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LO1 NOI PAU

Dé gitip cdc em hoc sinh hoc tap t6t mon Todn & Trung hoc co s& (THCS)
hién nay va ¢ Trung hoc pho thong (THPT) sau nay, ching t6i bién soan
bo sdach gom 8 cuon : "Cdc chuyén dé chon loc Todn 6, 7, 8, 9 tdp mor va
tap hai ".

Méi cudn trong bo sich ¢6 cde chuong tuong (mg véi cde chuong trong

Sdch gido khoa Toidn. Cic chuong déu duoce viét theo nhimg chuyén dé (co

ban va nang cao) ma cdc tdc gia cho rang do 1a nhimg chuyén dé cén thiét

cho viéc hoc va hiéu sau kién thic clia chuong.

Moi chuyén dé gém ba phin:

A. Kién thite can nho: Phan ndy dua ra nhimg Kién thic co ban,

nhimg kién thic bo sung cin thiét dé co6 thé gidi duge cdc bai tap,
cdc dang todn cua chuyén dé.

B. Mot 56 vi du: Phian nay trinh bay nhimg vi du chon loc minh hoa
cho nhimg dang todn dién hinh cta chuyén dé vai cich trinh bay
16i giai chudin muc kém theo nhimg nhdn xét, heu ¥, binh ludn,.. vé
phuong phdp giai, vé cic sai 14m hoc sinh ¢6 thé mic, vé viéc tim
t0i thém cdc cdch giai khic,.... Nhiéu vi du ¢ phin nay dugc trich
trong cdc dé thi hoc sinh gioi Toan & THCS. trong cdc dé thi vao
IGp 10 THPT chuyén.

C. Bai tap: Phan ndy dua ra hé thong cédc bai tip dugc phan loai theo
cdc dang todn dé€ hoc sinh dé sir dung. Hé thong cdc bai tap nay
khid da dang, bao gom cdc bai tap co ban va cdc bai tap ning cao
cho hoc sinh khd, gioi. Nhiéu bai duge trich tir cic dé thi hoc sinh
£ioi Todn & trong va ngoai nude. Moi cudn sdch déu cung cap mot
sO lugng 16n cic bai tap véi hudng din giai kha chi tiét, minh hoa
cho phuong phip giai cic dang toin, cic chuyén dé da dé cap.

Cudi sach la phdn Hucdng dan giai - Ddp s cho cdc bai tdp o cic chuyén
dé. Qua nhimg hudng din giai cu thé, hoc sinh s& ndm rd hon cich giai
cho méi dang toin.

T
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Cic kién thitc trong moi cudn sich duge sap xép tir dé dén kho. duge trinh
bay don gian, dé hiéu, ddp émg cho nhiéu di tong hoc sinh.

Ciéc tdc gia cua bo sich 1a nhimg thdy c6 gido da ¢6 nhiéu kinh nghiém
trong viéc giang day, bdi dudng hoc sinh gioi Toidn ¢ THCS, d6 la cic
thiy c6 gido: PGS.TS. NGND Ton Than (Chu bién bo sach), NGUT Bui
Vian Tuyén, NGUT Nguyén Ngoc Dam, Ths. Nguyén Dic Trudng, Ths.
Nguyén Dirc Tan, Ths. Nguyén Anh Hoang, Ths. Diang Van Quan, Ths.
Pham Thi Lé Hang.

Mac du da c6 nhiéu c6 ging, song bod sdch kho trinh khoi nhimg thié¢u sot.
Cic tdc gia rat mong nhan dugc thu gép ¥ cua cic em hoc sinh, cdc thay
cO gido va cdc bac phu huynh. Moi ¥y kién gép y xin gtri vé theo dia chi :
Ban Todn - Tin, Nha xudt ban Gido duc Viét Nam - 187B Gidng Vo -
Ha Néi.

Hi vong ring, bo sach s& la tai liéu tham khao thiét thuc, hitu ich doi
vl cic em hoc sinh THCS, cic thiy c6 gido day Todn va ban doc yéu
thich Todn.

CAC TAC GIA
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%imong Il PHUONG TRINH BAC NHAT
MOT AN

Chuyén dé'1
PHUONG TRINH BAC NHAT MOT AN

A. KIEN THUC CAN NHG

1. Kién thic co ban

1.1. M@ diu vé phuong trinh

Phuwong trinh mét an 1a phuong trinh ¢6 dang P(x) = Q(x) (x 1a 4n), trong dé vé

trdi P(x) va v€ phai Q(x) 12 hai biéu thic cia cing mot bién x.

— S8 x, goi 1a nghiém cta phuong trinh néu P(xy) = Q(x) 12 mot ding thic
ding.

~ Mot phuong trinh ¢6 thé ¢6 mot nghiém, hai nghiém, ..., nhung ciing ¢6 thé
khong ¢6 nghiém nao (vo nghiém). Giai phuwong trinh 1a tim tat ca cic
nghiém (hodc tim rap nghiém) ciua phuong trinh do.

— Hai phuong trinh dugc goi la neong duwong néu ching ¢6 tap nghiém bing
nhau (ké ca bang tap réng). Quy tic bi€én mot phuong trinh thanh mot
phuong trinh tuvong duong véi né duge goi la quy tac bién doi niong duong.

1.2. Phuong trinh bac nhat mot an

a) Dinh nghia: Phuong trinh dang ax + b = 0, véi a, b 1a hai s6 da cho va

a # 0, dugc goi la phuong trinh bdc nhat mét an.

b) Hai quy tdc bién doi twong dicong:

— Quy tic chuyén vé&: Trong mot phuong trinh, ta ¢6 thé chuyén mot hang tir
tr v& nay sang v€ Kia va doi dau hang tir d6.

— Quy tic nhan vdi mot s6: Ta ¢6 thé nhan (hoac chia) ca hai v& cia mot
phuong trinh véi (cho) cung mot s6 khéc 0.

¢) Cach giai phuong trinh bac nhat mot an:
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Ta co: ax + b=0 < ax =-b (quy tic chuyén vé)

& —-t-]- (chia hai vé cho ¢ = 0).

d
Vay phuong trinh bac nhdt mot an ax + b = 0 ludén ¢6 mot nghiém duy nhat la
b
X=——
a

2. Kién thic Nang cao
a) Phuong trinh ¢é dang bdac nhat mor an: ax + b = 0.
- V@i a # 0, phuong trinh ¢6 nghiém duy nhat la x = —E.
a
- V@i a =0, phuong trinh ¢6 dang: Ox =-b
» Néu b = 0 thi phuong trinh ¢6 vo s6 nghiém.
e Néu b # 0 thi phuong trinh v6 nghiém.
b) VGi phuong trinh chita tham s6 m, giai va bién lugn phuong trinh 1 giai
phuong trinh dé tay theo cic truong hop vé gid tri cha m.

B. MOT $O ViDy
Dang 1. Xét xem mét s6 ¢ Ia nghiém cua phuong trinh hay khéng
Vidu 1. Hay xét xem x = — 3 ¢6 phai 12 nghiém cia mdi phuong trinh sau hay
kKhong ?
2
a) 2x-5=-14-x: b)%x-ﬂ?z-.'ix ’
6 2
C) —=5=2x+1; d) x“=4=2x+11.
X
Giai

a) Thay x = = 3 vao phuong trinh, ta dugc:
2(=3)=-5==14-(-3)
&>~ 11 == 11: 1a mot ding thic ding.
Viy x = = 3 la nghiém cua phuong trinh,
b) Thay x = = 3 vao phuong trinh. ta dugc:

: 3)-7=-3.(-3
3.(" }_ —_-(_«}


https://sachhoc.com

< -9 =9: la mot dang thic sai.

Viy x = = 3 khong la nghiém cua phuong trinh.
¢) Thay x = - 3 vao phuong trinh, ta dugc:

6
-_—3—5 =2.(-3)+1

& =7 =-5: 12 mot ding thic sai.

Viy x = = 3 khong la nghiém cua phuong trinh.
d) Thay x = = 3 vio phuong trinh, ta dugc:

(-3 -4=2(-3)+11

< 5 =15: 1a moOt dang thie ding.

Viy x = = 3 la nghiém cua phuong trinh.,
Nhan xét:
Dé xét xem mot sO ¢6 1a nghiém cua phuong trinh hay khong, ta thay s6 d6
vio phuong trinh. Néu két qua la mot dang thirc ding thi s6 da cho la nghié¢m:
trdi lai, s6 da cho khong phai la nghiém.

Vi du 2. Tim gid tri cda m, biét ring x = 5 12 nghiém cua phuong trinh:
2x+m?(x-1)=19.

Giai
Vi x = 5 la nghiém cta phuong trinh 2x +m? (x=1)=19, nén:

2.5+m*(5-1)=19

< 10+4.m> =19

» 9
S me=—
¢¢m=tJ?-=i-'?-’-.
- 2
3
Viym € {—%:;}.

Dang 2. Gidi phuong trinh dua dugc vé dangax + b =0

Vi du 3. Giai cic phuong trinh sau:
.5 o
a) 3x54.=427x; b) 2x(x—-5)+21=x(2x+1)-12.
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< 3(3x-2)=5(4-7x)

& 9x -6 =20-35x
SOx+35x=20+6

&> 44x =26
13

& X=—,
22

Viy phuong trinh ¢6 nghiém duy nhat la x = -;% ;

b) 2x(x-5)+21=x(2x+1)-12

& 2x2 —10x+21=2x2 +x-12

& 2x2 -10x-2x> -x =—-12-21
o=-11x=-33
T i

Vay phuong trinh ¢6 tap nghiém la S= {3].

Vi du 4. Giai cdc phuong trinh sau:
X+98 x+96 x+65 x+3 x+5 x+49
+ + = . - :
2 4 35 97 95 51
x-91 x-86 x-78 x-49
- + + =
37 42 50 79
Nhan xét:
Néu thuc hién phép quy dong mdu s6 thi ta thdy phép tinh kha cong kénh va
s0 16n. Néu quan sat quy ludt cia cdc ciap $6 O tir va mdu cia cdc phan so thi ta
thay nhur sau:

a)

b) 4.

— O ciu a), 10ng cha s6 trén tr va s6 dudi miu cia cic phan s6 bang nhau:
MW+2=96+4=65+35=3+97=5+95=49 +51.

~ @ cau b), hiéu clia 6 trén tlr va s6 dudi miu cia cdc phan s6 bing nhau:
~91-37=-86-42=—"78-50=—49 - 79.

D¢ khai thic quy luat ndy, ta cong thém | vio moi phan s6 ¢ ciu a) va trir mdi

phan s6 & cau b) di | don vi.
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Giai
a) Phuong trinh da cho wong duong vai:

(x+98 ) [x+'~)6 J (x+65 ]
+1 |+ +1 |+ +1|=
2 4 35

{x+3 ) (x+5 ) [ x+49 ]
=| ——+I| |+| —+]1 +1
97 95 L 51

x+100 x+100 x+100 x+100 x+100 x+100
= + + = + +

2 4 35 97 95 51
c::>(x+100)(—-+]+—t——l—L-i]
2 4 35 97 95 3l
<x+100=0
< x =-100.
Viy phuong trinh ¢6 tdp nghiém la S= {- 100}.

b) Phuong trinh di cho wong duong vai:

(7w (5o

x-128 x-128 x-128 x-128
- - +
37 42 S0 79

=0

<>x-128=0
<X = |28,
Viy phuong trinh ¢6 nghiém duy nhét x = 128.

Dang 3. Xét xem hai phuong trinh ¢6 tuong duong hay khéng
Vi du 5. Hai phuong trinh sau ¢6 twong duong khong ? Vi sao ?

a) 2x=6 v (x—3)(x2 +l)=[l:

b) x> -4=0vax+2=0.

Giai

a) Phuong trinh 2x = 6 ¢6 tap nghiém 4 S, = {3}].
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x-3=0
Phuong trinh (x--i”)(x2 - I) =U¢-:v[ - 0::: x =3, nén ¢6 tap nghiém
X“+I1l=
la S, = {3}.
Vi §; =S, nén hai phuong trinh da cho i twong (rong.
x-2=0 |x=2
X

b}Tucé:x2-4=0¢:>(x-2nx+2}=l)¢: =
X+2=0

=> Tap nghiém 1 S3 = (- 2; 2).

Phuong trinh x + 2 =0 < x = = 2, ¢6 tdp nghiém 1a Sy = |- 2}.

Vi S; # §; nén hai phuong trinh da cho khong twong duong.
Nhan xét:
O cau b) ta ¢6 the giai thich nhu sau: Vi x = 2 14 nghiém cda phuong trinh
X" -4=0(o2" -4=0) nhung khong i nghiém cua phuong trinh x + 2 =0
(do 2+ 2 #0), nén hai phuong trinh khong twrong duong.

Vi du 6. Tim m d¢ hai phuong trinh sau tuong duong:

10

X=m=0 (1) vi mx=9=0 (2)

Giai
Phuong trinh (1): x = m = 0 ¢6 nghiém duy nhdt 1a x = m. Vi hai phuong trinh
twong duong nén x = m ciing i nghiém cia phuong trinh (2), wic li: mm =9
>m =3 om=1+3
Thur lai:
= Vi m = 3, ta ¢6 phuong trinh (1): X = 3 = 0 v phuong trinh (2): 3x =9=0

¢O cung tap nghiém la {3}, Vay m = 3 thosmiin.
= Va&im = = 3, ta ¢6 phuong trinh (1): x + 3 = 0 vi phuong trinh (2):

(= 3)x =9 =0 c6 cung tap nghiém la {- 3}. Viy m = = 3 thoa min.
Vay ¢6 hai gid tri cia m thoa min yéu céu la - 3 va 3.
Nhan xét:
Loi giai trén dua vao tinh chit: Hai phuong trinh twong duong khi va chi khi
moi nghiém cta phuong trinh ndy cling 1a nghiém cta phuong trinh kia. Ngoai
cdich 1am nay ta c6 thé giai thich nhu sau:
Vi (2) la phuong trinh ¢6 dang bac nhit nén dé (2) twong duong vai (1), tic la
¢6 mot nghiém duy nhét bang m, thi (2) phai la phuong trinh bac nhét (m = 0)



va ¢6 nghiém x = m. Uu diém cuta cich nay la ching ta khong phai thir lai céc
id tri cia m ma chi c¢in kiém tra diéu kién m # 0.

Dang 4. Gidi va bién luan phuong trinhax + b =0
Vi du 7. Giai va bién luan phuong trinh: (m -3)x =m? -3m.
Giai
Tacé: (m=3)x=m”=3m < (m-3)x=m(m-3).
+ Néum = 3 # 0, utc m # 3, thi phuong trinh ¢6 nghi¢ém duy nhat la:

x m.

m-3
+ Néum = 3 =0 e m = 3, thi ta ¢6 phuong trinh: 0.x = 0, diing vdi moi x.
Vay, néu m # 3 thi phuong trinh ¢6 tap nghiém la {m};
néu m = 3 thi phuong trinh ¢6 tdp nghié¢m i K.

Vi du 8. Cho phuong trinh m(m=1)x =m* +3m+2(x +1). (n

Tim m dé phuong trinh (1):
a) C6 nghiém duy nhat.
b) V6 nghiém.

Giai
- 2 9
Taco(l) < (tn‘—nl)x~—21=m"+3m+2
- (mz—m—z)x=m2+3m+2
& (m+1)(m=-2)x=(m+1)(m+2).

a) Phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi:
(m+1)(m=2)#0

Sm#E-1vamz2.
b) Phuong trinh (1) vo nghiém khi va chi khi:

{(m+l)(m-2)=0c>

(m+1)(m+2)=0

Nhdan xét: Phuong phdp gidi bai todn tim m dé phuong trinh thoa min dié¢u
kién vé sO nghiém:



- Bién d6i dua vé phuong trinh vé dang bac nhat: ax +b =0 (*)
— Ap dung mot trong cdc két qua sau:

~ Phuong trinh (*) c6 nghiém duy nhat <> a # 0.

a=0

- Phuong trinh (*) vO nghi¢m <>
b#0

a=0

— Phuong trinh (*) ¢6 voO s6 nghiém < {b b

C. BAITAP
3.1.  Xét xem x =4 ¢6 1a nghiém cua moi phuong trinh sau hay khong?
a) 2(3x-1)-7=15-(x-4):

b) x(3-4x)-5=1-x".
3.2. Tim m dé x = 1,5 la nghiém ctia phuong trinh:
m?(2x -3)-4x+m=5.
3.3. Chimg minh ring phuong trinh: 2mx =5 =-x+6m -2 luén ¢6 mot nghiém
X khong phu thudc viao m.
3.4. Giai cic phuong trinh sau:
a)5-(x=-6)=4(3 - 2x);
b) 3 - 4x(25 - 2x) = 8x" + x — 300.
3.5. Gidi cdc phuong trinh sau:
42
) 3x+2 3x+l| =2x+§:
2 6 3

Ty — —
h}x—-'x 5+x+3=7+x_l:

5 6 3
5x+2_8x—| _ 4x+2

6 3 5

3.6. Giai cic phuong trinh sau:

C)

2
a) x+l+x+_+x+4+6=0:
15 7 4

12



3.7.

3.8.

3.9.

3.10.

311,

3.12.

3.13.

3.14.

x+14 x+27 x+105 x+200 x+187 x+109
+ + - + + '

b)
200 187 109 14 27 105
x-342 x-323 x-300 x-273
¢) - - - =10.
15 17 19 21

Giai cac phuong trinh sau:
x+97 x-63 x-7 x-77
+ = - :

a) =
125 35 21 49
X+2 2x+45 3x+8 4x+69
b) - = + ‘
13 15 37 9
Giai phuong trinh:

X X+2 x+4 X+12
+ + +. =7.
2000 2002 2004 2012
Tim m dé hai phuong trinh sau tuong duong:
2x+3=0 va (2x+3)(mx-1)=0.

Giai va bién ludn cic phuong trinh sau:

a) (I-m)x=m*-1;
b) (rn2 —5m+6)x =m®-9.
Cho phuong trinh (4m2 -25)x-5=2m.

a) Giai phuong trinh vGi m = 5.
b) Tim m dé phuong trinh v6 nghiém.

Cho phuong trinh (4m'~’ = 9)x =2m? +m-3. Tim m dé phuong trinh:

a) C6 nghiém duy nhat.

b) C6 vo s6 nghiém.

Giai phuong trinh 4n x sau:
u+b—x+b+c-x eka=X 4x

=],
c a b a+b+c

Giai phuong trinh dn x sau:
Xx-a X-b x-¢ 2 2 2

+ + ===t
be ca ab a b c

13



Chuyén dé 2
PHUONG TRINH TICH

A. KIEN THUC CO BAN
— Phuong trinh tich 1a phuong trinh ¢6 dang: A(x).B(x)...C(x) =0 (1)

- D¢ giai phuong trinh (1) ta gidi cdc phuong trinh A(v) = 0: Bly) = 0: ..;
C(x) = 0, r6i lay hop tat ca cic nghiém cada chiing.

Trong Chuyén dé nay ta thudng van dung cdc phuong phdp phan tich da thitc
thanh nhan tir d€ bién d6i phuong trinh da cho vé phuong trinh tich.
B. MOT 5O Vi DU
Dang 1. Gidi phuong trinh tich
Vi du 9. Giai cdc phuong trinh sau:
a) (2x-7)(4-5x)=0;
b) 8x(3x—3)=6(3x-5).

Giai

2x-7=0

z
2

a) (2x=7)(4-5x)=0&
) (2x-7)(4-5x) L_szua 3
5

Viy phuong trinh ¢6 tap nghiém [a S = {’;{%}

b) 8x(3x-5)=6(3x—5)<> 8x(3x-5)-6(3x-5)=0

5
X==
Ix-5=0

~:::':{."lmt—1"\){3:{--6)=(l'«=:~-r = .
8x=6=0 3
X==
L. 4

oo o e |58

Viy phuong trinh ¢6 tap nghi¢m 12 S = 1-,; i

14



Luu y: Khong duge chia hai vé ctia phuong trinh cho 3x — 5, vi nhu vy sé lam mit

nghiém x =§ cua phuong trinh. Néu mudn chia ta phai xét tnromg hop 3x = 5 =

trudic.

Vi du 10. Giai cic phuong trinh sau:

a) X° ~06x+9=49;

b) (x3+3x+2)3=(x3-x-2):.

Giai

a) x>-6x+9=49e (x-3)" =7 = (x-3)°-72 =0
<> (x=3-7)(x-3+7)=0(x-10)(x+4)=0
m[:w.--l():(rw[z(:lu

x+4=0 X =-4
Vay phuong trinh ¢6 tdp nghi¢m la S = {-4: 10}.

2

b) (x2+3.’4+2)2 =(x:+—x-2)l <::-(x.2+3x+2) *(xz —JI:»Z)2 =()

c::>|:(x: +3x+2)—(x: - X ~2):H:(x: +3x+2)+(.\t2 —3—2]:|=0

"
<:>(4x+4)(2x2+2x)=0c:>8x(x+l)3 =Uc:>{x

Viy phuong trinh ¢6 tap nghiém laS= - 1: 0}.

Nhan xét:

C6 thé gidi cdc phuong trinh trén theo bién d6i sau:

2 2
a*=b"<a=+b.

Dang 2. Gidi phuong trinh da thic béc cao quy vé phuong trinh tich

Vidu 11. Giai cic phuong trinh sau:

a) (lez —3](x +3)+(2x2 +7x+3)(x—3)=0:

b) x* -3x> -6x+8=0.

0

15



Giai
a) Ta ¢6 phuong trinh twong duong:
3(2x—1)(2x+1)(x +3)+(2x +1)(x +3)(x-3)=0

< [2x+l)(x+3)[3(2x-—I)+(x-3)]={}

I

X=—-=

2

< (2x+1)(x+3)(7x-6)=0=|x=-3
6
X ==
. @

- ——
L]

| 6
Viy phuong trinh ¢6 tap nghiém la S = { ~ 3:-_;}.
b) x? —3x° —--‘5:1:+8.=0«=:::»x"—J:a2 ~2x% +2x-8x+8=0

& x*(x-1)-2x(x-1)-8(x-1)=0
x=1

= (x—l)(x2 —2x—8)=0a(x—l)(x+2)(x—4)=0<:> x=-2
x=4

Viy phuong trinh ¢6 tap nghiém 1a S= {-2; 1; 4].

Vi du 12. Gidi phuong trinh 64x* =(x-2)* +(3x +2)’. (1)

Gidi
Phuong trinh (1) twong duong véi
(4x)* =[(x=2)+(3x + 2)][(x -2)* —(x=2)(3x +2) +(3x +2F]

&= l-‘-lx)3 =4x(7x2 +I2x+12) & 4;»:[{4:&)2 -(7x3 +12x+12)]=0
[x=0

a4x(9x2—12x-12)=0¢:> 12x(3x+2)(x-2)=0¢ 3

Vay phuong trinh c6 tap nghiém la S = {0;—%;2}.
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Nhan xét:
Vi (x—2)+(3x +2)=4x, nén phuong trinh c6 dang:

(a-H:J)3 =a’+b’.
Ap dung hiing déng thic: (a+ b)3 =a’ +b’ +3ab(a+b), ta suy ra:
3ab(a+b) =0, tic la: 3(x-2)(3x+2)(4x)=0. That nhanh gon !

Dang 3. Gidi phuong trinh bang phuong phép dat én phu

Dar an phu 1a phuong phdp dung mot 4n méi (sau goi 1a an phu) thay cho mot

biéu thitc cha 4n cd. Giai bai todn bang phuong phip dat an phu thudng ¢6 cic

budc sau:

— Bién d6i phuong trinh dé lam xudt hién cdc nhém hang tr chira 4n giong
nhau.

— Dat nhém hang tir giong nhau bang 4n mGi. Thay vao phuong trinh da cho
ta duge mét phuong trinh theo 4n mdi (don gian hon phuong trinh ban dau
hodc da biét cich gidi).

— Giai phuong trinh theo 4n mdi.

- Véi mdi gid tri tim duge cia 4n méi, thay vao biéu thire dat 4n ta tim dugc
cdc gid tri tuong (mg cua an ban diu.

Vi du 13. Giai phuong trinh (x = 1)(x + 2)(x = 6)(x - 3) = 34.
(Dé thi vao lap 10 chuyén ngit, DHNN-DHQG HN, 2000)
Giai
Ta ¢6 phuong trinh:

[(x=1)(x=3)][(x+2)(x-6)] =34

P (x3 -4x+3)(x3 -4x-12)=34

Pat t=x? —4x+3,tacé: t.(1-15)=34

t=-2

= t3—151—34=0<:>(t+2)(1—|7)=0¢|: -
=

#w 2 2
-Vait==-2,tachd: x " =-4x+3=-2x"=-4x+4=-1

(X —- 2)2 = - 1: vO nghiém.
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~V6it=17,1ach: x> =dx +3=1T > x> -4x +4= 18
S (x-2"=18x-2=%18 =x=2+ 8.
Viy phuong trinh ¢6 tdp nghiém laS= {2 - J18;2 + V18 ).
Nhan xét:
C6 thé dp dung phuong phdp trén dé giai pﬁlm‘ng trinh tong quat sau day:
(x+a)(x+b)(x+c)(x+d)=e,vdia+b=c+d.

Vi du 14. Giai phuong trinh

18

{xz -3x + 3)(7(2 -2x+3)= 2x°,
(Dé thi vao lap 10 chuyén ngit, DHNN-DHQG HN, 2005)
Giai
Nhan thay x = 0 khong phai la nghiém cta phuong trinh, nén chia hai v€ cua
phuong trinh cho x2#0, ta duogc:
x> =3x+3 x2=2x+3 .
X X -

] [x+§—3J[x+i—2]=2.
X X

bat t=x+2-3.tac6:
X

2

=1

2

tt+D=2St7+t-2=0&(1- l)(t+2)=0~=»[

-VaGit=1,taco: x+é-3=l
X

= xz—4x+3=0¢:>(x-[)(x-3)=04=:[x_

- Véit=-2,1aco: x+3—3=-2
X

= xz—x+3=0¢:[x-%) +-l41=0:v0 nghiém.

Vay phuong trinh ¢6 tap nghiém laS=(1; 3}.



Nhdan xét: _
C6 thé dp dung phuong phdp trén dé gidi phuong trinh téng quat sau day:

(xz +au¢+r.:)(x2 +bx +c) =dx?, véi a, b, ¢, d 12 cdc s6 da cho.

Vi du 15. Gidi phuong trinh (6-x)* +(x-8)* =16. (1)
Gidi |
Phuong trinh (1) & (x-6)" +(x-8)* =16

& (x-7+1) +(x-7-1)* =16
Patt=x-7,tacé (t+1)" +(1-1)" =16
=N (t‘* +4t3 + 612 +4t+l)+(14 ~41® + 6t° -—4I+l)= 16

o 28 +128 +2=16

ot +6t2-7=0

o -DE+7)=0

otl=lot=%1.
-Véait=1L,tacox-7=1=x=8.
-V@it==-l,tacé6x-7=-1=x=6.
Vay phuong trinh ¢6 tap nghiém 1a S = | 6; 8}.

C. BAI TAP
3.15. Giai cdc phuong trinh sau:
a)(x=6)2x-5)3x+9) =0;
b) 2x(x = 3)+5(x-3)=0;
¢) (x* - 4) - (x - 2)(3 - 2x) =0.
3.16. Tim m dé phuong trinh sau ¢6 nghiém x = - 7:
(2m-5)x—2m?* +8=43.
3.17. Giai cdc phuong trinh sau:
a)(2x - 1)* - (2x + 1)’ =0;

1 3 1 3
e Y i BNy
b) —(x-3) : (x-5)
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3.18. Giai cdc phuong trinh sau:
a) 125x* - (2x +1)’ = (3x-1)* =0;

b) (x-3)* +(x+1)* =8(x-1)".
3.19. Giai cic phuong trinh sau:

a) x> -5x> +8x-4=0;

b) x* —4x? +12x-9=0.
3.20. Giai cdc phuong trinh sau:

a) (X+D(x+2)(x+3)(x+4)-24=0;

b) (x? =3x+2)(x* +15x +56) +8 =0.
~ 3.21. Giai phuong trinh sau:

(2x2 =3x+1)(2x2 +5x +1)-9x” =

3.22. Giai cdc phuong trinh sau:

a) (x+6)* +(x+8)* =272;

b) (5—:nc)“+(2-:-;)‘l =17.

3.23. Giai phuong trinh

<
S +xT+x+2.

KS = Kq + X
3.24. Giai phuong trinh
5% +6x” + 12x + 8 = 0.
(D¢ thi vao lop 10 chuyén ngit, DPHNN-DHQG HN, 2005)

3.25. Giai phuong trinh
(x*+11x+ lz)(x2 +9x +20)(x2 +13x +42] =

36():2 +1 lx+30)(xz +1 |x+31).
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Chuyén dé 3
PHUONG TRINH CHUA AN G MAU

A. KIEN THUC CAN NHO
Céc budc giai phuong trinh chita 4n & méu:
— Buoce 1: Tim diéu kién xédc dinh (DKXD) ctia phuong trinh.
— Bude 2: Quy déng mdu hai vé ctia phuong trinh réi khir mau.
- Buwoe 3: Giai phuong trinh vira nhin dugce.
— Buoce 4: (Kiém tra va két ludn) Trong cdc gid tri cua 4n tim duge ¢ bude 3,
cdc gid tri thoa man DKXD chinh la nghiém cua phuong trinh di cho.

B. MOT SO Vi DU

Dang 1. Gidi phuong trinh chiia &n & méu béng phuong phép bién ddi
tuong duong

Vi du 16. Giai cdc phuong trinh sau:

| 2
a) —+——=0;

X x-2

-1 5x -2
b)x X _ 5 =

X+2 XxX-2 4-x-
Giai

a) DKXD: x#0vax #2.
X -2 2x

7
Khidt’):l-k —=0& +—
X x-2 x(x-2) x(x-2)
Sx=-2)+2x=0

&3x-2=0

=0

& X = % : thoa man DKXD.

Viay phuong trinh ¢6 nghiém duy nhat la x = %

b) DPKXD: x # + 2.



Khi d6: x=l_ X =5x-3@x-—l_ X +5x—2=
x+2 x-2 4-x2 x+2 x-2 x2_-4

<i__}(x-l)(x—Z)_ x(x+2) L 5x=2
(x+2)(x=2) (x+2)(x-2) (x+2)(x-2)

< (x=1)(x-2)-x(x+2)+(5x-2)=0

0

=0

& X2 =3x+2-x2-2x+5x-2=0
& 0x=0xe R,

Keét hop véi DKXD ta ¢6 phuong trinh nghiém ding v6i moi x # + 2.

Cha y:

Khi khir miu ta thu duge mot phuong trinh ma tap nghiém cta né ¢6 thé chia
tap nghiém ban déu.

Chdng han: Khir miu cta phuong trinh - - ! T ta dugce: x*=lex=%1,
x — -

tic 1a ¢6 tap nghiém (- 1; 1}. Trong khi d6 tap nghiém cta phuong trinh ban
dduchila (- 1}.

Vi thé, khir miu khong phai l1a phépbién déi tuong duong, ta sir dung ki hiéu
"=" cho phép bién ddi ndy. Phuong trinh thu duge goi 1a phwong trinh hé qua.

Vi du 17. Giai phuong trinh

| 12
|+ = ;
2+X x> +8
Giai
DKXD: x = - 2.
. | 12
Khi d6: 1+ =

2+4x  x3+8

x> +8 e x}-2x+4 12
(x+2)(x2_-2x+4) (x+2)(x2—2x+4) (x+2}(x2—2x+4)

L=

& XC+8+x2-2x+4=12

5
o xP+x2=2x=0
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x=0
< x(x-1)(x+2)=0|x =1

X=-=2
Két hop véi DPKXD ta c6 tap nghiém cua phuong trinh 1a S= {0; 1}.

Vi du 18. Giai phuong trinh
| | | | |
. . . g =—,
X“+4x+3 x“+8x+15 x“+12x+35 x“+16x+63 5
Giai
Phan tich cdc mdu thanh nhan ur, ta duoc:
| 1 | 1
+ + +
(x+1)(x+3) (x+3)(x+5) (x+5)(x+7) (x+7)(x+9)
P 2 " 2 X 2 % 2
(x+1)(x+3) (x+3)(x+5) (x+5)(x+7) (x+7)(x+9)
DKXD:x#-1;-3;-5-7;-9.
TCiL L N, S S . SR S S .
x+1 x+3 x+3 x+5 x+5 x+7 x+7 x+9 5
L 1 .5
x+1 x+9 5
e KBS A#l _2(x+1)(x+9)
(x+1)(x+9) (x+1)(x+9) 5(x+1)(x+9)

2(x+1)(x+9)
5

i
5

2
5

< (x+9)=(x+1)=

c:>x2+10x-l|=0¢:>[ I(théam&nDKXD)

x=-1
Viy phuong trinh ¢6 tdp nghiém laS={-11; 1}.
Nhan xét:

Trong I&i giai trén ta sir dung phuong phdp tdch hang tir. Phuong phédp nay dua
trén bién d6i sau day:

1 1 | 1 ;
= - , vai b.
(x+a)(x+b) b-a(x+a x+b] R
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Dang 2. Gidi phuong trinh cha dn & méu béng phuong phép dat én phu
Vi du 19. Giai phuong trinh
| 18 18

2 g Qi ;
X“4+2Xx-3 x“"+2x+2 x“+2x+1

(x2+2x-320  [(x=)(x+3%0 (y=1

DKXD: {x>+2x+220 & {x+l}2+1¢0 &Xx#E-3

g 2
X~ +2x+1#0 (x+1)"#0 x# -1

bat l=x3+2x+l={x+l)3.lac6:

T
t-4 t+1 t

= t(t+D+I18t(t=4)=18(t=4)(t+1)
< 19° =71t =18t =54t =72
=8
(thoa min)
=9

= tl—l?l+72=0<:?(l—8)(l-9):0<::>[
- Vait=8,taco: (x + I}2=8<:>x+l=i-s/§ <:>x=-.-li\f§.

p & )

—Véit=9.tac6:(x+l}2=9¢x+l=13¢:>[ 4
X=-

Két hop vai DKXD ta ¢6 tap nghiém cua phuong trinh la:
S={—4:—1—J§:-I +J§:2}.

Vi du 20. Giai phuong trinh

,4x i 3x e
4x° -8x+7 4x>-10x+7
Giai
b =grapag | HE0
DKXD:{ 5 =% 53 3 & VxekR
4x°-10x+7=20 4(;(_3] +E¢()




Nhan thdy x = 0 khong phai la nghiém cta phuong trinh, nén chia ca tir va
méu cia méi phan thirc trong vé tridi cho x # 0, ta duge:
4 3

+ =1.
4x-—8+z 4)1:—10+Z
X X
bat I=4x+l—9.taduqc: i+i=l
X t+1 t-]
= 4(t=1)+3(t+1)=(t=1)(t+1)

t=0

= l2~?l=0<::»t(t—?)=0<:|:{_?

-V&t=0,taco: 4x+1—9={l=>4x2—9x+7=0
X

<:>4[x—-2) +ﬂ=0: vO nghiém.
8 16

-Vét=7, taco: 4x+z—‘)=7=>4x2—16x+7=0

X
]
K=;
& (2x-1)(2x-7)=0< ;
X ==
| 2

2 ; I 7
Vay phuong trinh ¢6 tap nghiém la S = {;:;}.

Nhan xét:

Khi dat dn phu, ta phai sir dung cdc hang tir chira 4n ¢t giong nhau (goi la
"phan cimg"). Ngoai ra. ta ¢6 thé cong, trir thém mot hing s6 bat ki (goi la
"phan mém"). Chiang han: Trong cdich dat 4n cua o0 gidi vi du trén:

7 o - (1] L] Fd - " P
t=4x +Z =9 thi 4x+— 1a "phan cing”, con (= 9) 1a "phan mém”. Ta c6 thé
X X

thay d6i phin mém, cu thé, ta ¢6 thé dat:
t=4x+1—8 hay t =4x+1—IU hay 1=4x+1+2{JI2.
X X X

Tuy nhién, ta thudng chon cich dat sao cho cdc budce tinh sau duge don gidn
nhat.
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Vi du 21. Giai phuong trinh

4

g o D1y ' (1)
(x+3)°
Giai
PKXD: x # -3.
Khi 86, (1) & 32 =25 4+ oy 3% =4
X+3 (x+3)° X+3
( 2 2
& | x- X ) +6. = =40
. x+3 X+3

i . 2 2
P o L | W
\x+3 X+3

2 t=4
Pt t=——, taco: 1> +61-40=0<> (1-4)(1+10) =0
X + t=-10
3(2
~ Vit =4, ta co: =4=x%-4x-12=0
Xx+3

=2
<:>(x+2)(x—6)=0<:>lix . (Thoa man DKXD)
X =

2
X

=-10=x>+10x+30=0
Xx+3

- Véit=- 10, ta co:

< (x+ 5)2 +5=0: vo nghiém.
Vay phuong trinh (1) ¢6 tap nghiém 1a S = {-2; 6}.

C. BAITAP
3.26. Giai cic phuong trinh sau:
3 2x -1
+1= 3
2x -1 2x +1
XS x=8 9 .3
3 5 x-3 x+5

a)

b)
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3.27. Giai phuong trinh:
3x-1 2x+5 4
- + — =],
x=1 x+3 x°+2x-3

3.28. Giai cdc phuong trinh sau:

P N
x2+Xx-6 x2+4x+3 2x-1'
2

b)4x +16= 3 n 5 " 7

46 X°#l K43 X°ES
3.29. Giai cdc phuong trinh sau:
1 2 6

+

a) = :
X2 -2x+2 x2-2x+3 x2-2x+4
2

b}¢=f+2x+4.
(x+1)"+2

3.30. Giai phuong trinh
2x N 7x
3x2—x+2 3x2+5x+2
3.31. Giai cdc phuong trinh sau:

2
a) x—+1§=13[£—§):
2 X~ 2 X

=1]:

b) x(x-|)+l[l—1]=0.
XL X

3.32. Giai phuong trinh

35

2 2
[_x_] +[LJ =0
X+1 x=1
3.33. Giai phuong trinh

20["'2} -5[“2] £488—t g,
X+ 1 x=—1 X< =1

(Dé thi vao lap 10 chuyén ngite, DHNN-DHQG HN, 1998)
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Chuyén dé 4
GIAI BAI TOAN BANG CACH
LAP PHUONG TRINH

A. KIEN THUC CAN NHO
Cdac bude giai bai todn bing cich 1ap phuong trinh:
Buoe 1. Lap phuong trinh:
— Chon 4n va dat diéu kién thich hgp cho dn.
— Biéu thi cdc dai lugng chua biét qua dn va cdc dai lugng da biét.
— Lap phuong trinh biéu thi méi quan hé giira cédc dai lugng.
Butoe 2. Giai phuong trinh.
Buoe 3. (Kiém tra va trda 16i) Kiém tra xem trong cdc nghiém cua phuong
trinh, nghiém nao thoa min diéu kién cha 4n, nghiém nao khong, réi két luan.

B. MOT $O Vi DU

Dang 1. Toén chuyén déng

Vi du 22. Mot xe du lich khai hanh tir A dé dén B. Nira gior sau, mot xe tai xudt
phat tir B dé vé A. Xe tai di duge | gid thi gap xe du lich. Tinh van téc cla
mobi xe, biét ring xe du lich ¢6 van téc 16n hon xe tai 1a 10 km/h va quing
duong AB dai 90 km.

Bang tom tat:

Quing dudng Van téc Thai gian gap nhau
(km) (km/h) (h)
Xe du lich (x + 10).1.5 x+ 10 1S
Xe tai x.1 X I

Giai
Goi vin toc cua xe tai 1a x, don vi: km/h, diéu kién: x > 0.
Khi d6 ta c6:

Vin toc cua xe du lich 1a x + 10 (km/h).



Thai gian xe du lich di tr A dén lic gap xe tai la: 0,5+ 1 = 1,5 (h)
Quiing dudng xe du lich va xe tai di dugc dén lic gap nhau ldn luot 1a
(x + 10).1,5 va x.1 (km).
Vi hai xe di nguge chiéu nén quing dudong AB la tong quing dudng cua hai xe
di duge. Ta ¢6 phuong trinh
(x+ 10).1,5 + x.1 =90
&25x=75
<> x = 30 (thdéa min diéu kién).
Vay van t6¢ ctua xe du lich va xe tai lian luot 1a 40 (km/h) va 30 (km/h).
Nhan xét:
Cic bai todn chuyén dong gém ba dai lugng tham gia la quang dudmg (S), van
toc (v), thai gian (1) véi quan hé nhu sau:
S

S
t v '

S=vi;v=—;1=
O vi du trén ta c6 thé sir dung cong thite tinh thoi gian gap nhau cta chuyén

-

dong ngugc chiéu, cung lic: t =

, trong do:
Vi +V,

= v}, V5 l4n luot 1a van toc cha xe du lich va xe tai: v, =v, =10,
-S' 1A khoang cdch giira hai xe: S =90 - 0,5.v; (km)

= | =
v +(v, —10)

= 2v,-10=90-0,5v, = v, = 40. Tir d6 v, = 30.

Vi du 23. Mot bé nifa troi tr do va mot ca no6 déng thoi roi bén A dé xuodi dong

song. Ca nd xubi dong duge 96 km thi ngay lap tic quay trd vé A, ca di lan
vé mit 14 gio. Khi ca n6 con cich A 24 km thi gap bé nira. Tim van t6¢ cua
dong nude va van toc riéng cia ca no.

(Dé thi vao lop 10 chuyén Todn, 1986)

29



Bang tém tat (Tinh dén thoi diém ca né gdp lai bé nita)

Quing dudng Van téc Thoi gian
(km) (km/h) (h)
Xubi do 96 k.
udi dong X+y m——
Cano
i
Nguoc dong 72 X+Yy s
e |
24
Bé nira 24 y o
y
Gidi

Goi van téc riéng cla ca nod va van t6c dong nude lan lugt 1 x va y, don vi:
kmfh, diéu kién: x >y > 0.

Khi doé, ta ¢6:

Van t6¢ xuodi dong va nguoc dong cua ca no theo thirtw la x +y (km/h) vax —y
(km/h). Vin t6c cta beé nita bang van t6¢ cia dong nudce va bang y (km/h).
Quang dudng ca nd nguge dong dén khi gap bé nira la:
96 - 24 =72 (km).
96 72

Thoi gian ca nd xudi dong va nguge dong lan luot la: —— (h) va —— (h).
X+y X-y

Thoi gian bé nifa troi dén khi gap ca no la: & (h).
y

Vi ca n6 va bé nira cling xuat phét tir A nén thoi gian chuyén dong t6i khi gap

lai bang nhau. Ta ¢6 phuong trinh: 20 - L =E.
X+y X-y Yy
: . . 4 3 1
Chia miu cua hai v€ cho y, ta duoc: + =-,
X X I
—+] —=]
y Yy
Dan:-’i(t:’l).tacé:i-i-—?—-:l
y t+1 t-1
< 4(t=1)+3(t+1)=(t=1)(t+1)
t=0 (loai)

S -Tt=01(t-7)=0s ;
t=7 (thoa min)




Vait=7,taco: x =Ty.
Mat khdc, vi tong thoi gian di va vé cia ca no 12 14 gid nén ta co:
20 + 30 =t4:£+ﬁ=739+§=7:>]—4-=7:y=2.
XYy A=y 8y Oy y ¥ y
Tir d6 suy ra: x = 14 (thoa mén).
Vay van toc riéng cha ca no 1a 14km/h, van t6¢c dong nudc la 2km/h,
Nhdan xét:

Khi xét chuyén dong (van t6c riéng v,) trén mot vat chuyén dong khdc (van
t6c riéng v,), ching han: ca no di trén song ¢6 dong chay, ngudi di bo trén toa
tau, ... ta sir dung cong thic cong vdn roc sau:

Vesi SV H V2 VA Ve =V -V
Dang 2. Toan céng viéc
Vi du 24. Mot cong viée duge giao cho hai ngudi. Ngudi thit nhat ¢6 thé lam xong
cOng viée mot minh trong % gitr. Luc ddu, ngudi thi nhat lam mot minh va

sau 8 phut 40 gidy ngudi thir hai cung lam. Hai ngudi lam chung trong %

£i0 thi hoan thanh cong viéc. Hoi néu lam mot minh thi ngudi thit hai cén
bao 1au dé hoan thinh cong viéc ?

Giai '

Péi don vi:

2 : 26 11 .., .22

— gi0 = 24 phiit; 8 phit 40 gidy = — phit; — gid = — phuit.

58' phut; & phut 40 giay 3P“ 908' 3P“

Goi thai gian lam mét minh xong viée ctia ngudi thir hai la x (phut), diéu kién
xo 28

Biéu thi khai lugng cong viéc bing 1, ta cé:

Nang sudt cia ngudi thir nhdt va ngudi tha hai lin lugt la: 2%,1 (cOng
X

viéc / phit). Nang sudt [am chung cia hai ngui la Eld_l -l-l (cong viéc / phiit).
X
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Khoi luong cong viéc ngudi thit nhat lam mot minh la 5 — =— (cOng

2201
viéc). Khoi lugng cong viéc cua hai ngudi lam chung la T [§+ J (cOng
- X

viéc).

3 \24 x

2

32.{L '] B sl b B N gD (il vilindiby
3 3624 x 264 x

Kién).

Vay néu lam riéng, ngudi thit hai cén lam trong 22 phit dé hoan thanh cong
viéc.

Nhan xét:

Todn vé cong viéc gébm c6 ba dai lugng: khoi lugng cong viée (V), nang sudt
(N), thoi gian (t) vai quan hé nhu sau:

Theo dé ra, ta ¢6 phuong trinh %+2 (L+l]=l

24 X

V=NIt:N= —\—’- = E-
t N
Khi lam xong cong viéc thi khoi lugng cong viéc duge biéu thi bang 1.

