* k&

XUAT BAN TU 1964

2018
S6 488

TOﬁN HOC
uilre

NHA XUAT BAN GIAO DYC VIET NAM - BO GIAO DUC VA PAO TAO

TAP CHi RA HANG THANG - NAM THU 55

DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO SO

Tru sd: Tang 12, toa nha Diamond Flower, s6 1 Hoang Pao Thiy, Thanh Xuan, Ha Noi
DT Bién tap: (024)35121607; BT - Fax Phat hanh, Tri su: (024) 35121606

Email: toanhoctuoitrevietnam@gmail.com Website: http://www.nxbgd.vn/toanhoctuoitre




Bé dong tap

»
TAP CHI

TOAN HOC

75 | ®
TAP CHI
B8 (o): N5 o/ NIN TOAN HOC
Tclusipe

.“Mﬂll‘d Youth Magazine
Nam 2013

Mathematics and Youth Magazine
Nam 2012

Mathematic nd\'mﬂhM‘aga‘x’m!
Nam 2011

B et i

Khd 19 x 26,5 6 19 x 26,54 Khé 19 x 26,5 Khd 19 x 26,5
Gia bia: 99.000 déng ia big: 126.000'déng Gia bia; 152.000 déng Gi4 bia: 175.000 dbng

™

TAP CHi
TOAN HOC

T E . il
Mathematics and Youth Magazine

Nam 2015

Mathematics and Youth Magazine
Nim 2017

Mathematics and Youth Magazine

-~ Nim2014 Nim 2016

s

Khd 19 x 26,5 Khd 19 x 26.5 Khé 19 x 26,5 Khd 19 x 26,5
Gia bia: 185.000 déng Gia bia: 199.000 dong Gia bia: 199.000 déng Gia bia: 199.000 dong

Moi chi tiét xin lién hé:
TAP CHi TOAN HOC VA TUOI TRE
Téang 12, téa nha Diamond Flower, s6 1 Hoang Dao Thay, Thanh Xuén, Ha Noi
@ Pién thoai bién tap: (024).35121607 ® Dién thoai Fax- phat hanh: (024). 35121606
@ Email: toanhoctuoitrevietnam@gamail.com



MOT s& DANG TOAN

VE s6 CHIiNH PHUONG

HA VAN NHAN

(GV THCS Hodng Xudn, Hodng Hoa. Thanh Héa)

L KIES THU'C COBAN CAN CIIU Y

1. Sé chinh phuong la sé bing binh phuwong ding
clia mét sé nguyén.

2. Sé chinh phwong chi c6 thé c6 chir sé tin cing
bang 0, 1, 4. 5, 6, 9; khong thé ¢o chir s tin cing
bang 2, 3, 7, 8,

3. Khi phéan tich ra thira so nguyén to, s6 chlnh
phuong chi chita cac thira s6 nguyén t6 voi sé mi
chin,

4. S6 chinh phuong chi ¢6 thé ¢ mdt trong hai
dang 4# hodc 4n + 1. Khong ¢6 sd chinh phuong
nao ¢ dang 4n + 2 hodc 4n + 3 (ne M),

5. 86 chinh phuong chi ¢6 thé co6 mét trong hai
dang 3» hodc 3n + 1. Khéng ¢6 sd chinh phuong
nao co dang 3n+ 2 (neN).

6. SG chinh phuong tin cung bing 1 hoic P ‘th1:

chir s6 hang chuc la chir s6 chiin. :

S6 chinh phuong tan ctng bing 5 thi chﬁ' =3 hang
chuc 14 2.

S chinh per(rng tan cing bing 4 ﬂﬁ chu s0 hang
chuc 14 chir 56 chin,

S6 chinh phurong tan cting bing 6 thi chir sb hang
chuc 1a chir s Jé.

7. S chinh phuong chia hét cho 2 thi chia hét cho 4.
S6 chinh phuong chia hét cho 3 thi chia hét cho 9.
S6 chinh phuong chia hét cho 5 thi chia hét cho 25,
S6 chinh phuong chia hét cho 8 thi chia hét cho 16.

I CAC DANG BAI'TAP CO BAN
Dang 1. Chirng minh mét s6 1a s6 chinh phuong

Bai 1. o) Clurme minh ramg sa N san dav Ia se
Ll i 5. 1
Lok b,

[REETNIH

chifnh phong: N Z L

1985501 |
(126 1hi chon HSG Todn Onoc gl nicten fpe 1994 -
1093, Bane ).

B Charne minh ticl cia bon s6 fe nhicn fién tiep
vang | fwon la so ofiinl phong.
Laoi gial. a) Taco:

IOI9‘JS

19952 1995
N=—91-.(IO]‘M +5)+1 =M

9
(0% 4410% 44 (107542)
9 s

Ma 10'% 4 2:3 nén N 1a sb chinh phuong.
b) Goi bén sb tw nhién lién tiép d6 lan,n+1,n + 2,
n+3 (nel) Taco
LK = nn+1)n+2)n+3) + 1
=(m+3n)( nt+ In+2)+1.

+1

Dﬁt t=n*+ 3n (tel) thi
M (e 2 )+]=.‘2+2I+|=(I+ 1)2=(n2 +3n+l)2.

Vi neNnénn® + 3n + leN Viy
sl =1in -2){n—3)+lIéséchinhphu‘ang. a

Bitt 2. e comevdn divenig n thoa man

24 201207 - 1 da sd ngrven, Chiing arinki rang
2229120 -1 d 5o elinl phuromg.
(Can HE2 - DE thi véo Iop V0, THPT chuivéa, TP, Her

N ncen foe 20060 2N 7).
Loi gidi. Hién nhién 2 +2v125° +1 1 s6 nguyén
ma 127 +1 14 sb 1¢ nén ton tai sb tw nhién & ma
1207 +1=(2k +1) < 120 +1=4k% + dk + 1
< k(k+1)=3n%
Vi (k;k+1)=1 nén xay ra 2 truémg hop:

k=da .
« THI: “ (a,beM)=a®-3b" =-1
357

k+1=
=2 (mod 3) = &’ =2(mod 3) (vé D).

OAN HOC 1

: T
S3 488(2-2018) * cTugitre




52 www. faceboolk comletrunglhenmath

5./ sites. google com/site letrungltenmath

k=34 _— 3

o TH2: L= -1 =3n
k+1=5"

= 24241207 +1 = 2+ 24/4b* — 4% +1

=24+2(2b7 ~1)=4b°,

Vi 46%=(20)nén 2+2y120° +1 1& 56 chinh
phuong. )
Bai 3. Chung minh réng véi moi s6 nguyén x, v

thi: A={x + wix + 2y}x + Ir)x + 43)+ o
K ok ohiily pivsiere
Lo gidai. Ta ch:
A=(x + x + 2)(x + 39)x + 40+t
= (5" +5xp+ 4y X% + 50y + 617)+ ¥
Dit 1= x? + 51y +5)° (1€ Z)thi
A=(r -yt + y2)+y4=32—_vd+ o
=2 =(x"+ Sxy + 5_1'2)2_
Vi, v, zeZ nén Y eZ snek, 517 eZ
=X+ Sk + 5y eZ.
Viy A la s6 chinh phuong. m}

342344345+, Ak(k+Dk+2)

Baid. Cho P=1

vi ke N . Chirng minh rdng 4P + | ld 56 chinh

phirong.
Loi gidi. Ta cdmim+ ]}(m—:—Z):%m(m+l)(m+2),4
=-l- mim + 1)0m+2) [ (m+3) = (0 — 1]

= % w4 1)+ 2} + 3)—&;}1(”4 +1)(m+ 20 -1

Cho m=1,2.3,....k, tacd
4P=1234 —0.023 +23.45 1234 +_ .+
kU + 1)k + 2+ 3) =k + Dk + 20k —1)
= k(k+1)(k+2)k+3)
= 4P+ 1=k + 1)k =2)(k +3)+ L Theo két qua
bai 1 thi k(k + (& +2)(k +3)+1 1a sb chinh
phuong. Vay 4P +1 la 56 chinh phuong. (m]

Bai 5. Cho ddy 50 49; 4489:444889: 44448889, .
Dav 56 rén duee xdy dyng bang cdch thém so 48
vao giita 56 dirng trude no. Chumg minh rang tat

cd cde 56 ciea day trén deu 1a 56 chinh phwong.

TOAN HOC
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Loi gidi. Ta co:

44, 488...... §9=44 .48 ... 8+1
achirsd 4 p-lchitsof nchitss 4 achiso®
= 44,4007 £8 1L 1+1
# chitsd 4 wehisi |
Dt ol I
9 9

4007410741 (200°+1)
B 9 3

Ta thiy 2.10” +1=200....01 ¢6 tdng cac chir sb
n-1chitst O

chia hét cho 3 nén né chia hét cho 3
Es ] L] 2 3
= [“—I%i] eZ hay cac s0 co dang

44...4488.. 89 la sb chinh phuong. O
Bai 6. Chirng minh .l"(ln'”\'_f cdc 6 sau la so chinh
phirong:

ayA=22499.. ...

b B=11.....

Léi gidi. a) A=224102 +99...9.10" 2 + 10" +9
=224 107 « (10" = 1).107°% +10"7 49
= 224.10% +107 - 10" +10™' +9

=225.10%" -90.10" +9=(15.10" = 3)°*.
Suyrad la s6 chinh phuong.
by B=11...... 1555......5+1= 11...1.10" +5. 1.1 +1
e o el et
nchirssl  onchitsd s u chitsd] nchii=g]
H H
= 0 _]‘IO"+5 L4 “1+l
9
2 2
107 +4.10"+4 [ 10" +2
9 3 '
Viy B la s6 chinh phuong. ]

Bai 7. Chitng minh rang tong cdc binh phuwong
cia 5 56 i nhién lién tiép khdng thé la mor 50
chinh phirong.
Léi gidgi. Goi 5 so tu nhién lién tiép la
n—2.n-kn n+ln+2(nel,nz2) Taco:

B
(=27 + (=17 + 2% +(n+1)? +(n+2)" =5(n" +2).

Vi #* khong thé tan cimg béi 3 hodic 8 do d6
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n* +2 khong chia hét cho 5= 5(n” +2) khéng la
56 chinh phuong hay tong cac binh phuong cua 5 s6
tur nhién lién tiép khong 14 s6 chinh phuong, 01

Bai 8.

3]

Chirng  minh :{H’?“’ s 6 dang

W42 20 trong do nelN vaon > )

khang phai la so chinh phirong,

Lai gigi. Ta co:
6

-t 2 2 =Rt -t 4204 2)

= [nz(n =D(n+1)+2(n+ ]]] =t (n+ )i’ -’ + 2)
=+ D[ F + D=0 =D)] = (1 +17 (" ~2n+2)
Voi neN, n>1thi i -2n42=m-17+1>(n-1y
va i —2n+2 =i’ =2(n-1 <’
Vay (n-1 <0’ —=2n+2<n*=n* - 2n+2va do
d6 s6 ¢ dang da cho khong 1a s6 chinh phuong. O
Bai 9’. Chitng minh rang tong binh phirong cria
hai so le bat ky khong phai la mot so chinh
phicong.
Loi gigi. Viava b lé nén a=2k+1, b=2m+1
(k.meN) = a*+ b*=(2k+1)* +(2m+1)
=44* £ 4k +1+4m’ +4m+1
=4 +h+mt +m)+2=41+2. (1]
Khéng c¢6 s chinh phuong nao co dané
(teN)do d6 o +b*khong thé «‘13?1”}»’4'0 chinh

phuong. *{%‘: a
Bai 10. Ching minh rrfn..tj né p la vich cua n $6
ngivén 16 déu tien thip —1 va p + | khong thé la
cdc 56 chinh phirong.

Léi gidi. Vi p 1a tich cia n_sé nguyén té dau tién
nén p:2 vap khong chia hét cho 4. (1)
s Gid st p+1 la s6 chinh phuong. Pat p+1 =

(m e N). Vip chin nén p+1 1é= m’ 1é=> m lé.
Pat m=2k+1(keN). Ta c6 m® =4k +4k+1
= p+1=4k" +4k +1

= p=4k* + 4k = 4k(k +1)'4 mau thudn vai (1)
= p + 1 khong 1a sé chinh phuong.

hitps://sites. goagle com/site letrungltienmath

e p=23.5... la s6 chia hét cho 3= p -1 c6 dang

3k+2. Khong ¢6 s6 chinh phuong nao c6 dang
3k+2 = p — 1 khong 1a s chinh phuong .

Vay néu p 1a tich # s nguyén té dau tién thi p — 1
va p + 1 khong 1 s6 chinh phuong. a

Bai 11. Gia sur N = 1.3.5.7...2017. Chumg minh

rang trong 3 so nguvén lién 1iép 2N-1, 2N vé
2N+1 khdng c6 $6 nao la 56 ¢hinh phicong.

Loi gidi. a) 2N-1=2.13.5.7...2017 -

Do 2N:i3 nén 2N —1khéng chia hét cho 3 va
2N -1=3k+2 (keN)= 2N —1khong la s6 chinh
phuong.

b) 2N = 2.1.3.5.7...2017. Vi N 1é nén N khong
chia hét cho 2 va 2N!2 nhung 2N khéng chia hét
cho 4. Ma 2N chiin nén 2N chia cho 4 khéng ¢
dulal= 2{\" khong 13 s6 chinh phuong.

>Qﬁ6ng chia hét cho 4 nén 2N+1 chia cho 4
éng cé du 13 1=>2N+] khéng 14 sé chinh

phuong. a

Bai 12. Cho = 11......]1 :6=100..

Chiing minh < ab + |l si ti nhicn.,
2018
Lai gidi. Cach 1. Taco: a= 11.. I—M;
2018chirsd] 9
B=1000 05=100......0+5=102""% 45

2017 chitso 0 2018¢hirsG 0

=ab+1=

2 2 3 2
a0 -na0** +5) _{10-"”‘ +2]
9 3

I 102078 45 2 102018 | »
= Jab+1 =\{I 3 = 3
10228 72

Ma 102" +2=100........02 }3 nén '—B—EN.

shmhike i)
201 Tchirsd 0

hay vab+1 13 s6 ty nhién.

Geoh 2. F=1005 05=100.....0-1+6
—_— e
2017¢hasa0 2018¢hus60
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S 9+6=9z1+6
S
20 $chitsd9

—ah+l=a®a+6)+1=(3a+1y

= Jabt1=(a+1) =3a+1eN.

Dang 2. Tim gié tri cia bién dé biéu thirc 1a sb
chinh phuong
Bai 1. Finr so ar whicn n seo che cde [ ROnTRAR T
chih plemgs

a) a4+ 2n+12: b) n(n+3);
¢ 13m+3 d)n* + n+1589,
Léi gidi.
a) Vi n®+2n+12 la & chinh phuong nén dit
n e i12=k) (keM)= (i + 2+ D+11=47
ok =1les (k+n+Dk—n-1)=11.
Nhin xét ring k+nm+l=k-n-1 va ching la
nhimg sé nguyén duong nén ta co thé viét
(»’c+n+1)(k—n—l):I1.1<:>{k+”+1 -l {k:(’-

k-n-1=1 n=4

b) Pat nin+3)= & {aeM) —n+3n=a’

oAt +12n=4a" & [4!12 +12n+9]—9:4az'
& (2n+3)4a” =9 (2n+3+2a)2n+ 3828 =9,
Nhén xét réing 20+ 3+ 2a = 21 +3 - Zaya
2n+3+2a la sd nguyén duong, nén cé thé viét
(2n+3+2a)2n+3-2a)=9.1=33
o 2n+3+2a=9 {2n+3+2a=3

12}1-{»3- 2a=1 2n+3-2a=3
Viy a=2 vi n=1 hodc a=0va n=0.
APt 13n+3=)? (eM)=13n-1)=)"-16
S13n D=(+Hr—H=(r+H)-4:13
ma 13 la sé nguyén t& nény+4:13 hodc
y—4113=yp=13k+4 (keN)
=13(n-1)= (13k £ 4)* 16 = 13k.(13k £8)
vn= 1347 8k + 1. Viy n =13k 48k +1, ke N thi
1312 + 3 14 56 chinh phuong,
d) Dt #* + n+1589 =m* (me N)
= (2n+1)? +6355 = 4"

TOAN HOC
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= (2m+2n +1)(2m - 2n 1) = 6355,

Nhin xét ring 2m+2n+1>2m-2n—-1>0 va

ching 13 nhitng sb 1¢, nén ta ¢ thé viét

(Zm+2n+1)(2m - 2n -1} =6355.1
=1271.5=205.31=155.41

Viy » nhdn chc gid tri sau: 1588; 316:43;28.00

Bai 2. Linr st shicn i 2 | sao cho finge 10121

L3 Rt st s elrind piuong,

Léi gidgi. Véin=1thi 11 =1=1" Ta s6 chinh

phuong .

Véion = 2 thi 1! + 21 = 3 khéng 1a sb chinh

phuong.

Véinm3thi 1! +20+ 3 = 141.24123=9=¥

1d 56 chinh phuong.

Véi om = 4 ta 6 1l + 20+ 31 4+ 4 =

141.2-1.2.3+1.2.3.4 = 33, con 5 6! ...; a! déu

tan cing boi 0 dodd 11+ 20+ 31+ ..+ p! cotén

cing boiehir s6 3 nén né khong phai la sb chinh

phirong ¥y ¢4 2 s¢ tw nhién n thoa man d¢ bai la

A =3, 0

SBAT 3. C6 hreny khdw so e aficar 0 ZBUR a0 o

WS s il phieome T

Loi gidgi. Gia st 2018 + 1 1a s6 chinh phuong thi
2018+ n° =m° (meN). Tuddsuyra
m? —n® = 2018 (m+n)(m—n) = 2018,

Nhu vy trong hai s6 m + n va m —n phai co it

nhét mét s6 chin. (1
Mat khic m + n + m —n = 2m nén suy ra hai sé
m + 1 vam — i cing tinh chin le. (2)

Tir (1) va (2) suy ra m + 7 vd m — n 1a 2 86 chin

= (m+m)(m~n) :4. Nhung 2018 khéng chia hét
cho 4, do dé diéu gia sir 1a sai. Vdy khéng ton tai
sb tu nhién n dé 2018 +n” 14 56 chinh phuong. O

Bat 4. Fiot chiiso xvei v 2 sao cho

\[_1_11\_t R S “'_'EI g — 10

Laoi gidi. Bﬁng thirc da cho dugc viét lai nhur sau:

|:x(x— 1)]2 =(x-Dxx(x—1).

Do vé trai 1a mét sb chinh phuong nén vé phai
ciing 1a mot sb chinh phuong. Mot sb chinh
phuong chi cé thé tan cing bai mat trong cdc chir



sd: 0: 1: 4; 5: 6: 9 nén x chi ¢ thé tin cling béi
mot trong cac chir sd: 1:2:5:6:7:0. (1)
Do x 14 chi s6 nén x <9, két hop vai diéu kién dé
baitaco2<x=9. (2)
Tir (1) va (2) suy ra x chi co thé nhin mot trong
cac gia tri: 5; 6; 7. Béng phép thyr ta thdy chi ¢
x =7 théa man d& bai, khi d6: 76' = 5776. O
Bii 5. Tim vo ar akicn i oen D el so hict r{}n‘s:
Zuo L ovd a1 déi i cde se chinh phiong,

Loi gidi. Taco 10<r<99 nén 21<2n+1<199,
Tim s6 chinh phuong 1¢ trong khoang trén ta dugc
25.49; 81; 121: 169 tuong (g véi so # bing 12;
24: 40; 60; 84. Ta ¢6 56 3n+1 bing 37; 73; 121;
181; 253. Chi c6 121 1a sé chinh phuong. Vav
=40, a
Bai 6. Clneny wiind; J'{?I’H_f: i 1 b v ne phicn sere
vt m | vde 2021 dén I ede sa chinh phyong 1hi
fifa heli O

Ld gidi. Vi o+ 1va 2n + 114 cac sé chinh phuong

néndit n+1=k", 2n+1l=m" (k.meN). Tacom .

lasdle =m=2a+1 (aeN)::«m: =4daia+ 1)) .

m’—1 _ dala+1)

2 5
= nchin= n+l lé=> k1é. Dat k =Zb%T (he N)

= n= =2ala+1)

=k =abb+ 1)+l =n=4b(b+1) = n'8.
Tacé: k*+m” =3n+2=2 (mod 3).
Mt khac & chia cho 3 du 0 hodc 1, m° chia cho 3
du 0 hodc 1. Nén dé &% + m” = 2 (mod 3) thi

k% =1 (mod 3), m* =1(mod 3)

(1)

= (- k%) 3hay 2n+ 1) - (n+1)i 32033, (2)
Ma (8;3)=1 nén tir (1) va (2) suy ran:24 =]
Bii 7. Tinr 11 ca ceie 56 fw whien 1 sao cho 56 2

1 . " .
=2 = 2" sh chinh phirong.

2" = a" — 487 = (a + 48)(a - 48)
=202 =(a+48)(a-48), p.geNip+qg=mp>q

+48=2°
e =2P 29 =96.e> 29(2P 9 ~1) = 253
a-48=21
=ig=SNa pog=2= p=l—=n=12
Thir lai ta co: 2° + 2" + 212 = 80? m|

Dang 3. Tim s6 chinh phuong

Bai 1. Tim nit ede cde s6 nguvén duemg (v, U, san
cho v Ry v T = 8a 1 ede s eliah phiong
i Vb BYE 557 o JISG Tean 9 TP, Ha K, nim o
262007

Léi giai. Khong mét tinh tong quat, ta 6 thé gia
sir x = 3. Khi do ta co:

X ext 48y <’ +8x<x’ +8x+16=(x+4)
Vix? +8y la s chinh phuong nén sé nhin cac gia
tri la mét trong cac sb: (x + 1)3, (x+ 2)2,(,1' e

Do do:

ex” 48y =(x+1)> =8y =2x+1,khong xay ra vi
2x+1 la s&1e"con 8y 14 s6 chin.

o 487 = (v +3)" = 8y = 6x+9, khong xay ra vi
65 #9 13 56 1é con 8y 1a 86 chin.

X% +8y=(x+2)? =>By=4x+4=>x=2y-1

Do 1 +8x la s6 chinh phuwong nén v* +16y -8 1a
s6 chinh phuong.

- Voivy=1,1acox=1vacipsd(l,)théa min
yéu cu bai toan.

— Xet w22 Taco:

W16 -8=(p+3  +(10y =17 > (y+3)° va
Y16y -8<(v+8) -T2<(y+8)°. Do dé dé
V41618 14 s6 chinh phuong thi:

16y -8 ey + 4L+ L+ 67,0+ 7.
Gidi trye tiép cac truomg hop ta cé: v = 3 (tuong
irng x = 5) hodc y = 11: (tuwong img x = 21) va thir
lai thiy thoa man. Viy céc cip (x, y) thoa man dé
bai la: (L1); (5.3): (3,5): (2L11) va (11,21).

Bai 2. Tim mot s6 chinh plurong gom 4 cii 50
hidt ring s6 @hm 2 el so daw lom hon so gom 2
chip 5o san | dom v

Loi gidi. Diatabed = k* tachd ab-cd =1 vi keN,
32<k <100, Suyra

Sé 488(2-2018)
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W0 leed = &% — 100 = (& —10)(k + 10} => (K +10)1101
hodc (& -10):101. Ma (k—10:101) = I do do ta suy
ra k+ 107101,

Vi32<k <100 nén 42<k +10<i10=k+10=101

= k =91 = abed =91 =8281. m}
Bai 3. Tim 50 chinh phucong co 4 chir 56 hidt F'{;Hn"_-"
2 chir xo dau giong nhau, 2 chir N0 cuoi giong
nhati

Loi gidgi.  Goi sb chinh phuong phai tim 1a
aabh=n" voi abeN1zas¥ 0<h<9. Tacod
= aahb =11.a0b =1 1.(9a— a+ b) (1)

Vi aabb 12 6 chinh phuong nén (a+5):11. Ma
2<% 02h<9 nén 1€a+h=zl8=a+b=11
Thay a+b=11 vao (1) duge: w =117(%a+1), do
d6 94 +1 1 sd chinh phuong. Bing phép thi véi
eri=ale 20 9 ta thay chi ¢d « = 7 thoa min
= b =4, Viy 0 can tim 1a 7744, 0
Bai 4. Tim mot s6 c6 4 chir 56 vira la 56 chinh
plnrong viea la mot lap phuong.

Loi gidgi. Goi s chinh phuong d6 la abed . Vi
abed vira 1a sb chinh phuong vira 1a mot ldp

;)

phurong nén dit ahed ==} voi xvel.

Vi v} = 4% nén y ciing 1a mot sb chinh phuong. Ta
cé: 1000 = abed €9999=510< y = 21 vado v 1a 56

chinh phuong nén: y =i6= abed = 4096, a
Bai 5. Tim mér s6 chinh phwong A gom 4 chit 56
sao cho chit so cuoi I s0 nguyeén o, can bdc hai
cua A la mot 56 o tong cac chir 50 la mor so
chinh phuwong.

Laéi gidi. Goi s6 phai tim 1a 4 = abed véia, b, ¢, d
nguyénva [2a¢<9; 0<h, . d 29

T abed chinh phuong nén d € {0,1,4,5,6,9}.

Do d la nguyén o nénd= 5.

