Thanh My, ngay 15/7/2011
] ) Chuyén dé1 ) A
TINH CHAT CHIA HET CUA SO NGUYEN

I. Muc tiéu

Sau khi hoc xong chuyén dé hoc sinh c6 kha ning:

1.Biét van dung tinh chit chia hét cia s6 nguyén dé chimg minh quan hé chia hét, tim s6
du va tim diéu kién chia hét.

2. Hiéu cac budc phan tich bai toan, tim huéng chimg minh

3. C6 ki nang van dung cac kién thire duoc trang bi dé giai toan.
I1. CAc tai liéu hd tre:

- Bai tdp nang cao va mdt sé chuyén dé toan 8

- Toan nang cao va cac chuyén dé dai so 8

- B6i dudmg toan 8

- Nang cao va phat trién toan 8

III. Noi dung

1. Kién thirc cin nhé

1. Chirtng minh quan hé chia hét

Goi A(n) 1a mot biéu thite phu thudc vao n (neN hoidcn €Z)

a/ Dé chiing minh A(n) chia hét cho m ta phan tich A(n) thanh tich trong d6 c6 mot thira
s6 lam

+ Néu m 12 hop s6 ta phan tich m thanh tich céc thira s6 d6I mot nguyén t6 cung nhau roi
chiing minh A(n) chia hét cho tét ca cac s6 do

+ Trong k s6 lién ti€p bao gid cling ton tai mot s6 1a boi cua k

b/. Khi chiing minh A(n) chia hét cho n ta ¢ thé xét moi trudng hgp vé s6 du khi chia m
chon

*Vidul:

C/minh ring A=n*(n’- 7)>— 36n chia hét cho 5040 v&i moi s tu nhién n

Giai:

Ta c6 5040 =2*.3°.5.7

A=n’(n’*- 7)’-36n = n.[ n*(n*-7)* - 36 ] = n. [n.(n>-7 ) -6].[n.(n*-7 ) +6]
=n.(n*-7n — 6).(n*>-7n +6)

Talai c6 n*>-7n—6 =n’+ n*> —n* —n — 6n -6 = n’.(n+1)- n (n+1) -6(n+1)
=(n+1)(n*-n-6)= (n+1 )(n+2) (n-3)

Tuong tu : n*-7n+6 = (n-1) (n-2)(n+3) d

Do d6 A= (n-3)(n-2) (n-1) n (n+1) (n+2) (n+3)

Ta thdy : A l1a tich cia 7 s6 nguyén lién ti€p ma trong 7 s6 nguyén lién tiép:

- To6n tai mOt boi sG cia5 (nén A @ 5)

- To6n tai mot boi cua7 (nén A : 7))

- Toén tai hai boi cia3 (nén A : 9 )

- Tén tai 3 boi ctia 2 trong d6 ¢6 boi cia 4 (nén A : 16)

Vay A chia hét cho 5, 7,9,16 d6i mot nguyén té cung nhau = A : 5.7.9.16= 5040
Vi du 2: Chung minh rang vGi moi s nguyén a thi :

a/ a> —a chia hét cho 3

b/ a’-a chia hét cho 5

Giai:

a/ a>-a = (a-1)a (a+1) 1a tich ctia cdc s6 nguyén lién ti€p nén tich chia hét cho 3

b/ A= a’>-a = a(a’-1) (a’>+1)

) Céach 1:




Ta xét moi trudong hgp vé s6 du khi chia a cho 5
. Néua=5k(keZ)thiA:5 (1)
- Néu a= 5k +1 thia*1=(5k*+1)%-1=25k+ 10k: 5 =A :5 (2)
- Néu a= 5k +2 thi a’+1 = (5k+2)’+ 1 =25k>+20k+5 =A : 5 (3)
Tu (1),(2),3) =>A :5, Vne Z
Cach 2: |
Phan tich A thanh mot tong cua hai s6 hang chia hét cho 5 :
+ Mot sO hang la tich cua 5 s6 nguyén lién tiép
+ Mot sO hang chira thira s6 5
Taco : a*-a = a( a’~1) (a’+1) = a(a’1)(@>-4 +5) = a(a’-1) (a’-4) + 5a(a’-1)
= a(a-1)(a+1) (a+2)(a-2)- 5a (a’-1)
Ma = a(a-1)(a+1) (a+2)(a-2) : 5 (tich cha 5 s6 nguyén lién tiép )
Sa(a*1):5
Dod6 a’-a : 5
* C4ch 3: Dua vao céch 2: Chitng minh hiéu a’-a va tich clia 5 s6 nguyén lién tiép chia
hét cho 5.
Ta co:
a’-a —(a-2)(a-Da(a+1)(a+2) = a>-a — (a’- 4)a(a’-1) = a’-a - (a’- 4a)(a’-1)
=a-a -a +a +4a’ -4a=5a’-5a:5
= a’-a —(a-2)(a-Da(a+1)(a+2) : 5 ]f
Ma (a-2)(a-1)a(a+1)(a+2) : 5 — a’-a : H(Tinh chit chia hét cia mot hiéu)
¢/ Khi chitng minh tinh chia hét cua cic luy thira ta con st dung cdc hang dang thic:
a"—b"=(a—b)(a"" + a"’b+ a" b*+ ...+ab" >+ b™") (HDT 8)

a"+b"=(a+b)(a" - a"b+ a"b’ - ...- ab™+ b)) (HDT 9)
- Str dung tam gidc Paxcan:
1
|
1 2 1
1 3 3 1
1 4 6 4 1

Mbi dong déu bat dau bang 1 va két thic bang 1

Mai s6 trén mot dong (k€ tir dong thit 2) déu bang so lién trén cong véi s6 bén trai cua s6
lién trén.

Do doé: V6i Va,b € Z,n eN:

a" — b" chia hét cho a—b( a=Db)

a”™! 4+ b™™! chia hét cho a + b( a#-b)

(a+b)" = Bsa +b" ( BSa:B0i s6 cua a)

(a+1)" = Bsa +1

(a-1)"" = Bsa +1

(a-1)™' = Bsa -1

* VD3: CMR v6i moi s6 tu nhién n, biéu thic 16" — 1 chia hét cho 17 khi va chi khi n 1a
sO chan.

Giai:

+ Céch 1: - Néu n chan: n = 2k, ke N thi:

A =16 -1 =(16%" — 1 chia hét cho 16° — 1( theo nhi thiic Niu Ton)
Ma16°—1=255:17.Vay A: 17

-Néunléthi:A=16"-1=16"+1-2manléthi 16"+ 1: 16+1=17 (HDT 9)

= A khong chia hét cho 17

+Cich2: A=16"-1=(17-1)"—=1=BS17 +(-1)" - 1 (theo cong thiic Niu Ton)

- Néu n chin thi A =BS17 + 1 — 1 = BS17 chia hét cho 17
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- Néunlé thi A=BS17—-1-1=BSI17 -2 Khong chia hét cho 17
Vay biéu thitc 16" — 1 chia hét cho 17 khi va chi khi n 12 s6 chdn, ¥V n eN
d/ Ngoai ra con dung phuong phdp phan chiing, nguyén 1y Dirichlé dé chiing minh quan
hé chia hét.
. VD 4: CMR t6n tai mot boi ciia 2003 ¢6 dang: 2004 2004....2004
Giai: Xét 2004 s6: a, = 2004

a, = 2004 2004

a, = 2004 2004 2004

A4 = 2004 2004...2004

2004 nhém 2004

Theo nguyén 1y Dirichle, ton tai hai s6 ¢6 cung s6 du khi chia cho 2003.
Goi hai s6 d6laa, vaa, (1 <n<m <2004) thia, - a, : 2003
Ta c6: a, - a, =2004 2004...... 2004 000...00

— —

—

m-n nhom 2004 4n
hay a,, - a,=2004 2004...... 2004 . 10™
m-n nhém 2004
ma a,- a, : 2003 va (10", 2003) =1
nén 2004 2004...... 2004 : 2003

[ —

m-n nhom 2004
2. Tim s6 du
* VDI1:Tim s6 du khi chia 2'®
a/cho 9 b/ cho 25
Giai:
a/ Luy thira ctia 2 sat v6i boi cia 9122’ =8 =9 — 1
Taco:2'"=2.2"=2.(2°)*=2(9-1)" =2(BS9 -1) ( theo nhi thitic Niu Ton)
=BS9—-2=BS9+7
Vay 2'% chia cho 9 du 7
b/ Lu thira ciia 2 gan v6i boi cia 25122 1% = 1024 =1025 — 1
Ta co:
210 221910 = (11025 -1)"°=BS 1025 + 1 = BS 25 +1 (theo nhi thitc Niu Ton)
Vay 2'% chia cho 25 du 1
* VD2: Tim 4 chit s6 tan cuing ctia 5'%** khi viét trong hé thap phan
Giai:
- Cich 1: Ta c6: 1994 = 4k + 2 va 5*= 625
Ta thdy sO tan ciing bang 0625 khi nang 1én Iuy thira nguyén duong bét ki van tan cing
bang 0625
Do d6: 5" = 5%=(5"*. 5% = 25. (0625)* = 25.(...0625)= ...5625
- Cich 2: Tim s6 du khi chia 5'°* ch 10000 = 2*.5*
Ta thay 5* — 1 = (5" = 1*chiahét cho 5* = 1 = (5> + 1) (5°- 1) : 16
Tacé 5" = 55" — 1) + 5°ma 5° : 5* va 5'% — 1 = (5**7 — I chia hét cho 16
= (5", 555" — I)chia hét cho 10000 con 5°= 15625
=599 = BS10000 + 15625 = 5'°* chia cho 10000 du 15625



Vay 4 chit s6 tan cung cua 5" 1a 5625
3. Tim diéu kién chia hét
* VDI1: Tim s6 nguyén n dé gid tri ctia biéu thitc A chia hét cho gi4 tri ciia biéu thiic B:
A=n’+2n’-3n+2; B=n’-n
Giai:
n’+2n’>-3n+2 n’—n
n’—n> n+3

3n* -3n+2

3n*-3n

2

Taco: N +2n*-3n+2=(m*-n)(n+3) + 2

!’32 —-n
Do d6 Gi4 tri ciia A chia hét cho gid triciaB < n*—n eU(2)
< 2 chiahét chon(n—-1)
<> 2 chia hét cho n

Ta c6 bang:
n 1 -1 2 -2
n-—1 0 -2 1 -3
nn-1) 0 2 2 6
Loai T/m T/m Loai

Vay v6in = -1, n =2 thi gid tri cha biéu thitc A chia hét cho gi4 tri cua biéu thiic B
. VD 2: Tim s6 nguyén n dé n’ + 1 chia hét chon’ + 1
Giai:

n°+1: n+len’+n’-n*+1: n’+1

o+ 1)-(nP-1) e n’+1
sh-Dn+1):m+h)n*=n+1)

on—1:n"—n+1

—=nn-1):n"—n+1

Hayn’—n:n’—n+1

=@ -n+1)-1:n"—n+1

= 1l:n —n+1

Xét hai truong hop:

+n’-n+l1l=1=n"-n=0<nn-1)=0 <n=0,n=1 thilai thay t/m dé bai
+n’-n+1=-1 < n*—n+2=0,khong c6 gid tri cia n thoa man

o VD 3: Tim s6 tu nhién n sao cho 2" - 1 chia hét cho 7

Giai:

Ta c6 lu§ thira cia2 gan véi boicia7122°=8=7+ 1
- Néun=3k(k eN)thi2" - 1=2* -1 =2 -1=85-1%8-1=7
Néun=3k+1(k eN)thi2" - 1=2*"_-1=8.2-1=28"-1)+ 1
=2.BS7T+1
=2" - 1 khong chia hét cho 7
- Néun=3k+2(k eN)thi2" - 1 =22 _1=42% |
= 4(8-1)+3=4BS7+3
=2" - 1 khong chia hét cho 7
Vay 2" - 1: 7 n=3k (k eN)
2. Bai tdp
Bai 1: Chitng minh rang:
a/n’ + 6n” + 8n chia hét ch 48 v6i moi s6 n chin
b/ n* — 10n? + 9 chia hét cho 384 v6i moi so n 1é
Giai



a/ n”’+6n°+8n=n(n*>+6n+8) =n(n’+4n+2n+8)=n[nn+4)+ 2(n+4)]
=n(n+2)(n +4)

V6i n chin, n = 2k ta ¢6:

n’ +6n° + 8n =2k(2k + 2)(2k +4)=8.k. (k+ Dk +2) : 8

b/n*=10n* +9=n*-n"-9n*+9 =n’(n’- 1)-9(n* - 1) = (n* = 1)(n*- 9)
= (n— 1)(n+1)(n-3)(n+3)

VGinlé, n =2k +1, ta cé:

n*—10n* +9=2k+1 - D2k + I1+1)2k + 1 = 3)( 2k + 1 +3)

= 2k(2k+2)(2k-2)(2k+4)= 16k(k+1)(k-1)(k+2) : 16

Bai 2: Chitng minh rang

a/ n® + n* -2n” chia hét cho 72 v6i moi s6 nguyén n

b/ 3" — 9 chia hét cho 72 v6i moi s6 nguyén duong n

Giai:

Ta c6: A= n® + n* -2n* = n’(n*+n” -2)= n’(n* + 2n*> —n® — 2)=n*[(n” +2)- (n* +2)]

=n’(n’ + 2)(n’ - 1).

Talai ¢6: 72 =89 v6i (8,9) =1

Xét cac truong hop:

+V6in=2k=A=(2k)’2k + 1) 2k -1)(4k* +2) = 8K’k + 1) 2k -1)(2k* +1) : 8

+Voin=2k+1 =>A=2k+ 1)’k +1 — 1)’= (4k> + 4k +1)4k> : 8

Tuong tu xét cic trudng hop n = 3a, n= 3a + | dé chitng minh A: 9

Vay A: 89 hay A: 72

Bai 3: Cho ala s6 nguyén t6 16n hon 3. Chiing minh ring a’ — 1 chia hét cho 24

Giai:

Vi a’ 12 s6 nguyén t6 16n hon 3 nén a 1é = a’ 1a s6 chinh phuong 1¢

=>a’ chia cho 8 du 1

— a’— 1 chiahétcho8 (1)

Mat khac ala sO6 nguyén t0 16n hon 3= a khong chia hét cho 3

—=a’1a s6 chinh phuong khong chia hét cho 3 = a* chia cho 3 du 1

= a’— 1chiahétcho3 (2)

Ma@3,8)=1 (3)

Tur (1), (2), (3) = a’ — 1 chia hét cho 24

Bai 4: Chitng minh rang:

Néu s6 tu nhién a khong chia hét cho 7 thi a° -1 chia hét cho 7

Giai:

Bai toan la truong hop dac biét cua dinh 1y nho Phéc ma:

- Dang 1: Néu p la s6 nguyén t0 va a la mot s6 nguyén thi a° — a chia hét cho p

- Dang 2: Néu a 1a mot s6 nguyén khong chia hét cho s6 nguyén (6 p thi a”'-1 chia hét

chop

That vay, taco a®-1=(a* + 1) (a’- 1)

- Néua=7k +1(keN)thia’=(7k + 1)’=BS7+ 1 = a’-1:7

- Néua=7k +2(k eN)thia’=(7k + 2)°’=BS7 + 2°=BS7 + 8= a’-1:7

- Néua=7k +3(k eN)thia’=(7k + 3)’=BS7 + 3*°=BS7T + 27=> a’ +1: 7

Ta luon c6 a’ + 1 hoic a’ — 1 chia hét cho 7. Vay a®— 1 chia hét cho 7

Bai 5: Ching minh rang:

Néu n 1a 1ap phuong ciia mot s6 tu nhién thi (n-1)n(n + 1) chia hét cho 504

Giai:

Ta c6 504 = 3* . 7.8 va 7,8,9 nguyén t6 ciing nhau timg doi mot

Vi n 1a lap phuong ctia mot s6 tu nhién nén dit n = a’

Can chiing minh A=(a’-1)a’(a’ + 1) chia hét cho 504

Ta c6: + Néu a chan= a’ chia hét cho 8

Néu alé= a’-1va a’ + 1 1a hai so chin lién ti€p=(a’-1) (a’ + 1) chi hét cho 8
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Vay A: 8,1949 VneN (1)
+Néua:7 =27 = A7
Néu a khong chia hét cho 7 thi a°— 11 7= (a’-1) (2’ + 1) : 7(Pinh 1i Phéc ma)

Vay A: 7, v ¥vneN (2)
+Néua:3 =2a9= A:9
Néu a khong chiahde cho3 = a=3k + 1= a’=(3k + 3)’=BS9+ 1
—a’—1=BS9+1-1:9

a’+1=BS9-1+1:9
Vay A: 9, vvneN (3)
Tu (1),(2),(3) >A:9, vVneN
Bai 6: Tim s6 tu nhién n dé gid tri cua biéu thic sau 1a s6 nguyén to:

a/ 12n°> — 5n - 25

b/ 8n® + 10n +3
n +3n

C

'

Giai:

a/ Phan tich thanh nhan ti: 12n> = 5n—25 = 12n* +15n — 20n — 25

=3n(4n + 5) — 5(4n +5) = (4n +5)(3n -5)

Do 12n* — 5n — 25 12 s6 nguyén t6 va4n+5>0nén3n—5> 0.

Talai ¢6: 3n—5 < 4n +5(vin > 0) nén dé 12n” — 5n — 25 1a s6 nguyén t6 thi thira s6 nho
phai bang 1 hay3n-5=1 = n=2

Khi d6, 12n* — 5n — 25 = 13.1 = 13 12 s6 nguyén t0.

Vay v6i n = 2 thi gid tri ctia biéu thidc 12n° — 5n — 25 12 s6 nguyén t6 13

b/ 8n® + 10n +3 = (2n— 1)(4n + 3)

Bién doi tuong tu ta duoc n = 0. Khi d6, 8n? + 10n +3 12 s6 nguyén to 3

3
o/ A= n +3n

. Do A 1a s tu nhién nén n(n + 3) : 4.

Hai s6 n va n + 3 khong thé cung chdn. Vay hoac n, hodc n + 3 chia hét cho 4

- Néu n =0 thi A =0, khong 1a s6 nguyén to

- Néun =4 thi A=7,las0 nguyén to

-Néu n = 4k voi keZ, k > 1 thi A = k(4k + 3) la tich cua hai thira s6 16n hon 1 nén A la
hop s6

-Néun+ 3 =4thi A=1,khong la s6 nguyén to

-Néun+3=4kvoikeZ, k> 1thi A =k(4k - 3) la tich cta hai thira s6 16n hon 1 nén A
1a hop s0.

n +3n

Vay v6i n = 4 thi la s6 nguyén t6 7

Bai 7: PG vui: Nam sinh cua hai ban

Mot ngay cua thap ky cudi cung cua thé ky XX, mot nhuo khiach dén tham truong gap hai
hoc sinh. Nguoi khach hoi:

- C6 1€ hai em béng tudi nhau?

Ban Mai tra 10i:

- Khong, em hon ban em mot tudi. Nhung tong cdc chit s6 cia nam sinh mdi ching
em déu la s6 chan.

- Vay thi cac em sinh nam 1979 va 1980, ding khong?

Nguoi khach da suy luan the¢ nao?

Giai:

Chif s6 tan cling cua nam sinh hai ban phal 12 9 va 0 vi trong trudng hop nguoc lai thi tong
céc chif s6 cia nam sinh hai ban chi hon kém nhau 1a 1, khong thé ciing 1a s6 chén.



Goi nam sinh ciia Mai 12 1949 thi 1 494a+9 = 19 + a. Mudn tdng nay 12 s6 chén thi ae { [;
3;5;7; 9}. Hién nhién Mai khong thé sinh nam 1959 hoac 1999. Vay Mai sinh nam 1979,
ban ctia Mai sinh nam 1980.

Chuyén dé 2: TINH CHAT CHIA HET TRONG N

Tiét 10-12:
Mot s6 diu hiéu chia hét — Vi du

I.Mét s6 didu hiéu chia hét
1. Chia hét cho 2, 5,4, 25 va 8; 125.
a,a, _,..aa,:2< a2 a,=0;2;4;,68.

aa, .ada,:5< a, =05
a,a,  ..aa,:4 (hoac 25) < aa,:4 (hoac 25)

aa . .aa,'8 (hoic 125) < a,aa,'8 (hoac 125)
2. Chia hét cho 3; 9.

aa, ..aa,:3 (hoaic9) < a,+a, +...+a,:3 (hodc9)

Nhan xét: Du trong phép chia N cho 3 ( hoac 9) ciing chinh 1a du trong phép chia tdng cac chir
s6 cua N cho 3 (hoac 9).

3. Ddu hiéu chia hét cho 11:

Cho 4=..a.a,aa,aa, 411 [(a(, +a,+a,+..)—(a +a, +a; +...)]El 1
4.Ddu hiéu chia hét cho 101
A=.aaaa,aa, A:101 < [(ulao +asa, +...)—(a,a, + a,a; +...):|5101
I1.Vi du
Vidu 1: Tim cdc chit s0 x, y dé:
a) 134x4y:45
b) 1234xy:72
a) D& 134x4):45 ta phai ¢ 134x4y chiahétcho9va5 =y =0hoicy=5
Vé6iy = 0 thi tir 134x409 ta phai c6 143+5+x+4 19 = x+4:9=>x=5
khi d6 ta c¢6 s6 13554
vOi x =5 thitlr: 134x4y:9 taphaicod 143+5+x+4 +5:9
= x:9=x=0;x=9 lic déta c6 2 s6: 135045; 135945.
b) Tacé 1234xy =123400+ xp =72.1713+ 64+ x)1 72 = 64 + x:72
Vi 64 <64+xy <163 nén 64+xy bang 72 hoic 144.
+ V6i 64+ xy=72 thi xy=08, ta c s6: 123408.
+ V6i 64+ xy=14 thi x1=80, ta c6 s6 123480
Vidu2 Tim cdc chitso x,y dé N =7x36y5:1375
Giai:

Ta cd: 1375 =11.125.

