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PHAN CONG BIEN SOAN

NGUYEN TAM SON : Céc chuyén dé tir 1 dén 16.

PHAM THI BACH NGOC : Chuyén dé 17.
TRAN HUU NAM : Cdc chuyén dé 18 va 19.

Anh minh hoa bia 1:
Nha todn hoc Phép Pierre de Fermat (1601 — 1665)
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B& sach Tai liéu chuyén Todn Trung hoc co sd gém 8 cudn, tir
I6p 6 dén I6p 9, méi I6p 2 tap (tap mot: Pai s8, tap hai: Hinh hoc),
duoc bién soan nham

- Cung cép cho cac em hoc sinh mét tai liéu cé hé théng va kha
day di dé hoc tap chuyén sau vé mén Toan & cdp Trung hoc co s.

- Tao ngudn cho cé4c I&p chuyén Toan & Trung hoc phd théng va gitdp
cac em hoc sinh 18p 9 thi vao 18p 10 chuyén Toan.

- Gilip cac can bd chi dao mén Toan, cac thdy ¢d gido day Toan
c6 thém tai liéu dé chi dao va gidng day chuyén sau vé Toan tai cac
hoat dong chuyén dé, ngoai khéa, cac cau lac bd Toan hoc nham béi
duBng cho hoc sinh vé kién thic, ki nang, tu duy va nhiing phdm chat
tét trong hoc tap, nghién ctu va sang tao, gép phan vao viéc dao tao
va boi dudng nhéan tai.

Nhom tac gia cla bd sach la nhiing thay cb gido da va dang gidng
day & cac I6p chuyén Toan cla cac trudng Dai hoc, cac trudng Trung
hoc co sd cb uy tin, nhing chuyén gia Toan ¢6 kinh nghiém & Tap chi
Toan hoc & tudi tré va Nha xuat ban Giao duc Viét Nam.

Cuén sach Tai liéu chuyén todn THCS Todn 8, tdp mét : Dai s&
gom 15 chuyén dé co ban va 4 chuyén dé nang cao.

& méi chuyén dé co ban, cuén sach khdng Iap lai cac noi dung da
c6 trong Sach gido khoa ma chi tém tat cac kién thiic cd ban, déng
thdi bé sung thém mot s6 kién thic can thiét. Do d6, khi giang day
cac chuyén dé, cac thdy cb giao nén sif dung két hgp tai liéu nay véi
Sach gido khoa. Cac vi du minh hoa dugc chon lgc nhim gitip hoc
sinh biét cach giai va trinh bay I3i gidi mot sé dang toan nang cao
thudng gap. Sau do la cac bai tap cé hudng dan giai.
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Cac chuyén dé nang cao nhém gitip ban doc hiéu sau va rong hon
nhitng ndi dung cb lién quan @én chuong trinh, ching dugdc trinh bay
dé hoc sinh c6 thé tiép thu dugc.

Ching t6i hi vong cubn sach nay sé la mot tai liéu thiét thuc va b

ich gitip cac em hiéu sau séc nhiing kién thirc Toan da hoc, gop phan
vao viéc nang cao chéat Iugng dao tao va bdi dudng hoc sinh gidi

Toan & cép Trung hoc co sd.

Mc dil céc tac gid da lam viéc nhiét tinh, nghiém tlc va c6 trach
nhiém, tuy nhién, cudn sach van khé tranh khdi nhing thiéu sot.
Chung toi rat mong nhan dugc y kién dong gop clia ban doc. Cac gop

y xin glfi vé :
Ban Toan - i":'n, Céng ty CP Dich vu Xuét ban Giao duc Ha Noi,
Nha xuét ban Giao duc Viét Nam, 1878 Giang Vo, Ha Noi.
Chu bién
vU HUU BINH
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CAC CHUYEN DE CO BAN

Giwoma 1 - PHEP NHAN VA PHEP CHIA GAC BA THUEG

== PIe S

Chuyon dé 1

NHAN BA THUL -
CAC HANG BANG THUC BANG NHOY

I. KIEN THUC CO BAN

1. Mu6n nhan mot don thire véi mot da thiic, ta nhan don thife véi timg hang tir

cia da thitc réi cong céc tich véi nhau :
A(B+C-D)=AB+AC-AD.

2. Mudn nhan mot da thiic véi mot da thiic, ta nhan méi hang & ctia da thic nay

vOi timg hang tir ctia da thiic kia roi cong céc tich tim dugc vdi nhau,
(A+B)(C+D-E)=AC+ AD- AE+ BC+ BD - BE.
3. Cic hiing ding tiic ding nhé :
* (a+b)’ =a’+2ab+b
* (a—b)? =a’~-2ab+b’
* a’-b® =(a+b)a-b)
* (a+ b)3 =2’ +3a%b + 3ab’ + b
=a’+ b’ +3ab(a +b)
* (a-b)® =a’-3a’b+3ab’ = b
=2a° - b — 3ab(a-b)
a3 B = (a+ b)(a2 —ab + bz)
*a'-b' =(a-b)a’+ab+b?)

*

(1)
(2)
3)
“®

3

6)

@)
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Kién thirc bo sung
* {a+b+c)2=a2+b2+c2+2ab+2ac+2bc
(gt ay ..t anJ2
s N an n—l| n—Zb 3 2 2 n-3 n-2 n—1
#a'-b"=(a-b)@" +a b+a b +..+a’b “+ab “+b )
(vdin=2taco (3),vdin=3tacod (7)).

= zt,z +5|§ Fotal 42002, +22)25 +.+ 2278, +20585 4.+ 2858, +..+ 28,2,

5 HZR' o b?k =(a+ b)(aEk-i _ a?k—ib + ﬂ?k‘-3b2 . albik—fi + ah?}:—? = bZk"I)
* s b =@+b)a"  -a" b+ a" b — ... —ab" 2+ b" ) vinlé

(n=3taco (6)).
Khai trién nhj thic Niu-ton" :

(@a+b)"=a"+na"""b+ P-g?-;—l)a""zbz + -ll{-n—_llz)—(:—;ﬂa“_3b3 i s

Tam gidc Pascal® : Bing cécr h¢ s6 trong khai trién (a + b)":

I 1
R 1
1 3 3 1
l 4 6 4 1
| 5 10 10 5 1
1 6 15 20 15 6 1
Véin=0: (a+b)= 1
Véin=1: (a+b)= .a+b
Véin=2: (a+b)= a® + 2ab + b°
Véin=3: (a+b)’= a’ +3a%b + 3ab” + b’
pae g 4 5.3 T o il sl
Véin=4: (a+b) = a +4da’b+6a’b” +4ab” +b
S 5 5 .l 3,2 2,3 4,15
Véin=5: (a+b)y = a +5ab+10a’b” + 10a’d” + 5ab” + b

Véin=6: (a+b)’= a%+6a’b+152°b% +20a°b>+ 152%" + 6ab’ + b°

1) Niu-ton (Newton) (1643 — 1727) nhi bic hoc Anh.
2) Pas-can (Pascal) (1623 — 1662) nha todn hoc Phip.
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I1. Vi DU MINH HOA
Vidu 1.1, a) Riit gon biéu thiic :
A=15@+ 2b)2 —3(a+2b)(a+2b+ 19) + 6(2a + 4b)(1 — a - 2b).
b)Ch0A=x3—2x2y+5xy2—y2; B=x+2y;
C=10xy® - yX(x +2y).
Tinh AB-C.
Gidi : a) Dita+2b=x thi
A=15%" = 3x(x + 19) + 12x(1 = x) = 15x% = 3x2 = 57x + 12 — 12x2
=-45x = - 45(a + 2b).
b) AB= (x3 - 2x2y + Sxy2 - yz)(x + 2y)
=x*+ 2x3y - 2x3y - 4x2y2+ szyz + IOxy3- xy2 - 2)(3
=x*+ x2y2+ [{)xy.j— xy2 = 2y3 2
C = 10xy*- xy? - 2y°.
Viy AB-C= x*+ xzyz.
Vi du 1.2. Cho biéu thifc :
4 [ +2{}1|J+ 1 2 6033

D= ot 2013) 2015 2013 20132015
ap= 2011
2015 2013
a) Ritgon Dtheoavab;

Pata=

1
b) Tinh gid tri cia —.
) Tinh gid tri c 5

2 . 2011 6033 . 1 2011
2013 2013° 20132015 2015 2013
Dodé D=4a(3 +b)+a(l —b)—3ab=12a+4ab+a—ab—-3ab=13a.
s S s '

D 13
Vi du 1.3. Cho biéu thic :
E=x6—6x5+6x4—6x3+6x2~6x+ b
Hiy tinh gid tri biéu thiic véi x = 5,

Gidi. Nhin xét ;



Gidi. Cich 1 : Thay x =5 vao E, tac6 :
E=50-65+65"-65+65-65+6
S5+ 1)+ G+ 1.5 -5+ DS+ G+ 1) = (5+1).5+6
=50-55 5545545 -5t -4 50 45752 -5+6=1.
Cdach2 :Dox=5nén6=x+1.Tacéd:

E=x(’—(x+ I).x5+ (x+ ]).x4—(x+ 1).x3+(x +!).x2—{x+ l).x+'x+ 1

L SN JO PR S, R (P L x+x+1=1.

L y : Qua vi du 1.2 vd 1.3 ta thdy khi tinh gid tri mot biéu thic, tly timg
trudng hap 6 thé thay s6 bing chit hodc thay chir bang s6 cho phit hop dé bai todn

c6 thé duoc gidi mot cdch don gian, thuan loi.
Vi du 1.4. Chitng minh ring : Vi x =a+ b +c thi
(x +)(x + b) + (x + b)(x + ¢) + (x + C)(x + ) = S(a+ b+ )’ + ab + ac + be.
Giai: (x +a)(x +b) + (x + bi(x +c) +(x +c)x +a)
=x24ax + bx +ab + x> + bx +cx + be + x> + ¢X +ax + ac
=3x2+2x(a+b+'c)+ ab+ ac + be
= 3x2+2x2+ab+ac+bc=5(a+b+c}2+ab+ac + be.
Viy ding thitc duge chimg minh.
Vi duy 1.5. Cho da thifc x° — 2x* + 3x — 4.

a) Viét da thiic trén duéi dang da thiic cha biény véiy=x-1;
r )

b) Viét da thifc trén dudi dang da thic clia bién z véi z = 5
Gidi:a) Tiy=x— | suyrax =y + 1. Thay vao da thiic, ta dugc :
X =2 +3x—d=(y+ 1) -2y + 1) +3(y+1)-4
=y +3y?+3y+1-2y> —4y-243y+3-4
=y3+y2+2y—2.

S x+1
b) Tirz= , suy ra x =2z — 1. Thay vio da thitc, ta dugc :

X -2+ 3x—4=(22—- 1) -2022- 12 +3(22- 1) -4
=82 =122 +62-1-822 +8x—2+62-3-4

= 82> — 2022 + 20z — 10.




Vidu16.Cho A=(x+y+2) +(x~y—2); B=6x(y +2)° +2x°.

Chiing minh riing A = B.

Gidi : Xéthiéu A-B=(x +y+z)3+(x -y —z)3—6x(y+z)2—2x3
=[x+ (y+ z)]3 +I[x-(y —|~z]]3 — 6x(y + z)2 sy
=x"% 3x2{y +2z) + 3x(y + :r,)2 +(y+ z)3 S5 - 3:(2()( +2)

+ 3x(y + z]2 —(y+ 2)3 - OX(y + z)?' —2x*=0.

VayA=B

Vi du 1.7. Cho M = 24.(5% + 1)(5* + NG + DG4+ 1 vaN =52,

Hay so sanh M va N.

Gidi : M =465+ 1)+ DG + )50 1)

=5-16+ DG+ DG+ DEE+ DE 1)
=2-1D)E2+ DEH DS+ DG+ D
=G =-nET+DEEE DE 1)
=S - DG+ DG =" - 15" 1) =571,
Vay M <N. '
Vi du 1.8. Cho P = (x + y)> + (y + 2)° + (z + x)? _
Q=(x+y)y+2) + (y +2)(z + x)+z + X)(x + ¥).
Chimg minhring n€u P=Q thix =y =2z '
Gigi. Datx+y=a;y+z=b;z+x=cthiP=Qco6 nghiala
a?+b>+c’—ab-bc-ac=0
& 2a° +2b> +2¢” - 2ab - 2bc - 2ac =0
& (a% - 2ab +b?) +(b*= 2bc + ¢?) + (c* ~ 2ac + a°) =0
o @-b2+b-c)l+(c-a>=0

a-b=0
< sb=-c=0
c-a=0

a=b=cEOx+y=y+2=2+X S X=y=%
Vi dy 1.9. Chiing minh ring néu a + b + ¢ =0 thi a’+ b +¢’ =3abe.
GﬁhTﬁa+b+c=Unmyma+b=—cnmc3z{a+wa
P O (< (O W 3 3,43 3,43
Tidéa +b +c' =a +b" —(a+b) =(a +b")—[a” +b" +3a(a+b)]
= —3ab(a + b) = 3abc.



i, BAI TAP
I.1. Thyc hién phép tinh :
a) (a+b)a'- 2’ b+a’b’ —ab’ +bh;
b) (x = a)(x = b)(x —c).
1.2, Thuc hién phép tinh :
a) 5x’(3y — 1) - [3x’(Sy +2) - 2x(3x> = TX)] ;
b) 4x"(7x" " + x = 5) — 2x"2(14x™" - 10x?).
1.3. Riitgon:
a) (a+ b+c)(a2+b2+c2—ab—ac—bc);
b)(a+c)a-c)-(a-b-c)a-b+c)+b(b-2a).
14, ChoA=x’-x+3;B=2x"-3x-5;C=dx’—dx - 15.
a)TinhD=AB-C;
b) Tinh gid tri cia D biét [x = 2| = 1.
15. Choa+b+c=~6;ab+bc+ca=11vaabc=-6. Hay tinh gid tri cia
biéu thitc E = (x + a)(x + b)(x + ¢) v6i [ =2
1.6. Tinh gid tri cia cédc da thic
a) f(x) = x® - 50x> + 50x* - 50x* + 50x2 — 50x + 50 tai x = 49 ;
b) (x) = 1969 — 80x + 80x” — 80x” +80x" ~ ...+ 80x % — x"% tai x = 79.
L.7. Chiing minh réng gid tri ctia cdc da thiic sau khong phu thuoc vio x :
a)h(x)=(x = DX+ x+ D)= (x+ NP —x + 1)
b) k(x) =2x(4x + 1) - sz(x + 1)+ (2x)3 - 2x + 3.
L.8.  a) Vi€l 15.256 thanh tdng ctia bén ldiy thira co s6 2 véi cdc 56 mii 13 bon s6
tu nhién lién tiép ;
b) Viét 775.625.5 thanh téng ctia ba ldiy thiva co's6 5 véi cdc s6 mil 1a ba s6
tu nhién lién tiép.

1.9. Tinh: M= I ( - I|- I 1- 2 !9?4. (946 _ g L
1975\ 1945 1945 1975) 1975 1945 1975.1945
1.10. Tim cdc hé s6 a, b, ¢, biét :

a) 2>cz(mc2 +2bx + 4c) = 6x? - 20x% - 8x2 véi moix;
b) (ax + b)(x2 —-cx+2)= x> +x% - 2 véi moi X.
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1.11. Tim x, biét ;
)2 = 5)X+5) - (x+2)2x -+ x( - 8)=(x + DX -x +1);

b)3[—§—x—7)—2’{1,5x+6)—-(5—x}(x+4) =80 +x?;

4 5(x "1 1 2)[4x? 22 ,
¢) =xf|===|=|zx=Z||—+1|=2x%
5 3 2] A5 3| 3 45

1.12. a) Chiing minh ring véi moi s6 nguyén n thi
(2-n)(n®=3n+1)+n(n®+ 12) + 8 chiahét cho 5 ;
b) Hi¢u cic binh phuong ctia hai s6 wr nhién chan lién tiép 12 44. Tim hai s6 d6 ;
¢) Hiéu cac binh phuong ctia hai s6 ty nhién 1¢ lién tiép 12 48. Tim hai s6 d6 ;
d) Tim ba s6 ty nhién lién ti€p biét ring tdng cha ba tich méi tich la tich clia
hai trong ba sd dé thi dugc 74.

1.13. Tinh nhanh gid tri cha cdc biéu thirc sau :
a) A = 123(123 + 154) + 77°;
b)B=3"-@7" + 1)(9°~ 1);
¢) C=85%+ 752 + 65% + 55% — 452 - 352 - 25% — 15%;

135% +130.135 + 657 _

- 135° - 65 '
) E=12222+3% 4%+ 52— 6% +...+ 20112 - 2012%

1.14. So sénh : ‘
a) 2011.2013 +2012. 2014 va 2012% + 20132 -2 ;
b) (9 + 1% + O + DNEO* + DO+ DEOZ + Hva ™ - 1;

d)D

X2 — y?

c) ""’va

3 vaix>y>0;
X+y x"+xy+y

2
d) (x2+ y): vi ) Xy + y2
X* -y X=y

1.15. Rt gon biéu thiic :
a) (a2+ b’ + cz)z = {az— b% ~c??;
b) (a +b+c)’ — (a-b~c)* ~4dac;

viix>y>0;



Oa+b+c)l-@+b)’-@+c)-(b+o)’;
d]{a+b+c)2+{a~tl+c}2+(a+b—c}2+{—a+b+c}2.
1.16, Chiing minh ring : _
a) (@2 - b2)(c? - 0 = (ac + bd)> - (ad + be)’;
b) 2’ + b’ +¢’ = 3abe) = @+ b+ ) (a =)’ + (b-c) +{c-a)1] ;

c)(a+Db) (b+c)(c+a)+4abc=c(a+ b}2 +a(b + c)2+ b(c + zz)2 3
d)@+b+c)=a’+b +c +3@+b)b+c)c+a). '
1.17. a) Cho x> + y2 vzt = Xy + Xz + yz. Chimg minh ring x =y =z;
b) Cho (a - b)? + (b — ¢)? + (c — @)* + 4(ab + ac + bc) = 4(a” + b* + ¢?).
Chimg minh ringa=b=c.
1.18. a) Cho x — y =7, tinh gi tri ciia biéu thic x” — 2xy + y*— 5x + 5y + 6;
b) Tim x, y vazbict x2 = 2x + y* + 4y + 5 + 2z - 3)2 =0.
1.19. Tim x biét :
a)Sx(x—-3)(x+3)-(2x - 3)2 - 5(x + 2)3 +3x(x+2)=1;
b) (x = 2)° + 6(x + 1)* = (x = 3)(x* + 3x + 9) = 97.
1.20.Choa+b+c+d=0.
Chiing minh ring a° + b” + ¢® + d* = 3(ab - cd)(c + d) :
1.21. a) Cho x = 99. 'fl'nh gid tri cha biéu thitc X +3x7 4 3x ;
b) Cho x + y = 1. Tinh gid tri ciia biéu thic 3(x* +y?) - 2> +y%) ;
¢) Cho x + y = 101. Tinh gid tri ctia biéu thifc :
x? - 3x%4+ 3x1y + th,;2 + yg - 3y2— 6xy + 3x + 3y +2012.
1.22. Cho a + b + ¢ = 4m. Ching minh ring :
a) 2ab + b* + a® - ¢* = 16m* — 8mc :
2 . 2 2
b) [a+b~c) N (a— b.+c) N (—a+b+c) sl P and
2 2 2 .
1.23. a) Chiing minh tich ctia bon s6 Inguyén lién ti€p cong véi 1 la s6 chinh phuong ;
b) Chimg minh ring s6 n’+n+1véin nguyén dwong khong la s& chinh phuong.




Chuyen dd 2

PHAN TiCH BA THUC THANH NHAN TU

I. KIEN THUC CO BAN

1.

Phan tich da thic thanh nhan t la bign déi da thic d6 thanh mot tich cdc
da thrc.

Cic phuong phdp thudng diing : Dit nhan tf chung, dung hing dang thitc ddng
nhd, nhém cdc hang tir va phéi hgp ba phuong phip dé.

Cac phuong phédp khdc :

— Tach hoac them bdt cdc hang tir;

— Duing bién phu ;

— Phuong phdp hé s6 bét dinh ;

— Phuong phdp sit dung dinh Iy Bézout (xem chuyén dé 16) ;
- Phuong phdp hodn vi vong quanh.

I1. Vi DU MINH HOA

Vi du 2.1. Phén tich da thic sau thanh nhan tir :

a) (a+ b +c)(ab + be + ca) — abe ;

b) a(a + 2b)* — b(b + 2a)’.

Gidi. a) (a+ b + c)(ab + bc + ca) — abc = [(a + b)+ c](ab + bc_ +ca)—abc
= (a+ b)(ab + be + ca) + abc + be’ + c2a— abe = (a + b)(ab + be + ca + ¢?)
=(a+b)[ba+c)+c(a+c)]=(a+Db)b+c)c+a).

b) a(a + 2b)° — b(b + 2a)° = a(a® + 6ab + 12ab%+ 8b) — b(b’ + 6b%a + 12ba> + 8a")
=a* - b* + 6ab(a’ - b%) - Bab(a® - b’

= (a? - b)(a® + b’) — 2ab(a’ — b)

= (2% - b?)(a” + b’ — 2ab) = (a — b)(a + b)(a — b)* = (a + b)(a — b)’.

Vi dy 2.2. Phan tich x > = 5x + 6 thanh nhan ti.
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Gidi. Ta c6 (hé tich (hoic thém bat) cdc hang tir theo mot s6 cdch sau day :
Cich 1 :x*=5x+6=x>=2x-3x+6=x(x - 2)~3(x = 2) = (x - 2)(x = 3).

I
Cich2 : x* - 5x +6=x2—2_)(-§+%1—5~1

- ¥ iy 501 5 1 ‘
=(x—5) —[—2—] =[x—§—5J[x——i+5)=(x—3)(x~2}.
Cich3:x>=5x+6=x2-9-5x+ 15=(x - 3)(x +3) = 5(x = 3) = (x = 3)(x — 2).
Cich 4 : x*=5x +6=X"~4-5x+ 10=(x =2)(x +2) - 5(x~2) = (x-2) (x - 3).
Cich5 :x2-5x+6=x2-6x+9+x-3=(x -3 +(x -)=(x-3)x~2).
Cé::hé.‘x2—5x+6=x2—4x+4-"x+2=(x—2)2—()f-2)-‘—(?&—2)(?&—3)‘

W LUy ¥

Nhdn xét. O bai tédn trén ta ¢6 rit nhiéu cich phan tich. Tuy nhién
thong thudng ta hay sir dung cdch | va cédch 2 dé phan tich mot da thic

thuéc dang ax>+bx +¢ hoic ax’+ bxy + cy2 thanh nhan .

Ta c6 thé fim duoc quan hé giita cdc hé s6 a, b, ¢ dé da thifc ax’+ bx +c,
(a# 0) phén tich dugc thanh nhén i (theo huéng tich hé s6 b) :

bDitb=b+ b,. Ta c6 ax*+ bx +c=ax2+(b1+b2)x+c
=ax2+b|x+b2x+c

b
= ax [x+—‘) +b,y (x +—E—]‘
a b,
Dé ax’+ bx + ¢ phan tich duot: thanh nhan tr thi

b] C =it bi
X+ —=x+—tiicla —=—
a b, a 2
hay byxby=axcvdib;+by,=h.
Diy chinh 1A quy luat dé phan tich da thiic ax>+ bx +¢ hoic ax+ bxy + cy2
thanh nhan tir bing cdch tich hé s6 b.
Ap dung phén tich 6x> +23x ~ 18 thanh nhan ti :

Nhinxét. a=6;b=23;¢c=-18.Ta c6 ticha.c =- 108 nén phai tich

14

23 =27-4vi27.(-4)=-108.



Khi d6 6x” + 23x — 18 = 6x% + 27x — 4x — 18 = 3x(2x + 9) — 2(2x + 9)
=(2x +D(3x - 2).

Vi du 2.3. Phan tich cdc da thiic sau thanh nhan tr :

a) a3+b3+c3—3abc;

b)a+b+c)—a’—b*-c?;

Q-9 + -2 +@-x"

Gidi. 2) 2%+ b + ¢ — Zabe = 2>+ 32%b + 3ab” + b* + ¢’— 3abe — 32%b — 3ab?
=(a+ b)3+ cE—Sab{a +b+c)
=(a+b+0)(a+b)’—(a+b)c+c? |- 3aba+b+c)
=(a+b+c) (a’+ 2ab + b’— ac— be + ¢% — 3ab)
=(a+b+c) (a2+b2+c2— ab — ac— bc).

Vay—a3+ b3+c3-3ahc=(a+b+c) (a2+b2+ ¢? - ab - ac- be) .

b) Ap dung hing ding thic (x + y)3 =x+ y3 + 3xy(x +y), taco :

(a+_b+c}3—a"—b3—c3’=[(a+b)+c]‘1—a‘?'»b“—c3

=@+b)’+c’+3@+b)ca+b+c)-a -b’ -
=a3+b3+3ab(a+ b)+c3+3c(:aa+b)(a+I:;+t:)-.13—b:"—c3
= 3(a + b)(ab + ac + bc + cz) =3(a+b)la(b+c) +c(b+c)]
=3(a + b)b +c)(c + a).
c)Pitx—y=a;y-z=bj;z—x=cthia+b+c=0.
Tira) ta cé a’+ b+ ¢*=3abc = (a+b+c) (a2 +b%+ ¢?— ab - ac— bc)=0;
dodé a*+b*+ ¢’ =3abe, | .
Vay x-9' +y-2'+ @01 =3x - y) (y ~ 2z - x).
Vi du 2.4. Phaﬁ tich cdc da thitc sau thanh nhan t{
a)x4+64; b)x4+x2+l;
c)x5+x+l; d)x?+x5-_|-l.
Gidi. a)x"+64=x"+16x>+64 - 16x°

=P+ 8) - 16x7

=(x*+4x +8) (x* - 4x +8)..

15



2 2. 2 2
b}x4+x2+l =xt+ 2+ -xP=x*+ 1)’ =x

=2+ 140 =)=+ x+ DEE=x+ 1),

c)x5+x+l =x5-x2+x2+x+1

=x2(x3— l)+(x2+x+!)
=x?'(x— I)(x2+x+ l}+(x2+x+ 1)
= +x+ DX -x2+1).

d}x?+x5+ =x"+x’+x24x-x2-x+1
=x —x+x -2+t +x+1
=x{x6-— l)+x2(x3- 1)+(x2+x+ 1)
=x(x3—, 1)(:(‘1 +1) +x2{x?' -1+ {x2 +x+1)
- (x3 - l){x4+x +x2) +(x2+ x+1)
=+ x+ DIx - D+ x2+x)+1]
=(x2+x+ lJ(Xs—x4+x3—x+ 1).

- Vi du 2.5. Phin tich cdc da thiic sau thanh nhan tir :

aAy)A=(x-1)(x-2)(x-3)(x—4)-80;

b) B=x" +2x" = 2x*+ x* = 2x = 100 + 10x (x* + x) + (5x — ).

Gidi. a) A = (x> - 5x + 4)(x> - 5x + 6) - 80. Dat x> - 5x + 4 =u

Tacé A=u(u+2)-80=u’+2u+l -8l

=+ 1)’ -81=(u+1+9)(u+1-9)=(u+10) (u-8).

Vay  A=(x-5x+ 14)(x* - 5x - 4).

b)  B=x*+23+x+ 10x x* +x) - @x*+2%) + (5x - 1)* = 100

=(x*+ %)%+ 26 + x)(5x = 1)+ (5x - 1)2 =100.

Piatx*+x=a;5x~ 1 =bthi B=a’+ 2ab + b*> - 100 = (a + b)®> = 100

=(a+ b+ 10)a+b-10).

Vay B=(x"+6x + 9)(x* + 6x = 11).

o Ta biét riing a 1A mot nghiém cta da thitc f(x) néu f(a) = 0. Vi thé néu da
thiic f(x) cé nghiém x = a thi n6 chifa nhan tir (x — a) vd nghiém nguyén ciia da
thic né€u c6 phii li udc ciia hé s6 tu do.

Ngu‘o‘l ta dua vao nhan xét d6 dé phan tich cdc da thifc thanh nhan tir bing phuong
phéip nhdm nghi¢m (thuc chat 12 sit dung dinh 1y, Bézout).

16



Vi du 2.6. Phin tich da thiic sau thanh nhan tir :
F(x) =x’- 6x>+ 11x = 6.
Hidong dan giai. Nhin xét : f(1) =1 -6+ 11 — 6 =0 nén da thic f(x) khi phan
tich thanh nhén tlr ¢6 chita mét nhan tr (x — 1).
Gidi
F(x) = x'— 6x>+ 1 1x — 6= x"— x> = 5x° + 5x + 6x — 6
=x2(x=1)=5x(x = 1)+ 6(x = 1) = (x = N(x> = 5x + 6)
=(x— DX =2x=3x +6) = (x = D[ x(x - 2)- 3(x - 2)]
= (x = I)(x = 2)(x - 3).
Vi dy 2.7. Phan tich da thic 3x> — 7x% + 17x — 5 thanh nhan tir.
Hiong ddn gidi. Cac 50 = 1; £ 5 khong la nghiém cia da thiic. Pa thic khong

c6 nghiém nguyén nhung cé thé c6 nghiém hitu ti dang P (véi p la udc cha hé s6
q
tr do, q la wée duong hé s6 ctia hang tir bic cao nhit). Thir véi £ % vi + 3 thi

x= 5 la nghiém cna da thiic nén da thife chifa nhan tir x — % hay 3x — 1.

Gidi
30 =T H 17X -5=3x" =X = 6x>+2x + 15k - 5
_ =x°(3x = 1)= 2x(3x = 1) + 53x = [) = 3x = 1)(x*= 2x + 5).
5 LUU Y ;
Ta cd thé gidi bai todn trén bing phuong phap hé so bat dinh :
Néu da thiic trén phén tich duge thanh nhan tir thi phai ¢6 dang :
(ax + b)(cx2 +dx +¢)= acx’ + (ad + br;)x2 + (ac + bd)x + be.
Déng nhat da thic nay v6i 3x° = 7x% + 17x - S, taco:
ac=3;ad+bc=-/;ac+bd=17;bc=-5.
Gia stra >0 (néu a <0 ta déi ddu ci hai nhan ti) thia=3 hoiica= 1.
Xéta=3thic=1,tac63d+b=-7:3e+bd=17vibe=-5.
Suy ra b ¢6 thé 1a £1 hoac £5. Véib=~1 thie=5; d = -2 thod man.
Vay tacod
3x* = Tx? # 17x = 5= 3x - N(x? = 2x + 5).
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Vi du 2.8. Phin tich da thic sau thanh nhan tir :
ab(a + b) — be(b + ¢) + ac(a - ¢).
Gidi
Cdch 1 : ab(a +b) — be(b + ¢) +ac(a - )
" =ab(a+b) - b - be? + a’c — ac”
= ab(a +b) + (a’c ~ b%) — (ac® + bc?)
=ab(a+b)+ca-Db)a+b)- cz(a+ b)
=(a+b)[ ab+c(a—b)—c’]=(a+b)(ab+ca-cb-c’)
=(a+Db)[(ba-c)+cla-c)]=(a+b)a~-c)b+c)
Céch2 :Tacda—c=(a+b)—(b+c)nénab(a+b)—Dbe(b +c)+ac(a—c)
=ab(a +b) = be(b + ¢) + ac (a + b) —ac(b +c¢)
= (ab + ac)(a + b) - (bc + ac)(b + ¢)
=(a+b)a(b+c)—(b+c)e(a+b)=(a+Db)b+c)a-c).
Vi du 2.9. Phan tich da thifc a° + a — | thanh nhan 1. Ti dé chi ra s6 100.009
-1a hop so.
Gidi
dra-l =2 +i~@-a+ D=a@ + 1) -@—a+ =a’ @+ —a+ D-@-a+1)
=(a2—a+ 1)(a3+a2— 1).
Véia=10tacd 100 009 =91. 1099 Ia hop s6.

. BAI TAP
2.1. @a) Cho (x -y + z)(Xy + yz + zx) = xyz. Chiing minh rang
(2013 yzuu + 72 2 (x4 y+ z)2(}l3‘
b) Chiing minh ring néu X +y +2z: 6 thi A = (x + y)(y + 2)(z + x) - 2xyz : 6.

2.2. Phan tich cdc da thiic sau thanh nhan tr : (diing cich 1 trong vi du 2.2)

a)x2+x—6 b)x2+5x+6
c}xz—-4x+3 cl)x2+5x+4
c)x2~x—6 n2xz+5x+3
9)2x2-7x +3 h) 3x 2+ 10x — 8
)3x2+7x =76 k) 2x% + 3881x — 17505
i sl

2 0
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2.3.

2.4,

2.5.

2.6.

29.-

2.8.

2.9,

Phan tich cdc da thic sau thanh nhan i : (don g cich 2 trong vi du 2.2)

ax2-x-6 h)x2~8x+12

Ox%+3x-10 dx*-12x-13

e)2x2-5x-3 f)3x%+5x-2

) 15x*-x -6 h) x*~4x +13.

a) Chiing minh ring diéu kién dé da thic x* + bx + ¢ phin tich duoge thanh
2

nhén 1 la : —1:;— — ¢ 1a binh phuong clia mot s6 hitu (i,
b) Chiing minh ring diéu kién dé da thiic ax® + bx + ¢ (véia= 1 vaa=0)phan tich
2
duoc thanh nhan tr 14 : (EIZ.) - < Ia binh phuong ctia mot s6 hiwu ti. Sau do6
a &

a
kiém tra xem da thic : 2x*~ 5x + 7 ¢6 phan tich duigc thanh nhan tir khong ?

Phan tich cdc da thifc sau thanh nhan t : .
a)x3+6x2+ 1Ix+6; b) X33 ?x2*27x— I8 ;
o) x” —8x%+ x +42; d) x*+ 5x%- 7x% - 41x - 30.
Giai cdc phuong trinh :

) 6x +x+4=11x2 b) x°~ 14x"+ 49x* = 36.

Phan tich cdc da thic sau thanh nhan tir:
a)x*+4; b)x*+324; o) x" + 64

Phén tich cdc da thifc sau thanh nhan t :

a)x'2+xﬁ+1 b)x'ﬁ+xg+'1

c) x*+7xt + 16 d) x4+ 2% 49
Ox"+x™+ 1 (e N) Hx"+5x2+9

g) x™M+4x™ 1 16

Phén tich cdc da thic sau thanh nhén tr :

a) x> +x -1 b)x’-x* -1
c)x?+x2+1 . d)x9+x8+x?—x3+i

c}x'"+x5+ 1.

2.10. Phan tich cdc da thite sau thanh nhan (i -

DA=C+x+ DX +x +2)— 12
b)B=(x - 1)(x—2)(x - 3)(x=4) + | :
19



2.11.

)C=(x-2)(x-4)(x-6)(x-8)+ 15;
d)D=(x-2)(x—-4)x —6)(x —=8)+ 16;
)E=(x2+3x+2)(x>+Tx + 12) - 24
I‘)F=(x2+3x+2){x2+7x+ 12) + 1.
a) Chig minh riing vdi moi x, y € Z thi

S=(x+y)(x +2y)(x + 3y)(x + 4y) + y‘1 la s0 chinh phuong.
b)ChoT=(-1)(t=3)(t—4)(t-6)+9.

1) Chiing minh : T 2 0 vdi moit

2) T la s6 chinh phuong véi moi t & Z.

2.12. a) Tim diéu kién cia a vdi m dé M = (x — a)(x — 2a)(x — 3a)(x ~ 4a) + m phan tich

2.13.

2.14.

2.15.

20

duge thanh nhan t. Pa thic H = (x — 2)(x — 4)(x - 6)(x — 8) + 4 ¢6 phin
tich duge thanh nhén i 'khong ?
b) Tim diéu kién ctiaa, b, n € Q dé :
N=(x+a)x+b)x+a+n)(x+b+n)+k
1) Phan tich duoc thanh nhén u;
2) Trd thanh binh phwrong diing.
Phan tich céc da thic sau thinh nhén tir :
a) a’- |J'1+ ¢+ 3abe 7
b) a’~ b’- ¢*- 3abe ;
c)(a+ h)'1 +(b+c)‘1+{c +:1)3~8(a +b+c)3;
d)(a-b)’ +(b-c) +(c-a).
2)Choa’ + b+’ = Jabe, chiing minh ring
a+b+c=0hoica=b=c.
b) Cho a’ + b* + c*+ d* = dabed va a, b, ¢, d >0, ching minh ring
a=b=c=d.
a) Tim x, biél x3+ 3&x2+3(az—bc)x P~ 3abc =0
vGi a, b, ¢ 1a cdc s6 di cho.
b) Tim bg ba s6 nguyén duong (x, y, z) thod mén :
x>+ y3+ Ixyz=z I= (2x + 2y)2.



2.16. Phén tich thinh nhin ti -
a) A =a’b%(a - b) - c2b’(c - b) + a’cXc ~ a)
b) B =2be(b + 2¢) + 2ac(c — 2a) — 2ab(a + 2b) — Tabc ;
¢) C=ab(b-a) - be(b - ¢) — ac(c —a);
d)D= 3bc(3b c) - 3ac{3c —a) - 3ab{3a +b) + 28abc ;
c)E-a(b +c )+b(a +c )-;-c(d +b2)+2abc
217.a) Lanluot thaya=1;2:3: ... ; n trong hiing déng thiic (a + ])2 =2’ +2a+ l
16i cOng theo v& cdc ding thic.
T do tinh tong S, =1 +2+3 + ... +n.
b) Hay tinh téng S, = 12+ 22432+ + 0% r (a + 1)’.
¢) Hay tinh téng S, = N L O n® tix (a+ l)4
2.18. a) Tim s6 tw nhién n dé gid tn clia biéu thitc A=n*+2n2 -3 :
1) La hop s6;
2) Bing 2013.
b) Tim $6 ty nhién n dé gid tri biéu thic B =n? — n° — 6n>+ 7n - 21 Ia 50
nguyén 16.
2.19. Phan' tich cdc da thiic sau thanh nhan tir bin & phuong phdp hé s6 bt dinh :
a}2x ~?xy+6y +9x— 13y =5;
b) 2x* - 7x% 4 172 =20x + 14 ;
o) 2x* — 19x® + 2002x2 - 9779x + 11670,

2.20. a) Chimg minh ring t6ng ctia tich bon s6 w nhlén chén [ién tiép véi 16 1a s6
chinh phuong,.

b) Tim cic s6 nguyéna, b, ¢ sao cho (x +a)(x -2) -7 = (x.+b)(x +c).

Chuyon db 3

TINH CHAT CHIA HET TREN TAP HOP S0 NGUYEN

I. KIEN THOC CO BAN

- 1. Dinh nghia : Cho hai s6 nguyén bat ky a va b (b # 0). C6 mot va chi mot cip
$0 nguyén q va r sao choa=bq+rvéi0<r<ibl.
+ Néur =0 thi a chia hét cho b (ky hiu a : b) hay b chia hét a (ky hiéu b | a)
hay a 1a boi ctia b hay b I wéc cia a.
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2. Mot s& tinh chat chia hét: Vdia, b,c,d,m,ne Z
a)Néua=0thiaia;0ia;ail.
b) Néua:bvab:cthia! c(linhchit bic ciu).
c)Néua:bvab:athia=+ b,
d)Néua: bthiac: b.
e)Néua: bvaa:cthia: BCNN(b,c). Khi(b,c)=1thia: b.c.
f)Néuab i cva(b,c)=1thia:c.
g)Néuaicvabicthiatb: c(tinhchit chia hét cia 1ong va hiéu).
WNéuaicvib/cthiat b{ec.
i)Néua:c;b:dthiab: cd
k)yNéua: bthia": b"(ne N).
I)Néua: choichb: cthiab: c.
m)Néua:m;b:nthiab: mn.
n)Néuab: p;plasénguyéntdthia phoichb : p.
Néua" : p;plasénguyéntdthia: p.
Chil y : Mot s& nhan xét thudng diing trong cdc chiing minh vé chia hét :
I. Trong n s6 nguyén lién tiép c6 moét so chia hét cho n.
Tich clia n s6 nguyén lién tiép chia hét cho n.
2. Khi chia mdt s6 nguyén a cho sé nguyén b # 0, xay ra mot trong [bl dang
sau:a=bg;a=bq+1;a=bq+2;...;a=bqg+(Ibl - 1) véi q nguyeén.

Il. Vi DU MINH HOA

1. Chitng minh quan hé chia hét : Cho B(a) 1 mat bicu thiic phu thudc vio a
(a € N hoic a e Z). Dé chiing minh B(a) : n ta thudng diing phuong phdp phan
tich B(a) thanh nhan tir trong dé c6 chita n. Néu n 1a hop s6 ta phén tich n thanh
mot tich cdc thira s6 d6i mot nguyén t6 ciing nhau 16i chimg minh B(a) chia hét

cho til ca cic so do.
Dé chiing minh quan hé chia hét, ta con diing cdu tao s6 va cdc phép tinh Iy
thira, cdc hiing dang thiic nang cao, sir dung cdc nhin xét thudng ding da néu trén,
Vi du 3.1. Chiing minh riing vdi moi s6 nguyén a thi :
a) at-ai2;

b)a3—zt53;
c)ashai 5
d)al?—aE?
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Gidi.a)a® - a = (a=1)a i 2 vi latich cia hai s& nguyén lién tiép.
b) & —a= (1 - Da=(a—Data+1): 3 vilatich cia ba 6 nguyén lién Li€p.
c) Xét e a
Cichl :a° —d—a(a -1)= a(a - l){d + 1)
= a(a - 1)(a —-445)= a{a - l)(a2 -4) +Sa(a2- I)
=(a-2)(a- Da(a+ 1)a+2)+5a@>-1):5
vi dy la tich ctia ndm s6 nguyén lién ti€p cong nam 1an mot s6 nguyén.
Cdch 2 : Xét hiéu 2> avéi tich clia nam s6 nguyén lién tiép
' (a-2)(a- Da(a+ 1)a+ 2).
Tacé (@ —a)-(a—2)a-aa+ l)(a +2)
= (a5 —a)— ('15—5:11 +4da)= 5a’-5a: 5. 2
Mi (a — 2)(a - l)cl(a + 1)(a + 2) 1a tich clhia nam s6 nguyén lién ti€p nén chla '
hét cho'5. Suyraa’ —a ‘5.
Cach 3 : Xét 56 du clia a trong phép chia cho 5 :
35 —a= a{ad -D= a{a2 - ])(a2 +1).
Véia=5k (k e l.)lhl a:h
Véiax=5sk + [tlua —1=(25k + 10k+ 1)—1 =25k + 10k : 5.
Véia=5k + 2thia’+ 1 = (25k? £ 20k +4) + 1 = 25k* + 20k +5 : 5,
Trudng hop nao cung ¢6 mot thira s& chia hét cho 5 nén a-ais.
d) Chimng minh al-ai7 twong tu cAu c).
Caclr 1 : Xét hi¢u (a - a) - (a 3)(a—2)(a— Da(a+ [)(a+2)(a+ 3)
= 7a(2a Ta2 + 5T ‘
Suy ra 2t =i,
Cich 2 :a’ —a=a(a’ + 1)@ - 1).
Xéta=Tk;a=7k+ l;a=7k+ 2;a=Tk + 3.

=" CHO Y
Meénh dé "a® - a: 9 véi moi s6 nguyén a’khéng diing

(ching han 2-2=5107 9).

Biai todn téng quat chia cdc bai todn trong vi du 11a : "Néu p 1a s6
nguyén (& thi a” — a chia hét cho p v6i moi s6 nguyén a” — Day 1a dinh
I§ nhé Fermat," -

1) Pierre de Fermat (1601 — 1665) nha todn hoc Phip.
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Vi du 3.2. Chiing minh riing v6i moi 56 nguyén a :

a) ©-ai6;

b) A’ -T7ai6;

<) a+1lai6;

d) Tir cdc phén trén, hily 16ng quét hoa bai todn va chiing minh.

Gidi.a)Taco:a’ —a=a(a’ = 1)=(a—1)a(a+ 1), latich ctia ba s6 nguyen
lien tiép. Trong ba s6 nguyén lién tiép c6 mot sd chia hét cho 3 va it nhdt mot s6 chan.

M3 2 vi 3 nguyén 6 ciing nhau nén

(a-Da(a+1):6.

b}a"—-—?a:aa—a—ba t6viai—ai6va6al6.

c)a3+ lla=a'—a+12ai6via°-ai6val2a:6.

d)Tong quat : a’ —(I +6k)a: 6(véimoia;keZ).

Chu'ngmmh:a —(1+6k)a=(a —a}— 6ka : 6.

(Véik=0tacdcaua); vdik=11acocaub); vii k =-2 tacé cauc).

Vi du 3.3. Chiing minh rfing :

a)1021%-1:99; e

¢) (2104 )2010; 952010, d) (3011975, 151870 4935 _ (7 5)1954 : 93

Gidi. a) Ap dl_mg hing ding thitc a" — b" (xem chuyén dé1). Tacéd:
10201(} (10‘2)]05{] = 100"}5{} _ 11050
= (100 - 1}(100“’"" £100"*® & .+ 100+ 1) =99k

1930 - 113,

v6i  k=100""+100""" + .. + 100+ 1 € Z.

Vay 1000 1: 99.
b) Ap dung hing ding thiic a" + b" v6i n 1¢ (xem chuyén dé 1). Ta ¢6 :

3I930+2I‘)3U=9965+4965_(9+4)kE 13

c) (2I0+ I}EUIU (1024 + I)ZUIU 252010 252(”0_

d) (304}I‘J?5_ ]518?0. 4935 < (75)
- 30?900. 301870 L 7‘)‘??0: 309??{) 9770 {30 Tk 23

1954 - 30?900 ISIS'FO 2I8?(] - ?9?7(]

Vi dy 3.4. Chimg minh ring 4" + 150 — 10 9 (n € N).
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Gidi. Cach 1 :4™+ 150 — 10=4"— 1 —3n + 18n—9.
Xét4"=1-3n=@-)E"" +4" 244" 4 +4%+4+1)-3n
AN 2 2 b T=0)
w3 (@ - D@ 2= D@D 2@ =D+ @ <D+ (= DI
Talaic64™ ' —1=3.@4"2+4" 7+ ... +4> + 4+ 1) = 3k;
"2 1 =304 L8241 ) =3k
A =™ e +42 444 1)=3ks

42-1=35

4—-1=3.1.
Viy 4"-1-3n=3.3(k+ky+ky+...+5+1)=9k: 9.
Dod6é 4"+ 15n—-10: 9 (ne N). _
Céch 2. : Chimg minh bing quy nap todn hoc (xem chuyén dé 18) :
+V6in=0thi4"+15n—10=1+0-10=-9 : 9 diing.
+ Gia sit bai todn ding v6i n = k nghia la 4%+ 15k-10:9. Ta phéi chimg

minh bai todn diing véi n=k + 1, nghia1a 4** ' + 15(k + 1) = 10} 9.
That vay 4% * ' + 15(k + 1) - 10 =445+ 15k + 5
=4,(4+15k — 10) — 45k +45 © 9.

(Vi4k+ 15k —10:9;45k:9;45: 9).
+ Vay bai todn ding véi moi s6 tu nhién n. _
Vi du 3.5. Chiing minh ring hi¢u gitta mot s6 tw nhién ¢6 sdu chit s6 va s6

viét theo thit tr nguoe lai luén chia hét cho 9. Hay téng qudt hod bai todn va
chiing minh. '

Gidi. Goi s6 ¢6 6 chii s6 14 abedef (a,b,c,d,e,fe N, a,b,c,d,e,f <9;a#0)

S6 viét theo thif t nguoc lai 1 fedcba . :

Tacé abedef — fedcba =

=@10° +5.10" +¢.10* + . 107 + .10+ ) ~ (£.10° +.10* + d.10° + ¢.10* + b.10 + )
=2(10° = 1) + b(10" - 10) +¢(10° = 10%) - d(10° - 10%) - e(10* - 10) = £(10° = 1)
= Ok, + 9k, + 9Ky — 9k, — 9ks — Okg =9k 9.

2
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Tong qudt : a,a,_4a,_..A3ap8 = Adxaz..ay_ 98, 12, : 9.

Chimg minh tuong tu.
Chi y : Khi gidi bai tap dang niy, cfin nhd ciu tao s6 trong h¢ thip phan,

-1 -2 n-3 2
a,,8,_18y_9-d3898; =2, 10" +a, 110" +a, 510" "+ .. +25. 10"+ 2,10 + ;.

2. Chimg minh quan hé khong chia hét, chia hét c6 diéu kién, tim diéu
kién dé chia hét

V6i cdc bai todn chitng minh quan h¢ khong chia hét ta thuong ding
phuong phdp chimg minh phan chiing hoic sir dung tinh chat chia hét cia
16ng hodc hiéu. Dang todn ching minh chia hét c6 diéu kién, tim diéu kién dé
chia hét thuding sir dung tinh chit chia hét ctia téng hodc hiéu va cic hing ding
thite a" — b" 1 a" 4+ b" (véi n 18), (a + b)" ; sl dung cic phép tinh lu§ thira vi thém
bét, tach cdc hang tir mot cdch thich hop. C6 thé ding phuong phdp chimg minh
biing quy nap todn hoc.

Vi du 3.7. Chuing minh rang v6i moi s6 tw nhién n :

A’ +M+2020179;

b) 22.484" + 16" +2011 7 19,

Gidi. ) ¥ € N; n’+ Tn +2020 =n? + 5n + 2n + 10 + 2010

=n(n+5)+2(n+5)+2010
=(n+ 5)(n+2)+ 2010.
Gid sir t6n tai a € N sao cho a> + 7a + 2020 | 9 thi
(a+5)a+2)+2010=9k: 3 (ke N)

Do2010: 3nén(a+5)(a+2) 3. Vi3lisonguyéntdnéna-+5: 3hoica+2: 3.

Talgico(a+5)~(@+2)=3:3néna+5:3vaa+2:3

Suyra(a+5)(a-+2):9 = 2010: 9voly vi2010 : 3 khong chia hét cho 9.

Vay n’ + 7n + 2020 khong chia hét cho 9.

b) 22.484" + 16”™" +2011 = 22.22%"+ 16" + 2011

=222 4 162 42011 = (19 + 3)™ + (19 - 32 4+ 2011

= 19k + 3™ + 19h— 37! 1. 2011 = 19k + 19h + 19,105 + 16

=19(k + h + 105) + 16 (k ; h € N) khong chia hét cho 19.
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Vi du 3.8. Tim gid tri nguyén duong ctia n dé :

a)3" - 1 chiahétcho 8 ;

b) 2"~ 1 chia hét cho 7.

Gidi. a) VGi n chin n =2k (k € N) thi

3 1=k 1=00-1O ' +9 "2+, +9+1)=8p: 8.
Véinlén=2k + 1 thi
3x+l =39k _342=309"-1)+2=38p+2178.

Vay v6in € N* chdn thi 3" -1 } 8.

b)Néun=3kthi2"-1=2%-1=8"-1=7a:7(k e N).

Néun=3k+1thi2"-1=2%*""_1=22% _241=20%-1)+177.

Néun=3k+2thi2"—1=2%*3_1=42%_443=402%-1)+317

Viy v6i n € N* [a boi s6 ctia 3 thi 2" 1 chia hét cho 7.

Vi du 3.9. a) Ching minh rﬁné néu abc | 23 thi 30a + 3b—2c | 23,

b) Chiing minh s6 ¢6 6 chi s6 abedef © 7 khi va chi khi abc — def © 7.

Gidi. a) Xét 2abe + (30a + 3b — 2¢) = (200a + 20b + 2¢) + (30a + 3b — 2¢)
=23(10a +b) :23.

Do d6 néu abe : 23 thi 30a + 3b - 2¢ | 23.

b) abedef = 1000 abe + def = 1001 abc — abc + def

= 1001 abc = (abc—def ) =7. 143 abc — (abc — def ) : 7.
Vay abedef 7 <> abe — def © 7.
Dang todn tim s0 flu, tim chil s0 tan clng :

O dang todn trén, ngodi phuong phap bién ddi dé xuat hién hing ding thiic a" —b";

a" + b" (v6i n 1) ; (a + b)" ; sir dung cdic phép tinh vé luy thira, ta con sir dung

phuong phép tinh chit s6 tan cling ctia cdc luy thira véi chi ¥ ring (...0)" = .0 ;

) =] 5 (5) =055 (6)" =6 (2" = 6 (3 = (D=0

9" =.1:(.4"=.6
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Vi du 3.10. 2) Tim s6 du trong phép chia 2'% cho 9.
b) Tim ba chif s6 tin cling cta 3 19 hi viét trong hé thap phan.
Gidi, ) Tac62'® =2.2%=2.0%2 =28% =2. 9 - ).

Ap dung nhj thiic Niu-ton (a + b)"*

©-1DP=9%-1nen2.9- 1P =209k -1)=29k-2=29k -9 +7.

Viy s6 du trong phép chia 2'%cho91a7.

b) Tim ba chif s4 tin cling cla 3100 whi viet trong hé thip phén, tic 1 tim s8
du trong phép chia 3 19 ho 1000. Ap dung nhij thiic Niu-ton, ta c6

3100 _ %0 _ (10— 1)

- 504948 2 50.49 102 —50.10 + 1.

=10*-50.10"+ ... 10"+
123
[§
Bo i =30 10 . 5-0[";)':8 10°=10° k,

nén 3'% = 107 k + 122500 - 500 + 1 = 10° k + 122000+ 1 = 10° q + 1.
Viy ba chit 6 tin cling cla 3'% 13 001.
Vidu3.11.ChoS=2"+2' 4224234274 42100, 9100 9I02  5IB3

a) Chimg minh: 1)S: 3 ;
2)S: 15;
3)5: 255 -
b) Tim chif s tén cing clia S va ’
Gidi.a) 1)S= (2u+21)+(22 +23)+(24 +25)+“_+(2mu+2|u|)+(2luz +2|03)
w342 340V84 .49yl oy
2)5=(2042"+2242%)+ (24425 £26 +27) 4. +(21%0 4 2101 4 9102 4 5103)
=15+15.28 +152% + ... +152'%: 5.

3)8= 15(142% 428 +...+2w")
= 150(142%) + (2% +22) 4. + (296 4.2100)]
= 1501741728 +17.2'6 + .. +17.2%)
=15.17(1+28 +2'6 4. +2%):15.17=255.
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b)S=15.17(1+2% +2'6 & . +296) ma (1428 +2'6 +...+2%) 1& nén S c6 chir

6 tan cling 1a 5.

Taoh S=P4 + 224249 49010 +2m+2[m

=2-1)(2P+2' +22+ 20+ 2%+ 42104 2!01 4212 2109 5l _ ¢

Viy 2" =8+ 12" c6chirso tan cting 1a 6.

111 BAI TAP

3.1

3.2.

3.3.
3.4,

3.5

3.6.

Ching minh riing :

a) Pl az_[)“ 6 (aed);

b) Dicu kiéncinvadu déa’ +b* + ¢’ 6
laa+b+c:6 (a,bce?);

c)a’b-ab’i6  (abeZ);

a’? a

s— + -—

2: 3

e)a’—a ! 24a véialase nguyén-16 16n hon 3.

3
d)?6—+ €Z (aeZ);

Chiing minh ring :
Aa —ai30vaa"™-a""i30@eZneN);
b) a>+59% i 30vaa' - 9la: 30. Hiy t6ng qudt hod bai todn ;
c)a’ - 2b° +3¢ —3la+62b+87c i 30 (a,b,c € Z);
d} aztilibﬂll l_ a‘Z(lI |b2(]|5 130 (b e Z) »
- a3 F
e) ~d—-i—+i eZvdiaec k.
120 24 30 ;
Tir cdc bai tap 3.1, 3.2 hiiy dé€ xudt cdc bai todn tuong tu vdi 2’ —ava tr giadi.
Cining minh riing véi moi s6 nguyéna:
a)a’ +6a’ + 112> +6a: 24 ; b)a’ - Sa’+4a i 120;
¢) 3a’ —14a® + 212> -10a : 24.
Ching minh riing (0ng cic luy thira bac ba ciia 3 s6 nguyén lién tiép thi chia
hét cho 9.
Chitng minh ring :
ayn —4n® —4n’ + 16n ; 384 v6in las6 tw nhién chin ;
b) m”® + 20m : 48 véi m 1a s6 nguyén chin ;
e)n'?-n*-n*+513: 512 v6inlass nguyén I¢.
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3.7. Ching minh ring :
a) 10"+ 18n-55: 27;

3.8. Ching minh ring véi moi s6 tu nhién n :
35 g% 5, b) 8.5 +11.6": 19.

b) 3°™3 —26n =27} 169.

3.9. ChoB=10""2+ 10" + 1. Chiimg minh ring :

B:IllvéineN; B: 91 véinlé.

3.10. Cning minh riing vGi moi s6 chdn n :
a)a"-b": (a-b)a+b);

3.11. Chiimg minh ring :
Dm0 1oy b) 2011%°" 4+ 2013%"" : 2012.

b)C=16"+12"-5"—1: 187.

3.12. Cning minh'ring :
) 19901 4 11210 4. 90! 2 0
b) 1930'% & 1945" 1 1954'9% 4 1975975 _ 20112 : 5,

3.13.ChoP=5'+52+ 53+ 5% + ... + 5" 4. 5% 4. 5!,

a) Chimg minh P : 30;
b) Chiing minh P 126 ;
¢) Tim chir s6 cudi cling ctia P.
3.14. Ching minh ring :
a) A = 0,3(1983'9% ~1917""7) thuoc Z ;
b) 7?0:113“'2 _ 420082010 .
¢) E=2222%% 4 55557222 7
3.15. Chiing minh rang mét s6 cé bon chit s6 c6 chit s6, hang nghin va hing chuc

bing nhau ;
a) Chia hét cho 4 khi va chi khi téng cta chit s6 hang don vi va hai lin chi

s06 hang chuc chia hét cho 4.
b) Chia hét cho 8 khi va chi khi tdng clia chit s6 hang don vi véi 2 1in chit s6
hing chuc va 4 lin chit s6 hang tram chia hét cho 8.
3.16. Chimg minh ring véi moi 6 tr nhién n
ayn’+8n+171 n+4);
byn?+7n—40 7 121 ;
c) 0 +6n°+ 1n+7 I+ 1D);m+2)van+3).
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3.17. a) Tim s6 abc (ac6 thé bing 0) sao cho 345abe : 3:7: 8
b) Viét thém vao bén phai s6 1975 bon chit s6 dé nhan duge mot s6 ¢6 tim
chir s6 chia hétcho6;7;8;9vall.
3.18. Ching minh ring :
a)Néu20a+ 11b: 17thi83a+38b: 17(a,be Z);
b)NCu 2a+3b+4c: 7thi 13a+23b+33c i 7(a,b,c € 7).
319. Timn e N dé :
ayn'®+1:10; b)2"+2015: 7;
on‘-4n+29:5; - d)n’+20+6:n+4.
3.20. a) Ching minh téng cdc binh phuong ciia nim s6 nguyén lién tiép khong 13
s6 chinh phuong ;
b) Chimg minh ring n€u mot s6 chinh phuong c6 tan ciing bing 1 thi chir s6
hiing chuc la chir s6 chin ;
¢) Chiing minh riang néu mot s6 chinh phuong c6 chit s6 hing chuc 12 3 thi
chir s6 hang don vi clia né 12 6.
3.21. a) Tim $6 nguyén duong n nhé nhét sao cho n 6 va 1000n 12 s6 chinh phuong.
b)Chocdcs6D=[1..11 ;E=1l... 1 F=66...66 .
2nsd | n+l :-(’5 1 n so 6
Chiing mmh ring D + E + F + 8§ 1a 56 chinh phuang
Chimg minh riing : a) E= 1..1211..1 (ne N Ia hop 50 ;

u-.i‘ll u\u[

b)G=11..1 22.2 ne N') 1a tich hai s6 nguyén lién tiép ;

150 l ] \132

c)Q=aga.abb.bvii0<a;b<9;abe N1 hop s6.
nsda nsdb

3.23. Cho bon 56 nguyén duong a, b, ¢, d thod min ding thic a2+ b=+ d
Chiing minh ring s6 a + b + ¢ +'d la mot hop s6.
3.24, Chiimng minh g-z‘mg vdi moi s6 tr nhién n khdc 0 thi :
S6 6n + 1 va 5n + 1 nguyén t6 cling nhau ;
56 2n — 1 va 2n + 1 nguyén (6 ciing nhau. :
3.25.a) TimsGtunhiénadéa+ 1 4a% + 8a + 5 va 6a% + 12a + 7 déng thi 12 cdc
sO nguyén 4.
b) Chitng minh ring néu p 1a s6 nguyén t6 khic 3 thi s6
A =3n+2014 +2012p 12 hop 56 v6i moi n € N.

3.22
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Chugon dé 4

CHIA BA THUC

I. KIEN THOC CO BAN

1. 'Véi hai da thic thy § A va B clia cing mot bién (B # 0), 16n tai duy nhat mot
ciip da thiic Q va R sao cho A = B.Q + R trong d6 R bing 0 hodc bic cta R
nhd hon cta B (R duoc goi [a du trong phép chia A cho B).
Khi R = 0 thi phép chia A cho B 1a phép chia hét.

2. Hai da thic goi 1a bing nhau néu ching c6 ciing gid tri vdi moi gid tri clia
bién. Do dé néu hai da thitc (viét duéi dang thu gon) cd cdc hé s6 wong ting
ciia cic don thic déng dang chifa trong hai da thifc d6 bing nhau thi hai da

thiic d6 bing nhau.

Il. Vi DU MINH HOA
Vidu 4.1. Cho A = 3x°2x + 5)™ : 2x%(2x + 5)" ' - 3°. 22 : 648,
viix 20vax # —g :n e N¥,

Riit gon A, sau dé tim x dé A = 0.

Gidi. A = %x‘” Qx+HTTH % a5 %x“(zx 5y 321
] NEOR)
5
PEA=0 thi -g—[x(Qx 3T = 3? =0
2x+5)=3
e Ry

#x(2x +5)=3 c:>2x?'+5x~3=()<:=>{2x—l)(x+3)=0¢=>x=-;— sx=-3.

*x(2x+5)=—3¢>2x2+5x+3=0
c::>(2x+3)(x+l)=0c>x=—-%;x:rlv

PEA=0thix e {—3;—3;—1;1}.
2 2
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"2y® - 19x"*'y*z va don thiic C = 4x"y"™".

Vi du 4.2. Cho da thiic B = 6x
Hiy xdc dinh gid tri clia s6 tu nhién n dé B chia hét cho C.

Gidi. DEB : C ta phii o :

n-224
" In+324 nx6
& <n=6.
62n-1 n<é6
Jan-1
Viyvein=61hiB: C.
Khid6B: C=(6x4y°— 19xl’yﬁz) :4x4_y5= %y— l‘?xsz.

Vi du 4.3. Thuc hien chia (x* + 3x%y% + 4y") : (x? - xy + 2y?).

a) Biing phuong phédp déng nhét hé s6 (phuong phdp hé s6 bit dinh) biét ring
du bing 0.

b) Bing phép chia thong thuong.
Gidi. a) Da thic bi chia bac bon, da thiic chia bac hai nén da thitc thuong bac
hai ¢6 dang ax’+bx +c. ;

H¢ s0 ciia hang (r bic cao nhil cia x trong da thifc bi chia la 1, trong da thiic
chiala I néntacé ngay a=1.

Hé s6 ctia hang tir bac cao nhiit cha y trong da thiic bi chia la 4, trong da thiic
chialaZnéntacéngayc=4:2=2,

Vay x* + 3:(2y2 + tlyr'1 = (:-;2 - Xy + 2)("’)(:(2 + bxy + 2y2).
Tacéx* + 3x2y2 + 43»"1 =x*+ 0x3y + szyz + O.W3 + 4y

(x2 - Xy + 2)/2)(::2 +bxy + 2y2) =x+ (b- I}x‘-_"y +(4- b)xzy2 +(2b— 2)xy3 - 4y4.

b-1=0
Hai da thic trén bing nhau néntacé: ¢4-b=3 <b=1.
2b-2=0

Vay (x‘1 + f.’s)(zy2 + 4y4) : (:J(.2 - Xy + 2y2) =x2+ Xy + 2y2.

33
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b) Bt phép chia thong thwémg :

X! +3x%y° +dy? | x2-xy+2y?
= x“y - 2!{2},’2 X xy+ 2y
x"y + x2y2 + 4)'4

- dy=aly iy

2xzy2 - 2)(3{3 + 4y‘|
Ty - 2xy’ + 4y
e |
Vi du 4.4. Xic dinh cic 6 hitu ti p vi q d€ da thiic X+ px +qchiah
x%—2x -3,
Gidi. Cich 1. Dat tinh'chia :

& cho da thiic

x' + px +q
Txt- -3

2%+ (p+3)X  +q

T ox’-4x o

(p+7x +(g+6)

D¢ chia hét thi da thiic du phai bang 0 véi moi gid tri ciia x nén ;
+7=0 =-17
p s JP )
q+6=0 q=-06

Vay vdi p=-7; q=-06 thi X+ px + ¢ chia hét cho %= =5

Cdch 2 : Phuong phip hé s6 bat dinh :
Da thuie bi chia bic ba, da thitc chia bic hai nén thuong bic nhit ¢é dang ax + b.
Hé s6 ciia hang tir bac cao nhdt cla x trong da thife bi chia 1a 1, trong da thiic chia
la 1 néntacdngaya=1 vathuong li x +b.
Tacoé x>+ px +q= (xz— 2x - 3)(x +b)
X +0x% + px+q= Xk (b —2)x2+ (- 2b - 3)x + (-3b).

hay
b-2=0 b=2
Hai da thifc trén bing nhau nén 1-2b—-3=p ¢ 1p = -7
-3b=q q = —0.