Dit abed =k* <10000 = 32 <k <100,

k12 mot sb c6 hai chit sé ma &% ¢o tan cing bing
5 nén k tin cling bang 5. Tong cdc chir 50 cua 4 [a
mét s& chinh phuomg nén &k = 45. Khi do
ahed = 2025. Viy sb phai tim 1a4=2025. O

TOAN HOC
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Bii 6. Tim 56 ¢6 2 chit 56 ma binh phitong ciia s6
dy bang ldp phirong cua téng cde chit s6 cua 70,
Lévi gidi. Goi s6 phai tim la ab véi a.b=N va
l<a<9.,0<h<9. Theo gia thiét ta co:
{ah) = (a+b) = (10a+bY =(a+b)
v ab 1a mot 1ap phuong va ¢ + b 14 mot s chinh
phuong. Dt ub = (1 eN), a+h=1 (I eN).
Vi 10 € ab <995 ab = 27 hodc ab= 64,
« Néu ab =27=> a+ =9 1a s6 chinh phuong.
« Néu ab=64= a+h=10 khéng la s chinh
phuong (loai). Vy s6 cin tim 13 ab=27.
BAl TAP

1. Chimg minh riing cdc s6 sau ddy ki 55 chinh
phuong:

A= L_l +&_—} +1;

Ineniaa |

nehirc4
B=1._. . [l =000 8
e R e
Inchiso 1 a=1chirsa | Hehitsdg &
C=d4,....4+22 . 2+88.....B+T
———— ' —————
Zhchirsa 4 s-lohiesg 2 Achisi 8

2. Cho 5 sé chinb phuong bt ki ¢ chit sé hang
chuc khac nhau cb|_1 chit 56 hang don vi déu la 6.
Cliérng minh ring 1ong cic chir sb hang chuc cta 3
sé chinh phuong do 1a mot s6 chinh phuong.

3. Tim « dé cac s sau 1a nhimg s6 chinh phuong;

b) @® +8L;  ¢) a® +31+1984,
4.Tim e N dé cac s6 sau 14 sé chinh phuong:

a) n° +2014; ¢} n +4n+97;

b) (23— n)(23 + n): dy 2" +15,

5. Cho mot sb chinh phuong c6 4 chir sb. Néu

a} @ a3

thém 3 vio mdi chir s6 d6 ta ciing duge mot s6
chinh phvong. Tim s6 chinh phuong ban dau.

6. Tim s6 ¢o 2 chir sé sao cho tich cua s d6 voi
tong cée chit s ciia nd bang tong |dp phuong cie
chi s6 ciia 86 do.

7.Cho A 1a sé chinh phuong gbm 4 chir 6. Néu ta
thém vao moi chit s6 cua 4 mot don vi thi ta
duoe sé chinh phuong B. Hay tim céc s6 4 va B.
8. Tim 3 6 1¢ lién tiép ma tong cac binh phuong
cia ching 1a mdt sd c6 4 chiv s6 gidng nhau.



Hudng din giai DE THICHON HOC SINH GIOI
LOP 9 TINH NGHE AN NAM HOC 2016-2017

] )

Ciu l. a)TacoP(x)=[x+2]'+c-£zc-;-
2 2 4

2

]
h=—4
4 R ’ o

b 3

=

Suy ra

ik )
2
Lanlox-y =0 (1)
252 +1) =Wy -y =0(2)

DPK: x=0.

9 x—y=0
PT () @ (x—p)x+1°)=0& 5
x+p =0
THI: x+ 7 =0=>x = v =0 khéng thoa man hé.
TH2: x—y=0= x =y, thé vio PT (2) ta dugc:
A+ D= x(x+D-x=0
<:>2x3—3x\f._'~x—3v";+2=0
S (=D = +Vx +1 =0,
{t
H& PT 6 nghiém; (4:4) va | l;i]_
44
Cin?, a)PE: <<l
Pat a= J1+x,b=Jl-x (a.b=0). Tacé:
2a’ +b6 —1=3ab+a < 2a —(3b+)a+h -1=0
<> a=h+1 hoic a=b%1-

Véi g=5b+1thi

Vi+x=Jl-x+1e&2x—-1=21-x [BK:.VZ%J
«:>4x2—4x+1=4-4x<:>x:%(théaman),
Yolm=22L i
2
\|'1+x:——"l_2H<:>2\J']+x+l=\)'l—x
= 4yl+x =-5x-4 (DK: x*_(—%)

o252 +14x =0 x= —% {thoa man DK).

4 i 7
Vay x = %_é- Vi x = -% la cac nghiém cua PT.

b) Ta cod
2a b c

B + +
Ja+bla+rc) JhreXbta)y Je+blcra)

= 2a. . +26_J i +
{a+b)a+c) A(h+ )b+ a)
+ 2e¢. %
\} e+ h)e +a)
1 1 1 1
Sa[ar+b +mJ+b[4(b+c) 2 b+a]

1 1 9
+e + ==
dc+bh)y cra) 4

Vi:i)’maXP=2 khi b=c=£=i{_1_§_.
4 TS

Ciu 3. K¢ CK L AB (K € AB) thi A4KC wvudng
cin tai K. DatdB=x AK=y (x, y>0),1a co:
BK +KC =BC* & X+ 2xp+2y* =25, (1)
Tt ABHA ~* ABKC

K
AH AB | x ~O\
L e (2 A
e e )IQ“
Tl (1), (2)suyra BL' 'H. e

(r:9) = (5:35) hoze
b
[Jﬁ@J Viy AB= J5em, AC =10 cm,

hoac 48 = J10em, AC =45 cm.

Ciu 4.a) Ta 06 ADC=4EC=> AKC + ADC =180°
do do i gidec ADCK noi tiep= K (0). Cac r
gidge KIPC, KIAQ ndi tiép suy ra CIP=CKP va
AIO = AKQ (1).Tir cac t&r gide noi tiép ABCK,
BPKQ ta ¢6: AKC =180° - ABC = OKP suy ra
CKP=4KQ (2). Tir (1), (2)=CiP= 410 =
= P.I,Qthing hang.

b) Goi M Ia giao diém cia AH v&i (0) (M # 4) va
N = AH PO, khi d6 MN // KP. Bén diém B, O,
K, P thudc mot dudmg tron va 4, B, M, K thude
(0) = OBK = AMK = QPK => MNKP 1a tir gidc noi
tiép = MNKP la hinh thang cin= KN = PM. &~

S8 488(2-2018)
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PE THI CHON HQC SINH GIOI LGP 9 TINH HUNG YEN

NAM HQC 2016 - 2017
{( Theri pian fdam b 2 150 phiit)
. B B B3 Cau 5. (6 (ienm) Cho diém M thude nira dudmg
Cau 1. (2 didm) Cho a= b= - : 5 .
) 2 tron () duomg kinh AB (M # 4, M = B, MA < MB).

Tinh o’ +5’.

Chu 2. (4 dien)

a) Cho ham s6 y =ax+b (a#0) c6 db thi (d). Lap
phuong trinh dudmg thing (d), biét (d) di qua
didm A(1: 2) va cit true hoanh tai diém B c6
hoanh do duong, ¢it true tung tai diém C ¢6 tung
do duong va thoa man OB + OC nhé nhdt (O 14
géc toa dd).

b) Tim tit ca cic nghiém nguyén ciia phuong

trinh: 3x—16y—24=y9x* +16x+32.

Can 3. (3 dici) Gidi phuong trinh sau:
4y +5x° +1=\/3—x+_—3x_
Cau 4. (3 dicnr) Giai hé phuong trinh sau:
{J=2J§—T+J§=5f —J6x——3l

2y (557 —17x+6) =6-15x

. e £
.
A
it
X?]
H
| B
M
il

Mat khic PH = PM = PHM = PMH = KNM =
KN ff PH = HPKN la hinh binh hanh = dpem.
Ciiu 5. a) Khong mét tinh tong quat gia st
m<n<p<g Néum=3 thi
]:}+l+l:— . ﬁ-l—+lll:l: : <1
p g ommpg 3 5 7 11 35711
Viay m =2 vakhidotacod
TOAN HOC
& 2 1
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Tia phan gidc cua AMB cit AB tai €. Qua C v&
dudng vudng goc voi 4B cét duomg thang AM,
BM theo thit tu ¢ D, H.

a) Chimg minh ring: C4 = CH.

b) Goi £ 14 hinh chiéu vudng goc cia H trén tiép
tuyén tai 4 cia (0), F 1a hinh chiéu vudng goc cua
D trén tiép tuyén tai B cua (0). Chimg minh rang
E. M, F thing hang.

¢) Goi ;. S»theo thir ty 1a dién tich cua cdc wr
gide ACHEwa BCDF. Chimg minh CM’ <,[S,.S,.

Chiu 602 didm) Cho ba sé a, b, ¢21 théa min
32abe=18(a+b+c)+27. Tim gié tri 16 nhét cua

J__J_Jc_f

NGUYEN THANH GIANG
(GV THPT chuyén Hing Yén) Gidi thigu

bicu thire P=

—
—

+ RSl L
wop g 2mpg 5 7 11 25711 2

Vay n=13 va (1) trd thanh

Lol 6
p g bpg 6 =lp=lls
Ve‘w(m'n'p; - (2‘ 3:7;43) va cac hodn vi ctia no.
b) Cée s6 duge viét trén bang la: 1; 5; 11;... Céc
6 diu tién ciia bang -.0 dang 3m+2 (lru 50 1) vl
m e N, Néu st dung s6 1 dé vidt thi sb mai sé la:
Im+2+1+0CBm+2)l=6m+5=3k+2(keN).

Néu khong sir dung s6 1 ¢é viét thi sé moi sé la:

—6)=37=p=Tig=43.

Im+2+3n42+(3m+2)3n+2)=9mn+9m+9n+8
=3k +2 (keN) (dpcm).

MAI XUAN VINH
(So G - BT Nehé An) Gidi thigu



e Gk
el
T TavRe L |
L\ PHE THONG
TEES bz

1. MO PAU
M3di s6 phitc z=a+bi, véi a, b la s6 the, ila
don vi 4o, déu dugce biéu didn boi mot diém trong
mit phang toa do (Oxy) 14 M (x:y) va nguoc lai.
Ta néi diém M(x;y) la diém biéu dién hinh hinh
hoe cua sb phire z Do d6 vé mat nguyén tic, khi
bai todn s6 phire duge didn dat bing ngén ngit toa
do thi ta ludn giai dwoc bing phuong phip toa do
(hinh hoc giai tich trong mar phang). Sau day la
mdt vai vi du thé hién khang dinh nay.
I1. NOI DUNG
# Fhi du 1. feony cae s pliere ot !
e e R,
wicicdines aidier sehicit.
Léi gidi. Goi ==x+yi la b phitc ¢6 diént bicu
dién hinh hoc 1d M(x;y), 86 2 =6+_l3i_;; .6 diém
biéu didn hinh hoc 13 4(6:13), s6s2g= —4+5i cb
diém biéu dién hinh hoc 13 B(-4:5). Khi d6 ta co
|z=6-13i|=|z+4-5i| &> MA = MB. Suy ra di¢cm
M thude dumg thing Ala trung truc cha doan
thing A8 nén dudng thing A co phuong trinh:
x=1+4
{}' =9-5
Madun cia so phire z nho nhét khi OM nho nhit,
OM nho nhat khi oM L A, Biém M thugc A nén
M(1+4m9-5m), vecto OM =(1+4m9—5m),
vecto chi phuong cia dudng thing A la
uy =(4-5). Tirdiéukign oM L A suy ra:
OMaty =0 4lm—41 =0 m=1=> M(5:4).

S6 phirc thoa man dé baila z =5+4;, O

(:YAI TOAN SO PHUC BANG
PHUONG PHAP TQA P

“FANG

HUYNH VAN MINH
{(GV PTDTNT Sa Th{fy, Kon Tum)

et

St g e
Léi gidgi. Goi = =x+yi 1 s6 phirc c6 diém biéu
dién hinh hoc 1a M(x;1),s6 z =10+8i ¢6 diém
biéu din hinh hoc 1a 7 (10; 8).

Ta c6 |z—10-8i| = V41 ¢ MI =41, suy ra diém

M thude dudng tron tim/, ban kinh  r=+/41,
phuong wibh (7,7) 1a: (x-10)* +(y-8)° =41.
Sb phlfr;f “z 6 modun nho nhdt khi va chi khi

(@< 0l (1.r) . ; . :
SN - Phuong trinh cua duong thing

ST ~1 10
(x=10r . I .
O.’:{ 8 thay vao phuong trinh dudng tron
y==8
1
f==
(1.r) ta duge: 164(1-1)* = 41 = g
==
2

Ta ¢6 hai diém 13 M,(5:4) vai M,(1512). Véi
diém  M,(54) ta co M, TTIO. véi diém
M,(15;12) ta co M, TL 70, chimg to sb phirc

thoa min débaila z=5+4i )
b TR AU S e R e T e
i e T e e BT T

e re e e e e

Loi gidgi. Goi z=x+i la sd phiic co diém biéu
dién hinh hoc 14 M(x;y),s6 z, =-5-2i c6 diém
biéu dién hinh hoc 1a /(-5;-2), $6 z, =4+10i c6
diém biéu dién hinh hoc 1a C(4;10). Ta cé
|z+5+2i] =5 Ml =5, suyradiém M thude
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duong tron tim 1. ban kinh =5, dudmg tron
({,r) co phuong trinh:

(x+5P +(y+2)* =25.
S6 phue z o

{M =CIn(1,r)

modun  16n  nhat  khi

- Phuong trinh ciia dudng thang

M T IC
x==5+3;
Gl :{r , thay véo phuong trinh duong
y=-2+4

tron (/,r) ta duge: 25¢* =25 < ¢ =1lhodc r=-1.
Ta c6 hai diém 12 M,(=2;2) vad M,(-8-6). Vdi

didm M,(-22) ta c6 M, TTIC, véi diém

M,(-8,~6) ta c6 IM, TLIC, chimg to s phitc

thoa man dé bai la z = -8 - 6i. a
* Thi du 4. Trong (Gt ca cde s6 phire = thoa
man diéu kién | -1+ {w'i ={z+5-4i|, fim 56 = suo
cho modun |t j."i cd gia i nho nhat

Lai gigi. Goi z=x+yi 1a s phic ¢ diém biéu

dién hinh hoc 1& M(x;y), s6 z =1-6i c6 diém

biéu dién hinh hoc 1a A(1;-6), s6 z, =-5+4i ¢0
diém biéu dién hinh hoc 13 B(-5:4). Khi do ta g{é

|z=1+ 61 =|z+5-4i] = MA = MB. Suvrac}@;}?&if

thuoe duomg thing A

la trung lruw)(;\ﬁ% doan
thing AB. [

Phuong trinh duong thing A Jl
&

Goi C(6:-3) la diém biéu dién hinh hoc cua sb
phirc z; = 6-3i, khi dé ta c6 |z -6+ 3i|= MC.
Sé z—6+3i c6 mddun nho nhit khi MC ngin
nhét, tirc 1a diém M 13 hinh chiéu vuéng géc cia
diém C trén duong thang A
Diém M thude A nén M(-2+5m;—1+3m), vecto
CM =(-8+5m:;2+3m), vecto chi phwong cua
duomg thang A la u, =(5;3). Tir didu kién
CM L A tacd:

CMat, =0 34m-34=0c m=1= M(3:2).
Sé phirc thoa man dé bai 1a z = 3+2i. a

TOAN HOC
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* Thi du 5. Trong tat ca cdac so phire = thoa méan

diéu kign |z-9- ]{];i =z +1 -i.n'I_ tim gia tri nho

nhat cria |z -2+,

Lai gigi. Goi z=x+yi la sb phic ¢ diém biéu
dién hinh hoc 1a M(x;). s6 2, =9+10i co diém
biéu dién hinh hoc 1a 4(9;10), s6 z, =—1+4i ¢6
diém biéu dién hinh hoc 1a B(~1;4). Khi d6 ta co:

z2-9-10i| =|z +1-4i| & MA= MB.

Suy ra diém M thue duong thing A la trung
trye cia doan thing 4B

Phuong trinh dudng thang A: {: i :r+ ::; .

Goi C(2;-1) 1a diém biéu dién hinh hoc cia sb
phitc z; =2, khidé taco |z—2+i = MC.

Sé z-2+i c6 mbdun nho nhat khi MC ngén
nhat, tic 1a diem M 14 hinh chiéu vudng goc cua
diém € gx‘ég duong thang A. Diém M thude A

cua  M(4+3m;7-5m), vecto

o (" +3m; 8 — 5m),

E S vecto chi phuong cua

¢drong thang A 1a u, = (3;-5). Giai diéu kién:

CM LA < CMu, =0&34m-34=0m=1=M(T;2).
Suy ra min z—2+i|=v"§, a

Cdch tinh khdc
Ta ¢6 min|z—2+i|=d(C,A). Phuong trinh dudng

thing A : 5x+3y—41 =0, khoang c4ch

5.2+3.(-1

oD il e
NERE Y

tar ca cdc s6 phitc

lz—11],

d(C,A) =

* Thi du 6. Trong

méan didu kién |z -5-10il

= thou
tim s phiie

¢o tong modun |z —6+ 301+ I: P10 =i who mhar.
Loi gidi. Goi z=x+yi 1a sb phirc c6 diém biéu
dién hinh hoc 1a M(x;)), s6 z =5+10i ¢6 diém
biéu dién hinh hoc la 4(510), s6 z, =11 ¢6 diém
B(11;0).

|2=5-10f =|z=11] & M4 = MB. Tirc la diém M

biéu dién hinh hoc la Ta co:

thudc trung truc A ctia doan thing AB.



Phuong trinh duémg thing A: 3x—5y+1=0.

Goi 36 phirc =, =6-3i ¢6 diém bidu dién hinh
hoc 1a C(6:-3). z, =—10+i co diém biéu dién
hinh hoc la D(-10;1). Khi dé

|z =6+3i+|z+10 -1 = MC = MD.

DAt f (M) = flx;v)=3x—5y+1.Ta ¢ f(C) =34,
f(Dy==34. Suy ra hai diém C, D thudc v& hai
nira mat phing co chung b la dudng thang A,
Suy ra diém M can tim la giao diém cua duong
thang CD va duong thing A,

Phuong trinh dudng thang CD: x+41+6=0.
3x-Sp+1=0
y+4dy+6=0

Giai  hé¢ phuong trinh { ta cd

nghi¢m Ia (-2:-1). Sé phirc théa man dé bai la
=2 @

* Thidu 7. Tim so phirc = thoa médn
=34 a=j=—8 T
lz+l6d=1z-10+12i

Lai gidi. Goi z=x+1i 14 sd phire cé diém bicu
dién hinh hoc la M(x). sb 5 =14+70 o diém
biéu dién hinh hoc 1a A4(14:7), s6 z, =8-Ti ¢b

diém bitu dién hinh hoc 12 B(8:-7), sb =, =167

co diém bicu dién hinh hoc la C(0:—16), sb
z,=10-12i c¢d diém biéu didn hinh hoc la
D(10;—12). Ta co:

|z=14-7i =

z-8+Tif < Md = MB.

Suy ra diém M thude trung truc ¢ cua doan thing

AB. Phuong trinh dwdng thang a la:
Jx+T7r-33=0.

Ta c6: [z+16i]=]z-10+12i| & MC = MD. Suy ra

diém M thude trung trye b cua doan théng CD.

Phuong trinh dudng thing A:5y+2v+3=0. Giai

3x+7y-33=0 .
hé phuong trinh o duge | .

5x+2y4+3=0 y=6
Sb phitc thoa man dé bai la » = 34+ 6. O

* Thidu 8. Tim sa phire = thoa man
|z=13 64| =|z-3-12i|
7 4;| = /34

Lot gidi. Goi z=x+ i la sb phic co didm biéu
dién hinh hoc 1 M(x.y), sb 2, =13+6/ ¢6 diém
biéu dién hinh hoc 1a A(13;6). s6 =. =3+12i ¢o
diém biéu dién hinh hoc 1a B(3:12), sé z, =T—4i
¢o diém bidu didn hinh hoc 12 1(7;-4). Ta co:
|2-13-6i|=|z-3-12i| & M4 = MB. Suy ra diém
M thude trung truc o cua doan thing AB.
Phuong trinh dudng thing a: {"- A
y=9+5
Ta co: |: —7+4.I[ = Jﬁ o M= \)@ Suy ra diém
M thudc duomg tron tdm [, c¢O ban kinh
r =34, Phuong trinh duémg tron (/,r):
(x-T) +(v+4) =34,
J.r=8+3.f
Xét h¢ phuong trinh l_v =9+5¢

(x=TV +(y+4) =34

, Suy

ra: 3407 13674136 =0 1= ~2 = M(2;-1).
S phitc thoa man dé baila z =2, Q

*Thidu 9. Tim 56 phirc = thoa man
[|==14+51=|z-10-5i
i: -2+ -h’| = \"IE
Lot gidgi. Goi z=x+ i la s6 phic co diém biéu
dién hinh hoc 13 M(x: ). sb 5 =14-5i o diém
biéu dién hinh hoe 1 A4(14:-5), s =, =105 ¢6
diém biéu dién hinh hoc ta 8(10;3), 50 z;=2-4
c6 diém biéu dién hinh hoc 1a 7(2;-4). Ta co:
|z =14+ §i| = |z =10 - 5i| & Md = MB. Suy ra diém
M thude trung true a cua doan thﬁng AB.
Phuong trinh dudng thang a: {; ": 1221 5 Sf'
Ta co: [z-2+4i =29 & IM =/29. Suy ra diém
M thude duong twon tam /., c6 ban kinh
P = @ . Phuong trinh dudng tron ({,1):

TOAN HOC
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(x-2 +(y+4)* =29

x=12+5¢
Xét hé phuong trinh 4y =2s ,suy
Wx-2 +(y+4)° =29
5 t=-1 [M(T;-2)
ra: 29 +116t+87=0 < = .
t=-3" | M(-3;-6)

S phirc thoa dé bai la z; =7-2i, z, =-3-6i. O

Loi gidgi. Goi z=x+yi 13 sb phirc co diém biéu
dién hinh hoc 12 M(x:y), s6 z =2-4i c6 diém
biéu didn hinh hoc 1a A(2;—4), s6 z, =12 ¢ diém
biéu dién hinh hoc 1a B(12;0).

Ta c0: |z-2+4i=|z-12| < Md=MB. Suy ra
diém M thudc trung truc a cua doan thing AB.
x=T+2f

Phuong trinh duong thang a: { :
F—=g=x

Ta c6: |z-12|=V58 < BM =/58. Suy ra diém
M thudc dudng tron tdm B, co ban kinh
r=/58. Phuong trinh dwong tron (B8,r):
(x—12)% + % =58.
[r =T7+2t
Xét hé phuong trinh < y=-2-5r 4 ", suy ra:
]{(I—IZ)E +y7%=58
=1 [M((J:—?)
M(5:3)

t=-1

- t
294 = 29@[

Viy s6 phirc théaman 1a z, =9-7i, z, =5+3i.0

Léi gidi. Goi z=x+yi 1a sb phirc ¢6 diém biéu
dién hinh hoc 1a M(x;v), z, =8+i ¢ diém biéu
dién hinh hoc 1a A(81), z, ==7+10icé diém
biéu dién hinh hoc 1 B(-7;10).

S& 488(2-2018)

Sé phic z thoa man |z-8-i=+34, ching 1
diém M thuéc duong tron tim A, ban kinh
R =+J34, duong tron nay cé phuong trinh:
(x-8)Y +(y—1)* =34.

Tacd |z+7-11]= MB nén M = AB (A R).
x=8+5¢

, thay
y=1-3
vao phuong trinh duong tron (4; R) ta dugc:

R t=-1
'=1@[ :

Phuong trinh dwong thing AB:{

=1
Vay c6 hai diém 1a M(3;4) va M(13;-2).

a) V6i M(3;4) ta cé AM TT 4B nén sb phirc =
thoa man dé bai la z =3+4i,

z thoa man dé bai laz =13-2i. a

‘O,
)

Loi gifiy Goi z=x+yi 1a sé phirc c6 diém biéu

dignla M(x:y), 50 7, =5-6i ¢o diém biéu dién

*Id A5-6), sb z,=15 c6 diém biéu dién
 B(15:0).

S6 phirc z thoa man: |z—5+6i=|z 15 < M= MB
chimg t6 M thudc dudng trung tryc A cia doan
thing 4B, A co phuong trinh: 5x+3y—-41=0.
Sé phirc z, =2-i ¢6 diém biéu dién la C(2;-1),
sb phirc z, = -6+ co diém biéu dién 1a D(-6;1).
Biéu thie P 6 gia tri nho nhat khi MC +MD
nho nhat.

Pit  f(M)=5x+3y—4l,
f(C)==-34, f(D)=-68. Ching to C, D thude

ta cO cac gia tri

ciing mot nira mat phéng ¢6 ba 1a dudmg thing A.
Viy MC+MD bé nhit khi M =C'DnA, voi
¢ 14 ddi xtmg cua didm € qua duong thang A.
Dudng thing A'qua C va vudng goe véi Acod
x=2+5

57 thay vao phuong trinh

phuong trinh: {
y=-l+

cia A ta co: r=1= H(7;2) (vdi H=ANA"
= C'(12;5). Phuong trinh duong thing DC':



[x=-6+9r : : . :
1 . thay vao phuong trinh duong thang

y=1+t

A ta duoe r=§. Toa dé diém M[&i—;

LY -

$4 phirc cin tim 13 .~=6+%;‘, Q

Loi gidi. Goi z=x+ yi 1a sb phiic ¢6 diém biéu
didn 1a K(x;p), s6 2, =9-7i c6 diém biéu dién
12 7(%;-7). S8 phiic = thoa man|z—9+7i=+29
chiing to diém K thude duang tron (733/29).

So z, =5+3ichd diém biéu dién B(5;3). nén suy
ra |z-5-3i=KB. Vay |z-5-3i 16n nhat (nho
nhét) khi K = 1B ~ (1;429).

