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Chuong 1. PHUONG TRINH BAC NHAT, BAC HAL.
TAM THUC BAC HAI

A. LY THUYRET CAN NHO

1. Phuong trinh béc hai: ax’+bx+c=0 1)
1. Cdch gidi va bi¢n ludn trong truong hop tong qudt:
+ Né&ua= 0ta dugc phuong trinh bic nhat: bx + ¢ = 0.
Bién ludn nhu sau:
a. N&ub =0 thi phuong trinh c6 nghiém duy nhit: x = ——:—) X

b. N&ub =0 va ¢ =0 thi phuong trinh nghiém diing Vx € R
c. N&ub =0 va c #0 thi phuong trinh vd nghiém.
+N&ua = 0. Tinh A (hodc A’)
(V6i A =b?% ~4ac; A'=b"?-ac;b’ =g)
—N&u A < 0 thi phuong trinh v6 nghiém.

_ N&u A = Othi phuong trinh ¢6 nghiém kép: x, = —21
a

— Né&u A > 0thi phuong trinh ¢6 hai nghiém phin biét:
b-Va ~b+VA

2a 2 2a

X,

2. Chiy
" + Néu a.c < 0 thi phudng trinh bac hai ludn c6 hai nghiém phén biét.
+ Né&u x,, X,1a hai nghiém ciia phuong trinh thi:

ax® + bx +c¢ = a(x - x,)(x ~ x,)

+Né&u a + b + ¢ =0 thi (1) ¢é hai nghiém 1a: x1=1vx2=—c-
a

+N&ua—b+c=0thi(l)cé hai nghiém 1a: x; = -1vx, = ——
a
3. Dinhly Viét

a. Phin thuin: N&u phuong trinh bic hai ¢6 2 nghiém x;, x, thi

S=x;+%x, =——
1+ X
a

c
P=xx,=—
a




b. Phin ddo: N&u hai sd x,, x, thda
X, +X, =8
{xl.xz =P (v6i$*-4P20)
thi x,, X, 12 hai nghiém ciia phuong trinh: x* -Sx+P =0
4. D4u clia nghiém s6
Né&u phudng trinh bac hai: ax® + bx + ¢ = 0(a # 0) ¢6 hai nghiém x,, x, thi:
* x,<0<x, ©P<0

A>0 A>0
* X, <X, <0P>0 o 0<x <x,=>¢P>0

S<0 S>0

II. Tam thic bic hai : f(x) = ax* + bx + ¢ (a # 0)
1. Déu cia tam thitc

a<0

A<O

a>0
A<O

e f(x)<0vé6i VxeR@{

. f(x)>0vdi VxeR@{

e Néu A=0thiaf(x)>0 Vx # —21
a

e Né&u A > 0thi f(x) =0 ¢6 hai nghiém x,, X, X; <X;

+ Néu x;, <x <x,thiaf(x)<0

-

Lolx<x,
+ Néu thi a.f(x) >0
X > X,

2. Cong thifc so sénh cdc s8 o, B vdi hai nghiém clia phuong trinh bic hai: (o < B)
* X, <a<x, < af(a)<0
DPinh ly:
e N&u tdn tai s6 thye a sao cho a.f(a) < 0 thi phudng trinh bac hai

f(x) = ax® + bx + ¢ = 0(a # 0). C6 hai nghiém x,, x, théa min x, < a < X,

A>0 A>0

X, <X, <a <> <{afla)>0 0 <X <X, &<af(a)>0
§—a<0 §—a>0
2 2

af(B)<0
af(a) >0

af(a) <0

o X, <a<x2<B©{a.f(B)>O

oa<x1<[3<x2<:>{
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(A>0
af(p)>0

) af(a) <0
a<x <X <PB<af(a)>0 *X <a<PB<x, <

af()<0

a<§<B

\

B. CAC CHUYEN PE TOAN VA PHUONG PHAP GIAI

CHUYEN PE 1:
GIAI VA BIEN LUAN PHUONG TRINH BAC NHAT

1. Phudng phdp
e Budc 1: Bi&€n d8i phudng trinh di cho vé dang: ax +b =0 (1)
e Budc 2: Xét cic trudng hgp sau:
THI1: N&u a =0 ; thé vao (1) va kiém tra.
TH2: Néu a =0 thi(l) < x = _b
a

e Budc 3: K&t luan.

2. Baitap

Bai 1: Gidi va bién ludn phudng trinh: 2x + 3m =mx + 2 (1)

Giai
N @2-mx=2-3m(2)
e NEum=2thi (2) < 0x=-4 vdly = (2) vd nghiém
2-3m

e Neum=#2thiQ) &x=
2-m

2x+3m _ m  2m-1

Bai 2: Gidi va bién luin: 5 = + e8]
x“ -1 x+1 x-1
Gidi
Piéukién: x = 1
De@Bm-3)x=2m+1 (2)
e Né&u3m-3=0 ¢ m = 1thi(2) v nghi¢ém

e Né&um #1thi (2)<:>x=2m+1
3m-3
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2m +1

, 1 m=4
Pidukién: x £+l < {M~3 9
2m +1 m # —
#-1 5
3m -3

K&t luan:
+Khim=1;m=4,m= -ﬁ—thi (1) v6 nghiém.

+ Khi m;tl/\m;t4/\m¢-§ thi phuong trinh ¢6 nghiém duy nhit x=§m+1

2mx-3 x-m

& =W

Bai 3: Gidi va bién luin phuong trinh:

Giai

Piéukién: x>0
Doe2mx-3=x-mo@m-1)x=8-m(2)

e Néu m= % thi (2) v6 nghiém

2m -1

) Né’umi—;— thi(2) x =

2m -1
-m

Piéukién: x>0 < >0<:>%<m<3

CHUYEN PE 2
NGHIEM CUA PHUONG TRINH BAC NHAT THOA MAN MOT
PIEU KIEN CHO TRUGC

1. Phudng phdp
¢ Budc 1: Pua phudng trinh di cho vé dang: ax +b=0 (1)
¢ Budc 2: Tim diéu kién cta a d€ (1) c6 nghiém x,. Cho nghiém X, thda man

diéu kién.

2. Baitap
Bai 1: Cho phuong trinh: Cm+1)x-3m+2=3x+m (1)
Tim m d€ phuong trinh c¢6 nghiém x e (0; 3)

Giai 7
MePm-2)x=4m-2o(m-1)x=2m-1 )
e Néum =1 thi (2) v nghiém
2m -1
m-1

e Neum=1thi(2) ©x=
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2m -1

>0

Nghiémxe(0;3)<:>0<2m—1<3<:> m -1 N
m-1 2m -1

<3 m > 2
m-1

A 2 3 2 A ~ ~ 1
Viycdc gid tricdamcan tim 1a: m < —2—v m>2

Bai 2: Cho phuong trinh:  (3m-2)x-m=4mx+2m-5
Tim m dé€ phudng trinh ¢6 nghiém nguyén.

Giai
1) e m+2)x=5-3m(2)

e (2)c6énghiém < m # -2 va nghiém 13 x = 5-8m_ 4, 11

m+2 m+2

e P xeZ thim+2laudcsdchall

m+2=-1 m=-3
- m+2=—11© m=-13
m+2=1 m=-1

m+2=11 m=9

Bai 3: Cho phuong trinh:  Vx-1[(2m-3)x+m+(1-m)x- 3]=0 (1)
Tim m d€ phuong trinh ¢6 2 nghiém phan biét.

Giai
x=1
Dol |x>1
{(2m—3)x+m+(1—m)x—3=0 \
(x=1
< [x>1 ‘
_{(m—2)x =3-m (2)

bé (1) ¢62 nghiém phén biét thi (2) ¢6 ding 1 nghiém léﬁ hon 1

m=2 m =2 m = 2 5

_ o _ : = 2 —

i x=3—m>1 5 2m>O 2<m<—5— <m<2
L m-2 m-2 2

A (3 . 2 A Y \ 5
Viycdcgid tricdamcantimla: 2<m < 5

Bai 4: Cho phuong trinh: .
(2m-1)+(3-n)x-2)-2m+n+2=0
Tim m va n &€ phuong trinh ¢6 nghiém diing Vx.




Giai
Dem-n+2)x=2m-3n+4

2m-n+2=0 m—_-__

Om-3n+4=0""

Pé (1) ¢6 nghiém dﬁng v6i moi x thi: {
n=1

CHUYEN PE 3 : GIAI VA BIEN LUAN PHUONG TRINH BAC HAI

1. Phuong phip
1. Xéta=0. Bién luan phuong trinh bac nhat.
2. Xéta #0. Tinh A (hodc A”)
a. N&u A < 0 thi phudng trinh v nghiém.

b. N&u A =0 thi phuong trinh ¢6 nghiém kép x = _b

2a
c. Néu A > 0 thi phuong trinh c6 hai nghiém phén biét.
-b-+A -b+J/A
1 = ——V X2 = e—
2a 2a

3. Ké&tluan.

2. Baitip -

Bai 1: Gidi va bién ludn phuong trinh:
(m-1)x*>+(2m-3)x+m+1=0 (tham s m) €))

Giai
a. Néum-1=0< m=1thi(])tdthinh: -x+2=0< x =2
b. Neum=#1.Tacé: A=2m-3?-4(m-1)(m+1)=13-12m
e NuA<0e13-12m <0< m > %thi phuong trinh (1) vd nghiém

2m -3

. 13
e NEu A=0< m=—-——thi(l)cénghiémkép: x, = - ——_ =
1g "t (1) cO nghiém kép: x, = -5 ——71

e NEuA>0o mc< %lhi (1) c6 2 nghiém phan biét:

X, =%n—%‘)/_x (véi VA = VI3-12m)
2= —

c. Ké&tluan: :
+ Né&u'm = 1 thi phuong trinh c¢6 nghiém x =2

+Néum = g thi phuong trinh ¢6 nghiém x = 5 '
- 13 . 3 n ‘A
+ N€u m > 12 thi phuong trinh v6 nghiém
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+Néum< i—g thi phuong trinh ¢6 2 nghiém.

X, = %2];_11)\/5_ véi VA = JI3_12m

Bai 2: Gidi va bién luin phuong trinh:
x’-2a+1x+2a+5

, 0 1 tham s&
x%2 - 3x+2 1 (tham 56 2)
Giai
e Diéukién: x2—3x+2;fb0<:>{x¢2
x#1
Khi d6 (1) trd thanh: f(x)=x*-2(a+1)x+2a+5=0 2)

Tacé: A =(a+1)*~(2a+5)=a% -4
+ N&uA <0 -2<a<2thi(2) vdonghiém = (1) cling v6 nghiém.

. a=2
+ NéuA=0®[ 2khid(’)(2)c61nghiémképx0=a+1

Véia=2 = x, = 3(nhdn)
Véia=-2 = x, = -1(nhin)
+ NéuA >0 lal>2
e Diéukién (2) phdi c6 2 nghiém khdc 1 va khdc 2 nén:

f)=0 - 4 %0 - ¢5
a —
f(2)%0 -2a+5=%0 2

Khi d6 hai nghiém: x, =a+1+vA véi A=a®-4
K&t luan:

+Néu |a| < 2 hodc a = —g— thi phuong trinh v6 nghiém.
+Né&u a = 2va = -2 thi phuong trinh c6 nghiém kép: x =-1vx =3
+Né&u |a| >2Aa 2 gthi phuong trinh ¢6 2 nghiém phén biét:

X,=a+1+JA véiA=a®-4

Bai 3: Giai va biénluénphlmngtr‘mhsaulheoavab:x+l=a_b+a+b
Xx a+b a-b

(1)

Giai
e Khi a = tb thi (1) v nghiém.
e Khi a#+b.DPiéukién x #0.
Phuong trinh (1) & (a® - b%)x® - 2(a® + b%)x +a® - b? = 0 (2)
Phuong trinh (2) ¢6: A =(a? +b%)? —(a® - b®)@® - b?) =4a’b? > 0
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(a—-b) (a+b)

(a+b) (a-b)

Khi a # +b thi hai nghiém ndy diéu khéc 0. Nén x,, x, 12 nghi¢m clia phudng trinh (1).
K&t luan: + Khi a = +b thi (1) v nghiém.

Do d6 (2) ¢6 2 nghi€ém: x; =

+Khi a # +b thi (1) c6 2 nghiém: x, = > > vx, = 22
a

Bai 4: Gidi va bién ludn phudng trinh:
fx)=mx?+2@2m-)x+m=0 v6i -1<x<1 (D)

Giai
+ NE&um= 0thi (1) trd thanh: 2x 0 < x =0 (nhin)
+ Né&um # 0. Tinh A;mf(-1);= +1 mf(l)—s——l
oA =3m?’-4m+1
sA=0eom=1lvm==>

e mf(-1)=m(2-2m); mf(-)=0cm=1vm=90

._S_+1__l_n_1, E+1 Oom=1
m 2

e mf() = m(6m — 2); mf(1)=0¢:n;=%vm=o

S 1- 3m, §—1 O@m—l
2 3

i [ Bt

m
+ Talip bdng xét ddu sau:

- S S Vi tri ctia nghiém
A - —+1 f —-1 : i
m m(f(-1) 5 mf(1) 5 x <%,)
-~Q0 .
+ - - + - X <-1<x;<1
+ + o+ - + -l<x;<1<x,
1 L N ,
3 [0 0 0—¢ Nghitmképx, =1 >
_ + + + - V6 nghiém
1 ~0——o0 0 { Nghipm képx, = -1 >
+ - - R - Xxi<-l<x;<1
+00
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Bién luan: Dya vao bang xét ddu ta c6 k&t qua:

+ Neum=1vm= 1 thi phuang trinh ¢6 nghiém kép.
3
+ Néu % < m <1 thi phuodng trinh v nghiém.

+ Néum<Ovm > ?13- thi phuong trinh ¢6 nghiém: x, = k_?_ni‘_/__A_

m

+ NéuO<mc< %lhi phuong trinh ¢6 nghiém: x; = _1_:_21'_1_1_£
m
K&t luan:
+ N&um =0 thi phudng trinh di cho ¢6 nghiém x =0
+ Né&um =1 thi phuong trinh da cho ¢6 nghiém x = -1
+ Néum= 1 thi phuong trinh da cho ¢6 nghiém x =1
3
+ Néu —;: <m <1 thi phudng trinh da cho v6 nghiém.
+ Neum<Ovm> % thi phuong trinh di cho 6 nghi€ém: x, = }—_—Z—IP—L\/;
m -

+ NéuO<mc< Eli_thi phuong trinh ¢6 nghiém: x; = M
m

CHUYEN BE 4:
CHUNG MINH MOT PHUONG TRINH BAC HAI CO NGHIEM
1. Phuong phap

Cdch1: Tims6 asaochoaf(a)<0

Cdch 2: Tim hais6 o;B sao cho f(a).f() <0

Cdch3: Chitng minh A 20

Cdch 4. St dung dinh 1y lién tyc:
“Cho ham s8 y = f(x) lién tuc trén mién D. N&u ton tai a;b € D sao
cho f(a).f(b) < O thi phuong trinh f(x) = 0 ludn c6 it nhat mot
nghiém x € (a;b)”

Cdch 5: Dung dinh ly Lagrange:
“Cho ham s& y = f(x) liéntyc trén [a;b], c6 dao ham tén tai trén |
(a; b). khi d6, tdn taisd a € (a;b) sao cho: f(a)—-f(b) =f(aXa-b)

2.Bai tdp
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Bai 1: Chitng minh ring: v6i ba s6 a, b, ¢ phan biét thi phuong trinh:
1 1 1
+ +
Xx-a x-b x-c

= 0 ¢6 2 nghiém phan biét.

Giai
Phudng trinh di cho twong duong véi:
(x-a)x-b)+(x-b)x-c)+(x-c)x-a)=0
e 3x*-2@+b+c)x+ab+ca=0

Tacé: A =a®+b? +c? ~(ab +be + ca)
=-;-[(a—b)2+(b—c)2+(c—a)2]>0 Va#b#c

=> Phudng trinh da cho ludn ¢6 hai nghiém = (dpcm)

Bai2: Ching minh ring: néu (a+ ¢)? < ab + be — 2ac thi phudng trinh sau ludn
c6 nghiém: ax® +bx+c =0 (1) (a = 0).
Giai
Phuong trinh (1) ¢6: A = b? - 4ac
Tit gi4 thiét: (a + ¢)? < ab + bc ~ 2ac
< 2(a + c)® - 2ab - 2bc + dac < 0
< (a+c) -2ba+c)+b?+(a+c)’ +4ac-b <0
o b?-4ac>(a+c-bY+(@+c)?=0
o b?-4ac>0=>A>0
= phuong trinh (1) ludn c6 nghiém (dpcm).

Bai3: Choa, b, c € R. Chitng minh phuong trinh sau c6 nghiém:
x? +2(@+b+c)x+3(ab+be+ca)=0
- Giai
Tacé: A =a’+b?+c?-(ab+be+ca)

Chitng minh: A >0. That viy: Theo bit ding thic Cbsi, ta dugc:
a? + b? > 2Ja’h? = 2|ab| > 2ab
Tuong t:  b®+c? 22bc; c®+a? >2ca
Cong v€ theo v€ ba bt ddng thic trén ta dudc:
a® +b% +b%+c +c?+a?22@ab+be+ca)
ea’+b’+c® 2ab+be+cawa®+b?+c?—(ab+be+ea)20
= A" > 0 = phudng trinh di cho ludn 6 nghiém => dpcm.
Bai 4: Cho hai phuong trinh: x* + a,x+b, =0 ay
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va x®+a,x+b, =0 (2)

Chitng minh ring: N&u a,.a, > 2(b, + b,) thi it nhdt c6 mot trong hai phuong
trinh ¢6 nghiém.

Giai

Phuong trinh (1) ¢6: A, = a% —4b,
Phuong trinh (2) ¢6: A, = a3 ~4b, = A, + A, =a? + a2 - 4(b, +b,)
Theo bat ddng thitc Cosi:

al +aj > 2\aj.al =2[a,a,|>2a,a, >2.2(b, +b,) (theo d& cho)
= a’ +a’ ——4(b1.+b2)20:>A1 +A, 20
=> ft nhdt c6 mot trong hai s& A; hoic A, khong am, nghia 1a mot trong hai
phuong trinh di cho ludn ¢6 nghiém.

Biai 5: Chidng minh ring: n€u m, n 12 hai s8 thda min:
19|m| + 5|n| = 2000 thi phuong trinh sau c6 nghiém.

20mx? + 5nx+100-m =0 (1)

Giai
+ Véim=0,tr(l) = 5n.x+100 =0 (*)
Theo gid thi€t thi n # 0nén phuong trinh (*) luén ¢6 nghiém duy nhit, nghia
la (1) ludn c6 nghiém.
+ VGim=#=0:tacé: ~
A = 25n” - 20m(100 ~ m).4 = 80m® - 8000m + 25n?
> 80m? - 4(19|m| + 5|n)m + 25n* (do giéi thiét)
> 4m?® - 20|mn| + 25n® = (5|n| - 2|m|)* > 0
= A 2 0 = Phudng trinh (1) lu6n ¢6 nghiém.

Bai 6: Choa, b, ¢ 1a ba s6 khdc khong, cdn p, q € R. Chitng minh riing:
a2 2
+
X-p X-q

=c lubncéd nghiém x #p vd x=q.

Giai
Phuong trinh da cho
< cx? ——[c(p+q)+a2 +b2]x+cp(j+a2q+b2p =0
Ta c6: A =[c(p + q) + a% + b*]? — 4c(cpq + a%q + b?p)
= (p + @)%c? + 2¢(q + p)(b?® —a?) + (a2 + b?)?
=(p +q)*(-4a’v?) < 0Va,b# 0 vap,q e R
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Xem A 13 tam thitc bic hai theo 4n s6 ¢ thi:

2
+q)* =20 -
(I? @ = A>20vdiVe
A <0

Suy ra phuong trinh da cho luén ¢ nghiém véi V a,b,cvap,q € R

Bai7: Choba sd a, b, c dudng thda min: a +2b+ 3c=1
Chtng minh ring: it nhdt mdt trong hai phuong trinh sau ¢6 nghiém thuc:
4x% - 4(2a + 1)x + 4a% +192abc+1=0 (1)
4x® -4(2b+ Dx + 4b® + 96abc +1=0 (2)

Giai

Phuong trinh (1) c6: A'1 =16a(l — 48bc)
Phuong trinh (2) c6: A, = 16b(1 -- 24ac)
Mit khdc: (1 - 48bc) + (1 - 24ac) = 2[1 - 12¢(2b + a)]

= 2[1-12¢(1 - 8¢)] = 2(6c - 1)* 2 0
Suy ra it nh&t ¢6 mot trong hai s6 1a: (1 ~48bc) hodc (1 - 24ac) phdi khong
am, suy ra c6 it nhit mot s6 A] hoic A, kh(‘)né 4m, nén ludn c6 it nhdt mot
phuong trinh ¢6 nghiém = (dpcm)

Bai8: Cho a#b#c=#0 vaa,b, c € R Chifng minh ring phudng trinh sau lu6n
c6 nghiém: f(x) = ab(x —a)(x - b) + be(x - b}x -c) +ca(x-c)x~-a)=0

Giai
Ta c6: f(a) =be(a-Db)a-c); f(b) =acb-a)b-c)
f(c) = ab(c —a)(c - b)
= f(a).f(b).f(c) = a®b%c?(a — b)(a - ¢)(b — a)(b — ¢)(c — a)(c — b)

= -3a’b%c®(a -b)%*(b-c)’*(c-a)’ <0

Va, b, ¢, d6i mdt khac nhau va khac 0.

= it nh4t c6 mot trong ba s6: f(a); f(b); f(c)phdi am.

Gia st, s6 36 1a: f(a) < 0

Lai c¢6: £(0) = ab? + b%c? + c%a? > 0 = f(a).f(0) < 0

=> phudng trinh f(x) = 0 ludn c6 nghiém (dpcm)

Bai9: Cho phuong trinh: ax® + bx +¢ =0 (a # 0)
Chitng minh ring n&u céc s& a, b, ¢ thda min ddng thitc sau: 2a + 3b+6¢c =0
thi phuong trinh trén ludn c¢6 nghiém e (0,1)

Gidi
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Cdch 1: St dung tinh lién wc:
Pit: f(x) = ax? + bx + ¢.Ta thdy f(x) ludn lién tuc Vx € (0,1)
2) 2(2a+38b)+9c _ 2(-6¢c)+9c _ __1_c

Lai c6: £(0) = c;f(—)
3 9 9 3

- f(O).f(-z—) -l
3)773

=> phuong trinh f(x) = 0 ludén ¢6 nghiém x e [0,%) < (0,1)
Cdch 2: St dung dinh 1y Lagrange:
Xétham s§ F(x) = %ax3 + %bx2 +cx
Ta thdy F(x) ludn lién iuc én[0,1]va F(x) = ax? + bx + ¢ ludn tdn tai trén
(0, 1). Theo dinh 1y Lagrange thi tdn tai s& a € (0,1) sao cho:
F(1) - F(0) = F (¢) & %a+%b+c - aa® +bo + ¢

2a+3b+6c
76

Theo gia thiét: 2a +3b+6¢c =0 = aa® +ba+c=0

=aa?+ba+ec

a 14 nghiém cta phuong trinh ax® +bx + ¢ = 0 = (dpcm)

. + b +—(-:—=O.Ch1'rng
m+2 m+l m

minh ring phuong trinh: ax® + bx +¢ =0 ¢6 it nhat mot nghiém € (0,1)

Bai 10: Cho m duong va ba s6 a, b, ¢ € R thda:

Giai
Cdch 1: St dung dinh 1y Lagrange.
Xétham sd : F(x) = 2 xme2y b xort g & oym
m+ 2 m+1 m
Ta thdy F(x) ludn lién tuc (0, 1)
F(x) + ax™! + bx™ + cx™ ! = x™!(ax® + bx + ¢) luén tdn tai trén (0, 1).

Theo dinh Iy Lagrange thi 3a € (0,1) sao cho:

FO-FO _poye—2 +—L % omlau? 1ba+o)
1-0 m+2 m+l m

+ b +_c_=0nén(xm_1(a(x,2+ba+0)=0
m+2 m+1 m .

Theo gia thiét:

(aa? + ba + ¢) = 0 = o langhiém cda phudng trinh: ax’ +bx+c=0
Cdch 2: '
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Xét f(x) =ax® +bx +c
+ Neua=0=f(x)=bx+c

+ Né&u b = O0thi f(x)=0c>x=~%

Twrgidthist > -~ =—2 ~y-_™ 01
b m+1 m+1

+ NEub =0, tir gid thi€t c =0 = f(x) = 0 luén diing Vx e (0,1)
TU hai diéu kién trén ta c6 k&t luan: f(x) = 0 ludn c6 nghiém x € (0,1)
+ Néua=0:Tacé: f(0)=0

(m+1) m+12%( a b m+2)
f = + + C. D)
m+ 2 m+2 (m+2 m+1 (m+1)
m+12%( ¢ m+2] c
=" | _Z 4 = - =
m + 2 m (m +1)2 m(m + 2) ,
: 2
:>f(0).f(m+1)=- C c0vabems>0
m+ 2 m(m + 2)

phudng trinh f(x) = 0 Iuén ¢6 nghiém x e (O, m+1
, m+2

)c 0,1)

Bai 11: Gid st a + b + ¢ = 6. Ching minh rdng ton tai mot trong ba phudng trinh

x> +ax+1=0 (1)
sau c6 nghiém: x% +bx+1=0 (2)
x> +cx+1=0" (3)

Gidi

(1)c6: Ay =a®-4; (2)c6: Ay =b®—4; 3)c6: Ay =c? -4
DA +A +A;=a% +b%+c?-12=2a% +(b+c)? - 2bc-12
=T =a’ +(6-2)% - 2bc - 12

b>0 [b<0

1. Néubc>0 & v
c>0 . |e<O

-’ b 0 -’ 3 2 - 2
a. Néu{ ~  thi: theo bit ding thitc Cési: be < (b * °) - ( 6 a)
¢>0 2

2
Suy ra: T=82+(6—a)2—2bc—122a2+(6—a)2—2(6—a) -12

N

2 1 2 3 2
=a?2+-(6-2)-12=2(a-2?%>0
a 2( a) 2 2(a ) 2
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= Ay + Ay + Ay 2 0 = it nhdt mdt trong ba s§ 12 s6 4m nén c6 mot trong ba
phudng trinh c6 nghiém = (dpcm)
. {b <0 . .
Néu thitl a+b+c=6 =>a>6
c<0
Khi a > 6 thi hién nhién phudng trinh (1) ludn c6 nghiém (dpcm)
Néubc< 0
Xét biéu thire: T = a® + (6 -a)? — 2bc - 12
Xem T l1a tam thic bac hai ddi véi &n a, ta c6:
Ay =36-2(24 - 2bc) =4bc -8 <0vabc< 0

= T ludn ching ddu vdi hé s6 a’trc 1A T>0 Vae R

= A +A; +A; >0

Suy ra: C6 mdt trong ba s§ ludn dudng => ¢6 mot trong ba phuong trinh da
cho ¢6 nghiém.

Tém lai: v8i a + b +c = 6 thi ¢6 mot trong ba phuong trinh d3 cho ludn ¢
nghiém =>dpcm.

CHUYEN PE 5: PHUONG TRINH BAC HAI CO HAI NGHIEM
THOA MAN MQT PIEU KIEN CHO TRUGC

g P

=0 a0

Cic diéu kién cho trudc thudng gip

Hai nghiém x;; X, théa man mdt phuong trinh; mdt bat phuong trinh

Mot biéu thitc chifa hai nghiém x,;x, dat gid tri 16n nht; bé nhat.

Nghi€ém 4m; nghi¢m duong; t -

Nghiém thudc (a, b) cho trudc.

Nghiém nguyén. ~

Nghiém nay biing k 14n nghiém kia.

Phuong phdp gidi

Bai todn 1

Hai nghiém x,;x, théa man mdt phudng trinh; mot ba't phuong trinh:

e Buscl: Tim m dé phudng trinh c6 hai nghiém x;;x,

e Budc2: Bién ddi phuong trinh, bit phudng trinh chia (x; + X,); X;.X,.
Sau d6 dp dung dinh 1y Viet; gidi tim m.

e Budc3: Giao cic didu kién rang budc clia m. K&t luan.

Bai todn 2 '

Biéu thitc chifa hai nghiém x,;x, dat gid trj 16n nhdt; bé nhat.
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¢ Busc]: Tim m d€ phuong trinh c6 hai nghiém x;;x,
e Buoc2: Bi&n d6i biéu thic chita (x, +x,);x,.X,. Ding dinh 1y Viet
dua biéu thic vé& ham f(m)
e Bujc3: DE& tim min, max clia f(m) c6 thé diing mdt trong cdc cdch sau:
Cdch 1:  Phén tich f(m) = +(aum + B)? + A?
Cdch2: Dungkhdo sdt him s6.
Cdch 3:  Ding diéu kién c6 nghiém cia phudng trinh bic 2.
Cdch4: Ding bat ddng thic C6si, Bunhiakopxki
Cdch 5:  Dung tinh bi chin; tinh nhit clia bat ding thic.
Bai todn 3: Nghi€ém thudc (a; b); 4m duong.
Cdch 1: Dung cOng thifc so sdnh nghiém.
Cdch2: Dungkhio st hAm s8 va mién gi4 tri.
Bai todn 4: Nghiém nguyén
Dung tinh chia hét ; s& chinh phuong.
Bai todn 5: Nghiém nay bling k 1an nghiém kia:
e Budgc 1: Gid sit phuong trinh bac hai ¢6 2 nghiém x;;x,.
e Budc 2: Nghiém nay bing k 1dn nghiém kia nén:
[xl = kx, Q[xl -kx, =0
X, = kx, X, —kx, =0
e Buoc 3: Bién d8i ding thic trén vé tng; tich. Sau d6 ding dinh 1y Viét.

< (x; —kx,)(x, ~kx,) =0

2. Bai tap

Bai 1: Cho phuong trinh bac hai:
x*+2(m+1)x+2m?-m-3=0 (1)
1. Pinh m d€ phudng trinh c6 hai nghiém x,;x, thda: 2x, ~X, =m+5
2. DPinh m d€ phuong trinh c¢6 hai nghiém sao cho biéu thic:
A=x?+x2-2xx,
dat gi4 tri nhd nh4t; 16n nhal. , _
3. DPinh m dé phuong trinh c6 hai nghiém x;;x, thda: x5 + x5 = 54(x, +X,)
| Xp o 2m -3

4. DPinh m dé phuong trinh c6 hai nghiém x,; x, thda: .S 2N
X X 10

' Giai
(1) c6 2 nghiém x,;x,
SA=m+1)*-2m*-m-38)20
o-m*+3m+420o-1<m<4 (¥

1. Dinh m dé€ phuong trinh c6 hai nghiém x,;x, thda: 2x, ~x, =m +5
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) ) X, +X, =-2(m+1)
Theo dinh 1y Viet ta dugc: 0
XX, =2m* -m-3 (2)

x, =1-2
Ta c6: {XI+X2 =-2(m+1)<:> 1 3

2%, - X, =m+5 x2=_3__52

3

Thé vao (2) ta dudc: (1 - —’;lj(—s - -55’5‘-) =2m?-m-3

9 m:O
13:;1 —-—I—;— =0 3 (théa min (*))
m = —-
13

5 e N 3
VaycécgidtriciamcdntimlA: m=0vm = —

13
Pinh m d€ phuong trinh ¢6 hai nghiém sao cho biéu thic:
A = x? + x2 - 2x,x, dat gi4 trj nhd nhd; 16n nhit.
Ta c6: A =x2 + %2 - 2x,%, = (X; + X,)° —4x, X,
=4(m +1)* -4(2m® -m - 3) = 4m® + 12m + 16
Pt f(m) = -4m? + 12m + 16 ,,
f(m)=-8m+12f(m) =0« -8m+12=0< m = -g-

Bé4ng bién thién

M

f'(m) + 0 -

Tir bang bi€n thién ta dugc:

max A = max f(m) = 25khim =g

min A = minf(m) =0khim=-1vm=4
Pinh m d€ phuong trinh c6 hai nghiém x,;x, thda:
x3 + x5 = 54(x; +x,) -

‘. 3 3
Tacé:  x] + X, = b4(x; +Xx,)
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& (%) +%,)% - 8%,.%,(%; + X,) — 54(x, +%,) =0

& (%, +%5)[4(m +1)* - 3@2m?® - m - 3) -54]=0

< —2(m + 1}(-2m? + 11m —41) = 0
m+1=0

Pt 2 . <> m = -1(nhén)
-2m” +11m - 41 = 0(v6 nghiém)

Viy gid trimcin tim A m=—1

4. Dinh m dé phuong trinh ¢6 hai nghiém x,;x, théa: XL+ X2 » 2M =3

X, X, 10
2, 2 2
Ta cd: _x_1+—}-(1= X +X2 =(X1+X2) 2X1X2 (Xl,xz -'vtO)
X, X, X, X, X, X,
2 2 _
_ 4m+1) 22(2m m-3) _ 10 (m % -1)
2m“-m-3 2m-3 A
Do d6 ba't ddng thitc d& cho tudng duong véi: :
¢ ‘ 7
_ ms<-—-—
10 ZZm—3<:>(7+2m)(13—-2m)20 o 2
2m -3 10 2m -3 3 13

K&t hgp véi diéu kién (*) ta dugc g <m<4

Bai2: Goi x,;X, 13 2 nghiém cla phuong trinh:. x% + 2mx +4 = 0 (1)
1. Hay tinh theo m cdc biéu thifc sau:
2 A=+ b, B=4x + 4x;

2. Dinhm sao cho x] + xj < 32

2 2
Pinh m dé: (—}—(—1—) + (ﬁJ >3
Xy Xy

4. Tim gi4 tri I6n nhat, nhé nhat cla biéu thic:
C2(x2 4+ x2) + 3(x, + X,) + XX,
3(x} +x35) + 2(x; + X,) + 4%, %,

w

Giai
1. Theo d€ bai yéu cdu thi phudng trinh (1) phdi c6 nghiém duong:
A20 [m?-420
©8>0 <{-m>0 & m<-2
P>0 4>0
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. . X, + X, = -2m
Theo dinh 1y Viet:
X, X, =4

a.Az\/;(7+ x, = A% = x, + %, + 2X;X,
> A?=-2m+2/4 =4-2m = A =V4-2m
b.B=\/x—1+§/;2-
:>B4=x1+x2+44x1x2(\/;1-+\/;2_)+6 X, X5
= -2m + 4444 - 2m + 6V4
= B* =12-2m +42V2 - 2m = B = 12 - 2m + 4/2V2 - 2m

2. Pinhmdé: x} +xj <32

Tacé: x} +X; = (xf + X2 )2 -2x%x2 = [(x1 +x,)? - 2x,%, :|2 - 2x%x2
=(4m? - 8)* -2.16
= x{ + x5 <32 ¢ (4m® -8’ -32<32 & (4m® - 8)° < 64 < |m| < 2
e Matkhdc dé (1) c6 nghiém thi m? 4 20 < Im| > 2

Do d6 ta chi nhin m = +2

Vay gid tri cdam cdn im 1A m = +2

2 2
3.  Dinhm d&: (-"L] +£3‘1J >3-

x ) (%) _xext_ (4m?-8?-32
X, xIx: 16

Tacé:[ >3

Xy
& (4m? - 8)* 2 80 <> 4m? > 8+ 45 < |m| > V2 + V5 (nhan)
Vay gi4 tri m cAn phii tim 1a: |m| > Y2+ 5

2(x2 + x2) + 3(x; + X,) + XX,
3(x? + x2) + 2(x; + X,) +4x,X,

4, Tac6: T=

2%, + %, +3(x; +X,) + XX, _4m®-3m -6
3(x, +%,)% +2(x; + X,) +4x,x, 6m®-2m -4
2 T 0
- 101;1 +40m S T-0o
(60m* — 2m - 4)

m=0
m=-4
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Béng bién thién
m |- -4 -2 o 2 + o0
T + 0 - 0 +

<
0
T2 / \ 2
- - 7z
. 3 3
Dura vao bang bi€n thién ta dudc:

MaxT:i’% hi m=—4;MinT=% khi m =2

4

Bai 3: Cho phuong trinh bic hai: x> +mx+1=0 (1)

2
1. Dinh m d€ phuong trinh 6 hai nghiém x,;x, thda min: (ﬁ) + (ﬁ

Xq

2. Dinh m d€ phudng trinh c6 hai nghiém x,;x, thda min: x5 +x5 <2
3. DPinhm € Z dé phuong trinh ¢6 hai nghiém x,;x, théa biéu thifc:
w2
%) dat gid tri nguyén.
X, +X, +1
_ Giai ‘
Phuong trinh (1) ¢6 nghiém <> A >0 < |m| > 2 (*)

[un—y

' 2 2 4
X x X, +X
Tacé: |=+| +|2|="2-F32
X, X, X{ X}

2
2 2 2
(x? +x3)% - 2x2.x2 [(xl +x,)° - 2x1x2:| - 2%, X;

X 22 ey

. . Xl + XZ =-m
Theo dinh 1y Viet ta dugc:

X, Xy =1
2 2 2 oy
Do d6: [ﬁ) +[-’fl] S m27 "2 e gp g
Xy X, 1

2 2
:[—’fl—) +[ﬁ) >14¢>(m2—2)2—2>14<:>|m|>\/§

Xy X,
DGi chi€u véi diéu kién (*) ta dugc: |m| > V6

Vay gid tri m cdn tim 1a: |m| > J6
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2. Tacé: x§ +x5 =(x; +%,)° — 8%, %, (x, +x,) <2

o -m*+3m-2<0o m>-2

’e oA’ o . . m= _2
Dai chi€u véi diéu kién (*) ta dugc: [
m 2
e R m = -2
Véy cédc gid tri cia m can tim la: [
m > 2
3. Tacé: A= (x = Xp) —4x,% _m -4 =-m-1- 3
X, +X,+1 -m+1 -m+1

Do d6 dé A thi (m - 1) 12 wdc s6 clia 3
m-1=-1 m = 0 (loai theo diéu kién (*))
m-1=1 m = 2 (thoa (¥)) |
o & .
m-1=-3 m=—
m-1=3 m=4

Viy gid tri m cdn tim 1a: m € {-2,2,4}

Bai 4: Cho phuong trinh bac hai: 2x® + 2(m + 2)x + m? +4m + 3 = 0 (1)
1. Dinh m d€ phuong trinh (1) c6 hai nghiém x,;x, sao cho bi€u thic:
) :

A=x3+x3- Em3 - ?';m dat gid tri nhG nhat.

2. DPinh m dé phuong trinh (1) ¢6 hai nghiém x,; X, théa min:
X} + X5 = %(m +1)m + 8)
3. Goi x;;%, 12 hai nghiém cla (1). Chng minh riing:
\/5] .

X, + %, + 3%, < [1 =

Giai
(1) ¢6 nghiém x;; x,
S A ='—m2—4m—220<:>—\/§—25ms—-2+\/-2_
' X; + X, = ~(m + 2) '

"Theo dinh ly Viet: 1, ,
X)Xy = E(m +4m + 8)

1.A=xf+x§—-(1§m3—23 1 e 28

2 6

—m =(x; +x,)° - 3%, %,(x, +X,) - =m 5 m
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X; + X, = —(m+2)

Theo dinh ly Viet: 1, 5
X, Xy = E(m +4m + 3)

- 3,3 2 1. 828

’A— (m+2) +2(m+2)(m +4m + 3) 6m 2

A =m?+6m-7; A'=m2+6m—7=0<:>|im=1
m=-7

Bing bié&n thién
m |-7  —2-2 V2-2 1
% \
3 Amin %

Dua vao bang bi€n thién ta dudc:

79 - 433

min A = A2 -2) = datdLchkhim=\/_2_—2

2
P 4 _ 2 2.2
2. Tacé: x; +x, —[(x1 +X,) -—2x1x2] - 2X1X,

=1—%(m2+4m+3)2 '
Do d6: x? + x; :%(m+1)(m+3)

o 1—%(m2 +4m + 3)? =—;—(m+1)(m+ 3)=%(m2+4m+3)

‘ {m=—2—xf2_

>m?+4m+3=1om’+4m+2=0 (nhén)
m=-2++2

m=-2-2

Viy gid tri cia m cAn tim 1a:
m=-2++2

3. Taco: x, +X, +3%,X, = —;—(3m2 +10m + 5)
bit: f(m) =%(3m2 +10m+5); f(m)=3m+5

f(m)=0= m=—§
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Béang bi€n thién
M | 2-V2 —g J2-2

f (m)

+

- 0
3 3
2t V2 iy
f(m) 5
3

Duya vao bang bi€n thién, suy ra:

5 3 2Y
_gsf(m)s§+\/§ suy ra |f(m)|s(1+?J

Bai5: Cho phuong trinh: ax® +x+a-1=0 (1)

Dinh a d€ (1) ¢6 2 nghiém thuc X; # X, théa min [-— L >1
X X
Giai
Phudng trinh (1) ¢6 2 nghiém phan biét:
< A=1-4a(a-1)>0
< -4a’ +4a+1>0<:>l——2—\/_2—<a< 1+2\/§ (2)
2
Khide: |- - —|>1 e X251l 1 o Za=x)
X, X, XX, (x,x,) ‘
(%, +X%,)° _24x1x2 519
(x,%5)
1 a-1 1
— 42 = X, +X, =——
2 - —
a & o 1z48a-1) 4a(a21)—1>0V6i a
(3_1) (a-1) a-1
a2 X, Xy =
a a

< -5a?+6a>0(a=1)

o 0<a<1v1<a<g thod mén diéu kién (2)

oo S ‘ 6
Vaycdcgidtricdaacintimla: 0<a<lvl<a<—
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Bai 6: V4i nhitng gid tri ndo cla a thi phudng trinh: x2+1=2 ¢6 hai nghiém
a

" 2 1
thyc x,;X, khdc nhau théa min: le + xg‘ > —
a

Giai

Phwong trinh x* +1 = Xeoaxl-x+a=0 , phudng trinh nay c6 hai nghi¢m phin

a
biét¢>A=1—4a2>0<:>—-é—<a<-12~véa;t()
1

; ; 1 o2
Tacé: |x2 ~x2|>= < (x%2-x2) >
1 2 a 1 2 9

R

& (%, + %) (%, -x%,) > 52— (%, 4 %,)° [(x1 +%,) —4x1.x2] > ;1-2—

a2

K&t hgp vdi diéu kién ta dugc gid trj a cin tim 12:

1 9 1 1
S——-4>1o1-6a* >0 ——=-<a<—(a=z0)
J5 J5

i 1
——<«<1<0v0<ca<—
2 J5

Bai7: Cho phuong trinh: x2 — (2sinoa —1)x + 6sin®* a —sina~1=0
Tim o d€ phuong trinh c6 hai nghiém x,;X,.

Tim gi4 tri 16n nhat v2 nh nht ca biéu thite: A = x? + x;

Gidi
Phudng trinh (1) ¢6 hai nghiém x,;%, <> A2 0

< (2sina ~1)2 —4(6sin® a -sina-1)2 0

& -20sin0+520 o——;-SSinas—;-
—£+k2n.‘3asﬁ+‘k2n

o> 6 c>——7£+k’nsas£+kn
5n 6

—E+k2nsas—7—n+k2n

Khidé tacé: A = x> +x2 =(x, +X,)* -2x,x, =-8sina-2sina +3

Pitt= sin o thi —-lsts—l—
2 2

Xéthams§ : f(t) = -8t> -2t + 3
f(t)=-16t-2 ; f‘(t)=o©t=_%
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Béng bi€n thién

l —— ——

1
2

{0) + 0 -

25
f(t) ) /'E \0

Dua vao bdng bi¢n thién ta dugc:

maxA=maxf(t)=f'(—%)=—2—8§ khit=—%:>sina =—%=—sin[3

minA=f[l)=0khit=l:>sina=—1—:>a=£+mn(meZ)
2 2 2 6

Bai8: Goi x,; X, 14 hai nghiém clia phuong trinh:

12;{2—6mx+m2—4+1—22—=0 ()
m

Pinh m d€ biéu thitc A = x? + x? dat gi4 tri 16n nh4t; nhd nhat.
Gigi
Phuong trinh (1) ¢6 nghiém
o -3m? +48 - 4% 5 0 & _3m* +48m® -144 20

m2

<32$m$2J§v—2f3£m$—2

X, + X, = o
1+ X =~
2

Theo dinh 1y Viet: 0

xx =2 1,1
2712 3 m?
Ta cé: A=xi‘+x§j,,=(x1~x~x2)3--3(){1.112)(x1+x2)=2—i
2 2m
A=1i3 L ovm=o0
2 2m?
Béng bi€n thién
m | -2V3 -2 2 - 243
A/
33
4

+
1
/_Z
A 3/3
e
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Duwa vao bang bi€n thién ta dudc:

33 3J3

maxA=—4— dat taim = 2J3 ; minA=—T dat taim = -2/3

Bai 9: Cho phuong trinh bic hai:
'(a2 -2a +2)x2 +2(a-1)xa-3a%=0
1. Chitng minh riing v8i Va > Othi (1) c6 hai nghi¢m Xx;;x, théa man:
1 1 2
X, X, 3
2. Dinh a d€ phuong trinh (1) c6 hai nghiém x,; x, sao cho:

X, X, < |ax,| - |ax,]

Giai
Phuong trinh (1) ¢6 hai nghiém x;; x,
< A =a’*(a-1)* +3a%(a® -2a +2)
=a*@-1"+3a*[(a-1) +1]> Ova

Do d6 (1) ludén c6 nghiém Va.

I. Theodébai -+ <2
X, Xy 3
z{—1—+—X—2—<—2—@~~—1—<0vc’xi VYa> 0 = (dpem)
XX, 3 a _
-3a®
2. Theodinhly Viet: x;.Xx =————<0
a“®-2a+2

+ Né&ua=0thi x, = x, = Onén bt ding thdc khong thda man.
+ Né&ua=0th x;;x,<0
Do d6: bat dng thic x, x, <|ax,|-|ax,|
< XX, < Ja(1x,] - [x4])
[ x,.%, < |a](x, +x,)(néux, >0,x, <0)
< | X, X, < —a](x, +X;)(néux, <0,x, >0)

[ _3a2 2a(l-a)
LT g2l

- a?-2a+2 "a?-2a+2
-3a? 2a(1 —a)
2 <"Ial' 2
La° —2a + 2 a‘-2a+2-
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-3a® < 2|al.a(l - a)
3a® > 2|a.a(l - a)

. 2 -1 <~
+ Néua<Othi(r) o |2@"D<8a 1 __
2a(l ~a) < -3a 2
+ Néua>0thi & 2a(a—1)<3a:>0<a<§
2a(l —a) < 3a 2

Tém lai: gid tri clia a cin tim 1a: —-;—<a<0v0<a<g

Bai 10 Cho tga;tgp 1a hai nghiém cla phuong trinh x* +ax+b=0 (1)

1.

Hay tinh gi4 tri cda bi€u thic:
T = sin®(a + B) + a sin(a + B). cos(ax + P) + b cosZ(a. + B) theo a va b.

2. Choa=7;b=3.Hay tinh gi4 tri cia biéu thic:
Q= [2x; - X,| +|2x, — x,| véi x;%, I nghiém ctia (1) twong tng véia=7;b=3
3. Choa=3m- 3;b=-5m+12 (m la tham s6). Pinh m dé phuong trinh ¢6 hai
nghi¢m ma nghiém ndy bing binh phuong nghiém kia.
Giai
1. TinhT:

Phuong trinh (1) ¢6 hai nghiém tga;tgB < A =a% —4b > 0

tga + tgf = -a

Theo dinh 1y Viet:
tgo.tgB="b

Cdch 1:
T = sin®(a + B) + asin(a + B).cos(a + P) + b cos2(o. + B)

= %[1—0052(a+6)+asin2(a+[3)+(1+c052(a+[3))]

= %[1+b+cos2(a+B)(b—1)+asin2(a+B)]

tga+tgB a
bit t=t + ) =
glo+P) = 1-tga. th b-1

2
Suy ra: T_-é[1+b+(b plzt ,, 2 J

1+t2  1+t2
b-1

1
=§[1+b+m[(b—1)2‘—a2 +232]jl =b
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Cdch 2:
Ta c6: T = sin®(a + B) + a sin(a + B).cos(a + B) + beos®(a + B)

T [1 + tg(ot B)] _ sin®(o + B) + asin(a + %). cos(at + B) + beos®(a + B)
cos“(a+p) -

= tg?(o + B) + atg(o + B) + b
_tg%(o+ B) +atgloa +B) + b
- 1+tgla+P)
- tgo + tgB a
Véi tglo +B) = 1—tg(oc+B)=b—1'
a® a
b-1% “b-1
1+~—az—2
(b-1)
2. Khia=7:b=3tadudc: x> +7x+3=0
V1A = [2x; — X,| + 2%, - X,| 2 Onén

A? = (2%, - x,)" +(2%, ~ X, ) +2|(2x, — X, X2%, — %)

=T

+b

Thé vio Ttaduge: T = =b

=5(x, +x,)* — 18x,.x, + 2|9x1.x2 -2(x, + X, )2|

Vi x,;X, 12 hai nghiém cla (2) nén theo dinh ly Viét ta dugc:
{xl + X, =7 ’

— A? =5.49 - 54 + 2|27 - 98| = 333 = A = V333
X;.Xy =3 _
3. Khia=3m-3;b=-5m+ 12 thi (1) tr§ thanh:
x2+(Bm-3)x-5m+12=0 (3)
Phuong trinh (3) ¢6 hai nghi€ém x;; X,
-1-+/352 ~1+/352
—————9———— vm:2 —m——

SA>0o9IM?+2m-839>20<o m< 5

e X, + X, =3-3m
Theo dinh ly Viét ta dudc:
X,.X, =12-5m
Khong ma't tinh tSng quat, ta ¢6 thé coi: X, = X3
. [x3=12-5m
Khi d6: . ]
’ X, +X; =3-3m
3x} =36 -15m
o
5%, +5x% = 15-15m

& X, =3 =>12-5m = 27 > m = ~3(théa mén diéu kién)

= 3x% - 5x, - 5x% =21
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Thtt lai:
Khi m = -3 thi (3) trd thinh: x2 -12x+27 =0

x; =3 . 9
= ta thay x, = xj
Xo =9

Viy gid trim cAn tim 12: m = 3

Bai11: Cho phudng trinh: ax® -bx+b=0vdi a, b > 0, ¢ cdc nghiém Ia
X,;X, . Chitng minh riing tdn tai cdc s a; = +1;(i = 1,2) sao cho:

\[—“’“F*%J

Tir yéu cdu dé bai suy ra: x;;x, >0

X, +X, = b >0
Theo dinh ly Viet: a
X, Xg =—>0

Do d6: f ’ _X tXy b
VXX

Nén d€ thda min dang thife:

{ , =1
ﬁ-ral —~+a2\/- Olhichon{ !
: o, =-1

Bai 12: Xét cde s8 the: a, b, ¢ sao cho phuong trinh: ax® + bx + ¢ = 0 ¢6 hai nghiém
thude [0, 1]. Haly tinh gid i 16n nhit chia biu thie: T = Q—M
A a(a-b+c)

Gidi
Vdi cdc s0 thuc a, b, ¢ 1am cho phuong trinh ax® + bx + ¢ = 0 ¢6 hai nghiém
€ [0, 1]. Goi hai nghiém d6 12 x,;x,, theo dinh 1y Vict ta dudc:

X +X2 ='——a—
XXy =
(a —b)(2a - b) [1 _ 9)(2 _ 9)
] (a-b)2a-b) a2 a a
Tacé: T= = =
a(a-b+c) a-b+c b ¢
a a
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Cd+x %2+ %, +xy)

1+x +x5 +%x,.%,

2 2 2 2
_20 4+ X + Xy X X))+ X H Xy +X; + X g, K1t X +X] +X

1+x, +x, +Xx,.%, 1+x, +x, +X;,.%,

Khong ma't tinh t8ng quét c6 thé gid st 0 < x, <x, <1
=X <X X, D14+X +X, +X,.X, 21+ %% +x,.%,

2 .2 2, .2 2, .2
XX tX 4%y Xt XXXy X +Xp X +X)

=1

1+% +X +X X, 1+X+X, +%X, 14+x24X% +X,
=>T<2+1=3=T_, =3

Diu “="xdyra < x; =x, =1

Bai 13: Cho phuong trinh: x® +ax+b-2=0véiabe R
Gi sif phuong trinh c6 nghiém kép o > 2. Tim gi4 tri nhd nhitcia A = a? + b?

Giai
Phuong trinh ¢6 nghiém kép a > 2
—%zz as<—4 as<—4
& & <:>
A=0 a?-4(b-2)= b=%a2+2
Tirdé: A =a%+b?=a’ +( 2) ——l-—a +2a%+4
A'=%a +4a = a( 4J,A=O<:>a 0
Béng bién thién
a — 0 —4
A’ -
+0

Dua vao bing bi&n thién ta dugc: min A = 52 dat tai {b _g

Bai14:  Cho phuong trinh: x® — (3sina — cosa)x -4 —4 cos2a = 0 (1)
Dinh a dé phuong trinh ¢6 nghiém sao cho tdng binh phuong hai nghiém cia
phudng trinh dat gid tri 16n nhat va nhd nhat.

Gidi
Phuong trinh (1) ¢6 nghiém -
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< A =(3sina - cosa)? +4(4-4cos2a)20

1-cos2a

og—(l—cos2a)+ ~3sin2a+16+4cbs2a20

<> 21-3sin2a > 0 ludn ludén ding Va € R

Do d6 (1) Iu6n ¢6 hai nghiém phin biét.

Goi x;; X, 12 hai nghi€m cida phuong trinh, ta ¢6:
A=x}+x3=(x+x,) -2x,x, = (3sina - cosa)® + 2(4 + cos 2a)
= g(l -cos2a)+ %(1 +cos2a) - 3sin2a + 8 + 2cos 2a

=-2cos2a—3sin2a +13
Theo bat ding thitc Bunhiakopxki:

|-2 cos 2a - 3sin 2al < \/[(—2)2 + (—3)2:,(sin2 2a + cos? 2a) =13
= —J/13 £ -2c0s82a - 3sin2a < \/1_3

= 13-113 <13-2co0s2a - 3sin2a < 13 + V13
=A,, =13+/13; A, =13-13

Bai15: Cho phuong trinh: x* +2(a - 3)x +a-13 =0 (1)

Tim a > 1dé nghiém 16n nhit cda phudng trinh nhin gid tri nhd nhat.

Giai

2 .
Tacé: A:(a——%) +§4g>0 VaeR

= (1) ludn ¢6 hai nghi¢m phdn biét: x,;x,
Goi nghiém 16n nh4't clia phuong trinh 13:

X, =3-a++va® -7a+22

2a-7  2a-7-2Ja’-7a+22
o0WaZ-7a+22  2/a’-7a+22
Xo =0 2Ja? ~7a+22 =2a -7

2a-720
Q{4(a2—7a+22)=4a2-28a+49

az
=<

N |~

vd nghiém = x, < 0Va > 1
88 =49 '
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Bing bi&n thién

X 0 +do
Xp -
6
X2 \

Dya vao bang bi€n thién (x,)_. khong ton tai a.
Viy khong c6 gid tri a > 1 théa dé.

¢ Chii §: V4i bai todn trén thi nghiém 16n nhdt nhin gid tri 16n nhit @ a=1
khid6é a,,, =6

Vi cau hdi nhu vy ta ¢6 th€ 1am cdch khdc nhu sau:
Goi x,1a nghiém 16n nhd't ciia phudng trinh thi:
x2 +2a -3)x, +a-13=0 & (2x, + Da = 13 + 6x, — X
13 + 6x, — x¢ 1 . ,
=———3 2 (vi X, = ——= khOng 12 nghiém cua (1
@x + 1) (v 2 g la nghi€ (1
13+6x0~x§>1 12+ 4x, - x2

Viazl= 21
(2x, +1) 2x, +1

Khi (x,)__ =6 th& vao phudng trinh ta dugc: a = 1

Bai16: Tim t4t cd cdc gid tri cda m sao cho phudng trinh:
x2-@C2m+1x+m?+m-2=0
c6 hai nghiém x,;x,thda: 0 <x, <2 hay 2<x, <5

Giai
Tac6:A=9>0Vm = phuodng trinh ludn c6 hai nghiém phin bi¢t.
y=m-1 . s
. Rdrang x, < x,Ym
X, =m+
Yéu cdu bai todn dudc thda min:
{0<m—1<2 {1<m<3

& < 1l<m<3
2<m+2<5H

O<m<3

Viy cdc gid tricdamcintim1a: 1 <m <3.

Bai17: Cho phuong trinh: x* -~ 2|9 - log; m|x + 3|9 - log; m| = 0
Pinh céc gi4 tri d€ mdt trong cdc nghiém cia phuong trinh 16n hon 3 con
nghiém kia nhé hon 3.
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Giai
Yéu cau bai todn dudc thda min
& x <3<x,f(3)<0
< 9-6|9-log; m|+ 3|9 -log; m| <0
<|9-log, m| >3
[9 ~log; m < -3 [lo’g3 m > 12 [m > 312
& &

9-log;m>3

log3m<6 m>36

0<m<3®

12

12 cdc gid tri m cAn tim.
m>3

K&t hgp véi diéu kién m > 0 :{

Bai18:  Cho hai phuong trinh: x® +3x +2a =0 vd x* +6x+5a =0
Dinh a d& hai phuong trinh ¢6 nghiém xen k& nhau.

Giai
Pat f(x) = x? + 3x + 2a; f(x) = 0 ¢6 hai nghi€ém X;;X,
g(x) = x? + 6x + 5a; g(x) = 0 ¢6 hai nghiém x,;x,
) . » . X, < X3 <X, <X,
Hai phudng trinh c6 nghiém xen k€ nhau <
Xy <Xy <X, <Xy
& f(xy)£(x,) <0 & (x2 + 3%, +2a)(x? + 3%, +2a) < 0
o (%5%, ) +3%,.%, (%5 +%,) +2a(x§ +%; )+ 9%, %, +6a(x; +x,) +4a’ <0

<9%?-9a<0o0<axl
Viycicgid tricdaacdntimla: 0<a<1.

Bai19: Tim a, b e Zsao cho phudng trinh: x® + ax + b = 0 ¢6 hai nghiém thda

min: -2 <X, <-lva 1<x,<2

' Gidi
Theo diéu kién dé bai:
{—2<x1 <-1 {—1<xl+x2 <1
=

1<x,<2 -4 <x,.X, <-1

. X
Theo dinh 1y Viet:

+X, =-a -l<-a<l -l1<ax<l
-
X, X, =b

—4<b<—1<:> 4 <b<-1
Via,beZ = a=0va b={-3-2}

. =0 .
+ Néu {z 5= (1) c6 nghiém x = ++/3 thda man dé bai.
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FN&u 2T
cu
b=

0 ' .
0= (1) c6 nghiém x = +4/2 théa min dé bai.

