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D¢ gitip cic em hoc sinh hoc tap t6t mén Toidn & Trung hoc co s&
(THCS) hién nay va ¢ Trung hoc pho thong (THPT) sau nay, ching 16i
bién soan bo sich gom 8 cuon : "Cdc chuyén deé chon loc Toan 6,7, 8, 9
tap mot va tap hai ",

Moi cuodn trong bo sich ¢6 cdc chuong tuong g véi cic chuong
trong sdch gido khoa Todn. Cic chuong déu duge viét theo nhimg
chuyén d¢ (co ban va nang cao) ma cic tic gia cho rang dé la nhimg
chuyén dé cin thiét cho viéc hoc va hiéu sau kién thirc cua chuong.

Mo6i chuyén dé gébm ba phin

A. Kién tlute can nhé: Phin ndy dua ra nhimg kién thie co ban,
nhimg kién thic bo sung cin thiét dé ¢6 thé giai duge cdc bai tap, cic
dang todn cta chuyén dé.

B. Mot 56 vi du : Phan nay trinh bay nhimg vi du chon loc minh hoa
cho nhimg dang todn dién hinh cia chuyén dé véi cdich trinh bay 16
gidi chudn muc kém theo nhimg nhdn xét, hau y, binh ludn,... vé
phuong phdp giai, vé cdc sai 1am hoc sinh ¢6 thé mic, vé viéc tim 10
thém cdc cdich giai khic, ... Nhiéu vi du ¢ phian nay dugce trich trong
cdc dé thi hoc sinh gioi Todn ¢ THCS, trong cic dé thi vao 1ép 10
THPT chuyén.

C. Bai tap: Phin ndy dua ra hé thong cic bai tap duge phin loai
theo cac dang todn dé hoc sinh dé sir dung. Hé thong cdc bai tap nay
kha da dang, bao gébm céc bai tip co ban va cic bai tap nang cao cho
hoc sinh khd, gioi. Nhiéu bai duoc trich tir cic dé thi hoc sinh gioi
Todn ¢ trong va ngodi nude. Moi cudn siach déu cung cap mot so lugng
I6n cdc bai tap voi huéng dan giai kha chi tiét, minh hoa cho phuong
phdp giai cic dang toidn, cic chuyén dé da dé cap.

Cu6i sédch 1a phian Hiuong ddan gidai — Ddp 6 cho cic bai tap & cic
chuyén dé. Qua nhimg hudng din giai cu thé, hoc sinh s& nim rd hon
céch giai cho méi dang todn.

Cic Kkién thitc trong méi cudn sich dugc sip xép wr dé dén
khé, dugc trinh bay don gian, dé hiéu, dip img cho nhi¢u doi tuong
hoc sinh.
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Ciéc tdc gia cia bo sich 1 nhimg thay c6 gido da ¢6 nhiéu kinh
nghiém trong viéc giang day, boi dudng hoc sinh gioi Todn ¢ THCS,
d6 1a cdc thay co gido: PGS. TS NGND Toén Than (Chu bién bo sdch),
NGUT Bui Van Tuyén, NGUT Nguyén Ngoc Dam, Ths. Nguyén Diic
Truong, Ths. Nguyén Dic Tin, Ths. Nguyén Anh Hoang, Ths. Dang
Van Quan, Ths. Pham Thi Lé Hing.

Maic du da c6 nhiéu c6 gang, song bo sich khé trinh khoi nhimg
thi¢u sot. Céc tac gia rat mong nhan duge thu gép ¥y cia cic em hoc
sinh, cdc thdy c6 gido va cic bic phu huynh. Moi ¥ kién xin gui
vé theo dia chi : Bun Todn —Tin, Nha xuat ban Gido duc Viet Nam —
187B Gidng Vé — Ha Nii.

Hi vong rang, bo sich sé la tai liéu tham khao thiét thuc, hiru ich
doi véi cac em hoc sinh THCS, cdc thiy co gido day Todn va ban doc
yéu thich Toan.

Ha Noi, thang 3 nam 2013
CAC TAC GIA
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PHAN DAI SO

%u’ﬁng I PHEP NHAN VA PHEP CHIA
CAC DA THUC

Chuyén dé'1
PHEP NHAN CAC PA THUC

A. KIEN THUC CAN NHG

1. Muodn nhian mot don thae vor mot da thie ta nhan don thire véi tmg hang ur
cua da thirc rdi cong cic tich vai nhau.,

2. Mudn nhan mot da thic vai mot da thire, ta nhan moi hang tir cia da thirc nay
véi timg hang tir cua da thire kia roi cong cdc tich véi nhau.

B. MOT SO Vi DY

Vi du 1. Cho bon s0, s0 sau hon so trudce 14 2. Chimg minh rang hi¢u cua tich
hai s6 & gilra va tich cua s6 ddu vai s6 cudi luon khong doi.

Giai. Goi bon s0 da cho la x, x + 2, x + 4 va x + 6. Hiéu cua tich hai s6 ¢ giira
va tich cuta s6 ddu véi sé cudi la :

(x +2)(x+4) - x(x +6)=x2 +4X+2x+8-x"-6x=8 (khong doi).

Vi du 2. Cho m s6, mdi s6 bang 3n + | vi n s6, mdi s6 bing 9 — 3m. Biét tong
1t ca cdc s6 do bing 5 14n téng m + n. Chimg minh ring m = n.

Giai. Téng ciam s6 (3n + 1) vGin s6 (9 — 3m) 1a

m(3n + 1) +n(9 - 3m).
Theo dé bai ta ¢é
m3n + 1)+ n(9 - 3m) = 5(m + n)

< 3mn+m+9n—-3mn=5m + 5n

<SM-5n=5m-m

<4dn=4m < n=m.
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Vi du 3. Tinh t6ng cic hé s6 cua luy thira bac ba, luy thira bac hai vi luy thira
bac nhat trong két qua ctua phép nhin (x*+x + I)(x3 -x+ 1)
Giai
Talcé{x2+x+ l}(x‘:-—x+ 1)
= = AR = e e = )
=x"+x" +1.
Hé so cua luy thira bac ba la 0, hé s6 cha luy thira bac 2 1a 0, hé¢ s6 cua luy
thira bac nhit 12 0 nén tdng cic hé s6 nay bing 0.
Vidud.ChoM=(x +a)(x" +bx + 16) VAN = x" — 64.
a) Viét biéu thitc M duéi dang mot da thie thu gon theo luy thira giam din cua x.
b) Véi gid tri ndo ciia a va b thi hai da thiic M va N luon ¢6 gid tri bang nhau
vGi moi gid tri cua x ?
Giai
a)TacoM=(x + a)(xz + bx + 16)
=x} +bx? + 16x + ax” +abx + 16a=x" + (a + b)x’ + (ab + 16)x + 16a.
b) M = N v6i moi gid tri cua x

o x +(@+b)x’+(ab+ 16)x + 16a=x" — 64, Vx

a+b=0
a=-4
& ab+16=0 &
b=4.
16a = -64

Nhdan xét : Hai da thirc viél dudi dang thu gon ¢ gid tri bang nhau vdi moi
gid tri cua bién khi va chi khi cdc hé s6 cta cdc luy thira cing bic bang nhau.
Vi du 5. Cho biéu thic A = (4m — 1)(n — 4) — (m — 4)(4n — 1). Chimg minh
rang A : 15 vdi moi gid tri nguyén cia m van.
Giai
A=@m-1)n-4)-(m-4)4n-1)
=4mn-16m-n+4-(dmn-m - 16n + 4)
=4dmn-16m-n+4—-4mn+m+ 16n -4
=—15m+ 15n=-15(m -n) : 15.
Vi du 6. Cho bén s6 nguyén lién ti€p khong chia hét cho 5, khi chia cho 5
dugc nhimg s6 du khdc nhau. Chimg minh riang hiéu cua tich hai s cuéi véi tich
cua hai s6 dau la mot s6 ¢6 tan cung ding mot chir s6 0.
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Giai. Goi bon s6 nguyén lién tiép khong chia hét cho 5, khi chia cho 5 duge
nhimg so du khdc nhau lan luot 1a Sk + 1, 5k + 2, Sk + 3, Sk + 4 (k € Z).

Ta c6 (5k + 3)(5k +4) — (5k + 1)(5k + 2)
= (25k” + 20k + 15k + 12) - (25k* + 10k + 5k + 2)
=25k” + 35k + 12 — 25k — 15k — 2 =20k + 10 = 10(2k + 1).

Vi 2k + I lamot so I¢ nén 102K + 1) ¢6 tan cung boi diing mot chir s6 0.

C. BAI TAP

1.1, Viét céc bicu thic sau dudi dang da thiic sdp xép theo luy thira giam cua
bién x
a) (3x + a)(2x — S5a) - 6a(2x — a) ;

b) (9x — Sy)(2x + 7y) — (4x + 3y)(8x — y).

1.2. Chimg minh ding thiic (x + a)(x + b) = x% + (a + b)x + ab.
ﬁ.p dung tinh nhanh :

a) (X +5)(x +2); b)(x -7)x-4):
¢)(x+8)(x-3); d) (X =N(x+1).

1.3. Chodathic A =x”+ l1x +m trong d6 m la mot s6 nguyén duong. Tim gid
tri nho nhat cia m, gid tri 16n nhit cua m dé da thic A la tich cua hai da thirc
vGi hé s nguyén.

1.4.  Xic dinh cdc heé s6 a, b, ¢ biét ring véi moi gid tri cha x thi :
a)(5x-3)2x-¢) = axz +bx +21;

b) (ax + 4)(x” +bx — 1) = 9x” + 58x” + 15x +c.

1.5. Cho biéu thic A = 3x"'(x"™" = y") + y"3x™"' - y") trong d6 n € N'. Hay
thu gon biéu thitc A dé chimg 16 rang khi thay cdc gid tri cia x va y bai cdc
s6 doi cua chiing thi gid tri cta biéu thiic A vin khong doi.

1.6. Mot khu dat hinh chir nhat ¢6 chu vi 1a 100 m. Néu chiéu dai va chiéu rong

cung giam di a (mét) trong do6 a < 50 thi dién tich khu dat nay giam di bao
nhiéu mét vuong ?

1.7. Cho x” +y’ = 2, chimg minh ding thic :
2x+ 1)y + )=x+y)x+y+2).
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1.8.

15

1.10.

111,

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

Cho biét (x + y)(X + 2) + (y + z)(y + X) = 2(z + X)(z + y). Chiing minh ring

2 ., .2
2 X +Yy
L = £
2

Tinh gid tri cha biéu thirc sau bang cich hop i :
a) A =x"-70x" - 70x* = 70x* = 70x + 29 1ai x =71 ;
b) B=x" - 36x" +37x" - 69x” - 34x + 15 tai x = 35.
Cho biéu thiic A = 3(x2 + X + 2)(::" -x2-x+ 1)
Hay thuc hién phép nhin réi viét két qua theo luy thira giam déan cua x. Cho
bi¢t h¢ s0 cua luy thira bac 4, cua luy thira bic 3, cua luy thira bac 2 trong
két qua.
Chimg minh ring gid tri cta cdc bicu thic sau khong phu thude vio gid tri
cua bién x :
AA=MAX-5)2x+3)-4x+2)2x - 1)+ (10x +7);
b) B = (7x = 6y)(4x + 3y) = 2(14x + y)(x = 9y) = 19(13xy - 1).
Tim x, biét :
a)dx(5x+2)-(10x-3)2x +7)=133;
b) 3(6x — 5)(4x + 1) — (8x + 3)(9x — 2) = 203.
Cho biéu thiee B = (n = 1)(n + 6) = (n + 1)(n - 6). Chimg minh ring vai moi
2id tri nguyén cia n thi B : 10,
Cho ba s6 nguyén lién tiép. Lap cdc tich cha hai trong ba s6 d6. Bi¢t 10ng
cua ba tich nay 1a 242. Tim ba s0 nguyén do.
Goi ¥y : Goi sO nguyén ¢ gitra la a.
Cho biéu thitc P = (x — a)(x = b)(x = ¢), trong d6 :
a+b+c=12;ab+bc + ca=47 va abc = 60.
a) Hay viét P dudi dang mot da thie thu gon, sdp xép theo luy thira giam cua
bién x.
b) Tinh gid tri cua P khi |x| = 3.
Chimg minh déng thic
(a-1)a-2)a+3)-(a+ (a+2)(a-3)=12.
Ap dung két qua trén dé chimg minh ring :
149.148.153 - 151.152.147 =99.98.103 - 101.102.97.
Cho cdc s0 x, y, z ti 1¢ véi cdc sO a, b, c. Chimg minh ring :
(:tv:“)I + 2}'2 + 322}(112 +2b% + 3c2) = (ax + 2by + 3cz)2.
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Chuyén dé 2
NHUNG HANG PANG THUC PANG NHO

A. KIEN THUC CAN NHO

o (A +B)> =A%+ 2AB +B? (1)

e (A-B)’ =A’-2AB +B* (2)

e A>-B?> =(A+B)A-B) (3)

o(A+B) =A'+3A’B+3AB%+B’ (4)
=A*+B" +3AB(A +B)

e(A-B)' =A*-3A%B + 3AB*-B* (5)
=A* - B'-3AB(A - B)

eA’+B® = (A+B)A%-AB+B? (6)

e A'-B* =(A-B)A%+AB +B? (7)

B. KIEN THUC BO SUNG

1. Binh phuong cua da thic

SR - 2 9, a.g 2.2
(aj +a,+..+a,) =a; +a; +..+a; +2a,a, +2a,a; +...+2a,a,

+ 2a,a4 +2a5a, +...+2a5a, +...+2a,_,a,.
Pac biét, véin=31aco:
(a+b+c)2=az+b2+c2+2ab+2zlc+2bc.
2. Luy thita bac n cia mdt nhi thic (nhi thic Niu-ton)

nn-1) na-22 M0-D0=2) 033 10
[2 .23

Cho n cac gid tri tr O dén S ta duogc :

Véin=0 thi (a+b)= I

Véin=1 thi (a+b)= a+b

Véin=2 thi (a+b)’= a’+2ab+b’

VGin=3 thi (a+ I’))Fl = a’+3a’b+3ab’+ b

Véin=4 thi (a+b)'= a*+4da’d+6a’d +4ab’ +b*

Véin=5 thi (a+b)’ = a +5a’b+10a’b®+ 10a’b’ + Sab’ + b’

-1
(a+b)"=a"+na" 'b+
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Ta nhan thay khi khai trién (a + b)" ta duoc mot da thic ¢6 n + | hang ur, hang
tr diu 12 2", hang tr cuéi 1a b", cdc hang tir con lai déu chia cdc nhan wra va b.

Vi vy (a + b)" =B(a) + b" = B(b) + a".

3. Bang cdac hé s3 khi khai trién (a + b)"

Voin=0: 1

Vgin=1: 1 |

Main=2: 1 2 |
Vdgin=3: 1 3 3 |
VGgin=4: | 4 6 4
Yoin=5: 1 5 1@ 10 5 1

— Moi dong déu bat diu bang 1 va két thic bang 1

— Méi s6 0 mot dong ké tir dong thir hai déu bang s6 lién trén cong véi s6 bén
trdi cua so lién trén.

Bing trén day duoc goi la tam gidc Pa-xcan.

B. MOT SO Vi DY
Vi du 7. Chimg minh rang néu mot tam gidc ¢6 do dai ba canh la a, b, ¢ thoa man :
(5a - 3b + 4¢)(5a - 3b - 4¢) = (3a - 5b)’
thi tam gidc doé la tam gidc vudng.
Giai.
Taco(Sa-3b+4c)5a-3b—-4¢c)=(3a- i‘ib)2
< [(5a - 3b) + 4c][(5a - 3b) - 4¢c]) = (3a - Sb)2
< (5a- 3b)2 - (4(:)2 =(3a - Sb}\2
& 25a° - 30ab + 9b” — 16¢” = 9a® — 30ab + 25b°
& 25a% - 9a” + 9b” - 25b% - 16¢* = 0
& 16a° - 16b° - 16¢° = 0 <> 16a° = 16b” + 16¢° < a> =b* + ¢,
Do d6 tam gidc c6 do dai ba canh la a, b, ¢ chinh 1a mét tam gidc vuong.

Vidu 8. Cho x + y =-9; xy = 18. Khong tinh cic gid tri cha x va y, hay tinh
gid tri cua cdc biéu thic sau :

a)M=x2+y2; b)N=x4+y'l: c)P=xj—y2.

10
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Giai. D¢ bai cho gid tri ciia 1ong X + y vi tich xy nén muén tinh duoge gid tri
cua cic bicu thire M, N, P ta phai biéu dién cic bi¢u thic nay dudi dang cic bicu
thire ¢o (x + y) va xy.

A M=x"+ }-3 =x"+ 2xy + yj -2xy=(x + y)2 - 2xy

a (—9)3 - 2.18 =45.
b)N=x"+ )’4 =x'+ szyz + y'l - ?_x:}y?’ =(x" + yz)z - 2(:-‘.)2)2
=45% - 2187 = 1377.
¢ 2 2 2 . 2
c)TacO(X—y) =x"=2Xy+y =x"+2xy +y —4xy
=(x+y)Y —dxy=(-9)°-4.18 =9,

Suyrax -y=%3. 5

eNCux-y=3thiP=x"-y = (X - y)(x +y) = 3.(-9) = -27.

eNéux-y=-3thiP= " yz =(X - y)x +y)=(-3).(-9) =27.

Vidu9. Tim x, y, z bi¢t :

x> — 6X + }*2 + 10y + 34 =—(4z - )",

Giai.
Taco x1—6x+y2+ 10y + 34 =—(42 - 1)’
Suy ra (x> = 6x +9) + ()-'2 + 10y +25)=—(4z - 1)°

(X - 3J2+(}*+5):+(4z- 1)’ =0
Ta thay (x - 3)° 20;(y +5°20;@dz-1)20
ma (X - 3,}2 +(y + 5)% + (4z - 1)* = 0.
(x-3)%=0 X=3
nén {(y + 5}3 =0 =
@z-1=0 |z=-.
Nhdn xét : Ta goi phuong phip giai trong vi du trén la phuong phip "Tong cic
binh phuong". Noi dung cua phuong phip nay dua vao nhan xét :
A*20:B20;C°20.
Néuco A+ B +CP=0thi A’=B*=C"=0.

Vi du 10. Cho a + b + ¢ = 0, chimg minh ring a’ + b + ¢’ = 3abc.

I
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Giai. Tra+b+c=0,suyraa+b=—c.

Lap phuong hai vé ta duge (a + b)3 = (—c)?'.

Suy ra L+ + 3ab(a+b) = ]

Thay a + b = —¢ vao ding thifc trén ta dugc a® + b’ + 3ab(-c) = —’.
Dodéa’ +b' +c’ = 3abe.

Liu y.

¢ Nén nhd két qua cua vi du nay dé van dung giai nhi¢u bai todn khic.

« Trong qud trinh gidi vi du trén ta da khai trién (a + b)* thanh a’ + b" + 3ab(a + b) (1)

tién loi hon la khai trién thanh a’ + 3a’b + 3ab> + b’ (2) vi trong khai trién (1) ¢6
sin (a + b) dé thay bing — ¢ ra két qua duoc nhanh chéng.

1000

Vidull.Soa= 8' —11as6 nguyén t6 hay hop s6 ?
Gidi. Tac6 3™ : 3nénta dat 3100 _ 3, (n e N').
Dodéa=8"-1=@8""-1°
=@8"- DB +8"+1).
S6 a la tich cua hai sO tu nhién 16n hon 1 nén a la hop so.
Vi du 12. Chimg minh ding thiic
p = (a— b)ﬁ = Sab(a - b)(al2 —ab + bz)
Giai
e XétvEtrdiT: T=2a" —b - (a—b)".
=a’ —b’ - (2’ - 5a'b + 102’b” — 10a’b’ + Sab* - b°)
=a -b" —a’ +5a’b- 10a’b’ + 10a°b" - Sab* + b’
=5a'b - 10a’b’ + 10a’b’ — Sab”.
o Xét vé phdi P :
P = Sab(a — b)(a® — ab + b®) = Sab(a’ — 2a%b + 2ab’ - b")
= 5a*b — 10a’b? + 10a’b" - 5ab”.
Vay T=P.
Vidul3.Cho(a+b+ )’ = 3(ab + bc + ca). Chiing minh ring a=b =c.
Giai. Taco (a+b + c)2 = 3(ab + bc + ca)
-:::.:»a:!+b2 +c2+2(ah+ bc + ca) = 3(ab + bc + ca)
oa’+bi+ct-ab-bc-ca=0



R
a2 +2b% +2¢2 = 2ab - 2bc — 2ca) = 0

0

12— 19| —= 2] =

(a% = 2ab + b%) + (b? = 2bc + ¢?) + (c? —Eca+a?)] =\

(a-b)* +(b-c)? +{c—a)2] =0

0

c:s(a—b)2+(b—c)3+(c—a}2=()

e @-b=b-c)=(-a’=0W@-b’20;:(b-c)’20:(c-a)>0).
a—-b=0

< {b-¢c=0oa=b=c.

c—a=0

C. BAI TAP
o Cac hang dang thie (1), (2), (3)

1.18. Chimg minh ring gid tri cla cic biéu thic sau khong phu thude vao gid tri
cua bién :
a) 5(x +4)° +4(x - 5)° - 9(d + x)(x - 4) ;
b) (x +2y)* + (2x = y)* = 5(x + y)(x = y) = 10(y + 3)(y - 3).

1.19. Tinh gia tri cua biéu thic bang cich hop Ii :

a) 413(413 - 26) + 169 : b) (625% + 3)(25* -3)-5'°+ 10;
417 + 392 +82.39
C) 5 > .
412 -39
1.20. Khong tinh gid tri cu thé cua méi biéu thic, hdy so sinh gia tri cdc bicu
thuce sau :

a) A=2014.2016 vAaB=2015";
byC=1+83>+N3'+ nNE*+ nHvab= 3% +(3*)*;
¢) E = 5017 + 503 + 496% va F = 499% + 497° + 504° ;
d) M =5x"+ IO}PZ~2xy+4x—-6y+?.v£1N=—1.

121, ChoM =14 15 4+ B b i T+ 15 NI+ T T2 b 0

Tinh gid tri ctia biéu thitc i far |



1.22. Ruit gon réi tinh gid tri cic bicu thic sau :
a) A=(3x - 2* 4 (3x + 2)2 + 2(9):3 -dhtaix= it :
b)B=(x+y-7) =2(x +y-T)y - 6) + (y —6)" tai x = 101 ;
¢) C=4x" - 20x + 27 tai x = 52.5.
1.23. Cho x + y = -9, tinh gid tri ctia bi¢u thiic : D = x* + 2xy + y: - 6x - 6y - 5.
1.24. Tim x bi¢t :
a) (5x - I}z—-(Sx -H(5x+4)=7;
b) (4x — 1)% = (2x + 3)% + 5(x + 2)* + 3(x = 2)(x + 2) = 500.
1.25. Cho bi¢u thic A = (xz + X + ])(xz -X+ lJ(x" g 1).
Chimg minh ring bicu thiic A luon luon ¢6 gid tri duong véi moi gid tri
cua bién.
1.26. Chimg minh ring cdc biéu thitc sau luon luon ¢o gid tri duong véi moi gid tri
cua cic bién :
a) M =25x% - 20x + 7; b) N =9x” - 6xy +2y> + I.
1.27. Chimg minh ring gid tri cha cic biéu thitc sau luon luon am véi moi gid tri
cua cic bién :
a)P=2x-x*-2; h}Q=—x2—y2+8x+4y—2l.
1.28. Tim gid tri nho nhat cua cic biéu thic sau :
AA=x>+12x +39; b) B=9x — 12x.
1.29. Tim gid tri 16n nhat cua cic biéu thic sau :
) C=4x—x"+1; b}D=3—IUx2—4x}-'—-IyI.
1.30. Cho day hinh vuong (h.1) dudi day :
Hinh 1.1 Hinh 1.2 Hinh .3 Hinh 1.n

Hinh |
Hoi ¢ hinh 1.75 ¢6 bao nhiéu hinh vuong khong duoc to dam ?



1.31.
1.32.

1.33.
1.34.

1.35.

1.36.

1.37.

Chimg minh rang néu 2’ +bY)=(a+ b}l3 thia=b.

Cho (a - b)2 +(b-c)Y+(c-a)’= 4(;12 +b% + ¢? — ab — be - ca). Chimg
minhringa=b=c.

Timcicsox,y,zbiétring: x +y+z=1,5 (1) va x* + },2 +7°=0,75 (2).
Chobi¢t(a+b+c+1)a-b-c+1)=(a-b+c-1)a+b-c-1)

Chimg minh rang a = bc.

Cho hai s6 nguyén x va y, mdi s6 la tong cic binh phuong cua hai $6 nguyén
nao d6. Chimg minh ring tich xy ¢6 thé viét dudi dang tong cua hai binh phuong.
Chimg minh ring tich ctia bon s6 nguyén lién ti¢p cong véi 1 la mot s6
chinh phuong.

Tim ba s6 nguyén lién tiép biét tong cic binh phuong cua hai s6 diu bang
binh phuong cua s6 cudi.

o Cac hang dang thic (4), (5), (6), (7)

1.38.

1.39.

1.40.

1.41.

1.42.

Tim x biét :

a) (x + 4)(};2 —4x + 16) = xX(x = 5)(x + 5) =264 ;

b) (x - 2)3 - (x - 2}(};2 +2x +4) + 6(x - 2)(x + 2) = 60.

Tim gid tri cta biéu thic :

u)A=x" - I5X" 4 75% ~ 124 taix =335

by B=x"+ 18x> + 108x + 16 tai x =26 ;

¢) C = (x? = dy?)(x% = 2xy + 4y”)(x” + 2xy + 4y°).

Tim gid tri cua cic bicu thirc sau :

zl)M=3(x2+y2)—(x3+y;)+ | biétx +y=2.

b)N=8x" - l2x2y + (}xyz B 3_.'3 +12x° —-12xy + 3)'2 +6x -3y +11vdi2x—y=9.
Chimg minh rang :

a) P =369" - 219" chia hét cho 1350 ;

b)Q= 372" — 128" chia hét cho 8000.

Cho a, b, ¢ la cic s6 thoa man dié¢u kién a = b + ¢. Chimg minh rang :

3 3
a +b a+b

3 i
al+ct  a+c




1.43.

Chimg minh ding thic :
(a+b+ c)“ . 3(a + b)(b + ¢)(c + a).

Ap dung : Thu gon biéu thirc
A=(@+b+c)-(a+b-c)-(@a-b+c) -(-a+b+c).

e Binh phuong cua da thic va luy thira cua nhi thic

1.44,

1.45.

1.46.

1.47.

1.48.

1.49.

1.50.

1.51.

1.52.

1.53.

1.54.
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Thu gon r6i tinh gid tri cdc biéu thitc sau :

a)(a+b+c)2+(a+b-—c)2—-?.(a+b)2vdic=—10.

h)(a+b+c)z+{—a+b+c}2+(a—b+c)2+{a+b—c)zvéia2+b2+c2= 10.
11 1

Choc:icso'a.b.ckhéc(}.lhoém;‘ma+h+c=abcvix—+B-+-=2.
a ¢
Chimg minh rang : : + : + -

) 32 bZ C2 -

Chimg minh ding thiic :
(X + 4)'l +x 4 y" = 2(:&2 + Xy + yz)z_

Xdc dinh cdc hé s a, b dé da thic sau 1a binh phuong ctia mot da thire
A=x'-2x - x> +ax +b.

Tim x, biét :

a)(x +3) - (x-3)" - 24x* = 108 ;

b) (x +2)° - (x - 2)° = 64.

Cho(a+b+ c)z +12=4(a+ b +c) + 2(ab + bc + ca). Ching minh rang

a=b=c=2.

Cho biéu thitc

M=(a+ l)2+(2b+ I)2+(3c+ 1}2+?.(?.ah+Bac+6bc)+‘2(a+2b+3c)

va N =(a+2b+ 3¢+ 1)>. Tinh hieu M - N.

Tinh :
5 6 4
ay(x+1); by)(x+1) ; c)(x—-1).
Tinh tdng cdc h¢ s6 cha tat ca cdc hang tir trong khai trién cdc nhi thic sau :
a) (4x - 5)°; b) (5x - 3y)'".
Tim s6 du trong phép chia :
a) 44% cho 15; b) 44%' cho 15.

Tim s6 du khi chia 3'% cho 80.



Chuyén dé 3
PHAN TiCH PA THUC THANH NHAN TU

A. KIEN THUC CAN NHO

1. Phan tich da thitc thanh nhén wr (hay thira s6) 1a bién déi da thic dé thanh mot
tich cia nhimg da thire khic.

2. Céic phuong phip thuong dung :
- Dat nhan ur chung
— Dung héing ding thiic
— Nhém cdc hang tir
— Phoi hop nhiéu phuong phap. Cé khi ta phai dung nhimg phuong phdp dac
biét khac (xem chuyén dé 1).

KIEN THUC BO SUNG
1. Dang t8ng quét clia céc hdng dang thic
a’-b’=(a—-b)a+b)
& =h= (a— b)(a2 + ab + bz) la:
A"-B'=A-BA" 1A B+ AT+ BY,
2. Dang t8ng quét clia hding dang thirc
a]+h3=(a+b)(az—ab+b2)lﬁz
A"+B"=(A+B)A" ' -A" B+ A" B2~ ... AB" 2+B" ) véinle.
3. Ap dung vdo finh chét chia hét
A"-B": A-Bvdine NvaA#B.
A"+B": A+BvéinlévaA #-B.
AZ_B%*: A2_B?véik e Nva A # +B.

B. MOT SO Vi DU

Vi du 14. Tinh gid tri cha biéu thic sau bang cach hop li :
A={x—3)2—(8);+3)(3—x)+x(x—3)t{1ix= 103

17
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Giai. Taco A =(x - 3)2 -Bx+3)3-x)+x(x-3)
=(x —3)% + (8x + 3)(x — 3) + x(x — 3)
=(x=3)(x-3+8x+3+x)=10x(x - 3).

Véi x =103 thi A =10.103.(103 - 3) = 103000.

Nhdan xér : Phan tich da thie thanh nhan wr ¢é nhiéu tng dung. Mot trong cic
img dung dé la tinh gid tri cta biéu thic. Phuong phap phan tich trong vi du
nay 1a phuong phap dat nhan tr chung.

Vi du 15. Phan tich da thic thanh nhan
B = (x? + 9)° - 36x°
Gidi. Tac6 B= (x +9)° - 36x% = (x* + 9)° - (6x)°
=(x2+9 - 6x)(x* +9 + 6x) = (x - 3)*(x + 3)°.

Vi du 16. Tim céc cap sO nguyén t6 (x ; y) sao cho x>-1= 2}*2

2

=

Gidi. Tacox* ~ 1 =2

Suy ra x® — 1 12 56 chin, do d6 x* 12 s6 1¢ va x 12 56 1¢.

Tir dé bai, suyra(x = 1)} (x + 1) = 2}'2.

Vixlasolénén x — 1 vax + 1 1a hai s6 chin lién tiép. Do d6 tich (x = D)(x + 1) : 4,
suy ra 23,'2 L 4,

Vay y2 : 2vaylas6chin,suyray =2,

Thay y = 2 vio dé bai ta duge x” — 1 =8 <= x* =9 ma x 12 s6 nguyén 16 nén x = 3.

Vay cap songuyénto cintimlax =3,y =2,

Nhdn xét : Phuong phdp phan tich da thie thanh nhan tr trong vi du 15 va 16

la phuong phédp dung hing dang thic. Phan tich da thic thanh nhan tr con

gitip ta van dung duge cic tinh chdt chia hét tir d6 tim duge cdc s6 thoa man

diéu kién cho trude.

Vi du 17. Phan tich da thie thinh nhan ur

C=ax-—ay—hx+by+(y—x)2.
Gfa'l'.TacéC=ax—ay-bx+by+{y—x)2
=a(Xx —-y)-b(x -y) + (x —y)2=(x-y}(u—b+x-y).

Cdnh béo : Viét (y - x)* = —=(x — y)* la sai vi (y —x)* = (x - y)°.

Vi du 18. Cho x, y, z 1A cic s6 hiru ti thoa méan diéu kién xy + yz + zx = |.
Chimg minh ring s6 m = (,\c2 + l)e{}r2 + l)l[;a:2 + 1) Ia binh phuong cia moét s6 hitu ti.
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Giai
Tacé x* + 1 =x2+xy+yz+zx=x(x+y)+z(x+y)={x+y)(x+z)
y2+ 1 =y2+xy+yz+zx=y(y+x)+z(y+x)=(y+z}(y+x}
22+ 1 =zz+xy+yz+zx=y{x+z}+z(z+x)=(z+x)(z+y).
Do dé m = (x + y)(x + 2)(y + 2)(y + X)(Z + X)(z + y) = [(x + y)(y + 2)(z + X)|".

Vix,y, zlacic so hiruti nén x +y, y + z va z + x la nhitng s6 hitu ti, tich cta
ching 1a s6 hiru ti. Do d6 m la binh phuong ctia mat s6 hiwu ti.
Vi du 19. Phan tich da thitc thanh nhan ur
M = (5x - 10)(x* = 1) = (3x = 6)(x> = 2x + 1)
Gidi. M = (5x - 10)(x” = 1) - 3x — 6)(x” = 2x + 1)
= 5(x = 2)(x - (X + 1) = 3(x = 2)(x = 1)’
=(X=2)x=D[S(x+1)=-3(x=-1D]=(x-2)(x-1)2x + 8)
=2(x - 2)(x - 1)(x + 4)

Vi du 20. Phan tich da thirc thanh nhan tur
N=5x"+ 3x3y - Z(Jchy2 - l2xy3
Giai . N =5x* + 3x7y - 20x°y” — 12xy" = x"(5x + 3y) - 4xy*(5x + 3y)
= x(5x + 3‘}#){.1»:2 - 4)'2) = X(5x + 3y)(x = 2y)(x + 2y).
Vi du 21. Phan tich da thitc thanh nhan tr
P=6x" — 150y” + 60y — 6
Gidi.  P=6x"- 150y’ + 60y — 6
=6(x" - 25y° + 10y — 1) =6[x" — (25y” - 10y + 1)
=6[x> - (5y = 1)’] = 6(x — Sy + 1)(x + Sy — 1).

Nhdan xét : Khi phai phéi hop nhiéu phuong phdp dé phan tich da thic thanh
nhan wr dugc triét dé ta thuong dung phuong phdp dat nhan wr chung trudge
(néu ¢6 thé), cic phuong phép khéc sau. Mdi phuong phép c6 thé dung nhiéu lén.

C. BAITAP

« Phuong phap dat nhan ti chung

1.55. Phan tich da thic thanh nhan ur
a) 8x™%y* — 12x"y"; b) (a — b)’ = (b—a)(a - 3b);
c)a(a-—- b)2 (a+b)—-(b- a)zta2 - 5ab + bz}.
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1.56.

1.57.
1.58.

1.59.

1.60.

Chimg minh ring :
a) 797 = 79.29  50; b) 216" +4.6"  40.
Tim mot s6 biét rang binh phuong ctia né bang 4 lin lap phuong cua s6 ay.
Tinh gid tri cha biéu thiic sau bang cédch hop li :
A =217 -217.143 - 174.217.
Chimg minh ring s6 44 ... 4 22 ... 2 latich cua hai s6 nguyén lién tiép.

n n

Cho biét x* = 2p + 1 trong do6 x 14 sO tr nhién, p 1a s6 nguyén 16. Hay tim x.

» Phuong phap diing héng dang thiic

1.61.

1.62.

1.63.

1.64.

1.65.
1.66.

Phan tich da thire thanh nhan ur

ADX=-NDXx-=7)+1;: b) x('—y": ¢) (x% + X = )% +4x° + 4x.

Phan tich da thiee thanh nhan wr

a) (x+2y—3)2--4(x +2y-3)+4; h}(x—y)“—- | -3(x=-y)x-y-1).
Phan tich da thite thanh nhan ur

(x* +y2 = 17)" - 4(xy - 4)°.

Tim x, biét :

)X+ 15x2 +75x + 125 =0 b)(x +2)° +(x -3)' =0.

Tim cdc cap sO nguyén (x ; y) sao cho x2 4102 = yz.

hox+y=a+b;x +y* =a’+ b’ Ching minh ring véin € N' thi x" + y" =a" + b",

» Phuong phép nhém céac hang tu

1.67.

1.68.

1.69.
1.70.

1.71.
1.72.

1.73.
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Phan tich da thie thanh nhan wr

a) x>+ ?,xz -3x-6; b) 2a%c? - 2abc + bd — acd; ¢©) l2:~:2 — 3xy - 8xz + 2yz
Phan tich da thire thanh nhan ur

LK 2 7. 2 2 2 2

a) ab(x” - y°) — xy(a® - b%); b) x” + (a — b)xy — aby".

Phan tich da thire thanh nhanuwr: abc+ab+bc+ca+a+b+c+ 1.

Phéan tich da thie thainh nhanur: A = x‘“ + x'u - x‘“ + ...+ x2 +Xx+ 1.
Chimg minh ring : x(x + l)" + X(X + l)3 + X(x + 1)2 +(x + l)2 = (X + I)ﬁ.
Tinh gid trichabi€u thic: A=2'0-2"_2%_2"_ _22_»>_ .

Cho x + y + z =0, chiing minh ring : X* + X’z + yzz - Xyz + y"' =0.



1.74. Tim cdp s6 nguyén (x ; y) sao cho :

aA)X+2y=xy+2; b) xy=x +Yy.
1.75. Tim cidp s6 nguyén (x ; y) trong d6 x >y, sao cho xy = 2(x +y).
1.76. Phan tich da thiic thanh nhén ur

A=(ax+by+ c;r.)2 + (ay - b:-;}z + (az - cx)z + (bz — cy)z.
e Phdi hgp nhiéu phuong phap
1.77. Phan tich da thic thanh nhan tr :

a) 5x2(x — 1)+ 10xy(x — 1) - Sy*(1 = x) ;

m+l

b)xﬁ—x4y—xy4+yi; )% —x"’-x+|(meN').

1.78. Phin tich da thic thanh nhéan r :

a) 2a™%p" - 182" (n e N') ;

b) x% - x*y? = xy? + xy®; ¢) x°y°z" + x%y*z* — xyz - 1.
1.79. Phan tich da thirc thanh nhan ur :

a) x'jt(x2 + 1)3 - 49x ;

b) {xz - 9)2 + 12x(x — 3)2; c)(x —z)(x +z) - y(2x — y).
1.80. Phan tich da thic thanh nhan ur :

a)xz—ﬁxy+9y2—9:

b}25x2—y2+4y—4: c}az+b2—x2—y2+23b—2x}'.
1.81. Cho biéu thic A = x* — 4x” — 4x” + 16x trong d6 x 12 mot s6 chan. Chimg minh

rang A ¢6 thé viét dudi dang tich ctia 4 s6 chdn lién tiép.
1.82. Phan tich da thuc thanh nhén ur:

a(b” + c?) - b(c? + a’) + c(a” + b%) - 2abe.

1.83. Phan tich da thire thanh nhan ur :

3

a)(a+b+c)3—aa—b]—c

b) 4ab(a® — b>) — 6(a° + a’b — ab - b’) + 9(a® - b?).



Chuyén dé 4
PHEP CHIA PA THUC

A. KIEN THUC CAN NHO

1. Chia don thic A cho don thic B :
— Chia hé s6 ctia A cho hé s6 cua B ;
— Chia luy thira ciia timg bién trong A cho luy thira cua cung bién do trong B ;
— Nhin cédc két qua véi nhau.

2. Chia da thiic chodonthic: (A+B):C=A:C+B:C

3. Chia da thic A cho da thic B.

Cho A va B la hai da thic tuy y cta cing mot bién (B # 0), khi dé ton tai duy
nhat mot cap da thie Q va R sao cho A = B.Q + R, trong do R = 0 hoic bic
cua R nho hon bic cua B.

Q goi la da thire thuong va R goi la du trong phép chia A cho B.
Néu R = 0 thi phép chia A cho B la phép chia hét.

KIEN THUC BO SUNG
1. C6 thé dung hing ding thirc dé rit gon phép chia :
Vidu:e(A'+B’):(A+B)=A’- AB+B’
o (A’-B):(A-B)=A’+ AB+B’
«(A’-B):(A+B)=A-B.
2. Dinhli Bé-du’ :
So dur trong phép chia da thie f(x) cho (x — a) ding bang f(a).
Vidu : Néu f(x) = 3x" = 5x" + 2 thi :
— SO du trong phép chia f(x) cho (x — 2) 1a f(2) = 10.
— S6 du trong phép chia f(x) cho (x = 1) la f(1) = 0, nghia la f(x) chia hét cho (x = 1).
3. Hé qua cua dinh 1i Bé-du :

Néu a 1a nghiém cua da thice f(x) thi f(x) chia hét cho (x = a).

" Bézout - nhi 10dn hoc Phiip.
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Ngudi ta ciing chimg minh dugc ring :

N¢u da thire f(x) nhan n s6 nguyén khdc nhau a,, a, __a, lam nghi¢m thi f(x)

chia hét cho (x — a;)}(x — ay) ... (x — a,).

4. Ap dung hé¢ qua cia dinh 1i Bé=du vio viée phan tich da thitc thanh nhan tr.
Néu da thie f(x) ¢6 nghiém x = a thi khi phan tich f(x) thanh nhan t, tich sé
chira nhan wr (x — a), nghia la f(x) = (x — a).q(x).

M@ rong : Néu f(x) nhin n s6 nguyén khic nhau a, a,  a, lam nghiém thi
Khi phin tich f(x) thanh nhan ur, tich s¢ chira cdc nhan ur (x - a,), (x = a,), ...,
(x = a,) nghia la f(x) = (X —a;)(x = a))(x — a3) ... (X — a,) . q(x).

B. MOT O Vi DU
Vidu22.Cho A =8x"y" - 12x™'y': B=24x"""y".
Xdc dinh gidg trictan € N dé A | B.

Szn-1 -
Gigi. A:Bo® n+l2n-1 < {“}3 & ne{3,4,56}.
n 2z
nz3

Vi du 23. Xdic dinh gi;’iytri cua a dé da thic

A = 2x" - 54x + a chia hét cho da thic B = (x + 3)2.

Giai
o Cdch 1: Thuc hién phép chia r6i budc da thic du bing da thic 0
2x* -54x +a X% 46X +9
C2xt + 12x% + 18x 2x =12

- IExZ—TZx + 2
T o12x2 - 72x - 108
a2+ 108
A:Boa+108=0e a=-108.

e Cdach 2: Phuong phip dong nhit hé s6 :

Vi 2x* : x* = 2x nén thuong la da thitc bic nhit c6 dang 2x + b.
Tacod 2x" - 54x +a= (xz + 6x + 9)(2x + b) véi moi x
e 2x" = 54x + a=2x" +bx’ + 12x° + 18X + 6bx + 9b vdi moi x
= 2x"* - SMx+a= 2x* + (b + ]’.2):#.2 + (6b + 18)x + 9b vdi moi x.



b+12=0

b=-12
Suy ra: 6b + 18 = =54 <:>{ . Vay a=-108.
a=-108
a=9b
o Cach 3 : thmg phdp xét gid tri riéng cla blcn
vi "x — 54x + a chia hét cho (x + ‘&}
nén 2x° —54x+a=(x+3) .Q vai moi x
Vi dang thirc diing véi moi x nén ta cho x = -3, dugc 54 + 162 +a=0
< a=54-162=-108.

Khi dé 2x° - 54x — 108 = (x + 3)*(2x = 12) nén A : B.
Vay véi a=-108 thi A : B.
Nhdn xét. Trong cich giai thit ba tai sao ta cho x = -3 ma khong cho x 1dy cdic

gid tri khdc ? D6 1a vi khi x = -3 thi v¢& phai bang 0, vé lr:u tinh duoc dé dang, tr
do tim duoc a.

Vi thé phuong phap nay goi la phuong phap xét gia tri rif:ng cﬁa bién.

Vi du 24. Tim cdc gi4 tri nguyén ctia x d€ gid tri ctia da thiic A = ~ - 14x + 14

chia hét cho gid tri cia da thic B=4x - 5.

Giai
12x* - 7x? —l4x+14 4x -5
2%t - 15x2 3x% +2x — |
8x% - 14x + 14
8x — 10x
-4x + 14
—4x +5
9

Vay da thic A khong chia hét cho da thirc B. Muén cho gid tri cua da thic A
chia hét cho gid tri ca da thic B thi 9 phai chia hét cho gid tri ciia 4x = 5. Suy ra
4x -5 € U©Y)

Suyra4x-5€{1;-1;3;-3:9;-9])
4x -5 l -1 3 -3 9 -9
4x 6 4 8 2 14 -4
X 1.3 1 2 0,5 3,5 -1
Cic gid tri 1,5 ;0,5 ; 3,5 bi loai vi khong phai la s6 nguyén.
Dbdbx & {1:2;-1}.
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Vi du 25. Xdic dinh céc hé s6 a va b dé da thirc
A =x"+5x” +ax + b chia cho x — 2 du 3 : chia cho x + 2 du -5.
Giai
Vi A chia cho x — 2 dur 3 nén x* + 5x° + ax + b = (x -2).Q; +3
Vi A chiacho x + 2du -5 nén x* + 5x> +ax + b= (x + 2).Q,-5
Thay x =2 vao (1) r6i thay x = -2 vao (2), ta duoc :
8+20+2a+b=3 b+2a=-25 a=-2
{—8+20—2a+b =-5 = {b-za =-17 = {b: -21.
Vi du 26. Tim da thitc du trong phép chia sau :

105 90 75 15
(x”+x +X 4+ ..+X +I):(x2—1)

(1)
(2)

Gidi. Da thitc chia ¢6 bac hai nén da thirc du cé bic khong qué 1. Vay da thie

du ¢6 bac nhat dang ax + b.

Tacé(x'”5+xt’\“+x75+...+x”+ l)=(x2- 1)Q+ax+b
. 8=a+b
Chox=1r61i x=-1taduoc : <a=b=4.
O=-a+b

Vay du trong phép chia noéi trén la 4x + 4.
Vi du 27. Phan tich da thic thanh nhan tr

f(x) = %t —5x> +10x* —20% + 24,
Giai. Tacé f(2)=16-40+40-40+24=0.

f(3)=81 -135+90-60 + 24 = 0.
Viay x =2, x =3 la nghiém cua f(x).
Do d6 f(x) = (x — 2)(x — 3).q(x), suy ra q(x) = f(x) : (x2 - 5x + 6).
Lam tinh chia ta duoc

(x4 —5x" + 10x° — 20x +24): (xZ—Sx +6)=xz+4.

Dod6 x* - 5x + 10x* = 20x + 24 = (x - 2)(x - 3)(x" +4).

C. BAI TAP
1.84. Lam tinh chia:
a) ;x‘*y-‘ : %xﬁy" : b) 21x™y? — 14x™2y%) : (<7x"y?), véim € N

¢) [ZO{x - y)'”?' + 15(x - y}"” - 10(x - y)"] : [g(x - y)""]. véine N
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1.85.

1.86.

1.87.

1.88.

1.89.

1.90.

1.91.

1.92,

1.93.

1.94.
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Timn e N dé:

n+2_ n+l
X .

a) Bon thire C = i—xzny‘q chia hét cho don thirc D = -3

b) Da thic M = t)x“ynﬂ

~ 15x""'y" chia hét cho don thiic N = 6x"y°.

Cho bicu thitc P = (3xy’ - 6x%y") : 3xy” + 10x’y” : 5xy’. Ching minh ring
P lu6n ludn ¢o gid tri duong véi moi gid trix # 0, y # 0.
Cho bi¢u thirc

gk %33}””1 : %xjy“ - 20x%y : 5x%y, trongdé n € N.

Q= [ X'y
Ching minh ring Q luén luon ¢6 gid tri am véi moi gia trix # 05y # 0.

Tim du trong cic phép chia :

a) ((m" +7x° - 18x + 5:2x+5); b) (3x3 — ot )i |[4:m:2 + 3).
Khong lam tinh chia, hay tim du trong phép chia da thic f(x) = x - 6x" +2x +28
cho cic da thic sau :

a)g,(x)=x-1: b)g(x)=x+1: c) gx(x)=x-2.

Lam tinh chia bang cdch dung cdc hiang ding thitc ding nhd :

a) (X — 12x7 + 48x — 64) : (x” - 8x + 16) ;

b) (x* = 27): (x* +3x +9); ¢) (x* + 125) 1 (x + 5).

Tim cdc gid tri coa a dé :

a) Da thiic 6x” + Sax — 4 chia cho da thiic (x — 2) con du 10.

b) Pa thie f(x) = x* + 5x° = 2x> + ax + 40 chia hét cho da thic x° - 3x + 2.
Khi d6 gid tri nho nhat cua thuong la bao nhiéu ?

Tim cdc gid tri cia a va b dé da thirc A = ax* + ax? + bx + 5 chia hét cho da
thic B=x" - x + I.

Xic dinh cic hé¢ so a, bdé :

a) Da thiic x* + 3x” — 17x” + ax + b chia hét cho da thite x> + 5x - 3,

b) Pa thiic x” + 7x” + ax” + bx + 72 chia hét cho da thire (x* - 2x% + 4).

Xdc dinh ciché s6 avab dé

a) Da thiic 4x” + ax + b chia cho da thic x* — 1 du 2x - 3.

5 3 2 . .. 2
b) Da thuc 5x° + 2x™ + ax + b chia cho da thue x“ + 5 du 1.



1.95.

1.96.
197.

1.98.

1.99.

Chimg minh ring :

a) Da thitc f(x) = (X" = 2x + 3)
(x +2).

b) Pa thitc f(x) = (x + 1) + (x + 2)" = 1 véi n € N” chia hét cho da thic

e 4 (xz + 5x + 7)99 — 2 chia hét cho da thic

g(x) = x4 3x + 2.
Tim a va b dé da thic f(x) =ax" + bx™ ' + 1 chia hét cho da thiic (x — I)2 véine N

Cho da thic hai bién x vay: f(x, y) =x(y + )" = y(x + )" =x +yvéine N .
Chimg minh ring f(x,y) : xy(x — y).

Phan tich da thirc thanh nhan ur

a) l'(:-:)=:.:'7"—8>;2 +9x-2; b) f{x)zx"—3x2+4.

Da thie f(x) chia cho (x = 2) du 5, chia cho (x + 1) du 2. Hoi khi chia f(x)
cho (x = 2)(x + 1) thi du bao nhiéu ?

1.100. Tim céc gid tri nguyén cua x dé :

a) Gid tri clia da thic A = 10x” — 23x° + 14x — 5 chia hét cho gid tri cua da
thic B = 2x - 3.

b) Gid tri clia da thic A = 3x* + 17x + 4x> - 4x + 7 chia hét cho gid tri cia
da thiic B = 3x + 2.

Chuyén dé ning cao 1
PHAN TICH PA THUC THANH NHAN TU
BANG MOT SO PHUONG PHAP KHAC

A. KIEN THUC CAN NHG

Chiing ta da bi¢t ba phuong phip dé phan tich mot da thire thanh nhan ur la dat

nhan wr chung, ding hing ding thic, nhom cdc hang ur va phoi hop ba
phuong phip dé. Tuy nhién ¢6 nhimg da thic mac du rat don gian, néu chi
bi¢t diing ba phuong phip d6 thoi thi khong thé phan tich thinh nhan ur duoc.

: F 4 ‘I &* %, ‘:' 4 = - - - -
Chang han da thie x™ + 4y . Néu la x”" — 4y" thi dung phuong phip hing ding
- - ” . = » o o 4 5 '-‘ 5 ¥ - #
thirc phén tich duoge dé dang nhimg o day gitra x™ va 4y la diu +. Mot da thie khic

4 4 22 o . ¢ e : .
nhu x* + 4y" — 5x7y" cling vay. Phuong phdp dat nhan ur chung khong dung

dugce vi ci ba hang tr khong ¢6 nhan tr chung. Phuong phdp ding hing ding
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thirc thi khong thich hop vi khong thuoc mot dang hing ding thirc ndo. Con
phuong phip nhom cac hang tir cling khong dung duoc, vi muén dung phuong
phdp nay thi da thic phai ¢6 tir b6n hang tr tro 1én.

Do d6 trong chuyén dé niy ching ta sé xét thém mot s6 phuong phip khic dé
phan tich da thirc thanh nhéan ur.

B. MOT O Vi DU

1. Phuong phép tadch mét hang t& thanh nhiéu hang tu.
Vi du 28. Phin tich da thitc A thanh nhan ur
A=4x-4x-15
Giai
e Cach 1 :
Téch hang tr cudi thanh hai hang tr réi nhém lai va dung phuong phdp hiang
ding thiic dé phan tich :
A=4x>-4x - 15
. . 2
=@x"-4x+1)-16=2x - 1)"-4°
=2x-1-4)2x - 1+4)=(2x = 5)(2x + 3).
o Cach 2 :
Tach hang tr —4x thanh hai hang tr ro6i nhom lai va dung phuong phdp dat
nhan r chung dé phan tich.
A=4x"—4x - 15=4x> - 10x + 6x — 15
=2X(2Xx = 5)+3(2x = 5)=(2x - 5)(2x + 3).
Co s0 clia phuong phdp tich cdc hang tir 1a tich mot hang tr thanh nhiéu hang
tir dé 6 thé dat nhan tlr chung theo timg nhém hoic ding hing ding thiic :
Nhdan xét : Trong cich tach thir hai ta da tich —4x thanh —10x + 6x va duogc
A =4x" - 10x + 6x — 15. Ta nhan thay cdc hé s6 cua chung ti 1¢ véi nhau :
4 6
—— = —— hay 4.(-15) = (-10).6
10 15 y 4.(=15) = (-10)
N¢u tach hang tr bac nhat thanh hai hang tr thoa man di¢u kién trén, thi sau
khi dat nhan tr chung theo timg nhom, két qua lai xudt hién nhan wr chung va ta
tiép tuc phan tich dén két qua cudi cuing.
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Tong qudat : Doi véi tam thire bac hai ax® + bx + ¢ ta ¢6 thé tach hang tr bac
nhat bx thanh hai hang tu b;x va b,x sao cho :
by+b,=b
b,.b, = ac.
Khi d6 da thitc ax” + bx + ¢ ¢6 thé phan tich duoc thanh nhan tr bang cich dit
nhan tr chung theo timg nhém.
Diéu kién dé da thirc ax> + bx + ¢ phan tich duge thanh tich cua hai nhi thic
bac nhat 1a biéu thic b” — dac Ia mot s6 chinh phuong.
Trong vi du 28 thi b - dac = (—4)” - 4.4(~15) = 256 = 16"
Vi du 29. Phan tich cdc da thie sau thanh nhan ur :
a)xz— 13x + 36 ; b)xz—Sx— 14 ; c)3x2—5xy—2y2.
Giai
a) x* - 13x + 36 = X" —4x — 9x + 36 = x(x — 4) - 9(x — 4) = (x — 4)(x - 9).
b)X? - 5x — 14 =x" +2x - Tx - 14 =x(x +2) = 7(x +2) = (X + 2)(X - 7).
¢) 3x% - Sxy - 2y2 =3x% - 6Xy + Xy — 2}-‘2
= 3x(Xx = 2y) + y(x = 2y) = (x = 2y)(3x + y).
Trén day ta da xét doi vai cdc tam thire bac hai. Con d6i vai da thie ¢6 bic 16n
hon hai thi tuy theo dac diém clia cic hé s6 ma lua chon céch tach cho phu hop.
Vi du 30. Phan tich cic da thirc sau thanh nhian ur
A=x"-4x*+3
Giai : Tatich hé s6 3 thanh -1 + 4 :
A=x'-1 —4x2+4=(x— l)(x2+x+ D-4(x+1)x-1)
=(x- DX +x+1-4x—4) = (x - 1)(x" - 3x - 3).
Cdch khde : Nhdm nghiém roi dung hé qua cia dinh i Bé-du : Dé thiy x = 1
la nghiém cua da thic A nén theo hé¢ qua cua dinh 1i Bé-du ta ¢6
x3—4x2+3={x— 1).q(x)
Ta s€ tach cic hang tr véi dinh hudng la sau khi dat nhan tir chung theo timg
nhém thi nhém nao ciing xuat hién nhan wr x — 1. Vi thé ta s¢ tich nhu sau :
A=x"-ax®+3=x—x"-3x%+3
=x2(x = 1) = 3(x + D(x = 1) = (x - 1)(x* = 3x - 3).
Vi du 31. Phéan tich da thic sau thanh nhan ur

4 3
BEx"42x +3x2+4x+2



Giai. Ta tach hang ur 3x? thanh x% + 2x° ;
B=x4+2x3+x2+ 2x2+4x+2=x2(x2+2x+ 1)+?.(x2+2x+ 1)
=2+ +2(x + D= (x + 1) (X +2).
Cidch khde : Nhim nghiém roi dung hé qua cia dinh 1i Bé-du : D¢ thiy x = -1
la nghiém cua da thitc B nén theo hé qua cua dinh 1i Bé-du ta ¢6 :
x"+2x3+3x2+4x +2=(x+1).q(x)

Ta s¢ tach cdc hang tr v6i dinh hudng 12 sau khi dat nhan tir chung theo timg
nhom thi nhéom nio cting xudt hién nhan tr x + 1. Vi thé ta s¢ tich nhu sau :
4
B=x

=x‘1(x+ l)+x2(x+i}+2x(x+ 1)+2(x + 1)

3 2 4. 5. 3. 3 2
+2X A+ 3XTH+4AX+2=X +X +X +X +2X"+2X+2x + 2

=(x + 1)(x3+x2+2x+2)
= (x + DI+ D)+ 2(x+ D] = (x + Dx + DxE+2) = (x + 1) (x +2).
Nhu vay néu mot da thiic ¢é nghiém x = a thi ta ¢é thé phan tich da thic dy
thanh nhan tr bing phuong phép tich cic hang tr sao cho khi dat nhan tr chung
theo timg nhém thi nhém ndo ciing ¢6 nhian tr x — a.

Dua vao cdc nhan xét sau ta ¢6 thé nham duge nghiém nguyén, nghiém hiwu ti
cua da thue f(x) véi hé s6 nguyén.

1. Néu da thire ¢6 nghiém nguyén thi nghiém nguyén dé phai la ude cua hé 6
tu do.

bac biét :

e N¢u tong cic hé s6 cua da thire bang 0 thi x = 1 la nghiém cta da thie.

e Néu t0ng cic hé so bac 1¢é bing tong cdc hé s6 bac chin thi x = -1 la nghiém

cua da thure.

Chéng han da thic f(x) = X" = 3x* = x#3 b

x =1 langhiém viténg ciché¢ s6 1 =3 -1 +3=0;

x = —1 1 nghiém vi téng cic hé s6 bac I¢ bang cidc hé sé bic chin :

1 +(-1)=(-3)+3;

x =3 langhiém vi 3' = 33° -3 +3=0.

Hé s6 tur do con ¢6 ude la -3, nhung ta khong cin thir véi =3 vi mot da thiic
bac ba khong qua ba nghiém.

2. Néu da thirc ¢6 nghiém hiru ti thi nghiém doé c6 dang P vei (p, q) = | trong

q

do6 p la udce ciua hang tir tu do ; q la uée duong cua hé s6 cao nhit.
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Chéng han da thirc f(x) = 2%} +3x% +2x - 2. Ta thdy cdc gid tri nguyén x = %1
X = £2 déu khong phai 1a nghiém.

Thir lai cic gid trihfm i x =+

I e om g : i 2
= (=1 la uée cua hang ur rdo ; 2 1a uée duong
- - - - I
cua hé so cao nhat) ta thdy x = .=
cua da thue vi

khong phai la nghiém con x =

3 2
f[l]=z[l] +3[l) 0.
2 2 2
; ~ 1
Do do (%)= (x —E

J.q{x) hay f(x)=(2x = 1) . g(x)
Vi du 32. Phan tich da thic sau thanh nhan ur

.. .
s l1a nghiém

3 2
Cedx" 53+ 2x=2

Giai. Ta s€ tich cdc hang tr vai dinh huéng 1a sau khi dat nhan ur chung theo

timg nhom thi nhém nao ciing xudt hién nhan tr 2x — 1. Vi thé ta s¢ tach nhur sau :
3 2 3 2
C=2x"+3x"+2x-2=2x" =X’ +4x* = 2x + d4x = 2

=x22x = 1)+ 2x(2x = 1)+ 2(2X = 1) = (2x — 1)(x% + 2x + 2).
2. Phuong phap thém bt cing mét hang ta

Vi du 33. Phan tich da thic sau thinh nhan tr: A = x" + 4}'4.
Giai

Ta thay x* + 4y” ¢6 dang a” + b”. Vi vay c6 thé théem bét hang tir 2ab dé xudt
hién hing déing thic.