Ni125¢ 65125 < y=2

N =7x362511< (5+6+x)—(2+3+7)=12-xi 11 x=1

Vay s6 can tim la 713625

Vidu3 a) Hoiso 4,, =1991...1991 ¢6 chia hét cho 101 khong?

1991501991
b) Timndé 4 :101
Gidi:
a) Ghép 2 chit 6 lién ti€p nhau thi A g, c6 2 cap s6 12 91;19
7



Tacé: 1991.91-1991.19 = 1991. 72 / 101 nén 4, /101
b) 4,:101< n91-n19=72n:101< n:101

TIET 13— 14:
II. MOT SO PINH LI VE PHEP CHIA HET

A.Tom tat lv thuyét

1. Pinh 1v vé phép chia hét:

a) Dinh ly
Cho a, b la cac s6 nguyén tuy y, b= 0, khi d6 ¢6 2 s6 nguyén q, r duy nhat sao cho :

a=bg+r v6i 0<r<|b|, a 12 s6 bi chia, b 1a s¢ chia, q la thuong s6 var 12 s du.
Pac biét véir=0thi a = b.g Khi d6 ta néi a chia hét cho b hay b Ia udc cua a, ky hiéu

ab.
Vay

a:b <> c6 s6 nguyén q sao cho a=b.q

b) Tinh chdt
a) Néu a:bva b:ic thi aic:
b) Néu a:bva bia thia=b
c) Néu a:b, a:cva(b,c) =1 thi aibe
d) Néu ab:c va(c,b)=1 thi a:c
2. Tinh chait chia hét cia moét tong, mét hiéu, mot tich.

a:m .
- Néu . }—)a+b:m
b:m

- Néu u:ml —>a—-b:m

bfmj

- Néu al:m} —>a.b:im
b:m

-Néu aim— a": m (nlaso tu nhién)
3.M¢t so tinh chat khac:

. Trong n so tu nhién lién tiép c6é mot s6 chia hét cho n
o Tich n sb tw nhién lién tiép chia hét cho n!

. A:ia A:ibva(asb)=1 = 4:ab

B.Vi du:

. . : iy . £ ,\ . 2 2 .
1. Chung minh rang v&i moi sO nguyén duong n ta ¢o: (n +n-— l) —1:24
Giai:

A=(n* +n=1) =1=[n(n+1)][(n-1)(n+2)]:4!=24

Bai tap tu luyén:

2. Chimng minh ring

a.n’ +6n° +8n:48 véin chin

b. n* —10n" +9:384 véin 1¢

3. Chimgminh ring : n®+nt - 2n° 72 véin nguyén
4. CMR vo1 moi s6 nguyén a bicu thirc sau:
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a) a(a— 1)— (a+3)(a+ 2) chia hét cho 6.

b) a(a+2) — (a— 7)(a -5) chia hét cho 7.

¢) (a*+ a+ 1)>— I chia hét cho 24

d) n® + 6n* + 8n chia hét cho 48 (moi n chin)

5. CMR v6i moi s6 tu nhién n thi biéu thuc:
a) n(n + 1)(n +2) chia hét cho 6

b) 2n ( 2n + 2) chia hét cho 8.

Tiét 15— 16:
3. Pong du thiic
LLi thuyét dong du:
a) Pinh nghia : Cho s6 nguyén m > 0. Néu 2 s6 nguyén a, b cho ciing s6 du khi chia cho
m thi ta ndi a dong du véi b theo médun m .
Ki hiéu : ¢ = b(modm)
b) Tinh chdt
a) a=b(modm)=a+tc=b+c(modm)
b) a: b(mod m) = na:nb(mod m)

¢) a=b(modm)= " =b"(modm)
d) a =b(modm)=> ac = bc(mod m)
¢) Mot sb hing dang thirc:

. a"—b" a—b
. a"+b":a+b (nld)
. (a+b)" =B(a)+b
1L.Vi du:
1. Ching minh:2° +2%:200
Giai:
29+299=29=5125”112(mod 200) (1)

=27=2" =112" (mod 200) .

1122 = 12544 =12% (mod 200) = 112" =12'" (mod 200)
12'°= 61917364224 = 24(mod 200) .
112" = 24.112(mod 200) = 2688(mod 200) = 88(mod 200)
= 2% =88(mod 200) )
Tu (1) va (2) = 2° + 2°7 = 200(mod 200) hay 2° +2”:200
I11.Bai tip tu luyén:

Sir dung hang ding thirc va dong du
(1961 +1963"* +1965" +2):7
247 1147 )19
(2* +2% 200
(1357 _1)183
(1979" —1981"' +1982):1980
(3+32+3%+..+3)120
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7997

7. (22225555 1+ 5555222 ) 7

Tiét 17— 18:
QUY NAP TOAN HOC
I.LPHUONG PHAP CHUNG MINH
B,: Kiém tra ménh dé ditng véin =1?
B>: Gid sir Ménh dé ding véin =k > 1. Chitng minh ménh dé ding véin=k + 1
IL.VIi DU:
1. Chung minh ring véi moi sé nguyén duwong n thi: 72 + 8157

Giai:

Véin=1:A,=7 +8 =855+57

- Gia stt Ay + 57 nghiala 7" +8%"':57

= A= 70+ 877 =779 4 64,87 = 7(792 + 871 ) + 57.8%°1
Vi 757 + 82! ( gia thiét qui nap) va 57.8%"" 1 57

= Ays . 57

Vay theo nguyén liquinap A =7"7+8"": 57,

*Chii i: Trong truong hop tong qudt véi n la s6 nguyén va n > n,. Thi ta
kiém tra ménh dé ding khin = ny?

IILBAI TAP: ,
Chirng minh : V&in 1a s6 tu nhién thi:
RN L L T X!
1172+ 12 133
(572 +26.5" +8> ):59
(22,;+| 43 );5
(222 +24n+14)18

Ll &

Tiét 19-20
LUYEN TAP

1 A=1ab2c¢:1025

2 B=@=(Sc+l)2

3. E = ab sao cho ab’ =(a+b)

4 Az%z(ﬁ%b)z

HD: ab=(a+b) < (a+bfa+b-1)=9a<9* = (a+b) <9 vi(a+b)=9%k =k=1=a
+b=9-9 =98=72a=8vib=1

5. B= M=(ab+cd)2

HD: Dat x=ab : y=a =99x=(x+y)(x+y-1)< 99

x =99(1)

X¢ét 2 kha nang :
X <99(2)
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(1) = B=9801

x+y=9
x+y-1=11
Q) = - B =2025
x+y=1Ilk B =3025
| (x+y=1=9]

DbS: B =9801;2025;3025
— —\
6. C = abcdef = (abc + def )

——

n

7. H = abed sao cho aa...abb..bce.c+1= {dd...d + IJ

8. Tim xyyl +4z =2’
9. Tinh gid tri cua bicu thuc:
1/ Cho x +y = 3, tinh gia tri A = x* + 2xy + y* — 4x — 4y + 3.
2/ Cho x +y = 1.Tinh gia tri B=x’ + y° + 3xy
3/ Cho x — y=1.Tinh gia tri C = X’ — y’ — 3xy.
4/ Cho x + y=m va x.y = n.Tinh gia tri cac biéu thirc sau thco m,n.
a)x’+ vy b)x’ +y o) x'+y'
5/Chox+y=mva x>+ )12 = n.Tinh gia tri biéu thirc X+ y3 theco m van.
6/ a) Cho a +b +c =0 vaa’+ b® + ¢* = 2.Tinh gié tri cua bt: a* + b* + ¢*.
b) Cho a+b +¢=0vaa’+b>+ ¢’ = 1. Tinh gia tri cua bt: a* + b* + ¢*.
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Chuyén dé 2
SO CHINH PHUONG

I. PINH NGHIA: S chinh phuong 1a sé bang binh phuong dung cia mot sé nguyén.
II. TINH CHAT:
1. S6 chinh phuong chi co thé ¢6 chix s6 tan cung bi’ing 0,1,4,5,6,9 ; khong thé c6 chir

sb tan cung bﬁng 2,3,7,8.

2. Khi phén tich ra thtra ) nguyén t6, s6 chinh phuong chi chira cac thtra ) nguyén t6
voi & mil chin.

3. S6 chinh phuong chi ¢6 thé c6 mot trong hai dang 4n hodic 4n + 1. Khong ¢6 sb chinh
phuong nao c6 dang 4n + 2 hodc4n + 3 (n €N).

4. S6 chinh phuong chi ¢ thé ¢c6 mot trong hai dang 3n hodc 3n + 1. Khong ¢6 s6 chinh
phuong nao c6 dang 3n +2 (n €N).

5. S6 chinh phuong tan ciing bang 1 hodc 9 thi chir sé hang chuc 1a chir sé chin.

S6 chinh phuong tan cuing bang 5 thi chir s6 hang chuc 1a 2

S6 chinh phuong tan cing bang 4 thi chir sé hang chuc 1a chir sé chin.

S6 chinh phuong tan ciing bing 6 thi chir sé hang chuc la chir s6 1é.

6. S6 chinh phuong chia hét cho 2 thi chia hét cho 4.

S6 chinh phurong chia hét cho 3 thi chia hét cho 9.

S6 chinh phuong chia hét cho 5 thi chia hét cho 25.

S6 chinh phuong chia hét cho 8 thi chia hét cho 16.

IIL. MOT SO DANG BAI TAP VE SO CHINH PHUONG

A.  DANGI: CHUNG MINH MOT SO LA SO CHINH PHUONG
Bai 1: Chitng minh rang véi moi sé nguyén x, y thi
A=x+y)(x+2y)(x+3y)x+4y + y4 la s6 chinh phwong.
Tacod A= (x + y)(x +2y)(x + 3y)(x + 4y) +y*
= (x> + 5xy +4y*)(x* + Sxy + 6y°) +y*

Dit x*+5xy +5y°=t (t€ Z) thi
A=(t-y)(t+y) +y' =2y +y ==+ 5xy + 5y
Vix,y,z €EZnénx’ € Z, 5xy € Z, 5y € Z = X +5xy+ 5y’ € Z

Viy A 1a s chinh phuong.

Bai 2: Chirng minh tich ciia 4 s6 ti nhién lién tiép céng 1 luén la sé chinh phwong.
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GQi4sé tu nhién, liéntiépdélan,n+1,n+ 2, n+3 (n €EN). Taco
nn+1)(n+2)(n+3)+1=nn+3n+1)(n+2)+1
=@’ +3n)(n*+3n+2)+1 (%)
Dit n® +3n=t (t € N)thi (*)=t(t+2)+1=C+2t+1=(t+1)
=0’ +3n+ 1)’
Vin€ Nnénn’+3n+1 €N Vayn(n+ 1)(n+2)(n+3)+11a s6 chinh phuong.

Bai3: Cho S=1.2.3+23.4+345+. .. +k(k+1)(k+2)
Chitng minh rang 4S + 1 la s6 chinh phuwong .
Taco k(k+1)(k+2) = i k(k-+1)(k+2).4 = i k(k+1)(k+2).[(k+3) — (k-1)]

= | ke Dk2)(k3) - | kGt D(2)(k-1)
—s=11234-L 0123+ 2345-L 1234+ +1 k@r))(&H2)(k+3) -
4 4 4 4 4 4
k(k+1)(k+2)(k-1) = l k(k+1)(k+2)(k+3)

48 + 1 =k(k+1)(k+2)(k+3) + 1
Theo két qua bai 2 = k(k+1)(k+2)(k+3) + 1 1a sé chinh ph uong.

Bai 4: Cho day s6 49; 4489, 444889; 44448889; ...

Day 56 trén duwoc xdy dung bang cach thém sé 48 vao giita s6 dimg trudc no.
Chiing minh rang tat ca cdc s6 cia day trén déu la sé chinh phwong.
TacO44..488,,.89=44..488.8+1=44..4.10"+8.11...1 +1

(b} S \ I\ ) \ J -

nchitsdé 4 n-1chirsé 8 nchitsdé4 nchirsd § n chir s6 4 n chit 6 1

= 4, 10”9_1.10“+8. =1y

9
_ 410" -4.10" +8.10" =8+9 _ 4107 +4.10" +1
9 9
_ (2.10"+1J 2
L3

Ta thiy 2.10" +1=200...01 ¢ tong cac chir s6 chia hét cho 3 nén né chia hét cho 3

n-1 chit s6 0

(2-103" “J € Z hay céc sb co dang 44...488...89 1a s6 chinh phuong.

U

=

ai 5: Chitng minh rang cdc sé sau day la sé chinh phirong:
A=11..1+44..4+ 1
\_Y_J \ﬂ_i

2nchirsé | nchirsd 4

B=11 I11...1 +66...6+8

AR

2nchirsé ] nt+lchirsd | nchirsd6
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C=44.4+22.2+88.8+7
T T

2nchitsé4 n+lchitsé2 nchirsé 8

" 2 n 2 ; 2
Két qua: A=[103+2] : 32(10;3] : C=(2'103+7]

Bai 6: Chirng minh rang cac sé sau la sé chinh phwong:

a. A=22499..9100...09
H_) H_)

n-2chirsé 9 nchirsé 0

b. B=11...155...56
N W

nchitsé 1 n-1 chirsé 5

a.  A=22410"+99...9.10"*+ 10" +9
=22410"+ (10" =1).10™*+10""+9
=224.10""+10""= 10"+ 10™"' + 9
=1225.10""-90.10"+9
=(15.10"-3)?

= A la s6 chinh phuong

b. B=111...1555...5+1=11...1.10" + 5.11...1 + 1
\_Y_)

—— — ——
nchirsé1 nchirsds nchirsd 1 nchirsd 1
_ 101 ey g 10°=1 107 -10 +95.10 -5+9

2
] la s6 chinh phuong ( diéu phai chirng minh)

_ 10" +4.10" +4 _ 10" +2
9 3

Bai 7:_Chitng minh rdng tong cdc binh phwong ciia 5 s6 tw nhién lién tiép khong thé la
mot so chinh phirong
Goi 5 s6 tu nhién lién tiép d6 1an-2,n-1,n,n+1 ,n+2 (n €N, n>2).
Taco (n2) + (n-1)* + n’ + (n+1)* + (n+2)’ = 5.(n’+2)
Vi n’ khong thé tan cung boi 3 hoic 8 do do n*+2 khong thé chia hét cho 5
= 5.(n’+2) khong 1a sé chinh phuong hay A khong 1a sé chinh phuong
Bai 8: Chuing minh rang s6 c6 dang n° —n® + 2n° + 2n° trong dé n€ N va n>1 khong
phai la 56 chinh phuong
n®—n*+2n’ 20 =n’(n* =0’ + 2n 42 )= [ n’(n-1)(n+1) + 2(nt+1) ]

= o[ (n+1)(n’ = n* +2) ] = n’(nH ). (0 ) — (n*-1) ]
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=n’(n+1)>.(n-2n+2)
V&in€EN,n>1 thin®2nt2=(m-17 +1>(n-1)
van’=2n+2=n’-2(n-1)<n’

Viy (n—1)><n’-2n+2<n’ = n’ - 2n+ 2 khong phai 1a mét s chinh phuong.

B2i 9: Cho 5 56 chinh phwong bat ki ¢é chit s6 hang chuc khdc nhau con chir s6 hang
don vi déu la 6. Chitng minh rang tong cdac chir s6 hang chuc cia 5 s6 chinh phwong do
la mét s6 chinh phwong

Cach 1: Ta biét mot sé chinh phuong ¢6 chir s6 hang don vi 1a 6 thi chir sé hang
chuc cta né 1a sb 1&. Vi vay chir sé hang chuc cua 5 sb chinh phuong di cho 1a 1,3,5,7,9
khi d6 tong ctuia ching bang 1 +3 +5 + 7 + 9 =25 =57 a s6 chinh phuong

Céch 2: Néu mot sb chinh phuong M = a” ¢6 chit s6 hang don vi 12 6 thi chi¥ s6 tan
cungcuaala4hodc6 = a:2 = a’ 4

Theo diu hiéu chia hét cho 4 thi hai chir s§ tan ciing ciia M chi ¢6 thé 1a 16, 36, 56,

76,96 = Tacd:1+3+5+7+9=25=5"1as6 chinh phuong.

Bai 10: Chitng minh rdng tong binh phiong cua hai sé lé bat ky khong phai la mét sé

chinh phuong.

avablénéna=2kt+tl,b=2m+l (Véik, me€ N)

— a’+b? =(2k+1)* + 2m+1)* =4k + 4k + 1 + 4m* + 4m + 1
=4(KP+k+mi+m)+2 = 4t+2 (VSit €N)

Khong c6 s6 chinh phuong nao ¢6 dang 4t + 2 (t € N) do dé a’ + b® khong thé 1a s6

chinh phuong.

Bai 11: Chiing minh rang néu p la tich cia n s6 nguyén t6 dau tién thi p-1 va p+1 khéng
thé la cdc so chinh phirong.

Vi p la tich cta n s6 nguyén té dau tién nén p:2 va p khong chia hét cho 4 (1)

a. Gia sir p+1 1a s6 chinh phuong . Ditp+l =m® (m €N)

Vip chinnén pt+l 1¢ = m’1é = m lé.

Ditm =2k+1 (k €N). Taco m*=4k* + 4k + | = pt+1 =4k* + 4k + 1

=p= 4K + 4k = 4k(k+1) : 4 mau thuan véi (1)

— p+1 1a s6 chinh phuong

b.  p=2.3.5... 1as6 chia hét cho 3 = p-1 c6 dang 3k+2.

Khong c6 s chinh phuong nao ¢é dang 3k+2 = p-1 khong 1a sé chinh phuong .
Viy néu p 1a tich n s nguyén té dau tién thi p-1 va p+1 khong 1a sé chinh phuong

Bai 12: Gia su N = 1.3.5.7...2007.
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Chiing minh rang trong 3 sé nguyén lién tiép 2N-1, 2N va 2N+1 khéng ¢6 s6 nao la sé
chinh phwong.
a. 2N-1=2.1.3.5.7...2007 - 1
C6 2N : 3 = 2N-1 khong chia hét cho 3 va 2N-1 =3k+2 (k €N)
— 2N-1 khong 1a s6 chinh phuong.
b. 2N =2.1.3.5.7...2007
ViN 1é = N khong chia hét cho 2 va 2N : 2 nhung 2N khong chia hét cho 4.
2N chén nén 2N khong chia cho 4 du 1 = 2N khéng la sé chinh phuong.
C. 2N+1=2.1.3.5.7...2007 + 1
2N+1 1¢ nén 2N-+1 khong chia hét cho 4
2N khong chia hét cho 4 nén 2N+1 khong chia cho 4 du 1
— 2N+1 khong 1a s6 chinh phuong.

Bai13: Choa=11...1 ; b=100...05

\ﬂ_} H_)
2008 chir 56 | 2007 chit s6 0
Chitng minh ~ab+1 la so ti nhién.
2008
Cich1:Tacoa=11...1=12""1 - v =100...05=100...0 + 5=10"%+5
2008 chir 56 1 2007 chir 60 2008 chir s6 0 ,
2008 _ 2008 200842 2008 _ 2008
by = Q0P =DA0TAS) L (10°%) +4.10%" -5+9 _ (10* +2
9 9 3
. [ 102% 49 21029 4 0
Jab+1 = | >
LG 3

1 02!){18 + 2

Ta thay 10*°® +2=100...02 : 3 nén €N hay Vab+1 la s6 tir nhién.
\ﬂ_}

2007 chir s6 0
Cach2:b=100...05=100..0-1+6=99...9+ 6=9a+6

2007 chits6 0 2008 chit s6 0 2008 chir s6 9

— ab+1 =a(9a +6) +1=9a" + 6a + 1 = (3a+1)’
= Jab+1 = Ba+1)>=3a+1 EN
B.  DANG 2: TiM GIA TRI CUA BIEN PE BIEU THUC LA SO CHINH PHUONG
Bail: Tim s6 tir nhién n sao cho cdc sé sau la s chinh phwrong:
a. n’+2n+ 12 b. n(nt3)
c. 13n+3 dn’ +n+1589
Giai

a. Vin®+2n+ 12 1a s chinh phuong nén ditn” +2n+ 12 =k (k €EN)

= M*+2n+ )+ 11=kK o K—0mt1)Y =11 & (k+tnt1)k-n-1)=11
Nhan xét thay k+n+1 > k-n-1 va chtng la nhirng sé nguyén duong, nén ta cé thé viét
(k+n+1)(k-n-1)=11.1 < {k+n+1 =11 < {k=6

k-n-1=1 n=4

16



b. DBat r1(n+3)=a2 (n €EN) > n’+3n=a’ < 4n’+ 12n = 4a°
& (4n” +12n +9)— 9 = 4a’
< (2n+3)*-4a°=9
< (2n+3+2a)2n+3-2a)=9
Nhan xét thay 2n + 3 + 2a > 2n + 3 — 2a va chang la nhirng sé nguyén duong, nén ta c6
thé viét 2n+3+2a)2n+3-2a)=9.1 < 2n+3+2a=9 < ntl
2n+3-2a=1 a=2
c.Pat13n+3=y*> (y €EN) = 13(n-1)=y"-16
< Bh-1)=(y+4)(y-4)
= (y+4)(y—-4): 13ma13lasdnguyéntdnény+4: 13 hoicy—4:13
—y=13k + 4 (Véik €EN)
= 13(n—1)=(13k + 4 ¥’ =16 = 13k.(13k + 8)
= n=13k" + 8k + 1
Vayn= 13k* + 8k + 1 (Vi k € N) thi 13n + 3 1a s chinh phuong.
d. Ditn’ +n+1589=m’ (m €N) = (4n’+ 1)’ + 6355 = 4m’
o (2m+2n+1)2m—2n-1) = 6355
Nhan xét thdy 2m + 2n +1>2m — 2n -1 > 0 va ching la nhitng s6 1¢, nén ta c6 thé viét
(2m + 2n +1)(2m — 2n -1) = 6355.1 = 1271.5 = 205.31 = 155.41
Suy ran co thé ¢6 cac gia tri sau: 1588; 316; 43; 28.