Véi bai todn lam chung, nang sudt chung bing tong nang sudt cta mi ngudi.

Vi du 25. Mot bé ¢6 gin 3 voi nude: 2 voi chay vao va mot voi thio ra (voi thdo ra
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dat ¢ ddy bé). Biét ring néu chay mot minh, voi thir nhat chay 8 gitr ddy bé,
vOi thit hai chay 6 gity ddy bé va voi thir ba thdo 4 gid thi can mot bé ddy. Bé
dang can, ngudi ta mo déng thdi voi thir nhdt va voi thi hai trong 2 gio roi
ma ti€p voi thit ba. Hoi sau bao lau tr ldc ma voi thi ba thi bé ddy ?

Giai
Goi thoi gian tir lic md voi thit ba dén khi bé ddy la x (gid), diéu kién: x > 0.
Biéu thi dung tich ciia bé bang 1, ta ¢6:

Nang sudt clia ba voi 1dn luot la: %é ;4l (bé / gidy).

Nang sudt chung cua voi thir nhat va voi thir hai la: %+ %I— = -% (bé / gidy). Nang

-

O
sudt chung cha ba voi ld =+ ———=

bé / gidy
=g ,)4( / gidy).



T il
2—4=F{ht.).

Sau 2 gid. hai voi thi nhiit va thi hai chay duge: 2

o # - " ] o
Sau x gidr, lugng nude trong beé la x.;_—l— (bé).

: 4 : . X
Theo d¢ ra. ta ¢6 phuong trinh: —+—=1
12 24
X _23 3 e e e
<= = — <> X = [0 (thoa man di¢u Kién).
24 |12

Vay thoi gian tir [ae mo voi ba dén lae bé day 1a 10 gid.

Dang 3. Todn ¢é ndi dung S$6 hoc

Vi du 26. Tim hai s0 tr nhién sao cho khi 1y tong, hi¢u (s0 16n trir s6 nho), tich,
thuong (80 16n chia s6 nho) cua hai s6 d6 cong lai ta duge két qua la 245.

Giai
Goi s0 nho 1a x (x € N ). Vi thuong cua so lon vi s6 nho 1 s6 tr nhién nén s6
Ion chia hét cho s0 nho. Vi vily ta goi 0 1on 1a kx, vai k € [N,
Theo dé ra, ta ¢6: (kx+x)+(kx =x)+kx.x +k =245
Ll
<> kx™ +2kx +k =245
2 3
< k(x+1) =5.7"

= (X + I): - U'{S.7:):>{x+ I)3= izh()i]i.‘(x+ l)2=73.

' > X
-Néu(x+l)'=l=>[ (loan)

X =

=x=06(vixeN)=k=5.

2
=6
S

d 3 3 X

- Néu (x+1) =7 ::-|:
X
Viy hai s6 ¢cdn tim la 6 va 30,

Vi du 27. Tim mot s6 tr nhién. bi¢t ring néu bo di ba chir s6 tan cluing cua no thi
duge mot 6 mdi ¢6 1ap phuong biang ding so phai tim.

Giai

- at - - 5 T P = .
Goisocantim Ia xabe, vdi0<a,b,c<9vax e N .

A-CDCL TOAN 82-T3

(S
ad



Néu bo di ba chir s6 tan cung thi s6 con lai 1a x.
Theo dé ra. ta ¢6: x* = xabe = 1000x +abc .
Néu s6 phai tim ¢6 4 chir s6 thi 0 < x < 10 = x* < 1000, ma
1000x +abe > 1000 nén trudng hop nay khong xay ra.
Néu 56 phai tim ¢6 6 chir sO tro [én thi x 2 100 = " > 1000000, ma xabe <
1000000 nén cic truong hop nay khong xay ra.
Vay so6 phai tim chi ¢6 thé ¢6 5 chir s6, tic 1a x ¢6 2 chir s6.
Vi x* =1000x +abc > 1000x = x> > 1000 = x > 31.
Mt khic, néu x 2 33 thi:
abe = x* = 1000x = x* —33x% +33x” —33%x + 89x
= X7 (x =33)+33x(x — 33) + 89x > 89.33 = 2937

= abe > 1000 vo 1.
Vay 31 < x < 33 = x = 32. Tir d6 suy ra abe = 32° = 1000.32 = 768.

Thir lai ta ¢6: 32° = 32768 1a ding.
Vay s6 ¢in tim 1d 32768.

Dang 4. Toan ¢6 ndi dung Hinh hoc
Vi du 28. M0t hinh chir nhit ¢6 chu vi bing 132 m. Néu tang chiéu dai thém 8 m va
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giam chiéu rong di 4 m thi dién tich hinh chir nhat tang thém 52 m~. Tinh

kich thude cua hinh chir nhat.
Giai
Goi chiéu dai cta hinh chir nhat 1a x (m), diéu kién: 0 < x < 66.
Khi do, ta co6:

Chiéu rong cua hinh chir nhit 12 66 — x (m).

Dién tich ciia hinh chir nhat 1a x(66 - x) (m°).
Chiéu dai va chiéu rong cua hinh chit nhat sau khi tang, giam lan luot 1a x + 8;
(66 — x) =4 =62 — x (m). Dién tich cta hinh chir nhat khi d6 la

(x + 8).(62 - x) (m").
Theo dé ra, ta ¢6 phuong trinh
(x+8)(62-x)=x(66-x)+52

B-COCL TOAN 82-T3



& —x% +54x +496 = x> +66x +52
<> 12x =444 <> x = 37 (thoa midn)
Vay chi¢u dai va chiéu rong cta hinh chir nhat 1dn luot 1a 37(m): 29 (m).
Dang 5. Cac dang toén khac
Vi du 29. Ban A hoi ban B: "B6 me ban nam nay bao nhiéu tudi ?". B tra 10i: "Bo
t6i hon me 161 4 woi. Trude day khi tdng s6 woi cha bo me toi 1a 104 thi
tudi cta ba anh em ching 161 1a 14, 10 va 6. Hién nay tong s6 tudi cua bo
me toi gdp hai ldn t6ng s6 wéi ctia ba anh em t6i". Tinh xem ndm nay tuoi
cua bo va me ban B 1 bao nhiéu ?
(D¢ thi HSG mién Bac, 1969)
Giai
Goi s6 nam ké tir "trude day” dén thoi diém hién tai la x (ndm), diéu kién: x > 0.
Khi do:
Tong s6 i cia bo v me ban B hién nay 14 104 + 2x (tudi).
Tong s tudi cta ba anh em ban B hién nay la
14 + 10 + 6 + 3x = 3x + 30 (1udi).
Theo dé ra, ta ¢6 phuong trinh 104 + 2x = 2(3x + 30)
&> 4x =44 < x = 1| (thoa man)
Suy ra téng s6 tudi ctia b va me ban B hién nay 13 104 + 2.11 = 126 (to6i).
Vi bo ban B hon me ban B 4 tudi nén tudi cua bo ban B 1a
(126 + 4): 2 = 65 (tuodi)
va tudi cia me ban B 12 65 — 4 = 61 (wéi).
Nhan xét:
Thong thudmg, khi dé bai yéu cdu tim dai lugng nio ta sé chon dn 1 dai lugng
do (goi la cdch chon an tryee tiép). Tuy nhién, trong mot s6 bai todn ta lai chon
dn khong phai 12 dai lugng cin tim (goi 12 cdch chon an gidn tiép), nhu trong
loi giai trén. Doi khi, ta con chon thém an la cic dai lugng lién quan khic
trong bai (goi 12 cdch chon thém an gia). Chang han, vé6i vi du trén, ta goi x |2
sO tudi cha me ban B hién nay, ¢ 14 s6 nam tlr "truée day” dén hién tai (« 1a an
gid). Thai diém "trude day” toi me va bd ban B ldn lugt la x —avax —a + 4.
Ta cé
(x=a)+(x=—a+4)=104 hay x=a+ 50 (1)
Thai diém hién tai, t0ng s6 tdi ba anh em la
14+ 10+6+3a=3a+30
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Taco:x+(x+H=2C30+30)=2x=06u+ 56 < x=3a+28 (2)
Te(DVva2)suyrca+50=3u+28=a=11=x=0I..
So di a goi L an gia 1a vi a khong phai 12 dai luong cin tim. Ta st dung thém
an nay nham muc dich dién dat ¢ie gia thiét cua bai toian duge dé hiéu nhat.
Vidu 30. MOt cira hing ngay chu nhit tang gid tat ca cic mat hang thém 20%.
Sang ngdy thi hai, cira hang giam gid 1t ¢a cic mat hang 20%. Mot nguoi
mua hang tai cia hing do trong ngdy thi hai phai tra tat ca [a 24000 dong.
Hoi ngudi d6 vin mua cdc san phiim nhu vay nhung vio thai diém trudge
ngay chu nhat thi phai tra bao nhiéu tién ? Nhi¢u hon hay it hon bao nhi¢u ?
Giai
Goi 50 tuén ngudn mua hang phai tria néu mua trude ngiy cha nhat 1 x (dong).
diéu Kién: x > 0.
Néu mua hang vio ngiy cha nhit thi s6 tién ngudi do6 phai tra la:
X +20%x = 1.2x (déng)
Vi sang thit hai cura hiang giam 20% nén so tién ngudi do di tra i
1.2x = 20%.(1.2x) = 0.96x (dOng).
Theo dé ra. ta ¢6 phuong trinh: 0,96x = 24000
= X = 25000 (thoa min).
Viy néu mua trude ngiy cha nhiat ngudi do phai tria 25000 dong, nhiéu hon so
vai ngdy thar hai 12 1000 dong.
Chu y:
Sai 1am thuomg gap khi giai bai todn ndy 1 lap ludn ring vi hom trude tang
20%. hom sau giam 20% nén gid tro lai mic ban didu. Nguyén nhan o day L
tang 20% 1a tang 20% gid cua ngdy thir bay, giam 20% 1a giam 20% gid cua
ngay chu nhit {gid ny cao hon gid ngay thir bay).

C. BAI TAP

3.34. Mot phan 56 ¢6 tr bé hon mdu 1a 11, Néu tang tr [én 3 don vi va giam mdu

di 4 don vi thi duge mot phin s6 bang h Tim phiin s6 ban dau.

3.35. Tong hai ¢hir 50 cua mot sO ¢6 hai chir 50 1a 12, biét ring chir 56 hing chuc
hon chir s hang don vi a4, Tim 56 do.



3.36.

3.37.

3.38.

3.39.

3.40.

3.41.

3.42.

3.43.

3.44.

3.45.

Tim mot s6 ¢6 5 chir s6 déi ximg dung abceba sao cho t0ng ciic chir 6 clia
- - = ™ C
no bing bb va = <a<c.
Néu giam chi¢u dai caa mot hinh chir nhat di 2.4 ¢m va tang chiéu rong lén
30% thi dién tich cua hinh chir nhat dé tang 4%. Tim chi¢u dii ban diu cua
hinh chir nhdt.
Tong 5O woi cua hai anh em hién nay 1a 63. Tudi cua ngudi anh hién nay
gdp doi sO woi cua ngudi em lic ngudi anh bing ol cua ngudi em hién
nay. Tinh sO tuoi cua hai anh em hién nay.
Hai thung dung diu: Thing tha nhdt ¢6 120 lit dau, thung thar hai ¢6 90 Iit
diu. Sau khi lay ra ¢ thung thir nhat mot lugng déiu gap ba lan lugng dau lay
ra ¢ thung tha hai thi lugng diau ¢on lai trong thung tha hai gap doi lugng
ddu con lai trong thing thir nhat. Hoi di 1ay ra bao nhiéu lit ddu ¢ méi thing ?
Mot cand tudn tra di xuoi dong tir A dén B hét 1 gio 20 phut vi nguoe dong
tr B vé A hét 2 gir. Tinh van 16c¢ riéng cda ca no, biét van 16¢ dong nude L
3 km/h.
Lic 7 gio sang. mot ngudi di xe dap khoi hiinh tir A vai van 1o¢ 10 km/h.
Sau d6 lic 8 gior 40 phit, mot ngudi khic di xe may wr A duoi theo vai van
toe 30 km/h. Hoi hai ngudi gap nhau lae may gid.
Hai ngudi di bo Khoi hanh o hai diac diém cich nhau 4,18 k. di nguoe chiéu
nhau dé gap nhau. Ngudi thit nhat moi gio di duge 5.7 km. Nguoi tha hai
moi gio di duge 6.3 km nhung xuat phit sau ngudi thir nhat 4 phat. Hoi
ngudi tha hai di trong bao Liu thi gap ngudn tha nhat ?
Lac 6 git, mot 010 xudt phit tir A dén B vai vin toc trung binh 40 km/h. Khi
dén B. ngudi Lii xe lam nhiém vu giao nhidn hang trong 30 phit roi cho xe
quay trd vé A vai van to¢ trung binh 30 km/h. Tinh quang duong AB. biét
rang 010 vé dén A Iic 10 gior cling ngay.
Hai xe mdy khoi himh lic 7 gior siing tir A d€ dén B. Xe mdy thir nhat chay
vai vin toc¢ 30 km/h, xe mady thar hai chay vai van toc 16n hon vin 1o¢ cua xe
may thir nhat 12 6 km/h. Trén dudng di xe tha hai dimg lai nghi 40 phat roi
lai iép tue chay vai van toe ca. Tinh chiéu dai quiing dudomg AB. biét ca hai
xe dén B cung lic.
Mot 0 1o tai di tir A dén B vai van toc¢ 30 km/h. Mot lae sau mot xe con roi A
vai van 1o¢ 40 km/h du dinh sé duoi kip xe tai tai B. Nhung di nua quang
duong AB thi xe con ting vian 16¢ thém 5 km/h nén sau d6 1 gid da duoi Kip
xe tar. Tinh quing duong AB.
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3.46. Hai doi cong nhan ciing lam mot cong viée thi hoan thanh trong 12 ngay. Hai

3.47.

3.48,

3.49.

3.50.

3.51.

doi lam chung vé6i nhau trong 4 ngay thi doi thir nhat duge diéu di lam viéc
khdc, doi tha hai lam nét phidin cong viée con lai trong 10 ngdy. Hoi doi tha
hai néu lam riéng thi sau bao lau sé 1am xong cong viéc do6 ?

Mot 16 sin xudt theo k¢ hoach méi ngay phai san xudt 50 san pham. Khi
thue hién, moi ngdy t6 dé san xudt duge 57 san phdm. Do d6 khong nhimg
10 di hoan thanh trude k¢ hoach 1 ngay ma ¢on vuot mire 13 san pham. Hoi
theo ké hoach t0 phai san xuat bao nhiéu san pham ?

Mot 16 may do theo ké hoach mdi ngiy phai may 30 do. Nho cai tién ky
thudt, 10 di may duge méi ngay 40 do nén da hoan thanh trude thoi han 3 ngay
vil ngodi ra con may thém duge 20 chiée do nira. Tinh s6 4o ma 16 dé phai
may theo ké hoach.

Mot t6 san xudt du dinh hodn thanh cong viéc trong 10 ngay. Thai gian ddu,
ho 1am mdi ngay 120 san pham. Sau khi lam dugec mot nira s6 san phim
duge giao, nhd hop 1y hod mot s6 thao tde, méi ngay ho lam thém duge 30
san phim nira so v6i mdi ngdy trude do, do vay t6 da hoan thanh ké hoach
trude | ngay. Tinh s6 san phim ma 16 san xudt duge giao.

Hai to san xudt cung lam chung cong viéc thi hoan thanh trong 2 gid. Hoi
n€u lam riéng mot minh thi méi t6 phai hét bao nhiéu thoi gian méi hoan
thinh cong viée, biét khi lam riéng t6 mot hoan thanh sém hon 16 hai la
3 gi0.

Mot bé nude c6 hai voi: Voi I & miéng bé chiy vio manh gdp bon ldn voi 1
¢ phia dudi thio nudce ra. Néu bé can va mao c¢a hai voi cung lic thi sau 2 gio
45 phit bé ddy. Hoi voi Il phai dit ¢ do cao bao nhiéu so véi chiéu cao cua
bé, biét ring néu ma riéng voi I thi b? dang can sé diy sau 2 gid 30 phiit.

Chuyén dé ning cao

PHUONG TRINH NGHIEM NGUYEN

A. KIEN THUC CAN NHS
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- Cap s0 (Xxyiyp) goi la nghiém nguyén cha phuong trinh f(x.y)=0 néu

XosYo € Z va r(xn.yu)-_'o.

- Giai phuong trinh nghiém nguyén la tim tat ci cic nghiém nguyén cua

phuong trinh do.



B. CAC PHUONG PHAP GIAI
1. Phuong phép "tédch phan nguyén®
Vi du 31. Giai phuong trinh nghiém nguyén
12x =7y =45 (1)
Giai
Vil2x:3vad45:3nén7y:3=>y:3.vi(7.3)=1.

Giasry=3k,vdik € Z,tacé: 12x-7.3k =45 < 4x-T7k =15

g Tk+1S_Bk+16-k-1_ ) 0 k+l
4 4 4

Déxeﬁlhi%l—ez.huyk-l-I=4n.vdineZ

= Kk=4n- 1.
Tir do, ta c6:
x=2(4n-1)+4-n=2+7n vay=3(@dn-1)=-3+ 12n.
Vay phuong trinh (1) ¢6 vo s6 nghiém nguyén (x; y) xiic dinh boi cong thirc
x=2+7n ;
(ne€Z) (goi la cong thitc nghiém nguyén tong quit).
y==3+12n

Nhan xét:
Dang téng quit ciia phuong trinh (1) 1a ax+by =c¢ (*) (trong d6 a, b, ¢ € Z).

Cdc buege tim nghiém nguyén cua pluong trinh (*):

@ Rt gon cic hé so, dua vé (a, b, ¢) = 1 va nhan xét vé tinh chia hét cua cic
hang tr (néu ¢o).

@ Biéu thi mot 4n qua an con lai voi luu y sau: Néu lal < Ibl thi tinh x theo y,
trdi lai thi tinh y theo x.

@ Tich phianmguyén va l1ap luan cho phian du thuoc Z.

Lap lai cic bude trén cho dén khi tim duge cong thite nghiém nguyén tong
qudlt.

Cha y:

Néu phuong trinh (*) véi (a, b, ¢) = | ¢6 nghiém nguyén thi (a, b) = 1. Diéu dé
¢6 nghia la:
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Néu phuong trinh (%) ¢6 (a. b, ¢) = 1 vit (a. b) = | thi phuong trinh nily Khong
¢O nghiém nguyeén.

NE¢u (x,:y,) 1a mot nghiém nguyén cua phuong trinh (%) (goi & nghiém
ri¢ng). thi cong thie nghiém nguyén 10ng qudt cua (%) L
| X=X+ bk -
(kell)
ly = yo—uk
Vi du 32. Giai phuong trinh nghiém nguyén
)‘(X—I)=K:-r2 (2)
(D¢ thi vao lap 10 chuvén, DH KHTN = DHQG HN, 20000)
Giai
Nhin thay x = 1 Khong thoa mdin phuong trinh,

2

» g X~ 42
Vai x 2 1. phuong trinh (2) <= y = l
x_..
(ﬂ'-l)'i‘*l 3
S y= :(x+|]+'_
Xx—1 Xx-1

x> -3 | -1 1 A
X -2 | 0 | 2 4
y -2 | -2 | 6 6

Viay phuong trinh (2) ¢6 bon nghi¢m nguveén 1 (= 2: = 2). (0 = 2). (2: 6) va
(4: 6).

2. Phuong phdp phéan tich thanh nhén ti vé st dung uéc sé
Vi du 33. Giai phuong trinh nghi¢m nguyén
Ixy—=5x-2y=3 (3)

Giai
Taco (3) < x(3y-5)-2y=3
&< 3X(3y-=-5)-23y =9 (nhan hai vé van 3)

& 3x(3y-=5)-2(3y-5)=9+10
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& (3x-2)(3v-5)=19.

=3 =-2.3v-5¢c U(19).

Ta ¢6 bang sau:

3% ~2 - 19 =] I 19
3y -5 2 Y 19 1
17
X -— l | a
3 3
4 { 14
* = | === 8 2
) 3 | 3

Vay phuong trinh (3) ¢ hai nghiém nguyeén L (1: 8) va(7: 2).
Nhan xet:
Dang 10ng quit cua phuong trinh (3) 1a: axy +bx+cy =d (*%) (trong do a. b,

c.d e Z).
Cach giai plicong winh (%%):
X{ay+b)+cy =d <> ax(ay+b)+cay =da
<> axfay+b)+clay+b)=da+cb e (ax+¢)(ay+b)=ud+be.
= ax+c.ay+be U (ad +be) ...
Vi du 34. Giai phuong trinh nghi¢m nguyén
x* - 10xy ~ 11y =13 (4)
Giai
Taco (4) <> x° —y: - 10xy - I(l;..'2 =13
< (x=y)(x+y)-10y(x+y) =13
< (x+y)(x=1ly)=13

= x+v.x-llye U(l3).

Ta ¢o bang sau:

[ x+y [ -3 [ - g 13
| x-ny | -1 | -3 13 !
| X =B | =5 2 12
Ty | - | =9 !
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Viy phuong trinh (4) ¢6 bon nghiém nguyén la (= 12; = 1), (= 2: 1). (2: = 1)

vad (12; 1).

Nhan xét:

Dang tong quit cua phuong trinh (4) ax’ +(a+b)xy+ byl =¢, vOi cich

bi¢n doi vé dang tich nhu sau:
ax® +axy + bxy + by” =c<<>ax(x+y)+by(x+y)=c
< (x+y)(ax+by)=c.
= x+y,ax+by € Ulc) ...

3. Phuong phép su dung finh chan 1é
Vi du 35. Giai phuong trinh nghiém nguyén

x> -2y> =5 4)
Gidi
Taco (4) < x> =2y" +5 = x" 136 1¢ = x 1A 56 Ié.
Gia st x =2k +1, k € Z thi: (2k+l)‘~—3}*: =5& Ak’ +4k-2y° =4
& 2k7 +2k-y* =2 = y° li 56 chin = y chin.

i a o ) 3 2 2
Giasty=2n.ne Zthi 2k +2k-4n " =2k +k-2n" =1

e k(k+1)=2n"+1

Vi v€ trdi 12 s6 chidn v6i moi k € Z va v€ phai 12 s6 1é v6i moi n € Z nén

khong ¢6 k, n thoa man.
Viay phuong trinh (4) khong ¢6 nghiém nguyén.
Vi du 36. Tim nghi¢ém nguyén to cua phuong trinh
x¥+l=1z (5)
Giai
Vi x,y22nén z22"+1=5 vadod6z1aséIé.
= x* =z-1 12 s6 chin = x chin = x = 2 (vi x 1a s6 nguyén 16).

Khidé: z=2Y +1.



Néuylasoléthi z=2"+1: (2+1) hay z: 3 = z la hop s6 (loai).

Néuylasochinthiy=2vadodoz= 2% 4 1 =5 (thda man).
Vay phuong trinh (5) ¢6 mot nghiém nguyén t6 duy nhit la (2: 2: 5).

4. Phuong phép danh gia
Vi du 37. Tim nghiém nguyén duong caa phuong trinh:
Ek.7

—t =] (6)
X y Z

Vi vai trd cua x, y, z 12 nhu nhau, nén khong mdt tinh t6ng qudt ta ¢6 thé gia
: Lol
st l1<xsSysz,dod6: —2—2-
X ¥ =

| (I
= l=—+—+—<—=3x<3.Vayx € {2; 3).
X ¥y Z X

+—<==>2<y<4.Viyye (2;3;4}.

-Né’ux:Eth‘ll= l
‘) Z }"

L
2y

+ Néuy =2 1thi _l= 0 = khong ¢6 = thoa min (loai)

z
_ | [ .
+Néuy=3thi —=—=-==—= =z =6 (théa min)
Z Z 3 6
, e L 1 "
+Néuy=4thi —=—-—=— = - =4 (thoa min)
z 2 4 4
: 2 b 4.2 ;
-Néux=3thi ==—+—-<—-=3<y<3 = y=3,dodb z= 3 (thoa min)
y & ¥

Doi vai tro cua x, y. z ta ¢6 10 nghiém nguyén duong cta phuong trinh (6):
{2y 35:0); (2> 4L.4)./(35 3% 3),:(2; 67 3);(312; '6).:(3; B:2); (652 3),4(6; 372);
(4:2:4).(4: 4: 2).
Vi du 38. Giii phuong trinh nghiém nguyén
x> = },2 +y+I (7)
(D¢ thi vao lop 10 chuyén, DH KHTN - DHQG HN, 2001)
Giai

Diéu kién: y 2 - 1.
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4 z 2
-Néuy==lthi x"=1leox=%1.
- . .
—Néuy=0thi X"=lex=2%1.

- Néuy>0thiy+1>1 = Jy+l<y+1<2y+l|

L 7

» 1 1 2
Taco: y" <xX" =y "+ y+l <y +2y+1=(y+1)
= € |\| < y+1:Khong ¢o x € ZZ thoa min.

Viay phuong trinh (7) ¢6 bon nghiém nguyeén L (1: = 1), (= 1: = 1) (1: 0).
(=17 0).

5. Phuong phép xudng thang va déng du
Vi du 39, Gizu phuong trinh nghi¢m nguyén
19x* + 28y =729 (8)
Giai

Vi 729 i 3nén 19x7 +28y" 53c:>(ISx2 +27y% )+ (%% +y7 )33

3 1\ . ‘.‘i '3 X= 3K|
<::>(x'+}"):3::> ; :«{ (x.y, €2)
y:3  |y=Jy,
- - ‘ 1 .
Thay viio (8). ta co: 19x,” + 28y~ =81 (8)
. _ ) ].\;, = 3x, -
Lap ludn twrong wr nhr trén, ta ¢o: T (x5vh €7
Lyr =3y,
o : 2 {3 "
Thay viio (8). taco: 19x,7 + 28y, =9 (8")
A . : ! '-\3 = 3x;3 -
Lap ludn twong e nhu trén. ta ¢o: 2 (x1.v3€Z)
Y2 =93

- - [LL] - : 2 -~ - # -
Mhay viio (87) ta ¢é: 1957 + 28y~ = | : phuong trinh nay Khong ¢ nghiém
nguyen (Xs: vy).

Viy phuong trinh (8) Khong ¢6 nghi¢m nguyén.

Nhan xét:

I. Ciéich giai trén ¢6 tén goi 1 plucong phdp xuong thang: Néu (x: y) 1d nghiém

S X R T - P
nguyén cua (8) thi (x,:v,) = [ ;-1-] cing [ nghiém nguyén cua (8). twong e

44



3 ?

3" 3F
nhu viy cho dén khi chi ra duge phuong trinh vo nghiém hodc chi ¢6 mot
nghiém duy nhat.

= ) b L = J - .
(X23y2) = [%‘- 4 J— l~--~-J cung 14 nghiém nguyén cua (8), ... Ci lap lai

2. Ngoiii cich lam trén. ta ¢d thé sir dung déng du dé gidi nhu sau:
Gia st (x: v) L nghiém nguyén cua (8), ta ¢o:

19x7 + 28y~ = 729(mod 4) <> 19x~ = 1(mod 4)
& 20x" -x" =1(mod 4) & —x° = I(mod 4) < x* = ~1(mod 4)
& X = 3(mod 4): di¢u nay Khong the xay ra !

# = . Ll = - M - Y
(Vin¢u x chiin thi x~ =0(mod 4). con néu x le thi x~ =1(mod 4))

Viy phuong trinh (8) khong ¢6 nghi¢m nguyén.

C. BAITAP
3.52. Giai phuong trinh nghi¢m nguyén:
a) 6x -8y =9:
b) I1Ix+I18y=120:
¢) 17x-39y =4.
3.53. Tim nghiém nguyén duong cia phuong trinh:
a) 40x =3ly =1:
b) 1Ix+8y =73.
3.54. Giai phuong trinh nghiém nguyén:
g -(y+2)x+3-y=0.
3.55. Giai phuong trinh nghiém nguyén:
a) Xy=4=2x+3y:
b) Sxy+x+2y=7.
3.56. Tim nghi¢m wr nhién cua phuong trinh
4(x+y)=3xy-8.
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3.57. Giai phuong trinh nghiém nguyén
2x% - 5xy +3y* =7
3.58. Tim nghiém nguyén t6 cta phuong trinh
o 2x% =1.
3.59. Giai phuong trinh nghiém nguyén
127 +6xy +3y” =28(x +Yy).
(D¢ thi vao lop 10 chuyvén, DH KHTN = DHQG HN. 1994).

3.60. Tim nghiém nguyén duong cua phuong trinh

Sl 280 =,
z X Y

3.61. Giai phuong trinh nghiém nguyén
xtrxte2xP+x+7= }-3.
3.62. Giai phuong trinh nghiém nguyén
X +xTEx+1= y“.
3.63. Chimg minh phuong trinh sau khong ¢6 nghiém nguyén:
x> =3y =117.
3.64. Giai phuong trinh nghiém nguyén

x> = Zy" +42°.
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%an IV BAT PHUONG TRINH
BAC NHAT MOT AN

Chuyén dé'1
LIEN HE GIUA THU TU VA CAC PHEP TOAN

A. KIEN THUC CAN NHO
— Hé thirc dang a > b (hay a<b;a<b:a=b) duoc goi 1a bt dang thice; a 12
v€ trii, b 1a v€ phai cua bit ding thiic.
— Khi ¢ong cling mot s6 vo hai v& cia mot bat ding thire ta duge bat ding
thitc m@i cuing chiéu véi bat dang thire da cho.
a>bea+c>b+e, Ve,
— Khi nhan (chia) ca hai v& ciia mot bat ding thic véi (cho) mot s6 duong ta
duoc bat ding thirc méi ciing chiéu vdi bt ding thite di cho.
a>be>ac>be,Ve>0.
— Khi nhan (chia) ca hai v& cua mot bat d:"ing thire vai (cho) mot s6 am ta
duge bat ding thitc mdi nguoc chiéu véi bat ding thie di cho.
a>b& ac<be,Ve<0.
— Tinh chit bic cdu: Neua>bvab>cthia>c.

B. MOT O Vi DU

Dang 1. So sénh hai s8, hai biéu thic
Vi du 1. Cho x < y. hiy so sidnh:

a)x=yval.
b)=2x+ 3 va-2y+3.

C) X +y va 2x: 2y.
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Giai
a) Tir x < v, cong hai vé vai (= y). ta duoe:
X+(=y)<y+(-Yy)
e x-=y<0.
b) Tir x < v. nhan hai vé vai (- 2). ta duoc:
XdA=2)>y. (= 2) hay = 2x > = 2y.
Cong hai v& vai 3. ta dugce:
-2X+3>=2y+3.
¢) T x < y. cong hai vé vai v, ta duoc:
X+y<y+ySXx+y<y (h
Tir x < y. cOng hai v& vai x. ta duge:
X+X<Yy+XDIX<X+Y (2)
TU () vA(2)Ltacd: 2x <x +y < 2y.
Nhan xét:
Tir cau a) ta ¢6 quy tie chuyén vé viin ding doi véi bit dang thaic:
a<b<a-b<l
a+b<c+d S a-d<e-b,..
Tir cw ¢) ta ¢o:
Phuong phip lam roi: X <y = X +y < 2y,
Phuong phaip lam giam: X €y = X +y 2 2x.

Vi du 2. Hiy so sinh x va vy, néu:
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W=7x+132-Ty + 13.
byliIx=1>1ly+2.
Giai
WTU=-7x+132-=Ty + 13 suy ra: = 7x 2 = 7y (cong hai vé vGi — 13)
=> X <y (chia hai v¢ cho = 7).
Viy x <.
b)Vi2>—1nénlly+2>1ly-1.
Lai ¢o: 11x = 1 > 11y + 2. theo tinh chit bic ciu:
lx=1>1ly-1
= lIx>1ly (cOng hai vé vai 1)
=X > (chia hai vé cho 11)
Viy x> y.



Vidu 3. Cho a <b;c <d, hily so sinh a+c vab +d.

Giai

Tacé: a<b=a+c<b+c (1)
c<d=>c+b<d+b (2)

Tu (1) va (2). theo tinh chit bic cdu, tachd: a+c<b+d.

Nhan xét:

Tir két qua vi du trén ta ¢6 quy tic sau: Khi cong cdc vé niomg img cua hai bat
ddng thite ciing chiéu, ta dicwe mér bat dang thice cing chiéu vai hai bar dang
thie dd cho.

Vidu 4. Cho a, b, ¢, d > 0 thoa min: a < b;c <d. Hay so sdnh ac va bd.

Giai

Tra<bvac>0,taco: ac < be (1)
Torc<dvab>0,tacd:cb<db (2)
Tir (1) va (2), theo tinh chit bic cdu, ta ¢6: ac < bd.

Nhan xét:

Tir két qua vi du trén ta ¢6 quy tic sau: Khi nhan cde vé neong img cuia hai bat
dang thite ciang chiéu, cde vé déu duong, ta ditge mor bar dang thite cing
chiéu voi hai bat dang thire da cho.

Dang 2. Chiing minh bét déng thirc
Vidu 5. Cho a, b € R. Chimg minh ring:
2(a2+b2)2(a+b): (n
Giai
Xéthi¢u: 2(a® +b7 )~ (a+b)” =24 +2b% ~a® - 2ab- b’
=a’-2ab+b’ = (a-*l:o)2 >0,va,b.
Viy 2('&12 +b2)2(a+b)z.

Ping thirc xdy rakhia=b.
Nhan xét:
- Dé chimg minh A > B ta xvér hiéu A = Bvachimg 1o A =B >0,
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- Bit ding thire (1) ¢6 thé viét lai nhu sau:

] 3 L.
a~+b e[u+b]

2 2

— —

5

vi (I.u--l.b}: $(|3+l:](:t' *hz).

Két qua 1ong quit cua bat dang thie nay duge chimg minh trong vi du sau day.

Vi du 6. Cho bon s0 a, b, ¢, d. Chimg minh rang:

{u.l:|+t:.t.l)2 S(u: +¢° Nh: +d:) (2)

: ’ . . | C i
dang thire xay ra khi ad = be hay — = _I (v bd = 0).
: (

Giai
- > 3 3 3 o 1G5 | b » ¥ Y o
Tacd (2) & a“b” +2ubcd +¢"d”™ <ab” +a~d” +¢°b” +¢°d°
7 Hrea | y Hilay |
<> 2abed <a~d” +c¢7b”
% .0 7 M
¢> a~d” =2abed +b¢” 20
»
<> (ad-be)” 20
Bit ding thire cudi luon didng véi moi a, b, ¢, d nén bt dang thire (2) ciing
ding vai moi a, b, ¢, d.
: ek : a ¢
Dang thae xay ra khi ad = be hay — = —.
b d
Liae y. Khi b hodc d = 0. hién nhi¢n (2) trg thanh ding thic: ¢ day ta xét b, d # 0.
Nhan xét:
Trong vi du trén ta di st dung phuong phiip hicn doi nemg dicomy dé chimg
minh bit dang thie: Dung cic phép bién doi tuong duong dé dua bat dang
thire cin chimg minh vé mot bat dang thire hién nhién ding.
Bit ding thic (2) ¢6 én goi 1 har ddng thite Bunhiacopski cho hai cap, bon
sO: (i, ¢) va (b, d).

Vidu7.Chobasoa.b.cthoamin—=1<a.b.¢c <4 via+2b+ 3¢ <4 Chimg

. . 1 . ;]
minh ring a~ +2b~ + 3¢~ <36,
Giai
a+120

= (a+1){(a—-4)<0
a-4<( ( ){ )

Vi-| Euidnén{
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o ac-3-4<0ea° <3a+4 (1)
Ping thire xay ra kKhi a == 1 hodc a=4.
Chimg minh tuong tu. ta ciing ¢6: b* <3b+4 = 2b° <6b+8 (2)
va ¢C €3c+4 =3¢ <9 +12 (3)
Cong cic vé& tuong ting cGa ba bat diang thie (1), (2). (3) ta duoc:

a® +2b% + 3¢ <3(a+2b+3c)+24<3.4+24

= a° +2b” +3¢” < 36/ (dpem).

(a+1){a=4)=0
a=-|
o l(b+1)(b=2)=0 |
Dang thae xay ra Khi < =1b=4
(c+1)(c-4)=0 -
a+2b+3c=4

Nhan xét:
Bit ding thic trong vi du trén 12 mot har dang thite ¢6 diéu kién, né chi 1 bit
dang thire khi thoa man diéu kiendikém la: = 1 €a.b.c<4via+2b+ 3¢ <4,

Vidu 8. Cho a. b, ¢ 14 do dai ba canh cua mot tam gidc. Chimg minh rang:
3 Y 3
a~+b” +c¢” <2(ab+be+ca).
Giadi

Ap dung bt ding thire tam gidc, ta ¢o:

a<b+c e a° <ab+ca (1)
Tuong . ta ciing ¢o: b* < be +ab (2)
¢ <ca+be (3)

Cong cdc vé trong (mg cha ba bt ding thie (1), (2) va (3). ta duge:
» R “»
a~+b”+c¢” <2(ab+bec+ca).
Nhan xét:
Trong vi du trén ta di sir dung cic bat ding thie quen biét. d6 1a bat dang thic

tam gidc. Cich 1am ndy goi la phuong phdp s dung bar deng thite trung gian -
mot phuong phip pho bién trong chimg minh bat dang thite,



C. BAI TAP

4.1.

42,

4.3.

44,
4.5.

4.6.

4.7.

4.8.

4.9.

Cho x 2 y, hdy so sinh:

a)-8x+7va-8y+7.

b)9x =1 va9y - 1.

Hiy so sinh x va y, néu:

a) = 19x = 37 < - 19y - 37.
b)-23x-2>-23y +3.

So sinh s6 x va 0 néu:

a) Sx < 9x.

b) - 7x < 2x.

Cho a > b, ¢ >d. Hay so sdnh ac + bd va ad + bc.

Chimg minh ring véi moi x ta ludn c6:

a) = L Sg-.
4x"-12x+19 2
iy ey
X~ +1

Cho a > b > 0. Chiing minh rﬂng:-l— < % :
a

Chimg minh ring vdi moi x ta déu ¢6:

3. B
Vox?x*+1>0.

x® +x
Cho hai s0 thuc a, b. Chimg minh ring:

Lol P e 11

a)

b) a® +b” > 2ab.

¢) (a+ b)2 > 4ab.

Ding thitc xay ra khi nao ?

Cho a, b, ¢ > 0. Chimg minh cidc bét ding thitc sau:
a

a) —+P-22.
b a

b) £+E+ﬂ2u+b+c.
¢c a b



4.10.

4.11.

4.12.

4.13.

4.14,

4.15.

4.16.

Cho a, b, ¢ > 0. Chimg minh ring:

» B ®©_E_ 1 .1
=l b et e,
bc ca ab a b ¢

Cho a, b > 0. Chirng minh rang:
l+-l- 2 3 !
a b a+b
Cho a, b > 0. Chimg minh rang:
I I 1

(I+:.1)2 +(I+b]3 . l+ab

Ching minh rang véi moi a, b, ¢, d, e ta ¢c6:
a) a’ +b” +c’ >ab+be+ca.
b) a +b% +c’ +d> +e° 2 a(b+c+d+e).
(D¢ thi vao lop 10 chuyén Lé Hong Phong, TP. Ho Chi Minh, 2001)

Cho a > b >c¢ > 0. Chimg minh ring:

a’b? +b%c® +cta? > a’b? + b2 +c%a’.

(D¢ thi vao lap 10 khoi phé thong, PHSP TP. Ho Chi Minh, 2007)
Cho a, b > 0 thoa mén: a + b = 1. Chimg minh rang:

5 w ] P . | 4 o
a)a~+b" 2—; b)a +b 2—; C)a"+bhe=;

Chimg minh riang v&i moi a. b, ¢ ta ¢6

(a+ I::v+<:)2 >3(ab+bc+ca).

Chuyén dé 2
BAT PHUONG TRINH MOT AN

A. KIEN THUC CAN NHO
1. B&t phuong trinh mét an

— Bat phwong trinh mér an 1a bat phuong trinh ¢6 dang f(x)>g(x) (hodc

f(x)<g(x): f(x)=g(x):f(x)<g(x)), trong do f (x) va g(x) la hai biéu thirc
cua bién x.
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SO v, goi [a nghiem cua bat phuong trinh f(x) > g(x) néu thay v, vao ta
duge I'(x,)>ga(x,) la mot khing dinh ding. Giai bar pluong rrinh 1d im
it ca cie nghiém hay tim tap nghiém cua bat phuong trinh do.

Hai bat phuong trinh duge goi |a nromg dicomg khi ching ¢6 cung tap
nghiém.

Phép bién doi mot bit phuong trinh thinh mot bat phuong trinh tuong
duong goi [a phép bién doi uemg dicong.

MOt s0 quy tac bién doi wong duong thudng dung L

Chuyén vé: (x)+h(x)> g(x) <> f(x) > g(x)-h(x).

Nhin (chia):

(X)) > g(x) <> [(x).h(x) > g(x).h(x), néu h(x) > 0 véi moi x.

F(x) > g(x) <> I(x).h(x) < g(x).h(x) . néu h(x) < 0 véi moi x.

2. Bat phuong trinh bac nhat mét an:
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S

Bat phuong trinh mot an 14 bat phuong trinh ¢6 dang: ax+b >0 (hoac
ax+b<O:ax+b20:ax+b=>0), trong d6: a. b I ¢dc s6 cho trude viva = (.
Giai bit phuong trinh: ax +b >0 (1)

Taco: (e ax>=Db

Neua>0thi(l) e x:r—h.
1l

. b
Néna<Othi(l)e x<-—,
a
}’,’, / ;!!ffff!';‘ ;" >

-b

o

Néua=0thi (1) urdthinh: 0x > - b

o Néu b < 0 thi (1) vo nghiém.

o Néu b > 0 thi (1) nghiém ding véi moi x € R,



B. MOT SO Vi DU
Dang 1. Xét xem mdt s6 ¢b 1a nghiém cua bét phuong trinh hay khdng

Vidu9. Xét xem x = =3 ¢6 li nghiém cua bat phuong trinh sau hay khong ?

2x -5
a) S +3> | (1)
X+ 1
) )
b) -4x” + 40 <—=x-10 (2)
Giai

a) Thay x = = 3 viio bat phuong trinh (1), ta dugc:

2(=3)=3 l -11 I ] . :
a1 3> = + 3> — & — >— la mOt kKhang dinh sai.
3 -3+ 3 -2 3 2
Viy X = = 3 Khong phai L nghiém cua bit phuong trinh (1).
b) Thay x = - 3 viio bat phuong trinh (2). ta dugce:
-3+6 2
~4.(-3) + <5(-3-10

&=-36+1s-2-10

& = 35 <= 12: 1a mot khiing dinh ddng.
Viy x = = 3 [a nghiém cua bit phuong trinh (2).
Nhan xét:
D¢ xét xem mot s6 ¢6 1 nghiém cua mot bat phuong trinh hay khong ta thay
sO do vio vi tri cua an trong bat phuong trinh. Néu két qua thu duge [d mot
Khing dinh diing thi s6 da do [a nghiém cua bat phuong trinh. Trii lai. 86 do
khong [a nghiém cua bt phuong trinh.,

Vidu 10. Tim m d¢ x = 7 li nghiém cta bat phuong trinh:

I~ o528-04;
X=2
Giai
Vi x = 7 [ nghiém cua bt phuong trinh nén ta ¢6:
-7, 2s97-24
7-2
= (m-1).7 5 17
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Sm=1>-5
<Som>-4,
Vay diéu kién cin tim ciam A m > - 4.

Dang 2. Gidi bdt phuong trinh

Vi du 11. Giai cic bat phuong trinh sau:
a) 2x-7>8-x;
=33 X+ 1

~3< X ——,
2 4

b)
Giai
a) 2X=7>8-x=2x+x>8+7
<3x>15
& X >3.
Vay bat phuong trinh ¢6 tip nghiém 1aS= (x e R I x > 5).

-

"3"-3sx-3‘4L' & 2(1-3x)-12<4x = (x +1)

b)

2-6x-12<4x-x-1
S=-6Xx—-4x+x<-1-2+12
<-9x<9

&Sx2-1.

Vay bit phuong trinh ¢6 tap nghiém 1aS=(x e RIx > - |}.

FEFITNYIN L.
i -

Vi du 12. Giai cdc bat phuong trinh sau:
) 3x" —6X +7 <0;
4x -3

X+2

b) >93.




Giai
a) Ta c6: 3x” —6x +7c0<:>(3x2 -6x +3)+4<0C33(K—])2 +4<0.
Mt khdc: 3(x—|)3 +4 >0, véi moi x € R, nén khong c6 gid tri nao cua x

thoa méan bit phuong trinh.
Viy bat phuong trinh vo nghi¢m,

= = sl = )
b) Ta c6: 4x 3>5¢4x 3_5‘}0‘1’4:& 3 5(x+-}>0
X4+2 X42 X+2
a—x—l3>0¢:x+l3<0_
X+ 2 X+2

Suyrax + 13 vax +2trdidiu, ma x + 13 > x + 2 nén:
X+13>0>x+2
{x+l3>0 {x>-l3

o

S -13<x<-2.
Xx+2<0

X <=2
Viy bat phuong trinh ¢6 nghiém la - 13 <x < - 2.

