@@ﬂ@@

NHA XUAT BAN GIAO DYC VIET NAM - BO GIAO DUC VA PAO TAO

XUAT BAN TU 1964  TAP CHi RA HANG THANG - NAM THU 54
I'JﬁNH CHO TRUNG HOC PHD THONG VA TRUNG HOC CO s6
201 7 Tru s&: Tang 12, tda nha Diamond Flower, s& 1 Hoang Bao Thuay, Thanh Xuén, Ha Nbi
Sf) 479 DT Bién tap: (04) 35121607; BT - Fax Phat hanh, Tri st (04) 35121606 .
Email: toanhoctuoitrevietnam@gmail.com Website: http://www.nxbgd.vn/toanhoctuoitre

RN

i

=

=

o A

o T

(17367

Nha todn hocva nha thlen van Phap




- =
https:iwww. facebool. comiletrungldenmath https:/sites. google. com/site/letrungldenmath

B0, \YAHE2017,
Dot 1

LTS. Mita hé ndy Todn hoc va Tudi tré xin mdi cdc ban tham gia Cudc thi HO VUI NGAY HE 2017. Cudc thi
duoc chia lam hai dat, dé ra duge dang ldn lugt trén Tap chi TH&TT cdc s6 479 (thdng 5/2017) va 480 (thang
6/2017). D6i tuong du thi Ia tdt cd cdc ban yéu thich Toan trén ca nudc. Ban hay guii 15 gidi ba bai d6 vui
Dot 1 vé Toa soan trudc ngay 31/7/2016 (theo ddu Buu dién) va 15i gidi ba bai Dot 1 sé dang trong TH&TT
56 482 (thdng 8/2017).

HINH VUONG VA TAM GIAC TAM GIAC NGUYEN!
VUONG VGl 2017
SR R S R & ;
. a) Tim hai hinh vuéng vdi s6 do cac canh la ca Eﬁcéc s6 nguyén.
,cécsangﬁyén saochﬁﬁn_gdlén tich hai hinh @éﬁg tinh dén don vi do, hay tim tat ca cac

Bail. Bai 2.

Tam giac hguyén la tam giac c6 dé dai cac

7 yubng do bang 2017. Hay lap-luan dé 161 m giac nguyén cé chu vi béng dién tich.

NHU HOANG (Ha Néi)

Bai 3.

PHAN CHIA MOT TAM GIAC DEU
Cho tam gi4c déu ABC. Hay vé doan thang DE
véi diém D thudc canh AB, diém E thuoc canh
AC sao cho doan théng DE c6 d6 dai ngan nhat
va chia tam gidc ABC thanh hai phan c6 dién

tich bang nhau. ;
PAN QUYNH (Ha NGi) s VIET HAI (Ha Ngi)
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@ ac bai toan cuc tri chira tich thudng xuyén
xudt hién trong cac ky thi ddng thoi no 1a
dang toan dugc rit nhiéu ban ycu toan quan
tdm, tim hiéu. Co nhiéu cach dé giai quyét dang
toan nay. Xin gidi thiéu téi ban doc mot bat
déng thirc kha don gian sau gitp giai quyét higu
qua cac bai toan cuc tri tich.

I. CO SO LY THUYET

Bt dang thirc:
2.p

Lii L. o *
H] -pr. m i)
=k

£ Sk : mb
Dau *=" xay ra khi: x= g
m+ pn

X (b — xh )l” <

Vi b 1a s6 thue duong, pmneN', 0<x< QfE ;

o
va ta cong nhin cong thic sau: Ya? = a¥ Vi
p.q la cac s6 nguyén duong, a > 0.
Chirng minh. Dat: A= x"(b—x2Yn
Vi 0<x<4b nén x>0,b—x1>0=A20.
A=x"(b—x") & An =(x"gh—x)r )’

— Inm{b —x" }p«r = (xrl ]m (b i xn)pn.
bat x"=a, 0<ash=A"=a"(b-a)"
=a.a.a..alb—a)b—a)bh—a)..(b- a)

K on
i

_(m Y (pn ) pn ) n
“|opn m m m
X (b—a)(b—a)b—a)..(b—a).

I

mn
Ap dung bat ding thirc Cauchy cho m + pn s6
Pn

khong am trong 6 co ms6 £—a vapnsd b—a:

Tl B TOAN TMCUCIH“CHI"ONGQUA
MOT BATDANG THUC TI'IONG DING

nglM VAN SON

(GV Trieomg THCS Nguyén Quang Bich, Tam Néng, Pini Tho)

He

X (b-a)b-a)b-a)..(b—a)

BEE

m

pn
pn | [m p i
(— ) +[—a)+...+(—a) +b—a)+b—a)+..+{b—a)
m | m m
: G pa

s

m+ ¥

pna_i_pﬂ(h a.) "J+PN ¥ pnb M+PF|
&+ pn A\ m+pn

-+ pn
<(5r) 555)
m+ pn

i+ pit
oy i
m+ pn

_+ P

. Dau “=" xay ra khi :

m+ pn m+pn’

I1. BAI TAP VAN DUNG

Bai todn 1. Tim gid tri lén nhdt cia
A=x32-x) 0=<x<2

Loi gigi. V6i 0<x<2: x20,2-x20, ép

dung bit ding thirc (*) cho biéu thirc x*(2—x)°

voi m=3,n=1,p=35,b=2, taco:

iy 2\ cgsae
3 S( 5
A=x*(2-x¥ (]5[3+5j -

TOAN HOC 1
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z - ; 23 3
Diu “="xdyrakhi: x= ==
3+51 4

Bai toan 2. Tim gid iri lon nhat cua

P=ex5-2x)r.0=2x=

b2 | Lh

Loi giagi. Vi OSxig thi x=0,5-2x20. Ta

co: P=x(5-2x)* = %(2):)(5 —2x)? =%a(5 —af
(véi a=2x,0<a<5). Ap dung BDT (¥) cho
a(5-a) véi m=1n=1,p=3,b=5:

|+A
-3
1

—+3
1
L o e _ 16875
2.44 512
- a__ -4 - 5 S
Dau “="xayrakhi: a==<x==.
4 8
Bai toan 3. Tim gid tri lon nhat ciia P=xy1-2

Li giai. PK: x<1.

+Néu x<0=x/I—x<0=P<0 (1).

+Néu 0<x<l=P=x1-x20.

Khi d6 binh phuong hai vé: P? = x2(1—x).

Ap dung bit ding thic (*) cho biéw thirc
X(Q-x)cd m=2,n=1p=1,b=1;

2+
&

P3=x3(1-,r)<_i(%] 1l 2_'- =%

N |

|
P L qyE et e Bl e S

33 3

ey . BT g 2
Tir (1) va (2): GTLN ciia P 1a —> khi x=2,
(1) va(2) cla 353 1x 3

Nhin xét. Viéc ap dung bit ding thic (*) con gitp
ta nhanh chong tim dugce cuc tri cia mdt so bai toan
hinh hoc c6 yéu t6 dién tich. Ta tim hidu mét bai
toan dién hinh cho dang toan nay:

Bai toan 4. Cho AABC vudng tai A, BC =2a.
Duwang cao AH, tim vi tri diém H dé dién tich
A ;I."rl'r( ..'.Il'..J'nlu' Fl'fru'tf.'f.

TOAN H
9 QC

" CTudilre S6 479(5-2017)

Loigiagi. Dt HC=x, 0<x<2a =HB=2a-x.

Tacé: AH = (x(2a—x).
1

Sanc = EAH-HC = %xq x(2a—-x) (dvdt).

8 e 16m nhit < x[x(2a—x) 16n nhat

< x3(2a—x) 16m nhit.
Vi 0<x<2a nén x,2a-x déu la nhimg sb
dwong. Ap dung bét ding thirc (*) cho biéu thire
x*2a-x) co m=3n=Lp=1b=2a:

i 2a Y 274
3 — g (e 1 —— — 2
x3(2a x}-[lj .1.[3_”} 16

Déu “=" xdy rakhi x= %E.
Vay GTLN ciia S, 1a % (dvdt) khi H 1a
R i 4 A, 3a 3
diém trén canh BC thoa min HC = g EB‘C.
Bai todn 5.€he 0<x,v,2</6 va x+y+2=33.
Tim GTAWNHa bicu thire
,"’-—,.l-.l_-,l
NE—x>  JO—¥ Jh—z

Phin tich. Dé st dung dugc bt ding thic (*)
ta bién d6i nhur sau:
1 1 1
P= + e
V6-x2  J6-y? 6-22

Dol e 3] . z

63 Y6 (6=
Vi ¥ tuong don gian cidc mau ta tim GTLN
cia: x> (6-x2),y**(6-y?),z%(6-2%).
Vid<x,y,z<+6 = x,y,26—x2,6—y%,6-z21a
céc s6 duong.
Ap dung BDT (*) cho biéu thirc x2(6—x?) véi
m=2s.n=2.p=1Lb=6:

25 3 6 5+l 6 s+l
7 = | A i
o[ 2] (8] o 8]

Tuong tu :
6 s+l 6 s+1

25 (R —y2 < of —2y s

¥ (6 }'}_S‘[SH_] ,Z5(6 z)_s“‘.[hH]] ,

Dau “=" xay ra khi

selN*,

it _7_\/ el e [T
SIEERN G 1 Vel
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Vi 0<x,y,z</6,x+y+z=33 nén ta chon
s M* sao cho:

oo |0 Y68 / 5
s+1 s+1

Léi gigi. Véi 0< x,y,2<+/6
= X,y,2,6—x2,6—y2,6 -z 1a cac sé duong.
1 1 1

P ¥ +
J6—x2 ,,fﬁuy? J6—72

X ¥ Z
TG 6y JA6-2)
Ta tim GTLN ciia cidc méu:
x¥2(6—x2),52(6—y2),22(6—22), 0<x,y,z<6.
Ap dung bat ding thic (*) cho biéu thirc
2(6-x) vOoi b=6m=2,n=2,p=1:

x2(6—-x2)<9 = Jx2(6-x2) <3
X

X
= —2>— Tuon ;
BT o e

v ¥ z z
‘72'_,—"___2_7S
W 3D 3
st Sao anks g a0 }x+y+z=3~.l§=\’|§.

J6-2 Jo-y J6-Z 3 3
Déu “=" xay rakhi x=y=z=43.
Vay GTNN cia P13 /3 khi x=y=z=4+/3.
Bai todn 6. Cho a.b.c >0 thoa man:

u" —.'r?'--'-{". #

a b g W
T T T
Phén tich. De sir dung dugc bat dang thic (*)
ta bién doi nhu sau:

Tim GTNN cua: P =

a b I
P= + +
1-a2 1-6 1-¢?
asl B+l Pl

sel°.

“al-a®) b-80)  cl-c)’
Vi ab,ce>0 thoa min a?+b*+c?=1 nén
O<abe<l=ab,c,1-a*1-b*1-c* 1a cic
s6 duong. Ta tim GTNN dé don gian céc méu:

a'(1—a®), b (1-b%),c°(1=c?).
Ap dung bit dang thirc (*) cho biéu thirc
a(l-a*) voi m=s,n=2,p=1,b=1:

e
2.|

i
a1 _a?.) < (i)?‘ 1 1
2 2 +1

2

6

2 2 At
Tuong ti: bs(1-b2)<| 2" | = | ,
wong tu: b >(2] [2]

3 ) 3+
X e Nt i S
c(l-c }_(EJ .[sz 3

§

s+2°
Vi O<a,b,c <1, a* +b* +¢c* =1 nén ta chon s:

2
f Ly " ’ 8 -
0< E'+—2—<:1\"a3( m] =1

3s

Dau*“="xayrakhi a=b=c=

=——=]5eN" =s5=1.
5+2

Lol P ® it P g C
bt L e
a2 bZ ci’.

=) LT (1) TPT)

> 2 2
1-a2 ) NE B(1-82)< = (1—c?)<—==
all—a:) 3".—3;5( JBJEL( L)Bﬁ
a? h* c?
all—a?)  b-b2)  c(-c2)
33

(a2+b2+c3)=T (do a*>+b%+c? =1).
1l
&

A ; . 1 N 1
Vay GTNN ciaPla 222 khi g=b=c=—.
E_l}' cua a _2 1 a C ﬁ

Cho ab,ce [{]:I]. Chiung minh

2%

35
2

o

Dau“="xayrakhi a=b=c=

Bai toan 7.

: | | e |
rang. - +—+
= 2—-a 2-b 2-¢

Phién tich. Xét a,b,c (0;1]. Dé sit dung duoc
bit ding thirc (*) ta bién dbi nhur sau:
i 1 1 1
Ta co VT:Z—a+2—b+2-c
Ranl. 0 b* . c? o
a(2-a) b(2-b) c3(2-c)

Ta tim GTLN cua cac mau:
a’(2—a),b*(2-b),c*(2—c).

Vi a,bce(0;1]=a,b.c,2—a,2-b,2—c 1 cic

50 duong.

= 3abc.

N°.

(Xem tiep trang 28)

TOAN HOC
3
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ﬁfkgm PE THITUYEN SINH VAO LOP 10

THPT CHUYEN HUNG YEN NAM HOC 2016 - 2017

(Pé thi ding trén TH&TT so 4

78, thdang 4 nam 2017)

UONG 1

Ciu 1. Ddp s6. A=—1.

Ciu 2, 2) Voim =2 ta co (d): y =2x. Hoanh 4o giao

diém cia (d) va (P) la nghiém cia PT: x2 = 2x.

+V6i x =0 thi toa 49 giao diém 1a (0;0).

+ Vi x =2 thi toa d6 giao diém 1a (2;4).

b) Hoanh d6 giao diém ciia hai d6 thi 1a nghi¢m PT
X=mx-m+2xi-—mx+m-2=0 (8]

Pudng thing (d) cit db thi him s6 y=x? tai hai diém

phén biét c¢ hoanh d§ x;x, < PT (1) co hai

nghi¢m phin biét

S A0 = mt —4{m-2)}0 e m:—4m+8>0

= {m—2]1 +4=0, ding véi moi m.

+x,=
Theo dinh 1i Viéte {x' i
X =m=2

Céu 3. a) Trir theo vé PT thir nhat ebo PT thir hai
cia hé duge x? —y? =y-x < (2 y){x+y+1)=0.

B85 1+5)
2 g -

Hé PT ¢6 4 nghiém (x:y) 1a [
1=5 1=5 ) (o on o
[TT}( 1:0) va(0;-1).

b) DK: x2-3. PT e>x+3+Jx+3 +%=4ﬂ +6x+§

2 2
@( .r+3+%) =[2x+%] :

= PH | x+3+1=2x+~%<:>wfx+3=2x+1

'DK X2 =
pa I

S dxt 43x-2=0=x=

—3+Jﬂ

3 (thoa man).

TOAN HOC
4 crug,lt;é S3 479 (5-2017)

+ TH2: Jx+ 3+E —2.r-—<:>Jx+ =-2x-2
PK:-3<x=-1)

T T J—(thoﬁmﬁn)
Viy PT cod 2 nghiém x,=_?_;'_; A‘2=“3+3m,

Ciu 4. Goi thoi gian ngudi thir nhat lam mét minh
hoan thénh cong viée 14 x (h) véix > 4.

Khi do thoi gian ngudi thir hai 1am mdt minh hoan
thanh cong viée la x + 6 (h). Theo bai ra ta c6 PT:
1 1 1
i = — -_— 4 =
x+,1+6 a o x?-2x-24=0

£ x =—4 (loai); x =6 (thod mén).
Viy théi gian ngudi thit nhat 1am mét minh hoén
thinh cong yigc la 6h; thoi gian ngudi thir hai lam
mdt mink’hoan thanh céng viée 1a 12h.
Cig 5. 4) Bén diém O, 4, M, B cing thuéc duomg
ton duong kinh OM.

b) Do M4, MB li hai nep tuyén cia ducmg tron (0)
nén MO la phan giac cia AMB va BD = AD.

Lai ¢o MBD = ABD, suy ra BD li phdn gidc cua
ABM. Tirdo D 1a tim dudmg tron nii t:ép AABM.

¢) Goi H la giao diém ciua AB véi MO, K la hinh

chiéu cia O trén duong thing d. Tac6 MH L AB | H
1a trung diém cia 4B, OK = 2R.

AM =JOM? - 0A? =JOM* -R?;
i AM.AO _ RJOM? -R*

oM oM
AM? OM?:-R?
MH = =
oM oM

Khi dé S, =%MH.AB - MH.HA



_(oM? -R*)RJOM? —R*
B oM?

At Joei-(a)
o) |

Taluénco OM =z0OK =2R

=R.OM

1 1
Ciu 6. Do abe>1 <
u 0 a nén I a—" o
abc
A 1 < 1 P+t
R b iy e C2at+ (BP P
br+b T +b

Ta lai cd: 2a* +(B* +c2) = §(az +b?+c?y (ding

dinh nghia hoac bién ddi tirong dirong)
1 " 3(b* +c?)

5Tl el e <
¢>G<m_§:>l—(w] 2—4— B+ +c2 Ual + b+l ) (1)
3 1 3c? +a?)
- ' e <
K. Tome L P+et+a  Ha>+b2+2)2 2)
=8y =ROM| 1-| —
oM 1 o N +b) @)
3 kb WP A )
3 3J3R? ] :
=2R2R| .= | = Tir (1), (2), (3) ta thu dugc;
it i 1 1 L ts 1o 203
Viy Siep nho nhat khi M=K, PR+ P4 +@ O+a+B P +P+E
UONG 2
o " | 1 a b 2x
C 1. ——= —_— — M o X
aul.a) Taco P a+b+b+a+1 Ciu 3. a)fROT < ¥ = e
by g 3 = —_ —_ £
S l=(a— b}( +a+b+g+b+lJ : ¥ 2= DE 1
o 'i-. R
3R A <1yl —1<ys] (1)
C VPt i R
b a’ MRk 261151 = Pl =S 921 (@)
Ma e e %, T (1) va (2) = y=-1nén x= 1. Thir lai thiy thoa
S e R man. Viy (x; )= (1;—1) 1a nghiém cta hé.

= VP=-l+a*=-1+2=1=VT (dpcm).
0 (x-2) ~(WET -1
= (V2B +1)-(V2B-1)
Y TDEE) g@ﬁr =1

=20-9x = 1} —0x24+21x =28 = P=2044.
Ciu 2. a) Gia sit (d,) cét (d,) tai A(x;y) thi
A(1;0). Dé (d), (d,), (d;) dfing quy thiA e(d,)

& g —a? _a..%zgq: da* =a* +3a* +3a+1

@[aﬁ}a=(a+l)ﬂ¢:aw=a+l¢> a=

b) PT duoc sira lai
xyz+xy+tyz+zx+x+y+z=2015Tacod

xpz+ D+yz+ D+x(z+ 1)+ (z+1)=2016

& (x+ Dy +Dz+1)=2016

S (x+1y+D(z+1)=7.322" =16.14.9,

Vay nghiém (x;y;z) cia PT la (15; 13; 8).
NéuPT débai laxyz +xy +yz+zx +x+y + 2
= 2016 thi PT v& nghiém.

1
Ya-1

b) PK: x = —1. Bat 2x + 5=a;2x + 2=b
(a:z{]; b=0). Tach: a’ - b =3:
VAT +14x + 10 = [(2x + 5)(2x + 2)=ab,
Thay vao PT d4 cho ta duge: (a— b)(1 + ab)
=@-b o@-bl-afl-H=0
a-b =10
<ll-a=10
1-b=10
V2x + 5=42x + 2 (VN) x =-2 (loai)
J2x + 5=1 =
J2x + 2 =1

Viay PT cé nghiém x = _%

nén

x =3 (théa i)’
C

Ciu 4. Tinh duge dudmg cao
2cm

AH cia AABC bing %(cm)

va BC=2 (cm).
Thé tich cia khoi tron xoay 14

1 9 A iy
3 BC.m.AH? = 2(cm ).