Phuong trinh cia (7): (x—9)* +(y+7)° =29.
x=9+2¢

, thay wvao
y==7-5t

Phuong trinh cua !B:{

phuong trinh cta duong tron (), ta dugc:

; t=-1_[K(7:-2)
29 =29 = PR
le=1 7 | K(1L-120%¥

Vi diém K(7;-2) ta c6 1B 1T 7K ~ehimg 6 gia
tri nho nhét m = KB = 29. '
Vay tong M +m=2m+2R = 4429. a

Léi gidi. Goi z=x+yi 1a s6 phirc co diém biéu
didn la M(x;y). sb z, =—J/3 ¢6 diém biéu dién la
F(—/3;0), s0 z, =3 c6 diém biéu dién la
F(3;0.  Sé
|23+
diém M thudc duong elip c6 a=2, b=1, c=+3
(elip nhan F, F, la hai tiéu diém) va elip co

phtre z thoa  man

2= \3| =4 MF + MF, =4, chimg

2 12 I
phuong trinh chinh tic 1a :54_ i JT =1. Sé phirc z

i méin

¢6 mbdun bing @ ticla x* + 7 = % Giai he

2 2

rLr x=\2
phuong trinh 4 1 - ta co 1 hodc
53 y=—p=
G 5 Z
x=A2 =7 JX ==/5
| hoac hoge ¢ 1

C6 4 s6 phirc thoa man dé bai la: z=\5+%,

L ;:~ﬁ+_f_, e ot @

Léi gidgi, Goi z=x+yi c6 diém biéu dién hinh
hoe la-Myx; v), sd z, = —/5i ¢ diém biéu dién 1a

Il_lnh hdc la F|(0;—J§), s6 zy = \Ei ¢6 diém biéu

Sdign 12 hinh hoc 1a  F,(0;4/5). S6 phirc = thoa

|+ i3]+ |z = iv/5| = 6 < MF, + MF, =6,

chimg to M thuoc elip co a=2, b=3, c=+5
(elip nhan F,. £, 1a hai tiéu diém) va c6 phuong

trinh la: %4—'—1(;-_-:]. Modun cia sb z biang V5

tie la x*+y’=5. Giai hé phuong trinh
w 4 4
X4yt = Xistor— iy
S ta dugc: 5 hode d
I .
S 5 "= 5
" -
hosic \,;g hoic 53 . C6 4 sb phirc
y=-—p y=-—¢
NG NG
P . 4 3i 4 3i
théa man dé bai: z=—+-—, —_———,
NN NN
4 3i 4 3i
PO o
535 NEENG
TOAN HOXC =



PAP AN VA HUGONG DAN GIAI DE SO 4

1C 2A 3B 4A 5B 6D L TA 8B 9C 10D
1 12D 13C 14D 158 16B 17D 18A 19B 20C
21A 22C 23A 24A 25D 26C 278 28D 29B 30D
31D 32A 33A 34D 35C 36A 7B IBA 3%A 40A
41B 42A 43B 44D 45A 46B 47A 48D 49A 50B

Ciu 1. Tacod y =3ax’ +2bx +e:p(0)=-3=>d =-3.
y)=-1=a+b+tc+d=-1=a+b+c=2. (1)
y(2)=0=12a+4b+c=0. (2)
y(2)=1=8a+4b+2c-3=1=4a+2b+c=2.3)
Giai (1), (2), (3) ta dugc a=—];b:3:>%=—-3,
Chon C.

Ciu 2. Do dai hai canh hinh chit nhat a 2 va |m| do
do 2.|m|=2<> m=+1. Chon A.

Ciu 3. Bai
y =20 4 2(m+Dx+m’ +4m+3

toan < tim  om  dé

¢6 2 nghiém

A'=—m’—6m-5>0

duong phan biét < -Qz—m—bO . Giai ra
a

Som?+4m+3>0
a

duge =5 <m < -3. Chon B.

Ciu 4. Tiémedn y=0;x=2. Chon A.

Céu 5. Chicéd ham sé y=—-x'+x* -3

trén R . Chon B. ) Q

Ciun 6. DPudng thang qua 2
2x—y+4=0(A). Duong tron (C) ¢6 tim
I(mm+1: R =+/5 . Khi dé (A) tiép xic véi (C)
e d(ILA) =45 o|m+3=5em=2-8

Do dé m, +m, =—-6. Chon D.

Ciu 7. Him s6 y = cosx + 1 nghich bién trén [O:E],

2

ham sé y=sinx+1 ddng bién va duong trén [O;g].

cosx+1

Do d6 ham sé y= lién tuc trén [D;g}, dat

sinx+1
GTNN biing % khi x% v dat GTLN béng 2 khi
x=10.Mién gia tri coa ham so la [5;2} ,
Chon 4.

TOAN HOC
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Ciu 8. Tacd y'=x" —2mx . Tim duge diéu kién
ham sé ¢6 3 cye tri 1 m > 0 ; phuong trinh parabol
(©) la y=‘—2'mx2+m2. Diém A(2; 24) thuge (C)
tim dwge m =6 hoiic —4 (loai). Chon B.

Cau 9. Tir bang bién thién ciia ham sé y=1(x)
suy ra bang bién thién cua ham sé y=|f(x)|-
Dudng thang vy =3 cit db thi ham sé y =|f(x)1 tai
3 diém do d6 phuong trinh | £(x)| =3 ¢6 3 nghiém.

Chon C.
Ciu 10. Ta co

T (x) = C{&H0.4x = 0,0001x" +0,2x+10000,

ax B _ 0001+ 10000

X X

+0,2

[ 10000

>2,(0,0001x. +0,2=2,2. Chon D.

X

Céu 11, Tacé: sin2xcosx =sin7xcos4x

< sinllx=sinx, trdo 1f'iy duoc nghiém. Chon C.

Cau 12. Phuong trinh ¢6 nghiém x=kn(k e Z);

xe[0:2n] = x = 0;m;2x.Chon D.

Ciu 13. Bién ddi phuong trinh:

3sin x—4sin’ x—6sinxcos x—1+2sin’ x

+3sinx+3cosx=2

& —(4sin’ x - 2sin’ x)
—(6sinxcosx—3cosx)+3(2sinx—-1)=0

s (2sinx—1)(2cos’ x=3cosx+1) =0

<> (2sinx—1)(2cosx —1)(cosx 1) =0. Chon C.

CAu 14. Bién d6i phuong trinh:

27cos* x + 8sinx =12sin’ x + 12cos’ x

& 3[(3c0s’ x)" ~ (2sinx)’ |- 4(3cos’ x ~ 25inx) =0

& (3cos’ x—2sinx)(9cos” x+6sinx—4)=0

<> (—3sin” x - 2sin x + 3)(=9sin’ x + 6sinx + 5) = 0.

J10-1 1-6
3

(1) hodc sinx = 3 (2).

Mdi phuong trinh (1); (2) déu cé 2 nghiém

Tim dugesinx =



xe(0;2n). Chon D.

Ciu 15. Sé cach chon thyc don CLCLC)=75.
Chon B. ) )

Ciu fb‘ Léap céc‘ s0 cé, 5 chir so ‘khéc H.haitl tao JI.'I‘I 7
chir 56 da cho (ke ca so O_dimg dau) va 11h:211 thict ¢o
mit 1,2,5: 6 5 vitri datso 1; 4 vi tri dat so 2, 3 vi tri
datsé 5 va A7 cach ldy 2 trong 4 s con lai dat vao 2
vi trf con lai. Khi d6 ¢6 5.4.3. A; =720 (s6).

Lép céc s6 ¢6 5 chir s6 khac nhau tao tir 7 chir s6 da
cho nhit thiét s6 0 ding ddu, c6 mat 1,2, 5:¢6 4 vj
tri dat sd 1; 3 vi tri dat 56 2, 2 vi tri dat s6 5 va A,J'
cach lﬁy 1 trong 3 s6 con lai dat vao vi tri con lai.
Khi d6 ¢6 4.3. 2. 4 =72 (sb).

S6 cac s0 lip duoc la: 720 - 72 = 648 (s6). Chon B.
Ciu 17. Ta ¢é:

12
il ol 3 12
- ZCle'x' =d, +ax+ax" +..+a,X
=0

(14+2x)*

=a =C,2 (i=0;12).
2(12-i)

i+l

Xic dinh duge 2L =

al

(i=0:12).

s ;28
Khidé: a, <a <i>—=a,>a,>..>a,;
3 2

o)
a., >a.<:>1<?:>aa>a >..>8,

Do d6 hé sé 1on nhit 1a a,va co gig

C},2° =126720. Chon D.

Ciu 18, Chon ngdu nhién 4 dinh cﬁa_ﬁa gidc déu dé

duge mdt tr gidc, ¢6 C5, = 4845 (tu gléc)

S6 cic duong chéo qua tim O cia da gide déu la:

20:2=10. )

Hai duong chéo qua tdm bat ky tao thanh mdt hinh

chix nht, s6 hinh chit nhét tao duge la: CL=45

Xéc suit chon duge 4 dinh 1a 4 dinh cia mot hinh
45 3

=——_ Chon A.

chir nhit la; ——
4845 323

™ : — o 1
Céu 19. ELT f(x) _Z’ ‘ll_:y f(x)=m+ o

Hémsécégi(}ihantaix=(}<:>m+i=%<:>mz0.
Chon B.
2 =1
Ciu 20. Taoollm x) = lim =—= f{-3);
R o T
2 i
I1mj(x)—lru£1 T =oc =?=f(3). Chon C.

Céu 21.Chon A.

1 e
V=g x(x+2) " == (3T +4x+2)
b s

= y"—y'=e'(x+]).
Céu 22, Ta co:

f(x) f(2)

=/,
UUJ Xf(2}

A—»"’

x.a-l x=2

[?(f(n f2) _ f@)x- 2)} 21'0) - £(2).

) x-2

Chon C.

Ciu 23, Phuong trinh tiép tuyén taix =1 la: y = -8x.
Phuong trinh hoanh dé giao diém cia dé thi ham s6
d cho v tiép tuyén la

¥ —6x'-3=-8x e x' —6x"+8x-3=0

e (x-D(x+3)=0< x=1;-3.Chon A.

Ciu 24. Thé tich tr dién vudng O.4ABC Il
1

62%6 6 (cm’). Chon A.

V= %q{i‘é’%—nr =

4B/ DC= 4B J/ (SDC)

= d(AB,SD)=d(AB.(SDC)) = d(4,(SDC)) =
Tam gidc wvuong cin S4D c¢d SA=AD=2a

=av2 . Chon D.

Ciu 26.Goi M 1a trung diém doan BC .
cosAa—£=l:AC 3a2 = AM =4a
AC 3

= S,y =42, s
Goi tim va ban kinh dudng
trén ngogi tiép AABC 1a [,
#. Goi tAm va ban kinh mat
¢l ngoai tiép hinh chép 1a

A
O, R .Tacé:
_ AB.BC.CA =_9_a= I,
48, iz 4

— - 97
R=vOI*+I14* = [%’EJ +r2=§.

WTM . Chon C.

Ciu 27. Pat ¢ =log, a=log, b=log,(a+h)

TOAN HOC
& qwimé
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a=4"
=b=6
a+h=9

=4 +6'=9

(5255 o
3 2
—q:i:[z] _HJ_ . Chon B.
b 6 \3

3 1 2x=l0
Can 18, Taco 2k 2 5[5]

27 P o x-S0 -2<x <3,
Bét phuong trinh cé cdc nghiém nguyén duong la
x=1,23.Chon D.

Ciu 29. Tacd

-6=3(x-2)

log‘(,r2 -6)=log,(x-2)+1 & {X
: X Xi=2

&= {'\‘ B & x=3.Chon B.
| x=2

Céu 30. Ham sd y= x*~2Inx xac dinh va lién tuc

trén [e":e]

¥ —2¥—E=gr—_2,y’=0<:>|:xa S O -
& & x=1E[e“:e]

Ta ¢o: ‘v(e")=e'2 +2, y(1)=1, y(e) =% -2.

Viy M =¢*—2.m=1. Chon D. '

Ciu3l. Datr=2""22"=1.

Mdi gida trj ¢ >1 ¢6 2 gid tri x thoa méan; r=1 c6 |

gid tri x thoa min phuong trinh.

Do d6 bai toan twong dwong tim m dé phuong trinh

200 +t+m=0 (1) co nghiém ¢=1 va khéng co

nghiém ¢ > 1.

Vai 1 =1 ta tim duge m=-3. Vdi m=-3 thi (1)

co nghiém =1 va t= —%, do d6 phuong trinh da

cho c6 nghiém duy nhét x = -1. Chon D.
(4w 32. Goi canh hinh lap phuong l1a @, khi do
6a’ =150 = a=>5.
Thé tich khdi lap phwong 1a; ¥ =@’ =125 (em’).
Chon A. )
Cin 33, Ban kinh day noi:
R* =9007: m=900= R =30 (cm).

TOAN HOC
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Chiéu dai miéng kim loai la:
2R = 2m.30 = 60x (cm). Chon A.

Céu 34. Taco
Vi - M ﬂ ﬂ = l_l,l = l. Chon D
V.'.r.VPg MN MP MQ 222 8

Ciéu 35. Goi G,G’ lan lugt 13 4
trong tdm cua 2 tam giac déu
ABC va A'B'C'. Goi I la
trung diém GG’ . Khi d6 [ la
tim clia mit cdu ngoai tiép hinh -

lang tru.
Taco
fa 2
=JAG*+GI* = L%ﬁ] e
Vay S=4r|:[m£i] =¥_ Chon C.

Cau 36. Goi ch1éu cao hinh nén nho, hinh nén 1én,
thé tich k.hbi nén nho, khéi nén 16m lin lugt l1a
h: h\ V P’, Khi d6 ta c6: b +h, =30(1) va tinh

_dl.ro'c V =wnh‘ A —%mh;,

Do do

o . |:g_1 ,e] » Y

V,+¥, = %n(h]’ +h))=1000m = A + h; = 9000. (2)

Giai (1) va (2) duge hy =10;h, =20 do do
7 3 3
LA :[ml :l.ChQnA,
¥, \h 20 8
3574

Ciu 37. Tinh duge A tir gia thiét 65 =100.(0,5) * .
i

Tim duge ¢ thoa man 63 =100.(0,5)".

Két qua ¢ = 3833 . Chon B.

Ciu 38. Tacod

5 1 2y _] Syl o2%
j.re a’x=5jxd(e )—Exe —EJL dx
| 1
=—¢""(x—=)+C. Chon A.
2e (x 2) on
Cau 39. Dbi bién

x=tana=dx= d? =(1+x)da=> du = L
cos @ 1

n

1

e

']tanz of (tan c)do = - I]f(tan o)do
o T+ L



: 4
= jf(tan o) (tan o) — I_f(tan addu.
a V]

3 |
Do do: 2= j_f(x)dx 4= If(x)dr =6. Chon A.
1] o

u=Inx dn:-]—dﬂr
¢ du 40, Dt ] = i
dv = —dx 1
x“ y=——
X
j]j-'t——ci\—---—lnx —J‘—id\'——linZ x| :l-llnl
i o 2 Z 2

Suy ra b=];c=2;a=—% nén 2a+3h+c=4.

Chon AL

4 +i. Phuong trinh hoanh d§ giao diém (H) va

truc Ox la: ﬂ=0ﬁx=l,
x+1

Giao diém (H) vatrue Oy la: (0:-1).
Viy dién tich hinh phang giéi han boi do thi hiam sé
(H):y=""1 va cac truc 102 di La:

x+1

S—ﬂ""' ].[]—i\‘dx
_ox+l & x+IJ
=|[x- 21n(x:+1}1|

Ty
—a—=5h+(Th-5ay=-17+11L

. | a+5b=17
Gial hé

dy =

=2In2-1.Chon B.

-;.-(4+5:)z=—1?+llf Yia oo

dugc a=2b=3=uab=6.

Th=5a=11
Chon A,
{'au 42 Phuong trinh co cac nghiém: -1 -5-1+1,
tong cac nghiém biang —1. Chon B.
€ 4u d44.Taco

|z 4244 =|z=3i &> [(x + 20+ (r + D] = |x = (¥ + D]

Sx+2F +(r+ D =57+ (y+3)

<= x—y—=1=0.Chon D.

Chudn Pt z=x+yi. Tacd

lx=3)+ (i = V5 & (x-3)* +(y -4 =5.
=[x +2)° + i ~J0cr (= = 4x+ 253
=4(x-3)+2(y-4)+23

= |P-23 <& +2° Jr-37 + (y- 4 =205 =10

=13 P=33

Ay 0. Phuong trinh dudmg

(P=33khiz=5+4;,P=13khi z=1+3i).

Khi d6 w=33+13i = |w|=1258. Chon A.

i iu 46, Phuong trinh da cho |4 phwong trinh cua
mit cau khi

(m+27 +2my +m* > 5m* +9 > m* +dm-5>0

<> m < =5 hodc m=>1. ChonB.
¢ 47, Toa dé véc to .;1(3; 22;-3). Chon A.
e 4% Mt cdu e6 tam T(1;-1:-3) cd ban kinh
RTZ\;G. Tinh khoang cach 4 tir 7 dén cac mit
phﬁng w,S\ 50 twll']h viri R, khoang cach & < R thi mat
phing cat mat cau, Chon D.

Ao 19 Goi H.oK 1an luot 1 hinh chicu caa A 1én
(P} vid.Taco AH<AK = 4H < H=K.
Ked o K(nnl+t)= AK =(1-3i1-2:1+2)
= H_K‘.E}'r; =0er=1
Suy ra: K(1;1;2) va _EE:{—Z;—I;B]
Vay(P)r2(x—1)-1(y-1)+3(z~2)=0
< 28~y -3z+3=0. Chon A,

thing 4 la: i
* [ x=1+3t __r!‘lhr
{LE \
y=2+4 1R _/é._ : B/
z==3—d ..

Bed= B(1+36 2+4r, -3-41).
Ma Be(P) = 18 +18=01=-1=B(-2; -2:1).
Do AMAB vuéngtai M = MB=vAB —MA .
Bé MB lon nhdt thi M4 nho nhat.
Goi H 12 hinh chiéu vudng goc cua A lén mat
phing (P). Xét AAHM vudngtai H = AM = AH.
Dé MA nhé nhitthi M = H = MB 14 giao tuyén
phing chita ¢ va vudng géc voi mét phing (P)).

n, <[ s ]=(—452)

= ivn = 71y | = =9(1;0:2).

x==2+t
Viy phuong trinh duéng thang MB:q y=-2 .
z=1+2¢

Khi d6 diém 7(~1;-2; 3) théa man. Chon B.

NGUYEN THANH GIANG
(GV THPT chuvén Hung Yén)
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THU SUC TRUOC Ki THI 2018
PE SO 5
(Thei gian lam bai: 90 phii)

Ciau 1. Tir cde chir so 2, 3. 4 lap dugc bao nhiéu 56
tu nhién ¢6 9 cht 50, trong do chit s6 2 ¢ mat 2 lan,
chir s6 3 co mat 3 lan, chir sb 4 co mit 4 Tin?
A.1260.  B.40320. C.120. D. 1728,
Ciu 2. Phuong trinh J3cosx+sinx=-2 co bao
nhiéu nghiém trén doan [0;40357]?

A.2016.  B.2017. C.2011.  D.2018.
Céu 3. Tam dbi x(mg cia d6 thi him so ndo sau day
cach gbe toa d6 mt khoang lon nhat?

Ix-1 1-
A y= . B. y= i)

x+3 I+x
C.y=2-3*-2. D y=-x +3x-2.
Ciu 4. Cho céc sb thuc a.b thoa min

%’:‘I > i/a_?,logb(2m)< 10g,,(&¥+ﬁ).
Khing dinh nao sau ddy ding?

Azazlibzl B.0<a<l<bh
C.0<b<l<a. D.0<a<l,0<bh<l.
Ciu 5. Mgt soi day kim loai dai a (em). Ngudi ta
cét doan diy d6 thanh hai doan, doan co d¢ dai x
(cm) duqc udn thanh duong tron v doan con lai
duge uén thanh hinh vudng (a>x>0). Tim

X
hinh vuéng va hinh tron twong émg cé tong diér},ﬁ

nho nhat. ‘@
A x=—" (om) B. _c=-2"‘®.
n@
(Bl = {cm). D.x= (cm).
T+ T+

Ciiu 6. Gieo m{t con xuc sdc can déi va dSng chét
mot 1in. Gia st con xtic sic xudt hién mat £ chim.
Xét phwong trinh

43 x=k
Tinh xéc suat dé phuong trinh trén cé ba nghiém
thyre phan biét.

1

1
A. —. B.
3

D. —.
6

Cau 7. Ap suét khong khi P (mmHg) dwge tinh

, 6

b | —
L | b

theo cong thic P =P, e*-‘(mmHg) trong d6 x 13 do

-3

cao (do bing mét), =0-=2- mmHg la 4 sudt &
e P

l'fl
mirc nude bién (x=0), & 1a hé 50 suy giam. Biét
ring & dd cao 1000m thi 4p sudt clia khong khi bang
672,7ImmHg. Tinh 4p suit cia khong khi & d¢ cao
3000m.

: TOAN H
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A. 527,06mmHg. B. 530,23mmHg.
C. 530,73mmHg. D. 545,01lmmHg.
Céu 8. Tinh thé tich ¥ cua khéi chép m' giac déu co

chidu cao & va ban kinh mit chu noi tiép

¥ (h>2r>0).
. 4R 4
I(h+2r) h=2r
2 1.2
T . o
3(h-2r) 4(h-2r)
Ciu 9. C6 bao nhicu s6 phic z thoa min
c.2 D. 4.

Cau 10. Cho sb thye o thoa min sina———%. Tinh

(sindo+ @2{1) CoSs oL

o

NEZ T
@ 16 128 128

@ 11. Trong khong gian Oxyz, cho diém

% M(1;3;—1) vi mat phing (P):x-2y+2z=1. Goi

N 14 hinh chiéu vudng goc cia M trén (P). Viét
phuong trinh mit phang trung truc ciia doan MN.
A x-2y+2z43=0.
B. x—-2y+2z+1=0.
C. x-2y+2z-3=0.
D. x-2y+2z+2=0.
Cau 12. Goi § la tap tat ca cdc gia tri thue cha m
sao cho dwong thing d:y=mx—m~3 cat dd thi
(C):y=2x*=3x* =2 tai ba diém phan biét 4, B,
I(1;-3) ma tiép tuyén voi (C) i 4 va tai B
vudng gbc véi nhau, Tinh thng tit ca cdc phin tir cia S,
A. =1. B.1 G0 D. 5.
Cau 13. Cho hinh chép S.4BCD . Goi 4", B C". D’
ldn luot la trung diém cac canh S4, SB, SC, SD.
Tinh ti s6 thé tich cua hai khéi chop S.4'B'C'D" v
S.ABCD .
A mEL el s Do

12 8 16 2
Ciu 14, Tim tat ca cac gid trj m sao cho dd thi

y=x +(m+Dx? =2m—1 ¢b ba diém cyc tri 1a ba



dinh cia mdt tam gidc ¢6 mét goc bing 120°

2 2
Aom=-1-——. B.m=-1-—,m=-1.
G mw—L,_ D.om<-1.

33

Ciu 15, Tim tét ca cdc gid trj m dé ham sé sau diy
lién tyc trén R
x-1
Tnx
e H1-2m khi x <l

khi x>1
flx)= .

Am=1. Bom=-1. C.m= D.om=0.

—_— | =

Céu 16. Trén dd thi (€ p = 2=

¢0 bao nhiéu

diém M mi tiép tuyén vai (C) tai M song song
voi dudng thing d 1 x+ v =17

A0 B.1 (2l D. 4

Cau 17. Trong khéng gian Oxiz. cho hai duéng
thiing ¢t nhau

=244 x=1-z
Aptsis 2 2L ey — e e B
1::—1—.‘ z =2

Viét phuong trinh ddmg phan gidc cua gde nhon o
bai A va AL

" Amlzy:i. B'.\-—Iz_{::‘_
2 3 -3 ] 1]

e D.Ca A, B. C déu sai,
2 -3 3

trong khai trién
Sy ={1-3x+ 2):3)'D thanh da thirc.

A, 204120, B.-262440.

C. -4320. D. —-62640.

Ciu 19. V&i mdi so nguyén duong » ta ki hiéu

= -[.\‘Z(I—xz)"dx, Tigh Tim Jm1

. - f"

Ciu 18. Tim hé sé cua x°

Al B0 {23 31

Ciin 20. Cho hinh lang tru dimg ABC.A'B'C' ¢o
ABC 1a tam gidc vudng cdn, 4B =AC=uq,
=h(a,h>0). Tinh khoang cdch giita hai
dudng thiing chéo nhau AB', BC".
i T
\/;2_”,2

Vot + i .

D. 5.

A,

ak . p.
V2at +h? Ja? + 517

Chu 21. Trong mit phing Oxv, cho diém /(2;-1).
Goi (C) 1a dd hi ctia ham sd v=sin3x. Phép vity

C:

tam /(2:-1). t sb k:—% bién (C) thanh (C).
Viét phuong trinh dudmg cong (C").

A _v=i~-1-sin{6x+18).
2

e +18)

s Esm[ ¥ :

2 O
! R T e Gr—18).
¥ . 25111( x—18)

D. = _g +£—sin[6.\'— 18)-

Ciun 22. Duong thing y=m tiép xic voi db thi

(C):v=-2x"+4x" ~1 tai hai diém phan biét. Tim

tung d6 tiép diém.

A 1. B. -1. G0 D. 3.

Ciu 23. Ba s6 phan bigt co tonb 1a 217 co thé coi 1

cac sb hang, lién tiép cia mot cap s6 nhan, cung co

thé coi la sb hang thir 2, thir 9, thir 44 cia mét cép so

cong. Hoi phal liy bao nhiéu s6 hang déu ciia cép s

cong ndy dé tong coa chiing bing 8207

A 20 B. 42. G2l D. 17,

Ciiu 24, Trong khéng gian Oxyz, cho hinh non dinh

S[E;—H:EJ o dudmg tron day di qua ba diém
18 9 I8

AQ;0:00, B0:=2:0),  C(0;0;1). Tinh d¢ dai duong

sinh [ cua hinh nén di cho.