. a=0 a=0
Viy cdc gid tri cia a, b can tim 1a:

Bai20: Dinh m d€ phuong trinh sau c6 4 nghiém phén biét:
i—xz ~|x[+m=0(Q)

‘ Gidi
Cdch 1:
Phuong trinh (1) <> m = x| —ix'z
1 2 A i
-x~-—x“néux<0

V& Parabol (P): y=|x|—i—x2 =
2«
X-—x"néux>0
4

/—4'-’2;0;§:4\ X

Dura vao dd thi suy ra: phuong trinh di cho c6 4 nghiém phan biét khi va chi

khi dudng thing y = m c{t (P): y = |x| - i— x? tai 4 di€ém phin biét © 0 <m <1

Viycdcgid tricdamcintimla: O<m< 1.
Cdch 2: Dung cong thifc so sénh nghiém:
Bitt=|x/>0

(1) trd thanh f(t) = -}It2 -t+m=0 ()

Pé (1) c6 4 nghiém phéan biét thi (2) c6 hai nghiém phén biét duong:’
A>0 1-m>0
<3 P>0o{m>0 ©0<m«<l
S>0 1<0
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Bi 21: Cho phudng trinh: (m + (v +1) ~2m(Vx +1)+2m =0 ()

Binh m dé phuong trinh ¢6 mét nghiém thudc [0,4]

Giai
Pitt=+/x+1;v36i0<x<4=>1<t<3
Phwong trinh (1) trd thanh: (m + 1)t* -2mt +2m =0 (2)
e Ung v6i mot nghiém t e [1, 3] thi phuong trinh t = Jx +1 cé6 ding mot
nghiém x € [0,4] nén:

+ Phuong trinh (1) ¢6 mdt nghiém x € [0,4] thi (2) ¢c6 mft nghi€ém t e [1, 3]

. m=0
|
. m=-2
= . __m 13]<:> o m=-2
e i S B PPN
m+1

Viy m = -2 thdéa min dé bai.
+ Phuong trinh (2) ¢6 nghi¢m t,;t,théa min:
t; <1<t, <3
[1 <t <3<t,
o N&u(2)c6nghiém t, =1 thit¥ (2) m+1-2m+2m=0=>m=-1, gid tri

nay khong théa man (vi m# 1)

e N&u(2)c6 nghiém t, = 3 thi tir (2) :>5m+9=0:>m=—§-

Véi m =2 i 2 wdmanh - 262+ 8¢ 18 _ g
5 5 5 5
t, =3 -
o 22+9t-9=0c . 3 (loaivi t, €[1,3]
155
2

e Con lai phuong trinh (2) ¢6 hai nghiém t,;t, théa man:
[tl <1<t,<3

f(1).£(3) <0
1<tls3<1;2<::> W@ <

<:>(m+1)(5m+9)<0<:>—-§—<m<——1

Ar ko A i 2 w9
Vay cdc gid tri cia m cin tim 1a: e <m<-lvm=-2
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Bai22:  Cho phuong trinh: sin 3x - mcos2x - (m + 1)sinx + m = 0 (1)

Pinh m dé phuong trinh ¢6 ding tdm nghi¢m € (O, 3n)

Giai
Phuong trinh (1) < sinx(4 sin®x - 2msinx + m - 2) =0
sinx =0
{4sin2x—2msinx+m—2=0 (2)
e Vdisinx=0ox=kn (keZ)
Khi 0<x<3n:>O<k1i<37t<:>0<k<3,:>k=[1,2]
= -nghiém x = {r, 2n} '
Pat: t =sinx;-1<t<1
Phudng trinh (2) tr§ thanh: 4t -2mt +m -2 =0 (3)
+ Ung v4i mdt nghi¢m t, €(0,1) thi phuong trinh t = sinx ¢é ddng bdn nghi€ém
x € (0,3n)
+ Ung v6i mot nghi¢m t, € (-1,0) thi phuong trinh t = sinx c6 diing hai nghiém
~ x.€(0,3n) nén d& (1) c6 diing tdm nghi¢m x € (0,3n) thi (2) c¢6 diing sdu
nghié¢m x € (0,3n) va khdc cdc nghi¢m s& n va 27n. Pidu ndy x4y ra khi va
chi khi phudng trinh (3) c¢6 nghiém t;;t, théa man: -1<t, <0<ty <1;
hodc nghiém t, € (0,1) con t, =1.
a. NCu phuong trinh c6 nghiém t, =1 thitt (3) > 4-2m+m-2=0
t, =0g(0,1)
t, =1
b. Phudng trinh (3) ¢6 hai nghiém t,;t, théa: -1<t, <0<t, <1
f(0)<0 m-2<0

S >0 ©<2-m>0 ©-=<m<?2
f-1)>0 3m+2>0

= m = 2khim = 2 thi (3) trd thanh: 4t2 —4t=0a{

Viy gid tri cla m cdn tim 1a: —% <m<2

Bai23: Dinh a d€ phuong trinh sau c¢6 nghiém nguyén:
x*-(3+2a)x+40-a=0 (1)

Giai

Phuong trinh (1) ¢6: A = (3 + 2a)° —4(40-a) = 4a® + 16a - 151
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P& (1) ¢6 nghiém nguyén thi diéu kién cdn 13: A phai Ia chinh phuong.
= A=n?>=4a’+16a-151=n% (vdineZ) )
e (2a+4) -n? =167 < (2a+4-n)(2a+4 +n) =167 (¥)

Vi 167 1a s nguyén 8 nén ding thitc (*) x4y ra

[((2a+4-n=1 hoitc 2a+4 -n=-167
2a+4+n=167 ~ |2a+4+n=-1
<
2a+4-n=-1 - a=-44
i 2a+4 +n =-167 n =83
[a =40 e . .
<> .. —gidtriclaali: a=40va=-44
|a =—-43,5(loaivin ¢ Z)
Kiém tra:

X =

0
+ Khia=40thi(l) <::>x2—83x=0<:>{ 83(nhz’in)

X =
+ Khia=—44<:>[

1
_ 84 (nhén)

K&l ludn: Gid tri ctia a cAn tim 1a: a = 40; a = —44

Bai24: Cho phuong trinh: mx® - mqx + q = 0(m = 0)
1. Dinh h¢ thifc lién hé gita m va q d€ hai nghi¢m clia phuong trinh trén 1a: sin
va tang cta cing mdt géca . '

2. Tinhmthco a.

3. Chomgs= —% . Tinh a -

Giai
1. Goi hai nghi¢m ctia phuong trinh la x,;x,.
Theo dinh 1y Vict ta dugc:

X, + X, =sina +tga =q sina + tga = q
. q < sina+tgo 1+cosa
X, X, = sina.tga = — m = — =—
m sinatga . sina
Ztg-qz— 2tgg—
o o« 9 (*)
1+tg? = 1-tg®= ’
v 2 & 2 Thé vao (*) ta dugc:
1 a 1 '
m=——:>tg—_—._—
tg_O_l 2 m
2
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2 1
m m
Y

m2 m2

(Day la h¢ thirc lién hé gitta q va m)

=q ©4m® =q(m*-1)

2. Theo trén ta dugc: m = ——IE = cotg%

t_
€9

1 1

3. Khi mq———;-:q—___-_-_

2m a
2cotg —
co g2

Theo ding thitc & ciu (1)
4m® = q(m* -1) & 4cot g® = = ———1————(cotg4 hud —1)
2cotgg— 2

1 2n
—_ t——+k2n
\/—

Viy géc o cintimla: o = i—2-3——+k2n(k eZ)

< 9cot gt —2-—1<:>cotg-——=ir

Bai25: Goi x,la nghiém clia phuong trinh: ax® + bx + ¢ = 0(a # 0)

!

c

a. Chifng minh riing: |xo| <1+ max{E ;
a

a

b. Chitng minh riing: |x,| <

a. Ching minh ring: |x| <1+ max{

a

Ta cé: 1+max{h,
a

c A
—}21 nén:

+ N&u |x,| <1 thi bdt ding thirc (1) ludn ding.
+ Xét

e x, la nghiém cia phuong trinh: ax® + bx + ¢ = 0(a = 0)

2 2 _b c
= -ax,” =bx; +c o -x," =—x5 +—
a | a
3 c<b c| Ib c
:>|X0| ——Xo'f";_.; 0+; 2X0+*a—
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¢ } thi:
a

Mit khdc: M(|xo| +1) =M

2

bit: M = max{E
a

x5 -1 - X,
x| -1 %] -1

Hay |xo| <1+ max{hl; S} = (dpcm)
al'|a
N 2]ac| + b® c] |b
b. Chi h ring: <t =2|-+|-
Ung minh rang |x0| < Iab| b + a

~b - vb? - 4ac

Gié sit moOt trong hai nghiém cla phuong trinh 1a: x, =

2a
2
b vb%-4ac| 1]b b? — 4ac
= e = [ 4 YOt (1B | e
2a 2a 2la 43
1|b b2 ¢
= e s 3[0 r-
2|a 4a* a
: 1 b2 ¢ _lel |b
Cin ch@ng minh: =|—| + ,[— - = < 2|+ |- *
g 4a® a b| |a
Thit vay, bAt ding thic (*)
_bi__c.<_1.E+2£
4a®> a  2la b
2 2 2 2
<:>b2——c—sb2+2-c—+4c—2<:>—£s2£+4%
4a a 4a a b a a b
. v a3 . o . 2]ac| + b
RG rang bt ddng thirc ndy ludn ding.Vay: |x,| < ———— (dpcm)

[abl

Bai 26: Cho phwong trinh bac hai: ax® + bx + ¢ = 0(a # 0). Chitng minh riing diéu
kién: (k +1)” ac —kb? = 0(k # 0) 12 didu kién cin va di d€ phuong trinh c6

hai nghiém, trong d6 nghiém nay biing k 14n nghiém kia.

Giadi 4
Gia si phuong trinh trén c6 nghiém; nghiém nay biing k 1an nghiém kia:
I:XI = kx, o [x1 ~kx, =

0 .
x, = kx, < (x; ~kx, ) (%, ~kx,) = 0
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@xl.x2(1+k2)—k(xf +x§)=0

& XX, (1 + k?')—k(x1 +x,)" + 2kx, %, = 0
X, +Xy=——

Theo dinh Iy Viet: a
X Xy = —

xl.x2(1+k2) ~k(x; +%,)" + 2kx; X, = 0

2
= E(1 + k2) —k(é) +2k.2 -0
a a a

e ac(1+k?)-kb” + 2kac = 0 < ac(k +1)" - kb® = 0
k 2

P#o lai: Khi ac(k +1)* -kb® = 0 = ac =

k +1)°
Tac():A=b2~4ac=b2—4—ﬂ)“2
(k+1)
1
k+1)% -4k 2.
=b2[( ) L b (k+1) 20 Vk#-1

(k+ 1)2 (k+ 1)2'

Suy ra phuong trinh ax® + bx + ¢ = 0 ¢6 hai nghié¢m X5 X,

CHUYEN PE 6:
QUAN HE NGHIEM CUA HAI PHUONG TRINH BAC HAI

Cac bai toan
Bai todn 1: Cho hai phudng trinh bac hai:
a, x> +bx+c¢ =0 (1)

a,x> +byx+¢, =0 ()

 Tim cdc gid tri ciia tham s§ m d€ (1) va (2) ¢6 nghi¢m chung.

Phuong phdp:
e Buic 1: Goi x, 1a nghi¢m chung cla hai phuong trinh thi:

2 -
{alxo +bxg+c¢, =0
. 2 _
a,X; + byxy +c5, =0
e Budgc2: Gidih¢ trén tim x,. Suy ra m.

e Budc 3: ThE gid tri clia m vao (1); (2) dé kiém tra.
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b. Bai todn 2:
Tim cdc gia tri cGia tham s6 m aé (1) va (2) ¢6 nghiém sao cho mdt nghi¢m

clia phudng trinh (1) bing k 14n mot nghi¢m cia phuong trinh (2)

Phuong phdp

e Budc 1: Goi x, 12 mdt nghi¢m cila (2) thi kx,(k # 0) 1a mdt nghi¢m ctia

(1). Khi d6, x, 1a nghiém cla h¢.
a,X2 + b,x, +¢, =0
{al (kx, )2 +b; (kxg)+¢, =0
e Budc2: Gidih¢ trén tim x;. Suy ra m.

e Budc 3: Lay gid tri cia m th¢ vao (1) va (2) d& kiém tra.

. Baitodn3

Tim céc gi4 tri cGa tham s6 m dé (1) va (2) twong duong
Phuong phdp:
S dung dinh nghia vi hai phuong trinh twong dudng.

2. Baitap
Bai 1: Cho hai phuong trinh;  x* +x-m =0 €))
x2-mx+1=0 2)
Pinh m d& phuong trinh (1) va (2) ¢6 nghi¢m chung.
' Giai

Goi x, 1a nghiém chung cia hai phudng trinh thi x, thda hé:
{xg *X-m =0 = (1+m)x,-(m+1)=0 (3)
X2 -mx,+1=0 |
N&u m = —1 thi (3) nghiém diing v8i Vx,
nhung khi m = -1 thi phuong trinh (1): x>+x+1=0
va phuong trinh (2): X+x+1=0

Hai phuodng trinh nay vd nghiém nén m = -1 khong thda mén.

N&u m # 1 thi (3) c6 nghiém duy nhit x, =1
Khi x, = 1 thé vao (*) ta dugc: m =2
. N W2 X, =1
- Véim=2thiwr(l): x*+x-2=0&
va(2: x*-2x+1=0cx,=1
Ta thdy X, = X; =1 nénm =2 thda dé.
Viy gid tri cdam cAn im1A: m =2
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Bai 2: Cho hai phuong trinh:
x* - (2m+1)x+2m+2=0 (1)
vi x*-2mx+m+1=0 (2)
Dinh m dé& hai phudng trinh c6 nghiém chung.

Giai
Goi xy1a nghiém chung clia hai phuong trinh thi x,thda hé:
{x§~(2m+1)x0+2m+2=0
=>X,=m+1
Xg-2mx, +m+1=0
Khi x, = m + 1th€ vao (3) ta dugc:
‘ (m+1)2~2m(m+1)+m+1=0
& (m+1)(m-2)=0em=-lvm=2
+ Véim=-ltadugc: 1) @x?+x=0>x=-1vx=0
Qeox*+2x=0x=-2vx=0
= nghiém chung x = 0 = m = -1thda dé.
+ Véim=2taduge: (1) > x* -5x+6=0cx=2vx=3
@ ox*-4x+3=0ox=1vx=3
= nghiém chung x = 3 = m = 2thda dé.
Vay phuong trinh (1) va (2) ¢6 nghiémchung @ m=-1vm=2

Bai 3: Cho hai phuong trinh:
x* +(3m+1)x+2m+2=0 1)
va  x*+2(m+1)x+3m+1=0 (2)

Pinh m d€ hai phudng trinh trén c6 nghiém chung.

Giai
Goi o la nghiém chung ciia hai phuong trinh thi o phdi thda hé:
o’ +(Bm+1)a+2m+2=0 (m-a=m-1
{a2+2(m+1)a+3m+1=0 {
+ N&um =1 thi (3) v0 s§ nghiém: tr (4) => a0 = -2
+ N&u m # 1thi (3) c6 nghiém duy nhit: o = 1 thé vio (4) ta dudc:

5m+4=0©m=—§-

e o ; 4
Tém lai: Cac gid triclamcdntimlai: m=1v m = "%
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Bai4: Cho hai phuong trinh: x* +ax+1=0va x2+bx+2=0

1.
2.

Tim di€u kién cla a, b d€ hai phuong trinh ¢ nghiém chung.
V§i di€u kién trén, im gi4 tri nhd nhat clia A = |al + |b|

Giai
Goi x, 1a nghi¢m chung cla hai phuong trinh thi x, théa hé:
2
Xg+ax,+1=0 (1)
o =>(a-b)x, =1 (¥
Xg +bxg +2=0 (2)
N&u a = b thi phuong trinh (*) vd nghiém nén (1) va (2) khong c6 nghiém chung.
N&u a = bthi (*) = x, = bL thé€ vao (1) ta dudc:
-a
1 a
5 +
(a-b)" a-b

Véi diéu kién (**) ta kiém tra lai hai phuong trinh (1) va (2) lu6n c6é nghiém
chung x,. ' :

Tim min A = |a| + |b|
Tir ding thitc (**) = 3ab = 2a® + b +1=> ab > 0 = |a|.|b| = ab
Laic6: A =la|+|b]=|b|=A-|a]
T (**) = 2af’ - 3fal.[b|+b? +1=0
o 2|af* - 3a|(A -|a]) + (A-|a))* +1=0
o 6laf’ ~5Afa+ A2 +1=0
bity =lal;y >0
Thi: 6y° ~5Ay +A%2+1=0
Pinh A d€ phuong trinh nay cé nghiém tuong duong

+1=0=>2a%+b%-8ab+1=0 (¥*%)

A=20 A% > o4
>
<:>P>0<:>{ - :>A22\/5
A>0
S>0

Diu “="xdy ra < 6y - 10/6y + 25 =0

a:@ b:@
e Y.
6 6
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_5/6 |, 56

Viy minA = 2\/6 dat dugc < 6 Y 6
76 7\/6
b6 |, _TVE
6 6
Bai 5: Cho hai phuong trinh: x(x-1)=m+1 (n
vi x4+ (x+1?=m? (2)
Pinh m d¢€ hai phuong trinh c6 nghiém chung.
Giai

Phuong trinh (1) < x* —(x +1) =

b=x+1
Khi d6 (1) va (2) tr§ thanh: a-b=m (3)
va a2+b%2=m? (1)

= 2
bit: {a—x 20:>a=(b—1)2 (*)

Xéthe gom:

a-b=m a-b=m

{az +b? =m’ ®{2(a2+b2)=2m2

a-b=m _ a-b=m
Q{ +(a+b)2 2m? Q{(a+b)2 =m?

a-b=m a-b=m {a-b=m
< a+b=+m a+b-:mv a+b=-

a- a= .
1. Véi th‘ vio(¥)ta dude:m=1
a+ b b=

a= 1 2 B
Khim =1 thi: {b 0 < {X 11 <> x = -1 (nghi¢m chung)

=m=1thda d¢.

5 Véi a-b=m - a=0
. 1 ’
a+b=-m b=-m

(m+1)2=0<:>m=——1:>Ja=0<::>{x:0<:>x:0
1 x=0

= m= - | thda dl. v
m=1

Vay phudng trinh (1) va (2) ¢6 nghi¢m chung < l: 1
m=-
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Bai 6: Chitng minh ring: n€u hai phuong trinh:
x?+ax+b=0va x? +cx+d=0
C6 nghiém chung thi: (b -d)® + (a—c)(ad - be) =0 (véi a # ¢)

Giai
Goi o 1a nghiém chung cia hai phudng trinh thi o thda hé:
{az +aa+b=0()
=

a-cla+b-d=0
a?+ca+d=0 ( )

d-b
S a= (a#c)
a-c
2
Th€a=d_bvao(l)tadm}c:(d_bj +o¢.d—b+b=0
a-c a-c a-c

& (b-d)’+a(d-b)(a-c)+b(a-c)’ =0
& (b-d)* +(a-c)(ad-ba+ab-bc)=0
2= (b—d)2 +(a -c)(ad - be) = 0(dpecm)

Bai 7: Cho hai phudng trinh: x? - 2mx+4m =0 (O
va x2-mx+10m =0 (2)

Pinh m dé€ phuong trinh (1) va (2) ¢6 nghiém; trong d6 mdt nghiém cla
phuong trinh (2) biing hai 1An mdt nghiém clia phuong trinh (1).

Giai
. . . 2 " Im<0
Phudng trinh (1) ¢6 nghiém < A; =m* -4m >0 <
' m=4
R . n : 2 m<0
Phudng trinh (2) ¢ nghiém < A, =m*®-40m 20 <
m > 40
m<0
= gid tri chung: *
gia ri g [m240 (*)

Goi o 13 mdt nghiém cia phuong trinh (1) thi (20) 123 mdt nghiém cia
phuong trinh (2). Do d6, ta ¢ hé:

a’?-2ma+4m=0 - a®-2ma +4m =0
(2a)? - m(20) +10m = 0 402 -2mo +10m =0
mo =m -(1)
& .
a?-2ma+4m=20 2)
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+ N&um =0 thi (3) nghiém ddng con (4) ¢6 nghiémv a = 0; thda diéu kién (¥)
=> m = 0 nhin
+ NE&um # 0 thi (3) nghiém duy nhit a =1 th& vao (4) ta dugc:

2m+1=0<:>m=—é— thda (*)

Viy: Céc gid tri cia m thda min yéu ciubaitodnli: m=0vm = —%

Bai 8: Gié sit hai phuong trinh:
a, x> +bx+c, =0 va a,x% +b,x+¢, =0
c6 nghiém chung (it nhat mot nghiém).

Chiing minh ring: (a,c, —a,¢,)” = (a,b, - azb, ) (e b, —¢;b,)

Giai .
Gid st x, 12 nghiém chung clia hai phuong trinh da cho thi x, théa man hé:
{alxg +b;xy+¢;, =0 (1) - {agalxg +a,b;xy +a,c, =0 (3)
ayXg +byXg+ ¢, =0 (2)  |a,8,%% +abyx,+a,c, =0 (4)
= X, (a,b; —a,b, ) +a,e; —a,c, =0 (*) (1dy 3) - (4))
Nhéin (1) v6i b, va nhidn (2) véi b, ta dugc:
a,b,x2 + b,b,x, +¢,b, =0
{azblxg +b,b,xg +¢;b; = 0
= (a,b, —a,b,)x2 +¢,by —c,b, =0 (*¥)
a,Cy — 8,C,
asb; —ab,

(a;by - azbl)[

TX (*) = %, = th€ vao (**) ta dugc: (a,b, —a,b, = 0)

8,C —a5C

2
=¢,b, —¢,b
agb, ‘a1b2] CaDy — €Dy

& (a,¢; —a5¢,)” = (egb; —c;b,)(a,b, —a,b, ) (dpem)

Bai 9: Cho hai phuong trinh:

ax’+(a-b)x+b=0 1)
va bx’+(b-a)x+a=0 2)
Dinh cdc cip s8 (a, b) sao cho hai phuong trinh trén 13 twong dudng nhau.
Gigi

I. Néua=0thi: 1) -bx+b=0 (3
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a.

b.

2 < b+bx=0 (4)
) fa=0
N&u b = 0 thi (3) va (4) déing véi Vx € R nén: {: _ , théadé.

Néu b # 0 thi (4) ¢6 nghiém [ 1 nhung x = 0 khong th6’a min dé bai.

Vay cip (0, b) v6i b # 0 khong théa min dé bai.
Néub=0th ()< ax’+ax=0; (2)< -ax+a=0

a=0
Ly ludn nhu trén ta cling dugc cip: {b _o thda min dé.

. la=#0 3 . 2
Néu {b;tOTa c6: A; = A, =(a-b)" -4ab

Né&u (a—b)2—4ab<0<‘:>a2--6ab+b2 <0
3b-2V2b <a < 3b+2/2bnéub>0
3b +242b < a < 3b-2/2bnéub < 0

o 3-2V2«< % <8+2J2 thi cd hai phuong trinh déu v6 nghiém nén
chiing tuong duong nhau.

0
Suy ra cdp (a, b) v6i {2 i o va 3 - 22 < —2— <8+2J2 thda min d& todn.

_>.3+2\/—2—

3-242

Goi x,; X, 1a hai nghiém cia phudng trinh (1)

Né&u *)

IA

o'l o'

X4; X, 12 hai nghiém cia phuong trinh (2)
DPé (1) va (2) twong dudng nhau thi:
_a-b_ b-a
{x1+x2=x3+x4_c> a b
X, Xy = Xg.X,4 b
a

o b=zta

o|e

K&t hgp véi diéu kién (*) => b =-a
= cdp (a, b) thda min la: (o;—a) véi a eR
K&t hgp: Hai phuong trinh (1) va (2) tuong duong khi va chi khi:
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(a,b)=(a,-a)véia e R
az0vap=0 A
(a,b) = (o, B) véi 3-2J2 <%<3+2\/§

Bai10: Xdc dinh a, b, ¢ sao cho phudng trinh:
bx®+cx+a=0

ex?+ax+b=0

ax?+bx+c=0 (1) twong dudng vdi hé: { (2)

Giai
1. N&u phuong trinh (1) ¢6 nghiém, d& (1) va (2) twong duong thi di€u kién cin
ax? +bx+c=0

1a: hé {bx% + cx +a = 0 c6 nghiém.
cx’+ax+b=0
Cong vé theo vé ba phu’dhg trinh trén ta dugc:
(a+b+c)x’*+(a+b+c)x+a+b+c=0
<:>(a+b+c)(x2+x+1)=0
oa+b+c=0Hwix +x+1>0VxeR)

= b=-a-c.T¥(l)tadudc: ax’ —x(@a+c)+c=0

x=1
S (x-1 -¢)=0&
(x. )(ax 'c) [ax—c=0
. c=-a-b .
Cungtir:a+b+c=0:>{ b nén tir (2) ta dudc:
a=-b-c¢c

{bxz —(a+b)x+a=0c>{(x-—l)(bx—a):O
cx’ —(b+c)x+b=0 (x-1)(cx-b)=0
a. N&ua=b=cthi(l)ding Vx € R nén (1) va (2) twong ducng nhau.
b. Néu a? +b? +¢? > 0(3 s8 a, b, c khong ddng thdi bing 0)
Do a + b + ¢ = 0 thi phdi c6 it nhat 2 s§ khdc 0.

AN

x=1
bz0 =2
Gia st hai s6 1A thitr (2 < | |*" b
cz0
b
X =—
L c

+ NEua=0thi(2) & x=1va(l) © x =1 nén (1) va (2) wong ducng nhau.
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a=0b=z0c=-0

théa min dé bai.
a+b+c=0

Suy ra: {
X =

1

Néu a # 0 thi (1)C> c
Xx==

a

¢c b .
—¢<a=b=c¢c mi
c

Do d6 (1) va (2) tuong duong nhau <:>%=——=
a
a+b+c=0 2a=b=c=0vdly.
. _ a=b=0c=20
Néu (1) v6 nghiém < .
a=0thib®-4ac<0

ex=0

.Tru’(‘ingtha=b=0;c¢0th‘1tﬁ'(2)c>[ . 0@x=0
cx” =

- Do d6 (1) va (2) khéng twong duong nhau.

. Trudnghgp a =0 va b® —4ac<0

cx+a=0
x=0
cx+a=0

cx+a=0

Né’,ub=0th‘1(2)c>{ \ & [
ex“ +ax=0

x=0
=S {cx+a=0v6 lyviaz0 o cx+a=0.
cx+a=0 _
Phuong trinh ndy Iudn c6 nghiém vi néu ¢ =0 thi b < 0 12 diéu v6 ly.
Do d6 (2) c¢6 nghi€m nén trudng hgp nay (1) va (2) khong tudng dudng nhau.
N&u b # 0 thi tir diéu kién b? —4ac <0 => ¢ = 0. Khi d6 (2) vd nghié¢m.

[ ¢ ~4ab< 0
o | a?-2bc<0
¢ -4ab>0

a’?-4ab>0 (3)

bx? + cx+ a = 0va cx® + ax + bkhong c¢6 nghiém chung

¢ -4ab>0
Hé (3) {a® - 4be 20 (4)
b(b? - ac) + c(b® - ac)(c — ab) + a(c® —ab)? = 0
Tém lai: (1) va (2) twong dudng nhau khi va chi khi:
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a=b=c=0

a+b+c=0trong d6 c6 hai s§ hang khdc 0 vd mdt s6 hang biing 0
¢’ -4ab<0va®—-4ab<0;a=0;b=0c=0

a# 0;b #0;c = 0va thda (4)

Ll O o

Bai11: Giéd st phuong tinh: ax® +bx+c=0(a#=0) ¢6 ding mdt nghiem
duong 1a x, . Ching minh riing phuong trinh: cx® + bx +a = 0 ciing c6 diing
mot nghiém duong 12 x,. Chirng minh ring: x; +x, > 2

Giai.
Phuong trinh: ax? + bx +¢.= 0 ¢6 ding mot nghiém duong nén P =ac <0
Tir d6 phuong trinh: cx®> +bx+a =0 cling c6 ding mét nghiém duodng.
Do x, 12 nghiém cia phudng trinh:

ax® + bx +c = 0 nén: ax,;> +bx; +c =0
N A 1 1
Honnia x, >0 nén: a+b—+c— =0
x5

NN nghi¢m clia phuong trinh: cx® +bx+a =0 (1)
X1

Mit khéc: x;, >0=> L > 0ma phuong trinh (1) chi ¢6 mdt nghiém dudng
X

nén nghiém duong d6 13 : x, = 1

Vivey: X, + %, = X, +—— > 2 (theo bat ding thiic Cési)
X

= X, +X, 22 = dpcm.

Bai 12: Cho hai phuong trinh:
x’-12x+m=0 (1)
vi x>-48x+q=0 )
Gia st (1) ¢6 hai nghiém x,;X,; (2) ¢6 2 nghiém x,;x,.
Cdc nghiém x,, X, , X3,X, theo thi tv 14p thanh cip s6 nhdn ting. Tim m, q.

b. Cécnghiém x,,X,,X,,X, ldp thanh cdp s6 cOng. Tim m, q.

Gigi
Phuong trinh (1) ¢6 nghiém < A =36-m >0 < m < 36
Phuong trinh (2) ¢6 nghiém < A =576 -q >0 < q <576
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) X X, +X, =12 X3 +x, =48
Theo dinh 1y Viet: va

X;.X, = X3.X, =(
a. Goi cOng bdi clia cdp s8 nhian d6 1a: d, theo tinh ch4't clia cdp s6 nhin ta c6:
dw o x. = d2 _ 33
X, =dx;;x; =d°x, va x, =d°x,

X, +X, =12 [x; +dx; =12 x,(1+d)=12
Do d6: s 1 = s 13

X3 +%, =48  |d’x, +d’x, =48 " |x,(d® +d°) =48

a’(1

G0+ qose

1+d
Do dé cho 1a cap s6 nhin ting néntachond=2.
Voi d=2= {2 =% %, =4x,
X, +X, =12 x, = 8%,

= X, =4; %, = 8x; =16;x, =32
Suyra:m=32;q=512
b. Goi P Ia cdng sai cia cAp s6 cOng thi:

X, =X, + P
X, -X3=X3—X, =X, —X; =P 2{x; =%, +2P
| X, =x, +3P
X; +X, =12 2x, + P =12
{x3+x4 =48:>{2x1+5P=48:>P=9
| _83
=X =§,x2 =—2-1,x3 —is--“:)—;x4 —57:> 4
2 2 2 2 _ 2223
4

Bai 13: Cho cdc phudng trinh:
xX+ax+1=0 (1)
Z+bx+1=0 (2
2+ex+1=0 (3)

Biét rling mot nghiém ciia (1) v6i modt nghiém ndo d6 cla phudng trinh (2) 12
nghiém cia phudng trinh (3).
Chitng minh ring: a® +b%+c? +abc=4

Giai
Goi x; 12 mdt nghi¢m clia phuong trinh (1)
X, 12 m§t nghi¢m cia phuong trinh (2)
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Thi x, .x, 12 mdt nghiém cia phuong trinh (3)
Ap dung dinh 1y Viét cho phwong trinh (1) ta dugc:

X, + X, = -a ’
1o :>x1+-—1—=-—a (4)
X, .X; =1 ’ X
Tuong ty ddi véi phuong trinh (2) va (3) ta ciing du’dc:

1

X, +— =-b (5)
Xy

X Xy + =-c (6)

XX ,

LAy (4) nhin (5) v€ theo v& ta dudc:

1 1 1 X, X
X, +— || X +— | =ab & x;X, + +~L+=2=ab
X X, X Xo

X, X
:>51—+ﬁ=ab+c(Theo(6))
X X
2
(x1+lj =3’ x1+i2=a2—2
. X X
Tir (4) va (5) ta dugc: ! N !
1 2 2 1 _b2 2
Xq 2

2
X

X2 .x2

= (0t -2)(s-2) - [xt+ &

1

2 2
) +(-’—‘l+-x—2) -4=c +(ab+c)’ -4

X)X L x
= (az’— 2)(b2 - 2) =c’®+(ab+ c)2 -4

o a?? - 2(a2 +b2)+4 =c¢? +a%h?+ 2abc+c2-4

= (xlx2 +

< a% +b? +c? + abc = 4 (dpem)

1 1 X; X
(x§+-—— = X2%2 + —— + —L + =2



CHUYEN PE 7: CAC UNG DUNG PIEU KIEN CO NGHIEM
CUA PHUONG TRINH BAC HAI

1. Chifng minh ba't ddng thiic
Phuong phép: T mot ddng thitc T = f(x, y), ta bi€n d8i vé phuong trinh bic
hai. Phuong trinh ndy c6 nghiém <> A > 0 = diéu phii chifng minh.
2. Tim max; min cda ham s6
Phitong phdp
e Tirham s6y = f(x), dwa vé mdt phuong trinh béc hai.
e Ding diéu ki¢n c6 nghiém ciia phuong trinh bic hai d€ tim max, min.
3. Baitidp
Bai 1: Tim gi4 tri 16n nhat va nhd nhdt ciia ham s6:
6x-1 x> -2x+3
a) y= b) y=———
y x*+8 y 3x% +2x+1
Giai
a. D=R
6x — 1 2
Tach: y=——— < yx“" -6x+8y+1=0 (1)
x“+8
y=0 [y=0 y=0
(1)cé nghiém < | [y 20 < | [y=0 =3 y;O
A=20 9-y(8y+1)=0 —§_<_y_<_1
N . 9
Tir d6 ta dugc: maxy = 1 va miny = "3
b. D=R |
2 .
x°-2x+3 2
Tach: y=———(By-1)x"+2(y+1)x+y-3=0 (1)
y 3x2+2x+1 (y ) (y ) ye
3y-1=0 3”‘11:0
(1) c6 nghiém < {By—l =0 o y*3
420 3-2/2<y<3+2/2

Tir 46 ta dugc: maxy = 3 + 2V2 va miny = 3 - 242

Bai 2: Tim gi4 tri 16n nhat va nhé nha't ciia bidu thic:

2 _ .
=X——§+—1 vi xe R

xZ+x+1
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Giai
Vi x2+x+1:(x+l)2+§>0 vx e R nén: y=x—2:X—+1
2) 4 xX+x+1
<:>y(x2+x+1)=x2—x+1c>(y—1)x2+(y+1)x+y—1=0 6}
+N&uy=1thi(l) trd thinh: x =0
+N&u y # 1thi (1) ¢6 nghiém < A >0

c>—3y2+10y—320<3—1—Sys3

w

Viy: maxy =3 ; miny:—l—

Bai3: Chohamsd: y = x2+ 1 . Dinh a dé mién gi4 tri cia ham s& chia [0,1]
x> +a ‘

‘ Giai
Piéukién: x* # -a :
Goi T 1a mién gi4 tri ciia ham s, th& thi tdn tai it nhdt mot s§ y, € T sao cho

phuong trinh: y, = —izi ¢6 nghiém.
x“+a

S yxiray, =x+1lo yxi-x+ay,-1=0 (1)
1. N&uy,=0,tr(l)=> x=-1.DPiéukién x*> # -a=> a = -1
2. N&u y, = 0thi(1)c6 nghiém & A =1-4y,(ay, ~1)20
= 4ay; -4y, -1<0
a. Néua=0thi(2) =y, 2,——}1- chita [0,1] = a = 0 théa min dé.

1-+ <1+\/1+a
- 2a

b. Néua>0thi(2) < 21‘iisy (v6i A" = 4(1+a))
a .

D€ mién gid tri nay chia [0,1] th:

1—\/1+a<O ' *
%2a {\/1+a >1hién nhiénvia >0 ,
o
1

1+\/1+a> Ji+a=>2a-1

2a
. 4 i <1
2a-1<0 a_—2—
oSJl+a>2a-1 {a+1~_>_(2a—1)2<:> {a?_,‘l
2a-120 2
‘ . | (4a® -5a <0
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i 1
ac<-—
2 a<l
< azl < 2 c>as§
2 1 5 4
5 ESaSZ
O<a<—
L 4

c. N€ua<0
Né&u a < -1thi A" = 2(1 + a) < 0 = bé't phuong trinh (2) ludn diing.
Véi Vy, = a < -1thda man dé:
Néu-l1<a<0 .
D& mién gi4 tri nay chia (0, 1) thi:

1—25———- '1+a50®ﬁ+aslc>a<0 (%)
a

5
e ... jaS—
T (*) va (**) ta dugc gi4 tri clia a cAn tim la: 4

az-1

Chi ¥: Bai nay ta ddng phuong phdp dao ham ciing ra't tién 1gi. .

x2-2x+4-a
x2+a
Dinh a d€ mién gi4 tri cia ham s& cha [0,1]

Baid4: Chohims6: y =

‘Giai
Piéu kién cAn d€ bai todn dugc théa min 13 phuong trinh:
: x?-2x+4-a
x*+a

(1) phdicé nghiémkhiy=0

x2-2x+4-a=0

Khiy =0 thi (1) r8 thanh: { (2)
x“+a=0

Phuong trinh (2) ¢6 nghiém < A =1-(4-a)20<a>3
Khi a2 3= x?+a>0vx
Licds: (1) <> yx* +ay=x*-2x+4-a
o (y-1)x*+2x+ay-4+a=0 (3)
+ Néuy=1thi: 2x-4+2a=0x=2-a"
Viy y =1€[0,1] '
+ N&uy #1thi(3)c6 nghiém <> A =1-(y-1)(ay-4+a)>0

o ay’-4y-a+3<0




60

Tam thic f(y) = ay® -4y —a + 8¢6:
f(0)=3-a<0véiva=3

{f(l) =-1<0
Do d6 f(y) ludn c6 hai nghiém y,,y,théa: y, <0<y,
Mitkhic: f(y) <0 y, <y <y,.
Do d6 [0. 1] chi¥a trong mién gi4 tri clia ham s6 dd cho <> a 2 3
K&t ludn: gid tricdaacintimla a > 3
Cdch khdc
Diukién: x> +a #0
Goi T 12 mién gi4 tri clia ham s6, thé thi tdn tai it nhat mot s y, € T dé

2 — —
phuong trinh: y, = X -2x+4-a

> c6 nghiém.
x“+a

<:>(y0'—1)x2+2x+ay0—4+’a=0 (1)
Néuy, =1thi x=2-a >y, €[0,1]
Né&u y, # 1thi (1) ¢6 nghiém < A =1-(y, -1)(ay, -4 +a)20
o ay, -4y, -a+3<0
Néua=0thi: -4y, +3<0=>y, _%khéng chita hét [0,1]
=> Né&u a = 0 khdng thda min dé. A
Né&u a < 0, tam thitc f(y,) = ay,2 -4y, -a +3 ¢6
2
A =4-a(B3-a)= a—g-) +—Z—>OVa:>A'>0 Va

2+vVaZ-3a+4

7 Yo £ <0va<0
Do dé: f(y) <0 < a
y >2—'\/a2—3a+4
A a
P& mién gi4 tri ctia hAm s8 chita [0, 1] thi:
2
2-+a —3a+4SO

a

oVa’-3a+4<2ca’-8a+4<40<a<3
K&t hop véi diéu kién a <0 suy ra trong trudng hdp naykhdng tim dugc a
thda min dé bai. —
Né&u a > 0, tam thic f(y,) <0



2-yJa?-38a+4 2++ya*-3a+4
<> LYy £
a

a
P& mién gi4 tri nay chia [0, 1] thi:

2-+yJa’-3a+4 <0
- <

- Va?-8a+4>2 o2 >0)
oa
2+\/a2—3a.+4>1 va®-8a+4 >a-2
" >
a?-3a+424 a<0
a-2<0 [a23
< o <az3
a-220 [0<a52
a2—3a+42(a-—2)2=a2—4a+4 az2

T6ém lai: gid trichaacAntfimla a > 3.

Bai 5: Tim gi4 tri I6n nhit v nhd nhi't clia ham s8:

y_3\/x+3+4\/1—x+1
4Jx+83+8J1-x+1

Giai
Piéukién: -3<x<1

Do d6: (Jx + 3)2 + (\/1 - x)2 =4 nénta c6 thé dau

Jx+3=2 2t2
| P oveios<t<1
A-x=22"%
1+¢
Khi d6: ham s6 di cho trd thanh:
-T2+ 126+ 9

Y= Tt + 16647 :
o y(-5t% +16t+7) = -Tt* +12t +9

o (5y -7)t* +(12-16y)t+9-Ty=0 (1

+ Néu 5y~7=0<:>y=:75-thi(1)tr6tha?1nh: t=——1—1§e[0,1] ‘

. 7
+ Néuy= 5—: |
Pt f(t) = (5y - 7)t* +(12-16y)t +9- Ty
Pinh y dé f(1) = 0 ¢6 nghiém t € [0,1]
Xét céc trusng hgp:
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0<t, <1<t

a. f(t) =0c6 2 nghiém t,;t,thda:
® g bR [t1<03t2<1

-3

@f(O).f(l)so@-sysg

©

b. f() =0c6 2 nghi€ém t,;t,thdamin: 0 < t; < t, <1
(

A=0 _7_<y<9_
(by-7)f0>0 51)4 77
@By -T)LD>0 @iT<y<g
16y -12 16v— 12 o
2 <l 0<—2Y"2% 1 van >0
2y 1) L 2(5y-7)
Z<y<g
Teye? o T
9 Y%7 g3
(8y-6)(5y-7)>0 4
Cﬂg -6 = y>—7— vd nghiém
Y=o <1 , 5
5'y—7 8y 6 1
A >0 m<
A 20
maxy = 2
.7 9 _7
Tém lai: — <y <— nén:
6m lai 5 y 7nen miny_z
9 .
Bai 6: Tim gi4 tri 16n nha' va nhd nhit cda ham:y=_._.__2+smfx
2+cos“x
Giai
2+ 2sinx.cosx
i 2 2
Tacé:y=2+sm22x= _cos” x _2tg X+22tgx+2
2+cos"x  2+cosix 2tg%x + 3
cos® x
2t% + 2t + 2

bit t=1gx, ta dugc: y =
' ¢ y 2t + 3

~+ Néuy=1 thi(l_)t.rc’J thanh: '—2t+1=0-:>t=%
+ N&u y # 1thi (1) c6 nghiém
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6 6

o 5-\7

miny = —

T d6 suy ra:
5++7
maxy =
6
Bai 7: Cho cdc s x, y thda min: x% +y? +xy =1

Tim gi4 tri 16n nhat va nhd nhit cia: A = 2x? - xy + 3y?

Giai
2 _ 2
Tacc’):A=2x2—xy~t~3y2=2x2 xg'+3y
X“+y° +Xxy

+Néuy=0thi: A=2

2
2(2] =243
+NEuy#0=>A»2khid6 A=—2r 7
X X
—J +—=+1
vy) 'y

2 —
Patt=2mAa=2 —t+8
y t“+t+1

Cin x4c dinh A d€ (1) ¢6 nghiém:

S A0 c>11_3‘/5—25A511+3‘/g§

11 + 52
maxA = -~

3
T d6 suy ra:
: 11-52
min A = ———
3
Bai8: Cho 2x®> +y? +xy 2 1.

Tim gi4 tri nhd nhat cGa biéu thitc: M = x* + y?

Giai

2 2
pit: 2x® +y2 +xy =a vdiaZl.KhidéM X *y

+ Né&uy =0 thi: M_1
a

a 2x%+y?+xy
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+Né&u y # 0 thi: M
a

Pit t = Zva A=-M q

y a
2
=Pt (2A-1)t+At+A-1=0
2t°+t+1 :
Phuong trinh nay ¢6 nghiém:
oA20
¢>6—2\/§SASG+2\/§
7 7
M 6-2V2_ .,  6-2/2 6-22
a 7 7 7
:>Min(M)=6—?\/§

6~ 2V2
7

Vay gid tri nhé nhdt cia M 1a:

Bai 9: Ching minh ring vdi Va,b,c,d,e € R ta ludn c6:
a?+b%2+c2+d’+e*>ab+ac+ad+ae (1

Giai

Bt ding thite: (1) @ a2 +b? +c2 +d®* +e? —atb+c+d+e) 20
Xét tam thire bic hai:

fix)=a’-(b+c+d+e)a+bZ+c?+d%+e?
Taco: A=(b+c+d+e)? -4 +c?+d%+e?)
Theo bit ding thitc Bunhiakopxki:

(b+c+d+e)? <4b?+c?+d?+e?)

=hb+c+d+e) -4bZ+c?+d%+e?)<0=>A<0

= f(x) > 0 Vx € R = (dpcm)

Bai 10:  Cho tam gidc ABC. Ching minh ring:

. A . B . C 1
1. sin—.sin—.siln — € —
2 2 2 8
2. cosA+cosB+cosng
3. sin? A +sin? B +sin® C s%
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Giai

= 85iné—.sin§.sin-c— <1

1
< —
8 2 2 2

. A . B, C
sin —.8sin —. sin —

2 2 2
Xét biéu thdc:

. A . B .C . C A-B A+B
T = 8sin—.sin— .sin— = 4 sin—{ cos ~ cos
2 2 2 2 2

2
=>T= 4sin9-(cosA_ B —sin-gj
2 2 2
<:>4sin29-4cos _ .sin9-+T=O
2 2 2

Xcm phudng trinh ndy 13 phuong trinh bic hai theo 4n 1a sing-

Phuong trinh nay ¢6 nghi¢m nén: A >0

<1

@40052—1}—;—2—4T20:>TS0082

= sin2 5in 2 sin9—<—1—(d cm)
TR SRy Ny R\

A+B A-B

Pit T =cos A + cos B + cosC = 2cos .COS +1-2sin 2

2 2

c
sins+T-1=0
sm2 +

< 2sin2—(22—2cos

2 C

Xem phuong trinh ndy 1 phuong trinh bac hai theo 4n 1a sin%

Phudng trinh ndy phii c6 nghiém nén: A 2 0
-2(T-1)20> T$1+%cos2

A-B

A

1+

& cos?

= cosA+cosB+cosC< g(dpcm)

1—cos2A+ 1-cos2B

Pit; T=sin? A+sin?B+sin’C = 5 >

=2 -——é—(cos 2A + cos 2B) - cos® C
= 2-cos(A + B)cos(A-B)-cos’C
= 2+ cosC.cos(A+ B)-cos’C
& cos® C - cos(A-B)cosC+T -2=0
Xem ddy 12 phudng trinh bac hai theo 4n s8 1a cosC.

1.3
2 2

+1-cos®C
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Phuong trinh ndy phdi c6 nghiém nén:

A.

A20& cos’(A-B)-4(T-2)20

=>T52+-i—cos2(A—B)

p—t
©

:>Ts2+z=%:>sin2A+sin2B+sin2Cs—

N

CHUGNG 2. PHUGONG TRINH BAC BA, BAC BON

VA DA THUC
LY THUYET CAN NHG:

L

1.

IL

Nghiém cia da thifc:
S8 ¢ 12 nghiém bdi 1& clia mot da thitc P, (x) n€u P,(x) chia hét cho

(x—c)* v6ik 1&. N&u k = 1 thi ¢ goi 1 nghiém don.
S ¢ 1A nghiém bi chn cda da thitc P (x) néu P (x) chia hét cho (x—c)"

va k 12 s8 chin. Néu k = 2 thi ¢ 12 nghiém kép.

Mot da thirc bac n chi c6 thé c6 tdidan nghiém.

Mot da thitc bac 1& ludn c6 it nhdt mdt nghiém.

Mot da thitc bac n, ma c6 (n+1) nghiém thi da thitc d6 ddng nht khong.

Pinh ly Viét 4p dung cho phudng trinh bic ba:
Cho phuong trinh bic ba: ax’ +bx* +cx+d = O(a #0). Gid si phuong trinh

ndy c6 ba nghiém X,,X,,X;. Khi d6 ta ¢6 h¢ thitc:

X, +X, +Xy=——
1t X+ Xy
a

c
1X,X, + XX; + XX, = "

X X,X, =——
i 1942443
a

\

M. Céch nhd&m nghiém nguyén ho#ic nghiém hitu ti cia phuong trinh béc ba

N&u phuong trinh bic ba c6 thé ¢6 nghlem hitu tf hoic nghiém nguyén, 4€ tim
nghiém ndy ta 1am nhu sau:
+ Tim tdp hgp cdc udc s ciia a goi 1A p.
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+ Tim tAp hdp cdc udc s6 clia d goi 1a q.

+ Tim cdc phéan s6 g; roi th€ titng phan s§ vao phuong trinh; phan s6 ndo

théa man thi d6 14 nghiém cia phudng trinh.

B. CAC CHUYEN PE TOAN VA PHUGNG PHAP GIAI
CHUYEN PE 8:
NHAM MOT NGHIEM - PUA VE PHUONG TRINH TiCH

Bai 1: Gidi cdc phuong trinh sau:
1. 2x’=5x* +3x+10=0 (1)
2. xX*=3x+2=0 )

Giai
1. Ta thdy phuong trinh (1) ¢c6 mot nghiém x = 1
Diing so d6 Horner dva vé tich:
(1) & (x+1)(2x* - 7x +10) =0

x:-—l <:>X=—l
<~

2x* - 7x +10 = 0(v6 nghiém )
2. Phuong trinh (2) & (x—1)(x* +x-2)=0

x—-1=0 . x=1
<~ <
x2+x-2=0 Xx=-2

Bai2: Cho phuong trinh: x° — (2m + l)x2 +mx+m=0 4))
Tim m d€ phuong trinh ¢6 ba nghiém phén biét,

Giai
x=1
f(x)=x"-2mx-m=0 (2)
P& (1) c6 hai nghiém phin biét thi (2) c¢6 hai nghi€ém phin biét # 1
A >0 ml+m>0 | M7
Pt o L4 1
f()=0 1-3m=#0 O<m¢—3—

M) < (x-1)(x* -2mx ~m) =0 <:>[

Bai 3: Cho phuong trinh: x° — 2(m + l)x2 +(7m - 2)x +4—-6m=0 (1)
Tim m d€ phuong trinh c6 ba nghiém duong.
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Giai

(1) & (x-2)(x* ~2mx +3m-2)=0

X = 2 .
< 2
f(x)=x"-2mx+3m-2=0(2)
P& (1) c6 ba nghiém phin biét duong thi (3) c6 hai nghi¢m phin biét duong
va khdc 2

f(2)#0
. 2
A >0 —<m<]1
P>0 m>2
S>0
A . . ” F3 Y ~ 2
Vay cédc gid tri cla m can tim la: E <m<lvm>2
Bai4: Cho phwong trinh: mx’ —(m—-4)x’ +(4+m)x-m=0 (1)
Tim m d€ phuong trinh ¢6 ding hai nghi¢m.
Giai

(1)<:>(x—1)(rr\1x2 —4x+m)=0

x=1
A 2
f(x)=mx* —-4x+m=0(2)
e V3i YmeR thi (1) ludon cé mdt nghiém x = 1
e DPE (1) c6 diing hai nghiém thi (2) c6 diing mot nghiém # 1.
Xét cc trudng hgp sau:
THL: Neum=0thi(2) ©x=0=%1
=> gi4 tri m =0 thda d¢ bai.
TH2: Néu m # 0 (2) ¢6 nghiém kép # 1
f(H=0 2m-4#0
=X = R oSm=-2
A=0 4-m° =0
TH3: N&u m # 0 (2) ¢6 mdt nghiém X, =1 con nghiém x, #1
A >0 4-m’>0
foe=y =
f(h=0 2m-4=0

Viycécgid tricdamcantimla:m=0 v m=-2

<> hé vd nghiém
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Bai 5: Cho phudng tinh: x' +(1-m)x’ -3mx+2m’ =0 (1)

Tim m d¢ phudng trinh ¢6 ding mot nghiém.
Giai

. X=m
(l)@(x——m)(x'+x—2m)=0 @I:f( = o Ob @
X)=x'+x-2m=

e Vdi Yme R thi (1) iudn ¢6 mdt nghicm x =m
o D¢ (1) ¢o ding mot nghi¢m thi ta <€t cdc trudng hdp sau:

1

THH (2)vonghicnr < A<0=1+8m< & m<—§
TH2: (2) ¢é nghiém kép v =m

[a=0 {1+8m=0

> = <> hé vO nghiém
1f(m)=0

m’-m=0

Viy cdc gid tri cia m cin im [a m < 3

Bai 6: Cho phuong trinh: x* —6x* +(5Sm+1)x-3m=0 (1)

Tim m d& phuong trinh ¢6 3 nghi¢m phan bi¢t 1ap thanh cap s6 cong.
Gidi ’

Cdch 1: Dung dinh ly Viét:
Gid s (1) ¢6 3 nghi¢m phin bi¢t X, <X, <X,;ldp thanh cdp s6 cong:
X, + Ny = 2X,.
S X, +X, +%, =6 (2)
Theo dinh ly Vidtta co6: . |

X, +X;=2x, (3)
T (2)va(3) = x, =2 thé¢ vao (1) dugc: m =2

e Khim=2thi(l) &x’-6x*+11x-6=0

X, =1
SIx,=2
Xy;=3

Ta thd'y ba nghi¢m nay lap thanh cap s cong.
Viy m =2 12 gid tri cn tim.
Cdch 2: Diing tinh chit diém udn clia ham béc ba:
“Cho ham 0 bac ba: f(x)=ax® +bx*+cx+d = O(a #0).
Do thi him bac ba cdt Ox tai ba diém phan biét c6 hoanh d6 14p thanh cdp s6

¢ong
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- {f (x) = 0c6 hai nghiém phan biét
diém udn thude 0x
pit f(x)=x"-6x’+(5m+1)x~3m
f(x)=3x-12x +5m+1
f'(x)=6x-12;f'(x) =0 x =2
Yéu cdu bai todn dugc théa min
{f (x) =0 c6 hai nghiém phan biét

f(2)=0
A>0 36-3(5m+1)>0

= = om=2
Tm-14 m=2

Viaym =212 gi4 tri cdn tim.

Cdch 3: Thi€t 1ap bd nghiém lap thanh c4p s8 cong. ;
Gid s tim tai s6 a > 0 sao cho ba s a <2a <3alap thanh c4p s& cOng cla
phuong trinh ban dau. .
Khidé: x’-6x’+(5m+1)x—3m =(x-a)(x~2a)(x-3a)
= x’ =6x” +(5m+1)x-3m = x* —6ax* +11a’x — 62° (1)
DPdng nhi't hé s6 hai v& cta (1) ta dugc:

~6a =—6
5 la=1 :
lla* =5Sm+l1 &< =>m=2
, m=2
—6a’ =-3m

Thi lai: Khi m = 2 thi phuong trinh di cho: ‘

o x’ -6x" +11x-6=0& x, =lvx,=2vx,; =3
R3 rang ba nghiém nay 14p thanh c4dp s6 cong.
Vaym =2 la gi4 tri cAn tim.

CHUYEN PE 9: DUNG PHUONG PHAP KHAO SAT HAM SO

Dinh Iy: -

Phuong trinh f(x)=g(m)c6 nghiém x € Dkhi va chi khi g(m) nim trong
mién gi4 tri cha f(x).

Cdc budc gidi:

Bugc 1: Puwa phuong trinh vé dang; f(x) = g(m) (1)
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e Bujc 2: Lap bang bi€n thién cia ham f(x) d€ tim mién gi4 tri cha him
f(x).
e Bujc3: Dya vao dinh Iy trén d& im m.
3. Chiy:

a. Phuong trinh (1) cé n nghi€m thi duSng thing y = g(m) cAt d3 thi ham f(x) tai
n diém.

b. Phuong phdp nay 4p dung khi khong nhm dugc nghiém.

4. Baitap | |
Bai 1: Gii phwong tinh: x* -3x*+1=0 vdil<x<2
Gidi

Xétham f(x) = x* =3x” +1 ,
f(x)=3x-6x;f (X)=0=>x=0vx=2
Bing bié&n thién:

. 7,
Theo béng bién thién: = f(x) <-1 Vx €(1;2)
= phuong trinh d3 cho v6 nghiém.

X
fi(x)
f(x)

Bai 2: Gidi phuong trinh: x}=3x+1=0 (1)

Gidi .
o Ta ching minh (1) ludn c6 3 nghiém x €[-2,2]
Cdch 1: dung dinh 1y lién wc:
Pat f(x)=x*—3x+1 12 ham s& lién tyc trén [-2, 2]
Ta c6: f(=2) =—1; f(-1) = 3; f(1) = -1;f(2) = 3
= f(-1).£(1) <0= (1) ludén c6 mft nghiém x € [—2,2]
= f(=2).f(~1) <0 => (1) ludn c6 mdt nghiém x €[-1,1]
= f(1).f(2) <0= (1) ludn c¢6 mdt nghiém X € [1,2]
=> phuong trinh di cho ¢6 ba nghiém phén bi¢t x € [-2,2]
Cdch 2: Dung khio st ham s&:
Xéthamss:  f(x)=x’—-3x+1 v6i -2<x <2

f(x)=3x"-3f(x)=0& x ==1
Bang bi€n thién:
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X -2 -1 1 2
f'(x) ~ 0 + 0 -

3
f(x) 1 — \ -1 _— 3
T bang bi€n thién =>d6 thi ham f(x) ludn c4t truc Ox tai ba diém phén biét
¢6 hoanh d9 x €[-2,2]
¢ Giai phudng trinh (1)
bitx =2cost; (0St<7)

(1) trd thanh: 8cos’t—6cost+1=0

& 2(4cos3t—3ost)=—] <> cos3t =—%

"
31=2% skon =:§’1 kom
& 32 o 5 ?(2 (kez)
St=-Lik2r  [t=-L X%
3 3 3
02 k27 kT covk=t
Vi0<t<rnén 5 i2 13 “6
0s-ZL 2 cp  |Zcks—=k=1
3 3 6
[ 2x 2T
t=—=>Xx=2c0s—
9 .
= Ba nghiém Ia t=§£:>x=2cos8—”
t=i7£:>x=2005f1—7£
| 9
Viy ba nghiém ctia (1) 1a: x=20052—ﬂ‘; x=2005§l; x='2co'sf(—;—[-

Bai 3: Cho phuong trinh: x* —4mx*+8=0 (1)
Tim m d& phuong trinh ¢6 ba nghiém phan biét.
Giai

() x* +8=4mx’ <:>x+—§§-=4m (x #0)
X

8 . -
Xétham f(x)=x+— véi x#0
X
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. 15 x’- ,
f=1-2=271 . ro)-0ex=1i6
X X
Béng bi€n thién: ’
X —c0 0 316 +o0
r(x) + - 0

)oo +00 .
o | LN

Theo bang bi€n thién = yéu ciu bai todn dugc thod min.

24 6
Sdm> O m> ——
3256 256

+
+00

3

Bai 4: Cho phuong trinh: 53— -x*=3x+3m+4=0 (1)

Tim m d€ phuong trinh c¢6 diing hai nghiém phén bi¢t I16n hon 1.

Giai
N
(1)<:>—§——x2 -3x+4=-3m
NE
Xét ham s8: f(x)=—3‘——x2—-3x+4v6ix>l
f(x)=x"-2x-3f(x)=0=x=-1vx=3

Béng bién thién:
X | -1 1 _ 3 +0
74 - 0  +

/////////% ~__, /m,

Theo bang bi€n thicn = yéu cau bai todn dugc thod min.

<:>-—5<-—3m<l<:>—l<m<-
3 9 3

Bai 5: Cho phuong trinh: X" +3x” +(3-2m)x+m+1=0 (1)
Tim m d¢ phudng trinh ¢6 diing mdt nghiém x > |

Gidi
3 2 _ _ (x+l)ﬁ _ X A
(1)<:>x +3x"+3x+1=m(2x-1) <:>'—2 | =m (vix> 1 nén 2x+120)

(x+1)x

X—

Xétham sd: {(x) = viix > |
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. x+1)° (4x-5)
f(x)=( )( 5 );f(x)=0<:>m=§-
(2x-1) 4
Bang bi€n thién: _
5 ‘
X | - +00
4
f(x) - 0 +
8 +00
£x) 243
32 :
Theo bing bi&n thién = yéu ciu bai todn dugc thod min
243 R
m=-—
= 32
m=>8

CHUYEN PE 10: DUNG TINH CHAT CUC TRI CUA HAM BAC BA

Cho phudng trinh bac ba: ax’ +bx’ +ex+d= O(a # 0) (N

I. Phuong trinh (1) c6 ba nghiém phan biét
f'(x) = 0¢c6 hai nghiém phan biét x;;x,
f(x,).f(x,) <0

2. Phuong trinh(1) ¢6 ba nghiém phén biét 16n hon s§ @ cho truéc:
f'(x) = 0¢c6 hai nghiém phan biét théa mén a<x, <x,
< f(x)f(x,) <0
af(a) <0

3. Phuong trinh(1) c6 ba nghiém phén biét 16n hon s§ & cho trudc:
£ (x) = 0¢6 hai nghiém phan biét thda man x, <x, <o
< f(x,)f(x;) <0
af(a) >0

4. Phudng trinh (1) c6 nghiém duy nhit:
f'(x)= 0vd nghiém
= {f '(x) = 0c6 hai nghiém phan biét x,;x,
f(x,)f(x,)>0 :
5. Phuong trinh (1) c6 ba nghiém lap thanh cdp s6 cong.
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{f '(x) = 0 ¢6 hai nghiém phan biét x,;x,

diém udn thude 0x

6. Baitip

Bai 1: Cho phuong trinh: xX* —3mx+m? =0
Tim m d€ phudng trinh c6 ba nghiém phan biét.

Pit f(x) = x* —3mx + m?

Gidi

f'(x) =3x>-3m;f (x)=0 < % =vm (m > 0)

f(x,)=f(/m)=m?-2mvVm
£(x,) =f(- ~Jm)=m +2m\/—

Yéu ciu bai todn dudce théa min:

m>0
fased
£(x,)£(x,) <0
Vay c4c gid triclam cdn im 1a: O0<m <4

<S0<m<4

Bai2: Cho phuong trinh: X’ ~mx +1=0 (1)
1. Pinh m d€ phuong trinh c6 dling ba nghiém phan biét.
2. Dinh m d€ phuong trinh c6 ding ba nghiém phén biét 1ap thanh c4p s§ cong.

Giai

1. Pinh m d€ phuong trinh c6 ding ba nghi¢m phan biét.

1
Phuong trinh (1) & x*+l=mx < x’+—=m (x#0

X
Xétham s8 f(x) = x° +Lysi x20
X
: 2x 1
f(x)= =
(x) 7
Béng bi€n thién
| —o0 0 —L +o0
X 2
f(x) - - 0 +
+0 +00 +0
00 | N\ \_\/3= "
' 34
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Dua vao bang bi€n thién suy ra: phuong trinh (2) ¢6 ba nghiém phin hict:

3
<3m>;—

72

Pinh m d& phuong trinh ¢6 ding ba nghi¢m phén bi¢t 1ap thanh cdp s8 cOng.
Cdch I:
Goi X,,X,,X;(thco thit ty d6) 1a ba nghi¢m phin bift clia (1), 1ap thanh ¢ap
s& cong. Theo tinh chat ¢dp sd cOng va dinh Iy Vidt ta ¢6:

X, + X3 = 2X,

X, + X, = 2X,
X, +X, +x;=0 '
T & 9x,=0

X, X5 ¥ X,X; XX, =—m )
X, Xy + X5X; + XX, =~—m
Xy XXy =—1 B
H¢ v6 nghicm.
Viy khong tdn tai gid tri m d€ théa d¢.
Cich2: f(x)=x"-mx+1 )

f(x)=3x"-m; f(x)=6x;f (x)=0<>x=0

D¢ phurong trinh {(x) = 0 ¢6 ba nghiém phan bi¢t 1ap thanh ¢Ap s cOng thi:

f'(x) = 0c6 hai nghiém phan biét

f(0)=0

{3;8 —m = 0¢6 hai nghiém phén biét
1=0

H¢ ndy vb nghiém. Viy khong (dn (ai gid tri m théa d¢.

Bai 3: Cho phuong trinh: x* —x* +18ax~2a =0

Dinh a d& phudng trinh ¢6 ba nghi¢m phin bi¢t dudng.
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Giai
Cdch 1:
pat: f(x)=x>—x?+18ax-2a ; f(x)=3x"-2x+18a
Phudng trinh da cho ¢6 ba nghi¢m phén bit dudng:
f(x) =0 ¢6 hai nghiém phén biét: 0 < x, <x, (1)
< f(x)f(x,) <0 (2)
£f(0) <0 (3)

Didu kicn (1) <> 3x2 =2x +18a = 0 ¢6 hai nghi¢m phan bict dudng:




A >0
<3P>0 <:>0<a<—L
S>0
e DPidukién(3) ©® 2a<0wa>0
L&y f(x) chia cho f (X) ta dugc:

f(x)=(§—é)f'(x)+2(6a-%)x

Vi x,;X, la hai nghiém ctia phudng trinh f'(x) =0nén f(x,)= f'(x,)=0

1
f(X|) = 2(6& -"5) X'I

f()gz) = 2(6a\—%)x2

=> hai gid tri cyc tri:

2

2
:>f(x,)f(x,)<0<:>4(6a—l) XX, <0<:>(6a—l] ba<0«a<0
, i 9 9

O<a<— ]
Tir (1) (2) (3) ta dudgc: 4 vo6 nghiém
a<0

Viy khong (0n tai gid tri a théa man de.

Cdch 2: ‘
( 12 sif phudng trinh d@ cho ¢6 ba nghiém duong phan bigtla: x,,x%,,X;
X, +X, +%; =1
heo dinh IV Vidtta cdt XX, + X, X5 + XX, =18a
X,.X,.X; =22
Theo bat ddng thie Cosi:
1
1= X, +X, + X3 Z XXX, =12272a=as— (1)
’ T 54

2

— 3
18a = X,X, + XX, + X;X; Z J(X,X,X;)

o (18a) 22742 =a 251—4

1
T ()va(2Q) >a=—
(Hva(2) =a 52
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. . 1
Mitkhdc viba nghiém x,,X,,x; phinbiétnén a # _Z

Do d6 khong ton tai gi4 tri a thda dé.

CHUYEN PE 11: NGHIEM CUA PHUONG TRINH BAC BA
THOA MAN MOT PIEU KIEN CHO TRUGC

1. Phuong phdp gidi

o Bugc1:  Tim didu kién ciia tham s6 d€ phuong trinh c6 ba nghiém phén biét.

XXy +Xy =——
a

c
e Budc2: Dungdinhly Viét: {X,X, +X,X; +X;X, =—
a

[ XX, X =~—
\ a

2. Bai tép:

Bai1: Cho phuong trinh: x® +x* -(m+2)x+m+1=0
1. Pinh m d&€ phuong trinh c6 ba nghiém phin biét x,,%,,x; thda min:
X, <X, <2< X4 '

2. DPinh m dé€ phudng trinh c6 ba nghiém phan biét 1ap thanh c4p s& cdng. -

Giai
1. Piéukién cin:
Pitfx)= x* +x* - (m+2)x+m+1
Gid st f(x) = 0 c6 ba nghiém: x,,X,,X; théa: x; <x, <2< x4
Khi d6: f(x) = (x - x,)(x - x,)(x - x;)
va £(2)=(2-x%,)(2-%,)(2-x%;) <0 (do x, <x; <2<Xx,)
<2°+2°-(m+2)2+m+1<09-m<0om>9
Diéu kién du:
Gid stm>9,khi d6: f{(2)=9-m<0 ‘ >
Laicé: f(O)=m+1>0Vm >0 :
= £(0).f(2) < 0 = f(x) = 0 c6 mot nghiém € (0,2)

Vi lim f(x) = +o0 nén tén tai s6 a > 2 ma f(a) >0

X+

= f(a).f(2) <0 = phuong trinh f(x) = 0 c6 nghiém x, théa min:
2<x;<a '
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vi lim f(x) = —0 nénténtaisGb< 0 sa0 cho f(b)<0

X

= f(b).f(0) < 0 => phuong trinh f(x) = 0 c6 nghiém x, théa mian: b< x, <0
Nhu viy phuong trinh da cho ¢6 ba nghiém x,,x,,x; thudc ba khodng khic
nhau va thdéa min: x; < x, <2< x4
Vay gid triclamcintimla: m>9

2. Goi ba nghiém ciia phuong trinh dé cho 1a x,,X,, X, ‘theo th{ ty d6 1ap thanh
cdp s3 cong.
bit f(x)=x’ +x* - (m+2)x+m+1

f(x)=8x*+2x-m-2

f(X) = 06X + 2; f(x) =0 x= __.:1;

Yéu cAu bai todn dugc théa min
f'(x) = 0c6 hai nghiém phéan biét

b3 .