L

=g

¥Chu y: Néu a < x < b thi ta n6i x thudc Ahoang tir a dén b va viétl 1a
x € (a: b). Ap dung, trong vi du trén ta ¢6 tap nghiém cua bat phuong trinh la

S=(-13;-2).
Dang 3. Gidi va bién ludn béat phuong frinh
Vi du 13. Giii va bién ludn bat phuong trinh:
(m=1)x=3>x+m (1)
Giai
Taco: ()= (m=2)x>m+3
= Néum-=2=0< m=2,thi (1) tro thinh: 0x > 5= v0 nghi¢m.

m+23

-Neum-=-2>0m>2 thi(l)e= x> >
m..-

m+3

-Neum-=-2<0em<2 thi(l)e x< 3
m-2
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Keét luan:
= Néu m = 2 thi bt phuong trinh (1) vo nghi¢m.

T——— | : W m + 3
= N¢u m > 2 thi bit phuong trinh (1) ¢o nghiem I x > =
m=2
i = ; ; o m + 3
= Neu m < 2 thi bt phuong trinh (1) ¢o nghiem [ x < s
=2
Vi du 14, Giat v bien ludn bit phuong trinh:
3(x+2)
X-m2———-3 (2)
m
Giai
"
; 3Xx+6 mx-=m- +35m-3x -6
Tac6: (2) & X—m+5- 20 >0
m m
b
(m-3)x -—(m‘ ~5m +(1)
< >0 (3)

m

= Néum >0 1thi taco: (m=3)x - (m‘! - 5m +6) >

< (m=3)x=z(m=2)(m-3) (H
+ Néu m = 3 thi (4) trg thanh: 0x = 0, nghiém ding véi mor x.

(m=2)(m-3)

+Néum>3thi(d) = x2 Sxz2m-2.

m-23
_ m-2){m-3
+Néull<m<3llﬁl4}¢:>xf§( H} )ﬁxsm-l
m -

= Neum < 0Othitco: (m=3)x -(m: -5m +l’1)€- 0

(m=2)(m-3)

m -3

< (m=-3)xs(m=-2)(m=-3)=>x2 Sxz2m-2

(vim=3<0)
Ker lnan:
= Néu m > 3 hodc m < 0 thi (2) ¢6 nghiém lax = m = 2.
— Néu m = 3 thi (2) nghi¢m ding véi moi X € =,
= NeuO<m<3thi(2)conghicmlax <m-2.
(m = 0 thi bat phuong trinh Khong ¢6 nghia).



C. BAITAP

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24,

Xét xem x = = 6 ¢6 la nghiém caa bit phuong trinh sau hay khong ?

a) 1-5x <x*-4:
2 |
b) > =
7x-4 14-x-

Tim m dé x = = 2 l[a nghiém cua bit phuong trinh:

a)
5 10

b) 4x° -(m=1)x+2-m=0.
Giai cidce bit phuong trinh sau:
2x—=35 _3-X
5 :
4

%=1 (1-3xY
o 2= (1-3)
2 3

a) -

<x(2-x).

Chimg minh rang bat phuong trinh (x +6)(8-x) <0 khong ¢6 nghiém x ma
-6<x<8.

Giai cic bat phuong trinh sau:

2x+3

H 213
X+2
A

b) E- | >if).
X-9 x-I|

Tim nghi¢m chung cua hai bat phuong trinh sau:
2x+1>3x -4 va (x~1)° $(2x-3)".
Giai bat phuong trinh:
x+12 x+15_x+34 x+26
+ > + !
2000 1997 1978 1986
Giai va bién ludn bat phuong trinh:

;
a) mx+422x+m-;

b) (m+4)x<m” +2m-8.
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4.25. Tim m d¢€ bat phuong trinh sau nghiém ding véi moi x € R:
a) m°x 29x +m?® +3m.
b) m* (x+2)<m?*(x-1).
4.26. Tim m dé bat phuong trinh sau vo nghiém:
‘ (m3+m+l)x+3m2(m3+2)x+5m-l.
4.27. Giai va bién luan bat phuong trinh:

X+3
+m>x+4.

m

4.28. Tim m dé hai bit phuong trinh: x — 7 €0 vd mx2m+1 ¢6 mot nghiém
chung duy nhat.

4.29. Tim m d¢ hai bat phuong trinh sau khong ¢6 nghiém chung:

>] va x23-mx.
3-x

4.30. Tim m dé hai bat phuong trinh sau twong duong:

(m=1)x-m+3>0 va (m+1)x-m+2>0.

Chuyén dé ning cao 1
PHUONG TRINH CHUA DAU GIA TRI TUYET POI

. KIEN THUC CAN NHG
1. Gid tri tuyét déi
a néua=0

Véia e R, tacé: |4| ={ & 0
-a néua<

2. D&u cla nhi thiic bac nhét
a) Dinh nghia: Nhi thie biac nhit cia x 1a biéu thic ¢6 dang f(x)=ax+b,

trong d6 a, b la cic s6 cho trude va a = 0.

SO X =——, thoa min f(x;,) =0, goi la nghiém cua nhi thirc bac nhat f (x).

d
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b) Quy tac dau: Nhi thirc bic nhat f(x)=ax+b cung ddu véi a khi x > x, va
trdi dau vai a khi x < x. Cu thé:

- Néua>0thi f(x)>0,Vx>x, va f(x) <0, Vx <x.

b
X A=
a
f(x)=ax+b - 0 +
-Néua<0thi f(x)<0,Vx>x, va f(x)>0,Vx <Xx,.
b
X x” —] T —
d
f(x)=ax+Db g 0 =

* Quy tic ddu & trén ¢6 ndi dung thuong duge nhd 1a "phai cing, trdai khac",

wre 1a bén phai nghiém x, thi f (x) ciing dau véi a, bén rrdi nghiém x;, thi £ (x)
khdac dau vén a.

Il. CAC DANG TOAN UNG DUNG

1.Dang 1: |P(x)|=k (trong dé P(x) I& biéu thlc cua x, k 1& mét s6 cho
truéce)

* Phuong phap giai:
— Néu k < 0 thi phuong trinh vo nghiém.
- Néuk=0thitacé [P(x)|] =0 P(x)=0

P(x)=k

- Néuk >0thitacé [P(x)|=k <
P(x)=-kK

Vi du 15. Giai phuong trinh

E—~2.‘i: 3x-+-l =3
4 4" 2
Giai
5 3 3 5
Ta ¢6: I—'——2.5: '—x+l =3&52.5: '—x+-|— =|——3
4 2 4 2 4
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5. 13 1| 3 3 i . § 3 3 1| 10
& == X+—|=—S|x+-|=—1—|—x+—|=—
2 |14 2] 4 4 2| 2 4 4 21 3
3 1 10
& = Xt+t==t—,
4 2 3
. 3 I 10 3 1.7 34
~Trubmghgp l: = Xx+—-=—S - X=—>Xx=—,
4 2 3 4 6 9
Truong hop 2: 3x+|——|“¢:3.\ -23@ =
ERIIEL e S g -

; . 46 34
Viy tap nghiém cua phuong trinh [a S = { 3

Vi du 16. Tim m d¢ phuong trinh [2-3x|-1=2m -7 ¢6 nghi¢m duy nhit.
Giai

Taco: [2-3x|-1=2m-7 < [2-3x| =2m -6.
Phuong trinh ¢6 nghiém duy nhat Khi vachikhi 2m -6=0< m=3.
Viy diéu kién cua m 1a m = 3 (Khi d6 nghiém duy nhit cua phuong trinh la
X==—)
2. Dang 2: |A(x)| = |B(x)|
* Cach giai:

A(x)=B(x)
A(x)[=|B(x) <

l I | l [A(x)=-B{xl

Vi du 17. Giai phuong trinh

7 5 I
—Xt==|=x+5=0.
3 6| |2
Giai
5
Ta ¢o: zx+'—-—l-.~;+5={}«:.-.> zx+—- =lx+5
8 2 8 6| |2
7 5 (| _J
= =Xt===I] =X+
by 6 [2



7 S 1 3 25 100
~Trutmghgp |: & —X+—==X+5&S —X=—S X =—,
b g 2 b 6 9
7 5 | 11 -35 140
- Trumg hop 2: © =X +—=—==-=X-5SO —X=—S XN =——,
b & & 2 8 6 33
[ 140 100 |

Viy phuong trinh ¢6 tp nghi¢m a S = 1 - ?Tl

3. Dang 3: |A(x)| = B(x)

# Cdch 1: Moi x mi B(x) < 0 déu khong thoa min phuong trinh nén ta ¢6 ¢ich
gidi sau:

Xét phuong trinh: |A(x)| = B(x) (1)
biéu kién: B(x) 2 0 (*)
A(x) = B(x
Khi do. (1) tra thinh |A(x}| =[B(x]] -:::-[ Maiar]
LA(X) =-BI(x)

Giai ciac phuong trinh va Kiem tra diéu Kién (%),
* Cdach 2: Bo diu gid tri tuyét doi bang cich chia khoang gid tri
- Néu A(x) = 0 thi (1) trag thanh: A(x) = B(x).
Giii phuong trinh vaukiém tra diéu Kién A(x) 2 0.
= Néu A(x) < 0 thi (1) trg thanh: = A(x) = B(x).
Giai phuong trinh va kiém tra dicu Kién A(x) < 0.
Vi du 18. Giii phuong trinh
2x-6|=x+1 (1)
Giai
Cach I
Picukién: x+ 120 x2 - 1.
Khido, (1) & 2x-6=%+(x+ 1)

=Truong hop 1: 2x=6=x+ 1< x=7@0hoaminx =-1)

= 5 : "
=Tricmghop 2: 2Xx=6==x-1& x= 3 (thoaminx = = 1)

Viy phuong trinh ¢6 tap nghiém [a S = i?

‘ad | i
\""-‘N’- sl



Cach 2:
2x-6 néux23
Ta c6: 2x - 6| = :
-2Xx+6 néux<3
— Trieomg hop 1: Néu x 2 3 thi phuong trinh (1) trd thanh:
2x=-6=x+1
<> X = 7 (thoa min diéu kién x 2 3)
— Trueomg hop 2: Néu x < 3 thi phuong trinh (1) tro thinh:

-2x+6=x+1

5 .
<> X = — (thoa min di¢u Kién x < 3)

q
Viy phuong trinh ¢6 tip nghiém la S= {?3} :

Nhan xét:

Uu diém cua cédch 1 1a cic truomg hop dung chung mot diéu kién, diéu nay
han ché duge sy nhdm 1dn trong bude kiém tra. Tuy nhién, d6i véi mot s6
phuong trinh, céich 2 lai 1a su lua chon bit budc (nhu cic phuong trinh thuge
dang 4 sau day).

4. Dang 4: Phuong trinh chia nhiéu dau gia tri tuyét doi
|A(x)| + [B(x)| = C(x)
* Cach giai:
- Lap bang xét diéu kién bo diu gia tri tuyét doi.
— Can ¢t bang xét dau, chia timg khoang dé giai phuong trinh (kiém tra diéu
Kién wong img).

Vi du 19. Giai phuong trinh

Ix + 1| +|x = 3|= 2x - | (2)
Giai

X +1 néu x > - XxX—-3 néux =3

: vil [x-3|={

Taco: x+1|=
3% |-X+3 néux<3

-x-=1 néux<-l1



Tir d6 ta ¢6 bang sau:
X -1 3
Ix + 11 -x-=1 0 X+ 1 X+ 1

Ix -3l -X+3 -Xx+3 0 X=-3

+ Trudng hop 1: Néu x < = | thi phuong trinh (2) trg thanh:
—x= | = x#3=2x~1

SX= % (khong thoa man x < — 1).

+ Trudmg hop 2: Néu ~ | < x < 3 thi phuong trinh (2) trd thanh:
X+1=-x+3=2x~-1

ax=§ (thoa min — 1 < x < 3).

+ Truong hop 3: Néu x > 3 thi phuong trinh (2) tré thanh:
X+1+x-3=2x-1
< 0x = 1: vO6 nghiém.

Vay phuong trinh ¢6 nghiém duy nhat la x = % ;

Vi du 20. Giai phuong trinh:

I
X +—|+

3.9

I
X+—|+ X +

x+L|+...+ ‘=50x
57

97.99
Gidi

Nhan thdy v€& trdi khong am véi moi x nén diéu kién cdn dé x 1a nghiém cua
phuong trinh 1a v& phai khong am, tic 1a: 5x 20 <> x 2 0.

Khi d6 cdc biéu thic trong tat ca cdc ddu gid tri tuyét d6i & vé trdi déu duong.
Vi viy phuong trinh tr¢ thanh:

(x +—I—-J+(x +—I—]+..,+(x+ : J=50x
1.3 3.5 97.99

+—l-+...+—l—-] = 50x
3.5 97.99

& 49x +[L
1.3

A-COCL TOAN 82- T8 65




2 2 2
S AX=—— ...+
1.3 35 97.99

9
PO TR S N P W T

& X= ;—z— (thoa man diéu kién x 2 0)
; ; ’ 49
Vay phuong trinh ¢6 nghiém duy nhdt la x = %"

5. Dang 5: |A(x)|+ [B(X)| = |A(x) +B(x)|
*Cdch giai:
Vi [A(x)+ B(x)| < |A(x)|+|B(x)| nén phuong trinh twong duong véi diéu kién
xdy ra ding thic: A(x).B(x)20.
Vi du 21. Giai phuong trinh sau:
|5x +1|+[3 - 2x| = |4+ 3x|.
Giai
Ta ¢6: [4+3x| =|(5x +1)+(3-2x)|<[5x + 1| +[3-2x|. vx e R

do d6 [Sx +1|+[3-2x|=|4+3x| <= (5x +1)(3-2x) 20.

Ta ¢6 bang xét dau:
. A 2
5 2
Sx + 1 - 0 + -
3-2x - + 0 -
(5x + 1)(3 = 2x) C - 0 + 0 -
Tir bang xét ddu, ta co: (5x+|)(3-—2x)20@—-§£x i%

Vay bat phuong trinh ¢6 tap nghiém la: S = {x eRI-

honlaS= [-lg] ).
S 2
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Nhan xét:

Trong 1i giai trén, ta da sir dung quy tic xét dau cta nhi thirc bac nhat. Ngoai
ra, ta ¢é thé giai theo cich sau day:

(5x+1)(3-2x)20 < 2(5x+1)5(3-2x) 20
< (10x+2)(10x-15)<0

= Trong hai s6 10x + 2 va 10x = 15 phai c6 mdt s6 bang khong hoac hai s6
dé6 trdi ddu. Ma 10x + 2> 10x = 15, nén:

10x+220210x-15

10x+220 T 5 1 3
&Hs &S ——<x<—,
10x -15<0 2

Vi du 22. Giai bat phuong trinh:
|x +3|+|3x-|[+|2x—1|=3.
Giai
Ta c6: |x+3|+[3x = 1|+ [2x — 1| =[x + 3|+ |-3x + 1| +[2x - 1|
2|(x+3)+(=3x +1)[+[2x - 1| =|-2x + 4| +[|2x |
2|(-2x+4)+(2x-1)|=3, vx e R.
Do d6, phuong trinh tuong duong véi diéu kién xdy ra ding thirc:

{(x+3)(—3x+l)20 Q{(ax +9)(3x-1)<0

(-2x+4)(2x-1)20  |(2x-4)(2x-1)<0

X2-3
(3x+920 I
XS—
3x+92023x -1 3x-1<0 3 : el
- e =2 => khong ¢6 x thoa mén.
2x-4<0<2x"-1 2x-4<0 Xx<2
-2
2x=120 sl

Viy bat phuong trinh vo nghiém.
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C. BAITAP

Giai cac phuong trinh sau (4.31 - 4.40):

4.31. a) [2x-5|=4;

432 8)6.5——:
4

4.33. a) [2x-3|-[3x +2|=0;
b) |7x +1|-|5x +6|=0.

434, a) éx#-l = 4x-l|;
2 2

b) Ex_z _Exq.g
4 2| |8 5

4.35. a) —|~x
2

=32

b) [5x|=x-12.
4.36. a) [2x - 5|=x+1;

b) [7-2x|+7=2x.
4.37. a) |x +5|-[1-2x|=x;

b) |x —2|+|x-3|+|x-4|=2.

4.38. a) 4|3x—l +]x|—2|x—5|+7|x—3]=l2;
b) 3|x+4|—|2x+I|—5|x+3|+]x—9|=.5.

439. a) |x +—|+|x +—|+ ;|(+L ot

1.2 2.3
I

1.5 5.9

68

3.4

I
b) [X +=——|+|X + —|+ X + ——|+...

215

i .

+‘x+

99. 100|

397.401

= [DUX:

l=lle



4.40.

4.41.

4.42.

4.43.

4.44.

4

5

—
—_—

a)

|
B = las
[2x 1|+2

b) X2 +2 =x>+2.

I
x-——
2

Tim x, y théa mén:
a) [3-2x|+|dy+5|=0;

3,*+i <0.

25

Tim x, y thoa min:

2012

b) [x —y|+

a) (x+y)
b) 2(x-5)* +52y-7[° =0.
Giai cdc phuong trinh sau:
a) |x+5+|3-x|=8:

b) 2[x -3|+[2x+5|=11.
Giai cdc phuong trinh sau:
a) |x+ ]|+|2x—-3|=|3x—2|:
b) |5-x|+3[x-3|=2.

Chuyén dé ning cao 2
BAT PANG THUC
VA GIA TRI LON NHAT, NHO NHAT

A. MOT SO PHUONG PHAP

1. Phuong phép bién déi tuong duong
Noi dung cia phiong phdp nay la ding cdc phép bién doi neomg dwong dia
bat dang thitc can chimg minh vé mor batr dang thiee da dwoc khang dinh la
diing.

+2013ly - 1|=0:
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Vi du 23. Chimg minh ring vdi moi a, b, ¢ ta ¢6:
a’+b® +c’ 2ab+bec+ca (1
Giai
Tac6 (1) < 2a” +2b° +2¢” > 2ab+2bc + 2ca
T (a2 —2al:l+b:")+(l:\2 -2bc-|-c2)-+-(-::2 -2ca+az)20

= (a-b)2 +(b-;:)2 -i-({:-a)3 =0
Bat déang thifc cudi diing véi moi a, b, ¢ nén bat ding thire (1) ding véi moi a,
b; ¢
Pang thic xay rakhi a-b=b-c¢=c-a=0 hay a=b=c.

Vi du 24. Cho m, n > 0. Chimg minh ring

2

3 2
a_.+b 2(d;l'|‘b) (2]
m n m+n

Giai

Tac6 (2) < n(m+n)a® +m(m+n)b> >mn(a+b)’
< mna’ +n%a® +m°b’ + mnb® > mna® + 2mnab + mnb?
¢ n%a® —2mnab+m?b’ 20
& (na-mb)’ 20.

Bat déng thirc cudi ding nén bét ding thic (2) ding.

Ding thite xdy ra khi na = mb = 0 hay L L .
. m n
Chu y:
Bit ding thie (2) 1a mot dang dic biét cia bit ding thic Schwarz sau day:
Vaéi moi a,a,,....a, >0, taco:

-

2 ; 2 (x TV SN QL )
xl +x2 +-.-+x“ 2 1 xz www x“)
al a: an a:| +a-_, +...+un
g - ¥ - x x x
Ding thic xdy rakhi L ==2= ==
al ii: an
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2. Phuong phép phan chiing
Noi dung ciia phitomg phap la : Dé chimg minh mot khdng dinh la diing ta gia
sit ngueoe lai khdng dinh dé sai. Sau dé bang suy luan va cdc két qud da biét ta
dita dén mot diéu mau thudn. DE khong xdy ra diéu mau thudn nay thi diéu
gid sit la sai, nte la khang dinh ban ddu la ding.
Vi du 25. Cho hai s6 duong x, y théa man diéu kién x* +y* =x -y . Chimg minh
ring: x> +y> <1.
(D¢ thi vao 10 chuyén Chu Van An va Ha Noi = Amsterdam, 1994)
Giai
Tir gia thiét tacé: x >y > 0.
Gia sir x° +y2 >1,taco: x*+y° =x—y£(x—y)(x2 +y2)
=X +y3 <x+ xyz —xzy—y"
& Xy’ -—x:y -2y* 20
< xy(y- x)+(-2y3)20' voli,viy=-x<0va- 2y3 <.
Diéu vo Ii ndy chimg to gid sir ban ddu la sai !
Viy x2 + yz 4
Vi du 26. Cho hai s6 x, y thoa man diéu kién:
-1<x+y<l| (1)
-1<x+y+xy<l (2)
Chimg minh ring: |x|<2,|y|<2.
(D¢ thi vao lap 10 chuyén, DH KHTN - PHQG HN, 2000)
Giai
Vi vai trd ctia X va y 12 nhu nhau nén ta chi cdn chimg minh Ix| € 2, viéc chimg
minh lyl € 2 dugc thuc hién tuong tr.
Gia sir phan chimg ring Ix| > 2, ta c6:
~-Néux>2thitr(l)tach: ySl-x<-1=>xy<-2,
-Néux<=-2thitr(l)tacé: y2-l-x>1=>xy<-2.

Do vay néu Ixl > 2 thi xy < - 2. Mat khdc, x + y < | nén suy ra:
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X +y+Xy <—I: mau thudn végi (2) !
Mau thudn d6 chimg to diéu gia sir 1a sai, tire 1a phai ¢6 IxI € 2. (dpem)
3. SU dung bét dang thiic vé gié tri tuyét dsi
Co s& chia phuong phép nay 12 hai bat ding thic sau:

i) [x|20,¥x valxl=0« x=0.
i) [x +y|<|x|+]y|, vx.y va |x + y| =|x| +]y] < xy 2 0.

Vi du 27. Tim gid tri nho nhét cua biéu thic
g 21[4x +6|+33

3|4x+6[+5 .
Gidi
o (21]4x+6]|+35)-2 2
Tac6:P= =7~ .
3[dx +6|+5 3[dx +6]+5
Vi 3|4x +6|+525,Vx nén P
3[4x+6|+5 " 5
= - < Z—E.szza?— - 2?—3.\73.
3|4x+6|+5 5 3|4x+6|+5

hay P > g;.‘v'x.

Vay P, = % khi l4x + 61 = 0 hay x=-—-§-.

min

Vi du 28. Tim gid tri Ién nhét cta biéu thitc

Q= -3|x-4|+8-3x.
Giai
e Py
-Néux24thiQ=-3(x-4)+ 8 - 3x = - 6x + 20.
Matkhic,vix24nén-6x<-24 =>-6x+20<-24 + 20
hay Q € -4,



-Néux<4thiQ=-3(-x+4)+8-3x=-4,
Két hop hai trudng hop, ta cé6: Q < - 4, véi moi x.
Vay Q. =— 4 khi x = 4.

Vi du 29. Tim gid tri nhé nhdt cta biéu thire
M= [3x-7|+[3x +2[+8.
Gidi
Taco: |3x-7|+|3x+2|=|—3x+7|+|3x+2|2|(-3x+7)+(3x+2)|=9.v6imoix.
Dod6 M 29 + 8 = 17, véi moi x.
Vay M,in = 17 khi (-3x+7)(3x+2) 20 (3x-7)(3x +2) <0,

7

Ma3x—-7<3x+2nén3x-7<0<3x+2 &< - sxg}:.

|

4. Su dung bét dang thiic Cauchy
V@i hai s6 khong am a, b bat ki ta luon ¢6:

® a’;bz\/a—b

(Trung binh ¢ong cua hai sé khéng am lon hon hodc bang trung binh nhan
clia chung)

a~- +b°

@

>ab hoac[a;b] >ab.

Ding thic xay ra khia=b.

Trén day 1a bt dang thic Cauchy cho hai s6 khong am, © goi la dang ¢6 cin
va @ goi la dang khong can. Bit ding thic ndy con duge mo rong cho n s6
khong &m a;,a,,...,a, (n 2 2) nhu sau:

n
(a, +25 +...+a,

P ﬂ]ilz ...ﬂn
n

Dang thirc xay ra khi a; =a, =...=a,.
Sau day la mot s6 ky thudt tiéu biéu sir dung bat diang thicc Cauchy trong bai
todn chitng minh bat ding thitc hodc tim gid tri 16n nhat, nho nhat.
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O Ky thuat su dung truc tiép

Vi du 30. Cho hai s6 duong a, b thoa man: L_, +L., = 2. Chimg minh rang:

a b
a+b2>2,
Giai

Ap dung bat ding thitc Cauchy cho hai s6 duong I—.,L, ta ¢6:

a8~ 0"
I I 2
—_—t—=22 = — =
a’ b’ a’ b®> ab
2
Két hop véi gia thiét, ta co: 2 2 —'i;::- ab 2 | (1
d
Ap dung bit ding thitc Cauchy cho hai s6 duong a, b ta ¢6:
a+b>2ab (2)

Két hop vdi (1), tacé: a+ b = 2. (dpcm)
Di'ing thire xay ra khi ca (1) va (2) déu xay ra dau bang, haya=b = 1.
Nhan xét:

Trong vi du trén ta st dung bat ding thic Cauchy véi k¥ thudt dinh gid tir
trung binh ¢Ong sang trung binh nhan. Ky thuat ndy dugc dp dung véi bit
ding thic ¢6 dang tong 16n hon tich hodc v6i bai todn tim gid tri nho nhét cua

biéu thirc dang tong.

Vi du 31. Cho hai s6 khong am a, b théa man: a° +b> < 2. Chimg minh riing:
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a\/3a(a+2b)+by3b(b+2a)<6.

(D¢ thi vao lap 10 chuvén ngit, DHNN = DHQG HN. 2008)

Giai

Ap dung bat ding thitc Cauchy cho hai s6 khong am 3a va a + 2b ta c6:

3a+(a+2b >
aJ3a(a+2b)Sa. H(‘;+ )=2a“+ab (1)
Tuong ty, ta c6: b,/3b(b+ 2a) <2b% +ab . (2)

Cong cdc vé€ trong img cua (1) va (2) ta co:

a,/Sa(a +2b) + b,/3b(b +2a) < Z(a2 +b? )+2ab <4+ 2ab




Ap dung bat ding thitc Cauchy cho hai s6 khong 4m a va b ta c6:
4+2ab<4+(a’ +b7)<4+2=6

Tir d6 suy ra: a,/f‘ia(a +2b) +b,/3b(b+2a) <6 (dpcm)

3a=a+2b

' P ~|3b=b+2b

Dang thire xay ra khi < . a=b=1.
A" +b =2
la=b

Nhan xét:

Trong vi du trén ta sir dung bat dang thie Cauchy véi ky thudt déanh gid tir
trung binh nhin sang trung binh cong. Ky thuldt nay duge dp dung véi bit
dang thitc ¢6 dang tich nho hon téng hodc véi bai todn tim gid tri I6n nhat cla
biéu thirc dang tich.

® Ky thuat tach nghich dao

Tir bt déng thic Cauchy, ta ¢6: a +l =2, vGi moi a > 0.
a

. . e 1
Dé dp dung két qua ndy, vdi mbi hang tr a, ta tao ra hang tir nghich dio — va
a

sir dung ddnh gid tr trung binh ¢Ong sang trung binh nhén.
Vi du 32, Cho a > b > 0. Chimg minh ring

! 23.
b(a-b)

a+

Giai

Tacé: P=a+

=(a=b)+b+

|
b(a-b) b(a-b)
(via>b>0nénP>0).
Ap dung bit ding thitcc Cauchy, ta c6:
1
b(a-b)

b(a-b) =

p =[(a—-b)+b+ ] >3%(a=b).b.
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Suy ra: P 2 3. (dpcm).

. =2
Biing ifific-xdy ki a=b=b=rr—c &S 4
b(a-b) |b=1
Nhan xét:

I L , nén ta tach hang tlr a thanh hai hang tr la b

1
b(a=b) b a-b

Vi phan thic

vaa-b.
Vi du 33. Véi x > 0, hily tim gid tri nho nhdt cia biéu thic:
5. o
Q=31-+—.‘.
5
Giai
. B ] | >
Ta ¢6: Q=x'+x"+x'+-;-+—-1-.V:x>0nenQ>0.
Gl &

Ap dung bat ding thic Cauchy, ta c6:
R 1o
Q"' =[x2 +X2 +x° +-—-+—J >5x%x%x S =5

3
X3 X

= Q235.vdimoi x >0.

Vay Q... =5 khi x> =x*> =x

© Ky thudt ghép cap

Vi du 34. Cho a, b, ¢ > 0. Chimg minh ring:
ab bc ca

—+—+—2a+b+c.
c a

(Pé thi HSG 9, TP Ho Chi Minh, 2009)
Giai
Via. b, ¢ > 0 nén dp dung bat ding thirc Cauchy, ta c6:

c ¢ M
Ching minh tuong t, ta cang ¢o:
X B ate )

a b
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L (3)
b ¢

Cong ba bat ding thire (1), (2), (3) v€ vdi vé& ta dugc:
2(£+E+ﬁjzh+2b+2c hay E+E+EZH+13+(:.
¢ @ Db c a b
Déngthl‘i’cxéyr'dkhiﬂ:iﬁ:% haya=b=c.

Nhan xét:

Vi vai trd clia a, b, ¢ trong bat ding thitc cidn chimg minh la nhu nhau (ta néi
chiing ¢6 tinh chét doi xitg ludan phién hay doi xiimg vong tron) nén ta c6 thé
ghép médi hang tir trong vé€ trdi ldn lugt véi timg hang tir con lai. D6 la noi
dung cua ky thuat ghép cdp hay con goi la ghép doi ximg.

O Ky thudt nhan thém hdng so

Vidu 35. VéGi x 29, tim gid tri I6n nhat cua biéu thic: P = 5_9 i
X
Giai
& 9(x-9
Tacé: P? == ?:9P2 = (x = )
23x 25x°

..
; : 9+(x-9)|" «x?
Ap dung bat ding thirc Cauchy, ta c6: 9(x-9) < [ (x )} =2,

> 2
x* ;

Suy ra: 9P2 < —4_ = — :st(—'-) P el i it B,
252 100 30 30

VayP,..= 3—'0 khi 9 =x -9 hay x = 18 (thoa min).

Nhan xét:
Sau khi tinh P*, viéc nhan thém hing s6 9 réi 4p dung bat ding thicc Cauchy
giup ta dat hai muc dich: triét tiéu (- 9) o tr va tao ra x* dé rit gon véi miu.
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5. SUr dung bét déng thiic Bunhiacdpski
Vi du 36. Cho a + b = 2. Chimg minh ring: a* + b =2,
Giai
Ap dung bt dfing thic Bunhiacopski cho 2 ¢cap s6 (1: 1) va (a: b) ta ¢6:
(La+1.b)” <(1P+17)(a* +0?)

K&t hop v6i gid thiét, ta c6: 27 < 2(a3 +b’)=>a’+b?22 (1)

Lai 4p dung bat ding thie Bunhiacopski cho 2 cap s6 (1; 1) va (a%; b’) ta c6:

(l.a2+|.b2)25(13+|2)(a“+b“)
Két hop véi (1), ta c6: 22 (a +b? )2sz(a4+h“)=>a*+b“:_>2.

) a=b
Pang thic xay ra khi { » . haya=bh.
a~=b"
Két hop véi gia thiéttacé:a=b = I.

Vi du 37. Cho 36x° + 16y =9. Tim gi4 tri 16n nhét va nhd nhat ciia biéu thic
P=y-2x+35.
Gidi

Tac6: (y-2x)" =(-2x+y)’ [— —6x)+ (4y)

’ 1 (
Ap dung bat dang thic Bunhiacopski cho 2 cép s6 % l) va (—6x:4y). ta c6:
{ :

)

(y-zxfs[(%)za{ﬂz}{(—sx)z+(4y)3] 35_4 (36 +165%) =5

1

L ]

Isﬂ 2Jt+5<:E hay E*==P~‘=—5
4 4 4
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25 -18x =16y x=-—2
Vay Py, = 7= khi - 3
BT el
18x = 16 -
-18x = 16y X ==
vﬂPmin=-]4£khi _—_ fg
4 }’=E
L .

B. BAI TAP
4.45. Cho a, b, ¢ 12 do dai ba canh cta mot tam gidc. Chirng minh ring

4.46.

4.47.

4.48.

4.49.

4.50.

4.51.

4.52.

a(b-c)’ +b(c-a)’ +c(a-b)’ <a’ +b* +c?.

Cho 0 <a, b, ¢ £ I. Chimg minh ring:
a+b®+c’—ab-bc-ca<l.
(D¢ thi vao lap 10 chuyén, DH KHTN - DHQG HN, 1998)
Tim gid tri I6n nhat cua biéu thic
_15[x +1]+32
- 6'|x + l|+ T

Tim gid tri nho nhét cha biéu thirc
B=3|x-1|+4-3x.
Tim gid tri nho nhét cha biéu thirc
C=|x+3|+[2x-5|+|x-2].
Cho 2x +y = 3. Tim gid tri nho nhat cta biéu thirc
D=[2x+3|+|5-y|+2.

Cho 0 < a, b, ¢ < 2. Chimg minh ring ¢6 it nhat mot trong ba bat ding thic
sau la sai:

a(2-b)>1Lb(2-c)>1;c(2-a)>1.
Cho ba s6 a, b, ¢ théa miin: a® +b” +ab + bc+ca < 0. Chimg minh ring:

2 2 2
A" +b <c”.
(D¢ thi vao lop 10 chuyén Thai Binh, 2007)
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4.53.

4.54.

4.55.

4.56.

4.57.

4.58.

4.59.

Cho cic s6 duong a, b, ¢, d. Chimg minh ring:

Vs e s Vs
+ + + >
b+c+d c+d+a d+a+b a+b+c

(D€ thi vao lop 10 chuyvén DH Su pham Ha Noi, 1998)
Cho a, b> ¢ va ¢ > 0. Chimg minh ring:

Jc(a—c)-i—Jc(b—c) <ab.

(Dé thi HSG 9 Tp. H6 Chi Minh, 2002)

Cho a > b =0. Chimg minh ring

a+ . 9.

(a-b)(b+1)"
Véi x > 0, hily tim gid tri nho nhét cua biéu thic
3x*+16
Q — 3 o

X'

Cho a, b, ¢ la do dai ba canh cia mot tam gidc. Chimg minh rang:
(b+c-a)(c+a-b)(a+b-c)<abe.
Cho a, b, ¢ > 0. Chimg minh rang:

S () [ I I I ]
—t—t=23 + + :
A b'e a+2b b+2c c+2a
(Dé thi vao lap 10 chuyén ngit, DHNN - DHQG Ha Néi, 2007)
Cho a, b 2 |. Chimg minh ring

avb-1+bva—1<ab.

4.60. Cho a’ +b* +9=6a+4b. Tim gid tri 16n nhat, nho nhat cla biéu thic
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PHAN HINH HOC

%Mdng /I TAM GIAC DONG DANG

Chuyén dé'1
PINH LI TA-LET TRONG TAM GIAC

A. KIEN THUC CAN NHO

1. Ti s8 cla hai doan théng
Dinh nghia: Ti s6 cha hai doan thang la ti s6 do dai cua ching theo cling mét
don vi do.

2. Doan thang fi 1&
Dinh nghia: Hai doan thang AB va CD goi la ti 1& vGi hai doan thing A'B' vi

C'D' néu c¢6 ti ¢ thuec: %:AB hay AB CD

C'D’ A'B’ CD

3. Pinh li Ta-l1ét trong tam giac
Néu mot dudmg thing song song véi mot canh B! C

cua tam gidc va cit hai canh con lai thi né / \
dinh ra trén hai canh d6 nhimg doan thing
trong umg ti lé.

Hinh 3.1
B. MQT SO Vi DY
2 ;

Vi du 1: Cho tam gidc ABC, diém D thudc canh BC sao cho ?—.2 =§. diém E
thudc doan thing AD sao cho AE = 2DE. Goi I la giao diém cha BE va AC.
Tinh ti sO Al

1C
Nhan xét: Dé xuat hién cdc doan thang ti 1€ ta van dung dinh If Ta-1ét nén cin

vé thém dudmg thing song (DN//BI). Mt khic ta phai khéo 1éo van dung céc

ti 6 di cho va dp dung hé thic % - %

ACOCL TOAN 82- T8 81



Giai
Qua D ké dudmg thing song song véi Bl cat AC tai
N. dp dung dinh Ii Ta-lét:

Al AE

Trong AAND, EI//DN nén: —=——=2
; IN E
(vi AE=2ED); (1)
2 B D =
Trong ABCI, BI//DN nén 1N = g2 =— (2)
IC > Hinh 3.2

BC
BD_2_ BD_DC_BD+DC _
DE"3 2 3 1243

Vi du 2: Cho tam gidc ABC, dudng trung tuyén AM. Goi I la diém bat ky trén

doan thing AM, cic tia BI, CI ldn luot cit cdc canh AC, AB tai D va E. Chimg
AE AD

minh ring: AB = A

Nhan xét: Dé chimg minh hai ti s6 %E:—g biang nhau ta chimg minh ching

cung bang mdt t s6 trung gian. Mudn dp dung dinh Ii Ta-1ét phai lam xuat
hién duong thang song song, ¢ day dé v M la trung diém cua BC nén nghi dén
viéc tao ra hinh binh hanh dé c¢6 cic canh d6i song song.

Giai

Dung N la diém d6i ximg cia I qua M, do M la trung diém BC nén t gidc

BICN Ia hinh binh hanh (1 gidc ¢6 hai dudng chéo cét nhau tai trung diém
mdi dudng). Suy ra CI// BN va BI// CN.

Ap dung dinh i Ta-lét cho:

AABN, EI//BN nén A—E=ﬂ:
AB AN
AACN, ID//CN nén il:ﬂ
AN AC
Do d6 AE AD
AB AC

Hinh 3.3
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Vi dy 3: Cho tam gidc ABC, dudng trung tuyén AM va trong tam G. Mot dudng

thang (d) bt ky qua G cit hai canh AB, AC ldn luot tai H va K. Khi (d) thay

ddi qua G, chimg t riing céic tong AS + s vil oL CK ¢6 gid tri khong doi.
AH AK AH AK

Nhan xét:
D dokin: K @y /1 BEH 22 o AM A€ 3 o OB AC 53 3
AH AG AK 2 AH AK 2
BH_GM _CK | _ BH CK . I
va —nén —+—=2.— =1
AH AG AK 2 " AR AE 2

Do (d) 1a dudmg thing bit ky qua G nén dé van dung dinh Ii Ta-lét ta vé cdc
duong thang qua B, C cling song song véi (d).
Giai
Qua B va C ké cic duong thang song
song vdi (d) lan lugt cit AM tai
E va F. Ap dung dinh Ii Ta-lét cho:

AB AE

AABE, HG//BE nén —— =—;
AH AG’

AAFC, GK//FC nén AK = —

Dodsi Lo 5 A8 _AE+AT ) Hinh 3.4
AH AK AG
Ma AE = AM - ME: AF = AM + MF = AE + AF = 2AM

(vi ABEM = ACFM (g.c.g) = ME = MF).

Lai c6: AM = %AG (do G la trong tam AABC). Tir (1) cho:

AB AC 2AM %
+ = =2.— =3,
AH AK AG 2 .
AH+BH AK+CK BH CK BH CK
Suy ra: + @3 s S s el wg e e L
AH AK AH AK AH AK

Cha y: Qud trinh giai hoan toan tuong tu cdch tinh tong % - -:—E- , ta ¢ thé

tinh tong —E%«l-i—i néu bai todn chi yéu cdu tinh mot trong hai tong trén.
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Vi du 4: Cho tam gidc ABC vuong can tai A, M Ia trung diém cua AC. Dudng

84

thing qua A va vuong géc véi BM cit BC tai D. Tinh %

Nhan xét: D¢ y AABC vuong can tai A nén
duomg cao AH ke tr A cing la duong trung
tuyén, giao diém I cia BM va AH vira la trong
tam AABC vira la truc tam AABD. Nhu vy ta
lam xudt hién DI song song véi AC dé vin dung

dinh Ii Ta-1ét tinh ti s0 E
DB
Giai
Ké dudmg cao AH cia AABC, cit BM tai 1.
Do Bl L AD nén I la truc tam AABD = DI L AB
= DI // AC (vi cing vudng géc AB).

Trong ABMC, DI//MC nén: % = % (dinh Ii Ta-1€t).

Hinh 3.5

Mat khiac, AABC can tai A nén AH la duong trung tuyén = [ la trong tdm
AABC = % = % (tinh chat trong tam).

Viy: 25 = : ;

DB 2
Chit y: Néu tir C ta ké dudmg thing song song véi AD ta ¢6 cdch giai khic.
Cdch khdc: Dung dudng thing qua C song song vGi AD cit dudng thing AB
tai E.
Ta c6: ABM = MAD (cung phu véi AMB K MAD = ACE (so le trong,
AD//CE)

Suy ra: ABM = ACE . Do d6: AABM = AACE (g.c.g) = AE = AM.
DC AE _AM

Ap dung Ta-lét véi AD//CE: - -
RETE DB AB AC

L
>



C. BAITAP
3.1. Cho G Ila trong tam tam gidc ABC. Qua G vé dudng thing song song véi AB

3.2.

3.3.

34.

3.5.

3.6.

v AC cit BC ldn luot tai D va E. Chimg minh riing:

St b) BD = DE = EC.
BC 3
Pudmg thing d ciit céc canh AB, AD va dudmg chéo AC ciia hinh binh hanh
ABCD ldn luot tai E, F va O. Chiing minh ring 20 + AD _ AC
AE AF AO

Cho tam gidc ABC. Tir diém D trén canh AC ké dudng thing song song vdi
BC cit AB tai E. Trén tia d6i cia tia BA 1dy diém I sao cho Bl = DC. Goi K
DK AB

la giao diém ctia DI va BC. Chimg minh ring — = —
KI AC

Cho tam gidc ABC, goi M la diém bat ky thudoc mién trong cua tam gidc
ABC, tia AM cit BC tai N. Dung hinh binh hinh ADME (D € AB, E € AC).
D AE MN

Chimg minh ring t6n c6 gid tri khong doi.
g £ £ B AC AN g ! g

Cho hinh binh hanh ABCD tam O. Goi M, N lan luot la trung diém cta BO,
AO. Liy diém F trén canh AB sao cho tia FM cit canh BC tai E va tia FN
cat canh AD tai K. Chimg minh rang:

0 s BE s b) BE + AK > BC.
BF BE
Cho ur gidgc ABCD, goi O la trung diém cua canh BC va E l1a diém d6i ximg
cua D qua O. Mot diém M di dong trén canh AD, dudng thing EM cit OA
tai I. Tir I ké dudng thing song song véi BC cit AB, AC lan lugt tai K va H.
. ; AB AC AD s T
Chimg minh rang biéu thic + - ¢6 gid tri khong doi.
8 & AK AH AM e "
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Chuyén dé 2
PINH Li PAO VA HE QUA CUA PINH Li TA-LET

A. KIEN THUC CAN NHO

1. Dinh li Ta-1ét dao

Néu mot dudng thing cét hai canh cha mot tam gidc va dinh ra trén hai canh
nay nhimg doan thing tuong tng ti & thi dudng thing dé song song vdi canh
con lai cua tam gidc.

Cho tam gidic ABC

[AB'_AC'
AB AC /\
AB'_AC' B, C _a

BB oc = MUES / e
B

BB _CC' _ @
AB AC Hinh 3.6
2. Hé qua cua dinh li Ta-1ét
[ Gy B a
A A b r;"
B/\C‘ a /\ ¢ /\
A o E?r 1\"-. a
B < B’ " B C

Hinh 3.7
Néu mot dudmg thing cit hai canh (hodc cit phan kéo dai cia hai canh) cua
mot tam gidc va song song v&i canh con lai thi né tao thanh moét tam gidc mdai
¢6 ba canh tuong (g ti I¢ véi ba canh cda tam gidc da cho.
AB' _AC' _BC
AB AC BC'

Cho tam gidc ABC: a // BC =

B. MOT sO Vi DU

Vi du 1: Cho tam gidc ABC can tai A. Pudng thing vuong géc véi BC tai B cit
dudng thang vuong goc véi AC tai C ¢ D. Vé BE L CD tai E, goi M 1a giao
diém cua AD va BE. V& EN L BD tai N. Chimg minh rang:
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a) MN // AB.

b) M la trung diém cua BE.

Nhan xét: Dé chimg minh MN // AB ta nghi dén dung dinh Ii ddo Ta-lét.
DN

Khi d6 ta cin chimg minh %:— .k Van dung dinh i Ta-1ét dé chimg minh

timg ti 6 trén bang mot ti sO trung gian.

Chimg minh M 1 trung diém BE, ta dung tinh chat: % = fi- mab=dnéna=c.

Gidi
a) Ta ¢6 BE L CD (gt). AC L BE (gt) = BE // AC. F
Xét ADAC ¢6 ME // AC: o2& =PM. inh 1§ Ta-160).
DC DA

_ DE DN

Tuong v c6 —=—. A
DC DB
Xét: ADBA 66 = {: DE] — MN // AB
DA DB| DC

(dinh 1 Ta-1ét ddo).
b) Goi F Ia giao diém cua AC va BD. B c
Ta ¢c6 ABC + ABF = ACB+AFB = 90°, ma %
ABC = ACB (AABC can tai A) N £
nén ABF=AFB => AABF cin tai A = AB= AF. P
Viay AC = AF (=AB). Hinh 3.8

ADAC 6 ME /| AC= ME . DM 10 cui cliadinh If Ta-1é0);
- AC DA

ADAF ¢6 MB // AF = L = o (hé qua cia dinh Ii Ta-lét).
AF DA

Do

g5 M [: DM ) Viy ME = MB.
AC AF DA

Vi du 2: Cho uf gidic ABCD. Pudmg thing qua A va song song véi BC cit BD 1ai
E. Dudng thing qua B va song song véi AD cit AC ¢ F. Chimg minh EF song
song vai DC.