Viy v6ip=~T7;q=-061hi X+ px + q chia hét cho x> - 2x - 3 thuong la x +2:
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Céch 3 : (Phuong phép tri so riéng) :
Tacd x°=2x-3=(x-3)x+1)
Goi thuong khi chia X + px + ¢ cho x> - 2x - 312 Q(x). DulaO néntacé:
_ x3+px+q=(x2—2x—3)Q(x}'
hay x3+px+q=(x—3)(x+ 1) Q(x)
Vi ding thiic ding véi moi x nén 1dn luot cho x =3, x =—1 taduge :
{27+3p+q =0 {3p+q =-27 {p =-7
< =
—l-p+q=0 -p+q=-I1 q = -6.
Vay véip=-7:q=-61hi X+ px + q chia hét cho x> -2% —3.
(Phuong phép tri s§ riéng ciing giong phuong phdp sir dung dinh 1y Bézout.
Xem chuyén dé 16 : Dinh ly Bézout va lugc dé Horner).
Vi du 4.5. Tim cdc gid tri nguyén ctia n dé gid tri cha biéu thifc :
20 — 7% + 13n + 2 chia hét cho gid tri ctia-biéu thiic 2n — 1.
Gidgi. Cdach 1 : Dat phép chia:
2n° =7 + 13n +2
Tga
—6n°+13n+2
" —6n’+3n
10n +2
T 10n-=5
—
Pathiic 2n° — 7n” + 13n + 2 khong chia hét cho da thic 2n - | nhung c6 nhiing
gid tri nguyén cia n lam cho gid tr1 cia 20" — 7n® +“13n + 2 chia hét cho gid tri
cia 2n — 1. Mudn nhw vy 2n — | phai la u6e clia 7, nghia la 2n — 1 bing £1; £ 7.
Véizn—-1=1 tacon=1.
Véizn—-l=-ltacon=0.
Vgi2n-1=7 tacon=4
" Véi2n—-1=-Ttacon=-3.
Viy v6i nbang =3 ; 0; 1 ; 4 thi gid tri clia biéu thiic 2n° — 70’ + 13n + 2 chia
hét cho gid tri chia bicu thic 2n - 1.
Cdach 2 : Dung phuong phiép tich da thic 20 =70’ + 13n + 2 thanh cdc hang
tir chifa (2n — 1) dé Iy luan : ‘
' =7+ 13n+2=2n"-n*—6n +3n+ 100 —5+7
== 1)=-3n@n—1)+5@2n—1)+7=(2n- )’ ~3n+5)+7.
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Pé@n’ ~ 7’ + 13n+2) ¢ 20— 1)thi 7} (2n - 1) nghia Ia 2n — 1 1a uéc 50
chia 7. Ta cling c6 két qua nhu cdch 1.

Vi du 4.6. Da thifc f(x) néu chia cho x — 2 thi dugc s6 du bing 3 ; néu chia cho
x — 3 thi dugc s6 du bing 4. Tim du clia phép chia da thie f(x) cho (x — 2)(x - 3).

Gidi. Cdch 1 : Goi thuong ctia phép chia f(x) cho x — 2 vax — 3 theo thit ty la
A(x) va B(x). )

Vé6i moi gid tri clha x ta ¢ f(x) = (x — 2)A(x) + 3 va f(x) = (x - 3)B(x) + 4-

Dodé f(2)=3;f(3)=4.

Goi thuong clia phép chia f(x) cho (x — 2)(x — 3) la C(x), du 1a R(x). Do da
thirc chia bac hai nén R(x) ¢6 bic nho hon hai va ¢ dang R(x) = ax + b.

Tacé f(x)=(x-2)(x = 3).C(x) + ax + b.

Nhuvay: f(2)=2a+b=3

f(3)=3a+b=4.
Tir(1)va(2)suyraa=1[vab=1.
Viy du ctia phép chia chia da thic f(x) cho (x - 2)(x - 3) lax + 1.

Cach 2 ;
Do f(x)=(x - Z}A[JS) +3 = X-Ifx)=x-2)(x-3)AX)+3(x-3) (3)

f(x)=(x-3)B(x)+4 = (x-Df(x)=(x-2)(x =3)B(x)+4(x-2). (4)
Tir (3) va(4) suy ra :
[(x =2) = (x=3)] f(x) = (x = 2)(x = 3) [B(x) = A(x) ] +4(x = 2) - 3(x - 3)
fx)=(x—-2)x=3) [B(x)—A(x) | +x + 1
Viy du ciia phép chia chia da thife f(x) cho (x = 2)(x =3) lax + 1.

(-
(2)

lil. BAI TAP
4.1, Thuc hién phép tinh : .
: 100 233
a)2.8'%: 47 b) (3] : [i :
3 27
9% 125% 16% 49?
: . d)@5.02"0+881°- 16°27Y : (4'°.9%).

3%950721°
4.2. Ching minh ring :
a) (- 75x*y) : (25x%y) luon c6 gid tri am véi moi gidtrix #0;y #0;
b) (x - 2)% : (- 2x + 8xy — 8y°) luon c§ gid tri am v6i moi gid tri x # 2y.
4.3. Tim s6 w nhién n dé :
a)A B viiA=8x""%%B=3x"y" ",
b)C: D, v6i C=9x>""'y% —5x%’; D= sx*y".
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4.4, Xdcdinhsoadé:
a) 18x* + a chia hét cho 2x - 3 .
b) x* + ax? + 1 chia hét cho x* — 2xX+1:
c) 2x% + ax + 5 chia cho x + 3 dudl
4.5. Xic dinhcicsoa;bdé:
2) 2x> = 3x? + ax + b chia hét cho x2 + x + >
b) 2x" + ax® + b chia hét cho x* - x + 3 ;
¢) ax® + bx + 12 chia hét cho (x — 1)(x + 2).
4.6. Tim cdcsd a, bdé :
a)3 x'-8x} - 10x2 + ax — b chia hét cho 3x2 -2x + I';
b) x* - x"y xzy2 + axy:i + by‘1 chia hét cho x* - 2xy + 3y :
c)3x —3x* y+4x y +3x%y’ - axy’ —by chia hét cho 3x°- 2xy +y :
d)x*+2¢° - 3% +ax + b chia cho x* — x + 2 du — 4x — 1.
47. Xic dinhcacsoa, bdé:
a) ax’ + bx> - 11x + 30 chia hét cho x2 = 3x — 10;
b) ax” - bx® + 1 chia hét cho x* - 2x + 1 ;
c) x* +ax + b chia cho (x — 2) thidu 12, chia cho (x + 1) thi du — 6.
4.8. Tim cécs6 a, b, ¢ sao cho :
a) 4x* + 81 chia hét cho ax?+bx + ¢ >
" b)x> +ax’ + bx + cchiacho (x +2); (x+ 1) (x — 1) déu du 8.
4.9. Tim cdc s6 a, b, ¢ dé ax> + bx” + ¢ chia hét cho x — 2 vi chia cho X% — 1 thi
du2x + 3. : 4
4.10. Tim s6 du ctia phép chia da thic (x + 1)(x + 3)(x + 5)(x + 7) + 2015 cho da

thire x2 +8x + 10.

4.11. Tim cdc s6 a, b, ¢, d dé x* + ax” + bx? + ¢x + d khi chia cho (x — 2), (x », 1),
(x+ 1), (x + 2) déu c6 s6 du 14 2012.

4.12.Cho f(y)=y* -3y’ +ay? -6y + 2b:
Ik(y}=y2+3y+2;
h(y) = y4 s Sy2 +4.
a) Tinh g(y) =h(y) : k(y) ;
b) Tim y dé g(y) = 72.
¢) Xdc dinh a va b dé f(y) chia hét cho g(y) bing phuong phdp chia thong
thudng, phuong phap hé.s6 bat dinh, phuong phip tri s riéng.
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Chuongn  PHAN THUG DAI SO

Wvd@5
TiNH CHAT CO BAN CUA PHAN THUC
RUT GON PHAN THUC

I. KIEN THUC CO BAN

1

38

c ” g o g A " — R
Dinh nghia : Bicu thic co dang 5 trong dé A, B 1a nhiing da thic va B# 0
12 mot phan thifc dai s6.

A duoe goi it thiic (hay tir). B dugc goi la méu thiic (hay miu).
Mi da thitc duge coi i mot phan thiic ¢6 miu 12 1.
A 5oy Lo 5 ol oo 1B -
Hai phan thirc bang nhau : Véi hai phin thiic 5 va = ta ndi
A
B
Tinh chat cd ban
#  N&u nhan ci tr vi mau cia mot phin thiic vdi cing mot da thie khéc O thi
dugic mot phan thire méi bang phan thire da cho.

= S néu A.D=B.C
D

é = wA— (M 14 mot da thide khéic 0)
B BM

#  Néu chia cd tir vi mdu clia mot phéan thiic cho mot nhan tir chung cia ching
thi duge mat phéan thiic méi bfmg phan thite di cho.
A A:

B E— (N Ia mot nhan ur chung)
Rt gon phan thic

Muén rit gon phan thitc ta lam nhu sau :

— Phan tich tir vi mau thanh nhan tir. Tim nhan tr chung.

— Chia ca ur vi miu cho nhan tir chung.



Il. Vi DU MINH HOA
Vi du 5.1, Diing dinh nghia hai phan thifc bing nhau, chimg minh hai phan
thite sau biing nhau :

B s ard ;
az ath 3b2 va 2 el véi a#b vaa#3b.
a” ~4dab +3b a-b
Gidi. Xét (a® — 2ab — 3b%)(a — b) = (a° + ab — 3ab ~ 3b%)(a — b)
=[a(a + b) - 3b(a + b)J(a — b) = (a + b)(a - 3b)(a - b).
Xét (a® — dab + 3b%)(a + b) = (a® — ab — 3ab + 3b’)(a + b)
=[a(a — b) — 3b(a - b)](a + b) = (a = b)(a — 3b)(a + b).
a’-2ab-3b> a+b
a’—4dab+3b° a-b
Vi du 5.2. Diing dinh nghia hai phan thic bing nhau, xét sy biing nhau ctia
(3x +2)(x +5) véx+5 )
4(3x + 2)

Vay

hai phan thiic trong céic truomg hop bién x thude cdc tap

hop sau :
a)xeN; bxeZ,; c)x e Q.
Gidi. a) Voi x € Nthi4(3x +2) € N,
- do db (3x + 2)(x +5).4 =4.(3x + 2)(x + 5).
Bx+2)(x+5) _x+5
a3x+2) 4
b) x € Z wong tu.

Viy

¢) Khi x € Q thi hai phan thitc biing nhau khi x # = ?31 (dé3x +2=0)

2013° 20122 o 20132012
2013% + 2012 2013 +2012°

Gidi. Dat 2013 =ava2012=btaco:

Vidu 5.3. So sanh C =

2 2
o _b
C=12 7
a“+b
pod=b_(a-b)a+b) a? - b? a? - b2

a+b (a+b)a+b) a242ab+b? 5 al +b?
((loab{);b>0nma2+2ab+b2>az+b2). '
2013-2012 _ 2013% - 20122

2013+2012 ~ 2013% + 20122

Viy D < C hay
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VayA=

40

Vi dy 5.4. Chiing minh ring :

l+at+alead+... +a8=(1+a)l+a2)(1 +2Y)..(1 +2™). m
Gidi. Goi v& trdi ctia (1) 1a M ; vé& phai ctia (1) 1a N.
Tacé (1 -a).M=1-a" (theo hiing ding thiic a" - b").
Mt khic : '
(1 =a)N=(1-a)(1+a)(1 +ad)(1 +a)(1 +a)(1 +a')1 + 2D =1-a"%
- 64
Néua # [ thiM=N= ']"’a A

Néua=1thiM=64 viN=222222=64. VayM=N.
Viy v6i moi trudng hop, ding thic (1) déu diing.
x> =Tx+6
x5 +5x2 —2x—24
Gidai. — Phan tich tir thiic thanh nhin tir :
o TX+6=% - X+ X=X —6X+6

=x’(x- 1) +x(x-1)-6(x-1)
=(x- D +x-6)=(x - x> = 2x +3x - 6)
=(x-Dx(x—-2)+3(x-2)]=x-I)(x-2)(x +3).

Vi du 5.5. Riit gon phén thitc : A =

— Phin tich mau thitc thanh nhan tr :
52 =2x =28 =x" =2+ Tx - ldx + 12x - 24
=x2(x-2) + 7x(x - 2) + 12(x - 2)
=(x - 2)(x*+ 7x + 12)
=(x - 2)(x>+4x +3x + 12)
=(x-2)[x(x+4)+ 3(x+4)]
=(x = 2)(x + 3)(x + 4).
(x=Dx-2)(x+3) x-1
(x=2)(x +3)(x+4) x+4
Vi du 5.6. Riit gon phan thic :
B 2% 442 440 41
aZ[MZ % a2032 5 a?ﬂ?? + a?ﬂl? 5 a,'i(l + aiﬂ + aIl) +1 g

B

2 a0 44 39
azmz(asu g 10 I)+(a3“ +a® +a'% 41
0 e 04 1 = 1
@2 4 @™ +2% +a'0 + 1) Ta®24y

Gidi. B=




Ill. BAI TAP

Bk

5.2,

5.3.

54.

5.5.

5.6.

Dung dinh nghia hai phan thic bing nhau, hiy fim da thic A trong cic

trudng hop sau :
A _ 15x% + 10x .

a =

}3x—2 92 _4

&) X% il _x2+4x+4_ :
T A

ey L
b)3x 5x 2=x 2 ;
A 2x -3
| i

d 2x + A

X+ =-x+2 x+1

Bién d6i mbi phan thiic sau thanh mot phan thic bing né va ¢6 tir thic 1a da

thitc B cho sau diy :

w5y 2 i
) 22 ap=2l-sx-5; b LD +2°6)
3xX“+4 (X° —9(x"+3x+2)
Ruit gon :
3 254 115400 b) 45276423721
212746929 ° 42536 -4°6"35°
880.(15%3" + 277) '
4215430 249! "
Riit gon :
4024. - 12.21 2
M= 024.2014 -2 : b)N = 2012.2013 + 014;
2011+ 2012.2013 2010 -2012.2015
) P= 66666.87564 — 33333
" 22222.87560 + 77777 ‘
Ruit gon cic phin thic sau :
2 ) 2
X“+2x-8 3x“ +5xy -2
) Q= WR= STV A,
X*+x-12 ; 3x° —Txy + 2y
6).. 5 R A R 6_ .6
) 3: lix +24)x = 2 OT=— axz ? 2.4, 6"
X' +4x" -x"-16x-12 X +2XyT +2X°y +y
Ruiit gon cac phan thite sau :
) 3
a —a“+4a-4 2a° - T7a" +8a-3
2 5
Y a“ —2ab+b® —-c

a2+b2+c2—2abv2bc+2ac '

vaiB=x-

2
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a*~Ta+6
a’(a +3)3 — dafa + 3}3 + 4(a + 3)‘1' '
_ a’ + b* +¢? - 3abe
T @-bl+b-cl+c-a)’

dyD=

el E

5.7. Ruiit gon cdc phan thifc sau :
xy? — xz? - y® +yz
X2(z~-y) +y (x~2)+ 22(y = X) ’
x4y -2+ y 2 -x)+ A2 -y?)
CxAy-2) +yiz-x)+ 2x-y)

aAA=

b)B=

5.8. Ruiit gon cdc phan thife sau :

_ (x+y+z)2~3xy—3yz—3xz‘

a) A
Oxyz —3% —_3y3 <8
X} -y +2° + 3xyz
b)B= 2 2 7
(x+y) +(y+2z) +(z-x)
Al AR e D
PTIRI iw | s . X)

KZ—y2) +(yF —22) + (2 —2)y

5.9. Riit gon cdc phan thiic sau véin € N* :

. (n+2)! ) b) n! ) y (n+3)=(n+2)!
n!(n+2)(n+3) " nh (-1 (n+2)+(n+3)!
5.10. Chiing minh cdc phan sd sau 1a t6i gidn véi moi s t nhi¢n n :
3n+2 12n + | ' 2n+3
a) ; e B
4n +3 - 2(10n +1) % +4n+1

n? +2n2 +n+2

5.11. Chiing minh phan s6 ———
n"+n”+2n+2

khong 16i gidn v6i moi s6 nguyén

duong n.
5.12. Viét gon biéu thifc sau duéi dang mot phan thifc

P=xt- 2+ DE—xt+ DO ="+ ) x*Z+x"% 1),
5.13. Riit gon phan thiic :

a)|x—2|+|x~l[+x vix<ls b [x-4|.]x-9

3 % 3 vii 4 <x <3.
2x°-Tx+3 X7 —9x° +20x
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5.14. Rait gon cdc phan thite sau :

D T= (X+2)(x +3)(x+4)(x +5)+1 ——_— x® —53x +88
' 2+ Tx+11 : (X=Dx=3)x-)X-D+16"
5.15, Cho &+ = LA vix,y, z#0.
X y %

i ol -
X_+y +z" 1

Ching minh ring s T e e
(ax + by + cz) a+b° +c

5.16. Cho ax + by + cz = 0. Ruit gon ph:‘m thic :

5.17. Cho x + y + 7 = 0. Cluing minh

ax’ +hy +cz?
be(y — ?} + ca(z — x]2 + ab(x — y)2

V=

9x% +y? +7%)
(x—y)z +|(y—z)2 +(z—x]|2

5.18. Chimg minh

x2+y2-y_2-27‘[+2xy—12 _xz—y2+zz—2zl+2xz—l

2

X+y—z-—1 X—y+z-—t

5.19. Riit gon

_ @'+ 4)6" + 4)10" +4)14" +9)
@+ )8 + 012" + )16 + 4)

Chuyen dé 6

CAC PHEP TOAN VE PHAN THLUC DAI S0

. KIEN THUC CO BAN

1

Quy dong : Muén quy déng miu thiic nhiéu phan thic ta lam nhur sau :
= Phan tich cdc mau thite thanh nhan 1 réi im miu thite chung.

— Tim nhan tr phu cta méi miu thic

= Nhan ci tr va mau ciia méi phan thiic véi nhan tir phu tuong ng.

2. Cong, trir phan thie. Cac tinh chat .
— Muén cong hai phan thitc ¢6 ciing miu thiic, ta cong cdc tir thie véi nhau

va gilt nguyén mau thic.

= Mu6n cong hai phan thitc ¢6 miu thiic khédc nhau, ta quy déng miu thic réi

cong cdc phan thic 6, cing mau thic vira tim duoc,
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~ Phép cong cic phan thite ¢6 tinh cht :

C A

Gia:ohoain:—'i+—=_+_~.
B D D B

Két hop : —&-r—q +.E—=ﬁ+(£+5]
P B'p)"F B D F

: A pieapae A
— Phan thifc déi cua phan thiic Y dugc ki hiéu boi =

3. Nhan, chia phan thirc. Cac tinh chat
~ Muén nhan hai phan thife, ta nhan céc ur thitc véi nhau, cic mau thic véi

AC AC
nhau : —. —=——
B D BD
— Tinh chét ctia phép nhin cic phan thic :
; -~ AL CA
+ Giao hodn : —. — = —.—
BD DB
+ Két hop : QE)E=ﬂ[-C—E]
BD/F B\DF
+ Phan ph6i d6i véi phép cong : o £+—E-' =£E+f\f‘
B\D F BD BF

— Chiacho phin thitc % khdc O a nhan véi nghich ddo ctia phan thiic % :
AC AD
B'D BC
IL. Vi DU MINH HOA
Vi du 6.1. Thuc hién phép tinh :
A= 1 1

-y +yr-x2-xy)  (y-2) +xz-Yy2 —y7)
1

(?_—-x){y2 + Xy - 72 mxz.)-

+
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Gidi. Phan tich thanh nhan ur ;
zz+yz—x2—xy=zz— x2+yz—xy= Z=x)z+x)+ylz—=X)=(@Z—x)Z+ X +y).
Bién déi wong 1 : .
2° 2
X +xz2—y —yz=(X-y)x+y+2z)
y2+xy —Z —Xz=(y-2)y+z+X)
(n€u ta hodn vi vong quanh thay x bing y, y bing z va z bing x thi ta duge ngay

két qua trén).

sang phai :

thanh

Miu chung biing (x - y)(y = z)(z - x)(x + y + 7).
Dods A= Y =D—-(Z-X)+(x-y)
(x=y)Ny 2z)(z—x)(x+y+z)
_ -2(z-x) _ -2 i
(xX=-YY-2Dz-x)E+y+2) K-yy-2)(x+y+2)
Vi du 6.2. Thyc hién phép tinh :

1 | 2 4 8 16
B= — 4+ —+ - + 5+ T
I-a 1+a 14a% 142 14a% 142
Gidi. Ta khong quy déng méu 14t ca cdc phan thic ma cong lin luot ur tréi

2 - 2 " 4 % 8 4 16

1—453.2 I+4a2 l+8a4 [+gH
1
- +

1-a 1+a* 1+2% 144

8. e 8 . 16
1-2® 1+a® 1+2a%

16 % 16 32

B=

1+ a'

6

1-2'" 142 1-4%

Vi du 6.3. Tim cic s6 a va b sao cho phan thitc C= l;'x sl viét duoc
3x“+x-14
a b
+ ;
x=2 3x+7
Gidi. Cach 1. (Phuong phdp h¢ s6 bt dinh) :
Tacé 3x% +x — 14=(x-2)3x+7)nén C= M
(x-2)3x+7)
Tacé —2— + b o a(3x +7) +b(x —-2) " (3a + b)x + (7a - 2b)_
x-2 3x+7 x=-2)3x+7) (x-2)3x+7)

Nhu vay taphdico: 17x + 18 = (3a+ b)x + (7a— 2b) véi moi x.
Dong nhit hé s6 cic hang tir cling bic & hai v& ta cé :
{3a +b=17

,suyraa=4;b=5.
Ja-2b =18 :
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17x +18 4 5
Vay = + 5
W ex-14 x-2 3x+7
Ciéeh 2 : (Phuong phdp tri s6 riéng) :
Ta cé 17x + 18 = a(3x + 7) + b(x — 2) diing vdi moi X.

Véix=2tac652=a.l3néna=4.

VGix = —Z tacod I'J‘[—z) + 18 = b.[—z - 2] nén b=5.
3 3 3
Vi du 6.4. Choa + b + ¢ =0va a, b, ¢, déu khic 0. Rt gon bicu thiic :
2ab 2be 2ca
D= Fis e :
a* +(b+c)b-c) b +(c+a)c—a) ¢ +(a+b)a-Dh)

Gidi
¢ 2 - I |
a+b+c=0&a+b=-c=> (a+b) =(-¢) <4 +b" —c¢" =—2ab.

Do dé a® + (b+c)(b - c) =a’ + b’ - ¢c* = - 2ab.
Tuong w b’ + (c+a)c—a)= b2_+ ¢ — a?=—2be.
c:’4—{a+b}(a—b)=c2+a2 ~b’=-2ca

2ab i 2bc i 2ca 3 R,
-2ab -2bc -2ca

Dodé D=
m | - |
x+K)x+k+m) x+k x+k+m

Tir dé thue hién cdc phép tinh :
. - | | I
+

Vi du 6.5. Chiing minh ring

a) E= 3 e 3 ; =
243 xP+O0x+18 x“+15x 454 x“+21x+108
b) F= 21 s : o ’ b i +— L
x2—x x2-3x+2 x*-5x+6 x°-Tx+12 x“-9x+20
Gidi. _ | =(x+k+m}—(x+k)= m
x+k x+k+m (x +k)x +k+m) (x + k)x+k+m)
Tirdo : '
a)Taco 3E= 2 + 3 + : + 3
x(x+3) (x+3)x+6) (x+6)(x+9) (x+9(x-+ 12)
| | 1 1 1 1 1 1
=—= + - - - + -
X X+3 x+3 x+46 x+6 x+9 x+9 x+12
] 1 12

x_x+12=x(x+l2)'



1 I I 1 1
XD x-D(x-2)  -2)x-3) T x-3)x—-4) T x=Dx=5)
. N O S el Y P
X %=1 x-1 x-2 x-2 x-3 x-3 x-4 x-4 x-5

Lo 5

X—-5 x Fx(x—ﬁ)'

2T =8 SO+ %25 ; l-tf}lx2 —40
x? +x_+5' x2-x-12 x*-5x+4
roi xét xem véi gid tri nguyén ndo cha x thi G nhn gid tri nguyén va tinh gid tri
nguyén dé cia G.

Vi du 6.6. Riit gon biéu thiic G =

> 2 | N ]
Gl 1), S AHA ) X DD X1 gix 42453
xX“+x+5 (x-4)(x+3) 10x*-4) x+3 .
G=x—l=x+3—4=[_ 4 _
x+3 X+3 Xx+3
G nhén gid tri nguyén khi 4 : (x+ 3)
X+3 —4 2 - ! 2 4
X =1 -5 -4 3 < 1
G 2 3 5 -1 0

(x == 2 khong thoa man diéu kién).
Vidu 6.7. Riit gon bicu thic :

o 2011 x(x-2) _ 20x-11 " x-2012
X =201271982x% +30  1982x% +30  X(x = 3)+2012°
20x-11  x(x-2) 20x - 11 x(x —3)+2012
Gidi: H= . - .
x —20121982x% 1 30 1982x% +30  x =2012
o 20511 [ x?-2x  x*-3x+2012
x -2012°(1982x* +30  1982x? + 30

20x-11  x-2012  20x-11
x —2012 1982x% +30  1982x2 +30

b2 c%a? aZb?
+ +

a b c

Vi du 6.8. Cho 1+l+£=(} voia,b,c#0vaM=
a b ¢ ,

Chiing minh ring M = 3abc.
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- 6.2,

48 .

Tirx +y+z=0suyra

ViyM= a’b’c’. xyz=

IIl. BAI TAP

6.1.  a) Thuc hién phép tinh :

b) Thuc hién phép tinh : -

X

| | 1
+—= ﬂzbzcz(—T*‘-—i-"—,‘—]
b c a. b‘ R

b 3
= azbzc?(x} - y3 +7°).

1 g
=y;—=zthix+y+z=0.
c

a :;12132

X+Yy=-7 x3+y3+?my(x~+~y)=(—'»f)3

3
=5 x3+y3—3xyz=—z
= x3+y3+z3=3xyz_

a’b%c%. 3,1.l L = 3abc.

abec
x=-5 2x-3 x+1
— + - :
1 x—1 2

1-x

§* +y2 -2xy. %" —y2 " e x* +_y" ~2x2y2

2+y2+2xy‘x2+y2—xy‘ 3

oy
oy Thags s s o 2 S, B

»

Cx+1930
x+1930 x +1975 x+1975 29x —1979
d)Cho S= .2x+‘) 2x-l~12 +x2—5
x“4+3x-4 x"+5%x+4 x"-I
_ X(x+3)+2  x(3x+20)-23
Tx(x=-3)-10" x(x+3)-4

‘Tinh S.P.

¢) Riit gon biéu thic :

Q:{(x__])ﬂ)..*_i.'_l]_[l_ 1 )I[l‘l‘
2ax 2x

L )véix=a2—a+l.
a+Xx

a+x
Tim cdc s6 a, b, ¢, d dé :
6x2-x-1 a b e
a) ==+ :
x?'—x X x-1 x+1
6x° — 5x2 +3 a b cx +d
b) = — = + :
x* -1 x=1 x#1 x%41]



6.3. Cho a, b, ¢ Ia cdc s6 doi mot khde nhau, hdy rit gon cdc biéu thic :

6.4.

6.5.

6.6.

6.7.

0.8.

1 1 I

a)A= + + ;
(a=b)a-c) (a=-b)b-c) (c—a)c—b)
b) B= ! + ! + : .
a@a—-b)a-c) bb-a)b-c¢c) c(c—a)c—b)
S bc + ac G ab ;
(@a-b)a-c) (b-a)b-c) (c=a)c-b)
2 2 2
d)D= = . .. ;
(@a-b)a-c) (b-a)b-c) (c—a)c—b)
3 3 3
e)E= - + b + ° :
(a=b)a-c) (b-a)b-c) (c—a)dc-h)
ChoM = b-c + ) 4 5 a-=-b ; :
a—ac—ab+bc b*-ab-cb+ca ¢ ~cb—-ac+ab -
W rzed | . Chitng minh ring M = 2N,
a-b b-c¢c c-a
Cht}1+z—+i=0vz‘ai+£+£=2.
a b ¢ X y z

Chiing minh ring - =k 1}2 + cz = _4_.
bex acy abz abe
Cho abe # 0 vaa+b + ¢ = 0. Riit gon biéu thiic
aZ b2 . e
R =k =
(a-b)a+b)—c (b-c)b+c)-af (c—a)c+a)-b
Cho a’+ b* + ¢® = 3abe va abe # O;a+b+c#0,.

Chiing minh rang P = (l + l)[l + l][-]- + l) S .
a b/\b c¢/lc a abe

Cho(a+b+ (:J2 =2+ b2 + ¢ va abe # 0.

2

T=

s bc ac  ab
Ching minh rang — + — + — =3,
32 b2 c2

6.9. a) Cho abc = 1. Riit gon biéu thiic

a b c
+ + ]
ab+a+1 bc+b+1 ac+c+1

#

E=

44 TLCT THES TOAM 8n: 0 56
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b) Cho abe = 2012. Rt gon biéu thic
a b + 2012¢

G= + s
ab+a-+2012 be+b+1  ac+2012¢+2012

6.10. Cho abc = m (m € N*). Riit gon biéu thic :
a b & S omce

H= + .
" ab+a+m bec+b+l act+tmct+m
[

6.]1.Chol+l=———-— : viacz0;a#b;b#c.

a ¢ b-c a-b

g g a-b

Chiing minh rang L :

¢ b-c

(x—y)3+(y—z)2+(z—-x)2 B=2

6.12. Cho A = : —[ ! + l + : J
: (x = yXy — z)(z - x) X-y y-z 2z-X

Riit gon A -+ B.

6.13. ChoC:(xy+yz+zx)[l+l+—]-] ;D:xyz(-]?+%+_l;] .
Xy z X y zr

E= -—l—+—[+L.T|’nh (C-D):E.

Xy yz ix
6.14. Cho a, b, ¢ 1a cdc s6 doi mot khac nhau vi . * ‘:_, + l =0.
a c
Rit gon: a)P= be+1 ;ﬂ""' ab + 1 ;
a2 49bc B2 4+28c & 4+23b
a>+bc b +ca  cP+ab
Q= 2 2 A
a+2bc b“+2ac c“+2ab
=2 2 2
6.15. Cho — b c

+ + =0.
b+c c+a a+b

Chitng minh ring LS D Yo,
b+c c+a a+b

—(c—b)+ b-(a~c)+c~{b-a)=3.
b-c c—a a—-b

Chitng minh ring —— = . 7+ :
| - ot e

6.16. Cho 2
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6.17.

6.18.

6.19,

ab+1 bc+l ca+l

Cho abe # 1 va .Ching minha=b=c.
o 2
a) Chiing minh riing, néuab +bc+ca=abc#0vaia+b+c=0
thi l2+l2+l2=1.
a s G -
. e z o 1
b)Chungnnnhrm;g,néua+b+c=ab+bc+ca=abc;e{]vh—12—+—i-+—2=2
" b
thi l+l+l-—_—12.
a b ¢

c)(]ma+b+c=a2+b2+c2:2vz‘aabc:t{}.(.hfmgminhrfmgl+i+l=-l——.
a b c abe

. 11 1 ) — s
a) Cho abc = 1 via+ b + ¢ =—+ — + —. Chig minh ring tén tai mot trong

a b ¢
ba sé a, b, ¢ biing 1.
b) Chiing minh ring néu a+ b + ¢ =n va 1 +l B i = 1 thi tén tai mot

a b ¢ n
trong ba sd bang n.
¢) Chiing minh riing, néu ba sé a, b, ¢ khdc 0, thod min déng thiic
e
+ + =0
ab be ca

thi t6n tai hai s6 biing nhau.

az(b2 - (:2) ~ b2

= bz(a1 4 cz) - a%c? -

6.20.Cho A= ;B : :
a‘zbzc2 azbzc2 i
2042 4 b2) — a2h?
(rs B (a +2b2J2 1°b v;‘11+-l—+l'=0,
a“b“c & b e

6.21.Cho D

Tinh tich A.B.C. _
_ (6.3 —6)(20.77 - 20)(42.11% - 42)(72.15% - 72) _
- (52 - 1)(9* - 1)(A32 - (7% - 1) :
_ @@+ 3 .91+ D)

(12 +2)2% +3)..8% +9)

E

i
E

=357



Wvdé} 7
BIEN 801 CAC BIEU THUC HUOU Ti
GIA TRI CUA PHAN THUC BAI 80

. KIEN THUC CO BAN

— Biéu thiic hitu ti : 1a biéu thiic nguyén va biéu thiic phan.

— Bién d6i mot biéu thic hitu ti thanh mot plmn thirc : Nho cdc quy tic cla cdc
phép todn cong, trir, nhan, chia cdc phan thic ta ¢6 thé bién doi mot biéu
thifc hitu ti thanh mot phan thic.

- Khi lam cdc bai todn lien quan d¢in gid ti cta phan thic, trude hét phai tim
diéu kién dé gid tri ctia phan thifc dugc xdc dinh, do la nhimg gid tri.clia
bién lam méu thifc khdc-khong. Tai gid tri ctia bién ma gid tri ctia phan thiic
duge xdc dinh thi phan thic &y va phin thic rit gon ctia né ¢é ciing mot

gid tri.

II. Vi DU MINH HOA

- 2 -
Vi du 7.1. Tim gid (ri ctia x dé phan thiic % —Bx 420 biing 0.

x3 - Ox
Gidi 5x2 —25x +30 5(;;z —5x+6) _ 5(x - 2)(x — 3)
x® - 9x x(x2 —=9) Tx(x—3)(x+3)

V6i x = 2 thi tir bing 0, méu khdc 0 nén phan thiic bing 0.
V6i x = 3 thi miu bing 0, phan thic khong xdc dinh.

5x% — 25x -
V@yx____ﬂ=0[;!ix=2,

x3—9x

Vi du 7.2. Cho hai phan thic :

A=x5+x4—16x-]6_ '_x3—2x2+4x-8
x* - 6x% - 9x +14 x2-10x+21

a) Tim diéu kién ctia x dé gid tri ctia cdc phan thic duge xédc dinh ;

b) Riit gon phan thic A ;
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¢) Tim gid tri ctia phan thiic dé gid tri cha timg phan thic bing 0 ;

d) Tim gid tri ciia phan thiic A tai x = 3 va phan thic Btai [x — 1] =3 ;
e) Tim gid tri nguyén ctia x dé o nhan gid tri nguyén.

x> +x*-16x-16

_ X} -6x2-9x +14

Phan tich tit = x7 + x* = 16x = 16 = x*(x + 1) = 16(x + 1) = (x + 1)(x* - 16) .
= (X% + 4)(x + 2)(x - 2)(x + 1).

Gidi. a) A =

Phan tich miu : X° — 6x> — 9x + 14 = x° — 5x* — 14x — x*+ Sx + 14
=x(x>—5x — 14) — (x* —5x — 14) = (x> 5x — 14)(x — 1)
= (x2 —Tx+2X - 14X -D=[x(xX=-7D+2(x-ND](x-1)
=(X=T)x+2)(x=1).

* Gid tri ca phan thiic A dugc xdc dinh khi mau khdc 0 tic Ia :

-NDx+2Dx-D#0=>x#T;x#-2;x= 1.

_xXP(x=2)+4(x-2) (> +4)(x-2)

T X2 —Tx-3x+21  X(x-7)-3(x~-7)

(x2+4)(x -2)
T =3x-7) |
* Gid tri ctia phén thic B dugc xdc dinh khi miu khac 0 tic Ii :
(xFS)(x—7)¢O:>x;t?;x#3; ’
(2 + )X +2D(x = 2)(x + 1) (x? +4)(x = 2)(x +1)
X+2)x=N(x-1 - = (x=Nx-=1) ;
¢) Gid tri cia A =0 khi tir bing 0 vd miu khdc 0. '

Taco B

b)Ritgon: A=

Ta c6 x> +4 >0 v6i moi x, do d6 (x* + 4)(x — 2)(x + 1) =0 khi x =2 ; x =—1.
Hai gid tri ndy clia x déu thod mén diéu kién dé méu khic 0.
ViyA=0khix=2;x=-1.
Tuong tu B=0khix =2.
G +43-23+) _ 13

(3-7D3-1 2

d)Khix=3thiA=
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x-1=3 [x=4
=

Tacélx—-l]=3ﬁ [ -

x=1=-3
_@+a@-2) 40
T (@d-3)4-7) 2"

o o (2P +4)2-2) 32
TRRE=0E B (-2-3)-2-7) 45’

“Tai x =4 thi B

e I o o
¢) Ngoii cdc diéu kién x khic 7 ;-2 ; | ; 3 d¢ gid ui B xdc dinh ciin thém

diéu kign x # 2. .
A _ - +D) (F+4)x-2)

B x-7x=-1) ~ (x=3)x-7)
_ P DE-DxHD) (x-B)Ex-T) _ (x+1)(x-3)
x=-Dx-1  (x*+4)(x-2) x-1
et oy R DD ¥ TR et
B x—1 x-1 x=1

=>-4—[e Z=x-1laubcctad = x-1bing £ 1;£2; +4

X —

=x€{-3;-1;0;5}, (loai x=2; 3 vi khong thod min diéu kién xic dinh).

Vidu7.3.Choa’ +b’= lﬁ,?gab véi b>a > 0. Tinh gid tri ctia phan thic B= el ]; :
a-

Gidi. Cdch 1 - T a2 +b2= 30 ab, suy ra 7a2 + 76% = SOab.
= y

a® +2ab+b> _ 7% + 767 + 14ab _ 50ab +14ab _ 6dab _ 16
a® ~2ab+b*  7a® +7b° —1dab S0ab-ldab 36ab 9

Dob>a>(]néna—b<0:a+b>[}:_>B<{}:>B=—%_

Xét B =

Cdch 2 : Tita® + b*= ? ab, suy ra 7a® + Tb* = 50ab

= 7a’ + Tb% - 50ab = 0 = 7a® = 49ab — ab + 7b%= 0
=T7a(a-Tb)-bla-7b)=0= (a—-T7b)(7Ta-b) = 0.
Trudng hop a = 7b khong xdy ravib>anén b = 7a.
a+b ¢
a+b a+7a 8a _% (do a #0).

Thay viotacé B = —_—
a-b a-7a -—6a
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Vidu 7.4. Tim gid tri nguyén ctia x d€ gid tri ctia biéu thic C= &2{2—_-%}-—&
la s6 nguyén,

Gidi. Ta c6 véi x nguyén thi 2x — 1 # 0, gid tri ctia phan thitc dugc xdc dinh.
Taco:
_ 2x -x2 +2x? —x +2x =145

&
2x -1 .
2 - =
LN (I DAXRR-DF@X=D+I _ fd it ;
2x -1 ]

s — . 5 ATELS
Véi x nguyén thi dé gid tri cha bicu thic C la s6 nguyén thi == phai c6

gid tri nguyén. Do dé 2x — | phdi Ja udc ciaStic la2x —-1= £ 1;2x -1 = 5.

2x -1 -5 -1 |
X L . 0 |

Viyx € {=2;0; 1;3} thi Ccd gid tri nguyén.
Vi du 7.5. Cho biéu thitc :
2 X

s T s X+ x+1

- ;
(x - 3)[x B x3 +.2] .
X =]
a) Bién ddi biu thitc D thanh phan thitc dai s6 va rit gon ;
2012

b) Tim gidtrictaDtaix = —— ;
2013

¢) Tim x bi€t D=2012;
d) Tim gid tri twnhién cha x d€ D ¢6 gid tri nguyén.
Gigi. ) DKXD:x#1;x#-2;x#3.

2 X 2x2 +2x +2 - x2 + x
D2l x2+ x4+l _ x> -1
x'+2 (x=3)(-x -2)
(-3 x-23 il -
x” =1 X =

CxP3x+2 xP-1 (x4 D(x+2) _x+1
TTOo] L (-3(x-2) G-x)(x+2) 3-x
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2012

b)Tai x=——
2013
i Do (202, ).(5_2012)_ 4025 2013 _ 4025
P 203 ) U T 2013) T 2013 9027 T 4027
g X+ 1 s 6035
= thi =2012 +1=06036-2012x = x=——.
c)bé D=2012 113_)( o By 5003
d D=x+1=(x—3)+4: 4 -1
3-x 3-x 3-x
i)éDEZlI1‘13 € Z — 3 — x laudc cha 4.
Néu3-x=I1thix=2
Néu3-x=-Ithix=4.
Néu 3 - x = 2 thi x = | (loai vi khong thod min DKXD).
Néu3d-x=-2thix=5.
Néu 3 — x =4 thi X ==1 (loai vi khong 13 s6 tu nhién).
Néu3-x=-4thix=17.
Viyx e {2;4;5:7).
lIl. BAI TAP
7.1.  Bién déi mbi bicu thiic sau thanh mot phan thic :
1 ' —y?
1 2 xl)’ y —xy
a) A= xz )’q: b)B= s |
oo i .
X I +xy
% -2
x+—-—--——--—23[3}:;_lJ]0 x+1 Pl
C)C= T e ) i = D= 2
g = Jx+D ; Pep® wt4g
Xx+5 = X+2
7.2, Thuc hién phép tinh :
1+ 2 2
HE= a+x_]_|'(a +x7) .
|- I 2ax
a+x
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b)F:% ! g 1 2(xz+ 21 );
l"_(23-:—]) l+(Elx+l) x“+1 .

3 T3
S T 2. B, %
G = (x {} (y Zl (z X)z. X y% JYsw . w ey
x=y) +(y-2z) +(z-x)" ||,.Y*% l+z+x ]+x+y
X y z
k- - .
; 1+ — y+z
x2 +y2 — 72 ey . 1+ -
d)H= +1]. e 2 =
2xy LY X4y’ —(x-2y)
¥ Xty

7.3. Tim diéu kién xdc dinh va tinh gid tri ctia cdc biéu thiic sau :
fou XEFDNF G+ 1) L 00130y = 3002 -
XX +2)=(y+1)Xy-D .

xt+1
. 3 =K
HEK=—2=1 véi x = 2013 ;
X pl

X +x+1 x=1

4:1(“-'—12)(43,(—)()(4+3y5 X
Gom a5 4 % O
2x7yT —-6x°y” +xy =3y y 5
7.4. Tim gid tri cha x dé cic phin thite sau c6 gid tri bing 0.
X —x 4] x* = 19x + 30
T L T
x“+3x =10 X =15x" +16-
e

3

S e
x* —4x* +x-4
7.5. Tim céc s6 nguyén x dé cic phan thic sau ¢ gid tri 12 s6 nguyén.
3 .
) = : ; b4
2x +1 X2 —x+1
2
- 44 + 1
0= 3 d) xz ;
X+7 x“+1
X x=2

x> —3x2 —2x—8‘_



» , 15 - ;
7.6. Tims6 hitu ti x d¢ phan thic — 3 ¢6 gid tri [ s6 nguyén.
x“+

-3y ..
7.7. a) Tim gid tri ctia phan thic M = o 4 véi x° - 2xy = 3y2 x+y=z0;
2x + 3y _

y#0;2x +3y#0.

4 : "
b) Tim gid tri ctia phan thiic N = _22’1_2 v6i X% + y2= SxyvaTx>y>0.

49x° -y
-4 .
7.8. Tim gid tri cia phan thic P = ey v6i 25x% + l6y2= 50xy vady < 5x <0,
5x + 4y
a5 e 2x2-3xy - < L
7.9. 'I‘lmgmmcuabléulth=243j-\»m2x+y=llzva3x—y=4zw1x#0;ya=0‘
x“ +3y
7.10. a) Biét 2b—-a=10;a= ~l4§ ; b# 5. Tinh gid tri ciia biéu thic
_a Sa + 6b
T b-5 4a+ls

b)Bigti2a-b=5;a% —?. : b # 2. Tinh gid tri ctia biéu thic

_7a-2b_ 7b-4a

,  3a+l0 156-30
7.11. Biét 4a” — 15ab +3b” =0 ; b # +4a. Tinh gid tri cia bidu thiic

5a-b 3b-2a
T: + .
da-b da+b
2 x4 +4
7.12. a) Cho x™ — 52x + 2 = 0 vd x # 0. Tinh gid tri cia biéu thic U = o T
Tx
4 2
b) Cho x>~ 9x + 1 =0 va x # 0. Tinh gid tri cita bidu thiic X = ﬂi—*—l
5%

7.13.Chox#0;n=# + [vz‘i[xn-l—J:(x+l)=n.
X X

Tinh V= Z_Lz § x2+l2) theo n.
X X
ax+by=5 (1)
7.14.Cho {by+cz=5a (2) vax#-5;y#-5;z#-5;a+b+c=0.
cz+ax =5b (3) g

Tinh gi4 tri ctia biéu thirc M = ] o -

X+5 y+5 z+5
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7.15. Cho phén thic :

A

(5% +5y% + SEA)(x +y +2)° +5(xy +yz + 2x)°

(5x + 5y + 5z)% - (25xy + 25yz + 252x)

a) Tim cdc gid tri clia x, y, z dé phan thitc xdc dinh ;

b) Ruiit gon’A.
7.16. Cho biéu thic :

. S R 3 2
B a2+2d la 2 (a+22)_ 1 _23 s A
a™ =2a" -3a"| 4a” -4 a’ -a
- a) Riit gon B.
b) Khin =1, tim gid tri chaa dé B = 3.
7.17. Cho cic biéu thirc :
2 2 B
C= . g <l 5 e xy+2xy2‘
X+y—Xy-y X+y+Xxy+x l+x -y —xy
a) Tnh C - D.

b) Tim cdc cap gid tri nguyén (x ; y) dé C-D = 10.

2 ¢ : 2. @ 2
YABICHD Bt TEEED )| 2 ! +3-:[l+lJ
X +3x°-27x+27 | X" +6x +9 3x \x 3 ;

. 34+x x2—6x+9[ 3
vi F= 3

3-x 92
a)RitgonEvaF;

x273x+9]

13=-%: 27ax8, 3—x

. 2 , E o
b) Tim cdc gid tri nguyén ctia x dé F nhin gid tri nguyén ;

E

F

d) Tim cdc gid tri coa x dé -E 27
I P
¢) Tim cdc gidc tri cha x néu — =2013;

¢) Tim cdc gid tri cha X néu =9;

T

f) Tim gia tri ctia % tai [x - I| =2012.
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7.19. a) Cho a+ b’ +c’=3abcvaabc 0 .
Tinh gid trj ctia biéu thiic P = (] +%)[] + E)[1 4+ E) :
c a

b) Cho ba sé a, b, ¢ khéc 0 vi d6i mot khédc nhau va thoamana+b+c=0.

Tinh gid tri ctia biéu thiic Q = [ﬁ +£+ = : b](P-;_CJr £ b - +ac—bJ

7.20. a) Riit gon E = i i+i + o +—2—-— vdin € N¥,
13 35 5 (2n — 1)(2n + 1)
| 1 |
b)Ritgon F= —+ —+—+ ...+ véin e N¥
i 1.4 4.7 0 n(n + 3)

c) Riit gon

: ’ : . i )
G=ll-—|ll~—lll-=——=—}|1-—|...]11 = s —
( 6)( 12]( '20][ 30] '[] n(n+[)J WEEE NN

7.21. Véia,b,e,ne Zvan=b+c (b<c),

a) Chiing minh
I+ bc  (a+b)a+c)
a(a +n) a@+n)
Ap dung : Tinh nhanh A = ( I+ i] 1+ —-2— 1+ z ;
y ) 1.4 25 100.103
b) Chimg minh 1 - . i AT

(a+b)a+c) (a+b)a+c)

Ap dyng : Tinh nhanh B = [1 - —2—](! - i}(] - ] '
23 34 101.102
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Guong - PHUDNG TRINH BAC NHAT MOT A

S T Al R L T e R e L B B T

Chuyen ds 8

PHUONG TRINH BAC NHAT MOT AN

I. KIEN THUC CO BAN

1. M6 ddu vé phuong trinh

* Mot phuong trinh véi 4n x ¢6 dang A(x) = B(x), trong d6 vé& trdi A(x) va v&
phai B(x) 1a hai biéu thiic ciia cing mot bién x.

* Gid trj ctia bién thoa min (hay nghiém ding) phwong trinh did cho Ia
nghi¢m ctia phuong trinh d6.

* Gidi phuong trinh 1a tim tat ca cdc nghiém (hay tdp nghiém) cha phuong
trinh dé.

* Haiphuong trinh ¢6 cling m6t tdp nghiém 1a hai phuong trinh twong dwong.

2. Hai quy tic bién déi tuong duong
a) Quy tic chuyén vé : Trong mot phuong trinh, ta cé thé chuyén mot hang tir
tir v€ ny sang vé& kia va déi ddu hang tr dé. ' '

b) Quy tic nhan v6i mot s6 : Trong mot phuong trinh, ta cé thé nhan (hoic
chia) cd hai v& véi (hodc cho) eling mot s6 khde 0.

* Tir mot phuong trinh, diing quy tic chuyén v& hay quy tic nhan, ta Iuén
nhén duge mot phuong trinh méi twong duong véi phuong trinh da cho.
3. Phuong trinh bac nhat mét an

* Phuong trinh ¢6 dang ax + b =0, véi a va b 1a hai s6 di cho va a # 0, dugc
goi 14 phuong trinh bac nhat mot dn.

* Phuong trinh bac nhit ax + b =0 luén ¢6 mot nghiém duy nhit x = — E
d
4. Phuong trinh dua dudc vé dang ax + b = 0 va phuong phép giai

a) Phuong trinh khong chita mau s6 :
— Thuc hién phép tinh va bd ngoic. _
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— Chuyén cdic hang tir chifa dn sang mot v¢, cic hiing s6 sang vé kia.
— Thu gon va gidi phuong trinh nhin dugc.

b) Phuong trinh chita miu s6 bing s6 : Trude hét phai quy dong méu s6 roi
nhan hai v& véi miu chung dé khir mdu r6i thuc hién nhu a).

I1. Vi DU MINH HOA
Vi du 8.1. Gidi cic phuong trinh :
2) 2x(x - 5) = (x + 2% + (x = 5)%; (N
x+3 x 5—-4x
3 4 * 3 o
b) 2x - = —-x+1.
=5 4
Gidi.  a)(1) & 2x*= 10x=x>+4x + 4+ x> 10x + 25
o % 10X - x> —dx — x>+ 10x =4 + 25

c:—4x=29<:>x=—-22,

4

_2&x+6-x _ 9X-5+4x
24 - 12

< 48x —-x-6=26x-10—-24x + 24

&> 48x —x —-26x +24x =-10+24 +6

b) (2) & 2x X+ 1

& 45x =20 c_::>x=%.

Vi du 8.2. Giai phuong trinh sau vdi a 1a hang s6 (ta con goi a la tham s6)
a(ax - 1) =x(3a-2) - L. 3)
Gidi. (3) < ax-a=3ax-2x-1 a’x-3ax+2x=a-|
o x@-3a+Y=a-1 & x@-a-2)=a-1

~Néua#Ilvia=#2thix= —1—
a-2
~ Néu a =2 phuong trinh ¢6 dang 0x = 1. Vo nghiém.
~ Néu a =1 phuong trfinh ¢6 dang Ox = 0. Phuong trinh nghiém ding véi moi
gid ri cla x.
Vi du 8.3. Gidi phwrong trinh sau véi b 1a tham sa :
X-1+b x-b b-x
+ = s
b+2 b-2 4-p?

-
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Gidi. Dicukiénb # + 2.
4) e (x-1+b)j(b-2)+(x-b)(b+2)=x~-b
¢:xb—2x—b+2+b2—2b+xb+2x—b2r2b=x—b
o 2xb-x=4db-2 < (2b-1)x=2(2b- 1).

*Néub ;% (ab = 't 2) thix=2.

" - < u i " 3 . o
* Néu b =5 thi phuong trinh trés thanh Ox = 0. Phuong trinh nghi¢m ding véi
moi gid tri cha x.
Vi du 8.4. Gidi phuong trinh :

X+1 x+2 x+3_x—l+x—2+x—3.
2012 2011 2010 2014 2015 2016 °

a) (&)

b)x—l_x+!+x—2_x+2+‘x—3_x+3+x—4_x+430. ©)
99 101 98 102 97 103 96 104 '

Gidi. a) Nhin xét : Néu quy dong méu thitc hai v¢ thi miu thiic chung qua I6n.
Néu cong thiém 1 vio méi phan thiic ¢ hai vé thi cic phan thitc nhan duge c6 cic
1l thite bing nhau. Do dé ta ¢6 cich gidi sau :

6) & (1i—1+1)+(”2+1J+[”3+1)
2012 2011 2010

x—1 Xx=-2 x-3
=|——+1|+ +1]+ +1
2014 2015 2016
x+2013+x+2013+x+20]3_x.+2013+x+2013+x+2013
2012 2011 2010 2014 2015 2016
x+2013 x+2013 x+2013 x+2013 x+2013 x+2013 _

012t 30Tt 2010~ 014 2015 2016 O

& (x +2013) : + ! + L bt )=0‘_
2012 2011 2010 2014 2015 2016

1 | 1 | 1 1
+ + - - -
2012 2011 2010 2014 2015 2016

Vay x =-2013.

# (0. Dodé x +2013=0

Dé thay
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b) Ta bién doi phuong trinh (6) nhu sau :
x-1 x+1 x-2 X+2 J
| -1 % -1
()52 ( 99 ]J (]01 )+( 98 ] [ 102
x=-3 x+3 x—4 x+4
A B e Y ~1|=0
+( 97 1) [103 ]+( 9% J [ 104 ]

o x—]OO_x—I00+x—I0{J_x—[00
99 101 98 102
+x—l|00_x—100+x*100_x—l{]0:
97 103 96 104

@(x—]ﬂﬂ)[i_L+l___],_+__]___]_+i_ l J=O

0

99 101 98 102 97 103 96 104
s x =100
1 I | I 1 1 1 1

(o —-—t———t———+ ———— = ().

99 101 98 102, 97 103 96 104
Vay nghiém ctia phwong trinh 1a x = 100.
Vi du 8.5. Tim gid tri ciam dé : -
a) Phuong trinh sau ¢6 nghiém x = -2
Gx =41 +2m) - 8(x+4)=25(x +5)2—x) +3(m-2) + 25 (7
b) Phuong trinh (x = m)(x + 2) — 5mx + 4 = (x + m)(x — 2) — 3x (8)
c6 nghiém gap doi nghiém ctia phuong trinh 2x(x — 3) - 6x = 2(x =1)(x + 3).
Gidi. a) Dé x = — 2 I nghiém ctia (7) ta phai ¢6 :
(=6 — 4)(1 +2m) — 8.2 =25.3. 4+ 3(m —2) +25
< - 10-20m-16=300+3m-6+25

< -20m-3m=10+300+16-6+25
< ~-23m=345 & m=-15.

b) Gidi phuong trinh : 2x(x — 3) — 6x =2(x —1)(x + 5) ) -
& 2x%— 6x — 6x = 2x°+ 10x - 2x ~ 10

o-2Wx=-10 x=%.

Nghi¢m ctia phuong trinh (8) gap d6i nghiém cha phuong trinh (9) nghia 14 (8)
cénghiemla l.Dod63 -3m-5m+4=-1-m-3

o -Tm=-11 & m=’—7[.
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Vi du 8.6. Gidi cdc phuong trinh :
2 6 1220 110

) e - (x —2) = -20(x + 1) + 60. (10)

127227327427 02 ‘ -

- 1 2012 2012 2012 2012
b) (B 3_.i+"'+m99.100]2013x" 51 T 52 Tt o timo (1n

.

NN 840-[0,4.(7,5-2,5x)]:0,25 = 412. 12
C)(|.3+3.5 192] [o:3( 9] (3
_— .) 2 6 1220 110_2 2334 45 10.11
¥ < At A tesss e o i P e 1 e R

R T Y RS R A T
st 243 M .0
12347710

Viy 11(x-2)=-20(x+1)+60 < 11x=22=-20x —20+ 60
< x+20x=22-20+60 < 31x=62 & x=2.

b)( 1o a—t _Doisx=2012[ Lty +1 J—)
12 34 99,100 51 52 100
Xéli.g._l_.'. ;-—vl_‘_l.‘ .!._l+___+i.._._l._

12734 " %100 1 273 2 99~ 100
TR 11 ([ I I
et o T TS O RN | - .

172737 99 100 (273 100

£ 4.1.1 I LI g <8

1 11
= T*E*?*I*“‘*@*T@‘(‘+§+§+'"+E]“5T+.§E+"'+®+Tﬁﬁ'.

¢) Tinh ] R i )840: —g-—-l- Fonk 2 Jd?.()
1.3 35 19.21 L3 - 35 19.21

l+...+L——J420
5 19 21

=(1- L) 420 = §.420 = 400.
21 21

(12) < 400-[0,4.(7,5 - 2,5x)] : 0,25 = 412
= 400—(3ﬂx)4=f112 < B3-x)4=-12 < x=6.
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111, BAI TAP

8.1. Giii cdc phwong trinh :
a)x(x 3)+(x+3) -2x(x—5)+35
b) (3x 2) + (2x +3} =(2x - 5)(9x + 1) - 5x* - 68 ;
c)(x— I} +(2x + l] —Bx-DCBx+ D=9%Ex-Dx+1)+91;
d) (x = 2)(x = D(x + D)(x +2) = 8 =x(x” +1) = 5x + 1)(x - 4);
c) {x+2)2(x+ 1)+8 =(x—2)3—(x~2}2+(3x—2}(4x -3).
8.2. Giii cic phuong trinh :
5—x+3x*2 - 4x+3—2x

il) 3 5 - 6 &
P
b')4+x_ 2 +"_3=6*2x;
3 9 | 27
2"'5-—2(2“5;1) L
=% " 3 5 4
c) + = s
2 4 2
8.3. Timy,néu:
I 30 l
; 3__4 Pt 6 l-y)+7=
l)( 5] 833{ ( ¥) 2
" 5,73+0.27-4,5.3+0’25y (%%) 0,25+1 ;

151~
25

I
yasey:|at-s5i-2ll-n=1-oss:( el )-106-41
e o4 ( 5 2) 5 [2 4] D

8.4. Tim gid tri cha n d€ phuong trinh
(=1 =(x+n=-2)~ (x+3)>=2(x —n+ 1)+ 100 + 1) + |
c6 nghiém lax =4. :
8.5. Tim gid tri cha n d€ phuong trinh :

F 2= —2x+_5n=x3—9x2+ 10

¢6 nghiém béing % nghiém ciia phuong trinh (x + 1)(x + 3) = x(x - 3) + 24.
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8.6. Giai cic phuong trinh :
2x+5 2x+6 2x+7 2x+93 2x+94 2x+95
a) — + S = % +
95 94 93 7 6 5
T4-x T75-x 76-x 77-x 78-x
+ + + + ==-5;
26 25 24 23 0
x-50 ,x-51 x-52 x-53 x-200
+ - + + =0
50 49 48 47 25
5x =150 5x-102 5x-=56 5x-=12 5x-660
+ + + + =
50 49 48 - 47 46
8.7. Giai phuong trinh :
x—-a x-3 6a
-+ =
a+3 a-3 9-32

x—a |1 x-b 1 (x-—c 1} ab+bc+ca
O [t A .- 1 .
{bc b] [ca cJ ab a abe

Vv6i a, b, ¢ 12 cdc hang s6 va a.b.c # 0.
8.8. Giai phuong trinh :

gy 2B XU XDy e b ckc hhig e
b-2 a-2 a+b
x_b\_c+x_g_a+x_a_b=3véia;bvﬁc[ﬁcéchﬁngsdkhéc&

a c

8.9. Giai cic phuong trinh :
a) (l+l+~l~+...+ l + 1 )503);

L]

b)

k]

)

0.

d)

véi a la hing 6 ;

a)

b)

2. 3 2011 2012 :

2014 2015 4023 4024
=1+ + Feitk + -
2 3 2011 2012

(J,6+%—% %—1,S+§

C
b) 5 5 +5 5 + 93x
l+==-=— —==3,75+—
7 11 3 9

3737 954954)(1 1 1
o oo L ] | BB R - 7(x - 3).
4545. 975975)\2 3 6

8.10. Tim x, néu :

8 8 8 8 58 2x+7  5x-8
a) | —+——F+ ——+ ...+ +—+2x-D= +
1.9 947 ‘17325 49.57) 57 3 4

#
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2013.2014 - 2011
) 303“+3030+...+3030 (2x—l)=?0]3 X+ 12+ 1) ;
1212 2020 9090 2014.2011 + 2017

2011 2011 2011 2012 2012 2012
c) + + ot = + +...+ g
1.11 2,12 100.110 1.101  2.102 10.110

Chuyon db 9

PHUONG TRINH TiCH

I. KIEN THUC CO BAN
— Dang phuong trinh : A(x). B(x) = 0 trong do A(x), B(x) Li cic da thiic ctia bién x.
= Phuong phip chung : D€ gidi phuong uinh A(x).B(x) = 0, 1a gidi hai
phuong trinh A(x) = 0 va B(x) = 0, r6i ldy tat cd cdc nghi¢m thu dudc.
A(x). B((x)=0 < A(x) = 0 hoic B(x) = 0.

Il. Vi DY MINH HOA
Vi dy 9.1. Gidi phuong trinh x°~ 6x% + 11x —12 =0,
Gidi. () & x’~4x*-2x2 + 8x +3x =12 =0
& XHx-4) - 2x(x ~4) + 3(x - 4) =0
2 . x=-4=0
O X=X -2x+3)=0 & "
X“=-2x+3=0.

(1)

Gidi x -4 =0 duoc x = 4. Phuong trlnh X=2x+3=0vo nghiém vi
X2-2x +3=x"-2x + l+2=(x- l) +2 > 0 vdi moi x.
Viy phuong trinh di cho 6 mot nghiém 1a x = 4.
Vi dy 9.2. Gidi phuong trinh : x°® - 7x%(2x%- 7) = 36
Gidi. 2 < x® 14x*+49x2-36=0
< x0-xt-13 xt+ 13x° + 36x° - 36=0
& x*(x= 1)= 13x%x2= 1) + 36(x% = 1) = 0
o - D= 13x%+36)=0
& (- D - ax® - 9x% +36) =0
& (= DXK-4) - 96~ 4)] =0 & (- 1)x24)(x— 9)=0
@ (X =3)x-2)x — D(x + D)(x +2)(x +3) = 0.’
Vy phuong trinh (2) ¢6 6 nghiém 14 : x = + | e RN =ER,

(2)
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Vi du 9.3. Tim b6n s6 tu nhién lién ti€p sao cho tong cdc 14p phuang cla ba s6
diu biing lap phuong cta s6 thit .,
Gidi. Goi bon s6 tunhién lién tiépcin tim A a;a+ 1;a+2;a+3.
Ta co a3+(a+1)3+(a'+2)3=(a+3)]
<:>a3+a3 +3a+3a+1+a +6a°+12a+8=2a +9a°+27a+27
©a’ -3’ +328°-9a+3a-9=0 & (a-3)a’+3a+3)=0.

: 2
D0i12+3&+33[a+-;'J +% >0véimoianéna—-3=0haya=3.

Viy bon s6 tr nhién lién ti€p can tim a3 ;4;5; 6.
© Vidu 9.4. Giai phuong trinh
x-1P-x-3)>=98.
Gidi. Cdch 1 : Bién d6i phuong trinh duoc
x*=3x%+3x - 1 x>+ 9x* - 27x +27=98
& 6x°-24x-72=0 & x*-4x-12=0
x=-6=0 {x =6.
=Y

a'v XxX—06)x+2)=0 < L+2=0 _

x=-2
Nghiém ctia phuong trinh [ax =6 ; x = -2,
Cach 2 : Tacé x —2 latrung binh cong cia x — 1 vix — 3.
Dit x — 2 =y phuong trinh trg thanh (y + 1}3 —(y- 1)3 =98
"— y3+3y7’+3y+ 1 —y3+3y2-3y+ 1 =98
< 6y2=96 = y* =16

- [y=4 “2=4 + [x=6
= ’ . Suy ra * =3 :
-4 2

x-2=-4
Nghiém ctia phuong trfinh [a x =6 ; x = -2,
Vi du 9.5. Giai phuong trinh
(2x*= x =3)* = 7(2x*- x +3) +42 =0,

Gidi. Dat 2x*~x -3 =y. '
Phuwong trinh trd thinh yz -y +6)+42=0
y=0 [2&-:;-3:0

=
y=7=0  |2x?-x-10=0
2x =3)x+1D) =0 (1
[(2; -5)(x+2)=0 (2

@ yy-7=0 [
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-
1
|

Gidi (1) duge x =

R b ws
”
]
|
[}

Gidi (2) duge x =
; 5
Viy phuong trinh ¢6 bon nghiém x =-2;x =-1; x = 2 P X= 5
Vi du 9.6. Gidi phuong trinh
(x = I)(x = 2)(x = 5)(x — 6) = 252.
Gidi. X¢ét v€ trdi néu nhan nhan tr thir nhét véi nhan wr thit v ; nhin nhan t th
hai véi nhan tir thit ba thi chiing cing hé s6 ciia x” va ctia x. Do dé ta bién d6i thanh :

(2 =7x + 6)(x* - Tx + 10) = 252.
Dt x>~ 7x + 8 =y, p]iuo‘ng trinh tré thinh (y - ﬁ)(y +2)=252
. <:>y2—4=252<:>y2=256c>y=t16.
*Voiy=16tac6x’ - 7x+8=16 < x° -~ 7x-8=0

o x-8)x+ D=0 [":8

=-1

*V6iy=~161acox*—Tx + 8= 16 & x>~ 7x + 24 = 0, phuong trinh ndy
2
vO nghiém vi xz—?x+24=[xﬂ:17‘) +T>0Vx.

