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LGOI NOI PAU

Cuon sich Nang cao va phat trién Todn 8 tap mot thuoce bo
sich Nang cao va phat trién Toian bac Trung hoc co sd, nham
gitip cho ban doc : cic hoc sinh kha va gioi Toin, cic thdy co gido
da) Todn mot l.n liéu lham khan d.m siu mon Tuan dudi dang bai
lll IIIlJ \'llll I.!ullb

Khi bién soan cudn sich nay, tic gia sur dung cic cuén Mot so
van dé phat trién Dai so 8, Todn nang cao Dai so 8, Mot so vin
dé phit trién Hinh hoc 8, déng thai chinh Ii va bé sung cho phi
hop vai chuong trinh mai cua Bo Gido duc vi Do tao.

Cudn sach géom hai phin : Pai s6 va Hinh hoc.

Phan Pai s0 gom cic chwong 1, I va ba chuyén dé :

- Mot s6 phuong phip phan tich da thic thanh nhian ur.

= Tinh chia hét doi vai s6 nguyén.

— Tinh chia hét doi véi da thic.

Phan Hinh hoc gém cac chuong I, 11 va hai chuyén dé :

- Tim tap hop diém.

~ Str dung cong thie dién tich dé thiét lap quan hé¢ vé do dai
doan thing.

Riéng cdc ndi dung vé tinh dién tich bing cich lap phuong
trinh va todn cuc tri hinh hoc dugc gidi thiéu o tap hai.

Cudi mdi phin ¢6 Bai doc thém vé lich sir todn hoc. Riéng cic
noi dung vé hinh hoc 16 hop duge gidgi thi¢u trong cudn sich cua
cung tic gia Cic bai toan Hinh hoc to hop diung cho bac Trung
hoc co so sir dung chung cho cic 16p 7. 8..9.

Thong qua cic chuyén dé va bai tip vin dung, cuén sich cung
cdp nhimng kién thitc cdn thiét vé phuong phdp giai toan, nhimg kinh
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nghiém cu thé trong qud trinh tim 10i 11 giai, do dé gidp hoc sinh
réen luyén cdc thao tic tr duy, phuong phip suy ludn va kha nang
sdng tao.

Cac loi giai trong sach duge chon loc vai cic cich giai hop li,
chat ché, dé hiéu, dam bio tinh chinh xdc va tinh su pham. Cuén
sdch chu trong néu hudng suy nghi va dudmg 161 giai, dong thoi vin
doi hoi ban doc phai doc lap suy nghi trong giai todn.

Pé thuan tién cho ban doc, trong sdch c6 mot s6 ki hiéu, ching
han 26(3) cho biét vi du hodc bai tap 26 (tng véi kién thire cua §3,
vi ~ dé chi cdc bai tp twong tmg & phdn chuyén dé. Cic vi du va
bai tap, k€ tir vi du 60 va bai tap 276 phédn Dai s6, vi du 31 va bai
tap 171 phén Hinh hoc thudc cuén Nang cao va phit trién Toan 8
tap hai. Cic bai khé danh cho hoc sinh gioi duge ghi dau "*".

Tac gia hi vong ring cudén sdch 12 mot tai liéu thiét thuc va bd
ich dé dao sau chuong trinh mon Todn 16p 8 va chan thanh cim on
ban doc vé nhimg y kién déng gép cho cudn sich nay.

Téac gia
vU HOU BINH
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P HAN PAI SO

Chuong 1
PHEP NHAN VA PHEP CHIA PA THUC

§1. NHAN PA THUC

Vi du 1. Tinh gid tri cia biéu thic
A=x' =17+ 17x% = 17x + 20 tai x = 16.
Gidi : Cdch 1. Chi ¥ ring x = 16 nén x - 16 = 0, do d6 ta bién déi dé biéu
thic A chita nhiéu biéu thirec dang x — 16.
A=x'-16x' - x +16x> +x7 - 16x - x + 16 + 4
= x“(x - 16) - xz(x = 16)+x(x = 16) - (x = 16) +4 =4,
Cdch 2. Trong biéu thirc A, ta thay cic s6 17 bai x + 1, con 20 thay bai x + 4.
A=x4—x3(x+ l)+x2(x+ D-x(x+1)+x+4
i &% 3.3 3 3
=X =X =X +X +X —Xx —-x+x+4=4.
Vi du 2. Tim ba s6 tu nhién lién tiép, biét ring néu cong ba tich cuia hai
trong ba so dy, ta dugc 242.
Gidi : Goi x — 1, X, X + 1 12 ba s6 tu nhién lién tiép. Ta ¢6 :
X(X = D+x(x+ D+ (x-1)(x+1)=242,
Sau khi rit gon ta duoc 3x” - 1 =242 nén x” = 81,
Do x 1a s6 ty nhién nén x = 9. Ba s6 tu nhién phai tim 1a 8 ; 9; 10.

Bai tap

Nhan don thirc véi da thirc

1. Thuc hién phép tinh :
a) 3x"(6x" Y + 1) - 2x"(Ox"P - 1) ; L g L
066" -4’3 - 1.
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o
H

-
.

Tim x, biét :

a) 418 -5x) - 12(3x=T7)=15(2x - 16) - 6(x + 14) ;
b) 5(3x +5)-42x -3)=5x +3(2x + 12) + | ;
C)2Sx - B)=3(dx =5)=43x-4)+ 11

d) 5x = 3{4x = 2|4x = 3(5x - 2)]} = I182.

Tinh gid tri cha cic biéu thic :

DA=x" -30x"-3Ix+ | tix=31;

b)B=x" - 15x" + 16x* - 29x% + 13x tai x = 14

14 13 12 1 2
N !
e 1) + 10k s s 10x 10x

e w AT = 0
L5 ] - A - A - -

1 -
U Lal A =L

+

s
e T

Tinh gid tri cta bi€u thiic sau biang cich thay s6 béi chit mot cich hop i :

Nhan da thirc vdi da thirc

Thuc hién phép tinh :

a) (x - I}(xs+x"+x‘+x3+x+ 1):

D) x+ DXE=x>+xt=xt 4 xP-x+ 1).

Tim x, bi€t :

DX+2)X+3)=-(x=2)(x+5)=06;

D) (BX +2)(2Xx +9) = (X +2)(6x + |)=(x + 1)~ (x = 6);
)32x=-DEx=1)=-(2x=3)9x - 1)=0.
Choa+b+c¢=0.Ching minhring M =N =P vdi :
M=aa+b)a+c): N=bb+c)b+a); P=c(c+a)c+Db)
Chimg minh cic hang ding thic :
u}(x+u)(x+h)=x2+(a+h)x+ab:

b) (x +a)(x + b)(x +¢)= X+ (a+b+ c)xz + (ab + bc + ca)x + abc.
Cho a + b + ¢ = 2p. Chimg minh hang ding thic :

2bc + b’ + ¢ - a2=4p(p —a).
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10. Xét cdc vidu: 53.57 = 3021, 72 .78 =5616.

Hay xay d[rr!g quy tac nhan nham hai s6 ¢6 hai chir s6, trong dé cdc chir s6
hang chuc biang nhau, con céc chit s6 hang don vi ¢6 16ng bing 10.
11. Cho biéu thirc
M=(x—-a)x=b)+(x=b)x —c)+(x-c)x —a)+x2.
Tinh M theo a, b, ¢, biét rang x = l;u + lb - -[-c.
2 2 2

nn+1)

12. Chodayso 1, 3,6, 10, 15, ...

Ching minh ring t6ng hai s6 hang lién ti€p cia diy bao gids ciing la s6
chinh phuong.

13. S6 a gom 31 chir s6 1, s6 b gébm 38 chir s6 1. Ching minh rang ab - 2 chia
hét cho 3.

14*. 56 3°” + 1 ¢6 I tich ciia hai s6 tu nhién lién tiép khong ?

15*. a) Thuc hién phép tinh :

7 3 21, 419,17

2 I
2 g gt Ve’ at e

A= +2"+1)2?
b) S6 ™ 4 1colase nguyén 16 khong ?
~ Vidu:42.

Bai tap : 225, 227, 228, 230 dén 233.

§2. CAC HANG DANG THUC PANG NHO

Thuc hién phép nhan da thirc, ta duge cic hing ding thiic sau :
1. (a + h}2 = a"' + 2ab + bz.
2.(a-b)’ =a’ - 2ab+b".
3.(a+b)a-b)=a - b
2 2 3
4.(a+b)y =a +3a’b+3ab"+b
(a+ h)" e a" - b3 + 3ab{a + b).
3 L4 2 2 3
5.(a-b)y =a -3a’b+3ab” " -b
(a - b)‘ =a - l:o3 — 3ab(a - b).
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6. (a+ b)(az —ab + bz) = a" - h".

7.(a— b){a2 + ab + bz) =a’ -t
Ta cling ¢6 :
(a+b+c)2=az+b2+c2+2ab+23c+2bc.

Tong qudt cua cdc hang ding thie 3 va 7, ta ¢6 hang ding thic :

8.a"-b"=(a-b)a" ' +a" Zb+a" b2 +..+ab" 2 +b" )
véi moi s6 nguyén duong n.

Tong qudt ciia hing ding thic 6, ta cé hing ding thic :

9.a"+b = (a+b)@" ! —a" b+ a" % - . —ab" % 4+ b7
vGi moi s6 1é n.

Téng qudt cia cic hing ding thic 1, 2, 4, 5, ta ¢6 cong thic Niu-ton (xem
chuyén dé Tinh chia hét doi véi s6 nguyén).

Vi du 3. Chitng minh ring s6 3599 viét duoc dudi dang tich cua hai s6
ur nhién khic 1.

Gidi : 3599 = 3600 - 1 =60° - 1 = (60 + 1)(60 - 1) =61 . 59.

Vi du 4. Chimg minh ring bi¢u thiic sau viét duoc dudi dang tdng cdc binh
phuong cia hai biéu thiic :

x2+2(x+ I)2+3(x+2)2+4(x+3)2.
Gidi : x>+ 2(x + )" +3(x +2)* + 4(x + 3)° =
=x2+2(x3+2x+l)+3(x2+4x+4)+4(x2+6x+9)
=x>+ 2% +dax +2+3x° + 12x + 12 + 4x° + 24x + 36
= 10x” + 40x + 50
= (x% + 10x + 25) + (9x° + 30x + 25)
={x+5)2+(3x+5)2.

Vi du 5. Cho x+y+z2=0,
Xy +yz+2x =0.
Chimg minh ring x =y = z.
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Giai : Ta co (x+y+z)2=x2+y2+zz+2(xy+yz+zx).

Suy ra U=x2+y2+zz+2.0

hay U=x2+y2+z2.

Viyx=y=2z(=0).

Vidué6

a) Tinh A =-1%+2%-32 442 -~ 992 + 100%.

b) Tinh A=-17+2% 3> +4° = 4+ (-1)". n’.

Gidgi : a) A= (2" - 17) + @® = 3% + .+ (1007 - 99%)
=Q2-IN1+2)+4-3)3+4)+ ...+(lUU;~99)(99+ 100)

=1 +2+3+4+..+99+ 100

_ 100.101 = 5050.

b) Xét hai truong hop :
Néu n chin thi A=(22— 12}+(42—32)+...+|n2—{n— I)2[
=14+2+3+4+...+(n=1)+n

_ n(n+1)
T2

Néunléth A= -1H)+@-3)+..+[n-1)’-(n-2)°]-n’
=1+2+3+4+..+(m=1)-n"

_n(n-l)_ng__n(n+l)
—

Clui y : Hai két qua trén c6 thé viét chung trong mot cong thic

1) n(n+1)
Vidu 7. Cho Xx+y=a+b, (n
X’ +y2= a’ + b, (2)

Chimg minh ring x* +y’ =a’ +b’.



16.

10

Giai : Taco: X + y3 =(x+ y)(x2 - Xy + yz). (3)

Tir(1)suyra: (x+y)2 =(a+b)2.
e la x2 +2xy+y2 =a% +2ab+ b,
Do x? + yz =a’ + b® nén 2xy = 2ab, suy ra xy = ab. 4)

Thay cic két qua (1), (2), (4) vao (3), ta dugc
x4yt = (x+ Y2 +y2 - xy) = (a+b)a? +b? —ab) = a' + b,

ViduB.Chna+b=m.a-b=n.Ta‘nhabvha“—b"lhcomva‘in.

it
ridi .

Cich 1. Tra+b=m,a-b =n, ta tinh dugc b="‘:". a='":“.

2 2
m+n m-n m -n

Do do ab = s
2 2 4
. . (m+n]" (m--n]3 (m+n)' —(m-n)}
a-b = - = )
2 2 8
3m’n+n’

Riit gon biéu thifc trén, ta duge

Cdch 2. Tacod

ra

2
4ab=(a+b)2—(a-b)2=m2—n2n¢n ab=m =

3 3 2 2 2
Tacéa —b =(a—b)a " +ab+b")=(a—b)[(a+b) —ab)
2 m? - n? n{3rn2 + nz) 3mZn + n°
nm - = = .
4 4 4

Bai tap
Tinh gid tri cta cdc biéu thic :
63% -47° 437% - 363

B e & b) :
2152 - 1052 5372 - 4632



17.
18.

19.

20.

21,

22.

23,

24,

25,

26.

So sdnh A =267 - 247 va B =27 - 25%.
Tim x, biét :

dx+ 1) +@2x- D =8(x - Dx+ 1) =11.
Riit gon cic biéu thic :
a) 2x(2x - I)2—3x(x+3)(x-3)—4x(x+ 1)2;
b)(a—b+c)2—(b—c)2+?.ah—23c:
c)(3x + 1)2—2(3x+ I)(3x+5)+(3x+5)2:
&3+ DA%+ DA+ DEY+ nE"+ a2 e,
c)(a+b—c)2+(a—h+c)z—E(b—C)Z:
g)(al+b+c)2+(a-—h-c)2+(h—c-ai)3+(c-—a—b)z:
hy(a+b+c+d +@+b-c-d’+@+c-b-d +@+d-b-c).
Cho x + y = 3. Tinh gid tri cta biéu thic

2+2x_v+y2—4x—4y+ L.

A=x

Cho a” + b” + ¢ = m. Tinh gid tri cua biéu thic sau theom :
A=(2a+2b-c)*+(2b+2c—2a)’ +(2c + 2a - b)’.
Hay viét cdc s0 sau day dudi dang tich cua hai s tr nhién khic 1 :
a) 899 ; b) 9991.
Chimng minh rang hiéu sau day 1a mot s6 gém toan cdc chir s6 nhu nhau :
77787 - 22237,
Ching minh cdc hing ding thic :
a)(a+b+c)2+a2+b2+cz=(a+h)2+(b+c)2+(t‘+a)2:
b) x" + y" +(x + y)" = 2(:(2 + Xy + yz)z.
Cho a’ — b® = 4¢”. Chimg minh hing ding thiic
(5a-3b+ 8c)(5a-3b-8c)=(3a- Sh)z.

Chimg minh riang néu (az + hz)(xz + yzl = (ax + by)3 vai x, y khac 0 thi

»® |
< |o

11



27.

28.
29.

31.

32.

34,

3s.

36.

7 7 2 o
Chimg minh rang néu (a2 b c'){x2 + yz +77) = (ax + by + ¢z)” vai
C

x s RO S
X Yy z

Cho (a + b)* = 2(a’ + b)), Chimg minh ring a = b.
Ching minh ring a = b = ¢ néu c¢6 mot trong cdc diéu kién sau :
a)a2+b2+c2=ab+bc+ca; b) (a+b+c)2=3(az+b2+02}:

c}(a+b+c)2=3(ab+bc+ca).

. Hiy viét cdc biéu thitc sau duéi dang t6ng cia ba binh phuong :

PIRNE TENY S ST S -
aj{fa+o+c) +a +b +c

b) 2(a - b)(c = b) + 2(b — a)(c — a) + 2(b - c)(a - c).
Tinh gid tri cta biéu thirc a'+b' + ¢, bict ringa+b+c=0va:

2 2

N
a}a'+b2+c =7 b)a2+b2+c=l.

Cho a + b + ¢ = 0. Chimg minh a* + b* + ¢* bing méi bidu thic :
a) ?.(nzb2 v bzcz - czaz) : b) 2(ab + bc + ca)2:
(az +b? + 2 )2
c) 5
2
Ching minh ring cdc biéu thirc sau luon luén c6 gia tri duong véi moi gid
tri cua bién :
2 2 2
a)Ix"—6x+2; b)x"+x+1; c)2x" +2x + 1.

Tim gid tri nho nhat cia cdc bidu thic :

a)A=x2—3x+5: b)B=(2x—1)2+(x+2)2.
Tim gid tri 16n nhat cha céc biéu thic :

a)A=4—x2+2x: b)B=4x—x2.

Chimg minh ring :

a) Néu p va p2 + 8 12 cic s6 nguyén 16 thi p\2 + 2 ciing 1a s6 nguyén 10.

b) Néu p va sz + 1 la cic s6 nguyén 16 thi 2p + | ciing 1a s6 nguyén 16.



37,

38.

39.

s
=

41.

42.

44.

45-

46.

47.

Ching minh ring cdc s6 sau 12 hop s6 :

a) 999991 ; b) 1 000 027.
Thuc hién phép tinh :

a)(x—Z)‘-x(x + D)(x=1)+6x(x-3);

b) (x — 2)(x” = 2% + 4)(x + 2)(x* + 2x + 4).

Tim x, biét :

a}(x—3)(x2+3x+9)+x{x+2)(2—x)= I

b) (x + 1) - (x - )’ = 6(x = ) =-10.

Riit gon cdc biéu thic :

a)(a+b+c 3—(b+c—;l)]—(a+t:-b)"—(a+h»c)‘1:
b) (@a+b)’ +(b+0)' +(c+a)’ -3+ b)b+c)c +a).
Chimg minh cdc hang ding thic :

a) (a+b+c)3—a"—b3-c"=3(a+h)(b+c)(c+a).
b)a3+b“+c“—3abc=(a+b+c)(a2+b2+c2—ah—bc—ca).

Cho a + b + ¢ = 0. Chimg minh ring a’+ b +c’ = 3abc.

. Cho x +y =a va xy = b, Tinh gid tri ciia cdc biéu thitc sau thcoava b :

a)xz+y2: b)x"+y“: c)x4+y4: d)x5+}'5.
a) Cho x +y = 1. Tinh gi4 tri ciia biéu thic x* +y* + 3xy.
b) Cho x — y = 1. Tinh gid tri ctia biéu thic x” -y - 3xy.
Cho a + b = |. Tinh gid tri cua biéu thic
M=a'+b" + Baal)(a2 + hI) + ﬁnzbz(a + b).
a) Cho x +y =2 vi x> + y° = 10. Tinh gid tri ciia bicu thitc x* +y".
b)Chox+y=nv;‘1x2+y2=b.Tfnhx‘l+y3|hcoava‘1b.
Ching minh ring :

a) N&u s6 n 1a tng cha hai s6 chinh phuong thi 2n ciing 12 tdng cua hai s6

chinh phuong.



48.

49,

50,

51

52.

53.

54.

SS.

56.

b) Néu s6 2n 14 téng ctia hai s6 chinh phuong thi n cling 12 tong cia hai s6
chinh phuong.

¢) Néu s6 n 12 téng cua hai s6 chinh phuong thi n’ ciing 1a tong cua hai s6
chinh phuong.

d) Néu mbi s6 m va n déu la téng cua hai s6 chinh phuong thi tich mn cling
la téng cha hai s6 chinh phuong.

Madi s6 sau 12 binh phuong cta s6 tr nhién nao ?

a) A =99.900..0 25; b) B=99..9800..0 1;
n n n n '
¢c)C=44..488..8 9 d)D=]1..122..2 5.
n n-| n n+l

Chitng minh rang cic bicu thirc sau 1 s6 chinh phuong :

aA=]l.1-22.32: b)yB=11.1+44.4 + 1.
2n n 2n n
a)Choa= |1..1,b=100..05. Ching minh riang ab + | la s6 chinh phuong.
n n-1

b) Cho mot day s6 c¢6 s6 hang ddu 14 16, cic s6 hang sau la s6 tao thanh
bang cdch viét chén 56 15 vao chinh gitra 6 hang lién trudc :

16, 1156, 111556, ...
Chitng minh riing moi s6 hang cta diy déu 1a s6 chinh phuong.
Chitng minh rdng ab + 1 1a s6 chinh phuong véi a = 11...12, b= 11...14.

n n

Chimg minh rdng vai moi sO tu nhién a, t6n tai s6 tv nhién b sao cho ab + 4
la s6 chinh phuong.

Cho a 12 $6 gébm 2n chir s6 1, b 1a $6 gébm n + | chit s6 1, ¢ 14 s6 gébm n chir
s0 6. Chung minh ring a + b + ¢ + 8 4 56 chinh phuong.

Ching minh ring biéu thic sau khong 14 1ap phuong cia mot s6 tu nhién :
10" 4 5.10% + 1.

Chimg minh rdng tich ba s6 nguyén dwuong lién 1iép khong la lap phuong

cua mot so tu nhién,

Chimg minh ring s6 A = %{! 1...1 — 33...300...0) la lap phuong cuia mot s6
n n n
tr nhién.



57. Chia 27 qua can c6 khoi lugng 10, 20, 30, ..., 270 gam thanh ba nhém c6
khoi Juong biang nhau.

58*. Chia 18 qui ean c6 khoi lugng 17, 2%, 3%, .. 18° gam thanh ba nhom c6
khoi lugng bang nhau.

59*. Chia 27 qua can c¢6 khoi luong 1% 22,09 gam thanh ba nhém ¢6
khéi luong bang nhau.
~ Vidu : 40,41, 43 dén 45, 47 dén 49.

Bai tap : 192 dén 194, 196, 202, 205,208 dén 214, 216, 218 dén 221, 229,
234 dén 258.

§3. PHAN TICH PA THUC THANH NHAN TU

D¢ phan tich mot da thiic thanh nhan ti, ta thuong dung cic phuong phdp :
- Pat nhan ur chung.
— Dung cic hing ding thic ding nha.
| Nhém cdc hang tir mot cdch thich hop nham lam xudt hién dang hing
dang thirc hoac xudt hién nhan tr chung mai.

Dé phan tich da thic thanh nhan wr, ngudi ta con ding cic phuong phip
khic. Xem chuyén dé Mor s6 phuong phap phan tich da thiee thanh nhan ti.

Vi du 9. Phén tich da thirc sau thanh nhan ur :

x? +x3 -|-21'.x2

+Xx + 1.
Giai : x"+x3+2x2+x+l=(x4+2x2+I}+(x“+x)
= (x2 + ”2 + x(.\':2 +1) = (x2 - l)(.\c2 +x+ 1)
Vi du 10. Cho a + b + ¢ = 0. Riit gon biéu thirc
M=a3+b“+c(az+b2)—abc.
g 3 3 2 2 3 2 3 2
Giai : M=a +b +ac+bc—abc=(a +a¢c)+(b +b'¢c)-abc
=a2(a+c)+b2(b+c}-abc=a2(—h)+b2(—a}—ahc

=-ab(a+b+c¢)=0.

15



Vidull

a) Phan tich da thic sau thanh nhan tir: 2’ + b Y4 ¢? - 3abe.

b) Phén tich da thire sau thanh nhan tr bang cdch dp dung ciu a) :

(x - y)" +(y - z)" +(z - x)".

Gidi :a)a’ +b +¢’ - 3abc =(a+ b)’ - 3a’b - 3ab’ + ¢’ - 3abe
= |(a+b)“ +c3l —3ab(a+b+c)
=(a+b+c)[(a+b)'1'-c(a+b)+c2|—3ab(a+b+c)
=(a+b+c)(az+lab+b2—ac—-bc+c2—3ab)
=(;1,+tH-f;){:;,2+b:+c2 — ab — bc - ca).

byDitx -y=a,y-z=b,z-x=cthia+b+c=0.

Do dé theo cau a)tacéa’ +b’ + ¢’ —3abc=0=a’' +b’ + ¢’ = 3abe
=(x - y)“ +(y- 2 + (z - x)“ =3(x —yNy — 2)(z — x).

Cin nhd két qua cia cau a) dé van dung vao gidi todn.

Vi du 12. Phéan tich cédc da thirc sau thanh nhén tr :

a)(a+b+c)"-a"—b“—c“:

b) S(x+y+z)3—(x+y)3—(y+z)3—(z+x)1.

Gidi : a) Ap dung nhiéu lin cong thifc (x + y)“ =x"+ y" +3xy(x +y),1aco:

(a+h+c)3—a"-bs-c]=l(a+b)+c]]-a}—b]-c"

3

I

(a+b}3+c3+3c(a+b)(a+b+c)-a"-h‘-c

:r]‘+b“-'-3ab(a+I:.u)+c:“+3c(a+b}(a+b+c)—a3—h'q*—-::3

3(a + b)(ab + ac + bc + cz)
=3(a+ b)a(b+c¢)+c(b+0))
=3(a+ b)b +c)c +a).

b)bitx+y=ay+z=b,z+x=cthia+b+c=2(x+y+2z). Dathic
3 3

da‘tchocédang(a+h+c)“-a‘ il st

']

Ap dung két qua ciia cau a), da thirc di cho bing :
Ja+b)b+c)c+a)=3(x+2y+z2)(y+22z+X)(z+2Xx+Y).
Clui y : Cin nhé két qua cia cdu a) dé van dung vao giai todn.
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Vi du 13, Phan tich da thitc sau thanh nhan i :
P= xz(y -z)+ yz(z -X)+ zz(x - y).

Gidi : Cdch 1. Khai trién hai hang tr cu6i réi nhém cdc hang tir 1am xudt
hién nhan wr chung y - z.

P=x2(y -2)+ yzzz-xyz+xzz—yz2
=X’y - 2) + yaly - 2) - x(y" = 7))
=(y- 2)(x* + yZ = Xy = XZ)
=(y -2)[x(x -y)-2(x - y)]
=(y - 2z)x - y)x - 2).
Cdch 2, Tich z = x thanh - [(y = z) + (x = y)], ta ¢
P= xz(y—z)~ yII(y-zH(x -+ zzlx -y)
oy S 2 2
=(y-2z)X" -y )-(x-y)y -2°)
=(y-z)X+Y)X=y)= (X =yNy+z)y - 2)
M(Y=Z)X=Y)X+Yy=Yy=-2Z)
=(y - 2)(X = y)(x - 2).
Cach 3. Xem vi du 37.
Vi du 14. Xét hing ding thitc (x + 1)’ = x” + 3x2+3x + 1.

Ldn luot cho x bing 1, 2, 3, ..., n ri cong timg v€ n ding thic trén dé tinh
gid tri cua biéu thic :
S=12422+3%+ ..+’
Gidi : Tir hing ddng thic dd cho ta c6 :
=143t 430 41

Pu2 $3.2%43.2%I1

(n+ l)3=n3+3n2+3n+ l.
Cong timg v& n ding thic trén réi rit gon, ta duge

(n+ I)3=I3+3(I2+22+...+n2)+3(l+2+...+n)+n.

17



Do do

1 3n(n+1)

1% 4 2% 4 . e =T E T = ~n+1) =

nin+ 1)(2n + 1).

19 | =—

={n+I)[(n+l)2-37"—1]=(n+l)(n2+%]=

Viy S = éu(n+ D(2n + 1).

Bai tap
60. Phan tich thanh nhan ur :
ul(ah—l)2+(a+b)2: b)x3+2x2+2x+l:
o) x —4x? + 12x - 27; dx'-2 v 2x -1
oxt+axt e 24241
61. Phan tich thanh nhan ur :
u)x2—2x—4y2-4y: b)x4+2x]—4x-4:
C) xz(l - xz)-d-dxzz d) (1 4+ 2x)(1 =2x) = x(x + 2)(x = 2);

c) x2+y2—x2y2+xy-—x-y.
62. Chimg minh ring 199" — 199 chia hét cho 200.

63. Tinh gid tri cta biéu thic sau, biét x’ —x =6 :

¢ 4 3 2
a2+ x7 +x% =x.

A=X
64. Phan tich thanh nhan tr :
a) a(b® + ¢ + be) + be? + 2’ + ac) +c(a’ + b +ab) ;
b) (a + b+ ¢) (ab + bc + ca) - abe ;
c*) a(a + 2b)° - b(2a + b)".
65. Phan tich thanh nhan ur :
a) ab(a + b) = be(b + ¢) + ac(a —¢) ;

b) a{b2 - cz) + b(::2 - az) E c(a2 + bz} + 2abc ;

18



c)la+ b)(a2 - bz) + (b + c:)(b2 - cz) +(c+a) 102 - az) ”
d)a’(b-c) + b'(c - a) + c"(a ~b):
¢) a"(c - hz) - b"(a - cz) + c3(b - az) + abc(abe - 1).
66*. Phin tich thanh nhan tr :
u)a(b+c)2(b—c)+b(c+a)2{c—a)+c(a+b)2(a-—b):
b) a(b - c)" +blc-a) +cla- h)3 :
<) azbz{a -b)+ zcztb -C)+ czaz(c -a);
d) a(b2 +ch)+bic’ + az) +ca®+b) - 2abc-a’ - b' - ¢*;
c) a"(b -c)+ b"(c -a)+ c"{u - b).
67. Phan tich thanh nhan ur :
a)@+b+c) —@+b-c ~(b+c-a)'-(c+a-b)’
b)abc - (ab+bc+ca)+(a+b+c)- 1.
68. Chimg minh ring trong ba s6 a. b, c, tdn tai hai s6 bing nhau, néu :
az(h -Cc)+ bzic —-a)+ cz(a -b)=0.
69. Chiing minh ring n€u a’ + b> = 2ab thi a = b.
70*, Chimg minh rang néu a’ + b +c = 3abec vaa, b, ¢ la cic s6 duong thi
a=b=c.
71*. Chiing minh ring néu a*+b* + ¢ +d* =4abed vaa, b, ¢, d 1a ciic 56 duong thi
a=b=c=d.
72. Chimg minh ring néum=a + b + ¢ thi
(am + bc) (bm + ac) (cm + ab) = (a + l:l)2 (b+ c)’ (c+ a)z.
73. Choa’ +b° =1, ¢’ +d’ = 1, ac + bd = 0. Ching minh ring ab + cd = 0.

74. Xét hing ding thic (x + 1)> =x* +2x + 1.
Lén luot cho x bang I, 2, 3,.... n réi cong timg v¢ n dang thic trén dé tinh
gid trictabiéu thic S, =1+2+3 + ... +n.
75%. Bing phuong phdp twong tu nhu & vi du 14 va bai tap 74, tinh gid tri cla
7 i T i 3
biéuthic S;=1"+2" +3 +..+n".
~ Vidu : 26 dén 39.

Bai tap : 166 dén 191, 195, 197 dén 201, 203, 204, 206, 207, 215, 217,
222 dén 224, 226.
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§4. CHIA DA THUC

Pa thirc A(x) goi la chia hét cho da thic B(x) khic 0 néu t6n tai da thic
Q(x) sao cho A(x) = B(x). Q(x).

Ngudi ta chimg minh duge ring : Véi moi cip da thic A(x) va B(x) trong do
B(x) = 0, t6n tai duy nhat cap da thic Q(x) va R(x) sao cho A(x) = B(x).Q(x) + R(x),
trong d6 R(x) = 0 hoac bic ciia R(x) nho hon bic cia B(x).

Néu R(x) = 0 thi A(x) chia hét cho B(x). Néu R(x) # 0 thi A(x) khong chia
hét cho B(x), khi d6 Q(x) la thuong va R(x) la dur cia phép chia A(x) cho B(x).
Vi du 15. Tim s6 tu nhién n dé da thic A chia hét cho don thire B :
A=3x"""y' - 5"y B=2x'y"
Tim thuong A : B trong truong hop dé.
Gidi : Diéu kién dé A chia hétcho B la:

n-123
n+123 nz4
= & n=4.
6=n { <4
42n
Viy véi n = 4 thi da thic A chia hét cho don thire B. Khi do
A:B=0xY" -5x’yh: (x'yh = %yz -2

2

Vi du 16. Xac dinh cdc s6 hitu ti a va b dé da thic x> + ax + b chia hét cho
da thice xz +x-2

Giai : Cach 1. Dat tinh chia :

3
X + ax+b

3
X+ X - 2x

—x2+(a+2)x+b

-x" - X+2

(a+3)x+(b-2)



D¢ chia hét thi da thic du phai bang 0 véi moi gid tri ca X, nén :
a+3=0 a=-3
—
b-2=0 b=2.
Vayvdia=—3:h=21h‘:x‘+ax+hchiahé’lchox2+x—2.
Cdch 2. (Phuong phap hé so6 bat dinh)
Da thic bi chia ¢6 bac ba, da thic chia ¢6 bic hai nén thuong 1a mot nhi
thire bic nhat, hang tr bac nhit la x*:x=x.
Goi thuong la x + ¢, tacé :
x3+ax+h=(x2+x-2)(x+c)
nén x"+ax+b=x]+(c+I)x2+(c—2)x—2c.
Hai da thic trén bang nhau nén :
-1

-3
2.

c+1=0

Il

C
c-2=a & a
-2c=b b

Vay vdia=—3;b=2lh‘1x3+ax +bchiah€lch0x2+x—2.thumlg lax—1.

Cdach 3. (Phuong phip xét gid tri riéng)

Goi thuong khi chia :rc3 + ax + b cho xz +Xx-210Q(x), taco:

x“+ax+b=(x— (x + 2) Q(x).

Vi ding thire ding v6i moi x nén ldn lugt cho x = 1, x = -2, ta dugc :

l+a+b=20 a+b=-1 a=-3
o =

-8-2a+b=0 -2a+b=8 b=2.

Véia=-3:b=2thix’ +ax + b chia hét cho x> + x — 2.

Bai tap

Chia don thirc cho don thirc
76. Thuc hién phép tinh :

a)8'%:4°%: b)27°:



77.

78.

79.

80

81.

82.

83.

84.

85.

2
3

Chimg minh ring biéu thic sau khong am véi moi gid tri cia bién :
A= (—l5x3yﬁ) - (—Sx}"?}.
Chimng minh ring gid tri cha biéu thic sau khong phu thudce vao gid tri cia
bicny(x=0;y=0):
2 1
B= sxzy“ - (—Exy] +2x(y — Iy + 1).

Tim s6 ty nhién n dé don thic A chia hét cho don thirc B :

n+l_ 2 3x3yn-l.

A=4x y :;B=

Chia da thure cho don thirc
Thuce hién phép tinh :

| -+ 2 2
a) ("azx" +—ax‘1 -—axz):[——axz] .
2 3 3 3

b) 4[%x o 1] +(12x%2 = 3x) : (=3x) - (2x + 1)

Thuc hién phép tinh réi tim gid tri nho nhat cua biéu thice :
A= (‘)xy2 - 6x2y) t(=3xy) + (6x2y +2xY 1 2x2).

Tim s6 tu nhién n dé€ da thirc A chia hét cho don thic B :

Am 73 lyY 50yt B = 5x’y".

Chia da thirc cho da thirc
Ruit gon biéu thic

|(x" + y“) - ’.‘!(:lc2 - yz) + 3(x + y)2[ (X +y).
Chia cac da thic :
a)(3x"-—2x“—2x2+4x—8):(x2—2):
b) (Zx“ - 26x - 24): (x2 +4x + 3);
¢) (x" =7X+6):(x+3).
Xidc dinh hing s6 a sao cho ;

a)4x2—-6x+achiahé'|chox-3:



86.

87.

88.

89.

90.

b) 2x> + X + a chia hét cho x + 3 ;

c) x + ax> — 4 chia hét cho x* + dx + 4.

Xic dinh hing s6 a sao cho :

a) 10x” - 7x + a chia hét cho 2x - 3 ;

b) 2x” + ax + | chia cho x -3dud;

¢)ax” + 5x - 9 chia hét cho x — I.

Xic dinh cdc hing s6 a va b sao cho :

a)x' +ax + b chia hét cho x’ - 4 ;

b) x* + ax® + bx — 1 chia hét cho x* - 1 :

¢) x* + ax + b chia hét cho x” + 2x - 2.

Xic dinh cic hing s6 a va b sao cho :

a) x* + ax’ + b chia hét cho x* - x + | -

b) ax’ + bx> + 5x — 50 chia hét cho x” + 3x - 10 ;
¢) ax’ + bx” + 1 chia hét cho (x - l)2 :

d) x* + 4 chia hét cho x” + ax + b.

Tim cac hang s6 a va b sao cho x’ + ax + b chia cho x + 1 thi dur 7, chia
cho x — 3 thi du -5.

Tim cdc hang so6 a, b, ¢ sao cho ax’ + bx” + ¢ chia hét cho x + 2, chia cho
x* = 1 thi dux +5.

~ Vi du : 46, 50 dén 59.

Bai tap : 259 dén 275.



Chuong 11
PHAN THUC DPAI SO

§5. TINH CHAT CO BAN CUA PHAN THUC.
RUT GON PHAN THUC

Phan thit: dai s&'12 mot biéu thic cé dang %. trong 46 A va B I cic da

thuc, B# 0,

Phan thire dai 6 ¢6 cdc tinh chit co ban sa
ai § cob

-
i
L RAEE RARE o

— Néu nhan ca tr thirc va miu thitc cita mot phéan thire véi cing mot da
thitc khac 0 thi duoc mot phan thirc bing phan thic da cho.

— Néu chia ca tr thitrc va méu thiic cia mot phan thire cho cing mot nhin
tr chung ctia ching thi duge mot phan thic bing phéan thic da cho.

Mu6n nit gon mot phan thic dai s6, ta c6 thé :
— Phan tich tr thire va mdu thire thanh nhan ur ;

— Chia ca tir thire va méu thite cho nhan tr chung.
Vi du 17. Cho phan thic

- (az+b2+t:2)(a+b+c)2+(ab+bc+ca)2
(a+b+c)2-(ab+bc+ca)

a) Tim cdc gid tri cua a, b, ¢ dé phan thic duge xdc dinh (uic 1a dé miu
khic 0).

b) Riit gon phin thic M.

Gidi : Ta cé
(a+b+c)2-(ab+bc+ca)=0@a

2

M

2 b’ +cX’+ab+bc+ca=0

< 2a +2b2+2c2+2ab+2bc+2ca=0
c:(a+b)2+(b+c)2+(c+a)2=0c>a+b=b+c=c+a=0

Sa=b=c=0.

Vay diéu kién dé phan thic M duge xdc dinh 14 a, b, ¢ khong déng thai
bang 0.
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b)Chli)'rréng(a+b+c)2=a2+h2+c2+2(ab+bc+ca). Do do, ta dat
az+b2+cz=x.ab+bc+cu=y. Khid(‘o(u+b+c)2=x+2y.1‘uc6
_x(x+2y)+_\;2 _x2+2xy+y2 __{x+y)2 N
X+2y-Y X+y X+ Y
2

M

X+Yy

=a2+b2+c

+ ab + bc + ca.
Vi du 18, Rut gon phan thie
P (b - c}" +(c - a)“ +(a - b}"
az(h -C)+ bz(c - a)+ cz(u - b)
Gidi : Phan tich miu thae thanh nhan tr ;

uz(h -C)+ bz(c - a) + cz(a -b) = uz{b -C)+ bzc - ub‘,' + a(:2 - bc2
= azlb -¢)+ be(b-c¢) - u(b2 - czj =(b- t:)(:l2 + bc - ab - ac)
=(b-c)la(a-b)-c(a-b)]=(b-c)a-Db)a-c).

(b= c)" +(c - u)" +(a - b)‘ll
—@-bb-c)c—-a)

Do do A

Ta ¢6 nhan xét : Néux +y + 2 =0 thi X" + y" +7 = 3xyz (chimg minh :
xem bai tdp 42). Pitb-c=x,c-~a=y,a-b=z1thix +y + z = 0. Thco nhin
xéttrén :

_:nc"+y"+2'1 _ 3xyz

-Xyz -Xyz

A -3.

n“+2n

1

Vi du 19. Chimg minh ring vdi moi s6 nguyén n thi phan s6 5
n" +3n° +1

14 phén s6 t6i gian.
Gidi : D€ ching minh phan s6 dé cho 1a 6 gian, ta sé ching 16 rdng tr va
mdu chic6 ude chung la + 1.
Goi d la udc chung cha n’+2nvan'+3n’ + 1. Taco:
n'+2nid=nmn'+2n)id=n"+20"id, (1

n' +3n2+l—(n4+2n2)=n2+l5d=>(n2+l)2=n4+2n2+lfd. 2)
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Tir (1) via (2) suy ra
m*+2+-m'+2mD)id> 1 idsd=%1.

1
n +2n

n +3n2+l

Vay la phan so 16i gian.
Vi du 20. Chimg minh ring

2, .3 31 2 4 8 16
l+x+x"+X +o+x =(1+x)(1+x )T +x )1 +x)1+x7). (1)
Gidi : Goi V€ trii clia ding thic (1) 1a A, vé phai 1a B.
Tacé (1 —x). A=1-x"" theo hing ding thiic 8,
(1 =x).B=(1 = x)1 +x)(Il +,x,2)(l + ,x")(l +x,“)(l +x“')= 1 - x“‘.

|- x¥

Néu x # 1 thi A va B déu bing phan thirc . Dodo A=B.

l1-x
Néu x = 1 thi hai v&€ cua (1) déu bang 32. Do dé A = B.
Trong ca hai trudng hop, ding thic (1) déu ding.

Bai tap
91. Tim gid tri cta x dé cdc phan thirc sau bang 0 :
st exPex+l xt-5x2 +4
a) 1 3 5 ’ b) N R .
X' =X +2x° =x+1 x =10x“ +9
92. Rut gon cic phin thic :
235.2469 - 12 2
a) A = 1235.2469 - 1234 : b) B = 4002 _
1234.2469 + 1235 1000.1002 - 999.1001
93. Ruit gon cic phan thic :
a)3x3—7x2+5x-l. b)(x—y)3—3xy(x+y)+y3,
23 —x2 —4x+3 X = 6y .
& 3" +y2 2 - 2xy + 2xz - 2yz

2

X -2xy+y2—zz

94. Rut gon cdc phan thirc véi n 1a s6 tu nhién :

(n+1) b) n! . (n+1)!=(n+2)!
nl(n+2) " m+ 1) =n!" (n+ D!+(n+2)



95. Rut gon cic phan thiec :

a%(b-c)+ b (c-a)+c2(a-b) Y 2xY = 7x% = 12x + 45 )

a) :
abz - ucz -b* +be? . 3x" - l‘)xz +33x -9

3 3 3 3 3
X' -y +2z +3xyz x? +y +2 —3xyz

. d)

c)

(x+3,')2 +(y+z)2 4-(';.—.\;)2 (x _},)2 +(y-—zr.)2 +(z—x)2.
96. Chimg minh ring cdc phin so sau t6i gian véi moi s6 tr nhién n :

3
3n+1 12n + 1 n +2n 2n+ 1

’: b) ‘_’: L'*).‘—*T-'—Z d) = .
5n +2 30n +2 n +3n° +1 2n” ~1

7 2
97. Chimg minh ring phan s6 pte x1 khong 161 gian vai moi s6 nguyén

n" +n+l
duong n.

98. Viét gon bicu thire sau dudi dang mot phan thic :

2 16

(xz—x+ l)(x‘l—x + l)(xN —x4+ l){xm—x“+ I){xn-x + 1).

(ax + by + cz)z _

99. Cho biét x, y, z khic 0 va ~S—=——— =a’ + b2 + 2.
X" +y +2
Ching minh riing 8 s
X y z

100*. Cho biét ax + by + cz = (.

be(y - 2)2 + ca(z - x)2 + ab(x - y)z

ax? + hy2 +c2?

Rit gon A =

x2+y2+22

101. Ruit gon 5 5 2.hii.&'l ringx+y +z=0.
(y=2)" +(z-x)" +(x-y)

102. Tinh gid tri cia biéu thic A = =7 bix’- 2_\,'2 =xy(y=20:x+y=0).
X+y
= R 2 3x=-2y ... 2 2
103. Tinh gid tri cua phan thirc A = T biél ring 9x™ + 4y” = 20xy va
3Xx + 2y

2y <3x < 0.



104. Cho 3x — y = 3z v 2x + y = 7z. Tinh gid tri cua biéu thic

2
X“ = 2xy

X2+y2

M= (x=0,y=0).

105. Tim s6 nguyén x dé phan thirc sau ¢6 gid tri 12 s6 nguyén :

3 5 74
a) ' b) 3 H C).,—‘.
2x -1 x“ +1 x°-x+1
"
X -5 X+2
d) : ¢) 3 g
X+ 8 X“ +4

x2+|

106. Tim s6 hitu ti x dé phan thic 6 gid tri 1a s0 nguyén.

107*, Ching minh ring néu cdc chir s6 a, b, ¢ khic 0 thoa min diéu kién
ab:bc =a:cthi abbb: bbbc =a:c.

108. Diém trung binh mén Todn cua cdc hoc sinh nam va nir hai 16p 8A va 8B
duge thong ké & bang sau :

Ldp 8A Lap 8B Ca hai lop 8A va 8B
Nam 1l 8,1 7.9
N 7,6 9,0
‘Ca lop 74 8,4

Tinh diém trung binh mon Todn cua cic hoc sinh ctia ca hai 16p 8A vi 8B.

§6. CAC PHEP TINH VE PHAN THUC

Mudn cong cdc phan thirc, ta quy déng miu thirc, cong cic wr thicc véi
nhau, gitr nguyén méu thic chung, réi nit gon phin thirc vira tim duoc.

Muo6n trir di mot phan thire, ta 18y phan thirc bi trir cong véi phan thic déi
ctia phén thice trir.

Muén nhan cdc phin thirc, ta nhan cdc tr thic véi nhau, cic miu thic véi
nhau, réi nit gon phan thic vira tim duge. Muén chia cho mét phan thic khéc 0,
ta 14y phan thiic bi chia nhan véi phan thirc nghich ddo cta phan thic chia.
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Vi du 21
Choa+b+c=0vaa, b, c déu khic 0. Rt gon biéu thic
ab be ca

A= + + ;
2 2
a2 +b?-c2 blect-a2 A+a?-b

Gidi : Tra+b+c=0suyraa+b=-c.

. N 2 2 9
Binh phuong hai vé, ta dugc a™ + b® + 2ab = ¢ nén a° + b% - ¢* = ~2ab.

2 2 2 b

Tuong tu, b™ +¢™ —a” = -2bc va c? +a% - b% = -2ca.

ab be ca | S P 2

- - =-=,

-2ab -2bc -2ca 2 2 2 2
Vi du 22. Riit gon biéu thirc

2 4
A=|+'+ + +8

I=x 1+x J4+x2 1+x? 1+x

Gidi : Do dac diém cua bai todn, ta khong quy déng miu i1 ca cdac phan
thirc ma cong ldn luot timg phan thic.

Do do A=

R

A 2 2 4 8
A= - + &
l—s‘:2 I+x2 I+x4 I+x"
4 N 4 . 8 8 . 8 16
1-2* tax? tex® 1-x®. 14x" 1-x®
Vi du 23. Rit gon biéu thic
B= 32+ 52+...+2n—+lz-.
(12 (23) [n(n + 1)

Giai : Duong nhién khong thé quy déng méu tdt cd cdc phan thicc. Ta tim
cdch tich méi phan thic thanh hi¢u cua hai phan thiic réi dung phuong phip
khir lién tiép. Ta co :

2k+1 _(k+DP-k* 11
Kk+1D?  Kk+D? k¥ (k+1)?

1 n(n+2)
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Vi du 24. Xic dinh cic s6 a, b, ¢ sao cho
1 ax + b c
= 5 + .
+hx-1) x2+1 x-1
Gidi : Thuc hién phép cong o vé phai cua (1) :
2

2

(ax+b)(x—l)+c(x2+l)_ax —ax + bx = b +cx +C

x2+Dx-1 xE+Dx-1

_ (a+c)x2 +(b-ax+(c—-b)
x2+D(x -1

Dong nhit phan thic trén vdi phan thic .,; ta duoc :
(x“+I(x-1

a+c=0
b-a=0 =

{c+b=0
c=-b=1

1
c-b= 2" 2

! 5" 9
(x2 +D(x=1) x2 +1 X

Dodoa= -%. Nhur vay :

| 11
Vi du 25. Cho A= —‘[—4— - -7].

Thuc hién phép tinh A + B+ C.

(n

Gidi : Ta co
Ao Yoxt ot exhy?-xd) P xly-x)
Xyt (x +y) Sy (x + yP Y+ YR
3. %
peca L (1 1, 1y
(x +y) {x y g Al <v.
=.__2._[_'____'_+Y"‘J= B y' —x? + xy(y - x)
x+yile ¥ 2y2) 4y Ky



2 (y - x)(y2 + 2xy + xz) _ 2Ay-x)

(x +y)" ’ xsys P (x + y)zx.%ys'

2 2
Dodé A+B+C=W FXIy-%)  2Ay-x) _

x"y"(x - y)z x"y"(x +y )2

" (yz -~ xz)(y - X) + 2xy(y — X) _ (y-:c)(y2 - x2 + 2xy) Ly=X
x"y"(x - y)2 x4)'“'(x - y)z x”‘y4

Bai tap
x+3 2x-1 x-3
a) - a :
x+1 x-=-1 x2_
1 1 1 1
- . “ :
Xx+y) yix+y) x(x-y) yly-x)
110. Thuc hién phép tinh :
1 | |
(a-b)a-c) (b-a)b-c¢) (c-a)c-b)
| 1 |
B= + + &
ala—-b)a-c) bb-a)b-c¢) c(c—-a)c-b)

a) A

be ac ab
¢c) C= . - 2
(a-b)a-c) (b-a)}b-c) (c-a)c-b)
pi 2 2
d) D a b c

= + + .
(a-b)a-c) (b-a)b-c) (c-a)c—-b)
111. Cho a, b, ¢ la cdc s6 nguyén khdc nhau déi mot. Chimg minh ring biéu
thirc sau c6 gid tri 1a mot s6 nguyén :
a3 b &
P= + + A
(a=b)a-c¢) (b-a)b-c) (c—a)c=-Db)
112. Cho 3y - x = 6. Tinh gid tri ctia biéu thirc
X, 2x - 3y'
y-2 Xx-6

A=
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2 Zi wad 2
113. Tim x, y, z, biét ring XT - YT+ %— =

2
5

114. Tim x, y, biét ring X +3,'2 + Lz +L2 = 4,
X .

¥
" 1 1 1
115. Cho biét : —t—t—-=2,
a b ¢
| | |
—t—+—==2
al b2 c?

Chimg minh ring a + b + ¢ = abc.

116. Cho 2+1lela0
a b c
vi 9—+E+£=2.
. v Z
id 2 2
Tinh gid tri cta biéu thic : = +92_+F—2—.
= ¥ K

118. Cho —4—+—==

Chimg minh ring trong ba s6 a, b, ¢, 16n tai hai s6 bing nhau.

X +y2+z

(n

(2)

119. Tim cdc gid tri nguyén cia x dé phan thic sau c6 gid tri 12 s6 nguyén :

2x3—6x2+x-8_
x-3 ;

a) A=

4 _2x3 —3x? +8x -1 "

Ll

b) B=2

x2-2x+l
x4+3x3+2x2+6x—2

c)C=
x2+2




120. Riit gon biéu thiic sau véi x = -
3a+2

X+3a x-3a 2a
= +
2-x  2+x 4-x2

121. Ruiit gon biéu thiic :

2 2 2 (a—b)2+(b-c)2+(c—a)2
A= - - - ;
a-b b-c¢c c-a (a = b)b-c)c-a)
.. a+b=-¢ b+c-a a+c-b i . ;
122, Cho biét - - = 0. Chimg minh rang trong

ab be ac
ba phan thirc @ vé trii, ¢6 it nhit mot phan thire bang 0.

123. Xic dinh cic s6 a, b, ¢ sao cho :

1 a bx+c I i
@) ——— ==+ b) g— = ——t —
x(x*+1) X x"+1 x“=-4 X—-= X+2
1 a b C
c) = + +

(x+D2(x+2) X+1 (x+1) x+2

124. Ruit gon biéu thirc
[ A | | 1
B=(ab+bc+ca) |—+—+—[-abe| 5+ +=5|
a b ¢ a® b* ¢

125, Choa, b, o khikc ohas a5 mie vl - + -+ 0. Rait gou chic bidw thie -

a b ¢
a) M= 21 + Zl +—3 I =
a“ +2bc b° +2ac c¢© + 2ab
b) N = be N ca % 2ab :
aZ+2bc b2+2ac ¢ +2ab
2 2 2
& P a b " C

+ ™
al+2bc b2 +2ac 2 +2ab
a+b_b+c_c+a

c a b

=22

. Tinh gia

126. Cho cic s0 a, b, ¢ khac nhau doi mot va

tri cta biéu thirc
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127%. Cho a° + b® + ¢ = 3abc va a +b + ¢ # 0. Tinh gid tri cia biéu thiic :

2 2 2
b~ +
Wt tH TS

(a+b+ c):E .
128. Riit gon cdc biéu thic :

n
12 32 5 (2n + 1)°
b) B=— e =3 5 :
2 -1 4°-1 6 -1 (2n+2)° -1
129, Ruiit gon cic biéu thife
| 1 1 1
a) —+ —+—+
1.2 23 34 (n-=1Dn
b’L+L+..l_+ + I e
25 58 8.1 (3n +2)(3n + 5)
| | 1 1

+ + PR %
123 234 345 (n=1inn+1)

130. Ching minh ring véi moi s6 tu nhiénn 2> 1 :
1 1 1 |

|
) —+—+—+..+ <=
)22 42  ¢* (2n)? 2
| | | I |
b)) —+—+—+ .t —— < —,
32 52 72 (2n+l)2 4

131. Chimg minh ring véi moi s6 twnhiénn 2 2:

11 !
St — L+ <
22 3 4 2

132. Ching minh rang véi moi s6 ty nhiénn > 3 :

o+

e

nin +2)
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134. Chimg minh ring vdi moi s6 tu nhiénn > 2 :

o= 12k M- 31w 3

135. Riit gon biéu thirc

L [ N

2 2 2

A==>—o, ; .
s2-197-1132 -1 452 -1

136*. Chirng minh ring :

241 3441 241 9'+1 _3
v a)A= 3 . . o see e < -
Ad oAl a3 ot _1 2
z i 2 14 i 4 ) -
3 3 3_
b)B=21 1-31 I-'--'na l>g'
27+1 3 +1 n"+1 3

137*. Ruit gon biéu thire

M+t + a9t + 9.1t + 9
G+ +a)11Y + ). (234 +9)
138. Riit gon biu thic
M= 3 | + 3 : + 3 ! ¥ 3 : .
a“-5a+6 a“-T7a+12 a“-9a+20 a“-1lla+30
139. Ruit gon biéu thitc
(n—l n-2 n-3 2 1 } [l 11 l]
+ + + .+ + ==t =t .. +—]|
1 2 3 n-2 n-1 2 4
140. Ruit gon biéu thic
1 1 1 | 1
+ + +...+ +
A _12n-1) 32n-3) 52n-5) 2n-3)3 (2n-1).1
B 1 1 '

l+—t+—=+..+

P=

35 2n -1
141. Cho abc =1 (1)
va a+b+c=l+l+-l-. (2)
a b ¢

Chitng minh rang trong ba s6 a, b, ¢, tén tai mot s6 bang 1.
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142. Ching minh ring néu x +y + z = a va 1 i

Lyl L] thi tén tai mot
X y z a
trong ba s6 x, y. z bang a.