A S g, Y%
O 0
C..’=%. D.!:%_

Ciu 25, Cho ham sé f(x) co

L= =)™ (e D vr e B
Ham sé da cho ¢ bao nhiéu diém cuc tri?
AL, B. 1. LB, D. 3.
Ciu 26. Pudng tiém cin ding va dudmg tiém cin
ngang ciia d6 thi ham sé y= it B
Zm+1-x
hai truc toa do tao thainh mdt hinh chit nhit ¢é dién
tich bing 3. Tim m.

clng vini

A. m=l.m=i, B.m:—l,m:--§a
2
, TOAN HOC
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C.m:l,m:—%. D.m=-1,m=3.

Cau 27. Tinh thé tich cna mot hinh hop chir nhat,
biét ring ba mét ctia hinh nay c6 dign tich I 20cm’,
10cm?, 8cm’.

A. 40cm’. B. 1600cm’.

C. 80cm’. D. 200cm’.

Ciu 28. Cho chuyén déng thing xdc dinh boi
phuong trinh § =—+37 +91, trong d6 ¢ tinh
bing gidy va S tinh bing mét. Tinh vén toc cia
chuyén dong tai thai diém gia toc tri¢t tiéu.
A.12m/s. B.Om/s. C.llmfs. D.6ém/s

Cau 29. Gia tri 1én nhét va gid tri nho nhit cia ham

s6 f(x)= 8 4% tréndopn [1;2] 14n luot 1a
1+2x
a g TIE Rl
2 i) 305 3 2 32
Ciu 30. Trong khong gian Oxyz, cho diém

H(1;2;-2). Mat phing (o) di qua H va cit céc
truc Ox,Oy,0z tai 4,B.C sao [ cho la tryc tim
ctia tam gide ABC. Viét phuong trinh mjt céiu tim
O v tiép xic v&i mit phang (o).

A xt 4yt 422 =81 B.xl+y +20 =1

D. x>+ 2 +22 =25,
Cau 31. Cho hinh chép S.ABC c6 SA=
SB=5C=AB=AC=1,BC=+2. Tinh gde gita
hai dudng thiang AB,SC. '

A4’ B2’ C.30° D 60",
Cau 32. Viét phuong trinh duéng thang di qua hai

(G ,\'2+y2+22=9,

x* +2x+3
2x+1
B.y=x+l1.

diém cue trj cia do thi ham sb y=

A y=2x+2.
C. y=2x+1.
Ciu 33, Tir phuong trinh

(3+2J§)"—2[J§—1)" =

dat = (vr'l_ - 1)"r ta thu duge phuong trinh nao sau

D.y=1-x

day?

A P -3r-2=0. B.2 +3t2 -1=0.

C. 28 +31-1=0. D. 262 +3t-1=0.

Ciu 34, Tinh thé tich khéi chép S.4BC co
AB=a, AC =2a,BAC =120°,54 1 (4BC),
gitta (SBC) va (ABC) 1a 60".

goc

TOAN HOC
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A 214’ B\ﬁas
= T4
c W214° D ﬁaB
e e

Cau 35, Tim tht ca cdc gid tri cua m dé phuong

trinh 812*¥* = m c6 nghiém.

A mz—. B.mz0. C.m=xl. sz——l-_

1
5 : .
Ciu 36. Tim tit ca cac gid trj duong cia m dé
3
jx@—x)'"dx:—f"(lgg}, voi f(0)=Inx".
0
A.m=20. B.m=4. C.m=5 D .m=3
(4u 37. Tinh dién tich hinh phing gidi han boi do
thi (P):y=x>—4x+5 va cac tiép tuyén véi (P)
tai A(1;2) va B(4:5).
& Bl e

4 9 8 oF
Ciu 238.Cho hinh binh hanh ABCD. Qua
AB,CiD. Tan lwot vé cic nia dudmg thing
AxyBy,Cz,Dt & cing phia so véi mat phang

5

(ABCD), song song voi nhau vd khong nim trong
(ABCD). Mgt mét phing (P) cat Ax,By,Cz, Dt tai
AL B, C, D' tuong g, 520
AA'=3,BB'=5,CC'=4. Tinh DD".

A4 B. 6. (B9 112!
Céu 39, Cho hinh chép S.ABCD ¢6 ABCD 14 hinh
vuong tim O canh @. Tinh khoang cich gita SC
via AB biét ring SO =a va vudng goc voi mat diy
cua hinh chop.

cho

e
A. a. i T

5 5 J5
Ciu 40. Cho tam gidc ABC vudng tai A, AH
vubng goc voi BC ti H, HB=3,6cm,

HC = 6,4 cm. Quay mién tam gidc ABC quanh
dudmg thang AH ta thu dugc khoi ndn ¢6 thé tich
bang bao nhiéu?

A. 205,8%cm’. B. 617,66cm’.

C. 65,14cm’. D. 65,54cm’.
Cau 41. Tinh ban kinh mit cdu ngoai tiép tir dién
ABCD biét ring AB=CD=a, BC=AD=b,

AC=BD=c.
B. \J2(a® +b° +c7).

A Nd +B e



c. ! Vat v b+t D. l\.J'ar2+b:+-:-3,
22 2
Cau 420 Che day sb (u,) thoa min

u, =\n+2018 - Vn+2017.¥ne N, Khing dinh

nao sau day sai?
A.Daysd (u,) ladaytang. B. lim u, =0.
H—=20

| " u
Callau, < ovneN D, lim 2=,
2.”'20]8 pbb f
- - - 2 = un 1 Zx-1
i 43 Trén do thi hdm s6 vy = i O bao
3x+4
nhiéu diém cé toa dé nguyén?
Al [l 2 (&5 (), D. 4.

i L. Goi S la tip tat ca cdc gid tri nguyén

khong duong cia  m  dé phuong trinh

log, (x+m)+log;(2-x}=0 ¢6 nghiém. Tép S
s

¢t bao nhiéu tip con?

A1, B2 B

Chw A5 Trong khong gian  Oxvz.

M(2;0;1). Goi 4,B lin lugt la hinh chiéu vudng

D, 4.
cho diém

goc cua M trén trye Ox va trén mat phiang (Ovz).
Viét phuong trinh mat phing trung truc ciia doan
AB. A
A dx=22-3=0.
C. 4x=2z+3=0.

B.dx—2y-3= Q@
D. 4x+ 2z + 3D
0
Cau 46, Cho tich phan J. ¢os 2x cos Axdx = a + b3,

s

3
trong d6 a,h la cac héng sé hiru 1. Tinh

e" +log, |b[

A. -2 B. -3. & .0

1
o
Ciu 47, Trong khong gian Oxyz, cho mit cdu
(S):x" 4+  +27 —2x+2z41=0 3 dudng thang
d:T=—1—-=il. Hai mit phing (P),(P") chira
d va tiép xic véi (S) tai T va T Tim toa do

trung diém H cta 7T

Ciu b Cho cae b phirc z),z; vo1 z; = 0. Tép hop
cdc diém biéu didn s phitc w=z.z+2z, 14 duimg
tron tim la géc toa dé va ban kinh bang 1. Tép hop
cde diém bidu didn s6 phite z 14 duémg nio sau day?
A. Dudmg tron tim 14 gde toa dd, ban kinh bing |z-

B. Dudng trén tim la diém biéu dién sé phie =2,
£

ban kinh b'ﬁmg |’]—|
I

; . 1
C. Budng tron tam la goc toa dd, ban kinh bang l {
)
D. Duimg géop tim I diém biéu dién sé phirc -2,
4
R ;
bandkifh bing ﬂ
i -
e 4v. Tinh dao ham cép n (ne No} cua ham sb
v=Inj2x-3.

J[:n= 1yl i B 2 i
A3 =" (n 1).{2x_3j )

J) e 2 ]N
Bitii=in I)!(ZI—3 )

2 L
A 1V =1
C. Y = =1y (n 1){2"[_3] ,

D. 3™ = (=) (n-1 ![L]",
¥ =" (n=-1) S

Cdu 50, Tim tt cd cae gid trj cia m dé ham sb

v=8" 4 (m=-3)2"" +3m-2 ddng bién tén

&)

A, -9<m<3 B.m<3 C.m<s-9. D.m<-9.

NGUYEN VAN XA
(GV THPT Yén Phong s 2 - Béc Ninh)

TOAN HOC

S 488(2-2018) ¢ CTudifre

21




[ CONSO 0 DAYQUYENLUC

N\

XUATHIEN TULUC NAO...

NGUYEN THUY THANH '|
(Truing Pai hoc KHTN, PHOG Ha Npi) |

Trong kho tang sb cua loai ngudi “chir s6 quan
trong nhat la 56 “0” (zero). Ddy la mot ¥ niém
uyét voi, tir edi “khong cé gi” ngudi ta lam dwoc

“cdi gi d6” roi dat cho cdi gi do dy mot cdi tén va
nep d@o I cho no mat ky hiéu” (Van Der Warden).
D6 chinh 14 nhimg budce ngodt trong ciu chuygn
v& con sd 0 tir thia ban ddu ¢b xwa clia nhitng dén
t6c ¢ nén vin minh toan hoc phat trién som.

Con s - khéng Babylon.

Danh tir Babylon thuong duge ding dé chi cac
thanh quée & ving binh nguyén Ludng Ha nim
gifra hai con song Tigris va Euphrates cich thanh
phd Baghad khong xa va ton tai tir thé ky XX dén
thé ky II truée Cong nguyén. Diy la noi san smh
ra nhiing nha thién vin va nha toan hoc dAu tis

va ho ciing 1a dén toe diu tién c6 chit v1et va hé'

dém.

Hé théng dém ciia nguoi Babylon ¢6 ru'dﬁu Th1en
N6 1 hé luc
thap phén theo vi tri (co 86 60). P6 ciing la ngudn
gbe dé ngudi ta chia git thanh 60 phut va 3600
gidy, cling nhu ta chia duong tron thanh 360 do va
mbi do ra 60 phut va mdi phit thanh 60 gidy. Co
1& sb 60 c6 nhidu wde sb cling 1a 1y do no duge
chon lam co sb. Trong hé luc thdp phan, cir 60
don vj clia mot hang nao dé 1a twong g véi mot
don vi ciia hang ké lién trén. Hé théng so cua
ngudi Babylon co hai kj? hiéu co sO hinh ném:

nién ky thi hai trudce Cong nguyen;'_._

ném doc B {mg véi vi tri sb 1 cling nhu moi s6

@

dang 60" (neM) v cai ném ngang “~=2" ling
véi gid tri s6 10. Bdng nguyén tic cong vao lap di
lap lai hai chir s co ban nay ngudi ta viét duge
moi s6 tir 1 dén 59. Moi sb khac cia hé dém
Babylon déu duge viét duéi dang:

TOAN HOC
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N=e, 60" +a, 60" +..+a60
= Ok
Tuy nhién hé tinh nay déi dién véi mot vai mo ho
cAn phai minh dinh. Pau tién, gid tri cua ky hiéu
co s khong phai bao gid cling 16 rang theo vi tr
ma ¢6 khi phai mt ra tir nglr canh. Mot mo hé
khac xudt hién khi trong biéu hién s6 duoc xét bi
khuyét mét hang nao do, tirc la xudt hién cai
“khéng 6 gi”. Van dé 1a lam thé nao dé canh bao
ring c6 thiéu hang do. Phai hon ml.rfvi lam thé ky
sau nguoi Babylon méi ¥ thire duge ring cin phai
biéu hih. cél ‘khéng co gi” do (tirc 1a chd 6 hang
thl_éu") bﬁng mot “cdi g; do” (LhanE han mét hml

f\'-bicu hién sb.
. Luc ddu ngudi Babylon khic phuc khé khan bing

cach chira ra mét khoang tréng & chd co thlcu mot
liy thira cua 60. Nhung diéu gi s& xay ra néu vién
thu lai vé ¥ cdu tha bo quén khéng chira chd
Irong"
Cubi cung dén thé ky I trude Cong nguyén
nguoi Babylon dung ky hiéu “dai ném nghiéng”
W dé thé hién sy vang mat mdt hang nio do.
Nguoi ta cho rdng d6i ném nghiéng nay chinh Ia
“cdi gi d6” ¢é vai trd thé chd va goi né 14 con so
khong Babylon. Néu m—n>1 thi gitra cac boi 50
ciia 60" va 60" can dat m-n+l déi ném
nghiéng d6. C6 thé xem do 1a con sb khong co
xuwa nhét trong lich sir vin minh cua lodi ngudi
mic di né khong duge cic nha todn hoc Babylon
nhan thirc nhu mét dai luong — c6 nghia la nhu
chit s6 0 (zero) boi vi nd khong tham gia vao cic
phép tinh sd hoc.
Mot didu ky la la cho dén khi dé ché Babylon
huy hoang sup dé ngm}i Babylon ciing chua bao
gm sit dung con sb khong cia ho dé lam chir sb
cudi cung cua mot s0.



Con s - khéng Maya.

Maya la tén mét bo toc thé dan da do. Ho timg
sinh song & ban ddo Yucatan thudc Pong Nam
Mexico, bic Guatemala va Honduras ngay nay.
Trong suét mudi thé ky ddu sau cong nguyén
ngudi Maya da dat dén dinh cao ¢ nhiéu linh vurc,
trong do co toan hoc va thién van hoc véi sy dong
gop 16n lao cua cic Thay tu va nha Chiém tinh
Maya. Céc ngudn dit ligu da chimg to ring ngudi
Maya da timg st dung ké dém nhi thap phan theo
vi tri (co s6 20). Dé viét mot sé bat ky nguoi
Maya chi sir dung ba ky hiéu co sé: chdm dam
dé chi sb 1, mot vach ngang dam “-7 dé chi sb 5
va cdi hinh vo so “@>” dé chi s6 0. S& 0 cua
ngudi Maya ra doi vao ndm 357 sau Cong
nguyén, trude Chau Au gin 900 nam.

Céi s6 duge viét theo thang thing dimg ¢6 nhidu
ndc, mi ndc 1a mdt hang (nhu hang don vi, hing
chuc, ... trong thip phén cta ching ta). Néc dudi
cung danh cho cac 6 nho hon 20, nic tiép theo la

“ n

boi sb ciia 20, ndc trén nita — ndc thi ba — chi sb
ldn cia 207 =400, ...
s6 co thiéu hang nao do thi nguoi ta thé vao nd
wong u‘ng biéu tuong vo s6 1a s6 0 Maya. N .
viy con s6 0 Maya véi tr cich © ¢ ai gi do :
cho cai “khong 6 gi” dd ra doi rit sém.
Mot dic diém cua hé tinh Maya 1a héde)
lé nhi thip phan theo vi tri, trongsk };e tinh viét
lai la nhi rhap phan theo vi tri b:é‘n thé voi mot
ngoai 1& & néc thir ba. Thit viy, néu hé tinh 1a nhi
thdp phin theo vi tri binh thuong thi cic sb
nguyén thiy phai sip xép theo thir ty
1,20,207 =400, 20° =8000,... Trong khi d6, & hé
tinh viét cia ho lai theo tha tr 1, 20,
18 x 20 =360, 18 x 20 x 20 = 7200, ... Do do6 ¢
day nguyén tic theo vi tri da b vi pham. P6 chinh
14 vi tri gy ra bién thé.

Do c6 ngoai 1¢ vira trinh bay nén con sé 0 Maya
cling gén nhw bj tuée mat kha ning thao tac mac
dil né c6 thé nim & gitta hogic & cudi sé. Trong
truomg hop né & cudi sé thi no lai bi tuée di “dec
quyén” cia s6 0 chan chinh 13 1am cho gid tri $6
d6 tang 1én 20 1in. Nhidu nha lich st cho ring vé
¢o ban moi tinh todn trén cdc con s6 cé nhiéu chir

Trong truémg hop biéu dién

s6 cua ngudi Maya 13 lién quan toi thién van va
da 13 co sar dé lam lich.

Do dé véi wu tién dic biét cho thuc hanh ho da
khéng s pha vy cai két cau chit ché cua hé tinh
dé tao nén nhitng con sé triru twong dap tmg cho
nhu cdu cy thé caa minh.

Dé don gian tinh todn ngudi Maya da thay thé s6
khoi thity & ndc thir ba a4 20 % 20 = 400 boi s6
18 x 20 = 360 la xap xi gin nhit v6i sb ngay mét
nam cua ho. Vi trong 18 thang véi 20 ngady mot
thang tao thanh mét nam lich véi 360 ngay, trong
d6 cin luu ¥ ring ngudi Maya chia mot nam Mt
tréri ¢6 365 ngay thanh 18 thang, mdi thang c6 20
ngay, 5 ngay con lai duge dua vao cudi nam.

Nhu viy, bat dau tir cai cu thé, nguoi Maya da
vuon lén dinh cua tu duy trirn twong dé tao riéng
cho minh mét hé tinh “nhj thdp phdn theo vi tri
bién thé”. Ngay nay ta cb tim hiéu xem lam thé
nao ma cae nha thién van Maya tinh duge mét
nam co, 365 24200 ngay trong khi ho khong co
trong tay bét cir may moc hién dai nao Cic tinh
toéil . gan day nhit moi cho két qua mdi nam cé

'365 242198 ngay. Viy ngudi Maya vin khong c6
~con 50 0 todn hoc.

Con sb - khéng An D

Khéng giéng cdc hé théng sb Babylon va Maya,
ngay tir thé ky III trude cong nguyen trong hé
thong s6 An D6 (con goi 1a hé thong Hindu) cac
nha toan hoc da tao ra chin ky hiéu khac nhau cho
cic so tir 1 dén 9 tach hin v&i moi truc cam cua
thi gide con nguoi. Cac ky hiéu nay da thay hinh
ddi dang theo chiéu dai cua thoi gian. Dén thé ky
V sau ¢ong nguyén, khi trinh bay mot sé nguoi
An Do rlt bét cae tén “chyc”, “tram”, “ngan”,...
Ching han s6 1975 dugc biéu hién don gian la
“NAM. BAY. CHIN. MOT” (=5 + 7.10 + 9.10°
+ 1.10°). Nhung khong phai bao gi¢r cach biéu
dién ciing thyc hién dugc theo quy tic nay. Khi
giip s6 201 ma trong than so thiéu hang chuc thi
nguoi ta khong thé doc “MOT HAI” (=1+2.10
= 21(9)) Do viy ngucn ta can c¢6 mot ddu hidu
riéng dé canh bio ring s6 dang xét khong ¢6 hang
chuc. Sy md mam va do du da mang lai cho céc
nha toan hoe An Do bién phap khic phuc vudng
mic nay bing cach dung

EURTY

(Xem tiép trang 36)
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Bai T1/48% (L.op 6. Cho ngh giac ABCDE co
canh BC song song vdi dudmg chéo AD, canh CD
song song voi duong chéo BE, canh DE song
song voi dudmg chéo AC, canh AE song song voi
duong chéo BD. Chimg minh ring canh AB song
song vo1 duong chéo CE.

PAO CHI THANH
(GV THPT chuyén Vinh Phiic)

i4i 12/488 (Lop 71 Chimg minh ring:

1
" 4035 2019
RTE
2018

ol

I+ + +--
A
I 1

T+—+—+-
2

THAI NHAT PHUONG
(GV THCS Cam Nghia, Cam Ranh, Khanlh Hou)
Bii T3/48%. Cho hai bo sb thuc (@ he); (x.y.2)
théa mén khong ¢6 bd nio dong nhit bang 0 va
a+btc=x+y+z=ax+hr+cz=0.
Chimg minh ring gia tri cia biéu thirc
P (b+c)3 (Jﬁ—z)2
ab+hctea xy+yz+zx

la hiing so.
VU VAN LIEM
(Cam Xé, My Hao, Hieng Yén)
Bai 14488 V& phia ngoai ciia tam gidc ABC vé&
cdc tam gidc ABD, BCE, CAF thoéa man
ADB = @:@:90{@:@:5#:&
Chimg minh ring DF = AE.
NGUYEN KHANH NGUYEN
(3/29E, Da Néng, Hai Phong)
BAi 15488 Chimg minh téng sau day 1a mdt s6
nguyén dwong:

TOAN HOC
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11 it
Hlt=4=tr——| +
3 2017 [ 5 2017J

iy i L
e e e
7 2017 2017

TA MINH HIEU
(GV THCS Yén Lac, Vinh Phic)

S=I+l+-!-+--- + :
2

CACLOP TP
Bai i6/488. Gidi hé phuong trinh
{2;5 2ty 1057 £ P ~5p =0

(x+1nfy—5 =_v—3.\‘2 +x=2
NGO QUOC KHANH
(GV THPT chuyén Lam Sem, Thanh Héa)
Bai T7/48%, Chimg minh ring:
2n 8 107
Xg =C0S—+COS—+COS——
21 21 21
12 mt nghiém cua phuong trinh:
4 +2x7 —7x-5=0.
N DOAN KIM SANG
(GV.THPT chuyén Nguyén Tdt Thanh, Yén Bdi)

B 445 Cho tam gidc ABC: a=BC.b=C4,

@=4B. Chimg minh ring:

cos(A—B)+ cos(B-C)+ cos{C—A)
l{a+b b+e c+a)
= _+___+_J.

e 1 a h

Ding thirc xay ra khi nao?
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
Bai T9/488 Cho 6 s thue duong a, b, ¢, x, v, 2
sao cho x +y + z = 1. Chimg minh rang:
ax+br+ezzat b
NGUYEN DAT BONG
{Thon Cap Thiiy, xd@ An Thinh, huyén Lwong Tai, Bac Ninh)
TIEN TOTOLYMPEC TOAN
Bai 110/48%.  Xét diy vé han cac sb nguyén
duong a <a,<--<a,<-- thoa min dieu kién
4. —a, 28 voimoi i=1,2,... V&i mdisd tw nhién
n, dit s, =a,+a,+--+a,- Chimg minh ring véi
moi s6 tw nhién #, trong nira khoang [s,.s,.,) co
it nhat hai s chinh phuong.
NGUYEN TIEN LAM
(GV THPT chuyén KHTN, BHKHTN Hé Noi)



Bai 111/488. Cho hai diy sb duong (a,),s, Vva
(b, )ys0 Xic dinh baiz @y =~/3,0y =2 va
1+
a,+b,= Ons
l_an-l
a,’ +1=b,

vai moi #=0,12,.... Chimg minh rﬁng hai day sb
trén héi ty va tim gidi han cua chflng. g

KIEU DINH MINH

(GV THPT chuyén Hing Vieong, Phii Tho)

Bai T12/488. Cho tam giac ABC khong cén tai 4.

Pudng tron (0) thay déi, di qua B, C va theo thir tr

cit cac doan AB, AC tai M, N. P 1a giao diém cia BN

va CM. @ 1a diém chinh giira ctia cung BC khong

chira M, N cua (0). K la tam dudng tron ndi tiép

tam gidc PBC. Chimg minh rﬁng KQ luén di qua

mét diém cd dinh.
PHAN VAN NAM
(GV THPT chuyén DHSP Ha Ngi)

Dinh chinh, D& bai TR/486, T12.2017 (trang 24), da viét:
xin dugc sua la;
Thauh, thit xin 16i ban doc. TH&TT

DN 'THIS ISSUE

PROBLEMS

FOR SECONDARY SCHOOL %&%

Problem T1/488 (For 6™ grade). Given a agon
ABCDE. Assume that BC is parallel to CD is
parallel to BE. DE is parallel to nd AE is

parallel to BD. Show that 4B is pa to CE.
Probiem T2/488 (For 7" grade). Prove that

1+l+l+---+L :
3.5 4035 _ 2019

fil et 4036
23 2018

Problem T3/488. Given two triples (a. b Kej ¥ (x y,
none of them contains all 0’s, such that
at+b+tc=x+y+z=ax+by+cz= -0,

(b+c)® (y+z)2
BDrbetcn. WD

Prove that the expression P

is a constant.

Problem T4/488. Qutside a triangle 4BC , draw
triangles ABD, BCE, CAF such that
ADB = BEC = CFA=90", ABD = CBE = CAF = cx.
Prove that DF = AE.

z)’.. i

- Problem T7/488. Prove that x0=m§—’]‘+

Bai 1.1/488. Trén mat thoang ciia mdt chit long
¢6 dudmg tron dudng kinh 4B = 26cm. M 1a diém
trén duong tron va cach 4 mot khoang AM=10cm.
Tai A, B ngudi ta dit hai ngudn séng két hop, dao
dong ddng pha, phét song ¢6 budce séng A =5cm.
Tinh sé diém c6 cuc dai giao thoa trén cung tron
nho MB.
THANH LAM (Ha Noi)

Bai 1.2/488. Pat dién ap xoay chiéu w=U, cos27 fi
(V). (trong @6 U, khong dbi, fthay déi dugc)vao
hai ddu doan mach dién mic néi tiép gom dién tro
thuin R va tu dién c6 dién dung C. Khi tan sé
biing 20Hz thi cong sudt tiéu thu dién cia doan
mach 12 20W. Khi tan sb bing 40Hz thi cong suit
tiéu thu dién cia doan mach la 32W. Khi tin sb
bing 60Hz thi cong sudt tiéu thy dién ciia doan
mach béng bao nhiéu?

VIET CUONG (Ha Noi)
,O04d=a,OB=5, ...
,O04=b,0B=a, ...

.. lam giac OBC ...
Sptam gidc OAB ...

Problem T5/488. Show that the following sum is a

positive integer
o] oY
e
2393 2017

Ja] 1
) [1 2
B B e doet .
I8 2017 2017

S=l+—F+—+--+
bl 2017
FOR HIGHSCHOOL
Problem T6/488. Solve the system of equations
25 - 25y -2y +10x° +3% =5y =0
{(x+1);/}°—‘§=y—3x2 e,

S:rz 1011
21 21

 is a solution of the equation 4x° +2x* ~7x~5=0.