H

TOAN HOC 5
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DE THI TUYEN SINH VAO LOP 10 THPT CHUYEN HA TivI
NAM HOC 2016 - 2017

(Thevi
Céu 1. (1,5 didn) Cho ba sb a, b, ¢ théa mén:
o +2{ub—bc—ac:]ﬁ0 b#c va a+b#c.

20> -2ac+c® _a-c
Chimg minh ring: I g e

(2,5 dicm) a) Gidi phuong trinh:
JAr—1—Jx+1=3x2-2x-1.
b) Gidi hé phuong trinh:

Ciu 2.

Hx+ =13

K=

1

[12(2 +xy+y?)+ Lfss

{ (x+¥)

fiem) a) Tim cac bd bamnguyen duong (x, v,

; x+y—z=0
z) théa man; ;
) {_x" +y3—z2=0

b) Cho a, b, c 14 cic 50 duong thoa man: a+b+c=2016. Tim
gid tri 16m nhét cua biéu thic:

Céu 3. {2

Mit khic CDA=DNA (ciing chintDA )
— EDC=CDA hay DC la phin gisc cia EDA. Tuong
t, CD ciing la phan gide ciia ECA. Tir 46 AACD = AECD

(g.c.2) = DA = DE = ADAE cén tai D = AE 1 CD.
b) Ta ¢6 CD 1a trung trye cia AE va CD // MN nén €D la

durémg trung binh AMNE = CD = %MN‘
BC BD CD
Laico CD // PQ =2 S "TE

BC BD_2CD_MN
BP 'BQ” PO PQ
¢) Do PR/ CDnén AE L PO (*). Goi I = AB~CD.
Xét AAID va ADIB cé: goc I chung, IAD =IDB
D 1B

(cting chin DB}::»M.ID =2 ADIB (g.g) = — A~
= ID?* =JAIB. Tuong ty: IC2=IAIB.

Suy ra IC* =/ =IC=ID. Do CD /{ P, theo dinh ly

S5 479(5-2017)

TOAN HOC
6 *cusige

gian lam bai: 150 phiir)

a b i
= + + :
a++2016a+bc  b+y2016b+ac  c+2016c+ab

Cau 4. (2.5 didm) Cho tam gidc déu ABC ndi tiép dudmg
trom (7). Diém E thay déi trén cung nho 4B (£ khic 4 va
B). Tix B va C lan lugt ké cdc tiép tuyén voi dudng tron
(0), céc tidp tuyén nay cnt duong Lhing AFE theo thir tr tai
M vi N. Goi F 14 giao diém cia BN vi CM.

a) Ching minh: MB.CN = BC? .

b) Khi dIEm E thay doi trén cung nho 4B, chimg minh
duimg thing EF luén di qua mét diém cb dinh.

Cau 5. (1 didm) Trén mét dwomg tron, 14y 1000 diém phin
biét, cac diém duge 6 mau xanh va mau do xen k& nhau,
Mdi diém duge gén véi mot gid tri la mot s6 thuc khic
khéng, gi4 tri cia mdi diém mau xanh bﬁng tong gid tri
ctia hai diém mau do ké véi né, gid tr cla mﬁl diém mau
do bang tich gi4 tri clia hai diém mau xanh ké vdi né. Tinh
tong gia tri etia 1000 diém trén,

LE THE THONG

{GV THET Lé Qudng Tri, Ky Anh, Ha Tmh} Gidi thign
R T T
Thales; tato: A0 AB AP = AQ=AP (=)

T (*)va (**) suy ra AE 14 trung tryc cua PO vd EPQ 1A
tam pgiac cin tai E.

Ciu 6. Vi mbi doan thing va hinh vudng da cho, xét cic
hinh bao nhu hinh v&

-|CY'1'F

Téng dién tich cua & hinh bao doan thing 13

2
28 7
5824(3] =
Dign tich hinh bao hinh vuéng 14

S, —1m+@+[3] 7=210,44 (cm’).

=211,50 (cm?).

Do §,>5, ma cic hinh bao doan thing ndm hoin toan
trong hinh bao hinh vuéng nén tén tai 2 doan thing
d,, d, ¢6 hinh bao giao nhau.

Goi 7 1a diém thugc phén giao d6 thi trén d,, d, tbn tai hai

diém E, F thugc hai doan thing sao cho E<? cm,

3
7 ; 14
’FSE cm . Khi d6 EFL:IE+IF£-3— cm.
NGUYEN THANH GIANG

(GV THPT chuyén Hung Yén) Gidi thi¢u
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LAN THU 14
NGUYEN VAN MAU
NGUYEN MINH TUAN
(Hdi Todn hoc Ha Ngi)
SENIOR SECTION 1 144
AJproe o= by B H(Deessas
) 1(}08{} (}1008(} 1008

1. QUESTION

Question 1. Suppose x,x,,x, are the roots of
~4x*—-3x+2.

The sum lx, I1+1x, [ +1x, | is

(A): 4 (B): 6 (C): 8 (D): 10 (E): None of the
above,

Question 2. How many pairs of positive
integers (x,y) are there, those satisfy the
identity 2* —y2 =47

(A): 1 (B): 2 (C): 3 (D): 4 (E): None of the
above.

Question 3. The number of real triples (x; y; z)
that satisfy the equation x* +4y*+z* +4=8xyz is
(A): 0; (B): 1; (C): 2; (D): 8; (E): None of the
above.

Question 4. Let a; b; ¢ be three distinct positive
numbers. Consider the quadratic polynomial
P(x) = c(,1 a)(x— b)+ a(x—b)(x—g}

polynomial P(x)=x?

—a)(c—b) (a-b)aag)¥
LSO -a)
—Tff—C)(b a
The value of P(2017) is

(A): 2015 (B): 2016 (C): 2017 (D): 2018
(E): None of the above.

Question 5. Write 2017 following numbers on
the blackboard:

_1008 1007 1 o 1 2

1008° T008™"" "~ 1008”1008 1008
1007 1008
10081008

One processes some steps as: erase two
arbitrary numbers x; y on the blackboard and
then write on it the number x+7xy+y. After
2016 steps, there is only one number.

The last one on the blackboard is

(E): None of the above.

Question 6. Find all pairs of integers a; b such
that the following system of equations has a
x+y=a-1
x(y+)-22=b
Question 7. Let two positive integers x; v
satisfy the condition x? + y?:44. Determine the

unique integral solution (x,y,z): {

smallest value of T = x* + y*.

Question 8. Let a; b; ¢ be the side-lengths of
triangle ABG With a+ b+ ¢ =12. Determine the

smallestvhlﬁeof . Ll ab . % A
b+c—a c+a-b a+b—c

Question 9. Cut off a square carton by a
straight line into two pieces, then cut one of two
pieces into two small pieces by a straight line,
ect. By cutting 2017 times we obtain 2018
pieces. We write number 2 in every triangle,
number 1 in every quadrilateral, and 0 in the
other polygons. Is the sum of all inserted
numbers always greater than 20177

Question 10. Consider all words constituted by
eight letters from {C, H, M, O}. We arrange the
words in an alphabet sequence. Precisely, the
first word is CCCCCCCC, the second one 1is
CCCCCCCH, the third is CCCCCCCM, the
fourth one is CCCCCCCOQ,..., and the last word
is 00000000,

a) Determine the 2017th word of the sequence?
b) What is the position of the word
HOMCHOMC in the sequence?

Question 11. Let ABC be an equilateral
triangle, and let P stand for an arbitrary point
inside the triangle. Is it true that

[PAB - PAC| 2 |PC - 72

TOAN HOC
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Question 12. Let () denote a circle with a
chord 4B, and let W be the midpoint of the
minor arc AB. Let C stand for an arbitrary point
on the major arc AB. The tangent to the circle
() at C meets the tangents at 4 and B at points
X and Y, respectively. The lines WX and WY
meet AB at points NV and M, respectively. Does
the length of segment NM depend on position
of C7

Question 13. Let 4BC be a triangle. For some
d > 0 let P stand for a point inside the triangle
such that |AB|-1PBI=d, and |ACI-1PCI=d.
Is the following inequality true | AMI—-|PM=d,
for any position of M € BC?

Question 14. Put P =m0 p2007 — jp2017 52003
where m,n e N,

a) Is P divisible by 247

b) Do there exist m,ne M such that P is not
divisible by 7?7

Question 15. Let 5 denote a square of side-
length 7, and let eight squares with side-length
3 be given. Show that it is impossible to cover §
by those eight small squares with the condition:
an arbitrary side of those (eight) squares. ig
either coincided, parallel, or perpendicular’.to
others of S.

2. ANSWER AND SOLUTION
Question 1. Answer. The solution'is (B}.
Question 2. Answer. The solution'is (A).
Question 3. Answer. The solntion is (E).
Question 4. Answer. The solution is (D).

Question 5. Answer. The solution is (D).
Question 6. Solution. Write the given system in

Xt+y+l=a
the form {x(erl}—zz Xy
symmetric by x; y + 1 and is reflect in z at 0 then
the necessary condition for (*) to have a unique
solution is (x,y+1,z)=(t,2,0). Puiting this in (*),
we find a* = 4b. Conversely, if a* =4b then
(x—(y+1))*+422 = (x+y+ 12 + 422 —4x(y+1)
=a’—4b=0.This implies the system has a

(*). System (*) is

unique solution {x,y,z) = [%,% - l,(]].

8 T?ﬂ-pug% S& 479 (5-2017)

Question 7. Solution. Note that 44 =4x11. It
follows x?+y?:11. We shall prove that x:11

and y:11. Indeed, if x and y are not divisible by
11 then by the Fermat's little theorem, we have

X0 4 10 EE(modll) (1). On the other hand,
since x>+y?i11 then x*+y>=0(modl1). It
follows x'°+y' =0(mod11), which is not
possible by (1). Hence, x:11 or y:11 and that
follow x:11 and y:11 simultaneously (if x:11
then from x? +y2:11, it follows y2:11 and then
yil1). In other side, we have x2+y2i4 and
x?=0,1(mod4),y* =0,1(mod4). We
have x*=0(mod4),y> =0(mod4). Tt follows
2290 Binge (2.11)=1 x:22 mnd ¥iX)

Thus, min 4 $22° +22° =21296.
Question §xSelution. 1Let

then

_BriNY = cta-b __ath-c s
= 2 .}— 2 g 2
-"f.}‘,-"-}D and. I+_}-‘+::a+$+(l:f)1a=y+z’
b=z+x,c=x+y. We have
y+z 4iz+x) Yx+y)
M=
2x i 2y f 2z
A7)
Pl ¥ X Z y z
21(2Jl.4x+2\/3,% +2J4z 9}] i1
2 X }‘ X = )} il

R

I

o |p

The equality yields if and only if

Il

b8 Fala
w o

y=2x
Equivelently, {z=3x .
2z=3y

By simple computation we receive x=1, y=2,

z=3, Therefore, min S = 11 when (aho)=(543).



Question 9. Solution, After 2017 cuts, we
obtain 2018 n-convex polygons with n=>3.
After each cut the total of all sides of those n-
convex polygons increases at most 4. We
deduce that the total number of sides of 2018
pieces is not greater than 4x2018. If the side
of a piece is k;, then the number inserted on it

is greater or equal to 5—k,. Therefore, the total

of all inserted numbers on the pieces is greater
or equal to Z(S—kj) = SXZUIS—ZI@
i I

=5x2018-4x2018 =2018 > 2017.
The answer is positive.
Question 10. Solution. We can associate the
letters C,H;M;0 with four numbers 0; 1; 2; 3,
respectively. Thus, the arrangement of those
words as a dictionary is equivalent to arrangement
of those numbers increasing,
a) Number 2016 (the 2017" word) in quaternary
is {133200},= {00133200}4~ CCHOOMCC.
b) The word HOMCHOMC is corresponding to
the number {13201320}, which means the
number 13201320 in quaternary. Namely,
{13201320), =47 +3x4% +2x45 + Ox4* +1x 43
+3x4? +2x4+0. A simple computation gives
113201320}y = 30840. Thus, the .word
HOMCHOMC is 30841" in the sequenice.
Question 11. Solution. If P dies on the

symmetric straightline 4x of AABC; then
|PAB - PAC| = |PB&='FCB|.

Figure 6

We should consider other cases. Let P' denote
the symmetric point of P with respect to Ax.

The straightline PP" intersects AB and AC
at M and N, respectively, Choose B' that is
symmetric point of B with respect to MN.

Then ‘%—!ﬂﬂ — PAP', and

We will prove that PAP'= PB'P' (*)
Indeed, consider the circumscribed circle (O)
of the equilateral triangle AMN. Since MB'N
= MBN <MBC=MAN =60, B' is outside (0).
Consider the circumscribed circle (Q') of the
equilateral triangle APP'. It is easy to see that
(0") inside (0), by which B' is outside (O").
Hence, PAP'=PBP. The inequality (*) is proved.

Question I2:Selution. Let T be the common
point of 4B and CW. Consider circle (Q)
touching»XY at C and touching AB at T.

Figure 7

Since ACW  WAT [%m:g@] i

AWT =CWA, we obtain that AAWT,ACWA
are similar triangles. Then WA? =WI'xWC. It
is easy to see that WX is the radical axis of A
and (@), thus it passes through the midpoint N
of segment AT. Similarly, WY passes through
the midpoint M of segment BT. We deduce

AB
MN = T
. TOAN HOC
S48 479 (5-2017) * CTuditre 0
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(Hm gian lam bai: 150 phiir)

Bai l. (5 diem)

1) Chimg minh n*+5n*—6n chia hét cho 30,
v&i moi so nguyén duong n.

2) Tim tit cd cdc cap sb nguyén dl.rcrng (x;¥)

sao cho x2 + 8y va y? + 8x la cac sé chinh

phuong.
Bai 2. (5 diém) 1) Gidi phuong trinh

JZ.I—E-Jr\/E—Zx =1+i.

5 = = fxry {5y
P

Bai 3. (3 dién) Véi cac so thue khong d&m x,y,z

théamén x2 +y2 +22=2.

1) Chitng minh x+y+z<2+ xy.

2) Tim gia trj 16n nhét va gid tri nhé nhét cua
z

2+yz +232x+2+_ry ;

Cho tam gidc nhon ABC

2) Giai hé phuong trinh

biéu thitc P =

Bai 4. (6 diém)

"~ Question 13. Solution. Note that AM always
intersects PB or PC of APBC. Without loss of
generality, assume that AM has common point
with PB: Then ABMP is a'Cenvex quadrilateral
with diagonals AM and PB.

|48l - |PBl = d
lACI- |PCl= d

Figure 8

It is known that for every convex quadrilateral,
IAMI+IPBIZ1AB|+IPMI, that

follows |AM |- I PM |21 AB|-IPBIl=d.

we have

S& 479(5-2017)
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(BC > CA > AB) ndi tiép dwong tron (O) va co
truc tim H. Puong tron ngoai tiép tam giac
BHC cit tia phan giac ciia goc ABC tai diém
thir hai M. Goi P 14 true tdm tam gidc BCM.
1) Chimg minh bén diém A.B,C,P cing thudc
mot dudng tron.
2) Puong thing qua H song song voi AQ cit
canh BCtai E. Goi F la diém trén canh BC
sao cho CF=BE. Ching minh ba diém
A,F,0 thing hing.
3)Goi N la tam dudng tron ngoai tiép tam giac
ABM. Chimg minh PN = PO.
Bai 5. (1 diem) Trén ban c¢6 100 tim thé duoc
danh 56 tir 1 dén 100. Hai nguoi A va B ldn
lugt moi ngum lay mot tam thé trén ban sao cho
néu ngudic A lay tim thé danh sé n thi dam
bao ngudit B chon duge tim thé danh sb
2n442; Hoi ngudi A c6 thé liy duge nhidu
nhdt bao nhiéu tAm thé trén ban thoa man yéu
el trén?
LE DAT HAI
(Phong GDPT, So GD&DT Ha Ngi) Gidi thigu

Question 14. Solution. We have
P= mzmsnzma(nu —m')

= nzm‘3HM3(n? - mT)(rﬂ +m’).
It is easy to prove P is divisible by 8, and by 3.
b) It suffices to chose m; » such that the
remainders of those divided by 7 are not 0 and
distinct. For instance, m =2 and n = 1.
Question 15. Selution. Let ABCD be the square
S, and M; N; P; O be the midpoints of sides of
S, and O is the center of S. Consider nine
points: 4; B; C; D, M; N; P; Q; O. Each square
of the side-length 3 satisfied the condition cover

at most one of those nine points. The proof is

complete.



THU SUC TRUOC KI THI
PEsSO9
(Thai gian lam bai: 90 phiir)

Cau 1. Cho ham sé y=f(x) xac dinh trén
R\ {-2}.lién tuc trén mdi khoang xdc dinh va

¢6 bang bién thién sau:
x| —= -3 -2 =1 +
5 A = =
=3 +0 40
y 4/ Lt T

Khing dinh nao dudi day la khang dinh sai?
A.Ham sb dat cyc dai tai diém x=-3va dat
cyc tiéu tai diém x =—1.

B. D6 thi ham s6 nhin duong thing x = -2 lam
tiém can dimg.

C. Ham s6 nghich bién trén khoang (-3; —1).

D. D6 thj ham sd khong c6 diém chung véi truc
hoanh.

Céu 2. Cho ham s6 y= f(x) lién tyc trén [R,co
@b thi (C) nhw hinh duéi. Khing dinh néo sau
day la dling?

1 y |II
\
| /
\
\
\ :
=
3 i
] a I x

A. Gia trj 16m nhét ciia ham sb 13 4.

B. Téng cic diém cue tr clia ham s bang 7.

C. Db thi (O) khéng co diém cuc dai nhung co
hai diém cye tiéu la (=1; 3)va(l; 3).

D. D6 thi (C) c¢6 ba diém cuc trj tao thanh mét
tam giac can.

Ciu 3. S6 nao trong cdc sé phirc sau 14 sb thuin
é.Or"

A. (V3+3D+HB-30).

B. (1+i)?,
C. (1+i)(2-i). D. g:i:

Chu 4. Sé phitc z=(1+2/)2(1-i) c6 phén do 14

A. 7. Bl C. -1 D. -7.

Ciu 5, Khang dinh nao sau day la ding?

A. Ham s y =ln|x| cO dao ham tai moi x#0

v (1) = 1
£

B. xl_iff)k l0gsgy7 X =—.

C. logg (x-1)>log - x> x=k<x

D. DG thi clia ham sb y=log,,;xniam phia

bén trai truc tung.

Ciu 6. Trong khong gian véi hé truc toa 46 Oxyz.

Khéng dinh nao sau ddy sai?

A. Mit phiang - x— y—z = 0 di qua goc toa do.

B. Mit phéng 3x-2z+1=0¢6 toa do vecto

phap tuyen1a(3; 0; -2).

Ci oMt phing (P):2x+4y+6z+1=0song

song véi mit phing (Q): x +2y+3z+5=0.

D. Khoang cach tir diém M (X35 ¥si %) dén mit
2x, +y, +22,+1
3
Ciiu 7. P thi ciia ham sé nao trong céc ham sé

phing (P):2x+y+2z+1=0 la

sau ddy khong c6 duong tiém can dimg?

Vxl+x+1 x2+3x-10
Aly="T-—""+—. B.y=—"——.
i x-1 = s

2-3x
= = D_ = B
C.y=log, x ¥ |

Céu 8. Néu [f(x)dx =%e“3+2“” +C(C1a hing
s6 bt ki) thi f(x)bing

A, xlex+m7 B. xzeh-—w:m?‘

D.. xle.\'-‘—‘lﬂ'lﬁ g

B %33-‘2.

Céu 9. D6 thi ham s6 nao trong bon ham sé
duge liét ké & bon phuong 4n A, B, C, D dudi
day cd ba dudng tiém can?