143. Cic biéu thirc x +y + z va L - L + L ¢6 thé cuing ¢6 gid tri bang 0 duoc
X 'y z

hay khong ?
| 1

144. Tinh gid tri cia biéu thic M = 4 - I , biét ring
X+2 y+2 z+2

.
2a=by+cz,2b=ax+cz,2c=ax+byvia+b+c=0.
145. a) Cho abc = 2. Riit gon biéu thic
a b 2c
= - - !
ab+a+2 bec+b+1 ac+2c+2
b) Cho abc = 1. Riit gon biéu thiic
a b c
- - y
ab+a+l bec+b+1l ac+c+1

N =

a-b
b-c

146. Cho = = .az0,c#0,a-b=#0,b-c=0.Ching minh ring
c

147. Choa+b+c=0(a=0,b=0,c# 0). Riit gon cic biéu thic :

2 2 2
u)A=a—+b—+c—: .
bc ca ab
2 2 ]
b) B = = + 2 + .

a2 -b2-c2 b2 -c?-a2 2-al-p®
148*. Tinh gid tri cia biéu thic sau, biét ringa+b+c=0:

A=[a-b+b—c+c-——a)[ c a b ]

- -
c a b a-b b-c c-a
149. Ching minh ring néu (a2 - be)(b — abe) = (b2 — ac)(a — abc) va cic sO
1

a.b.c.a-bkhécOlhi-—+l+l=a+b+c.
a b ¢
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150*.Choa+b+c=0,x+y+z=0, i+E+E = 0. Chiing minh ring
X

y z

~N

]

2 2 2
ax" + by  +cz"=0.

xy+1 yz+l xz+1 2.3

151. Cho . Chimg minh ring x =y =z hoac xzy

y 7 X

] % 7 4

a b ¢ : e a“ b~ c*

152. Cho + + = |. Chimg minh ring —— + - =
b+c c+a a+b b+c c¢+a a+b

153*, Cho 5 ol b e E =" 0. Chimg minh rang

a b c
2+ 2+ 5 = 0.
(b-c¢) (c—a) (a —b)”

| r - ,
154. Cho x + — = a. Tinh cic biéu thic sau theo a :
X
e .
a) X + 2 3 4 -
X X X X

155. Cho [:ic2 - L’] : [x2 + L,] = a. Tinh biéu thuc
a X

X
1 | 1 |
M=|x ey L Ry theo a.
X X

x4+ x"‘

x2

s s 1
156. Cho x> — 4x + | = 0. Tinh gid tri ctia biéu thic A = <

.
157. Cho N e a. Tinh M = .. i theo a.

X“=-x+1 x"'+x2+l

b2 +c? - a’ _'.12-(h—c:)2

158. Cho x = 7

2bc ‘y_(h+c)3-a
Tinh gid tri cua biéu thirc X + y + xy.

159. Tim hai s6 tu nhién a va b sao cho :

a

b)‘u -b=—.

R
i 2b

o

|
—_ h)x3+l : c)x"+L: d) x il

z =1
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160. Cho hai s6 nguyén duong a va b trong dé a > b. Tim s6 nguyén duong ¢
khic b sao cho

'.1'7'4-1')3 _a+b

a“ + c3 a+ C.
161. Cho diy s6 a|, ay, a3,... sao cho:

T U "L PR =l

n= i
an-—l"’1

a; = yay =
2 a; +1 2 a; +1

a) Chimg minh ring a, = as.

b) Xdc dinh nam s6 ddu cia day, bi¢t rang a,(, = 3.

. k
162. Tim phan s6 2 Khac 0 va s6 wr nhién k, biét ring = = '“n;
n n

163*. Cho hai s6 tu nhién a va b (a < b). Tim tdng cdc phan s6 16i gian c6 miu
bang 7, mbi phén s6 16n hon a nhung nhé hon b.

164. a) Mifc san xufit cha mot xi nghi¢p nam 2001 tang a% so vdi nam 2000,
nam 2002 tang b% so v6i nam 2001, Mitc sian xudt cia xi nghiép do nam
2002 tang so vai nam 2000 la :

A)(a+Db)% ; B) ab% ; ) {a +b+ alZOb]% :

D)(a+b+ ab)%: E) a+b+ L. %
100 100 10000

v

Hiy chon cau tra loi ding.
b) Mot s6 a tang m%, sau d6 lai giam di n% (a, m, n la cdc s6 duong) thi
dugc s6 b. Tim lién hé gitam vain dé b > a.

165*, Chimg minh ring cdc téng sau khong 1a s6 nguyén :

a) A=l+l+l+...+l(nEN.n22);
2 3 4 n
| | L

b)) B==4+—+—+ ..+ (ne N,nz1).
3 5 7 2n + 1

~ Bai tap : 463 dén 465.
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CHUYEN DE

MOT SO PHUONG PHAP
PHAN TICH PA THUC THANH NHAN TU

Trong chuyén dé nay, ta chi phan tich da thic thanh nhin ur voi cic hé
sO nguyén.

I - PHUONG PHAP TACH MOT HANG TU THANH NHIEU HANG TU
Viduy 26(3)

L

Gidi : Pa thirc trén khong chira nhan ur chung, khong cé dang mot hiang
ding thitc ding nhd nao, ciing khong thé nhém cic hang ur. Ta bién doi da thiic
dy thanh da thirc ¢6 nhiéu hang ur hon.

Cdach 1. (Tach hang ur tha hai)

3x” - Bx +4=3x" - 6x - 2x +4 = 3x(x - 2) - 2(x - 2) = (x - 2)(3x - 2).

Cdch 2. (Tich hang ur thir nhay

I -8x+4=4x"-8x+4-x"=(2x-2)" -x*

=(2x-2+x)(2x -2 -x) =(3x = 2)(x - 2).

Nhan xét : Trong cich 1, hang tr -8x duge tich thanh hai hang tr -6x
va —2x. Trong da thic 3x% - 6x - 2x + 4, h¢ s6 cua cdc hang urla 3, - 6, -2, 4.
Céc h¢ so thi hai va thir wr déu gdp -2 1dn h¢ s6 lién truée, nho d6 ma xudt
hién nhéan tr chung x - 2. '

Mot cich téng quat, dé phan tich tam thic bac hai ax’ + bx + ¢ thanh nhan

: . : b e
ur, ta tich hang wr bx thanh byx + b,x sao cho 1= b tic la byb, = ac.
a 2

Trong thuc hanh ta lam nhu sau :

Bicge 1 : Tim tich ac.

Bicge 2 : Phin tich ac ra tich cua hai thira s6 nguyén biang moi cich.
Bicéce 3 : Chon hai thira s6 ma t6ng bing b.
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Trong vi du trén, da thiic 3x° - 8x +4 céa=3,b=-8,c=4. Tichac = 3.4 = 12.
Phan tich 12 ra tich ctia hai thira s6, hai thira s6 nay cing ddu (vi tich cua
ching biang 12), va cing am (dé téng cha ching bang -8) : (-1)(-12),
(=2)(=6). (=3)(—4). Chon hai thira s6 ma tong bing -8, d6 1a -2 va -6.

Vi du 27(3). Phén tich da thic thanh nhan tr :

4x? - ax - 3.

Giai : Cdach 1. (Tach hang ur thit hai)

4x?—4x-3=4x"+2x—6x =3 =2x(2x + 1) - 32x + 1) = (2x + 1) (2x = 3).

Chi y ring hé s6 -4 duoc tich thanh 2 va -6 ¢6 tich bang —12, bang tich
cua 4(-3).

Cdch 2. (Tach hang tr thir ba)

4x2—4x —3=4x2-—4x+ 1 -4=(2x- 1)2—22=(2x+ 1) (2x = 3).

Nhdn xér : Qua hai vi du trén, ta thdy viéc tich mot hang tir thanh nhiéu
hang wr khdc thudmg nham muc dich :

~ Lam xudt hién cdc hé so ti 1¢, nhd d6 ma xuat hién nhan ur chung (ciach 1) :

= Lam xudt hién hiéu cia hai binh phuong (cich 2).

Vdi cdc da thic ¢6 béc tir bac ba trd Ién, dé dé dang 1am xudt hién cic hé
sO Ui 1¢, nguoi ta thuong dung cich tim nghiém ciia da thie.

Ta nhdc lai khdi niém nghiém cta da thic : s6 a duge goi la nghiém cia da
thie f(x) néu f(a) = 0. Nhu vy, néu da thic f(x) c6 nghiém x = a thi né chira
nhin wr x — a.

Ta chimng minh duge ring nghiém nguyén cua da thic, néu c¢6, phai la udce
cua hé so tr do.

That vay, gid sir da thic ax" + a;x"~!

+ ...+ ay_|X + a, vdi cdc h¢ sO a,,
ajy, ..., a, nguyén, cé nghiém x = a (a € Z). Thé thi
P4 +a, x +a,=(x-a)(bx" +b,x"2

ax" + apx"” + ..t by
trong d6 b,, by, ..., b,_; nguyén. Hang tir c6 bac thip nhit cua tich & vé phai
bing -ab,_;, hang tr c6 bac thidp nhdt cia v€ trdi bing a,. Do dé

—ab,_| = a,, tic a la u6c cua a,,.
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Vi du 28(3). Phan tich da thitc thanh nhan tir :
f(x) =x‘— xz -4,
Gidi : Lan luot kiém travéi x =+ 1, + 2, + 4, ta thiy f(2) =2 -2 4 = 0.
Da thirc ¢6 nghiém x = 2, do do chia nhan wr x - 2.
Ta tich cic hang tr nhu sau :
¢ i 2 3 2 2
Cach 1. X' =X —-4=x"-2x"+x"—-2x+2x -4
7
=XT(X=2)+x(x=2)+ 2x -2)=(x—2)(x2+x +2).
e 2 3 2
Cach 2. X =X =4=x"=-8-x"+4
= (x -2)(x2+2x+4|—(x+2}(_x -2)
=(x -2){x2+2x+4—x—2)=(x—2)(x2+x+2).
Clui ¥ I - Khi xét nghiém nguyén cua da thie, nén nha hai dinh Ii sau :
a) Néu da thiic f(x) ¢6 tdng cic hé so bang 0 thi | 1a nghiém cua da thic,
do do da thic chira nhan wrx - 1.
Chang han, da thic x'=5x"+8x-4co1-5+8-4=0nénlla nghiém
cua da thire, da thire chira nhan urx - 1.
b) Néu da thirc f(x) c6 tong cic hé s6 cua hang ur bac chidn bing t6ng cdc hé
50 cta hang tr bac 1é thi —1 1a nghiém cia da thie, da thic chira nhan ur x + 1.
Chéng han, da thic X -5x>+3x+9c69-5=3+1nén-11a nghiém
cua da thic, da thire chira nhan trx + 1.
Chimg minh hai dinh Ii trén, xem cdc vidu 51 va 52.

Chii y 2 : D& nhanh chéng loai trir cic udc cioa hé so tu do khong la
nghiém cua da thic, ¢6 thé dung nhan xét sau :

g . ; . .
Néu a la nghiém nguyén cua da thie f(x) va f(1), f(~1) khdc 0 thi : )I Vil
u -
i), déu la s6 nguyén.
a+1l
Cluing minh. S6 a la nghiém cua f(x) nén
f(x) = (x — a).Q(x). ()
Thay x = 1vao (l),taco (1) =(1 - a).Q(l).
Dof(l)#0néna=1,vi thtQ(l)= i’ . tue la m)l la s6 nguyén.
- a a-—
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f(-=1)
a+

Thay x = =1 vao (1). Chimg minh tuong tu, ta cling ¢6 ld s6 nguyén.

Lay mot vi du : f(x) = 4x> - 13x% + 9x - 18.
Cicubccua I8lat1,£2,£3,£6,+£9,% 18.
f(1)=4-13+9-18=-18, f(-1)=-4-13-9 - I8 =-44.

- 18 ~I8
“3-1" +#6-1"49-1"

Hién nhién £ 1 khong 1a nghié¢m cua f(x). Ta thay

khong nguyén nén -3, + 6, £ 9, + 18 khong la nghié¢m cua f(x).

+18 - |
Ta thay ;:-‘14—1 khong nguyén nén 2 khong la nghiém cua f(x). Chi con -2 va 3.
Kiém tra ta thay 3 12 nghiém cua f(x). Do d6, ta tich cdic hang tr nhur sau :
ax' = 13x7 +9x - 18 =4x" - 12x - x* + 3x + 6x - 18
=4x2(x—3)—x(x—3)+6(x—3)=(x—3)(4x2—x+6).
Vi du 29(3). Phin tich da thic thanh nhén ur :
3% = Tl # 17x = 5.

Giai : Cic s6 1, £5 khong 12 nghi¢m cua da thic. Nhu vay, da thic
khong ¢ nghiém nguyén. Tuy viy, da thic ¢6 thé ¢6 nghiém hiru ti khic. Ta
ching minh duge rang trong da thire ¢é cic hé s6 nguyén, nghiém hiru ti (néu

c0) phai ¢6 dang L trong do p la ude cua hé so tu do, q la uée duong cua hé
q

sO cao nha'lm.

(*) That vay. gid str da thic agx” + apx" !

¢o nghiém hiu i x = L trong d6 p,q € Z,q >0, (p. q) = I. Thé thi
q '

+ o+ d, X+ ag vai cic hé S0 ag, ay..... 4, nguyén,

ax" +ax" 4 b apx+a, =(qx—p) (bex" ' +bx" 24 .. +b,,).

Tacé —pb,_| = a,, gb, = a, nén p la wde cia a,, con g 13 uée duong cia a,,.
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e o e u il (i | e : ; : 5 . .
Xét cic s6 15 . t-3~ . la thay 3 la nghiém cuia da thie, do d6 da thic chira
thira s6 3x — 1. Ta tich cic hang wr nhu sau :
3 2
3 - TP+ 17 =5 =3x" - xP —6xP + 2 + I15x - §

=x2(3x = 1) - 2x(3x - 1) + 5(3x — 1) = (3% = 1)(x> = 2X + 5).

Il - PHUONG PHAP THEM VA BOT CUNG MOT HANG TU

1. Thém va bét cung mét hang tir lam xuat hién hiéu cua hai
binh phuong

Vi du 30(3). Phan tich da thire thanh nhéan wr :
ax? + 81.
Gidi : Thém va bt 36x° :
4 4 2 2
4x + 81 =4x +36x" + 81 — 36x
2 2 2 2 2
=(2x"+9) = (6x) =(2x" + 9+ 6x) (2x™ + 9 — 6x).
Vi du 31(3). Phin tich da thic thanh nhéan ur :
64)&4 + y'l.
Gidi : Thém va bat 16x°y?
64x* + y" = 64x* + 16x2y2 + y4 - I(i-xzy2 = (XM2 + yz)z - (fJ,xy)2

= (sz - yz + 4xy)(8x2 + yz = 4xy).

2. Thém va b6t cing mét hang tir lam xuat hién nhan tr chung

Vi du 32(3). Phan tich da thie thanh nhan wr :
5
X" +x-1.
Gidi : Cach 1.
5 5 4 3 4 3 2 2
X +XxX—=l=x"—X +X +X —-X +X -x"+x-1
1 p ) 2 2 2
=X (X" =X+ D+EXx(X"=-x+DD)-(x"=-x+1)

2 3 2
=(X"=x+ (X +x"=1)



Cdch 2. Thém va bot x° :
2 3 2
x5+x—l=xs+x2—x2+x—l=x(x +1)-(x"=x+1)
'] v 2 3 2
=(x"-x+ DX x+D=-1]=(x"=-x+I)x +x"=1).
Vi du 33(3). Phan tich da thic thanh nhan ur:
7 2
X +x"+1.
Giai : Thém va bot x :
x7+x2+t=x7-x+x2+x+l
3 k) 2
=x(x"+1xX =D+ (x"+x+1)
=x(x3+l)(x—l)(x2+x+|)+(x2+x+I)
=(x2+x+!)(x5-x4+x2—x+l).
3 2 7. .5
Chiai y : Cic da thirc dang T T PR U P UL |
x+x5+I.x+xx+l....déucht'mnhanlirx2+x+l(xcm\'iduS?l.

I - PHUONG PHAP DOI BIEN

Vi du 34(3). Phin tich da thic thanh nhan wr :
X(X +4)(x +6)(x +10) + 128.

Giai :
X(X +4)(x + 6)(x + 10) + 128 = (x” + 10x)(x” + 10x + 24) + 128,
biut x>+ 10x+12= y, da thirc da cho c6 dang :
(Y= 120y +12) + 128 =y* — 16 = (y + 4)(y - 4)
=(:|c2 + 10x + I6)(x2 + 10x + 8) = (X + 2)(x + 8)(x2 + 10x + 8).

Nhdn xér - Trong vi du trén, nhé phuong phip déi bi¢n, ta da dua da thirc
bac bon ddi vai x thanh da thire bac hai doi vai y.

Vi du 35(3). Phin tich da thie thanh nhan wr:

A=xt+6x° + Ix2-6x + 1.
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Gidi : Gia sir x # (. Ta vié1 da thic duéi dang :

A=xz[x2+6x+7—£’-+%] =x2|:(x2+—l;]+6(x—l}+7]_
X X" X- X

bit x . =ylh‘|x2+ ] =_v3+2. Do dé
X xz
2,2 2 2 2
A=x"(y +2+46y+7)=x"(y +3) =(xy + 3x)
| 2
=[x(x ~—)+3x:| =(x2+3x— ”2_
X
Dang phan tich nay ciing diing véi x = 0.
Clii y : C6 thé trinh bay 1&i giai ctia vi du trén nhu sau :
A=xtaox’ - 2xP+0x? - 6x + 1

=x+ 220x - D+ Gx- D=2 +3x - D2

IV - PHUONG PHAP HE SO BAT DINH
Vi du 36(3). Phan tich da thire thanh nhan tir :
x" - ('m'1i + 12x2 - 14x + 3.

Gidi : Cic s6 £1, +3 khong la nghiém cia da thic, da thirc khong c6
nghiém nguyén, ciing khong ¢6 nghiém hiru ti. Nhu viy néu da thitc trén phan
tich duoc thanh nhan tr thi phai cé dang (x> +ax + b) (x” + cx + d). Phép nhan
nay cho két qua x4 + (a + c)x" +(ac+ b + cl):vr.2 + (ad + be)x + bd. Péng nhat
da thirc nay véi da thic da cho, ta duge hé diéu kién :

a+c=-6
ac+b+d=12
ad + bc = -14
bd = 3.

Xétbd=3vdib,de Z, be (], £3}. Vdi b= 3 thid = 1, hé diéu kién
trén trg thanh :

a+c=-6
ac=8
a+3c=-14.
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Suyra2c=-14-(-6)=-8. Dodoc=-4,a=-2.
Vay da thirc da cho phan tich thanh (x2-2x + 3)():3'— 4x +1).
Clui y : Ta trinh bay loi giai cia vi du trén nhu sau :
x'oexP+12x2 - 14x +3 =
=xt-axexi-d e 8xd-2x +3xP - 12x + 3
=x2(x2—4x + =2 -dx + 1) +3(x7 - 4x + 1)

=(x2—4x+1)(x2-2x+3).

Trong phuong phip nay, trude hét ta xdc dinh dang cic nhan ur chia bién
clia da thic, réi gdn cho cic bién cdc gid tri cu thé dé xdc dinh nhan tir con lai.

Vi du 37(3). Phan tich da thie thanh nhan ur :

P= xzt y-2z)+ yz(z -X)+ zztx —y) (vidu 13).

Giai : Thir thay x bai y thi P = yz(,\' -2) + yz(z - y) = 0. Nhu vay P chia
hét cho x - y.

Ta lai thily néu thay x bai y, thay y bai z, thay z bai x thi P khong doi (1a
noi da thic P ¢6 thé hodn vi vong quanh x = y = z = x). Do d6, néu P di chia
hét cho x - y thi ciing chia hét choy - z va z = x. Vay P ¢6 dang

K(x — y)y — 2)(z — x).

Ta thay k phai la hang s6 (khong chira bién) vi P ¢6 bac ba déi vai tap hop
cdc bién x, y, z, con tich (x = y) (y = z) (z = x) cling c6 bic ba déi vai tap hop
cic bién x, y, 2.

Vi ding thic xz(y -2)+ yz(z -X)+ zz(x -y)=K(x = y)y —z)(z - x) diing
vGi moi X, y. 2 nén ta gin cho cic bién x, y, z cdc gid tri riéng, chang han x = 2,
y=1,2 =U'-'. ta duoc :

41+ 1.(-2)+0=k.1.1(-2) =2 2=-2k = k=-1.

VayP==(x = y)y =2z)(z = x) = (x = y)y - z)(x — z).

(*) Cdc gid tri cua x, v, z ¢6 thé chon tuy v, chi cin ching doi mot khic nhau dé

(x = ¥Uy —z)lz-x)=0.
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Bdi tap

Phan tich cac da thirc sau thanh nhan tir (tir bai 166 dén bai 179)

166(3).
167(3).

170(3).

171(3).

a)6x2~ 11x+3; b) 2x% + 3x - 27 ; c}2x3—-5xy~3y2.
a)x’ +2x-3; b)x' -=7x+6;
c)x3+5xz+8x+4; d}x3—9x3+6x+l6.

e)x —x*-x-2; g)x“+x2-x+2:

" 9
h)x —6x" —x + 30.
3

v — Tv — A (oini hino nhidn ~doh)
. "N LY N ‘bl“l Uullb BRRRIN W AN
3 2 3 2
a)27x -27x" + 18x -4 ; b)2x - X" +5x+3;
¢) (x2 - 3)% + 16.
2 2 2 2 2
a)(x"+x) -2(x"+x)-15; b)x" +2xy+y -x-y-12;

c)(x2+x+l)(x:+x+2)—l2:
d)(x+2)(x+3)(x+4)(x+5)-24.
a)(x+a)(x+2a){x+3a)(x+4n)+a";
b)(xz-i-yz+zz)(x+y+z)2+(xy+yz+zx)2:
c“')2(x4+y4+z"}-(x2+y2+zz):—2(x2+y3+zzl(x+y+z)z+

+{x+y+z)4.

172%3). (a+ b+¢)’ —4(a’ + b’ +¢’) - 12abe bing cich déi bién : data +b=m,

173(3).

174(3).
175(3).

176(3).

a-b=n.

a)ax'-32x7 41 b)x®+27;

O3t +x+ - +x+ 17 @i -4+
ayaxt+1; b) 4x4+y4; o) x' +324.
a)x5+x4+l; b)x5+x+l; c)x“+x7+l;
d)xs-x"—l c)x7+x5+l: g)x“+x4+l.

6

a)a6+a4+azb2+b4—b : b*)x"+3xy+y"—l.
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177(3). Dung phuong phdp hé so bt dinh :

a)4x4+4x‘+5x2+2x+l; b|x4—7x"+14x2—7x+l:
c)x4—3.\+63: dl(x+l)4+(x2+x+l)3.
178**(3). a) x™ + 14x* + 1 ; by x* +98x* + 1.

179(3). Dung phuong phédp xét gid tri riéng :
M=u{b+c—a)2+b(c+a*b)2+c(a+bfclz+

+(@a+b-c)(b+c-a)(c+a-Db).

180(3). Chimg minh rang tich ctia bon so tir nhién lién ti€p cong thém | la mot
s0 chinh phuong.

181*(3). Chilng minh ring s6 A = (n + D' +n' + 1 chia hét cho mot 50 chinh
phuong khic | vai moi s6 n nguyén duong.

182(3). Tim cic s6 nguyén a, b, ¢ sao cho khi phan tich da thirc (x + a)(x = 4) =7
thanh nhan tr ta duoc (x + b) (x + ¢).

183(3). Tim cic s6 hiru ti a, b, ¢ sao cho khi phin tich da thic x4 ax’ +bx +c
thanh nhan tr ta duoc (x + a) (x + b) (X + ¢).

184(3). S6 tr nhién n ¢6 thé nhan bao nhi¢u gid tri, biét ring khi phén tich da
thire xz + X — n thanh nhan tr ta duoc (x — a) (x + b) vdi a, b 1a cic s6
nhiénva l <n< 100 ?

185(3). Cho A = a’ + b + ¢°, trong d6 a va b 1 hai s6 wr nhién lién tiép,
¢ = ab. Chimg minh ring VA 1a mot s6 tu nhién lc.

TINH CHIA HET POI VOI SO NGUYEN

Tinh chia hét d6i vai s6 nguyén da duoc trinh bay @ cic cudn Ndng cao vai
phit trién Todn 6, Nang cao va phdt trién Todn 7. Nhis sir dung cdc hing ding
thirc ding nhé va phan tich da thire thanh nhan ur, & 16p 8 ta ¢6 kha nang giai
quyét nhiéu bai todn vé chia hét phic tap hon & céic 16p dudi.

I - CHUNG MINH QUAN HE CHIA HET

Goi A(n) 1a mot biéu thiric phu thude vaon (n € N hoiacn € Z).
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Clui y 1 : Bé ching minh biéu thitc A(n) chia hét cho mot s6 m, ta thuong
phan tich biéu thirc A(n) thanh thira s6, trong d6 c6 mot thira s6 1a m. Néu m la
hop s6, ta phan tich né thinh mot tich cdc thira s6 do6i mot nguyén 16 ciing
nhau, réi chimg minh A(n) chia hét cho tit ca cdc s6 d6. Nén luu ¥ dén nhan
x€ét : Trong K s6 nguyén lién tiép, bao gio cling t6n tai mot boi s6 cua k.

Vi du 38(3). Ching minh ring

A =n’(n® = 7)” - 36n chia hét cho 5040 véi moi s6 ty nhién n.

Gidi : Phan tich ra thira 6 : 5040 =2" .37 5.7,

Phantich A =n[n’(n> - 7)” - 36] =n[(n’ - 7n)” - 6]

= 11(n"s -7n-6) (n'! - 7n + 6).

Ta lai co N ~Tn-6=(n+1)(n+2)(n-3),

n'=Tn+6=(m-1)(n-2)@+3).

Dodé A=m-3)(n=-2)(n=Dnn+1)(n+2)(n+3).

Day la tich ciua bay s6 nguyén lién tiép. Trong bay s6 nguyén lién tiép :

— Tén tai mot boi s6 cia 5 (nén A chia hét cho 5) ;

— Tén tai mot boi s6 cia 7 (nén A chia hétcho 7) ;

— Tén tai hai boi s6 ctia 3 (nén A chia héicho 9) ;

— Tén tai ba boi s6 ctia 2, trong d6 c6 mot boi s6 ctia 4 (nén A chia hét cho 16).

A chia hét cho cic s6 5, 7, 9, 16 d6i mot nguyén t6 cing nhau nén A chia
hét cho 5.7.9.16 = 5040.

Chii ¥ 2 : Khi chimg minh A(n) chia hét cho m, ta ¢6 thé xét moi trudng
hop vé s6 du khi chia n cho m.

Vi du 39(3). Ching minh ring véi moi s6 nguyén a thi

a) a? —a chia hét cho 2 . b) a° —a chia hét cho 3 ;
c) a> —a chia hét cho § . d) a’ — a chia chét cho 7.
Giai :

a) a’ -a= a(a — 1), chia hét cho 2.
b)a' —a=a(a’ - 1)=(a-1)a(a+ 1), tich nay chia hét cho 3 vi t6n 1ai
mot boi cua 3.
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¢)Cachl. A= a’—a =:,1(.12 +@-1.
Néu a = 5k (k € Z) thi a chia hét cho 5.
Néua=5k £ 1 (k € Z) thia’” - 1 chia hét cho 5.
Néua=5kt2(k € Z) thi a~ + 1 chia hét cho 5.
Trudng hop nio ciing ¢6 mot thira s6 cua A chia hét cho 5.
Cich 2. Phan tich a° — a thanh mot 1ong cua hai s6 hang chia hét cho 5 :
Mot s6 hang 12 tich clia nim s6 nguyén lién ti€p, mot s6 hang chira thira s6 5.
a’—a=a@ -1)@ +1)
=aa’ - 1) (@’ -4 +5)
=a(a’ - 1) (a” - 4) + Sa(a’ - 1)
=(a-2)(a-1)a(a+ I)(a+2)+5a(az— 1).
S6 hang thit nhat 1a tich ctia ndm s6 nguyén lién ti€p nén chia hét cho 5, s6
hang thit hai ciing chia hét cho 5. Do d6 a” — a chia hét cho 5.
Cdch 3. Giai twong ty nhu cich 2 : Xét hiéu gilra a> — a va tich nam s6

nguyén lién tiép (a - 2) (a - 1) a(a + 1) (a + 2), dugc Sa(az - 1). Do do6 2 -a
chia hét cho 5.

d) Ban doc tie clutng minh.

Clui y : Bi todn trén la truomg hop riéng cua dinh 1i nho Phéc-ma'”. Dinh
li nay thuong duge dién dat dudi hai dang :

— Dang 1 : Néu p 1a mot s6 nguyén 16 va a 12 mot s6 nguyén thi a” — a chia
hét cho p.

— Dang 2 : Néu a 1a mot s6 nguyén khong chia hét cho s6 nguyén t6 p thi
a"' — 1 chia hét cho p.

Hai dang trén 12 twwong duong. Chinh Phéc-ma da phat bi€u dinh li cua
minh dudi dang 2.

Vi du 40(2)

a) Chimg minh ring mot s6 chinh phuong chia cho 3 chi ¢6 thé ¢é s6 du
bang 0 hoac 1.

(*) Pierre de Fermar (1601 = 1665), nha todn hoc Phip.
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b) Chimg minh ring mot s6 chinh phuong chia cho 4 chi ¢6 thé c6 s6 du
bing 0 hoac 1.

¢) Cic s6 sau ¢6 1a s6 chinh phuong khong ?
M = 19927 + 1993 + 1994 ;
N = 19927 + 1993% + 1994° + 19957 ;
P=1+9""+094"%4 1994'%°
d) Trong day sau ¢6 tdn tai s6 nao la s6 chinh phuong khong ?
Bl DL B0, 21001

- n"in ~ N\
= =Ny

a) Xét cic truong hop :
n=3k(keN)= A= 9k2. chia hét cho 3.

n=3k+1(keN)= A=9k’+6k+ I, chiacho 3 du I.

Vay s6 chinh phuong chia cho 3 chi ¢6 thé ¢6 s6 du bang 0 hoic 1.

b) Xét cic truomg hop :

n =2k (k € N) = A = 4k’, chia hét cho 4.

n=2k+1(keN)=A=4k" +4k + | =4k(k + 1) + 1, chia cho 4 du |
(chia cho 8 ciing du 1).

Viy s6 chinh phuong chia cho 4 chi ¢6 thé ¢6 s6 du bang 0 hoac 1.

Chii y @ Tir bai todn trén ta thay :

— 86 chinh phuong chan thi chia hét cho 4.

— 86 chinh phuong 1¢ thi chia che-4 du | (hon nira, chia cho 8 cung du 1).

¢) Cic s6 19932, 1994% 1a 56 chinh phuong khong chia hét cho 3 nén chia
cho 3 dur 1, con 19927 chia hét cho 3. S6 M I s6 chia cho 3 du 2, khong la so
chinh phuong.

Cic s6 19927, 1994” 1a s6 chinh phuong chin nén chia hét cho 4. Cic s6

1993, 19957 Ia 56 chinh phuong 1¢ nén chia cho 4 du 1. S6 N la sé chia cho 4
du 2, khéng la s6 chinh phuong.
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Cic s6 94'™. 1994'% 14 56 chinh phuong chin nén chia hét cho 4. Con
la s6 chinh phuong 1é nén chia cho 4 du 1. S6 P la s6 chia cho 4 du 2
kh(’mg la 56 chinh phuong.

d) Moi s6 cua day déu tdn cing bai 11 nén la s6 chia cho 4 du 3. Mat khic,
sO chinh phuong 1€ thi chia cho 4 du 1.

Viay khong ¢6 s6 nao cia day la s6 chinh phuong.
Chui v 3 : Khi chirng minh vé tinh chia hét cia cdc luy thira, ta con sir dung
dén cic hing ding thic 8, 9 & §2 va cong thiic Niu-ton sau day :

|IKI

- Ny W | =
(@a+b)" =a" +c,a" b +ca" 26 + ...+ c,_ab"! +b".

Trr rAno thire erﬂ UA' mnhai 143 mAr da thars 24 n o ana Ar st AL
L] IUllb ‘-Ullb LIS RENER, Y l)lllll a IIIUI uu LIIUN NP s T Il‘lllb LAY U L L
hang tr d6i vai tdp hop cic bién a, b 1a n (phdn bién s6 cia mbi hang r ¢6

dang a ‘b, trongdéi+k=nvdi0<i<n 0<k<n) Cichésé c|, c,,
¢, duac xic dinh bai bang tam gidc Pa-xcan (h.1) :

n=0|1

n=1]11]1

n=2]|1]12] 1

n=3|1[3[3]1

n=4|1|4[6|a]1 416
n=5[1]|5|10]|10| 5| 1 10

€ C; C3 C,
Hinh 1 Hinh 2
Trong hinh 1, cic s6 doc theo mot canh goéc vuong bang 1, cic s6 doc theo
canh huyén bang 1. Cong mdi sévai s6 lién sau bén phai thi duoc s6 dimg &
hang dudi cia s6 lién sau dy, ching han @ hinh 2.
Ap dung cic hing ding thiic d6 vio tinh chia hét, ta ¢6 véi moi s nguyén
a, b va s6 tr nhién n :
a" - b"chiahétchoa-b(azb);

a>™*! 4+ b2™*! chia hét choa + b (a#-b):

(a+b)"=BSa+b" (BSalaboicua a).



Dac biét nén luu v dén :
(a+1)"=BSa+1;
(a-— 1}2"=BSa+ 1;
a-1)"™'=BSa-1.
Vi du 41(2). Chimg minh ring v6i moi s6 tr nhién n, biéu thic 16" - |
chia hét cho 17 khi va chi khi n 14 s6 chin.
Gidi : Cich 1. Néu n chin (n =2k, k € N) thi A =167 —1=(16%)% -1
chia hét cho 16° — | theo hing ding thitc 8, ma 16° - | = 255, chia hét cho 17.
Vay A chia hét cho 17.

Néunléthi A=16"+1-2 mal6" + 1 chia hét cho 17 theo hing ding
thic 9, nén A khong chia hét cho 17.

Viy A chia hét cho 17 < n chin.

Cich 2. A=16" -1 =(17-1)" = 1 =BS 17 + (-=1)" = 1 (theo cong thiic
Niu-ton).

NéunchinthiA=BS17+1-1=BS17.

Néun lé thi A=BS 17 - 1 - 1, khong chia hét cho 17.

Clui y 4 : Nguoi ta con dung phuong phdp phan chimg, nguyén Ii Di-rich-1¢
dé chimg minh quan hé chia hét.

Vi du 42(1). Chimg minh rang t6n tai mot boi cia 2003 ¢6 dang
2004 2004 ... 2004.
Giai : Xé1 2004 56 :
a; = 2004
ay = 2004 2004

ar004 = 2004 2004 .... 2004 (nhém 2004 ¢6 mat 2004 lan).
Theo nguyén li Di-rich-1¢, ton tai hai s6 ¢6 cung s6 du khi phép chia cho 2003.
Goi hai s6 d6 1a ay, va a, (I <n<m<2004)thi a,, —a, : 2003. Taco

ay —a, =2004 ... 2004 0000 ... 0000 = 2004 ... 2004.10*".

— =
m-n nhom 2004

Do 10*" va 2003 nguyén 16 ciing nhau nén 2004 ... 2004 chia hét cho 2003.
S g et
m=n nhém 2004
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11 - TIM SO DU
Vi du 43(2). Tim s6 du khi chia 2" :
a) Cho 9 ; b) Cho 25 ¢) Cho 125.
Giai : a) Luy thira cta 2 sdt vai mot boi s6 cua 9 1a 2 Y =8=9-1.
Tace 2'%=22HP=20-1)*=2(BS9-1)=BS9-2=BS9+7.
S6 du khi chia 2'™ cho 9 1a 7.
b) Lug thira ciia 2 sit véi mot boi s6 cia 25 122" = 1024 =BS 25 - 1.

Ta ¢6 210 . 2'%10 . BS25-1)""=BS 25 + 1.
¢) Diing cong thire Niu-ton :
O | O ST T @ 52 -50.5+1.

Khong ké phén hé¢ s6 cua khai trién Niu-ton thi 48 s6 hang ddu da chua luy
thira ctia 5 véi s6 mii 16n hon hodc bang 3 nén chia hét cho 125. Hai s6 hang
ti€p theo ciing chia hét cho 125, s6 hang cudi ciing la 1. Vay 2'™ = BS 125 + 1.

Clui ¥ : Téng quit hon, ta chimg minh duoc ring néu mot s6 tu nhién n
khong chia hét cho 5 thi chia n'™ cho 125 ta dugc s6 dula 1.

That vay, n ¢6 dang 5k + 1 hodc 5k + 2. Ta cé

100.99

5k + 1'% = (5k)' P+ ... + —2Z(5k)* £ 100. 5k + | =BS 125 + 1,

(5k £ 2)'% = (5k)!™ + l()U 2 5k)2. 2% £ 100 . 5k . 2% + 2'
=BS 125 +2'®,

Ta lai ¢6 2'™ = BS 125 + 1 (cau ¢). Do dé (5k +2)'™ =BS 125 + 1.

Vi du 44(2). Tim ba chir sO tan cung cta 2'% khi viet trong hé thiap phan.

Gidi : Tim ba chit s6 tan cing cia 2'™ 1 tim s6 du khi chia 2" cho 1000. Truée
hét tim s6 du khi chia 2'™ cho 125. Theo vidu 43 tac6 2" =BS 125 + 1, ma 2'M 1
s0 chin, nén ba chif s6 tan ciing ctia n6 chi c6 thé 1a 126, 376, 626 hoiic 876.

Hién nhién 2'% chia hét cho 8 nén ba chit s6 tan cung cua né phai chia hét
cho 8. Trong b6n s6 trén chi ¢6 376 thoa man diéu kién nay.

Viy ba chir s6 tan cling cua 2'%1a 376.
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Clui y  Ban doc tu chimg minh ring néu n 1a s6 chin khong chia hét cho 5
thi ba chir s6 tan ciing cua n'™ 1a 376.

Vi du 45(2). Tim bon chir s6 tan cung cua 5'9%% khi viet trong hé thip phan.
Giai :
Cich 1. 5* = 625. Ta thay sO 1an cung bing 0625 ning Ién luy thira nguyén

duong bit Ki vin tan cing bing 0625 (chi cdn kiém tra : ... 0625 x ... 0625 = ... 0625).
Dodé:

51994 o 5%+ 2 25(5H* = 25(0625)% = 25 (...0625) = ...5625.
Cdch 2. Tim s6 du khi chia 5™ cho 10 000 = 2" 57
Nihdn xét - 5 — 1 chia hét cho 5* = 1 = (5% + 1)(5* = 1) nén chia hét cho 16.
T T e | P

Do 5° chia hét cho 54. con 5" — | chia hét cho 16 (theo nhan xét trén)
nén 5°(5""* — 1) chia hét cho 10 000. Tinh 5°, ta duoc 15625. Vay bon chit s6
1an cing cua 5% 1a s62s.

1994 1992

Chii y : Néu viét 5" = 525" - 1) + 5% thi ta ¢6 5'”°% = 1 chia hét
cho 16, nhung Xt khong chia hét cho o

1994 — n

Nhu thé trong bai todn nay, ta cin viét 5" duoi dang 5"(5 -1)+5"

sao chon 2 4 va 1994 - n chia hét cho 4.

111 - TIM PIEU KIEN DE CHIA HET
Vi du 46(4). Tim s6 nguyén n dé gid tri cua bi€u thic A chia hét cho gid
tri ctia biéu thic B :
A=n'+2n°-3n+2, B=n’-n
Giai : Dat tinh chia :

n®+2n*-3n+2 . e
—nJ— n’ n+3
3n? - 3n+2
" 30’ -3n
2
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Muon chia hét, ta phai ¢6 2 chia hét cho n(n - 1), do d6 2 chia hét cho n.
Taco:

n 1 -1 2 -2
n-1 0 -2 1 -3
n(n-1) 0 2 2 6
loai loai

Dipsé:n=-1;:n=2.

Chii y :

a) Khong thé néi da thirc A chia hét cho da thiic B. O day chi t6n tai nhimg
gid tri nguyén cua n dé gid tri cua biéu thiic A chia hét cho gid tri cua biu thiic B.

b) Cé thé thay viéc dat phép chia bing cdch bién déi :

3 2 2 2
n+2n"-3n+2=nn"-n)+3(n" -n)+ 2.

Vi du 47(2). Tim s6 nguyén duong n dé n® + 1 chia hét chon® + 1.
Gidi : Bién doi :
n5+lEn“+lon2{n"+l)-(n2*I)En"+l
sm+Dm-Dim+D)m -n +1)

&on-10¢ nz-n+l(vin+l¢0).

Néu n = 1 thi ta dugc 0 chia hét cho 1.

Néun>1thin-1<n(-1)+1=n"-n+1,dodén- 1 khong thé chia
hét chon® = n + 1.
Vay gid tri duy nhat cua n tim dugce 1a 1.
Vi du 48(2). Tim 56 nguyén n dé n° + | chia hét cho n® + 1.
Gidi : Ciing bién déi nhu g vidu 47, tacén—1:n’ —n + 1
n-1:n=n+1 ::»n(n—l)Enz—n+I=n2—n§n2—n+l
2 s 3 .3
=M -n+1)-1:n"-n+1=1:n"=-n+1.
Cé hai truong hop :

nz—n+l=Ian(n—l)=0ﬁn=0;n=l.Cécgiélrinaylhozimﬁp

dé bai.
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n“-n+l=-1 anz—n+2=0.vonghi¢m.
Vay n =0, n = | la hai s6 phai tim.
Chiiy :Tun—1:n"=n+1suyrann—-1):n’-n+ 1 laphép kéo theo

chir khong 1a phép bién déi twong duong. Do d6 sau khi timdugcn=0,n =1,
ta phai thur lai.

Vi du 49(2). Tim s6 v nhién n sao cho 2" - | chia hét cho 7.

Gidi : Néun =3k (k e N)thi 2" = 1 =2™ = | =8" — | chia hét cho 7.
Neun=3k+1(keN)thi2"-1=2""_1=20%- 1)+ 1=BS7+1.
Néun=3k+2(keNhi2"-1=2%"2_1=402"-1)+3=BS7+3.
Vay 2" - 1 chia hét cho 7 <> n =3k (k € N).

Bai tap

186(3). Chimg minh riang vdi moi sO nguyén n, ta ¢o :

a)n’ + 3n” + 2n chia hét cho 6 ;

b) (n* + n = 1) = 1 chia hét cho 24.
187(3). Chimg minh ring :

a) n® + 6n° + 8n chia hét cho 48 véi moi sO chinn ;

b) n* — 10n° + 9 chia hét cho 384 véi moi so l¢ n.
188(3). Chirng minh ring n” + n' - 2n’ chia hét cho 72 véi moi s6 nguyén n.
189(3). Chimgminh rang 3°" — 9 chia hét cho 72 v&i moi s6 nguyén duong n.
190(3). Chimg minh ring vdi moi s6 tu nhién a van :

a) 7" va 7™ ¢6 hai chi s6 tan cing nhu nhau ;

b) a viia® ¢6 chit s6 tan cung nhu nhau ;

¢)a” va a""" ¢6 chir s6 tan cung nhu nhau (n > 1).
191(3). Tim diéu kién cua s6 tu nhién a dé a’ + 3a + 2 chia hét cho 6.

192(2). a) Cho a la s6 nguyén t6 I6n hon 3. Chimg minh ring a’ - 1 chia hé&t
cho 24.
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b) Chimg minh ring néu a va b 1a cic s6 nguyén t6 16n hon 3 thi a’ - b’
chia hét cho 24,
¢) Tim dié¢u Kién cua s6 tr nhién a dé a' = 1 chia hét cho 240.

193(2). Tim ba s0 nguyén t6 lién ti€p a. b, ¢ sao cho a’ + b’ + ¢’ ciing 14 56
nguyén to.

194(2). Cho bon s6 nguyén duong a, b, c. d thoia min a+b2=c’ +d. Chimg
minh ring a + b + ¢ + d 1a hop so.

195(3). Cho bon s6 nguyén duong a, b, ¢, d thoa man ab = c¢d. Chimg minh

; S o8 & 5. :

ringa +b” +c¢ +d” la hop so.

196(2). Cho cic s6 tu nhién a va b. Ching minh rang :
a) Néu a’ + b” chia hét cho 3 thi a va b chia hét cho 3.
b) Néu a” + b’ chia hét cho 7 thi a va b chia hét cho 7.

197(3). Cho cic s6 nguyén a, b, ¢. Chimg minh ring :
) Néu a + b + ¢ chia hét cho 6 thi a’ + b* + ¢ chia hét cho 6.
b) Néu a + b + ¢ chia hét cho 30 thi a* +b° + ¢” chia hét cho 30.

198(3). Cho cic s6 nguyén a, b, ¢ thoa man a + b + ¢ = 0. Chimg minh ring :
a)a’ + b’ + ¢’ chia hét cho 3abe ;
b)a® + b’ + ¢’ chia hét cho Sabc.

199(3). a) Viét s6 1998 thanh tdng cia ba s6 tr nhién twy y. Chimg minh ring
1ong cdc 1ap phuong ciia ba s6 tu nhién dé chia hét cho 6.

b)* Viét s6 1995'"% thanh t6ng cia nhiéu s6 wr nhién. Téng cdc lap
phuong cia cac s6 twr nhién dé chia cho 6 du bao nhié¢u ?

.200(3). Chiing minh rang vai moi s6 nguyénavab:
a) a'b = ab’ chia hét cho 6 ; b) a’b — ab’ chia hét cho 30.

201(3). Chimg minh ring moi s6 tr nhién déu viét duoe du6i dang b’ + 6¢
trong do b va c la cic s6 nguyén.

202%(2). Chimg minh ring néu cic s6 tr nhién a, b, ¢ thoa man diéu kién
a’ + b? = ¢? thi abe chia hét cho 60.
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203(3). Chimg minh rang 16ng cdc lap phuong ciia ba s6 nguyén lién tiép thi
chia hét cho 9.

204(3). Chimg minh ring néu tong cic 1ap phuong cia ba s6 nguyén chia hél
cho 9 thi tén tai mot trong ba s6 d6 12 boi s6 cua 3.
205(2). Cho day so 7, 13, 25, ..., 3n(n = 1) + 7 (n € N). Chimg minh ring :
a) Trong nam s6 hang lién tiép cua day, bao gio cling ton tai mot boi s6
cua 25.
b) Khong ¢6 s6 hang nao cia diy 1a lap phuong cua mot s6 nguyén.
206(3). a) Chirng minh ring néu so wr nhién a khong chia hét cho 7 thi
a® = 1 chia hét cho 7.
b) Chimg minh rang néu n la lap phuong cia mot s6 tu nhién thi
(n = )n(n + 1) chia hét cho 504.
207(3). Chimg minh rang A chia hét cho B vai :
A= +2" 43 % 499" 4100,
B=1+2+3+..+99+ 100:
b A=1"+2"+3 4.+ 98" + 99,
B=1+2+3+..+98+99,
208(2). Cdc s6 sau ¢6 la s6 chinh phuong khong ?
a) A=22..24(co 50 chirso 2); b)B=44 ... 4 (co 100 chirso 4) ;
) A=1994" +7; d)* B= 144 ... 4 (c6 99 chir 56 4).

209(2). C6 thé dung ca nam chir s6 2, 3, 4, 5, 6 1ap thanh s6 chinh phuong cé
nam chir s6 duge khong ?

210(2). Chimg minh ring t6ng cha hai so chinh phuong I¢ khong 12 s6 chinh
phuong.

211(2). Chimg minh rang moi so 1¢ déu viét duoc dudi dang hi¢u cia hai s6
chinh phuong.

212%(2). Chimg minh rang : _
AA=12+22+3"+4%+ . +100° khong 1a s6 chinh phuong :
b)B=17+2°+3%+4% + .+ 56" khong la s6 chinh phuong ;
¢)C=1+3+5+7+..+nlasochinh phuong (n l¢).
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213(2). Ching minh ring :
a) Mot so chinh phuong tin ciing bang 9 thi chir s6 hang chuc la chir s6 chén.
b) Mot s6 chinh phuong I¢ thi chir s6 hang chuc la chir s6 chan.
¢) Mot s6 chinh phuong tian cing bing 6 thi chir s6 hang chuc 1a chir sd lé.
d) Mot s6 chinh phuong tin ciing bang 5 thi chir s6 hang chuc bang 2 va
chir s6 hang tram la chir 56 chén.

214(2). a) Mot s6 chinh phuong ¢6 chir s6 hang chuc bing 5. Tim chir s6 hang
dom vi.

b) Mot s6 chinh phuong ¢6 chir s6 hang chuc 1a chir s6 1¢. Tim chir s6 hang
don vi.

¢) Co bao nhiéu s6 tr nhién n tr 1 dén 100 ma chir s6 hang chuc cua n’ la
chirso 1¢ ?
215(3). Chung minh riang :
a) Tich cua hai s6 nguyén duong lién tiép khong I s6 chinh phuong.
b)* Tich cua ba s6 nguyén dwong lién tiép khong la s6 chinh phuong.
¢)* Tich cua bon s6 nguyén duong lién tiép khong la sé chinh phuong.
216(2). Cho hai s6 trnhién a va b, trong doa=b - 2.
Chimg minh ring b' - a' viet duoc dudi dang tong cia ba s6 chinh phuong.
217(3). Tim s6 nguyén duong n d€ biéu thiic sau la s6 chinh phuong :
an’-n+2; byn'-n+2;
on'-n+2; d*n'-n+2.
218(2). Tim s6 nguyén 16 p dé 4p + 1 1a s6 chinh phuong.

219*(2). Chimg minh ring néun + 1 vd 2n + | (n € N) déu 1a s6 chinh phuong
thi n chia hét cho 24,

220*(2). Chimg minh rang néu 2n + 1 va 3n + | (n € N) déu la s6 chinh
phuong thi n chia hét cho 40.

221(2). Tim s6 nguyén 16 p dé :
a) 2p2 + | cling la s6 nguyén 16 ;

b) 4p2 + 1 va 6p2 + | cling la nhitng s6 nguyén 16.
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222(3). Tim s0 tu nhién n dé gid tri cta biéu thirc 1a s6 nguyén 16 :

n? +3n

4

a)12n2—5n-25: b)8n3+[0n+3: c)

223(3). Chiing minh ring vadi moi s6 nguyén n :

ayn’ +Tn +22 khong chia hét cho 9 ;
b) n” - 5n — 49 khong chia hét cho 169.

224(3). Cic s6 tu nhién n va n’ c6 10ng cdc chir s6 bang nhau. Tim s6 du cta n

khi chia cho 9.

225%(1). a) Cho chin s6 wr nhién tir 1 dén 9 x€p theo thi v tuy y. Ldy s6 thir

nhdi trir 1, 1y s6 tha hai trir 2, 14y s0 iha ba irr 3,.... ldy s6 ithid chin irir 9.
Chimg minh rang tich cua chin s6 méi lap duge 1a mot s6 chin.

b) Cho hai ddy s6 a|, a,, ay, ..., ag va by, by, by, ..., by, trong do6 a,, a,, ..., ay
la cdc s6 nguyén va by, by, ..., by ciling la chin s6 nguyén trén nhung 1y theo
thir wr khidc. Chimg minh rang tich (a; = by) (a; = by) ... (ay = by) la s6 chin.

226(3). Tim s6 nguyén n sao cho :

a) n® + 2n - 4 chia hét cho 11 ;

b) 2n’ + n? + 7n + 1 chia hét cho 2n - 1 ;
¢)n’ = 2 chia hét chon - 2 ;

d)n® -3n°=3n- 1 chiahétchon” +n+1;
e)n®=2n" +2n’ - 2n + I chia hétchon® - 1 ;

2

g)* n® = n’ + 2n + 7 chia hét cho n” + 1.

227(1). D6 vui : Nam sinh cuia hai ban

Mot ngay cua thap ki cudi cung cia thé ki XX, mot ngudi khach dén tham
truomg gap hai hoc sinh. Nguoi khich hoi :

— C6 1€ hai em bang tudi nhau ?

Ban Mai tra i :

- Khong, em hon ban em mot tuéi. Nhung téng cdc chir s6 cia nam sinh
méi chiing em déu la s6 chin.

— Viy thi cdc em sinh nam 1979 vix 1980, ding khong ?

Nguoi khich da suy ludn thé nio ?
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228(1). Tim s6 nguyén duong n dé 2" 12 s6 ndm giira hai s6 nguyén to sinh
doi'”’ (hai s6 nguyén 6 goi 1a sinh d6i néu chiing hon kém nhau 2 don vi).
229*(2). Cho ciic s6 nguyén a, b, ¢, d, ¢, g thoa min a?+b’+cc+d 4+’ = g:.
Chimng minh ring tich abedeg 12 s6 chin.
230(1). Chitng minh rang véi moi s6 nguyén a, b, ¢, d, tich
(a=b)ta-c)(a-d)(b-c)(b-d)(c~-d)chiahétcho I12.

231*(1). Chimg minh rang ¢6 thé ¢6 dén 33 s6 nguyén duong khic nhau, khong
qui 50, trong d6 khong ton tai hai s6 ndo ma mot s6 gdp doi s6 con lai.

232(1). Chimg minh rang lOn m: vO s6 boi ciia 2003 ma trong biéu dién thap

nhan ~iia shitne LhAan ochireA ) 1 2 2
paian Cua Saul E‘ l\ll\lllb cocaccenuw s U, i, 4, S.

233(1). Chimg minh ring t6n tai s6 tr nhién k sao cho 2003" - 1 chia hét cho 51.
Cic bai todn sit dung cac hdng ddang thite 8, 9 va céong thite Niu-ton.
234(2). Chimg minh ring 2°" - 1 chia hét cho 7.