87



Nhan xét: Van dung dinh Ii dio Ta-1ét dé chimg minh EF // CD, nghia la ta

cin chimg minh: % =-g—(];-. bé y AOAE va AOBC c6 AE // BC, AOAD va

AOFB ¢6 AD // BF. khi dy van dung hé qua dinh Ii Ta-1ét ta duge cic ti s0
trung gian.

Dua vio tinh chat: % = fl-% ta thu duge diéu phii ching minh.
c

Giai

Goi O la giao diém cua AC va BD.

AOAE va AOBC ¢6 AE // BC nén:

% = 0—A~ (hé qua dinh Ii Ta-1é1);
OB OC
AOAD va AOFB ¢6 AD // BF nén:
OB OF " "
ﬁ - O_A (h¢ qua Ta-lét) Hinh 3.9
Suy ra: BB OB D4 OF  OF OF = EF // CD (dinh Ii dio Ta-1€ét).

; = ; ) =
OB OD OC OA OD 0OC

Vi du 3: Cho hinh thang ABCD ¢6 AB la ddy nho. goi O la giao diém hai duong
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chéo. Qua O ké dudng thing song song vGi AB. cit AD va BC theo thir wy tai
M. N. Chimg minh ring: OM = ON,

Nhan xét: Ap dung dinh Ii Ta-1ét va hé qua, ta chimg minh: UM = %-
AB AB
Giai
Ap dung dinh If Ta-1ét trong AABD, OM // AB nén:
oM _op M B '
AB DB /\/\
N
Trong ABDC, ON // CD: oh = blS (2) " §)
DB BC
Theo hé qua Ta-1ét, ON // AB nén
Ll 3 b &
BC AB
Hinh 3.10
OM ON
Tu(1). (2) va (3) suy ra —=—= OM =ON.
(1), (2) va (3) suy 5 AR



Chii y:

ON OB . OM ON OD+OB DB
. Tach: — = — . Két hop vdi (1) ta duoc; + = = = ],
CD "D \ethep *°AB ' CD DB DB
Do OM = ON nén ta ¢o: ] . ! = 2 . Tur dé6 ta ¢6 bai toan:
AB T CD _ MN

“"Cho hinh thang ABCD ¢6 AB la day nho, goi O la giao diém hai dicomg chéo.

Qua O ké duomg thang song song vai AB, ¢dt AD va BC theo thit i tai M, N.
I 2

. = —
AB CD MN
2. Xét MN la dudmg thing khong qua O va cat BD, AC tai E va F. Li luan
tong tu nhu trén ta cing duge ME = NF. Tir d6 1a ¢6 bii todn:
"Cho hinh thang ABCD 6 AB la ddy nho. Ké diomg thang badt ky song song
var AB, car AD, BC, BD va AC theo thit ne tai M, N, E, F. Chimg minh rdng
ME = NF",
3. bat van dé: Ta xdc dinh duimg
thing MN song song v6i AB, thoi
min ME = EF = NF,

Goi I 1a giao diém cua tia AE va CD.

Chutng minh rdng:

ME S8 ah ME = EF &
DI IC

Hinh 3.11

DI = 1C <> 1 12 trung diém CD.
Tir d6 suy ra cdch xdc dinh dudmg thang MN. Ta ¢6 bai todn:

"Cho hinh thang ABCD ¢6 AB la ddy nho. Goi M la diém bat ky trén canh AD.
Qua M ké dicomg thang song vai AB, car BC, BD va AC theo thictictai N E, F.

Xde dinh vi i dicomg thang MN sao cho ME = EF = NF",
Sai ldm: Da s6 chi xdc dinh mot duomg thing MN thoid min yéu cdu bai todn,
bo qua trudmg hop 1 1a trung diém canh ddy con lai caa hinh thang.

Vi du 4: (B6 dé Hinh thang)
Chimg minh rang trong hinh thang ¢6 hai diy khong bing nhau, duong thing
di qua giao diém cic dudng chéo va di qua giao diém cla cdc dudng thing
chira hai canh bén thi di qua trung diém cla hai ddy.
Giai
Xét hinh thang ABCD ¢6 AB la ddy nho, goi O 1a giao diém hai dudng chéo,
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S 1 giao diém hai dudmg thing AD, BC. Pudng thang SO cat AB. CD lan luot

tai M, N. Ap dung hé qua dinh Ii Ta-lét:
S

ASDN, MA // DN = m=S—M:
DN SN
ASNC, MB // NC = @=S—M. A B
NC SN
Suym:ﬂ=w (1)
DN NC
AM OM MB D N C
Tuong tu ta c6: NG = ON = ND (2) Hinh 3.12
AM? MB?

— MAZ = MB*> = MA = MB.

T (1), (2) co: =
DN.NC NC.ND

Theo (1) ta duge NC = ND.
Khai thac: Xét bai todn dao cta Vi du 4: dung hinh chi bing thudc ké.

Bai toan 1: Cho truéc mot doan thing AB va
trung diém M cta nd, C & (AB).
Chi biang thude thang, hily dung qua diém C
mot dudng thing song song véi AB.
Phdn tich: Gia st dung duge dudng thing
(d) di qua diém C va song song véi AB.
Trén phin kéo dai cua tia BC, ldy mot diém
S bat ky. Goi giao diém cua SA
vGi (d) 1a D, AC céat BD tai O. Theo bo dé
hinh thang. dudng thang SO di qua diém M, Hinh 3.13
tr do suy ra cich dung.
Cach dung: Liy diém S nhu trén. Lin luot néi AC, SM, cic dudng thing nay
cit nhau tai O. Noi SA, BO, cit nhau tai D. Puomg thing (d) di qua C, D chinh la
dudng thing cdn dung: (d) di qua C, (d) // AB.
e Két qua cua bai todn ndy cling duge van dung trong nhiéu bai todn dung

hinh chi biang thudc thing.

Bai toan 2: Cho hinh binh hinh ABCD vai O 13 tam. Chi dung thudc thang, qua O
hiy dung dudng thang song song véi mot canh bit ki cta hinh binh hanh
ABCD.

S

d D c

A M B
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Giai

Theo gia thiét, O lan luot 12 trung diém

A B
AC, BD.
: . g
Ap dung bai todn 1 cho doan thing AC 0 ' E
v6i O 1a trung diém cia AC va B 1a diém \V\“
nam ngoai AC, ta hoan toan dung dugc [
dudmg thing Bx // AC. 2 £
Tuong ty, ta ciing dung duge dudng Hinh 3.14
thang Cy // BD.

Goi E Ia giao diém cua Bx, Cy, ta thdy ngay OBEC la hinh binh hanh.

Do dé. néu goi I 1a giao diém caa BC va OE thi I la trung diém caa BC, mat
khic O 1a trung diém cta BD nén Ol 1a dudmg trung binh ctia ABCD, Ol // CD.
Suy ra OE la dudmg thing can dung.

Bai todn 3: Cho AABC. M, N, P lin luot 1 cdc diém trén cic canh BC, CA, AB.
NGi AM, BN, CP cit nhau tai I, J, K . Chimg minh rdng:
NE€u Syin = Sgyp = Sckm = Sk thi Sapn = Spmky = Senik-
Gidi '
Goi L 1a giao diém cua CI va NK.
T Syin = Syk = Sant + Sau = Sk + Saw
= Snas = Skas-
Ta nhan thdy ANAJ va AKAJ ¢6 chung
canh AJ nén khoang cich tr N va K 6i
Al 12 bang nhau, din dén NK // AJ.
Xét hinh thang KNAJ, ¢6 C la giao diém \
cha hai canh bén AN va JK, 1 1a giao diém B M C
ctia AK va JN. Theo "b6 dé Hinh thang”, Hinh 3.15
CI cit NK tai trung diém cia NK. Vay L
la trung diém cta NK (*).
Tir (*) ta chimg minh duge Seyn = Scyk. M Sain = Sckm = Scim = Scia
= IA = IM (**) (ACIM va ACIA ¢6 chung dudng cao ha tir C 161 AM).

Tir (**) = Sgia = Sgim (ABIM vt ABIA ¢6 chung dutmg cao ha tir B1gi AM)

=> Sgpy + Sapn = Syk + Spikm = Sapn = Sgykm (Ao Sgpy = Sk ).
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Hoan toan tuwong tu, ta ching minh duoc timg cap trong ba tr giic APJI,
BMKIJ, CNIK c¢6 dién tich bing nhau va do dé dién tich cia ba ur gidc ndy
bing nhau.

C. BAI TAP

3.7. Lay mot diém O trong tam gidc ABC, cic tia AO, BO, CO cit BC, AC, AB
lan luot tai P, Q, R.

Chimg minh ring oA OB =2.
AP BQ CR
3.8. Cho A’, B', C' lan lugt ndm trén canh BC, AC, AB cua tam gidic ABC. Biét
; ; ; . ; e AM AB AC
rang AA’, BB', CC’" dong quy tai M. Ching minh rang: -,
A'M CB' BC

3.9. Cho tam giac ABC va trung tuyén AM. Diém O bat ky thuoc AM. F 1 giao
diém cua BO va AC, E 12 giao diém ciua CO va AB. Tir M ké dudng thing
song song vGi OC cat AB tai H va ké dudng thang song song véi OB cit AC
tai K. Chimg minh ring:

a) EF // HK ; b) EF // BC.

3.10. Cho tam gidc ABC, ké dudmg thing song song véi BC cit AB & D va cit AC
& E. Qua C ké Cx song song véi AB, cit DE ¢ G. Goi H la giao diém cia AC
va BG. Ké HI song song vai AB (I € BC).

Ching minh rang:
a) DA. EG = DB.DE  : b) HC® = HE. HA :
I I |
) —=— .,
IH AB €6
3.11. Cho tam gidc ABC, goi I 1a mot diém thudc mién trong cha tam gidc. A, IB,

IC theo th w ciat BC, CA, AB tai M. N, P. Chimg minh ring
1A NA PA

IM NC PB

3.12. Cho hinh thang ABCD (AB // CD), O la giao diém cua hai dudng chéo. Goi
A’ va B' theo thir tr 1a diém d6i ximg cha A va B qua dudng phéan gidc cia
g6¢ AOB. Chimg minh ring: ACA'=BDB'.

3.13. Cho ur gidic ABCD (AC > CD). Lay cic diém M, P theo thir tu trén cic canh

AB, AC sao cho: % L . Trén tia CA 1dy diém K sao cho CK = CD. Goi

CD
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3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

H. O ldn lugt 12 trung diém BK, AC. Qua M, P ké cic dudmg thing song

song vai BK, chiing cit AH, CH theo thir tr tai N va Q.

a) Chimg minh raing: MN = PQ ;

b) Khi M, P di dong trén AB, AC thi trung diém I cua MP chuyén dong trén

dudng ¢6 dinh nao?

Cho tam gidc ABC vuong tai A, AH la dudng cao, M la trung diém AH.

Dudmg thing vuong géc véi BC tai B cit CM ¢ D. Chimg minh ring tam gidc

DAB can.

Cho tam gidc ABC, cdc dudng trung tuyén BM, CN cit nhau tai G. K la

diém trén canh BC. Dudng thing qua K song song vGi CN cit AB ¢ D,

duong thang qua K song song vai BM cat AC ¢ E. Goi | 1a giao diém cua

KG va DE. Chimg minh ring I 1a trung diém cua DE.

Cho tam gidc ABC. M la diém nam trong tam gidc ABC. Goi D la giao diém

cua AM vi BC, E la giao diém cia BM va CA, F la giao diém cia CM va AB.

Dudmg thing qua M va song song véi BC cit DE, DF ldn luot ¢ K, 1. Chimg

minh ring Ml = MK.

Cho hinh thang ABCD (AB // CD) ¢6 BC = BD. Goi H Ia trung diém cta

doan thing CD. Dudng thing qua H cit AC, AD lin lugt ¢ E, F. Chimg minh

ring DBF = EBC.

Cho i gidac ABCD ¢6 M, N ldn luot la trung diém cua cdic dudng chéo BD,

AC (M # N). Dudng thing MN cit AD, BC lin luot ¢ E va F. Chimg minh

raing AE.BF = DE.CF.

Cho diém M, N ldn luot 12 trung diém cdc canh AD, BC cha hinh chir nhét

ABCD. E la diém trén tia d6i cuia tia DC, K la giao diém cia EM va AC.

Chirng minh ring NM la tia phan gidc cta goc KNE.

Cho tam gidc ABC, M 1a diém tlly ¥ nam trong tam gidc. Dudng thing qua

M va trong tam G cua tam gidc cit BC, CA, AB lin luot tai A, B,, C,.

Chimg minh ring DAY, YO MO
GA, GB, GC,

Qua mot diém M tiy y da cho trén ddy 16n AB cua hinh thang ABCD ta ké

cdc dudng thing song song vdi hai dudng chéo AC va BD. Cic dudng thing

song song nay cit hai canh BC va AD ldn lugt tai E va F. Doan EF ciat AC va

BD tai I va J tuong imng.

a) Chimg minh ring néu H Ia trung diém cha doan 1J thi H ciing la trung

diém cta doan EF.

b) Trong trudmg hgp AB = 2CD, hiy chi ra vi tri cia diém M trén AB sao

choEl=1 =]F.
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3.22.

3.23.

3.24,

3.25.

3.26.

Trén phin kéo dai cta duomg chéo AC cua hinh thang ABCD va phia C ta lay
diém P thy y. Cic dudmg thing di qua P va cdc trung diém cdc day hinh thang
cat cic canh bén AB, CD tuong (mg tai M, N. Chimg minh rang MN song
song vdi cic ddy cua hinh thang.

Cho hinh binh hanh ABCD. Qua mdt diém S trong hinh binh hanh ABCD ké
dudng thang song song v&i AB ldn luot cit AD, BC tai M, P va cling qua S ké
dudmg thang song song v&i AD ldn luot cat AB, CD tai N, Q. Chimg minh ba
dudmg thing AS, BQ, DP déng quy.

Cho tam gidc ABC, diém D thudc canh BC, diém M thudc doan AD. Goi I,
K 1dn luot la trung diém caa MB, MC. Goi E la giao diém cta DI va AB, F la
giao diém cia DK va AC. Chimg minh ring IK // EF.

Cho hai diém M, N nim trén canh BC cua tam gidic ABC sao cho BM = MN
= NC. Mot dudmg thing song song vGi AC cit cdc doan thing AB, AM va
AN ldn luot tai D, E, F. Chiing minh ring EF = 3DE.

Cho hinh vuéng ABCD. I la diém bat ki trén canh AB (I khidc A va B), tia DI
cit tia CB ¢ E. Dudmg thing CI céit AE tai M. Chimg minh ring DE vuong
goc véi BM.

Chuyén dé 3
TINH CHAT PUONG PHAN GIAC CUA TAM GIAC

A. KIEN THUC CAN NHO A
1. Dinh [i: Trong tam gidc, duomg phan gidc cla

mot goc chia canh déi dién thanh hai doan thiang ti

I¢ v6i hai canh ké hai doan ay,

AD [ phiin gidc goc BAC = L R g 0
AC " DC’ Hinh 3.16
2. Cha y: Dinh Ii vin ddng v6i tia phan gidc cla X
g6c¢ ngodi cua tam gidc: "
AE’ la tia phan gidc géc BAx (AB # AC)
AB E B
AC EE’
E B &
Hinh 3.17
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B. MOT O Vi DU

Vi du 1: Cho tam gidc ABC ¢6 ba dudmg phan giic AD, BE, CF.

FA DB EC _

FB 'DC EA

Nhan xét: Do AD, BE, CF la cic duong phan gidc trong AABC cho ta nghi
dén phai dp dung tinh chit duong phan gidc cua tam gidc.

Chimg minh ring:

Giai

Ap dung tinh chit dudong phan gidc trong
tam giic ABC ¢6:

FA CA DB _AB ,l“C BC_
FB CB DC AC EA AB

FA DB EC_ CA AB BC

Suy ra: ——— —, = |. ;
"™ FB'DC'EA CB AC AB Hinit3.13

L D C

Vi du 2: Cho tam gidc ABC can tai A, (AB=AC=b, BC=a). A =36",
Ching minh ring: a° + ab — b” = ().
Nhdn xét: AABC can tai A ¢6 goc & dinh bing 36° nén B=C=72" =2.36".

Ta nghi dén ké phan gidc goc C, réi dp dung tinh chat phan gidc dé thiét lap
moi quan hé giira a, b.

Giai

- Y _ " A
AABCcintai Anén B=C = M=72".
Keé CD la duong phan gidc cua tam gidc ABC b .
= DCA = A =36" .

= AADC cén tai D.

ACBDcantaiC=> AD=DC=BC=a,

dp dung tinh chat phan gidc CD trong AABC c6:
AD AC a b e . & 3 y Hinh 3.19

= = =—=a=b"—ab=a"+ab-b"=0.
BD BC b-a a

B a C
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Vi du 3: Cho tam giic ABC, trung tuyén BM cit phan gidc CD cua goc ACB tai P.

96

Chimg minh rang: Ee SC =],
PD BC
Nhan xét: Ta co: LS =] & E=—'{'L-E-:--+- I. Mat khic, do CD la dutmg
BC PD

phan giic, nén theo tinh chit phan giic trong AABC c¢6 DA = Be
DB BC

< D—‘AL+I=~'£+I & —A—B=A—C + 1. Vay ta c¢in chimg minh: L = i?-

DB BC DB BC PD DB

D¢ chimg minh hai ti s6 ndy bing nhau ta nghi dén van dung dinh Ii Ta-lé1,
mu6n vy phai lam xudt hién dudng thing song song. Vi suy nghi nhu trén ta
¢O cic ciach giai quyét sau:
Giai

. PC KC PC _AC
TacO ———=1 —=—+1.

PD BC PD BC

Theo tinh chat phan gidc trong A ABC ¢6
DA AC DA AC AB - AC

= < +l=—+l & —=—+1.
DB BC DB BC DB BC

AB

PC
Vay ta cin chimg minh: — = — (|
o & PO DB

Cach 1: (h. 3.20) Vé DK // BM (K € AC), B
dp dung dinh Ii Ta-1ét

ADKC c6 DK // PM: s = e = MA
PD MK MK

(MA = MC, gia thiét)
MA AB

AABM c¢6 DK // BM: = < A K M &
MK DB
Hinh 3.20
Do d6: £C = AB
PD DB

Ciach 2: Ké DI // AC (1 € BM),

Ap dung hé qua dinh Ii Ta-1ét c6: - = wils = e = Al .
PD DI DI DB

Cach 3: (h. 3.21) Ké AN // BM (N € CD), vi MA = MC (gt) nén PN = PC.




PC_PN _ND DA _AC ~

Viy: — = — ., ma = =
PD PD PD .DB BC N

(do AN // BP) G D,

ND AC PC PN AB
Suyrai: —+l=—+1= = = ;

PD BC PD PD DB
- , A &
Cach 4: Ké AH // PC (H € BM):
AAMH = ACMP (g-c-g) 0

PC AH Hinh 3.21

= PC= AH. Vily —=——.
PD PD

Do DP // AH, dp dung h¢ qua dinh Ii Ta-1ét c6:
AH _ AB 3 PC " AB
PD DB PD DB
Cach §: (h. 3.22) Trén tia d6i cua MB dung
diém E sao cho:

MB = ME. Do MA = MC (gt)
= ABCE Ila hinh binh hinh = AB // CE va
AB = CE. Ap dung hé qua dinh Ii Ta-lét co:
PC_CE _AB Hinh 3.22
PD BD DB’
Cach 6: Ké CS // BM (S € AB), vi MA = MC
(gt) = BS = AB. |

E

PC_ BS AB
PD BD DB’
Chit y: Ta c6 thé dung phuong phép dién tich

dé gidi, khong cdn vé thém dudng thing song
song. Chic chian cdc ban sé tim dugce nhiéu
cdch chimg minh dac sic hon.

Ap dung hé qua dinh 1i Ta-lét ¢o:

Hinh 3.23

C. BAI TAP

3.27. Cho tam gidc ABC c¢6 do dai ba canh AB = 16 cm, BC = 21 ¢m, CA =32 cm.
Dudmg phén gidc trong va ngodi cta géc A cit BC ldn lugt tai D va E.
a) Chimg minh B Ia trung diém cta EC ;
b) Tinh DE.
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3.28.

3.29,

3.30.

3.31.

3.32,

3.33.

3.34.

3.35.

3.36.

3.37.

98

Cho tam gidc ABC ¢6 do dai ba canh AB= 10 cm, BC=25cm, CA =15 cm.
DPudng phan gidc trong va ngoai cia géc B cit AC ldn lugt tai M va N, Tinh
do dai dudng trung tuyén BE cuia tam giac MBN.

Cho tam gidc ABC va dudng trung tuyén AD. Tia phan gidc cia goc ADB
cit AB ¢ E, tia phan gidc géc ADC cit AC tai F. Goi K 12 giao diém cua AD
va EF. Chimg minh ring K 1a trung diém cta doan thing EF.

Cho hinh binh hanh ABCD va O la giao diém hai dudng chéo AC va BD.
Phan gidc géc D cit dudmg chéo AC tai | va phan gidc gée C cat duong chéo
BD tai K. Chimg minh IK song song véi DC.

Cho tam gidc ABC vuong tai A ¢6 AB = 6 cm, AC = 8 cm. Goi 1 la giao
diém cdc dudng phan gidc trong cua tam gidc ABC, M la trung diém cua BC.
Tinh s6 do géc BIM.

Cho tam gidc ABC vuong tai A (AB < AC), ké dudmg cao AH, trung tuyén
AM. Puong thing vuong goc véi AM tai A cit dudng thing BC tai D.
Ching minh ring:

a) AB Ia tia phan gidc cua goc DAH ;

b) BH. CD = BD. CH.

Cho tam gidc ABC, cic tia phan gidc trong BM va CN (M € AC, N € AB)
cat nhau tai D. Chimg minh ring tam gidc ABC vuong tai A khi va chi khi
2BD. CD = BM. CN,

Cho tam gidc ABC c6 AD, BE, CF theo thit tr la cic duong phan gidc trong
cua cic goc A, B, C. Goi I va K theo thit ty 12 cdc diém doi ximg v6i A qua
cdc dudng thiang BE va CF, G va H theo thif tu 12 cédc diém d6i ximg véi B va
C qua dudng thing AD. Chimg minh ring GI song song véi HK.

Cho tam gidc ABC (AB < AC). Trén canh AC ldy diém D sao cho CD = AB.
Goi M, N lin lugt la trung diém cua AD, BC. Chimg minh ring

CMN=:I)-I§XE.‘.

Cho tam gidc ABC cén tai A ¢6 BAC =36°. Tinh %Cli :

Cho a, b, ¢ la dd dai cdc canh cta tam giic ABC, x, y, z tuong img la do dai
cdc dudmg phan gidc cta géc doi dién véi canh d6. Chimg minh ring:
2¢cb ) C) LR (R

a)x < . b) —4+—=4=>—=4—4—,
b+c¢ X ¥y z & b e
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3.38. Cho tam gidc ABC c¢6 AB + AC = 2BC. I, G lin luot 12 giao diém cdc dudng
phan gidc, trong tdm cia tam gidc ABC. Ching minh ring IG // BC.

3.39. Cho tam gidc ABC cén tai A ¢6 AB= AC = b, BC = a. Dudng phan gidc BD
cua tam gidc ABC c¢6 do dai bing canh bén cua tam giic ABC. Chimg minh

. 11 b
ra ——— =
g a (a+b)”
Chuyén dé 4
TAM GIAC PONG DANG.

CAC TRUONG HOP PONG DANG CUA TAM GIAC
A. KIEN THUC CAN NHO
KHAI NIEM TAM GIAC PONG DANG .
1. Tam giGc déng dang

a) Dinh nghia: Tam gidc A'B'C’' goi la dong dang véi tam gidc ABC néu:

R=R:B=8:0-¢; 22 BC _CA

AB = BC CA
Tam gidc A'B'C déng dang véi tam gidc ABC duge ki hiéu la AA'B'C «2 AABC
(viét theo thit tu cap dinh trong ng).

B BC A
AB  BC CA

Ti s0 cdc canh tuong (ng =k duoge goi la 1 s6 dong dang.

b) Tinh chat
Tinh char 1. Mbi tam gidc dong dang vdi chinh né.
Tinh char 2. Néu AA'B'C' «2 AABC thi AABC «2 AA'B'C.
Tinh char 3. Néu AA'B'C' «2 AA"B"C" via AA"B"C" @2 AABC thi

AABC «2 AABC. A
2. Pinh li
Néu mot dudng thing cat hai canh cia tam
gidc va song song vai canh con lai thi né tao M N
thanh mot tam gidc mdi dong dang véi tam
giic da cho.
Cho AABC, MN // BC => AAMN ¢ AABC. B C

Hinh 3.24
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Chit y
Pinh Ii ciing diing cho trudmg hop dudmg thing a ciit phin kéo dai hai canh
cua tam gidc va song vdi canh con lai.

CAC TRUONG HOP PONG DANG CUA TAM GIAC
* Trudmg hop dong dang thir nhat
Dinh li: Néu ba canh cua tam gidc
ndy ti 1¢ vdi ba canh cla tam gidc A’
kia thi hai tam gidc d6 dong dang:
AABC va AA'B'C' ¢6

AB AC BC 3
ArBr A:Cr B:Cr B C B C
= AABC «2 AA'B'C’ (c.c.c) Hinh 3.25
* Truong hop dong dang thir hai
Dinh !i: Néu hai canh cia tam gidc A
nay ti 1¢ véi hai canh cia tam gidc

A

A

kia va hai géc tao boi cic cap canh

d6 bang nhau, thi hai tam giic do6

dong dang:

AABC va AA'B'C' ¢6 C B C

AB = AC = sz, Hinh 3.26
AB AC

= AABC «» AA'B'C’ (c.g.c)..

* Truong hop dong dang thir ba %

Dinh li: Néu hai goc cia tam gidc

nay ldn luot biang hai goc cua tam A'

gidc kia thi hai tam gidc dé dong
dang véi nhau.

AABCvAAA'BC' c6 A=A", B=B' § e B .
= AABC @2 AA'B'C' (g.2)

=

Hinh 3.27
B. MOT SO Vi DU
Vi du 1: Cho hinh thang ABCD (AB // CD, AB < CD), O la giao diém cla AC va
BD. Chimg minh ring AOAB < AOCD.
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Nhan xét: AOAB va AOCD c¢6 AB // CD nén Y B
theo hé qua dinh If Ta-1ét ta ¢6 cdc doan thing

t lé, tr d6 dé nhan thay hai tam giic dong 0

dang.

Giai

Xét AOCD ¢6 AB // CD (gt) nén = c
OA B g i v

e gD = 21[; (Hé qua cta dinh Ii Ta-Iét). Hinh 3.28

AOAB va AOCD ¢6 95 08 A8 . Do d6 AOAB ¢ AOCD (c-c-c).

OC OD CD
Vi du 2: Cho tam gidc ABC ¢6 AB = 2,5cm, AC = Zem, BC = 3em. Chimg minh
rang A=2B.
Nhan xét: Dé chimg minh A=2B ta nghi dén

A I g6c ngoai tai dinh cia mdt tam gidc can.
Dung diém D thudc tia d6i cia AC sao cho:

AD = AB, ta thiy A = 2BDA. Vay ta cin

chimg minh B = BDA va day Ia hai goc tuong

g cta hai tam gidc dong dang.

Giai

Trén tia d6i cha tia AC ldy diém D sao cho AD = AB = AABD can tai A
— ADB = ABD nén BAC =2CDB (1)

Tac6CD=AC+AD=45cm.

D

Hinh 3.29

Xét AABC va ABDC c6: C (chung), AS= BC [-.r, % =i]
BC CD\ 3

Do d6 AABC © ABDC (c.g.c) = ABC = CDB 2)
Tir (1) va (2) ¢6 BAC = 2ABC.
Vi du 3: Cho hinh thoi ABCD c¢6 goc B=60". Mot dudmg thing di qua dinh D

khong cdt hinh thoi nhung ciit cdc dudng thing AB, BC lin luot tai E, F. Goi
M Ia giao diém ctia AF, CE. Chimg minh ring AD” = AM. AF.
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Nhdn xét: Hinh thoi ¢c6 mot gée bang 60” cho ta B

thay xudt hién hai tam gidc déu, khi 4y c6 AC = AD.

Viy ta c¢dn chimg minh AC? = AM. AF, nghia

Ia ta cidn chimg minh AAEC ¢ ACAF va A C
AACM o« AAFC.

Gidi F
D
Ta ¢6: BA = BC (canh hinh thoi) va B=D=60"° E
nén ADAC déu Hinh 3.30
=AC=AD.

Xét AADE va ACFD c6: AED = CDF (déng vi, AB//CD),

ADE = CFD (déng vi, AD//BC) = AADE ©ACFD (g-g), suy ra
A SED iy AR A0
AD CF T AC CF'

Xét AAEC va ACAF c¢o: CAE ACF (= 120° ), A—E =£ (cmt)
AL R

— AAEC @ ACAF (cge) = ACE = CFA.

Xét AACM va AAFC ¢6: CAF chung, ACE =CFA (cmt)

=> AACM @« AAFC (g-g) = j:t"' AL = AC’= AM. AF.

AF
Vay: AD” = AM. AF.

Chu y: Dé chimg minh mot déng thic gilta cdc ti s6 doan thing, ta chon céc
doan thing d6 12 cdc canh tuong tng cha hai tam gidc déng dang. Hai tam
gidc cin xét néu ¢ mot goc ¢6 twong img bing nhau ta ¢6 ging tim thém mot
g6ce tuong (ng khéac va chimg minh ching bing nhau. C6 thé xét hai géc twong
tmg nay nam trong hai tam gidc déng dang khdc va khi 4y hai tam gidc nay
dong dang theo trudng hop (c-g-c) hay (c-c-¢). Cdc bai todn thudc loai nay yéu
cdu kha ning phan tich di Ién, khai thdc triét d€ gia thiét cha bai todn.

Vi du 4: Cho tam giic ABC can tai A, M la trung diém cta BC. Trén canh AB lay
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diém D, trén canh AC ldy diém E sao cho DM Ia phan gidc cia géc BDE.

Ching minh ring: BD. CE —%



Nhan xét: Diéu cin chimg minh wong duong véi BD. CE = BM’ hay —3—3 = —E—E .

viy ta c¢in chimg minh ABMD va ACEM dong dang. Thong thuong trong
nhimg trudng hgp ndy hai tam gidc sé dong dang theo trudng hop (g-g) . B¢
phdt hién géc twong tng bing nhau ta ¢dn dé ¥ tinh chét ba dudng phan gidc
trong tam gidc.

Giai

Xét AADE, AM Ia tia phén gidc trong , DM la tia
phan gidc cta gbéc ngoai tai D nén EM la tia phan
gidc goéc ngoai tai E.

Xét i gifc BDEC ¢6 2(513}?4 +DBC + MEC) = 360°

= BDM + DBC + MEC = 180" (1)
Mt khdc, trong ABDM c¢6:
BDM + DBC + DMB = 180", (2)

Hinh 3.31

T (1) va (2) cho: MEC = DMB.

Xét ABMD va ACEM ¢6 B=C . MEC = DMB (cmt)

= ABMD @ ACEM (g-g)
BD BM BC*

= ——=—— = BD.CE=BM.CM =
CM CE

C. BAITAP

3.40. Cho AABC «» AHIK theo ti s6 dong dang k = % .

3.41.

a) Tinh ti s6 chu vi cua hai tam gidc da cho.
b) Tinh chu vi AHIK khi chu vi AABC bing 60 c¢m.
¢) Cho biét hiéu chu vi hai tam gidc trén 12 90cm, tinh chu vi ctia moi tam gidc.

Cho tam gidc ABC. Diém M thudc canh BC sao cho ﬁ_(B: =%. Ké MH // AC

(H € AB) va MK // AB (K € AC).

a) Tinh MB, MC khi biét BC = 25 cm.

b) Tinh chu vi tam gidc ABC khi biét chu vi tam gidc KMC bang 30 cm.
¢) Chimg minh ring HB. MC = BM. KM.
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3.42,

3.43.

3.44.

3.45.

3.46.

3.47.

3.48.

3.49.

3.50.
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Cho ur gidc ABCD ¢6 AB = 8cm, BC = 4cm, CD = 20cm, AD = 25 c¢m,
AC = 10 cm. Chitng minh ufr gidc ABCD la hinh thang.

Cho AABD ¢6 A =90°. V& dudng cao AH. Goi M Ia diém ddi ximg véi A
qua H. Trén doan thing HM ldy diém E bat k¥, qua diém D ké dudng thing
vuong géc véi tia BE tai C va cit AH tai F,
a) Chimg minh ring AH> = BH . HD = HE. HF ;
b) Chimg minh rang L E

AE ME
Cho tam gidc ABC va G la diém thudc mién trong tam gidc. Tia AG cit BC
tai K va tia CG cit AB tai M. Biét ring AG = 2GK va CG = 2GM. Ching
minh G I trong tdm tam gidc ABC.
Cho tam gidc déu ABC canh a, M Ia trung diém cta BC. Trén canh AB lay
diém D, trén canh AC lay diém E sao cho DM Ia phan gidc cha goc BDE.
Tinh BD.CE.
Cho tam gidc ABC déu, goi M 1a trung diém cta BC. Lay diém P trén canh
AB va diém Q trén canh AC sao cho PMQ = 60". Chimg minh:
a) Hai tam gidac PBM va MCQ dong dang.
b) Hai tam gidc MBP va QMP déng dang.
Smeo _ PQ
Sapc:  2BC

c)

Cho AABC v AA'B'C,, biét A+A" = 180° va B=B’. Chimg minh ring:
AB. A'B'+ AC. A'C'=BC. BC.
Cho tam gidc ABC déu, O Ia trong tam cia tam gidic vd M Ia diém bit ky
thudc canh BC (M khong tring véi trung diém cta BC) . Ké MP va MQ lan
luot vuong gée vai AB va AC, cic dudmg vudng géc nay lin luot cat OB, C7
tai 1 va K.
a) Chimg minh t gidac MIOK [ hinh binh hénh ;
b) Goi R la giao diém cua PQ va OM. Chimg minh R la trung di¢m PQ.
I |

= + :
AB BC AC
Cho hinh vuong ABCD. Goi I 1a mot diém bat ky trén canh AB (I khédc A va
B). Tia DI cit tia CB tai E. Pudng thing CI cit dudng thing AE tai M.
Ching minh ring DE vuong géc vai BM.

Cho tam gidc ABC ¢6 A=2B=4C. Chimg minh rang




3.51.

3.52.

3.53.

3.54.

3.55.

3.56.

3.57.

3.58.

Trén hai canh AB va BC cta hinh vuong ABCD Idy hai diém P va Q theo thir
tr sao cho BP = BQ. Goi H la chan dudong vuong goc ké tir B xuong CP.

Chimg minh ring DHQ = 90",

Cho tam gidc nhon ABC ¢6 truc tam H. Goi M, N theo thit tr la trung diém
cua BC, AC. Goi O la giao diém cédc dudng trung truc cia tam gidc.

a) Chimg minh ring AOMN @ AHAB, tinh ti s6 dong dang.

b) So sdnh do dai AH va OM.

¢) Goi G la trong tim cia AABC. Chimg minh ring AHAG 2 AOMG:

d) Chlh"lg minh rﬁng: Sr\.{i” = 25&00- .

Cho tam gidc ABC. Trén tia d6i cta tia AC ldy diém D, trén nira mat phing
bér DC khong chia B vé tia Dx sao cho CDx = ABC . Goi E Ia giao diém ciia
tia Dx va AB. Chimg minh ring BC.DE = AC.AE + AB.AD.

Cho tam gidc ABC ¢6 A = 90° D I diém thude canh AC. Tir C vé dudng
thing d song song v6i BD. V& BE L d tai E. Chimg minh ABAE ¢ ADBC.
Cho tam gidc nhon ABC (AB < AC), cic dudng cao BD va CE cit nhau tai
H. Goi M, N lin lugt 1 giao diém cia DE véi AH, BC. Chimg minh ring
MD.NE = ME.ND.

Cho AABC nhon, ba dudmg cao AD, BE, CF cit nhau tai H .Tir A ké dudng
thing song song véi BH cit tia CH tai P va ké dudng thiang song v6i CH cit
tia BH tai Q. Goi M Ia trung diém BC. Chiing minh ring AM L PQ.

Hinh thoi ABCD ¢6 A = 120°, M 12 diém trén canh AB. Cic dudng thing
DM vi BC ciit nhau tai N.

a) Chimg minh ring: AB* = AM.CN ;

b) Goi E la giao diém tia CM vai AN. Tinh s6 do EC.
¢) Trén tia d6i cta tia BD lay diém F sao cho tia FM cilt cdc canh AD, AC

lan Iuot tai S va K. Chimg minh ring DA AB _ AC
SA AM AK '
Cho tam gidc ABC khong can. M la diém ndm trong tam gidc ABC sao cho

AMB- C = AMC - B. Chimg minh ring ﬁzﬁﬁ
MC AC’
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Chuyén dé 5
CAC TRUONG HOP PONG DANG
CUA TAM GIAC VUONG

A. KIEN THUC CAN NHO

1. Ap dung céc trudng hogp déng dang cla tam gidc véo tam giéc
vudéng
Hai tam gidc vuong dong dang véi nhau néu:
a) Tam gidc vuong nay c¢6 mot géc nhon bang géc nhon cha tam gidc vuong Kia.
b) Tam gidc vudng nay cé hai canh géc vuong ti 1¢ v6i hai canh géc vudng cua
tam gidc vuong Kia.
2. D&u hiéu dac biét nhan biét hai tam gidc vudng déng dang
Dinh li 1: Néu canh huyén va mdt canh géc vuodng cia tam gidc vudng nay ti
I vGi canh huyén va canh géc vuong cua tam gidc vuong kia thi hai tam gidc
vuong dé dong dang.

A
A’

/N

B & B C

Hinh 3.32

3. Ti s6 hai dudng cao, ti s6 dién tich cla hai tam giéc déng dang

Dinh 1i 2: Ti s6 hai dudng cao twong (mg cua hai tam gidc dong dang bing ti
sO dong dang.

Dinh Ii 3: Ti s6 dién tich cta hai tam gidc déng dang bang binh phuong ti s6
dong dang.
B. MOT SO ViDy

Vi du 1: Cho tam gidc nhon ABC ¢6 BD va CE la hai dudng cao cit nhau tai H.
Goi M la giao diém cia AH va BC. Chimg minh ring MH.MA = MB.MC.
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Nhan xét: Viét lai ding thirc cin chimg minh thanh A =M—C. Dé chimg
MB MH

minh déng thifc gilta ti s6 cdc doan thing trén ta chimg minh AMBH © AMAC.
Giai:

AABC c6 BD va CE la hai duong cao cét nhau tai H = H la truc tam cia tam
gidc ABC

A

= AM L BC. Xét AMBH (BMH =90") va
AMAC ( AMC =90"). D

— — E
¢6 MBH =MAC (ciing phu véi goc ACB) 5
= AMBH © AMAC (g2.2)

B M C

MB MH

—_— m—ﬁc— = MH.MA = I“BMC Hinh 3.33

Chit y: Néu cho BC ¢6 dinh, A 1a diém bét ky trong mat phang chia BC sao
cho AABC nhon. Khi dy:

MB.MC = MB(BC - MB) = -(MB’ - BC. MB)
BC BC? .BC?

= -(MB*-2=—_MB+ = )
) 2 4 4
BC » BC? BC? "
=l MB =)+ < khong doi).
( > ) = 2 (khong

Dau dang thitc xay ra khi va chi khi MB = %E &> M la trung diém cua BC.

Tir d6 ta ¢6 bai todn: " Cho doan thdng BC ¢d dinh, A la diém bdt ky trong mdt
phdng chita BC sao cho tam gidc ABC nhon. Cde dwong cao AM, BD c¢dt nhau
tai H. Tim vi tri cua M dé tich MA. MH dat gia tri lom nhat".

Ta khong chi dimg tai d6, xét bai todn: "Cho AABC nhon , dudng cao AM, H
12 diém thudc doan AM sao cho: BM. CM = MH.MA. Chimg minh H 12 truc
tam AABC".

Ta dé dang chimg minh dugc AMBH «2 AMAC (c-g-¢) = MBH = MAC , ma

AHD = BHM (d6i dinh), do d6 MAC + AHD = MBH + BHM = 90° (do
AMHB vuéng tai M) = BH L AC. Vay H la truc tam AABC.
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That thd vi vi két qua bai todn nay cho ta giai quyét duge nhiéu bai toin HAY
va KHO.

Bai toan: Cho tam giic nhon ABC, cic
dudmg cao AA’, BB, CC’ cit nhau tai H. K la
trung diém cta AH, I 1a giao diém cta B'C’
va AH. Chimg minh rang I a truc tam cua tam
gidc KBC.

Thay viy: C'’KA'=2C’'AH =2C'B'H=A'B'l

= AA'KC' @2 AA'B'I (g.2) r
' ol Hf"h 334
— = < = = A'LA'’K = A'B.A'C’ (1)
A'B"  A'l
Ma: AA'BC' @2 AA'B'C (cung dong dang véi AABC)
= A8 A,C = A'B.A'C=A'B' A'C (2)
A'B" A'C

Tir (1), (2) cho: A'LA'K = A'B.A'C . Theo két qua bai todn trén thi 1 1 truc
tam cua AKBC.

Vi du 2: Gia sir AC 12 dudng chéo 16n cia hinh binh hinh ABCD. Tir diém C ha
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cdc duong vuong goc CE va CF wrong (g trén dudng kéo dai cha cic canh
ABva AD.

Chimg minh ring AB.AE + AD.AF = AC”.

Nhdan xét: Do cic tam gidgc AEC, ACF vuong nén dé xuat hién tam gidc dong
dang, tir B hay D ta dung dudng thing vuong géc véi AC.

Gia sirta vé BG L AC tai G. Thily ngay AB.AE = AC.AG.
Viy: AB.AE + AD.AF = AC

&> AD.AF = AC? = AC.AG = AC(AC - AG) = AC. CG

<> BC.AF = AC.CG . Ta c¢in chimg minh ACBG «» AACF.

Gidi
V& BG L AC tai G. Ta c6 AABG  AACE = 2B _ AG
AC AE
— AB.AE = ACAG )



Ma AF // BC = GCB = CAF E

= ACBG «» AACF (g-g2)

E% - % = BC.AF=ACCG (2 / ¥
Tir (1) va (2) suy ra o i
AB.AE + AF.BC = AC(AG + CG) = AC>. A D F
Vay AB.AE + AD.AF = AC%. Hinh 3.35

Vi du 3: Cho tam gidc ABC, M Ia diém thudc canh BC. Qua M ké dudmg thing
song song vai AC, AB cit AB, AC lin luot tai D va E.

Biét Sppy = 9¢m®, Seye = 16cm”. Tinh dién tich tam gidc ABC.

Nhan xét: Ta thay ngay ABDM ¢ ABAC, ma Sgpy =9 cm® nén ta cdn xdc
dinh ti s6 déng dang. Tir ABDM @ AMEC va dién tich hai tam gidc nay déu
biét nén ta tinh dugc ti s6 dong dang cua ching.

Giai

Xét ABDM va AMEC ¢6: DBM = EMC (déng vi, ME // AB), DMB = ECM
(dong vi, MD // AC)

= ABDM © AMEC (g-g) = SEDM. - (MBJ - (%J = ME %

Smee  \MC

MB 3 _MB 3

=5 = — . :
MC+MB 4+3 BC 7
Mat khéc, do MD // AC nén ABDM «» ABAC

()]
Sgac BC 7

3 9-49 (cm?).
9 Hinh 3.36

= Sgac =

Luu y. 1. Ta 6 thé chimg minh duoc két qua 6ng quéit: Néu Sgpyy = p~ cm’,
Smec= q2 cm” thi Sapc=(p+ q)1 cm”.

2. Khong dimg & day, néu xét M 1a diém ndm trong tam gidc, qua M ta ké cdc
dudng thing song song vdi cdc canh tam gide. Cdc dudng thing tao vdi cdc
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canh tam gidc ba tam gidc ¢6 dién tich ldn
luot la a”, b%, ¢* (ecm). Khi ay dién tich tam
gidc ABC la bao nhiéu?

Ap dung bii todn trén ta cé:
AAHK. M € HK nén S yx =(a+ )%
ABEF. M € EF nén Sggp=(a+b)*;
ACDN, M € DN nén Scpy = (b + c)’ Hinh 3.37

Suy ra: Sape = Sauk + Sper + Scon = (Smur + Smpe + Smnk)

=(a+c)+@+b)’+(b+c)-(a’+b>+cd)

=(a+b+c)2.

Vi du 4: Cho tam gidc ABC nhon, cdc dudmg cao AD, BE, CF cat nhau tai H.
a) Chimg minh ring H Ia giao diém cdc dudng phan gidc trong ADEF.
b) Goi K la giao diém cta AD va EF. Chimg minh rang:

HK. AD = AK. DH.

Nhan xét: Dé chimg minh FC 1a phéin
gidce goc DFE ta chimg minh AFE = BFD.
Dé dang nhan thiy ci hai goc nay déu
bang ACB thong qua hai cap tam gidc
dong dang.

Giai
a) Xét AAEB va AAFC c6: A chung,
ABE = ACF (ciing phu véi A ) Hinh 3 38

AE _AB _AE AF

= AAEB «» A AFC (g-g) = = ) = ;
AF AC AB AC

Xét AAEF va AABC c¢6: A chung, ol = £ (cmt)
AB AC
= AAEF @« A ABC (¢c-g-c) = AFE = ACB (1)
Ly ludn twrong tu nhu trén ¢6: ABFD @ A BCA (c-g-¢)
— BFD = ACB (2).
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Tir (1), (2) cho: AFE = BFD => CFE = CFD => FC I tia phan gidc cia DFE .
Tuong tr: FDA = EDA => DA Ia tia phan gidc cia FDE . Vay H i giao diém
cdac dudng phan gidc trong tam gidc ABC.