TOAN HOC
*cTusitre 11
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2x+1 x+2
Ay= : Ly= ;
R e x?—4
C'}!:_.:z_)i_._. D.V=;'
X2 —3x+2 T 2016x+2017
Cau 10. Mot khdi chép tir gide déu co canh day
. 3 5 3
bing @ va thé tich bing < lf» Canh bén cia
khédi chép d6 bing
5Ja 3a aJ11 af35
L L e e

Céu 11. Gia trj Ién nhit ham s6 y =2x—x?

trén doan [U; E] 14

2
A. 0. B. 1. o] D. 3.
Cau 12. Néu f(x)=2017eln? x thi f'(e)bing
A. 4034, B.4034e. C.0. D. 2017e.

Ciu 13. Trong khong gian v&i hé tryc toa do
Oxyz, cho diém A(-3; 3; —1)va mit phing
(P)cod phuong trinh2x—y—z+14=0. Toa do

hinh chifu H vuéng goc cia didm A trén mat

phang (P) la
AHET 2. =), B.H(l; -2; 2).
C.H(0; 8; 6). D. H(-5; 4; 0).

Chu 14. Ham sé ndo sau diy khéng co gidtri
nho nhét?

Ay=xt+x2-2 B.y=x3 =% 2.

C.y=xZ+x-2. D. y =in X cos x.

Ciu 15. Bé Na bom khéng khi vao mdt qua
béng cao su hinh cau. Gia sir thé tich cua qua
béng sau khi bom thém bang 2 lan thé tich qua
bong trirae khi bom. Hai ban kinh cia qua béng
tang 18n méy lan so véi trude?

1
A2 B. V2m. .42, Ity
i
Ciu 16. Mot cai truc lan .
son nude ¢ dang mot hinh f 23em

tru. Puémg kinh cua dudmg
tron day laScm, chiéu dai
lan 1a 23cm (hinh bén).

Sau khi lan tron 15 vong thi

12 TOAN HOC
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truc lan tao trén san phang hinh cé dién tich 1a
A. 34501 cm?. B. 862,57 cm?,
C. 1725 cm?. D. 17257 em?.

Céu 17. Néu (0.1a)¥3 <(0,1a)¥2 va

log,, % <log, % thi:

% O<a<l10 fﬂ{:aﬁl(]_
“la=i™ " "lo<b<l
a>10 a>10
i . D. .
{h:»] {O-cbczl

Ciu 18. Cho hinh chép tam gisc déu S.ABC
dinh §, c6 d dai canh day béng a, canh bén
bing 2a. Goi / la trung diém cua canh BC.
Tinh thé tich V ctia khéi chop S.ABI.

@11 @11
A V= : B.V= ;
i 24
&V N o an
- p— 8 " - e 6 {3

Ciau 49, Gia trj thuc cua b va ¢ dé sb phirc

zal%i thoamin z2 +bz+c=0 la

A¥b=c=0. B.b=2, c=-2.

C.b=2,c=2. BD.i=+2F=2

Ciu 20. Trong khong gian v&i hé truc toa do

Oxyz, cho cac diém M(=5; 0; 0), N(0; —5; 0),

P(0; 0; 10), O(1; 0; 1), R(-2;-2; 2).

Khing dinh nao sau day la sai?

A. Phuong trinh mat phang (MNP) la
2x+2y—z+10=0.

B. Bin diém M,N,P R dbng phing.

C. Bon diém M,N,P,Q dong phing.

D. Khoang cach gitra hai diém Q va R bing

J14.

Ciéu 21. Mot 6t6 dang chay v6i vin tée 19m/s

thi ngudi 14i ham phanh, 6t6 chuyén déng chim

din déu véi van téc v(r)=—38t+19 (m/s),

trong d6 t1a khoang théi gian tinh bang gidy ké

tr lic bit diu him phanh. Héi tr lac ham



phanh dén khi dimg han, 6t6 con di chuyén bao
nhiéu mét?

A.475m. B.45m. C.425m. D.5m.
Ciu 22. Goi A, B, C lan luot 1a cac diém biéu
dién cdc sé phirc 1-i, 2+i, —1. Hoi ba diém
A, B, C trén tao thanh tam gidc gi? Chon
phuong an ding va day di nhat.

A.Cin tai A. B. Vubng cén tai A.
C. Vudng tai A. D. béu.

Céu 23. Dién tich hinh phing gidi han boi cac
duong y=x>-x,y=0,x=0 va x =2 dugc tinh

bai cong thire:

A. z‘l-(x2 —x)dx. B. :].(xg —x)dx — ](xz —x)dx.
0t 1 0

| B4 ](x—x:)dx. D. I‘[(xz —x)dx+j.(x2—x}dxr
0 0 1

Céu 24. Tim x d& 2017In(x—1) = log(tan1°) +
log(tan29)+--- +log(tan 88° )+ log(tan 897).
A.x=2, B.x=e C.x=e+l. D.x=2018.
Ciu 25. S nghiém chung ctia hai phuong trigh

KB N

Ox —12.3*+27=0 va ll.‘fnﬁ_ﬁ =0,25 "<
A 0. B. 1. 0 L. 4.
Ciu 26. Tip nghiém cua bat .p_huﬂﬁg trinh
log(dx—4)<logx+log(x—1¥la; ;
A. (1;+00), B. (~o0;4). CR{<0).
Céu 27. Biét

D. (1;4).

(sinx+2)cosx

sin'—’x+4sinx+?dx:alnmﬂb_])mﬁ'

e

0
véi a, b 1a cac s6 nguyén. Tong a+ b bang

1
D. -
2

Ciu 28. Tim s6 phirc zbiét z+|2[=4+2V2i.

Al B. 1. QL 5

A, z=1-22i. B.z=1+22i.
C.z=4-2/2i. T

Ciéu 29. Trong khéng gian vdi hé truc toa do
Oxvz, cho diém M(1;—1;0), mat phang(P):
x=2-t
x+y+z—4=0 va duong thang d:4y=5+t -
z=—1-2t
Toa d6 diém N thudc (P) sao cho dudng
thing MN song song voi d la
A. N(1; 0 2). B. N(1; -3; 2).
C.N(; 6, -3). D. N(3; -3; 4).

Céiu 30. Cho |x"dx=

(=T ]

= v ?—dx—= Inm,
64 J2x—1

vOi n, m 13 cac s6 nguyén duong. Khi d6:
All<n+m<5.B.n=m. C.n>m. D.n<m.
Ciéu 31. Cac nha nghién ciru cho biét dan sé
ctia thé gidi nam 1950 13 2,56 ti ngudi va nim
1960 1a 3,084 \ngudi. Pdng thoi cac nha nghién
ctru convcang bd ring din sé cua thé gioi ting
hang nim theo mot ham mi theo théi gian co
dang nhu sau P(r)=P(0).e® trong doP(0)1a
dén sb thé gi6i tai thoi diém chon lam mébc,
P(r)1a dan s6 thé gidi tai thoi diém ¢ (nim) va
hé s6 kla hing s6. Hay wéc Iwgng din 56 thé
gioi vao nam 2020 c6 khoang bao nhiéu ti
nguoi?

A. = 8ti nguoi. B. =8.33ti ngudi.

C. = 8,4 ti nguoni. D. = 8,52 ti nguoi.

J1-3x

Ciu 32. Tﬁp Xac dlﬂh cua ham 56 yzm
la tép nao dugi day?

F ow(o; L}. B. (~1: 0).

3
1 1
] 0=} D. | =1 = |
(23] (3]
Ciu 33. Dit M la gid tri 16n nhit, m1a gia tri
nho nhat cia ham s6 f(x) =|x* +3x2 ~72x+90)

trén doan [-5; 5]. Khi do tf‘mg M +mcd gia tr]

1a mot s6 thude khoang nao dudi day?

S& 479(5-2017)
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A. (369; 471).
C. (149; 151).
Ciu 34,

B. (313; 315).
D. (-6; 10).
thoa

Ham s6 y=f(x) mén

f'(x)=8(sin® x +cos® x) va f(0)=1 la

N5 w%sinéix 2. B. 5x+%sin4x+l.

C.8x+1. D. 5-3cos4dx.

g .. eld2x ] .
Ciu 35. Tim a biét }1_1;[10—~—-;—~—-=20]7 (v
a#2).
A.a=3.B.a=2018. C.a=2019. D.a=In4.
CAu 36. Cho hinh chép S.ABC co day ABC la
tam giac vuéng tai B védi AB=a,BC =2a,
SA=2a va SA wvuéng géc véi mit phing
(ABC). Tinh thé tich V coa mat céu ngoai tiép

hinh chép S.ABC.

O B.V =36na’.
3

C.V:Sﬁm ; D.V =12a%n>.

Cau 37. Cho z,,z,12 hai nghiém phirc cua

phuong trinh 22 -4z+6=0. Khi d6 gif4n

[7-[ + z: )T_’IHT bﬁng
1 8 o]l W 28
A T B. 22017 G a2 - D. 22017 g

Cau 38, Trong khong gian véi hé truc toa do
Oxyz,cho hinh chép S.ABCD cé day ABCD la
hinh wvuéng, SA L(ABCD) voi A(0; 0; 0),
B(4; 0; 0), D(0; 4; 0), 5(0; 0; 4). Goi M, N
lan hrot 13 trung diém cia BC va AD. Tinh
khoang céch giira hai duong thing SC va MN.
M@t hoc sinh lam nhu sau:

Buge 1. Do ABCD 13 hinh vudng nén
AB=DC = C(4: 4; 0), SC =(4; 4; —4).

M(4; 2: 0), N(O: 2; 0)= MN =(-4:; 0: 0).

TOAN HOC
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[f;ﬁ]:lﬁ(ﬂ; 1 1).

Buée 2. Mit phang (o) chira SC va song song
véi MN 14 mit g
phing di qua S(0; 0; 4)
va ¢6 vecto phap tuyén
i=(0; L; 1) c6 phuong

tinhla y+z-4=0. p/~" 7 N7
; M
Bude 3.

|2+{}-4| r

d(SC,MN)=d(M,(a)) = N2

V2
Bai giai trén diing hay sai? Néu sai thi sai ¢ budc
nao?
A, Pung. B. Sai tir budc 1.

C. Sai tir buac 2. D. Sai tir budce 3.

CAu 39. Ban hec cing 16p vdi minh tén Na da
tim ra dugc,ddp 86 ding cia bai toan nhu sau:
“Cho hinhphang H gidi han boi do thi ham sé
w2

thing x =2. Tinh thé tich V ctia khéi tron xoay

Jfrue hoanh, truc tung va duong

tao duge khi quay H quanh truc hoanh”. Tuy
nhién luc ban ghi xong dép sb cua bai toan trén
vao gidy kiém tra thi ban da so y lam dé binh
muc nude 1én to gidy dang viét va cudi cing
ban khong con thdy duoc dép sb ding cua bai
toan trén 14 bao nhiéu nhung ban nhé duge dap

56 d6 co dang V=(%+31n3)n, trong d6 a. b

i
b
ban hily chi gitp ban Na tim laiava bla bao

nguyén duong va la phan so tdi gian. Cac
nhiéu dé ban c6 dugce dap s6 ding ciia bai toan.
A.a=9, b=4. B.a=31, b=6.

C.a=3 b=2. D.a=35, b=3.

Céu 40. Cho hinh lap phuong ABCD.A'B'C'D'
c6 canh a. Mot khdi nén cé dinh 1a thm cua
hinh vuéng ABCD va day la hinh tron ndi tiép



hinh vuéng A'B'C’'D'.Dién tich toan phin cia
khéi non doé bang

A. ﬁ' Bn mz\g'

4 4
2 2
o %{2\5 +1). D. “%{JE +1).

Chu 41. Cho ham s6 y = ¢* cosx. C6 bao nhiéu
diém cuc dai caa ham sb trén doan[0;57] dé
gia tri cua (sinx+cosx)’tai cac diém cyc dai
nay bang 27

A. 4. B. 3. C.d. Bl
Ciu 42. Véi gia tri thye ndo cia tham s6 m thi
dudmg thing y=2x+mcit d6 thi cua ham s6

y=2 i hai diém phan bigt M.N sao
X
cho MN ngén nhat?

A.m=3 B.m=-3 C.m=-1. D.m=1.
Ciu 43. Trong khong gian véi hé truc toa do
Oxyz, cho diém H(2; —1; —2) 14 hinh chiéu
vudng géc cia gde toa @6 O xudng mit phang
(P), sb6 do gbc gitta mit phing (P) va mat phing
(Q) c6 phuong trinh x—y—11=0 bang

A, 90e. B. 60°, C. 45°. D. 308,
Céu 44. Tim tit ca céc gia tri thuc ci@ tham
s6 m dé ham sb

y=x3=3(m+1Dx? +12mx <3+ 4

¢0 hai diém cyec tri x,,x, thoa man N T

A.m=l. B.m>1. C.m{%- D.m>

B

Ciu 45. Trong }{héng gian v&i hé truc toa do
Oxyz. Hé1 co tat ca bao nhiéu gia tri nguyén
cia a d& x2+y2+22-2x+4y—4az+9a=0
la phuong trinh mat ciu ¢é chu vi dudng tron
16n bang 23n?

A. 0. B. 1.

2, D. 3.

Ciu 46. Giai bt phuong trinh: xe7s > —

22017
Mdt hoc sinh lam nhir sau:
Buwde 1. Vi ham s6 f(x)=xvaf,(x)=e® 13

cdac ham s6 dong bién trén R nén ham so

f(x)=xe™7* la tich hai ham s6 dong bién
ciing 1a ham s6 dong bién trén .

Budc 2. MA f(=1)=(~1)e07 =——1

e20|'?

Do do

xe7x 5 _

< fix)> f(-1) o x>-1.

22017
Bude 3. Vay béat phuong trinh da cho cé tip
nghiém 1a § =(-1;+w).
Bai giai trén dung hay sai? Néu sai thi sai ¢ budc
nao?
A, Sai ¢ bude 1. B. Sai tir budc 2.
C. Sai tir bude 3. D. Bung.
Céu 47, Trong khong gian véi hé truc toa do
Oxyz,cho hai diém M(0; 1; 3), N(10; 6; 0) va
mit phing (P) c6 phuong trinh x—2y+2z-10=0.
Piém I(=10;a;b) thujc mit phing (P) sao cho
|IM — IN|Jénohét. Khi d6 tong T =a+b biing
AT=RY" B.T=5 C.T=1. D.T=2
Cjily 48. Tim tit ca cac gia tri thyc cua tham sb
mdé ham s6 y=(2m—-1)x—(3m+2)cosx nghich

“bién trén R.

A. —3£m£—-:1_,-- B. —3<:m¢:—%»

C.m<-3- D.mz—é

Céu 49. V&i moi dinh cta hinh 1ap phuong, xét
tir dién xac dinh boi dinh dy va cac trung diém
cta ba canh cung xuit phat tir dinh y. Khi ta
cit bo cic khoi tir dién nay thi ti so thé tich
phan con lai so véi khéi 1ap phurong bing
3 39 5 4

B B. 2= C.2 D. =
Ciu 50.Cho ham s6 y=ax® +bx® +ecx+d (a#0),
6 do thi (C).Véi diéu kién ndo cia adé cho
tiép tuyén caa do thi (C) tai diém co hoanh do

e -% 12 tiép tuyén c6 hé sb géc nho nhkt?
A.a<0. Boaz0., C.-l<a<.  D.a<l.
PHAM TRQNG THU

(GV THPT chuyén Nguvén Ouang Diéu, Déng Thdp)

TOAN HOC 15
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CAC LOP THCS

Bai T1/479 (Lép 6). Sap xép cac s tir 1 dén 20

vio mét dudmg tron sao cho tdng cua hai sé lién
k& 1a mot s6 nguyén 6.

TA MINH HIEU

(GV THCS Yén Lac, Vinh Phuc)

Bai T2/479 (L6p 7). Cho tam gidc ABC vudng tai
A, ABC < 45°. Trén nira mit phiing bér 1a duong
thing AB c6 chira diém C ldy cdc diém D va E sao
cho: BD = BA vi DBA=90°; EBC =CBAva
ED vuéng goc vai BD.
Chimg minh ring: BE = AC + DE.

PAO QUOC CHUNG

(GV THCS Dién Hdi, Dién Chau, Nghé An).

Bai T3/479. Cho x va y 1a hai s6 thuce thoa ‘man
didu kiénx*+2xy+2y° =1. Tim gid tci.16n nhat
va gia tri nho nhét cua bidu thirc
P=x'+y'+(x o)W
VIBUE CANH (Ha Noi)
Bai T4/479. Cho tam gidc ABC co AB < AC va
ngoai tiép dudmg tron (0). Canh BC tiép xtc
duéng tron (0) 6 D. Ké Of vuong goc voi doan
thing AD tai [. Tia JO cit dudng trung tryc cua
doan thing BC ¢ K. Chitng minh tir gidgc BIKC
1a tit gidc ndi tidp.
HUYNH THANH TAM
{CB Buu dién An Nhon, Binh Dinh)
Bai T5/479. Giai phuong trinh:

Vxi+28x+4 x+4
—+8= +2x.
x+2 =1
TRAN ANH TUAN

(GV THCS Nhdn Hdu, Ly Nhdn, Ha Nam)

16 TOAN HOC
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CAC LOP THPT
Bai T6/479. Cho cac s thyc khéng am a, b, ¢
thoa man ab + be + ca = 1. Ching minh ring:
SB<1+a? +J1+ 82 O A W
VU VAN LIEM
(Cdm QOuan, Cam Xd, My Hao, Hung Yén)
Bai T7/479. Giai hé phuong trinh:
x*=21y+13

2
(x“ F 5 ) (x* +y*)4 - L‘F;)T]

VO HONG PHONG
(GV THPT Tién Du 1, Bic Ninh)

Bai T8/479. Cho tam gidc ABC va diém P nam
trong tam gidc. E, F theo thir tu la giao diém
ciia BP, CP va AC, AB. K 1a giao diém cua AP
va EF. H 1a hinh chiéu vuong goc cia K trén
BC. Diém M thugc doan AF. N la giao diém cta
MK v PE. €hifng minh ring KHM =KHN.,
. NGUYEN HOU TAM
(GV THPT chuyén Lé Quy Don, Binh Dinh)
Baiv¥/479. Vi f:N' — N'la mét song anh.

€hitng minh ring ton tai cc s6 nguyén duong

8, b, ¢, dsao cho a < b < ¢ < dva fla) + fid)

= b) + flc). ; |
TRAN NGOC THANG
(GV THPT chuyvén Vinh Phiic)
TIEN TGI OLYMPIC TOAN
Bai T10/479. Cho ddy (u,) cic sd nguyén
duong thoa min
0<u,,  —u,—u,<2véimoi mn=l.
Chimg minh ring ton tai hai sé thyc duong
a,,a, sa0 cho[an] +[an]-1<u, <[an]+[an]+1
vai moi <2017
(O day ki hidu [x] 12 sé nguyén 1ém nhét khong
vugt qua x).
LE XUAN DAI
'(GV THPT chuyén 'Vi_ﬁf? Phiic)
Bai T11/479. Tim tat cd cdc ham so lién tuc
£ :(0;+2) — (0;490) sao cho f (x+2016)

v f(x+ 201?)+ x* +4033x + 4066271
“\x+2018 :
NGUYEN LAI

x+2018
(GV THPT chuyén Luong Vin Chanh, Tuy Hoa, Phti Yén)

Yx>0.