Bai 2: Tim a dé cac so sau la nhitng s6 chinh phuong:

a. a’+a+43
b. a + 81
c. @+ 3la+ 1984

Kétqua: a. 2;42;13
b. 0;12;40
c. 12;33;48;97;176;332; 565; 1728

Bai3: Tim $6 tw nhién n > 1 sao cho téang 1]+ 2!+ 3!+ ... +n!lamétsé chinh
phuong .

Véin=1thi1!'=1=1% lasd chinh phuong .

V&in=2thi 1!+ 2! =3 khong la sé chinh phuong

Véin=3thi 1!+ 2! +3!=1+1.2+1.2.3 =9 = 3* 1a s6 chinh phuong

Véin>4tacd 1! +2!1+ 31 +41=1+1.2+1.2.3+1.2.3.4 =33 con 5!; 6!';...: n! déu tan
cung béi 0 do d6 11+ 2!+ 3!+ ...+ n! ¢6 tan cung bai chir s& 3 nén né khong phai 1a sb
chinh phuong .

Viy ¢6 2 sb tu nhién n thoa man dé bai lan=1;n=3.
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Baid: Timn € N dé cac so sau la sé chinh phuwong:

a. n’ + 2004 ( Két qua: 500; 164)

b. (23-n)(n-3) (Kétqua: 3;5;7; 13; 19; 21; 23)
C. W+ dn+97

d. 2"+ 15

Bai5: C6 hay khéng s6 t nhién n dé 2006 + n’ la s6 chinh phirong.
Gia sir 2006 + n” 1a s6 chinh phuong thi 2006 + n*=m’ (m € N)
Tir 6 suy ram’—n°=2006 < (m + n)(m - n) = 2006
Nhu vay trong 2 s6 m va n phai c6 it nhat 1 s6 chan (1)
Mitkhac m+n+m-n=2m = 2s6 m+nvam-n cung tinh chin I¢ (2)
T (1)va(2) > m+nvam—nla2 sdchin
= (m+n)(m - n) : 4 Nhung 2006 khong chia hét cho 4
— Diéu gia sir sai.
Vay khong ton tai s6 tu nhién n dé 2006 + n” 1a sé chinh phuong.

Bai 6: Biétx € N vax>2. Tim x sao cho x(x-1).x(x-1) = (x-2)xx(x-1)
2

Ping thirc da cho dugc viét lai nhu sau:  x(x-1) = (x-2)xx(x-1)

Do vé trai 1a mot s6 chinh phuong nén vé phai ciing 1a mot sé chinh phuong .

Mot s6 chinh phuong chi c6 thé tan cing boi 1 trong céac chit s6 0; 1;4; 5; 6; 9 nén x chi
¢ thé tan cung boi 1 trong cac chiv $6 1;2;5;6;7,0 (1)

Do x la chit s6 nén x <9, két hop voi diéu kién dé baitaco x EN va2<x <9 (2)

Tu (1) va(2) = x chico thé nhan 1 trong cac gia tri 5; 6; 7.

Bing phép thir ta thiy chi c6 x = 7 thoa man dé bai, khi d6 76 = 5776

Bai 7: Tim 56 tw nhién n cé 2 chir s6 biét rang 2n+1 va 3n+1 déu la cac sé chinh
phwong.

Tacd 10 <n<99nén 21 <2n+1 <199. Tim sé chinh phuong 1¢ trong khoang trén ta
duogc 25;49; 81; 121; 169 twong (g véi s6 n bang 12; 24; 40; 60; 84.

S6 3n+1 bang 37; 73; 121; 181; 253. Chi ¢6 121 1a sé chinh phuong.

Vayn=40

Bai 8: Chitng minh rdang néu n la sé tw nhién sao cho n+1 va 2n+1 déu la cdc sé chinh
phuwong thi n la bji s6 clia 24.
Vin+1 va 2n+1 1a céac s6 chinh phuong nén dat ntl = k?,2n+1 =m? (k, m €EN)
Tacomlasdlé = m=2a+tl = m’=4a(atl)+ 1

m2—1 4a(a+1)

== ~ =—— =2a(at
= n 5 5 2a(at1)
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— nchin = nt11¢ = k 1é¢ = Ditk=2b+1 (Véib €EN) = k* =4b(b+1) +1
= n=4b(b+t1) = n:8 (1)
Taco k> + m>=3n+2 = 2 (mod3)
Mit khac k* chia cho 3 du 0 hodic 1, m* chia cho 3 du 0 hoic 1.
Néndé k> + m> = 2 (mod3) thi k> = 1 (mod3)
m’ = 1 (mod3)
- m’-k’:3hay2ntl)—(n+1):3 =n:3 (2)
Ma(8;3)=1 (3)
T (1), (2), 3) = n : 24.

BAai 9: Tim tdt ca cdc s6 tw nhién n sao cho sé 2° + 2" + 2" la s6 chinh phwong .
Giasau 2 +2"+2"=2a> (a €EN)thi
2" = 2> — 48% = (a+48)(a-48)
2P29 = (at+48)(a-48) Vé4ip,q EN;ptq=n vap>q
= aj[48 =2 = 2P-29=96 < 29(2"-1)=2"3
a-

48 =2"
=>q=5vapq=2=p=7
= n=5+7=

Thu lai ta ¢6: 28+ 2" + 2" = 80?

C.DANG 3: TIM SO CHINH PHUONG
Bai 1: Cho A la s6 chinh phirong gom 4 chir s6. Néu ta thém vao méi chik s6 ciia A mt
don vi thi ta dwgc s6 chinh phwong B. Hay tim cdc s6 A va B.

Goi A = abed = k% Néu thém vao mdi chix sé cua A mot don vi thi ta c6 sb
B = (at1)(b+1)(ct1)(d+1)=m’ voik,m €ENva32<k<m<100
a,b,c,d EN:;1<a<9;0<b,c¢,d<9

= Ta co Ai= abed =k’
=abcd + 1111 = m?
- m’—k* =1111 < (m-k)(m+k)=1111 (¥
Nhan xét thay tich (m-k)(m+k) > 0 nén m-k va m+k 1a 2 sé nguyén duong.
Va m-k < m+k <200 nén (*) c6 thé viét (m-k)(m+k)=11.101

Do do —k== = 56 < 1{ 2025
mit+ k=101 r{ 3136
Bai 2: Tim 1 56 chinh phwong gom 4 chir s6 biét rang sé gom 2 chit s6 dau lom hon s6

gom 2 chir s6 sau 1 don vi.
Ditabed=k’tacéab—cd=1 vak €N, 32<k<100
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Suy ra 101cd = k> — 100 = (k-10)(k+10) = k +10 : 101 hodc k-10 : 101
Ma (k-10; 101)=1 = k+10 : 101

Vi32<k<100nén42 <k+10 <110 = k+10=101 = k =91

— abed =917 = 8281

Bai 3: Tim 56 chinh phwong c6 4 chir s6 biét rang 2 chir s6 dau giong nhau, 2 chit sé
cuéi giong nhau.

Goi s6 chinh phuong phai tim 14 aabb =n’ véia,b € N, 1<a<9;0<b<9

Ta c6 n® = aabb = 11.a0b = 11.(100a+b) = 11.(99a+atb) (1)

Nhan xét thdy aabb : 11 = a+b: 11

Mal<a<9;0<b<9nénl<ath<18 = atb=11

Thay a+b = 11 vao (1) dugc n° = 11°(9a+1) do d6 9a+1 1a sé chinh phuong .

Bing phép thir véia=1;2; ...; 9 ta thiy chi c6a= 7 thbamin = b=4

S6 can tim 1a 7744

Bai 4: Tim mt s6 c6 4 chiv sé6 vira la s6 chinh phwong vira la mét ldp phuwong.

Goi s6 chinh phuong d6 1a abed . Vi abed vira 1a sé chinh phuong vira 1a mot 1ap
phuong nén ditabcd =x* =y’ Véix,y €N

Viy’ =x’ nén y ciing 1a mot sé chinh phuong .

Ta c6 1000 < abed <9999 = 10 <y <21 vay chinh phuong = y = 16

= abed = 4096

Bai 5: Tim mot s6 chinh phwong gém 4 chir s6 sao cho chir s6 cudi la s6 nguyén té, cdn
bdc hai ciia s6 d6 cé tong cdc chir s6 la mét s6 chinh phwong.

Goi s phai tim la abed voia, b, c,d nguyénval <a<9;0<b,c,d<9

abed chinh phuong =d € {0,1,4,5,6,9}

dnguyéntd = d=5

Dt abed = k> < 10000 = 32 <k <100

k 12 mot s6 ¢6 hai chir s ma k? ¢6 tan cung bang 5 = k tan cung bing 5

Tong céac chir s6 cia k 1a mot s6 chinh phuong = k = 45
= abed = 2025
Vay s phai tim 1a 2025

Bai 6: Tim 56 tir nhién c6 hai chir sé biét rang hiéu cdac binh phwong ciia 56 do va viét
56 boi hai chit sé ciia 56 do nhung theo thwr tw nguoc lai la mot 56 chinh phuong

Goi s tu nhién co hai chit sO phaitim1a ab (ab €N,1<ab<9)

S6 viét theo thir ty ngugc lai ba

Tacé ab - Ba =110a+b)2—(10b+a)’ =99 (a>—b>): 11 = a° -b*: 11

20



Hay (a-b )(atb ) : 11
Vio<a-b<8,2<atb<18nénatb: 11 > at+b=11
Khidé ab -ba =3°.11%.(a-b)
Dé ab - ba 1a 36 chinh phuong thi a - b phai 1a sé chinh phuong do d6 a-b =1 hoic a
-b=4
e Néuab=1kéthopvéiatb=11 = a=6,b=5,ab =65
Khi d6 65° - 56° = 1089 = 33°
. Néua-b=4kéthop voiatb=11 = a=7,5(loai)
Vay sb phai tim 12 65

Bai7: Cho mét sé chinh phwong c6 4 chir s6. Néu thém 3 vao méi chir s6 do ta ciing
dwpe mot s6 chinh phiong. Tim s6 chinh phwong ban dau
( Két qua: 1156)

Bai 8: Tim 56 c6 2 chir s6 ma binh phwong ciia sé dy bang ldp phwong ciia tong cdc
chit s6 cuia né.
Goi s phai tim 1a ab voi ab€e Nval<a<9,0<b<9
Theo gia thiéttacé: ab = E atb)
< (10atb)’=(a+b)’
— ab la mot lap phuong va a+b 1a mot sé chinh phuong
Pit ab =t (t€ N),a+tb=1%(1€ N)
Vil0<ab<99 = ab =27hodc ab =64
. Néu ab =27 = a+b=91asb chinh phuong
e Néuab=64 = a+b=10khongla so chinh phuong = loai
Viy sb can tim 1a ab = 27

Bai 9: Tim 3 56 lé lién tiép ma tong binh phuwong la mét s6 cé 4 chir sé giong nhau.
Goi 3 s6 1é lién tiép d6 1a 2n-1, 2n+1, 2n+3 (n € N)
Tacé A=(2n-1)+(2n+t1)>+(2n+3)* =12n°+ 12n+ 11
Theo dé bai ta dit 12n*+ 12n+ 11 =aaaa = 1111.a véialéval <a<9
= 12n(n+1)=11(10la—1)
= 10la—1:3 =2a—1:3
Vil<a<9nénl <2a-1<17va2a-11énén2a-1€ {3;9;15}
=a€ {2;58}
Viale > a=5=n=21
3 s can tim 1a 41; 43; 45
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Bai 10: Tim 56 ¢6 2 chik s6 sao cho tich cia sé d6 véi tong cde chir s6 ciia né bang tong
ldp phirong cdc chir s6 ciia s6 do.
ab(at+tb)=a’+b’
o l0at+tb=a’—ab+b’=(a+b)*—3ab
< 3a(3+b)=(atb)(atb-1)
a+bvaa+b— 1 nguyén td cing nhau do do

av{b=3a hodc atb-—1=3a
atb—-1=3+b atb=3+b
=a=4,b=28 hoac a=3,b=7

Vay ab =48 hogcab = 37.

1
Chuyén de 3

Céac phwong phap phan tich da thire thanh nhan tir

I. CAC PHUONG PHAP CO BAN

1. Phwong phap déit nhan tir chung

- Tim nhdn tir chung la nhitng don, da thirc c6 mdt trong tat ca cdc hang tir.
—  Phan tich moi hang tir thanh tich ciia nhdn tir chung va mét nhan tir khdc.

—  Viet nhan tw chung ra ngoai dau ngodc, viét cac nhan twr con lai cua moi hang tu
vao trong dau ngodc (ké ca dau cua chiing).

Vi du 1. Phan tich cac da thirc sau thanh nhan tr.

28a’b” - 21ab” + 14a’b = 7ab(4ab - 3b + 2a)

2x(y —2) + 5y(z—y ) =2(y - 2) = 5y(y - 2) = (y = 2)(2 - 5)

XX =x" (A D) =x"(x+ D —x+ 1)

2. Phwong phap dung hing ding thirc

- Dimng cdc hang dang thirc ddng nhé dé phan tich da thirc thanh nhan .

- Can chit y dén viéc van dung hang dang thirc.

Vi du 2. Phan tich cac da thirc sau thanh nhan tir.

9x%—4=(3x)*-2*=(3x-2)(3x +2)

8 —27a’b® =2’ — (3ab%)’ = (2 — 3ab?)( 4 + 6ab® + 9a’b")
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25x = 10x%y + y* = (5x° — y)’
3. Phwong phip nhoém nhiéu hang tir
—  Két hop cdc hang tir thich hop thanh tirng nhom.
—  Ap dung lién tiép cdc phwong phap dat nhan tir chung hodc dimg hang dang thirc.
Vi du 3. Phan tich cac da thirc sau thanh nhan tu
2x7 = 3x7+2x =3 =(2x" +2x) - (3x* +3)=2x(x*+ 1) = 3(x* + 1)
=(x*+1)(2x-3)
xF —2xy +y =16 =(x—y)’ -4’ = (x—y—4)(x -y +4)
4. Phoi hop nhiéu phwong phip
- Chon cac phwong phap theo thir tir wu tién.
- Dat nhan tr chung.
- Dimmg hang ddng thirc.
- Nhém nhiéu hang t.
Vi du 4. Phan tich cac da thirc sau thanh nhan tir
3xy’ — 12xy + 12x = 3x(y* — 4y + 4) = 3x(y — 2)°
3x’y — 6x%y — 3xy’ — 6axy’ — 3a’xy + 3xy =
=3xy(x’—2y—y*—2ay—a’ +1)
=3xy[(x*—2x + 1) = (y* + 2ay + a’)]
=3xy[(x = 1)~ (y +a)’]
=3xy[x =D =(y +a)]l(x-1)+(y +a)]
=3xy(x-l-y—-a)x—1+y+a)
1. PHUONG PHAP TACH MQT HANG TU THANH NHIEU HANG TU
1. P6i véi da thire bac hai (f(x) = ax’* + bx + ¢)
a) Cach 1 (tach hang tir bac nhat bx):
Bude 1: Tim tich ac, réi phan tich ac ra tich ciia hai thira s6 nguyén bang moi cdch.
a.c =a;.c; =dxcy; =dzC; = ... = d.C; = ...
Buwoce 2: Chon hai thira 56 €6 t(i"ng bcing b, chéng han chon tich a.c = a;.c;voi b = a; + ¢;

Buée 3: Tach bx = ax + cx. Tir dé nhém hai sé hang thich hop dé phan tich tiép.
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Vi du 5. Phéan tich da thirc f(x) = 3x? + 8x + 4 thanh nhan tu.
Huwong dan
- Phantichac =12 =3.4=(-3).(-4) = 2.6 = (-2).(=6) = 1.12 = (-1).(~12)
- Tich cuia hai thira s6 cé tong bang b = 8 la tich a.c = 2.6 (a.c = a;.c).
- Tach 8x = 2x + 6x (bx = ax + ¢x)
Loi gidi
3x3+8x + 4 =3x2+2x + 6x +4 = (3x> + 2x) + (6x + 4)= x(3x +2) + 2(3x + 2)
=(x +2)(3x +2)
b) Cdch 2 (tach hang tir bac hai ax®)
- Lam xuat hién hiéu hai binh phwong :
f(x)=@x>+8x +4)—x*=(2x +2)* = x* = (2x + 2 —=x)(2x + 2 + x)
=(x+2)3x +2)
- Tach thanh 4 s6 hang réi nhom :
f(x) =4x>— x>+ 8x +4=(4x*+8x)— (X’ = 4) =4x(x +2) - (x =2)(x + 2)
=x+2)3x+2)
f(x)=(12x>+8x) — (9x*=4)=... = (x + 2)(3x +2)
¢) Cach 3 (tach hang tur tw do c)
- Tach thanh 4 s6 hang réi nhém thanh hai nhém:
f(x)=3x"+8x+16—-12=(3x"—12)+(8x + 16) = ... = (x +2)(3x + 2)
d) Cach 4 (tach 2 s6 hang, 3 56 hang)
f(x)=(3x*+12x + 12) — (4x + 8) =3(x +2)* —4(x + 2) = (x + 2)(3x — 2)
f(x)=(x*+4x +4)+ (x> +4x) = ... = (x + 2)(3x +2)
e) Cach 5 (nham nghiém): Xem phan III.
Chii y - Néu f(x) = ax’ + bx + ¢ ¢6 dang A> £ 2AB + ¢ thi ta tach nhw sau :
fix) =A’+24AB + B -B* +c=(4+B)’ - (B -¢)
Vi du 6. Phan tich da thic f(x) = 4x* - 4x - 3 thanh nhén tir.

Huwong din
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Ta thiy 4x” - 4x = (2x)? - 2.2x. Tir d6 ta can thém va bot 17 = 1 dé xuét hién hing ding
thirc.

Loi gidi
fx)=@x*—4x+1)-4=02x-1) =22 =2x-3)2x + 1)
Vi du 7. Phan tich da thuc f(x) = 9x* + 12x — 5 thanh nhan .
Loi gidi
Cach I : f(x)=9x>=3x + 15x =5 =(9x" — 3x) + (15x = 5) = 3x(3x 1) + 5(3x — 1)
=(3x-1)3x+5)
Cach 2 : f(x)= (9x*+ 12x +4) -9 = (3x + 2)* = 3* = (3x — 1)(3x + %)
2. Poi véi da thire bac tir 3 tré 1én (Xem muc IIL. Phuwong phiap nham nghiém)
3. Doi véi da thire nhiéu bién
Vi du 11. Phan tich cac da thirc sau thanh nhan tir
a) 2x°-5xy+2y’;
b) X(y-2)+y(z-x)+Z(x-y).
Huwéng din
a) Phan tich da thirc nay tuong tu nhu phan tich da thuce f(x) = ax” + bx +c.
Ta tach hang tur thir 2 :
2x° - Sxy + 2y2 = (2}(2 - 4xy) - (xy - 2y2) =2x(x - 2y) - y(x - 2y)
=(x-2y)2x -y)
a) Nhanxétz-x=-(y-z)-(x-y). Vivay ta tich hang tir thir hai cua da thuc :
X(y-2) + Y (z-x)+2(x-y)=xX(y-2) - y(y-2) - Y'(x - y) + Z(x - y) =
= (-2 -y) - (x-NE -2) = (Y- DX - Y +y) - (X - Yy - 2)(y + 2)
=(x-yNy-2)(x-2)
Chii y :
1) O céub) tacéthétichy-z=-(x-y)-(z-x) (hodgcz-x=-(v-z)-(x-y)

2) Da thirc o cau b) la médt trong nhitng da thirc co dang da thirc dac biét. Khi ta thay x
=y (v = z hodc z = x) vao da thirc thi gid tri ciia da thirc bang 0. Vi vdy, ngodi cach
phdn tich bang cach tach nhw trén, ta con cach phan tich bang cdach xét gia tri riéng
(Xem phan VII).
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III. PHUONG PHAP NHAM NGHIEM
Trudce hét, ta chi y dén mot dinh li quan trong sau :

Dinh li : Néu f{x) c6 nghiém x = a thi f(a) = 0. Khi do, f(x) co mot nhan tir la x — a
va f(x) co thé viét duci dang f(x) = (x —a).q(x)

Luc d6 tach cac so hang cua f(x) thanh cac nhdm, méi nhém déu chira nhan tir
la x — a. Cling can luu y rang, nghiém nguyén cua da thirc, néu co, phai la mot udc
cua hé so tu do.

Vi du 8. Phan tich da thuc f(x) = x* + x* + 4 thanh nhén tu.
Loi gidi

Lan luot kidm tra voi x =+ 1, £ 2, 4, ta thiy f(-2) = (-2)° + (-2)* + 4 = 0. Da thic
f(x) c6 mot nghiém x = -2, do d6 n6 chira mot nhan tir la x + 2. Tir d9, ta tach nhu sau

Cach 1 : f(x)=x’+2x = x> +4=(x"+2x) - (x*—4)=x"(x +2) - (x = 2)(x + 2)
=(x +2)x*—x +2).

Cach 2 : f(x)=(x’+8)+ (x —4)=(x + 2)(x* = 2x +4) + (x = 2)(x + 2)
=(x+2)x*—x +2).

Cach 3 : f(x) = (x> + 4x* + 4x) — (3x* + 6x) + (2x +4)

=x(x +2)* = 3x(x +2) + 2(x +2) = (x +2)(x* = x + 2).

Cach 4 : f(x)=(x’—=x"+2x)+ (2x = 2x + 4) =x(x* = x + 2) + 2(x* = x + 2)

=(x +2)x*=x +2).
Tur dinh 1i trén, ta c6 cac hé qua sau :

Hé qua 1. Néu f(x) c6 tong cac hé sé bang 0 thi f(x) cé mét nghiém la x = 1. Tir dé f{x)
c6 mot nhan tirla x — 1.

Ching han, da thire x* — 5x* + 8x —4 ¢6 1 + (=5) + 8 + (-4) = 0 nén x = 1 1a mot nghiém
cua da thirc. Pa thirc ¢c6 mot nhan tir la x — 1. Ta phan tich nhu sau :

fx)=(x"—x)—(@x*—4x)+ @x—4) =x*(x—1)—4x(x - 1) +4(x - 1)
=(x—1)(x -2’

Hé qua 2. Néu f{x) c6 tong cdac hé s6 ciia cac luy thira bdc chan bang tong cdc hé sé ciia
cac luy thira bdc le thi f(x) co mot nghiém x = —1. Twr do f(x) co mét nhan tirla x + 1.