Vay phuong trinh di cho ¢6 hai nghiém lax =8 vix =—1.
(Ta ciing ¢6 thé dat 2 _Tx+6 hoac x>~ 7x + 10 lAm bi¢n phu. Ban doc ty giai).

& CHU Y - :

Khi gidi phuong trinh tich ta ¢6 thé gap phuong trinh dGi ximg, dé 13

phuong trinh ¢6 hé s0 ctia chiing déi ximg nhau.

Trong phuong trinh d6i ximg, néu a 1a nghiém thi ~ ciing 1a nghiém.
8 &

Phuong trinh d6i xiing béic 1¢ bao gior ciing ¢6 nghiém 1a — 1.
Phuong trinh d6i xing bac chiin 2n dua vé phuong trinh bac n bing

cdch dit én phu y = x + l
X

Vi du 9.7. Gidi cdc phuong trinh :
a}4x3+21x2+21x+4=0; b)2x4—‘?x3+9x2~'?x+2=0.
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Giai a) : Bién déi phuong trinh thanh (x + 1)(x +4)(dx + 1) =0.

1
Phwong trinh c6 ba nghiém x ==1;x =-4 vax ==

b) Cdch 1 : Bién déi phwong trinh thanh (xz_— Xx+D2x-Dx-2)=0.

Nghiém cla phuong trinh lax =2 va x = % _

Cdch 2 : Vi x = 0 khong Ia nghiém nén x # 0. Chia hai v€ clia phuong trinh
cho x* ta duoc 2[:(2 + l] - T(x + -[—] +9 =0.

x? X

DQ1Y=X+lIh‘1y2—2=x2+L2.
X x
Do dé 1a c6 2y°=2)-Ty+9=0
o 2y -Ty+5=0
: y=1=0
< (y-D2y-5=0«
(y )(g ) [2y_5=0

*Voiy—1=0tacox+ l—1=0 =3 x2~ﬁ+l=0v6nghi¢mvi
x.

1V 3
xz—x+l=(x——) +— >0, ¥x.
2 4

*Vi2y-5=0taco 2(){ +l]—5=0 & 2x-5x+2=0
X

x=2
S 2x=1)x-2)=0 & 1.

2

Vay nghiém cta phuong trinh lax =2 vax = % :

Il BAI TAP
9.1. Giai cdc phuong trinh :
a)(x-3°-16=0; b) (x - 4)* = (2x + 1)%;
) (x%- 9)(3x +2) = (x*- 9)(2x - 3) ; d)(3x -5 -4(x = 3)*=0;
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9.2, Giai cic phuong trinh :
a) x“-—x2+x -1=0;
c) X+ X% - dx -4=0;
Q) (x=DXx=-3)+x- 1P (x+3)=72.

2
2

b)Y X 4+Xx=x—1=0:
d)x3+x +4=0;

9.3. Gidi cde phuong trinh ;
A x=5x +5x° +5x - 6=0: b)x®-ax* x> +4=0:
¢)24x> = 10x> - 3x + 1 =0
9.4.  Giai cdc phuong trinh :
a) (x° - X)% =12 4 4x - 4x°;
¢)(x* - 3x + 2)()&2 - 9x + 20) = 40,
9.5.  Giai cic phuong trinh :
a)(x =2+ (x+ 1)P=2x - )3,
4

4
) (x—l] +(x+§} =82.
2 2} =

9.6. Cho phuong trinh X’ = 9x? + 13ax - 22 = 0.
a) Gidi phwong trinh véi a = 2.
b) Tim a d¢ phuong trinh ¢6 nghiém 1a — 2.
9.7. Cho phuong trinh (x — 1)* = (a> = a + 7)(x = 1) = 3(a® = a— 2) = 0.
a) Tim cdc gid tri ctia a dé mot trong cdc nghiém ctia phuong trinh 13 2.
b) Giai phuong trinh véi cde gid tri d6 cia a.
9.8.  Giai cic phuong trinh véi tham so a :
a) dax’ - 12x% - ax +3=0; b) 2a2x3+5a2x3—8x=20

b) (x* - x)(x*+3x +2) =24 :

by (x+3)" 1 (x + 5)"= 16:

9.9, Gidi cide phuong trinh :
a) (8X +5)%(4x + 3)2x + 1) =9 ; b) (2x + 3)(x +2)*(2x + 5) =315 ;
) Bx=7)(8x = 5)2x = x - 1)=9;  d) (" +3x+2)(2x + 3)2x +5)=30.
Gidi ciic phuong trinh :

a) x4 5%+ Sx+2=0:

) 6x* = 5x* - 38x2 ~ 5x + 6=0:

9.10

®

b)2x* - 9x* + 14x> - 9x +2=0;
d) 2x* = 21x* + 74x2 = 105x + 50 =0,

9.11. Giii cde phuong trinh
a) (x = 2012) + (x - 2014) = (2x - 4026)° ;
b x-3"+(x-5"=16:
A x=9)" +(x- 10" = (19 -2x)* ;
d)(6-x)°+(x-4)° =32, '
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Chuyen dé 10

PHUDONG TRINH CHUA AN O MAU THUT

. KIEN THUC & BAN

Phuong phép chung :

Buede 1 : Tim diu ki¢n xdc dinh cta phuong trinh (gid tri cha dn 1am tat ci cdc
mdu thifc ctia phuong trinh khéc 0). Viét tit : DKXD.

Bige 2 - Quy déng miu hai v& cta phuong trinh réi khir méu.

Buge 3 : Giai phuong trinh vira nhan duoc.,

Budc 4 : (Két luan). Trong cdc gid tri cta dn tim duge & bude 3, cic gia tri
thod man diéu ki¢n xdc dinh chinh IA cdc nghi¢m ctia phwong trinh di cho.

I1. Vi DU MINH HOA

Vi du 10.1. Giai phuong trinh
9-4x _ 3 s
9x2 -1 3x+1 1-3x

-5, ot . 1
Giai, DKXD cua phuong trinh : x # =+ 3

Véi diéu ki¢n dé phuong trinh twong duong véi :
9-4x=303x-1)+503x+1)
< 9-4x=9x-3+15x+5
< =-28x=-7 & x:l.
4
Gid tri nay thod man diéu kién trén. Vay phuong trinh ¢6 nghiém duy nhat x = :Il-
Vi du 10.2. Giai phuong trinh
2x-3 x2-5x+22 _3x-5
X1 xz-—zx—'} X-3.
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inh trén tuong duong véi 2x—3+x2—5x+22'_3x45
Gidi. Phuong trinh trén twong duong o R o g

PKXD:x#3vax#-l
Quy déng hai v& va khir mau duoc :
@x-3)(x=3) +x°=5x+22=(3x = 5)(x + 1)
o 20 -0x+9+x -5x +22=3x"-2x -5
& —-12x=-36 & x=3.
Gid tri nay khéng thoa min DKXD ctia phuong trinh nén phuong trinh da cho
vo nghiém. ' .
Vi du 10.3. Cho phuong trinh
x+b x+5
e e o
a) Gidi phuong trinh v6i b =2.
b) Tim b dé phwong trinh ¢é nghiém x = 10;
¢) Gidi phuong trinh véi tham so b.

=2 (v6i b I hiing s6).

X+2 x+35
+ =

Xx-5 x-2

2

Gidi. ) Khib=2taco:véix = Svaix=2thi
& x4+ x-25=2"-14x +20 & 14x =49 & x:%.

b)Ne‘ux:tovaib;eto,mcé'05+b B i

10-b
& 100 -b%+75=100— 10b < 100 =b’> — 10b + 25
b=15
& 100=(b-5) "
b = -5.

c¢) Diéu kién ctia nghiém néucélax # 5vax = b,
Bién ddi ta c6 phuong trinh : (x + b)(x —b) 4 (x + 5)(x = 5) = 2(x — 5)(x — b)
& X2 = b2+ x% =25 =2x" - 2bx — 10x + 10b

& 2xX(b+5)=(b+5)° )
b+5
#b

#Néub#-5thix= b+3 . Gid tri nay la nghiém ciia phuong trinh néu

.b+5

i

#5ukclab=5.

* Néu b = ~ 5 thi (1) ¢6 dang Ox = 0. Phuong trinh nghi¢m ding véi moi x
khic *5.
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b+5

Kétluan : Néu b # +5 phuong trinh ¢6 nghiém duy nhat x = =
Né&u b = 5 phwong trinh vé nghi¢m.
Néu b = —5 phuong trinh nghiém diing v&i moi X trirx =5 vax =-3.
Vi du 10.4. Giji phuong trinh :
I 1 1 1 1
+ + + —

x? —3x +2° X2-5x+6 x>=Tx+12 <2< a D) 18

Gidi. DPKXDx # 1 ;x #2;x #3;x #4;x #5.

Bi¢n déi phuong trinh vé dang :
1 | 1 I

+ + + :
(x=-Dx-2) x-2)x-3) (x-3)x-4 x-Hx-3) 15
1 1 1 1 1 1 I 1 1

+
5

o - + - - + -
x—-1 x-2 x-2 x-3 x-3 x-4 x—4 x-35
= l ~—1—=-]—@60=x2-6x+5
x—-5 x-1 15
et ]
c:(x_—l])(x+5)=0<:>[ 3
x=-5
IIl. BAI TAP
10.1. Giai cdc phuong trinh :
= 2.t
a]x+2x4= 2x ; b)2+3=3:
x-3 x+4 x*4x-12 x-1 x—-2 x-3
1 5-x 3
c) + = -1.

%+l %=2 ytex-2

10.2. Gidi edc phuong trinh : )
x-2  2x% -5 4
- =

96 T+x 2x—1
" x%-16 4"‘_"“‘4_3’ b)l+l"x S -1 xZ4x+l
x? - 4x 27 T-2x
c) + =

x2 +4x 22 +7x -4 g i
10.3. Giai cic phuong trinh :
x2 -2x +2 _ x> _ 3

x?-x+1 X2+ x+1 (x4+x1+1)x

a)
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x2+2x  xP=2% 16 :
40243 (x-07+3 xP+axP+i6
X’ + x? —5(x2_5}+£.

xX2+2x+2 x2-2x+2 x4 4

)

10.4. Giai cdc phuong trinh : .
1

a)2(x+—[-]=i+x2; b)3[x+%]=?(!+—);
2 x- X

X
2 2 13(x* -1
= ] -
x2 —4x +10 x~1 (x-1

10.5. Gidi cdc phuong trinh :

x+h*  xP+2x xz—2x+|+x2:~2x+2_?_

|
Se=l D) g
x242x+2 (x+D% 90 x> -2x+2 x*-2x+3 6
& 22}{ . 2|3x "
2X"=5x+3 2x" +x+3
1046 35 phing il s Sl g DR o WET
X2x=5+2 x(2x-7D+3 2x%-7x +3
4
2x S5a”

vdi a la hing so.

10.7. Cho phwong trinh S s =
X+a Xx-a 4{_)(2—;12)

a) Tim a dé phuong trinh cé nghiém 12 5 ;
b) Giai phuong trinh véi a = 6.
= Il ...%

108. Tim x, bigt ——— - —— =%
n“x-2n 2-nx n

P s Y ar 2
véinlahingso;n # 0n# | ;vi=#x.
n

10.9. Giii cic phuong trinh :

Bl | o 3 4 3 _
x}~6x2+11x-6 x> -3x+2 x2-4x+3 x’-5x+6
b) 2" By l =3 [ A : =2§;
X“H+X X" +3x+2 x“4+5x+6 X~ +199x +9900 51
)x2+4x+6_x2+6x+12=x2+8x+2{]_x2+I0x+30 4
X+2 X+3 x+4 X+5 CrTx+12
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- Chuyen ds 11

GIAI BAI TOAN BANG CACH LAP PHUDNG TRINH

1. KIEN THUC CO BAN

1. Cac budc giai bai toan béng cach lap phudng trinh

Burge 1 : Lap phuong trinh.

— Chon én s6 va dat diéu kién thich hop cho 4n s3 ;

— Biéu dién cdc dai lugng chua biél theo dn va cdce dai lwong di bigt ;

— Lap phuong trinh biéu thi quan h¢ giita ciic dai luong.

Bitoe 2 : Giai phuong trinh.

Buge 3 : Trd 10 : Kiém tra xem trong céc nghiém clia phuong trinh, nghiém

nao thoi man diéu kién ctia 4n, nghiém nao khong, réi k&t luan.

2. Mot s6 dang toan thuéng gip

a) Todn chuyén dong déu : ¢6 ba dai lugng : Vin 16c (v) ; quing dudng (s) va

thoi gian (1).
Quan he¢ giftachingnhusau: s=v.t;v=g:t;t=s5:v. :
Pon vi clia cic dai lugng trén phai twong ting véi nhau. Ching.han, don vi
viin toc : km/gitr thi don vi quang dudng : km va thoi gian : gid.
bic bi¢t : Chuyén dong xuoi, ngugc dong nude (hoic xudi gid, ngugc gio) :
voi v, 1 van toc khi xudi ; v, 1a van tée khi nguoc, v,-1a van tée riéng cta
dong 1, v, 1a van 6c cna dong nude (hoic gi6) thi :

\"'x =V, + Vdrl 4

VY = Vr— Van-

b) Todn nang sudt lao dong : c¢6 ba dai lugng IA ning suit lao dong (khai
lugng cong viéc hoan thanh trong mét don vi thoi gian) ; khoi lugng cong
viée ; thoi gian hoian thanh cong viée. Ba dai lugng dé quan hé nhu sau :

Khoi lugng = Nang suat x Thoi gian ;
Ning suilt = _________Khm.lu.{mg‘; Thoi gian = Jilic g qun’g i
Thaoi gian Ning sut

¢) Todn vé cong viéc déng thai (1am chung hodc riéng mot cong viée) : Pay [a -
dang dic biét cha toin ning suit lao dong. Khéi luong cong viéc ¢ diy
khong dugc cho dudi dang cu thé .Vi thé ta ¢6 thé quy udc cong viéc cdn
hoan thinh la 1. Thy noi dung timg bai todn cy thé mi ta quy u6c mot dai

lugng nio dé 1am don vi. Khi dy don vi clia néng sudt la :

I cong viéc/ 1 dom vi thoi gian.

77



Trong cdc bai todn ndy, ta thudng gap vin dé lam chung, lam riéng, mat
diéu cdn luu y 12 : Nang sual lao dong chung bang 16ng nang sudl lao dong
riéng clia timg cd the.

d) Todin ¢6 noi dung lién quan dén cdu tao thap phan clia s0.

) Todn ¢6 ndi dung lién quan dén i sG, ti 50 %.

{) Todn ¢6 noi dung ly, hoa, hinh hoc .

g) Cic dang todn khéc : tang, giam, thém, bét, chuyén ... cic dai lugng.

IIl. Vi DU MINH HOA

Vi du 11.1. Quiing dudmg AC gém hai doan AB va BC. Doan BC dai hon AB la
60km. Mot 6-16 di tir A dén B véi vin t6c 50km/git 16i 1iép tue di dén C véi van
e 40km/gio. Tinh quang dudng AC biét thoi gian di trén doan dudng AB it hon
thori gian di trén doan duong BC 1a 2 gid. -

‘Gidi. Goi quing dutmg AC 1a x(km) ; x > 0. Do doan BC dai hon AB Ja 60km ;
10ng hai doan dudng 1a x (km) nén :

=50 (km), doan duong BC la ﬁzﬁq (km).

— Doan dudng AB dai

‘ = +60
— Thoi gian 0-10 di trén doan AB la : ﬂ (h), di trén doan BC la : i (h).
_ 2.50 2.40
Theo bili ra ta ¢6 phuong trinh : 40 = ) =2,
. 80 100

Gidi phuong trinh dugc : x = 260

Quiing dudng AC dai 260km.

Vi du 11.2. Mot ngudi di 6-16 trén nira ddu cta doan dudng AB véi vin (¢
60km/gidr vi trén nita sau cta doan dutng AB véi vin 16¢ 40km/git. Tinh van toc
trung binh ctia 6-10 trén ¢d doan dudng. Sau do tinh thoi gian ngudi do6 di nira sau
cia doan dudng AB, bi¢t thoi gian di ca doan dudong AB la 3 gio.

Giai. Goi van tdc trung binh ctia 6-16 trén ca doan duong la x (km/gio) ; x > 0.
Biéu thi nira doan dudng AB I a km (a > 0) thi thoi gian 6-16 di nita doan dudng

L e I TV S % . a i
diu Ia 5 2idr ; thoi gian 6-10 di mra doan dudng sau la o gio;

Theo bii ra ta c6 phuong trinh : L
60 40 «x

Giai phuong trinh trén duoc : o + L. < x =48.
60 40 x
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Van toc trung binh ctia 6-16 la 48km/gid.
Quing dudng AB dai : 48. 3 = 144(km)

st Sy - o ;
Thoi gian di nira sau doan dudng la: o = 1,8 (gi0) = 1 giv 48 phiit .

Vi du 11.3. Budng song xuoi tir thanh phd A dén thanh phé B ngan hon dudng
bo 1a 12km. Di ca n6 tit A dén B hét 4 gio con di 6-16 nhanh hon 1gid 30 phiit.
Tinh vin t6c riéng cta ca-no, biét vin téc 6-td6 hon van t6e riéng ciia ca-nd 1a
20km/gid, van toc dong nudc 12 2km/gio.

Gidi. Goi van t6c riéng cua ca-no la x (km/gid) véi x > 0, thi van (e khi ca-no
Xudi dong 12 x + 2 (km/gid), van 16¢ ctia 6-10 13 x + 20 (km/gid).

Quing duong ca nd xudi dong tir A dén B la : 4(x + 2) (km).

Quing dudng 6-16 di tir A dén B 122,5.(x + 20) (km).

Ta cé phuong trinh : 2,5(x +20) =4(x +2) = 12.

Giai phuong trinh dwoc x = 20.

Viy vén t6c riéng ctia ca no 1a 20km/gid.

Vi du 11.4. Hai t6 sdn xudt ciing may mét loai d0. Néu 6 thi nhét may trong 3
ngdy, 16 thi hai may trong 5 ngay thi hai 16 may dugc 1310 chiéc do. Biét ring
nang sudt lao dong ciia 16 thi nhat hon 8 thit hai la 10 chiéc do / ngity. Tinh ning
sudt lao dong clia méi té. .

Gidi. Goi niing suat lao dong chia 16 thit hai 1a x (chifc do/ngay) ; (x € N¥) thi
nang suit lao dong cla 1o thi nhit 1 (x + 10) (chiée do / ngay).

Trong 5 ngay 6 that hai may duoc 5x (chiée o), trong 3 ngay to thi nhat may
duoc 3(x + 10) (chiée d0).

Theo déu bai ta co phuong trinh : 3(x + 10) + 5x = 1310.

Gidi phwong trinh duge x = 160 (thod man diéu kién)

Vay nang sudt lao dong cua 13 tht hai 12 160 chiéc do/ngly ; 16 thw nhat Ia
170 chiéc dofngdy. :

Vi dy 11.5. Hai doi cong nhan ciing lam mdt cong viéc trongl8 gio thi xong..
Né&u doi thit nhat 1am 6 gio, doi thit hai lam 12 gio thi chi hoan thanh duge 50%
cong viéc. Hoi néu lam riéng thi méi doi hodn thanh cong viéc dé trong bao lau?

Gidi. Goi thoi gian déi thi nhat lam riéng dé hoan thinh cong viée 1a x (gid) (x > 0).

. L - | .
Trong 1 gi¢ hai doi lam dugc % cong viéc, doi thi nhat lam duge — (cong viée) ;
X
doi thit hai lam duoc (Tlg - LJ (cong viéc).
X
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Ta ¢ phuot 1r‘1h(l+l" L ] [c::6—
" 1 1 0. — 2| —==|=— _—=
a4 ¢ phuong S 13 % > -

< x = 36 (thoa man diéu kién). )
Viy néu lam riéng thi doi thir nhat hoan thinh cong viée do trong 36 gid ; doi

1 5
thit hai hoan thanh cong viée dé trong 1 : [IIE;" - 56) = 36 (giv),

o -

Vi du 11.6. Hai voi nu6ce ciing chdy vao mot cdi bé khong cé nudc trong 6 gits
thi ddy bé. Néu dé riéng voi thit nhit chdy trong 2 gio, sau d6é déng lai vi mé voi

ther hai chdy tiép trong 3 gid nita thi duoc -§— bé. Hoi néu cé voi thit ba chidy mot

minh sau 2 gid duoc a]- bé thi voi thit hai va voi thii ba cling chdy vao cdi bé khong
¢6 nude dé trong bao lau diy bé ?
Gidi. Goi thoi gian chiy mot minh diy bé cha voi thit hai la x (gids), trong mot
gior voi thir hai chay dwoc : bé nudce, voi thit nhil chdy duge (E - —) bé nudc.
X X

Ta ¢6 phuong trinh : z[l - i} i2.=2 Gl diex =15
6 x X 5

Trong mot gid voi thit ba chay duoc % 2= -1% (bé nudie).

Voi thit hai va voi thit ba ciing chdy mét gid duoc L + LW (bé nuéc).
15 12 20
3. 20 2 .
“Thoi gian voi thik hai va voi thit ba cling chdy ddy bé nudc1a 1 : 2 = 3 :65 (giv).
Piip s6 : 6 gio 40 phut.
Vidu 11.7. M6t s6 ¢6 bon chir s ¢6 chir s6 hang don vi 1a 2. Néu chuyén chir
* 502 Ién ddu thi dugc s6 méi 16n hon s6 ban ddu la 189. Tim s6 d6 .

Gidi, Goi $6 ¢0 ba chit s6 diing trude chit s6 2 1ax (x € N: 100 € x < 1000)
S6 phai tim Ia x2. Chuyén 2 Ién ddu dugc s6 2x .

Ta c6 phuong trinh 2x — x2 =189 ¢ 2000 + x — 10x — 2 = 189
< 9x=1809 < x=201.

S6 phai tim 12 2012,
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Vi du 11.8. Nam trudc ti s6 thoc thu hoach duge gitta thira rugng thir nhat va
- * -1 4 T -, - 2 - 2 =
thit hai la 5 Nam nay thita thi nhit thu hoach tang 10% ; thita thit hai thu hoach
tang 20% nén s6 thée thu hoach clia cd hai thira tang 1a 1a 140 kg. Tinh s6 théc thu
hoach ctia méi thira nam truée.

Gidi. Goi s6 thée thu hoach nam trudc ctia thita thi hai 13 x (kg)(x >0) thi s6

théc thu hoach cua thira thir nhat la~5— x (kg). Nam nay thita thi nhét thu hoach

4 x ;
ting dugc 10%.3 x (kg) ; thia thit hai thu hoach tang duge 20%.x (kg).

4
Theo bai ra ta ¢6 phuong trinh : 10%. = X +20%.x = 140 < x = 500.

Viy nam trude : — Thira thi nhit thu hoach dugc 4{)(Jkg thoc.,
' — Thira that hai thu hoach duge S00kg thoc .

Vi du 11.9. Téng ctia bon s6 1a 720. Biét ring 1ay s6 thi nhdl cong 5, s6 thit hai
trir 5 ; s6 thit ba nhan 5 vi s6 thit tr chia 5 thi déu ¢6 két qua bing nhau. Tim bén
s0 do . :

Gidi. Goi k&t qué sau khi bién déi ctia bon s6 [a x thi :

Sa thd nhit 1a x — 5, s6 thithai 1a x + 5, s6 thiba la x @ 5, s6 thi tu la 5x.

Ta ¢6 phuong trinh (x — 5) + (X + 5) + X :5+ 5x =720.

Giai phuong trinh duge x = 100, )

Viy : S6 thit nhilt 12 95 ; s6 thit hai : 105 ; s& thitba : 20 ; 6 thit tur: 500.

Vi du 11.10. Mot hoi trudng ¢6 500 gh€ ngdi, ngudi ta xép ching thanh céc
diy ¢6 s6 ghé nhu nhau. Néu méi day thém 3 ghé vi bét di 3 day thi s6 gh€ trong
hoi truomg vin phai bo sung thém 6 chiéc. Hoi hic diu ngudi ta dinh xép bao nhicu
day gh¢ ?

Gidi. Goi x 12 s6 diy gh€ trong hoi truong hic dau(x € N, x > 3), thi 6 day
ghé€ lic sau lax — 3.

L z . - - - a {}0 .
S0 ghé 6 maéi day lic dau la 2N (chiéc).
*

500+6 _ 506
x—3 X -

S6 ghé & mbi diy lic sau Ja (chiéc).
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-{-)—0+3- 2o o x% = 5% - 500 =0.
X

Theo bai ra ta c¢6 phuong trinh : s

Gidi phuong trinh : x> — 5x = 500 =0 &> (x + 20)(x = 25) =0
x+20=0 [x=-20
o <>
x—=-25=0 X =325,

Ta duge x = 25 thoa min diéu kién. Vay s6 day gh¢ ban ddu xép 1a 25 day.

E!

e o |
Vi du 11.11. Mot clra hang ban mot s6 mét vai : Ngay thit nhat ban 20m va e

»

phan con lai, ngay thit hai bdn 40m va s phén con lai, ngay thi ba ban 60m va

! phiin con lai
=2 1 n lat.
10 '

Ctt ban nhu viy dén ngiy cudi ciing thi hét s6 mét vai cin bdn va s6 vai bin
mbi ngay 12 bing nhau. Tinh s6 ngdy bén va toan bo s6 mét vii dem ban.
Gidi. Cich 1 : Goi téng s6 mét vii dem bin 1a x (m) vdi x > 0.

Ngay thit nhdt bin s6 mét vai la 20 + %(x -20)= %x + 18.

Phén s mél vai con lai sau ngay bin thi nhat la : x — [%x + I8)= %x - 18.
(
Ngaty thi hai ban s6 mét vai 1a 40 + L. ix -18-40 o X+ iﬂ
1010 000 10

Do s0 mét vai bin méi ngay bang nhau nén ta c6 phuong trinh :
I 9 342
—Xx+18=— S——
10 100 10
Giai phuong trinh duoc : x = 1620,
S0 mét vai bdn mot ngiy la 180 m. S6 ngiy ban la 1620 : 180 =9 (ngay).
Wiy s0 ngay bian 12 9 ngay vi toan bo s§ mét vii dem bin 12 1620 m vii .
Clich 2 : Goi 86 ngay bin la y (y > 1). Do cu6i ciing bdn hét nén ngiy cudi
ciing bdn duge 20y + 0 (m) vii va s6 vai bidn mdi ngdy bing nhau nén méi ngiy
ban 14 20y (m) vai. Toin bo s6 vai bin 14 20)!2.

2
S6 mét vai ban ngay thi nhat 1a 20 + EE’TO;?—U- =20+2y" 2.
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Tacé 20y =20 +2y* -2

e 10y -1) =y -1

e 10y - D =(y+ Iy = 1.
Doy>Inény+1=10=y=9.
Vay s6 ngay ban 12 9 ngdy. Toian b s6 vai ban 1i 20. 9% = 1620 (m vai).

lil. BAI TAP

11.1. Quéing dudng AB dai 30km. Liic 7 git mot ngudi di xe dap tr A dé dén B.
Pén 8 gio mot ngudi di xe mdy di tir A va dén B s6m hon xe dap Ia 20 phit.
Tinh vin t6c clia méi xe, biét ring van tdc ciia xe mdy gip 3 ldn vin t6c xe dap.

11.2. Mot ngudi di xe dap, mot ngudi di xe miy, mot ngudi di 6-t0 khéi hanh tir A
dén B theo thir ur lic 6 gidy, 7 gio, 8 gio va van toc 15km/gid, 35km/gids, -
S0km/git. Hoi lic mdy gidr thi 6-to cdch déu xe dap va xe mdy .

11.3. Mot 6-t6 chuyén dong déu trén mot quing dudng gém mot doan dudng bing
va mot doan 1én déc. Van téc trén doan dudng bing gip doi doan Ién déc.
Biét ring 0-t0 d6 di 10km trén dudng bang hét 12 phiit ; doan Ién déc ngin
hon doan dudng bing 1a 100km va thoi gian d€ 6-10 d6 di ca quang dudng. la :
2 gid 18 phait. Tinh chiéu dai quing dudng 6-16 di di.

11.4. Mot ca-nd xudi mot dong song hét 2 gi 30 phit va nguoc dong song do6 het
*3gidy] Sphiit. Tim van t6c riéng clia ca-no, biét ring mot ddm beo th troi trén
dong song 15 phiit troi duge 750m. - :

11.5, Ba xe 0-16 cling khoi hanh tir A d€ di dén B. Van (¢ xc thit hai nho hon van
16¢ xe thit nhat 1a 10km/gi& va 16n hon van t6c xc thit ba l1a 10km/git. Xe thi
hai dén B sau xe thir nhat 1a 30 phiit va trude xe thir ba 1a 45 phit. Tim vin
8¢ mbi xe, quing dudng AB vi méi xe di hét bao nhicéu thoi gian.

11.6. Theo ké hoach hai 18 san xudt phai lJam 900 san phdm. Do cai tién k¥ thuat
nén 18 I vuot miic 15% va té 11 vuot miie 10%so vé6i k& hoach. Vi viy hai )
virot mie duge 110 sin phém. Hoi méi 16 di san xudt duge bao nhiéu san phim ?

11.7. Mot 18 cong nhan theo k& hoach phai lam 200 san phim trong mot thoi gian
nhit dinh. Do cai tién ky thuat nén khi thuc hién nang sut ctia 6 di vuot
ning sudt du dinh 12 5 san phdm/ngay, do d6 ching nhimg té hoan thanh
cong viéc sém hon 1 ngy ma con lam thém duoc 10 sin phdm nita. Hoi
theo k& hoach mi ngay 16 phai lam bao nhiéu sin phim ?

e
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11.8. Hai voi nudc cing chay vao mot cdi bé sau 4 gidr thi bé day. Néu voi thit nhit
A N A | W~ -
chiy trong 2 gid, sau dé voi thit hai chdy tiép trong 3 gios thi day i5 bé. Hoi

néu mdi voi chay mot minh thi sau bao lau ddy bé ? .

11.9. Mot bé nude ¢6 hai voi chdy vao, voi thit hai chdy mot minh sau 6 gitr thi
diy bé. O ddy bé c6 mot voi d€ thdo nudc ra. Néu bé ddy md voi sau 30 gior
thi bé can. Lic diu bé can, ngudi ta quén khoa voi & ddy bé. Nguai ta mé
voi thit nhit sau 2 gi, réi md iép voi thif hai thi sau 2 gio nita thi bé ddy.
Hoi voi thit nhat chdy mot minh sau bao lau thi ddy bé ?

bé tir ddy. Ngudi ta

3 f

1L.10. Mot bé nude ¢6 hai voi chdy vio vi mot voi chay ra &

cho voi (it nhit chiy vao sau 2 gidr thi nude day 3 be. Sau d6 ca ba voi

ciing chay thi sau 3gir 20 phiit bé ddy. Hoi néu voi chay vao thit hai chay
mot minh (hi sau bao lau diy bé, bil ring lugng nudc voi chiy ra trong mot
21 biing nira lugng nudce voi thit hai chiy vio trong mot gid..

1L 1L Hai ddi cong nhin theo k€ hoach néu cling sira mdt con dudng sau 12 gid thi
xong. Khi thue hién hai doi lam chung trong 4 gid, sau dé doi I phai chuyén
sang lam cong viée khdc. Doi I1 tiép tuc lam sau 13 gi(‘f 20 phdt nita mai
hoin thanh cong viée. Hoi néu 1am mot minh thi doi 11 sau’ bao lau sira xong
con dutmg ?

1112, Mot s6 tur nhién ¢6 hai chir s6, chit sd hang don vi géip ba chii $6 hang chuc.
Neéu ddi chd hai chi 56, ta duge s mdi I6n hon 56 cii 54 don vi. Tim 56
dacho ?

[L13. Téng cla chit s6 hang tram va hang don vi ctia mot s6 ¢6 ba chit so 1a 14,
Neéu viél s6 dé theo thit tr nguge lai thi duge s6 méi nhé hon sé ban ddu 1a
396. Tim s6 d6 bict rang chit s6 hang chuc nhé hon chir s6 hing don vi 1A
I don vi.

TLI4. Tim mat s6 tr nhién ¢d sdu chit s6 ¢6 chir s6 déu tién vit cuéi ciing déu 14 9,
bict ring n¢u x6a hai chit 6 9 d6 thi s6 ¢6 bon chit s0 con lai giam di 109
Lin so véi s0 ban déu.

ILIS. 100 con vira gi, vira ché, vira thé ¢6,350 chan. Biét s6 ché gip 4 ldn s6 tho.
Hoi c6 bao nhiéu con méi loai ?
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11.16.Chu vi mot thira vuon hinh chit nhat 12 200m. Néu tang chiéu dai thém 10m
v bét chicu rong di Sm thi dién tich tang thém 1a 50m*. Tinh kich thudc ctia
thira sau khi thay déi. _

11.17. Tinh wdi me va wéi con hién nay, biét rang trude day 5 nam wéi me gip
6 tudi con, sau day 15 nam i me gdp doi tdi con.

11.18. Hoa 400 gam dung dich NaCl loai I véi 600 gam dung dich NaCl loai I
duge mot dung dich NaCl ¢6 néng do phin trim 13 27%. Tinh néng dé phin
tram cta mdi dung dich NaCl loai 1 vi II, biét ring ndng dé phan tram dung
dich NaCl loai II it hon néng do phén tram dung dich NaCl loai I 1 5%.

11.19. Mot vit 1a hop kim ctia dong va kém c6 khéi luong 505g va thé tich la
64cm’. Tinh xem trong hop kim do6 c¢6 bao nhi¢u gam dong va bao nhiéu
gam kém? Bi¢t riing 178g déng c6 thé tich 1a 20cm” va bing nia thé tich ctia
280 g kém.

11.20. Tim nhi¢t do sau ciing ctia nuGe khi pha 6kg nude néng & nhiét do 95 vai
dkg nude & 25° (b6 qua su mat nhiét).

11.21. Hai néng dan dem cam ra chg bin véi tdng s6 cam ctia hai ngudi 14 200 qua.
S6 cam ctia hai ngudi khong biing nhau, nhung hai ngudi bin duge mot s6
tién bing nhau. Mot ngudi néi véi ngudi kia : "Néu s6 cam clia 16i bing s6
cam ctia anh thi 16i ban duge 720000 déng”. Ngudi kia n6i : "Néu s6 cam
clia t6i bing s6 cam chia chi thi 10i chi ban duge 320000ddng thoi". Hoi méi
ngudi ¢d bao nhiéu cam va gid bin méi qua cam cta mdi ngudi 1 bao nhicu ?

11.22. Bau xuan méi, nhi trudmg phat dong Tét Ir('mg cay. Téng s6 cy trung duoge
tinh ra nhur sau :

- L&p thit nhat trong 9 cay va P s0 ciy con lai.
~ Tiép theo I6p thit hai trong 18 cay vi 9 s0 cay con lai.

A A . ST B2 3
— Ticp theo 16p thit ba tréng 27 cay va 9 50 cay con lai.

Cit nhu vy cho dén 16p cudi cling thi vira hét va sd cay trong cla cic 16p
bing nhau. Hoi trudng dé c6 bao nhicu 16p va téng s6 cay tréng duoe la
bao nhiéu ?
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BAT BANG THUC

I. KIEN THUC CO BAN

1.
2.
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Pinh nghfa : Hé thic dang a>b (haya<b;a > b;a < b) goila bat dang thiic.

Tinh chat :

a)a>b < b<a

b)a>b;b>c = a>c.

¢c)a>b=>a+c>b+c

d)a>boac>benéuc>0;
a>boac<bcnéuc<l;
a>b=>ac=bcnéuc=0.

¢) Cong v& vdi v& clia hai bit ding thiic ciing chiéu ta dugc mot bat ding thic
cting chiéu.

f) Trir timg v& ctia hai bét diing thic nguge chiéu ta duge mot bit ding thiic
ciing chiéu véi bit diing thitc thit nhét.

ga>b>0=a">b"(ne N)
[ >[b| < 2™ > b™";
a>bh o a2u+l > bln-r!‘

hyVéim>n>0,tacé:a>1 = a">a";a=1= am=a"

O<a<l = a™<a".

i) Néu ab>0via>bthi ‘ <%.
a

Cac phuong phap chimg minh A > B (A < B tuong tv) :
a) Ding dinh nghia : Chiing minh A - B> 0.
b) Bién déi wong duong : A>SB< A >B < Ay >By o < A >B,.

Néu A, > B, ding thi A > B diing.



¢) Phan chiing : Gid st A < B din t6i mot diéu vo ly. Vay A > B
d) Chiing minh bang phuong phdp quy nap toan hoc (xem chuyén dé 18) :
+ Bude 1 : Chiing minh bét ding thiic diing véi s6 tu nhién n = ny,.
+ Budc 2 : Gid sir bt dang thic ding véi n = k (k = ng) ta chiing minh bt
dang thicc ding véin=k + 1.
Sau d6 két luan bat ding thic ding v6i moi 6 tu nhién n > ny,.
¢) Phuong phap téng hop :
+ Str dung tinh chlt vi cic hing bit ding thite.
+ St dung tinh chat bic cdu (1am tréi) Chiing minhA>C;C>B = A>B.
* 4. Mot s6 hang bat dang thic :
a)a_ 2 0.Dau"="xiayra>a=0;
b) Ja| 2 a. Dalu "=" xdy ra <> a2 0;
¢) Biit dang thic gid tri tuyét doi (GTTD) :
* [a + b <Ja| + |b| (Dau "=" xdy ra <> ab > 0).
*Ja—b| 2o - |b] (Ddu "="xdyrac> bla-b)20. '
d) Béit ding thic tam gidc : Véi a, b, ¢ 1a ba canh ctia mot tam gidc :
a+b>c;a-b<c

¢) Bit ding thiic Cauchy" : V6i hai s6 khong 4m a, bta ¢6 :

a;ba\/ﬁﬁ.»

Diu"="xdyrac>a=b.
ay +a, +..+a,

Véin 56 khong am ay, ay,..., a, (n € N¥), tacé ( = ) Zajag..a,.

Dédu bing xdy ra<> a;=a, =...=a,.

Vai dang cu thé hay gip :

a’ + b
2

f) Bt ding thiic Bunyakovskyi): Véi hai bo n s6 (a, ay,... ; a,) ; (by, b,..., b)),
taco:

2
a?+b*>2ab;(a+b)2 > dab:ab < (“;b] <

(a;b; +ayb,y + .. +anbn} < (al2 + a% e 1ﬁ)(b]2 + b% e bﬁ]
1) Augustin Louis Cauchy (1789 — 1857), nhi todn hoc Phép.
2) Victor Yakovlevich Bunyakovsky (1804 — 1889), nhi 1odn hoc Nga.
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Diu "=" xdy ra <> 3t dé a; = tb; (i= 1,n).
a _ Ay _ a,

sub# 0 (i=1,n) thi diu "=" xdy ra < o =
Néu by =0 (i I,Tl] i ddu Xdy ra b, by b,

1. Vi DU MINH HOA.

2
b] > ab.

b) Chimg minh ring tong ctia mot s6 duong véi nghich ddo ctia né khong nho

hon 2,
i . 3 - 2 o
Ap dung chiing minh rang ab +cd 2 2 va a? + b2+ c>+d* > 4, véia b,c d

Vi du 12.1. a) Chiing minh ring véi moi a, b, ta co ( 5

I cic s0 duong thoa min abed = 1.
¢) Cho a + b > 100, chimg minh ring aZ + b% > 5000.

2
Gidgi. a) Cdcli 1. (Bién doi tong duong) : [9—;-—b) >ab < a’+ 2ab+b’ > dab

oal-2b+b 20 (a- b)2 > () (hién nhién ding).”

, 2 2,9, 2 s _ti2
Ceich 2. (Xét hicu) : (i-;—h) ~ab=12 +2db:b 4db=(:l 4b) =0

2
nén (E—bJ = ab.

2
= = = .. .[a+hb
Cdch 3. (Phian chimg) : Gia sur (%] <ab = a’+2ab+ b* < dab

=’ - 2b+b <0 {a-b)2<(}. vo ly. Viy [%E]-Zab‘

Céch4. (Téng hop) : Tacé (a— b’ >0 & a’=2ib+b>>0 & a* - 2ab+ b’ 20

) 2
& a’ —2ab+b” +4dab> dab & (a-+ b}2 >dab o (1%—13] > ab.

b) Goi s6 dwong dd 1a x, nghich dido ctand la i . Ta chimg minh x + 1 =02
X X

; R 1
Thitviyx + — 2 2 & CHl-220 (x- [)22(}dt'mg.
X
Ap dung : Doa, b, ¢, d >0 vaabed = 1 nén

: | 1
cd= — ¢ ab+cd =ab+—l—=x+-22 (vdi ab = x).
ab ab %
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Mt khic a? +b> = 2abvac® +d? > 2cd nén a2 +bl+ct+d > 2(ab+cd) = 4.
Diu"="xayra< a=b=c=d=1.

c) a’+ 2ab + b >10000 va a® — 2ab + b® > 0 = 2(a’ + b%) >10000 => dpem.

Vi du 12.2. Chimg minh cdc bt ding thiic : '

a)az+b2+c? > ab+bc+cavdimoiab,c;
b)a(a—-b)+bb—c)+c(c—-a)=0véimoia, b,c;

2 1

> -5 voia+b+c=1.

c) at+ b2 +c
Gidi. a) Taco :

2%+ bz > 2ab;

b’ +c” > 2bc;

2+’ 2 2ac.
Cong vc v6i v& ba bt ding thite trén, ta duge : Z(ﬂ2 +b2+ cz) =2(ab + bc +ca)
=a’+b’+c’2ab+bec+ca Diu"="xiyrac a=b=c.
b) C6 thé ding cd bon cdch ching minh. Sau day 12 mot ciich :
Ya;b;ctacdala—b)+ blb-c) +clc—a)20 < a’—ab+b’=bc+c’—ca>0
& 2% =2ab+2b" = 2be + 27— 2ca)2 0 (a— b}?'+ (b- c}2+ {c- a)2 2 () diing do
{a—h)220:(b—c)?'zl);(c-ﬂ)zao, suy radpem. Ddu " =" xdyra<> a=b=c.

C)Cc?rh!.Dz"_alil=%+x;bx-]-+}';c=%+?~D()il+b+(:=lnénx+y+:(,=0.

'I‘acéaz+b2+-c2-—-[-]—'Jr—2—>(+x2 + l+3y+)r'2]+[.l_+2?:+;ﬂzJ

9 3 g 3 9 3

=1 ;1 Z(x'f')"""»’-)'1'-*i2+y2+22=l+x2+y2+;z.221.
3 =5 3 3 3

Diu"="oasb=c= l
3

Cdich 2. St dung bat ding thite Bunyakovsky, ta co :

: I
P+ 2+ 1)@ +b2+D>(la+lb+1)’=1= a’+b°+c” B

d

=2=-(i ve‘ta+b+c=1¢:>a=b=c=£.
P11 3

Diu "=" xay ra <
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Vi du 12.3. Véi a, b, ¢ la cdic s6 duong, ching minh ring :
1

ﬂ)(i!+b)[1l+i’l-)24; b) (a+b+c)(£+%+;]29;

¢) Hiy t6ng qudt héa bai todn va ching minh.
si e S S ul e s ook oi %+922 (theo
i

- 1. 1) ‘ _
Gidi. a) (.a+b)[a+hJ = W

Jidu12.1b): % vii — I hai s6 dwong nghich dio nhau). Diu "="xdy ra <> a=bh.
—l)=l+i+3+2+l+2+5+3+1
a b

b) (a+b+c)(l+l+ e s .

a b ¢

=3+(3+3)+(3+5J+(3+9Jz3+2+2+2=9.
b a ¢ a b ¢

Diu "="xdyra < a=b=c.
¢) Téng quit : Chitng minh ring,véi n s6 duong a,, ay, a3,...
: l +L]2n2(n22;neN).

(’l|+az+a‘+ +a1)) S
a4 ay a3 a

, a,laco

n

I 1 1 1
—t—t— o t—

Chimg minh :
4 Ay &y Ay ]

Taco (ay+ ag+ ag+..+ a,,)(
a  a a, a a;  a a, 4 as 4

E T B e ) PN o PR FURY [ S ) PN o S ) I (e B0 Y PO
i 9 a3 a4 4, a3 )\ W B

+(a—2+a"J+ +(ﬂﬁ-—-+—~—) 2n+2{n-1)+2{n 2)+ 2n-3)+.. +22+2

G 4 a, Ay

=n+2] 1+2+.+n0-1)]=n Z.H(n_])zni-nz—n:nz.
Diu "="xdy ra < aj=ay=a3= ... =4,
Vidy12.4. Choa;b; ¢ 1a cdc s6 duong. Chiing minh ring :
3 2a b+022;

b+c 2a
b) a +=b i 23;

b+c c+a a+b 2

a b c. a+b b+c c+a IS

+ + + + 2 —
b+c c+a a+b c a b 2



2a b+c

Gidi.a) —2 +22%5 2 o da’ + (b+c) ~da(b+¢) 20
b+c 2a

& [2a—(b+c) > 20.Dau"="xdy rakhi2a=b +c.
b) Bién déi va dp dung vidu 12.3 b),tacd:

a b ¢ a b c
+ + = + 1|+ +l]+[ +l]-3
b+c c¢c+a a+b b+c c+a a+b

=(a+h+c)(—l + I J—3‘

b+c c¢c+a a+b

‘1 | | I 9 . 3
= Las b) @ 404 @+ & T
g [T} £t (c”)][“b a+c+b+c) 2 773

'c)a+b+b+c+c+a=[E+EJ+[E+E]+[E+E)22+2+2=6.(1)
c i b b a ¢ a c b :

Theo ciu b): —— + P 23 (2)
‘b+c¢ c+a a+b 2

Tir (1) va (2) suy ra diéu phéi chiing minh. Dau
Chii y : O cau ¢) cha vi du 12.4 con c6 mot cich gidi khic :

w__t

="xayrakhia=b=c,

Dt A= a_ b . +a+b+b+c+c+a
b+c c+a a+b c a b

Ta c6 2A = 2a 5 2b i 2c +2(a+b+b+c+c+a
b+c c+a a+b c a b

2a 2 2 (l 3 a+b b+c c+a)
= + +| =+ + +
b+c c+a a+b \2 2
2a b+c 2b c+a 2¢ a+b ‘S[a b a c b c]

"Bac’ 2a Teta 25 aib 2 2
Ap dung cdc bai todn da clufmg minh (rén tacé :
2A22+2+2+-§- R+2+2)=6+9=15=>A=

() bai nity c6 ban gidi theo cdch :
a b ¢ a+b b+c c+a
+ - +

A= +
b+c c+a a+b c a b
a b+c) b c+a) c b+c)
= + + + + -+
b+c a c+a b a+b a

16i str dung két qua x + L8 >2vdix >0dédin (6i A > 2+ 2 + 2 =6, khong ding.
X
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Sai 1dm 0 chd néu xét riéng timg cap thi ding nlamg xét dong thai ¢ 3 cap s6
thi diu ding thicc khong thé xdy ravikhidya=b+c;b=c+a;c=a+b
=a+b+c=2+b+c) didunayvoly.
Vi du 12.5. a) Chimg minh (x + y)(y + z)(z + x) = 8xyz vdi x, y, z khong am,
b) Cho a, b, ¢ 1 dd dai ba canh ctia tam gidc, ching minh :
abc = (b+c=a)c+a=b)a+b=c).

Gidi. a) Dé dang chiing minh (x + y)2 >4xy(y+ ?,): 2dyz; (z+ )r‘)2 >4ux ;
= (x+ y)g(y e z)z(z - sz = 64::2)!21.2 7 dpem. Diu "="xdy rass x =y = 7.
b)Patb+c-a=x;c+a-b=y;a+b-c=zthix,y,z>0.
Tacox+y=2c;y+z=2a;z+x=2h.
Ap dung ciu a) ta ¢6 2¢.2a.2b > 8(b + ¢ — a)(c +a - b)(a + b - ¢).
=abcz(b+c-a)c+a=b)a+b=-c). Diu"="xdyra=a=b=c.
Vidu 12. 6. Cho a, b, ¢ la $6 do ba canh cua mot tam gidic. Chimg minh
a) az(h +c)+ bz(c +a) + Cz(a +b) < a3 + b3 +c3+ 3abc ; _ (n
b)a(b - t:)2 +b(c—a) 2rc (a+ 11)2> O+ e (2)
Giai. a) Khong mil 16ng quit, gid skca2b=¢>0.
(1) b’ 3abe —::2(11 +¢)— l)z(c +a) - cz(a +b)z20

e a' + b+t 3abe —a’b - a’c=ble-ba-cla-c*b20

= :lz_(u —b)+ hz{b —a) +c¢(2ab - a’— bz} + c(c2 ~bc+ab—ac)=20

& (a - l:;)(u2 - b‘?) —cfa — b)2 +cfc - af(c - .b} =0

e (a— h)z(;l +b-c)+cla=c)b-c)20.
Hién nhiénding via2b;a+b>c;a2c:b2c>0
@ eab-cl-a+bc-a)2-b +c@+b)i-c>0
ealb-c-a’+blc-a)*=b* +ecf@a+b) 2=} >0
Sab+a-c)b-c-a)+blc+b-a)c—a-b)+ca+b-c)a+b+¢)>0
= (b+u—c)[z:b—ac—u‘?—lw:mh3+ab+ac+bc+c2)>0
= (l‘l+il-—(.‘)(2ilb—i!2"- l}3+c2)>0¢:) (b+a-c)| (:2—(;1—b)21>[}
& (b+a-¢)(c+b-a)c+a-b)>0.
Bat ding thitc trén diing vi trong tam gidccd:a+b>cic+b>a a+c>b.

Suy ra diéu phai ching minh.
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Vi du 12.7. Chiing minh ring :
a};‘\:L+L+..‘+—[—<i viin € N¥;
58 8.11 (BGn+2)3n+5 15
2012 2012 2012 . 2012
< 3 + 5 + 5 + ik 5
20017 +1  2011°+2 2011 +3 20117 + 2011
Gidi. 2) Do : = l( A J (keN)
Gk+2)3k+5) 3\3k+2 3k+5

b) 1 <2

- I(I 111 1 1 1(1 1 B
EnA=s—|—-——+——-—+...+ - = Cor
315 8 8 11 3n+2 3n+S5 315 3n+5) IS
b) D y ring : 201 ]2+ 2011 =2011(2011 + 1) =2011.2012.
1 1 | |

bat §S=- W e .Tacéo:
2001241 20112 +2 2011°+3 20112 +2011
1 1 1
& < 2
2011.2012 20112 +1 20112
| ) I |
< < :
2011.2012 20112 +2 20112
i | 1 1
< < :
20112012 20112 +3 20112
1 1 |
= = %
20112012 20112 +2011 20112
Cong v& véi v& cdc bit ding thire trén v nhan véi 2012 ta cé
22 2
A2 011 <2012S < 20127011 < 1<20128 < a0 l+——l Fd
2011.2012 20112 4 2011 2011
Vi du 12.8. a) Chiing minh riing v&i moi s@ ty nhién n = 2
1 1 | : | 13
S, = t e

ik e ¢ _—— .
n+l n+2 n+3 2n 24
Gidi. Ta chiing minh bing phuong phédp quy nap :
R RN
3 4 12 24

— Gia sir bt diing thie ding véin=k (k € N, k> 2) uic 1a S > %% ;

R st e -, 13
Ta s¢ chiing minh bat dang thite ding véin=k + 1, tic la S, > o3



1 ..B

I l 1

That vi = btk — > —

M S S A e 2k 24
| 1 l I

= + 4ot .

Sea i Ex3 Ead 2k +2

I | 1 1
+ - = >0
2k+1 2k+2 k+1 2k+D2k+1)

Dodo  Sy=Sc=

Suyra - S >8> —2[-343— Vay bit diing thic ding v6i moin 2 2.
Vi du 12.9. V6i moi x € R, chdng minh ring :
a) [x + 1001 +|x = 1011 2 2012 ;
b) [x + 1945 - |x - 30| < 1975.
Gidi. a) Ap dung bt ddng thiic fa + b| < [a] -+ [b], ta c6
[x + 1001] + [x = 1011] = [x + 1001] + 1011 - x| > [x + 1001 + 1011 = x| = 2012.
b) Ap dung bit ding thiic : [a — b| 2 [a - [b], ta c6
[x + 1949 - |x - 30| < |x + 1945 - (x -30)] 1975.

Vi du 12.10. Chiing minh rang :
a) (x = 2)(x = 5)}x = 6)(x —9)+ 36 = 0. Dau "=" xdy ra khi nao ?

pM=x"-x""+x'-x+1>0, vx.

Gidi. 2) (x - 2)(x - 5)(x = 6)(x = 9) + 36 = (x> = I 1x + 18)(x* = 1 1x + 30) + 36.
Datx2—11x+24—y,[acé(y 6)(y +6) +36=y> ~36+36=y% > 0.

Diu "="xdy ra<> y = O@x x4+ 24=0= x-3)x-8)=0=x=3;x=8.
b) * Vdix = ltac6 M=x" (x'—l)+x(x'—-l)+l.

Dox>Inenx’ > 1= x*~120:x">1,dod6 M>0. ‘ (1)
#Vaix<ltaco M=x"+x%1 =x) + (1 =x).
Dol)xnén!>x7hayl—x?>[};[~x>0;x”>0;x4>()11énM>U.(2)
Tir (1) va (2) suy ra dpem.

. BAITAP
b

12.1. Cho a, b 1 hai 6 khdc 0 va A = %-p 8
Llnmg minh ring : a) A =2 néu a, b cling ddu ; A < -2 néu a, b khic ddu.
b)AZ-3A+22 0
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12.2.

12.3.

12.4.

12.5.

12.6.

12.7.

12.8.

12.9.

Chimg minh ring véi moi a, b ta ¢é

2.2 2 2,.2..2 2
2 ;b Z(a;bJ ; by 2 +b° +¢ ~_}_(a+b~a—c)-.

Hay tdng quét hod bai todn.
Cho a.b.c # 0. Chitng minh riing :

- SR B . 2 .2
a)a—2+b—+423(i+—13]; b}—a—+P——+EL
b b ©F

a’ a
4 4 A 4
a) Chiing minh 2 b > [" s h) , Vab;
5 . a b c . -
b) Chiing minh + + >1 véia, b, ¢ la cic s6 duong.

a+b b+c c+a
a) Cho cdc s0 duong a, b, ¢, d thod man abed = |.
Chiing minh ring a+bi+ct+d+ a(b + ¢) + b(c +d) +d(c + a) 210.

2>ab+c+d+e).

b) Chimg minh a® + b% + > + &> + ¢
Chimg minh :
a) a? +b° + ¢ > 2ab = 2ac +2bc g
b}u2-+'b2+c2+3 > 2(a+b+c);c)a3+b3+c3 = 3abc vGia, b,c = 0.
a) Choabc =1 va a’>36. Chiing minh a’> 3(ab + ac + bc - b cg}"
b) Cho a; + ay +...+ a,, = 1. Chiing minh af + a% + a% +iss +aﬁ > -I-.
n
Tim cdc $6 nguyén thoa min bét ding thiic :
x2+y2+:f.2+3 <xy+3y+2z
a) Cho x, y, zla cdc 56 duong. Chimg minh ring :
(x+y+2z) : + l + ! 22;
X+y y+z z+x) 2
b) Cho x, y, 2, L la cic s6 duong. ‘Chimg minh riing : :
1 % 1 % 1 & 1 = 16
X+y+zZ y+z4+t z4+l+x L+EX+Y

(x+y+z+l)[ 3

¢) Cho cdc s0 duong x, y, z, t. Chimg minh :
X : Z t
Rt +
Y+z+t Z4+l+X 1+X+Y X+¥y+2Z

+z4+1 zZH+t1+X L+Xx+ x+y+z _ 40
+y + + y+ Y 2=

X y zZ t 3
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12.10. Chifng minh riing véi moi x € R, tacé:
:1]x4(x2—2x+2)—2x3+2x1—2x+ 120;

I T
b) x" =x +x0+x —x T+ x +xf=x+150;

. 3
c}x“—x7+x5—xl+x‘~x+l>0;

d) (x +D)(x + D(x + 8)(x + 11)+ 36 2 0. Diu "=" xay ra khindo ?

12.11. Cho a, b, ¢ la ba s6 duong thod mdn a + b+ ¢ = 1. Chimg minh ring :
I |

|
a) + + 3 T
b+c c+a a+b

b)a+2b+c 2 4(1 - a)(1 —b)(1 -c).
12.12. Cho a, b, ¢ la ba 56 dwong. Ching minh rang :
a’ b 5 X

+ +
b+c c+a a+b

a)

(a+b+c);

D

b) ab i be ca

<

+ -[-(1+b+c).
a+b b+c c+a 2

12.13. a) Chning minh ring |x +yi < ll + xyl vii |x| <l Iyl <.

b) Chiing minh ring khong 16n tai cic s6 x, y, z dong thoi thoa man ci ba
bt déang thic : ‘y = :r_{ > lxl; ]7. = xl > M, |x = y' > Izl

12.14. Cho a, b, ¢ 12 56 do ba canh ctia mot tam gide. Chning minh ring :

a)ab+ac +be < aZ+bi+ct < 2(ab + ac + be) ;

b) il3 + b +c’+ 2abe < ﬂz(b +e) bz(c +a) 4 c.:z(u +b);

4 2
cla + b+ ¢'= 22%° - 2a%% - 2b%ci < 0;

d) (a +h+c) <O9hcvdia<b<c.
12.15. 0) Cho a, b, ¢ la cdc canh cha tam gide, m 12 chu vi.

Chiing minh : : ] ) T ER.

+ + S—t—t=
m-2a m-2b m-2¢ a b ¢

b) Cho siu doan thing c¢é dé dai rong khodang 2em dén 1Sem. Clwing minh

ring bao git cling chon duge ba doan thing lam thanh canh ctia mot
tam gidc.

12.16. a) Chimg minh A = — + L + 1 l .

e SET o b
I3 35 57 2011.2013 2

b-\
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b) Chimg minh B=1 +l+l+._.+ <nvdine Nvin>1| ;-
. 9 g 2" _

¢) Chimg minh C = 20,:2 + 20:2+ 2(],J]l2-l-...+20.]‘2 <503 véine Nvain> 1.

2 ¥ 4 n

12.17. Chiing minh véi moi n € N* :
<1

ﬂ)D=“I—‘-|'L+ ! 2 P o :
. 3 n(n+1)

b) E = :
12 123 1.23..n

S (S

12.18. Ching minh véi moi s& trnhiénn =1 taco :

1 1 1 1 5
==

DE=—+—+—+ ...
} ¥ ¥ - 3
1 1

1 1 1
bDF=—4+—4+—+ .. +—— <—;
RSP @n+1? 4
| 1 1 l =5
)G=—+—+—+..t—<~=.
) l:‘ 23 33 I'I:‘ 4
lZ.l9.a)C]1r.'mgminhG=—l—+3+i ...+n_]<lvéfin>l;|1eN;
2! 3t 4! n!

2 :
J +I—]~+...+P_+—nl <2 véineN.
(n+ D!

b) Chimg minh H= — + —
21 31 4!

12.20. a) Chimng minh ring véi moi s W nhiégnn > 1 :

1 1 1 I . 13
—< + + tut—<=;
2 n+l n+2 n+3 2n 4

b) Cho a, b, ¢, d > 0. Chning minh riing : .
1< = 2 g & <2
b+c+d c+d+a d+a+b

a+b+c
12.21, Cho a, b, ¢ Ia s6 do ba canh ctia mot tam gidc. Chning minh :
a b c
+ + <2

I <
b+c c¢c+a a-+b

TA. TLCT THES TOAN 8: A1 SO
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Chuyon dé 13

BAT PHUONG TRINH BAC NHAT sw.‘rr AN
BAT PHUONG TRINH DANG TiCH, THUONG

1. KIEN THUC CO BAN
1. Bit phuong trinh an x : C6 dang A(x) > B(x) (hodic A(x) < B(x), A(x) 2 B(x),

2,

3.

4,

A(x) £ B(x)), trong d6 A(x) va B(x) la hai biéu thitc chita bién x.

Bat phuong trinh bac nhét mot dn : C6 dang ax +b > 0 (holic ax +b <0, ax +b 20,
ax + b £0), trong d6 a va b 1a hai s6 di cho, a # 0.

Nghiém ciia bt phuong trinh 12 gid tri cta dn, khi thay vio bit phuong trinh
duge mot khing dinh ding. Tap hop tat ¢4 cdc nghiém cla mot bit phuong
trinh 12 tap nghiém chia nd. Gidi bat phuong trinh 1a tim tap nghiém clia bit
phuong trinh dé.

Hai bat phuong trinh twong duong 1a hai bit phuong trinh ¢6 ciing tap nghiém.

5. Quy tic bién déi bat phudng trinh

a) Quy tic chuyén v¢ : Khi chuyén mot hang tir ctia bat phuong trinh tir vé nay
sang v¢ kia phai déi ddu hang t&r do.

b) Quy tic nhan véi mot s6 : Khi nhan hai v& ctia mot bit phurmg trinh véi
cling mot s& khdc O ta phai :

— Giit nguyén chiéu bat phuong trinh néu s6 dé duong.

~ Péi chiéu bat phuong trinh néu s6 dé am.

Phuong phép gidi bat phuong trinh :

a) Bat phuong trinh bac nhit mot an : ax + b >0 (a # 0) c6 nghiém :

b, = b .
x>=-=néua>0;x<-—néua<0.
a a

Cic bat phrong trinh ax +b >0, ax + b2 0; ax + b <0 véi a # 0 gidi (wong tu.
b) Bt phuong trinh dang tich A(x).B(x) > 0 (hodc A(x).B(x) < 0, A(x).B(x) = 0,
A(x) ( Ax) o Ax) A(x) ]
A(x).B(x) <0), thuong —— > 0 | hoiic <0, =0, <01
(x)50), thuong 2., Bx) < B) - BRX)
Plutong phdp gidi. Phan tich thanh nhan tir chita cdc nhi thic bac nhit. Lap
bang xét ddu ctia nhi thitc bic nhit ax + b (xem chuyén dé 14).

r b
x - —
s

' ax +b trdi dau véi a 0 cing dédu vdi a
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II. Vi DU MINH HOA
Vi du 13.1. Tim gid tri nguyén ctia x thod man cd hai bit phuong trinh :
x+12 x-1 L X 2

11 3x-8 25 x+4
LU 5 ot Bt -
ity I R, SR SR S
Gidi. Gidi bat phwong trinh (1) :
x+12-11 3x-8
e,
s 4 4

A+ 12)+55>503x - 8)
< Ax + 48 + 55 >15x —40 < 4x — 15x > —40 — 48 - 55
o =-llx>-143 = x<13.
Gidi bit phuong trinh (2)
25 x+4 =l %E2
—+ < +

6 5 2 3
& 125+ 6(x +4) <30x — 15(x — 1) + 10(x +2)
e 6X —30x + 15X - 10x<—125-24 + 15+ 20
o —19x<-114 <= x>06.

Nghiém nguyén thod min ¢ hai bét phuong trinh la x € {7:8,9;10;11; !2} ;
x+ax+4 x> -2x2-4x+8
348  xP-dx+4
Riit gon biéu thitc A rdi tim gid tri cla x déA>0.
Gidi. DKXD : x # £2
' - (x + ?.‘J'2 ‘ (x = ?.)2 £ 1
x+2)(x2-2x+4) (x* —4)(x-2) xP-2x+4
D0x2—2x+4=(x— l)2+3>0 VxnénA>0vdix # 22,
Vi du 13.3. Giai cdc bit phuong trinh v6i a va b 12 hiing 50 :

2
IJx+l~<£+5x.
b

Vidu 13.2. Cho A =

a)aix—a2>3x—9; b)

G:'rﬁ'.a)zlx—a2>3x-—9<::>(a—3)x>a2~9 _
o @=-3)x>(@-3)a+3). )

Néu a > 3 thi nghiém cta bét phuong trinh [ : x >a + 3.

Néu a < 3 thi nghiém cla bét phuong trinh la : x <a+ 3.

Néu a = 3 thi (1) trd thanh 0x > 0, vo nghiém.
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b) PKXD : b # 0. Ta khong nén nhan hai v& véi b d¢ khir miu vi khi d6 phai
x&t b >0 va b <0. Tabién do6i nhir sau :

2
bx+[<§+5x@bx+%<-§+5x

Tacod

4
«::>bx—5x<§—l<:>{b—5)x<—. (2)
b b b

4
‘ Néu b > 5 thi nghiém ctia bat phuong trinh la @ x < bb-3) :

Néu b <5 va b # 0 thi nghiém cia bat phuong trinh Ia : x > bb_3) 3
’ -

Néu b =5 thi (2) tro thanh Ox < % nghiém diing véi moi x.

Vi du 13.4. Tim x sao cho : 2(3x —4) < 5X -6 <7x — 8.

6x -8 <5x -6 6x—5x <8-6
o

5x-6<Tx—-8 Sx-Tx<6-8

x<2
=1 &Sl <x<2
{—2x<~2

Gidi. 2(3x—4)<5x—6<7_x—8<‘.:>{

Vi du 13.5. Mot bai thi triic nghi¢m gém 20 cau héi, néu tra 1oi diing thi dwoc
S diém, néu trd 15i sai thi bi trir 2 diém, néu bo qua khong trd 16i thi duge 0 diém.
Ban An dugc 59 diém. Hoi An tra 16i ding may ciu tra 16i sai my ciu, bo qua
khong trd 10i miy cau ?

Gidi ;
Goi s0 cau An trd 10i diing 12 x, 6 cAu An trd 10i sai 1a y, 56 cau An bd qua
khong tra 16i la z vdi X, y,z € N, x > 0.