Iijii T12/479. Cho dudmg tron () va hai diém B, C
co dinh trén (0). Mot diém A thay déi trén (O) sao
cho tam gidac ABC 1a tam gidc nhon va ¢ AB < AC.
D 1a mét diém trén canh AC sao cho 4B = AD. BD
cat duong tron (0) tai diém E khac B. Hinh chiéu
vudng goc cia £ trén AC la H, hinh chiéu  vuong goc
clia D tren AE 1la M. Budmg tron ngoai ucp tam giac
AMIT cat dudng tron () tai diém K. Diém N la hinh
chiéu vuong goc cua diem K trén duong thdng AB.
a) Chimg minh ring MN di qua trung diém I ctia BD.
b) Duéng trén ngoai tiép tam gidc BCD va duimg
tron ngoal tlep tam giac AMH cat nhau tai P va Q.
Chimg minh ring trung diém doan thing PQ luén
thugc mét dwong thang cb dinh khi A thay doi trén
dudng tron (). ! :
NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)

Bai L1/479, Cho doan mach nhw hinh v&. Trong do
R, = 30 Q, cuén cam thudn. Pt vao hai dhu doan
mach A8 mét dién ﬁp xoay chiéu co gia tri hi¢u dung
U= 150 V vi tin sb =350 Hz thi cong sudt tiéu thu
trong mach bing 500 W. Néi hai ddu cudn cam thuin
bing mot déy dan cé dién trér khong dang ké. Khi do
dién ap hi¢u dyng trén cic doan AM va MO biang
nhau va bang 5043 V. Xic dinh dé tw cam L cua
cudn day.

monmsmmm

Rl M [ & N Rl O L
e T L\
THANH LAM (Ha Néi)

Bai 1.2/479. Ngudi ta bd tri hé nhu hinh v&: Lo X0
nhe L da dai, c6 db cimg k, dau trén gﬁn vao gia ¢b
dinh con d'au dudi treo N vét nho danh so theo thir tu
frtrén xudng 14 1,2, ... ,N—1, N(vdi N 23). Cac
vit c6 khoi hrgng lin Iwgt 13 my,m,,...,m,_,,m,,. Giira
cdc vt néi véi nhau bang cac doan ddy nhe khong co
gidn. Lic ddu hé cin bang. Tai mat thoi dlem day nm
gitra vat N va vit N — 1 duge dét nhg (1an 1). Khi lo
xo gidn cye dai lin thir hai thi dét diy noi gifra vit
—1vaN-2(lan 2). Ta lam fwong tu
nhu' thé cho dén thai diém 1o xo gifin cue

dai lan thir N — 1 thi d6t day ndi gilra vit :
2vavitl (lan N =L, Boquamasat y
a) Tim diéu kién dé sau mdi 1in dét diy

cdc vat con lai déu dao dong diéu hoa. !
by Xét trubng hop N = 4. Cho 2

=m, =m, va m,,m, duge chon cé

gia tri 1ém nhét co thé dat duge. Tim

bién d§ dao’«déng khi chi con lai vit
m, dao dong,

NGUYEN MINH TUAN

(GV THPT Yén Thanh 2, Nghé An)

FOR SECONDARY SCHOOL iﬁf : VIR EA o xtd o
N x+2 g :

number.

Problem T2/479 (For 7" gra

triangle ABC with the nght and ABC < 45,
On the half plane determined by AB, containing C,
choose two pomts D and E such that BD = BA,

DBA =90, EBC =CBA ,and ED is perpendicular
to BD. Prove that BE = AC + DE.

Problem T3/479. Given two real numbers x and y
such that x? + 2xy+2y* =1. Find the maximum and

minimum values of the expression
P=x" +vi+(x+y)".

Problem T4/479. Given a friangle ABC with AB <
AC. Let (@) be the incircle of ABC. The side BC is
tangent to (O) at D. Choose [ on AD such that OF is
perpendicular to AD. The ray /O intersect the
perpendicular bisector of BC at K. Prove that BIKC
is an inscribed quadrilateral.

Problem T5/479. Solve the equation

FOR HIGHSCHOOL
Problem T6/479. Given non-negative numbers a, b,

" and ¢ such that ab + bc + ca = 1. Prove that

Befl+a + A+ +JT+ et ~a~-b-c<32.
Problem T7/479. Solve the system of equations
xfF=21y+13

0} _{x+y)

3
(.1'3 +y3} (xd 218

Problem T8/479. Given a triangle ABC and P is a
point lying inside ABC. Let E (resp. F) be the
intersection between BP and CP (resp. AC and 4RB).
Let K be the intersection between AP and EF. Let H
be the perpendicular projection of K on BC. On the
side AF. choose an arbitrary point M. Assume that N
is the intersection between MK and PE. Prove that
KHM = KHN.
Problem T9/479. Given a bijection f:N*—>N'.
Prove that there exist positive integers a, b, ¢, and d
such that g < b < ¢ < d and fla) + fid) = Ab) + flc).

{(Xem riﬁ}w trang 26)

TOAN H
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Cho sé6 tw nhién n. Hay tim tc H ca
1010n

Bai 'l'[ /475,
cde 50 nguyén 16 p sao cho s6 A
viet duoc dudi

2010(n + p) + 10" cd the

dang hiéu cua hai sd chinh phirong.
Léi gigi. Gia st A = 1010n° + 2010(n + p)
10" = &2 - b*, trong d6 a, b 14 hai sb tr nhién.
Do A 1a sb chin nén @ — b*= (a + b)(a - b) 12
sdchin. Tathdya+b=a—b+2bnéna+bva
a — b phai cing chin hodc ciing 1é, nhung tich
ciia ching 13 sé chin nén a + b vi a — b déu 1a
sé chin, tir d6 tich (a + b)(a — b) = A chia hét
cho 4, suy ra s6 B = 1010n* + 2010(n + p) chia
hét cho 4. Tt B = 4.252n* + 4.502(n + p) + 2(1"

+ n + p) chia hét cho 4 suy ra n’ + n +p = ailn

+ 1) + p chia hét cho 2. Vi tich hai s _ngityén
lién tiép n(n + 1) chia hét cho 2 nén p(phai chia
hét cho 2, ma p 14 s nguyén td nénp = 2. Véi
p=2tacod=4ak=(k+1) —(Jc l'fvmklaso
nguyén dwong. Chi ¢6 mdt 88 nguyén tb p = 2
thoa man diéu kién bai toan. O

»Nhgn xét. S tim duoc suy ra tir gia thiét clia bai
toan, rlhl.mg ta chwra biét s6 d6 co thoa man diéu kién
ban déu cuia bai toan hay khéng, do viy cdn phai thir
lai, nhiéu ban quén dléu ndy. C6 nhiéu cich rat ra
két Judn tir didu kién sé B chia hét cho 4, Chiing han
B=10107" + 2010(n + p) = 1010n(n + 1) + 1000n +
2008 p + 2p chia hét cho 4 nén 2p chia hét cho 4.
Céc ban sau co loi giai dung: Vinh Phiie: Nguyén
Thi Thanh H.rmg, 6A4, THCS Yén Lac, Yén Lac;
Ha Nji: Hoang Lé Bich Ngoc, 6A, THCS Thai
Thinh, Q. Pbng Pa; Quang Tri: Nguyen Thién
Nhdan, 6A, THCS Hoi Yén, Hai Qué, Hai Lang;
Quing Ngii: Lé Pham Kiéu Duyén, 6A3, THCS
Nguyén Nghiém, TP. Quang Ngai. :
VIET HAI

1 8 T?g?'lu:% S8 479(5-2017)

Bai T2/475. Gia suw tam giac ABC
MAC =90°.

ABC la tam gidc can hodc

co trung
tuvén AM thoa man ABC + Ching
minh rang tam gidc
VHGRE.

Lo gidgi. Gia st tam giac ABC khong cén tai 4, ta
xét truomg hop AB < AC (truong hop AB > AC,
do cling cé ﬁmﬂf&:w. ta doi vai tro
cua B va Q).

Ta c6 B6 dé sau day:

Bé dé. Céac tam gidc vudng EFH va EFG c6
chung canh huyén EF va G, H nam cing nira
miit phing bdr EF. Khi d6 ta ¢6 HGE = HFE va

GEF = GHEF .

Chimg mink* Goi P la trung diém cua EF, ta cé
PH&PG = PE=PFnén H,+H,=G,+G, va
Hy=F,,G,=E, ,suyra H +F, =G, +E, (1)

‘Mt khée, H,+G, =F, +E, (2). Tix (1) va (2),
trir theo vé suy ra 6 =E E (dpcm).
Tré lai bai todn.
N
A'(/4
B M 7

Ké trung tryc cia BC. Tir gia thiét suy ra goc B
nhon, nén dudmg trung tryc cia BC phéi cit tia
BA tai N nim ngoai doan AB.

Tam giac NBC can tai N, c6 NM la trung tnrc
cua BC nén no ciing la phan gidc cua goc BNC,

do d6 B+MNB = B+MNC =90°, ma



B + MAC = 90° (gt) = MAC = MNC (1)

Ha NA’ vudng goc voi AC, ta co NMC=NA'C
—90° suy ra MA'C=MNC (2) (theo Bb dd).

Tir (1) va (2) suy ra MAC=MA'C, do 46 A’
tring A va goc BAC vudng.
Vay tam gidc ABC la tam giac cén hodc vudng
taid. O
»Nhidn xét. Chi c6 mit ban co 1i gidi ding 13 Lé
Pai Viét, TA2, THCS Hoa Lu, Quén 9, TP. Ho Chi
Minh.

NGUYEN XUAN BINH
Bai T3/475. Giai phuang trinh:

X X VX +X

.2\."-1 ol | 2'\;.\ } } —I'

Lo gidgi, PX: x = 0,

Cdach 1. Nhin théy x = 0 14 mdt nghiém cua

phuong trinh.

Véi x > 0, chia ca hai vé cua phwong trinh cho
1 x »J'_+]

W+l 20x+3 4

z W 2 1 ¥ y+l
Batﬁ—j,(}:a{)),taco 2y+1+2y+3_ .

x, ta nhin dugc

[rt1X2y —3)
42y +1)(2y+3)
Doy>0nény+1>1,suyra (Zy---,%"}2 =)

=0 (y+)(2y-3220

Sy=2.

—— % &
3 Tudosuyrax-4.

Viy tdp nghiém cia PT 14 §= {0; %} :

Cdch 2. Trude hét ta chimg minh bét ding thirc

Schwarz:

Véi hai s6 x, y duong v hai s6 a, b bat ki, ta c6
2 pe (awb—)2

L4253 ) (%), ddng thire xay ra khi va

I oW Lty

chikhi =2 Thae vay
- oy

(*) = (@Py+bx)(x+y)zxy(a+b)
< (bx—ay)’ =0 (ludn diang).
Tro vé bai todn T3/475. Ap dung BDT (*) ta c6

x 2 _ (V&)
2z +l 2JI+3 2J'+1 2J‘+3
}(J}ﬂr}‘ _x[J:_f+1]_ z,r(\EH) ="’F+‘r
T 4fx+4 4(Jx+1) 4 4
Jx X

2Jx+1 2f+3

VT =

=VP.

Piing thirc xay ra khi va chi khi ———

x=0
@ﬁ(zx—ﬂ_3)=o<:{2x—ﬁ—3=0 ()
Giai (1):

2x-Jx-3=0&Jx == :

(do Jxz >0) e x=7.

Do 2= o= % 88y b G0 iin 5.2 0,

nén tip nghiém cia PT la S={0; %} a

»Nhiin xét. Bas cic ban gui bai déu giai theo mét
trong hai caehitrén. C6 ban da s dung BDT Cauchy
dé danh gia VT > VP hojic ¢6 ban sur dung bién ddi
tuong dong nhung khéng dit 4n phu nén bién déi
dai'wa phirc tap hon. Tuyén dwong cac ban sau ¢ léi
lai tor: Ha Nii: Ngu_vgn Ddng Nhat Minh, 8C2,
THCS Achimedes Academy; Phit Tho: Neuyén Thu

" Hing, Neé Dirc Trung, Pham Thi Minh Ngoc, 8D,

THCS Cao Mai. Lam Thao, Lé Trung Hiéu, 8A2,
THCS Lam Tl?ao; Thanh Héa: Pd Cao Bach Ti.'n,g,
8B, THCS Trian Mai th, Ha Tinh: Hoang Quéc
Khdnh, 9A, THCS Dong Lang, Dire Tho: Son La:
Trdn Van Chién, Nguyén Trung Thé, THCS Chit
lugng cao Mai Son, TK9, TT Hat Lét, Mai Son.
PHAM THI BACH NGQC
Bai T4/475. Cho hinh thang cdn ABCD noi tiép
duemg tron (O) voi AB song song voi CD va
AB < CD. M la trung diém CD. P la diém bat ky
thuée doan thang MD. AP cdt (O) tai Q khdc A
BP ¢t (O) tai R khac B. OR cat CD tai E. Goi F
la diém doi xumg ciia P qua E. Gia sir EA tiép xiic
vari (), chung minh J'r.:mg AF viidng géc voi AQ.

Léi gidi. Vi EA tiép xuc véi duong tron (O) nén

EAR = AQE (cing chin cung AR).

Suy ra AEARAEQA (g.g), do do
EA*=ER.EQ (1

TOAN H
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Mat khéc, vi ABCD la hinh thang cén nén

sdg_(f‘=sdﬁ;i.tacf)

ﬁ:%mﬁ'ﬁ +]§sd§_a‘

I S ) ] 1
EstD+§-sdDA -isdAR AQR.

Suy ra AEPR“AEQP (g.g), do do

EP* = ER.EQ (2)
Tir (1) va (2) suy ra E4A = EP. Ma E la trung
diém cla PF nén EA = EP = EF. Suy ra AFAP
vubng tai 4, dodo AF | 40. O
¥ Nhdn xét. Khong nhiéu ban tham gia giai bai toan
trén va chi cd ban Hodang Quée Khanh, 9A, THCS
Déng Lang, D Tho, Ha Tinh cho léi giai tot.

NGUYEN THANH HﬁNG.

Bai T5/475. Cho x,
khoang (0

thire:

1). Tim gia tri lom nhat cug/piéu
1 et
P=xyl —= oW

y: MJI ﬁ. \

Léi gidi. Cach 1. (Ciia ban Dé. _Cﬁ'a- Bdch Timg,
8B, THCS Trin Mai Ninh, TP, Thanh Hoéa).

+x+y)2
3

=(x\I2—2y1 S T .y+x\E +E*}rj )

Ap dung bét dang thirc Bunyakovsky ta dugc:

2p? 5[x2 +(222) 422 +(\E]]
Purmrr 8]

2
<:>2P3£(§] @Pé%.

Taeh 2P = 2[.:J1—y3 +yy1-2x2

20 T?nc?luggce S8 479(5-2017)

v la cdc s6 thiuc thagew

(Do x,ve(0;1) nén P=0).
Ping thirc xay ra khi va chi khi x =y =E-
Viy maxP = % khi x=y=‘/%*

Cédch 2. (Theo da sb cac ban) Ap dung bit ﬂfmg
thirc Cauchy ta dugc:

L= e %(XJZ —2y? )

—Hﬁﬂ 2y?) (1)
Tuong ty: yv1-x* < f(} +2-222)  (2)
Ap dung bit dang thirc Cauchy ta lai dugc:
x2+2
- ML 1 ( 2)
e S ol st Il 0l e 3
N TE AN ©
Tmmg tr: _—5.-_1__(y2+§] @
V3 2V2 3
Tae (L) (2), (3) va(4) suy ra P<g

mi_r:]

Dang thirc xay ra khi va chikhi x=y =

Viy maxP = % khi x=}'=E-D
» Nhdn xét. Ca hai cach déu dwa vao danh gia cic tong

2 (J2=222 ) + 22 +[\E]

l—\:

va y? +(J2-27) +y? +[\/%J

khéng doi. Céch 2 sir dung thém diéu kién cin dé P
dat duge gia tri lom nhit 1a x = v. Céc ban sau co loi
giai t6t: Ha Tinh: Hoang Quic Khanh, 9A, THCS
Déng Lang, Ptc Tho; Thanh Héa: Pé Cao Bdch
Timg, 8B, THCS Trin Mai Ninh, TP. Thanh Héa;
Ha Nji: Nguyén Pdng Nhat Minh, 8C2, THCS
Archimedes Academy, Q. Cau Giay; Bfmg Thip:
Ngu}rgn Phiic Tang, 9A10, THCS Kim Hﬁng, TP.
Cao Lanh.

NGUYEN HIEP



Bai T6/475. Cho f(x)=x"—6x+12. Gidi phuong
trinh f{f(f(f(x))))=65539.
Lai gidai. (Cha da so cac ban)
Tacé: f(x)=x" —6x+12=(x=3)*+3

< f(x)-3=(x-3)%
Do do: f(f(x)=(f(x)-3) +3=(x-3)*+3

& f(f(x)-3=(x-3)*;
TSN =(S(F)-3) +3=(x=3)" +3

& fUAU)-3=(x-3)

SUSSEON =SS S @N-3) +3
=(x=-3"+3 ().

Vivay: fAF(f ) =65539 <= (x—3)'® +3=6539

x—3=2 - {x =5

x-3==2 x=1"

e (x-3)1¢ =2' @{
Viay PT da cho ¢o hai nghiémlax=5vax=1.
#Nhin xét. 1) Bfmg thitc (1} ¢6 thé duge mé ring
va chimg minh bing quy nap nhu sau:

bat £, (x)= f(f(...f(x)...))), khido

n lin

£,(x)=(x=3)* +3 2)
That viy, véin =1 thi: f(x)= f(x) = x> — 6x4I12
= (x-3)> +3 = (2) ding. Gia sir (2) dad&VOT n = £,
ta s& chitng minh (2) ding vai n = k441
Taco: fiy(0)= ()= A6, (1) +12

=(f,(0)=-3P2+3E(x=3)"" +3.
Do d6 (2) ding véi v = k& + 1. Viy (2) ding vai
vne M. Khidé PT da cho tro thanh:
f1(x) = 65536 < (x-3)'° +3 = 65539.

2) Nhiéu ban di tham gia giai va giai ding bai nay,
chi ¢6 3 ban gidi sai. Cic ban sau co loi giai ngin
gon: Bic Ninh: Nguyén Hitu Tinh, 10 Toan, THPT
chuyén Bic Ninh; Duomg Lam Anh, 10A6, THPT
Yén Phong 1; Nghiém Chi, 12A1-K10, THPT Yén
Phong 2. Lao Cai: Bii Thanh Tra, Pham Ngoc
Hién, Tran Thu Nga, 10 Toén, THPT chuyén Lao
Cai. Phit Tho: Ddo Thi Hdng Nga, 10A6, THPT
Long Chau Sa; H. Lam Thao; Tran Anh Ti, TA3,
THCS Lim Thao, H. Lam Thao. Ha Ngi: Trdn Déing

Tam, 11Al, THPT Phan Huy Chu, Q. Béng Pa:
Nguyén Huong Giang, 10A13, THPT Ngoc Tao,
Phic Tho. HA Nam: Lé Phwong Nam, 11 Toan,
THPT chuyén Bién Hoa. Nam Binh: Nguyén Himng
Som, 10A2, THPT Lé Quy D6n, H. Truc Ninh.
Thanh Héa: Ddng Quang Anh, 10T, THPT chuyén
Lam Son. Ngh¢ An: Nguyén Hiu Thing, Vo Vit
Anh, 11A1, THPT chuyén Phan Bi Chau; Trdn
Tién Manh, THPT chuyén Pai hoc Vinh. Quing
Binh: Hé Anh, 10 Toan, THPT chuyén Vo Nguyén
Giap. Quang Tri: Neuyén Thi Phwong Linh, 11T,
THPT chuyén Lé Quy Don. Thira Thién Hué:
Triwong Minh Tué, Nguyén Thi Phrong Nhi, 11T1,
THPT chuyén Qubc hoc Hué, TP. Hué. Bén Tre: Lé
Ngé Nhdt Huy, 10A1, THPT Lac Long Quén, TP.
Bén Tre; Nguyén Thi Huynh Ngoc, 10 Toan, THPT
chuyén Bén Tre. Tién Giang: Lé Hoang Bdo, 11
Todn, THPT chuyén Tién Giang. Quing Nam:
Nguyén Hoang Hai, Nguyén Pham Minh Tri,
Nguyén Huy Hdiy 11/1, Nguyén Lé Thanh Hing,
10/1, THPT chugén Nguyén Binh Khiém. Ba Ria —
Viing Tau: Dodn Quang Tién, 10A1, THPT Phu
My. H&Tan Thanh. Ca Mau: Trdan Qudc Vit
12CT1, THPT chuyén Phan Ngoc Hién. Vinh Long:
Tidn Link, 10T1, Chdu Minh Khanh, Lé Minh Qudn,
{1T1, THPT chuyén Nguyén Binh Khiém. Sée
Tring: Ngu}'gn thee Thinh, 12A2T, THPT chuyén
Nguyén Thi Minh Khai. Lim Déng: Nguyén Ding
Khanh Vin, 10 Toan, THPT chuyén Thiang Long.
Kon Tum: Nguyén Ngoc Khdnh Nhw, 10TO, THPT
chuyén Nguyén Tt Thanh, TP. Kon Tum. Bik
Nong: Nguyén Tudn Hai, 10 Toén, THPT chuyén
Nguyén Chi Thanh. Long An: Lé Tri Phi, Ngwyé'mn
Thi Ngan Tric, 11T1, THPT chuyén Long An.
TRAN HUU NAM

Bai T7/475. Giai h¢ phuong trinh trén tip 56

thiee: % \'IIZ,EI e 1).