Ching han, da thire x> = 5x* +3x + 9 ¢6 1 + 3 =—=5 + 9 nén x =—1 1a mot nghiém cua da
thirc. Pa thirc ¢c6 mot nhan tir 1a x + 1. Ta phan tich nhu sau :
fx)=(x+x)) = (6x*+6x)+ (9x +9)=x*(x + 1) —6x(x + 1)+ 9(x + 1)
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=(x+1)(x=3)

f1) =y
Hé qua 3. Néu f(x) cé nghiém nguyén x = a va f(1) va f(~1) khac 0 thi a — 1va a+ 1
déu la sé nguyén.

Vi du 9. Phén tich da thirc f(x) = 4x” - 13x> + 9x - 18 thanh nhén tu.
Huwéng din

Cacudccual8la+1,+£2,+£3 +6,+9, +18.

f(1) =—-18, f(—1) = —44, nén = 1 khong phai la nghiém cua f(x).

D& thdy khong 14 s6 nguyén nén —3, £ 6, £ 9, + 18 khong la nghiém cua f(x). Chi con —
2 va 3. Kiém tra ta thy 3 1a nghiém cua f(x). Do d6, ta tach cac hang tr nhu sau :

f(z) = 42 — 122* — 2 + 3¢ + 62 — 18
— 47Xz —3) —z(x —3)+6(z — 3)(0
=(x—3)@x*—x +6)

L _P

Hé qua 4. Néu (n n—1s-s Q1. 0c)g cac s6 nguyén) cé nghiém hitu i 9q, trong do p,
qg€Zva(p,q)=I, thiplawoc ay, q lawdc dwong cua a, .

Vi du 10. Phan tich da thirc f(x) = 3x’ - 7x* + 17x - 5 thanh nhan .

Huwoéng dan

Cac udc cia —5 la+ 1,+ 5. Thir tryc tiép ta thdy cic sd nay khong la nghiém cua
D

f(x). Nhu vay f(x) khong c6 nghiém nghuyén. Xét céc sb 3 iE, ta thiy 3 1a nghiém
cua da thure, do d6 da thirc ¢c6 mdt nhan tir [a 3x — 1. Ta phén tich nhu sau :
f(x) = (3x° — x°) — (6x” — 2x) + (15x — 5) = 3x — 1)(x* = 2x + 3).
IV. PHUONG PHAP THEM VA BOT CUNG MQT HANG TU
1. Thém va bét cing mot hang tir lam xuét hién hiéu hai binh ph wong
Vi du 12. Phan tich da thirc x* + x* + 1 thanh nhan tir
Loi giai
Cach | :x*+xX*+1=x'"+22+ )-x*=*+ 1) -x*=x—-x+ ) +x+1).
Cach2 : x*+x*+1="-xX+xH)+ X+ D) =x(x"-x+ 1)+ (x+ H*=x+1)
=(x*—x+ 1) +x + 1).

Cach3:x'+xX*+1=x"+x+x)-X-D=xX+x+ 1+ x-DHEE*+x+1)
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=x>-x+ DE*+x+ 1),

Vi du 13. Phan tich da thirc x* + 16 thanh nhan tir
Loi gidi
Cach I :x*+4=x"+4x"+4)—4x> = (" + 2 = (2x)* = (x> = 2x + 2)(x* +2x + 2)
Cach 2:x* +4=(x"+2x> + 2x%) = (2x> +4x* + 4x) + 2x* + 4x + 4)

=(x*=2x +2)(x* +2x +2)
2. Thém va bét cing mét hang tir 1am xuét hién nhén tir chung

Vi du 14. Phan tich da thire x* + x - 1 thanh nhan tr
Loi gidi
Cach 1.

XHx-1=x-x*+x+x* - +x*-x*+x-1
=x(x*-x+1)-xX*x*-x+1)-x"-x+1)
=(x*-x + (X -x*-1).
Cdch 2. Thém va bot x° :
XAx-1=x"+x*-x*+x-1=x3(x>+ 1)—(x2—x+l)
=(x*-x+ D[X*EE+1)-1]=x*-x+ 1)x’-x*-1).
Vi du 15. Phén tich da thire x” + x + 1 thanh nhén tir
Loi gidi
X +x*+l=x"—-x+x*+x+1=x(x*-1)+x*+x+1)

=x(x’= D>+ D+ P+ x+1)
=x(xX’+ D(x-DHE*+x+ 1)+ (x> +x+1)

= +x+ DX -x"=x* -x+1)

Luu y : Cac da thirc dang x>™ "'+ x™" "2

trlax>+x+1.

+ 1 nhu x’+ x>+ 1,x4+ x> + 1 déu chira nhan

V. PHUONG PHAP POI BIEN
Dat an phu dé diwa vé dang tam thirc bdc hai roi sir dung cde phwong phdp co ban.
Vi du 16. Phan tich da thirc sau thanh nhan tur :

x(x +4)(x+6)x+10)+ 128
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Loi gigi
X(x + 4)(x + 6)(x + 10) + 128 = (x* + 10x)(x* + 10x + 24) + 128
bat x>+ 10x +12= y, da thirc da cho c6 dang :
(y-12)(y +12) + 128 = y* - 16 = (y + 4)(y - 4) = (x> + 10x + 16)(x*> + 10x + &)
= (x +2)(x + 8)(x* + 10x + 8)

Nhdén xét: Nhé phuong phap doi bién ta da dua da thic bac 4 déi véi x thanh da
thirc bac 2 di voi y.

Vi du 17. Phan tich da thirc sau thanh nhén ftur :
A=x"+6x+7x"-6x + 1.
Loi gidi

Cach 1. Gia str x # 0. Ta viét da thirc dudi dang :

1

2 2 ;
—_ = 1 T+ — =y + 2
"‘thi 2 =Y

€T
Dit

A =Xy +2+6y +7) =x(y +3)" = (xy +3x)

| !
- [1 (r - f_) - 31] = (% +3x- )2

Dang phan tich nay cling dung vo1x = 0.
Cach 2. A=x"+6x"-2x>+9x? - 6x + 1 =x*+ (6x> -2x*) + (9x* - 6x + 1)
=x'+2x°3x - 1)+ (3x - 1)> = (x> + 3x - 1)~
VI. PHUONG PHAP HE SO BAT PINH
Vi du 18. Phan tich da thirc sau thanh nhan tur :
x*' - 6x° + 12x” - 14x - 3
Loi giai
Thu voi x= £1; £3 khong l1a nghiém cua da thirc, da thirc khong c6 nghiém nguyén

cling khong c6 nghiém hiru ty. Nhu vay da thirc trén phan tich dugc thanh nhén tu thi
phai c6 dang

(x> +ax + b)(x* + ex + d) =x" +(a + ¢)x’ + (actb+d)x* + (ad+bc)x + bd
=x'-6x+12x* - 14x + 3.

Df"mg nhat cac hé sb ta dugc :
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Xétbd=3 v6ib, dIZ bl{x1,+£3}. V&ib =3 thi d =1, hé diéu kién trén tr&
thanh

a—+c=—0
ac =8

atde=—14d_2c=_14_(-6)=-8.Doddc=-4,a=-2.
Vayx'-6x° + 12x% - 14x +3 = (x> -2x +3)(x* - 4x + ).
VII. PHUONG PHAP XET GIA TRI RIENG

Trong phuong phap nay, trudc hét ta xac dinh dang cac nhan tir chira bién cua da
thirc, ro1 gan cho cac bién cac gia tri cu thé dé xac dinh cac nhan tir con lai.

Vi du 19. Phan tich da thirc sau thanh nhan tur :
P= x2(y —-z)+ yz(z— X) + z(x —y).
Loi giai
Thay x boiy thi P = y*(y — z) + y*(z—y) = 0. Nhu vy P chira thira sé (x — y).

Ta thdy néu thay x bdi y, thay y boi z, thay z boi x thi p khong déi (da thirc P c6 thé
hoan vi vong quanh). Do d6 néu P di chira thira s6 (x — y) thi cling chtra thira s6 (y —
z), (z—x). VayP c6 dang k(x —y)(y — 2)(z — Xx).

Ta thiy k phai la hing s6 vi P ¢6 bac 3 ddi voi tap hop cac bién x, y, z, con tich
(x —y)y — z)(z—x) cling co bac 3 ddi vai tap hop cac bién x, y, Z.

Vi ding thic xz(y —-z)+ yz(z —X) + 25 (x — y) = k(x — y)(y — z)(z — x) ding v&1 mo1 X,
y, z nén ta gan cho cac bién x ,y, z cac gia tri riéng, ching han x =2, y=1,z=0ta
duoc:

41+1.(-2)+0=k.1.1.(-2) suyrak =1
VayP=—-(x-y)y-2)(z—x) = x-y)(y —2)(x — 2)
VIII. PHUONG PHAP PUA VE MQT SO PA THUC PAC BIET
1. Pua vé da thirc : a°> + b* + ¢’ - 3abe
Vi du 20. Phan tich da thirc sau thanh nhan tu :
a) a’+b’+ ¢’ - 3abe.
b) (x-y)'+(y-2"+@z-x)",

Loi gidi
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a) a’+b’+c’-3abc=(a+b) -3a’b-3ab’+ ¢’ - 3abc
=[(a+b) +c’]-3ab(a+b+c)
=(@+b+c)(at+b)-(atb)c+c’]-3aba+b+c)
=(a+b+c)(a2+b2+02-ab—bc-ca)
b) DPit x-y=a,y-z=b,z-x=cthia+b+c. Theocaua)taco:
a’+b’+c¢-3abc=0Dba’ +b’+c’=3abc.

Vay (x-y)' +(y-2) +(z-x)’ =3(x - y)y - 2)(z - X)
2.Puavédathic:(a+b+c)P-a’-b’-¢

Vi du 21. Phan tich da thirc sau thanh nhan tir :
a) (a+b+c)3-a3—b3-c3.
b) 8x+y+2z)’-(x+y)-(y+2)’-(z+x)"
Loi gidi
a) (at+tb+ey-a’-b’-=[at+b)+c]’-a’-b-¢°
=(@a+by+c+3catb)atb+c)-a’-b’-¢°
=(a+b) +3c(atb)at+b+c)-(atb)a®-ab+b?)
=(a+b)(at+b)’+3catb+c)-(a’-ab+b?)]
=3(a+b)(ab +bc+ca+c?)=3(+b)ba+c)+clatc)
=3(at+b)(b+c)c+a).
b) baitxt+y=a,ytz=b,z+tx=cthiatb+c=2(a+b+c).

Da thirc da cho codang : (a + b Jrc)3 -a’-b’-¢?

Theo két qua cau a) ta co :
(a+b+c)-a’-b’-c’=3(@+b)b+c)c+a)
Hay 8(x +y+2)’ - (x +y)’ - (y +2)’ - (z + x)’

=3x+2yt+tz)(y+t2z+x)(z+2x+Yy)

IL. Bai tap:

Bai tap 1: Phan tich da thirc thanh nhan tir.

31



1.

2
3
4
5.
6
7
8

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
Bai tap 2: Phan tich da thirc thanh nhan tir.
23.

1.

o ®© 2 »n oW

16x°y + 0,25y7’
x ' —4x’ + 4x°
2ab* —a’b - b’
a’+a’b—ab’-b’
x> +x*—4x -4
x’—x'—x+1
x*HxPHx -1
x 32+ 1-x?—y?
x4 —x*+2x -1
3a—3b+a’—2ab +b’
a’+2ab+b’—2a-2b+1
a’—b’—4a+4b
a’—b’—3a+3b
x®+3x*=3x-1
x*=3x"—=3x+1

X —4x*+4x -1
4a’b>— (2 +b* - 1)

(xy +4)° - (2x +2y)’

(@’ +b* + ab)’ — a’b”> — b’ — ¢%a’

x? —6x + 8
x2—7xy+ lOy2
a’—5a-14
2m’ + 10m + 8
4p* —36p + 56
X’ —5x° — 14x
a'+a’+1
a'+a’-2

x*+4x*+ 8

24.
25.
26.
27.
28.
29.
30.
31.

32

21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.

(a+bJrc)2+(:;1+b—c)2—4c:2
42%b? — (a® + b2 — &)’
at+b'+c'—2a’b* —2b%c* —2a°C?
a(b3—c3) +b(c3—a3) +c(a3—b3)
a®—a*+2a’+2a’
(a+b)’~(a-b)
)(3—3)(2+3x—1—y3

X" x™ i ox-1
x+y)—x' -y
x+y+tz)y-x -y -2
(b-¢)+(c—a)+(a-b)
x3+y3+ 23—3xyz
x+y)-x" -y

(Y)Y (@ =X -+ )

x3—5x2y— 14>(y2
x'—7x*+ 1
4xt—12x° + 1
x>+ 8x +7
x°—13x + 36

x> +3x—18

x* —5x — 24

3x* = 16x + 5
8x* +30x + 7



10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

Bai tap 3: Phan tich da thirc thanh nhan ti.

l.

2
3
4
5
6.
7
8
9

10.
11.
12.
13.
14.
15.

x’—10x - 12
X =7x-6

X —7x +12
x'—5x— 14
4x*-3x—1
3x*—T7x +4
2x°—7x+3

6x’ — 17x* + 14x - 3
4x* - 25x% - 53x — 24
X' —34x” + 225

4x* - 37x*+9

X'+ 3x° +x* = 12x - 20

2x* +5x3 + 13x2 +25x + 15

x'xP+1
x'-3x*+9
x'+3x% +4
2xt—x* -1
x4y4+4
x4y4+64
4x4y4+1
32x*+ 1
x4+4y4

x +x*+1
X+ x+1
x*+x 41
x®+3x*+ 1
x4 x°+ 1

X+ x+1

32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

33

2x*—5x— 12
6x> = 7x — 20

X —7x + 10
x*—10x + 16
3x%— 14x + 11
5x% +8x — 13

x* + 19x + 60
x'+4x7-5

X’ —19x + 30
x>+ 9x” + 26x + 24
4x* — 17xy + 13y
- 7x7 + Sxy + 12y°
x> +4x* - 31x - 70

X - x'-1
x'2-3x%+1
xt-3xt+ 1

a+a'+a’+ta’tatl
m’ —6m’+ 11m -6

X'+ 6x7 + 7x - 6x + 1
X+ 4x% — 29x + 24
LTI S S - S
X +xX+x '+ +xP+1

3 2
—X"—x-2

x> —x*—x
x4
X =x ==+t

a(b’ —¢’) + b(c’ —a’) + c(a’ - b?)



16. x> +x*+1

Bai tap 4: Phén tich da thirc thanh nhan tir.

—

x>+ 2xy — 8y + 2xz + 14yz — 37°
3x2—22xy —4x + 8y + 7y* + 1
12x* + 5x — 12y* + 12y — 10xy — 3
2x* = Ixy + 3y* + 5xz — Syz + 27°
x>+ 3xy +2y* + 3xz + Syz + 27
x* - 8xy + 15y* + 2x — 4y — 3
x'—13x" +36

x*+3x*-2x+3

A R N S

X2 3P 2x 4+ 1

Bai tap 5: Phan tich da thirc thanh nhan ti:
1. a—=by +((b-c)’+(c—a)’

2. (a—x)y’ —(a—y)x’ — (x—y)a’

3. x(y2 - 22) + y(z‘j‘ - x‘?) + z(x‘j‘ - y‘?)

4, x+y+tz)-x-y' -7
5.3x° - 10x*— 8x — 3x* + 10x + 8
6. 5x*+24x’ — 15X — 118x + 24
7. 15%° +29x" — 8x — 12
8. x'—6x> +7x* + 6x—8
9. x>+ 9x +26x + 24

Bai tap 6: Phan tich da thirc thanh nhan tir.
. ab + )b’ —c?) +ba+c)at—c) + c(a + b)a’—b)

—

ab(a—Db) + be(b —c¢) + ca(c — a)
a(b’— ) —b(a’ —c¢) + c(a’ = b?)
xX=y’+(y-2’+(z-x)
x+y) -x"—y

ab(a +b) + be(b + ¢) + ca(c + a) + abc

A A o A

(x+y+z)5—x5—y5—zs
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8. a(b’+ c?) +b(c® +a’) + c(a’ +b’) + 2abc
9. a’(b—c)+b(c—a)+ca—-b)

10. abc —(ab +bc+ac)+(a+b+c)—1
Bai tap 7: Phan tich da thirc thanh nhan tir.
1. (x> +x)P?+4x>+4x— 12

(x> +4x + 8)7 + 3x(x* + 4x + 8) + 2x°

X +x+DEEP+Hx+2)—12
x+1)(x+2)(x+3)(x+4)-24
(x*+2x)*+9x* + 18x + 20

X° —4xy +4y" - 2x + 4y — 35
x+2)(x+4)(x+6)x+8)+16

x+x)+4xE+x)—12

o ® 2N N o~ W D

4(x* + 15x + 50)(x* + 18x + 72) — 3x°
Chuyén dé 1: PHAN TICH PA THUC THANH NHAN TU

Tiét1 > 3:
Céc vi du va phuong phap gidi
Vi du 1: Phén tich da thic thanh nhan tu
a. a(x: + 1)— x(al + l)
b. x—1+x"" —x".
Giai:
a. Dung phuong phép dat nhan tir chung

a(x2 + I)— x(02 + l) =ax’+a-a’x—x
= ax(x - a)— (x —a) = (x —a)(ax - I)
b. Dung phuong phép dit nhan tr chung rdi sir dung hing dang thirc
x—1+x" —x" = x"(x3 —1)+(x ~1)
= x"(x—llxl +x+ l)+(x—])= (Juc—l)[)c”(Jnc2 +x+ l)+1]
=(x- 1)(}:”+2 +x™ X"+ 1)
Vi du 2: Phan tich da thirc thanh nhan tu :
a x" +3x* + 4.
b. x® - x*-2x} +2x7.
Giai:
a.Dung phuong phép tach hang tir rdi sir dung hang dang thirc
X +3x'+4 = (x8+4x4+4)—x4
= (x*+ 2)2 _ (x2)2
=x' -+ +xP+2)
b.Dung phuong phap dit nhan tir chung ,tach hang tir ,;nhém thich hop dé sir dung hing ding
thirc
xb-x* -2+ 2% = >;2(x4 -x%-2x +2)
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= xz[(x4 -2x* + I)+ (x2 —-2x+ I)]
= xz[(x2 —I)2 +(x—1)2]=)cz(x—l)z[()c+1)2 +1]
=Jc2(3c—1)2[)c2 +2x+2]

Vi du 3:
Phan tich da thire thanh nhan tu :

a. 2a’b+4ab* —a*c+ ac® —4b*c + 2bc* — dabc

b.x* +2007x" +2006x + 2007

Giai: ‘

a.Dung phuong phéap tach hang tir r61 nhdm thich hop:
2a’b+4ab’ —a’c+ac® —4b’c + 2bc” —4abc

2a°b +4ab® —a’c+ac’® —4b’c + 2bc* — dabe

=2a’b+4ab®> —a’c—2abc + ac’® —4b*c + 2bc* —2abc =

=2ab(a + 2b)—ac(a + 2b)+ ¢ (a+ 2b)—2bc(a + 2b)

=(a+ 2bx2ab —ac+c? - Zbc)= (a+ 2b)[a(2b —c)—c(2b- c)]

=(a +2b)(2b—cla—c)

b.Dung phuong phap dat nhan tir chung roi sir dung hang dang thure
= (x* = x)+ 2007 +2007x + 2007

4 2007x +206x + 2007 = X(x = 1)’ + x +1)+ 2007(x* + x +1)
= (x* +x+1)x* —x+2007)

Vi du 4: Phan tich da thic thanh nhan tir : a.a” +b° + ¢’ —3abc

b. (a+b+c]“ -a’-b’-c’.

Giai: Su dung cac hang dang thirc

a’+b’ = (a+b)(a2 +b® —ab)

=(a+b)(a+b) —3ab|

= (a + b)3 - 3ab(a + b).Do do:

@ 151 —3abe == |(a+b) +c* |- 3ab(a+b)—3abe

:(a'+£:»+c)[(a'+£:»)2 —(a+b)c+cZJ—3ab(a+b+c)

= (a+b+c)(a'2 +b*+c° —ab—bc—ca)

b. (a+b+c) -da’ b’ -¢° = [(a+b+c)3 —aBJ—(b+c)3

(E;»+c)l(ar+.5;»+{:)3 +a(a+b+c)+azj—(b+clb3 —bc+cz)

= (b+c)3a® +3ab+3bc +3ca)=3(b+c)a+c)a+b)
Vi du 5:Ch0£\1+b+0=0.
Chirng minh rang 2’ + b’ + ¢* = 3abe.
= (a+b) =—c* = a’ +b* +3ab(a+b)=—c

3

Giai: Via+b+c=0 , ; ; , , ;
=a +b’+c¢’ -3abc=0=a’ +b’ +¢’ =3abc
ab

4a’ — b’

Vi du 6: Cho 4a” +b” =5ab, va2a>b>0. Tinh P =
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Giai: Bién d6i4a’> +b> =5ab < 4a’+b”> -5ab=0
< (4a-b)a-b)=0 <=a=h.
ab a’ |
D 4 P: = = —
0do 4a* —b* 3a* 3

Vi du 7:Cho a,b,c va x,y,z khac nhau va khac 0. Ching minh rﬁng néu:

a b c X z 2 2 2
—+—+—=0;—+Z+—=1thi;x_q+y1+z_1:1
X y z a b c a> b
: + bxz+ ox
Giéi:2+£+£:0$ayz bz uy:{):ayz+bxz+cxy:0
X y z xXyz

a b ¢ a b ¢
=X, yﬂ N Z,, +2.ayz+bxz+cxy 1
a b ¢ abc

X )‘2 Z2
= —+ }—.} +—= 1

a- b -

Tiét 4 -9
Bai tip van dung - Ty luyén

1. Phan tich da thuc thanh nhan tu :

a. x° —x—12

b. x> +8x+15

c. x> —6x-16

d. x’—x"+x+3
2. Phan tich da thirc thanh nhan tu :
()c2 —x)2 —2(,\'2 —x)— 15.
3. Phan tich da thirc thanh nhan tir
l@-x)y - (a-yx’+(x - ya’.
2.be(b +¢) + ca(c + a) + ba(a + b) + 2abc.
3Xy+ XY + Xz + X2+ Yy 72+ yZ + 2xyz.
4. Tim x,y thoa man: x> +4y* + 2" =2x + 12y - 4z - 14.
5. Choa+|lb+c+d=0.