Problem T8/488. In any triangle ABC, show that
a+b b+c ¢+a)

cos{ A B)--cos{B~Cleos(C A)<—[—;-+T+ :

Problem T9/488. Given 6 positive numbers a, b,
¢, , ), z and assume thatx +y +z = 1. Show that

ax+by+ezza bt (Xem tiép trang 34)
) TOAN HOC
So6 488(2-2018) ‘ CTubilre 2 5




Bai T1/484. Tinh tong

+ 4953

A=3+4+6+9+13+18+-
(cic s6 hang trong téng A dwge xdc dinh theo

cong thirca,, =a, +n vai nel ).

Laoi giai. Theo gia thiét co
ty =ay+ 1
ay=a,+ 2

ap=dy+ 3

ais gt
et =€y £h
Cong theo timg vé cic dang thite trén duge

ataytattd, +a,, =ata tat +

w1

ta+1+2+3+.+{n-1)+
n(n+|) N
2 (]

=da

el

g trlleE PR (n=1)+n=3+
Vi a,,= 4933= 2x4950 =n(n+l) tic la
a(n+1) = 99.100=r=99. Do doé tong 4 co 100
s6 hang.
Tir (*) cho » Ian lugt bang 1,2,3.4,...,99 taco

2a,= 6+ 1.2; 2,= 6 + 2.3 2a,= 6 + 34}

=6+ 98.99; 2q,, = 6 + 99.100.
Do db
24 =2g+ 2a,+ 2a,+ 2a,+. 4 2a,+ 1oy,
= 1006 + 1.2 + 2.3 + 34 +...+ 98.99 + 95.100.

Pat B= 1.2 + 2.3 + 34 +...+ 9899 + 99.100

thic 38 = U234 233343 £ 9890 55
99.100.3 = 1.23 +23(4 - 1) + 345 -2) +..%
98.99(100 — 97) +99.100(101 — 98) = 99.100.101.
Do dé B = 33.100.101 = 333300. Thay vao biéu
thire 24 duge 24 = 600 + 333300 = 333900, nén

TOAN HOC
26
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A = 166950, a

» Nhgn xét, Hiu hét cic ban déu giai twong tr nhu
trén, trong dé vii ban viét nhdm s6. Cac ban sau ¢o
i giai dang. Phit Tho: Cher Lé Phuung Link, 6A3,
THCS Lim Thao, Lim Thao: HA Ngi: Ding Khii
Vgt.'ven 6C3, THCS Archimedes Academy, Q. Ciin
Gidy; Ngh¢ An: Truong Khanh Chi. 6C, THCS Ho
Xuan Huong, Quynb L. Hoeang The HI{’I-‘ Nguvén
Cong An, Pham Viér Thinh, 6A, Thai Huyé én Trang,
Biri Duy Huy Hoang, Nguvén Thi Ngdn, Phan Thi
Hoa, Phan Van Anh Tai, 6B, THCS Ly Nhat Quang,
P6 Luong; Quang Ngdi: Mai Thanh Nguyeén, 6A,
THCS TTr. Séng Vé. Tu Nghia.

VIET HAL
Bai T2/484. Tim cdc s te nhién x va v thoa man
phicong trinh : (1+x)(1+ ) = (x =p)! (1
(trong dé ky hieun!=12..n).
Loi gidi. (Cach giai cua ban Lé Tudn Kiét, A,
THCS Pham Van Dong, Nghia Hanh, Quang
Ngii).
« Véix = 0 thay vio (1) ta co:

1+ y)=yl=yl=-2
(loai vi yeN)(chuy ring: ludn quy uge 0! = 1).
« Vi x = | thay vao (1) taco:
A+ =(r+NI=pliy-N=2>y=2

o V& x 22 thi (x+ ) la sbchéin, 1+x! 1asd 1.
Tir (1) suy ra |+ y!1a s chin, hay y! la 56 lé nén
=1. Khidotac: 2(1+xN=(x+}!1=>x=2.
Vav phuong trinh c6 nghiém I (1:2) va (2:1). a

> Nhdn xét. Ngoai ban Kiér thi cie ban ¢6 1oi giai 16t
1a: Nghé An: Nguyén Van Thanh Nam, Lé Hoai Son,
A«;g:{vén Q:m"‘lc Hiéu, Dang Hivu Khanh, Pham Vin
Ouvén, Nguyé'n Phurang Uvén, 74, Dao Danh Hao, 7D,
THCS Ly Nhit Quang, D6 Luong; Tran Thién Nedn,
7A. THCS Cao Xuan Huy, Dién Chiw; Pham Ngoc
Trinh, T8, Truong Khanh Chi, 6C, THCS HO Xudn
Huong, Quynh Luu; Thanh Héa: Tiinkh Diic Tudn,
7A. Nguyén Trong Nam, Nguyén Viét Hoang, Hodng
Oude Duy, 7C, THCS Nguyén Chich, Dong Son. Lé
Pire Chinh, Trinh Duy Pat7B, THCS Nhit Bd S¥,
TTr. Bit Son, Holing Hoa; Pé Lé Trung. TA4, THCS



Quang Trung, TP. Thanh Hoa; Phit The: Ha Thi Yen,
7A, THCS Dong Ciru, Thanh Son; Vinh Phice: 7o
Kim Nem Tuan, 6A2, THCS Yén Lac, Yén Lac; Ha
Néi: Hodng Lé Bich Ngoc, TA, THCS Théai Thinh,
Déng Da; Pang Khoi Neuyén, 6C3, THCS Achimedes
Academy, Cau Gidy.

NGUYEN THI TRUONG

Bai T3/484. Trong méi 6 ciia han cé vua 8%8 6
viong duoc dat mot s6 vién soi sao cho sé vién
soi trong cde 6 umg hang hode cimg cét Ia so
chan. Chimg minh rdng tong so cde vién soi trén
cdc 6 den ctia ban ¢o la s6 chan,

Loi giai. Danh sb cie hang va cac cot bai
liss

la & mau den.

.8 v gia s khong mit tong quat1a 6 (1,1)

Ky hiéu 4 la sé cac vién soi trong cic & ¢6 tung
d6 va hoanh dd 14 s6 chin.

Ky hiéu B 1a sb cac vien soi trong ¢ic O ¢o tung
d¢ va hoanh dé la s l¢.

Ky hiéu € la s6 cac vién soi trong ¢dc O €O ung
d9 1é va hoanh do 1a s6 chin.

Khi dé A + € 1a s cac vién soi trong cic & co
hoanh d6 1a s6 chiin va B + C l1a sb céc vién soi
trong cde 6 ¢6 wng d6 16, DE thiy ring 4 + ( =
Bt =
A+B =

= 0 (mod 2). Do d6 s6 soi trén cac 6 den 13
(A+C)+HB+CY-2C = 0 {mod 2). 0
- #Nhdn xér, Bai toan nay khong khé [dm nhung 6 it

ban gui 161 giai. Cie ban sau day ¢6 i giai ngan
gon: Thanh Héa: D6 Lé Tring, TA, THSC Quang
Trung. H6 Cao Bach Timg, 9B, THCS Trin Mai
Ninh, TP. Thanh Héa; Trinh Dire Tudn, TA, Nguyén
Viér Hoang, Nguvén Trong Nam. Neuwvén Tidn
Bang. 7C, THCS Nguyén Chich, Déng Son,
VU PINH HOA

Bai T4/484. Cho ABCD  ¢6
AB=BC\2. Mla mot diém trén eanh CD (M khdac
D). Ké Bl L AM i I. Goi giao diém ctia CI va DI

véi AB lan heot 1a E va F. Chitng minh ring AE, BF

hinh  chit  nhdgi

va AB la di dai ba canh ciia tam gidc vuéng.

Lo giii.

N D M i

Goi N 1a giao diém cua B va CD. bat DM = x, DN
=y, BC~a. Do AM L BN nén DAM =BNC , suy ra

AADM e ANCB (g-g), do dé:
At = A(mﬁ + y)r-az
BC NC

.
Viy MC2+ D2 =(ay2-x) + 2
2202 +x2 437 < 2a2

= Z_r(aﬁ + y) + 34t SR

S5t ()
Mat khac, do 4B // CD, ap dung dinh 1i Thales ta
B_FB AB

o A £ !E
1/."( J’C IV ND M,-'\.'

Két hap vdi (1) ta ¢
ABY AR BIT AL+ BE? AR24BF?

MNTTAMCTTNDE MCTANDE A2

Do db6 AE + BF = 4B, Viy AE, BF, AB 14 46

dai ba canh cua mét tam gidce vuong. E)
[NRdn xét. Cac ban sau cho loi giai ding: Ha Nbi: Lé
Tudn Ti, 9T, THPT dan lip Lucng Thé Vinh; Thanh
Héa: D6 Cao Beich Timg. Pham Anh Dric, 9B, THCS
Trin Mai Ninh, TP. Thanh Héa: Nghé An: Lé Van

Quang Trung, 8B, THCS Ly Nha Quang, B Luong.
NGUYEN THANH HONG
Bai T5/484. Giai phiwong trinh
2x* -8x" +60x2 —104x

240=0.
Loi gidgi. Phuong trinh da cho twong duong vai:
ot -4y £ 3057 —52x-120=0

St 2= 4 = 2x(x” = 2= 4) 1 3007 —2x—4) =0
e (67 = 2x —4)(x® —2x +30) = 0. (1)
Vix' —2¢+30=(x-1)>+29>0néntir PT(1)1a
duge: x° -2x-4=0 xr=1+5. Viy PT ban diu
¢6 hai nghiém la x=1+J5 va x=1-5. O

#Nhgn xét. Co thé gidl bai odn bing cach viét PT

thinh (37 —=2x+13)° =289 x> — Zx+13=+17.
. TOAN HOC
S& 488(2-2018) . cl'uﬁ?;e 27




Cac ban sau day ¢o 11 giai 1o Nghé An: Neuyén
Van Hoang Mink, 8D, Nguyén Huy Hodng, Lé
Quang Huy, Nguvén Canh Manh, Ngwvén Thanh
Nguyén, 8B, THCS Ly Nhat quang. B Luong,
Pham Ngoc Trink. 7B, THCS Hé Xudn Huong,
Quynh Luw; Pha Tho: Thach Pire Ting, Nguvén
Duy Anh, Trdn Ngoc Lwong, Thach Quang Tricu,
%A. THCS Cao Mai, Lam Thao, Nguyén Huy Tii,
RA, THCS Thi trén 2, Yén Lap, Dao Nhdn Dé. 8A3,
THCS Lam Thao. Lim Thao; Thanh Héa: Nguyén
Viét Anh, 8D, THCS Nhit Ba S§, Hodng Hoa; Cln
Tho: Tran Dank Nhén, 8A5, THCS Poan Thi Diém.
TP. Can Tho.

NGUYEN ANH DUNG

1AT VR4 G
i

plrenne feinfy vene freae S s

T R

b g

e R [ L SR

BT IR R

Léi gidi. Nhin thiy véi moi s6 thue x, v thi

Pt _vz —2,\c—4}'&5:(.\'—l)1 +(_v—2)2 20;

532 +5y7 +10x 30y +130 = 5[(x +1)7 + (¥ +5)° 120

557 +53° —30x +45=5[(x-3)" +¥7]20;
102x% +102y7 - 204x + 204y +1306

=343 1)? + 3y + DASBA] 2 0.
Do dé phuong trinh luén xac dinh voiivy, ye R
Ap dung BDT Bunyakovsky ta ¢é:

VT =3yx’ +y2—2,r—4'1’+5+2q@4x2+y3+2x+lo_v+26

+ ».Ir::v\‘lxz 17 —6x+9

<7+ @) +(15)|3x* 377 ~6x-+6y+40)

=34(327 +3)7 ~6x + 6+ 40)

= 10222 +102)% — 204x + 204y +1360 = VP.
Déu “=" xay ra khi va chi khi

‘sz +y = 2x—4y+5 -\/x2+y2+2x+l(}y+26

3 245
" \sz +y2 —6x+9
B J5
TOAN HOC
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22 +y2 —2x-—4y+45 Kyt +2x 10y 426
9 - 20
- o +y2_—6:f+9
- 5

0

4y —lx+5y+14=0
337439 =265 - 10y +10=0

r+pi—llx+5y+14=0
i =1
Tx-25p-32=0
337y ~40y-377=0 [x=kLy=-1
S Pegr] =l
S ~337 a7
Viy phuong trinh ¢6 hai nghiém (x, v) la (1; 1)
[2887 377 g
337 ° 337

»Nhin xét. Day | bai toan giai phuong trinh hai
in chira cin thire cin sir dung bét dang thirc. Da sé
céc ban déu giai theo céch trén, tuy nhién mjt $6 ban
2887 377" ..
—;—J, Ngoai ra,
337 30T

c6 ban sir dung phuong phap toa d¢ nhu sau: Trong
niat phing toa do Oxy, dat A(1;2), B(-1;-5), C(3:0),
M (x; ) thi phuong trinh da cho ¢o thé viét thanh

3MA + 2dSMB +{SMC = {34(MA> + MB® + MC”) 16

st dung BDBT Bunyakovsky dé suy ra
ALl M% v tiép tuc giai nhu trén
25 s ' '
Tuyen duong cac ban sau cd loi giai tat: Lao Cai:
Bii Phieong Anh, 10 Todn, THPT chuyén Lao Cai;
Hung Yén: :\-gi(t‘e:n Trung Hiéu, Chu Ngoc Chién,
10T1. THPT chuyén Hung Yén: Nam Dinh: Lé
Phweong Thanh, 11T2, THPT chuyén L& Héng
Phong: Thai Binh: Nguyén Thi Thity Linh, 10 Todn
2, THPT chuyén Théi Binh; Ngh¢ An: Nguyen Bd
Linh. 10A1, THPT Quynh Luu [II; Quing Binh:
Pham Canh Hwmg, 10 Toan, THPT chuyén V&
Nguyén Giap: TP. Ho Chi Minh; Biii Khdnh Vinh,
10CT1, THPT chuyén Lé Hong Phong; Long An:
Pham Qui Léc, 11T1, Neuvén Thi Ngdn Truic, 12 T1,
THPT chuyén Long An; DPéng Nai: Qudch Minh
Tudn, 11 Toan, THPT chuyén Luong Thé Vinh,
Bién Hoa: Gia Lai: Lé Ton Ddng Khoa, 11A2,

tinh thidu nghiém (x; y}-—-[



THPT Nguyén Chi Thanh, Pleiku; Bén Tre: Phan
Thanh Pai Dwong, 11T, THPT chuyén Bén Tre.

PHAM THI BACH NGOC

H R T LT T TR T

L

Bab {TAR

e i i o

e

Loi giai. Ap dung BDT Cauchy ta cé:

& obsal
: 241+1+..+1 k+1
L < =
2 JELISI - ; o
A aii]

Nhung ding thirc khong thé xay ra nén

s
k
Do do
; nk+1
5<H———
l+l+..-l
- "<n+l
1 1 I n+1
s —t+—+ . +—<log, —. |
A n e % &

Mt khae, sir dung két qua quen thudc
In(l+x)<x, Vx>

ta co:
ZIH[H 1 —1~
3 ,(._2;(
Sk+1 11 1
Sh||——<—+=+..+—
Py I's 23 n
Ll SR (2)
3 n

Tir (1) va (2) ta ¢6 diéu phai chimg minh.

% e . L . il
Tir chimg minh trén va do lim InnT:+oc

T

: 1] 1
nén lim [—+—+.,.+-):+00. )
b 3 n
#Nhin xét. Ngoai cich giai trén, mét 50 ban da giai
dya vao hai két qua sau :

In{l+x)<x,¥x>0; (3)

x<log2(l+x),‘v’xe(0; %] (4

pé chimg minh (3), (4), xét ¢cic ham :
f(x)=x-In(1+x) va g{x)=x—-log,(1+x),

roi chimg o
Sf'(x)>0,¥x>0; g'(x)<0,¥xe [0; {|

Tir (3) va (4) ta suy dwoc BDT cin chimg minh.

Céc bai gui vé déu ¢6 1oi giai ding. Céc ban sau c6 i
gidi ngin gon: Bic Ninh: Vg Dang Linh, 11A,
THPT Thugn Thanh I; Nam Dinh: Lé Phuong
Thanh, 11T2, THPT chuyén L& Hfmg Phong, TP,
Nam Dinh; Ha Noi: Hoang Timg, 12T, THPT
chuyén KHTN, PHQG Ha Noi; Thira Thién Hué:
Lé Thi Thu Swong, 10T2, THPT chuyén Quéc hoc
Hué: Quing Ngdi: Nguyén Lé Minh Triér, 12T1,
THPT chuyén Lé Khiét, TP. Quang Ngii: Quing
Nam; Tydn Thign Thu Uyén, 11/1, THPT chuyén Lé
Théanh*Téng; Lé Pao Vin Trung, 11/1, THPT
chuyén Nguyén Binh Khiém; Long An: Lé Tri Phii,
Ngu_vé‘u Thi Ngan Tric, 12T1, THPT chuyén Long
An; Tién Giang: Lé Hoang Bdo, Pinh Phong Phii,
12 Toan, THPT chuyén Tién Giang; Pdng Nai:
Qudch Minh Tudn. 11 Toan, THPT chuyén Luong
Thé Vinh, Bién Hoa: Lam Pdng: Vo Minh Qudn, 11
Toan, THPT chuyén Thang Long, Da Lat.

TRAN HUU NAM

Bll:' T "-!‘s-i Ciier i efires

ot ol Hep st

£

{rd !\ for feine deer

: .fl;'.:J__-.\ oMb :":"u;t

Pl g v

Lei gidi. Ta cin ¢6 mdt b dé.
Bé dé. Gia su ABCD i nr gide diéu héa
(4B.CD = BC. AD) ngi tiep duong tron (O). Khi
do cde tiép nyén véi dwng tron (O) tgi B va D
hodie song song hodc cdit nhau trén dieong thing
AC.

(Ban doc tr chimg minh bé dé nay).

TORN HOC
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Tror lai bai toan TR/484.
Ké dudng kinh FM
cua duong twon (/).
Khi do 1w co
EM LEF, két hop
G LEF = EM jf GD.
Chi ¥ ring J 1a wung
diém cua GD. suy ra chum (EM. EJ. ED, EG) la
chimm diéu hoa. Tir 46 cac giao diém cua cdc

chiun didu hoa néi trén véi dudmg tron (/) lap
thanh mét ek gice diéu hoa (Dua vao tinh chit cia
(i s6 kép coa hang diém thing va (i 56 kép cia
héng diém tron). Do do ur gide chéo MHFD 13 1
gide didu hoa, theo B3 dé trén cac tiép tuyén tai £
va D ctia dudmg tron (1) ¢it nhau trén dudmg thing
MEH, nghia Ia ba diém B. M. H thiang hang. Ti

déay, suyra FH L BH {n
Lai vi [F=1Hva KF=KH, suy ra /K la trung
true cua doan FH, do do [IK 1 FH. (2)
T (1yva{2)suyra /K § BH. )

=Nhign xér. Cac ban sau co lon giai tt: Lao Cai:
Nawvén Minh Hiéw. 12 Toan, THPT chuyén Lao Cai;
Ha Ni: Hoang Ting, 12T, THPT chuyén KIITN,
BHOQG Ha Noi . Béc Ninh: ¥ Bing Linfr. 11A1,
THPT Thuan Thanh 1 ; Hung Yén: Pham Thi Phirong
H:.-yvé‘n. Dodn Phit Thinb. Neuvén Tién Thanh, a\-’guyt.i}r
Trung Hiéu, Chu Ngoc Chién, 10 Toan 1, THPT
chuyén Hung Yén : Nghé An: Nenvén Bd Linh, 10A1,
THPT Quynh Luu 1il, Quynh Luu; Tane Vin Mink
Himg, 11T1, THPT D6 Luong 1. DB Luong : Quing
Binh: H6 Anh. 11 Toan, THPT chuyén V& Nguyén
Giap : Thira Thién Hoé: Mai Thanh [ling. Lé Thi Thu
Swony, 1012, Neuvén Trmg Kién, 12 Todn 2, THPT
chuyén Quéc hoe Hué ; Quing Nam: Trin Thién Thu
Lyén, 11/1, THPT chuyén Lé Thanh Téng : P Ning:
Fhem Hié:u, N}guyffn Biire Toan, 10A1L, THPT chuyén
Lé Quy Dén; Lam Ddng: Phimg Trong Nghio.
h-’g,q(yrfn Tucin Léc, 10 Toan, M;;.ryé‘r Qx.-cfc Tudn, Vo
Minh Qudn, 11 Toan, THPT chuyén Thang Long:
Binh Phwoe: Lir Tri Cuome, 11T4, THPT chuyén
Binh Long; Pak Lak: Vé Phan Anh Quan, 10CT,
THPT chuyén Nguyén Du ; Phii Yén: Newyén Phicong
Kim Trang, 11 Toan 1. THPT chuyén Lwong Van
Chanh ; Dﬁng Thap: Fo Hodng Huy, 11T, THPT
chuyén Nguyén Quang Diéu; Ba Ria ~Viing Tau:

TOAN HOC
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Pham Thé Nguyén, 11CT1, THPT chuyén Lé Quy
Don ; Bfing Nai: Qudch Minh Tuan, 11 Toan, THPT
chuyén Lirong Thé Vinh ; Long An: Phan Oui Lic,
LIT1, THPT chuyén Long An; Cin The': Tang
Trung Loc, 10A1, THPT chuyén Ly Tu Trong; Bén
Tre: Phan Thanh Dai Dironig, 11T, THPT chuyén Bén
Tre ; Tién Giang: Pinh Phong Phi, 12 Toan, THPT
chuyén Tién Giang; TP. Hd Chi Minh: Ddng Pirc
Truong, Bii Khénh Vinh, Nguvén Thiy Kim Nagdn,
10CT1, THPT chuyén Lé [éng Phong.

HO QUANG VINH

Bai T9/484. Cho cde 56 thie duong x. v. = thoa

R I o o ;

man —+—+—=—— Tim gid tri nho nhat
X v oz x4ves

cua biéu thire P=—+=+-—.
A e
== Tach a,bc>0,

Loi gidi. Dit a=2 b=
X

abe=1va =2+ Z=petcatab. Tir aid thiét

T
16.-.-(x+y+z)[l+l+l]=l+£+£+i+ 1+
T E & Al hE b

2 Y i lvatabrbeslebactcat {0
Ly Z s

Suyra [S=abc+ab+be+cat+a+b+e+l
:(a+})(b+1)(c+1)=(a+1)[(\/62+1}3+(JE~J6)2]2
: 1Y

z(a+1HNbe +1F =(q-1 ——+|]
{a+livhe #1) =(a )[JE )
:>15a2(a+])(|+\|’:):':(a+1}|:(a+1)+2\[c;j|

Sloazia+]) +2a+Wa+a=(a+l+va)

:'.>4\,/5:_:2a+1+\.r5:>%2a—3\/5+%=(\r—%)

5 : iz
j.{_gza_;nqzw[g} L2

Do val tro caa a, b, ¢ trong (1) 1a nhu nhau nén ta
cO g2hgz2c. Dodo: (g-aXg-big-c)=0
=q' —g la+b+c)+glab+be+ca)—abcz0
=g —qg (a+tb+c+ab+be+ca)+

+(q* +gWab+bc+eca)-120
=g —13¢" +{¢" +q)P—-120



) 3
:>P2]-r—13q ;—q :13—\‘{5.
G+ 2
Vay P—]3 JB khi va chi khi trong ba s6 a, b, ¢

Tl
3

¢O it hang s0 bing ¢=- va hai s0 con lai

bing % % Vay khi do ta duge nghiém 14
if
(e } ! 3+\ 3 vr J va hai hodn vi vong
quanh, Lrong r d6 £ 1 56 thye dwong tiy y. a

#Nhin xétr. Diy la bai tdn dai s6 kho, ¢ nhi¢u bién
ddi hay. Pai da s6 cac ban hoc sinh i 16 giai c6 dung
dao ham dé khao sat ham sb. Hoan nghénh cic ban 16p
9, lop 10 tham gia va co loi giai ding: Hung Yén:
Nerovén Trung Hidw, 10T1, THPT chuyén Hung Yén ;
Thai Binh: Ngwén Thi Thiy Link, 10T2, THPT
chuyén Thai Binh; Thanh Héa: Pham Anh Puc,
9B, TIICS Tran Mai Ninh : Ha Tinh: Hodng Ouéc
Khénh, 10A1, THPT Biec The, Pirc Tho ; Dong
Thap: Newvén Phic Tang, 10T, THPT chuyén
Nguyén Quang Diéu ; Pak Lak: Lé Ngoc Oie, 10T,
TUPT chuyén Neuydn Du, TP. Budn Ma Thuit.
NGUYEN MINH BUC

Vai moi so nguvén dwong n, kv

Bai T10/484.
hi¢u f(n) la tong binh phiong cde wée 56 nguvén
diromg cia n. Hay tim tat ca cdae s6 nguyén duong

]f]u +15 +"
n sao cho ZIU]‘- - "-1” el

Lo gidgi. (Dwa trén 101 gial cua ban Phan Thanh
Dai Diong, 11T, THPT chuyén Bén Tre, Bén
Tre).

Vé&i mdi ke[l ], trong cae s6 tir 1 dén n co ding

[ﬂ s6 1a boi cua k. Do d6 trong tong D Stk
v k-l
mdi s6 & duge tinh H lin. Thanh thir ta cin tim

tat ca # sao cho
100" +150° +2n

Zf(k} Zk } i

Gidsit n=q, k+r, (0= <k). Khido [ﬂt‘h va

F =
mf}:k- s 1§ EY -k, Viy khi d6 ta c6
Lk e )

Ta xét hai truong hop sau:
» Néu nle: i = 2m+] (m = 1) (dé thdy m = 0
khong thoa min dé bai). Ta cd v&i k = m+1, m+2,

o 2mthi 4 twong ang la m, m—1, ..., 1. Do dé
Z =(m+ 1+ (m+2)m=1)+..+2m1
=+l
Z ((2m4l-k)= [2m+I)ZA Zk'
k=1 -l k-1
» (2m+])m(m+1)_ m(m+l)(2m+l)
7l 6
mim+)2m+1) n'-n
3 12 -

Thanh thir ta ¢é

mr+l) W—n S5 46 +a - 100" +154° +2n
.2 12 24

o Néu i chan: i = 2m.