T =3

Lai gidi. Dat z = y +1. Tir hé phuong trinh ta
suy ra f(x)=f(z), trong d6 f(x)=22"+2x.
Cha ¥ fix) 1a ham s dong bién (tong cua hai
ham s déng bién: f(x)=22" +2x).

Tir d6 suy ra x = z. Bai vay 2*7' =2x (1)
bPat 27! =¢. Tu phuong trinh (1) ta c6 2' =2x.
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Suy ra 2! =x. Do d6 g(x) = g(#), trong do
g(x)=2""+x. Lai chi ¥ g(x) 1a ham s6 dong
bién (tdng ciia hai ham sé dong bién). Tir d6
suyrax=f, tirc la 2! =x.
Xét ham s& h(x)=2""'—x,xeR.
Ta ¢6 h'(x)=2""In2-1 I ham s6 dong bién.
Do d6, theo dinh Iy Rolle, phuong trinh A(x) = 0 ¢6
khéng qué hai nghigm. Mt khic A(1) = A(2) = 0,
x=l=y=x-1=0,x=2=y=x-1=L
Bai vy hé phuong trinh ¢6 hai nghiém
() =,0va(xy=(21).0
% Nhdn xét. Diy 12 bii todn vé (mg dung cla dao him
trong giai h¢ phuong trinh dang co ban, hay va kh(mg
qua kho. Cac ban hoc sinh sau c6 161 giai ding: Biic
Ninh: Neuyén Hitu Tinh, 10T, THPT chuyén Bic Ninh;
Ha Nji: Nguyen Van Diing, 11A14, THPT Ngoc Téo,
Phiic Tho: Quéng Tri: Neuyén Thi Phuong Linh, 11
Tofin, THPT chuyén Lé Quy Dén; Thira Thién Hué: Lé
Cém Thanh Hea, 1172, Nguyén Thi Phuong Nhi, 11T1,
THPT chuyén Qubc Hoe Hué, TP. Hué; Lam Dong: /o
Gia Owmh, 11T, THPT chuyén Thang Long, TP. ba
Lat; Long An: Nguyén Thi Ngdn Tric, 11T1, THPT
chuyén Long An, TP. Tan An; Bén Tre: Lé Ng6 Nhdt
Huy, 10A1, THPT Lac Long Quén, TP. Bén Tre.
NGUYEN MINH DUC
Bai T8/475. Cho hinh lang tru dimg ABG' B C”,
day ABC la tam gidc déu. Goi alli'et tao boi
A'B
mat phang (A°BC) voi mﬁr;ﬁ:ﬁ;;;; (ACC'A™).

Chitng minh rang: a<60' va cot® o—cot” f==.

x

vai mdt phing (ACC A" ) Sdf¥ 1a goc gina

Léi gidi. Goi I va J theo thir ty 1 trung diém

cia AC vd A'C'. Khi d6 BI LAC, ma
AA' L (ABC) nén AA' L BI.

TOAN HOC |
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Tir d6 Bl L(AA'C'C)=>BAT =a.
Lai thiy ABA'C' cén tai B (vi BA'=BC") nén

BJ LA'C', két hop v6i IJ LA'C' suy ra
Bl =p. Tacod m2a—mﬁﬁzmlﬁﬁ—m2@
A T AP uale i

“BR B B BPTY

Viy cot’ a—cot’ = % Tir ddy ta suy ra

hay cota > L sa<or

B3

cot?a=cot’ f+=>—,
B «

(do 0<a<90°) (dpem). O
»Nhdn xét. Nhiéu ban gidi ding bai nay. Sau ddy la
danh sach cdc ban co 1o giai gon hon ca: Ha Nji:
z‘vguyen Van Diing, 11A14, THPT Ngoc Tao, Phic Tho,
Trn Peing Tam, 11A1, THPT Phan Huy Cha, Q. bong
Pa; Ha Nam: Lé Phuong Nam, 11 Toan, THPT chuyén
Bién Hoa; Humg Yén: Chu Minh Huy, 12 Toan 1,
THPT chuyén Hung Yén; Ngh¢ An: Tran Tién Manh,
11Al, THRTchuyén PH Vinh, V5 Viét Anh, Nguyén
Hiru Thébig 11A1, THPT chuyén Phan Bi Chéu, TP
Vinh; Quing Tri: Neuyén Thi Phieong Linh, 11 Tm‘m,
THPT chuyén Lé Quy Don; Thira Thién Hué: Truong
“Vilin N Ngoc, 11 Todn 2, THPT chuyén Quoc Hoc
Hué, TP. Hué; Quéng Nam: Nguyén Huy Hai, Nguyén
Hoimg Hai, Nguyén Pham Minh Tri, 11/1, THPT
chuyén Nguyén Binh Khiém, Tam Ky; Long An: Lé Tri
Phti, Nguyén Thi Ngdn Triic, 11T1, THPT chuyén Long
An, TP. Tan An; Bén Tre: Lé Ngd Nhar Huy, 10Al,
THPT Lac Long Quan, TP. Bén Tre; Vinh Long:
Hugnh Ly Vén Anh, Chau Minh Khanh, 11T1, THPT
chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO QUANG VINH
Bai T9/475. Cho p, g4

la hai sO nguyén to cung

(g=1p |

: 5 P
phaw. Dar T = 14 l : x
| 7l _|

ayTinh T.

b) Xdc dinh gia tri p. g dé T la 56 nguyén 16, trong
do ki hiéu [a) la phan nguyén lon nhat khing wot
qud a.

Lai giai. (Cua ban Phan Canh Minh Phuoc, 11
Todn 2. THPT chuyén Qudc hoc Hué, Thira
Thién — Hué).



a) Taco:

L
L2 2 ey

Cipinmaen

q
2 =N )
Mt khéc, Vk=1g-125+ 2470 _Pi_, 7
. i

:{p_ff}+{p(q—k}}

g q

_pk, P(q—ff)_[p_k}{p(q—k)}ez
q q q q

E gz, MEZ nén Or:{-p—k}x:l,
q i iq

{p{q )}-c:l Suy ra [:-«:{pk} {_—-_”(‘5"_“}(:2
g q q

Q{E}q-{‘p@l—_k)}:l Vi m01k= 11. 2: ee s — L.
g q
Do d6 E{p_k}+§{M}=q_1

=g e q

2 pk =S R AP
:,22{5"}:@_132{&}:%_ @

k=1 | 4 k=1 | T

Tt (1) va (2) suy ra

r=pPy=-1_g-1_(p-Hg-1
2 2 2

Ta lai co

b)Dé T = (—f"—‘%(‘f;” 12 mdt sé nguyén th thi
mot trong hai sé p — 1 va g — 1 phai la 2 hodc 1.

Néu p-1=2¢> p=3thi T nguyén t& khi va
chi khi ¢ =r+1véi r nguyén tb sao cho r + 1
khong chia hét cho 3.

Néu p—1=1<> p=2thi 7 nguyén t6 khi va chi
khi g =2r+1v&i r nguyén to.

Do ¢ T, hai s6 p, g 6 vai trd binh ding nén cic
cip s6 (p, g) dé T nguyén t6 1a:

) @, )= (3, r+ 1) hofic (p, ) = (r + 1, 3) v&i
» nguyén 16 sao cho » + 1 khong chia hét cho 3.
H(p, g)=(2,2r+ 1) hodc (p, g) =(2r+ 1, 2)
v&i r nguyén to. O
»Nhdn xét. Cic ban sau day cé 1oi giai tt: Quing
Nam: Nguyén Pham Minh Tri, 11/1, THPT chuyén
Nguyén Binh Khiém, TP. Tam Ky; Thanh Héa:
Bang Cuang Anh, 10T, THPT chuyén Lam Son;
Yinh Phac: Tg Thuy Tién, 10A1, THPT chuyén
Vinh Phiic; Kon Tum: Nguyén Ngpc Khdnh Nh,
10TO, THPT chuyén Nguyén Tét Thanh, TP, Kon
Tum; Ha Ni: Nguyén Vin Ding, 11A14, THPT
Ngoc Tao, Phiic The.

PANG HUNG THANG

I‘}J] rl” -1-":‘; f!r.'r '\ .'. \'::‘I

o
-.‘, 1) co do dai

i ;( r.J'I(.-: ! |'|'|'I.|' i ' 21 |;."|' | :'I‘ i

day chi gom cac so 0 1w (eom n
s6) sao cho tong ba so lién tiép bat ki trong ddy
f n'.l.'-.J.;l..'l .'.5"-

Ta so diror .(.

minh rang:

1 13 (120}
N " el Mo

Loi gigi: Goi x, la s6 cac diy co do dai n=3
thoa man diéu kién dau bai. Xét cac diay n+1
phén tr thoa man didu kién bai toan. Ta phin
ching thanh 3 loai:

1. Céc ddy c6 tan cung 1: Dé thiy sb lugng clia
ching chinh 1a x .

2. Céc day tan cung 00 s& phai cd tin cung la
100 dé thoa man diéu kién dau bai, va sb cac
day nhu vay la x, ,

3. Cac diy tin cing 10: Dé thay so lugng cua
chung chinh l1a x, .

Nhu véy x,,, =x, +x,_, +x_,. Theo cich dém

=1
trén, d& thdy x,:=7, x, =13va x,:=24. Bing
kiém tra tryc tiép ta thiy bat dang thirc cua dau
bai ding cho n=3,4,5. By gi¢ ta chitng minh
két ludn bai todn bing quy nap. Gia sir bat ding
thirc da cho ding t¢i n=5.

3Y 13 (20Y
21| g2 2= = *
3) ss3(3) ®
3R 13 a0y

Tato 2= < st o

acoZ{ZJ __x,,_z_z.[gJ

TOAN HOC 23

S6 479 (5-2017) * Cludilye




Cong theo vé céc bt déng thirc va ap dung
=% tx o dx o daEn

.lr-'l

3] *2[%)"_]*2(%]"

<X o 7

e .»f? FI] H—

n+l n+l
5 13 (20
; = < = —
ta co 2(2j -2 SN 5 ( j 0

»Nhin xét. Cac ban sau diy c6 loi giai ding bai
toan ndy: Quang Nam: Truwong Nhdt Nguyén Beo,

11/1, THPT chuyén Nguyén Binh Khiém; Ngh¢ 4n: -

Vé Viét Anh, Nguyén Hitu Thing, 11 Al THPT
chuyén Phan Boi Chau; Thira Thién Hué: Lé Cam
Tharnh Ha, 11 Toan 2, Nguyén Mink Hai, 11 Toan 1,
THPT chuyén Quéc Hoc Hué.

v PINH HOA
Bai T11/475. Tim tdt ca cde ham f:R° >R

sao cho f(); ]+ f(xf(x)] (:‘jc-(,r}}(l].

vai moi x =y = 0.
Léi gidi. (Theo da sb cac ban). Nhin xét ring,
tir (1), ta thu dugc f la don anh. Thét vy, gia

st x>y>0 va f(x)=f(y). Khidé tir (1) suy
ra f[xf JJ:n, vo Iy. Tiép theo, ta chimg

minh f(x)< &
X

voi moi xeR*. Gia su

TOAN HOC
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JueR+ dé f(u)}»%. bat u——-uu-:]R*

f(u)

thi O<v<u va ui;uf(ul T (1) suy ra

f(uf(v))=0, méu thuin.
Giastr y, >y, >0. Dat

A
BT

X =

=xf(y;) (2)
X—=Y,

Khidé x>y, >y, >0 va f[ oy }rf(g‘(\ )

fy ]+fu;r'(yl}} (3)

- J
=Y
= _ox=y+

1
=, o'

=fxf(x)) = f(x

T (2) va (3) suy ra f(xf(y,)) = f[

Do do xfla)= Két

hop #/6i (2) ta duge —y, = -y, hay

1 1
f(}"g} f(}"[)

voi ¢ 2 0.

S|
)= x+c
Ta chimg minh ¢=0. Gia st ¢ >0, khi do voi

x>y>0 taco

= Giase® TF y+c
f[ry]ﬁtw:p)— - SR
A y+c
x+e(x+e) xto(x+c) 1+c{r+) = flf (X)),

méu thudn.

Viy f(x)=-. Thi lai, ta thiy him nay thoa
X

man diéu kién bai ra. O

»Nhdn xét. Dy la dang toan khé vé phuong trinh

ham véi cap bién ty do trén R*.

Cac ban sau diy c6 11 giai ding: Nghé An: Tran

Tién Manh, 11A1, THPT chuyén DH Vinh; Séc

Trang: Nguyén Dirc Thinh, 11A2, THPT chuyén

Nguyén Thi Minh Khai.
NGUYEN VAN MAU



Bai T12/475. Cho tam gide ABC. Duong tron
noi n'é;r;l () cua tam gidac nay n'ép xtic voi BC,
CA, AB tai D, E, F wong vmg. Goi B,.C, lan
liot I giao clia cac edp dudng .'Irﬁw?g (4B, DE)
vi (AC, DF). Goi H, K lan luot la truc tdm cia
cac tam giage ABC, AB\C\. Chimg minh :‘(ing
deomg thang HK di qua diém 1.

Léi gigi, Ta can ¢6 mot bo dé.

Bé dé. Cho bén diém 4, B, C, D, khéng c6 ba
diém nao thang hang. O la giao diém cia AC va
BD. H, K theo thir tu 1a truc tAm cla cac tam
giac ABO, CDO. Khi d6 HK la tryc dﬁng
phuong cua dudmg tron dudmg kinh 4D va
duong tron duong kinh BC.

B6 dé trén rat quen thudc, khong trinh bay cich
chimg minh & day.

Tro lai gidi bai toan trén.

Goi (M), (N) theo thir oy 1a duong tron tdm M
dudmg kinh BC; va dudmg trom tim N dudmg
kinh CB,; P, © theo thir tir 1a giao diém cua /B,
IC w61 DCy, DB,.

Ap dung bb dé trén cho bondiém B, C, B,, C),
ta co HK la truc ding phuong cia hai duong
tron (M) va (N) (1).

D& thiy B, IC, ID theo thir ty vudng géc vé6i
DF, DE, BC.

Do dé &, =IBIP=ID =ICIQ=,, (2).
Tir (1) va (2) suy ra HK di qua / (dpcm). O

»Nhidn xét. Bai todn nay khéng khé nhung sé ban
tham gia giai khéng nhigu va l&i giai cliia mot vai
ban dai qui. Mic dit viy van néu tén tit ca cic ban:
Thanh Héa: Dang Quang Anh, 10T1, THPT chuyén
Lam Son, TP Thanh Hoa; Nghé An: Trdn Tién
Manh, 11A1, THPT chuyén PH Vinh, TP Vinh;

Thira Thién — Hué: Nguyén Trung Kién, 1172,
THPT chuyén Qudéc Hoe Hué, TP. Hué; Quing
Nam: Lé Ha Khiém, 10T, THPT chuyén Lé Thanh
Téng, TP. Hi An; Lam Ddng: Vo Minh Quén, 10T,
THPT chuyén Thiang Long, TP. Da Lat; Kon Tum:
Nguyén Ngoc Khdnh Nhe, 10TO, TPHT chuyén
Nguyén Téit Thanh, TP. Kon Tum: Sée Tring:
Nguyén Diee Thinh, 11A2T, THPT chuyén Nguyén
Thi Minh Khai, TP. Soc Trang.

NGUYEN MINH HA
Bai L1/475. Cho doan mach gom hép kin X va
Y. Trong do, hop X chita cuon ddy, hop Y chira
tu dién C va mét trong hai phan tr dién tro
thudn R hode cudn cam thudn mdc noi tiép.
Negwoi ta noi hai dau hop X voi mt dién dp khong
doi U= 12 (V) thi dong dién chay qua cé cuong
do 1,= 0,3 (A); sau do thay nguon dién khong doi
trén bang dién dp u = 12 \IE coswt (V) vao hai
dau hop X thicuong do dong dién hiéu dung
chay qua_ddamach la I, = 0,15 (A). Ldy X
mdc noiglep voi Y va dat dién dp xoay chiéu
trévidéoy hai dau doan mach. Khi dién ép tirc
thei giira hai dau cudn dav X bang mot nira gid

tri cure dai ciia né va bang 3% (V) dang giam

* thi dién dp tiee thoi giita hai dau doan mach la

ﬁ\fg (V) va dang giam. Tinh céng suat tiéu thu
cua mach khi do.

Léi gigi. Bidu didn gian d6 vecto nhu hinh
duén.

Cudn day X khong thuin cam, c6 dién tré

r=Y2 a0, Ly= [P E =% =80 ()
2

[l
= cam khang ciia cudn diy X 13 Z, = 4043 (Q).
Biéu dién gian dd vecto cho hai doan mach ndi
tiép nhau, suy ra Y phai chira R va C.

TOAN HOC
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Do Z;= +/3r nén Ux nhanh pha hon i mdt goc
60°. Tai thoi diém 7 : U= 646 (V) = goc tao
béi Ox va Uxa bing 60° nén truc Ox tring véi
truc I = tryc Ux va U, tring nhau trén Ox.
Ta cd : u,+ uy=u = uy= 336 (V) = Up= Uy
=3J6 (V)= Ur=U,=33 (V) = R=r=40(Q).
Cong sudt tiéu thu cia mach la:
(U, +U ¥ 108
R+r 5 80
»Nhin xét. Rit tiéc bai kho nén khong cd ban nao
otri 16 gii cho bai Vat If nay. ; :
PINH THI THAI QUYNH

P= =135 (W).l1

iFas LI A | ; 3 o 43
Vot khal fap phwrone dac, don

Bai L2/475.

L A1 f iy 7
nar cann oLd

I s

I ¢ & i
I -':n'rl'l').-'.-.‘f ma sai, Vel fox

nam heane, o canh ban

ién nao cia vo dé vt

ha. Vi digu
IR0, VoA diel K

i ban? Gia sir kich thudge go rat

quay clia r.'

Lavi gidi. Bao toan md men dong lugng d6i voi

PROBLEMS ... (Tiép theo trang 17)

TOWARDS MATHEMATICAIg >
OLYMPIAD

Problem T10/479. Given a sequence ()
whose terms are positive 1nwgér§'§atlsfymg
0<u,, —u, —u, <%ﬁ¥all mn=l.

Prove that there exist two positive numbers
a,,a, such that

[an]+[an]-12u, ﬁ[a,n] +{ayn] +1
for all n=<2017.

([x] is the greatest integer which does not
exceed x).