Chu y: Day la két qua quan trong va thudng gap trong chuong trinh 1Gp 9.

b) Xét AKFD c¢6: FH la phan gidc trong tai dinh F, AF L FH = FA la phan

KH = LS = AK = HK. AD = AK.DH,
HD FD AD
Chu y: Khong chi dimg lai & bai todn trén, néu ta dac biét hod Sygg = Sgrp =
Scpg thi

gidc ngoai tai F cua tam gidc =

AAEF « A ABC = 5*‘“":(‘“] vi ADBF «2 A ABC = SDFB:[DB]
Sasc \AB Sioc LAB
2 )
AEY (DBY" AE DB
ma Sapr=Sgpp , d0d6: | — | =| —| = —=—= AE=BD
o\ [ABJ [AB] AB AB

= AAEB = ABDA (canh huyén, canh géc vuong)
— lﬂf’.? -~ ABC . Li ludn trong tr ta duge BAC = ACB.

Viay BAC = ABC =ACB = AABC déu.
Tir d6 ta ¢6 bai wodn: "Cho tam gidace ABC nhon, cdac dwong cao AD, BE, CF
cat nhau tai H, biét S gr = Sprp = Scpg - Chitng minh tam gide ABC déu”.

C. BAI TAP
3.59. Cho tam giic ABC nhon vi dudng cao AH. Ke HI vuong goc voi AB va HK
vuong goc vai AC,
a) Chimg minh AH” = ALAB.
b) Chimg minh AAIK ¢« AACB.
e B 1 - R T |
¢) Budng phan gidc cia AHB cat AB tai E. Biét Lo . Tinh ti s6—.
AB 5 Al
3.60. Cho hinh vuong ABCD. Trén canh AB lay diém M. Ké BH vuong géc véi
CM, néi DH. Vé HN vuong géc vdi DH (N thuoe BC). Chimg minh ring:
a) ADHC «» ANHB.
b) AMBH «» ABCH.
¢) NB=MB



3.61.

3.62.

3.63.

3.64.

3.65.

Cho hinh chit nhiat ABCD ¢6 AD = 6 cm, AB = 8 cm va hai dudng chéo cit
nhau tai O. Qua D ké dudng thing d vuong goc vai DB, d cit tia BC tai E.

a) Chimg minh ring ABDE ¢» ADCE.
b) Ké CH vuong géc véi DE tai H. Chimg minh DC = CH.DB.
¢) Goi K 12 giao diém ciia OE va HC. Chimg minh K la trung diém ctua HC
v tinh i s6 SEHC..
Seps
d) Chimg minh ba dudmg thing OE, DC, BH déng quy.

Cho tam gidc ABC vuong tai A (AB < AC) va trung tuyén AD. Ké dudng
thiang vuodng géc véi AD tai D ldn luot cit AC tai E vt AB i F.

a) Chimg minh ADCE ¢«» ADFB.

b) Chimg minh AE.AC = AB.AF.

¢) Buong cao AH cua tam giic ABC cit EF tai I. Chimg minh
Sasc _ ( AD )z
Saer \ Al

Cho tam gidic ABC vuong tai A va dudng cao AH, AB= 15 cm, AC=20cm.

a) Chimg minh CA® = CH.CB.

b) Ké AD la tia phan gidc cua BAC (D € BC). Tinh HD.

¢) Trén tia d6i cha tia AC lay diém 1. Ke AK vuong gée vai Bl tai K. Chimg
minh ABHK ¢ ABIC.

d) Cho Al =8 cm. Tinh dién tich tam giic BHK.

Cho hinh chir nhat ABCD ¢6 AB > AD via AD =5 cm. Trén DC ldy diém M
sa0 cho DM = 2 cm. Biét goc AMB = 90°.

a) Chimg minh ADAM ©» ACMB. Tinh d6 dai MC.

b) Tia phan gidc géc AMB cit AB tai E. Ké EK vuong géc voi AB (K €
MB).

Chimg minh EA = EK.

¢) Tia EK cat AM tai H, tia AK cit BH tai N. Chimg minh MN la tia phan
gidc cta géc BMH.

Cho tam gidc ABC vuong tai A (AB < AC), vé dudng cao AH (H thude BO).

a) Chimg minh AABH déng dang véi ACBA.




b) Trén tia HC, 1dy HD = HA. Tir D v& dudng thing song song vdi AH cét
AC 1ai E. Chimg minh CE.CA = CD.CB.

¢) Chimg minh AE = AB.
d) Goi M Ia trung diém cta BE, chimg minh AH.BM = AB.HM + AM.BH.

3.66. Cho hinh thang ABCD (AB // CD) ¢6 AB=m, CD = n (n > m). Cic diém P,

Q 1an lugt trén cdc canh AD, BC sao cho PQ // AB // CD va Sy gqp = Spocp-

2 2
m +n
~ .

Chitng minh ring PQ* =

3.67. Cho tam gidc ABC c4n dinh A va H 1a trung diém cua canh BC. Goi I I hinh

3.68.

3.69.

3.70.

chi€u vuong géc cta H Ién canh AC va O la trung diém cta HI. Chimg minh
ring ABIC «2 AAOH.

Cho tam gidc ABC vuong tai A ¢6 AH la dudng cao. Goi D, E lin luot 12
hinh chiéu cua H 1én AB, AC.

a) Chimg minh ring AAED ¢ AABC.
b) Cho biét Sppc = 28 pye- Chimg minh rang tam gidec ABC vuong can tai A.

Cho tam giéc nhon ABC. Cic diém D, E, F ldn lugt nim trén cic canh AB,
AC, BC. Chimg minh ring:

Sape _ AD.AE
Sapc ABAC’

b) Trong ba tam giic ADE, BDF, CEF ton tai mot tam gidc ¢6 dién tich

a)

khong vuot qua % dién tich tam gidc ABC. Khi ndo ca ba tam gidc d6 cung

¢6 dién tich bing % dién tich tam gidc ABC.

Cho tam gidc ABC vuong tai A(AB > AC), ke dudng cao AH.

2 2
a) Chimg minh ring: ;?{ = !::(;] .

b) Ké AD Ia tia phan gigc BAH (D e BH). Chimg minh AACD can va
DH. DC = BD. HC '

¢) Tinh do dai AH trong trudmg hop Sagy = 15.36 (cm?) va Sach= 8,64 (em’)
d) Goi M la trung diém AB, E la giao diém cia hai dudng thing MD va AH.
Ching minh rang: CE // AD.
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Chuyén dé ning cao 1
TAM GIAC PONG DANG

A. KIEN THUC CAN NHO
Dinh Ii Ta-1ét va tinh chét cla tam gidc dong dang cho phép ta: Lap mot ti I¢
thitc gitta cdc doan théing, tinh do dai cdc doan thing (dua vao day ti s6 dong
dang), chimg minh hai géc bing nhau (géc tuong img cua hai tam gidc déng
dang), chimg minh mot hé thic gita cdc doan thing, mot biéu thirc ¢6 gid tri
khong doi, giai mot s6 bai todn vé chu vi va dién tich tam gidc, giai bai todn
dung hinh...

B. MOT O Vi DU

Vi du 1: Cho tam gidc ABC vuong géc tai A. Tir diém D trén canh huyén BC ké
DE vudng géc vai AB va DF vuong géc vai AC.
Chimg minh hé thiec:

A
EA. EB + FA. FC = DB. DC.
Gidi: 5 :
T¢ gidc AEDF c6 ba géc vuong
P - - i - - 0 PR
(A =B=F=90% nén ii hinh £ s .

chir nhit = DE = FA, DF = EA. Hinh 3.39

Do DE // CA (vi cung vudng géc AB) nén:

EB=ED=DB hiiy EB FA DB

AB AC BC AB AC BC’

FD=FC=DC e yEA FC: DG

AB AC BC AB AC BC'

EA.E..B . FA.F;C = BD.[Z:C lidy EA.E?+ FA..,FC b BD.I?:C -
AB- AC~ BC~ AB” + AC~ BC~

Theo dinh i Py-ta-go trong AABC vuong tai A: AB® + AC*=BC?,

do d6 EA.EB+FA.FC = BD.DC.

Cha y: That thd vi néu van dung dinh 1i Py-ta-go két hgp véi hing dang thiic
ta 6 cdch giai sau:

AEBD «» AABC =

Tuong v, AFDC «2AABC =

Suy ra
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AB” + AC? = BC*= (EA + EB)* + (FA + FC)* = (DB + DC)’

= EA” + EB” + 2EA. EB + FA” + FC” + 2FA. FC

= DB’ + DC? + 2DB. DC (1)
Mat khic: EB* + FA% = EB*+ ED = BD® va EA” + FC* = DF* + FC” = DC.
(1) = 2(EA. EB + FA. FC) = 2DB. DC = EA.EB+ FA.FC= BD.DC.
- Khong dimg tai day ta nhan thady: BD + DC = BC khong déi, nén tich
BD. DC dat gi4 tri lén nhét khi BD = DC, nghia la D 1a trung diém BC.
— Tir dé ta c6 bai todn: "Cho tam gidc ABC vudng géc tai A. Tir diém D bat ky
trén canh huyén BC ké DE vuong géc véi AB va DF vuong goc vai AC. Xic
dinh vi tri cha diém D dé tich EA. EB + FA. FC dat gid tri 16n nhat".

Vi du 2: Cho tam gidc ABC ¢6 A = =80°, QD) e . Chimg minh ring B =60".
BC AB+AC
Giai
Vé AD la dudng phan gidc cua géc BAC cua tam gidc ABC.
A
Tacs 28 . AB

DC AC
DB DC DB+DC  BC
AB AC AB+ AC AB+AC

AB  BC DB AB
M 22 ST e
BC  AB+AC &V AB  BC B H'f'“o C
DB AB inh 3.

Xét ABAD va ABCA c6 B (chung) vd — =—.
AB BC

] e

Do d6 ABAD ¢ ABCA (c.g.c) —BAD = BCA . Ma BAD = EBAC 40° nén

BCA =40°.
AABC ¢6 BAC +ABC + BCA =180° = 80° + ABC +40° = 180°
= ABC = 180° —80° - 40° = 60°.
Vidu 3: Cho tam gidc ABC, AD la dudmg phan gidc ngoai. Chimg minh ring
2 = DB.DC - AB.AC.
Giai
Trén tia DA 14y diém E, sao cho AEB = ACD.
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Tacoé Ar =Az (vi AD Ia tia phan gidc cia CAXx,
A3 = A2 (d6i dinh)

Dod6 A=Az = A3,

Xét AABE va AADC ¢6: Ay = A;. AEB = ACD.

Do d6 AABE @ AADC (g.g)
Hinh 341
=" ﬂ = —A-E = AB.AC= AD.AE
AD AC

— AB.AC = AD (DE - AD) = AD.DE - AD".
AACD vi ABED c¢6: ACD = BED, ADC (chung) = AACD © ABED (g.g)
= E = & = AD.DE = DB.DC.

DE DB

Viy: AB.AC = DB.DC - AD” = AD’ = DB.DC - AB.AC.

Vi du 4: Cho ur giic ABCD. Chimg minh ring AB.CD + BC.AD = AC.BD.
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Giai:

Trén nira mat phing b CD ¢6 chia A vé tia Dx
sao cho CDx = BAC .

vé tia Cy sao cho DCy =ACB. Goi I I giao
diém cua Dx va Cy.

AIDCE ABKC (Bl e ot
AB AC BC
IC BC
= AC.ID=ABCD via —=—, i
D AC Hinh 342

AIBC «2 ADAC (c.g.c) = D = AC.IB=BC.AD.
AD AC

Ma: IB + ID =2 BD,

do vay:AC.BD < AC(IB + ID) = AC.IB + AC.ID = AB.CD + BC.AD.

Dau "=" xdy ra <> [ nim gitta Bva D < BAC =BDC.

Ghi chii: Bt diing thite vira chimg minh ¢6 tén 12 hdt ddng thite Pto-lé-mé.



Vi du 5: Vé phia ngodi cla tam gidc ABC, dung cic tam gidic can ABM, BCN,
CAP ¢6 cic gbe & dinh l4n lugt 1a AMB = o, BNC = f. APC =y thoa min
a+fB+y=360"

Chimg minh rang tam gidc MNP ¢6 s6 do ba goc 1a %.

™

1 =

Giai

Trén nita mat phang bd NC khong chira B dung diém E sao cho CNE = APC,
NE = NC.

Khi d6 NB = NC = NE. Goi Nx la tia déi cua tia NE;

Ta ¢c6 ﬁ?zﬁlﬂ\ﬁ = % él:lhx+—;-6ﬁhx

-1BNe.
5

Vi: BNC+CNE + BNE = 360",
AMB + BNC + APC = 360°, CNE = APC
nén AMB = EIGEE

AMBA ¢ ANBE (hai tam gidc can ¢c6 Am = lﬁ'ﬁ )

:}-Eﬂ:B—A MBA = NBE
BE

BN

E
Ta lai c6 MBN = MBA + ABN = NBE + ABN = ABE, Hinh 3.43

BM _BA _ BM _BN

=—,suyra
BN BE: BA BE

ABMN © ABAE => BNM =BEA .
Chimg minh twong e cé CNP = CEA.

——— N e—

Do d6 BEA +CEA = BNM + CNP va B C=%B C:
Suy ra PNM =—=BNC = —.
2 2

M-d

Chimg minh twong te c6 PMN =% MPN
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C. BAI TAP

3.71.

3.72.

3.73.

3.74.

3.75.

3.76.

3.77.

3.78.

3.79.

3.80.
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Tir diém M nim trong tam gidc ABC ldn lugt vé cdc dudng thing vuong goc

vGi BC, CA, AB tai D, E, F. Trén céc tia MD, ME, MF lin luot Iay cdc diém

MA’ MB' MC'

BC CA AB’

Chimg minh ring M la trong tam cta tam giic A'B'C'.

Cho tam gidc ABC (BC = a, AC=b, AB =c¢), I la giao diém cdc duong phan

Vi | (o
+— =

ca ab

A', B', C’' sao cho

gidc trong cua tam gidc ABC. Chimg minh ring

Cho tam gidc can ABC, A =20°, AB=AC=b, BC=a. Chimg minh ring
3 .23 2

a” + b =3ab".

Cho tam gidc ABC, trén canh BC 1ay hai diém D, E sao cho BD = CE.

Chimg minh ring néu BAD = CAE thi tam gidc ABC la tam gidc can.

Cho cic diém M, N, P thit tr thuoce cdc canh BC, CA, AB ciia AABC cén tai

A sao cho tif gidc MNAP 1a hinh binh hanh. Goi O Ia giao diém ctua BN va

CP. Chimg minh ring OMP = AMN .

Cho tam gidc ABC. Goi AM va AD lan lugt 1a dudng trung tuyén va dudmg

phan gidc cla tam gidc ABC. Dudng thing doi ximg véi AM qua AD cit BC

tai N. Chimg minh ring L AB; .

CN AC?

Tir diém M nam trong tam gidc ABC vé MD L BC tai D, ME L AC tai E,
MF L AB tai F. Trén cdc tia MD, ME, MF ldn luot lay cdc diém I, K, L sao
" MI _ MK _ MI

BC AC AB
Cho tam gidc ABC vuong tai A ¢6 AC = 3AB. Trén canh AC ldy cdc diém D
vi E sao cho AD = DE = EC. Chimg minh ring: AEB+ACB = 45"
Cho hinh binh hanh ABCD va diém M ndm trong hinh binh hianh. Gia sir
MAB = MCB. Chimg minh rang MDC = MBC.
Cho i gide ABCD, trong d6 ABC = ADC va ABC + BCD < 180". Goi E
la giao diém cta hai dudng thing AB, CD. Chimg minh ring

AC’ = CD.CE - AB.AE,

ch

. Chimg minh ring M la trong tdm cuta tam gidc IKL.



Chuyén dé ning cao 2
PINH LI ME-NE-LA-UYT, PINH LI XE-VA

A. KIEN THUC CAN NHG
Bai todn 1: Cho tam gidc ABC, mot dudmg thing d khong di qua cédc dinh tam
gidc, cit cdc dudng thing BC, AC, AB thit tr ¢ A, B', C'. Chimg minh ring
BA AC CB_
BC A'BCA

Giai
Ké AH, BK, CN cling vuong géc v6i dudng thing d. Suy ra: AH // BK // CN.
BPA_AH A'C _CN C'B _ BK
BC CN'A'B BK C'A AH
~B'A A'C C'B=AH CN BK -1
B'C A'B C'A CN BK AH

Theo dinh Ii Ta-1ét ta c6:

Do dé

Hinh 3.44

Chu y: Dao lai ta cling ¢6: " Néu cic diém A', B, C theo thit tr thudc cic
dudmg thing BC, AC, AB sao cho trong ba diém A’, B, C' ¢6 ding mot diém,
. - - —— W v R g .
hodc ca ba diém nam ngoai AABC va thoa man: ; : =1 thi ba
B'C A'B C'A
diém A', B', C' thing hiang (ban doc tu chimg minh).
Céc dinh Ii thuan va dio trén mang tén Ménélauyt (Ménélaus).

Bai toan 2: Cho tam gidc ABC. Cic diém A', B', C theo thir tr thudc cic canh
BC. AC, AB sao cho AA’, BB'. CC' déng quy ¢ O. Chimg minh rang:
B'A A'C C'B _ |
BICA'B CA~
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Giai

Qua A vé& dudng thing song song véi M a .
BC, ciat CC', BB' thir tw ¢ M, N. :
Theo dinh If Ta-lét ta c6: % “ X
B'A " AN ) ,
B'C BC

C:B

_ EC (2) B A g
C'A AM
Cling theo dinh Ii Ta-lét: Hinh 345

CA' _ OA' ” A'B Ao CA' = MA

MA OA AN A'B AN
Nhan cdc ding thie (1), (2), (3) theo timg v€ ta dugc:

B'A A'C C'B=AN MA BC -

B'C A'B C'A BC AN AM
Cha y: Dio lai ta ciing ¢6: " Néu cdc diém A', B, C theo thi tr thudc cic
B'A A'G'GC'B
B'C'A'B C'A

(3)

canh BC, AC, AB cua AABC sao cho

=1 thi cic dudng

thing AA’, BB, CC' déng quy."

Hodc: "Néu cic diém A', B, C theo thit tr thudc cdc dudng thing BC, AC,
AB chira cdc canh cia AABC sao cho trong ba diém A', B', C' ¢6 ding hai
B'A A'C C'B
B'C A'B C'A
BB', CC" hoidc dong quy hoac song song vGi nhau".
Cic dinh Ii thudn va dao trén mang tén Xéva (Céva).

diém ndm ngodi tam gidc va =1 thi cdc dudng thing AA',

B. MOT O Vi DY

Vidu 1: Cho tam gidc ABC, M la diém bat ky trong tam gidc. Cic dudng thing
AM, BM, CM theo thit ty cit cdc canh BC, CA, AB tai N, P, Q. Goi R 1a giao
e o : : NB RB
diém cua va BC. Chimg minh ring — =—.
i . ® NCRC
Giai
Xét AABC c¢6 cdc dudng thing AN, BP, CQ déng quy nén theo dinh Ii Xé va
co:
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NB PC QA _,
NC PA QB
Xét AABC ¢6 P, Q, R thing hiang nén
theo dinh If Mé-né-la-uyt ta c6
RB PC QA =

RC PA OB

(n

(2)

: NB RB Hinh 3.46
Tu (1), (2) suy ra; —=—,
Y™ NCTRC
Vi du 2: Cho tam giic ABC. Vé phia ngoai AABC dung ABCO vuodng can ¢ O.
AB cat CO 6 E, AC cit BO ¢ F. Ké EN // FM (N thugc tia AC va M thugc tia
AB). MN cit BC ¢ Q. Chimg minh AO vuong géc véi OQ.

Giai

Lay C' doi ximg véi B qua
O, E’ thudc tia OB sao cho
OE’ = OE, F thudc tia doi
cua OC sao cho OF = OF;
E'C cit F'C' ¢ A'. Ta chimg
minh OA wvubéng géc vi

bing véi OA’.

That vy, dé thay: BE = E'C

(AOEB = AOE'C) e

— éEEC = ACE'C (ct.c) Hinh 3.47
= EBC=E'CC’

= ABC=A'CC’ (tinh chat ké bi).

Tuong ty, CF = C'F' (AOCF = AOC'F')

= ABCF = ACC'F’ (c.c.c) = BCF = CC'F’

= ACB=A'C'C (tinh chat ké bu).

Vay AABC = AA'CC’ (g.c.g) = AOBA = AOCA’ (c.g.c)

— AOB=A'0OC = OA vuong géc véi OA’ (vi OB vuong géc véi OC).

Ta cén chimg minh ba duong thing BC, OA’ va MN déng quy.

Ppat OB = OC = x, OE = OE' = y. Goi Q 12 giao diém ciia OA’ va BC. Ap dung
dinh Ii Mé-né-la-uyt cho AE'BC véi cit tuyén OA'Q, ta suy ra dugc:
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Vi du 3: Cho tam gidc ABC, I 1a diém ndm trong

122

QC x AE _ I
QB y A'C
Tir cdc két qua trén ta suy ra

(1)

AE’_AE _AN

A'C=AB,A’'E'=AE va = =
A'C AB AC

QC X AN i
QB y AC
Goi Q' la giao diém cia MN véi BC. Ap dung dinh 1i Mé-né-la-uyt trong
QC MB NA Q'C FC NA i@

Tu(l)va(2)tacd (3)

AABC véi cdt tuyén MNQ', ta cé:

QB 'MA'NC QB FA'NC
Ap dung dinh Ii Mé-né-la-uyt trong AAEC véi cdt tuyén FOB, ta suy ra
(5)

lfC = S .i= CN.i.dem thé vao (4) ta co: Q,C.i. i = |
FA BAy CAy QB y AC

Tir (3) va (5) suy ra Q trung vai Q', két thiic chimg minh.

tam gidc. Cdc tia Al, BI, CI lin lugt cit BC,
AC, ABai A', B' va C. Xic dinh vi tri cua |
dé tich AB'. CA". BC' ¢6 gid tri 16n nhat .

Giai

Ké AM, CP, BN [a ba dudmg trung tuyén cua
AABC cit nhau tai G.

[~

2

Ta cé: AB. BC < = ANZ. Hinh 3.48

Tuong t: CA”. A'B < CM~; BC. CA < BP’
Suy ra: (AB. CA". BC')(BC. A'B. C'A) < (AN.CM.BP)*.

Theo dinh Ii Céva ta ¢6 AB .CA .BC =1,dodob
B'C A'B C'A
AB'.CA'.BC =BC. A’B.CA.
Viy: Tich AB. CA'. BC c¢6 gid tri 16n nhidt 1a AN.CM.BP = —&9%'2‘—?- khi

A', B, C' thit ty tring véi trung diém cdc canh BC, CA, AB < 1 =G.



C. BAITAP

3.81.

3.82.

3.83.

3.84.

3.85.

3.86.

3.87.

3.88.

3.89.

3.40.

Cho tam gidc ABC cin tai A, M la trung diém BC, dudng phén gidc trong
BE va dudng phan gidc ngoai tai C cha tam gidc cit dudong thing AB tai F.
Ching minh ring E, M, F thing hang.

Cho tam gidc ABC, dudng phan giic BE, CF va dudng phan gidc ngoai tai
dinh A cua tam gidc cit dudmg thing BC tai D. Chimg minh ring E, F, D
thing hang.

Trén cdc canh AB va AC cua mot tam gidc ABC vuong tai A, dung ra phia
ngoii tam gidc cdc hinh vuong ABEF va ACGI. BG cit dudng cao AH tai O.
Chimg minh ring C. O, E thing hang.

Cho tf gidc ABCD. Hai dudmg thing song song vai dudmg chéo AC, ldn luot
cit cic canh BA, BC, DA, DC theo thir tr tai G, H, E va F (cdc giao nay
khong tring véi trung diém céc canh i gidc). Chimg minh ring cdc dudng
thing GE. HF, BD déng quy.

Trén dudng trung tuyén AD cia tam gidc ABC lay diém K sao cho AK =
3KD; BK cit AC tai P. Tinh ti s6 dién tich cta hai tam gidc ABP va BCP.

Cho tam gidc ABC, mot diém K trén AB sao cho % =7!-. mot diém L trén

BC sao cho % =2. Goi Q la giao diém cua cdc dudng thing AL va CK.

Tim dién tich tam giic ABC, biét dién tich cua tam giic BQC bing 2012
(don vi dién tich).

Trén hai canh AB, AC cta tam gidc déu ABC Idy hai diém E, D sao cho:
LS ; Lt . Cic dudmg thing BD va CE cit nhau tai O. Chimg minh
EA. 2 DC 2

ring AOC =90".

Cho tamgidc ABC, mot diém E trén canh AB, mot diém F trén canh AC va
dudng cao AM. Chimg minh ring diéu kién cin va da dé MA 1a tia phan
gidc cha goc EMF 12 ba doan thing AM, BF, CE ddng quy.

Cho tam gidc ABC. Vé phia ngodi AABC dung ABCO vuong can ¢ O. AB
cat CO ¢ E, AC cit BO ¢ F, ké EG // BC // FF' (G thudc tia BO va F' thudc
tia CO). F'G ciit BC ¢ Q. Chimg minh AO vudng géc véi OQ.

Cho ut gidgc ABCD c¢6 cic cap canh d6i AB va CD, AD va BC thi ty cat nhau
tai M, N. Chimg minh riing céc trung diém 1, J, K ciia AC, BD, MN thing hang.
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%sl;ng IV HINH LANG TRU DUNG -

HINH CHOP PEU

Chuyén dé'1
HINH LANG TRU DPUNG

A. KIEN THUC CAN NHO
I. HINH HOP CHU NHAT

Hinh hop chir nhat 1a hinh ¢6 6 mit déu la nhimg hinh chir nhat.

Hinh hop chir nhat ¢6 6 mat: 8 dinh va 12 canh.

Hinh lap phuong la hinh hop chir nhat ¢6 6 mat la nhimg hinh vuong.

Qua ba diém khong thing hang ¢6 mot vi chi mot mat phéng.

Trong khong gian, hai dudng thing a va b goi 1 song song v6i nhau néu
ching ciing nim trong mot mat phiang va khong ¢6 diém chung.

V6i hai duong thang phan biét a, b trong khong gian, chiing ¢6 thé cat nhau,
hoac song song vdi nhau hodc khong cung nam trong mot mét phang nao.

Hai dudmg thang phan biét cliing song song vdi mot dudmg thang thir ba thi
song song véi nhau.

Néu mot dudng thing song song véi mot mat phang thi chiing khong ¢6 diém chung.
Mot dudmg thiang d khong thuoc mét phiang (P) va song song véi mot dudmg
thing d' thuoc mat phing (P) thi d song song v6i mat phing (P).

d & mp(P)

d'c mp(P);=>d//mp(P)

d//d’
A/ B

T d'
= {7 £ 7
A B
Hinh 4.1



6. Hai mat phéing song song thi khong ¢6 diém chung.
— Hai mat phdng phan biét ¢6 mot diém chung thi ching c6 chung mot dudng
thang di qua diém d6 va goi la giao tuyén cha hai mat phing.
— Néu mit phiang (Q) chira hai dudmg thing a; b ciit nhau ma a va b cling song
song vG&i mat phang (P) thi mp (Q) / mp (P).

1. THE TICH HINH HOP CHU NHAT

1. Néu dudng thing a vuong géc v6i hai dudng thing cit nhau nim trong mat
phing (P) thi dudng thing a vuong géc véi mp (P).

b.cc mp(P)‘
b cite
alb

alc

»=>a 1 mp(P)

— Néu dudng thing a vudng goc véi mp (P) tai A thi dudng thing a vudng géc
vGi moi dudng thing di qua A ctua mp (P).

~ Néu dudng thing a thuoc mp(P) va a vuong géc véi mp (Q) thi mp (P)
vuong gée vai mp (Q).

ac mp(P)
a L mp(Q)

2. Dién tich xung quanh cta hinh hop chir nhat bang chu vi ddy nhan véi chiéu cao.

}:: mp(P) L mp(Q)

S.q = 2ph (p la nira chu vi ddy. h la chiéu cao).

B
Dién tich toan phin
SlP = qu + Zs{my.
- D0i vai hinh 1ap phuong canh a:
B

Sxq = 4a’; Sp= 6a°.
3. Thé tich hinh hop chir nhat: :
V =a.b.c (a; b; ¢ Ia ba kich thudc). Hinh 4.2
D6 v6i hinh 1ap phuong canh a thi thé tich 12 V = . v
4. Trong hinh hop chir nhat:
- 4 dudng chéo déng quy tai trung diém ciia mbi duong.

- Binh phuong cia mdi dudng chéo biang 10ng cic binh phuong cua ba kich
thudc:

2 2 2 2
d=a+b " +c¢".



I1I. HINH LANG TRU DUNG

1. Hinh ling tru dimg c¢6 hai ddy la hai da giic
bang nhau, cic mat bén 12 nhimg hinh chir nhat
vl vuodng géc vdi mat dy. F
2. Cic canh bén cua hinh lang tru dimg song song
vai nhau va cung vudng goc vai hai mat ddy. Do |5 Jp
dai canh bén goi la chiéu cao cua lang tru dimg.

T e L L x v

A\
LY
wl
I
:
i
-

3. Hinh lang try ding ¢6 ddy 1A hinh binh hanh goi ¥, B

14 hinh hop dimg. Hinh 4.3

IV. DIEN TICH XUNG QUANH VA THE TICH CUA HINH LANG TRU
PUNG

1. Dién tich xung quanh cta lang tru dimg bing tng dién tich cdc mat bén:
SMI = 2ph (p la nilra chu vi ddy, h la chiéu cao)
2. Dién tich todn phén cta lang tru dimg béng t3ng cha dién tich xung quanh va
dién tich hai ddy:
Sip = Sxq + 2543y
3. Thé tich lang tru dimg bing dién tich ddy nhan véi chiéu cao:
V = S.h (S la dién tich ddy:; h Ia chiéu cao).

B. MOT SO Vi DU

Vi du 1: Cho hinh hop chit nhat ABCD.A'BCD'. A B
Goi E, F, G, M, N ldn lugt Ia trung diém cia D C
CD'. CB, CC, BC, C'D'. Chimg minh ring: | B o P
a) EFMN Ia hinh binh hanh. o o
b) CC' // mp (EFMN). D N C
¢) mp(EFG) // mp(ABCD). Hinh 4.4
Nhan xét:

— Van dung cdc dinh i vé diéu kién dé dudng thing song song véi mat phing,
hai mat phing song song.

— Ap dung cdc kién thitc co ban trong hinh hoc phing vé quan hé song song va
cdc tinh chat cla cdc tr gide dac biét.
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Giai
a) Trong tam gidc B'CD' ¢6 EF la dudng trung binh nén EF // BD' va
EF=1B'D'.

2

Tuong ty, trong tam gidc BC'D'¢6 MN // BD' vi MN = % B'D".
Do d6: EF // MN va EF = MN. Vay EFMN la hinh binh hanh.
b) Trong tam giic CCB' ¢6 FM la dudng trung binh nén FM // CC, ma
FM c mp(EFMN) nén CC' // mp (EFMN).
¢) Tacé: FG // BC => FG // mp (ABCD); GE // CD => GE // mp (ABCD).
Vi FG va GE cung thudc mp (EFG); FG cit GE tai G nén:
mp(EFG) // mp(ABCD).
Vi du 2: Cho hinh hop chir nhit ABCD.A'B'C'D' ¢c6 AB= 16, AD = 12, AA' = 25.
a) Chimg minh ACC'A"; BDD'B' | cic hinh chir nhat.
b) Kiém tra lai cong thic tinh do dai dudng chéo cha hinh hop.
¢) Tinh dién tich toan phén cta hinh hop.

Nhan xét: Vin dung cdc cong thirc tinh dién tich xung quanh, dién tich toan
phdn cua hinh hop chir nhat, hinh 1ap phuong.

- Ap dung cdc kién thitc co ban trong hinh hoc phing vé quan hé song song va
cdc tinh chat cha cdc t gide dac biét, dinh 1i Py-ta-go, dinh Ii Ta-1ét d€ tinh do
dai cdc doan thing.

Giai

a) Tacé: AA'//CC; AA'=CC; AA' L A'C (do AA' L mp (A'BCD))

nén ACC'A’ 1a hinh chir nhit. Chimg minh tuong

tr, BDD'B' I hinh chir nhdt. " D C
b) Ap dung dinh Ii Py-ta-go ta c6: 2 \‘% L.
AC? = AA” + A'C? = AA” + BD’ (vi BD = A'C) 2 r
= AA” + AB? + AD". ”,JP-'---_J:: :
¢) Tac6: S, =2ph =2 (12 + 16).25 = 1400 (dvdt) A B
Sip = Suq + 2845y = 1400 + 2.12.16 = 1784 (dvdt). Hinh 4.5
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Vi du 3: Cho hinh hop chir nhat ABCD.A'B'CD'. Goi E, F, G, M, N lan luot la
trung diém cta CD"; CB'; CC'; B'C'; CD'. Chimg minh ring:
a) CC' L mp (EFG); b) mp (EFG) L mp(CCD’).
Nhdn xét: Van dung cdc dinh Ii vé diéu kién dé dudng thing song song vdi
mat phing, hai mat phing song song; dudng thing vuong géc mat phang; hai
mat phing vuong goc.

— Ap dung cdc kién thic co ban trong hinh hoc phiing vé quan hé song song;
quan hé vuong géc va cdc tinh chit cua cdc i gidc dac biét.
Giai
a) (h.4.4) CC' L BC, ma BC' //GF nén CC' L GF. (1)
CC' L D'C' ma D'C // GE nén CC' L GE. (2)
Tir (1) va (2) suy ra CC' L mp (EFG).
b) Ta ¢c6 CC' € mp(CC'D') = mp(EFG) L mp(CCD)).

Vi du 4: Cho hinh hgp chir nhat ABCD.A'B'C'D' ¢é6 diy ABCD Ia hinh vudng
canh a; AC'A’'= 60" . Tinh dién tich xung quanh va thé tich hinh hop.

Nhan xét: Vian dung cac cong thie tinh dién tich xung quanh, dién tich toan
phdn, thé tich cua hinh hop chir nhat, hinh lap phuong.

A B
Gidi I
Tam gidc vuong AA'C' ¢6 AC'A =60" nén: .": ".‘ N
TP e b a ; R
C'AA'=30" = A'C'=-AC'= AC'=2aV2. R i 5
= 'er}:.:--l‘.- --;‘B
AA'=VAC?-A'C? =+/822 222 =a\/6. PR O
. & = = 2 ‘,’,-’", X -
Di¢n tich xung quanh coa hinh hop 1a: S, =4a V6. [E;' ‘::“
Thé tich cha hinh hop la: V = az.aJE = 33\/(_) . Hinh 4.6

Vi du 5: Cho lang tru dimg tam giic ABC.A'B'C". Goi M, N, P, Q lin luot la trong
tam cua cic tam gidc ABC, ABB', A'B'C, A'C'C. Chimg minh MNPQ la hinh
binh hanh.

Nhan xét. Xiac dinh lang tru dimg tr d6 suy ra cic quan hé song song vi
vuong gée gitra dudmg thing va mat phing.
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Giai

A
Goi D, E lan lugt la trung diém caa AB va A'C. 5
Ap dung tinh chat trong tam cta tam 2iic, ta ¢o: il b:‘
DM | DN | . DM DN | B == A¢
—==; —=-.D0d6: —=—=— suy R /
DC 3  DB' 3 DC DB' 3 N4 NS
Fh- g ]
MN | L RN vy
ra: MN // BC vl ——=—. ¢ Yl
BC 3 { Al A0
! : / \ \;,“J:E
Tuong ur: PQ // B'C vi PQ =—, 1
BC 3 B C

Vay MN // PQ va MN = PQ nén MNPQ li hinh
binh hanh.

Hinh 4.7

Yi du 6: Cho hinh lang tru dimg ABCD.A'B'C'D' ¢6 ddy la hinh thoi, AB = 8cm:
L} ‘.] » . - - - . # - .

BAD = ACA'=060". Tinh di¢n tich xung quanh vi dién tich toin phin cua
lang tru.
Nhan xét: Van dung cic cong thire tinh dién tich xung quanh, dién tich toan
phéin, thé tich cta hinh lang tru dimg .
— Ap dung cic kién thac co ban trong hinh hoc phing vé quan hé song song:
quan hé vuong goc va cic tinh chit cua cic ur giice dac biét. dinh Ii Py-ta-go.
dinh 1i Ta-1ét d¢ tinh do dai cic doan thang.
Giai

Tam giic ABD ¢6 AB = AD vi BAD = 60" nén i tam gide déu, suy ra:

ABv3 8v3 :
AO = q‘/—= {:4(:>AC=2A0=8J§. s -
2 2 3 ) A, }
Tam gidc A'AC ¢6 A'AC =90": ACA'=60" nén: &1
A'CS3 R
A'C::AC:lﬁJﬁ::»AA':J‘CJ_:y. T
2 Y
Dién tich xung quanh cua ling tru 1a B'/ ‘\_
il "= 4874 = 768 (cm-
Sy =4.AB.AA'=4.8.24 =768 (cm”). Hinh 4.8
Di¢n tich toan phan cua lang tru L
3. )
Sip = Sy + 2845 =768+ 2. A('qBD =768 + 2. SJ; . 768 + 643 (em”).
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C.BAITAP

41.

4.2.

4.3.

4.4

4.5.

4.6.

4.7.

438.

4.9.

4.10.

4.11.

4.12.

Cho hinh hop chir nhit ABCD.A'B'C'D'. Goi M, N lin luot 1 trung diém cua
AA"va BC. Chimg minh MN // mp (A'C'D).

Cho hinh 1ap phuong ABCD.A'B'C'D'. Tim giao tuyén cua hai mat phang
(BCD'A’) v (ADC'B').

Cho hinh hop chir nhit ABCD.A'B'CD' ¢o didy ABCD la hinh vuong: chicu
cao hinh hdp biang h, B'AD'=60". Tinh dién tich toan phan cua hinh hop.
Cho hinh 1ap phuong ABCD.A'B'C'D'". Goi M: N ldn lugt la trung di¢m cic
canh AB, C'D'. Chimg minh ring c¢dc duong thing AC'. BD'. CA", DB, MN
dong quy.

Mot hinh hop chir nhit ¢6 1ong ba kich thude bang 24(cm) va dién tich toan
phin bing 376 (¢cm®). Tinh dd dai duomg chéo cua hinh hop chir nhit d6.
Cho hinh hop chir nhit ABCD.A'B'CD" ¢6 AB: AD: AA" = 3: 4: 5 vi dudmg
chéo AC bang Scm. Tinh dién tich xung quanh va thé tich hinh hop chir nhit.
Cho hinh lang tru dimg tam gidic ABC.A'BC. Goi M. N lan luot [i trung
diém ctia BB B'C'. Ching minh MN // mp (BA'C').

Cho hinh lang tru ABCD.A'B'C'D ¢6 ddy i hinh thoi. Goi O vit O [ tam ciic
mat diy. Chimg minh ring:

a) Q0" L mptA'BCD) .

b) mp (AA'C'T) L mp (BB'D'D).

Cho lang tru dimg ABC.A'B'C’. Goi M, N lan lugt L trung diém cua BB, CC
vit G [ trong thm cua tam gidic A'B'C. Chimg minh mp (BA'N) song song
vol mp(MC'G).

Mot hinh hop chir nhat ¢6 kich thude diay 82 em x 70 cm va chidu cao 60cm.
Ngudi ta xép vao bén trong nhimg hinh hop ¢6 ddy la hinh vuong canh 10
c¢m, chiéu cao 59 cm, theo chiéu dimg cta hinh hop.

a) Tinh s6 hinh hop nho ¢6 thé xép duge.

b) Tinh thé tich hop khong sir dung.

Mot lang tru déu ¢6 tong sO mat, s6 dinh. s6 canh 1a 26. Dién tich xung
quanh la 200cm”, chiéu cao la 10em. Tinh thé tich cua ling tru?

Trong cic hinh hop chir nhit ¢6 do dai duong chéo bang nhau va bang d. hiy
tim hinh hop ¢6 dién tich toan phan Ién nhat,
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Chuyén dé 2
HINH CHOP BEU
A. KIEN THUC CAN NHO
I. HINH CHOP DEU - HINH CHOP CUT DEU
1. Hinh chép ¢6 diy i mot da gide phing. cdc mat bén 1a cdce tam gidc ¢6 chung
mot dinh. Ngudi ta goi tén hinh ¢hép theo tén da giic day.

2. Hinh chép déu 1a hinh chop ¢o diy 1 mot da
gidc déu va chan dudng cao tring vai tam cua
day.

* Trong hinh chop déu:
— Cic canh bén biang nhau.

1
1
1
1
|
i
1
1
+
|
4
(

- Cic mdt bén la nhimg tam gidc can bang nhau.

— Chiéu cao cua moi mit bén goi & rrung doan :

cua hinh chap. Hinl 4.9

3. Cat mot hinh chop déu bing mat phing song song véi mat phiang ddy. Phin
hinh chép nam gitta mat phang dé vis mat phang ddy 1 mot hinh chop cur déu.
* Hinh chop cut déu ¢6 cdc mat bén lia cic hinh thang can.
* Chi¢u cao cua moi hinh thang can (mat bén) goi la trung doan cua hinh choép
cut déu.

IL. DIEN TICH XUNG QUANH, THE TICH CUA HINH CHOP DEU, HINH
CHOP CUT DEU
Cong thite tinh dién tich va thé tich:
— Ki hi¢u: pvap' la nia chu vi cic day
d la trung doan, h la chi¢u cao

S,y ladién tich xung quanh
S,y ladién tich toan phin
B vi B' la dién tich cic day

V I thé tich.
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| - Diéntich | Dién tich

xung quanh toan phan |
Hinh chop déu Sy =/ Sip= S+ Suzy =pd+B e lli. h

— QRS

- Hinh chop cut déu | Sq=(P+p)d Sip =Sy + Sy tom * Suiy nho
|

| l =(p+p')d+B+B’

Theé tich cua hinh chép cut: V,, . = %h.(B +B'+VBB").

B. MOT SO Vi DU

Vi du 1: Cho hinh ¢chop ur giiic déu SSABCD. Goi A'. B. C'. D' lan lugt L trung
diem cua cice canh SA. SB. SC. SD.
a) Chimg minh mp(ABCD) song song vai mpiA'BCD).
b) Goi O la giao diém cua AC vi BD. Ching
minh SO L mp (A'BCD’).
Nhan xér: Hai mat phing song song khi mat
phang nay chira har duong thang cat nhau vi song
song vai hai dudmg thang cit nhau ndm trong mit
phang Kia.

- E}uim:._: thing vuong géc vai mot trong hai mat
phang song song thi vuong géc véi mat phing
con lai. Hinh 4.10

Giai

a) Taco A'B' // AB: C'D' // CD. Vi SSABCD Ia hinh ¢hop ur giic déu nén
ABCD & hinh vuong. suy ra A'B'// C'D. Do d6 A, B, C. D" cung thuoe mot
mat phing.

Tuong ur. A'D' //AD. Vay mp(ABCD) // mp(A'BCD').

b) mp(ABCD) // mp (A'B'C'D’) nén SO L mp (A'BCD’).

Vi du 2: Cho hinh chdp tam giic déu SABC. Goi M. N, P ldn lugt L trung diém
cic canh SA. SB. SC. Chimg minh ABC.MNP la hinh chép cut tam gidic déu.
Nhan xét: Dé chimg minh mot hinh 14 hinh chép cut déu, ta cin:

— Chimg minh hai mit ddy Ia cic da gidc déu thuoe hai mat phing song song.
- Chimg minh ¢ic mat bén Ia hinh thang can.
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Giai
Ta ¢6: AB // MN: BC // NP nén mp(MNP) // mp(ABC)
vt AMNP [ tam gide déu.
Mat khic, S.ABC L hinh chép tam gidic déu nén:
SA =SB =SC.
Suy ra SAB = SBA . do d6 AMNB Ii hinh thang cin.

Tuong e, BNPC: AMPC [a cic hinh thang can. Viy
ABC.MNP la hinh chép cut tam gidc déu. Hinh 4.11

Vi du 3: Mot hinh chép cut déu ABCD.A'B'C'D' ¢6 cic canh ddy bang a va 2a,
duong cao cua mét bén bing a.
a) Tinh dién tich xung quanh:;
b) Tinh canh bén, dudmg cao cua hinh chop cut déu.
Nhan xét: Ap dung cic cong thie tinh dién tich da néu trong phan Kién thic
¢an nhd.
Giai
a) Dién tich xung quanh cua hinh ¢hép cut déu:
; 2
S\q =(p+pld=(4a+2a)a=0a".
b) Khai trién hinh chép cut déu ta thiy mat bén la
hinh thang can ABB'A’. Vé dudng cao A'H via BK.

Tacé: AH=BK =222 2 2

Hinh 4.12

={AHT +HA® =20

2 -
11 --T|I
2
'['rung hinh thang vuong OBB'O’ v¢ dudng cao Bl ta ¢o:

OB=—=u2: 0'B'= "‘r T y 7 \

..f

Bl=0OB-0'B"=

u L

s
A 1 K B (8] | 3
Hinh 4.13

Viy dudmg cao hinh L'h()p cut Ia

- ] (] 2

133



Vi du 4: Cho mot hinh tru bé tong nhu hinh vé gom phan trén i mot hinh hop chir
nhat. phian dudi [ hinh chép cut wr gidc déu. M. N, P, Q lan luot [ trung diém
cua MA'. MB. MC', MD'. Bié¢t AA" = 4: AB = 5: Ol = 1J: SJ = 12, Tinh th¢

tich cua tru bé 10ng.