Tacé A=x"+ 4)’4 =x"+ 4:«:2}'2 + 4}-" - 4.\:2}'1

= (xz + 2}’2)2 -~ {2.\()!)3 = {x3 + 2y2 - 2xy)(x2 + 23;2 - 2xy).
Vi du 34. Phan tich da thic sau thanh nhan wr: B = XX+ 1
Giai

Ta thay da thic da cho la da thic bac 5. Pa thirc nay khuyét cac hang tir bac 4,
bic 3, bic 2. Vi viy ¢6 thé chon thém bét hang tr ¢6 bac bi khuyét. Hop 1i hon ca
la thém bét hang ur bac 2.

TacoB=x" +x+1=x" — x> +x°

+x+ 1
=x2(x3—1)+(x2+x+ 1)

=x2x = DOC+x+ D+ +x+ D=0+ x+ DN =%% +1).
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Nhan xét : Co hai co s d¢ thém bét cing mot hang tr :

—Thém bat dé ¢6 thé dung hing ding thic.

— Thém bét céc hang tr bi khuyét trong da thie dé ¢6 thé dat nhan ur chung
hoac diing hing dang thic.
3. Phuong phép déi bién

Vi du 35. Phan tich cdc da thire sau thanh nhan ur

:I}A=(x2—x-3)(x2-—x—4)— 12

BB=(x-y) +(y-2)"+@z-x)".

Giai

a) Ta dau xl -Xx—-3=athi xz -X-4=a-1.

KhidoA=aa-b)-12= al-a-12= (a—4)a+ 3).

Thay tro lai a=x’-x —311!(“!{1{.‘!\:(}&2 —x =T =YX =X =3 +3)

= ex =D - =xx - DK =x=7).
b)Taditx —-y=a;y—-z=b;z-x=c¢
thia+b+c=(X-y)+(y=-2)+(z-x)=0.

Ta duoc a’+ b+ ¢’ = 3abe (xem vi du 10).

Do d6 (x - y}3 +(y - z)“ + (7 - x)" =3(x = y)y = z)(z = X).

Nhdn xét : Trong vi du trén néu ta khai trién da thic, thu gon r6i phan tich thi
s¢ duge mot da thie bic cao khé phan tich. Phuong phip déi bién nhur trén dua
mot bi¢u thire phire tap thainh mot biéu thire don gian dé phin tich.

4. Phuong phép déng nhét hé sé

Vi du 36. Phan tich da thirc A thanh tich cta hai tam thic bic hai véi hé sO
nguyén: A=x - 4%’ - 2x% = 3x + 2.

Gidi

Sau khi phan tich thi A ¢6 dang

(x% + ax + 2){){2 + bx + 1) hoic (x> +ax = 2)(x* + bx - 1)

(truomg hop hai hang tr ddu cia moi tam thire 1a —x” va —x” thi ta chi cdn déi
dau cua hai tam thirc).

e Xét truong hop A = l[avt2 + ax + 2)(::2 +bx + 1).

Khai trién réi thu gon ta duoc

A=x"+(@+b)x +(ab+3)x* + (a+2b)x +2

Vay x* - 4x* = 2x? = 3x + 2 =x"* + (a + b)x” + (ab + 3)x* + (a + 2b)x + 2 v6i
moi X.
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a+b=-4 (1)

Suyraqab+3=-2 (2)

a+2b=-3 (3)

Tu (1) va(3)tasuyraa=-5;b=1.Ding thic (2) cling dugc thoa man.

Viy g o 3x+2=(x2-5x +2)(x>+x + 1)

o Xét trudmg hop thit hai : cling giai-nhu trén ta thay khong ¢6 a va b nao thoa
man. Viy bai todn chi ¢6 mot ddp s6 nhu trén.

5. Phuong phap xét gid tri riéng cua cac bién
Vi du 37. Phan tich da thirc sau thanh nhan tr
P=xy(x -y)+yz(y - z) + zx(z - x)

Giai. Néu thay x boi y thiP=0+yz(y - 2) + zy(z - y) =0

Do d6 P chira nhan tr (x - y).

Tuong tu, P ciling chita cic nhan tr (y — z) va (z — x).

Vay P=k.(x - y)(y - 2)(z - x).

Ta thdy P la mot da thirc bac ba d6i vai tap hop cic bién x, v, z.

Tich (x = y)(y = z)(z — x) cling c6 bic ba d6i véi tap hop cic bién x, y, znén k
phai 12 hing s0.

Ding thic xy(x = y) + yz(y — z) + zx(z — x) = k(x = y)(y — z)(z — x) didng véi
moi X, y, z nén ta gan cho x, y, z cdc gid tri riéng chinghanx =1;y=-1;2=0
ta duogc

L(=1)(1 + 1)=k(2).(=1)-1) hay 2k = -2, dodé k = -1.

Vay P=(-1).(x — y)(y —z)(z— x) hay P = (x — y)(y — 2)(x — 2).

Dén day ta da ¢6 5 phuong phdp khac dé phan tich da thiic thanh nhan tir trong
d6 ba phuong phdp ddu (tich cdc hang tr, thém bét mot hang tr va doi bién) la
nhimg phuong phdp hay dung. Cic ban ¢6 ging nim that vimg dé van dung
cho t6t.

C. BAITAP

» Phuong phép tadch céc hang tu

1.101. Phén tich céc da thirc sau thanh nhan tr:
a)x2+7x+l2; b)x2+8x—33:
c)x2—9x+I8: d)xz—Bx—Sal.
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1.102. Phan tich cic da thie sau thanh nhan ur ;

a)20x2+7x—6: b)18x3+21x~4:

c) 12x% - 23xy + IOyz: dyx" - szyz +4y".
1.103. Phin tich cdc da thitc sau thanh nhan ur:

a)(x2—8)2+36; b)x“+x4+l.

1.104. Tim n € N dé gid tri cta bi¢u thirc

P=(n’-3)"+ 16 1a mot s6 nguyén 0.
1.105. Phan tich cdc da thie sau thanh nhan ur :
a)ﬁx‘t—llxz—x—?.: h)4x"+5x2+5x+l.
1.106. Phan tich cdc da thire sau thanh nhén r :
u)A=3x" +2x7 - 8x2 - 2x +5; l))B=x"—5x"+ 10x + 4 ;
)C=x"+3x"+3x% +3x + 2.
1.107.Phan tich cdc da thire sau thanh nhan ur :
a) 4x° - 12x - },2 +8y-7; b) 2x" - x"y + 3:&1');2 —~ xy“ + Ey".
1.108. Phin tich da thire sau thanh nhan wr
(X + y)" +x" 4 y".
1.109.Phan tich da thirc sau thanh nhan tr
Kol
1.110.Phan tich cic da thic sau thainh nhan tr :
a) azih -C)+ bz(c -a)+ cz(u -b):
b) u(b2 - cz) - b{c2 - uz) + c[a:l - bz) .
c) al[h3 - (:3) + h(c“ - a") + C{u“ - b").
1.111.Phan tich da thirc sau thanh nhan ur
A=aba-b)c+1)+bc(b=c)a+1)+ca(c—-a)b+1).

1.112.Cho biéu thiic B = 114(b -C)+ b'l(c —a)+ c4(a ~ b) trong dé a > b > ¢. Chimg
minh rang B > 0.

) Y N
+ X +X +...x2+x—10.

1.113.Phan tich cic da thice sau thanh nhan tr ;
a) M = ab(a + b) + be(b + ¢) + ca(c + a) + 3abc ;
b) N =ab(a + b) + be(b + ¢) + ca(c + a) + 2abc.
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e Phuong phdp thém bét mét hang ta
1.114.Phan tich cic da thirc sau thanh nhan wr
a)xlz+4; b)4x8+l.
1.115. Tim tat ca cdc gid tri te nhién cha x dé bicu thic A = x* + 4 ¢6 gid tri 1a mot
sO nguyén 10.
1.116.Phan tich da thirc sau thanh nhan wr
A=a +b +¢’ - 3abc.
1.117.Phén tich cic da thirc sau thanh nhan ur
a)x?+x5—l: b)x?+x5+l.
1.118.Phan tich cdc da thirc sau thanh nhan tr :
I

5
a)x +x-1: b)x +x+ 1.
1.119.Phan tich cic da thic sau thanh nhan tir :
- s 4
a)xh+x-"+l; b) X +x T

# - - # ! ¥ ‘ o - p # 2
1.120.Chimg minh ring da thic M = x*™"" + x™' + | chia hét cho da thire x* + x + |

trongdéne N .

e Phuong phap dai bién
1.121.Phan tich cédc da thuc sau thanh nhan ur :
u)A=(x2+3x)2—2(x2+3x)—8;
b)B=(x>+4x + 10)> = 7(x> +4x + 11) + 7.
1.122.Phan tich cdc da thic sau thinh nhan ur :
a]C=(x2-3x +5)3~ 7x(x3-3:< +5)+ 12x2:
b) D = 2(x + 5x — 2)% = 7(x* + 5x — 2)(x* + 3) + 5(x* + 3)°.
1.123.Chimg minh ring tich cua 4 s6 nguyén lién ti€p cong thém | 1a mot s6 chinh
phuong.
1.124.Cho x, y € Z. Ching minh ring gid tri cia biéu thic sau luén cé gid tri
khong am.
M=(x=-y)x = 2y)(x = 3y)(x —4y) + }'J.
1.125.Phan tich da thirc sau thinh nhan ur
N = 4(x* = 15x + S0)(x* - 18x + 72) - 3x°.
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» Phuong phép déng nhét hé sé

1.126.Choda thic A = x* - 7x* + 12x* = x - 3.
Hay phén tich A thanh tich cua hai tam thirc bac hai véi hé s6 nguyén va cic
hé s6 cao nhat déu duong.

1.127.Cho da thic B= x> + 3x" - x* = x% + 13x+ 5. Hay phan tich B thanh tich cla
hai da thirc véi hé s6 nguyén : Mot da thie bac hai va mot da thie bac ba
bi¢t cdc hé s6 cao nhat vi thip nhat déu duong va da thitc bic ba khuyét
hang tir bic hai.
e Phuong phap xét cac gia tri riéng
1.128.Phan tich da thitc sau thanh nhén tr
A=(a+b+cy -a -b -c.
1.129.Phén tich da thitc sau thanh nhan tr
Q =bc(b +c¢) + ac(c — a) — ab(a + b).

Chuyén dé ning cao 2
TINH CHAT CHIA HET TREN TAP HOP SO NGUYEN

Céc bai todn vé chia hét va chia con du trén tap hop s6 nguyén la loai todn co
ban, trong tam cla phan s6 hoc. Cic dé thi hoc sinh gidi, thi tuyén vao cic 16p
chuyén, 16p chon khong thé thiéu loai toin nay. Ching ta sé nhéc lai dinh
nghia, tinh chat va hé thong cic phuong phdp chimg minh chia hét trén tap
hop cdc s6 nguyén.

l. DINH NGHIA

e Cho a,b € Z va b # 0. Néu c6 s6 nguyén q sao cho a = bq thi ta néi a chia
hét cho b, ki hiéu a : b. Ta con néi a 12 boi ciia b va b 12 uée cua a.

e Ngudi ta da chimg minh duge ring : Véi hai s6 nguyén tuy vy ava b (b # 0)
t6n tai duy nhat mot cip s6 nguyén g varsaochoa=bq +rtrong d6 0 <r < Ibl.
S6 r goi 1a s6 du trong phép chiaachob. Néur=0thia : b.

Mot so'tinh chat vé chia hét suy e dinh nghia

Vdaia, b,c,k € Z.

I.Néua=#0Othia: a.

2.Néua:b,b:cthia:c.
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. S6 0 chia hét cho moi s6 nguyén khic 0.
.Néua:bvab: athia=zb.
.Néua:bthika:b.

I MOT SO DINH Li VE TINH CHAT CHIA HET

th & W

I.Néua: m,b:mthiazb: m.
2.Néua'm, b/mthiatb/ m.
3.Néua:m,b: nthiab: mn.

Dacbiét:néua:bthia":b"(ne N).

4. Néua:m,a:nma(m,n)=1thia: mn
Néua:m,a:nma(m,n)=Lthia: BCNN(m, n).
5.Néuab: mma(a,m)=1,thib: m.
Dac biét : Néuab : pthia: phoacb : p (v6ip la s6 nguyén 16).
Néua" : pthia: p(véiplasonguyén to).

lll. CAC PHUONG PHAP CHUNG MINH CHIA HET TREN TAP HOP CAC SO NGUYEN
e Phuong phdp 1 : Phan tich biéu thitc bi chia thanh tich
D¢ chimg minh biéu thic A(n) véi n 1a s6 nguyén chia hét cho mot s6 nguyén
a # 0, ta phan tich A(n) thanh nhan tr va chimg minh it nhit ¢6 mot nhan wr
chia hét cho a.
Liac y : Tich cia hai s6 nguyén lién ti€p chia hét cho 2 ; Tich cta ba s6 nguyén
lién ti€p chia hét cho 3.
Téng quét : Tich clia n s6 nguyén lién tiép chia hét cho n.
Vi du 38. Chimg minh rang :
a) Hiéu clia mot s6 ¢6 ba chir s6 véi tong cdc chir s6 cia né chia hét cho 9.
b) Hiéu cua mot s6 ¢6 ba chir s6 véi s6 do viét theo thit tu nguoc lai thi chia
hét cho 99.
Giai
a) Goi s0 ¢6 ba chirso la abe .
Ta c6 abc —(a+b+c)=100a+10b+c—-(a+b+c)

=992 +9b=9.(lla+b): 9.
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b) Goi sO ¢6 ba chir so la abe.

Ta 6 abc — cba = (100a + 10b +¢) — (100c + 10b + a)
=99a-99%=99.(a-c): 99.

Vi du 39. Chitng minh ring :

a) Binh phuong ciia mot s6 nguyén trir di 6 nguyén dé thi chia hét cho 2.

b) Lap phuong cuia moét s6 nguyén trir di s6 nguyén dé thi chia hét cho 6.

Giai. Goi sO nguyén lan

a) Ta co n’—n= n(n - 1) : 2 (vilatich cua hai s6 nguyén lién tiép).

b)Tacon’ —n=nm’ = 1)=nn- 1)n+ ).

Tich (n = 1).n.(n + 1) 1a tich cua ba s6 nguyén lién ti¢p nén chia hét cho 2, cho 3.

Mat khdc (2, 3) = | nén tich trén chia hét cho 2.3 uic i chia hét cho 6.

Vi du 40. Chon € N'. Chimg minh ring 8" — 1 va 8" + | khong th¢ déng thui
la cdc sO nguyén 10.
Gidi. Xét tich (8" — 1).8".(8" + 1) 1a tich cta ba s6 nguyén lién tiép nén chia
hét cho 3.
D& thay 8"-1:8" ;:8"+1>3(vine N)).
Taco (8".3)=1nén8" =1 :3hoac8"+1: 3.
Do d6 8" — 1 hoic 8" + 1 la hap s0.
Suy ra 8" — 1 va 8" + 1 khong thé déng thai li cdc s6 nguyén 16.
o Phuong phdp 2 : Biéu dién biéu thirc bi chia dudi dang tong
D¢ chimg minh biéu thirc A(n) : a (n, a € Z) ta bi¢u dién A(n) dudi dang téng
ctia nhi¢u hang tr réi chimg minh méi hang tir déu chia hét cho a.
Vi du 41. Chimg minh ring vdin € Z thi A = n’ —n 30.
Giai
Taco n'r' -n= n(n4 =g )= n(nz - l,'l(n:Jr + 1)
=n(n - 1)(n + D[(n® - 4) + 5]
=nn-Dm+1D)N=-2)n+2)+5n(n-1)(n+1).
Hang tr thir nhét 1a tich cia 5 s6 nguyén lién tiép nén chia hét cho 2, cho 3,

cho 5. Mat khac 2, 3, 5 doi mot nguyén 16 ciing nhau nén hang tr ndy chia hét
cho 2.3.5 uic 1A chia hét cho 30.



Hang r thir hai Sn(n = 1)(n + 1) ¢6 tich cua ba s6 nguyén lién ti€p nén chia
hét cho 2, cho 3. Ngoai ra con chia hét cho 5 (vi ¢6 chira thira s6 5) nén hang
tir thar hai chia hét cho 30. Tir do suy ra A : 30.
Liae y : Qua vi du 39 va vi du 41 ta thay :

n’-ni2:n"-ni3:n"-n:S5
Tong quit : Néu p 1a s6 nguyén 16 thi a” — a chia hét cho p véi moi s6 nguyén a.

Pay Ia dinh Ii nho Fec-ma' ™.

Vidu 42. Cho a, b € Z, chimg minh rang :
a)A=ab-ab’ i 6: b)B=ab—ab’ i 30.
Giai

e -3 3 3 3
a)Tacoab—ab =ab-ab-ab +ab

= b(a" -a)- a(b3 - b)
Theovidu39thi a®—ai6:b’-b:6. Dod6 A : 6
b) a’b—ab® =a’b-ab-ab" +ab
= b(as - a) - a(bﬁ - b).

Theo vidu4l thia” —a:30;b —b: 30nénB: 30.

Vi du 43, Chiimg minh ring néu x 1a mot so 1é thi gia tri cta biéu thic A = x> +4x =5
ludn chia hét cho 8.
Giai. Vixlasolénénx =2k + 1 (k € 2).
Dodo A=(2k+ 1)> +4(2k + 1) - 5=4k” +4k + | + 8k +4 -5
‘=4k% + 4k + 8k = 4k(k + 1) + 8k.
Tacok(k + 1) : 2 vilatich cua hai s6 nguyén lién tiép.
Dododk(k+1): 8;8k:8nénA : 8.
Vi du 44. Chimg minh ring v6i moi n € Z thi gid tri cha biéu thirc
B=n"-7n+19 /6.
Giai
B=n'-7n+19=(n"-n)-6n+ 19
Tacén’ —n: 6 (theovidu39):6n:6:19/ 6nénB / 6.

(*) Fermat : nhi todn hoc Phdp.
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e Phuwong phap 3 : Sir dung cdc hiang dang thicc mo rong

Ta ¢6 thé sir dung cic hiing ding thirc md rong dé ching minh tinh chia hét
ctia cic so.
Véia,be Ntacod:

ea" —b"chiahétchoa-bvgia=b.
e a*" — b>" chia hét cho a’ — b’ véia # £ b,
ea" +b"chiahétchoa+bvéinlévaax#-b.
e(a+b)" =B(a)+b"=a" + B(b).
Vi du 45. Chimg minh rang :
a) A=2"—1:15vdinlaso tunhién chia hét cho 4 ;
b) B=3""" 4+ 2™ : 25 v6i n 1a s6 tu nhién 1é.
Gidi
a)Vin:4nénn=4k (k e N)
Dod6A=2"-1=16"-1
Tac616°—1: 16— 1nénA : 15.
b B 3R g W 09 4% L o g g g Lo g 5 ot
=253+ 2(3%" + 4°") = 253" + 29" + 16")
Vinlénén 9"+ 16" : 9+ 16.Dod6 B : 25.
Vi du 46. Tim tit ca cdc s6 tu nhienndé A=2"+1: 3.
Giai. Taco A=2"+1=3-1)"+1=B@3)+(-1)" + 1
A3 (-1)"+1=0¢ nlasotunhién lé.
Vi du 47. Tim s6 du khi chia 2'™ cho 7.
Gidi
Ta thay 100 chiacho 3 du 1 néntadat 100=3k + 1 (k € N).
Tac62'W =2%"=22% =285 =27+ 1)*=2.[B(7) + 1¥] = 2B(7) + 2.
Vay s6 du trong phép chia 2" cho 712 2.
e Phuwong phap 4 : Xét so du

D¢ chimg minh biéu thitc A(n) chia hét cho a hay khong chia hét cho a ta xét
moi truong hop vé s6 du khi chia n cho a.



Chang han khi chia mot s6 n cho 5 thi s6 du ¢6 thé 12 0, 1, 2, 3, 4 khi d6 n
duoc biéu dién ldn luot la :
n=5k;n=5k+1;n=5%+2:n=5%+3;n=5k+4.
Dé cho gon ta ¢6 thé ghép cdc truong hopn =5k + 1 vin = 5k + 4 thanh 5k £ | ;
cdc truong hop n = 5k + 2 va n = 5k + 3 thanh 5k + 2.
Licu y : Néu a va b chiachom co cung sé duthia—b : m.
Vi du 48. Chimg minh ring véin e NthiA=2"+1/] 7;
Giai
eNéun=3kthiA=2%+1=8-14+2
Tac68 —1:8—1hay8 -1:7:2/ 7nenA [ 7.
eNéun=3k+1thiA=2""41=22%4+1=28"-2+3=28"-1)+3
V‘18k—157:3[7nén Al
eNéun=3k+2thiA=2"241=48-44+5=4@8"-1)+5.
VESR—I ©7:5] 7nenA ] 7.V;_1yvd‘imoineNlaIuOncéAI 7
Vi du 49. Chimg minh ring véi n € Z thi gid tri cia bidu thic B=n(n’ + 1)(n” + 4)
luén chia hét cho 5.
Giai
eNéun=5kthiB: 5
e Néu n = 5k £ 1 thi nhan tr cudi
n+4=(5k+1)2+4=25k"+ 10k + 5=5(5k>+ 2k + 1) } 5.
e Néu n = 5k + 2 thi nhan tr thir hai
n’+ 1 =(5k £2)" + 1 =25k + 20k + 5
=5(5k* 4k +1) i 5.
Vay trong moi truong hop thi B @ 5.

e Truomg hop dac biét khi xét cic s6 du trong phép chia la trudng hop chia
mot s6 cho 2. S6 du chi ¢6 thé 13 0 hodc 1 tuy theo s6 bi chia la chiin hay 1¢.

Ta c6 nhan xét véia, b, c € Z thi:

— Néu t6ng a + b + ¢ 12 mot s6 chin thi trong ba s0 a, b, ¢ it nhit cling ¢6 mot
sO chan,

— Né&u t6ng a + b + ¢ 1a mot s6 1¢é thi trong ba s6 a, b, ¢ it nhit cling la mot so e,
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Vi du 50. Cho a, b, ¢ € Z thoa min di¢u kién a + b + ¢ : 4. Chimg minh ring :

A = (a+ b)(b + ¢)(c + a) — abc : 4.

Giai
D¢ van dung duoc diéu kién a + b + ¢ | 4 ta bién doi bicu thic A vé dang ¢
biéu thitc a + b + ¢.
A=(a+b)b+c)c+a)-abc=(ab+ac+ b® + bc)(c + a) — abe

= abc + a’b + ac® + a°c + b’c + ab” + be” + abe — abe

= {ujb + abc + a:c} + (abj + bzc + abc) + (abe + be? + uc:z} — 2abc

= a(ab + bc + ca) + b(ab + bc + ca) + ¢(ab + bc + ca) — 2abc

=(a+ b +c¢)ab + be + ca) — 2abc.
Doa+b+c:4néntrong 3 s6 a, b, ¢ c6 it nhat mot s6 chin. Suy ra 2abe : 4.
Mitkhic(a+b+c)(ab+bc+ca) : 4nénA : 4.
o Phuong phdp 5 : Dung nguyén li Di-rich-lé"”’
C6 mot nguyén Ii todn hoc duge phat biéu rat don gian nhumg dugc vin dung
rat linh hoat va phong phu. D6 l1a nguyén Ii Di-rich-1¢ :

"Néu ta nhot n con tho vao n — 1 chi¢c 16ng thi téon tai mot 16ng ¢6 it nhat hai
con tho". Sau day ta s¢é van dung nguyén i dé giai bai toan chia hét. Trong cic
bai todn niay cin nam vimg dau la "tho"” va cdch tao ra mot s6 "long".

Vi du 51. Chimg minh ring trong 101 s6 nguyén bat ki bao gio cling ton tai
hai s6 ma hiéu cta ching it nhat cling tan ciing bang hai chit s6 0.

Giai

Chia 101 s6 nguyén nay cho 100 (coi 100 nay nhu 100 16ng) ta duoc 101 s6
du (101 s6 du nay coi la 101 tho).

Theo nguyén i Di-rich-1¢ thi it nhat ¢6 hai s6 du trung nhau. Hiéu cua hai s6
¢6 cung s6 du nay 1a mot so chia hét cho 100. Do dé hiéu nay it nhat cling tan
cuing biang hai chir s6 0.

Vi du 52. Cho ba s6 nguyén t6 I6n hon 3. Chimg minh rang t6n tai hai s6 ¢6
tong hodc hiéu chia hét cho 12.

Giai

Mot s0 nguyén t6 16n hon 3 phai 1a mot s6 1¢ khong chia hét cho 3. Khi chia
s6 do cho 12 thi s6 du chi ¢6 thé 1a mot trong bon s6: 1, 5,7, 11.

(*) Dirichlet : Nha todn hoc Dic.

42



Chia 4 loai s6 du nay thanh hai nhém (hai 16ng) : nhom du | hodc du 11 va
nhom du 5 hodc du 7. Pem ba s6 nguyén 16 chia cho 12 ta dugc ba s6 du
(coi nhur la ba tho). Co ba s6 du ma chi chira trong hai nhom nén theo nguyén
1i Di-rich-1¢ t16n tai hai s6 du thudc cliing mot nhom.

— Néu hai s6 du bang nhau thi hi¢u ctia chiing chia hét cho 12.

— Néu hai s6 du khiac nhau thi 1ong cua chiing chia hét cho 12.

e Phuong phap 6 : Phuwong phap quy nap toan hoc

V6i nhimg ménh dé phu thudc vao s6 tu nhién n ta ¢é thé dung phuong phip
quy nap toan hoc dé chimg minh. Phuong phdp nay gém ba budc :

*— Chimg minh ménh dé ding véi mot s6 wr nhién ny, nio d6 (chang han n, = 1).
- Gia sir ménh dé diing v6i n = k (day l1a gia thiét quy nap), ta phai chimg
minh ménh dé diing véin=k + 1.

— Két ludn : Ménh dé ding véi moi s6 tr nhién n 2 n,,
Vi du 53. Chimg minh ring véin € N thi

A=7"+3n-1:9(1).
Giai
e Vain=0thiA(0)=1+0-1=0:9. Vay (1) ding vdin = 0.
e Gia str (1) diing véi n =k nghia la 7*43k-1:9 (day la gia thiét quy nap), ta phai
chimg minh (1) diing véi n =k + 1, nghia la phai chimg minh T e e )=119
Taco 7' +3(k+ 1) - 1=7.7"+3k +2

=77 +21k-7- 18k +9=7(7"+3k - 1) - 9(2k - 1).

ViT"+3k-1:9,nen7(7*+3k-1)-92k - 1) } 9.
eDodo A : 9vdimoine N.
Vi du 54. Chimg minh ring véin € N thi B= 12" + 11" 1 133 (1)
Giai
e VGin=0thiBO)=12+ 121 =133 : 133.
Vay (1) ding véi n = 0.
o Gia sir (1) diing véi n = k nghia 1a 12" & 11%? 1 133 (day 12 gia thiét quy nap),
ta phai chimg minh 12°%** 4 1% 1133,
Taco 1277 4 114 = 14412 102 = 12 4 1% 4 133122

=1t & 117« [
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Vi 122 5 11%2 1 133 va 133 ¢ 133 neén
L2 11"+ 135.12™ i 198

eDod6B: 133 véimoin € N,

C. BAI TAP

e Phuong phap phan tich thanh tich
1.130.Chimg minh ring :
a) Tich cha hai s6 chan lién ti€p chia hét cho 8 ;
b) Tich cua 5 s6 nguyén lién tiép chia hét cho 120.

1.131.Cho n € Z, chimg minh ring :

A A= n* — 2n® — n? + 2n chia hét cho 24 :
b) B=n" - 5n" + 4n chia hét cho 120.
1.132.Cho C =n" + 4n” — 4n” - 16n véi n 12 s6 chdn. Chimg minh ring A : 2",
1133.Cho A=25.6" +6" +6 +..+6°+6+ 1) +5. Chimg minh rang A : 5
1438.ChoB=7+7+ P + ...+ 7™ e N"). Ching minh ring B : 400.
1.135.Cho x, y, z la cdc s6 nguyén khac nhau. Chimg minh ring néu a = X - yz:
b= yz —ZX;C= 2% - xy thi tdng ax + by + ¢z chia hét cho tong (a + b + ¢).
(Thi HSG toan quéc nam 1993)
1.136.Cho A =n’ + 3n” + 2n véin nguyén duong.
a) Chimg minhring A : 3 ;
b) Tim gid trictanvéin< 10 dé A : 15.
(Thi HSG toan quéc nam 1987)
1.137.Tim 14t ca cdc s6 tu nhién m va n sao cho
2™ - 2" =448
« Phuong phdp biéu dién dudi dang téng

1.138.Cho A =n" + (6k — 1)n trong d6 n, k € Z. Chimg minh ring A : 6.
1.139.ChoB=n’ - 6n’+ 11n -6 trong d6 n € Z. Chimg minh rang B : 6.
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1.140.Cho a, b, ¢ € Z sao cho a+ b + ¢ : 30. Chimg minh ring B=a +b +¢ : 30.

1.141.Cho n s6 tu nhién aj, a,, a,, ..., a, ¢6 t6ng bang 999. Chimg minh rang

3 3 3 3
aj +a5 +ay+..+a, : 3.

1.142.Cho bon s6 nguyén duong a, b, ¢, d sao cho a’ + b* = ¢ + d%. Chimg minh

ring t6ng a + b + ¢ + d 14 hop s6.
1.143.Cho a va b la cdc s6 nguyén t6 16n hon 3. Chimg minh rang :

a)a’-1:24; b)a’-b’: 24.
1.144.Ching minh ring :

a) Mot s6 chinh phuong I¢é chia cho 8 luon dur | ;

b) Cho 6 s6 nguyén a,, a,, a3, a4, a5, a5 thoa man di¢u kién

al +a3+as+a; +a§ = al.

Chimg minh ring ca 6 s a;, a,, ..., a; khong thé cling 1¢.
1.145.Chimg minh rdng v6in € N thi:

a)A=n"+3n+18 / 49; b)B=n"+3n-6/ 121.

e Phuong phép dlng hang déng thirc ma rdng
1.146.Cho n € N, chimg minh ridng :
a) 6™ + 19" — 2™ chia hét cho 17 ;
b) 6" + 5"*% chia hét cho 31 ;
¢) 9°" + 39 chia hét cho 40.
1.147.Cho n la s6 tu nhién I¢. Chimg minh rang:
a)S; =3"+5"+7"+9" chia hét cho 12 ;
b) S, = 1"+ 2" + 3" + ... + 8" khong chia hét cho 5.
1.148.Cho n € N, chimg minh ring : A = 400" + 256" — 9" — | chia hét cho 323.
1.149.Chimg minh ring :

0”42 3% AW U424 %, 4 30);

B3+ +33+ L +21Y 04243+ .4 2D).
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1.150.Chimg minh ring 3”7 + 57" chia hét cho 13.
1.151.Tim s06 du trong phép chia 3'" cho 7.
1.152.Cho n € N, ching minh ring :
a) 5.7°™" 4+ 2" chia hét cho 41 ;
b) 5"(5" + 1) - 6"(3" + 2") chia hét cho 91.
e Phuong phép xét sé du
1.153.Cho n € Z. Chimg minh ring gid tri cia biéu thic A = n(n® + 1)(n® + 2) chia
hét cho 3.
1.154.Ching minh ring véin € Z thi:
aA)A=2n"+3n"+n:6; b)B=14n"+5In"+7n : 6.
1.155.Chimg minh ring néu a, b, ¢ € Z thod man diéu kién a” + b° =¢” thi abe | 3.
1.156.Tim n nguyén duong dé :
a) 5" — | chia hét cho 24 ; b) 7" — 1 chia hét cho 342.
1.157.Cho a la mot s6 nguyén khong chia hét cho 7. Chirng minh ring
a'+1:7hoaca —1:7.

1.158.Cho n € N, chimg minh ring :

a)A=n"+n+2/6; b)B=9"+1/ 8.
1.159.Cho a, b, € Z va a, b khong chia hét cho 5. Chiing minh rang
a)A=a'-1:5; b)B=a'-b":5.

1.160.Chimg minh ring :

an’+2/5v6ineZ;

b) Tong cdc binh phuong ctia 5 s6 nguyén lién tiép khong thé 1a s6 chinh phuong.
1.161.Cho a, b, € Z. Chiing minh riang :

a)Néua’+b” i 3thiavab cung chia hét cho 3 ;

b)Néua’ +b”: 7thiavab cung chia hét cho 7.
1.162.a) Tim s6 nguyén 16 p dé -’J.p2 + 1 va 6p2 + 1 déu 1a s6 nguyén 0.

b) Tim s6 vy nhién n dé n + 2 ; 2n° +8n+9;:4n” + 16n + 17 dong thoi la

cdc sO nguyén 0.
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e Phuong phap dung nguyén li Di-rich-1é

1.163.Cho ba s6 nguy¢n a, b, ¢. Chimg minh rang tich P=(a - b)(b - ¢c)(c — a) : 2.
1.164. Chimg minh rang t16n tai mot s6 gém toan chir s6 1 va chir s6 0 chia hét cho 23.
1.165.C6 ton tai mot luy thira ciia 3 ma tan cung bang 001 khong ?

1.166.C6 s6 nao dang 123 123 ... 123 000 000 ... 000 chia hét cho 122 khong ?

1.167.Chimg minh ring trong 32 s6 nguyén bat ki luon tim duge hai s c6 10ng
hoac hiéu chia hét cho 60.

1.168.Ching minh rang trong 92 s6 tu nhién, mdi s6 ¢6 3 chir s6 bao gid cling
chon ra dugc hai s6 sao cho khi viét ké nhau ta dugc moét s6 ¢é 6 chir so.
Chimg minh rang s6 ¢6 6 chir s6 niy chia hét cho 91.

1.169.Viét 7 s v nhién bt ki, mbi s6 vao mot tdm bia. Ching minh ring c6 thé
chon ra mot hay nhiéu tdm bia dé 10ng cic s6 trén do6 chia hét cho 7.

e Phuong phap quy nap toéan hoc

1.170.Chimg minh ring 1dng cdc 1ap phuong ctia ba s6 tu nhién lién tiép chia hét
cho 9.

1.171.Chimg minh ring véin € N thi A = 7" + 82" : 57, (1)

1.172.Chimg minh ring vGin € N thi :

2A=2"415:3; b)B=2""+15n—-1: 3.
1.173.Ching minh ring véin € N thi:

a)A=10"-9n-1:81; b)B=10"+18n-1: 27.
1.174.Chimg minh ring v6in € N,a € Z thi :

AA=16"-15n-1:75; b)B=a""—-a: 30.

1.175.Chimg minh ring s6 duoc thanh 1ap bai 3" chir s6 giong nhau thi chia hét
cho 3" véi n nguyén duong.
(Thi HSG toan quéc nam 1979)
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C%l?mo’fzg /I PHAN THUC PAI SO

Chuyén dé 1
TINH CHAT CO BAN CUA PHAN THUC

A. KIEN THUC CAN NHO

1. Mot phan thitc dai s6 1a mot biéu thic ¢6 dang % trong d6 A, B la nhimg da
thire va B 1a da thic khac 0.

2. Hai phan thic % va % £oi 1a bang nhau néu A.D = B.C.

3. Tinh chit co ban cua phan thic :

A % (M 12 mot da thic khic da thic 0).

= (N 1a mot nhan tr chung).
B:N

B B
A_A:N
B

e ez oaw.. A=A
4. Quy tac doi diu: — =—,
B -B
5. Quy tac nit gon phan thic :
— Phén tich tir va méu thanh nhan ur;
— Chia ca tr va miu cho nhan tr chung.
6. Quy tac quy dong mau thirc :
— Phén tich cac mau thire thanh nhan i réi tim méu thidc chung ;
— Tim nhan wr phu cia méi phin thirc ;

— Nhin ca tr va miu ctia mdi phan thire véi nhan ur phu twong tmg.

B. MOT sO Vi DU

Vi du 1. Hai phan thic sau cé bang nhau khong ? Vi sao ?

a+3 _ a+6
va

a—-4 a-8
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Gidi. Tac6 (a+3)a—-8)=a’-5a—-24: (a—4)a+6)=a’+2a-24.

Via® - 5a—24 #a’ + 2a — 24 nén hai phan thic di cho khong bang nhau.

Vi du 2. Cho ad = bc trong d6 b # 0, 3b # d. Chimg minh rang : _S:; _; = %
Giai. Tac6 (3a—c)b=3ab-bc=3ab-ad. (1)
(3b - d)a = 3ab — ad. (2)
Tu (1) va (2) suy ra (3a - c)b = (3b - d)a.
Dods2=E 4,
3b-d b

(:1+b)2 a’ +b?
2 12 - 2"
a“-b (a—b)

Giai. Via>b>0néna+b>0:a-b>0.

Van dung tinh chilt co ban chia phan thic ta ¢6

Vi du 3. Cho a > b > 0. Chimg minh riang

(a+h)2_ (;1+b)2 _a-}-b_(a-{»-b}(a—b}_a}‘?—bz{112+l:)2
a’-b> (a+b)a-b) a-b (a-b)a-b) (a-b’ (a-b)?

(v‘lUttaz-b2<a3+b2).

3
x4—>(' - Xx+1

4

Vi du 4. Cho phan thic P = 2 5
X' +X +3x“+2x+2

Rut gon roi chimg to rang phan thiic P luon cé gid tri khong am véi moi gid tri
cua X.
x (x=1)=(x=1) o (x=D(x’=1)

xz(x2+x+l)+2(x2+x+l) _(x2+x+l){x2+2)

Giai. P =

- 1)*(x? 1 — 1) s o
=(:'(2 ) (x +>2;+)=(x2 ) > 0, véi moi X,
(x“+x+Dx“+1) X< +2

xT+x2+l

x® +x41

Chimg minh ring phéan thirc Q la phan thic chua t6i gian.

Vidu 5. Cho phan thic Q =
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Giai
e T 7 2 6 2
*Tacox +x " +1l=x = X+x"+x+l=x(x - D+ (x"+x+1)
=X+ D =D+ +x+ 1)
=(x4+x}(x—l)(x?'+x+l)+(x2+x+l)
=(x2+x+l)(x5—x.4+:<2—x+lJ.
*TacéQ=xx+x+I=x“—x2+x2+x+l=x2(xﬁ—l)+(x2+x+l)
=20+ DX =D+ Fx+ 1)
=X+ - DO FX+H D)+ (x4 1)
=x2+x+ DX - +x %2+ D).
Tir vd miu ¢6 nhan tir chung 12 da thie x” + x + 1 khdc da thic +1 do d6 phan
thie Q chura 161 gian.

; sad w3 ; 11b
Vidu6.Choa>b>0va a’ + 3b” = 4ab. Tinh gid tri cua phin thic A = a; e
2a+
Gidi. Tir diéu kién a” + 3b” = dab suy ra a” + 3b” — 4ab =0 hay (a— b)(a— 3b) =0
a=b (loai)
-
a =3b.

Thay a = 3b vao phin thic A ta duogc

A_atllb _3b+llb _1db_,

2a+b 6b+b  7b

C. BAI TAP
e Hai phan thic bang nhau. Tinh chét co ban
2.1. Tim da thic M trong céc truong hop sau :

x? +27 XD b) M _x2—8x+16_

a) - =
X% -3x +9 M X+4 16 — x>

X=2y _ 3x? —?xy+2y2
M 3x2 + 5xy - 2y°

2.2. Hai phan thic sau ¢6 bang nhau khong ? Vi sao ?

al-a+l a’+3a-1
va

a-—?2 a+2

c)

a’-2b° ab

2.3. Cho ad =bc trong dé cd # 0 va ¢? = 2d% Chimg minh ring - = =—,
¢ -2d° «od
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24, Chimg minh ring

(x2+x+l)(x4—x2+1)(x3-x4+1)_ 1

x4 x® 41 X2 —x+1

5a+7b _29

6a+Sb 28

2.6. Vi€t cic da thire sau dudi dang mot phan thiee dai s6 vdi tir va miu la nhimg
da thirc ¢6 hai hang tr:

2.5. Tim cdc s6 tu nhién a va b sao cho (a, b) = | va

a)A=x3“'+x”+x33+...+x+ bz

byB=(x- x>+ D +1) ... x* +1).

a+b az-i-bz
> :

2.7. Choa>b >0, chimg minh rang :

e R(t gon phan thic
2.8. Ruiit gon cdc phan thic :

2% — 2 D
2) 2..x 6 : b) 6x 2x 2
X*=x-6 4x° -1
2.9. Chimg minh cédc ding thic :
3. =2 _ _ 3 _ _
a)x X" +3x—-3 x I: b)x 25x X=3

x3+2x2+3x+6_x+3 x4+l25x_x2—5x+25'

2.10. Ruit gon cédc phan thiic :

3 2
X|X - . " =3x° -1
a)Az# V6i X %3 ; b)B:lx 13" ";3" |v6‘ix:t1,x:=0.
5x° -45 X" =2Xx°+x
; §~xwbray ..
2.11. Cho phan thic C = — 5 Z véix #2.
X" =2x"+x-2

Chimg minh ring C khong duong.
2.12. Ruit gon céc phén thic sau :

2 2 2 2 2 2
a“ —-—b” +c¢c” + 2ac a“(b=c)+b“°(c=a)+c“(a-b
_ by Q=3 (b=C)+bi(c-a)+c*(a=b)

7)) P= .
aZ+b?-c?+2ab ab? —ac? -b’ +be?

(x3 +a)(l +a)«f~azx2 + 1

2.13. Cho phan thic A = —; —
(x*=a)(l—-a)+a"x" +1

Chimg minh rdng gid tri cia A lu6n ludn duong véi moi gid tri clia X va a.
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2.14.

2.15.

2.16.

247,

2.18.

2.19.

2.20.

2.21.

2.22.

2 B Z _h s
Cho phén thic B = Ny LYY N

xzy" + y'; +2x% 42
a) Chimg minh ring B> 0 véi moi x, y ;
b) Tim cdc gid tri cta bién dé B dat gid tri 16n nhit.
x> 4 4%% =x =4
x?+5x2 +2x -8
Chimg minh rang khi x = -1002 thi C> 1.

Cho phan thic C = voix #-2,x# |l vaix #4.

Kihiéun! = 1.2.3 ... n. Rit gon cic phéan thirc sau :
n! ] b (n+2)!+(n+1)!
n!'+(n+1)! (n+3)!=(n+2)!
Tinh gid tri cuia phan thic :
2 _Hgy2
a}A=i viix#-Syvax-5y=99;
3x + 15y
b) B = 3;‘9"2 voix £ £3y v x + 3y = 0.
2x° - 18y 4
2 —
ChoP=3x +215x 6vc’rix:il.
9x“ -1 3
Tinh gi4 tri ctia P khi 10x” + 5x — 3 =0.
5 o2 2 TR ” 2ab
Choa>b>0va a® —6b° = ab. Tinh gid tri cua phan thirc A=2—7bl'
a —

Cho abe # 0 va a + b = ¢, tinh gid tri cta biéu thiic

(2 + b* — P Wb* +e* ~at) et xa% —b")
4a’b’c?

Cho a, b, ¢, d thoa man cic diéukicna+b+c+d=0vaab+bc+ca=1.

Hay rit gon phan thuce

(ab-cd)(bc —ad)(ca—bd)

B

s @2+ 1)+ D +1)
Rut gon cac phéan thic :
) xm+x4ﬂ+l. b) X0 4 x™ x4 x4+ x? +1
; x20 4+ x10 41’ x4 x3 4 x3y axfex?el



2.23. Rut gon cic phan thic :

2n 2n in in
a~ —-b X -y

a) : b) ——;

(a-b)@" +b") =y

4m dn
x p—

c) 3m 2m_.n ym 2n in

X7+ xSy + xTy " 4y

2.24. Rut gon cic phan thic :

(x* - y*)y? - 22)2% -x?) |
(x—y)3+(y—z)] +(z—x)3'

(x2 - y2) +(y2 = 22)* + (2% — x2)]

(x-y) +(y-2) +(z-x)*

a) A=

b) B=

2.25. Choax +by+cz=0;a+b+c=0,0lI vaax2+by2+c22¢0.

ax? + by2 + ¢z’

Tinh gid tri cha phan thic P = 5 = G
ab(x —y)” + be(y —z)° +ca(z—x)

2.26. Cho2xy —2x -2y + 1 =0wongdoy#1,x+y= 1.

2 2
Hay nit gon phén thic P = x,} L ”2 .
¥ EL{y=1)
2.27. Chimg minh rang véi n € N thi cic phin s6 sau déu t6i gian :
2
i) 4n+l; b) I_n+l.
Sn+l 30n+1
Chuyén dé 2

PHEP CONG VA PHEP TRU CAC PHAN THUC PAI SO

A. KIEN THUC CAN NHO

1. Muodn cong hai phan thitc ¢6 ciing mau thirc, ta cong cac tr thirc véi nhau va
gilr nguyén mdu thirc.

2. Muo6n cong hai phan thirc ¢6 miu thire khac nhau, ta quy dong mau thire réi
cOng cdc phan thirc ¢6 cing mau thirc vira tim dugc.

3. Phép cong cic phan thirc ¢6 cdc tinh chdt giao hodn, két hop.
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4. Muon trir phan thic % cho phén thirc % ta cong —%— véi phin thirc doi cua % :

A C _

A

_

=

B D B

B. MOT O Vi DY

2
Vi du 7. Thuc hién phép tinh ,2 - 21 +x1 g
X" =1 X" 4+x X =X
2 1 x? =3
Giai. - +
x* =1 x24+x  x°-x
_ 2 1 . x%-3 _2x-(x-D+x’-3
x-Dx+1) x(x+1) x(x-D(x+1) X(x = D(x +1)
B x> KD _(x=1)x+2) x+2
X(x =DxX+1) x(x-Dx+1 x(x+1)
9 Voo — 2 2
Vi dy 8. Cho biéu thic P = —— + —>—1 X i et}
X=1 x*+x4l | = x°

a) Riit gon P; b) Tim x € Z dé P ¢6 gia tri nguyén.

Giai

a) DKXD : x = 1.
2 & 2x — 1
x -1 x2

2
X +6x+2
P=

+x+1 (x=Dx*+x+1)
2 x4+ D+ 2x - D(x =) +x% +6x +2

(x -Dx%+x+1)

H2x2+2x+2+2x2—2x—x+l+x2+6x+2
- (x = D(x2 +x +1)

- 5x%4+5x+5 52 +x+1) 5
_(x—l)(x2+x+l) _(x—l)(x2+x+l) B

Xx =1

b) P c6 gid tri nguyén <

cégidtringuyén <= (x— 1) e U(S)={£ 1 ; £5)

-1 3
0 6
Vay khix € {-=4;0; 2; 6} thi P ¢6 gia tri nguyén.

-5
-4

x -1 1

X 2
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Vi du 9. Cho n € Z. Chimg minh ring biéu thic

: R
- 125n % 25n

n S
+ 3 €O gia tr1 nguyén.

6 2
PO 2 2
Gidi. Tacé A 125n" + 75n“ + 10n _ Sn(25n° + 15n + 2)
6 6
_5n(5n + 1)(5n + 2)
: :
Ta thdy tich 5n(5n + 1)(5n + 2) la tich cia ba s6 nguyén lién ti€p nén chia hét
6.k

cho 6. Do do A='?=k (k € Z).

Vi du 10. Riit gon céc biéu thic sau :

| | |
a) A= + + .
xX-y)x—2z) (y-zXy-2z) (z-x)z-Y)
b) B = = + = " 2y .
(x-yY)(x-2) (y-2z)y—-x) (Z-x)z-Y)
Giai
a) A= : + l + 1
(X=y)x-2z) (y=z)}iy—%) @EZ—-xXz-Yy)
_z-p+x-)+y-x) _,
(x = y)y — z)(z — X) '
b) B = yZ . ZX Xy

x=-y)x-=2z) (y-z)y-x) " (z—-x)Nz-Y)
_y#z - y) + zx(x — 2) + xy(y - X)
(X - YKy —2z)(z - Xx)
_ yz(z = y) + ZX(X = z) = xyl[(z = y) + (x = 2)]
(X =Yy =zZNz —X)
_Yez-yz-x)+x(x-2)z-y) _ (Z2-y)z-x)Ny-X)
(x =yNy -z)z -x) (x = y)y -z)(z-X)
Lirv y. Nén ghi nhé két qua cdc bai todn ¢ vi du nay dé dp dung vao giai mot
sO bai todn khdc duoc nhanh chong.

& - - - 2 # . - - - « b
Vidu 11. Choa, b, ¢ vax, y, z la cic s0 khdc 0 thoa man diéu kién Z—§==0
X v z
X y z ; x? yz 2
vi —+=4+—=Kk. Tinhténg S = — + = + —.
a b c a’ b* ¢
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Giai

e Tir diéu kién £+E+E=U, suy ra ayz+bxz+cxy=0 hay ayz + bxz + cxy =0.
X y 2z Xyz
ak e X § B x> yz 22 Xy, yz, 2
e Twrdiukién —+=+—=k, suyra — + =5 +— +2| — =k
a b c a b c ab bc ca
2 2 2 .
hay f_ﬁ_+1§*+%+2cxy+ayz+bzx=kgi
a~ b abc
2 2 2
X y Z 2
Nhung cxy + ayz + bzx = Oncn—z+—+—2=l-:.
a b> ¢
2
Vi du 12. Tim pid trj nh nhdl ciia bigu thic P=—2% 6’: |
X~ +
Giai
2 _ 9 2 2 - aad
Tacészx 2*!on+.. =9x 6x-;1+{x +I)=(3x’, 1) L5
x“ +1 X“+1 X< +1
2
Taco L5l 20 (dau “=" xay rakhi x = l) nénP 2> 1.
=) 3

Do dé6 min P =1 khi x=%.

C. BAITAP
Cdng, trir cac phéan thic khéng ¢cé diéu kién rang budc gilia cac bién
2.28. Lam cdc phép tinh :

X , X — x% + 3y?
a) - —— b) 2+~
Xy -y~ x“-xy 2x +2y 2y°-2x°
2.29. Tinh bang cach hop Ii :
2 -
i ﬂx Xy Y +Xy . 2xy2:

X -2xy+y2 y2+2xy+y2 yz—x

b) R i xz—(xz—l)2 +}-;?'{x—l,‘n
(x2+ l)'“:'—zic2 :iiz(x+l)3—l2 :~:4—(x~a—l):J

2.30. Cho n € Z, chimg minh ring céc biéu thirc sau c6 gid tri nguyén :

]
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2.31. Tinh tong

= l - !

(y-2)(x* +xz2-y* —yz) (z-x)y? +xy-z
|

(x —-y)(z?' +yz~x2 -xy).

2 - Xz)

“+

2.32. Tim x € Z dé cdc bicu thirc sau ¢6 gid tri nguyén :

o 2 _ 3 ( 2 _ _
a)A:"x 5x+3: b)B=3x + 9x X 5.
2x -5 X+3
.
2.33. a) Tim gid tri nho nhat cua biéu thie P = M:
x“+2
2
b) Tim gid tri 16n nhat cia biéu thic Q = 2x2 LS
X“=2x+4
x2+5 m n
2.34, Tim m va n sao cho > = -

-3 +2 x+2 (x-1)?

2.35. Tinh téng :
y+2Z " Z+ X " X +Yy :
(X=YyXx =2}y y=~zliy=Xx) (2—XXZ~Y)
1 | |
- -

X(X = y)Xx —2z) y(y — z)(y — X) ZZ =X KZ —¥)
2.36. Tinh céc t6ng sau :

a)

b)

a) A = = ¥ Y + = :
(X —=Yl(x=2) ((y-=z)y=X) (Z—=XNZ—Y)
2 2 2
b) B = = : Y + i :
X=¥yUX=2) Y=2Z)y—=x%x) Z=%)z=Y)
3 3 3
eyl = : + y + c .

(x-y)x-2z) (y-z)(y-x) (z-x)z-Y)
Cong, trr cac phan thic co diéu kién rang budc gita cac bién
2.37. Tinh gid tri cta cdc biéu thic sau :

521—b+3b—-a vdia#—z: b;ez va2a-b=7.
Ja+7 2b-7 3 E

Sa+5b+3a+b
S5a - | 4b + 1

a) A=

b) B =

Vol a:t-l—; b;t—l va3a+ 5b=-I.
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2.38.

2.39,

2.40.

2.41.

242.

2.43.

244,

2.45.

2.46.

Tinh tong :
X z
- S

a) P= -
-Xy+x+1l yz-y+l xz+z-1

vGi Xxyz = 1 va cic mdu thic déu khac 0.

r 2-
b) Q= ——— +—3 =

+
Xy+x+2 yz+y+1l xz+2z+2
voi Xyz = 2 va cic miu thiic déu khic 0.

Cho x, y, z d6i mot khidc nhau va khic 0 thoa man dicu ki¢u xy + yz + zx = 0.
2 2 2
: z
Tim gid tri cua tong A = —; & yad +

2 2
X“+2yz y +2z2x z°+2xy

Cho x, y, zkhdc £ | va xy + yz + zx = 1. Ching minh rang
x+y+22= 14xy:r; —
|-z %" K= N-%]

-

[t | =<3

Choxyz#0vax+y+z=0.Tinh
2

%2 },2 72
— + + .
TN TR 2..2 2 . TR

y +z°-Xx° z°+x"-y° x"+y" -z

A =

Chobasdoa,b,c#0va(a+b+ (:}l2 =2+ b2 - (:2. Chimg minh rang
| | ] 3

—t— == .
a® b ¢ abe
oo b 4 TR  WE
Chox,y,z#0va —+—+ —=0. Tinh gid tri cua bi¢u thuc :
X ¥ =z
% X + +2 _ Z+X
a)P=%+y—;+%; b) Q= y+y - :
z X y Z X y

2a -
Choa#0,b#0vaa+b=1.Chimg minh ring : 1b - ‘a =“£d2 b}.
a’—1 b'—=1 a’b"+3

Chox=by+cz.y=ax+cz;z=ax+byvax+y+z#0.
I I
+ + ;
a+l b+l c+l

Tinh gid tri cua biéu thirc S =

1 1 1 1 g )
Cho — + — 4 = = ———_ Chimg minh rang
a b ¢ a+b+c

I+I+I
T il 3 3 3
a b o




2.47.

2.48.

2.49,

2.50.

I 1 1 z i ; 1 1 |
Cho —+—+—=k vaa+b+c=abc. Tim gid tri chlak d¢ —+—+—=Kk.
a b c a’ b> ¢?

Cho céc s6 a, b, ¢ khdc 0 thoa man diéu kién
a+b—c_b+c—a c+a-b

- = 0.
- be B, By
Chimg minh ring trong ba s6 a, b, ¢ c6 mot s6 bang tong cua hai so kia.
\ W S S T8 S I -
Cllou.b.c:t()v;lx.y.z:t()thoamandlcuku_:n—+l+—=0vu‘—+—+—=|0.
a b © X y =z
2 2 2
" o a -
Tmhtong—z-r—-fﬁ-—z-.
X y- ¢
2 2 2
X z x
Cho : e oy =0vax+y+z#0.
Y+z Z+X X+Yy
: Gk X / z
Chimg minh rang : i, =1.

y+z z+Xx X+Yy

Chuyén dé 3

PHEP NHAN VA PHEP CHIA CAC PHAN THUC PAISO

A. KIEN THUC CAN NHO

1. Muon nhan hai phan thic, ta nhan céic r thic véi nhau, cac mau thire véi nhau.

2. Phép nhan cic phéan thirc ¢6 cdc tinh chat : giao hodn, két hop, phian phoi doi
voi phép cong.

. ; . A ' S A
3. Muoén chia phan thic B cho phin thirc %# 0 ta nhan B vo1 phan thic

C

nghich ddo cua —:
D

A
=

oo

A D €
=—.— vOoiI — 2 (.
B C D

B. MOT SO Vi DU
Vi du 13. Thuc hién cdc phép tinh sau :

a)

5
a-3 a®+3a%+3a%+1 b) a+b _a% —ab-2b’
4

2 SR 2 g 3 2 " 4 4
a +2a°+1 a +a-3a“-3 a’ —a’b+abZ-b a -b
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Gidi

P .a6+3a‘1+332+|= a-3 @+’
at 2841 2" 4a-%"~3 (az+l)2 (az+l)(a—3)
b) a+b :az—ab—2b2

8" —a*b +ab" ~ b’ VI

~ a+b (@’ +b’)a+b)a-b) a+b
—(a—b)(azdpbz). (a + b)(a-2b) T

Vi du 14, Tinh bang cdch hop i :
A_5x+l X+2 8-3x 5x+1

T2x-325x2-1 25x2-12x-3
5x + 1 X + 2 8-3x | Sx+1 4x-6
2x—3{25x2—1_25x2—1J_2x—3'25x2-1
. Px+D22x-3) 2

T @2x=3)5x-DGx+1) Sx -1
Vi du 15. Lam tinh nhan
(x +y)° (x +y)* —9(m —n)’

Giai. A =

B=

(X + y)(m = n) + 3(m - n)2 '(x - y)z - 3(x + y)(m —n)
Gidi. Datx + y=a; m—-n=b, tadugc
a>  a’-9b° a’(a+3b)a-3b) a_x+y

—

B = . = :
ab+3b% a2 -3ab b@a+3b)a@@-3b) b m-n

Nhdn xét. Viéc d6i bién x + y =a; m — n = b 1am cho biéu thiic B trd nén don
gian, dé tinh todn.

Vidu16.Choa+b+c:tOthofnnﬁncécdiéuki¢nabc=4vha3+b3+c3=L‘Z.
a+b b+c c+a
ab  be  ca
Gidi. Vi a'+b' +c’ =12=34=3abcnéna’ + b’ +c’ - 3abe = 0.
Suy ra (a+b+c)(az+b2+c2—ab—bc—ca)=0(Béli 1.116)
Via+b+c#0néna’+b’ +c’—ab—bc-ca=0
& 2a° +2b° + 2¢* - 2ab - 2bc - 2ca=0
o@-bP+b-c+(c-a’=0a=b=c.

2a 2b 2c Sabc 8 8

P =t 20 26 T N
ab bc ca  (abc)® abc 4

Tinh gid tri ctia biéu thic P =
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C. BAI TAP
Nhan, chia céGc phan thic dai sé khéng cé diéu kién rang budc gila

cac bién
2.51. Thuc hién céc phcp nhén :
a} £ XD X - X =12 b) x2 - 49 .xz—Zx—i’a'
x2+X—-6 X2 +6x+5 x2 +2x +1 x? +4x - 21

2.52.

2.53.

2.54.

2.55.

2.56.

2.57.

Thuc hién cac phép chia :

x> +y° x? = xy 3x? - 3xy + 3y?  9x® + 9y’

2) = I e L 3 B tiaed :
Xy" +2xy" +y° x“ -y 4x” — 4xy~ 2x° — 2xy

Tim phan thic X biét :

P R 2 . 2 - . 3
i) Xz ay” _ X +1.xy+2y _ x'az xz y 2xy=a+x+y'

bx + by ax“© — ay A" =x"=ay—-xy Aa+xX-y
Tinh bing cdch hop li nhat

(x - y)? x2+y2” X2 x2+yz'

?.x—y' yz 2x—y‘ yz :

Thuc hién cac phép tinh :
a)3x+l 2x =3 6x+2 b) 3 3x+4y 9x-12y
X-3 5-x 'r'x—3' X+7y 3x-4y x+7y

ax + ay + bx + by ‘xz - 2xy - 3y’
2ax + 2bx + ay + by ) xz -4xy + 3y2
Choa,be Z;a,b#0;a=3b;a=-5b.
a) Chimg minh rang gid tri cia biéu thirc A 1a mot s6 nguyén 1¢
i b(2a® + 10ab + a + 5b) a’b + Sab>
a - 3b Ca®-3ab
b) Chimng minh ring gid tri ctia biéu thic B 12 mot s6 nguyén chidn
(a +b)’ - (a-b)’ (a+b) (a2 +b%)
a-3b 3ab-a’
Riit gon biéu thirec :
(x + D(x +2) - 2[(x + )* —x] (x + 1) +2—(x+l)[(x+ 1y} +11,
(x + 2)[(x + 1)? = x] x+1)+1

x3+y3+z3—3xyz x2+2xy+y“—-z

(X - y).