Problem T11/479. Find all continuous functions
f :(0;40) = (0,+x) such that f(x+2016)

(x+ 201?] x> +4033x + 4066271
+ x>0,
x+2018 x+2018

TOAN HQOC
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truc ndm ngang di qua go: mv,.a =10 (1)

[
r{'E‘fKﬂ

trong d6 o la toc 4o goc clia vt ngay sau va
cham vao go. Dé vat roi khoi ban thi déng ning
ngay sau va cham phai 16n hon thé ning khi
khéi tdm cua vit & vi tri cao nhét:

mz
f?_‘—-mga(ﬁ—l) 2)
Theo dinh ly Steiner — Huygens ta co:
I=l. +m{a«f—) ——ma- +m(uJ—)
Tir (1), (2) va (3) ta tim duge:

v, >4 [E ag.0

=-§m-:13 (3)

3
» Nhdn &¢L. Rit tiec bai nay khong c6 ban nao gui
1o gidis
NGUYEN XUAN QUANG

Problem T12/479. Given a circle (O) and two

fixed points B, C on (O). A point 4 is moving
on () such that ABC is always an acute
triangle and AB < AC. Choose D on the side AC
such that AB = AD. The line BD intersects ((J)
at E which is different from B. The
perpendicular projection of E (resp. D) on AC
(resp. AE) is H (resp. M). The circumcircle of
AMH N at K I Let N - bBe
perpendicular projection of K on AB.

a) Prove that MN goes through the midpoint / of
BD.

b) The circumcircles of BCD and AMH
intersect each other at P and (). Prove that the
midpoint of PO always lies on a fixed line
when 4 is moving on (O) in the given way.

intersects

Translated by NGUYEN PHU HOANG LAN
{College of Science-Vietnam Nationa! University, Hanoi)



IDPREN FPAN

£ 6 rit nhiéu em hoc sinh véi bai toan nao
= cling muén hoi cong thirc tinh nhanh.
Theo t8i ¢6 hai vin dé chinh lién quan tdi vige
nay. Thit nhat, ngudi ta chi cb ging duva ra cong
thire cho nhimg vi du co ban, phé bién-ma hiéu
v lam duge chung thi ¢6 thé 4p dung cho nhiéu
bai khéc. Doi véi nhimg truong hop qua cu thé,
ngay viée nhd diéu kién gia thiét dé co thé ap
dung cong thirc “tinh nhanh” (néu c6) da la rét
khé. Va bai nio ciing céng thirc thi ¢6 hang
nghin céng thirc dé nhé. Binh thuomg & nha
khong ép luc gi da khéng thé nhé duge, vao
phong thi ap luc nhu thé thi nhé bing céch nao?
Thur hai, hién nay co khong it tai liéu tréi nbi
viét theo kiéu: “Pdy cong thirc cho vi dy nay
day. Cte thé bam may la ra nhé”. Theo 101, hoe

sinh kho c6 thé hoc duge gi tir nhimg tai liéude

vi ching rit nira véi. Dﬁy khong phai 14" lam
mét bai toan theo k1eu tric nghiém. Béy la tu
ludn nhung lai g:au di hoéac khcmg mSn duqc
cach 1ap ludn, din dit sao cho ho¢'sinh c6 thé tur
lap cong thic va qua do hleu duoc ban chét va
thay no dé nhé, dé 4 ap dung han.

Duéi day 16i s trinh by mét bai toan bing hai
cach tr ludn va tric nghiém. Qua do hy vong
rang s& truyén tai duge mot phin quan diém cuna
t8i vé viéc nén lim mot bai toan tric nghlem nhu
thé nao. Diy la mot bai toan trong dé thi Hanoi
Open Mathematics Contest 2014 (HOMC 2014).

Bai toan. Cho mot mdu ff.rm hinh chiv nhdr m:

kich thucc15 cm x 20 cm. Gdp déi mdu gidy

doc theo mét dwong chéo. Tinh dién tich ;}_f:;js.-
chung bj phi boi hai nika hinh chiy nhdt.

Ta v& hinh nhu dudi, Trong d6 F 1a diém dbi
xing cua C qua BD. Ta cin tinh dién tich tam
gidc BGD.

CONG THUC TINH NHANH?

NGUYEN PHU HOANG LAN
(GV Truomg DH KHTN, PHOG Ha Noi)

C

Céch 1 (Ty ludn). Ta cin tinh DG.
Pit DG =x. Taco
BAG = DFG (=90")
AB=FD (=15cm) .
Do d6 ABAG = ADFG (g.c.g). Viy BG = x.
Trong tam gidc vudng BAG ta c6
BG? = BA? + AG>.
Chi ¥ ring AG =20-x.

- 625
Vay x2 =152 +(20 - =

fy x2=15"+(20 ,x) R

: i 1,625 1375
VEY Sy =5 BAGD = 3.15.52 =10 c),

Chue . Trong cach chimg minh nay, ta phai cé
nhan xét dau tién vé hai tam gidc bang nhau va
tim cdch chfmg minh né mdt cach chit ché. Sau
do phal thiét lap dugc mot phuong trinh lién quan
dén sb do ciia canh DG va giai phurong trinh do.
Cac bude déu phai lap luén 16 rang va logic.

Cich 2 (Triic nghiém). Phdn tich. Ta cin tinh
GD hay mét cach tuong duong 14 ta cin tinh
AG. Viéc tinh AG duoc quy vé tinh goc

ABG =a.

Néu dit CBD=B, thi ta cb
FBD = theo céch gp. Viy a=90°-2§ va
CcD _15
B thi duge xdc dinh béi tanf = BC-%0"
TOAN HOC
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TIM LOT GIAI CUA BAI TOAN ...

(Tiép theo trang 3)
Ap dung BBT (*) cho biéu thic a'(2-a)véi
m=sn=1p=1b=2:

9 sl 2 5+1
(3(2 ﬂ)‘:[ ] 11(34-1) =45 [;‘TI-J .

Tuong fir :

1+l J+1
2 2
i Al <= ot L e PN ]
b(2-b)=s '(5+1] L (2=C)S5 .(H_l] i

Déiu “=" xay ra khi a=b=t—'=s—2s‘" Vi a,b,ce(0:1]

+1
nén ta chon se M sao cho % c(@l]=s5=1.
5
Léi gigi. Dé thé.y néu mét trong 3 sba,b,c béng 0
thi BDT ding. Xét a,b,c e(0;1].

und, Wi o]
“2-a 2-b 2-c
e B b il
al2—a) b(2-b) c(2-c)
Ap dung BET(*): a(2-a)<1,b(2-b)<1,e2-c)<1

Cich lam. Phan tich dai nhu vy, nhung dé ra dip
50, ta ¢d thé bdm mdy rat nhanh theo hudng nhu sau:

a=90“-—2tan"(]5].

20

AG = AB.tana=15.tan a.
GD=20—-AG=20—-15.tan o.

; BAGD——IS?S( 23

Thue hign bim mdy tinh nhw sau:,, \

1. Bat may tinh. May mic dinh & ché d6 DEG.
2. Bim 90" -2 X [SHIFT|fta0] - 15

3. Bam20- 15 X tan(Ans).

Bém% % 155 ki,

Viy S,

e

Chii y. O hinh thirc trac nghi¢m nay ta ciing phii
phén tich 12 cin tinh cdi gi va quy vé& tinh céi gi. Tuy
nhién, & day ta khong phai chi ra cu thé géc o chinh
xdc bing bao nhiéu va tana c6 biéu dién chinh xac
14 nhu thé nao. Vi sy trg gillp cua méy tinh, ta co
thé bam mady lién tiép v tinh duge chinh xde dép 86
cudi cing ma khong phii quan tim dén cdc budc
trung gian, Néu ding ty luén va di theo huong cua
cach 2 thi viéc cé gia tri gin ding cia o khong dé

dé chimg minh tano = ;—4 va tir 6 co thé din dén

dap sb cudi cing. Cu thé hon ta co thé lai phai ding

TOAN HOC
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B b s <
al2—a) b2-b) c(2-¢)
a+h+c>23Yabe.
Do a,b.c e (0;1] = iabc =z abc = 33abe = 3abc

£ 1 F 1 i 1
2-a 2-b 2-c¢

Bang cich van dyng bat dang thic (*) gitp ta tim

duge 1o giai mot s6 bai toan tim cuc tri tich. Mong

=r—

= 3abc (dpem).

ban doc tiép tuc tim thém cac (g dung thu vj khac
tir bat dang thirc (*).
BAI TAP

1. Cho a, b, ¢ 1a ba canh tam gidc co chu vi bing 2.
Tim gid trj 16n nhét ca biéu thirc:

P=a(2—-aP +b(2-bY +2c—-c?.
2. Tim m dé phuong trinh: x” 1637 +m=0 ¢o
nghié¢m x thoa man: 0<x<2.
3. Cho x théa min x2 +x<0. Tim GTNN ctia biéu
thire: (x% + 1) + x + 2].

BCECPER ) |- s SORLERECEL L UIAS, W15 N S L s R L AT Y

thém mot sb cong thirc lugng gide. Va nhimg cOng
thid nay chi cho ra két qua “dep” trong mét sd
tmrgne hop dic biét. Vi du tr a=90"-23 va

'lhnﬁ=% ta c6 thé chimg minh duoc tano =;—4.

Néu thay d6i mot chit, ching han nhur o =800 - 5p,
thi‘ viéc nay khong dé nhu trude nita. Tuy nhién,
dicu d6 khong gy ra kho khan gi doi véi hinh thire
tric nghiém (trong truomg hop duge sir dung may
tinh).

Cong thire “nhanh” trong trwimg hop tong qudt:

Néu thay AB=15vaBC =20bai AB=ava BC=b
thi ta c6 cong thirc tinh “nhanh” cho dién tich phan
bi phi trong trémg hop tong quat nhu sau

s A et
S-—z.a.{b a.tan(‘)[l 2tan L’JH

Py la cong thic tinh trong truong hop tc"ing quat.
Nhung ai ma nhé dwoe nhi? Va nhé dé lam gi cho vé
vin nhimg vi dy riéng 1€ nhur the nay.

Chii y'. Bai nay ¢6 thém it nhit 2 cich giai nita. Mot
cich hodan todn hinh hoc (ke thém dudmg phy, ...) va
mot cach su dung phwong phap toa dg trong mit
phing. T6i da viét va binh luin vé hai cach giai nay
trén 2 sb Tap chi Todn hgc va Tudi tré, muc Hoc
!iéng Anh qua cac bai toadn.



DAP AN YA HUONG

DAN GIAI DE 56 3

iB | 4B | 5C 7D 9D

10D [11A | 12A | 13B | 14B |15D |16C [17D

20D 21D |22C 24A 26D

27B |28C | 29A (30B [31A |32D |33C (34C

37D | 38D | 39A 41D 43D

448 145D | 46C (47C |48A |49C 50D

Ciul.Tacd y' =2(x—1P(2x+1) nén ham sb co 1

3 A -1
diém cuc trila x=—. Chon B.

—b

Ciiu 2, Tacclg:a()—{[) >[]—-<D Chon D.

Ciu 3. Tacd ¥*(x2-3N=2x & .\(1—2}(1+ 192=1{]
nén hai duémg da cho tiép xtic voi nhau tai 1 diém 1a

Mi{-1,-2). Chon B.
Ciu4.Taco lim y=0, lim y=-w, lim y=+o0,
T=p—iD -1 ==}

lim y=—oc nén dd thi ¢6 2 tiém cin dimg la céc

x—l

dudémg thing x=1,x=-1 va co | tiém cin ngang la

duimg thiang y =0. Chon B.

Ciu 5. D6 thj ham s6 di cho di qua diém M(2,0)

va N(l,n) voi 3<n<3,5. ChonC.

Ciu 6. Khi m =1 thi phuong trinh chi cé 3 nghiém

& x, e(=2,-1),x, =0,x, €(1,2). Chon C.

Ciu 7. D6 thj ham s6 ¢6 diém cyc dai (0,0), gac

1L,=1),(1,-1) nén A:mx—%50

vi tong khoang cch tir 2 diém cye tiéu déd’ Al la
Im—11+1m+11_ Jm—1F i FBF

i > N~ =L,

m* +1

diém cuc tidu 14 (—

i+

Chon D. N
Ciu 8. Ta c¢6 y'=3:2+2(Zm~1)x+(m+1). Do
ham s6 da cho 12 ham béc ba ¢6 hé s6 a=1>0 nén
yéu cau bai toan tuong duong voi
A=2m=-12=-3(m+1)>0
1-2m-JA
3

-1

S ::»m«:T. Chon C.
m i 2m?
G T xelp
m? 2

todn & 1——=0,—
oy 4 8
Ciiu 10. Ta x6a phan bén trai truc tung cia (C):
I=x—2
¥ x+1

clia (C) qua truc tung ta duge do thi (C’) ciia ham sb

Ciu 9. v'=1- nén yéu céu bai

<0, vi nghiém. Chon D,

_Jxl-2

| xl+1

X0a phf"m phia dudi truc hoanh ta duge db thi (C™):
il
e

ta duoc két qua. Chon D,

Ciu 11. Eét XM =x (km) thi 0<x<25. Thoi gian

ditr A dén C la

JxE+102 i J25-x)2 +107
15 30

J(21'+ ]0) +(2[} +25-x)?

1,'5(1' SF +§

Cau-ll.:Ta co xeDc:-d-x >0 = -2<x<2,
Chon'A.

Cau 13. Piéu kién: x>0. Khi dé phuong trinh
tuong duong Inx-1=0<> x=¢. Chon B.

Ciéu 14, Dit 25 =1, t>0, PT tr& thanh /2 —2mr +2m=0.
Yéu ciu bai toan <> A =m? —2m>0,5=P=2m>0,
P=2m=1t1,=2"" =8< m=4. ChonB.
7-2"-6.2*20

2x—-x?

>
.x40|

. Lay déi ximg (C") qua truc hoanh réi

. Xét 86 giao diém cua (C") void:y=m

i —

e J" Chon A.

Chu 15. Taco .‘CED@{

12526
x=Z0v2<x<4

Ciu 16. Ta cé
log, 360 Iog,,(23 3, 5)——(3+2a+b] Chon C.

x=0

Céu 17. BPTC;‘*[IE +%—]){211 +x+1-1+x)<0

Vo)

-1 S}(E—T
. Chon D.
J‘z— g

-:'::-[Ja:2 -%J(xl +x)150<
GSxi—

1 sin®x
Yeost x + =
3 x’.,’cosa2

Céu 18. f'(x)= s

TOAN HOC
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(d’ cos? x — ])2 (21!'{:053 X+ l)

= . Chon D.
3cos xi/cos x o
e X +1l+x 1
Ciu 19. f'(x)= —In3 R :
i F(x) 3 [m n J-Cﬂ xelR;

Tim £(x)=0, lim £(x)=-0. f(~1) #—f(1). Chon A,

Ciau 20. Goi u, 14 s6 tién 1ai phai tra ¢ thang thir »
(14n tra sau n Ihang ké tir khi vay).

Taco u, =rA,u, :(l—%]m,ua =(1—-§-Jm,...
t—1
sl = I__z-_ rd. Tﬁngsolﬁl phai tra la

T=(I_l+2+.;+(f—l}Jm:(r+21}rA‘ Chon D,

Ciéu 21. Dt log, b= thi t>log, %> =2.

Taco b=a', do do
J—L
P =4¢ +6[iog J 4;2+6? ;2 = f(o).
o er HE=3)(20 -6 +61—1)
Ta cd f'(5)= 2 =0 1=3.

Lip bang bién thién ta ¢6 min £(r) = 60. Chon D.
{24}

Cén 22. Ic052 xsinx d.x=--%~cus3 x+C. Chon C.
Cau 23, Ta cd
2 10 L] ]
P=[fde+ [flrde= [flxde— [fx)de=4.
0 fi [i] 2

Chon B,
Ciu 24. D3t x=cos2¢ thi
dx = —2sin2edt = —4sint cos rdr.

1 0
Do d6 2= [f(x)dx =4 |f(cos2)sintcos rdt
1]

F]

4 | f(cos2t)sinr cosrdr.

G:l_.#lﬂ

Bl

hay

mll--

Suy ra Jf{cos 2t)sintcostdt =

. Chon A.

M

0
.3
4
= I (cos2x)sin xcos xdy =—
0

1
Ciu25. Taco S=n [ —2x)2dx=%. Chon A,

u

30 T(?ﬂ'r"uggcé S§ 479 (5-2017)

o : 2x'—Inx [ IJ'
Can 26. Tacd §S=2n |——— |1+| x—— | dx
f[ 4 4x

R L), _4et-9
21}‘(23 lnx)(x+4x]d.r g™ ChonD.

Ciu 27. f'(x)=22° —dmPx=0x=0vx=+/2|ml.
Diéu kién dé ham sb c6 cue dai va cuc tiéu 1a m = 0.
Khi d6 duémg thing cling phuong véi truc hoanh di
qua diém cyc dai la y=2.

2ml _1'4 64
Yéu cu bai toan < 2 f [mzxz__ 0
; 2 15
2 2ml 32
- I X
2 © — v — = — !
[’” 3 lﬂ}ﬂ 15<:>m| 1. Chon B.

]
Cau 28. 5= J‘.riwfxz +1dx= ]{.1‘3 +x)d(1#x1 +1)
1}

L]

1
=(x*+ x)x? +1|L - Iﬁxi +1(3x* +Ddx
0

i}
=2J§—3S—J’,jx2 +1d.
0
Tiép fue st dung cong thirc dbi bién dé tinh
i
7= j\flxz +1dx taduoe a=3,b=2,c=8.Chon C.
0

Ciu 29. 7 =2+3i. Diém biéu dién (2,3). Chon A,

- 1 1-3{
Cau 30. Tacd z7!' = = . Chon B.
ol T T e e

i i 2 o
Ciu 31. zu:lti nén |z,| +|Zzi =5, Chon A.

Ciu32. Véimdi zeC tacod
2 z—l‘+3jz—1’|22(|z—1|+|z—r'|)
22(12—1+i—z|]=2ﬁ.

Ping thirc xay ra khi va chi khi z=.

Khi d6 |2|=1 nén %<Lz|<%. Chon D.

Céu 33. Dt z=a+bi véi a,beR. Goi M(a,b),
A(=2,0),B(2,0). ycbt < MA+MB=35. Suy ra tip
hop diém M la mét elip. Chon C.

Cau 34, Ap dung bit dang thirc |]z!{—|:r:1||ﬁiz1 +zzl

tacod |z |lls3¢ 3<|z‘ ||_
Tir d6 suy ra "T:’;'3s|z|g"_2+3+ Chon C.



Ciu 36, Goi 46 dai canh huyén cia AABC 1a x. Ta

2 2
6 Sppe =2 = %.20.%=a3<:>x=a\fﬁ. Chon B.

1 1

E‘VC_.A.BC' = o

Cin 37. Tacd V, ;0 = 3 YC.aBE

1 L%

61;::‘ ABB'AT 18 ABCD.A'B'C'D 18

Ciu 38. Goi M

. Chon D,

la trung diém cia BC. Ké

BK L AM, K thujc doan thing AC. Ta co
BK 1 SA (do BK L(SAM) vi SM L(ABC)) va
AK—i% _;27_9, Ké BH LSA H thubc doan

thing SA. Ta c6 SA L(BHK) va BK® = AB® + AK?
> HB? + HK? nén ta c6 BHK =120°. Khi d6, theo
dinh 1y césin ta ¢ HB®+HK®+HB.HK =BK®.
Suy ra HB* HK? =4HA*. Do vay

(2a* —HAZ}[f—g—— HA°] 4HA® & HA =a\E.

Khi do SAyAB* —HA® =AB, |54 —% :>5A=a\g,

Do d6 SM_% Vay V, ‘g_oaB Chen D.
s

Céu 39, r—z::h—gg“—d- nén V=mrh =160m.

Chon A,

Ciu 40, Tacd

i 3
Y (a3 2 a’ B

R—\/[E} +(T?] = _T+T nen
o 4a® \ |h* a?
=3 nR® = 3 (h 3 ] N2
Ciu 41. Goi khoang cach tir tdm hinh ciu dén mit
day cua hinh non 134 x,0<x<R. Ta co chidu cao
cia hinh nén # <R+ x. Do vay

Vo = 3 AR = 32 € (R = YR+ 2)=: ().

i A e ‘: SN ;f
Ciu 42. Goi canh hinh vudng 1a x, taco
I_Tx:xzcotﬁ(}’ =Lc:»x=2\f§—3.

&
SuyraV=-1—n(—l~Jz—J—§——n(2J_ *] @V3-3)

mR?. Chon D.

322

_ 810-467V3

2 m. Chon A.

Chu 43, (5):(x—4P +(y+2P +(z+1* =5 Chon D.
Cihu 44. Gia sit Etpj[a,b,c) thi (P):ax+My—1)+cz=0.
Tach 2a+2b+c=0,a+2b—c=0 nén 3a+4b=0.
Chon a=4,bh=-3 thi c=-2. Chon B.