Nhdn xét: Ap dung cic cong thic tinh thé tich di néu trong phin Kién thic

can nha.

Giai

Goi V 1a thé tich tru bé tong: V, 1a thé tich hinh hop chir nhit ABCD.A'BCD";
V, la thé tich hinh chép wr gidc déu SA'B'CD": V; la thé tich hinh chép
gide déu SMNPQ. Taco V=V, + V, - V3. Theodé baitacé: AA'=1J=0I=4

= S0 =4,

Vi M: N: P: Q lin lugr 1a trung diém cia SA',

SB:8C, SD/
nén MN=NP=PQ=0QM =25.
)

Vi =554 =100(dvutt ).V, = {-.5.5.8 = g(dvm.

I 25 &
V;==.2,5.2.54=—(dvit), tir dé¢
il 3
2 25 475
V=V, +V,=-V; = IU[H——QI—)-—-T = iz—{tlvlll.

= -

C. BAITAP

4.13. Cho hinh chép tr gidic déu S. \8CD ¢6 cic mat bén 1a cdc tam gide déu: canh

AB = 10cm: O la trung diém AC. Tinh SO.

B =

Hinh4.14

4.14. Cho hinh chép luc gidic déu S ABCDEH ¢6 AB = 9 (cm). canh bén SA = 15

4.15.

4.16.

(cm). Tinh chiéu cao cua hina chop.

SA=25 cm: AB =20 cm:; AC = I5¢m.
a) Chimg minh AB L AC:

b) Chimng minh SA L AC:
¢) Tinh SB: SC: BC.

Cho hinh chop S.ABC ¢6 diy 1 tam gidic vuong tai A. SB L mp(ABC). Bi¢l

Tinh thé tich cia Kim twr thip Chéphren (Ai ¢ip) ¢6 dang hinh chop ur gidc

déu. diy ¢6 do dai 217m v chiéu cao 138m.



4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

Cho hinh chép S.ABC ¢6 cic mat SAB: SBC: SAC la ¢ic tam gide vuong tai
SviAB=3cem: SA=2cm: AC=4cm.

a) Chimg minh SA L mp(SBC):

b) Tinh di¢n tich xung guanh cta hinh chép:

¢) Tinh the tich cua hinh chop.

Mot hinh chop cut i gide déu ¢6 canh ddy Idn biang a: canh ddy nho bang b,

o B -] ;-.lj - - - # . » . . . -
chi¢u ¢ao bang ——— . So sianh dién tich xung quanh vi tong dién tich hai day.

a4+
Cho hinh ¢hdp cut tam giiic ABC.A'B'C' ¢6 canh didy Ion 1a 20 em: cank didy
nho la 12 cm, dién tich xung quanh bang téng dié¢n tich hai ddy.

a) Tinh dién tich toan phan cua hinh chép cut.

b) Tinh dudmg cao cua mat bén.

Cho hinh chép cut déu ABCD.A'B'C'D' ¢6 diy Ion AB = 10 em, diy nko
A'B' = 6 cm. mit bén ACC'A" [ hinh thang ¢an ¢6 ACC' =45". Tinh dién
tich xung quanh cua hinh chop.

Néu canh didy cta mot hinh chép tr gidc déu tang gip doi. con chiéu cao cua
nd giam di mot nia thi the tich cta né thay déi nhu the nao?

Cho hinh ¢hép S.ABCD ¢6 canh SA = x, cdc canh con L déu bang 1.

a) Chimg minh rang tam giic SAC vuong :

b) Tim gid tri 16: nhat coa Vg agen -

Canh bén cta hinh chop tm gide déu bang a. Chimg munh rang dién tich

-

it : 0
xung quanh cua hinh ¢hop khong vurot qua -l_)—

Cho hinh chop S.ABC ¢6 diy 1a tam giidc déu ABC va SA L mp(ABC). Goi |
la trung diém BC.

a) Chimg minh mp(SAIl) L mp(SBC) :

b) Chimg minh ring dudng thing d | mp(SBO) tai truc tam ctia ASAC thi di
qua truc tam cua tam giic ABC :

¢y Goi K Ii trung diém cta SB. Chimg minh ring khi S chay trén dudng thing
xy L mptABC) tai A thi dudng thang CK nam trong mot mét phing ¢o dinh.
Cho hinh chop tam giic déu S.ABC ¢6 diy la tam gidc déu ABC canh biang
3a vi canh bén SA bang 2a. Tinh do dai dudng cao cua hinh chop.
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3.1.

3.2.
3.3.

3.4.

3.5.

3.6.

A6

LOI GIAI - HUGNG DAN - bAP SO

CHUONG I1I. PHUONG TRINH BAC NHAT MOT AN

PHUONG TRINH BAC NHAT MOT AN

a) Co.
b) Khong.

m="1l:

X = 3 la nghiém cia phuong trinh: 2mx -5 = -x+6m - 2. khong phu thuoc

vao m.
|
1) X =—,
7
b)x =3.
7
1) X=—.
8
b) x = 10.
c)x = 2.

PHAN PAI SO

Chuyén dé 1




.\;+|4+x+2?+x+IUS " x+2(}(l+x+lﬂ7+x+ltlﬂ
200 187 109 14 27 105

[x+l4 ) [x+27 ) [x--l(}ﬁ )
] +1 |+ +1 |+ +1|=
200 187 109

‘x+200 ) [.\+I87 ]
+|}-¢- +| |+
14 ) 27

x+ 109 )
+ |
105

i@ (11
< (x+214 T T R . 4| B RS
et )[Z{l(l+lx7+|{l9) e )l14+27 ms)

Sx=-214.
x—-342 x-323 x-300 x-273
+ . + =10

<)

15 17 19 24|
x—342 x-323 Y (x-. x =27 )
c}[\ 4 -I}+[\ _2J+l\ ‘5(}[}‘_3J+(\ -H—-'lJ:(l
15 17 19 21 ,

3.7.
x+97 x-63 x-7 x-T717
a) + = +
125 35 21 49

X +97 X =03 x=7 x=T1
— -1 |+ +1|= -1 |+ +1
125 35 21 49
1 1 | I
o (x=28) —=+—= |=(x-28)| = +—
125 35 21 49

&5 X 28
Xx+2 2x+45 3x+8 4x+0Y
b) -+ = +
13 ) 37 9
X+2 Ax + 45 Ix+8 ) [(4x+06Y
A I |=! v |+ -]
L 8 37 J \ l)

3.8. x = 2000.
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39. m=0hoic m=

(PR I

Chii y: DE hai phuong trinh twong duong thi phuong trinh mx = 1 = 0 hoic

-’

LS | I 12

3
vo nghi¢m (m = 0), hoidc ¢ nghiém x = = (m = -

J

3.10.
a) (1-m)x=m’ ~le> —(m—1)x =(m-=1)(m+1)
+ Néu m = 1 thi 0Ox =0 == phuong trinh nghiém ding véi moi x.
+ Néu m 2 | thi phuong trinh ¢6 nghiém duy nhit x = =m - I.
b) (m: - ﬁm+6).\' =m’ -9 (m=2)(m-3)x=(m+3)(m-3)
+ Néu m = 2 thi phuong trinh vo nghiém.
+ Neéu m = 3 thi phuong trinh nghiém ding véi moi x € B,

G i — i , . " m+ 3
+ Neum # 2viom # 3 thi phuong trinh ¢6 nghi¢m duy nhaix = s
m-2

3.11. Xét phuong trinh: (-lm: ~ .?_ij -5=2m.
g . g . . I
a) Khim = 5 phuong trinh ¢6 nghiém x = =
b) Phuong trinh (2m=5)(2m+5)x =2m+5 vo nghiém khi va chi khi

2n=-5=0=m-=

.

2]

3.12. Phuong trinh: (Jm: —*))x =2m° +m-3
< (2m=3)(2m+3)x=(m-1)(2m+3)

a) Phuong trinh ¢6 nghiém duy nhat khi (2m=3)(2m+3)20 < m=+ =
(2m=3)(2m+3)=0

b) Phuong trinh ¢6 vo s6 nghiém khi - :
H{(m=1)(2m+3)=0

M = -

| e
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3.13.

., A+b-Xx b+c- c+a-—-x 4x
Phuong trinh + .
'C "

+ = ]

i b a+b+c¢
c}{a+h~—x+l]+(b+c“x+]]+[t‘+ﬂ“x+]J+l_i\_._4|::U
c a _ b at+tb+ce

[(a+b+c) x][ - +-I-— 3 J

!
a b a+b+c

=()
+ Néu l-Irl+-]---
¢ d b

thi phuong trinh nghi¢m ding véi moi x
a+b+c¢

PO P : Rt 2
+Néu —+—+—2 thi phuong trinh ¢6 nghiém duy nhat X =a +b +¢
¢ a a+b+c
3.14.

. X=u  x=b 2 2
Tac6; R - Pl W A1
ca ab

@ b T
oK B
@[.’f_“ﬁ:] [ l4 ( ]:U
be aj ca ) ab ¢

(.t+b+c)x—u‘ ~2bc-b* -2ca—-c* —2ub
=

X—=e 2. 2

f:rlu

el
abc
< (a+b+c)x=(a +b+c}:

+ Néu a + b + ¢ = 0 thi phuong trinh nghié¢m ding véi moi x € &
+ Néu a + b + ¢ # 0 thi phuong trinh ¢6 nghiém duy nhat: x=a+b+c.
Chuyén dé 2

PHUONG TRINH TICH
3.15. Ki hiéu S Ia tap nghiém cua phuong trinh

a]S={6:§:-3}.
2

b)S= { }

mt..h
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3.16. Phuong trinh (2m-5)x - 2m> +8 =43 ¢6 nghiém x = — 7 khi
(2m - 5}[-7)—2[113 +8=43 = 2m + dm=0<mm+7) =0

< m=0holic m=7.

< B Jf
a)x =0.
b) x = 0.
3.18.
a3 3 .
a) 1255 —(2x 1) =(3x=1)" =0.
a=2x+|
‘Df_ll{ = a+b=>5x
(b=3x-1
a=0
Ta ¢o: (u+b)" ~at-b' =0 2ab(a+b)=0& | b=0
Lu +b=0
; : : I I
Tuong img ta cOX =——:x=—:x =0,
e 2 3
; . . TR TN W N
Vay phuong trinh ¢o tap nghiem [ S =1 = —: ;.‘.“'} :
S={3:-1:1].
3-19.
a) xT =52 +8x-4=0e (x - I)(x =2)> =0.
Tap nghiém cua phuong trinh [ S= | 1: 2}.

b) x* —4x7 +12x-9=0¢ (x—l)(x+3)(x —3x+3):0
Tap nghiém cua phuong trinh 1a: S={1: = 3}.
Chii v:x~ =2x+3=0<>(x~1 }2 +2=0: vo nghiém.

3.20.
) (XFINX+2Ux+3)NUx+4)-24=0

<> (x:+5x+4)(x:+5x+6)—24=0

Dl t=x"+35x+5.1mcé: (1= 1+ 1)=24=0

.
S =258l =5
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0

o

£ 3 X
+ VGt =5, ta ¢é: x'+5x=(lc:>[
X

.
» ’ =k . ;
+ Va@it=-5. lucu:x:a-ﬁx-—lilz{)c::(x +:] +IT=(J : vO nghiém.,

Vay phuong trinh ¢6 wap nghiem 1a: S= {01 - 5.
b) (x* —3x +2)(x* +15x +56)+8 =0

< (X=1)(X=2)x+T7)(x+8)+8=0
& (37 +6x-7)(x7 +6x -16)+8=0

Dt t=x>+6x~7. o 1t -9) + 8 =0.

N :3-tn+:-<=n:)¢:>(:-l)(|-3}:{)4:[:;8
+VGit=1aco: x° +6x=8=0¢ X" +6x+9=17

— {.\'+3)3 =17 x+3=+J17 = x=-3+17.
+Voit=8tach: x* +6x-15=0c>x" +6x+9=24

= {x+3}: =24 x+3=+y24 @ x=-3+/24,
Vay phuong trinh ¢6 1dp nghiém la S=:—3i J17:-3++24 }

3.21. Giai cic phuong trinh sau:
2 3 3
a) (22X =3x+DE2Xx" +5x+1)=-9x~ =0.
Nhian thiy x = 0 Khong la nghiém cua phuong trinh nén chia hai vé cua
]
phuong trinh cho x™ ta duge:

o | g |
2%~ =3x+1 2x~ +5x+1
~9=0

X N

A\
o (2:|;—3-i‘lJ(2:~:+:’)+l -9=0,
X X

DAt 1=2x +—l+l.la co: (1-4)(t+4)-9=0
X

Ll

S A o
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3:22.

3.23.

142

R

- ) | 2x~ -4x + 1

+Vdit=5taco: 2x+—-4=0 =()
X X

) 2 | l {l
= 2x" -4x+2=12(x-1) =lox-l=t |- @x=1%,.

2x" +6x +1
+V(ii:=—51u-;(};2x+l+6=()c:> : = =0
X X
8.7 . f AF. 1. . .38 } B
= XA+ —=— S| A+ | =~ x+==1% CoNi= ==L
i P ) R i 2

a) (x+6)! +(x+8)* =272.
Pat t=x+7,taco: (1-1)" +(1+1)* =272

P4 e -+ 1+ +A0 + 610 44t 41 =272
] 3 by | 2 |
e 214+I21*-270=U-:>l4+61'+9=144c:>(t'+3) =12
S tTe3=2o =9 113,
+ Néut=3thix=-4.
+ Néu 1t =-3 thi x = - i0.
Viy phuong trinh ¢6 tap nghiém la: S= {=4: = 10].

by (5-x)° -(2—:\‘.1" =17.

Giai nrong we cu a) ta o ap nghiém cua phuong trinh 12 S = {3: 4.

L5 3 2 5 4 3 -
Ta ¢co: x =x"+.\- FXT X422 S X =l=x"+X"+X"+X+]

3 3 3 p)
c;(x—l)(x"-t-x' +x‘+x+l)=x4+x‘ +X"+x+1

@x=l=leox=2
Viy phuong trinh ¢6 nghiém duy nhit la x = 2.



{ 3 ) ) \
” . - ‘ 1 1 xlﬁ xlﬂ x'Ilu-
(h"'\»; 34‘*'!&*-\2'"""*'":34+>~"+T]+“.',—+[“—‘+3+|J

2 2 2
a X Xr X
=(X"+—} +-——+[—+I] >0.vx;
2 2 8

hoac chimg minh bang phan chiimg. kKhong theé xay ra xV+xV+x"+x+1=0.
3.24. Ta c6: Sx° +6x° + 12y +8 =0

= 43&‘1“»(:;'i  OX= + 12X +8)=U

& (x+2) = -4x’.

L - - " ‘ . - - - - - -

Gor a Ia 56 sao cho a” = 4 (o 16p 9 ta goi a I ¢an bic bu cua 4). 1 ¢o:
3 3.3 }

(x+2) ==a'x" =(=-ax)

= |

S X+2=-ux X

a+|

~ 3.25. Tu ¢o:
(x*+ 1ix+12)(x7 +9x+20) (67 + 133+ 42) =
=36(x7 +11x+30)(x’ +11x+31)
& (XX 12)(x +4)(x +5)(x +6)(x +7) =
=36(x+5)(x+6)(x” +11x+31)

o (x+5)(x+ (})[(x: +11x + IE)(x -1-4](:“-7)—3()(:;: +1 lx+3l]]=0

Ta ¢6 3 truomg hop:
*x+5=0&x=-5.
*x+6=0=x=-0.

. (x':+lIx+l2](x+4)(h+7)—36(x:+l lx+3l]=(1
& (X7 +1Ix+12)(x7 + 1x+28)-36(x* +11x+3i) =0
DA t=x"+11x+12, et 1(1+16)-36(1+19)=0

1 1=38
c>l--zm-ﬁm:u@tt--"*‘)(‘*'“)={'°L— 8

143



+VGit=38taco: X +11x - 26=0(x-2)(x+13)=0

+VGit=— 181co: x* +11x+30=0<> (x+5)(x+6)= Uv::}L )
X==-0

Vay phuong trinh ¢6 tap nghiém la S = { = 5: = 6: 2: - 13},

Chuyén dé 3
PHUONG TRINH CHUA AN O MAU
3.26.
3 2x -1
HY 1= 2
2x -1 i L

bBKXDb: x:r%.

b
Khi d6 ta¢6 phuong trinh: 3(2x < 1)+ (2x=1)(2x+1) = (2x =)

8 ] 3
S OX+3+4x"-1=4x"-4x +1

Six==1&x= ~{—I~ (thoa mian DKXD)
)
A
Vay phuong trinh ¢6 tip nghiem [a S=- - El
X+5 x-3 5 3
et = - - (2)
3 5 X=3 X+35

DKXD: x ¢ |3: = 5}.
2x+34  2x+34
15 _(x 3)(x+5)

Khi d6 (2) <>

Ta ¢o6 hai truong hop:
#*2x+ 34 =0 x == 17 (thoa min)
FVH X 2= 17) 15=(x=3)x +5) < x~+2x-30=0
1 .
< (x+1) =31x+1 —1\/3_|~:::~x=—-l +\h_| (thoa min).

Vay tap nghiém cua phuong trinh 1a S ={-- 17: = 1-V31: = 1 +/31 : :



3::—1__2:(4»5+ 4

x=1 x+3 x?>4+2x-3

<:::’3x-l_2:u+5+ 4
x=1  x+3 (x-1)(x+3)

DKXD: x & {1; - 3}).

Khi d6 ta ¢6 phuong trinh:

(Bx=1)(x+3)=(2x+5)(x-1)+4=(x-1)(x+3)

<X == 3 (loai).

Viy phuong trinh da cho vo nghiém.

3.27. Giai phuong trinh:

3.28.
s B B8
x> +x—-6 x>+4x+3 2x-1
5 2 -3
o~ - —
(x=2)(x+3) (x+1)(x+3) 2x-1

a)

DKXD: x ¢ {2:—3;—1:%}

: 1 | I | -3
Sl (x—Z—x+3]_(x+l _x+3]=2x-l
I P o =B
x-2_x—l i
& (x=1)(2x=1)=(x-2)(2x=1)=-3(x-2)(x-1)

f—

S =-Tx+5=0 xz—%x+§=0¢(x-zJ sl

6
Viy phuong trinh v nghiém.

Chui y: Trong 1i giai trén ta da sir dung bién d6i déng nhit sau

: -—I[l—l)vdia:&b
(x+a)(x+b) b-alx+a x+b)’ '

4x>+16 3 5 7
0 = = L
X“+6 4] X“+3 X°+5
8 3 5 7
& 4-— = —t— o
X“+6 x“+1 x“+3 x°+5

b)

A-CDCL TOAN 82- T10
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3.29.

3.30.

146

{
= ,3 —l]+[ .,5 —I]+[ ,,? —IJ+[ ,8 -—I)=0
\ X~ +1 Xx“+3 X" +5 X" +06

= 2—x3)( ,,] + ,I . ,I - )l ):U
X+l X*H3 X455 X406

<:>x3=2
o x=+\2.

Viy phuong trinh ¢6 tdp nghiém 14 S = { -J2: \E} :

| 2 6
a) 2 + ) = 1) 2
X" =2X+2 Xx"-2x+3 x"-2x+4

Pat t=x>=2x+3=(x=1)>+2,122
I 3 &

Taco: —+—=—
t—=1 t t+]

[

= I -Tt+2=0
L

| — 19

il

Vit22nént=2.Dodé: x* -2x+3=2e(x-1) =0 x=1.
Viay phuong trinh ¢6 tap nghiém [a S= [ 1}.
2 A .
) e +-§+7=X'+2x+4.
(x+1)"+2
PDatt=(x+1)+2.122

g 2 1+4 3 (=2
Ta ¢o: —=t+l:::~l‘=4«:::>{
{ =2

Vit22nént=2.dodé:(x+1)* +2=2¢>x =~1.
Viy phuong trinh ¢6 nghiém duy nhat la x = -1.

2x Tx -1

b b =
X" =x+2 3x“+5x+2

3
3x“=-x+2#0

bKXD: 3
3x"+5x+2=#0

B-COCL TOAN 82- T10



3.31.

Vi x = 0 khong phai la nghiém ctua phuong trinh nén ta ¢6:
2 7

2 2
IX=-1+—= 3x+5+-
X X
2 2
Pitt=3x+—+2, tachi——=-——=1 (1#%3)
% 1-3 t+3
2 t=-9Y . -
c:t‘+51-—-36=0c:>(l+*))(t—4)=0<::» 1 (thoa min)
=
. 2 5
+VGit==91ach: 3x+—42=-9=3x"+11x+2=0
X
o Il 8 1y 97 11 [97
S X +—X+=—=0S| x+— | =— S x=-—2=% |—.
3 3 6 36 6 36
. 2 »
+Voit=41aco: 3x+—+2=4=3x"-2x+2=0
X

%
& 2x7 +(x=1)"+1=0 : vo nghiém.

11 ’9? 11 ")7
Vay phuong trinh ¢6 tap nghiém laS={-———- | —i——+ [—}.
1y p £ 1p nghic { 6 366 36}

| 3
a) xT+l_1 IB[E——]

Z x= 2 X
DKXD: x 20
5
3 3
Khi d6: 2| 2+ 2 =13[i..;)
4 x= 2 X

l

]

2| — &

3 > ' »
bat l=%—'—,m co: 2(t'+3)=l3t<:31'—|3[+6=0c:>

X l

+ VaGit =6, ta co: %—-31=6.—.:132—12x—6=0
Z X

& (x —"5)2 =42 &> x =6+ /42 (thoa min).
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2 =-2 .
+‘v’t:5n1-l ta cO: ——1=—l-=>x'—-x-6=0¢:> ;i (thoa man)
2 2 x 2 Xx=3

Vay phuong trinh c6 tap nghiém la S = {—2: 3,6-42;6+ Jﬁ} ;

b) x(x—l)-r-l—(l—l]:()

X\ x
DKXD: x #0.

Khi do: x3+-—',--[x+l]=0
X X

1 1 1Y

bt l=x+—=>1° =x2+—,+2=[x——) +4=>|l|.‘—22
X oI X

t=-1

v;‘n:-2—l=0<=>(l+IJ(I-2)=0<::>L_2

Viltl22 nén t=2, do dé: :1;+—I-=2=>(x—l)2 =0 < x =1 (théa min).
X

Vay phuong trinh ¢6 nghiém duy nhat la x = I.

2 2

3.32. Giai phuong mnh:[LJ +(—"—) - 90.
X+l x=-1
. DKXDix#tl.
g RS 2 S L S
l(hidé:( ] 0 +( ) ~Ya_00=0
X+1 X< -1 x-1 x° -1
2 2 2 )2 2
«:::( s ] 22 _go=pe|22_| -2 _g0=0
x+1 x-1 x- -1 ey X~ =1
bat t = 2}- .lac6:12-1-90=0¢:|:l=]0
X" =1 t=-9

148

: 2x" y. 5 8 o
+ Vait=10,tacod: — I=]i.[)=:fx =I«=x=i E(thoamﬁn)
x‘_

o P -
+ Vait=-9, taco: =% =—-9=>:fn3=-l2 F(lhodman}
x> -1

Viy phuong trinh ¢6 tip nghiém |4 S = {— = \/: _\j_ \/_}



3.33. Giaiphuung:rinh:zo[““z] -5(“2} et =an.
X+ 1 x—1 x- -1

DKXD: x # + 1.
Vi x = — 2 khong la nghiém cta phuong trinh nén chia hai v€ clia phuong

X+2 ¥
trinh cho (—-———] , ta duge

x—1
2
go| BB | g (x=2)x=1)_ o
(x+2)(x+1) (x+2)(x+1)
e
(x=2)(x-1) 5 l=ﬁ
bat t= ,taco: 200 +48t-5=0<
(x+2)(x+1) :—-3
] 2
2_ x=3
+V6it=—-|—.tacéz-£-——§-§-i—?—=—l—=:>3x2—llx+6=0¢ 2 (théa min)
2
10 x“+3x+2 10 x=~§
2_
+V6it=—§.tac6:xT-;—E%=—-§-=>x3+7x+2=0
X" +3x+

2
=3 x+-?- =ﬂwx=—zi1‘ﬂ (thoa man).
2 4 2 4

7 ’4! 7 ’41 2
Vay phuong trinh ¢6 ta hiémla S={-—- |—;——+ [—:3:—}.
1y p g trinh €O tap nghiem { 5 % 5 2 3}

Chuyén dé 4
GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

9
20"
3.35. 84.
3.36. 52825.

3.34.
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3.37. 12cm.
Goi chiéu dai, chiéu rong ban ddu cua hinh chir nhit la a, b (cm) véi a > 2.4
vib> 0.
Dién tich hinh chir nhit ban déu li: a.b {cmz)
Kich thudce ctia hinh chir nhit sau khi thay doi la:
a=24(m)vab+ 30%b=1,3b(cm).
Dién tich sau khi thay do6i cta hinh chir nhat la:
(a—2.4).1.3b = 1,3ab - 3,12b (cm")
Theo dé ra ta ¢6: 1,3ab - 3,12b = ab + 4%ab
< 1,3a-3,12 = 1,04a
<5 0,26a = 3,12
<> a =12 (thoa min).
Viy chiéu dai cta hinh chir nhit ban diu 1a 12 cm.
3.38. 36 tuoi va 27 tuoi.
Goi $6 tudi ngudi em hién nay la x (tuoi). véi 0 < x < 31.
Tuéi anh hién nay la 63 = x (tudi), hon tudi em la
(63 - x) = x = 63 — 2x (tudi)
Khi tuéi anh bang tdi em hién nay, tic 1a x (tudi) thi woi em la:
X = (63 = 2x) = 3x = 63 (tuoi)
Theo dé ra ta ¢6 phuong trinh: 63 - x = 2(3x = 63)
<> X = 27 (thoa min).
Vay hién nay em 27 tudi va anh 36 toi.
3.39. 90 lit va 30 lit.
3.40. 15 km/h.
3.41. 9 giv 30 phat.
3.42. 19 phu.

3.43. 60 km.
Huomg dan: Goi do dai quing duomg AB la x, lap ludn dé di t6i phuong
trinh: -+ 4 2 =10 =6 TH 86 tim Sire:x =160,
40 30 2
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3.44.

3.45.
3.46.

3.47.

3.48.
3.49.

120 km.
Hitomg dan: Goi do dai quang dudmg AB Ia x, lap luan dé di 16i phuong
trinh: k. i+-2-. Tir d6 tim duoe x = 120.
30 36
120 km.
|5 ngay.

Huwong dan: Goi s6 ngdy doi thit hai lam mot minh xong cong viée la x
(ngay), diéu kién: 0 < x < 12. Mot ngdy doi hai lam duoc L (cOng viéc). Vi
_ X

hai doi ciing lam thi 12 ngdy xong cong viéc nén 4 ngiay hai doi lam duoc
| ,

4.—]-,; = % (cong viéc). Theo dé ra ta ¢6 phuong trinh:

L + 10.l = |

3 X

Giai phuong trinh ta duge x = 15 (thoéa min).

500 san pham.

Hicomg dan: Goi s6 san phdm phai lam theo k€ hoach lia x (san phdm), vdi

x > 0. Lap ludn theo thdi gian dén t6i phuong trinh:

Xx+13 =%
57 50
Giai phuong trinh ta duge x = 500 (thoa man).
420 do.
1200 san pham.

Huomg dan: Goi s6 san pham duoc giao 1a 2x (san phdm), védi x > 0,
Ta co:

S6 san pham SO ngay Nang sudt
X
2x 10 =
5
N 4 = 430
S

Tir d6 ddn dén phuong trinh: x = 4.(-:-+ 30].
Giai phuong trinh tim duge x = 600 (thoa mdin).
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3.50. 6 gidrva 3 gid.

Goi thoi gian t6 hai lam mot minh xong cong viéc 12 x (gid), v6i x > 2. Thoi
gian t6 mot 1a mot minh xong cong viéc 1a x + 3 (gid).

: | l . e
Nang sudt cta t6 mot va td hai ldn luot la —3; — (cOng viéc / gid)
X+3 X

L
2

Theo dé ra ta ¢6 phuong trinh:

.S
X+3 x
= x(x+3)=4x+6 > x> -x-6=0

=-2
= (x+2)(x—3)=0¢:-|:x
x =3
Két hop véi diéu kién ta c6 x = 3.
Vay thdi gian hoan thanh cong viéc mot minh cha t6 mot va 6 hai lan luot la
6 gidr va 3 gio.

3.51. 2 giy 30 phiit = 2.5 gid; 2 ity 45 phiit = -'4-‘ gid.

152

Goi phdn tram dung tich bé phia dudi voi II 1a x%, véi 0 < x < 100.

Nang sudt cha voi I va voi II 1in luot 14 E; El -, (bé / gid)
554 10
Thaoi gian voi I chay mot minh cho dén khi muc nuée trong bé dat x% (uic 1a

lic voi 11 bit ddu c6 tic dung thdo nudc ra) la: 2.S.x%=:—0(gib) = Thoi

gian hai voi cling chay dén khi ddy bé 1a I4—I—-410- (gid).

Theo dé ra ta ¢6 phuong trinh: [g—l](u—i)z T
5 10/ 4 40 100

=3 :::-(I 10-x)=100-x <> x =70 (thoa min).

Vay voi Il dat ¢ vi tri -I% do cao cua bé.



Chuyén dé nang cao
PHUONG TRINH NGHIEM NGUYEN

3.52.
a) Khong c6 nghiém nguyén vi (6, 8, 9) = | nhung (6, 8) =2 # 1.
=6

b X =6+181
y=3-1It
X =14+3%

c)
y=6+171

(teZ)

(teZ)

3.53.

a) Cong thirc nghiém tong quat: { o (teZ)

7+31t>0 31

Pé x, y duong thi =% =120.
9+401 >0

x=7+31 (
y =9+40t
: =3-8t
b) Cong thitc nghiém tong quat: .
y=5+11t
3-8t>0

Pé x, y duong thi =
S5+11t>0

] =t=0.
s

t>-—
1l

Vay phuong trinh ¢c6 mdt nghiém nguyén duong duy nhat la (3; 5).

3.54. Tir phuong trinh: x* —(y+2)x+3-y=0
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3.55.

3.56.

3.57.

3.58.

154

Déy e Zthix + | € U(6). Ta cé bang gid tri sau:

X+ 1 -6 -3 -2 -1 I 2 3 6
X -7 -4 -3 -2 0 I A
y =fil =6 ] =9 | =0l | 3 | 1 | 3
Vay phuong trinh ¢6 8 nghiém nguyén.
a) xy—-4=2x+3y=x-3)y-2)=10
X—-3 -10 | -5 -2 - 1 I 2 5 10
y-2 -1 -2 -5 | =10 10 5 2 I
X -7 -2 1 2 4 5 8 13
y 1 0 -3 -8 12 7 4 3
b) Sxy+x+2y=7< (5x +2)(Sy + 1) =37
sx+2 | -37 -] i3 )
Syd14 =1 =] 37 1|
x
y i ©

4(x+y)=3xy-8 < (3x — 4)(3y - 4) = 40.

Tir do ta tim dugce 4 nghiém tu nhién cua phuong trinh:

(2: 8).(3:4), (4: 3). (8: 2).

Tac6: 2x” - 5xy + 3y> =7 (x-y)(2x-3y)=7.

Lap bang gid tri ta tim duge 4 nghiém nguyén cua phuong trinh la:

(— 135—0), (35:12),.(=5; 2),.(13; 20).

O G 2 2 2 o Ty .
Tacé: y"-2x"=lo y" =2x"+1 =y lé=>ylé

=y=2k+1(vik € Z)

Do d6: (2k +1)7 = 2x% +1 <> 2k* + 2k = x2

-’ . .
— o [ ¥ [

Vi x 12 50 nguyén 10 nén x = 2. Thay vao phuong trinh tacé y = + 3.

Viy nghiém nguyén t6 duy nhit cta phuong trinh la (2; 3).




3.59. laco: 12x7 +6xy +3y” =28(x +y)

& 9x7 = —3(x+y)2 +28(x+y)

¢ ¢
Tac6: P=-3t% +28t = 3[ _7_ﬁ+£6_]+13_§
3 9 3
96 |¢
=4["‘|—:“} lTq{i:::élw.#ml-:«.+_~,r}
196 196

Suy ra: 2 gD x? g—m = x? €T =X e (0:1:4)
3 27

=sixie {0k k2.
Thay ldn luot cdc gid tri cta x rdi tim y ta ¢6 cdc nghiém nguyén cua phuong
trinh la: (0; 0), (15 8), (= 1: 10).

3.60. Xét phuong trinh: L x[-}—’-+—} g 2=
z X ¥ Z. ¥ X
Vi vai trd cta X, y, z 12 nhu nhau nén khong mat tinh t6ng quit ta c6 thé gia

sUx<y<z

Z
Ta c6: Z+£22;y—axn&nsuym:32:u:.z+x«::|»3:f.*=_i.'i':::rmci!
z ¥ X

—>x=1KhidoL+Z=2L=xy=2=x.
Z Y X

Viy phuong trinh ¢6 nghiém nguyén duong duy nhit la (1: 13 1).
3.61. Turphuong trinh: x* +2x* +2x> +x+7=y"
e (g N 1Y 27 (2 N
suy ra:y —(x +x) +(x+EJ +T>(x +x) (1)
2 2 2 ] .
Tacé:(x"+x+3) -y  =5x"+5x+2 >0, vdi moi x

== y3<(x3+x+3)2 (2)

Tir (1) va (2) ta co: (J't‘?%ﬂt)2 <y* "("2"'""’3)2

2 2

= yz =(x3+x+l) hoac y* =(x2+x+2) :



3.62.

2
+ Néu y3 =(x2+x+l) =x* +x2 +1+2x3 +2x% +2x thi ta cé:

X=-3

X =

x3+x-6=0c:[

Khidoy’ =7’ y=+7.

-]

- 2 . P
+ Néu y2 =(x2+x+2) =x* +x? +4+2x* +4x7 +4x thi ta co:

x> +x-1=0: khong ¢6 nghiém nguyén.
Vay phuong trinh ¢6 4 nghiém nguyén la (= 3; 7), (= 3: = 7)., (2: =7), (2; 7).

Giai tuong tu bai 3.61 ta duge 2 nghiém nguyén cua phuongtrinh la (0: 1) va
(= 13 0).

3.63. Phuong trinh: x* -3y” =17 < x* =3y* +17

= x? =2(mod 3): diéu nay khong xdy ra, vi:
+ Néu x EO(mod 3)::» x2 =0(mod 3)

+ Néu x =+1(mod 3) = x? = 1(mod 3)
Vay phuong trinh da cho khong c6 nghiém nguyén.

3.64. Gia sur (x. y, z) 1a mét nghiém nguyén cua phuong trinh:
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x"=2y3+4z3 (1)

= x” chdn => x chdn => x = 2x,, V@i x, € Z.
Thay vao (1) ta cé: 4:1:,3 =y3+223=>ych£n=>y=2y,.v6i y, € Z.
Do dé: 2x,3 =4y,3+z"=>zch£n=>z=2z|,v6i z) € Z.

Do dé: x,° =2y, +4z,° (2)

NN

¥
§)

| =

Tir (2) suy ra (x,.y,.z,) ciing la nghiém cda (1), hay ( J la nghiém

cua phuong trinh (1).



41.

4.2.

4.3.

44.

4.5.

Lap ludn tuong tu ta c6 (i l—ﬂ) la nghiém nguyén cta phuong trinh

287202
(1), véimoin e N, suy ra i.l.—z- la cdc sO nguyén véi moi n € N =
2!1 2“ 2“
x=y=z=0.
Viy phuong trinh ¢6 nghiém nguyén duy nhat la (0; 0; 0).

CHUONG IV. BAT PHUUNG TRINH BAC NHAT MOT AN
Chuyén dé 1

Véix 2y:
a)-8x+7<-8y+7.
b)9x = 1 29y — 1.

a)-19x-37<-19y-37T=-19x<- 19y =>x 2.
b)-23x=-2>-23y+3=2>-23x-2>-23y -2 =2 x<Yy.

a)Sx<9x=x>0.

b)-7x<2x=>x20.

VéGi a>b,c>d ta xét hiéu:

(ac+bd)—-(ad +bc)=ac—ad+bd -bc=a(c-d)-b(c—-d)
=(a-b)c—-d)>0.

Vay ac + bd > ad + bc.

a) Ta c6: 4x> —12x +19=(2x —-3)2 +10210,Vx

5 3 3
— I _{.]—:—.\?‘x‘

4x> -12x+19 10 2

| W

Dang thitc xdy rakhi x =
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4x +3
x* &
& (2x-1) 20.

Bat ding thite cudi luon ding nén bét ding thire da cho ding. Ding thire xay

b) <4 ¢ dx+3<4xT +4 47 -4x+120

rakhi x =—.
9

4.6. V(Iiu::-b}O.luxél:l—l:u-::U.Vay lc:l
a b ab a b
4.7. V&i moi x ta cé: |

5 ] 2 o |
x('+x4—x3+x“+I=x°+x‘(x‘-x+l)+l>0.

4.8. (Bit ding thitc Cauchy cho 2 50)
a) Véia, b 20, ta co:

":h.::\fu_ba[“:b] >ab <> (a+b)’ >4ab e (a-b)’ 20,

b) u” +b> = 2abes (a—b)” 2 0.
¢) (a+ I:))2 > 4ub<> (a—b)” 2 0.
Cic bat ding thire cudi ding nén cde bat ding thire di cho 1a dang.
Dang thie xay ra khia = b.
49. VdaGia, b,c>0.
a) Ap dung bit ding thic Cauchy (bai 4.8), ta c6:

Lﬁzz,/i.f:z.
b a b a

Ding thie xay ra khi % - o= b
a

b) Ap dung bit ding thiic Cauchy. ta ¢6:

R | ca ab
Tuong w ta cling ¢6: — +— > 2¢: —+— > 2a.
a b b ¢
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Cong theo vé ba bat ding thic trén, ta dugc:

-[-‘-‘E+h—t-+-(-"—‘] 2a+2b+2¢ = dpcm.

c a b

Dang thirc xay ra khi —b= B =i:mu=b=c.
c

4.10. Chimg minh tuong tu bai 4.9,

411. VGia. b>0,1acé; -I—+l-2 4
a b a+b

< (a +h)[-l—+lJ24.
a
Ap dung bat ding thirc Cauchy, ta ¢6:

T [
a+b22Vvabvi —+—22 |- — =——

a b a b Jab
= [a+b)(l+-]-]2 2vab.
a

b
Ding thitc xdy ra khia=b.

412. Vaia, b> 0. ta co:

‘!+ 12
(1+a)” (1+b)” I+ab

(]+¢Ib)(|+b) +{l+.sh)[l+a) ~(1+a)’ (l+b)
(I+d) {I+b) (1+ab)

20

ub(a: +b3)-u“h* -2ab+1
= ~ = 20
(I1+a) (1+b) (1+ab)

- ab(a - b] +(ab—]) 5D
(|+d) (I+b) (1+ab)

Bit ding thiic cudi luon ding nén bat ding thite ddu ding.
Ding thitc xay rakhia=b= 1.
4.13.

b | 9 8]
A a~+b +c Zab+bc+ca

bl bl -
& 2(:1‘ +b- +c')22:1b+2bc+2cu

—) (u: —~2ab + b2)+(h: —2bc+<:2)+(c: —2ca+z|2)20
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& (a-b)’ +(b-c)*+(c-a)’ 20

Bit ding thirc cudi luon ding nén bat ding thic ddu ding.
bing thic xdy rakhia=b=c.

b) a® +b” +c> +d° +e° 2a(b+c+d+e)
&5 4(112 +b* +¢% +d° +e2)24a(b+c+d+e)

= (a—Zb)2 +(a.w—-2-:)1 +(u-2d)1+(a—2e)2 >0.

Bat ding thic cudi luon ding nén bat ding thirc ddu ding.
Ding thite xay ra khi va chi khia =2b=2c¢=2d = 2e.
4.14. VGi a>b>c>0,taco: a’d® +b’c? +c'a® >a’b? + bt + %’
& a’b® +b%e? +c*a’ —a’b? -b3c -c%ad >0
< a’b® —a?b® +be? - c%at +cta? - b3t >0

& a’b? (a—l:a)+c1(b'1 —513)-1-63(111 -b3)>0
= (a-b)[.azb2 —-:*.-z(t:m2 +ab+az)+c3(a+b)]>0

< (a-b)(a—c)(b-c)(ab+bec+ca)>0.
Bat ding thitc cudi ludn ding nén bét déng thic ddu ding.
4.15. Vgia,b>0théamian:a+b=1,
a) Ap dung bit ding thitc Bunhiacopski, ta c6:

(I.a-t»l.l:r)2 S(Iz-r-lz)(u2 +b:)4::::-l:=.i?.(:,u2 +b2)¢:> a +b%2
Ding thic xay ra khia=b=%.

b) a® +b* = (a+b)[a® +b? —ab ] = (a+b)’ ~3ab=1-3ab

2
Mat kh:ic.'.l.ab:{-[a;b] =&=:>a3+b32!—3.

Ding thirc xdy rakhi a=b=

N | -
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¢) Ap dung bat ding thirc Bunhiacopski, ta ¢é:
(102 +1.62) <(12+17)(a? + %)

s L1V
) 2\~
a~+b- [*J
::»a‘+b“a( ) T .

2 2 8

Ding thirc xdy rakhia=b = %

4.16. Ta co: (a+b-r—c]3 >3(ab+bc+ca)

& a+be +_(;2 >ab+bc+ca (Xem bai 4.13.a)
Chuyén dé 2

4.17.
a) Co.
b) Cé6.
4.18.

4
aym>—.
3

b)m 2 - 16.

4.19.
a)x < 13.

b) XZE.
4.20.
V@i moi -6 < x <8, tacoh:
{x+620:}{x+620:>(x+6](8_x)30
x-8<0 8—x20
=> Khong ¢6 gid tri ndio cua x thoa min (x + 6)(8 = x) < 0 = dpcm.
4.21.
a)X<-2hodcx2-1.
b)y-l1<x<lhoic5<x<?9.

A-COCL TOAN §2- T11 161



4.22.

4.23. Ta co:

4.24.

4.25.

162

2x+1>3x-4<x<5S.

IA
N owls

(.tc—l)2 5(21(—3)2 o &

v

X

i 4
=> Hai bat phuong trinh ¢6 v6 s6 nghiém x chung thoa min: x < 3 hoic 2 <

b e YA

Xx+12 x+15 x+34 x+26
+ > +

2000 1997 1978 1986

[x+l?. ] [x+15 ) (x+34 J (x+26 ]
& +1 |+ +1|> +1 |+ +1
2000 1997 1978 1986
a(x+2012)( : : I [ )}0

+ — —
2000 1997 1978 1986

&S x+2012<0
& x < —-2012.

a) mx+422x+m2¢(m-—2)x 2(m-2)(m+2) (1)
+ Néu m = 2 thi (1) trd thanh 0.x = 0, nghiém ding véi moi x € R.

+Néeum>2thi(l)&x2m+ 2.
+Néeum<2thi(l ) x<m+2.

b) (m+4)x <m? +2m-8>(m+4)x <(m+4)(m-2) (2)
+ Néu m = — 4 thi (2) tr¢ thanh 0.x < 0, v nghiém.

+Neum>-4thi(2Q) e x<m-2.
+Néum<-4thiQ)e>x>m-2.

a) m°x 29x +m? +3m <> (m-3)(m +3)x > m(m+3).
Bat phuong trinh nghiém ding véi moi x € R khi va chi khi:
(m=3)(m+3)=0

Sm=-3
m(m+3)<0

B-COCL TOAN 82- T11



4.26.

4.27.

4.28.

b) m*(x+2)<m*(x~1)e>m? (m-1)x <-m?(2m+1).
B4t phuong trinh nghiém diing v6i moi x € R khi va chi khi:
m*(m-1)=0

<& m=0.
—m2(2m+l)20

Ta cé: (m2+m+l)x+3m 2(m2+2)x+5m—l

& (m-1)x22m-1.

m=1

. — -1=0

Bat phuong trinh vo nghiém khi va chi khi £ T I
2m-1>0 mz-—

2

<om=l.

Taco: J‘—"'3+m::~:»:+4(m5rim:MI!)
m

(1-m)x+m? —4m = SR (1-m)x+(m-1)(m-3) .

p=—
m m

+ Néu m = | thi bat phuong trinh tr¢d thanh 0x > 0: vo nghiém.

+ Néu m > | thi bat phuong trinh trg thanh: =x +(m=3)>0
& Xx<m-3.

+ Néu 0 < m < 1 thi bat phuong trinh tré thanh: x - (m-3)>0
& Xx>m-3.

+ Néu m < 0 thi bat phuong trinh trd thanh: x = (m - 3) <0
<>x<m-3.

* Két luan:

— Néu m > | hoac m < 0 thi bat phuong trinh ¢6 nghiém x <m - 3.

— Néu 0 <m < 1 thi bat phuong trinh ¢6 nghiém la x > m - 3.

— Néu m = | thi bat phuong trinh v6 nghiém.

Bat phuong trinh: x - 7<0<x<7 (1)

Xét bat phuong trinh: mx2m+1 (2)

+ Néu m = 0 thi (2) tré thanh Ox 2 1: vo nghiém => loai.

0.
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4.29.

4.30.