Chimg minh ring a’ + b’ + ¢’ +d °= 3(c +d)( ab + cd).
6. Ching minh rangnéu x + y+ z=0 thi :
. 2x°+y +2) = 5>>cyz(x2 + y2 + 22).
7. Ching minh rang véi x,y nguyén thi :
, A=y +(x+y) (x+2y) (x +3y) (x +4y)
la s6 chinh phuong. ]
8. Biéta - b= 7. Tinh gid tri cua biéu thirc sau:
a*(a+1)-b*(b—1)+ab—3ab(a—b+1)
x+y+z=1

2 2 2 )
9. Choxy,z 143 sb thoaman ddng thoi:)* T *Z° =1 Hay tinh gié tri biéu thire

X +y 4z =1
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P=(x—l)]?+(y—1)9+(z—1)199?,
10.

a.Tinh 17 =27 +3> -4 + ...+ 99° —100” +101°.

b.Choa+b+c=9vaa’+b’+c*=53.

Tinh ab + bc + ca.

11. Cho3sd X,y,Z thoa méan diéu kién
Xx+tyt+tz=0vaxy+yz+zx=0.

Hay tinh gi4 tri cia Biéu thire : S = (x-1)"" + (y - 1) + (z+1)*”
, . 1 1 1 1
12.  Cho 3 s0 a,b,c thoadiéukién: —+—+—=—"7"",
a ¢ a+b+c
Tll’lh Q — (aZS + b25)(b3 + 03)(02008 _ aZODS).
00o==
HUONG DAN:

1. Phan tich da thirc thanh nhan tur :
a. x’—x—12=(x-4)x+3)
b. x* +8x+15=(x+3)(x+5)
c. x> =6x—16=(x+2)x—8)
d x* x> +x+3=(x+1)x* = 2x+3)
2. Phéan tich da thirc thanh nhan tu :
(x2 —x)3 —2(x3 —x)—15=(x2 —x—SXx2 —x+3).
3. Phén tich da thirc thanh nhén tur
la-x)y - (a-yx’ + (x-y)a’
=(x-yfx—aly-afx+y+a)
2.bc(b +¢) + ca(c +a)+ ba(a+b) + 2abc
=(a+b)fb+c)c+a)
3Xy+xy + Xz X2+ ¥ 2+ yZh + 2xyz
(x+y)y+z)z+x)
4. X +4y +7=2x+12y-4z- 14
< (=1 +(2y-3)" |+(z-2)
5. Tua+b+c+d=0=(a+b) =—(c+d) Bién déi tiép tadugc :a> + b* + ¢ + d >=
3(c +d)(ab + cd).
X4y 4z =3xz
(x" +y’ +7 sz +y° 4+ zz)z 3xyz(x2 +y% + zz)
6. Néux+y+z=0thi: < X'+ +2° —xyz(xy+ yz +2x) = 3>xyz(x2 +y? +zz)
=S 2(x5 +y° + zs)—Exyz(xy+ yz+2x)= 6xyz(,\‘2 +y* + zz};(*)
—2xyz(xy + yz + 2x) = xyz(x2 +y2+ zz)
Nhung: (x +y+z)2 =0= —2xyz(xy+yz+ zx)= x° +y2 + zz(**)
Thay (**) vao (*) ta duoc:
2(x°+y +72°)=5xyz(x* + ¥ + 7).
7. Vi x,y nguyén thi :
A=y'+ (x+y) (x+2y) (x +3y) (x +4y)
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= (x2 +Sxy + 5}’2)2

8.  Biéndéi a’(a+1)-b*(b-1)+ab-3ab(a-b+1)=(a-b)(a-b+1)

x+y+z=1
9. Tu

x*+y +z27 =1

= ()c+y+z)3 -x’ -y’ -2 =3(x+y)(y+z)(z+x)

x+y=0

y+z=0:3P:_2

z+x=0
10. ‘ )
a. Sir dung hing dang thirc a* - b* ; S -=5151
b. Su dung hang dang thie (a +b + c):; P=14

Tu gia thiét suyra: x> +y + 2> =0suyra: x=y=2z=0;S=0

1 1 1 1
Tu: —+—+—= c(a+b)b+ +a)=0
" a b ¢ a+b+c (@+b)b+c)c+a)
Tinh dugc Q=0

00o

Chuyén dé 4.
BAT PANG THUC VA GIA TRI LON NHAT, GIA TRI NHO NHAT
A. CAC PHUONG PHAP CHUNG MINH BAT PANG THUC
1.Phwong phap doi twong duong

*) Dé chimg minh: 4> B

Tabiéndéi A>B< 4 >B,>..>4 >B, (day la bat ding thirc ding)

Hoic tir bat dang thic dng 4, > B, tabién ddi 4, >B, < A4, >B,_, >..> A >B, < A>B

Vidu 1.1 Ching minh rang véi moi s6 thuc a, b, ¢ ta luén ¢6:

a) 2(a’> +b*) = (a+b)’ (1) b) a’ +b> +c¢* >ab+bc+ca (1)

Giai

a)Taco: (1) © 2(a* +b*)—(a+b) 20 a’ +b* =2ab>20< (a-b)’ 20 (2)

Do bit ding thirc (2) diing nén bét ding thire (1) duoc chirg minh.

b) Ta co6: (2)

& 2a’ +b P +c?)=2(ab+bc+ca)>0< (a* =2ab+b*)+(b* =2bc+c*)+ (¢’ =2ca+a’)=>0
S (a=-b)Y +(b-c) +(c—a) 20  (2)

Bit dang thirc (2) luon diing suy ra didu phai chimg minh.

Vidu 1.2 Chiing minh réng:

a) 20a* +bY) 2 (a+b)a’ +b) (1)
b) 3(a* +b* +c*)y=(a+b+c)a’ +b’ +¢?) (1)
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Giai.
a) Taco: (1) 24 +2b* —(a* +a’b+ab’ +b*) >0 (a* —a’b)+(b* —ab’) >0
S a'(a-b)-b'(a=b)20< (a=b)a’ -b')20

b)Y 3’
@(a—b)z(az+ab+bz)z{)@(a—b){[a—,}j + 4 }zo (2)

Do bit dang thirc (2) diing suy ra diéu phai chirg minh.
b) Taco: (1)< 3a* +3b* +3c¢* —(a* +a’b+a’c+b* +ab’ +b’c+ac’ +bc’ +c*)

S +b=a’b—ab )+ (b + ¢ =be—beH)+ (¢ +at —aPc—ac’)= 0

< (a=b)(a* +ab+b*)+(b—=c) (B> +bc+cP)+(c—a) (¢* +ca+a’)>0  (2)
Do bat dang thirc (2) diing suy ra diéu phai chirg minh.
Vi du 1.3. Chiing minh rang:

a) (a* +b7)* +y7) 2 (ax+by)” (1) b) Va? +b* +c? +d* =\ (a+c) +(b+d)’
()
Giai
a) Taco: (1) & a’x* +a’y’ +b°x* +b°y* 2 a’x” +2abxy + b’ y*
< a’y? =2abxy+b°x* 20 (ay-bx)* 20 (2)
Bat ding thirc (2) luon ding suy ra diéu phai chimg minh.

b) Tacé: (1) < a’ +b* +c> +d? +2./(a® +b>)(c> +d?) > (a+c)’ +(b+d)?

o @ +b)(? +d*) zac+bd  (2)
+) Néu ac+ bd <0 thi (2) ding.
+) Néu ac+bd >0 thi (2) < (a* +b)c? +d?) = (ac + bd)®

< alct +atd? +b’c? +b*d? > a’c? = 2abed +b*d? < (ad —bd)* 20 (%)
Bit ding thirc (*) luon ding suy ra diéu phai chirmg minh.
Vi du 1.4. Cho a, b, ¢ > 0. Chirng minh rang: §+§+§2 a+b+c (1)
Giai
Tacé: (1) @ a’c+b’a+c’b—a’be-b*ac—c’ab>0
< ab(a® =2ab+b*)+ac(a® =2ab+c*) + be(b® =2bc+c¢*) =0
& ab(a—b)? +acla—c)? +be(b—c)> >0 (%)
Bit dang thic (*) luon diing suy ra diéu phai ching minh.
Vidu 1.5. Choa,b,c>0. CMR: a’(b+c-a)+b*(c+a-b)+c’(a+b—c)<3abc (1)
Giai
Giast a, b>c¢>0.
Khi d6 tacé: (1) < 3abc—a’(b+c—a)—b*(c+a—-b)—c*(a+b—-¢)=0
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< 3abc—a(a® —ab—ac +bc)+b(b* —bc—ba+ ac)+c(c’ —ac—bc+ab) >0

s ala=-ba-c)+bb=c)Yb-a)+clc—a)c-b)=>0

o (a=-b)a> —ac—=b* +bc)+cla-c)b-c)=0

& (a-b)(a+b-c)+cla-c)b-c)>0 (%)

Bat ding thic (*) luon ding (Vi a, 5> ¢ > 0). Suy ra diéu phai chirng minh.

2. Phwong phap bién doi dong nhat.

Dé chimg minh BDT: 4> B. Ta bién ddi biéu thic 4- B thanh tong céc biéu thirc ¢6 gid
tri khong am.

Vi du 2.1. Chitng minh ring:

a) a’+b* +c*+d* >2ab+ac+ad (1) b) a* +4b* +4c¢* > 4ab—4ac+8bc (1)
Giai

2 2 2 2
a) Ta co: o’ +b* +¢? +a’2—ab—ac—ad:[%—ab+sz+[%—ac+02]+(%—ad+dzj+%

2 2 e 2 2
~(5-8) +(5-c) #[5-a) +% 20
2 L2 2 4
=a’+b’+c*+d* >ab+ac+ad (dpcm)

b) Ta c6: o’ +4b*> +4c’ —4ab+4dac —8bc = (a* —4ab +4b*) + 4c” + (4ac — 8bc)
= (a—2b)? +2.(a-2b)2¢ + (2¢)?
=(a=2b+2c)" 20

= a’ +4b* +4¢’ > 4ab—4ac+8bc  (dpcm)

Vi du 2.2. Ching minh rang:

a) 4(a’ +b’)>(a+b)’ VO a, b>0.

b) 8(a’ +b* +c*) > (a+b) +(b+¢) +(c+a)® VOi a, b, ¢>0.

c) (a+b+c) >2a’ +b° +c* +24abc VOl a, b, ¢>0.

Giai

a) Ta c6: 4(a’ +b)—(a+b)’ = (a-b)4(a* —ab+b*)—(a+b)*|=3(a+b)a-b)* >0 (dpcm)

b) Ta c6:

8@’ +b*+c)=(a+b) —=(b+¢) —(c+a) =...=3(a+b)a-b) +4(a+c)a-c) +3(b+c)b-¢c) 20

c) Taco: (a+b+c) —a’ —b’ —c’ =24abc =..=3b(a—c)* +3c(a—b)* +3a(b-c)* =0
Vidu 2.3. Véia, b, ¢ > 0. Chirng minh rang:

1 1 4 1 1 1 9 a b c 3
a) —+-—> b) —+-+-2 C) + + >

a b a+b a b ¢ a+b+c b+c c¢c+a a+c 2
Giai
a) l_i_l_ 4 _b(a+b)+u(b+c)—4ub_a2—2ab+bz_ (a—b)* S

a b a+b ab(a + b) ab(a+b) ab(a+b)
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1 1 1 9 be(a+b+c)+acla+b+c)+abla+b+c)
b) —+—-+-—- =
a b ¢ a+b+c abe(a+b+c)
2 N2 .2
_(a=b) (-0}  (c-a) _,
ab bc ac

a b c 3_( a 1] ( b l] [ c l]
C) + + -== - |+ -— |+ -
b+c¢ c¢+a a+c 2 \b+c 2) \c+a 2 a+b 2
_ (a=b)+(a-c) +(b—a)+(b—c)+ (c—a)+(c-b)
2(b+c) 2(c +a) 2(a+b)

1 1 1 1
——(a b)[b+c c+aJ tyb-e )[a+c_a+b] E(L_ )[a+b b+¢]

=l[ (a=b)  (b-e)  (c-a) ]20
21 (a+c)b+c) (a+c)a+b) (a+b)(b+c)

Vidu 24

a) Cho a; b>0.Ching minh rang: a+b>2ab (Bt ding thic Co Si)

b) Cho «; b; ¢>0. Ching minh rang: a+ b+ c > 3Vabc (Bit ding thirc Co Si)
¢) Cho a>b>c va x<y<z.Ching minh rang: (a+b+c)(x+y+z)>3(ax+by +cz) (BDT
Tre-B-Sép)

Giai

a) Taco: a+b-2Vab =(Na-b)*>0

b) Tacod: a+b+c—3abe = % Qla +Vb + i-""c)[("w"ra ~Ub) + Qe =¥b) + (Ma -¥c)? ]2 0
) Ta c6:
(a+b+c)x+y+z)=-3(ax+by+cz)=(y—-x)Na=-b)+(z=x)b-c)+(x=z)c—a)=0

Vidu 2.5 Cho a, b, ¢ > 0. Chiing minh:

a) £+°a+ab>a+b+c b) E+%+ab 3(a +b* +¢%)

a b c a b ¢
Giai

AT Y 52
a)Tacé:b—c+c—a+a—b—(a+b+c)=£.(a b) +é.(c a) +£.(b ) >
a b ¢ 2  ab 2 ca 2 be

b) Ta co:

be ca abY’ (@ =0 (a®>-c)) (b -a*))
[—+—+—J “3a*+b*+c)=—|| ——— | + + >0
a b ¢ 2 ab be ca
=>[%+ﬁ @] >3(a’ +b’ +c )=>b—(' E+a—b> 13(a® + b* +c?)

a b c a b c

Vi du 2.6. Ching minh rang:
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1 1 1 1 2 v
=< n

S+ ;> (néu ab>1) b) o+ S < éu
l+a” 1+b 1+ab l+a” 1+b 1+ab
a’+b*<2)
S P L N méu —l<ab<l) d) ' + ' > (néu a.b>0)
l1-a® 1-b> l-ab (1+a)*> (+b)* l+ab
Giai
2
A)Taco: | 4+ 1 _ 2 =[ 1 ]{ 1 ]z (a=b)’(ab=1) .
l+a® 146> l1+ab \1+a®> 1+ab 1+b6° 1+ab) (+a>)1+b*)(1+ab)
b) Ta ¢6 N 2 (a—b) (ab-1)
l+a® 14b6* 1+ab (1+a®>)1+b*)(1+ab)
24 p? b+120 — b)Y (ab -
Vilap|< 4T o J0tIE0 L (@mbiab=h) g (dpem)
ab-1<0 " (1+a*)(1+b>)(1+ ab)
¢) Ta co:

2 272
L2 =[ 1 J+[ L J= (a=b)(-a'd) g
l-a® 1-b* l1-=ab \1-a® 1-ab 1-b* 1-=ab) (1-a*)1=b*)1—-ab)’

1 [ ab(a—b)* +(ab-1)* >0

d) Ta co: — + o= = - — >
(1+a) (14b)° 1+ab (A+a) (1+b) (1+ab)

3. Phuwong phap sir dung tinh chit ciia bat ding thirc
Co so cua phuong phap nay 1a cdc tinh chat ciia bat ding thirc va mot sé bat ding thirc
co ban nhu:

+)Néu a>b va b>cthi a>c

+)NEu a>b v ab>0 thi 1<t

a b
. >bh=>0 .

+) Néu {a 0 thi am=bn.

mznz
+) (a—-b)* >0

HNEuw o, b>0thi Lols @
a b a+b

Vidu 3.1 Cho a+b>1. Chimg minh: a* +b* >;

Giai
- 2 242
Ta c6: (a-b)’ 20=a’ +b° S @by 1| s g (@400 >:;
Vidu 3.2 Véia,b, ¢>0. Chiing minh rang:
a b ol PER S R
a) +—+—2ab+bc+ca b) “,++ 5 2a+b+c
b ¢ a JEIMPER
Gidi

a)Tacé: * >x*+xy-y> (Vi x, y>0)
}.’
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3 3 3
:»‘;-+-b +S > (@ +ab—b*)+ (b +be—c?)+(c* +ca—a’) = ab+bc+ca
c a
3
b) Tacé: * >3x—-2y (V6ix, y>0)
y:

3 33
:%+2+%z(3a—2b)+(3b—2c)+(3c—2a)=a+b+c
oo a

Vidu 3.3 Choa, b,c>0. CMR:

bc ca ab a’ b’ ¢’ a+b+c¢
a) —+—+—>a+b+c b) + + >

a b ¢ b+c c+a a+b 2
Giai

a) Ta dé dang chiing minh doc be % >2¢ = (dpecm)
a

2
[7)

b) Ta dé dang ching minh doc
b+c

+% > a = (dpcm)

Vidu 3.4 Cho x, y. z>0 thoa man diéu kién: LU Chitng minh rang:

X y =z
1 1 1
+ + <1
2x+y+z x+2y+z x+y+2z
Giai:
- R \1 1 4 - #
Taco: V6ia, b>0thi —+- > . Tird6 suy ra
a b a+b
16 _ 16 < 4 N 4 52+1+1 (1)
2x+y+z (x+y)+(z+x) x+y z4+x x y =z
16 _ 16 < 4 N 4 Sl+g+l )
x+2y+z (x+y)+(y+2z) x+y y+z x y z
16 _ 16 < 4 N 4 Sl+l+g 3)
x+y+2z (y+2)+(z+x) y+z z+x x y z
Ta(l), Q)va@3) = 0, 1o 1 4. % % 6= (dpem)
2x+y+z x+2y+z x+y+2z x y =z
Vidu 3.5.
a) Cho a, b, ¢ 1a d) dai ba canh ciia mot tam gidc. Chirng minh rang:
1 + ! + ! Zl'f-l l
a+b-c b+c—a c+a-b a b c

b) Cho a, b, ¢ > 0 thoa man: abc = ab + bc + ca. Ching minh:
S S SR
a+2b+3¢c b+2c+3a c+2a+3b 16

Gidi

1 4
=
b a+b

Ap dung BDT ' + (V6i a, b>0)Ta cé:
a

1 1 4 2
a+b—-c b+c—a 2b b

(D
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1 N 1 4 2
b+c—a c+a-b 2¢ ¢
1 N 1 B 4 2
c+a-b a+b-c 2a a

Tu (1), (2) va (3) = (dpcm)

b) Tong tu: Ap dung BDT LA (V61 a, b>0)Ta co:
a+b a b
6 _ 16 P SIS WS SR SR BN
a+2b+3¢c (c+a)+2(b+¢) c+a 2(b+c¢) ¢ a 2b 2c
16 _ 16 < 4 N 4 Sl+1+1+1 2)
b+2c+3a (a+b)+2(c+a) a+b 2c+a) a b 2¢ 2a
6 _ 16 PEC U NS S SR B e
c+22a+3b (b+c)+2(a+b) b+c 2a+b)y b ¢ 2a 2b
N N 1 1 1 I 1 1
Tu (1), (2)va(3) = 16 - + <3 —+—+—| (%)
a+2b+3¢ b+2c+3a c+2a+3b a b ¢
Mat khéc: abc=ab+bc+ca:>1+;+l=l (**)
a c
Tu (*) va (**) = (dpcm)
Vi du 3.5
Cho a, b, ¢ > 0. Chitng minh ring:
a)a+b+c<2 b)a+b+cza,+b,+c?
a+b b+c c+a b+c¢ c¢+a a+b 1+a 1+b° l+c¢
Giai
a) Ap dung BDT: Néu 0<x<y, m>0 thi x xem
}' y-i—”?
P a c+a b a+b c b+c¢
Ta co: < ; < : <
a+b a+b+c b+c a+b+c c+a a+b+c
a_ | b L ¢ <2(a+b+c):2 (dpcm)
a+b b+c cH+a a+b+c
b) Ta c6: a* +122a= -+ <
a +1 2
b 1 « ¢ 1 < 3¢ a b c 3
Tong tu: <— va <~ .Tudoé suy ra + + <= (1
gx b*+1 2 c’+1 2 Y l+a®> 14+b> 1+c¢> 2 1

a b ¢ (BDPTNet-Bit) (2)

+
b+c c¢c+a a+b

Mat khc ta lai ching minh doc % <

T (1) va (2) = (dpcm)
4. Phuong phap sir dung bat diang thirc Co - Si

a,+da,+a,+..+a .