B =

a) A=

2

b) B= . :
x2+y2+zz+2(xy+yz+zx) (x-y}iz+(y——z)2~1_(z—:nc)2
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2.58. Chimg minh cdc ding thic sau :

-3
a) I—};—i.(x2 +6Xx +9) =—-(x+3)vdix<-3;
x“ -9

2
b)x +y —xy{x+y){ y]=x—y

. | -y K+}"'
2.59. Cho x,y # 0, x # + y. Tim diéu kién cia x va y dé cdc bifu thic sau c6 gid
lridlm‘ng'
Bz s

d)P—xy—x} LY xyl;

X =y X—-Yy

[ x+y x-y x2 +y?

b) Q= 5 5 —_ :

X“+y° X+y) x" =y =3xy(x - y)

2.60. Chimg minh ring cdc biéu thic sau luon ¢6 gid tri la mot hang s6
x2 +(2+a)x +2a 2x® - 222

x2+(2—a)x—2a'x2-2ax+a

b) B= x3+(a—b)x—ab xz—(a+b)x+ab _ xz-(b—l)x-—b xz—{b+l)x+h
| x2+(b+1)x+b x2=(1-b)x=b

a) A= viixzta:x#2=-2:x#5.

2

X2 —{;t—h}m—ah'::;2 +(a+b)x+ab
viixzta:x2+tbvix==+l.
Nhén, chia céc phén thirc dai s6 ¢ diéu kién rang budc gilia cac bién

2.61. Chox+y+r¢Uv&x-y+7 Ch&ngminh ring
(xy+y;+zx) —(xy +yz + 22x?%) (x«:~3,r+:«:)2

= yz_
X° % y° +2° x2 4y’ +2°
2.62. Cho xy + y? +zx = |, tinh gid tri cha tich
x +2xy+y yz +‘23,,':J:+z2 2% + 2zx + x*

P = : .
x2 +1 2y? +1) 322 + 1)
263. Chox+y+z=1vax+#-y,;y#-z;z#—X. Tinh gid tri cua tich
_Xy+z yz+X 2X+Y
(x + y)“!. (y + z)? '(z + x)z‘
2.64. Cho abc # 0 va abc # £ 1 thoa man céc diéu kién sau :
a-b b-c c-a

— =a-b:
ab bc ca

Chimg minh ring trong ba s6 a, b, ¢ phai ¢é hai s6 bing nhau.

=b—0C
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s A b1 s s g
2.65. Cho xyz=4 va —+ — + — =0, tinh gi4 tri cta tich A.B.C, biét :

X y z
x2(y? +22)—y2z? P2 ek 262 vy - 2
- 3. 2.2 » B= 2. 2.2 » C= 3 2.2 '
i X“y“z
Chuyén dé 4

BIEN POI CAC BIEU THUC HU'U TI

A. KIEN THUC CAN NHG

1. Nho cic quy tac cta cac phép todn cong, trir, nhin, chia cic phan thirc ta ¢é
thé bién déi mot bicu thitc hiru ti thanh mot phan thic.

2. Khi lam tinh trén cic phén thic ta chi viéc thuc hién theo cédc quy tic cha cic
phép todn, khong cin quan tdm dén gid tri ctia bién. Nhung khi giai nhimg bai
todn lién quan dén gid tri cha phan thic ta phai tim diéu kién dé gid tri cla
phan thitc duoc xdc dinh, do6 la diéu kién ctia bién dé gid tri tuong g cua
méu thirc khéc 0.

B. MOT O Vi DU

» 2 —
Vi du 17. Riit gon biéu thifc : = — | ——— + S
y \|x“-—xy Xy Xy=y“) X" —Xxy+y
2 2

2 S G A X -y
Gia’f.;—[xz =gt e -
- Xy y  xy-y*) x*-xy+y

2  J 2
[x e D

=g_|i x> +x2_},2+ y? ]'?x—y :
y |x(x-y) Xy yX-y)| x“=xy+y
g_x3y+(x2—y2)(x—y)+xy2 X—-y
y xy(x - y) ‘x2 —xy +y?
_E_(x-py)(xz—x}wyz) | _E_x+y_?_x—x—y_x—}’
Ly Xy ‘X2-xy+y? y xy  xy  xy
Vi du 18. Rl’ngt_)nrdiu’nhgizilricimbiéuthfrcAvdixz—%: y=%.
A=[ 4 _x—}']yz—xy +[£Hx2—xy]:xy+y2‘

X—Yy y2 " x -3y 2 x-2y ) 2x -4y
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Gidi. DPKXD :y#0:x#ty i x#2y; X #3y.

_ 4}'2 -(x - y}z y(y — X) 2 x(x = 2y) - 2(:&3 -Xy) . y(X+Y¥)

A = :
y(x —y) X — 3y 2(x = 2y) 2(x = 2y)

2

2y +x-y)2y—x+y) y(y —x) +x2—2xy—2x + 2xy 2(x - 2y)

y2(x - y) X — 3y 2(x - 2y) y(x +y)

_x#YGY-x)yx-y) | -x2.2(x — 2y)
yz(x - ¥).(3y — x) 2(x = 2y).y(x +y)

_X+y x? _(x+y)2—x szy+y2 _y(2x+y)_2x+y

y y(x +Yy) y(x +y) - y(x +y) y(xX +y) X +Yy

2

I 1 y ; i cw % s
Vix= = ¥ = thoa man DKXD, khi d6 gia tri cua biéu thirc A la

1 1 1
2(-3)+5  -1sl
i 3=4,

3

I
2

3—
Vi du 19. Cho biéu thitc : B = l _xz o ~ l - 21
x+1 x“+1 (x“"+2x+1 x°-1

a) Ritgon B ;
b) VGigidtrindocuax thiB=17?

Giai. DKXD : x # % 1.

| x(x-Dx+1) x=D-=(x+1) 1 -2x
a) B= N 2 : 2 = -
x+1 X +1 (x+D(x=1 X+1 (x“+Dx+1)
B x2 + 1+ 2x o) (:|c+l)2 _x+1
Z+Dx+1D) D+ x2+1
b}B=lf:::»J':2+l =l x+l=x’+1ex-x2=0
x“ +1
& x(l —x)=0 & x=0 )
X =1 (loai).

Vaykhix=0thiB=1.



- 2 _ 3_
Vi dy 20, Cho bidu thiic P = (x* -8); X *2x*+4 __x"=4 x =81, 1
X +2 x2+2x+4 X+2
a) Rut gon P;

b) Tim x € Z dé P ¢6 gid tri nguyén.

Giai.a) DKXD :x#-2:x# 1.

2 -1

po| X=D0P +2x+4)(x+2)  (x=2)(x+2) (x=2)(x* +2x+4) | _I
X°+2x +4 x2+2x+4 X+2 E

2 - S, . B
=|(x‘—4)-—{x-2}2]. | " X 4 - Xx° +4x 4=4x 8.
X -1 X -1 X —1

_4x-4-4 4x-1) 4 e 4
% =] x-1  x-1 o] °

by P

P ¢6 gid tri nguyén < Ll cO gid tri nguyén
x -

x-leU@)={x1;+2;+4)

X =1 -1 1 2 ) 4 ]

% 0 2 3 -] 5 -3

Vaykhix € {-3;-1;0:2;3;5} thi Pcé gid tri nguyén.

gl
ViduZl.Chobiéutlu?cQ:[l i3 +y)+l}[l+ : ]:[1- 1 }

2xy X =Yy X =y
a) Rit gon Q ;
b) Chimg minh ring khi x va y trdi ddu thoa man diéu kién x # y + 1 thi gid tri
cua bi¢u thic Q luon luon khong am.

Giai
a)Q=I—x2—y2+2xy .x—y+I:x—y—l=l—(x—y)2 ‘x—y+l. X—-y
2xy X=Yy X—Yy 2xy X-y x-y-I
C(A=x+Y)+x-y) x-y+1 _ (x-y+1)°
h 2Xy 'x—y-—l_— 2Xy '
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b) Vi x va y la hai so trdi dau nén cdc gid tri cdc miu thite 2xy, x — y déu khac 0.
Mat khiac do x # y + 1 nén gid tri mdu thic x -y - 1 # 0.

TacOo—-(x-y+ I}ZEU;Exyc:UnénQEU.

C. BAI TAP
2.66. Cho bi¢u thiic

i 1 f Lo LY. 8 JA L) . B (L_LJ
(x—yf x_% yi (x_},)4 x?. yz (x—-)’)ﬁ X y '

Chimg minh rang A 14 1ap phuong clia mot biéu thie hiru ti.

2.67. Chimg minh ring véi nhimg gid tri thich hop cua bién thi cdc biéu thic sau
cO gid tri la hing s6 :

Axy
a)A:[ AR, J:[X+y_ ,xsz:
X—-y X+Y X-y x°-y

b)B_(x+y)2[ x % ]_5x—3y

X (x+y)2_x2—y2 y - X

2.68. Chimg minh ring véi nhimg gid tri thich hop cta bién thi cdc biéu thitc sau
cO gid tri bang nhau :

2 3 3
X X X
( +|] l——1 —3+I
M =Y - Y .
x ¥ X X T .
— =41 —FS-
y X g2y y X
N = X  Xx+6 | 2x+6 X
x2-36 x2-6x) x*-6x Xx+6
2.69. Chimg minh cic ding thitc sau :
(2 sigsall 2 _ 2 2 "
i) X“+Xy+y +x Y+ dx+y+ y ]= 2X :
. X+ X-—y X-Yy) X+Yy
b)"x+2_4(y+|) IXy+) yx+2) |
x+1  y+2 || x+1 y+2 y-X
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2.70. Cho bi¢u thic

2.71.

2.72,

2.73.

2.74.
2.75.

2.76.

2.77.

- . +(x+y+z)2.
X Y+Z y+z) Xx+y+z

trongdox,.y,ze Z,x#0;y+z#0vax+y+z=0.

2 — vz + 722 : 2 2x;
A:[} yz+z X 3yz | 2xy + 2xz

Chimg minh ring A : 3.

- ¥, . 2
Cho bidu thic B = — i”'{ Gl T x:”
JEEEE = ) Y

X y Z

trongdo xyz#0vax+y+z=0.
Chimg minh rang bic¢u thic B ¢6 gid tri khong am.

Cho biéu thic

M=[ : +2(x—-y)—l]:[2x—2y-

|+ 2x -2y 2x =2y + 1

4x? - 8Xy + 4)*2 J
trong do x, y € Z. Chimg minh ring gid tri cia M 1a mot s6 chin vai moi
X, ¥ lam cho M ¢6 nghia.

Cho biéu thire

4
O [P ZI el (X_I)‘+2-x+l ,trong do x 12 s6 nguyén,
(x=-D+x x-2 (x-1)" -1

Chimg minh ring vai moi gid tri thich hop cha x thi gid tri ciia N luon 1a mot
sO nguyén,

2 2
¥ & . - " oY # \ 16
Tim gid tri nho nhit cua biéu thie P = s ( B Tl 8] +9.
X +4 X

Tim gid tri 16n nhat cta biéu thirc

0- x}+8 4x2 +8x +16  4x || 16
x*-8 x*-4 x=2] x%—6x> +12x2 —8x
2 2 N 2
Chobidu thic A=| B0 _2x tdx-l 1 |, x -4
(x+]] _3:( X" + 1 K+1 3x +6x

a) Ruit gon A ;
b) Tim x € Z dé A ¢6 gid tri nguyén.

Cho bi¢u thic

2 _ 2
B= B - L - : :x+2+(j -
x}—4x Sx+10 2-x x-2
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2.78.

2.79.

2.80.

2.81.

2.82.

2.83.

68

a) Rit gon B ;

b) Tinh gid tri ctia B biét [x| = % :

¢) Tim x biét B=-1.

d) Tim x dé B> 0.

e) Tim cdc gid tri nguyén cia x dé A ¢6 gid tri nguyén.
Cho biéu thirc

M—_l.— L__l..]_'. 2 L.{.L].{. - [l __]..]
(X"}")J- X4 y-'i (x_y)-l' x3 )’3 (x“y)ﬁ' xl )’3

a) Rit gon M ;

b) Tinh gid tri cia M véi x=%; y=-l.

2 .
Cho biéu thic N = 1’; g y - : }’4 :
X“=y® X-y) X =Xy-xy +Yy
a) Riut gon N ;
1

]
b) Tinh gia tri cua N, biét =—}; = -,
) Tinh gia tr1 cua 1€t x + Yy m Xy 20

Cho xyz = 1, tinh gid tri cia biéu thirc

(et ooy oot e o))

Cho x + y + z = a, linh gid tri cta biéu thic

I 1 ) >
Q:(—-+—](x2+y2—zz)+[l+l (y3+zz—x"}|+(i+l)(zz+x2—yz)
X ¥ Y Z) X
2 2 3 S . 2
Cho'tidu thie Aw| 2 XY LY *2 12X}
X“y 25l WE % Z°% y*
trongdél+l+l=0.
¥ ¥ g
Chimg minh ring biéu thiic A luon ¢6 gid tri am véi moi X, v, z khic 0.
Cho x = — ;y= 2 cz=—
b+c¢ c+a a+b

Tinh gid tri cua biéu thitc B = xy + yz + 2x + 2xyz.



b +c? -2 _a’-(b-c)?
e 7 b+l -ad
Tinh gid tri cia bi¢u thiic C=x + y + xy.
2.85. Cho x +y +z =0, tinh gi4 tri cta biéu thirc

P= x—y+y—z+z—-x = + - |
z X y X—-y y—z z-X

Chuyén dé nang cao
\ RUT GON BIEU THU’C
BANG PHUONG PHAP KHU LIEN TIEP

2.84. Cho x =

A. KIEN THUC CAN NHG

Thong thudng, mudn it gon mot biéu thiic hiru ti ta dua vao quy tic cia cdc
phép todn cong, trir, nhén, chia phan thirc. Nhung ¢6 nhimg biéu thiic hiru ti ta
khong thé van dung truc tiép quy tic céc phép todn vé phan thitc dugce vi nhic¢u
Ii do khéc nhau.,

Ching han, khong thé quy déng méu thirc cia hang traim phan thiic ¢6 mau
thitc khdc nhau dé cong,trir ching. Khong thé tim tich cta hang chuc phan
thirc bang cdch nhan truc tiép tr véi tr, mdu véi mdu ma khong tim ra quy ludt
dé rit gon tich.

Gap nhimg truong hop nhu vay, ngudi ta thuong tdich méi hang tr thanh tdng
hay hiéu cta cdc phan thic hoac taich méi nhan tr thanh tich cua hai hay nhiéu
phan thiec dé sau d6 klur lién tiép, hodc nhém lai thanh timg nhém ¢6 thé tinh
ra két qua dé dang.

B. MOT O Vi DU

Vi du 22. Tinh t6ng
1 1 1 1
+ + + o + .
X(x+1) (x+Dx+2) (x+2)x+3) (x +99)(x + 100)
Giai. Trude hét ta chung minh cong thic
1 1 1

x+K)(x+k+1) x+k x+k+1

S=
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| _(x+k+D)-(x+k) 1 - |
(x+k)x+k+1) (x+k)x+k+1) X+ k (x+k+l)'
Cho k lan luot 1y céc gid tri tr O dén 99 ta duoc

| 1 | 1 1 | | 1
S=|—- + - + - +...+ - .
X x+1 X+l x+2 X+2 Xx+3 Xx+99 x+100

Vi s0 trir & nhém trude bing s6 bi trir cia nhém sau nén sau khi klit lién tiép

Taco

1 | X + 100 - x 100
taduoc: S=— - = = 3
x x+100  x(x + 100) x(x + 100)
2 - 2
Vidy23.Tinhténg S=—~ 2, ¥ — =& 2 °% |
(x+y)x+z) (y+zdy+x) (z+x)z+Yy)
2. 2 e o
Gidi. Ta c6 : ————2= 5 Ml e it
(X + y)x + 2) (X + y)x +2)
_X(x+y)-ylx+2z) x y
(X + y)x +2) X+Z X+Yy
yz—zx y z zz—xy Z X

(y+z)y+x) y+x y+z (z+x)z+y) z+y z+X

Do dé S=(" —"]+[-‘" -“J+{"-x]=0.
X+2Z X+y Yy+X y+2zZ Z+y Z+X

Vi du 24. Tinh tich P =(l + l][l + lJ .[l + i] | + : ;
3 8 15 n? + 2n

Gidi. Dang t6ng qudt cia méi thira s6 1a
L] kP 2k 4l (k1)
k2+2k  k(k+2)  k(k+2)
Chokcédcgidtri 1,2, 3,..., nta duoc :

p. 23 & m+) _234.(n+1) 234.(n+1)

13724735 i + 2) 123..n  345..(n+2)
=11+l 2  2(n+1)
I n+2 042
Vi du 25. Tinh téng S = ke + ot + - .
X(X—~YUX~Z) WY—ZAYy—X) Z(Z—~XKZ~Y)
X+ 1 X 1

Giai. Ta cé

= +
X(x-y)x-2) x(x-y)x=-2) x(x-y)x-2)
_ | . 1
xX-y)x-2) x(x-y)x-2)
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v+ 1 | I
Tuong - = +
yly —z)(y —=x) (y—-z)Xy—-Xx) y(y-2z)y-x)
7z +1 _ 1 " 1
HE—XUZ~Y) (Z~=2U2~Y) HZ—=XUZz—3)
Dod6 S= 1 + ' + : }
| X =¥)Mx—2z) (y—=2z)y=%x) (Z=x)z~Yy)
| 1 1
+ + +
| X(X =y)x —=2) y(y-z)y-X) z{z—x)(z—y)]

Theo Vi du 10 thi tong thit nhat bing 0.

Theo Bai 2.35b thi tong thir hai bing L
Xyz

Do dé S=L.

XyZz
Nhan xét. Trong vi du trén sau khi tdch cic hang tr ta khong khur lién tiép duoc
ma phai nhém cdc phan thic thanh hai nhém, méi nhom ¢6 két qua da biét trudc.
Vi du 26. Chiing minh ring
2 _ .2 2 3 2
X -y . S . T oK e P Y Gl
(z+x)z+y) (xX+ydx+2) (y+z)y+Xx) x+y y+z zZ+X

- 2 2 2
X“ -y X2 —a" 4

2

Giai. Taco:

—yqu—z_i_z—y
(z+x)z+y) (z+x)z+y) Z+y Z+X

2 2 2
T e SR . TN z° - X et O

(x+y){x+z)_x+z x+y' (y+z)(y+x)_y+x y+z'
Khi do vé trai

vi=|*=2,2-Y|  [¥y=x_ x-2| [2=y ¥y—-x
X+y y+X Yy+zZ Z+Y Z+X X+z

_X-y y-z z-X

= = VP.
X+y y+z Z+X
C. BAITAP
Tinh t8ng
2.86. Tinhtong :a) S, = . : + ]

X(x +a) (x+a)x+2a) (x+2a)x+3a) .
1 1

+ + s
(x +9a)(x +10a) a(x + 10a)
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2.87.

2.88.

2.89.

2.90.

2.91.

295

2.93.

2.94,

2.95,

i .

b) S, = ] + y - s +
: x(x +a) (x+a)(x+2a) (x+2a)x+3a) N
b b
+ - .
(x +99a)(x + 100a) a(x + 100a)
X-y y-z _z-X,

Tinhténg : a) A =

Xy yz ZX
y.
* 1
b) B = 71+ 1‘91+ 3?1+m+3n +3n+% .
(1.2 2.3y 34) [n(n + )]
Cnoak=—-2k+—l,,- véi k > 1. Chimg minh ring téng S=a, +a, + ... +a, < |
[k(k + DJ*
; ; I
Gwak:l—L voik 2 1. Chimg minh rang tichP=a, . a,. ... . a4 > —.
(2k +1) 3

, . . Xy + 2x + | Z+ 2y + 1 zX + 22 + |
Rut gon biéu thic A = Y P | Y +

Xy+x+y+1l yz+y+z+l1 ZX+z+X+1
Tinhcécléngsau:a)M=l+3+32+33+...+3";
b)N=|+—l-+L+i+...+i.
3 3 & 3"
Chimg minh ring véin € N, n < 100 thi

n n n n 1
- + + .+ —<—,
(n+1)! (n+2) (n+3)! 100! n!

Tinh cdc t6ng sau :

2 2 2
ax” + | ay” +1 az” + 1
a) P= - - -
(x=y)iix—2) (yY—-2z)y=Xx) (zZ-—-xXz-Y)
a+ X a+y a+z
= + + .
X(x —y)(x - z) y(y —z)(y — X) Zz—-x)z—-y)
Cho A= 22 + ,,4 - 26 +...+2L.
x“—-1 x°-4 X -9 x“ =100

= : - 1 + . + : :
x=10)(x+1) (x-9)(x+2) (x = D(x +10)
Chimg minh rang A = 11B.
x2 y?. ?2 :(2 s }’2 +?2
Cho = +5+— =——5——7 trongd6 abc 0.
a~ b” ¢ a“+b° +c
1000 1000

Tinh gi4 tri cia bidu thic : M =x'" + y'" 4




azyz - b? " a’zx - b’ a xy b?

2.96. Ruit gon biéu thic P =
(Xx=yXx-2z) (y-z)y-X) (z x)(z—-y)

297. Chox, y, zlacéc s6 khic nhau doi mot sao cho L - S - LTS 0. Tinh cdc t6ng sau
X y z

yz -3 % zx -3 " Xy-3 _

2 2

a) A= 5 :
X“+2yz y“+2zx z° +2xy

= 9 4_2
b)B—x 2yz y £ZX X" -2xy

X~ + 2yz y +2¢x 22 +2xy
2.98. Chimg minh ring
X—y M y—2z & Z-X =2+’2+2.
(Z-xXz2—=Y) [R=yNx=2Z) (y=2Zfy—=X%X) X~y Yy=2Z Z~¥

Tinh fich
2.99. Chon e N', chimg minh ring :

p
a) P = (l+-—l— [I+LJ [l —I-—J 1+ l ¢6 gid tri nho hon 2.
1.3) 2.4 3.5 n(n+2)
f
b) P2=(|+1J. 1+— ¢6 gi tri nhé hon 3.
Z4\ n + 3n
2.100.Ru1it gon bicu thirc vai n = 2
e R e e W

23+I.33+l .43+]‘53+1mn3+I

oo (o) -
o) oy e

Chimg minh ring thuong A : B 1a mot s6 nguyén.
a+b b+c c+a

VY= 2= .
a—-b Y b-c c—a

2.102. Cho x =

x+ly+l¢+l

trong dé a, b, ¢ la cdc s6 khic nhau déi mot. Tinh tich : : -
x-1y-1z-

2.103. Choa’ + b’ + ¢* = 3abc va a, b, ¢ # 0. Tinh gid tri cta biéu thirc
P =(£ + EJ[E - 1)[5 + 1].
b C a
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PHAN HINH HOC

%’W"”g I' 10 GIAC

Chuyén dé'1
TU GIAC. HINH THANG

A. KIEN THUC CAN NHO

1. Dinh nghia va tinh chat cua ti giac 16i

e T gidc ABCD la hinh gom bon doan

thing AB, BC, CD, DA trong dé bat ki hai A

doan thiang ndo ciing khong cling nim trén

mot dudmg thiang (h.2).

o Tir gidc 10i la ur gidc luon ndm trong mot

nira mat phang ma b 1a dudng thang chira D e
bit ki canh nao cta ur gidc (h.2). S

Tong cic goc cua mot uir gidc bing 360°. A B

A +B+C+D = 360°.
® Bo sung. Tong bon géc ngoai & bon dinh
clia mot uf gidc bang 360°

D C
2. Binh nghia hinh thang Hinh 3

Hinh thang la ur gidc c¢6 hai canh d6i song song. Hai canh song song goi 1a hai
canh day, hai canh con lai goi la hai canh bén (h.3).

3. Nhan xét

e Néu mot hinh thang c6 hai canh bén song song thi hai canh bén bing nhau,
hai canh ddy bang nhau.

e Néu mot hinh thang ¢6 hai canh ddy bang nhau thi hai canh bén song song
va bang nhau.

4. Hinh thang vuéng 1 hinh thang cé mét géc vudng
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A
B. MOT SO Vi DU

Vi du 1. Cho uf gidc 16i ABCD ¢6 A + C = 180°,
AB < AD, AC la tia phan gidic cua BAD. Chimg
minh ring BC = DC.

o B D
Giai (h.4)
Trén tia AD lay I sao cho Al = AB thi I thudc
canh AD. C
AABC = AAIC (c.g.c) = BC=CI; ABC = ,ﬁﬁ' Hinh 4

Mat khéc : Tt gidgc ABCDc6 A +C = 180° = B+ D = 180°

ma DIC + AIC = 180" (ké bu)

Suy ra: B+ DIC = 180° = ADIC can tai C = Cl = CD = CB = CD.

Nhdn xét

e Bai todn trén khong cin gia thiét AB < AD. Gia thiét nay chi nham muc dich
bai todn chi ¢c6 mot truong hop (I thude canh AD) khi chimg minh.

e Co thé giai bai todn trén bang cdch khédc : Goi H, K 1a chan dudng vuong
goc cha C xudng duong thang AB, AD tir d6 suy ra ACHB = ACKD, ta ¢6
diéu phai chimg minh.

Vi du 2. Cho hinh thang ABCD (AB // CD) c6 CD = AD + BC. Chimg minh

rang duong phan gidc clia goc A va géc B cit nhau tai mot diém thuoc CD.

Giai (h.5) A B

Trén canh DC ldy E sao cho DE = DA

= CE =BC. Tac6 AADE cantai D

= A, =E,.

Ma AB//CD = Ez = E, (so le trong)

i
r

D E C

= A, = A, = AE la phan gidc ciia A —_—

Tuong tu BE 12 phan gidc ciia B. Vay phan gidc cia A va B ct nhau tai mot
diém thuoc CD.
Nhan xét.
e Ki thuat chimg minh bai todn la du dodn va chirng minh phan gidc géc A, B
cung di qua diém dac bi¢t E.
e Ngoai ra, ¢ thé trinh bay theo cach khic : Goi phan gidc géc A cit CD tai
E, r6i chimg minh BE la phan giic goc B.
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C. BAI TAP

j B

1.2.

13.

1.4.

1.5.

1.6.

1.1.

1.8.

1.9.

1.10.

y

76

Cho ur gidac ABCD c6 C-D = 10°. Cic tia phan gidc géc A va goc B cit nhau
tai 1. Bict géc AIB = 65°. Tinh s6do C; D

T

Cho ur gidc ABCD. Cic tia phan giic A,B,C,D cit nhau tao thanh mot ut
gidc. Chimg minh ur gidc do c6 tong hai géc doi bing 180°.

Tt gidc ABCD ¢6 A = C = 90°. Chimg minh ring tia phan gidc géc B; D
song song voi nhau hoic trung nhau.

Chimg minh ring mot tir gidc 161 ¢6 bon dinh thudce cdc canh cia tam gidc
déu canh bang 2020 thi khong thé cé ca bon canh déu I6n hon 1010.

Cho nam diém trén mat phiing trong d6 khong c6 ba diém nao thing hang.
Chimg minh ring bao gi& cling ¢6 thé chon ra duoc bén diém 1a dinh cia
mot i gidc 16i.

Cho tif gide ABCD. Biétring A :B:C:D=1:2:3:4

a) Chimg minh ABCD la hinh thang

b) Goi giao diém cua AD va BC la E. Tinh cic géc cua tam gidc CDE.

Cho i gidc ABCD ¢6 cic goc doi bu nhau. Biét ring cic dudng thing AD va
BC cit nhau tai E, cdc dudmg thing AB va DC cit nhau tai F. Tia phan giic
ctia hai géc CED va AFD cit nhau tai M. Chimg minh FM vuong géc EM.
Cho ABCD Ia hinh thang (AB // CD). Biét rang tia phan gidc goc C di qua
trung diém M cia AD. Chimg minh ring :

a) Tam giac BMC vuong.

b) BC= AB + CD.

Cho hinh thang ABCD ¢6 A = D = 90° ; DC = BC = 2.AB.

Tinh s6 do ABC .

Cho ABCD 12 hinh thang ¢c6 A =D =90° Tia phan gidc goc C di
qua trung diém M cia AD. Goi E la hinh chiéu cia M trén BC. Tinh s6
do AED.

Cho hinh thang ABCD (AD// BC) ¢6 A —B =20° ; D =2.C. Tinh s6 do
cac goc cha hinh thang.



Chuyén dé‘.::’
PUONG TRUNG BINH CUA TAM GIAC.
PUONG TRUNG BINH CUA HINH THANG

A. KIEN THUC CAN NHG
1. Binh nghia A

a) Duong trung binh cua tam gidc la
doan thiang néi trung diém hai canh

cua tam gidc (h.6). M
b) Duong trung binh cua hinh thang la //

doan thing noéi trung diém hai canh
bén cua hinh thang (h.7). B %
: . inh 6
2. Dinh i e
a) Puong thing di qua trung diém A B

mot canh cua lam gidc va song song
vGi canh thir hai thi di qua trung diém
cua canh thu ba. M N

b) Dudng thang di qua trung diém mot
canh bén cua hinh thang va song song
vGi hai canh ddy thi di qua trung diém  p ¢
cta canh bén thi hai. Hinh 7
3. Tinh chét

a) Pudng trung binh clia tam gidc thi song song vdi canh thir ba va bang nira
canh ay.

b) Pudng trung binh cta hinh thang thi song song vdi hai ddy va bing nira
1ong hai day.

4. BS sung
Trong hinh thang c¢6 hai canh bén
khong song song, doan thing noi
trung diém cia hai duong chéo thi
song song vdi hai ddy va bang mot nira
hiéu hai ddy.
Trong hinh 8 :

CD-AB .
o) ’ Hinh 8

MN //AB//CD; MN =
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B. MOT SO Vi DU

Vi du 3. Cho tam gidc ABC c6 A =80° (AB > AC). Trén canh AB ldy diém D
sao cho BD = AC. Goi E, F ldn luot 12 trung diém cta AD, BC. Tinh s¢ do
goc BEF.

Giai (h.9)

Goi O 1a trung diém cua CD.

Suy ra EO la dudng trung binh cua tam
giac ACD ; FO la duong trung binh cua tam

gidc BCD, suy ra EQ//AC ; EO = %AC -

FO//BD ; FO = -_%-BD ma AC=BD = EQ =FO

B % F C

= AOEF can = OEF = OFE Hinh 9

FO//AB = (ﬁ = ﬁﬁ: (so le trong) = EEF — 65[3
EO//AC = BEO = BAC = 80° = ﬁ=%l§§6 = 40°.

Nhan xét

e Khé khan cha bai todn 12 viéc van dung gia thiét BD = AC va cic trung diém
E. F. Vi vy viéc tao nén diém phu 12 yéu 16 tat yéu dé lién két cdc gia thiét
vé1 nhau.

e Bii todn nay c¢6 thé giai theo cdc cdch khdc :

Cach 2. Goi I 1a trung diém cha AB, ta chimg minh AEFI can tai I va
BIF = 80°. Tir d6 suy ra géc BEF.

Cdch 3. Trén tia CE 1dy diém H sao cho E la trung diém cia HC. Ta chimg
minh duoc ABDH can tai D va DBH = 40°. Tir d6 suy ra géc BEF.

Cdach 4. Trén tia DF 14y diém K sao cho F la trung diém ctia DK. Ta chimg
minh dugc AACK cén tai C va BAK = 40°. Tirdé suy ra goc BEF.

Vi du 4. Cho tam gidc ABC ¢6 trung tuyén AM. Goi O la trung diém cua AM.
Qua O ké dudmg thing d cit cic canh AB, AC. V& AA, ; BB, ; CC, vudng géc vai

duong thing d. Ching minh ring AA, = % (BB, + CC)).
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Giai (h.10)
K¢ MM, vudng goc véi d, suy ra
MM, Ia duong trung binh cua hinh

lhang B(:CIBI = MMI = %(BBl + 0:])
Mit khic AAA,O0 = AMM,0
(canh huyén — gé¢ nhon)
suy ra AA, = MM,

] Hinh 10
nén AA, = 5 (BB, + CC,).
Nhan xét. Dua vao ki thudt trén, ¢é thé chimg minh duoc bai todn sau :

Cho tam gidc ABC ¢6 G la trong tam. Qua G ké duong thing d cit cic canh

AB ; AC. V& AA, ; BB, : CC, vuong goc véi dudmg thang d. Chimg minh ring :

AA, =BB, + CC,.

Vi du 5. Cho tam gidc ABC, trén
tia doi cua tia BA, CA lan luot lay cic
diém P, Q sao cho BP = CQ. Goi M,
N lan luot la trung diém cua cédc doan
thaing BC, PQ. Duong thing MN cit
cdc dudng thing AB va AC thir tu tai |
va K. Chimg minh ring tam gidc AIK can.

Giai (h.11)

Goi O la trung diém cta doan BQ.
Khi do OM la duong trung binh
cua tam gidac BCQ

= OM //CQ va OM = % CQ. (1) Hinh 11

NO la duong trung binh cua tam gidac BPQ = NO// BP va NO = % BP. (2)

Ma BP = CQ nén tir (1) va (2) suy ra MO = NO = ANOM cin t:;i-O

= OMN = ONM (3)
Tir (1) ta co OM//AQ = NMO NKQ = NMO AKI (4)
Tir (2) taco ON//AP = MNO AIK (5)

Tir (3), (4) va (5) suy ra AKI = AIK . Vay tam gidac AIK cin tai A.

Nhdan xét. Dé nhan thay tir két qua ta ¢c6 MN song song vdi phan gidc cua
26c A. Tir d6 ta thay doi két luan duoc bai kho hon : Cho P va Q thay doi.
Chimg minh ring MN luédn song song v6i mot dudng thing ¢o dinh.
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C. BAI TAP

g

1.13.

1.14.

1.15.

1.16.

137,

1.18.

1.18.

1.20.

121,

80

Cho it gidc ABCD ¢6 AC va BD vuong goc vai nhau. Goi E va F lan luot la
trung diém cia AB va AD. Ké EH vuong goc véi CD tai H ; ké FK vuong
goc véi BC tai K. Chimg minh raing AC ; EH va FK dong quy.

. . \B
Cho tam giic ABC. Trén canh AB ldy cic diém D ; E sao cho AD=CE < f—;—- :

Qua D va E ké cdc dudng thing song song vdi BC, chiing cat AC theo thir tu
tai M va N. Chimg minh ring BC = DM + EN.

Cho hinh thang ABCD (AB// CD), trung diém E cta BD va trung di¢m F cua
AC. Goi G la giao diém ctia dudong thing qua E vuong géc véi AD va dudng
thing qua F vuong géc véi BC. So sdnh do dai cic doan thing GD va GC.
Cho hinh thang ABCD (AB//CD) ¢6 AB < CD. Goi M ; N lan luot la trung

diém ctua AC va BD. Chimg minh ring MN = —l- (CD - AB).

Cho tam gidc ABC ¢6 BC = 6cm. Trén canh BC lay M, N sao cho BM = MN
= NC. Goi D, E la trung diém cia AC, AB. Goi P 1a giao diém cia AM va
BD, Q la giao diém AN va CE. Tinh PQ.

Cho hinh thang ABCD (AD // BC) ¢6 dudng chéo AC va BC vuong goc vai
nhau. Biét ring AD = Scm, BC = 3cm. Trén canh AD lay diém M sao cho
AM = d4dcm. Tinh MC.

Cho tam gidc ABC can tai A, ¢c6 CM la duong trung tuyén. Trén tia doi cua

tia BA 14y diém D sao cho BD = BA. Chimg minh CM = % CD.

Cho tam giac ABC ¢o A < 60°. Dung ra phia ngoai tam gidc ABC cdc tam
gidc déu ABC ; AB'C: A'BC. Goi M, N, Q. R, P lan luot la trung diém cic
doan thing A'C, AB', AC, BC, AC'. Chimg minh ring :

a) AAPN = AQRN.

b) PC = MN.

Chimg minh ring 16ng cic khoang cich tir ba dinh cia mot tam gidc dén
mot dudng thing ndm ngoai tam gidc bing ba lin khoang cdch tir trong tam
tam gidc dén duong thing do.
Cho tam giic ABC vuong can tai A. Trén AB, AC lan luot ldy D va E sao
cho AD = AE. Tir A va E ke dudmg vuong goc voi CD, chiing cat BC tai I va
K. Ching minh rang IB = IK.



1.22. Cho tam gidc ABC ¢6 M la trung diém canh AB. Goi E thuoc AC sao cho

AE= = A
4

a) Chimg minh réng dudng thing ME cit duong thing BC.
b) Goi N la giao diém cua duong thing ME va BC. Chimg minh ring

BN = — BC.

I
2

1.23. Cho doan thing BC ¢6 dinh. Trén nira mat phing bo BC ldy diém A bt ki
khong thu¢c BC. Dung tam giic ABD va tam giic ACE vuong céan tai Bva C
ra phia ngoai tam giic ABC. Chimg minh riing duong thang DE luon di qua
mot diém ¢6 dinh khi A thay déi.

Chuyén dé 3
DUNG HINH BANG THUOC VA COMPA.
DUNG HINH THANG

A. KIEN THUC CAN NHO

1. Khéi niém
Giai bai todn dung hinh bang thuée va compa la chi ra mot s6 hiru han ldn cdc
phép dumg hinh co ban va cic bai todn dung hinh co ban réi ching 10 ring
hinh dung duoc ¢6 diy du cdc diéu kién ma bai todn doi hoi.

2. Cac phép dung hinh co ban
e Dimg dudng thang di qua hai diém cho trude
e Dung dudng tron (cung tron) biét tam va ban kinh qua no.
e Dung giao di¢ém cua hai duomg (hai dudng thing ; hai duong tron ; dudng

thing v6i dudng tron).
3. Cac bai toan dyng hinh co ban

Cdc bai todn sau day dugc goi la cic bai toan dung hinh co ban, trong khi lam
bai ta khong cdn phai nhac lai thit tu cic bude cia phép dung nira.

a) Dung mot doan thing bang mot doan thing cho trudc.
b) Dung mot goc bang mét goe cho trudc.
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¢) Dung dudng trung truc ciia mot doan thang cho trude, dung trung diém cua
mot doan thang cho trudc.

d) Dung tia phan gidc cua mot goe cho trude.

¢) Qua mot diém cho trude, dung duong thing vuong géc véi mot dudng thiang
cho trudc.

f) Qua mot diém nam ngodi mot duomg thang cho trude, dung dudng thing
song song v&i mot dudng thang cho trudc.

g) Dung tam gidc biét ba canh hodc hai canh va géc xen gitra hodc bict mot
canh va hai goc ké.

h) Dung mot tam gidc déu hodc hinh vuong khi bi¢t mot canh cua no.

i) Dung hinh chir nhat khi bi¢t hai canh ké.

4. Cac budc gidi bai toan dung hinh

Bai todn dung hinh ddy di gébm bén bude.

e Phan tich : Gia sir hinh dé da dung duoc, trude hét vé phiac mot hinh gin
giong hinh can dung trén nhimg nét Ién, khi can thiét phai vé thém nhimg
dudng lién quan, nghién ctru ti mi moi quan hé phu thudce gitta cic diéu kién
trong hinh, dua viio dé quyét dinh ding phuong phép n2o dé dung hinh cin tim.

o Cach ding : Néu thir ty timg bude dung hinh dua vao cac phép dung hinh co
ban va cdc bai toin dung hinh co bian. Péng thoi thé hién cdc bude dung do
trén hinh v¢.

e Climg minh : Dung lap luan dé chimg minh hinh dung duge bing phuong
phdp da trinh bay Ia hoan toan phu hop véi cic dicu kién di cho ctia bai todn.

e Bién lugn : Phan tich méi quan h¢ gitra cdc dicu kién da cho va hinh da
dung duoc. Chi rd trong trudmg hop nio bai todn dung duoc va dung duoc
bao nhiéu hinh thoa man diéu kién cia dé bai.

=t

5. Bo sung

e Trong bude phan tich ta gia sir da dung dugc hinh thoa man dé bai. Trén co
s d6 xét xem bo phan ndo (doan thiang, tam giic....) dung duoc ngay. bo
phan nao con phai xiac dinh thuomg duge quy vé viée xdc dinh mot diém
thoda man hai diéu kié¢n. tmg vdi méi diéu kién, diém phai tim nam trén mot
duong nao d6. Giao diém cua hai duong 4y 1a diém cén tim.

e Trong budc bién luan ta phai xét xem véi diéu kién nao cua cic yéu 16 da
cho thi dung duoc hinh va khi do dung duoc bao nhiéu hinh.

e Ne¢u bai todn cho dung hinh vé kich thudc, khong yéu cau chi ra vi tri cua
hinh phai dung thi hai hinh bing nhau chi coi la mot nghiém hinh.
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B. MOT SO Vi DU

Vi du 6. Dung tam giic ABC biét AC = 7em, duong cao AH = 5cm va trung
tuyén AM = 6¢cm.

Giai (h.12)
Phan tich :

Gia sir tam gidc ABC da dung dugce thoa man yéu ciu dé bai, ¢6 AC = 7em,
AH = 5cm, AM = 6cm.

Ta thay
-~ AHM dung dugc vi biét ba yéu 10.
— biém C la giao diém cta dudong thing HM véi dudmg tron tam A, bian kinh 7cm.
— Dinh B thuéc tia doi cua tia MC sao cho MB = MC.
Cach dimg :
~ Dung tam gidc AHM ¢6 H = 90° ; A

AH = 5cm, AM = 6cm.

— V¢ cung tron tam A, bdn kinh 7cm
cit dudng thang HM tai diém C.

Trén tia doi cua tia MC 1dy diém B sao \, /
cho MB = MC. > u B WP N
.. - . ™. H B-~M_7C
Noi AB, AC ta duge tam gidac ABC cin M e
dl.ﬂ]g. .....................
Chieng minh : Hinh 12

— Theo cdch dumg, ta ¢c6 AH vuong goc
vol BC, AH = 5cm, AM = 6cm, AC = 7cm.

— Mait khdc M 1a trung diém cia BC nén AM la dudng trung tuyén.

Vay tam gidc ABC thoa min cic yéu ciu dé bai.

Bieén luan :

— Do AM > AH nén tam gidc AHM luon dung duoc.

— Do (A ; 7em) cat duomg thing MH tai hai diém nén bai todn ¢6 hai nghi¢ém hinh.

Vi du 7. Dung hinh thang ABCD bié¢t diy AB = 2cm, diy CD = 5cm, canh
bén AD = 2cm, BC = 4cm.

Giai (h.13)
Phan tich :
Gia sir ABCD la hinh thang phai dung thoa man diéu kién.
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Ké AE//BC suyra AE=BC=4cm, AB=CE=2cm =>DE=5-2=3 (cm).
— Tam gidc ADE dung dugc vi biét do dai ba canh.

— Diém C ndm trén tia DE va cich D mot khoang Scm nén dung duoc.

— Diém B nam trén tia Ax song song vdi CD va cich A mot khoang 2em nén

dung dugc.

AE

DC

AXx

phing bir AD).

=4cm, DE = 3cm.
— Trén tia DE ldy diém C sao cho
= Scm.

Cach dimng :
— Dung tam giic ADE ¢c6 AD = 2cm,

— Dung tia Ax song song véi DC (tia
va diém C ndm trong clng nira mat

Hinh 13

— Dung diém B trén tia Ax sao cho AB = 2cm. Ké doan thing BC, ta dugc

ABCD Ia hinh thang cin dung.

Chitng minh :

AB//CD nén ABCD la hinh thang.

— Theo cach dung AB = 2cm, AD = 2cm, CD = Scm nén thoa man yéu ciu dé bai.
~Tac6 EC = AB (= 2cm), EC//AB nén AABC = ACEA (c.g.c) nén BC = EA =4cm.
Vay ABCD la hinh thang thoa man diéu kién d¢ bai.

Bién luan : Ta luon dung duge mot hinh thang thoa mén dic¢u kién cia dé bai.

C. BAI TAP

1.24,

1.25.
1.26.

1.21.

1.28.
1.29.

1.30.
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Dung tam gidc can ABC biét AB = AC, AB + BC = 8cm, B = 70°

Dung tam gidc vuong ABC biét A =90°, BC = 10cm, AB - AC = 2cm.
Dung mot tam gidc cho biét mot goc, duong cao thudéc mot canh cia goc do
va chu vi tam gidc do6.

Dung hinh thang ABCD bi¢t diy AB = 3cm, diy CD = 7cm, dudng cao
AH = 4cm va duong chéo BD = 6¢m.

Dung ur gidac ABCD bi¢ct AB=a, BC=b,CD =c¢, DA =d va goc A =a.
Dung hinh thang ABCD biét diy AB = a, canh bén BC = d, duong chéo
AC =m va duong trung binh MN =n.

Dung i gidic ABCD biét AB = 2cm, AD = 3em, A =80°; B =120°,
D =100°.



1.31. Dung hinh thang ABCD (AB // CD) biét AB=2cm, CD = 6 cm, C=60°;
D = 45°.

1.32. Dung hinh thang ABCD (AB // CD) biét AB =2cm, AC =5 cm, BD = 3cm
va AOB = 120° (O I giao diém hai dudng chéo AC va BD).

1.33. Dung hinh thang ABCD (AB // CD), biét :

a) BC = 2.5cm, CD = 4.5cm, AD = 3cm, D = 55°.
b) AB=2cm, CD =4cm, AC = 3cm, BD = 3,5cm.

Chuyén dé 4
HINH THANG CAN. POI XUNG TRUC

A. KIEN THUC CAN NHG
1. Pinh nghia hinh thang can

Hinh thang can la hinh thang c6 hai géc ké
mot ddy bang nhau (h.14).

2. Tinh chat cua hinh thang can
Trong hinh thang can :

- Hai canh bén bang nhau ; Hinh 14
— Hai dudng chéo bing nhau.

3. DAu hiéu nhan biét hinh thang can
— Hinh thang ¢6 hai goc ké mot ddy biang nhau la hinh thang can.
— Hinh thang ¢6 hai dudng chéo bang nhau Ia hinh thang can.

4. Hai diém d8i xiing qua mét dudng thang A

Hai diém A va A' goi la d61 ximg vdi nhau
qua dudmg thing d néu d 1a dudng trung d
truc ctia doan thing AA’ (h.15).

Quy udc : Néu B e d thi diém d6i ximg
vo1 B qua d chinh la B.

A’ Hinh 15
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5. Hai hinh d&i xing qua mét dudng thang

6. Hinh ¢6 truc ddi xing

e Hai hinh F va F' goi 12 d6i ximg véi nhau qua dudng thing d néu mdi diém
thudc hinh nay doi ximg qua d véi mot diém thuoc hinh Kia viu nguoc lai.

— Hai doan thing AB va A'B' d6i ximg véi nhau qua duong thing d néu A doi
xtmg vai A" ; B doi ximg vai B qua d (h.16a).

— Hai tam giac ABC va A'B'C' d6i ximg véi nhau qua dudmg thang d néu A doi
xing v6i A" ; B déi ximg véi B' ; C déi ximg vdi C' qua dudng thang d (h.16b).
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Hinh 16
e Dinh Ii : Néu hai doan thang (hai géc, hai tam gidc) déi ximg véi nhau qua
mot duong thang thi ching bing nhau.

B
Puong thiang d la truc déi ximg cua hinh F
néu diém doi ximg qua d cia méi diém
thudc hinh F ciing thuéc hinh F.

Dic biét : Duong thing di qua trung diém

>\F’
T

hai ddy cia mot hinh thang can la truc doi # " C
xumg cua hinh thang can (h.17).
. Hinh 17

7. BO sung
- Hai duong thing a va a' déi ximg vdi g B T
nhau qua duong thing d néu hai diém cta M
dudong thing ndy do6i ximg véi hai diém  d .
cua duong thang kia qua duong thing d. + ~;:; i
— Mot hinh ¢6 thé khong c6, ¢6 mot, ¢ <\&\I
nhi¢u hoac vo s6 truc doi ximg. Hinh 18 8
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- Né'u' ba diém A, B, C thﬁmg hang (B nim gitta A va C) va A", B', C' lin luot 1a
ba diém d6i ximg cua ching qua dudng thing d thi ba diém A', B', C thing
hang (B' nam gitta A’ va C') (h.18).



B. MOT SO Vi DU

‘ Vi du 8. Cho ABC vuong tai A ¢6 B
diém H chuyén dong trén BC. Goi E, F ldn / -
luot la diém déi ximg cia H qua AB ; AC. e . ik

a) Chimg minh E, A, F thing hang.
b) Chimg minh BEFC Ia hinh thang. T
¢) Tim vi tri ctia H rén BC dé BEFC la 2.1 N
hinh thang vuong. +
Giai (h.19)
a) Theo tinh chat d6i ximg truc, ta ¢6 : 3

= sl i Hinh 19
Ai B :‘\21!’\3 — A4 B

H

Ma EAF = A + A, + Ay + A, = 2.(A, + A;) = 180° = E, A, F thing hang.
b) Theo tinh chit déi ximg truc, ta co :
B, =B,:C, =G
Nén EBC + FCB = B, + B, +C, +C, = 2(&;+€2) = 180°. Ma hai géc & vi
tri trong cung phia nén BE // CF hay BCFE la hinh thang.
¢) Theo tinh chit doi ximg : IiEE = BHA
BEFC la hinh thang vuéng <> BEA =90° < BHA = 90° hay AH la duomg cao.

Vi du 9. Cho tam gidc ABC ¢6 AD la dudong phan gidc. Diém M ndm trong
tam gidc. Cic diém N, X, Y theo thit ur la cdc diém d6i ximg cia M qua AD, AB, AC.
Chimg minh ring AN la duong trung truc cua doan XY.

Giai

Triomg hop 1. Xét MAB < MAC (h.20)
e Dat MAB = « - M=[a. Tacéd:
XAB = NAC = « : NAD = §

YAC = a + 2.3, suy ra

NAY = 2.0+ 2. = NAX (1) 5 5 ¢
Matkhic : AX =AY = AN (2) Hinh 20

Tir (1) va (2) suy ra AN la duong trung truc cua doan XY.
Tricomg hop 2. Xét MAB > MAC . Tuong t truémg hop 1.
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Nhdn xét : Dua vao bai trén, ¢6 thé chimg minh duoc bai sau :

Cho tam gidic ABC. Diém M nam trong tam gidc. Diém Y doi ximg v6i M
qua AC ; diém X d6i ximg vGi M qua AB. Diém N nim trong tam giic sao cho
AN la duong trung truc cia doan XY. Chimg minh rang : MAB = NAC.

C. BAI TAP

1.34. Ban Viét n6i "trong cédc dinh cua hai tam gidc doi ximg truc luon ¢6 bon dinh
tao thanh cdc dinh cia mot hinh thang can”. Ban Nam néi “chua chic !"

Al dung, ai sai, tai sao ?
1.35. Cho tam giic ABC nhon. V& vé phia ngoai tam gidc ABC cdc tia Ax va Ay sao

ey i il 5 5 ;
cho XxAB = yAC = ;)—BAC. Trén tia Ax va Ay lay hait diém M va N thoa

min AM = AN vA ABM < ABC. Trong tam giic dung APBC sao cho
PBC = ABM ; PCB = ACN . Chimg minh ring P luon ndm trén mot dudmg
thing ¢6 dinh.
1.36. Cho tam giic ABC vuong tai A, lay diém M bat ki thuéc canh BC. Goi E la
diém doi ximg cia M qua AB, F la diém d6i ximg ctia N qua AC.
a) Chimg minh ring A 1a trung diém cta EF.
b) Xdc dinh vi tri cia M d¢ EF ¢6 do dai ngan nhat.
1.37. Cho tam gidc can ABC (AB = AC). Trén AB, AC liy M va N sao cho
AM + AN = AB. Chimg minh ring trung diém cia AB, AC, MN thing hang.
1.38. Trén tia phan gidc ngoai cua goc tai dinh C tam gidc ABC, ta ldy diém M (M
khic C). Chimg minh ring AC + CB < AM + MB.

1.39. Cho diém A ndm trong géc xOy. Dung ABC ¢6 diém B € Ox, C € Oy sao
cho ABC ¢6 chu vi nho nhat.

1.40. Cho ur gidc ABCD c¢6 goc ngoai cua ur gidc tai dinh C bang goc ACB.
Chimg minh ring : AB + DB > AC + DC.

1.41. Cho ABC nhon c¢6 A = 70°. AH la dudng cao. Goi M, N la diém déi xing
ctia H qua AB va AC. Goi I, K 12 giao diém cia MN véi AB, AC.

a) Tinh ﬁ"ﬁ{ :
b) Chimg minh CI L AB; BK L AC.

1.42. Chimg minh ring, trong tam gidc ABC, duomg cao h, khong I6n hon (/p.(p—a)
trong d6 BC = a, p la nira chu vi tam giic.
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1.43. Cho ABC, cic di¢m E, F thuoc dudng phan giic AD sao cho ABE = DBF .
Vé diém I doi ximg v6i E qua AB, diém H déi ximg va6i E qua AC, diém K
doi ximg vaéi F qua BC. Chimg minh :

a) FH =FL FI = KE.
b) :{(_:-E‘: — [S-Ef

Chuyén dé'5
HINH BINH HANH. POI XUNG TAM

A. KIEN THUC CAN NHGO

A B
1. Pinh nghia hinh binh hanh
o AB//CD Q
ABCD lia hinh binh hinh &
AD//BC
2. Tinh chat hinh binh héanh D e
Néu ABCD 1a hinh binh hanh (h.21) thi : Hinh 21

a) Cic canh do6i bang nhau : AB=CD, AD = BC;

b) Cic goc doi bang nhau : A = C; B=D

¢) Hai duong chéo cit nhau tai trung diém cia méi duong : OA = OC,OB = OD.
3. D&u hiéu nhén biét hinh binh hanh

T gidac ABCD la hinh binh hanh néu ¢6 mot trong cidc di¢u kién sau :

a) Cic canh doi song song (dinh nghia)

b) Céc canh doi bang nhau (ddo cua tinh chat 1)

¢) Cic goc doi bang nhau (dao cua tinh chat 2)

d) Hai duong chéo cit nhau tai trung di¢m cia moi dudmg (dio cua tinh chat 3)

¢) Hai canh doi vira song song vira bang nhau.
4. B3 sung

Hai hinh binh hanh ¢6 mot duong chéo chung thi cic dudng chéo cua ching

déng quy tai trung diém cia duong chéo chung.
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5. Hai diém déi xiing qua mét diém
Hai diém A va A’ goi la d6i ximg nhau .
qua diém O néu O la trung diém cua A 0 A
doan thing AA’ (h.22). Hinh 22

& 3

Quy o : Diém doi ximg cia O qua O
cung la O.

6. Hai hinh d&i xiing nhau qua mét diém

= ~ o1 " - - st - - ‘\- I;
e Hai hinh F va F' go1 la do1 ximg véi r\\ L
nhau qua diém O néu médi diém thudc ““\\ A
hinh nay doi ximg qua O véi mot diém et
N . 4 3 . SA
thudc hinh kia va nguoc lai. - P
; B A
e Dinh li Hinh 23
a) Hai doan thing AB va A'B' déi ximg C
va1 nhau qua tam O néu A d6i ximg vai g /'{\B
so - P '] 4 — -
A'; B doi ximg v6i B qua O (h.23). . F -
7"_\ [ - _,"
b) Hai tam giic ABC va A'B'C' doi D
- ~
xung voi nhau qua tdam O néu A doi Proc il e ™
- y . 5 o ” o ok e Nl
ximg véi A’ ; B doi ximg véi B'; C doi 0 = A
ximg vai C qua O (h.24). \‘./
s
7. Hinh ¢4 tadm ddi xing Hinh 24
bPiém O goi 1a tim déi ximg cua hinh F
néu diém doi ximg qua O cua mbi diém . p
thudc hinh F cting thudc hinh F.
Ddac biér : Hinh binh hanh nhan giao
dié¢m hai duong chéo lam tam d6i ximg
*ua hi 23). -
cua hinh (h.25) D Hinh 25 C
8. BG sung

a) Néu hai doan thing AB va A'B’ doi ximg qua tam O (O nam ngoai dudmg
thing AB, A'B') thi AB// A'B' va AB = A'B' (h.23).

b) Hai duong lhfmg a va a’ doi ximg véi nhau qua tam O néu hai diém cha
dudng thiang ndy déi ximg véi hai diém cua duong thing kia qua O.

¢) Mot hinh ¢ thé khong ¢é. ¢6 mot hoac vo s6 tam déi ximg.
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d) Néu ba diém A, M, B thing hang (M nam giita A va B) va A", M', B' lan
luot 1 ba diém doi ximg cia ching qua O thi ba diém A', M', B' thing hang
(M' nam gitra A" va B').

B. MOT SO Vi DU

Vi du 10. Cho hinh binh hanh ABCD. V& ra phia ngoai hinh binh hanh cac
tam gidc déu ABE, ADF.

a) Chimg minh ring AEFC déu.
b) Goi M, N, K thit tr i trung diém cdc doan thing BD, AF, AE. Tinh s6 do NMK .

Giai (h.26)
;I}D{u.KEC=ADC=(::>EEE‘Z=P?BE=a+6U“ E

« EAF =360° - (60° + 60° + DAB )
=360° - (120° + 180° - )

= o + 60°
ﬁﬁz:lﬁ:&ﬁ. F

MaFA=FD=BC; AE=EB=CD
= AFAE = AFDC = ACBE (c.g.c)
=CE=CF=EF

= ACEF déu. Hinh 26

b) Ta ¢6 : MN ; MK ; NK lin luot 14 dudmg trung binh cta tam gide ACF ;

1 | _
ACE:AEFnénMN=%CF:MK=~; CE;NKz; EF.

Suy ra MN = MK = NK => AMNK déu = NMK = 60°.

Nhan xét

e Ciau a, c6 thé chimg minh ACEF déu bang cich chimg minh CE = CF va
ECF = 60°.

e C6 thé lam duoc bai tuong tu sau : Cho hinh binh hanh ABCD. V& ra phia
ngodi hinh binh hanh cdc tam gidc vuong can ABE tai B, ADF tai D. Chimg
minh ring ACEF vuéng can.

e V§i ky thuat trén, ¢6 thé lam duge bai todn dao sau : Cho ACEF déu c6 di¢m A
nam trong tam gidc. Trén nita mat phiang by EF ¢6 chira diém A, dung cic
tam gidc déu ADF, AEB. Chimg minh rang ur gidac ABCD la hinh binh hanh.
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Vi du 11. Cho hinh binh hanh ABCD. B C
Goi d 1a duomg thing di qua A va
khong cat doan thing BD. Goi BB, ;
CC, : DD, la khoang cichwrB; C: D
dén duong thang d. Chimg minh ring :
BB] + DDI = CCl

Giai (h.27)

Goi ACcat BD i O; k¢ OO, Ld

Ap dung tinh chit dudng trung binh trong hinh thang BB,D;D va AACC, taco:

BB, + DD, =2.00,
CC, =2.00,.

Suyra BB, + DD, =CC,

Nhan xét. Van dung ki thudt trén, ¢6 thé giai duge bai todn sau : Cho hinh
binh hinh ABCD va dudmg thing d khong ¢6 diém chung véi hinh binh hanh. Goi
AA|, BB, CC,, DD, la cic dudmg vuodng géc ké tir A, B, C, D dén dudng thing d.
Chimg minh rang : AA, + CC, = BB, , DD,.

Vi du 12. Hai hinh binh hainh ABCD ; A'B'C'D ¢6 chung dinh D. Chimg minh
rang hai tam giic AB'C va A'BC' ¢6 cling trong tam.

Giai (h.28)

o Tricomg hop 1. B, D, B' thing hiang

D¢ thay, ban doc tr chimg minh.

o Trieomg hop 2. B, D, B' khong
thang hang

Goi O, O' lan luot la tam hinh binh
hanh ABCD ; A'BCD.

Xét tam gidc BDB ta ¢6 BO', BO la cic
duong trung tuyén, suy ra néu G li trong tam

0,
DI~

Hinh 27

tam gidc th GO’ = -g- BO' ; GO = %B‘O. Hinh 28

v' Xét tam gidic AB'C ¢6 B'O la duong trung tuyén, GO = —B'O nén G la
trong tam tam giac AB'C. J (1)

v' Xét tam gidc A'BC ¢6 BO' Ia dudmg trung tuyén, GO' = EBO nén G la
trong tam tam giic AB'C. (2)
Tu (1) va (2) suy ra hai tam gidc AB'C va A'BC' ¢6 cung trong tam G.
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Nhan xét
e Bai nay khi lam dé sot truong hop 1.
e Truong hop 2, ta con c6 ba tam gidc AB'C, A'BC' va BDB' ¢6 cling trong tam.

e Nhu viy hai tam gidac ¢6 chung mét dinh va chung mot duong trung tuyén

xudt phit tir dinh dy thi ¢6 cuing trong tam.

C. BAI TAP

1.44.

1.45.

1.46.

1.47.

1.48.

1.49.

Cho hinh binh hanh ABCD. Goi E ; F; G ; H theo thit tu ndm trén canh AB,
BC, CD, DA sao cho BE = DG ; BF = DH. Chimg minh rang :

a) EFGH la hinh binh hanh.
b) Bon doan AC, BD, EG va FH dong quy.

Cho ur gidc ABCD, E va F lan luot la trung diém cua cdc canh AB va CD.
Goi M, N, P, Q ldn luot 1a trung diém cdc doan AF, CE, BF va DE. Chimg
minh raing MNPQ 1a hinh binh hanh.