Taco X+y+z=20 (N

vil 5x =2y =59. (2)

Tir (2) taco 5x259¢3x25—59c:>x21li;-, (3)

Tir (2) con suy ra x 1a s6 1¢. (4)
Sx-59

Cingtir(2)tacé y= 5

Tir (1) suyrax +y <20 nén x + 20 @7x—-59<40 < 7x <99

@xs—ggcaxﬁléll. (5)
i) 7

5x - 59
2
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Do x € Nnén tir (3), (4), (5) suy rax = 13.

Viy : S6 cau An tra 10i ding la 13, s6 ciu An trd 18i sai 12 it—%ﬂ =3, s6
ciu An bo quakhong tra 16i 1420 =13 -3 =4, '

Vi duy 13.6. Giai bat phuong trinh : (x—1945)(2013-x) > 0.

Gidi. Phiteng phdp I : Bat phuong trinh di cho tuong duong véi :

x—1945>0 x > 1945 x > 1945
2013-x>0 -x > 2013 x <2013

=] o=l o=
x—1945 <0 x <1945 X < 1945
12013-x <0 —-x < =2013 x >2013. (voli)

Vay nghiém cta bit phuong trinh 1a 1945 < x < 2013.
Phieong phdp 2 : Lap bing xét diu :

X <1945 2013
x-1945 | - 0 + +
2013 — x + + 0 <
(x — 1945)(2013 - x) - 0 + 0 o
.' Vay nghiém ctia bit phuong trinh la 1945 <x <2013.
Vidu13.7.
Gidi cdc bit phuong trinh @ a) — X2+ 6x —5 < (X =5)(x +6); (1)

b) x*+ 35x% + 24 > 10x°+ SOx. 2)
Gidi. a) (1) = (x— )5 = x) + (5= x)(x + 6) <0
< (5 —.x)(2x +5)< 0.
Lap bang xét déu :

X -2.5 5
5—x + 0 + 0 -~
2x+ 5 -t 0 + +
(5 —=x)2x +3) _ % 0 + 0 =

Nghiém cta bét phuong trinh : x < - 2,5 hoic x > 5.
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b) (2) & x*—10x>+ 35x2-50x +24 > 0.
Phan tich v& trdi thanh nhan tir bing phwong phdp tdch, thém bét cic hang

a duge két qua :

(x = 1D(x=2)x - 3)(x'— 4) 2 0.
Lap bang xét diu :

x i 2 3 4
x=1 ~ 0 + ¥ *
x -2 - - 0 i
x-3 - - 0 *
xd |7 - - 0 +
VT + 0 - 0 0 - 0 +
xx1
Nghiém cua bt phuong trinh la: |2 < x <3
X 24,
— 2 —
Vi du 13.8. Giai bat phuong trinh : _xzuﬂ < -2 va bidu dién nghiém
X
trén truc sé.
Gidi. DKXD : x = -3;x # 4,
—x2 : . ' o
xz x+26£_ x2 x+26+ x2 3x+2SU
X =xi=12 X mx =12 X=X =12
K-Dx-2)
(x+3)x-4)
Lap bang xét déu :
X -3 1 2 4
| = 2 0 + +
Xx-2 = = ' 0 + +
X+3 = 0 + + +
x—4 - - - 0 o
VT G Il - 0 0 = Il +
= <
Nghi¢m ctia bat phuong trinh 1a : LS 1.
2<x<4
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Biéu dién nghiém :

b : W/E
0 1 2

4 -3 -2 -

3

4 5 x
Vi du 13.9. Cho biéu thitc

g -3""5.(2"—'15-2“15 (1 =X).
x+5 2x-151\x%2-25 :

Timxdé:a) A>0; b)A <2
Gidi. Riit gon A : Vi x 24+5:x#1:x27,5. Tacod:

_[ 3 3(x-5) (2x—15)(1—x2+25)] I

Tlx+s @x-159"  x-9x+5) |1-x
[ 3 30-x+29)| 1 _3x-9x+5 | =3tx-5)
X+5 X+5 1-x x+5 1=-x l=x '
{:{-5)3 {x:»f (o If
o —-X > X<
a)Ab(}'c:g(x—s—)wO *

= (=3
l-x x-5<0 X<
1-x<0 x>1
Vaydé A>0thi 1 <x <5.
M 52@M_250@M$0_

bA<S2e
1-x L= & L=x
Lap bang xét déu :
17
X 1 =
S5k~ 17 - - 0 +
I=x s 0 - -
5% ~ 17 '
- x - I + 0 -
-

Vaydé A < 2thix<l;x 2 % vix#Svax#7,5
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Vi du 13.10. Gidi bat phwong trinh :

2x - 100 2x-200 2x -500 2x-900

a) + > - 2
900 800 500 100

2 2 2 2 x?
I+=l+—=|1+=]|. |]1+—|x>—+3
")( UJ( +wJ( ﬂs] ( 1_08)" 2
2x - 100 2x =200 2x-500 . 2x-900
-1 ~I> i .
e T 500 100
2x~1000 2x -1000 2x—1000 2x — 1000
— + = - - >

900 800 500 100

<> (2x - 1000) L+—1——L——!— > 0.
900 800 500 100

—i—-+—]—-~-]——l~l—<0nén2x—1000<0¢=bx<500.
900 800 500 100

. 2 N . 2 2 2.3 34 45 1001 5
DY Taes | L+ =l 140 T [ ] e = —— ... ==,
4 10 18 108) 1472536 912 2

2
Do dé (2) tré thanh gx >~xi-+3 o x>=5x+6<0

0.

Sx-2)(x-3)<0.
Lip bing xét diu, tac6 2 <x < 3.
Vi du 13.11. K{ hicu [a](gqi 12 phin nguyén cia a) 1a s& nguyén I6n nhit
khong vuot qud a. '
Tim x, biét ring : [BS;&)J =x-3.
Gidi. Do [a] 12 s6 nguyen I6n nhét khong viwot qud a nén néu [a] =nthinia
sO nguyénva0 <a-n<l,
: 7x -9
- < - ==
Vi[iﬁ'FX—s——)sz—-B@ ba= =l 0
xelZ.
(D= 0sTx-9-5(x-3)<5 & -6 < 2x< -1
& -3<x<-05
Dox € Znénx e {~1;-2 s=3.
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lil. BAI TAP
13.1. Gidi cdc bit phuong trinh :
a)2(3x+1)—4(5 -2x) >2(@x -3) - 6
b) 9x% = 3(10x - 1) < (3x - 5)> - 21 ;
) 2(x = 2)(x+2) =3x + (x = 2)(x* + 2x + 4) > (x2 - 3)(x +2) ;
d) x* >2x + 4.
13.2. Gidi cdc bat phuong trinh :

a}i_x+12x—~3+é;
2 3 5 4
x—-1 x+2 x+4 25
b) = + <X=—3;
2 3 5 6

X~-1 x-2 x-3 x-4 x-5
c) + + 35 + i
2 3 4 5 6
2x(x2 + 1) -x% -4

5x2 45

d —+x(x2 —x+1)> :
) 3 WERRe=T
13.3. Tim gid tri ca X thod man c4 hai bt phuong trinh : .
a)x+.2+5>3(x—l)_l )
5
2 : 2
va %»(2x—3)<u+x 2)
by 2X=1, 2 x4 7 - 3
3 2 10
va 2x(x =8+ x(x—2)>3(X +3)(x =3) +9. 4)
13.4. Tim s6 nguyén x thod man ca hai bat phuong trinh :
a)2(3x —4) >5(6 — 7x) + 8x + 9 . (0
neE ) P e Y _ @
3 2 3 .
b)i‘d;‘-:sz"‘%f; | 3)
VAA(x = 2)(X* + 2 +4) 2 (% + 1)(dx = 2) + 2x + 1)2x = 1) = 2x°= 17. (4)
i = ~3
13.5. a) Tim cdc gid tri nguyén ciia x dé bidu thic A = ~ = 2. co gid tri l6n
hon 2 nhung nhé hon 3. -
b)Timxdé2(x-1)-3 < 3’(4_5 % 145 +1.
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13.6. Gidi cdc bit phuong trinh sau véi a, b la cic hiing s6 :
a)azx—-ab-bzx—bw\a)O,b;vO:

el SN TP SO
; a
Frid
& X | 4 Zx—l +a(3 2x) 32 .
at_%2a+4 a+2 a“-2a+4 8+ a

13.7. Giai cdc phuong trinh : .

i 9

a)[2x+5]=x{l); b}[ﬁx—-il}:x(z); & rx;l]::’m—l.

13.8. Tim gid tri cha m dé nghi¢m ctia phuong trinh sau 1a 0 duong :
T — m+2 '
x=1
13.9. Tim gid tri ctta m dé nghiém ciia bit phuong trinh Smx —2>2x :
a)Lén hon 3 ; =, b) Nho hon 3.

13.10. Gidi bt phwong trinh : x= 3x = 1 <9.
13.11. Gidi céc bit phuong trinh:
a) (19x =5)(3x+2)2-9x)>0;
b) (1000 — x)(9x +2010) > x>~ 999x — 1000;
0 x-6x+ 11x-6<0;
d) x°~ 14x*+ 49x% > 36.
13.12. Gidi ciic bat phuong trinh :
a) (= 10)% +2)x2-2) 2 72;
b) x4+ 4 <16(x% +2x +2)+ 3% + 6x* + 6x ;
&) x(x* = D S 8)(x + 1) > 6(x” = 1)(x” = 8).
13.13. Giai bat phuong trinh

26x —3
1931 + 80x
1. 3.14. Giai cdc bit phuong trinh :
1-3x 2x Xx-2
a) >1 1); b >1+ ;
x-3 M )x—3 x+3
1 2x 3
. €) < 3y ; d -— <2
2 3 }x—S x-1

X-5 x+
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x—-2014
=2 a+l1), x-2+x+l)
x+1 x-2) \x+1 x-2

45 X -8 4x2-8x+16] 16

13.15.Cho A = .TimxdéA=0.

13.16. Cho B = [

X+2 x3+8  xt-4a x2-x-6
Timxdé:a)B<0: b)B = 2012.
13.07. Timxdé 1 < X2 <o,
% —
13.18. a) Tim gid tri ctia m dé nghiém ctia phuong trinh sau 16n hon 2 :
m-2
=2+m;
x-2
b) Tim gid trj chia m dé phiromg trinh sau ¢é nghiém am :
5
=3~
x=1
13.19. Giai cdc bt phuong trinh
) — 1 +'2 ! At 1 >0 ;
x“+4x+3 x*+8x+15 X“ + 20x + 99

1 | 1 1 |
b)[ﬁ*' -5}+...+——~99_ 100](’( -Xx+1982) «:2(}12(51 5 — ... +§§+ m)

13.20. ChoC= 2 10 18 28 40 54 70
671220730 42756 72

G O (e O e e O

p: . X 1
a) Tim cdc s6 nguyén x thod méan C < © < ED;

b) Giai bt phwong trinh : 12Cx” + 2x + 30 > 20Dx.

Chuon db 14

PHUONG TRINH — BAT PHUONG TRINH
CHUA DAU GIA TRI TUYET B0

1. KIEN THUC CO BAN :

A uA20
1. Dinh nghia gi4 tri tuyét d6i (GTTD) : |A| = { 8 n;u e
i néu A <0,
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2. Dinh If vé diu ctia nhi thiic bac nhit ax + b (a # 0) :
b
Tacd:ax+b= a[x —(——)]. Do dé :
a
Nhi thirc ciing diu véi a khi x > —E. trdi ddu véi akhi x < ——.
a a

Do —— la nghiém ctia nhi thite nén dinh If trén duge phét bicu :

i
Nhi thite ax + b (a # 0) cing ddu véi a véi cde gid tri ciia x lon hon nghiém, trai

ddit vai a voi cdc gid i ciia x nhd hon nghiém ciia nd.
3. Bit phuong trinh chifa dn trong ddu gid tri tuyét doi :
a)Dang I : [f(x))<a & -a<fx)<a
|f(x){ < g(x) & —g(x) < f(x) < g(x)
f(x) > o
[f (x) <-a
f(x) > g(x)
f(x) < -g(x)

¢)Dang 3 : [f(x)] > lex)| & [f(x)]2 > [g(x)]z‘

b) Dang 2 : ’f(x)l > &

[f(x)] > g(x) < [

1. Vi DU MINH HOA
Vi du 14.1. (Dang don) Giai céic phuong trinh :
Dpx-2=2014;  bP-2x-1|=14; Of-4=2x-2
Gidi. a) Cach 1 :
#*FNEu3x—-220,ticlax > % thi |3x -2| = 3x-2,
Taco:3x —2=2014 < 3x=2016 < x =672 (thod man).
*Néu3x —2<0, tic lax < % thi 3x —2| =2 - 3x.
2012

Tacd:2-3x=2014 <= -3x=2012x = B (thoa min).
Nghiém ctia phwong trinh la : x = — 20ie vix =672
=672
3x -2 = 2014 %
Cach2:[3x-2{=2014 S
Px-4 {3x—2=~2{)14 x=—%.
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b)lxz-—Zx-!‘:ltl
x2-2x-1=-14
X =5

Phuong trinh xX>=-2=15=0 & (x—S}(x+3)=0c:>[ 3.
x_...

x2-2x-1=14 X2 2x~15=0
—
x2—2x+13=0A

Phumlglmmx. 2x+13= Ovc‘)nghlcmwx -2X+13= (x—l) +12>0, Vx.

Viy nghiém cta phuong trinh 1a x = S vix = -3,

c)*VleZd[hl’x— |=x-4.

Phuong trinh trg thanh x —4 =2x -~ 2 ¢ x = -2 (loai vi x > 4).

*VGix<4thi|x—4) = 4-x.
Phuong trinh trg thanh 4 — x = 2x — 2 < x = 2 thoa min.
Viy nghiém duy nhit ctia phuong trinh la x = 2.
Vidy 14.2. (Dang 16ng : ax + b + d+d=ec)

Gidi phuong trinh [2x - 3 - 5+ 7 = 20. (1
; 2x -3 —-5=-13
Gidi. (1) & [2x - 3|~ 9| = 13@["2;2}_5: o
x-3=+8 (loai) [2x-3=-18 [x=-7.5
= EES
2x -3 =18 2x-3=18 x =10,5.
Vidy 14.3. (Dang rdi : fax + b+ [ex + d|+ ... + |px + g| = m)
a) Gidi phuong trinh ]x -2+ |2x - 5[ + |4 - 4x| =8 (1)
b) Giai phuong trinh ' 2 —i)i +,x2 - 4! =5 2)
Gidi. a) Lap bing xét gid tri yét doi :
X I 2 2,5
x -2 2-x 2-x 0 x=2 x-2
[Qx_jl 5-2x 5-2x 5-2x 0. 2x-5
[4—ax| | 4-4x 0 4x—14 4x-4 4x -4
VEtrdi | 11-7x X+3 3x-1 Tx =11
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3
Viy:+ Véix<Ithill-7x=8 @RE

+VEi 1<x<2 thix+3=8 <> x=5 (loai).

+VGi2<x <25 1hi3x =1 =8¢ x=3(loai).

+V6ix>25thi7Tx-11=8 <x= 2—5’;‘
5

Nghiém ctia phuong trinh : x = % VaX = 27 .

b) Lap bing :
%2 4 9
k2-9] |o9-x 9-x* 0  x*-9
I"2 ‘4| 4-x* -0 Cat x> -4
verdi | 13-2¢ 5 2x2-13

Véix2 <4 taco 13- =5 x"=4.
Véi 4 <x’ <9, 1ac6 0x> + 5 =5 diing v6i moi x thoa min dicu kién.

Vdixzz‘J.lacfanz—[325@:&2:9.
Vaytaco: 4sx’<9e [2$x£3 .
-3<xs-2
Vi du 14.4. (Dang hén hop ﬂax+b|+c|+|dx+c]+...+|mx+ n| = p)
Gidi phuong trinh J4x -2/ -3 -[x -3 = I.
Gidi. (1) < [4x-2|-3 =[x -5 +1
[;4x-2]-3=1+|x-si Q[|4x-2|—|x—5|=4

(1

[4x -2|-3=-1-|x -4 l4x - 2|+ x - 5| = 2.
a) Truomg hop [4x — 2| - [x — 5| = 4, lap bang xét gid tri tuyét d6i va gidi nhu
vi dy 143, ta dugc x = "77 Axs %
b) Trudmg hop [4x — 2|+ |x - 5| = 2, 1ap bing xét gid tri tuy¢t doi va gidi nhu.
vi du 14.3 : vo nghiém.
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Vi du 14.5. (B{:’l' phuong trinh chita diu gid tri tuyét déi dang |f{x)| <o

lf(x)| >0 vl lf(x)i < g(x) |f(x)| > g(x)).
Giai cdc bat phuong trinh : '

a) px-9 <8  (1); b) S[2x - 1| <3x +1;
: ’ x—7
c) 2x=5>7 3 > 2.
)| [ ) 2x +1
Gidi.a) (1) & -8<2x-5<8 < -8+5<2x<8+5
& << 3 & —E<x<1§.
. 2 2
b) Cdch 1. Tacé 2x = 1| =2x - | néuxz-;-
|2x—1|=l—2x né’ux{é.

VIthe : Néux 2 thl (2) & S(2x= 1) <3x+1 & 108 =5 <3x+1

1

ca?x<6<:>.x<$.vay = LR <=,

2

Néu x <% thi (2) & 5(1 - 2x) <3x +1 & 5—10x < 3x +1

4 4 1
&=13x<~-4 &< x)—‘v;}yG{x <

13 -

. . , . 6
Két hop ta duge nghiém ctia bat phuong trinh la - <x< o

Cech 2. Taco véi x > —% 111‘15|2x - l| <3+l o-3x-I<l0x-5<3x+1

6
10x -5 < 3x +1 Tx <6 X<z
L= f=—1
10x -5>-3x -1 13x > 4 _fl_
13

Nghiém cua bét phuong trinh la % <X < g

2x-5>7 [2x>12 [x>6
< Lo}

o) 2x-5>7 <
2x-5<-7 2x < -2 x <-l.

(2)
)

1



1z

]
Véix #~—:
d) Véi x 3

- . el C
¥=) 52 . Suk BT 3“])<0 *)
x-7 o 2x +1 o 2x+7l o~ EX+5
x+1 Rl ol %, X72:0 (*%
2x + I 2x + 1 X+ 1

| asms I
Gidi (F)taduge -3 <x < - -2'~.Gl('ll (*#) ta duge — 5 <x<l.

: |
Hop nghiém duoc -3 <x < | vax # e

Vi dy 14.6. (Bit phuong trinh chita nhiéu diu GTTD) :
Giai cdc bal phuong trinh : '
Q) k=2 >Px+1; ' 1
b) [x = 1| =[x + 2x + 3| > 2x + 4. » (2)
Gidi. a) Céich 1. Binh phuong hai v& ta ¢6 :

e -dx+4>9 +6x+ 1 < 8x*+10x-3<0

SEx-D2x+3)<0= —%<x <-1-.

4
Cdch 2. Lap bing xét gid tri tuyét déi :
[ I
- 2
) 3
x -2 2-x 2-x 0 - x-2
Px+1|  |[-3x=1 0  3x+1 3x + 1

* Vi x < -% thi (1) & 2-x >—3_x—]<‘::>x:-—%.

* Vi _E]i_ Sx'S2thi(]}¢:>2-—x>3x+l¢=>x<%.

"‘Vérix>-2l'.h‘l(I)4:;»x—2:~3x+l@»x<-—§l (loai)



- 3 [ I e a
Hop nghiém : 3 <X < -3 hoac 3 SXx < 7 ta duoc nghiém cia bt phuong

5 v 3 |
trmhli ——<x < —-
2 4

b) Lap bing xét gid tri tuyét doi :

X =15 0 1
|x-—|l =% e R | —x+ 1 0 x— 1
|x[ -X = 0 X X
[2x+3  |-2x-3 0  2x+3 2% +3 2x +3
*Vaix<-1,5thiQ e —x+1+x-2x-3>2x+4
S -4x>6ox<-1,5.
FVG-1,5€x<0thi(Q)ex+1+x+2x+3>2x +4
< 0x >0, vo nghié¢m.
*VGiO<x<1lthh Qe —x+ 1 —-x+2x+3>2x+4
_ <> -2x>0 e x <0, loai
*VoixzlthhQex-1-x+2x+3>2x+4
<> 0x > 2, vo nghiém.
Viy nghiém ctia bit phuong trinh 1a x < —1,5.
IIl. BAI TAP
14.1, Giai cic phuong trinh :
a) x| -2/ =1; b) x| — 1| = x +4.
14.2. Giai cdc phuong trinh : ‘
a) [2x +3!+|2x~3[=6 :
b) Bx + 2+ |1 - 2x| + x| =5 ;
o) 2x =8 +[x =3[ +|x -2/ = 9.
14.3. Gidi phuong trinh [x* - 2x -3 = ox - 5+ 1.
14.4. Gidi phuong trinh [3 - 2| = 2 - x| - 3. (N
14.5. Gidii phuong trinh [2[x - 10| - 5| + ]2[x = 10[ - 9| = 10.
113
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14.6. Gidi cdc bit phuong trinh :

a)|x2—x~21<'4 ;- b) [ -5 <xP+x+2; @)
2x + 1

c}ij—rooq<20t0 (3), d) 2x -1 < g (4)

14.7. Giai céc bat ph:ro‘ng trinh : ' )
l
a) Bx-1|> 3“' n; by [—+2>5; 2
J L il B
x-1 .

14.8. Giai cac bat phuong lrinh :

[2x -9 2x :
> =153 2
)1-|3+5+ +89 45 () b) -1 5 @
) -355 3); dk2-1fz21-x; 4)
dp— 3| 6 ) h -1

c) Px +5 > x* +2x +3. 5)
14.9. Giai cdc bat phuong trinh :

a) 2x +1 <[x-3 ; b) [x -2 - |x +3[>5-4x ;

¢) 4|x—l|+3[x—2]<2fx =3+x—4];  d) k-1 <2x =3 -3 -2.
14.10. Giai cic bat phuong trinh :

a) x-1-8+3>4; . b) [ex-1]-10[+4<5.
14.11. Gidi cic bal phuong trinh :

a) l—x2 Fx= 1’ < |x2 ~3x +4] (); b |—x2+4x-4|2‘x1#6x+9’. @

Chupon dd 15

TiM GIA TRI NHO NHAT VA LON NHAT

I KIEN THUC CO BAN
1. Xét wong tip xdc dinh (D) :
a) Néu véi moi x ta 6 A(x) € A(xg) = a (a Ia hing s6) thi ta néi a la gid tri
16n nhit cha A(x) vé6i x = x;. Ki hi¢u : max A(x) = a <> X =X,
b) Néu véi moi x ta ¢6 B(x) = B(x) = b (b 1a hang s6) thi ta néi b la gid ri nho
nhat ctia B(x) véi x = xg. Ki hiéu : min B(x) =b < x =x.

L4 < I. ' 88 ILCT THES TokN 8n: ol 56



¢) Néu véi moi x, y,... taco A(x, y, ...) £ A(Xg, Y ---) = a (a 12 hang s6) thi ta
noi a la gid tri 16n nhilt cha A(x, y, ..) voi X = X1 ¥ =Yg .-
Kihiéu:max A(X,y, ..)=a&x=X)iY=Yg;
d) Néu véi moi x, y, ... taco B(x, y, ...) 2 B(Xg, ¥, --.) = b (b la hiing s0) thi ta
noi b 1a gid ui nhod nhit cha B(x, y, ..) véix =Xy 1Y =Yg -
Kihiéu : min B(x,y, ..)=b & x=X5: Y=Yy --
2. Chdng minh max A(x, y, ...) = a (a 12 hing s0) :
a)AX, ¥, :.) €2, VX, ¥, ..
b) C6 (xg, yg,---), sao cho A(xg, Y, .-.) =a
3. . Ching minh min B(x, y, ...) =b (b 12 hing s6) :
a)B(x,y,..) 2 b, VX, ¥ ..
. b) €6 (xg, g, ---), sa0 cho B(x, yg, ...) =b.
4. Mot s6 biit ding thic hay ding (xem chuyén dé 12) :
Bit diing thitc Cauchy.
Bit ding thitc Bunyakovski.
Bilt ding thic GTTD.
Bat dang thiic tam gidc.

I1. Vi DY MINH HOA
' Vi du 15.1. (Dang phén tich thanh binh phuong ctia t6ng hi¢u, dit bién phu) -
a) Tim gid tri nho nhat cha A = X% — 4x +24.
b) Tim gia tri I6n nhit cha B =— 3x2 - 2x + I
¢) Tim gid tri nho nhit cia C = x*=10x*+ 26x°= 10x + 30.
d) Tim gid tri nho nhét cta D = (x — 1)(x — 4)(x — 5)(x — 8).
Gidi.a) A =x>—4x + 24 = x* —4x + 4+ 20 = (x — 2)* + 20.
Do (x — 2}2 20, Vxnén(x - 2}2 +20 =z 20, Vx
DodominA=20x=2
2
2 1 1 1) 4 1
b B:— 2— = | - 2 —_ =|— 2 2 e — — ._—_-——1 I -
) 3x°=2x+1=1 ?{x +3x] 1 B[x +...x.3+9 9) 3 .[x+3)
1Y 4 1Y _ 4 4 I
Do —[x+~) <0, Vx=—-3[x+-| ==, VX=>maxB=—- o@x=——,
3 3 3 3 3 3
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c)C:x‘I— I()x"+25x2+x2— 10x + 2545
(x? = 5x) "+ (x -5 +5=(x -5+ 1) +5.
Doxit 150, Vx:(x=5 20, Vx=(x —5%03+ ) +

§=5,Nx

ncnminC S5ex=5.

d}l)—(x —‘)h+ﬂ){x - 9x + 20).

D.alx —9x+14 ¥y, .100[)-()' 6)(y +0) = y -362
VlynunD——36c:>y_{}Iuyx Ox+1d=x-2(x-N=0x=2;x=T.
-x—’?x+4y +4y+2014.

=36, Vy.

Vi du 15.2. a) Tim gid tri nho nhat caa : A(X, y)
b) Tim x, y, z d€ da thiic sau dat gid tri nho nhdt va tim gid i ay.

B(x, y,7) =2x2 + 2y2 +7° 4+ 2xy — 2xz — 2y7.— 2x — dy.
¢) Tim x, y d¢ da thiic sau dat gi(l 1ri I16n nhat va tim gid (i y

- C(x, y)= 1892 - 2x° —y 24 2xy — 10x +14y.
Giai. a) A(X, y) =X 2_2x +1 +4y +4y + 1+2012=(x~ l) +(2y + 1) +2012.
Do (x - ]}“ >0, Vxva(2y + [} >0, Vy
nén (x—-l)2+(2y+l)2+-‘7012 2012, Vx,y.
Do dé min A(x, y) =2012 & (x =l;y=-0 5}
b) B(x, y, z) = (x —’Jx+l)+(y 4y+4)+(x +y +7 +‘?xy -2x7-2yz)-5

=(x - l} +(y - 2) + (X +y-—-/) ~-52-5¥Yx, .z

Dodémin Blx,y,z)=-5&((x=1;y= 2o7=3).
) Clx, y) = 1945 — (X" 4x + 4) + (x* + ¥* + 49 = 2xy 1 14x — 14y)
1945 - (x =2)" = (y —x = T)" < 1945, Vx,y.
Doddmax Cx,y)=1945 = (x=2;y= 9).
Chi y : O dang trén chiing ta sit dung hing dang thiic

(a+b+ (:)2 =24 b2 + ¢ + 2ab + 2ac + 2bc.

Vi du 15.3. (Dang toin vé phan thiic)
2010

x% =2x + 1001 '
20

6x - 9x* -21°
201
910 Do (x = 1)?+1000 = 1000, Vx
(x=1)" +1000

1l

a) Tim gid tri 16n nhit cha A =

b) Tim gid tri nho nhit cha B =

Giai. a) A =



nén 2010 o 2010 gy Viy max A = L LT 1.

(x - 1)? +1000 1000 1000

BH w28 Dok a0 20men —— 2l ORE
(3x - 1)* + 20 : ' Bx=1"+20 - 20

-20 -20 T I

Sy e iEa], Vx.ViyminB=-lox=—

(Bx-1)"+20 20 3

— T 4 ig?

Vidy 15.5. a) Tim gid tri 16n nhét cla B = 3 .
x* +1

x? —dx -4

X2 —dx+5

b) Tim gid tri nho nhat cia C=

S—{x3+l)_ S
2 g -
X +1 X" +1
Dox2+I2].me‘:n ey ,5 -125-1=4,Yx.
y el rEl :
Vaiymax B=4 < x =0.
2 .
-4 =G
ST k) e N Y S W SCTA (G
X —4x+5 x° —4x+5

I 9 B
nen ———— <l ——— > 9= |-—— >]_9=-8 Vx.

(r=25] (x-27%+1 (x-2)% +1

Gidgi. a)B= 1.

ViyminC=-8¢ x=2.
Vi du 15.6. Tim gid tri ctia x dé :
2 _ (
a) Biéu thire D = z 2x,,+ L (x # 0) dat giit tri nho nhat.
x 2
2
s Ol e

10 I — vy
(x# 1) dat gid tri 16n nhdt.
X5 =2x +1

x? - 2x +2013
—_— =

x>

b) Bidu thic E =

201
,3.{){1: Lk
X" X

2
Gidi.a) D= l——+
X

' [
Taco D=2013C-21+1 =2{:13(:2 Dt ]- |
- 2013 20132) 2013

I T 2012 _ 2012
+ > ,
2013) 2013 © 2013

=20]3(! -

gLs o lz—-—]-—— hay x = 2013.
013 2013

Viymin D= z
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2 .
sy s _2x+i)—{x—n—mz_[H;(_l_+ 10 J-Dzu L o

(x~1*
1 1 1
Taco E=— (10t +1+I)-——IU([ +21——+————-—-]——]
8 HLT_29_<-19_ vt
20 40 40
V{lymaxE=-—£ = L= 38 hay x =—19.
40 20

; i I, e 8x +12
Vi du 15.7. Tim gid tri 16n nhét va nho nhiit cta biéu thic : T= —; %
X+

2 ' 2 2
(x” +8x + 16) — (x +4)=(x2+4) Al W
x* +4 x*+4

Gigi. *T=
Do dé min T=—-1 <& x=-4.

(@x* +16) - (@x* ~8x +4) _, A1)’

<4, Vx
x> +4 x> +4

*T=

Dodémax T=4 < x=1.
Thi du 15.8. a) Chimg minh dinh If : Néi hai 56 “dicong ¢6 tong khong doi thi

tich ciia chiing 1on nhat khi va-chi khi hai s6"dé héing nhau. Néu hai s6 ditong c6
tich khéng doi thi téng ciia cliing nho nhat khi va chi khi hai $6 dé bing nhau.

b) Chitng minh gid tri nho nhét ctia tdng mot s6 duong véi nghich dio cta nd

1a2.

118

¢) Tim gid tri nho nhit cua A = —lg} +% ,vdix > 1.
x —
d) Cho 5a + 7b = 20 vdi a, b > 0. Tim gid tri 16n nhat ctia tich P = ab.

b Ja.

Giai. 2) Goi hai s6 duong laava b. Taco g
kz
Néu a + b =k khong déi thi ab < N
e e -
Viymax (ab)= — ¢<>a=b=—.
4 2

Néu ab = h khong d6i. Ta c6 (a + b) nhd nhit <> a=b.
Viy min (a+b) = 2Jh < a=b.



b) Cich 1 : Goi s6 duong 1ax. Tacd (x = 1)* 2 0=> x> =2x + 1> 0

1
= x2+[22x::>x+—' =2. Do dé min [x +]—] =Z2&x=1.
X X

; 1
Cdch 2 : Ap dung cau a) : Tacd x. — = 1 khong déi nén x + & nho.nhét khi va
X

X
chikhi x = L] & x'=1. Viy min [x + LJ =2&x=1:
X X
ga=22 ,x  12 X1, 1 Tacoveix >l thi =
x=1 3 x=1 3 3 x—1
-1 ’: 2 . 2
s0 duong c6 tich st PN khong d6i nén tong ctia chiing nho nhat
X —
£=X—H1<:>(x—l)2=36.
x-1 3

Phuong trinh nay c6 hai nghiém [a x = 7 va x = -5. Nghiém x = 7 tho man
diéu kién dau bai. Viy min A = ? &5 x =7

d) Xét 35P = 5a.7b trong dé Sa + 7b = 20 khong déi nén tich clia ching
1ém nhdt khi vi chi khi hai s6 dé bing nhau, tic 1 5a = 7b. 7
Vay max P = 2 eya=21h= E
7 7
Vidu 15.9. Véi x, y, z> 0, tim gid {ri nho nhit cta :
1, 1 | 1 1
a)A=(x + —t —] 3 b)B=(x+y+z)|—+—+—];
(Y){xs’}')(Y)[XYZJ
X X
Dl ke ot L iy ["—+ y—) .Do X va' Y 12 hai
X y X y y X y X
s0 duong nghich dao nhau nén theo vidu 15.8b)tacé A 2 2+2 =4,
VﬂyminA:cI < x=y.
X & 5 Z £X
b) B = L TPE L, A (N (LI =34 22242 +(E+E]_
X Y Z XYy Z XY Z y Xx zZ Yy S Yy
Theovidu 158b)tacé B> 3+2+2+2=9.ViyminB=9ox=y=2
Vi du 15.10. (Dang ciic bién bi ring budc bdi cdc hé thire)
Choa+b+c=5.
a) Tim gid tri nho nhit cha biéu thiic A = a2+ b2+
b) Tim gid tri 16n nhat cta bidu thite B = ab + be +ca ;
¢) Tim gid tri nho nhél cia A + B.
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Gidi. a) Cach I :a+b-+c=35.Suyr .
2 2
(a+b+c)=a’ +b%+c +2(ab+ac +bec) =25. ()
N pd 2 2
Mat khic at 4 b% ="2ab b7+ ¢ > 2bc:c” +a 2 2ca.
P I 2 i B e T N e
Dodd 2a” + b +¢7) = 2(ab+ac+be) = a”+ b +c” +2(a” + b +¢7) 2 2

5 . 25
=5 3{:134- b2 +¢") 2 25. Viymin A = 5 Sa=hbi=g= 3
Cdch 2 - Ap dung bit dang thiic Bunyakovski chobo 3 56 1, 1, 1 viva, b, ¢, ta ¢6
@1 +b.1+e )’ <P+ +17@0 + b7+ D) :
"
a -y o
hay (a+b+¢)’ < 3a2+ b +¢%). THd6 A 2 il_t_h{i‘_’_ = 25 Habe

. 25 5
ViyminA= — < a=b=c= e

b) Theocau a) taco A+2B=25viA > B = 3B < A+2B=25n¢n

5 5 5
Bﬂ&n > max B:%— esa=b=c= 5

OTacoA+2B=25maB < ?32 nénA+B=A+2B-B

=>min (A + B) = -5—0 a=b=c==.
3 3

Vidu 15.11. (Dang chi déu gid tri tuyct doi)
a) Tim gid tri nho nhit cia A = fﬁx + 2[ :
b) Tim gid tri 16n nhét ciia B =2 -4 - 3x]
¢) Tim gid tri nho nhdt cia € =[x — 4|+ |x - 3| :
d) Tim gid tri nho nhét cia D= (5x - 3}2 - 4f5x -3’ + 14,
Gidi. a) Theo dinh nghia GTTD ta luon ¢6 :

A= [5x + 2|2 0;Diu"="xiyrae5x+2=0x=-04.

ViyminA=0<x =-04.

| A=

b)Do - [4-3x[<0 &> B=-Jd-3x|+2 <2 ViymaxB=2ex=

¢) Cach 1 = Ap dung bit ding thic Izll + [bf 2 fu + hl.

Dau "=" xay ra <> ab = (.

Taco Cz'x -—4]+[x—3| = |4~xl+,x -3|2I4 —x+x—3| =ik
VayC2 1 e d-x)(x-3)20=3<x <4,
DodominC=1¢3<x <4




Ciicli 2 : Lap bing xét GTTD trong céc khodng :

x _ 3 .

|"—4i 4-x 4-x 0 x—4

k-3 3-x 0 x-3 x=3
*Vaix<3. TacdC=7-2x.Dox<3nén-2x>-6=>C=7-2x> 1. (1)
¥VGi3<x <4thiC=1. o % D)
#VGix>4,12c6C=2x-T7>1 (dox >4). : 3)

T (D:(2);3tacominC=1¢3 £ x <4,
d) bat [sx -3 =y thi’

D=lsx—3 —4sx -3+ 14=y* —dy+4+10=(y = 2)> + 102 10.

ViyminD =10 <> y =2 hay |5x—3|=2<:>x= l;x:-:]g.

IIl. BAITAP

15.1. Tim gid tri nho nhil cha :

a) A(x) = 2x% +8x +5 3

b) Aly) = (y + 3%+ 2 (y — 1)?:

c) A(u)=(u - l}2+(u - 2)2 +(u —3)2;

DA@) =2 -42 + 525 - 42 +14;

) A(x.y, 7, I}=x2 -2+ y2-4y +2% — 6+ 1>~ 81,

15.2. a) Tim gid ui nhd nhit cha P=(x - 2)(x - f-‘l-)()t2 —06x +10);

e

b) Tim gid trj I6n nhéit ciia Q = (1 — x)(x + 4)(x” + 3x +4);

¢) Tim gid tri nho nhit cha R = (x + 5)(x + 2)(x + 1)(x = 2);

d) Tim gid tri nho nhilt cha S= x(x - 4-){1&3 —4dx+0)+ 109 ;

¢) Tim gid tri lon nhill ciia V = 2012 — [(x - 2013)" + (x - 201 5)4].
. Tim gid i 1dn nhdt coa

a)B(y)=1+5y-y’;

b) B(z) = (z+2)°— (22— 1)*:

9x2 —12x + 14

e Ei|

c) B(x)=



15.4. Véin e N vian> I, tim gid tri nho nhat cia :
M= xf £X3 4T ot xﬁ +2(x + Xy +XgFo X))
b)N= x,2 +22x§ +3?'x§ + .+ nzxﬁ = 2(x) +2X5 + 3x3 +...+nx,) ;
c)P= xf +_x§ + x§ ik xﬁ —2(x; +2x5 +3x3 +... + nx")'.
15.5. a) Tim x, y dé biéu thifc sau dat gid tri nho nhat va tim gid tri dy :
D = x*+ 4y’ - 2xy — 6y — 10(x — y) + 32.
b) Tim x, y dé biéu thiic \dl.l dat "Id tri 16n nhat va tim gid tri .Ty
= 1983 - x* — iy + 2xy — 10x +14y.
c) Timx, y dc biéu thire sau dat gid tri nhd nhit va.tim gid tri dy :
G= x"—4y (xz— 4y) +x2=6x + 10.
d) Tim x, y dé biéu thifc sau dat gid tri nhod nhit va tim gid tri dy :
L=y?—2xy + 3x%+ 2y — l4x + 1949,

15.6. a) Tim gid tri I6n nhit cia C = * ;
© o 25x° -20x + 14
o 30
b) Tim gid tri nhé nhit cha D = o Sy
' 4x —4x° -6
¢) Tim gid tri I6n nhit cha E = —— 1000 :
X +y" =20(x +y) + 2210

2012
X2+ (x-2y)? —2(x —2y) —4x +2018

3 -2x+3.
x2+1
X -2011
4x2+1)
2 -
¢) Tim gid tri I6n nhat cta D = 2’; +9 .
X“+4
d) Tim gid tri nhé nhat cta E = ELM ‘
x +5
X2 +7
2x

X2 +2x +1

d) Tim gid tri l6n nhit cua G =

15.7. a) Tim gid tri nho nhit cia B =

b) Tim gid tri nho nhit cta C =

¢) Tim gid tri 16n nht clia Q =

15.8. a) Tim gid tri 16n nhat cla g(x) =
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2
. 2 X“=x+1
b) Tim gid tri nho nhat ciia h(x) = :

x-n
2
. 2
¢) Tim gid tri nhd nhit cta k(x) = w—s .
X" —-4x +4

15.9. Tim gid tri nguyén cia x dé :

A)A= ¢6 gid tri 16n nhat ;
3 =X
byB= 2= 2 b gid tri 16m nhat ;
{ o
o) C= 2% 4 i trinhé nhat,
x—1930
15.10. Tim gid tri 16n nhét va nho nhat cta :
2 4 |
nA= 2L, byB= —51
x°+2 4x° +2
= w oo 4x? 4
c)(::?f'::l_ﬁ’i: -d)D=—xzi—4ivmx20.
x“ + 81 X" +2x+1
8)(2
1511, 4) Tim g tri ohé nhst i B= SXF X+ 0o c0s
;X
T Xl
b) Tim gid tri nho nhit cia C= voi x20.
X+ 3
2
15.12. a) Tim gid tri 1on nhitcha P = -—-;-—J-‘wil——— vaix >0;
4x° +4x + 17

b) Cho % <a<!.Timgidtri lon nhatcta Q = (1 —a)3Ba-1);

¢) Tim gid tri 16n nhét chia R = (x* = 3x + 5)(25 — x” + 3x).
15.13. Vi x, y, z, t >0, tim gid tri nho nhit cta :
y 1
aG=24+21,%; b)Hz(x+y+z+1){—l—+l+l+—].
Lz X X y z 1
15.14. Vi x|, X3, X350 3 X, > 0 (n € N ;n> 1), tim gid tri nh6 nhat ctia :
| 1
a) K = (x;+ xp+ x3+..,+x"}[— +—+ & + .t —l-] :
Xp X3 X Xn

B L B F T
Xr +X5 X34X5 X5HX; Xo . EX: X5 +X

b)Q=

XXz XaXq X3Xy4 Xp-1Xp XnXy
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15.15, Vdi x, y, 7. 1> 0, tim gid tri nho nhdt ca :
X &
a)C= + Y + 5
y+z Z+X X+Y
X + & Z+X YA X
. /oL PO D + g
y+z X Z+X Yy  X+Yy 72
X ytzH |y zHAX 72 x4y L
LJr’”y+z-|-t' X LzHAX Yy x+yH z X4y+z L

b)D=
XY+

= ; B TTw— O L
B5.16.a) Tim gid trinhonhitcua: D=a"+b voia>0;b>0vaa+b=2;

e e e B 3.3
b) Tim gid trinhd nhit cia: E=a"+b” +ab,bicta+b=1;
b
a-1"b-1

=

voia >1:b>Ivia+b=3;

¢) Tim gidtrinhonhateva: G=

d) Tim gid tri [6n nhilt cta : [T = ab, bict 2a+ b=2;
e)Choa,b,c 20 v a+b+c < 3. Tim gid tri nho nhat cia
1 1 l
+ + .
a+l b+l c+l

IS.17.Cho X+ %5+ X3+ + X, =k (ke R;me N,n>1).

Tim gid tri nho nhit cia D,= x,2 +X3 + x_f +it xﬁ.
15.18. Cho hai s6 x vd y thod min 2 {x2 + yz) =2025. Tim gid tri Ién nhit va nho

nhit coa x + y.
15,19, ) Tim gid tri nho nhat cta D= =10/ +[x =11 +}x =12 +}x - I‘?nf ;

b) Tim gid tri nho nhiit cia E= |x - IU]UI + ]x - 20[0] ;

¢) Tim gid tri nhé nhilt cia~ F=(3x - 5)° - 6[3:: —SI + 10;
d) Tim gid tri Ion nhit cia~ G=6~|5-4x| ;

1 37

ThxgeaT @

—

¢) Tim gid tri [6n nhit ctia |

15.20. Tim gid tri nho nhat cia :
a) L= |x—af+[x - b]+|x ~d+[x-d vdia<b<c<d;

b) K =[x — 1] +|x = 2 +]x =3 +... +|x = 2012].
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CAC CHUYEN DE NANG CAO

Chuyon d 16

BINH Li BEZOUT - LUDC 80 HORNER

I. KIEN THUC CO BAN
1. Dinh li Bézout"
a) Dinh Ii : 56 du trong phép chia da thiic f(x) cho nhi thic X — a bing gid tri
cha da thiie [(x) tai x = a.
Chimg minh : Goi thuong ctia phép chia f(x) cho x —a 1a Q(x).
Da thite chia bac mot nén du 1a mot hing s6 r.
Ta co f(x) = (x — a) Q(x) + r v&i moi- x.
fla)=(a-a)Qa) +r=0+r=r.
Vay f(a) = r (dpcm) .
Clui y. Tir dinh 1 Bézoul ta suy ra hé qud sau .
b) Hé qud. Da thiic {(x) chia hét cho x - a khi va chi khi f(a) = 0 (hay a Ia
nghiém ctia da thiice f(x)).
¢) Ung dung ciia dinh li Bézout :
— Dinh i Bézout gitp chiing ta tinh s6 du etia phép chia da thire f(x) cho x — a
ma khong cén thue hién phép chia da thic.
— Hé qua ctia Dinh i Bézout gitip chiing ta phin tich cdc da thiie bac cao (bac = 2)
thinh nhian tr: Néu I(a) = 0 thi f(x) phai chida nhan wr (x — a).
2. Lugc d6 Horner”
Ngodi cic phuong phdp dat tinh chia da thic, hé s6 bat dinh, tri sO riéng ta
con ¢o thé tim duoc két qua khi chia da thice (x) cho nhi thic x — a ; déng

1) Bézout (1730 —~ 1783) nha todn hoc Phap.
2) Horner (1786 — 1837) nhii 1odn hoe Anh.



thoi ciing tinh duge gid tri cha da thic [(x) tai x = a bing luoc dé Horner
(hay thuat todn Horner) nh sau :
I

Néu da thie bi chia 13 P(x) = a,x" + 2, X" +... + X + 2,

da thie chia la x — a,
da thic thiong 12 : Qy_y(x) = by X" +bygX™ >+ ... + byx +by
thi giita cdic hé $6 a, ; a, _y 3... 3 4 5 89 Vi by -1 5 by = 5..., by 3 by Vit hing
0 a ¢d mai quan hé sau :
by -1 =4,
by =8g-p +a by
by—3=a,,+a.b,_,

buh =iy +a,b|
r=ay+ a. by (r1a so du).

PéE cho tién ta thudng 1ap bing cédc hé s6 :

& 4y dy— 4 4
bu—l =dy-2 :
a | by =a, (byg =2, +ab,, saby o by =a; +ab; [r= a,+aby
-

1. Vi DU MINH HOA

Ap dung h¢ qua dinh If Bézout phan tich cdc da thic (thudng c6 cdc h¢ s6
nguyén vi nghiém nguyén) thanh nhan ti, ta thudng lam nhur sau :

Biege 1 : Chon mot gid tri x = a ndo dé (thuong la ude cia hang tir tr do trong
da thitc ciin phén tich) tim [(a).

Buige 2 : Néu f(a) = 0 thi f(x) = (x — a).g(x). D& tim g(x) ta dung phép chia da
thafe f(x) cho x — a, hodc ding luoc d6 Horner, hodc tich thém bét cic hang tir mot
cich hop Ii sao cho xuil hiér: nhan tr chung x — a.

Birge 3 : Tiép tuc phan tich g(x) thanh nhan tir néu con phan tich duoc.

Vi du 16.1. Phén tich da thiic sau thanh nhan ur’ 2x7~ 7x% + x + 10.

Nhdn xét : Thay x bing cdc gid tri lauGe clia 10 (£1; £2; £5;+ 10) ta
thay véi x =1 thi [(-1)=-2~7 - 1+ 10 =0. Vay f(x) = (x + 1). g(x). Ta tim g(x) :
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Cdch 1 : Tich, thém b6t cdc hang tir
r(x):2x3—7x2+x+ 10=2"+2x>=9x*=9x + 10 x + 10

= 2x%(x + 1) = 9x(x + 1) + 10(x + 1)
= (x + 1)(2x* - 9x + 10).

Phan tich ti€p2x> - 9x + 10 = 2x> — 4x — 5x + 10 = 2x(x — 2) - 5x(x - 2)

Vay f(x) = (x + 1)(x — 2)(2x = 5).
Cdch 2 : Dung dat tinh chia da thiic :

2:(3—‘}'x2 + x+10

Nhan xét v6i x = 2 thi g(2) = 0 rdi chia tiép g(x) = 2x> - 9x + 10chox - 2

.
-9%% + x+10
& —ox® - 9
10x + 10
T 10x + 10
—

2x2-9x+10 | x=2
T oox®-4x 2% -5

-5x + 10

-5x + 10

0

Vay f(x) = (x + 1)(x = 2)(2x - 5).
Cdch 3 : Dung luoc d6 Horner : -

=(x = 2)(2x = 5).

x+1

2%> = 9x + 10

He s6 ctia

. 2 2 1 10
Hés(“;"-f'a a=—1[2[-7+(1).2=-9|1+(1).(=9)= 10|10+ (=1).10=0=r
g(x :

Vay g(x) = 2x% = 9x + 10 v f(x) = (x + 1)2x* = 9x + 10)
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Nhan xét g(2) =0 nén g(x) = (x = 2).h(x)

Ding tiép luge dé Horer, ta cé :

|_l'{i_-.‘ 50 cla ) : 9 10
2(x)
Heé s6 ctia -9+2.2 10+ 2.(-5)
: a=72 2
h(x) J =-5 =0=r
) e(x) =(x-2)(2x - 5)
Vay f(x)=(x + )(x =2)(2x - 3).

; G 10 9 2 2
Vi du 16.2: Cho da thife [(x) = ajgX  + agX~ + ...+ X" + a;x + ag. Ching

minh rang :

a) Pa thie f(x) chia hét cho x — | néu téng cdc hé s6 bang 0.

b) Da thie f(x) chia hét cho x + 1 néu tong cdc hé s6 clia hang tr bac chin

bing tong cdce chir s6 cua hang i bic I¢.
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Giai. a) Theo dinh Ii Bézout, $6 du r ctia phép chia f(x) cho x = 1 1a:
r=l(l)=ag+ag+ .40y +a; +a,

Néu ap+ag+...+a+a;+ag=0thir=0uicla f(x):(x-1).

b) Theo dinh 17 Bézout, s6 dur r cta phép chia f(x) cho x + I la:
I'E,‘f('—|)=il“|—i!9+_..+il3—€l|+z!”‘ '

Néu app=-ag+...+a—a;+a=0

hay  ajg+ag+ag+ay +ay+ag = ay + ag + ag + a3+ q,

thi r=0uic [ f(x) (x+ 1)

(Chat y. Chitng minh_ trén diing véi moi da thie f(x) bic n € N¥).

Vidu 16.3. Khong ding chia da thiic, xét xem da thite h(x) = X’ =Tx+6

a) C6 chia hét cho x + 2 hay khéng ?

b) Co chia hc':'i cho x — 2 hay khong ?

¢) C6 chia hét cho x — 4 hay khong ?

Giai. a) Theo dinh I Bézout, 6 du r ctia phép- chiah(x)chox +2Ia:
r=h(-2)=-8+14+06=12# 0. Viay h(x) / (x +2).

b) Tuong wrr=h(2)=8 - 14 + 6 =0 viay h(x) : (x - 2).

c) Tuong twr=h(4) =64 - 28 + 6 =42 # 0. Vay h(x) { (x —4).



Vi dy 16.4. Tim da thic f(x) biét rang khi chia cho x + 2 thi du ~ 4 ; chia cho
x = 3 thi du 21 ; chia cho x>~ x - 6 thi duoc throng Ia x? +4 va con d.

Gidi. Ta c6 x> x — 6 = (x — 3)(x +2) va da thitc chia bic hai nén du I3 ax + b.

Vay f(x) = (x = 3)(x + 2)(x*+ 4) + ax + b.

Theo dinh Ii B(":mul, du trong phép chia f(x) chox =3 1a(3) =21 chox + 2 Ia
3a+b=2I a=35
f(-2)=4néntacod: {-2&1 Sl sl = {b =
Da thire can tim 1a (x + 2)(x - 3)(x2+ DH+Sx+6= Pugtuddax<is
Vi du 16.5. Cho da thiic f(x) = x" — 3x" + 2x* = 9x? + 1945x — 2012 chia cho x ~ 3.
a) Diing luge dé Horner dé tinh s6 du va viét da thic thuong ;
b} Diing Dinh 1i Bézout dé tinh s¢ du.

Gidi. a) Ding luge dé Horner : f(x) = (x — 3).g(x) + r.

Hs

o) 1| =3 2 |, -9 1945 -2012

Hs | o, [-3+3.1[2+30] -9+32 | 1945+3.(-3) [-2012+3.1936
g =0 =2 | «=-3 = 1936 =3796 =r

Viy g(x) = x* +2x% = 3x + 1936 va r = 3796.
b) Theo dinh If Bézout, s6 du trong phép chia f(x) cho x - 3 la
f3)=3"-3.3"+23%-0.3%+ 19453 - 2012 - 3796.

. BAI TAP

16.1. Phin tich cie da thiic sau thinh nhin tir bing ba phuong phép : Tédch va thém
bét cic hang ur, chia da thic va dung luge dé Horner :

a)p(x) = X" +6x% — 13x — 42 3
b)nq{x)=x3 -Tx+6;

c) f(x) =x? = 8x* = 10x% + 104x + 105 ;
d) hix) = x® — 14x* +49x% - 36.

16.2. Phan tich cdc da thiic sau thanh nhan 1 bing cdch dp dung dinh 1f Bézout :

a)A=(x+y+z)3‘—x3—~y“—z3; b)B:(x+y}5—x5—ys.
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16.3. Tim du trong phép chia :
a) x2 (J(2 +1);

16.4. Tim du ctia phép chia f(x) = X7 +x7 +x7 +x"+ x+1 cho:
a)x+1; b)x2+1; c)xz-l.

b) x®: (x2+ 1)

16.5. Tim gid tri ciiaa dé :
a) f(x) = 18x” + a chia hét cho 3x + 5 .
b) g(x) = x* + ax? + 16 chia hét cho x* +4x +4;
¢) h(x) = 3x2 + ax — 32 chia x + 5 ¢6 56 du 1 3.
16.6. Timavab dé:
a) [(x)= x” + ax + b chia hét cho x*— 5x + 6 :
b) g(x) = x*+x* ~5x2+ ax + bchiachox? +x —2 du2x + 1 s
¢) h(x) =3x" +ax + b chia x + 1 du 6 ; chia x — 3 du 70.

16.7. Cho f(x) = x4 33 3% = X+ kvigx)= x*+x-2.Tim gid tri ctia k dé
f(x) chia hét cho g(x) ;

a) Biing phuong phdp st dung dinh If Bézout ;
. b) Ding luge d6 Horner.,

16.8. Tim da thiic f(x) biét ring khi chia cho x — 2 thi du 4 ; chia cho x + 5 thi du
~17 ; chia cho x” + 3x — 10 thi dugc thuong 13 x> + 1 va con du.

16.9. Tim (it ca cdc s6 tr nhién n sao cho gid tri cha f(n) = n® + 2n%+ 17 chia hét
cho gid tri ctia g(n) = n + 3 (bing ci ba cdch : Chia da thic ; dung dinh Ii
Bézout va hroc dé Horner).

16.10. Khong lam phép chia, tim cdc gid tri nguyén ciia k dé :
a) Gid tri chia biéu thiic f(k) = 2k? ~ k ~ 1 chia hét cho gid tri chia bicu thick —2;
b) Gid tri clia biéu thic g(k) = 2k% + Sk — 19 chia hét cho gid tri clia biéu
thie 2k - 3.

16.11. Cho £(x) = (X + x = 122 4 (x* = x = 1)™'? 2. Chuing minh f(x) } (= 1).

16.12. Chiing minh ring : A
Néu : da thifc bi chia 12 : Py(x) = a,x" + a,_ ;X" + ...+ a,X +ay,
da thiic chiala : x — a,
da thitc thuong 12 : Q- (x) = b, x" +b,x""
dula:r

2+...1~b,x+b0,
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thi giita cdc h¢ s6 a,, a, |, ..., &y, 8 VOi by _y, b, _o,..., by, by ; hing 56 a va
0 dur r c0 moi quan hé sau :
I:)n—l =,

l::‘n -2 =iy + Zlb“ =}

. bn-3=an—2+abl_1-2
b| =a; + abz
bU =4 + ab1 s
r = a, + aby (r 12 56 du).

16.13. Chning minh ring khong tén tai s6 tu nhién n ndo dé gid tri cla biéu thiic
f(n) = 3n® = n? = 2n + 3 chia hét cho gid tri biéu thite ntm

Chugon db 17

PHUONG TRINH NGHIEM NGUYEN

Phuong trinh nghiém nguyén con goi la phuong trinh Diophantus (mang tén’
nha todn hoc ¢é Hy Lap vao thé ki thi I1) Ia dang mot phuong trinh ¢6 nhiéu dn s6
Vi 1il ca cdc hé s6 déu 1a s6 nguyén mi ta phii di im nghiém nguyén ctia nd.
Nhiéu nha todn hoc da mong muon tim ra cong thic giai 1ng qudt, song chi néu
lén dugc cédch giai mot so dang. Cich gidi phuong trinh nghiém nguyén rit da
dang, hdp din va ddi hoi hoc sinh khi nang phan tich, d6i chi€u, dy dodn va
phuong phap tr duy logic d€ lya chon nghiém thich hop. Do viy, cdc bai todn nay
thuong thily trong cic dé thi chon hoc sinh gioi. Trong chuyén dé nay xin gidi
thiéu mot vai phuong phdp giai phuong trinh nghiém nguyén. Cic phuong phip
nity s¢ duge minh hoa thong qua mot s6 vi du cu thé va viéc phan loai cic phuong
phdp dua trén pham vi kién thitc chii yéu duge van dung,

A. PHUONG PHAP HAN CHE TAP HOP CHUA NGHIEM DUA VAO TINH
CHIA HET

Khi gidi phuong trinh nghiém nguyén, viéc lua chon nghiém trong mot tap
hop hitu han ¢é it phin tir nhét 12 mot cdch 1am hitu fch d€ tim ra ddp s6. Dua vao
tinh chat chia hét ciia s6 nguyén dé tim ra tap hop nay thong qua mot s6 vi du sau.
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Vi du 17.1. Tim nghi¢ém nguyén cia phuong trinh
Xy+3x+2y=6.
Gidi. T xy + 3x + 2y = 6 suy ra y(x + 2) = 6 — 3x.
Ta nhan thdy x =-2 khong la nghiém. Véi x # -2 thi
6 —3x 3 12

y= i

x+2 X+2
DE ¥ rang x, y 12 s6 nguyén nén x + 2 phai 12 wde cia 12, tic la x + 2 thudc
tzﬁphqp{v-IZ;ﬂé;—xi;—3;~2;—I;1;2;3;4;6;12].
Ta ¢6 bing sau
x+2|-12|-6|-4]-3] 2|11 | 2]3]|4]6]12
x |-14]-8l-6]/-5]4[3]-1]0]1 :
y |-4[-5|-6|-7|-9|-15| 9 [ 3 |1 [0 |[-1]-2

| L=
S

Viy phuong trinh di cho ¢é 12 nghiém (x ; y) nhur trén.
Nhdén xér. Ta ¢é thé 1am theo cich kil:ic nhur sau :
Bién déi phwong trinh thanh dang (x + 2)(y + 3) = 12 (1). Nhin thiy x, y la
cdc s0 nguyén nén X + 2 vy + 3 1 uGe sd cha 12, tic 1a thuge tap hop {-12, - 6,
—4;-3;-2:-1;1;2:;3;4;6;12}. Tirdé ciing tim dugc 12 ddp s6 nhu trén.
Viduy 17.2, Tim nghiém nguyén dwong ctia phuong trinh
' x> —y?=2011.

Gidi. Ta nhan thay x* - y* = (x — y)(x + y) = 2011. 2)

Do x, y la s6 nguyén duong nén tir (2) suyrax + y > X -y vix +y, x — y déu
L2 wde nguyén duong cia 2011,

Vi 2011 I s6 nguyén 16 nén wde s6 nguyén duong cia 2011 1a 15 2011. Tir dé
tar €O )

x+y=2011 x = 1006
{x—y=l {y=]005.
Vi viy phuong trinh di cho c6 nghiém nguyén duong duy nhit
(x5 y) = (1006 ; 1005).

Nhdén xét. Phuong trinh dang (1), (2) déu ¢6 v€ trdi 12 mot tich cdc bicu thitc
¢S gid tri nguyén, vé phai la mot hing s6 nguyén, ta goi la phuong trinh udc s6.
Béing cich tim udc s6 cha hing s6 & v€ phdi, ta s€ tim dugc nghiém nguyén cla
phivrong trinh da cho. ’
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Dua vio viée xét s6 du trong phép chia hai v€ cua phuong trinh cho ciing mét
s6 mi khdc nhau dén dén phuong trinh v6 nghiém.

Vi du 17.3. Chiing minh ring cdc phwong trinh sau khong ¢6 nghi¢m nguyén :
a) x> —y* =2010; b) x* +y" +2* = 1000.

Giai ‘

a) Gia str phuong trinh & o y2 =2010¢6 nghiém nguyén (xg, yo) thi XE, - yg =2010.

Ta nhin thiy xg vil y;‘; chia cho 4 ¢ sé dur 14 () hodc 1, nén xg - yf,' chia cho 4
¢6 56 dur 12 0 hodc 1 hoic 3. Con vé& phai 2010 chia cho 4 du 2. Diéu nay mau thudn.
Vay phuong trinh khong ¢6 nghiém nguyén.
b) Gia sir phuong trinh da cho ¢6 nghiém nguyén (X, yg. 7o) thi
xa + yﬂ + zﬁ = 1000.

Ta nhan lhz‘l'ly x,j, yg. zﬂ chia cho 16 c6 sd du la 0 hoac 1 nén xﬁ + yﬁ + 7.3
chia cho 16 c6 s& du 1a 0 hodc | hoic 2 hoac 3. Con vé phai la 1000 chia cho 16
du 8. Diéu ndy mau thuin. Viy phuong trinh khong c6 nghi¢m nguyén.

Nhdn xér. Cin nhé cic két qua thudng diing y

a’ chia cho 3 du 0 hogc | ; chia cho 4 du 0 hodic 1 ; chia cho 9 du 0 hoac | hoic 4
hoic 7 ; a* chia cho 16 du 0 hoic 1.

a> — b’ chia cho 4 khong du 2-
a’ +b" + ¢* chia cho 16 khong dick v6i 4 <k < 15.

Vi du 17.4. Tim nghiém nguyén ctia phuong trinh '

4x + 5y =2012.

Gidi. Cdch 1. Gia sir x, y 1a cic s6 nguyén thod min phuong trinh.

Ta thily 2012 va 4x chia hét cho 4 nén Sy © 4, vi 5 v 4 nguyén 16 cling nhau
nény: 4.

baty =41 (1 € Z), thay vao phuong trinh ta dwoge

4x + 5.41=2012 < x + 51=503.
<= x=503-51(te 7).
Viy phuong trinh ¢6 vo s6 nghiém nguyén (x, y) dugc bicu thi bdi cong thite

=503-51
{x (te Z).
; y=41
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2012-5y .. Sy

Cdch 2. Rit x theo y, ta duge x = —-T— =503~ R

P s DY e " " . i
Pé cho x, y nguyén thi T phai nguyén, ma (5, 4) = | nén 3 phai nguyén.
bt i- =((t € Z) <>y =41 Do déb x = 503 — 5t. Tird6 ciing ¢6 két luan nhw cich 1.

Nhdn xét. Bang cich 1am nhu wrén ta ¢6 thé tim duge nghiém nguyén ctia
phuong trinh dang ax + by = ¢ (véi a, b, ¢ 1a cdc hing s6 nguyén). Hon nita diéu
kién dé phuong trinh nay cé nghiém nguyén 1a ¢ phai chia hét cho UCLN (a; b).

B. PHUONG PHAP HAN CHE TAP HGP CHUA NGHIEM DUA VAO DIEU KIEN
CUA CAC AN
Vidu 17.5. Tim nghi¢m nguycn duong cia phuong trinh
Jx + J;; =9,
Gidi. Ta thily ngay vai trd x, y nhu nhau nén c6 thé gia thié¢i x <y, do dé
9=Jx +fy 22¥x = Jx 4,5 = x<2025.

T J;=9—J;tac6y=81—18\/;+x.

Vi x, y nguyén duong nén ta dit x = K (vii k € N¥).

Do x <20,25 nén K%< 20,25, suy ra k chi ¢6 thé nhan cédc gidtri 1,2, 3,4,
Voik=1thix=1;y=(9-v1) =64
Voik=2thix=4;y=(9-4)? = 49.
Vaik=3thix=9;y=(9-9)* = 36.
Véik=4thix=16;y=(9-16)? = 25.

Viy phuong trinh ¢6 cdc nghiém nguyén duong (x ; y) 1a

(1:064),(4;49),(9;306), (16;25), (64; 1), (49 ;4), (36:9), (25; 16).

Nihdn vét. BE giam bét cdch thir khi im nghiém, ta c6 thé sdp thi wr cdc gid tri

clia dn néu vai rd clia chiing nhw nhau réi ldn huot xét gid tri ctia timg an.

Vi du 17.6. Tim ba 56 nguyén duong sao cho 16ng ctia chiing bing tich ctia ching.

Giai. Goi ba s6 nguyén duong phai tim 1a x, y, z Ta ¢6

X +Yy+z=Xyz ; (%)

Do cic dn x, y, z ¢6 vai trd nhu nhau trong phuong trinh nén ta ¢6 thé gia sir

Il sx<sy<z

r

XYZ=X+Yy+7z <3z
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Chia hai v& clia xyz < 3z cho s0 duong z ta duge Xy < 3.
Doddoxy e {1;2;3]}.
o VGixy = 1 thix =1,y = |, thay vao (*) dugc z = 2 + z (loai).
e VGixy=21thix =1,y =2, thay vao (¥) dugc z = 3.
o Vgixy =3 thi x = 1, y = 3, thay vio (*) dugc z = 2, loai vi trdi véi sip xépy <z
Viy ba s6 nguyén dwong cin timla 1;2; 3.
Vi dy 17.7. Tim nghiém nguyén duong clia phuong trinh
e
—+—=12z
Xy
Gidi. Bién déi phwong trinh thanh x + y = xyz.
Do hai dn x, y ¢ vai tro nhu nhau trong phuong trinh nén ta c6 thé gia sir
l <x<y Khidéxyz=x+y<y+y=2y=xz<2
Vivayxz e {1; 2}
o V§i xz =1 thi x = |, z = 1. Thay viio phuong trinh tim duoc é =0 (vo li).
oVéixz=2thix=1;z=2hodicx=2;z=1. ;

+Véaix=1,z=2suyra l= 1 <y =1 (thoia man).
- . y

+VGix=2,z=1suyra lz—;- <>y =2 (thod man).