» chia hét cho 13.

235(2). Chimg minh ring 27" + 3
236(2). Chimg minh rang 17'7 + 19'7 chia hét cho 18.
237(2). Chimg minh ring 36%" - 1 chia hét cho 7, nhung khong chia hét cho 37.
238(2). Chirng minh rang cdc so6 sau 1a hop 56 :

)4 -1 ; b) 1 000 001. )2+ 1.

239(2). Chimg minh ring 1 . 4 + 2. 42+3.4+4.4°+5.4°+6.4%chiah&t
cho 3.

240(2). Chitng minh ring biéu thirc A = 31" - 15" - 24" + 8" chia hét cho 112
vai moi sO tr nhién n.

241(2). Tim s6 te nhién n dé 3" — 1 chia hét cho 8.

242(2). Tim s6 tu nhién n dé 3”7 + 2*™*! chia hét cho 25.
243(2). Tim s6 tu nhién n dé 5" - 2" chia hét cho 9.
244(2). Tim s6 tu nhién n dé 5" - 2" chia hét cho 63.

Y con goi la hai 86 nguyén 10 sinh doi.
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245(2). Tim s6 wr nhién n dé 1" + 2" + 3" + 4" chia hét cho 5.
246(2). Tim s6 du khi chia 22%% + 55* cho 7.

247(2). Tim s6 du khi chia 2'""* cho 7.

248(2). Tim s6 du khi chia 3'""* cho 7.

249(2). Tim s6 du khi chia 1992""" + 1994'%% ¢cho 7.
250(2). Tim s6 dur khi chia 3" + 5" cho 13.

251%(2). Tim 56 dur khi chia 9'" ~ 59" cno 13,

2n+l

252%(2), Chimg minh ring s6 A = 227 L3 hap s6 vdi moi s6 nguvén
duong n.

253(2). Tim s6 du khi chia cic s6 sau cho 7 :

IS 51930

a) 2 b) 3
254(2). Tim 56 du khi chia (n' = ' . (0® = )™ chon (n e N).
255(2). Cho ab = 455'%. Tim s6 du trong phép chia a + b cho 4.
256(2). Tim hai chir s6 tan cung cua :

:
a) 3™, )

257(2). Tim ba chit s6 tan cing cua ; il

258%(2). Thay cic dau * bai cic chir s6 thich hop :
89" =496 9 * * 290 961.

TiINH CHIA HET POI1 vOI DA THUC

I - TIM DUCUA PHEP CHIA MA KHONG THUC HIEN PHEP CHIA

1. Pa thirc chia cé dang x - a (a |a hing)

Vi du 50(4). Chimg minh ring s6 du khi chia da thie f(x) cho nhi thic
x — a bang gid tri cta da thic f(x) tai x = a.

Dinh li Bé-du (Bézour, 1730 — 1783, nhi todn hoc Phip).
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Gidi : Do da thire chia x — a ¢6 bac nhdt nén s6 du khi chia f(x) cho x - a
la hing sor.

Taco f(x)=(x—a).Q(x) +r.

Ding thic trén diing véi moi x nén véi x = a ta ¢6

flfa)=0.Q(a)+rhay [f(a) =r.

Clui y - Tir dinh Ii Bé-du ta suy ra :

Ba thice f(x) chia hét cho x — a khi va chi khi f(a) = 0 (e 1a khi va chi khi
a la nghiém caa da thic).

Vi du 51(4). Chimg minh ring néu da thire f(x) ¢6 10ng cic hé s6 bang O thi
da thirc dy chia hétcho x - 1. )

Giai : Goi f(x)=ax"+a,x""' +..+a,, x+a,

Theo gia thiét, A, +ay+..+a, +a,=0. (n

Theo dinh 1i Bé-du, s6 du khi chia f(x) cho x — | la

r=f(l)=a,+a, +..+a,, +a, (2)

Tur (1) va (2) suy rar = 0. Vay f(x) chia hét cho x - 1.

Vi du 52(4). Chimg minh ring néu da thiic f(x) ¢6 téng cdc hé so cua cdc
hang tir bac chdn bing t6ng cic hé s6 cua cdc hang tir bac 1¢ thi da thic 4y chia
hétchox + 1.

2

n 2n—1 2n-2 2
+ ‘d,x + azx + ...+ drn-2 X + Ay X L Qe

Giai : Goi f(x) = a, x

trong d6 a, ¢6 thé bing 0.
Theo gia thi€t, a, + a; + ... + a, =a; + a3 + ... + 2y, nén

(ag+ay+ ... +ay,)—(a, +a; + ... +a,,)=0. ()

Theo dinh 1i Bé-du, s6 du khi chia f(x) cho x + | bing
r=f(=l)=a,-a;+ay— ...+ 8,9 — Ay + 25y,
=(ag+a;+ ... +ay)—(a;+ay+...+a-) (2)

Tir (1) va (2) suy rar = 0. Vay f(x) chia hét cho x + 1.
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2. Pa thirc chia cé bac tir bac hai trd 1én
Vi du 53(4). Tim du khi chia
R W 2
X +x +x +1chox™-1.

Gidi : D¢ tim du trong trudng hop nay, ta thuong ding cédc céch sau :

Cdch I (tach ra & da thie bi chia nhimg da thie chia hét cho da thic chia).

Ta biét ring x" — 1 chia hét cho x — | véi moi s6 tr nhién n nén x> - 1
chia hét cho x* - 1.

Do d6 x* - 1, x% — 1, ... chia hét cho x” - 1.

Taco

7 s 1 . i | s 1 ~ "
X +X +X +1l=2X —X4+X =X+X =X+3x+ 1]
=x(x°- 1)+ x(x* - 1) + )c(:c3 = 1)+ (3x + 1).

Du khichiax” +x° +x* + 1 chox?> = 1 la3x + 1.

Cach 2 (xét gid tri riéng).

Goi thuong 1a Q(x), du la ax +b. Ta c6
X +x0 x4 =(x+ 1)(x=1). Q(x)+ ax + b vdi moi x.

Diing thitc ding véi moi x nén véi x = 1 tadugc 4 =a+b (1), véix =-11a
dugc -2=-a+b((2). Tu(l)va(2)suyraa=3,b=1.

Du phai tim 1a 3x + 1.

Chii y : Dé tich ra cdc da thirc chia hét cho X 1, hoac x’ + 1, cdn nhé lai
cic hing ding thitc 8 va 9 :

a" —b"chiahétchoa-b(azb);
a" 4+ b" (n 1é) chia hét cho a + b (a # -b).

11 - SO PO HOOC-NE""

1. Vi du 54(4). Chia cic da thic :
a) (x> -5x2+8x-4):(x-2); b)) (-9 +6x+10): (x+ 1);

c)(x3-7x+6):(x+3).

) Horner (1786 - 1837), nha 10dn hoc Anh.
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Gidi : Dat tinh chia da thirc, ta dugc cdc két qua (ban doc 1y gidi) :
a) Thuong la x2-3x+2.
b) Thuong 14 x> = 10x + 16, du 1a — 6.

i o2
¢) Thuong la x™ = 3x + 2.

2. So dé Hoéc-ne
Ta ¢6 thé tim duge két qua khi chia da thic f(x) cho nhi thic x — a (a la
hing s6) bang mot céch khic.

Tré lai clu a) cua vi du trén :

= 5x7 4 8x — 4) : (x — 2). Cic hé s6 cua da thitc bi chia thit wr la

I, -5, 8 ~4 ; hiing s6 a trong vi du nay la 2.
a) Dat cic hé s6 cua da thirc bi chia theo thit tu vio cic ¢ot cua dong trén :
L I L
a=2| | |

b) Trong bon cot dé trong & dong dudi, ba cot diu cho ta cdc hé s6 cua da
thirc thuong, cOt cudi ciing cho ta s6 du.

— 86 & cot thir nhit cua dong dudi bing s6 twong ting ¢ dong trén :
|+ | s | 8 | 4
a=2 | 1 | |

— K& tir cot thit hai, méi s6 & dong dudi duge xdc dinh bang cich lay a nhan
vai s6 cling dong lién trudc, réi cong véi s6 cing cot & dong trén (xem hinh 3).

1 -5 8 -
+
a=2 1 ¥
\_v.-.l
X
1 -5 8 -4
+ ]
a=2 1 -5 2
x
1 -5 8 |
+ ]
a=2 1 3 2 0
X
Hinh 3
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Ta c6 thuong bing x° — 3x + 2, s6 du bing 0.

So do cua thudt todn trén duge goi la so dé6 Hooe-ne.

Ban doc hay dung so dé trén dé kiém tra lai két qua cia cic cdu b) va c).

Nhu vay néu da thirc bi chia l1a at,x“ + a,x2 + ayX + a5, da thirc chia la x - a,
ta duoc thuong bozlc2 + b;x + b,, du r. Theo so dé6 Hodc-ne ta ¢6 :

a | b,=a, I b, =ab, + a, | b, =ab, + a, ‘ r=ab, + a3

3. Chimg minh so do Hoéc-ne

wr - -2
Téng qudt véi da thic bi chia 1a a,x" + a,x™ ' + a,x" * + ... + a,,X + a,,

da thiic chia 12 x — a, thwong 1a bx" ' + bx" 2 + ..+ b, _,x + b, dur. Ta
cin chimg minh rdng :

b, =a,

b, =ab, + a,

b, =ab, +a,
by-y =ab,p+a,
r =ab,_, +a,.

That viy, thuc hién phép tinh
(x—2a) (bx" ' +bx" 4 .. 4+b, X +b,_)+T
réi nit gon, ta duge

box" + (b — ab)x" ' + ... + (b, — ab,_»)x —ab,_| +T.
Péng nhat da thic nay véi da thie bi chia, ta duoc :

bo =2,
b| - abn =aq
by-y —abyy =2y
r—ab, ., =a,.
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Tir d6 suy ra diéu phai chimg minh.

4. Ap dung so dé Hoéc-ne dé tinh gia tri cla da thuc f(x) taix = a

So d6 Hodc-ne cho ta thuong va du khi chia da thic f(x) cho nhi thic x —a.
Chii ¥ ring theo dinh If Bé-du, s6 du khi chia f(x) cho x — a bang f(a). Do do6
dung so d6 Hobc-ne ta ciing tinh dugc gid tri cia da thirc f(x) tai x = a.

Vi du 55(4). Tinh gid tri ca da thifc f(x) = x° + 3x° - 4 tai x = 37.

Giai : Theo dinh 1i Bé-du, f(37) la s6 du khi chia f(x) cho x — 37. Ta lap so
d6é Hooc-ne :

|t ] ’ | 0 | 4
a=37 | 1 [37.1+3=40 | 37.40+0= 1480 | 37.1480 - 4 = 54 756
Vay f(37) = 54 756.

111 - CHUNG MINH MOT DA THUC CHIA HET CHO MOT PA THUC KHAC
Ta chi xét cdc da thire mot bién. Thudng c6 cic céich sau :

1. Cach 1. Phan tich da thirc bi chia thanh nhén ti, trong d6 ¢6 mot nhan
ur 1a da thire chia.

Vi du 56(4). Chimg minh ring x* + x*" + 1 chia hét cho x*" + x" + 1 véi
moi sO tu nhién n.

4n

¥ 4 2 2n,2
Gidi: x™+x"+1=x"+ 2%+ 1 -x"=x"+ 1)’ - x™

=xP+xP L ) x* -2+ 1)
Tiép tuc phan tich :

4n

x4 x4 L =x?

+ 1 =%

=P+ 1P - =T +x"+ D -x"+ 1)

vay x* + x*" + 1 chia hét cho x> + x" + 1.

2. Cach 2. Bién d6i da thirc bi chia thanh mot tdng cic da thic chia hét
cho da thitc chia.

Vi du 57(4). Chimg minh ring x>™" + x**2 4 1 chia hét cho x* + x-+ |
vai moi so tr nhién m, n.
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Gidi : X 4+ 532 4 1= x?™ e x32 (2 2 x|
=x(x*™ - D+ 2" - D+ +x+ 1),
Ta thay x*™ — 1 va x™ - I chia hét cho x° - 1, do d6 chia hét cho x* + x + 1.
Vay x"™" 4+ x*™2 4 | chia hét cho x? + x + 1.
Vi du 58(4). Chimg minh ring véi moi s6 te nhién m, n thi

x6m+4  (6n+2 L | chia hétcho x2 - x + 1.

Gidi :
x6m+-l + x6n+2+ - x6m+4 -x4+x6n+2— x2 " x-l+ x2+ 1
=M - D+ -+t X2+
Dox™ -1 ix" - L= it

o=+l - i -x 41,
extel=xE ) -xt ikt -x+1
nén suy ra diéu phai chimg minh.
3. Cach 3. Sir dung cic bién déi twong duong, ching han dé chiing minh
f(x) i g(x), c6 thé chimg minh f(x) + g(x)  g(x) hodc f(x) - g(x) : g(x).
Xem bai tap 268.
4. Cach 4. Chimg 16 ring moi nghiém cua da thirc chia déu 1a nghiém cia

da thitc bi chia'”’ (ta cong nhan ring diéu ndy din dén da thic bi chia chia hét
cho da thirc chia).

Vi du 59(4). Cho f(x) = (x> + x = 1)'" + (x> = x + 1)'” = 2. Chimg minh
rang f(x) chia hét cho x* - x.

Gidi : Da thic chia c6 hai nghiém : x =0 vd x = |. Ta s& chimg t6 ring x = 0
va x = | ciing 1a nghiém cua da thic bi chia.

(*) Chi ¥ rang & day doi hoi phii xét ci nghiém boi cia da thire. Ching han 1 13 nghiém boi

i " " , . "
hai ctia da thire (x - 1)2. 1 1a nghiém boi ba cua da thie (x = 1)". D¢ chia hét, néu da thic chia
¢6 nghi¢m a v6i boi k thi da thic bi chia phidi ¢6 nghiém a vdi boi 16n hon hay bing k.
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Taco f(0) =1 + 1 =2 =0 neén f(x) chia hét cho x. Talai c6 f(1) =1 + 1-2=0
nén f(x) chia hét cho x — 1. Cic nhan tr x vi x — 1 khong chita nhan ur chung.

Do d6 f(x) chia hét cho x(x - 1).

Bai tap
259(4). Khong dat tinh chia da thire, hay xét xem da thire x' - 9x% + 6x + 16 ¢6
hay khong chia hét cho :
ayx+1; b) x - 3.
260(4). Tim du khi chia cdc da thirc sau :
ay)x x4 1) b)x”:(x3+!).

261(4). Tim du khi chia x + X +x”+x cho:

ayx-1; b)xz—l.
262(4). Tim du khi chia x? +xP +x"M +x +7cho:
a)x+1; b]x2+l.

R 2

263(4). Tim du khi chia da thuce f(x) = xV+x¥ 4 +x"+x+1cho et

264(4). Tim da thie f(x), biét rang f(x) chia cho x — 3 thi du 7, f(x) chia cho x - 2
thi du 5, f(x) chia cho (x = 2) (x = 3) thi dugc thuong la 3x va con du.

265(4). Tim da thic f(x), biét ring f(x) chia cho x — 3 thi du 2, f(x) chia cho x + 4
thi du 9, con f(x) chia cho x?+x - 12 thi dugc thuong x* + 3 vi con du.

266(4). Khi chia don thic x" cho x + %,ta duge thuong la B(x) va du 1a s6 ry.

Khi chia B(x) cho x + é ta duge thuong la C(x) va du la s6 ry. Tinh r,.

267(4). Chitng minh rang :

50 ’ "
a)x(+x'°+lch|ahelchoxm+x'u+l;

¥ xwds chia hét cho xz -x+1;

b) xz - X
¢) x"% = 10x + 9 chia hét cho (x - 1)?;

d)* 8x” = 9x® + 1 chia hét cho (x - 1)2.
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268(4). Chitng minh rang f(x) chia hét cho g(x) vdi :

vy . RE . 77
f(xX)=x"+x +x +_..+x“+|;

g(x)=x9+x"+x?+...+x+ 1.
269(4). Chimg minh ring da thic (x + y)" +(x - y)“ chia hét cho da thic x° + yz.
270(4). Ching minh ring véi moi s6 tr nhiénn :

- e | chiahétchox(x + 1) (2x + 1) ;

2n+l

a)(x+ D" —x

4n

b) x*™*2 + 2x2™*! 4 | chia hét cho (x + 1)%:

4n+2 _ I)4n+2

c)ix+1) + (X chia hét cho x2 + 1.

271(4). Chimg minh rang v6i moi s6 tu nhién n thi (x" - 1) (x**' = 1) chia hét
cho (x + 1) (x — 1)°.

272(4). Chimg minh rang v6i moi s6 tu nhién m, n thi
x™** 4+ x®™*2 4 | chia hét cho x* + x> + 1.
273*(4). Tim s6 tr nhién n sao cho x*" + x" + 1 chia hét cho x> + x + 1.
274(4). Xic dinh s6 k dé da thic
A=x"+ y“ +2 kxyz chia hét cho da thirc x +y + z.

275*(4). Cho da thirc f(x) ¢6 cdc hé s6 nguyén. Biét rang £(0), f(1) 1a cdc s6 Ié.
Chitng minh rang da thic f(x) khong ¢6 nghiém nguyén.

Ble-do Pa-xcan va J-xac Riu-ton

Pa-xcan (Blaise Pascal) sinh & Phap nam 1623. Luc
nhd Pa-xcan rat yéu nén cha dng da gidu di moi sach vd lién
quan dén Toan hoc, sd réng nhiing suy nghi cang thing sé
anh hudng khoéng tét dén sirc khoé clia con minh.

Nhung cau bé Pa-xcan van dén véi Toan hoc : cau da
tu xdy dung mén Hinh hoc "cla riéng minh" : cau dat tén
cho dudng thang la cai gay, dudng tron 1a banh xe, hinh chi
nhat 1a mat ban... Cau ciing da céng nhan mot sé tinh chat
dau tién (tien dé) réi ching minh dugc nhiéu linh chat khac,
trong d6 c6 dinh li vé tdng cac gbéc clia mot tam giac. Luc dé
cau mdi 12 tudi. Ble-do Pa-xcan
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Bén nam sau, Pa-xcan lai hoan thanh mét luan van khoa hoc, trong do c6 dinh li
vé "hinh luc giac than ki : Néu mét luc giac ndi tiép mot duong tron (hoac mét elip,
mét parabol, tdng quat : ndi ti&p mot thiét dién conic) thi ba giao diém cia cac dudng
thdng chifa cap canh d6i nam trén mot duong thdng” (h.4). Binh li ndi tiéng nay 1a mot
trong nhimg dinh li co s& cia mén Hinh hoc xa anh.

Hinh 4

Nam 19 tudi, dé giap cha da vat va trong tinh toan, Pa-xcan da lam tang cha mét
chiéc may tinh. May tinh nay gém nhiéu banh xe rang cua lién két véi nhau, cac banh
xe gén véi cac chir s8, su chuyén dich cla banh xe |am chuyén dich cac chir sé, cho
phép thuc hién dugc cac phép tinh cdng va trir. Sang ché nay dugc gidi khoa hoc
danh gia cao.

Nam 1654, Pa-xcan cong bé céng trinh vé tam giac s6, dugc goi |4 tam giac
Pa-xcan, cho phép tinh dudc mét cach don gian cac hé sé trong khai trién cha nhi
thic Niu-tan. Pa-xcan la ngudi dau tién dinh nghia chinh xac va van dung phuong
phap quy nap toan hoc dé chimmg minh.

Pa-xcan con nghién cltu cac bién c¢é ngdu nhién, dat nén méng cho mén xac
sudt. Ong ciing nghién cltu vé cac dai lugng vd clng bé va da di rat gan dén phép
tinh vi phan va tich phan ma Niu-ton va Lai-bo-nit 14 nhitng ngudi sang lap.

Vé vat Ii hoc, Pa-xcan la mét nha thuc hanh tai gidi. Ong da tim ra dinh luat mang
tén dng : Cac chat 1dng va chat khi truyén ap suat di nguyén ven, khéng thay déi va
theo moi phuong. Cac may ép dung nudc, thang may dung nuéc, phanh ham ding
dau... déu van dung dinh luat nay.

Pa-xcan ciing 1&8 mot nha van véi cuén Tv tudng mang tinh ngu ngdn luan i,
Pa-xcan bi mot tai nan xe ngua vao nam 1654 va mét nam 1662, IGc mdi 39 tudi.

I-xAc Niu-ton sinh & Anh nam 1642'") va mat bé tir khi cau chua chao dai.

(*) Isaac Newton (1642 - 1727), nhi todn hoc va vat If hoc Anh. Theo Bdch khoa todn thie
Anh vt Petit Larousse (Phip). Niu-ton sinh nam 1642. Theo Bich khoa Dire v Dai bich khoa
toan thie Nga, ong sinh nam 1643,

Niu-ton sinh viio cudi thiang 12 nam 1642 theo lich ¢, tire 1 vio ddu nam 1643 theo lich
mai. Lic d6 nude Anh vin ding lich cii, con cic bang cong gido @ Dic dang lich mai. Vi thé
¢6 sur khic biét néi trén.
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Tai nang cua Niu-ton da sém ndy nd ngay tir hdi nién thiéu.
Khodng 12 tudi, cau bé Niu-ton da lam |8y duoc déng hé nudc
va déng hé chi gi¢ theo béng mat tréi. Chiéc céi xay gié nhd
cla cau dat canh nha lam moi ngudi ngac nhién vi quay dugc
ca trong lic khdng cb6 gi6 : cdu da nhét mot chi chudt bén
trong, chudt chay lam chuyé&n ddng cac canh quat clia céi xay.

Cau bé tinh nghich Niu-ton con lam dan lang khiép sg khi
cau lam chiéc diéu cé budc dén 16ng do & dudi réi tha diéu va
giat soi day diéu dé tao ra mét "ngdi sao chdi” nhdy nhét trén
bau trai. '

1-xde Niu-ton
Nam 1661, Niu-ton hoc dai hoc va dugc su chi bdo hét léng cla giao su Ba-rau.

Thai sinh vién, Niu-ton da chimng minh dugc dinh li vé khai trién clia (a + b)" ma vé
sau nguadi ta goi la nhj thuc Niu-ton.

Cong lao 16n nhat cla Niu-ton trong Toan hoc |4 sang tao ra phép tinh vi phan
tich phan, déng thai va doc lap véi Lai-bo-nit. Vi phan tich phan ca Niu-ton dam chat
hinh hoc, con vi phan tich phan ca Lai-bo-nit lai giau tinh dai s6. Nhitng kham pha
ctia Niu-ton vé vi phan tich phan thuc hién truéc Lai-bo-nit 10 nam, nhung Iaib?ng bé
cong khai sau Lai-bo-nit 3 nam. Cac thanh qua kiét xuat cta Niu-ton va Lai-bd-nit da
tao ra mot cudc cach mang lén trong toan hoc.

Niu-ton clng & mét nha vat li thién tai. Véi ba dinh luat chuyén déng va dinh luat
van vat hdp dan, Niu-ton da xay dung mén co hoc ma ngay nay ngudi ta quen goi la
Co hoc c6 dién. Nha cac dinh luat d6, ngudi ta da phat hién ra nhiing hanh tinh méi,
da tinh toan dudc chinh xac thai diém nhat thuc va nguyét thuc.

Mét ngudi ban cla Niu-tan co ké lai trong héi ki cia minh : M6t budi t6i nam 1665,
Niu-ton ngdm trang tai vuan nha. Thdy mét qua tao roi xuéng gan ché ngdi, éng tu hdi
vi sao qud tao roirma mat trang lai khong roi. Ong da di dén két luan vé su hat 1an
nhau gilta cac vat : *Hai vat hat nhau vdi mét Iuc cé cudng do ti 1& thuan véi khéi
lugng culia chang va ti 1é nghich vdi binh phuong cla khoang cach gila chung”.

Sd di Niu-ton cong bd dinh luat van vat hap dan cham dén 10 nam vi éng da phai
danh thdi gian dé nghién cifu cac phép tinh tich phan dé tim ra nhiing lap luan cén
thiét ching minh su chinh xac cua dinh luat.

Trong linh vuc quang hoc, Niu-ton 1a ngudi déu tién chimg minh dugc anh sang
tridng 12 hén hop cla by mau : d6, da cam, vang, luc, lam, cham, tim. Thién van hoc
hién dai ciing chiu on Niu-ton vdi phat minh ctia 6ng vé kinh thién van phan xa béng
cach dung mét guong cdu thay cho kinh thién van khac xa dung thau kinh, nhé d6 da
nhin thdy dugc cac vé tinh clia sao Méc.

Niu-ton con dudc giao cong viéc duc tién, lam Giam déc Vién duc tién. Chi sau
ba nam nghién cifu, 6ng da thay déi toan bé day chuyén san xuat va dat mic cl hai
gidy cho ra mot déng tién bac dung tiéu chudn chat luong. Ong con c6 nhiéu cong
trinh xuét sic vé nién dai hoc trong lich su.
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C6 tai nang xuat sic trong rat nhiéu linh vyc, Niu-ton lai 1a ngudi khiém tén, gian
di, c6 long nhan tir dé lugng, hay gitp dd ngudi khac. Niu-ton ciing thdng than dau
tranh bao vé 1& phai va dugc moi ngudi mén phuc. Cau bé Niu-ton dé non, 6m yéu,
twdng chimg khéng séng ndi, vay ma da séng dén 85 tudi, mat chua phai ding kinh
va chua rung mot cai rang !

Mai lam viéc nén Niu-ton nhiéu khi dang tri. Nguoi ta ké lai nhiéu chuyén vui vé
tinh dang tri cia 6ng : bd déng hé vao néi ludc va cam qua triing trong tay “dé tinh gid
lugc tritng" ; khoét hai 16 to nhé & clra d€ 16 to cho ché va 16 nhé cho méo chui ra chui
vao ; mai ban dén an, chay vao phong gidi quyét mét bai toan, ban &n xong va ra vé
van khong hay, thdy bat dia dang dé lai nghi minh da an réi sao véan thdy déi...

Cho dén gia Niu-ton van khong ngimg lam viéc. Nam 1716, Lai-bo-nit dua ra mot
bai toan rat khé thach thirc cac nha toan hoc chau Au. Nhan dudc bai toan dé vao
budi chiéu sau khi tif Vién duc tién trd vé, Niu-ton da gidi xong bai toan ngay sau bira
an chiéu, luc d6 6ng 74 tudi. Nam 80 tudi, Niu-ton lai bat tay vao slia chira cubn
Nhimng nguyén Ii toan hoc cda triét hoc ty nhién xuat ban 1an thi ba. Chinh Lai-bo-nit
da néi vé Niu-ton nhu sau : "Xét vé toan hoc tif budi so khai dén khi xuat hién Niu-ton
thi Niu-ton da lam dudc mét nira, ma 1a mét nira tét hon nhiéu”.

Tén cda Niu-ton dugc dat cho don vi luc, ki hiéu N. Con tén cia Pa-xcan dugc
dat cho mét ngdn ngi lap trinh cda tin hoc : ngén nglr Pa-xcan.

Pa-xcan mét khi Niu-ton méi 20 tudi, nhung c6 mét cau néi clia Pa-xcan minh
hoa dugc cho viéc Niu-tan tim ra dinh luét van vat hadp dan khi quan sat mét qua tao
rai trong vudn nha : "Chi ¢ nhitng khéi 6c da dugc chudn bi mdi cé dugc nhimg phat
minh tinh ca”.
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P HAN HINH HOC

Chuwong 1
TU GIAC
§1. TU GIAC

Ti gidc ABCD I hinh gém bon doan thing AB, BC, CD, DA trong dé bit
ki hai doan thing nao ciing khong ciing nim trén mot dudng thing.

Cic tr gidc duge nghién ciru trong chuong 1a ur giac 161, dé la ur gidc luon
nam trong mot nira mat phiang ma bar 1a dudng thang chia bat ki canh nao cua
ur gidc.

Khi n6i dén i gidc ma khong chi thich gi thém, ta hiéu d6 1a ur giac 16i.

Tong bén géc ciia mot i gidc bang 360°.

Vi du 1. Tit gigc ABCD ¢6 B + D = 180°, CB = CD. Chimg minh ring AC
la tia phan gidc cia goc A.

Gidi : (h.5) Trén tia d6i cia tia DA 14y diém E sao cho DE = AB. Ta ¢6
B + ADC = 180°, EDC + ADC = 180° nén B = EDC.

< AABC = AEDC (c.gc)= A1 =E (1)
B AC=EC.
Tam gidc CAE c6 AC = EC nén la tam giic
cin, do dé6
Hinh 5 Tir (1) va (2) suy ra AC la tia phan gidc cua goc A.
Bai tap

1. Tu gidc ABCD c¢6 hai duong chéo vuong géc, AB = 8 cm, BC = 7 cm,
AD =4 ¢m. Tinh d06 dai CD.
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2. T gidgc ABCD ¢6 A - B = 50°. Ciic tia phan gidc cia cic goc C va D ct
nhau tai I va CID = 115°. Tinh cdc géc A va B.

3. Cho ur gidgc ABCD, E la giao diém cia cdc duong thing AB va CD, F la
giao diém cua cic dudng thing BC va AD. Cic tia phan gidc cta cic goc E
va F cit nhau ¢ . Chimg minh ring :

a) Néu BAD = 130°, BCD = 50° thi IE vuong goc véi IF.
b) Géc EIF bang nira t6ng ctia mot trong hai ciip goc doi cia i gidic ABCD.

4. Chimg minh ring néu M Ila giao diém cdc dudmg chéo cia ur gidc ABCD thi
MA + MB + MC + MD nho hon chu vi nhung Ién hon nira chu vi ur gidc.

5. So sinh d06 dai canh AB va dudng chéo AC cua uf giac ABCD biét ring chu
vi tam gidc ABD nho hon hoac bing chu vi tam gidc ACD.

6. T gidc ABCD c¢6 O la giao diém cua hai duimg chéo, AB = 6, OA = 8,
OB =4, OD = 6. Tinh do dai AD.

7%. Cho nam diém trén mat phing trong dé khong c6 ba diém nao thing hing.
Chimg minh ring bao gi& ciing c6 thé chon ra dugc bon diém 1a dinh cla
mot i gidc 16i.

§2. HINH THANG

Hinh thang la uf gidc ¢6 hai canh doi song song.

Hinh thang can la hinh thang cé hai géc ké mot ddy biang nhau. Trong hinh
thang can, hai canh bén bing nhau, hai duong chéo bang nhau. D€ chimg minh
mot hinh thang la hinh thang can, ta ching minh hinh thang dé c6 hai goc ké
mot ddy bing nhau, hodc c¢6 hai dudng chéo bing nhau.

Poan thing noi trung diém hai canh bén cia hinh thang 13 dudng trung
binh cia hinh thang. Duong trung binh cua hinh thang thi song song véi hai
ddy va bang nira 1éng hai ddy. Duong thing di qua trung diém mot canh bén
cua hinh thang va song song vdi hai ddy thi di qua trung diém canh bén thi hai
va la dudng trung binh cia hinh thang.

Vi du 2. Cho tam gidc ABC ¢6 BC = a, cic dlibng trung tuyén BD, CE. Lay
cdc diém M, N trén canh BC sao cho BM = MN = NC. Goi I 1 giao diém cia
AM va BD, K la giao diém cua AN va CE. Tinh d¢ dai IK.

76



Giadi : (h.6) DN la dudng trung binh cia AACM nén DN // AM.
ABND ¢6 BM = MN, MI // ND nén I la trung

A diém ctia BD. Tuong tu K 1a trung diém cia CE.
Hinh thang BEDC c¢6 I va K 1a trung diém cta hai
E dudmg chéo nén dé dang chiing minh duoc
L K rK=(BC-ED):2=(a-3]:2=-“-.
B M N C 2 4
Hinh 6 (Ban doc ty chirng minh).

Vi du 3. Mot hinh thang cin ¢6 dudng cao bang nira téng hai ddy. Tinh
go6c tao bai hai duong chéo hinh thang.
Gidgi : (h.7) Xét hinh thang can ABCD

(AB // CD), dutmg cao BH va A 8
BH = AB+CD M
2
Qua B ké dudng thing song song vdi AC,
; : s
catDCoE. D H G ¢
Ta ¢c6 BE = AC, AC = BD nén BE = BD. Hinh 7
Tam giic BDE cén tai B, dudmg cao BH nén
DH =HE = -IE- (2)

-
Tacé AB = CE nén

AB + CD = CE + CD = DE. (3)
Tir (1), (2), (3) suy ra BH = DH = HE.
Cic tam gidc BHD, BHE vuéng can tai H nén DBE = 90°.
Tacé DB L BE, AC// BE nén DB L AC.

Bdi tép

Hinh thang

8. Cho mot hinh thang c6 hai ddy khong bang nhau. Chimg minh rang :
a) Téng hai géc ké ddy nho 16n hon téng hai goc ké ddy 1on.
b) Téng hai canh bén 16n hon hi¢u hai ddy.
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10.

12.

14,

15*.

16.
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Hinh thang ABCD c¢6 A=D =90° ddy nho AB = llcm, AD = 12cm,
BC = 13cm. Tinh do dai AC.

Hinh thang ABCD (AB // CD) ¢6 E la trung diém ciia BC, AED = 90°.
Chiing minh ring DE 14 tia phan gidc ctia goc D.

Hinh thang cén

Hinh thang cin ABCD (AB // CD) ¢6 dudng chéo 1.30 chia hinh thang
thanh hai tam gidc can : tam gidgc ABD can tai A va tam gidc BCD can tai D.
Tinh cdc goc cha hinh thang can dé.

Trén doan thing AB ldy mot diém M (MA > MB). Trén ciing mot nira mat
phing c6 by AB, vé cic tam gidc déu AMC, BMD. Goi E, F, 1, K theo thir
tu 14 trung diém cia CM, CB, DM, DA. Chimg minh ring EFIK la hinh

thang can va KF = %CD.

. Cho diém M ndm bén trong tam gidc déu ABC. Chirng minh ring trong ba

doan thing MA, MB, MC, doan 16n nhdt nho hon téng hai doan kia.

Pudéng trung binh cla hinh thang, ctia tam giac

Cho tam gidc ABC, trong tam G.

a) V& dudng thing d qua G, ciit cdc doan thing AB, AC. Goi A", B, C' la
hinh chi¢u ciia A, B, Ctrén d. Tim lién h¢ giira cdc do dai AA', BB', CC.

b) Néu dudmg thing d nim ngoai tam gidc ABC va G' 12 hinh chiéu cia G
trén d thi cdc do dai AA', BB, CC', GG' ¢6 lién hé gi ?

Trén doan thing AB ldy cdc diém M va N (M nim gita A va N). V& vé
mot phia cia AB cic tam gidc déu AMD, MNE, BNF. Goi G la trong tam
cua tam gidc DEF. Ching minh ring khodng cdch tir G dén AB khong phu
thudc vao vi tri cla cic diém M, N trén doan thing AB.

Tir gidgc ABCD ¢6 E, F theo thit tu la trung diém cia AD, BC.

AB + CD

a) Chimg minh ring EF < >

b) Ti gidc ABCD c6 diéu kién gi thi EF = M ?



17. Ti gidic ABCD c6 AB = CD. Chimg minh ring duong thing di qua trung
diém cla hai dudmg chéo tao véi AB va CD cic goéc bing nhau.

18. Trong ur gidc ABCD, goi A', B', C', D' thit tu la trong tam cia cdc tam gidc
BCD, ACD, ABD, ABC. Chimg minh ring bon dudng thing AA', BB, CC,
DD' déng quy..

19. Cho tam gidc nhon ABC, truc tam H, M la trung diém cua BC. Qua H ké
dudng thing vuong géc véi HM, cit AB va AC theo thit tu  E va F.

a) Trén tia d6i cha tia HC, 13y diém D sao cho HD = HC. Chiing minh ring
E la truc tam cua tam gidc DBH.

b) Chimg minh rang HE = HF.

20. T gidc ABCD c¢6 B va C nam trén duong tron c¢6 duong kinh la AD. Tinh
do dai CD bi¢t ring AD =8, AB=BC=2.

§3. DUNG HINH BANG THUGC VA COMPA

Gidi bai todn ding hinh (bing thuéc va compa) la chi ra mot s6 hiru han
lin cdc phép dung hinh co ban va cdc bai todn dung hinh co ban réi chimg to
hinh dung duoc ¢6 di cédc diéu kién ma bai toian doi hoi.

Loi giai ddy di cua mot bai toin dung hinh gém bén phin :

1. Phan tich. Gia sit dd ¢6 mot hinh thoa man cic diéu kién cia bai todn.
C6 thé v& thém hinh méi lam xudt hién nhimg yéu 16 néu trong dé bai hoac lam
xudt hién nhimg hinh c6 thé dung dugc ngay. Pua viéc dung cic yéu 16 con lai
cua hinh phai dung vé cic phép dung hinh co ban va cdc bai todn dung hinh co
ban da biét.

2. Cach dung. Néu thir tr timg bude dung hinh dua vio cdc phép dung hinh
co ban va cdc bai todn dung hinh co ban, déng thai thé hién cic bude dung do
trén hinh ve.

3. Chitng minh. Dung lap luan ching to ring véi cich dung nhu trén, hinh
did dung thoa min cdc diéu kién cla bai todn.

4. Bién ludgn. Chi rd trong truomg hop nao bai todn dung duoc va dung dugc
bao nhiéu hinh thoa min dé bai (hinh thoa min dé bai dugc goi la nghiém hinh).
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Vi du 4. Dung tam gidc ABC, biét AC=b, AB=c, B-C =a.
Gidi : (h.8) y

Cc b [ o
o
m b
B C
A
\ Hinh 8
a) Phan tich
Gia sir i dung duge AABC c6 AC=b, AB=c, B-C =a.
Ké Ax // BC, ké tia Cy sao BCy = B (Cy va A ciing phia d6i véi BC).
ABCD la hinh thang can nén

CD=AB=c, ACD = BCD - BCA =B - BCA =a.
Tam gidc ACD dung duoc (biét hai canh va géc xen gitra).
Diém B thoda min hai diéu kién : nim trén dudmg thing qua C song song
v6i AD va DAB = ADC.
b) Cach dung
- Dung AACD ¢6 AC=b, CD=¢, ACD =a.
~ Qua C dung dudmg thing Cm // AD.

~ Dung tia An sao cho DAn = ADC, cit Cm & B.
¢) Cluing minh

T gidc ABCD c6 AD // BC, DAB = ADC nén Ia hinh thang can, do d6
AB =CD = ¢, ABC = DCB.

Ta cé ABC - ACB = DCB - ACB = ACD = a.

d) Bién luan

Bii todn c6 mot nghiém hinh néu b > ¢ va a < 180°.

Chi y : Diém B duoc dung & vi du 4 1a giao diém cua hai tia Cm va An.
Diém B di duge dung la giao diém cua hai duomg, hay 16ng qudt 1 giao cua hai
tap hop (quy tich)'”

(*) Chi tiét hon vé tim 14p hop diém (quy tich), xem chuyén dé Tim tip hop diém.
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Phuong phép ldy giao cha hai quy tich goi 1a phuong phip guy tich tniong
giao. NOi dung cta phuong phdp nay 14 : Dé dung mot diém, ta phan tich diém
do thoa man hai diéu kién, do diéu kién thit nhat diém thuoc mot quy tich, do
diéu kién thir hai diém thudoc mot quy tich khic, giao diém cia hai quy tich dy
cho ta diém phii dung.

Khi phan tich mot diém thudc dudmg nio, cén nhé céic kién thic sau :

- Diém cich déu hai ddu cia doan thing AB thi nam trén duimg trung truc
cua AB.

~ Diém cdch déu diém O mot khodng r thi nam trén dudng tron (O ; r).

- Diém ndm trong géc va cdch déu hai canh cia goc thi nim trén tia phan
gidc cua goc dy.

Ciing cén chi y dén s6 giao diém cha hai duong. Hai duong thing cé thé
c6 0, 1 hoac vo s6 giao diém tuy theo chiing song song, cit nhay hay tring
nhau. Dudng thing va dudng tron (O ; 1) ¢6 thé ¢6 0, 1 hoac 2 giao diém tuy
theo r < h, r = h hodc r > h (h la khodng cdch tir O dén duomg thing). Hai
dudmg tron c6 thé ¢6 0, 1, 2 hoic vo s6 giao diém.

Dua vao s6 giao diém &y ma ta bién luan bai todn.

Vi du 5. Chimg minh ring t6n tai mot hinh thang ¢6 d6 dai bon canh bang
do dai bon canh cua mot ur giac cho trudce.

Giai : (h.9) Goi a, b, c,dladodaiboncanhciant A 4 B
gidc (a 2 b 2 ¢ 2 d). Cin chimg minh tén tai hinh thang

c6 do dai bon canh nhu trén : Chon ddy 16n bing a, ddy ¢ c b
nho bang d. Ta dung ABEC r6i dung D va A (h.9). ad
Dé ching minh tén tai hinh thang ABCD, ta s¢ D E c
ching t6 t6n tai ABEC (tam gidc nay c6 thé suy bi¢n H'al ”
mh

thanh doan thing). That vay, ta c6
b+c>a-d(vid+b+c>adoa,b,c,dlaboncanh cua ur gidc),

a-d+b2c(via>c,b2d),a-d+c2b(viazb,c2d).

Bai tap

21. Dung hinh thang ABCD (AB // CD), biét :
a) AB=lem, AD = 2cm, BC = 3cm, CD = 3cm.
b)AB=a,CD=b, AC=c, BD=d.
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22. Dung hinh thang cin ABCD (AB // CD), bi¢t AB=a,CD=b, D =a.
23. Dung ur gidc ABCD, biét ba goc va :
a) Hai canh ké nhau ; b) Hai canh déi nhau.
24. Dung tam gidc ABC, biét B =8, C =a, BC- AB=d.
25. Dung tam gidc ABC, biét :

a) A =a, BC=a, AC-AB=d;
b) B- C=a,BC=a, AC-AB=d.
26. Dung tam gidc ABC, biét :
al 5~.=c-..BC=a.A.C+AB=s;
b*) B-C =« BC=a,AC+AB=s.
27*, Dung tam gidc ABC, biét A =a, AB+AC=s, duong trung tuyén AM =m.

28. Dung tam gidc ABC, biét BC = a, dung cao AH = h, duong trung tuyén
BM =m.

29. Dung tam gidc ABC, bi¢t dudng cao AH = h, dudong cao BI = k, duong
trung tuyén AM =m.

30. Dung tam gidc ABC c6 B = 3C biét AB=c, AC=b.

31. Dung tam gidc, bi¢t do dai ba dudng trung tuyén.

32. Cho géc xOy va diém G & trong goéc. Dung tam gidc OAB nhan G lam
trong tam, c6 A thudc Ox, B thudc Oy.

33*. Dung tam gidc ABC ¢6 B — C=90°, biét duong phan gisc AD=d, DC=m.

34*, Cho duong thing m va hai diém H, G thuéc cing moét nira mat phing
bd m. Dung tam gidc ABC ¢6 B va C thuoc m, nhan H 1am tryc tam, G 1am
trong tam.

35*. Dung tam gidc ABC vuong tai A co AC = 2AB, bi¢t BC = 5cm.

36. Cho tam giic ABC. Dung dudmg thing DE song song véi BC (D thuéc AB,
E thudéc AC) sao cho DE = DB + CE.

37. Cho tam gidc ABC. Dung dudng thing DE song song vdi BC (D thudc AB,
E thutc AC) sao cho AE = BD.

38*. Cho hai dudng thing song song a va b, diém C thugc a, diém O thudc nira
mat phang khong chua b ¢6 bd a. Qua O dung dudng thing m cat a, b theo
thir tr ¢ A, B sao cho CA = CB.



39*. a) Cho dudng thing xy va hai di¢m A, B thuoc hai nira mat phing doi
nhau bés xy. Dyng diém M thuéc xy sao cho AMx = 2BMy.
b) Gidi bai todn trén trong trudng hop A va B thuoc ciing mot nira mat
phang bo xy.

40*. Cho tam gidc ABC. Dung diém M sao cho néu vé MA' L BC, MB' L AC,
MC' 1L ABthi AB=BC=CA.
~Vidu: 62.

§4. POI1 XUNG TRUC

Hai diém goi 12 d6i ximg véi nhau qua dudmg thing d néu d 1a dudng trung
truc clia doan thing n6i hai diém dé. Khi mot diém nim trén dudng thang d thi
diém d6i ximg v6i n6 qua dudng thing d la chinh diém do.

Néu hai doan thing (géc, tam gidc) d6i ximg vdi nhau qua mot dudng
thang thi chiing bing nhau.

Hinh thang can nhan duéng thing di qua trung diém hai ddy lam truc doi ximg.

Vi du 6. Cho dudmng thing d va hai diém A, B nam cing phia doi vai d.
Dung diém C thuoc d sao cho AC + CB c6 d6 dai ngin nhit.

Hudng suy nghi. Bai todn tré nén don gian néu dé bai A
cho A va B nam khic phia d6i véi d. Khi dé C la giao diém \

cia d véi doan thing AB (h.10a). Trong truong hop A, B d
nam cung phia d6i vai d, ta co thé tao ra diém B' nam khic C
phia vdi A d6i voi d ma do dai CB' luon ludn bing CB khi G
C thay d6i vi tri trén dudng thing d. Diém B’ chinh la diém Hinh 10a
déi xing vai B qua d.
B Giai : (h.10b)
A ql Phdn tich. Vé B' d6i ximg vai B qua d. Goi M [a
B ,,' E diém bat ki thuoc d. Ta cé MB' = MB. Do do
“al W h_d AM + MB = AM + MB' > AB' (hiing s6).
C M \ - - .
\ Viy gid tri nho nhét cia AM + MB bing AB'
W M thuoc doan thing AB'.
B' Cach ding. Dung B' doi ximg vdi B qua d. N6i A
Hinh 10b vdi B, citdo C.
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Chitng minh. Goi M la diém bat ki thuoc d. Ta ¢6
AM + MB=AM + MB' =z AB', AC+ CB=AC+ CB = AB.
vay AC + CB < AM + MB.
Bi¢n luan. Bai todn ¢6 mot nghiém hinh.
Vi du 7. Cho hai duong thing x, y va hai diém A, B. Dung diém C thudc x,

diém D thudc y sao cho A, B, C, D la cdc dinh ctia hinh thang cin cé AB la mot
canh ddy.

Giai : (h.11)

Phan tich. Gia sir da dung dugc hinh thang cin "//Y b
thoa man dé b;‘a.i. Goi d ia duong trung truc .c&a AB. - A
Dung duong thang x' qua D va qua giao diém cua d
vi x (n€u d // x thi x' 1a dudng thing qua D va song 8
song vai x). Khi d6 x' déi xing véi x qua d. Diém D
thed man hai diéu ki¢n : thuoc x' va thuoc y. Tir d6 / C X
dung duoc diém C. Hinh 11

Cach dimg

- Dung dudng trung truc d cia AB.

— Dung dudng thing x' d6i ximg véi x qua d.

- Goi D 1a giao diém cua x" va y. Dung C d6i ximg véi D qua d.
Chirng minh. Ban doc tu chimg minh.

Bién ludn.

— Néu x' tring y thi bii toin ¢6 vo s6 nghiém hinh (h.12). Khi dé x va x’
d6i xung vai nhau qua d ; néi cich khdc d tring véi phan gidc cla géc tao bai x
va y (h.12a) hoac d la dudng thing song song cich déu x va y (h.12b).

Xy A D y
D d A X
B —_
B d
[ C x C X
a) b)
Hinh 12
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— Néu x" // y thi bai todn khong c6 nghiém hinh (h.13). Khi dé d song song
vGi mot tia phan gidc cia goc tao béi x va y (h.13a) hoac d song song vdi
duong thing song song cich déu x vay (h.13b, ).

v sy 1— X -
A x
g B x ‘lid .
X=X
B
a) b) c)
Hinh 13

- Né’u x' ciit y thi bai todn ¢6 mot nghiém hinh (h.14). Khi dé d cit ca hai
duomg thing chia phan gidc cla goc tao bai x va y (h.14n) hoac d cat duong
thing song song cdch déu x va y (h.14b).

W oY;

a) b)
Hinh 14
Riéng néu x' cit y tai diém D thuoc d, bai todn khong c6 nghi¢m hinh
(hinh thang can suy bién thanh tam gidc can, h.15 a, b) ; néu x' cit y tai diém D
thing hang v6i AB, bai todn khong c¢6 nghiém hinh (hinh thang cin suy bién
thanh doan thing).

a) b)
Hinh 15
Chui y
1. Trong cdch dung trén, do chu y dén tinh d6i xing truc, ta da dung d la
dudng trung truc cua AB, khi d6 dudmg thing d xdc dinh, cic diém C va D d6i
xing vdi nhau qua d. Ta thdy : D doi ximg voi C qua d, ma C thuée diong
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théng x thi D thudc dicomg thing x* déi xitmg véi x gua d. Giao diém cia X' va 'y
cho ta diém D.

2. Ciing ¢6 thé phan tich : C d6i ximg véi D qua d, ma D thuoc y nén C
thuoe duamg thing yv' d6i ximg vai y qua d. Giao diém cua x va y' cho ta diém C.

Bai tap

41. Cho tam gidc ABC ¢6 A = 60° cic dudng phén gidc BD va CE cit nhau
tai I. Qua E ké dudmg vuong géc véi BD, cit BC ¢ F. Chimg minh ring :
a) E va F d6i ximg véi nhau qua BD.
by IF 1a tia phén gidc cha goc BIC.
¢) D va F d6i ximg v@i nhau qua IC.

42. Cho ba diém O, D, E. Dung tam giic ABC sao cho O 1a giao diém cua cic
duong phan giic BD va CE.

43. Cho dudmg thang d va hai diém A, B niam khéc phia d6i vdi d. Dung diém
C thuoc d sao cho tia phan gidc cua goc ACB nam trén d.

44. Dung hinh thang can ABCD (AB // CD) c6 D= 2;\-61_). bi¢t CD = a, duong
cao AH = h.

45*. Cho di¢ém M ndm bén trong tam giic ABC, A’ d6i xing véi M qua dudng
phan gidc cua goc A, B' doi ximg vai M qua dudng phan gidc cua goc B, C'
doi ximg vdi M qua duong phan giic coa géc C. Chimg minh ring cic
duomg thing AA’, BB', CC' déng quy hoic song song doi mot.

46*. Cho tam gidc ABC. V& cic tia Ax, Ay trong goc A sao cho BAx = CAy,

vé cdc tia Bz, Bt trong goc B sao cho ABz = CBI. Goi E 1a giao diém cua

Ax va Bz, goi F 1a giao diém cua Ay va Bt. Chimg minh ring ACE = BCF.
~ Bai tap : 350, 351.

§5. HINH BINH HANH
Hinh binh hanh la ur gidc ¢6 cdc canh d6i song song.
Trong hinh binh hanh : cdc canh d6i bing nhau, cic géc d6i bang nhau,

cic duomg chéo cat nhau tai trung diém cia moi duong.
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Mot ur gidc 1a hinh binh hanh néu ¢6 mot trong cic ddu hiéu sau :
— Cidc canh do6i song song :

~ Céc canh d6i bang nhau ;

- Hai canh d6i song song va bang nhau ;

- Cdc goéc doi biang nhau ;

- Hai duong chéo cit nhau tai trung diém cta méi dudng.

Vi du 8. Cho hinh thang vuong ABCD (A = D = 90°), c6 AB = 1 CD. Goi

H 1a hinh chiéu cia D trén AC, M la trung diém cia HC. Chimg minh ring
BMD = 90°.

Giai : (h.16). Goi N la trung diém cia HD. Taco MN 1a A B
dt:('mg trung binh cia AHDC nén MN // DC, MN = -.l;DC Ta

lai c6 AB // DC, AB = %DC do d6 AB // MN, AB = MN.

Viy ABMN la hinh binh hianh, suy ra

D C
AN // BM. (D) Hinh 16
AADM c6 DH L AM, MN L AD, suy ra
AN L DM. (2)

Tir (1) va (2) suy ra BMD = 90°,

Vi du 9. Tinh do dai duong trung tuyén AM cila tam gidc ABC ¢6 A = 120°,
AB=4cm, AC=6cm.

Gidi : Cdch 1 (h.17). V& diém E sao cho M 1a trung diém cia AE. Ti gidc
ABEC 12 hinh binh hanh, ABE = 180° - BAC = 180° - 120° = 60°.

Ké AH L BE. Tam gidc vuong ABH c6 B = 60° nén BH = éili = % =2 (cm).

SuyraHE=BE-BH=6-2=4 (cm).
Trong AABH vuodng : AH?=AB’-BH’= 16 -4 =12.
Trong AAHE vuong : AE? = AH> + HE? = 12 + 16 = 28.
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Do d6 AE = 247 (cm). Suy ra AM = J7 (cm).

A
m A
H
E B M C
Hinh 17 Hinh 18
Cdach 2. (h.18). Ké BH L AC, MK L AC. Lén lugt tinh duoc AH = 2 cm,
)
HB = 2V3 cm, MK = V3 cm, HK = ¥ = "—:—6 =4 (cm), AK =2 cm. Tirdo

tinh duge AM = J7 em.

47.

48.

49.

50.

) W
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Bai tap

Cho diém D nam bén trong tam giic déu ABC. V& cdc tam gidc déu BDE,
CDF (E, F, D ndm cung phia d6i vgi BC). Chimg minh ring AEDF la hinh
binh hanh.

Cho tam gidc ABC can tai A. Lay diém D trén canh AB, diém E trén canh
AC sao cho AD = CE. Goi I I trung diém cia DE, K la giao diém cua Al
va BC. Chimg minh ring ADKE la hinh binh hanh.

a) Chimg minh ring doan thing n6i trung diém hai dudng chéo va cic doan
thing noi trung diém cic canh d6i cla tf gidc gap nhau tai mot diém.,

Bai todn cia Giéc-gon (Gergonne, nha todn hoc Phéap, 1771 - 1859).

b) Diing dinh 1i trén chimg 16 ring néu mot ui gidc c6 cdc dudng thing noi
trung diém cdc canh déi di qua giao diém hai dudng chéo thi ur gidc dé 1a
hinh binh hanh.

Cho ur gidc ABCD. Trén canh AB ldy cdc diém E, F sao cho AE = EF =
FB. Trén canh CD ldy cic diém G, H sao cho DG = GH = HC. Goi M, I, K,

N theo thit tu Ia trung diém coa AD, EG, FH, BC. Chimg minh ring bén
diém M, I, K, N thing hang va MI = IK = KN.

Hinh binh hanh ABCD ¢6 A = 60°, Ldy cdc diém E, F theo thit w thuoc
cic canh AD, CD sao cho DE = CF. Goi K la diém d6i ximg véi F qua BC.
Chirng minh ring EK song song vdi AB.