Gia str P la diém bat ki nim trong mit phing cta tam gidc déu ABC cho
trude. Trén cdc dudng thing BC, CA, AB lan luot ldy cdc diém A’ B:;C;
sao cho PA’, PB' va PC' theo thir tir song song véi AB, BC va CA.

a) Tim moi lién hé gitra do dai cic canh cia tam gidc A'B'C' véi cic khoang
cich tr P dén cdc dinh cia tam gidc déu ABC. Ching minh ring ¢6 mot
diém P duy nhit sao cho tam giic A'B'C' déu.

b) Chimg minh véi moi dm nam trong tam giic ABC ¢6 : BPC - BA'C =
CPA -CBA'= APB-A'CB =« va gid tri cua o khong phu thudc vio vi
tri cua P.

Cho AABC, M la modt diém nam trong tam gidc. Lin luot vé cdc hinh binh
hanh MBDC, MAED. Chimg minh ring khi diém M di dong thi dudng
thing ME luon di qua mot diém c6 dinh

Cho hai diém ¢6 dinh B va C. Mot diém A thay d6i trén mot trong hai nira
mit phing b BC sao cho A, B, C khong thing hang. Dung hai tam gidc
vuong can ADB va ACE v6i DA = DB ; EA = EC sao cho diém D nim khic
phia diém C d6i véi duomg thing AB va diém E nam khdc phia diém B doi
voi dudmg thing AC. Goi M la trung diém cia DE. Chimg minh ring dudng
thing AM luon di qua mét diém ¢6 dinh.

Cho ABC cin (AC = BC). Goi A, B,. C, ldn luot 1a trung diém céc canh BC,
AC va AB. Lay cic diém A,, B, tuong img d6i ximg qua AB cia A va B,.
CA, va A|C, cit nhau tai M, CB, va B,C, cit nhau tai N. Goi P 1a giao diém
cta AN va BM. Chimg minh ring AP = BP.
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1.50. Goi M Ia trung diém canh BC ctia hinh binh hinh ABCD, N la giao di¢m clia
AM va BD, P la giao di¢m cia AD va CN, Chimg minh ring :
a) AP = AD.
b) CP = BD khi va chi khi AB = AC.

1.51. Cho hinh binh hainh ABCD. Goi E, F theo thir tu 12 trung diém ctia canh AD,
BC. buong chéo AC cit doan BE, DF 1ai P, Q.

a) Chimg minh ring : AP = PQ = QC.
b) Ldy M bdt ki thuoc doan DC. Goi I, K theo thit tr 1 cdc diém doi ximg
ciia M qua tam E, F. Chiing minh ring I, K thuoc dudmg thing AB.

¢) Chimg minh : Al + AK khong d6i khi M di chuyén trén canh CD.
1.52. Chimg minh ring : Néu trén canh didy AD cua hinh thang ABCD tim duogc

di¢m E sao cho chu vi AABE, ABCE, ACDE bing nhau thi BC = % AD.

1.53. Tir gidc ABCD ¢6 B=D va dudmg chéo BD di qua trung diém O cia AC.
Ching minh ring ABCD la hinh binh hanh.

1.54. Cho diém P ndm trong ABC. Goi D, E, F l4n luot 1a trung diém céc canh BC,
CA, AB. Tir A v&é dudmg thing song song v&i PD cit duong thang ké wr B
song song vai PE tai S. Chiimg minh ring néu BS = 2.EP thi CS // PF.

1.55. Cho hinh binh hinh ABCD (A > 90°). Trén canh AB ldy diém H sao cho
BCH can tai C. Trén tia d6i cha tia CB 14y diém K sao cho AKB can tai A,
Chimg minh rang DKH can.

1.56. Dung hinh binh hanh ABCD bi¢t dinh A va cdc trung diém E, F cua cic
canh BC ; CD.

Chuyén dé 6 i
HINH CHU NHAT. TINH CHAT VE KHOANG CACH
GIUA HAI BPUONG THANG SONG SONG

A. KIEN THUC CAN NHG o u

1. Binh nghia
Hinh chir nhit 1a ur gidac c6 4 goc vuong (h.29).

Nhu vdy hinh chir nhat cting la hinh binh B
hanh, hinh thang can. Hinh 29

~0
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2. Tinh chat
Hinh chir nhat ¢6 tat ca cdc tinh chat cua hinh binh hanh, hinh thang céan.
Nhu vdy : Trong hinh chir nhit, hai duong chéo bang nhau va cit nhau 1ai
trung diém méi dudng.
3. DAu hiéu nhén biét
e Tt gidc c6 ba gée vuodng la hinh chir nhat.
e Hinh thang cin c6 mot géc vuong la hinh chir nhat.
e Hinh binh hanh ¢6 mot goc vuong la hinh chir nhat.
e Hinh binh hanh ¢6 hai duong chéo bang nhau la hinh chir nhit.

4. Ap dung vdo tam giéac vuéng

e Trong mot tam gidc vuong, duong trung tuyén tmg vai canh huyén bang nira
canh huyén (h.30).

e Diao lai, néu mot tam giic co
duong trung tuyén tmg véi mot canh
biang mot nira canh 4y thi tam giic
dé6 la tam gidc vuong.

AABC ;: MB=MC

—

A=90° = AM =

I
— BC.
2 2 Hinh 30

5. BS sung
e Hinh chir nhat ¢c6 mot tam déi ximg 1a giao diém cta hai duong chéo.
e Hinh chir nhat ¢6 hai truc doi ximg 12 hai dudomg thing di qua trung diém hai
canh dou.
6. Budng thang song song v&i dudng thang cho trude
6.1. Khoang cach gitta hai dudng
thing song song la khodng cdch tir

mot diém wy y trén dudng thing h
nay dén duong thang kia.

4 M

s
6.2. @ Tinh chat : Cic diém cich duong ~ ° t
thing b mot khoang biang h nam trén h
hai duémg thing song song véi b va : 1
cdch b mot khoang bing h (h.31). 2 Hinh 31
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o Nhan xét : Tap hop cic diém cich mot duémg thing ¢ dinh mot khoing
bang h khong doi 1a hai duong thiang song song véi duong thang do va cich
duong thang dé moét khoang bing h.

6.3. Duomg thang song song cdch déu

e N¢u cdc duong thing song song
cdch déu cit mot dudng thing thi
ching chin trén dudong thing d6

9
%

£
L]

cdc doan thing lién tiép bingnhau &K
(h.32). ¢ b \G
e Dio lai, néu cic dudmg thing song i G \“

song cit mot dudng thing v
chiing chan trén dudmg thiang do6
céc doan thang lién tiép bang nhau Hinh 32
thi chiing song song céich déu.

6.4. Bo sung

Cho hai duong thing a va b song song véi nhau va cdch nhau mot khoang h.
Cic diém cdch déu a va b thi nam trén dudmg thing m song song véi a va b va

cdch hai duong thing dé6 mot khoang .

B. MOT O Vi DU

Vi du 13. Cho hinh thang can ABCD (AB//CD). Goi O la giao diém cua hai

duong chéo va M, N, P theo thir tu la trung diém cua AO, DO, BC. Néu
AOB = 60° thi tam gidac MNP la tam gidc gi ?
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Giai (h.33)

ABCD la hinh thang can = AABD = ABAC (c.c.c)
— ABD = BAC ; ma AOB =60° = AOAB déu.
BM la dudng trung tuyén = BM la dudng cao

= BM L1 AO

ABMC ¢6 BMC = 90° , MP Ia duomg trung tuyén

= MP= %BC.

: ; 1
Tuong tuta c6 NP = — BC.
2 Hinh 33



Mat khac MN la duong trung binh ciia AOAD = MN = % AD. Ma AD =BC

=> MP = NP = MN = AMNP déu.

Vi du 14. Cho hinh chir nhat ABCD. Goi H la hinh chiéu cua B trén AC. Goi |
va N 1 trung diém cia AD va HC. Chimg minh ring BN L IN.

Giai (h.34)

Goi M la trung diém ctia BH

A B
= MN // BC, MN = :l)-BC
Do dé AINM la hinh binh hanh I
= AM //IN (1) 3
Mat khic AABN ¢6 BH la duong cao, ’
MN la duimg cao (vi MN // BC, BC L AB) D =
nén M la truc tam = AM L BN (2) Hinh 34

Tir (1) va (2) suy ra BN L IN.

Nhan xét. Vi ky thuat trén, ¢6 thé giai dugc bai toan hay va khé hon sau :
Cho hinh chir nhat ABCD. Goi H la hinh chiéu cua B trén AC. Goi E, F, M lan luot

1a trung diém AB, DH, BH. Chimg minh ring AM L EF.
Vi du 15. Cho tam giic ABC (AB < AC)
va P 1a diém ndm trong tam gidc sao cho
PBA = PCA . Goi H va K ln luot I chan céc
dudtmg vuong goc ha tir P xuong AB va AC ;
M la trung diém ctia BC. Chimg minh ring :
a) MH =MK ;
b) HMB < KMC.

Gidi (h.35) i

a) Goi E, F theo thir tur 12 trung diém cia PB va PC.
Suyra]ﬁ=2.ﬁi:iﬁ=2.lﬁ — HEP = KFP . (1)
Mt khéc, d& ¢6 PEMF 14 hinh binh hanh = PEM = PFM . 2)

Tir (1) va (2) tacé : HEM = KFM
Sit dung tinh chat duong trung tuyén trong tam gidc vuong va dudng trung

, : ; 1 I
binh cua tam gidc, taco : EM = KF (= = PC): HE=MF (= ~ BP).

Do d6 : AHEM = AMFK (c.g.c) = MH = MK.
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b) AHEM = AMFK = HME = MKF (3)
ViAB<AC = ABC > ACB = PBC > PCB (vi PBH = PCK ).

Suy ra FMC > FCM = MF < FC va FMC > EMB. (4)
Tir MF < FC = MF < FK = KMF > MKF . (5)

Tir (3), (4) va (5) suy ra HME + EMB < KMF + FMC .
Viy HMB < KMC.

Nhan xét

e Viéc tao ra trung diém E, F di tao ra méi lién két gitra gid thiét vai nhau va
khai théc triét dé cdc gia thiét ay.

e VGi ky thuat trén, ¢6 thé giai duge bai todn sau : Cho tam giic ABC, vé phia
ngoai tam gidc vé BAX = CAy = 21°. Ha BE vuong goc vGi Ax, CF vuong
goc vai Ay. Goi M la trung diém cua BC. Chimg minh tam gidc MEF can va
tinh cdc goc coa tam gidc dy.

(Tuyén sinh I6p 10, THPT chuyén DHKHTN Ha Nai,
nam hoc 1989 - 1990).

C. BA! TAP

1.57. Cho hinh chir nhat ABCD ¢6 tam O, diém M nam trén doan OB, di¢m E doi
xtmg vdi A qua M, diém H la chan duong vuong goc ké r E 16i BC. VE hinh
chit nhat EHCF. Chimg minh ring M, H. F thing hang.

1.58. Cho AABC vuong tai A (AC > AB), dudmg cao AH. Trén tia HC 1dy di¢m D
sao cho HD = HA. Pudng vuong goc voi BC tai D cat AC tai E.

a) Ching minh AE = AB.
b) Goi M la trung diém cua BE. Tinh s6 do AHM..

1.59. Cho tam gidc ABC vuong tai A c6 AM la dudng trung tuyén. Goi D la mot
diém thuoc AM. Ké DI vuong géc véi AB, DK vuong goc vai AC.

a) Chimg minh rang IK // BC.

b) Xac dinh vi tri diém D trén AM sao cho IK = -;—BC.
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1.60.

1.61.

1.62.

1.63.

1.64.

1.65.

1.66.

Cho AABC vuong tai A c6 AH, AM turong tmg la duong cao, duong trung
tuyén. Ke HE, HD lan luot vuong goc vai AB, AC. Ké MK vuong goc vai
AB. Goi N Ia giao diém cua AM va HE. Chimg minh ring :

a) AM LDE;

b) BN // DE ;

c) MK, BN, AH dong quy.

Cho hinh chir nhat ABCD (AB > BC). Ldy diém E trén canh AD. Liy F, K

I : .
trén canh CD sao cho DF = CK < = CD. V& dudng thang vuong goc voi EK

tai K cit BC tai M. Chimg minh ring AMEF vuong.

Cho AABC nhon c¢6 BD ; CE la duong cao. Goi I, K la hinh chiéu cua Bva C
trén duong thing DE. Chimg minh ring DK = EL

Cho hinh chir nhit ABCD, diém E thuoc canh AB. Trén tia d6i cua tia CB
ldy diém I sao cho EDI = 90°. V& hinh chir nhat EDIK. Chimg minh ring
DBK = 90°.

Cho AABC can tai A. Lay diém D thuoc canh BC. Ké Dx vuong goc véi BC,

cat AB, AC tai E va F. V& hinh chir nhat BDEH va DCKF. Goi I va O 1a tam
cua hinh chir nhit BDEH, DCKF-.

a) Chitng minh ré'mg AIDO la hinh binh hi‘lnh;

b) Chimg minh A la trung di¢ém ciia HK.

¢) Goi M la trung diém cua OI. Khi D di dong trén BC, chimg minh rang M nim
trén doan thang 1,0, trong d6 I, O, ldn luot la trung diém ciua AB, AC.

Cho tr gidgc ABCD c6 do dai cdc canh 1a AB = V3, BC = 3, CD = 24/3,
DA =33 va A = 60°. Tinh cic gd6c con lai cua ur giac ABCD.

Po. Ban Toidn va ban Hoc choi mot tro choi sau : Ban Todn xép mot dong
tién xu 1én mat ban hinh chir nhat. Sau dé, ban Hoc lai xép mét déng tién xu
1én mat ban, cir tiép tuc nhu vy, hai ban thay nhau xép... sao cho khong ¢6
hai déng xu nao chéng 1én nhau. Ban nao xép duoc dong xu cudi cung Ién
mit ban thi ban dé thing cudc. Ban Todn di trude, hoi ¢6 cach nao dé luon
thang cudc hay khong ? Ban hay chi gip.
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Chuyén dé 7
HINH THOI VA HINH VUONG

A. KIEN THUC CAN NHG
1. Pinh nghia

e Hinh thoi la uf gidc c6 bon canh béng

nhau (h.36). /\\

e Hinh vudong la ur gidc co6 bon goc A =
vuong va c¢6 bén canh bang nhau (h.37).

Tudbésuyra: D
e Hinh thoi cting 1a mot hinh binh hanh. Hinh 36
e Hinh vu6ng vira 1a hinh chir nhat, vira 1a hinh thoi.

2. Tinh chét

a) Hinh thoi ¢6 tat ca cdc tinh chat cua
hinh binh hanh, ngoai ra con c6 :

-
]

— Hai dudng chéo vudng goc véi nhau.
— Hai duong chéo la dudng phan giic
cdc goc cua hinh thoi.

b) Hinh vudng c6 tat ca cic tinh chit a! i O~
cua hinh chir nhat va hinh thoi.

3. D&u hiéu nhan biét

a) Nhan biét hinh thoi

e T\t gidc ¢6 bon canh bing nhau Ia hinh thoi.

¢ Hinh binh hanh c6 hai canh ké bing nhau I4 hinh thoi.

e Hinh binh hanh c6 hai duong chéo vuong géc 1a hinh thoi.

Hinh 37

e Hinh binh hanh ¢6 mot duong chéo 1a duimg phan gidc caa mot gée 1a hinh thoi.

b) Nhan biét hinh vuong

e Hinh chir nhat ¢6 hai canh ké bing nhau 12 hinh vuong.

e Hinh chir nhat ¢6 hai duong chéo vudng goc la hinh vuong.

e Hinh chir nhat c6 mot duomg chéo 1a duong phén gidc cia mot géc 1a hinh vuong.
e Hinh thoi ¢6 mét géc vudng la hinh vuong.

e Hinh thoi c6 hai duong chéo bang nhau la hinh vuong.
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4. BS sung
a) Trong hinh thoi :
e Hai dudng chéo la hai truc doi ximg.
e Giao diém hai dudmg chéo li tam déi ximg.
b) Buong chéo cua hinh vuéng canh a la a2

B. MOT $O Vi DU

Vi du 16. Cho hinh thoi ABCD ¢6 A = 60°. B N C
Trén cdc canh AB, BC lin luot 14y cdc diém M,
N sao cho BM + BN bing d¢ dai canh cta hinh M
thoi. Chimg minh ring dudng trung truc cua
doan MN lu6n di qua mot diém c¢6 dinh.

Gidi (h.38) A 5

Tir dé bai suy ra AABD va ACBD déu ;
AD=BD, AM =BN, CBD = BDA = BAD =60°.

Suy ra AMAD = ANBD (c.g.c) = DM = DN va MDA = NDB.

Vay AMDN c¢6 MD = ND, MDN = 60° nén AMDN déu.

Suy ra dudng trung tnuc ctia doan thing MN luén di qua diém D ¢6 dinh

Vi du 17. Trén cic canh BC, CD cua hinh vuéng ABCD véi AB = 1, ta ldy cdc
diém M, N wong ting sao cho chu vi tam gidc MCN biing 2.

a) Chimg minh MAN = 45°.

b) Goi P va Q 1a giao diém cua dudmg chéo BD véi cic doan thing AM va
AN. Chimg minh ring cdc doan thing BP, PQ, QD lap thanh ba canh clia mot tam
gidc vuong.

Hinh 38

Giai (h.39) A B
a) Trén canh DC kéo dai vé phia D lay

diém K sao cho DK = BM b
Tach: M
MN+MC+CN=MB+MC+CN+DN(=2)
<> MN = BM + DN H
hay MN = DK + DN = KN (1) 2 % -
Mat khac AADK = AABM (c.g.c)

Hinh 39

= AM = AK (2)

Tir (1) va (2) suy ra AKAN = AMAN (c.c.c) = MAN = KAN = 45°.
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b) AAKN = AAMN = AKN = AMN = AMB ; ANK = ANM. Ké AH L MN.

Dé c6 AAHM = AABM = HM = BM, AH = AB.

Suy ra AM la trung truc cua doan HB tir d6 PH = PB, AAPH = AAPB

= AHP = ABP = 45°.

Chimg minh tuong tr: QH = QD, P’:ﬁb =45°. Viy QTff’ = 90°,

Suy ra QP? = HQ? + HP? = DQ’ + BP” hay ciic doan thing BP, PQ, QD lap
thanh ba canh ctia moét tam gidc vuong.

Nhan xét

e Ta ¢6 thé gidi duoc cau sau : Chimg minh ring khi M thay déi thi MN luon

ciach diém A mot khoang cdch khong doi.

e Ta ciing c6 thé thay gia thiét "chu vi tam gidgc MCN bing 2" bing "MAN = 45"

va két luan cau a la : Chiing minh chu vi tam gidc MCN bang 2.

Vi du 18. Cho hinh vuéng ABCD. Lay diém M thuoc canh BC, tia AM cit
duong thiang CD tai N. Qua A vé dudng thing d vuong géc véi AM cit dudomg
thing CB, CD l4n luot tai P va Q

a) Chimg minh rdng cdc tam gidc AMQ, ANP vuong can.

b) Goi giao diém ctia QM via NP 1a R. Goi I ; K 1a trung diém ctia doan thing
MQ, PN. Hoi t gidc AIRK I3 hinh gi ?

¢) Chimg minh 4 diém K, B, I, D thing hang. }
Giai (h.40) b
a) AADQ = AABM = AQ = AM = AAMQ wvuodng can.

AABP = AADN = AN = AP = AANP vuobng can.
b) AAMQ vudng can, IM = 1Q = Al la duong

trung tuyén = Al la duong cao = Al L RQ K
s A <
hay AIR = 90° (1) 7
- Tuong tr ta c6 AKR = 90° (2) ; M \g
— APQN ¢6 NA, PC 1a cic dudng cao nén M Iz’
la truc thm, suy ra QR _L NP hay fl-{T( =90” (3) Q D '8 N
Hinh 40

Tir (1), (2) va (3) suy ra AKRI la hinh chir nhét.
¢)Tacé AK = cx[: —;-PNJ:AI = CI[= %QM) . AD=CD; AB=CB
= K ; B;1; D cling thuoc dudng trung tnue ctia AC. Vay K, B, I, D thing hang.
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C. BAI TAP

1.67.

1.68.

1.69.

1.70.

1.71.

1.72.

1.73.

1.74.

1.75.

Cho tam gidc ABC ¢6 AB < AC. Trén canh AC ctia tam gidc 14y diém D sao
cho CD = AB. Goi Q la trung diém ctia AC, N 1a trung diém cta BD. V¢
duong phan giic AK cua goc BAC. Chimg minh AK L NQ.

Cho tr gidc ABCD c¢6 hai duong chéo cat nhau tai O. Chiing minh rang néu
cic tam gidgc AOB, BOC, COD va DOA c¢é chu vi bing nhau thi ur giic
ABCD Ia hinh thoi.

Cho tam gidc déu ABC cé AD la dudng cao, H la truc tam. Tir mt diém M
bat ki trén canh BC k¢ ME. MF theo thit trr vuong géc véi AB, AC. Goi I 1a
trung diém ctia AM. Chimg minh ring :

a) DEIP la hinh thoi ;

b) Ba dudmg thang MH, ID, EP déng quy.
Cho hinh thoi ABCD. K¢ BM L AD va BN L CD. Bi¢t rang MN = %BD.

—

Tinh s6 do cic goc cua hinh thoi.

Trén canh AB va CD cuia hinh thoi ABCD 14y cic diém P va Q sao cho AP = %AB.

vaCQ = L CD. Goi I la giao diém clia PQ va AD, K la giao diém cia DP va BI.
Ching minh rang :

a) ABID vuong ; b) BK =IK.

Cho hinh thoi ABCD ¢6 AC cit BD tai O. Goi E la diém d6i xing clia A
qua B. Goi I, F la giao diém cia ED v6i AC va BC, goi G va H thit wy la giao
diém cta OE va BC, OF va CE. Chimg minh ring : A, G, H thing hang.

Cho hinh vuong ABCD. Trén canh BC ldy diém E. Tir A ké dudng thing
vuong géc vai AE cit duong thing CD tai F. Goi I 1a trung diém cua EF.
Goi M la giao diém Al va CD. Qua E dung dudng thing song song voi CD
cat Al tai N. Chimg minh rang :

a) Twr giac MENF i hinh thoi.

b) Chu vi tam gidc CME khong doi khi E chuyén dong trén BC.

Cho hinh vuong ABCD. Diém E ndam trong hinh vuéng sao cho tam gidc
ABE déu. Goi F la giao diém cta AE va BD. O la giao diém cua DE va FC.
Chimg minh OC = OF.

Moi diém trén mat phing duoc dinh ddu bdi mot trong hai dau ( + ) hodc
(). Chimg minh ring luén chi ra duoc 3 diém trén mat phiang lam thanh mot
tam gidc vuéng can ma ba dinh cua né dugc ddanh cung dau.

(Tuyén sinh 16p 10, THPT chuyén Nguyen Trai, Hai Duong,
nam hoc 2010-2011)
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1.76.

111,

1.78.

1.79.

1.80.

1.81.

1.82.

1.83.

104

Cho hinh vuong ABCD va diém M nam trong hinh vuong. Tim tat ca cdc vi
tri ciia diém M sao cho MAB = MBC = MCD = MDA .

Cho ur gidc 16i ABCD thoa man bon diéu kién sau :

e AB//CD

e AB<CD

e AB=BC=DA

e BD L BC

a) Tu gidac ABCD la hinh gi ? Tai sao ?

b) Tinh cdc géc trong cua ur gidc ABCD.

Trén canh BC va CD cua hinh vuong ABCD lady cdc diém E va F sao cho
EC = 2. EB va FC = FD. Chimg minh AEB = AEF.

Cho AABC vuéng can tai A. Véi méi diém M nim trén dudmg thing BC (M khic B,
C), goi hinh chiéu ciia M 1én cic dudng thing AB va AC 1a H va K wong img.
Goi I 1a giao diém cila cdc dudng thing CH va BK.Chiing minh rang duong
thing MI luén di qua diém c6 dinh khi M di dong trén dudng thang BC.

Cho hinh vuéng ABCD. Goi E 1a trung diém clia AD. Qua E vé duong thang

: : .~ e s o2 EF
vuong goc voi BE cat CD tai F. Tinh t1 s6 B

Cho hinh thang ABCD (AB//CD) c6 AB = % CD. Goi H la trung di¢m cua CD.
O ngoai hinh thang dung doan thing HM sao cho MH vuong géc vai CD ;

MH = L] CD. Bén ngoai hinh thang ta dung cdc tam giic ADE, BCF vuong
cin tai é F. Chimg minh rang tam gidc MEF vuong can tai M.

Xét tam gidc ABC vuong tai A véi duong cao AH, nguoi ta dung vé phia
ngoai tam gidc nay hai hinh vuong ABDE va ACGF.

a) Chimg minh A, D, G thing hang.

b) Chimg minh ur gidc BCFE la hinh thang can.

¢) Chimg minh dudmg thing AH, BG, CD déng quy.

Cho tam gidc ABC vuong tai A (AC > AB), dudng cao AH. Trén nira mat
phing b AH ¢6 chita diém C ta vé hinh vuong AHKE

a) Chimg minh ring : ABC > 45°.
b) Goi giao diém AC va KE la P. Chimg minh ring AB = AP.

c) V& hinh binh hanh BAPQ. Goi giao diém PB va AQ la I. Chimg minh
H, 1, E thang hang.

d) Ching minh HE // QK.



Chuyén dé ning cao 1
BAI TOAN BAT PANG THUC, CUC TRI VOI TU GIAC

A. KIEN THUC CAN NHG

1. Quan hé gitra goc va canh cua mét tam giac

e Trong mot tam gidc, géc doi dién véi canh 1dn hon 1a gée 16n hon.

e Trong mot tam gidc, canh doi dién véi géc 16n hon la canh 16n hon.

AABC, AC > AB < B> C.
2. Quan hé dwéng xién va hinh chiéu

e Trong cdc dudng vuodng géc va dudng xién ké tir mot diém nam ngoai mot
dudng thang dén duong thing dé, dudng vudng géc ngin hon moi dudng xién.

e Trong hai duong xién ké tir mot diém ndm ngodi mot dudmg thing dén

dudmg thang dé :

a) Duong xién nao ¢6 hinh chi€u I6n hon thi 16n hon.
b) Pudng xién nao I6n hon thi ¢6 hinh chiéu I6n hon.

3. B4t dang thire tam gidc

Trong moét tam giac, do dai cua mot canh bao gi¢ ciing 16n hon hiéu va nho

hon téng cic do dai cia hai canh kia.

|bﬂc|<a<b+c; |a~b]<:c<:a+b;

4. B&t dang thirc dai s8

2
VGimoia, btaco: [a—:b) >ab ;

Diu "="xayra<>a=b.

B. MOT O Vi DU

Vidu 19. Cho tit gidc 161 ABCD ¢6
AC + AD < BC + BD. Chimg minh AD < BD.

Giai (h.41). Goi I 1a giao diém cia AC va BD.

Trong tam gidc IAD ¢c6 : AD<IA +ID
Tuong tr: BC<IB + IC
Tirdé AD + BC< AC + BD. (1)

Theo gia thiét : AC+ AD<BC+BD. (2)

|a—c|<b<a+c.

2(a? + b)) > (a + b)>.

B

Hinh 41
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Cong (1) va (2) vé vai vé ta duoc :

AD+ BC+ AC+ AD < AC+ BC+ BD + BD = AD < BD.

Vi du 20. Cho ur giic ABCD c¢6 do dai canh AB, BC, CD, DE lan luot 1a a, b,
¢, d. Goi M, N, P, Q la trung diém cic canh AB, BC, CD, DA. Chimg minh ring :
a+b+c+d

2
Giai (h.42). Trén tia d6i cia tia PB 1ay diém E sao cho PE = PB.
Ta c6 ABCP = AEDP (c.g.c) = DE=BC=b.

MP + NQ <

Ta ¢6 MP la dudng trung binh cia AABE nén MP = A[:

XA AADEcO AESAD+DE=AE<d+b. b
Suy ra MPs(l:b. /ﬁ
Chimg minh twong tr, ta ¢ : M \

a+cC
))

NQ <

(2) A

a+h+c+d Q d b

Tu (1) va (2),suyra: MP+ NQ <

Diu bang xay ra khi ABCD Ia hinh binh Imnh.

Nhdan xét. T bai trén, ban doc c¢6 thé giai duge bai todn sau : Cho ur gidac
ABCD ¢6 do dai canh la a, b, ¢, d. Goi M, N, P, Q la trung diém cdc canh AB, BC,
CD, DA. Chimg minh ring : diéu kién cin va di d¢ ABCD la hinh binh hanh la
a+b+c+d

> :

Vi du 21. Cho hinh chir nhat ABCD c¢6 chu vi khong nho hon 242 Lay M,
N, P, Q thir tr thuoc doan thing AB, BC, CD, DA. Ching minh ring chu vi ur
giaic MNPQ khong nho hon 2.

Giai (h.43)

Cdch 1. Ap dung bat ding thiic :

Hinh 42

MP + NQ =

E(a2 + bz) 2(a+ b)z. tacéd: f | < i
2.MN’ =2 (BM? + BN?) > (BM + BN)’

= 2 MN>2BM+BN. (1) Q K N
Tuong wr taco: J2 NP> CN + CP. (2) T

J2 PQ > PD + DQ. 3) — o

V2 QM > AQ + AM. (4) Hinh 43
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Tir (1) (2) (3) (4) cOng v& vai vé ta duoc :
J2 (MN + NP+ PQ + QM) > AB + BC + CD + DA > 22
hay chu vi ur giac MNPQ khong nho hon 2.
Cdch 2. Goi I, K, H lan luot 12 trung diém MQ, MP, PN. Ap dung tinh chat
duong trung tuyén trong tam gidc vuong va dudng trung binh trong tam gidc ta duoc :
MN + NP+ NQ+ QM =2 (Al + IK + KH + HC) > 2AC

AB + BC
2
Vay chu vi ur giac MNPQ khong nho hon 2.

C. BAI TAP

1.84. Cho tam gidc ABC nhon c6 H la truc tam. Chimg minh ring

2
) 22

Mi 2.AC=2vAB? +BC? > z\j(

5
HA + HB + HC <— (AB + BC + CA).
J
1.85. Cho hinh vuong ABCD. Lay diém M thudc canh CD. Tia phan gidc goc

|
ABM cit AD tai N. Chimg minh 'l%% < 2

1.86. Trong tat ca cac ur gidc 16i vai hai duong chéo ¢6 do dai da cho va goc giira
hai duong chéo c6 do 16n da cho, xic dinh ur gidc ¢6 chu vi nho nhit.

1.87. Cho doan thing AB = a. M 1a mot diém trén doan thing AB, vé céc hinh
VUéng AMCD va BMEF. Xic dinh ‘v'i tri diél'ﬂ M dt'," léllg S.r"\.-'\[(?l) + SBMEF
dat gia tri nho nhat.

1.88. Cho tam gidc ABC vuong tai A. M [a mot diém ndm trén canh huyén BC.
Goi D, E theo thi ty 1a hinh chiéu cuia M trén AB, AC. Tim vi tri cha M dé
DE ¢6 do dai nho nhat.

1.89. Cho ur gidc ABCD va diém M thudc canh AD. Chimg minh ring

MB+ MC<max { AB+ AC; DB + DC}

1.90. Cho hinh chir nhait ABCD. Lay diém M bit ky thudc mién trong ctia hinh
chir nhat, chimg minh ring : MA + MB + MC + MD < AB + AC + AD.

1.91. Cho hinh thang ABCD (AB// CD) ¢6 AB < CD. Chimg minh rang :
A+B>C+D.
1.92. Cho hinh thang ABCD (AB// CD) ¢6 D>C. Chimg minh ring AC > BD.

1.93. Cho ur gidac ABCD. Goi I, J theo thit e 1a trung diém AC, BD. Chimg minh
rang : AC+BD+21J < AB+ BC + CD + AD.
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Chuyén dé nang cao2
VE HINH PHU PE GIAI TOAN

A. KIEN THUC CAN NHO

Khi giai bai toan hinh hoc, nhiéu bai khong thé giai truc tiép dugc ma phai vé
thém hinh phu. Viée vé thém hinh phu dé tao "ciu n6i" gira gia thiét va két
luan 1a cong viéc phé bién. Tuy thude viao mdi bai todn, dang todn ma ching
ta chon nhimg cdch vé hinh phu khac nhau. Cé nhi¢u cich tao ra yéu t6 phu,
song ching ta ¢6 thé v& hinh phu dua vio mot sé dinh huéng sau :

Néu gia thiét c6 y¢u 6 trung diém ma khong van dung truc tiép duoc, ta ¢
thé tao thém trung diém cha doan thing d¢ sir dung duoc cdc tinh chat vé
dudng trung binh cua tam gidc, hinh thang hay tinh chat duong trung tuyén
tam gidc, tinh chdt dudong chéo cta hinh binh hanh.

Néu gia thiét ¢6 s6 do géc 1a 60° hoac 30°, ta vé thém tam gidc déu hodc ké
duomg vuong goc dé sir dung tinh chit cua tam gidc déu hodc tam gidc nira déu.
Néu gia thiét ¢é s6 do goc 1a 45° hoac 135° ta vé thém tam gidc vuong can
hoac ké dudmg vuong goc hoac hinh vuong dé sir dung tinh chat cia tam gidc
vuong can hodc hinh vuong.

Néu gia thiét c6 nhiéu dudng vuong gic, ta c6 thé ké thém duong vuong goc
tir nhig vi tri dac biét cua hinh veé.

Ngoai ra nhiéu bii ¢6 thé dung thém nhimg doan thing bing doan thing da
cho nham tao ra nhimg cap tam gidc bing nhau.

B. MOT SO Vi DU

Vi du 22. Cho ur gidc ABCD. Goi M va N wrong tmg 1a trung diém cua

cic canh AD, BC. Chimg minh ring néu MN = -‘l;(AB + CD) thi ABCD I hinh thang.
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Giai (h.44). Goi K la trung diém cta dudng chéo BD. Ta ¢6 :

MK // AB va MK=%AB :

NK // CD va NK =%CD

—

= MK +NK =— (AB +CD)

=5 MK+NK-MN

Suy ra M, K, N thing hing = AB// MN va CD // MN = AB // CD.
Viay ABCD la hinh thang.

Hinh 44



Nhan xét

* Yéu t6 ldy trung diém cua dudng chéo 1a két hop khéo 1éo cic yéu 16 cia
gia thiét véi nhau.

e Vi ki thuat trén, cé thé giai duoc bai todn sau : Cho ur gidc 161 ABCD
(AB < CD). Goi P, Q twong tmg la trung diém cidc dudng chéo BD va AC.

Chimg minh ring néu PQ = -f;(CD — AB) thi ABCD Ia hinh thang.

Vi du 23. Cho AABC ¢6 goc A tu. Bén trong goc A vé doan AD vubng goc va
bing doan thing AB, vé AE vuong géc va bang AC. Goi M la trung diém DE.
Chimg minh ring AM L BC.

Giai. Cach 1 (h.45). Goi H la giao diém A
cia AM va BC. Vé hinh binh hinh ADNE.
Khi dé M la trung diém cta DE nén A, M, N R
thing hang. AE // DN suy ra DN L AC, mat H
khdc AB L AD, suy ra ADN = BAC. <1

Mit khdc DN = AE = AC nén E

ABAC = AADN (c.g.c) = DAN = ABC.

— — — N

Ta lai c6 DAN + NAB = BAD = 90°
G | e Hinh 45
— ABC + NAB = 90° I

= AHB = 90° hay AM L BC.
Cach 2. (h.46) Trén tia doi cua tia AE lay
Al=AE;IDcit ACtai K. Tacé:
BAC + DAE = BAD + DAC + DAE = 180°
A PNAT K
= BAC = DAI, suy ra ABAC = ADAI (c.g.c) \
3
M

:i:?.hﬂ-q-m:go“. ; E C
suy ra C + CKD = 90° hay ID L BC.
Mat khdac dé ¢c6 AM Ia dudng trung binh

ctia AEDI nén AM // ID, viy AM L BC. € Hinh 46

Nhdn xét. Bai todn cé yéu t6 trung diém M, song khong thé truc ti€p giai
duoc. Vi vay phai vé thém hinh hinh binh hanh hoic tao thém trung diém nhur hai
cach trén.
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Vi du 24. Tam giic ABC ¢6 M la trung diém
canh BC thoa mdn MAB = 15", MAC =30".

Tinh s6 do goc C. I"
Giai (h.47) I
Trén nira mat phing bo BC chia diém A
dung tam giic ACE déu. Suy ra AM la dudng i = >
phan gidic goc BAC, nén AM cing 14 duong
cao = AM L CE.
Hinh 47

Goi I Ia giao diém cia AM va BC.

ABEC ¢6 MI la duong trung binh nén IM // BE ma IM L CE nén BE L EC,
mat khac EBA = BAI = EAB = 15° , suy ra ABAE cin tai E = ABEC vuong cin
tai E nén ECB = 45° .

Do d6 ACB = ACE + ECB = 105°.

Nhdn xét. Bai 10dn ¢6 s6 do goc 30° nén tat yéu dinh hudng tao thém tam gidc déu.

C. BAITAP

1.94. Cho hinh vuong ABCD. Goi M ; N lin luot 1a trung diém cia AB ; BC. Cic
duong thing DN va CM cilt nhau tai L.
a) Chimg minh ACIN vuong ;
b) Chimg minh Al = AD.

1.95. Trong hinh vuong ABCD lay diém O sao cho OA : OB: OC=1:2: 3. Tinh
sO do goc AOB.

1.96. Cho hinh vuong ABCD va diém P ndm trong tam giic ABC sao cho
BPC = 135°. Chimg minh ring : 2.PB> + PC? = PA”.

1.97. Cho hinh thang ABCD ¢6 AB // CD, C + D = 90°, CD > AB. Goi E, F theo

G e age ; e D - AB
thar tr 1a trung diém cua canh AB, CB. Chimg minh rang : EF = C—A

1.98. Cho ut gidic ABCD. Goi A, B), C,, D, lan luot 12 trong tam cia cdc tam gidc
BCD, ACD, ABD, ABC. Chimg minh ring cdc dudng thing AA,, BB, CC,,

DD, dong quy.
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1.99. V¢ phia ngoai cia AABC nhon, dung cdc tam giic ABD va ACE tuong ting
vuong can tai B va C. Goi I 12 trung diém cia DE. Chimg minh rang AIBC
vuong can tai I

-

1.100.Cho ur gidc ABCD co C =50° D =70° va AD = BC. Goi E ; F ldn luot I
trung di¢m cta canh AB ; CD. Tinh s6 do géc EFD.

1.101.Cho hinh vuong ABCD c¢6 tam O, Goi K, E lin luot la trung diém cua
AB, OC. Chimg minh ring KE L DE.

1.102.Cho AABC vuong tai B. Trén tia d6i ctia tia BA 14y diém D thoa min AD = 3.AB.
DPudmg thang vuong géc véi CD tai D cit dudmg thing vuong goc véi AC tai A
o E. Chimg minh ABDE can.
1.103.Cho ur gidac ABCD c6 AD = DC = CB, ADC = 110° 2 DCB = 130°. Tinh
goc ABC.
(Olympic Toan, chau A - Thai Binh Duang, nam 2010)

1.104.Cho tam giic ABC. Goi D la trung diém canh AB. Trén canh BC ldy cic
diém E, F sao cho BE = EF = FC. Trén tia d6i clia tia BA 14y diém S sao cho
BS = BD. Chimg minh ring cic duomg thing AF, CD, SE dong quy.

1.105.Cho tam gidc ABC vuong can tai A. Gia sir trong tam gidc ¢6 diém M thoa
man diéu kien MBA = MAC = MCB. Tinh MA : MB : MC.

1.106.Cho diém M nim trong tam gidc déu ABC sao cho MA: MB: MC=3:4:5,
Tinh AMB.
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%/n((mg /I DA GIAC - DIEN TiCH DA GIAC

Chuyén dé'1
PA GIAC. PA GIAC PEU

A. KIEN THUC CAN NHO

1. Da gidc 16i 12 da gidc luon nim trong mot nira mat phang c6 bo la duong thing
chira bat ki canh nao cua da giac dé.
Da gidc déu la da gidc ¢6 tat ca cdc canh bang nhau va tat ca cdc géc bang nhau.
B6 sung
e Téng cic goc trong cia da gidc n canh (n > 2) 1a (n - 2).180°
- n . . (n=3)n
e SO duong chéo cua mot da giic ncanh (n > 2) la ————.

e Téng cdc goéc ngoai cha da gidc n canh (n > 2) la 360° (tai méi dinh chi
chon mot goc ngoat).

e Trong mot da gidc déu, giao diém O cua hai dudng phan gidc cua hai goc la
tam cua da gidc déu. Tam O cich déu cdc dinh, cich déu cdc canh cua da gidc
déu. C6 mot duong tron tam O di qua céc dinh cia da gidc déu goi Ia duong
tron ngoai tiép da gidc déu.

B. MOT SO Vi DU

Vi du 1. Cho ngii gidc déu ABCDE va mot B
diém P sao cho DPE déu. Tinh APC.

Giai. Ta xét hai truong hop : C

e Néu P o trong ngii gidc (h.48) thi : A

AEP = CDP = 108° - 60° = 48°.
Tir AAEP : ACDP canta co

ﬁ=5§5=(l80“—43"):2=66“. D
E

Viy APC = 360° - 60° — 2.66° = 168°. Hinh 48
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e Néu P ¢ phia ngoai ngii gidc (h.49) thi:
AEP = CDP = 108° +60° = 168°
= APE = CPD = (180° - 168°) : 2 = 6°.

Viy APC = 60° - 2.6° = 48°.

Vi du 2. Cho luc gidc déu ABCDEF. Goi M
la trung diém EF va N Ia trung diém cia BD.
Chimg minh ring AMN la tam gidc déu.

Giai. (h.50) Goi I, K 1a trung diém cua p
AB,CD. Ta ¢6 BCNI la hinh binh hanh.

= BI//CN,Bl=CN = Al //CN; Al=CN
=> AICN la hinh binh hanh = CI = AN

e Ta c6 MNKE la hinh binh hanh, suy ra
MN = KE.

e Mit khic : ABCI = ADEK = AFAM (c.g.c)
= CI=EK=MA
= AN = MN = AM hay AAMN déu.

Vi du 3. Chimg minh ring t16ng do dai cic
canh ciia mot ngii gidc 16i bé hon téng do dai
cdc dudmg chéo cuia no. Hinh 50

Hinh 49

E

Gidi (h.51). Ap dung tinh chit vé quan hé cic canh ctia tam gidc, ta 6 :
AB+BC+(D+DE+EA <(AN+NB)+(BP+PO)+(QQ+ QD)+ (DK + KE) + (EM + MA).
Mait khiac : AN+ PC< AC

BP + DQ < BD :
CQ + KE < CE ‘
DK + MA < DA .» .
EM + NB < EB. ‘
Suy ra diéu phai chimg minh. D 4‘
Nhdn xét. Nhimg bai todn vé bat dang thic ¢
vé do dai, ta nén dua vé bit ding thiic tam gidc. Hinh 51
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C. BAI TAP

2.1.

r 2

23.

24,

2.5.

2.6.

27

2.8.

2.8,

2.10.

2.11.

212.

Cho ngii gidc 161 ABCDE. Goi M, N, P, R H va K ldn luot la trung diém
AB, BC, CD, DE, MP va NR. Chimg minh ring HK song song vdi AE va
HK = L AE.

4
Cho ngii gidc 161 ABCDE, goi M, P, N, Q lin luot la cic trung diém AB, BC,
DE, EA. Chitng minh MN di qua trung diém PQ khi va chi khi MN // CD.
Cho tam gidac ABC c6 ba géc nhon va diém M bit ki nam trong tam gidc.
Goi A, ; B, ; C, 1a cdc diém d6i ximg véi M lan luot qua trung diém cic
canh BC, CA, AB.
a) Chimg minh AA, ; BB, ; CC, dong quy ;
b) Xdc dinh vi tri chia M dé hinh luc gidic AB;CA;BC, ¢6 cic canh bang nhau.
Cho luc gidc 161 ABCDEF. Goi M, N, P ldn luot 1a trung diém cdc canh AB,
CD, EF va R, S, Q ldn luot la trung diém cdc canh AF, BC, DE. Chimg minh
rang hai tam gidc MNP va RSQ trong tam tring nhau.
Mot da gidc 16i ¢ tat ca cac dudmg chéo bing nhau. Hoi da gidc ¢6 thé ¢o
nhiéu nhat bao nhiéu canh ?
Chimg minh ring trong mot ngii gidc 161 luon c6 thé chon duge ba duong
chéo dé tir dé6 dung duoc mot tam gidc.
Cho luc gidc 16i ABCDEF ¢6 dé dai cdc canh déu biang 1. Chimg minh ring
trong ba doan AD, BE, CF t6n tai mot doan ¢6 do dai khong 16n hon 2.
Mot luc gidc 161 o tdt ca cic géc trong bang nhau. Chimg minh hi¢u giira
cédc cap canh doi dién thi bang nhau.
Cho ngt gidc 161 ABCDE c¢6 cic canh bing nhau va cic gdc trong déu bé
hon 120°. Chimg minh riing cdc géc clia ngii gidc 10i ndy déu la goc t.
Cho da gidc déu 9 canh. Nguoi ta ddnh dau méi dinh cia da gidc bang mau
xanh hodc mau do. Chimg minh tén tai 3 dinh cua tam gidc can duoc ddnh
cling mau.
Mot ngii gidgc déu c¢6 5 dudng chéo va nhém 5 duong chéo nay chi ¢c6 mot
loai do dai (ta goi mot loai do dai 1a mot nhom cic duomg chéo ¢6 do dai
bang nhau). Mot luc gidc déu c6 9 dudng chéo va nhém 9 dudng chéo nay
co hai loai do dai khic nhau. Xét mot da gidc (16i) déu c6 50 canh. Hoi khi
do nhom cic duong chéo ¢6 bao nhiéu loai do dai khdc nhau ?
Cho da gidc déu 2015 canh. Hoi c6 bao nhiéu da gidc déu c6 cic dinh la cic
dinh cua da gidc déu da cho ?



Chuyén dé 2
DIEN TICH DA GIAC

A. KIEN THUC CAN NHG

1. Moi da gidgc c6 mot dién tich xdc dinh. Dién tich da gidc 12 mot s6 duong cé
cdc tinh chit sau :
e Hai tam gidc bang nhau thi ¢6 dién tich bang nhau.

e Néu mot da gidc duge chia thanh nhimg da gidc khong c6 diém trong chung
thi dién tich clia n6 bing t6ng dién tich ctia nhimg da gidc do.

e Hinh vuong canh c6 do dai bang 1 thi ¢c6 diéntich la 1.
2. Cac cong thic tinh dién tich da giac
e Dién tich hinh chir nhat bang tich hai kich thuéce ctiia nd
S =ab (a, b la kich thudc hinh chir nhat)
e Dién tich hinh vuong bang binh phuong canh ctua né
S =2’ (a la do dai canh hinh vuong)
e Dién tich hinh vuong ¢6 duong chéo bang d 1a %dz.
e Dién tich tam gidc vuong biang nira tich hai canh géc vuong

]
= ?ab (a, b 1a do dai hai canh géc vudng)

—

e Dién tich tam gidc bang nira tich cita mot canh vdi chiéu cao tmg véi canh dé

S = %ah (a, h 1a do dai canh va duong cao trong img)

e Di¢n tich hinh thang bing nira tich clia téng hai ddy véi chiéu cao :
S= ;(a + b) h (a, b la do dai hai ddy, h 1a do dai duong cao)
e Dién tich hinh binh hanh bang tich ciia mét canh véi chiéu cao img véi canh dé :
S=ah (a, h 1a do dai mot canh va dudng cao tuong img)
Dién tich ur gidc c6 hai duomg chéo vuodng goc bang nira tich hai duong chéo :

1
S= -;(I,dz (d, : d, la do dai hai duong chéo tuong ung).
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e Di¢n tich hinh thoi bing nira tich hai dudmg chéo

S= %d]dg (d, ; d, 1a do dai hai dudng chéo tuong img).

3.B8 sung
e Hai tam gidc ¢6 chung mot canh (hoic mot cap canh bang nhau) thi ti s6
dién tich bang ti s6 hai dudng cao img véi canh do.
e Hai tam gidc c6 chung mot dudng cao (hodc mot cip dudng cao bang nhau)
thi ti so dién tich bang ti s6 hai canh ing véi dudng cao do.
e ABCD la hinh thang (AB // CD). Hai dudng chéo AC va BD cit nhau tai O
thi Syop = Spoc-
e Trong cdc hinh chir nhat ¢6 ciing chu vi thi hinh vuong ¢6 dién tich 16n nhat.
e Hai hinh chir nhit ¢6 ciing chiéu cao thi ti s6 dién tich bing ti s6 hai ddy.

a3

e Tam gidc déu canh a c6 dién tich 1a "

B. MOT $O Vi DU

Vi du 4. Cho tam gidc ABC ¢6 dién tich 1a S. Trén canh AB, BC, CA lin luot
lay ba diém M, N, P sao cho AM = 2.BM, BN = 2.NC, CP = 2.PA. Tinh dién tich
tam gidic MNP theo S.

Gidi (h.52) Ap dung ti s6 dién tich clia hai tam gidc ¢6 chung dudng cao,
taco:

BN—EBC:>S —ES —ES A

3 ABN = TOABCE 3

1 1 1 2 4
BM=—-AB= Spyn=—=Sapn=—-—S= =8 P

p BMN = 3OABN = 73 9
Tuong tu nhu vay tacé : M

2 2
S.-\h‘li’:aS;SC.\TP:ES*

B N 8
Suy ra
1

Syine = Sapc = Samp — Spam — Scnp - 55 Hinh 52

Vi du 5. Cho AABC, trén tia doi cua cdc tia BA, CB, AC lay M, N, P sao cho
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Giai (h.53) AABC va AANC c6 chung
dlmgcaoké Iir AV'IIK:= CN nén S:\BC =Sr\CN'

Tuong tu, taco :

SapN = Saen = Sapny = Sanc

Spme = Spag = Sagc

= = M ,
Smnc = Swmpe = Sasc * Hinh 53

Ma Synp = Sapc +Sacn +Sane +Saps +Sgpm + Spem + Senm -

Nhan xét

e Nén nhd tinh chat : Puong trung tuyén cua tam gidc chia tam gidc d6 thanh
hai phdn ¢6 dién tich bang nhau.

e Van dung ki thudt trén, ¢é thé lam duogc bai todn sau : Cho tt gidc ABCD,
trén tia doi cua cdc tia AD, BA, CB, DC lday M, N, P, Q sao cho AM = AD,

Vi du 6. Cho A ABC. Liy diém M, N, P ldn luot thudc canh AC, AB, BC sao cho
CM BpP , £
E = A = l Goi I la giao di¢m ciua BM, CN. Goi E la giao diém cua
AC BC AB 3
CN, AP. Goi F 1a giao di¢ém ctia AP, BM. Chimg minh : Sg;e = S;yc + Segp + Snea

Gidi (h.54) Ap dung tinh chat hai tam gidc c6 chung dudng cao thi ti s6 dién
tich béng ti s6 hai ddy tmg vdi dudng cao d6, taco :

s 1
TU{mg ll}', taco: SB.\J(‘ = ESAB(‘ =

1
SCA.\’ = ES.«\BC'

Suy ra: Spagp +Sgmc +Scena = Sasc FRRNEER

hay S ng + Sgner + Spep + Sprp + Scprt + Sevt + Semi + Smiea + Sane
= Sane + Spner + Sprp + Scerr + Semi + Smiea + Ser

Vay : Sane + Sgrp + Semt = Sgxr -
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Nhan xét. Ki thudt cia bai 1a vian dung tinh chét hai tam gidc ¢6 chung duong
cao thi s dién tich bing t s6 hai ddy {ng véi dudng cao d6, va luu y :
e 1 ;o : ;
- +-§ + 3 = 1. Dua vao ki thudt do, c6 thé giai duge bai sau : Cho AABC. Liy

3
diém M, N, P ldn luot thuoc canh AC, AB, BC sao cho ﬂ = : : A—N = L va
AC 3 AB 6

BP = CP. Goi I Ia giao diém cua BM, CN. Goi E la giao diém cua CN, AP. Goi F
la giao diém cia AP, BM. Chimg minh : S = Smc + Sppp + S\ga -

Vidu 7. Cho AABC vudng cian tai A ¢6 BC = 36cm. V¢ hinh chir nhat MNPQ
sao cho M € AB, Qe AC, P, Ne BC. Xic dinh vi tri cia N va P d¢ dién tich
hinh chir nhat MNPQ Ién nhat.

Giai (h.55). Dt MN=NB=x thi PQ=CP=x
va PN = 36 — 2x. Suy ra dién tich MNPQ la :

S = NP.QP = x.(36 - 2x)
S = 36x — 2x°

hay S =162-2.(9 - x)2 <162 (dau bing xay
rakhi x =9).

B

M

Viy dién tich ca hinh chit nhat MNPQ A Q ¢
16n nhat la IiSEcm2 khi BN = CP = 9(cm). Hinh 55
C. BAI TAP

2.13. Cho hinh thang ABCD (BC la ddy nho). Goi I 1a trung diém cta CD. Qua I
ké duomg thang d song song véi AB. Ké AH va BE vuong géc vdi d. Chimg
minh S gep = Sage -

2.14. Cho hinh thang can ABCD (AB// CD) ¢6 AC = 8cm, gﬁé = 45", Tinh dién

tich hinh thang ABCD.

2.15. Cho hinh thang ABCD c6 hai diy AB = Scm, CD = 15¢m va hai duong chéo
la AC = 16ecm, BD = 12c¢m. Tinh dién tich hinh thang ABCD.

2.16. Liy 4 diém ¢ mién trong cha mot wr gide dé cung vdi bon dinh ta duoc
8 di¢ém, trong d6 khong ¢6 3 diém ndo thang hang. Bi¢t dién tich ur gidc 1a 1.
Chimg minh ring : t6n tai mot tam gidc c6 ba dinh 1ay tir 8 diém da cho ¢6

dién tich khéng vuot qua o Tong qudt hoa bai todn cho n—-giic 101 véi n
diém niam trong da gidc do.

(Tuyén sinh 16p 10 chuyén THPT Chu Van An,

Ha Noi = Amsterdam nam hoc 2003- 2004)
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2.47.

2.18.

2.19.

2.20.

2.21.

2.22:

2.23.

2.24,

2.25.

Cho tam gidc ABC. M, N twong tmng 12 trung diém cua cic doan CA ; CB.
[1a diém bat ki trén dudng thing MN (I # M ; I # N). Ching minh ring
trong ba tam giic IBC, ICA, IAB ¢6 mét tam gidc ma dién tich ciia né bang
tong cdc dién tich chia hai tam gidc con lai.

Cho hinh binh hanh ABCD c¢6 dién tich 12 S. Goi M la trung diém cia BC.
Goi N 1a giao diém AM va BD. Tinh dién tich ut gidc MNDC theo S.

Cho hinh thang ¢6 d6 dai hai dudng chéo la 3cm va Sem. D6 dai doan néi
trung diém hai ddy 1a 2cm. Tinh dién tich hinh thang.

Ta n6i ABCDE Ila ngii gidc dac biét néu
moi duong chéo song song vdi mot
canh twrong tmg (h.56). Noi cich khic
BD // EA, EB// DC, AC// ED, CE// BA
va DA// CB. Goi X, Y, Z, V, W la giao
diém cdc duomg chéo nhu hinh Vé.
Chimg minh ring néu ABCDE la ngi
giac dac biét thi 5 tam giiac AXY, BYZ,
CZV, DVW va EWX c¢6 dién tich bang
nhau va ban than ngi gidic XYZVW
cung la ngu giac dac bict. Hinh 56

Cho tam giic ABC nhon. Xdc dinh vi tri diém M nim trong tam gidc sao
cho AM. BC + BM. CA + CM. AB dat gid tri nho nhat.

Cho ur gidc ABCD ¢6 do dai cic canh AB, BC, CD, DA tuong tmg la a, b,
¢, d. Chimg minh rang :

I
a) Sapep < 3 (a+c).(b+d);

b) SABCD < i(ﬂz + bz + C2 + dz)

Cho hinh binh hanh ABCD. Liy M thudc canh AB ; N thuoc canh CD. Goi P
la giao diém cia AN va DM ; Q la giao diém cua BN va CM. Chimg minh :
a) Sapm +Smso = Spen + Scon -

b) Sxinpg = Sapp + Speo-

Cho M, N, P lian luot thuoc canh AB, BC, CA cua AABC sao cho
AM BN CP

AB  BC AC _ .
Cho tam giic ABCD ¢6 M va N lin lugt la trung diém AB va CD. Goi P la
giao diém AN va DM, Q la giao diém cua BN va CM. Chimg minh :

Sapp + Spoc=Suene-

= m. Xdc dinh m dé AMNP c6 dién tich nho nhat.
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2.26. Ching minh ring hai hinh chir nhat bing nhau kich thuéc a x b duoc x€p sao
cho chiing cit nhau tai 8 diém thi dién tich phin chung 16n hon nira dién tich
mot hinh chir nhat.

. I
2.27. Tam giac ABC ¢6 BC = 6cm. Lay diém M trén canh AC sao cho AM = % AC.

Xidc dinh vi tri diém N trén canh BC sao cho MN chia tam gidc ABC thanh
hai phan : AMNB c6 di¢n tich gap ba lan dién tich CMN.

2.28. Cho hinh chir nhat ABCD. Trén canh AB ldy hai diém E, G sao cho
EG = —é-AB (E ndm gitta B va G). Trén canh CD ldy hai diém F, H sao cho

1 : o
FH = ECD (F nam gitta H va C). Goi P la giao diém cua EH va FG. Bi¢t

rang di¢n tich tam gidc PEG nho hon dién tich tam gidc PHF la 2cm’. Tinh
dién tich hinh chir nhat ABCD.

Chuyén dé 3
PHUONG PHAP DIEN TICH

A. KIEN THUC CAN NHO

1. Ta da biét mot s6 cong thire tinh dién tich cua da gidc nhu cong thire tinh dién
tich hinh tam giac, hinh thang, hinh binh hanh, hinh chir nhat, hinh thoi,...
Khi bi¢t do dai cia mot s6 yéu 16, ta ¢o thé tinh duoc dién tich cia nhimg hinh
dy. Nguoc lai néu biét quan h¢ dién tich cia hai hinh ching han biét hai tam
gidc ¢6 dién tich bang nhau va cé hai ddy bing nhau thi suy ra dugc cdc chiéu
cao tuong tmg bang nhau. Nhu vay cdc cong thic tinh dién tich cho ta cic
quan hé vé do dai cua cdc doan lhfmg.

2. D& so sanh hai dé ddi ndo dé bang phuong phép dién tich, ta cé thé
lam theo céc budc sau :
e Xdc dinh quan hé dién tich giilra cic hinh.
e Sir dung cdc cong thitc dién tich dé biéu dién moi quan hé d6 biang mot déing
thic ¢6 chira cac do dai.
e Bi¢n d6i dang thirc vira tim duge ta c6 quan hé vé do dai giira hai doan théng
cdn so sdnh.
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3. Mét s6 bién phép thuc hién :
e Sir dung truc tiép cong thire tinh dién tich tam gidc.
e Str dung tinh chdt : Néu hai tam giic ¢6 cung chiéu cao thi ti s6 hai ddy

tuong img bang ti s6 hai dién tich. Nguoc lai, néu hai tam gidc c6 cung ddy thi
ti s6 hai chiéu cao twong g bang ti s6 hai dién tich,

e Sir dung tinh chat : Néu mot tam gidc va mot hinh binh hanh ¢6 cing ddy va
cung chiéu cao (g vai ddy d6) thi dién tich tam gidc bang nira dién tich hinh
binh hanh.

4. Ngoai ra ¢6 thé chimg minh hai bai todn co bian sau bing ti s6 dién tich d¢
vin dung.

, Siun AMLAN
o Cho tam gidc ABC. Trén AB, AC 1y M, N, Chiimg minh ring : —AMN. = 220
Sape ABAC

Sune _ MN.MP

e Cho tam giic ABC va MNP ¢6 A=M. Chimg minh ring :

B. MOT SO Vi DU

Vi du 8. Cho tam gidc ABC thoa min a 2 b. Chimg minh ring : a+ h, 2 b+ h,,
Giai. Taco h, £bnén 2S = ah < ab,

p)
Xéta+h,~(b+hy) _d+"§-"%—{a-b)(l——s]
a a

Maaz2bva2S<abnén (a —b}(l :EJ = 0.