164

m+1

+Néeum<O0thi(2)e x< . Khi dé (1) va (2) ¢6 vo s6 nghiém chung

m
= loai.
+Neum>0thi(2) e x2 b, . Khi d6 dé (1) va (2) ¢6 diing mot nghiém
m
chung thi Lz =7T=>m= L) (thoa mdn).
m 6

Viay diéu Kién can tim coam la m = P

Tucé:i::-lc; 8 X

-1>0&—>020<x<9 (1)
x=1 Xx=1 X
Mat khac: x 23-mx<> (m+ 1)x 23 (2)
+ Néu m = — | thi (2) vo nghiém = thoa man.

+Néum>-1thi(2) e x2 . Khi d6 dé (1) va (2) khong ¢6 nghiém

m+ 1

20
m+1 m+1

chung thi

>3=>ms2,
3
Két hop v6i m > =1 ta ¢6: _|<mg"?2,

+Neum<-—1thi (2) < x< Khi d6 dé (1) va (2) khong ¢6 nghiém

m+1

<S0eom+l<0eme—I.

chung thi
m + |

-
Két hop cic trudmg hop ta ¢6 diéu kién cdn tim ciam 1a: m < T- .

Bat phuong trinh (m=1)x-m+3>0 < (m=1)x>m-3(1)
Bit phuong trinh (m+1)x-m+230 < (m+1)x>m-2 (2)

“Chi y: Ta ¢6 thé chimg minh ring, véi a’+a #0, hai bat phuong trinh
aa'>0
ax > bra'x >b' wong duong khi vachikhi {p p'

4 d



4.31.

432,

4.33.

4.34.

4.35.

Ap dung: Hai bit phuong trinh (1) va (2) twong duong khi va chi khi

(m=1)(m+1)>0 m < -1
m-3 m-2 <9 m>1 &m=5

m-=1 m+l m=3

Vay diéu kién cin timctam lam = §.

Chuyén dé nang cao 1

Ki hiéu S Ia tap nghiém cua phuong trinh.

a)S= { ] 9}
22
b)S= &.
Ki hiéu S 1a tap nghiém cua phuong trinh.

a)S= { =2, ]}
6 6

ms=f2 0l
20 20

Ki hiéu S la tap nghiém cua phuong trinh.
I

S=¢—=;-5;.

s {s }

b) S = {‘? 5}
12

Cic phuong trinh ¢6 tdp nghiém tuong g la:

a)S= {l 3}
11°5

25 15

Ki hiéu S la tap nghiém cua phuong trinh.

()

b) S=0.
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4.36.

a) Tap nghiém: S ={%: 6}.

b) Phuong trinh nghiém ding véi moi x 2 %
4.37.
a) |x+5|-|l-2x|=x (1)
X -5 l
2
Ix + 5l -x-95 0 X+5 X+5
1 - 2xl | = 2x | - 2x 2x - 1
3Ix+4=x -X+6=x
g Ox=6
Phuong trinh (1) ; SHx==2 S x=3
(vO nghiém) Be it .
(thoa midn) (thoa min)

Viy phuong trinh ¢6 tap nghiém la S= {- 2; 3}.
b) Tap nghiém cua phuong trinh 1a S = {3}.
4.38. Giai tuvong tu bai 4.37.a)

a) Tap nghiém: S= {%} ;

b) Tap nghiém: S = {%2 0} .

4.39.

4.40.

7 13

a) Tap nghiém: S ={—-— }

b) Tap nghié¢m: S = {:21. E} :

166
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4.41.

4.42.

4.43.

4.44,

3-2x[20
a) Vi (v6i moi X, y) nén|3-2x|+|dy +5/> 0.

y+—=0 =5
25 h}' 35

|4y +5/20
-
| [B-2x=0 _ |*=3
Do d6 phuong trinh tuvong duong véi =X

’4y+5{=0 . 4D
}c__.....
. B

9 x-y=0 x=—_2

b) |x-y|+y+§ <0 9 _ & 25

( " )EUIE >0
X =
a) Vi { d (vi moi x, y) nén (x+y)™"* +2013|y-1|=0 khi va

2012
chi khi 4(**Y) 'Om{“"'
2013ly-1|=0 (¥=

a) Ta c6: |x +5|+|3—x|2|(x+5)+(3-—x)|=8.vdi moi X.

Do d6: [x +5|+[3-x|=8 <> (x+5)(3-x)20 = ~-5<x <3.

b) Ta co6:

2[x =3|+[2x + 5| =[6 = 2x| +[2x + 5| 2 |(6 - 2x) + (2x +5)| = I 1, v6i moi x.

Do d6: 2|x—-3|+[2x+5|=1[@(G—Zx)(2x+5)20c:_?55x53.

x<s-]
a) |x+l|+|2x—3|=|3x-—2|¢ KEE
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4.45.

4.46.

447,

168

b)[5—x|+3lx-3|=2@|x-—3]+|5—x[+2|x-3|=2.
Ta cé: |x-3]+|5—x[+2|x -3[=(]3—x|+|5—x])+2|x—3]
2|H-2x|+|2x—6|22.vdimgixEIR.
3-x)(5-x)20
Do d6: x—3[+|5—x|+2[x—3|=2¢:.>( E)(P=%)
(8—2x)(2x—6)20

(x<3
S qlx25 &&x=3.
3<x<4

Vay phuong trinh ¢6 tap nghiém 12 S = {3}.

Chuyén dé nang cao 2

Ta c6: a(b-c)’ +b(c—a)’ +c(a-b) <a’+bd+¢t,
< u(b—-::)2 -a® +l:|(r:~-u)2 —b"+c(u—b]: -¢'<0

@u[(b—c)z-a2]+b[(c—n)2—h3]+c[(a—b)2—c3J<U
-::u(b—c-u)(b—c+u)+b(c—a—b)(c—a+b)+
+cla=b-c)(a-b+c)<0
Bit ding thitc cui luon ding do bt ding thitc tam gide, nén bat dang thirc
ddu ding.
VGi0<a,b,c<1tacé:
(1-a)(1-b)(1-¢c)20<>1-a~b-c+ab+bc +ca—abe >0
< l2a+b+c-ab-bc-ca+abe (1)
CingviO<a,b.c<Inénabc20vab>bc>c’.
Do dé tir (1) suy ra:

I2a+b+c—ab-bc-ca+ubc>a+b”+¢c* —ab-bec—ca. (dpcm)

TM{):A:15|x+||+32=(15|x+||+20)+|2=§+ 6
6[x+1[+8 6|x+1/+8 2 3|x+1|+4



Vi 3|x+l|+424.\1x nén s%=%.‘v‘x.

3|x +1|+4

=8 5

m]u-u

3’--4 vdi moi X.
2

Vay A, =4 khi x = -

4.48. B=3|x—-l|+4-—3x
—~Néux>1thiB=3(x-1)+4-3x=1.
~Néux <1 thi B=3(1-x)+4-3x=7-6x.
Vixsintn=-x2-1=2-6x2-6=>7-6x21.
Dod6 B2 1.
ViyB2 I, véimoix vaB,,,=1khix=1.
4.49. C=|x+3|+[2x-5|+|x-2]
Ta ¢6: C =[x +3|+[5-2x| +[x - 2| 2|8 — x| +|x =2| 2 6 . vi moi x.
[(x+3)(5-2x)20  [-3<x<2 5
Vay Cpip = 6 Khi = 7¢°2<x5;
(8-x)(x-2)20 r<x<8 2
4.50. VGi 2x+y =3, tacé:
= [2x+3|+[|5-y|+2=[2x + 3| +|y - 5|+ 22 [2x +y 2|+ 2, VX, y.
= D 2 3, véi moi x, y.
(2x+3)(y-5)20 [(6-y)(y-5)20
2x+y=3 2x=3-Y
{21 -y :—:isxﬂ—l
= <9 2
ISYS6  |s<y<o
4.51. VGi 0 < a, b, ¢ < 2, gia sir ¢ca ba bat diang thic a(2 = b) > 1: b2 - ¢) > I

¢(2 = a) > 1 déu ding. Nhan v& véi vé, taduge: a(2-b).b(2-¢).c(2-a)>1
& a(2-a).b(2-b).c(2-¢)>1
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Mat khiac,vi0<a<2nén2-a>0
=>0<a2-a)=1-(@-1)°<1.

Tuong ty, ta cling ¢6: 0<b(2-b)<1;0<c(2-¢) <]

Suy ra:a(2-a).b(2-b).c(2-c¢)<1: mau thudn,

Viy ¢6 it nhdt mot trong ba bit ding thite di cho 1 sai.

4.52. Vi ba s6 a. b, ¢ théa min: a° +b> +ab+be+ca <0, gia sur ar +b% Sc%,
khi do:

2(::2 +b” +ab+ I:rfc-w."a)l_=**u2 +b? +¢2 +2ab+2bc +2ca
2 v, 2
= 2(;1" +b- +ub+bc+cu)3_’(a+b+c) >0

¢ a’ +b” +ab+be+ca >0 trdi vdi gia thiét.
Vay i* 3b° &es.
453. Vgia,b,c,d>01acéo:

2a

' a a a
= _ = .
b+c+d fu(b+c+d)"a+(b+c+d) a+b+c+d
2

Tuong tu, ta ciing ¢6: 1/ B 2 = ;
c+d+a a+b+c+d
’ c S 2c :’ d s 2d
d+a+b a+b+c+d VYa+b+c a+b+c+d

Cong bon bat ding thic trén, vé& véi vé, ta dugc:

+ + + 22,
b+c+d c+d+a d+a+b a+b+c

(a=b+c+d

. b=c+d+a
Dang thie xay ra khi 4 L , vO nghiém, via, b, c,d > 0.

c=d+a+b

d=a+b+c

Vijy\, . +J D +J = +J 4 53,
b+c+d c+d+a d+a+b a+b+c
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4.54. VGia, b>cvac>0,bit ding thic:
J (a—c)+ Jc(b —¢)<Vab o Ea——c--f-\/s.tgﬂl

Ap dung bat ding thitc Cauchy, ta c6:

¢c,a-c ¢ b-c
ca=c. Jcb=¢c _.b" a .a-b
—_—— - < -~ =~ =1]. (dpcm)
Jb 2 \/a b 2 2 e
6, a~c
Déngthl'rcxaiyrakhhb % ala-l:l.
c_b-c a b ¢
La b
455. V6ia>b=20,tacé:
- 4 = (a-b)+ b+l b+l+ 4 =,
(a=b)(b+1)’ 2 (a-b)(b+1)
(bt ding thitc Cauchy cho 4 s6 duong)
< a+ 4 =23 (dpcm).
(a=b)(b+1)
y a=2
Plis ey Rkl ==t 2 2::»{"
2 (a-b)(b+1) b=1
4
4.56. Vﬂix>0.tac6:Q=sx :16=3x+% x+x+x+£‘a42 =8
X5 &
. 16
Vay Qpin =8 khi x=—=x=2.
E.

4.57. V@i a, b, ¢ la do dai ba canh cia mot tam gidc, ta c6:

(b+c-—a)(c+u—b)i[(b*-c-a).'-(c*.a_b)jl- =¢?

.

Tuong tu, ta cling co: (c+a-—-l:b)(a+l:1-t:)Sa2
(a+b-c)(b+c-a)<b’
Nhan ba bat déng thic trén, vé vdi vé, ta duge:
(b+c:—-.u)2(t:+:.1—l.*:)2(a+b—c)2 <a’b’c?
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< (b+c-a)(c+a-b)(a+b-c)<abe(dpem).

Dang thire xday rakhi a+b-c=b+c-a=c+a-bea=b=c.
1

a+2b a+b+b

Mat khdc, (a+b+b){l+-l-+—l—]29=>
a b b

4.58. VéGia. b, c>0,taco:

9 E-I-
a+2b a
2
$-I—+-2: 1 ~_=-I-+:.
b+2c b c c+2a ¢ a
Cong cdc v€& tuong (mg cua ba bat ding thirc trén ta dugc:

9( | - ! + : ]53(l+-|—+1)=>dpcm.
a+2b b+2c c+2a a b c

Ding thic xday rakhia=b =c.

2
+—.
b

Tuong tu, ta cling c6:

ol
459, Viia, b1, tch avb=I =aJl(b—])ga__!_+(:_l=db

Tuong tu, ta cing co bva-1< a_zb.
Cong hai bat ding thic trén theo timg vé ta duge avb =1 +bva—1<ab (dpem).
Dang thirc xay rakhia=b=2.
460. Tacé a’ +b>+9=6a+4b < (a-3)" +(b-2)" =4.
Ap dung bit dang thitc Bunhiacopski. ta ¢6:
[3(11—."!\)«Hil(h—ﬁ):l2 '5(32 +4:)[(a—3): +(b-2)2]= 10° .
¢ [3a+4b-17|< 10 -10<3a+4b-17<10
< 7<3a+4b<27hay 7<Q<27.

2]
=3 D=2 u=ﬁ
V{.‘}' Qmin=?khi 3 2 &9 14
33+4b=7 b=—
17
(
a=3 b=3 la=l
Q.. =27khi{ 3 2 ';'1
datdb=27  |b==



PHAN HINH HOC

CHUONG IIl. TAM GIAC DONG DANG

Chuyén dé 1
PINH LI TA-LET TRONG TAM GIAC

3.1. a) Goi M la giao diém cua AG v6i BC = M la

b) Li ludn tuong tu : =
BC

trung diém cia BC. Q
Ap dung dinh If Ta-1ét :
AABM, DG//AB : D AU e EaEmsls G
BM AM 3 2

7

nén =BI}=l 1=l. B D M E (S
2BM BC 23 3
CE Hinh 349

5.
Mat khic, DE = BC - BD - EC = BC - l_‘BC- %BC=%BC.

Viy BD = DE = EC.

3.2. Qua B vé dudng thing song song véi d cit AC /"\
B

0 M, qua D vé dudng thing song song véi d cit

AC & N va cit AB 0 K. Xét AABM va ACDN N
¢6 BAM = DCN (AB // CD), AB = CD (ABCD
1 hinh binh hanh); ABM = CDM (= BKD) =
AABM = ACDN (g.c.g) = AM =CN;

Hinh 3.50
AABM ¢6 OE // BM : i: - i—M (dinh 1i Ta-1ét). e

AAND c6 OF // DN : ig = ﬂ (dinh Ii Ta-lét).
AF AO

A F\d D

AB AD AM AN AM+AN AN+CN _AC

Do dé
AE AF  AO AO AO AO  AO’
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3.3.

34.

3.5.

174

Ap dung dinh If Talét : 2
DK EB EB

ATED cE DB B s s e e e S S BT = D
CODkl Ki Bl _DC ) :

E
B
AABCc6DE//BC: EB=AB g . DK_AB ] N

DC AC VKT AC HVK ¢

Hinh 3.51

Goi F, K 1a giao diém cta dudng ME, MD véi BC.

Ap dung dinh If Talét : A

AD CK D E
AABCc6 DK // AC nén —=—;

Y AB BC \
EF // AB nén £=E, suy ra

AC BC B F N K C
MN, BN _NE _ENWNS P ifah cisi Hinh 3.52
AN BN NC BN+NC BC

day ti s6 bang nhau)
AD AE MN _ CK BF FK CK+FK+BF BC

S il
Wrai B TAC AN BC BC BC BC  BC

Khai thic : Téng gid tri ba phan thitc khong déi nén tich dat gid tri 16n nhat

-~ AD AE MN
khi ba phan thic trén ¢6 cung moét gia tri, nghia la : = = =
AB AC AN

<> CK = BF =FK <> M la trong tam AABC.

CK _BF _FK

BC BC BC

Tir d6 ta c6 bai toan :

"Cho tam gidc ABC, goi M Ia diém bat ky thudéc mién trong cla tam gidc

ABC, tia AM cit BC tai N. Dung hinh binh hanh ADME (D € AB, E € AC).
AD AE MN

Tim vi tri cia M dé tich : cé gid tri 16n nhat".
AB AC AN

a) Qua A vé dudng thing song song véi EF, goi I 12 giao diém cla dudng
thing niy véi BD. Qua C vé dudng thing song song véi EF, goi L giao diém
cua dudng thang nay véi BD.

AOAI = AOCL (g.c.g) = Ol = OL.

ABAI c6 FM // Al = E = ﬂ (dinh Ii Ta-1ét).
BF BM



ABCL ¢6 ME // CL = E= S (dinh 1i Ta-1é1).
BE BM

Ma BI + BL = BO - Ol + BO + OL = 2BO = 4BM;
BA BC _4BM _
BF BE BM

b) Ta c6 Eé—+£ =4 (cdu a). Tuong
BF BE

Do do

Bai todn phu : "Cho x, y > 0. Chimng
minh ring —+—2
X Y X+Yy

'I‘ha}:vay,l+la E ot Y c:»{x+y)324xy

X y X+y Xy X+Y

(X + y}2 -4xy20e (x-y) 20(BDT ding). Dau "=" xayra<> x = .
Ap dung bai todn phu trén, ta ¢6

I+ ) 2 4 = 4 va I + ! 2 4

BF AF BF+AF AB BE AK BE+AK

Do d6 8 = AEB=ACB AEB=ACB

=BA[J_+L} BC(LJr_'_JaBA_iﬁLBC,L
BF AF BE AK AB  BE+AK

42£=BE+AK.‘-‘:BC.

BE + AK
3.6. Goi N la trung diém MD, ta c6 : ON//MI,
ap dung dinh li Talét : = B
AB_AO AC _AO_ AN _AO ?q"\ g
AK Al 'AH Al ' AM Al Mf— M
nén : s

AB AC 2A0_2AN

AK AH Al  AM

Hinh 3.54
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Tudo :
AB A( AD "AN—AD_2AN—AN—ND

AK  AH AM AM AM
_AN-ND_AN-NM_AM _
AM AM AM
Chuyén dé 2

DPINH LI PAO VA HE QUA CUA PINH LI TA-LET

3.7. DAt S = Sppc : S2 = Spac: S3= Soap : S=Sapc
Ké AH L BC va OK L BC = AH // OK. A

Ap dung hé qua dinh I Ta-1ét trong tam giic AHP ¢6
R Q
I
oF Ok _y°FC g
AP AH ;AH BG ° B i KP
AP-OP S-S, OA S,+S, Hinh 3.55

— = — = =—= -

AP S AP S
Lap luan tuong tu ta ¢ s B B Sl

S CR S

Vay OA OB oC S'a +S; S, +S; ? S| +S; _ 25, +5,+S;3) 28

AP BQ CR S S S S 5

3.8. Qua A v& dudmg thing song song véi BC cit BB’ va CC’ 1an luot tai E va D.
Theo hé qua cua dinh Ii Ta-lét
AM AE AD AD+AE DE

= D A E
A'M BA' AC AC+AB BG’
' . B
ACBB' ¢6 AE // BC, nén L, (hé qua b
B'C BC
cua dinh Ii Ta-lét);
' B A C
ABCC’ ¢6 DA // BC, nén £ = D—A- (hé qua
BE BC Hinh 3.56

cua dinh 1i Ta-lét).
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AB AC' AE DA DE
Ta co - =

CB'" BC BC BC BC

AM AB' AC'

A'M  CB BC"

Do d6

3.9. a) Ta ¢c6 HM va KM lin luot 1a dudng trung

binh cua AEBC va AFBC
= EH = HB; FK = KC.
AAHM ¢6 EO /HM ; AE . A0
AH AM’
AAKM cO FO // KM : AF AO
AK AM

AE _ AF

Hinh 3.57

Suyra;: —= =» EF // HK (dinh li diao Talét
] I, P

b) AAHM ¢6 EO // HM :

MA HA MA HA
= s =

(vi HE = HB);

AAKM ¢6 FO // KM :

MO HE MO HB
MA _KA _ MA _KA

HA KA

MO KF MO KC

(vi KF = KC).

Dod6: — E = HK // BC (dinh Ii dao Talét),

HB
ma EF // HK nén EF // BC

3.10. 2) AABC ¢6 : DE // BC nen 22 = AE.

DB EC

DE AE

AADE 6800 /) ADHith —s i .,
¢ 4 EG EC

suyra =2 - PE _, pA. EG = DB. DE.
DB EG

b) Ap dung hé qua Talét ¢c6 EG // BC nén

EH HG HG HC

Suy ra: 26, B = HC’ = HA. HE.
EH HC

5 IH IH IC BI i ] i )

ABCGBCBC

A-COCL TOAN 82-T12

Hinh 3.58
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3.11. Qua A ké dudmg thing song song v&i BC.
Pudmg thiang nay cit tia BN, tia CP lan luot
taiEvaF. Tacé:

IA EF EA+AF EA AF
IM BC BC BC BC
Laico s BALNA . AF_PA i
BC NC " BC PB Hinh 3.59
1A NA PA

IM NC PB

3.12. Goi C' la diém doi ximg cua C qua dudng
phéan gidic AOB. x B
Ap dung dinh I Ta-lét c6 : '
B'O BO DO
= C'O, tinh chat d6i ximg). Suy ra: AC" // BD

' (dinh If Ta-lét dio) = AC'A'=BDB"'. £ !
Mat khic : AAOC = AA'OC (c.g.c) /
= Ak A;ACA___“ Hinh 3.60
Dod6: ACA' = BDB'.
AM _ CP

3.13. a) Tir gia thiét c6 ;: — = — (1)
- AC  CK

Ap dung dinh Ii Ta-lét :
MN AM PQ CP
HB AB HK CK
vai (1) ¢6 : MN = PQ.
b) T giic MNPQ Ia hinh binh hanh, 1 la
trung diém MP = | cing I trung diém NQ.
Lai ¢o : G, = Al :AD = 2 (2)
AH AB BD CB
Tir (1) v2 (2) cho NQ // AC. Dua vio b6 dé Hinh 3.61
hinh thang suy ra H, I, O thing hing. Do d6 |
thudc doan OH ¢6 dinh.

T (1):(2) cho:

. Tir HK = HB két hop
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314. Goi v : BAC = 90° va M trung diém cta N
AH, goi y ta nghi dén diém phu N la giao
diém cua BD va AC.

Goi N 1a giao diém cta BD va AC. M
Ta ¢6 BAN =90°, Vi NB L BC (gt), AH 1
BC (gt) = NB // AH. o - %
MH CM . :
ABDC ¢6 BD // HM = —— =—— (hé qua Hinh 3.62
; BD cp Y
dinh Ii Ta-1ét).
Tuongitires ot m L. Todh S w2, My Mi{=/AM: Néa BD=DN.
DN CD BD DN

Xét AABN vuong tai A, AD [a dudng trung tuyén = AD = DB. Viy tam giic
DAB cén tai D.

3.15. Goi J. F ldn lugt 1a giao diém cta DE v6i GB, GC. Goi P la giao diém GB v
KD, Q la giao diém cia GC va KE.

ADRE c6 Bl RE = 2B DX
DI DP

ABNG cO DP /NG = e .
NG BN

ABNC ¢6 DK //NC = %=E
CN BN
DK DP DE DK CN
Suyra —=— = = = =3
CN NG DI DP NG
EK DK EK
Tuong tu =3.Tac6 —=— = PQ// DE.
= EQ e e
Tir gidc PGQK ¢6 PG // KQ va PK // GQ nén nd [a hinh binh hanh = GK, PQ
cit nhau tai trung diém O cia mébi dudng.

Hinh 3.63

ADIK ¢6 PO // DI = 22 _ KO

, DI Kl

Tuonglgcé99—=l(—9.DodéE=QQ.M£|PD=OQ.v{\yDI=IE.
E _ KI DI IE
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3.16. Goi P, Q lan luot 1a giao diém cua IK véi AB, AC.
PM_ AP

AABD ¢6 PM // BD = ] A
BD AB

: PQ AP

AABC ¢o /| BC=> —=—, F
FQ BC A M
P Q

Dod¢PM=PQ=.PM=BD_ | K

BD BC PQ BC
Tuong tu c6 L = % ¢ o c

Hinh 3.64

IM _PM IM _BDCD

PQ PQ PM BC?

L AC L B N I
BC~ PQ PQ

3.17. Goi M 1a giao diém cua BF va CD, N |a giao diém cua BE va CD, K la giao
diém cua EF va AB.

Do d6

Ching minh tuong tu ¢6

Xét AFABc¢6 DM // AB = i = i) (hé qua cua dinh Ii Ta=l1€ér).
AB FA
DH DM
Tuong tr ¢c6 — = ——,
RO EE BB A___B K
DM =E s T DH.AB.
AB  AK AK 2
Xét AENC ¢6 AB // NC V7 ~H N C
= NE = S (hé qua cua dinh Ii Ta-1ét).
AB  EA A
Tuong tu c6 E =E . Hinh 3.65
AK EA
Ta cé -Ii(-:—=-l-£ = NC= HC'AB.
AB AK AK

Ma DH = HC (gt). Nén DM = NC.
ADBC ¢6 DB = BC nén ADBC céan tai B.

Xét ABDM va BCN c6: BD = BC, DM = NC, BDM = BCN (ABDC can tai B).
Do d6 ABDM = ABCN (c.g.c). Vay DBF = EBC .
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3.18. Vé AG // BD, CH // BD (G, H € EF), nén AG // CH.
Xét AEAG c6 AG // DM,

cua dinh Ii Ta-let).
Xét AFCH c6 BM // HC,

nén —=—— (hé qua Hinh 3.66
M :

cua dinh Ii Ta-let).
Xét ANAG vd ANCH c¢6 : ANG=CNH (d6i dinh) ; NA = NC (gV) ;
NAG = NCH (vi AG // CH).

Do d6 ANAG = ANCH (g.c.g) = AG = CH.

Ma DM = BM (gt), do d6 = = £ vay AE.BF = DE.CF.
DE BF

3.19. Goi O la giao diém ciia MN va AC, H Ia giao diém ctia KN va CD.

M0=C—2D.ON=ATB::~MO=ON. A B
K
&KECcéMOl/EC:-@-Q-:K—O-:
CE KC ’ .
QO
ARCH.c6/0N /fiCH= 2N . 3O
CH KC
nén CE = CH. ) C ”

ANEH can tai N = NEH = NHE .

Ma KNM = NHE, MNE = NEH ;
Do vy KNM = MNE.

3.20. Goi A', B', C' 14n luot 1a giao diém cua AM véi BC, BM vai AC, CM véi AB.
I 1a trung diém ctia BC. V& MD // Al
dp dung hé qua cha dinh Ii Ta-let:

AGA,l ¢6 Y8y, A 3 AAVAT o DL A2
G Gl AA' Al

Hinh 3.67
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Ma Gl = l Al (G la trong tam AABC).

MA MD MA'’

Do d6 L = =73 8
GAI | Al AA' I
2 M
3 C
Chimg minh tuong ty, ta ¢6
Ay B AD I C
MB, MB' MC, MC’
=3. ; =3. ;
GB, BB" GC, & Hinh 3.68
Ta dé dang chimg minh dugc A MB MC
y AA' BB’ CC

MA, MB, MC, _

Do d6 -
GA, GB, GC,

3.21. a) Goi R la giao diém cta AC va MF, S la giao diém cta BD va ME.

FI FR
AMFE ¢c6 R1 // ME nén — = — 3
cO R1// E-RM (a) D C

FR AR
AAOD O RF/ODnén — =—
o0 REU OD AO

AABO ¢6 RM // OB nén %%=ﬁ

AO

Suy ra i = EM = FR =0D (b) Hinh 3.69
OD OB RM OB

FI OD
Tir b)¢§ —=— 1)
(a) va (b) ¢ IE_ OB. (

Tuong wrcod S o5 (2)
Fl OA

OD _OC

AOABcO AB//CD = (3)
OB OA

Tir (1), (2), (3)c6: L EJ L. => Fl = EJ.
IE F.l Fi+IE EJ+F]

IH = JH (H la trung diém 1J) nén FI + IH = EJ + JH = HF = HE.Vay H 1a
trung diém cua doan EF.




OD_OC_CD_l
OB OA AB 2’
Fl 1 Fl |
nén —=— = =
IE 2 FI+IE 1+2

Do d6 EJ = JI = IF vdi M li diém bét ki trén doan thing AB.

b) Néu AB =2CD, ta ¢6

= EF = 3FI. Tuong tr EF = 3EJ.

3.22. Goi E, F ldn luot 1a trung diém cua cic canh BC, AD.
Goi H la giao diém cua PE vi AD, K [
giao diém caa PF va BC,

AMBE ¢6 BE // HA nén E=E
MA HA
EC BE
ni — = —
HA HA
Dods MB _ EC
MA HA
Chimg minh wrong e ta ¢6 EE:-E'E
ND AF
Mt khic, xét APHA ¢6 EC // HA nén —:;)EA— = Bk
APAF ¢6 CK / AR nén tcmsh
PA AF

MN // BC.

3.23. Goi E 1a giao di¢m cia AS va BC, K Ia
giao diém cha DP va NQ, 1 12 giao diém
cua AS va DP, I' 1a giao diém cia BQ va
DP.

AEAB ¢6 SP// AB = -E;- =-l-l-
AS BP

BP = AM (ABPM la hinh binh hinh)
ES SP

ASAM ¢c6 AM // PE = E = S_M: Hinh 3.71

SM = DQ (DMSQ la hinh binh hanh).

E=&.D~od6 EP= BP :EP= BP_

DQ KQ SK KQ SK  KQ

ASKP ¢6 SP // DQ =
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IP_EP o 0P _BP
B i TR

Taconcé:—:_-.ﬁnenlep E._ TP IP IP

—_— = = =
KQ IK I'K IP+IK I'P+I'K KP KP

AIKS ¢6 SK // PE =

=I=sl.
Vay cic dudng thing AS, BQ, DP déng quy.

3.24. Goi S la trung diém ciia AM. SI 1a dudng
trung binh cla tam gidc MAB = SI // AB

ADAE'c6 SI JJ AE=> == 1S,
DA
Tuong tu c6 L2 = _D_i
DF DA
DE DF
Xét ADEF c6 2L - DK Hinh 3.72
DF

Suy ra IK // EF (dinh Ii Ta-1ét d:o).

3.25. Goi G la giao diém cha DE va BC.
G(‘ FA
' NA

Vé dudng thang qua E song song véi BC cit AB ¢ K, dudng thing qua F song
song véi BC cit AB 1.

Cach 1 : ANAC ¢c6 GF // AC =

AABN ¢6 IF // BN = FA --—I-F-, ma BN =

NA BN
NG, it 2= .  r=96C

NC 2NC
AABM c6 KE // MB = =5 _ AE
AM B M N G C

AAMCCOEG//AC=> AE GC Hinh 3.73

AM MC

ma MC = 2MB, do dé i = gc = GC =2EK. Vay IF = 4EK.
MB 2MB
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CD CD+AD

ADIF co KE // IF = = DF = 4DE = EF = DF - DE = 3DE.

BC BC+AB
Cdch 2 : AMAC ¢6 GE // AC = 9-?-:@; ANAC ¢6 GF /| AC =
AC MC
-G—F=E;mamc=2wc.dodo EF.—.MG'M’.
AC NC AC MC
GD BG GE MG
—=——: AMACCc6GE //AC =
AABC ¢6 GD // AC = S ¢ JLAC = AT
p— 3DE _ 2BG-3MG
AC MC

Ma MG - 2NG = MG - NG - NG = MN - NG va 2BG - 3MG =
2(BG - MG) —= MG = 2BM - MG = MN + MN - MG = MN - NG.

Do vay E-ﬁ = EF = 3DE.
AC AC
3.26. Goi K 1a giao diém ciia CI va AD, N 12 giao diém ctia BM va AD.
AIEC ¢6 AK // EC = BMD = EAC s . .
AECD ¢6 IB // CD = E-_--B—(z (2)
IE BE Nl \m
AMBC ¢6 NK // BC = 2C. - MB .
KN MN A B
|
AMEB ¢6 AN // BE = 1L
AN MN
TacéBC:BE [zMB]:E=ﬂ (3)
KN AN | MN BE AN D C
. KI KN
Tir (1), (2), (3) c6 l—C- = N = NI // AC. Hinh 3.74

Ma BD L AC nén BD | NI

ANBD c¢6 NI, BA la hai dudng cao cat nhau tai I = 1 12 truc tam tam gidc
NBD.
Vay DE L BM.
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Chuyén dé 3
TINH CHAT PUONG PHAN GIAC CUA TAM GIAC

3.27. a) Ap dung tinh chit phan gidc : Lo = A = 10 = EB=

—= EC=Bla
EC AC 32 2

i
2
trung diém cua EC

b) Tinh duge EB =21 ¢m rdi suy ra DE =28 c¢m.

3.28. Li luan tuong tu bai 3.27 1tac6 NA = 10 cm, AM = ? ¢m nén MN = -t%}(—}cm.

Theo tinh chat hai tia phin gidc cua hai géc ké b ta ¢é : MBN = 90" Suy ra:
q

BE = -TO c¢m (tinh chat trung tuyén tng véi canh huyén trong tam gidc vuong

MBN).

3.29. Ap dung tinh chat phan gidc trong tam gidc va dinh Ii ddo Talét ta chimg
minh duoc : EF // BC.

Ap dung hé qua Talét ¢6 : = = el = = ,mia DB = DC nén : EK = KF.
BD AD DC
3.30. Ap dung tinh chét phan gidc trong A B
tam gidc ¢6 : | "
1A _DA 3 KB CB I_fl'_ﬁ
IC DC KD CD IC KD 9
(vi DA = BC)
D C

IA KB
= —=——=1K // AB// DC. i 5

0" KO // Hinh 3.7:

3.31. Tinh dugc : BC = 10 cm = MC = 5 cm. dp B
dung tinh chat phan gidc trong tam giic ¢6 :
BY AR 0 3 \
B'G AC 10 3 7Y
' ' c
— aD =BC=AC=I = AB' =3cm;
3 5 8
B'C = 5cm
A B c

= AIMC = AIBC (c.g.c) = IMC =IB'C

e g . ey — Hinh 3.76
= AB'B=IMB.ma B, =B, = BIM = BAC =90".
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3.32. a) AABC vuodng tai A, ¢6 trung A
tuyén AM nén AM = MB = AMAB

cdn tai M;
Suy ra MBA =MAB =
DAB=BAH (ciing phu vi hai goc P B H M ¢
hlr_lg nhau). Vay AB la tia phan gidc Hinh 3.77
DAH .
b) AB vuong géc vai AC, nén AC Ia phan gidc ngodi tai dinh A cua AADH.
Do d6 : LI e = BH. CD = BD. CH.
BH AH CH

3.33. batAB=c, BC=a,AC=b.
Ap dung tinh chdt phan gidc trong
tam gidctaco:
MA_AB_¢_ MA__
MC CB a AC a+c¢
bc
=>MA= —.
a+c¢
Do AD la phan gidc cua ﬁM nén :
BD AB c(a+c) a+c =, BD a+c
DM MA be b BM a+c+b
Li ludn twong trco : CD: Al :
CN a+b+c
BD CD

Tac6:2BD.CD=BM.CN = 2. —. —=1
BM CN

Hinh 3.78

-0 (a+b)a+c)

(a+ b+c)
& 2’ +ab+bc +ca)=a"+b” + ¢+ 2(ab + be + ca)
< a’=b"+c* < AABC vuong tai A.
3.34. Theo tinh chat d6i ximg, ¢ :
AB = AG = BI (1)
AC=AH=KC (2).
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Tir gia thiét suy ra G, D, H thing hang.
Do AD la phan gidc trong AABC nén

AB BD AB-BD

AC DC AC-DC
Tu (1), (2) cho

DI BI-BD AB-BD

DK KC-DC AC-DC

DI AB

(3)

(4)

Tur (3), (4) cho — = — 5
(3), (4) DK~ AC (5)
Mat khic, AD la phan gidc trong AAHG ¢6 Hinh 3.79
DG AG AB %)
DH AH AC
DI DG
Tir (5), (6) cho — = — = Gl // HK.
(3),(6)c 5K DR I/
3.35. Vé AE la dudng phan giic cua tam gidac A
ABC. Goi F la diém doi ximg cia E qua N. M
Xét AABC c6 AE la dudng phan gidc nén : D

BE CE 2 BE AB
AB AC "€E A€
Ta ¢6 CD = AB (gt). BE = CF (vi BN = NC,

EN = NF). B EN F C
Do vay oo, Suy ra AE // DF, nén Hinh 3.80
AC CE
MN [a dudng trung binh cua hinh thang
AEFD (AE // DF)

——

— MN // AE = CMN = CAE = %B?C.V{ly CMN =—BAC.

| —

3.36. AABC can tai A ¢6 BAC =36° nén ABC = ACB=(180° —BAC):2=72°.
VEé BD la dudng phan gidc cua tam giac ABC.

Ta cé%:ﬁﬁ‘c%ﬁc.—.aﬁ“ nén BDC = BAD+ABD =72°.

ADAB c6 DAB = DBA (= 36°) = ADAB cin tai D = DA = DB.
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Tuong tr, ABDC cin tai B= DB = BC.

Viy DA = DB = BC. AABC ¢6 BD la

dudng phan gidc

as DA=D'C.‘=D,"f\-+-DC= AC .
AB BC AB+BC AB+BC

Taco 2 i 00
AB AB+BC [
i
= AB.BC + BC” = AB’
2 Hfﬂh 38’
= [BC+1AB) =2 ABP BC+-I-AB=£AB.
2 4 2 2
vay AB _ 1+V5
BC 2
M
3.37. a) Qua B vé dudmg thiang song song vdi AD |
cit ACtai M.
Ta co I§|=R|.§h=ﬁz.mﬁ R|=.Rg (vi AD |A
la tia phan gidc BA#-(::} 7 ba N\
|
suy ra AMB, nén AABM can dinh A. Tir d6 c6 e
AM=AB=c.
AABM ¢6 MB < AM + AB = 2c. Hinh 3.82
AADC ¢6 MB // AD, nén an = E (hé qua cua dinh Ii Ta-let),
MB MC
dod6 AD = E.MB < A—C.2c= -ﬁ Viy x < £
MC AC+AM b+c b+c
b) Chimg minh tvong trcu a)tacé y < Ei-l— z< A0 :
c+a a+b

D0d61>l[l+lj,l}—l—(-l—+l) va l}l[.l_+_.
X 2%¢ b)) ¥y 2\a ¢ z 2\b a

([ A
Suyra —+—+—>—+—+—,
X ¥ Z a b ©

)

t > >
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3.38. Goi D la giao diém cia Al va BC, E la giao diém A
cua AG via BC.
Ta ¢6 AD la dudmg phin gidc ciaa tam gidc ABC. Bl
la duomg phin gidce cua tam giic ABD.

G 1A trong tam tam gidc ABC nén 2—2 =2

BD_DC_BD+DC | _ AB_,
AB AC AB+AC 2 BD ~ 'BD ID’ Hinh 3.83
Al AG

Tac6 —=— (=2). Vay IG // BC.
10“)0() y1G //

AB EI.AB Al B D E G

3.39. Vé BH la dudng cao cua tam giic ABC. ABAD cén tai B (BA = BD, gt) ¢6

BH la dudng cao nén cling la dudng trung tuyén = AH = AD

AABC ¢6 BD [a duong phan gidic trong nén
DA_AB_b DA _DC_DA+DC_AC _ b _ b®
DC BC a b a a+b a+h d+b a+b
AHAB vuong tai H, theo dinh I Py-ta-go ta ¢6 AB® = BH® + AH’

= BH® = AB’ - AH?
AD’

Do d6 BH® = b° - (1)

AHBC vuong tai H, theo dinh i Py-ta-go ta
¢6 BC? = BH® + HC> = BH” = BC? - HC®
— BH?- o BCJ s (AC con AH)J Hinh 3.84

— BH2 = a? —(b—%[z]‘:BH‘—-d -h-+bAD-fi4)-l 2)

Tu(l)va(2)tacod: b'——A_lg:d -—b b.AD-AD#

::>bz-az=b.aﬂ\D—b2 = (b+a)b-a)= b.m

2 N -
:>(b+a}{h—a)=_ab -_-:>d b: b _-_3.|___!.= b

a+b ab (a+h)3 b a (a+b}2.
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Chuyén dé 4
TAM GIAC PONG DANG.
CAC TRUONG HOP PONG DANG CUA TAM GIAC

3.40. a) Goi chu vi cta tam gidc ABC la Py. chu vi cua tam gidc HIK 1a P,. Ta tinh

duge -F-)'— =3 g
b) P, =-i 50 cm. ¢) Bb=60cm; P,=150cm.
341.a)MB=10cm; MC=15¢cm; b) P, =50 cm.
¢) AHBM AKMC = —Ii_{f_’l- = E{% => HB. MC = BM. KM.

3.42. ACBA © AACD (c.c.c) = BCA = CAD, ma hai g6¢ @ vi tri so le trong
= BC// AD

3.43.a) AAHB © ADHA (g.g) = 20 . 1B b
DH AH
= AH® = BH. HD
AEHB @« ADHF (g.2) = L
DH HF {
i
= BH. HD = HE. HF .—\\
Viy AH® = BH. HD = HE. HF. <
AF MF AH+HF HF-MH
b) Tacéd: = =) = ‘
AE ME  AH+HE MH-HE Hinh 3.85
U i o ATE G
AH -HE
AH-HE = _HF-AH 2AH 2HF

<~ — , o= =
AH + HE AH + HF AH+HE AH+HF

<> AH(AH + HF) = HF(AH + HE)

> AH? + AH. HF = AH. HF + HF. HE

& AH? = HF. HE (dung theo két qua ciu a)).
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3.44. AACG va AKMG ¢c6 — MG X6 KGM AGC (doi dinh)

CG AG
= AACG 2AKMG (c.g.c) B

L EM MG KO 1, oi 1
AC CG AG 2 2
——— — : K
Lai c6 GKM = GAC, ma hai géc & vi tri so b
G
e trong nén MK //AC= ~M._BR _1
AG " BEC 2

. A G
= K, M la trung diém BC, AB. Vay G la
trong tdim AABC,

3.45. X¢ét AADE, AM la tia phan gidc trong , DM I tia phan gide cta goc ngoai
tai D nén EM Ia tia phdn gidc g6c¢ ngodi tai E.

Xét ur giac BDEC, ¢6 ?.(B‘EE‘I +DBC + hﬁé) = 360"

Hinh 3.86

A
— BDM + DBC + MEC = 180" (1)
Mat khiéc trong ABDM ¢6 : b
BDM + DBC + DMB =180". (2) ;
Tir (1) va (2) cho : MEC = DMB.
5 ; B e noTiy
XE:QBMD vi ACEM c6 B=C =60", 8 M C
MEC = DMB (cmt) Hinh 3.87
= ABMD ¢ ACEM (gg)
2

= 20 BM o BD. R <BM: oM =B,

CM CE 4

3.46. 1) Tac6: CMP = CMQ + PMQ = CMQ + 60° A

CMP = BPM + ABC = BPM + 60" (g6¢ ngoai tai b
dinh P cia AMBP)

— — K
= CMQ = BPM. Suy ra APBM ©®AMCQ (g.g).  n Q

MQ MC MB MQ MP
b) = — — =

MP PB PB _MB PB B M
= APMQ «» APBM (c.g.c). Hinh 3.88
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c) SMPQ=-;-PQ.MK=%PQ.MH (1)

(vi APMQ © APBM nén MPB = MPQ, suy ra MP I tia phan gidc ciia BPQ
= MH = MK).

|
2
1
S * PQ.MH
Tir (1), (2) cho =MPQ. _ 2 o
S 1 2BC
2

ABC BC.2MH

3.47. Dung AAMN = AA'B'C’. Tir N ké NP// BC, ta c6
AANP » AABC = 2N _ AP \NMP «» AABC (g.8)
AB  AC M

MN _MP MN.BC _B'C'.BC

= = MP= X

AB BC AB AB

Do AM = A'B' = MP - AP P
N

< _ B BG AIELAC i e

= AD = - :
AB AB B C

Suy ra: AB. A'B'= BC. BC'- AC. A'C. Hinh 3.89

3.48. a) AABC déu , O la trong tdm nén ciing la tryc tdm cua tam giic = OB L
AC, OC L AB = OI//MQ, OC // PM. Vay ut gidac MIOK la hinh binh hanh.
MK MC

b) AMIB «» AMKC (g. én —=——, A
) (g.g) nén Ml - MB

MQ MC

AMPB ©2 AMQC (g.g) nén — = ——.
QC (g.g) nén TR
MQ

MK
Suy r¢ = =5, JK :

WL - MP P p &
Goi S la giao diém cua IK va OM = S| = SK. I
SI=SK=SM:>PR=RQ. B M C
PR RQ MR

Tacod
Hinh 3.90
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3.49. Xét AABCc6 A =2B.Dat BC=a, AB=c, AC=b. A

DC DC b
R D0 AD 6 e D s ¢
DB ¢ BC b+c¢

c a D B
ab
B Hinh 3.91
ABCA @ BACD(g:g) t mm BCics, & DD¥C) . 2 pvsa).
AC CD b ab

a’ =b% +be
DodévﬁiA-—-ZB-—-&lC::»{ T mat=ci+acte

b’ =c¢* +ac
| a+b+c | b+c
—_—= e =— —
e a- a a°
Laic6a3=b{b+c)=>—]-=btc.5uyra l~=«l~-+~l.
B B c 3 b
3.50. Trén tia d6i cha tia AB ldy N sao cho AN = BE. m _E
Gia sir AE cat NC, DN lin luot tai K, L va DE cit N
NC tai H. ) A 1B

194

Xét ABEA va AAND ¢6 BE = AN ; ABE = DAN
(=90° ; AB= AD.

= ABEA = AAND (c.g.c) = BAE = ADN.
Ta 6 : BAE+LAD = 180° —90° = 90° D C
= ADL+LAD =90° = ALD = 90°

=> AL 1 DN. Tuong tv ABCN = ACDE = CN L DE.

ADEN c6 EL va NH la hai dudng cao = K la truc tam AEDN = DK 1L NE.
ACEN c¢6 NB va EH Ila hai duong cao = [ 1a truc tam ACEN = CI L NE.