Tir d6 suy ra phuong lrmhy ¢6 cdc nghiém (x ; y ; z) nguyénduong la (1 ; 1 ; 2)
vi(2;2;1).

Vidu 17.8. Tim nghu‘bm nguyén duong cua phmmg trinh

S5x+y+z+t)+ 15 =2xyzt

Gidi. Do cdc dn x, y, 7, t ¢6 vai trd nhu nhau nén khong giam téng qudt, gla str
l<=x<sy<zst

Chia hai v€& cta phuong trinh cho xyzt ta duge

Xyz Xzl Xyt yzt XxyzZt x* x° x° x° x "
Suyra2x' <35 =xe {1;2}.

o Véi x ='1 thico
5.5.,5,.5. 1535
22—t —Ft—+—+ L—,
yz ozt oyt yzl ya y

Suyrayzss—;:ye{l;Z;S;fl].
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+Vaix=1,y=11hi céﬁ(z+t)+25=2zl<:>(2z—5}(2[—5)3?5.

Dol <z<tnén-3<22-5<21-5,phantich75=75.1=25.3=15.5.

Tim dwoe (z; 1) =(3;40), (4; 15),(5; 10). -

+Voix=1,y=2thico5(z+1)+ 30 =4zt © (4z - 5)(4 —5)— 145.

V& tridi la tich cha hai s6 chia cho 4 du 3, con v& phai khong cé uée s6 chia
cho 4 du 3. Vi vily truimg hop nay khong xdy ra.

+ Vaix=1,y=3thicod 5(z+1)+ 35 =6zt < (62— 5)(61 - 5) = 235.

Do3<z<tnén I3 <6z-5<6t -5, nhung 235 = 547 khong thé la tich cta
hai so nguyén duong I6n hon 12, nén trudng hop niy khong xiy ra.

+Vaix=1,y=4thico5(z+1) + 40 = 8zt < (82 — 5)(81 - 5) = 345.

Do4 <7 <tnén 27 <8z~ 5< 8t -5, nhung 345 = 15.23 khong thé Ia tich cia
hai s6 nguyen duong Ion hon 26, nén trudmg hop niay khong xdy ra.

o Vi x =2 thi ¢6 5(y + z + 1) + 25 = 4yzt. Chia hai v¢ cho yzt duoc

5°5 5 25 40
4= —+—+— :
2yt yz y‘/t yz
Suyra 4 Syz S10=ye (2;3}).
+Vdaix=2;y=2thicd
S5(z+1)+35=84 < (82-5)(8t—-5)=305(=5.61).
Mi 11 <875 < 81— 5 nén trudng hop nay khong xay ra,
+Véix=2,y=31thico
Sz+1)+40= 12721 < (122~ 5)(12t - 5) = 505 = 5.101.

Mi 31 < 122~ 5 < 121~ 5 nén trudmg hop nay ciing khong xady ra.

V;}y phmmg trinh c6 cdc nghiém nguyén duong (x, v,z Q1 (15 1;3;40),(1:1:4:15),
(151355 10) viicic hodn vi cia nd.

Nhdin vér. Véi cdch 1am wong tu, ta ¢é thé tim duoc nghiém nguycn duong
ctra phuong trinh dang

Uxp + X+ + X)) Hb=cxpxy X,

trong do a, b, ¢, n [ cdc s6 nguyén duong cho trude, n > 2,

C. PHUONG PHAP GIAN UGC CHO USC $6 CHUNG
Vi du 17.9. Tim nghi¢m nguyén duong ctia phuong trinh
4 4_n4
X +4y =2s,
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Gidi. Gia st (X, Yy, Zy) la nghiém nguyén duong ciia phwong trinh da cho, Goi

- d =UCLN (X, ¥, %), ta ¢6 Xy = dxy, Yo = dyy, 7 = dz, trong d6 x,, y;, 7, nguyén
16 cting nhau. Khi dé phuong trinh di cho trd thanh

x, + 4y, = 2?,,.
Do 2z}, 4y} chin nén x; phai chin, tic 12 x; = 2x, (x, € N¥).
Suy ra l()xg +4yf =29'.]l = 2(4x; +y?) - zf.
Do dé z‘f phdi chan, tic 12 z; = 27, (2, € N*), suy ra
4 4
ax3 +y) = 8z,
Lai suy ra yf phéi chin, ic 1y, = 2y, (y, € N¥).
Thanh thir x, y,, 2| ¢6 udc chung 1a 2, trdi véi gia thi€t x,, y;, z; nguyén t5
cung nhau. Do vay phuong trinh khong ¢6 nghiém nguyén duong.
Vi du 17.10. Tim nghiém nguyén ctia phuong trinh
Jc3+5yf'—2523 (n
Gidi. Tt phuong trinh da cho suy ra XI5 x 1S, '
it x =5x, (x, € Z), thay vdo (1) r6i chia hai vé cho 5 duoc

253&%i +y = 5?.'1.I (2)

Dodéy' i S=y:5 Daty=Sy, (y, €Z), thay vao (2) réi chia hai v& cho 5
duge Sx“ +°5yf =7, - (3)

Dodéz' i 5=>7:5. Datz=5z,(z; € 7), t]my vio (3) roi chia hai v€ cho 5

duoce x] + Sy} = 25z, “

Nhu viy, néu (x ; y ; z) Ia nghi¢ém nguyén cia (1) thi (x,, y,, 2;) = (E y & : E]

5355
cling 1a nghiém cua (1). 3
p— W Xy
Lap luan wong tr nhu trén thi (—~ =, —],. (— ) (k e Nwyy)
s 8 5
ciing li nghiém nguyén ciia (1).

Diéu ndy chi xdy ra khi x =y =z =0. Day Ia nghi¢m duy nhat ctia (1).

Nlin xét. Ta goi ])hlm‘llb pllap gidi cho hai vi du trén 12 phuong phdp gidn wéc
cho wdc s6 chung ciia cdc dn 56, con goi la phuong phdp 1di vo han. Phuong phip
nity lhmmg ding khi phuong trinh vo6 nghiém hodc ¢6 nghiém nguyén duy nhil
khi cdc an déu bing 0.
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D. PHUONG PHAP CHI RA NGHIEM NGUYEN

Doi khi ta chi ra mot hodc mot vai s& 12 nghiém cla phuong trinh, roi chimg
minh phuong trinh khong con nghiém nao khdc.
Vi du 17.11. Tim nghiém tr nhién ctia phuong trinh
3*+4"=5"

Gidi. Chia hai vé ctia phuong trinh cho 5* dugc

-

wersn ] ] 4]
SN R e e e e

Vay phuong trinh ¢6 nghi¢m tu nhién duy nhat x = 2.
Vi du 17.12. Tim nghiém nguyén clia phuong trinh

\jx+~./;=y.

Gidi. Dicu kienx 20,y 2 0.

oeNéux=0thisuyray=0.Dodé (x; y)=(0; 0) 1a nghi¢m ctlia phuong trinh.

o Xét x >0 thi

\jx+\/_=y =% x~|-\.(_=y2 = J_zyz—x = Jx 1a 50 nguyén duong.
Bat Jx =1t (t € N*¥). K]‘iid(}x=lzvfll2+lzy2.

Nhung P<i4t= yz <(t+ 1)% biéu niy khong xay ra.

Viy phuong trinh ¢6 nghiém nguyén duy nhat (x; y) =(0; 0).

E. PHUONG PHAP KHU AN DE TiM NGHIEM NGUYEN

O mot s¢ phuong trinh, ta sir dung tinh chat luj thim ciing bac cla cic s6
nguyén lién tiép hoic tich cdc s6 nguyén lién tiép dé dwa phuong trinh nghi¢m
nguyén cdn giai vé dang phuong trinh khdc it dn hon va quen thugc hon. Tir d6, dé
dang tim duge nghiém nguyén cta phuong trinh di cho.
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Trong phuong phdp niy, thuong van dung hai nhan xét sau (trong dé a, n 1a
cic 56 nguyén duong ; y 14 s6 nguyén) :
DNéux"<y"<(x+a)"thiy'=x+i)"véii=1.2 ..a-1.
NEux(x+ D<y(y+ D<(x+a)x+a+ Dthiy(y+ D=(x+i)x+i+1)
vii=1,2,.,a- L.
Vidu 17.13. (:}ifli phuong trinh nghiém nguyén
1 +x+x2+x“=y3.

2
Giai. Tanhin thily | +x + x> = (x + EJ +% >0 vGi moi x nén

x"<l+x+x2+x]=y3. (1)
Laico  (x+2° —(1+x+x°+x")
1?19
=5x2+[]x+?=5(x+i—6] +—26>0nén(x+2}321+x+x2+x3.

Tur (1) vt (2) suy ra
x"cy]é(x +2}'1 =>y'3 =(X+ I)ju’r{: la

2+:<3=(:n<+I)"mx(:u!)=(J<::>x:—lhozfacx:O.

l+x+x
Véix==1thiy=0;vdix=0thiy=1.
Viy phuong trinh ¢6 cic nghiém nguyén (x 5 y) 1a (=1 ; 0) va(0; 1).
Vi du 7.14. Gidi phuong trinh nghiém nguyén
xq—y"+z4 +2x%22 +3x2 + 422 + 1=0.
Gidi. Bi¢n ddi phuong trinh di cho thanh
yi=x'+ 2t 12?2 + 3%+ 42 41 (n
Nhan thay 3x2+422+ 1 >0 v6i moi x, z, nén y* > (x> + z2)% : 2
Lai co (:a2+?_.?'+2)2 —yd =x"+z'+4+ 2x27,2+4x2
4422 ~x =2t - X - -4 1 =xP 4 3>0.
Suy ra (x2 + 72 +2)* > y'. . ) -(3)
Tir (2) va (3) suy ra (x2 + 7,2)2 < (y'?:}2 < (x‘z +720 4 2)2. ;
Do do y'1 = (x2 + 2.2 + ”2_ Két hop vai (1) ta cé X*+27+0 x=2=0.T
dosuyray ==+l
Vay phuong trinh ¢6 cie nghiém nguyén (x, y, z) 1a (03 1; 0) va (0; 1 ; 0).
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Vi du 7.15. Giai phuong trinh nghi¢m nguycn

x4+x2—y2+y +10=0.
Gidi. Bién doi phuong trinh di cho thanh

y(y—l]=x4+x2+10. (n
Taco A
x+ x2<x'=+x2+ 10 <{x4+ x2+ 10) + (6x2+2}.
Suy ra :c?‘(x2 +1)<yly-I< {x2 + 3)(;‘;2 +4)

4 2 B 2
N [}‘(y—l}z(xz D42 [x Fx2 10 = (2 + 1)E +2)

yy-D=02+2x2+3)  [x* +x? +10=(x* +2)x* +3).

+2
&l

il

[xt=4 ’:x
Do do o
x> =1 * _
o Véix2 =4 thi y(y - 1)=30'=y = 6 hodic y = -5.
o VGix>=1 thi yly-1)=12=y=4hoicy=-3.
Viy cic nghiém nguyén (x ; y) cta phuong trinh di cho la
(2;6),(2;-5), (=2;6), (=2: =5), (1;4), (15 -3), (=1, 4), (=1 -3).

BAI TAP
17.1. Tim nghiém nguyén cia phuong trinh :
aAxy-2x-3y+1=0; b) x> -y = 1999,
17.2. Ching minh ring phuong trinh sau khong c6 nghiém nguyén
x2+y?=2011.
17.3. Tim nghi¢m nguyén ctia phwong trinh :
a) Tx — 6y =200; b) 5x + 15y =2012.

17.4. Tim nghi¢m nguyén duong ctia phuong trinh sau :
1.1

a)&‘l-\/;:\‘lz{“z; . b}l-i——-i--—‘_—];

X y z

£ v 3
17.5. Tim bon s6 nguyén duong sao cho 10ng ciia chiing bing tich clia chiing.

c)l.l.l_.l; d)x2+y2+22+xyz=2{-)‘
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17.6. Tim nghi¢m nguyén ctia cic phuong trinh sau :
Wx2+y’+ 25 =2xyz; : b) x* +yt 2t 4+ = ax By,
ox’+ 3y" +92° = Oxyz.

17.7. Tim nghiém tv nhién cua cic phuong trinh sau
a) 4" +5"=9%, b) 2" +2¥ +2"=512;

c) Vx +\}x.+\f'; =y.

17.8. Tim nghiém nguyén duong ctia phuong trinh
1! +2f+“.+x!=y2.
17.9. Tim nghiém nguyén cla phuong trinh
u]l+x+x2=y2' . b)x"—y"-—"yz—By—I:U
17.10. Ton tai bao nhiéu t.:ip m (X5 y) voi x, y 1a cdc s6 nguyén duong khong vuot
qud 1000 sao cho x* + y 2 chia hét cho 1217

Chuyon dé 18

'PHUONG PHAP CHUNG MINH QUY NAP

I. NGUYEN Li QUY NAP TOAN HOC

1. Phuong phip quy nap toin hoe dua trén quan st kha truc gidc sau : Gia sur ring
chiing ta phai thuc hi¢n mot nhiém vy bao gém mot s6 hiru han bude va céc budc
nay la lien ticp. Ta ciing gia sir ring s€ hoan thanh duoe bude thit n véi diéu kicn .

hoin thanh dugc bude thien — 1. Khi dé néu ching ta ¢6 thé thue hién bude diu
ctia nhiém vu (bude co so) thi chiing ta s€ luon hoan thinh duge nhiém vu (vi bit dau
VOi budc co s6, chiing ta s thue hién duge bude tiép theo, budic ticp theo nita, ...).
Nguyen Iy quy nap todn hoc thuding ki hiéu 1a PMI, 13 viét it chit cdi diu cia
cac tir tieng Anh : Principle of Mathematics Induction. Nguyén Iy duoc phdt biéu
chinh xdc nhur sau :
Gid st ta ¢6 ménh dé M(n) theo cdc s6 tu nhién n thdéa mén -
(1) M(ng) diing véi mot s6 ty nhién ny nao do,
(2) Néu M(n) diing thi M(n + 1) ding.
Khi d6 ménh dé M(n) s¢ ding véi moi s6 tue nhién n > 1.

(1) con goi la butde cor sd, (2) 1a bicde quy nap.
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2. Mot s6 vi du

Vi du 18.1. Chiimg minh ring véi moi n € N taluon c6 :

P +22 43 4., +n? =1(£+_12£22_+_U;
2
nPr+sd+. .. o =I: _(112+ U:I i
Gidi. 2) Véin = 1 ménh dé ding vi 1% = I(1+ 1]22.1 +1) .
Gid sit ménh dé diing véi n =k, tic 1 12422 +3% +...+ k7 =w_

Ta s¢ chimg minh ring ménh dé ding véi n = k + 1, tifc Ii chimg minh
: Puntsdby +(k”)z=(k+l)(k+2}(2k+3)
2 — - = 3

That vay : 12 +22 +32 4+ ..+ (k+1)? =_k(k+‘)ézk+2)

+(k+1)?

 k(k+1)(2k+ 1) +6(k + 1)°

= . |
_(k+DRK2+7k+6) _ (k+I)(k+2)(2k+3)
N 6 N 6 - '

Theo PMI, ménh dé ding véi moi n € N
11+ 17
=plis

b) Véi n = | ménh dé ding vi I® = [

; 2
— : . el k(k + 1.
Gia stir ménh dé ding véi n =k, tic la Pat e e ik =[ ( ; )] 5
_Ta s€ chiing minh ring ménh dé ding véi n = k + 1, tiic la ching minh
(k + 1)(k + 2)]2

13+23+3‘1+...+(k+])3=|: 3

k(k + 1) T
That vay : 1-‘+23+33+...+k-‘+(k+1}3=[T] +k+1)°

[k D + 40k + 1P (k+ DA 44k +4) _{(k+l)(k+2}]2
4 i 4 1 2 '

Theo PMI, ménh dé diing véi moi n e N°.
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Vi du 18.2. Chimg minh ring néu k 14 sé wr nhién 1& thi K2 -1 chia hét cho
2"*2 v6i moi s nguyén duong n. _

Gidi. V6i n =1 thi k2 =1 =(k = )(k +1):8 =2"*2 (vivgi kI thik— 1 vak+ 1
1a hai 56 chan lién tiép).

Gia sir ménh dé ding v6i n =k, tic 1a k2" —1=2a2™2 véi s6 nguyén a nio
do. Ta s¢ chiing minh ménh dé diing vdi n = k + 1, tiic Ia chiing minh

k2“+l _ 152n+]_

ot '
C Tace: k2 —1=k2 -1k +1)=a2"*2k2" +1). Dok I& nén k2 +1
chan va k2" +1=2b véise nguyén b nao dé. Do d6 :

k2™ -1 = 2ab2"2 = M 3gpigned,
Theo PMI, ménh dé diing véi moi s6 nguyén duong n.
Vi du 18.3. Ching minh ring
a) 32" 4+ 40n — 67:64 v6i moi s6 ty nhién n khéc 0.
b) n* +6n* +11n? + 6n:24 (1) v6i moi s6 tu nhién n.
Gidi. a) V6i n =1 thi 32" + 40.1- 67 = 0164, vay ménh dé diing.
Gia sir ménh dé diing v6i n = k. Ta s& chiing minh ménh dé ding véin =k + 1.
Taco: 325 4 40(k + 1) - 67 = 9.3%%*! 4 40k — 27 ;
= 932+ 4 40k ~ 67) — 320k + 576
= 937! 4 40k - 67) — 64(5k - 9) : 64.
Theo PMI, ménh dé ding véi moi n € N*,
b) V6i n=0 thi 0% +6.0° + 11.07 + 6.0 = 0:24. Gia sir menh dé (1) ding
voi n =k >0, ticld k* +6k> + 11k” + 6k:24.
Ta s& chimg minh (1) ding véi n =k + 1.
That vay, tacé: (k + D +6(k +1)° + 11k + )% + 6(k + 1)
= (k* + 6K + 11k? + 6k) + 24(k? + 1) + 4(k> + 1 1K) )
Néu ta chiing minh dugc ring k* + 11k 6 (3) thi v& phai ctia (2) chia hét cho
24 va do do (1) diing v6i moi n € N. Ta chiing minh (3).
Véik =01hi 0° +11.0 = 016, vay (3) diing.
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Gia str (3) ding v6i k = m, tic 1a m- + [ Im:6. Ta chimg minh (3) ding vdi -
k=m+l.

Tacé: (m+ 17 +1I(m+1)=m’ + [1m +12 +3m(m + 1):6.

Viy (3) diing véi moi k € N.

Vi du 18.4. Chimg minh riing (1 + J2)*" & (1 = +/2)*™ 1a 56 nguyén chin va
(14+2)2" —=(1-+/2)*" =by/2 véi moi s nguyén n > | vb 12 56 nguyén duong nio do.

Gidi. Véin=11h (1+2) + (1 -v2)2 =6 va (1+2)? —(1-)2)* =442.
Vay ménh dé dimg véin = 1. '

Gia strménh dé diing v6i n = k — 1, tiic I

1 +2%0 41 - J2)X6-D — 2N véi N nguyén

vi (1 +42)25 D~ (1= 2)?®D = a2 véi a 1a 56 nguyén duong nao d6.

Ta sé chimg minh ménh dé du’|.1g viin=k.Tacé:

(142 + (1 =2 = (14 V22 (1 + V22 + (1= V2020 - 2)2* 2

= B3+ 2V2)(1 + V222 + 3 - 242)(1 - V2)22

- 3[(1 #2241 - JE):k—z:r+2\/§[(] #4222 (1 - \/5}21:—-2]

= 6N + 4a = 2(3N + 2a) 14 s0 nguyén chin.

1+ — (1= V27 = 1+ V221 + V22 - (1 -2 (1 - V2)2* 2

= (34 2V2)(1 + V2)* 2 - (3-2v2)(1 - V2) 2

” 3[([+ﬁ)2k—2 _(z_ﬁ)zk-z]+2\/§[(l +J2)2%2 +(l_ﬁ)2k--f]

="3av2 + 42N = (3a + 4NW2 ¢6 dang bv2 véi b=3a+4N e Z*.
Vay ménh dé diing véi n = k. Suy ra ménh dé diing véi moi s6 nguyén duong n.
Vi dy 18.5. Diing phuong phdp quy nap, hily chiing minh cic bl ding thic sau :
a) (14+x)" 2 1+ nx vdi x >-1 v6i moin € N (bit diing thiic Bernoulli) ;

b) (14+x, )14 X))o (14X,) 2 14 X) +Xg +..+X,, trong dé x; > =1, i=Ln va

c4c x; cing ddu (bat dang thic Bernoulli mé rong).

n
n+l s
¢) n! <(—2-—] viineN,n>I.
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Gidi. 2) V6i n =0 thi (1+x)" = 1> 1 +0.x, bit ding thic luon diing.
Gid sir bit ding thic ding v6i n =k, tic la(l+x)* 2 1+kx, t@a s& ching
minh bt ding thic ding v6i n = k + 1. '
Taco (1+x)*N = (14 x)(1+ %)% 2 (1 +x)(1 + kx) = 1+ (k + D)x + kx?
’ 2 1+ (k + Dx (do kx* 20).
Viy bat dang thic ding v6i moin € N.
b) VGi n =1 thi | +x; 2 1+ x,, bat ding thiic luon diing.
Gid str bilt ding thic ding véi n =k, tifc 1a
(X )+ X) (14X ) 2T+ X) + X+ 4X,
ta s€ chiing minh bat ding thic ding véi n = k + 1.
Tir gid thi€t quy nap vi x,,, > —1,tacé
(T XA + X)X+ Xp ) 2 (14X + Xy + o x, )1+ Xks1)
=1 +X, + X, o+ Xy +xk+1_+xk+,(x, + X+ Xy )
214X +Xy +. 4 X +Xyy (docde x; cingddunén Xy, (X, +Xy +..4+%,)>0).

" Viy bat diing thitc ding véi moi n € N*,
- 2 .
)VGin=2,tacé:21=2< (—%g—l) =1,5% = 2,25, bil ding thitc diing.

Gia sir bit ding thiic ding v6i n = m. Ta chiing minh bat ding thic ding véi
n=m+l. Tacéd

m m+ 1
(m+D!'=(m+1D).m!'<(m+ 1}(.‘?) = 2[ll1+2) _ 1

2 1 mil
I+—J
[ m+l

m+ |
; . 1
Theo biit dang thitc Bernoulli (cdu a), ta ¢d (I+——) 21+ (m+])—=2.
m1 m-

m+2)™*! 1 (me2
2

m+ |
Vivay (m+1)!< Z(T = --2—J , suy ra diéu phai chimg minh.

Il. NGUYEN LY QUY NAP TOAN HOC MANH

1. Khi chiing minh biang PMI, trong mot s trudng hop, khi ménh dé M(n) diing
kho c6 thé sir dung dé chimg minh M(n + 1) diing (vi du 18.6) thi ta c6 thé sir dung
thém mot s6 ménh dé diing khdc, ching han M(n - k), M(n — k + 1), ..., M(n) dé
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Ja diing va tir dé dat duge muc dich ¢in chimg minh. Day chinh
12 noi dung cua nguyén Iy guy nap todn hoc manh (goi tit 1a nguyén ly quy nap
manh), ki hicu la PSMI, viét tat chir cdi diu ctia cdc tr tiéng Anh : Principle of
Strong Mathematics Induction. NOi dung nguyén 1y quy nap manh nhu sau :
Gii sir ta ¢6 mot ménh dé M(n) theo cdc s6 ty nhiénn thoa man :
(1) M(ny) diing v6i mot s0 ty nhién ngy nao do,
(2) Véi mdi s6 tr nhiénn 2 ngy, néu M(ny), M(ng +1), ... , M(n) diing
thi M(n + 1) dung.
KKhi d6 ménh dé M(n) sé diing véi moi s6 tu nhién n 2 n; .

ching 16 M(n + 1)

Clui y. a) Nhu viy, PSMI chi khdc PMI & bude quy nap : O PSMI, cliing ta gid
sir ring khong chi M(n) diing ma tdt ca cac M(j) diing, vdi j € {ng,....n} hi M(n+ 1)
diing. Tuy nhién tir su khdc nhau niy, trong mot s6 bai todn hi viée dung PSMI s&
tién lgi hon khi ding PML

b) Phuong phap PSMI ciing thudng ding dé chimg minh dang dong (closed form)
d6i véi cdc phin tr ctia mot diy s6 xde dinh boi quan h¢ dé quy (bai tdp 18.16).
C6 thé hiéu ring dang déng cdc phin tir cha mot ddy s6 Ia bicu dién dudi dang c6
thé tinh dugc ma khong cin biét cic phan tir khic cia diy s6. Vi du : d6i véi day
s0 Fibonacci (bai tap 18.12) thi dang déng ciia cdc phén ti cta day la

n+l . -1
P (1) 1 (1-45)"
n Jg ) Jg 9 :

DE rd hon vé PSMI, ta xét mot s6 vi du sau day.
2. Mot s6 vi du

Vi du 18.6. Chiing minh ring n* —n?:12 v6i moi s6 nguyén duong n.

Gidi. Trude hét ta s€ xem néu ding PMI, thi bai nay s¢ gidi thé nao!

Goi M(n) 1a menh dé cdn chiing minh : n* - n*i12, vneN'.

~Véin=1til"=1> =0:12. Vay M(1) diing.

- Gia stménh dé diing vain =k, tic la k? ~k2:12 hay k" —k? = 12a, a e Z.(¥)

Tiep theo, sir dung (¥) ta s& c6 géing ching minh (k + =k + D12,

Tacé: (k+ ' = (k +1)? =k? +4k? + 6k? + 4k + 1 - (k* + 2k +1)

=k? - k% +4K* + 6k% + 2k
= 122+ 4k? + 6k* + 2k. (¥%)
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Dén day, chiing ta bi "sa 1dy" vao the bi vi sé khé phan tich (%) thanh tich cé
mot nhan wrla 12 1!

Bay gid ta s€ dung PSMI d¢€ gidi bai nay.

Trude hét, ta thdy ring ménh dé 1a ding véi 6 s6 nguyén duong diu tién

~Véin=1i1'-1? =012,

- Véin =2 i 2* -2 =12i12.

- Véin =3 thi 3 -32 =72!12.

~V6Gin =4 thi 4% —4% =240°12.

- Véin=5 thi 5* - 5% = 600:12.

~V6in=6 thi 6* —6° =1260:12.

Véi n 26, ta gia sit j* = 7112 vdi moi s6 nguyén j, 1 < j < n (nghia 1a cdc
ménh dé M(1), M(2), ... , M(n) diing). Ta phai chitng minh (n + l)4 —-(n+ I}2 112
(ke 1a ménh dé M(n + !) diing).

Do M(n - 5) diing nén (n - 5)* =(n - 5)*!12. Bé viéc lrmh bay don gian, ta
datk=n-5.Khid6 k* - k*:12 hay k* ~k* =12b, be Z.

Taco: (m+D* —m+ 1) =(k+6) - (k +6)

= (k* 424k + 216k? + 864k + 1296) - (k* + 12k + 36)
= k* - k? +24k* + 216k? + 852k + 1260
=12b + 24k + 216k? + 852k + 1260
= 12(b + 2k* + 18k* + 71k + 105)
=12¢c v6i ¢ = b+ 2k” + 18k? + 71k + 105 € Z.
Vay (n+ I)* = (n + 1)? 112 hay ménh dé M(n + 1) diing.

Theo PSMI thi (n + 1) = (n + 1)> 112 véi moi s6 nguyén duong n.

Vi du 18.7. (Dinh Ii co bdn ciiq 56 hoc) Ching minh ring moi s6 nguyén I6n
hon 2 déu viét duoc dudi dang tich cia cdc s6 nguyén 16.

Gidi. Goi M(n) 1a ménh dé "n vi€t duge duéi dang tich cdc s6 nguy'én 16",

Véi n = 2, thi ménh dé hién nhién ding (vi 2 Ia s6 nguyén 16).

Véi moi s6 nguyénn > 2, gia sir véi moi s nguyén j, 2 < j < n, M(j) ding,

tiic 1 j viél duge dudi dang tich cdc s6 nguyén 16. Ta phai chimg minh n + 1 ciing
Vi€l duge dudi dang tich cic s6 nguyén (6.
—Néu n+ 1 1asd nguyén td thi ta cé ngay diéu cin ching minh.
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_ Néu n + | khong Ia s6 nguyén t6 thi n+1=ab véi a va b 1a cdic s6 nguyén
duong khdc 1 vaikhic n+1. Vi viy2 < a,b < n. Theo gid thiét quy nap thiavab
déu viét duoc duéi dang tich cdc s6 nguyén 16 :

a=p.ps . -Prs D=0p-Pp- - Gy

Do d6 : n+1=ab=p,.py.. PGy - -qs- Vdy n+1 cling viét duoc

dui dang tich cdc s6 nguyen 6. Nhu vay M(n + 1) ding.

Theo PSMI thi M(n) diing véi moi s6 nguyén duong n 2 2.

BAI TAP
(Dimg PMI dé'lam cdc bai i 18.1 dén 18.14, ding PSMI dé lam cic bai 18.15, 1 8.16).
Trong cic bi tap tir 18,1 dén 18.10, véi moi s wrnhién n khéc 0, chiing minh ring :

_n(n+1)

181 1+2+3+...4n >

18.2. a) a+2a+3a+..+na= [5‘_1‘;1@ (aeR).
n —
b) b+bg+bg®+...+bq"" = b.-{-l—Tl (b,geR, q#1).
q- :
n(n+1 }('n+2)

183. 12+23+...+n(n+1)= g

N

18.5. 1.4+ 2.7+ ...+ u(w+ 1) = n(n + ).

lS.ﬁ.(l-lJ(l_lJ”_ - L - n+2‘
4 9) (n+ l}2 2n+2

18.7. 1.11 + 221 4 .. . +nn!=(m+ D! -1

Iti.ﬁ.g-r-!—+...+rhl [.
12!

1
18.9. JE<I+-—+...+L<2JH.neN,n>l.

V2 Jn

n+l
18.00. 3433+ 3334, +33.3=10" ~9n-10
nsi3 27

18.11. Chimg minh ring n® + (n + 1)° + (n +2)* 19 v6i moi s6 tu nhién n.
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18.12. Dy Fibonacci laday so choboi fy = 1, f; =1, f,; =1f, +{,_;, véin € N* nic
1A mdi s6 hang sau s6 hang thit hai bing tong clia hai s¢ hang diing ngay trude né.
boladayso:1,1,2,3,5,8,13,21,34,55,.....

£ ie-pr.

Chiimg minh ring v6i moin € N* thi f,_\f, | =

18.13. Chitng minhi ring véi n =4, 6, 7, 8, 9, ... ¢6 thé chia mot hinh vuong cho
trude thinh n hinh vuéng véi kich thude khong nhit thiét gidng nhau.

18.14. (USAMO-1978) Mot s6 nguyén n dugc goi 1a 67 néu ta co thé viét
n=a +a,+ag+...+a, trong dé a, a,,ag, ..., a; la cac s6 nguyen
duong (khong nhit thiét phan bi¢t) thoa man

1 1 1 1
—+—+—+...+—=1.
B A W A

Biét cdc s6 nguyén tir 33 dén 73 1a 61, chimg minh ring moi s6 nguyén Ién
hon hodc bing 33 Ia tot.

18.15. Chiing minh riing moi 6 tu nhién n 16n hon 5 déu viét dugc dudi dang tdng
cdc s6 hang ma méi so hang 1a 2 hodc 5.

18.16. Cho diy ciic s6 dugc cho bai quan hé dé quy sau

ag=0,a,=2vaa, =4(a,_;—a,,) véin=2.

Chiing minh ring a, = n.2" v6i moi s6 tr nhién n.

Chuyen dé 19

PONG DU THUC VA MOT SO UNG DUNG

I. DINH NGHIA

Cho s6 nguyén m > 0. Néu hai s nguyén a va b khi chia cho m ¢6 ciing s6 du
thi ta néi a déng du véi b theo modun m va ki hi¢u 12 : a = b(modm). Trong
truong hop a vi b khong déng du v6i nhau theo modun m thi ta viét a # b(modm).

Vidu: 17 = 2(mod 3), 15=0(mod 3), =20 = 1(mod3), 2012 # 0(mod3), ...

Tir dinh nghia ctia déng du thiic, 1a ¢6 ciic diéu kién tuong duong sau day.
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I1. cAC DIEU KIEN TUONG DUONG CUA DINH NGHIA

a) a vi b dong du véi nhau thco modun m.

b) a — b chia hétcho m.

¢) t6n tai s6 nguyén t sao cho a = b +mt.

Cluing minh. Ta s€ chiing minh : a) = b) = ¢) = a).

o a) = b) : Theo dinh nghia, vi a = b(modm) nén 3Ip,q,reZ saocho:

a=mp+r, b=mq+r. Dodé a-b=m(p —q)im.

eb)=>¢):Gidsit mla~b Khido 3teZ sao choa=b+mt

oc) = a) : Gi sir ¢6 s6 nguyén t sao cho a =b+mt. Goi r 1a du trong phép
chinachom.Tacé: a=mp+r véi preZ, 0<r<m.

Khidé: b+mt=mp+r < b=m(p-1t)+r. Nhuviya vt b ¢6 cling s0 du
r trong phép chia cho m. Vay a = b(modm).

Déng du thifc cé mot s tinh chal co bin sau

1. TINH CHAT
1) a = a(modm) (tink chdr phen xa).
2) a = b(modm) = b = a(modm) (tinh chat doi xitg).
3) a =b(modm), b =c(modm) = a = c(modm) (tinh chat hée cdu).

4) a = b(modm) = ka = kb(mod km), Vk e z*
(6 thé nhdn hai vé'va modun ctia mot déng di thiie véi ciing mot s& nguyén elieong).

m

5) a;=b;(modm), i=12,..k = sttt . ay=b+bt.. % by, (mod m)
(6 thé cong hodc trit timg vé' ciia nhiéu dong die thite €6 cing modun vdi nhau).
bic biét : a = b(modm), ¢ = d(modm). Suyra:a+c=b+d (mod m),

a-c¢ =b-d(modm),

6) a; = b (modm), Vi =1,2,...,k = aj.a;...a = b,.b;. .. by (modm)
(6 thé nhéin timg vé eria nhién déng dur thite 6 ciing modun voi nhau).

Dic biét: a = b(modm), ¢ = d(modm) = ac = bd (mod m).
a = b(modm) = ka = kb (modm)

(c6 thé nhén hai vé ciia mot r-ffi‘.ug cie thite véi ciing mét 6" ngiyén).
a=b(modm) = a* =b*(modm) VkeZ'

(6 thé ndng hai vé' ciia ciia mor déng cie thite 1én ciing mot lity thita).

Tya=b(modm;), Vi=12,.. .k & a= b(mod[my,my, . ..,myg])

(nétt hai 56" déng due véi nhan theo nhiéu médun thi ching déng die véi nhaw theo
médui la BCNN ctia cde médun ay).
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Dac biét, néu (mj,m;) =1 (,j=1,2,...,K)thi
a = b(modm;) & a =b(modmy.m,...my).
8) a = b(mod m)=> 1ap hop cdc udc chung clia a va m biing tap hop ciic udc
chung ciia b va m. =
Pic biét : a = b(modm) = (a,m) = (b,m).

9) a = b(modm), k € UC(a,b,m),k >0 = % = E [mod %]

(ta ¢6 thé chia hai vé v médun ctia mot déng die cho mét wde dieong chung ctia cliing).

bac biét : ac = bc(modm) = a= b[mod o ]
(c,m)
ac = be(modm), (¢,m) =1 = a = b(modm).
Chitng minh
DVia-a=0:m nén a =a(modm).
2)a=b(modm) > mla-b =>mlb-a =b=a(modm).
3) Via=b(modm)nén mla-b, vi b=c(modm) nén mlb -c. Do do :
mla-b+b-c haymla-c. Viy a = c(mod m).

4) a=b(modm) = FeZ:a=b+mt = ka=kb+(kmit VkeZ,k>0

= ka = kb(mod km) (chi y ring km > 0).
5)Via; =b;(modm), i=1,2 ...,k nén 3, € Z saocho a; = b; +mt; (*).

Cong (trir) timg v¢ cdc ding thiic (¥) ta dugc :
ajtayt...ta, =btbyt... kb +mitttp k... ).

Ding thirc nay ching t6: a; tay ... +a, =b by +...2b, (modm).

6) Vi a, =b,(modm), i =1, 2,....k nén 3t €Z saocho a; =b; +mt; (*).
Nhan timg vé cdc ding thic (¥) thi ta duoe vé idi 1a aj.a,. . . . a,, v phdi ¢
chita mot s6 hang 12 by.b,.....by, cdc s6 hang con lai ¢6 it nhat mot thira 56 1a
m, do d6 dang thiic ¢6 dang : a;.a,.....a; =bp.b,.....b +mt vdi 3t € Z.
Vay: a;.a,. .. a, = bp.by. .. by (modm).

7)Tira=b(modm;), i=1,2,...,ksuyra (a-b):m, i=12, ...k
Do dé : (a—b)i[m;,m,, ... ,m]. Suyra: a=b(mod[m;,my,....,my D.
Nguoce lai, tir a = b(mod [m,m,, .‘.,t'nk ) vid do m;l[m),m,, ...,m] ta

suyra a =b(modm;), i=1,2, ..,k
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8) Goi X 1 1dp hop cdc ude chung cia a vam, Y la tap hop cic uge chung cha
bvam. Giasir xe X. Khidé: aix, mix. Ma a—-bim nén a-b:x. Do
aix nén bix. Vix!Ib, xImnén xeY. Vivay X Y.

Lap luan wong teta duge Y < X. SuyraX =Y.

9) k € UC(a,b,m),k >0=>a=ka,,b=kb;, m=km, vdi a;,b,m; €Z,m, >0.

Nhung a = b(modm) nén a=b+mt (t € Z). Dodé: ka; = kb + kmyt,

. d b n
suyra a; = b; + mjt. Vivay a; = b, (modm,) hay %s T [mnd [?J

@ CHU Y

1) Trong phép chia s6 nguyén a cho s6 nguyén duong mdur:a=bm+r,
ta da-dinh nghia 0 <r <m va viél a = b(mod m).

Nhung vi a = bm +r = (b + k)m +r —km = (b +k)m +r (r, varsai
khic mot boi clia :}1), nén trong mot so trudng hop, dé viéc trinh bay
gon gang ngudi ta ldy s6 du la r'=r-m <0 (s6 dw 4m bing s6 du
duong trix di s6 chia). Vi du trong phép chia a cho 3, cdc s8 du ¢6 thé
¢é 1a =0, I, 2. Nhung s6 du 2 trong phép chia niy ¢6 thé coi la du
~1 (=2 -23) va do dé c6 thé n6i du phép chia a cho 3 12 0 hojc +1. Va
ta co thé viét a = —1(mod 3) thay cho viél a = 2(mod 3).

2) C6 su khdce biét trong viéc giai phuong trinh dai 6 va gidi phuong trinh
ddng du thiic (ke 12 tim cdc gid i bing chit trong dong du thic thoi
miin déng du thiic). Ching han, trong dai s6 1l phuong trinh 4x = 4y
suy ra x =y. Nhung tir phuong trinh dong du 4x = 4y (mod 6)
khong suy ra duoc x = y (mod 6) ! Tuy nhién tir phuong trinh dong du
4x = 4y(mod 15) luon suy ra dugc x = y(mod 15) (tinh chat 9).
Trong dai 56 tir xy =0 suy ra x =0 hodc y = 0. Tuy nhién trong
phuong trinh déng du xy = 0(mod m) khong suy ra duoc
x=0(mod m) hoic y=0(mod m) (ching han, 3.5 = 0(mod 15) .
nhung 3 # 0(mod 15) va 5 # 0(mod 15).

V. MOT 8O DINH Li €O BAN

1. Binh li Fermat bé, Cho a1 s6 nguyén duong va p 13 s6 nguyén 16, Khi d6
ta luon c6 : a” = a(mod p). Pic biet néu (a,p) = 1, tacé a®™' = 1(mod p).
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Chuing minh.

Cach 1. Gia st (a,p) = 1. Khi dé du trong cic phép chia a, 2a, ..., (p— a
cho p s& doi mot khac nhau va la nhimg s6 trong cédc s6 1, 2, ... , p — 1. Goi
LIRS TR lin luot 1a du trong cdc phép chia a, 2a, ..., (p— 1)a cho p.

Khid6: a=px(modp), 2a=r,(modp), ..., (p-la= 1,1 (mod p). Nhén
cdc v€ cua cic dong du thiic ndy ta duge : (p - I)!a"‘I =T (mod p) hay
(p=1'a"" = (p-1! (modp). Dodé 2" = 1(modp) hay a = a(mod p).

Cdach 2. Chiing minh biing phuong phép quy nap theo a. Hién nhién véi a = |
thi dinh 1i luon ding. Gia sir dinh 1i ding véi s6 nguyén duong a > 1, tic 1a
a” = a(mod p), ta s& ching minh dinh Ii ding véi a + 1.

p-! 1

Taco: @+ 1P —(a+)=aP—a+ ¥ CKa¥ vai Ck = —B___

( »=( ) EI p 1Cp Kip—K)!

k

Dé chitng minh duoge p | Cp:

Vk =1,2,...,p—1 va do gi4 thiét quy nap suy ra
pl(a+ 1)’ = (a+1).Pinh Ii duge ching minh. :

Vidu: 2" =2(@mod 11), 115 = I(mod 7), 22" =2 (mod 2011).

@ CHU Y
Dinh If Fermat bé trang bi cho ta mot cong cu 161 dé kiém tra mot s6
¢6 la hop s6 hay khong (néu p 1a hop s thi a” # a(modp)). Tuy
nhién, ménh dé dio cta dinh Ii Fermat bé la khong ding, nghia 1a véi
a, p la hai s6 nguyén duong ma a® = a(modp) thi p chua chic l1a s6
nguyén 16. Vi du : véi a nguyén duong, ta luén cé 2°%! = a(mod 561),
nhung 561 = 3.11.17 khong li s6 nguyén 14,

2. Binh li Wilson. V§i moi s6 nguyén t6 pthi : (p —1)! = ~1(mod p).

Chiing minh. V6i p =2 va p =3 thidinh If luon ding. Ta ching minh dinh If
cho Vp 25. Dit S=1{2,3, ..., p-2}. Viplas6 nguyén 16 nén véi s € S tiy y
luon ¢6 duy nhdt phdn tlr nghich ddo s'e€ {1,2,3,...,p- I} theo modun p (s&
nguyén a goi la nghich ddo cia s6 nguyén b theo médun m néu ab = 1 (modm).
Hon nita s'# 1,s'#p—1 nén s'eS. RO ring s'#s vi néu khong thi :

% =1(mod p) = pls—1 hodc pls+ 1. Diéunay khong thé xdy ra vi s+1<p.
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s P
Do do ta ¢6 thé nhém cdc phén ur cia S thanh -l—z—- cap phan bict (s, §) sao cho

ss* = 1(modm). Nhan timg v& cdc déng dur thiic ndy ta duge (p - 2)! = I(mod p).
Suyra(p-D!=p-1=-I(modp).
Vidu:2!=2=-1(mod3), 4! =24 = -1 (mod5), 6!=720=-1(mod7),
10! = 3628800 = —I(mod 11), 12! = 479001600 = ~1(mod 13), . ..

Chit ¥ : Ménh dé dio cia dinh 1i Wilson ciing diing, nghia la:

Néu (n - 1)! = ~1(modn) véi moi s6 nguyén n 22 thin Ia s6 nguyén 10.

Chiing minh. That vay, gia st n khong 12 s6 nguyén 6, n = nyn, véi cdc s6
nguyén ny,n, =2 nao do. Tor gid thiet (n-D!= -l(modn) suy ra
nl1.2...np..(n=1), vo ly. Viy n la s6 nguyén 16.

Vé mit Ii thuyét chi y ﬁ;‘ly cho ta mot phuong phdp mdi xdc dinh mot s6 c6 1a
sO nguyén 16 hay khong. Nhung trong thuc (& thi khé thuc hanh cich nay vi chi
cdn so n lén vira phai thi s6 (n = 1)! ciing s€ rit 16n!

» Ham s6 Euler : Trude khi dua ra dinh If Euler, ta dinh nghia ham s6 Euler
@ (con goi la @-ham Euler). Vi s6 nguyén duong m bit ky, ta dinh nghia ham
s& Fuler @ = @(m) la s6 cdc s6 nguyén duong nho hon m vi nguyén 16 cing nhau
vGim. Vidu: ¢(2)=1; 93)=2; pd)=2;¢(5)=4 ;...

Ham s6 Euler ¢ ¢6 mot s6 tinh chit sau :

a) Voi moi s6 nguyén 16 p thi o(p)=p—-1.

b) Vi moi s6 nguyén duong m, n ma (m, n) = 1 thi gp(m.n) = ¢(m).qp(n).

¢) Néu s¢ nguyén dwong m ¢6 dang phan tich chinh tic (dang thanh tich cic

1

thirta s6 nguyén 16) : m = p;"!.p52. . .py* thi

em-t)o-2) 2]

d) m 1a s6 nguyén duong thi Y @(d) = m.
dim

Tinh chét a) la khd hién nhién vi moi s6 nguyén duong nho hon p thi nguyén
16 cling nhau véi p vico p— 1 sd nhu théla 1,2, ..., p— 1. Ban doc hdiy tr chiimg
minh ba tinh chit con lai.
Vidu: ¢(2011)=2011-1=2010 (do 2011 Ia 6 nguyén t5) ;
@(28) = ¢p(4.7) = p(4)p(7) =2.6 =12 ;
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| 1
20=2%5 200=20{1==||1-=|=8.
= e 0[ 2][ s]

3. Binh li Euler. Cho m 12 s0 nguyén duong vii a 1a s6 nguyén nguyén (6 cling |
nhau véi m. Khi dé: a®™ = | (modm).

Cluing minh. Xét tap hop S (it ¢ cdc cic sd nguyén duong nhd hon m va
nguyén to cling nhau véim: S = {a],az.. T .ilmm)}‘

Do (a, m) =1 nén (aa;,m)=1, Vi=1,2,...,p(m).

Dodo S= {ila,,aaz,. = ,EiZl,p(m)}.

Viy aajaa,..... Wy = Apdye oo () (Modm) :

“hay L T Apqmy = Agye + o Ay (MO M).
Laido (a;,m)=1Vi=12,..,p(m), suyra a®™ =1 (modm).
Vidu: (24,3)=1,003)=2,¢(24)=8 = 24? = | (mod3), 3* = | (mod24), ...

Chit y. Khi m = p 12 s6 nguyén 16 thi ¢(m)=¢(p)=p—1 v a?" =1(mod P
dinh If Euler liic nay chinh 1a dinh 1 Fermat bé. Vay dinh If Fermat bé 12 truding
hop riéng cta dinh If Euler.

4. Pinh li Trung Quéc vé phan du : Cho my,m,,...,m, cic s6 nguyén
duong nguyén 16 cling nhau timg doi. Vi cdc s nguyén x,X,,...,X, cho trudge
ty ¥, luon 6n tai s6 nguyén z sao cho 7= x; (modm;), Vi=1,2,...,r. Hon nita néu
c0 s0 nguyén z' ma z'=x; (modm,), Vi= 1,2,...r, thi z =2 (mod m.m,..m,).

5 . 5 g m . PR
Chitng minh. Dat m = mym,...m, via M; = —, i =12,...,r. Chii y ring M,
m;
1
la tich cic s6 nguyén m; V6i j #i. Vi my,m,,...,m, cdc s6 nguyén (6 ciing nhau

timg doi nén (M;,m;) = 1. Do dé, vi i=1,2,...,r, 16n (ai cic s6 nguyén M; S0

i

cho M;M; =1 (modm;). Dat: z = MMx, + MyM)X, +...+ M,M'X,.

Vi M; =0(modm;) véi j #i vd MM, =1 (modm;), nén z=x; (modm;),
Vi=12,..,r. Bay gio néu z'=x; (modm;), Vi=12..,r thi z'-zim,
Vi=12,..,r. Do m,m,y,...,m cic sé nguyén 16 cing nhau timg doi nén

z'-Z:mpmy.m, . Viy z=2" (mod m;.m,..m,).
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Vi du : Tim cdc s6 nguyén x thod man : Khi chia cho 3 thi dw I, chiacho 5 thi

du 2, con chia cho 7 thi du 3. .
Gidi. Ta cin tim cic s6 nguyén x sao cho cic dong du thic : x =1 (mod 3),

x =2 (mod5), x =3 (mod7) déng thoi xay ra.
pat: m=357=105, M, =57=35 M, =37=2l, My=35=15.

Khi d6 : 35M; = | (mod3) < M, =2 (mod3)
21Mé =1 (mod3) < M; =1 (mod5)
I1SM3 =1 (mod7) < M; =1 (mod7).

Theo dinh If Trung Qudc vé phin du, ta ¢6 :
x=35.2.1+21.1.2+15.1.3 (mod 105), tic Ia x = 157 (mod 105) =52 (mod 105).

Cic $6 nguyén cin tim ¢6 dang x = 52 + 105t véi t € Z.

V. MOT $O UNG DUNG CUA DONG DU THUC

1. Tim s6 du trong phép chia cé du
Ta biét ring : V6i hai s6 nguyén a va m, m > 0 luén c6 duy nhit cip s6
nguyén g, r sao cho a=mq+r, 0<r <m. Nhe vay dé tim s6 du r trong phép

a=r (modm)

chia a cho m ta cin tim r thod min
<sr<m

Vi du 19.1. Tim s6 dur trong phép chia 3748° -3 cho 9.
Gidi. Tacé : 3748 = 9.416 + 4 = 4 (mod 9) . Do d6 3748” -3 =4 —3(mod9).
Vi 4° =3 =1021 = 4(mod9) nén ta dugc 3748° - 3 = 4(mod9). Viy s6 du
cin tim 12 4,
~ Vidy 19.2. Tim s6 durtrong phép chia (20092‘”%20102”” +201 12‘”2]“’ cho 111,
Gidi. Ta phai tim s0 tr nhiénr (0 < r < 111) sao cho

10
r= [199?“”‘2 +19982012 19992"’2] (mod 111).

Tacé: 1997 = 111.18 =1 = 1997 =~1 (mod 111)= 1997%'2 = (mod 111)
1998 = 111.18 = 1998 = 0 (mod 111) = 1998%"'? = 0 (mod 111)
1999 = [11.18 +1 =>1999 = | (mod 111)=1999%""2 = (mod 111).

10
Do dé : (19972‘”2 +19982012 :9992‘"2) =2 (mod 111).
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Vi 2'9-1024 =111.9+25 =25 (mod 111) nén
10
(l9972‘”2 +19982012 19992‘”2) =25 (mod 111).

Viy du trong phép chia 14 25.
Vi du 19.3. Hay tim :
o9
a) Chir s6 tan ciing ctia s6 97 ;
b) Hai chit s& tan cling ctia s& 2777 .
Giai. Nhin xét ring chif s6 tan ciing (hai chi¥ s& tan ciing, ba chit s6 tan cling, ... )
clia mot s6 1a du ciia s6 dé trong phép chia cho 10 (100, 1000, ... ), do dé dé tim

chi¥ s6 tan cuing (hai chir s6 tan ciing, ba chi¥ s6 tan cling, . . .) ctia mot s6 ta tim du
trong phép chia s6 dé cho 10 (100, 1000, ...).

a) Vi 92™! =081 =9 (mod 10) va 9° 12 56 1& nén s6 9°° c6 chit s6 cudi 12 9.
b) 2" +1=1025:25 = 2'% = -1 (mod 25).
2" = 2'%.2° = -2° = —12 (mod 25). Vay 2°%° =25k -12, k e N.
Do 2?4 nen ki4 va kcédang k=4m, me N,m > 2.
Suy ra 2%%? =100m —12=100(m —1)+88. Vay hai chif s tan cling ciia 56 2% 12 88,
Vi du 19.4. Cho p 12 s6 nguyén 16 va p < 5. Chiing minh ring p* =1 (mod 240).
Gidi. Tacé: 240 = 2*3.5. Theo dinh If Fermat, ta ¢6 :
p2 = | (mod 3), p‘3 = [ (mod 5).
Theo dinh If Euler, ta ¢6 : p‘p{"’) B p8 = | (mod 16). Do db pR =] (modm)
véi m = 3,5 hoic 16. Suy ra p® =1 (mod 240).

2. Chitng minh su chia hét

Khi s6 du r trong phép chia a cho m bing 0 thi a chia hét cho m. Nhur vay dé
chiing 16 a chia hét cho m ta cin chimg minh a = 0 (mod m).

Vi dy 19.5. Chiing minh ring 3°"'2 — 9 chia hét cho 13.

Gidi. Tacé: 3* =27 =1 (mod 13).

Do dé : 32010 = (33870 = | (mod 13).

Vi vay : 32012 - 3201032 _ 9 (mod 13). Vay 3012 —9:13.
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Vi du 19.6. Chimg minh ring véi n € N thi 62"+ 4 5"*2 chia hét cho 31.
Gidi. Vi 62= 5 (mod 31) nén 62" = 5" (mod 31) (1), mat khdc 6 = -5 (mod 31). (2)

Nhan timg v& (1) va (2), ta dugc :
(21!1! 5!]1—2 ("]'Dd 3'} hdy Ia 62" +1 5I'I'l2 =) {m()([ 3[}.

Viy 62" 4 5"2:3].
) = . = i = 24" +1 Tlnll
Vi du 19.7. Chimg minh ring véi moi s6 wr nhién n thi 3 +2 +5

chia hél cho 22.

Gidi. Theo dinh 1i Fermat bé taco : 39 = [ (mod 11), 2IU I(mod 11).

Taco: 2 =2.16" = 2(mod10) = 2°*! =10k +2, ke Z.
34+ _ 381" = 3(mod 10) = 3! = 10m +3, meZ
An+l dnel
Do do : 32 “ +23 _+_5=3IUI:+2 +21{Jm+3+5

=330 £ 22 1%" 4 5=3% +2° 3 5= 0(mod 11).
-z-hnl ThH I

aned + 2 +5:22.

dn4
Matkhic 32 +23"" £5:2. Do (2,11)=1 nén 3

3. Xac dinh diu hiéu chia hét clia mot s6
Cho s6 wr nhién a=0 dwoe viél trong hé thap phan dudi dang :
a =a,a, ;.42 trong dé 1<a, £9, 0<a;£9,i=0,1,...,n=1. Tas¢ tim

cice diéu ku,n rang budc gifia cdc chit s6 ay,a,, . . .,a, d€ a chia hét cho mot 6 e

nhién nio do.
Talubn c6: a = aga, _j.aay =a,. 10" +a,,.10"" +. .+ a,.10+a, (1)

a) D hiéu chia hét cho 2 :

Taco: 10 =0 (mod 2) = ;10" = 0 (mod 2),i =1,2,..
Dodé a,.10" +a,_,.10"" Vi e a;.10 + a; = ay (mod 2).
Viy a2 a,=0(mod?2) & a;=0,24,6,8.
b) Dde hiéi chia hét eho 5
Tacé: 10 =0 (mod 5)= a; 10' = 0 (mod 2),i = 1,2,...,n
Dodé a,.10" +a, 10" +. .. +a,.10 +a, = a, (mod 5).
Viy ai5 e ap =0 (mod 5)<> ay =0, 5.
¢) Da hién chia hét cho 3 :
Taco: 10=1 (mod 3) = uiI[}i = a; (mod 3),i =1,2,....,n
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Do d6 a,.10" +a, 110" +.. . +2a.10+a, = (a, +a,_; +...+2, +2,) (mod 3).
Viy a3 <a, +a, ) +..+a +a,=0 (mod 3)
Sa, +a, +.tap+ayil

d) Déu hiéu chia hét cho 9 :
Taco: 10=1 (mod 9) = ;10" =a; (mod 9),i = 1,2,..,n. Do dé
a,.10" +a,_ 110" +. . . +a,. 10+ ay = (@, +a,_y +..+a, +a,) (mod 9).
Vay ai9 & a, +a, +..+a,+a3=0(mod 9) & a, +a,_ +...+a, +a59.
&) Dau hiéu chia hét cho 4 :
Tacé: 10> =100 =0 (mod 4) = ail(}i =0 (mod 4),i = 2,...,n.
Dod6 a,.10" +a, ;10" +. . . +a,.10+ a, = (a,.10 + a,) (mod 4).

Viy aid < a,.10+ay =0 (mod 4)& aa, 4.

0) Déwe hiéu chia hét cho 25 :

Tacé : 10* =100 = 0 (mod 25) = a;10' = O(mod 25),i =2,....,n

Dodé a,.10" +a,_ 10" +.. . 42,.10+a, = = (@10 +ay) (mod 25).

Vay  ai25 < a,.10+a, =0 (mod 25) <> aayi25.

g) Dan hiéu chia hét cho 11 :

Taco: 10=~1 (mod 11) = a 10' = a; (mod 11) néuso mii i cta 10 la chan
vi a;10' = —a, (mod 11) néu s6 mi i cita 10 13 1¢.

Do dé a,.10" +a,_.10" 7l +ota 10+ag =(ag Fay +.)—(a) +ag+...) (mod I 1).

n=

Viay aill & (ag+ay+...)—(a;+ay+.:.)=0 (mod 11), wic 1 khi hiéu
clia 10ng cédc chi s6 & vi tri 1¢ vi 16ng cic chit s6 ¢ vi trf chin (tinh tir phdl sang
trdi hodc tir trdi sang phai) bang 0.

VI. MOT SO Vi DU KHAC
Vi du 19.8. Chiimg minh ring ¢4 v0 s cic s6 nguyén 16 p co dang 4k — 1 (k € N°).
Gidi. Truée hét a chi y rang ¢6 it nhat mot s6 nguyén 16 p ¢é dang 4k ~ 1 (ic
i p =3(mod4), ching han p = 3). Gid str ring chi ¢6 hitu han cic 6 nguyén (6
codang 4k — 1 1a p;,ps, .. ..p,- Goi P = p,.p,...p, 1atich ctia cdc s6 nguyén (6
nay. Taco : 4P—1=3(mod4).
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Néu 1t ci cdc udc clia 4P -1 déng du véi | modun 4 thi theo tinh chat 6),
4P — | ciing déng du v6i 1 modun 4. Vay phai t6n tai udc p ctia 4P — [ dong du véi 3
theomodun4. Mitkhic (4P - 1,p;) = I, Vi = 1,2,...,n, nhuvdy p # p;, Vi=L2...n.
Diéu nay mau thudn véi gia sir & trén. Viy c6 vo s cdc s6 nguyén 16 p c6 dang

4k - 1.
Vi du 19.9 (Thi Olympic Todn Nga, niim 2001). Tim tdt ca cdc s6 nguyén 16 p, q

sao cho p+q=(p—q)3.
Gidi. Vi (p—q}3 =p+qz0nénp=zq vi(p,q) =1
Vip-q=2p(modp +q) nén (p—(.[)3 £ Sp?‘ (mod p + q).
Nhungvip+q=(p- q)3 néntacod: Sp" = 0(mod p + q). (1)
Vi(p,g)=1nén(p,p+1)=1vadods (p’,p+q)=1. T (1) suy ra 8:(p+q).
Map+q22+3=5=p+q=8=>p-q=2.Tuddtacd(p, q)=(5, 3).

Vi du 19.10. (T'hi dong dgi Todn céc miede ving Baltic, nam 2001). Cho a la s6
nguyén lé. Ching minh ring véi moi s6 nguyén duong m va n, m # n thi

gn on qm gm S

a® +2° vaa® +2° lahai s nguyén t¢ cing nhau.

Gidi. Khong miit tinh tdng quét ta gid stt m > n. Vi moi ude nguyén 16 p clia a® +2%
taco: a? =-22 (mod p). Binh phuong hai v& ctia dong du thiic nay m — n lan, ta

__2"'_2'“ ot L a2m zm_ M4
dugc: a® =2° (modp). Vialalénéna#2 Dodé 2 +2° =2 £0 (modp).
T dé azm =27 4 -22m (mod p).
. 2II‘I 'zm & b o & N .

Vivay pla® +2° . Dodé tacé diéu phai chniing minh.

Vi du 19.11. Liéu c6 16n tai hay khong vo han cdc s6 nguyén duong chin k sao
cho véi moi s6 nguyén 16 p thi p2 +k lahopso?

Gidi. Tru6e tién ta thdy véi p = 2 thi p> + k ludn 13 hop s6 v6i moi s& nguyén
durong chan k.

Véi p<3 thi p2 = I(mod3). Vi viy vdi k Ia s6 nguyén duong chin ma k = 2(mod3)

thi p® +k =0(mod3), tiic 1a p? + k 13 hops6 (p* + k >3 va p? + k:3).
Cudi cling ta xét véi p = 3 thi 3% + k c61a hop s6 khong ? Cau trd 161 13 ¢6 vi

néu k = 1(mod5) thi 3% + k = 0(mod 5).
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Tom lai, ta thdy véi moi s6 nguyén duong k ma ;
k =0(mod2)
k = 2(mod3) | (*)
k = I(mod5)

s€ thod man diéu kién ctia bai todn. Theo dinh 1f Trung Qudc vé phin du, dé tim
duogce cic s6 nguyén duong k ma k = 26-(mod 30) s& thoi min hé (*), va do dé
thoa man diéu kién bai todn.

Vi dy 19.12. Cho m 12 s6 nguyen duong, a va b 14 hai s6 nguyén nguyén té
cing nhau v6i m. Ching minh ring néu tén tai cdc s6 nguyén X, y sao cho

a* = b* (modm), a¥ = b (modm) thi 2™ Y = p* ¥ (mod m).
Gidi. Theo déng nhit Bézout, t6n tai cdc s6 nguyén khoéng am u, v sao cho
(X,¥) = ux - vy.
Tir gid thicttacé : a™ = b"™ (modm), b* = a" (mod m).

Suy ra: a®b" =a"b"™ (modm). Do (a,m) = (b,m) = 1 nén theo tinh chat
9)tacé: a™¥) = g™V < puR-v _ p(xy) (mod m).

Vi du 19.13. Cho n Ia s6 nguyén. Chiing minh riing :

a) n’= 0(mod 3) hoac n® = 1(mod3) ;

b) n® = 0(mod 5) hodic n? = +1 (mod5) ;

¢) n? = 0(mod &) hodc q2 = 1(mod8) hogc n? =4(mod8) ;

d) n' = 0 (mod 9) hoic nt = +1(mod9) ;

¢) n* = 0(mod 16) hodic n* = I(mod16).

Gidi. Ta ching minh cau a) va b), nhimg cau con lai chiing minh wong ty.

a) Khi chian cho 3 s6 duchi c6 thé 14 0, 1, 2. Do d6 -

pe véin=3k = n® =9k? =33k2 = n? = O(mod3) ;

=v6i n =3k +1 = n® =9k? +6k +1=3(3k% +2k)+1 = n? = 1(mod3) ;

~V6in=3k+2= n? =9k? +12k +4=3(3k? + 4k +1)+1 = n® = I (mod3).

b) Khi chian cho 5 s6 du chi ¢6 thé 13 0, +1, +2. Do d6 :

- V6i n = 5k=n® = 25k? = 5.5k? = n? = 0(mods5) ;
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i =5kt 1 = n? =25k 10k +1=5(5k* £2k)+1 => n* = 1(mod5) ;
Vi m= Sk +2=sn® = 25k? + 40k +4 = 5(5k” £ 8k) + 4

= n* = 4(mod 5) = —1(mod 5).

Vi du 19.14. (Thi Olympic Rumani, néim 2003).
Cho 31 s6 nguyén 6 p; <py <...<pP3-
A+ p}, :30 thi trong 31 s6 nay s& tim duge 3 s6 nguyén (0 lién tiép.

Ching minh ring néu

Py +P3 +.
Gidi. bat S = p, + p? +. ..+ p3, . Trude tién ta thdy p; = 2 vi néu khong thi
31 s nguyén 16 di cho la s& lc Do dé S 13 s6 1¢, mau thudn véi gid thiét S:30.
. Bay git ta chiing minh p, = 3.
Thit viy néu p, #3 thi p} =(p})? =1 (mod3), Vi=12,..,
S =31=I(mod3), mau thuin vaéi S:30.
Cu6i cling ta s& chiing minh py = 5. That vdy néu p3 # 5 thi pf =+] (mod5),
Vi=1,2 .;31. Dodo pf =1(mod5), Vi=1,2,.,31 Suyra S=31=1(mod5),
mau thudin véi $:30. Vay ba s6 nguyén t6 lién ti€p la 2, 3, 5.

31. Do dé

BAI TAP
19.1. Chiing minh céc khéng dinh sau :

a) Néu a =b (modm) va n | m thi a=b (modn).
b) Néu p 1 s6 nguyén 16, x, y Ia cdc s6 nguyén sao cho xy = 0 (mod p] thi

x= 0 (modp) hoic y 0 (mod p).
19.2. Cho vi du chimg 10 a’= = b (modm) khong kéo theo a = b (mod m).
19.3. Cho a = b (mod m). Chimmg minh (a,m) = (b,m).
19.4, Xdc dinh ddu hiéu chia hél cho 8 clia mot s6.
19.5. Chiing minh cic khing dinh sau
a) Néu a 1 s6 nguyén 1¢ thi a% =1 (mod8) ;
b) Vi moi s0 nguyén a thi a® Eo{atxod7),a3 =] (mod7) hodc at=6 (mod7) ;
¢) Vi moi 56 nguyén a thi a’ =0 (mod 5) hoic a* =1 (mod5) ;
d) Néu a 1a s6 nguyén khong chia hét cho ca 2 va 3 thi a% =1 (mod24).
19.6. Cho n I s6 nguyén tity ¥, (ding kién thiic vé déng du) hily chiing minh :

a) n -ni3; b) n® —-nis5; c) n’ —ni7 :

d) |1“—-|15]I; e) n? -ni13.