Viy m = —% 12 gi4 tri cAn tim.

Bai 2: Cho phuong trinh: x® + ax + b = 0. Gid si phuong trinh c6 ba nghiém Ia:
X,,Xy,X; . Chitng minh riing: x + x5 + x5 = 8x,%x,x%,

Giai
Taco: X2 + x5 +x3 = (x, +%,)° +x3 - 8x,%, (%, +%,)
=(x, +%, + xa)[(xl +x, )+ x2 (%, + x2)x3:| - 3%,X, (%, +X,)
‘Theo dinh I§ Viét: X, +X, +X, =0=> X, +X, =X,

Do d6: X3 + x5 + x5 = -8%,%X,(-X,) = 3x,X,%x,; (dpcm)

Bai3: Gia st phuong trinh: x® —x* + ax + b = 0 c6 ba nghiém phan biét. Ching
minh riing: a® +3b >0

Giai
Gi4 st phuong trinh dd cho c6 ba nghiém phin biét x,,x%,,x,.
X, +X,+X; =1
Theo dinh 1y Viétta c6: XX, +X,X; +X;X, =a

1%, X, X, ==b
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= (X%, + X% + X%,X,)°
=(x )+ (5%,)° + (1,%) + 2%, 5%, (%, + X, + %)

(X )+ (3%%,)" +(xx,)" - 2b
Theo bat ddng thic Cosi ta dugc:

(x,%; )" + (%a%,)" 2 2]%,%,|[x,%,| > 2x,x2x,

Tuong t: (X,%,)° + (x,%, )" > 2x,%,%7
(%%, )" + (x,%;)" 2 2x2x,%,
Cong v€ theo v& ba bat ddng thic trén ta dugc:
(%,%,)" + (%,%5)" + (%%, Y 2 x%,%, (%, + X, +%5) = -b
Dodé: a2 -b-2b e a’>+3b 20
Vi phuong trinh da cho c6 ba nghi¢m phén bi¢t nén a® + 3b > 0 (dpem)

Bai 4: Cho phuong trinh: x* + 83mx”* -3x-3m+2=0 (1)
Pinh m d& phuong trinh ¢6 ba nghi¢m phin bigt vi bifu thife: A=x +%; +X;

dat gid tri nhd nhat.

Giai
Phuung trinh (1) & (x - 1)[x2 +(3m+1)x +3m - 2] =0

x =1
o, :
x*+(Bm+1)x+3m -2 -0 (2)
Phudng trinh (1) ¢6 ba nghi¢m phan bi¢t <> (2) v6 hai nghi¢ém phin bi¢t khic 1.

[a>0
: om0
[f@) =0
Khido: A=x"+x2+x2=(x, +X, +%,) - 2(X,X, +X,X, + X,X,)

) k XX, Hxy =-3m
Theo dinh 1y Viét ta ¢d: T .
X,Xy + X,X; + XX, =~3
Do dé: A =9m? +6 26 = min A = 6 dat dusc khi m =0 (loai)
Viy bi€u thitc A khdng dat gid tri nhd nhat.

Bai5: Tim a d¢ phuong trinh: x* + x* + 2ax + a = ) ¢ ba nghiém x;,x.,, X,

theo th s d6 1ap thanh mot c&p s6 nhin.

Giai
Theo tinh chit - 4p s6 nhan va dinh ly Viét ta ¢6:

80



X;X; = X} X,X; = X}
X, +X;,+X,=~1 - X, +X;=-1-X,
XX, +X,X; +X;X, =2a XXy +(X; +X,)X, =2a

X, X,.X, =—2 X, XX, = —4
%2 =-a (1)
& ix; ~(1+x)=2a (2)
XXX, = -8
2 = -a a=0
Tu(l)vuz):{ 2 o < -8a’=-a & gl
% =8 2.2
+ Véia =0 thay vio phuong trinh ta dugc: x3+x2=0©{zi01

Phuong trinh chi ¢6 hai nghiém nén a = 0 khdng thda man.
1
+ Vdia= thay vao phudng trinh ta dugc:
PN y p ‘ g :

1

X+ x? + o x =0®(x+—1—] x2+(1—i)x+l
V2§22 V2 J2)7 7 2

_ 1

SN
L=

x? + (1 - ——I—J X +% = 0 = phuong trinh nay vé nghiém

J2

+ Véia= —FIZ- thay vao phudng trinh ta dugc:

ot Gprgyosloeg)e o)

Kiém tra lai ta thy: x X, = X3

Viygid tricAn imclaald:a= —% :

0
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Bai 6: Biét phuong trinh: ax® + bx® +cx+1=0(a 2 0) c6 ba nghiém duong 12

X;, X9, X;.
7 . b3c2
Ching minh riing: x] + x; + X} > — .
81a’
Giai
X, X, +X; =——

Theo dinh 1y Viét ta c6:
XX, +X,X5 + XX, = 4
a

3.2 3 2
Ta c6: —% = gli(—g) .% = —8—1I(x1 + %5 + %)’ (X,X, + X,X, + X%, )
Ap dung bdt ddng thirc:
XX, +X,X; + X,X, s%(x, +X, +x3)3 ™
That vay: bat ddng thic (*)
& 3(X,X, +X,X; +X,X,) (X, +X, +%, )’
& 2(XX; + XXy + XX, ) S 2(X] + X} +X3)

& (%, -%,) + (%, - %,)" + (%, —x,)° 2 01udn ludn diing.

Do d6: (x,X, + X,X, + X%, )’ s_—;—(x1 + %, + %)

1 3 2 1 7
= —S—I(x1 + Xy +Xy) (X)Xy + XXy +X,X,) < §8‘(x1 +X, +X,)
(do x,,X,,%3>0)

., . 1 7
Ta chitng minh: ?(xl +X, +X;) SX| +X;+X;

1
o —56—(x1 +%,+ %) S (& + %L+ X)) (%, + %, +%5) (1)

Tac6: (X, +X, +X,)° S3(xf+x§+x§)
(theo b4t ding thitc Bunhiakopxki)
:>(x,+x2+x3)4S3z(x,2+x§+x§)$33(xf+x;+x;) (2)
[xt+ %+ T = [V Yx + Vg o+ |
<(x] + x5+ % )(x + %, + ) (3)
T (1) (2) va (3) suy ra: |

Lai c6:
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7
v::>§g(x1 +X, +X,) < (X] +X3+X;).

b’c?
Do d6: x! + xj + X5 > ~BLF (dpcm)

%(x1 +X, + x3)8 < (x] +x; + X3) (X, + X, +X5)

Bai7: Cho phuong trinh bacba: x* —-6x* +a+a=0

1)

Tim a dé phudng trinh c6 ba nghiém phén biét x,,X,,X; théa man:

(x,-8)’ +(x,-3)"+(x,-8)" =0 )
Giai
Giad s (1) c6 ba nghiém phan biét x,,x,,X;.
Y =% - 3
bit <{y,=x,-3
Y3 =X3—3

Thi y, -85y, -3; ¥, -3 14 nghi¢m phudng trinh:
(y+3)3—6(y+3)2+a(y+3)+a=‘0
oy +3y*+(a-9)y+4a-27=0
Yi+y,+y;=-3
Theo dinh 1y Viétta c6: {y,y, +Y,¥; +¥;¥, =a—-9

Y1,y =—4a+27
@) @y +y; +y3 =0

& (¥ + Y2 +¥s) ~3(31 + Y2 +¥3) (V1¥2 + Ya¥s + Ys¥1) +3Y1Y5y5 =0

<:>—27+9(a—9)+3(27—4a)'-—-0
&Sa=-9
Thit lai: Khia=-9thi(l) & x* -6x*-9x-9=0
Pitf(x)= x® -6x2-9x-9
. o =2-J7
F(x)=3x —12x -9 f (=0 | X~ 2 V1
x=2+\/'_7_
Ta c6: f(x) = (3% —12x—9)[X 2

:>f(2—J’7)>0;f(2+ﬁ)<0
:>f(2—ﬁ).f(2+\/7)<0

= phuong trinh f(x) = 0 ludn c6 ba nghi¢m phéin biét.

__—)—14x—15 =-14x-15
3 3
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CHUYEN PE 12: CAC DANG PHUGNG TRINH BAC BON CHUAN

84

I. Cac dang phuong trinh:
DANG I: PHUONG TRINH TRUNG PHUONG

Cédang:ax* +bx*+c=0 (a#0)
Cic giai:

+ Pitt=x20

+ Pua v¢ phuong trinh vic hai.

DANG 2: PHUONG TRINH BAC BON CO DANG
(ax +a)' +(ax+b)* =
Cach giai
e Pitt=oax +%(a+b)
e Dua v¢ phudng trinh triing phuong.
Chay:
a. N&u bai todn ¢6 tham s6 m thi ta ¢6 hai cdch gidi:
Cdch 1: Dung dao ham bing cdch x¢t trye tiép ham:
f(x) = (ax +a)" +(ox + b)’*

Cdch 2: D4t in phu rdi ding cong thitc so sdnh nghiém.
Tuy nhién, n€u hoc sinh bi€t dao him thi cdch 1 s& nhanh hon. .

b. N&u bai todn khdng c6 tham s§ thita dit t = ax + —;—(a +b)

c. Néuditt=ox+ %(a +b) thi ta diing hai cdch déng thitc:
(a+b)" =a* +4a’b + 6a’b? + 4ab® + b*
(a-b)" =a' -4a’b +6a’b? - 4ab® + b*

DANG 3: PHUOGNG TRINH BAC BON C6 DANG
(x+a)(x+b)(x+c)(x+d)=k via+b=c+d
Cich gidi
Buice 1: Nhintung cdp (x + a)(x +b); (x + ) (x + d)
Bijc2: Pitdnphut=x>+(a+b)x+D
Bua vé phudng trinh bic 2.



Dang md rjng
(Ax® +Bx +C, ) (A% + Byx +Cy) =k
Cdch gidi: Tim cdc nghiém cia A,x* + B;x+ C ;A x* + B,x + C,

Sau d6 dua vé tich.

DANG 4: PHUGNG TRINH BAC BON CO DANG
(x +a)(x+b)(x+c)(x+d)=kx® vdiab=cd

. - Céch giai

Budc 1: Nhéantirng cdp (x + a)(x + b); (x + ¢)(x +d)

) o . ab
Bugce 2: Chia hai v€ v&cho x> va dit t = x + —
X

Bugc 3: Pua vé phuong trinh bac hai.
Chd y: Dang dit biét cia phuong trinh trén la:
a. (A1x2 +B;x+ Cl)(A2x2 +Byx + Cz) = k.x?
2+C Ax*+C,
Ax2 + B, x+C Ax® +Bx+C,

(chia ti¥ s6 va miu s6 cho x)

b.

DANG 5: PHUGNG TRINH BAC BON CO DANG
1. ax*+bx’ +ex’ +kbx+k’a=0
2. ax*+bx’+cx? £ kbx +k*a=0
Céch gidi
e Chia hai v&€ clia phudng trinh cho X2 (x # 0)

] Dattzxil{—
X

DANG 6: PHUONG TRINH BAC BON CHUA MOT
BIEU THUC GIONG NHAU
Céch gidi
Bi&n d8i d€ phuong trinh chita mdt biéu thic giong nhau.
Pitt=biéu thic dé.
Tim mién gi4 tri cla t.
Pua vé phuong trinh béc hai theo t.
Dé&n day c6 hai cdch gidi
Cdch 1: Dung cong thitc so sinh nghlem
Cdch 2: Ding khdo sdt him s6 va dinh 1y min, max.



IL Bai tip cac dang phuong trinh
1. Bai tdp dang 1:

Bai 1: Cho phuong trinh: x* ~(m +2)x* +4m+1=0 (1)
Tim m dé phudng trinh c6 b6n nghiém phén biét.

Gidi
Pitt=x>20
(1) wd thanh:  t* - (m+2)t+4m+1=0 2
Dé (1) c6 bdn nghiém phan biét thi (2) c6 hai nghi¢m phén biét duong:
A>0
<> 3P>0 S
S>0 m>12

———1—<m<0
4

Bai2: Cho phuong trinh: x* — (m+2) x2+4m+1=0 )
Tim m d& phuong trinh c6 b6n nghiém phan biét.

Giai
Cdch 1: Ding tinh chdt cdp sé cong va dinh ly Viét
Patt=x>20.
(1) rd thanh: - Gm+ )t+3m=0 (2)
P& (1) c6 4 nghiém phan biét thi (2) c6 hai nghiém phén biét 0 < t, <t,
J A>0 1
slP>0 {773 (a)
[S >0 m>0

Khi d6 bon nghiém cia (1) 1a: —\ﬁ:;; - \/1:; \/E; \/13_2
B6n nghiém niy 14p thinh cdp s6 cong
L1 \/{};—\/’t—l—=\/’{1’—(—\/—t—1—) &t =9,

Theo dinh 1y Viét ta dugc:

,

t, =%(3m+1)

t,+t, =3m+1 & <t2=T(—)-(3m+1)
t,.t; =3m t,t, = 3m

N

:%(3m+1)2=3m & 27m?-82m+3=0
o m=3vm=—1-—thoém5n(a)
27
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Vaycécgidtriciamcintimlai: m=3v m = L

Cédch 2: Thiét lap b¢ nghigm
Gi4 s tn tai s6 a > 0 sao cho bi&n s8 —3a < —a < a < 3a 12 b6n nghiém lap
thanh c4p 58 cdng clia phuong trinh (1)
Khid6: x* —(3m+1)x® +3m=(x+3a)(x+a)(x-a)(x-3a)
& x* —(8m+1)x® + 3m = x* - 10a’%” + 9a*
Pdng nhat he sd hai vé€ ta dudc:
{—(3m +1)=-10a2 |™=3

3m = 9a* lm=1
m = va 97

Viym=3vm =—2l7— 1a céc gid tri cin tim.

Bai3: Cho phuong trinh: x* - 2(m -2)x*+4-3m =0 (1
Tim m d€ phuong trinh ¢6 hai nghi¢m phin biét.
Gidi

Cich1: DPitt=x’20
(Do t?-2(m-2)t+4-3m=0 )
D& (1) ¢6 hai nghiém phan biét thi (2) c6 nghiém thod man:

(2) ¢6 nghiém kép duong

| (2) ¢6 hai nghiém phan bigt trdi ddu

(A =0 {mz—mzo
m>2 4
= {t0=m—2>0 < & m>g
t; <0<t —
A . . 2 A 0N ~ 4
Viy céc gid tri cia m can tim la: m > 3
Cdch 2: Pt f(x)=x* -2(m-2)x*+4-3m
f/(x) = 4x* -4(m - 2)x
y x=0
ffx)=0< 9
gx)=x*-m+2=0 3

Yéu ciu bai todn dugc thod man:
- (3) v nghiém va f{0) < 0
(3) ¢6 nghiém képx=0va f(0) <0
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m< -2

4-3m<0 4
=3 S m>—

{m=2 3

-4dm+3<0

Baid: Cho phuong trinh: x* -2(2m +1)x*+m-2=0 , (H
Tim m d& phudng trinh c6 ba nghi¢m phén biét.

Giai
Pitt=x*20
(1) r§ thanh:  t* -(2m+1)t+m-2=0 (2)
D& (1) c6 ba nghiém phan biét thi (2) c6 mot nghiém t = 0 va nghi¢m kia
duong,
¢ Khit=0thi (2)=>m=2
t=0
Khim=2thi Qo t-5t=0c
¢ s @ [t =5>0

Viy m =2 1A gié trj cin tim,

2. Bai tgp dgng 2

Bai §: Gidi cdc phuong trinh:
1L (x+1)* +(x-3)" =32 (1)
2. (2x-1)" +16(x-2)' =17 )

- Giai
I. Cdchl: Pitt=x-1=>x=t+1

(Dtdthanh:  (t+2)' +(t-2)* =32

o 2t° +2.6t2.22 422 =82 21=0x=1,
V4y phuong trinh d4 cho ¢ nghi¢ém x =1,

Cdch 2: Ding dao ham:
Xétham f(x) = (x + 1)4 +(x~ 3)4

f/(x)=4(x+1)° +4(x-3)"; f(x) =0 x=1

Béng bi€n thién:
X —c0 1 +0
fi(x) - 0 +

+00 +00
Theo bing bi€n thién = f(x) 232 Vx = f(x)=32<x=1,
V4iy phuong trinh 43 cho ¢6 nghi¢m x = 1.
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2. Phuongtrinh (2) & (2x-1)'+(2x-4)' =17 3)

5 5
Pitt=2x-—=2x=t+—=
; X-3 X +2

4 4
(3) trd thanh: (t + —:—j + (t - g) =17

2 =1
= 2t4+27t2—-§8-5-=0 o 455
t? = - (loa
4( i)
1;=l:x=§
Vi t? =~ o 21 2
t=-——>>x=1
2
Vay phuong trinh d4 cho ¢6 hai nghiém: x =1 v x=—§-

Bai 6: Cho phuwong trinh: (x + 2)4 +(x- 4)4 =m
Tim m dé phuong trinh c6 hai nghi¢m phén bigt.

Gidi
Xétham f(x) = (x+2)" +(x-4) véix e R
£/(x) = 4(x +2)° + 4(x - 4)°
fx)=04(x+2)° =-4(x-4) & x=1
Bang bién thién:

—00 1 +00

X
f(x) - 0 +

( +00 +00
Theo bing bién thién = yéu cAu bai todn dugc thod man
&Sm> 162

Bai 7: Cho phuong trinh: (3x - 1)4 +81(x+ 1)4 =2m (1)
Tim m d€ phuong trinh c6 hai nghiém x < 0 phan biét,

Gidi
Xétham f(x) = (3x-1)* +81(x+1)* =(3x-1)" +(3x « 3)'
f/(x) =12(3x - 1)’ +12(3x + 3)°
f'(x)=0e (8x-1)° =-(3x+3)° e x - - 15
Bdng bi&n thién: '




X —00 - —{15 0
f'(x) - 0 +

Theo bing bi€n thién = phudng trinh (1) c6 hai nghlem phin biét 4m
<32<2m<82 < 16<m<4l

%

Bai 7: Cho phudng trinh: (x — 1) +2(4x+ 3) = 3m

1)
Tim m d€ phuong trinh ¢6 nghiém.

Giai
Xéthamsd: f(x)= (x—l)4 +2(4x+3)4
f/(x) = 4(x-1)* +32(4x + 3)’

f/(x)=0<:>(x—1):'l =‘—(4x+£3)3 <:>x=—2

5
Bang bién thién:
2
X |~ -= +00
5
f(x) - 0+
+00

+00

N1 7

4
Theo bang bién thién = (1) ¢6 nghiém < 3.m?* > 3(—;—) & |m| > %

3. Baitipdang3

Bai 9: Gidi cdc phugng trinh:
L (x-2)(x-1)(x+ 3)(x+4)=24

(1)
2. (x*+3x+2)(x® + Tx+12) = 120 )
| Giai
(e (x-2)(x+4)(x-1)(x+3) =24
<:>(x2+2x—8)(x2+2x—3)=24 3)

D{itt=x2+2x+1=(x+1)2 >0
(3) rd thanh:  (t-9)(t-4)=24 & - 13t+12=0

o t=1
t=12
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x=0
X=-2
x=-1-23
x=2J3-1
Viy phudng trinh c6 cdc nghiém la: x=0;x=-2;x= -1+ 243
2. (x* +8x +2)(x” + Tx +12) = 120
o (x+1)(x+2)(x+3)(x+4) =120
o (x+1)(x+4)(x+2)(x+3)=120

Vditzl@(x+1)2=1<:>|:

Véit=12 & (x+1)° =12®[

PN (x2 + 5x+4)(x2 + 5% + 6) =120 @)
2
Datt=x2+5x+4=(x+-5—) 9,9
2) 47 4

(4) ud thanh:  t(t+2)=120t*+2t-120=0
t = -12 (loai)
t =10
Vé’it=10<:>x2+5x+4=10c>[x
x=-6

Viy phudng trinh ¢6 cdc nghi¢m la: x=1vx=-6

Bai 10: Cho phuong trinh: (x2 - 1) (x+3)(x+5)=m (1)

1. Gidi phuong trinh khim =9.

2. Tim m dé phuong trinh ¢6 b&n nghiém phan biét x;; x,; X3; X4 thod man
l+l_+_1_+_]L_=_.1 o (*)
X; X X3 Xy

iai
Phuong trinh (1) @(x—l)(xf1)(x+3)(x;5)=
o (x-1)(x+5)(x+1)(x+3) =
= (x2+4x—5)(x2+4x+'3)=m (2)
Patt=x>+4x+4=(x+2)*20
(2) wd thanh:  (t-9)(t-1) =
o t2-10t+9-m=0 (3)
t=0
1. Khim=9th1(3)c>t2—10t=0¢:>|it__'_10

Véit=0x=-2
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Véit=10< (x+2)° =10 @ x=-2-v10 v x =10 -2
Xx=-2
Viy phuong trinh 6 cdc nghiém la: | x = -2 - /10
x=+10-2
2. D&(1) c6 bdn nghiém phan bi¢t thi (3) c6 hai nghiém phén bi¢t duong: 0< t, < t;
A'>0
&S P>0 ©-16<m<9 (a)
S>0

° U’ngvdinghiémt.>0lh1x2+4x+4=t.<:>x2+4x+4—t,=0 ¢6 nghiém x;; X,
X, +X, =4
vi {1} 2
® Ung vdi nghiém t, > O thi X*+4x+4 =1
X, +X, =4

SxP+4x+4-1,=0 c¢6 hai nghiém X;; x4 va

Khi do: (¥) < -1
X1Xo X3Xy
-4 -4
+ =

& 4.t =16 < m=-7thod min (a)
Viy m = -7 13 gid trj cin tim.

Bai 11:: Cho phuong trinh:
(x2—3x+2)(x2—9x+20)=m (1
1. Gidi phuong trinh khi m = 4.
2. Tim m d& phuong trinh ¢6 hon nghiém phéan biét x,; X2; X3; X4 20 cho
x2 + %2 + %2 + x2 = 2x,X,%,%, - 30

3, Tim m d& phudng trinh c6 ding hai nghi¢m.

Giai
(Do (x-D(x-2)(x~-4)(x-5)=m
S -6x+5)(x*-6x+8)=m )
Pitt=x*-6x+9=(x-3)"20
(2)rd thanh: (t-4)t-1)=m
& 2-51+4-m=0 3)
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t=0
[, Khim=41thi(3) e t? —51:=O<:>[t 5
Vdit=0e=x=3
Véit=5e (x-3)=5ex=3%5
Vay phutong trinh ¢6 cdc nghi¢ém la: x = 3+ J5
2. D¢ (1) ¢6 bon nghi¢m phan biét thi (3) ¢6 hai nghiém 0 < t, < t,

JA >0 9

=P ~0 @—Z<m<4 (a)
19 >0

Ung vidi nghi¢m (, > O thi phuong trinh: x* - 6x + 9 =t
. o i %X +x, =6

&> X7 - 06X +9 - 1, =0 c6 hai nghi¢m x,; x; v

Ung vdi nghi¢m > > 0O thi phudng trinh X2 - 6x+9- t2 = 0 ¢6 hai nghi¢m x3; x4

. {x3+x4 =6
va
X3.X, =9-t,

Theo d&: x? + X2 + X2 + X5 = 2X,X,%X;X, — 30

& (% +%,)° - 2%,%, + (X, + X, )2 -1x,x, = 2x1x2x3x4>—30
36-2(9-t,)+36-2(9-1t,)=2(9-1t,)(9-t,)-30
36 +2(t, +t,) =2[81-9(t, +t,)+t,t, |~ 30
36+2.5=2(81-9.5+4-m)-30

g ¢ ¢ ¢

m = 25 thod (a)
23

Viy m = 25 4, gid tri cin tim,
23

3. D& (1) ¢6 ding hai nghiém thi (3) ¢6 nghi¢m thod man:
[(3) ¢6 nghiém kép duong
(3) ¢6 hai nghiém trdi ddu

FJA’=0 '
5 m=-

L g t :—)0 Lamg
1 "2

| co

m >4

(P<0
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4. Baitdpdang4

Bai 12: Gidi cdc phuong trinh:

L (x-1)(x-2)(x-4)(x- 8)—

102

ey

2. (x* +3x +2)(x? +9x+18)=168x @
Gidi
1. Phudng tinh (1) @(x—1)(x-8)(x_z)(x_4)=199x2
o (x2-9x+8)(g2-6x+8)=1—§x2,
@(x+§—9)(x+§—6)=lq(x¢o) (*)
X X 9
Batt=x+§24\/§
X
(*) tr& thanh: (1:-—9)(1:—6)=1 15t+é%§_—_0
g-28
PN 3 (nhan)
, 17
t=—
3
' x=3
Voit= e x4 8 U e T is00 8
3 X 3 3 X=—
3
_14-V124
28 8 28 ., 28 T3
Vit=— S x+—=—x* -—x+8=0
3 x 3 3 _14+4124
3

2. (x2 +8x + 2)(x2 +9x + 18) = 168x?
o (x+1)(x+2)(x + 3)(x + 6) = 168x
N (x2 +TX + e;)(x2 +5x + 5) = 168x?

c>[x+§+7)(x+§—+5)=168 x20)
X X

Datt=x+—6—22\/§
X

Phuong trinh (*) trd thanh:
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(t+7)(t+5)=168c:>t2+12t—133=0<:>{t=

Véit=7T < x> -Tx+6=0

Véit=-19 x+—6—
X

Viy phuong trinh ¢6 cdc nghiémla: x=1;x =6 vx =

7
19 (nhin)

(x=1
|x=6
I _-19-4337

2

=-19 &
/337 -19
L 2
-19 + /337
2

Bai 13: Cho phuong trinh:

(x2 —‘x+1)(x2 -5x + 1) =mx® (1)

Tim m d& phudng trinh ¢6 nghiém.

Giai

(1)<:>(x+-1——-1](x+—1-—5)=m x=0) 2)
X X

Pitt= x+l;diéu kién: |t| > 2
X

(2) trd thanh:

t-D(t-5)=m&

?-6t+5=m

D& (1) c6 nghiém thi (3) ¢6 nghiém thod man |t| = 2

Xét ham f(t) = £ - 6t

+5

()= 21— 6, F(1) =0 <> 1 =3

Bang bié&n thién:
t —00 -2 2 3 +00
Q) . 0_+
+00 -3 +00
f(t) ~—7] ~ 4 _—
Theo bing bi€n thien = yéu ciu bai todn dugc thod min
< m2 4.
. . 3x X .
Bai 14: Cho phuodng trinh: N + o 6ris (1)
1. Gidi phuong trinh khim = 1.
2. Tim m dé phuong trinh c6 nghiém x > 0.
Giai
3 1
He I + 1 =m xz0) 2)
x+—-1 2(x+—~)—6
X X

96




DAt t = x + = didu kién It] = 4
X
3 . 1

2) trd thanh: 3
@ e thanh: T+ o = S
3 1 {t=56
[. Khim=Ithi}Q)e —+ =]l 5 .
t-1 2t-6 t= 3 (loai)
, 4 2 x=1
Vdit=So x+—=5ox*-5x+4=0
X x=4
Viy phuong trinh da cho ¢é nghiémx=1vx =4,

2. Datt=x+ii- vix>0nént=>4
X

D& (1) c6 nghiém x duong thi (3) ¢6 nghiém t > 4
5 .
Xéthaim f(t
R AT

£(t) = - 8 __ 2 <0Vvt=4

(t-1° (2t-6)°

vdit20

Bdng bi&n thién:
t 4 +00
Q) -

3
W |2 T~
‘ 0

Theo bing bi¢n thién = yéu cdu bai todn dugc thod man

3
&S0<ms -2—
5. Bai tdp dang 5§
Bai 15: Giai cdc phudng trinh:
I x* +2x® -6x2+2x+1=0 ¢}
2. 2x* -5x% +6x%2-5x+2=0 )
Giai

I. Chia hai v¢ clia phudng trinh cho x* = 0 dudc:
2 1 1 1Y 1
X*+—5+2/x+=1-6=0& jx+=| +2|x+—-{-8=0
X x X X

batt =x+—1-:diéu ki¢n |t| 2 2
X
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Taduge: t?+2t-8=0¢& [: :il (nhén)

Véit=2& x+-1—=2¢:>x;=1
X

Vdit=—4<:>x+l=—4<:>x2+4x+_1=0<:>x=—-2i\/§
X

Viy phuong trinh c6 cdc nghi¢m 1a: x = -2+ J3
2. Chia hai v€ cho x ta dugc (x # 0)

2(x2+—17)—5(x+-1—)+6=0
x X

2
<:>2(x+l) —5(x+l)+2=0
X X )

x+i=2 x?-2x+1=0 x=1
= 1 5 @[2_5-2';0 S lx=2
x+2=2 X X+ 1
x 2 _x=§

Bai 16: Gidi cdc phudng trinh:
1. 9x* -30x* +15x% -10x+1=0 (1)
2. 8x* -10x® -6x* +5x+2=0 )

Gidi
1. Cho hai v& cia phuong trinh cho x? # 0 ta dugc:

9x2+l—1o[3x+1j+15=0
X X

(. 1Y 1
o 3x+-—) -10(3x+—)+9=0
\ X ). X .
3x+—1—=1 x=9_669
X
= =
3x+l-9 |g-2+V69
L X : 6

2. Chia hai v& cia phuong trinh cho x* # 0 ta dugc

2(4::2 +—17)—5(2x—l)—6=0
X X )

2
<:>2(2x——1-) —-5(2x—l)+2=0
X X
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X
o o |
2x — 1.1 1-33 1++/33
X = X = VX =
x 2 8 8
Bai 17: Cho phuong trinh:  x* - 8mx® +11x% - 3mx +1=0 ¢}
Tim m dé phuong trinh c6 4 nghiém phan biét.
Giai

Chia hai v& cfia (1) cho X220 ta dudc:

x2+—12——3m(x+—1—)+11=0
X X

2
c>(x+lJ —3m(x+l)+9=0 2)
X b

Datt=x+lc>x2—tx+1=0
X

t<-2

Phuong trinh ndy c¢6 nghiém < A20& [t 59

Qe -3mt+9=0=2+9=3mt < t+%=3m 3)
Xétham s £0) =t +2

t)=0t=13

f/(t) =
Bang bi&n thién:
t —o0 3 +00
f(v) + 0 +

& _w/ \ i \ e

f)’ngvdxmbtg1atnt-—2hayt>2tluphlrdngmnht X+— oohamglncmxphanblét.

Do d6 dé (1) c6 4 nghi¢m phin biét, theo bing blen thién ta du’dc cic gié tri
clia m cin tim 1a:

6<'3m<—1§— 2<m<1—3

-2 ol 6
—E'<3m<—;6 ——lékm<—2
2 6 v
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Bai 18: Cho phuong trinh: x* +ax® +x2 +ax+1=0 (1)

1.

Gidi phudng trinh khi a = 4.

2. Tim a d€ phuong trinh khong c6 it hon hai nghiém am.
Giai
Vi x = 0 khong 1a nghiém cla (1) nén chia hai v&€ ciia (1) cho x* ta dudc:
x? +—}5+a(x+}-)+1 =0
X X
Pat t = x + 2 ; didu kién t| =2
X
Phuong trinh trén trd thanh: €-2+at+1=0 <<  P+at-1=0 (2)
t=-2-5
1. Khia=4thi(2)trdthinh: t?+4t-1=0< \/—
' lt=-2+6 (loai)
Véit=-2-VBo>x+li=-2-5
X
x =l<\/5+4\/5 -2-J5)
<:>x2+(2+\/g)x+1:0® 21
x=—~2-(\/5+4\/5+2+\/5)
Vay‘nghiém ciia phudng trinh d3 cho la:
x =%(—2—,\/5¢\/5+4\/5)
2.+ Né&u t < -2 thi phuong trinh: x + 1 =t o x® —tx+1=0 ludn ¢ hai nghi¢m
X ,
. . |S=t<-2<0
Am vi
P=1>0
+ N&u t > 2 thi phuong trinh: x> - tx + 1 = 0 ¢ hai nghiém duong. Nén dé

phudng trinh (1) c6 khong it hon hai nghiém 4m thi phuong trinh (2) ¢6 it nhat
mot nghiém t < 2.
t?-1

Phuong trinh 2) < t? -1 = ~at <

Xét ham s& f(t)=t—% voit<—2 f’(t)=1+ti2>o Vt < -2

Bang bién thién:

t —00 -2
(1) + _
_3
f(v) 2
- /
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Dua vio bang bi€n thién ta dugc gi4 tri cla a cAn tim 13:

—a<——:'i <:>a>—?i
_ 9 2

VAy c4c gia tri cda a thod man dé baila: a > 3 .

Bai 19: Cho phuong trinh: x* - ax® - (2a +1)x® +ax +1 = 0(1)
Pinh a € phudng trinh c6 hai nghiém 16n hon 1.

Giai
Vi x = 0 khong 12 nghiém cia (1) nén chia hai v& ctia (1) cho x* ta dudc:

x2+—1?—-a(x—-1—)—2a—1=0
X X

Datt=x—l,teR

, X | 4
Phuong trinh trén trd thinh: € +2 - at—2a—1=0

o t-at-2a+1=0
+Véia>1
Xétham s6: t=x—l:>t’ =1+%,—>0Vx>1_
X x
Bing bién thién:
X 1 +00

t +

¢ +00
0/

Dua vao bdng bién thién ta suyrat>0

‘Mat khdc: phudng trinh t=x 2L & x?-tx~1=0 ludn c6 hai nghiém
X

phédn biét: x; < 0 < x,.
Do d6 d€ (1) ¢6 hai nghiém 16n hon 1 thi (2) c6 hai nghi¢m phén biét duong.
A>0 1
& {P>0 o25-4<a<=
: 2
S>0

Vay gid tri ciia a cdn tim 1a: 2V5 -4 <a<%.

Bai 20: Chitng minh riing néu phudng trinh:
' x* +bx® +ex? +bx+1=0 (1)

c6 nghiém thi: b* + (¢ - 2)° > 3
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Giai
Gid st x, # 0 12 mdt nghiém cla phuong tinh thi (1) twong duong véi:
xg+—17+b(x0+—1-)+c=0 (2)
X,

0 Xo

Pit: t = x, + 1 ; diéu kién |t| = 2

X,
Khi 36 (2) trd thanh: t? + bt +c-2=0= ~t* =bt + ¢~ 2
Ap dung bt d4ng thic Bunhiakopxki ta dydc:

t4
(—t*)? = (bt +c-2)* < [b2 +(c'—a)2](t2 +1) = TS b? + (c - a)’

4

Ta s& ching minh V|t| > 2 thi 2t
t°+1

>3(3)

That viy: (3) & t* > 3(t* +1)

2
<:>t‘—3t2+§>—2—1c>(t2—§J —241>0 v6i moi |t|22

4 2
Viy b® +(c—2)2 >3
Bai 21: Cho phuong trinh:  x* +2x* +2ax+a”+2a+1=0 1)
v6i mbi a, goi x, 12 nghiém bé nhat clia phuong trinh. Xéc dinh a d€ x, nho nhit.

Giai
Goi x, 12 nghiém ciia phudng trinh (1) thi:
x} +2x? + 2ax, +a° +2a+1=0
oa’+2(x, +1)a+xi+2xi+1=0 (2
Phuong trinh nay 12 phuong trinh bic hai theo &n a va phdi c6 nghlc;m nén:
A =(x, +1) —(xa +2x° +1)——xEl -x2+2x, 20
o (x, - x)(xt+x,+2)20=0<x,<1
= (x,)_,. =0 th& vao (2) ta dudc: a?+2a+1=0a=-1
Viygid triacAntimla: a = -1.
Chii §: Néu dé bai cAn nghiém 16n nhdt thi rd 18i x, =1 < a = -2

‘6. Bai tdp dang 6

Bai 22: Gidi phuong trinh:  3(x? —x+1) - 2(x+1)" =5(x° +1)

Gidi
3(x* - x+1) —2(x+1)" =5(x’ +1)
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& 3(x ~x+1) ~2(x+ 1) =5(x+1)(x*-x+1) )

+ Néux=-1thi (1) trd thanh: 3.9 =0 vo Iy.
+ Né€u x # -1, chia hai v& ctia (1) cho (x+ 1)(x2 - X+ 1) ta dugc:
3x2—x+1_2 x+1 _5
T ox+1 x2-x+1
2_
Di’_u:t:x x+1 thi 2x+1 ___1
x+1 X“-x+1 ¢t
Phuong trinh trén trd thanh:
3t—¥=5c>3t -56t-2=0& 3
t=2
+ Vc’iit=—% < 3x*-2x+4=0 phuong trinh v6 nghiém.
1
x=2(3-13)
+ Véit=2 1
5(3+\/_)
-2 (3-V13)
. Viy nghiém phuong trinh 13: < 1 ‘
x=2(3+i3)
3x - 2x 8
Bai 23: Gidi phuong trinh: - ==
1al phong trl x*-4x+1 x*+x+1 3
Giai
biéukién: x* —4x+120 x%2+/3
Phuong trinh f - ? = 8
X+=-4 x+=+1 3
X X
1
Patt=x+—; [t|>2
b
t=5
3 2 8 .
Phuong trinh trd thinh: —— - = =" &
e T3 t=—-1:1§
1
1 5( ‘/_)
+ Védit=box+~-=5 1
X
x=1(5+21)
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_-13-4105

’ X

x 4 ‘= -13+105
| 8

Viy nghiém cda phuong trinh 1a:

%(5:{:\/5);}‘ _ —13i8\/ﬁ

X =

Bai24: Gidi phuong trinh: x° —3x% +3x-16¥x -9 =0

Giai
Paty = ¥x A
Phuong trinh d4 cho trd thinh:  y° —3y® +3y® —16y-9=0
<:>(y+1)(y2-—y—1)(y°+2y‘—2y3+4y2—2y+9)=0
c>(y+1)(y2—y—1)[(y3—1)2+2y‘.+3y»2+(y—1)2+7]=0
o (y+1)(y*-y-1)=0 '
{y+1=0 - y=;1 .
< 2
y'-y-1=0 y=—2-(1.f.~/5).
Vi y=-l=>x=-1 | |
y=%(1+_\f5)=>x=y3=2+s/—5-' L

y=l(1-4)= 5=y =2- 6

* Viy nghiém d4 cho cfia phuong trinh 1a: x = ~1;x = 2+ J5;x=2-5

Bai 25: Gidi phuong trinh: 1—2 - ———-—2—§——2 =
, X* (x+5)
© Giai
. . xz0 '
biéu kién: {
x#-b . ‘
Pit: y=x+5y# 0= x* =(y—5)2 =y*-10y +25
Thay vio phudng trinh ta dugc: S S 1

¥y -10y+25 y*
& 11y* - 25(y® - 10y + 25) = y* (y* =10y + 25)
< y* -10y® + 39y* - 250y + 625 =0
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©y2+%2—2§—10(y+%)+39=0 M

Pit t=y+ 25 ; diu kién |t| 2 10
y

=>t2=y2+§“—a,‘,§+50=>y’+222—5=t2—50
y : y

t = ~1(loai)

Khi 46 (1) trd thanh: t2 -10t -11=0 & [t 1

Vdi.t=11©y+gy—5-=11©y2;-11y+25=0
oo
(=) » = '
y=%(11+s/—2_1-) |x= (1+\/2_1)

LA hai nghi¢m ciia phwong trinh da cho.

2 1 x*+38x+1 5
X +X+ X"+ 90X+ (1)

Bai 26: Gidi phuong trinh: + ==
" ping frin xX+2x+1 x*+4x+1 6

Gigi
X2 +2%x+1=0 x#-1
X +4x+1#0 {x¢—2i\/§ /
Vix = 0 khéng 12 nghiém cBa phuong trinh nén phuong trinh (1)

Diéu kién: {

x+l+1 x+l+3
. SN X .

x+l+2 x+l+4
X x

|

DAt t = x+ = ; didu kién It| =2
X

G
+
-t
ﬂ
+
W

o+
)
o

+
e'-
7|
-8

n
oo

Phuong trinh trén trd thanh:

_-15-85
7 .
- :_15_;_@(10@1)

t
&

t

&

_-15-485 _ _ 1 _-15-
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oxz—ax+1=0[v6‘ia=_

Viy nghiém ctia phuong trinh da cho la: x = —%(a - a? - 4) véi a =;1§:£5-

m

Bai 27: Cho phuong trinh: x* + (x + 1)2 iy
X +x+

(1)

1. Gidi phuong trinh khi m = 15. »
2. Dinh m d& phuong trinh c6 ding bdn nghi¢ém phin biét.

Giai

Phuong trinh (1) & 20x% +x+1)-1= =
x*+x+1
’ B 2
Dat:t=x2+x+1=(x+-1—) +§2§:t2-§
v "2) "4 4 4
Phuong trinh trén trd thanh: 2t—i=%<:>2t2 ~t=m (2
1. Khim=15thl (2)tr thinh:
5 .
t=-2(loai)
5, (loai)

t=3

2t2-t-15=0 <

Vdit=3<:>x2+x+1=3<:>x2+x—2=0©|:x=_:12

Viy nghi¢m ciia phuong trinh 43 chola: x = 1;x = 2,
2. Xétham f(t) = 2t* —tvéit > %

ft)=4t-1 ; ft)=0=>t=

|-

Béng bi€n thién: -
1 3
‘14 1 e
. -

f(t)

\\
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Dya vao béng bi€n thién ta suy ra phuong trinh (2) ludn c6 nghiém duy nhit t > %

Ma khi tzg thi fing véi mot gid tri cBa t phuong trinh t = x* + x + 1 cho dting

hai nghiém x n&n phuong trinh (1) khong thé ¢6 bén nghiém x.
Viy khong ton tai gid tri clia m.

Bai28: Dinh m d€ phuong trinh sau c6 nghiém:

x“+x2+x=m(1+x2)2 1)
Giai
3 2
Phuong trinh (1) <> = 1% *X _ )
. . (1+x2)
1+%2) 2 - 2
@x( +x2)+ X 7 =m e 4x 7+ 2. 2x2=4m
(1+x2) (1+x2) (1+x2) l+x
2 o X
Datt—m:h}l—z.l-kxz
Theobﬁ'tdingthﬁ’cC(‘)si:1+x222|x|:>-i-2jix'251:>|t|51‘

Phuong trinh trén trd thinh: t* + 2t = 4m
Xéthamss:  f(t) =t* + 2t véit| < 1
f(t)=2t+2 20,jt|<1

Béng bi€n thién:
. t -1 , +00
f(t) +

Duya vao bdng bi€n thién, suy ra phuong trinh (1) c6 nghiém.

<:>—1$4m$3<:>—l$mg§_
4 4

Viy gid tri cia m cdn im 1a: —% <m 5213—

Bai 29: Tim m d€ phudng trinh:

4x? mx o
o 1 2T +1-~m? = 0 c6 nghiém.

Gii'ii,
4x2

2x . 2_.
s1=1 Tx'+2x%+1

+x%’

bitt =
' 1
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Phuangmnh(l)trathanh €+mtel-m?=0 @, .
Pitt = t’+mt+1 - m? ‘ '

1<t xlst,'
L Phu’dng trinh (2) c6 nghi¢m t,,t, th?é [t <—l<t2 <1
@f( l)f(l)so 2sms_1,(a)«\-..v_},»
: l1<mx<2

2. \Phu’dng trinh @) nghi¢m kép e[- ],, 1]

[a=m®-4(1- m) o
& oms= i2«/’ ®»
to=,""_'e[ 11] 3 - ;
3. Phuong trlnh(Z)céhan nghném t,t, théa man -1<t <t <1
- {Aas0 9 _
f(-1)>0 o -7g<m:<“15.' S
LifQ) >0 <f 2"‘- )
- : v "1<m<,—‘——b‘, s
' —1<-§-<1 o ' \/g BRI fé:«:i:;; {“‘-Q'-’_ {»{:f.*"‘ e
' Ké’t hep. céc didu kiéna,b,cta duqc gli tr; cla: mdn ﬁm lé
—2$ms—7g
2 smsg2
J5 .

miso D;nhad’e’phmmg trinh saucé nghigm: oo ’

o x? +(x3+x+1) (x +1) +a(x —x+1)
o Gidi

e

Pﬁudng trlnh‘(l)‘ AT

o (x* +X+ 1)= [(kz +1)2 - 2}+ﬁ(x2 —i+1)2 -y RN

<

& (x* +x+1) .=(x —x+1)(x +x+1)+a(x -x+1)

' [x +x+1] xPix+l
o

+a (dox —x+1¢0Vx)

x*-x+1] x*-x+1 .
Pt t_:;_:_:_il o (t-1)x* (t+',1)x+tfx.1=~e~ *) -

'+ Néut- l lhl X = 0»1 sl EN -,,-g\' P o ‘.1 “-?' \ [ ~“", Ry ‘ .
+ Néu b= 1 thi phu'dng trinh (*) c6 nghiém & A >0 '
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p(t+1) 4(t 1) 20@‘1§ts3 Al e

=>dléuk1én stsa RO
‘Khi 46 phuong trinh (2) trd thanh t“’ ~t= a o
Xét ham: £(t) = t’—tvm;stSB o
£(t)=2t-1 £(8) = 0¢:>t=f’
Bing bi€n thién: R L

i

"t |

RN N

'Dgra vao bdng bién tluén ta du'c‘c '

Phudngtrlnh(l)cén;mém @«-lsase )i

4

Bai 31: Cho phtrdng trinh: sin® x + (1 sin x) =m (1)

Gnél phlrdng trlnh khx m =

-“'Ts

2. D;nh m aé phu’ﬁng trlnh cé dting hai ngiuém lhuﬁc (

L Glai A v
1 : 3 1

Bﬁtt sin -—-—,6115 nxsl -—st - ..

B x 2 v 81 ’:3 2 2 ’

..ii;wt

1

‘.4 ; 4k .
Phlrdnguinh(l)trdthanh (t+;) (t——)"’-_-fm: S :

2
Lo g 1
@2t‘+3t’+—é=m (2)

1. Khim Q;;-tm () urd thanh:

4B O @EED e o

'='>sinx.=-;—éx=%+k2nvx=%4k2m(ké-Z) f

“ + . AR ’ N S N ST ORAE I N e
R e ¥ 131 59t ISVRER I e o T NSRRI S (83133 ol DN S Bt
i R o ol AL
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. Pitt=BINnXx——
* *73

'Klﬁ--7-25<x{-g-=>—1<sinx<1:>;g,<§<'%i,'f. "T :./; o
V38i mét \nghiém te (—%,%) : thi pmmng trinh, t = sm“x--é- ,c.\6~-'dli'ngl‘m{)t '
hién ERL
L e, e B o1
XéthAmsfo(t) 2t* +3t *3 véi —--§<t<-2-
: Cf@) = 4t° + 6t; f(t) Ooty 0
Bang bién thién: , S
' 3 1
] -= 0 L=
M ) 2
(1) o

| 1) | 17\1

- Thco Iy luan nghlem ] trén ta suy ra: 48 (l) c6 dﬁng hax nghlem e (-—-’5 -1-‘-)

22
31y _1 ‘
th1(2)cédﬁnghamghlemte _§ -2- <;>,-8-<m<1

‘Vaygxétncﬁamcﬁnﬁmla %<m<1 e

R Gl N
= sil'te"‘.,f

orae
The Digv i

CHUYENDE 13: CAC PHUONG PHAP KHAC m% cikt
X PHUONG TRINH DA TH(rc |

DAncl-mUGNGPHAPmEMBGT '> o

Y -

Bai 1: Gidi phudng trinh: 4x° —3x? - 8x- 1=0 L ’(i'S*
| o Gi#i R
(1)<::~4x‘ 3x +3x+1¢5x’ =x° + 3x? +3x+1

o 5x* = (x+1)° ¢$2/-.x x+1¢x—"’;' 1

P %

miz Glitphudngtﬁnh x* 4x-1=0 - W
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(1)<:>x +2x +1-~ 2x —4x 2=0

(x +1) —2(x+1)

-

X +1 J—(x+1)
x +1--\[—(x+1)

X=

- Gigi

(Jﬁ—'ju” _2
(J§+J4 j

N:IH Mjn-‘

i X2

Bﬁl 3. Gidi phlrdng trinh: x +-—-—s———-«— 3
‘ S (x+ 1)

, . Giai i .v‘{é’f
Pidukiém: x = -1 e
‘ 2. <2 -
x x* .
1 X — 2.— =38
()@(x x+1) * x+1o0 L
o 2 ) 2 SR L
|2 IXX) 9 X, 3 0 L
x+1 x+I S
. - . C : ':» 2.4%"‘ : :
’ ~ = Y x* x’il =1
: 'V?(X-I-IJ +2 Jr =3= 0*) \,@ ‘ziistis,sqf , i
S x+1 )
I Y I
/ 2 AN ‘;> S e
' DANG 2: DKT ANPHY ' |
Bai4: Gidi cdc phuong trinh sau: |
1 % i‘ e 5&(&’3-@2‘)

e F,
Tty

2 - + =6
2x"-5x+3 2x’+x+3. . .

" x¢ +4 Sx(x —')k ‘

@x - 5x3 +10x+4 0 c»x +i—5(
‘ x?

Mx=0 khéng i nghném cﬁaphudng tt:inh)

 Phtt=x-Zot=xth

X
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t=1

Khi d6 (1) trd thanh: t2+4—5t=O®[t_4

+V6it=1<3x_2=1<:>x2_x—2=0<:>[X=—1

x ‘ X =2

+Vdit=4¢:>x—g=4c>x2—4x—2=0c> x=2-/6
x x=2++6

Viy nghiém ctia phuong trinh d4 cho 1a:
x=-;—1vx=2—\/§vx=2vk=2+\/§
2x 13x '

+ —
2x* -5x+3 2x*+x+3

x#1
Piéukién: 2x®> ~5x+ 3£ 0 o 3
X¢§

Phuong trinh d3 cho & — 2, __13 ¢ @

2x+3_5 o9x+3.1
X X

(Vix = 0 khdng 12 nghiém ciia phiong trinh)
bit: t =2x + 3 = diéu kién|t| > 26
x

5 13 t = 1(loai)
Khi d6 (1) trd thinh: — + —=__- ¢
1o M IR ad P
2
x=2
Vdit=1—1—<:>2x+§=-u®4x2—11x+6=0® 3
2 2 2 X=Z

Viy nghiém ciia phuong trinh d3 cho la: x = 2v x = g

Bai 5: Gidi phuong trinh: (x2 +X+ 1)2 -8x*-3x-1=0

| Gidi
(x2+x+1)2—3x2—3x—1=0
<:>(x2+x+1)2—3(x2+x+1)+2=0

1 3 3°
Pitt=x+x+1=(x+=| +252
; x“+x (x 2) +4‘4

) o
Phudng trinh rén trd thanh: t* -8t +2=0¢>t=1;t=2

-
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+Véit=1lox*+x=0ox=0vx=1
+V6it=2<:>x2+x+1=2<:>x2+x—1=0¢>x=%(—li\/'5—)

x=0;x=-1
Viy nghiém cilia phuong trinh 1a:
4y nghiém clia phurang x==(-1£5)

Bai 6: Gidi phuong trinh sau: :
3(x2 -X+ 1)2 -2(x+ 1)2 = 5(x3 + 1)

Giai
3(x2 —x+1)2 —2(x+1)2 = 5(x3 +1)
o 3(x2 —x+1)2 —2(x+1)2 = 5(x+1)(x2 —x+1) 6))
+ Néux=-1thi (1) trd thinh: 3.9 =0 v Iy.
+ Né&u x # -1, chia hai v€ ciia (1) cho (x+1)(x2 —x+1) ta dugc:

xz—x+1__2 x+1
x+1 x2-x+1

+ Néux-—lthl(l)tr&thénh 39=0vl ly.
+ Né&u x # -1, chia hai v€ ctia (1) cho (x+1)(x -x+1) ta dugc:

=5

'x -x+1 Z9 2x+1 =5
x+1 x‘-x+1
2—
Dat:t=x x+1tm 2x+1 =_1_
x+1 Cx*-x+1 t
Phuong trinh trén trd thanh:
2 2 t=-l
3t—-t—=5©3t -5t-2=0& 3

t=2

+ Véit= —% & 3x®-2x+4=0 phuong trinh v nghig¢m.

. |
+ Vait=2e X521 _o ox:-l-(3i\/1_3)
x+1 ‘ 2.

Viy nghiém phudng trinh la: & x = %(3 t \/ﬁ)

Bai 7: Gidi phuong trinh sau: x° - 3x® +3x-163x-9=0

Gidi
Pity=¥x |
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Phuong trinh d3 cho trd thanh: y® -3y® + 3y’ -16y-9=0
& (y+1) (v -y -1)(y° +2y* -2y° + 4y° -2y+9)=0

@(y+1)(y2—y—l)_(y3—1)2+2y“+3y2+(y—-1)2+7]=’0
@(y+1)(y2 —,y—1)=0 |
'[y+1=0 - ly=-1

< yz*y—1=0c>ty=%(li\/g)

+Veiy=-l>x=-1
+y=—;-(1+«/5):x=y3=2+x/3
+y=2(1-vB)=x=y' =2-8

Viy nghiém di cho clia phuong trinh 1a: x =-1;x=2+ JBix=2- J5

3 x° 3x?
Bai 8: Gidi phuong trinh: x° + + -2=0 ¢y
(x- 1)3 x-1
Gidi

Pidukién: x =1

x \ 2 Y x Y x° x
Tacé:(x+———) = : '=x3+(' : ) +3. (x+ )
x-1 x-1 x-1 x-1 x-1

2

X tadugc: t®-3t2+3t-2=0
x-1 :

bitt =

t=2
~o(t2 —t+1) = |
o (t 2)(t t+ ) 0<:>[t2 -t +1=0(vd nghiém)

2
el

=2 & x* - 2x + 2 = 0. Phuang trinh ndy v6 nghiém.
X - .

Viy phuong trinh d4 cho v6 nghi¢m.
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Bai 9: Gidi phuong trinh: (x-2)°+(x-4)° =64 (1)
o Gidi
Pit t=x-3=>x=t+3
Phuong trinh (1) trd thanh: ‘
(t+1)°+(t-1)° =64 & t°+15t* +15t* -31=0
(khai trién theo tam gi4c Pascal r8i don gidn):.
Pity =t*2>0, ta dugc: ‘
Y +16y* +15y-31=0 & (y-1)(y’ + 16y+31)=0
y=1 ; |
|, oy=1
y +16y+31=0
(viv6i y 2 0 thi phuong trinh y® + 16y + 81 = 0 v6 nghiém)

=4
Khiy=1:>t2,=1=>1=(x—3)2©[xx
- x=2
. : Ix=4
Viy nghiém cta phuong trinh 13: [ 9
X= -

Bai 10: Gidi phuong trinh sau: x°® -15x® +45x-27=0 (1)

Gidi
| Nhim mot nghlém clia phddng trinh x, = -3

Nén (1) & (x+3)(x* - 3% - 6x* +18x-9) = 0

x=-3 .
o
x' -3x*-6x*+18x-9=0 (2)
(2)ex* —3x2(x 1)-9(x-1)°=0
Xem diy 1d phuong trinh tring phuong theo 4n x; gidi phlIdng trinh nay ta
duge: 2x? = 3y + 3y/5

+ Néu 2x* = 8y + 3yV5 = 2x* -3(J‘+1)x+3(J§+1)=o

©x=2(3s/5+3:t\/30_—m)
+ Néu 2x2=3y—3y\/-5-=>>2’x2+3(«/g—1)y=0
20 +3(vE -1)x-3(v5 1) =0
. @x:%(3—3s/3im)w '
Tém lai nghi¢m ctia phuong trinh d3 cho 1a:
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x=—3v§<=-}(3+3\/'5'i\/30-6\/5)
(3 3x/_i\/30+6\/-5-)

1
4

Bai 11:: Gidi phuong anh: >+ % +1 +x t8+1.5 |y
xX*+2x+1 x*+4x+1 6

Giai
x2+2x+120 {x;t—l

x¢—2+«/—

Vix=0 khdng 12 nghiém clia phuong trinh nén phuong trinh (1)

Piéu kién:
x% + 4x+120

x+l+l x+l+3
> S X

x+l+2 x+1+4
X X

_5
6

bat t = x+l ; diéu kién [t| > 2

Phung trinh trén trd thanh: L L 4+ £+ 3

t+2 t+4
-15- J— -15++/85 (1oai)
z .

+ Vé6it= 157‘/— x+1=——-——‘15;‘/£=
x .

—15;/8?)@

_5
6

St =

1 t=

= (ai\/&_r——zi)

&xz—ax+1=0(v6‘ia= %

Viy nghi¢m ctia phuong trinh d3 cho 1a:

x=%(ai\/a2—4) vdia=i—7——\/—8——5— )

Bai 12: Gidi phuong trinh: $27x° -5.x° + Y864 =0 (1)

Giai
Cich1:Pat t =x%t >0
(1) tr& thanh: Y27t5 —54° + Y864 = 0 = t5 ——2_4+2=0
$/27
Xét him s6: .
5 ; 5
ft) =t ——=—=+2v6it =0 ; f(t) =5t - t?

ft)=0t=0;t=49
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Béng bi€n thién ,
t 0 19/5 - 400
(1) - 0 4

fo | o —

TU bang bién thién, suy ra: f(t) >0Vt 2 0 |
Dodé: ft) =0t =99 o x =199

~

Vay nghiém clia phudng trinh dd cho 1a: x = +99 R
Bai 13: Gidi phuong trinh:  —~——+ (x2 _ 3) + L 3 _9x-5 @)
‘ (=*-3) (x=1f |

Gidi .

Piukién: x # ,x # +J3

= - 2 = -1 ¥
b=x*-3 2b= 2'(x3 _3) ,,

2
Phuong trinh trd thanh: 2_2 +b* + 1 a+2b
.‘ , ‘a

a2

<::>F+b"’+—1—+a+b4 =a+2b+a+b?
a
a’ 2 1 4 2
:>-b—2+b +a+—=+b*=2a+2b+b *)
a B
a’Z
'—2+b2223.
Theo bit ddng thic Cosi: .
a+—2=2
a
2

:>§7+b2+a+—1-+b‘—(2a+2b+b2)22a+‘2+b‘—(2a+2b+b2)
b a . :
2b* —b? ~2b+22 (b-1)(b* +b* ~2)> (b- 1) [(b-1)" +1]
=02 (b-1)'[(b-1)" +1] (theo (")
©b-1=0b=1=a
2
S ==t
x’-3=1 | |
~ Viy phuong trinh d4 cho c6 nghiém duy nhit x = 2.
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Bai 14: Gidi phudng trinh: 3arctgx = arctg3x 4-2— (1)

| Gigi
Phuong tinh (1) <> arctg3x = 3arctgx — -’2‘-

n T N m
pitt=arctgx thi —~— < 3t-—<—0<t<—
: gx =g 2527 "3

Khi d6 ta dugc: arctg3x = 3t —-g = 3x = tg(3t - %J (2)
cos3t cost(3-4cos’ t)
sin3t sint (3 - 4 sin? t)

n) 1 3(1+tg’t)-4  3tg*-1
:>tg[?’t—5)—§E'3(1+tg2t)—4tg2t " tgt(3-tg™)

Ma: tg(3t .—-g‘]‘—" —cotg3t = —

V6i t = arctgx = x = tgt;mad < t < -7-:;-:>0<x’<\/§

2 —
Nén: tg(3t — Z.t.) = __3_5—_1_

2 x(3—x2)
Do d6 (2) trd thinh: |
2 _ .
3x =—§X—L2 o 9x? -3x*=3x*-1
x(3—x )

@3x4~6x2—1=0@x=,’1+ﬂ——(v10<x< J’)

Viy nghiém cla phuong trinh da cho la: x = 1’1 + %——

Bﬁl 15: Gidi phlrdng trinh: ,
x*-8x>-6x*+18x-9=0

Giai :
x* - 3x° - 6x* +18x -9 =9 &> x* - 3x* (x-1)-9(x 1)’ =0
Pit: y =x -1 tadugc: x* -3x°y-9y* =0 “
o9y -3x’y-x*=0
Xem ddy 12 phuong trinh bac hai-theo £n y.
Tacé: A = 9x* + 36x* = 45x*
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18 - 6
=
__e21-VB
y 6
+ V6iy=—x2.1+6\/g=>x—l=—x21+6\[5— «
c:>(1+\/—5_)x2+6x—6=,()<£:>x=_3i“15+6\/g
: ' 1+5
+ Vétiy-*'-—xf".la\/g:»x—l=—x2.1—_—‘/E
. 6 6
-8-15-6J5
, X = T
S(1-V5)x*+6x-6=0c] "
( ) x_—3+\/15—6x/—5_
1-J5

Viy nghiém ciia phuong trinh Ia:

-8+ 415+65 -3+415-65
X = VX=
1+5 1-5

Bai 16: Cho phuong trinh: ~ (x* + 2x) (x2 +2) = m(x3 - 1) eh)
Tim m d€ phuong trinh c6 nghiém. ’

Gidi
Tacé: x*+x+1-(x-1)=x"+2
(1)©(x2+x+1)2—(x—1)2=m(x—1)(x2+x+1)
x*+x+1  x-1
x-1 X +x+1
2 i .
Bétt=3‘—+—x{—1©x2+(l-t)x+1+t=o
x_
Phuong trinh nay c6 nghiém khéc I:
A=(1-t)-4(1+t)20 _[ts3-23
= RPN
30 t>3+2J3

=m (2) (x=1)

Khi d6: (2) trd thanh: t —% =m (3)

t<38-2J3

Dé (1) ¢6 nghiém thi (3) c6 nghiém t thda min
t>3+2J3
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1

Xét hAm f(t)=t-Z : f'(t)=1+tl2>0\1t¢o

Béng bi€n thién
t |- 3-2J3 ‘ 3+2J3 +0
0 r 0 ///////////Z////////// 0 +
f(x) / 3-23 / ://

Z_
,3+2\/§

Bai 17: Cho phuong trinh: (x4 - 4) (x4 +6x% + 5) =m (1)

Tim m d€ phuong trinh c6 dting tdm nghiém phin biét.

, (l)<:>(x

Giai

2 -2)(x* +2)(x* +1)(x* +5) =

15N (x‘ +3x* - 10)(x‘ +3x* + 2) =m : Q)
Pitt=x*+3x*20
(2) trd thanh: (t— 10}t +2)=m

StP-8t-20-m=0 (3)

o Ung v8i mot gi4 tri t > O thi phuong trinh x* + 3x? = t lu6n c6 bon nghxém X

phédn biét.