DK LNE;ClI LNE = DK //Cl

AEKD %AEMI nén 5_:) _EM \EDC »AEIB nen -EL = EB

EK ED EC’
AEKC ¢6 ABC = ACB = BM//CK.Ma DE L CK => DE 1 BM.

H

Hinh 3.92
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BH_CH BH . Q
BP CB BQ’ '
CH CH BH CH

=oms =Y = R P[H
CB CD BQ CD
Ma QBH = HPB = DCH => ADHC %AQHB (c.g.c)
=>[§l—TC=6EB.

Do d6 : DHQ = CHB =90° . Hinh 3.93

3.51. ABHP «2ACHB (g.g) nén

Lai ¢6

3.52.a) AOMN »»AHAB (g.g) ¢61i s6 dong dang — =

MN 1|
AB 2

b) P—h-i:-l—n AH =20M.
AH 2

¢) AHAG «» AOMG (c.g.c).

d) Tur cdu ¢) cho Eﬁ = hﬁEE)
= H. G, O thang hang.
GH GA

Tacé: —=—=2 = GH =2GO0.
GO GM

Suy ra Sy = %AK.HG - %AK.zOG

=2S:Go (AKLHO). Hinh 3.94

Nhdn xét : * Néu dé bai chi yéu cdu chimg minh ba diém H, G, O thiang hang
thi day trd thanh bai todn khé (dudng thing qua ba diém nay goi la dudng
thing Ole)

* Ta c6 thé cht’mg minh SA{EH = 28.-\(;()
bing cdch khic khong thong qua ba
diém H, G, O thing hang.

That vay : Dung A’ 1a d6i ximg cua A
qua O. Ta dé dang chimg minh ur gidc
BHCA' la hinh binh hanh va M [a trung
diém ctia BC va A'H.

Saon =3 AGHH', S50 = 5 AG.00" (1)
(ké HH' va OO’ ciing vuong goc véi AG) Hinh 3.95
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SAHM = SAI\IA' (do AM la du‘:ﬁ]g tmng [ll}’é'n trong AAHA.)
Sama: = 2 Samo (do MO la dudmg trung tuyén trong AAMA')

— ] SAHM = 2 SI\MO = %AMHH‘= 2‘];AM.00' = HH' = 200' (2)

Tur ( | ), {2) cho : S!\GH = 25’,\00.

3.53. Vé dudng thiang qua E song song véi
BC cat ACGF. A
AE_AF : i

Xét AABC ¢6 EF // BC =
VARG SR U S BB Ao /\ \

(dinh If Ta-1é1). B \ C
Xét AABC vi AEDF ¢6 : BAC = EDF, X
ACB (chung). Hinh 3.96
= AABC o AEDF (g.g) = 22 =B _ pcDE = ABDF.
DE DF
Viy : BC.DE = AB.DF = AB(AD + AF)
: AE.AC
= AB(AD#+ A=0Cy . ABAD+ AGAE [V‘: Lo I - ]
AB AB AC AB

3.54. Vé BF // AC. F € EC.
Tir giac BDCEF la hinh binh hanh vi BF // AC va FC // WD (gt)

= DC = BF va BDC = BFC
Xét AABD (A =90% va AEBF (E = 90°) ¢6 :
ADB = EFB (vi ADB + BDC = EFB + BFC = 180°).

BA _ BD A
=> AABD ¢ AEBF (g.g) = — = —
SH="me ™ B D

BA _ BE d

o . > 4

BD  BF ¢
Tirdo -2 = 2= (vi BF = DO). <

BD DC

E
Hinh 3.97

Ta c6 BD // EC. BE 1 EC = BE 1 BD.
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Xét ABAE va ADBC c6 ABE = BDC (ciing b véi géc DCF) ; E—g - ?—.E

Do d6 ABAE ¢ ADBC (c.g.c).

3.55. Goi K la giao diém ctha AH va BC, AK L BC.

aDBC @« AKAC (g.g) = Q = 9
CK CGA'
ACDK @ ACBA (c.g.c) = CKD = CAB.
Tuong tr c6 BKE = CAB. N B K ¢
Ta c6 CKD = BKE (=CAB) Hinh 3.98

= 90° -CKD =90° - BKE = MKD = MKE.

Goi Kx I tia d6i cuia tia KD c6 DKC = BKx (d6i dinh), ma DKC = BKE.
MD _ ND
NE

KM, KN la cic dudng phan gidc trong, ngoai cia AKDE = ME
Vay : MD.NE = ME.ND.

3.56. Goi K la giao diém cua AH va PQ;
I 14 giao diém cia AM va PQ.
Vi AP // HQ, AQ // PH nén tr gidc
APHQ 1a hinh binh hanh va K [a trung
diém cua AH, PQ.
Mat khic : AC L BE, AB L CF nén
AC L AP v AB L AQ.

AABC &2 APHA (g.g2)
CA AP CA AP Hinh 3.99
~CB AH 2CM 2AK’
Dods A AP _ AAPK ©» ACAM (c.g.c)= MAC = KPA.
CM AK

Tacé CAP=90" nén MAC + MAP = 90" = KPA + MAP =90,
nghia la AAIP vuong tai I, suy ra AM L PQ.
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AD AM AD AM AB  AM

3.57.a) = => = - =
BN MB BN+AD MB+MA BN+CD AB
AR D AP = AKICN,
CN AB
A E
N
S K
— T 4_4-—_"-_’—-
F D\/B
. C
Hinh 3.100

b) Tit AACM 2 ACNA (c.g.c) suy ra dugc AEC =60,
¢) Chimg minh tuong tr vi du 3, chu dé 1.

3.58. Vé phia ngoai tam gidc ABC vé cic tia Ax, Cy sao cho :EKF:=§ETW
yCA = ABM. Goi N Ia giao diém cia Ax va Cy.

Taco AABM @2 AACN (g.g) = ol =-‘m.
AC AN
Xét AABC vi AAMN ¢6 : BAC = MAN (BAM +MAC = xAC + MAC).
AB _AC . AB_AM,
AM AN = AC AN

= AABC ® AAMN (c.g.c) = AMN = ABC
nén NMC = AMC - AMN = AMC-ABC.

— —

Ma MNC = ANC -AMN = AMB-ACB,

do d6 NMC = MNC => AMNC can tai C
= MC = NC.

gy MB_MB_AB.

7 MC NC AC

Hinh 3.101
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Chuyén dé 5

CAC TRUONG HOP PONG DANG
CUA TAM GIAC VUONG

3.59. a) AAIH «» AAHB (g.g) = oL = AH’ = ALAB.

AH AB

b) Li luan twong tu, ta c6 AAKH ¢ AAHC = AH® = AK.AC.
Suy ra ALAB=AK.AC
Al AK

hay —— =——, ma BAC chung
AC AB
= AAIK «» AACB (c.g.c).
c) Taco: EB ==
AB 5
EB AB AB-EB EA
= & e 8 Hinh 3.102
2
=5 - ==, Ma L] = il (tinh chdt phan gidc cia AAHB)
EA 3 EA HA
2
nén £=:. Ta ¢6 AHBI ¢«» AAHI (g.g) = B , do do
HA 3 HI Al AH
Bl HI HB HB_(HBJZ_i vay BL_4
HL Al AH AH \HA) 9 YAl D
3.60. a) Xét ADHC va ANHB, ta ¢6 : Hi = H3 (ciing phu véi H2);
C\ =B (cung phu véi C2) => ADHC <> ANHB (g.g).
b) Xét AMBH va ABCH, ta ¢6 : B2 =Ca (cung phu véi Bi )
MHB = BHC = 90° = AMBH ¢ ABCH (g.2). R
= 1
¢) ADHC co-aNHB = 2E HE HR
NB HB AN
ABCH ¢ AMBH = JE _ BC N
HB MB N
Suy s g D hay NB = MB (vi DC = BC). D C
NB MB Hinh 3.103
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3.61. a) ADBE «» ADCE (g.g). A ¥ B

'CD CH
b) ACHD «» ADCB (g.g) = — = — "~NO
(g g) DB DC O
= DC’ = CH.DB. . ! s
¢) DB // HC (vi cung vuong géc vai DE) .
K
AEOB ¢6 KC// OB = S -
OB EO H
AEOD c6 HK // DO = —~ = =%
DO EO
Suy ra %:%.Vay KC = HK. E
Hinh 3.104
AEHC @« AEDB (vi DB // HC).
2 ) 5 \& » \2
. & 2 - - 7
5o a6 SEHC =(CH] ) (CH.E;}BJ =[ch J =[ 8 } _256
Segpp \DB DB’ DB’ 10°) 625
d) Goi I 1a giao diém ctia BH va DC. AIBD ¢6 HC // BD = e 22 = HE -
IB BD OB

AIHK > AIBO (c.g.c) = HIK = BIO.

Ma BIO +OIH = 180° = HIK +OIH = 180° = O, I, K thiing hang.
Do d6 O. 1, K, E thing hang. Vay ba dudng thing OE, DC, BH ddong quy.

3.62. a) Tacé F=A, (cung phu vdi BAD) ;
C= RI(AADC cdn vi trung tuyén thudc
canh huyén trong tam gidic vuong ABC)
= F=C;

Ma f): = 62 (hai géc doi dinh)
= ADFB @ ADCE (g.g).
AB AC

b) AABC © AAEF (g.g) = —— = 2=
/ EH= X AF

= AE.AC = AB.AF.
¢) Ta co : C= Rz (cung phu vdai IIE) :

-~

C= f5 (chimg minh trén)

Hinh 3.105



= A2 =F hay AAIF cin tai I.

Do d6 1A = IF (1)

Ta lai ¢6 TAE =[EA (cing phu véi hai goc F=A2) = AAIE can tai | nén
IA = IE (2)

Tur (1) va (2), suy ra [E = IF nén Al la duong trung tuyén cua AAEF.

o (]2 (2]

Shun WER 2Al Al
3.63. a) ACHA «» ACAB (g.g) = S0 = CA’ = CH.CB
CA CB
b) BC = 25 cm; CA* = CH.CB = CH = 16 cm.
L2 = L (tinh chat phan giic cia AABC) = 208 L] = /
DC AC DC 20 4
DB DC DB+DC BC 25
— = = = = — B
3 4 3+4 7 7 H
D
Suyra: DB= 175— cm va DC = %O-cm:
K
HD=BD -BH = E -9= E (cm).
7 7 | A C
¢) ABKA @ ABAI (g.g) = BA” = BK.BI. Hinh 3.106
ABHA @ ABAC (g.g) = BA” = BH.BC.
: " BK BH . —
Suy ra BK.BI = BH.BC nén e = =T vit IBC chung = ABHK @ ABIC (c.g.c).

d) BI* = AB* + AI’ = Bl = 17 cm; Sy = %.BA.IC = ;')-

2 2
SRHK =(BH) =[i] =ﬂ'=:'SBlIK = ﬂSBIC-'-‘ ﬂ?lﬂtﬁ‘? (sz}.
Sps A HI 17) 289 289 289

15.28 = 210 (cm°).

>
MC CB MC 5

Viay MC = 12,5 cm.
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b) ABMA © ABEK (g.g)

A E B
MA  EK i
— — I
MB EB
- K
ma S (tinh chat phan gidc D B
MB EB D M\ 3 C
cua AAMB). Suy ra e =E}- o
EB EB
Vay EK = EA. v
¢) AHAN «» AHBM (g.g)
P Hinh 3.107
= — D, A vd AHB chung
HM

= AHNM © AHAB (g.¢) = M4 = ABH .
Chimg minh twong tv. AAME © AABH = M> = ABH. Suy ra Ms = M.
do d6 BMN = M3 (ciing phu v6i hai géc Ma = M3 ). Ma M2 = M3 (vi ME la
tia phan gidc AMB )

- )
x(ﬁ? x)+-+x -l

— BMN =Ma. Vay MN Ia tia phan gidc géc - .
4. Vay a tia phan gidc g T T

3.65. a) AABH «» ACBA (g.g). B
b) ACDE «» ACAB (g.g) H
= — D CE =»CE.CA =CD.CB:
CA CB B
o), ACAB % AGHA = 28 2 A€
HA HC
A E C
=>A—B=H—A (1) Hinh 3.108
AC HC TN 3.
AH //ED = AE:HD:HA (HD = AH) (2). Tu(l}v&(zlcéA—E A—B
AC HC HC AC AC
Vay AE = AB.

d) AHAD vuong can tai H, HM 1a dudng trung truc ciia AD = HM la dudng
phan gidc ctia goc AHD = AHM = HMD =45 ; AMAE vuong tai M
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HAM =DAE (=45°~MAD ) = AHAM v ADAB (g.g) = .= 2¥
DE AE

— AE.HM = AM.DE.

Viy AB.HM = BM.DE.

B _AH AABH . ACBA) = BH=2E AH

AB AC AC

DE_CE _ pg=CE An

AH AC AC

Ta c6 BH + DE = % AH = AH. nén AH.BM = (DE + BH).BM

= BM.DE + BM.BH = AB.HM + AM.BH.
3.66. Goi M Ia giao diém cua AD va BC.
Xét AMAB va AMPQ c6 AMB (chung), MAB = MPQ (ddng vi va AB // PQ)

Do d6 AMAB ¢ AMPQ (g.g) = MAB =[

AB T M
Smpo

PQ

Tuong tr, AMDC @ AMPQ = SMpC =(CD) :
SMPO PQ

Do d6 SMAB+SMDC =[AB]- +[.(£J- D \
Swo \PQ) T\PQ

Smpo —Sasop + Smpo +Spocp  AB? +CD?
Smpg PQ’

T T, 5 - R
=>2= — hay PQ" =
PQ- 2

P Q

Hinh 3.109
hay

(\"i Sﬁmp = SF’QCD)

3.67. Goi K 1a trung diém cua IC, AO cit BC A
tai J.
Ta ¢6 OK 1a dudmg trung binh cua AITHC '
nén OK //HC. Ma AH L BC K
(vi AABC can dinh A, AH la duong trung
tuyén) do d6 OK L AH. B H J C

AAHK ¢6 OK L AH, HI L AC (gt) nén
O la truc thm AAHK. Suy ra OA L HK.

Hinh 3.110
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Mat khéc, HK la dudng trung binh ciua ABIC nén HK // Bl = OA L BL

2
Xét ABIC va AAOH, c6 { i_],x .,] (hai géc cung phu vdi goc THO),

a4x~=y"

IBC = OAH (hai géc ciing phu véi hai géc bing nhau) = ABIC © AAOH.

2 =
3.68. a) T giic ADHE la hinh chir nhat. Tir d6 ¢6 (x = IOOJ ;
X~ +
Ma HAC = ﬁC (cung phu v&i KEB ), nén ;ﬁ-f) = EEC suy ra
AAED «2 AABC (g.g).

b) Goi M la trung diém BC. Td ¢6 AM = %C-‘

|
Saep = 7 Sasco- M2 Sanc = 25apKe £

Saep _ |
apc 4

( DE Jz I B H M C
ﬂ —— — —
4 Hinh 3.111

= Sape = 4SApp =

= AH=AM = H=M = AABC vu0ng can tai A.

3.69. a) Vé DK L AC tai K, BH L AC tai H. A
Ta ¢6 DK // BH.

Xét AABM ¢6 DK // BH =52 = AD., H

BH AB’ 5

o

S - DK.AE
Do d6 ADE _
SABC. _ BH.AC

o | =

B F C
" DK AE n AD AE . AD.AE Hinh 3.112
BH AC AB AC ABAC’
= . : BF Scgr /-
p) DR Atk . Tuong tr ciing ¢6 Sppe, . BOBE Sepp  CEIGE
S,\,BC ABAC SABC AB.BC SABC ACBC

Khong mat tinh tdng quit, gia st Sypg = Sapr 2 Scer
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Dodé[SCEFJ Su:F Sgor Sape _ CE.CF BD.BF AD.AE

Siec.)  Suse Sioe Sape  ACBC ABBC ABAC

‘AD;BD’* — ADBD < A5

Mat khéc. tir (AD = BD)” 2 0. ta ¢6 AD.BD <

AC' BC'

]

K}
S l ]
Vived | =GB | €= =58 € =8
Ay [SABC] Y ScEs 2 DABC

" L1} L1} * I
Dy =" XAy, 18 < Oopr = S0 ™ SAUE ™ 7 SABC

< D, E, F lan luot 1 trung diém cia cidc canh AB, AC, BC.

3.70. a) AHAB «» AHCA (g.g): N A
AH HB AB 5
HC AH AC
2 ul )
o AB° AH HB HB 8 B H C

AC2 HC AH HC’
b) [ﬁ+£}=90"=ﬁ¢+£.ma .K;=5.; (gt)

:m=EC:>AADCcantaiC; b
DH AH CH CH
DB AB AC CD
¢) AH. BH =2. 1536 va AH. CH = 2. 8,64. Suy ra AH”.(BH. CH)=4.8"
= AH* =4.84 = AH =48 (cm).
d) Dung N la diém d6i ximg cia D qua M = AN = BD

= DH. CD = BD.CH. Hinh 3.113

(DH HE

JAN " AE _ HE_CH _ HE _CH
DH DH CH(m!) AE CD _ AH DH
(AN BD CD

=» AHCE @ AHDA (c.g.c)
— CEH = DAH , ma hai g0c 0 vi tri so le trong = CE // AD.

205



KN4

Chuyén dé nang cao 1
TAM GIAC PONG DANG

. Trén tia doi cta tia MA' 1dy D' sao cho MD' = MA'
vy MA”_ MB' MD' MB' D
BC CA BC CA

Xét AMD'B' v ACBA ¢6 : D'MB = BCA
(cling bl véi géc A'MB’)

MD' MB'
vil =

BC

BD' MB .
~AB CA" ; WV ¢
B'D' MC'( MB
AB  AB [= CA
Chimg minh tuong tu c6 D'C' = MB', do d6 ur giac MC'D’B’ Ia hinh binh hanh
= A'M di qua trung diém cua B'C'.

(g) =

= AMD'B’ «» ACBA (c.g.c)

Ta c6 ] = B'D' = MC' Hinh 3.114

Vay M la trong tam cua tam gidc A'B'C'.

3.72. Qua I vé& dudng thing vuong géc véi IC tai I, A

dudng thing ndy cit AC, BC ldn luot tai D, E.

Ta ¢6 .
AIB= ADI (= 90"+ﬁ§§}

AD 1A _ID -
& A B o=t %

= ADAI « AIAB (g.g) =

AEBI% SIBA (gl - woe e & 2 Hinh 3.115
IB AB IA
Tir (1) va (2) ¢6 AD.BE = ID.IE
IC* = CD’ - ID* = (AC - AD)(BC - BE)
= AC.BC - AC.BE - BC.AD + AD.BE - ID’
= AC.BC - AC.BE - BC.AD



— IC2.AB = AB.AC.BC - AC.AB.BE - BC.AB.AD

= IC2.AB = AB.AC.BC - IBZAC - IA2BC = IC2.C=ab.c - IB*b-1A’a
IC? B> 1A% 1A% 1B 1c?

= = =S - - =

],
ab ca be be ¢a ab

3.73. Vé& tia Bx sao cho CBx = 20", Bx cit canh AC tai D. Vé AE L Bx, E € Bx.
Tacé : ABDC o» AABC((SEE) = ELTE.? =20 Eéf) chung)

BD:BC:DC::»BD:BC:a.
AB AC BC
2 2
Die B2 bl dh AT Al DEsb-T
AB b b
AABE vuong tai E ¢c6 ABE = ABC—CBD = 60"
AB b b

Suyra:BE= —=— =>DE=BE-BD=—-a.
2 2 2

AABE vuong tai E, nén theo dinh 1i Py-ta-gota ¢6:

AE? + BE2 = AB?> = AE*= AB’ - BE*= %bz.

Hinh 3.116

AADE vuodng tai E, nén theo dinh i Py-ta-gotacé : AE® + DE® = AD?

2 22
=2b2+[2-aJ | s
4 2 b

4 4
3.0 1.3 2 2 d d 2 2
= =b? +—b? —ab+a’ = b* - 2a’ +—=>—+ab=13a" =a’+b’ =3ab’.

B BF
3.74. Cach | : Tu D vé DF // AC, wE vé EG // AB "
DF AC

ta chimg minh dugec — = — (1)
EG AB

DF  AD
AADF ¢ AAEG (gip) = =—==2= (2) .
E8= EG " AE F G

Ttrmvz‘uz)céi—g-=£=aADcwaAEB(c.g.c) B D E C

s Hinh 3.117

= ABC=ACB.
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Cach 2 : Tu D va E lan luot vé DF L AB: EG L AC.

BD = CE = SABD = SACE A
:}AB.DF=AC.EG:>E=£ (1)
EG AB
AADF © AAEG = -gg- 5 -‘3% @) : G
B D g G
o AC AD
'] u (] ) Vﬁ (2] Sl.l)’ ra IE = —X'E_ ¥ ChO ta H"”h 3_,’3

AABE ¢ AACD = ABE = ACD.

Cdach 3 : Vé BH, CK la cdc dudmg cao cua cdc tam gidc ABD, ACE.
BH AE

BD = CE =5 Spnp = Sack = —— = —— : A
ABD ACE CK AD
AABHCE AACK: =5t 0
CK AC

AABE @ AACD (BTE = CAD. ﬁ:’ﬂ“—E)

AC AD K €

= ABE = ACD => AABC can tai A. Hinh 3.119

3.75. Gia sit MB < MC. Goi G la giao diém cua AB va MO, K 14 giao diém cua
MN va CP.
Vi MNAP I hinh binh hanh nén QPM = ANM (1)
Vi AABC cin tai A nén suy ra APBM cian
tai P va ANCM can tai N.
Do d6 PB=PM = AN vi NC=NM = AP.
Két hgp vGi MN // AP, suy ra
PQ PQ KM PB NA
PM PB KN PA NM
Tu (1) va(2) c6 AQPM @2 AANM (c.g.c) Hinh 3.120

= OMP = AMN hay OMP = AMN.

208



3.76. Vé MH L AB tai H, NK L AC tai K. Tir gt ta c6 BAM = CAN, BAN =

CAM.
AM MH

AHAM «» AKAN (g.g) > —=——.
(2.2) AN - NK

Do dg Sasv _ BM _ MHAB _ AM.AB
Saen' CN  NK.AC ANAC'

BM AM.AB
nén = .
CN AN.AC

BN AN.AB
CM AMAC’
BM BN AM.AB AN.AB
CN'CM AN.AC AM.AC’

2

CN AC?

Chimg minh tuong tu ¢6

Do dé6

3.77. Goi N la diém d6i ximg cua diém | qua
M. Ta ¢6 MN = M.
Xét AKNM va AABCc6 oy = MR
BC AC
KMN = ACB (cting b véi goc KMD).
Do d6 AKNM o AABC (c.g.c)

NK MK
= —=— (1)
AB AC
ML MK
Ma ~— = — (gt 2
AR AC &Y @
Ti‘r(l)vil(?.}cﬁ&:&::ML:NK.
AB AB
Tuong tu, ALMN @ AABC = —lﬁ:ﬁ—lﬁ.
AC AB

ND M 6

Hinh 3.121

A N
K
C
3 0% ML =S LN = MK
AC AB

T gidc LNKM ¢6 ML = NK, LN = MK nén la hinh binh hanh, suy ra IM di
qua trung diém cta LK. Chimg minh twong tu c6 LM di qua trung diém cua IK.

Vay M la trong tam cha tam gidc IKL.

A-CDCL TOAN 82- T14
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3.78. Cdch 1 : Trén tia d6i tia DA dung

diém M: AD = DM. Dé dang thdy
BAME Ia hinh binh hanh.
Do d6 AB= ME = DE = EC = ADMC
vuong ¢an tai M.
AEAB vuong ¢6 AE = 2AB. ABMC
vuong ¢6 MB =2MC
= AEAB « ABMC (c.g.c). Suy ra
A?B = WC Hinh 3.123
Do dé AEB+ACB = MBC + ACB = ADB= 45",
Cdch?2 :Dat AB=AD=DE=EC=a thi BD’=a’ +a’ =2a".
Lai ¢6 : CD. ED = 2a. a = 2a°. Do d6 : BD” = CD. ED

_, CD_BD

~BD

Vay DCB + DEB = DBE + DEB = ADB=45".

= ACDB ¢« ABDE (c.g.c) = DCB = DBE .

3.79. Tir M vé dudng thing song song véi cdc canh hinh binh hanh ABCD cit cic

3.80. Trén nira mat phing b EA khong chira

210

canh cua hinh nay lan lugt tai E, F, G, H (xem hinh vé).

Dod6 AAGM o> ADEM = 28 MG A G B
CF MF’ ‘
MiaAG=DH:CF=MH;
M i (1)
MH MF
Mat khic, DHM =MGB=BFM  (2)
Tir (1) va (2) suy ra ADHM ¢« ABFM. Hinh 3.124

Do d6 MDH = MBF hay MDC = MBC .

C vé tia Ex sao cho A-Ei‘x = EEB
Goi N 12 giao diém cua Ex va CA
Xét AABC va AANE ¢6 : BAC = NAE
(d6i dinh); ABC = ACB = AEN

Hinh 3.125

B-COCL TOAN 82- T14



AB AC e

= AABC «» AANE (g.g) = — = — va ABC = ANE
AN AE
Tir E = A—C- suy ra AB.AE = AC.AN
AN AE

Xét ACDA va ACNE ¢6 : DCA (chung), ADC = CNE (=ﬁ€)
— ACDA @ ACNE (g.g) = ’é—g = ACB < ABC => CD.CE = ACCN

Tir (1) va (2) ¢c6 CD.CE — AB.AE = AC.CN - AC.AN = AC(CN - AN)
= AC.AC= AC.

Chuyén dé nang cao 2
DINH LI ME-NE-LA-UYT, PINH LI XE-VA

3.81. Ap dung tinh chat phan gidc trong va ngodi d6i véi AABC ¢6 :

EA AB AC FA AC _ EA FA
Vi —=—.Suyra: —=—
EC BC BC FB BC EC FB
Xét AABCco: EA.MC.FBz | (theo (1))
EC MB FA

= E, M, F thang hang (dinh Ii Mé-né-la-uyt).

3.82. Ap dung tinh chdt phan gidc trong va ngoai
d6i véi AABC ¢6 :
FB_BC EA AB DC AC
FA AC'EC BC'DB AB’

(1)

(2)

(1)

Xét AABCco:
FB EA DC_BCABAC_I
FA EC DB AC BC AB Hinh 3.126

=> E, D, F thang hang (dinh If Mé-né-la-uyt).
3.83. Cdch 1. Goi M la giao diém cua EB va GC, D la giao diém cua
CE va AB, K 12 giao diém ctiia AC va BG. Ap dung Talét ¢6 :

GO GC DB EB
OB DB'CM EM’




Xét ABMG 6 - EB CM GO DB CM GC ol

EM CG OB CM CG DB
= C, O, E thing hang (dinh If Mé-né-la-uyt).
Cdch 2. Goi D 1a giao diém cia CO va AB; K 12
giao diém cua BO va AC, M la giao diém cua hai F__ Al K
dudmg EB va CG. Pat AC=b, AB=c.

Tac6 : AABC «2AHAC (g.g) = _ﬁiS_ = L
AH CH
= AB.CH = AC.AH. 1 G
AB _AC Hinh 3.127

AABC «2AHAC (g.g) = — =— = AB.AH = AC.BH.
BH AH

Ap dung dinh Ii Xé-va vio AABC véi BK, AH, CD ¢6:

BD.AH.AC___ ::’BD.E’MB.'CI-1=_I i BD.AB.CH=

DA AH.AH DA CG HB DA AC.HB
BD AH.AC i BD s BD ¢ ()
DA AH.AB DA b ¢ c+b

Ap dung dinh Ii Mé-né-la-uyt vio ABMG véi cic diém C, O, E va chi ¥ (*) ta
co:

BO GC ME BD GC b+c BD.(C+IJ)
OG'CM' EB CG ¢ ¢ ¢’
Suy ra : C, O, E thing hang.

3.84. Goi M la giao diém cua DB va EG. dp dung dinh Ii Ta-1ét ¢6 :
GA HC ED FD
GB HB'EA FC’
Ap dung dinh Ii Mé-né-la-uyt vio ABAD c6
ba diém G, E, M thiang hang
GA MB ED=I FD HC MB _
GB MD EA FC HB MD

Xét ABCD ¢6: =1 (cmt)

=> M, H, F thing hang (dinh Ii Mé-né-la-uyt). ‘
Do d6 cdc duomg thing GE, HF, BD déng quy. Hinh 3.128
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3.85. Ap dung dinh Ii Mé-né-la-uyt vio ACAD véi
ba diém B, K, P thang hang, ta ¢6

AP'BC.I{D=I AP BD KA=13=§
PC BD KA PC BC KD 2 2
Xét AABP va ABCP c¢6 cung chiéu cao nén
Sagp _ AP _3

Soen PG 2

3.86. Ap dung dinh Ii Mé-né-la-uyt vio AALB c6 ba
diém C, Q, K, thing hang:

QA CL KB_I :QA_CB KA_31_3

QL CB KA OL CL KB 22 4
LB 1 .8 38

(Vi —=>—=2)

LC 2 CL 2
SacL _ AL _Sap _SacL #SapL _ Sasc
SCQL QL SBQL SCQL + SB\QL SBQC
Sapc _ AL _7
SBQc QL 4

Vay :

Do d6 : Sapc =E' SBoC =% 2012 = 3521 (dvd).

3.87. Huomg dan.

Lay diém F trén canh BC sao cho %=%: AF
cat BD va CE tai P va Q.
Hay chimg minh AOPQ déu.
Ap dung dinh li Mé-né-la-uyt vao AACQ véi cit
tuyén DPO dé€ suy ra PA = PQ = OP = AOAQ

vuong tai O = AOC =90" .

A
Z ; P N
B D ¢

Hinh 3.129

A
%
C L B

Hinh 3.130

Hinh 3.131

3.88. Qua A ké dudng thing song song v6i BC, cat MF(kéo dai) tai N, cat ME(kéo

dai) tai P.

Néu MA 1a phan gidc ciia EMF thi ta cdn chimg minh : PA = AN.

213



3.89

214

MB AE AN _AF p A
PA BE MC FC
_ MB AN _AE AF
PA 'MC BE FC
Khi d6 MA 1a phan gidc ciia EMF
AN AN MB_ MB

SPA=ANS —=1& 3 =
PA PA MC MC

AE AF MB MB BE AF
o , = (theo (1)) <
BE FC MC

(dinh 1i Céva).

Z

Ap dung Talét ¢6

(D

B M C

Hinh 3.132

= 1 < AM, BF, CE dong quy

MC  AE FC

. Cdach 1 : (lam truc tiép)
Dung céc diém C, E', A’
nhu Vi du 2.

Ta chimg minh ba dudng
thing BC, OA’ va F'G
dong quy la xong. Dt
OB=0C =x, 0G=0OF'
= y. Goi Q la giao diém
chia OA’ va BC. Ap dung
dinh i Mé-né-la-uyt cho
AE'OA’' vGi cit  tuyén

Hinh 3.133
BC'Q, ta suy ra duge :
QA' x CE )
QO y-x CA'

Goi Q' I giao diém cua F'G vd OA'. 4p dung dinh i Mé-né-la-uyt cho
Q!AJ y F!Cr i

AOA'C’ véi cit tuyén F'GQ, ta suy ra dugc : 3 : = (2)
i T

Ap dung dinh Ii Mé-né-la-uyt cho AE'A'C’ véi cit tuyén F'OC, suy ra

F,C_=CE,.i.thVEI(JIZ}IaC(i:QA e .CE,.E=I (3)

FA" CA'y QO y-x CA' y

Tir (1) va (3), ta suy ra Q trung vGi Q’, két thic chimg minh.



Cach 2 :

St dung lai két qua vi du 2 (dung thém céc di€ém M, N), sau d6 chimg minh ba
dudmg thing BC, MN va F'G dong quy. Goi Q la giao diém cua MN va F'G,
goi Q' 1a giao diém cua BC va F'G.

QG GN GN BC _ QG

=——, suy ra Q trung Q".

Taco ti sO = = : =, S——
QFF FM BC FM QF .

3.90. Huwomg ddn. Goi A, B, C, lin luot
Ia trung diém cua BN, NA, AB, khi d6
cdc diém I, J, K ldn luot thuoe B,C,,
C,A;, AiBy.

IC, KB, JA, _,.

IB, KA, IC,

Tir d6 suy ra diéu phai chimg minh.

(C6 thé giai bai todn nay bang phuong

phip dién tich). ¥ Hinh 3.134

Ta chimg minh :

CHUONG IV. HiNH LANG TRU DUNG - HINH CHOP DEU

Chuyén dé 1
HINH LANG TRU DPUNG

4.1. (h. 4.15) Goi P la trung diém cta A'D thi MP // AD;

MP=LAD:
2

Suy ra MP // NC' va MP = NC. Do d6 MPCN Ila
hinh binh hanh nén MN//PC' hay MN // mp
(A'CD).

4.2.'Goi O 12 tam cta hinh vuong ABB'A’; O' 1a tam ctia hinh vuong DCCD'. Giao
tuyén ctia hai mat phiang (BCD'A’) va (ADC'B)) 1a OO".

Hinh 4.15
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4.3.

4.4,

4.5.

4.6.

4.7.

4.8.

216

(h. 4.16) Ta ¢6 AB' = AD’; B'AD'=60" nén -

AABD' déu. Ma BD? = 2A'B”, 5 /" Y
AB” = AB? + BB, BD' = AB' suy ra: BB' = AB. g g *
Do d6 hinh hop da cho Ia hinh 13p phuong. Viy g 3
S,p = 6h°. 3= Z

Ta c6 AM // C'N; AM = CN nén AMCN 2 hinh Hinh 4.16

binh hanh, suy ra AC' va MN cit nhau tai trung
diém O. Tuong ty MBND' 4 hinh binh hanh nén
BD' va MN cit nhau tai trung diém O; ADCB' la
hinh binh hianh nén AC va DB’ ¢it nhau tai trung
diém O; BCD'A’ 1a hinh binh hanh nén BD' va
CA' ¢it nhau tai trung diém O: ADC'B' 1a hinh
binh hinh nén AC va DB' cit nhau tai trung
diém O. Tur cic két qua trén suy ra cic dudong !
thaing AC: BD; CA"; DB; MN déng quy tai Hinh 4.17
trung diém O cia mdi doan.

Goi a; b; ¢ 1a ba kich thuée cua hinh hop chir nhat, tacé a + b + ¢ = 24; va
2ab + 2ac + 2bc = 376 ;

{a+b+c}2=242<=>az+bz+c:+2(ab+ac+bc)=576<:>a3+bz+c2=200
= d* =200 = d =10V2 (cm).

AB AD AA'
3 4 5
Ap dung dinh If Py-ta-go ta c6: AB> + AD* = AC" <25k’ =25=>k = .

Vay AB=3 (cm); AD =4 (cm); AA"'=5 (cm).
Dién tich xung quanh cta hinh hop chir nhat: S, =2.(3 +4).5=70 (em?).

Theo dé bai ta ¢6: MN la duong trung binh cia ABB'C' nén MN // BC'. Viy
MN // mp(BA'C).

Ta cé: =k=>AB=3k:AD=4k;AA'=5k.

a) Ta c6 OO // BB // CC. Vi BB' L mp 0
(A'BCD') nén 00’ L mp (A'BCD)). il

b) Vi A'B'CD' 12 hinh thoi nén A'C' L BD' (1) Wil
DD' L mp(A'BCD)) nén DD' L A'C @ |
Tie (1) va (2) suy ra: A'C' L mp (BBD'D). A D
Vay: mp(AA'CC) L mp(BB'D'D). Hinh 4.18



4.9. (h.4.19) Ta ¢c6 BMCN la hinh binh hianh nén

MC // BN => MC' // mp(BA'N) (1)
Goi P 12 trung diém A'B.
Khi d6 MP // mp(BA'N) )

Ta c6: MC' < mp(MC'G); MP < mp (MCE).
Két hgp vai (1) va (2) suy ra mp(MPC) //
mp(BA'N) hay mp(BA'N) // mp(MC'G).

Hinh 4.19

4.10. Vi 82 : 10 = 8,2 nén tinh theo chiéu dai ddy thi ta ¢6 thé x€p dugce 8 hinh hop
nho; vi 70 : 10 = 7 nén tinh theo chiéu rong ddy thi ta c6 thé xép duge 7 hinh
hop nho. Vay s6 hinh hop ¢6 thé xép duge 1a 8.7 = 56 hop.

Thé tich ctia hinh hop 16n: V = 82.70.60 = 344400 (cm’).
Thé tich hinh hop nho: v = 10.10.59 = 5900 (cm3).

Thé tich 56 hinh hop nho : V' = 56.5900 = 330400 (cm“)
Thé tich hop khong sir dung 12 V = V' = 14000 (cm”).

4.11. Goi s0 canh ddy cta lang tru la n (n € N: n 2 3). S6 mat la n + 2; s6 dinh la
2n; s6 canh 14 3n. Ta ludn ¢6 : s6 mar + s6 dinh = s6 canh = 2.

Ma s6 mat + s6 dinh + s6 canh = 26. Suy ra s0 canh cua lang tru la:

262 =]2=>n=4,

3n=

S
= 23_0_0_=20 (cm).
h 10

Vay lang tru ¢6 ddy la hinh vuong: S, =2ph = 2p =

Do dai canh diy 12 20 : 4 =5 (cm).
Thé tich cta lang tru: V = S.h = 5%.10 = 250 (cm”).

412.Taco: AC*=d’= AB*+AD*+ AA™; S = 2(AB.AD+ABAA'+ AA".AD).

Ap dung bit ding thicc Co-si ta c6:
AB® + AD*> 2 AB.AD ;: AB> + AA™> 2AB.AA";
AA” + AD’2 2AA".AD

= 2 (AB* + AD? + AA%) > 2(AB.AD +
AB.AA' + AA'.AD)

& 2AC"> 2 (AB.AD + AB.AA' + AA'.AD)
<242 S,




Suy ra dién tich toan phan ¢t hinh hop I6n nhit bang 2d° khi AB=AA'= AD
&> ABCD.A'B'CD' 12 hinh lap phuong.

Viy trong cdc hinh hop chir nhit ¢6 cung duong chéo bang d thi hinh lap
phuong ¢6 dién tich toan phin 16n nhat bing 2d°.

Chuyén dé 2
HINH CHOP DEU
4.13. (Hinh 4.21a) Tacé A AOS vuong tai O (vi SO L AC) suy ra: SA” = SO” + OA”.

AC=ABV2 = IOJE:&AO:%AC*:S\E (cm).

Viy: SO* =SA? —~0A? =50 => SO = /50 = 5V2 (cm).

a) b) C)
Hinh4.21

4.14. (Hinh 4.21b) Vi S.ABCDEH la hinh chép déu nén ddy la hinh luc gidc déu
tam O. Tam gidc AOB dén nén AB = BO = OA =9 ¢m.

Tam gidc SOA vuong tai O nén: SO =SA? —~ A0’ =144 = S0 = 12(cm).
4.15. (Hinh 4.21¢) a). Ta ¢6: SB L mp (ABC) ma AC < mp(ABC), suy ra SB L AC.

b) Vi SB L AC; AB L AC nén: AC L mp(SAB) => AC L SA.
¢) Ap dung dinh Ii Py-ta-go ta ¢é:

SB =VSA? - AB? =i5{Cm):SC=\/5A2+AC2 =5J3_8 (cm):

BC = JAB? + AC2 =152 +202 =25 (cm).

B.h =

217138 = 2166094 (m*).



4.17. a) Tac6d SA L SC: SA L SBnén SA L mp(SBC)

b) Ap dung dinh Ii Py-ta-go ta c6:
SB=vAB? -SA? =5 ; SC=VAC? -SA? =12 (cm)

= Ssac +Ssap + Sspc = = (SASC + SA.SB+SBSC)

Sxq
1(2.\{5 +2.5+5412) (cm).
2J6 3
=-S SA--———
c) 3 SBC: 3 (em
418. Theodétacé: AB=BC=CD=DA=b; AB =BC=CD'=D

ab
a+b

0O0'=MH =

HN=0'N- 0H=%

f\p dung dinh Ii Py-ta-go vio tam gidc vuong MHN ta c6

2 2

MN = MH? + HN? = ( . ] +[“_"?.]
a+b 2

4ab> +at —2a°b* +b? r
' 4(a+b)'

a + b’
2(a+b)

Syg =(p+p)d=(2a+2b)MN =a’ +b” =S,pcp +Sxpcp

Viy dién tich xung quanh biang tong dién tich hai day

2J3
419, 2) sm},mi‘]—“—{ﬂmﬁ :

12243
Sd;iy nho = 4 = 36‘/~
Syq = 10033 +364/3 = 13643 (cm?)

= , = =9
S"“-I +Sdii) lém +Sdai)' nho — ‘"“’ ?j\/_ (U“ )

Sip

=4d,

Hinh 4.22
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(v6i x 1a chiéu cao mat bén)

2723 _ 173

32 2

4.20. Vi ABCD; A'BCD' la cdc hinh vudong nén
AC=1042; A'C' =632 (h.4.23)
Vé CM L AC thi ACC'M vuoOng can tai M. Vé
A'N LAC thi AAA™ vubng can tai N. Ta ¢é
AAA'N = ACCM nén:

b) (h.4.22) S, =25, , =2. (20 +2 12)x

= 2723 =(20+12)x = x =

AC-MN
2

=2J2 = CC'=CMV2 =4.

AN=CM=A'N=C'M=

Hinh 4.23

_AC=A'C'

Vé dudng cao CH cua hinh thang BBCCtac6 CH = BC——ZBli =2 (cm).

Trong tam gidc vudong CC'H ¢6 C'H = ‘./('.‘('L"z—CH3 =12 (cm).
Dién tich xung quanh caa hinh chép:

] L L] !) o
(BC+BCICH .—44.“‘3”“;"/E =32V12 (cm?).

qu - 4.SBB'C°C o 4.

4.21. Goi a la canh ddy hinh chép: h 1a chiéu cao. Thé tich ban ddu cta hinh chép
la: V, = 1.
3
Gap doi canh ddy va giam chiéu cao mot nira thi thé tich hinh chép lic sau la:
Laa? 0ol ogn= 2V,.
3 2 3
4.22. Vi cdc canh hinh chép déu bing 1 trir SA = x
nén tr giac ABCD la hinh thoi (h.4.24).

a) Ta c6 : ASBD = AABD = ACBD (c.c.c). Do
d6 SO = AO = CO (O la giao diém hai dudng

chéo diy ABCD) hay SO = -%9

Lz s h
Vz—:"i.(zll} ."j'--

Vay ASAC vuong tai A (vi ¢6 trung tuyén bing
nura canh tuong ing). Hinh 4.24
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b) Tir gia thiét suy ra ASBD can tai S = SO L BD, ma BD L AC (ABCD la
hinh thoi) nén OB L mp(SAC).

: | |
Lai €6 : Vs apcp=2Visac= 2.5 Sacs: OB, trong d6 : Sycs = — SA. SC % :
Mat khdc, ASAC vuong tai S nén AC=SA2+SCP=x*+1

= AC= Vx> + | va AAOB vuong tai O nén :

2

OB*= AB?-0A%=]-2 : | 208 =[ 3“"-] .

4 2
]
- =
ViysoB=20=2  BodiiVei pocpl XL B a8 . B
2 3 2 2
T o2
Tacé xvV3-x> <2 d G )=§.S yra Vslg:-l—.va)’max\r':-]—.
2 2 6 2 4 4
4.23. Goi x la do dai canh ddy hinh chép tam gidc déu s

S.ABC, dudng cao mat bén la SI.

'1":1«:6:s:|2=s;a€---AF:.?.F_"T

2 3
s gy XA =K
2
Dién tich xung quanh hinh chép :
3" 39
SE8: Skng S8, AB S 8 =X Hinh#23
2 2
2 2 2
B i 4a° -x*
Co xvda?-x* <X il ; E }=233.Suyrd5£%.23‘=% a”.

(D4u bang xay ra khi va chi khi : x* = 2a” < x = av2).

4.24. a) AABC déu, nén dudmg trung tuyén Al ciing 1a dudng cao
= Al L BC. Mat khiac, SA L BC (vi SA L mp(ABC)) = BC L mp(SAI)
= mp(ABC) L mp(SAl).

b) Goi H 1a truc tam ASBC. Trong mp(SAI), tir H dung dudng thing d L SL.
Pudng thing d cét Al tai G.
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Do BC L mp(SAl) nén BC L d. Tir d6 : X
d L mp(SBC)=d L SB

Mat khic : CH L SB (H la truc tam ASBC)
nén SB L mp(CHG).

Do d6 : SB L CG.

Lai ¢6: SA L CG (vi SA L mp (ABC) ¢6 chira
CG) = CG L mp(SAB)

suy ra CG L AB. Kéthgp AG L BCtaco G la
true tam AABC.

¢) Goi E la trung diém AB. Khi d6 KE Ia
dudmg trung binh cua ASAB nén KE // SA.
Trong mp(SAB) ¢6 : SA L AB nén KE L AB.
Lai c6: CE L AB = AB L mp(CKE).

Vay CK luén nim trong mat phing ¢6 dinh vuong géc vai AB tai trung diém
cua AB.

Hinh 4.26

- 3
4.25. Goi H la trong tam AABC. AH cat BCtaiM = MB=MC = E;u (h.4.27).

AMAB vuong tai M nén

S
2 2 3 " l; 2 7. 2
AM?= AB?~ MB? = 9a? - 22~ 272
4 4
J2742 5
Suyra: AM = i :AH=§AM
3 . A
_N27a® 2 V274 -
5 3 3 M
ASAH vuong tai H nén SH” = SA” - AH’ ¢
— 432 - 27 = az_ Viy AH =a. Hinh4.27
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