Chit y : n’ —n khong chia hét cho 9 véi moi s6 nguyén n. Chéng han :
2? -2 =51019.
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19.7. a) Tim cic s6 du khi chia 2° va 41° cho 7;

b) Tim s6 dur trong phép chia tong sau cho 4 :

P +2°43% +...499° +100°.

19.8. Chiimg minh ring : -

a) 2222555 4 555572219 b) 53'% +103%:39 ;

c) 1117 {33317,
19.9. V6i n 2 1, ching minh ring (=13)"*" = (~13)" + (-13)""" (mod 181)
19.10. Cning minh ring '

a) 22 +2771100 ‘ b) 7.52" +12.6":19, Vn e N.
19.11. Chiing minh ring '

a) 174290 420137001 ;0 b) a®™ +a%" 7 ai7,a, mneN’.
19.12. Chitng minh ring vdi moi s6 tr nhién n thi

) 22" 43119 ; b) 2

gdntl ;

c) 2 +7:11.

19.13.Cho aj,a,,. . ., 299 12 cdc 56 nguyén thod man a; +a, +.. . + a4 :30.

204 g
2 o i T

Chiing minh ring a7 + a3 +. . . +a)y,, 30.
19.14. Chimg minh ring véi méi s6 nguyén t6 p déu 16n tai vo s6 s6 wr nhién n sao

cho 2" - nip.
19.15. Tim 14t ci cdc s6 nguyén t6 p sao cho p® + 14 12 s6 nguyén (5.
19.16. Hay tim : I

a) Chir s0 tan ciing clia s6 2"“1 :

b) Hai chif s6 tan ciing ctia cic 56 : 37”7 va 14'4" :

¢) Ba chir 56 tan ciing ctia s6 221
19.17. Chiing minh ring véi n € N thy ¥ vak 1 s6 1é thi 1dng

Sy =1¥+2%4 . +n" chiahétchoténg S=1+2+...+n.
19.18. Tim cdc chi¥ s6 x, y, z sao cho 13xyd5z | 792.

19.19. Cho p li s nguyén 6. Chving minh ring ab” —ba” :p véi moi s6 nguyén a, b.

19.20. Cho p > 7 la s6 nguyén t6. Chiing minh ring s6 1111. . .1 chia hét cho p.

19.21. Tim cdc s6 ty nhién tir 200 d€n 400 sao cho khi chia chiing cho 4, 5, 7 ¢6 s0
dulin luot 12 2, 4, 5.

19.22. Tim céc s6 nguyén duong nho nhit sao cho 2" — 1 chia hét cho 2011.
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B

HUONG DAN GlAI - DAP SO
Chuyen dé 1

L1, a)a’ +b.
b)x3—(a+b+c}x2+{ab+ac+bc)x—abc.
1.2. zl)6x3—25x2.
b) 4x""'.
1.3. a) a+ b+ ¢’ - 3abe.
b) 0.
1.4. a)D=2x"-5x".
x—-2=1 o 3
s [x—2=-1 “ L:l.
Véix=3thiD=27;véix=1thiD=-3.
1.5. E=x3+(a+b+c)x2+(ab+ac+hc)x+abc=x3—6:(2+llx—6.
x=2
Ix’=2¢.=:>[
X =-2.
Vi x =2 thi E=0.Véix=-2thi E=-60.
1.6. a) Bich d6i f(49) = 49° — (49 + 1)49° + (49 + 149" — (49 + 149
49+ 1)49° — (49 + )49 + (49 + 1) = 1,
hodc thay 50 =x + 1 thi
i) = x0 = (x+ DX (x+ Dxt = ok DX+ e D= e+ Dx o+ e+ D) =1L
b) Dép s6 : 1890.
1.7. a)h(x)= 2.
b) k(x) = 3.
1.8. a)15256=(1+2+4+8).28=28+2%+2"042",
b)775.625.5= (52 +5 +5.5° =57 +5°+ 5.
1 1

= —— thi

1975.° 1945
2 1973
M afss D<ol = Bad+ i = ab+ =Bl =1 = 2wl = i 2 22,
(=R = a0l =afber Reay A= 1975 T 1975

1.9. bata=
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2a=6 a=3
1.10. a) 2ax” + 4bx” + 8ex? = 6x* - 20x* - 8x* & {4b =20 < {b=-5
8c = -8 c=-1.
Tuong twa), dipsé:a=1;b=-1;c=-2
(hodc nhén xét co axx’=x= a=1 1b2=-2=b=-1,
Thay vao (x — !)(xz—cx+2)=x“+x2—2 =>c=-2.
1.11. a) x =-5. b) x = 133. c)x:%q.
112.2)  (2-n)n*-3n+1)+n(n’+12)+8 _
=P -6n+2-n*+3n —n+n’+ 12n+8={5:12+5n+ leE 5.
b) Goi hai s6 chin lién tiép la x vax + 2. _
x+2-xt=dd o>xP+dx+4-x2=44 & dx +4=44 &> x=10.
Viy hai s6 phai tim 1a 10 va [2. ’
¢) Hai s6 phai tim 12 11 va 13.
d)Goibas6la(n—1),n,(n+1)véine N,n> 1.
Taconn—-1)+nn+1)+(n—1)(n+1)=74.
Suy ra - 1=Td 3’ =75on’=25n=S5.
Viy ba so plizii timlad;5;6.
L13.a) A = 1232 + 2.123.77 + 77% = (123 + 77)" = 200% = 40000. _
BB=3" -G 3 %)= 3¥ - a¥ - 1)=1,
¢) C=(85% = 15%) + (75% = 25%)+ (65% - 35%) + (552 - 45%)
= 100.70 + 100.50 + 100.30 + 100.10 = 100(70 + 50 + 30+ 10) = 16000.
_ 1357 4213565+ 65" _ (135+65% 20
(135 - 65)(135 + 65) 70.200 7
) E=(1-2)(1+2)+ BB +4)+(5—6)5+6)+...+2011 —2012)201 1 +2012)
(4023 +3)[ (4023 -3) : 4 + 1]
2

d)D

—E=3+7+11+..+4023 =

=2025078.

Viy E = - 2025078.
114, a) Cdch I : 20112013 +2012. 2014 = (2012 ~1)2012+1) + (2013 — 1)2013 + 1)
=20122 +2013%-2.
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1.15.a) (u2+ b+ (:2)2—' (112— b

1.16.

Cach 2 : 20122+ 2013% = 2 = (2012%-1) + (20137 - 1)
= (2012 ~1)(2012+1) + (2013 — 1)(2013 + 1)
=2011. 2013 + 2012. 2014.
by DatA = (9 + 1O+ DO + D%+ '+ DOZ + NvaB=9" - 1.
hi8A = - 1) 9+ DO+ D'+ DE + DE'C+ DO+ 1)=9"-1=B
x=y _x=px+y)__ x*-yt  x’-y?
X+)’" {x+y)2 ﬁx2+2xy+y2 x2+xy+y2'
x+y)? Xy adxyx+y)

d) Véix >y >0 thitaco -
2 _y? %2 -y

¢) Véix >y>0thi

i xz—xy+y2 _xz—xy-!»y2 =(x1uxy+y2)(x+y)=x3+y3
X—y . x=y (x=y)x+Y) x? - y?
3 2 _ 2
vay (x;ry)2 et
X" -y S

2= cz}z = (a2+ b+ +a—b — czj(a2+ b2+ cP-a’tbi+ cz)
=42’ (b + ).
b) (a+b+c)’ = (a-b—c)* - dac
=a’+b% + ¢+ 2ab + 2ac + 2bc — a° — b — ¢ + 2ab + 2ac — 2bc — dac = dab.
¢) Dap so : - (’a2 +b2 4+ ch. ’
d) Ddp s6 : 4(a2 +bl+ cz).
a) (@° = b)(c? - d%) = a%c? - a%d? - b2 + b2d? _
= (a%c® + 2acbd + b’d%) — (a%d* + 2adbe + bc?)
= (ac + bd}2 - (ad + bc)Q.

b)(a+b+ c)[(ﬂ - h}2 +(b- c)2 +(c= a)z]

=(a+b+ c)(az— 2ab 4+ hz s 2be + ¢t +c?-2ac + :12)

=,2(a3 +b +c - 3abc).

¢) Thuc hién cde phép tinh & ¢ hai v& ta cling ¢6 két qua :
a’b +ab® +a’c +ac’ + blc + be” + Gabe.

d) Ban doc t gidi.

.zl)x2+y2+zz=xy+yz+zx®2(x2+y2-¢-zl—xy—yz—zx}:0

o -2y +y) +(y = 2y2+ 2D + (@ = 22x + x) =0
Sx-y +ly-2 +@z-x’=0x=y=z
b) Bi¢n déi biu thife da cho vé dang (a — b)* + (b — ¢)* + (¢ —a)” = 0.



1.18. a) X% — 2xy + y* = 5x + 5y + 6 = (x — y)> — 5(x ~ y) + 6 =49 — 35 + 6 = 20.
b)(x - 12+ (y+2) 2+ (22-3)?=0 & x=1;y=~2;2=15.
119, a) 5x(x - 3)(x +3) = (2x = 3)® = 5(x + 2)* + 3dx(x + 2) = |
< 5X(X*=9) = @x% = 12x +9) = 5>+ 6x> + 12x + 8) + 34x> + 68x = | .
&-25x=50 & x=-2. -
b) Luu § (x — 3)(x*+3x +9) =x" - 3°.
B ngodc va rit gon ta duoc 24x +25 =97 <> x =3.
1.20 Tra+b+c+d= 0¢:.»a+b-—(c+d)nén(a|~b) (c+d)
Suyma +b’ +3ab(a+h) g - 3ed(c + d).
Dodéa’ +b° +¢” +d° =~ 3ab(a + b) — 3cd(c +d) = 3ab(c + d) — 3cd(c+d)
= 3(c + d)(ab — cd).
121.a) X 4+3x%4+3x=x" +3x> +3x +1 - |
=x+ 1) = 1=100" - 1 =999999.
b) 3();2 = y2) —2(x> + y_3J =3x%+ 3y2 - 2(x + y)(x"2 — Xy -+ yz)
=3x2+3y2—2x2+2x5f—2y2xx2+2xy+y2=(x-|-y)2=l.
€)X 43Xy +3xy? + Y — 3x% ~ 6xy — 3y” + 3x + 3y + 2012
=(x? + 3x2y + 3){);2 + y") - 3(){2 + 2xy + y2)+ 3(x +y)+2012
= (X +y) = 3(x +y)* + 3(x +y) + 2012.
Ditx+y=atacéda —3a°+3a+2012=2a" —3a>+3a—1 +2013 "
=(a-1)" +2013 = 100° + 2013 = 1002013.
193, 2) 2ab- b2 4 a2 =P = a4+ B2 — 2 = (a+ b+ cla+ b—c)
=(a+b+c)a+b+c—20)

=4m(4m - 2¢) = l6m2 - 8mc.

b) Xét a+b-c i a+b+c---2c: 4m'~-2c=2m_c’
2 2 2

Tuong i—_—gff =2m-b; — +?b i T

VErdi tré thinh:  (2m - c)2 +(2m — b)?' +(Zm - :;l)2
=4m’ - dme + ¢* + dm* — 4mb + b* + 4m” — 4ma + a
= 12m> - dm(a+-b+c) + a% + b ¢
= 12m? — 4m.4m + a® + b*+ ¢
=a’ + b>+ ¢ —4m”.

2
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1.23.0) Véiae Zihia @+ 1) (a+2)@a+3)+ [ = (@’ + 3a+2)(a+3a) + L.

2.1,

2.2,

2.3.

168

%

Dz_'uaz+3a=x, lac:‘)(x+2)x+l=x2+2x+[=(x+ l)2={:12+3;1-|~l)2

14 6 chinh phiong.
S N 2 " i o 2
b)Tacon <n +n+1<n“+2n+ lLhayn"<n"+n+1<(@m+1)".

S5 n” +n + | nim giita hai $6 chinh phuong lién ti€p nén khong phdi 1 s0
chinh phuong.

Chugor dé 2

ATacd(x +y+2)(xy+yz+2x)=xyz=0& (x + yNy + 2)(z + x) =0.

Suy ra v& trdi phai cé mot nhan tirbing 0, chinghan x +y =0 = x=~y
2013 2013

R T

2013 2013

013, 2013 _2013_ _ 2013 2013 2013
W0 4 g2 4 201 003, 2003 1,208 208 - (x4 y 4+ 207,

y 3
b) Tacod (x + y)y + 2)(z + x) = (X + y + 2)(Xy + yz + 2X) — XyZ

nén A =(x +y+ z)(xy + yz+ zx) - 3xyz. Do x + y + 2 : 6 nén trong ba s
X, ¥, 2 ¢6 it nhdt mot s6 chan = 3xyz : 6. Vay A : 6.

a]x2+xf6=x2+3x—2x—6=x(x+3)—2(x+3)=(x+3){x—2}.

b) (x+3) (x + 2). ¢) (x- 1) (x = 3).
d) (x + 4)(x + ). _ e) (x +2) (x - 3)-
D2x%45x +3=2x243x +2x +3=x (2x+3) +(2x + 3) = (2x + 3)(x + 1).
g)(x—3)2x - 1). h) (x +4)(3x - 2).

i)3x 247X = 76 = 3x 2 +19 x - 12x = 76 = (x — 4)(3x + 19).
k) 2x% + 388 1x — 17505 = 2x% + 3890x — 9x ~ 17505 = (2x — 9) (x + 1945) .

I 19 ]
])Exz——ﬁ—x+l=5x2—g[x—-3x+l=(3x—l)[éx—l).

2 R
=ux2-x-6=[x2_z.x._'+i] . PR
2 4 4 2)e 2

=(x—l—§J(x—%+§-J =(x —3)(x +2]..

b) (x — 2)(x — 6). c) (x =2)(x +35). d)(x + D(x = 13).



2.4.

¢) Cdch | :2x2~5x—3= 2[x2—gx—%)=2[[x2 —2.x.§+—25J—32]

) 2{( ol G” =2(c-3)x+1)

=(x=3)2x + 1).
Cach 2 : Dﬂly 2x? ~5x -3 1hi

¢
2y=4x - l()x—6=[2x) —2.2x. §- +-?E—£
2 4 4
2 2
5 7
=[2x-=| =|=| =@x+ 1)(2x -6).
( 2] (2) (2x + 1) )

Viyy =(x - 3)2x + [).
) 3(x + 2)(x —%),: (x+2)(3x = 1).

g) IS[x = ~32—](x + %J = (3x = 2)(5x + 3).

h) Pa thic x- 4x + 13 = x*— 4x +4+9=(x- 2)2 5.5 khong phan tich-
duogc thanh nhan tir.

2 2 2 2
a}x2+bx+c—x +ZZEx-:-b——-l-)—-r-c—[x+E —b—-c.
2 4 4 2 4

2
Ra ring néu [bT - c] =m’(m e Q) thi xuat hién dang hi¢u hai binh phuong.

N [H%m]

Khi d6 x* bx +¢ = (
Viy : — Néu (— — c] =m? (m € Q) thi da thitc phan tich duoc thanh nhén (i,
2

2
— Néu %— =c¢|#m (m € Q) thi khong phan tich dwgc da thic thanh nhan

(trong tap Q).

” . b ¢
b) Véia=1;a=0, Iaco:ax2+bx+c=a[x2+—x + — =a(x2+b|x+cl)
a a

5 b . C
VOib) =~ vac = =,
a a
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2.5.

2.6.

2.7.

170

Nhu vity : Diéu kicn dé ax’+ bx +c (a#0) phan tich dugc thanh nhin wrla

2

b
P'—~c| =m?(me Q) véib;=— vic =~
4 a

a

bY ¢

hay : (— —Z=m*meqQ).
2a a

Pa thifc 2x’~ 5x + 7 khong phan tich duge thanh nhan i vi

(£)2~ £- (2)1 i v khong 14 binh phuong clia mot s hitu ti.
2a) a \4) 2 16
a)x3+6x2+1Ix+6=x3+x2+5x2+5x+6x+6

=(x+ DX +2)(x +3)
byx*+ 3= 7~ 27x - 18 =x*+ 6+ 11x*+ 6x - 3x — 18x" - 33x - 18
=(x = 3)(x + 6x> + 11x +6) = (x = 3)(x + 1)(x + 2)(x +3).
) (x=T)(x - 3)(x +2). '
d) (x = 3)(x + D(x +2)(x + 3).
)6+ x+4=11x" e (x - D2x + DEBx-4)=0

1
o x=1;x=-=hoicx=—.

b)Dalx ;lacoy ~ l4y +49y -36=0
Sy +45y +4y -36=0
=9 x=43

& -y -Hy-D=0e|y =4.Suyr=n X = $2

) y=1 x =%l
C6 thé phén tich trye ti€p
X0 1axt 49x% = 36 & (x = 3)(x—2)(x — 1)(x + D(x +2)(x +3)=0
a) Thém va bét 43;2 vao da thitc :

x'+a zxq-|-tf£x2+t-'¥-—4x2=()\:2+2)?'~4x"Z
= (2% +2)(xP - 2x +2)

b) x* + 324 = (x* + 36x” +18% - 36x7) = (x> — 6x + 18)(x” + 6x + 18).
o) x¥ 464 =+ 16x"+ 64) - 16x" = (x* +4x7 + 8) (x* - ax? +-8).
Luu§ (A2 + K2 = (D2 +2 X%k + k% = 2%k = (x + K)* ~ 2k (k € Q).
Néu 2x°k = m? thi da thic phén tich dugc thanh nhan wr (trong tap Q).
Khi ay : (xz)2 k= (x2 - k)2 —m’= (x2 +k+ m){x2 +k—m).



2.8.

2.9,

2.10.

2.11.

a)x' 24 x04 1 =x242¢+ 1 =xC= O P+ )xC- X+ 1)
b)x'6+x8+l =(x2+x+l)(x2—x+ljfx4—x2+1)(x“—x4+l).

c) 16 =xPe8xt+ 16—x4=(x4+x2+4)(x4—x2+4).

x4 2549 = (x4 65 +9) - d4xP = (x4 2x'0 4 BHxP - 2x0 + 3),

x4 X1 =x a2k 4 1 —x2 = (x4 1) (")

= 1A X",

Néu n chin, tic 1an =2k (k € N).

Khidy:x™+1+x" =x™+1+x* lai phan tich tiép duoc thanh nhan i,

D x4+ 5" +9 = (x* + 6x2" 4 9) = x¥ = (" + x" + 2" = x" + 3).

2) X"+ 4%+ 16 = (x2" + 2" +4) (x> — 2x" + 4).

a) Thém v bét x°. Pip s6 {x2 =x# D e = 1).

b) Thém va b6t x*+ x.- Pap s6 (x> - x + (x* = x - 1).

c) Thém va bét x. Bip s0 (x2 + X+ l)i{x5 ~xx?-x+ 1).

d) Thém va bét x° + x. bip s6 (x2 +X+ 1)(x-Ir i b

) x'+x%+1 =xs(x2+x +1)-x"(x+x + D+ +x + 1)
—x4(;2+x+ I)+x3(x2+x+ 1)—x(x2+x+ ])+(x2+x+ 1)
= +x+ D= X"+ = x P —x+ 1)

) A=x2+x+5)x2+x-2). b) B = (x* - 5x + 5)°.

¢)C=(x*-10x +21)(x* = 10x +19).  d) D=(x*— 10x + 20)>

€) E=(x + 1)(x +2)(x + 3)(x +4) — 24 = (x + 5x + 4)(x* + 5x + 6) — 24.

D{llx2+5x+4=l. )

Tacd: E=t(t+2)-24=0C+20+1-25=(+1)=25=(1+6) (1 - 4).

Vay  E=(x”+5x + 10)(x> + 5x). :

Chii 3. Cothé diit x* + 5x + 5 =v. Tac6: E=(v— 1)(v+ 1) =24 = (v— S)(v + 5).

f) F = (x% 4+ 5x -+ 4)(x” + 5x +6) + 1 = (x* + 5x + 5)%.

a) Dat x? +3xy + 4y2 =keZdox,yeZ.

S = (x+y)(x+2y)(x+3y) (x+4y) +y" = (k + y*)? 12 s chinh phuong.

b) Dath =12 7t + 6. Khi dy :

DT=(-1)t-3)t—4)(t-6)+9=(h+3)’=*-Tt+9)72 >0, vt.

2) T la s6 chinh phuong véi moit € Z.
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2.12, a) M =(x —a) (x — 2a)(x —3a)(x — 4a)+ m = [(x — a)(x —4a)] [(x - 2a)(x ~ 3a)] + m

= {x2 — Sax + 4;3)(;(2 —Sax + (mz) +m. Dat X%~ Sax +4a’ = y, taco:
M=y(y+ 2%)+m= y2 + Zya2 +m= y2+ Zya2 +atm-a=(y+ az)2 ~ (@ m).

+Neum=a"thi M= (y + az)z.

% 2 " T i 2 2
+Néua' —=m=n"haym=a —n"thiM=(y+a"+n)(y+a —n),

viiy = X - 5ax + 4:_12 ;amne Q.

+Néua'—m#n’ thi M khong phan tich dirgc thanh nhan t (trong Q).
H=(x~-2)(x -4)(x = 6) (x — 8) + 4, khong phan tich dwoc thanh nhan tir

(trong Q).
b)N=(x+ax+b+n)(x+b)(x+a+n)+k
= |x2+ (a+b+n)x + a(b + u)][x2+(n +b+n)x +bla+n)]+k

D;}lxz+(a+b+n)x+a(b+n)=y.
Khi d6 x°+ (a+ b+ n)x + b(a+n) =y — an + bn.
TacéN:y(y—an+bn)+k=y2+n(b—a}y+k
1 g L3 2
=[y+—nb-a)]"-|-n"(b-a) —-k].
ly 2 (b—a)| I4 (b-a)" k]

[) Dé N phan tich dugc thianh nhan tir thi [%nz(h - al)2 -k]= .

2) Dé N thanh binh phuong diing thi k = 'inz(b - a}z(v(ri a,bnk te Q)

213.2) a* —b'+c 4 3abe=(a—b+c) (a® + b*+ c*+ab — ac + bc).

b) a*~ b~ ¢*- 3abe = (a— b-c) (® + b*+ > + ab + ac - bc).
c)bita+b=x;b+c=y;c+a=ztacoX +y+z=2(a+b+c) Dathic
co dang X+ y3 +Z - (x + y + 2. Ap dung k&t qud cau b) vi du 2.3 ta co
ket qua : — 3(x + y)(y + z)(z+x) ==3(a + 2b +c)(b + 2¢ + a)(c + 2a + b).
d)batx=a-b;y=b-cthic-a=-(x+y). Khidé dugc

~5xy(X + Y)(X> + xy +y) = 5@ — b)(b — c)(c — a)@a® + b’ + ¢ - ab — be ~ ca).

2.14. a) Tir a+ b+ ¢’ = 3abc & a’+ b+ ¢’~3abe = 0
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<(a+b+c) (az+b2+c2—ab—ac -be)=0

< a+b+c =0 hoic a2+ b2+ ¢~ ab - ac - be =0.



Ta c6 a2+ b>+ c2 - ab — ac— be = -;—(Za2+ 2b% + 2¢% — 2ab — 2ac — 2bc)

=% [@=b+b-c)f +(c—a)]=0

<a-b=0;b-c=0;c-a=0& a=b=c.
b) a'+b'+¢"+ d* - dabed = a - 20%% 4 b+ ! - 2%+ 0 — dabed + 20%° + 26%
= (2~ b+ (c? - 0%+ (ab-cd)?=0 = a=b=c=d,
2.15.2) x*+3ax’+ 3> —bo)x +a° + b+ ¢* - 3abe =0
o (x+ a)3 —=3bc(x +a) + b*+c’=0. (*)
Patx+a=yTaco (*) o y3+b3+c3=3ybc.
Theobai tap 2.14b) tacé:y +b+c=0y=-b-c=>x==(a+b+c)
hoicy=b=c.Suyrax=b-a=c-a.
b) Tirx’+ y3+ 3xyz=23, ditz=-1,1acod x3+y3+l3=3xyt.
Theo bai tdp 2.14 tacox +y +t=0hodc x =y =1.
*Neux+y+t=0 x+y=—t=z
Thay vio z * = (2x +2y) tac6z=4 Doz e Z%
Suyra:(x,y,2)=(1;3;4);(2;2;4);(3;1;4).
*Néu x =y =1t =-z<0. Diéunay khong xay ra.
2.16.2) A =a’b%(a - b) + ¢* (2%~ b?) — X2’ - b?)
=(a—b)[ a’ (b” - c?) — c’b(b - ¢) — 2 a(b~ ¢)]
= (a — b)(b - 0)[b(a’ - ¢?) + ac(a-¢)]
=(a—Db)(b-c)(a-c)ab + ac + bc)
(c6 thé thay a — b= (¢ — b) = (c - a) nhu cdch 2 Vi du 2.8)
b) B=(a +2b)(b + 2c)(c — 2a). c)C=(b-a)a-c)(b-c).
d) D= (3a + b)(3b - c)(3c - a). ¢) E = (a + b)(b + ¢)(c + a).
207.2) (@ + 1)’ =a® + 2a + I.
*Voia=ltac62?=1>+2.1+1
*Véia=2tac632=22+22+1
*Véia=3tac64’=3"423+1

*Véia:nlacé(n+I}2=n2+2n+ 1.
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2.18.

2.20.

174

" n(n+ 1)
Cong vé vGi vé duge (n + 1)’ =1+2S; +nneénS; = L B

b) Tuong tur str dung (a + I)3 =a +3a%+3a+ [ vikétqua S, & caua)

n(n +D(2n+1)

=z -

¢) Tuong ty sir dung (a + 1y'= a® + 42+ 6a% + 42 + | va két qua S § cau a)
n’(n+1)°

e

a) )A=n + 2 —3=(n- I)(nz+3n +3).
Véin=2thin—1=1van’+3n+3=13.Khido A = 13 a s nguyén 5.

tim dugc S; =

va S, @ cau b) tim duge Sy =

Viy véin > 2 thi gid tri ctia A 12 hop s6.
2) A=n'+2n°-3=2013 & n’+20>-2016=0
< (n— 12}(::2 +14n+168)=0 I
< n= 12(t10|12+ 14n + 168 =(n+7)2+ 119>0, ¥ n).
b)B=(@n- 3}{113 + 200+ 7). )
DE B 12 56 nguyén t6 thi mot trong hai thiva s& phai bing 1 v s6 con lai 1a s6

nguyén 1o. :
Xétn-3=1 ¢ n=4thin’ +2n°+7 =103 nén B = 103 12 56 nguyén (0.

Xén 42 +7=1 n+2n°+6=0 khong tim duge n € N thod man.

Viy n =4 Ia gid tri cdn tim.

. Phin tich cdc da thife sau thinh nhan tir bing phirang phip hé s6 bat dinh :

a) Pong nhdl (ax + by + c)(mx + ny + d) = 2k %= Ixy + 6y2+ 9x — 13y - 5.
Dip 56 : (2x — 3y — 1)(x — 2y + 5). .
h) Péng nhil (ax2 + bx + c){mx2 +nx +d) = 2t~ 7 ¢ 17x% - 20x + 14.
Dip 6 1 (x°= 2x +2)(2x% =3x + 7).
c)Pdpsd: (x - 3)(x -~ 2)(2x° - 9x + 1945).
a) Goi s0 chin diu tién 1a 2k (k € N#). Taco

T =2k (2k + 2)(2k + 4)(2k +6) + 16 = 16k(k + 1)k + 2)(k + 3)+ 16

= 16[(k” + 3k)(k? + 3k + 2) + 1]. '

Patk® + 3k =athia € N* va T= 16fa(a +2) + 1] = [4(a + D]’ 1256 chinh phuong.



31

3.2,

b) Véimoi x tacéd (x + a)(x —2) — 7 = (x + b)(x +¢) (1) nén vdi x = 2 thi
-7=2+Db)2+c).
Do b, ¢ € Z va vai tro clia b vi ¢ nhu nhau nén ¢6 hai truong hop :
24b=-7 {b =-9
=

Trieong hop 1 : . Thay vao (1) ta tim dugc a = 8.
i 2+c=1 1

c=-
Ta c6 (x —8)(x —2) -7 = (x — 9)(x = ).

2 =17
Tricomg hop 2 : b
2+c=-1

Vay (a;bsc) e {(-8;-9;-1);(-8;-1;-9); (4;5;-3); (4; 3; 5)).
%9%533
El) aZUIJ_ aZ{HI o a?ﬂlﬂ (u“—a) . 6(]0 il:‘—i'l . 6

b) Xét hicu (' + b’ + c?) - (a+b+ ) =@’ —a) + (P = b) + (=) } 6.
c)a’b—ab’=a’b-ab +ba—ab’ = b(a’ —a) - a(b* - b) } 6.

- Tuong trtaco (x +4)(x — 2) =7 = (x + 5)(x — 3).

3 2 %57 o
d) Ta 6 %+“?+§ _Aa +3Z ID o DA D) A

ba 6 nguyén lién 1iép a(a + 1)(a + 2) chia hét cho 6.

e)Tacé a'-a=a(a—I)a+1). .

Vi a nguyén 16 16n hon 3 thi a khong chia hét cho 3, do dé :
Neua=3k+lthia-1=3k:3(kkeZ).’
Néua=3k-lthia+1=3k:3 = (a-I)a+1): 3.

Véi a nguyén 16 16n hon 3 thi a ¢ (a —1) va (a + 1) 1a hai s6 chdn lién ti€p.

Trong hai s6 chin lién tiép c6 hai s6 chia hét cho 2, trong dé cd mét s6 chia

hét chodnéntich (a— 1) (a-- 1) 8.

Tacé (3;8)=1Inén(a-1)(a+1):8x3,

icla (@a-D@+)i24=a@-1@+1): 24a

Viy 2'-ai2davéialase nguyén 16 16n hon 3. .

a)Taco: & = as= (@a-2)a- Daa+ 1)a+2)+5@-Da(a+ 1).

Ta cé (a — Da(a + 1) { 6 (vi I tich clia ba s6 nguyén lién lié’_p) nén

S5(a—Data-+1): 30.
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Mat khdc (a — 2)(a — 1)a(a + 1)(a + 2) :30 (vi la tich ctia nam s6 tr nhién
lién tiép nén né chia hét cho S viGma (5;6) = 1).
Viay a—al30.
b) a® +59a = (a® —a) + 60a: 30 vaa® —9la=(a” —a)~90a : 30.
Téng quét : a’ — (1+30k)a : 30 (véi moi a, k € Z).
¢) a—2b+3¢’-31a+62b+87c
=a’— 26"+ 3¢’ - a +2b - 3¢ - 30a + 60b + 90c
=(a’—a) - 2(b’ - b) + 3(c® - ¢) — 30a + 60b + 90c : 30.

2015, 20 2011, 2015 _ 2010, 2010, 5 L
d) Ta co a0 Sp2011_ g?0N 2015 _ 20104 (a’b—ab’): 30

(doa’b-ab =a’b-ab +ab—ab’ = b (a- a)-a(b>-b) 30).
5 3 5 3 .

& a” a _a-Sa+da (@a=-2)a-Da@+D@+2) T
c)m—a+3-0-_ ~—30 = 120 € Z (dotich cta
nam sO nguyén lién tiép (a—2)(a- Da(a+ 1)(a+2) : 120).

Dé xuil cdc bai todn twong tu :

a)a"'—af42;;1"”—3"”542(:1&55).

b)a’ - (1 +42k)a: 42 (ke 7).
c)a’+b' +c’-a-b-c:42 (a,b,c eZ).
dya’b-ab’ i 42 @b e 7).
c}a—T—£+zﬁ-@eZ (ae Z).

42 3 6 7

0 3a’ +3b” =3¢’ +2013(a~c) —2019b : 126 (4 b, ¢ € Z)

a)a® +6a’ + 112 + 6a=a(a+ 1)a+2)a+3): 3 va: 8 vi a tich ciia bon

s0 nguyén lién tiép ; (3 ; 8) =1 do dé chia hét cho 3.8 = 24.

b) a® —5a +4a = (a—2)(a-Na(a+ 1)(a+2) la tich cta nim s6 nguyén lién

tiép nén chia hétcho 5 ; 3 ; 8, chiing doi mot nguyén 6 cimg nhau.

Do d6 a” - 5a° +4a | 3.5.8 =120.

¢) 3a’ ~14a® + 2122 ~10a = a(a—1)(a-2)(3a-5)
=a(a-1)@a-2)8a-5a-5)=a(a— 1)a—2)[8a— 5+ 1)
=a(a-1)(a-2).8a-5(a-2)(a- Daa+1).

a(a — 1)(a— 2) 1a tich cha ba s¢ nguyén lién tiép nén 832(3 —I)(a=2): 24,

Mat khdc (a — 2)(a - 1)a(a + 1) 1a tich clia b6n s6 nguyén lién ti€p cb chita

hai s6 chin lién tiép nén chia hét cho 24,



35. (a- l}'1t+a3 +(ak 1)]=3a3+6az3a3—3a+9a=3a(a—1)(a+ 1)+9a:9
do tich cia ba s6 nguyén lién ti€p (a— Da(a+1) :3.
3.6. a)n=2k(k € N) thi n*— 4n® - 4n? + 16n = (2k)* - 4(2k)’ - (2k)% + 16.2k
= 16k(k® - 2k® —k +2) = 16(k — 2)(k — 1) k (k + 1).
(k — 2)(k — Dk(k + 1) chia hét cho 3 vi chia hét cho 8 vi la tich cha b6n s0
nguyén lién’tiép, ma (3 ; 8) = 1 do d6 chia hét cho 3.8 = 24.

Vay 16 (k—2) (k — 1)k (k+ 1) } 16.24 = 384.
b)m = 2k (k € Z) thi m® + 20m = 8k’ + 40k = 8k(k> -1 + 6)
= 8(k —=Dk(k + 1) + 48k : 48 (do (k — 1) k (k + 1) Ia tich clia 3 s6
nguyén lién ti€p nén chia hé'l cho 6}.
c)ttu—n“—n4+5[3 —n -nt+1+512
-'(n—l) m+ D2 12 1) +512.
Véinlé,n=2k+1(k € Z),suy ra
n-1=2%;n+1=2k+1);n’+1=22k*+2k+1)=2q(q € Z)
n' 1=k + D)+ 1=K +4.026)° +6.2K)% + 4.2 + L+ 1 =2p (p € Z)
k(k + 1) =2t (vi 1a tich ctia hai s6 nguyén lién tiép).
Dodén'>—n® —n' + 513 =4k 4k + 1)* 4¢%2p + 512 =512C.¢°p + 512} 512..
37. a)10"+18n—55=(10"— 1) = 9n+27n - 54 =81k + 27n -54 : 27.
b) 3% *3 - 26n-27=27.27"- 27- 26n = 27(27" -1) - 26n
=2627"=1) + (27" -1) = 26n.
Tac6 26 (27" -1)'=26.26 k = 676k | 169. _
@7"-1)-26n=26(27"" +27" 2+ ... +27 4+ 1 —n) = 2626t  169.
Cic bai trén déu cé thé diing phuong phap quy nap todn hoc dé chimg minh.
38 a)S"tio3snt! o3 L (o580 15504 864"
= 118.5"— 8.5" + 8.64" = 118.5" + 8(64" - 5
=118.5" + 8(64 ~ 5)k = 118.5" + 8.59k : 59.
b)8. 52"+ 11.6" = 8.25""- 6") + 19.6" =8.19k + 19.6": 19(n e N).
39. a)VneN;B=10"*2410"""+ 1 = 1021000 + 10.1000" + 1
=10%(999 + )" +10.0999 + 1)" + 1
=10%(111ky + 1)+ 10.(111ky , 1) + 1
= 111.(10%k, + 10ky) + 111§ 111,
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- @) Chuing minh P ¢ 30 : Nhom hai s hang lién tiép.

b) Véin I¢ taco 100+ 1= 1001 =91.11 : 91
0% = (1001 = 1) = 9111 - 1) =91p+ ]
1(}‘":(100! —1)"=(1001 - [Y**!
= 1000.(1001 —1)* = 1000 (91h + 1) =911 + 1000.
Vay B= 10210+ 10.10™ + 1 = 10%.(91p + 1) + 10.(91t + 1000)
=91d+ 100+ 10000 + 1 = 91d + 10101 =91d + 91111 } 91,
a) Vdin chan a" - b" = a” — b™ = @H* - )
= (a% - b? ) (a }1‘ I+(1 AT 252 P(i') (hz)2+ +(h2)

VéinchinC=(16"-5"+(12"-1):
'n1cucsma):16“~s"£(|6-5)(16+5) 12"-1i2-1n@2+1).

k—I|;=I2_h_

‘Déng thoi C=(16"= 1) + (12"~ 5" i 17

Theocaua): 16" —1: (16 = (16 + 1) va |2"~5" (1245 (12-3).
: 187

Do d6 Cchiahétcho 11 va 17 ma(11;17)=1nénC:i11.17 hay C:

) 1220 _gl00 _ (oS00 (o230 o 63 6)=..0% 0.

5) 20112"* 4 2013 = 201123 4 1) + 2013%"! - 1)

=(2011+ 1)k + (2013~ 1) h i 2012
'} 92"” + ”‘2[)IU 70” =19 “92)10[]5+ I IZ(II(I+20U
=+ (. D+ (.0)=0" |
b) 1930'7% + 1945"% 4 (1954%)77 4 19759759011 21!
=(0) + (.5) + (.6) + (.5) — (..1)=..5: 5.
b) Chitng minh P : 126 : Nhém (5' + 5%) + (5% + 5% + ... + (577 + 5'0),

¢) Chir s6 cudi cling ctia P 17 0).
a) 1983 — 19177 = 1983% (1983)** - 1917 1917Y™ = (.7) - (.7 = .00,

b) 72(1"}3”'2 o SZUUX""“’ - 74k - 34[= (2400 + l)k - (80 + I}t
=(10m -+ 1) = (10s+ 1) = 10(m-s) : 10
0) 2222 = (71317 + 3y = 7k 4 359
ssssmz =(1.93 + 4?2 =7p + 472,
s 22?2““ + 55552222 - T(k 3 I)J i (35}| It + (42)I 1 ll‘
L.’_\i cé (31)”!! + (42)llll . (35 +42}= 250 = 737
Viy  E=2222%% 4 55552221 9.

128 LCT THCS 104K 811 DAI S0
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3.16.

3.18.

3.19.

Goi so dy la abac (a,b,ce N;a,b,c €9;a0).

a)abaci 4 <> aci4:ac =10a+c=42+Qa+¢): 4 atc: 4

b) abac } 8 <> bac: 8:

bac = [00b+ 10a+c=8.12b+8a+ (db+2a+c¢)! 8 < db+2a+c ! 8.

a) n +8n 4 17=(n+ 4)3 + | khéng chia hét cho (n + 4),

b) n® + 7n = 40 = (n + 9)(n - 2) - 22.

Gid sl c6 6t nhicn a sao cho a” + 7a—40 © 121
thi(a+9MNa-2)-22=121k: Il (k € N).

Do 121 : Il nén (a+9)a—-2): 1L Ma 11 lasénguyén tdnéna+9 : 11
hoaca—-2: 11.

Talaico (a+N—-(a=2)=11: llnéna-+9: Ilhojca-2" 1lvaia—2" 11
= (a+9)a-2): 121 =22} 121, diéu nity vo Ii.

V&y n’+7n-40 1 121.

c)n +6n° + In+7=m+DM+2)n+3)+ 1/ (n+1); 0+ 2)va(n-| 3).

La)Goiso A = 345abc = 345000 + abc = 168 x 2053 + 96 + abc .

Do 3 ;7,8 doi mot nguyén 16 cling nhaunén dé A * 3;7; 8 thi
Ai3x7x8=168 =96+ abc : 168
96+ abe =168 = abe =072
96 -+ abc =2 x 168 = abc =240
96 + abc =3 x 168 = abc =408
96 + abc =4 x 168 = abe =576
96 + abe =5 x 168 = abc =744
96 4 abc =6 x 168 => abc =912,
b) BCNNcta6;7;8;9vall li5544.
S& cin tim 12 1975abed = 19750000 + abed = 3562 x 5544 + 2272 4 abed .
DE 1975abed © 5544 thi 2272 + abed = 5544k,
2272 + ilh(.‘d =5544 = ‘lb(.([ =3272:2272 + ahc.([ = 11088 => abed = 8816.

a) X¢t hicu 5(20a + 11b) — (83a -+ 38b) =17 (a+b) : 17

b) Xét 10(2a + 3b+4de) — (13a+23b+33c)=Ta+b+c¢): 7

DXAn=10+r(1<r<Y =0 4 1=100+0)""+ 1 =10k + 04 1.

PEn #1100+ 15 10,
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Xétldnlwotr=0;1;2:3;4;5;6; 7;8; 9thi chico

30 1=0% 4 1=(C.9+1=.0: 10.
b) 2" +2015=2"~ 1 + 2016 do 2016 : 7.
Taxétn=3q+r(q;re N;0<r<2)thi2"-1=2"x2_1=2"x89- |,
V6ir=0;81-1=7:7
Voir=1;2x8"-1=2x@®-1)+1=2x7h+1 7 7.
V6ir=2;4x8"-1=4x(89-1)+3=2x7h +3 7 7. Vay n=3q.
c) n’-dn+29= (m-2%+25do5 Ia 6 nguyén 16 nén (n —2)* : 5.
hay (n-2) chiahétcho S =n =5k + 2 (k € N).
d)|12+2n+6=(n+4)(n—2)+ 14: (n+4) =14 : m+4)=> m=3:10

3.20. a) Xét tong (a—2)24;{n— 1)+ a2+(a+ 1)2+(a+2)2=5(a2+2).

Do a* khong ¢6 tan ciing 12 3 vi 8 nén (a” +2) 7 S.

Vay .‘S(a2 + 2) khong chinh phuong.
b) S6 chinh phuong ¢6 chif s6 hang don vi 1A 1 nén 1a binh phuong ctia sé ¢6
hang don vi 13 | hodic 9 tifc i s& (10a + 1)
Xét (10a £ 1)” = 100a° + 20a+ 1= 10(10a> + 2a) + 1.
Ta thy (102> + 2a) chan va Ia s6 chuc ctia 56 chinh phuong.
Viy chirs6 hang chuc ctia s6 chinh phuong ¢6 tén ciing biing 1 Ia chif s6 chiin.
¢) Mot s6 chinh phuong c6 chit s6 hang chuc 1a 3 néu 12 s6 chin thi phai co tin
cling 1a 32 hodc 36 (d€ chia hét cho 4). Néu la s6 1é thi ¢o tin cing Ia 33
hodic 37 (dé chia 4 du 1). Nlumg mot s6 chinh phuong khong c6 chit s6 tan ciing
142;3 ;7 Vay mot so chinh phuong ¢6 chit s6 hing chuc Ia 3 thi chit s6 hang
don vi ctiand 1a 6.

3.2L.a)ni 6=n=6k(k € N') = 1000n = 6000k = 15k.20”. D& 1000n 12 55 chinh
phuong véi n € N” thi 15k phdi 12 56 chinh phuong nén k = 15¢% (1 e N°).
Nhu vay ta cdn cé n = 6k = 901%. Suy ra 6 nguyén duong n nhé nhat 13 90,

2n n+l n_
bTacobp= L =1 g 107 -1 o 10°-1
9 9 9
102" +10" +6.10" +64 (10" +8Y i
D+E+F+8= - = =|33.36
9 3 n-1sd 3
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322.)E=  |l...1 0.0 £ [ladl = Tl 10" Tk
S —— S ki ———
n+l chir 6 1 n chir sé 0 n+l chirsé | n+l chirso 1 n+1 chir s6 |
= 1.1 (10" +1) latich céia hai thira 56 16n hon 1 nén 12 hop s6.
n+1 chir so 1
b)Bit 1.1 =kthi% +1=10"
nchﬂ‘.-:c'il

Dodé G =k.10" + 2k =k(9%k + 1"+ 2)

=3k(3k+1)= 33.3 . 33.3 4.
nchirsé 3 n-lchir s6 3

c) Q= aa.a bb.b = aa.a 00.0 + bb.b
nchirsé a nchitsd b nchisd anchisd 0 nchirsd b
, n - n 5 -
=a. JL.1 10°+b. 11..1 = 11..1 (a.10" + b) nén 12 hop s6.
nchirsd | nchit sd | nchir & |

L -t n(n — 1) la tich cta 2 s6 nguyén lién ti€p nén chia hét cho 2.

Do d6 6 (a® + b*+ ¢ +d®) ~(a+b+c+d): 2,

T gid thicta® +b” = ¢ + d% Suy raa® + b2+ 2 + d® = 2(a2 +b%) : 2.
Dodé(a+b+c+d): 2.Mia+b+c+d>2doa,b,c,de N’

Vay a+b+c + d1a mot hop s6.

3.24.0) Goi(6n+1;5n+ 1)=d (d e Nyt thi6n+1: dvasn+1: d

=56n+1):dva6(Sn+1):dva6(5n+1)—56n+1):d
=3n+6-30n-5=1:d=d=1.

Vay 6n + 1 va 5n+ 1 nguyén (6 ciing nhau.

b) 2n -1 vi 2n + 1 1a hai s& 18 lién iép. Goi (2n + 1 ;2n— 1) =d thid < 2.
X2+ 1-2n-1)=2+1-2n+1=2'd > d=1.

325 ) Dlta+ 1 =p,taco 4 +Ba+5=4@a+ 1)+ 1 =dp? + |

va 6+ 12a+7=6(a+1)%+1=6p>+ 1.

- Do a+ 1 =pnguyén 16 nén 4p2+ 1 >5va6p2+ [>5.Tacéd

4p” +1=5p" = (p~ 1)(p+ 1) VA6p+ 1 = 5p? + 5+ (p— 2)(p +2).
Néu p chia 5 du 1 hoac du 4 thi (p- )(p+ 1)} 5§ = -flp2 + | khong 1a s6
nguyén to. :
Néu p chia 5 du 2 hoac du 3 thi (p - 2)(p +2) : 5 = 6p> + 1 khong la s¢
nguyén (o, :
Viy dé 4p2 + 1 va 6p2 +1cilingla songuyén G thip: 5= p=5 = a=4.
Thir lai a =4 thod min yéu cdu diu bai.
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b) Vip# 3, pnguyénténénp =3k + 1 (k € N)
= (p-(p+ [):(pz— 1): 3.
Do désd A =3n 42014 + 20!2;}2: 3(n+ 672 + 67{}p2} + Z(pz -1):3.

Do A lén hon 3 vachia hét cho 3 nén A Tachop so.

%Wd&i4
W 281 a? S 8 9V M B
2- 10 x 33 2 100 2 94 2
Blsl el wlE) S12) eZ
" U (2?) (3) - (3] 3
LR slIeae? @YY o) ) SRR _ a%%
T 30254 3.7 27385l T P2

3%50721°
d) (45.12" + 87817~ 16727 : 410 90
-~ (32.5.310.22[1 + 22I‘ 312__ 22(}.3|2} : 220.3I2

i {5-22li.3l2 + 2_221{ 3I2_ 220'3I2) . (220' 312) T I

a) (- 75x"y") : @25x°yY) = -3x%y* < 0do x*> 0y > 0.

b) (x = 25)° : (- 2x% + 8xy - 8y)) = (x = 2y)° : [-2(x - 2y)’]
=~ 5' (x - 2y)' <0 do (x - 2y)" >0.

-224 N>
i!}{le @{" 2@:1&[‘2;3}.
)

2zn-1 n<
2n—-123 nz2

b)q <> <ne {2;3;:4;5).
52n n<jh

a) a = 40,5, b)a=-2.

¢) Goi thuong la Q(x) ding phuong phap tri 50 riéng :

2P dax + 5= (x + 3)Q(x) +41. Thay x = -3 tim duoc a = —6.

a) Ding phép chia da thiic hode phuong phép hé s6 bat dinh.
Dipso:a=—1;b=-]0,

b)Didpso:a=10;b=18.

¢) Ding phuong phdp tri s6 riéng : ax® + bx + 12 =(x — 1)(x + 2)P(x).
Thayx = lvax =-2 atimdugc a=6:b=—18.



4.6.  Ding phép chia da thiic hoac phuong phép he sa bat dinh.
a)BPipsé:a=8:bh=5. b)Dipsd:a=7;b=-6.
¢)Dipsé:a=5;b=-2. d)Dipso:a=4;b=-5.

4.7. a) Cdch 1 : Chia da thic.

Céch 2 : Hé s6 bt dinh.

Cich 3 : Xétax® + bx” = 11x + 30 = (x - 5)(x + 2)Q(x).
Vi x =51a¢6 1250+25b-55+30=0 & Sa+b=1.
V6ix=-21aco-8a+4b+22+30=0 < 2a~b=13.
Tuwdé limduoca=2:b=-9,
b)Pipss:a=3;b=4.
¢) Goi timo’ng, trong phép chia X Fax + b cho x — 2 1a P(x) va cho x + | 12 Q(x).
Tacé x* + axX+b=(x-2)P(x)+ 12

X +z1x+h=(x+ 1Q(x) — 6.

" o R ,{3+2u+h=12 {a=3

Lén luot thay x =2 vt x = -1 viio la ¢6 o
3 -l-a+b=-6
4.8. a) Phan tich 4x" + 81 = (2x% + 6x + 9)(2x - 6x + 9).
Dips6a=2;b=+6:¢c=9.

b) Tacd:
x‘j'+ux2+bx+c={x+2)A{x)+8
x3+ax2+l)x+_c=(x+l)B{x)+8
x3+ax2+bx+c={x—l)C(x)-bH.
~8+4a-2b+c=8§ a=2
Thayx =-2;—1; 1 lanlugt viotacé {1 +a~b+c=8 <> {b=-I

l+a+b+c=8 c=0.
49. ax +bxl+c= (x - 2). A(x)
ax? hx2 +e= (x2 = 1). B(x) + 2x + 5.
8a+4db+c=0 a=2
Tudéco ja+b+c=7 < db=-7
—d+bt+ec=3 e 12,
4,10, (x + I)(x +3)(x +5)(x +7)+ 2015 = {x + xx -+ ?)(x +8x + 15) + 2015.
Datx”+ 8x +7 = ylacoy(y +8)+2015= y -+ 8y + 15 + 2000
=(y + 3)y -+ 5) -+ 2000
= (x2 + 8x + ]0}(}(2 + 8x + 12) + 2000.
V.‘ay s0 dur trong phép chia (x + 1)(x + 3)(x + 5)(x + 7) + 2015 cho X2+ 8x + 10
1a 2000.
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4.11, Cdch 1 : x" +ax* +bx® +cx +d =(x — 2)M(x) + 2012
x4+nx3+bxz+cx+d={x—I)N(x)+2012
x4+ax‘1+bx2+cx+d=(x+])P{x)+20[2
x‘l+ax3+bx2+cx+d=(x+2)Q{x)+20[2.

16 +8a +4b +2c + d = 2012 a=0
Sy l+a+b+c+d=2012 o b=-5
l-a+b-c+d=2012 c¢=0
16 - 8a + 4b - 2¢c + d = 2012 d =2016.
Cri:'!i?:x4+ax3+bx2+cx+d:(x—2){x—l](x+l)(x+2}+20]2
=x'- x> +4+2012=x"- 5"+ 2016.
Vaya=c=0:b=-5:d=2016.
4.12. ) h(y) =y -5y’ + 4= (y* = )y?=4) = (y - Dy - D(y + D(y +2)
k(y) =y’ +3y +2=(y + 1)(y +2).
Do vay g(y) = (y = )y - 2)=y* -3y +2.
b)g(y)=y* -3y +2=72 & y*-3y-70=0 & (y+7)y-10)=0

= p==y

Lr = 10.

c)* Chia thong thudng :

Dat phép chia thong thuong :
y"— 3y3 +ay2 - 6y +2b
yd » 3y3 i 2y2

(a-2)y’ + 6y +2b

T (a-2)y’-(3a-6)y +2a-4
(Ba-12)y +2b—2a+4

Da thiic {(y) chia hét cho g(y) khi da thite d bing 0 véi moi gid tri ctia y tic 12
3a-12=0 {a =4

Ba-12)y+2b-2a+4=0, Vy & = ;
4 4 {Zb~2a+4=0 b=2

* Phuong phdp hé s6 bat dinh :
fly) = y4 - 3y3 + ay2 —-0y+2b= (y2 -3y + SZ)(y2 +mx + n). Khai trién va
dong nhit hé s6 cic hang tir cing bic taciingcdm=0;n=2;a=4;b=2.
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5.1.

5.2.

5.3

* Phuong phdp tri s6 riéng : f(y) = (y — Dy = 2)q(y).

f()=a+2b-8=0 a+2b=8 a=4
& o
f(2)=4a+2b-20=0 4a+2b=20 b=2;

Chuyon d3 5

a)  A9x—4) = (3x - 2)(15x% + 10x)

hay A.(3x = 2)(3X + 2) = 5x(3x — 2)(3x + 2). Viay A = 5x.
b)  A(x-2)=(2x-3)3x*-5x~-2)

hay A.(x-2)=(2x -3)(x = 2)(3x + ).

Viy A=(@2x-3)3x+ 1)=6x?—7x— 3.

©)  Ax¥-4)=(x+2)%x +3)(x - 2)

hay A.(x* - 4) = (x? - 4)(x + 2)(x + 3).

Viy A=(x+2)(x+3)=x2+5x+6.

d) Phan tich cdc miu thanh nhan tt, ta c6 :

e hay A.(x +2) = (2x + 1)(x + 1),
x+2)(x* —x+1) (x+DE*-x+1)

Vay A= (2x+1](x+1)‘
X+2

a)B=(x+1)2x-5)
2x-5 _ 2x=9)(x+1)  2x®-3x-5
44 O +A)x+]) 3+ rax+ 4
GHDEP +x-6)  (x+D(x+3)x-2) - x=2
(x2 =9)(x? +3x +2) C(x=3)(x + Mx+2)(x+1) x2-x-6
g 218543 4 15410 94 e s _2%32+5) _
2.127 + 610210 21937422310 289394 493
4%27°42-372'0 2813972032 3041995 32 =
4%2536"-4%6"35 223052 P 3957 W35 35 707
8801538 +27") _ 5524530 +3%) 115322 +3) 5

4215436 2491 4 (s03W 3%y T W2 332 T

nén

b)
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. 2 :
5.4. ;I)szmz:auﬁM:M:Mﬂ.
a-1+a(@+1) a“+2a-1
b) Pipso:N=—L
c)Pat 1111 =x;87560=y.
" 6x(y+4]—3x#6xy-l-21x__3x(2y+'})=3
2xy +7x 2xy+7x  xQ2y+7)

_{x--2)(x+4}: Xx-2

Taco P

5:5. ¢ - )
e (x+dx -3 x-3
,,)R=(x+2y)(3x~y)=x+2y_

(Bx-yNx-2y) x-2y
5 anod® AT
5= &SI B x -3
(x* =4)(x + D(x +3)
2yt vyt ex?y?) k2 -y?
g e A A S
(x* +y" +x7y)xT+y")  xT+y
i 2,2 o S T e v -
5.6. a)/\:{d 2% -2’ @ -2-a)@’-2+a) _a" -2 2

a"—(a—Z)2 F(al—a+2)(az+a-2} at—a+2
po @@= _ a+2
2a-3)a-1) 2a-3
(a—b-c)a-b+c¢) a-b-c

(a-b+c)’ Ta-b+c
(@a+3)a~-Na-2) _ a-1
@+3@-27  (@+3*a-2)

¢) Tir: 2 +b+ c"-‘ Jabc=(a+b+ c)(a2 +b24c’—ab—ac— be).

c)C=

D=

Mau : (a - b]2 +(b- r;}2 + (c— a)z = 2(:12 +b+ci-ab-ac— be).

a+b+c
ViyE= .
1y B

" (x—y)(y—z}(y+z)= y+x
(x—yNy—z)0(z—X) 2Z-X

57. a)A

b) Phan tich ur: {x2 - yz)(y2 - :42)(:&2 - zz] 3
miu : (x —y)(y —2)(x —2).
Viy B=(x + y)(y +x)(z + x).
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x2+y2+zz—xy-—y'f,~zx —1

58. a)A= 5 g = :
“3(x+y +z) (X" +y 42 —xy—yz—2zx) 3(X+y+7z)

b)B=%(x"y+z).

¢) Phin lf‘fl‘ miu thanh nhin 1 : dat X y2 =a; y2~ 2=b;727-x =c.
Tacoa+b+c=0,dodéa’ +b + ¢’ = 3abe (xem bai tap 2.14)

Ta phén tich duoc : miu thinh 3(:&2 - yz)(y2 - ?.2)(9'.2 - xz)

va 1 thanh 3(x — y)(y — 2)(z — x). '

Vay C= I .
(X +y)y +z)z+Xx)
5.9. (n+2)! 2 I+ D(n+ 2) _n +1 .
nln+2Yn+3) nln+2)n+3) n+3
n! _ _m=Dn n

) nHm-0 m-Din+1) n+l
9 m+3)! =(n+2)! " n+2 ‘
n+2)!4+n+3) n+4
5.10. a) Giast (4n+3,3n+2)=d. -
3n+3)-40C3n+2) i d=1d=d=1.
b) Ban doc tr giai.

¢) Goi d 12 w6e chung ctia 2n + 3 v 2n° + 4n + 1.
Tacé 2n+31d=>n@n+3)=2u’+3n:d
= (2n° +4n + D—@®+3n)=n+1id= 2m+ 1) d
= @n+3)-2m+1)id=>1:d>d=1.
5.11. Ca tir va mau déu chita nhan e’ +n+ 1> 1.
5.12. Xé (.x'1 x4 N.P= {x‘u +x10

22 518 P

+ ]).(x‘n+x”’+ 1.

Viy P= y 3
X+ xT+1
513.a) VGix < 1 thi
|x~2]+|x—1|+x_2—x+[—x+xﬂ 3-x 1

2x2 - 7x +3 J—x-6x+2x2 (B-x)1-2x) 1-2x"
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b)Void<x<Sthi|x—4f=x—-4vafx -5 =5-x
[x—4!.|x—5’ _e=4X5=x%) 1
x3~9x3+20x_x{4—r&)(5—x)_ 3

5.14. 2) (x + 2)(x + 3)(x +A(x +5) = (X + Tx + 10)(x* + Tx + 12).

“I(y+ D+ Yy -1+
pux’+7x+ 1=y miT= Y }(3; L. - =y =x>+Tx+1l

nén

b) Phin tich tir thanh (x + 8)(x* — 8 + 11) ; mu thanh (x* = 8x + 11)".
x +8

bips6: U= —o———-
X" =8x+11

5.05. o 2 =225t pix=ak;y=bk;z=ck
x ¥ z k-
3 B 8

T RS duge két qua cin tim.

Thay vio ———
(ax + by + cz)? -

5.16- Tirax + by + cz=0, suy ra
2 iy i g 23 s
(ax + by +cz)" =a"x"+ b y" +c"z" + 2(abxy + acxz + beyz) = 0.
K¢t hop vdi khai trién miu duge miu la (a + b + c)(a.*:i2 + hy2+czz}.
l

a+b+c’
5.17. Khai trién mau duoc 2x° + 2y* + 2727 - 2(xy + yz + zx)

Tirx+y+z=0suyra(x+ y+z)2=0-:> X +y2+z2=—2(xy + YX + XZ).

Vﬁyv:

Do dé miu bang 3(x> + y” + z%). Suy ra diéu phai ching minh,
518. D&y ring : x* + y'- :cz—221+2xy—1'2=(x-u,f)z—{zﬂ)2
xz—y3+zz-2yt+2xz—t2=(x +z}1— (y + t)2
5.19. Nhan xét n'+d=n"+dn’ +4-dn’=n*+ 2)2 - (2r|)2
=2 +2-20) (0% +2+2n)=(n>~2n+ 1+ (> +2n+1 +1)
=[((n- D>+ 1][(n+ D> +1].
P +DG+ DG+ DT+ DO + DA +1D(A3% +1)(15% +1)

Dodé: X= - -
@2 +1)(S* + )T+ D)9+ DA + D37 +DAS* + AT +1)
o 1241 _ :
1721 1457
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Chuyen ds 6

6.1. a) Dip s6 : M; b) Dip s0 : x-y2 :
X+ 1 (x+y) -
OT = Ix -2 30x—4_ 3x-2 29x -1979
X+1930 x+1975 x+1975  x +1930
_ 3x-2 (30x-4 _29x—19?9]_ 3x -2
x+1930 {x+1975  x+1975 X+1930°
X+9 X+12 x-5 3x +23
d) S g -

=(x+4}(x—l)+{x+!)(x+4) (x-—l}(x+l}m(x+4){x+l);
P=(x+|)(x+2)‘(3:(+23)(x—])= (x+Dx+4)
x=5x+2) x+Hx=-1) (X-50Cx+23)°

1

S:P= g
x—-35
(a+x—1? g 53
¢) Riit gon Q = “———" Thay x = ~atltadupc Qs —
2ax 2a’ -a+1)
B 2 o
6.2. a)ﬁx,i X Iz(a+b+c)x1+(b c)x a
X' —-xX X' =x
—a = -]
Déng nhat he s6tacd {b-c = —1| =a=1;b=2:c=3.
a+b+c=6

Hoac ding phuong phdp tri s¢ rieng :
6x” = x — 1 =a(x — 1)(x + 1)+ bx(x + 1) + cx(x — ).
Lin lugtthay x =0; 1 ;1 1a dugca=1;b=2;¢c=3.
6x3 ~5x2 +3_@+bacp’ +@-birdx® +@+b-c)x+(a-b—d)

b)

| |
a+b+c=6
a—b =-5
Doéng nhit hé s6 ta ¢ Y W = a=1;b=2;c=3;d=-4,
a+b-c=0
a-b-d=3
6.3. a)A=b—c+a—c+a~b 2

(a-b)b-c)a-c) (a-bXb-c)
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be(b = ¢) —ac(a —¢) + ab(a — D)
abe(a - b)(b-¢)a-c¢)

Tacé be(b-¢) - a’c + 5102 +ab- ab’ = be(b—-c¢) + az{b Y a(h2 - cz)
=(b—-c)(bc + uz —ab-ac)=(b-c)la(a-c)—bla- c)]
=(b-c¢)(a—Db)a-c)

b)B=

|
VayB= —.
7 abc

APEYringC=abe. B=>C=1.
a?{h —-c)+ bz(c —-a)+ c2(a -b) _{a- b)(b—c)a—-c) .

HD= =
9 (a—b)b- c){lu -c) (a—b)b-c)a-c)
ES a}(b—c)+ b’ (c—a)+cia—b)
’ (a—b)(b—-c)a—-c)
_ (a —b)(b-c)a —c}(afb+c) ——
(a = b)(b—c)a-c)
6.4. - b-c¢ 4 c—a g a-b
(a—b)a-c¢) (b-c)b-a) (c—a)c—Db)
Ta 6 b-c =(ﬂ—C)—(ﬂ-b}= | _ | ‘ )
(a—=Db)a-c) (a—b)a-c) a-b a-c¢
Twong tu s SO, JUO. @)
(b-c)b-a) b-c b-a
~b 1 1
- _— o 3
(c—a)lc-b) c¢c-a c¢-b 3
Cong timg v& ctia (1) 3 (2); (3) tacd diéu phdi chiing minh.
6.5. Tu 2y %: 4 L 0, suy raabe # 0 va bex + acy + abz = 0.
il 4} C
4 " i
=4 b ro=2 xyz # () vil 2 [lh £ h"]:d
X N Z : xz X7
a2 2 & 2 2 2
D:I_J_+I_:-1_+'L_1+#“1bz+.|cy+hu‘=4__-j rh—+(-:—:4,
T RaREE ; 2 2 " 2
X ¥ % XYZ ¥
Chia hai v& cho abe, 1a duge Sy 8 L .}

%: -
bex” acy2 abz®  abe
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2
a- b~ C
2] 2 2 2 2 2
- b —c"-a” " -a®-b

=
a~ —-b

T 2 2
fra+b+c=0suyma+b=—= (a+b)y" =(-¢)
2 g 2
=a +b —c =-2ab
2 2 2
=c —a —=b"=2ab.

2 7 ]
Tuong tr: b™—c¢” ~a°= 2uc.

T b2 - ¢ = 2bc.

2> 2 2 3 1 3

P a” b~ e a’ +b’ +c¢

57 Y L SN SR I s 8,
2bc  2ac  2ab 2abc

Tadabiéinéua+b+ec=0thia’+ b +¢* = 3abe (xem vi du 6.8)

= o dabé 3
nenT= —— ==
2abc 2

6.7. Theo gid thiét a’ + b+ ¢*~3abe
=(a+b+c¢) (az +bho+ ¢’ - ab - ac = be) =),
Via+b+c#0néna® + b4 ¢’ — ab-ac-bec =0
= 2(113 +b% - ab=ac—be) =0

=> (a - h]3 + (b~ i.‘): + (c — zt]z =0=a=b=¢

I |J(| |J(1 |J 223 8
= Pe o | g 2 =———=—,
a bJAb c¢/ie a a b c abe

] i I I |
68. Tu@+b+c)’=a’+ b+ suyraab+ac+be=0= L4 ===
M a c
I | | 3 "
= e (xem vi du 6.8).
a b' ¢t abe

be ac ab 1 I I 3
Vay — + =+ — = abc —t—=5+t—=|=abe.— =3,
ar b et a’ b abe
6.9. 2) Nhan tr vi mau ctia phan thic thd hai véi a : chia cd r v mau phén thie
thit ba véi ¢ (hoie nhan vai ab) vi dé yring abe = 11a ¢6: '
a ab I I+a+ab
i + =

= - -
ab+a+1 I+ab+a a+l+ab |+ a-+ab

b) Gidi twong tra). Dipso : G = 1.
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6.10. Gidi tuong tu bai 6.9a). Dips6: H= 1.