52. Cho tam gidic ABC c6 A > 90°. Trong géc A vé cic doan thing AD, AE
sao cho AD vuong goc va bing AB. AE vuong goc va bing AC. Goi M la
trung diém cua DE. Chimg minh ring AM vuong géc vai BC.

53. V& ra phia ngoai tam giic ABC cdc tam giic ABD vuong can tai B, ACE
vuong can tai C. Goi M 1a trung diém cua DE. Hiy xic dinh dang cua tam
gidc BMC.

54. Cho tam gidc déu ABC, mot duong thang song song vaoi BC cit AB, AC ¢
D, E. Goi G la trong tam cua tam giic ADE, I la trung diém cua CD. Tinh
6 do cdc goc cua tam gidc GIB.

§5. Cho diém E thuoc canh AC cua tam giic déu ABC. Duimg vuong géc véi
AB ké tir E cit duomg vuong goc vai BC ké tir C tai diém D. Goi K 1a trung

diém ctia AE. Tinh KBD.

56*. Cho tam gidc déu ABC, di¢ém M thuoc canh BC. Goi D la diém d6i ximg
vGi M qua AB, E la diém déi ximg vdi M qua AC. V& hinh binh hanh
MDNE. Chimg minh ring AN song song vdi BC.

57*. Cho tam gidc ABC. Lay cic diém D, E theo thir tr thudc tia d6i cuia cdc tia
BA, CA sao cho BD = CE = BC. Goi O li giao diém cia BE va CD. Qua O
vé dudng thing song song véi tia phan gidc cla géc A, dudmg thing nay
cit AC ¢ K. Chimg minh ring AB = CK.

§6. POI XUNG TAM

Hai diém goi la d6i ximg véi nhau qua diém O néu O la trung diém cia doan
thing néi hai diém d6. Diém d6i ximg cta diém O qua diém O la chinh diém O.

Néu hai doan thing (goc, tam gidc) doi ximg vdi nhau qua mot diém thi
ching biang nhau.

Hinh binh hanh nhan giao diém cua hai duong chéo lam tam d6i xung.

Vi du 10. M6t hinh binh hanh c6 bén dinh
ndm trén bon canh ciia mot hinh binh hanh khic.
Chimg minh rang cdc tam cua hai hinh binh hanh
dé tring phav.  pl/__NO_ __

Gidi : Goi EFGH la hinh binh hanh ¢6 bon dinh H
nam trén bon canh cua hinh binh hanh ABCD (h.19). 3
Goi O 1a tam ctia hinh binh hanh EFGH, ta s¢ chimg D S G C
minh O ciing 14 tam cda hinh binh hanh ABCD. Hinh 19

89



Goi P, Q theo thir t 1 trung diém cia AD, BC. Ta ¢6 OP la duong trung
binh ctia hinh thang AEGD nén OP // DG. Twong tw, OQ // GC. Suy ra P, O, Q
thing hang.

Chimg minh tuong tu, O thudc dudong trung binh RS cua hinh binh hinh
ABCD. Do AR // OQ va AR = OQ nén ARQO la hinh binh hanh. Suy ra AO // RQ,
AO = RQ. Tuwong wr, OC // RQ, OC = RQ. Tir d6 suy ra O 1a trung diém ctia
AC. Do dd, O la tam cia hinh binh hanh ABCD.

Viay cic tam cua hai hinh binh hainh EFGH, ABCD trung nhau.

Vi du 11. Cho ut gidc ABCD, diém E thuoc AD, diém G thuoc BC. Dung
diém F thuoc AB, diém H thudc CD sao cho EFGH la hinh binh hanh.

Giai : (h.20)

Phdan tich :

Goi O Ia trung diém cua EG thi O la diém
xdc dinh.

F d6i ximg véi H qua O ma H thuoc CD nén
F thuoc dudng thing d6i ximg véi CD qua O.
Mat khac F thudc AB. Hinh 20

Cdcl dimg :

Dung trung diém O cuia EG.

Dung dudmg thing d6i xiing véi CD qua O, cit AB ¢ F (dé dung dudmg
thing d ta dung OM L CD, dung N d6i ximg véi M qua O, r6i ké qua N dudng
thing song song véi CD). FO cit CD & H. Néi EF, FG, GH, HE.

Chuing minh :

AOMH = AONF (g.c.g) nén OH = OF.

Tu giic EFGH ¢6 OH = OF, OE = OG nén 1a hinh binh hanh.

Bién luan :

- Néu d tring AB (khi dé AB // CD, O cich déu AB va CD) thi bai todn ¢é
voO 56 nghiém hinh.

~ Néu d // AB (khi d6 AB // CD, O khong cich déu AB va CD) thi bai todn
khong c6 nghiém hinh.

- Néu d cit AB (khi d6 AB khong song song véi CD) thi bai todn ¢6 mot
nghi¢m hinh.
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Bai tap

58. Cho tam giic ABC, goi D, E, F theo thi tr la trung diém cua BC, AC, AB.
Goi O l1a mot diém bat ki, A' 12 diém d6i ximg vai O qua D, B' 1a diém dai
xtimg vdi O qua E, C' la diém déi ximg véi O qua F. Ching minh ring céc
duong thing AA', BB', CC' déng quy.

59. Cho g6c xOy khic goc bet va diém M thude mién trong cia goc.
a) Qua M dung dudng thing cit cic tia Ox, Oy theo thir tr & A va B sao
cho M la trung diém cia AB.

b) Chimg minh ring tam giic AOB nhin dugc trong cich dung trén ¢6 dién
tich nho nhat trong tdt ca cdc tam gidc tao bai cdc tia Ox, Oy vi mot dudng
thang bit ki qua M.

60. Dung tam gidc biét mot dinh, trong tam va hai dudng thing di qua hai dinh
con lai.

61. Cho ur gidc ABCD via mot diém O nam bén trong ur gidc. Dung hinh binh
hanh EFGH nh4n O lam tam déi ximg, c¢6 bon dinh nam trén bon dudng
thing chira canh v gidc.

§7. HINH CHU NHAT

Hinh chir nhat 1a ur gidc ¢6 bon géc vuong.

Hinh chir nhat ¢ tdt ca cdc tinh chat caa hinh binh hiinh va hinh thang can,
trong d6 chi y dén tinh chit : Trong hinh chir nhat, hai dudmg chéo bing nhau
va ciit nhau tai trung diém ciia méi duong.

Pé chimg minh mot uf gidc la hinh chit nhat, ta chimg minh uf gidc do cé
ba géc vuong, hoac chimg minh i gidgc dé 1a hinh binh hanh ¢6 mot trong cic
tinh chat sau :

- Co6 mot goe vuong |

— C6 hai dudng chéo bang nhau.

Ap dung vao tam gidc, ta c6 :

- Trong tam gidc vuong, dudmg trung tuyén tmg vai canh huyén bing nira
canh huyén.

— Néu mot tam gidc ¢6 dudng trung tuyén (ng véi mot canh bing nira canh
&y thi tam gidc do la tam gidc vuong.
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Vi du 12. Tinh céc canh AB, AD cua hinh chit A 3 B
nhit ABCD, biét ring dudmg vuong goc AH ké tir A
dén BD chia BD thanh hai doan thing HD = 9 cm,

HB = 16 cm. b
Gidi : (h.21) Pat AB=a, AD=b. H
Ap dung dinh Ii Py-ta-go viao AABD vuong, ta ¢6 D C
Hinh 21
a? + b? = BD? = 252 = 625. (1

Ap dung dinh If Py-ta-go vio céic tam gidc vuong AHB, AHD, ta ¢6
a® - b® = (HB? + AH?) — (HD? + AH?) = HB? - HD? = 167 - 9% = 175. (2)

Tir (1) va(2) suy ra a® =400 nén a =20 cm. Tirdé b = 15 cm.
Viy AB=20cm, AD =I5 cm.
Vi du 13. Cho tam gidac ABC can tai A. Tir mot diém D wrén ddy BC, vé

duimg thing vuong goc voi BC, cit cic duomg thing AB, AC ¢ E, F. VE cic
hinh chir nhat BDEH va CDFK. Chimg minh ring A la trung diém ctua HK.

Gidi : (h.22) Goi 1 va O 1a tam cic hinh chit nhat BDEH va CDFK. Ta c6
By =Dy, C; =Dz (tinh chat hinh chir nhit) ma

Bi =Cj nén By =Dy =C) = D. Do d6 BE // DK,
e - 4 DH // CA. Suy ra AIDO li hinh binh hanh.
F > K AIDO I hinh binh hanh nén AO = ID, ma HI = ID,
I nén AO = HI. Ta lai ¢6 AO // HI nén AOIH la hinh
/|~ binh hanh, do do
AH // 10, AH = 10. (n
B1 L . 2 IC Chimg minh twong tr, AIOK la hinh binh hanh nén

Hinh 22 AK // 10, AK =10. (2)

Tir (1) va (2) suy ra H, A, K thing hang va AH = AK.
Viy A la trung diém cioa HK.

Vi du 14. Cho hinh binh hanh ABCD, cic dudmg cao AE va AF. Bié¢l
AC =25 cm, EF = 24 ¢m, tinh khoang cdch tir A dén truc tam H cuia tam gidac AEF.

Hudng dan : Ké CN L AB, tinh do dai NF.

Giai : (h.23)

Ké CN L AB. Tir gidc EHFC ¢6 EH // CF, HF // EC nén la hinh binh hanh.
Ta c6 AN = HF (vi cung bang EC).

92



14 hinh bink hanh, suy ra AH = NF va AH // NF.

T gidc ANFH ¢6 AN = HF, AN // HF nén A N B

Ta lai ¢c6 AH L EF nén NF L EF. 1 F
Tam gidc EFN vuong tai F ¢6 EF = 24 cm, g
NE=AC=25cm nén
NF® = NE® - EF? = 257 - 247 = 49 5 c
Suy ra NF =7 cm. Do d6 AH =7 cm. Hiuh 23

(=]
(3]

63.

64.

65.

66.

67.

68.

Bai tap

. Cho tam gidc ABC vuong tai A, duong cao AH. Goi I, K theo thir wr ia hinh

chi¢u coa H trén AB, AC. Goi M la trung diém cua BC. Ching minh ring
AM vuong goc vai IK.

Cho hinh binh hanh ABCD, O la giao diém hai dudng chéo, H la hinh
chi¢éu cua A trén OD. Biét ring cic goc DAH, HAO, OAB bang nhau.
Chimg minh ring ABCD la hinh chir nhat.

Cho tam giic ABC, truc tam H, I la giao diém cic duong trung truc. Goi E
la diém d6i ximg véi A qua I. Chimg minh ring BHCE la hinh binh hanh.

Cho tam gidc ABC vuong tai A (AB < AC), duong cao AH. Trén canh AC
lay diém E sao cho AE = AB. Goi M li trung diém cta BE. Ching minh
rang HM I tia phan gidc cua géc AHC.
Cho hinh thang can ABCD c¢6 AB // CD, ACD = 60°, O la giao diém ctia
hai dudmg chéo. Goi E, F, G theo thit ty 1a trung diém cua OA, OD, BC.
Tam gidc EFG la tam gidc gi ? Tai sao ?

Goi H la hinh chi€u cia dinh B trén duong chéo AC cia hinh chir nhit
ABCD, M va K theo thit tu la trung diém cia AH va CD.

a) Goi I va O theo thi tu 12 trung diém cia AB va IC. Chimg minh ring
MO = . IC.
2

b) Tinh sé6 do goc BMK.
Cho tam giic ABC c¢6 do dai cdc canh bang a, b, ¢, chu vi bing 2p, cic
chiéu cao tuong (mg bing h, m, n. Chimg minh ring :

a) (b+c)22a2+4h2; b) h? Ssplp-a): c¢) h? +m? +n? sz.
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-

-~ = CD

69*. Cho hinh thang vuéng ABCD ¢6 A=D = 90°, AB = AD = = Qua
diém E thuoc canh AB, ké duong vuong goc vai DE, cat BC tai F. Ching
minh ring ED = EF.

70%. Cho hinh chir nhat ABCD c¢6 BDC = 30°. Qua C ké dudng vuong géc Vi
BD, cit BD ¢ E va cit tia phan gidc cua géc ADB o M.
a) Chirng minh raing AMBD Ia hinh thang can.
b) Goi N 1a hinh chi¢u cia M trén DA, K la hinh chi€u cia M trén AB.
Chimng minh ring ba diém N, K, E thing hapg.

71. Cho hinh chir nhat ABCD.
a) Chiing minh ring néu M la mot diém bat ki ndm trong hinh chir nhat thi

MA® + MC? = MB® + MD”.

b) Két qua trén c6 thay déi khong néu diém M nam ngoai hinh chir nhat ?

72*, Cho tam gidic ABC. V& ra phia ngoai tam giic ABC cdc hinh chir nhit
ABDE, ACFG, BCHK. Chirng minh rang cidc dudng trung truc cua EG, FH,
KD déng quy.

~ Bai tap : 337, 338, 352, 353, 360.

§8. PUONG THANG SONG SONG VOI
MOT DPUONG THANG CHO TRUGC

Xem chuyén dé Tim tip hop diém
~Vidu : 23,24, 26, 27.

Baiwdp : 141, 142, 144 dén 146, 148 dén 154.

§9. HINH THOI
Hinh thoi la nr gidc ¢6 bon canh bing nhau.

Hinh thoi ¢6 tat ca cic tinh chat cta hinh binh hanh. Trong hinh thoi, hai
duong chéo vuong géc vai nhau va la duomg phan gidc cdc goc cua hinh thoi.
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D¢ chimng minh mét tir gidc 1a hinh thoi, ta chimg minh ur gidc dé cé bon
canh bang nhau, hoac chimg minh uf gidc dé la hinh binh hanh c6é mot trong
cdc tinh chat sau :

— C6 hai canh ké bing nhau ;

— C6 hai duong chéo vudng goc ;

- C6 mot dudomg chéo la duong phan gidc clia mot goc.

Vi du 15. T gidgc ABCD c6 C = 40°, D = 80°. AD = BC. Goi E va F la
trung diém ciia AB va CD. Tinh EFD, EFC. A

E
Gidi : (h.24) Goi M, N theo thi tu |4 trung N
dit":ﬁ‘ Ga DY AC T NEIL A t

. 5 3 <
i CUd DU, AL, 1d CO NI 1d Guong {l—tiﬁg binh

)

cua tam gidic ADC nén NFC = ADC = 80°, M

MF la duong trung binh cua tam gidc BDC nén

MFD = BCD = 40°. Suy ra : D F c
Hinh 24

—

MFN = 180" - (80" + 40) = 60"
Tir gidc EMFN c6 bon canh bang nhau nén la hinh thoi. Do dé
Fi = F2 = 60°: 2 = 30°.

Vay EFD =30° +40° = 70°, EFC= 30"+ 80° = 110",

Bdi tap

73. Xéc dinh dang cia mot ur gidc, biét rang :
a) Tu gidc d6 cé hai truc doi ximg vuong goc véi nhau va khong di qua
dinh cua ur gidc ;
b) T gidc d6 ¢6 hai truc d6i ximg 12 hai dudmg chéo cua né.

74. Cho tam gidc ABC. Diém D thuoc canh AB, diém E thuoc canh AC sao cho
BD = CE. Goi I, K, M, N theo thif ty 1a trung diém cia BE. CD, BC, DE.

a) T gidac MINK Ia hinh gi ? Vi sao ?
b) Chimg minh ring IK vuong goc vai tia phan gidc At cia goc A.

75. Cho hinh binh hanh ABCD, AB = 2AD, D = 70°. Goi H 12 hinh chiéu cia
B trén AD, M la trung diém cua CD. Tinh s6 do goc HMC.
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76. Goi O la giao diém cédc duong chéo cia hinh thoi ABCD, E va F theo thit tr
la hinh chi€¢u cia O trén BC va CD. Tinh cdc goc cua hinh thoi biét ring
EF bing mot phén tr dugmg chéo cia hinh thoi.

77. Trén cdc canh AB, BC, CD, DA cua hinh binh hanh ABCD, ldy theo thi tr
cic diém E, M, N, F sao cho BM = DN, BE = DF. Goi I, O, K theo thi tr
la trung diém cua EF, BD, MN.

a) Chimg minh ring ba diém [, O, K thing hang.
b) Trong trudmg hop nio thi cd nam diém A, 1, O, K, C thing hang ?

78. Tir gidic ABCD c¢o6 cdc duong chéo cat nhau tai O va chu vi cic tam giiac
OAB, OBC, OCD, ODA bang nhau. Chimg minh raing ABCD la hinh thoi.

Mk £ LT IR scioe 8Mian i maine ~lf B AT St L ATY T & e NA L.
F77. UL I 1A UG Lalll Cud Wim glac uacu ADLU, Uuung cau AL, LAy Jdicin vl bal
ki thudc canh BC. Goi E va F theo thir tr 14 hinh chiéu ciia M trén AB, AC.

Goi I la trung diém cua AM.
a) Xdac dinh dang cua ur gidic DEIF.
b) Chimg minh ring cic duong thing MH, 1D, EF déng quy.

§10. HINH VUONG

Hinh vuong 1a ur gidc ¢6 bon goc vuong va cé bon canh bing nhau.
Hinh vuong c¢6 tét ca cic tinh chat caa hinh chir nhat va hinh thoi.

D¢ chimg minh mot ur gidc 1a hinh vuong, ta chimg minh uf giic dé la hinh
chir nhit ¢c6 mot trong cic tinh chit :

— C6 hai canh ké bing nhau :

— C6 hai duong chéo vuong goc ;

— C6 mot duomg chéo la duong phin gide cia mot goc.

Hodc chimg minh uf gidc dé la hinh thoi ¢6 mot trong cic tinh chat :
~ C6 mot goc vubng ;

= C6 hai dudmg chéo bang nhau.

Vi du 16. Goi M la diém bit ki trén doan thing AB. V& vé mot phia cla
AB cdc hinh vuong AMCD, BMEF.

a) Chirng minh ring AE L BC.
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~ b*) Goi H la giao diém cia AE va BC. Chimg minh ring ba diém D, H, F
thing hang.
¢) Chimg minh ring duong thing DF luon luon di qua mot diém ¢6 dinh
khi diém M chuyén dong trén doan thing AB ¢6 dinh.
Giai : (h.25) a) Xé1 ACAB, ta ¢c6 CM L AB, BE L AC (vi BE L MF,
MF // AC). Suy ra AE L BC.

b) Goi O la giao diém cua AC va DM. Do p c
AHC = 90° (cau a) nén 0H=$. do a6 [N\
DM . 2 - i
OH=T' Tam gidgc MHD c¢6 dudng trung E
tuyén HO bing nira DM nén
MHD = 90" (1) A r M B
Hinh 25

Ching minh trong tu,
MHF = 90". (2)

Tir (1) va (2) suy ra D, H, F, thing hang.

¢) Goi 1 la giao diém cia DF va AC : A DMF ¢6 DO = OM, Ol // MF nén
I 1a trung diém cua DF.

Ké II' L AB thi I' 1a trung diém cua AB va
AD+BF _AM+MB _AB

g 2 St

Do d6 I 1a diém ¢6 dinh : I ndm trén duong trung truc cia AB va cich AB

=

mot khoang bang g .

Bai tap
80. T\ gidc ABCD ¢6 E, F, G, H theo thi wr 1a trung diém cia AB, BD, DC,
CA. Tim diéu kién cia ur gidc ABCD dé EFGH la hinh vuong.

81. Cho hinh vuéng ABCD, diém M nam trén dudng chéo AC. Goi E, F theo
thit tu 14 cdc hinh chi€u cia M trén AD, CD. Chimg minh ring :

a) BM vuong géc vai EF.
b) Cic dudng thing BM, AF, CE déng quy.
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82.

83.

84.

85.

86.

87.

89.

90.

98

Cho hinh vuong ABCD. Piém E nam trong hinh vuong sao cho tam gidc
ECD cian c6 goéc ddy bang 15°. Chimg minh ring tam gidc ABE la tam
gidc déu.

Cho tam gidc ABC can tai A, géc diy 75° va hinh vuong BDEC (ciic diém
A, D, E nam cung phia déi vai BC). Hay xdc dinh dang cua tam giic ADE.
Cho hinh vuong ABCD, diém E thu6c canh CD, diém F thuoc canh BC.
Chimg minh réng chu vi tam gidc CEF bing nira chu vi hinh vuong khi va
chi khi EAF = 45°.

Cho hinh vuong ABCD, diém M thuoc canh AB. Tia phan gidc cua goc
MCD cit canh AD & N. Cho biét BM =m, DN = n. Tinh d6 dai CM theo m
van. :

Cho hinh vuéng A'B'C’'D' ndm trong hinh vuéng ABCD sao cho thit tu cdc
dinh theo cing mot chiéu la nhu nhau (tic 13 néu vé hai dudmg tron, mdi
dudmg tron qua cdc dinh cia mot hinh vuong, thi chiéu di trén duomg tron
tr A ldn luot qua B, C, D va tir A’ 1dn luot qua B', C', D' la nhu nhau).
Chimg minh ring trung diém cdc doan thing AA', BB', CC, DD' la dinh
cua mot hinh vuong.

Cho hinh vuong ABCD. Lay cic diém E, F theo thit ty thudc cic canh AD,

AB sao cho AE = AF. Goi H 12 hinh chi€u cia A trén BE. Tinh CHF.

Cho diém M thudc canh CD ciia hinh vuéng ABCD. Tia phén gidc cia goc
ABM cit AD ¢ 1. Chimg minh ring BI < 2ML.

V& ra phia ngoai cia mot tam gidc cdc hinh vuong ¢6 canh la canh cua tam
gidc. Chimg minh réng :

a) Cic doan thing n6i trung diém mot canh cua tam gidc véi tam cdc hinh
vuong dung trén hai canh kia bang nhau va vuong géc véi nhau.

b) Doan thing ndi tAm hai hinh vuéng bing vi vudng géc véi doan thing
ndi tam hinh vuong thir ba vai dinh chung cia hai hinh vuong trudec.

Cho tam gidc ABC. V& vé phia ngoai tam giic cdic hinh vuéng ABDE,
ACFG c6 tam theo thit tr 1a M, N. Goi 1, K theo thit e 1 trung diém ciia
EG, BC.

a) Chimg minh ring KMIN 1a hinh vuong.

b) Néu tam gidc ABC c6 BC ¢6 dinh va duong cao tuong iing bang h khong
d6i thi I chuyén dong trén dudng nio ?



91. Cho ur gidc ABCD. Goi E, F, G, H theo thit tr I tam cic hinh vudng cé
canh AB, BC, CD, DA dung ra phia ngoai ur gidc. Chimg minh rang :
a) T gide EFGH c6 hai duong chéo bang nhau va vuong géc véi nhau.
b) Trung diém cic dudmg chéo cia cic ur gidc ABCD, EFGH la dinh cua
mot hinh vuéng.

92. Cho bon diém E, G, F, H. Dung hinh vuong ABCD ¢6 bon duong thiang
chira canh di qua bon diém E, G, F, H.

93. Cho ba diém E, O, F. Dung hinh vuong ABCD nhan O lam giao diém hai
duong chéo, E va F thir tu thuoc :
a) Cic duomg thing AB va CD ;

b) Cic dudng thing AB via BC.
94. Cho ba dudng thing a, b, d. Dung hinh vuong ABCD ¢6 A thuéc a, C thude b,

con B va D thuoc d.

~ Bai tap : 143, 147, 368, 370, 373.

Chuong 11
DA GIAC. DIEN TiCH CUA DA GIAC

§11. PA'GIAC

Pa gidc AjAA... Ay 130 hinh gom o doan thing (n > 3), trong do6 bit ki hai
doan thing nao ¢6 mot diém <hone cung khone cine nam trén mot dudmg thang.

Da giac 16i 1a da giac luon nam trong mot mva it phing ma bé la dudmg
thang chira bat ki canhi nao cia da <idc do.

Khi néi dén da giac ma khong chu thich gr th:¢m, ta hicu do 1a da giac 161,

Téng s6 do cic goe cia da gide n canh 1a (n - 2).2v hay (n - 2).180".

Pa gidc déu 1a da gidic c6 14t ca cdc canh bang nhau va tat ca cdc goc
bing nhau.

Vi du 17. Téng céc goc ciia mot da gide n canh trir di goc A cua né bing
570°. Tinhn va A .
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Gidi : Taco (n—2) 180° — A =570°nén A = (n - 2) 180° — 570°.
Do 0°< A < 180° nén 0 < (n - 2) 180 — 570 < 180

¢0<n—2-m<l

180

-c::>0<n-51<l¢:>5-|-<n<6—1-.
6 6 6

Do n la s6 tu nhién nénn =6 va

A =(6-2).180° =570° = 150°.

Vi du 18. Ngii gidc déu ABCDE ¢6 cic dudng chéo AC va BE cit nhau ¢ K.
Chimg minh ring CKED la hinh thoi.

A Giai : (h.26) Go6c cua ngii gidc déu bang
o -2
AN BB o o dihe BBE ol i B o
B K E 5

ABC = 108° nén Aj = C) = 36°. Do d6

/2
c D
Hinh 26 Ta cb C2 + D =72°+108° = 180°

nén AC // DE. Chimg minh tuong tu, BE // CD. Do d6 CKED la hinh binh
hanh. Ta lai ¢6 CD = DE nén CKED la hinh thoi.

A2 = Ca = 108° - 36° = 72°.

Bdi tap
Pa giac
95. Tinh s6 canh cia mot da gidc, biét ring da gidc d6 ¢ :

a) Téng cic goc trong bing t8ng cdc géc ngoai (tai mbdi dinh cia da gidc
chi ké mot g6c ngoii) ;

b) S6 dudng chéo gap do6i so canh ;
¢) Téng cic goc trong trir di mot goc cua da gidc bang 2570°.

96. Cho ngii gidc ABCDE. Goi M, N, P, Q theo thir tr 1a trung diém cia AB,
BC, DE, AE ; goi I 1a trung diém cua NQ, K la trung diém cia MP. Chimg

minh rang IK //CD, IK = iCD.



97. Chimg minh ring néu mot luc gidc ¢6 cdc goc bing nhau thi hiéu cdc canh
doi dién bing nhau.

98*. Luc glac ABCDEF c¢6 s6 do cic gnc (unh theo do) la mot so nguyén va

A - B B-C=C-D=D-E=E-F. Gmlnlo’nnhAlcuaA c6 thé
bang bao nhiéu ?

Pa giac déu
99. Goi M la diém bat ki trong tam gidc déu ABC. Cic diém A', B', C' 1a hinh
chiéu cua M trén cic canh BC, AC, AB. Tinh ti s6 oo il ol

AB'+ BC'+ CA’
100. Cho luc gidc déu ....CDEF M vit N theo thir tr 12 trung diém cia CD,
DE. Goi I la giao diém cia AM va BN.
a) Tinh AIB.

b*) Tinh OID (O la tam &ua luc gidc déu).
Hitomg dan : Ching minh ring 10, ID la cdc tia phin gidc cia hai goc ké bu.
101. Ching minh ring ngii gidc c6 nam canh bing nhau va ba géc lién tiép
bang nhau la ngi gidc déu.
102. Ching minh ring trong da gidc déu 9 canh, hi¢u gita duong chéo lén
nhit va duong chéo nho nhit bing canh cua né.
103. a) Tim s6 n sao cho mat phang ¢6 thé duge phu kin bai cdc da gidc déu
bing nhau cé n canh.
b) C6 t6n tai cdc ngii gidc bang nhau (khong yéu céu déu) dé pha kin mat
phing khong ?
¢) S0 do cdc goc cua da gidc déu n canh la s6 tu nhién. Co bao nhiéu gid tri
cua n thoa min bai todn ?
A)24; B)21; 84 {4 D)10.
Hay chon cdu tra 1oi ding.

~ Bai tap : 342.

§12. DIEN TiCH CUA PA GIAC

Dién tich hinh chir nhit : S = a.b (a la chiéu dai, b la chiéu rong).
Dién tich hinh vuong : S = a’ (a 1a canh).
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Dién tich tam gidc : S = —ah (a la canh, h la chiéu cao tuong ng).

2
Dién tich tam gidc déu : S = f—;—— (a la canh).

Dién tich hinh thang : S = —_I;(a + b).h (a va b 1a hai ddy, h 1a chiéu cao).
Dién tich hinh binh hanh, hinh thoi : S = a.h (a la canh, h la chiéu cao

tuong (ng).
Dién tich hinh thoi, dién tich ur giic c6 hai duong chéo vuong goc :

1
S= ~dd; (d; vad, Ia hui duimg chéo).

Vi du 19. Tinh dién tich hinh thang ABCD c¢é canh bén AD = a, khoing
cdch ur trung diém E cta BC dén AD bang h.

Giai : (h.27) Qua E, ké duong thang song song
voi AD, ciat AB va CD theo thit tr tai M vii N.

AENC = AEMB (g.c.g. ban doc ur chimg
minh), suy ra Spne = Spmp- COng Syypnp V30 a
hai v¢, ta duge Spgep = SAMND-

AMND [ hinh binh hanh nén

SAMND = AD. EH = ah,

\'.’_I}' SABCI) = ah. Hinh 27

Vi du 20. Tam giic ABC c6 ba géc nhon, vé cic dudng cao BD, CE. Goi H.
K theo thit tr 1a hinh chicu cta B, « tién duong thing ED. Chimg minh ring :

A a) EH = DK.

b) Sgr:c + Sppe = Spuke:

Guai : (1.28) Goi M, I theo tha wr la trung
diém cua BC va ED.

o . 2 1
B E IMD C AMDE c¢6 MD = ME (cung bang > BC) nén

Hinh 28 Ia tam gide can, do d6 MI L ED.
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Hinh thang BHKC ¢6 BM = MC, MI // BH // CK nén I la trung diém cua HK.
Taco IH = IK, IE = ID nén EH = DK.
b) V& EE', II', DD' vuong géc véi BC. Ta c6 II' 1a duomg trung binh cua

hinh thang EE'D'D nén II' = %(EE '+ DD'). Do dé :

Sgec + Sgpe = -'!,-BC.EE' + '—_l)-BC.DD' = %BC{EE' + DD") = BC.II'. (1)
Qua I, v& dudmng thang song song v6i BC, cit BH va CK ¢ P va Q. Ta ¢6
BC "' = Snmc. (2)
Ta lai c6 APIH = AQIK (g.c.g) nén Spjy = Sk, do dé

SppQc = SpHKC- 3)
Tur (l), (2). (3) suy ra SBEC + SHD(' = SBHKC'
Vi du 21*, Cho hinh binh hanh ¢6 bon dinh ndm trén b6n canh cia mot ur

gidc, trong d6 hai dinh cia hinh binh hanh 13 trung diém hai canh déi coa i
gidc. Chimg minh ring dién tich hinh binh hanh bing nira dién tich tr gidc.

Gidi : (h.29) Xét ur giac ABCD va hinh binh hanh B FM Cc
EFGH ¢6 E, G 1a trung diém AB, CD. Goi O la tam cua
hinh binh hanh EFGH, M va N la trung diém cta BC va G
AD. Do EMGN ciing 1a hinh binh hanh nén O ciing la =
trung diém ctia MN. Xét hai trudmg hop :
a) Néu F khong tring M thi FMHN 12 hinh binn A  NH D
Hinh 29

hanh. Khi dé FM // NH nén BC // AD suy ra ABCD la
hinh thang. D¢ thay

1
SEFGH = 5 SABCD -

b) Néu F tring M thi H trung N.

) |
Khi dé SEFGH = SEMGN = 5SABCD -

Vi du 22*, Tinh dién tich hinh thang c6 hai dudng chéo dai 6 m va 10 m,
doan thing n6i trung diém cua hai diy bang 4 m.
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Giai : Goi ABCD la hinh thang ¢c6 AB // CD, BD = 6 m, AC = 10 m (h.30).
Goi E, F, K theo thit tr la trung diém cia A E B
AB, CD, BC. Ta ¢6 EK la duong trung binh cia
AABC nén EK = AC:2=10:2=5(m), FK la

H
duong trung binh cua A BDC nén
FK=BD:2=6:2=3(m). D # i # C
AEFK c6 EF> +FK’ =4"+3%=25 Hin 30

= 5% = EK? nén EFK = 90° (dinh 1§ Py-ta-go diio).

Goi H 1a trung diém cua AD. Dé dang chimg minh duoc EHFK 1a hinh
binh hanh nén

e s

DI"HFK-" DFIK—L‘.I‘ FR=4.3=12(m").
Dé dang chimg minh duoc Sypep = 2 Spupk (ban doc e chimg minh).
Va:" S.‘\HCD = 24 mz.

~Clui y : Céc doan thing EF, AC, BD déng quy vi trong hinh thang trung
diém cta hai ddy va giao diém cua hai duomg chéo la ba diém thing hing, xem
Bo dé hinh thang & Ndng cao va phdt trién Todn 8 tap hai.

Bai tap

Dién tich hinh chir nhat, hinh vuong, hinh tam giac

104. Cho mot hinh chir nhat ¢o cic kich thuée 1a a va b (a va b cé cung don vi
do). Cic tia phan gidc cdc goc cia hinh chir nhat cat nhau tao thanh mot tr
gidc. Xdc dinh dang wr gidc do va tinh dién tich cia no.

105. Tam gidc ABC vuong tai C c6 BC = a, AC = b. V¢ phia ngoai tam giic
ABC, vé tam gidac DAB vuéng can tai D. Goi H, K theo thir tr 1a hinh chiéu
cua D trén CB, CA. Tinh dién tich ctua ur giac DHCK.

106. Tam giic ABC vuong tai A ¢6 BC = a, AC = b, BC = c, dién tich S.
Chimg minh ring4S=(a+b +c)(b+c¢ - a)

107. Cho tam gidc ABC vuong tai A, cic duong phan gidc cia ciac goc B va C
cat nhau & 1. Biét hinh chiéu cua IB, IC trén BC la m, n. Tinh dién tich cia
tam giic ABC.

108. Cho tam gidac ABC, m la trung diém cia BC. Goi O la mot diém bat ki.
Tim lién h¢ giira dién tich cdc tam gidc OAM, OAB, OAC.
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109. O la mot diém nam trong tam giac ABC. Goi D, E, F theo thit v la cic
hinh chiéu cia O trén BC, AC, AB. Trén cic tia OD, OE, OF lay lin luot
cic diém A', B, C sao cho OA' = BC, OB' = AC, OC' = AB.

a) Chimg minh rang dién tich tam giic A'B'C’ khong phu thudc viao vi tri
cta diém O trong tam gidc.
b) Diém O ¢6 vi tri gi d6i v6i tam gidgc ABC ?

110. Cho tam gidc ABC, dudmg trung tuyén AM. Goi D la diém nam giita B va
M. Qua M ké duong thing song song vdi DA, cit AC & E. Hay chon cau
tra 1o diing trong cic cu sau :

A) Dién tich tam gidc DEC thay déi phu thudc vio vi tri cia diém D.

B) Dién tich tam gidc DEC bing — dién tich tam gidic ABC.

1| ==

C) Dién tich tam giic DEC bing % dién tich tam gidc ABC.

111*, Cho tam gidc ABC. Lay cdc diém D, E, F theo thit tu thudc cic canh AB,

BC, CA sao cho AD = %AB. BE = -_-liBC. CF = %CA. Cic doan thing AE,

BF, CD cit nhau tao thanh mot tam gidc. Chimg minh ring dién tich tam

gidc nay bing % dién tich tam gidac ABC.

112*, Cho tam gidc ABC ¢6 dién tich S. Céc diém D, E, F theo thit tr nam trén cic
1 "
canh AB, BC, CA sao cho AD = DB, BE = %EC. CF= 3 FA. Cic doan thang

AE, BF, CD cit nhau tao thanh mot tam gidc. Tinh dién tich tam gidc d6.

113. Tinh dién tich tam gidc ABC, biét AB = 3 cm, AC = 5 cm, duong trung
tuyén AM =2 cm.

114. Tinh dién tich tam gidc, biét do dai ba dudng trung tuyén cba nd bang
15 ¢cm, 36 cm, 39 cm.

115. Cho tam gidic ABC vuong tai A, AC=20cm, AB = 15 cm.
a) Lay diém D trén canh BC sao cho AD = AB. Tinh d6 dai BD.
b) Lay diém D trén canh BC sao cho BD = 4 ¢cm. Tinh d6 dai AD.

116. C6 tam gidc nao ma do dai cic duong cao déu nho hon | cm nhung dién
tich bing 2000 cm” khong ?
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117. Cho tam gidc ABC c6 do dai cic canh bing a, b, ¢, dién tich tam gidc
biang S. Chimg minh ring

68532+b2+c2.

Dién tich hinh thang, hinh binh hanh, hinh thoi

118, Tinh di¢n tich hinh thang can ¢6 duong cao bang h, bi¢t ring hai duong
chéo cua hinh thang vuong goc vdi nhau,

119. Tinh dién tich hinh thang cé hai duong chéo dai 9 m va 12 m, 1éng hai
diy bang 15 m.

120. Qua giao diém O cia cic dudmg chéo cia mot hinh thang, vé dudmg thing
song song vdi hai ddy, cit cdc canh bén ¢ E va G. Chimg minh ring OE = OG.

121. Hinh thang ABCD c6 dién tich S, ddy DC gdp doi ddy AB. Goi M la trung
diém cua AD, K la giao diém cia BM va AC. Tinh dién tich tam gidc ABK.

122, Diém O 1a giao diém cic dudng chéo cua hinh thang ABCD (AB // CD).
Bi¢t di¢n tich cdc tam gidc AOB, COD theo thit tw bing a, b’. Tinh dién
tich hinh thang (a, b > 0).

123. Cho hinh binh hanh ABCD c¢6 di¢n tich S. Goi M, N, I, K theo thir tr 1 trung
diém cua AB, BC, CD, DA. Goi E va F theo thir tr la giao diém ctia KB véi Al
vd MC. Goi H va G theo thit ty 1a giao diém cia DN vai Al va MC.
a) Chimg minh raing EFGH 1a hinh binh hanh.
b) Tinh dién tich hinh binh hanh EFGH theo S.

124, Cho hinh thoi ABCD c6 canh bing a. Ldy diém M trén canh AD, diém N
trén canh CD sao cho DM = CN. Tinh di¢n tich hinh thoi ABCD, biét ring
tam gidc BMN la tam gidc déu.

Dién tich tir gidc
125. T gifc ABCD c6 B =90°, AB=4 cm, BC=3 cm, CD = 12cm, AD = 13 cm.
Tinh dién tich i gidgc ABCD.

126. T gidc ABCD ¢6 O la giao diém cua hai doan thing n6i trung diém céc
canh d6i. Chimg minh ring

|
Saop * Spoc = = Sascp-
2

127. Cic dudmg chéo ctia mot tif gidc chia ur gidc d6 thanh bon tam gidc trong

d6 ba tam gidc ¢6 dién tich bing 30 em?, 60 cm?, 90 em?. Tinh dién tich ur
gidc do.
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128. Chimg minh ring :

L2 .12
a)Ssd +b

véi S i dién tich caa tam gidc ¢6 do dai hai canh bang a, b.

a?+b?+c?+d® :
b)S< 2 vai S 1a dién tich cia tr gidc ¢6 do dai bon canh

bing a, b, ¢, d.

129. Goi a, b, ¢, d 1a do dai bon canh lién ti€p ciia mot ur gidc c6 dién tich S.
Chimg minh cédc bt déng thitc sau vi chi rd khi nao xdy ra ding thiec.
a)4S<(a+c)b+d): b) 168 < (a + b + ¢ + d)”.

130. Goi a, b, ¢, d la d6 dai bon canh (khong nhat thiét lién tiép) cia mot ur gidc
¢6 dién tich S. Chimg minh ring 2S < ab + cd. Khi nao xay ra ding thic ?
131*, Cho ur gidc ABCD, E va F theo thir ur la trung diém cua AD va CD. Biét

BE + BF = a, chimg minh rang
2
d

<—.
Sasep < 5

132. Cho hinh binh hanh ABCD. Cidc diém E, F, G, H theo thit ur thude cic
canh AB, BC, CD, DA sao cho EG khong song song vdi AD. Cho biét dién
tich ur gidac EFGH bing nira dién tich hinh binh hanh ABCD. Chirng minh
raing HF song song véi CD.

133. Cho tam gidc ABC, E 1a trung diém cia AC. Ldy diém D trén canh BC

sao cho BD = %BC. ldy diém G trén canh AE sao cho AG = -?’I-AE. Doan

thing AD cit BG, BE theo thi tv & M, N. Tinh dién tich ur gidc MNEG
theo dién tich tam giic ABC.

134*. Cho tam gidc ABC dién tich S. Lay cdc diém E, G trén BC sao cho
BE = EG = GC. Goi D, H theo thi tu 1a trung diém cia AC, AB: I 12 giao
diém cta GH va BD ; K 1a giao diém ciua AG va BD. Tinh dién tich ur
gidc EIKG.

135*. Chimg minh ring tam gidc ¢c6 mot dinh 12 giao diém hai canh déi cua
mot ur gidc, hai dinh kia 1a trung diém hai duéng chéo cua ur giic dé co

dién tich bang % dién tich wr gidc.
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Dung hinh

136. Cho tam giic ABC. Dung cic diém D va F nam trén canh AB, E ndm trén
canh AC sao cho dudng gip khiic CDEF chia tam gidc ABC ra bon phin c6
dién tich bing nhau.

137. Mot manh vuon hinh tam gidc c6 mot giéng D nam trén canh BC. Hay
chia manh vuon thanh hai phin c¢6 dién tich bing nhau boi mot duong
thing di qua D.

138. Cho ur gidc ABCD. Dung dudmng thing di qua A chia ur gidc ra hai phin
c6 dién tich bang nhau.

139. Cho tam giic ABC. Dung diém O nim bén trong tam giic sao cho dién
tich cic tam gidic AOB, BOC, COA tii¢ vai | ;2 3.

140*. Cho ut gidc ABCD. Dung diém O niam bén trong uf giic sao cho néu noi
O vai trung diém cdc canh cua tf gidc thi wr gidc duoc chia ra bon phén co
dién tich bang nhau.

~ Vidu : 25, 28, 29, 30, 53 dén 55, 58, 61, 63 dén 65, 67, 68.

Bai tap : 155,156, 157 dén 170, 324 dén 331, 335, 336, 339 dén 341, 343
dén 349, 354, 355, 357 dén 359, 361, 363 dén 367, 369, 371, 372.

CHUYEN DE
TIM TAP HOP PIEM

Bai todn tim #dp hop diém (con goi la quy tich) dugc chinh thirc gidi thiéu
& 16p 9. Tuy nhién, hoc sinh khd va gi6i c6 thé lam quen véi dang todn nay
ngay (i Idp 8 vai cic kién thirc thuoc chuong trinh Hinh hoc 16p 7 va 16p 8.

I - HAI TAP HOP BANG NHAU

Ta da biét rang : Tdap hop cdc diém cach mét diong thdang xy ¢ dinh mot
khodng bang h khong ddi (goi 1a 1ap hop.A) 1a hai dicong thdng song song vii
Ay va cdacl xy mot khodng bang h (goi 1a tap hop B).

Hai tdp hop A va B néi trén 1a hai tap hop bing nhau. Ta biét ring :
A4
X i xeA=>xeB
VxeB=xeA.
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Do d6 mudn chimg 16 hai tap hop diém A va B bing nhau, ta phai chimg
minh hai diéu :

— Néu M la mot diém bt ki thuoc A thi M ciing thuoc B. (n

— Néu M 1a mot diém bat ki thuoc B thi M ciing thuoc A. (2)

Diéu (1) chimg 16 rang tap hop B chiia tap hop A, diéu (2) chimg 16 ring
tap hop A chira tap hop B. Phai ching minh ca hai diéu trén mai két luan duoc
A va B 12 hai tap hop bing nhau.

Do d6 bai todn “Tim tdp hop cdac diém cé chung mor tinh chdt a nao dé"
duoc trinh by theo ba phin :

Phin | : Chimg minh ring néu diém M ¢6 tinh chit a thi diém M thuoc
mot hinh H nao dé.

Phiin 2 : Ching minh ring néu diém M thuoc hinh H thi diém M ¢6 tinh
chat .

Phin 3 : K&t ludn rang tap hop cdc diém M ¢6 tinh chat « la hinh H.

Chii y :

1. Phiin 2 la ddo cia phin 1, do d6 néu goi phén | 1a phin thuin thi phin 2
14 phén dio.

2. Theo phén thuan, hinh H chita moi diém c¢6 tinh chit «, khong chia
thi¢u diém nao. Theo phin dio, hinh H chi chira nhimg diém c6 tinh chit «,
khong chia thira diém nio khdc. Nhu vay, hinh H gébm va chi gém 141 cia nhimg
diém c6 tinh chat a.

Il - CAC TAP HOP DIEM DA HOC

Khi gidi bai todn vé tim tap hop diém, cdn nhé lai ba tap hop diém da hoc &
16p 7 va mot tap hop diém hoc @ 1op 8

~ Tap hop céc diém cich mot diém O ¢6 dinh mot khoang R khong doi la
duong tron tam O, bin kinh R.

— Tap hop cic diém cach déu hai ddu ciia mot doan thing c6 dinh la dudng
trung truc cia doan thing ay.

— Tap hop cdc diém thudc mién trong mot goc co dinh va cich déu hai
canh cua no 1a tia phan gidc coa goc dy.

— Tap hop cic diém cdch dudmg thing xy c6 dinh mot khoang bing h
khong ddi 1a hai duong thing song song vdi xy va cich xy mot khoang bang h.
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1 - vipu

Vi du 23(8). Cho dudmg tron tam O ¢6 dinh, bin kinh 4 cm, diém A ¢6
dinh trén dudmg tron, diém B chuyén dong trén duong tron. Tim tap hop cic
trung diém M cua AB.

Gidi : Phdn thudn. (h.31a) Goi I l1a trung diém cia AO thi I 1a diém c6
OB

dinh. IM la dudng trung binh cua tam giic AOB nén IM = T_ 2 cm. Diém

M ludn cédch diém I ¢6 dinh 2 cm nén M thudce duong tron tam I bin kmh 2 cm.

a) b)
Hinl 31

Pihiin ddo. (h.31b) Lay diém M bt ki thuoc dudmg tron (I, 2 cm), M khéc A.
Ta sé chimg minh rang M 14 trung diém cta mot doan thing nao dé ¢6 mot déu
1a A va mot ddu thuoc dudng tron (O).

That vay, goi B 1a giao diém cia AM va (0), tam giic IAM cin nén
IAM = IMA, AOAB cin nén OAB = B, suy ra IMA = B, do d6 IM // OB.
Tam gidc OAB ¢6 Ol = IA, IM // OB nén AM = MB.

Két lugn. Khi diém B chuyén dong trén (0), tap hop cdc trung diém M ciia
AB la dudng tron (I, 2 cm), trir diém A.

Vi du 24(8). Cho géc vuong xOy c6 dinh, diém A c6 dinh trén tia Oy,
diém B chuyén dong trén tia Ox. Tim tap hop céc trung diém M clia AB.
Giai : Cach 1 (h.32)

Pldn thudn. OM la duong trung tuyén tng vdi
.-\B. A

canh huyén cta tam gidic vuéng OAB nén OM = e
2 " M -

ma MA =¥. suy ra MA = MO. Diém M cich déu

hai diém O va A ¢6 dinh nén M thuéc duong trung O B
truc cua OA. Hinh 32
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Gigi han : Vi doan thing AB chi thuoc mién trong géc vuong xOy nén
diém M nam trén tia Hm thuoc dudmg trung truc ctia OA va thuoc mién trong
goc xOy.

Phdn ddo. Lay diém M bat ki thudc tia Hm thi

MO = MA, (n
suy ra MAO = MOA. - (2)

Goi B la giao diém cia AM va Ox. Ta cé
MBO + MAO=90°, MOB + MOA = 90" (3)

nén tir(2) va 13) suy ra MBO = MOB. Do d6
MO = MB. (4)
Tir (1), (4) suy ra MA = MB, do d6 M la trung diém cua AB.

Két Iudn. Khi diém B chuyén dong trén tia Ox thi tap hop cdc trung diém M
cua AB la tia Hm thudc duomg trung truc cia OA va thude mién trong géc xOy.

Cach 2 (h.33)

Phdn thudn. Dat AO = h (khong déi). Vé MK L Ox. Tam giic AOB c¢6

AM = MB, MK // AO nén MK = ATO = % Piém M cich Ox ¢6 dinh mot khoang

al’ khong doi —2— nén M thudc duimg thing song song vdi Ox,
M
HR cich Ox mot khoiang %
al h X # ) -
0 K B Giat han : Vi M chi thuée mién trong gé6c vuong
Hinh 33 xOy nén M nim trén tia Hm thuoc dudng thing song

song noi trén.
Phan ddo. LAy diém M bt ki thuoe tia Hm. Goi B la giao diém cia AM

va Ox. Tam giic AOB c6 AH=HO = % HM // OB nén M I trung diém cia AB.
Két ludn. Khi diém B chuyén dong trén tia Ox, tap hop cic trung diém M

ctia AB 1a tia Hm thuoc dudmg thing song song vai Ox, cich Ox mot khoang

h . - .

5 Va thuéc mién trong goéc xOy.
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IV - THU TU NGHIEN CUU VA TRINH BAY LOI GIAI BAI'TOAN TiM
TAP HOP DIEM

1. Tim hi€u dé bai

Phan biét cdc yéu 16 ¢6 dinh yéu 16 khong doi. quan h¢ khong déi, yéu 16
chuyén dong (bao gém diém chuyén dong da biét vi tri va diém chuyén dong
phai xdc dinh vi tri).

Chéng han trong vi du 24 thi :

~ Y¢€u 16 ¢6 dinh : géc vuong xOy, diém A.

~ Yéu 16 khong déi : do dai AO = h.

— Quan hé khong déi : MA = MB.

— Yéu 16 chuyén dong : diém B chuyén dong trén tia Ox, diém M dang cin
xdc dinh vi tri.

2. Dy doan tap hgp diém

Pé du dodn 1ap hop diém phai tim, ta thudmg vé chinh xdc vai vi tri cia
diém do (it nhét 1a ba vi tri) r6i bing truc gidc dodn nhan diém dé chuyén dong
trén hinh nao. :

Khi du doén tap hop diém, nén chi y dén :

— Diém ddc biér - Trong vi du 23, khi B & vi tri d6i ximg v6i A qua O thi
M @ vi tri O, vady O 1a mot diém cua tap hop phai tim. Trong vi du 24, khi B &
vi tri O thi M & vi tri H, trung diém cta AO, diém H 1a mot diém cia tap hop
phai tim.

= Vi tri gigi han : Trong vi du 23, khi B tién dén A thi M ti¢n dén A, diém
A la vi tri giégi han cua tap hop phai tim.

= Diém vo tan : Trong vi du 24, khi B chuyén dong xa diém O vo tan trén
tia Ox thi M ciing chuyén dong xa vo tan. Nhu vay. M khong thé chuyén dong
trén dudng tron.

~ Tinh déi xitng : Trong vi du 23, chuyén dong cua diém M c6 tinh d6i
ximg qua dudng thang c¢6 dinh AO nén tap hop diém phai tim nhin OA lam
truc doi xing.

3. Phén thuén

= Phit hién quan h¢ gitta diém M cin xdc dinh vi tri véi cic diém c6 dinh,
cdc dudng thang c6 dinh. Néu du dodn diém cén xdc dinh vi tri thuoc duong
tron, ta chimg t6 n6é cich mot diém c6 dinh mot khoang khong déi. Néu du
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dodn diém cén xdc dinh vi tri thudc dutmg thang, ta ching 16 né cich déu hai
diém c6 dinh, hoac cich mot dudng thing c6 dinh mot khoang khong déi.

D¢ phdt hién ra cdc quan hé 4y, co thé phai vé thém duong phu (diém I
trong vi du 23, doan MK trong cich 2 ctia vi du 24).

~ Dua vio céc tap hop diém co ban di hoc, chi ra diém M cin xdc dinh vi
tri thuéec mot hinh nao dé, ching han hinh H.

- Gi6i han hinh H néu diém M khong thudc toan boé hinh H ma chi thuoc
hinh H', mot bo phan cia hinh H (tia Hm trong vi du 24).

4. Phan dao
- Ldy diém M bt ki trén hinh H'. Bang vé hinh, tao ra cic diém chuvén
dong khic duge néu trong bai todn (diém B trong vi du 23 vi vi du 24).

— Chumg 16 ring diém M c6 tinh chat ma dé bai néu 1én (M 1a trung diém
cua AB trong vi du 23 va vi du 24).

5. Két luan

Tap hop cédc diém M phai tim 1 hinh H'.

Chii y : Hiu hét cic bai todn trong cudn sich nay duoc hoi dudi dang : Néu
diém M ¢6 tinh chét « thi diém M nidm trén dudng nao ? Do dé trong 1oi giai
cua bai chi trinh bay noi dung cta phéin thuin. Chi tiét hon vé phédn dao va cich
chimg minh phén dio trong bai todn tim tap hop diém, xem Ndng cao va phdat
trién Todn 9 tdp hai.

V - PHAN CHIA CAC TRUONG HOP TRONG BAI TOAN TIM TAP
HOP DPIEM

Trong mot s6 bai todn, ta cdn phan chia ciac truong hop khi két ludn "tap
hop cic diém M c6 tinh chit « 1a hinh H".

1. Xét diém M thudc tirg mién

Néu mot khing dinh la ding khi diém M & vi tri nay nhung lai khong ding
khi M & vi tri khéc thi ta cdn xét diém M thudc timg mién réi 14y hop cdc 1ap
hop diém tim dugc.

Vi du 25(12). Cho tam gidc ABC c¢6 dinh. Cic diém M sao cho cdc tam
gidc MAB va MAC c6 dién tich bing nhau ndm trén dudong nao ?
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Gidi : Syap = Smac = BB' = CC' (BB, CC' 1a ciic dudng vuong goc ké tir
B va tir C dén MA). Xét hai truong hop :

a) Diém M thuoc mién trong géc BAC hodc goc doi dinh véi né (h.34), uic
la B vai C nam khic phia d6i véi AM. Khi d6 dudng thing AM cét doan thing
BC ¢ 1. Do BB' = CC', BB' // CC' nén BB'CC' 1a hinh binh hanh, I 1a trung diém
cta BC. Diém M thuoc dudng thing Al

A

N\
: c

/AN

Hinh 34 M Hinh 35
b) DPiém M thuoc mién trong géc ké bu véi goc BAC (h.35), nic 1a B va C
ndm cung phia d6i vdi AM. Do BB' = CC', BB' // CC' nén BB'C'C la hinh binh
hanh, AM // BC. Diém M thudc dudng thiang qua A va song song véi BC.
Két ludn chung : Cic diém M phai tim gém duémg thing chira dudmg trung
tuyén Al cta tam gidc ABC va dudng thing qua A song song v6i BC, trir diém A.