Do d6: (1) ¢6 tdm nghi¢m x phinbig¢tthi (3)cé 0 < t, <t,

L=

A>0
P>0 & -36<m«<-20
S>0

Viy céc gié tri cia m cAn tim 1a: —36 <m<-20

Bai 18:Cho phuong trinh: -

x*+3x" +(6-a)x* +(7- 2a)x° +(6 a)x +3x+1=0 (1)
Dinh a dé phuong trinh trén c6 dtng hai nghiém dm.

Giai

Vi x = 0 khdng 12 nghi¢m ciia phuong trinh (1) nén
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e x° +x1 +3(x +i)+(6 a)(x+1)+7 2a=0

3 2
@(x+l) —3(x‘+£)+3(x+—1—) +(6-—a)(x+l)+1-—2a=0 (2)
X X X

| Mit khéc: phuong trinh: x+—1-=y<:>x2—yx+1=0 ludn cé {
X
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X
Pity= x+—1-;_ diu kién |y| 2 2

Phuong trinh (2) trd thinh: y® + 3y? +(3 a)y+1-2a=0
y + 3y? +3y+1
y+2

. 3, ay? .
Xétham s6: f(y) =T +3Y +8y+1 1y <-2
ﬁ y+2 y22

(*) (y#-2)

-1
;f'(y)=0©{ 5
y

(v + 1)2 (2y +5)

f(y) =
67 - 2)2

Bang bién thién

t .
f(y)

f(y)

Khi x <0 thi mién x4c dinh f(y) 12 y < -2.

S=y<0
P=1>0
nén c6 hai nghiém x, <x, <0.

Dy vao bing bi€n thién 48 yéu cdu bai todn dugc thda min thi: a = %7-

(c6 thé 1y luin: v6i y < —2 thi phudng trinh y=x+ 1 Iu6n ¢6 hai nghiém 4m.
x .

Dua vao bang bi€n thién thi dudng thing g(y) = a luén c4t d3 thj ham f(y) tai

hai diém phédn biét (a > i—'z) nén phuong trinh (*) ludn c6 b6n nghi¢ém 4m

4phﬁn biét. Chikhi a = —2‘—} thi (*) c6 nghlem duy nhﬁ't y= -—g—



Khi d6 phuong trinh: x+—1-=—-g—<:>x2+-g-‘x+1=0c> *
. X

x=-2
Bai19: Cho a > 0;b € Rcd dinh( ci 2 s8), gidi phuong trinh:
5x° + 5ax® + a’x+5b=0 )
Gidi

Pit x=u+v=>x"=(u+v) »
= x® = u® + v + 5uv (u® + v*) + 10u’v? (u + v)
=>x*=u®+v0 + 5uv[(u +)v)3 -3uv(u+ v)] +10u’v? (u+v)

=x5=u®+v° +5uv(u+v)3 — Bu?v? (u+v)

= x° - buvx® + bu’v’.x - (u'5 + v5) =0 ' (2)
Can bling hé s6 hai v€ cla (1) va (2) ta dﬁqc hé phuong trinh:
-5uv =a o juv=-2 By =2
{'(U5+v5)=b© 5 At I

w+vP=-b w+vi=-b

. 5
= u®;v® 12 nghiém ciia phuong trinh: X2 +bX - (%) =0
aY _ v
Ta c6: A=b2+4(-5) 20via20
... 1 2 aY
= hai nghi¢m: X, , =3 -bt,/b*+4 s
=> nghiém x =X, =u+v

i b Tl o)

LA nghiém cia phuong trinh di cho. ‘
Ta chifng minh nghiém x, nay 13 duy nh4t.

Thit viy: néu x> x, = x° > x5, x° > X5} X > X,

= 5x° + 5ax® + a’x + 5b > 5x3 + 5ax) +a’x, +5b =0
= v6i x > x, thi phuong trinh (1) v6 nghi¢m.

Ly ludn tuong ty n€u x < X, thi (1) cling v6 nghi¢m.
T6m lai nghiém cla phuong trinh (1) 1a:
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)b

DANG 3: POIBIEN LUONG GIAC

Bai 20: Gidi phuong trinh: 8x (2x* -1)(8x* -8x* +1)=1 (1)

vdiO<x<l ‘
. Gidi
V6ilO<x<l,ditx=cost; t e (0;125)

Phuong trinh (1) trd thanh: :
8cost(2cos t- 1)(8cos t — 8 cos? t+1) 1

< 8cost.cos 2t[8.(1+ c;s2t) - 8. 1+cos2t + 1:|‘= 1

2
<> 8cost.cos 2t(2 cos? 2t +4cos2t+2-4—4cos2t+ 1) =1
<> 8cost.cos 2t(2 cos? 2t - 1) =1

&> 8cost.cos2t.cos4t =1
& 8sint.cost.cos2t.cos4t =sint
(do t =0 khong 1a nghi¢ém ciia phudng trinh)
8t=t+m2n

in8t =sint Z
= sin S.m <:}[Stz n-t+ m21t(me )

m21tv t-E m2n

t= —_—,
vt 9" 9
T m2n n 7
VGi0<t<—=0 —=0 -
+ Vgi0< <2=> ) < <2=> <m<4
2n

—»m=1= nghiém t = -

= nghiém cda (1) 1a: x = cos%E

T m2n T m2n w 1 “ 7‘
Véit == O<mt—m<m=>—= -
+ i 9+ 5 = 9+ 5 = <m<4

> me{0;1} = nghidmt e {— g}

=>nghiém cla (1) 1a: X e {cos§ E}
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Vay nghi¢m ciia phuong trinh da cho la: x = %;x = cosgﬁ; X = CoS—~

7 9
Bai 21: Gidi phuong trinh: 32x (x* - 1)(2x* — 1)’ = -i
v6i0<x <1
| Giai
Véil0<x<1; datx = cost; t € (O;g]
2 1

Phuong trinh d3 cho trd thanh: 32cost (cos2 t— 1) (2 cos®t — 1) =1-

& 82 cos? 1:(cos2 t- 1)(2cos2 t- 1)2 =cost-1

& 8.sin® 2t.cos? 2t = 2sin2% & sin? 4t = sin? L2 o 1-cos8t _1-cost

2 2 2
- t_m21t
8t=t 2 -
< cos8t =cost & man (meZ)e 7
» 8t = -t + m2n t_m2n,
. ‘ 9
0<m2n<£ O<m<z
V10<.t<£:> 2
2 m2n © 9
0< <—  |0<m<—
9 2 4
m=1:>t:=ﬁ;t:=g—7£=>cos—2—7£;x=cosE
- 7 9 7
m—2:>t.=-f4——7£:>x=cosﬂ
9 9
Viy nghiém ctia phuong trinh 13: x € {cosg;— ,cos%’z, cos %}

DANG 4: DPAT AN PHU DUA VE HE PHUGNG TRINH POI XUNG

Bai 22: Gidi phuong trinh: (x* + 3x—4)" +3(x* + 3x-4) = x+4 (1)

_ . Gidi
o DPitt=x®+3x-4thi(l)udthanh:
ft=x*+38x-4 XX +8x=t+4 (D)
Q .
t? +3t=x+4 t?+3t=x+4 (2)
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LAy (1) th€ (2) ta dudc:

t=x o

t=-x-4
Véit=x th€ vao 2) tadugc: x> +2x -4 =0 x=-1+5
Vi t = ~x — 4 thE vio (2) dugc:

x2—t2+3(x—-t)=t-—xc>|:

, _0
x"’+3x=—x~4+4<:>x2+4x=0<:>[X

: . X = —-4
Vay phuong trinh d3 cho ¢6 cdc nghiém 1a:

x=0;x=-4;x=—1i\/5

Bai 23: Gidi va bién ludn phuong tr‘mh sautheoavab:

a—b(a—bxz)zx

S Gidi
Pitt=a-bx®’ thix=a - bt’ :
t=a-bx* (1)
x=a-bt? (2)
Ldy (2) - (1) ta dugc: x -t =b(x* - t*)

Phuong trinh da cho trd thanh: {

x=t
—t)[1 - = ,
o (x-t)] b<(x+t)] Ofc[b(x+t)=1
Né&u b =0 thi x = a 1a nghi¢m. ‘
x=t '

Né&u b # Othi 1
X+t=-€

a. Vix=t=>bx*+x-a=0(@3)
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Tac6: A=1+4ab ‘
+Néu: A<0=>1 +4ab < 0= ab< --‘11, thi (3) v6 nghiém.
+Néu: A20=ab2 —-}I thi (3) c6 nghiém.
1 : 1
Xy =:‘%(-1—4\/1—4311))”2 =—2—g(—1+4\/1—-4ab)
1

1
b.Véix+t=—=>x+a-bx’-==0
1X b X : X b

<:>bx2—x—a+%=0 4)




A=¢1—4b(%—a)=4ab'—3

+ Néu:A<O:>4ab—3<O:>ab<§,th‘1(4)v6nghiém. '
+ Né&u: A >0 thi (4) c6 nghiém.
‘;%( ~1-44ab-3 )vx4=—2——( ~1+4/4ab-3)

Tém lai ta ¢6:
+ Né&u b =0 thi phudng trinh d3 cho c6 nghiém x = a.

+ Néub=0va ab< —:11— thi phuong trinh 43 cho vd nghiém.
+ Néu —% <ab s-g thl phuwong trinh d3 cho ¢6 hai nghiém 12 x;;x,.

+ Né&u ab Ziz- th phuong trinh d3 cho c6 bdn nghiém‘la X;,Xg,Xg, Xy

DANG 5: TRAO PO VAI TRO GIUA AN VA THAM S0.

Bai 24: Gidi phuong trinh: x° — (V2 +1)x* +2=0

Giai
—(\/§+1)x2+2=0- o 2-2x%+x°-x*=0

Xem phudng trinh trén 13 phuong trinh bac hai theo £n1a 2.
Tacé: A=x* -—4(x3 -—x2) = x2 (x2 —4x+21) =x"’(x—2)2

=> hai nghiém

2_—[x +x(x-2)] [x2_x_\[§=0
V2 = 5[x* - x(x-2)] X2

(1i\/1+4~/§) x =2

Mh—-ﬂ'

_%(114\/_)
x =+/2

Viy nghiém ciia phuong trinh di cho la:

| Bai 25: Giai phuong trinh: x* -23x2 +x+3-3=0

Giai
x'-2J3x%*+x+3-V3=0 c>3*—(2x2+1)\/§+x+x4 =0
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Xem phuong trinh trén I3 phuong trinh bAc hai theo §n 1a V3.
Tacé: A= (2x2 + 1)2 - 4(x +.x4) =(2x - 1)2

_.1 2 Y, .
\[§=l(2x2+1¥2x+1) 2x" ~2x+2-2V3=0
2 : o
1
X +x-3=0 x=§(—1i\/1+4\/§)
@{ 2 B e S .1
x*-x+1-43=0 x=§(1i\/4\/—3-—3)

Viéy nghiém ciia phuong trinh d3 cho 1a:

x:%(_1;\/“4@)“=%(1¢\/4J§-3)

= hai nghiém

Bai 26: Gidi phuong trinh: V5 -x =x% =5
' Gidi
Vs-x=x*-5
x2 25, xs—-\/g‘
& s & x2B
5-—x=(x2—5) X
5 -(2x* +1).5+x+x* =0 (1)

Xem phuang trinh trén 13 phuong trinh bic hai theo §n 13 5.

Tac6:A =(2x* +1) —4(x+x*) = 4x’ —dx +1 = (2x - 1)’
5=c(2x*+1+2x-1)
= hai nghiém cia (1) 1a:

DO DN
—_—

5=—(2x" +1-2x+1)

2x2 -2x-8=0 [x*-x-4=0 (2)
T o
2x2+2x-1=0 x>+x-5=0 (3

Phuong trinh (2) S x= %(1 + \/1—7-)
3)ex =%(—1i~/ﬁ)

Kiém ra diéu kién ta dugc nghi¢m cia phudng trinh 43 cho 1a:

X = -;-(1,+. J17)vx 5-%(-11 21
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Bai 27: Gidi phuong trinh: x* ~3x® -6x%+18x-9=0

Gigi -
x* - 8x" - 6x +18x -9 =0 x* -3x*(x-1)-9(x-1)’ =0
bity =x-1tadugc: x* -3x’y -9y* =0 o 9y* -3x’y -x* =0
Xem diy 12 phuong trinh bic hai theo &n y.
Ta cé: A = 9x* + 36x* = 45x*

_3x-3VBx* _ , 1445

18 "6
ﬁ .
_ e 1B
y 6
+Vdiy=—x2.l+—6[5-:>x—1=—x2.1+6\/g
(1+\/—)x 65620 x= 3EVI5+6VE
t 1+J5
+V6iy= 21 \/_ 1- \/—
\c»(l x/-5_)x +6x-6=0x= 31“151/_6‘/3

Viy nghi¢m ctia phuong trinh 13:

—3i\/15+6\/5vx 3++15-6J5

1+5 1-v5
Bai 28: Pinh m d€ h¢ sau c6 nghiém:
‘ ; |
X+ -2 55 ®
(x+2)
x* +8x* +16mx +16m? +32m +16 =0  (2)
: Gigi '
B4t phwong trinh (1)
o x*(x+2)° +4x? -5(x+2)° 20
| | <-1
1)(x® + 3x% - 20) > 0 x
@(x+’ )(x +3x ) ﬁ[xzz (a)

Phuong trinh (2) <> 16m® +2(8x+16)m + x* +8x> +16 =0

Xem phuong trinh trén 12 phuong trinh bic hai theo 4n m:
Phuong trén trinh phii c6 nghiém nén: A" 20

127



& (8x +16)" ~16(x* +8x” +16) 20
<0<x<2 (b) ,
Tit (a) va (b) =>nghiémcia hé 1a: x =2

Khi x = 2 th€ vao (2) ta dugc: 16m® +64m +64 =0 < m = -2
- Viygid triciamcintim13: m= -2 '

Bai29: Cho phuong trinh: x* +2x? + 2ax +a”+2a+1=0

(1)

v6i mdi a, goi x, 13 nghiém bé nhit clia phuong trinh. Xdc dinh a d€ x, nhd nhit.

- Giai
Goi x, 12 nghi¢m clia phuong trinh (1) thi:
x!+2x? +2ax, +a’+2a+1=0 ,
oa’+2(x, +1)a+x;+2x;+1=0 (2)

Phuong trinh ndy 12 phudng trinh bic hai theo 4n a va phai c6 nghiém nén:

A =(xa+1)2—(x:+2x§+1)=—x:—x§+2xa >0

o (x, -x)(x2 +x,+2) 20 0<%, 51

= (xa)min =0 th€ vio(2)tadudc: a® +2a+1=0a=-1

Viygidtriacintima: a = -1,

Chd y: N&u d& bai cAn nghiém I6n nhdt thitrd 161 x, =1 <> a=-2
Bai 30: Gidi va bién ludn phuong trinh:

x* -10x® -2(a-11)x* +2(5a+6)x +2a+a* =0 (1)
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Giai
Phuong trinh (1)

& a?-2(x* -5x-1)a+x* -10x° +22x" +12x =0 (¥)

Xem d4y 12 phuong trinh bic hai theo 4n s3 12 a.
Phuong trinh nay c6 ,
A = (x? -5x-1)" - (x* ~10x° + 22x* + 12x) = (x - 1)’
=x’-5x-1-x+1
Suyra: (*) & 2 x2 X+
a=x"-6x-1+x-1
a=x*-6x  |x*-6x-a=0 (2)
& =
x*-4x-a-2=0 (3
Phudng trinh (2) c6: A =4 +a+220=>a2 -6
= Nghiémciia (2)1a: x, =3+V9+avx,=3-V9+a
Nghiém cda (3) 1a: x3=2+\/6+avx4=2—«/6+a

a=x"-4x-2




Bién luén:

+ Né&u a < -9 thi (2) va (3) v nghiém nén (1) v nghiém.

+ Né&u a = -9 thi (2) c6 nghiém kép x, = 3, nén (1) c6 nghiém x, = 3.

+ Né&u -9 < a < —6 thi (2) ¢6 nghiém x,,x,; phu’dng trinh (3) v6 nghiém nén (1)

. ¢6 hainghiém x =3+ J@ﬁ

+ NE€u a = -6 thi (2) ¢6 hai nghiém x, = 3+/3;x, =33
Phuong trinh (3) c6 nghiém kép X, = 2. Do 46, phuong trinh (1) c6 ba nghi¢m
1a: x = 3% +/3;x =2

+ Né&u a > -6 thi (2) c6 hai nghiém phé‘m blet va (3) cﬁng ¢6 hai nghi€m phéin bigt
=3+9+a

x=2+/6+a
Két luin: : \

+ Né&u a < -9 thl nén (1) vd nghiém

+ Né&u a = -9 thi (1) ¢6 nghi¢m x = 3.

+ Néu-9<a<—6thi(l)cénghiém x=3+/9+a.

+ N&ua=-6 thi (1) c6 ba nghiém I: x =3+ V3 vx =2

nén (1) c6 b6n nghiém phén biét:

+ N&ua > -6 thl (1) c6 bdn nghiém: [x =3:0+a
' T |x=2+J/6+a
Bai 31: Cho hai phuong trinh: x* +x+4a =0 1
v ax’+x+4=0  (2)
Dinh a 4€ hai phuong trinh trén c6 mdt nghiém chung.
Giai

+Né'ua=0th1(2)cénghiémx=-4cbn(l)@x +x=0
<:>x=0vx=—1 nén (1) va (2) khdng twong duong.
+Khia=0thi(2) & a’x*+ax+4a=0 | -
x*+x+4a=0 x*+x+4a=0

a’x*+ax+4a=0 {
Xem (3) 12 phuong trinh bic hai §n 12 a thl: -
(8) = (a-1)[x(1+a)+1]x=0 |
) Do d6 hé wén tuong duong véi:

{x +x+4a=0 {x2+x+4a=01

Xét hé phuong trinh:
piche { 2’ +ax-x* —x=0 (3)

(a‘l)[x(1+a)+1}x='o,° a-1=0 )]
{x(l +a)+1=0 -

x>+x+4a=0
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2 -
Holic: {x +Ox +4a =0 (11D

X =

‘Xéthé (1) < .
he D {x2+x+4a=0

_ h¢ ndy v0 nghiém.

Xéthe ) <4 1+a
x*+x+4a=0

(vi a = -1'thi hé v6 nghiém)

a = 0(loai)
= 1 __=8 +4a=0& 4 3 1
(1+a)2 l1+a . A= ——VVg=——
2 2

Xéthe Iy {0 0 (loai)

: - a-=

¥ x>+x+4a=0 o
.A A 2 A Y ‘ 1 3
Viy cdc nghi¢m cla a cantim la: a =——2—;a = —5

DANG 6: DUNG PHUONG PHAP PAO HAM

' Bai 32: Gidi phuong trinh: x'® + (x + 6)100 =2.31%
' ~ Giai
Xéthims: f(x) = x'™ +(x+6)"xeR
f'(x) =100.x* +100(x + 6)”
fx)=0=>x=-3 ‘
Béng bi€n thién
x- 10 -3 400
fi(x - 0 +

+00 400
f(x) T~ 9. 3100 —_—

Dva vao bang bién thién ta dudgc: .

f(x) > 2.3'°. Dfu “="x4yra & x = -3

Viy phuong trinh ¢6 nghiém duy nhit x = =3,

Chii $: Bai ndy c6 thé 4p dung bat ding thitc d€ gidi:
-X + X+ 6)100
2

Tac6: X' +(x+6)" = (—'-x)100 +(x+6)" 2 2.(

= x' 4 (x +6)'° 22,3

D4u ding thic xdyra & -x=x+6 & x=-3
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Bai 33: Chiing minh ring phudng trinh:

x° —x* -2x -1 =0 (1) luén g6 nghiém duy nhat.

—3

Giai
Phuong trinh 1) o x*=(x+ 1) =x20 (2
¢ Néux =0 hay x = -1 thi phudng trinh v6 nghiém.
o Xétx>0
- Ldy loga ¢6 s e hai v& cia (2) ta dugc:
Inx®=In(x+1)* & 5Inx = 2In(x+1)

<:>51nx—21n(x+1)=0 3
Xétham sd: f(x) =51nx—21n(x+1)
f()--——- 3x+5 >0vx>0

x x+1 x(x +1)
Béng bi€n thién |
X 0 ' +00

f(x) +

o | _ "

Theo bdng bi€n thién = (3) luén c6 ding mdt nghiém.
Viy phuong trinh da cho ludn ¢6 nghiém duy nh4t.

Bai 34: Gii phuong trinh: ¥/27x% - 5x° +3/864 =0 (1)

Giai
Pit: t =x%t2>0
Phuong trinh (1) trd thanh: §27t° - 5.t3 + §/864 =

5
o th- t?+2=0
f27
. 5 .
Xéthams8: f(t) =t° ——t3+2v6i t >0 f'(t) = 5t* —
, t=0
f{t) =0
ORI
Bang bi&n thién
t 0 19/5 +00
fm {0 - 0 + "

+00

© | ~,, —

Tir bing bién thién, suy ra: f(t) > OVt > 0

15
27

t2
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Dodé: ft) =0 >t =99 & x =193

~ Viy nghi¢m ciia phuong trinh di cho la: x = +93

Bai 35: Cho hai da thic:  f(x) = x* - (1 + e2) x? +e?

va  g(x)=x*-1 (ela cdsb clia logaritnépe)

Ching minh ring v8i cdc s6 duong a, b phin biét théa man:
a® = b? thi f(a).f(b) <0va g(a).g(b) >0
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Giai
Khéng m4't tinh tSng qu4t, gid sta>b

Theo gid thiét: a® =b* < blna = alnb<:>1—n——-a—=M

a b

1 l
& a llna b lnbolnaa =Inb®

o at=bb < h(a)=h(b)
Xét ham s6: h(x)=x? véix>0
:>ln[h(x ]zln_x

X

=>h'(x)= x"1 lnx:>h(x) 0o x= ev
x?

Bang bién thién _ ”
x |0 1 e +00
x| "+ 0 -

1
h(x) e
2 / \‘+oo
Tirh(a)=h(b)via>bsuyra:a<b<e<a
Laic6: f(x) = (x2 —1)(x2 —e"')

f(a)=(a*-1)(a® - e’)<0
f(b) = (b* —1)(b* -¢*) < 0

gla)=a*-1>0
gb)=b*-1<0

} = f(a).f(b) > 0 (dpcm)

= g(a).g(b) < 0 (dpcm)




DANG 7: DUNG BAT PANG THUC

Bai 36: Gidi phuong trinh: (x + 1)6 + (x + \/5)6 =18-85

‘ Gidi
St dung bi't ding thitc:

2k 2k 2k
V6i Va,b e Rva k e N thi:2 ;b z(a;b)

Diu “="xdyra ©»a=>b
(B4t d4ng thitc nay d& dang chitng minh bling quy nap)

Ta c6; (x+1)6 +(x+«/§)6 =(—-x—1)6 +(x;+ \/5)6

:(—x—l) -;(X+\/-5_) 2(\/52—1]6 ~9-4J8

= (x+1) +(x+x/§)6 >18-8V5
= Dfu ding thicc xdy ra < —(x+1) =x+vV5 = x ;—%(\/5+1)

Viy phuong trinh c6 nghiém duy nhit: x = —%(\[5— + 1)

Bai 37: Gi4i phuong trinh: §27x° -5.x° +¥/864 =0 (1)

Gidi v
Ta thiy x = 0 khong 12 nghiém ctia phudng trinh, chia hai v€ clia phuong trinh
cho x°ta dugc: :

5/ 5,
Y27x* + 8?4=5<:>\/527x4+ 32(;27=5<:>x‘+—zg= 5
X e X 827
2 x* x* x* 1 1 1
Theo bat ding thic Cosy ta ¢6: x* + — = — + — + — + — +— 2 55—
eo bat ding sytace: X'+ =+ S+t g by =
2 - 5
>xt+ 22—
x* {27

4
= ddu ding thitc x4y ra ©%=l6c>x=:t1\/°3
X ,

Bai 38: Chitng minh riing n&u phuong trinh:
x* + bx® +cx® + bx + 1 = 0 c6 nghiém thi: b +{c - 2)2 >3

Giai-
Gia s x, # 0 1a m§t nghiém cla phuong trinh thi (1) tvong dudng véi:
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2 +—12-+b(x0 +_LJ+c =0 (2

X, X

bit: t = x, +i ; diu kign |t| > 2.
Xo -

Khi d6 (2) tr@ thanh: t* +bt +¢c-2=0< ~t> =bt+c -2
Ap dung bat dﬁng thitc Bunhiakopxki ta dugc:

(~t2)2 =(bt+c- 2)2 < [b2 +(c- ?..)ﬂ(t2 + 1)

t" '

+1 +(c 2) |
4

Ta s& chiing minh: V|t > 2thi ,f ->3 3)

2
Thit vay: (3) < t* - 3t* + Z 241 o (tz —E) _21 >0
B4t ddng thic nay ludn diing véi mgiltl 22
Vay b? +(c=2)° > 3

Bai 39: Gid s phuong trinh: x* + ax® + bx® + cx + 1 =0 c6 nghiém.

Ching minh ring: a® + b% +¢% > %

Gié s x, 12 mdt da cho clia phu_dngG tlr?rllh da cho thi:

x;+axy +bx2 +cx, +1=0
= —(x§ +1) = ax} + bx} + cx, = (x5 +‘1)2 = (ax) + bx} + cx0)2
Theo bdt ding thitc Bunhiakopxki ta c6:
(x5 + 1)2 = (ax} + bxj + cx0)2 <(a®+b*+ cz)(xg +X5 +Xp)
(x5 + 1)2

= —————
6 4 2
X, + X, + X,

<a®+b?+c?
(x4 + 1)2 4
: xo + X3+ Xp 3
= (xo —-1) (3x0 + 2x0 + 3) 20 (*)
B4t ddng thitc (*) ludn dﬁng
Do d6: a® + b? + ¢? 2 (dpcm)

Ta s€& chifng minh:
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Bai 40: Cho phuong trinh: x° — x* + 18ax - 2a =0
Pinh a d& phuong trinh ¢6 ba nghiém phén biét duong.

, Giai
Gié slr phuong trinh da cho c6 ba nghi¢m duong phanbiét la: x;,X,, x3'
X, +X,+X;=1
Theo dinh 1y Viét ta c6: { XX, +X,X; +X;X, =18a

X,.X,X; =22

Thep bat ddng thirc Cosi:
1=x, +X, +X; 2 33x,X,X, :>1>272a:>a53% @
18a = x,.X, + X,.X5 + X3.X; 2 3\3/(x1x2x3)
o (18a)’ 22748 > a2 — L - ) (2)

54

1
a =
TY(1)va (2) > a ——54

Mit khdc vi ba nghi¢m xl,xz,x3 phdn bi¢tnén a # 514

Do d6 khdng tdn tai gid tri a thda min d&.

Bai 41: Gi st phuong trinh: x° — x* + ax + b = 0 ¢6 ba nghiém phédn bi¢t. Chifng
minh ring: a® +3b > 0.

Giai
Gia sif phuong trinh d3 cho c6 ba nghiém phﬁﬁ biét. X, Xg,Xg.
X, + x; +x; =1
Theo dinh 1y Viét ta c6: XX, + X,X; +X;X, =2
X, X,.X; ==b |
= (%% + 3%, +23,)° = (5%,)" + (%5%,)" + (5%, + 20,3, (%, 4%, + %)
= (x%) +(x%) +(xx) -2 |
Theo b4t ddng thitc Cosi'ta dugc:
(x,%; ) + (5%, )" 2 2],%,|[x5%, | 2 2%, %7,
Tuong tr: (%%, ) + (X5, ) 2> 2x,x,%
\ (x,%,)" + (x,%,)" 2 2x2x,%, .
Cong v&-theo v€ ba bi't ding thic trén ta dugc:
(%,%;)" + (%%, ) +(%s%,)" 2 X,X,%5 (%, + X, + %) ==b
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Dodé: a?>-b-2b < a?+3b20
Vi phuong trinh d3 cho c6 ba nghiém phin biét nén a* + 3b > 0

Bai 42: Gidi phuong trinh: x® - 3x% -8x+40=8%4x+4 (1)

Giai
biéu kién: x > -1 : :
Theo bit ding thitc Cositacé:  8Y4x+4 <4¢4.4.4(x+1) <x+13
Do d6: x* —3x* -8x +40<x +13 A '
o (x+3)(x-83)"<0ox=3vix2-1nénx+3>0) -
Thit lai thi (1) ding.
Vay phuong trinh d4 cho c¢6 nghiém x = 3.

CHUONG 3.
PHUGONG TRINH CHUA DAU TR| TUYET BOI

A. LY THUYET CAN NHG

L |A|={Apéu,A20
-AnéuA<0

2. |A|=|B< A?=B? < A=1B

B0 | (A20 ([A<O
hay{ {

3 IAl:B@{A2=B2 A=BV‘_A=B

B. CAC CHUYEN PE TOAN VA PHUONG PHAP GIAI

CHUYEN PE 14: PUA VE PHUONG TRINH CO BAN
XET DAU VA CHIA TRUONG HQP

| Bai 1: Gidi cdc phuong trinh:

x2;1+|x+1| 2—|x| '
 — =2 2. =
Gidi
x?-1+|x+1]
——— = 2 1
-9
Lap bang xét ddu
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X -1 : 0 .

X - | — 0
x+1 | - 0 + |
Xét c4c trudng hgp sau:

2_ _ _ ..
Neuxs<-lth () e X -1-%-1_,
x(2-x)

x = 2(loai)
oxl-x-2=2x(2-x)© 3%x*-5x-2=0& 1
' X= —-§(logi)
) ' 2 .
. Néu-lsx<0mi() o X124 _,
x(2-%)

x=0
, x = 1(loai)
=> nghiém cia phuong trinh 14 x = 0.

x*-1+x+1

x(x-2)
x = 0(loai)
x=5
=>nghiém clia phuong trinh 1a: x = 5.
“I=

S i N 9

l4 _ x2| |X| ()
Lip bang xét ddu

L -2 0 2
4—x? - 0+ | + 0 -
X - | - 0 + |

Xét cdc trudng hgp sau:

. Néu x < -2thi (2) & 2-HZ:—X

©3x2-33(=0¢»[

. Néux>0thi (1) & =2 x* +x=2x(x-2)

ox2—5x=0©[

+00

o1=-x(x- 2)<:‘>x -2x+1=0x= 1(loa1)

. Né&u ——2<x<0 th1(2) ©42+x ——x<:>1=—x(2—x)
x?

x=1-2 2 (nhén)
x=1+2 (loai).

=> nghiém cla phuong trinh 13 x =1 - 2

oxX-2%-1=0&
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c. Né'u0<x<2th1'(2) <:>,42_

x2=xc>1=x(2+x)
-x ‘

x = -1 -2 (loai)
x=-1+ \/—2_(1’1}13:11)
= nghiém ciia phuong trinh 1a: x = V2 ~ 1

d. Néux>2thi(2) < 22"; =x1=-x(x+2)
x -—

oxl+2x-1=0s

& x* + 2x +1 = 0 phuong trinh v6 nghiém.
Tém lai: Nghiém ctia phuong trinh 1a: x =1 -v/2;x = \/_ 1.

Bai 2: Gidi cdc phuong trinh:

1\/x -2vx?* -1 +\/x +2\/x -1 = (1)“
2.4/x - 6Vx 9+Jx+6J =6 . ©@
Giai ‘

1. Dleuklcn

N x<-1 x<-1

'{x -1>0 ’ x>1 - x>1 <:>|:XS—1
. 2 _ /2__ >1

X 2Vx 120 x424(X2—1) (x2_2)220 X

Phudng trinh (1) < J(Jx2 -1 -'1)2 +J(Jx2 ~1 +1)2 - x‘2“3
x2—1—1|+\/x2—-1 r1=%F

+ NuVxl-121ex®-121o %242

Thi(l) < V&® -1-1+Jx2 -1 +1=x;3

x2>-3
x+3
o 2xP-1= 15 , 3 25
—x -—=x-—-=0
4 2 4
_3:+8/6
15 :
K&t hop diéu kién: -3 < x < /2 v x 2 /2 thi phuong trinh di cho c6 nghiém
3+8/6 :
la: x =
15
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+ Né&u \/x2—1—130©|x|s~/—2_

Thi (2) trd thanh: 1-x® 1 +x? —1+1 =3

, 2
¢:>lx=1(nhafm) _
Véy nghiém cda phuong trinh dd chola: x =1; x = 8 i185\/§
2. Jx-6Jx-9+Jx+6/x-9 =6 a
Pidy kié x-920 x29 59
i€u kién: o , oSx2
¢ X>6Jx-9 x*-36x+324>0

Phuong trinh (1) <> \/(\/x—9—3)2 +\[(\/x——9 +3)2 =6
<::§|\/x-—9—3|+'«/x—9+3=6 2

+ Néuvx-9-320¢ x218thi(2) & 2J/x~-9=6
< x =18 = nghiém cla phuong trinh 13: x = 18. |

+ NEuvx-9-3<0 o x < 18thi(2) <:>—\/§:—:§+3+\/;§+3=6
= 6 = 6 hi€n nhién = x < 18 déula nghiém cda phudng trinh.
Véy nghiém cla phuong trinh d4 chola: 9 < x <18.

Bai 3: Gidi cdc phuong trinh:
1Vx2—4x+4 +J4x? -4x+1 =Jx*+6x+9
2.x? —16x + 64 +16x* ~8x +1 = V9x* - 12x + 4

" Gidi :
1. Vx® —4x + 4 +’\/4x2 —4x+1=vx*+6x+9

o J(x-2)" +(2x-1) = J(x+3)’

o x-2+2x-1=|x+3 @)

Bing xét ddu

: 1
X -3 2 ' 2

x—2 - - | - 0 +
2x-1 - - 0 + +
x+3 - 0 + | + +

Xét cdc trudng hgp:

a. Né’uxs—3th1(l)<:>2 X+1-2x=-x- 3c>x 3(loai)

139




b. Néu —3<x$%th1(1) < 2-x+1-2x=x+3 < x=0(nhén)

c. Néu%<x$2thi(l) <:>2-—x+2x—1=x+3©1=3v6nghiém.

d Néux>2thh(l) ©x-2+2x-1=x+3ox= 3(nh§.n)

=>nghiém clia phuong trinh h:x=3
Véy nghiém ctia phuong trinh 1a: x=3vx =0

2. Jx2-16x+64 +16x> —8x+1=9x> -12x +4

& |x -8 +]dx -1 =[3x - 2| @
Bing xét dau:
1 2
X —0 - = 8 +00
4 3
x-8 - I - - 0 +
4x-1 - 0 + + _ +
x-2 | - | - 0 + | +
‘1 ' 7
a. Né&u xszthi(2)c>8-—x+1—4x=2—3x<:>x=—2—(loai)
o~ 1 2 - 5 ‘ o\
b. Ncuz<x.<_§thi(2)<:>8—x+4x—1=2—3x<:>x=—-é(loa1)

c. Né’u%<x$8th1(2) & 8-x+4x-1=83x-27=-2 v6 nghiém.

d Néux>8thi(2) < x+4x—8—1=3x—2c§x=%(loai)
Viy phuong tinh d4-cho v6 nghiém. | ‘
Cdch khdc: N&u chiing ta 4p dung bat ding thic: |a| + |b} > |a + b| s& nhanh hon.
Tacé: [x—8|+[4x -1 =[8-x|+[4x-1]>|8-x+4x-1|
=|x-8+|4x-1| 2|85 +7| > |3x + 2|
= phuong trinh d3 cho v6 nghiém.

Bai4: Dinh m d€ phuong trinh sau c6 nghiém duy nhdt: x|x-2/=m (1)
Giai
Cdch 1:
2 - =
{" 2x-m=0 (Ddat fix) = x® —2x - m
x2>2 ‘
1) e .
x<2 (D st g&) = - x* + 2x —m
-x?+2x-m =0 (b) AL B = ,
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P& (1) c6 nghiém duy nh4t, ta xét cdc trudng hgp:
Trudng hdp 1:
Né&u (I) v nghiém va (II) c6 nghlém duy nhitx < 2.
D vb nghxq:m
Taxét: x2-2x-m =0 m =x*-2x (a)
Xéth(x)=x>-2x v6i x22=>h(x)=2x-2>0vx22.
Bing bi€n thién
X 2 +00
h(x) +

+00
h(x) 0 /
Pé phudng trinh (a) v nghiém thim < 0.
V6i m < O thi (b) khong thé c6 mot nghiém duy nhitx < 2
(ViP=m<0) '
’ Né&u (b) chi c6 thé€ c6 hai nghiém X,; X, théa: x; < 2 <X,

& -g2)<0e -(-m)<0e&m<0
= gi4 tri m < 0 thda dé.
Trudng hgp 2:
Hé (II) v nghiém va hé (I) c6 nghlém duy nhat x22
Hé (II) v6 nghiém: (b) & m = -x% +2x
Xéthaim: h(x)=-x®+2xvéix <2

h'(x) =-2x +2;
h(x)=0ox=1
Bing bi&n thién ’
t —00 1 +00

fiy ]10 + 0 -

f(t) _co/'1 \0

Phuong trinh (b) v6 nghiém <> m >1 .

Khi m > 1 thi f(x) = 0 ¢6: P = -m < 0 nén f(x) = 0 lu6n c6 hai nghiém phén
biét trdi d&u, do 46 hé (I) c6 nghiém duy nhit < £(2) <0
&-ms0e&m20

=>gi4 rimthda dé 1a: m> 1.

Tém lai: gid rimcintimla: m<Ovm>1.
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Cdch 2: Dung phucng phédp 43 thj.

Bai 5: Binh m d€ phuong trinh sau c¢6 nghiém duy nhit:
Ix2 -3x+ 2‘ =x>-x+m (1)

Gidi
Cdch I: ' »
(1) <:>|x2-—3x+2|=(x2—3x+2)(2x+m—2)

(co'dang: |A| = A +B)

[[x*-3x+220 [[x*-8x+220

{2x+m’—2=0 x=2—m D
< x*-3x+2<0 < 2 |

: : : ‘ 1<x<2 :

_{2x+m—2=—2(x2—3x+2) {2x2—4x+m+2=0(2) (In)

D€ (1) c6 nghiém duy nhét xét c4c trudng hop:
a. He (I) c6 nghi¢ém duy nhat thda x* — 3x + 2 > 0 va he (1) vd nghitmvdil<x <2

. 2
Khi x=2‘m:>(2"m) ~3.2-m 950
2 2 2

ms -2
mz20
Phuong trinh (2) <> 2x* -4x+2=-m
Xétham f(x)= 2x® -4x+2 vil<x<2.
f(x)=4x-4>0 vxe(1,2)

Béng bi€n thién

X 1 2

f(x) |. +

| , 2
fx) 0 /
-m<90 mz=>0:
-m22 < [m -2
m20
mc< -2
b. HE (I) v6 nghiém va hé (II) c6 nghiém duy nhit: e:(l, 2) .
Hé () vo nghiém < 2<m<0 . |
H¢ (II) c6 nghi¢m duy nhit: € (1,2) (theo bdng bién thién)
& 2<m< 0

<:>m2+2m20<:>l:

Phuong trinh (2) v6 nghiém < [

= gi4 tri m thich hdp la: {
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Viygid rictamcintimlA: meR.

Cdch 2: diing phuong phép 8 thi.

Bai 6: Pinh m d€ phuong trinh sau c6 dung ba nghiém phan biét:
Ix —3x+m’ x?~2x+m - 1 @

Giai
Phuong trinh (1) < Ix2 -3x+ ml = (xz -3x+m)+(x-1)
Phuong trinh trén c¢6 dang: |A|= A +B |
Az0 (A0
B=0 B=0

o
1A <0 B>0
B=-2A B=-2A
x>-38x+m=>20 x> -8x+m=>0
x-1=0 x-1=0
1>0 bt x>'1
x_
. an
x-1=-2(x*-3x+m) ||2x —5x+2m 1=0
Yéu cdu bai todn dudc thda min khi (I) ¢6 mdt nghiém x = 1 va (II) c6 hai
nghiém phinbiétx>1. .
H¢ I cé nghit¢mx=1=1-3+m=20eom=>2 (%)

Pat f(x) =2x*-5x+2m -1
f(x) = 0 ¢6 hai nghi¢m phinbiét>1 & 1< x, <x,

D
Do d6(1) < '

A>0 33
e f1)>0 «{™ 16
2
5150 ™
2
S 2<m<%§-,ké’thgpvdi(*):> 2<m<%
33
Viy cdc gid triclamcintimla: 2<m < IS
Bai 7: Gidi va bién luin phuong trinh: [x2 +X+ ml =-x>+x+2 ‘ *)
Giai -

o : b (%) —-'x2+x+220'
udng trin < :
8 x2+x+m=:t(—x2+x+2)
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“1<x<2
o +x+m=-x2+x+2
+x+m=x>-x-2
-1sx<2 “1<x<2
o v
2x2+m—2=0(a) 2x+m+2=0(b)

+ Phuong trinh (a) < x? —1—— c6ngh16m©1—-——20<:>m<2 '

Khi 46 nghiém ctia (a) 1a: x; = —, /1 - 5% = 1-—

V6i vm < 2thi x, <2;¢dn x, >-1. Do d6 dé x,;x, 12 nghiém ciia (*) thi
Xl Z_I,X2 32. <« . /

. xlz—la«-,fl—%z&:ogmsz
o x252©—‘/1—%s2<:>'22m2—6

Mm+2. 48 x,1a nghidm cda (*) th:

+ Phuong trinh (b) & x, = -

m+2

-1<- £2=>-6<m<x<0.

Két lugn: .
-6
a. Néu [m <7 i1 (*) v6 nghiém.
m>2
b. Néum =- 6 thi (*) c6 nghiém x = 2.
c. Né’u— 6 <m<O0thi
(*) c6 hai nghiém: 3{2 =,[1- %;xs m; 2

d. N€u0<m <2 thi

(*) c6 hai nghiém: x, = —Jl - —,x2 1’1 -

e. Néum= Othl(*)cénghlemx lvx=-

Bai 8: Gidi va bién luin phuong trinh: a|x +2|+ a|x -1=b Q)

| Gigi
Cdch 1:

+ NEu {a = 0thi (1) v8 nghiém

b#0
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=0
+ Néu { thi (1) nghiém ding v8i Vx e R

b=0
+N€&u a=0. Lipbingxétddu
X =2 1
. X+2 - 0 + | +
x—1 - | - 0 +
Xét céc trudng hop sau:
. Néux<-2thi @a(-x-2-x+1)= b@a(—Zx 1)=b
Sy =-1 B
' 2 2a’
. ” 1 b b
Pé x, 12 nghiém cla (1) th:-= - —<-2¢& —23
' 2 2a . a ,
. Néu 2<x<1th (1)<:>a(x+2—x+1)=b@3=E
= phuong trinh (1) nghiém déng Vx € [-2,1]
: Né’ux>lth1(1)<:>a(x+2+x—1)=b<:>x2=§b-—%
a
Pé x, 12 nghiém cﬁa(l)thl'—b—-—l slelss
2a 2 a
K&t luan:
+Néu 12 =% i (1) v8 nghiem
b0 B
+N&u a =b=0thi (1) nghiém ding Vx e R
b
—-<3 )
+Néu<a thi (1) vd nghi¢m.
a=0
,2_3 | o
+N&u{a  thi(l)nghiém ding Vx e[-2,1]
a0 ‘
x=_1_b
+Néuia 3th1(l)c6ngh1em 2 2a
1 b 1
az0 X=——-=
2a 2

Cédch 2: Phuong phép ding 45 thi.
Céch 3: Si dyng hé thitc |a + b| +|a — b| = 2.max{ja|;|b}
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: 1 1
Pity=x+—->>x=y-—
Aty D) X=Yy 2

~ (muc dich 12 dwa (1) vé dang ding thic trén).
Phuong trinh (1) trd thanh:

3 3 3 |
a(y+§ y-ED—bC}amax{lyl,E}—b (2)

1. N&ua=0va b =0 thi(2) v nghiém nén (1) v nghiém.
2. Né&ua=b=0th(2) nghiém diing Vy nén (1) c¢6 nghiém véi Vx

+

: 3 b
3. N& 0 thi (2 == — 3
ua= ( )@max{[yl 2} ™ (3)
3 b_3
Vi 2422 52 pen:
‘ max{|y|,2} o8 2nén
+Né’u—b—<§<:>-lz<3thl(3)v6 nghiém.
2a 2 a :
b 3 b : 3 3 8
Néu —=——-=3thi(3 S—& -——<sy<—
T e T2, @ eplsge-gsysg
3 1 3 :
-——< —<s—--2<x<1
Do SX+g 5 b
N 25350 s me
2a 2 a
b b 1
Y% _|* 23
e =g I N xo b1
2a 2a 2
Két luan:

+ Néu {2 : g thi (1) v6 nghiém.

+NE&ua=b=0thi (1) nghiém ding Vx € R
FE <3 '
+Néu{a
la#0
b_, | ‘
+Né&uqa  thi(l) nghiém diing Vx € [-2,1]
az0

,

thi (1) v nghiém.

+ Né&u <;>3_th1(l)c6nghiém x-’-—il—l
“2a 2
laz0
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CHUYEN PE 15: PHUGNG PHAP DAT AN PHU

Bai 1: Cho phuong trinh: x* - 2ax +2|x —a|+5=0 Q)
1. Gidi phudng trinh khi a = 4.

2. Pinh a d€ phuong trinh trén c6 dung hai nghiém phin biét.
‘ Giai
bit t =|x —a|; diéu kién t > 0.
= t? = x? ~2ax +a® = x? - 2ax = t? — a®
Khi d6 (1) trd thanh: t* +2t+5-a*=0 (2)
t = -1-243 (loai)
t=2J3-1
x=3+2J3
x=5-23
Vay nghiém cia phuong trinh [a: x=3+2/3vx =5-2V3
2. Ung véi mdt nghiém t > O thi phuong trinh t = |x - al c6 didng hai nghiém x.
do d6 dé (1) c6 ding hai nghiém thi (2) cé dling mdt nghiém duong hoic (2)
c6 hai nghi¢m nhung chi mdt nghiém duong.
+ N&u (2) c6 dling mdt nghiém duong
A=1-(5-a%)=0
o]t 71762
t=-1>0
+ N&u (2) c6 hai nghi¢m thda:
t,<0<t, ®P<0e=5-a<0 o|a|>V5
Viy gid trj cia a cAn am 13: |a| > V5

1. Véia=4th t2+2t—11=0¢:>{

Véit=2V3-1=|x-4|=2/3-1 :[

vé nghiém.

Bai 2: Tim m sao cho phudng trinh:

|-2x2 +10x—8| =x?-5x+m 1)
c6 bdn nghiém phin biét. '
Giai
Phuong trinh (1) & 2|x2 —5x+4[ =x*-5x+4+m-4
' 5° 9_ 9 9
=x?-bx+4= ——) ~Z2-Zot>-=—
Patt=x b4 (x 2 1 n 7
Phuong trinh trén trd thanh: 2|t| =t +m -4 (2)

(*) Ung v6i mot nghiém t > —% thi phuong trinh t = x? -5x+4 c6 ding hai

nghi¢m x.
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Do d6 dé (1) c6 bon nghiém x thi (2) cin c6 hai nghiém phﬁn biét t > —%

Xét céc trudng hdp:
1. Neut>0th1(2)<:>t=,m—420<:>m2_4 (a)

2. Néu —% <t<0th(2) &t= %(4 —m) nghiém ndy thda:

--Z—<%(4—m)<0<:>4<m<i4§ (b)

Tr@va®d) =>4 <m< %3 12 c4c gié tri m cAn fim d€ thda mén yéu ciu dé todn.

Bai 3: Cho phuong trinh: Vx-6Jx-9 + Jx+6Jx-9 = X “('Sm o)
Dinh m dé phUdhg trinh c6 nghiém. ‘

Giai
piéukién: x29
Pit t=Vx-9 > x=t*+9;t20)

Khi 86 (1) tr& thanh: t? +9 — 6t + V/t* + 9 +6t =

t?+9+m
| 6
& 6lt-3+6(t+3)-t*-9=m (2
Pat: f(t) = 6]t —3|+6(t +3)-t* -
Tacs: f(t)= {f,(t) =12t _.t2 —913§u t23
D) =-t* +27Tnéu0<t<3
£(t)=12-24:f,(t)=0=>t=6
f,(t)=-2t;f,t)=0=>t=0
Béng bién thién 4
t

£1(t) [ i
£1(t) Ihia
fi(1) I

£(t) \l g / \

Duya vao bang bi€n thién ta dugc:

Phuong trinh (1) ¢6 nghiém x> 9

= phuong trinh (2) ¢6 nghiém t 2 0o m<2T7.
Viy gid tri cia m cAn tim 1a: m < 27.
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Bai 4: Pinh m d€ phuong trinh sau c6 bdn nghiém phan biét:
x*+2(a-1)x* -1-2x" +a*-1=0 (1)

Giai
pat: t =|x* -1[;t 20,
Stleaxt-2x7+1x -2x2 =t* -1
Khi d6 (1) trd thanh: t? +2(a——1)t+a2 -2=0(2)
pit: f(t) =t +2(a-1)t +a’ -2
+ Ung v6i mot nghiém 0 < t < 1 thi phuong trinh t = Ix -—1| cd dung bon

nghiém x nén (1) ¢6 ding b&n nghiém phin biét thi (2) ¢6 nghiém thda min:
a. Hoic (2) c¢6 nghiém kép thudc (0, 1)

A=(a-1?-(a2-2)=0 (- = _3
<:,>{ (a-1) (a ) <:>{2a+3 Ooa

| 172
t, =1-a¢€(0,1) O<l-a<l 0<ac<l
hé ndy v0 nghi¢m. ‘
b. Hoic (2) c¢6 hai nghiém t,,t, th6at <0<ty; <1
£f(0)<0
o1l
{f(1)>0 a<y2 @

+ Mait khdc &ng v6i mdt nghiém t > 1 thi phuong trinh t = |x - 1| c6 ding hai

nghiém x nén d€ (1) c6 diing bdn nghiém phin b1¢t thi 2) c6 ddng hai nghi¢m
t,,to,théa 1<t <t,.

A >0
o {f1)>0 ©a<-3
S
2-150
. . 2 >
+ Néu(2)c6 motnghiém t = 0=> a = /2
& t=0
_ Khia=+2;tr2 loai
Khi a 2, w2 => t=2(1_J—2-)(0@l)

[t=0
- ia=-v2; ) . =—J2 thda dé bai.
Khi a \/—tﬂ(Z):[t___z(lJrﬁ):a J2 ae.al
-
K&t hgp: (a), (b) ta dugc gid tri cﬁaacé‘m im 1a: 11<a<+2
a<-3
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Bai 5: Cho phuong trinh: ax* — |x2 - 1| =0 @®

1. Gidi phuong trinh khi a = 2.

2. Pinh a d€ phirdng trinh ¢6 6 nghiém phin biét. N
Gidi
1. Khia=2taduge: 2x* —|x* -1| =0 (2)
£ o2 x<-1.. o 42 j R
+ Néu x*-120& -1 thi (2) © 2x* -x* +1=0 phuong trinh ndy vé
x P .
nghlem
+ Néux*-1<0o -1<x<1thi(2) < 2x* +x? —1 0
x?=-1 (loal)
&> i =+ — (nhin)
x* =—;— \/_

150

1
Viy nghiém cia phuong trinh 13: x = +—=
dy nghi¢ phuong N

Phuong trinh (1) <> ax* = |x* - 1|

k-

S a= (vi x = 0 khdng 12 nghiém clia phlrdng trinh).

=
Xét f(x) = —V6ix#0
X

2 _ ,
£(x) == 41né'u|x|21
Tacé: f(x)= ’ e . _
fx) ==X ndu-1<x<1vax#0
X
£0=2225; £x)=0mx=12

2
=252 fx)=0>x=+/2
X
Bing bién thién
X |- -2
£/ (x)

V2 +e0

f(x) 0/'




Dua vao bing bié€n thién, € (1) c6 6 nghiém phin biét <> gi4 tri cia a thda

min la: O<a<l.
4

Pép sé&: 0<a<l.
4

Bai 6: Cho phuong trinh: mx? - 2(m-1)x+2=|mx-2| (1)
Dinh m d€ phuong trinh c6 nghiém duy nhit.

Giai
+ NEum=0thi(l) < 2x+2 =2 ¢ x =0, nghiém nay duy nhit.
Do d6 gi4 tri m thda mén dé bai.
+2

+ Né&u m¢0;datt=mx—2::>x=£——
’ m

'Khi d6 (1) tr8 thanh: m[tmz) —2( —1)£+—2-+2 It]

o t?-2(m-3)t+8-2m=mlt|(*)
((t=0
t?-2(m-3)t+8-2m = mt

t<0
t?~2(m-3)t+8-2m=-mt

'{tzo e

t2+3(2-m)t+8-2m =0 (2)

< {t<0 : B
L1:2—(m—6)t4‘-8—2m=0 3)

Phudng trinh (3) ¢6: A = (m - 6)° —4(8 - 2m) = (m - 2)°

t,=m-4 '

' t, = -2

e Phudng trinh (1) c6 nghiém duy nhit < (*) c6 nghi¢ém duy nhit.
m-4=-2 - [m =2

m-420 m24

+ Né&um=2thi (2) & t?+4 =0, phuong trinh nay v6 nghiém.

=>gid trj m = 2 thda dé.

= (3) ¢6 hai hghiém: [

He (B) c6 nghiém duy nhit < [
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+ N&€u m24thi 8 -2m <0=P <0=(2) ludn c6 hai nghiém t, <0<t,

trong d6 ¢6 mét nghi¢m khong 4m ma (3) ludn c6 mdt nghiém t = -2 < Onén
Vm 2 4 khong théa min dé todn.
Viygid imcintimla: m=0vm = 2.

CHUYEN PE 16: PHUONG PHAP KHAO SAT HAM SO

Bai 1: Cho phu’dﬁg trinh: |x|(x-2)-2m+1=0 Q
Tim m d€ phuong trinh c6 ba nghi@ém phén biét.
Giai

(1) & |x|(x-2)=2m-1
x(x-2)néuxz0
—x(x-2)néux<0
Xéthamss: y, =x(x-2)

¥V, =2x-2y, =0&x=1

pit f(x) =|x|(x-2) = {

Yo =X +2x
Y2 =-2x+2y, =0 x=1
Béng bi€n thién:

+00

le
f'(x) +

0
f |_ _— \_1/”°°

Theo bing bi€n thién = (1) c6 ba nghiém phén biét:

c>—-1<2m—1.<0c>0<m<%

Bai 2: Dinh a ¢€ phuong trinh sau c6 nghiém duy nhit:
|2x* - 8x - 2| = 5a — 8x - 2x° (1)

-Gidi
Phuong trinh (1) < |2x2 -3x- 2‘ +8x+2x%=5a

pit f(x) = |2x2 --3x—2|+8x+2x2
. f;(x)=4x2 +5x-2néu2x®-3x-220
T f,(x) =11x + 2néu2x® -8x-2<0
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1

£,(x) = 4x* + 5x—2néu| X "2
= f(x) = , x2>2

£,(x) =11x+2né’u——12-.< x<2

Tacé: f(x)=8x+5f(x)=0cx= ...g,

f,(x) =11
Bing bi€n thién

£(x) 2

2
5 '
16
Dya vao bdng bién thién, suy ra phuong trinh d3 cho c6 nghi¢ém duy nhit
& ba = _57 &as= 57 ' '
16 80
A e s 2 A 57
Viy gid trj cda a can tim 1a: a=——8-(—) -
Chii y: : ' '
Thay vi l4p bing bién thién, ta c6 thé v& db thi cia hai ham f,(x)va f,(x)
trén ciing mot dd thi thi ta ciing dugc gid tria cAn im13: a = —%(7)-
Bai 3: Pinh m d€ phuong trinh sau c6 b&n nghiém phan biét:
|-2x* +10x -8 = x* -5x +m Q.
Giai

Phuong trinh (1) < |—2x2 +10x - 8| ~-x*+5x=m (1)

—3x% +15x - 8néu—2x2 +10x-820

Xétham s8: f(x) = , o B ] ,
: x‘ -5x + 8 néu-2x*+10x-8<90
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fi(x)=-3x"+15x-8néul<x<4

f,(x) =x* - 5x + 8né'u{x-<1
A x>4

Tacé: f,(x)=-6x+15; f(x) =0 x =-2—

£(x) = 2x - 5; f;(x)=0ox=g

Bédng bi€n thién

5
X 5 4 +00
f'(x) 0 iy
f1(x) O rdmoes +
fox) | - + - +

13
(x) +°°\ /' 7 \ /"+°°
4~ - 4

Dua vao bang bién thién,ta duge, phuong trinh (1) c6 b6n nghiém phén biét:

<:>4<m<é§-
4

. Vaygidtrichamcdntimla 4 <m < %

Bai 4: Cho phuong trinh: lx2 - 2xl =2x* -8x+m (1)
Tim m d& phuong trinh c6 b6n nghiém phén biét.

Giai
1) e |x2 —21»1[]—2x2 +8x=m

, <0
—x? + 6xnéu [x
x=>2

-3x2 +10xnéul0 < x < 2

pit f(x) = |x2 - 2x| ~2x® + 8x =

Xét g(x) =-x*+6x -
g(x)=-2x+6g (x)=0x=3
h(x) =-3x* +10x

5

h'(x)=~6x+10;h'(X)=O<:>x=§

Bang bi€n thién:
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X -0 0} g 2 3 +00

g |
nW(x) [Sda
f(x)

f(x) / \ / \

Theo bang blé'n thlen = yéu ciu bai todn dugc thda min

25
< 8 —
<m< 3

. 2 .
m+x-+1 )
Tim m dé phudng trinh c6 diing mot nghiém x > 0.

Bai 6: Cho phuong trinh: x + 2+ |x — 4| =

Giai

(1)<:>4(x+2)+4|x 4[ x!-1=m

bit f(x) =4(x+2)+4[x-4|-x*-1

—x* +8x-9nfux >4
{—x2+23né'ux<4

Xét g(x)=-x*+8x-9
g(x)=-2x+8g(x)=0=x=4
h(x)=-x*+23 ; h(x)=—2x;h(®)=0<>x=0

Béng bi€n thién: ‘

X | —o0 0 4 +o0
£(x) //////// = \
Theo bing bi€n thién

= (1) ¢6 ding m{t nghiém x>0 m <23

CHUYEN DE 17: PHUONG PHAP PO THI

Bai 1: Pinh m d€ phuong trinh sau c6 6 nghiém phan biét:
x* - 2x* - 3] = log, m(m > 0)
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Giai’
V& d8 thi ham y = |x* - 2x - 3
x‘ - 2x% ~3néu |x|2\/—
—x +92x?% + 3néu - J§<x<J_
V& db thi haim y1 =x*-2x* - 3v6i x| >3

Vi d6 thi ham y, = x* + 2x® + 3véi ~J§<x<J—
Duwra vao bang bi€n thién ta suy ra:

£ Y
\ I S / = loj
DA "N\ y = logem
M
1 '
I .
1 '
1 1
1 1
1 R
1 1
' '
] '
= K r L X
3/ 10| 11 /3
Il \‘ ' ' ' ,: \‘
' [} ! 4 1 Y
’ v ! L) \
CoN A
l’ ‘| t '3 ) ,I \\
1 [ P ) 1 \
’ [ e NS 1y ]
L -oa ! 4 \\| 1 [ N
'l lenadamaa - \‘
-4

Phuong trinh di cho c6 diing 6 nghiém phan biét
< 3<log,m<4 ©8<m<16.
Viy céc gié tri cia m cdn im 13: 8 <m < 16.

Bai 2: Pinh m d€ phudng trinh sau c6 nghiém duy nhdt:
: x[x-2/=m R ¢

Gidi
fi(x)=x*-2xnéux2>2
f,(x) = 2x - x* néu x < 2
V& d6 thi hai ham f, (x)va f, (x)1&n cing mdt h¢ truc toa 49

Ta c6: f(x) = x[x-2| ={

\ fi(x)

-----
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Dua vao d8 thi, suy ra (1) c6 nghi¢m duy nhit & m >1vm<0

Bai 3: Bién ludn theo m s§ nghiém ciia phuong trinh: |x| (x2 - 3) =m

Gigi
f = 3 - 3 Y > 0
Xét f(x) = |x| (x2 _ 3) _Jn (x) X Xne’u X
f,(x)=38x-x"ndux<0 |
V& b thi hai ham f, (x) va f, (x) 1én ciing mot hé truc toa do
w f(x)

”
L4 ]
~

-
-------_-_-;1

] 3 2 \

f(x)=8x*-8f(x)=0 QVVX =1l y=4%2
f,(x) =8-8x%f,x) =0 x=+1=>y=12
Dura vao d8 thi ta c6 két qua:

+ N&u m < -2 thi phuong trinh (1) v nghiém.

[m=-2
+N&u [m. thi phutong trinh (1) ¢6 hai nighiém.
m>0

+ N&u m = 0 thi phuong trinh (1) ¢6 ba nghi¢m.
+ Né&u -2 < m < 0 thl phuong trinh (1) c6 bdn nghiém.

Bai 4: Pinh m d€ phuong trinh sau: Ix2 -3x+ 2| =m-x-x° (0

1. C6 nghiém duy nhit.
2. C6 ding hai nghiém phin biét.

Giai
Phuong trinh (1) < 1x2 - 3x + 2| +x24+4x=m
x2>22

£ (x) = 2% — 2x + 2n&
1('x) X X + neu[xsl

Xétf(x)=|x2—3x+2|+x2+x= :
' f,(x) =4x-2néul<x<2
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V& d0 thi hai ham f, (x);f, (x) 1&n cing mét hé tryc toa d9.

flx)

fao(x)

X
Dua vdo bing bi€n thién ta dugc k&t qua:.
a. Phuong trinh (1) c6 nghiém duy nhit < m =_g
b. Phuong trinh (1) ¢6 diing hai nghiém < m > g-
Bai 5: Gidi va bi¢n ludn phuong trinh:

alx+2|+alx-1=b @
' Giai
1. Né&ua=0thi
- Néu b =0 thi (1) nghiém ding Vx e R.
-Né&u b # 0 thi (1) vé nghiém.
2. Néua=0th (1) |x+2/+[x-1 =§
Pat f(x) = |x+ 2| +]x -1
fi(x)=2x+1ndux=>1
=:f,(x)=3néu-2 <x<1
f;(x)=-2x-1ndux<-2
V& d0 thi ba ham s6 f, (x),f, (x) va f; (x) 1én cing mét hé truc toa d
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y

fa(x) ’ 3_/<‘1(x)

f3(x)

2 O 1

Duyra vao db thi ta c6 k&t qui sau:

+N&u 2 <3 mq v6 nghiém.
a

+ Né&u -E = 3 thi (1) nghi¢m diing Vx € [-2,1]
+ Néu ;>3th1 (1) c6 nghlém xl=—2—;—§vx=—2—a—-§
Kétluin: ‘
+ N&u a =b =0 thi (1) nghié¢m diing v6i Vx
+ Né&u a = 0;b # Othi (1) v6 nghiém.

b ,
+N€u {3 <3 (1) vo nghiem.

a=z0 '

b _, |
+N&€u {a " thi (1) nghiém diing Vx € [-2,1]
laz0

+ Néu a > 3thi (1) cé ngh'iém: X= —%—--——v X=—=t—
az0
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CHUGNG 4: PHUONG TRINH CHUA CAN THUC

A. LY THUYET CAN NHG

A =B’

%) VA =B {i f,;(hoacB > 0)

1)\/K=B©{BZO

{g(x)20
3) Wf(x) = g(x) n
X g X) &&= {f(x) - [g(x)]2

4) 2Jff(x) = g(x) & gx) = [f(X)]2n+1 neZ)

5) [f]" =[] & |fG0] = || = [iﬁxi B

nelZ%)

6) [f(x)]2n+1 - [g(x)]2n+1 C> f(X) — g(X)

B. CAC CHUYEN PETOAN VA PHUONG PHAP GIAI

CHUYENDE 18:
LUY THUA HAI VE VA DUNG CAC CONG THUC COBAN

1. Nhén dang: Khi phudng trinh cé dang
a. \/—— B A
b. VA =VB
c. VA + B =k (k 1A hing s6)
d. VA + VB =JC (A, B, C 12 cic him chifa x)
e. Khi binh phuong hai v€ thi bic cao triét tiéu.
f. Khi binh phtrdng hai v€& thi cin thitc tr1¢t tieu.
2. Cdcbuéc gidi
e Budc 1: Bat diéu kién d€ phuong trinh x4c dinh.
e Budc 2: Pit didu kién dé hai v& khéng Am rdi lily thita hai v&.
e Budc 3: Dua v& phuong trinh cd bdn; gidi chon nghiém thda man diéu kién.