I i 1 1 1 1 1 |
611, —+—= ——= ——+ = ==
a ¢ b-c a-b a-b ¢ b-c a

1}

. | 1 c¢c+a-=b
Tach ——+—=—"7T"
a-b ¢ (a-b)

. 1 a-b+c
va =

|
b-c a (b—cha

Tir (1) va (2), suy ra (a—b)c =(b—c)a
a-b
b-c

a
= — =
c

6-12.D31x—y=a;y—z=b;z-—x=clh‘ta+b+c=[}.

2 [
; a“+b" +c
Mat khicA = ———
abc

B= z 2 ‘2 2ab+23c+2bc
a b ¢ abc

2
fa+btc) _,

Dodo A+B=
abc

(xy+y:-f.+z)()2 : D xzy2 +y222+22)c' . E=
Xyz - XYz

2xyux+y+z) X+ty+z
XYz B XYZ

6.13.C=
Xyz

(C-D):E= = 2XyZ.

] ;
6.14. Tir )7 + T + L s 0, suy ra ab + be + ca = 0 nén be = —ab — ca.
a ¢

Q)]

(2)

X+y+z

Do dé a2 +2bc = az +be—ab-ca=a(@a—b)-c(a—b)=(a-b)a~-c).

Tuong tr : b% +2ac = (b-a)b-c); ¢ +2ab= (c—a)(c—b).
be + 1 4 ca+l N ab+ 1
(@a-b)a=-c) (b—a)b-c) (c—a)c-Db)

a)P=

(b:.+l}(c —b)+(ca+ D(a—c)+(ab+ D(b—a) (a—=b)b—c)(c— d)

(a=Db)(b-c)(c—a) “(a-b)b-c Ne—a)
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a2 + be b + ca ¢ +ab

b)Q= + =2,
(a-b)a-c) (b-c)b—-a) (c—a)c-h)
e 2 2
615,02 42 4. €  _bukn

b+c c+a a+b
o 2 3

a+b+c= = +a+ g +b+ . +¢
b+c ¢c+a a+b

a’ + alb +¢) g b + b(c + a) ; 2+ ca+h)
b+c¢ c+a a+b

={a+b+c{ 2 b FIL. }
b+c c+a a+b

a b c )
Suy ra + + =1
(b+c c+a a+b

gas =) b-G-0) c-(b-a) _,
b-c c—-a a-b
a b g
=5 +1+ +1+ +1=3
b-c¢ c—a a-b
= g B e =0
b-¢ c¢c—a a-b
a b c b% - ab + ac - ¢2
— — + =
b-c a-c¢ b-a (c—a)a-b)
) " T
Nhan hai v v6i — ta duge —— = Ll S
b=g¢ (b=c)” (a—=Db)b=c)c=a)
b _ c? —be +ba —a?

Tuong tu cling ¢6 : =
s (c-a)} (a-b)b-c)c—a)

c _ a® —ca+cb -2
(a-b)® (a=b)b-c)c-a)
Cong timg v€ ctia (1), (2), (3) ta c6 diéu phdi chitng minh.

134, TLET THCS TOAN 871: 0A1 50
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| 1 ;
ab +1 _ bc+l:ca+l‘suymﬂ+%=b+—.—_c+-_1)ndo

6.17. Tir b e a c a
| 1 _b-c 1 81 . o1 1 »=b
s R MR B ic—a=— - —= .
aik & b be Fhe a ¢ ca b a ab
—b)b- -
Vith¢ (a-b)b-c)c—a)= - bJ(szcz)(c 2
a‘be

= (a-b)(b -c)c - a)abc’ - 1)=0
=(a-b)b-c)c—a)=0(doabczl)=>a=b=c.

1
6.18. a) Tir ab + bc + ca = abg,suy 1a 1+E+_:1
a

c
| 1 1 2(a+b+c
=>l+_,]_+i+-2_+_2_+3.=] _i.+_2 ._.2_.+_..(__.l=l_
a2 p2 ¢ ab ac be a2 b ¢ abe

Ta lai ¢6 a + b + ¢ = 0 suy ra diéu phai chimg minh.

2
AE o F e 1 1 1 2a+b+g)
b)Taco[E+E+E) ='a_"'_+?+c_2+—fﬂ3?__4 = dpcm.

c)4=(a+b-i-c}z=a2+.b2+cz+2(ab+bc+ca]=2+2(ab+bc+ca}
i1 1

= ab + bc + ca= 1. Chia hai v&€ cho abc tadugc — + —+— = .
a b c abc
6.19.n)a+b+c=-l-+-l-+l=bc+a—c+a}'3=bc+ac+ab.
a b ¢ abc

Tacé(abc—1)+(a+b+c)-(bc+ac+ab)=0
nén (a - 1)(b - 1)(c - 1) = 0. Suy ramot trong ba so a, b, ¢ bing 1.

b}Tacél+l+l=bc+ca+ab=l= 1
a b © abc n a+b+c

= (bc +ca+ ab)(a+b+c)=abc = (a+b)(b+c)c+a)=0.
Tén tai mot téng hai s6 bing 0 nén s6 con lai bing n.
22 b BPoe? o2 —a?
+ +
ab be ca
= c(a2 - bz) + a-,(b2 - cz) + b(c2 - az) =0
= (a—b)(b—c)(c — a) = 0, suy ra diéu phai chiing minh.
6.20.T'ﬁl+l+i=0, suy ra l+l i => l+—1~+ % e
a b ¢ b ¢ a b2 ¢ be

={
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202 , .2 2.9
A=a{b +c¢“)— b =-l-+L__L=__2_.
a’b’c? . b> ¢ a? bc
2(a? +c?)-ac? T
Tuong ty: B= 2 :cz)z VY a2t +2bz)2 2y 2
: a’b%c” ac a‘b’c ab
8
VI ARCS T
621. D= 21— - NP - DA - 1) _ 91.24.68.10.12.14.16 _ 9! _ i
. (5> -1 -1z -npa7* -1  4.68.10.12.14.16.18 9

Tls

Véine N*tacon® + 1 =(n+ l)(nz—n+ D=n+ l)(nZ—Zn-!-' I +n)
=+ Dl(n-1)>+n]
go 4D 403 +1)..0%+1) _ 2.3.(12+2).4.(22+3)...1o.(82+9)__m,_
(12 +2)(2% +3)..(8% +9) (12 +2)2% +3)...82 +9) :
D 8 1

Vit et
YE 00 %0

Chuyen dé 7

_Y—2x (2x-y)2x+y) _ -1
Xy X y2x +y)

a)A=

B,
X

x'+3x* - 10x +9x -3 x?+5x-3x -3
X2 +5x—2x-10 X+35

_(x3+3x2)-(x+3) X+5

T OX(X+5)=2(x+5) (x* +3x)— (x+ 3)

H{x+3)(x2~1) X+5 _x+1

T (x+5)(x-2) (x-Dx+3) x-2

2
d)D=[x(x—l)+4(qu)]:{x2—2x +8J
24X

c) =

X+2

_(x-DEx+x*+4) x+2  x-1
X +2 o x=2’
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2 . 7
atx+l Zax—l+a2+x> a+x+1 (a+x) -1 _(a+x+1)

7.2 ayE= 2 = i =
o Wt a+x-1 2ax at+x—1 2ax 2ax
4 3 3 Xt +x2 #1

b)F=— 5 ~ : 3
3 34452 —dx +1 3+4x°+4x+1) x°“+1
_( I | ]x“+x3+|
x2-x+1 xZx+1 F X241
- 2x x—x+ D2+ x4 2
K2 =x+DXE+x+D) x? +1 x2+1
ATy Cv T, (R 2Ax —
¢) Tacé (x=y)=(y=2)-(z-x) _ (x-y)

(x-y) +(y -2 +(z-x)? _2(x2+y2 +:f.3—xy—yz—:r,x)‘

xz—y'f. % yz—?.x i zz-—xy __x(xz—yz}_'_y(yz—zx)+1{22"7€)’)
; P 7 + Y+ X+y+z
+y+/, I+z.+x ]+x+y X+y+z X+y+z y
X y . Z

Py 2 -3xyz  (x+y+ )3+ y2 +2 ~xy - yz—2x)
X+y+z  Xx+y+z
=x*+y? +27 —xy-yz-2zx.

ViyG=x ~y.

ﬂ)H'_(x+y)z—z2 X+y+z 4xy.x _ 2x(x+y+7)
2xy ‘yux+y—7) X+y+z ¥z :

7.3. a)Ixdcdinhkhix +1 # *y.

Ayl x+y-l

I =
x+1)2-y?* x+l-y

=2012.

b) K xdcdinhkhix # 1 ;x#£-1;x#-2.

xt 41 X 2 x+1 . X -1
Rs|—=—=xli]= = S —
G| X“Hx+1 x=1) x7—1 —~(x+1(x+2)

1 I

x+2 2015
¢) VGiy # 0 ; x # 3y thi gid tri phan thic L xdc dinh.
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Vol Xa fnch
¥ :
_ 4x4(x —3y)- y4(x - 3y) N (x - ?:y)(Zx2 + )'2)(12x2 - yz)'
y2 [2x2(x =3y)+ yz(x - 3y)] yz{x - 3);)(2:(2 + yz)
2 2 2 2 '
- 3
2"'_23’2[_] _,=2[_] g
y y 5 25
74. a)x==%1; bxs2:1x=3:x=-5" ) x=T7.

75. a)xe{-3:-1;0;2}).
b)xe {-1;0;1:2}.
¢)DKXD:x #-7. Tacéd
X-44_ (L4945 _ L S =51 (x+T)
x+7 Xx+7 X+ 7
=>xe(-12;-8;-6;-2).
Dx+ DI+ D= D+ D=0E+1)-2 2+ 1)
=2 K+ 1)=>xe(-1;0;1}).
c) DKXD x #4. Tacod

X} rx—2 (:{3—3)(2-2x--8)+3(x2 + X +2) 3
= =1+
x?—3x2 -2x—8 (x = 4)(x* +x +2) X =4
=3 x-4)=>xe{l;3;5;7).
7.6. Dit 2‘5 sk it 0K >0nén0<k<5.
X“+3
k 1 2 3 4 5
2 15-3k 9 3
= 12 - — 0
. k 2 2 4
xeQ 0

Vay x = 01a gid tri hitu ti duy nhat thod man ddu bai.
7.7. a) Do 2x + 3y # 0 nén gid tri phan thic M xdc dinh.
Tirx? — 2xy = 3y2, suy ra 2P 2xy - 33{2 =(x+y)x-3y)=0
= x=3y (dox +y=0).
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2x-3 3 l
Va’”zxu;:i:?
24xy 24xy

49x2 —y?  (Tx-y)(Tx+y)’
Do7x>y>0nén7x—y>0; 7x +y >0 gid tri phan thitc N xdc dinh vi x > 0.
Tacé?x2+y2=8xy=:»(x—y)(?x—y):O:>x=ydo’?x—y>0.

x> |
ijN=Z§F=§.
_ 25%% +16y> - 40xy _ 50xy —40xy _ 1
" 25x% +16y2 +d0xy  SOxy+40xy 9

b) Taco N=

7.8. P

Vidy<5x<0 = 5x-4y>0:5x+4y<0 = P<. vayp=_%_

7.9. Towx+2y=13zvax-3y=-12z= x=3z;y=5z

2x* -3xy 1822 -452% 9

x2+3y>  922+752 28

7.10. a) Véi diéu kién cia ddu bii thi gid tri clia biéu thitc R xéc dinh.
Tir2b-a=10 = 2b=a+ 10 vaa=2b- 10. Thay a viio phin thiic thi nhit

vit 2b vio phin thiic thi hai, ta cé
2b-—[0+ Sa+3(@+10) _ 2(b-5)+ 2(4a +15) S

Thay vio Q =

R =
b-5 4a+15 b-5 4a+15

b) S= 7a—22a-5 7b-2(b+5) 3a+10 5b-10 _1ﬂ1=3
3a+10 15b —30 3a+10 3(5b-10) 3 3

7.11. Voi diéu kién cta ddu bai thi gid tri ctia biéu thic T xdc dinh.
= Sa-b i 3b-2a _ (5a —b)(4a + b) + (4a — b)(3b - 2a)
4a—-b da+b (4a — b)(4a + b)
_ 12a% 4+ 15ab — 4b?
T 16 -1

Thay 15ab =4a’ + 3b% ta dugc T =

16a* - b®
1622 - b%
7.12.a)'1‘§1x2—52x+2=0,suym x> +2=52.
Tac6x4+4=(x2+2+2x}(x2+2—2x).
Do d6 x°+ 2 + 2x = 54x va x> + 2 - 2x = 50x. Thay vao duge U = 100,
b) Tuong wr X = 16.

L.
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2
7.13. T (x-l):(m»iJ:n suy ra x2 l—n >x-nx’=n+1=x= bin
X X x2 41 l-n"’
2n
1+n%
7.14. Cong theo v€ clia (1) ; (2); (3), ta dugc 2(ax + by +cz) = 5(a+b+c)

Do by +c¢z = 5a nén 2a(x + 5) = S(a+b+c).

Thay vao duge V =

Suy ra l = e ;
X+5 Sa+b+c) ;
2b I 2c
Tuong tu =
Y+35 5(a+b+c) 1+5 S(a+b+c)
2a+b+c) 2

Dod6 M= " 22 _ 2
S(a+b+c¢) 5

715.a)Tac6  (Sx + Sy + 52)° - (25xy + 25yz + 252x)
=25[{x+y+z)2—{xy+yz+zx)].
Xét (x+y+z)2—(xy+yz+zx) =0
o x? +y+z +2xy + 2yz + 22x - xy yz—-zx=0
< X +y+?2+xy+y?+zx =0 & 2%° +2y+2; +2xy+2yz+2zx =0
& x2 +2xy+y +y +2y.f,+22+z +22X +x°=0
¢>(x+y) +(y+z;)+(?+x) =0 X+y=y+z=z+x=0
S x=y=z=0.
Vay dé phan lhtrc ‘A xic dinh thi x, y, z khong déng thoi bing 0.
b){).jtx +y +7° =avaXy+yzZ+zx = bthi(x+y+z)“a+2b
a@+2b) +b* a2 +2ab+ b2 (a+b)? _a+b
Sa+2b-b)  S@+b)  Sa+b) 5

X2 +y? + 2% 4 xy + yz 4 2x

Khidé A =

ViyA= :
2._
7.16.2) B=-2+2)@ l)[ 4a+l) 3 }
i"@’-2a-3) 4a-Da+1) a@-1

_{zl+2)(a—]){a+l)[l 3 ]
- a"(@a+1)a-3) la-1 aa-1)
_(a+2)(a—[)(a+])(a—3)_a+2
N a"(a + 1)(a - 3)ata - 1) T
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b) Véiaz £1;a#3;a=0 higid tricha Bx.lc dinh. Khi dé véin= 1 thi
a=1|
a+2 7] : -
B=——=3 o 3" -a-2=0< (a-1BGa+2)=0x 2
a=-—

2 s
g 3
2
Truong hop a = | loai vi khong thod man DKXD. Viy a = - 3

2 ) g2 —_(xz P+ +yY)
x+y)l-y) (x+yA+x)  (x+y)(1 -yl +x)
_(x-i‘y.)(x—y+x?—;cy+)f2)_x--y+x2--x)(+y2
T - y+Ex) (= y0+x)

x2y? 4 x2y? ) 2 +y) X2y
[+x-y2—xy?‘"(l-l—x)(]—yz)_(l-i-x)(["}').
Xx-y+x2-xy+y?-x%y’
o (I=y)1+x)
_ =) +x)x -y +xy) _
(1-y)1+x)
b)Vaix#—1;y# £ 1;x#—ythigidtri cia (C— D) xdc dinh,
C-D=9nghialax-y+xy=10 yx-D+x-1)=10-1
Sx-1Dy+1)=9.DoxeZ;yeZnéntacod:
x=1=1 {x=2.

747, C=

D=

KhidéC-D =

X =y +Xy.

= 3
y+1=9 y=38
x=1=-] x=0

= :
y+1=-9 =-10
x=-1=3 =4

g '
y+1=3 y=2
x=1=-3 x=-2

=4 ;
{y+l——3 {y=—4
{x—]— {x=l0

= ;
y+l=1 y=0

C[x-1=-9 x=-8
= .
y+1=-1 =-2
Cic cip $6 niy déu thoa mén DKXD nén :

(x;9)=(2:8);4;2);(00;0);(0;-10); (-2;-4); (-8 ; -2).
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2 2 2
718.a) E= (x+3) |x 91+£_ 9x
x=3)x2+6x-9) [(x +3)° 3x (x+3)°
_ (x +3)? x2+6x—9= 1
(x-3)x2 +6x-9) (x +3) x=3
poGE0G-x7 (13 9x®-3x+9)
B-x9% [3-x @+x)02-3x+9)3-x)
=(3+x)<3-x)[ y 0
9x2 13-x B-x)3+x)

=(3+x)(3—x) Ix+3)—-9 :"!_
0x? B-x)3+x) 3x

VGix#0;x# £3; (x +3)7 # 18 (do x>+ 6x — 9 = (x + 3)% 18 # 0 con

G 2 .
xz—?:x+9=)-:2-‘2xg +3 +2= x—-:i +E¢O,Vx)lh‘lgiaitric&a
2 4 4 2 4
E va F xdc dinh. )
B e o P Y D . Suy ra x — 3 1a udc ciia 9. Tir
F x-3 x-3 X — ;
do tim duge x € {-6;2;4;6;12} (loai x = 0).
9
E E_ 3x . =g
c)4‘=9:>—= =t9
F F x-3 9
X=—.
4
) e SR e n s T g o B
F F x-3 Xx=3 X =
. [x+6>0 ' Xx+6<0
Xét —- 2 i 33t 1 T el
x=3>0 x—-3<0
Vay x> 3 hoic x <- 6.
0= <2013t i 5 = 2013 = 5= 2013
F x=13 670
=2013 : 3
-t =0z =]® S gy B 2018 LE 603
x =-2011 F 670 F -2014

= 201



a+b b+cc+a

7.19.2) Tac6 P= —
b ¢ a

Theo gid thiét a+b'+ c’-3abe=(a+ b+ c)al+ b+ ¢ — ab - ac- be) =0.

*Néua+b+c=0ticlia+b=—c;b+c=-a;c+a=-b
a+b b+cc+a _—cab _

b c a bea

thi P=

#*Néu a’+b*+ct—ab-ac—bc=0
el @-b2+®-c)l+(c-a)2=0haya=b=c

W P= [1 +3J(1 +9J(l +E) =222=8.
b c a

b) Pat o o SN 8D

a b C
5 c & b-¢c c¢-a
Taco M. = - + +1
a-b a-b a b
¢ b%>-bc+ac—a’
= 2 +1
a-b ab
% 3
. .(a_b)(c_a_b)+1=2i+]=£+l.
a—b ab ab abc
3 3
Tuongn_r:M.i=l+2l;M.L=l+2L_
b-c abc c-a abc

3 3 3
-zﬁ—i::c—mnt_’i.Véia+b+c-—0!hia3+b3+c3=3abc
a
(xem bai tap 2.14) nén Q = 9.
2 _@n+D-@n-D_ 11
Cn-D2n+1) @n-DE@n+1) 2n—1 2n+1’

Dud6E=1—1+l—i+l~1+ + I

Do d6 Q =

7.20. a) Nhin xét

3°3 55 7 " -l 2n+l
=y _ 2
n+1 2n+1°

3 =(n+3)vn=i_ 1
nn+3) nm+3) n n+3

b) Nhan xét
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t 1. L 1 1 1 1 n+2

podsaps tokad Lk Lo o8 H. o 1 42
4 4 7 7 10 n n+3 n+3 n+3
Vaype _2F2
3(n+3)
2
c)Tacod 1+ e PO 2_(m-Dn+2)
n(n+1)  n(n+1) n(n +1)

o= (-2~ 2212} -5

_ 14 2536 47 (n-1)}n+2) n+2

2334 4556 nn+1) 3n .

721 2) 1+ be _ a(a+ b+c¢)+be _ a(a+b)+cla+b) _ (a+b}(a+c)_
a(a +n) a(a +n) a(a + n) a(a +n)
A=(1'+i] |+i]...(1+L]

1.4 2.5 100.103
_ 2334 101.102 _23...101 34...102 _ 303
1.4°2.577100.103  1.2....100 4.5....103 103"
b 1— be _a2+ac+ab+bc~bc'_ a(a+b+c)  a(a+n)
(a+b)a+c) (a+b)a+c) = (a+b)a+c) (a+b)a+c)

B~[1_£ s (1- 2 )_1425 100.103
2.3 34)7 101.102 3347 101.102

_1.2...100 4.5....103 _ 103
2.3...101'3.4....102 303"

Chupon db 8

81, a)x=2; byx=-2; Jx=5; d)x:—-i—; e)x =-2.

8.2. a)x:—i—z-; b)x=2; c)x=1.

83. a)y=2; b)y=-4; c¢)y=0,1.
8.4, Déx =41a nghiém ta phai c6
9-(24+n)-49=25-n)+10n+10+1 & n=-7.
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8.5,

8.6,

8.7,

204

Gidi phuong tiinh (x + [)(x + 3) = x(x = 3) + 24 dugc nghiém x = 3. Nhu
viy nghi¢m phuong trinh thi nhat Ia 1, wic 14
2n -
l =

|
: =24+5n=1-=9+ 10. Ta tim dugc n = 5

a) Thém 1 vio méi phan thic & cd hai vé réi bién déi duoc

x4 1000 Logtog 1 —lﬂl-l} 0 &5 2% + 1000 6w =50.
594793 776 5 ,

b) Bi¢n déi thanh :
74 —x 75—x 76 —x TT-x 78 -x B
(26 -H]+[ 73 +|J+( 4 +l) ( 3 +1J ( 7 -r‘]]u(}
< (100 - x)[——-+i+—[+ : [] 0 < x=100.

26 25 24 23 22

¢) Bién doi thinh :
x—50 x-51 )-(x-52 ) (x-53 -} (x-200 N
( 30 “]J‘i’( 39 “I)'i'( 8 —|]+( 47 ‘_IJ+[T+4]_O

C:)(X—|UO)(-—+L+—] el =0 < x=100.
S0 49 48 47 25

d) Bién déi thanh :
[5x—150_1J+[5x~I02*2 o[x=56 ), (5x-12
50 49 48 47

S5 —
+[——__"‘ 66”“0) =0
46 =

(Sx~200)(-+—[— —'+L+L =
50 49 48 47 46

& 5X-200=0 ¢ x=40.

a)DKXD:a # 4 3,

Bi¢n doi phuong trinh thanh (x - a)(a - 3) +(x —3)(a +3)=—6a
& 2ax = (a —3)2‘

Néua#Ovia++ 3thix=
2a

‘Néu a= 0 thi phuong trinh trds thanh 0x = 9, phuong (rinh vo nghiém.

b)Doabc#0néna # 0:b#0:c #0.




Nhan hai v€ ctia phuong trinh véi abe # 0 ta duge phuong trinh tuong duong :
a(x —a) —ac + b(x — b) — ab +¢(x —c¢)—bc=ab+bc+ca
< x(a+ b+c)—(a2+ b2+c7‘+2;1b+2ac +2bc) =0
& X(a+b+c¢)- (a+h+c)2=[]
= (a‘+b+c}Ix —(a+b+c¢)]=0
*NEu a + b + ¢ # 0 thi nghiém ciia phuong trinh lax=a+b+c.
¥ Néu a + b + ¢ = 0 thi phuong trinh ¢6 vo sd nghié¢m.
ADPKXDa#2:bh22;a-b.
Bién doi phuong trinh thanh :

(x—-a__l +(va—l +[x+2_])20.
b-2 a-2 a+b

X—a-b+2 x—b—n+2+x+2—a~b

=0
b-2 , =2 a+b
¢o@—a~b+ﬂ[ SR S =0
b-2 a-2 a+b

Néu : + : + l # 0 thi phuong trinh ¢6 nghiemx =a+b — 2.

b-2 a-2 a+b s

. I | :

Néu + + =0 phuong trinh tré thanh O.(x —a-b + 2) =
< b-2 a-2 a+b ¥ . . )

thod man véi moi x. Phuong trinh ¢é vo s¢ nghié¢m.
b)Bi¢n ddi phuong trinh vé dang :

[x-—b—(, [J (x-c—a"]J_i_[x—'a—b_IJ__'U
a b - c

1 1
<:>[x—{4+h+c)]( +E+c] 0.

Né’ul+l+i:e0 thix=a+b+c.
a b ¢

o 1 5 i)
Néu — + % + ! = 0 thi phuong trinh ¢6 v s6 nghi¢m.
a c

a) (1 +l+ 1 v —— ! l .503x
2 3 2011 2[}!2
=2013 + 2014 + 2015 + ..+ 4023 + Acd - 2012,
2 3 2011 2012
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2013 2014 2015 4023 4024 2012

e —— g ——

Taes ==t = ot T 2012

2013 2014 2015 4023 [4024 ]
S Y b JE Y 8 PR S B e
( I 1J+( 2 IJ ( 3 1J+ +(2011 s 2012

|y | | |
=2012. |1+ —+—+...+ —+——|. Viy x =4.
2 [+2+3 2011 20:2) S

3 3 9 ) 1 1 IJ (l l}
e = 3 —+——— 2|=-075+-
0’6+7 i -3 I‘5+9 _ (5 7 11 3 9

b) + = *
I+§—i é—3,‘?5+§ [i+l—~]‘) 5[1—0.?5+1J

L

T 1 3 9 5 7 1 3 9
3.2
===
53 5
I 4 1 |
= E =0 nén tacol+‘)3x-*0 7x+21 o Xx=-
2 3 6 5
8.10.2) [1- L +5_3+2( o 2xtT 5x-8
c>2x=2x+?+5x_8 & 2Ux=8x +28+ 15x — 24 & x =4.

3030 3030 3030 30 30 30
b)| —4+—+..+ — At — L —
1212 2020 9090 12 20 90

X" WA YT
34 45 o910 37100
2013.2014 - 2011

——————=1Dodé6 & 72x-D=x+12x+12 = x =19,
2014.2011+ 2017

) Dt A = 2011+20n+m+ 2011
il " 212 100.110
_2011 !O 10, L 10
10 (! 212" 100.110
2{}1![ 1-1 12-2 110-100
+ + et ———
10 L BTl ™ 202 100.110
2011 =% 1 1 1
F—]lm—t=——y e
10 2 12 100 110
2011 | I | 1
=—llt =t F———— ——
1 2 100 11 12 110
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. 1 1 1 1 1
Xét |l =ttt — || —+— . 4 —
2 100 112 110

( 1 I 1 1 1
=l -+ t— || —F—+ .+ —
2 10 101 - 102 110

-1 1 1o 1
Fl—t—t b — - ==t +—
(n 12 wo) (n 12 10_0)

- 1+i+...+lJ— et g e L Yo BN o
2 10 or 102 110 10
PACE = 2012 L 2012 . i 2012
3 1.101  2.102 10.110
2012(101-1 102-2 110-!0]
= + +..+
100 \ 1.101 2.102 10.110
2012 | | | 1 | 2012
=E—ll—t =t = | ===
100 101 2 102 10 110 100
2
Vay 2011 x=20I2
’ 10 100
2012 2011 2012 10 2012 1006
Suyrax= i = ; = = 5
100 10 100 2011 20110 10035
W&vdé?
21 a)x=7,x=-1; b)x==5,x=1;
c)x=3,x=-3,x=-5; d)x*—-—l,x:u.
3
92 a)x’ —-x’+x-1=0 (x-DK2+1)=0
f=" x=l(dux2+l>0,Vx).
b)x3+x2—x—l=0¢: (x+!}2{x—])=U,suyrax=*l,x=l.

c)x3+x2—4x—4=0 < (x+ DX =-2)(x+2)=0.
Suyrax=-1;x=2;x=-2.
DX +x2+4=0 (x+2)(x2—x+2)=0-

2
Doxz—x+2=(x—%—) +%>0,Vxnénx=—2.-
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9.4.

208

Ox-DAx-3+ -1 x+3)=72
& (x-D*22x=72
o x -2x%+x-36=0
& x -4x?+2x% -8x + 9x - 36=0
o (x-)x +2x +9)=0.
Dox2+2x +9=(x+ !}2+8>0,Vx nénx =4.
Ax =5+ 52 +5x-6=0 e (x—3)x—-2)x~ Dx+1)=0.
Suyrax=—l;x=1;x=2;x=13.
D)x®—dx —x*+4=0 o &+ Dx-Dix+ 1) (x-2(x +2)=0.
Suyrax=21;x=12
0)24x* - 10x?-3x+1=0 & (2x- DGx + D(dx - 1)=0.
Suyrax:—l- X —l ;x_=—]—.
2 3 4
a) Cdch I : Bién déi thanh (x + I)(x-—2)(->(2 —x +6) =0. Suy ra nghiém ctia
phuong trinh lax=-1;x =2.
Cich 2: (x> =x)* = 12+ 4x -4x> & (x> =x)? +4(x*-x) = 12=0
bt xz-x=ytac6 phuong trinh y2+4y—12=0 < (y+6)(y-2)=0.

#xlox=2=0 ¢ (x=2)x+ D=0nénx=-1;x=2.

2
*xg-—x+6=0v6nghig‘:mvix2—~x+4=(x—-;-J +? >0.
Nghiém cia phuong trinh [ax=—1;x =2,

b) Cdch I : Khai trién réi phan tich thanh (x — 2)(x + 3)(x2+ x+4)=0.

Nghié¢m cia phuong trinh lax=—-2;x=3.
Ciach 2: (" = x) +3x +2)=24 & (x - Dx(x+ D(x+2)=24
& Hx)(x+x-2) =24
bt X2 x= y phuong trinh g thanh y(y =2) =24 < (y=6)(y + 4)=0.
2
Suy ra x2+x—6=0(x2+ X + 4 =0 vonghiém vi Xax+d= (x 4%) +§ >0)

© (x-2)(x+3)=0nénx=-2;x=3.




0.5

9.6.

9.7

Nghi¢m cia phuong trinh lax =-2; x =3,
©)  (x* = 3x +2)(x* = 9x + 20) = 40
@ (X=-DE-2)(x-4)(x-5)=40
&> (xz— 6x +5)(x2—6x+3) -40=0.
Dit XT-6x+5= y phuong trinh tré thanh y(y + 3) =40 =0
& Y243y -40=0 & (y+8)(y~5)=0.
VGiy+8=0,tacéx’-6x+13= 0, phuong trinh nay vo nghiém.
Véiy-5=0, tilcéx2—6x=0 S X(x-0)=0=x=0;x=6.
Phuong trinh ¢6 hai nghiém lax =0; x =6.
aAbita=x-2;b=x+1lthia+b=2x-1.
Phuong trinh tré thanh : a3 S N (a+ b)3 <> —3ab(a+b) =0

a=0 x=2=0 X=2
< |(b=0 hay |[x+1=0 & |[x=-1
a+b=0 X -1=0 x=0,5

b) bat x +4 =y, phuong trinh tré thanh (y — 1)4+(y+ I}4= 16
oy -y voy’ —dy+ 1yt +ay’ e 6y? rdy+ 1 =16
o2+ 12y% - 1420 & y 4 6y2 720 o -+ 7 =0.

=-3
D0y2+?>(}, Yy nén yz- I =0. Suy ra (x +4)2— 1=0 & l: 5
' X = -5,
Nghi¢m clia phwong trinh la x = -3 ; x = -5.
c) Dat x + % =y phuong trinh tré thinh (y — 1)“ + (y + I)4 =82,
. , —— 3 5
Gidi trong ur b). Nghiém cta phuong trinh 1 x = 3 %= “5
a) V6i a =2 phuong trinh tr§ thainh ~ x* - 9x? 4+ 26x — 24 =0,
< (X=2)(x-3)x-4)=0.Suyrax=2,x =3, x =4

22

b) Bé x =-2 1a nghi¢m, ta phai ¢6 -8 — 36 - 26a — 12a = 0. Viya= -—,

b) Thay a’-a =0, tacd (x — l)“—?(x-— )+ 6=0.
Piatx -1 =y,lnc6y3—?y +6=0nény=1;2;-3,
Vay phuong trinh ¢6 ba nghiém: x =2 ; x =3 ; x = — 2.

14A. TLET THCS TORN &/1- A1 S0
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a) Thay x =2 tac6 — 4a” + da = 0, tifc 13 a° — a =0 nén a=0hofica= .
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9.8.

2.9,

210

a) Bién dGi thanh (ax — 3)(4x” = 1) =0.
1

. . 3
Néua #0thix=— ;x=%t—.
a 2

Néua=0thix =:t-;-.

b) Bién ddi thimh (ax — 2)(ax + 2)(2x + 5) = 0.
2

Néua #0thix= . B e e
2 a

5
Néua=0thix=—=.

2
a) Nhan 2 vao nhan tir thir hai, nhan 4 viio nhan t thit ba ¢ v€ trdi va nhin 8
viio v& phdi ta cd :
8x +5)7@x +3)2x * 1) =9 & (Bx + 5)%(8x + 6)(8x +4) = 72.
Pat8x+5=tTaco 2+ 1)t —-1)=72 ‘

ot -2-12=0c *-90*+8)=0.
VG2 -9=0ticlaBx +5)°-9=0 < (8x+5-3)8x+5+3)=0.
1

Suyrax=-1;x=-—.
& 4

+ V6i 12 + 8 = 0, vo nghiém.
z

Viy nghiém ctia phuong rinh lax =-1;x = %

b) Nhan hai v& clia phuong trinh véi 4 duge phuong trinh twong duong
(2% + 3)2x + 4)°(2x + 5) = 1260. Pat 2x + 4 = ttim duoc t = + 6.
Suyrax=1;x=-5
¢) V€ trdi : Nhin 4 vio nhan tr thit ba ; nhan 2 vao nhan i thif wr. V€ phai
nhan vdi 8 taco :
(Bx —7Bx-5)2x - NEdx-1)=9

< Bx-7Bx-5)Bx-4)Bx-2)=72

& (64x% = 72x + 14)(64x° = 72x + 20) = 72.
Dit 64x% - 72x + 17 =ytacd (y-3)(y+3)=72 & y* - 9=72

< y2=81 & y=+9.

* Vi 645{2—72x+ 17=9%,tatimdugcx =1 ;x = é

8. TLCT THES TOAN 871; DM 50




* V6i 64x% — 72x + 17 = -9, vo nghiém vi

2
64x% - 12x + 26 = [Sx—%] +?>0, Vx.

Viy nghiém clia phuong rinh lax =1 ; x =

oc | —

d) (P +3x+2)2x + 3)2x +5) = 30
& (X + DX+ 2)2x +3)2x +5)=30
S (2x+2D2x +DH2x +3)2x +5)=120
& (4x% + 14x + 10)dx° + 14x + 12) = 120.
Patdx? + 14x + 11 =y.

Giai twong ty ciu ¢) ta tim duoc nghiem 1A x =0 va x = ~% X
9.10. a) Bién dgi thanh (x + 1)(2x° + 3x +2) = 0.
3% 7
Do2x” +3x +2= 2(“;) - >0,Vxnénx=— 1.

b) x = 0 khong 1a nghiém ctia phuong trinh nén x # 0. Do dé chia ci hai v&

cho x* ta duoc 2[)42 - —%J - Q[x +1J+ 14=0.

X X

l-:)my=x+l tlﬁyz—2=x2+—-l-2-.
X . X
Do d6 tacé 2y’ — 9y + 10=0 & (y - 2)2y — 5) =0.

Gidi phuong trinh x + . 2 =0, ta duoc’'x = 1, giai phuong trinh
X
2(:( +1J~5z0, tadugc x =2 vix = l
% 2
Viy phuong trinh c6 banghiém lax=1;x =2 vix = %
¢) Tuong tu b) ta ¢6 G(xz +i2) —S[x + l]— 38=0.
X X
Daty=x+ i , bién ddi phuong trinh ¢6 (2y + 5)(3y — 10) = 0.
X

1
Phuong trinh ¢6 bon nghiém laix =3 ; x = % i X=—-2vax =—5.
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d) Chia ci hai v& cho x? (x #0) ta duge 2x" - 21x" + 74x% — 105x -+ 50 =0

o 2(x2+35—J—2l(x +§)+74=0.
X X
D{ilx+£=ythi x2+2—f=y2—[0.
X X
Do dé ta c6 2y~ 10)— 21y + 74 =0 <> 2y* ~ 21y + 54=0
y=6
& @y-6)2y-9=0& 9
=
$vmy=&me+§=6$MHMKx=nx=i
X
(¢
*Véiy=%Aacéx+-§=g.giﬁidlracxm2;x=-;-.
Phurong trinh cé bon nghi{:m:x=1:‘x=5;x=2;x=5.
901, a)Patx-2012=2a,x-2014=b;2x-4026 =a+b.
a=0
Cdch 1 :Tacéa’ +b° = (a+b)’ = -3abla+b) =0 [b=0
‘ - latb=0
x =2012
Suyra [x =2014
x = 2013.

Caich 2 : (x — 2012)° 4+ (x — 2014)° + (4026 — 2x) = 0.
x-2012=a,x-2014=0b;4026-2x =cthia+b+c=0.
Dodé a'+b'+c’=3abc=0 = x=2012;2013; 2014.
b)Patx—4=ytadugcy= *+1 = x=5 holic x =3.
c)Dafttx-—‘):a;x—10=b!ac6z14+b4—(a+h}4=0

2 i sl
<> 4ab (a-r-}-b) -c-lb2 =0 < " U.Suyru g .
4 16 b=0 x =10

d) Pat x =5 =y réi rl‘llg@ndlrgcy4+2y2—3=0 < y==t1

X
Suy ra .
# [x =4
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Chuyen ds 10

10.1. a) DKXD x £ 3 x # 4. Bip s6 : x.= 20.

10.2.

10.3. 2) DKXD : x # 0. Didpso : x = in

h}})!()({)x#I:xﬁE;x#B.Dz’:pst‘i:x:S;x: 145;
C)DKXDx # -1 ; x #2. Diipsé':x-:zl.

ADKXD:x# +4: Bip s6:x =8.
b) DKXD : x # 1. Quy déng, khir miu vi gidi (im duge hai gid tri x = 0 va
X =1;loai x = . Nghiém ctia phuong trinh 13 x = 0.

|
C)PKXD:x#0;x#-4:x% E

Dé  ring 2% +T7x —4= (x+4)(2x = 1).
Bipsd:x= ~% (loai x = % khong thod man diéu kién)

b) DKXD : V6i moi gid tri thue ctia x.
Phan tich x* + 4x> + 16 = xt+8x2+ 16 —4x% = [xz + 4)2 —4x°
=(x*+4 +2x)(x2 + 4 - 2x),
Dipsd:x=1.
¢)DKXD:¥xe R
DEyring: x" +4= (7 +2+ 20> + 2 - 2x).
Khirmu : 4x* - 8x* +8x? + 4x + 8x + 8x? = 20x2 — 100 + 25x* + 100
& 17x"+4x°=0 & x> (17x* +4)=0 ©_x=0.
Phuong trinh ¢6 nghiém duy nhat 1a x = 0.

104, 2) DPKXD : x # 0.

Ta c64x% +4 =x2+2x“ = (x—2}(2x2+x +2)=0 & x=2
DYDKXD:x #0.Tacé 3> +3=72+7x & 3 - 72 7x+3=0
; _

2 E+FDE=-Bx-D=0& x=-I ;x=3:x=§.

¢) Do X2 — 4x + 10 = (x - 2)\2 +6 > 0nén phuong trinh xdc dinh véi moi x.
2
Da[x2—4x+1[):1}()1:1cﬁ"—]—(1~4j={} & 2-4-21=0
1
S (=7 +3)=0 < l=?((|01>U).Suymx2—4x+IO:?
X=4

<=>{x~l)(x~3)=0ﬁ‘: .
x* =73
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d) DKXD : x #1.

bat -’—(;—H‘l—“ = 1, bi¢n déi phuong trinh thanh 20~ 7= 13t
t=17
S (-N2t+)=0e ol
T B
x24x+1 %=l
#FVGil=Tth ——=7 <&
x=1 Xi=:4.
IooxPex+l 1 x=-
*Vdil:——lhif—tx—t-z—-—c:b 1
x—1 2 X=—-—.
2
10.5.a) PKXD : x #-1.
z+l__ Z I

7
it x~ 4 2x =z, phuong trinh trd thinh : ——
al X X Z, ph g ‘I'Iﬂ 1C +2 ?'+] 90

Khir méu ctia phwong trinh duoc 2 432-88=0
z—8=0

& (2-8)z+11)=0 &

z+11=0.

X, ==

*Vn‘riz—8=0thix2+2x~8=0ﬁ(x+4){x—2)={}i= { 4
; i

£ V6iz+ 11 =0thi x* + 2x + 11 =0. v0 nghi¢m
Vx> +2x+ 1= (x+ D*+10> 0 Vx).
Phuong trinh ¢6 hai nghicm lax =2vax =-4.

b)DKXD: Vxe R
t 7

i t—-1
bt xz = 2x 4+ 2 =1>0, phwong trinh tr¢ thinh — + -—-—[ = E
: 1 L+

KKhit méu chia phuong tiinh duge 61+ 1)(t-1) -+ 6% = L+ 1)
& 5C-T-6=0 e (1-2)(5t+3)=0& t=2(dot>0).

X=
Suyraxz--2x+2=2 & X -2x=0 < ix=2)=0¢& [

Viy nghiém ctia phuong trinh A x =2 ; x=0.
c)2x2-—5x+3 =(2x=3)(x—1)# 0khi x # % vax #1.

2
2x2+x+3=2(x+£] +% >0, Vx.
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Do dé DKXP : x #%Vﬁx #1.

D¢ thay x = 0 khong Ianghiém = x 0. Chia ci ti v miu méi phan thic &
Ve trdi cho x, ta duoc

23 + ]:; = 6 nen = +—£-=6v6i2x+i=y.
2X+==5 2x+=+] y=3 y+l %

X X

Gidi phuong trinh theo y ta dugc 2y2 - 13y+11=0

S (y-DR2y-11)=0 & y:lhoz]c;;:%.

Véiy = 1ufc la 2x + M 1 thi 2x% x + 3 =0, phuong trinh niy vo nghiém vi
X

2
2x2—x+3=2( —l] +E§>{).
4 8
3
Véiy:l—]-tlfrcllex+g=’——lhi2x2——’5+3=0<=> . _'I
2 X 2 2 2

Vay nghiém ctia phuong trinh 1a Xx=2;x =%.

10.6. Viée tim DKXD kh4 phiic tap, ta c6 thé ding céich sau :

X+5 X+2 _ 2x+7
X2Xx~5)+2 x(2x-7)+3 22 —7x+3
X+5 X+2 2 +T7 _
22 ~5x+2 2x2-Tx+3 22 -Tx+3
& X+5 _ X+5 "
2x>—5x+2 2x%2-7x +3
@{x+5)[ = l - 21 ]:0
2X°=5x+2 2x*-7x+3
o x+5)(1-2%)
(2x2 = 5x + 2)(2x% — 7x + 3)
Xx=-5

XELUrs6 (x +5)(1 -2x) =0 < 1
5"

X =
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*VGix= 21 thi 2x° - 5x + 2 = 0, phuong trinh dd cho khong xic dinh.
5 Vi x # =5 thi (2x° - 5% +2)(2x” = 5x + 2) #0.
Viy nghiém duy nhit ctia phuong trinh lax=-5.

10.7. DPKXD : x # +a.

522
Vi DKXD trén, ta c6 —— + X . 2‘ ;
x+a X-a 4(x"-2a%)
«:,:;>4.'!&(.1&--u)+£*hc{:ac-|-ﬂ)-—~5=a2
> 12x° +4dax — Sa> =0 & (2x — a)(6x + 52) = 0.

a) Bé phuong trinh ¢ nghi¢m x =5 thi :

, =10
(10 = a)(30 + 52) = 0 <= [a . thoi min DKXD

b)Khia=6thi:

(2x - 6)(6x +30)=0 [x B @ thoa man DKXD.
X

2 2
; i + | X +1 |
10.8. Vdi cic dicu kién dicho : 1x : - =— & . + -
n’x—2n 2-nx n n(nx-2) nx-2

et x2+l+n-—ux2+2x=0

o xXm-1)=-2x-(1+n)=0

e xXE-D+xtn—-1)-x(n+1)—@+1)=0
e xn=Dx+D-m+x+1)=0

& (x+D[x-1D=-m+D]=0

x=-l1 - =
xn—-D=n+1 x:n+l.

109, ) DKXD:x #1;x #2;x#3;

Bi¢h déi phurong trinh
1 3 < 5

x-Dx-2)0x-3) G-Dx-2 G-DEx-3) K-2x-3

o 16300-3) ~ 4K ~ 2= 5(x = 1) & x:%_
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b) DKXD : x ¢ {0:--I;—?.:-—S;...;—‘JQ;-—IU()}.

1 _(x+n+h)—(x+n) 1 |

(x+n)(x+n+l)_ (x+n)x+n+l) TXin x+n+l e

Nhan xét :

Bi¢n ddi phuong trinh di cho thanh :

: + ] + ! +...+——]—-:E
X(x+D) {x+Dx+2) (x+2)x+3) (x +99)(x + 100) 51
| | | | | 1 1 I 25
e + - + - e = =—
x x+1 x+1 x+2 x+2 x+3 x+99 x+100 51
2 2
r,:r—l———[—~=:E & 25x7 +2500x = 5100=0

x x+100 5l

2
& (x=-2)(25x+2550) =0 < [x 102’ thoda min BKXD.
. R

ODKXD:x #-2;x#-3;x2-4;x#-35;
Bi¢n doi phuong trinh :
(P Hax+ D42 (2 H6x+9)+3

X+2 x+3
P8 +16) 44 (xP +10x+25)+5 4
X +4 X+5 (x +3)(x +4)
3 4 5 4
2 =@ J)— = S Tk A i B
o e i e G L (i o i e

( 2 5 ] 3 .4 4
& + - + - =0
X+2 x+5 X+3 x+4 (x+3)(x+4)

& (Tx+ 20)[

1 1
(x +2)x +5) i (x +3)x + 4)] =

(7x +20).2 20
=) &= x= —— .
(x +2)(x +35)x +3)x +4) 7

=]

Chuyon dé 11

11.1. Goi van téc cha xe dap 1 x (km/gity) (x > 0) thi viin 16¢ ngudi di xe may 1a 3x (km/gid).

Thai gian di hét doan dudng AB cta xe mdy it hon cia xe dap la | + = (gi0).

217



11.3.

11.4.

11.5.

218

30 1

T: shuong trinh : 2 1-
H  § e e B
L

Vin 16¢ ngudi di xe dap la 15km/gidy ; van 16¢ ngudi di xe mdy la 45km/gio.

> x=15.

. Goi thoi gian 6-t0 di dén khi cdch déu xe dap va xe mdy la x(gid) (x > 0).

Pén 8 gitr xe dap di dugc 30km, xe mdy di duoc 35km. Ta cd phuong trinh :
50x — (30 + 15x) =(35 + 35x) - 50x <= x = 1,3.

Thasi diém 6-t6 cich déu xe dap va xe mdy 1a 9 gio 18 phiit.

Goi doan dutmg lén ddc dii x (km) (x > 0), thi dmm dudng bing dai I x + 100 (km).

Vin t6c ctia 0-to trén dudng bing 1a 10 : — = 50 (km/gi®) va trén doan Ién

doc 12 25 km/giér. Thoi gian di trén doan duong ddc 1a % (gi®). Thoi gian di

X100 G o wi I8
trén doan dudng bing la « (l) (gity). Taco 2 giv 18 phiit = 0 gio.

Theo bai ra ta c6 phuon trinh : = + B =]
e T R T T
Gidi phuong trinh duge x = 5 (thod mén diéu kién)
Viy doan lén déc dai 5 km. Quing duong nguti do di la 5 + (100 + 5) = 110 (km).

Goi van toc riéng ctia ca-nd la x (km/gio) x > 0. Ta c6 15 phiit = Iglo‘;

3 . I -
750m = i km. Vin tdc dong nude chinh la van téc béo troi la 7 : 3 = 3(km/gi0).

Vin tdc ca-no khi xuoi la x + 3 (km/gid) ; khi nguoce 1a x — 3 (km/gid).

Ta c6 phuong trinh : g(x +3) = ]: x=3) & x=23.

Viin (6c riéng ctia ca-nd 1a x =23 km/gio.

Goi van toc xe thir hai la x(km!g,ic‘r) ;x> 10. Goi d(} dai doan dutmg AB dai

a a a 3
akm(a>0).Taco: —— :-. e 2
rkm (a 1¢O — (1) va x—l() =g )

a a a a
T (1) va (2 i =2 —

B e Ry (x x+!0] [x—lO x)

3 3 2 2

b
Ed
+
=
=
|
=
P

Giai phuong trinh tim duoc x = 50.



a |

Thay vao (l}co 50 60 5 < a=150.

Da’ip $0 : Vin toc ba xe ldn luot 12 : 40km/gio ; 50km/gidy ; 60km/gio.

Quang duong AB dai 150km.

‘Thai gian ba xe di hél quang dudng lan Tuot 1a 2 gioy 30 phiit ; 3 gio'; 3 gio 45 phit.
11.6. Goi s6 san phz’lm t6 I phai 1am theo k€& hoach 12 x (sdn pham).

T6 11 phii 1am theo k& hoach 12 (900 — x) (san pham) ; (x € N°, x <900).

Ta I di lam duge x + 15%x = 1,15x (san phiam). '

T8 1T di lam duoc (900 - x) + 10% (900 — x) = 1,1(900 — x) (san pham).

Theo bai ra ta ¢6 phuong trinh @ [,15x + 1,1(900 — x) = 101{)

Gidi phuong trinh ¢é x = 400 thod man diéu kién.

Viy : T8 I di lam dugc 460 san phim. Té II di lam dugc 550 sdn pham.

11.7. Goi x lasé san ph am méi ng'ly to phai lam theo k&€ hoach (x € N*)

thi (x + 5) 12 s6 san phdm mbi ng'ly 16 thyc lam dugc.

Thoi gian lam theo k& hoach la ; — (11g1y)

S6 san pham thue 1am 1a 200 + 10 210 (san pham),

Thoi gian lhl_ré lam : L (ngay).
X+5

Theo bai ra ta ¢6 phuong trinh 1a : 2 =N =1
X X+5
2 x = —40
SXT+I5x-1000=0=x+40)(x-25) =0 25 °
X =

X = 25 (thoa min diéu kién)
Viy Itc ddu méi ngly 16 phai [am theo ké hoach 12 25 san pham.
11.8. Goi thoi gian voi thit nhat chdy mot minh ddy bé 1a x (gio) ; x > 0.
Mot gity voi thit nhit chay mot minh duge —bé nuée, mét gidr voi thi hai
x

R | . %
chay mét minh duoc (~4- — — |bé nudc.
X

Ta ¢6 phuong trinh : E+3 14 = —?—
X 4 x 12

Dip s0: 6 gid vi 12 gio.
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11.9. Goi thoi gian voi thit nhat chay mot minh ddy bé 1 x (gio) ; 0 <x < 30.

| E ol 1
Ts ohwong trinh 2| — - — 1 4-2 —+---—]= =5 2]
HEA g [x 30] [x 6 30 '

Dip s0: 5 gio.
11.10. Goi thoi gian voi chay vio thnt hai chiay mot minh d.:y bé Ia x (gid), x > 0.

Ta cé phuong trinh :
e 1 1y 2
_3"[6 e K} B
Bip s : 15 gid.
1111 Goi x (giv) 12 thoi gian doi IT Jam mot minh sita xong con duding (x > 0).
1 40 1
Ta co phuong trinh : 4. 5 +? i 1
Biip s6 : 20 gidy .
11.82. Goi chir so hang chuc lax (x € N; 0 <x <9).
Ta cé phuong trinh = 10x + 3x + 54 = 0. 3x + x
Giai duge x = 3. S6 phai tim |2 39 '
11.13. Goi chit 6 hang don vi lax (x € N ; 0 < x <9) thi chit s6 hang tram 12 14 — x.
Chir s6 hang chuc Ia (x — 1). Ta ¢6 phuong trinh :
(14 = x)(x = Dx = x(x = 1)(14 = x) = 396
= (14 =x)100 + (x = D10+ x = x100 = (x = 1)10 = (14 = x) = 396
< 18Bx =990 x =5,
So phai tim 1a : 945,

11.14. Goi 56 ¢6 bon chir s6 con lai sau khi xéa hai chit 6 9 13 x ; (1000 < x < 10000).
Ta ¢6 phuong trinh : 9x9 = 109x & 900009 + 10x = 109x < x = 9091,
S6 phai tim 14990919,
1L.15. Goi s6 tho I x (x € N*) thi s6 ché la 4x, 56 ga 1a 100 — 5x. Tho va ché déu
¢6 4 chan, ga ¢6 2 chéin nén ta ¢6 phuong trinh :
Ax 4+ 16x + 2(100 - 5x) = 350 < x = 15.
S6 tho 1a 15 con, 56 ché 60 con ; s6 ga 25 con.

IL16. Goi chiéu dai lic ddu cta thira vuon 12 x (m) ; 0 < x < 100, thi chiéu rong
Iic diu 1a 100 - x (m).

Dién tich liic ddu 1a x(100 — x) (m?).
Sau khi thay déi, dién tich 12 (x -+ 10)(100 — x — 5) {mZ)A
Ta ¢6 phwong trinh (x + 10)(95 - x) - x(100 = x) = 50.
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Giai duge x = 60,
Dip 56 : Chiéu dai : 70m, rong : 35m.
1L.17. Goi woi con hién nay 1a x (x € N*). Ta c6 phuong trinh
2(x + 15) = 6(x — 5) = 20.
Ddp 56 : Tudi con hién nay 1a 10 ; tudi mc Ia 35.
11.18. Goi nong do phan tram coa dung dich N-ICI Imi Tlax% (x> 5).

(g}

Khoi lugng NaCl trong dung dich loai | [d

trong dung dich loai 1T Ia (—"—]3—(’)@ (®).
Theo bai ra ta ¢6 phuong trinh
400x  (x - 5)600 27(400 + 600)

+
100 100 100

Gidi phuong trinh tim duge néng do phén tram cta dung dich NaCl loai I 13
30% va loai 1T 14 25%.

1L19. Iem? dong c6 khéi luong 8,9g ; 1em® kém c6 khoi luong 7g. Goi x Ia khoi lugng
: . 5~

dong cé trong vt (0 < x < 505). Ta ¢ phuong trinh % + 20_7__x= 64
Dip 56 : 267g dong va 238g kem.

11.20. Dip 56 : 67°.

11.21. Goi s6 cam clia ngudi thi nhat ban I x (qua) (0 < x <200 : x € N* vi
X # 100) thi s6 cam ctia ngudi thit hai bédn 13 200 — - X (qua).
Goi a dong va b déng ldn luot 13 gid ban mul qua cam cha ngudi thit nhit v
ngudi thit hai.

Theo gia thiét (200 - x)a = 7200000 nén a = ;(2):)0(]0 vit xb = 320000 nén
: =X
0C
— 32 }U(J.
X

S6 tién bédn cam ctia hai ngudi bang nhau nén  xa = (200 — x)b
2 2
g Ok BONOCIN =8, o o8 e ~32000=0
200 - x X g

Xz —40[)
< (X +40M(x - 80) =0 < [
x =80

x = 80 thoa man diéu kien.

o |



Vay s6 cam ngudi thit nhat bén 12 80 qui; ngudi thit hai bdn 1a 120 qua.
Gid bén mbi qua cam chia nguoi thit T 1a 6000 déng va cua ngudi th IT 1a

4000 dong.
; . 8 136 1 s z 5
11.22. Ta ¢6 phuong trinh : ;ﬁx + . ax +8 néu goi tong sO cay rong la x

2.
(hodc 9+ 92’?_2 =9y néu goi so lop lay).

Pip s6 : Téng s6 576 cay va 8 16p.

Chugor dié 12

12.1. a) ¥ Néu a v b ciing dau thiab > 0. Tir (a - b)z >0« 2%+ b% > 2ab.

3 o
) : . a“+b" _2ab a b

Chia hai v& clia bat dang thiic cho ab > 0 ta c6 ool N PRI T
T ab ab b a

Diu " ="xdyra< a=b. )
* Néu a v b trfi ddiu thi ab <0. T (@ + b)’ 2 0 & a>+b” > ~2ab,
2 2
: b2 -2ab a b
Chia. hai vE ciia bét ding thic choab<0acb A< o 24242
: ab ab b a

Diu"="xdyra¢<>a=-b.
b)AZ-3A+2=(A-1)A-2)
* Néu a va b cling diu thi A = Ei+£ >2.Dodd (A-1)A=-2).20. Diu

a
"="xayrasra=b
# Néu avab trdidau thi A = % - B <-2.Dodé(A-1)A-2) =20
a

Diu " =" xdy rakhi a=—-b.
12.2. )2+ b2 > 2ab = 22 + b2 %+ 2ab + b’ = (a+ b)? (1). Chia hai vé cita (1)

cho 4 ta dugce dpem.
b) D& dang chiing minh : 2(:12 +b% 4 cz) = 2ab + 2ac + 2bc
= 3(:12 + b?' + cz) = P c2 +2ab+ 2ac + 2bc = (a+b + C)z_ (2)

Chia hai v€& cla (2) cho 9 ta ¢6 dicu phai ching minh,

G 8 B 2 Ve i :
.1‘+.:2+.13+...+a,,)(d,+a2+a3+...+au]

Téng quit :
n n
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2 2 @
123, 2) Xt higw 2=+ 244 - 3(1 + 9]. o 22 = Atacs
b a b

12.4.

12.5.

12.6.

b’ a a
A*=3A+2=(A - XA —2). Ap dung bai tap 12.1 ta c6 két qua..
2 2
b) Ap dung bat ding thiic x2+y2 = 2xy; [3 + (E) B30 . =22,
b \c b c c

Xél twong (u réi cong vé véi v€ cdc bat ding thic, ta tim duoe diéu
phai chiing minh.

2 2 i f3 a3V 4
a) a’+b w &Y b |2 P = e L . Mat khdc ciing theo két
2 2 2 2 -

2
24 4 2 2 4 4 4
qua bai 12.2 taco : e B i .\2':13;‘1 ¥h 2[a+b).
2 2 2 2

a

b)Via,b.c>{}nélla+b+c>a+b>()nén+a—< s
a+b+c a+b

b b c c
Tuong ty < va < ;
a+b+c b+c a+b+c c+a
Cong timg v€& ba bat dang thiic trén, ta duogc :
a b c a+b+c
- >

+
a+b b+c c+a a+b+c

a) Do abed = 1 nétu-cd=—l— ;ac"—~L s b= —-]—

ab bd ad
Tadicoa® +b° +c?+d® 2 2 (ab+cd) 24 (1) (xem vi du 12.1)
Miit khic a(b +c¢) + b(c + d) + d(c + a) = ab + ac - be + bd + dc +da

= (ab +cd) + (ac + bd) + (bc + da)

=(ab+—]—J+(bd+L +(-.1(l+L 2 0. 2)
ab bd ad

T (1) va(2) suy ra dléu cin Lharng minh,

. b)XelIucuaz+b +c +d +c2—d(b+c+d+c}

= (0,25a% - ab +b)+(0,25a” - ac + ¢?) + (0,254 - ad + d2)+(0,254° — ae + ¢?)
= (0, ‘ia~h)2 +(0,5a - )2 +(0,52-d )2+(051— )2>0:adpcm.
a)Xclhléua +b2+c? -2.:b+2tc—2bc—(':-h+c) =0,

b)a* + b2 +c?+3-2@+b+c)=(a— 12+ (b - 1)+ (c~ )22 0.

c)a +b +c —3abc=(a+b+c).5[(u—b} +(b—c) +(c—a) ]20
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12.7. a) Xét hiéu :

2t - 3(ab + ac + be - b - 02) = %zl2 + %aZ #3b%+ 3¢2 —3ab —3ac + 6bc — Ybe

= 3[1112 +b? 4--::2 —2.—1~al}—2.—!-:tc+ th}+ln2 - 9bc
4 2 2 4
2 3
=3[il-—b—c] +E—Z:’i"°~ > 0 (do abc = | va a’ > 36).
a :

| I 1 .
b)Patay= — + X a3= — + X3 83 = + Xy jer 3 Ay = — + X, thi
n n n n

Xy + Xg + Xy ..+ X, = 0. Gidi wong wrcdu ¢) vi du 12.2.
12.8.Dox,y,z e Znéntacod x2+y2+z2+3 —-xy-3y—-2z25-I1
o (x2 - xy +0.25y°1+(0,75y°~ 3y + 3) + (2> =224 1) €0
& (x - 0,592+ 305y- D + (2= 1)> 0. Viy (x, y,2) = (1325 ).

IZ.‘).:!)Tncé[(x+y}+(y+z}+(z+x)][ ] + : + : )29.
X+y y+7z Z+X

Pitx+y=a;y+z=b;z+x=c tadugec

(a+ b+ c)(—l + ll - l) > 9 (ching minh ¢ vi du 12.3b).
b ¢

i
1 1 | 1
b) (3x +3y+3?,+3t)[ + + + ]zlﬁ-
X+y+z y+zZ+l Z4+1+X L+X-+Y

Patx+y+z=as;y+z+t=bjz+t+x=c;l+x+y=d, tacobailoin:

Chiing minh ring, vdi a, b, ¢, d duong, ta cé

1 1 g
(a +b+c +d)£- + :: + l+ T] > 16. Giai tong wr vi du 12.3.
a LS ¢

¢) Tuong ty ciu c) vidu 124,
12.10.2) Vx € Rtaco: x 6 =2x +2)-2x* + 2 = 2x + |
=xdx = 22002+ D+ (2 = 2%+ D= (x - DXx* + x2+ 1) 20.

b) Bicn d6i vé trdi : (x° + X+ DXE=x+1)>0

2
{dnzl2 +a+ 1= (ai%} +% >0, Yae R (¥)).
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10 5
5 4 3 X4 xT+1
?+x -X +X —X+1=2——-

X“+x+1

eyxdox > 0 (do(*))

d) (X +4)(x + T)(x + 8)(x +11) + 36 = (x> + 15x +44)(x* + 15x + 56) + 36.

Pat x> + 15x + 50 =y, taco (y = 6)(y +6) + 36 =y* = 36 + 36 =y* > 0.

Diu"="xidyra<y= OSuymx +15x+ 50 = 0<:>(x+5){x+l{}} 0
ox=-5;x=-10.

1211, 2) P lb={a+b_+c)( N ')24,5:»4.

b+c c¢c+a a+ a+b b+c c+a

b) Dé dang chirng minh (x + y)2 > 4xy.
Ta cod(l —a)(1 =b)(1 —c)=4(b+c)(1 =b)(I-c).

ﬁp dung bat déng thiic trén 1a co d(h_ +c)(l —c)s(b+c+1- c]’ =(b+ 1}2.

Vithédb+c)1 b1 —)<(b+ 1)X1 -b)=(1 +b)(1 -b) <1 +b=a+2b+c

2 2 2;

0 L P
b+c c¢c+a a+b 2

2 2 2
B e gl +czg(a+b+c)
b+c c+a a+b 2
- a(a+b+c)+b(a+b+c}+c(a+b+c}
b+e¢ c+a a+b

by L P, >E(xcmwdul24}

b+¢ c+a a+b

(a+b+c)

23(a+b+c)

) 2 ! ab bc, ac l
b) (a + b)” = d4ab = =t <-— (+b) T< (b c) ; _a+c£4(a+c)'

_ Cong vé véi v€ ba bit ding lhuc trén ta ¢6 diéu phai chitng minh,
1213.2) Do [x| < 1:|y] <1 nenx* < 1:y* < 1. Tacé (1 —xD(1 -y >0.
Ma (1 =x)(1=yD) =1+ x5 = (X +y) = (1 +2xy + x2yD) = (x> +2xy +y2)
=(L+xy)> = (x +y)? > 0.Do d6 (1 +xy)* > (x + y)? hay |x +y] < |t + xy].
b) Gid sit c6 dong thdi |y -7 > |x|: [z = x| > y|: x = y| > |2
thi (y—z.)z::-xz;(z-x}lz:>)-'2;r[)(—y]z‘;w;2

Dodo(y—z—=x)y—-z+x)>0; Z=-x~y)z—x+y)>0;(x -y- z)(x =y+z)>0.
Nhén timg v€ ba bit dénig thic trén s€ din (6i diéu vo Ii.
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12. 14, a) Theo bt ding thitc tam gidc coa<b+c = a’ < ab + ac. _
Twong b2 <bc + ba, (:2 <chb+ca= a+ b2 +¢2< 2ab + 2ac + 2be . (1

Mt khic a’+b2>2ab; b’ + ¢?22bc; +a’ 2 2ac;
:>'a2+h2+c22 ab + ac + be.

Tie (1) va(2) coab + ac + be < a2 +b+c< 2(ab + ac + bc).

b) Xét hiéu va bién doi [z:3 —a’(b+O)+[ b +c’ bl - czhl + (2abc — ba- cznl

=;12(a-IJ—c}+(I}2--c3}(b—c)—a{b-—c)2=(a—b-c)(a+h-c)(a +c=-bh) <0

2

vin+b>ci;a+c>b;a<b+c=dpem.