Vaya+h,2b+hy

Diing thitc chi xdy ra khi a = b hoac 2S = ab

Nhdn xét. Tir bai todn trén, ta ¢6 thé lam duoc bai todn sau :

e Néu a + h, = b + hy, thi tam giic ABC la cin hoac vuong.

e Néua+h,=b+ hy=c+ h_thi tam gidc ABC la déu.

Vi du 9. Cho tam giic ABC. Trén canh BC ldy hai diém M va N sao cho

2
T AB
MAB = NAC. Ching minh ring ;Aflg EE (AC)




Gidi (h.57) MAB = NAC (gt) A
SM.—\B _ a‘\BAM

p—

Swac  ACAN’
Ma i”"” e (hai tam gidc ¢6 chung
AL B M N C
duong cao ha tir A) nén AL o ; Hinh 57
AC.AN NC

T | e - . AB AN BN
Tuong tr: Tir NAB = MAC, ta ciing ¢6 = (2)

ACAM MC

daar | e MBNB [ ABY’
Tiur (1) v (2) nhan vé vai vé ta duoc : = i
MC.NC \AC
Nhan xét. C6 thé chimg minh dugc bai todn ddo cta bai todn trén bang ¥y

twémg twong tu : Cho tam gidgc ABC. Trén canh BC lay hai diém M va N sao cho

MB.NB (AB
MC.NC \AC

2
J . Chimg minh ring MAB = NAC.

Vi du 10. Cho tam giic ABC c6 ba duong
phian giic AD, BE, CF cat nhau tai I. Chimg
minh rang :

NG BI’ CI?
+ + = 1.
AB.AC BA.BC CACB
Giai (h.58). Goi M ; N ; P la diém doi
xumg cua I qua AB, AC, BC.

Goi IM giao AB tai H ; IN giao AC tai K :
IP giao BC 1ai J.

Hinh 538

——

Ta co Kal = ﬁKhC(: 2.BAI) nén :

Sawmi _ AMLAI Al’ S AHIK

= hay - = (1)
SF\BC AB.J‘I\C AB.A(, S.’\BC




BI® Sy

Tuong tu, ta co : = (2)
BABC Sypc

C®_ _ Sexy &)
CB.CA  S,gc

Tir (1), (2), (3) cong v¢ vdi vé 1a ¢6 diéu phai chimg minh.

C. BAITAP

2.29. Cho tam giic ABC. Trén AB ldy diém D sao cho BD = 3.DA. Trén CB lay
diém E sao cho BE = 4.EC. Goi F la giao diém clia AE va CD. Chimg minh
rang FD = FC.

2.30. Cho tam giic ABC déu, diém O tiy ¥ nidm trong tam gidc. Chimg minh ring
16ng khoang céch tir O 16i cic canh cia tam gidc khong phu thudce vao vi tri
di¢m O,

2.31. Cho AABC ¢6 ba canh la a, b, ¢ va d¢ dai ba dudng cao tuong img 1a h_;
hy,: h.. Tirdiém O bit ki trong tam gidc vé cdc doan thing ¢6 do dai x, y, z

- Fa # " . x z
vudng goc vai a, b, c. Chimg minh : — + LS,

h, hy, h

o

2.32. Cho AABC c¢6 ba géc nhon. Ba duong cao AD, BE, CF cit nhau tai H. Tinh
.»\il BH A CH

<

gid tri biéu thic : P =

m) BE (,l
2.33. Cho AABC va diém M nim trong tam gidc. Cic duong thing AM, BM, CM ciit
canh d6i dién cia AABC1ai D, E, F. Chimg minh AM B CM =
AD BE CF

2.34. Cho ur gidc ABCD c6 cic cip canh doi khong song song. AB cit CD tai E ;
AD cit BCtai F. Goi I ; J ; K lin luot la trung diém AC ; BD ; EF. Chimg
minh rang I ; J ; K thing hang.

2.35. Mot duomg thang d chia tam gidc ABC cho trude thanh hai phin c6 dién tich
bing nhau va chu vi bing nhau. Chimg minh rang dudng thing d di qua giao
di¢m ba dudng phan gidc trong ctia tam gidc ABC.

2.36. Cho xOy = 90° ¢6 tia Oz la tia phin gidgc. Lay diém P ¢6 dinh thuoc Oz (P = O).
Qua P ké dudmg thing d bat ki cat Ox, Oy tai M ; N. Chimg minh ring, khi d

0o nn | 1 ..
thay doi thi — + - khong doi.
I
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2.37.

2.38.

2.39.

2.40.

2.41.

2.42,

2.43,

Qua dinh A ctia tam giic ABC vé mot dudmg thing d sao cho tong khodang
cich tir cic dinh B va C dén d6 1a nho nhat.

Cho hinh binh hanh ABCD. Trén BC ldy diém I va trén AB ldy diém K sao
cho Al = CK. Goi O la giao diém ctia Al va CK.Chimg minh OD la tia phan
gidc cua goc AOC.

Trong tam gidc ABC nhon, goi h,, hy, h. 1a do dai cic dudmg cao ung vdi
canh BC, CA, AB. Goi x, y, z 12 khoang cdch tir diém M thudc mién trong
tam gidc dén BC, CA, AB. Chimg minh ring

min {h,, hy, h.} €x+y+2z< max {hy, hy, h.}.

Cho tam gidc ABC c6 AD la dudng phan gidc trong. Chimng minh ring
AB DB
AC DC
Cho AABC vi diém M nam trong tam gidc. Cdc duong thing AM, BM, CM
cét canh doi dién cua AABC tai D, E, F. Chimg minh ring

AF BD CE

FB DC EA
Cho hinh binh hanh ABCD. Trén canh AB, BC, CD, DA lin luot lay E, F,

G, H sao cho EG khong song song vai AD. Bi¢t dién tich EFGH bing nira
di¢n tich hinh binh hanh ABDC. Chimg minh HF song song vagi CD.

Cho AABC, trung tuyén AM. Mot dudmg thing song song véi BC, cit canh
AB, AC va AM lin luot tai D, E, F. Chimg minh rang FD = FE.

=1 (Dinh ly Xé-va).



HUGNG DAN GIAI - DAP S6

PHAN DAI SO

Chaiong ]

1.1,
g Vo

1.3.

14.

a) 6x° - 25ax + a°; b) —14x% + 33xy - 32y2.
(x+a)(x+b)=x2+bx +ax+bx=x2+{a+b}x + ab.
a}x2+71+10; b)xz—llx+23:
c):-:?‘+5x—24; d)xz—?px—‘).

Goi a, b 1a hai s6 nguyén.
Tacé(x+a)(x+b)=x2+ 11X + m vGi moi x.
a+b=1I1

ab = m.

Vi m nguyén duong nén a, b cing ddu. Mat khaica+b=11>0nén a, b la
cdc sO nguyén duong.

Giasra<b,taco:

2 2 ! .
S x"+(a+b)x+ab=x"+ llx+mv6‘1m(_)|x<:>{

a 1 3 4 5
b 10 8 T 6
m | 10 ] 18 | 24 | 28 | 30
Vay gid tri nho nhat cha m 1a 10 ; gid tri 16n nhét cha m 1a 30.
a)(5x -3)(2x -c¢) = ax® + bx + 21 véi moi X

& 10x* = (Sc + 6)x + 3¢ = ax’ + bx + 21 véi moi x

o

a=10 g=10
<> (—(5¢+6)=b & {b=-41
do=721 o3 N

b) (ax + 4)(x” + bx — 1) = 9x* + 58x% + 15x + ¢ véi moi x

@ax3+(ab+4jx2+(4b—a)x—4=9x‘t+58x2+ 15X + ¢ véi moi x
(a=9

=4
ab+4 =58
&5 4 &5 +b=6
4b-a =15
c=-4,
c=-4




1.5.

1.6.

1.7

1.8.

1.9.

1.10.

A=SCN <G AL G N e TR
Cac bién x va y duge nang 1én /uy thita chan nén Khi thay cdc gid tri clia x va
y bai s6 doi cha chiing thi gid tri cia biéu thiic A vin khong doi.
Goi do dai mot canh cua khu dat 1a x (mét) thi do dai canh ké véi né la 50 - x.
Dién tich khu vuon 1a S, = x(50 — x).
Néu chiéu dai va chiéu rong cing giam di a (mét) thi dién tich khu dat mai
aS,=(x-a)50-x - a)
Dién tich bi giam di la :
S=§,-S5,=x(50-x) - (x —a)(50 - x - a)
S=50a-a’.
Xét vé¢ trdi T roi xét vé phai P, 1a duoc :
T=2(x+ 1)y +1)=2(Xy + X +y+2)=2Xy + 2Xx + 2y + 2
P=(x+y)(x+y+2)=x3+xy+2x+xy+y2+2
=2xy+2x+2y+(x2+)':)=2xy+2x+2y+2
ViyT=P.
Taco(x+y)x+z)+(y+2z)y+Xx)=2(z+Xx)(z+y)
¢:>x3+xz+xy+)fz+y2+xy+yz+xz=2(zz+yz+xz+xy)
o (x2 + yz) +2xXy +2yz+2zx = 22° + 2yz + 2zx + 2xy
2 2
c::-x2+)*2=222¢:> 2% = .3 :y“
a) Vix =71 nén x = 1 =70. Thay 70 = x — 1 vao biéu thiic A ta duoc :

A=x5—x4(x~ I}—x"{x— I)—xz(x—l)—x(x—-l}+2‘)
2

=t et e e s — x> Ex 400
=Xx+29=71+29 = 100.

b) Vix=35nénx+1=36;x+2=37;x-1=34va2x -1 =69.

Dodo B=x" - x*(x + N+ x*(x +2) = x’(2x = 1) = x(x = 1) + 15
=x - =t ext e -2 e 2o xP x4+ 15
=X+15=35+15=50.

Tac63(x2+x+2){x3—x2—x+l)

=3(x5—2x2—x+2)=3x5—6x2—-3x+6
Dédp so : 0, 0, 6.



1.11.

112,
1.13.

1.14.

1.15.

1.16.

Liae y : Khi thuc hién phép nhan 3xP+x +2)(x - xF - x + 1) nén nhin
(x2 + X + 2) vGi {x" i = 1) trudce, sau d6 nhin 3 véi két qua.
a) A =0 (khong phu thudc vao gid tri cua x)
b) B =19 (khong phu thudc vio gid tri cia x va y).
a)x=-2; b) x =-4.
B=(n=1Mn+6)-(n+ 1)n-06)
= (:12 +5n - 6) - {n2 -5n-6)=10n: 10,

Goi 50 nguyén ¢ giira la a thi s6 nguyén lién trude va lién sau sé alaa— | va
a+l.
Taco (a-Da+aa+D)+(a=1I)a+1)=242

oa’-a+a’+a+ai+a-a-1=242

& 3a° - | =242 & 3a° =243

oa’ =81 = a=19,
e N¢u a =9 thi ba s6 nguyén lién ticp 1a 8, 9, 10.
¢ Néu a = -9 thi ba s6 nguyén lién tiép la -10, -9, -8.
aQ)P=(x-a)x-b)(x-c¢c)= (.\:2 - bx —ax + ab)(x - ¢)

=x" = cx? = bx” + bex — ax” + acx + abx — abe
=x" - (a+l:.+c:).\:2 + (ab + bc + ca)x — abc = x? - 12x% + 47x - 60.
b) el s 3 =5 5 =
eKhix=3thiP=3"-1232+473-60=0
e Khi x = =3 thi P = (-3)’ - 12.(-3) + 47.(-3) - 60 = -336.
Taco(a—1)a-2)a+3)-(a+ 1)a+2)a-23)
= (a2 -3a+2)a+3)- (212 +3a+ 2)(a-3)
=(a‘1+332—332—9a+23+6)—{33~3az+3az—93+23-—-6)= 12,
Ap dung : Pat a = 150 thi
T=149.148.153 - 151.152.147
=(@-1)a-2)a+3)—-(a+a+2)(a-3)=12.

Pat b = 100 thi
P =99.98.103 - 101.102.97

=(b-=-1)b=2)b+3)=(b+1)b+2)(b-3)=12.
Vay T=P.



147, V‘ix.}’,zﬁlt?véia.b.cnén5=%=E=k.Suyrax=ka:y=kb;2=kC.
a c

e Xétvétrai T:
T = (k%a” + 2k’b% + 3k%c?)(a® + 2b% + 3¢”)
=k’(a’ + 2b” + 3¢%)(a” + 2b” + 3¢%) = K’(a” + 2b” + 3¢°)’
e Xét vé€ phai P :
P = (ax + 2by + 3cz)” = (ka® + 2kb” + 3kc’)’
= [k(a® + 2b” + 3¢%))? = k*(a® + 2b% + 3¢%)?
Vay T=P.
1.18. a) Ruit gon biéu thitc dugc két qua 1a 324 (khong phu thudc vao bién).
b) Ruit gon bicu thiic duge két qua la 90 (khong phu thudce vao bién).
1.19. a) 4137 - 413.26 + 13% = (413 - 13)* = 400 = 160000
b) (51 +311(55)" =31 -5"°+ 10
=5"+3)5*-3)-5"%+10
=595 0=

4] 2 4]
(41 + 39) y +39_80=40.

(41+39)(41-39) 41-39 2

1.20. a) Tac6 2014 .2016 = (2015 — 1)(2015 + 1) =2015° - 1 <2015°. Vay A <B.
bC=1+3*- D3+ DG+ DG+ 1)
=1+3* -3+ D3+ D=1+ -3+ 1N=1+3"%-1=3"°
D=3 +(3 =3"+3"=23"<33"<3"% vayCc>D.
c¢) Dbat a = 500 thi
E=(a+ l)2+(a+3)2+{a—4)2=3a2+26.
F=(a- 1)2+(a—3]2+(a+4)2=3az+26.
Vay E=F.
d)M=(x2—2xy+y2)+(4x2+4x+ I)+(9y2—6y+ 1)
=(X—)’)2+(2x+ l)2+(3y— l)zizovdimoi X, 3
N=-1.Dodé M>N.
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121 Tacd M- N=TT+75 % o P i P -8 412 5. 595
=(17"-76) + (75 =14 + ... + 32 - 2D + 12
=(77=T76)(77 +76) + (15 =T4)T5+T4) + .. + 3 =2)(3 +2) + |
=T77+76+75+74+...+3+2+1
=M=3003,

M-N-3_3003-3_,

3000 3000 '
1.22. a) A =[(3x = 2) + (3x + 2))° = (6x)* = 36x°.

Do do

Vl:'!ix=—% thi A =4.

b)B=[(x+y-7)-(y-6) =x-1)

Vai x = 101 thi B = 10000.

Lwu y : Sau khi nit gon, biéu thitc B khong chita bién y nén gid tri clia B
khong phu thudc vao gid tri cia y.

€)C=4x>-20x +25+2=(2x - 5)* +2
Véi x = 52,5 thi C = 10002,
1.23. D=(x +y)* = 6(x +y) = 5 = (=9)* = 6.(=9) - 5 = 130.
124 a)yx=1]; b) x = +5.
1.25. A=[(x2+l)+x] [(x2+l)—xl(x4+l—x2)
=[x+ D=2t + ) -xF)
=[x+ D+ ¢+ 1) = X7
=(x4+l)2—(x2)2=x8+x4+l>0vdimqix.
1.26. a) M = (25x” - 20x +4) + 3 = (5x — 2)> + 3 > 0 v6i moi x.
b)N=(9x2-6xy+y2)+y1+l=(3x—y)2+y2+1>th3imoix.y.
y 20 a)P=—(x2—2x+])—I=—(x—l)2—l<0vc'rim(_)ix.
b)Q=—(x"-8x + 16) = (y* —dy +4) — |
=—(x—4)2—(y—2}2—I<0vﬁtimqix,y.
1.28. a) A = (x + 6)° + 3 > 3. Viy minA =3 khi x = -6.

b) B=(3x —2)* —4 > -4. Viy minB = -4 khi x =

W |
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1.29. a)C=—(x2—4x LY== £5E5, Viy maxC=5khix=2.
b) D= —(x> +4xy + 4y>) - 9x> + 3 =—(x + 2y)" - 9x” +3<3
VaymaxD =3 khix=0vay=0.
1.30. O méi hinh thi canh cta hinh vuéng 16n nhit hon canh cla hinh vuong duoc
16 dam la 2.
O hinh 1.n thi canh cta hinh vuong 16n nhat 12 2n + 1 ; canh cta hinh vuong
duoc 16 ddm 1a 2n - 1.
Do d6 s6 6 vuong khong duoc to dam la :
(2n + 1)> - (2n - 1)* = 8n.
Néu n = 75 thi s6 6 vuong khong dugc 1o dam la :
8 .75 = 600 (6).
1.31. Tac6 2@+ b)) =(a+b)’ 22> +2b° =a

@-az—Eab+b2=0¢::»(a—b)2=0¢:>a=b.

2 2
+2ab+b

1.32: (a—b]2+(b-—c)2+(c—a)2=4(az+b2+c2-ab—-bc—ca)
c>2{az+b2+c2—ab—bc—ca}=4(32+b2+c2—ab—bc—ca}
<:>?.(az+b2+cz—ab—bc—ca}=0
<:>(a—b)2+(b—c)2+(c—a)2=0
Tordéosuyraa=b=c.

1.33. Tu(l)suyra—-4x —4y —4z=-6
Tir (2) suy ra ax’ + 4y2 +47° =3
Cong timg v€& hai ding thic trén ta duoc :

4x2+4y2+422—4x—4y—4z+3=0

S 2x-1)+Qy -1 +Q2z-1)"=0

Tudétadugcx=y=2z=

| —

134. (a+b+c+1)a-b-c+1)=(a-b+c-1)a+b-c-1)
<@+ D)+b+o)][a+ D -(b+o)]=[(a-1)-(b-c)][(a-1)+(b-¢)]
s@+ 1) -b+e)’=@-1)’-(b-c)?
s@+)’-@-1Y=b+c)l-(b-c)’

&S4a=4phc = a=Dc.
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1.35. Taditx=a’+b’: y =’ +d°
Khi do x.y = (az + bz)(t::2 - dz) = azc2 +a’d®+ I:)z;::2 + bz‘d2
— (a‘?c2 + 2abced + b?‘dz) + (zm‘?-:i2 — 2abed + bzcz)
= (ac + bu:i)2 + (ad - t:oc:)2 (dpcm).
1.36. Goi bon s6 nguyén lien tiéplan,n+1,n+2,n+3 (n € Z).
Taconin+ N(+2)n+3)+ 1 =nm+3).(n+ 1)(n+2)+ I
=" +3n)(n” +3n+2)+ 1 =(n® + 3n)2 + 2(n% + 3n) + |
= (n2 +3n + I)2 (dpcm).

1.37. Goi s6 nguyén & gitra 12 x. Céc s6 nguyén lién trude va lién sau cha x 12 x — 1
va X + 1. Theo dé bai ta cé

(an-I)2+xz=l{m~:+])2
ox-2x+1+x2=x2+2x+1
c:>x2—4x=0@x(x—4]=0
Suy ra x = 0 hoic x = 4.
e Néu x = 0 thi ba s6 nguyén lién tiép 1a -1, 0, 1.
 Néu x = 4 thi ba s6 nguyén lién tiép 1a 3, 4, 5.
138. a)x=8; b)x=7.
139 ) A=(x' = I15x* + 75x = 125) + 1 = (x = 5)* + 1 = (35 = 5) + 1 = 27001
b) B=(x" + 18x% + 108x + 216) - 200
= (x +6)" = 200 = (=26 + 6)° - 200 = -8200
1.40. a) M =3x" + 3y2 - (x + }')(xz - Xy + yz) + 1
=3x2+3y2—2(x2-xy+y2)+l
=3x2+3y2—2x2+2xy—2y2+l
=x2+2:~;y+y2+l=(x+y)2+1=22+l=5.
b) N = (8x" - 12x° y + 6.\;}*2-—3;3) + 3(4x> — 4xy +y3) +32x -y)+ 11
=(2x—y)‘1+3(x—y)2+3(2x—y)+l+10=(2x-—y+l)3+10

=9+ 1) +10=1010.
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1.41.

1.42.

1.43.

a) P =369° - 219° = (369 — 219)(369> + 369.219 + 219%)
= 150.(369° + 369.219 + 219%)

Ta nhan thay cdc s6 hang trong ddu ngodc, méi s6 hang la tich cua hai s6
chia hét cho 3 nén méi s6 hang chia hét cho 9, 16ng chia hét cho 9.

Do d6 P=150.9k = 1350 . k (k € Z).

Vay P : 1350.

b) Q =372% + 128’ = (372 + 128)(372% - 372.128 + 1287
= 500(372% - 372.128 + 128?)

Ta nhan thay cdc s6 hang trong ddu ngodc, méi s6 hang la tich cua hai s6
chia hét cho 4 nén méi s6 hang chia hét cho 16, tdng chia hét cho 16.

Do d6 Q = 500 . 16k = 8000k (k € Z).
Vay Q : 8000.

a’ + b’ P (a +b)(a® —ab +b?)

3 3 y.
a~ +c¢ (a+c)(a“—ac+c2)
2

Tacé

—ac+c? ta dugc :
2’ +b°  (a+b)[(b+c)? - (b+c)b+b?]
33 +c3 B (a+c)[(b+c2)—(b+c)c+c2]
_(a+b)b®+2bc+c’-b°—bc+b’) a+b
T (a+c)(b?+2bc+ci-bo-cl+c?) a+c
Xétvetra T
T=[@a+b)+c]’-a’-b' - ¢’
=(a+b)3+3(a+b)2c+3(a+b}c2+c3—a“—b3-—c"
=a +3a’b+3ab’+ b + 3{;12 + 2ab + bz)c + 3(a + b)c" PO N
= 3a’b + 3ab’ + 3a’c + 6abc + 3b’c + 3ac” + 3bc> (1)
Xét vé€ phai P
P=3(a+b){bc+ab+b2+ac)
=3(abc+a2b+ac2+azc+b2c+ab3+bcz+ahc)
= 6abc + 3a’b + 3ac” + 3a’c + 3b%c + 3ab” + 3bc” (2)
Tuw(l)va(2)suyraT=P.

Thaya=b+cv£10a2-ab+b2vz‘-.na

(dpcm).



1.44,

1.45.

1.46.

147.

fipdl_mg:Dgtx=a+b—c;y=a—b+c;z=—a+b+c
Khidox+y+z=a+b+ec.
VayA=(x+y+z)3—x3—y3—23=3(x+y)(y+z)(z+x}
=3.2a.2b. 2c = 24abc.
a) Thu gon dugc 2%, Pép so6 200.
b) Thu gon duoc 4(a2+b2+c2). Dip s6 40.
I

b
Tac6 —+—+—-=2
a b c

>
; - 11 1Y
Binh phuong hai vé ta duogc (— +—+—| =4
a b cJ/

Thay a + b + ¢ = abc ta dugc L+—l-+L+2=4
i B &

Suy ra al2+-té'+c_2 = 2.
Xétvétrdi T
T=(x +y)4+x4 +y4=x4 +4»:nc‘1‘3,'+~f5..vc2:,;2+4:~v.:,,r'11+y4+:u;'1+;y“t

=2x* +4x3y +6x2y2 +4:~:3~-3 + Zy". (1)
Xét vé phai P :
P= 'l(x2 + Xy + ;,fz)2 =2(x"* + xzyz + y“" +2x° y + 2x2y2 + 2xy3)

=2x" + 6x2y2 + 2y'fl +4x° y + 4xy3. (2)
Tu(l)va(2)suyraT=P.

- 2

. 2
Tadat A =x —Zxa—x2+ax+b=[i(x2+cx+d)] = (x? +cx +d)%.

2

4 3. 3 3 2 s
A=Xx +¢x"+d” + 2¢cx” + 2dx” + 2cdx véi moi x

4 3 2 v
S A=X +2cx +{c2+2d)x +2cdx+d2vmmt}|x
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2c =-2 c =-1
c?+2d=-1 d=-l
Suy ra | <
a=2cd R
b = d? b=1.

Vayx4—2x3—x2+2x+ | ={x2—x— l)z.
1.48. a) (x +3) = (x - 3)* - 2ax’ = 108
Khai trién v€& trdi ta duoc :

o + 127 + 54x% + 108x + 81) — (x* — 12x + 54x% - 108x + 81) - 24x°

Thu gon ta dugc 216x. Do d6 216x = 108 < x =

.

I
2
5 5

b)(x+2) —(x-2) =64.

e Khai trién v€ tréi ta duoc :

x>+ 10x* + 40x” + 80x% + 80x +32) — (x° =10x" + 40x" - 80x” + 80x - 32)

e Thu gon ta duoc 20x* + 160x* + 64

Do d6 20x* + 160x> + 64 = 64 hay 20x> (x* + 8) =0

Suyrax =0.

1.49. Tacé (a+b+c)>+ 12 =4(a+b +c) + 2(ab + b + ca)
@az+b2+c2+2(ab+bc+ca)+]2=4(a+b+c)+2{ab+bc+ca]
-:::-a2+b2+c2+l2—4a—4b—4c=0
@ -d4a+4)+ (b2 -db+4)+(c—dc+4)=0
o@-22+b-27+@c-2>%=0
Toudétadugca=b=c=2.

1.50. Dips6: M ~-N=2.

5_ .5 4 3 2

15 a) x+ 1)y =x"+5x "+ 10x" + 10x"“+5x + |
b) (x + 1)® = x® + 6x° + 15x* + 20x” + 15x% + 6x + |
c)(x—l)4=x4—4x3+6x2—4x+I.

1.52. a) Ta c6 nhan xét ring véi da thic f(x) cho trude thi f(1) bang téng céc hé s6
cta da thic. Vi vdy dé tinh t6ng cédc hé s6 cla tat ca cdc hang tr trong khai

trién (4x - 5)H ta chi cdn tinh gid tri cua (4x — S)H khichox = 1.
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1.53.

1.54.

1.55.

1.56.

1.597.

1.58.
1.59.

Voix=1thi@x-5"=@.1-5"=1.
Viy t6ng s6 cdc hé s6 khi khai trién (4x — 5)" 12 1.
b) Véix=1;y=11thi 5x-3y)"’=5.1-3.)""=2"" = 1024.
Vay téng s6 cic hé s6 khi khai trién (5x — 3y)'" 12 1024,
a) 44 = @5 - D" =B@5) + -1 = 15k + 1.
Vay 44°° chia cho 15 du 1.
b) 442! = (45 - 1)*' = B@5) + (-1)*' = 15k - |
Vay 44*' chia cho 15 du 14.
Tach 3= =3" 39 =970 <2781 %
=27.(80 + 1)’ = 27.[B(80) + 1°’] = 27.80k + 27 (k € N)

Vay khi chia 3'% cho 80 duoc s6 du 1a 27.
Nhaén xét : Céc s6 c6 dang 3"
a) 4x"y* (2x% - 3y)).

b) (a — b)> - (b — a)(a — 3b) = (a - b)” + (a — b)(a — 3b)
=(a—b)(a—b+a—3b)=(a-b)(2a—4b) = 2(a — b)(a - 2b).
¢) a(a - b)*(a + b) — (b — a)*(a - Sab + b?)

=a(a—-b)’(a+b) - (a - b)’ (a’ - 5ab + b?)

= (a—b)’ (a’ + ab — a° + Sab - b%) = (a - b)’ (6ab — b°)

=b(a - b)* (6a - b).

a) 79° = 79.29 = 79(79 - 29) = 79.50 : 50.

b)216° +4.62 =(6°) +4.6" =6" +4.6'* =6" (62 + 4)=6'2.40 : 40.

Goi s0 phai tim la x. Ta cé x? = 4x’
Suyrax2—4x3={}<::>x2(l -4x)=0
Do dé hoic x =0hodc 1 —4x =0

e 1
Vay s06 phai tim la x =0 hoic x = 1
A =217(217 - 143 — 174) = 217(-100) = -21700.

Tadat1l..1=a thi 99...9=09a.

—— — e e
n n

Dod69a+1=99...9+1=10".

— ——
n

(k € N) chia cho 80 déu c6 s dur la 27.
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1.60.

1.61.

1.62.

1.63.

136

VaiyN=44 .4 22..2 =44..4 00..0+22..2

n n n n n
=4 11wl 0. 032, 111 245108 4+24
n n n

=2a(2.10" + 1)=2a.[2Qa+ 1) + 1)

=2a(18a + 3) =6a(ba + 1).
Ta thay 6a va 6a + 1 1a hai s6 nguyén lién tiép.
VayN=66..6 x66...67 hoac =66...67 x (=66 ...6)

n n-1 n-1 n
Liau y : Nhitng bai todn c6 chir s6 giong nhau lién tiép nhu trén, dé dé bién
d6i nguoi ta thuong dat 11 ... 1 =a.

n
Vi p la s6 nguyén t6 nén 2p + 1 la s6 1¢. Do dé x> 1a mot sO ¢ va x 1a so 1¢.
Tadatx =2k +1 (k € N). Khid62p+ 1 = (2k + 1)’ = 8k> + 12k’ + 6k + |

Vay 2p = 8k> + 12k% + 6k <> p = 4k’ + 6k* + 3k = k(4k” + 6k + 3)
Viplasonguyéntonénk=1,doddé x =3.
a)(x—9)(x—?)+l=x2—16x+64={x—8)2.

b) x® -y’ = ()’ - (v = (x -y ) + )

= (x = Y)(x + Y+ xy + Y& - xy +y°).

) +x =12 +ax> +ax = (2 +x)2 =20 + 1) + | +4(x% +x)
=(x2+x)2+2(x2+x)+l=(x2+x+l)2.

a) (x +2y -3 —4(x +2y - 3) +4=(x +2y - 3-2)> = (x + 2y - 5)°
) (x-y) -1 -3x-y)x-y-D=(x-y- 1)

(Ap dung hing déng thiic (A — B)’ = A’ = B’ = 3AB(A - B) trong d6 A = x — y,
B=1).

x% +y* = 17)* - 4(xy - 4)°

= (x> +y2 = 17 = 2(xy - 4)] [x% + ¥ = 17 + 2(xy — 4)]

g 2 2 2 2 2 2 2
=(X"+Yy =2Xxy-9NX"+y +2xy-25)=[(x-y) =37 [(x +y) = 357)
=(X=-y=3)x-y+3)X+y=-=35)(x+y+)3).



1.64.

1.65.

1.66.

1.67.

1.68.

1.69.

a)(x+5)°=0=>x=-5.

b)(x +2)° + (x —3)° = 0.

Suyra[[x+2)+(x—3)| |(x+2) —(x+‘3)(x—3)+(x—3) |=0

<:>(2x—1)(x -x+19)=0. (1)

2

Tacéxz—x-i- 19 = (x —%) +§ >0 néntr(l)suyra2x—1=0,dodox = %

Tacé x> + 102 = yz suy ra ok yz = 102. (*)

Dé thay x va y phai cung chidn hoac cung lé. Tir (*) tacé

(x=-y)x+y)=102.

Vi x va y cung chin hoic cuing lé nén x — y va x + y déu la so chan nén tich

ctia chiing chia hét cho 4. Trong khi d6 102 / 4. Vay khong tén tai cap s6

nguyén (x ; y) thoa man dé bai.

Tac6x2+}*2=a2+b2. suyraxz-a2=b2—-y2.

Do dé (x —a)(x +a)=(b-y)b+y)

Mat khéc,trx +y=a+bsuyrax-a=b-y.

Vivay (x —a)(x+a)=(x—a)b+y)hay (x —a)(x+a)-(x—a)b+y)=0
(x-a)(x+a)—(b+y)]=0

Suy ra :

e Hoicx—a=0dodéb-y=0,dintdix=avay=b.

e Hoic (x +a)=(b+y)=0dodox+a=b+y. (1)
Miatkhicx —a=b-y. (2)

T (1) va(2)tadugc 2x =2b,suyrax =b,dodé y=a. Vay x" +y" =a" + b".

a) X2 (X +2) = 3(x +2) = (x +2)(x> = 3)
b) 2ac(ac — b) — d(ac — b) = (ac — b)(2ac — d)
c) 3x(4x — y) — 2z(4x — y) = (4x — y)(3x — 22).

a) abx” — aby2

—azxy+b2xy=ax(bx — ay) + by(bx — ay) = (bx — ay)(ax + by).
b) & axy — bxy - aby2= X(x + ay) — by(x + ay) = (x + ay)(x — by).
(abc+bc)+(ab+b)+(ac+c)+(a+ 1)

=bc(a+ 1)+bla+ )+c(a+1)+(a+1)=(@+1)(bc+b+c+1)

=(a+ 1).[blc+D+(c+D]=(@+ )b+ )(c+ 1)
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1.70.

1L

1.72.

1.73.

1.74.

138

Da thic di cho ¢6 36 hang tlr, nhom thanh bon nhém, méi nhém 9 hang .

6

35 34 27 2 25 18
A=(X"4+X +..+X )+ (X +X"T +..+X )

6

17 7
+ (X +x +...+x9}+(x3+x +...+1)

A=x2?(x3+x?+...+1)+x'“(x"+xj+...+l)+x9(x“+x?+...+l)
7

8
+(X +X +..+1)
8 7 27 R 9
A=X"+Xx +..+1D(x +>r.I +x +1)
7

o+ DX+ D+ 7T+ D)
=" +x 4+ D+ DT+,
Xétverai T

T=x(x+ D +x(x + 1)’ + [x(x + D> + (x + )]
T=xx+ D +xx+ D +x+ D> (x+1)
T=xx+D'+xx+ 1) +x+1)°
T=x(x+D'+x+1D) x+1)

T=x(x+ '+ x+1)°

T=x+1)'(x+1)

8
=(x"+x

T=(x+ I)S=P.

A2 gl 3 3
i v I O, Y I T S B N SR
S 7 I | T R WY W T Y-
<0< 1)-1=3=1=1.

Tacé x* + xzz-l-yzz-xyz+y3=(x3+y3)+(x2z—xyz+yzz)
= (x +y)x* = xy +y°) +2(x* = xy +y?)
=(x2—xy+y2)(x+y+z)=(x2—xy+y2).0=0.

a)X+2y=xy+ 2o x+2y—-xy-2=0

S -y)-2(1-y)=0
& (1-Y)x-2)=0

Dodéhoac | —y=0hodcx -2=0

e Néu | —y=0< y=1thix ldy gid tri bat ki

e Néu x =2 =0<> x =2 thi y lay gid tri bat ki.



1.75.

1.76.

R A

1.78.

b)xy=x+yoxy+l=x+y+loSxy-x-y+l=1
Sx(y=-1D-(y=-DD=lea@yy-Dx-1)=1

Vil=1.1=(=1)-1)nén co hai truong hop :
ex—-l=lvay-l=I1lsuyrax=2;y=2
ex—l=-lvay-l=-lsuyrax=0;y=0.
Tacoxy=2(x+y) = xy-2x-2y=0=xy-2x-2y+4=4

Sx(y-2)-2Azy-2)=4=(x-2)0y-2)=4
Vix>ynénx-2>y-2.Dodo (x-2)(y—-2)=4.1=(-1).(-4)

X

- 4 -2=-]
Suyra{ hoac {x
y- 1

y-2=-4

=0 = ]

Vay ) hoac ¥
y=3 y=-2.

Vian dung cic hing déing thirc dé€ khai trién céc luy thira réi thu gon ta dugc

2.2 22 .23 9 2.9 2.3 .22 . .22
A=ax"+b%y +cz+ay2+bx +a’z" + x> + b’z +Cy

7 9 2
= (azxz + azyz +az)+ (b2K2 -+ h“y2 - bzzz) + (c2x2 - c2y2 + szz)

(S5 T S

=32(xz+y2+22)+b2(x2+y2+22]+c2(x2+y2+22}
=(x2+y2+zz}(a2+b2+c2).

a) 5x% (x = 1) + 10xy(x — 1) = 5y* (1 — x)

=5(x = (x> +2xy + y) =5(x = D(x +y)°

b x* x-y) -y (x - y) = (x - yx* -y

= (x - Y& - Y&+ NE+y) = x -y @+ Y& +y).

X" (x-D-(x-D=x-Dx"-1

=x=DE=DE" T +x" 24 L ex+ D= - D™ +x™

a) 2a"%b" — 18a"b™*? = 2a"b" (a® - 9b°) = 2a"b" (a — 3b)(a + 3b).

2+...+::c+l).

b) X}'[XS _ xiyZ - x?yJ & }'5) -~ X}'[}tj (XE ” }'2) _ yz(xz ” )’2)]
=xy(x” - y)(x" = y') = xyl(x + y)x = y)x - ) + xy +y?)
= Xy(X — y)ztx + y)(;t:2 + Xy + yz).

c) xzyzzz (xyz+ 1) - (xyz+ 1) =(xyz+ l)(x'?yz:f.2 - 1)

=(xyz + I)2 (XV¥Z—1).
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1.79. a) xlx2 (x2 e ?2] = xl:«:(x2 +1)-17] [x(xz + 1)+ 7]
— x(x" +X - 7)(x3 + X+ 7).
b) (:rc2 - ‘E))2 + 12x(x - 3)2
=(x =32 (x +3)" = 12x(x - 3 = (x = 3)* [(x + 3)* - 12x]
=(x-3P(x*-6x+9)=(x -3 x-3)=(x-3)".
c) (x—?.}(x+z)—y(2x—y)=xz—zz—2xy+y2=(x2—2xy+y2)-zz
={x—y)2—zz={x-y-z)(x -y +2).
1.80. a) (x - 3y)" = 3° = (x - 3y - 3)(x - 3y + 3).
b) 25x% - (y* - 4y + 4) = (5x)* - (y - 2)* = (5x —y + 2)(5x +y - 2).
c)(a+h)2—(x+y)2=(a+h+x+y)(a+b-x—y).
181, A =x’ (x —4) - 4x(x — 4) = x(x — 4)(x” = 4) = x(x — 4)(x - 2)(X + 2).
Vi x 14 s6 chin nén (x — 4)(x = 2)x(x + 2) la tich clia 4 s6 chin lién Lép.
1.82, :I(I:r2 + cz) - btrc2 + az) + {:(u2 + bz) - 2abc
= ab® + ac® - be® — a’b + a’c + b’c - 2abe
= (at:o2 - azh) + (ac2 ~be’) + (azc — 2abe + b%c)
= —ab(a - b) + cz(a -b) +c(a- b)2 = (a - b)(-ab + ¢? +ac - be)
=(a-b)[a(c=-b)+c(c-b))=(a-b)c-Db)a+c)..
183. a)(a+ b+ c)3 —p’=b =
=(a+b+c-—-a)[(a+b+c}2+{a+b+c)a+azl—(b3+c3)
=(h+r:)(a2 +b2+c?‘+2ab+23(‘:+2bc+a2+ab+ac+azj—(b+c)(b2—-bc+c2)
=(b+ (:)(3:112 + 3ab + 3ac + 3bc) = 3(b + ¢) [(a2 + ab) + (ac + be)]
=3(b+c)la(a+Db)+c(a+b)]=3(a+Db)b+c)c+a).
Vay o{a+l:-+r:)‘1t ~ia=b" -c3=3(a+b)(b+c)(c +a)
Ta dugc lai két qua & bai tap 1.43
Day ciing la mot hing ding thitc ddng nha.
Hing dédng thiic trén twong duong véi hing ding thic sau :
(a+b+c)3 =a3+b3+c3+3(a+b)(b+c)(c+a).
b) 4ab(a® — b%) - 6(a’ + a’b — ab” - b’) + 9(a’ - b%)
— 4174b(:—;|2 - bz) - 6laz(a +b) - bz(a +b)] + 9(32 - bz)
= 4ab(a’ - b’) - 6(a + b)(a’ - b%) + 9(a° — b’) = (a” — b’)(dab — 6a — 6b + 9)
= (a+ b)(a - b)[2a(2b - 3) - 3(2b - 3)] = (a + b)(a — b)(2b - 3)(2a - 3).
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1.84.

1.85.

1.86.

1.87.

1.88.

1.89.

1.90.

1.91.

a) —X ; b) -3y + 2x°.

) 24(x —y)’ + 18(x — y)? = 12(x - y).

. 2n=>2n+2 .07 4
a)C:De.::-{n . {“ one(2:3:4)

52n+l n<4g

8=>n

n+326 n =
n=6
2 2 - I
P=x"-2xy+2y ' =(x-y) " +y >0v6imoix#0;y=0.

. 1> <38
B e {n>6c>ne[6.?,8|.

2 32
Q=2xy—y2-4x2=-(4x2—2xy+y2)=— (?,x—%] +% <0

voimoix #0;y=0.
a) Lam tinh chia ta dugc du bing 0.
b) Lam tinh chia ta duoc du -6x + 10.
Tacof(l)=1-6+2+28=25

f(<1)=14+6-2+28=33

f(2Q)=16-48+4+28=0
Do d6 du trong phép chia f(x)chox — 1, x + 1, x = 2 lan luot 1a 25 ; 33 va 0.
a)(x-4) :(x-4)=x-4
b) (x = 3)(x>+3x +9): (x> +3x +9) = x — 3.
€) (x + 5)(x* = 5% +25) : (X + 5) = x" — 5x + 25.
a) Chia da thitc 6x” + Sax — 4 cho da thic x — 2 ta duoc thuong 13 6x + Sa + 12
va du 10a + 20.
Theo dé baitacéd 10a+20=10,suyraa= -1,
Cdch khdae : Goi thuong 1a Q, tacé :

6x2 +5ax -4 =(x-2).Q+ 10.

Chox=2taduoc 24 + 10a-4=10,suyraa=-1.
b) Chia da thic XV St 9y ® o . 40 cho (:-:2 - 3x + 2) ta dugc thuong la
x> + 8X + 20 va du (a + 44)x.
D¢ phép chia 1a phép chia hét thi ta phai ¢6 (a + 44)x = 0 v6i moi x.
Suyraa+44=Uhaya=—44.Tac6x2+8x+20={x+4)2+424.
Do dé gid tri nho nhit cua thuong la 4 khi x = —4.
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1.92.

1.93.

1.94.
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ax” + ax”® + bx +35 %% ~x41
T ax? - 4x? + 4x 4x + (a + 4)
(a+4]x2+(b-4)x+5
Ta+dx - @+ 4)x +(a+4)
(a+Db)x + (1 —a)

- Flales a+b=0 a=1I
A:B¢:>(a+b)x+{]—a)=0vmmotx@{I 0 o {
= =

Viynéua=1,b=-1thiA: B.
Cdch khdce : dung phuong phdp dong nhit hé s6.
Ta ¢6 nhan xét : hang tr ¢6 bac cao nhat cta da thuc bi chia la 4x* hang ur
bac cao nhdt cia da thic chia la x” do do6 hang tr bac cao nhat cta thuong la
4x. Vay thuong ¢6 dang 4x + m.
Taco 4x3 4+ a:l-:2 +bx+5= (x2 - X+ 1)(4x +m)
Khai trién r6i thu gon vé phai ta duoc 4x> + (m - -ﬂf)zlf.2 + (4 —m)x + m.
Do d6 : 4x” + ax” + bx + 5 = 4x” + (m — 4)x” + (4 — m)x + m v&i Moi X.
m-4=a a=|
Suyra{4-m=>b < {b=-I
m=35 m =35,
Vaynéua=l,b=-1thiA: B.
a) Thuc hién phép chia ta duoc thuong la x° = 2x — 4 va du (a+ 14)x+(b-12)
D¢ phép chia la phép chia hét ta phai ¢
a+14=0 a=-=14
Suy ra =
b-12=0 b=12.
b) Thuc hién phép chia ta duoc thuong 1a x* + 9x + 18 va du (a + 32)x” + (b — 36)x.
Dé phép chia la phép chia hét ta phai c6 : (a + 32)x” + (b - 36)x = 0 v6i moi X.
a+32=0 a=-32
Suy ra =
b-36=0 b = 36.

a) Goi Q la thuong, ta ¢é :
4x3+ax+b=(x— D(x +1).Q+2x - 3.

Thay x = 1 r6i lai thay x = —1 vio déng thic trén ta duoc
a+b=-5 a=-2
=N
-a+b=-I b=-3.



1.95.

1.96.

Cdch khdc : Thue hién phép chia ta duge thuong 14 4x va du (a + 4)x + b.

Theo dé baitaco : (a+ 4)x + b=2x - 3 véi moi x

a+4=2 a=-2
Suy ra —
{ - {b =-3.
b) Sx* +2x%+ax +b x2+5
5:<3 + 25x 5x +2
. 2x2+(z|—25]x+h
2x° + 10
(a=25)x+(b-=10)

Theodé baidula | nén: (a = 25x + (b= 10) = | vdi moi x.
a-25=0 {;1 =25
="

Suy ra
b-10=1 b=1l.

2) Taed f-dya -+4 %3 Ve = 10+7 « 3= ="+ 17 <2=0.

Vay f(x) : (x +2).
b) Véimoin e N tacof(=1)=0+1"-1=0
f(-2)= (=" +0-1=0
nén f(x) chiahétcho (x + 1)(x + 2) = Xoh3Ixe2.
D¢ da thire f(x) chia hétcho (x = ) thif(l)=0haya+b+ 1 =0,
Suyrab=-(a+ 1) (*)
Khidof(x)=ax"-@+ Dx" "+ I =ax"—ax""' =x""' +1

s == """V = Dand™! x=1)=lx— "X

- - -3
R T ™ ™ 5™ % D)

n—2 n-=3

=Y G T 4D

=(x —1).g(x) trong d6 g(x) = ax

f(x): (x - 1)’ < g(x) nhan x = | lam nghié¢m.

< g(l)=0
a-n-2+1)=a-n+1=0
Dodéa=n-1.

Thaya=n-1vao(*)dugcb=—(n-1+1)=-n
Viya=n-1;b=-n.

+.+x+1)
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1.97.

1.98.

1.99.

Chox=0taduoc f(0,y)=0y-0+y=0

Choy=0tadugc f(x,0)=x-0- x+0=0

Chox =ytaduoc f(y, ) =y(y+ )" -y(y+ )" =y +y=0

Do d6 f(x, y) chia hét cho (x = 0)(y — 0)(x — y)

hay f(x, y) chia hét cho xy(x - y).

a) Dé thdy x = 1 12 nghiém cia f(x) nén x° = 8x> + 9x = 2= (x — 1) . g(x)
lrongdég(x)=(x3—8x2+9x—2) x—-1)= X% —7x + 2.

Do d6 x* — 8x2 +9x — 2= (x — 1)(x? = 7x + 2).

b) Dé thay x = —1 la nghiém nén x> -3 +4= (x+1).g(x)
{r(mgd{’:-g.j_a{m:)=(:-;3 —3x2+4) } l)=x2—-4x+4=(x—2)2.

Vay x* - 3x2 +4 = (x + 1)(x - 2)°.

Taco(x=-2)(x+1)= x? — x — 2. Pa thitc chia c6 bic hai nén da thic du co
dang ax + b.

Vay f(x) =q(x)(x = 2)(x + 1) + ax + b.

Vi f(x) chia cho x — 2 du 5 nén f(2) = 5.

2a+b=35

Vif(x)chiachox + | du2nén f(-1)=2.Taco
-a+b=2.

Suyraa=1;b=23. Viy da thic du la x + 3.

1.100.a) Lam tinh chia A cho 2x - 3 ta duoc dur 1a —=2. Muén cho gid tri caa A chia

144

hét cho gid tri cta 2x — 3 thi ta phdi c6 2x — 3 € U(2) = {+1 ; £2}.

1

2

2 )

4

2

5

[ B

|

(loai)

9 | —

(loai)

Vay khi x € {1 ; 2} thi gia tri cia biéu thic A chia hét cho gid tri cua bicu
thic B.



b) Chia da thitc A cho (3x + 2) ta duge du la 7. Muon cho gid tri cia A chia
hét cho gid tri cha 3x + 2 thitaphaic6 3x + 2 € U(7) = {1 ; £7)

3x +2 1 ] 7 7
3x -1 -3 5 -9
| 5
X —— (loai -1 — (loai -3
3 (loar) 3 (loar)

Ciéc gid tri ——; vil % bi loai vi khong nguyén.

Vay khi x € {~1; =3} thi gid tri ca bi€u thic A chia hét cho gid tri cla
biéu thirc B.

1101.a) (x +3)(x +4); by(x=3)(x+11);
c)(x-3)(x-0); d) (x + 6)(x = 9).

1.102.a) (4x + 3)(5x - 2); b)(6x - N(3x +4);

¢) (3x - 2y)(4x — 5y) ;
d) x* - 5x%y? + dy? = x* - x%y? - axPy? + 4y*
=2 (- y) - 4y (2 - y}) = (% - y) (X - 4y}
=(X = Y)X + y)x = 2y)(x + 2y).
1.103.a) (x* - 8)% + 36 = x" - 16x” + 64 + 36
=x* = 16x% + 100 = x* + 20x% + 100 - 36x°
= (x% + 10)% = (6x)* = (x* = 6x + 10)(x> + 6x + 10).
gawts ] —x4=(x"+ 1)2—(x2)z=(x"+x2+ I)(x"-x2+ 1)
=[(x4+2x2+ Ij-le(xd-x2+ 1)
=[x+ D =) =X+ 1)
=(x*=x+ DxE+x+ D =x2+ 1),
1104.Tac6 P=(n*-3)>+ 16 =n" - 6n° + 9 + 16
=n'-6n’+25=n"+10n> + 25 - 16n°
=’ +5)° - @n)>=m>-4n+S)(n*+4n +5)
Délha'yn2-4n+5<n2+4n+5.
Do d6 dé P12 s6 nguyén t6 thin® = 4n + 5= 1 hayn® = 4n + 4 =0
& (n—-2)"=0<>n=2.Khidé P =17 Ia mot s& nguyén 6.

4
b)x"+x + 1 =x

145

FAFATYMAAMAGTADY 1O A



1.105.a) 6x’ = 1Ix*—x=2

Nhdm thdy x = 2 1a nghiém nén da thic chira nhan wr x - 2.
Dod66x’ = 11x*=x+2=6x" - 12x> + x> = 2x + x = 2
=6x(X —2) + X(X —2) + (x = 2) = (x = 2)(6x> + x + 1).

b)4x3+5x2+5x+l

. 2 1 : g . 1 ;
Nham thdy x = =% la nghiém nén da thirc chira nhan tr x + 74 hay nhan wr

4x + 1.

Dod64x3+5x2+5x+ 1 =4x3+x2+4x2+x+4x+i

=x2(4x+ D+x@x+1)+@x+1)=(04x+ ])(x2+x+ 1).

1.106.a) A = 3x* +2x* - 8x%-2x +5
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Nhim thdy t6ng cdc hé s6 bing 0 nén x = 1 1a nghiém. Do dé da thirc chira
nhan trx — 1.
Taco A=3x"=3x> +5x* - 5x* = 3x> + 3x - 5x +5
=3x3(x—l)+5x2(x—l)—3x(x—l)—5(x—-I)
=(x- DEX*+5x* = 3x=5)=(x - 1) [x*Bx + 5) - (3x + 5)]
=(x - DBx + 5)(x* = 1) = (x = D*(x + D3x + 5).
b) B = x* - 5x* + 10x + 4. Nhim thdy x = =1 1a nghi¢m nén da thirc chira
nhan trx + 1. Do dé
B=x"+x>—6x> - 6x>+6x +6X + 4x + 4
=x X+ 1) = 6X2(x + D)+ 6x(x + 1) +4(x + 1) = (x + )" = 6x° + 6x +4)
Nhan tr thir hai ¢6 nghiém x = 2 nén chifa nhan tr x — 2. Do dé :
x> —6x2+6x +4 =X —2x> —4x°+8x - 2x + 4
=x2(x —2) —4x(x = 2) = 2(x — 2) = (x — 2)(x’ — 4x — 2)
Vay B = (x + 1)(x — 2)(x - 4x - 2).
)C=x"+3x" +3x%+3x+2=x +3x" +2x% +x*+3x +2
=x2(x2+3x+2)+(x2+3x+2)=(x2+3x+2)(x2+l)
=(x + D(x + 2)(x* + 1).

Lwae y : C6 thé nhdm thady x = -1 ; x = -2 la nghiém nén c6 thé ¢6 cich
tach khdc.



1.107.

1.108.

1.108.

1.110.

a)4x* - 12x —y* +8y = 7= (4x> = 12x + 9) — (y* — 8y + 16)

=(2x =3V -(y-4y=2x-y+ D2x+y-7).

b) 2x" - x"y + 3x2y2 - xy“ + 2y4

=2x" - 2xy + x“y + 2%y + 22Xy - Ky e xy’ - 2xy” + 2y

= (2.\:4 - 2x]y - Zx?'yz) + (x“y + xzy - xy“) + (2>|:2y2 - '2:ncy‘?i + 2}'4)

= 2x2 (x2 - Xy + yz) + xy{x2 - Xy + yz) + 2y2(x2 - Xy + yz)

= (x2 — Xy + yz) ('.'r'.:nc2 + Xy + 2)'2).

(x + 3.')4 +x'+ y“ =x"+ 4x3y + ﬁxzyz + 4xy3 + y“ +X 4 y4

=2x" + 4x3y + 6x2y2 + 4xy" + 2y4 =2(x" + Zx}y + 3x2y3 + ?.xy3 - y4)

= f:‘,ll[:-:'g'I + x"y + xzyz) + (x"y + xz_vz + xy") + {x‘?y2 - xy‘] - y4)]

= 2]);2(:.;2 + Xy + yz) + :-ay(:c2 XY+ yz) + 3.'2(x:l +Xy+ y!)l

=2(x* + Xy + yz)(x2 + Xy + yz) = 2(:{2 + Xy + yz}z.

Ta thay lai két qua nay o bai 1.46.

Ak ol b pxt v g - 10
=xV-D+E-D+F-D+ o+ &K -D+ =1

Phan tich timg nhém thanh nhéan tr :

xm—l=(x—I){x9+x3+x?+...+x+l)
xg—l=(x—-l)(xx+x?+...+x+1)
xs-lz(x—l)(x?+...+x+ 1)
Xx-1l=(x-1).1

ViyA=(x - 1}(x9+2x3+3x7+...+9x+ 10)

Cdch khdc : Nham thdy x = 1 1 nghiém nén da thic chira nhan wr (x — 1).
Do do6

A=x"—x?+ 27 - F 4 3x -3+ L +9x*—9x + 10x - 10
A=x"(x=D+2x"(x=1)+3x (X = 1)+ ... +9x(x = 1) + 10(x — 1)
A=(x— 1" +2x"+3x" + ...+ 9x + 10).
:;1)512(b—a::)+b2(ci—a)+--.:2(a—b)=az(b—c)+t:r2(a::—r:u)—-::2 [(b=c)+(c—a)]
=2’ {b—::)—-'::2 (b—c)+b2(c—a}—c2{c—a)

=(b-c)a’-c?)+(c—a)b’—=c?) =(b-c)a-c)a+c)+(c—a)b-c)b+c)
=(b-c)a-c)[(a+c)—-(b+c)]=(a-b)b-c)a-c).
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b) a(b? - ¢2) + b(c? - a%) + c(a® - b))

= a(b2 - cz) + b(c2 - a?‘) -C l(t:a2 - cz) - {c2 - uz)]

= u(b2 - cz) - o::(b2 - cz) - b(c2 - az) - c(c2 - az)

=(b?=Aa-c)+(c —ad)b-c)=(b-c)b+c)a—c)+(c—a)c+a)b-c)

=(b-c)(c—=a)[-(b+c)+ (c+a)]=(a-b)b-c)c-a)

C) a{b3 - c"') + b(c3 - a3) + c{113 - bj)

= a(b3 - cl) + b(v::3 - a") - s::[(l::3 — c“} + ((:3 - a“)]

= a(b3 - cs) - c(h3 - c3) + h(c3 - 33) - c(c3 - a“)

=’ -cHa-c)+ (' -a)b-c)

=(a-c)b- c)(hz + be + Cz) +(b-c)(c - a)(c2 +ca+ a?’]

=(b-c)(c- a)l{—hn2 —~bc +ca+ az)

=(b-c)c—a)[(a-b)a+b)+c(a-b)]=(a-b)b-c)c—a)a+b+c).

1.111.A = ab(a - b)(c + 1)+ be(b = ¢)(a+ 1) +ca(c —a)b+ 1)
=ab(a-b)(c+ 1)+ bc(b-c)a+1)—cab+1)[(a- b) + (b~ ¢)]
=ab(a - b)(c + 1) —ca(b+ 1)(a-b) + be(b - c)(a+ 1)-ca(b+ 1)b-c)
=a(a—-b)[blc+ 1)=c(b+ 1)]+c(b-c)[bla+1)—a(b-+ )]
=(a-b)b-c)a-c)
1112.B=2a" (b-c¢c)+ b* (¢ -a)+ ¢! (a—Db)

=a‘1(b-c}+b'i(c-a)—c"[(b-c)+{c—a)]
=a' (l:}-r:]—cd(b—c}wb4 (c—a)-r:4 (c — a)
= (b-c)a' - ¢') + (c - a)b’ - ¢
=(b-c)a+c)a- c)(a2 + cz} +(c—a)b-c)b+ c)(b2 - cg)
=(b-c)a-c)[(a+ :;:)l{a2 + cz) ~ (b + c:)o{l:u2 + cz)]
=(b-c)(a-c¢) [(a3 +a’c + ac” + ::3}- (b" + bzc + bc2 + c3}|
=(b-c)a-c) I(a3 - h‘%) + c:(ﬂ2 - hz) +c (a—-b)]
=(b-c)a-c)a->b) Ia2+ab+b2+ac+bc+c2]
=(b-c)a—-c)(a- b)(m2 +b2+c2+ab+be+ ca)

= % (a—b)(b-c)a-c) (2:1;2 +2b% + 2¢% + 2ab + 2bc + 2ca)

= :—lz-(a -b)b-c)a-c) [(zn-i-br)2 + {b+C)2 +(c+ ﬂ)zl-

Via>b>cnénB>0.
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1.113.a) M = ab(a + b) + be(b + ¢) + ca(c + a) + 3abc
= [ab(a + b) + abc] + [be(b + ¢) + abe] + [ca(c + a) + abc]
=ab(a+b+c)+bc(a+b+c)+caa+b+c)

=(a+ b+ c)(ab + bc + ca).

b) N =ab(a + b) + be(b + ¢) + ca(c + a) + 2abc
=ab(a+b) + bZc + be” + ac? + a’c + 2abe

=ab(a +b) + (azc + abc) + (blc + abc) + (l}c2 - acz)

=ab(a+b)+ac(a+b)+bc(a+b)+c2(a+b)
=(a+b)la(b+c)+c(b+c)
=(a+ b)(b+c)(c+a).

1M4.2) x 2 +4=x"2+4x%+ 4 - 4x®
= (x6+ 2)2—(2:(3)2: (x6 - ?.:tc3 +2)(x6 +’.Z:c3 + 2).
b)4x3+ 1 =4x“+4x4+ ] - 4x*
=2x" + 1)’ - (2xH = (2x* - 2x
1.115.A=x4+4=x4+4x2+4—4xz=(x2+2)2—{2x}3=(x2-2x+2){x2+2x+2}

. : 2
Vi x la s6 tr nhién nén =2+ 28 # 242
Khi d6 A ¢6 gid tri la mot s6 nguyén 6.

2 nxt 257+ 1),

X% =42 =1
> 4

hxz +2x+2 c6 gid tri 1a moét s6 nguyén 16
x2-2x+1=0

.xz +2x+2  ¢O gid tri 1a mot s6 nguyén 16

(x=1D2=0 (1)
[

x2+2x+2  ¢6 gid tri 1a mot sO nguyén 1o
Giai (1) ta duge x = 1. Khi d6 xZ+2x+2=5 ding la mot s6 nguyén to.
Vay khi x = 1 thi A =5 la moét s6 nguyén 0.
1116.A=2a" + b’ + ¢’ - 3abc = (a+b)”’ - 3ab(a + b) + ¢’ — 3abe
=(@+b) +c - 3aba+b+c)
=(a+b+c)[(u+b)2—(a+b)c+c2]—3ab(a+b+c}
=(a+b+c}(az+2:|b+b2-—ac—-bc+c2—3ah}
=(a+b+c)a’ +b +c’ —ab-be - ca).
Néua+b+c=0thiA=0niclaa’ +b’+c’ - 3abc =0 haya’ +b* + ¢’ = 3abe.
Ta duoce lai két qua & vi du 10.
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1.11?.a)x?+x5-—1=x?—xf’+x5+xﬁ—l=x5(x2—x+l)+(x3+ l)(x"— 1)
=x5(x2—x+l)+(x+l)(x2-x+1)(x3—l)

=(x2-x+l)[x5+(x+ l)(x't—l)]=(x2—x+ 1)(x5+x4+x3—~:<—l}.