3. Baitép

Bai 1: Gidi cdc phuong trinh sau:
14/2x* -4x+5 =x-4

202 -x% +8x =v5x% -1
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‘ Giai
x-420
1 V2x* -4x+5=x-44_, . .
2x* -4x+5=(x-4)
x-420
< 2
x"+4x-11=0
Viy phudng trinh 43 cho vd nghiém.
2. V2-x® +3x = V5x% - 1
{5x2—120 - "=11

N
2-x%+3x=5x%-1 X=—§

=> hé v nghiém.

Viy nghiém ciia phuong trinh 1a: x =1 vx = _%

Bai 2: Gidi cdc phuong trinh sau:

Dx®+Jx+1=
2)\/:2?_=5—~/m
Giai
X2+Jx+l=

Pidukién: 1-x’20& -1<x<1
Phuong trinh S VX+l=
x* —2x2—'x=0©x(x+1)(x2—x-1)=0‘

x=0:x=-1
= -
=-1——2—‘/§ x—1+\/—(loa1)

1-v5
2

Viy nghiém ciia phuong trinh 13: x=1vx=~-1lvx=
2.Jx+9=5-J2+4
Ppiéu kién: x > -2
Phuong trinh & Vx+9 +V2x+4 =5
© 3x+13+2,/(x+9)(2x +4) =25
< 2/(x+9)(2x +4) =12-3x
[2<x<4

x=0 c>x=0
x =160

-2<x<4
o4, =3
x*-160x =0 [

V4y nghiém ciia phuong trinh la: x = 0
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Bai 3: Gidi cdc phuong trinh sau:
1.V16-x +Vx+9 =7

Jiii=-L
2.Vx +Vx + "5

Giai
1. biéukién: -9 <x <16 ‘
Phuong tinh <> 25+ 2/(16 - x)(x +9) =49
x> -Tx=0x=0vx=T
2. Piéukién: x>0
(Vi + EFT) (VA1) 1

Phuong trinh & , —_
= Frl-x K

1 1 ‘
RaVovs - Al s

& 20x =Jx+1 c>4x=x+1c>x=%

Viy nghiém ciia phu’dhg trinh 1a: x = -;—

| Bai 4: Gii céc phuong trinh sau:
1Vx+Vx-11 +yx-Vx 11 =4
2T -x+xVx+5 =/3-2x - x

Giai
1. JZ+«/:T-ﬁ+J:T-J§?i=4
Piéu kién: x 211 :
Phuong trinh SVx+Vx-11=4- x-Jx-11
| :>x+«/;?1_1=16—x/§—_11—8\/xf\/—:z_:_1—1+x
= Jx-11-8=—-4Jx-Jx-11 '
= x-11+64-16Vx-11 =16(x - Vx 11}

| =>’x=%_3; (loai vi x 211) |
Viy phuong trinh di cho v6 nghi¢m.
2., V17 -x* +xJx +5 = J3-2x -x
Pidukién: 3-2x-x*20& -3<x<1
Phuong trinh < 7 -x* + xJx+5 =3-2x-x*
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< xJx+5 =—4—2x:x2-(x+5)‘=(4+2x)2

<:>x3+x2,—16x—16=0¢=>(x+1)(x2—16)20¢>|: +4 (loai)
X == oal

Kiém tra lai:
V@i x = -1 thi phudng trinh dugc théa man.

Bai 5: Gidi cdc phuong trinh sau:

2
1V2-x® +Vx*+8 =4 2. 3" 2-J3x-2=1-x
X—

Giai

L V2-x®+Jx*+8=4
Pidukién: —v2 < x <2
Phuong trinh: <> 10 +2,/(2=x")(x* + 8) = 16
o (2-5)(x*+8)=9 x'-6x*+7=0

=1 = 11
X =
x* = -7 (loai)
Viy nghiém ctia phuong trinh da cho la: x = £1

2
X
2. ~B3x-2=1-x
' V3x -2

biéu kién: §-< X
Phuong trinh & x* - (3x - 2) = (1 -x)v8x -2
o (x-1)(x+2)+(x-1)v8x-2 =0
e (x-1)(x+2+V3x-2)=0
x=1

=
X+2++38x-2 =0 vo nghiém sz—j‘;:

ox=1

Véy phudng trinh da cho ¢6 nghi¢m: x = 1

Bai 6: Gidi cdc phuong trinh sau:

1.\/X+2\/X—1 +\/x—2\/x— =x-12—3
2.x+VKE+16 = -0 __

x2 +16
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Giai

1. \/X+2\/X—1 +\/X-2\/X-‘ ___x;3

x21 x21 ,
< : <
x-2J/x-120 (x-2%20

Phu’dngtrmh<:>\/x 1+2\/__1+1+\/x 1- 2\/——1+1— 23
c>\[ -1+1 +\/(\/;Tl_—1)2=x;3
o]ﬁ+1|+|m-1’=X‘;3 *)

+ N&u Vx-1-120¢ x> 2thi (*) ud thanh:
.2\/—_—'x+3c>4( “1)= (x+3)

©x°-10x+25=0 x=5(nhan)
=> nghiém cda phuong trinh 13: x = 5.
+ N&ulsxs2th(*)d thanh: 253

biéu kién: { >1

=2&x=1

Tém lai: Nghiém clia phuong trinh d3 cho la:x=1vx=5.

40
2. X+Vx?+16 = ———e
Jx% +16

o xVxP+16 +x* +16 =40

< xvx? +16 = 24 — x?

= x*(x* +16) = (24 -x?)°

© 64x* =576 <> x = 13

Kiém tra lai:

+ V@i x = 3 phuong trinh théa mén.

+ V6i x = -3 thi phuong trinh v6 nghiém.
Viy nghiém cla phuong trinh d3 cho la: x = 3.

Bai 7: Gidi cdc phuong trinh sau:
1.Yx+34-¥x-3=1
2.9x-1+¥3x-1=¥x+1

Gidi

1. ¥x+34-Yx-8=1
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@x+34-x‘+3+3‘\’/x+34.3/x—3(‘\’/5:+34+‘{’/x—3)=1
=3Yx+34.Yx-3 =12¢>(x+34)(x—3)=123

x=30
x=—61

—x?+31%x-1830=0 o'[

Th lai:

+ N&u x = 30 phuong trinh théa min.

+ Néu x = -61 phudng trinh thda min.

Véy nghi¢m cia phuong trinh dd cho1a: x =30v x = -61.

2. Yx-1+Y3x-1=¥Yx+1
o (T4 Y1) =x+1
©x-1+3x-1+3Vx-1Bx-1(¥x-1+Bx-1)=x+1
= 3¥x-1Y8x-1Yx+1=3(1-x)
& (x-1)(3x-1)(x+1) = (1-x)’
& (x-1)[(Bx-1)(x+1)+(x-1)*]=0 .

x=1 x=1 x=1
L= ‘ &~ <
(Bx-1)(x+1)+(x-1)*=0  |4x*=0 [x=0
Kiém lai: B '
+ V6i x = 1 thi phuong trinh théa mén.
+ Vi x = 0 thi phuong trinh v6 nghiém.
T6ém lai: nghiém ctia phuong trinh da cho la: x = 1.

Bai 8: Gidi cdc phuong trinh sau:
1LYx+1+¥3x+1=¥Yx-1
2.¥2x -1 +¥2x+1 = ¥10x

TG .
1. Yx+1+¥Y8x+1=¥x-1
<:>(2/k+1+3/3x+1)3=x—1
<:>4x+2+9/x+1.€‘/3x+‘1(9/x+1+2/3x+1)=i—1
©4x+2+3Yx+18x+1Yx-1=x-1
o Yx+1Y8x+1Yx-1=-(x+1)
¢:>(x+1)(x—1)(3x~|~l)=—(x+1)3
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o (x+1)[(x—-1)(3x+1)+(x+1)2:| =0

x=-1
& (x+1)(4x*) =0
(1) (ax7) =000 [ X7
Kiém tra lai: ‘
+ V@i x = 0 phuong trinh vd nghié¢m.
+ Vdi x = -1 phudng trinh théa mén.
Vay nghiém phuong trinh 1a: x = -1.

Y2x—1+¥x+1 = ¥0x
2x-1+2x+1+3¥2x - 1.42x+1(¥2x -1+ ¥2x+1) = 10x
= ¥2x - 1.32x + 1.3/10x = 2x = (2x -1)(2x + 1).10x = 8x°
= x[5(2x-1)(2x +1)-4x*] =0

2){(16x2 —5)=0=> x=0 ;,x=i-‘—\[§
: 4
Thit lai:
+ Thay ba x trén vao nghiém clia phuong trinh thi ta nhin dude: x = 0;x =+ )

J5

Viy nghi¢m cla phuong trinh da cho la: x = 0;x = iT

Bai 9: Gidi phuong trinh sau: x° +8=7y8x+1véixeR

Gidi
Piéukién: x>0
x*+8=TV8x+1 ¢ (x* +8) =49(8x +1) & x° +16x° - 392x +15=0
& (x-3)(x" +3x* +9x° +43x* +129x +5) = 0
x=3
=
x® +3x* +9x% +43x® +129x +5=0(*)

Phuong trinh (*) v nghi¢m Vx 2 0.
Viy nghi¢m clia phuong trinh da cho 1a x = 3.

Bai

10: Gii va bién luan phuong trinh: Vx* -1 =m+x
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Giai
Jx!-1l=m+x .

X2-m Xx2-m"
& =
x*-1=(m+x)’  |2mx=-1-m’ (1)




+ N&u m = 0 thi phwong trinh v6 nghiém.

1 _ 2
+NEu m = 0thi (1) & x = 2
2m
. . -1<m<0
Pidukién: x> -m & .
- m=>1
. [0<m«<1 e : : .
- NEéu m 1 thi (1) v6 nghiém nén phudng trinh di cho v6 nghiém.
<-1
[-1<m <0 ‘ -1-m?
_ Néu <041 (1) o6 nghiem x = =7
m21 : m
K&t luan:
. [osm«<1 . B o
+ Néu thi (1) v nghiém nén phuong trinh 43 cho v nghi¢m.
Im< -
. [-1sm<0 —1-m?
+ Néu M <045 (1) c6 nghiém x = =
mz21 2m ‘
Bai 11: Gidi va bién ludn phuong trinh: Ja+x =a-va-x 1)
' Giai
a0
. ‘A axz0
Pidukién: da+x20&
-a<x<a
a-x20

Phudng trinh (1) o Ja+x+Ja-x =a
oa+x+a-x+2vVa?-x* =a?

o 2Wa?-x? =a’-2a

+

{a2—2a20 a?-2a20
<& s, . S 1 N
2 _22) = (a? —2a) = a* +4a? — 4a° 2 _L( a4 4a°
4(a® —x*)=(a’-2a) =a‘+4a’-4a x 4‘( a _a)
' Né€ua=0thi(1)c6 nghiémx=0.

az2 2<a<4

+Néua=0thi(l) ©{a’(4-a)20 <

X = i—;-x/4a3 -a*

L
Viy:
+ N&u a = 0 thi phuong trinh (1) ¢6 nghiém x = 0.
a2 :
+ Néu [a > 4 thi (1) v nghiém.
“la=z0
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+N&u 2 < a < 4thi (1) c6 nghiém x;¢%J'4a-a2

| Bai 12: Gidi va bién luén phuong trinh sau:

s o) + o) = (m + )

Giai

#(x + a)2 + m%‘/(x ~a)’ = (m+1)¥Yx® - a? 1)
+ Né&u a = 0 thi (2) nghiém dting Vx € R. Khi a # 0 thi:
-Né&u x = ta thi phuong trinh (1) v6 nghiém.

- Né&u x # +a thi (1) wong duong véi:
(/x+a +m:{/x—a cmal
x-a X+a

/
ofx*2 _1](3>x+a _m)=o

+
o X —a =1 X+a._ 1(phuong trinh v6 nghiém )
o|Vx-2 o|x-a
Jxta _ Xta _md
x-a x-a

ox+a=m’(x-a) o (1-m’)x=-am’-a (¥

- N€um = 1 thi phuong trinh (*) v6 nghiém.

3
- Néu m # 1 thi phuong trinh (*) < x = ama +a
‘ m

-1
Viy:
+N&ua=0thi (1) nghiém ding Vxe R.
+N&ua=1va a = 0thi (1) vd nghiém.
3
+Néum=1va a=0thi(l)cénghiémx =a—’-’-‘3-'if1.
. N m —

Bai 13: Gidi va bién luin phuong tinh: x + \/x ; -;- ; ,fx ; % -a

| Gidi
\/ 1 1
X+,]X+=+ . /x+— =a
2.\) 4 "
2 |
, 1 1 : 1 1
OX + X+—+— =a>X+,X+—+—=8a
\} 42 \} 42
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& 1’x+-1—+lz—aV1 ',,x+l+-]lz>—1—
4 2 ) 4 2| 4

Do 46: ,

+ Néu a<-‘lzth1(l) vd nghiém.

1 1 1
+Néuaz=thi(l) 4=
ua 4 (D x+4 5 \/5

o /x+%=\/§—-;— <:>x+-‘lz=a+%—\/§ ex=a-Va
T6m lai: + Néu a <ithl (1) vd nghiém.

+Néu az-}l;tm(l)cé nghiém x =a-+a

Bai 14: Gidi va bién luin phuong trinh: 2Va +x —va -x = \/a -X+ ‘/x (a +x)

Giai
2J§:_x—\/a X = \/a x+x(a+x) )
— a*‘xig —as<x<a (2
iéukién: ia-x2 < x(a+x)20(3)
x(a+x)20 _ |

T didukién(2) >a 20

2. Néua=0thi (1) trd thanh: 2V - VX = \/—x+
' phuong trinh ndy c6 nghiém duy nhét x = 0.
x<-a )
20 :
Néux=-athi(l)xdyra < a = Onhlrngvia>0nénx¢-—a

>0
. Khi {: Do i 2Varx> JaTx nén phuong tinh (2) tong duong Vi

(2«/a+x—\/a—x) =a—x+,/x(a+x)
<:>4(a+x)+(a—x)—4\/a2—x2 =a-xX+,x(a+x)
aJa+x(4Ja+x—4\/a—,x-\/;)=0(do{a>O néna+x>a—x]

_ x>0 . |

& 16(x+a+a-x)-32Ja’ -x* =x
< 32Va? -x? =-x+32a

o

. Né&ua>O0thitr(3) =>[
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< 322 (az"— x2) =x? + 32%2a% - 64a.x
(via>0nén32a-x>a-x>0)
< 32%x% + x* - 64ax = 0 < x(1025x - 64a) =0
64a ’

1025
Viy: + Né&ua<0thi(2)vd nghxq:m

Sx=0vx=

64a
1025

+Neua20 thi (2) c6 nghiém x=0vx =

* Cdch bi¢n ludgn khdc: ‘ /
Phudng trinh (1)

{2x/a_-_+_x—\/a—§>0 |

4(a+x)+(a-x) 4,/(a+x)(a x)=a- x+,/x(a+x
{4(a+x)>a x>0
4(a+x) 4\/(a+x)(a X) - \/x(a+x) 0
-0,6a<x<a

{\/x+a[4\/x+a 4m \/~J=

-0,6a<x<a
o !{x=-a
4Jx+a--4Ja-x =Jx (*)

+ N&u x = —a 12 nghiém cia (1) thi n6 phi thda min:
-0,6a<-a<a<a=0

Ja+x2>+va-x
16(a+x)+16(a X) - 32,/a+x)(a X) =

{a+x>a x20

32Va® -x* = 32a -x 4)

+ Né&u a < 0 thi (4) v nghiéni = phudng trinh (1) v6 nghiém.

+Phuongtrinh(*) < {

o< Y O<x<a
Né < a thi hé tré
+Reu a v en < 322(a"’>~x2)=322az—64ax+x2
O<x<a 64a
= . ox=0vx=
1025x* - 64ax =0 1025
+ Né&u a < 0 thi (1) v6 nghiém.
. - 64a
+ Né > 0thi (1) ¢6 nghié =0 =
eug i(l)c6 nghiém x VvV X 1095
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Bai 15: Cho phuong trinh: Vx? - 8x+m =x -1 (1)
Tim m d& phudng trinh c6 hai nghiém phan biét.

Giai

| x21 x21
e 2x? —8x +m = (x—-1)2Q{f(x)=x2—6x+m—1'=0(2)

Pé (1) c6 hai nghiém phin biét thi (2) c6 hai nghiém phdn bigt thda man:
1<x,<x,6<m<10

Viy cc gid tricdamcintimla: 6 <m <10.

Bai 16: Cho phudng trinh: V2x? -4mx +3m =x-m &Y
Tim m d€ phuong trinh c6 ding mdt nghiém.

 Gidi o
) XxX2m XxX>2m
. (I)Q 2 v 2 & = w2 1—-m? =
2x* — 4mx + 3m = (x - m) f(x)=x*-2mx +3m-m* =0 (2)

Pé (1) c6 dting mdt nghiém thi (2) cé ding mot nghi€ém x 2 m
Xét cdc trudng hgp sau:

Trudng hgp 1:

Phuong trinh (2) ¢6 hai nghiém théa médn x; < m < x,

<:>f(m)<0©3m~2m2<0c>0<in<—g—.

Trudng hgp 2:
‘ X . | A=0 e
Phuong trinh (2) c6 nghiémkép x, >m < (voly)
=m>m
Trudng hgp 3:
Phuong trinh (2) ¢6 mdt nghi€ém x; =m. Kiém tra nghiém x,: (2) ¢6 mdt
: m=0
nghiém x, = m < 3m-2m*=0<& 3
=3
e V6im=0thi(2) & x =0 (nhin) = m = 0 thda dé bai.
3 3 : .
Véiim=—==%x, =—
AT T TS

) . 2
(2)c>x2—3x+2=0 @(x—é) -0 & x = (nhén)
4 2 2
:>m=-g thda dé bai.

Viy cédc gid triclam cdn im 12: 0 <m <

Do
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CHUYEN PE 19;: PUA VE TICH

1. Céccdch dua vé tich ‘
Cdch 1: D3t nhdn tif chung khi phuong trinh c6 sin mot bi€u thitc (x ~ x,)

Cdch 2: Ding lugng lién.hiép. -

2. _Baitgp
Bai 1: Gidi cdc phuong trinh sau:
L VX +x +/x® -2x =2/ @)
2. V2x? +8x+6+Vx'-1=2(x+1) (2) .

- Giai
x=0
x22

e Né&ux=0thi(l)luén ding.
e Né&u x>2 (a) thi:

(1) o Jx(x+1) +x(x-2) =2Vxx -

oﬁ+ﬁ=2&@2x—l+2m=4x

SN -x-2=2%+1 e 4(x* -x-2) = (2x+1)’ & x=—%(loai)
Véy phuong trinh 83 cho c¢6 nghiém x = 0.

=-1
2. Didukién [x
x>1

e Né&ux=-1 thi (2) lu6n ding.
e Néux=z1 (a)thi

@) & J(x+1)(2x+6) +[(x +1)(x - 1) =2[(x +1) (x + 1)

S V2x+6+Vx-1=2Jx+1
& 3x+5+2,/(2x+6)(x-1) =4(x+1)
& 2/2x? +4x-6 =x-1
e 4(2x* +4x-6)=x*-2x+1(vix>1nénx-1 20)
& Tx*+18x-25=0 '
x = 1(nhén)

1. DPiéukién: l:

X=- —2,75— (loai)

| Vay phuong trinh di cho ¢6 cdc nghiém 1a: x = £1.
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Bai 2: Gidi cdc phuong trinh:
IV +x-2+Vx* -1=2Vx*-x ()
2.42x% —6x+4 —Vx* -1=2(x-1) (2)

- Gidi
x2+x-220
1.Pidukién: {x*-120 & [

x2-x20

x<-2
x>1

Cdch 1:
e N&ux=1thi (1) ludn diing.
e NEux>1thi:
(1) o J(x-1)(+2) +(x - 1) (x+1) =2x(x - 1)
S Vx+2+Jyx+1=2Jx (8)

~/x+2>~/§
Vix>1nén :«/x+2+\/x+1>2\/§
{\/x+1‘>\/;c_ ‘

= (3) v6 nghiém.
e Né&u x < -2thi:
|0 o \/(x 1)(+2) + \/(x )(x+1) = 2,/x(x 1)
o \/(1 x)(-x-2) + \/(1 x)(—x~1) = 2,/(1 X) (—x)
oVvx-2+Jx-1=2J-x (4)
\/:—;—fi\/'\[—_: Jx-2+Jx-1 <2\/:;:‘
= (4) v6 nghiém.
Viy phuong trinh di cho c6 nghi¢m x =1.

Vi xs2nén{

Cdch 2:
x21
x< -2

Binh phuong hai v&. Diéu kxén[ |
e x2+x—2+x2-—1+2\/ x* +x-2)(x* -1) =4(x2‘—x)

c:~2x2+x—3+2\/(;—1)2(x+2)(x+1) =4x% - 4x

o 2lx-1{(x+2)(x+1) = 2x" =5x+ 3 =(x-1)(2x+3)
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{(x—l)(2x+3)20 |
4(x-1)"(x+2)(x+1) = (x-1)" (2x + 3)°

e

X< ~—

2

v

o {xz1
1
2

X
X = .
4(x*+3x+2)-(2x+3)" =0
1

L

&> X =
2 : x=1

2x“-6x+4>0

2. Diéukién \ T e x22
' x“-120
x<-1

e Né&ux =1 thi(2) nghiém diing.
e Né&u x > 2thi:

@ o J(x-1)(2x-4) - J(x-1)(x+1) =2(x~1)(x-1)
o V2x—4d-Vrrl=2Vx-1
o 2x-4=2Jx-1+Vx+1
o V2x -4 =J4x 4 +Jx+1

Phuong trinh ndy v nghiém vi V4x -4 + \/x +1> \/2x 4‘v’x 22
e Néu x < -1 thi:

(2) & J(x-1)(2x-4) - J(x - 1)(x+1) = 2(x+1)
o JT0)E 20 -T2 (1-%) = -2(1-%) = 2T~ {1~ )
oVJa-2x-J-1-x=-2J1-x |
SV4-2x+2J1-x=vJ/-1-x (8)
| 0V6i\7’x$—1thi1—x>—1—'x:>2x/1—x>\/—1—x'

= V4 -2x +2J1-x > V-1-x = (3) v6 nghiém.

Viy phuong trinh dd cho ¢6 nghiém duy nhdt 1a: x = 1.

4x -1

Bai 3: Gidi phuong trinh sau: V3x+1-v2-x = 3

Giai
vDiéu kién: —% <x<2(a)
Cach 1: |
Nhin hai v€ clia (1) cho V3x +1 + J2 X ta dudgc:
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(\BX+1 4«/2—x)(\/3x'+1+\/2—x)= (4X—1)(\[3X+1+\/2—X)

|

& 4x-1 =%(4x—1)(\/3x+ 1+2-x)

= i—(nhan)

V8x+1+v2-x=3
& 2x+3+2(8x+1)(2-x) =9

& J2+5x-8x2 =3-x

©2+5x-3x* =x*-6x+9vi(2)nén3-x>0

e 4x? -11x+7=0 @x:lvx:%,

Vay phu’dﬂg trinh d3 cho ¢6 cdc nghiém 1a x = %; x=1 X = %

Cdch 2: :
: 1=43x+120 2=8x+1. ’
TR o u2 X s ovio4x-1
- lv=42-x20 vi=2-x . ‘

C s, _ __l 2 2 u=v
Khi d6: (1) <> u v—3(u v)<:>|:u+v=3

. VdiU=V©J3x+1=J§—XQx=%

e Véiu+v=8V3x+1+J2-x=3
<:>2x+3+2\/(3x+1)(.2—x) =9

<:>\/(3x+1)(2—x)=3—‘x<:>x=1vx=

| =3

Viy phuong trinh di cho c¢é cdc nghiém1a : x = %;x =lLx= %

Bai 4: Gidi cdc phuong trinh sau:
1Vx+3+vV2x-1=4-x (1)

2x
2 ——=x+1 (2)
J3x+1-1 S

_ Gidi
Cdc nhdn xét quan trgng: -

1. Nhén lugng lién hiép khi phudng trinh ¢6 dang:
Dangl: yax+b tvex+d =kx+h
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ax+b

Dang 2: =kx+h
e \_/cx+dioc .

. 2

Dang 3: _&x +b =kx+h
ex*+d ta

Khi nhin v6i mdt bi€u thitc 1udn khdc O thi ta nhan ty nhlén ma khdng xét
thém diéu kién gi.
N&u bi€u thirc d6 khdng bi€t ddu thi ta phii xét trudng hgp biéu thic 46 bling
0 c6 nghiém thda min phlrdng trinh hay khéng" Khi bi€u thfrc d6 khdc O thita
nhén vao hai v€ hay vio tf s6 va miu s8.
D&i v4i dang 1 thi ta nén diing cdch 2 d€ 18i gidi don gidn hon.

D6 v6i dang 2, dang 3 ngoai cdch gidi trén cdn c6 thé djt t bling bi€u thic cin.
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Dat u=vx+3>0
" lv=42x-120

2 _
=" =x+3 =>ul-vi=4-x
vi=2x-1 .

; diéu kién: -;— <x<4 (a)

Phuong trinh (1) < u+v=u? —v?
Su+v=(u+v)(u-v)eu-v=1

Su=1l+veaJVx+3=1+/2x-1
SxXx+3=2x+2V2x -1 © 2V2x -1 =
2
©{4(2x—1)=(3—x) {x ~14x+13=0
x<3 x<3

Vay phuong trinh ¢6 nghi€ém: x = 1.
Chii 9:
Né&u ta nhén lugng lién hiép vao hai v€ thi phii d€ ¥:

s/x+3—x/2x—1>0Vx>%

x=1thda (a).

Piéu kién :—-:1; <sx=#0
2x(J3x+1+1)

2 <« 3n =x+1

oZ(\/3x+1+1)=3x+3<:>2\/‘3x+1=3x+1

x> -1 _ qx=1
& 3 i
4(3x+1)=(3x+1)" " [*773




Viy phuong trinh di cho c6 cdc nghi¢mla: x=1vx = —%
Chii §: Bai ndy ta c6 thé ddt t =3x +1

Bai §: Gidi cdc phuong trinh sau:

2

lx-d=—-X @

. (\/_1-_+—x+1)2

2.2J1+x(J1+x-1)=x )
Giai

1. Didukién:x >4

Phuong trinh (1) &S x-4=

[(J1+x+1)( 1+
ox-4= (J1+x 1Y =2+x-2V1+x

SVl+x=3ex=8
Viy nghiém cta phudng trinh (1) 1a x=8
2. biéukién: x> -1
Nhén hai v& cta phuong trinh cho Jl +X + 1 ta dugc:

2\/1+x( 1+x - )(\/1_—*-;(_+1)— (m-rl)‘
.<:>2x~/1_+_x_=x(\/1+x’+1)_

x=0 0
= ox=0
Ji+x =

Viy nghiém cla phuong trinh (2) la: x =0

¥
|
[y
p g
—
]

'CHUYEN PE 20 : AT AN PHU TOAN PHAN

1. Céc dang phuong trinh chufin
Dangl: <Ja+bxtc—bxztaf(a+bx)(c-bx)=4d
Céch gidi: \
e Budc 1: Dit diéu kién.
e Bubc2:Pitdnphut=+va+bx+ Jc bx
¢ Budc 3: Tim diéu kién cia t. _
e Budc 4: Binh phuong t; tinh tich \[(a +bx)(c-bx) theot

e Budc 5: Dua v& phudng trinh bic hai theo t.
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fe-bx

=d
a + bx

Dgng2: +a+bx.tvc-bxzta(a+bx)

Céch gidi:

e Bu6c 1: Dit diéu kién. :

e Budc 2: Pua biéu thic a + bx vao trong cin dugc dang 1.
Dang3: Ja+bxtJc-bx+2JAx*+Bx+D=Kx+h
Céch gidi: ‘

¢ Budc 1: Bit diéu kién.

e Budc2: Patdnphy t = Va + bx + Ve -bx

e Budc 3: Tim diu kién cla t.

o Budc 4: Binh phudng t; tinh cdc him cdn lai theo t.

e Budc 5: Pua vé phuong trinh béc hai theo t.

Dgng4: axt vb-a%x? taxvb-a’x® +c=0

Céch gidi:
e Budc 1; DBit diéu kién.

o Budc2:Ditdnphy t =ax+Vb-a’x®
e Gidi nhu cdc budc trén & dang 3.

Dang 5: X+ = b
a2 - x?

Céch gidi:
e Budc 1: byt diéu kién.
e Budc 2: Qui ddng bd miu, dua vé dang 4.

Dang 6: l+———’£——=b

b 4 a2 - x2

Céch gidi:
e Qui d8ng va bd miu dva vé& dang 4.

Dang7: (ax+b)(cx+d)tavAx®+Bx+D =K
Céch gidi: . ’
e Budc 1: D4t diéu kién. .

o Buéc2:Pitt=+vAx* +Bx+D

Dang8: +Ja+bx++e-bx =vAx? +Bx+D
Cédch gidi:
e Budc 1: Dit diéu kién.

¢ Budc 2:Binh phu’dng hai v€ du’qc dang 7.
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2. Phuong trinh chita m§t bi€u thdc lién higp: f(x).g(x) =
C4ch gidi: bat t = f(x) thi g(x) = %

3. Phudng trinh chita mét bi€u thite f(x) giéng nhau
Cé4ch gidi: Pat t = f(x) ‘

4. Baitép

Bai 1: Gidi cdc phuong trinh sau:

1.J2+x+J6-x+,/(2+x) 6-x)=8 (1)
21+ x+V8-x - (1+x) 2.3 @

1+x

Giai
1. Piéukién: -2<x<6

Pitt=v2+x+v6-x>0
8

— t2 =,8+2‘/(2+x)(6_x) :>\[(2+x)(6;x) 2%

t=4

t? -8

(1) rd thanh: t + =8 t?+2t-24=0 <:>{

o2rx+V6-x=48+2 \(2+x')(6—x)=16
<:>,/(2+x)(6—x) =4 o (2+x)(6-%x)=16

o x* -4x+4 =0 & x = 2(nhén)

Viy phuong trinh di cho ¢6 nghiém x = 2.
2. Piéukién: -1<x<8

(2)eoVi+x+v8-x—(1+x)(8-x)=3 @
- Batt=s/1+x+\/i8*x>0

’ 2
st =9+ 2T+ 0B = 1+ 0 B0 =
Phuong trinh (3) trd thanh: ' o

2 _ - t = -1 (loai

t-2 9 3o tr-2t-3-0 o ,(°a1)
t = 3(nhén)

- x = —1(loai)
@,/(1+x)(8—x)=O<:>|ix=8(nhan)

Viy phudng trinh dd cho c6 nghiém x = 8.

t = —6(loai)
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Bai 2: Gidi cdc phuong trinh sau:
Lx+v2-x>+xv2-x* =3 (1)

2.Vx +Va—x =J5+4x-x* (2

: Giai
1. Diéukién: V2 <x5+2 ()
Pitt=x+v2-x% =t =2+ 2xV2 - x*
= xfpo = L2
Phu’dng‘ trinh (1) r§ thanh.
t -2 =3<:>t2+2t—8=0©[

t=2
t=—4
e Viit=2 & x+V2-x*=2V2-x*=2-x
@2—x2=(2—x)2(do(a)nén2—x>0) :
x*-2x+1=0ex=1
e Vlit=-4 ox+vV2-x*=-+4 SV2-x2 =-x-4.
Phuong trinh ndy c6 nghiém Vx € [—\/5, \/—2_] vi-x-4<0.

t+

Viay phuong trinh dd cho c¢6 nghiém la: x ='1.

x20 0<x<d
<x<
2. Piéukién: {4-x20

i€u kién X {—15xs5

5+4x-x%220
" (2)e4+2V4x-x* =5+4x-x* '
. 2
o dx—x2 - 2a4x - x? +1=0<:>(\/4x—X2 -1) =0
oVix-x*=1lo4x-x*=1=x*-4x+1=0
c>x=2:t«/§(nhan)
\}éy phudng trinh ¢6 nghiém 1a: x =2+43.

S0<x<4 (a)

Bai 3: Gidi cdc phuong trinh sau:
1.V3x +1 +J2 X + 242+ 5x - 3%’ =9-2x (1)

1
2.2 ¢ =22 2)
x 41 —x2

Gii
1. Didukién: -%stz (a) '
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Pitt=+/3x+1+v2-x>0
=>t? =2x+2,/(8x+1)(2-x) +3

=2x+2J2+5x-3x2 =t*-3

Khi d6: (1) trd thanh: t+t2—3=9<:>t2+t—12=0<:>{

t=38
t = -4 (loai)

o VOit=3 & 3x+1++J/2-x=38
> 2x+3+2V2+5x-3x> =9 & J2+5x-3x* =3-x
& 2+5x-3x? =(3-x)°(vi(a) nén 3 - x > 0)
x=1
©4x*-11x+7=0 X=z(nhs§1n)
4

Véy phuong trinh d3 cho ¢6 cdc nghiém 1a: x =1vx = % .

x=0
-l1<xx1

Phwong trinh (2) < x + V1 -x2 -2/2xV1-x% =0 (3) :
Pit t=x+V1-x> =>t*=1+2xv1-x% = 2xJ1-x%=t>-1

(3) rd thanh: t - V2 (t* -1) =0

biéu kién: {

L [t=2
oV -t-2=0 J2

. vdit=J§©x+x/1—x2 =2
o W1=-x2 =\/—2-—‘x<:>1—x2=(\/§—x)2

. 1 :
< 2x2 -2J/2x+1=0 & x = —(nhén

J vditz'——\/é—z—ax+\/1—x2 =——?®x]1—x2 =—ﬂ—x

2
xs-—[z- i
< 21 | @x-‘-—\/_%\/—éthéamﬁn(a)
1—x2=-§+x2+J§x _
Viy phuong trinh ¢6 c4c nghi¢m 1a: x -_-71_2.vx =-\/§4_-\/5
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Bai 4: Gidi cdc phuong trinh sau:
1.2x -5+ 2Vx% —5x + 2Jx -5 + 2Jx =48
2.x-1T+Vx+3+2(x-1)(x+8) =4 -2x

Gidi
1. 2x-5+2Vx2 -5x +2Jx -5 +2Jx =48

Piéukién: x>5
Pt t = Jx 5+\/~(t>0):>t‘-2x 5+ 2vx? - 5x
t = -8(loai)

Phuong trinh (1) trd thanh: t* + 2t -48 =0 & [t 6

+ Vlit=6 o Jx-5+Vx = ‘
S 2x-5+20x% -5x =36 < 2Jx? -5x =41-2x

5SXS£ 2 -
2 (41)
<> X=—
412 12
T 144

12
2. Jx-1 +Jx+3+2J(x-1)(x+3) =4-2x
Didu kién: x> 4
Phuong trinh di cho

Viy nghiém cla phlrdng trmh da cho la: x = (41)

(TR -1’
[(\/1+x+1)(\/1.+x—1):]2
<::~x—4=(x/1_+_1-f—'1)2 —2+x-2VT+x
oVl+x=8ox=8

Viy nghi¢m ctia phuong trinh d3 cho 1a: x = 8.

Bai 5: Gidi cdc phuong trinh sau:

IVE+Vx+T7+2/x® +Tx =35-2x
2.1+—:-r\/x—x2 =Jx+J1-%x

Giai

1. Jx+Vx+7+2Jx%+7x =35-2x (1)
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Diéukién:Ost%
(1) < VX +Vx+7 + 2Jx* + Tx + 2x = 35
Pit t=Vx +Jx+T;t>0 "
t2 = 2x + 7 + 2Vx® +7x=>2x+2\/x +7x = t2—7
Phu’dng trinh (l) trd thanh:
= -7 (loai
t+t2—7=35©t2+t—42=0©[t 7(°"“)

t=6
Véi t‘=6©«/§+«/x+7=

29
0sxs2 0sxS5E  rogye
4(xz+7x)=4x2 -116x + 29 x-?i. ‘

144 .
29)
Viy nghiém ctia phuong trinh 1a: x =

12
2. 1+—Jx 2=Jx+41-x (1)

Dléuklen 0<x<1

Dit t =VE+VI-x;t>0 o .

2
t2=1+2Jx-x* = Vx-x° —t\z 1

t

CO| s

Phuong trinh (1) trd thanh: 1+§-(t2 ~1)=t =3’ -4t+1=0e .

o
+Véit= 1@«/;+\/1 lea[x 1

+VGit= }3- o Jx-xt = -—1—88 phuong trinh nay vd nghlém

VAy nghiém ciia phuong trinh 43 cho 1a: x = Ovx=1
Bai 6: Gidi cdc phuong trinh sau: ' '

1Jx2-3x+3+'ﬁ—3x+6—3 ' 1)
2\[x +x+7+Jx +x+2= J3x +3x+19 (2)
Giai

. .
-1, Dat:'t=x2-—3x+3=(x—g) +222:>t2%
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Phuong tinh (1) tr& thanh: V& +E+ 3 =
S2A+3+20t2+3t =9 > Jt2 +3t =3t
3-t20 |
Q{t2+3t=(3—t)2 et=t
+Vdit=l:>x2—3x+3¥1©x2-3x+2=0c>|:z:;

Viy nghiém ctia phudng trinh dd chold: x =1vx =2.

Bai

) . 2
2. Batt=x2+x+2=(x+—1-) +7>Z:t21
2 4 4 4
(2) trd thanh: Vt + 5+t = 3t + 13
© 2t +5+2,/t(t+5) =3t +13
< 2ft(t+5) =t+8 < 4t(t+5)=(t+8)’
16 .
o8P +d4t-64=0 |03 (oad
' t=4
. 2 2 x=1
-Khit=4 x*+x+2=4 & x*+x-2=0& 9
X=-
1
Viy nghiém ciia phudng trinh d3 cho 1a: [ 9
x__
7: Gidi cdc phuong trinh sau: . ;

1. 1‘-\/x+~/x+1+1 =Jx+»1
2, \/x—4\/x—4 +\/X+4\/X—4 =X

L.
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: Giai :
1—\/x+ x+1+1 \/x+ : (D

Piéukién: x> -1
Pitt=vJx+120=>t*=x+1

Khi d6: (1) trd thanh: 1 -Vt2 +t =t
0<t<1 ; 0<t<1

1
oVti+t=1-t o ot==
{t2+t (t- 1) =-§ 3
1 1 8
Vi t =~ l=-x=—n
+ Véi 3<:>x+ 9@x 5




Viy nghiém cia pﬁu’dng trinh dd chola: x = —g .
2. Didukién: x>24.Pit t=Vx-420t’=x-4=>x=t>+4
Phudng trinh (1) trd thanh:
V2 +4 -4t +Jt2+4+4t =t2 + 4
<:'.>\[(t—2)2 +\/(t+2)2 =tP+4 St-2+t+2=t"+4 (2
+ Nut-220ot22th (2)e2t=t"+4
Phuong trinh ndy v nghiém.
+ NéuOstSZth1(2)c>t2+4=4©t=0
- Véit=0 > x=4.
VAy nghiém clia phuong trinh d3 cho la: x = 4.

Bai 8: Gidi cdc phuong trinh sau:

1. x2+3—x/2x2—3x+2=§xl|-6
2. x2-8x- 5x/9x +X -}l——zé

9

Giai

1. x2+3—s/2x2—3x+2=-g-x+6

& 2x% -8x+2-2V2x*-3x+2-8=0 (1)
Pat: t =v2x%2-8x+2;t >0 ‘

Phuong trinh (1) trd thanh:

t2—2t—8=0<=>[t'= ~2(los) véit=4

x—2y

S V2x2-8x+2=42x2-8x-14=0&

X

7
2

=

Viy nghiém clia phuong trinh 43 cho la: x =-2vx =

2. x2-38x-5V9x%+x —1—1-—-%§- ~ (1)

Pidukién: 9x* +x-220& *)
' -1++/73
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Phuong trmh(l) okg—’ﬁ-ng +X- -——-=0 (2)

Pit t=+/9%x2 + x -2t 20 = t? =9x% + x - 2

Phuong trinh (2) trd thanh:

‘ 1 '
t* 91 . t = -2 (loai)
—-5t-—=0c4t"-180t-91=0
9 36 "1, - 91
i . 2
+V6it=%<:>\/9x2+x— =%_1
2 912 2
< 9x +x—2=T©36x +4x-8289=0
—2 + \/29840 N
mén (*)
Viy nghiém ciia phuong trinh da chola: x = ____._2 * “32698408

Bai 9: Gidi cdc phuong trinh sau:

1Vl-x+4l+x = 2—2
2. (1+x)(2‘—x)=1+2x——2x2‘

Giai
1. VI—x+JVl+x= 2——(1).

biéu klen -1<xxg1

Pitt=vl-x+Jl+x;t=>0
=12 =2+ 2J1-x2 :x"’=t"’—%t4

Phuong trinh (1) 2—l t? - t4
£ 7 Y

<:>t=2—t—+—<:>(t—2)(t3+2t2—16)=0©t=2

Voit=2oJVl+x+J1l-x=2x=0

Viy nghi¢m clia phuong trinh d cho 1a: x = 0.

2. J1+x)(2-x)=1+2x-2x° M

biéu ki¢n: -1<x<2 :
Phuong trinh (1) < V2 +x—x* = (2+x-x*)2-3(2)
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Pit t=v2+x-x%5t20 =>t*=2+x-x

, t = —1(loai)
Phuong trinh (2) trd thanh: t =2t* -3 & 2t* -t -3=0< L3
| | )
Vdit;=§—<:>2;rx—x2=2<:>x2—;x+l=0<:>x=l |
2 4 -4 2

Viy nghiém clia phuong trinh da cho 1a: x = % .

Bai 10: Gidi céc'phlwng trinh sau:
1.(x+3Vx +2)(x+9vx +18) = 168x

2.(x +3Vx + 2)(x+ oVx + 18) =120x

 Gidi
1. (x+3&+2)(x+9&+18)=168x . (1)

Piéukién: x> 0. Phuong trinh %))

, <:>(\/;+1)(\/§+2)(\/;+3)(\/§+6)=168x
@(x+5«/1—:+6)(x+7\/:—:+6)=168x
o(x+6\/;—x/§+6)(x+6\/;+‘«/§+6)=168x
& (x+64x +6) =169x = (13Vx)

{x+6\/§+6=13\/;

= o v -
x + 6% + 6 = -13Jx (phuong trinh nay vo nghiém vi x 2 0)

Jx=6 “lx=36
Viy nghiém cda phuong trinh dd chola: x=1vx=36.
2. (x+3Jx+2)(x+9Vx+ 18) = 120x (1)

Diéukién: x2 0 .

e (\/;!_ + 1)(\/; + 2)(\/; + 3)(\/; + 6) =120x
o [(Vr+1)(Vx+ 6)][ (Vx + 2)(vx + 3)] = 120x
=N (x+7&+6)(x+5&+6) =120x (2)

Vi x = 0 khong 12 nghi¢m nén:

o x-TJx+6=0 av[‘./;zl [":1
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2)e (\/;+76;+7)(\/§+_\/—6§-+5) =120J |

Pit t =\/§+——6—;t > 2.6
Jx
Phuong trinh trén trd thanh: |
t = ~17(loai)

(t+7)(t+5)—120<:>£2‘+12t—85=0o[t X

+ Vdit=5<:>t=\/§+i=5¢:>x—5\/§+6='0© x=4
| | Jx | S lx=9

Véy nghiém cia phuong trinh di chola: x =4vx =9

Bai 11: Gidi cdc phuong trinh sau:

1.x2+4x+5=2J2x+3
2.2x2+\/‘1—x+2xdl—;2—=1

Gidi

x2+4x+5=2J2x+3 “ ON

biéu kién: x > -—g—

bit: t=J2x+3;t20:>t2.=2x+3:x=—;-(t2—-3)

Phuong trinh (1) trd thanh:

T -3 v2(2-3)+ 5228

S t'+2t" -8t +5=0 (t-1)(t° +t* + 3t +5) =0

t=1
o

l:ta +t? + 3t + 5 = Ophuong trinh nay vé nghlem vt >0
ot=1V2x+3=1ox=-1

' Viy nghiém ctia phuong trinh Id: x = -1,
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2% +J1-x+2xvV1-x% =1 1
DPiéukién: -1<x<1

T (1) suyra: v1-x =1-2x* - 2xy1 - x*

=>1-x=1+4x* +4x2(1—x2)-4x2+8x3\/1—x2 —4xV1-x2

= x(1+8x%/1-x% -4J1-x2}=0
( )=

x=0
=N _
8x*V1-x2 —41-x2+1=0(1)



t

Pat: t =v1-x%;t >0;suyra x® =1-t?
Phuong trinh (2) trd thanh: 8(1-t*)t-4t+1=0

o 8t° —4t—1=0'<:>(t+%}(8t2 ~4t-2)=0

t+%=0v6 nghiémvit20

42 -2t-1=0t= +4 (vit=0)
2 - -
+Vait=1+4‘/gox2=1—(1+4‘/5] =5’8‘/g=>x=i 5’8‘/5

Th lai cdc nghi¢m clia phuong trinh ta dugc nghiém thich hgp la:

{5-J§
x=0vx=- "‘-'—8"——'

Bai 12: Gidi cdc phuong trinh;

1. 3\/ 2x +§/l+—1-=2
o ¥x+1 2 2x

2. 29f(1+x) +31-2 +3(1-x) =
' Giai '
1. i/2x +§/l+i=2.Datkién: x>l
x+1 2 2x . 2

Dit: a=\/2x—1_20 ' - a’=2x-1
U lb=ax®+4x+120 |b?=3x*+4x+1

:>a2+b2=3x2+6x=3(x2+2x):$x2+2x=

2 2
Phuong trinh di cho trd thanh: ‘/a ; b =-a+b

b-a>0 ’

< 2 2 Lot
a +b =(b—a)2 {

3

+ Véib2aoV3x?+4x+12/2x-1
o 3x2+2x+220vxeR
Phuong trinh (1): a® -3ba+b* =0
_3b++Bb
2

a? +b?
3

bx>a
a’ +b? -8ab=0 (1)

A=9b%-4b® =5b* = a
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3-V5
2

o V2x -1 =3‘_\/5\/3x2+4x+1

2
c>3(7—3\/5)x2+4(6—3\/5)x+9—-3\/§=0

J5+1
2

b

+Véi a =

Phuong trinh ndy c6 nghiém kép: x, =

3+\/5
2

+V3di x =

o V2x-1 =3+2\/5.x/3x2+4x+1

cs'3(7+3\/§)x2+4(6+3J’5‘)x+9+3J§‘= 0

1
2

b

<X

(loai)

Viy nghi¢m ctia phuong trinh da cho 1a: x = ‘/5_.2* 1

2. 2,3[(1 + x)2 +3¥1-x*+ ,3/(1 — x)2 =0 | e))

Vi x = +1khong 12 nghiém cla phuong trinh nén (1) tudng dudng véi:

23,/“1+3+s,f1‘x=0 @)
1-x 1+x

pat: t=§/1'x thi i/l‘x _1

1+x l+x ¢t
} 1 t=-1
Khi d6: (2) trd thanh: 2t+3+;=0<:2t2+3t+1=0c> L1
FVBit=-1 & g% -
1-x
< 1+ x = x -1 3 phuong trinh vd nghié¢m.
+V6it=—l<:>1+x=—l<:>8(x+1)=x—'1<:>x=—?-
2 1-x 8 f 7

Vay nghi€m ciia phuong trinh dd cho 1a: x = —g

Bai 13: Gidi phuong trinh sau:

(\/x2 +1 —x)5 +(\/x2 ;rl +x)5 =123
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Vi(\/x2+1—x)( X +1+x)

Pat t = vx® +1 — x thi Vvx? %
Do d6 phuong trinh di cho tuong duong: t5+tl-=123¢htl°—123t5+1=0
Pat y =t th y* ~123y +1=0 & y —123i255‘/_
5 .
(s 128-556 _(3-16 3§
2 2 t=—
= e
(o 123+455V5 _(3+45 o 3+5
2 2 2
+ vait—?"z‘/g4»\/:;2+1-x=3'2‘/g
o 2+1=3_\/-5-+
2
3-5
X2 2f x> 35 AL
L \/— 2 & J—z QX’—'T
x2+1=x2+(3—\/5)x+ 3-vb x=Y0
.2 2
t=‘/gf3 x2+1—x=\/-5—+‘3
2 2
o x2+1=x+‘/g+3©x=_£
2 2
. 2 A ~ I \[g
VAay nghiém cia phuong trinh dd cho la: x =% -
Bai 14: Gidi phuong trinh sau:
2002x* + x*Vx* + 2002 + x* _ 2002
2001
Giai
Thay 2002 bdia:a>0
4 4 [ 2 2
Ta gidi phuong trinh: ax * X x1+ arx .
a_.

191




cax'+x'Vra+xi=at-a
¢>x“(a+\/;2-+_a)+(m)2—a2=0
ext(a+rVx+a)+(VxPra-a)(Vx +a+a)=0
o (Ve +ara)(x +Vx¥+a-a)=0
oxt+JVx*+a-a=0 |

o () -(VaTra) +xt+ Vo ra -a |
o« —&Ta)(x +xtra)+xt+ VP a =0
c>(x +«/;+_a)(x,—\/2—:_+_a+1)-0

o -V+ra+l1=0(

Pit t=vx*+a>1lsuyrat’=x*+a
Thi:(2)c>t2—t+1 a=0

t= 1- .4a <1(loa1) o
o =x*==(J4a-3-1}
t=1+s/4a—3 2( )
— s _

= x= :E\/—;—(\/4a—3 -1)
Véia=2002ta dwge nghi¢m ciia phuong trinh cho 13: x = £, fg(\/soo5 1)

Bai 15: Gidi phuong trinh sau: \/ 6 +\/ 10 =4
2-x V3-x

Giai
Piéu kién: x < 2

2
Bét!t=,} 6 >0 t? = :>3—1s:=—62-+1=6_+zL
2-x 2-x' t t2

Do d6: (1) trd thanh:

{ 10 , 10 4-t
t+t =4 & | = —
6+ t* 6 + t* t

O<t<4
{mt2 = (6+t7)(d-t) {

0<'t€4
t?-6t2-48=0 (2)
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Xét phuong trinh (2): |
bit: f(t) = t° —6t2 -48 v6i0<t<4
. A t=0
f(t)=3t>-12t ; f (t)=0<:>[t_4 .

Bing bi€n thién:

t |0 4

{0 -
—48
(1) T %0 R
Tir bdng bi&n thién suy ra £(t) = 0 lubn v6 nghiém Vt (0, 4)
= phuong trinh chi c6 nghiém t =2 < Zi =2 x=-1
-Xx

Viy phu’dng trinh di cho ¢6 nghiém: x = ~1.

Bai 16: Gidi phuong trinh sau: 1+ x -2x® = /4x® -1 -2x +1

‘ - Giai
Piéu kién: x 2 —;— .
x——l ‘
Néu |~ = 2 thi(l)thda min.
x=1
Phuong trinh (1) & (1-x)(1+2x) = {(2x-1)(2x +1) -V2x +1
o (1-x)(1+2x) = \/2x+1(~/2x—1 —1)

Pit: t = V2x +1; diéukién: t 2‘\/_2‘(vi xz-%)
Ta duge: (1-x)t* = t(\/2x-1 - 1)
¢>t='——-—‘2x—1_1(vi tzs/i)(xan)

1-x
<:>\/§x—:_—'=_\/2x—1—1

x-1 ,
(sz-1-1)(«/2::-1+1)
2x+1=
(x-1)(v2x-1+1)
, _ -2(x-1) o 2
@ VEx (x-1)(v2x 1+1) N - O

Phuong trinh nay v6 nghiém vi v& phdi 4m, v& trdi duong.

193




Vay nghi¢m clia phuong trinh da cho la: x = —% vx=l

CHUYEN PE 21: DAT AN PHU KHONG TOAN PHAN

Bail: Glélphddng trinh: x* +3x+1-(x+3)«/x +1

‘ Giai
x2+3x+1=(x+3)\/x2+1 ¢))
Pitt=vx’+1 =t =x*+1
Khi 46 (1) trd thanh: t —(x+3)t +3x=0

[t=3
A=(x+3) -12x=(x-3) =
(x+3) - 12x= (237 =7
+V6i t =x = x* +1 = x* phudng trinh ndy v nghiém.,
+Voit=8=>x*+1=9 x =122
V4y nghiém ci’la phuong trinh ndy 13: x = 12,2

| Bai2: Gidi phu’dng trinh sau: (4x-1)vx®+1=2x*+2x+1

 Gigi \

(4x-1)Vx* +1=2x" +2x +1 (1)
Pt t=vx? +1;621
(1) & (dx -1V +1=2(x* +1)+2x -1

= (4x-1)=2t"+2x -1 & 2t +(1-4x)t +2x-1=0
Tacé: A = (1-4x)’ -8(2x-1) = (4x - 8)’°

=>t=-%(loai) t=2x=-1
+ Véit=2x-1

21 ‘ :
cn/x+ =2x - 14»{x S X=

3x2-4x=0

ol

Viy nghiém ciia phuong trinh 1a: x = —

Bai 3: Gidi phuong trinh sau: (8- x) o3~ ’1‘ +(x-1)

.’3-—x=

Gidi

Piéu kién: {x *1
x#3-
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Bm:tst—xﬂﬁ#x"l=l

“¥Yx-1 . V3-x ¢

Phuong trinh di cho trd thanh:
(3-x)t+(x-1)1 =2 (3-x)¢-2+x-1=0

x-1
3-x

Tacé: A =(x-2) >t=1;t=

3_x=1c>x=2
x-1
x-1 3-x

2
+ V6it= =N ___(x—l) ox=2
3-x x-1 3-x

Tém lai: PhUGng trinh da cho c6 nghiém: x = 2.’

+ Véit=1<

Bai 4: Gidi phuong trinh sau: 2(1-x)v2x® +2x-1=x*-x+1 4}

Gidi
bit: t = V2x* + 2x - 1>O:>2x +2x-1=t?

=>2x2=t2+1-2x
(1) w8 thanh: 4(1-x)t=t"+1-2x-2x+2

St?-4(1-x)t-4x+3=0(2)
Phuong tinh (2) c6 A’ =4(1-x)* +4x -3 =4x® —4x+1=(2x-1)"

=3 -4x

e Véit= 1o V2x? +2x - 1<:>2x +2x 1=1
-1+5

ox*+x-1=00x=—=""T<=

e VAit=8-4x o V2x2+2x-1=8-4x
{3 4x >0 13 \/'—
-

=(2) c6 hai nghiém: [t’ -

=3 s & X
2x? +2x—-1=(3-—4x) 14
15
A “ -~ [y ) . 2
Viy phuong trinh di cho c6 cdc nghi¢m la:
_13-429
14
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CHUYEN PE 22: DAT HAI AN PUA VE PHUONG TRINH
TICH HOAC TONG CAC PAI LUUNG KHONG AM

Bai 1: Gidi phuong tinh: 2(x* -~ 3x+2)= 3Vx® +8

A - Giadi ‘
2(x" -8x +2)=3Vx" +8 1)
x>-2 S
a .. IX*+820 « {—2_<_xsl
biéu kién: O4x<l &
1x2-3x+220 |:
x2’2
Phuong trinh (1)

oz(x‘*’—3x+2)=3\/(x+2)(x2-2;£+4) )

a=x+2 o
bt =>b-a=x*"-3x+2
b=x?-2x+4

Do d6 (2) trd thanh: 2(b -a) = 3vab

b2a b2a (¥ ‘
Lol 2 &9 2 2

4(b-a) =9ab 4a® +4b* -17ab =0 (3)
Phuong trinh (3) '

I

&~ alo

< 4a% —17a + 4b? =0c>{a
a=

b
Ké’thqpvdi(*)taduqc:a=~2—c>4a=b
o4(x+2)=x*-2x+4 & x*-6x-4=0
ol X7 8- \/_( nhén)
X = 3+\/—_

Vay nghiém cta phuong trinh dd chola: x =3 * J13.

Bai 2: Gidi phuong trinh: Vx-1+x-8= \/2(11—3)2 +2x-2

Giai
Jx-T1+x-3=2(x-3f +2x-2 m
Biéukién: x2>1 .

=Jx al=x-1"
bit: 1>0:> )
b x-32-2 b® = (x-3)
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Phuong trinh (1) trd thanh:
' a+b20

;(a+b)2 =2(a2+b2)
{a+b20 {a+b20

a+b=+2b%+2a® c:{

o =N
(a—b)2=0 a=b

Khia=boJVx-1=x-3ox=5 .
Viy phuong trinh 4 cho c6 nghi¢m duy nhit: x =5

Bai 3: Gidi phuong trinh: vx -1+ Xt +x+l=1+vx* -1

Giai )
Jx-l+Vyt+xP+x+1=1+Vx" -1 : ¢}

Piéukién: x>1

Pat:a=vx-120b= i rxi1>0
=ab=J(x-1)(x* +x +x+1)=\/x -1
Phuong trinh (1) tr® thanh: a + b '1+ab

e a(l-b)-(1-b)=0<(1-b)(a- 1) 0@[

a=1
b=1
+Veia=loVx-1=1ox=2
+Voib=1o V& +x2 +x+1 =1 x=0(loai)
Viy nghiém cla phuong trinh dd cho 1a: x = 2.
Bai 4: Glélphlrdngtrinh Jx? +2x +/2x -1 =V3x* +4x+1
Gigi

piukién: x > —;—

Dit: a=+v2x-120 - a?=2x-1
b =3x2+4x+120 b? =38x* +4x+1

:>a2+b2=3x2+6x=3(x2+2x)

2 2
= x?+2x =2 +b
3
2
Phuong trinh d4 cho trd thanh: Ja ;b =-a+b
- bz—a_>.20l Q-b.za
2 +b =(b-a)’ a®’+b?-3ab=0(1)
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Véib2ao V3x2 +4x+12>V2x -1

& 3x*+2x+22>0 vVxeR
Phuong trinh (1): a® - 3ba +b% =0

A=9b2-4b2=5b2=>a=%2ﬁ°-
3-5

- Véia=2 b
2

oV2x-1 =3—-_2£x/3x2+4x+1

= 3(7-3V6)x? +4(6—3\/5_)x+'9—3\/_5- =0

Phuong trinh ndy c6 nghiém kép: x, = ,\/-5_24- 1
- V6ix= 3+5 b
2 -

& V2x-1= 3‘*2‘/—5_.\/3x2 +4x+1
eox 1274308 g +4x+1)

2 o
< 3(7+3V5)x* +4(6+3V5)x+9+3/5=0
Phuong trinh ndy c6 nghiém kép: x, = 1‘_2\[5 (loai)
Viy nghiém ciia phuong trinh di cho 1a: x = ‘[5—24- 1

Bai 5: Gidi phuong trinh: V5x% +14x+9 —x* —x-20 =5/x + 1

Gidi
5x* +14x+9>0
Piéukién: {x*~-x-20>20 ox2>5
x2-1 |

Phuong trinh (1) < v5x% + 14x + 9 = x2 — x — 20 +5/x+1
<:>\/(x+1)(5x+9)=\/(x+4)(x—5)+5\/§—4-_1 | | |
<:>(x+1)(5x+9)=(x+4)(x—5)+_25(x+1)+10J(x+1)(x+4)(x—5)
& 2(x* - 4x-5)+3(x+4) = 5[’ =4x-5)(x+4) @
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= Jx? —dx - | :
a{a x' -4x-5 1) 2) rd thanh:

b=vx+4

+ 9a% + 3b% = 5ab < 2a® -5ba+3b* =0 a= =bva= 32b
+Véia=boJx®-4x-5=Vx+4
¢>'x2—5x—9=0©x=5+;[ﬁ; 5- J—(loa1)

+Vdia=-2—b©s/x2—4x—, =%«/x+4
<:>4x2—25x—56=0©x=8;x=.—z-(loai)
5f;/—€ivx_

V4y nghiém ciia phuong trinh da chold: x =

Bai 6: Gidi phuong trinh sau : 51+ x° = 2(x2 + 2) ¢h)

Giai | -
Dxéuklén x21
(1) o 5 f(x+1)(x* - x+1) =2(x’ +2)(@
a=vx+120 { =x+1
bit: R :
b=vx’-x+120

=a?+b?=x"+2
Phuong trinh (2) <> Bab = 2(a + b2)

b2=x2-x+1

< 2a? - Bab + 2b? =0@a=-g- :a=2b

+V61a——¢:>2\/x+ s/x -x+1

o x2-5x-3=0& 52L"/——théa.("‘)

+Véia=2boJx+1=2 x*-x+1 Q4x -5x+3=0
phuong trinh ndy v6 nghi¢m.

Viy nghiém clia phudng trinh di chola: x = 5 _;/ﬁ .
Bai 7: Gii phuong trinh sau: 10vx® +8 = 3(x" - x+6) (D

- Gidl’
Pidukién: x -2
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(1) & 10/(x + 2)(x* - 2x + 4) = 3(x* - x + 6)
a=vVx+220 {a2=x+2
bit: =
o b=Vx?-2x+4>0

=>a’?+b?=x*-x+6
Phuong trinh (1) tr thanh:

10ab=3(az+b2)41>3a2—10ab+3b2 =0<:>a=% v 4 =23b

b?=x%>-2x+4

+Vdia=‘l32©3~/x+2=x/x2—2x+4 o x = 11EVIT7 \

2
+V6ia=3bo Vx+2=8/x*-2%x +4

<> 9x” - 19x + 34 = 0(phuong trinh nay v6 nghiém ) .

Viy nghiém ciia phuong trinh da cho A: x = li%—— vi77
Bai 8: Giéi‘ phuong trinh sau:
Yix+1-Yx®-x-8+Yx2—8x-1=2 | @)
Gidi
a=YTx+1 a’=Tx+1

bit: {b=-Yx*-x-8> b3=—(x2.—x—8)
c=Yx’-8x-1 e =x?-8x-1

(1) tr8 thanh; a+b+c-2:>(a+b+c) =8 )

Laicé: a® +b® +c® =8 (3)

TY 2)va (3) = a° +b3+c3=(a+b+c)3 .