¢) Ta cé - a® - bl %+ 227 + 2% + 2b%¢* > 0 Phan tich v& trdi thanh
nhan tir duoe (a + b+ ¢)(a+ b —c)a+c—b)(b +c—a) = dpem.
d)Doa<bnéna+b+c<2b+ec

Tachiig minh (2b + ¢)% < 9bc &> 4b° — Sbe + ¢? <0 <> db? — dbe — be +¢* <0
< (b—-c)(4b -c)s()chin_gvi b<cvadb-c>(a+b)-c+2b>0.

. Ap dung két qua nay

12,15, a) Vdi x ; y > 0 dé dang chimg minh 25 1 b3
. X ¥y Xxy
vidéyringm=a+b+ctacd
I 1 4 4 2
+ > = ==
m=-2a m-2b (m-2a)+(m-2b) 2(m-a-b) ¢
1 2 ! 1 2
+ 2=,

m-2b+m—2cmzt "m-22 m-2 b

Cong v& v6i v€ ba bat dang thiic trén ta cé diéu phai chiimg minh.

b) Goi do dai 6 doan thing I3 a,, a,, a;, a,, as, A

Giastr2 <a, <a,< a,<a, <a,< 4,< 15. Néu bl ki ba doan thing nio ciing
khong lap thinh mot tam gidc thi : a,2 a, +a,22+2=4;a,2a0,+a,22 +4
=6;a,28,+a,24+06=10;a,2a,+a,26+10=106;v0li.

i2.l(:.a)A=—]-(]—l+l~-l—+...+——l-——-—l)=l[l—-—l-—— gt
2 737375 2011 2013) 20 2013)°2
l

I i [ 11 1
b) B=l4| 4z |+]| s +z+—-+z |+ =+ =+ [+...
) +(2+3J+(23+5+6+?]+(23+9+' +|5)+
1

+ —-[——+...+
2n—| 21’!_]

l 1 1 e (g 3
< l+2'-+4'2+3'§+'"+2 F =l+1l+1+.+1=n.

Tuong tu :
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c) Xétvai mot s6 k € N (k> 1) bit ki, ta co

1 I {k+1)—(k~1)
¥ S —

1 1
__( - — -
k' k¥-k (k—=Dk(k+1) 2 (k-Dk(k+1)
L[
2 (k-Dk k(k+1)
nén C<l(}()6—‘-|v~-L+-l—--]—-+.‘.+ i - ]
1.2 23 23 34 (n=Dn n(n+1)
= 100} = eoeel o o 110006 s i
T nn+1) 2
12.17.2) Do : =-]—v~——[—{keN*)nénD=l— I 1.
k(k+1) k k+1 n+1
h}l’:cl+L+—l- +;
2 23 (n-1).n
=l+[[—lJ+(l—lJ+...+(~i—- . =2- ] <2
2 2 3 n—-1 n+l n+l
2
OTasle—r = KX N Do ds

k(k +2)  k(k +2)

[ 1)( IJ[ 1] ( 1 ] 2 2 2 fanp
F=|l+—||1+—||1+— 1+ = — —...
' 1.3 24 3.5 n(n +2) 1.3 24 35 n(n+2)

=2(:1+1)<2
n+2 .
lZ.IS.a)-Nh-‘mxétuL-c 4 —?[ ! . J(keN*)
. k2 4k -1 \2k—1 2k+I )
Tac()i+l+ +L<2 l—l+l—l+...+ . J
2% a8 n? 3 55 7 2n—1 2n+l
=32 l_ ! ](E
3 2n+1 3
1 1 | I 2 9
nE= —+(+—=+..+—=)<l+==2,
12 (22 3 i 3.3
‘ I (| I
b)F < 5 ¥ Lo oyl —-—+...+———*
3F~-1 5 -1 (Zn+1)*-1 24 46 2n(2n +2)
I[l 111 1 1 ] 1{1 I 1
E— et == — = =—|== <—.
2\2 4 4 6 2n 2n+2 2\2 2n+2) 4
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12.19.

12.20.

228

¢) Nhan xét 2 < 21[ S ] Ap dung nhan xé trén, ta c6

k
bt b AL oA s o b J
2 P 3 T 2[12 23 23 34 7 (n-Dn n(n+l)
101 1 1 |
= —|— == < —.
211.2 n(n+1) 4
| | | 1 5
NAY e o e,
TPIETP n' 4
- -1 1 1
a)Nhan xétvéik e N; k> 1, taco: kk!|=(kk'l)!k={k—])! F
| 1
Apdung:G=~]—~i+l—l+...+ ! -L=-——~<l.
121- 21 3l (n-1)! n! 1! n!
b)Nhan xétvéik e N:k> 1, 1aco:
kKl+k-1_k(k+D=1_ . kk+D) 1 1 1
(k+1)! 7~ (k+D! T (k=Dk(k+1) (k+D! (k=D (k+1)!
i.1 L.1 1 1 1

| IO . % -
20 11 31t 21 4! (n=1! (m+1D!

(1 (I 1 g . B I
=|l—t—F—Ft—— | —F—F—+ ..+
21 1 2 (n=DN! 3t 4! 5! (n+ 1)!

s
n! (m+D!
s 1 .
a) Tacéd > =—viik=1:2:3:.:n-l1vaik<n
n+k n+n 2n
batG= : + I + I + ..+ : -l—+-!—+‘.. L3
n+l n+2 n+3 n+n 2n 2n 2n
1 I
=1. = 1
2n 2 L
Mit khdc —— 4 — = il o,
n+k 2n-k+1 2n?enk+n+k-k? 2n
'T"h{ilw}y:2nz+nk+n+k~k2>0donk>kznén
3n+1 3
ey < 6n*+2n (6n2+2n+(3kn+n+3k—3k2).

20 +nk+n+k-k* 2n
Hién nhién ding vi 3kn > 3k® do n > k. Do dé




12.21.

13.1.

7G-l+—]_+l+[+ ++l+—l—-
T n+l 2n n+2 2n-1 n+3 2n 2) 77" 2n  n+l

{i+i+i+ +—3——n—3—_§::>G<—. 2
2n 2n  2n 2n 2n 2 4
Tir (1) va (2) suy ra diéu phai chiing minh.
b) DE dang chimg minh tinh chat :

Vi ba s6 duong x, y, z néu

X XXz X X
—<1lthi —< v — > :
y y Y+i y y+z
Apdung, ta ¢6 : 2 Ot B €))

a+b+c+d a+b+c a+b+c+d

b £ b P b+a )
a+b+c+d b+c+d a+b+c+d

c P c c+b )
a+b+c+d c+d+a a+b+c+d

d d - d+c @)

< F
at+b+c+d d+a+b a+b+c+d
Cong v& vdi vé clia (1) (2); (3) ; (4) ta ¢6 diéu phai ching minh.

a a a 2a
DolO<a<b+c = — <] = et y
b+c a+b+c b+c a+b+e

b b 2b ¢ e 2c
Tuong tur: < < : < < :
a+b+c a+c a+b+c a+b+c b+a a+b+c

Cong ve voi ve ba bit ding thiic ta duge diéu phai ching minh.

Chugor d 13
ax>1;

b) Bi¢n déi duge Ox < 1, nghié¢m diing véi moi x.

¢) Bi¢n doi duoc 0x > 10 = Vo6 nghiém.

d) Them -8 vao hai vé x* > 2x + 4 e x> =8> 2x — 4

& (X=2)(x" +2x +4) - 2(x = 2) > 0 & (x - 2)(x2 + 2x +2) >0
&x>2dox2+2x +2=(x+1)2+1>0, Vx.
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13.2.

13.3.

a)Pdpso:x £-29,5; b) Papso: x> 6.

¢) Bién déi tuong duong ta duoc :
30(x - 1) +20(x = 2) + 15(x = 3) > 12(x = 4y + 10(x = 5)

17
4 17 x>—.
< 43x > 3

(
d) Bi¢n déi thanh : (x2 +DGx -9 >0 & x > 5
a) Bat phuong trinh (1) ¢6 nghiém x < 13.

Bit phuong trinh (2) ¢6 nghiém x > :-::-g-

o o i e B9
Gid tri clia x thod min ca hai bt phuong trinh la : 2 <x<I13.

b) Bt phuong trinh (3) ¢6 nghiém 12 x < 0. Bat phuong trinh (4) ¢6 nghiém
x < 1. Gid tri ctia x thod min cd hai bit phuong trinh [ax< 0.

13.4.a) Bit phuong trinh (1) c6 nghiém x >:—3 s

13.6.

2%
.a)Tacd

Bit phuong trinh (2) ¢6 nghiém x < 9. Ddp s6 x € {2:3,4;5,6;7;8}.
b) Bat phuong trinh (3) ¢6 nghiém x = — 3.
Biit phuong trinh (4) ¢6 nghi¢m x <-3. Dip 56 : x € {~5-4;-3}.

x-=3 x—2_x—3

Fz————>2¢::>x4—8v51 <3 x>-l14.

Viy x € {-13;-12;-11;-10;-9} .

3x — 3x-5 _ 2+3x
<...__

5<:>x43 va +lc::»x>—33—5.

b)Giai 2(x - 1)-3 <

Viy -% < x<3;

al)(l}@uzx—hzx >a-be (a—-b)a+b)x>a—-b.
Doa>0:b>0néna+b>0.

.Néua<bthix <
a+b a+b

Néua>bthix>

N¢Eu a = b thi Ox > 0, vo nghiém.
b) Diéu kién : a# 0. Bién déi ta cé

x+(a+b)x>E+wtl < (a+b+ x> ~2—b
a | % a



2b

*Neua+b+1>0;a#0 thix> ——— |
ala+ b+ 1)

*Né’u;r+b+]<0;zt¢0thix{-—zL—.
a(a+b+1)
= o 2b "
FNéua+b+1=0;a=0thiOx> , khi dy :
- H |
Néu ab > 0: Vé nghiém.
Néu ab <0 : Tap nghiem la R.
; - a3-2x)-2-a’
¢) Véia # -2 thi 5 = et < 2" i +l( %) 32 a
a“—-2a+4 a+2 a°*_-2a+4 8+a
X 1 X 1 3a - 2ax — 2 — a2
=3 - 3 3 + 3
a—2a+4 a+2 a°—2+4 a*_2a+4. 8+a
1 1 —a? -2ax+3a -2
= - <0

a’-2a+4 a+2_(a+2)(a?'—2a+4)
a+2—a2+Za—4+a2+2ax—3a+2{0
(:t2 -2a+4)a+2)
2ax
5 <
(a® =2a+4)a+2)

=

2ax

Doaz—2a+4=(a—])2+3>0,Vanénlachixél < 0.
a+
i i
,ach:
a+2

_ Néu a < -2 hodc a > 0 thi nghi¢m Ia x < 0.

Xét dau ciia-

Néu -2 < a <0 thi nghiém 1ax >0,
Néu a = 0 thi bit phuong trinh tré thanh Ox < 0, v6 nghiém.

2X+5
e
B2mElNY 8 T e diie 35 e ey g adi
: 6 2
xeZ
b)Piapso: x e {*3;-—2;—[].
4x +1

) {3) s 02_6-_—(3)(_]){]-

3x-lelZ
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11 1
Tim dugc rl-zx)i = 3—!23){—[)»——-—<:.:>3x—I:(}‘;::,x:_
2 14 3

Déx # 1 thim #-2.

13.8. PKXD:x #1vam # 2, gidi duoc x = o
-1

. Do do =1
o0 < >0 m<2
2-m
13.9, 5mx — 2> 2x ¢ x(5m - 2) > 2. (1)

m # +2 {m &2

Néum > —2- thi nghiém cua (1) lax > 2
5 S5m-2

Néum < % thi nghiém cta (1) lax < z

m-
2
mss:—
Dénghi(_‘,mcfm(!)la‘nx::Bi:_tpha'ticé om=—;
=3
5m-2
2
mig 4
Pé nghiém ctia (1) 12 x <— 3 ta phai c6 @m:G.
m—-2
2
9 ¢ 4¢
ARG e B e Bl ] e [x 2] 2
7 4 2 4
i 3 7 F T 7. .3 T .53
S-S — =X~ =D ——F+—<X <=+ — D -2<x <.
2] 2 2 2 2 22

Cach 2:x*=3x -1 <9 x*=3x-10<0 < (x = 5)(x + 2) <.
Lap bang xét diu. Nghiém ciia bat phuong tfinh 1i: =2 <x < 5.
13.11. a) Lap bing xé1 ddu. Nghiém la x < . : 2 <X < i
39 19
b) (2) < (1000 - x)(9x +2010) + (1000 — x)}(x.+ 1) >0
< (1000 - x)(10x +2011) >0
Lap bang xét ddu. Nghi¢m la: — % < x < 1000.

oY )es G- 1) D <3 <0, Dp s | -
WERERR 2 5x93
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d) (4) © x°= 14x'+ 49x? - 36 > 0 = (x> = DNEZ - (x>~ 9) >0
x <=3
2<x<-1
S (x=3)(x=2)(x = D(x+ D(x+2)(x+3)>0. Dips6
l<x<2
x>3
13.12. a) Bién déi'vé trdi c6 (x* — 10)(x" — 4) > 72.
bt x"-?:yb:‘{l phuong trinh tr¢ thanh (y = 3)(y +3) > 72
&y -9-722 05 (y-9)(y+9) 20hay (x* - 16)(x* +2) > 0.
Dox4+2>0,‘v’xnénx4—1620<:>(x+2)(x-—2}(xz+4)20.
2 [sz'
Dox“+4>0,Vxnén(x+2)(x-2) 20 ;
x <=2
b)) < (x*+4) - (% +2x +2)3x + 16) <O
o X a2+ 4 -4xD) - (X +2x + 2)(3x + 16) <0
SR+ +2) (X2 -2x+2)— (X +2x + 2)(3x + 16) <0
o x2+2x+2) (x> -5x-14) <0
S x2+2x+2) (x - T)(x +2) <0.
Dox’+2x +2= (x + 1)2+ I >0, ¥x nén tachi xét (x —=7)(x +2)<0
Dap sé:-2<x <17
OB) & -1 -8)x>+x-6)>0
& (x = D+ x + D(x = 2)(x2 +2x +4)(x +3)(x = 2)> 0
= (xZ + x4+ 1)(x = 2)2(;(2 +2x +4)(x +3)(x - 1) > 0.
2
TacoOx*+x+1= [x+%) +% >0;(x-27%20.
42k +4=(x+1>+3>0. Vithe (x +3)(x - 1)>0.
Gidi duge nghiém : x > | hodlc X <=3 vax #2 (vinfux =2 thi x* 8 =0)

13.13. Diéu kién : x # —% . Lip bang xét diu.

: o R : 1931 3
Nghiém cua bit phuong trinh la: ——— <x < —.
80 26
13.14.a)DKxnx:3;(1)@1“3;‘_12_0 o 4"43"20_
X - Y

Lap bang xét diu = Nghiém ciia bit phuong trinki la: 1 < x<3.
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PIDKXD 5 4837 (e —Et3
) Ll (x +3)(x-3)

¥>3

Lap bang xét diu suy ra f
cha y -J<x< --]—23]-

) bipso: -2<x<5
Tx+5

DKXD :x#5vax=1;(4) cmc

x ——
Lap bang xét dau, suy ra T i
l<x <5

(x-2014) (262 - 2x + 5)

13.15. Dicu kién : x # 2 ; x#—1 ; Riit gon A = ;

3-6x
-2014
DonZ—Zx+5=2(x—0,5)2+4,5>0nenA 20 & %——2
—OX

0.

Dip 56°:0,5 <x <2014 v x # 2.

13.16. Dicu kién : x # +2; x # 3 ; Riit gon dugc B = 3_); .
X+2
Lip bang xét dau.
Dzips()':a)x<—2;x>3.b)—2<:xé—i(—)zﬂl.
2013
x+2>| x%5
BT 1 s S5 g ke
Xx-5 X+ 2
<2 T 1
X-5

Pap 56" : x> 12
I3.18. ) Vi x #2tacom-2=(x-2)(2+m) < x(m+ 2)=3m +2.
* Vi m =~ 2 phuong trinh tr& thanh Ox = 8 vo nghiém.

*Voim#-2thix= M+2
m+2

Dé x > 2 ta phai ¢6 : i >2 o m—2>0.
m+ 2 m+2

m>2

Lép bing xét du tim duoc [ ;
m< -2
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b) Voix #l tacox(3-m)=8 -

¥ V6i m = 3 phuong trinh trd thanh Ox = 5 v6 nghiém.,
—m

- " 8
¥Vagim=z3thix= ‘
-m

— T 0o 3<m<s.
- m
13.19. 2) DKXD : x ¢ {~15-9;-7:-5,-3;-1}
: 1 1 1
+ — g b— 5 )
(X+D)(x+3) (Xx+3)x+15 (X +9(x+11)

D¢ x <0 ta phii ¢6 : t

Bién dai

| | | 1 1 I
o — - + - + - >0
2\x+1 x+3 x+3 x+5 X +11

11 1 ] 5
o — - >0 — >0
2[x+1 x+11 (x+Dx+1D

-11
Lip bang xét dau dwoc [x ( .
x>-1
TET LIPS I W T . R S
2 34 99.100 1 2 3 4 7 99 100
1111 | | [I 1 1]
St —d—t—d bt — =2 ==+ —
1 2 3 4 99 100 2 4 100
[ D 1 | [ 11 1)
=t —F—F—F ot —t— |l —F—+ .+ —
1 2 3 4 99 100 2 3 50
1 1 | 1
= —t— o ——,
51 52 99 I{JU

Vay x> = x + 1982 <2012 & x> ~x-30<0 & (x - 6)(x + 5) <0.

Lap bang xét dau duge -5 <x <6.

320, ca 142836 47 58 69 1005
23 34 45 56 6.7 78 89 12

s ePe ¢ u

24 3546 57 6.8 7.9 8.10 20

a) §<i<£ = X =20
60 ~ 60 60
3
b) Ta ¢6 5(x —5x+6)>0@5(x—2)(x—3)>0¢>[ >2
X <
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%ugén/déM

Mdlaxe {#1;43}; bx=-25
142, a)-15<x<15; b)x e {—I;%}; c)x € {55;1}.

143.x e [-3:1}.
3-2=[2-x|-3 [’2-—x|+2,x]=6

14.4. Taco (I

= UﬁL—?,H:s-[z-x[ [2-x-2|x=0.
Giii twong tur vidu 14.4, ta duoc x e {—2?%}‘

14.5. Dit [x - 10 =1. Phuong trinh thanh [2t — 5 + [2t - 9] = 10.

x=0

’ x =16
Vrﬁtzgtimdqucmﬁc:» |x—l[){=6a|:
2 "X =

) x=11
Wﬂ'lsgtimdtrqct=]<:>]x-l()!=[<:>[

X2 —x-6<0

146.2) ()= 4 <x?—x-2<4 o
xz—x+2 > (.

2
*xz—x+2=( -%J +;b0.

*xzﬂx—6={x—3}(x+2)<0@—24x<3.
Viy nghiém ctia bilt phuong trinh 14 -2 < x < 3.
2
b)Talcéx2+x+2=[x+21J + ; >0, Vxnén
2 x2+7>0 ‘
() x°~x -2 2x-5<x24+x42 &=
X2 +2x—3>0.

Tacod
*x2+7>0, Y X.

5 G|
X2 =3=(x-Dx+3)>0 <3
X < -3.

o x>1
Nghié¢m ctia bat phuong trinh Ia [
x <=3,
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Ta con cich ching minh khdc : x* +2x -3 >0 e x2+2x +1 >4
X+1>2 [x > 1

<:>(x+[}2.>4=|x+1]>2<:>[ .
# X <=3

X+1<=2
€)(3) < —2010 < 5x = 1000 < 2010 «<-1010 < 5x < 3010
< -202 < x < 602.

. d) Bdp sd : 4l<x<l.

3x + 1
14.7. * Vi x < —% thi —xz — < 0. Do d¢ bit phuong rinh diing vdi x < -—;-.
T 1. 23x = 1) > 3x + 1 3% =3 il
*Vaix>—-—thi()e o e
3 2(3x - 1) < -3x — 1 9x <1 xcz)-
x>
Viy nghiém ctia bat phwong trinh la: [~ .
x(;
b) Vai x = |
'—[+2>5 L_l'-_bo 4_31">0 l<x<§
@=|*T o Y ® i 6
oty T s P 2<x<l.
x-1 x—1 x—1 7

= ; AR i
Hop nghiém ta duoc nghiém bat phuong trinh Ia : % <X {-‘% vix#l.

. i _ [L_l>20[l
c)Véix#1 thi |——-1|=|—>2011e | *
x -1 x—1 1
—w_—|<.—2()[[
2012 -2011x [ 2012
—_—) | cxe—
x—1 o 2011
201 1x — 2010 2010
—_— () — < x < |.
x~1 L2011
2
Hop nghiém duge -2—0-911 o vax# 1.

X <
2011 2011



148 . a) 1 +3+5+.+89=

X
Ta c6 nghiém : [

14.9.

238

L3NG _ 452
2

- 2x -9 =45 - x 227
g -y - &
Do dd (1) <> [2x — 9 2 45 < 2% — 9 45 - @ if
b) Véi x = 1 thi '
4w2x>{} l<x<2
,ﬂ—l‘;-j}c::: 4’(_12 < i
=] X - <0 5<x<
X -1
Nghiém ctia bat phuong trinh la : %«:x <2yxel,
| 33—]?2() 2(x<l§?—
OVGix# 2 |——-3>5 | &~ = !
2x -4 4x-—?<{] Z(;{(z
2x—4 4 .

! ' B .
Nghiém ctia bt phuong trinh : % <X < -l-z- v x # 2.

d)* VéGix > 1 thi (4) ding vi (1 -x <0).
* Véi x < 1 thi (4) < ‘x?—1|zt-x

" x>
{x —“121-x {(x-—[](x+2}20
= = <l xL

X-1<x-1  [x(x=1<0

20
X <=2
c) x2+2x+3=(x+l)2+2>0, ¥V x nén
[3x+5>x2+2x+3 [xz—x—2<0
5) < =
3x + 5 < —(x? +2x + 3) x? +5x +8 < 0.
(1) cé nghiem -1 <x <2;
(2) vo nghiém ;
Viy nghiém ciia bat phuong trinh 1A -1 < x < 2.
u){)zips()':-4<x<§;' b){)zipso’:x>~§-;

c)Dipsd:0<x<2: d)Dzipsd:%<x<l—63.

)]
(2)



k—1-8>1
[x—1]-8<-I

|x-1|>9 [x__lz»() {x%i()
&S & x-1<-9 & | x< -8
Lx—l[<7
T <x~-1<7 -6 <x <8.
b)“2x~l|—l0’+4<5@HZx—II-]q<Ic:>-1<|2x—l[—[{]<]
~11<2x-1<1l
S 9<x-l<1l & [2x——1>9

14.10. a) ||x*~‘l’-8f+3>4 = ”x—]|—8|>| @I:

. 2x-1<-9
~-10<2x <12 -5<x<6
<> 3]2x > 10 =4x>5
[2)(«:—8 Lq—ft.

5<x<6

Hop nghi¢m ta dugc nghiém ctia bit phuong trinh I :
S<x <-4

2
]4.ll.a)Do—x2+x—l=—(x—%J ~% <0 nén l—x2+x—l!=x2-x+l;

2
x2-3x+4 = x-é-] +2 >0
2 -

2

nen () x> —-x+1<x*-3x+4 &=2x < 3¢ex < 1,5.

b) Giai twong tw. Dip s6 : x > %

Chuyen dé 15

15.1. )A(x) = 2(x +2)? — 32— 3. Do d6 min A(x) =— 3 <> x = 2.

2
D AW =y’ +6y+9+2y" ~dy +2= 3(y + %J 332 332
: 32 1
Viy min A(y) = Wy =3 =—§,

) A@)=3u>~ 12u+14 =3u-2*+2 > 2; Vaymin A(w) =2 <> u =2,
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15.2, 4

A A = (-2 +1) + 10 = 10. Vaymin A(z) = 10> 2.=2.
OAG Y, 2 )= (x = 12 +(y = 2+ 2 =3)* + (1 - 4)" - 302 -30.
Vay min A(x,y,z, 1)=- 30 (x=1;y=2;2=3;t=4).
‘1)P=[x2—6x+8)(x2~6x+ 10). bat x2-6x+9=y.lac6
=(y - ]){y+.l)=y2—l >~ VayminP=—ley=0hayx=3.

h)Q=-—(x2+3x—4){x2+3x+4) bat x2+3x=ytaco

Q=-(y—-4)y+4)=16- yﬂlﬁ Vaymax Q=16 <> y=0hayx =0;x=-3.
¢) R = (x* + 3x = 10)(x” + 3x + 2).
Dit x> +3x —4=y,laco R =(y - 6)(y +6) =y’ — 36 > -36.
v:fnyminR=—36<=>y=0hayx2+3x—4=(x +4)x-1)=0x=-4;x=1
S = (= 4x)(% — dx + 6) + 109, SE
Patx’ —4x + 3=y thi S=(y - 3)(y + 3)+ 109 =y + 100 > 100.
VzlyminS=I(}U<:>y=(}hayx2—4x+3=(x— Dx=3)=0x=I[;x=3.

¢) Patx~2014 =y thi v:20|2—[(y+ ) +(y— 1)"]: 2010-2(y* + 6y <2010.

Viymax V=2010<> y= 0 hay x =2014.

2
153, d)B(y}-Q—(y—g] ; max B(y) = 2)-@ y--g—

2
_ &Y 25 .25 L2 4
b)B(z)——S(z—g-] ——3—<-3— :max B(z) = 3 c::»z——i
C
c)Tir: 3x - 2)2+ 10. Miu : (-— lI~ EI-— EJ(~ ﬁ] = -0 y
2 3 <+ 100 100

2
B(x)= - I{)U[(Sx - 2)2 + I{}]s —1000 .Vay max B(x) = —1000 <> x =§.

154 a) M= (x, + ])2 +(xg+ 1) 4 (x5 + 1)2 #otfx, + 1) =n 2~

240

Dodé minM=-n ¢ X =X =X3=...=X, =-L
b) Véii=1,2,..,n,tac i’} - 2ix; + 1 = (ix; - 1)°. Dodé

= (X, — l}2 +(2x5 = I)2 +(3x; = I)2 + ..+ (DX, — i)2 -n 2-n.



Lk 1
DodéminN=-ne x =l;x2=§;x =

3=3

) V6ii=1,2,..,ntacé x? - 2ix; +i’ = (x; =i)’. Dod6

P=(x;, =12 +(X,=2)% + (X3 =3)% +..4 (x, =n)2 =(1+22 +32 . +n?)

2-(1+22 432+ . +0n?), Vx,
Vay min P = —(I-!-22 +3 4. 4nd)=-

as(n, =10 =20k, =87 i,

155.)D=(x —y -5 +3(y-1)2+4;min D=4 (x=6;y=I).
b) E =2010- (x —y + 5)*= 2(y - 1)* ; max E=2010 (x=—4;y=1).
)G=(x2-292+(x—-32+1;minG=1 e (x=3;y=4,5).
dL=(y-x+ 1)2+2(x-3}2+ 1930;minL=1930 = (x=3;y=2).

15.6.2) C = e 10

n(n+ 1)(2n +1)

Viy max C=10 < x =04,

-30 =30
@x*-4x+1)+5 @x-1)?+5
VaiymmnD=-6<x=0,5.

1000 1000
E= < i
(x —10)% +(y = 10)* + 2010 ~ 2010

b)yD =

201 y=10
2012
)G - )1 . L2012
(x =2 +(x-2y-1)*+2013 2013
2012 {x=2
—

Ddp s :max G = —— -
' 2013 y=05

2(x2 +I)+2(xz—2x+l)=2'+
x“+1 x“+1
VaiyminB=2<x=1.

100 x=10
ViymaxE=— & {

157.a) B =

2= —— . ViyminC=-

b)C =——
) 4 x2+1 4

15. TLCT THCS 104N 8/1: D 80

(25x% -=2.5x2+4)+ 10  (5x=2)% + 10

2__.;.9_:—6_
5 :

1 503 2011 2011
—— X
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9

2x? +4) + | 1 9 _ _
= =2+ <= o>maxD==ox=0
Qx x2 +4 x2+4 y 4
27 - -2
d)E=(x + 5) + 2(x 4x+4}=]+2(x2 Y
x? 45 x“+5-

ViyminE=leox=2
e)Q= 5+———?—S5+£.VaymaxQ=3—Jc> x==1

(x+1)> +6
‘ Ax+1)-2 2 2 1 :
5.8. = = 2= .bat = u thi g(x) thinh
15.8. a) g(x) (x +1)? x+1  (x+1)? x4 1 &
2 g
1 l | 1 | 1
2 2
=2u-2u"=- ——+———|=2u—=| +=< —.
g(u)=2u-2u Z[U u el 4] (u 2] 553

| 1
Vi ax g(x) = — <u=— hayx=1.
4y max g(x) 3 5 Y

2
B | | ~ 2 I _3_>§ o
b)h(x)_]+m+(x—l)2 hayh(y)=1+y+y —(y+2} +4_4 \fm—x_]-y.

1
V{\y_minh(x):%@y:._g hay x =- 1.

2 1 2 2
| G T A Ve o =5 _ - == | 424‘ YV s
ckix)=35 > 2+{x~22 hayk(y)=5-2y+y " =(y-D" + y

s A

wi —5 =y.
Vaymink(x) =4<> y=1hayx=3.

15.9, a) Véi x > 5 thi A < 0. Xét x <5 thi miu 5 - x 12 56 nguyén duong. Phan s6
A ¢0 tir va miu Jdéu duong, tir khong doi nén A 16n nhit < mdu (5 — x) nho
nhit. Dodé5 —x=1 < x=4.Khi do A =19,

Vaiymax A=19 o x =4

. = -3)-5
DT MR e . WL ¢ e bt R N S
x -3 x-3 x-3 3-x
Dé B Ién nhit thi 3 2 I6n nhitl. Néu x > 3 thi < 0.
- - X

Néu x < 3 thi > 0 nén 3 I6n nhit <> (3 — x) nho nhat.
- X -X
3-x>0
Suyra<3-xeZ = 3 =x =1 hay x =2. Khi dé max B =6.

(3 = x) nhé nhit
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945 - 18 s
I o la B o o 2 <,
X-1930 = x-1930  x-1930
s

Pat D = ———. Tacd C nhd nhit < D nho nhit.
x = 1930
* Vi x > 1930 thi D >0.

# Vi x < 1930 thi D <0 nén D nhd nhit < s6 déi ctia D 16n nhit

= L 16n nhit.
1930 -x
Do 1930 = x = 0 nén 5 16m nhat < (1930 — x) nho nhat.
1930 — x
1930 =x >0 . )
Suyra {1930 -x e Z = 1930 - x=1. Khido C=-16.

(1930 - x) nho nhit
Vaymin C=-16 & x=1929.

i gk —1?
BB DD o it ksl szl

1510.a) Taco A =

X2 X242
2 e pl
Miatkhic A= 21 - 4"2” B i +2)
*+2 2(*+2) 2(x* +2)
_ (x+2)2 [ | ;

= -——2-—.
. ax2+2) 2 2
Dodé min A =-0,5 & x=-2
(4x2+2}—(4x2—4x+l)_l_(2x—l)2
ax” +2 - 4x? +2
Dodomax B=1<x=0,5
@2 +4x+2)-@2x 1) _(x+D> 1 1

b) Taco B= e

Mt khic B =

202x° +1) Toxlel 20 2

DodéminB=-0,5 x=-1L

(x* =36x +324)~ (x* +81) _ (x-18)"
X2 +81 T x2+8l

Dodé minC=-1 < x=18.

(@x” +324) - (4x° +36x +81) _,  (2x+9)°
x% +81 - x2 +81

c) TacoC= e B

<4.

Mit khéc C =

DodémaxC=4 < x=-

oo
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2
S e <4,Vx20.Viymax D=4 ¢ x = 0,
X

dD= 3 =
(x“+x+D+x 1+
x2+x+l.
4x 4
#FXEveix>0thiD=4 - 2 e ;
X°+2x +1 X+ — 42
x

23, Vx>0.ViyminD=3e< x = .

Do x+x122, Vx>0nén 4-

X+—+2
X
2
4
15.11,2) B = JOX_ +41x+40 _ 105 s g
. " -

Tacé véi x >0 thi 10x va 40 12 hai s6 duong ¢6 tich biing 400 khong ddi
| = !

nén téng clia ching nhé nhat khi va chi khi 10x = o ox=4, Nghiém
d X

x =2 thod man diéu ki¢n déu bai, Vay min B =81 e x = 2.

2
b}C=(x +6x+9)+4-6(x+3}=(x+3)+ o+ -6.
X+3 X+3

Tacé véi x 2 -3, hai s¢ duong x +3 va : 3 cd tich bang 4 khong ddi nén
X +

Cnhé nhit ¢ x + 3 = —‘—1—3 S (x+3)2=4. Nghiém x = —1 thod man diéu
X+

kién ddu bai. Vay min C= -2 < x =—|.
15.12.2) V6i x >0 thi P> 0. Do d6 P 16n nhat khi _I:'- nhé nhit.

o1 Ax*+4x 41415 16
Xt —=— -7 70 ;
P 2x +1 (2x+l)+(2x+!)
I 3
ViymaxP= — o x= 2.
8 2

b) Vai 3:-<a <l thiQ= 31(3 ~3a)3Ba-1)thi3-3ava3a-] la hai s6
duong ¢6 téng bing 2 khong déi nén tich (3 - 3a)(3a — 1) 16n nhat khi hai s6

bang nhau tic 143 - 3a =34 — | Sas 3
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¢) (x* = 3x + 5) + (25 — x” + 3x) = 30 khong di nén R 16n nhat khi hai s6
biing nhau, tic 1a
x2~3x+5=25—x2+3x<:>x2—3x— 0=0=x+2)(x-5=0
ox=-2;x=5.
Viy maxR =15.15=225 © x =-2 hoicx = 5.
15.13. a) Vai tr0 x, y, z nhu nhau, khong mt tinh t6ng qudt gia sitx >y >z> 0.
Tacéx -z 20vay(x—z) 2 z(x—2z) = >qn,(—yz-t-:e:2 2 Xz

= LaBoXsq )
A X X

M{ukhaic—)f-+122néni+l+£2 3.
y X - ¥ Z X
ViyminG=3 < x=y=z
byH =4+ [_Y) " [+] £ (m} (z) (LL] + [J
y X Z X I x zZ Yy L, L z
=24+2.6=16.
ViyminH=16ox=y=z=1
1514, 2)min K=n® & X, = x;=x;= ... =x,,.
b)ymin Q=2" &> x; =xy=x3=... = x,,.
15.15, a) Cach 1 : Xem vidu 12.4.
Cach2 :Datx+y=a;y+z=b;z+x=c.

Tacéx+y+z=a_'."b_+£_
Tﬁd6x=w_(y+z)=a+b+c_b=a—b+c‘
2 2 2
at+b-c -a+b+c
Tuong try = s )
: 2 2
DodbbseZoyd o % =ﬂ“b+c+a+h-—c+—a+b+c
Y+z zZ+Xx X+y 2b 2¢ 2a

1{(a b)[b c][c aJ
=—[l=+—=|+|—+=|+|=+=|=-3]|.
2[[h a g b a ¢
Apdungbz‘&dﬁnglhﬁc%+222vc’iia,b)»O,tacé:
a

C z%(2“+2+2-3)=%.vg.ymmc=-g— Sa=b=cox=y=z
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b)(Xemvidu 124) :minD=75&x=y=2

3x +y+z+t » 3y +::¢+r,+l
y+z+1 3x X+z+1 Jy

3z X+y+L 3t Xtyt+z
+ + - +
X+y+1 3z X+y+12 3t

G2 D) (53]

y

¢) Xét 3E = [

>24+ 3;-.2.6 = 40,

ViyminE= 4—;]- e x=y=z=t

15.16.a)a+b=2 =>4 =2’ +b® + 2ab = 2(a’ + b)) — (a-b)’
=4 <2 +b) = a’¥b°22. ViyminD=2 o a=b=1.

b)E=a3+b3+ab=(a+b)(a2—ab+b2)+ab=a2+b2=a2+{l - a)’

2
sait disteald-autid e loals L] ol sk
2 4) 2 2) 272

. 1
ViyminE= - & a =b=i.
2 2

c)bita-l=x;b-1=ythi(a-1)+(b—-1)=3-2=1lhayx+y=1
_(a=-D+1 (b-D+1I - | | _ l l
G= T e -*[]‘l‘d—_l—].[]‘f'ﬁ] —-(l+x].[l+y]

G= l+l+-l-+—l—=l+ﬂ+~l-=l+3-.Do(x+-y}224xy<:> 1 >4xy
X y Xy Xy Xy Xy
3

@L24 nén G 29.VayminG=9<.:>x=y=—]~ a=b=—.
Xy 2 2

d)2a+b=2=>b=2-2a=H=ab=2(l -a).a=-2(a>—a)
. == =
2
e)Pita+ |l=x;b+Il=y;c+l=zthix+y+2<6
1

nen-—~——«—2-]~.'[‘acé(x+y+z)[l+l+lJZ9
X+y+z 6 X y z

1) I 1
=—2( J +— < —.ViymaxH= - < a=— vab=1.
2 2 2
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_—_‘>.[_+i+12_9____.22;§._
X ¥y z x+y+z 6 2

V{iyminl(z%@x:y:z:Z@ a=b=c=1.

15.17. Ap dung bit ding thic Bunyakovski chobons6 1,1, 1,..., I va X5 X9, X35 vy Xy
taco:

i+ xp+ X3+t X, S (2417 47 4. 41D (2 4 x2 4+ x2 4.+ x2)

hay (X |+ X5 + X3 +...+ x,,)2 sn(xF+x3+x2 .. +x%)

x,z +x% +x§ +...+xﬁ 2 (X)+ Xp+ Xz +..t :Icn)2 cn=k%:n.

Dod6D, > k” :n. Vaymin D, =k* : n & X=X, = x3=..=x, =k : n.
n y n 1 2 3 n

1518. Taco 2xy S X2 +Y° = (x +y)° < 2(x? + y?) = 2035
= [x+y <45 > -45<x+y=<45.

Viymax (x +y)=45 & x=y=22,5

min(x+y)=-45x=y=-225.
1519.2) Dat Dy =[x —10[+x — 13 ; D, =[x = 1]+ [x - 12].

Tuwong tu cich gidi cia vi du 15.11¢) : min D, =3 10<x<13
: minD,=1e 11 <x <12
Vay : minD=4&11 € x 12,
b) min E = 1000 < 1010 < x < 2010.
) PatBx -5 =y hiF=y? -6y +9+ 1=(y -2+ 121.

I

ViyminF=1l<y=3 <:>|3x—5| =3¢$x=§ K -i-
d)male=6¢:>xm :5(
egmax H=—9 < x=1,5.
1520.a) Pat L, = Ix —al +[x - dl
L, =lx-bl+kx-d.
Tuong tu cich giai vidu 15.11c) :minL; =d—-aoas<x <d

minlL,=c-b<b<x=<c
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ViyminL=d-a+c-b< bsx <c.
b) Pat K, = |x — 1| +|x — 2012
Ky=|x—2/+[x—-2011|
Ks =[x =3+ |x —2010|

K005 = [x = 1003] + [x — 1008]
K006 = [x = 1006] + [x = 1007]

Tacé:minK;=2011 & 1 < x <2012
min K, =2009 <> 2 < x < 2011
min K;=2007 < 3 < x <2010

min K;gys =3 <> 1005 < x < 1008
min K;gos=1 < 1006 < x < 1007.
Chiingminh 1 +3+5+.+(2n-1)= n’.

Ap dung vao bai todn, ta c6 :
min K =1 43 +..4 2009 + 2011 = 1006 < 1006 < x < 1007.

Chuyen dé 16
16.1. a) Dapso : p(x) = (x + 7)(x + 2)(x - 3).
b) Pdapso: q(x)=(x - D(x - 2)(x + 3).
c)Pdapso: f(x)=(x+ DX+3)NE-3)x-7).
d) Pdp 6 : B{x) = (x = 3)(x = 2)(x = )(x + D(x + 2)(x + 3).
16.2. a) Coi A 1a da thic dai véi x.
Thay x =—-y,tacé A(-y) =(~y +y + 2)3 -~ {—y)3 - y3 -2 =0.
Theo h¢ qua dmh 1f Bézout ta ¢6 A chifa nhan tlr (x +y) hay A : (x +y).
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16.3.

16.4

by

16.5.

16.6.

Vai tro x, y, z trong A nhunhau nén tacé A : (y +2) virA (z + x).

Viy A © (x + y)(y + 2)(z + x). Khi khai trién A thi A chi con bac hai déi
vdi X. Do do A cé dang A = k(x + y)(y + z)(z + x). Cho (x, y, z) mdt gid tri
cu thé ta tim duge k. Chang hanchox=2:y=1:z=1,1acod

@+1+1 =8-1-1=k@+D(+1)(1+2) = k=3.
Viy (x +y+z]3—x3—y3—23= 3(x + y)y + 2)(z + x).
b) Coi B la da thire véi x. Ta thay B(—y) = 0 nén theo h¢ qua dinh If Bézout B
chita nhan ur (x + y). Do d6 khai trién (x + y}s theo nhi thiic Newton vii rtit gon
B= 5x"y + [(]xsy2 + I[lxzy3 + 5:(3;4 = Sxyl(x3 + xzy) + (xzy + xyz) +(>()|r2 + y3)j
= Sxy(x + y)(x2 +xy + yz).

2 —x+x=x(x2“— 1)+ x

a) Ta co le =X
= X1 = 1]+ x = x(x*- 1).p(x) + x
=x(x*- (x> + 1).p(x) + x.

Viy X (x2 + 1) du x.

by x*

vay x¥: (x2+ 1) du - x.

= x[(x) + 1] = x = x(x + 1).q(x) = .

a)Piipso: -4

b) f(x) = X[ + 1+ x16AP + 11+ X162+ 1+ x[6DP + 1] =3x + 1
= x(x2 + 1), h(x) + x(m2 I+ 1). k(x) + x(x2+ ). p(x) +x(x2 +1). q(x) = 3x + 1.
Bip s6: Du-3x + 1.

.c) f(x)=(x—D(x+1D.x)+ax +b.
f(l)=a+b=6;f(-1)=—a+b=-4=a=5;b=1.Dulasx+1.

2
a) i'[—éJ = IB.(—EJ +a=0 = a=-50.
3 3

b)g(-2)=0 = a=-8.
Sh(—=5)=3 = a=8
a) Ta co XC-5x+6= (x=2x-13).
(3)=0 = 3a+b=-27; f(2)=0=2a+b=-8.
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Suy raa=-19; b=30.

b) g(x) = (X +2)(x - Dp(x) +2x + 1.
g(-2)=-12-2a+b=-3; g(l)=-3+a+b=3.

Timdwoca=-1;b="7.

¢)h(-1)==-3-a+b=6; h(3)=81+3a+b=70.

Timduoca=-5;b=4.

16.7. a) Tacég{x)=x2+x —-2=(x+2)(x-1).

Do {(x) i g(x) nén f(x) i (x = 1).
Theo dinh 1f Bézout thi f(1)=0hay 1 +3+3-1+k=0 = k=-6.
b) f(x) = (x +2). h(x).

Taco:

Heé so f(x) 1 37 3 -1

k

Hésoh(x) -2 1

3+(-2).1= 3+(=2)l= | —1+(2. 1= | k+(-2).(-3)

1 -3 =0=r

1

Nhuvady:k+6=0= k=-0.

16.8. Tacox’ + 3x = 10 = (x = 2)(x + 5) vaa da thitc chia bic hai nén du li ax +b.

16.9.
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Viy f(x) = (x = 2)(x + 5)(x*+ 1) +ax + b.
Theo dinh If Bézout, s6 du trong phép chia f(x) cho x -2 1a f(2) =4, cho x + 5
laf(=5)=-=17néntacod : .
2a+b =4 a=3
<>
-Sa+b=-17 b=-2.
Pa thic cin tim 1a (x = 2)(x + 5)(xz+ D+3x-2= x 3 - ox® 4 6x - 12,
Cdeh I : Chia da thic : dat phép chia f(n) cho g(n) dugc thuong la n’—n+3

vide8=n+3laudcctal = n=1van=>5
Céch 2 : Ding lwoe dé Horner tim duge du 12 8 = n+ 3 la ude clia 8

=na=1vin=5.
Cech 3 : Theo dinh 1i Bézout thi du ctia f(n) chiacho (n + 3) la
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f(-3)=-27+18+17=8 = n=1vin=35.
16.10. a) Du ctia f(k) chiacho (k—2) 1af(2) =5: k — 2 1 u6c cha 5 >ke {—3; [23; 7}.
b) Du ctia g(k) chia cho (2k — 3) 1a 3(%) = 2.[%)2 + 5% -19=-7
| 2k-3lAudccta-7T => ke {—2;!;2;5}.
16.01.x% = 1= (x + 1)(x = 1). Tacé f(~1) =0 va (1) = 0. Vay f(x) ((xP-1)

16.12. V&i moi x 1a ¢ P (x) = (x — a). Q,—(x) +r, hay la:

n—

_2+.‘.+blx+b(,}'+r_

a X"+, X" a2y = (X — a)By X" + by X"
= by "+ (B2 — by X" (03— aby X" 24 .ot (by—abyx’
+(by—a.bp)x —aby+r. '

Déng nhit hé s6 ¢ hai vé tacod :

bn*l =a, = 'bn -1 =,
byp—aby =2,y = by-=a, +a by
bn-i_u'bn—Q:an—'z = bll-fi:an-'?."'a'bn—Z

bj—ab,=a, = b =at+alb
by-a.by=a; = by =a+ab
r—a.by=a, = r  =ag+aby (rlasodu).

16.13. S6 du trong phép chia f(n) cho n? = nla3;n’—n=n(n- 1) chdn nén khong
la wdc cua 3.

Chugpor dd 17

2 % (véi x # 3), roi suy luan x — 3 13 udc s6
x —

ciia 5 ; hodc ¢6 thé bién déi phuong trinh thinh (x — 3)(y — 2) = 5, r6i suy ra
X — 3 vay —21a cic ude so cia 5.

17.1.2) Cothé rity theox lay =2 +
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17.2.

17.3.

17.4.

Pipso(x;y)=(4;7),(8:3),(2;-3),(-2; 1).

b) Biéh ddi phwong trinh thanh (x - y)(x +y) = 1999.

Pip s6: (x 3 y) = (1000 5 999).

Sir dung nhan xét binh phuong cita mot s6 nguyén chia cho 4 dw 0 hodc |.
V& trdi chia 4 du 0 hoac 1 hodc 2, v€ phdi chia 4 du 3.

a) Nhan thay x © 2, dat x =2t (t € Z) dindén Tt -3y = 100

c:>y=2(—33+I—;I.Déynguyénalﬂ %:k (keZ)=>t=3k+1.

Suy rax =6k +2vay=7k-31 (ke Z).
b) V& trdi chia hét cho 5, con vé& phdi khong chia hét cho 5. Vi vy phuong
trinh khong cé nghiént nguyén.
a) Tuong tu nhu Vi du 17.5. Ddp s6 (x ; y) = (503 ; 503).
b) Do vai trd X, y, z nhu nhaunén cd thé gia thiét | <x<y <z
S I |

1=—;+—+-52::x53.vayxe{1;213}-
X y Z X

. il §
ﬂV(ﬂx=|lhl—+—l~=0, vo .

y =z
e ol il 1
oVhix=2thi —+—-==—2(y-2(z-2)=4
y z 2
Tim duge (y, z) = (4:4), (3 6).

onix=3lh‘ll+l=E.
y z

Néuy=3thiz=3.

<

W | 8

B | =

Néuy =4 thi l+—S—l--f-l
4 4

y =z
bip s0 : Cdc nghiem (x ; y ;2) 12 (2; 4 4), (2;3;6),(3;3,3),(4;2;4,
(4:4;2),(2:6;3),(3:2;6),(3;6;2),(652:3),(6,3;2).
c)(x:y)la(4;12), (12:4),(6;6)
d(x;y:DM(1:2:3.(1;3:2),2;1:3),2:3; .B;2:1,3:132,
(2:2:2)



17.5.

17.6.

17:7:

TacOx+y+7z+t=xyzt. (1
Gidsrl < x<sy<z<tthixyzt=x+y+z+154inén xyz<4,

o Véixyz=1thi x=y =z= 1. Thay vio (1) dugc t=3 +1, loai.

o Védixyz=21thi x=y=1,z=2, Thay vao (1) dugc 1 =4,

o Véixyz=3thix=y=1,2z=3. Thay vao (1) dugc t = %.lozpi.

o VGixyz=4thix=1,y=2z=2hoicx =y = |, z=4. Thay vio (1) déu
khéng tim duge t nguyén. .
Dip s6: bonso phai imla1;1;2; 4.
Cich giai tuong tr Vidu 17.10.
) (x;y;2)=0:0;0).
b)(x;y:z;0)=(0:0;0;0).
(x:3y;2)=(0;0;0).
a) Chira x = 1 12 nghiém va chimg minh dé 1a nghiém duy nhit (cich gidi
lwong e Vidu 17.11). .
b) Do vai trd x, y, znhu nhau, gidsir | <x <y<z<9.
Chia hai v& cho 2* # 0 ta duoc .
[+ R -, _ *)
Do 2’ "* > 1 nén 2’ * chia hét cho 2.
Néux=zthix=y=z dindén 1 +2°+2°= 2’7 % (vo 1i).
Vay x <z, nén2" *laboictia2, dodé 1 +2” *chiahdtcho2,suyra2’  *=1.
Viy y=x.
Thay vio phuong trinh (*) dugc

1 T RN T R ] G T

Lap luan twong t, suy ra2° " '=1va2* ¥ =2,

Tedox=7;z=8;y="7.

Dip 6 : Nghiém (x; y; 2)1a(7:7:8),(7:8:7),(8:7 ;7).

Nhén xét. Tong quit, phuong trinh 2% + 2¥ + 2° = 2" (n 2 2) ¢6 cdc nghi¢m

(x; y;z)nguyén la
n-2;n=-2:n-1):;m-2:n-1;:n-2):(n=1;n=2;n-2).
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¢)Diéukien x>0,y =20
Binh phuong hai v€ r6i chuyén v& duge

X +Vx =y2—x=k (k e N).
Binh phuong hai vé& duge
x+vx =k’ = Vx eN.
Nhin thdy x + Jx = J;(J; +1) 1256 chinh phuong khi f =)
Suy ra x = 0 ; y = 0 (thod min phuong trinh).
17.8. Véi x = 5 thi vé i ¢6 tan cimg bing 3 nén khong thé |
Xét x < 5, thir true tiépta co (x; y)=(1; 1),(3;3).

4 50 chinh phuong.

17.9. a) Giai wong ty Vi du 17.13.
V6i x =0 thi y =+1.
Véix =-1 thiy=%l.
Xétx > 0thi x2<y2<:(x + i]z: vo li
Xétx <-11thi(x+ 1)2<y2~:x2:vblf
Viy phuong trinh ¢6 cic nghiém nguyén (x5 y) 1a 0; 1, 0;-1),(1; 1),
(-1;-1).
b)x’ =y +2y° + 3y + 1.
Cich 1am twong tr Vi du 17.14. Ddp s6 : (x =) ={1:3 0)i (=151
17.10. Nhan xét (x> +y?) i 121 = x i 1lvay 11

Tir 1 dén 1000 co [1??0] =90 s6 chia héicho 11.

Vi vay sé tao duge 90 . 90 = 8100 (cap $6 (x ; y)) thoa man yéu cau bii todn.

Chuyon d 18

Cic bai tap tie 18.1 dén 18.9 hoc sinh tig lam.

18.10. Gia sit ménh dé diing v6i n, cin chimg minh ménh dé ding véin + 1.

nal -
Tacé: 3+33+333+...+33..3+ 33.3 =19—M+ 33..3
) n+l sé 3

nso 3 n+ls63
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n+I_L ol
=10—ﬁ-u+3.10“+3.10“"+‘..+3

27
10" —9n-10 T
_—-E?——+3(l(} +10" 4L+

L R S n+l___[

M om0 L (theo bai 2.b)

27 10-1
_|0|:+-1_9],_]0+]0"+'_]_[0,![}"+1—9n—l9_]0“"2~9(|1+I}—10
- 27 3 27 ) L :

Vay ménh dé ding véin+ 1.
18.11. Ménh dé ding vdi n = 0. Gid sit ménh dé diing véi n, wic 1a

nP+m+1} +m+2) =9mmeZ.

ciin chiing minh ménh dé ding véi n + I

Tacod (n+ [)3 +(n+2)3 +(n+3}3 =n"+(n+ l}"+(n+?.,)3 +(n+3)“-n‘1
=9m +(n+3-n)[(n+3)* +n(n+3)+n?]
=9m +9(n? +3n +3)19.

Theo PMI thi ménh dé ding v&i moi s6 tr nhién n.

18.12. Véi n =1 thi 2 = fof, = 12 + (=1)? = 2 + (=)'*', menh dé diing.

Néu f,_f,, =2+ (D" thido f,,; =f,,, +f, tacé:
fafasz = G + Ga) = 7 + Gy = Gy <D™ 4,
= a1 (o +6) # CD™2 = 02, 4 (-)™2,

Suy ra ménh dé diing v6i moi s6 nguyén n = 1,

18.13. Chia 4 mot hinh vuong thi s6 cdc hinh vuong sé tang thém 3 (thém 4 hinh
vuong mdi va mit di hinh vuéng géc nhu hinh a).

LI

) b) ‘ c)
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Gia sit ta di chia hinh vuong ban ddu thanh n hinh vuong. Chia 4 méi hinh
vuong trong n hinh vuong nay, thi sau méi ldn chia so cic hinh vuong dcu

tang thém 3:
{n,n+3,n+6,n+9,...}.

Nhu vy ta chi cdn chimg minh bai todn véi n =6 va n=8. Nhung diéu

nly la ro rang véi cach chia & hinh b) va c).

18.14. Diu tién ta ching minh néu n (6t thi 2n + 8 va 2n + 9 ciing la 161, Gid sir rang

£ .3 .1 I o
n=a;tdy +ayt..cbag A —+—+—+.. A+ —=1 viig cN,i=12,..k
) ] flz 33 Elk

Taco: 2n+8=20a +ay+ay+...+a ) +4+4

3 I I L . b ¢ L .

vi —_— e, et ==k pma]
2a; 2a, 2a, 4 4 2 4 4
2n +9 = 2(a, +a2_+a3+,..+ak)+3+6

s 1 1 1 1. 1 1 I 1

vil —dt—t. A ——F =k —=—t—+—=1,
2a, 2a, 2a, 3 6 2 3 6

Vi vay néu n 6t thi 2n + 8 v 2n+ 9 ciing 1a 16t (1).

Bay gi®s ta s€ ching minh bai todn bing phwong phdp quy nap theo n.

Goi M(n) 14 ménh dé "V &i moi s6 nguyén n thi n,n+1,...,2n+7 la tot".
Theo gid thiét, ménh dé M(33) ding. Do (1) nén ménh dé M(n + 1) ding.

18.15. Goi M(n) la m¢nh dé : n € N,n > 5, n viét duoc dudi dang tdng céc s6 hang
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ma moi s6 hang 1a 2 hoiic 5.
Vi 6 =2+ 2 +2 nén ménh dé M(6) ding.
Véi méi n > 6, gia sit ménh dé cic ménh dé M(7), . . ., M(n) ding.

Do M(n ~1) ding nén n-1=a; +a; +...+a, v6i a; =2 hodc a; =5

(i=1,...p).
Khidé n+1=a; +a,+...+ a, +2. Vay ménh dé M(n + 1) diing. Theo
PSMI thi ménh dé M(n) diing v6i moi $6 tr nhién n > 5.

Nhdn xér. Néu ding PMI thi & bude quy nap, viée chimg minh tir M(n) ding
suy ra M(n + 1) ding s& khd khé khin, ban doc tr kiém tra diéu nay!



18.16.V6i n =0, thi a; =0 = 0.2%, ménh dé diing.
Véin =1, thia, =2 = 12", ménh dé ding.
V6in=2,thia, =4(a, —a))=42= 2.22, ménh dé diing.
Véi mbi s6 nguyén n =2, gid st v6i moi s6 nguyén j, 2<j<n, ta co
a, =n2":
Ta phai chimg minh a,, = (n+1).2"*"

Taco: a . =4 a, —a, )

4[n.2" -(n- 1)2"*'] (theo gia thiét quy nap)
= 4[2n.2“" ~n 2%y 2""]
=4[n2"" 42" ] = 4(n + 12"

= (n+ 12",
Viay ménh dé ding véi n+ 1. Theo PSMI thi ménh dé ding véi moi s tu
nhién n.

Chuyerndé 19
19.1, HS wy lam.
19.2. Chiing han : 5% = 32 (mod4) nhung 5 # 3 (mod 4).
193.a=b(modm)= 3te Z:a=b+mt = (a,m) = (b,m).
19.4. Mot s6 chia hét cho 8 khi ba chif s6 tin eling ciia s& dé chia héi cho 8.

19.5. HS tu lam.
19.6. HS tu [am.

19.7.2)« 2! = 1024 = 2(mod 7) = 2% = (2'%)° = 2% = 4 (mod 7).
Vay 2% chia cho 7 du 4.
o 41=-1(mod7)=> 41° =(=1)* =—~1=6(mod7). Vay 41% chiacho 7 du6.
b) Du 0. )
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19.8. a) Ta 6 : 2222 = -4(mod 7), 5555 = 4(mod 7)
=5 22225555 45555222 =(~4)"%% + 47222 (mod 7) = —4"** +472 (mod 7).

s _42223(43333 ~)(mod 7) = 42222 ({43)”1{ _ l))(mnd 7.

Mit khic : 4° = 64 = 1(mod 7) = 4° ~ 1 = 0(mod 7).
Do d6 : 2222555 455552222 =((mod 7). Vay 222279 4 5555722217,
b) Tacé : 53=1(mod 13) = 53' =1(mod 13)=> 53'" =14(mod 13). (1)
53 = —1(mod 3)=53'" = -1 = 2(mod 3)=53'" = 14(mod 3). (2)
Tir (1) va (2) suy ra 53'%* = 14(mod [3; 13]) = 14(mod 39). ' 3)
103 = 1 (mod 3) => 103 = I(mod 3) = 103% = 25(inod 3).  (4)
103=—1(mod 13) = 103% =~I(mod 13) = 103** =25(mod 13). (5)
Tir (4) va (5) suy ra 103%? = 25(mod [3; 13]) = 25(mod 39). (6)
Tit (3) va (6) suy ra: 53'% +103% = 14 + 25 = 39= 0 (mod 39).
Viy : 53193 4 10373139,
¢) HS tu chimg minh.
19.9. 1D : Chi § ring (=13)? = —13 + | (mod 181), va ding phuong phdp quy nap
toan hoc theon .
19.10. 2) Ro rang 2° +2% =0 (mod 4), tacon phii chimg minh 2° +2 =0 (mod 25).
That vay, do 2'% = 1024 = ~1 (mod 25) nén
29 4+2% =291 +2%9) = 2° {1 + (2'“)") =0 (mod 25).
b) 25 = 6 (mod 19) => 7.5 +12.6" =7.25" +12.6" =7.6" +12.6"
| =19.6" =0 (mod19).

19.11 1. a) Theo dinh If Fermat, ta cé :

a'' =a@mod 11) = 2" = @'")"*" = a"™ (mod 11).

A 5 o A
Tacé a™ =(@'")'%a° =a?' =a'L.a'" =a(mod 1 1). Do dé 2" =a(mod 1 1).
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Vay PG 001N =2 2013 tmod £13:

Matkhic: 1+2+...+2013 = ﬁ-znj.Q()l3 =1007.2013 = 0 (mod 11)

(Vi 2013:11). Tirdé : 1" + 2" 4. . +2013"' =0 (mod 11).
b) (=) Gidsir af7, khidé (a,7) = 1. Theo dinh If Fermat : a® = I(mod 7).
Do dé: a®" +2a°" = 2 (mod7), vo Ii. Vay ai7.
(<) N&u ai7 thi a%™:7 va a%":7, suy ra a®™ 4 afn g
19.12. 2) 2" = I(mod 19) ; 2°"*2 = 4.(2")*" = 4.9~ 1)*" = 4(mod I8)
= 22 - 18k +4, k € Z.

2002 3 oI8ked L 353 4 32 0(mod 19).

Do d6 2
b) 2° = 1(mod 7), 22" = 2.2H)" = 2.3+ 1)" =2(mod 6)
= 22" —6k+2, keZ

Do d6 22" +3=2%2 13227 4 3=0(mod 7).

¢) 2" = 1(mod 11), 2™ =2.16" =2(mod 10)= 2*™*' = 10k +2, k e Z.

Do d6 22" +7=2'%2 =22 4 7= 0(mod 11),
19.13.Dat A = a? & .1; e +a§012. B=a +a,+...+ay-

Hay ching minh n® —n330 Vn e N. Khi d6 :

A—-B=aj -2, +23 —ay +... +a3915 501230, lai do B30 nén Ai30.
19.14,0p =2 thi 2" — n:2 vdi moi n chan.

ep=2thido (2,p)= | nén 2°' —Iip, suy ra 200 1 VkeN, k22,

Mat khdc ¢ (p —1)* = (=1)** = I(mod p), do dé :

2(1:—.|12" — =D =200 p - 2 - 1 p.

p ip

Vay tén tai vo s6 s6 tu nhién n cé dang n = (p - D* VkeN, k=2 sao

cho 2" —nip.
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19.15, Vi p =3 thi p2 + 14 = 23 la s6 nguyén 10.

Véi p#3 thi p? =1 (mod3), chonén p’ + 14 =0 (mod3).
Viy p2 +14 : 3, mit khic p2 + 14 > 3 nén pz +14 13 hop s0.

Viy chi ¢6 mét so nguyén 16 ¢n tim 1a p = 3.

ol s .l Y
~19.16.0) Vi EAI =28 - (2% 2 =6.2 = 2(mod 10). Viy chit s6 cudi clia s6 2 2

260

by oCaich 1 : 3% = (33 =2 (mod 25), 2% =(2'9)".27 =-8 (mod 25).

Viy 3" = 25k — 8, k e N. Mat khic 3" =81 =1 (mod 4), nén

P (3")2‘"’.3"' =13 =3 (mod 4). Do dé 37 —4m+3, meN.

Tacén tim k,m e N sao cho 3% =25k -8 =dm +3 (1). Tu(1) taco :
k-3 k-3

25k —
m=:§-ul-=ﬁk—2+-————.f)iﬁl—-z-*=l,,le Nithi: k=4t+3,

m=250+16,0 € N. Dodé: 37 = 2541+ 3)— 8 = 100t + 67.

Vay hai chit 0 tan cling ctia 56 3912 67.

Cich2 :Vi(3, 100)= | vag(100)=40nén 3 = 1 mod 100) =3"" = 1=201 (mod 100)
3% 267 (mod 100). Vay hai chii s tan cing ciia 63" 1267,

o 14" = 4" = 6 (mod 10) = 141" = 1410446 = 146,14!0%

Tir 229 276 (mod 100), 7* =1 (mod 100)=> 14°.14'% =14%76(mod 100).
Mat khic 149 = 71,7226 = 72.2% =36 (mod 100). Do dé

14°.76 =36.76 =36 (mod 100). Vay hai chif s6 tin cling ciia 56 |4|4|4 la 36.
¢) 1000 = 125.8. Ta tim s6 du cua 22012 ¢ho 125.

Nhdn xét : Vi {a+b)5 =a% +5%b +10a7b? +10a%b’ + 5ab" + b nén néu a125
thi (a+b)* =b*(mod 125). Vi 2'° ==1(mod25) nén 2'" = 25k~ 1, ke N.
/ip(ll._mg nhin xét trén ta ¢ : 2% = [210)5 = (25k - |}5 = —1 (mod 125).
Viviy : 22012 - 250y#0 912 o (0212 294 2? = 96{mocl 125).

Viy 22012 = 25m +96,m € N. Vi 22°'2:8 nén mi8. Dat m =8t e N.
Taco: 227 = 125.81 +96 = 1000t +96. Vayss 22" cobachir s6tin clng 12 096.



) -nn + 1)

1917. S=1+2+...4+n nén chi cin chiing minh Sy : khi k 1&.

1918. x =8,y=0,z= 6.
19.19.Néu plab thi p I (ab” —baP).Néu pIab thi (a,p) = (b,p) = 1.

Do dé a”"=b?" =1 (modp). Suy ra pi(a® =bP™). Vay pl(ab® —baP).
19.20.Do p nguyénto, p<7, (10,p) = 1 v (9, p) = 1, suy ra H_l_!_l = mp; ! ip.

p-lsil

19.21. Sit dung dinh i Trung Quéc vé phin du tim duoc : 334.
19.22. Theo dinh 1§ Fermat bé : 2299 =1 (mod 2011) (1). Ti¥ yéu cdu bai todn
2" =1 (mod 2011) (2) véi n 12 $6 nguyén diwong nho nhit, nén suy ra n <2010.
Vict 2010=nq+r véi 0 <1 <n. Do (1)'tacé 22" =2™*" =1 (mod 2011)
(3), do (2) tacé: 2™ =1 (mod 2011) (4). Do d6 2™ (2" — 1) = 0(mod 2011).
Suy ra 2" = 1(mod 2011) (vi dé thdy (2", 2011) = 1) = r=0=n € U(2010).

Do (2) nén n > 10. Mat khic 2010 =2.3.5.67 nén n € {15, 30, 67, 134,
201, 402, 670, 1005, 2010}. '

Dé kiém tra dugc : cdc s6 2'°,2% 287 213 2290 khong déng du 1 theo

modun 201 1, nhung 2%92 = | (mod 2011). Vay n =402 las6 cin tim.
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