6

S S 5 3 3
b)x?+x‘+l=x?+x +x -+ 1=x (xz-i-x-i-l)-(x - 1)x" + 1)

=X (X Hx+D-(x =D +x+ DX+ 1)
= +x+ D[ -x=-DE+ D] = +x+ D -x+xP-x+ 1)
1.11B.a)x5+x—l=x5+x2—x2+x—l=x2(x"+l)—(.~:2—x+l]

=x2(x+ I)(xz—x+l)—(x2—x+ I)=(x2—x+ I](x3+x2- L

1 2

g ]
b)x”+x+|=x -X"+x"+x+1

=x2(x9—l)+(x2+x+l)=x2[(x3)3— |3|+(x2+x+ 1)
=2 x=DE+x+ D+ D+ Fx+ 1)

2 3 3
=(x"+x+1)[(x —xz)(xﬁ+x + 1)+ 1]

6 5

9 N : 3 2
=(x2+x+l}(x =X +X =X +X =x"+1).

1.119.a)x“+x?+ j=x"+x’ +x°-2%41 =xh(x:+x+ l)—{x" - I){x"+ 1)

=x00+x+ D)= (x= DEXE+x+ DEC+ D= +x+ DEC -+ —x+ 1)
2

5 4 3 3 2 2
—l=X"+X +X =X +X " +Xx +x-x-1

5 4
b)x +x +2x
5. .5, 3 4 2 3
=(X"+X +X)+FX +X+X)-(X" +x+1)
2.3 3 3
=X" (X +Xx+D+FEx(XT+Xx+D)-(x"+x+1)
3 2
=(X"+x+1)X"+x-1).
. 3 In- 3 3 In- 3
1420.Tac6 M =" + 3" s 1= axP e 3 L x™- 1)
in- 2 3
=x"T K Ex+ D =[x =17
an-1,.2 3 3.n- 3.n-2 3
Tk Y= T = DY Y T E I

3 I, 36

In- 2 2 in—-. 3
=x"](x +x+D=0=Dx"+x+ DHE" " +x +...+x +1)

in-6

= +x+ D). X" k=D X L xP e )

Do do M : (x2+x+ 1)
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1.121.a) A = (x> + 3x)% - 2(x> + 3x) - 8.

Dalx2+3x=ylhiA=y2—2y—8={y—4)(y+?.)
Thay trd lai y=x2+3x, ta duge :
A= +3x -7 +3x+2) = (x +4)(x - 1)(x + 1)(x + 2).
b)B=(x2+4x+ 10)2-?{3:2+4x+11)+7
Datx’ +4x+ 10=ythi x> +4x + 11 =y + |
KhidéB=y2—7(y+ I)+?=y2—7y=y(y—7)
Thay trdla_niy=xz+4x+ 10 ta dugc :
B={x2+4x+ 10)(x2+4x+3}=(x3+4x+ 10)(x + 1)(x + 3).

1.122.2) C = (x* = 3x + 5)> = Tx(x*> = 3x + 5) + 12x°

Patx® - 3x + 5=y thi C=y* - 7xy + 12x°
=y2 = 3xy — 4xy + 12x° =y(y — 3x) = 4x(y — 3x) = (y — 3x)(y — 4x)
Thay trﬁlaiy=x2—3x+5mduqc:
C=(x?=3x+5-3x)(x> = 3x + 5 —4x) = (x> = 6x + 5)(x> = 7x + 5)
=(x = 1)(x = 5)(x* = 7x + 5).
b) D =2(x% + 5x — 2)> = 7(x> + 5x = 2)(x> + 3) + 5(x° + 3)°
Datx2+5x—2=avﬁx2+3=b
Khi d6 D = 2a° — 7ab + 5b” = (a - b)(2a - 5b)
Thay tr¢ lai ta dugc :
D=(x*+5x—2-x>=3)2x*+ 10x =4 - 5x> = 15)
=(5x - 5)(—3x2 + 10x = 19)=5(1 - x)(3x2 - 10x + 19).

1.123.Goi bon s6 nguyén lién tiéplan,n+ I, n+ 2van + 3 trong dé n € Z.

TacoA=nn+ 1)(n+2)n+3)+1=[n(n+3)][(n+ )(n+2)]+ 1
==(n2 +3n)(n2+3n+2)+ F

Patn+3n=athiA=a@a+2)+1=a’+2a+1=(a+ 1)~

Do do A:(n2+3n+l)2.

Vine Znénn +3n+1 cung la moét sO nguyén.

Dodo A = (n2 + 3n + l)2 la moét s6 chinh phuong.
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1124.M = [(x - y)(x - 4y)] . [(x = 2y)(x = 3y) +y"
= (xz - 5xy + 4y2} (xz -5xy + 6y2) + y"
bat xz—Sxy+4y2=athi xz—Sxy+6y2=a+2y2
Khi d6 M = a(a + 2y)° + y* = a°
Thay tr¢ lai a = % S5xy + 4y?‘ ta dugc :
M=(x"- Sxy + 4y2 + yzjz =(x" - Sxy + :")yz)2 > 0.
1.125.N = 4(x> - 15x + 50)(x* - 18x + 72) — 3x°
=4(x - 5)(x — 10) (x = 6)(x — 12) — 3x°
= 4[(x = 5)(x = 12)] [(x = 10)(x - 6)] - 3x°
= 4(x% = 17x + 60)(x> — 16x + 60) — 3x>
bat x* - 16x + 60 = a thi
N =4(a - x)a - 3x°=4a’ — 4ax — 3x> = (2a + x)(2a — 3x)
Thay trd lai a = x*~ 16x + 60, ta duoc
N = (2x = 31x + 120)(2x% - 35x + 120) = (x — 8)(2x — 15)(2x> — 35x + 120).
1.126.¢ Xét trudmg hop A = (x” + ax + 3)(x° + bx — 1)
Khai trién réi thu gon ta duoc :
A=x4+(a+b)x3 +{ab+2)x2+(3b—-a}x-3.

+ ?.ag.r2 + y" =(a+ yE)E.

a+b=-7 "
Suyraqab+2=12 & {:__j
3b-a=-I s

Viay A=x4—7x3+szz—x-—S=(x2—5x+3)(x2—2x—I)
o X¢ét truong hop A = (x% + ax —3)(x2+bx +1)
Ciing khai trién va giai nhu trén ta thay khong cé gid tri ndo clia a va b thoa
mdn dé bai.
1.127.e Truong hop B = (x> +ax + 5)(:{2 + bx + 1)
Khai trién réi thu gon ta duoc :
B=x"+bx’ +(a+ l)x3+(ab+5)x2+(a+5b)x +5

h=2

Suyra: Ja+l = — {a=-2.VayB=(x3—2x+5}(x2+3x+ ).
ab+5 = -1 b=3 '
a+5b=13



1128.P=(a+b+c) -2’ -b - ¢

1.128.

1.130.

1.131.

1.132.

-Tmijnghquz(x“+ax + I)(x2+bx +5)

Khai trién va giai nhu trén ta thay khong c6 gid tri ndo ctia a va b thoa man
dé bai.

3

Cho a = -b hoiac b = —c hoic ¢ = —a ta déu duoc P = 0. Mit khéic (a + b) ;
(b+c¢); (c + a) doi mot khong ¢6 nhin tr chung, nén P =k(a + b)(b + ¢)(c +
a) voi k 1a hdng s6 :

Choa=b=c=1taducc24=8k=k=3.
Vay(a+b+c)3—a3~b3—c3=3{a+b}(b+c)(c+a}.

Cho a = -b hoic b = —c hoic ¢ = a ta déu duge Q = 0. Viy Q chita cdc nhan
tra+b;b+cvic—a Cicnhian tr nay doi mot khong ¢6 nhian tir chung
nén Q = k(a + b)(b + ¢)(c — a) vai k 1a hing so.
Choa=0,b=c=1ltadugcl.1.2=k.1.2.1=k=1.

Do dé be(b + ¢) + ca(c + a) — ab(a + b) = (a + b)(b + ¢)(c — a).

a) Goi hai s6 chin lién tiép la 2n va 2n + 2.

Tich cia ching 1a 2n.(2n + 2) = 4n(n + 1).

Ta thdy n(n + 1) la tich cta hai s6 nguyén lién ti€p nén chia hét cho 2. Do dé
dn(n+1) : 8.

b) Trong 5 s6 nguyén lién tiép c6 mot so chia hét cho 3, mot s6 chia hét cho 5.
Trong 5 s6 nguyén lién ti€p c6 hai s6 chan lién ti€p nén tich cia ching chia
hét cho 8 (cau a).

Ta thdy 3, 5, 8 la cdc s6 nguyén t6 cung nhau doi mot nén tich ciua 5 s
nguyén lién ti€p chia hétcho 3.5 .8 = 120.

a)A:n" (n—E)Hn(n-—2)={n—?_)(n3-—n)=n(n—?_)(n— D(n+1)

Trong 4 s6 nguyén lién ti€p c6 mot sé chia hét cho 3 ; c6 hai s6 chan lién

ti€p nén tich cua ching chia hét cho 8. Vi (3, 8) = | nén tich cta 4 s6

nguyén lién ti€p chia hétcho 3 . 8 =24,

b)B= n(nd’l 5"y 4)= nl(n:3 - ?_)2 - nzl = n(n2 -n- 2}(n2 +n-2)
=nn-2)(n+ 1(n+2)(n-1)

Tich cua 5 s6 nguyén lién tiép thi chia hét cho 120 nén B : 120.

A=nn-2)(n+2)n+4).

Vin la s6 chin nén n = 2k do d6

A=2k(2k - 2)(2k + 2)(2k + 4) = 16(k - I)(k + 1)(k + 2)k
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Ta thay k(k — 1)(k + 1)(k + 2) la tich cua 4 s6 nguyén lién tiép nén chia hét
cho 24,

Vay A chia hét cho tich 16.24=2% 2* 3=2" .3
Dodé A : 2.
1133.A=5[56" +6" + ...+ 6° +6+2) + 1]
=51(6-1)6"+6"+ .. +6°+6+1)+1]
=506 +6"+..+6" +6°+6-6"-6"-6"-6-1+1]=5.6"".

vayA:6'Y.

1AB.B=(T+ T+ P+ + T+ +T + )+ o+ T+ 7724 71 4 7

=2800(1+ 7'+ 7"+ ...+ 7" % i 2800
Do dé B : 400.
1.135.Tr cdc ding thic a = X% = yz; b= y: —zxic=7 - Xy va vai X, y, z 1a cic sO

nguyén nén ta ¢6 ax = X" = xyz:by = y“ —XVZiCL=7 —XyZ.

Tirdéax +by +cz=x"+y' +z3—3xyz
=(X+Yy+2Z)(X +Y +72 —xy —yz-2zx) (bai 1.116)
=(X+y+2z)(a+b+c).

Vi X, y, z la cic s6 nguyén khic nhaunéna+b +c¢ = 0.

Dodéax +by+cz:a+b+c.

1.136.a) A=n(n’+3n+2)=n(n+ 1)(n +2)
A la tich cua ba s6 nguyén lién tiép nén A : 3.
b)Tacoé15=3.5va(3;5)=1.MuonA : ISthiA:3vaA:S.
Daco A : 3(caua)nénchicintimndé A : 5.
Do A =n(n+ 1)(n +2) nén dé A : 5 thi mot trong ba nhan tir phai chia hét
cho 5.
eNéun:5thiA:5man<1l0Onénn=S5.
eNéun+1:5thiA:S5.
Tacon+1:S5van<lOnénn+1=5hoicn+1=10suyran=4hoicn="Y.
eNéun+2:5thiA: 5
Tacon+2:5vain<10nénn+2=5hoicn+2=10
Suyran=3hodcn=8.Viyne {3:4;5;8:9}thiA: |5
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1437.Dé thdym>n. Tac6 2™ -2"=2"2" "= 1) =64 .7
Tir (1) ta thay 2" 2™ " = 1) : 64 ma (2™ " - 1) va 64 nguyén t6 cing nhau
nén 2" : 64. (2)
Cingtir(I)tathay 64 .7 : 2"ma(7,2")= 1 nén 64 : 2" (3)
Tir (2) va (3)suyra 2" =64, dodé n = 6.
Matkhic 2™ " - 1 =7hay 2™ " =8 = 2"° =2} (wdom-6=3=>m=9.
Viym=9,n=6.

1.138.A =n" + 6kn - n = (n® - n) + 6kn
Vin' —n 6 (xem vi du39),6kn : 6 nén A : 6.

1.139.B=(n" - n) + 12n— 6n° - 6.
Vin -ni6nénB: 6.

1.140.Xéthicu (a” + b + ¢ ) —(a+b+c)=(@ —a)+(b" =b)+ (> -¢) § 30
Taco (2" —a) i 3050 -b:30;¢ ~c ! 30 (vidudl)
Mat khica+b+c : 30 nén > +b +c: 30.

1.141.Xét hi¢u (a': + a; + .. :l':}— (a, +a, +...+a,)
= (a{’ —:¢1¢|)+(al_1,t —-a-)+ ... T(a;: -a,):3
(Viai-a;:3:a3-2,:3;a—a }3)

P . . 3 L]
Matkhdc a, +a, +...+2a,=999 : 3nén aj + a‘; Fun Flly

2 3.

1.142. Xét hiéu {:;12 # b wnty dz) —(a+b+c+d)
=@ -a)+® -b)+(-c)+(d>-d) 2.
Mat khic do A +bi=c?+d®nénal+bi+ct+d’= 2(:12 + bz) : 2
Suyraa+b+c+d:?2 (1)
Doa, b, c,dnguyénduong néna+b+c+d>2. (2)
Tur (1) va(2)suyraa+b+ ¢ +dlahop so.

1.443.2) Tac6a” - 1 = (a— I)(a+ 1)
Xét tich (a— 1)a(a + 1) la tich cta ba s6 tr nhién lién ti€p nén chia hét cho 3.
Mat khic a / 3 (do a 1a s6 nguyén 16 16n hon 3) nén

(a— 1)(a + 1) phai chia hét cho 3. (1)

Tacéalasolénéna=2k+ 1 (ke N).Dodéa’ - 1 =2k + 1)’ = | =dk(k + 1).
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Tichk(k +1): 2néndk(k + 1)} 8, suyraa — 1 : 8. (2)
Tir (1) va (2) suy ra a>—1:24 (vi3.8=24va(3.8)=1).
b) Tacé a’> —b> = (a’ - 1) - (b* - 1).
Via®—-1:24:b°—1:24néna’-b’: 24,

1.144.2) Mot s6 chinh phuong 1¢ ¢6 dang a° = (2k + 1)°.
Ta phai chimg minh (2k + 1)> = 1 : 8.
Thuc vay (2k + 1)° = 1 =4k(k + 1) | 8.
Suy ra moét s6 chinh phuong Ié chia cho 8 dur 1.
b) Gia sir ca 6 s6 nguyén ay, a,, ... , &, déu I¢, khi d6 binh phuong clia méi s6
nay chia cho 8 du 1. Do d6 tong a[2 + a% + a_% + ai + a?‘-: 0 v€ trdi chia cho 8
du 5, nhung khi d6 v€ phai a2 chia cho 8 du | (mau thuén).
Do d6 ca 6 s6 a,, a,, ..., a5 khong thé cuing I¢.

1145.2) A=(n+5)(n-2)+28.Pitn-2=kthin+5=k+7
Khi d6 A = k(k + 7) + 28.
eNéuk:7thik+7:7 suyrak(k+7):49ma28 / 49nén A [ 49.
eNéuk / 7thik+7/7.Vi7Tlasonguyéntonénk(k +7) / 7ma28: 7
nén A / 7danwi A [ 49,
b)B=(n+7)(n-4)+22.Datn-4=kthin+7=k+ 11,
Khi dé B=k(k + 11) + 22,
eNéuk: Il1thik+11: 11, suyrak(k+11): 121ma22/ 121 nén B/ 121.
eNeéuk / 11thik+ 11/ 11.Villlasonguyéntdnénk(k+11) [/ 11 ma
22: 11nénB/ 11dint6i B [ 121.

1.146.2) 6" + 19" - 2! = 36" + 19" - 2.2" = (36" - 2") + (19" - 2")
Tac636"—2":34;19"-2": 17nen 6> + 19" -2 : 17.
b) 62! + 5™2 =6.36" + 25.5" = 31.5" + 6.36" - 6.5"

=31.5" +6(36" - 5") : 31.

)9 +39=81"—1+40=(81"- 1) + 40
Co81"—1:80=>81"=1:40.Suyra9*" + 39 : 40

1.147.2) S, =3"+9M+ (5" + 7"
Vinlégnen3"+9": (3+49);5"+7": (5+7)dod6S, ! 12
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b)S,=2"+8)+@3"+ 7 +@" +6") +5"+ 1"
Vinlénén2"+8": (2+8);3"+7": (3+7)
4"+6": (4+6);5":5con1 [ 5nenS, /5.

1.148.A = (400" - 1") + (256" - 9")
C6 400" = 1" ¢ (400 - 1) uic 1a chia hét cho 399, do d6 chia hét cho 19,
256" - 9" : (256 - 9) uic 12 chia hét cho 247, do dé chia hétcho 19. Vay A : 19,
Mat khic A = (400" - 9") + (256" - 1™
C6 400" = 9" & (400 - 9) nic 14 chia hét cho 391, do dé chia hét cho 17.
256" - 1" ¢ (256 — 1) uic 1a chia hét cho 255, do dé chia hét cho 17. Vay A : 17,
Vi(19,17)=1nén A : 19.17 hay A : 323.

7
1149.2) | +2 + ...+ 20 = w =21.10

—

Vi (21, 10) = I nén chi cdn chimg minh A : 21 va A : 10.
Taco A=(1"+20%) + 2* +29% + .+ 10* + 117

Mobi nhom chia hét cho 21 nén A 21, (1)

Matkhic A= (1 + 19+ @'+ 185 + .+ @ + 117 + 10* + 20°

Méi nhém chia hét cho 20 do d6 chia hét cho 10 ; hai hang tr cudi chia hét

cho 10 nén A : 10. (2)

Tu(l)va(2)suyraA: 21 . 10hay A : (1 +2+3+..+20).

(1+21).21
2

Vi (11, 21) =1 nén chi cin chimg minh B : 11 va B : 21. Tiép tuc gidi nhu

cdu a).

1.150.3" = 3" =27 = 26 + N* =B26) + 1P
5% = 5% = 25% = 26 - N* = B26) + (-1)*
Do d6 37 + 57 = B(26) : 13.
1.151.Ta c6 199 = 6.33 + 1 = 6k + 1 (vdi k = 33).
Suy ra 3'% = 3%+ = 3 36k = 3 (3% =3 27%
=3.28 - )™ = 3[B(28) + (-1)*] = 3.[B(7) + 1] =3 . B(7) + 3.
Vay 3'” chia cho 7 du 3.

b)Tacol +2+3+..+21 = 1121
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1.152.2) 572D L 2% = 5.49™1 4 8" = 5[(41 + B)™') + 8"
= 5[B(41) + 8"*') + 8"=5B(41) + 58" + 8"
=5.B(41)+ 588" + 8" =5.B(41) +41.8" : 41.
bA=5"G"+1)-6"3"+2M=25"+5"-18"- 12"
=(25"-18")-(12"-5": 7
Mat khiac A = (25" - 12") - (18" -5") : 13.
Dod6A:7.13hayA: 91 (vi(7;13)=1).
1.153.¢ Néun=3k thi A : 3.
eNéun=3k+1thin®+2=0Ck= 1)’ +2=9k"+6k +3: 3,dod6 A | 3.
1154 a) A=nn+ D2n+ 1)
eNéun=3kthiA: 3.
eNéun=3k+1thi2n+1=6k+3: 3, dodo A :3
eNéun=3k-1thin+1=3k: 3, dodoA: 3.
Matkhicn(n+1): 2nén A : 2,suyra A : 6.
b)B= I4|13+51n2+7n=(1?_n3+48n2+6n)+(2n3+3n2+n).
Mbi nhém déu chia hét cho 6 nén B : 6.
1.155.N¢u ca 3 s6 a, b, ¢ déu khong chia hétcho3thia=3k, £ 1;b=3k, + | ;
c=3k,* I.
Suy ra a’= 9‘1([2 6k, +1=3q, +1.
Tum1gt1._rb2=3q2+ 1 ;c2=3q3+ 1.
V¢ trdi chia cho 3 du 2, v¢ phai chia cho 3 du 1, vo Ii.
Do dé trong ba s6 a, b, ¢ it nhat cling c6 mot s6 chia hét cho 3, suy ra abe : 3.
1.156.a) e Néu n chdn, datn=2ktac6 5" - 1 = 5% - 1 =25 -1 : 24.
eNGunlé, ditn=2k+ l,tac65" - 1 =5*" 1 =525 -5+4
=525"-1)+4=524q+4 ] 24.
Vay v6in la s6 chin thi 5" - 1 : 24.
b)e Xétn=3k taco:7" - 1=7"%-1=343"-1 ! 342.
eNéun=3k+1,tacé:
P 1=7™ =7 . 9% 756 =700 - D)+6 [ 302
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eNéun=3k+2,1aco:
" - 1=7%2_1=49.343* - 49 + 48 = 49(343" - 1) + 48 ] 342.
Viy véi n chia hétcho 3 thi 7" - 1 | 342,
1.157. Vi a la s6 nguyén khong chia hét cho 7nénacédang 7k + 1 ; 7k +2; 7k + 3.
eNéua=7k+1thia’=(7k+ 1) =B(7) £ |
eNéua=7k+2thia =(7k+2)’ =B(7) 8
eNéua=7k+3thia' =(7k £3)° =B(7) + 27

RO rang khi thém | hay bdt 1 vao cdc két qua trén ta duoc mot so chia hét
cho 7.

1.158.a) Neun=3k thiA=9k’ +3k+2 / 3
Néun=3k+1thiA=9k’+6k+3k+3+1/73
VayAl/3=>A /6.
b)B=9"+1=(9"-1)+2.Vi9"-1:8,2/8=>B/ 8.

1150.a) A=a'—1=@> - D@+ 1)
eNéua=5k+lthia’—=1=(k+ 1)’ -1=B(5): = A : 5.
e Néua=5k+2thia+ 1 =(5ki")2+ |=B(5)=>A:S.
b)B=a'-b'=@'-1)- ' -1
Caa’ —1vab®—1déuchiahétchoSnénB ! 5.

1.160.2) e Néun =5k thin®+2=25k>+2 [ 5.
eNéun=5k+1thin"+2=k+1’+2=B(5)+3/5
eNéun=5k+2thin’+2=(5k+2)>+2=B(5)+6 ] 5.

b) Goi 5 s6 nguyén liéntiéplan—-2,n- 1, n,n+ I,n+2 véin € Z.
Taco (n—-2)"+ (- 1> +n’+ @+ 1)> + (n+2)° =50’ +2).
V‘:n3+2}' 5 (céu a) nén 5(n2+2) I 25.

Mot s6 chia hét cho 5 nhung khong chia hét cho 25 thi né khong phai la s6
chinh phuong.

1.161.a) Via, b, € Z nén a° va b’ chia cho 3 du 0 hoac du 1. Do do a’ = 3q,+r1,;
b’ = 3q, + r, trong do a’+b’ = 3q,+r,+3q,+1,=3(q, + Q) + (1, + ).
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Vial+b2:3:3(q,+q): 3nénr, +1: 3
Suyrar,=r,=0(vir,r, € {0; 1}. Vaya® 3:b°:3,dintdiai3;bi 3.
b) Via, b € Z nén a’ va b’ chia cho 7 du 0, du 1, du 4 hodc du 2.

Goi r, la s6 du khi chia a’cho7; r, 12 s6 du khi chia b” cho 7.
Khidoa’=7q,+r, ;b =7+,
Tacéa® + b’ = 7(q, +q,) + (r, +15)
Via’+b%:;7(q,+q.) } Tnénr +1,} 7,
Suyrar,=r,=0(vir,r, € {0, 1, 4, 2}
Vaya®: 7,b%: 7, dintGia 7vab 7.
1.162.a) Vi p 12 s6 nguyén t6 nén 4p” + 1 > 5 ; ﬁp2 +1>35.
Tacodp +1=5p" = (p° = 1)=5p = (p— D(p+ 1)
6p2+ I =5p2+5+(p—2)(p+?.).
Xét cdc truong hop s6 du khi chiapcho 5:
e NCup=5k+l hoacp=5k+4(keN)thi(p-D(p+1): 5,(lodé4p2+ |
la hop s0.
e Néup=5k+2hoicp=5k+3(keN)thi(p-2)(p+2): 5, dod66p” + 1
14 hop s0.
e Viy chi con trudng hop p = 5k. Dé p 1a s6 nguyén t6 thik =1 dodé p = 5.

Thir lai v6i p = 5 ta duge 4p2 + 1 =101 va 6p2 + 1 = 151 déu 1a cic sO
nguyén to.

b)Datn+2=pthi2n’ +8n+9=2(n+2)*+ 1 =2p* + |
4n® + 16n + I7=4(n+2)2+ I =4p2+ l.

Khi p 12 s6 nguyén t6 thi 2p° + 1 >3 ; 4p° — 1 > 3.

Tac62p2+ 1 =3p2—{p2— l)=3p2—(p— Dp+1)

e Néu p khong chia hét cho 3 thi p =3k + | hodc 3k + 2.

Khid6 (p—1)(p+1) : 3, dodé 2p” + 1 13 hop s6.

e Néu p chia hét cho 3 thi p = 3k.

Déplasénguyéntdthik=1,khidop=3van=1.
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Thirlai véin=11tacéd:n+2=3(lasonguyén t0)
2n° +8n+9=19 (12 s6 nguyén 10)
4n’ + 16n + 17 =37 (1a s6 nguyén t6).
1.163.Chia ba s6 nguyén a, b, ¢ cho 2 thi it nhat ciing ¢6 hai s6 trong ba s6 dé c6
cung sé du. Hiéu cua hai so6 nay chia hét cho 2. Hiéu nay laa—bhoac b - ¢
hoacc—a. Dod6 P : 2.

1166 X&24s8: L 1L 11 1]

—_—

24 chir 6

Dem cdc s6 nay chia cho 23 thi dugc s6 du tir O dén 22 (nhiéu nhit gém 23
loai). C6 24 s6 ma chi c6 23 loai s6 du nén it nhat phai ¢6 hai s6 ¢6 s6 du
giong nhau. Hiéu cia hai s6 nay chia hét cho 23. R6 rang hiéu nay gém toan
chirs6 1 & ddu va toan chir s6 0 & cudi.

1.165.Xét day s6 3, 3%, 3%, ..., 3" ()
Day s6 nay ¢6 1001 s6. Dem chia méi s6 cho 1000. C6 1001 s6 tu nhién
khac nhau chia cho 1000 ma chi c¢é 1000 s6 du nén phai ton tai hai s6 cé
cting s6 du trong phép chia cho 1000. Goi hai s6 d6 1a 3™ va 3" (1 <n<m < 1001).
Vay 3™ - 3" : 1000 hay 3" 3™ " - 1) : 1000
Mat khédc (3", 10Q0) = 1 nén 3™ " =1 1 1000
Do dé 3™ " chia cho 1000 du 1 nén ¢6 tan cing 1a 001.
Dé thay 3™ " 1a mot s6 ctia diy (1).
Vay t6n tai mot luy thira ciia 3 ¢6 tan cing 1a 001.

1.166.Ta lap 122 s6 dang

a,,= 123123 ...123

122 nhém 123
Chia cdc s6 trén cho 122 ta duge cédc s6 du tir 1 dén 121 (nhiéu nhit gém
121 loai). C6 122 s6 ma chi ¢6 121 loai s6 du nén it nhat phai c6 hai s6 chia
cho 122 ¢6 cung s6 du. Gia sirdé laa, va a, (I £n <m < 122). Hiéu cta

chiing phai chia hétcho 122: a  -a, : 122.
Hi¢u ndy ¢6 dang 123 123 ... 123 000 000 ... 000 .
3(m—n;chfr s0 In chir s6
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1.167.Khi chia mot s6 cho 60 thi s6 du ¢6 thé 1a 0, 1, ..., 59. Chia 60 s6 nay

thinh 31 nhém (31 "long™) : (1 :59): (2:58);: (3:57); -.-; (29, 31); (U) va
(30). Xét cic phép chia 32 s6 cho 60 ta dugc 32 s6 du. C6 32 s6 du ma chi
¢6 31 nhém nén ton tai hai s6 ¢6 s6 du thudc cuing mot nhém. Hai s6 nay ¢o
hiéu chia hét cho 60 néu s6 du bing nhau, ¢6 tdng chia hét cho 60 néu s6 du
khic nhau.

1.168.Chia 92 s6 tu nhién nay cho 91, theo nguyén li Di-ric-1¢ ton tai hai s6 co6

cung s6 du. Goi hai s6 do 1a abc va mnp. Ta co

abcmnp = 1000 abc + mnp = 100091k + 1) + (91q + )
= 91(1000K + q) + 1001r = 91(1000k +q) + 91.11r  91.

1.169.Goi 7 s6 tu nhién d6 1a a,, a., a,, ..., a,. Ta 1ap 7 tOng sau :

S, = a,
S,=a, +a,

S;=a, +a,+a,

S,=a +a,+..+3,
— Néu ¢6 mot téng trong cdc tdng trén chia hét cho 7 thi bai todn giai xong.

— Né€u khong ¢6 tong nao chia hét cho 7 thi cdc s6 duchicothé a1, 2,3, 4,5
hoac 6.

C6 7 téng ma chi ¢6 6 loai s6 du nén it nhat ciing ¢6 hai tdng c6 cung so du.
Hiéu cla hai tdng nay chia hét cho 7 va hiéu nay I téng cic s6 & mot s6 tdm
bia nao do.

1.170.Ta phai chimg minh A=n3+(n+ 1)3 +(n+2)3 : B ¢1)
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eVGin=0thi(1)ding viA=0+1+8=9:9

e Gia sir (1) diing véi n =k nghia la k’ + (k + 1)° + (k + 2)° : 9 (day 1a gia thiét
quy nap) ta phai chimg minh (1) diing vdi n = k + 1 tirc 1a phai chimg minh.

k+D+k+2 +k+3) 0.
Taco(k+ 1) +(k+2° + (k+3 =(k+ 1)) + (k +2)° + kK + 9k + 27k + 27
=[k3+(k+ l)3+(k+2)3]+9(k2+3k+3)
S6 hang [k3+(k + ])3) + (k +2)3] : 9 nén t6ng nay chia hét cho 9.
Vay (1) dung véi moi s tu nhién n.
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1171.e V6in=0thi (1) ding viA =49 + 8 =57 : 57.
e Gia sir (1) ding véi n = k nghia 13 7% + 8"**! 57 (a phai chimg minh
(1) diing v6i n = k + 1, nghia 12 phai chimg minh 7%*1*2 4 g2kt 2 59
Tacd T+ 852 = 7.7 4 648

- ?.71&2 + 7.82“-] + 57.82]“{ = 7(7k+2 + 82k+[) + 57-32“!

nén tong chia hét cho 57. Vay (1) diing véi moin € N,

1472.2) A=2"+5: 3 (1)
e VGin=0thi()dingviA=1+5=6:3

e Gia sir (1) dung v6i n =k nghia la T

k+3

Ta phai chimg minh (1) ding vdi n =k + 1, nghia la phai chimg minh
g2H) L5ty
Taco 2°%*D45=42%45=02%+5)+32%
Vi 3K L §553:32% : Gnen 2" .51 5
Viy (1) ding véi moin € [N,
b)B=2"+15n-1:3(1)
eVoin=0thiB=1+0-1=0: 3;(1)ding
e Gia str (1) ding véi n =k nghia la 9 s Bk T 3, ta phai chimg minh :
2 L 154 1)=1T £ 3
Tacé6 225D 15+ 1)-1=42"%+15k+15-1
=32%+ 15+ % +15k- 1) =3.2%+5)+ ¥+ 15k- 1) { 3.
Vay (1) diing véi moi n € N,
1173.2)A=10"-9n-1: 81 (1)
eVéin=0thiA=1-0-1=0: 81 (1) ding.
e Gia sir (1) diing v6i n = k nghia 1a 10* — 9k — 1 ¢ 81 ta phai ching minh
(1)ding véin =k + | nghia la IUIM -9k+1)-1: 8l.
Tacé 105 =9k + 1) = 1=10.10" =9k =9 — 1 = (10" =9k - 1) +9.10 =9
= (108 =9k = 1)+ 9(10* = 1) = (10" = 9k — 1) + 9.9.q.
Vi 10" -9k - 1 81;81.q: 81 nén téng trén chia hét cho 81.
Viay (1) diing véi moin € N.
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b)B=10"+18n—-1: 27. (1)
e Véin=0thi(l)dingviB=1+0-1=0: 27.

e Gia sur (1) diing v6i n =k, nghia la 10 + 18k — 1 27 ta phai chimg minh
(1) diing véi n =k + 1, nghia 1a phai chimg minh 10" + 18k + )= 1 1 27.

Tac6 105" + 18(k + 1) — 1 = 10.10 + 18k + 18 — |
= (10% + 18k — 1) + 910" + 2)
Ta thay 10* + 18k — 1 ¢ 27 (do gi thiét quy nap)
105 + 2} 3 vi tdng cdc chir s6 ciia 10* + 2123 do d6 9(10* +2) : 27

Vay(10k+ 18k — I)+9(10k+2) : 27. Do d6 (1) ding vGi moin € N,

1174.a) A=16"-15n-1:75. - (1
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e Dé thdy véi n = 0 thi (1) ding.
e Gia sir (1) diing v6i n = k, nghia 12 16" — 15k — 1 | 75, ta phai ching minh
16! — 15(k + 1) — 1 : 75.

Tac6 16 = 15(k + 1) = 1 =16.16 - 15k — 15 — |

= (16" - 15k — 1)+ 15.16 = 15 = (16" = 15k - 1) + 15(16" = 1)
Taco 165 — 15k +1:75;165=1: (16-1)
tic 12 16° — 1 ¢ 15 do d6 chia hét cho 5, suy ra 15(16% - 1) } 75.

Viy tdng chia hét cho 75, suy ra (1) diing véi moi n € N.

b)B=a""_2a: 30. (1)

e D¢ thay (1) ding v6in=0.

k+l

e Gia sir (1) ding v6i n = k nghia 12 a™**' = 1 ! 30, ta phai chimg minh (1)

diing v6in =k + 1, nghia la a*®*"*! — 4 1 30.

Ta c6 ad(l-:+l}+l i a4k+5 -

4k+5 4k (
a k+ _ ak+1_a4k+l

a+

ak+1 ak+5 4k ak ak , 5
ST R ET e e Yy S v e



dk+1

Tacéo a —a : 30 (do gia thiét quy nap)

a’—a: 30 (xem Vidu4l)

Do d6 t6ng chia hét cho 30. Vay (1) ding v6i moi n € N.

1.175.Ta phai chimg minh aa ...a : 3" (véiae N',a<10) (1)

37 56 a
e Véin=1taco aaa: 3. Vay (1) ding.

e Gia sir (1) diing véi n = k tic 12 aa ... a : 3%, ta phai chimg minh (1) diing

¥ s6a
v6in =k + 1, tic 12 phai ching minh aa ...a @ 3%

[E———

3+l 6 a

Tac63* =3.3k=35 4354 3%

O30 33 .8 =8 ... 8 M...d 88 d

¥4 6 a 3k 3k 3*

k k k k
=N .102'3 R0 103 +94 ..8= 34 .. 38 (102'3 + IIE}3 +1)

[ N —
3\: 3& 3k 3k

Ta thdy aa ... a : 3* (do gia thiét quy nap)
3'k

102 +10% +1:3 (vi c6 téng cic chir s6 chia hét cho 3).

Do dé6 aa ... a (l02'3k +10% + 1) : 3%+,

——

31:

Vay (1) ding véi moin € N.
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2.1

2.2.
2.3.

2.4.

2.5.

2.6.

2.7,

166

QM +27)=(x+3)(x* -3x+9=>M=1;

b)M.(16 - x) = (x +4)(x -4 > M =4 —x;

c) M.(3x2 - Ixy + 2y2) =(x - 2y){3x2 + 5Xy - ?.yz) =M=x+2y.
So sanh hai tich chéo ta dugc hai phan thiic da cho khong bang nhau.
e Xét tich cd(a® - 2b%) = a’cd - 2b%cd = a’cd — 2bd.be

= a’cd - 2bd.ad = a’cd — 2abd’. (1)
o Xét tich ab(c? - 2d%) = abc® - 2abd” = ac.be — 2abd’
= ac.ad — 2abd’ = azcd — 2abd’. (2)
Tir (1) va (2) suy ra (:d(a2 - 2b2) — ab(f;:2 - 2d2).
a’ -2b° _ab

Do dé6 —_ ;
¢t -2d? «od

Xéttich (x> —x + DI +x + D' = x"+ D" =x* + 1))
s+ 2+ D =22+ D=+ D

=(XK+14+ D -x*+D=x"+x"+1.
Tir d6 suy ra (dpcm).
g Wi g okl — Q suy ra 28(5a + 7b) = 29(6a + 5b)

6a + Sb 28
=> 140a + 196b = 174a + 145b hay 2a = 3b. (1)
Vi(a,b)=1va(2,3)=1néntu(l)suyraa:3; b:2.
Tadata=3m; b=2n.
Tr(l)tacobm=6nhaym=n.Vi(a,b)=1nénm=n=1.

Dodéa=3:b=2
3(&_1

a) Nhin vachiadathic Avoi x - ltaduoc: A = - =
x —

128 _ |
b) Nhan va chiada thitc Bvéi x + 1 taduoc : B =

x+1
V@i a>b >0 thi gia tri cta ca hai phan thic déu duong.
a~r—b_[a+b)2_::12+2;1b+b2 a’ +b>

Tacé: >
. 3 .
a_b aZ_b- a2_b2 aZ_b2




) _
28. a) ——: b) o 2.
X +2 2x -1

2.9. Rut gon V€ trii ta duoc vé& phai.

210. a) A = x|x - 3}
5(x + 3)(x - 3)
SN sB e 0 o N .
S5(x+3)(x-3) 5(x+3)
-xx=3) =X

*Néux<3vaxz-3thi A=

S5(x +3)(x—-3) S5(x+3)

(x-1) 1P -
b)B=| |_|x 1= _Ix-1l
x(x=-D° xlx-=1 X
sNExs 1 B=2—2,
X
" " ” l - x
*Néux<lvax=0thi B=
X
- x) —(x = 2)2
211. C= 2(2 x) - ("2 2 <o.
(x° + 1)(x = 2) X< +1
27 ppadi=Dte
a+b-c

b) e Tir thirc a2(b — ¢) + b2(c — a) + c¢2(a —b) = (a — b)(b - ¢)(a - ¢)
(xem bai 1.110a).
e Miu thifc ab® — ac® = b’ + be® = (a — b)(b — ¢)(b + ¢).

d—C

Do do Q = ;
b+c

_(a2+a+l)(x2+1) '_a2+a+l

243 A =
@2 -a+DxZ+1) a2

—a+1'
I 3

Tacéazia+1= at—| +—>0
2 4

Do dé A > 0 v6i moi gid tri cua x va a.
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4
214. a) B= y +3 = 21 >0 véimoi x, y.
(x2+l)()' +2) x“+1

b) B max < maxc:(x2+l)min<::>x=0.l(hidémaxB=l.

x2+l

xz(x +4)-(x+4) B (x +4)(x2 -1)
X3+ 4x2 +x2+4x-2x -8 X2(x +4)+ X(x +4) - 2(x + 4)
_x+)x+Dx=1)  x+1
T x+DE+Dx-1) x+2

Klii 5 = ~1002 thl C = =201 o 1,001 5 1.
000

218, =

n! 1
2.16. a) = :
n'fl+(n+1)] n+2
(n+ D!(n+2)+1] _ (n+ D!(n + 3) _ n+23
M+2)!'n+3-1] M+DM+2)n+2) (n+2)°

217 ay A= EFEINE=5Y) x-Sy 99 ...
3(x + Sy) 3 3
i3 3(x - 3y) - | _
T 2x + 3y)(x - 3y) T 2(x +3y) - 211
4
2.18. Tac6 10x%+5x =3 =0 5x = 3 — 10x>.
X2 +3.03-10x") -6 -27x* +3  -3(9x* -1) _

Do dé P = e = -3,
9x2 - | gx* — | 9x% -1
2.19. Tacéa’ —6b° =ab > a’ - 6b° —ab=0
= —2b (loai
g b B el | ™ V)
a =3b.
2
Thay a = 3b vo biéu thiic A ta duge A = —o22 O _3
3b)2 -7b>  2b

2
2

= a2 + b2 —cz = =2ab.

=>b2+c2-a2=2bc.

2.20. Tirdidukiéna+b=c=a’+b*+2ab=c

a+b=c=>b—c=—-a=>b2+c2-2bc=a

a+b=c:>c-a=b=>c2+a2—2ca=b2=>c2+a2—-b2=2{:a.
Doy B=TI020CI )
4a“bc
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221. eTac6:a+b+c+d=0=a+b+c=-d
Dodéab—cd=ab+c{a+b+c}=ab+ac+bc+c2=c:2+l
Tuong tubc —ad=a’+ 1 ;ca—bd=b> + 1.

(c?+ 1)@ +1)(b* +1)

Vay P = =],
(@ + 12+ D(c? +1)
X4 x90 41 x¥0 L 0x%0 Ly (x40 4 y2 - (x20y2
2.22. 2) 55— = 20 .10 > 20 _ _10
XU+ x+1 XU +x +1 X +x +1

x%0 = x20 4 x4+ x4 1) ) x% = x20 4 2 + 1)? - (x'9)?]

xzu+xw+l xzu+x'u+l
40 20 20 10 20 10
X =X +DXT=-x"+DXT+x +1
_( ) . i ) )=(x4u_xm+l)(x xS
X &% +1

b) Nhan ca tir va méu ctia phan thic da cho véi X s 1, ta dugce

( 1'm-+-:tc_""“"+Jn:n-1-...-&-:i;t't+3~:‘"-11-1)(:»&'1—1)

GY+x® L A+ 24D+ D

" -1 _(x‘” -Dx2 41 x® 41

T2+ (KZ-DxE+D) el

2n n n n n
2.23. a) a~ -b =(a -b')a" +b")
(a-b)@" +b") (a-b)a" +b")

a-b)a" '+a" " %b+..+ab" " 2+p" "
a—b

=a" 424 +ad" DT

o . 2
=x" + x"y" + y™

x'!n _ yﬁn ) (xn _ yn)(XZn 4+ xnyn +y
xﬂ ol yl‘l (xﬂ . yﬂ)
xdm s y4n - (xzm s }’Zrn)(xzm & yzm)

x.’!m +x2m)’n +xmy2n +},3n - (me +y2n)(xm +}'“)

b)

c)

G-y 4y m oo
h X e 3" - &
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2.24, Ap dung hing ding thiic : néu a + b + ¢ =0 thi a’ + b’ + ¢’ = 3abe.
(Xx-yY)x+yNy—-z)y +z(z—-x}z+X) _ (X +y)y+z)z+X)
3(x - y)y - 2)(z = X) ) 3 '
3(x2 - y2)(y? - 22)(2% - x2)
3(x = y)Ny — z)(z - X)
2.25. Tu diéu kién ax + by +cz=0, suy ra :

v . 2 9
(ax + by + (:z)2 =a’x " +by + T 2(abxy + beyz + cazx) =0

2 2 2
=ax" + b2y2 +ci2t = —2(abxy + becyz + cazx).

a) A=

b) B= = (X + Y)Yy + z)(z + X).

Xét miu thic : ab(x — y)z + be(y — 2)2 +ca(z - x)"z

— ab(x2 - 2xy + yz) - l')t:(},r2 -2yz + 22) - vz:al{:l:2 - 27X + xz)

= abx’ - 2abxy + aby2 + bcy?' - 2bcyz + bez” + caz” — 2cazx + cax’

= —=2(abxy + bcyz + cazx) + {zul::y2 - aczz) B (:al:u-:2 + bczz) - (ac:;a2 + bcyz)

= (alz:-&2 - aby2 - aczz) - (al’»-:2 + l:nﬂy2 - bczzj - (acx2 + b{:y2 + c?’zz)

= H(Elx2 + b_v2 + sz} + b(ax2 + byz + sz) + c(zn-:2 + by2 + sz)

= (et:-;2 + by2 + czz)(a + b + ).

Dodo: P=—s; ‘"‘2; h}'i”“z =- IS
(ax” + by +cz“)a+b+¢c) a+b+c 00l

2.26. Thém vao tir va miu cung da thirc 2xy — 2x — 2y + 1 (= 0) ta dugc :

P_2x2-2x+1+2xy—2x—2y+l _2{x2+xy—2x—y+l)
2y2—2y+l+2x}'—2x—2y+l 2Ay? +xy -2y —x+1)

:{xz+xy—x)—(:<+y—l)_(x+y—-l)(x—l) .l
(Y +xy-y)-(x+y-D +y=-Dy-D y-I
227. a)Tadat (4n+ 1,5n+ 1) =d.
SuyraS@n+1)-4(5n+1):d = 1:d dodéd =1, tacé dpcm.
b) Tadat (12n+ 1,30n+ 1)=d
Suyra5(12n+1)-230n+ 1) :d = 3:d, doddéd € {1 3}.
Nhung do 12n + 173 nénd = 1, ta c6 dpcm.

228 a) X1Y. b) —

Xy y-x
2.29. a) Ruit gon céc phén thire réi quy déng mau thic ta duoc
XX+ Y) YX—y)—2Xy x° —yz B

(X =-y)x+Yy) 'y

1.
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b) Ruit gon timg phan thic ta duoc

X +x -1  %=%231  x*=%4d]
5 o + = = 1.
X“+x+1 X“+x+1 X“+x+1
3 _ 2 .9 _ _n
2.30. 2) A:" 3n“ + 2n =n(n 1)(n .,).
6 6
Tich n(n - 1)(n - 2) A tich cta ba s6 nguyén lién tiép nén chia hét cho 6.
Do doé A=%—=k (k € Z).
tin® 2 i
b)an 2n° —-n° +2n =n(n 2)(n I){n+l).
12 12
Tich n(n = 2)(n = 1)(n + 1) la tich cua bon s6 nguyén lién ti€p nén chia hét
i,
cho 24 (bai 1.131). Do d6 B=:—g£=2k (k € Z).
231, P= : + ' + '
(Y-zZ)X-yY}x+y+2) (z=x)(y-2)(X+y+Z) (X-y)Nz—-X)}X+Yy+2)
__2-x)+x-y)+y-2z) _
(X=YNY=2ZUZ—XNX + ¥ +2)
I e _
B ) RO . R et
2Xx =5 2x -5 2x -5
Acégidtringuyén¢e>2x -5e UQ3)={£1;+3).
2x -5 I -1 3 -3
2X 6 4 8 7
X 3 2 4
Vay A co gidtringuyénkhix e {1;2;3;4).
3 2
R N, B D s e DR ),
X+3 X+3 x+3 X+3
Bceogidtringuytn <= x+3 e UQR) = (£ 1; £ 2).
X+3 | wl 2 =3
X -2 -4 -1 -5

Vay B c6 gid tri nguyén khix € {-1;-2; -4, =5}.
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4:-:+'2_:n{z~z—4:<+4-—(x?+2]|__(:-:-t»‘.2)2

233. a) P= -12-1.
x2 +2 %* 53 e
Vay min P = -1 khi x =-2.
%2
o= 88, 9 oI <242
X“=2x+4 x“-2x+4 (x-1D*+3 3
=Q<5.Dodémax Q=5khix=1.
2 2 2 5
234, ‘x +5 __m " n oy 3x +5 =m(x 1) +n(x:,_)
x"=3x+2 x+2 (x-1) x" =3x +2 (x+2)(x-1)
2 - B "
) G . _ mx (2m n)x-z~(;n+._n).3uynl
(x+2)x-=1) (x+2)(x-=1)
m=| ]
2Zm-n=0 Q{m—z
g=72
m+2n=35

2.35. a) Quy déng miu thirc, ta duoc
(y+z2)(z-y)+(z+ X)X =2Z)+ (X + y)y = X)
(x - y)y —2)z —x)

_zz—y2+x2-—zz+y2—x2
k- -DE-x)

b) Quy déng méu thirc ta duoc

yZ(z - y) + xz(x — z) + xy(y — X)

Xyz(x = y)(y — z)(z - x)

_Yyuz —y) + xz(x — z) - xy[(z - y) + (x - 2)]

xyz(x = y)y - z)(z - x)
_Ye-y)z-x)+x(x-2z)z-y) _ (Z-y)z-x)y-x) _ |

Xyz(x — y)(y — z)(z - X) Xyz(x — y)0y = 2)(z = X)  xyz’
236, 2) A = X(z=-y)+y(x—-2)+z(y — X) _XZ-Xy+Xy-YyzZ+yz—Xz -0
(x = y)y - z)(z = X) (x = y)y —z)(z - x) '

b) B = x2(z - y)+y2(x - z)+22(y - X)
(x = y)y - z)(z — x)
_ xz(z -y)+ yz(x -7) - zz[(z —y) +(x = 2z)]
(x = y)y - z)(z - x)
_z-x? -2+ x-2)0% -2 _(y-2z-xx-y) _
(x - y)(y - z)(z - X) (x-yNy-2z)(z-Xx)

i
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&) C=x3(z—y)+y3(xHz)—z3[(z—y)+(x—2)l
(x = y)y —2)(z - x)
_ - -2) + x -y - 2)
(x = y)y —z)(z - X)

_ (z-y)x - z){x2 + Xy + 22) +(x =yXy - z)(yz +yz + zz)
(x - Y)Y - 2)(z - X)

_ (Y=2z)(z=Xx)(x=-y)(X+Yy+2)
(x = y)y -2)(z-x)
2.37. a) Thay 7 = 2a — b vao biéu thic A :
S5a-b 3b-2a Sa-b 3b - 2a

=X+Yy+2Z

3a+(2a-b) 2b-(2a —b) 5a - b =25
b) Thay —1 = 3a + 5b vao biéu thic B :
8a + 5b 3a+b Sa+5b 3a+b . -0

= +
S5a+(3a+5b) 4b- (3a+5b} 8a+5b -3a-b

2.38. a) Nhan ca tr va miu ctia phan thic thit nhét véi z ; nhan ca tr va mau cia
phan thic thir hai véi xz, ta duoc :

XZ X7 7
P= - y(xz) +
-XyYZ+XZ+Z yz(xz)-y(xz)+xz xz+z-1
XZ ] zZ
- - . =]

-l+xz+2z2z z2-l+xz xz+z-1

b) Nhan ca tir va miu cta phan thirc thir nhat véi z ; nhan ca tr va mau cla
phan thuc tha hai véi xz, ta duoc :

XZ XZ 22
Q= + y(xz) +
Xyz+Xz+2z yz(xz)+y(xz)+xz xz+2z+2
XZ 2

= + -

2z
=1
24X2+22 22+2+xz2 Xz+2z+2
-

239. Vixy+yz+zx = 0nénx2+’>}*?- +'?yz Xy —yz—-2zX =(X - y)(X — 2).

Tu'cmgll_r:y +?_zx=(y—z)(y-x);z +2xy=(z-Xx)(z-Y).

2 2 2
Dodé A = a ap y & . = 1 (bai 2.36b).

x=-yXx-2) (y-2)y-x) (z-x)(z-Y)

173



2.40. Thuc hién cic phép tinh ¢ v& trdi T

x(1 = y2)(1 - z2) + y(1 = x2)(1 - 22) + z(1 - x*)(1 - y%)
(1= x*)1 - y*)(1 - 2%)

x{l——zl—y2+y? )+y(l-2 R & z2)+z{l y - X" +xy)

(1= x)(1-y*)(1 - 2%)
o R xz® —xy? +xy’z® +y - yz? - x%y + x’yz’ +z—yzz—xzz+x2yzz
: (1-x2)(1-y*)(1 - 2%)
_ Xyz(xy + yz + 2X) + X(1 = xy = xz) + y(l = xy - yz) + z(1 — xz — yz)
i (1-x2)(1 - y2)(1 - 22)
_ Xyz. | + XYZ + XYyZ + XyZ _ dxyz
(1= x3)(1 -y (1 -22) (1= x)(1 - y* )1 - 22)

1=

241, Tacox+y+z=0=(y+2) =(—x)2hay ),2 +7° +2yz= X’ :.*;yz+:«'.2 ~x° =-2yz.

Tuong wr: 22+ x° - y2 =-27X ;X" + y2 -2t = -2XY.
2 2 2 < T T
TN WL SR M £ S
-2Xy -2zx =2xy -2Xyz
Vix+y+z=0nén x* + y3 +7° = 3xyz (Vidu 10 chuong I).
Y L,
-2xyz 2

2 2

242, Tacé(a+b+c)2=a2+b2+c2.suyraa2+b2+c +2(ab + be +ca) =a’ + b+ ¢,

Do db ab+ bec +ca=0.

1 1 1 bc+ac+ab I I I 11 3
Tacd —+—+-— = sl S —¢—t—mI —i—— |u—,
i b e abe 2 b ¢ abec abc
243 ) Vi <+~ 42 =0 nen — + =+ = == do ds
X ¥y Z X'y z'  Xyz
P=%+y—§+£§—=x};z+x};z+x);z=xyz[—l!—+-l—{+—]1—J=xyz—=3
z X N S z2 X'y Xyz

b) Q= x:" y:?+z;"=["+y+1]+[y”+l +(z—+'+1]—3

-(x+y+z)[l+l+lJ 3=-3.
X y z
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244, Xétvérai VT :

2.45.

2.46.

VT = 1b - 1;1 _ E) B f:
a’ -1 b -1 (@-IDa"+a+1) (b-1)b"+b+1)
via+b=Inéna-1=-b:b-1=-a,dodéd:
VT = 2b N qa _ -1 - 1
-b(a“+a+1) -a(b”+b+1) a2+a+l b +b+1
=—b2—b—l+az+a+1 B (a+b)a-b)+(a—-Db)
(a2+a+1)(b2+b+l) a’bl+a’b+al+abl+ab+a+bl+b+l
— = Y a —
_ (a-b)+(a-b) _2@-b) o

::12b2 +ab(a+b)+(a+ b)2 —ab+2 a’b?+3

Tir cdc diéu kién da cho, ta c6 X + y + z = 2(ax + by + cz).
Matkhic x =by+cznén x + y + z=2(ax + x) = 2x(a + 1).

1 2x
Suy ra = :
a+tl xX+y+2
| 2 | 2
Tuong tu: g Y . = =
b+l x+y+z ¢+l x+y+2z -
2 s
il e o SORSTNEE) gy
a+l b+l c+1 X+Yy+2
) 1 1 1 I 1 1 | 1
TacO —-+—4+—- =——— suyra —+— =———
a b ¢ a+b+c a b a+b+c c

a+b —(a+Db)

ab _c{a+b+c)
<:>c{a+b+c){a+b)=—ub(a+b)c:>(ac+bc+c2)(a+b)+ab(a+b)=0
< (a+b)ac+be+c’+ab) =0 (a+b)(b+c)c+a)=0.
Suy ra a = -b hoic b = —c hoic ¢ = -a.
Khong mat tinh t6ng qudt, gia sira = -b, ta cé
l L+_]_= 1 1 1

3

+ E +—_=— (1)
P A ) NI A S o

I |
3 lx o T R v )
a+b' +¢ (b)Y +b +c¢ ¢

hay

Tir (1) va (2) suy ra (dpem).
Nhdn xét. Két luan cia bai todn trén vin ding néu ta thay s6 ma 3 boi s6
mi le bat ki.
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2.47.

2.48,

249,

2.50.

176

111 11 1Y
DK : abc # 0. Tir diéu kién — + — + — =Kk, suyra(-——+—-+-] = k?

a b c a b c
hay Lz+~—12—+L2 2c+a+b=l¢;2
a‘ b* c abc
l 1 I 2 | | 1 2
S—=+—=+—=+2=k"o>—=+—=+—5=k"-2
a® b* ¢ a? b*
Pé —+ 4=k ik -2=k ok -k-2=0 (k+ 1)(k=-2) =0,
a b c
suyrak=2hoﬁck=—l.R6r&nglz+b%+l2>0n:‘:nl-::-lbiloai.
a C
Ttrdiéuki@na+b_c—b+c_a—c+a_b=0
ab bc ca
ca+b-c)-a(b+c—-a)-bc+a->b)
suy ra =0
abc
2 _ 4 2 2 e _ ;
<::>a 2ab + b° = ¢ =0c}(a b -c)(a b+c)=0
abc abc
a—-b-c=0 a=b+c(d )
= = m).
a-b+c=0 b=a+c pe

« - m b.-
iﬂfdiéukicni.{.i.{._{:o' suy ra X +cay +abz

=0 hay bex + cay + abz=0.

a b ¢ abc
— a b c a’? b ¢ ab bc ca
e Tudiéukién: —+—+—=10suyra —+—+—+2| —+—+—|=100
X Yy < 3 yz z* Xy yz zx
2 12 2 2 2 2
b Z + + ° b
c::iz-+—2+c—2+2.ab£ a0 Cay:lUO.Dodéa—2+—2+c—,,=100.
X“ y° oz Xzy X y- z°
2 2 ad
Tiudidukien —+ 2L — + % -0

y+2z z+X X+Y

suyra: X+y+z= +X |+ +y |+ +Z
y + 2 Z+X X+y

_x2+xy+xz+y2+yz+xy+zz+zx+zy

y+z Z+ X X + Y
_X(x+y+z) yix+y+z) zx+y+2z)
y +2 Z + X X + Yy

=(x+y+z)[ LB (R )

Y+Z Z+X X+Y



2.51.

2.52.

2.53.

2,54,

2.55.

2.57.

2.58.

Vix+y+z#0nén ST RS

Y+Z Z+X X+Yy

)(x+l){x—7) (x+3)(x-4) x-4
X-2)X+3) (x+1)(x+5) x+5°
)(x+7)(x-~?] (x+1)(x-3) x-7
(x+l) (x + 7)(x = 3) x+l'
)(x+y)(x xy+y}' X(x - y) =x2—xy+y2
yi(x +y)? (X = y)X +y) Xy’
3 -xy+y?) IxNG-xy+y?) 1
4x(x = y)x +y) 2x(x - y) 6(x + y)°
a}x2+xy+y2. b)a_"'?"-__
b ‘ a+x-—y
x2+y2 ;'c2-2xy-i-y2—:«:2 _xz+y2 —y[2x-y)__x2+y2
y? 2x =y y? © 2 -y y
a) —=; ¥ g .
2 3x + 4y 2Xx +y
a)A=b(23+l)(a+5b) ; A8~ =2a+1. Viae Znén2a+ 1 laso nguyén I¢.
a-3b ab(a + 5b)
B) Bt M T0) s W e B il w56 ol
a-3b 2ab
a)bDatx + 1 =a, taduoc:

- a(a+l)—"(a —a+1) {a+l}(a —-a+l)

(a+l)(a -a+1) 2-a
_il +3a"2=(ah!)(2_a)=a—l=x+l—l=x.
2—-a 2-a
b]B_(x+y+z)(x2+y2+zz-xy—yz-—zx) (X+y-z)(x+y+2)
(x+j,,'+z)2 .2(x2+y2+zz—xy—yz—zx)
XY=z
["'3| 2
a) VT = Ax +3)°.
(x =3)(x +3)
Vix<—3nén V=— 3 0 29y etz 4 3jm VP,
(x = 3)(x + 3)
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2.59.

2.60.

2.61.

2.62.

2.63.

178

2 2
(X+y)x-Yy) (X-Yy) B . ah S

b) VT = ) . > =
X-y x=-y)(x+y) X+Yy

2) P = xy(x —y) (X +y)(x* —xy +y%) =x2_xy+y2.Tatha'y
(X +y)x -y) (x = y)xy K=Y

2
xz—xy+y2 =(x—%] +§+y2>0 nénP>0x-y>0&x>yvax2-y.

X+y X-Y x2+y2_ 1

x+y? x4y (x-y?  (x-y)?’
Vix #ynén (x—y)2>{}-Dnd6Q>0v6imgi X, y 1am Q c6 nghia.

b) Q=

_(x+2)(x +a) (x —a) . |
(x +2)(x —a) 2(x —a)(x +a) 2

by B = (x+a)x—b) (x—-a)x-b)| [(x+Dx=b) (x—-1x-b)
(x—a)(x +b) (x +a)x+b)| | (x+D(x+b) (x-I1)x +b)

_(x=-b (x-b)?
(x +b)® (x +b)?

a) A

lo

VT = xzyz-i-yzzz+zzx2+2xyz(x+y+z)—(x2y2+y2z2+zzx2)_ (xﬂu}-z)2
x2 +y%+22 X4yt ae?
_ 2xyz(X +y + 2) i y? + z? _ 2xyz

xz+y2'~t~z2 '(x+y+z)2 -X+)’+Z'
Vix=y+znén T=M=yZ=VP.
2(y + 2)

Vixy+yz+zx=1 nén x° + 1 =x2+xy+yz+zx=(x+y)(x+z).
Tuong tu y2+ 1 =(y+z)(y+x):zz+ I =(z+x)(z+Yy).
(x +y)2 (y + 2)2 (z + X)z l

Dodé P = > : o
(X+y)x+2z) 2(y+z)(y+Xx) 3(z+x)z+y) 6

Vix+y+z=Intnz=1-x-y.Dodoxy+z=xy+1-x-y=(x-1)y-1).
Tuongwyz+x=(y-1)(z-1);zx+y=(z- 1)(x - 1).
vay Q=&Y =D (- DE-D (-~

(x+y) (y +2) (z + x)

B L e 1 e

l.
(1= 2)%(1 - x)*(1 - y)?