«>a’+b®+c® =(a+b) +c’ +3(a+b)’c+3c*(a+b)

oal+bP+c® =a’+ b+ + 3a’b + 8ab® + 3a’c + 3b%c

+ 6abe + 3ca + 3¢?b
’@a2b+ab2+a2c+b2c+c2a+c2b+2abc=0
< (a+b)(b+c)(c+a)=0wa=-b;b=—c;c=-a

+Né’ua=-b<:>9/7x+1=3/x2—x—8<;>7x+1=x2—x—8
x=-1

x=9
+Néub=-—co¥x®-x-8=¥x*-8x-1ox=1

+Néuc=-ac Yx?-8x-1=-x+1

<:>x2—8x—9=0<:>[
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‘ 0
o x? —8x—~1=—71v(—-14::>xz~‘x=,0<:>l:X

x=1
Thay c4c gi4 tri x € {-1,0,1,9} vao phuong trinh déu thod man.

Viy nghi¢m cla phuong trinh da cho Ia: x ={-1,0,1,9} .

Bai 9: Gidi phuong trinh sau:

oo Ty s TE D

Giai
_ 35 3 _9_
Dat:'a- 2 * 8 2 X sad+b®=9
b=\3/7+x b3=7+x
Phuong trinh (1) _ ‘
a+b?-ab=3 a?+b?-ab=3
: IEN
a®+b*=9 (a+b)(a® +b*—ab)=9
a’+b?-ab=3 a+b=3 a+b=3
= =N s N
a+b=3 (a+b) -3ab=3 ab=2

X=1
= a, b 12 nghiém clia phuong trinh: X2—3X+2=0¢:>[X_2
- a=1v a=2

b=2 |[(b=1

= 3 -— = ’ = —

+ Véi a—2© 2-x ‘2<:> x 6<:>x=—6
b=1 M+x=1 x=-6 :

evei [Tl g VBox =1 k=1
b=2  |¥T+x=2 |x=1

Véy nghi¢m clia phuong trinh d4 cholA: x =-6;x = 1.

Bii 10: Gidi phuong trinh sau: :
Yk -Tx+8+¥Yx*-6x+7-Y2x*-13x-12 =3 (1)

Giai
- |a=¥x*-T7x+8 a=x'-Tx+8
Pit: {b=¥Yx*-6x+7 ={b*=x*-6x+7
c=3%ox? —13x-12 |¢® =2x"-13x-12

=a’+b¥+c? =27 \ ' (2)
Phuong trinh (1) trd thanh:
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a+b+c=8 o (a+b+c) =27 ' (3)
T (2) va (3) :>(a+b+c) a’+b%+¢?

a=-b
@(a+b)(b+c)(c+a)=0c> b=-c
c=-a

+Véia=-bth ¥x?-Tx+8=-3x*—6x+7

¢:>2x2—13x+15=0<:>x=-gvx=5

+V6ib=—cth ¥x2-6x+7 = ¥2x% -13x -12

7+5J5
2

oxP-Tx-19=0x=

+Véic=—-ath ¥2x* -13x-12 = ¥x* -7x+8
©x*-6x-20=0 x=3+29
Thay c4c nghiém trén vao (1) ta thdy déu théa man.
Vaynghiémciaphuongtrinhla:

x—gx 5:x 7+§‘/— x=3+20

CHUYEN DPE 23: PAT AN PHU PUA VE HE PHUONG TRINH

1. Cidchgidi
Dang 1: Phuong trinh c6 dang: x* +b=a%ax+b (n eZ;nz 2)
o Pit t=%axtbh

¢ Dua vé hé d3i xing.

Dang 2: a—-f(x) +%b+f(x) =c; m,neZ";{

u=12a-f(x) {u" =a-f(x)
e Dit = : ‘
|lv=9b+f(x) |V" =b+f(x)

» K&t hdp v6i phudng trinh di cho ta dugc hé: {

m 22
nx2

>u"+v®=a+b

u+vs=_e

u"+v®=a+b

2. Baitép

Bai 1: Giai phuong trinh sau: x° + Vx+5=5 ’ (1)

Giai
Piéukién: x > -5
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. bat t=\/x+5;t20:>t2=x+5v
x>+t=5 (2)
t?-x=5 (3)

*

Phuong trinh (1) < hé {

Lay (2) - (3) ta dugc:
' t+x=0
x2—t2+t+x=0<:>(t+x)(1+x—t)=0@[t+X )
X —X =

+V8it+x=0=t=-x th€ vio (2) ta dugc:

1421 ~ o ‘

xz—'x—5=0v©x =
1,2 2

Vit20 nén -x 20 = x <0 nénnghiém x, bi loai.
+ V3i t = x + 1thé€ vao (2) ta dugc:

X*+x+1=5ox*+x-4=0o x,, =/—-/14:2\[1—7‘

Vit>20=x2>-1nén nghiém x, bi loai.

T6m lai: Nghiém clia phuong trinh di cho la: x =

Bai 2: Gidi phuong trinh sau: x* + 1 = 2¥/2x - 1 )

v Gidi
Pit t=32x-1=t>=2x-1
Phuong trinh (1) trd thanh:
{x3+1=2t©{x3+1.=2t . @
t}=2x-1 t?+1=2x (3)
Ldy (2) - (3) ta duge x° —t° = 2(t - x) |
o (x-t)(x* +xt+t?)+2(x-t) =0 ' .
x=t ‘ ’
+xt+t2+2=0 @)
o Phuong trinh (4) ¢6 A, =t* - 4(t* +2) = -8-3t* < 0;
do d6 (4) v6 nghiém. '
e . Véix =tthé vdo (2) ta duge:
x'-2x+1=0& (x-1)(x* +x-1)=0

|:x=1 x=1

@(x—t)(x2+xt+t2+2)=0©[

<~ -
+x-1=0  |x= 1“-;‘/3

Viy nghiém ciia phuong trinh dd chola: x =1v x = -1

H+

JE"
9 '
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Bai 3: Gidi phuong trinh sau: i/—;— +X+ \/—;— -x=1

Giai
Piéu kién: xs—l-
2
a=3%+x aa=-]l+x
bit: = 2 =a’+b?=1
1 b2_l ‘
b=,[~-x20 =5-X
2 2

Phuong trinh da cho trd thanh heé:
3 2 _ 3 2 _
a°+b flca a°+b 1:>a3+(1—a)2=1
a+b=1 b=1-a :

3 2 a=0
< a’+a ——2a=0<::>_2 ,
|a*+a-2=0

+ Vdia=0:>31+x=0¢>x=_l‘
i 2
. 1 1
+ Véia=1l>3-+x=1x==
2 2
+ Vdia=¥2:>3/—1-+x=_2¢;>x=_£
2 2
1 17

Viy nghiém ciia phuong trinh da cho Ia: x = tx=-T

<a=0a=1;a=-2

Bai 4: Gidi phwong trinh sau: ¥x? -1+ 318+ x% =5

. Giai
3’ 2 3 2
= — 1 = - 1
bit: {a x {a x =b*-a’=19

=
b= {18 + x* b® =18+ x*

Phuong trinh d3 cho tr8 thanh hé:

a+b=5 ©a=5—b | |
b’ -a®=19  |b*-(5-b)’ =19

= 2b° - 15b% + 75b ~ 144 = 0 &> (b~ 3)(2b* ~9b + 48) = 0
b=3 |
1l 2b® —9b + 48 = 0(phuong trinh nay v6 nghiém )

+V6ib=3=Y18+x* =3 = x =13
Vay phuong trinh 33 cho ¢6 nghiém: x = +3
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Bai 5: Gidi phuong trinh sau: ¥x-2 +46-x =2

. Giai
Piéukién: 2<x<6
={x-220 t=x-2
bit: a=yx = TEXTY gt bt =4
b=46-x>0 (b*=6-x
Phuong trinh d4 cho trd thanh hé:

{a“ +b* =4 - {(a"’ + b2)2 -2a’b% =4

asb=vZ " |asb-
2a’b? ~8ab =0 ab=0v ab=4
Q{a+b=\/_2_ <:>{a+b=«/§
a=0
+V6i{ab=0 & [b=0. :)[x=2
a+b=\[§ +bov3 x=6

ab=4 T
+ Véi = a, b 12 nghiém cida phuong trinh:
{a+b=«/§ ghiém cla phidng (o

x? — J2x + 4 = 0 (phuong trinh ndy v6 nghi¢m)
Viy nghiém clia phuong trinh da chold: x =2vx=6.

Bai 6: Gidi cdc phuong trinh sau:
1.x +V2-%° +x\/27x2 =3
2.1-x* +2¥1-x* =3

Giai
1. Didukién: —/2 < x<+/2 ‘
. a = x;ja| < /2 a® =x"
t: =
U lb=v2-x*20 (b*=2-%°
Phudng trinh dé cho trd thanh:
a+b+ab=38 a+b+ab=3
2 2 A 2
a®?+b?=2  |(a+b) -2ab=2.

—a?+b?=2

a+be3—ab ‘ {a+b;3—ab {a‘+b=2

ab=1 ab=1
o [ab=1 o b3 b<:::> oeb o4
a+b=3-a a+b= .
b="17 : 6 nghi
2 {ab=7 {ab=7 v0 nghigm

= a, b1a nghiém ciia phuong tinh: ¢ -2t +1=0&t=1

A
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Suyraa=b=1lox=1 .
Viy phudng trinh di cho c6 nghiém duy nhdtx = 1.
2. Diéukién: -1<x<1

a=vJ1-x*20 [a®=1-x° 2 13
bit: e =a*=b
b=¥1-x*>0 (b*=1-%°
Phuong trinh di cho trd thanh:
2 _ 13 2 _ 13 '
p=bt L jatsb =b®-(3-2b)* =0
a+2b=3 a=3-2b h
&b’ -4b* +12b-9=0< (b-1)(b*-3b+9)=0
< b=1vib?-3b+9=0(vd nghiém)
Da=1=V1-x*=1x=0 '

Viy phuong trinh di cho c6 nghiém duy nhit x = 0.

Bai 7: Gidi phudng trinh sau: ¥/313+x + ¢313-x =6

;e

| . Gigi
Pidukién: -313 < x < 313
Dt {a=\‘/3_1_3—:;20:{a4 =313+x
. [b=43813-x20 |[b*=313-x
Phuong trinh (1) tr§ thanh hé:
{a‘* +b* =626 _ {a“ +b* =626
a+b=6 b=6-a
=a'+(6-a)' =626 < a* +(a-6)' =626 (2)
bit t =a -3 > -3 thi (2) trd thanh:
(t+3)" +(t-3)" =626 & 2t* +108t2 - 464 = 0

t* = -58 < 0(loai
Q{ < 0(loai)

t2=4
' a=5=>b=1
Véiti=4=t=212 :
T = Q[a:l:b=5
-Vé‘i{a o JV318+x=5 312
b=1 |43183-x=1 §
= 4/ =
-Vdi{a_lz 813+x=1 - _312
b=5 |4313-x=5 .

Véy nghi¢m clia phudng trinh dd cho la: x = +312. .
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Bai 8: Gidi phuong tr‘mh sau: Ysin®x + Yeos®x = ¥4

Giai
. — = 2

Dt a="¥sinx;0<axl {aa szx:>a3+b3=1

=Yeos?x;0sbs1 (b’ =cos'x .
Phudng trinh d4 cho trd thanh: ,

{a3+b3=1 (a+b)[(a+b)2-3ab]=1 a+b="32

=S o 1
a+b=¥4 a+b=231 ab “ Yz

=> a,b 12 nghi¢m ctia phuong trinh: X® — \/— X +71.Z 0

Ysin® x =—‘\’/Z v
2
Yeos® =-;—§/Z

3
¢:>X=—\/§Z—=>a=b=-;-i’/2=>

sin’x =
=
cos®

@cos2x=0<:>x=;;-+—ng-5(meZ)

l\')ll—l l\')lt—a :

Viy nghiém clia phuong trinh di cho1a: x = Z ML (m e Z).

Bai 9: Gidi phuong trlnh sau: 9+ V9+x =x

Giai
Piédukién: x>0
Dat:a=9+\/;:>a>9
9 = 1
+\[£ X ()@\/’a-_&_:

9+Jx=a

& Ja -Jx +(va - Vx)(Va +Vx) =

Phuong trinh 83 cho trd thinh: {

a(\/;-\/—)(1+\/g+s/;)=0<:>\/§—\/_ thé'vﬁ;)(l)taddqc:

1+J_

"9+x = xo>x-Jx-9= 0o Jx =
@x:i—(38+2«/§7>hayx=—2—(19+\/§7)

V4y nghiém ciia phuong trinh da cho a: x = —;—(19 ++/37 )
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Bai 10: Gidi phuong trinh

V2x® —1+/x®-8x-2=v2x" +2x + 3 +Vx? —x + 2

Giai
X < 1 /
2 _ 1> T
Pidukien: 12X ~120 V2 *)
x2-3x-22>0 3+/17 v

X2 2
ra=\/2)(2—12’0 a?=2x%-1
Jb=\/x2—3x—220 - b?=x%-8x-2
c=v2x*+2x+3>0 | =2x"+2x+3
.d=\/x2—x+2>0 d* =x* ~x+2

{az-—b2 =x?+3x+1
=

bit:

s a2 s = a’-b?=c?-qd?
¢t -d°=x*+3x+1

Phuong trinh d4 cho trd thanh: .
a+b=c+d a+b=c+d _
az_b2=c2..d2c> (a+b)(a-'-b)=(c'—-d)(c+d)

- a+b=c+d<:> a-—-c@ a’=c?
a-b=c-d b=d b2=d2
{2x2—-1=2x2+2x+~3 {x=—2

&

S x=-2
x*-3x-2=x2-x+2 x=-2
Nghiém x = -2 thda min diu kién (*).

Viy nghiém ctia phuong trinh 83 cho la: x = -2.

Bai 11: Gidi phuong trinh sau:  ¥81x- 8 = x° - 2x? + % x-2 1)

Giai
bat: 3y =¥81x-8+2 = ¥81x-8 =3y -2
= 81x - 8 = (3y - 2)° = 27y° - 2.27y + 36y - 8
:>3x=y3—2y2'+%y
A 3 2 4.
dy=x"-2x +§x (2)
Tir d6 (1) chuyén vé hé: : '

3x=y3—2y?+§y (3)

LAY (2) - (3) ta dugc:
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3(y—x)=x3—y3+2(y2—x2)+%(x—y)

o(x-y)(xz+xy+y2—2x—2y+-1§-]=0

X=y
g 13
x? +xy +y* -2x -~ 2y+—§--—0 (4)

Phudng trinh (4) & x? + (y - 2) x + y? —2y+-]l3-3-=

A, =(y-2) -4(5'2 —2i+?) = —3y2 +4y—‘—t§(2
Laicé: A =4-40=-36<0 '
= A, <0 Vy = phuong trinh (4) v nghi¢m.

+ V8ix =y th€ vao (2) ta dugc:

4 x=0 x=0
X’ -2x+—x=3x & " [8 hay 3+2/6
- 3 x:lq: _— X = e
| 3 3
Viy nghiém cfia phuong trinh d3 cho 3: x = O;x = 31:\/6.

Bai 12: Gidi phuong trinhsau: ¢x-9 = (x-3)*+6

Gidi
Yx-9=(x-8+6Yx-9+3=(x-3)"+9
Pit a=¥x-9+3=>x-9=(a-3) = (a-38)°+9=x
x=(a-3)"+9

(1)
=(x-8)"+9

Phuong trinh d4 cho trd thanh hé: {

=>x—-'a=(a—'3)3-(x‘3)3‘ ,
@x_a=(a-x)|:(a—3)2+(x—-a)2+(a—3)(x,'a):|'

o (a-x)[(a-3) +(x-a)’ +(a-8)(x-a)+1]=0

[(a 3)2+(x a)’ +(a-3)(x-2)+1=0 (@)

CD

Dat:{ - 3thl(2)41>u2+vu+v2+'1=0
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A=v'-4(v*+1)=-3v* -4<0
= phuong trinh ndy v6 nghiém=> (2) v6 nghiém.
+ V6ia=xth€ vao (1) ta dugc:

. 3 x=1
x-8) -x+9=0&
(x-3) -x+9=0
x* - 8x + 18 = 0(phuong trinh né.y vd ngh1ém )

Vay phudng trinh da cho ¢6 nghiém: x=1.

Bai 13: Gidi phuong trinh sau;
1 6 _ 1

+ =
V3x +10 \/(x +2)(3x +10) Vx + 2
- Gidi
Piéu kién: x > -2
a=v3x+10>0 [a®=38x+10
bit: ~ = =
=Jx+2>0 3b*=3x+6
" Phuong trinh dé cho twong duong vdi he:
a?-3b* =4 a’-3b%*=4
1,6_1%76_1 1_a-b

a ab b lab b a ab

2 _qn2 _ —9h2 = :
o{® 8=t a®-3b 4:'.>(6-1~b)2—3b2=4
a—b?G a=6+b

a’ -3b* =4

©2b-12b-3220e |08
: ~ 7 7 | b=-2(loai)
Voib=8maczldm | VoX+10=14 6o
Jx+2 = ,

Viy nghi¢m ciia phuong trinh d3 cho 1a: x = 62.

Bai 14: Gidi phuong trinh sau: J12 - —12 + sz + 1—3— =x>+ %25_
x? x

Giai
Diéu kién: 12—l—2~20<:>.x2—120c>|x|21
- x?

,/12—2 20 _12_2
(—x = -fz
b= x2+—1-%->0 b? = x* -5
X X

bit:
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=a’+b?=12+x"
Phuong trinh di cho trd thanh:

a+b=x2+25—¢:>a+b=x21+12+—1-,
12 2
¢>a+b=a2+b2+%
2 ’2
<:>(a-——1—) +(b——1-) =0<:a=b=l,
2 2 2
Matkhéc:|x|.>_1:>x2+}—%>1:> x2+%>1~
b X

=>b>1.Dodé phu’dng trinh da cho vd nghi¢m.

370 3/q _
310-x+ 38 X _9g_x | I
0-x-Y8-x .

Bai 15: Gidi phuong trinh sau:

Gidi
bt }
a=Y10-% |a®=10-x=a’+b*=18-2x= —(a’+b’)=9-x
— = ‘ 2
b=38",x b3=8_x

Vaia*-b¥=2 ‘
a®-b’=2
Khi d6 (1) trd thanh:
idé (1) n a+b=—1—(a3+b3)
a-b 2
a’-b’=2 ‘
< 2(a+b) = (a-b)(a+b)(a’ -ab+b?)
a3—b3=2 a3_b3=2 .
& I II
{a+b=0 @ v{(a—b)(a2—'ab+b2)=2 D
. H}(I) o -b=2_ [a=1 _ [i0-x=1
¥ a_+b=0 b=-1 f8_x =-1
SN & x=
Y8-x=-1
ey {® 0 =2 .
° . '
, ¢ (a—b)(az—ab+b2)=a37b3=(a—b)(a2+ab+b2)
a®-b*=2 a’ -b® =2
o =N ,
a?-ab+b®=a®+ab+b’ ab=0
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3 _ 3 _
@{b -Zv{a —2¢:>x=10vx=8

b=0
Véy nghi¢m ciia phuong trinh di cho 1: x e {8;9;10}

a=0

| Bai 16: Gidi phuong trinh sau:  (8cos® x +1)° = 162cos x — 27 (1)

Gidi
Pit: a=2cosx;-2<a<?2
Phuong trinh (1) trd thanh: (a3 + 1)3 =8la-27
Laidit: a®+1=3b ‘
27b% = 81a - 27 b*=8a-1
=3 (2)
3b=a’+1 a®=3b-1

=>b’-a’=3(a-b)< (b-a)(a’+ab+b*+3)=0

Khi d6 ta ¢6 hé: {

a=b
<=
_ a’+ab+b*+3=0(3)
Phudng trinh (3) c6: A =b? —4(b? +3) = -8b* ~12 <0

nén (3) vo nghi¢m.
Vdia=bth€ vio Q) tadugc: a® ~3a+1=0

&> 2(4cos’ x - Bcos x) = -1 ¢> cos 3x = _%

<:>x=i£+l—(-§f-(keZ)

9
A . x n k2n
Viy nghiém clia phudng trinh 43 cho 1a: x = + ' -—-§—(k €Z).

| Bai 17: Gidi phudng trinh sau: 4x® ++/2x+1+5=12x

212

Gidi
Piéukién: x>0
Pit: V2x+1=ay+b=2x+1 =(ay+b)2 = a’y? + 2aby + b?
Tim a, b d€ hé sau c6 dang d8i xing loai 2.
4x> +ay+b+5=12x - 4x2 -12x +ay+b+5=0

{Zx +1=a’y® + 2aby + b? {azy2 +2aby+b*-1=0
Hé trén 12 hé d6i xtng loai (2)

a® 2ab 2 b2—1c>{a=—2

4 12 a b+5 b=3
Nhu vay ta dugc: V2x+1= -2y +3




Piéukién: -2y +3>1=>y<1
4x2'—12x-2y+8=0Q{zxﬁ-sx-y+4=0(1)

4y* +12y-2x+8=0 2y2(—6y—x+4=0‘

":2(x2—y2)—6(x—y)+x—y=0

Ta c6 hé: {

o (x-3)[2(x+y)-5] =0 e -

SR

|x+y==

+ V&ix =y thé vio (1) ta dugc:

=71Jﬁ
4

7+17
4

X

2% -Tx+4 =0 (iy=x<1)

(loai)

+ Voix+y=—2Dy=

N on

i ta dugc: 2x* — 6x — g +x+4 =0

&‘

o

X= _113(loaidoy<1)

<:2x2—5x+-g—=0‘c>

>
2l
w

5+

X =

4

~ Viy nghi¢m cla phudng trinh da cho la:

Bai 18: Gidi phuong trinh sau:

x* +(3-a%)a = 3gB3x+ (x* - 3)a @)

Gidi
| Pat t= 3z +(x* -3)a = t° =3x+(x* - 3)a
x* +(3-a%)a=3t

Phuong trinh (1) trd thanh: < .
{t” = 3x+(a2 —3)a

x3—3t=(a2—3)a(2) x=t
< < 2
t3—3x=(a2—3)a X +tx+t2+3=0(*%)
Phuong trinh (¥) c6 A = t* —4(t* + 3) = -3t* ~ 12 < 0 nén (*) ludn v0 nghiém.
+ Vi x = t thé v2o (2) ta duoc: | ’
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Tém 1ai:

x”-3x=(a2—3)a©‘x3—3x——a3+3a=0
s XxX=a
o (x-a)(x*+ax+a’?-3)=0& ) :
(x-2)( ) : [x2‘+ax+a2—3=0 (3)
Phuong trinh (3) c6: A=a"’—4(a2-—3)=12—3a2

Néu A<012-3a%* <0< |a|>2 thi (3) vd nghiém nén (1) c6 nghiém

duynhatx a.
Neu A=0a=12th (3) c6 nghiém kép: x, =——2-=il nen 1) c6
. x=2vx=-1lnéua=2
nghiém: .
x=-2vx=1néua=-2
NEu A>0& -2<a <2 thi
a. Neu 3) c6 nghxemx a.
Tr(3) >a’+a’+a*-3=0>a= :|:1
. =1
+ Né&ua=1thi(3)trd thanh: x* +x—2=0<:>[X 9
. X = -
v . g , x=-1
+ Né&ua=-1thi(3) rd thanh: x* -x-2=0¢& 9
X =

. [2<a<2 . vn A
b. Néu 1 thi (3) c¢6 hai nghiém phén biét khéc a.

a#t ‘
e -a++12-3a?

2

+ Néu |a| > 2thi (1) c6 nghiém x =a

 [a=2 '
+ Néu [a (1) c6 nghiém x =2 v x = -1
a

 la=-2
+ Néu [a thi (1) c6 nghiém x =-2vx =1

+ Néu thi (1) c6 ba nghiém phén biét:

—2<§<2
1
x=a

_ —a+12-3a°
2




CHUYEN PE 24: PHUONG PHAP LUGNG GIAC HOA

1. Céc diic trung .

) _ x'=asint(—3sts—)
a. Khidn x e[-a,a]v6ia>0thidat| - 2 2
x=acost(0<t<n)

x = asin’ (Ostsg)
b. Khifn 0 < x s athi dat |
x=acos2t(0$ts§) -
c. Khi phuong trinh chita vx* —a® thi ditx = E—(—)a-'-zvdi te [O,n]\{%} ho#c
_ . s v
a T
véite|-—,=|\{0
sint G[ 22] {0}

d. Khi phuong trinh chifa vx* + a® thi dit x = atant (% <t< g)

dit x =

2. Baitdp

Bai 1: Gidi phuong trinh sau:

Ji+V1-x [J(1+x) -Ja- x)]=?' 1"‘2 (15

- Giai
DPiéukién: -1<x<1
Pit: x=cost;0<t<n=>sint>0
Phuong trinh (1) trd thanh:

V1+V1-cos?t [\/(1+cost)3 -J(l.—cost)s] = T Jl—c;s_t
szx/_(cos -——smsi'-) 2 , sint

BB
= Zﬁ(cos-;— + sin%)(cos% - sin%)(l +sin ; cos ;) 2 +\7%nt
< (2+sint) (\[6- cost — 1)‘= 0
<> cost = 1 =>Xx= L
ek S
Viy phuong trinh 43 cho c¢6 nghi¢m duy' nhdt: x = —\}—é-
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Bai 2: Giai phuong trinh sau:

2 \* —aZ¥
l+a” | f1-a"}) (1) v6i0<a<1
23_ 2a

Gidi
Vé8iO<ax<1

L a2 )\ _ a2}
Phuong trinh (1) < 1+a, =1+ 1-a
2a 2a

Chia hai v€ clia phuong trinh trén cho (1 ;
. a

2a Y (1-a?Y)
1= .
(1+a2) +[1+a2] ‘ @
Vi0<a<lnéndit: a= tg%thi o€ (0,%)
Do d6 (2) trd thanh: 1 = (sin¢)” + (cos ¢)" 3)

. VX 2
+ Neux<zu {09 >sin’o
(cos )" > cos® ¢

= (sin¢)* +(cos ¢)* > sin® ¢ + cos? ¢ = 1 nén (3) v nghiém.
sin ¢)" < sin?
+ Néux>2thi ( cp)x ¢
(cos @) <cos® @
= (sing)” +(cos¢)* <1 = (8) vd nghiém.
Do d6 phuong trinh (3) chi c¢6 thé c6 nghiém x = 2.
Viy nghi¢m clia phuong trinh d4 cho 1a: x =2,

Bai 3: Gidi phuong trinh sau:

x"’+,,(1—x"’)3 =x,/2(1—x2) ‘ @)

‘ Gidi
Pidukién: 1-x* 20 -1sx<1
Di: x =cost;t € [0, 7] => sint 20
Phuong trinh (1) trd thanh:

cos® t + ,/(1 - cos? t)3 = cos t,/2(1 - cos? t)‘ |

& cos’t+sin’t =2 cost.sint
<> (cost +8int)(1-cost.sint) =F\/§cos t.sint
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bit: y =cost +sint = J2 sin (tq- %)

VéiO<st<nthiye [-1,\/5}
Phuong trinh (2) trd thanh:

y(l—!%lj—xfif—z_—l=0 @y(3—y2)—\/§(y2.—1)=0

&y +V2y -8y-V2=0 &(y-2)y=0

2 o
N o |y =2 ~1(loai)
y2+2J2y +1=0
y=-v2+1
, : n n V2
V61y=\/§@~/§sm t+Z =xf2—<:>t=z+m2n :x=cost=——é—

Véiy =- 2+1©\/§sin(t+-§-)=— 2+1
<:>sin1:+cost=1—\/—2-w\/l—x2 +x=1—J§
(sint=\/1—cos2t =\/1—x2)

x<1-2
o Vl-xt=1-V2-x &
x {1—;{2:3—2\/5—2(1—\/5)x+x2

“1sx<1-42 1-42 -J2v2 -1
& DX =

l2x® -2(1-v2)x+2-2V2 =0 2 -
V4y nghiém clia phuong trinh d cho 1a:

V2 =1—J§-J V2 -1
- 2

X=—vVX
2

Bai 4: Gidi phwong trinh sau:

1 1
+
1-vV1-x 1+Jl+x (1-%°

Giai
Didukién: -1<x<1
Pit: x = cost;t € (0,%) = sint>0.
Phuong trinh d4 cho trd thinh:
1 . 1 - 1
1-v1-cost 1++1+cost +1-cos’t
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1 1
&> —

” t+ 1
1—\/§sin—2—

1+ x/§cos--;— sint

t .t
2+2 ——sin—
+ (cos 5 sin 2)

t i .sint=1 ¢))
1+\f2—(cos§—sin§)—sint ‘
Laidit y = cos-t—sinf‘- = /2 cos £+E) _
2 2 2

V6i0<t<nthiye(-1,1)=>y’ =1-sint > sint=1-y*

. (2+\/§y)(1—y2)
Khi d6 (1) trd thanh.‘1+\/_2.y—(1—y2) =

<:>(2+\/§y)(1—-y2)—y27\/§y=0©'\/§y3+3y2—2=0

N (y —g} (l\/-Z_y2 +4y + 2\/5) =0

L=t

Iy :
<~ Y"" 2 <> 2 &S y— 2
2 : .
_\/§y2+4y+2=0 (y+J§) =0 y = —/2 (loai)
+ Viy=—=> 2cos(%+§)_=_‘/§
t n =
t n 1 §+—4-=-§+m21[
<:>cos(—+—)=—© (m e Z)
2 4, 2 t n T _
—+—==-—+2mn
2 4 3

t=—-7—n+m41t
6

+ Voite(Om)>t="

=> Nghiém cia phuong trinh dd cho la: x = cost = ¥
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| Bai 5: Gidi phuong trinh sau: V1 ++1-4x* = x(1+\/1+\/1+2\/1—4x2 )

Giai

x 1. x>0 1
Diéu kién: . S0<cxg=
. 1-4x°=>0 2

batx = —;-cos t,te [O, —;—] thi phuong trinh da cho trd thanh:
2\1++1-cos®t =cost(1+\/T+ 2v1 —‘cos2t)
< 2J1 +sint = cost(1+\/1+2sint)
& Z(Sin-;- + coS —;—) = (cos—tz- -8in %)(cos—;- +sin —;—) (1"+ J1+ 2rsint)
o2 =(sin-;-—qos-%)(1+\/1+2sin‘t)_ )

(viOStSEnénsin£+cos£>O]
2 2 2

t .t . 2
Daty=cos§—§1n-2-:>s1nt=1,—y

VdiOstsg:ye[O,l]

Khi 46 (2) trd thanh: : -
2=y[1+,/1+2(1-y2)] o 2-y=yJ3-2y°

o (2-y) =y (3-2%) o 2y* -2y* -4y +4=0

o (y-1)(y° +y° —'2)=O<:>(y—1)2(y2+2y+2)=0

=>y=1 ' ‘

+ Vdi»y=1:>cos£—sin—fi=1¢:>t=0(viOsts-EJ
2 2 . 2

= X= %lh nghiém clia phuong trinh di cho.
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CHUYEN PE 25: DUNG PHUGNG PHAP POI LAP

1. Céch gidi
Dé€ gidi phuong trinh f(x) = g(x) thi ta chitng minh
a. f(x) <g(x) | b. f(x) 2 g(x)
c. fx)<A<gx) : od fx)2 A2 gx) »
~e. Chitng minh f(x) v g(x) c4t nhau tai mdt di€m duy nh4t.
~ Sau d6 xét ddu “=” x3y ra.
2. Cong cu st dung
a. Dingkhdo sdt hAm s&
b. Dung bat ddng thitc Cosi; Bunhiakopxky
c¢. Dung tinh chd' ctia bit ding thitc
d. Pua vé dang f(u) = f(v)

3. Baitiap
Bail: Gidi phuong trink: Vx2 +15 =3x~2++/x% + 8 ‘
. Gigi
\/x2.+15>=3x-—2+\/x2«+8c>’\,/x2+15——\/x2+8 =3x-2
7 =3x-2PK:3x-220& x>g
Jx2 +15 +Vx% +8 3
7
bit f(x) = ;
V2 +15+Vx2 +8

D€ thdy f(x) 12 ham gidm trén (—2—;+oo)

g(x) =3x - 2132 him ting trén (%;-»oo)

Nén d6 thi ham f(x) v g(x) chi c6 th€ c4t nhau tai mot di€m duy nhét.
Laic6: f(1)=g(1) =1nénx = 1 12 nghiém duy nhat clia phuong trinh di cho.

Bai2:  Gidi phuong trinh: v2x+1+Vx+5+V5x+5 =11

Gidi

biéu kién: x > —-;— :

Pat: f(x)=\/2x+1+«/x+5+x/5x+5;x2——;— .

¥
1 1 . b 1
+ + >0 Vx>~
V2x+1 2Vx+5 245x+5 2

f/(x) =
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= f(x) 1a hém,tang trén [——;—;«n)

Laicé: f(4) =11 nén x = 4 14 nghi¢ém duy nhi't clia phuong trinh.

Bai3: Gidi phudng trinh: VX% -2x -Jx -2 = 8x - x* -2 ¢}

. Giai
Piéu kién: x > 2
Phwng trinh (1) & Jx2 - 2x +x2 -2x =Vx-2+x-2

- w2 _
bPit u=x zxzotadwc:\/;+u=\/;+v
v=x-220

Xéthams&: f(t) =t +t; f’(t)=——1—+1>;0 vt >0

| 2t
= f(t) 13 him ting trén [0; +o0)
Do dé: f(u)=f(v)>u=verx -2x=x-2
x=1 (loai) do x>2
x =2
Viy nghiém ciia phuong trinh dd cho 1a: x = 2.

o x2—3x+2=0¢3{

Bai 4: Gidi phuong trinh: 2x% + 8 = 4V4 + x* + 4Jx* -4

Giai
Theo bit ding thic Cosi ta dugc:
9%t +8 == x* +lx4+lx4+-1—x4+2+2+2+2_>.
2 2 2 2

4

>

x4

88

%]

Mt khéc theo bt ddng thitc Bunhiakopxki ta c6:

a4 + x* + 404 - x* s\ﬁ’:2(4+x‘+x“-4)=\/64 4 = 8x?

Do d6 diu bat ding thic x4y ra khi va chi khi:
2x* +8=8x% (*-2) =0
=
afasxt +aVx -4 =88 |Jgant 4l -4 =20
Viy phuong trinh di cho v0 nghiém.

n |
X X X 99222-8%
2 2 2

hé¢ nay vb nghiém

Bai 5: Gidi phuong trinh: J8+x® + J64 - x3 =x* -8x% +28 (1)

Giai
8+x3>0 @{xz-z

Piéu kién:
64-x20
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Tacs: x'-8x"+28=(x*-4) +12212

Theo b4t ddng thitc Bunhiakopxki ta dudc:

18+ + 1464 - < [1+1)(8+x* +64-x) =12
Do do: {x“ ~8x?+28>12

J8+x® +/64-%% <12

D “="trong (1) x4y ra
-8x%+28=12 x2-4=0
8+x +v64 — % _12 JV8+x® =64 %3
=12
= hé nay vb nghiém
x=§/§§ s y ghi¢

Vay phuong trinh di cho v6 -nghiém.

Bai 6: Gidi phudng trinh: \/2 x? +,’2——— (x+ )

Glal
Diéu kién: — Tixs-—v-Ltex<y@

NN
Phuong trinh d4 cho <> V2 - x? +,’2—-l2+x+—1-=4
o X x

Theo bat ding thitc Bunhiakopxki ta c6:

V2 - x? +J2—i2+x+ls\/(1+1+1+1)(2-x2+2—i2+x2+i2):
X X X x

v2-x* + 2—%+x+ls4
V" x X

D#u bat ddng thitc x4y ra

SV2-x2 = [2-=x=—"ox=1

V4iy phuong trinh 43 cho c¢6 nghiém duy nhit x = 1.

Bai 7: Gidi phuong trinh: ¥x + 1-x+Vx-V1-x =2+ 48

Giai
Piéukién: 0<x <1
Theo bt ding thic Bunhlakopxky a dugc:

222




fx+4T-x < [2(Vx+ VI-x) < 22 (x+ 1-%) = 2V2 = {8

IWx+d1-x<2
= Yx+ T x+Vx+VI-x<V2+48
\/—-xll X

1
Do 46 ddu ddng thitc x3y ra < ox=l-xox==
\/_—Q/I_E 2

1

Viy phuong trinh 44 cho c6 nghiém duy nhit: x = 5

Bai 8: GiAi phuong trinh: vx® + 2x +V2x -1 = v38x® + 4x+1

Giai
Piéu kién: x> —;—
Theo bit ding thitc Bunhiakopxky ta dugc:

Vx? + 2% + V2x-1 = VxVx+ 2 +V2x- 1< J(x+ 1) (x+ 2+ 2x~ 1)
= V¥ +2x+/2x-1<v38x% +4x+1

=> D#u bA't ding thic xdy ra
Jx .1
Vx+2 J2x-1

2= x(2x-1)v=x+2

1-45

\ X = (loai)
e 2% -2x-2=0& | o
1+J5

2

X =

1+J§
2

Viy nghiém ciia phudng trinh di cho la: x =

Bai 9: Gidi phuong trinh: o
12-3x=v3-x/d-x+V4-x5-x+/5- x\/3—

Giai
3-x20

Piéukién:4-x>20 < x<3

5-x20 ‘

Theo bt ddng thitc Bunhiakopxky ta dudgc:
V3—xJa-x+V4-x/5-x+/5-x/83-x<
<J(3-x+4-x+5-x)(8-x+4-x+5-%)<12-3x

Do 6 ddu ddng thitc x3y ra
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< Ji-x “J5-x J3-x V3-xJ4-x=

(3-%)(5-x)=(4-x)° 15-8x+x* =16 - 8x+ x°
<> 2 < 2

(4-x)(83-%)=(5-x) (4-x)(8-x)=(5-x)
Hé ndy v6 nghiém. I
Viy phuong trinh 43 cho v6 nghiém.

o Y3-x ‘\/4-x_\/5—x <::’{\/S—X«IS—X=

2
Bai 10: Gidi phuong tinh: V1—x+vI+x = XT +2

Giai
Piéukién: -1 <x<1
Theo bat ding thitc Bunhiakopxky ta dudc:
’ Jl—x+\ﬁ.+st2(1+x+'1—x)=2

x2
Mitkhdc: —-+22 2

Dodédﬁ'udﬁngthl’rcxéyrac{'l_x'—' +x L x=0

x=0
Vay phuong trinh 4 cho ¢6 nghiém: x = 0. -

Bai 11: Gidi phudng trinh: V17 -x® +42x8 -1 = %9-
Giai
xo.. 17-x*20 . g
bi€u kién: (%)
2x’ -120

Theo bt ding thitc Bunhiakopxky ta dugc:
V17— +228 ~1=-L 34 2:® + 2% -1 <

V2
< \/(%+ 1)(34 - 2x® + 2x° - 1)

99
2
= D#u ding thitc xéy ra < V2v34 - 2x% = V2x® -1

= J17T-2® +V2x® - 1<

o 2(34 2x) -l %8 929 thda (%)

= X= i?/— :tg’
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Vay nghiém ciia phuong trinh di cho 1a: x = i,sf%;—

Bai 12: Gidi phuong trinh: xvx + /12 -x = 2,/3(::2 +1)

Gidi
Piéu kién: 0<x <12
Theo bt ddng thitc Bunhlakopxky ta du’dc

x/x+12-x < (x + 1) (x+12-x) = [12(x" + 1) 2J3x (x* +1)

1
= d#u ding thitc x3y ra < —— = -
& Y \/; V12 -x
& leZ—x:&@xz(m—x)-x:o

x=0
x=0 x=0 .
< [ <~ '
x(12-%)-1=0" |x? ~12x+1 x=6*2"35

6+

g

Viy nghi¢m clia-phuong trinh 43 ch() la: x=0 v x= 2

Bai13: Gidi phuong tinh: (x + 8vx + 4)(x-Vx+4)=86x (1)

Giai
Piéukién: x 20
Vi x = 0 khong 12 nghiém ciia phuong trinh (1) nén:
0o x+8Vx +4 x—\/;+4 -36

x0T Jxo
6(\/:—(+-:4—+8)(x+i—1)=36
Jx Jx
Theo bat ddng thifc Cosi ta ¢6: VX +—= 2 4 = VX + 1= + 8 2 12

\/—- J_
4 o
Lai c6: J;+—~—1z3:(&+—+8)(&+—-1)236
Jx Jx Jx
Dodédﬁudingthu’cxéyra@\/_- oS x=4
Jx

Viy phuong trinh 43 cho ¢6 nghiém duy nhét: x = 4.

Bai 14: Gidi phuong trinh:
\/;+2\fy—1¥3s/z—2=-§(x+y+z+11) ¢))
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Giai
x20
Piéu kién: {y >1
' z>22
e x—2\/§+y—4,/y—1+z—6\/z—2+11=0
2 2 2
o (Vx-1) +(Jy-1-2) +(Vz-2-38) =
Jx-1=0  (x=1 |
& {Jy-1-2=0 & {y=5
Jz-2-3=0 z=11
x=1
Viy nghi¢m cla phuong trinh d3 cho 1a: {y =5
z=11

CHUYEN ) 26 PHUONG PHAP KHAO SAT HAM SO

1. Dinhly :

: Phuong trinh f(x) = g(m) (m 13 tham s6) ¢6 nghiém xeD
<> ham g(m) thudc mién glé tri cia ham s& f(x).

2. Cdch gidi
Budc 1: Tim diéu kién d€ phuong trinh x4c dinh
Budc 2: Dit &n phu t (n€u phudng trinh phic tap)
Budc 3: Tim mién x4c dinh clia t
Budc 4: Pua phuong trinh vé dang f(t) = g(m)
Buoc 5: Khio s4t va 14p bing bi€n thién ham f(t)
Budc 6: Dyta vao dinh 1y trén dé tim m.

3. Bai tép

Bail: Chophuong trinh: Vx+V4-x-V4x-x* =m 1)
Tim m dé phuong trinh c6 nghiém.

v Giai
Pidukién: 0<x <4

2_
bit t=\/;+\/4—x=> 4x-x"’=1"—é—‘3
1 1 da-x-x

- -— =
t Tovx 2Vd-x  2Vxi-x
t’=0<:>\/4—x=4\/;<:>x=2
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Béng bi€n thién

x |0 2 ' 4

Y + 0 - ‘
242

t ) / \ )

Theo bing bi€n thién = 2 < t < 242
Khi d6 (1) trd thanh: t—%(tz —4)=m ®@

D& (1) ¢6 nghi¢m thi (2) c6 nghiém t e [ 2;2V2 ]
" _ 1,2 '
Xéthamss  f(t)= t—E(t —4)
f'(t)=1-t<0 Vte[2;2\/§]

Béng bi&n thién K
t 2 - 2J2
f(v)

2
O | T~ o529

Theo bing bi€n thién = yéu cdu bai todn dugc théa min
o 2/2-2<m<2

Bai2: Cho phuong trinh:

V2+x+4J2-x-(2-x) 2+x=m 1)

2-x
Tim m d€ phuong trinh c6 hai nghiém phan biét.

Giai
Piukién: -2<x<2

(1)<:>\/2+x+\/2—-x—,/(2—x)(2+x)_=m )
bt t=\/2+x+\/2—x:>\/(2+x)(2—x)=%(t2—4)'

g1 1 _2a-x-J2vx
2J2+x 242-x 24 — x*
{ =0JV2-x=V2+xox=0

- Béng bién thién
o X -2 0 2
t + 0 -

" 2/,2\/5\2
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Theo bdng bi€n thién = 2 <t < 22
Khi d6 (2) tr3 thanh: t—%(tz - 4) =m
o Ung v6i mot gid tri t € (2;2V2) thi phuong tinh t=v2+x+V2-x c6 hai
nghiém x phén biét.
" _. 1.
Xéthams6: f(t)= t—E(t —4)
£/(t)=1-t<0, vt e[22/2]
Béng bi&n thién

t |2 oz
(1)

2
0| T~ 52

Theo bing bi€n thién = yéu ciu bai todn dugc thda min
©2/2-2<m<2

Bai3: Cho phudng trinh:
2(x+\/2—x2)—x42—x2—3m+2=0 1)

Tim m d€ phuong trinh c6 hai nghiém phin biét.

Giai
Didukién: /2 < x <2
Pit t=x+v2-x% = xJy2-%x° =%(t2—2)

¢ X v2-x% -x

=1-
J2-x* J2-x

{=0eV2-x*=xox=1

Bing bi€n thién .
x | -2 1 J2
t - + 0 - '
2
Theo bing bién thién = V2 <t < 2
(1) trd thanh: 2t——;—(t2 - 2)+ 2=3m & 2t——;—t2 +3=3m (2)

¢ Bién luin s6 nghiém tuong quan giita t va x (dya vao bang bi€n thién)
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+ Ung véimdtgid tri te [\/E, 2) thi phuong trinh t = x + \/2—:_,{—2 c6 ding hai
nghiém x phan biét. \

+ Ung v6i mot gid tri te[—/2;2) v t=2 thi phuong tinh t= x+V2-x" c6
ding mdt nghiém x. ‘

Xéthams6: f(t) = 2t-—%t2 +3 fl(t)=2-t; f(t)=0t=2
Bang bi€n thién
t | -J2 J2 2
f(t) +
5
ft) 241207 —
| 2-2y2 —

Dua vao bang bi€n thién va cdch bién luin s nghiém & trén, ta suy ra (1) c6
hai nghlem phin biét
&> (2) ¢6 diing mOt nghiém t e [\/_ 2)

& 2+2\/—s3m<5<:>3(2+2~/_)5m<%

Baid: Cho phuong trinh: (x+1)(x~3)+vV8+2x-x* =2m )
Tim m d€ phuong trinh c6 nghu;m

.Glal
Piéukién: -2<x<4

Pit t=v8+2x-xt =,9-(1-%)*<3=0sts3

(e x2-2x-3+vV8+2x-x =2m

o 8-t2-8+t=2m o -t?+t+5=2m )
P& (1) c6 nghiém x € [-2; 4] thi (2) c6 nghi¢m t € [0; 3]
Xéthams§  f(t)=-t®+t+5

fl(t)=-2t+1 f(H)=0o tz—;—
Béng bi€n thién
1
0 - 3
X 2
v + 0 -
21
t /4—
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Theo béng bi€n thién = yéu ciu bai todn dugc thda min

& 1<2m<gl <:>——1—<rnsH
4 2 8 -
Bai5: Cho phuong trinh: Vx + /4 - x = J5m+4x x? 1)
Tim m d€ phuong trinh c6 nghiém. '
Giai
D)o 4+2/4x-x® = 5m+ 4x— x°
& 2V4x-x" —(4x-x*)+5=5m ()
Patt=Vax-x* = J4-(2-x <250<t<2
(2) trd thanh: 2t —t2 + 5 =5m (3)

Dé (1) 6 nghiém x € [0; 4] thi (3) ¢6 nghiém t  [0; 2]
Xéthamss: f(t)=2t-t2+5; f({#)=2-2t; f(t)=0t=1

Béng bi€n thién _
¢ |o 1 2
f'(v) + 0

6
Theo bing bi€n thién = yéu cdu bai todn dugc thda man .
= 5$-5m56c>15msg

'Bai 6: Cho phuong trinh: J1+ V2x-x® + \/1— V2x+x2 =m(l)

Tim m d€ phuong trinh c6 nghiém.

Gidi
Piéukién: 0<x <2

Pt t=v2x-x* =\1-(1-x)* <1=0<t<1

(1) trd thanh: Jl+t+J_ 1-t=m 2)
Xéthaimss: f(t)=v1+t + \/
£/ (t) = Y2 “1’“ () =0 t=0
2J1 £2
Bdng bi€n thién
t 0 1
(0 -

2
f) |© T, 5
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Theo bing bi&n thién => yéu cdu bai todn dugc thda min
&> J2<m<2

Bai7: Chophuong trinh: v2x -3 ++2-x =m(3x +5) (1)
Tim m d€ phuong trinh c6 nghiém.

Giai

biéu kién:g <x<2

e N&u V2x -3 -2 —’x =0 © x=—g— thi (1) v6 nghiém

e Khi vV2x -3 -2 ~x # 0; nhan v&€ v& cia (1) cho v2x -3 -J2-x
ta dugc: ' : o
(V2x -3 +2-x)(vV2x-3-V2-x)=m(3x-5)(v2x-3 - V2-x) &

3x-5=m(3x-5)(V2x -3 -v2-x)

P 1=m(\/2x—3—\/2—x)<:> —;1—=\/2X—3—\/2—X 2 m=0)

Pé (1) ¢6 nghiém x € [3;2} thi (2) c6 nghiém x 6[2;2] Vix=# g

Xéthamsd: f(x)=v2x-3-v2-x

1 1 3
f'(x) = + >0, Vxe(—;Z)
V2x-3 2J2-x 2
Bing bi€n thién

3 5

= 2 2
"3
f(x) + +

- 2

— 1
2

Theo yéu ciu bai todn = yéu ciu bai todn dugc théa mén

l/-_?-slsl 1<sm<+2

2 m
i,z Tim.®
m 5 2

Bai 8: Cho phuong trinh: 23/x—~/x2 -1 +<\/x+ Jx?2-1=m (1)

Tim m d€ phuong trinh c6 nghiém.
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Gidi
Pbiéu kién: x > 1

Ta thdy: \/x+\/x - \/x—\/x -1=1
bit t=2\/4x— x? -1 thh]»\/x-f x2 - =t—12-

(1) tr& thanh: % +t2=m )

Pé (1) ¢6 nghiém x > 1 thi (2) c6 nghiém t> 1
Xétham f(t) = % +1t2 ’

f’(t):--t?,;; L ott)=0est=1

Bing bi€n thién
t 1 : 400
f(t)

f([) 3 / +00

Theo bdng bi€n thién = yéu ciu bai todn dugc thda min
< m2 3.

Bai9: Cho phuong trinh: ,
m(Vi+x® +V1-x 1) =2l 1o VI 43 )
Tim m d€ phuong trinh ¢6 nghiém. '

Gigi
Piéukién:-1 <x <1
Pit t=vi+x®2+vVl-x2 =>2/1-x* =t2-2

’ 2
t =x. vi- f/ ~Vl+x : t'=0ex=0
1-x*
Bang bién thién | .
X -1 0 i
¢ 0

tJ—/\J—

Theo bing bién thién = V2 <t<2

t2+t+1
. t+1
Dé (1) c6 nghiém x € [1; 1] thl (2) c6 nghi¢m t & [V2;2]

(D wdthanh: m(t+1)=t?+t+1om=
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t2+t+1

Xétham f(t) = =212 g vte[V2;2]

t+1 (t+ 1)2
Bing bi&n thién
t |2 2
(1) +
7
(1) — "3
2/2 -1

Theo bang bi€n thién = yéu cdu bai todn dudc thda man

@2\/5—15m573—

2

. X
Bai 10: Cho phudng trinh: ‘16\/x | 1+ Noe mx . )
1. Gidi phuong trinh khi m = 10. '
2. Pinh m d€ phuong trinh c6 nghiém.
Gial
biéu kién: x> 1 ,
Khidé()e> 16321, X __m )
X Jx-1
_ vx-1_, 2-x ., _
bitt = = it ?sz\/;—_l-’t =0ox=2
Bing bién thién
X 1 2 +00
t + 0 -
. 1 |
0 0
1 ‘

Tir bi€n thién suy ra: 0 < t < 3

Phuong trinh (2) trd thanh: 16t+—1£=m , 3
. Véim=10 - -
) 1 9 1 1
(3)<:>16t+1-=10 & 16t —10t+1=0<:>t=—8—vt=§
+Vdit=l¢:> x_1=-1—©8«/x—1=x
8 X 8 - =
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S6Ax- D=t > -64x +64=0¢> | ° 32 - V960 4n)
| T |x=31+ J96
+V6it= é— oS>x=2
Viy nghi¢ém cia phuong trinh d3 cho 1a: [x B 22‘ * V960 .
. X =
2. Dinh m d€ phuong trinh ¢6 nghi¢m:
~ PE&(1) c6 nghiém x > 1 thi (3) c6 nghiém t € (0; %} )
Xéthimsd: f(t) = 16t+% vi0<t s—;—
- _
f’(t)=16tt2 S5 =016t -1=0et=]
Béang bién thién
1 1
0 = =
' 1 2
() - 0 +
+00 +00

Duya vdo bdng bi€n thién, gid tri m thda d€ baila: m > 8.

Baill: Cho phuong trinh: mvx +Vx+1-vx®+x =m (1)
1. Giai phuong trinh khi m = 2.
2. Pinh m d€ (1) c6 hai nghiém vd moi nghiém ciia né d€ théa min bit
- phudng trinh: x*> - (2m + 1)x + m? - 2 <0.

. v Gidi

biéukién: x>0
= >0 2: ‘

Pit a=x = a2 X Sb-a’=1vaab=vV+x
=Jx+121

b =x+1_
Khi d6 (1) trd thanh: '

b?-a®=1 : b?-a? =1
o
ma+b-ab=m m(a-1)-(a-1)b=0

b?-a2=1"
I
- bZ-a%=1 <${a_=1 @
(a-1)(m-b)=0 b?-a%=1
|b=m (I
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1. Khim=2 |
b2-a%2=1 {b2=2 {x+1=2
N o

Giai hé (I): &S x=1

@ {a=1 a=1 _ |x=1 °—°
b?-a%=1 a?=3 x=3

Gidi hé (I): =3

idi hé (II) {b=2 c:{x+1=4<:> x+1=4©x

2. Phudng trinh (1) ludn c¢6 nghiém x = 1.
Pé c6 hai nghiém thi hé (II) c6 thém mot nghiém nita.
He (D) o {b2 -a? =1c>{a2 =m?2-120

, b=m2>1 m>1

+ Véix = 1 thda bit phuong trinh (2)
om-m-250-1<m<2 ,
Kéthgp (*) > 1<m<2 (a)

+ V6ix=m’-1thda(2)
om-1)m*-m-3)<0&mP-m-3<0

oS m21 (%)

< 1';/1_3 Smsl—+§/—1_—§- .1(€th<_spv6i(*)-_->13ms1f“\/-ﬁ (b)
1+4/13

Tir (a); (b) = cdcgid triclamcintimla: 1<m <

2

CHUYEN PE 27: PHUONG PHAP PO THI

1. Céch gidi
e Dura bai todn v& sy tudng giao clia dudng thing va dudng trdn; elip; hypebol;
- parabol. '
e V& d8 thi; duva vao 46 thi a€ k&t ludn.

2. Baitip
%

Bai 1. Pinh m d€ phuong trinh c6 nghi¢m:

V2x-x!=m-x (1)

Pit y=q2x-x> ; y20

= x'-2x+y’=0 & (x-1f +y’ =1

Khi 86 (1) trd thanh: {("“1)2”2:1 ©
y=m-x (D)

(C) Ia dudng trdn tim 1(1,0), bankinh R =1
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(D) 1a dudng thing song song v4i dudng thing y = -x
A

O 2
‘f‘,‘/ \~+
LN

Phuong trinh (1) c6 nghiém <> hé (*) c6 nghiém

<:>1—w/§_<_m31+\/-2_
Viy céc gid tricﬁamc\ﬁntlmlé: 1-v2<m<1+42

Bai 2: Cho phuong trinh: mx —vx-3=m+1 (1)
dinh m d€ phuong trinh ¢6 nghi¢m.

Giai

Paty=+x-3,y20 =y’ =x-3

,
=x-3.
Phuong trinh (1) twong dudng vé6i hé:{ y =x
‘ mx-y=m+l
y'=X (P)

LaiditX=x-3,tadugc <
mX-y+2m-1=0 (D)

Ho dudng thing D qua diém c§ dinh A(-2,-1)

1:3

Hai ti€p tuy&n ké tit A t6i (P) c6 hé s& géc 14n lugt 1a: m,=—
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Dua vao d6 thi suy ra:

-3 1+43

Hg trén c6 nghiém < ! 2 <m< 2 '
Viy phuong trinh (1) ¢6 nghiém <> 1"4‘5 <m< 1+4‘/§
Bai 3: Cho phuong trinh: ,[—— —\/3 x=m (1) .
Dinh m d€ phuong trinh cé nghiém.
Gidi
+
u= ~—u,u20 2u’ =x+1
bit: 2 = 213
; v =3-Xx
=43-x,v20 ‘
2 2
=2ul+vi=4 PN A
‘ 2 4
Ph\Idng trinh (1) twong duong véi hé:
a-v=m (D) 0
w2 %
—_——=
Ty 2 4 B N
uz0 &
| v=20
2 2

&
<w

Pudng thing D qua diém (0,«[2-)<‘: m=+2
va D qua diém (2,0)<> m=-2
Pudng thing u—v =2 cft Ov tai diém ( \/5,0)
Dva vao d§ thi, suy ra h¢ trén c6 nghiém _
& -V2<m<2 & -2<m<2
Viy phuong trinh (1) ¢6 nghiém <& -2<m< \/—2-
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Bai 4: Cho phuong trinh: mx-1=+v4x-x?>-3 (1)
Dinh m d€ phuong trinh c6 nghiém duy nhAt.

Giai
Pit y-1=v4x-x>-3,y21
= (y-1=4x-x"-3 & (x-2f +(y-1) =1
Phuong trinh (1) trd thanh: ‘
(x-2)+(y-1)=1 ()

{ y=mx (D)
Pudng thing D ti€p xidc vdi (C)

< d(LD)=R véi I(2,1);R =1

ol o @m-1) =m?® +1
vi+m?
m=0
< 3m’-4m=0 =N 4
m=-§

Pudng thing D qua A(1,1) <> m=1
vaiDqua B3,1) © m =%

Phuong trinh (1) ¢6 nghiém duy nhat
< dudng thing D tiép xdc véi (C)

hoic D c4t cung EB. ‘
Diéu ndy x4y ra khi va chi khi:

m=i hoic l.<_msl
3 3

Viy céc gid tri cia m cin fim 1a:
m=i hoic lSmSl
3 3

Bai 5: Cho phuong trinh: ¥2X-m +vX+1=3 (1) _
Dinh m d€ phudng trinh c6 nghiém.

Giai
u=+2x-m
biat
v=4Xx+1
biéu kién:
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v20 2vi=2x+2
Phuong trinh (1) trd thanh:

u=0 u?=2x-m , \
= = u'-2vi=-m-2

u+v=3; uyv>0
u,v20 y

. ) \',2 u2
usv=3 2= Y o1 1) m=-2)
u?-2v?=—m-2 Ln—+—2 m+2
2
(H) 12 mét hyperbol c6 dinh truc 16n: A( m; 2 ,0) (m>-2)
Hé (2) c6 nghiém né&u (H) c4t doan BD
Diéu nay xdy ra < m+2$3 & -2<m<16
Khi m = - 2 thi: A
u=+/2*v v=3(\/5—1)>0 \\
o
u+v=3 u=6-3v2>0 0
- J2x+2=6-342 N
\/X+1=3(\/_2-—1) C@)---

& x=26-18v2>0
Tém lai c4c gi4 tri cla m ¢4n tim 1a:-

-2<m«<£16
+ Nhdn xét: | g
- Cdch I: st dung sy tuong giao giita dudng K
thdng va parabol.
- Cdch 2: sit dung sy tuong giao giita dudng trdn va dudng thing.

Bai 6: Cho phuong trinh: a’x* + 6a’* ~ x + 92 + 3 =0 (1)
Pinh m d€ phuong trinh c6 diing hai nghiém phin biét.

Giai
+N&ua=0thix =3 = (1) chi c¢6 ding 1 nghiém
nén a = 0 khong thda dé. '
+N€ua#0:
Nhin hai v&€ ctia (1) cho a ta dudc:
a’x* +6a’x? —ax+9a’*+3a=0 (2
Pit t = ax thi (2) trd thanh: .
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t* +6at’ —t+9a’ +3a=0 <> 922 +320 +1h+t* ~t=0 (3)
Xem (3) 1a phuong trinh bic hai theo 4n s5 12 a
(3) c6 nghiém:

o A=9Qt2 +1)° -36(t —1)20

& 36t7+36t+920 < 9(2t+1)'20 VteR

Khi 36 hai nghiém ciia (3) 1a: 4
—t?—t-1 t—t?
=V a=
3 _ 3 4 W .
Xét hé truc toa 46 (tOa): =T 73 _
v& hai parabol: , /ﬁ % — =
2 | /\ ‘\
P)a=—(t"+t+1) ; /
(R)a=T(t+eel) 5 |
(PZ):a=%(t—t2) : ®

1&én cding mdt hé truc toa do. '
Phuong trinh (1) ¢6 hai nghi¢m phén bi¢t khi va chi khi du’fmg thing a =a cit hai

parabol (P) va (P,) tai hai diém phan bit.

Dya véo dd thi, suy ra c>—15a<-l-
4 12

Bai7: Cho phirdng trinh: x +4x—2|x—a| +2-a=0@
'Dinh a d€ phudng trinh c6 diing hai nghiém khdc nhau.

Giai
Phuong trinh (1) twdng duong vdi:

x2a x<a
5 hodc §{ , .
X“+2x+2+a=0 x“+6x+2-3a=0

X<a .
x=2 @ hoic { 1/, an
a=-x?-2x-2 ' a=-3—(x2+6x+2)

Xét hé truc toa dd (xOa):

V& céc parabol:

(P) a=-x2-2x-2 ; (P):a= -—(x +6x+2) vd du'angthing:
Xx=a.

Phuong trinh (1) c6 ding hai nghiém khi:

- Hé () c6 dting mot nghiém va hé§ (IT) c6 ding mot nghxém
Piéu d6 c6 nghia 1a: Hé (I) tén tai mt di€ém M(x,a) vdi x >a
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va  hé (ID) tbn tai mdt diém N(x,a) vdi x <a
Duya vao d6 thi suy ra, cdc gid triciaacintimla: -2 <a <-1

Bai 8: Cho hé phuong trinh:

2 _ 2 - '
{" *‘12 3a)x+2a"-22<0 1y pinh a d& hé ¢6 nghiém.
ax = . :

- Giai
(x-a)x-2a+2)<0
ax=1 ‘
Xét hé truc toa 4§ (xoa). V& cdc dudng thing:
d :x-a=0 ; d,:x-2a+2=0
va hyperbol (H): ax = 1 1&n cling mdt hé truc toa 49

C4c diém (a,x) théa midn hé (1) nim trén cung MN va cung PQ
- DPudng thing d, cit (H) tai Qc6:-a, =1 va tai M c6: a, =1

Hé¢ (1) <:>{

- Pudng thing d, c4t (H) tai N cé:a, = 1+2\/—
va tai P ¢6: q, =1—-2£

Hé (1) c6 nghiém <> dudng thﬁng a = « c{t cung MN vi cung PQ
Duya vao dd thi, suy ra diéu ndy x4y ra khi va chi khi:

'1«/‘ 1-43
2

l<a< c-l<acx

v

dy
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CHUYEN DE 28: PHUONG PHAP TAM THUC BAC HAI

1. Céch gidi

o Bugc 1: Ditdiéukién x4c dinh cla phuong trinh
e Busc2: Ditin phu dua vé phu’dng trinh béc hai.
e Bujc3: Bién ludn tuong quan s§ nghiém giifa t vA x trong phuong tﬂnh dic
&n phy. Diing cong thic so s4nh nghiém.
2. Baitip

Bail: Chophuong trinh: m® +2(m+1)Vx=x+5+4m (1)
Tim m d€ phuong trinh ¢6 hai nghiém phan biét.