Vi m = <= n = 2 thi thay vao ta thdy théa man.
o 2m=1 thi r tuomg

Iz

Vaim > 1 va h = m+],

ung la m=1,m-2, ....1. Khido ta cd
2mo |

S,z qu _me k) Zmiﬁ
k-l

_ntn= 2 2n+1)

=

Z e

&k

24
Viy ta duge
T < (a1 n(n=2)(2n41) 3 101" +150° +2n
) 24 24

Ding thirc xay ra khis, =0 v6imoi & =1,2....,m.
Tite 1a 2m chia hét cho 1, 2,..., m

V&im =2, n =4 (théa man)

V&im = 3, n =6 (thoa man)

Vourm = 3, do mim=1.m(m=2va(m—1,m-2)=1
nén mitm—1)(m-2), Suy ra
n2(m=1m=2)<=2m=(m-1)(m-2) &’ —Sm+2<0
= m<S5=m=4=n=8 Thir lai thiy khong théa
man vi 8 khong chia hét cho 3. Viy cac s6 cin tim
lan=24,6 =)
#Nhin xér. Ngoai ban Phan Thanh Pai Dirong con
cO ban Hoang Ting, 12T, THPT chuyén KHTN,

TOAN HOC
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PHQG Ha Noi tham gia giai va cd loi gidi ding,
chinh xdc (tuy c6 hoi dai).
DPANG HUNG THANG

ho ddy s6 [\ } IRoa i cac diéu

Bai T11/484. CJ

Tinh lim (3—45)" x,

Lai gidgi. (Dya theo ¥ twéng cla da sb céc ban).
Tir gia thit, ta co

*

X ik —x L +4", nel (1)
va
XX =xe 44 I<ne N
hay
1 | S S— *
Exnﬂx”_l =Ex;+4 ,l<nelN . (2)

Trir theo vé (1) va (2), ta thu duge

1 (1 ) .
xn,][—x,,_, L }:X“J =X, Xy [ l<neN .
4 L4

|
X Exn X2
Hay ﬁ'-:! J(<neN. (3
X
" :ir.ll -1 |

Xét day (y,) xac dinh nhu sau: LN
!

1 a 1
==X, X0, ne N thi y=—x + 255"
¥ " 2 it 1 4
Tir (3) taco i
X b0
Tkl - CE 1<kelN.
X Y
Suy ra
1
n n - X+ X,
H—-—-xk*l :H Y Py Npil :ivicj Xpsl 4 L
rez Xk goz Vel L h X2 »
e 4x,,,=6x,,,+x,=0,ne N 4

Phuong trinh sai phan (4) véi diéu kién

x=loxs ;%, c6 nghiém la

_ 10—4@[3+J§]” +10+4J§(§;§]" .
4

5 4 5

(=B = ‘wr '0’”;’"'-[ . ] l<keN'.
Suy ra
32 T?ﬁ?ugigg_ S8 488(2-2018)

5 Ngdn Tric,
~ chuyén Long An; Nam Dinh: Lé Phweong Thanh,

lim (3—\@)")(,;: lim {10—54J§+——10+¢J5[-—3_‘E] }

5 2
_10-45
—
Két lugn: lim (3—4‘5)"x,,=m—_;£. . a
A=

3 Nhdn xét. Day 1A dang toan vé 1op day phi tuyén
tinh héa duge (dua duge vé phuong trinh sai phan
bic hai voi he s6 hang). C6 rit nhiéu céch giai bang
cdc cach dat an phy khac nhau nhung tiru chung déu
dua vé xét cac phuong trinh sai phan bac hai tuong
{mg va déu cho dap sb dung. Ciic ban sau day c6 15i
gidi ding. Bén Tre: Lé Ngo Nhdr Huy, 11A1, THPT
Lac Long Quan; Bic Ninh: Vi Ddang Linh, 11A1,
THPT Thuan Thanh; Péng Nai: Qudch Minh Tudn,
11T, THPT chuyén Luong Thé Vinh; Déng Thip:
Va Hoang Huy, Huynh Tan Phite, Pham Céng Minh,
11T THPT chuyén Nguyén Quang Diéu; Ha Nji:
Hoang Ting, 12T, THPT chuyén KHTN; Hué: Lé
Cam Thanh Ha, 12T2, Lé Thi Thu Smg 10T2,
THPT chuvcn Quéc hoc Hué; Lam Dbng: Ngmen
Oude Tudn, Chu Van Phuong, 11T, THPT chuyén
Thﬁng Long; Long An: Lé Tri Phii, Nguyén Thi
12T1, Phan Qui Léc, 11T1, THPT

1 1T2. THPT chuyén Lé Hong Phong; Quang Binh:
Hé Anh, 11T, THPT chuyén V& Nguyén Giap;
Quéng Nam: Ddng Thi Tra My, Dam Thi Xudn ¥,
11/1, THPT chuyén Nguyén Binh Khiém, Nguyén
Vén Khang, 11/1, THPT chuyén Lé Thanh Tong.
NGUYEN VAN MAU
Bai T12/484. Cho ram gidc ABC. Goi (0), I theo

Tuon o [FOR

rang

B0, cungr

thuée mot diuwong

thang vuong
gac vai ( i
Léi gidi. Ta can c6 mt bd dé.
Bé dé. Cho tam gide ABC, (0), I theo thir tr la
dwong tron ngoai tiép vé tam dwong tron ngi tiép.
BI, CI theo thit tir lai cdt (O) tai B', C'. Khi dé
B'C’ lat trung truc ctia Al

(Ban doc tir chirng minh bé dé nay)



Tro lai gidi bai toan T12/484.

Goi (/. 0) Ja dudng tron tam [ ban kinh bfmg

khong. Chu ¥ ring B, = AC ~ BB.:C, = AB ~ (..
ARG

ap dung dinh 1i Pascal cho sau diém f 7. say

L B.CA

ra By, C; vi AA ~ B,C, thang hang. K& hop véin

A, =BC mB.C,, suyra A, = A4. Noi cach khae.
AsA tiép xtic vai (O). Theo bd dé trén A, 4= 4.7,
NVaY ) = A A=A = \"r_j;_.,m.m'

» e Ao AP
Tuong W & .0, =% g0, V& L 0WNF Lo -

Piéu do co nghia 1a A3, By, C; cing thude mot
dudng thang vuéng géc véi OF. . a
»Nhgn xér. 1) Kha nhiéu ban tham gia giai bai toan
nay nhung mdt 56 ban tinh toan qud di.

2) Xin néu én mot vai ban ¢6 11 giai trong déi tht:
Lao Cai: Nguvén Minh Hién, 12T, THPT chuyén
Lao Cai, TP. Lao Cai; Pa Ning: Nguvén Pirc Toan,
10A1, THPT chuyén Lé Quy Pon, TP, Pa Ning:
Lam Dang: Ngwvén Tudn Léc. 10T, Vo Minh Quén.
.’\{gt.‘_}@n Quéc Tudan, 1T, THPT chuyén Thang
Long, TP. Pa Lat; Binh Phwéc: Luu Tri Cirdng,
11T4, THPT chuyén Binh Long, TX. Pdng Xoai:
TP. Hd Chi Minh: Trdn Vi Duy, 10CT1, THPT
chuyén Lé Héng Phong: Bén Tre: Phan Thanh Pai
Diong. 11T. THPT chuyén Bén Tre, TP. Bén Tre:

Déng Thap: V6 Huwy Hoang. 11T, THPT chuyén
Nguyén Quang Diéu, TP. Cao Lanh,
NGUYEN MINH HA

Loi giagi. Do con chim bay voi toe dé khong doi
nén né chi ¢o gia tde phap tuyén;

_n
(e ?'
trong do R 1a ban kinh cong ciia quy dao tai diém
dang xét. Tai vi tri ¢ dé cao bing nira dé cao cuc
dai, vin 6&. 7 cua hon da 1ap véi phuong ngang

a=da

mot goe B. Do vin téc cua hon da theo phuong
ngang khong déi nén: vycosu = veosp.

Ap dung dinh lut bao toan co ning:

2 5
L R
2 2 2
2 sin o
o B e e YR _ vy s
Dd cao cuc dai cua hon da: k=

2g
Tai diém dang xét gia toe cua hon dé theo phuong

phap tuyén bing: a,, = % = gcosf.

Tir cac phuong trinh trén ta sé& tim duge gia toc
cua con chim tai diém cé d cao bing mira dé cao
cwe dai cua hon da:

geosa

e 0
[t ~(sin® u)fz]

»Nhdn xét. Ral tiée khong co ban ndo g o giai
cho bai Vit Iy nay.

NGUYEN XUAN QUANG

, St P
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PROBLEMS...

(Tiep theo trang 25)
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/488. Given an infinite sequence of
positive integers a, <a, <--<a, <. such that
a, —a;28 for all i=1,23,..
s,=a +a,+-+a,- Show that for each n, there

For each n, let

are at least two square numbers inside the half-

open interval [s,.,5,.,) -

Problem T11/488. Given two positive sequences
(a,),-; and(b,),., which are determined as

: a, +b =——1+a”“l
follows ay =+/3,5,=2 and I=a,.,
al+1=b?

dung C, mdc noi tiép. Cho biét L=CR*. Thay doi
tan 50 goc cua dién dp nguwoi ta tim dwge hai gia
tri la o, =50x (rad/s) va o, =807 (rad/s) tng vai
hé so cong suatl ctia dogn mach co gia iri bang
nhaw. Vai hai gia tri bang nhau do héy xdac dinh
hé so cong suat cua doan mach.
Laéi giagi, Tr gia thiét ta ¢6: v6i moi o thi
5
R?
Zy=—=Upy LUp..

Ze

Tir gidn do vecto ta co hé so cong sudt trong hai .

U,

TOAN HOC
* CTudifpe
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for all n=0,1,2,.... Show that they converges and
find the limits.

Problem T12/488. Given a triangle ABC with
AB=AC.A circle (O) passing through B, C
intersects the line segments 4B and AC at M and

N respectively. Let P be the intersection of BN
~and CM. Let O be the midpoint of the arc BC

which does not contain M, N . Let K be the
incenter of PBC. Show that KO always goes
through a fixed point when (Q) varies.

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

trudng hop bing nhau nén : U, = Ucose = hing
s6. Ta ¢o
72
tan @, =—'R~—~
Z, —Z¢,
R
=Ze -Z = Zy,—Ze, =7 +Z = Zc +Zc,

tan g, =

8 5 5
=z +§ZL. =Zc +§Z(_-‘ =7, =2Zc

8

. Bh [s
>R =22, = Ezgl =R \lgzc‘-_

5

Zrl 8 Zq 3

= tan@, = .-..57 = E
874
2410

= cosQ, = B)

—
»Nhin xét. Chuc ming cdc ban da co 1o gidi ding
d& ra ki nay: Thira Thién Hué: Phan Trin Hidng,
12T1, Trieong Xudn Nhir Ngoc, 12T2, THPT chuyén
Quéc hoc Hué; Hung Yén: Nguvén Thi Diém Ly,
12A1, THPT Duong Quang Ham, Van Giang; Hai
Dwong: Neuyén Pang Son, 12A, THPT Nam Sach.

DINH THI THAI QUYNH



TIENG ANH QUA CAE BAl TOAN
BAISO 29
Problem. Find the coordinates expression e

o - translation  is ; Therelore, one singhe
X'=ax+by+x =yl

of a single transformation which maps

|y'=dx+ey+ f cootdinates expression which maps A8C onto 4'B°C" is
the triangle ABC onto the triangle A'B'C with A(1:2), X'=2x42

SR e 630 aned C (4:7 : 2
B(2:2), CU1:4) AY4:3). B(6:3) and C{4:.7). v =2y_]

Solution: We observe that we can use a dilation with the
ratio 2. at the center M which is the intersection of A44°
and B8 1w map ARC vnte 4B 'CT But since M s different
trom the origin. it seems that’s it is not easy toget the
corresponding  coordinates  expression. To get  the
coordinates expression casier. we ean combine a dilation 7

TU VUNG

Coordinates expression:  biéu thire tpa do

sformation : phép bién doi

at the origin with a translation as follows. T = A S S
The dilation at the origin with the ration 2 will map ABC Dilarinn . phép vi ty
onto A"B"C" with  AY(2:4), B"{4:4),C"(2:8). The o ;
Combine . két hop

: e e — D e

coordinates expression of this dilation is —p - Then Translare : tinh tién
Y=z

we translate A"B"C" onto A'E'C’ with the translation Translated by NGUYEN PHU HOANG LAN
vector ETE:Z(EL—I ). The coordinates expression of this {Codlewe of Science - Vietwm Nadional University, Hanol}

-

Bai todn. Cho (C) la di thi cra ham sé [{x)=x" YLy’ +8x 416, Tim tham sd

1 seer o Ion toi mod didmy thdng cde (C) tai 4 diém phan higr,

Léi gigi. Dau tidn, ta thiy ring viée um cdc giao diém cia (C) voi duong thing
y=av+b tuong diwong vai vide tim sé giao diém cua dé thi ham s

v=x"+ 26" +ax® va duing thing y=av+b—{8x-16}. Do
dé ta o the gia s Fix)=x"+ 23 +nx7. Va twong ty, vai bai todn nay ta co thé bo qua bit cir phan tuyen tinh = py+g ™
io khi nd phat sinh. Thir hai, bang cach d6i bién va bo qua phin wyén tinh t co thé bidn ddi f(x)=x" + 20" +ac

thinh dang tring phuong ma ta bidt rit rd, Cy the. ta cor (x+a) +2(x+a) +nlx+a) =o' +dax’ + 605" +

% 2 i o e - . L 1 . . H H - o . i [ - &
e 20 4 Bax + v, Do do néu ddi biénx:= X VA ba qua phin tuyén tinh thi ta co thé gia s ring

Sloy=y +[n—§],\':. Liru ¥ rfmg. doi bidn ¢ nghia 14 tinh tién dd thi sang ai hode sang phai. Vi bai wan ndy, 1a cd
4 i z . - - . - - - A - B . poos . i N . 4 '( 3 : - H
the tinh ticn do thi mét cach wiy ¥ ma khdng mat di sw ong quat. Vi ham s0 sau cang f(x) -0 +'k”_5 a e thi

i £ E PR . . . '3 . - ~ . 3 ~ -
kidm tra dirge rang 46 thi cda né o dang hinh chir ¥ hay hinh chir ¥ phu thude vio .-:-E et dm hay khdng (cin thin
hem, ta ¢6 thé khao sit dau caa dao ham f{x)). Tir nhimg théng tin vé db thi ta thiy ring nhimg duémg thing thoa mén

S SR 3 3

weéu ciu dé bai ton tai khi va chi khi n- e < hay n=< =
Lare 3% T1 di bidt duge bai wan va L gidgi nay qua mét so 1ai liéu trén mang.
Nhn xét. Cic bun sau cd bai dich tér, gui bai dén Téa sogn som: Hung Yén: Bid Thy thisy Trang, 10 Taan |, THPT chuyén Himg Yeén:
Hai Dwong: Ngnyén Dgng Som, 124, THPT Nam Sach, Nam Sach; Thai Binh: 87 Sang Mini, 11A1, THPT Déng Thyy Anb. Thai
Thuy: Nghé An: Teng VFan Mink Himg, 11T1, THPT Bé Luomg [ Dé Liomg; Thira Thién Hué: Phan Canly Mink Plude, 12 Toan 2,
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tir “Shunyva” (c6 nghia 1a “rong”) dé thé vio chd

rrong. Khi do sé 201 duge doc la “MOT.
SHUNYA. HAT". Ro rang ddu hiéu shunya nay c6
chire ning ctia mot con s6 khong ma ta s& goi [a
con sb — khong An Po. V & sau tir “Shunva”
(= réng) duoc thay boi Bindu “diém™ (mt chim).
Pé ¢6 duge s6 — khong va chir s0 0 toan hoc céac
nha bac hoc An Do con cin phai xdéa di cdi ranh
giGi vé hinh giita khéi niem “Shunya” (=rong)
véi khai niém “cdi khong” (= khéng co sb lugng)
va cin tim cho né mot ky hidu. Chua day nira thé
ky sau ho di ¢6 bude nhay vot trong nhén thic va
da ghép — ndi hai khai niém dé. Trong cong trinh
“Hoc thuyét hoén thién ctia Brahma™ (628) nha
toan hoc va thién vin hoc thién tai An Db
Brahmagupta (598 — 660) viét ring: néu lay mot
$6 trie di chinh no thi dzm'r khong. Ong con lap
luan mot cach true gidc ring céc con sb co thé gm
thich nhu “rai san™, *
cua tai san va mon ng 14 hidu cua ching, con néu
chimg bing nhau thi tng s& bang khong. D6 1a
dinh nghia quen thudc vé sb 0. Cai “khong” thu
duge & diy 13 ¢6 gid ti bang 0 hay khing cé 56
heong. Céc nha bic hoc An B can tim choshd
mét cai tén va cho nd mot ky hiéu. O day nguii ta
co thé ding bat cir mét ky hiéu ndo nhyng ¢hi véi
mot didu kién 13 tr ban than né — ky Higw d6, phai
¢6 nghia sb khong, tirc 1a bing 0: Ngusi ta cho
ring khai niém hu khong 1a mot khai niém trung
tAm, quan trong nhét va ciing 1 trin tugng nhit
cua Phat gido. C6 thé ndi do 12 1y do thdi thic céac
nha bac hoc An Dg dit tén cho céi khongj cing
bami7 W “shunya” (=° rr(mg :ong . “trong
khéng™) va cho nd mdt ky hi¢u boi khoanh tron
nhé lién nét “0"— duge cho la twong trung cho
vong tudn hoan cta sw séng trong vin héa An Ps.
K& tir thoi diém lich sir d6 da xudt hién s6 “0”
quen thuoc vai ching ta ner ngay nay — do la con
s6 cudi ciing cua céc chir s6 Hindu. Nguoi ta cho
rang d6 [a mét trong nhitng thanh tuu tri tué vi dai
nhit ciia nén vin minh nhén loai. Hinh anh cia sé
“0” nhu vdy duoc phat hién & sé 270 khic nam
876 trén mot phién da ciia mét birc tudng & thanh
phé Gvalior (An D). Nha toén hoc Brahmagupta
di dua sd “0” tro nén tuyét voi hon khi ng sur
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dung né dé tinh toan nhu bat cir s6 nao khac. Vé
didu do, trong cubn sach in nam 662, Die Giam
muyc Syria la Severe Sebokt & Tu vién Qenesre co
ghi ring: “'ngrrfrf ta khong dii 161 dé ca ngoi cdi
phirong phdp ddy thuyét phuc trong viée thiee h:en
cdi phép tink”. Mot cach ti nhién cac chir 50 An
Pé theo budce chin cua nhing doan Lac da cing
v&i chu nhan cua ching hay cic doan thuong
thuyén dén vdi cac “Phién che Batr” tip nap hay
thanh Baghdad — mot d6 thi phdn hoa cua thé ky
Il va ciing 14 trung tam cua Dé quéc Hoi gido
méi thanh lap. Va ciing tir d6 bit dau mdt cude di
cu tu nhién cta cac con sé An D dén thé gioi
A-rdp rdi tir A-rdp dén Chau Au va lan toa khap
not, ...

Lich sir ghi lai ring vao thé ky VIII thé gisi khoa
hoc Héi gido 1am quen duge véi hé thong sé An
D6 khi Al Fazari dich tac phiam cua Brahmagupta
ra tieng A-rdp vao khoing nam 773. Ho goi
khoanh tron,nho la “sifi” = “khoang tréng”. Khi
cudn sdeh.nay duge dich ra tiéng Latinh thi
Fibowdcei (1170 =1250) da dat tén cho khoanh
1rén hay chir s6 0 13 Zephyrum va ngudi ta dung
t8n nay cho dén thé ky XV. Sau vai thay déi tir
nay tro thanh “zefiro” trong tiéng Italia va fir ndm
1491 nguoi ta ding chir zero cho dén bay gio.
Nha todn hoc va thién vin hoc thién tai Phap P.
Laplace (1749 — 1827), vi ¢b van tdi cao vé khoa
hoc co ban cua Hoang dé Napoleon Bonaparie
ctia nuoe Phap danh gid ring: “Chinh nho An Dg
ma chiing ta hoc dtmf’ phirong phap tai rmh chi
ditng u: muci chit 56 ma ta viét du cde s6: moi
chit 56 vita ¢ mat gid tri tuvét déi, vira c6 mot tri
s tity theo vi tri ctia né. Y do tinh té vi don gian
dén noi chinh sur don gidn d{r lam ta khé mé hiéu
hét s ky diéu va cong lao cia nguoi An Dg.
Muén thay hét sir tai tinh ciia phong phdp dé chi
cdn nhé rang ngay nhitng béc thién ai vi dai nhdt
cia khoa hoc Hy Lap la Archimedes va
Appolonius” ciing chiea nght ra dwge”. Va nita,
vai tro cua cdc may tinh dien tr trong thé gioi
ngay nay dang tré thanh quyét dinh dbi vai moi
mat cua doi song con ngum Nhlmg mdy tinh nay
khong thé xudt hién néu con s6 “0” khong hlen
dién trong vuong quéc diéu ky ctia nhitng con sé
An Dé trong nén van minh hién dai.



Mic da ving bong khd lau trong cde dé thi VMO, IMO
nhung trong cde d¢ thi chon doi tuyén cia cac Tinh vin giir
lai cau bt dang thire (BDT), ly do don gian vi ddy 1a cdu co
thé danh gid duoe ki nang ciing nhw tr duy dai s6 cia mdi
hoe sinh, Mot thue € 13 voi mang BDT gin nhu ¢6 diy du
cde cong cu dé xir Iy, nén dé ¢d duge mit ciu BT vira
khong qui nang né vé k¥ thudt. tinh toan vira ¢o thé danh
giad duge mire d¢ nr duy ¢l hoe sinh va wrinh nhimg w duy
161 mon 1 diéu khéng hé dé.
Mgt trong sb nhimg huémg ra dé dam hio duge yéu ciu nhur
vy 1a xdy dung BT viti gia thiét rang bude cie bién a mat
dang thire. Diéu niy s gay kho cho cac cong cu ma ta da
noi & trén, bai théng thuémg néu dp dung cic cong cu do thi
diéu kién cua dang thire rt it khi duge dam bao va vige
chirmg minh duge bai todn la diéu rit khé khan, Théng qua
dé thi chon don cua Tinh Ba Ria - Viing Tau niim 2017, bai
viét 52 minh hoa cho cac cach tiép cin BT dua trén mdl
diing thire. Hy vong qua do ban doc s thiy duge rang viée
hoe todn s& higu qua heom, Nt xem mdi bai todn 14 mot
hanh trinh khdm pha thay vi la mét dé thi.
Voi abe 1d cic sb thue dwomg  théa  min
@+ 8+ 1 2abe =1 thi:
o ton ity A4, B.C laba goc ciia mot tam gide nhon sao cha:
a=cosd,h=co58,c=cos(
. thn tai x, 1.z > 0sa0 cho:

x ¥ o z )
_\.l[['x+_|.-}(.r+z]j - \f{_1'+z)(_v+x]. \/{z-r_r]{z-ry]’
o tén1ai 1.y, >0 sao cho:
I'lr'__ |‘ = N |I i

! \.l (x+2)(y+z) IFJ_\f{y+x]{z‘i~x) e V(ztahxey)
Chitng minh, Y tuéng xuit phat tr ding thire luong gide
quen thuge: cos® 4+ cos’ B +cos” C + 2cos Acos BeosC =1,
- Tir gii thiét ta d& dang cé duge 0<a.b <1, dodd

i : ks
tontai 0< 4,8 < - §ao cho:a =cosd.b=cosB. Thay

NGUYEN TUAN ANH
(GV THPT chuyén Nguyén Quang Diéu, Ding Thdp)

vao ding thire ta thu duge:

c=cos; 0<(.‘<§;A+B+(‘:x.,

hay noi cdch khdc 13 tén tai A, B.C 1a ba goc ciia mét tam
eidc nhon sao cho: a =cos A.b = cos B ¢ = cosC,

- (Su dung phép thé Ravi) Gia sit ki 1a ba canh cia
tam giae nhon noi & trén. Vi tam giac la tam giac nhon nén
& ciing 1a ba canh cia mdt tam giac, nén ton tai
x.v.2>0 san cho &% = x+3-',m: =y+z, mi=z+x va
o —nr -

2 \."{x+_;'}[x+z}

ta dugrer wescos A= . Tuong tu:

v =
o) o)
- Ly do c6 cach dit cudi ciing mai ban doc xem trong
THE&TT 50 484,
HE qui 1. V& ahe 14 cic s6 thue duong thoa min
&+ B+ +abe =4 thi:
o thntai 4.8,C 1aba gac cla mdt tam gidc nhon sao cho:

a=2co54,b=2c058.c=2cos{;
o 1Ontai Xz =0 sao cho:
2x e ]

u= b=~ = e
Jrerdrez) o)y

o wntai x,1.2 >0 sao cho:

b

v 2z

as2 [' X . f ) )z _— =
Yix+z)(r+z) \l{y+_\-}{z+x}’ \f(:+y_]{x+y}'

HEé qua 2. Voi a,be 1a cac s thye duong théa man

=2

a+b+c+2=ahe thithntai x.3,z>0 sao cho:

HiEniy

Sl
= i
v it

Hé qua 3. Véi abe i cie sd thue duong thoa man
ab+be+ ca+ 2abe =1 thitdn @i x, y.z = 0 sao cho:
el i e
yiz Ikx x4y
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2. Béit dang thirc trong dé thi tuytn vi cde hudng suy
lugin
Bai todn (Chon ddi fuvén HSG. Ba

Ria Viing Tau. nam

207, Cho ba si thwe demg  abe sao cho
o'+ 0% et + abe =4, Chimg minh réng:
D A e ] S & >1.
{h £2)(c+2) Jle+2)la+2) Jla+2)(h+2)
Lo giai va phin tich. Ap dung BDT Cauchy ta co:
a & 2a .
(h+2)(c+2) btetd
Tuong tw cho hai 56 hang con lai, viy nén ia cin chimg
minh: s + = o et =1.
b+c+4 c+a+d a+b+4
Ap dung BDT Schwarz ta cd:
2a | 2b e 2c
b+c+4 c+a+4 at+b+d
24 F 2b° i 2¢*
a(b+c+4) blcta+d) elatb+4)
2(a+b+c]|1

2(ab+be +ca)+4(a+b+c)
Do 6 ta can chimg minh:
2a+b+c) 22(ab+be+ca)+d(a+brc).
Theo gia thiét ta co:
2{ﬂb+b(.'+cd)=(a+b+{,’]2 ~(4-abc)
nén BBT dugc viét lai la:

a+bic) +4zd{a+b+c)rabc Sath+ce-2zy My@
( ) (a Jha a ¢ G i [

{vi dé ding chimg minh duoc a+b+c>2).
a) Khai thic truc tif‘p gid thiét

Cich 1. (Sir dung phép thé tan dung gia
a.byc>0 théa min & +b° +* +abe

‘$
% todn) Vi
nén ton tai ba
6 thye dwong x,v,z:

\J(2+yl(r+y}

M
'1||i\_\'+z){_1’+:} \f{y+\] 4+r}
BDT (1) duge viét lai 14:
J_ Xy - ’ vz . | zx
\I'[x+z}(y+z] \I{y+_t){z+x} U(z+)-‘)(x+y)
2xye
(x+y)(y+2)(z+x)
= J.ty(,r-i-y) +Jyz{y+ z) +\Ex{z+_t)

x+y

z+x JZ\‘yz

Vi biéu thitc trong can cia hai vé cé kha nhiéu nhin
chung, suy nghi ty nhién ta s& binh phwong hai vé.
Khi d6 BDT tueng duong vai:

2 oz fa{cey)(x+2) 24z 220z )y +2)(z 43
ﬁ;ﬁm ZZJE‘* 2[-"+_|’}()"+z][;'+x)_ )

38TOFIN HOC
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Huwing 1. (Sir dung bo dé quen thugc)

BBT (2) twong duong vi:
[ 5 = = 5
d,\:+y‘_v-|-'z+ |y+z.-+x+ z+x‘x+}.
= S Yy oz
R G sk el
X 3 z

Sl e AR zﬂ+2—————-ﬁz :
y+z Vzex Yx+y (x+y)(y+z)(z+x)

Khéong mét tinh téng quét ta gid sitz 1a sd nhé nhit trong
baso x,y,z . Khido:

!