A, Taoh 2RI DSEOER o i bibsd suyita
ab bc ca
—b)b - &
- )“.:bzcg(c a)—(c—a)(a—b)(b—c)=0c>(a—b)(b—c)(c—a)[ﬁ—IJ=O.
a‘bc a‘bc
a=b
V‘:abc::ilnén%—lxo. Dodé(a-b)b-c)c—a)=0<=|b=c
a‘bc o
Suy ra trong ba s6 a, b, ¢ it nhat phai cé hai s6 bang nhau.
265. Twdidukien ++1sl 0Ll 1
X ¥ 2z % 3 z
2
Do d6 %+L2+;=i2hay—l;+%—%=—i.
X y Xy z = N Zz Xy
Tumglu'- L.}.L_L—"i- ._l...{.._]-.._.l———i
2 yz' 22 x2 y2 oy
2.3 .. 2 2.2
Tacé A=2> y 232)2 = —I§-+L2—l2=—i.
Xy Z z y X Yz
, 5 N . K i
B—-y (z +1X2)2 ZX =“l?+—]§--_l—2-=_2
XYL x* z¢ y* =
& Z2xi+yH-xy? 1 1 1 -2
n 2v2,2 T e i
y°z G S y
Do d6 A.B.C = 2'232=_§=—l
Xyt . df® 2
¥ L3 _
266. A= 1)'1 8 = < 4[%4-%]-}- B q_}' z
XY~y X—Yy\x" Y -y
~(x? + xy + y?) 3 (1 1 2
ook ! yz + 1 T xw
X'y (x = y) (x-y)y \x* y° Xy
2
—(x2+xy+y2) 3 (1 IJ
~ T 3.3 2 T 3
Xy (x - y) X=y)" kx ¥
_—(x2+xy+y2}+ 3 (y—x)z_-xz-xy-yz 3
Y-y} x-pt Ky XYx-y)? (x-y)Pxdy
3
_—xz—xy—y2+3xyq_ —{:-c—y)2 _[_LJ'
Xy (x - y)? Cylx-y)? \ xy)

L9



267. aYA=1.
b) Ap dung tinh chit phan phéi clia phép nhan d6i véi phép cong.
Dipsd:B=>5.
268. M=N=-1,
2.69. a) Sirdung cdc hiing ding thic A® + B ; A - B? dé bién d6i v& trdi thanh vé& phii.
(X+2)(y+2)-4(x +)(y+1) x3(y+1)(y+2) -y (x+1)(x +2)
(x+1)(y+2) ' (X + 1)(y +2)
_Xy+2x+2y+4-4(xy+x+y+1)_ .'-Lz(y2 +3y+2)—y2(x2 +3x +2)

(x+1)(y+2 (x+1)(y+2)
2

b) VT =

_ =3xy—-2x-12y . x2y2 - 3x2y + 2x° - xzyz - Sxyz - 2}!2
Cox+(y+2) (x + I)(y + 2)
_ =(3xy + 2x + 2y) (x+1)(y+2) =
O x+DY+2) 3xy(x-y)+2(X-y)Nx+y) y-X
270. A = (yz -yz + zz)(y +2)+ x> - 3xyz .2x(y +Z)
X(y +2) X+y+2Z

= VP.

+(x+y+z}2

2y + 2 +x* = 3xyz)

+(:nc+y+z}2
X+y+z

2

B 2(x+y+z)(x2+y2+z - Xy — Yz — ZX)

-i-(}u:+y+z)2
(X+y+2z)

=2x2+2y2+222—2xy—2yz—22x+x2+y2+zz+2xy+?.yz+2zx
=3(x2+y2+zz).
Vix,y,ze€ Znén A : 3.

- X 2 2 _ : 3_ =1
2..”.B=x{x yz)+y(y zx)+z(z xy)=x XYZ+Y —XYZ+Z —XyZ

X+y+2 X+y+z X+y+2Z X+y+z
__x3+y3+z3-31yz_(x+y+z)(x2+y2+zz—xy—yz—zx)
X+y+2z X+y+2z
=%.2(x2+y2+zz—xy—yz—zx) =%-2I(X-Y)2+(Y-K)2+(Z"X)2]20-

2.72. DK : x—y;t:zl-; x;t_y.

I 4(x - )’
M = 2 —_ -_— . . -
[I +2(x -y) kR~ l] [20{ Y) 2(x —y) +1
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1 4a’
Datx-y=a,tadugc M = +2a-1|:|2a-
1 +2a 2a + 1

1 +4a% -1 4al + 2a — 422 4a? 2a+1
= ; = : =2a=2(x-y).
]l +2a 2a + 1 l1+2a 2a

Vix,y € Znén M la mot so chin.

273. DK:x#2;x#-1.Datx - 1 =a, ta dugc :
" 4
N=|— a iy ag+2_a
a“+a+1 a-l1 a’ -1
_az—a—-zaz-za—E_a4+2-a4+a_—(az+3a+2) a3—‘l
a’ -1 Aol at-1 a+2
-(a+1)a+2)

= =—(@a+1)==-(x-1+1)==x.
a+2

Vix € Znén N c6 gid tri 12 mot s6 nguyén.

2.74. DK : x #0:x # —4.

X% (x +4)°

X+4 X
Do d6 min P= 5 khi x =-2.

2.75. DK : x = 2.

((x+2)(x2 -2x +4) 42 +2x+4)  4x 16

P=

+9 =x(x +4)+9=(x+2)2+525.

Q=_(x-2)(x2+2x+4).(1—2)(X+2) x=-2| x(x-2)
__4(x2—2x+4)_ 4x x(2~x)3 = 16 xt’_Z—:r.)3 sy _ o
(x —2)? x-2| 16 2-x)2 16 i

-

=—(x2-2x)=-(x =2+ 1 = ) =—[(x - 1)’ = 1]==(x = 1)’ + 1 < I.
Dodémax Q=1Kkhix=1.
276. PK:x#-1:x2+2:x=20.
Cx+ —@2xrdx-D-(x2-x+1)  3x(x+2)
8 x+Dx2-x+1) (x = 2)(x+2)

a) A

_x3+l 3x 3x

x3+lx—2 X =2
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B 3x =3)(—6+~f5 _

3+ s
X =2 Xx—2 b
Acogidtringuyén<=>x-2e U6)={£1;+2;%3;+6].
X -2 1 -1 2 -2 3 -3 6 -6
X 3 I 4 0 (loai) 5 | -=1(oai)| 8 ~4
Vaykhix € {-4;1;3:4;5; 8} thi Acé gid tri nguyén.
2.07. DK:x20:x = +2,
2 2
8y B= X 10 . 1 :x+2+6 X
X(X=-2)(x+2) S(x+2) x-2 X=-2
_X=2x-2)+(x+2) 2 _ 6 x-2 3
(X+2Xx-2) x=2 (x+2)(x-2)

2 X+2
Liae y. Rut gon cdc phan thire trude réi sau do quy déng méu cdc phan thic
b) |x|=% suy ra X =+

wio |-

-Khix=;1-th‘tB= :
e Khi x=—% thi B=2.

-

¢)B=-1 & 3

.
+|=Uc>ﬂ_i:.
X+ 2

=0 < x =-5 (TMDK).
X + 2
d)B>0 < 32>0<:>x+2>{)ax>—?.vil(x:¢0:x:ez).
X +
e)Beogidtringuyén <> x +2 € (£ 1+ 3}
X+2 | | 3 -3
X -1 -3 -5
2.78. DK:xy#0;x =Y.
)M_(x2+y2)(x+y)(y—x) 2(x+y](x2—xy+y2) 2(x + y)y = x)
). = 34 3 T 13 3 3.3 5
X"y (x-y) YR =Y) X7y (x =y)
_—(x2+}'2)(x+y) 2(x + y)(x% = xy + y°) 2(x +y)
B 4.4 3 ¥ 33 4 B 4
Xy (x-y) Xy (x=y) Xy (x -y)
=(x+y)(-x2—y2+2xy) =—(x+y)
x“y“(x - y)z x"y"
b) M = 54.
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279. DPK:x»#zty.
a)N=x2+y?'.

T . a 2 [ ¢ -1} 4l
b)N=x"+y" +2xy - 2xy =(x +y) —2xy—[E) —2.(%]*m~.
2.80. Vixyz=1nénx#0;y#0;z#0,dodo6 biéu thic di cho cé nghia.
Tacod:xyz=1nén l=:~,rz:; l=:v:x; l=:q,r.
X y z
Dodé6 P=(x+ :,r:a:)2 +(y + :@:}t)2 +(z + xy)2 — (X + yz)(y + zx)(z + Xy)
=x’ + yzy_z + 2Xyz + y2 +2°x° + 2xyz + 2 + x2y2 + 2xyz
- (xyz + xzyz +2X X+ yzz2 + yz +2°+ xzyzzz) =6-2=4.

281. DK :xyz+0.
Van dung tinh chét phan phéi cia phép nhan doi véi phép cong ta dugc

l 2 2 l 9
Q=—x"+y —zz+22+x2-y2)+—(x2+y‘—zz+y2+zz—:{2)
X v

1
+—(y2+22—x2+22+x2—y2)
Z

= lez + -!.-.2}’2 + 1.232 = 2(:( +Yy+ Z.) = 2a.

X y Z
2.82.Tirl+l+i=05uym_l.+l=_l.Dodé;_!z_.,.lz_._li.:"_z
S S Xy z X“ y° z° Xy
o N U T T U T
ungy: S+ -—=—; 5 +—-—=

' 1 I 1
Do d6 A=(—2+—2——J.

X y zZ y Z X y X Y
-2 -2-2 -8
- xy'yz'zx :u;”yz:«*:2

Véi xyz # 0 thi x°y’z" > 0. Mat khac -8 < 0 nén A < 0.

283. PK:a#-b:b=®—-c:c#-—a.
_ ab & bc i ca & 2abc
(b+c)c+a) (c+a)a+b) (a+b)b+c) (a+Db)b+c)c+a)
_ab(a+b)+bec(b+c)+ca(c+a)+2abc  (a+b)b+c)(c+a)

(a + b)(b + ¢c)(c + a) " (a+b)b+c)c+a)
(xem bai 1.113).
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284 PK:bc#0;:b+c#+a XétbituthicC+ 1l =x+y+xy+1=(x+1)y+1).

be e {b+c)2—a12
Tacd x+1= +1 = :
2bc 2bc
i = (=1 4be
y+1 = = .}+l = = 5
(b+c¢)” —a“ (b+c) —a

(b+c)2—a 4bc

2bc (b+c)’ -a’
Nhdén xét. Viéc thém 1 vao C 1a d€ c6 thé phan tich C + | thanh nhan ur, tir
d6 tim dugc gid tri cua C.

DodoC+1 =

=2, suyraC=1.

285 DK :xyz#0;x#y;y#z;z#x. Tada M=x-}’_§_}’—2+z——x'
Z X }r

Khid6P=M( AR T J=M. T . NS, R L
X-y y-z z-X X -y y—2 Z-— X

Tac6d: M. ¥ =(x—y+y—z+z—x} Z

X -y z % y ) x-y
=l+z{y—z)+z(2—-x)=l+yz(y—z}+zx{z—x)
X(X-y) yx-y) Xy(x —y)
o HxmyNz=x-y) _, (x—y)22z Mz=—x-Y)
xy(x-y) Xy(x—y)
22°
] —
Xyz
nii3 3
Tuong tr M. T . N Y =l+2).
y -2 XyZ X—2 XyZ
3 3 P~ ¥ o a8
Do do P=[1+EE—J+[1+2LJ+[I+£]=3+2(x Al +£).
XyzZ Xyz Xyz Xyz
V‘lx+y+z=(]nénx3+y3+z3=3xyz.\fay P=3+2'3xyz=9.
Xyz
2.86. a) Nhan va chia ca tr va miu ctia méi phan thite (tnlr phan thirc cudi) véi a, ta duge :
[ a a a I
S, =-. + + .o -
a|x(x+a) (x+a)x+2a) (x + 9a)(x + 10a) x+10ai|
1[(1 1 1 l 1 1 1
=—||—- ks - + ..+ — -
a[{x x+a X+a Xx+2a x+9a x+10a) x+10a
= el
a x ax
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b a a a |
b) S, = _-[ + + ...+ + ]
X(x+a) (x+a)(x+2a) (x+99a)(x +100a) x+100a

_1_1J+1_1+m+1_1+1

X +a X+a x-2a X+99a x+100a) x+100a

2313)A=[l_lJ+(l_lJ+[l_lJ
y X z Y B

b) Dang téng quét ctia mbi hang tir 1a
3P +3k+1 _(k+DP -k 11
kk+DP  Kk+)' K k+)
Chok lay cdc gid tri 1, 2, 3,..., n ta dugc

Bz(_'___L}+(L_LJ+(L_i]+ +(L_ ! ]
1} 23 23 33 3 43) 7 \nd m+1)

0.

- | _113+3:12+3n
(n +1)° m+1y
2k+1 _(k+1)2-k¥ 1 |

2.88. Tacé a, = = = - .
* 7 Ik(k + DP? k3(k + 1)® k2 (k + 1)

Cho k 14y cdc gid tri tir 1 dén 99, ta duoc

S_(J__L}(_I__.LJ{_L_L} [ ] ]_.-_‘_<1
12 22) (22 32) (32 4%2) (992 1002 1002

_k+1)* -2 2k -1)2k +3)
(2k + 1) 2k + 1)

2.89. Taco a,

Cho k lay cdc gia tri tir 1 dén 50 ta duge

(-2} 2)0-2Ho- )

_’iéJ(EZJ (EEJ [2 '_03.]
(33)\55/) 7 7)°L101101

C1.35..99 579..103 1 103 103 _ 101 1

= ; : = > .
3.5.7..101 357..101 101 3 303 303 3
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Xy+2x+1 _ (xy +x)+(x +1)

2.90. Taco

Xy+x+y+l (x+D(y+1)
Xy + +(x+1) X N 1
(x+1)y+1) x+1 y+I
7+ 2

Tuong tu kil ol I S :
yz+y+z+l y+1 z+1
X ¥22+1 2 . 1
X+Z+Xx+1 z+1 x+1

Dﬂd6A=x+l+y+l+z+l=3.
x+1 y+l1 y+l z+1 z+1 x+1

201, ayVi 2=3~ i M =1.3=D+33=1)+3%3 - D) +...+3° @ -1
w3 T 4335y aNFL_ W g auwl

n+l_l

Suy ra M=_-7_—
Cach khac : )
W= BB e 3N
T M=1+3+32+3+...+3"
oM = -] 3
3I'I+| "‘I.
e

Suyra M=

b) 2N=I.(3—l)+l(3-I)+—l-(3—l)+...+l(3—l)
3 3¢ 30
11 | 1 1

=3=l4 Vot o——duk -——=3-—
3 3n—l 3I'l 3[1
AL
DodéN=¥.
2.3"
Cach khace :
3N=3+l+l+i+...+ l
_ 3 32 3I'I—|
N= I+l+l2+...+ l +L
3 3“"‘ 3“
2N =3 )
3!
“+I*‘]
Dodé N =
23"
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292. Xétve€trai T

n+l-1 n+2-1 n+3-1 100 -1
+ + + ...+

(n + D! (n + 2)! (n+3)! 100!

| 1 | | I |

15

4+ ———

+ - +..
nl (m+1)! (n+1)! (n+2) 99! 100!
I I 1

n' 100! n!
ax’ :ﬂy2 az’ }

+ +
X-y)x=-2) (y-z)(y-x) (z-x)z-Y)

293, a) P =l

+|: : + : + : ]
X-¥)x-2) (y-zXy-x) (z-x)z-Yy)

x2 yz .
= a. + +
(X-yXx-2) (y-z)(y-x) (z-x)z-Y)

: [ Lt ]
(X =y)x=2) (y-z)y-Xx) (z-x)z-Y)
Theo bai 2.36b thi két qua trong dau [ ] thir nhatla 1.
Theo vi du 10 thi két qua trong ddu [ ] thit hai 12 0.
Dod6P=a.l +0=a.

b) Q =[ a + - + -
X(X-y)x-2) yly-zy-x) z(z-x)Nz-Y),

+|: l + l - :
(x=y)x=-2) (y=-z)y-x) z(z-Xx)z-Y)]

= a.[ l + I -+ I :|
XX =y)}x-2) yWy-—-x)y-2) z(z-x)z-y)

[ L e b ]
(X ~YUX =Z) (Y—-xUA¥y—2Z) (Z—XNAz~—Y¥)

Theo bai 2.35b thi két qua trong dffu [ ] tht nhat 1a ——.
Xyz
Theo vi du 10 thi két qua trong dau [ ] thi hai 1a 0.

Dodé Q = —.
XyZ
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2.94. Dang t6ng qudt clia cdc hang tir trong A 12
2k | 1 11

= e +
2-k2 x-k x-1l+k (x-11+k)x+k)

(Ban doc tu chimg minh v& phai bang vé tréi).

Cho k l4n luot 14y cdc gid tri tir | dén 10 ta duoc :
2 | 1 11

p—

- +
x? =1 x=-1 x-10 (x-10)(x+1)
4 1 1 11
+
x2—-4 x-2 x-9 x-9x+2)
6 1 | I
-
x2-9 x-3 x-8 (x-8)(x+3)

18 1 1 11

+
x2-81 x-9 x-2 (x =-2)(x +9)
20 11 N 11
x2 =100 x-10 x-1 (x-=-D(x+10)

Dodo A=11. : + : + ...+ l =11B
(x=10)(x+1) (X=-9)(x+2) (x = 1)(x+10)

2 2 2 2 2

. . X Z x - "|'*?.

2.95. Tir gia thiét, suy ra = +y_2 e S }'2 2
a b c a“+b” +c

2 2 2 2 2 2
.1 X X y y Z 7 2
Do doé - +| —- TH [N =i
[az 32-}-b2 +cz] [bz az-i-b2 +c2} (cz az+b2+cz]

( A
o (1 1 e 1
llayx'[az_a2+bz+cz]+y- Y 5

+?.2. L,— = ()

Do ] g 1 . sl " | 1 s 1
a2 az+bz+c2 b2 az+l:12-l-1c2 a::2 :;12+b2+t:2

nén gid tri cta cédc biéu thic trong ngoic 16m hon 0.

IUUU+ IUJU=D.

Suyrax2=y2=22=0hayx=y=z=0.Vi}yx'mj-'ry z

188



296, P=aZ| Y2 + L + b
[ (X=y)x-2) (y=-z)y-x) (z-x)z-Y)

—b”. ! + ] + 1
[ (X=-y)x-2) (y-z)y-x) (z-x)(z-Y)
= az.l - b2.0 = 32 (xem Vidu 10).

2.97. Turdiéu kién i+-!--{~l={]| suy ra Ll e £
X y z Xyz

0
Do dé xy + yz +zx =0 = yz = =Xy — zx.
a)Tacéx2+2yz=x2—xy—zx+yz={x—y)(x—z).

Tuong yz +2zx=(y-z)(y - x) ; 2° + 2xy=(z-x)(z-Yy).

Do do A =[ y = Xy ]
X-y)Xx-2) (y-z)(y-x) (z-x)z-Y)

B 3[ 1 . 1 . ! }
(x-y)x-2) (y-zXy-Xx) (z—-x)z-Y)
=1-3.0=1(xem Vidu 10).

2 2 2
b) B= B “ b4 + -
(x-y)x-2) (y-2zXy-x) (z-x)(z-Y)

_,)l: yzZ & ZX . Xy ]
(x-y)x—2) (Y-zXy—x) (z—xXz—Y¥)
Theo bai 2.36b thi két qua trong dau [ ] thir nhat 1a 1,

Theo vi du 10 thi két qua trong dau [ ] thir hai la 1.

Dod6:B=1-2.1=-1.
o08) Tach—= 23 _-y+x-zp | 1
(Z—K)(Z—y’) (Z—X)(Z—y) F - X zZ-Yy

Tuong ty —2—~ ' l z - X 1

(x—y)(x—z)=x—y_x—z’(y—z)(y—x)=y—z y—x'

Dodév&'tréiVT=[ - ]+[ : ]+[ 1 _ ! )
X z-Yy X-y X-2% y—z y-—X

z-—.
2 2

= - + —— = VP,
X-y y-z z-X
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22 32 42 (n+1)? 234.(n+1) 234.(n+1)
132435 n(n+2)  123.n 345.(n+2)

2.99. a) P-l =

~n+l 2 2(n+l)
I a+2% 642

n+

I
<l nén P, <2
n+ 2

2 7 g 2
b) P-.=(1+1J.[l+;}.{l+i]".{l+ }
s 4 10 18 n(n + 3)

Dang 16ng qudt ciia mbi nhan ur 1a
Lo _K+3k+2 (k4 D(k+2)
k(k + 3) k(k + 3) k(k + 3)
Cho k ldy cdc gid tri tir 1 dén n ta duogc
T 2.3.3.4 .4.5 m(n +1)(n + 2)
“ 14 25 36 n(n + 3)
_23%.4dn+]) 385.(n+2Z) n+l 3 _Hn+l)

Vi

123.n 456.(n+3) | n+3 n+3
Vi Lkl <1 nénP, <3.
n+3
2 2 o 2 = 5
2100 p = 2D +2+1) B-DE*+3+1) @-1)4’+4+1)

C+1)22-2+1) B+ =-3+1) 4+1)4%2-4+1)

5-DG2+5+1) (n=-DM%>+n+1)
‘G+DGE-5+1) m+DMmZ-n+1)

_1.234..(n-1) 1 224241 32 43+1 47 +4+1
34.56.(n+1) 22241 32-3+1 42-4+1 5°-5+1

(-1F+m=D+1 n® +n+]

n*=n+l 1
Ta nhan thay (k + I}2 -(k+1D+1= k? + k + 1 nén cic phan thirc dang

k2 +k+1
k+D>=(k+1)+1

déu nit gon dugc thanh 1.
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llll n2+n+l_2(n2+n+l)
nn+1)3 7 | 3n(n+1)

—

Dod6 A=

2.101.Dang t6ng qudt cia mbi nhan tir 1

a 1 2 1Y ) 2 L[ 2 I
ki +— =[k"+=| =-k*=|k°+k+=-||k°-k-=
4 2 2 2

— -

Trong biéu thitc A cho k ldn luot céc gid tri 2, 4, 6,..., 20 ; trong biéu thiic B
cho k lan luot cdc gidtri 1, 3, 5,..., 19, ta dugc

[22 +2+1](22 -2+1}(42 +4+lI42 -4+1J(61 +6+1)[62 -6+1)
2 2 2 2 2 2

— —

A
e [lz+ l+lIlz -1 +—1-}(32 +3+l)(32 —3+—1-](52+5+1-](52 -5+1J
2 2 2 2 & 2

[192 %594 1}[192 -19 + ]
2 2

[202 +20 4 1}(202 _20+ -1-)
> >
|

182 + 18 + ~ 202 — 20 + + 20% + 20 + ~
> 7. 2

192 —19+L 192 419+ 1 '
2 2

k2 -k +—
2 hoac nghich dio

2
(k-1 +(k—l)+.—?-

Ta nhan thdy cic phan thic dang

cua né nit gon duge thanh 1.

Dod6i=&.2=841 € Z.
B 2
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]
+
o

+ 1
ZiTice Xt _a=b _a a
X -1 3+b_l 2b b
a-b
D Lty 2L L ppg Xyl L 4 RE
y-1 ¢ z-1 a x-ly-lz-1 bca

2103.Tac6a +b° +¢° =3abc <> a’ +b" + ¢ — 3abc = 0

o (a+b+c)a’+b’+c’ —ab—be—ca)=0 (bai 1.116)
1 2 2 2y _

o ;(a+b+c)[(a—b) +(b-¢)"+(c-a)]=0

<a+b+c=0hoica=b=c.

Tac6(3+1J(E+l](£+lJ =a+b_b+c.c+a.
b C a b C a

eNéua+b+c=0thha+b=-=:b+c=-a;c+a=-b. Khidb

i Do Yo MO
b ¢ a
ONé'ua=b=cthiP=-2£.£.E=8.
c a
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PHAN HINH HOC

%ﬁlmg I

(h.59) AAIB ¢6 AIB = 65° = A; + B, = 115°. B

Do d6 DAB + ABC = 2.(A, + B, ) = 230°.
Tir A+B+C+D = 360°.

Suyra C+D = 130°,

Mat khic C—-D = 10°

nén E‘ =70° ; 6 = 60°. Hinh 59

1.2. (h.60) Gia sir phin gidc cua A :B; C:D
cdt nhau tao thanh ur gidac HUK.

Ta c6 : DIC = 180° —(a +l§7)

AKB = 180° - (A, +B,)

= AKB + DIC = 360° —(.:\“] +i§: +61 +f)_;]

Lim mom Hinh 60
=360° - (A +B+C+D)=360° - 180° = 180°.
Suy ra diéu phai ching minh.

1.3. (h.61) Goi BE ; DF la cdc tia phan gidc
cua goc Bva D,
Tacé: B, +E, = 90°. (D
Ma B+ D = 180° = 2.B, + 2.D, = 180°
= B, +D, = 90°. (2)
Tir (1) va (2), suy ra E, = a
=» BE // DF hoac BE = FD

Néu AB = BC, AD = CD thi duong thang
BE, DF trung nhau.

Hinh 61

193
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1.4.

1.5.

194

* Bo dé : Cho tam gidc déu ABC ¢6 canh
bang a va cic diém M, N lin luogt thudce
AB, AC. Ching minh ring MN < a.

Tricomg hop 1. Néu mot trong hai diém M ;
N tring vGi mot trong ba dinh A ; B; C
thi dé co MN <a.

Triwong hop 2. M ; N khong tring vai
dinh A ; B; C (h.62). Hink 62

Xét tam gidc MNB ¢6 BMN > MAN = ABC > MBN = BN > MN.

Mat khéc tam gidgc BON ¢6 BNC > BAC = BCN => BC > BN.

Do viy MN <BC =a.

Vay MN < a. Dau biang xay ra khi va chi khi M, N triing véi hai dinh tam gidc.
Tro lai bai todn, gia sir tam gidc déu ¢o

AB = 2020 va ur gidc noéi trén la MNPQ.

Goi D, E, F 1a trung diém BC, AC, AB.

Ta c6 tam gidac AEF : BDF ; CDE co
canh 12 1010 (h.63). Taco 4 diém M ; N ;

A
N
K E
P : Q thudc duong gip khic EAF ; BDF ;
DCE nén t6n tai hai diém thudc cing
mot dudng gip khic. Khong mdt tinh t6ng
B D ¢

quat, gia sir M, N thuoe EAF. Ap dung bé dé
ta cd6 MN < 1010. Vay ur gidc MNPQ khong
thé ¢6 ca bon canh cting 16n hon 1010. Hinh 63
Xét bon diém bit k¥ A,, Ay, As, Ay, €6
hai truomg hop xay ra :

Tl'lféﬂg h{)}') 3 HO:’_]C la AIA3A3A4 la ln(_)t
ur gidc 16i. Vay bai todn duoc chimg minh.
Trueong hop 2. Hoac 1a A A,AzA, 1A mot
wr gidgc lom. Gia s Ay nam trong tam
gidlc A A,A; (h.64). Khi d6 diém thi

nam phai thuéc mot trong 9 phin do cic A 7
duong thang dung qua timg cap diém

trong bon diém A,, A,, A;, A,. Ta thiy

As khong thé nim trén cic duong thing Hinh 64
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1.6.

5

1.8.

d6 vi theo gia thiét khong ¢6 ba diém nao thing hang. Do d6 Ag sé tao véi 3
trong 4 diém da chon mot tf gidc 16i. Ching han Ag thudc phan (8] (uic la
AsA5 it AyAq) thi i gide A;A AzAS 12 1T gidc 161 5 con néu Ag thudc phén
l?.] (II.'IC la A4A1 Cfﬂ AIA.‘I) thi nr gh’ic A]AJAS‘AJ la ur gl:ic Idl.

Eﬁ R+§+E+6*360”

4

-

Lo
|

- = 36°.
1+2+3+4 10

-~

Suyra: A=36":B=72°:C=108"; D=144° = A + D = 180°
= AB//CD. Vay ABCD Ia hinh thang.
b) Két qua :

a) Taco:

EDC = 36° : ECD = 72° : DEC + 72°.

—

(h.65)Tacé: N, =D+ E,
— I':I] +ﬁ
AEB+CFB D+AEB+D+CFB

2 2

180° — BCD + 180° — BAD
2
180° + 180° —(ﬁ + BAD)

=5‘+

-

= X
= Hinh 65

= N, +F, =90°. Vay EM L FM.

(h.66) a) Goi E 1a giao diém ctia BM va CD.
Ta co AABM = ADEM (g.c.g)

= AB=ED; BM = EM.

ABCE ¢6 CM la phan giic BCE ; CM Ia
duong trung tuyén = ABCM can tai C

= CM la duong cao, suy ra CM L BM
hay ABCM vuoéng tai M.

b) ABCE cin tai C .
= BC=EC=ED+DC hay BC=AB + DC.

Hinh 66
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1.9.

1.10.

1.11.

: s A

1.13.

196

(h.67) Ké BH L CD. Taco
AABD = AHDB

=> AB=DH, ma DC=2.AB

= DH = HC = ABDC cin tai B, ma
DC = BC = ABCD déu

= BCD = 60° = ABC = 120°.

(h.68) CM la phan giiac goc C

= MD = ME.

Ma MA = MD = MA = MD = ME.
Suy ra AAED vuoéng tai E

= AED = 90°.

Pap s6 :

A =100° ; B = 80",

D =120° ; C = 60°.

(h.69)Goi G la trung di¢m cua AC.

Ta ¢6 : EG ; EF ; FG lan luot 1a
duong trung binh cua tam giic ABC ;
ABD : ACD.

= EF// BD ; EG// BC ; FG// DC. Ma
AC 1 BD ; FK 1. BC; EH .1 CD nén
AC LEF; FK L EG; EH 1 FG. Tir dé
suy ra AC, EH, FK chira ba duong cao
cua tam gidc EFG, do vay AC, EH, FK
dong quy.

(h.70) Goi I la trung diém cta DE,
ké¢ IK// BC, K thuoc BC. Ap dung
duomg trung binh cia tam giic ABC,

hinh thang DMNE ta ¢6 : IK = %BC :

IK = — (DM + EN).

b | —

Suy ra DM + EN = BC.

A 13

| ]
[ .
D H (
Hinh 67
A B
E
M
D C
Hinh 68
//B S
E
A/\/N\G - C
P<fi H
D
Hinh 69

./ ;
/ AN

B

Hinh 70



1.14,

1.15.

1.16.

1.17.

(h.71) Goi I 1a trung diém cua DF.

Ta c6 EI ; FI lan luot 14 duong trung
binh cua ABCD va AACD = EI // BC ;
FI// AD. Ma EG L AD, FG LBC nén
EG L FI; FG L EL Suy ra G Ia truc tam
AEIF, suy ra GI L EF. Mat khic EF // CD
suy ra GI L CD. Lai ¢6 ID = IC, suy ra
AGCD can tai G suy ra GC = GD. Hinh 71
(h.72) Goi E Ia trung diém cla AD. Ta
c6 EM ; EN lan luot la duong trung
binh cua tam giac ACD ; ABD.

Suy ra EM//CD ; EM=%CD. (1)

EN// AB ; EN = -};AB. (2) Hinh 72
Tur (1), (2) va AB//CD suy raE, N, M lhiing hang.
Do dé MN = EM - EN = %(CD—AB).

(h.73) Goi K, I 1a giao diém cua AM, AN véi ED.
Theo dé bai,tacé6: BM=MN=NC=2cm.

Theo tinh chét duong trung binh, ta ¢ :
EK=KI=ID=1cm.Désuyra:

ABMP = ADKP (g.c.g) = BP = PD.

Tuong ty, tacéd : CQ = QE.

Van dung bai 1.15,1acé :

PQ= %(BC - ED) = 1,5 (cm). Hinh 73
(h.74) Keé CE//BD véi E thuoc AD . F
= ABCD = AEDC (g.c.g)
= DE=BC=3(cm) = AE =8 (cm)
= M la trung diém cua AE
CE/BD=CE 1 AC
suy ra AAEC vuong tai C ¢c6 CM la duong
) AE A M D E
trung tuyén,suy ra CM = = e 4 (cm). e
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1.18.

1.19.

1.20.

198

(h.75) Goi N la trung diém AC = BN = CM.

Mat khic BN la dudng trung binh ctia tam
gidgc ACD

:BN:%CD:D-CM:%CD.

Nhan xét. Bai todn ¢6 nhiéu cdch giai (hoc

sinh tu v¢é hinh) :

» Cach 2. Goi I 1a trung diém CD, chimg
minh dugc CM = CI. Tir d6 suy ra diéu
phai chimg minh.

» Cach 3. Trén tia CM lay K sao cho M
la trung diém cia CK, chimg minh
duoc AACK = ABDC. Tiur dé suy ra Hinh 75
diéu phai ching minh.

» Cich 4. Trén tia d6i cua tia CA 1dy diém E sao cho CE = CA, chimg
minh duge ABCD = ACBE. Tir d6 suy ra di¢u phai chimg minh.

(h.76) a) AANQ déu = AQN = 60° = CQN = 120°

D

= NAP = 120° + BAC = 120° + CQR = RQN.

MéAP=RQ(=%AB); AN = NQ

P
= AAPN = AQRN (c. g. ¢) 5
b) AANP = AQNR = ANP = QNR.
Ma ANQ = 60° (AANQ déu) = PNR = 60° B
= APNR déu = RP =RN.
TacéRP:RN;l?EE=ﬁﬁ§4(=6o“+ﬁﬁﬁ) A

KC =RM nén ARPC = ARNM (c.g.c) = PC = MN. Hinh 76
(h.77) Goi E 1a trung diém cla AC ; G 1a trong tam ctia tam gidgc ABC ; M la
trung diém cua BG.

Goi A', B, C, G, M', E' lidn luot la cac hinh chiéu vuéng géc cua A, B, C, G,
M, E trén dudmg thing xy. Khi d6 AA'//BB'// CC//GG'//MM'//EE'.



1.21.

1.22,

Tur dé6 ta c6 GG', EE', MM’ lian luot
la cic duong trung binh cua cic
hinh thang vuong MM'E'E ; AA'CC,
BB'G'G.

Theo tinh chit duong trung binh cla
hinh thang, ta ¢ :

2.GG' = MM' + EE’ (1
2.MM' = BB + GG' (2)
2.EE =AA' +CC 3)

‘Thay duogc (2) va (3) vao (1) ta duoc :
4.GG' =BB + GG + AA'+ CC

= 3.GG' = AA" + BB' + CC' (dpcm).

(h.78) Goi M Ia giao diém cia KE

v(l BA.

= AAEM = AADC (c.g.c)

= AM=AC

= AM = AB.

Do d6 Al la duong trung binh cua
tam giic BKM = IB = IK.

(h.79) a) Goi D la trung diém ctiia AC

= ME la duong trung binh cua tam
gidc ABD = ME//BD ma BD cit
dudong thing BC nén duomg thing
ME ciing cit duong thing BC.

b) Goi P va Q la trung diém cia BC
va DE, suy ra PQ la dudng trung
binh cta tam giic BCD nén PQ// NE

= PQEN la hinh thang.

-

E i1 | C
1 : ' ! [} i
I 1 o 1 i
I I : 1 i i
: 8¢ i -0 : ! Y
B MACG E iy
Hinh 77
B
|
K
D
A i C
Hinh 78

Hinh 79

Ma DE =DQ = ;I-AC. BD//PQ nén BD la dudng trung binh cia hinh thang

PQEN,suy ra BN = BP hay BN = % BC.
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1.23.

1.24.

(h.80) Goi H ; I ; K lan luot Ia hinh E
chiéu ciia A, D, E trén dudng thang 0
BC, tacé: D

AAHB = ABID ; AAHC = ACKE

nén BI = AH = CK, DI = BH,

EK =CH. Hinh 80

Goi O ; M ldn luot 1a trung diém DE va IK, suy ra OM la duong trung binh
cua hinh thang DIKE

| B H M C K

= OM//DI va OM = -‘IF{D] + EK) = — (BH + HC) = — BC.

to | —
9| —

Ma Bl =CK =>MB=MC= %BC ; OM//DI = OM vuong goc vai BC

Viy tam gidc BOC vuéng can, suy ra O ¢0 dinh.
(h.81) Phdan tich.

— Gia sir ABC la tam gidc phai dung

thoa man diéu kién dé bai. A
— Trén tia d6i cua tia BC 14y diém E

sao cho BE = BA

— EC = EB + BC = 8 cm va BAE
l e —

can tai Bnén AEB = ;—ABC = 35°,

E B\ C
— Ta thdy ACE dung dugc vi biét
ba yéu 16 AEB = 35°, EC = Scm, Hinh 81
C = 70°.

Mat khdc BA = BE nén diém B thudéc dudng trung truc ctia doan thing AE
va thuoc doan thing CE. Tir d6 diém B dung duoc.

Cach dung

Dung AAEC ¢6 E = 35° ; EC = 8cm ; C = 70°. Dung dudng trung truc ciia
AE cit CE tai B.

No6i AB ta duogc tam gidc ABC phai dung.

Chitng minh, bién luan. Danh cho ban doc.



1.25. (h.82) Phdn tich. Danh cho ban doc. B

1.26.

Cach ding
~ Dung ABCE ¢6 E = 135° ; EB=2cm ;

BC = 10cm.

—Dung A la hinh chiéu cia B trén -~ :

dudng thing EC. A ' E C
Noi Avai C = AABC la tam gidc phai dung. Hinh 82

Chitmg minh, bién luan. Danh cho ban doc.

(h.83) Phdn tich.

— Gia stir ABC la tam gidc phai dung thoa man diéu kién dé bai la B =a,
dudng cao AH=h, AB + BC+ CA =P.

— Trén tia d6i cua tia BC liy diém E sao cho BE = BA, khi d6

— ] — oL
AEB = —ABC = —.
2 2
A
- L # "
E B\, H /C F
Hinh 83

P

— Ta thdy AHE dung dugc vi biét ba yéu 16 AEB = % AH=h, H=90°.

— Trén tia d6i cua tia CB 1dy diém F sao cho CF = CA. Khi d6
EF = AB + BC + CA = P = diém F dung duoc.

— Mt khdc BA = BE nén diém B thudc dudmg trung truc ciia doan thing AE
va thudc doan thing EF. Tir dé diém B dung dugc.

- Tuong ty, CA = CF nén diém C thudc dudng trung truc cta doan thing AF
va thudc doan thang EF. Tur dé diém C dung dugc.

Cach dung

~ Dung AAHEc6 H=90° ; AH=h; E = —

— Trén tia EH dung diém F sao cho EF = P
201



1.21.

1.28.

— Dung duding trung truc cia doan thing AE cit EF tai B.
— Dung dudmg trung truc cia doan thing AF cit EF tai C.
Noi AB, AC ta dugc tam gidc ABC phai dung

Clutng minh, bién ludan. Danh cho ban doc.

(h.84) Phan tich.

e B " A B
— Gia su ABCD Ila hinh thang phai /
dung thoa man diéu kién dé bai.
- Ke AE // BD (E thudoc duong
thing CD) khi d6 AE = BD = 6cm,
AB = ED = 3cm, suy ra EC = 10cm. =
- Ta thdy AAHE dung dugc vi biét = D H ¢
ba }ré'u l(‘i Hinh 84

- Diém C, D dung duoc vi bi¢t EC = 10cm, ED = 3cm.
— Diém B nam trén tia Ax // CD vi cich CD mot khoing cdch la 3cm.

Cdach dimg

- Dung AAHE ¢6 H = 90° ; AH = 4cm ; AE = 6em.

— Trén tia EH dung diém D, C sao cho ED = 3cm : EC = 10cm.

— Trén nira mét phing bo AE chira diém C vé tia Ax song song v6i EC
— Trén tia Ax dung diém B sao cho AB = 3cm.

— Noi AD, BC ta duge hinh thang ABCD phai dung.

Chutng minh, bién luan. Danh cho ban doc.

(h.85) Phdn tich. Danh cho ban doc.

Cdch ding

- Dung AABD ¢6 A =, AB = a,
DA =d.

— Trén nira mat phiang bd BD khong
chira diém A, vé hai cung tron tam
B bdn kinh b ; tam D bdn kinh c,
ching cit nhau tai C.

— Noi1 CB, CD ta dugc ur giac ABCD
phai dung.

Chitmg minh, bién [uan. Danh cho
ban doc.

Hinh 85



1.29.

1.30.

(h.86) Phan tich.

- Gia st ABCD la hinh thang phai
dung thoa man diéu kién dé bai.

A B
- Ta thdy AABC dung duoc vi biét
bacanh AB=a, BC=d, AC=m. M N
— Ké tia BM cit duomg thing CD \
tai E thi MN la duong trung binh - £ C

cia ABCE nén CE = 2MN = 2n
= diém E thuoc tia Cx // AB va Hinh 86
cach diém C mot khoang cich 2n.

— M la trung diém ctua BE = M dung duoc.
— M la trung diém cua AD = D dung duoc.
Cach dung

— Dung AABCc6 AB=a, BC=d, AC=m.
— Trén nira mat phing br AC khong chira diém B vé tia Cx song song véi AB.
— Dung diém E thuoc tia Cx sao cho CE = 2n.

— Dung M la trung diém cua BE.

— NOi AM cit dudmg thing EC tai D, ta duge hinh thang ABCD phai dung.

Danh cho ban doc.

(h.87) Phan tich. Danh cho ban doc.
Cach dung

— Dung AABD ¢6 A =80° :

AB =2cm ; AD = 3cm.

—Trén nira mat phing bo BD
khong chira diém A dung hai tia
Bx, Dy sao cho

ABx = 120° ; ADy = 100°
— Tia Bx va Dy cét nhau tai C Hinh 87

= T gidc ABCD la ur gidc phai dung.

Chimg minh, bién ludn. Danh cho ban doc.



1.31.

1.32.

204

(h.88) Phan tich. Danh cho ban doc.

Cach dimg A B X
~Dung AADEG6 E = 60° ; ED=4cm;
D = 45°
— Trén tia DE dung diém C sao
cho DC =6 cm.
" : C
~ Dung tia Ax // CD (tia Ax nim trén D E
nira mat phang b AD ¢6 chita C) Hinh 88

— Trén tia Ax dung diém B sao cho AB = 2 cm. Néi BC, ta duoc hinh thang
ABCD phai dung.

Cluing minh, bién ludn. Danh cho ban doc.

(h.89) Phan tich.

— Gia st ABCD la hinh thang phai
dung thoa man diéu kién d¢ bai.
-Ké BE // AC (E thuoc dudng (

thing CD) suy ra CE = AB = 2cm,
BE = AC =5cm va

———

DBE = DOC = 120°. D ¢ E
— Tam gidc BDE dung duogc vi biét Hinh 89
ba yé€u 10.

- Diém A ndm trén tia Bx song song v6i DE va cdch diém B mot khoang
cach 2cm nén A dung duoc.

— Diém C thudc doan thing ED va céich diém E mot khoang céch 2 cm nén C
dung duoc.

Cach dung

~ Dung ABDE sao cho BD = 3 cm, DBE = 120°, BE = Scm.

— Trén tia ED dung diém C sao cho EC = 2cm.

— Dumg tia Bx // CD (tia Bx ndm trén nira mit phing bo BE ¢6 chira D)
— Trén tia Bx dung diém A sao cho BA = 2cm.

Noi1 AD, BC ta dugce hinh thang ABCD phai dung.

Chitng minh, bién ludn. Danh cho ban doc.



1.33.

1.34.

a) (h.90a) Phan tich. Danh cho ban doc.
Cach dung

— Dung AADC sao cho CD =4.5 cm,
e " A I}_._'.,...----"...___' X
D=55",AD=3cm. T S

— Dung tia Ax // CD (tia AX nam trén
nira mat phang bas AD ¢6 chira C)

— Dung cung tron (C ; 2,5¢cm) cit
: ; D
tia Ax tai B. a)

— No6i BC, 1a dugce hinh thang phai dung.
Chimg minh, bién luan. Danh cho ban doc.
b) (h.90b) Phdn tich. Danh cho ban doc. AN B

Cach dung

—Dung ABDE c¢6 DE = 6cm ;

BD = 3,5¢m ; BE = 3cm. i3 =
Trén nira mat phang bd BD khong b)

chita diém E dung tia Bx song song
vG1 DE Hinh 90

— Trén tia Bx dung diém A sao cho BA = 2cm.
— Trén doan ED dung diém C sao cho EC = 2cm.
— No6i AD, BC, suy ra ABCD la hinh thang phai dung.

Cluitng minh, bién luan. Danh cho ban doc.

Xét phan vi du :
Trong hinh 91, hai tam giic ABC, B
DBC doi1 ximg nhau qua dudng A S
thing chira canh chung BC va
AC > AB.
Nhu vay ban Viét sai, ban Nam C
diing.
Hinh 91
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1.35.

1.36.

1.37.

206

(h.92) Vé dudng phan gidc cha AD. Trén AD lay E déi ximg véi M qua AB,
suy ra BM = BE, CN = CE.

Lay Q doi ximg vai P qua BC

= BP=BQ, CP =CQ.

AMBP = AEBQ(c.g.c) = MP = EQ.
AQEC = APNC (c.g.c) = PN =EQ
= PM =PN.

= AAMP = AANP (c.c.c)

— MAP = NAP = BAP = CAP.

Suy ra P thuoc duong phan giac AD cua AABC.
(h.93) a) E va M d6i ximg qua AB

Hinh 92

= AE=AM; A, = A, (1)
F va M do6i ximg qua AC
=>AF=AM; A; =A,. (2)

Tu(l)va(2)suyra AE=AF. (3)
Tu (1) va(2) suy ra

MAE + MAF = 2.(A, + A;) = 180° (4) g
Tir (3) va (4) suy ra A 1a trung diém cta EF.

b) Ta ¢c6 EF = 2.AM nho nhat

<> AM nho nhit <> M la chan dudng cao ké tir A.
(h.94) « Néu AM = AN, ta ¢6 két qua hién nhién.

» Xét AM # AN, K¢ AH la duong phan gidc goc A
= AH Ia truc d6i ximg cua tam gidc can.

Goi I, K, J 1a trung dié¢m AB, MN, AC

A

= 1J // BC. (1)

K¢ MM' // BC = BM = CM' E

= CM'= AN = IN =M. ) SR T
= JK la dudng trung binh cia ANMM' / E \
= JK // MM.. 2 " &
= JICH B (2) Hinh 94

Tir (1) va (2) = 1, J, K thing hang.



1.38. (h.95) Goi A, 1a diém doi ximg vai A

1.39.

1.40.

1.41.

qua tia phan gidc ngodi géc dinh C
Tacd ACB + m = 180", suyr B C
A, thing hang.

Tacoé: MA + MB>BA, =CA + CB.

(h.96) Goi I dor ximg v A qua Ox,
K doi ximg véi A qua Oy

= AB=1IB; AC=CK

Do do :
AB+BC+CA=IB+BC+CK 2IK

=> Chu vi AABC nho nhdt bing IK khi
B, C 14 giao di¢m cuia IK véi Ox va Oy.

(h.97) Goi E 1a di¢m d6i ximg cua A O Y
qua dudng thing BC
= AC=CE; AB=BE Hinh 96 "%
ACB = i?is ma goc ngoai dinh C A
cua wr gidac ABCD tai dinh C bang ACB B
= D, C, E thing hang.
= DE = CE + CD < BD + BE X
hay AC + CD < BD + AB. D C E
inh 97
(h.98) a) M d6i xing v6i H qua AB 9
nén AAIM = AAIH ; N doi ximg véi A
H qua AC nén AAKH = AAKN. N
Suy ra AMI = AHI : ANK = AHK X
— — — — i
vi MAH = 2.BAH : NAH = 2.HAK
FHN — M
= MAN = 2.BAC = 140°
Mat khic : AM = AN (= AH) nén
AAMN can tai A B H C
= AMN = ANM =:I,-.(180" - MAN) =207 Hinh 98



1.42.

1.43.

1.44.

208

Suy ra THK = [HA + KHA = 20° +20° = 40°.

b) Ta c6 KC la phan gléc gdc HI(N (1)
Mat khic : [HA = KHA (vi AMI ANK) = HA 1a tia phan giac IHK,
ma HA L HC = HC la tia phan gidc géc ngoai dinh H cia IHK. (2)
Tir (1) va (2) suy ra IC la phan gidc KIH (3)
Mt khidc : IB 1a phan gidc MIH (tinh chat d6i ximg truc) = IB LIC= AB L Cl.
Tuong trta c6 AC L BK. D
(h.99) Qua A ké duomg thing xy // BC.
Goi D do1 ximg v6i B qua xy thi BD=2h,.
Taco:
JBD? 2 X A 2
AC+AD>=CD = vBD” + BC -
e Tab+c 2 \J4h? + a2 ;
2 | 5" 3
= h; <l4<—[(b+c)" -a"]=p(p-a).
4 B §

Viay h, < m 4 Hinh 92
(h.100) a) AFAH = AFAI (c.g.c) = FI = FH
AFBI = AKBE (c.g.c) = FI =KE

b) Tircau a = FH = KE

CH = CE (do do1 ximg)

CF = CK.

Do d6 ACFH = ACKE (c.c.c)

Suy ra ITEF=[§EE:>PTEE=I?(_Z_IH(

— 2.@ = 2.5—614" hay KEE = D#_(:.:It Hinh 100

(h.101) a) AAEH = ACGF (c.g.c)

= HE =GF A E ; B
ADHG = ABFE (c.g.c) = HG = EF '
= Tir giac EFGH la hinh binh hanh. F

H
b) ABCD la hinh binh hanh = AC, BD
cat nhau tai trung diém méi dudng. (1)

EFGH la hinh binh hanh = EG, HF cit b ’ G C
nhau tai trung diém méi duong.  (2) Hinl 101



DH // BF ; DH = BF nén DHBF la hinh hinh hanh, suy ra BD, HF cit nhau
tai trung diém moi dudng. (3)
Tur (1), (2) va (3) suy ra AC, BD, EG, HF déng quy.

1.45. (h.102) Suir dung dudng trung binh
trong tam giac, ta duoc ENFQ la hinh

binh hanh
= EF va NQ cit nhau tai trung diém
O cua moi duong. (1)

Tuong tu, ta dugc EMFP la hinh binh
hanh, suy ra EF va MP ciing cit nhau
tai trung diém ctia méi dudng. (2)
Tur (1) va (2) suy ra MP va NQ cit
nhau tai trung diém O cta méi dudmg.
Vay MNPQ la hinh binh hanh.

1.46. a) Do P la mot diém thudc mat phing
cua tam giic déu ABC nén P la mot
diém nam trén mot canh hoac bén
ngoai tam giic hoic P la mét diém
nam bén trong tam gidc.

Hinh 102

e Néu P ndm trén mot canh thi hién
nhién.

e Xét P la diém nidm bén ngodi tam
giaic ABC (h.103a) (néu P nim trong
tam gidc (h.103b) , chimg minh tuong tw).

T gidac PA'CB' la hinh thang vi cé
A'C// PB.

Tu gidac PA'BI 1a hinh binh hanh nén
P=B=60°,

ma PBC = ACB = 60° = PA'CB' I
hinh thang can = PC = A'B".

Tuong tu PB=A'C'; PA=B'C

A'BC déu <= A'B'=BC =CA'

<> PC=PA =PB

<> P la trong tim AABC. Hinh 103
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b) T gidc PA'BC ; PA'CB' 1a hinh thang can nén :

BPC-BA'C = 180°-B,~-C,-B, - C,
=180° - (B, + B,) - (C; + ;) = 60°.

Tuong tuy nhu trén, ta ¢ CPA - CBA' = 60° ; APB-ACB = 60°
hay o = 60° khong phu thudc vio vi tri P.
1.47. (h.104) Goi N la giao diém cta BC va DM.

T gidac MBDC la hinh binh hanh nén
N Ia trung diém BC va MD.

Goi ME va AD cit nhau tai P.
Tir gidc MAED la hinh binh hanh nén
P 1a trung diém AD va ME

AAMD c¢6 AN, MP la dudng trung
tuyén nén G la trong tam. A ; N ¢0
dinh nén G ¢6 dinh.

Suy ra khi M di dong thi duomg thing
ME luén di qua diém G ¢d dinh.

Hinh 104

1.48. (h.105) « Truong hop BAC nhon.
Dung hinh binh hanh AEND ta c6

BD = DA = EN ; DN = AE = EC. .
Lai c6 NDB = 90° - NDA . %
= 90° — AEN = CEN
- ABDN vi ANEC ¢6 BD = NE ;
NDB = CEN ; DN = CE
= ABDN = ANEC, suy ra BN = CN » :
Hinh 105

vi DNB = ECN .
Mat khdc AE LCE;DN//AE=DN LCE. (1)
Pit DN cit CE tai H = HCN + HNC = 90° = BNC = 90° .

Do d6 BNC vuong can tai N = N ¢6 dinh.
Viy AM luon di qua diém N ¢6 dinh.

* Truong hgp BAC tu hoac vuong thi chimg minh tuong tu.



1.50.

nén CC;A,;A5 la hinh binh hanh

= AM = ;M. Mat khic A,B,C,B B,
cling 12 hinh binh hanh, do dé B, B,, L
M thing hang, suy ra P € BB,.

N ]
Tuong turtac6 P € AA,. A V C s
B,

» AABC ¢6 AA,, BB, la duong trung
tuyén cit nhau tai P

2 - .
= AP = EAAI + BP = EBBI' Ma Hinh 106

(h.107) a) Goi Q la giao diém CP va AP, O 1a giao diém BD va AC.
* AABC c6 AM ; BO la cdc dudng trung tuyén nén N I trong tam
= CQ la duong trung tuyén = QA = QB.
 Dé thdy AAPQ = ABCQ (g.c.g)

= AP=BC=AD

b) *» Gia sir AB = AC. Khi d6 ABC can

tai A = AM la duong trung truc ciia BC

=> NBC cin = NB = NC. (1)
AD // BC, AM L BC nén NA la trung
truc cua BC = NP = ND. (2)

Tir (1) va (2) suy ra CP = BD.

« Dao lai, gia su CP = BD, qua B ké
dudmg thing song song véi CP cit AD
tai F, suy ra PFBC la hinh binh hanh

= CPD = BFD.

Vi BD = CP = BF nén ADBF can tai B
— NDA = BFP = CPD => ANDP can tai N. Mat khiac AP =AD

= NA la duong trung truc ciia PD = AM L AD = AM L BC= AB=AC.

Hinh 107
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1.51.

1.52.

1.53.

()
o

(h.108) a) Goi O la giao diém cua AC va BD. K
Ta ¢6 : AO ; BE la trung tuyén cua /\\
AABD = P la trong tdm ; E__,
2 2 1 I
= AP==-A0=—-.=-AC=-AC.
3 3 2 3

|
Tuong tu, ta co : = CQ=AC.

Dod6:PQ=AC-AP-CQ= %AC.
Vay AP=PQ=QC

b) Taco : AE = ED, EM = MI = AMDI la hinh binh hanh = Al //MD. (1)
Tuong tu, ta c6 : BK // MC. (2)
Ma AB // CD. (3)
Tir (1), (2) va 3) suy ra I, A, B, K thing hang hay I, K thuéc dudng thing AB.
¢) Al + AK = IK = 2.EF khong déi khi M di dong trén canh CD.

Vé hinh binh hanh ABC,E (h.109). B
Khi d6 chu vi ABC,E va ABCE bing
nhau. Suy ra C; = C, néu khong, trong
hai tam giac BC|E va BCE s¢ c6 mot
tam gidc nam trong tam gidc kia va
chu vi cia ching khong thé bing A >
nhau. Nhu vay AE = BC Hinh 163

Tuong tur nhu vdy, ta duoc BCDE Ia hinh binh hanh. Suy ra DE = BC hay

BC = lAD.
2

Hinh 108

i
F

Nhdn xét. Trong bai todn c6 sir dung y tuong sau : Néu C; nam trong tam
gidc BECthi CB + CE > C, B+ C,E.
(h.110) « Gia sir OB # OD (chidng han

E i
OB <0D)
Trén tia OB lay E sao cho OE = 0D V
= AECD 12 hinh binh hanh ”
= ADC = AEC. -

A D

« Ap dung tinh chat géc ngoai tam gidc,

ta cé : Hinh 110



1.54.

1.55.

1.56.

ABC = ABO + CBO > AEO + OEC = AEC => ABC > ADC, trdi gia thiét,
do d6 diéu gia sir 1a sai. Vay OD = OB hay ABCD la hinh binh hanh.

(h.111) Trén tia d6i cha tia PA 1ay diém K sao cho PK = PA.

Ap dung tinh chat duong trung binh
trong tam giic ABK, ACK taco:

PF//BK; PE//CKvaPE= %KC.

Vi PE//BSva PE = %BS

= KC// BSva KC =BS
=> BSCK 1a hinh binh hanh

= CS//BK = CS//PF.

(h.112) » Ta ¢é : ABCH cin tai C, nén
CBH = CHB = CBH = HCD

= ADC = HCD

=> AHCD Ia hinh thang can. Do d6 D C
AC = DH. (1)

« Mat khiac AK = AB = CD nén ACKD
Ia hinh thang can. Do d6 AC = DK (2) K

Hinh 111

A . H B

Tir (1) va (2) suy ra DH = DK hay Hinh 112
ADHK can ta1 D.

(h.113) — Dung M la trung diém cta EF

— Trén tia d6i cua tia MA, dung diém C

sao cho MC = %MA

— Dung B déi ximg véi C qua E

= Dung D doi ximg véi C qua F.




1.57.

1.58.

1.59.

(h.114) « Goi I 1a giao diém cia HF va CE.
Suy ra H, I, F thang hang.

« Ta ¢6 BCD + HCF = 180°

= D, C, F thing hang.

» Ta ¢c6 OM la duong trung binh cia ACE
= OM // CE = ODC = ECF

Ma AODC ; AICF lin luot can tai O va |
nén Tw:ﬁﬁc;ﬁ:ﬁ&

= OCD = IFC = IF // AC.

Mat khéic IM la duong trung binh cua AACE
= MI// AC = I, M, F thiing hang

= M, H, F thing hang.

(h.115) a) K¢ EI L AH

=> HDEI 1 hinh chir nhdt = EI = HD

= El = AH.

Mat khic A, = E, (ctng phu véi HAE )
nén AHAB = AIEA = AB = AE.

b) Ap dung tinh chit duomg trung tuyén
trong tam gidc vuong, suy ra :

AM =DM = % BE,

do d6 AAHM = ADHM (c.c.c)
= AHM = DHM = = AHD = 45°.

(h.116) a) AIDK li hinh chir nhat

= DAI = KIA

AMB cén (tinh chat) = ISK] = I\TB—A
= KIA = MBA = IK // BC

b)lK=AD::>AD=-;BC

—

I 2

- 2AM = — AM

3 3

= D la trong tam AABC.

A B
N
( H
D C
Hinh 114
B
H
[B]
| 4
A E
Hinh 115
B3
M
Iw! |
L,
A K

Hinh 116




1.60.

1.61.

1.62.

(h.117) a) Goi O la giao diém cua AH B

va DE. Ta cé : ADHE Ia hinh chir nhat H

= OA = 0D .
:&OADcan:b(m-)=f)—[3E. (1) K@ A /‘w1

AM la duong trung tuyén tmg véi canh N

huyén trong tam gidc vuong ABC 2

= AM = BM = AAMB cin A E -
— MBA = MAB . 2) Hinh 117

Ma OAD + MBA = 90° nén tir (1) va (2) suy ra ODA + MAB = 90°

hay AM L DE.

b) AM = MC => AAMC can = MAC = MCA = MAC = BHD .

Mat khic AE = HD, do d6 AEAN = ADHB (g.c.g)

= NE = BD. Lai ¢6 BD // NE = BDEN Ila hinh binh hanh = BN // DE.

c) Tacé: BN //DE = BN L AM.

Suy ra ABMA ¢6 AH ; BN ; MK la duong cao do dé6 AH, BN, MK dong quy.
(h.118) Goi H, I 1an luot la trung diém cua DC, EM

= IH la dudng trung binh cua hinh A B
thang CDEM = IH L CD.