Piéu kién:

Giai
x>0

Patt=vx20
(1) rd thanh: m?+2(m+1)t=t>+5+4m

o fM)=t*-2(m+1)t-m?*+4m+5=0 (2)

Pé (1) c6 2 nghiém phén biét thi (2)4c6 hai nghi¢m phén biét khdng &m

S>0

A >0 (m+1)2—(5+4m—m2)>0
& P20 o {5+4m-m?>0
2(m+1)>0
rm<-—.1 t
(2m? -2m -4>0 m>2

o <B5+4m-m?20 o {-1<mc<5 o 2<m<h

m+l1>0 m>-1

.

Viycécgidtrichamcintimla: 2<m <5,

Bii 2: Cho phuong trinh:
2v2x - x* -2m(Vx +V2-x)*+2m* -2=0 (1)

Tim m d& phuong trinh c6 b&n nghiém phin biét.

biéu kién:

Gidi
0<x$2

bit t= Jx +v2 - x = 2¢/2x - x* —t2—2
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t/=—2—ﬂ it =02-x=Vxox=1
24/2x — x2
Bing bié€n thién
t 0 1 2
(1

+ o - -
2
W | 5 T T~ &
Theo bdng bi€n thién = V2 <t<2

Phudng trinh (1) trd thanh: -
’ ft)=t>-2mt +2m%?-6=0 ®

e Ung v6i mot gié tri te [\/5;2) thi phuong trinh t = Jx +42-x c6 hai
nghiém x phan biét.

Do 46, d€ (1) c6 bdn nghién phan biét thi (2) c6 hai nghiém phén biét t;; t, thda
man: V2 <t; <ty, <2

f/ B
A>0 6_m2>0

- f(\/§)>0 2m2_2J2_m’4>0h‘ AV v6 nehié
<
f(2)>0 < 2m? -4m-2>0 v Iy TOnenEm
J2_<§<2 V2<m<2

Vay khong c6 gié tri m ndo théa min dé bai.

Bai 3: Cho phudng trinh:

2xV4 - x" -2(m-2)(x+ V4 -2 )+m? =0 (1)

Tim m d€ phuong trinh ¢6 diing hai nghiém phan biét.
' Giai
Pidukién:-2<x <2

PDit t=x+Vi-x® > 2xJ4-x* =t2 -4

o1 % =\]4—x2-—x
V4 - x? V4 - x*
t =0 Ji-x*=xex=42
Bing bi€n thién :
x |2 J2 2

tl

+ 0 -
t 2 / 2J§ \ 5
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Theo bing bi€n thién = -2 <1< 242
(1) tr8 thanh: f(t)-t2—2(m~2)t+m2—4=0 )

e Bién luin s6 nghiém giita t va x

+ Ung v6i mot gid tri t = 242 hoic t e [—2 2) thl phudng trinh t = x + V4 — x*
c6 diing mot nghiém x.

+ Ung mot gid tri te [2 2\/_) thi phu’dng rinh t =x+ \14 x? c¢6 ding hai

nghiém phin biét x.

Xét cac trudng hgp sau:
TH1: (2) c6 ha1 nghiém t;t, € (-2;2)
"0
f(—2) >0 .
e 1f(@2)>0 & 2/3-2<m<2
-2< S <2
72

TH2: (2) ¢6 diing mdt nghiém t € (2;2v2)
THa: (2) ¢6 nghié¢m kép € (2; 2«/5) '

Al=0 m=2
< {to =m-2 e(2;2J§) <:> {m—26(2;2\/§)
< hé v nghiém.
THb: (2) ¢6 hai nghiém t;; t, thda méan:
_2<t1 <2V2 <ty
A7 <-2<2<t, <242
£(2)>0
{f(2J§)<o
o | {f(-2)<0 & hé vé nghiém.
f(2\/§)>0
f(2)<0
TH3: n€u (i) c6 mot nghiémt, =-2
= m’+4m-8=0om=-2-2J3 vm=2/3-2
¢ Voim=-2-2/3 h(Q) = t? +2(4+2/3)t +12+8/3=0
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tl =_2
O .
t, = -6 — 44/3 (loai)
e V6im=2/3-2t1(2) & t?-2(2/8-4)t+12-8/3=0

t, = -2 |
&
t, =443 -6 € (-2;2)

= gi4 tri m = 2/3 — 2 thda man & bai.
TH4: N&u (2) ¢c6 mot nghiém t, = 2.

= m’ ~ 4m + 8 = 0 v6 nghi¢m.
TH5: Néu (2) ¢6 mdt nghiém t = 242

= m? - 4/2m + 4 + 842 = 0 v6 nghiém

Viy céc gid trj ciia m cdn tim 1a: 2J3-2<m<2

CHUYEN DPE 29: PHUONG PHAP VECTO

1. Céc bét ding thic vectd .
o a5 s
N&u “=” x3y ra <> a ciing chidu véi b

b [i+8<[e]+[H

Né&u “=" xdyra <

™1 Py

—>

=5hay‘5=0
b

2. Céch gidi

Budc 1: Tt phuong trinh: bi€n d8i € céc bi€u thitc c6 dang Ja? +b?

Buoc 2: Chon cic vectd
Budc 3: St dung céc bit ddng thitc thifc trén
- Sau d6 xét ddu “=" xdy ra.

3. Baitgp

Bai 1 . Gidi cdc phuong trinh sau:

\m—x+l+\ﬁc2+x+l=2

Gidi

R-—x+1+\/x7+x+1=2
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(3] 333
S X-=] +=+,[ X+ | +==2
2 4 2 4

Xét cédc vectd sau:

|5|+|B|2|§+B|:$\[(x—l)2+é+\/(x+l)z+—3—22
2) "3 2) 74

=> Ddu“="xdyra < a va b clng phuong, ciing chiéu.

1 3
T 1 1
=3 2 =—2—=1<:>x——=—x———<:>x=0
1 [3_ 2 2
2 2

Viy phudng trinh da cho c6 nghiém duy nhﬁ't:x =0

Bai 2: Gidi phuong trinh sau: \/4x2 —-4x+2+ \ﬁ(z -2X+5= \/9x2 -12x+13

Giai
Jax? —ax +2 +Vx2 —2x+ 5 =v9x2 —12x +13

o J(2x-1)P14y(x-1) +4 =\/(3x-’2)2,+9

Xét cdc vectd sau:

ix-1,1) = [6=y@x-12+1
bx-12) = [B=ylx-1+4
5+B=(3x-—2,3)=>l§+5|=\/—3;:_2)2—+9
Ta c6 bt ding thifc: , .

la] +|B| > |§ + BI = J&x ~1) +1+ §/(x-1)2 +42 \[(3x-2)2 +9
= dfu “="xdyra < a va b cingphudng, ciing chiéu.

@2"—1 =—1-=1C>4X—2=X—1C>.X=l
) 3

x-1
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1
Viy nghiém ciia phuong trinh dd cho 14 x =—

Bai 3: Gidi phuong trinh:

Jx2—2x+5—Jx2—6x+10i=J§

Gidi
‘\/xz—2x+5—\/x2—6x+10i=J§
\/(X,-l)2+4—\/(x-3)2+1’=\/§ |
Xét céc vectd sau:
i(x-12) = [{=yx-1y+4
b(x-3,1) = |E|=m
a-b=Q1)=fi-b=+5

Ap dung bt ding thitc: »
Ial-[6] <[a - 8= D =205 - fx? - 6x+10[ V5

(=4

= dfu “="xdyra <> 3 vi b ciing phudng, cling chiu.
x“; =%<:>x—1=2(x—3)<:>x=5

&
X -

Viy phuong trinh di cho ¢6 nghiém duy nhit: x = 5

Bai 4: Gidi phuong trinh:

\/x3+x+(1-x)~/1-x’=\/2x2-2x-|;2

Giai
vx® +x +(l—x)s/1—_xl=\/2x2—2x+2 (1)

xXX+x20 ‘ x(x2+1)20
= =
biéukién: |1-x20 x <1

e Vrvx +14(1-xWi-x =V2x? —2x+2

Xét cic vectd:

alVx,VI-x) = [f=Vx+l-x =1
B(\/x2+1,1-x) = |I-5|=\/x2+1+(1-x)2 =V2x2-2x+2 -
ab=vxVx2+1+(1-xW1-x ‘

0<x<l1

247



Ap dung b4t d&ng thyc: |
ab<faft] e VxVxT +1+(- XWIZx <v2x? — 2x+ 2

=> d4u “=" x4y ra khi va chi khi ) )

+ Ho#c ¢6 mot trong hai vectd a, b 13 vects 0:

Jx =0

V1-x =0

+ Ho#c hai vects a va b cliing phuong, cing chiéu:

\/; \/ﬂ X 1

D& thdy chi c6 thé @ 12 vectd 0 @{ (v6 nghiém)

Jx2 +1 T 1-x x +1 1-
ox(l-x)=x+1e2x* -x+1=0
Phuong trinh ndy v6 nghi¢m.
Do viy phuong trinh d3 cho v6 nghiém.

Bai 5: Gidi phuong trinh:  sin xv1+ cos? X +cosxv1+sin? x = \/_

Giai

sinxv/1+cos2x +cosxv1+sin®x =3

Xét cdc vectd:
a(sinx,cosx) = [d|=1

B(\/l +cos?x,V1+ sinzx) = |Bl =
a.b = sinxy/1 + cos?x + cosx/1 +sin’x
Ap'dung bt ding thitc:

- adbs< |5HB| &> sinxy/1 + cos?x + cosxy/1 + sin2x <3

= Dfu“="xdyra < a vd b cling phuong, ciing chiéu.

Ji+cos’x +l+sin?x  l1+cos?x 1+sin’x
< : = 2= 2
sinx COSX - sin’x cos’x
= (1 + coszx)coszx = sinzx(l + sinzx)

V6i: sin’x =1-cos’x nén:

(1 + cos2x>:os2x =1-cos’x + (l - coszx)z

' ' 1
& cos?x +cos?x =2 -3cos’x +cos*x < cos’x = 5

@1—2coszx=0¢:>cos2x=0<:>x=—3—+m§ (meZ)
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Thit tryc ti€p ho nghiém x = %:— + mg vao phuong trinh |

ta nhin nghi¢m cudi cing Ia: x = % + mg

Z - '—; ’
wai [m€ vam#{-2,-1,1,2}
mchin: m=4n

= nghiém: x = % +2nn (nez)

T6m lai nghiém céia phuong trinh da cho 1a: x = % +2nt (n €Z)

Bai 6: Gidi phuong trinh: vx* — 4x + 8 + /4x? +12x +10 +v9x? ~30x +50 =10
' Gigi |

X% —4x +8 +4x2 +12x +10 +/9x% —30x +50 =10

& J(x=2) +4+\(2x+3)2 +14/(5-3x) +25=10

Xét céc vectd sau:
i(x-22) = [a= Jx?—4x+8
b(2x+3,1) = |b| =4x? +12x +10
§(5-3%,5) = [g=v9x*-30x+50
a+b+c=(68) = l5+5+é| =10
_ Theo b4t ding thitc: ja+B+3 <] +[o|]+[gl

& VX —4x +8 +ax? +12x +10 ++/9x> —30x + 50 210
Suy ra: Ddu ding thitc x4y ra khi va chi khi ba vectd a,b c cﬁng chiéu
X - 2 2x+3 5 3x

2 1
V4iy phudng trinh 4 cho v6 nghiém.

( hé nay vd nghiém )

Bai7: Gidi phuong trinh: sin x+/1—cos X +cosx~/1+cosx =\/§ )]

Giai
Xét cdc vectd sau:
d(sinx,cosx) = [d=

B(Jl -cosx,\[l + cosx) = |B|=fi ‘
a.b = sinx+/1- cosx + cosx+/1 + cosx
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Theo bit ding thitc:

abs< |5||l;' <> sinxy/1 — cosx + cosx+/1 + cosx < \/5
=D4u “="xdy ra <> hai vectd @ va bcing chiéu:

<a=mb véim>0

&> sinx+/1+ cosx —cosx4/1-cosx =0

&> sinxy/1+cosx = cosx,'/l- cosx (1)

Vi chu ky ciia ham sin, cos 12 2 nén ta xét trén mdt chu ky:

+ Néu —gs x <27 thi sinx.cosx < 0 nén suy ra phudng trinh (2) v nghiém.

+ Néu 0<xsg thi sinx >0 va cosx =2 0

Do dé:
(1) <> sin?x(1 + cosx) = cosx(1 - cosx)

=N (1 —coszx)(l +cosx ) = cos’x (1 - cosx)

<> (1-cosx)(1+2cosx) =0 <> cosx =1 <> x =0
Viy nghiém ciia phuong trinh di cho A x =k21  (k € Z)

Bai 8 . Pinh m d€ phuong trinh sau c6 nghiém:'

\/x2+x+l—\/x2v—x+l=m‘

: Gidi
Phuong trinh (1) tuong duong v8i:
(x+3) 33
Jlx+=| +=-f|==x| +==m
2 4 2 4

Trong mét hé truc toa 4o ph&ng ndo 46, xét cic diém sau:

_A(—x,o) : B[l ‘5) ; c(—l,ﬁ]

272 2°2
Ta cé:

2
Ex+—l-,£ ; IAB =AB= (x.;.l) +2
2 2 4

2
Xéx"l-,ﬁ ; 'Ac|=Ac= (l—x) +3
2 2 ' 2‘ 4

BC(-10) ; [Bd=BC=1
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V6i moi diém A(-x, 0) thi ba di€m A, B, C khong thing hang nén
|AB- AC|<BC |

Viy céc gi4 tri cda m cin tim 12 |m| <1

o <1 :|m|<'1

CHUGONG 5. HE PHUONG TRINH PAI SO

CHUYEN PE 30. HE PHUONG TRINH BAC NHAT HAI AN SO

. . ax+by+c =0
Cho h¢ phuong trinh:
ax+b,y+c, =0
1) Néua;=a;=b;=b; =c=c= 0 thi hé phuong trinh diing vdiV x, y.
2) Néua,; =a;=b;=b>=0vac; # 0thi h¢ vé nghiém. '
3) Néuay, as, by, b> khong ddng thoi bing khong:

. a, b
+ Tinh: D = = a,bg - agb,
a, b,
¢ b
D, = = by — cab
¢, b,
a G
D, = = a;C2— UC|
: a, ¢,
a) NéuD = 0:

+ D, # 0 hodc D, # 0 thi h¢ dd cho vo nghi¢m.
+ Néu D, = D, = O thi h¢ c6 thé vé nghiém hodc cé v s6 nghtem (nén thay gid trj
cu thé ciia tham s6 vao hé phuong trinh di cho réi két lugn)

LD
b) Néu D = 0 thi hé c6 nghiém duy nhdt 2. g
- _5
YD
6ax+(2—a)y =3
Bai 1: Cho hé phuong trinh: @x+(2-a)y
(a-Dx—-ay=2

1) Gidi va bi¢n luin h¢ phuong trinh.
2) Gié sif(x, y) 12 nghiém ctia h¢ trén. Tim h¢ thic lién hé giifa x, y dbc lap véia.
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+

Gidi

6ax +(2 - =
1) Gidi va bién lugn he: { > F G~y =3
(@-Dx~ay=2
Do c4c hé s§ trong hé phuong trinh dd cho khong ddng thdi bing O nén ta tinh:
6a 2-aq 2 T '
D= =-6a"-(2-a)a-1)=-5a*-3a+2
a-1 -—a , o
3 2-
D, = U =_3a-202-2)=—(a +4)
2 -a
6a 3
= 0 l=12a-3@-1)=9%a+3
: a-1 2
e NEuD#0¢ -52°-3a+2%0
a#-1
=N 2 thi h¢ da cho c6 nghiém duy nh4t
ar=
5 .
_D, a+4
=re S0
- D 5a°+3a-2
y=r . 9a+3
D -5a*-3a+2
a=-1

e Né&uD=0 <& 2 .Khidé D, # OvaD, # O nénh& da cho v0 nghiém.

2) Gid st (x, y) 12 nghiém ciia hé. Khi d6 ta c6:
{6ax+(2—a)y=3 {(6x—y)a=3—-2y_ )
(a-Dx-ay=2 e (x-y)a=2+x 2)
Nhén (1) v6i (x - y) va nhdn (2) v6i (-6x + y) rdi cong v€ theo v& ta dugc: (3 -
2)x-y)+ 2 +x)(-6x+y)=0
Pdy 12 hé thic cdn tim.

Bai 2: Cho hé phuong trinh:
mx+4y=m?+4
{x+(m+3)y=2m+'3 _
1) V6i gid tri ndo ctia m thi hé c¢6 nghiém (x, y) thda x > y

2) Véi céc gié tri clia m da im dudc, hdy m gi4 tri nhd nhdt cia tdng A =x +y.
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Giai

1) Tacé:
m 4
D= =m(m+3)-4=(m- 1)(m +4)
1 m+3
. 22
D=" ** Ao+ 4)m43)-4@m+3)
2m+3 m+3
=m(m - 1)(m+ 4)
2
D,=m m’+4 = m(2m +3) — (m® + 4)
1 2m+3 :
=(m-1)(m +4)
e V6im# 1vim # —4thiD # 0nén hé di cho c6 nghiém duy nhit:
DX
x=—"=m
D
D
b
=—2 =1
y=7p°="

e Heé cénghiém(x,y)thdax 2y & m2>1
D6i chi€u véi didu kién D # 0 ta dudc gid tri cda m cdn tim lA: m > 1.
2) Khim>1
Téng A=x+y=m+1
Tathfyhim A=m+1 12 ham ting Vm > 1 nén né khdng dat gi4 tri nhd nhat
trén khodng (1,+ ) )

ax+y=b

x+ay=c’+c

1) Véic=1, gidi va bién ludn hé theoa va b.

2) Tim b d& v8i moi a ta ludn tim dugc ¢ d& hé ¢6 nghiém.
3) Tim b d€ tdn tai ¢ sao cho h¢ c6 nghi¢m véi Va.

Bai 3: Cho hé phudng trinh: {

Gidi
+y=b
1) Khi c =1, hé da cho trd thanh: {w‘ Y
. x+ay=2
" *Tinh c4c dinh thic:
1 ' b1
p=" | =a’-1 D, = =ab-2
1 a 2 a
la b
D,=| | =2a-b
1 2

*Né&ua®# 1 < a = + 1thihé c6 nghiém duy nhit 1a:
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D, ab-2

D a*-1
=&=2a—b
D a*-1

*Néua=1thiD=0;D,=b-2;D;=2-b
+ N&u b = 2 thi D,=D, = 0 khi d6 hé& c6 nghiém véi Vx, y.
+N&ub # 2 thi hé v6 nghiém.
*Néua=-1thiD=0;D,=-b-2;D,=-b-2
+N&ub » -2thiD, # 0; D, # 0 = hé vb nghiém.
+N&ub=-2thiD,= D, =0 = hé c6 nghiém V x,y.
2) XétD=a’-1
+NEuD # 0 <> a = 1 thi h¢ da cho c6 nghiém duy nh4't v6i V ¢ nén khong
cdn diéu kién cho b.

. x+y=b
+ N&u a =1 thi hé trd thanh: s
xX+y=c"+c

H¢& nay c6 nghiém <> F+c=be ? +c-b=0

Pécéctdntaithi A=1+4b>0 bz—%

) -x+y=b
+ Néu a = —1 thi hé «rd thanh: )
x-y=c" +c¢

{x -y=-~b
< 2
x-y=c’+c
Hé ndy c6 nghiém < ¢ +c+b=0
Pécéctdntaithi A=1-4b2>20< b < %
* Tém lai gid tri b cdn tim d€ yé&u cAu bai todn 1a:
Lepsd
4 4
3) Tén tai c sao cho hé c¢6 nghiém véi Va
Dinhiénkhia # £ 1 thi h¢ luén c¢6 nghi€ém
Nhu vdy ta cdn quan tdm d€n hai gid tri cia a 1a: a = 1; a = —1 thi hé ciing phii
¢6 nghiém. Diéu ndy dugc thda min khi va chi khi tdn tai b d€ hai phuong trinh
c+c-b=0(1) va ¢® +c+b=0(2)c6 nghiém chung.
Gia st ¢, 12 nghiém chung cda (1) va (2). Th€ thi:
{c,f +c,+b=0

) =b=0
c, +c,-b=0
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=0
v6ib=0thi (1) va (2) trd thanh: ¢ +c=0 < [C 1
S U

RO rang hai nghiém nay 1a hai nghi€ém chung cia (1) va (2).
* Tém lai gid tri cia b cdn tim 1a: b =0.

(ax+ by =c M
Bai 4: Gia sit hé phuong trinh: <bx+cy=a  (2)
cx+ay=»b ‘ 3)

c6 nghiém. Chitng minh ring a’ + b* + ¢ = 3abc.

Giai
(ax)c2 + (by)c2 =c
Nhin (1) v6i ¢* ; nhan (2) v6i a* nhan (3) v6i b’ ta dugc: {(bx)a’ +(cy)a’ = a*
‘ - (cx)b? + (ay)b? = b°
Cong vé& ‘theo v& ba phuong trinh trén ta dugc:

a’+ b’ + ¢’ =ac(cx +ay) + be(cy + bx) + ab(ax + by)
= ac.b + bc.a + ab.c = 3abc  (dpcm)

. =3

Bai 5: Cho hé phuong tiinh: {2 "
mx+y=2m+]

1) Gidi va bién lun hé. ‘

2) Pinh m € Z d€ hé c6 nghiém nguyén.

Giai .
1) Gidi v bién luin hé:
Ta tinh cdc dinh thic:

1 m 2
D= =1l-m
m 1
Im m ‘
. = =3m- m(2m + 1) =2m(1 - m)
2m+1 1
1 3m 2
y = =2m+1-3m°=( -m)(1 +3m)
m 2m+1
e N&uD # 0 ¢ m=# +1 thi hé c6 nghiém duy nhit.
D, 2m
xX= =
D 1+m
_&_1+3m
Y D l1+m

¢ NéuD=0< m=+1 .
+N€um=1th1D=Dx=Dy=O,khid6hécénghiém VX,y
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+N&um=-1thiD, = 0vaDy # 0,khidé h¢ vb nghlem
2) Khim # % 1 thi h¢ c6 nghi¢m duy nhit

2m 2
x= =2~
m+1 m+1
3m+1 —3_ 2
T om+l m+1
D& x, y nguyén thi (m +1) phai 12 u6c s8 cia 2
m+l=1 m=0
m+1=-1 m=-2 .
L=
m+1=2 m=1
m+1l=-2 m=-3

Vay céc gid tri ciam céin tim 13: m= {-3,-2,0,1}.

. . ) x(1-sina) + ycosa=cosa
-1 Bai 6: Gidi va bién ludn hé: . .
xcosa+(1—sina)y=sina

Giai
1-sina cosa

cosa l-sin

al = (1 - sina)’ ~ cos’a = 2sina(sina — 1)

cosa cosa ) . .
= = cosa(l — sina) — sinacosa = cosa(l — 2sina)

sina 1-sina

Jl-sina cosal . . o
y = = sina(l — sina) — cos’a = sina ~ 1

cosa sina

¢ Bién luidn:

. azkn
» sina#0
+Neu D=0 <, 1 T ke
sing # 1 a¢—2—+k27t
_ cosa(l-2sina)
R . v 2sina(sina-—1)
thi hé c¢6 nghiém duy nhat
~ 2sina
. a=kn
. sina=0
+NéuD=0< | . o n ke
: sina=1 . a=5+k27r

| ' +(=DF =(=D*
- NE&ua=k 7 thi h¢ di cho trd thanh: {x D" =CD

-Dfx+y=0
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Ta th{y: dd k chin hay k 1& thi h¢ trén ludn v3 nghi¢m.
- Néua= 1’2- +k2 7 thih¢ di cho trd thanh:

0x+0.y=0
{ ¥+0Y=Y He nay v6 nghiém.

0x+0.y=1
e T6m lai:
’ (a#krx

+ Néu (k € Z) thl hé c¢6 nghiém duy nhat.

a¢£+k27r
2

'x _ cosa(l-2sina)
2sina(sina~-1)

~y " 2sina

(a=kn

+N&u s » (k € Z) thl hé vd nghiém.
a= 3 +k27

LN

(a-Dx+y=a+l
x—-ay=a+3

Bai 7: Cho h¢ phuong trinh: {
Tim t4t ci c4c gi4 trj hitu tf cda a 4€ hé c6 nghiém duy nh4t (x, y) trong 46 x

nhin gié tri n_g_uyén. B

Gidl
a1 . 2
Tacé:D= =~aa-1)-1=-a"+a-1
11 o,
. dl:—a(a+l)—(a+3)=—a2—2a—3
a+3 - :
-1 1 , L
D,=" " ®Tlc@-1)a+3) ~@a+D=al+a-4
1 a+3 ~

2
Tathfy:D=-a’+a-1 =—(a—-;-) —% <0 VaeR

nén hé a4 cho luén c¢6 nghiém duy nhit:
D, a’+2a+3

X ===
D at-a+l
_D,_ad+a-4
YD T T va-1
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at+2a+3

a’-a+1

o a’+2a+3=(+1>’+2>0
2
. az—a+l=(a——;-) +3 >0

Xét biéu thec: x =

4

a*+2a+3

a’-a+l

Déng thitc trén < (x - Da’ - (x+2)a+x-3=0 €Y
+V6ix =1thi ('l) trd thinh: -3a-2=0 <::,>'a = —% gid tri ndy théa min dé bai.

Suy ra:x = >0 vdi YaeR

+Vdix>1 (dox 12 s6 nguyén dudng)
P& (1) c6 nghiém hitu ti thi phai c6:
A =(x+2—4(x- 1)(x-3)=-3x*+20x-8 2 0

- 10—J76 10+J76
3

lenguyénvax>lnénx-{2 3,4,5, 6}
* Lin lugt the c4c gid trix = {2, 3,4, 5, 6} va(l)tathaychicéx 3 va x = 6 thda min.

+ V6ix=3thi (1) c6 hai nghiém:a=0vda= %
+ V6i x = 6 thi (1) c¢6 hai nghiém: a = % via=1
Vay dé x nguyén thi a nhan céc gié tri hitu d Ia:

a= -3;0;2;1;2 .
‘ 3’75772

Bai 8: Dinh a d€ hé sau c6 b6n nghiém phin biét:
' {2a(x2 +2x)=(a+1)| yl=1-3a

I
(a-2Xx*+2x)+a|yl=3a-2 ®

Gidi
Nhdn xét: hé ndy chu’a c6 dang 12 he bic nhilt hai é'n ta chuyén hé nay vé dang
d6 bling c4ch dit:
) X=x+2x=(x+1)* -12-1
{Y =y0
) ) X2-1
= Dlél% kién: {Y 50 ‘
2aX —(a+1)¥ =1-3a

(@-2)X +a¥ =3a-2 an

Khi 46 hé nay trd thanh: {
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~Céch¢ s6 ctia hé (IT) khong thé d6ng thdi bing 0 nén ta tinh:
2a -a-1
D=  =(a—-1)3a+2)
a-—2
1- -a-1
D=3 "9 L
3a-2 a '
I
*“la-2 3a-2] - |
¢ Diéukién cin: hé (I) c6 nghiém thi hé (1) c6 nghiém
az#l
S>D#20e 2
: a#——

x>-1 |¥=p 52 4 2
r>0 o D. 94-2 & a<--va>-—
y=—"2-= >0
D 3a+2
a . . 9 r.3 4 2
Viy céc gid tri cda a can tim 1a: a<-—§ \ a>‘—9-
x+(1+m)y=0 )

Bai 9: Cho hé phuong trinh: {(1-m)x+my=1+m )

(+mxs@-my=-l-m ()

Tim m d€ hé c6 nghiém

Gidi

» +(1+ =0
* Pidu kién cin cla bai todn 12 hé: {; ( | ”i)y L
: -m)x+my=1+m

1 1+ ‘
~ Tacé6: D=l m=m—(l—m2)=m2+m—1

-m m
0 1
= T =—(1+my?
l+m m
1 0
y =1+m
I-m l+m :
-1-45
m=
+KhiD=0 & m’+m-1=0 & 2
~1+45
m=
2

c6 nghiém.
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thi D, # O va Dy, # O nén h¢ (1) va (2) c6 nghiém, suy ra h¢ di cho vd nghiém.

+Néum = ~1£45

thi hé (1) va (2) c6 nghiém duy nhat:

eobDe ~(+m)’ D, 1+m
D m+m-1’ D m+m-1
_ Hé d4 cho c6 nghiém né€u nghiém cta (1) va (2) 1A nghiém ding phuong trinh (3).
_ 2
ThE x = —(+m” va y= ]+—ml vao (3) ta dugc:

m?+m-—1 m? +

-(+m)’ G m)(1+m)

m?+m-—1 m?+m-1

o (l+miéd-m+m’+m-1-(1+m)’}=0 < m==+1
Viycicgidtrichamcintimli:m=1v m=-1

—(1 +m)

CHUYEN PE 31. HE PHUGNG TRINH MOT AN SO

f(x)=0 )

1. Dang hé: {g(x) ~o , @)
2. Céch gidi: ' '

+ Khit tham s& gia hai phuong trinh (1) va (2) (néu cé thé) dugc mét trong hai
phuong trinh chita tham s6.

+ Sau dé, gidi tim x, réi th¢' vao hé da cho, tim gid tr; cia tham sé.
+ C6 gid tri cila tham s& thit lgi.

Bail: » o
ax? +(@a+Dx+a+b-1=0 . ()
Dinh a, b d€ hé sau c6 nghiém: {(a+1)x* +(a-Dx+a+b=0 - (2)
(a-b)x* —x+ab=0 3)
Gidi

L&y (2) triy (1) ta duge: x> - 2x + 1 =0 & x =1
Théx=1vio(3)tadugc:a—b-1+ab=0
< bla-1)+a~-1=0 :
a=1

S a-1Db+1)=0o [b:—l

=1 ,
+ Vi {“ | thE vao (2) ta duge: b =— 3
x=
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W | =

+ Vi {Z __, théva0 () ta duge: a =

1
= =1
T6m lai hé d4 cho c6 nghiém: {° 3 v {“
| p=—g 0=73

.. ) 2 ) x(x-D)+m-1=0
Bai 2: Dinh m d¢ hé sau ¢6 nghiém: { , )
: ‘ x'+x +2x+1-m" =0

Gidi

. x2—(x+D=m _
"Hé da cho & . s s ¢))
x+(x+1) ' =m

Pat: {"”220 = u=(v— 1) ‘ *)
v=x+1
X . fu-v=m u-v=m
He (D urd than?l' {u2 +v2 =m? {(u'-#v)2 +(@-v)? =2m?
u-v=m
u-v=m {u+v=m
{(u+v)2=m2 Uu-v=m
{u+v=—m
1) Xét he: {”'“”’ = """ e vao (*) ta duge: m = 1.
u+v=m v;O :

. u=1 2 =1
Khi m = ] ta dugc: 0 = < x=-1
\J
2

B -(x+1)=1 '
Nghiém nay thda he: |~ (x )2 = gif tri m = 1 théa dé.
xX+(x+D)" =1

—y= =0
2) Xét heé: {” Ve o {"
Uu+v=—m Vv=-m
thé€ vao (*) ta dude: (m +1)*=0 < m=-1

u=0 {xz =0
S

Khim=—1:>{ o x=0

v=1 x+1=1
n X =) =-1

Nghi¢m nay thda hé: § s

. x+(x+D° =1

Tém lai gid tri cia m cin im 12: m = +1
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Bai 3: Dinh a d€ hé sau c6 nghiém duy nhit:
{]x’-5x+4|-9x2+4’-5x+10x|x|=0 | 0

x*+2(l-a)x+a*-2a=0 7 @

Giai
Trudc hét ta gidi phuong trinh (1):
2 [x=1
Tacé:x"-5x+4=0& |
' x=4
Lap bing xét ddu:
_X -0 0 1 4
- x-5x+4 + | +0 -0
IxI - 0 + ] + |
+N€ux < 0 thi (1) trd thanh:

x=-1

+ o0

+
+

-18x* - 10x+8=0 & x=-1

.4 W
=3 (loai)
+NEu0O<x < 1thi(1)trd thanh:

- 10x+8=0 | "7 o x=1

[ x=4 (loai)

+NE€ul<x < 4 thi(l)trd thinh: 0 =0, ding véi Vx € (1, 4]
+ N&u x> 4 thi (1) trd thanh: '
x=1"

2 - 10x +8=0 & )
» | x=4 (loai)

x=-1
. Isx<4

Xét phuong trinh (2): x* +2(1 — a)x + a2’ ~ 2a =0 |
Tacé: A'=(1-a)-a’+2a=1

Tém lai: nghiém cda (1) 1a: [

=5 hai nghiém clia phudng trinh (2) 12: [x' =

Nhv viy hé dd cho ‘c [x =-1 v |:xl =4 *
) {1£x<4  [x,=a-2
Hé di cho c6 nghiém duy nhit < hé (*) c6 nghiém duy nhit.
Xét cdc trudng hgp sau: )
=-1 a=-1
1) Néu {[a-2<1 o {fa<3 o a=-1
|:a -2>4 [a >6
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a-2=-1 (a=1

2) Né€u <(a<1 o {[a<a v6nghiém
[a>4 . L[a.>4
1sas4 15as<4

3) Néu{a-2#-1 o lazl o 1<a<3
la-2<1 a<3
L|:¢1—2>4 L|:a>6
az-1 35a<6 ,

4) Néu{l<a-2<4 o {fa<l ©4<as 6
a<l ‘ L[a>4
L[a>4

Tém lai céc gid tri cia a cAn Gm 1a:
a=-1hoic 1<a<3hoic4<a <6

2 2 :
~2xp+x-y-2=0 1
Baid: Chohe: |~ 17 ~ TPV O
: mx* —4my+1=0 - 2
Pinhm dé heé trén c6 hai nghi¢m phén biét. ‘
' Gidi

Phuong tinh (1) & x*— 2y - Dx+y’ -y-2=0
Xem phudng trinh ndy 12 phuong trinh bac hai theo 4n x.
Tacé: A =Qy-11’-4y -y-2)=9
2y-1-3 _
2

x= y=-2

Suy ra hai nghiém cia (1) 1a:
: y+1

Do d6 hé 43 cho twdng dudng véi:

y=x+2
x=y-2 2
mx’ —4m(x+2)+1=0
x=y+1 =4

2 . y:x-—l
mx’ —4my+1=0 5
mx? —4m(x-1)+1=0

y=x+2 y=x-1
= ) v y -

mx? —4mx—-8m+1=00Q)  |mx’ —4mx+4m+1=0 (4
Hé 43 cho c6 hai nghi¢ém phin biét, ta xét cdc trudng hgp sau:
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1) Phlrdng trinh (3) c¢6 nghiém kép va (4) c6 nghiém kép khdc nhau:
A, =4m* - m(1-8m)=0
A, =4m* —m(4m+1) =0
x,=2
xh =2
2) Phuong trinh (3) c6 hai nghiém phén biét va (4) vé nghiém:
{A’, >0 {4m2 ~m(1-8m)>0
2= =

hé ndy khdng théa mindo x,=x,

A, <0 4m? -m(4m+1)< 0
m<0

12m* -m>0 1 1

Lol (—4 m>—— <& m>—
-m<0 12 12

m>0
3) Phuong trinh (3) v6 nghiém va (4) c6 hai nghiém ph4n biét:
A, <0 m<0
! =N 1 voly.

A, >0 0<m<

Tém lai: C4c gid tricdamcdntimlaA m > %

Bai 5: Pinh m dé hé sau ¢6 nghiém:
2, 4x*
(x (x+2)

=

—25 (1)

x* +8x% +16mx +16m* +32m+16=0 (2)

' Gidi '
B4t phuong trinh (1) < x?(x+2)* +4x2 =5(x~2)* 20
x<s-1

S xt+4x° +3x°-20x-2020 & (a)
x22

Phuong trinh (2) <> 16m* +2(8x +16m)+ x* +8x* +16 =0
Xem ddy 13 phuong trinh béc hai theo m. D€ t8n tai m thi:
A'=(8x+16)’ -16(x* +8x* +16)20
& -16x* -64x% +256x20<0<x<2 (b)
Tix (a) va (b), suyra: x =2
Thé x = 2 vio (2) ta dugc: 16m? +64m+64 Oem==2
Viy gid tricham cdn tim 1a: m = -2 :



CHUYEN Pf 32. HE PHUONG TRINH
GIAI BANG PHUONG PHAP THE

PHUONG PHAP:

* L4y phuong trinh nay rit y theo x (hodc riit x theo y) rdi thé vao phuong trinh kia.

* Sau khi the ta sé duyc mdt phuong trinh mét dn s&. Ap dung cdc phuong phdp da
biét nhu phuong phdp tam thitc bdc hai; phuong phdp dao ham; phuong phdp das
thi .. d€ gidi phuomg trinh ndy.

Bai 1: Gidi cdc h¢ phuong trinh:
1 xy—-3x-2y=16
xt+y?~2x-4y=33

@x+y)? -54x2 -y*)+6(2x-y)* =0

2x+y+ ! =3
2x-y

Gidi
xy-3x-2y=16 xy-3x-2y=16
&S .
x?+y?=2x-4y=33 (x-12+(y-2)* =38
Dit: u=x-1 - x=u+l
v=y-2 y=v+2
= Xy-3x-2y=(QU+1)(v+2)-3@u+1)-2(v+2)
=uv-(u+v)-5
Do d6 h¢ da cho trd thanh:
{uv—(u+v)=21 {uv-—(u+v)=21
=3

ul+v: =38 (u+v)? - 2uv =38

Pit: { “*V Pidukién:S*-4P >0

P=uy
P-§5=21] P=21+8
Ta dudgc: ) A ,
S -2P=38 S°-2(21+85)=38

P=21+8
P=21+S§
9, o (I S=-8
§°-25-80=0

S=10
S§S=-8 S=10
L= \Y
P=13 S =31
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S=10
+ Véi { | suyra S?- 4P =100 - 4.31 <0 (loai)

S=-8
+ V6i thda: S 4P > 0
P=13

u+v=-8 ) ,
= { 3 = u, v 12 nghiém clia phuong trinh
uv =

. [ x = _4_
X*+8X+13=0 X V3
_X=—4+J§
_u=-4—\/—3- -x=—3—w/§
v=—4+43 y=—2+~/§

< |. <&

u=—4+ﬁ x=—3+J§
| lv=—4-43 | ly=-2-43

Viy nghiém cda hé di cho la:
x=-3-43 hotc x=43-3
y—-2+J— y=-2—«/§"

(2x+ ) -5(4x* - y)+6(2x~y)* =0 M

=3 | @

2x+y+
Ty 2x—y
Piéukién: 2x -y # 0 :
Phuong trinh (1) & (2x + y) - 5(2x +y)(2x - y) +6(2x ~ y) =
Tacé: A =25(2x - y) - 24(2x - y) =(2x - y)
tl — 5(2""‘,)’)2—(2)“)’) = 2(2x_y)
_5Q2x-y)+(2x-y)
2
+V8it;=22x-y) & 2x+y=2(2x-Y)
& 2x=3y thé€ vao (2) ta dugc:

Suy ra hai nghiém:

2 =3(2x-y)

4yt~ =3 o 8x2-6y+1=0
2y

+V8it=32x-y) © 2x+y=3(2x-y)
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& x =y thé vio (2) ta dugc:
I+ 123 o 3-3x+1=0
x
= phuong trinh ndy v nghi¢m.

Viy nghiém ctia hé di cho la:

* Cdch khdc: -
Vi2x -y # O nén chia hai v& clia (1) cho (2x — y)’ ta dugc:

(2x+y)2 _52x+y +6=0

2x-y 2x-~-y
2x+y _ 2
2x-y
D& dang gidi ra ta dugc: | x=
2x+y =3
2x-y
Ti ddy ta gidi nhu trén.

: 2 2
+y° -3x+4y=1
Bai2: Gidihé phuongtinh: 4~ 2 7
© 13x?-2y* -9x-8y =3

Giai.
2 2
~-3x+y +4y=1
Hédﬁcho@{x ¥ry way=:

) ! D
3(x* =3x)-2(y° +4y) =3 7 ,

2
a=x’ —3x=(x——3—] 22,2
T2) 47 4
b=y +4y=(y+2)} =424

a+b=1 a=1
Hé (I) trd thanh:
¢ (D 1xd than {3a—v2b=3 < {b:O

bit:

. y:-..O
| {x2—3x=1 y=—4
[ 5 <

¥ +4y=0 3413

2
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Viy nghiém ciia hé 1a: [3 -V13 )[ ‘/— )

2
3+J—O 3+«/_
2 T2
Bai 3: Gidi hé: xx=Vx = y‘/_+8‘/_ o
x-y=5 @
’ Gidi

biéukién:x 2 0vay > 0
Phuong trinh (1) < Vx(x-1)=/y(y+8)

x>1
&

x(x=1)% = y(y+8)?

TU (2) = y=x- 5 th€ vao (3) ta dudc:
X(x~ 1)’ = (x - 5)(x +3)? & 3x*-22x-4=0

- x= —-g- (loai) |
x=9= y=4
Viy nghiém cta hé di cho 13: (9, 4)

NG

xX+y=m
Bai 4: Cho hé phuong trinh: -

(x+1)y* +xy=m(y+2)
1) Gidi hé khim =4.
2) Dinhm d€ hé c6 nghiém duy nHit.
3) Dinh m @€ hé c6 diing ba nghi¢m phin biét.

M

2

Giai
Tt (1) = x=m-~y thé vio (2) ta dugc:
(1+m-y)y +ym-y)=my+2m
&y -my’+2m=0
1) Khi m =4 thi (3) trd thanh: y* - 4y* +8=0
& Y-20' -2y-4=0

=2
y=2 Y x=2
@ Vi-zp-aco ST
y y-—a= y=]+‘/§<
Viy nghi¢m ctia hé da cho &ng v8im = 4 1a:

2,2); (3+J§,1—J§);(3—J§,1+J§)
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=m

2) Phuong trinh 3) & y’=m(y*- 2) & f(y) =

(Vy = + /2 khong Ia nghiém clia phuong trinh)
3
Xét ham s6: f(y) = — S voiy = ¢ V2)

y=0
Ta c6: f(y) = ———,f’() 0 < _
( 2 2)2 y y=i‘J6_

Lap bang bi€n thién cda ham f(y):

y —w -6 «/' 0 V2 V6 +w
f(y) + 0 - 0 - - 0 +
f(y) -3J6 +

SN s/

Dya vao bing bi€n thién ta suy ra:

o Phlfdng trinh (3) ¢6 nghiém duy nhit < _35/6 <m< 36

2
3V6

m< ===

3«/’

m>—

e Phudng trinh (3) c6 ba nghi¢m phin biét <

Bai 5: Cho hé phuong trinh: {V x* +4xy=3y" =x+1 ()
x-y=a 2
| X4c dinh a d€ hé c6 hai nghiém phﬁh biét.
Giadi
TY(2) > y=x-a th€ vao (1) ta dugc:

x2-1

x? +4x x;a “3(x-a)l =x+1 © 2
\/ ¢ ) (\ ) \/2x2+2ax—3a2) =(x+1)?

x2-1 : :
o ‘ v
x +2(a-1)x-3a2-1=0 . : 3

H¢ da cho ¢6 hai nghi€ém phin bié¢t <> (3) c6 hai nghiém phén bié¢t I16n hon -1.
Pt f(x)=x*+2(a- 1)x - 3a’-1
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Piéu kién trén duge thda min < -1< x;< X,

A'>0 @-12-Ga*+1>0
& {f(-1)>0 & {-3a*-2a+2>0
§+1>0 l—a+1>0
(C1-47 V-
@4 3 <a< 3 o ]_ﬁ<a<ﬁ-1
_ 3 3
La<2 ‘
-1-47 J7 -1

Viy c4c gid tri cda a cAn im'1a:

x2+yt +bxy=3

1) Gidihé khia=b=1.
2) Xéc dinh tdt ci céc gid tri clia a, b d€ hé trén c6 nhiu hon bon nghiém phan bxét

2 _ .2 —r_ .
Bai 6: Cho hé: {x y raxry)=x-yra

Giai
Phuong trinh (1) o xX+y)x-y+a)-(x-y+a)=0
o (X—y+a)(x+y—_1)=0
[x-—y+a=0
=

x+y—-1=0
1) Khi a =b =1 thi h¢ da cho trd thanh:
x—-y+1=0
[x—y+1=0 {x2.3y2+xy=3 0
x+y=-1=0 :
x*+y +xy=3 {x+y-1=0
\ x?+yt+xp=3 0/))
* Gidi hé (D) |

x-y+1=0 y=x+1
x2+y +xy-3=0 XX+ (x+1D) +x(x+1)-3=0

o ’ y=x+l’
{3x2+3x—2=0 et x=:3_%‘/§
x=—-—-——_3_‘/§.3_ x=————3_J3—§

6 6
& y=3_;/,3_3 hoic y=3+;/§
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* Gidi hé (II)
x+y 1=0 y=1—x
xt+yt+xy-3= 0 2 +1-x)?+x(1-x)-3=0

{x=—1
y=1l-x"
- {y=]—x , ; y=2

* Tom lai: Nghiém ciia hé 12 (~1,2); (2, -1%; [—3—6~/3_3 ,Bi;/E)
-x—y+a=0
2) Hé dd cho vi€tlai: {[x+y-1=0
x2+y +bxy-3=0
_x—y+a=0
x2 +y2 +bxy-3=0 (4)
< 1=0
x+y-—-1=
2, .2 3 (B
| X"+ +bxy-3=0

Xét hé (B)
x+y=1 y=1-
Lo
2+yt+bxy-3=0" |x2+(1-x) +bx(l-x)-3=0

=l-x
o
{(2 B)x?+(b-2)x-2=0 -
Ta thdy hé ndy c6 t6i da hai nghlém *x,y).
* Xéthe (A)

y=x+a y=x+a _
o ,
| ¥ +(x+a) +bx(x+ay-3=0  |[Q+b)x’+(2+b)ax+a’-3=0 (*
Hé a3 cho c6 nhiéu hon b6n nghiém phin biét khi va chi khi phuong trinh (*) c6
nhiéu hon b&n nghiém ma (*) 12 phuong trinh bac hai nén d€ né c6 hon hai nghxém
thi (*) phéi 12 phuong trinh v6 dinh.

b+2=0 h=-2
Loened &
T la?-3=0 a=13

Viy céc gi4 tri cdia a, b cdn tm 1a: {: =
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Bai 7: Pinh m d€ hé sau c6 b6n nghiém phan biét:
{x -1=y? -2y

1
(x—m) +y =1 M

Gidi |
Phlrdng trinh (1) < x2=(y_ 1)2 o [x=y-1 o [y=x+l
* y=l-x
y=x+1 '
Do d6 hé 44 cho trd thanh: < y=1-x

(x-m)® +y* =1
y=x+1
{(x—m)2+y2 =1 ' - (4)
{““f ] ' (B)
(x-m)" +y° =1 , ,
y=x+1 y=x+1
(x-m)? +(x+1)? =1 {2::2 +21=m)x+m* =0 (2)
Phuong trinh (2) c6 hai nghiém phin biét |
= A’>O©-1—«/§<m<ﬁ—l

A y=1-x
* Xéth¢ (B): {(x m? +(=x)? =1

* Xéthe (A): {

{ y=1-x
<& _
2x? =2(1+m)x+m* =0 (3)

Phuong trinh (3) c6 hai nghiém phén biét:

o A =(1+mP-2m*>0o 1-2 <m<1+42

D& thfy hai nghiém ciia hé (A) va hai nghiém ciia hé (B) ludn kh4c nhau. Do
d6 hé di cho ¢6 b8n nghiém phin biét <> hé (A) c6 hai nghiém phﬁn biét vi hé
(B) c6 hai nghiém phén biét.

o { | B \/5 <m< «/—

@1—'\/§<m<s/'2-fl
1-V2<m<2+1 .

Vay chc gif mcuamcanamla 1-42 <m< 2 - 1.
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3_ 3 _ ’
Bai$: Cho hé phuong trinh: {" y" =m(x=y) o)
x+y+1=0

1) Gidihé khim=-5.
2) Binh m dé he cé dﬁng ba nghiem (xl,YI); (X2, Yz); (XS’ Ys) trong dé: xh X2, X3
14p thanh cfp s6 cong va trong ba s§ d6 c6 hai s8 c6 gid tri tuydt 46i16nhon 1.

Gigi | )
x=y
Khi 46 hé da cho <> [x2+xy+y2-m=o
x+y+1=0
{x=y (@ hoiic {x +xy+y -m= 0 an
x+y+1=0 y-—l ‘ ~
1) Khim=-5

o Gidihe(I):x=y=

x+l 2 3 +5=0
o Gidihe () & 327 4y

x+y=-1

(hé ndy v0 nghiém)

Viynghiémclahg¢ la:x=y = %

2) Hé di cho ludn c6 nghi¢mx =y = —% ¥'m va hién nhién gi4 tri tuyét d8i cla

x (ciia nghiém trén) ludn < 1. Do viy hai nghxém X ¢6 gid tri tuyét 661 i6n hon
1 phii nm trong h¢ (II).

* Yéu cdu bai todn dugc théa min thi trudc hét hé (II) ¢6 hai nghlem phin biét
khdc nghiém ciia hé (I) (xét v& hoanh 406)

2 20 2 =

He () < x=x(1+x)+(1+x)" -m 0<:> x“+x+1 m’ 0'

=-=]- , y =—]l=-x

Hé phuong trinh (IT) c6 hai nghiém phén biét, trong 46 hoanh do

L A>0 1-4(1-m)>0

"X # —— khi va chi khi: == & =

X 5 ivac i f(_l);w m;e-:i , m>4
2 4

e Hai nghiém ciia (2) c6 trj tuyét d6i 16n hon 1:

{|x‘|>i |1+J4 ‘>2
jal>1 < a2

4m-3 >3 & m>3
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¢ Ba nghiém (theo hoanh d9) x;, x,, x; 14p thanh c4p s6 cOng nén theo d& bai
thi th@ ty cia ba nghiém trén 1a: x,, x3, X,
Ta c6: X; + X3 =2x3=—1 = lu6n ludn thda min
(4p dung dinh 1y Viét cho phuong trinh (2)).
Viycécgid triclamcintimla:m> 3.

x-fy=a | )
xvx +(16—anx =7y +10+6a 2
Dinh a d€ hé c6 ba nghiém phin biét.

Bai 9: Cho hé phuong trinh: {

Giai
Piéukién: x,y >0 '

. xza
Phuong trinh (1) < J; =-a +X & ,
: y=(x-a)

Th€ vio (2) ta dudc: _

xvx +(16—a)yx = 7(x—a)? +10+6a
& xVx +(16-a)vx =7(x - a)+ 10 + 6a
o xVx ~Tx+(16-a)Yx —10+a=0
Pit: vx =t > 0thi (3) trd thanh:

£-7¢+(16-a)g-10+a=0 B
& (t-1)EP-6t+10-a)=0 -

t=1 & x=1

fO=-61+10-a=0 - ' 4

(4) c6 nghig¢m <> a 21

Khid6:x 2a & t=+x > Ja | |
Nhu vy h¢ da cho c6 ba nghi€ém phin biét <> (4) c6 nghiém phan biét thda
c4c didu kién sau: |

(A'>0
\/ZSI,<I ‘f(\/;)ZO s
Ll ©4g [ o l<as =

—-Ja>0 9
t,#1 2

S =#0

Vay cdc gid trichaacAntim1a: 1 <a< %
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CHUYEN PE 33. HE POI XUNG LOAI 1

,)=0 \ . . '
1.Pinh nghia: H& {f(x Y) goi 12 hé d6i xing loai 1 n€u hodn vj giita x, y thi
g(x,y)=0
biéu thirc f(x, y) va g(x, y) khong d8i.
2 Cich gidi:
S=
+Dat: { ¥V
P= xy A
F(S,P)=0
+ Pua hé d3 cho vé hé theo S va P: (5, P) ()
G(S,P)=0 |
+Gidihée @) tim Sva P.

+ Th€ S, P vao (*) ta duge x, y 12 nghn;m cia phtrdng tr‘mh
X?- SX + P =0thod min A = S*— 4P kh6ng 4m
3.Bién ludn hé:
e Heé di cho v6 nghiém né€u hé (I) v nghiém hoic hé (I) c6 nghlem (S,P) ma
S’-4P<0
e Hé di cho c6 nghiém, néu hé (I) ¢6 nghiém (S, P) thda:
'§2-4P 20

) Ung v@i nghié¢m (So, P,) cﬁa hé (I) thda diéu kién 82 4P, >0 thi hé da cho

x=-;-(S(, +s? —4P0)
1 ,
y=5(So2si-ap, |

o Khi (S,, P,) thda: S? — 4P, = 0 thi h¢ di cho c6 nghiém duy nhit

¢6 hai nghi¢m phan biét:

Sl)
x=y=—2—-

4.Chi y:

1) N&u hé d3 cho c6 chita dang tng (x + y), tich (xy) thi ta @3t &n phu d€ dua vé
dang trén. .

2) Né&u (X, Yo) 12 mét nghiém ciia hé di cho thi (y,, x,) cling 12 mdt nghiém cla
hé di cho. Do viy, hé da cho c6 nghiém duy nhd't khi

Xo = Yo

Bai 1: Gidi cdc hé phuong trinh: ‘
1 x2+y2+xy=4 " 9) *+y + () =17
X+y+xy=2 x+y+xy=5 "~
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Giai
: 2, .2 —a 2
I x“+y +xy=4 o (x+y) -xy=4
X+y+xy=2 X+y+xy=2

S: + .
Dat:{ ¥*Y . didukién:S?— 4P 2 0
P=xy

S = 2 _ _ -
Hédachotramanh;{ Voo {S 2-8)=4

P=xy P=2-§
A .,
P=2-§ §
P=2-8§ P=0
S s2e5-6=0 N2 ®l(s=3
- S=-3 T
P=5

[§=-3 ,
+ V6i tacé:S* - 4P=9-20<0

‘= cip nghiém nay khdng théa mén.
S=2 =2 =0 =0
+ V6i théa: S2-4P=0 < x+y o hoic Y
Viy nghiém ctia hé da cho 1a: (0, 2); (2, 0)
2 2 +y P+ (xp) =17

x+y+xy=5 _

(x+y) =3xp(x+ )+ ()’ =17

xX+y+xy=5

‘ ooy
Pit: { diéu kién: S2-4P 2 0
P=xy

+P=5

§*-38(5-8)+(5-8) =17 _ [82-55+6=0
< : <
P=5-5 | P=5-§

§=2

[ - P=3
= <>

§=3

P=2

P=
+le{ tacé: $’-4P=4-12<0

3 3 _
Hé d3 cho trd thanh: {g 35P+ P =17
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= cip nghiém nay khong théa min.

S=3
+ Véi { théa min: S2—4P 2 0

X+ y= 3 A >
= ) suy ra X, y 12 nghiém cla phuong trinh:

Xy =

. dx=1

2 X= y=2
X-3X+2=0< <. &

X=2 x=2

y=1

Viy nghiém ctia h§ da cho 1a: (1,2); (2, 1).

Bai 2: Gidi cdc hé phuong trinh:

1
etiyretog x4yl 14—|=5
D . 2) '
1 1 2 3 1
X+y+—+—=5 |G YN+ 5 =49
x Yy x°y
, Gidi
. . xz0
1) Piéukién::
S y#0
a—x+l g
- >2
bit: T.Diéu kién: {|:|>2 ‘
b=y+— |5l
Yy
2 2, 1
a —2=x +—2—
x
= 1
2
b —2=y2+—?
y

Hé da cho trd thanh: {“2 +hi =13 {(‘”b)z ~2ab=13
a+b=5 a+b=5
a+b=5
{ab =6
= a, b 12 nghiém ciia phuong trinh: X* - 5X+6=0

X=2 a=2 a=3 -
& Suy ra hodc
x=3/ b=3 b=2
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L la=2 x+;—2 x2=2x+1=0
+ Véi o 1 ,
b= y+—=3 Yy -3y+1=0
yv
x=1
S 3+45
Y=
x+l-‘-3 J5
) a=3 x— x=3i 5
-+ Vi = = 2
1p=2 1
y+—=2 y:l

Viy nghi¢m clia hé di cho 1a: h
1 3+45) (1 3-45) (3+45 ) (3-45
Fl 2 b} :] 2 9 2 b s 2 b

2) Piéukién:x,y # 0

1 1
X+y+—+—=5
I (H¢ 1)

x? +y? +—+—5=49

Bi€n d8i h¢ <

x#xy+y=m+1

x*y+y’x=m

Bai3: Gidi hé phuong trinh: { (D

D Gidi hé¢ khim=2.

2) Pinh m d€ hé c6 it nhdt mot nghiém (x, y) duong.
' " Gidi '
xX+y+xy=m+l

He () {
(x+y)=m

S =
Pit: { ¥*Y. sidukién: S*- 4P > 0
P=xy '

| S+P=m+l .
Heé (I) 8 thanh: {s To=m an

P=m

S+P=3
1) Khi m =2, ta dudc: {S ; = S, Pl nghiém cia phuong trinh:

X =1

X-3X+2=0& .
[X:Z
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=1 2
vikhong thod: S -4P >0

S
+ Loai cip nghiém {

§=2 x+y=2 -
< <:>x=y=1
P=1 xy=1

Viy nghiémciah¢ li:x=y=1.
2) T hé (II) = S, P 13 nghiém ctia phuong trinh:

X~ (m+1)X+m=0
Phuong trinh nay c6 hai nghiém1a: X =1v X =m

: {s =1 {s =m
= hoic
P

+Vdi{

=m P=1

= 2
,tac6S —-4P=1-4m20& m <
=m

-

S
+ V@i {

+y=1 L
= {x Y = X, y 12 nghiém ciia phudng trinh:
xy=m

X? - X+ m = 0. Phudng trinh ndy c6 nghiém duong.
A=1-4m20 |
& <S=1>0 & 0<m =<
P=m>0
+Véi {S " o '{x TY=M  x,y 12 nghiém ciia phuong trinh:
P=1 xy=1 -
X? -~ mX + 1 = 0. Phuong trinh ndy c6 nghi¢m duong.
A=m?-420
S <S=m>0 o m22 (b)
P= 11> 0 .
Hop hai di€u kién (a), (b) ta dugc gid tri cia m cin tim 1a:

(a)

0<ms%vm2_2

ity -a

Bai 4: Pinh a d€ hé sau c¢6 nghiém: { - @
 xty-Jw=a

Giai
Pidukién:x 2 0vay 20
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~ [x=vx20
m{ J

Y=,y20
Hé (1) trd thanh: :
X+Y=a (X+Y=a X+Y=a
2. v2 e , 2 < | PP
X +Y? XY =a (X +Y)? -3XY =a XY =2(a" -a)

Suy ra X, Y 12 hai nghi¢m cla phuong trinh:
tz-at+§-(a2—a)=0 - (D)

H¢ di cho c6 nghi¢m <> phuong trinh (1) ¢6 nghiém kh6éng 4m
<0< LSt

A0 da-a*20 , )
£asx
& (P20 o {a*-a20 [ _‘c;
520 a0 a=

ViycdcgidtriclaacdntimA:a=0hoic1 < a < 4.

{, 2. .2 .
Bai 5: Cho h¢ phuong trinh: ¥ry+xi4y =8 M
xy(x+DHy+D=m
1) Gidihgkhim=12, '
2) Pinh m d€ hé c6 nghiém.

,  Gigi
x(x+D+y(y+1)=8
HeM < {x(x+l).y(y+l)=m

1V 11
u=x(x+1)= x+—) ——2——

2) 47 4
Pit .

1Y 1.1
= +1 = + — _—— D ——
v=yy+1) (y 2) 2273

He (1) trd thanh: {"”:8

uv=m
Suy ra u, v 12 nghi¢m cla phuong trinh: :
fX)= X*-8X+m=0 '6))
1) Khim=12thi(l) & X>-8X+12=0

é X=2=> u=v2hoéic u=6
X=6 v=6 v=2



x=1

= 2ix-2= =-2
+Vdi{u 2 x“+x-2 0<:> :x
v=6 y2+y‘—6=0 y=2
. . y=-3
[x=2
+ Vi {u 6 o x“+x 6’ 0c> ) x
v= y2+y-2=0 y=1
;y=—2

Viy nghiém ciia hé di cho 1a:
(1,2); (1,=3); (—2 2); (-2,-3); (2, 1) (2, 2), (-3, 1)(-3,-2)

2) H& (I) cb nghlém <> (1) c6 nghiém 16n hon hodc bing —%

< —:11' < X] SXz :

A20
1 16-m20 3
o {fl-=120 & o -2 <m< 16
‘f( 4) m+250 6
L§+lé0
2 4
33

- V3y céc gi4 trj cia m cn tim 1a: T < m< 16

Zixy+yt =
Bai 6: Cho hé phuong trinh:: ¥ orxwy =m
: vyt =m-m?

ey,

1) Gidi phuong trinh khi m = _'2_

2) Djnhm aé phuong trinh c6 bon nghiém phéin bigt.
Giai
Ta c6: x* + y* = (® + y?)* - 2x%y?
? 2x°y

= [(x+y)2 -2xy

Pat: {S =YY gt +y'= (- 2P - 2P
P=xy

S“=-P=m

Hé (D) tr8 thanh: N ‘
{(S2 —21‘{)2 -2P% =m-m?
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|8 =m+P
=S
(m-P)? -2P* =m—-m?

S=m+P . ' )
SR ) , an
f(P)=P*+2mP+m-2m (€))
1) Khim:%th‘lhé (II) trd thanh:
[ 1
S=t——
<
, 1 st=1.p V2
S¢=—+P 2 P=0
< P=0 < ( 1
P+P=0 St=—— |
P=-] < 2 (vOnghiém)
| [P=-1
[(x=0
( 1 1 <y— 1
S=— X+y=—s -
Vol el TR e ( V2
P=0 =0 y-—Ol -
xX=—
U V2
s=—1  |xsy=-L
werl" T R e VTR
(P=0 xy=0
x=0 E 1
X=——
= y___]_ho{ic 2
V2 y=0

Viy nghiém ciia hé d cho Ia:

1 1 1 1 ’
("’ﬁ]’(ﬁ"’)’["’ JEJ( ﬁ"’)
2) Pinh m d€ hé di cho c6 bdn nghiém phén biét:‘
TY(H)=>P+rm20SP2-m
+KhiP>-mthi(l) & S=1 Vm+ P (haigi4 tri S kh4c nhau)
+KhiP=-mthi (1) < S=0(mdt glé tri)
+ Khi P < —m thi (1) v6 nghiém.
V4i mbi nghiém (S,P) ctia hé (II) thi nghném clia hé Ol x,y) th6a min phlrdng

trinh: X>- SX +P=0

282



o V6iA=S"-4P>0 < m+P-4P>0 < P< ?
Khi d6 hé dd cho c6 hai nghiém phin biét
e VGiA=0cP= % thi hé da cho c6 mét nghiém.

o V6iA<0Oo P> L:— thi hé da cho v nghiém.
Do viy: - hé da cho c6 bon nghiém phan biét kh1 phlrdng trinh (2) c6 nghi€ém duy
nhat P thda: —-m <P < ? (a)

Mat khéc: Goi Py, P, 12 hai nghiém cia (2) th: 272 = _

=>P,<-m<P;
Tir 6, didu kién (a) < P,<-m<P; < i;’-

f(=m)<0 m-3m* <0 9
2= = 2 & —<m< =
f(g)w ,,,_“;" >0 3 1

Viy céc gi4 trj cia m cdn tim 1a: é— <m< —19—1

a(x+y)+z=a’

2

Bai 7: Cho hé phuong trinh: { )
x‘+y =z

Dinh a d€ hé c6 nghiém duy nhit.