..----cm

@
o --—f-o

2. Xét timg vi tri cta hinh da cho

Néu cdc hinh da cho ¢6 nhimg vi tri khac nhau 1am cho hinh dang cta hinh
H thay déi thi ta cdn xét timg vi tri ctia hinh d cho.

Vi du 26(8). Cic diém M cich déu hai dudng thing c6 dinh xy, X'y’ ndm
trén dudng nao ?

Gidi : Trudng hop xy cit x'y' & O, diém M ndm trén bon tia phan gidc cla
bon géc tao bai hai dudng thing (bén tia nay lam thanh hai dudng thing vuong
goc véi nhau tai O, xem hinh 36).

> *
; / ;
< <

>

y
Hinh 36 Hinh 37 .
Truomg hop xy // x'y', diém M nam trén dudng thing song song cédch déu
xy va x'y' (h.37).
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3. Xét tirng truéng hgp cua tinh chat « da cho

Néu tinh chdt a ¢6 nhimg truong hop khic nhau lam cho hinh dang cua
hinh H thay déi thi ta cdn xét riéng timg trudng hop cua tinh chat a.

Vi du 27(8). Cho géc vuodng xOy c¢6 dinh, diém A c6 dinh trén tia Oy,
diém B chuyén dong trén tia Ox. Dinh C cdc tam gidc ABC vuong can tai B
ndm trén dudmg nao ?

D dodn tdp hop diém (khi C via O nim khédc phia d6i vai AB).

Khi B tring O thi C tring D (D thuoc tia Ox sao cho OD = OA), dé la
diém c6 dinh.

Chii ¥ riing khi B chay xa vo tan trén tia Ox thi C ciing chay xa vo tan.
Tir cic nhan xét trén, ta du dodn cdc dinh C ndm trén mot tia goc D.
Giai :
y a) Truong hgp C va O ndm khic phia déi vai
m, AB(h38):
A Trén tia Ox 1dy diém D sao cho OD = OA, D la
" diém c¢6 dinh. Ké CH L Ox, AAOB = ABHC (canh
ri huyén — goc nhon) suy ra
0 B D H X OB = CH, (n
i OA = BH. @)
Ta lai c6 OA = OD nén tir (2) suy ra BH = OD, do do
OB = DH. 3) y
Tir (1) va (3) suy ra CH = DH. A
Viy CDH = 45°. Piém C chuyén e
dong trén tia Dm tao vai Dx goc 45°
va thudc mién trong goc xOy.
b) Truomg hgp C va O nim cung O o 8 D .
phia d6i véi AB (h.39) :
Ban doc tr gidi duge C chuyén c

dong trén tia D'm’, chinh 1a tia Dm
quay quanh A goc 90° cung chiéu m'_
quay cua kim déng hé. Hink 39
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Bai tap

141(8). Tam gidc ABC c6 BC c6 dinh, I 12 trung diém cta dudng cao BH. Cic
diém I ndm trén dudng ndo ?

142(8). Cho goc xOy ¢6 dinh, duong thing d c6 dinh vuong géc vai Ox tai A,
diém B chuyén dong trén doan thing OA. Trén tia Oy lay diém C sao cho
OC = OB. Pudng vuong géc vai BC tai C cit dudng thing d & D. Céc trung
diém M cia BD nam trén dudng nao ?

143(10). Cho hinh vuong ABCD c¢6 dinh. Diém E chuyén dong trén tia d6i cua
tia AD, diém F chuyén dong trén tia d6i cua tia BA sao cho BF = DE. Cic
trung diém M cua EF ndm trén dudng nao ?

144(8). Cho géc xOy c6 dinh ¢6 s6 do bing a < 180°. Mot tam gidec ABC can
tai A c6 canh bén bing a khong d6i, goc diy bing %. tam gidc d6 thay doi
vi tri sao cho B thudc tia Ox, C thuoc tia Oy, A va O khdc phia doi vai BC.
Cic diém A ndm trén dudmg nao ?

145(8). Cho tam gidc vuong can ABC ¢6 dinh. Diém M chuyén dong trén canh
huyén BC. Pudmg thing qua M va vudng géc vai BC cit cdc dudng thing
BA, CA theo thit ty & D, E. Goi I Ia trung diém cia CE, K 1a trung diém
clia BD. Céc trung diém O cua IK nam trén dudmg nao ?

146(8). a) Cho doan thing AB c¢6 dinh, diém M chuyén dong trén doan thing
d6. VE trén ciing mot nira mat phing b&r AB cédc tam gidc déu AMC, BMD.
Cic trung diém I ctia CD nim trén dudmg nao ?

b) Ciing cau hoi nhu cdu a), trong dé cdc tam gidc déu vé trén hai nira mat
phang d6i nhau by AB.

147(10). Cho doan thing AB ¢6 dinh, diém M chuyén dong trén doan thing dé.
Cic trung diém doan ndi tam cdc hinh vuoéng c6 canh theo thir ty 1a MA va
MB nam trén dudng nao ?

148(8). Cho géc vuong xOy c6 dinh, diém A ¢6 dinh trén tia Oy, diém B chuyén
dong trén tia Ox. V& tam gidc déu ABC (C va O khdc phia d6i vdi AB).

a) Cdc diém C nam trén dudng nao ?
b) Céc trung diém H cia AC ndm trén dudmg nao ?
¢) Cic trung diém K cua BC nim trén dudng nio ?
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149(8). Cho goc vuong xOy ¢6 dinh, cic diém A, B ¢6 dinh thuoc tia Ox, diém
C chuyén dong trén tia Oy. Puding vuong goc véi CA tai A va dudng vuong
goéc CB tai B ciit nhau ¢ M. Céc diém M nim trén dudmg nio ?

150(8). Cho géc xOy ¢6 dinh khic goc bet v mot do dai h.
a) Cic diém M thudc mién trong cta goc co 16ng cic khoang cich tir M
dén Ox va dén Oy bang h ndm trén dudng nao ?
b) Ciing hoi nhu ciu a), trong dé thay t6ng bing hiéu.

151(8). Cho tam gidc can ABC c¢6 dinh (AB = AC). Hai diém D, E theo thir ur

chuyén dong trén cdc canh bén AB, AC sao cho AD = CE. Cic trung diém
M ciia DE ndm trén dudng nao ?

152(8). Cho tam gidc ABC c6 dinh. Goi Bx, Cy theo thu tu la tia d6i cia cdc tia
BA, CA. Cic diém D, E theo thir ty chuyén dong trén céc tia Bx, Cy sao
cho BD = CE. Cic trung diém M cta DE ndm trén dudmg ndo ?

153(8). a) Cho géc xOy khic géc bet. Diém C chuyén dong trén tia Ox, diém D
chuyén dong trén tia Oy sao cho OC + OD = a. Céc trung diém M cua CD
nam trén dudmg nao ?

b) Ciing hoi nhu cau a), trong dé thay OC + OD = a bai OC - OD = a.

154*(8). Cho tam gidc ABC c¢6 dinh (AB < AC). Hai diém D, E theo thir tu
chuyén dong trén cdc canh BA, CA sao cho BD + CE = a < AB. Cic trung
diém M cia DE ndm trén dudmg nao ?

155(12). Cho hai doan thing AB, CD ¢6 dinh ¢6 d¢ dii bang nhau. Cic diém M
sao cho cdc tam gidc MAB va MCD c¢6 dién tich bang nhau nidm trén
dudmg nio ?

156*(12). Cho tf gidc ABCD, E 1 giao diém cia AB va CD, F la giao diém cua
AD va BC, I va K theo thit tr li trung diém ctiia BD va AC.

a) Cic diém M thuoc mién trong cia tr gidc va ¢6 tinh chat
Sman + Smen =%SAB(.‘D ndm trén dudmg nao ?

b) Goi N 1a trung diém cta EF. Chiing minh ring cdc diém I, K, N thing
hang.

157(8). Cho hinh chit nhat ABCD ¢6 dinh. Tim tap hgp céc diém M sao cho :
a) MA? + MC? = MB® + MD? ; b) MA + MC = MB + MD.
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SUDUNG CONG THUC DIEN TICH
PE THIET LAP QUAN HE VE DO DAI
CUA CAC POAN THANG

Cic cong thic dién tich cho ta cdc quan h¢ vé do dai cha cic doan thing,
chiing rdt ¢é ich dé giai nhiéu bai todn.

Vi du 28(12). Cho tam gidc déu ABC.

a) Chimg minh ring néu diém M thuéc mién trong cia tam gidc ABC
thi 16ng cdc khodng cich tir M dén ba canh ciia tam gidc bang chi¢u cao clia

tam gidc.

b) Quan hé trén thay déi nhu thé nao néu diém M thudc mién ngoai cia
tam giic ?

Gidi : Goi a va h la canh va chiéu cao cia AJABC, MA " MB', MC" la cdc
khodng cach ne M dén BC, AC, AB.
a) Néu M thuoc mién trong AABC (h.40) thi :

Smce + Smac + Smas = Sasc

::-%BC,MA'-réAC.MB'+%AB.MC‘=%BC.AH

B A Cc a
Hinh 40 = = (MA'+ MB'+ MC') =

.h

o=

= MA'+ MB'+ MC' =h.

b) Néu M thudc mién ngodi AABC va thudc mién
trong goc A (mién 2, h.41) thi:

Smac + Smas — Smac = Sasc

2 MBE+EZ. MC-2. MA'=
2 > 2

SR

= MB' + MC' - MA"' =h.
Tuong tu : Néu M thuoc mién ngoai AABC va thude Hinh 41
mién trong géc B (mién 3) thi MA' + MC' - MB' = h.

Néu M thuoc mién ngoai AABC va thuoc mién trong géc C (mién 4) thi
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MA'+ MB' - MC' =h.
Néu M thuoc mién trong goc doi dinh vdi géc A (mién 5) thi:
MA'-MB'-MC =h. *
Néu M thudéc mién trong géc doi dinh vai goc B (mién 6) thi :
MB' - MA'-MC' = h.
Néu M thudc mién trong goc doi dinh véi goc C (mién 7) thi :
MC' - MA'-MB'=h.
Vi du 29(12). Cic diém E, F ndm trén cdc canh AB, BC cua hinh binh

hanh ABCD sao cho AF = CE. Goi I la giao diém cua AF, CE. Chimg minh
rang ID la tia phan gidc cia goc AIC.

Hieong suy ludn (h.42)

A £ B D¢ ching 16 D thuoc tia phan gidc cua goc
AIC, ta vé DH L 1A, DK L IC réi chitng minh rang
DH = DK. Hai doan thing nay la cic dudmg cao clia
AAFD va ACED c6 canh ddy trong tng la AF va
CE (bing nhau theo gia thi¢t), do d6 chi cdn ching
minh S,zp = Scep, cdc dién tich nay déu biang

| sEd v e
5 Sapcp- Ban doc ty gidi bai todn.

Hinh 42

Vi du 30(12). Cho tam gidc ABC ¢6 A > 90°, D Ia diém nim giita A va C.
Chimg minh ring téng cic khoang cich tir A va tir C dén BD 16n hon dudmg cao
ké tir A va nho hon dudng cao ké tir C cua tam giac ABC.

Giai : (h.43) Goi AH, CK la cic
duong cao cua AABC. Ké AE va CF
vuong goc vai BD. Dat Sppe =S. Ta

2 o
¢ AE:'—SB%D-. CF=‘—S%'!2 nén

B
.
AE + CF = -ﬁ
BD
. 28 s Hinh 43
Talaic6 AH=—, CK = —.
BC BA

Do A > 90° nén BA < BD < BC, do d6 AH < AE + CF < CK.
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Bdi tap
158(12). C6 tam gidc nao ma do dai ba duimg cao bing 3 cm, 4 cm, 7 cm khong ?

159(12). Do dai hai canh cia mot tam gidc bang 6 cm va 4 cm, nia 16ng cic
chiéu cao (ing va&i hai canh dy biing chiéu cao ting véi canh thit ba. Tinh do6
dai canh thu ba.

160(12). Chitng minh rang mot tam gidc 13 tam gidc vuong néu cic chiéu cao
h,, hy, h. ciia n6é thod man diéu kién

3

161(12). Tinh cic canh cia mot tam gidc ¢6 ba dudng cao bang 12 ¢cm, 15 c¢m,
20 cm.
162(12). Goi h,, hy, h. 12 ba dumg cao cua mot tam gidc, chimg minh ring
1 1 1

—_—<—t —,

h;! hh hc

163(12). Tam gidc ABC c6 do dai cdc canh la a, b, ¢, cdc chiéu cao tuong iing
la h,, hy, h.. Bi€t ring a + h, = b + hy, = ¢ + h.. Chimg minh riing tam gidc
ABC la tam gidc déu.

164(12). Cho diém O thudc mién trong tam gidgc ABC. Cic tia AO, BO, CO cit
cic canh cua tam gidc ABC theo thi tv ¢ A', B, C'. Chirng minh ring :

OA" OB' 0OC'
a) + + = 1.

AA' BB' CC'

0OA

) vy % % = 2 (bii todn cua Giec-gon, nha todn hoc Phép).
OA OB OC i

M = i oo 2 P .
c) e - oB" - S 6. Tim vi tri cia O dé tong M ¢6 gia tri nho nhit
d*) N = OR, OF OC‘ 2 8. Tim vi tri ctia O dé tich N ¢6 gid tri nho nhat.

OA' OB' OC
165(12). a) Chimg minh ring 16ng cdc khoang cich tir diém M nim trén ddy
mot tam gidc can dén hai canh bén khong phu thuoc vao vi tri cua diém M
trén canh ddy.
b) Két qua trén c6 gi thay déi néu diém M thuoc dudng thing chira canh
diy nhung khong thudc canh ddy ?
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166(12). Cho tam gidc ABC can tai A. Tim tap hop cic diém M thudc mién
trong tam gidc hodc ndm trén canh cia tam gidc, sao cho khoang cich tir
diém M dén BC bing téng cdc khoang cdch tir diém M dén hai canh kia.

167(12). Cho tam gidc déu ABC c¢6 dinh ¢6 chiéu cao h. Tim tap hop cic diém
M c6 t6ng cdc khoang cich dén ba canh ctia tam gidc bang do dai m khong
ddi (m > h).

168(12). C 1a mot diém thudc tia phan gidc cia goc xOy ¢6 s6 do bang 60°,
M la diém bat ki ndm trén dudng vuong géc véi OC tai C va thudc mién
ngoai cia goc xOy. Goi MA, MB theo thit tr 1a khoang cich tir M dén Ox,
Oy. Tinh d¢ dai OC theo MA, MB.

169(12). Cho tam gidc déu ABC, cic dudomg cao AD, BE, CF. Goi A", B', C la
hinh chi€u cia diém M (ndm bén trong 1am giac ABC) wrén AD, BE, CF.
Chimng minh ring khi diém M thay déi vi tri trong tam gidc ABC thi :

a) Téng A'D + B'E + C'F khong ddi,
b) Téng AA" + BB' + CC' khong d6i..

170(12). Cho tam gidc déu ABC, A', B, C' theo thi tu 1a hinh chiéu cua diém M
(ndm bén trong tam giic ABC) trén BC, AC, AB. Cic duong thang vuong
gbc vdi AB tai B, vuong géc vai BC tai C, vuong goc vai CA tai A cit nhau
a D, E, F. Chimg minh ring :

a) Tam giac DEF la tam gidc déu.
b) Téng AB' + BC' + CA' khong phu thudc viao vi tri cua diém M trong tam
gidc ABC.

Bai doc thém
TU MIEN TRONG VA MIEN NCOAI CUA DA CIAC DEN CAC ME CUNG

1. Bjnh li Jor-dang

Hinh 58 biéu dién mot da giac don'” va hai diém A, B. Liéu cb thé tim dugc mét
dudng di tir A dén B ma khéng cét canh nao clia da giac hay khéng ?

(*) Da gidc don la da gidc ma :
~ Méi dinh chi la diém chung cua hai canh ;
~ Hai canh bdt ki hoac khong cdt nhau. hodc cit nhau tai dinh.



Cau tra 10i 1a : khéng tim duge. Diéu nay da dudc
nha toan hoc Phap Jor-dang (Camille Jordan, 1838 -
1922) chimg minh trong dinh li mang tén ong :

Mbi da giac don phan chia mat phdng thanh hai
tap hap co tinh chat :

~ Hai diém bAt ki thudc cling mét tap hop déu cb
thé néi dugc véi nhau bdi mét duong gap khic khong

\<

@
\

cét canh cla da giac. An
- Bat ki duong gap khuc nao néi hai diém thudc W
hai tap hgp ciing phéai cét canh clia da giac. N ]
Méi tap hap diém nhu véay goi la mdt mién ; mién N
chira hoan toan mét dudng thdng nao dé goi la mién _ X
ngoai, mién con lai goi la mién trong. Hinh 44

Véi mot hinh chir nhat, xac dinh mét diém thudc
mién trong hay mién ngoai clia n6 khdng co gi khé khan. Nhung véi da giac & hinh 44,
diéu nay khong phai la don gian. Dinh Ii Jor-dang cho phép xac dinh nhanh chéng mét
diém thudc mién trong hay mién ngoai clia da giac : chi cdn vé qua diém dé mét tia
khong di qua dinh nao cla da giac réi dém s6 giao diém cla tia dé vdi cac canh cla da
giac :

- Néu s6 giao diém la s chan thi diém d6 thudc mién ngoai clia da giac.

- Néu s6 giao diém 1a s6 Ié thi diém d6 thudc mién trong.

Mét cach truc quan, ta thay ring tir mién ngoai cia da gidc muén vao mién trong
ctia da giac, phai "vugt bién gi6i" mét I1an, sau d6 mudn ra mién ngoai cla da giac phai
"vugt bién gigi" mét 1an nira.

Trén hinh 44, tia Ax c6 ba giao diém vdi cac canh clia da giac nén A thuéc mién
trong cla da giac, tia By cé hai giao diém vdi cac canh clia da giac nén B thudc mién
ngoai ciia da giac. Do A va B thudc hai mién khac nhau nén moi dudng gap khic ndi tir A
dén B déu phai cét canh cla da giac.

2. Mé cung va nhimg truyén thuyét

Hinh 45 1a moét da giac don, cing la
mot mé cung d I-ta-li-a thé ki XII. Mé cung
(hay mé 16, mé dao, tiéng Hi Lap la
labyrinth) thuong dugc hiu la mét hé
théng duong ngdm gém nhiéu nhanh
ngang doc néi chéing chit véi nhau. Mé
cung ciing dugc ding dé chi nhimg cdng
trinh gém rat nhiéu hanh lang, 16i di dugc
bao boc xung quanh véi vé van nga ba,
nga tu, ngd cut.

Ngudi bi ddn vao mé cung chi nhin
thdy mot phan cha dudng di nén rat khd
dinh hudng va cb thé khéng tim dugc 16
ra. Cac mé cung trong cac Kim tu thap & Hinh 45
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Ai Cap la nhimg dudng ham t8i den nhu myc, chi cao c6 mét mét, ngang mét mét. Cang
vao sau, dudng cang héc hiém, c6 doan dan dén giéng nudc, co doan dan dén birc tuang
da. Phai rat khé khan méi tim dén dugc nhing gian budng rong rai co quan tai udp xac
cac vua chua, hoang héu.

Theo truyén thuyét Hi Lap thi mé cung dau tién
dugc xdy dung trén ddo Cret, mdt dao I6n & Dia
Trung Hai. Trén ddo nay c6 con quy Mi-nd-tap dau
bod minh ngudi. N6 bét ngudi thg xay tai ba Dé-dan
phai lam mot mé cung gém vo s6 can phong vdi
nhiing duang ngang, 16i doc ngo&n ngoéo va nhiing
ngd cut bat ngd. Chin nam mét Ian, dan thanh A-ten
phai cdng nap bay cap trai tai gai sdc nhét vao mé
cung cho quai vat an thit. DA cé nhiéu trang si lan
mo vao mé cung, nhung néu khéng bi lac 16i roi kiét
cn‘r thi rung khAan Ah&Ana

nAi vl b b
lUlls \al'vllu I.'U IIUI 'Ul au\- Illﬂl wi llulls

han cia quai vat. Cubi cung hoang tr Té-dé, con
trai vua E-ghé, da vao dugc mé cung nhd lan theo
sgi chi clia nang cong chua xinh dep A-ri-at-na, con Hinh 46

vua Mi-nét trao cho. Sau mét tran chién ddu quyét

liét, chang da giét chét quai vat va ra dugc khdi mé cung ciing bdi chinh cuén chi nay
(h.46).

Mé cung da trd thanh moét tir dé chi mét tinh huéng phic tap, nan gidi, con cuén
chi A-ri-at-na dugc dung dé chi mét giai phap hop li, sang sudt nham thoat khdi tinh
trang bé téc.

Mé cung kha phé bién & nhiéu nuic Chau Au trudc kia. Vao thé ki XII, vua Anh Hen- |l
da xay mét mé cung dé dau cb tinh nhan xinh dep, nhung cubi cling cling bi hoang hau
E-1&-6-no phat hién nhd dlng "sgi chi A-ri-at-na".

3 Trung Quéc, tran dé bat quai do Khdng Minh bay ra cing chinh 1a mdt mé -
cung. Tuéng Ngbé la Luc Tén khéng biét da di vao tir clra T, lac 16i khong tim dugc
dudng ra, may nho cu gia Hoang Thira Ngan, chinh 1a bé vo Khdng Minh, dét ra cira
Sinh méi thoat chét.

3. Rt c6 thé C3 Loa la mét thanh mé cung”’

Viéc xay dung thanh C8 Loa cla An Duong Vuong thé ki llI-ll trudc Céng nguyén da
duoc huyén thoai hoa véi than Kim Quy. Nhung thanh C8 Loa lai la mét cong trinh c6 that.

Theo sif ci, thanh dugc xay dung quanh co chin Iép theo hinh con éc¢. Di tich con lai
dén nay chi thay ba 16p gém ba vong thanh dép bang dat khép kin theo thif tu tif trong ra
ngoai 1 thanh N&i, thanh Trung va thanh Ngoai.

Thanh Néi hinh chir nhat c6 chu vi 1650 m, mat thanh cao 5 m, rong 6 - 12 m. Thanh
Trung c6 chu vi 6500 m, mat thanh rong 10 m, ché cao nhét 1a 10 m. Thanh Ngoai c6 chu
vi 8000 m, doan cao nhat con lai khoang 8 m (h.47).

(*) Theo Nguyén Nhu Mai, bao Nhdn Ddn ¢ hi nhai ngay 28-5-1989.
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Tif truéc dén nay, da co nhidu tac phdm phan tich tai nang sang tao cla ngudi Au
Lac trong viéc d4p thanh va gia tri quan sy cla thanh C8 Loa.

Nhung c6 mét diéu rét rd rang ma chua thdy ai dé cap : thanh C6 Loa thuc chét la
mét mé cung rat doc dao, ra ddi cach day da hon hai nghin nam.

Thanh Ngoai

memmmmmaeee Ry,
)

Hinh 47
Chii thich : 1. cita Bic ; 2. cira Tay Béc : 3. cira Tay Nam ;
4. cita Nam : 5. cira Dong ; 6. ddm Ca ; 7. giéng Ngoc

Chi can cif trén binh db cla ba I8p thanh con lai ciing di thdy su phiic tap va day bi
an cla viéc thiét ké mé cung nay. Cac I6p thanh bao quanh cé dang déng tam léch, &
phia nam sit gdn nhau, toa rdng ra vé phia bc. Thanh Nai chi c6 mét céng & clra Nam.
Cac cdng & thanh Trung va thanh Ngoai khéng thing tuyén ma dat léch nhau. Cac vach
thanh tring diép két hop véi mang Iudi séng, hao, ao, ddm chang chit tao thanh nhing
chd dén 16ng, nhimg vat can khé vuot qua duge. O day cb ca clra "TU" nhu cira Dong.
Muén dét nhap thanh tai clra nay, phai vuot séng Hoang Giang, nhung ré sang trai vap
phai ngach cut, ré sang phai sa Iy vao didm Ca.

Clra Nam |a huéng tiép can vdi thanh Néi gan nhat, nhung & day thanh cao, hao sau
xen ké nhau ba bén téng véi nhimg u canh nhé cao, khéng dé gi ma lot qua dugc.

C6 thé no6i chic chin ring quan Triéu Pa, nhat 1a quan ki, tién cdng vao C& Loa la
sa vao mdt mé cung khéng 16, khéng c6 I6i thoat. Trong Thuy trong vai trd & ré xam nhap
vao triéu dinh An Duong Vudng chic khéng chi an cdp bi mat ciia né lién hoan (nd thdn
Kim Quy trong truyén thuyét). Cling giéng nhu nang A-ri-at-na, nang Mi Chau da trao "sgi
chi d&" cho ngudi tinh dét nhap mé cung. Nhung tiéc thay, Trong Thuy khéng phai la
hoang tr Té-dé nén vua An Duong Vudng phai bo thanh C8 Loa ma chay va Mi Chau da
phai tra gia d4t cho su ca tin &y bing ca cudc dai minh !
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4. Con chuét may cua San-non

Ngay nay, mé cung khong chi 1a mot dé tai giai tri. Nguoi ta da dé ra nhiéu bai toan
vé mé cung, lap cac thuat toan, cac chuong trinh dé gidi cac bai toan d6. Nam 1951, nha
toan hoc va ki su My San-non (Shannon, sinh nam 1916) da ché tao ra con chudt may
biét tim duany di trong mé cung. Nhimg bai toan vé mé cung nhu tranh cac ngd cut dé
tim duting vao hoac dudng ra nhanh nhat, di dén moi nhanh cla mé cung, méi nhanh di
ding hai [dn va mdi 14n theo mét chiéu khac nhau... la nhiing bai toan cé (ing dung quan
trong cho mét nganh toan hoc tré tudi : nganh diéu khién hoc.

5. Md&i ban vao tham vudén

Hay quan sat hinh 48, d6 la mét vudn hoa dep do vua Anh Vin- hem |l xay dung vao
thé ki XVII, dén nay van con.

NS 7/777/

Hinh 48
Hai bén I6i di 14 hai hang rao cdy nhiéu mau séc. & chinh gilta vudn c6 hai cay dai
thu va hai ghé& da quy. Nhung vao dudc gilta vuan khéng phai dé dang. Nao, bay gig mai
ban vao tham vuon hoa do !



L(‘)l GIAIL CHI DAN HOAC PAP SO

PHAN DAI SO
Chuong I - PHEP NHAN VA PHEP CHIA DA THUC

§1. Nhan da thurc

L., a)ysx": b) 55" -45"=5"; ¢)64.
Y J
2, a)yx=06; byx=0; c)x=§: d)x =-=2.
3. a)A=1.
b) Tai x = 14 thi

B= x7 -15x? +16x> - 29x2 + 13x

xs -(x + I)x'l +(X + 2)x3 -(2x + l)x2 +x(x=-1

- . e | 3

¢ 32
=X —-X =X +X +2x

—2x3 —x? +x% —x
=-x =-14.
¢) Thay 10 boi x + 1. Ddp sd': 1.
4. D{IlL=a.L=b[h‘l
315 651

A=(2+ab-3ad-b)-4ab+12a=
&
=2b+ab - 12a+3ab-4ab+ 12a=2b= —,

51

5. ayx%-1: b) x’ +1.

6. a)x=-5; b)x:—%: c)x=0.

7. Doa+b+c=0nénM=a(a+ b)(a+c) = a(-c)(-=b) = abc.
Tuong tr: N =abc, P=abc. Vay M =N =P.
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10.

-
-
-

12.

l3l

14,

15.

§2.

16.

17.

Thuc hién phép tinh o timg vé.
Bién déi v& phai : 4p(p — a) = 2p(2p - 2a) = (a + b + ¢)(b + ¢ — a). Kél qua
cua phép ahan ndty cho ta 2bc + b® + ¢ —a’.
Xét hai s6 ab ;fé ac ¢6 b+ ¢ = 10. Hiy chimg minh ring :
(10a + b)(10a +c) = 100a(a + 1) + bc.

Quy tdc : Nhan chir s6 hang chuc véi chit s6 hang chuc thém | réi viét vao
sau tich do tich cia hai chir s6 don vi (tich nay viét bang hai chir s6).

Vidy:34.36=1224; 81 .89 =7209.

L Y - 1“2 - | S o ,,,2 L TR T N asr 2 amy 2 ,,2

M=(X"—ax —-0X+ap)+ (X" —DX—CX+0DC)+ (X" —ax —cxXx +ac) + x
= 4x? — 2x(a + b +,¢) + ab + bc + ca.

Thay a + b + ¢ = 2x, taduoc M = ab + bc + ca.

Xéta, | +a, = L ;l)n + n(n: L B

S6achiacho3dul,s6bchiacho3du2. Data=3m+1.b=3n+2
(m, n nguyén) thi ab - 2 chia hét cho 3.

Trudce hét, ta chimg minh rang tich cua hai s6 tr nhién lién ti€p chia cho 3
thi du 0 hoac 2.

$6 3°" 4+ 1 chia cho 3 du | nén khong thé 1a tich cua hai so tu nhién lién tiép.
a) Thuc hién phép nhan réi rit gon, ta dugc :

A=22408 420 924y o18 _al7 _ 17y (29 429 _2l0y 4

=232 41 (chd y ring cdc biéu thirc trong ngoac déu bang 0).

232

b) Theo cau a), tac62™“ + | la hop s6.

Céc hing ding thirc dang nhd
1 4
-3 b) —.
a) 20 ) 5
A <B.



18.

I
X= -—,
2

-

19. a) x* - 16x% + 25x.

20.

21.

22.

23.
24,

25.
26.

b)la-(b-c)]® —(b-c)® +2ab—2ac =

=a? —:‘.a(b—c)+(b—c)2 —(b—u::)2 + 2ab - 2ac

2

= a“ — 2ab + 2ac + 2ab - 2ac = a“.

2

¢) Dat 3x + 5 =a, 3x + | = b. Bi€u thiic da cho bing (a — b)? = 4% = 16.

d) Nhan biéu thirc d

¢) 2a2 H

1]

g) -4(:12 +b? +c2) :

cho véi 3 - 1, duoc 3% — 1.

6:B= (3% - 1.

Ddp .

1 | —

h) 4(512 +b% 4+l +d2).

A=(x+y)2—4(x+y)+l=32—4.3+l=—2.

A= (2a+2b+2c—3c)2+(2b+2c+2a—3a)2+(2c+2a+2b—3b)2.

Pata+b+c=xthi

A= (2x =3c)? + (2x - 3a)2 + (2x - 3b)?

= 4x2 - 12¢cx -H)c:z +4x? - 12ax -H)a2 + 4x2 - 12bx +'5'b2

=12x? - 12x(a + b + c)+9(a2 +b2 +c2)

=12x2 —12x2 + 9(a% + b% +¢?) = a2 + b? + ¢2) = 9m.

2)899=900-1= 30% —1=(30+ 1)30-1)=31.29.

b) 9991 = 10 000 - 9 = 100% - 3% = 103 . 97.

77782 - 22232 = (7778 + 2223)(7778 — 2223) = 10001 . 5555 = 55 555 555.
Thuce hién cdc phép tinh & timg vé.

Bi¢n d6i v€ trdi dugc (5a - 3b)? — 64c?. Thay 4c® bing a® — b2,

Tinh hi¢u ctia v& trdi va v& phai, ta duoc (ay — bx)? = 0 nén ay = bx. Do x, y

ORI L

X

:



27.

28.

29.

30.

31

32.

Bién déi ding thirc da cho thanh (ay - bx)® + (bz — c,v)2 +(az-cx)2 =0.

(a+b)? =2 +b?) = a? + 2ab + b2 = 2a% + 2b>

=>a12—2:1b+hz=U=:>(a—b)2 =0 =a=hb.

Chii  y : Bai nay la truong hop xdy ra ddu "=" clha bit ding thic
(a+b)? <2(a? +b?), day la truomg hop dac biét cua bat ding thic
Bu-nhi-a-c6p-xki.

2

a) az+b2+c =ab+bc +ca = 2a2 +2b% + 2¢? = 2ab + 2bc + 2ca

:(a-b}2+(b—c)2+[_c—a)2 =0 =a=bh=c.

b) Bién d6i ding thiic di cho thanh (a - b)® + (b-¢)* + (¢ - a)® = 0.
Chii y : Cau nay la truong hop xiay ra diu "=" cua bat ding thic
(a+b+c) <3@%+b +c?), day la truomg hop dac biét cua bit ding
thitc Bu-nhi-a-cop-xki.

¢) Bién déi ding thirc di cho thanh (a - b2 +(b-c)® +(c-a)’ =0.

a) (a+b+c)2+az+b2 +cl =

2

=aZ +b? +c2

y ) y )
+2ab + 2bc + 2ac + a2 + b% +¢*

(a+b)2 ~n-(b+c)2 +(c+a)2.

b) Pita-b=x,b-c=y,c-a=zthi x+y+z=0. (1)

Ta sé chimg minh =2xy - 2xz - 2yz = x? + ),2 +2°. Chi céin binh phuong
hai v€ caa (1) 1a duge ding thic trén.

a)2; b)

9| -

a) Binh phuong hai vé€ cia a + b + ¢ = 0, duoc

a2+b2+c2+2(ab+bc+ca)=0

nén az-}»b2+c2 = — 2(ab + bc + ca). (n

Binh phuong hai vé& cta (1), duge
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bt ect+ 2(azb2 +bic? + czaz) =
= 4[a2b2 +bic? + ca? + 2abc(a+b+¢)] = fl(azb2 +b2c? + c2a? ).
Suy ra at +bvt+ct = Z(azbz +b%c? +cla?). (2)
b) ¢) Ban doc tu chirng minh.

33. a)9x2—6x+2=9x2—6x+|+l=(3x-l)2+I21.

2
b) x2+x+l=x2+x+l+1=[x+— +222.
4 4 4 4

2 2 2
22X +2x+1=x"+x"+2

Khong xay ra ding thic. Do d6 2x> + 2x + 1> 0.

2
34-a)A=[x—§-] +ﬂz_‘;mim=ﬂ
2 4 4 4

b)B=5x>+525:minB=5vdix=0.
35. )A=5-(x-1)?<5;maxA=5vdix=1.
b)B= 4—(:&--'.!)2 €4 ;maxB=4véix=2.
36. a) Xét p= 3k + | (k nguyén) thi p> + 8 : 3, 1a hop s6.
Xétp=3k+2thi p> +8:3, 1ahops6.
Vay p = 3k, ma p la s6 nguyén t6 nén p = 3.
Khi dé p® +2 =11, 1a s6 nguyén 16.
b) Tuong tr cdu a), tim duge p = 3.

37. a) 999991 = 1 000 000 -9 = 10007 - 3% = 1003 . 997.

b) 1000 027 = 100° + 3% : 100 + 3.

38, a)-5x-8; b)x6—64.
|
39, a)yx=7; b)x=--;.
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40.

41.

42.

43.

44.
45.

46.

47.

a)[a+ b+ —-[(b+c)-af —[a-(b-c) -[a+(b-0)F.
Ddp s : 24abc.
b) Z(a3 +b*+¢? — 3abc).
Thuc hién cdc phép tinh & timg vé.
Chii y : Céch bién déi biéu thic & v€ trdi dé€ dugc biéu thire & vé€ phai : xem
cicvidu 1, 12.
Thay ¢ = — (a+ b) lin lugt vio timg vé réi thuc hién phép tinh.
Clui y : Bi todn nay ciing dugc suy ra truc tiép tir hing ding thic & bai 41b.

2

a) x +y2=(x+y)2—2x_y=az—2b.

b) x* +y* = (x + y)* ~ 3xy(x +y) =a’ - 3ab.

>
“

) x* +y¥ = (x? + y?)? = 2x2y? = (a? - 2b)2 - 2b% = a* - 4ab + 207,
d) x> +y° =+ yHed +yh) - Py x + ).

Ddp 56 : a° — 5a’b + Sab?.
a)l:;b)l.
M=1.

a) Ta tinh duge xy = -3 va x? + y3 = 26. Xem cdch giai tong qudt ¢ ciu b).

b) x' +y* = (x + y)x® = xy +y?) = a(b - xy). (M
Tinh xy theo a va b, ta c6
2_
x+y=a=>x2+2xy+y2=z12=>xy=a b. (2)
2l
Tir (1) vt (2) suy ra x* +y3 =a—(§¥—).

a)Chon= a’ + b’ (a, b € N). Khi d6

2n= 2a2+2b2= z:2+251b+bz+az-?.ab+b2 =(a+b)2+(a—b)2.

2 2 2 2
-b
b) Cho 2n = a2 + b?. Khidé n = 2 ;b =(“b] +(a )

2 2
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Chu y ring a’ + b’ 12 s6 chin nén a va b cung chin hoac cung 1¢, do do

a+b _a-b
va

¢)Chon= a? + bz. Khidé n? = (az + bz)2 = (a2 - b? )2 - (2ab)2.

1a s6 nguyén.

d) Giasirm = a® + b% van = ¢? +d>. Khi d6
mn = (a?' +b? )(c2 + dz) = a2¢? + a%d? + b%c? + b2d?
= a%c? + 2abed + b2d? + a%d? - 2abed + b%c?
= {ac+bd} +(ad—bc) :
48. a)Dat 99..9 = a thi 10" =a + 1.

n

A= 99.9 00..025 = (a.10").100 + 25 = a(a + 1).100 + 25
—_—

n n

= 100a% + 100a + 25 = (10a + 5)% = (99..95).

n
b) bat 99 9 =g,
K
Bién déi duoc B = (10a + 9) {99 9)

n+|

c)bat 11..1=a thi 10" =9a + 1

!‘l

C=44.488.8+1=4a.10"+8a+1
B L S —)
n n

=4aQa+ 1)+Ba+1= 362 +12a+1 = (6a + 1)2 = (66...67)2.

d) Dat 11...1= a. Bién déi duge D = (30a + 5)° = (33..3 5)°.

n n
49. Pat 11....1=a thi 10" =9a + 1.
ll
a) A = (3a)°.
b)B= (3a+1)>.
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50.

51

52.
53.

54,

5S.

56.

57.

a)Tac69a+1= 10" b= 10" +5=9a+ 6. Dodo

ab+1=aa+6)+1= (3a+1)7.
b) Céin ching minh A = 1...1 55...56 la s6 chinh phuong.

e ——
n n-1
Dat1l..1 =athi 10" =9 +1.Tacé: A= (3a+1)>.

—_—
n

Cdach 1..Giai nhu cau a) bai 50.
Cdch 2. Chi y raingb=a + 2 nén
ab+ l=a@+2)+ 1=+ =(l.13°%
it
n
Chonb =a+4.
Dt 11... 1 = k. Biéu thi a, b, ¢ theo k, ta sé dugc a = k(9k + 2), b= 10k + 1,

——
n

c=6k.D¢ipsé':a+b+c+8=(3k+3)2.

Ta thay :
(109} < 10" +5.100 + 1 < 10" + 3.10%0)? +3.10% + 1 = (10% + 1) .
Vay 10'%0 4+ 5.10% 4 khong la lap phuong ciia mot s6 tr nhién.
Chimg minh ring :
(n—l)" <(n—l)n(n+l)=n(n2 —l)=n3—n<n".

Pat 1.1 =k Dipsé: A= (3k)® = (33..3)".

n n
Nhan xét :

n+nN+5+n+7)=3n+12=A,
m+D+n+3)+(n+8)=3n+12=A,
MmM+2)+(n+4)+(n+6)=3n+12=A.

Chia chin qua can 10, 20, 30, ..., 90 thanh ba nhém nhu trén, khéi luong
cdc nhoém déu bang nhau. Lan thi hai va ldn thir ba ciing lam nhu vay.
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58.

a9,

§3.
60.

61.

134

Nhin xét :

n+m+52 =202 +10n+25=A+12,

(n+1)2 +(n+4)3 =20 +10n +17 = A +4,

m+22 +m+3%=2n +10n +13 = A.
Ldn thit nhét, chia sdu qua can 12, 22, ..., 62 thinhbaphdn: A +12, A +4,A.
Lén thi hai, chia sdu qua can7°, 82, .... 12% thanh ba phén: B, B+ 12, B+4.

Lén thit ba, chia sdu qua can 137, 142, ., 18% thanhbaphin:C +4,C,C+ 12,

Nhom thi nhét gém cdc phdn : A + 12, B, C + 4. Nhém thir hai gébm céc
phdn : A + 4, B + 12, C. Nhém thir ba gom cic phin A, B + 4, C + 12.
Khoi lugng méi nhom déu bing A + B+ C + 16.

Nhin xét :
2 2 2 2
n“+Mm+5" " +m+7)° =3n" +24n+ 74 = A + 18,
(n+l)2+{n+3)2+(n+8)2=3n2+24n+74=A+18.

(n+.'2}2+(n+-l)2+(n+6)2 =3n% +24n+ 56 = A .

Nhom thir nhat gém cic phin: A, B + 18, C + 18. Nhém thit hai gém cic
phdn : A + 18, B, C + 18. Nhém thir ba gédm cic phin A + 18, B + 18, C.
Khéi luong méi nhom déu bing A + B + C + 36.

Phan tich da thirc thanh nhan tdr

a) Dadp 56 - (b + @ +1).

b) Ddp 56 : (x + 1)(x> + x +1).

¢) Gop x> =27, Ddp 56 : (x = 3)(x% - x +9).

d) Gop x* = 1. Pdp 56 : (x - 1P (x + ).

e) Gop x* +2x% + 1. Dap 56 : (x2 + I)(x + 12

a) (x + 2y)(x = 2y) = 2(x + 2y) = (x + 2y)(x = 2y - 2).

b) (x2 + 2)(x2 = 2) + 2x(x% - 2) = (x% = 2)(x? + 2x + 2).



62,

63.
64,

65.

c) x2 —x¥-4-4x2=x2 -(x2+2)2 = (x+x2+2)(x—x2—2).

d) 1 -4x2 —x(x2 -—4)=l—x3+4x(l-x)= (1 = x)(1+5x+ xz).

e) (x? —x)+(}r2 —x2y2)+(xy =y). Ddp 56 (x = 1(1 = y)x +y + xy).
199* — 199 = 199(199° — 1) = 199.200.198 } 200.

A= (x6—2x4+x2)+(x3~x] =(x3—x)2 +(x3—x)=62+6=42.

a) (a+b+c)(ab + bc + ca).

b) (a + b)(ab + bc + ca) + c(ab + bc + ca) — abe
= (a + b)(ab + bc + ca) + abc + cz(a + b) — abc
=(a+b)(ab+bc+ca+ c? ). Ddp 56" - (a+ b)(b+ c)(c + a).
¢)Viét da thic dudi dang af(a + b) + b]® = bla + (a + b)[’ réi dat a + b lam
nhan tr chung. Ddp 56’ - (a + b)(a - b)*.
a)(a+b)(b+c)a-c).
b) ab® + ac? + bc? + ba® + (ca + cb? + 2abc)
=ab(a+b) + c2(a +b)+c(a+ b)2
=(a+b)ab+ c® +ac + bc) = (a+b)(b + ¢)(c +a).
¢) Viét b? - 2 dudi dang : —[(a® - b%) + (¢? - a?)).
Pdap 56 : (a-b)(b-c)a-c).
d) Tichc —athanh - [(b-c¢)+ (a=Db)]:
alb-c)-b(b-c)+@-b)+c*a-b) =

=a'b-¢c)-b(b-c)-b}a-b)+c*@a-b)
=(b-c)a® - b¥) = (a-b)b* - c?).

Ddp s :(a-b)a-c)(b-=c)(a+b+c).

e) (a2 - b)(b2 - c)(c2 —a).
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66. a) Viét ¢ — a dudi dang — [(b - c¢) + (a = b)].
Dip 56 :(a=b)(b-c)c—-a)a+b+c)
b) Cich 1. A = a(b—c)® + blc —a)’ + c(a - b)’.
Giir hang tr thit nhét. Khai trién cdc hang tir sau.
Cach 2. Vi€t ¢ - a dudi dang - [(b - ¢) + (a - b)], ta duoc
A=a(b-c) —b[(b-c)+(a-b) +ca-b).

Ap dung cong thirc (x + y)“ =x + Ixy(x +y) + y". ta dugc
A= alb- g)" —bl(b - c)“ +3(b-c)a-bla-c)+(a- b)3!+c{_a - b)3

= (b-c¢)*(a-b) - 3b(b-c)a-b)a-c)-(a-b)Yb-c)

= (b - c)a - b)[(b - )’ - 3ba - ¢) - (a - b)?].
Dé dang phan tich dugc biéu thitc trong ddu ngoac vuong thanh
(c—a)a+b+c).
Dap sé :(a-b)b-c)c—a)a+b + c).
¢) (a—-b)a-c)b-c)ab+ bc +ca).
d)al(b-c)? —a’]+ bl +¢)? - b? ]+ cl(a - b)? - c?].

Phan tich méi biéu thic trong ddu ngodc vuong thanh nhan ur réi dat
a + ¢ — b lam thira s6 chung.

Pap sé :(a+c—-b)b+a-c)c+b-a)
e)atb-c)-bb-c)+@a-b)+cta-b) =
= (b-c)a® -bY) - @-b)b* - ct)
= (b - c)(a - b)(a + b)(a® + b%) — (a - b)(b — c)(b + c)(b? + c?).
=(b-c)a- b)(a" +ab? +aZb+b® - b - be? — bl - c‘]).
BPdp 56 : (a—b)(b-c)a - -::)t{a2 +b? +¢c2 +ab + be + ca).

67. a)Pata+b-c=x,b+c-a=y,c+a-b=2zthi

X+y+z=a+b-c+b+c-a+c+a-b=a+b+c.
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68.

69.
70.

71.

72.

Ap dung hiang ding thic :
(X +y+ 2 —x® - y3 -2 =3(x + y)Xy + z)(z + x) (vi du 12a),

tacé:(a+b+c)3-(a+b—c)"—(b+c—n)3+(c+a-b)3=
=3(a+b-c+b+c-a)b+c—-a+c+a-b)c+a-b+a+b-¢)
=3.2b.2c.2a = 24abc.

b)abc-bc—-ab+b-ac+c+a-1

=bcta-1)=bla=1)-cla-1)+(a-1)

=(a-I)bc=b-c+N=(a-1)b-1I)c-1).

Bién ddi a’(b —¢) + b%(c —a) + ¢2(a — b) = 0 thanh (a - b)(b - c)a-¢) =0

(xem vi du 13).

Ta suy ra a = b, hodc b = ¢, hodc ¢ = a. Vay trong ba so a, b, ¢ t6n tai hai
s0 bang nhau.

a? +b? = 2ab = a? - 2ab + b? =0=>(-b’=0=>a=b.
Theo vidu lla,tacé:

u"+b“+c]—3abc=(a+b+c)(az+b2 +c? —~ab - bc - ca).

Do d6 néu a® + b* + ¢ = 3abc vaa, b, ¢ >0thi

a?+b2 +c2—ab-be-ca=0.
Ap dung bai 29a dé giii tiép.
at +b* + ¢t +d? = dabed
= a* - 2a%b? + b* + ¢ - 2c%d? + d* + 2a%b? - dabed + 2¢2d2 = 0
= (a2 - b%)? + (c? - d?)% + 2(ab - cd)? =0
Ban doc tu chimg minha=b=c=d.
am+bc=a(a+b+c)+bc=a@+b)+ac+bc=(a+b)a+c).

Tuong tu, bm + ca = (b + ¢)(b + a), cm + ab = (¢ + a)(c + b). Suy ra diéu
phai chimg minh.
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73. Doa’+b% =1, ¢ +d? =1 nén
ab +cd = ab.1 +cd.1 = ab(c? + dz) - cd(a2 +b2).
Phan tich da thirc nay thanh nhan tr duge (be + ad)(ac + bd), bang 0.
74. Tacé : A+12 =12 +2.1+1

Q+1)%=224+22+1

m+1)>=n%+2n+1.
Cong timg v€ n ddng thitc trén rdi rit gon :
(n+l)2 =12+2(l+2+...+n)+n.

Tir d6 tinh duoc S; = “(": h

-

75. Xét hing ding thie (x + )* =x* + ax3 +6x2 +ax + 1.
Lén lugt cho x bang 1, 2, 3, ..., n, ta duoc :

A+ =1* +4a3 +612 +41+1

C+1)¥=2%+4234+622 +42+1

m+D*=n*+4nd +6n2 +4n+1.
Cong timg v€& n ding thirc trén réi rit gon :
m+D* =1 + a0} +23+...+n:")+6(l2 +22 # o+ 02) +
+4(1+2+..+n)+n
=1+ 483 +6S; + 45, +n.

Tadibiet §, =20+D

S = %n(n + 1)(2n + 1) (xem vi du 14).

n%(n +1)%

Tur dé tinh duge Sy = 3
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§4.

76.

77.

78.
79.

80.

81.

82,
83.
84.
85.

86.
87.

88.

Chia da thue

a) 8'2 1 45 = (23)12 . (22)6 _ 936 . 912 _ 524

b) 3'.
915 .253.43 (32)!5_253_(22 )3 33'(1.26 32(}
C) = = = —
310 506 310 255 26 310 253 26 25’

A= Z!xzy"t 20 véi moi x va y.

B= -~2xy2 + Zx(yz -1)=-2x.

ne{2;3}.
a) -%axz -2x + 1. b) -3x — 4.
A= xz + 2x.

min A=-1vdix=~1vaytuyy.

ne(3;4}).

x2+y2—xy+x+5y.

a)3x2—2x+4; b) 2x -8 ; ) x2 - 3x +2.
a)a=-18; b)a=-15; c)a=3.

a)a=-12; ba=-5; c)a=4.

a) Co6 thé giai bing ba cdch : dat tinh chia, h¢ s6 bat dinh, xét gid tri riéng.

Ddp sé:a=0;b=-16.
b) C6 thé giai bing ba cdch nhu cau a).
Ddp sé:a+b=0(tic laatuyy, b=-a).
¢) C6 thé giai bing hai cich : dat tinh chia, h¢ s6 bat dinh.
Dapso:a=-6:b=4,
a) Cdach 1. Dat tinh chia ta duge thuong bing x2 +x + a, du (a - 1)x +

+ (b — a). Mudn chia hét thi da thirc du phai déng nhat bing 0, dodéa= 1,
b=a . Vaya=b=1.
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89.

90.

140

Cdach 2. Thuong c6 dang x? 4+ cx +b. Nhan né véi x* —x + 1 rdi déng
nhat véi x* +ax? + b, taduwogcc-1=0,b-c+1l=ac-b=0.Suyra
a=b=c=1.

b) Cach 1. Dat tinh chia.

Cich 2. Déng nhat (x> + 3x — 10)(ax + 5) véi da thiic bi chia, duoc 3a +5=b,
I1I5-10a=5.8Suyraa=1,b=8.

Cach 3. Xét ax® + bx? + 5x = 50 = (x + 5)(x - 2). Q(x). Lén luot cho
x =-5,x =2, ta dugc

(-125a + 25b = 75 (-Sa+b=3 [a=1
{8a+4b=40 {2a+b=10 = {b:ﬁ.

¢) Giai bing hai cich nhu ciu a). Ddp s6 :a=3,b=-4,

d) Phan tich x* + 4 thanh nhan 1, duoc (x° + 2x + 2)(x°= 2x + 2).
Viya=+2,b=2.

x"+ax+b=(x+ 1).Px)+7nénvgix=-=1thi-l1-a+b=7, uicla

a-b=-8, (1)

x3+ax+b=(x—3).Q(x)—5nenvdix=31h‘127+3:1+b=-5.u'1cl.’:
3a+b=-32. (2)

Tir (1) va (2) suyraa=-10,b=-2.

Trong hing ding thic ax’ + bx? + ¢ = (x +2). P(x), cho x = -2, ta dugc

-8a+4b+c=0.

Trong hing déng thic ax® + bx? + ¢ =(x+ 1)(x=1).Q(x)+x+35,

linlugtchox=1lvax=-l,duwoca+b+c=6, —a+b+c=4.

Dipsd:a=1,b=1,c=4.



Chuong II - PHAN THUC DAI SO

§5. Tinh chat co ban cla phan thirc. Rat gon phan thirc
91. a)x =-1; b)x=%2.

5 -
0. ) Bl ID=x Thoh A= 2T X FD =X _,
x2x+D+x+1

b) PBat 1000 = x. Ddp sé : B=2.

2 -—
AP S Jucd R ool b) x2.
(2x +3)x-1)* 2x+3
(:tz-y+z)2 _ X=YE
(x-y+z)(x -y-2) x—y—z'
' ]
94.a)n.(n+l)=n+l: b n! =l.
nln+2) n+2 n![(n+1)=1] n

@+hHi-n=1) -n-]
(n+Dn+3) n+3

(x-32(2x +5) 2x+5

(x—_3)2(3x—l)_ x-1"

95. a (a —b)b-c)a-c) - i ;
(a-b)b-c)b+c) b+c

b)

1 | _
c);(x-y+z). d)E(x+y+z).

96. a) Giast(3n+1,5n+2)=d.
Taco3(5n+2)-5Gn+1):d=>1:d=>d==%I.
b) Ban doc tu giai.

¢) Giasir (n® + 2n,n? 4302 + 1) =d.

Tacé (n* +3n? + D-n(n* +2n)=n’ +1: d.

Dodé (n* +3n? + - (? + 1 =n? i d.

Suynnl:d=sd=%].

d)Giasied e UC (2n + 1, M- =>nn+1)-2n°-)=n+1:d

=2n+2:d=>2n+2)-(2n+1)=1:d=d==%1.
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97. Tir va mau ciing chifa thira s6 n® + n + 1 16n hon 1.

98.

99.

Nhan biéu thic di cho A vai x* + x + 1, ta duge

(x2+x+l).A=x6"+x32+l.
64 32
> 3 St ) |
Do x2+x+lae0nenA=—2——-.
X“+x+1

Hiy chimg minh (ay — bx)? + (az - ex)? + (bz - cy)2 =0.

100. Tacd B= be(y - z)2 +ca(z - x)2 + ab(x - y)2

= 'hcy2 + bez? + caz’ + cax® + abx? + ai)y2 - 2(bcyz + acxz + abxy). (i)
Tir gia thiét suy ra
a’x? + b2y2 +C

Tir (1) v (2) suy ra

272 4 2(bcyz + acxz + abxy) = 0. (2)

B= axztb +c)+ byz(a +¢)+ ca'.z(n +b) + a?x? + bzy2 +¢2z?