Ciu 46. Gid str A, (a,b,c) thi (P):ax+by+c(z-1)=0.
Tacdo b=0,a—b+4c=0 nén a+4c=0. Chon C.
Ciu 47. Ta c6 khoang cich tr M dén mit phing
bét k¥ chira A khéng vugt qua khoang cach tir M
dén dudmg thing A va khoang cach d6 sé& dat gia tri
I6n nhét khi mat phing niy chita A va nhin MH
lam vecto phép tuyén trong d6 H 13 hinh chiéu cta
M 1én A. Tacod H(31:4) vi MH(1;—4:1). ChonC.
Ciun 48

MA® + MB2 =2MI + 227 2 202 15 (Py) + 22 = 60

voi I 1a trung diém cia AB. Chon A.
Chu 49. Céc diém 4, B,C,D khéng déng phing. Ba
miit phéng {ABC),(ACD),(ADB) chia khéng gian
thanh 8 phin, mit phing (BCD) cit 3 mit phing
trén tharh 3" giao tuyén, ching chia mit phing
(BCP):thanh 7 mién mit phing, mbi mién lai chia 1
phéln el khong gian thanh 2 phan (c6 7 phén khong
gian trong 8 phian khéng gian trén duoc chia nhu
viy). Viy sb phin 14 7.2 +1=15 phin. Chon C.
Ciu 50, Mt ciu ndi tiép tir dién ABCD c6 thé tich
W
S Y +S.»1m +S.ﬁf'.|’: +5st?!:
& 8p +8,5p min (do Vg, S.cn.Sacp khong ddi)
< Ry apy + Py 4, MIN.
Gr?i XY la doan vudng gbéc chung cua cac dudmg
thing A va AB (X €A). Tacod X(2,2,3). Goi A’
la duimg thing qua X va song song vii AB wva
(¢) 14 mit phing chia A viA A" Ta cb
(A,A") =y =const. Goi H,K lan luot l4 hinh chiéu
cia C,D lén duomg thing AB va H',K' lan luot la
hinh chiéu cua H,K 1én mat phing («). Ta co
+h, 0 =CH+DK
=JCH?+HH? +JDK? +KK*
=CH? + XY? +JDK'"? + X¥?
> (CH+DK'y +(2XY )
= J(CDsiny)> +(2XY)?
Ping thirc xay ra <> X la trung diém CD. Chon D.

TRAN QUOC LUAT
(GV THPT chuyén Ha Tinh, Ha Tinh)

lom nhat < r ., max <

tIL JAR) 10, AE)

= const.

A
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HUONG PHAP

GIART TOKRR

rong Toan hoc néi chung va Toan so cip ndi
% riéng, khéng it 1dn ban doc da bit diu mét 1o
gidi clia mdt bai todn bing mét hing déng thirc (mét
cong thire) nao d6. Dai lGe nd kha tr nhién vi hinh
dang cua bai toan nhung ciing khéng thiéu cac bai
todn md I giai cia né cdc dang thirc xudt hién
khéng hé du bao trudc. Bai viét mot phin s& diém
qua céc bai todn nhur vy, mdt phan sé dua ra mot sd
dinh huong sang tdic mot bai toan tir mot ﬁﬁng thirc,
v quan trong nhat 1a khai thac mot mang nho ma
binh thuéng s& kho thiy ding thic c6 thé ap dung
duorc.
1. PANG THUC VA MQT SO UNG DUNG
A. Piing thire trong chirmg minh béit dﬁng thire
Viée sir dung dang thirc dé chirng minh bét ding

thirc thudong thi khong may hiéu qua, don gian wi

luong thoi gian gidi han rit khé dé suy nghf raddng
thirc xuét phat ban déu, tuy nhién véi motngadi ra
dé thi day 14 mét hudng kha tha vi. Bifg edch xudt
phét tir mot dang thirc ta bo di vai séshang (hoiic
bién déi né) dé tir 46 sinh ra mdt.bat ding thirc. Do
kho dZ cila bit ding thire khi &y dtoc quyét dinh béi
déng thirc duge chon ban déu, dai lugng ma ta bt di
tham chi ké ci cach ma ta déu di lvong da bo bét.
Thi du 1 (Bunyakovsky). Vi bon sé thie tiy ¥
.. b . by ta luon co:

(@} +a3 }(bll +b§} > (uibl +a,b, }: ;
Phdén tich va loi gidgi. BDT la hé qua cua dang thirc
Lagrange sau:

(a2 +a2) (b2 +b2)=(a b, +a,b,) +(ab, ~a,b, ) .

Khi d6 chi viée bo di (b, —a,b,)" va ta duge mdt

bii todn BDT.
Nhién xét. Ding thic Lagrange tong quat la:

TOAN HOC |
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BANG THUCVAMOT SO NG DUNG

_ NGUYEN TUAN ANH
(THPT chuyén Neguyén Quang Diéu, ﬂ:?mg Thap)

(af+a3+..+a)(bZ+b2+..+b2)
:{alb] +ayh, +..+ab, )2 ™ Z (aib_r' —agb; )2~

=i jsn
Tuong ty nhu trén ta bo di Y. (ab,—ab) va
=i« j=n

duge mot bai todn bit ding thire, d6 la BDT
Bunyakovsky trong truémg hop téng quat:
(a? +a3 +..+a ) (B} + b3 +..+b])

> (a,b, +ayb, +...+a,b, )3 :
Thay vi bg«di'mot s hang, ta s& bién dbi hodc dénh
gid s6 hang @6 (danh gia cang khéo 1éo, BDT thu
dugé s& cang kho). Thi dy sau cho ta thiy diéu do.
Thidu 2 (TH&TT — T7/420). Vai ba §6 thiee khiong

Gm a,b,c co tong bang 1. Chitng minh rang:

_ (10Y

241)(b2 1) (2 +1)2[ —| .

Phéin tich va loi gigi. St dung hing ding thirc
Lagrange v gia thiét ta duge: (a2 +1)(5 +1)(c +1)
=(@ +1)(1+82)(c2 +1) =[ (@+b) +(ab—1) |(c> +1)
=(ac+bc+ab=1)" +(a+b+c—-abc)

=(ab+ hc‘+£‘a—|}1 +[1—abf)z.

R& rang néu ta bo di hang tir (1—abe)’ s& khong di
manh dé chimg minh bai toan, nghia la thay vi bo di
mot hang tir, nguoi sang tac (gid sir di theo hudng
nay) di danh gia cac hang tir véi nhau dé thu duge
gid tri nho nhét (va n6 sé 14 con sb & vé phai). Ta co:

(ab +be + ca}g >3abc(a+b+c)=3abc

')

: b+be+ca) |
:)(b]{%} ,

Do viy ta chi can chimg minh:



3

B bt 3
II_M] fapshesca-tf 219

Pén déy ta chi viéc khao sat ham sb véi chi ¥ rang
(a +b+ L‘)z 1
ah+hc+m5f=—,
Ngoai cach xir Iy cdc hang tir thay vi bo di tir ding
thic ta c6 thé “che gidu™ di bing cach thay cac bién
trong déng thirc bdi mét biéu thirc khic (biéu thirc
thay thé khéng nhét thiét phai qua phuc tap vi khi do
bii toan s& rat khé nhin, chi can don gian ciing du dé
ta “che gidu” dang thirc xudt phat ban déu). Vin la
dang thirc Lagrange ta xét thi du sau:
Thi dy 3
hci'ng 3. Churng minh rfmg:
(@*—a+1)(B*—b+1)(2—c+1)21.
Phén tich va loi gigi. Ding thirc & diy 14 gi khi 1o
rang céc biéu thirc trong vé trai khong goi ta dén méot
déng thire. Tuy nhién ¢co mot diém dic biét 1a cac
biéu thire d6 1a cic tam thirc bic hai va ludn duong:

at —a+1=[a—%} +[§] 0

Do vy BDT dugc viét lai la:

ERISEISE:

Lic nay ta huémg dén dang thirc Lagrafdgemhu sau:
C Y BT 17 (BT e (AY
[L“‘z] 3] (-2 {243 3)
2 il 2
(8] o) )]
2 .
=(§x+%y+%z—.\}z] [£—£ l}'+y3+zx}j|

= [%— .ryz]z + {ﬂ ﬁ{ Xy+yz+ zx]T

8 i

. Vai ba so thuc khong dm a,b,c co tong

| |

. b ot Bn ol
trongdox—a—i,_v—b z,z—c Z.Rﬁr&ng

(g_m] z1; [ﬁg—-‘z@{xyﬂmm]al déu khéng

hoan toan dung, ¢6 nghia dé chimg minh duge bai

todn ta phai tan dung ciing lac hai biéu thic (giéng
nhur thi du 2). Ta cé:

(xy+yz+2x}2 23xyz(.x+}-'+z] ::'(,1r_1,=+}a'z+:.1c)2 E%xyz.

Ta can chimg minh:
|:g ;[Iy+)*7+c.,1]:r [i-£[n+w+4]},>1.

Vi 3(,t}'+y:+zx)$l:x+_y+ 2}2 =% nén b-;;lng cong

cu ham s6 ta dé dang chimg minh dugc BDT trén.
Bai toan dugc giai quyét.

Nhin xét

* Thay vi bo di mét dai hrgng nao do, ta c6 thé “ che
gidu” v twéng ban dau bing cach phoi hop né vai
cdc dai hrong khic, hodc ciing cé thé thay thé cac
bién trong ding thirc bing cac biéu thirc khac.

» Thye chdt véi thi du 2, ta cé thé lam ngin gon
doan cudi bing bit dang thirc Cauchy vi cic bién 1a
khing dm, nhingno sé khong con dang voi thi du 3.
Lura chon danh gia va khao sat ham so 1a hop ly nhat
cho cd hai'thi dy.

*» Mgt bai todn tuomg tr ma ngudn viét chua tim dwoc
I gai bing ding thirc:

Vi n 5o thie khong am a,,a,,...,a, co rd'ng b&ng 1

fa ludn co:

{aﬁ+l)(a§+])m[aﬁ+l]2[n;:]] ;

Véi n=3 ta dwoe dé todn T7/420 TH&TT,

Trén diy la ba ¥y twong khai thic ding thic
Lagrange, ta c6 thé chon ra mot ding thirc khac va
xiy dung twong tu vdy. Tiép theo ta dén v&i mét
déng thirc, chinh xac 12 mét cong thic khai trién
mic di khéng quen thudc véi hoc sinh phé thong,

nhung néu ban doc yéu thich toan chac hin hon mot
lin duge nghe va thy: Cong thirc khai trién Taylor:

Néu I co dao ham lién tuc cd;t:r n trén [a;b] Vd O
dao ham cz.?:p' n+1 trén [a;h) thi:
A 2
1) =rla)r 2 ey )y
(0] { - {+1)
Pt T (ln} I (C)

= (xuxﬂ,]" +W(I—Iﬂ}n+

Vol ¢ ndm giika x va x,.
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¥ fwong: Ta co mdt ¥ twong la trong khai trién
Taylor ctia mét ham sd két hop véi mét sd diéu kién
nao do (chﬁng han dao ham cap hai giir dédu véi moi
X,...) ta s& bo di mdt phan trong khai trién (phén bo
do phai luén khong dm hodc ludn khong duong) va
ta duee mét bai toan BDT.

Thi du 4. Fii x la so thue khing dam. Chimg minh

cdc bat dédang thire sau:

a)e*z1+x.
1.' Y 2 x4 _.L-i
N | i AR
b) x 5 <In(l+x)<x 5 =
> S : gl S
Cly——=siny<y——+ :
[§] 6 120

Phin tich va ldi gidgi. Cac bai ton trén hoan toan cd
thé giai quyét bing céng cu dao ham, tuy nhién néu
ta nhin nhan dya trén cong thirc khai trién Taylor thi
cdc bai todn trén kha hién nhién thim chi ta con cho
thém vao chiing mdt hodic hai biéu thire nao d6 ma
cong cu dao ham s& rit vt va méi xi ly duge.

Bon cir xét v6i cu a), ta xét ham sé y = f(x)=

rd rang ddy 1a ham c6 dao ham lién tuc vé han ldn
nén ta c6 thé 4p dung dugc céng thirc khai trién

n

2 3 x
Taylor: f(x } & -1+x+2 3' +;T+...

F] 3

Ré& rang x_+%+ +—+
ta bo ra thi BDT trén han nhién ding.
Hai ciu con lai méi ban doc tir thir sire. Dya trén
cdng thirc khai trién Taylor ta c6 thé 1y giai cho mot
phuong phap rit thuong dung tfong” chimg minh
BDT: Phuong phép tiép tuyén'(day chi la mét cach
Iy gidi cho khéi ngudn cia plivong phéap theo quan
diém cua gidi tich):
Néu f"(x)20,Vxe[ab] thi

F(x)2 f(x5)+ F(%)-(x-x,),Vx, e[asb].
Néu f"(x)<0.Vxe[ab] thi

F(x)SF(x)+ F (%) -(x— %), Vx, €[ as].
Hudéng dan chitng minh: Khai trién ham sé dén cép
hai. Két thiic phin niy méi ban doc thir sirc véi ba
bai toan sau:

Bai todn 1 (JBMO TST 2015). Véi ba sé thie dwong
a, b,c, chitng minh rﬁngi

},Q < J(a—bf[b—f}z(f—dlz_

abict

. la khong dm nén khi

(a+b+c)( : £ :) o i

TOFIN HOC
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Bai toan 2 (Olympic 30/4 nam 2001). Chimg minh
r‘&ng trong moi tam gidc ABC ta ludn co:

3.3

{1+smA){]+smB}(l+smC]<e s
Bai toam 3 (0291,
Mathematical reflections). Véi ba sb thye dwong
a,b,c chimg minh rfl.ng:

a’ b?

e
JV4al +ab+4b*  J4b? + bc +4c?
2 . a+b+c

+ =
Ac tcarda - 3
B. Ding thire trong t6 hop
Tmngphénn&yw.chitszmmg vﬁodﬁngﬂuﬁrcquen thudc;
(a+b) =Cla" +Cla™'b+Cla™2h +...+ Crlab +Cobr.
Tir d6 c6 thé khai thic theo céc hudng khéc nhau.
= Hieong 1. Thay a.b béng cac giatricy thé.

Olympiad problems

Néu ta thay a=b=1 ta dugc bai toan sau:

Thi du 5. Kafw /a so nguvén duong. Chung minh

rang: C! 4B+ Cr =2"

Néu thay'a=-b=1 taduqc

Thedw® 6. Voi n la so nguveén dwong. Chimg mink
Py C! B ST e G SIS Sell S ]

Cir nhu vdy ta cho a,b cic g15. tri khac va ta lai
duge mot bai toan mai.

* Hwong 2. Thuc hién nhimg phép bién d6i so cé.p:
Bao ham, tich phén, nhan cac biéu thirc. ..

Thay a=1,b=x va l:"iy dao ham, tich phén ta dugc

cdc bai toan sau:

Thi du 7. Foi n ld 0 neuyen dwong, chitng minh
it o
a) 2= a=C1+2C: + ..+ nC".
b) 1.2 2.3.( +2016.2017.C317
=2017.20]6.2405
it
)= i =i lr“ Fo LC"

a4l " 2 n+l

Néu dan xen hai k¥ thuat bién ddi trén bai toén sé
khé 1&n rét nhiéu:

Thidu 8. Cho n la so nguyven duong.

a) (B - 2003). Tinh téng



Tich hai biéu thire (x+1)" (x+1)" =(x+ 1)2" ta duoc:
Thi du 9. Véi n la so nguvén diwong, Chibng minh
ring: (C1) +(C!) +..+(Cr) =cz,
Néu ta chon tich cia céc biéu thirc plure tap thi bai
todn s& gay kho cho ngudi lam:

(1-x2 }1” ={1 —x}h (1+x)2"

va [2x+[l+x}]m (1+x) =(3x+1)" (1+x)".
Thi dy 10. Vi n la 6 nguyeén dieomg, chimg mink rang:
2) (€)' =(CL) +(CLY -+ (1) (C: ) +
Hez) =(-1)" ¢y,

b)Veri hai 56 m,n. m<n, chimg minh rdng:

i ;:{-i(_'l-. i

Hodc ta cling ¢6 thé két hgp vira nhan biéu thirc vira
liy dao ham va c6 ca tich phan:

: ] [0 TR nx"3Cn
J{ﬁ[{xﬂ}“d’.—i g g et ﬂ+3j

0

Thi du 11. Véi n la 50 nguyén dwong, chirng minh

CLE il nCo

. 2" (P +5n-6)+6
Fange: + = = a4
& 4

S ||Ffi.)']-[.';'~j:|[.h'+f}.

Nhir vy tir mét dang thirc ban diu, khong chi cé thé
bién di bing cdc phép bién déi so cip ma con cb thé
dan xen chiing véi nhau dé tao nén mdt. bai todn méi.
D6 kho ciia bai todn phy thuge rit nhiéu vao cach ta
dan xen ciing nhir céc biéu thi€ ta thém bét vao. Cudi
cling m&i ban doc dén véi cac bai toan sau:

Bai todn 4 (A — 2008). Cho khai trién

(1+2x)" =a, +ax+..+a,x", trong d6 n 1a sb
nguyén dwong va céc hé sé ay,a,,....a, théa man:

a, a, a,
S IR S
y 21 22 n

Tim s6 16m nhat trong céc s6 a,,q,,...,q, .

= 4096.

Bai todn 5. Cho khai trién

(1- 2[}1?:{)2018 =dy + X F et g X,
Tinh tong:
§ =|ay[+2|a|+3|ay |+ ...+ 2018|ay,, |+ 2019|ay, |-

Bai todn 6. Chimg minh ring:

252

250k FA0AA2E £k — 504
2{4 'C]uua -Csn4+u}‘czn|6*
k=0

C. Dfmg thirc trong giai phwong trinh ham

Ta da quen thude véi k¥ thuat thém bién trong giai
phwong trinh ham ma ban chat cia ki thudt do 1a tin
dung céc ding thirc:

x+(y+z)=(x+y)+zx(yz) =(xy)z...

Tuy nhién dé tranh 1ap lai, bai viét s& khai théc ding
thire dé giai phuong trinh ham theo mot huéng khéc.
Ta xét bai todn sau:

Thi du 12 (HSG l6p 10, Vinh Phiic, hé THPT
chuyén, ndm 2010 — 2011). Gia sir f:N—=N thoa
man f(1)>0 va f(m*+2n*)=(; qu]' - 31_[[.u:|:|:
vari moi mone M. Tinh gia tri £(2); F(2011).

Phin tich va loi gidi. Ta thir tinh vai gia tri ddu va
nhin thig f(n)=n véi n=0,1,2,3,4. Vi yéu ciu
kha'dc biét 1a tinh f(2011) nén ta c6 dy doan
f{n)=n v6i moi n. Ta s& xir Iy bai toan theo hai

cach vai hai y tuémg sir dung déng thire khéc nhau.
Cdch 1. Ta ¢6 ding thirc:

k2 +2(k-3)" =(k-4)" +2(k-1)".
* Tadédang c6 f(n)=n voi n=0,1,2,3,4.
- Khi dé gia sit f(n)=n,vn<ny n,24.

Ta c6: (£ +1))" +2{m, ~2)" =((n, +1) +2( (1, -2))
= £((m +1)" +2(n, ~2)) = £((n -3) +253)
=(£(n=3)) +2(£(n))" =(n,-3)" +2m3
“—,"[f{ﬂo+l})2 =(ny+1) = f(ny +1) =, +1.
Viy béing phuong phap quy nap ta dugc f(n)=n v

Céch 2. Ta s& chimg minh f(n)=n véi moi n
béng phuong phap quy nap két hop véi hai ding
thirc sau:
(2k+1) +2(k-1)" =(2k 1) +2(k +1)’
(2k+2) +2(k-2)" = (2k—2) +2(k+2)"
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Gia st f(n)=n v6i moi n<n, v6i n, =4 ta
chimg minh no cling dang véi n=n, +1
« Néu n, la sb chan thi n,+1 la s6 1é nén s& co

dang 1a n, +1=2k+ 1,k 22. Taco:

#l(2k+1)" +2(k-1) | = [ (26-1) +2(k41)' |
e[+ )] +2(k-1)° =(2k-1) +2(k+1)°
o f(2k+1)=2k+1.
+ Néu n, la so 1& thi my+1 1 s6 chin nén s& co
dang la n, +1=2k+2,k>2 . Taco:
f|(2k+2)" +2(k-2)" | 7| (2%-2) +2{k+2}’]
[ f(2e+2)] +2(k-2) =(2k-2)" +2(k +2)’
< f(2k+2)=2k+2.
Viy trong moi trudmg hop ta déu cé: f(n)=n véi
m:;;i n.