Giai

Hé nay d8i xing v6i x, y. Do d6, néu goi (X,, Yo, Zo) 12 mdt nghi¢m cia hq: thi
(Yo» Xo» Zo) ciing 12 m§t nghiém ctia hé. Nhu vdy, hé c6 nghiém duy nh4t thi cin x,
=Y., th€ vdo hé di cho ta dugc:

2ax, +z, =a z, =2x?
S e *)
z, =2x, 2x2+2ax -a=0
Vi nghiém x, 12 duy nhit nén phuong trinh (*) phc’u c6 nghiém duy nhit < A’
a=-2
=a’+2a=0 & [
a =‘0
* Th lai:
+ V@8ia=0thi hé da cho txj& thanh:

Z=-0 ! ' .
& x =y =2z=0duy nhit.
{x2+y2=0 =y Y :
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Viy a = 0 thod dé bai.
+ V@i a = -2 thi hé di cho trd thianh:

{—2(x+y)+z=—2 - {x2 +y? =2x-2y+2=0

2 2 } -
x“+y'=z z=x+y?

- {(x—])2 +(y=-D*=0

z=x>+y’

=y=]
& {x ; nghiém ndy ciing duy nhAt.
z=:

Viy a = -2 thod dé bai. Tém lai cdc gid tri cda a cdn tim 1a: [

a=

0

x+y=2a+l

x*+y*=a®+2a-3

Dinh a dé hé c6 nghiém (x, y) thda x.y nhd nhit.

Bai 8: Cho h¢ phuong trinh:{

M

‘ Giai
HA (D {x-&-y: 2a-1
= X, y 12 nghi¢m ciia phuong trinh:
C- (2a—.‘l)t+ %(3a2— 6a +4)=0
Phudng trinh ndy ¢6 nghi¢m |

V2 V2

S A2002- —< a2+ —
2 2

Xét: xy = %(Sa2 ~6a+ 4) =1(a)

Tac6:f(a)= 0 a=1
Bdng bié&n thién:

x+y=2a-1"

B
(x+y)? -2xy=a’ +2a-3 xy=-;—(3qu—6a+4)

2+£2-
-2
+
Dya vao bang bi&n thién ta suy ra:
xy dat min <> f(a) min & a=2- g




V2

Viygidtriciaacin iml:a=2- -

: : 2 2, .2 _
Bai 9. Gid sit hé phuong trinh: {" *y iz =8 )
_ xy+yz+zx=4

¢6 nghiém (x, y, z). Chitng minh riing: —-g < xyz<

(PSRN

Gidi
Do vai trd binh d4ng cla x, y, z nén ta chi cin ching minh bat ding thic cia
mot s0 nao d6 trong ba s8, ching han 1a x. Ta im mién gid tri cla x, ta im x sao
cho hé i cho ddi v6i hai &n y va z c6 nghiém.
2 2 _ e
He () © x“+(y+2) Zyz 8
x(y+z)+yz=4

Dit: {S =Y*Z 1 hé (1) tr thanh:
P=yz . _
{x?+s2 -2P=8 | ‘ W
xS+P=4 )
Tir (2) = P =4 - x.S, th& vio (1) ta dugc:
S2+2x.S+x2-16=0 (3)
A'=x-(x}-16)=16

. 8 =-x+4 =P =x"-4x+4
Suy ra (3) ¢6 nghi¢m: . )
S2=-x—4:>P2=x +4x+4

' 1S =4-x y+z=4-x
+ Véi 2 <> ,
P=x"-4x+4 yz=x"-4x+4

=y, z 12 nghiém clia phuong trinh: * = (4 -X)t+x*-4x +4=0
Phuong trinh ndy c6 nghiém < (4-x)’-4(x*-4x+4) 20
8

& 3C+8x20 <0< x< - @)
Sy =—4-x | y+z=-4-x
+ Véi 2 = )
py=x"+4x+4 yz=x"+4x+4

= vy, z 12 nghi¢m ctia phuong trinh:
C+@+xu+xi+4x+4 =0
Phuong trinh ndy c6 nghiém < (4 +x)* - 4(x* +4x+4) 2 0

o -3x*-8x=20 c»——g- <x<0 - (b)

Tix (a); (b) suyra:—-g— < x< %
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Nhy viy ta chitng minh dugc: —% <x< g-

Chitng minh twong ty cho trudng hgp cia y va z.
Tém lai: véi (%, y, z) thda hé (I) ta dugc: —g < xy,z5 3

3
24Jxt +yt +xy=1

Bai 10: Dinh a d€ hé sau c6 nghiém: { y @
~—+i=q
y' x
" Giai
0 .
Didu kién : {” ' .
y=0 . _
[L2 2 _ —fx2 4 2
He () o {NF #YV 40=] gy Ju=yx+y" >0
) x*+y?—axy=0 v=xy#0
, 2u+v=1 v=1-2u
Ta dugc: § 9, ¢))
u°=qv u =a(l-2u)
vlv¢0nénl—2u¢0¢:>u#%
uz. |
Phuodng trinh (1) & =a
u? . 1
Xétham: f(u) = viu>0vau# —
1-2u 2
, =0
fu)=0 < ["
V=
Béng bi€n thién:
u 0 -!- 1 +00
’ 2
fay | + | 0 -
f(u) +00 -1
—oo/ \ — o
, u>0
H¢ 43 cho ¢6 nghiém <> (1) c6 nghiém 1
‘ TE
2
. e e e o a>0
Dvya vao bédng bi€n thién suy ra gid tri ciia a can tim: <1 (a)
. : : . as-—1.
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Matkhdc: =2 =1 < hais8 = va £ cing ddu.
y x 'y x
Do d6: a-—+— =|a == Lig32
y x
£-2
Theo bat d?mg thitc Cosi thi: lal =2 2 & [a 52 (b)
az

“Giao hai diu kién (a) va (b) tadudc gid triacdntimla:a < —2va > 2,

Bai 11: Tim céc gid tri cia m d€ a6 thi sau ¢6 diing hai nghiém:
{(xa;y)8 =256

2+t =2+m

Gidi
* Nhdn xét: Néu goi (X, ¥o) 12 mot nghiém clia hé thi (~=Xo, —¥o) VA (—Yo» —Xo)
cling 12 nghiém clia hé. Viy, hé c6 diing hai nghiém thi phdi c6 x, # 0 vad x, # y,.
Thay x, =y, vdo h¢ da cho ta dugc: '

=]
(2x,)* =156 2x8 =2 |:x" ’
=t e 4 x, =-1
2x3=m+2 m=0 .

: m=0

e Ngudc lai, khi m = O thi hé da cho trd thanh:
(x+ y)’ =256
X+ y =2
Theo bit dfmg thirc Bunhlakopxkl ta du’dc
(x+y)? < 2 +y?)
= x+y)* < 22 +y) < 22(x*+yh
= x+y)* < 2%t + ¥ < 27(C +yhy =2
= (x+y)* £ 256 -
D4u “=" x3dyra < X =y, thé vdo (2) ta dugc:
2x'=2 o x=¢t 1=y
R6 rang hé c6 dting hai nghi¢m phén bi¢t.
Vay gid tricdamcintim[a: m = 0.

@

CHUYEN PE 34. HE POI XUNG LOAI 2

1. Dinh nghia: H¢ doi xitng logi 2 1a h¢ ma khi thay x bdi y va y bdi x thi |
phutong trinh ndy tré thanh phuong trinh kia. -

L [fen=0 M
2. Dang cta hé: {f(y,x) =0 2
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3. Céch gidi:

Néu fix, y) la da thic thi ta bién d&i hé (1) va (2) nhu sau:

He (1)va (2) & {f(x,y)—f(y,x)=0 o {(x—y)tp(x,y)=0
f(x,y)+f(y,x)=0 f(x9y)+f(y,x)=0

Tix ddy, gidi tiép. ‘ '

4. Chay:

+ C6 trudng hgp cé thé cfng hoac trit hai phuong trinh cho nhau ta cing c6 thé
gidi dwyc.

+ Néu cdc biéu thitc trong hé khéng c6 dang da thic thi ta ddt dn phu.

Bai 1: Gidi cdc h¢ phuong trinh:

Ay
By x* =3x+8y 2) *x=3y= x
y3=3y+8x ( y 3x_ﬂ
Yy
~ Gidi |
x* =3x+8y . ‘ )
DY, | @
y =3y+8x .
Lﬁy(l)tri’f(Z)taddQc
x— d=3(x- yY)-8x-y) & (x- Y)(X +xy+y +5)=0
[x = y .
=N
X2 +xy+y? +5=0
=y

. 2
(x +% yJ +% y*+5=0 (phuong trinh ndy v6 nghiém)

Thé x =y vao (1) ta dugc:-
xX*=3x+8x & x(x*~11)=0
x=0 x=y=0
= =N '
x=:E\/i_l x=y=-l_-\/ﬁ
Viy nghiém cta h¢ 1a: (0, 0); (s/ﬁ,Jﬁ);(— Jﬁ, —s/ﬁ)
#0
2) Pidu kién: {x
. y#0

L4y hai phuong trinh trir di ta dugc: X% — y2 = 4(y - X)
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& (X—y)x+y+4)=0 & ["'_'y
x+y+4=0

x=0=y (loai)
x=2=y
+V6ivx+y+4=0=>y:—x'—4th€vao(l)tadtrqc:

X +3x(x+4)=-4(x +4) < 42+ 16x+ 16 =0
O x=-2D>y=-2
VAy nghiém cia hé di cho 1a: (2, 2) ho#c (-2 —2)

+ V6ix = y th€ vao (1) ta dugc: —2x* = 4x &> [

Bai 2: Tim m d€ hé sau c6 nghiém duy nhat: .
x2 =y3 —-4y2 +my )
y2 =x* —4x* + mx : : (2)

Gigi
Ly (1) triY (2) ta dugc:
2 2_ .3 3 2 2
) X*-y'=y - x -4y - x°) + m(y - x)
& (Y-x)[X+xy+y - 3(x+y)+m]=0

y=x
|:x2 +xy+y+m=3(x+y)=0
+V6ix =y th€ vao (2) ta dugc: x> - 5x* +mx =0
x=0=y
—5x+m=0 (3)
Ta thiy hé d4 cho lu6én c6 nghiémx=y =0, Vm nén d€ hé c6 nghlém duy nhft

thi diéu kién cdn 12 phuong trinh (3) v6 nghi¢m

S A=25- 4m<0©m>—24—5-

+Véim> % thi didu kién dd 12 phuong trinh:

o x(x2=-5x+m)=0 & [

X’ +xy+y +m- 3(x+y)=0phéi'v6 nghi¢m.
o X+(y-Nx+y -3y+m=0 ‘
Pat f(x) = x>+ (y - 3)x +y =3y +mcé: A;=-3y’ + 6y +9~4m

Laicé Ay =36- 12m<0vaimgim>345-
Suyra: A 1<0,Vy = f(x)>0, Vx € R.
Do d6 phuong trinh f(x) = 0 luén v6 nghi¢m Vm > -242 -

Viy céc gif tri clam cAntim 1a: m > 242
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Bai3: Dinh m d€ h¢ sau c6 nghiém duy nhat. Tim nghiém d6.

Vxl +2+|yl=m
\/y2+2+|x|=m

Giai

Nhgn xét: Ta thiy ddy 12 hé chin d6i vdi hai 4n (x, y). N&u g0i (X0, Vo) 12
nghi¢ém cda hé thi (-x,, —y,) cling 12 mdt nghiém clia hé. Do d6, d€ hé c6

X, ==X,

Yo ==Y,
Thé véo_hé d3 cho ta dugc: m = V2
Ngudgc lai: Khi m = +/2 thi hé d4 cho trd thanh:

Vx2 +2+| =2
\/y2+2+|x|=\/5
 Tacé: {"x2+2'>"/5 =

{y[>0

2
VY +2Z‘E:> ¥ 42 +1xl 2 2
|x]20 - |
Do d6 ddu “=" xdyra < x=y=0

Viy m= 2 12 gif tri cdn tim

nghiém duy nh4't thi cAn::

X2 +24 x| 2 V2

S Xe=Y,=0"

2x+Jy—-1=m
2y+Jx—1=m
1) DPinh m dé€ hé c6 nghiém.
2) Dinh m d€ hé c6 nghiém duy nhit.

Bai 4: Cho hé: { @O

Gidi
21
Piéu kién: {x
y21
X =VJx-120 X +l=x
bit: : <> s ;
Y=Jy-120 Y +l=y

2 o
He (I) trd thanh: {2()( th+Y=m

202 +)+X=m 7
Liy (1) - (2) ta duge: 2 - YH+Y-X=0
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\ ’ X=Y
o X-Y)2X+2Y-1)=0 & ,
2X +2Y -1=0
V6i X =Y thé vao (1) ta duge: 2X2 + X +2=m A3)
V6i2X+2Y=1 Y=%-xz,0 S0 X< %
Thé’Y:%Vao(l)tadlrdc:sz—X+-§—=m | 4)

1) Hé di cho c6 nghi¢m khi va chi khi phuong trinh (3) ¢6 nghiém

X 2 0 ho#c phuong trinh (4) ¢6 nghiém 0 £ X < %

Xét phuong tinh (3): 2X* + X +2 =m
Xéthim: f(X) =2X*+X+2v8iX 2 0
PX)=4X+1>0 VX 2 0= f(X) > f0) =2
= Phuong trinh (3) c6 nghiém < m > 2

~ Xét phuong trinh (4): 2X* - X + % =m

Xétham: g(X) = 2X2 - X + % v6i0< X <

gX)=4X-1,2X)=0 & X=

Bing bi€n thién:

X 0

N -

1
: 4
£X) = 0

:10.9)
\ 19 /

8 .
Dya vao bang bi€n thién thi (4) ¢6 nghiém < -1—89- < m< ;__

+

3
2

[SERV

2) Hé c6 nghiém duy nhi:

" +Theociu(1)th: Néu2 € m < % hodc m > % thi phong trinh (3) c6

nghiém duy nh&t cdn (4) v6 nghiém nén hé da cho ¢ nghiém duy nh4t. o
+Véim= -1?9 thi (4) c6 nghiém duy nbit X = :1‘— & x=y= —:% con (3.) c6

nghitmX=—-=Y & x=y= % duynhﬁ;tnénm= —159- thda man.

1
4
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* T6m lai: h¢ da cho c6 nghiém duy nhdt1a: 2<m< 182 vm >-§—

Bai 5: Dinh m d€ hé sau c6 nghiém duy nhit:

Vx+fl-y=m+1 , M
Vi-x+y=m+1 @
Gigi

0<x<l1
0<sy<l1
TYhe = JVx+fl-y=VI-x+y
o Vr-Vi-x=-l-y+Jy o f®=1fy)
XéthamsG: () = Vr V-7 v6i0 < 1< 1
)= ——+—1 >0, Vte (0,1)

2 211

=> f(t) 12 him ting.

Do d6: Sx)=f(») & x=y

0<x,y<l
Khix =y th€ vao (1) ta dugc: Vx +v/1-x = m+1(3)
Xétham s8: f(x) = Vx +v/1-x v6i0 < x < 1 :

11 _iex-vx
Wx 21-x 2)x(1-x)

fx)=0 < s/l;x =J; & X = %
Bing bién thién:
X 0

" * Cdch 1: Ding dao ham. Piéu kién : {

f(x) =

f'(x) +

f(x) ‘
X 1/ \1

Hé d3 cho c6 nghiém duy nhit <> (3) c6 nghiém duy nhit.
Dua vao bing bién thién suy ra gid tri clam cdntim1a: m= /2 — 1
* Cdch 2; Dung diéu kién cAn va dd

Gid st (X0, Yo) 14 mt nghiém cda hé thi (1 - x,, 1 - yo) ciing 1a m6t nghiém
clia hé. Vi viy, hé c¢6 nghiém duy nh4t thi c4n:

{x0=l—x0 o 1
S Xo=Yo= —
yo=1—yo : 2

%lowl—-
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Piéu kién dii: Khi m = +2 — 1 thi hé d4 cho trd thanh:
{\/;+1/1—- =2 {J_Jr,/l— =2
Jy+l-x= J_ Vx+dl=x+Jy+fi-y= 2~/‘

Theo b4t ding thivc Bunhiacopxky thi:

{J;+Jl——_xs~/5f
Jy+1-y <2
= x+\/]_—_x+‘/;+‘/l—~? < 2‘\/5

=1- ' .‘
D4u ddng thic xdyra < * ¥ o x=y=l thda (*).
y=l-y 2

CHUYEN bt 35. HE PANG CAP

2 2
bxy+ d =0
1. Dang ciia hé: a,x2+ ray 2+ !
: ax“ +byxy+cy  +d, =0
2. Céch gidi: |
— Gidi hé khi x = 0.

— Khix # 0, ddty = tdm d6i xing, thé vao hé dugc hg mdi theo t va x.

- Khitx dé dwch phuong trinh bdc hai theo t.
—- Giditimt, réitimx, y.

Bai 1: Gidi cdc h¢ phuong trinh sau:

P -yi=7 ‘ X +xy-y'=5
{xy<x—y)=2 Dly 2z 3.2
. . x y 2 xy
Giai
1)‘Khix=0thihé v nghiém, @3ty = tx thi h¢ trd thanh:
{x3(]—t3)=7 0]
t(1-1)=2 (2)
Vit-Ohayt-lthngla nghiém cta hé (1) va (2)nénlay(1)ch1acho(2)ta
quge 1207 <:>2(l+t+t) T
t(1-1) 2

=
o 2t2—5t+2=0o

N Nl-—‘

1=
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+Vdit=—;—,u‘r(1)=>x3=

= y=1 => nghiém ciia hé 1a: (2, 1)

+V6it=2, 1t (1) = x3=-l_7.8. -] = x=-1

= y=-2 = nghiémcia h§ 1a (-1, -2)
Viy nghiém ctia hé 13 (-1, -2);(2, 1). ’

0
2) Pidukién {x *
yz0
He o x‘2+xy—y2=5 o x2+xy—y2—5
2(y? -2x%) =W5xy—4 " 2y —4x? +5xy=—4
Khi x = 0 thi hé trén vé nghiém, daty—txtadlrdc
xX(+1-12)=5 . )
_ x2(2 -4+51)=—4 , 2
. Né&u 28 + 5t— 4 =0 thi (2) v nghiém, 14y (1) chia (2) ta dugc:
16
1+t-12 5 iy
—————=-= & 6%+29t-16=0 &
22 +5t-4 4 1,21
'+Vdi't=—]-,tﬂ(l)=> x? = =4 & x=12
2 1+¢-t¢ ‘

=1
- [y | = nghiém cla h 12: (2, 1); (-2, 1)

. 16 2 9 .
+VGit= ——,tir (1) = x°= —— vb nghiém

3 0Y) 59 ghi¢

Vﬁy nghiém cla h¢ dd cho la: (2,1); (-2, ~1).

2y(x* - y*)=3x

Bai 2: Gidi h¢ phuong trinh:
x(x>+y )=10y

Gidi
Khi x = 0 thl h¢ v4 nghiém, 33ty = tx, ta dugc:
{2x’z(1 —1?)=3x «
P+ =10ix
- x(-17) i) _
1+¢2 lOt

W

— & 208~ 17 +3=0




tzzl t=i%
= :<:> 3
== t=%[|~
5 5
+Vdit=l,tﬂ(l)=>x2= 10t2 =4 =>x=%2
2 1+¢

= y =+ 1 = nghiém cda h¢ 1a: (2, 1); (-2,~1)

+V61t=\/E = x’= 25[ J— >
J— dw/_Z
57
h - _ ‘ - —4__
LAY R= \/12 t s

= nghiém ciia h¢ 1a: {_2-@ i’lzzﬂl } ( Edg ,.—% l”{%}

Tém lai nghiém cla hé 1a: (2,1); (-2, -1);

L\E 342_7 . _3@ s '/37_
2Vs’2V125 )7l 2Vs5’ 2V12s

3x2 +2 2211
Bai 3: Cho hé phudng trinh: { X oy

xX+2xp+3y* =17+m
1) Gidihé¢ khim=0
2) Pinh m d€ hé c6 nghiém.

Gidi
' 3x2 +2xy+ y? =11
1) Khim=0 ta dugché: { Ty
x?+2xy+3y* =17
Khi x = 0 thi hé trén v6 nghiém, dity = tx, ta dugc:
x*G+2t+t?) =11
x2(1+2t+3t2)=17
. | s
t=-=
:Eﬂi’—=ﬂo16t—12t-4o 0 4
1+20+3¢2 17 ‘ _
t=2
.
342+t 3
5

: ‘ ,
=x=t —=2Dy=%t —
BT

+Véit= —%,t\?(l) =xi=

@M
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A . 4 5 4 5
Viy nghiém cla hé 1a: (ﬁ’ \/-5) ,( \[5’\/5}
+Véit=1L, () =>x’=1e x=t1=y=1+2
= nghiém cia hé 1A €1, 2); (-1,-2)
* Tém lai nghiém cda hé di cho 1a: (11, 2);(-1,-2); .

[_4_ _iJ .(_1 _5_]
V3T 3)\ BB
2) Dinh m d€ hé c6 nghiém:

+ Khi x = 0 thl hé d3 cho trd thanh:

2211 =+11
y - {y
By =17+m m=16
Nhu vdy, khi m = 16 thi hé c¢6 nghiém x =0
+ Khim # 16 thi h¢ khéng c6 nghiém x =0
: 23+ 2 +1%) =11
bit y = tx, ta dugc h¢: *( * 2)
XA+ 2w+3)=1T+m
1+2+3t2 17+m |
3+20+1¢2 11 |
& (16=mtP-2(6+m)t -40-3m 0 ™
H¢ da cho c6 nghiém < (*) c6 nghiém

\

S A 200 mM-10m-338< 0o 5-11V3 < m< 541143
Bai 4: X4c dinh m d€ hé phuong trinh: -

x2+2mxy+(m+1)y2 =m ‘ )]
{x2+(m+1)xy+2y2 =2m-1 @
¢6 bén nghiém phin biét. ’
: Giai
Ly (1) - (2) v€ theo v€ ta dugc: |
(m-Dxy+(m-1y’=1-m 3)

+N&uim =1 thi (3) luén théa man v8i Vx,y € R va hé di cho trd thanh:
X2+ 2xy + 2y’ =1 '
o x+y)’=1-y20=-1<y< 1 : ,
Phuong trinh ndy c6 v0 s6 nghiém x, yma -1 < y £ 1 nénm = 1 khong thda
man. ‘
+Néum # 1thi(3) & xy+y’=-1

2 L ‘
=D X=— I+y (v1y =0 khdng 1 nghiém), th€ vio (2) ta dugc:
y .
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2\? ‘,
(1”’) —(m+1)(1+y) +2y*=2m— 1
y

< 2-my*+2-3m)y’+1=0
Pitu=y" 2 0thiQ-m)u*+(2-3mu+1=0 ' @)
Hé a3 cho c6 b&n nghiém phin biét <> (4) c6 hai nghiém phan biét thda:

~

\

—3m)? —4(2 -
A>O0 2-3m)y*-4Q2-m)>0
O<uy<uy; & {P>0 & 5
S>0

9m? —8m—-4>0
o {2-m>0 o 4+2413
3m—2>0

2-m

<m<?2

Viy céc gid tri cia m cin tim 1a: %‘E <m<2

CHUYEN DE 36. HE CO DAU TRI TUYRT POI

Céch gidi:

+ Xét cdc biéu thitc bén trong ddu tri tuyet dot va logi b3 ddu tri tuyét doi
+ BJt dn phy dé dwa vé cdc h¢ da biét cdch gidi.

Bai 1: Gidi cdc hé phudng trinh:

o [Erislyeies=o ) ¥ -2xy-3y? =0
[x+2|-2y+3=0

x|x|+ylyl=-2
Gidi :
1 [x+1|=|y+1]+3=0 ' )
|x+2|-2y+3=0 - (2)
Phuong trinh (2) < Ix+2l 3-2y
3
. <—-
3-2y20 - )
X+2=%(3- 2y) S| x=1-2y
. {{x=2y-5
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*Thay x =1~ 2y vao (1) taduge: 2 -2yl —ly+ 11+3=0 3)
Bing xét ddu: '

y o -] 1 3
2

2-2y + | + 0 -

y+1 - 0 + [ +

+Néuy < —1'thi(3) & 2-2y+y+1+3=0 < y =6 (loai)
+Néu-1<y< 1thi(3) & 2-2y-y-1+3=0 oy:%(loai)

+Néul<y < %thl(fi) < 2y-2-y-1+3=0 ¢ y=0(oai)

*Thayx=2y-5 vao(I)tadugc: Ry -4l -ly+ 11+3=0 5)
v8iy < % = 2y - 4 <0 nén (5) tuong dudng vbily +11= -2y + 7

: 7
ys—
-2y+720 2
= & y=2Suyraix=-1
y+l=:(-2y+7) y=8 A
y=2
* Tém lai h¢ 44 cho c6 nghiém 1a: (-1, 2)
x* ~2xp-3y* =0 S [0
x|x|+y|yl=-2 - 2
Phuong trinh (1) c6: A’ = y* + 3y” = 4y

x==y

:(l)céhainghiém[ .
. x=3y

Thay x = -y vao (2) ta dugc: —ylyl + yiyl = «2 phvong trinh ndy vd nghiém.
Thay x = 3y vao (2) ta dugc: 3yl 3yl + ylyl= -2 & ylyl = —%
ey 3
s 75

Viy nghiém ciia hé di cho 1a: (———-— ——J .

2 2

+ Y +ix—-yY= 1
Bai 2: Pinh m d€ hé sau c6 nghiém: bt +f=s=m O
x‘+yt = mt (2

Giai
+ Né&u m < 0 thl hé vd nghiém.
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. ‘+ 20
+Néum_>.O.Xét{x Y & -xSysx
‘ —yZO ,
T (1) = m=2x < x= = 17
2 A B
V& 83 thi cda (1) khi: { 2 2 NS %
N D C
2

. D4 thi ciia (2) 13 dudng trdn, dudng kinh m’. He ¢6 nghiém <> dudng trdn (C)
va hinh vudng ABCD c6 diém chung. Didu ndy xdy ra khi va chi khi ban kinh m’
ciia dudng tron (C) khong 18n hon ban kinh dudng trdn ngoai ti€p ciia hinh vudng
ABCD va khong nhé hon ban kinh dudng trdn ndi ti€p hinh vudng ABCD, tic 1a:

J’

Bem? mz0

2
1 2

& —<SmS — hoicm=0.
2 2

Bai 3:Tim m d€ hé sau c6 dting tdm nghiém phan bigt: )
2| x| +|yl=1 o
1x2+y’=a (2)

Gidi
V& d3 thi cia (1) 12 b6n canh cia hinh thoi ABCD vdi:

1 1
A(E’o) s B(O, l)’ C(_—z"o) ’ D(O,—l)

Céc diém M(x, y) thda (2) nim trén dudng tron (C) tdim O, bidn kinh R = \/Z
véia>0.

Hé 43 cho c6 ding tdim nghxém khi va chi khi dudng tron (C) cia (2) ci{t bdn
canh ciia hinh thoi ABCD tai tim di€ém phan biét.

Xét hai vi tri dic biét clia dudng tron:
a) Pudng trdon tim O ndi ti€p hinh thoi

Goi r; 12 ban kinh clia dudng trdn ndy, theo hé thic lgng trong tam gidc vudng
a1,
P 04 O0B*’

ta c6:

b) Dudng trdn tim O di qua A(%,o).




AY
Pudng tron ndy ¢6 ban kinhr, = OA = %

T 46, dudng tron c{t b6n canh cla hinh vudng
tai tdim diém phan biét c6 bdn kinh thoa:

1, 1 1 1
— <A <= —~-<L<a<—

NG 2 5 4

Viy cdc gi4 tri clia a cdn tim la: -;— <a <:11-

lx|+y=4 )

Bai 4: Cho hé phuong trinh:
prrcng {x2—2y2+2|x|—y+2——a=0 ¢))

{ Dinh a d€ hé c6 nghiém.

Gidi
T (l) > xl=4-y 20 =>ys 4 :
ThE Ixl = 4 — y vao (2) ta duge: —-y* - 11y +26=a ‘ ?3)
Heé da cho c6 nghiém < (3) c6 nghiém y< 4 ‘
Xét ham s6: f(y) = —y* - 11y + 26; f(y) = -2y - 11

fy)=0 <« y=—%

Bing bié&n thién:
y ~ 0 - ]—] 4
2
fi(y) + 0 -
f(y) _nm : '
-0 o — _3. :
4

Dva vao bdng bi€n thién suy ra (3) c6 nghiémy < 4
17
Sas ——
4

Viy céc gi tri cia a cdn im [a: a < —-lzz. P )
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CHUYEN bE 37. HE PHUONG TRINH VO TY

Cdc phuong phdp thung sit dung:
1) Bdt én phu.
2) Dang dd thi.
3) Dang dgo ham.
4) Dang tam thic bdc hai.
5) Dang diéu kién cdn va dii.

VX2 +y +2xy =8V2
Bai 1: Gidi hé phuodng trinh sau: ¥ AV AN V2 O
v , Vr+y=4 @)

Gidi

0
Didu kién {x >
y>0

W) & 4y =822y >0 = oy <8
He ()2 ) {m T - 843

x+y+2xy =16 *
= {\/(16—2‘/;};)2 ~2xy +22y =842 E)

Pt t= [xy;0<t<8

" (3) & thanh: J(16-21) 22 +12 =82 > t=4
Nhu viy ta dugc: {\/x—y_=4
Jx +fy =4
X -4X+4=0& X=2
<:>\/—=J;=2' S x=y=4
Viy nghi¢ém cllahg¢ dd chola: x =y =4.

=>Vx va \[)7 12 nghiém cia phudng trinh:

x y+y«/;=30

4]
xJx +py =35

Bai 2: Gidi hé phuong trinh {

Gidi

20 = =20
_ Pidukién {x . pa {° vx
y20 b=\y=z0
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3 3y _ ' )
Hé (I) trd thanh: {2(“ +b”) =3ab(a+b)
a+b;6

- {2(a+b)(a2 ~ab+b?)=3ab(a+b)

a+b=6

a+b=6
=> a, b 12 nghi¢m cia phuong trinh

) Tt=2 a=2 a=4
-6+ 8 & =4 o - hodc < -

o {2[(a+b)2~—3ab]=3abc> {a+b=6

Viy nghiém clia h¢ da cho 1a: (8, 64); (64, 8). _
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ab=

+b3—35 f(a+b) - =35 -
Hé (I) o a - (a+b) —3abla+b)=35 an
’b+b2a 30 ab(a+b)=30
bat: =a¥ meukwnS -4P =20
P=ab
3 _ = -
Hé (II) tr3 thanh: §°-35P 35 125
SP =30 SP 30
= -2
2= S 5th6aS —-4P>0
P=6 . o
| {x=2 {\/;52 {x=4‘
b=5 b=3 =3 =9
Hé (I1) trd thanh: {° o o W o |V
. ab=6 {a=3 Jx=3 {x=9
2x+y)= 3(3x +3o7)
Bai 3: Gidi hé phuong trinh sau: (x+y ¥ K @
' x+J_ 6
Gidi
Pat a-\/; x=a°
. —%/— y=b




“6x +\[x'+y _3 a
Bai 4: Gidi hé phuong trinh sau: {{ x+y 6x 2 ,

® Ix+y-xy=9 , 2

Giai
6x
xX+y

bat: t= >0

5

(l)tr&thénh:t+%=5 = tz—-%t+l=0.<3' t=—vit=2

N | —

6x 6x
=2 &

X+y xX+y
K&t hgp véi (2) ta dugc hé:

. 1

Véit=2 &

_1 y=sx
=7 & ‘3' 2 \ :
X+y-— =9 — -f——>-'-9=0
xty—xy 2x 5
(1
y=-x .
= 2 h¢ ndy v6 nghiém.
(x? -3x+18=0

Véit= —;— = y=1lx, thé'}vao (2) ta dugc:

11x? - 12x + 9 = 0. Phuong trinh nay v6 nghiém.
Tém lai: hé da cho v6 nghi¢m.

=4 & x‘+y—3x:>y—lx
2 2

JLJZ- 7
y Vx 2+Jny

Bai 5: Gidi hé phuong trinh sau: 4))
xfxy+yfay =1
- x,y>0
- Gidi
a= J— >0
bit: *
b=,y>0
g _b_ - 7 ' al+bl= Tab
Hé Q) udthinh:{b a 2+ab < ‘ 2+ab

ab(a’ +b%)=7 .. |ab(a’ +b*)=T
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e +b? = — 2,42 _ Tab
2+ab _ -|a +b"=— .
=B 2ab R 2+ab (v6it=2ab>0)
ab.2+ab = 7 =72 +1)
aab == l(a+b)—2ab=-

o 2+2 &
1ab=2 ab=2

B <("+b) “‘— \/‘(doab>0)

(ab =2

= a, bla nghiém cia phUdng trinh: X* - \/g X + 2 = 0 phuong trinh ndy v6
nghiém. Viy hé di cho v6 nghiém. | |

| (3 - ] 2y =4
. y+42x
Bai 6: Gidi hé phuong trinh sau: < ~

s M
3+ x=2
( y+42x}/—
Giai
2 1.n |x>0
Dleuklen{
y>0 .
5.1 2 s_ .1 V2
+42x_J; 2 y+42x x
Hé (I) < Y & Y
2,4 . 1,2
\/_+ =6 —_—t+—=3
x 2y v Jy
1 2 15 N
= e —=
x y y+42x

< y(y + 42x) - 2x(y — 42x) = 15xy
<y - 84x + 25xy =0 (y-3x)(y +28x) =0
< y-3x=0 (ix>0,y>0nény+28x>0)

& y = 3x th& vao (*) ta dugc: -l—+£ =3

Vx \3x
- w/§+~[2—=3 o xo 5+26 oy= 5+2v6
Jix— 27' 9
Viy nghiém ciia hé dd chola: x = 5+227‘/E vdy= 5+;-\/§.
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Bai 7: Gidi h¢é phuong trinh sau:

\/x2+x+y+l+x+1/y2+x+y+1+y#18
\/x2+x+y+l—x+\/y2 +x+y+l-y=2

O

Gidi

He () & JxP+x+y+l ) +x+y+1=10
' x+y=8 ‘

o {\/xT+9+\/y2+9=10© {‘473-16x+x2 ~10-vVx2+9 (O

y=8-x @

x+y=8
10-vx2 +920
T3-16x+x* =109-20Vx* +9 +x?
x|< /91

< {I9x|2 —\/7_2_x+l44=‘0 @x=43 y’=4
Viy nghiémclahé dd chold: x=y=4.

Phuong trinh (1) < {

Bai 8: Gidi hé phuong trinh sau:
{\[3 +2xly—x*yr +xt(1-2x) = y*

LI+ (x=p)? =2°(x* —x+2)?)

~ , . Gidi
/ —(1=x2yf =245+ y* —x*
He dichoes {V° 1-yf =25 45" -x
-—\/l-i-(x—y)2 =1--x"’+x4—2x3y2
Cong v€ theo v& hai phudng trinh ta dugc:
4-(xy-1f =(* -y +14y1+(x- )} *)
Tacé:4-(’y-112< 4 = ,/4—(x2y—1)’ <2 |
X -y 4121
w {) = -y - Jx-p) ] 22
\/l+(x—y)2 21 o

x’y-1=0
‘Dodétt(Mtaix’-y?=0 & x=y=1
. x=y : -
Viy nghiém cliah¢ dd chola: x=y= 1.
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Bai 9: Gidi hé¢ phuong trinh sau:
s/;+‘/; =10
Jx+6 +,/y+6 =14

O

Gidi
x20
y20 ’ X
\/;+\/x_+—6-+\/;+ y+6=24
Vx+6-Jx+ [y+6-y=4
J;+M+J;+ y+6 =24
=t 6 6 _‘
\/;+\/x+6+\/;+‘/y+6_

bit: {a=&+m2£taGUGché:
' b=\y+Jy+62J6 .

a+b=24

{ab=36

biéu kién {

H I < {

4

= a, b 12 nghiém cila phudng trinh.

1=12+6J3
t=12-6y/3 (loai)
a=12+643

b=12-63 <6

? -24t+36=0 [

Véit= 124643 = {

T6ém lai h¢ da cho v6 nghiém.
x+yx’-y?  ox
R
Bai 10: Gidi hé phuong tinh saus {¥~VF -7
X _ S+3x

y 30-6y

M

(2

Gigdi
x—yx2=y* 20

2 2
Didu kién; {¥ ~¥ 20

y=0

y#S5
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=+

Phuong trinh (1) & 2— 2 2% 3)
x xi-y? S
y y
TU (2) = (30-6y)x=(5+3x)y
& 9xy = 30x - 5y < %’-‘-:6.-’5-1 | | (4)
y
) £+m“x2——y2
. y y x - ‘
Y@ vi@d) = b =6%_1 (5)
x ,x2 _y2 Yy

y

| oy
2
NoE
*N&uy >0 th (5) L——}—'-T-—=6.1'-1 6)
. x (x] R ‘
» *_IE o1
y W
Pit:t= 2 thi(6) rd thinh:
y |
’2 2
fi-i—ﬂ=6t—l© (t+\/t2—l) =6t-1
t—v1? -1 ‘
o AV -1 =23 -1 < t=0vt=-§—
+ V6it=0 = x = 0khong thda min (*)
X

+ Vdit:-; = —=§ thay vio (4)tadugc: x=5 => y=3
y , ,

=> nghiém cla h¢ 1a: (5, 3)
Né&u y < 0, 1am twong ty nhu trén ta dugc két qla 1 bai todn khong c6 nghi¢m.’
Tém lai nghiém cta hé 12 (5, 3).

\/x+1+,/y+2 =q

Bai 11: Dinh a d€ hé c6 dling hai nghiém :{

x+y=3a
Gidi |
: > -1 u=+Jx+120
Diéu kién: {x va a > 0.Dit: o
y2-2 v=y+220
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‘ u+v=a V=dad—u
Hé 43 cho trd thanh: , , ,
u’+v: =3g+3 w+v*=3a+3
v=a-u
PN ¢)]
f@w)=2u*-2au+a’-3a-3=0 : 0]

Tr(l)=>a-u20 & 0 u<a
Pé hé c6 dtng hai nghiém thi (2) c6 nghlémO <u<a

Néu a=0thiu= \/% nénchixét0<u < a

Yéu cdu ciia bai todn dugc théa min < O<u;<u, < a
(A'>0

S (fl@z0 < { 2a ; a; ; oS 3+J—2_1‘<a<3+~/i_§
=-a-s3> :

O<£<a
2

\

Viy gid trj cla a cin im 1: 3+;/-2—1 <a<3+415.

‘ x+y<2
Bai 12: Tim a d€ hé sau c6 nghiém:

x+y+2x(y-D+a=2 (1)

Giai
Tacé (1) & 2x(y-1)+a =2=(x+y)
2-(x+y)20 x+y<2 2)
. . Q .
2x(y-N+a=2-(x+p)f x-D?+(y-2)2=a+1 3).

+Né&ua < -1 thi (3) vd nghiém nén hé da cho v nghiém.
+ N&u a > -1 thi cc diém M(x, y) thda (3) nim trén dudng trdn tim 1(1,2), ban

kinhR=Va+1. -

Mit khéc, di€ém M(x, y) thod min (2) thi nim trén nﬁ’a mit phﬁng x4c dinh bdi
x+y<2

Diéu nay cin va di hé c6 nghi¢m 1a: (C) c6 diém chung véi nita mit phing
xdcdinhbdi x+y < 2.

, | 14+2-2
Ta o6 Khodng céch 1(12) 460 dubmg thing A x +y— 2=0R: dA )= 2= 2 o L

2 2

Do d6, yéu ciu bai todn dugc théa min < R 2 L

7

Viycdcgidtrichaacintimla: a 2 '-—;-.
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, Vx+l+42-y=
Bai 13:Gidi va bién ludn hé: { y=a M
V2-x+4Jy+l=a
Gidi
x e -1<x<2
Piéu kién:
-1<y<2

Cdch 1:

I:Ié(i) (Vx+1+{2-y=a o )

<:> .
- Ga)-(25 - 5)=0 . @
Néu x =y =—1 hojc x =y = 2 thi (2) khong théa man.
. x-y x—-y
nén (2) & + =0
Ve+l+fy+1 2-p+2-x
o (x-Y) ! + L =0
\/}+1+\/y+1 J2—y+J2—x
o x=y |
K&t hop v6i (1) ta dugc: { 2
t hgp véi (1) ta dugc:
P NVx+1+V2-x=a 3) .

Néua < 0 thi (3) v0 nghi¢m nén hé di cho v6 nghi¢m.
Néua>0thi (3) < 3+2J(x+1)2-x) =4’

xX=
Tir 46 ta dugce: Y ) ’
2y(x+1)2-x)=a"-3
x=y ' x=y
1= aZ\/E . & azﬁ _
4(x+])(2"X)=(02 —3)2 xZ_x_2'+_1'(a2_3)=0 (4)
4

Phuong trinh (4) c6 A =9 - (a>- 3)’=6a’ - a*
a) NeuA 20 a%6-2) 20 < 3 < a < 6 thi(4) c6 hai nghiém:

X =Y, =—;—[l4\/6a2 —a‘]
a>+6

a<+3

b) Néu [ thi (4) v6 nghiém.
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Tém lai:

+ Néu { a>v6 o hé vo nghiém.
a< ‘\/— )

+N&u V3 < a < V6 thihé c6 nghiem

X, =y, =%[1—w}6a2 -—a“]
X, =Y, =%|:1+\/6a2 —-a"]

Cdch 2:
Tﬂhé:«/x+l+‘/2 -y= \/y+1+«/2 x
& Vx+l-v2-x=y+1-\2-y & f(x) ={(y)
Xéthamf(t)—Jt+ J —t le-— 1st<2

fi(t) = >0, Vte (- 12)
2«/t +1 2\/2 -
= f(t)1a hAm ting trén [-1, 2]
) {Vx, yel-12]
f&x)=1)
Th& x =y vdo mdt trong hai phuong trinh ciia hé ban ddu rdi 1aAm nhv céch 1.

X=y

Biai 14: Tim m 4é hé sau ¢é ding bdn nghiém phin biét:

49y% + x* +4m=2x-1

Gidi

1-,/ -1 =47 u=,/x—l =0
He (1) o =V |
49y’ +(x-1)* +4m =0 v=,/7|y|ao
~u=v l-u=v )]
o S
u +vP+4m=0 |ut +(1-u)* =—4m 2)

TX()=>1-u20 &0<us 1 .

Ung v6i mot nghiém 1 > u > O thi phuong trinh u = \x—1| c6 ding hai
nghiém x nén dé hé c6 ding bSn nghiém phin biét thi (2) chi c6 thé c6 mot
nghi¢mu € (0, 1]. :

Xét ham s8: f(u) =v* + (1 - w)* v610<u< 1

f'(u) = 4u® - 4(1 - u)®

(I) trd thanh: {
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fu)=0u’=>1-u’® < u=—;—

Bang bi&n thién: |
u 0 1 1
2
f’(u) - 0 +
f(u) 1 : 1
8 ,
Dua vao bang bi€n thién suy ra (2) ¢6 ding mdt nghiém u € {0,1]
oS m= —-1- vms= —i
4 32 - :
PBr-x-y*==3 1
Bai 15: Gidi hé phuong trinh: VeedB2-x-y' =5 M
- Yx+V32-x+6y=24 2
Giai

Piéukién0'<. x < 32

Lay (1) + (2) ta dugc:
Ve+32—x+{x+432-x -y +6y =21

o Vr+V¥R2—x+¥x+{B32-x =(y-3)+12

Theo bi't ddng thivc Bunhiakopxky, ta dugc:
{\/}h/s’z—x <Ja+Dx+32-x) =8

Yx+432-x s\/Z(\/;—~/32-—x)s4
= Jx+V2-x+432-x+4x < 12

. = = 3
Do 46 ddu “=” xdyra < {y Y

3
<
\/;=\'32—x {x=16

= 3 )
Thé {y 6 tryc ti€p vio hé (1) va (2) ta thdy nghiém ndy théa min.
x =

=3
Viy nghiém ciia hé d3 cho 1a: {y iy
(x + %/_ \/— + 1)

Bai 16: Cho hé phudng trinh

(\/—+x +3\/——+1)+(m D" = 2yJ—
1)  Gidihé khim = 16.

2) Pinhm € hé c6 nghwfn.
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Giai
x=0

xy=0 .
Néum -‘0 thi hé trd thanh: {—%/;T B} ZyVF o {y wy 9
=> nghi¢m cia hé 1a: (0, y) v6iy € R. ’
N&um = 0, d4tt= x thl h¢ da cho trd thanh:
m(t6 +th 412 +1)=t3y
{m(t8 #1548 1)+ (m =1y =20
mlt® +4 412 +1)= )

{ (t +1% 414 + 1 +l) (2y+1)t 2

Vit =0 khong 12 nghiém ciia hé (I) nén chia hai v€ cda (l) cho £ v clia (2)

i+ kel
I ! =Y

)

cho t* ta dugc: | | an
(t +t +t +;—+1) 2y +1 -

. 3 | .
Tacé: t + —%—:(124.1) —3([-0-1); ¢+ i4=(t2 +_12_) 2
Dat:u=t+%;lu|22vhu2-2=t2+.t1_
| ~3u+
He (I td thanh: {"% "W *W=Y
m[(u -2 -2+u? -2+]] 2y+]

m(u® —2u)=y
<& .
m(u* —3u +1)=2y+1 m(u® -3u® +1) =2m(u® - 2u) +1 3)
1) Khim=16 . ’
Q) e 16wt -3+ 1) =32 -2u) + 1
& (2u-1)-18Qu- 1Y +32=0
- Pita=(u-1)*tadugc: a’- 18a +32=0

(a=2 Qu-1D2=2
=3
|a=16 (Qu-1)* =16

_\/_:tl

=== (loa

{m(u"‘ -2u)=y

<

=3 u=i au:-s— (dolul 2 2)
2 2 .

= =3 (loai)
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vdlu-£<=>t =
2

! =

Nlt—l
N!u;
[\ Nlu—a

+V61t—-1- :x—l =>y=16
2 8

| p—|

3--m

Viy nghiém ciia h¢ da cho 1a: (8, 170); ( 170)

+Véit=2 =2 x=8 =>y=170

2) Hé 33 choc6 nghlém < (3) ¢6 nghiém
(3) o mut-3u+1-2v+4u)=1

o ot —2u 3’ +4u+1
m

Xét ham s8: f(u) = u® - 2v® - 3u? +4u +1 v6i lul 2 2
Ta ¢6: f'(x) = 4u® - 6u’ - 6u + 4
fu)=0 < 4v’-6v-6u+4 =0

& u=—1vlu=-;—§/u=2

Béng bi€n thién:
u -0 -2 -1 1 2 400
rw | - /P O/HP +

<A

Dura vio bing bi€n thién suy ra: hé di cho c6 nghiém < (3) c6 nghiém
thda min lul =2 2

Z
1)

1
= 1 2 -3 1+3m_ 20 mS_E

m m
m>0

1
<
Viy céc gi4 tri cia m cAn tim 1: m=T3

m>0
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CHUYEN PE 38. HE PHUONG TRINH BA AN SO

Cdc phuong phép gidi:
Dung tinh don diéu
Diing phudng phdp bi chin
Pua vé t8ng binh phuong
D3t £n phu
Diing BDT Cési
Lugng gidc hod

ARG B

Bai 1: Gidi hé phuong trinh sau:
2% +2y2 43y +3=0 o 0))
2)% +22% +3243=0 -
2z° +2x* +32+3=0

Giai
x=f(»)
H¢ ddicho & {y=f(2)
z=f(x)

Xét ham £(t) =-% Y22 43043
Tac6: 28 +3t+3>0 VteR
1 Y
o= -<@t+3) (262 +3¢+3F

fh=0 t= 3
4
Tt d6 suy ra:
+f(t) tingnéut < —% va f(t) gidmnéut > »%

o Xétt < —% thi ham f(t) ting:

~ Gidi st h¢ c6 nghiém (X,, Yo, Zo)
+ Né&u x, < y, thi f(X,) < f(yo) = 2, < Xo = {(z0) < f(X,)
= Yo > Zo = Xo > Yo > Zo, di€undy vo 1y,
Nhu vay, hé chi ¢6 thé c6 nghiém x, = y, = z,, th€ vio ta dugc:
2x2+2x2+3x,=0 .
S (X0 + 1)(2x,f +3) =0 & x,=-1
= hé c6 nghim xo=y,=2z,=~1
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o Xét t> —% thi ham f(t) gidm:
Chiéng minh tudng ty nhy trén ta cling dugc nghiém x, =y, =2, = -1 nhung
nghi€¢m nay loai V1 (X,, Yo, Z,) 2 —%

* Tém lai h¢ di cho c6 nghi¢m duy nhdt x, =y, = z,=-1

%2 = y+1 1)
Bai2: Gidi hé phuong trinh sau:{ y* =z +1 ¥))
22 =x+1 3

Gidi

- Gidstx>y>z A
ST (1), Q) va3) = 2>x*>y (a)

+N&ux < 0thi0 2 x>y = y*> 2z’ diéunay vd Iy v8i(a) do d6 phdicé x>
0.

+Néuz > 0th1x>y>z >0y >2 mauthuanvdl(a)dodéphélcéz<0
TYx>0=2"-1>0 :z< 1 (Viz<0)

= z+1<0 = y*<0 (theo (2)), didu ndy vé ly.

- Gidstx>z >y:
T (1), 2) va 3) = 2> >y’ > x? - (b)

+Néux < 0thi0 2 x>z>y = Z2<y’, mauthuanvdi(b)ncntaphﬁicéx>0

+Néuy 2 0thix>z>y 20 = x*>y? mauthuanvél(b)nentaphélcéy<0
Véix>0 :>z~-x+1>l=:~|iz>l ‘
z<-1
Theo (2)thiz>—-1nénz>1
Ciingtf (2) = y’=z+1 >2 = lyl> 2
Viy<Onény<- -2
Khidéx*=y+1<1- 2 <0 (didundy v Iy) ‘
Khi hodn vi vong quanh (x, y, z) thi h¢ khong- -d6i nén twong ty xét céc trudng hgp
con lai vd chifng minh tuong ty, ta cling dugc diéu miu thuiin. Nhv viy, hé chi cé
thé’cénghiémx—y-z

‘ , N
Thé'x y=zvio (1) tadugc: x>~ x - I= 0 o x=y= z--1 2\/-
Véy nghiém ciia h¢ dd cho 1a: x = y==z=1'i2\/g
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x* —4xy+4z* +12=0 )

Bai 3: Gidi hé phuong trinh sau:{y? —4yz+x*-12=0  (2)
1622 ~8xz+4y* =0 &)
Gigi

LAy (1) + (2) + (3) v€ theo v€ ta dugc:
(x2 - 4xy + 4y%) + (y* - 4yz + 429 + (162° - 8xz +x%) =0
iea
S X-2yP +(y- 22"+ (x—-42)' =0 & {x e
y=2z
: 162% ~32z+422 +12=0
Thé vao hé di cho ta dugc: {4z% —82% +162% -12=0
1622 -322° +162% =0
S 2-1=0z=1¢t1
x=4 x=-4
= qy=2 hodc{y=-2
z=1 z=~1 ;
Viy nghiém cla hé¢ da cho 13: (4, 2, 1) hodic (~4,-2,-1)

xy+yz+zx=xt+yt +2°

x+y8 428 =3

Bai 4: Gidi hé phuong trinh sau: { ¢))

Gidi

Theo bt ddng thitc Bunhiakopxky ta dudc:
Xy+yz+2zx < xzvl-y2+z2 .

Dfu ding thitc xdy ra <> x =y =z, th€ vdo (1) ta dudgc:
=3 x=tl=y=z

Vay nghiém ctia hé 1a: (1, 1, 1); (-1, -1, -1).

+xy? = 6x?
Bai§: Gidi h¢ phuong trinh sau:{” " > "
1+x*y? =5x

Gidi
Vi x = 0 khdng 12 nghiém ciia hé nén chia m8i phuong trinh cho x* ta dugc:

2 1
2.2 2(_-+y)=6
)X X o X\ X

1 1

2 2 ;
—+y° =5 —+y° =5
x? Y x? 4

@
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ab=6
2

Hé (I) trd thanh: =
¢ {b -2a=5 a=%(b2~5)

ab=6 ab=6  (ab=6
<~ <
%(b2—5)=6 B —5h-12=0  |(b-3)b%+3b+4)=0

, b=6 '
o {: (dob?+3b = 450, Vb)

Y _ -
a=2 . 2 y=2x
o 8 =3 < 41
b=3 1 —+2x-3=0
._+y:3 x
x
x=1
_ y=2x 5
y=2x X = Y
2 < 1
2x° -3x+1=0 1 X =—
X == 2
2 -
y=1

Viy nghiém cia hé di cho 12 (1, 2); (-;-1)

x> -x* +2x232 =2
Bai 6:° Gidi hé phuong trinh sau:{ y* — y* +2y?z=2

28—zt +22%x =2

i Giai
e Nhén xét: H¢ c6 nghiémx=y=z=1.Ta chi’mg minh nghiém nay Ia duy nhit.
That vay: _ :
+ Néux>1thx*-x*=x'x -D>

Tl)’désuyra:2x2y<2=>y<—12-<1
x
=>y-1<0=>y -y'=y'y-1<0 -
= 2y’z2>2 =>z>-—l2—>‘l =25 zt=2%2-1)50

y
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=272’x<2 = x< iz <1 (diéu nay mau thuin)
! z

e N&ux < 1: Chitng minh twong tf nhu trén.
Tird6 dé dangsuyra:x=y=z=1

(2-x)(3x-2z)=3-z

3 2 2
3yS=x"-3x+2
Bai 7: Gidi h¢ phuong trinh sau: y HSy=xoox

1% +22 =62
z<3
Gidi
3x? =23 +2)x+3z+3=0 o
3 2 — 2 _ 5
H¢ da cho twong duong véi: {7 7o =% ~3x+2 ( ),
y +22 =6z Q)

z<3 4
Xem (1) 12 phuong trinh bic hai theo x: '
Tacé: A'=(3+2)-3(3z+3)=2"~3z=2(z-3) 2 0 '
- [z <0 _ ’ )
z23 '

Phuong trinh (3) ¢6 nghiém < -2 +62> 0 0< z< 6  (6)
Tir (4), (5) vad (6), suyraz=3hodcz=0.
+ V6iz=0=>y=0=>x"-3x+2=0

=1
= .
[x=2 (loaitheo(1))
+ Véiz=3 2 y’=9=>y= +3=>x*—3x-52=0

= & ——-—3i\2/m | (a)
Lai c6: tir (1) = x = %(3+z:i:\/zz—3z) hay x =2 ®)
Ti (a) va (b) = trudng hgp nAy v0 nghi¢m.

- Véiy=-3
TY(2) = x*-3x+2=0 & [iilz ©
Tir(l) = x=2 - )

T (c)va(d) =>x=2
Tém lai nghi€m ctia hé d3 cho 1a: (1, 0, 0) hoic (2, -3, 3).
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2x+x’y= y
Bai 8: Gidi hé phuong trinh sau: {2y + y*z =z

2z+z%x=x
Giai
2x=y(1—-x2)
Hé d3 cho & {2y =z(1-y?)
2z =x(1-2z?%)
Khix=+ 1;y=+ 1;z= + 1 khOng 12 nghiém clia hé wén.
( 2x ,
y 1— 52 ‘
R 2y :
nénh¢ & <z= 3 2)
-y , ‘ '
2z
= 3
=1 3)

Patx=tga ; (-£<a<£J thi:
2 2

g
1- tgza
21g2a
1-tg22cx
2tgda
1-1g4a

1) &y= =tg2a

Q) o z= =tgda
B) & x= =tg8a =1g

D> tga=tg8a & a=k7a(keZ)

N 4 /4 n _ ka =« 7 7
Vie— €@ <— D-=<—<— & ——<k<—
2 2 2 7 2 2 2
Dok € Znénk={-3,-2,-1,0, 1, 2, 3}
. 3r 27 x m 27 3w}
= nghiém a = {——,——,——,0,—,—,—
7 7 7 "7 71
x=tga
= nghiém cta hé¢ 1a: { y =1g2
x=1glda
véi @ 12 chc gid tri —ﬁ,-ﬁ,—f,o,f,z—”,ﬁ}.
7 7 7 71 7 7])"
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Bai 9: Gidi hé phuong trinh sau:
xyz =32 ™
x2+4xy+4y? +227 =96
x,y,z>0

Gidi
Ta c6 X2 + 4xy + 4y* + 22° = (* + 2%) + (Z* + 4y?) + 4xy
> 2xz + 4yz + 4xy (theo bt dﬁng thitc Cos1) )
Ciing theo bt ding thitc Cbsi, ta c6: ’ "

2xz + 4yz + 4xy = 3{/2.4.4x2,y2 2 233322 =96 2 .

Tir (1) va (2) ta dudc: x> + 4xy + 4y* + 22° > 96
xX=2z

= Dfu“=" xdyra < {z=2y
2xz =4yz =4xy
=2
o {x Y thé vao (*) ta dugc:
z=12y

x=4
2y.y2y=32 > y=2 = {
z=4

Vay nghigm clia hé 1a: (4,2,4)

| Bai 10: Giai he phtrdng trinh sau:

x* —3x=y(3x* -1)
¥} -3y=2(3y* -1)
22 -3z=x(3z*-1)

Gidi
Vix= T =t % vz= i -‘/l—g-rkhéng' 12.nghiém ciia hé
’ _x*-3x |
" 3x?-1
y -3y
3y? -1

nénhé ddcho & {z=

-3z
322 -1

.

1 .
VXx,y,ze Rvikhict —,ddtx=tg o
¢ o
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(vdi—%<a<12t—\)aa¢:t16t-) :

[ 3

_g a2 diga _ 13
g -1

;e 1g°3a - 31g3a

Ta dudc: < 5
: g -1

=1g%

. 1290 - 31g9%

=1g27a
3tg?9a -1 g

L

Suyra:tg27a =tg a < a=—’§-’6£(vdikeZ) | : .

kn &
a#— —_— —
vid 6 neni{?® 6 phiénnhienVkeZ
kx /4 : :
oL#E—— ——
6 |26 6 ,
n n km =
- —<a<— S - — < — < —
2 2 2 26 2
& -13<k<13
= k= {—12,—11,—10,..:, 01,2,..,10,11,12}
'x=tga
Viy nghiém cla hé phuong trinh 1a: { y =1g3a
z=1g8%
att |
véi{ 26

k ={-13,-12,..,12,13}

i 1 o 1
Bai 11: Gidi hé: 3(”';)_4(}' +;)’S(H§) 0
xy+yz+zx=1 (2)

Giai
Piéukién: x.y.z # 0
Né&u (x, y, ) 1a m6t nghiém ciia h¢ thi (-z, -y, -2) cling 12 mot nghiém cla h¢
va tif (1) suy ra x, y, z cing dfu nén ta chi cin xét x, y, z duong 12 di.
. x=1ga '
VX,y,z € Rva khdc 0, dit: {y=1g8
z=1gy
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0<a<£
2

. véi
V(4
0<B,y<—
B,y 5
T d6 hé (1)va (2) trd thanh:
3(tga + —I—J = 4(tg,6 + —LJ = S[Ig}' + —1—] : @
ga tgf gy
1gatgf+igfigy +1gytga=1 . 4
. 2 2 2
Phuong tinh (3) < 38 4*t1_ 8 B+1_cig7y+l
. tga tgf gy
3 4 5 : - .
5y

sin 2a - sin2f8 - sin2y ,
Phuong trinh (4) <> tg @ (tg B +1gy) = 1 - tgP.tgy

| -igPrgy '
Slga=——>=—==cotg(f+y)

1gp+igy | ‘
S a+ Py = % 6)

Tir (5) va (6), suyra2a;2 8 va 2y 1 cdc géc trong m{t tam gidc vudng, c6
cdccanh 3,4, 5 (nhé: 5% =32 + 47

Suyra:2}'=—;i :y:% gy =1l=z

1gh=y=

1
- 2
1
3

iga=x=

11 1 1
v hi Ga h¢ dd chola: [—,—,1| hoic|-—,~—,~1].
4y nghi€m ctia hé di cho (3 5 ) c( 373 J

x+y+z=a )
2 : 2 2= 2 2
Bai 12: Gid st x, y,  thda hé: ’; +1y “;z 1 G
—t o=
X y z ¢ A3)
Hay tinh tdng S=x* + y* + 2’ theo a, b, c.
Gidi

TacéiS=x3+y3+zs=(x+y+z)3—3(xi+y+z)(xy+yz+zx)+3xyz
=a’ — 3a(xy + yz + zx) + 3xyz
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Th@) o 2rrErz 1
- xyz c

= Xyz = c(Xy + YZ + 2X)

. Laicé: (x +y+z)2=x2+y2+zz+2(xy+y'z+zx)

= xy+yz+zx=—;-(x2+y2+zz)— %(x+y-i—z)2

b* @

2 2

b a*
= Xyz=¢| ——-—
2 2

ViyS=a’- 3?"(1;2 —az)+32"-(b2 -a?)

hay S=a’ + %(b2 - a%)(c-a)

24yt -2l fxy—yz-xz=1

Bai 13: Dinh m d€ hé sau c6 nghiém: {y* + 2> +yz=2

2+y*+zi=m

. Giai
+ Né&u z = 0 thi hé 44 cho trd thanh:
2+ yt+xy=1 x2+2x+1=0
yr=2 o {yr=2
x’=m x*=m

Phuong trinh (*) lu6n v nghiém nén he trén vo nghiém.

+Khiz # 0.Pata= f;b==v—,hé da cho trd thanh:
2 ;

N

™
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@ +b?—1+ab-b-a=—
Z

=N <b2+l+b=—27
b4

|3

a+l+a=
L z

N

Liy (1) - (2) ta dugc: a +ab—2b-a-2= —-12-
: V4

1

S @+ 1)a-2) +ba-2) = -—
z
1 1
Da+b+l=—2— $b=_2__(a+1)
2(a-2) 2(a-2)
Thay vao (2) ta dudc: ’

1 ? 1 2
———+a+l| -| 5——+a+l|+1=—
z°(a-2) \z%(a-2) 2

1 5

+a’+a+1=0

= +
2*a-2? 2¥a-2)
TX(3):a’+a+1= __mz_ thay vio phuong trinh (4) ta dudgc:
z

1 N 5 +
z*(a-2)? zz(a 2) z?

& 22m(a - 2)? +5——(a 2)+1-
a+a+l

TY(3) = 2*= thay vao (5) ta dugc:

a2+a+l

m2

T (@-2P+5 5——(a-2)+1=0
a’ +a+l a +a+1
< (m?+ 1)a’+ (5m - am*+ Da+4m’- 10m+1=0

Hé da cho ¢6 nghlém <> (6) ¢6 nghiém

< A=0Bm- 4m? +1) 4(m® + 1)(4m? - 10m+1) 2 0

25-616 25+4/616
3 <m< 3

omz—%om+l_<. 0

Viy céc gid tri cia m cin tim 1a:
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