=axz(a+b+c)+hyz(a+b+c)+czz(a+b+c)

=(a+b+c)ax’ +hy2 +cz2?),

Do d6: A= B =a+b+c.

ax? + by2 + 22

101. Ddp 56 : %

102, x% -xy-2y? =0 o=x2 +xy-2xy -2y =0

103. A% =

142

SX(X+Y)-2y(x+y) =0 (x + y)(x - 2y) =0.
Dox +y#0nénx=2y. Dodé:

ox? + ay? - 12xy 20xy —I12xy  8xy |
Ox? +4y® + 12xy 20xy +12xy 32xy 4




Do2y<3x<0=3x-2y>0,3x+2y<0=>A<0.
I
VayA.- —;.

-

104. Tinh x va y theo z, duoc x = 2z, y = 3z. Thay cdc gid tri cla X va y vao

biéu thic M va rit gon duge M = =B

137
105. a)x e [-1:0;1:2}; byxe [-2:0:2):
c)xe(-2;0;1:3);
d)x2-59  x+8c> x2 -64+5:x+8c5: x+8.
Ddpsé:xe(-13;-9;-7;-3}.
Ox+2! X244 (x+2)(x-2): xX2+4=> x> +4-8: x*> +4
=8: x2 +4.

Xét x%+ 4 bing 4, biang 8 rdi thir lai, ta duge x = - 2 thod min bai todn.

106. Dat ;0 =k € Z, tacokx® +k = 10 nén x? = M
x“+1 k
o o 10=K .
Ta phai c6 2 0 nén 0 <k <10. Ta cé bang sau :
k 1 2 3 4 5 6 /i 8 9 10
- 2
E:M 9 4 s 3 1 e 3 1 1 0
k 3 2 3 F 4 9
Q +3 | +2 +1 . |52 |8
*E * . 2 |73

] 1
Ddp s6:£3,%2, il.il. *-,0.
2 3

107. abbb .c = (1000a + 111b)c = 1000ac + 111bc =ac + 111c(9a + b).

a.bbbc =a(l1110b + c) =ac + 1110ab.
Céin chimg minh 111c(9a + b) = 1110ab, tirc 1a c(9a + b) = 10ab.
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Theo gia thiét

ab.c = bc.a = (10a + b) ¢ = (10b + ¢)a = 10ac + bc = 10ab + ac

= 9ac + bc = 10ab = ¢ (9a + b) = 10ab.

Chii ¥ : C6 céc chir s6 a, b, ¢ thoa midn dé bai, ching han 16 : 64 = 1 : 4,

khi do6 1666 : 6664 =1 : 4.

108. Goi s6 hoc sinh nam va nir cta 16p 8A theo thi tr la a va b, s6 hoc sinh

nam va nit ctia 16p 8B theo thi tu la ¢ va d. Ta cén tim
7,1a +7.6b _ 7.4,
a+b
8.1c +9d _ 8.4,
c+d
7.1a + 8,1c Y
a+c

7,6b + 9d

.Taco:

(3)

Tir (1) suy ra b = 1,5a. Tir (3) suy ra ¢ = 4a. Tir (2) suy ra d = 0,5¢, do do

d = 2a. Ta duoc :
7,6b+9d _ 7,6.1,5a+9.2a _ 29,4a
b+d 1,5a + 2a 3.5a
Diém trung binh phai tim 1a 8,4,

=8.4.

§6. Cac phép tinh vé phan thirc

109. a) 1.
b) sk, SN e :L—L=0.
Xy(X+y) xy(x-y) Xy xy
110. a) A=0.
h)B=bc(b~c)-ac(a-c)+ab(a~h)'ngonduch_
abc(a — b)(b—-c¢)a-c) abc
c)C=1.

D= az(b-c) - bz(c -a)+c2(a -b) -
(a = b)b-c)a-c)
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a’(b-c)+b3(c—a)+c(a—b)
(a—b)a-c)b-c) )

111. P=

Phan tich tir thanh nhan tr duoc (a — b)(b—c)(a—c)a+b +¢).
ViyP=a+b+c.
3y-6 ,2x-(x+6) _

112, A= 3+1=4
y-2 x-6 '
2 2 2 2 2 2
A ) R O MR i il TN
2 4 5
x> x2 2 21 22 z2
= 2R L S 4] —=— | =0
2 3 3 5 4 5
nén 8 2y2+ Izz=0. Dodox=y=2z=0

—x — —
10 15 20

C6 bon dép s6 :

115. Tir (1) suy ra

1 11
—i-+—+—2+2(—+—+—)—4.

a2 b2 ¢ ab ac be
1 | 1 a+b+c
Do(2)nén — + —+— =1, suyra — =|.
) ab ac be y abc

Dod6éa+b+c=abc.
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116. Tir (1) suy ra bex + acy + abz =0.

2 2 2
ac bc
Tir (2) suy ra —a—+—+c—,,+2(£+£+——J=4.

2 ¥y oz Xy Xz yz
2 38 3 - i
Dodd—2+b—2+c—=4—:.——ab“‘“y*b“:&.
2 y oz xyz

x* + y‘% +20 = 3xyz (xem bai 42).
118. Tir gia thiét suy ra
aZc +ab%+ b2 =b%c +a’b + ac® = az(c—b}—a(cz—b2)+bc(c-b) =0
:(c—b)(az—ac—ab+bc)=0=» (c =b)a-b)a-c)=0.

Ton tai mot trong céc thira s6 ¢ — b, a — b, a — ¢ bing 0. Do d6 trong ba s6
a, b, ¢ 16n tai hai s6 bing nhau.

119. a)A=2x2 +1-

— :x € (-2;2:;4;8).
x—

byx e (0;2); c)x € (0).

e | 7 b | o
120. A=Mi+a=M+a=a.

4-x? 4 - x?
121. Pata-b=x,b-c=y,c-a=zthix+y+z=0.

2 2 2

. ’ 2.2 2 x+ +
lAicoA=—+—+—+ -l
X y =z Xyz Xyz

_(x+y+z)2 B

0.

122, Thuc hién phép tinh & v€ trdi, ta dugc mot phan thic ¢6 tr bang
a2 + b? - 2ab - ¢2. Dodé(a-b+c)a-b-¢)=0.Viyb+c-a=0
hoica+c-b=0.

(a+b)x2 +CcX +a
x(x? + 1)

123. a) Thuc hién phép tinh & v€ phai, duoc
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Dadng nhat véi phan thic «2]— tadugca+b=0,c=0,a=1.Suyra

x(x“+1)
b=-1.
Vay 21 =l_ d y
x(x*+1)  x x24
1
b)a=z.b=—%: c)a=-l.b=1l,¢c=1.
242 2.2 2.2
124. B=(ab+bc+ca).ab+bc+ca_abc(ab + b“c +c%a%)
abc a2b2c2

_ (ab+bc + {:a)2 B ab? + b%c? + c%a?

abc abc
= Mﬁl =2(a+b+c).
abc

125. Tir gia thi€t suy ra ab + bc + ac = 0 nén
a + 2bc = a2 +bc+(-ab-ac)=a(a-b)-c(a—b)=(a-b)a-c).

Tuong tu: b% + 2ac = (b - a)(b - ¢),
c2+23b=(c—-a)(c-b).
1 | |
= - -
(a-b)Ya-c) (b-a)b-c¢) (c—alc—b)
_b-c+c-a+a-b _
(a-b)b-c)a-c)

ayM

b)N= o - = - o =].
(a-bYa-c) (b-a)b-c) (c—a)c-b)
2 2 2
c)P= : . b + > = l.
(a-b)a-¢c) (b-a)b-c) (c—a)c-b)
&
126. Tac6a+b= b+tc _c+a_a+b+b+c+c+a _2a+b+c)

C a b c+a+b a+b+c

Néua+b+c=0thitisotrénbing 2. Suyraa+b=2c,b+c=2adodob
a-c=2(c—a)nénc = a, trdi véi dé bai.
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a+b b+c c+a _
b ¢ a

= -1

- -a -b
Viya+b+c=0.Taco M = —_———
b ¢ a

127.Ta ¢6 a +b’ + ¢ =3abe =(m+b+c)(a2 +b2 +c? —ab-bc—-ca) (xem
bai 41b).

Do a’ +b +¢® =3abc via+b+c=0nén

a2 +b2+ct-ab-bc—-ca=0.

3a’ |
Dé dangsuyraa=b=c. Viy N = B
(3a)° 3
128 B pmas 2L 38 W2N0y )
22 3 4 n’
_123..(n-1) 345..(n+1) _ _l_ n+l n+l
B " B n 2 2n
T ) A 2
b) B = L2 ey A0 1) . Dadp s6: :
1.3.3.55.7...2n + 1)(2n + 1)(2n + 3) 2n+3
129. a) Viél thanh il r6i dung phuong phdp khir lién tiép.
(n=Dn n-1 n

Ddp s6: 1 - —.
n

- - | 1
et thanh —( - )
(3n + 2)(3n + 5) 33n+2 3n+5

b) Vié
Ddp 56 : —l—[—l-— I J: il ‘
32 3n+5 2(3n + 5)
| 1 | 1 , . (n=D(n+2)
) = = = - Dap s6 : ——.
(m=-Dnn+1) 2|(n=Dn n(n+1) dn(n+ 1)

| 1 | | |
130, ) A= —+ —+—+ ... + -
22 42 ¢ 2n)? 4

148



1 1 1 1 | 1
+

b)B=—+—+..+ < + + ..
32 s Cn+1)2 321 52— 2n+1)2 -1
| | |
T g oor
24 4.6 2n(2n + 2)
1{1 | | | | | 1(1 | |
==t ===+ . —— == = - =
202 4 4 6 2n 2n+2 2\2 2n+2 4
131. Nhan xét: L,< 4 =2[ et )
n- 4n2—-] 2n-1 2n+1
Do dé
AT T T i (1 i 2
| [T L l— J =
L3 3 9 9 2n-1 "n+lJ 3 2n+1 3
132.Tatha'y:%< 11 - ' i +h-(n-D
n° n -n (n=-Dnn+1) 2 (n-Dnn+1)
[
2l(n=Dn nn+1)]|
Do doé
11 I I I 1 | }
B —|— ——+4+——-—+.. + -
2123 34 34 45 (n=Dn nn+1)
1 1 |
<= —=—,
2 6 12

1 _(n+ 1)2
nn+2) nn+2)

133. Nhan xét :

Do do
- 2 g & (m+1? 23 .(+1) 23..(n+])
T 1324735 7 nn+2) 12...n . 34 ..(n+2)
=n+l_ 2 '
| n+2
v
- - -
134, Nhfoadi [e—p ot F =3 =10 $2)
n(n+1) n(n+1) nin+1)
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A 2.5 -1 2
Do dé6 B:ﬂ____”("__)_(.'lf_)
2.3 34 nin+1)
Rut gon duoc B‘--l n+2>l
& ' n 3 3
2.4 6.8 10.12 42.44 2 |
135. A= —. ; = —=—,
4.6 8.10 12.14 44.46 46 23

136. Nhan xét :

3 nd +1 _(n+ I)(n2 -n+1) (n+1)(n- 0.5)2 +0,75]
-1 m=DmZ+n+1) (n-D(n+0,5)? +0,75)

Do doé
A< 305 +0.75) 42.5° +0.75) 10(8,5% +0,75)
12,52 +0,75) 2(3.5% +0,75) 8(9,5% +0,75)
_34....10 15°+075 _9.10 3 3 % 3
12....8 9524075 1.2°91 291 2

b) Giai twong tur nhur trén.

o 1:23. ..0n-1) (2,52 +0,75)(3.5% +0,75). ....[(n +0,5)% + 0,75)
345...(n+1) (1,52 +0,75/2.5% +0,75). ....[(n - 0,5)* + 0,75]

1.2 (n+0,57%+0,75
nn+1)" 1524075

2 n2+n+l_2(n2+n+l)

nin+1) 3 3n(n + 1)

2
> —_,
3
137. Xét n'+4=(%+2) % -4n’=’ -0+ 2)(n’ +2n+2)=

=[(n -1+ 1][(n+ 1)’ + 1]. Do d6

o ©F +DRE+1) @2 +1)6% +1) (202 + 1)22% +1)
@ +n@Z+n 62 +D@2+1) 222 + D242 +1)
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138. Viét méi phan thirc thanh hiéu cta hai phan thic, dugc

M2316-a-l-2=(a—2;4(a-6)'
139. A=E-:—]+";2+...+n_n(2;2)+n_n(fi_”.
=%+%+ +n?2+nrll-l—l— -1 +
=n+%+—g-+ +n— -(n-1)

140. Chu ¥ ring k(+ . l[

n-k) 2n

-l ms) (Femms) - (ms ) (me 1)

Téng cdc phan thirc thi nhit trong méi ddu ngoic bang
11 | |
1 3 ~T2h=0 an-1"

bing B. Téng cic phan thirc thir hai trong méi diu ngodc ciing bing B.

Viy A=-~2B=2 Dod6 A:B=1.
=N n n
141. Tir (2)ta c6 a+bsom Xt LED
abc
Do abc = | nén a+b+c=bc+ac+ ab. (3)

Dé chiing minh trong ba s6 a, b, ¢ tén tai mot s6 bing 1, ta sé chimg minh
(a—1)(b-1)c-1)=0.
Xét (a=I)b=1)}c-1)=(ab-a-b+1)c-1)
=abc-ab-ac+a-bc+b+c-1
=(abc - 1)+ (a+b+c)—(ab + ac + bc).
Tir (1) va (3) suy ra biéu thiic trén bang 0.

Do dé, t6n tai mot trong ba thiras6 a— 1, b— 1, ¢ = 1 bang 0. Vay, t6n tai
mot trong ba s6 a, b, ¢ bing 1.
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142. Taco L+1 41 '
X y z

K+—y+2. Hﬁy chl.'mg minh rﬂng

(x+yNy+2)(z+x)=0.
143. Hai biéu thirc khong thé cing bing 0. Chimg minh bing phéin chimg.
144, Cong timg v€ ba ddng thic da cho duge
Y a+b+c=ax+by+cz=ax +2a=a(x+2)

| a
nen x+2 a+bhse
] b 1 c
T L = . = G
ng y+2 a+b+c z+2 a+b+c
b+c
SuyraM=3212%¢€
e a+b+c

145. a) Nhan tr vd miu cua phan thic thir hai véi a, thay 2 & mu cia phan
thirc thir ba bdi abce, ta duoc

= a ab 2 =a+ab+:’.___I
ab+a+2 2+ab+a a+2+ab a+ab+2 ’

b) Nhan tir vd mdu cta phan thite thit hai véi a, thay 1 & miu cla phan thic
thir ba bai abe. Pdp 56 : N =1,

146. Tir gia thiét suy ra alb-c)=c(a-b). ) (1)
Ta c6 %+alb=‘::(;b_‘;;=. )
b_l_c ‘& B llan(_bbfc;:' 2
Tir (1), (2), (3) suy ra diéu phai chimg minh.
147. a) A =$. Tacéa+b+c=0nena’+b+c’ =3abe (xem

bai 42). Dod6é A = 3.
b)b+c=—a=~b2+2bc+c2=a2=>a2—b2—c2=2bc.
Tuong tu, bz—cz—a2=2ac. ¢? - a’ - b’ = 2ab.

a2 b2 ¢? _a3+b3+c3

A T e TR o
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Tac6a+b+c=0nena3+b3+c3=3abc(xemb.’ai42)

_3abc _3
DodéB_—zabc -5
148. Goi M=2=0 ,D-¢c c-a . 4
e a b

M——=1+

a-b a-b a-b’ ab

a

¢ (a-bic-a-b)_, 22 _ 2

=l"-a—b ab ab abc
a Za’ b 2o’
Tuong tu, M'ﬁ=l+§’ .c_a=l+abc.

2
c (b-c+c;a)=l+ ¢ b“-bc+ac-a

3 3 3
2(a” + b +¢c )_:9(v‘la]+b3+c3=3abc,xcmbﬁi42)-

Viy A=3+ e
149. Tir gia thiét suy ra :
a’b - a’be - b’ + ab’c? = ab® - ab’c — a’c + a’bc’
= ab(a—-b) + c(a2 - bz) = abcz(a -b) + ::lb(:(a2 - bz)
= (a — b)(ab + ac + bc) = abc(a - b)(c + a + b).
Chia hai vé& cho abc(a - b) # 0.
150. Tir x +y+z=0suyrax2=(y+z)2. yz =(x+z)2. 22 =(x +y)2.
Do d6
ax2 + by2 - cz2 =a(y + z)2 + b(x + ::)2 +c(x + y)z =
= a(y2 +2yz + 22) + b(x2 +2xz + 7.2) + c:(x2 + 2xy + yz) =
= xz(b +cC)+ yl(a +c)+ zz(a +b) + 2(ayz + bxz + cxy).
Thayb+c=-a,a+c=-b,a+b=-cdoa+b+c=0

va thay ayz + bxz + cxy =0 do %+¥+§=0 vao (1), ta duge

ax> + by2 +cz’=—ax’ - l:ty2 ~c2?

nén 2ax” + 2by2 +2c22=0=ax’ + by2 +cz°=0.

(D
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151. Tir gia thi€t suy ra x+%=y+%=z+%. Do dé

x—y:l—-l—zy_z'y-zzl—l=z_x,Z—x=-'l‘—-l-=x_y.
zy vz X Z Xz y X Xy
- -z)(z - X
Sy (x-y)y-2)(z-x= S 20
Xy°z
nén (x=-y)y-2z)(z- x)(xzyzz2 -1)=0.
Ban doc tu giai ti€p bai todn.
152. Nhan hai vé clia —2— + ——+ —£_ = | vgia+b+c, ta duge
a2+a(b+c) b2+b(c+a) c2+c(a+b)
+ . =a+b+c
b+c c+a a+b
2 2 2
nén = +a+ b +b+ 2 +c=a+b+c
b+c c+a a+b
. b [
lSS.Tub_c+c_a+a_b-Osuyra
s . b 5 € =I::2-a|b-t-:;u:—c2
b-¢c a-c b-a (a = b)(c —a)
2 2
Nhan hai vé véi —— = —3 b"—abtac—c  qumeny,

b-c (b2 @-bb-clc-a)
. e c? — bc + ba —a’ c_ _ a% —ca + cb — b’
(c-a) (b-clc-a)a-b)" (_p? (c-ala-b)b-c)

Cong timg vé& ba ding thiic trén.
154. a)a2—2; b)a(a2-3); c)a4-4u2+2;
d) Chi y ring (xz +—I,J(x3 +—l-3-)= Sedexet. Dip s6': a° - 5° + 5a.
4 X X xs
155. Trude hét, tinh x”* theo a. Ta c6’

4
x4 l=a=~x4~l=ax"+a:>x4—ax4=a+l

X +1
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::o:l(":a+| (doa=1).
l-a

)
Thay vio M va rit gon dugc M = Sy
2
a + 1
156. Cdch I. Ta cé
2 _ 2 x2 —x +1
X" —4x+1=0=x —x+l=3x:>T=3. (1)
A=Jnt4+:|c2+l=xzv-.1(+lx2+x+l=3x2+:vc+l
x2 X ) X i X ’
X2 4ok ¥ exetd . 2
Ta thay =2 "X +2X-342=5
X X X
Vay A=35=15.
Cach 2.
x4+x2+l (12+|)2—x2 (4x)2—x2
A= 5 = 3 = 5 =15
X X X
157. Xétx=0thia=0,M=0. Xétx 20 thia=0.
2
X X X
M= = . . (n
xd +x2 +1 xz—x+lx2+x+l
Ta co
xz+x+1 xz—x+l 2x 1 1 +2a
= +—=—4+2= —-3 (2)
% X X a a

X _ a a
Tir (1) va (2) suy ra M“a'!+2a YR

2
1 : T Pdp s6 ndy chung cho ca hai trudmg hop x = 0 va

Két luan : M =

2
x#0(khix=0thia=0nén ——— =0, tic 1aM = 0).
1+ 2a

158. Ta xét biéu thic x + y + xy + 1, biéu thic nay bing x(y + 1) + (y + 1) hay
(x+ I)(y + 1).
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2 2
(b+c¢c)" —a y+1= 4bc

Tir gia thiétsuyrax + 1 = : _—
: ’ 2bc (b+c)> —a?

Dodé(x+1I)y+1)=2=xy+x+y+1=2=3xy+x+y=1.

159. a) bat a-b=n, (n
%:n, (2)

trongdéa,b,ne N;b#0.Tacobn-b=nnénb(n-1)=n.
Néu n =1 thi a =b. Khi dé, theo (1) thi n = 0, loai.
Xétn#1,1aco

b= =] . 3
=0 )
Vin-1llauéccia Inénn-1¢€ (1;-1).
Véin-1=1thin=2,tr(3)suyrab=2a=4.
Vain-1=~1thin=0,tr(3)suyrab=0,loai.
Viya=4,b=2Thirlai: 4-2=2
b) Gidi tvong tu cdu a). Pipsé -a=2;b=1.
160. Doa+b=0,a+c#0nén
3 3 3 3 3 3
a’ +b =a+b¢::’a +b _a +c¢ c:az——ab+b2=az—ac+c2
ad 4+ a+c a+b a+c

abz-c2=ab-—acc:(b+c)(b—c)=a(b-c).
Dob-c#0nénb+c=a. Vay,c=a-b.

1+
161. a) Lin luot tinh duoc ay = —-al. ay = | :'. ag = a.
1 8
b) Tir cau a) Suy raa) =ag =g =..=a), = 3.
Tﬁdélinhduqca,=3; a, =% ) ag =—% 1342—2;35=3_

162, Ta c6 mnk = mn + kn. Chia hai vé& cho n, duoc mk = m + k. Do dé
m = k(m - 1). Nhur vy m chia hét chom - 1. Tir dé tim duoc m = 0 (loai)
vim=2 Khidok=2.

Phan s6 phai tim ¢6 dang -nz- vak=2.
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163. Téng phéi.lim bing A - B, trong dé
A=(a+%)+(a+%J+,_,+(b—%)+(b_%)=
=%[(7a+1)+(7a+2)+...+(7b—2)+(7b—l)|=
- ﬁ[(-;u D+ (Tb=DITb-1) = (Ta+ 1) + 1] =

« =L@+ b)Tb-Ta-1,
B=(a+D+@+2)+..+b=-2)+(b-1)=
=3l@+ D+ b= DI~ (@+1)+1]=2(+b)b-a-1

Tinh hi¢u A - B, ta duge 3(b” - a”).
164. a) Gia sir mic san xudt cta xi nghiép nam 2000 la 1 thi mic san sudt nam

2001 1a 1 + m miurc san xudt nam 2002 1a

b b a ab
(I+I00)[1+100) '+ 700 * 700 * 10 000"

a+b ab ab |,
Too +10000 hay [a+b+100)/b.

tang so véi nam 2000 14 :

Vay, cu tra 15i D) 1a ding.

m

(1755 - 70)
oreof( o)1)

m
Diéu kien dé b > a la (l + 100](1

b) Ta cé b

al |l +

IOOJ > 1. Ruit gon diéu kién nay, ta

duogc 100(m — n) > mn.

165. a) Goi k 1a s6 nguyén Idn nhat sao cho 2* <. Chon méu chung la 2*p
trong d6 P la tich cdc s6 1é khong vugt qud n. Chi ¢6 duy nhdt mot thira

s0 phu (cia phan s6 Lk) la s6 1€, con moi thira s6 phu khdc déu chén.
2
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Nhu vay sau khi quy déng miu, miu 12 s6 chin, tr 1a s6 1¢. Do d6 A
khong la s6 nguyén.

b) Goi k la s6 nguyén 16n nhit sao cho 3* < 2n + 1. Chon miu chung la
3%P trong d6 P 14 tich cdc thira s6 nguyén t6 1é khong vuot qué 2n + 1. Chi

¢6 duy nhdt mot thira s6 phu (ctia phan s6 SIIT) khong chia hét cho 3, con

moi thira s6 phu khédc déu chia hét cho 3. Nhu vay sau khi quy déng méu,
mdu chia hét cho 3, tir khong chia hét cho 3, do dé B khong la s6 nguyén.

MOT SO PHUONG PHAP PHAN TICH
PA THUC THANH NHAN TU

166. a) (3x - 1)(2x - 3);: b) (2x +9)(x - 3): c) (x - 3y)(2x +y).
167. a) (x = 1)(x% +x +3) ; b) (x = 1)(x = 2)(x + 3) ;
¢) (x+ D(x+2)72: d) (x + 1)(x = 2)(x - 8).

168

158

¢) Viét da thirc dudi dang x> —1— (x* +x + 1),

Dap 5o : (x - ?.)(x2 +x+ .
g) — 2 1a mot nghiém. Ddp s6': (x + 2)(x2 - x +1).
h) 2 la mot nghiém. Ddp s6': (x + 2)(x - 3)( x - 5).

« Dap 56 (x + 1)(x +2)(x - 3).

Chi ¥ ring — | 1a mot nghiém, ta c6 cdc cdch bién déi :
Cich k. x* - 7x -6 =x>+1-Tx - 7.

Cich2. x* - 7x -6 =x> - x - 6x - 6.

Cich3. x3-7x~6=x3-x? +x%2 ~x - 6x 6.
Céch4. x> -7x -6 =7x3 - 7x - 6x’ - 6.

Chd ¢ ring — 2 12 mo6t nghiém, ta ¢6 cdc cdch bi€n déi :

Cach 5. x3-7x-6=x3—4x-3x-6.



Cich6. x* - 7x -6 =x +8-7x - 14.
Chi y ring 3 I mot nghiém, ta c6 céch bién déi :
Cich7. x* =7x -6 = x° —9x + 2x - 6.
Cich 8. x* = 7x =6 = x* =27 - 7x +21I.

169. a) % 1a mot nghiém. Bién d6i : 27x — 1 - 27x> + 18x - 3.
Dap 56 - 3x - 1)(9x% - 6x + 4)
b) —% la mot nghiém. Ddp 56 : (2x + 1)(:(2 - X+ 3).

X2 -3)2 +16=x*-6x2+9+16

xt +10x2 + 25 - 16x2 = (x? + 5)? - (4x)?

(x2 + 4x + 5)(x2 -4x + 5).

170. a) Dat x>+ x = y. Ddp 56 - (x> +x = 5)(x>+ x + 3).
b)Datx+y=a. Dipsd: (x+y+3)(x+y—-4).
c)Pat X2+ x + | =y. Ddp 56 : (x* +x + S)(x + 2)(x — ).
d) Bién d6i : (x*+ 7x + 10)(x%+ 7x + 12) - 24.
pat x% +7x + 11 =vy. Dap $6° (X2 4 7x + 16)(x + 1)(x + 6).
171. a) Dat x2+ Sax + Sa% =y. Ddp 56 - (x2+ Sax + 5a%)°.
b)A= (x2 +y3 +:zz)(x+y+z)2 +(xy+yz+zx)2.
bat xz+y2+z2 =a, xy+yz+zx=b,
A=a(a+2b)+ I:t2=(a<1-b)2 =(x2+y2+zz+xy+yz+u)2.
c) M=2(x4+y4+2:4)-(x2+y2+'1.2)2—2(x2+y2+z2)(x+y+z)2
+(x+y+z)4.

Dé y ring cdc biéu thirc x + y + z, X2 +‘3,r2 + 7% xudt hién nhiéu ldn trong
bi€u thic M. Tadat x* +y* +2* =a, xX2 +y2 +2%=b,x+y+z=c.
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Tacé M=2a- b% —2bc? +c? =2a-2b% +b? - 2bc? +¢?
= 2(a - b2) + (b - ¢2)2.

Tacéa- b’ = —2(xzy2 +x2

22 + y2z2 ), b- ¢ = =2(xy + Xz + yz). Do dé
M =—«4(3|L23,r2 +x22% + yzzz) + 4(xy + Xz + yaf.)2
= 8x2yz + 8xyzz + ﬂxy22 = 8xyz(x +y + z).
172. A=(@@+b+c)’ —4@® +b> +c’) - 12abc. Pata+b=m,a—-b=n thi
- mé _ nt

A L
fav= 1 -n ,

2 2
ad+b = (a +b)[(a-—b)2 + ab] = m[n2 +I-"4—"-]

m? + 3mn?

Tacé A=(m+c) -4. - 4c? - 3¢(m? - n?)

= 3(-&:3 +me?2 —mn? + cnz).
Bién déi d4u ngoac thanh (m - ¢)(c + n)(c — n).
Vay A=3(a+b-c)c+a-b)c—a+b)

173. a) Tich -32x? thanh 4x% - 36x>.
Dap 56 : (2x2 +6x + 1)(2x2 —6x +1).
b) x6+27= (:i(2 + 3)(:(4 -3x2 + 9) =
(x? +3)(x* +6x2 +9-9x?) = (x? +3)(x2 + 3+ 3x)(x? + 3 - 3x).
c)Chiy x4 +x2 +l=(.’(2 +:p:+l)(:|&2 -x+1).
Ddp 56 : 2(x - 1> (x2 +x +1).
d) 2x? -4)? +9 = ax* —16x% +25 = ax* + 20x? + 25 - 36x2

= (2x% + 6x + 5)(2x2 - 6x + 5).
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174. a) Thém va bét 4x%. Dap 56 : (2x% + 2x + DH2x% = 2x + 1).
b) Thém va b6t 4x2y2. Dip 56 : (2x? + 2xy + y2 N2x2 - 2xy + )r2 )
c) Thém va bt 36x2. Ddp s - (x> + 6x + 18)(x> — 6x + 18).

175. a) Thém va bat x*

5 R

X" +X ’

5
+l=x"+xt+xd=-x3+1
= x"(x2+x+l)—(x—l)(x2+x+l)

(x2 + X + l)(x3 -x+ 1)

b) Thém va bt x2. Dap 56 : (:(2 + X+ l)(:nt3 -x% 4 1).
¢) Thém va b6t x° + x.

XH+X?

+l=(x“—x2)+(x7—x)+(x2+x+|}.
Ddp 56 : 2 +x+DEO -xY +xd-x+1).
d) Theém va bét x” + x. Diap 56" : o —x £ Y =% ~1)
¢) Thém va b6t x° + x. Dadp 56 : xZ+x+ D -xt +xt x40
g) Them va bot x*. Dap 567 (x* = x? + I(x?2 + x + D(x* = x +1).
176. a) a® - b® +a* +a%b? +b* =@* +a’b? + bY@’ -b? + 1) =
i (a2 +:1b+bz)(a2 —ab + bz)(a2 -b?+ 1).
b) x° + 3xy + 3,1‘1t ~1=(x*+ 3x2y+ 3xy2 . y“ - l)—3x2y— 3)&y2 + 3xy =
=(x+y) -1-3xy(x +y-1) =
=(x+y—l)(x2+2xy+y2+x+y+l—3xy)=
=(x+y—l)(x2—xy+y2+x+y+l}.
177. a) 2x% + x + 1)’ C6 thé tich 5x? thanh 4x% + x?.

b) (x2 = 3x + I)(x% —dx + 1).
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c)(:c2 —4x+‘2)(x2 +4x +9).

d) (x? +2x + 2)(2x% +2x + 1),
Cdch gidi khéng diing phicong phdp hé sé bar dinh :

(x-e-l)4 +_(:c2 +x+l)2 =(:nc+|)'1 +x2(x+])2 +2x(x + D +1
=+ DA+ D +x2 ]+ X2 +2x+ 1) = (2x2 + 2x + DI(x + D% +1]
= (2:&2 +2X + I)(x2 + 2X + 2).

178. a) A= x3+14x% +1= (:m4 . 1)2 + le".
Le o T y ,,21,,4

A= (x“l - l)2 - 4x2(x4 + D+ ax? —4x2(x" +1)+ 8x*

(x4 +1+ ?.xz)z - 4x2(x4 +1- sz)

3

= (x* +2x2 + 1)? - ax?x2 - 1) = (x* + 2x% + 1)% = (2x° ;

- 2x)

y )
= (x“ +2x3 +2x2 -2x + I)(x“ -—2x3 +2x“+2x + 1),

b) x* + 98x* + 1= (x* + 1)* + 96x*

= (x* + 1)2 + Il.‘i:uc:z(:u‘l +1)+64x* - l6x2(x" ++32xt =
=(x* +1+8x2)2 —16x2(x* +1-2x%) =

=(x*+ 8x2 + I)2 - lt’)xz(zrc2 - 1)2 =

= (x“' - 8x2 + l)2 - (41(“

-4x)? =
=(xtraxt e 8x? —ax+nx? - 4xP + 8x% + 4x + 1).
Clui v : Cic da thirc @ cdu a), b) 1a cic truomg hop dac biét cua da thire

¥ +@at +82 +2xV 41 (1) weia=1lvaa=2.
Da thire (1) lai 1a trudmg hop dac biét cua da thire

x® + (4a* +8ab + 2b2)x4 +b' véib=1.

Cic két qua téng qudt trén do Trdn Thanh Son va Dinh Nho Tam, hoc sinh
8H truong Trung Vuong Ha Noi nam hoc 1999 — 2000 dé xuit.



179. Kiém tra véi a = 0 thi M = 0. Do vai tro binh ding cta a, b, ¢ nén M ¢é
nhan tir abe, nhan tir con lai 1a hing so k.

Choa=b=c=1dugck =4. Vay M = 4abc.

180. Bién déin(n + 1)(n +2)(n + 3) + | thanh (n? + 3n + 1),
181. A={n+l)"+n“+l=(n2+2u+l)2—n2 +(u4 +112+l)
=(n2+3n+l)(n2+n+l)+(n2+n+l)(n2—n+l)

= (n2+n+l)(2n2+2n+2)=2(n2+n+l)2.
182. Véi moi x ta cod (x + a)(x —=4) =7 = (x + b)(x + ¢) nén vdi x = 4 thi
-7=(4+b)(4 +c).
Xéthai truong hgp:4+b=1,4+c=-Tvad+b=74+c=-1.
Trudng hop thi nhitchob=-3,c=-11,a=-10,1aco
x=10)(x-4)=-T=(x=-3)x-11).
Trudmg hop thir haichob=3,c=-5,a=2,taco
X+2)x=4)=T=(x+3)(x - 5).
183. Nhan (x + a)(x + b)(x + ¢), duoc
x“+{a+b+c)x2+(ab+bc+ca)x+abc.
Dodéb+c =0 (1), ab+bc+ca=b (2),abc=c (3).
Tir (1) ¢6 ¢ = -b. Thay vao (2), dugc ab - b’-ab=be b2 +b=0
<&b(b+1)=0b=0;b=-1.
Néub=0thitr(l)coéc=0,con(2)va(3) luon diing nén a tuy y.
Néub=-1thi (1)coc=1,tr(3)cé6a=-1.

3 2

Tém lai, tacd x™ +ax” = x2(x +a) hoic

xJ—xz—x+!=(x—I)2(x+l).

184, Ddéng nhat x24+x —nvéi x> + (b-a)x —ab, tadugcb-a=1viab=n.

Do d6é a(a + 1) = n. Do 1 < n < 100 nén tich hai s6 tu nhién lién tiép
a(a + 1) c6 thé bing 1.2, 2.3, 3.4,..., 8.9, 9.10, gém chin cap s6.

Vay c¢6 chin gid tri ctia n thoa man bai todn.
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185. A=a2 +b+cl=a +(u+1)2+312(a+l)2=232+3a+l+az(a+i)2

= uz(u+l)2+2a(a+1)+l=[a(u+l)+l|2.

Taco \/T=a(a+l)+l.l:‘1 so 1é.

TINH CHIA HET POI VOI SO NGUYEN

186. a) Bién do6i : n® +3n2 +2n= n(n + 1)(n +2), dé la tich cia ba s6

nguyén lién tiép.

b) Bién d6i : (n — 1)n(n + 1)(n + 2), d6 la tich cua bon s6 nguyén lién tiép.
187. a) Bién d6i : n(n + 2)(n + 4) rdi thay n = 2k, duoc 8k(k + 1)(k + 2).

b) Phan tich n* — 10n? + 9 thanh nhan tir réi thay n = 2k + 1.
188. Biénddi: A=n® +n* - 207 = n’(n® - (n? +2).

Xét cdc truomg hop n = 2a, n=2a + | dé chimg minh A : 8.

Xét ¢ic truomg hop n = 3b, n=3b + | dé chimg minh A : 9. Suy ra A : 72.
189. BiéndGiB=3"" -9 =9" -9, nénB : 9.

Pé chimg minh B : 8, viét B dudi dang

B= 3"V -1-8=(3"-D3"+1)-8

va chid ¥ rang 3" — 1 va 3" + 1 la hai s6 chin lién tiép.
190. a) Hicu 7"** - 7" = 7"(7* - 1) = 2400. 7".

b) a® —a = a@’ + I)a’ — 1) chia hét cho 2 va 5.

¢) Giai trong tu nhu cau b).
191. a’ +3a+2 = (a+ 1)@ + 2), luon chia hét cho 2.

2 423 a’ chia cho 3 du | < a khong chia hét

al+%a+2i3ea
cho 3.

Diéu kién phai tim la a khong chia hét cho 3.
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192. a) Ta ¢6 a’ 1a s6 chinh phuong 1¢ nén chia cho 8 du 1, a® 1a s6 chinh

phuong khong chia hét cho 3 nén chia cho 3 du 1. Suy ra a’ — 1 chia hét
cho 8, chia hét cho 3, do dé chia hét cho 24.

b) Ap dung két qua cta cau a).
c) 240 = 24.3.5 A = at —]:(a:2 = I)(a?‘ +1)= (a+l)(;|—l)(.'12 +1).
Né€u a 1€ thi (a + 1)(a = 1) 1a tich cta hai s6 chén lién tiép nén chia hét

cho 8, con a’ + 1 chia hét cho 2, do do A chia hét cho 16. Con néu a chin
thi A khong chia hét cho 2.

Néua=3kzx1l(keNih at - i chia héi cho 3, do do A chia héi cho 3.
Con néu a = 3k (k € N) thi A chia cho 3 du 2.
Néua =5k + 1 (k € N) thi a®~ 1 chia hét cho 5, néu a = 5k + 2 (k € N) thi

a2 + | chia hét cho 5, do d6 A chia hét cho 5. Con néu a =5k (k € N) thi A
chia cho 5 du 4.

Vay diéu kién dé a* — 1 chia hét cho 240 1a a 1¢é, khong chia hét cho 3,
khong chia hét cho 5.
Clui y : Tir két qua trén, 1a ¢6 bai todn : Néu a 1a s6 nguyén 16 16n hon 5 thi
a* — 1 chia hét cho 240.

193. Xét hai truong hop :
a) Trong a, b, ¢ c6 mot s6 bang 3. Khi d6 22 + 3% + 57 = 38, 1a hop s6. loai ;
con 32 +52 +7%=83, las6 nguyén 0.
b) Ca a, b, ¢ déu 16n hon 3. Khi d6 a®, b%, ¢’ déu chia cho 3 du | nén
a’ + b% + ¢? chia hét cho 3, Ia hop s6, loai. Pdp s6':3:5: 7.

194, Xét bidu thic A = (a® —a) + (b - b) + (c? - ¢) + (d? - d).
Dé thdy A 1a s6 chdn (vi biéu thirc trong méi dau ngoac-la tich cla hai s6
nguyén lién ti€p) nén (uz + 0%+ ¢ +d%)- (a+b+c+d)lasoéchin.
Tirdé bai a® + b2 = ¢ +d? nén a’ + b® + ¢+ d” 1a s6 chin.
Vay a + b + ¢ + d la s6 chin, téng nay lai 16n hon 2 nén 12 hop s6.
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195. Goi UCLN (a,c) =k, taco a = ka;, ¢ =kc; va (a), ¢))=1.
Thay vdo ab = c¢d duoc ka;b = keyd nén '
ab =cd. (h
Taco ajbicy ma (aj,¢;)=1nénb:c;.Datb=c¢m(me N"). thay vao
(1) duoc ajcym = ¢;d nén aym=4d.

5 8 8.5
Do dé A=a’+b +¢° +d° = kﬁa‘? +c‘,m5 + ksc'l +ajm’

= ks(af - c?)+ ms(af + c‘?) = (af+ c'?)(k5 +m).
Do ay, ¢;, k, m 1a cdc s6 nguyén duong nén A 13 hop s6.
196. a) Nhdan xét : Mot s6 chinh phuong khi chia cho 3 chi ¢6 thé du 0 hoac 1.

Ta c6 a® + b2 chia hét cho 3. Xét céc trudmg hgp ctia 16ng hai s6 du : 0 + 0,

0+1,1+1,chicé0 +0 chia hét cho 3. Vay a’, b® chia hét cho 3, do d6
a va b chia hét cho 3.

b) Nhdn xér : Mot s6 chinh phuong khi chia cho 7 chi ¢6 thé du 0, 1, 2, 4

(that vay, xét a 1dn luot bang 7k, 7k + 1, 7k +2, 7k £ 3 thi a’ chia cho 7
thir e du 0, 1, 4, 2).

Ta c6 a2+ b? chia hét cho 7. Xét cdc trudmg hop cia téng hai s6 du : 0 + 0,
0+1,0+2,0+4, 1+ 1, 1+2,2+2,1+4,2+4,4+4,chico0+0chia

hét cho 7. Vay a2, b” chia hét cho 7, do d6 a va b chia hét cho 7.
197. a) Xét hiéu

(a“+b3+c})—(a+b+c)=(a3-a)+(b3_b)+(c3_c).
M&i biéu thirc trong ddu ngoac & v¢€ phai déu chia hét cho 6.
b) Xét hieu (2> + b® +¢”) — (a + b + ¢). Giai wong t cau a).
198. a)a+b+c=0=c=-(a+b). Dodo
Cad+ b+ et =ad + b7 — @+ b)’ = -3ab(a + b) = 3abe.
bja+b+c=0=c=-(a+b).Dodd
ad+b’+cd =ad+ b’ - (a+ b)s = —5a% — 10a’b? - 10a2b? —5ab*.

=— Sab(a® + 2aZb + 2ab® + b’).
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Biéu thirc trong ddu ngodc bing
ad+bd+ 2ab(a + b) =(a+ b)(a2 —ab + bz) + 2ab(a + b)
= (a + b)a’ +ab + b’).
Viy ad+b +¢% = Sabc(a® + ab + b%).
199. a) Ap dung cau a) bai 197 (chd ¥ ring 1998 chia hét cho 6).
b) Dat 1995'7% =4 = a) + a3 +..+a,.Goi
S= aj +a3 +..+2a) = (@@ —a))+(a) —ay) +...+(a) —a,) +a.

Méi dau ngoac déu chia hét cho 6. Chi cdn tim s6 du khi chia a cho 6. Chi
y ring 1995 1a s6 1¢ chia hét cho 3 nén a ciing 1a s6 1¢ chia hét cho 3, do d6
chia cho 6 du 3. Vay S chia cho 6 du 3.

200. a) a'b-ab® =a’b-ab-ab’ +ab=ba’ —a)—-a(b® - b) ; biéu thic
trong mdi diu ngodc chia hét cho 6.
b) Viét a’b —ab® thanh b(a® —a) - a(b® - b).

201. Goi a la mot s6 tu nhién tuy y. Chimg minh ring a’ —a chia hét cho 6,
suyraas= a® - 6k.

202. 60 = 2235, a® +b® = 2. (1)
Nhin xét :n=BS3+1=n’ =BS3+1.n=BS5+ 1 = n? =BS5 + I,

n=BS5+2=n’=BS5+4.n=BS4+1=n’=BSS§+1,n=BS4+2
= n® =BS8 + 4.

Néu a, b, ¢ déu khong chia hét cho 3 thi a%, b, ¢? déu chia cho 3 dur 1.

Khi d6 a? + b2 = BS3 + 2, con ¢® = BS3 + 1, trdi véi (1). Vay 16n tai mot
trong ba s6 a, b, ¢ chia hét cho 3, do dé abc chia hét cho 3.

Néu a, b, ¢ déu khong chia hét cho 5 thi a2, b2, ¢ chiacho 5 du 1 hoac 4.

Khi d6 a% + b2 chia cho 5 du 0, 2, 3, con ¢2 chia cho 5 du 1, 4, trdi vai (1).
Vay tén tai mot trong ba so a, b, ¢ chia hét cho 5.
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Néu a, b, ¢ déu khong chia hét cho 4 thi a2, b2, ¢? chia cho 8 du | hoac 4.

Khi d6 a2 + b% chiacho 8 dw 0,2, 5, con ¢ chia cho 8 du 1, 4, trii vai (1).
Vay 1on tai mot trong cic s6 a, b, ¢ chia hét cho 4.

Két ludn : abe chia hét cho 3 . 4. 5 uic la chia hét cho 60.
203. Cdch 1. Goi ba s6 nguyén lién ti€p 1a n—1, n, n + 1. Bién déi
-1 +n’+ (n + I)" thanh 3(n" - n) + 9n, chia hét cho 9.

Cdach 2. Trong ba s6 nguyén lién t1iép, c6 mot so6 chia hét cho 3, mot s6
chia cho 3 du 1, mot s6 chia cho 3 du 2. Chimg minh ring t6ng cua cic s0

3a)}, 3b+ 1)}, 3c = 1)? chia hét cho 9.

204. Giasir a® + b + ¢* chia hét cho 9 (1). Gi sir a, b, ¢ déu khong chia hét
cho 3 (c6 dang BS3 + 1) thi 1ap phuong cia mébi s6 ¢6 dang BS9 + 1, do d6
at+b'+ ¢ =BSY + n+n+rn,trongdé r, n, e {1:-1}. Khong
¢6 cich chon ba s6 1, ry, ry ndo d€ tong chia hét cho 9, trdi vai (1).

Vay t6n tai mot trong ba s6 a, b, ¢ 1a boi cia 3.

205. a) Tacé ay chia hét cho 25. Cén chimg minh ring asy , 3 chia hét cho 25.

That vay :
a5y .3 = 3(5k +3)(5k +2) + 7 = 3(25k% + 25k + 6) + 7 = BS25.

b) n(n - 1) chia cho 3 du 0 hoac 2 = 3n(n - 1) chia cho 9 du 0 hodc 6 =
3n(n = 1) + 7 chia cho 9 du 7 hoac 4. Trong khi dé, 1ap phuong cia mot s6
nguyén chia cho 9 chi ¢6 thé du 0, 1, 8.

206. a) Bai todn la truong hop dic biét cua dinh 1i nho Phéc-ma : aP~! =1 chia
hét cho p véi p = 7. Chimg minh truc tiép :

a®—1=@+n@*-n.

Néua=7k + | (ke N)thi a° =BS7+ 1, néua =7k 2 thi a°=BS7 + 8,
néua=7k + 3 thi a’ = BS7 + 27. Ta luon luon ¢6 a° + 1 hoac a’ - 1 chia
hét cho 7. Do d6 a® — 1 chia hét cho 7.

b)504= 32.7.8 D@tn=a3.cinchfmgminh
A= {33 -1 33(a3 + 1) chia hét cho 504.
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Néu a chin thi a® chia hét cho 8 ; néualé thi a® — 1 va a® + 1 12 hai s6 chin

lien ti€p nén (a® — 1)( a® + 1) chia hét cho 8. Do dé A chia hét cho 8.

Néu a chia hét cho 7 thi A chia hét cho 7. Néu a khong chia hét cho 7 thi
6 _ | chia hét cho 7 (céu a).

Néu a chid hét ch03 thi a° chia hét cho 9. Néu a =3k + | thi a’= BS9 + 1.
nén d -1 hoac a® + 1 chia hét cho 9. Do d6é A chia hét cho 9.
207. a) B=100. 101 : 2=50. 101.

* ching minh A chia hét cho 101, ghép cap : 1} +100%,23+ 993,

v
&

't............l.A..l._ Las &n £en moe o B L -
CIlung e A L ldlclbll JU, BElICpLap . 1 T U7,

)
ﬂﬁ

b) Giai wong (v cu a).
Chii ¥ : Téng quét, ta c6 véi k 1& thi 1% + 2% +3% + 4 n* chia hét cho
1+2+3+...+n.
Cich giai cua bai todn téng quat nay ciing tuong r nhu cich giai sau day
vdin =99,
99.100

>

GoiCzlk+2"+3k+...+99k,0-1+1+ 400 =

99. 100

Ta sé chimg minh C: . Taco

2C = (1% +99%) + (2 + 98%) + .. + (9% +1¥).

Do k 1a 56 1é nén cdc biéu thic trong méi dau ngoac chia hét cho 100, do d6

2C : 100. (D
Mac khdc, ta viet C = 1% + 2% &+ 98% + 99k

C=98% + 97 4+ .+ 1K 4+ 99k

nén 2C = (1¥ + 98%) + (2X + 97%) + ... + (985 + 1¥) + 2.99%. Do k 12 56 1¢
nén cdc biéu thic trong médi diu ngodc chia hét cho 99, do dé

2C: 99, (2)
Do 99 va 100 la hai s6 nguyén 16 cung nhau nén tir (1) va (2) suy ra

2C:99.100, dodo C: 2 '_)IOO. wrcla C:D.
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208. a) A chia cho 3 du 2 nén A khong la s0 chinh phuong.

b) Bién d6i : B=4. 11... 1. D& B l1a s6 chinh phuong thi 11 ... 1 phai la s6
R .
100 Y 100
chinh phuong. S6 11...1 tan cung bing 11 nén chia cho 4 du 3, khong 1a
hv——l
100
sO chinh phuong. Do d6 B khong la s6 chinh phuong.

¢) A chia cho 4 du 3 nén khong 1a s6 chinh phuong.

d)B= 4.3611 ..1
el
97
S6 3611 .. | chiacho 4 dir 3 nén khong 14 <6 chinh phuong
N_"—.—i

97
Do d6 B khong la s6 chinh phuong.

209. S6 c6 nam chir s6 tao bai cic chir s6 2, 3, 4, 5, 6 14 s6 chia cho 3 du 2 nén

khong la s6 chinh phuong.

210. Mai s6 chinh phuong 1¢ chia cho 4 du 1 nén 16ng ctia chiing chia cho 4 du 2,

khong la s6 chinh phuong.

211. Moi s6 1¢é déucodang 2k + 1 (k € N).

Tacé: k+l=(k+1-KK+1+k)=(k+1)? k2.

212. a) A gém 50 s6 chinh phuong chidn, 50 s6 chinh phuong lé. Mdi s6 chinh

170

phuong chin chia hét cho 4 nén téng cua 50 s6 dé chia hét cho 4. Mbi s6
chinh phuong 1€ chia cho 4 du | nén téng cia 50 s6 d6 chia cho 4 du 2.

A la so0 chia cho 4 du 2, khong la s6 chinh phuong.
b) Ta viét B dudi dang tdng ctia 57 s6 chinh phuong lién tiép :
S=0%+1%2 422 +..+56%.
Ta thdy 16ng cia ba s6 chinh phuong lién tiép chia cho 3 thi du 2. That vay :
m-12 +n? + (n + 1)* =3n? + 2.Viét B dudi dang t6ng cta 19 nhém :
B= (0% +12 +2%)+ (32 + 42 + 5%) + ... + (547 + 552 + 56%).
=19(BS3+2)=BS3+38=BS3+2.
S6 chia cho 3 du 2 khong 1a s6 chinh phuong. Vay B khong 1a s6 chinh phuong.



c)bPatn=2k-1(ke N, k>1). Taco
_1+(k-1)
B 2

C=1+3+5+..+02k-1) k= k2.

Viy C la s6 chinh phuong.

213. a) n’ wn cing bing 9 = n® = (10a + 3)° = 100a” + 60a + 9 =
= 10(10a® + 6a)+ 9. S6 chuc cia n® 1a 10a’ + 6a, 1a s6 chin. Vay chir s6
hang chuc cua n’ 1a chir s6 chan.

b) Goi n? 1a s6 chinh phuong 1¢ thi
n? = (I()a+b)2.lrongdéb g iLi24847458)

Taco n? = 10(10a% + 2ab) + b2,

Vi b2 ¢6 chit 56 hing chuc chan va 10a® + 2ab 1a s6 chin nén chir s6 hang
chuc cua n? 1a chir s6 chén.
¢) Cach 1. Xét

n? = (10a + 4)> = 100a” + 80a + 16 = 10(10a° + 8a + 1) + 6.
Cdch 2. Chimg minh bing phan chimg. Gia sir n’ tin cung bing 06, 26,
46, 86 thi vo Ii (vi s6 chinh phuong chin thi phai chia hét cho 4).
d) Xét n? = (10a + 5)° = 100a(a + 1) + 25.

214. a) S6 chinh phuong khong c6 tan cung bang 2, 3, 7, 8. Xét cdc s6 ¢6 tan ciing
50, 51, 54, 55, 56, 59 : cdc s6 c6 tan cing bing 50, 54 c6 dang BS 4 + 2,
cic s6 c6 tan cung 51, 55, 59 c6 dang BS 4 + 3, ching déu khong la s6
chinh phuong.

Vay s6 chinh phuong di cho ¢6 tan ciing bang 56, chir s6 hang don vi bang 6.
Vidu: 167 = 256, 34%=1156.
b) Goi n® = (10a + b)®> = 10(10a® + 2ab) + b>. Chir s6 hang don vi phii
tim 1a chir s6 tdn ciing cla b2
Theo dé bii, chir s6 hang chuc cua n? 1a chi s6 1é nén chir s6 hang chuc
ctia b? phai 1¢. Xét cdc gid tri ciia b tir 0 dén 9, chi c6 b’ = 16 va b’ = 36
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¢6 chir s6 hang chuc 1¢, chiing déu tan cing bang 6. Vay n? ¢6 chir s6 tan
cung bang 6.

¢) Gidi twong tu nhu cau b), néu n’ ¢6 chir s6 hang chuc 1¢ thi n phai c6
tan ciing biang 4 hodc 6. Nguoc lai, néu n ¢6 tin cung bing 4 hoac 6 thi chir
s0 hang chuc cua n’ 1a chit s6 1€,

Tir 1 dén 100, ¢6 20 s6 ¢6 tdn cing bang 4 hoidc 6 (d6 la cic s6 4, 6, 14, 16,
.. 94, 96). Vay c6 20 s6 n phai tim.

215. a) Xét hai s6 nguyén duong lién ti€pnvan+ 1 (n=1). Véin= | thi

n2 <nn+1)<(n+ 1)2.

Vay n(n + 1) khong la s6 chinh phuong.
b) Xét ba s6 nguyén duong lién ti€épn -1, n,n+ 1 (n22), Taco

(n-1)nm+1)= nmn?-1.

Ta thiy n va n? — 1 12 hai s6 nguyén 16 cing nhau (that viay néu n @ d va
n?-1:dthil:dnénds=+l). Dodénéun(n® - 1) la s6 chinh phuong
thi ¢ hai thita s6 n va n? — 1 déu la s6 chinh phuong.

Ta ¢6 nhan xét : Vdin 2 2 thi nt -1 khong 1a s6 chinh phuong vi

{n—l)2<n2—l<n2.