*) V6i a,, a,, as...., a,>0 thi L 21aayay..a, .

n

Dau “=" xayrakhi a,=a, =a, =...=a
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Vi du 4.1 Cho a, b> 0 théa min di€u kién: ab=1. CMR: (a+b+1)(a’ +b*)+ >8

a+b

Giai
Ap dung BPT “C6 - Si” cho hai s6 dong a? va b* ta cé:

a2+b222ab:2=>(a+b+1){a2+b2)+i22(a+b+1)+ 4 :(a+b)+[a+b+ 4 )+2
a+b b a+b

a+
(D)
Tong tu: Cung ap dung BDT Co6 - Si ta co:
a+b>2Jab =2 l

[ 4 :>(a+b)+[a+b+ 4 ]+222+4+2=8
a+b+ >2 [(a+b). 4J a+h

a+b "\ (a+b)

2)
Tur (1) va (2) = (dpcm)
Vidu 4.2 Cho a, b, ¢ > 0. Chirng minh ring:

s . f | I|I
2) (a+b) +a+b2a\.-"rb+b-\.-"'a b) | a_, | b | LN
T, 4 Vb+e Ve+ra Va+bd
Giai
a) Ta co:
2 - S o
(a+b}_+a+b=“+b[a+b+lJ2V@ng+£J+[b+l}]2Gmﬂ¥a+ﬂb)=an+b€“
2 4 2 4 4

b) Ap dung BDT Co - Si ta c6:

I.b+c=.\Ill[b+c].ls1[b+c+1J=a+b+c: la _ 2a (1)

\ « a 20 a 2a Vb+c a+b+c
|I. 'II 2
Tong tu ta cing ching minh dogc: | b > 2b 2)va & > =€ (3)
Ve+a a+b+c Va+b a+b+c
'I |II b 'I C
Tix (1), (2) va (3 [ - >2
(D, @) ():>Tb+c \Ve+a Va+b
a=b+c
Dau “=" xay rakhi {b=c+a < a+b+c=0 (trdi Vi gia thiét). Vay dau “=” khong xay
c=a+b

ra.
Vidu 4.3 Cho a, b, ¢ > 0. Chirng minh rang:

a’ b? ¢’ at+b+c?
a) 2 7+ 2 ')+ 2 2 -
b*+c” ¢ +a a +b 2abce
1 1 1 a+b+c’ »
b) 5+, 5+5 5< +3 (V6L a® +b* +c* =1)
a +b b"+¢™ ¢ +a 2uabce
Giai
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2 2 3 2 2 3 2 2
a a a b b b c c
< <

C

3

a)Tacé: ——5 <= ;55 S——= ; 5 =
b +¢° 2bc 2abc ¢ +a 2ca  2abc a”+b° 2ab 2abc
2 2 2 3 3 .3
:>7a 7+9b 7_’_2-; 2£a+b+a (dpem)
b +c¢° ¢ +a- a +b 2abc
1 | 1 | 1 1
b) Ta c6: — + + = a1+bz+c2( + + )
) al+b* bP+ct t+al ( )az+b2 b +¢* P +al
2 2 2 3 3,03
_ ja _ 1b _, 7c 7+3£a +b" +¢ +3
b*+c¢° ¢ +a” a +b° 2abc
Vidu 4.4 Cho a, b, ¢ > 0. Chirng minh rang:
| | | 1
3 3 + 3 3 + 3 3 E
a +b" +abc b’ +c +abc ¢ +a +abc abc
Giai
2 2
Ta c6: a2+b222ab:>(a+b)(; 57 5 abla+b) < a* +b* > ab(a+b)
abc < abe B ¢
a’+b +abe  abla+b)+abc a+b+c
Tong tu ta cing chiing minh dogc: —, a?c < va — a?c < b
b’ +c¢ +abc a+b+c ¢’ +a +abc a+b+c

Cong ve voi vé cac BDT trén, suy ra diéu phai ching minh

Vidu 4.5 Cho a, b, ¢ >0 théoa man di€u kién: a* + 5 +¢? =3. Chlitng minh r%tng:

ab be cayy (1)
a b

c
Giai

232 2 2 2 2
) ab~ b’c” c’a 2
Taco: (1) & ——+—F+—5—+2(a’ +b* +c*) 23(a’ +b° +¢?)
c” a -

272 22 2.2 , . a .
Ma: af bz +L£; 2@"&'—"+"’£.ﬂ+£.a—b=aﬁ+4F33+a::2
c a b ¢c a a b b ¢
Suy ra diéu phai chirng minh.
Vidu 4.6 Chox,y,z>0 théamin xyz = 1. Chirng minh rang:

3 3 3
X y z

+ + ZE
(I+y)l+z) (+z)(1+x) (I+x)(1+y) 4

b) S S S

X Hxy+y Y 4yz+z’ 24z x

Giai
a) Ap dung bt déng thirc Co - Si ta c6:
x’ +1+y+1+z 3x x? 3x 1+y 1+:z

. S A0
(1+y)(1+z) 8 8 4 " (+y(+z) 4 8 8

Tong t ta ciing ching minh dgc: ——2———— > 3y _ltz I+x
(1+2)(1+x) 4 8 8
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U A ) 33/ xyz
Tir (1), 2) va (3) = VT > X 1Yz 3, V02 3
2 4 2 4
x*+yH(x+y)
2
- 1Jr)j' _ 1 a xyz _ oz
X +xy+y xy+xyi(x+y) l+xp(x+y) xz+xp(x+y) x+y+:z

b) Taco: x* +y* >2x7y’ = 2x'y (x+y) e x’+y’ 2x7y (x+y) >0

'z X
Y <

Tong tu ta cing chiing minh doc: —. - <
yi+yz+zo x+y+z
va-_ % <Y
2 4yz+x’ x+y+z
= e P <y (dpem)
X’ +X}'+}" } +}':+Z' I +zx+x

3 3 3

Vidu4.7 Chox,y, z>0.Chimg minh: = +2 +% >x+y+z
yz zx Xy

Giai
Ap dung bat dang thirc Co - Si ta c6:
3
Al y+z2>3x
yz
,3 x] 3 Z} x]- y]- 23
2 +z+x23y; = { +2 4 ]+2(x+y+z) 23(x+y+2)=> —+—+—2x+y+z
yz zx Xy Yz zx Xy
3
+x+y=23z
Xy
(dpcm)
5. Phwong phap sir dung bét ding thirc Bunhiacopski.
Véimoia, b,cvax,y,ze R thitaluon co:
¥) (ax+b.y): <(a’ +b>)(x* +y?). Dau“="xayrakhi * = ;
a
*) (ax+by+cz) <(a’ +b* +c*)(x* +y* +2z°). Dau “=" xay ra khi o % -
a C
Tong quat:
V61 a;; a,; ag..; a, va x;; x,; x,:..; x, € Rthi

2 2 2 2 2 2 2 2y > 2
(a; +a;, +a; +...+a,). (x; +x; +x; +..+x,)=(ax, +a,x, +a,x, +...+a x,)

Dau “=" xay ra khi R B R
a, a, a, a,
Vidu 5.1 Cho a, b> 0. Chitng minh ring:
2 2 2
a) l+12 4 b)n L 2(r.f+nrs*)
a b a+b a b a+b
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Giai
a) Ap dung bat ding thirc Bunhiacopski ta c6:
4= ,1_.\.-"';+ L-.\.-"'_ < [-1-+ 1](a+b):> -1-+-1 > 4
Va N/) a b a b a+b

2

2 2 ) N2 2 2
b) Ta c6: [H—JF%J&H?J) > [i\a +£w"llb) =(m+n)’ = n_+m7 > (n+m)
a .

Va v da a+b
Tong quat:
2 2 2 2 2
. T s a a, a a; a,+a, +a, +..+a,
¥y V61 b, >0; i=1, nthi -+ 2+ +..+ 2-(' 23 ) (1)
b, b, b, b, by+b,+b, +...+b,
2
e .~ a da da [ a +a,+a, +...+d
XY VGi ab >0; i=1, nthi D% by Oy (@rata ") 2)
b, b, b, b, ab +ab,+ab,+..+ab,
That vay:
0‘2 dz (.32 02 a ~ a P a I
( Ly 2434+ J(b,+bz+b3+...+b,,)2 L b+ = b, +..+ 2= /b,
b b b b, Vo Vb, VD,
=(a,+a,+a,+..+a,)’
2 2 2 2 2
a. a, a a, (a,+a,+a,+..+a,
— 1 + 24 3 + >(l 2 3 )

>
b, b, b b, b +b,+b,+...+b,

bit b, = x, > 0thay vao (1) dugc (2)

Vidu 5.2 Cho a, b, ¢ 1a cic s6 thuc duong. Chirng minh ring:

2 2 2 2 2 2
a b- ¢ a b c a+b+c
a) —+—+—2a+b+c b) —+ -+ > :
b c a b+c c+a a+b 2
3 3 3 3 3 3 2 2 2
a ! 2 7 a b C a +b +c
C) S+ 5+ 5yza +b+c’ d) + >
b ¢ a b+c c+a a+b 2
Giai
2 bZ 2 2
¢ a+b+c
a) Ta co +—+ 2( ) =a+b+c
a a+b+c
., a’ b’ c? a+b+c)? a+b+c
b) Ta co: + + 2( ) _
b+c c+a a+b 2a+b+c) 2
3 3 3 4 4 4 2 2 242
. d ¢ a’ b c a +b" +c¢
c)Tacéd: 5 +—+—5="+—+ > ) s a+b? 4
b ¢ a° ab bc ca ab+bc+ca
3 3 3 4 4 4 2 2 2
., d b ¢ a b c a +b" +c
d) Ta co: + + = + + >
b+c c+a a+b ab+ca ab+bc bc+ca 2

25a 165 c
+ +
b+c¢c c+a a+b

>8

Vidu 5.3 Choa, b, ¢ >0. Ching minh:

Gidi

Tacé:VT:ZS( a +l]+16 b +1]+[ ¢ +1]-42
b+c c+a a+b
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25 16
+ +
b+c c+a a+b

(5+4+1)°
2a+b+c)

=(a+b+c)[ ]2(a+b+c). —-42=38

¢ _c+a _a+b

4 =a=0 (vo li) = suy ra diéu phai chirng minh.

Dau “=" xay ra khi b;r

Vidu 5.4 Chox,y, z>0. Ching minh: —+L+—)2—+£+—

y x y z X
Giai
Ap dung bit ding thirc Bunhiacopki ta c6:

2 2 2
) L 4 /
.xz._g_.'})._}_.zz.z.. .t+.y.+.z. .x.+.}.+.z. Z.x.+.'}.+.z.
vy oz x> 3y z x\y z x) y z «x

B. CAC PHUONG PHAP TIM GIA TRI LON NHAT, GIA TRI NHO NHAT
Cho biéu thuc f(x,y...)

*) Tan6i M 12 gid tri 1on nhét cua f(x,y...) ki hiéu maxf(x,y...) = M, néu hai diéu kién

sau duoc thoa man:

- V6imoi x, y... dé f(x,y...) Xdc dinh thi f(x,y...) < M
- Ton tai Xy, ¥,... sao cho f(x,,y,...) = M.

*) Ta n6éi m 12 gid tri nho nhét cua f(x,y...) ki hiéu minf(x,y...) = m, néu hai diéu kién
sau duoc théa man:

- Voimoi x,y... dé f(x,y...) Xd4c dinh thi f(x,y...) > m
- Ton tai X,, Y,... sa0 cho f(X,,y,...) =m

I) TIM GTLN, GTNN CUA PA THUC BAC HAI

1. Pa thirc bic hai mét bién

Vidu 1.1

a) Tim GTNN cua A = 3x*> — 4x + 1

b)  Tim GTLN cua B =—5x*+ 6x — 2

C) Tim GTNN cua C = (x — 2)* + (x — 3)’

d)  Cho tam thirc bac hai P=ax’>+bx + ¢

Tim GTNN cta P néu a > 0.
Tim GTNN ctia P néu a > 0.
Giai
a) A= 3[.»:3 —2._r.g+i]—l =3[x—EJ—l >-! Vay GINN ctia A 1a - . Pat doc khi
3 9 3 3 3 3 3
2
X = .
3

b) B= _5[_,62_2):_,_ 9)_;):_5[,‘7—3) —;g—;.VayGTLNcﬁaBlé —;.Datdqc
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) ) ) 25\ 1 _( 5Y
C) C=x"-4x+4+x"-6x+9=2|x —Sx+I +5=2Lx—5 +

Viy GTNN ciia biéu thic C = ; . Pat doc khi x= ;

d) Taco: P= a[x2+éx+ b ]+c—b- :a(x+ij +c—b-

a 4q’ 4a 2a da

2 2

Néua>0thiP>c-2 . Vay GTNNciaP=c-"

_Pat doc khi x=-2

4a 4a 2a
Néua<OthiP<c-2" Vay GTLN cta P = ¢~ 2. Pat doc khi x=-"
a 4q 2a

Vidu 1.2

a) Tim GTNN cua M =x>—3x + 1 vdi x > 2.

b) Tim GTLN ciia N = x> — 5x + 1 v&i -3< x<8.

a) M= (x-1)(x-2)-1>-1. Vay GTNN cua M = -1. Dat doc khi x = 2.

b) N = (x+3)(x-8)+25<25. Vady GTLN ctia N = 25. Dat doc khi x =-3, x =8
2. Da thirc bic hai hai bién

a) Da thirc bic hai hai bién c6 diéu kién

Vi du 2a.1

a) Chox+y=1.Tim GTLN cua P=3xy—4

b)  Chox —2y=2. Tim GTNN cua Q = x* + 2y* — x + 3y

Giai

2
a) x+y=1=>x=1-y= P= 3(1—}')}'—4=—3y2+3y—4=—3(}‘—;) —ljﬁ—lj
\

Vay GTLN ciia P = _% Pat doc khi x=}':%

b) x—2y=2=>x=2y+2= Q =4y’ +8y+4+2y* -2y—-2+43y=6y>+9y+2

\

2 16) 8 4

Viy GTNN ciia Q = — 18‘ . Pat doc khi
Y=y
Vidu 2a.2 Tim GTLN cua cua P = xy véi x, y thoa man diéu kién:
a) x+y=6 va y>4. b) x+y=S vﬁ}-2a>-§-
Giai:

a)P=(6-1))y=8-(y-2)(y-4)<8.Vay GTLN cua P=8. Pat doc khix =2,y =4
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b)Q=(S-y)y=(S-a)a—(y—a)y+a-S)<(S—a)a. Vay GTLN clia Q = (S — a)a
Patdoc khix=S—-a,y=a
b) Da thirc bic hai hai bién
Cho da thirc: P(x,y) = ax” + bxy + cy’ + dx +ey +h (1), vdia, b, c #0
Ta thuong dua P(x, y) vé dang: P(x, y) = mF’(x,y) + nG’(y) + k (2)
P(x, y) = mH*(x, y) + nG*(x) + k (3)
Trong d6 G(y), H(x) 1a hai biéu thirc bac nhat mot 4n, H(x, y) 1a biéu thirc bac nhit hai

an.
Ching han néu ta bién doi (1) vé (2) voi a, (4ac — b®) #0.
4aP(x,y)=4a’x* + dabxy + dacy® + dadx + 4aey + dah
=4a’*x* + b2y2 +d* + 4abxy + 4adx + +2bdy + (4ac b))+ 2(2ae - bd)y + 4ah— d?

= (2ax +by +d)* + (4ac —bz)[y+ 2ae—bd] +dahq? - (2ae=bd)”

4ac - b* 4ac —b*

(Twong tu nhan hai vé ctia (1) véi 4c dé chuyén vé (3))

Vidu 3.1

a) TimGTNNcuaP=x"+y*+xy+x+y

b)  Tim GTLN ctia Q = —5x* — 2xy — 2y” + 14x + 10y — 1

Giai

a)4P = 4x +4y" +4xy+4x+4y=(4x" + y  +1+4xy+4x+2))+3y* +2y -1

1Y 4 4
=(2x+y+1 2+3( | —— >
( y+1) \} 3] 3273

Vay GINN ciia P = —%.Datdcfc khi x:y:—%.
b) — 5Q =25x +10xy+10y*> =70x =50y +5=(5x—y=7)* + 3y —6)* =80.
= Q =—;(Sx—y—7)3 —2(}-'—2)2 +16<16

Vay GTLN cua Q= 16. Patdockhix=1,y=2

Vidu 3.2

Tim cdp s6 (x, y) véi y nho nhét thoa mén diéu kién: x> + 5y> + 2y — 4xy — 3 =0 (¥)

Gidi

Taco (*) & (x=-2y) ' +(y+1) =4=(y+1)’ <d4= (y+3)(y-D<0=>-3<y<1.

Vay GTNN ctia y = 3. Dat doc khi x = — 6. Vay cap sb (x, y) = (-6; —3)

Vidu 3.3 Chox, y lién hé v6i nhau boi hé thire: x* +2xy +7(x +y) + 7y° + 10=0
Hay tim GTLN, GTNN cua biéu thiic: S=x +y + 1.

Giai

Ta cO (**) < 4x” +8xy+28x+28y+4y> +40=0
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S 2x+2y+7)7 +4y* =9
3(2x+2y+7')I S9S(x+y+5)(x+y+2)<0

C}{x+y+520 (VI x+y+2<x+y+5)
x+y+2<0
& —4< S <]
Vay GTNN cua S = 4. Dat doc khi x =5, y =0. GTLN cua S =—1. Dat doc khi x =—
2,y=0.

II. PHUONG PHAP MIEN GIA TRI

x> +42x + 3

Vidu 1. Tim GTLN, GTNN cua A = o
X+
Giai

x2+ 4x-"5x +3

2

Biéu thirc A nhan gid tri a khi phuong trinh: a= |
x’+

c6 nghiém
< (a-Dx? —4J2x+a-3=0¢cb nghiém. (1)

Néu a = 1 thi phuong trinh (1) ¢6 nghiém x = — %

Néu a # 1 thi phuong trinh (1) ¢6 nghiém khi A'>0 —a? +4a+5>0& -1<a<5.
Vay GTNN ciia biéu thiic A 1a - 1. Pat doc khi x=—-2.

Va GTLN ciia biéu thic A 12 5. Pat doc khi x = 72

Vidu2. Tim GTLN, GTNN cua bidu thic: B= * 727+
X +y +7
Giai
Biéu thirc B nhan gia tri b khi phuong trinh b= 2 * ‘? c6 nghiém.
Xy +

& bx? —x+by? =2y+7b-1=0 (2) c6 nghiém.
Trong d6 x 1a an, y 1a tham s6 va b 1a tham s6 c6 diéu kién.
Néub=0 = x+2y+1=0
Néu b #0 thi PT (2) c6 nghiém x khi A>0< 1-4b(by* =2y +7b-1)20 (3)
Coi (3) 1a bat phuong trinh an y. BPT nay xay ra v&i moi gid tri cua y khi
16b* +4b*(-28b* +4b+1)20

Viy GTNN ciia biéu thic B = — ]54. Pat doc khi x = —; VA y= - 154 .
GTLN ciia biéu thic B = % Pat doc khi x=1va y=2.

IIL. PHWONG PHAP SU DUNG BAT PANG THUC.
1. St dung BPT Co - Si.
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Vi du 1.1. Tim GTLN, GTNN cua biéu thic: A = /3x—5+7-3x VGi
Ta c6: A’ = 3x-5+7-3x+2/(3x-5)(7-3x) =2+2,/(3x - 5)(7-3x)

— A’ >2 = A>./2. Vay gid tri nho nhét ctia biéu thiic A 1a V2 . Dat doc khi x =

7
y=—.
3

(Biéu thirc dwoc cho dwéi dang tong hai cin thirc. Hai biéu thirc 1ay ciin c6 tong la
hing s6)
Vidu 1.2. Cho x, y > 0 thoa man diéu kién x +y > 6. Tim GTNN cua biéu thiic: P
=3x+2y+ 6 + 8 .

Xy
Giai

Tacé:P:g(x+y)+3—x+é+£+§2§.6+2,"3—x.§+2.'I£.§=9+6+4:]9.
2 2 x 2 y 2 V2'x \2'y

Vay gid tri nho nhat cta biéu thic P 1a 19. Pat doc khi x =2 vay = 4.

Vi du 1.3. Tim GTLN ciia bi€u thic : M= VY7253 v o5 m0,
Xy
Gisi

) [x-3  y-2
Taco: M= Y*=2 V!
X ¥

ap dung BDT Co - Sita ¢6 :

r X \,"';.'-l‘ -3 \-"'r3
3(x=3) < <— — —
Vo 3)‘21 x 6 ] 3 2
4

=M<+

= . .
20-2) < lJ V=2 N2

Vay Gid tri 16n nhat cia biéu thic M 12 ‘63 + f . Pat doc khix = 6 va y = 4.

Vidu 1.4. Chox,y,z>0thoaman: — + '+ ' >2 (1). Tim GTLN ciia biéu thic

l+x I+y 14z

P =xyz.
Giai
\ 1 1 1 y z ." vz
Tu(l) = 2[1— J+[1- ]: + >2 |
1+ x 1+ y I+z) 1+y 1+z \(1+»)(1+2)
Tong tw: > =
1+y  \V(A+2)(1+x)
va o ¥

l+z  \(A+x)(1+y)
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Nhan vé v&i vé ctia ba BDT trén ta ¢6: P = Xyz < ; Dau “=" xay rakhi x=y=z= 1 .

2

Vay GTLN ciia biéu thic P 1a é Pat doc khi x =y =z = %

Vi du L.5. Cho 0 < x < 1, Tim GTNN ciia biéu thie: Q= > + 4.

l-x x
Giai
Taco: P = 3x + 41-x) +7>2] 3x .4(1 —X) +7 =(2++/3)
1-x X Vi-x X
= GTNN cia biéu thiic: Q= - 3+ % 1a 2+43)". Pat doc khi
- X X
¥ _40-0 oy
l—x X
(PatP= 13‘“ L300 | i dong nhathé sb suyraa=b=1;¢c=7)
—X X

Vidu 1.6. Cho x, y, z t > 0. Tim GTNN ctia biéu thirc: M ="/ /7Y , V=2, 27X
t+y y+z z+x X+t

Giai
Ap dung bt ding thirc Co-Si ta c6: LU voia, b>0.
a b a+b
Thcé:N1=N1+4—41=[x_’+q+[’7y+q+[y_z+Q+(z_x+q—4
t+y y+z zZ+x X+t
_X+y tHz y+x z4t

t+y y+z z+x x+t

(x+y)( 1 + l J+(z+t)[ l + 1 J—4
t+y z+x y+z x+t

4x+y) . Az+1)
_x+y+z+f X+y+z+t

~4=0

A . <2 P -t t- - - N . N
Vay GTNN cua biéu thuc: M = AL AR S AP Ak T N ) Patdoc khix=yvaz=t.
t+y y+z z+x x+t

2. Str dung BDT Bunhiacopski (BCS)

Vidu 2.1. Cho x, y, z théa méin: xy + yz+ zx = 1. Tim GTNN cua biéu thirc: A =x* +
vt 2

Ap dung BDT Bunhia Copski ta c6:

l=(xy+yz+zx)’ (P +y*+2)P +y* +2°) = (P +y* +2°)°

S1<(XFP+y +2) <(A+1+ D +y* +2%)

= P 2% = Gid tri nhé nhdt ciia biéu thicc P la % dat doc khi x =y = '=?
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4a 9% 16¢
+ +
b+c—a c¢+a-b a+b-c

Vidu 2.2. Tim GTNN cua P = trong do a, b, c la d¢ dai ba

canh cua mot tam giac.
Giai
p= 4 9 l6c _4[ a +1]+9( b 1)+( ¢ +1)_29

= +
b+c—-a c+a-b a+b-c b+c—a 2 \¢c+a-b 2) \a+b-c 2 2

a+b+c 4 N 9 N 16 _Q
2 \b+c—a c+a-b a+b-c) 2

>(a+b+c) (2+3+4)° _29 _atbtc 81 29
- 2 Jl(b+c-a)+(c+a-b)+(a+b-c)| 2 2 a+b+c 2
Vay gid tri nhé nhdt ciia biéu thirc P la 26 dat doc khi%:%:%
Vidu23. Tim gid tri nhénhdtcaaQ= ¢+ b, ¢
l+b—a 14+c¢c=-b l14+a-c
Trong 6 a, b, ¢>0 va a+b+c=1.