Ma HF = HK (vi DF = CK)

= AIKFcantai l = IK = IF,

Ma AKME wvuong, c¢6 KI la duong

: I
trung tuyén, suy ra KI = = ME

= Fl = % ME = AMEF vuong tai F.

(h.119) » Goi M, N la trung diém ctia BC va IK A

= MN la duong trung binh cia hinh 5 R

thang vuong BCKI = MN L KI N

« Ap dung tinh chit duomg trung tuyén E 4

img vGi canh huyén trong tam gidc ' -

vuong BDC; BECtaco: X
| I - \ ¢

EM:—BC:MD=;BC B M c
2 Hinh 119

= EM = MD => AMED cin tai M.
Ma MN L DE = MN la dudng cao = MN la duong trung tuyén
= NE =ND = IE = DK.

215



1.63. (h.120) Goi O la giao diém hai dudng
chéo EI, DK. Taco OD =0OK = OE = OL.
ABEI vudong c¢6 BO la duong trung
tuyén ung véi canh huyén
= BO=0E =0]
= BO = OD = OK nén ABKD vuong
tai B, suy ra DBK = 90°.

1.64. (h.121) a) BDEH la hinh chir nhat

= ABDIcantail = IBD = IDB. (1) Hinh 120
Tuong tu, ta ¢6 : OCD = ODC . (2) >
Ma AABC can tai A = ABC=ACB. (3) H K

Tu (1), (2)va(3)suyra:
IBD = ODC = DO // AB va
IDB = OCD = DI /f AC.

A

Do dé AIDO la hinh binh hanh.

b) AIDO la hinh binh hanh [ 00|

= Al=D0O; AO=DI. 1 M

= HI // AO ; HI = AO (= ID)

= AHIO la hinh binh hanh

= AH // 10, AH =10. (4) B D 5

Tuong tr, AKOI 1a hinh binh hanh Hinh 121

= AK //10, AK = 10 (5) '

Tir (4) va (5) suy ra A, H, K thing hang, AH = AK, do vay A Ia trung diém

cua HK.

¢) AIDO Ia hinh binh hanh nén M la

trung diém cia AD. Vi I,, O, Ia "’ 2 D

trung diém AB, AC nén theo tinh

chat duong trung binh tam gidc ta ¢6 V3 53

;M // BD, MO, // CD, suy ra M thudc 2 .

doan thing I,0,. /3B e
1.65. (h.122)+ Trén doan AD ldy diém Esao A /3

cho AE = AB. %

Goi H 1a hinh chi¢u vuong géc clia D B 3 "

trén BE. Hinh 122



1.66.

1.67.

1.68.

Tac6: AB= AE, A = 60° = AABE déu = E, = 60°, E, = 60°
1
2
Ap dung dinh 1y Pytago : HD = 3.
= BCDHc6 HB=CD ; BC=HD; H=90° = BCDH la hinh chtr nhit
= ABC =60°+90°=150"; C = 90° ; ADC =90°- 30" =60°".

 Ban Todn di trude dat dong xu vao tam hinh chir nhat.

« AHDE ¢6 E, = 60° = HE = — ED = +/3.

* Tiép theo, ban Hoc dat dong xu & vi tri nao thi ban Todn chi can dat dong
xu ti¢ép theo doi ximg véi dong xu ban Hoc da dat.

« Cur tiép tuc nhu vdy, néu ban Hoc con vi tri dat dong xu thi con vi tri doi
Xumg v6i vi tri do qua tam dé ban Todn dat.

Viy ban Todn di theo cdch doé thi luén thing cuoc.

(h.123) Goi P va M lan luot la trung A
diém AD va BC. p
Ap dung tinh chat duong trung binh D
trong tam gidc, ta co :
NP // MQ (// AB), NP =MQ (= %AB) %
= MNPQ la hinh binh hanh. &
; ] 1
Ma NP = MN (vi EAB = ECD} ;5 M .
= MNPQ la hinh thoi = MP L NQ. (1) Hinh 123
Mat khic NPQ = BAC = KAC = MPC
= AK // MP. 2
Tir (1) va (2) suy ra NQ L AK.
(h.124) Khong mat tinh tong quat, gia sir 5

OC=0A ;0D = OB.

Trén OC ldy diém F sao cho OF = OA,
trén OD 14y diém E sao cho OE = OB

=> tr gidc ABFE Ia hinh binh hanh

= AB=EF. s
Vi chu vi tam giic OAB bing chu vitam ) C
gidc COD nén : Hinh 124

AB+OA +0OB=0D+0C+CD

=>AB+0OA +0OB=0OE+DE +OF+FC+CD = AB=ED + DC + CF
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1.69.

1.70.

hay EF = ED + DC + CF diéu nay chi xay ra khi E = D, va F = C hay OA = OC,
OB = OD.

Khi &y ABCD la hinh binh hanh.

Mt khdc, chu vi tam gidc OAB ; AOD bing nhau nén :
AD+OA +OD=AB+ OA + OB = AD = AB.

Viy ABCD la hinh thoi.

(h.125) a) Ap dung dudng trung tuyén
ing vdi canh huyén cta tam gidc vuong,
taco:

EI=DI=P[=MI=AI=:I}- AM. (D)

Mat khic, dap dung tinh chiat géc ngoai
cUa tam gidc, 1a co :

EID = EIM + MID = 2.EAI + 2.IAD
g

Hinh 125

suy ra AEID déu nén EI = ED. (2)
Tuong . ta ¢6 : DIP = MIP - MID = 2.MAC - 2.MAD = 2.DAC = 60°
=> ADIP déu nén DP =IP. (3)

T (1), (2), (3)tacoé El=IP=DP = ED = DEIP la hinh thoi.

b) Goi O la giao diém EP va ID, K la trung diém AH = AK = KH = HD.
Theo tinh chéat duong trung binh ta ¢6 : OH // IK, MH // IK, suy ra M, O, H
thing hang hay EP, MH, ID déng quy.
(h.126) Goi O la tam hinh thoi ABCD.

Ap dung tinh chat dudng trung &
tuyén g vGi canh huyén cia tam
giic vudng, ta co :

.r"\. - N
MO =ON = %BDmEaMN =%BD '

= MO =NO =MN Hinh 126

— AOMN déu = MON = 60°
MOD = 30° = M, = MBO = 15° = BDA = 75°. Tir dé suy ra céc goc cia
hinh thoi 1a: A = C = 30°, B=D = 150°.



1.71.

1.72,

1.73.

1.74.

(h.127) a) Goi M la trung diém BP = BM = CQ = BMQC la hinh binh hanh
= QM =BC, QM // BC.

AAIP=AMQP (g.c. g) = AI=MQ | K B
— Al = AD (= MQ) M
= ABID ¢6 BA la duomg trung tuyén, 5 3 ¢
Al = AD = AB = ABID vuong tai B. Q

b) AIBD ¢6 BA la duong trung tuyén, D

1
AP= - AB, vdy Pla trong tam = BK =KL Hinh 127
2

(h.128) Ta ¢6 BECD la hinh binh hanh tam F.
OF la duong trung binh cia ABCD, G2 A =M
suy ra H la trung diéem ECma G la ~_~Z2---~
trong tam cua AAEC. 0 | C
Vay A, G, H thing hang.
(h.129) a) AABE = AADF (g.c.g)
= AE = AF = AAEF vuong can.
Al 1a duong trung tuyén cua AAEF
=> Al la dudng cao = Al L EF.
AMIF = ANIE (g.c.g) = MF = NE. ' E
Tacé : MF // NE, MF =NE, MN LEF
= MENF la hinh thoi. -
b) MENF la hinh thoi = ME = MF. g D M C
AABE = AADF = BE = DF. i a2
ChuviACEM1a:CM + ME + EC=CM + MF + EC=CM + MD + DF + EC
=CM + MD + BE + EC = 2.BC.

Do vay chu vi ACEM biing 2.BC khong ddi khi E chuyén dong trén BC.

Hinh [28

(h.130) Lay diém M trén tia DE sao cho CM // EF. D c
Ta ¢6 AADE cin tai A ; DAE = 30°. '

= ADE = 75° = MDC = 15° \ o\
— MDC = FBE. (1)

Ma MCD = EAB (goéc ¢6 canh tuong (g
song song)

= MCD = BEF (= 60°). (2) A Hinh 130 B
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Tir (1) va (2) suy ra ADCM = ABEF (g.c.g) = CM = EF ma CM // EF
— CMFE la hinh binh hanh = OC = OF.

1.75. (h.131) Dung ABC vuong can dinh A. Do chi C D
ddnh dau boi mot trong hai diu (+) hoac ()
nén ton tai hai diém cung diu, khong mat tinh
tong qudt, gia sir hai diém A, B ciing diu va
cung dau (+).

e Néu Ccodau (+) thi ABC latam gidc phai tim.

e Néu C ¢6 diu (- ) thi ta dung diém D sao cho ._.. 5
ABCD 12 hinh vuong. S e
v" Néu D ¢6 ddu (+) thi ABC 1a tam gidc phai tim.
v" Néu D ¢6 dau () thi goi I 1a giao diém ctia AD va BC
+ Néu I ¢6 diu (+ ) thi ABI 1a tam gidc cdn tim
+ Néu I ¢6 diu (=) thi CID la tam gidc cdn tim.
1.76. (h.132) Vi \‘[AB MBC ma MBC + MBA = 90° A B

= MAB + MBA = 90°. Suy ra AMB = 90°
Tuong tu ta cé

BMC = 90° ; CMD = 90° ; DAM = 90° 9
Tir d6 suy ra AMB +BMC = 180°, suy ra ba
diém A, M, C thing hang.
D C

BMC + CMB = 180°, suy ra ba diém B, M, D

thing hang.

Vay M la giao diém hai duong chéo AC va BD.
1.77. (h.133) a) Trén CD ldy E sao cho CE = AB

Hinh 132

A B
Tw gidc ABCE ¢6 AB // CE ; AB = BC "
nén ABCE la hinh thoi
= AE // BC, AE = BC, AED = BCD '
=> AE = AD = AADE can tai A
= ADC = AED = ADC = BCD D E ' C
Viay ABCD Ia hinh thang can Hinh 133

b) Dat I 1a giao diém AE va BD, tacé AE // BC ; BD L BC nén AE L BD.
AABD can 1a1 A (AB= = AD) ¢6 AI 14 duo’ng cao nén Al cuna la du-:mu phan
gidc, suy ra BAE = DAE. Ma BAE = AED suy ra DAE = AED



= AADE céantai D. Ma AD = AE = AADE déu = ADC = 60°.
ABCD Ia hinh thang can nén BCD = ADC = 60°
= DAB = CBA = 180° - 60° = 120°.
1.78. (h.134) Goi canh hinh vuong 1a a.
Trén tia doi cua tia BC ldy M sao cho M B E

BM = la.
)

Khi d6 AABM = AADF (c.g.c)
= AM = AF

2 2 -
. 2. .
Tacé : EF = (i] +(:‘—1J = 2 .
2 3 6 A )

MAME = Sa+—n =22 = EF wMF. s e
2 3 6

Do d6 AAME = AAFE (c.c.c) = AEF = AEB. B D
1.79. (h.135) Dung hinh vuéng BACD, ta cé
ABHM, ACKM vuéng can va AHMK la
hinh chir nhit nén BH = HM = AK, N
CK = MK = AH. H &
ABDH va AABK c6 AB = BD, BH = AK,
BAK = DBH = 90° e
nén ABDH = AABK (c.g.c)
— ABK = BDH, ma ABK + KBD = 90°
— BDH + KBD = 90° = BK L DH. (1)
Tuong trta c6 : DK L CH. (2)
Goi HM cidt CD tai N, DM cit AC tai E, DM cit AC tai E.

Ta ¢6 MNCK Ia hinh vuéng, BDNH la hinh chir nhat

= MN = MK = AH, DN = BH = AK.

Do d6 AHAK = AMND (c.g.c) = HKA = MDN

Ma MDN + DEC = 90° = HKA + DEC = 90°

= HKA + DEC = 90° hay DE L HK.

Xét ADHK c¢6 KB, HC, DE la cic dudng cao nén KB, HC, DE dong quy, suy

ra MD qua diém [ hay dudng thing MI luén di qua diém ¢6 dinh D khi M
di dong.

Hinh 135

()
12



1.80.

1.81.

1.82.

12
]

(h.136) Goi M la trung di¢m cta BC, " B
Ta c6 AABE = ADAM (c.g.c), suy ra
AM = BE, DAM = ABE,
ma DAM + MAB = 90°,
suy ra ABE + MAB = 90° hay AM L BE,
suy ra AM // EF
AADM c6 AM // EF, AE = ED, suy ra |
EF Ia dudmg trung binh cia AADM D F M .
—. E:l.suy ra EE.:.I_ Hinh 136

AM 2 BE 2
(h.137) Goi K la trung diém ciua AB.
Ldy diém N nam ngoai hinh thang
ABCD sao cho NK L AB ; NK = AB.
D¢ thdy : AMHC = ABKN = MC=NB;
mat khic AB // CD va ABCF vudng can
tai F nén AFMC = AFNB (c.g.c)
= AMFN vuong cin tai F.

Tuong tv AMEN vuong céan tai E. Suy
ra MENF la hinh vuong = AMENTF la
hinh vuéong = AMEF vuong can tai M.

Hinh 137
(h.138) a) Theo tinh chat cua hinh vuong, ta co :

DAB = 45°,CAG = 45°,

suy ra : DAB + BAC + CAG = 180°.

Do dé D, A, G thing hang. (1)

b) Tacé BE L AD, CF L AG = BE // CF.

Ta c6 EAB+BAC = 180° = C, A, E
thaing hang. Tuong v B, A, F thing p
hang.

Do d6 BF = BA + AF = EA + AC=EC (2) B H 2
Tur (1), (2) suy ra BCFE la hinh thang cén. il ol

¢) Goi S 1a giao diém cua tia DE va tia GF. Suy ra AABC = AFSA

— FAS = ACB.ma ACB+ CAH = 90° = FAS + CAH = 90°
= S, A, H thing hang.




1.83.

1.84.

Xét ACBG va AASC ¢6 BC = SA. CG = AC, BCG = SAC
= ACBG = AASC (c.g.c) = ASC = CBG, ma ASC + SCB = 90°
= CBG + SCB = 90° hay BG L SC. 3)

Tuong tutaco : SB LCD. (4)
Tir (3), (4) ta cé SH, BQ. CD Ia duong cao trong tam gidc SBC nén SH, BG,
CD dong quy, suy ra di¢u phai chimg minh.

Nhdn xét. Cau ¢ van dung trong truong hop tam giic ABC la tam gidc thudmg.
(h.139) a) AC> AB = ABC > ACB ma

ABC + ACB = 90°, suyra ABC >45°. B i ’
b) AABH = AAPE (géc nhon, canh goc

vuong), suy ra AB = AP. I 7\
\
¢) ABQP la hinh binh hanh, A =90°, ‘.,‘

AB = AP, suy ra ABQP la hinh vuong. & \ 4 =

\

Ap dung tinh chat duong trung tuyén 2
trong tam gidc vuong, ta ¢co : Hinh 139

Al = KI [= lBP]

2

= AAHI = AKHI (c.c.c).
= HI la phan gidc AHK, mat khdc HE 1a phan gidc cia AHK nén H, I, E
thing hang.
d) Taco Kl = % BP = KI = %AQ = AAKQ vuong tai K,
= QK L AK, ma HE L AK (tinh chat hinh vuong), vay HE //QK.
(h.140) Goi D, E, F la chan duong cao ha tir
cic dinh A, B, C cua tam gidc. Ké HI // AB,
HK //fAC=BH 1 HK ;: HC L HI.
Dé c6: HA < AK + Al, HB < BK, HC < CI.
Suyra HA +HB+ HC< AB + AC. (1)
Tuong tu, taco :
HA + HB + HC < AB + BC. (2) B D C
HA + HB + HC < BC + AC. (3) Hinh 140
Tu (1), (2), (3) cong v¢ vai vé, roi chia cho 3 ta duge diéu phai ching minh.
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1.85. (h.141) Tir M vé MF L BN cit AB tai K. Ké B C
AE //KM (E € CD). AABN = ADAE
= AE = BN.

Ma AE = KM = BN = KM. M

ABKM cin = MF = -@ =¥.
Z F

—
Ty

D

A
MNzMF:MNzE,DUd(,ﬂgg. = N
2 MN K

- Hinh 141
1.86. (h.142) Dung hinh binh hanh ADBK va

BDCL. Tacé :

AK // BD, AK = BD, CL // BD, CL = BD

= AK J{ CL, AK =Cl.

= AKLC la hinh binh hanh. Do dé
AB+BC+CD+ DA =(AB+ (D) +(BC+DA)
=(AB+ BL) + (BC + BK) 2 AL + CK

Diu bing khi A, B, L thing hang va B, K, D
C thing hang khi ABCD Ia hinh binh hanh.

Vay hinh binh hanh thoa man diéu kién
dé bai ¢6 chu vi nho nhat. E F

1.87. (h.143)Dat AM=x =>BM =a - x

&
Hinh 142

- 2 2
Tacod: Sr\MCD-!- SHMEF =X + (il - I)

= ?.x2

A M B
32 Hinh 143

Vay gid tri nho nhat cta Syyiep + Spver = B

khi x = — hay M 12 trung diém ctia AB. \
D,
1.88. (h.144) Ha dudng cao AH. Ta c6 ADME N

S N1

1a hinh chir nhit, suy ra DE = AM > AH. / FW\
T .

Vay DE nho nhat bang AH khi M tring B M
voi H. Hinh 144



1.89.

1.90.

1.91.

192

(h.145) Goi B Ia diém doi ximg cia Bqua AD.
Goi I 1a giao diém cua AD va B'C.
e NeuM € A = MB'+ MC< AB + AC

= MB + MC < AB + AC. (1)
e NéuM e ID = MB' + MC < DB' + DC
= MB +MC< DB+ DC. (2)

Tur (1) va (2) ta suyra :

MB +MC<max { AB+ AC; DB+ DC}.

(h.146) Goi O la giao diém cua hai Hinh 145

duong chéo AC, BC. Khong giam tinh

ong qudt, gia sit M thuoc AAOB. Goi

OM cit AB 1ai N. A N B

Tacé: MA + MC<NA + NC
MB + MD < NB + ND

=>MA+MB+MC+MD<AB+NC+ND (1) 0

Ap dung bai 1.89. Ta cé :

NC + ND <max {AD + AC; BD + BC} & C

= NC + ND < AD + AC. (2) Hinh 146

Tur (1) va (2) suy ra MA + MB + MC + MD < AB + AC + AD.

Nhdn xét. Trong bai 1.89 va 1.90 ¢6 sir dung bai todan quen thudc sau : Cho

diém M ndm bén trong tam gidc ABC thi MB + NC < AB + AC. Ban doc cén

nhd bat ding thiic nay.

(h.147) K¢ BE // AD, E € CD, suy ra / \
ABED la hinh binh hanh

= D = ABE, A = BED.

Tacdﬁf@>he,hm>M=6.D - C
Suyra: A+B>C+D. Hinh 147

(h.148) Trén nita mét phing bo CD chia &
(!ic'm‘B vé tia Cx sao cho CDA = DCx, 2 . e

Cx cat duong thing AB tai E.

Vi D>C = DCE>DCB

= B nam gitra A va E.

AECD la hinh thang cin = AC=DE. (1) D Hinh 148 c



1.93.

1.94.

Mt khic DBE > DAB = BEC > BED = DE > BD. 2)
Tir (1) va (2) suy ra AC > BD.

(h.149) Néu ABCD la hinh binh hanh = di¢u phai chimg minh. X¢t ABCD
khong phai la hinh binh hanh, gia sir AB cat CD tai E.

Dung hinh binh hanh ABCF = AF = BC E

DF=2 = AC+21J=AC+DF<AF+CD

hay AC+ 2 1J < BC + DC. (1)

Ma BD < AD + AB. (2) A F
Tur (1) va (2) suy ra:
AC+BD+21J<AB+ BC+CD + AD.
(h.150) a) Xét ACDN va ABCM ¢6 . C

Hinh 149
NCD = MBC(= 90“)

BM =CN ; BC=CD nén ABMC=ACND (c.gc)
Suy ra BCM = NDC, mia NDC +CND =90°
nén BCM + CND = 90° hay ANIC vuong tai L.

b) Cach I : Goi Q la trung diém cua CD ; AL, \M_, B
P 1a giao diém AQ va DI.

Ta gidic AMCQ c6 AM = CQ ; AM // CQ
nén AMCQ 1a hinh binh hanh = AQ // CM l
= AQ 1 DI (1) ) +
Tam gidgc DCI ¢6 Q 12 trung diém ctia CD ; ==
QP // CI nén P la trung diém cua DI . (2) Hinh 150

Tir (1) va (2) ta ¢cé6 AP 1a duong cao ; dudong trung tuyén cua tam giic ADI
nén AADI can tai A.

Cach 2 : Goi K 1a giao diém cua hai tia CM va DA.
Tac6 AM=BM; AMK = BMC ; KAM = CBM
nén AAMK = ABMC (c.g.c), suyra AK =BC = AK = AD.

AIK vuong tai I c6 IA la duong trung tuyén
= Al = AD (tinh chat tam gidc vuong).

TLIANRTARPT 15



1.95.

1.96.

1.97.

(h.151) Trén nira mat phang by BC khong
chira diém A vé tia Bx sao cho CBx = ABO.
Trén tia Bx lay K sao cho BK = BO B C
=> ABKO vuong can tai B = BKO = 45°.
Ta c6 ABKC = ABOA (c.g.c) = KC = AO.
DatOA=a. TTOA:0B:0C=1:2:3

= {B=2a:0C=3a"B =21:CK =%
Ap dung dinh Ii Py-ta-go :

OK? = BK? + BO? = 8a2

= OK? + KC? = OC?*(= 9a%) A D

. : . Hinh 151
= AOKC vuong tai K (theo dinh li Py-ta-go diao) "“
=% BKC' =45"+90" = 135" = A0B =135". x D

(h.152) Lay diém P khdc phia v6i diém P : Y
doi véi duong thing AB sao cho tam gidc
BP" vubdng can tai B.

Ta c6 AABP' = ACBP (c.g.c) = AP'B=135°,
AP = CP. Vi BPP = 45° nén PPA = 90°. P
Ap dung dinh Ii Py-ta-go, ta duoc : :
PA® = AP?" PP? = PC* + 2.PB’. Hinh 152
Cdach 1. (h.153a) Goi P la giao diém cua
dudmg thing BC va AD = tam gidc PAB,
PCD ¢6 PE, PF lin luot la cic dudng trung
tuyén tmg vdi canh huyén, nén ta cé :

e APEB, APFC can nén EPB = EBP -
lz?é:ﬁ, ma EBP = ﬁa’.suyra

EPB = FPC, do d6 P, E, F thing hang.

a)
o Plim s Pl B2
2 7,

Tir d6 suy ra diéu phai ching minh.

A . E =
Cdch 2. (h.153b) Qua E vé duong thing
song song vGi AD, BC cit CD tai M, N
D M F N ¢
b)

= AEMD, BCNE la cic hinh binh hanh
= AE = DM, BE = CN. Ma DF = CF,

AE =BE nén FM =FN va CD — AB=MN. Hinh 153
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1.98.

1.99.

[

Tur d6 suy ra : EF la duong trung tuyén trong tam gidc vuong EMN
] T) =
= EF:@-V@}’ [{F:M_

— —

(h.154) Goi M, N lin luot Ia trung diém AC, BD. Goi K i trung di¢m cua
doan thing A,C, suy ra CK = A|K = AN, suy ra MK la dudmg trung binh
ctia tam gidgc CAA |, suy ra MK // A, A. Goi I 1a giao diém cua MN va A A,

AMKN ¢6 A|K = A|N, A;1 /MK = IM = IN. -

3]
Vay I'la trung diém cta MN, suy ra AA, »
di qua trung diém I cia MN. ‘»-‘

Ching minh wong wy, ta ¢6 BB, CC,, 'y \
DD, ciing di qua trung diém I cia MN. d ¢
Vay AA,, BB,, CC,, DD, dong quy. Hinh 154

Cdch 1. (h.155) Goi M, N theo thit tr 1a trung diém AD ; AE khi do MI, NI
la dudmg trung binh ciia AADE, suy ra AMIN la hinh binh hanh.
Dodé MI=AN=NC; BM=MA =IN N E

ot . i o A
Ma AMI = ANI, suy ra BMI = INC.

hY
ABMI va AINCc6 BM=IN;
e — D
BMI = INC ; MI =NC B C
Hinh 155
nén ABMI = AINC (c.g.c) = Bl =IC. (1)

Goi K la giao diém cia MI va CN.

Vi MI// AEma CN L AE nén MI L CN. Suy ra KIC + KCI = 90°,

ma KCI = MIB = KIC + MIB = 90° = BIC = 90°_ 2)
Tu (1) va (2) suy ra ABIC vudng cén.

Cdach 2 (h.156)

Ké DK ;: AH ; 10 : EJ vuong gbc vai

duong thing BC.

ABDK va AABH ¢6 BD =BA ; g

DKB = ATI?E(: 90"’) E

— — — D
DBK = BAH (ciing phu véi goc ABH ) 1_1
nén ABDK = A ABH K 5 HO C ]

= DK =BH ; BK = AH. Hinh 156




Tuongw EJ=CH;J=AH = DK + EJ = BH + CH = BC vaBK =CJ (= AH)
DEJK Ia hinh thang (DK // EJ) ¢6 ID = IE va I0//DK = OK = 0J.

Mai BK =CJ, suyra OB = OC. (3)
Laico 10 = w - —_I,-BC. 4)

Tu(3)va(d4)taco: OB=0C=10va I0 L BC = ABIC vudng can tai .
1.100.(h.157) V& hinh binh hinh ACMD,

khi d6 AD // CM suy ra &

DCM = ADC =70°

= BCM = BCD + DCM = 120°

CM=AD=BC = ACMBcantai C

— CMB = CBM = 30°. I T

Taco EF 1a duo’ng trung bmh cua AAMB

= EF//BM = EFD = BID = CIM
(I 1a giao diém ctia BM va CD).
Mt khdc, xét AMIC c6 M

— — — f.h:”h 1'5?

CIM =180" - ICM - IMC

= CIM = 180° - 70° - 30° = 80°.

Viy EFD = 80°. A K B
1.101. (h.158) Cdch 1. Goi F la trung diém cua

OD, suy ra EF la duong trung binh ctia

| I
AC)(Dtﬁ] EF=';DC. l'nfi OK =;f\D. o
suy ra EF = OK. I
I
Mat khic DF = OE(= %OD = ;I,-OC).
2 e - one o B 0 ) D C
Torco b= EOK(— 135 ) Hinh 158

= ADFE = AEOK (c.g.c) = FDE = OEK.

Suy ra DEK = DEO + OEK = DEO + FDE = AOD = 90" hay KE 1 DE.
Cach 2

Goi I 1a trung diém AO. Ta c6 AODE = AIEK = ODE = IEK

=> diéu phai chimg minh.



1.102. (h.159) Goi M, N, I lian luot la trung
diém BD, CE, AD. Vi AD = 3.AB, suy ra
I 1a trung diém ciia BM.

Ap dung tinh chat duémg trung tuyén trong

» l
tam giic vuong = AN =DN (= ;CE ).

Do ANAD can tai N = NI L AD, suy

ra NI // BC.

Goi J 1a giao diém ctia NI véi BE

=> NJ la duong trung binh cua ABCE E
= JB=JE = 1J la dudmg trung binh Hinh 159

cuia ABME
= IJ//ME = ME L BD ma MB =MD

= ABDE cén tai E.

1.103. (h.160) K¢ cdc tia phan gidc trong cua
géc ADC, DCB cit nhau tai E.
Tam gidic CDE c¢é C = 65°, D = 55°,
suy ra CED = 60°.
Ta c6 : AADE = ACDE (c.g.c)
= AED = CED = 60°.

ACBE = ACDE (c.g.c) = CEB=CED =60°. D
Tir d6 suy ra A, B, E thing hang. Hinh 160

Vay ABC = EBC = EDC = 55°.
1.104. (h.161) Goi M la giao diém cia CD va SE.
ACDS c¢6 CB la duong trung tuyén va

',
CE= gBC. suy ra E la trong tam tam

gidac CDS, suy ra MC = MD. ACDE c¢6
MF la dudmg trung binh = MF // DE. (1)
AABF ¢6 DE la duong trung binh
= AF // DE. (2)
Tir (1), (2) suy ra A, M, F thing hang.
Viay AF, CD, SE déng quy tai M.

Hinh 16]



1.105. (h.162) Ha CN L AM. Ta ¢o - B
NMC=A, +C, =C, +C, =45°
=> AMNC vuong can tai N, do dé6 MN = CN.
Mat khic B, + A, = A, + A, = 90°, N
suy ra AABM vuong.
=> AABM = ACAN (canh huyén-géc nhon) S

= MB = AN, MA =CN. |

Viy MA=MN = %AN - %MB. (1) Hinh 162

AMNC vuong can tai C nén ta c6 :
MC=MNV2 = MC=MAV2. (2 A
Tir (1), (2) suy ra E:
MA:MB:MC=1:2: 2.

1.106. (h.163) V& tam gidic AME déu, véi E khéc M
phia C so v61 AM.
Ta chimg minh dugc AEAB = AMAC va
ABME vuong tai M, tir do6 suy ra B C

L
P,
—

AMB = 150°. Hinh 163

Ghucong 11

21. (h.164) Goi I l1a trung diém cua BE. Ta
¢O NPRI la hinh binh hanh.
Suy ra K la trung diém cua PI

= HK la duong trung binh cua APMI
= HK // MI via HK =%MI. (1)
Mit khiac MI 1a duong trung binh cta

AABE, suy raMI // AE ; Ml = %AE. (2)

Hinh 164

T (1) va (2) suy ra HK // AE via HK = l AE.

.-
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2.2,

2.3.

2.4.

I~
[S%]

(h.1.65) Goi R 1a trung diém cua CE.
Khi d6 NR la duong trung binh cua
ACDE va MPRQ Ia hinh binh hanh, suy
ra MR di qua trung diém O cua PQ hay
M, O, R thing hing.

e Gia sitr MN // CD = MN di qua R nén
ciing di qua trung di¢m PQ.

e Dio lai, gia sit MN di qua trung diém
PQ thi MN ciing qua R nén MN // CD.
(h.1.66) a) Ta c6 AMBC,;BMCA, Ia
cdc hinh binh hanh.
AC, //BM ;AC, = BM ;
CA,//BM ;CA, = BM
Suy ra AC, = CA1AC,//CA,, do do
AC,A,C la hinh binh hanh, suy ra
AA, va CC, cat nhau tai trung diém

méi dudng. (1) Hinh 166
Tuong tr ta ¢6 AB,A,B la hinh binh hanh, suy ra AA, va BB, cit nhau tai
trung diém méi dudng. (2)

Tu (1) va (2) suy ra AA, ; BB, ; CC, dong quy.

b) Theo tinh chat hinh binh hanh, ta co :

Dé hinh luc gidic AB,CA,BC, ¢6 cic
canh bang nhau thi MB = MC = MA hay
M la giao diém ba duong trung truc cta
tam giic ABC.

(h.167) » Goi O la trung diém ctia AD. Ap
dung tinh chat dudong trung binh trong
AABC va AADC ta duoc : MS // ON va
MS =ON

= MSNO la hinh binh hanh

= MN vi SO cit nhau tai trung diém I
ctia moi dudmg.

Tuong ty, tr gidgc PROQ la hinh binh hanh, suy ra PO va RQ cat nhau tai
trung diém K cta méi dudng.

Hinh 167



Goi G la giao diém cia SK va PI = G la trong tam ciia ASOP nén :

GS=ESK;GP=EPI.
3 3

e AMNP c¢6 PI la dudng trung tuyén ma GP = % PI nén G la trong tam

cia AMNP,
e ARSQ c6 SK la duong trung tuyén ma GS = %SK nén G la trong tdm

cua ARSQ
Viy hai tam gidc MNP va RSQ c6 cung trong tam.

2.5. ¢ Nhan xét ngii gidc déu va hinh vuong thoa min diéu kién dé bai.

o Xét da gidcA A,...A, vGi cdc dudmg chéo bang nhau va n 2 6. Khi d6
AAy = AAg = A)Ay = AyAq. Nhung trong 1 gide 161 AjA; AyAg ta ludn
€O AjAg+ AjA < AA; + AjAg, mau thudn.

Vay da gidc c6 thé ¢6 nhiéu nhat 5 canh.

2.6. (h.168) Gia sir AC la duong chéo 16n D

nhat cua ngi gidc ABCDE, O la giao

diém cua cdc duomg chéo AD va CE. Ta G ) C
c6 AC < AO + OC < AD + CE, suy ra [~
AC, CE, AD la d¢ dai ba canh cia mot
tam gidc.

2.7. (h.169) e Téng cdc goc trong cua luc
gidc bing 720°. X¢t ba cap goc (A:B);

Hinh 168

(E‘; 13) (fi f?) ton tai moOt cdp goc cod

t6ng khong 1ém hon 240°,

Gia sit A+ B <240°. Dung hinh thoi
ABIF, ta c6

- _—

Bi = CBA - B, = B~ (180° - A)

= A +B-180° < 240° - 180° = B, < 60°

AIBC can tai Bc6 B, <60° = CI<BC = |
X8 ACIFc6CF<CI+IF<l +1=2. Hinh 169
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2.8.

29,

2.10.

(h.170) Gia sir ¢6 luc gidc 16i ABCDEF
c6 14t ca cdc goe bang nhau. kéo dai ba
canh khong ké nhau cta hinh luc giic
ching tao thainh AMNP. Vi cic géc cua

M
luc gidc 16i bang nhau nén suy ra AMBC, & D
ADPE, ANAF déu va AMNP déu.
Tacé: BC—EF=MB - (NP - NF - PE) A )\
= MB - MN + NF + PE § —rt p

= MB + AN - MN + DE
= DE - AB. Hinh 170

Tuong tv: BC-EF=AF -CD = BC-EF=AF -CD=DE - AB.
(h.171) e Téng céc gdc trong clia ngii gidc 16i 1a : (5 - 2).180° = 540°.

Ngii gidc da cho khong thé c6 hai goc bé hon hoac bing 90° vi nguoc lai,
néu né ¢6 hai géc nhur viy thi téng cdc gée trong nho hon 2.90° + 3.120° = 540",
e Gia st ABCDE c6 mot goc nhon,

A
ching han B < 90°.
Ta dng ADCM déu nam vé phia ngi .
giac. Khi do BCM can.
Vi C < 120° = BCM < 60°
. MBC = BMC > 60° ’

Hinh 171

Tuong tv EDM cén.
Vi D < 120° = MED = DME > 60° = BMC + EMD > 120°. (1)
AABE can, A < 120° = ABE = AEB > 30°

Tacé: B < 90° = CBE < 60°, ma CBM > 60°

— CEM > C:I_BE :m& A thudc cling nira mat phiang b BE

= BME = BMC + CMD + DME < 180°

ma CMD = 60° = BMC + EMD < 120°. (2)
Tir (1), (2) suy ra mau thuan.

e Trudng hop goc B =90° twong tu, khong xay ra.

Viy tdl ca cac goc déu la goc tu.

Vi da gidc c6 9 dinh nén t6n tai 2 dinh ké nhau cuing mau.

Ta goi dinh d6 1a A va B gia sir cung t6 mau xanh. Khi do6 ton tai mot dinh
thudc dudng trung truc cia AB, gia sirla M.

¢ Néu dinh M t6 xanh = AABM thoa man dé bai.

COTOAMETAM 1R
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212,

2.13.

2.14.

e Né¢u M 16 do. Ta xét dinh C ké véi A va F ké vai B.
Néu it nhét dinh E hoac F 10 xanh thi AABE hoac AABF ¢6 ba dinh 16 xanh
thoa man diéu kién.
Néu E, F khong 16 xanh ma t6 do thi AMEF thoa min diéu kién dé bai.
bat da gidc déu 50 canh 1a A|A5Az. . Agy. Xét trmot dinh A, : Duong chéo
ngan nhat 1a A, A, duong chéo dai nhat la A A,
Tir do, ¢6 24 loar do dai khic nhau.
Ta thiy néu mot da gidc déu ¢6 dinh 14 cic dinh cta da gidc déu ban ddu thi
sO dinh ciia né phai la mot ude s6 1on hon 2 cua 2015.
Vi2015=5.13.31 nén sé c6 :

I da gidc déu 2015 dinh

5 da gidc déu 403 dinh

13 da gidc déu 155 dinh

31 da gidc déu 65 dinh

65 da gidc déu 31 dinh

403 da gidc déu 5 dinh

155 da gidc déu 13 dinh
Vay t6ng s6 da gidc déu la: 1 +5+ 13 + 31 + 65 + 403 + 155 =673,
(h.172) Goi M, N li giao dié¢m ctia d véi BC va AD
Ta xét ACMI va ADNI ¢6 : B &
ICM = IDN ; CI=1D; CIM = DIN
nén ACMI = ADNI (c.g.c)
= Scmi =Spni 40d6 Sapep = Sapwn (1D

Mat khic ABMN [ hinh binh hanh nén :
Samn =ABBE = Sy pyx =Sagen 2 = b
Tur (1) va (2) suy ra Spgep = Sy - \D/

(h.173) Ké DH L AB, BK L CD. AT

Do AB// CD nén HDK =90". Ma

BDC = 45° suy ra DB la duomg phén gidc v - LK
HDK , suy ra HBKD la hinh vuong.

Ma AHAD = AKCB (canh huyén — canh géc
vuong) = Syap = Skes = Sascp = SpHpk-

: BD? AC?
Ma Sy = BK” = —— = —— =32 (em”) .
: : A H B
Vay Sypep = 32 (em”). Hinh 173



2.15.

2.16.

(h.174) Vé AE // BD, E € CD, suy ra

ABDE la hinh binh hanh, suy ra . 4
AE=BD=12(cm) ; ED=AB =35 (cm).
Tacé: AEZ + AC? =122 +16% = 400
CE? = 20% = 400 nén AE2+AC?=CE?,
D
suy ra AACE vuong tai A E ¢
Hinh 174

= o = %AE.AC =96 (cm?).
AADE va ARBC c6 dudng cao ha tir A va tr C bang nhau va DE = AB nén
SADE =Sasc-

Sy Sxpcs = Sanc+ Saen = Sape + Sxcp =96 (em®).-

(h.175) Cdch 1 :

e V6i diém thi nhat M, n6i véi 4 dinh A o
gidc, ta duogc 4 tam gidc doi mot khong
¢6 diém trong chung.

e Diém thit hai N phai 1a diém trong clia M

mot trong 4 tam gidc chung dinh M. Noi

N vagi ba dinh cua tam gidc, suy ra so o C
tam gidc tang 2. Hinh 175

e Tuong tu véi hai diém con lai, v6i méi diém thi s6 tam gidc tang hai. Vay
s6 tam gidc khong c6 diém chung 1a: 4 + 2 + 2+ 2= 10 tam gidc. Tong
dién tich cdc tam gidc d6 bang 1 ; nén ¢6 it nhat mot tam gidc do6 ¢6 dién

1
tich khong vuot qua —
Cach 2 :
N6i cdc diém tao thanh cédc tam gidc doi mot chi chung nhiéu nhat mot canh,
phtt vira kin tf gidc. Téng cdc goéc trong cla cdc tam gidc bang tOng cic goc
trong cuia tif gidc cong vai 4 1in 360° nén bing 360° + 4.360° = 10.180°,

Viy ¢6 10 tam gidc ma téng dién tich 12 1 nén tén tai tam gidc c6 dién tich

1
khong vuot qua o



2.17.

2.18.

2.19.

Nhdan xét. Lam twong tu nhu trén, ta cé bai toan tong qudt : Trong da gidc
16i n dinh (n > 3) ¢6 n diém khong c6 3 diém nao thing hang (trong 2n
diém) thi t6n tai mot tam gidc ¢6 ba dinh 12 ba diém trong 2n diém da cho

ma co dién tich khéng vuot qua

3n-2
o Truong hop 1 : 1 thudéc doan MN (h.176).

Ta ¢c6 MN la duong trung binh cua ABC nén
I

MN!{[ AB. ta Cf) . SJ\'B-: SA.\'H: ; Sa\.BC'

Ma Sp 1+ Saic+ Spic = Sapc = Sais=Saic+ Spic-
Truong hop 2 : 1 khong thudc doan MN (h.177).
Xét I thuoc tia doi cia tia MN.

|
SMB = SANH = 5 SABC

Ma S, + SHIC‘ = Saic = Sasc
Suy ra : Sgic =Supc — Sais + Saic= Sas + Sarc

Vi I thudc tia doi cua tia NM. Chimg minh
uong tuta co :

Sac =Sas+ Sgic- Hinh 177
(h.178) Goi O la giao diém cua AC va BD
= N la trong tam AABC

A B
= MN= %AM:SBMN= -Ij'S.r\BM' (l) N
M
Ma MB = MC i
1 1
= S == =S . . D C
i R T v Hinh 178
Ttr(l) va (2) = SBE\-{N = "'l— S

12

o |»

§.=is A MB

Do d6 Syepx = Spep = Spun= = - iR

(h.179) Gié sir hinh thang ABCD c6 zﬁijf§<3$;§55§;:~uhﬁk
AC = 5cm, BD =3 cm, MN = 2cm. D N H C E
Ké BH // MN, BE // AC thi BH = 2cm,

BE = 5¢cm va CE = AB. Hirth 179 .




2.20.

2.21.

238

Taco:

|
EH=EN-HN= -i-CD+CEH %ABz%(CD +AB)=;ED

—

= DH = HE.
Trén tia d6i cua tia HB lay K sao cho HK = BH.

Ta ¢c6 ABHD = AKHE (c.g.c) = KE=BD =3 cm.
Dé ¢6 BK® + KE® = BE (= 25) suy ra ABEK vuong tai K nén

= BK.EK =6 cmz.

SBKE =
Mat khdc : Sypep = Sagp + Sepe=Sasc + Sppe

= Sgpe + Sppe=Sppe = SBKE:
72
Vay Sygep =6 cm”.

(h.56) BE// DC nén Sgpe = Sgpe-

Tuong tu, ta ¢6 5 tam giic EDC, BDC, CBA, EBA, AED déu ¢6 dién tich
bang nhau va ta ki hiéu dién tich dé la a.

Tur cac hinh binh hanh EDCY va XDCB suy ra EX =EY - XY =XB- XY =YB,
do d6 Sygx = Says-

Tuong tu nhu vay ta ¢6 5 tam gidic AEX, ABY, CBZ, DCV, EDW déu c6
dién tich bang nhau va ta ki hiéu dién tich dé la b.

Tir d6 ta suy ra 5 tam giic AXY, BYZ, CZV, DWV va EWX ¢6 dién tich
bidng nhau va bang a — 2b.

¢ Ta cé Spew = Spey =a — b nén suy ra DC// WZ wic la XY// WZ, tuong tu
nhu vty vdi cac cap canh khdc, ta c6 XYZVW ciing la ngi gidc dic biét.

(h.180) Goi E, F la hinh chiéu cua B va C A
xuéng AM.

Goi K la giao diém ctia AM véi BC.

Tacé:

AM. BC=AM. (BK + CK) > AM. (BE + CF) i
= AM. BC22. (Sppy + Sacw): (1)

B K C
Tuong tr: BM. CA > 2. (Sgam + Sgent) (2) V
CM.AB=>2. (SC-.'»{A + SBCM) (3) Hinh 180

Tur (1), (2), (3) suy ra AM. BC+ BM. CA + CM. AB 2 4. Sppc



.24

2.23.

224,

Vay gid tri nho nhat cia AM. BC + BM. CA + CM. AB la 4.S55c khi M 1a
truc thm AABC.

(h.181) Ve AH L BC,CI L ADtacé:

B
Sapc = %BC. AH = l b. AH < -l-ab b
2 2 2 C
S : AD.CI= d Cl< 1
ACD = 2 . 2 C
= Sapcp S L (ab + cd). (1
2 A d r D
Tlr(l‘ng u, ta &b : SABCD = % (ad + bC) (2) Hinh 181
|
TU([)VH (2)::“ S\BCD = Z(ab +cd +ad + b’C)— —(a+C)(b+d)
2 2 ., a2
Tacé:SABCDE%(ab+cd}m£mb£a :b ced < = ;d
= diéu phai chimg minh. " M H B
(h.182) 2) Ve MI L CD ; NH L AB r
1
. 1 1
TEI CO M SABN - _'AB.NH — E'SAECD P 1
1

| I
Smep = % CD MI = =.Sapcp O

- D I N C
nén S.‘\BN = SMCD‘ ' Hinh 182

hay Sapm +Swmpg + Smeng = Sppn +Seng +Smpng -
Vay Sapm +Swmpo = Spex +Seng -

b) Ta ¢c6 : AMND la hinh thang nén : S,pp = Sypn -
Ta c6 BMNC I3 hinh thang nén Spco = Syno- A

Do d6 Sypng = Smen +Smon = Sapp * Speg - .
AM BN _CP |

(h.183) Tir = = =m, taco:
AB BC CA
BM CN AP _
AB BC AC
o B N c
bat dién tich AABCIlaS. Hinh 183

239



2.25.

240

Ap dung tinh chat hai tam gidc c6 chung dudmg cao, ta ¢ :
S aPM _ Samp _ Sasp = m.(1
Sasc  Sasp Sasc

—m) = Spyp = (n1—m2).S.

Tuong ty Sgyy = (m-m?).S, Syp = (m-m?).S.

Do Synp = Sage —Samp — Spun — Scne
= S—3(m —mz).S = (3m2 ~3m + 1].3

2
=13 m—-l— +-1— .SZL.S
2 4 4
Vay gid tri nho nhat cua Sy,\p 12 iS khi m = % tirc 1a M, N, P 1a trung

diém AB, BC, CA.
o Cach I (h.184a) :

1 1
Taco:Spmc = 2 Sagc Sanc = 5 Saco

1
= SAMCN = > SaBCD- (1)

1
Tuong W : Spmpy = — Sabcp 2)

T (1) va (2) suy ra Symen + Spmpn = Sased

< Samp + SmpnQ + Seng *+ Spmq + Smpng + Spew
=Samp + Spmq + Seeg + Sceng + Smeng + Spnp + Sapp-
Suy ra Sapp + Spog = Smeng-

e Cach 2 (h.184b) :

Ké duong cao AH, BI, MK cua cdc tam M
gidc ADN, BCN, MCD tacé : B
SAND = b DN.AH = L CD.AH P

2 4 Q
Spen = l CN.BI = —l- CD.BI

. 4 u 1

# »—1

2 l b)

= SapN *+ Spen = ) .CD.(AH +BI) (4) Hinh 184



2.26.

22t

2.28.

Ma AIKB Ia hinh thang vuong ¢6 MK la duong trung binh nén AH + Bl = 2.MK,
két hop vai (3) ; (4), suy ra

Smep = Sapn + Spen = Sapp + Spco = Smpng:

(h.185) Ve CM,CN = CM = CN.

Suy ra AC la tia phan giac goc MAN va ,\/\E

goc MCN. ; m

Chimg minh tuong tu ta ¢6 : BD la phan { )
D

gidc cua EBF.

Dua vao cap goc c6 canh tuong img vudng
géc,tacé:hﬁ=ﬁ§? nén CAE = DBF [\/C
Tir dé suy ra AC L BD

1

T\~

Hinh 185

i

1 1 1

1
(higﬁ) Tt AM=—-AC nén SMNC= 2. SANM'

A
3
Ta Cé SAMNB B 3'SCMN - 3‘2‘SﬁMN M
= 6.SA\mn-
SuyraS =55 —ES nic la
y ANB = 2. AMN‘3 ANC » B N C

BN = % NC hay BN = %BC =375 (cm). Hinh 186

(h.187) Ta co SPFH - SPEG = Esz, suy ra

(SPFH + SPEF) = (SPEG + SPEF) =2 A G E B

hay Sgyr — Spgg = 2, tic la

FH.AD - EG.AD =4.

1 I

Suy ra 5 AB.AD - g AB.AD =4 O ¥ : C

2 Hinh 187

= SAECD = 30 cm .



2.29. (h.188) Ap dung ti s6 dién tich chung dudmg cao ta ¢6 :

2.30.

2.31.

Sagc _ EC 1  Sape _ AD _ |

Sape EB 4 7S,y AB 4

= Spgc = Sapeg  ma AAEC ; AADE cé
chung canh AE.

Ké DH L AE; CK L AE = DH=CK

=> ADHF = ACKF (goc nhon, canh géc vuong)
= FC=FD.

(h.189)bat AB=AC=BC=a.Ké AH L BC;
Ol LBC;OK L AB;0J 1L AC.

Taco: Sope +Soac +Soas = Sasc

& L BCOI+ - ACOJ + - ABOK = - AHBC
2 > > 2

=3 %a.(OI +0J +0K) = TL- a.AH

< O0l+0J+0K=AH.

AABC c¢6 dinh, suy ra AH khong déi,
suy ra Ol + OJ + OK = AH khong phu
thuéc vio vi tri diém O.

A

D

B E C
Hinh 188 K

Hinh 189

Nhan xét : Van dung ky thudt trén, ¢é thé giai dugc bai todn sau :

¢ Cho tam gidc cin ABC (AB = AC) va diém M di dong trén didy BC. Chimg
minh ring khi M di dong thi tdng khoang cich tir M t6i hai canh bén khong doi.
e Cho tam gidc can ABC (AB = AC) va diém M di dong trén tia doi cuia
tia BC. Chimg minh rang khi M di dong thi hi¢u khodng cach tir M téi canh

bén AB va AC khong doi.
e Cho tam giic ABC déu, diém M wy vy
nam ngoai tam giac va bén trong goc B. Goi
X, v, z la khoang cdch tr M dén AB, BC,
CA. Ching minh ring x + y — z khong phu
thuoc vao vi tri diém M.
(h.190) Hai tam gidc ¢6 chung mét canh thi
ti s6 dién tich bang ti s hai duong cao img
vai canh do, nén :
X =S(Ji ; 3 = Soac . 5. SoaB
hu S."\.BC hb Sr\BC : hc SABC

Y . % _Sosc+Soac +Soan

X
Suyra: —+—=—+
h, hy h Sagc

A

Hinh 190



2.32.

2.33.

2.34.

(h.191) Ap dung bai 2.31, trong truong hop O

o . HD HE HF
tring v&i H, taco p—t—=1,
AD BE CF
Suy ra: P
AH BH CH
P= + +
AD BE CF
HD HE HF
= |1 —m +|1- E +|1-— B D b
- CF Hinh 191
=3- ( + + ] =3-1=2. A
AD BE CF

(h.192) Dat dién tich cdc tam gidc ABM,
ACM, BCM, ABC lan luot 1a §,;S,:S5;S.
Ap dung tinh chat ti s6 dién tich hai tam
gidc ¢6 chung duong cao bing ti s6 hai
day tuong ung.

AM §,  §,
AD Sapp Sacp SaeptSacp S Hinh 192
BM §,+S5; CM S, +8;

S ' CF S

AM+ BM +CM - Sl ‘f‘Sz‘f‘Sl "|‘S3 +SE+S.‘ -
AD BE CF S
Bai todn phu : Cho ur giac ABCD c6 AB
cat CD tai E (h.193). Goi I ; J 1a trung diém
hai duong chéo AC; BD. Chung minh :

S, +S, =S]+‘52 B D C

Tuong tu, taco :

Suy ra

I
Sgpy=—=S ;
EIJ = 3 SABCD

- Hinh 193
Ta co : Sgjy=Sags — San — Sae "
= SEU = SAB_I + SBJE i S.-'\IJ = SME
=3 (Sasp + Sppe — Sasc — Sace)
K

| 1

= 5 Gape = Sace) = 5 CGap + Spic) I
]

L1 ! .
=32 SaBCD = 2 SaBcD- D C .

2 Hinh 194

243



2.35.

2.36.

Tré lai bai todn (h.194) : Ap dung bai toan phu, ta ¢6 :
I I

Sgy = i Sasep s Spiy = ri Sascp = Sen = Spuy-
Suy ra E va F cich déu duong thing IJ ma E, F ndm trén hai nira mat phing
d6i nhau c6 bdy 1a dudng thing 17, suy ra IJ di qua trung dié¢m K cuia EF.
Vay I, J, K thing hang.
(h.195) Khong mat tinh t6ng quét gia sir A
d cit cdc canh AB, AC lin luot tai M, N.
Gia sir duong phan gidc cua géc A cat d
tai I. Goi H, K, L lin luot 1a hinh chiéu
cua I rén BC, CA, AB.
DitIH=x;IK=IL=y,

Vi AAMN va tr gidc BMNC c¢6 cung chu
vinén :

Hinh 195

AM + AN + MN = BM + MN + NC + BC
Suyra: AM+ AN =BM + CN + BC. (1)

Vi AAMN va ur gidc BMNC ¢6 cung dién tich nén :
S}\Pﬁ'" + SAN' = S[BM + SlCN + SlBC:D‘ AM}" + AN)’ = BM)" + CN.)’ + BC.x

—~AM+AN=BM+CN+BC.X2 (2
y

Tr(Hva@R)= > =1=x=y.
y

Suy ra IH = IK = IL hay I la giao diém ba dudng phan giic cla tam
gidc ABC.

(h.196) K¢ PI L Ox, PH 1L Oy, tacé x
PI = PH va khong dGi. M
F il
Taco SOPM + SOPN = SOMN , nén : | b
l ! I
—OM.PI +—~ON.PH = —OM.ON .
2 2 2 0 H NS Y
Hinh 196



2.317.

2.38.

2.39.

Chia hai vé cho %-OM.ON ,taco:

Do PI = PH nén ta co

3 + B = 13 khong doi.

ON OM PI

Gia sir AB 2 AC. Xét hai truong hop :
Truomg hop 1 (h.197a). d cit canh BC.

Ta cod

SABC = SABD +SAD’C = %(BI + CH)AD
nén BI + CH nho nhat <> AD 16n nhat.
Vay néu AB > AC thi d di qua B.

Néu AB = AC thi d di qua B hoac C.
Triémg hop 2 (h.197b). d khong cit canh BC.
Lay B' d6i ximg véi B qua A. Giai tuong
tu truong hop 1.

(h.198) Ve DM L AI; DN L CK (M €Al N € CK)

Hinh 197

Ta ch: SDCK - %SB\BCD

1
Sapr =5 -Sascp

nén Spek = Sap

= lAI.DM - l.CK.DN
2 2

Ma Al = CK, su;f ra DM =DN, suyra D Hinh 198
ciach déu hai canh cia AOC. Vay OD la
tia phén gidc ciia AOC.
Giasirh,<hy<h.thic<b<a.
2S
Ma2S=ax+by+cz<ax+ay+az=x+y+z2— =h, (1)
a
2
2S=ax+by+cz2cx+Ccy+Ccz=>xXx+y+z< £=hc. (2)
C

Tir (1) va (2) suy ra diéu phai chimg minh.

3 245



2.40.

2.41.

242,

2.43.

246

(h.199)HaDI L AB ; DK L AC

= DI=DK = SRR o
Sacp  AC
Ma Sigp _ BD
Sxep DC
Viy f"__l_3_ = @ . Hinh 199
- AC DC

(h.200) Dat dién tich cdc tam gidc ABM, ACM, BCM lin luot la §;;S,:S;.

Ap dung tinh chat ti s6 dién tich hai tam gidc ¢6 chung dudng cao bang ti s6
hai day twong ung. A

AF _ Sace _ Same _ Sace ~Samr

FB SBCF Sgme Sper ~ Spwmr

FB S,

BD S, CE_S;

e e e, < R B D C
AF BD CE S. S S Hinh 200

Tir (1) va(2Q)tacod: X e S e TG

FB DC EA S; S, S,

(h.201) Ke EK // AD (K € CD)

| |
Serkn = Sepk + Sgku = 8 Segk + r SEKDA

1
¢ SEFKH = 7 SABCD

e

= Sgrkn = Serch < Sorn = Sk
= HF // KG hay HF // CD.

(h.202) MB = MC nén

Tuong wr, tacod :

Sapm = Sacum * Seam = Sgewm

- S.'\.BF = SACF
< SApr *+ Sppr = SAer * Scer

= lDF (BH+AI]-—EF (Al + CK).

Ma BH = CK, suy ra DF = EF. Hinkh 202



MUC LUC

Trang

R R IORARE ol oot R e o R 3
PHAN DAI SO

Clutong I. PHEP NHAN VA PHEP CHIA CAC DA THUC
Chuyén dé 1. Phép nhin cac da thUC .........oveeeeeeeeeee e 5
Chuyén dé¢ 2. Nhimg hiing ding thitc ddng nho ........ocoooooivociieieieceeeeeeee s 9
Chaybnde 3. TPhllioUeh-0a0h ol nhdn W wocnnnsmsisssisisi 17
CHNER OGS RO IR TI coaivminrinaimsi sinsgansss s s e S s T B aS A 22
Chuyén dé nang cao 1. Phan tich da thic thanh nhin t bing mot s6 phuong phép khic..... 27
Chuyén dé nang cao 2. Tinh chat chia hét trén tap hop s6 ngUYEn .........coooevvvvvcverecricrrnnnne, 36

Chiomg 1. PHAN THUC PAI SO
Chuyén dé 1. Tinh chit co ban cta phan thic ........o.co.oovoooieiieee e 48
Chuyén dé 2. Phép cOng va phép trir cic phan thiic dai $O........coevvvvvecreerreeresiecresisscssenes 53
Chuyén dé 3.  Phép nhan va phép chia cdc phan thic dai SO ......o.ooovvvevveveeceeeeerrees 59
Chuyén dé 4.  Bién d6i cAc bidu thic MU U 63
Chuyén dé ndng cao. Rut gon bié¢u thitc bing phuong phap khir lién tiép ..o, 6Y
PHAN HINH HOC

Chieong 1. TU GIAC
Xmyerdl l: N0 PIRC PRI . sccoomnss.ciusesimssnnsiinscssssissiosussssbon s s oSS 5 o 74

Chuyén dé 2.  Dudng trung binh cta tam gidc. Puong trung binh cua hinh thang.......... 77
Chuyén dé 3. Dung hinh bang thude va compa. Dung hinh thang .........c.coovvvvviiennn. 81

Chiydndi4. Hinhithang can. DO RIS W00 .ot 85
Chuyén dé 5. Hinh binh hanh, DO1 XUNE LM ....ooovieieiceeceece s sesesssasanies 89
Chuyén dé 6. Hinh chir nhit. Tinh chit vé khoang cich
2168 hak QUDNE IANS SONE SONE .covwsivommssesnisusississisaissisnsisissamsississisisisimsmmisis 94
RSty  BOTTIDS I NRIIS i codicdintoinsminniissianss s omsnss i AR s 100
Chuyén dé nding cao 1. Bii todn bit ding thic, cuc tri véi W ZIdc ..o, 105
Chuyén dé ning cao 2. VE hinh phu d€ gidi TOAN .....cooovviiviieesesissn s, 108
Chueong 11. DA GIAC - DIEN TICH DA GIAC
Chuyéndé 1. Da gidc. Pa @IAC AU ....o.oovocveeeeeceeeeer e a s neae e 112
CHIR 2.  DRE O 0 BC i v s o s S R S s s 115
Chiyénidé 3. PHuong php diln tEl ..o 120
LT LR —. 125
TP TRBIIE MR S0 oo S TSRS AR S 125
Phan Hink ROC .............c.cocoocoovoooeoceeeeeeeeeeee e 193

247



Chiu trdach nhiém xudt bdn :
Chi tich Hoi déng Thanh vién kiem Tdng Gidm d6c NGO TRAN Al
Téng bien tap kiem Phé Tdng Gidm d6c NGUYEN QUY THAO

T6 chize bdn thdo va chiu trach nhiém ndi dung :
Phé Téng bién tap PHAN XUAN THANH
Gidm d6¢ CTCP Dich vu xudt ban Gido duc Ha Noi PHAN KE THAI

Bién tdp ndi dung va sica han in :
HOANG VIET
Thiét ké' sach :
DINH THI XUAN DUNG
Trinh bay bia :
LUU CHI DONG

Ché ban :
PHONG CHE BAN - CTCP DICH VU XUAT BAN GIAO DUC HA NOI

Cong ty C6 phédn Dich vu xuat ban Gido duc Ha Noi -
Nha xudt ban Gido duc Viét Nam gilr quyén cong b6 téc phim.

CAC CHUYEN DE CHON LOC TOAN 8 - TAP MOT
M3i s6: TST74H3-NBE

S6 dang ki KHXB: 59-2013/CXB/74-50/GD

In 3000 ban (QP in s6: 19TK), khd 17 x 24 cm,
In tai Cong ty TNHH In & DVTM Phu Thinh
In xong va ndp lwu chiéu thang 4 nim 2013.