Vay tich cia ba s6 nguyén duong lién ti€p khong 14 s6 chinh phuong.
¢) Xét bon s6 nguyén duong lién ti€p n, n + 1, n + 2, n + 3. Ta thdy
(M2 +3n+1)7 -1 khong la s6 chinh phuong (diing nhan xét & cau b).

216. b' - a’ = (a + 2)* - a’. Bién d6i thanh a% + (a + 2)* + (2a + 2)°.
217. a) Véin =1 thi n® — n + 2 =2, khong 14 s6 chinh phuong.
Véin=2thi n” —n+2=4,1as6 chinh phuong.

Véin>2thi n? —n+2 khéng 1a s6 chinh phuong vi

(n—l)2 <n2—(n—2)<n2.



b) V@i n > 2 thi (n2 — l)z <n? -(n-2)< (nz)2 nén n* —n+2 khong la
s6 chinh phuong.

Xétn=1van=2.Dipsé:n=2,
¢) n’ = n+ 2 chia cho 3 du 2 nén khong la s6 chinh phuong.
d) Truéc hét chimg minh ring n° = n@ 5 (xem vi du 39).

Suy ra n® — n+ 2 chia cho 5 du 2. S& chia cho 5 du 2 thi tan cung bang 2
hoic 7, do dé khong 1a s6 chinh phuong.

218. 4p + | la s6 le va la s6 chinh phuong nén
2 2

P | 1——

+ 4k + 1 (k nguyén)

4p+1=(2k+ 1) =4k

=dp=4k(k+1) =>p=k(k+ ).

Doplas6nguyénténénk=1. Khidop=2vadp +1=9= .

219. Ching minh n chia hét cho 3 : Néun =3k + | thin+ | = 3k + 2, khong
la s6 chinh phuong, loai. Néun =3k + 2 thi 2n + | = 3(2k + 1) + 2, khong
la 56 chinh phuong, loai. Vay n chia hét cho 3.
Chimg minh n chia hét cho 8 : Ta ¢é 2n + 1 1a 56 chinh phuong 1¢ nén chia
cho 8 du | (1), do d6 2n chia hét cho 8, n chia hét cho 4, n + 1 la s6 chinh
phuong Ié nén chia cho 8 du 1, do d6 n chia hét cho 8.

220. 2n + | la s6 chinh phuong 1¢ nén chia cho 8 du 1 = nchin = 3n + 1 1a
s0 chinh phuong l¢é, s6 nay chia cho 8 du 1 nén 3n chia hét cho 8, do dé n
chia hét cho 8 (1).

Cach 1. 3n+ 1 tancung 1, 5,9 = 3ntan cung 0, 4, 8 = n tan cung 0, 8, 6.
Loai truong hop n tan cung 8 (vi khi d6 2n + | tin cing 7, khong la s6
chinh phuong), loai truong hop n tin cing 6 (vi khi d6 2n + 1 tdn cung 3,
khong la so chinh phuong). Vay n tan cung 0 (2).

Tir (1) va (2) suy ra n chia hét cho 40.

Cdch 2. 2n + 1, 3n + 1 12 cdc s6 chinh phuong 1é nén tin cung bing 1, 5,9
do d6 chia cho 5 du 1, 0, 4. Téng cia ching 12 5n + 2 nén mbi s6 2n + 1 va
3n + 1 déu chia cho 5 du 1, do d6 2n va 3n déu chia hét cho 5, vay n chia
hét cho 5 (3).

Tir (1) va (3) suy ra n chia hét cho 40.
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221. a) Xét p=3k + | vap=3k + 2 déu khong xay ra. Xét p =3k, tim dugc p = 3.
b) Xétp =5k + 1 thi 4p” + 1 1a hop s6.
Xétp =5k + 2thi 6p” +1 12 hop s6.
Do dé p=5. Khidé 4p® + 1 =101 ; 6p> + | = 151 déu 12 cic s6 nguyén 16,
222. a) Phin tich thanh nhan ur :
12n2 - 5n - 25=12n% + 15n - 20n - 25
=3n(4n + 5) - 5(4n + 5) = (4n + 5)(3n - 5).

Do 12n% —5n-251

L

A nouvén 1A va dn 4+ §
o nguyeéntlovaan+ 0o

v
(=]

nén 3n—-5>0. Talaicd

o
we

3n-5<4n +5 (vin2>0)nén dé 12n% - 5n - 251 56 nguyén t6 thi thira
sO nho phai bing 1.
Gidi diédukién 3n - 5= 1, dugc n = 2.
Khi d6, 12n° = 5n—25=13. 1 = 13, la s6 nguyén 16.
Vay véi n = 2 thi gid tri cia biéu thic 12n% - 5n - 2514 56 nguyén 16 13.
b) Bién d6i : 8n’ + 10n+3 = (2n+ 1)(4n + 3).

Ddp 56 n =0, khi d6 8n” +10n + 3 = 3.

c) A= .Do A las6wrnhiénnénn(n +3): 4. Haiso6nvan+3

n(n + 3)
4

khong thé ciing chdn. Vay hoac n, hoac n + 3 chia hét cho 4.
Néu n =0 thi A =0, khong 12 s6 nguyén t6.
Néun =4 thi A =7, la s6 nguyén 16.

Néun=4k vdi k € Z, k > 1 thi A = k(4k + 3) la tich cta hai thira s6 Ién
hon | nén A la hop s6.

Néun+ 3 =41thi A =1, khong la s6 nguyén t6.

Néun+3=4kvdik € Z, k > | thi A =Kk(4k - 3) la tich cta hai thira s6
16n hon | nén A la hop s6.

Viyn=4,khido A=7.

223. a) Cich 1. A=n2+Tn+22=(n+5)(n+2)+12.
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Cédc s6 n+ 2 van+ 5 co hi¢u bing 3 nén ching cung chia hét hoic ciing
khong chia hét cho 3. Néu chiing ciing chia hét cho 3 thi (n + 5)(n + 2)
chia hét cho 9, suy ra A khong chia hét cho 9. Néu chiing ciing khong chia
hét cho 3 (3 1a s6 nguyén 16) thi (n + 2)(n + 5) khong chia hét cho 3, suy ra
A khong chia hét cho 3, do dé khong chia hét cho 9.

Chii . Trong cdch gidi ndy, ta da bién déi n° + 7n + 22 vé dang
(n+a)n+b)+csaocho (n+a)-(n+b)=3(niclaa-b=3)vaia+b=7,
dod6échona=5b=2.
Cdich 2. Gid sit A = n® + 7n + 22 chia hét cho 9 thi cdc biu thitc sau chia
hetcho3: n? + 7n +22-9n-21, n®-2n+ 1, (n-1)%, n—- 1. Thay
n =3k + | vao A ta lai dugc mot biéu thirc khong chia hét cho 9. Vay vai
moi s6 nguyén n thi n +7n+22 khong chia hét cho 9.
b) Giai tuong tu cdu a).

224. S6 nva n’ ¢6 tong céc chir s6 bing nhau nén n? —n chia hét cho 9 . Ta
laico(n,n—=1)=1nénn=BS9 hoacn=BSY + I.

225. a) Goi chin s6 ban ddu 1a a, a,,...,ay thi chin s6 mai la a, -1,
a; =2, ..., ag — 9. D€ ching minh tich cia chin s6 mdi 1a s6 chdn, ta

ching 10 rdng t6n tai mot s6 mai 1a s6 chdn. That vay, gia sur chin s6 mai
déu 1a s6 1¢ thi tdng cua chiing 1a s6 1¢.

Do dé (ap =D +(ag =2) +..+(ag = 9) lasé le

nén (ap+ ay+...+ag) =(1+2+..+9)]as6l¢,

suy ra 0 1a s6 1€, vo 1.

b) Chi ¥ ring (a; — b)) + (a3 — by) + ... + (ag — by) = 0. Gidi twong wr nhu
cdu a).

226. a) n2 +2n—4=(n-3)(n+5)+ 11 chia hétcho 11. Vayn=BS 11 + 3
hoacn=BS Il - 5.

b)Pdp s6:1,0;3; -2
c) n® — 8 + 6 chia hét cho n — 2 nén 6 chia hét chon - 2.
Ddps#:3;1:4:0:;5;-1:8; -4.
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d) Phii ¢6 n? + n + 1 1a u6c cia 3. Chi y ring n® +n + 1 >0 nén chi xét

n2+n+l=3hnac n?

+n+l=1.
Dipso:1; -2;0; - 1.

2

c)A=n"-2n“+2n —2n+l=(n—1)2(n2+ll.

B=n?-1=@m2+Dn+1)n-1.
Don#%1nénn-1chiahétchon+ | = 2chiahétchon+ I.
Ddip 56 :0;-2; -3 (chi y ring n = | loai).

2

g) Chia n® - n? + 2n + 7 cho n? +1,duogcn—1,dun+8.

n+8: n2+l:>(n+8)(n—8)=n2—645 n? +1

=>n’+1-65:n*+1 =65 n?+1.
Lén luot cho n’ +1bing 1;5;13;65,dugc nbing 0; +2; + 8. Thir lai,
cic gidtrin =0, n =2, n = — 8 thoa man.

227. Chir s6 tn cang ctia nam sinh cua hai ban phai la 9 va 0 vi trong truong
hop nguoc lai thi 16ng cdc chit s6 ciia nam sinh cta hai ban chi hon kém
nhau 1a 1, khong thé ciing 12 s6 chén.

Goi nam sinh cta Mai 12 1929 thi 1l +9 +a+ 9 = 19 + a. Muén t6ng nay
las6chinthiae {1;3:5;7;9). Hién nhién Mai khong thé sinh nam
1959 hodc 1999. Vay Mai sinh nam 1979, ban clia Mai sinh nam 1980.

228. Xét ba s6 u nhién lién ti€p 2" — 1, 2", 2" + 1, tén tai mot boi cua 3, d6 la
2" —| hoac 2" +1.
Néun>2thi 2" +1 > 2" -1 > 3 nén boi cta 3 néi trén la hop s6.
Xétn=1,n=2thin=2 thoa min bai todn :
2"-1=3, 2" +1=5.

229. Gia sir cdc s6 a, b, ¢, d, ¢, g déu 1¢é thi binh phuong ciia mbi s6 déu chia
cho 8 du 1. Do dé vé trdi chia cho 8 du 5, con v€ phai chia cho 8 du 1, vo i,
Vay t6n tai mot trong cdc s6 d6 14 s6 chén.

230. P=(a-b)a-c)a-d)(b-c)b-d)c-d).

Xét bon s6 a, b, ¢, d khi chia cho 3, t6n tai hai s6 c6 ciing s6 du khi chia
cho 3, hié¢u ctia chiing chia hét cho 3, nén P chia hét cho 3.
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Xét bon so a, b, ¢, d khi chiacho 4 :

— N€u 16n tai hai s6 cing s6 du khi chia cho 4 thi hiéu cia ching chia hét
cho 4, do d6 P chia hét cho 4.

— Néu bon s6 dy c6 s6 du khdc nhau khi chia cho 4 (1a 0, 1, 2, 3) thi hai
s6 ¢ sO du 1a 0 va 2 ¢6 hiéu chia hét cho 2, hai s6 c6 s6 du la 1 va 3 ¢cé
hiéu chia hét cho 2. Do d6 P chia hét cho 4.

231. Mbi so nguyén duong khong qud 50 déu viél duoc dudi dang a = 25 . b
voike {0;1:;2:;3:4;5},be(1:3:5;...;49}.
Choncics6cok=0,conbe {1;3;5;..:49),ciacsonaylal, 3,s5,..,49,
g6ém 25 so. ‘

Choncics6co6k=2,conbe{l;3:5:7:9; 11}, cic s6 nay la 4, 12,
20, 28, 36, 44 gbém sdu so.

Choncicsdcok=4,conb e {1 3]}, cdc s6 nay 1a 16, 48, gém hai s6.

Trong 25 + 6 + 2 = 33 s6 trén, khong c6 hai s6 nao ma mot s6 gap doi s6
con lai.

Chii y : Néu c6 thém mot s6 nira, khic 33 s6 da cho, nho hon 50 thi trong
34 56 nay, t6n tai hai s6 ma mot s6 gap doi s6 con lai.

That vay, n€u s6 thir 34 c6 dang 2 . k' (k' =1, 3, 5, ..., 23) thi n6 gdp doi
mot trong cic s6 ¢ dang 2°. k, néu s6 thir 34 c6 dang 23 k' k'=1,3,5)
thi n6é gdp do6i mot trong cic s6 cé dang 22 k, néu s6 thir 34 c6 dang 2
thi né gap doi mot trong cic s6 c6 dang 2*.x ’

232. Goi a la s6 tu nhién ma trong biéu dién thap phan cia n6 khong c6 cic
chirs6 0, 1, 2, 3. C6 vo s6 céc s6 a nhu vay.

Xét day s6 : a, aa, .., aa..a
S——
2004 50 a

Tén tai hai s6 c6 cung s6 du khi chia cho 2003.

"Gidsirhais6dé1a a,, =aa..a via, =aa..a (m>n).
Iq,—.—’ I-.-_-v‘—-l'
m s6 a nsoa

Hay chimg minh ring s6 aa..a chia hét cho 2003.
———
m-nsba

177



233. Xé152 56 : 2003, 20032, 20033, ..., 200372 .

Tén tai hai s 6 ciing s6 du khi chia cho 51. Gia sir hai s6 d6 1a 2003™ va
2003" (1 <n <m <52). Khi d6
2003™ - 2003" : SI
nén 2003"(2003™°" - 1) i 51.
Do 2003" va 51 nguyén t6 cung nhau nén 2003™ ™" — 1 chia hét cho 51.

Clui v : Néu cdc s6 nguyén duong a va m nguyén 16 cang nhau thi t6n tai

s6 tr nhién k sao cho a* — 1 chia hét ¢ho m. C6 dinh Ii cho phép chi ra
duoc s6 k, d6 la dinh 1i O-le, trong d6 k 1a s6 luong cdc s6 nguyén duong
nho hon m va nguyén t6 ciing nhau véi m. Chi § ring s6 k tim theo cich

nay khong nht thiét 12 s6 nho nhit dé a* -1 i m.

Cidch tim s6 luong cdc s6 nguyén duong nhd hon m va nguyén t6 cung
nhau véi m nhur sau :

~ Néum lasonguyéntéthik=m - I.
~ Néu m 12 hop s6 va dang phan tich ra thira s6 nguyén t6 12 a*b¥c”... thi

o

Trong bai todn trén m =51 = 3.17 nén

k=5|(1-lj[:-l]=51.3.19=32.
3 17 317

.. o . . 32 .
Nhu vay véi dinh 1i O-le, ta chi ra duge 20037 -1 : 51.
234. 25" —1=(2%"7 -1 chiahétcho 2* -1=7.
235. 270 4+ 370 = 22)® 4+ (3%)® = 4% 4 9 chia hét cho 4 + 9 = 13 (dp dung
aZk+! L p2k+l i g 4 b) :
236. 17" +19'7 =7 + 1)+ (19'7 =1) : 18 (dp dung a®**! +b%** ia+b ;

a" -b":a-b).
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237. 365 — 1 chia hét cho 36 — | = 35 nén chia hét cho 7.
36%* —1=(36% +1)-2 chiacho37du - 2.

238. a) 42 — I chia hét cho 4 - 1 tic 1a 42° — 1 chia hét cho 3, ma 420 —1 >3
nén 42 — 1 1a hop s6.
b) 1000 001 = 100" + 1¥ chia hét cho 100 + 1. Vay 1 000 001 14 hop s6.
c) 2%0 41 =425 41 chiahétcho4 + .

239. Tac6 4" = (3+ 1)" = BS 3 + | nén biéu thirc dia cho bing

BS3+1+2+3+4+5+6=BS3+21,chiahétcho 3.
240. A= (31" —15") - (24" - 8") chia hét cho 16:
A= (31" -24") - (15" - 8") chia hétcho 7.
241. Xét cédc truong hop n chin va lé. Ddp sé : n chin.
242, A=3043 00Hl J g9 320 o p0n o
= 25.32" 4+ 2(3%" +2%") = BS25 + 2(9" + 16").
Néu n 1é thi 9" + 16" chia hét cho 25, do d6 A chia hét cho 25.
Néu n chin thi 9" tan ciing bang 1, con 16" tan ciing bing 6, suy ra
2(9" +16") tan ciing bing 4, vay A khong chia hét cho 25.
Ddp 56 : n lé.

243. Linlvot xétn=3k,n=3k + I, n=3k + 2, chicé n =3k thi 5" -2"
chia hét cho 9.

244. 5" - 2" chia hét cho 9 <> n 12 boi clia 3 (chu a).
5" — 2" chia hét cho 7 < n chin. Pdp 56 - n = 6k (k € N).
245. DatA= 1" +2" +3" + 4",

Néunlas6léthi 1" +4" : 5va2" +3" i SnénA: 5.
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Néun=4k + 2 (k € N) thi
A= 4 20K02 L gthed ka2 _ (g g2K4) 49204 4167k
chia hét cho 5.
Néu n =4k (k € N) thi
A=14+2% 3% g% 1465 +81F +16%K,
1an cung bing 4, khong chia hét cho 5.
Dap s¢ : n khong chia hét cho 4.
246. 222 +55° =(BS7+ N2 +(BST-1)" =
=BS7+1+BS7-1=BS7.
247. Luy thira ciia 2 sit v6i mot boi cia 7122 =8 =7+ 1.
Ta thay 1994 chia cho 3 du 2. Do do6
2" ™2 g a7+ 1) =aBS T+ 1)=BS T +4.
248. Luy thira ciia 3 sét véi mot boi cia 7123 =27=BS7 - 1.
Ta thiy 1993 chia cho 6 du 1. Do do6
31993 _ 38+ 33K = 3BS7- 1) =3(BS7+ 1)=BS7+3.
249, Chi ¥ ring 1995 1a boi cia 7, do dé
A =1992""% 4 1994"%% = (Bs 7 - 3)
ERaBs7 -1,
19493

=BS7-3
Theobdi 248 thi3 " " 5BS7+3.Dod6 A=BS7-(BS7+3)-1=BS7-4.

Viy A chia cho 7 du 3.

1993 1995 _

+(BS7-1)

Chii y : D& tim s6 du ciia phép chia luy thira a” cho m, ta c6 thé tim mot

luy thira cha a sdt véi mot boi ctia m (chéng han la a"), sau dé viét b dudi
dang nk + r (bai 247) hodc 2nk + r (bai 248).

250. Cdch 1. Ching minh ring 3" =BS 13 +1, 5'""" =BS 13- 1.

vay 3" + 5" chia he’: cho 13.
Céch2. A=3'"4 - (3‘)“"" + (57 = 9750 o5
=(27 -I)+(25 +I).

Ta ¢6 27°%° — | chia hét cho 26 (hang ding thiic 8), 257"+ 1 chia hét cho
26 (hing ding thirc 9). Vay A chia hét cho 13.
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251. Ta tim mot luy thira cta 9 st vai mot boi cia 13, do la 9'=729=BS 13 + 1.
Do d6 ta viét 10" dugi dang (BS3 + l)” =3k+1.Tacé

] ;
90" = 93+ _ 99}k — 9BS 134+ 1) =9(BS 13+ 1)=BS13+9,
Lug thira ciia § sét véi mot boi cia 13 12 5% =BS 13 - 1.
Viét 9" duai dang 4n + 1 thi

0
§9 =5+ _ 557 o 5BS13-1)"=5BS13+1)=BS13+5

L " o ot - l”
(chi ¥ ring néu viét 9" dugi dang 2m + 1 thi 57 = 5™ = BS 13- )™,
chura xdc dinh duge s6 du vi chua biét m chiin hay 1),

I 10
vay 9" — 5" chiacho 13 du 4.

252, Ta sé chimg minh A chia hét cho 7. Lu¥ thira cua 2 sdt vdi mot boi cua 7
la 2", Ta 6
2™ a3-1)"* ' uBS3-1=3k+2
Do dé
A2 3ud 2 +3a47+ 1) +3=BS7+7aBS 7.

Talaic6 A > 7, do dé A la hop so.

253, a)du | ; b)du 4,

" =BSn-1, (- 1)** =BSn-1. vay

(n"— I)“l.(nz— 1)"“=BSn+ 1.

254. (' -1

255. Cdch 1. Ta thay 455'> = (BS4 - 1)'* =B 4 + 1. Do d6, a vd b chia cho 4
cung du | hodc ciing du 3. Trong ca hai truomg hop trén, a + b chia cho 4
du 2.

Cach 2. Xétbiduthicab+a+b+ l=ab+D+((b+=(@+1)b+1)
Do a va b lé nén (a+ 1)(b + 1) chia hét cho 4, uirc la

(ab + 1) + (a + b) chia hét cho 4. (n
Ta thdy
ab=455'2=(BS4-1)'’=BS4+ 1 =ab+1=BS4+2. (2
Tiu(l)va(2)suyraa+b=BS4 + 2.
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256. 2) 37 =3.3"% 2 3(10 - 1)“""= 3(10“""' — o +499.10-1)=

= 3(BS 100 + 4989) =
b)Xétsdmﬁ? -(8-1) =BS8-1=4k+3.Taco

7 ) G
77 =743 _ Bk 343,010k = (..43)(.01) = ..43.
50 504) v]

257. 3'%= o -1)" =10%°-.. =210 - 5000 + 1

=BS 1000 + ... 500 — 500 + 1

=BS 1000 + 1. Vay 3'% ¢6 tan cing 12 001.
Chii y : Téng qudt, ta ching minh duoc ring néu n 1a s6 1¢é khong chia hét
cho 5 thi ba chir s6 tan ciing cira n'*" 12 001.
Trudce hét, ta thdy mot s6 n khong chia hét cho 5 thi chia cho !25 cé s6 du
bang |. Diéu ndy di dugc chimg minh & chii ¥ cua vi du 45. O day, do ¢
thém diéu kién n 12 s6 1é nén con ¢6 thé chimg minh bing céch sau :
ntancung bang 1,3,7,9 = n’ tan cung bing |

= nlill = (n4)25 = (10k + ”25

..5...4

= BS 1000 + (lOk) +25.10k + 1 =BS 125 + 1. (n

Tacé n'" = (n*")? 1a 56 chinh phuong 1é (vi n 1¢) nén chia cho 8 du 1. (2)
Tir (1) va (2) suy ran' " — 1 chia hét cho 1000, tifc 1 tan ciing bing 001.

Tir k€t qua nay, ta con suy ra : Néu n 12 s6 1¢ khong chia hét cho 5 thi Ve
vii n c6 ba chit s6 tan cung nhu nhau.

258. Ta c6 89% — 1 chia hét cho 89 — 1 nén chia hét cho 11, 89° — | chia hét
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cho 89" + 1 nén chia hét cho 89 + 1, do doé chia hét cho 9. Dat 89° - 1 = A.

A =496 9xy 290 960 chia hétcho 11 va 9.

Téng cdc chir s6 hang 1¢é tir phai sang trdi clia A bing 36 + y, 16ng céc chir
s hang chin cua A bing 18 + x.

A chia hét cho 9 nén 54 + x + y chia hétcho 9,trdé6 x +y € {0;9: 18} ;
A chia hét cho | I nén

(36 +y) — (18 + x) chiahétcho 11, trdo x —y € (7; -4).




Néux+y=0thix =y=0, loai.

Néux+y=I18thix=y =9, loai.

Néu x +y =9 :chiyring x + y vi x — y cing chin hodc cing 1¢ nén
X-y=7.Tadugcx=8,y=1.

Vay 89° = 496 981 290 961.

TINH CHIA HET POI VOI A THUC

259. a)Co; b) Khong.
260. a) 2 x“ - X+X= x(xwiii - 1) + x. Ta thay xw -1= (xj,‘;uj - 1 nén

chia hét cho x* - 1, do dé chia hét cho x> + 1.

Viy x*! chia cho x>+ | du x.

b) Dur —x.

261. a)Du 4 ; b) Dur 4x.

262, a)r=f(-1)=-1-1-1-1 +7=3.Du3.
b)x99+x“+x“+x+7=x(xlm+l)+x(x54+l)+x(xm+l)~2x+7.

Chu y ring (xz)w + 1, (x2)27 + 1, (xz}S + 1 chia hét cho x* + 1 (theo hang
ding thirc 9). Vay du phai tim la -2x + 7.
263. Goi thuong khi chia f(x) cho x* = 1 13 Q(x), dur 12 ax +b. Ta ¢6

f(x) = (x" = 1).Q(x) + ax + b.
Ding thic trén ding véi moi x. Ldn lugt cho x = 1 vax = -1.
BDdp : Du khi chia f(x) cho x% ~ 1 1a 25x + 26.
264. Trudc hét ta tim du khi chia f(x) cho (x — 2)(x = 3).

Xét f(x)=(x - 3).A(x)+ 7, (1)
f(x) = (x = 2).B(x) + 5. (2)
Cdach 1. Xét f(x) =3x(x - 2)(x—-3)+ax +b. (3)

T (1), (2), (3), bing cichchox =2, x =3 tatimdugc a=2,b= 1. Ducua
phép chia f(x) cho (x = 2)(x = 3) la 2x + 1.
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Do d6 f(x) = 3x(x — 2)(x — 3) + 2x + 1 =3x" — 15x> + 20x + 1.
Cdach 2. T (1) suy ra

(x = 2)f(x) = (x = 2)(x = 3).A(x) + 7(x — 2). 4)
Tur (2) suy ra

(x = 3)f(x) = (x = 2)(x — 3).B(x) + 5(x — 3). (5)
Ly (4) trir (5) dugce f(x) = (x = 2)(x = 3)[A(x) = B(x)] + 2x + 1.
Du khi chia f(x) cho (x — 2)(x = 3) la 2x + 1. Giai ti€p nhu cich 1.

265. Dap 56 : x* +x° - 9x% + 2x - 31.

266. Dat —% =a.tacé:x = (x = a).B(x)+r,.

267
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Chox=alh‘1r|=aa.dod6:

xu - a“: (x — a).B(x)

8 X
nén B(x) = - B i (14 + a4)(x2 + a2 Mx + a).
X=-a
Tacéd (x4 o a")(x2 - az)(x +a) = (x = a).C(x) +r,.

4 7
Cho x = a, ta duoc : 2a .2a2.2a =rynénr,=8a'.

Thay a = —%. taduoc ry = —L.

2 16
. a) Thém va bét x> vao da thiic bi chia.
b) Bi€nd6i: x> - x" - x"** =P -x+ )= "+ )= x" " - x).

c)x'U-IOx+9=(xm—l)—lO(x-1)=(x—-l)(x9+x“+x7+...+x+1—10).
Biéu thic trong ddu ngoac thir hai bing x - 1)+ (xa -D+..+x=1),
chia hét cho x - I.
d)8x” - ox* + 1=8" - ) -9x* - 1)

=(x—l)[8(x"+x7+...+x+l)-9(x7+x6+...+x+l)].
Biéu thitc trong déu ngoac vuong bing

8 .7 6 .5 4 3 2

BX =X =X -x" =X =X =-x"=-x-1,
chia hét cho x - 1 vi tng cdc hé s6 bing 0.



268. Trudc hét chimg minh ring f(x) - g(x) chia hét cho g(x).

Taco f(xl—g(xl=xw—x9+x“-x“+...+x“-x:

= x”(xqu— 1)+ x“(xm— D+ ...+ x(xw— 1).

Cic biéu thirc trong ddu ngodc déu chia hét cho . 1, ma x'Y ~ 1 chia
hét cho g(x).
6 6 23 ; 1 2 2
269. (x+y) +(x=y) =[(x+y)] +[(x-y)°] chiahétcho(x +y) +(x-y)",
tie 1a chia hét cho Z(xz + yz). do d6 chia hét cho x” + yz.
270. a) Chimg minh ring moi nghiém cua da thic chia déu 1a nghiém cua da
thirc bi chia.

2n+l

b) Da thirc bi chia bang (x>"*" + 1)%, chia hét cho (x + 1)%.

c)(x + I)J"+2 +(x - ”4m2 = |(x + 1)2]2"” + [(x - I)zlz’"l chia hét cho

(x + 1)2 + (x - 1)% nitc 1a chia hét cho 2(x2 + 1).

271. Vin van + 1 la hai s6 tu nhién lién tiép nén c6 mot s6 chin, mot s6 1é.
Da thire bi chia cé dang

2k+1

X - T - 1y = (x - D.AX)(x - 1).B(x)

= (x + 1)(x = D)2 A(X).B(x).

272. Truée hét, ta chimg minh x®™* + x"*2 4 | chia hét cho x* + x + 1. Giai
tuong tu nhu vi du 58.

7 ’
Pa thire xbm” - x‘""z + | chia hét cho x™ + x + 1 va chia hét cho x2 -x+1

(vi du 58), hai da thic nay khong c6 nhan tr chung bic nhit. Do do
xf’mﬂ + xﬁmz + 1 chia hét cho tich (Jlt2 + X + I)(x2 — x + 1), tire 1a chia hét

4
cho x +x2+ 1

273. Xétn =3k, n=3k + 1, n=3k + 2. Trong truong hop ddu, s6 du cua phép
chia bing 3. Trong hai trudmg hop sau, s6 du bing 0. Viy s6 cin tim n
khong chia hét cho 3.

274. Goi thuong khi chia da thitc Achox +y +z 14 Q, taco
x3+y3+23+kxyz=(x+y+z).Q
Ding thic trén diing vdi moi X, y, znénvéix =1, y=1,z=-21acé:
1+14(-2) +k(-2)=(1+1-2)Q=>-6-2k=0=k=-3.

185



Vi k=-31aco x’ +y +2 — 3xyz chia hét cho x + y + z (thuong bing
x2 +y2 + 22 — XY — YZ —2ZX).
Vay k = -3.

275. Gid sir a 1a nghiém nguyén cua f(x). V&i moi x, ta ¢6 f(x) = (x — a).Q(x)
trong d6 Q(x) la da thic c6 hé s6 nguyén, do do

f(0) = -a.Q(0), f(1)=(1-2a).Q(l)
Do f(0) 12 s6 1é nén a 12 s6 1é, do f(1) 12 s6 1¢é nén | — a 1a s6 1¢, mau thudn

v@i nhau.
- -~
PHAN HINH HOC
Chuong I - TU GIAC
§1. Tur giac
1. (h.49) Goi O la giao diém cia AC va BD. A
Ta co

oc? + oD? + 0B? + 0A? = BC? + AD?

=72 +4% =65

vai O0AZ +0B? = AB? = 8% = 64.

> 2 9 Hinh 49
Suy ra OC* + OD” =1 hay CD* = 1.
Vay CD = 1.

I B
2. (h.50) Ta tinh duoc C+ D =130°, do do A

A + B = 230°.
Ta lai ¢c6 A-B=50°. Tir d6 A = 140°,
o _ 0 D C
B = 90". Hinh 50
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a) Xem cich gidi tong quat ¢ cau b.

b) Gia sir E va F ¢6 vi tri nhu trén hinh 51, céc tia
phén gidc cua cic goc E va F cit nhau tai 1. Trude
hét ta ching minh ring BAD +C = 2EIF .

That vay, goi H va K la giao diém cua FI vaéi
AB va CD. Theo tinh chat géc ngo;u cua tam gidc
ta c6 BAD = H +a,C= K| - a nén

BAD + C = H; +K|
= (IE_IY=+ B+ (TE_I?— B) = 2EIF. Hinh 51

Do dé EIF = (BAD + C) : 2
Ban doc tu chimg minh.

(h.52) Cong timg vé : AB+ CD<AC+BDva AB+BD < AC+CD =

2AB<2AC = AB < AC.
B

A

D C
Hinh 52 Hinh 53
’ ) x2 + yz =36
(h.53) KeAH LOB.batBH =x, AH=y. Tacé:
(:It+4)2 +y2 = 64.

Tur dé6 ta tim dugc : x—3 y2=£§.
2 4
Do d6 : AD? = HD? + AH? =ll.52+-]i—5=166.

Vay AD = /166 .

Xét bon diém A, B, C, D. Néu bon diém d6 1a dinh cua mot uir gidc 16i thi
bai todn dugc ching minh xong. Néu bon diém d6 khong 1a dinh cia mot
ur gidc 16i thi tén tai mot diém (gia s D) ndm trong tam gidc c6 dinh 1a
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§2.

10.

188

ba diém con lai (h.54). Chia mat phang thanh
chin mién nhu hinh vé, diém tha nam E nim
bén trong mot mién (vi trong nam diém khong
c6 ba diém thing hang).

Néu E thuoce cdc mién 1, 4, 8, ta chon bon diém
12 E va A, D, B. Néu E thuoc cdc mién 2, 5, 7,
ta chon E va A, D, C. Néu E thudc cic mién 3,
6,9 tachon EvaB, D, C. Hinh 54

Hinh thang

Qua mot dinh cia ddy nho, ké dudng thing song song véi canh bén cia
hinh thang.

(h.55) Ké BH L CD. Ta tinh dugc CH =5 cm, CD = 16 cm.
T dé AC = 20 cm.

A 1 B A B
12 13 g =
1
al n 1
Hinh 55 Hinh 56

(h.56) Cdch 1. Goi K 1a giao diém cua AE va DC, AABE = AKCE (g.c.g)
= AE = EK. Vay AADK can, D) = D3.

-

Cadch 2. Goi F 1a trung diém ciia AD. Ta c6 EF // CD nén Ej = D.
Mait khic AAED vuéng nén

EF = FA=FD = E; = Dy. A B
Vay D) = Da. 2x
(h.57) Pat ADB = x. Ta tim dugc x = 36°.
Cic géc cha hinh thang can bang : 72°, " * G
C

0 ) 0
Ta s |08(, 108" . Hinh 57



CD

2

12. (h.58) Chimg minh EF // KI, EKI= FIK = 60°. Suy ra KF = El =

c A
D D
E M
K !
A M B B F _C

Hinh 58 Hinh 59

13. (h.59). Qua M vé MD // AB, vé ME // BC, vé MF // AC, duoc ba hinh
thang can, do d6 MA = DE, MB = EF, MC = DF, cic doan thing MA, MB,

MC la do dai cha cdc canh cia ADEF nén doan 1én nhit nho hon téng cua
hai doan kia.

Cich khde. AM cit BC ¢ K. Ta c6 MA < AK < AC = BC < MB + MC.
Tuong t, MB < MA + MC, MC < MA + MB.

14. a) (h.60a) L4y diém I trén dudmg trung tuyén AM sao cho I 1a trung diém
cua AG. Ke AA', BB, CC', IT', MM’ vudng goc vai d.

Dap 56’ : AA' = BB + CC.

[
L
.
B!
' i
B MA'G FE c
a) b)
Hinh 60

b) (h.60b) Goi BE la dudmg trung tuyén cia AABC, M la trung diém cia
BG. Vé AA', BB, CC', EE', GG', MM’ vuong géc vai d. Taco :

MM’ + EE' = 2GG’
= 2MM' + 2EE' = 4 GG’
= BB + GG' + AA"' + CC' =4 GG
= AA' + BB' + CC = 3GG'".
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15. (h.61) Goi K 1a giao diém cia AD, BF thi AABK déu. Truéc hét chimg minh
ring 16ng cdc khoang cich ur D, E, F dén AB bing ducmg cao KH = h cta

AKAB (h khong ddi). Do d6 khoang cich tir G dén AB bangg (theo bai 14).

K
B
A
D F
F 3
K
E
A Aa Al (=] D C
oy wi N o
Hinh 61 Hinh 62
16. (h.62) a) Goi K la trung diém ctiia AC.

Ta c6 EF < KF + KE, tir d6 2EF < AB + CD nén EFSM.
b) EF = w <> E, K, F thing hing < AB // CD.

17. (h.63) Goi M la trung diém cia AD, I va K 1a trung diém cia AC va BD.
Duong thing 1K cit AB,CD ¢ E, F.

AMIK can nén !?11 =1
Ta lai cé Ki =Ej (sole trong, AB // KM), I} =F (sole trong, IM // CD).
Viy El =Fi.

Hinh 63 Hinh 64

18. (h.64). Goi E, F 1a trung diém cta AC va BD ; I 1a trung diém ctia A'C. Ta
c6 EI // AA', do d6 AA' di qua trung diém M cia EF. Tuong tu, BB, CC',
DD’ ciing di qua M.
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19. (h.65) a) MH la duong trung binh ctia ACBD nén MH // BD. Do MH L EF
nén BD L EF. Ta lai ¢c6 BA L HD, D A
do d6 E la truc tam cua ABDH.
b) Goi G la giao diém cia DE va BH, K
Ia giao diém ctiia BH va AC.
ADHG = ACHK (canh huyén - géc nhon)
= HG = HK.
AHGE = AHKEF (g.c.g) = HE = HF. Hinh 65

20. (h.66) Goi O la tam cua duong tron, H 1a giao
diém cha OB va AC.

/C(\
Ta c6 BA = BC, OA = OC nén OB Ia duimg  ° £/, <
trung truc ctia AC, do d6 OB L AC va AH = HC.
OH la dudmg trung binh cia AACD.
A 0 D

DAt CD=xthi OH= > nén BH = 4 - -:- Hinh 66

Ta co

AB? - BH? = OA? - OH? (ciing bing AH?)

2 2
nen4-{4—-;—] = ls-[%] . Tirdé duge x = 7. Vay CD = 7.

§3. Dung hinh bing thuéc va compa

21. a) (h.67a) Trudc hét dung ABEC biét ba canh BC = 3cm, BE = CE = 2cm.
Sau d6 dung diém D va diém A.

A 1 B A & B
3 Cc
2
2m N
D 1 E 2 (] D b c a E
a) b)
Hinh 67

b) (h.67b) Trude hét dung ABDE, biét ba canh DE =a + b, BE =¢, BD =d.
Sau d6 dung diém A.
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22, (h.68) Trudc hét dung tam gidc AADE c6 A a B
DE = b - a, D = AED = «. Sau dé dung cic

diém C va B.
a
D b-a E C
Hinh 68
23. a) Cich dung duoc thé hién trén hinh 69a).
b) Cich dung duge thé hién trén hinh 69b).
A X
y D ;
X A D
a
a b
M P \ Y\ y
B b C B C c
a) b)
Hinh 69
24, (h.70) A
I. Phan tich. Gia sit da dung dugc AABC cé
B =P, C = a, BC - AB = d. Trén BC ldy diém D
sao cho BD = AB thi DC=BC-BD=BC - AB=d.
Ta c6 AABD can nén ADC=90° +2=90° +£ B D d ¢
2 2 ;
Hinh 70

(gbc nay dung duoc bing thude va compa).
— AADC xdc dinh ngay vi biét mot canh va hai géc ké véi né.

- Diém B thuoc tia d6i ciia tia DC. Mat khic do BA = BD nén B thudc
dudng trung truc cua AD.

2. Cach ding

- Dung AADC ¢6 D = 90° +.E-, DC=d,C=a.

— Dung dudng trung truc ciia AD, cit tia d6i ctia tia DC & B. N6i AB.

3. Chitng minh. B thudc dudng trung truc cia AD nén AB = BD. Do d6

BC - AB=BC - BD =DC=d.
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25.

26.

AABD can ma A’B“c:vu%% nén KB‘Q:%“-%. do d6 B =p. Con

-

C=a.
4. Bién ludn. Bai todn ¢6 mot nghiém hinh néu dung dugc AADC, tic la
néu 90° +%+u < 180° &> a < 90° -g.

(h.71) a) Trén AC lay dié'm D sao cho AD = AB A
thi DC = d, BDC = 90° + = . Dung ADBC, réi a
dung diém A, D
b) Tren AC Idy diém D sao cho AD = ABthi | _—" "\
DC = AC - AB =d. Tinh B a c

. . ~ /A\ R Hinh 71

DBC = ADB - C = [90" - -;-J -C

_B € 2 _B-C_a
2 2 2 2

Dung ABDC, réi dung diém A. Chi y ring c6 thé dung duge hai diém D
nhung chi chon D sao cho BDC > 90° .

(h.72)

a) Phdn tich, Trén tia d6i cia tia AC ldy diém D

-

sa0 cho AD = AB thi AABD can nén D = %

Dung ABDC, réi dung A.
Cach dung.

- Dung ny =

- Trén tia Dx lay DC =5,

- Dung dudng tron (C; a) cét tia Dy & B.

~ Dung dudmg trung truc ctia BD cit canh DC @ A.

Bién ludn. Goi h 1a khoang céch tir C dén Dy. Diéu kién dé bai todn co
nghiém hinh la h<a <s.

I-J|Q

Hinh 72
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28.

29,

31

194

. (h.73) Trén tia d6i coa tia AB 1dy D, trén tia d6i

b) Trén tia d6i cia tia AC 14y diém D sao cho AD = AB (h.72). Tinh

D C:&+%=ﬁ+[9o°-5-g)=9u“+§;—c=90°+%.

g6c nay dung duge bing thude va compa . Dung ABDC, réi dung diém A.

cua tia AC ldy E sao cho AD = AE = AB. Ta ¢6
EC =, DC = 2m, DEC = 90° - = Dung AEDC
roi dung A, sau dé dumg B.

V& MK vuéng goc vai BC thi MK = % Dung

ABMK, ré6i dung diém C, sau d6 dung diém A.

(h.74) Tam gidc vuong AHM dung dugc. Vé MK L AC thi MK =
Dung 1iép tam gidc vuong AMK.

Diéu ki¢n dé ¢6 nghi¢m hinh : = < m, h < m.

- 2
1 A
C E
K c
- C
B H M  C "

Hinh 74 Hinh 75
(h.75) Ly E trén AC sao cho CBE = C thi ABE = 2C, AEB = 2C. Do dé
AABE cin. Suyra EC=b - ¢, BE=b - c.

Dung AABE biét do dai ba canh ¢, ¢, b - c.
Sau d6 dung diém C.

(h.76) Goi K 1a trung diém cia CG. AGDK ¢6

A

cic canh bing % do6 dai cic duong trung tuyén

cua AABC. Dung AGDK, r6i dung F, C. Saudé g t D t C
dung B, A. Hinh 76



Diéu kién dé c6 nghiém hinh l1a [m - n| < p < m + n véi m, n, p la do dai ba
dudmg trung tuyén da cho.

32. (h.77) Trén tia OG ldy C sao cho OC = 30G. Qua C vé cic dudmg thing
song song vdi cdc canh cua goc.

A
)
B
C H
G K
—_— h, - S
0 A X B D C
Hinh 77 Hinh 78

33. (h.78) V& dudmg vuong goc vai BC tai B, cit AD ¢ K, cit AC o H. Ta cé
ABH = C,ADB = A; + C, BKD = A| + ABH nén ADB = BKD, do d6

ADB = 45°, ADC = 135°.

Dung AADC (c.g.c) roi dung B.

34. (h.79) Goi O la giao diém cdc dudmg trung
truc cia AABC thi G nam giita H va O, déng
thai HG = 2GO (ban doc tu chirng minh).

Do d6 biét vi tri H, G thi dung duge O. Sau do
ding OM L m. Trén tia MG lay MA = 3MG.
Dung (O; OA)citm B vaC.

Bai todn luon c¢6 mot nghiém hinh vi dudng
tron (O ; OA) luon ciat m.

35. (h.80) Goi M la trung diém cia AC. V& AH, A

MK L BC. AABH = ACMK (canh huyén - M
go6c nhon) nén BH = MK, AH = CK. Ta lai ¢6
MK=¥. Suy ra BH=—CTK-. Ma CK = HK

Hinh 79

1 Hinh 80
nén BH =§BC= lecm, AH = 2 cm. Dung

duoc AABH, réi dung C.
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36. (h.81) Dung tia phan gidc cua cdc goc B va C, ching cat nhau & I. Qua |
dung DE // BC.

A
A
D E
D E
B c B F c
Hinh 81 Hinh 82
37. (h.82) Qua E vé dudmg thing song song vdi AB cit BC ¢ F. Ching minh
ring AF 12 tia phin gidc cia géc A

Trude hét dung F, réi dumg E..

38. (h.83) O\
Phn tich - QuaC vé CH L AB, ciitb dD. AACB 2@ By ‘i'
can nén CAB = CBA, ma CAB = ABD. Do dé H ’,’
CBA = DBA, suy raOD = OC. \“-. — b
| . wy Do 6
F‘(I:)(-h ding : Dung duong tron (O ; OC) ciat b Hinh 83
aD.

Qua O dung dudng vuong goc véi CD cita, b o A, B.
Bién luan : Goi h 1a khoing cich tir O dén b. Tuy theo OC > h, OC = h.
OC < h ma bai toan c6 2, 1, 0 nghiém hinh.
39. (h.84) A
a) Phan tich : Qua A vé dudng vudng goc vai

BM, cit xy ¢ C. Ta chimg minh dugc BA = BC,
vi thé xdc dinh duge C, do d6 xdc dinh duge M.

b) Dung B’ sao cho xy la duong trung truc = ¢ M y
ctiia BB'. Pua vé ciu a). \

40. (h.85) Dé cho ba doan thing bing nhau A'B, Hinh 84 &
B'C, C'A ¢6 lién hé vai nhau, ta "dich” ching
dén M : V& dudng thing qua M song song véi A'B va dudng thing qua B
song song véi A'M, chiing cit nhau & H. V& dudmg thing qua M song song
vGi B'C va dudmg thing qua C song song vdi B'M, chiing cit nhau ¢ [. Vé
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42.

43.

[ V- ST, -
« DOI XUung truc

. (h.86)

dudng thing qua M song song véi C'A va
duong thing qua A song song vai C'M, chiing
cit nhau ¢ K.

Cic duomg thing AK, BH, CI cit nhau & D, E,
F. ADEF xic dinh duoc vi ¢é cdc canh theo thit
tr vudng goc vai AB o A, vai BC B, vai CA ¢
C. Con M la diém cich déu ba canh cua ADEF
nén la giao diém cia cic dudng phan gidc
(trong hodc ngoai) cua tam gidc. Bai todn ¢o
bon nghié¢m hinh.

Hinh 85

Bwis

a) AEBF can tai B, BD la tia phan gidc cia
goc B nén BD la duong trung truc cua EF.
Viy E va F d6i ximg vai nhau qua BD.

b) Ta tinh dwge BIC =120°, nén Tj = 60°,
suy ra I = 60°, I3 = 60°.

Viy IF la tia phan gidc cia goc BIC.

¢) AIDC = AIFC (g.c.g) = IF =D, CF = CD. Hinh 86

Do dé CI la duong trung true cua DF. Vay D va F déi ximg vai nhau qua CL
(h.87) Dung D' doi ximg vai D qua OE, dung E' d6i ximg vai E qua OD,
E'D' cit dudmg thing DO va EO g B va C.

Bién ludn : Néu DOE < 90° hoac D, O, E thang hang : khong cé nghiém
hinh ; néu ADOE can ¢ O va O = 120° thi E' tring D' : v0 s6 nghiém hinh ;
con lai : mot nghiém hinh.

A
B'
P
b

C - d
‘B
Hinh 87 Hinh 88
Dung B’ d6i ximg vdi B qua d. Giao diém cua AB' va d cho ta diém C (h.88).
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44,

45.

198

(h.89)

Phdan tich : Qua A ké dudng thing m // CD. K¢
dudng trung truc d cia CD, cit m ¢ M. Goi G
la trong tam cua AABC.

Ta dung doan thing CD, dudng thing m, diém :
M, diém G. -

Chi y ring AABC can (do D = 2ACD) nén p
GA = GC, do dé dung dugc diém A, réi diém B. Hinh 89
Ban doc tu néu cich dung.
Do GA = GC > GM nén duong tron (G ; GC) cit m. Bai toin luon co
nghidm hinh.
(h.90) Ta sé chimg minh ring AA", BB',
CC' la céc dudng trung truc cua ba
doan thing ¢6 cédc ddu 1a D, E, F thir wr
la cdc diém d6i xing véi M qua AB,
AC, BC.
Pé chimg minh AA’' 1a duomg trung truc
cua DE, ta c¢in chimg minh AD = AE
(cing bing AM) va A'AD = A'AE.
(Goi O la giao diém cic dudng phan
gidc cua AABC, dit

OAM = OAA' = «,

MAB = A'AC =

A M B m
1

=

|
b sl
H

thi  A'AD =2a+2p, °
A'AE = 2a + 2p).

(h.91) Dé chimg minh ACE = BCF,

ta gdp doi cic goc trén bing cich !
vé H d6i ximg vai E qua AC, vé K
d6i xing voi F qua BC. Cin phai
chimg minh HCE = FCK. Muén vy

1a sé chimg minh HCF = ECK bing
cich chimg minh AHCF = AECK.

Hai tam gidc nay dd c6 HC = EC, _
CF = CK. Cin chimg minh FH = KE. Hinh 91




Ta 1a0 ra mot doan thing trung gian : v& I déi ximg véi E qua AB. Lén lugt
ching minh :

AFAH = AFAI (c.g.c) suy ra FH = FI, AIBF = AEBK (c.g.c) suy ra FI = EK.
§5. Hinh binh hanh

47. (h.92) ADBC = AEBA (c.g.c) nén DC = EA, do d6 DF = EA. Tuong tu.
DE = FA.

A
E 4 2 "
N
I
E
Zaaa\\ [ VX
B C B K C
Hinh 92 Hinh 93

48. (h.93) Ké DM, IN song song vdi BC. Hay chimg minh AM = CE, MN = NE,
tir dé N la trung diém cua AC, I 1a trung diém cia AK.

49. (h.94) a) Goi E, F, G, H la trung diém cta AB, BC, CD, DA : I, K la trung
diém cua BD, AC.
Chimg minh ring EFGH, EIGK 1a hinh binh hanh, do d6 FH va IK déu di
qua trung diém cia EG.
b) Goi O la giao diém hai duomg chéo va M 1a trung diém cia IK. Néu EG,
FH cit nhau tai O thi theo cau a), M tring O, do dé I va K trung O. Tu
gidc ABCD ¢6 O la trung diém cua hai dudng chéo nén la hinh binh hanh.

B
A E
o F
H M
D G (o]
Hinh 94 Hinh 95

50. (h.95) IF va HN song song va bang nhau vi cung song song va bing mot
nira BG. Do dé IFNH 1 hinh binh hanh. Ta lai ¢6 K 14 trung diém cia FH
nén I, K, N thing hang va K 1a trung diém cta IN.
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51

52.

53.

54.

200

Chimg minh twong tu, M, I, K thing hang va |
la trung diém cia MK. Vay M, I, K, N thing
hing va MI = IK = KN,

(h.96) Goi N la giao diém cia ED va KC,
ANCD déu ma CK = DE (cung bang CF) nén A E D N
ANKE déu. V;ly EK // AB. Hinh 96

(h.97) V& hinh binh hanh ADKE. AADK = ABAC (c.g.c) (chi ¥ ring
ADK = BAC vi cling bii vdi géc DAE nén A| = B. Goi H 1a giao diém
ciua AM va BC.

Tacé B+ BAH = A; + BAH = 90° nén AH L BC.

A

1
H Cc
M

B %
D
E
K
Hinh 97 Hinh 98
(h.98) Trén tia d6i cua tia MB 14y MN = MB, BDNE 12 hinh binh hanh nén

EN L AB, EN = AB. Ta lai ¢c6 EC L AC, EC = AC. Tir d6 dé dang c6
AENC = AABC (c.g.c), NC = BC, NC L BC.

Do d6 ABCN vudng can, suy ra ABMC
vuong cin tai M. ,

Cach khae. (dung kién thirc cua §2). Vé
DD', AA', EE', MM’ vuong géc vGi BC réi

chimg minh ring M'B=M'C, MM’ = ¥

-

(h.99) Cdch 1. Qua C, vé dudmg thing song
song v6i BD, cit DE & K. Ta c6 BDKC 1a B
hinh binh hanh nén B, I, K thing hang. Hiy
chimg minh ring AGDB = AGEK (c.g.c) dé Hinh 99




55.

56.

57.

suy ra AGBK can ¢6 géc & dinh 120", Do d6 cic goc cia AGIB bing 90°,
600 30“
Cdch 2. V& H sao cho [ la trung diém ctia GH réi ching minh ring AGBH
12 tam gidc déu biang cich chimg minh

AHCB = AGAB (c.g.c).
(h.100) V& F sao cho K 1a trung diém cua DF thi
AF // DE, AF = DE. ADEC ¢6 E = C = 30° nén
DE = DC, suy ra AF = DC.

ABAF = ABCD (c.g.c) nén BF = BD, By = B)

Talgi ¢6 By + B3 = By + B3 = 60°, do d6 ADBF
déu, KBD = 30°. Hinh 100
(h.101) Goi O 1a giao diém cia DE vi MN, K¢ DD, 00, AH, NN', EE’
vuong goc vai BC. Ta sé chiing minh AH = NN'
Ta ¢6 OO' la dudng trung binh cua
AMNN' nén

NN'=2.00'. (n
Goi I 1a giao diém cia MD va AB, K la
giao diém ciia ME va AC, dé chimg minh

AH = Ml + MK. (2)
Vi OO' Ia duong trung binh cia hinh
thang DEE'D' nén DB M H O CN FE
DD' + EE' =2.00.  (3) eI
Ta cé6 EME' = 30° nén EE' = g = MK. Tuong tu, DD' = ML, suy ra
DD' + EE' = MI + MK. (4)
Tir (2), (3), (4) suy ra AH = 2.00". (5)

Tir (1) va (5) suy ra AH = NN'. Tir d6 chiing minh duoc AN // HN', uic la
AN // BC.

(h.102) V& hinh binh hanh ABMC thi AB = CM. Ta sé chimg minh ring
CM = CK. Truéc hét, ta chimg minh M, O, K thing hang. That vay,
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§6.

59.

202

ﬁl =%6| :%Cﬁ-l\_/‘l nén BO la tia

phén gidc cia géoc CBM. Tuong tu, CD
la tia phan gidic cua goc BCM. Do do
MO la tia phain gidce cua goc BMC. Suy
ra OM song song vdi tia phan gidc cua
goc A, viy K, O, M thing hang.

Tacé My = %BMC = %BAC =Ki

nén ACMK can. Suy ra
CK =CM = AB. Hinh 102

Padi xing tam

. (h.103) AB' song song va bing A'B (vi cung song song va bing OC) =

ABA'B' 1a hinh binh hanh = AA' ciit BB' tai trung diém ctia mdi doan. Ta
¢6 BCB'C' 1a hinh binh hanh = CC' cit BB’ tai trung diém ctia mdi doan.

Suy ra diéu phai chimg minh.

Hinh 103 Hinh 104
(h.104)

a) Cdch 1. Qua M dung duémg thing song song véi Ox, cit Oy & D. Dung B
doi ximg véi O qua D ; BM cit Ox ¢ A.