Giai
Ta co: Q

a b c (a+b+c)” _ (a+b+o) > 1Wb? — dac

= =+ -+ = =
2b+c¢ 2c+a 2a+b ab+c)+b2c+a)+c(Ra+b) 3(ab+ be+ca)
Vay gid tri nho nhdt cia biéu thicc Q la 1 dat doc khi a=b=c = %

Vidu2.4

Choa,b,c>0théamana+b+c=1TimGTNNcaaP= _ - 4+ L, 1 1
a +b +c¢” ab bc ca
Gii

Tyt 9 ps 1, ,+ K

ab bc ca ab+bc+ca a’+b*+c* ab+bc+ca

1 4 7
= + +
(ar3+b3+c1 2(ab+bc+ca)} ab+be +ca

S . AN P L
(a+b+c)” ab+bc+ca (a+b+c)
Vay gid tri nho nhdt ctia biéu thirc P la 30 dat doc khia=b=c = %

_ Tiét 21-22 ' )
LBAT DANG THU'C CO — SI VA CAC HE QUA
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Chirnh minh : [a + b?> 2ab]| (Véia,b>0) (BDT Co-si)
Giai:
(a—b) =a’-2ab+b°>0=>a’+b°> 2ab Paéng thuc xdyrakhia=b

Chirng minh: ‘(a +b)* > 4ab | .(Voia,b>0)
Giai:
(ajrb ) =(a*-2ab+b*)t+4ab=(a-b)’+4ab>0+4ab= (a+b)* > 4ab
Ping thirc xay rakhi a =b.

Chimng minh: [2(a> + b%) = (at+b )| (Véia,b>0)
Giai:
2(a> + b*) — (atb )’ = a’-2ab+b’> = (a-b)’ >0 = 2(a’ + b%) > (a+b )*. Ping thirc
xay ra khi a=b.

b
+,22| (Véiab>0)

o

Chirng minh:

Giai:
a b (a+b) a’tb®  (a™tb?)
b+a_ b .Do ab < > =1

xdyrakhia=b

b ,
22.Hay%+;22.£)€1ngthtrc

<-2| (Voiab<0)

a
Chirng minh: b +

Giai:
a2+b2 a2+b2 a2+b2

a. b . _
> - <-2. S+=<-2.Pj e X3
a b 22 = jab| = 2. Hay bt a DPang thirc xay

Chirng minh: .(Voia,b>0)

Giai:
1,1 4 _ (atblat(atb)b-dab _ _(a-by 114 .
a' b ath (a+b).ab (atb)ab> 0 72 Tb = arp Dang thire

xayrakhia=b.
Chirng minh rang: ‘az +b” +¢* > ab+be+tca ‘ :
Giai:
2(a” +b” +¢%) — 2(ab+betca) =(a-b)’ +(b-c)’ +(c-a)’ =0
= 2(a® b’ +c?) > 2(ab+betca) Hay a® +b° +¢” > ab+be+ca . Pang thire xay ra
khia=bb=c;c=a<a=b=c.
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PP A DNEB DN

el e e
NhBPNm

[
a

17.

18.

19.

20.

Tiét 23-26

L,PHUONG PHAPXET HIEU HAIVE

. A>B< A-B>0
e Cén luu y tinh chit: 47 20

Ding thirc xay ra khi va chi khi A =0

C6 thé nhan hai vé bat dang thirc vdi mot s khéac 0 thich hop

B.Bai tip vin dung:
Chirng minh cac bt dﬁng thirc sau
a“+4b" +4c¢” > 4ab - 4ac + 8bc
a’+b*+c*+d* +e’ >alb+c+d+e)
(x=1)x=3)x—4)x-6)+10>1
a’+4b”+3c*>2a+ 12b + 6¢ — 14
102>+ 5b* +12ab+4a-6b+ 13 > 0

a2+9b2+cz+%>2a+lzb+4c

a’—4ab+5b"-2b+5 > 4
xz—xy+y220
x2+xy+y2-3x—3y+320

X +xy+y -5x-4y+73 0
xj+xiy+xyj+y':20 .

X" +Xy+xy ty 20voix+y =20
a*+b* +c* > a’b’ + b’ + %’

(a® +b%).(a*+ 1) > 4a’b

ac+bd >bc+ad vdi(a=2b; c=>d)

a’ +b* 2(a+b]2
2 2

a’*+b*+c? >[a+b+cjz
3 B 3
a b ¢ _b a c .
—+—4+—<—4—4- (védia>b>c >0)
b ¢ a a ¢ b
12ab
a+b=> (Vaiab>0)

1
—+—+—2—4+—+— (Véi ab,c>0)

000
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HUONG DAN:

Bail:  Goi VT cua bat dang thirc 1a A va VP cua bat ding thirc 1a B (Néu khong
ndi gi thém qui udc nay dugc dung cho céac bai tap khac).Voi cac BDT
c6 ddu <; 2 thi can tim diéu kién cua céc bién dé ding thirc xay ra.
A-B=(a+2c-2b)

Bai2: 45 4B-= (a - Zb)z + (a - 26)2 + (a - Zd): + (a - 2(4:)2

Bai3: A-1=(x-1)x-3)x-4)fx—-6)+9= (¥ +3)’

Baid: A -B=(a—-1)+(2b-3) +3(c-1)" +1

Bai5s: A=(a-—1)+3a—-2b)+(b+3)

Bai6: , g =(a—1)2+(3b—2)2+(c—2)2+%

Bai7: A-B=(a-2b) +(b-1)

Bai 8: N\ 2
2819 xz—xy+y2=[x—lj +3}

2 4
Bai9: X xy+y 3x-3y+3=(x-1) -(x-1)y-1)+(y-1).
Bién doi tiép nhu bai 8
Bai 10: Tuong ty bai 9
Baill: %4 3y xy’ +y* = (chz—JnchryZXxwLy)2
Bail12: Tuong tu baill
Bail3: Xemvidu7
Baild: A-B=(a’+b’).(a’+1)-4a’b
Bail5: A-B=act+bd-bc-ad voi(a=>b;c=>d)

= (c—d)(a—b)

Baite: ol +b21—(a+b)2 |
Bail7: Xcmbaitdp 16
Bai 18 _ 1

A-B= (a-c)(b-a) a-b). U

(Véia>b>c 20)
Bai 19: —3) —13)?
22 L .B= bla-3)" +a(b-3)
9+ab

(Véiab=>0)

Bai20: A-B- (ab—bc)z +(bC—aC)2 +(.m:’—a£:')2

abe
(Voi a,b,c>0)

000
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g S

11.

12.
13.

] ' , Tiét 27-30 ,
TIM GIA TRI LON NHAT - GIA TRI NHO NHAT

I: DANG [P=ax’ +bx+c|

4ac-b*
4a

Néua>0: P=ax’>+bx+c=

( 2
+aLx+ziJ Suyra MinP =
a

4a| 2|al
4a/ctb’ Khi «
4/a| 2 a|

Mot s6 vi du:
Tim GTNN cia A =2x>+ 5x + 7

P , 4|a|c+b‘ ’
Néua<0: P=ax’ +bx+c= ————|d x——

Suyra MaxP =

5 25 25
Gidi:A = 2x* + 5x + 7 = 2(x’ +2—x+g——)

St 2 =22 47220725 g O 3 e Oy,
4" 8 8 4" 8 4
5

Suyra Mz’nAzﬂKhi X=——.
8 4

Tim GTLN cia A = -2x* + 5x + 7
5 25 25
Gidi: A =-2x"+5x+7=-2(x" _22 +E__)

(e Sy 25 g 56+25
4 8

8
Suyra Mind = 881 Khi x= j
Tim GTNN cua B =3x> + y* - 8x + 2xy + 16.

4ac-b’

4a

—2(,~c—1)2 = ——2(.::—3)2 <

Gidi: B=3x"+y* -8x+2xy+ 16 =2(x-2)*+(x+y)*+ 8> 8.

MinB = 8 khi [x-2=0 {x=2
= MinB = § 1’1X+y=0 =4 y=-2"

Tim GTLN cua C = -3x* - y* + 8x - 2xy + 2.

Giii: C = -3x° - y* + 8x - 2xy + 2 = 10 -[2(x-2)+(x+y)*] < 10.

. x-2=0 x=2
= GTLNC =10 khi: %x+y=0 = le:_z.

BAI TAP:
Tim GTNN  A=x2—5x+2008
Tim GTLN B=1+3x-x’

Tim GTLN D = 2007-x2-5x
Tim GTNN cua F=x*+2x* + 3x> + 2x + 1.

Tim GTNN cta G = x*-10x3+25x2+12

Tim GTNN cua M = x* + 2y - 2xy + 2x - 10y.
Tim GTNN C= (3x—1)" —=43x—1|+5

Tim GTNN cua N = (x +1)* + ( x - 3)?

Tim GTNN ciaK = x> +y -xy+x+y
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HUONG DAN
5. A=x"-5x+2008 =(x-2,5)"+2001,75
= MinA =2001,75 khix =2.5

6. B=1+3x-x"=-125-(x-1,5)
7. D =2007 - x* - 5x = 2004,5 - ( x + 2,5)*
1, 3

8. F=x'+2x>+3x>+2x+1= (x° +x+l)2=[(x"'§)2+ﬂ2.
9. G=x'-10x>+25x* + 12 = x*(x - 5)° + 12
10. M=x2+2y2-2xy+2x-10y=(x-y+1)2+(y-4)2-16.
11. = (Bx—1)" —43x—1/+5

*Ncux>§ C=03x-3)+1

*Néux<%.C=(3x+l)2+6
12. N=(x+1)+(x-3) =2(x- 1) +8

K = X4y -xyxcty=g (x-y)7 +a(xt D +5(y+ 1) -

[1; RHUONG PHAP:SU DUNG.CAC BAT DANG,THC DABIET
* Mot trong nhiing phuong phap thuong dung la sir dung cac bét dang thire da biét dé chimg
minh mot bét dang thirc khac.Tuy nhién khi sir dung ,ngoai hai bat dang thirc Co-si va bét ding
thurc Bu-nhi-a-cop-ski
. Céc bit dang thirc khac khi sir dung 1am bai thi can ching minh lai (Xem phén trén).Dé tién
theo ddi, toi s& liét ké cac bat dang thirc vao dudi day.

I a’ +b*> >2ab (ab>0). (BDT Co-si)
2. (a+b) > 4dab
3. 2a> +5)> (a+b)
4 b subso
b a
5. l l> ca,b>0
a b a+b
6. a’+b>+c* >ab+bc+ca
7, (ax+by) <(a® +bfx* +»*) ( Bu nhi a cop xki)
2 2
g, a_ b_>(a+b)
X y X+y
9 a> b ¢ latb+e)
X v oz X+y+z
Vi du 9:Chirng minh —b+b—c+?>a+b+c (V61 ab,c>0)
a
ab be
Giai2A -2B =22 422 1259 _p4_2p-2¢
C a b

=a(é+£—2]+é{ +——2] (b+5—2)
¢ b ¢ a a b
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) . a b
Ap dung bat dang thirc 5 + - 2 2;a,b >0 Taco:2A - 2B

>a(2-2)+b(2-2)+c(2-2)>0.Vay A >B.Ding thirc xdyrakhia=b=c¢> 0

Vi du 10: Cho céc s6 duong x , y thoa man x + y = 1. Chirng minh rang :L+ . 2 ~>8.
xy x"+y
1 2 2 2 1 1 4
Giai:—+—5—— = +—5—-=2 +—5—— (225 5
xy x+y° 2xy x"+y 2xy x"+y x“+2xy+y
8 . 1
= - =8 .Dang thirc xdyrakhi x=y =—
(x+y) 2
, . . L, 4l , aE bz C2 a ¢ b
Vidu 11: Chirng minh bat dang thiuc: —+—+—2—+—+—
S ¢ a ¢ b a
a’ b’ a b a pro? b ¢ p ¢ a’ c a c
Giai: —2+—222——:2— ; _-,+_~,22-_-_:2-_ ; —2+—222.—.—:2.—
b* ¢ b c c ¢ a c a a a b a b b
Cong tirng v¢ ba bat dang thirc trén ta cd:
2(;’+b_’ C—;JZZ[E+§+QJ
© ¢ “ Diang thirc xayrakhia=b=c..
a’ b* ¢ _a c b
= S5+t 5+t52—++—
b ¢ a ¢ b a
Bai tip:
. . 11 1
1. Cho a,b,c 1a 3 s6 duong.Chirng minh rang (a +b+ C{— + 5 + —} 29
a c
2. Cho cac scf) duong a,b,c biétab.c=1. Chirng minh rang: (a+ 1)(b+ I)(c+1)>8
3. Cho cac so0 a,bbiéta+b=1.Ching minh ring
1 1
2 2y 2 4 4 1
a)a+b_2 b)a+b28
4. Cho 3 s6 duong a,b,c vaa+ b+ ¢ = 1. Chirng minh: i+%+%2 9
5. Chox,y,z >0vax+y+z<3.Ching minh ring:
X y zZ 3 1 1 1
+ + <= < + +
1+x°  1+y° 14720 ~2 7 14x  1+y 14z
6. Cho 2 s6 duong a, b ¢6 tong bang 1 .Ching minh rang
1 1
a.ab+ a2+b2 >6
b 2 +—2—z3 >14
_ “ab  a™tb”
7. Cho 2 s6 duonga,b co6 tong bang 1 .Chirng minh rang
| 1 ., 25
+=)Y+b+-) > =
@yl O+ 723
8. Ching minh bat dang thirc sau voi moi a,b,c>0

1 N | N 1 > 1 N 1 N 1 ,
a+3b b+3¢c c+3a 'a+2b+c b+2c+a c+2a+b
9, Cho a,b,c la 3 s6 duong.

b 11 1
Chirng minh : T
bec ac ab a b c
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10. Cho a,b,c 1a 3 s6 duong,

. a’ b’ c? a+b+c
Ching minh rang : > :
8 £ b+c a+c b+a 2
11. Ching minh: a* + b* > %vc’ria+b2 1
b 3
12. Chimg minh: —— +——+—"—>> Vgiab,c>0
b+c c+a a+b 2
13. Chimg minh: a* +b* +¢* > abc(a+b+c)
14. Bai 28: Cho x> 0;y >0,z > 0;

Chirng minh rz‘:‘ing (X +y)(y+2z).(z+Xx)2>8xyz

1 1 1 I 1 .
15. ChoA= —— +——+..+ + - Chimg minh ring 4 > 1
AT T 2 n+l 2n+2 n+l e THNRTANS 4>

HUONG DAN:

1. Az3+[£+£)+(£+£]+(2+£]23+2+2+2=9
b a c a c a

2. Ap dung (a+ 1)* >2a
3. a)A-B=a2+b2-% =2(a’ +b°) - (a+b)’ >0.
b) Ap dung cau a.

4. Xem bai 1
X y z x y,z _111_3
S T T T2 STyt T2 T
2
1 +l +I > (1+1+1) _2:§
I+x  1+y 1+z = (3+xtytz) 6 2
P S S YO E O S
y b 70~ Gab T ? T2ab > (aib) T @rpy 0 (viZab <3 (ath)
2 3 1 1
B=a "7+ (2w a2+b2) 2ab
25 25 _ 12 22} 1 1
A R A AR [(+b)+()}+[(b+5)+(2) >5(a+1)+ 50+ )
5(a+b)+5(—+ ) > S(a+b)+5(+b) =25
Su ra.'(a+—)2 +(b+—)2 > 2
yr-ta Ty a’ =2
8. l+ 1 > 21 1 > 2 _l+ 1 > 2
at3b b+2cta ~at2b+c’ bt+3c ct+2atb T bt+2cta’ct3a at2Zbtc — ct2atb
Cong theo vé 3 BDT trén ta dugc Ppcm
a b a b 1
. —+— ==(T+=) 22~
9 Tacob (b a) ZC

ac
b ¢ (,] 1
—_— + _— ] — [ —
ac ab al\c b ‘a
ab be bla ¢ b
Cong tirng vé 3 bat dﬁng thire trén ta dugc dpem. Bfmg thirc xay ra khi va chi khi a=b=
c.(Hay kiém tra lai)
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) 2

10.  Apdung BT &+ 24 ¢ latb+e)

>

L)
ta

X vy =z x+y+z
1 1 {1 2 1
11. a*+p’ 25(az+b2)2 >3 [5(a+b)]2 >3
a b c atb+c atb+c atbtc
. — + D)+ (— + DN+ (—+1)= + +
12 b+c DA +a D (a+b D b+c cta b+a

1
—_— —_— > —_—
cta * ath ) = (atbte). 2(at+b+c)

1 9 a b c 3
=(atbtc) (i = + =7 Suy ra: + + 2—
( )(b+c 2 e T eva a+b 2
13. ApdungBPT G vidu6cho3sd a* +b* +c*rditiép tuc ap dung 1an nira cho 3 s6
a’b* + b’c? + c¢’a’ ta ¢ dpem.
14.  Ap dung BDT (x+ )’ > 4xy Nhan ting thira s ciia 3 BDT suy ra DPCM
15.  Aco2n+ 1 sdhang (Kiém tra lai ). Ap dung BDT L+ 1>
a b a+b

:a,b>0Véi timg cip s6

hang thich hgp s€ c6 dpcm

Chuyén dé 9: Phong phéap tam gidc dong dang.

I - Kién thirc co ban

1. Ta da biét néu 2 tam gidc dong dang thi suy ra dgc cac cap géc tong ing bang nhau, cic cap
canh tong tng ti 1&, ddc biét 1a ti s6 dién tich cua ching bang binh phong ti s6 dong dang

2. Dé chitng minh 2 géc bing nhau hay cic cap doan thang ti 1& bang pp tam gidc déng dang ta c6
thé 1am theo cac bdc sau :

Béc 1 : Xét 2 tam gidc ¢6 chita 2 géc d6 hay chita cc cap doan thang dy.
Béc 2 : Chimg minh 2 tam gidc dé dong dang
Bdc 3 : Suy ra cap géc tong Gng bang nhau, cap canh tong tng ti I¢.

3. Dé tao ra dgc mot tam gidc dong dang v6i mot tam gidc khac, ngoai cdch vé mot dong song
song vGi mot canh clia tam gidc ta cOn ¢6 thé vé thém dong phu bang nhiéu cdch khdc, chang
han :

- Noi 2 diém c6 san trong hinh lam xuét hién mot tam gidc maéi
- Tir mot diém cho tréc, vé mot dong thiang vudng géc véi mot dong thing.
- Trén mot tia cho tréc, dat mot doan thang bang mot doan thang khic.

4. Mot vai img dung cta pp tam gidc dong dang
a) Diing pp tam gidc dong dang dé CM 3 diém thang hang
Ta c6 thé CM 2 tam giac dong dang dé suy ra cdc cip goc tong ing bing nhau, tir d6 dung cach cong
g6c dé doc géc bet dan t6i 3 diém thang hang.

Vidul:
Cho tam gidc ABC, cac tia phan gidc géc B va géc C cat nhau tai O. Trén cdc canh AB, AC lan lot
lay M va N sao cho BM.BC = BO* ; CN.CB = CO*. CMR 3 diém M, O, N thang hang.

=nBg: A
BM.BC = BO® = %:&; ABOM va ABCO c6
BO BC
B =8 ; BM _BO en ABOM~ ABCO (c.o.0) = 0, =€ N
1 2’ o BC g 1 1 J_"‘\
Ching minh tong tu ta doc A CON ~ ACBO (c.g.c) = O, =B, B C

Tacé 0,+0,+0,=€,+B, +0, =180" . Suy ra 3 diém M, O, N thang hang.
Nhdan xét
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Diéu gi goi ¥ cho ta dung pp déng dang dé giai vi du trén ? D6 1a vi trong dé bai ¢6 cho BO
la trung binh nhan cia BM va BC ; CO la trung binh nhan cua CN va CB, tir d6 suy ra doc
cdc cap doan thang ti 1¢ dan t6i 2 tam gidc dong dang.

b) Ding pp tam gidc dong dang dé CM tich ciia 2 doan thang hodc tong cdc tich ciia cdc cdp doan
thang bang 1 56 cho tréc.

Ta ¢6 thé CM 2 tam gidc dong dang dé suy ra cdaccpj canh tong tng ti 1&, dan t6i 2 tich cua cac cap
doan thang bang nhau.

Vidu2:

Cho hinh binh hanh ABCD, géc B nhon. Goi H va K lan lgt 1a hinh chiéu ciaa B trén AD va CD.
Ching minh rang DA.DH + DC.DK = DB’

»Bg:

*Tim hong gidi :

Cac tich DA.DH, DC.DK cha c¢6 méi lién quan truc ti€p nao véi nhau H

cling nh véi DB. Vi thé ta sé thay cdc tich nay boi céc tich khac bang

chiing, ¢6 lién quan véi nhau ciing nh lién quan véi DB. Muén vay

phai tao ra dgc nhiing cap tam gidc dong dang véi diéu kién DB phai A

la canh ciia mét trong nhitng tam gidc nh thé.