(Cich chiing minh va ing dung ciia bé dé nay moi ban
doc xem bii viét “Ung dung mgt bo dé hay trong chimg
minh BT~ TH&TT 56 4697).

Y+}'
\.I+y+2;

Y+Z

e 2 i
Ta lai co: =
g (y.pz){_‘('i- Z] ‘-‘(\+_}__t:}_+1
xv
L‘m-ﬁ.l- 1 _ {,\’+,'|-"}:
4: t1—y+4]+1 (x*',"""zz]zl

D

bu @é trén ta cén chimg minh:

J'_—_‘» 2+2J (x+2)

Vx+y Vx-i-} {x+y+7z)

X+j

x+y
x+v+27

3‘\"{_+2 —
|I+ T
Ve

Dé don gian, dit 1 ——— , BDT dugc viét lai la
x4y

2 —— A1z \}r_ +2

Vi+2 (2r+ 1)
Véi BDT nay d& nhit 12 st dung cong cy ham sb dé khio
sét. Tuy nhién vin ¢6 thé chimg minh bing cdc phép bién
d6i twong duong nhu sau: Binh phuong hai vé, BDT

trong duong voi

+4,/ N
1+2t (2041)  y(2r+1)

@(2;4)(2:’—:—) Fae

(2t+1) Nay Wiz
4r(1-21)

{21+1 [le_ J;;]

+i
1+2¢

Vits % nén ta cin co:



---—-\
2+r—7r
'\ 2f+!} Jl-r’!]

|' 2 \f
\JI+7:

2171} Jj e

do, bai todn s& duoc Lhung minh néu ta chirng minh dugce:

Ciing vi ;S% nen

=
|t 2 1 2
V2= )22 e I[I~EJ{I—2){ZI +3+2)20.
BBT trén ding nén bai todn duge chimg minh.
Nhdgn xét. Hudmg lam tuong déi dai nhung nd hoan toan

la nhirmg suy luan ty nhién két hgp véi cac BDT phy. Véi
cach lam nhu trén ta ¢6 mot két qua manh hon:

A
\I_v+z+\,z+x x+y22\'/1 (x+y)(p+z)(z+x)"

Lo gidi voi bd dé trong hudmg 1 ¢6 thé chua lam hai long
nhiéu ban doc (vi & ¢6 ban doc nio dé chua timg gip bd
@& ching han), khi d6 méi ban doc dén véi BT phu quen
thuge hon trong hudng 2 sau diy:

Hudng 2. Vi hai vé cia BBT (2) chira kha nhidu ¢an thirc,
diéu nay lam ta nghi dén BDT sau:

Vat +b* +yet + d? 2,.'{a+c}: +(b+d): -

Clukng minh. Binh phiong hai vé, BDT twong duong voi:
\{[ﬂ + b )((_ +d” ) zac+bd .

BDT nay hién nhién ding theo BDT Bunyakov: %ky) ) %
Khi dé vé trii cua BBT (2) duge danh gia la:

g\/,\’(x+}‘)(,\'+ 5y = ;\xf(.\-+ V2
= Sl 72 + (Vo)
2 (wryz e sfrryee) + (me)
(T rez) + (Vo)

I(AJx+v+ +wt+\4—v+v\)'r+1+~] +[3 \u)

(x+y+z) +9xz.
Bén déy ta ciin co:
Vi y+2) +90z 22007 + 2+ y)(p+2)(z + %)
e (x+y+ 3}3 +90z 2 4xyz +2(x+ y)(y+2)(z+x)
+ 4\{2@5{.: +y)y+z)(z+x)

x4+ xry) v+ z)(z+x)+ Spz

> 4f20z(x+y)(y+z)(z+x).

Theo BBT Cauchy, ta co:

Y+ e zinz

24J21}2(.\'+_1‘]{}'+2}{3 +x)‘
Viy nén bai todn dugce chimg minh,

L{x+_v){y+z}{z+x} +8nz

Hudng 3. Ta nhic lai BDT can chimg minh:
Z\fx{x +y)(x+z) 220z + \,’2{1 +y)(y+z)(z+x).
Binh phuong vé trdi ta cé:
2
TR O T
=|:Z\‘[_\"{A'+J-'+z)+l}z:|
= Z(x‘ +¥y+riz+xe
+2J[r1(x+_1’+:)+A}‘E:||:_v:(.r+_v+z}+.lj:':|)

Bty

= Z[.\J+x:)-‘+xzz +.‘c_171‘—2[.\'_1={.r+_1'+z}+.i)z:“

= z{.x" +3¢ v+ xz4 297 +50z)

o

=x’ 4y 42 +3 (v pz(y+ 2+ z(z+x) ]+ 1502

i, i iy s z]{xy +yz+ z.x]

22 oz + 2(x+p)(y+2)(z 4 )

<‘.:>{\'+1}(1 +z)(z+x) = 8ayz.

%%

@ BDT cudi hién nhién dimg theo BRT Cauchy, nén bai toan

duge giai quyét,

b} Lrgng gidc hoa

Cdeh 2. Tro lai vin d&. Ta nhic lai BBT (1):
a+b+ec-22 -ug{;-(:

Vi a,b.c >0 thoa man a° +b° +¢* +abc=4 nén ton tai
AB.C la ba goc cha mit tam gidc nhon sao cho:
a=2cosd,b=2cosB,c=2cosC. BBT (1) duge viét lai
la

cos A +cos B +cosC —12/2cos Acos BeosC.
Taco: cosd+cosB+eosC =1+ 4sin%sin§sin%
nén ta cin chimg minh:
Ssin"—‘gsin’gsinzgz cos Acos BeosC. (3)

Hudmg 1. Chia hai vé cho sin Asin BsinC va sir dung
cing thirc nhin déi, BT (3) nrong duong vii:

cot Acot BeotC = tanﬁtangtang. (4)
2 PESTR
Pé chimg minh BDPT (4) ta sat dung danh gia:
cot A.cot B < tan’ % (va lam twong oy cho cac danh gid con

lai). Thit vay, danh gia nay twong dwong vii:

TOAN HOC
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sin’
cos.Acos B -

sin Asin B cos?

RO 0

cos(A+ B)+cos(A-B) 1-cosC 1+cos(A4+B)
cos(A—B)—cos(A+B) l+cosC 1-cos(4+B)
= 2cos( A+ B) < 2cos(A+ B)cos( 4~ B)

< cosCzcosCeos(A—B).

BDT cudi hién nhién diing nén bai toan duge chirmg minh.
Hurdmg 2. Sir dung cong thire ha bic, BT (3) tuong duong
Vi

(1-cos A)(1-cos B)(1—cosC) 2 cos Acos Beos C. (5)
Trude tién ta chimg minh ring:

cos A +c053+cns(_'£-§.

Thit viy:
3 e
‘:os,—l+n:us,3+m:s(,‘—5=cos,4+2(:06£;—C.c-:)sgqc—E
=—2sin:ﬁ+2$in£.cnsB_{' ol
2 2 2
o R B
=—2[sin£—lm8 c +l{—l+a ‘B—E]su.
TED ] s 7
Do do:

Limly

(1+cos A)(1+cos B)(1+cosC) =

[34 cos A+cos B+cosC
8

3
e
3 )

BDT (5) sé dugc chimg minh néu:

-

; : )

(1-cos’ .4)(1—cos'B}(l—cas'ﬂ]zg-cosAcoschps
cot Acot Beot C {i
sin Asin BsinC ~ 27

Sir dung cong thirc

cong Vol g v ring
cot Acot BeotC

sin( A+ B)=sinC taduge: — - -
' sin Asin BsinC

Nhin xét. Khi chuyén vé lugng gide, sit dung dinh 1y cosin
tacd: cosd+cosB+cosC= R—;L;

pr+r- 4R?

‘]ZrcosAcossz —
(trong d6 R,r, p lan lugt Id bin kinh dwomg won ngoai tiép,
ndi tiép va nira chu vi clia tam giac). BDT cdn chimg minh
la p* <4R®+3r" +4rR , diy chinh [a BDT Gerretsen. Tirc
& 53 ¢6 mot 1o gidi theo hinh hoc cho bi todn, vé phin nay
miri ban doe ty kham pha.
roi

Trong chimg minh BPT viéc dé ¥ dang thirc xay ra khi nao
vii dam bio n6 qua cic bude danh gia la mot ky nang co ban
va kha quan trong. Khong khé dé du doan diém roi cia
BDT 4 a=b=c =1, dya vao diy ta ¢6 1&i giai sau:
Cich 3. BDT (1) wrong duong véi:

a* +b +c? z2(a+b+c)—(ab+be+ca)
e d—abe-2(a+b+c)+(ab+be+ca)20
e 3-(a=-1)(b-1)(c-1)-(a+bh+c)20
(1-b)+(1-c)-(1~ a)(l1-b)(1-c)=0.

wge 0<a,b,c<2 dodd

e (1-a)+

2fa+b)> a +b =2ab.

en: (1-a)+(1 —b_}+{i—t]—[l—u}(l—b){l-c)z0

HESn |
e T
a+b—ab
2—-”—2('@ 2 —abz ac + bc —abe
a+b—ab
& 24+ abezab+be+ca. (6)

Theo nguyén 1y Dirichlet s& cé hai sé ndo dé cing Ién hon
hodic bing 1 hofic cing nhé hon hofic bing 1. Khong mit
tinh téng quat ta gia sir hai s6dola a.b vita duge

= cot Acot Beot C(cot A +cot B)(cot B+ cot C)(cot C + cot A)

Sir dung BBT Cauchy ta dugc:
cot Acot Beot C(cot A +cot B)(cot B + cot C)(cot C + cot A)
. [2(cot Acot B +cot Beot C +cot Ceot ) |

27
Khi d6 ta can chimg minh
cot Acot B +cot BeotC +cotCeotA=<1.

Didu ndy 13 hién nhién vi ban chat day la mjt dang thire.
t
Thit vay: —tanC = tanA+tanB
l—tan Atan B
estan A+tan B+ tanC = tan Atan Btan C
1 1 1 1
+ + T —
cotd cotB cotC cotdcotBeotC
< cot Acot B+cotBeotC+cotCeotAd=1.

Bai toan dugc chimg minh.

S§& 488(2-2018)

(1-a)(1-b)z0=a+b=<l+ab.
Khidé: ab+bc+ca—abe=c(a+b)+ab(l-c)
<c(l+ab)+ab(l-c)=c+ab.
Talaico: & +b° +¢* +abc=4=c’ +2ab+abe< 4
oab(c+2)<4- abs2-c
Viynén: ah+be+ca—abcsc+2-c=2.
BDT (6) duge chimg minh. Bai todn duge giai quyét.
Nhin xét. Két qua ab+bc+ca<2+abe cb thé chimg
minh bing ba phép déi bién nhur trong hé qua 1. Dé trinh
trimg lap ¥ twomg gidi, ngudi viét moi ban doc lam thir.
Khéng dimg lai & d6, déu bing ciia bai todn con “xdy ra”
khi ¢ —2:a.b—0 (v cdc hodn vi ciia né). Chinh diém



bién nay lam ta lién twomg dén k¥ thuat don bién vé bién, va
ta co duge loi giai sau,

Cach 4. Lap ludn nhu cach 3, BET (1) wong dueng vai:
a+b +c 22(a+h+c)-(ab+bctea). (T)

Khéng mét tinh téng quat ta gid st 2 > ¢z a= b >0 khi do
ton tai m>n=0 sao cho a=m+mb=m-n. Gia thiét
duge viét lai la:

m!{2+c‘]+nl(2-—r}:4—c::>n]:2+c‘—m".2+c

2-c
BDT (7) duoc vidt lai li:

(m+ n]: +(m - n)2 2 2{2m+c}—(m1 -t 4 2»!(‘}
= Z(m: +n:)+c-: zdme2e—m’ + 0 —2me
2+¢

c:>3ur.u|3+2+c—m=.2 Cset—2m(2-¢)- 2020
-

4-4c

— ¢

—

m =2mf{2-c)+2-c+ct 20

§+C=>0<mS\,l'2—c .

i

. 3
Vi0<n =2+c—m'.

Xétham sb: fim)= %ml —2m(2-c)+2-c+ct
—

Vi ¢ la s lon nhit trong basd nén e =1 do dé:
8

-8
ni

: :H—E[Z—('}ﬁﬂ.

fm)=

Viy / Taham nghich bin, chonén: 7 (m)> 7(v2- @8

= (RS i P R

FL

Bai todn durge chimg minh.
Nhén xét. Néu ta doan duge diu biing xdy ra & ddu, nhét 1a
nhimg diém “ddc biét” gin nhu ta di nim trong tay chia
khoa cho bai toan, Danh gid wong 101 giai trén khéng chi
ddu bing ¢6 thé “xay ra” khi ¢ — 2a.b - 0 (vd cic hodn
vicuand) md con dambiocakhi a=h=-¢ =1,

Cich 5. (St dung tinh chét cia ham bac nhit)
Tir BDT (1}, ta can chimg minh:

@+ 4o’ +(ab+be+ca)z 2a+b+e)

d-abotab+bereaz2(a+b+c). (8)

Theo gia thiét ta co:

. 2z o 2
(2a+bc'):=(4—b3)(4—c1)(sb 78"’2““ ]

(b +c): .

=4a+(b+c) <8=as<2- S

BDT (8) duge viét lai l:

=(2_"]“+(2‘C)—2@{2—(}:{3;;;ﬂ):20‘

_f{a}:a(b+c—hc-2)—2{_h+(‘}d~hc-l-420.
Taxem f(a) 13 ham bdc nhit theo a ¢o:
bto—be-2<0¢ (2-h)(2~c)+hc>0,
nhién vi O<abec<2. Do do

Pk . - =2
dieu nay la  hién

bre) .
fla)y= _f[l = %] . Wiy ta can chimg minh:

{D.H'f o _M e Vina
f[?—TJ—{?. ; j|(fl c—be=2)-2(b+c)+h+420

@ [8=(h+e) |(b+c—be-2)-8(b+c)+ be+1620
o —(b+c) vbe(bre) +2(b+c) —4bez0.
Vi —4bez—(b+ c‘}z nén ta cin cé:

—(bre) +be(br ) +(bre) 20
c::»[.ﬁ+f"}:{1+bc—h—c‘)20<:>{h—-])(c-l](h+c]2 S
BOT cudi nay hién nhién khéng hoan toan ding. Tuy nhién
vi tinh déi ximg ciia BDT ban diu nén ta c6 thé gia sir
(b =1){¢<1}20. do do bi tain dugc ching minh,

Nhgu e, Miu chot 1o gidi tén 1 siv dyng danh gid
(o)

a2 — T . B¥éanh gia ndy kha chit, no dam bao ca hai

trudmg hop diu bing “xay ra” vi ddnh gid niay ciing 14 dinh
gid ma ta da dang cho cach 4, Tinh chit ciia ham biac nhit
co vé khi don gian niung dai khi lai rat hitu dung trong
chirg minh BBT. ban doc 6 thé tim hiéu cich vin dung né
trong bai vidt Mot tinh cheit thii v i tam thire bae hai va
nhi thire beic nhdt - TH&TT sb 4447 Vi cich sir dung tinh
chit cua ham bic nhit nay ta con thu duge mét BT kha
thu v (xem muyc 3).

d) Tach ghép - Thém bhét

Tromg cac k¥ ndng chimg mirh BBT thi k¥ ning tich ghép -
thém bét 1a mét trong s6 nhimg k¥ ning co ban (vi né la
tiéu chi the hién sy tinh t¢, dep cho bai giai), Tuy nhién, day
ciing la mét k¥ niing khé s dung nhét bai mudn di dén dap
50, d0i hoi ngued chimg minh phai khéo léo trong cde bude
lam, ké ca nhimg bude dénh gia néu cin thiét. Bai viét gioi
thidu vén ban doe mét 16d gidi nhu viy, duong nhién & mire
d0 tinh & hon, két hop véi ca gia thiét bai todn (1o giai
tham khdo trén dién dan toan hoc).

Cich 6. BDT (1) wong dwong vi:

@ +b +t rab+be+caz2a+ b o).
Két hop voi gia thiét ta co:
TOAN HOC
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d(a+b+c) =(a*+b +c +abc)(a +h+c)

=(a+b+c) (a +b1+c'3)+abc{a+b+c]:
<(ash+ef (a*+b° +¢*)+3abe(a+b+c)
<(a+h+c) (a' +b +c:}+(ab+b{‘+(‘a}:
=(a*+b +c2): +2(ab+be+ca)(a* + b+ c*)
+(ab+be+ (.'u]:
=(a*+b +c’ +ab+be+ m)z_

Trong cac budc danh gid trén, ta da sit dung két qua
a+b+e<3. Két qua nay duge suy ra tryc tip tir gia
thiét bai toan, ban doe hdy suy nghi thir hodic ¢6 thé tim
thiy trong bai viet “Nam loi giai hay cho mot bai todgn
dep, Trin Nam Diing, TH&TT quyén 67,

¢) Sir dung phép thé Ravi

Trong phin kién thitc hd tro ta thiy ring v6i a.b,c thoa
yéu chu bai todn thi ta cd thé lugng gide hoa biing ba goe
cia mot tam gidc nhon. Péi vai BDT trong tam gidc, mot
phép thé hiéu qua do 1a phcp thé Ravi. Suy nghi kha tu
nhién, ta sé chuycn bai toan Ve Iu{mg gta(., sau do sir dung
phép thé Ravi dé chuyén vé dai s6 1 1n nira. Nhu vay bai
todn & mang mdt dién mao mdi ma trong no di dam bao
duoc phin didu kién, vin dé con lai Ja chimg minh mét
BOT thudn dai so.

Ciich 7. Taviét 1ai BRT (1): a+b+c—22abe .
« (Lugng gidc héa) Theo hé qua 1, ton tai 4.B.C 1a

ba géc clia mdt tam gide nhon sao cho:

a=2cosA.b=2cos B,c=2cos

va ta cdn chimg minh ;
cosd+cosB+cosC—12 \Jm .
Goi m,nk lan lwgt 12 ba canh cia tam gide. Khi d6 BDT
durge viét lai 1a (két hop dinh ly Césin):
(m+n—k)(m+k—n)(n+k-m)
ZJ{m’ +n1—k2)(m:+k3—n3)(n3+k3 wmz]. el

o (Sir dung phép thé Ravi) Vi m,mk laba canh

ciia tam gidc do d6 tén tai x,y,z > 0 sao cho:
m=x+yn=y+zk=z+x.

BDT (9) duge viét lai la:

Sz S[.r{_r+y +z}—)z][_v[.\‘+y+:) —zx][z{x-l- y+z) —.:;j

o8¢ 2 nz(xrytz) - (5 +y:z2+zzr1}{x+y+z}:

+r_>:{.\'+y+3](r1 +)7 42 )y’
(A 4+ (x4 yz) 4987
2 xpz(x+y+z) +z(aepea)(F 4 +27). (10)
BBT (10) twong déi phirc tap, thé nhung néu ta dé y thi no

TOFINH C
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dbng bc va o6 kha nhiéu nhin tir ma ta ¢6 thé tich tong
binh phuong.
Huéng 1. (Khai trién trire tiép) Ta s& co ging khai trién
céc bidu thirc clia ca hai vé va tién hanh ghép cac hang tir
¢6 thé tach tong binh phuong, céch lam nay nhin ¢6 vé
niing vé tinh todn thé nhung trong qué trinh nhan va thu
gon, cc hang tir trén c6 quy ludt nén diéu do s& khong con
khé khan. Cy thé:
VT =(x2y: + izt z:.rz)
% (,rz +y 2+ 2xp+ 2yz+ 2:x) +9x7y’z
= Zx‘y! + 22_\*“_\:3 + ?,xysz,\w 12:%y%2%,
o P

VP =x}-'z|:(.r+ pz) +(xty+z)(F+y +z3):t

_Zw.Zx +4\‘1"Z\: y+6x° Yzt

VT -VP= [Z iy - Z,r_;.-zz_r’ W

o Er
+2 {Z Oy 3y - nEy x’y}
+ 2 ¥ 2yt 3ty - .\j\';'z,\‘:}‘j|,

o

'BDT Schur bic 3 ta co:
£y + 02+ 2+ 300y
2 xyz(xly +xz+ Y+ ylze it ::_v}.

Viy nén BDT (10) luén dimg, bai toan duce chimg minh.
Huéng 2. (Phuong phdp SOS) Ciing la tach tong binh
phuong, tuy nhién ta s dimg trén quan diém la da biét
phuong phap SOS. Khi dé vige thém bét cdc nhan tir s& cd
nhiéu goi ¥, viée tinh toan (khai trién ra tit ci nhu huéng
1) s& giam di va budc danh gia s¢ ¢ dinh hudng hon
(theo céc tiéu chudn clia phuong phap SOS):
(¥ + 72+ 208 (x4 y +2) +9x%

>xz(xty+z) +oz(cs yrz)(F+)y +7)
= (x+ y+z]:[x)y1 + 2+ rx —z(x+y +z}]
+xyz|:9_ryz—(x+y+z][x3 +y' 4 z])] =0

- (x+_1;+ z) Zzg(x_y}:_'w[zxﬂs_}; .3z{x_y}z]2 ;

o ax

@Z (x+y+z z) xyz(x+2y+3z)j|(x_y)2 S
&8 (y-z2) +S_l_[z—x]2 +S.(x-y) 20

3 2
e S,=x (x+2y+z} _.tyz(S.t;y+z},



o V(x+y+z) _xpz(x+3y+2)
: 2 2
Z(x+y+z) xyz(x+ y+3z)
2 h 2
Khong mit tinh tong quét ta gia sit x> y >z . Khi do d&
dang thiy duge: S, > 0.5, +S,> 0,5, +5,>0

s =

vi 2(x—y)(y—z)20& (z—x) 2(x -y +(y-2).
Do do: S,(y-z) +5,(z-x) +5,(x~»)
2(s, + S,_){_v -z) + (S: +85, )(x - y]2 20.

Bai todn duge chimg minh.
Nhgn xét. Diém tha vi cia phép thé Ravi la chuyén BT
hinh hoc sang BDT dai s6 & d6 ta c6 nhiéu cong cu xur 1y
hon va trén 12 mdt minh chimg cho diéu d6. Tinh ¥ hon ta
¢6 thé chimg minh BET (9) true tiép vA ngin gon nhu sau:

[{m+n—k}(m+k—ﬁ}]2 z(m' +n’ —kz)(ml +& -n)
c:-[nf -{n—k}::|_ zm'—(n’ —k:)z
o (n=k) =2 (n=k)' 2~(n—k) (n+k)
& (n=k)[(n=k) =207 +(n+)" |20
<:::>2[n—k}2[n'J +k =) 20,
Mid A4BC nhon nén
n' +k*=m >0. Tuong ty cho cic danh gia con lai
bai toan duge chimg minh.

theo dinh ly Cédsin ta c¢g

3. Nhiéu hon mdt bai todn

(Qua cac cach giai trén ta thu dugc hai BDT

a+b+c—22Jabe va ab+bc4§‘/
Néu ta thira nhan mét BDT nio d6 ding (va ta dd chimg
minh né ding) thi BET con lai ciing s& duge chimg minh.
Thit viy, gia st BDBT dau 1a ding, ta co:
(a+b+c-2) zabc
ea +b+c+2(ab+be+ca)-4(a+b+c)+4 2 abe
Sa +b+c +ab+bctcaz2(a+b+c).
Theo cach giai 3 thi BDT trén twomg duong vai
ab+bc+cas2+abe.