Cdch 2. Dung N déi xiing vai O qua M. Qua N dung NA // Oy, NB // Ox.

b) Qua M, v& dudng thang bat ki (khong tring véi AB). cat Ox, Oy thi e &
A', B'. Ta sé chimg minh ring Soap < Spa- That viy, cé duy nhat mot
dudmg thing qua M cét Ox, Oy & A, B sao cho M 12 trung diém ctiia AB nén



60.

61.

§7.
62.

MA', MB' khong bing nhau. Gia sir MA' > MB' ; trén tia MA' ta lay ME = MB'
thi Sy = SMAE < Smaa A

Chiing han cén dung AABC biét dinh
A. trong 1am G vi cic dudng thing
dy. d; sao cho B € d|, C € d;

(h.105). Truéc hét ta dung trung
diém M cia BC. Chi y ring B va C t f

T T C
doi ximg vai nhau qua M nén C la B M
giao diém cua d, va d'; (d'; la dudng dy

Hinh 105

thing doi ximg vai d; qua M).

Chéng han cin dung hinh binh hanh EFGH ¢6 tam O, E € AB, F € AD,
G € CD, H € BC (h.106). G la giao diém cua CD va dudng thing a d6i ximg
vGi AB qua O. H 1a giao diém cta BC va duong B

thing b déi ximg véi AD qua O. A E b
Bién luan ;

— Néu ABCD la hinh binh hanh thi bai toin c6 H
v0 sO nghiém hinh (khi O 14 tim cua hinh binh ~ F

hanh) hodc khong c6 nghiém hinh (khi O

khong 1a tam cua hinh binh hanh), D — 6 c

— Néu ABCD Ia hinh thang mi khong la hinh Hinh 106

binh hanh thi bai todn ¢6 vo s6 nghiém hinh

(khi O cdch déu hai ddy) hodc khong c6 nghi¢m hinh (khi khong ciach déu
hai ddy).

— Con lai : mét nghiém hinh.

Hinh chir nhat
(h.107) Goi O la giao diém cua AH va IK, N A
la giao diém coa AM va IK. Ta c¢é K

N_IKI-( = MCK, OKA =6Ki"< nén

MAK + OKA = MCK + OAK = 90°
dO d6 AM L IK. Hinh 107

203



63.

64.

65.

66.

67.

(h.108) Ké OK L AB. Hiy chimg minh ring A - K B
DH = HO = OK. X2
Xét AOKB vuong ¢6 OK = %os nén OBK = 30°, 0
o H
suy ra BAH = 60°, BAD =90°. Hinh binh p C
hanh ABCD la hinh chir nhat. Hinh 108

(h.109) I 14 giao diém cic dudng trung truc cia AABC nén IA = 1B = IC.
TalaicoIA=1EnénlA =IB=1IC = IE.

Hiy chiing minh AC L CE dé suy ra BH // CE. Tuong tu, CH // BE. Do d6
BHCE la hinh binh hianh.

A
A
I E
s
%y K c
Hinh 109 Hinh 110

(h.110) Ké EK L BC, EI L AH. AM = KM vi ching la cic duong trung
tuyén ing vai cing mot canh huyén cta hai tam gidce A 8
vuong. AH = KH vi cung biang EI V
AAHM = AKHM (c.c.c) nén AHM = KHM. Suy ra \(

HM la tia phan gidc cua géc AHC. \
(h.111) Cic tam giac OCD, OAB Ia tam gidc déu. Sir A =
dung tinh chat duong trung tuyén img véi canh huyén,

tinh chit duomg trung binh cia tam gidc, tinh chat A
canh bén hinh thang cin, ta chimg minh duge AEFG la
tam gidc déu. Hinh 111

(h.112) a) BIKC 12 hinh chir nhat nén O 1a trung diém cua IC va BK. Xét
AIMC vuong, tacé MO = %IC.



b) AMBK ¢6 MO = —IC = —BK nén BMK = 90".
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Hinh 112 Hinh 113
68. Xét AABC c6 BA =2, AC=b, AB=c (h.113)

a) Qua A ké dudng thing d song song véi BC. Goi D la diém d6i xing véi
B qua d. Ta ¢6 BD = 2h. Tam gidc DBC vuoéng tai B nén

BD” + BC* = CD’ < (b + ¢)°.
Do dé an’ +a’ < (b+0) (1)
b) Tir (1) suy ra 4h? S(b-t-c)2 -a? =(b+c+a)b+c-a)=4p(p - a).
Do dé h? < p(p — a).
¢) Cong timg vé cdc bit ding thic h® <p(p-a), m2 <p(p-b),
n? < plp - ¢).

69. (h.114) Dé thdy DBC = 90°. Goi M la trung
diém coa DF. Theo tinh chat duong trung
tuyén tmg véi canh huyén cia tam gidc
vuong, ta co

. . DF
EM = BM (cung bing e ). Hinh 114

Xét ur giac MEBF, ta ¢é

EBF = 135°, MEB + MFB = MBE + MBF = EBF = 135
nén EMF = 360° - 2.135° = 90°.
ADEF c6 dudng cao EM la dudng trung tuyén nén ED = EF.



70. (h.115) a) Dé thiy Dy =Dz =D3=30°, N M
Ci = 30°, B2 = 30°. <

ABMC c¢6 dudng cao la duong trung tuyén nén K =~
la tam gidc can, suy ra MBC =120°, do do6
Bi = 30°. , \

MK la duéng trung truc cua CD nén la truc d6i D ke c
xting ctia hinh chir nhat, do d6 AM = BM. Suy Hinn 1

ra Al = By = 30°.

T gidc AMBD c6 AM // BD (vi Aj = B2 =30°) va ADB = MBD = 60°
nén la hinh thang céan.
b) M thudc tia phan gidc cua goc NDE nén MN = ME.

ANME can c6 NME = 120° nén MNE = 30°. (1)
Ta lai c6 MNAK Ia hinh chir nhat nén MNK = A = 30°. (2)

Tir (1) va (2) suy ra N, K, E thing hang.
71. a) Ké ME L AD, MF L BC, MG L AB, MH L CD (h.116a).
MAZ + MC? = MB? + MD? vi ciing bing ME? + MG® + MF* + MH’.
b) Két qua khong thay déi. Ban doc ty chimg minh. Ching han nhu trén
hinh 116b, ta c6 MA? + MC? = MB’ + MD vi ciing bing
ME? + AE’ + MF + CF~.

P, M____F
| 1
1 i 1
1 1 1
L2 S
A G B :
i A G| .
' i
Efb-eeeea== - 1
N\ |5 ;
] 1]
| 1
D H C D H C
a b
) Hinh 116 )

72. (h.117) Goi M la giao diém cdc dudng trung truc cia DK va FH. Theo két
qua o bai 71 tacé
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MAZ + MD? = ME? + MB2, G

E ]
, —A/
MB’ + MH” = MK? + MC?, X
MC? + MG? = MF? + MAZ. 80 "
< ; . 1 = WM -
Cong timg v& ba dang thirc trén réi nit g s
gon, ta dugc - i \\\\
’ ~
MD’ + MH’ + MG’ = ME* + MK’ + MF~. I3
Do MD” = MK?, MH = MF nén
Hinh 117

2 2
MG = ME",
suy ra MG = ME, tic 1a dudng trung truc cia EG ciing di qua M.

§9. Hinh thoi
73. a) Hinh chir nhat ;
b) Hinh thoi.
74. (h.118)
a) MINK la hinh thoi.
b) Goi G, H theo thit ty 12 giao diém cia MN véi AC, AB. Ta ching minh
duge My = Gy, M2 = H r6i chimg minh MG // At va suy ra IK L At.

70°
D M C

Hinh 118 Hinh 119
75. (h.119) Goi N Ia trung diém cia AB, hiy chimg minh MN la duong trung
truc cia HB. Pdp s6 - HMC = 105°.
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76. Xét hai truomg hop :

a) (h. 120a) EF = %BD thi C=A =120°, B=D = 60°.

b) (h.120b) EF = %AC i C=A =150°, B=D = 30°.

A

a) b)
Hinh 120

77. (h.121) a) Trudc hét, ta chimg minh ring
dudmg thing OI tao véi AB va AD céc géc
bang nhau. That vay, goi Q la trung diém
cua BF, do BE = DF nén QI = QO.
Néu ABCD 12 hinh thoi thi I, O, A thing
hang. Tuong tyu, K, O, C thing hang. Do
dé nam diém A, I, O, K, C thing hang.
Néu ABCD khong la hinh thoi, ta co
AQIO can. Goi G, H la giao diém cua Ol
v6i AD, AB. Tacé O =1 nén G = H, do d6 HG song song vai tia phan
gidc Ax cua géc A. Tuong e, OK song song véi tia phan gidc Cy cua goc C.
Nhung Ax // Cy, do d6 1, O, K thing hang.
b) Trong truong hop ABCD la hinh thoi thi nim diém A, I, O, K, C
thing hang. B

78. (h.122) Gid sit OC = OA, OD > OB. Trén
doan thing OC ldy diém E, trén doan thing
OD ldy diém F sao cho OE = OA, OF = OB.
Tu giac ABEF la hinh binh hanh, chu vi
AOAB bing chu vi AOEF. 3

Theo dé bai, chu vi AOAB bing chu vi b
AOCD nén chu vi cic tam giic OEF va Hinh 122

Hinh 121
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79.

OCD bang nhau, tic 1a EF = EC + CD + DF. Diéu nay chi xdy ra khi C
trung E va D tring F. Vay ABCD Ia hinh binh hanh.

Sau d6 chimg minh ti€p ABCD la hinh thoi bing cich sir dung diéu kién
chu vi AOAB bing chu vi AOBC ¢ dé bai.

(h.123) a) Dé dang ching minh dugc ADIE déu
(DI =El = :I)-AM. DIE = 2DAE = 60°). Tuong

tu, ADIF déu. Vay DEIF la hinh thoi.

b) Goi O la giao diém ctia ID va EF. Cin chimg
minh M, O, H thing hiang. Goi N 1a trung diém
cua AH. Ching minh OH va MH cang song

song vai IN,

Hinh 123

§10. Hinh vuéng

80.

81.

Tir gidc EFGH c6 EF // GH, EF = GH (vi EF, GH cung song song va bang
AD) nén Ia hinh binh hanh (h.124a).

Ta ciing c6 EH // FG // BC, EH = FG = $

Diéu kién dé hinh binh hanh EFGH tr¢ thanh hinh vuong la : EF L EH va
EF = EH < AD L BC va AD = BC (h.124b).

E B
A
F
D G ¢
a) b)
Hinh 124 A 8

(h.125) a) Goi K la giao diém cia EM va BC. Taco [ er
AEMF = ABKM (g.c.g) nén MFE = KMB. AN
Goi H 1a giao diém ciia BM va EF. D¢ dang chimg E ‘\ oK
minh duoc BH L EF. H \
b) AADF = ABAE (c.g.c), tir d6 chimg minh duoc \
AF L BE. Tuong ty, CE L BF. Tacé BM, AF,CEla 5 F c
cic dudng cao cua ABEF nén ching déng quy. Hinh 125



82. (h.126) Vé diém I ndm trong hinh vuong sao cho AIAD can tai I ¢6 géc &

ddy bing 15°. Ta chimg minh duoc ADIE déu, AIAE = AIAD (c.g.c) nén
AE = AD. Tuong tv, BE = BC. Do d6 AE = BE = AB.

A

A B
D £

I
1
-
D c B €
Hinh 126 Hinh 127

83. (h.127) V& tam gidc déu BIC vao trong hinh vuong réi chimg minh ring
DE, AD, AE cing biing Al, do d6 AADE déu.

84. (h.128) Trén tia d6i cua tia DC ldy DK = BF, A B
AADK = AABF (c.gc) nén AK = AF, |
KAF = 90°. E

a) Chimg minh ménh dé "EAF = 45° thi chu
vi CEF bang nira chu vi hinh vuong” (tuong (mg

vai i "khi") : "
- K D £ c
EAF = 45° = EAK =45° Hinh 128

= AEAK = AEAF (c.g.c) = EK = EF.
Do d6 chu vi CEF = CE + CF + EF = CE + CF + EK = CE + CF + ED + DK
= CE + CF + ED + FB (bing nira chu vi hinh vuéng ABCD).
b) Chimg minh ménh dé "chu vi CEF bing nira chu vi hinh vuong thi
EAF = 45°" (tuong tmg véi tir "chi khi") :
CE + CF + EF=CB + CD = EF = ED + BF = EF = ED + DK = EK,

AEAK = AEAF (c.c.c) = EAK = EAF => EAF = 45°.
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85. (h.129) Trén tia d6i cua tia BA 14y diém K sao cho BK = DN = n. Hiy
chimg minh AMCK cén tai M. Trd6 CM =m + n.

Hinh 129

Hinh 130
86. (h.130). Goi E, F, G, H thit tv 1a trung diém cia AA', BB', CC, DD". Goi I,

K 12 trung diém cia BC', CD'. Hay chimg minh AFIG = AGKH (c.g.c) dé
suy ra GF = GH, GF L GH.

87. (h.131) Goi K 1a giao diém cia AH va CD thi BFKC la hinh chit nhat. Giai
twong tu nhu bai 67. Ddp s6' - CHF = 90°.

A . P B
i i K
EH
8 A
D K Cc E
Hinh 131

Hinh 132

88. (h.132) Vé MH L BI, MH cit ABG E. Taco

ME = 2MH < 2MI.
Ta s& chimg minh ring BI = ME.
That vy, vé MK L AB, AMKE = ABAI (g.c.g) nén ME = BL
Tir (1) va (2) suy ra Bl < 2ML.

(D

(2)

89. (h.133) Xét AABC ¢6 D, E, F la trung diém cua cédc canh BC, AC, AB va
A', B, C' 1a tAm cdc hinh vuong dung trén ba canh ay.



a) Trude hét chimg minh AA'DF = AFEB' (c.g.c), tir d6 chimg minh dugc
FA'=FB va FA' L FB'.

b) A AFA'= A CFB' (c.g.c).

Tir d6 chimg minh duge BC' = AA" va B'C' L AA".

Hinh 133 Hinh 134

90. (h.134)

91.

9

™~

a) Cach 1. Theo bai 89a cic tam gidic KMN, IMN vuong can nén KMIN la
hinh vuong.

Cach 2. AAEC = AABG (c.g.c), tirdo EC = BG va EC L BG, do d6 MK = KN
va MK L KN. Tir gidc KMIN 14 hinh binh hanh ¢6 MK = KN va MK L KN
nén la hinh vuong.

b) Goi P 1a diém d6i ximg vdi A qua I thi AEPG la hinh binh hanh. Lin
lugt chimg minh PA = BC, PA L BC. Tir
d6 suy ra I chuyén dong trén dudng thing
song song vdi BC! cich BC mot khoang
bing h + %BC

(h.135) a) Goi K Ia trung diém cia AC.
Theo bai 89a, ta cé

KE = KF, KE L KF, KH=KG, KH L KG.
AFKH = AEKG (c.g.c).
Tir do suy ra du("c FH = EG, FH L EG. Hinh 135




92.

93

-

94

b) Goi M, N thit tu 1 trung diém ciia HF, EG thi KM, KN 1a cdc dudng
trung tuyén tuong img cua hai tam gidc trén, do d6 KM = KN, KM L KN,
Vay AMKN vu6ng can tai K.

Goi I 1a trung diém cua BD, chimg minh twong ty, AIMN vuéng can tai I,
Do d6 IMKN la hinh vuong.

(h.136) Pldin tich. Qua G, vé GI L EF, ciat CD ¢ K.
Ta ¢c6 AGG'K = AFFE nén GK = EF. Ta dung duoc
HK la dudmg thing chita canh hinh vuong.

Bién ludn. Qua G, c6 thé vé GI L EF, hoac
Gl L EH, hoac GI L HF. V& méi cich trong ba
cich trén, ¢6 hai cich chon diém K (ching han
trén dudng thing GI L EF, ¢6 hai dié¢m K va K' sao
cho GK = GK' = EF).

Do dé bai todn ¢6 3 x 2 = 6 (nghi¢m hinh). Riéng truomg hop mot trong hai
diém K hoic K' tring vai diém thi e, bai todn ¢6 vo s6 nghi¢m hinh.

a) (h.137) Dung E' d6i ximg vai E qua O, dung F' d6i ximg vai F qua O, ta
xdc dinh duoe cdc dudmg thing AB va CD.

A

Hinh 136

A E F B A E B
“ ] T
\ "n :l
\ I -==F
o [ Ft === Y () "
1‘ ‘\ f’O
l' \\ "
D F E C D E C
Hinh 137 Hmh 138

b) (h.138) Dung E' d6i ximg vdi E qua O, dung F‘ doi xung voi F qua O.
Dua vé bai todn dung hinh vuong biét bon diém thuoc bon dudmg thing
chira canh hinh vuong (bai 92).

(h.139) C do6i ximg vai A qua d, ma A thudc a
nén C thudc dudmg thing a' doi ximg véi a qua d.
Mat khic C thuoc b.

Bién ludn :

—~ Néu d cit cac dudng phan gidc cia cdc goc
tao bdi hai dudong thing a va b, hodac dudmg -
thing song song cich déu a va b : mot nghi¢my




— Néu d song song (hodc trung) véi mot dudng phan gidc cla cdc goc tao
bai hai dudng thing a va b hodc duding thing song song cich déu a va b :
khong cé nghiém hinh (hoac vo s6 nghiém hinh).

Chuong II - PA GIAC. DIEN TICH CUA PA GIAC

§11. Pa giac
95. Goi s0 canh cia da gidc 1a n.

=2n Tatimduocn=7,

b) Tacé (n - 2).2v =4v. Ta tim duogc n = 4,
¢) Gidi twong wevidu 17. Ddp 56’ :n= 17,

96. (h.140) V& thém F 1 trung diém cia CE. Chi § ring MNFQ 1a hinh binh
hanh nén ba diém M, I, F thing hang.

F E
Hinh 140 Hinh 141

97. VE cdc tia phan gidc cia cdc géc B, D, F, ching cdt nhau tao thainh AGHI
nhu hinh 141. Chimg minh ring AGHI déu.

98. Téng cdc goc trong cua luc gidc bing (6 - 2).180° = 720°,
DatR-ﬁ=ﬁ—é=é-ﬁ=ﬁ—é=§.—f==u. taco
A+B+C+D+E+F=720° ‘
A+ (A-)+(A-20)+(A-3a)+ (A - 4a) + (A - 5a) = 720°
= 6A - 15a = 720° = 2A = Su + 240°.
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Do A lasé tu nhién va chia hét cho 5 nén A < 175°.

V6i A =175° thi « = 22°. Gid tri 16n nhét cia A 1a 175°.

99. (h.142) Qua M vé cic dudng thing song song vdi céc A
canh cua AABC, ching chia méi canh thanh ba doan .. --"“y
thing x, y, z nhu hinh vé. Ta ¢6 : "z' & B\
3 3 =z
MA' + MB' + MC = "‘_)/_ +5’{+"’/§ -
. B ! A: C
3 -—X—
N AN Hinh 142
(x+y+.t)". (1) nh

AB'+BC‘+CA'=(2+%)+(x+-§)+(y+5_;) =-_’3-(x+y+z). (2)

Tir (1) va (2) suy ra ti s6 phai tim bing ij- .

100. (h.143) a) AADM = ABEN (c.g.c) nén
Al = By. Goi O la giao diém cua AD va
BE, K la giao diém cia AM va BE. Ta c6
BIK = AOK = 60°. Vay AIB = 60°.

b) Vé¢ OG L AM, OH L BN. Ta c6
AOGA = AOHB (canh huyén - géc nhon)
nén OG = OH, suy ra IO la tia phan gidc
cua goc AIN. (1

Vé EE' L BN. DD L AM. DD| 1 BN. Ta ’ Hinh 143
¢6 EE' = DD' (bang hai lin cdc doan
thing bing nhau OH, OG), ma EE' = DD; nén DD, = DD', suy ra ID la tia

phan gidc cua goc MIN. (2)
Tir (1) va (2) suy ra OID = 90°. A

101. (h.144) Trude hét, xét wr gidge ABCD, ta ¢6 B=C, B E
AB = CD nén ABCD la hinh thang can (ban doc tur
chimng nlinh); suy ra BAD = CDA. do d6 BAE = CDE 3 ks
(iricla A=D). Hinh 144




Chung minh tuong ty doi vai wr gidac ABCE, ta duoc C=E Vay
A=B=C=D=E

102. Goi ABCDEFGHI la da gidc déu 9 canh, AE la C
dudmg chéo 16n nhit, BD 12 dudng chéo nhé nhat, 8 D
ABDE la hinh lhang can (h. 145) Vé BH L AE,

DK LAE, ABC = 140° nén ABH = 30° Ta cé
AH = ATB nén AE - BD = AB.

-

- )
103. a) Gidi diéu kien ; 360 (2= 2150
, _ " Hinh 145
Ddap 56 :nbang 6. 4, 3.
b) C6. ching han ngii gidc 12 nira cha luc gidc déu
(xem h.146).
=P
¢y L= ENI0 ok ternliitn
n
300 .. . a ‘
= 180 - = la s6 tu nhién = 360 : n. Hinh 146

Phan tich 360 ra thita s6 nguyén 6 : 360 = 2°.3°.5.

S6 360 c6 24 udc tu nhién. Do n 2 3 nén ta loai cic s6 1 va 2, con lai 22
udc. Vay cau tra loi B la ding.

-~

§12. Dién tich cua da giac
104. (h.147) EFGH la hinh vuong c6 duong chéo bing a — b, dién tich bing

1 b, C
E(a — h) g
A B H
E A 8
1
H-1--<F  |b K
I
D a C D
Hinh 147 Hinh 148

105. (h.148) DHCK la hinh vuong c6 canh béng %(a +b), dién tich bing

%(a +b)2.



106. Taco(b+c+a)b+c—-a)= (b+c)‘3 -a2 =b? +2bc + ¢ -a? = 2be.
Mat khic S = %bc nén 4S8 = 2bc.

Viyd4S=(b+c+a)b+c-a).

107. (h.149) Goi H, M, N theo thir tr 1a hinh chiéu cua
[ trén BC, AB, AC. Pat IH = IM = IN = x. Ta c6 M
AM=AN=x,BM=BH =m, CN = CH = n. Dat Y1

SABC =Stachd: =5 - .
2S=AB. AC=(x+m)(x +n) Hinh 149

= x2 4 xm + xn +mn (1)
Theo dinh Ii Py-ta-go :
(x +m:l2 +(x + n)2 =(m + n)2

) ) 5 2
=>2x°+2xm+2xn+m"+n‘=m2+2mn+n"

= X 4+ Xm + Xn = mn. (2)

Tir (1) va (2) suy ra 2S5 = 2mn nén S = mn.

108. Vé MM, BB, CC’ vuong géc véi OA. Xét hai trudng hop :
1) B vi C nim khdc phia d6i vdi OA.

BB OC"

—_— ]
=

a) Néu BB' 2 CC' (h.150) thi MM' = én

MM' OA = %BB'.OA -%CC'.OA

Do dé 2Spam = Soas ~ Soac-

Hinh 150 Hinh 151
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2) B va C nam cung phia d6i vgi OA (h.151).

Taco MM’ = 222 CC 1en MM 0A = 1BB".0A + 2CC".0A.

Do d6 2Spanm = Spas + Soac
109. (h.152)

a) AA'OB' va AABC c¢6 hai cap canh bang nhau, cap goc xen giira bii nhau
nén dién tich bing nhau (dé chimg minh). Diém O nim bén trong ADEF
nén nam bén trong AA'B'C". Vay S, g = 3Sanc-

b) O la trong tam cia AA'B'C.

B D M Cc
Hinh 152 Hinh 153

1
110. (h.153) Spgc = Spem + Seme = Saem + Seme = Same = 5SaBc-

Vay cu tra 1oi B 1a ding.
I11. Goi tam gidc tao thanh 1a MNK nhu hinh 154,
Dat SAKD = a thi

Sakp =38, Sakc =285k =62 (1)

(Vi Spec = 2SAgRs SkEc = 2SkER)-

Suyra  Spcp = 7a, Sape = 2la. (2)

—

{inh 154

Tir (1) va (2) suy ra

6 2
SakC = .,—lsfmc = ;SARC-



Tu.'ong o, SBMA = SCT\B =—=S ABC *

'-J[I-J

. 6 |
Dodé  Sykc +Spma + Scng= ;S,\Bc = SMNK = ;SAB(‘-

112, (h.155) Goi H, I, K thir tu 1a giao diém ciua AE
va BF, BF va CD, CD va AE.

Goi Sakp =2 (H

cao ke v C gap don dudng cao ke i B) = 43 {2)
Tir (1) va (2) suy ra
Sakc = =Sacp = =S. 3)
! - il ]

Bing phuong phip tuong tr nhu trén, ta tinh Sgya va Sy

Goi SBHE =b thi SBHC =3bh, SBHA - BSBHC =9b (chung dfl)’ BH,
duong cao ké tir A gdp ba duong cao ké tir C).
3

Sl.ly ra SBHA - ESABF IOS- (.4)

GDI SCIF = ¢ thi SCU\ =4c, S(‘IB - SCIA = 4c (Chlll"lg ddy CI, dlfﬁ'l'lg cao
ké tir B bing duong cao ké tir A).
Sl.ly ra SC]B = iSH(_'F = -l-S. (5)
S 5
Tir (3), (4), (5) suy ra
3

Sakc *+ SpHa +Scig = gs gt 55— ES

Do dé S —S——S--—-S
e HIK 10010

A
113. (h.156) Goi K 1a trung diém cuia AC. 2,5 K
Ta chirng minh dugec AAMK thoa man . 2 25
dinh ly Py-ta-go dido nén \ '
P— B M Cc
AMK = 90°. Hinh 156



Ta tinh duge Spyg = 1.5 em?.

Tir dé Spype = 6 cm?.
114, (h.157)
Goi G la trong tam cia AABC cé dudng

; E
trung tuyén AD = 36 cm. Vé K Ia trung F
diém cioa GC. Chu y ring ADGK vuong
tai D. ‘ :
B D Cc
Dap 56 Sape = 360 cm?. Hinh 157

115. a) (h.158) Vé AH L BC. Ta tinh dugec BC=25cm, AH=12¢cm,. BH =9 cm.
Vay BD = I8 cm.

>

A

15 20

Ih------

I
i
I
n
B H D C B D
Hinh 158 Hinh 159
b) (h.159) Ddp sé' : AD= 13 cm.

116. Tam gidc can c6 ddy bang 8000 cm, dudng cao N K
img vai ddy bang %cm (h.160). Dién tich tam

O

_ B
gide bang : Hinh 160

.8000 = 2000 (cm°),

19 | —
ta | —

cic duong cao déu nho hon | cm.
117. Ta chimg minh duoc 2S < ab, 2S < ac, 25 < be nén
6S < ab + be + ca. (n

Ta ciing chitng minh dugc
ab+bc+cas<a’ +b®+c’. (2)

Tir (1) va(2) suyra6S < aZ +b? +¢2.
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118, (h.161) Xét hinh thang can ABCD ¢6 AB // CD, AC L BD. Qua B vé
dudng thing song song véi AC, cit DC ¢ K. Chimg minh ring ABDK
vuong can. Ddp 56 : h’.

A B
k N
D H C K D Cc K
. Hinh 161 Hinh 162
119. (h.162) Xét hinh thang ABCD ¢6 AB // CD, BD = 9 m, AC = 12 m,
AB + CD = 15 m. Qua B v& dudng thing song song vdi AC, cit DC d K.

Chimg minh ring ABDK vuong tai B. Ddp s6': 54 m”.
120. (h.163) Trude hét chimg minh rang S,op = Spoc. Do do

%OE .h= %OG . h (h l1a chiéu cao hinh thang) suy ra OE = OG.
A ) B A B
o] M
D Cc D Cc

Hinh 163 Hinh 164
121. (h.164). Goi I 1a trung diém cua AC.

Taco MI =%DC=AB.

| 1 |
Sask = 75aBm = 55am1 = gSanc

2 12
Talaico S =—=S Suyra$§ =—.=S=—8
{ ADC 3 Yy ABK 8 3 12 A B
122. (h.165) Goi Szop = Spoc = m. &
(o]
Ta Cé OA . OC = SA()B : SC()B = 112 . m, b2
2 D C
OA:0C=S,0p :Scop =m:b". Hinh 165
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Suy ra 2 - % nén m?® = a’b?, do d6 m = ab.
m b
Vay Sapep = a’ +b%> +2m =2a% +b> +2ab = (a+b)>.
123. (h.166)

a) AMCI 12 hinh binh hanh nén Al // MC. Tuong tv, KB // DN. Vay EFGH
la hinh binh hanh.

b) Pat HI = a, ta tinh dugc CG = 2a, EG = 2a, EH = 2a, AE = 2a nén
9

EH = = AL
5

N A o ] <
SABCD N€N SgpGH = gbABCD.

19| —

Saicm M Sppem =

w9

Ta co SEFGH =

Hinh 166 Hinh 167
124. (h.167) K¢ ME // NF // BD.
Hiy chimg minh BENF la hinh thang c6 hai dudng chéo bing nhau dé suy
a’\3
2

125. (h.168) Chi y ring AACD vuong tai C. Ddp sd': 36 em’.

ra ACFN déu, do dé A CBD déu. Ddap s6':

Cc 12 D
Hinh 168 Hinh 169

126. Goi E, F, G, H la trung diém cuta cdc canh cia ur gidic ABCD (h.169).
Trude hét chimg minh

(B
5]
2



Saop * Spoc = SgrGH- (M
sau dé chimg minh SEFGH = ‘;‘SABCD- 2)
Chimg minh (1) nhu sau : V& AA', BB', FF' vuong géc vai EG, chi ¥ ring
OE = 0G = 2 EG, ta c6

AA' BB' EG AA'+ BB’
s()AF. o & S(JBG — 0E—2— + OGT = T—z
EG .,
= T FF = SEFG' (3)
Tuong tw, SopE *+ SocG = SENG: )

Tir (3) va (4) suy ra (1). Chirmg minh (2) danh cho ban doc.
Clui y : Téng quit hon, xem bai 156a.
127. C6 ba ddp s6 : 360 cm’, 225 cm?, 200 cm”’.

128. (h.170) . . B
: . | A
a) Goi h la chiéu cao tng véi canh a,tac6 S = ;-ah b
- d
nén 4S=2ah<2ab<a’ +b’,
Vay S<(a’ +b%): 4. D c C
Hinh 170

Xay ra ddu bing <> h =b, a = b, AABC vuong can.
b) Theo cdu a) Sppe < (a2 +b%): 4, Sype < (¢? +d?): 4. Do dé
S<(a+b2+c? +d%):4.

Xay ra ddu bing <> AABC vuong can tai B, AACD vuong can tai D <
ABCD Ia hinh vuéng.

129. (h.170)
a) Ta ¢c6 2S,pc < ab, 2Sppc <cd nén 28 < ab + cd (xdy ra ddu bing
¢ B =D =90°). Tuong tu, 25 < be + ad (xdy ra diu bang <> A = C = 90°).
Suy ra 4S<ab+cd+bc+ad=(a+c)(b+d). (N
Xidy ra ddu bing <> ABCD la hinh chir nhat.

2
J
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b) Ta s& chimg minh ring
(a+b+c+d)’ >4 +c)b+d). (2)

Thatviy, data+c=x.b+d=y, (2) & (x +y) 2 4xy & (x - y)* 2 0.
Tir (1) va (2) suy ra d.p.c.m. Xay ra ddu bing <> ABCD li hinh chir nhat va
a+c=b+d< ABCD li hinh vuong.

130. a) Trudmg hop a va b 1 hai canh ké (xem bai 129a).
b) Truémg hop a va b 1a hai canh d6i (h.171) : V& C'
doi xung vai C qua dudmg trung true cua BD ;

SABCD = SABCD-

— o - N -
Theo cau a) : SABC'D S 5 (ab + cd).

Xiy ra ddiu bing <> ABC' = ADC' = 90", Hinh 171

Chii y : Diéu kién xay ra ddu bing & cdu a) c6 thé dién dat : ABCD la ur
gidc noi tiep trong dudmg tron c6 dudimg kinh AC,
Didu ki¢n xdy ra diiu bang & cdu b) ¢6 thé dién dat : ABC'D la ur gidc noi
tiép trong duong tron c6 dudmg kinh AC' <> ABCD Ia i gide noi tiép trong
dudmg tron ¢6 dudmg kinh AC (ACC'= 90°) <> ABCD la i gidc noi tiép
c6 AC L BD.

131. (h.172) Dé !hﬁy SABCI) = ESBEDF‘

a2

Ta céin chimg minh Spppp < i

dung Sgeg lam trung gian : V& BB', DD' vuong
goc vai EF, dé thiy BB' > DD' nén

SBEDF < 2SBEF‘ (N Hinh 172
-
Mt khic, djt BE = x, BF =y th! 2Sggp < Xy, mdxy S === =~ nén
a2
25pgp S (2)

2 2
Tir (1) vA (2) suy ra Spepp < "‘T. do d6 Sapcp < 5‘;
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132. (h.173) VE EK // AD. Tacé :

1 |
SerkH = 5 (SgBcK + SEaDK) = 5SABCD

R 1
M SgrGH = 5SABCD SUY 1A SgrkH = SEFGH -
do do SFKH = SFGH nén HF // KG.

133. (h.174). Goi F 1a trung diém cua DC thi EF // AD
nén BN = NE. Goi I la trung diém cia GE thi
NI // MG nén AM = MN. Ta ¢é

M
SamG = %SANG - %SANE M 1 \
S B D F C

5 5 5 Hinh 174
nén  SyNgG = ESANE = ]_-,SAB!{ = ';_ISAB("

134. (h.175) Goi F la trung diém cia GC.

Ta c6 KG // DF, BG = %BF nén chaing minh dx

4 2
KG = —DF = —AG
5 )
Df_ﬂ SIKG =a (n \
B E G F C
. 5 5 5 _
thi SA‘G = :"a % SB]G = ‘:’—il. S“iG = ‘Ia. (2) Hinh 175

Tir (1), (2) suy ra

5 ¢
S =—a+a=-—a (3)
EIKG 4 4
: 5 7
Talai c6 Spgg=-a+a=—a nén
7.3 35 35a 3 105
= e —_— I — = — = —. 4
SinG = ko =Trl, Sgge =T ek 4
9 105 6
Tir (3), (4 S ' S e e S o
(3), (4) suy ra SgikG : SABC 2 8 35

19
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135. Goi M. N la trung diém cic duong chéo BD, AC cua tr .
giic ABCD, E la giao diém cua AD, BC (h.176). Ta co

Semn = Sepc — Semp — Senc — Spme — Smne
1 . | 1 5

= Sgpc —5Sesp ~ 55eac ~ 55pBC ~ 5 SAMC x vy
|
= 5(Sgpc ~Sgnp ~ Spee) * '
l S S -8 )
*+ 3 0epc ~Seac ~Samc) g ¢
1 Hinh 176

1
=0+ =(Sapm + Scom) = T Sancn-

2 M=

Chii ¥ : Néu uf gidgc ABCD ¢6 F la giao diém cha AB va CD thi tir bai todn
I . .
trén ta cing ¢é Spyn = —SM,”,. Suy ra E va F cich déu duomg thang MN.

Do d6 duémg thing MN di qua trung di¢m cua EF. Duimg lhz'mg diqua M, N
va trung diém cua EF goi la dwong thing Gan-xo.

136. Liy BD = ZBA CE-—CA AF:—AD

137. Cdch 1 (h.177) Néu D 1a trung diém ciia BC thi DA 13 duong thing phai
dung. Néu D khong la trung diém cua BC, qua trung diém M cia BC ké
dudmg thing song song vdi DA cat canh cia tam gidc ¢ E, DE la duong
thing phai dung.

X

LAY

1
I
]
I
I
[}
'
]
I

B8 M D C B D c
Hinh 177 Hinh 178
Cach 2. (h.178) Gia st DB = DC.

Qua C vé duong thing song song vGi DA, cit BA ¢ K. Nhu vay, AABC
duoc bién d6i thanh ADBK cung dién tich. Dé chia ADBK thanh hai phén
c6 dién tich bang nhau, chi cdn dung dudong trung tuyén DE cua no.

2
[
=)



138. (h.179) Qua trung diém K cia BD, vé duong thing song song véi AC, cit
DC & E, AE 1a doan thing phii dung.
B

B D E C
Hinh 179 Hinh 180

139. (h.180) Dung D, E trén BC saocho BD : DE: EC=1:2:3. Qua D v¢
dudng thing song song vdi AB. qua E vé dudmg thing song song véi AC,
chiing cit nhau tai diém O phai dung.

140. (h.181) Goi E, H la trung diém cia AB, AD, ta c6

|
SOHAE = :SABCD- (n

Goi M la trung diém ctia AC, ta ciing ¢6

|
SMHAE = ZSABCD° (2

Tir (1) va (2) suy ra

Hinh 181

SOHAE = SMHAE Mén Soug = SMmuE-
Do do OM // HE, OM // BD. (3)

Tuong tu, goi N la trung diém cua BD thi ON // AC (4). Hai diéu kién (3)
va (4) xdc dinh diém O.

TIM TAP HOP PIEM

141. (h.182) Céc diém I nim trén dudmg tron co
dudmg kinh BM, trir diém B (M la trung diém H
cua BC).

Hinh 182



142. (h.183) AOCM = AOBM (c.c.c) nén M thudc tia phan gidc Om cua goc xOy.
Gioi han : Khi B tring A thi M tring Q (Q Ia giao diém ctia Om va d). Khi
B tién dén O thi D tién dén Q, M tién dén P (P Ia trung diém cua 0Q). M
nam trén doan thing PQ thudc tia phan gidc Om, trir diém P.

E X
M
. TR I
E
A 8
L4 |
I” :
s |
s !
D C H K
Hinh 183 Hinh 184

143. (h.184) Vé MN L DA : vé MH L DC. Ta ¢6 2MN = AF, 2MH =FK + DE
nén MN = MH.

Cic diém M nam trén tia Bx, tia d6i cia tia BD.

144. (h.185) V& AH L Ox, AK L Oy. Ta c6 BAC = HAK (ciing bit véi xOy)
nén KAC = HAB. Do d6 AKAC = AHAB, suy ra AK = AH. Do dé A
thuéc tia phan gidc cia goc xOy.

Gion han @ Khi C tring O hodc B triing O thi A tring P (OP = a). Khi AB L Ox
(lic d6 AC L Oy) thiA tring Q (Q cich Ox va Oy mot khoang bang a).

Hinh 185 Hinh 186
145. (h.186) Chi y ring AKMI la hinh chir nhat. Cic diém O nim trén dudmg
trung binh PQ cia AABC (PQ // BC).

146. a) (h.187a) I cich AB mot khoing khong déi. I nim trén duong trung
binh PQ ctia A KAB, trir P va Q (KAB la tam gidc déu).
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a) b)
Hinh 157
b) (h.187b) Cic dudmg thing AC va BD ¢6 dinh. I nim trén doan thing PQ
céch déu hai dudmg thing dé, trir P va Q.
147. a) (h.188a) I ndm trén duong trung binh PQ cua AKAB vuong can, trir P
va Q (PQ // AB).

D C
/“Q
D C ®) e
l’ I
5 P
(0) “\‘\E F P 'B
A NG AT
\ -
P2 /.« G
A M B P E F
a) b)
Hinh 188

b) (h.188b) I nim trén doan thing PQ song song
cidch déu AC va BE, trir P va Q.

148. (h.189) a) Vé AAOD déu (D ndm trong goc
xQy) thi D la diém c6 dinh thuoc tap hop diém
phai tim. Hay ching minh CD L AD.

Cédc diém C ndm trén tia Dm L AD tai D va
thudc mién trong goc xOy. Hinh 189
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149,

b) Goi M la trung diém cia AD thi M la diém ¢6 dinh. Céc diém H ndm
trén tia Mn // Dm.

¢) Ta sé chimg minh ring KOx =30". Goi N la trung diém cia AB thi
NK = NA = NB = NO, ciic tam giic BNO, KNO, KNA can. Goi Nt la tia

d6i cua tia NO, ta c6 KOx = Bﬁ—l@:%(lﬁ— KNt)=

—

BNK = 30°.

19| —

Cic diém K ndm trén tia ED (E 14 trung diém cia OD).
(h.190). Goi K 1a trung diém cia CM. Vg KI,

MH L Ox thi OI = IH. Ta lai ¢6 KA = KB m
M : K "
(cing bang —) = A =1B= I latrung |y
X
I B H

diém cua AB va la diém co dinh. Dodo Hla C

diém c6 dinh (OH = 20I).

Cic diém M nim tréntia Hm LOxwaiHva o A

thuoe mién trong goc xOy. trir diém H. Hinh 190

150. a) (h.191). Goi MH, MK thif ty la khoang cdch tir M dén Ox, Oy. D¢ lam

xudt hién téng MH + MK, trén tia d6i cta tia MH 1y N sao cho MN = MK
thi HN = HM + MN =MH + MK = h,

Qua N v& dudng thing song song véi Ox, cit Oy & B. Nhu viy, BN la
duong thang ¢6 dinh. M cich déu hai canh cia goc OBN ¢6 dinh nén M
thudc tia phan gidc coa géc dé (gioi han : M nam trén doan thing BC).

Hinh 191 Hinh 192

b) (h.192). Vé MH L Ox, MK L Oy. Xét MH > MK. Trén MH lay N sao
cho MN = MK thi NH = h. Qua N vé duéng thing song song véi Ox, cit
Oy @ B. Ta c6 dudmg thing BN ¢6 dinh. M thudc tia Bm, tia phan gidc cua
g6c NBy.

Tuong tr, véi MK > MH, M thudc tia Cn (cédc tia Bm, Cn vuong géc véi BC).



151. (h.193) Qua M ké dudng thing song song véi BC, cat AB va AC ¢ 1 va K.
Ké DF // BC. Dé dang chimg minh dugc AF = AD = CE, FK =KE nén K la
trung diém cta AC. Tuong ty, 1 1a trung diém ciua AB.

Diém M nam trén doan thing IK néi cdc trung diém cia AB va AC.

A

Hinh 193 Hinh 194

152. (h.194) Dur dodn. Trung diém I cia BC 1a mot diém ciha dudmg phai tim,
dudmg phai tim ¢6 diém vo tan. Ta du doan dudmg phai tim la tia Im. V& hinh
binh hinh ECBK. Goi N la trung diém cua KD. Trudc hét, ta thay cic diém K
nam trén tia BK // Ay.
Tam gidc BDK can 1ai B, ¢c6 BN la duong trung tuyén nén BN la tia phan
gidc cia goc KBx. Diém N nim trén tia phan gidc cia goc KBx nén diém
M ndm trén tia Im // BN.

153. a) (h.195) Khi D trung O thi C tring A (OA = a), khi d6 M tring véi E,
trung diém cia OA. Khi C triung O thi D tring B (OB = a), khi d6 M tring
véi F, trung diém cta OB.

Nhu viy AOAB can c6 dinh va OC = BD. Gidi nhu bai 151, céc diém M
niam trén doan thing EF.

BY
D
F
M
O CE A X E g o AB | c x
a > -—d—
Hinh 195 Hinh 196

b) (h.196) Khi D tring O thi C tring B (OB = a), M @ vi tri A, trung diém
cua OB. Khi D chay xa vo tan trén Oy thi C chay xa vo tan trén Ox, M
cing chay xa vo tan. Ta du doin M chay trén mot tia géc A.
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Ta ¢6 OC — OD = a, OC - OB = a = OD = BC. Trén tia d6i cua tia Ox 1ay
diém E sao cho A 1a trung diém cua CE thi AM la duong trung binh cua
ACDE, do d6 AM // DE. Chi ¥ ring AODE can tai O nén néu vé Oz la tia
phén gidc cha géc xOy thi DE // Oz, do d6 AM // Oz.

Cic diém M ndm trén tia Al song song vé&i tia phan gidc cia goc xOy

(A thudc Ox, OA = %).

154, (h.197) Khi E tring Cthi Dtrung G (BG=a), A
M & vi tri I, trung diém cta CG. Khi D iring B Gf_
thi E tring H (CH = a), M & vi tri K. trung ~
diém cha BH. Ta sé cinmg minh ring K, M, 1 D
thing hang.

That vay, goi O la trung diém cua BC, N la
trung diém caa CD. Ta c6 O, N, I thing hang.
Ta ¢é 20K = CH, 201 = BG, CH = BG = a
nén AIOK cin. TA ¢6 2NM = CE, 2NI = DG. CE = DG nén AINM can.
Cic tam gidc can 10K, INM ¢6 géc & dinh bing nhau nén NIM =OIK , do
d6 I, M, K thing hang. Cic diém M nam trén doan thing KI.

155. Xét ba truong hop :
I. Céc dudmg thing AB va CD cét nhau 6 O
(h.198) :
Cic diém M nam trén hai dudng thang chita
cdc tia phan gidc cua cdc goc tao boi hai
dudmng thing, trir giao diém O cia ching.
2. AB // CD. Cic diém M nam trén duong
thing song song cich déu AB va CD.
3. AB, CD thu6c ciing mot dudmg thing a : Cic diém M nim trén toan mat
phéng, trir dudmg thing a.

156. (h.199)
a) Cic diém I, K thuoc dudng phai tim vi

:
2

Hinh 197

]
]
]
[}
I
I
I
I
I
I
'

Hinl 198

| o
SlAB + SICD = SABD + %SBCD = ;SABCD' Cﬁng Vay dOI v K.
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Ta s& chimg minh raing M thu¢c doan
thang IK. "Dén" cdc doan thing AB,
CD vé E : trén tia EA ldy EG = AB,
trén tia ED lay EH = CD.

Taco:

SIHG * SEHG = SIHEG = SIHE * SIGE =

|
=8 +8S =-S5 . (1
ico Nk 2 ABCD Hiuli 199
SKHG * SEHG = SKHEG = SKHE * SKGE
!
= SKkcp + SkAB = 5 SABCD- (2)

; ’ I
SMHG * SEHG = SMHEG = SMHE + SMGE = Smep + SmaB = 5 Sascp-3)

Tir ( 1 ) (2)- (3) suy ra SlGH = SKG“ = SMG“ . Do dé khoang caichur I, K,
M dén HG nhu nhau nén I, K, M thuéc cling mot duémg thing song song véi
HG. Céic diém M nidm trén phin dudmg thing [K thuoc mién ur gidc ABCD.

b) Dé chimg minh ring N thing hang voi IK, ta sé ching minh
|
SNHG + SEHG = 5SApcD - That vay :

SNHG * SEHG = SNHE — SNGE

1 l
= Snep ~ Snas = 5(Skep ~ Spa) = 5SAncD- )

Tix (1), (2), (4) suy ra Sy = SknuG = Snng» e la I, K, N ¢6 khoang céich
dén HG nhu nhau. Vay I, K, N thing hang (chi ¥ rang I, K, M, N thudc ciing
mot nira mat phang c6 bo HG).

Clui y : Cach khac giai cau a) (h.200).

Ta thdy trung diém 1 cia BD ciing la
mot diém thudc dudng phai tim. Ta c6

1
Sams +Scmp = 5SABCD

l
ma  Sap +Scip = 5Sa8cD




nén Sams * Scmp = Sais + Scip-

Trirdi S; + S,, ta dugc :

Sgpm + Scom = Sapr + SpQl
(P 1a giao diém cua AM va BD, Q la giao diém cua DM va CI).
Cong thém Sy + S, ta duoc :

Sgim + SciM = Sam + Spim-

Ta lai ¢6 Sy = Spim nén Scpm = Samm- Suy ra dudng cao CC' bang
dudng cao AA'
Nhur vay, AA'CC' Ia hinh binh hanh. Do d6 A'C’ di qua trung diém cua AC,
tic 1a IM di qua trung diém cia AC.
Viy M nam trén dudng thing di qua trung diém cia hai duong chéo ti gidc
ABCD (phin thudc mién ur gidc).

157. (h.201) A B

a) Ding thic  MA? + MC2 =MB? + MD?> (1)
luon luon diing. Tap hop phai tim 14 toan mat phang.
b) MA + MC = MB + MD 2) D o
Hinh 201
= (MA + MC)? = (MB + MD)’

= MAZ+ MC? + 2MA . MC = MB® + MD’ + 2MB . MD
— 2MA . MC = 2MB . MD

= MA .MC = MB. MD. (3)
Tir (1), (3) suy ra (MA = MC)? = (MB - MD)’.
Do dé MA - MC = MB - MD (@)
hoac MA - MC = MD - MB. (5)

Tir (4) va (2) suy ra MA = MB, do d6 M thudc duong trung truc cua AB.
Tir (5) va (2) suy ra MA = MD, do d6 M thudc dudng trung truc cua AD.
Vay tap hop cdc diém M phai tim 12 hai truc déi xing cta hinh chir nhat.
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SUDUNG CONG THUC DIEN TiCH PE THIET LAP
QUAN HE VE PO DAI CUA CAC POAN THANG

158. Co.
159. Ddap 56 - 4.8 em.

2 2
\2 2 2 2
160. [Da| ,[ha =1:>[3] +[5J =1=b? +c?=a’
th he a a

= Tam gidc vuong tai A.
161. Tinh ti s6 gita cdc canh d¢€ suy ra tam gidc vuong. Cic canh géc vuong
bang 20 cm va 15 cm, canh huyén bang 25 cm.
162. Goi a, b, ¢ 1a ba canh tuong ing vdi cic duong cao h,, hy, h.. Goi S la
dién tich tam gidc. Ta ¢é

163. Xéta+ h, =b+hy, taco

2§ 28 a-b
a-b=hy-h,="=-=-= zs{%_lJ=35_ 3

2s
= a-b)(l-—)=0
ab

= tam gidc can tai C hoac vuong tai C. (1)
Tuong tu, tam gidc can tai B hoac vuong tai B (2)
tam gidc can tai A hodac vuong tai A. (3)

Xay ra ca (1), (2), (3) khi va chi khi tam gidac ABC déu.
164. (h.202) Goi S la di¢n tich AABC, ki hiéu S, S,, S4
nhu hinh vé. Ta'cé

0OA o Sz _ S3 _ 32 + S3 “)
OA" Spa'c  Soa'm S
OA’ _ SOA'C _ SOA'B _ SOA'C + SQA'B _ i 2) Hinh 202

AA" Saa'c Saa'B Saact+Saas S



Sz + 53
——S .

OA' OB' OC'_§; §, S
a) + + = =],
AA' BB' CC' § S§ S

OA OB . OC S;+S; §+5 . 5 +5

OA
Tiu (1), (2)suyra —=
(1), (2) suy AA'

b) - - = =+ =+ =2,
AA' BB' CC' S S S
C)M=82+S]+SI+S"+SI+52=
Sy S) S3

=[5, 52) 2,.5),(52,5)2.42+2=6.
\S2 §) (S §) (8 §)

(S + S3)(S; + S3)(S; +55)

d)N=
5,5,5;
2 2 2
2 _ (SI +Ss) (S| +SJ) (S] + Sz)
= N = 3
($15283)
4525145334582 il Wi
(8,5,53)°

Xiy ra ddu bing trong hai cau ¢) va d) < O la trong tam clia tam gidc.

165. a) Tong cdc khodng cdch tir M dén hai canh bén bang chiéu cao tng véi
canh bén.

b) Hi¢u cdc khoang cich tir M dén hai canh bén bing chiéu cao ung vai
canh bén.

166. (h.203) Goi MD, ME, MF la khoang cdch tir M
dén AB, AC, BC. Theo dé bai :

MD + ME = MF. (1) I
Qua M vé IK // BC. V& IH LAC, II' L BC. Ta c6 : /
MD + ME = [H, 2) F—F—F 3,
MF =1I'. 3) Hinh 203

Tir (1), (2), (3) suy ra IH = II' = CI 1a duong phan giic cia AABC. Tuong
tu déi vai BK. Tap hop cdc diém M la doan thing IK néi chan hai duong
phan giic BK, CI.
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167. Xét diém M thude timg mién nhu & vi du 28, v /
tap hop phai tim la cic canh cua mot luc
gidc (h.204).

Chiang han véi M thuoc mién 2, ké
MA' 1 BC, MB' L AB, MC' L AC, taco

MA' + MB' + MC =m. N A

= MB' +MC - MA' +2MA'=m &/ UL/

= h+2MA'=m (do MB' + MC - MA'=h) s 2 M
Hinh 204

=>MA'=3;'—E.

168. Chii y ring diém M thudc dudng thing chira canh cia tam gidc déu OEF
(h.205). Pdp s6 : OC = IMA — MBI.

M y

B
E

al

0 A E x
Hinh 205 Hinh 206

169. (h.206)

a) Ké MH L BC, MI L AC, MK L AB. Ta c6

A'D = MH, BE = MI, CF = MK. Dé dang chimg

minh téng A'D + BEE + CF biang h (h la chiéu cao

cua AABC).

b) Dua vao két qua cua cau a). Tacd
AA'+BB' +CC =3h-2h=h.

170. (h.207) V& cdc duong vuong goc tr M dén ba
canh cua ADEF. Téng cdc dudng vuong géc nay
bing AB' + BC' + CA'". Nhu vay AB' + BC + CA’
bang chiéu cao cua tam gidc déu DEF (déng thoi
bing nira chu vi cua AABC). Hinh 207




MUC LUC

Lot ndi ddn

PHAN DAI SO

CHUONG I - PHEP NHAN VA PHEP CHIA DA THUC
§1. Nhan da thic
§2. Cdc hing ding thic ding nha
§3. Phan tich da thie thinh nhin wr
§4. Chia da thic
CHUONG 11 - PHAN THUC PAI SO
§5. Tinh chat co ban cua phan thie. Rit gon phan thic
§6. Cic phép tinh vé phan thic
CHUYEN DE
Mot s6 phuong phdp phan tich da thic thaph nhan wr
Tinh chia hét d6i vdi s6 nguyén
Tinh chia hét d6i vai da thic
BAI POC THEM
Ble-do Pa-xcan va I-xic Niu-ton

PHAN HINH HOC
CHUONG I - TUGIAC
§1. Tut gide
§2. Hinh thang
§3. Dung hinh biang thude va compa
§4. Béi xumg truc
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§5. Hinh binh hanh 86 199

§6. Doi ximg 1am 89 202
§7. Hinh chir nhat 9] 203
§8. Dudmg thing song song véi

mot duong thang cho trude 94
§9. Hinh thoi 94 207
§10. Hinh vuong 96 209

CHUONG Il - DA GIAC. DIEN TICH CUA PA GIAC

§11. Pa giic : 99 214
§12. Dién tich cia da gidc 101 216
CHUYEN BE

Tim tap hop diém 108 227

Sir dung cong thic dién tich dé thiét 1ap quan hé

vé do dai cua cdc doan thing 118 235
BAI POC THEM

Tir mién trong va mién ngoai cua da gidc dén cic mé cung 121
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