*Loi gidi:
Vé Al L DB 1 c
D C K
ATDA ~ AHDB = 24~ PL _ bA DH = DBDI (1)
DB DH
ATBA ~ AKDB = 24 _ Bl _ DC_ Bl _ ncpk=DpBEI )
DB DK DB DK

Cong tirmg vé cac BDT (1) va (2) ta dgc :
DA .DH+ DC.DK =DB .DI + DB .Bl = DB(DI + BI) = DB* (dpcm)

Chii y : Néu B =90’ thi hinh binh hanh ABCD trg thanh hinh chit nhat. Lic d6 dp dubgj dinh 1y Pt-
ta-go ta c6 ngay di€u phai ching minh.
¢) Ding pp tam gidc dong dang dé gidi bai todn dung hinh
Dai voi 1 so bai toan dung hinh nhat 12 dung hinh tam giac, khi chi biét mét yéu t6 vé do dai, con lai
1a biét ti s6 gifta cac do dai hodc biét s6 do cic gdc thi ta ¢ thé nghi dén pp tam gidc dong dang.
Vidu3:

AB 2

Dung tam gidc ABC biét 4 =60°; vaBC=a.
BC 3

»nBg:

1. Phan tich : Gia sir da dung doc tam gidc ABC thoa man dé bai

V& mot dong thang song song v6i BC, cit AB, AC lan lot tai M va N
Tir C vé dong thang song song véi AB cat MN tai P. Dé thay

A

MP=BC=a. AAMN~ AABC = AM Zﬁzg

AN AC 3 60
Vay A AMN dung doc, tir d6 dung doc P, C va B.
2. Céch dung : N p
- Dung AAMN sao cho 4 =60°; AM=2; AN =3 7 \/
- Trén tia MN lay diém P sao cho MP =a. B a C
- Dung PC // AB (C thudc tia AN)

- Dung CB // MN (B thugc tia AM)
Tam giac ABC la tam giac phai dung (Phan CM va bién luan tu lam)
IT — Bai tap
Bai L:
Cho tam gidc ABC vuodng tai A, dong cao AH. Goi M va N 1an lot 1 trung diém cia AH va BH. Goi
O la giao diém cta AN v6i CM. Chiing minh rang :

a) AN 1L CM
b) AH’=4 MCMO
= Bg
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a) AABH ~ ACAH (g-g) = 4B _BH _2BN . AB BN A
CA AH 24M ~ CA AM
Tac6 B =4 ().

Tir (1) va (2) suy ra AABN ~ ACAM (c.g.c) = 4, =€,

Xét tam gidc CAO ¢6 CA0+C, =840+ 4, =90° B N'H C
= 0=90" . Vay AN L CM
b) AAOM ~ ACHM (g.¢) =AM _ MO \MMH = MCMO
cM  MH
AH AH

Bai 2 :

Cho tam gidc ABC, phan gidc AE. Chiing minh rang AB.AC > AE’. A

wBg

UEC> B (t/c gbe ngoai cua A ABE).

Trén AC 14y diém F sao cho AEF =B = AF < AC F

AE AF > )
A AEF ~ AABE (g-g) = ——="— = AB.AF = AE’ = AB.AC> AE’.
©® = T uE B E ¢

Bai 3 :

Cho tam gidc ABC vuéng tai A. Goi M la mot diém di dong trén AC. Tir C vé dong thing vuéng géc
vGi tia BM cit tia BM tai H, cit tia BA tai O. Ching minh rang :
a) OA.OB= 0OC.OH
b) Go6c OHA ¢6 s6 do khong doi
¢) Téng BM.BH + CM.CA khong déi.
»Bg

OB OH

a) ABOH ~ ACOA (g-g) = — = -~ = 0A.OB = OC.OH
0C 04

OB OH 04 OH
b —=—" = L= (1)
0OC 04 oC OB

AOHA va AOBC ¢6 O chung ()
Tu (1) va (2) = AOHA ~ AOBC (c.g.c)

— OHA=0BC (khong déi)

¢) Ve MK L BC; ABKM ~ ABHC (g.g) = M _BK = BM.BH = BK.BC 3)
BC BH
ACKM ~ ACAB (g.g) = % = % = CM.CA = BC.CK “)

Cong tirng vé€ cua (3) va (4) ta doc BM.BH + CM.CA = BK.BC + BC.CK
= BC(BK + CK) = BC’ (khong doi).
Baid:
Cho tam gidc ABC can tai A, dong cao AH. Trén doan thang CH va HB lan lot 14y hai diém M va N
sao cho CM = HN. Dong thang qua M va vuéng géc v6i BC cat AC tai E. Qua N vé dong thang d L
NE. Chitng minh ring khi M di dong trén doan thang CH thi dong thang d lu6n luén di qua mot diém
cd dinh.

= Bg A
Dé thﬁyCH=MN=%BC E
AHFN ~ AMNE (g.g) = HF _HN _CM (D

MN ME ME

AH CH CH CM 0 \
AAHC ~ AEMC (g.g) = = = = 2 N '

(g.2) oo AR EM (2) B N\H M C
F
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11
BC.-BC
Tr(yva@) = 20 - pogsur=MVCH 272 " BC hone déi)
MN  AH 4AH

AH AH

Vi H ¢6 dinh nén F c¢6 dinh.
Bai 5:
Cho tam giac ABC, 3 dong cao AD, BE, CF. Goi M, N, I, K lan lot 1a hinh chiéu cia D trén AB, AC,
BE, CF. Ching minh ring 4 diém M, N, I, K théng hang.
=Bg

Vi DM // CE va DI // CA nén if;” BD _ Bl _ viiy¥E (1)

BC BE A
CN _CD (K
Vi DN // BE va DK // AB nén — NK //FE 2
I I CE_CB CF / (2)
A AMD ~ A ADB — AM _ AD 3) L
AD 4B N

AAND ~ AADC — AN _ 4D @) M

AD  AC B D C

Chia timg v€ cua (3) cho (4) ta dgc AM = AC

AN 4B

AACF ~ AABE = jg AC dod6 — AM _ AF —=MN //FE )

AB AN
Tu(1);(2);(5) suyrad diém M, I, N, K thang hang.
Bai6:
Lay cac canh AB, AC va BC cia A ABC lam canh ddy, dung cac tam giac vuéng can ABD, ACE,
BCF, hai tam giac dau dung ra phia ngoai A ABC con tam gidc thi 3 dung trong cing | nua mat
phang bo BC v6i A ABC. Chitng minh rang t gidc AEFD la hinh binh hanh (hoic A, E, F, D thang
hang)

=Bg

e Néu |BAC # 90" ; ABAD ~ ABCF(2 tam giac vudng cén) A E
BD_BA_ BD _BF \taxhic DBF =UBC (=45°+ B) ’
BF BC BA BC D ¥

— ABDF ~ ABAC (c.g.c) = BDF = BAC

Chiing minh tong tg ¢6 AFEC ~ ABAC = FEC =BAC B C

Ta c6 DAE +ADF = (90° + BAC) + (90" - BDF ) = 180° = AE // DF
Chiing minh tong tu ta dgc AD // EF. Vay AEFD 1a hinh binh hanh.

e Trong hop néu BAC =90° thi 4 diém A,E, F, D thiang hang .........
Bai7:

Cho hinh vuéng ABCD. Goi M, N l4n lot 12 trung diém ciia AB, AD. Goi E va F lan lot 1 giao diém
ctua BN v6i MC va AC. Cho biét AB = 30 cm, tinh dién tich cac tam gidc BEM va AFN.
=Bg

AABN = ABCM (c.g.c) = B =€ = BN L CM A N B

1 1
A ABN vuéng tai A, AB = 30; AN = 15 =BN* = 1125 -

2
ABEM~ABAN:>SB”'“"=(BM] _25 1 G

o UBN) T1125" 5
Syaq = %.30.15 =225 =Sy, =225.% = 45 (cm?), i
D C
AAFN ~ ACFB = N _AN 1 _ pen- lpro lpn
FB_BC 2 2 3
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Bai8:
Qua diém O nim trong tam gidc ABC ta v& nhiing dong thang song song v6i 3 canh. Cac dong thing
nay chia tam giac ABC thanh 3 hinh binh hanh va 3 tam giac nho. Biét dién tich cua cac tam giac do6
laa’, b, c’.

a) Tinh S,uc

b) Ching minh S < a’ + b’ + ¢’

= Bg

a) Dé théy céc tam giac ODH, EON, FMO déng dang v6i A ABC.

: @& (DHY a DH
batS,p;o=d°. Tacét —=| — | = —=—— 1
e d’ [BC] d BC (1)
b [ONT [HCT b HC
d> \ BC BC d BC
& (moY (BDY ¢ BD
S=—|=|=| 2===—= (3)
d BC BC d BC
Cong timg vé céc ding thic (1), (2) , (3) ta doc LF2F€ DH+gg+BD=1

=a+b+c=d VayS=d’=(a+b +c¢)’
b)S=(a+b+c)=a’+b*+c’+2ab + 2bc + 2ac

<A@+ b+ 4+ @ +b)+ B+ )+ (C+a)=3@+b +¢)
Dédu “="xay ra <>a=b=c¢ < O trung véi trong tam G cia A ABC.

BIEN POI PHAN THU'C|

. Vidu §8:
2
a. Rut gon Bicu thirc B = w Véia # - 3
2a° —a—-06 2
b. Thuc hién phép tinh: %3¢ +a+2. a' =8 = 2 4 . 42
1+05¢ a+2 a(2-a)
Giai:

4a’+12a+9  (2a+3)  2a+3

a. = = =
2¢*—a-6  (2a+3)a-2) a-2
0,5’ +a+2 a' -8 2 a’+2a+4 a+2 2
1+0,5a a+2  al2-a) a+2 a’-8 a(2-a)
a’ +2a+4 2 a-2

1
z(.a—Z)(.:r2 +2a+4)_a(a—2) a(a—Z):;

yi-xy x+y’

2
o Vidu 9: Thuc hién phép tinh: 4 = * S — (Voix = +y)
X =y X +y =2xy
Giai:
xP+yi—ay x' 4yt X+ yt —xy (x—y)
A: 2 2 : 2 2 = : 2 2
xT =y x*+ypy —=2xy (x—y](x+y) (x+yXx'+y'—xy)
_x=y
(x+y)

e+t x4+l
xt=x 2t —x+17

. Vi du 10: Cho biéu thirc : 4 =

68



13.

14.

15.

a. Riit gon biéu thirc A.
b. Ching minh rang A khong am v6i moi gia tri cua X .
Giat:

a1 e x4l
A=— 2 =74 3 2 2
xT=x"+2x"—x+1 x"—-x"+x"+x" —x+1

._;cs(x+l)+(x+1) _ (x+1)(x3+1)

- xz(x —Jr+l)+(3r2 —x+1) (x2 —x+IXx2 +l)

(1)l —xt 1;: (x+1)

(xz—x+1 x?+1 (x2+1)

b.Az(xjil)“;(xH)z >0x2+1>0= 420
x +1

5 [} 7 8
, ) P a+a’+a +a

o Vidu 11: Tinh gid tri biéu thitc : —5——————
a +a +a +da

vl a=2007.
Giai:
B a’+a’+a +a*  a’+a’+ad +a’
a’+a+a’ +a”* 1 1 1 1
st et oty

a a a a

_a’+a’+a +a° as(as +a°+a’ +ad°

a+a’+a' +1 a+a’+a+l
ag

3 2 3
=a| Q+a2+a +a )za”jB:ZOO?”
a +a +a+l

e Vidu12: Tinh gia tri biéu thirc: ¥ =25 . ¥=2
x =10x" +25x y —-y-2
Biét x* + 9y” - 4xy = 2xy - ‘x—3‘.

Giai:

x> +9y? - 4xy=2xy - |[x=3| & (x=3y) +|x=3/=0

x=3y x=3
= =
x=3 y=1
x’=25  y=2  (x=5)x+5) (y=2)y+1)

X —10x7425x yi-y-2 x(x-5)’ y=2
_(x+5)y+1)_ 82 8
© x(x=5) 3(-2) 3

Bai tap:

Chimg minh rang Biéu thirc
p =(x2 +aer+.f;)+.ffzx2 +1
(x2 —aXl —a)+a’x? +1

khong phu thudc vao x.
x0=2x' +2x° —4x? =3x+6

Cho biéu thitc M = -
X +2x-8
a. Tim tap xac dinh cua M.
. Tinh gia tri cua x dé M = 0.
C. Ruat gon M.
Cho a,b,c 12 3 s6 doi mot khac nhau. Ching minh ring :
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16.

19.

20.

21.

22,

23.

25.

26.

27.
28.

b-c L ¢c-a a-b 2 N 2_+_ 2
(a-bYa-c) (b-afb-c) (c—afc-b) a-b b-c c-a
) +10
Cho bicu thirc : B = 1|x j| :
x' +9x* =9x* +9x—10
a. RutgonB
b. Ching minh rang : n®+ 4n’+ 6n°+ 4n’+ n* | 16 véin € Z
2 —xy ?
a. Rut gon bicu thirc: 4= x+3y - 6-» —x’+9
xv+2x=3y—-6 xy+2x+3y+6 x -9
3,y # -2.
2 2
b. Cho Biéu thire : A= [ 2+HX_ 47 _2=x) x' =3x
2-x x" =4 2+4x) 2x"—-x
a. Tim diéu kién c6 nghia va Riit gon biéu thirc A.
b. Tim gia tri cuax dé A > 0.
Tim gia tri cua A trong truong hop \x - ’?\ =4,
a.Thuc hién phép tinh:
_ 1 1 2 4 8 16
a.A= + 1 ~+ T+ o+ =
I-x 14+x 1+4+x" 1+x I+x° 1+x
1 1
2 R 2
b.Ratgon C= @ =9 a'+9 _da +9
1 1 a’
2 + 2
a =9 a +9
Cho a,b,c 1a 3 s0 # nhau déi mot.
Tinh S ab . bc N ac
inh S = .
(b-c)c—a) (a-b)c—a) (b-c)a—b)
e i . 2a- =
Tinh gia tri cua bicu thuc : a b+5b a_

3a-b 3a+b
biét:10a> —3b> —=5ab=0&9a> -b> 20

Choa+tb+c=1vaa’+b’+c’=1.
, X_Y _z .
a. Néu ;:E :;. Chung minh rang xy + yz + zx = 0.

b.Néua®+b*+ ¢’ = 1. Tinh gia tri cua a,b,c

VO1X # -3; X #*

Bai 11: Cho Biéu thic: 42471, 3=
3a-1 3a+1
a. Tinh gia tri cua A khia= -0,5.
b. Tinh gié tri cia A khi : 102> + 5a = 3.
. 1 1 1
Chirng minh néu xyz = 1 thi: + + =1,
l+x+xy l+y+yz l4+z+2zx
Chirng minh dé'ing thirc sau: a; * 3“{) + 2a” - Sa.,b — 3b,h - _a? +bntab
a -9~ 6ab—a  -9b" 3bn—a” —an+3ab
Thuc hién phép tinh: (I— 1, )[l— l, )(1— Iq J...[l— : ]
2° 3 4- 2008"
inh 1 - 1 +..+ 1
Tinh tong = 500) =5 558 " Bn-1)3n+2)"
Rut gon rdi tinh gia tri cia biéu thire :

_ 2a° —12a* +17a -2
a—2 )
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z 2
Biét a 1a nghi¢ém ciia Phuong trinh : |@” —3a + 1\ =1

29. Goia,b,c la do dai 3 canh cua tam giac biét r?mg: [] + QJ[] + %J(] + EJ =8
a

c
Chirng minh ring tam giac do 1a tam giac déu i
30. Chirng minh rang néu a,b l1a 2 s6 duong thoa dicu kién: a+b =1 thi:
a b 2(b-a)
b'-1 a’ -1 a’b*+3
31. Thuc hién phép tinh:
A X -yr oy o-xz oz -xy
(x+yNx+z) (x+y)y+z) (y+z)x+2)
a’+b +¢’ —3abc
‘ ) atb+c
33. Chirng minh rang bicu thire sau ludn duong trong TXD:

2\ 3 3
B= (]—x) : 1-x iy I+x .
1+ x° l-x I+x
34. Rut gon roi Tinh gia tri biéu thirc véi x + y = 2007.

_ x(x+5)+y(y+5)+2(xy-3)
x(x+6)+ y(y+6)+2xy '

32. Rut gon biéu thuc : A =

35. Cho 3 sd ab,c # 0 thoa man ding thirc: arb-c_ a+;_b _btc-a
a
(a+b)(b+c)(c+a)

abc

Tinh gia tri bicu thirc P =

dxy-z* 4yz—x* 4
STz 2)E x” dzx-y . Chirng minh ring néu :
xy+2z2 yz+2x" xz+2y°

36. Cho biéu thirc : 4

x+y+z=0thiA=1.

HUOGNG DAN:
13 (x +aX1+a +ax +1 l+a+a
‘ (x —aKl )+a’x’ +1 l-a+ad’
14. M = x® =2x* +2x —4x“—3x+6_
x*+2x-8
(x +3)(x —])
x+4
15 b—c:l+1=c—a:l+l
' (a—bXa—c) a-b c—a (b-alb-c) b-c a-b
— a-b 1 |
(L—&'X(,— )_ —(,'+.(,'—&'
16.
2 Riit gon B = |x +10| - |x + 10|

¥ 49’ —9x2+9x—10 (x—l)(x+10)(x2+l)
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_ (x_l)]x3+l (x> =100 #1)
_ —(x+10)
(X—l)(x+10)(x:+l)

b.n*+4n"+ 6n°+4n’+n* =[n(n+1)'

:(x <-10)

2x+3y 6—xy x> +9

17. =
xy+2x=-3y—6 xy+2x+3y+6 x° -9
B 2x+3y 6—xy x +9_ 0
xy+ 2x=3y— —6 xy+ x+3y+6 x* - (x—3)(x+3)(y+2)
18.
[2+x 4x* 2—x} x*=3x  4x’
a.A= - - 5 = .
2—-x x" -4 2+x) 2x"-x" x-3
b.A>0& A >0 x>3
x—
. x=11
C-x—7|=4:>{
X=
= x=ll:~>A=E
2
. X =3 = A khdng xéc dinh
19.
1 1 2 4 8 16 32
a.A= - - + — + - - = _
l—x 1+x T+x* 1+x' 1+x% 1+x"% 1-x%
1 1
b. Rut gon C= @’ -9 “3+9_“_T9=_1‘
1 1 a
5 +—
a-9 a+9
50 G- ab . bc N ac
' ~(b-clc—a) (a=b)c—a) (b-c)a- b)
_ab(a—b)+bc(b—c)+ac('—a)_—( - )( —c)(c— )
(a=b)o~c)c~a) (a=b)b~c)c-a)
21. Tu:10a®> —3b* —Sab=08&9a* —b* # 0= Sab=3b* —10a° (1)
Bié d;_A_Za b Sb—a 3= 3a’ —15ab—6b’ ©
Ao A= S b  3arh 90 ¢ )
Thé (1) vao (2) ; A=-3
22. Te a+b+c=1vaa’ +b”+c* =1 suyra:

ab+bc+ca=0 (1)

X y z x+y+z
suyra: ~ - = = =X+ty+z
a b ¢ a+b+c

= (Jc+y+Z)2 =x’ +y2 +2° Suyra xy+yz+zx=0.
b. Ap dung(a+b+c)3—(03+b"'+c"’):3(a+b)(b+cXc+a)
T a+b’+c’=1.Suyra: 3(a+b)b+c)c+a)=0 Tirdo tinh dugca, b, c.
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23. Xembai2l
24, T xyz = 1 Bi¢n doi
1 1 1
+ +
l+x+xy l4+y+yz l+z+2zx
_ 1 N y —_ )z
l+y+yz 1+y+yz 1+y+yz

25. Chirng minh :
az+3ab+2az—Sc:.nl')—3b2 a’ —an+bn+ab a+b

a>—9b>  6ab—a’—-9b> 3bn—a® —an+3ab 3b-a

2. [1_ 1,](1_ 1,]{1_ 1)[1 1,]_
2° 3 4- 2008°

C1.23..1997 34.5.1999 1 1999 1999

2.34..1998 2.3.4...1998 1998 2 3996

27.
RS S L
25 58 7 (3n-1)3n+2)
1(1 11 1 1 1 ] n
=====+—-==+.. - =
302 5 5 8 3n—1 3n+2) 2(3n+2)
3 2 _
ng. A:2a 12a° +17a 22202—8a+1_

a—2
a=0a=3=>A4A=14=-5
a=la=2=> A=-5 ’

29. (1+2)(1+%][1+3)=8@ (a=b)  (b=c)]  [e=a)] _,,

a c ab be ca
30. Rut gon

a b 2b-a)  (a-b)a®+b>-1)

b'-1 a' -1 a’b*+3 ablp’ +b+1)a’* +a+1)

|a2—3a+1|=1@{

31 x*—yz X ¥y _ y —xz _y .z
’ (x+y)x+z) x+z x+y (x+y)y+z) x+y y+z
2 —xy z x

Gt2)y+2) yrz xez CongtmgveduocA=0.

a’+b’ +c’ —3abc
a+b+c
a’+b’ +c’ —3@1)0:(a«+1;v+ch2 +b° +cz—ab—bc—ca)
1

32. A=

33. TXP: X #*1 .B=

1+ x°
34 _ X5+ y(y+5)+ 20y =3) _ (x+y+6)x+y-1)
) x(x+6)+y(y+06)+2xy (x+y+6)(x+y) ’
at+b—-c a+c-b b+c—-a
35. Tur: = =

c b a

73



a+b—c+ _a+c-b _b+c-a

Suyra: —+2 +2 +2
- c b a
a+b+c a+c+b b+c+a
Suy ra: = =
b a
Suyra: hoaca+b+c¢=0 hodc a= b=c.
=-1hoacP =8

T x +y+z=0suyra: X’ +)° +2° =3xyz

A=%- M =63x"y’z’ —lfxxyz(x3 +y° Jrz'1‘)+4(x'1’y3 +y°2° +

N ='§U|c2yzz2 +2xyz(x3 +y3 +z° )+ 4(x"y3 +y"’z3 + z3x3)

000
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