» Can tinh bao nhiéu gia trj ban dau dé co thé quy
nap tir dang thirc?
= Lam sao phat hién dwoc dﬁng thire sur dung?
Thay cho céu trd lai ta xét hai thi du twong tu sau,
ban doc hay cha ¥ déng thic trong céch 3:
Thidu 13. Gig s f:M—>MN thog madn f{|]> 0 va
flm? +ﬁn-‘}=‘ flm) ‘: +.‘|l_,f”(n) ]1 vighi ot m,n e [
Tinh gid tri f(2017). by
Phdn tich va Iai gidgi. Ta thir tinh vai gia tri nhu sauw:

~f{_0)=ﬁ[f(0}f:f(0)=0,
)=[r ] +s[r (O] = 7(1)=1

-f{5]=f(0~+5.12)=5.

- f(6)=F(1?+5.12)=6.

[F@T +5=[£@)] +5=[7(@)] +s[r ()]
=f(#+5.1)=£(21).

Mt khac f(21)=f(12+5.22)

=[] +s[+ Q)T

=1+5[£(2)]". Do vay:
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f(2)=
f(2)=2

(r@)) +4=5(r(2)) =
Néu £(2)=1 ta duge:
[FOIT =£(0)=£(2 +5.8) (1] +3[#()] =6
Piéu niy khong thé xay ra i f(3) 1a s6 o nhién.
Viynén f(2)=
Knido £(4)=[/ ()] =4 [r(3)] =1(9)
=[r@)T +s[r()] =9=1(3)=
[FO] =£(49)=1(22 +5.3) =492 £(7)=7.

L@ +5[7 ()] =1

= f(3* +5.6°)=189= f(8)=

(9)=[ I} -

Tém gt f(n)=nn=0,12...9.

f(82+5.5%)

@dehr 1. Xét dang thirc sau:
2 +5(x—-6) =(x-10) +5(x—-4)’
Bing phuong phép quy nap ta duge f(n)=mVn.

Tir d6 co duoc cau tra ol cho bai toan.

Cadch 2. Sir dung phuong phap quy nap két hop vai 5

d‘fmgthl.'rc:
(k+1)" +5(k-1)° (5;—1} +5(k+1)’
(5k+2) +5(k—2) =(5k-2)" +5(k+2)
(5k+3)" +5(k- 3)’:(55 3)° +5(k+3)’
(5k+4) +5(k-4) =(5k-4) +5(k+4)’
(5k+5)" +5(k-5) =(5k-5)" +5(k+5)"

taduge f(n)=mVn.

Nhin xet.

* RO rang cin tinh bao nhiéu gia tri ban diu mai
diing duge ding thirc thue chat xuét phat tir dang
thire ta ding ma co.

+ Ping thirc trong ca hai vi du trén xudt phat tir ding
thire tong quat:



X+ k(x—k=1)" = (x=2k) +k(x+1-k)".
Viy tmg v&i méi gid tri cia k ta cé mot bai toan
méi, hién nhién & cang lén gid tri cn tinh ban déu
cang nhiéu n6 quyét dinh d¢ kho cho bai toan. Mgt
diéu thi vi v&i bai todn nay 12 ngodi ddng thirc trong
cach 1, ta con dang thirc sau voi yéu céu tinh cdc gia
tri ban dau it hon.
Cadch 3. Ta sir dyng dﬁng thire sau:

3250~ 3 =(x- 5] +5{=—2} -
Vi ddng thire nay ta chi can tinh 5 gia tri ban dau.
Bang phwong phép quy nap ta dugc _f(n)= n;'vn.

Tir d6 ed duge ciu tra 1ai cho bai toan.

Néu hai bai toan diu 13 bic hai ta co thé dé dang tim
duge ding thirc, nhimg néu béc ting 1én thi nhu thé
nao, ta xét thi du tiép theo.
Thi du 14. Gid sz f:N >N thoa man f(1 ] >0,
f(3)=3.1

(5) =5f(7)=7 va
fla® +36b* +126c% +84d® +9e¥ )
=[f(a)] +36[ £(p)] +126[ £(c)]

184 f(d)] 4 t)‘;_ff_rf}}a
vevi moi a.b,c.d.e I ede sé e nhién. Tinh j'{}lﬂl?_‘].
Phin tich va loi gidgi. Ta s& sit dung dang thirc:
x®+36(x +2)s + 126{):+4}ls . 84(x+ﬁ]s +9{I+8}g

=9(x+1)" +84(x+3)" +126( x45) +36(x+7)" +{x+9)°
két hop véi phuceng phép quy nap. Vin dé con lai
don gian chi la tinh 9 gid tri déu tién. Ta cé:
ca=b=c=d=e=0= f(0)=0.
*a=Lb=c=d=e=0= f(1)=1.

i

- [F@T =r(2)=1(256)=256[ (1) = £ (2) =2.

F(45)=F(2° +36.25 +126.2° +84.2% +9.2¢)

i}
=256[ f(2)] = f(4)=

- F(6%)=F(3" +36.3% +126.3% +84.3* +9.3%)

=256[7(3)]' = 7 (6)=

 f(8%)=r(4"+36.4% +126.4* +84.45 +9.4%)
]

=256[ f(4)] = f(8)=
 £(91%)=9[f(1)] = £(9)=9. Do viy ta
diang c6 dwge f(n)=n,¥n nén f(2017)=2017.
Nhgn xét. Sit dung dang dé gidi mt bai phuong
trinh ham ban chit 1a tinh cac gia tri dac biét két hop
thém tinh chét cia phuong trinh ham, cudi cing la
sir dung phuong phap quy nap quen thudc “lan rong”
céc gia trj tinh duge. Viéc phat hién dang thic la
twong ddi kho va khong miu muc (da phén dya vio
dic diém cia bai toan), nhung néu nim duoc mot sd
k¥ ning nhit dinh trong sing tic cic dang thic thi
vige do khong con qua phire tap. Nguai viét hy vong

dwoc trao d6i nhiéu hon vé phfm nay voi ban doc.
Cuoi cling mévibandoc hiy thir sire véi cac bai todn sau:
Bai toan 7, Tint tit ca cic ham f:N— N théa man

flYs0wa f(m® +3n*) [_f ] }T Vi

moirm.nel |

Bai todn 8, Gia sit f:N—N théamin f(1)>0 va

fm? +4n?) =[f[:m)]2 +4{f{n):r véi moi m,neN.

Tinh gid trj f(2017).

Bai todn 9 (Vietnam TST — 2005). Tim tit ca cic

ham f:Z — Z sao cho
fe+y+2)=[f()] +[£ ()]

V&1 moi 56 nguyén x,y,z

II. KET LUAN

R® rang céc bai toan duge sang téc trén quan diém

ding thirc thuong 1a rat kho va khong nhiéu cich

giai, nhung lai 1a manh dat hira hen dé nguéi hoc

Toan ¢6 thé thoa stc sang tao.

Bai viét chua dé cép dén cich dé nhan dang bai toan

nén hay khéng nén di theo huémg diing thirc (diéu

nay la rit quan trong nhét 14 trong thi cir), cach phét

hién ra déng thirc da bj gidu di, ...

dugc nhiéu trao doi hon tir ban doc.

Hy vong s& nhén

TOANH
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TIENG ANH QUA CAC BAI TOAN

BAI sO 20

Problem. Construct a function which is
determined on (0,1) but is discontinuous at any
point on that interval.
Solution. Consider the following function
1 ifxeQn(0,1)
(o) = ; -
0 orherwise

If x,=q<Qn(0,1) then f(x,)=1. We choose
an irrational sequence {x, }ecR\Q where
1

Jrt+1

x, is irrational for every » and x, —x,. Also

X, =X, — . It is not difficult to see that

L

for all n is large enough x, (0,1). But by the
above construction f(x,)=0 and the sequence
{f(x,)} doesnottendto f(x,)=1.

If x,=(0,1) then
f(x,)=0. Suppose that x,=0.4,a, ...a,... is

and x, is irrational

the decimal expansion of x,. We choose a
rational sequence {x, }eQ as followsx, =0.a,,
x,=0.q,a,,x,=0.0,a, @, ,....x,=0.q,a,...a,....
By the above construction f(x, )=1 and the
sequence {f(x,)} doesnottend to f(x,)=0.
Therefore, we have shown that f(x)is
discontinuous at any point x, e (0,1).
Question: Can we construct a function f(x)
with the above requirements but | f(x) | is

continuous on (0,1)?

TU VUNG
discontinuwoug : khéng lién e
: hiru ti
Dvoti

rational
rrationali, e

NGUYEN PHU HOANG LAN
(Truwong DHKHTN, DHOG Ha Néi)

Bai toan. Khon@eetlung may tinh cam tay, so sanh hai so " va ",

Léi gidi. ®3t a = " va b = 1. Viéc lay logarit tr nhién gilr nguyén

chiéu bit ding thirc, do d6 a > b khi va chi khi Ina > Inb (1

Nhung bat dang thirc (1) twong dwong véi nlne >elnn hay twong
.. Ine Inm
duong voi — > —.

e T
Xét ham s f(x) zln_x. Taso 1 (x) = L luén nho hon 0, khi x > e. Do 46 ham fx)
e iy
e i vt = 0Ty s Bt e it e, I Ll o

e T

Nhdn xér. Cac ban sau cd 10 dich tt, giri bai sém dén Toa soan: Ha Nji: Nguyén Huong Giang, 10A13,
THPT Ngoc Téo, Phic Tho: Nam Pinh: Lé Tién Dat, 11 Toan 2, THPT chuyén Lé Héng Phong; Thira
Thién Hué: Truong Minh Tué, 11T1, Phan Canh Minh Phudc, 11 Toan 2, THPT chuyén wa)l: Hoc Hué;
Quéang Nam: Trwong Nhdt Nguyén Bao, 11/1, THPT chuyén Nguyén Binh Khiém; Bén Tre: Lé Ngd Nhdr
Hiy, 10A1, THPT Lac Long Quén, TP. Bén Tre; Vinh Long: Huynh Ly Van Anh, Chdau Minh Khanh, 11T1,
THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO HAI (Ha Néi)

TOAN HOC |
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GIAIPAP: SO HANG TONG QUAT

CUA DAY SO !
(Dé ding trén TH&TT s6 475, thang 1 nam 2017)
Phaén tich sai lam.
1) Dé bai toan di xdc dinh khong ding vé
phuong phép truy hdi khi cho diy s6. RO rang u,
khéng duoc xac dinh bai u, 14 s6 hang cho trudc,
u, khong duge xac dinh boi w, va u,, ...

u+2J_

Hom nira tir un—]_’_(\{_ 2]y s i
=u, +(\3 —2)u; zz.r"+2—~ﬁ
oW3-2ui=2-3od
Vay dé bai toan khéng chinh xéc.
2) Gia su dé bai dung 1a:

V3

=—1:vo ly.

e AR R J_

3 2,3,
1+ (3 - 2)u

=

n=1

?%2—«.5

NE

Khi dé: =-J§; Hy= e ——
1+{J§—2).T

= 1+2-v3 _ 5

M s 0 ?
u4=—ﬁ+2—~f§ =2+~J§;

1+(\3-2)A3

ol 24\3+2-43 _2+J§I
"Ml e B) M
Nhu vdy mau s6 cua u, bing 0 nén u, khong xdc
dinh. Do d6 khong ton tai u,,u,,u,.... Vay diy s6

chi ¢6 4 sé hang va céng thirc s6 hang tong quat
trong 1o giai chi ap dung cho 4 s6 hang.

Nhgn xét. Mot s6 ban khong tim dwoe sai lim, mot so ban
khéc phat hién duge sai lim & dé bai nhung khéng dua ra
phwong dn sira. Con mét s6 ban dua ra phuong 4n stra dé bai
nhimg khéng tim duge sai Fim trong 101 gidi. Chi co han
Hé Thi Hai ¥én, 11 Toan 1, THPT chuyén Qudc Hoe Hué di
co nhimg phén tich va dua ra loi gidgi chinh xdc, xéc dinh
dugc diy sd di cho chi ¢6 4 56 hang nhu da trinh bay & trén.

KITHIVI

BAI TOAN C{UC TR] !

Trong gi mén Hinh hgc, thﬁy giao dua ra mjt bai
todn dé ca 16p cing suy nghi giai quyét.

“Trong khéng gian Oxyz cho diém H(1;1;-1) va

haﬁ&mﬁmg(hﬁng
x=l+1 x=-3-2r'
W v =1+2t, A, :qy=—1-1'" (,1'eR).
z=0 =

Tim diém A thuge A, va diém B thuge A, sao
cho tong HA + HB dat gid tri nho nhdt”.
Todn 1a hoc sinh dé xuit hudng giai quyét déu tién.
L gidi cia Todn nhu sau:
Goi A(1+a;1+2a;0) e A, B(-3-2b;-1-b;2) € A,.
Ta thdy HA+ HB = AB (1). Téng HA+ HB dat gia
tri nho nhét khi dang thitc & (1) xay ra, tirc 13 ba
diém H,A4,B thing hang, hay HA,HB cing
phuong.
DE thiy HA=(a;2a:l), HB = (—4—-2b;-2—b;3),
nén HA,HB cung phuomg khi

—4-2b=3a a=10

{—2—5:6(1 7 {b:—z'

Vay A(1;1;0),B(1;1:2) la nhimg diém cén tim.
Cdc ban co dﬁ‘ng ¥ voi loi giai cia ban Toan
khéng, néu khéng ban lim thé nao?

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

TOAN HOC
039
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TRONG SONAY

o Danh cho Trung hoc Co sd
For Lower Secondary School :
Pham Vin Son — Tim 101 giai cua bai to&n
tim cyc tri tich théng qua mét b{it déng
thiec thong dung.

° Hudng dén giai Dé thiltuyén sinh vao
l6p 10 THPT chuyén Hung Yén, nim hoc
2016 — 2017.

o P& thi tuyén sinh vao ldp 10 THPT chuyén Ha
Tinh, nam hoe 2016 — 2017.

o Nguyén Vin Mau - Nguyén Minh Tudn
Ky thi Toan Ha Néi md ring nam 2017
l4n thit 14 (Senior Section).

€D ©é thi chon hoe sinh gidi 1op 9 Thanh phi Ha
Ngi, nam hoc 2016 — 2017.

@) Thit siic true ky thi - Dési 9,

@ Dé ra ky nay

Problems in This Issue

T1/479, ..., T12/479, L.1/479, L2/479.
€ Giai bai ky trudc

Solutions to Previous Problems
@ Dién dan day hoc toan

Nguyén Phu Hoang Lin — Cong thic tinh
nhanh.

€D Dip an va hudng din gidi 48 558,
€ Phuong phap gidi toan

Nguyén Tudn Anh — Dang thitc va mt s6
ing dung.

€ Tiéng Anh qua cic bai toan - Bai 5620,
Bai dich 88 17 - Tiéng Anh qua céc bai toan.
€ sailim & dau?
Gidi ddp: S6 hang téng quat ctia day s6!
Nguyén Vin Xd — Bai toan cyc tri!

Anh bia 1. Nha Todn hoc, Thién van hm ngwoi Phup Joseph Louis L.:rgmngc (1736 — 1813).

Bién tdp: LE M.AI NGUYEN HIEP

| Mithudt: Quﬁcmﬂp mm

'hﬂsu,pwm Nr;uvﬁn mmnmmmmm Thiét ké, ché bdn: MAT ANH



Cudn sdeh

AR S TOAN Moe VA TUeN TRE

NHUNG CON PUONG SANG TAO TRONG

GIAI TOAN HINH HOC

(chia cdc tac gia: PGS.TS. NGU'T Lé Quéc Han (chd bién), TS. Dinh Quang Minh, Th.S. L& Thi Ngoc Thuy)

ach day 472 trang, khd 17 x 24cm, gia bia 80.000 dong.

N&i dung cla sach trinh bay cdc phuong phap giai nhirng

loai todn hinh hoc phé théng dién hinh véi gan 1000 bai

an hinh hoc tir I6p 7 dén Iép 12 theo chuong trinh B Gido duc

& Dao tao hién ban hanh. Ngoai ra sach con trinh bay nguon goc

nhifng bai toan &y va cach thirc sdng téc cc bai todn mai tir ching.

Co |8 day la nét khac biét cia cudn séch nay vdi phan Idn céc sach
tham khao toan cling loai.

Séch gdbm ba phan chinh. Phan Hinh hoc phéng danh cho cichoc
sinh kha gidi vé toan; trong do cé nhiéu bai todn khdng dé, duorc
chon trong cdc dé thi Olympic Toan Qudc té va Khu vue. Mot so
dinh Iy va khai niém quen thudc va it quen thudc dugcdé cap kha
chi tiét nhu: Binh Iy Thales, Dinh Iy Pythagore, Pinh Iy Ptolemy,
Céng thikc Lebniz, Cong thure Euler, Bai todn Torricelli, Béai todn
Napoléon, Buong thang va dudng tron chin diém Euler, Dutng
thang Simson, Diém Lemoine, ... Phan Hinh hoc khéng gian chi
yéu danh cho hoc sinh dai tra. Vi vay bén canh cac bai todn kho
danh diu * 14 nhitng bai todn chon trong cic dé thi Tuyén sinh
Dai hoc hay T6t nghiép THPT m&y niam gan day. Ngoai phuong
phap chinh 1a suy ludn ldgic, thinh thoang cac tac gid st dung
cOng cu vecto néu thay that can thiét. Phan Mdi lién hé giira hinh
hoc vdi cdc phdn mén khde nhu Lugng gidc, Dai s6; céc tac gia tap
trung vao phan Tam gidc lugng véi nhigu bai toan hay, va trong
phan Phuong phdp hinh hoc trong dai s6 dé cap dén mét s6 dang
todn hinh hoc gidi tich phang thuding gdp trong cac ky thi Tuyén
sinh dai hoc hay Tét nghiép THPT.

Sach cd gang trinh bay dua trén sy k&t hop hai hoa cta vin
phong tuoi mat, déc ddo va sic sdo cla Polya véi sy gian di
dé hiéu ma tham tram sdu sac cla Hira Thuin Phéng. C6 thé

T4, BIMH O

NHUNG CON PUONG SANG TAO
TRONG GIAI TOAN

HINH HOC

')

xem day 1a nhitng suy nghiém siu sic
nhat cha nhém tac gia, déc biét 1a cha
NGUT Lé Quéc Han, chi bién cuén
sach v&i 50 nam hoc va giai toan.

Tin rang cudn séch khéng chi hitu ich cho
hoc sinh va thay cé gido yéu toan phd
théng, ma con |a tai liéu tham khao tét
cho sinh vién va gidng vién cac truong
Pai hoc va Cao dang nganh Toan, cling
cac phu huynh cé nguyén vong gitp
con em minh hoc tét mén Hinh hoc vén
duoc xem Ia khé nhung hap dan nay.

Moi chij tiét xin lién hé: TAP CHi TOAN HOC VA TUOI TRE

Téng 12, toa nha Diamond Flower, s6 1 Hoang Pao Thiy, Thanh Xuan, Ha Néi

® DT Bién tap: (04) 35121607

@ Website: www.nxbgd.vn/toanhoctuoitre

® DT/Fax Phat hanh, Tri sy: (04) 35121606
® Email: toanhoctuoitrevietham@gmail.com
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