Vay dén hién tai, tir gia thiét a.b,c cho nhu trén ta c6 mot
56 BET saw: 3abe -2 < ab+ be + ca— 2 < abe

a +b +c

3

SNabc2a+h+te-2<1<
Mt s6 két qua lign quan

Vi cich danh gid a+be <2 nhu trong céch 3 (dénh gia
cudi) ta duge:

abe <(2—ab)(2-be)(2-ac)
Z{Jbr{a+ b+ (') —(ab(_-}: —abe
4 i

e ab+botea-2<

2
Vi cach danh gia a=2- [%J trong cach 5 ta duge:

(a+b)(b+c)(e+a)

: £J(2-a)(2-b)(2-¢)

=a+b+c-2.
Vi cach don bién nhu trong cach 5 ta duge:
a +b' + ¢ +abe(a+b+e)z2(ab+be+ca).
Vi edch luong gide hoa két hop vai BRT Walker ta duge:
a+b+c<Jabe+8 .

Vi cach lugng gidic hda v sir dung phép thé Ravi ta duge:

(Mathematical Reflections 2015)
a+bres2-a+\2-b+y2-c.

WVoi cach sir dyng nguyén ly Dirichlet (trong cach 3) ta

dugre: (Mathematical Reflections 2014)

-(S—a—b—c)zkl—a](l—b}(l —c}| .

c | 6 thé xdy dyng duge mot hing ding thirc
Khi'do BDT duge viét lai:

a b ¢
2+8)(b+2) |J(2+¢)(2+a) J(2+a
s [Gma)-b) | [2=b)(2=c) ~a)
V(2+a)(2+8) \(2+b)(2+¢c) \(2+c)(2+a)

4. Mt so bai toan twong tir qua cdc de chon di tuyven

Bai 1. (Chon doi m}‘én HSG Dak Néng, vong 2. ndm

2017y Cho ba sé thyc dwong  a,b,c sao cho

a’ +b* +¢* +abe =4, Chimg minh ring:
a+b+exJa+Jb+ie.
Biang thire xdy ra khi ndo? )

2. (Olympic chuvén KHTN 2016) Cho ba sd thue duong
ab,c sao cho ab + be +ca + 2abe =1 . Chimg minh rang:
ala+1) 4 b(b+1) . cc+1) {i
(2a+1) (2b+1)° (2c+1)' " 16°
3.(HSG lop 12, Ha Ngi, nam 2016) Cho ba s thyc duong
a,bc sao cho ab+be+ca+2abe=1. Tim gid tri nho

nhit cua biéu thire sau:
P:l+l+l~2(a+b+c-].
a b ¢

Két ludn. Phia sau mdi bai toan ludn 13 mdt cau chuyén
dai, con dudmg kham phi ra né 13 mét hanh winh ma dén
dich dén ludn chira dung rit nhiéu diéu bit ngo. Hy vong
qua mdi hanh trinh nhw viy, ngudi hoc s& c6 nhimg niém
vui va tir d6 niém dam mé hoe toan s& dugce nhén lén.
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OBAI TOAN 9. Cho a,bc la céc sé thire dirong.

Chning minh rang:
g { ' a =+ 1{’ +C
bl BB AR
b ¢ a (gip?+e

A"

+
i
"

Cidch giai 1. Theo BDT Schwarz, ta co:

a b ¢ a b

—t et — = — — o —

b ¢ a ab bc ca
2(a+b+c)2
ab+bc+ca

o )

=2+_a+bi+t.

ab+be +ca
Khi do
2 o g g A
322+a +bh" +c l—ﬁ +£Ia +b" +¢ e
ab+be+ca 7 2 ab+békea

a+b+e atb+c

2\} @+ +c
Sir dung bét dang thirc Cauchy ta co:

V'E a+b+¢? at+b+c a+b+c¢

2\/&2 +b% +¢°

z -+
2 abtberea 22142 WP 4B +c

- Va+b+c)

8(ab +bc+ca)
S V33(ab+betea) 33
T\ 8(ab+be+ca) 2

¢ a+b+c >3+J—

VéyS—£+—b~+—+-7
‘ b c a Jl2+b'+c?

Ping thirc xdy ra khi vachikhi a=b=c.

Cdch giai 2. Nhdn xét. Vi a, b, ¢ 1a cac s6 thie

duong thi:

S& 488(2-2018)
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a+b+c£\f'3(a2 +br+c?)
o a-b+b-e)+(c-a) 20

Theo bét dang thirc Cauchy ta c6:

2 2 2
£+ac+b——+ba+—+bc>2(ab+bc +ca)
(7 a b

2
ab®  be* cd’

= —t——+—2ab+be +ca.
ral a b
T do
(ab+bc+-:'a}[ +b+ ]—(az+bz+02)
b ¢ a
2
+(a.b+bc+c’.r;']+E{)——+£"'-—+i
G a b

>(a’ +b +c2)+2ab+be+ca)=(a+b+c).

Suy ra
2
E+2+£ZM.
b ¢ a ab+bctea
Tir day ta cg danh gia
o 5 )
S.Z(a+b+c') a+b+c
: ab+bc+ca \/a2+b2+c2
Tirdo
. )(a+b+c]2 a+b+c

2 +
ab+be+ca g L p? 4ot

_(a+b+o) J—(a+b+c) 3 -1)a+b+c)
ab+-b(.+ca la? + b2 +¢2 Jal +b? et
224 |—arbro? ~B(3-1=P

\J(ab+bc+m) Jaz +0+
(theo BDT Cauchy va nhin xét).
Mit khéc theo BDT Cauchy cho 3 sb duong ta c6:

(ab+be+ca)*.(a® +b* + )

- - 3
[ 2(ab+be+ca)+ (@ + 1 ?cz)]
_L .

B {a+b+c}°
27

3
= (ab+bc+ca)a® + b+ < (a_—;bj_‘:’i'

Suy ra

S2 243388 -BHB -1 =3+3.

Vay



s=f,b o, avbee ..
{t5

b i \ﬁ;z +h 46t
Ping thirc xay ra khi va chikhi a=b=c.

Ceach widi 3. Tacod
1 a b ¢
S=ll-——= |1 —+—+=1+
[ ﬁ] (b c aJ
+L(g+£+£]+
Ble ¢ a
Ap dung BDT Cauchy ta ¢6

[1-%].(%%%)23—\6,

Ap dung BDT Schwarz ta ¢é:
1. fa b (‘]

ga+h+o

A f(a, b e, (at+b+cy
ML ﬁ(ab+bc+ca)
Ap dung BDT Cauchy ta ¢o:
(a+bh+ 6‘)2
\E[ab+bc ~ea)
Ap dung BBT Bunyakovsky va Schwarz ta co:
Ha+b+ce)

32 Aa+b+c¢) )
Jab+be+ea

atb+c

\."la'h + he + (C; \fﬂz +b3 +£-2
Ha+b+c)

- Wab+be+ea +\/a2 5+t
Sa+h+c)

= SRNEY

J.%.[a2 +b% 4+ + Hab+be +§b)j|

Tir cde BBT trén suy ra

a1 a+b+e

S=—at—+—+
b ¢ a at+ b+t

Ciich wici . Ap dung BBT Bunyakovsky ta ¢é:

23+J§.

(u.!')+.‘E:c+.cc.!),[-'[1+£+£]2(.‘.7-+-:‘J+c)2
b ¢ a

Suy ra

<
2P e lavaey
b ¢ a ab+hc+ca

2
S e G
b ¢ a ab+bc+ca
_(a=p+(h-cl +(c-a)*

2ab+be+ca)

-
vat+ 8+t

Ma
arbh+e 3= at+bte—J3a +B +c?
N N
(a+b+e)f —3a +b° +c7)

Vot #6740 .[a+b+c+\}§\fa'2 +b* +c3]

nén
a+b+c

=
b oo a [P2ipil

=Tl

1
2(ab+ bc +ca)

2 [(.ﬁ‘—h}2 +(b—c-)2 +(c—a)2]|:

wd

I
Jab + 8 +c2,|:a+b+c+ JIa® +5? +c-2:|

1
2ab + be + ca)

> [(a—f»)2 +(h-e)? +(c-—a)2]‘|i

1
5
Vab +be +m,[2‘f3(ab +bc+ ca)}

N (lusn ding vi a® +b% + ¢ 2 ab+be +ca

va a+b+c2ﬁ(ab+b€+ca])

VivS 23443,

Ding thire xay ra khi vi chikhi a=h=c. a
TRUONG QUANG AN
(Xa Nghia Thang, huyén Tur Neghia, Quang Ngar)
»Nhdn xér. Ngoai 4 cich giai coa tic gia Truwong
Onang An. Toa soan khdng nhdn duge &1 giai nao

clia cdc ban g vé,
LE MAI (Ha Noi)
Moi cde ban g Bai todn 11 sau déy vé Toa soan

TH&TT trudge ngay 31.3.2018.

Bai fean 110 € e o

VA O i e 4
() var 03O Jan firor L cue diens ALY sao ciee
CA OV Dol A0 s 160 g PR
it g ANP e 940",

NGUYEN PUC TAN
(TP. Ho Chi Mink)
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Trong bai ky nay la 1o giai cde bai loan dwogc dua ra
wong phan bai w@p dé nghi ¢ TH&TT sb 486,
Bl 22010

Bai 15 (Cunada Mathematical Olvimpiad

f i

a0,
Tim fir ca cde nghi¢m thue cua phuwong trink

4x 0[]+ 50=0 (1), & do ki hidu |x] la so
newvén fon mhar khong vieot qud x.

Gigi. Pit  [x]=neZ Ixi=uec[0:1) thi
x=[x]+ {x! =n+o.Khido (1) tr& thinh
dn+o)f —40n+51-0
e 4’ + 8na+ 47 — 40+ 51=0 (2),
Taco A =16n" —4{dn” —40n+ 5= 160n - 204

=l()[10n—ﬂW20<‘:‘»nZ£.—bn22.
4 40
P

Do =0 nén vé (2) c6 nghiém

51 i
o=-n+ ,[IOn—T,]Jo 0 <a <1 nén ta phai cd

\

—n+\/10n—220 |0}I—512J'?:
4 4

— =
51 2l .
et 0 -2 <1 10n—— <{n+1y
| 3 4
4 3
n‘—IOrH--S-EEU —SHE']—;
h=4 o ) 2
5 53 5 11
w -+ =0 HE—vR>»—
4 2 2

Wi AT
f::;{ " < el 67.8).

nslvnzh

b ey

T x=[x]+rixi=n+u= \Hlllﬂn—% . ta tim duge

cac nghiém thuc coa (1) L.
[E{J_z_g_:«s\/ﬁ_\/@‘\fzﬁ%
‘ R

i
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Bai 16 (Durch Mathematical Ofvmpiad 1998).

Xét hoan vi 6 v v cid cde $6:0,1.2,3,4,5,6,
7. 8.9, Véi moi b ba trong 8 hg ba, moi o ba
gom ba 56 hane lién .f."a':;n trong hodn vi o. xét tong

a so nay. Goi M(a) fa téng lan nhdf trong 8

o

(462 B0 1R S Lk

10. 9, 14, 20, 15 va

ta o 8

M)

oy vai o

fo 2 S

a) Tim mot hodn vi o) sao cho M(5y) = 13,
b} Ton tei hay khing mot hodn vi 2 sao cho
Mgy = 127
Gidi. a) C6 hoan vi o, nhu vy, vi du:
st 3 220 6 0 S R icoM{aRi= 13
by Khéng tén tai hodn vi oz nio ma M(a,) = 12.
That vay, gia sir tdn tai hoan vi o, ma
M{a-)=12. Suyra tfmg 9 5H hang diu ién cua o
1ém nhit 14 3.12 = 36 (coi tong 9 sO hang nay 1a
1ong clia ba bo, mi bé gém ba sé hang lién tiép
clia o+). Ma tong cia 10 sb da cho 14 45, Viy 50
hang cudi cua o 1a 9. Lip ludn trong e ta ciing
suv ra s6 hang dau cta o» 1d 9. Pidu nay 13 mau
thudn. Suy ra diéu phai chimg minh.

TRAN HUU NAM (Ha Néi)
Sau déy 1a bai tip d& nghi. Ban doc hay thy giai
ching véri nhiéu 161 gidi nhat ¢ the va girt 1o giai
vé Toa soan TH&TT trude ngay 31.3.2018.

BAl TAP DE NGHI
Bai 18. Tim s6 nguyén duong # lén nhit sao cho
n* +100 chia hét cho n + 10.
Bai 19. bat f(x)= %", Tim hai chir s6 tan cung
cua sb A17) + f18) + £19) + A20).
NHU HOANG (Ha Ngi)



TMCULTRI
CUA HAM DA THIPC ¢
(Pé diing trén TH&TT s6 484, thang 10 nim 2017)

GIAI PAP:

Phén tich. Ca hai ban déu giai sai:
- D6i véi ban Minh, diu tién, ban da tinh dao hiam bj
sai. Pao ham cua ham [ 1a

flx)=
chir khdng phai la

—4x* +2(m* ~d)x+m+2

Fx)=—4x* +2(m* —4)x* + m+2
nhu ban da lam. Tir d6 din téi tinh toan  f"(x) bi

sai.

Phwong phap gidi ctia Mink bi sai & chd 1a thira rlha'n_: .

ménh dé&: Ham s6 dat cye dai tai x, =0
{f’(m =
froy <o’ :

Tit d6 Mink 42 &p dung hé thirc nPdé fim m, din
tGi ket qua sai.
- Péi voi ban Hoéng: Tuong ty nhu ban Mink, ban
Hoang cing tinh dao ham bj sai. Tuy nhién, phuong
phap giai cua ban Hoang thi ding vi di tim nghiém
cua phuong trinh dao ham cap 1 tai x = 0, sau dé lap
bing bién thién theo m d6 dé xem m co6 théa man
yéu cdu la ham s cé diém cuc dai tai x, =0hay
khong,
Loi gidgi dung. TXD: D=R

Fix)=—4x3 +2(m? -4)x+m+2.
Dé ham s6 dat cye dai tai x =0 thi

f)=0=>m+2=0<m=-2.

Voi m=-2=> f(x)=—x* +11

Fx)=—4x% fiix)=0x=0.

Ta c6 bang bién thién:

Tir bang bién thién, ta ¢6 ham sb dat cuc dai tai
=0. Vay m=-2 la gii tri cin tim.

Nhgn xét. Cic ban sau di phit hién duge sai lim va dua ra

cach giail ding:

Hung Yén: Biii Thi Thity Trang, 10 Toan 1, THPT chuyén

Hung Yén, Thira Thién Hué: Cao Thi Linh, 12 Toédn 1,

THPT chuyén Quic hoc Hué,

KIHIVI

CUA HAM SO !

Trong gitr 6n tip mon todn cua I6p 12A3, thy gido
véu cau hoc sinh tra 1&i ¢du hoi sau:
Cau héi: S5 diém cyc tri ciia ham 56 y = x—3Yx*
la

A0 B. 1 C2 )3
Sau mot lic suy nghi, ban Ting di xung phong 1én
bang. Loi giai cua ban Timg nhu sau:

Tap xéc dinh: R;

}'—1—-—2—'
U;!
_v‘z(}c>1—i=0@€f)_c=2@x:8,

U}
Suy ra ham 56 cé mot diém cyc tri. Viy ta chon dap
an B.
Theo ban cau tra 16i ciia bgn Ting ding hay sai ?
Néu sai, 16i gidi ciia ban nhi thé nio!

THAN VAN DU
(GV THPT Lang Giang 56 1, Bde Giang)

TOAN H
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BAN €O VAN KIHOA HOG! CHIU TRACH NHIEM XUAT BAN
S Chii tich Hoi déng Thanh vién
GS. TSKH. TRAN VAN NHUNG e
TS.NGUYEN VAN VONG NGUYEN BUC THAIL
GS. DOAN QUYNH Téng Gidm déc NXBGD Vigt Nam
PGS. TS. TRAN VAN HAO HOANG LE BACH

Phé Tong Gidm déc kiem Tong bién tap
NXBGD Viét Nam
) ) PHAN XUAN THANH
HOFDONG BIEN TAP

Téng bien tap : TS. TRAN HUU NAM Thue ki Toa soan : ThS. HO QUANG VINH

7S. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG. Ts. TRAN NAM DUNG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH HA,
TS. NGUYEN \IET HAL PGS, TS LE QUUC HAN. ThS, PHAM VAN HUNG. PGS, 75, VO THANH KII[FT
5. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS, PHAM TH] BACH NGOC. PGS. TS. NGUYEN DANG PHAT.
PGS, T5. TA DUY PHUONG, ThHS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG. PGS, TS. PHAN DOAN THOAL 745, VU
KIM THUY, PGS. TS. VU DUONG THUY. GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
@) Dé ra ky nay
i Proobfeons in This ssae

T1/488, ..., T12/488, L1/488, L.2/488.

@D Danh cho Trung hoc Co sé

For Leseer Sceondory Sebaal

Hé Vin Nhian — Mot so dang todn vé sii

chinh phudng. .
¢ Giai bai ky trude

@ Hudng din giai Dé thi chon hgg<-"§jnh giol Sotuiions fo Previous Problems

p 9 tinh Nghé 3016 - 2017. . .
16p 9 tinh Nght An, nam hoqggi® - 2017 €5) Tiéng Anh qua céc bai toan - Bai s'29.

Pé thi chon hee sinh gidi 16p 9 tinh Hung
Yén, nim hoe 2016 - 2017.

e

Bai dich 5626 - Tiéng Anh qua céc bai toan.

€7) Phuong phap giii toan
Chusn bi cho ki thi THPT Quét Gi o .
@ hudmbi cho kY et Ruec Gin Nguyén Tudn Anh — Xung guanh cdiu bat
& . - . iw Fd
Hiruh Vein Minh = 0ia toan =6 ohit bang d?“hg t_‘}}‘:, ti"%g‘ ‘f]‘{‘i thi 3_“?“ ?Iﬁ’; tuyén hoc
~ 11 = u.
phuong phap toa dd phing. S g s une
%) Nhiéu cach giai cho mét bai toan
Pap an va hudng din giai dé s6 4.
€ Du lich thé gisi qua cac bai toan hay
Thit site trude ki thi 2018 - DE sd 5.
@) Sailim & dau?

006

Lileu o B Tho Win i = Tim o dism) adel i oo

Nguyén Thiy Thanh — Con s6 0 diy quyén ham s6!
luc xudt hién tit lie nao...

Bién tdp: LE MAL NGUYEN NGOC DAL NGUYEN THI TRUONG i thugt: QUOC HIEP, THANH LONG
Tri su, phdt hanh: NGUYEN KHOA DIEM, NGUYEN THI THU HUYEN ~ Thiét ké, ché ban: MAT ANH



VINH TUOI TUAT
Buge song gan nguoi hod ky crrong
Chdng rong choi phé, riegt qua duong
Khi xong mét tran - quan tién tuyén
Liic théi céi nha - linh hdu phwong
Thé manh canh phéng tai cuc thinh
Tiém néng phat hi¢n mii phi thirong
Ngudi ngueci thii vi sinh nam Tudt
Tri twé, trung thanh, song dé thiong.
Ngay 10/12/2017
DAO TAM (Pgi hoc Vinh)

CAY HAY CHO
La Ché, 6 sao lgi goi Cay,
Goi Ciy hay Ché, khic gi day?
Ché nim canh cira canh ngudi la.
Ciy nge trén mém diit mon bay. ¢
Cho bi xuk xiéng, quen mom wa
Cay wa giéng mé, chugng men $ay.
May chang bom nhdu sao ky cue:
Nhin Ché, chi mong né héa Céy.
LY VAN TOAN (Ha Ngi)
Mirng xudn M@u Tuét 2018

CHI TOAN HOA THO
Bé: lai cho em nhﬁ-ng vin vo
Dé yéu Toan hoc dén vo bo
Dé cung hoa tham vui xudn méi
Dé duoc say nong nhitng dng tho.
Xudn 2018
NGUYEN HO'U DY
(Xdm 3, Quynh Lién, TX. Hoang Mai, tinh Nghé An)

MOT BAI TOAN CO KY LA

rong cdc ban co chi Rhind tim thay Théi Ai Cap Co
] dﬁy hoang 4000 nidm co6 mét bai toan trong
in ctia mot ngudi gidu co nhu sau:

Nha: 7, Méo: 49, Chugt: 343, Ngon liia mi:
Sé heka{* 16807.
Tinh tong cdc 5o trén.

Ngay nay ta dé dang nhén thdy céc sé trén 3 nim lity thira
dau tién cia 7 va ta cin tinh: §=7+72+72 4747 (1).
Thé thi 75=72+7+7*+7°+7° (2). Trir nmg vé (2)
cho (1) tacé: 65=7°-7 nén §=(7°-7):6=19607
Theo cich dién ta cia Maritz Cantor (1829 - 1920)
thi bai toan ¢0 trén ban co chi Rhind ¢ thé phat bieu
nhu sau:

“Tai san cia mot nguoi g5m 6 bay cin nha, méi
cdn nha ¢o bm con méo, mot con méo an Ihif bay
con chudt, méi con chugt dn by ngon liia, méi ngon

liia ¢o kha nang sinh bay hekat hat. Co ca thay bao
nhiéu trong téi san ciua ngudi do?”.

Hai nghin nam sau, nam 1202 nha toan hoc nguoi
Italia la Leonardo Fibonacei da néu lai bai toan nay
trong tac pham Leber abaci nhur sau:

“Cé bay bq lao trén dwong di Rome. Méi ba cé bay
con la. Jieép'lung moi con 6 bay cdi thi. Mo tii c6
bay cdibéinh mi, kem theo moi 6 banh mi la bay con
ddd;moi con dao ndm trong bay edi vo. C6 tdt ed la
bae nhiéu ba gia, con la, tii, dao va vo trén dudng

‘den Rome 7.

Hon bay tram nam sau, l_nc}t di ban cua bai todn @é
dudi dang mot bai tho tiéng Anh c6 dugc luu tryén
kha pho bigén:

Trén dicong di dén St. Ives

To1 gap mét ngudi co by ngudi ver

MGi nguoi vo cé bay edi tiii

Mdi cdi tili ¢6 by con méo

Mai con méo ¢6 bdy ehit méo con

Meéo con, méo lom, tii va nhitng nguoi vor

Ca thay bao nhiéu trén dwong di Ives?
Viét Nam c6 nhiéu bai toan vui bing tho véi nhiéu di
ban khac nhau, dién hinh la bai todn sau:

Mgt doan phu nit tim bén song

Thao lugn cting nhau vigc ,’fi:v ('irri‘ng

Mot chi ba chong thira bay chi

Ba chong mot chi bon chong khong

Hoi ¢6 tdt ca bao nhiéu chi bao nhiéu chong?
Thét qui thé. Va ngudi ta bén thay bing Mot dodn
em bé tam bén séng/ Thao ludn cing nhau viéc choi
bong/...
*Hekat: Dung cu dung hia mi cua nguoi Ai Cp C6 dai.

LE QUOC HAN (Nghé An) siru tam.
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¢i dung cua sach trinh
bay phuong phap giai
bai toan tro choi béc céc
at, phuong trinh dong du tuyén
nnh hé phuong trinh dong du
tuyén tinh va phuong trinh déng
du bac cao bing d6 thi. Néi cu
thé hon: Noi dung chii yéu cia
cubn sach 1a trinh bay thudt toan
xay dung db thi cé hudng véi cac
cung dugc gian nhan trén bang
chir céi thip phan ma nhén cua
@b thi nhan dwoc chinh la tip
nghiém cua phuong trinh hay hé
phuong trinh dong du.

Sach gom hai phan chinh:

Phéin tro choi b(jc cde vdt trinh
bay thudt toan dé ngudi di déu
chién thang bing cach béc duge
vét cudi cung (hogc khong phai
boc vt cuoi cung).

Phdn phuong trinh va hé phirong
trinh d(_;":ng dw duge trinh bay
trong bén chuong cudi ciastudn
sach.

Chlmng IV trinh bay thuat
toan xay dyng dd'thi xdc dinh
tdp nghiém cua phuong trinh
ox = b (mod\m) vdi @, m la cac
s0 nguyén deong nguyén to cung
nhau, génth € {0, 1, .., m—1}.

Lhucmg VI trinh bay thudt toan
fay "dyng dd thi xdc dinh tip
nghi¢m cua hé phuong trinh
dmlg dur tuyén tinh.

Chuong VII trinh bay thudt
todn xdy dyng db thi xac dinh
tdp nghiém cua h¢ phwong trinh
dong du béc cao.

Chwong V trinh bay | vé thudt todn
giai phwong trinh déng du tuyén
tinh dang dac biét x=b (mod m).
Tap nghiém cua phucmg trinh
nay chinh 1a tip s0 dong du véi

b theo module m. Bai viy db thi
xéc dinh tip nghiém cua phuong
trinh nay dwoc goi 1 nguon dong
dur.

Cubn sach khéng nhimg trinh
bay thudt toan xdy dung ngudn
dong du theo mot module, ma
con trinh bay thut todn xdy
dung ngudn dong, du theo nhiéu
module va mot 50 cdu tric khac,
chang han, nguén sinh tat ca cic
s0 nguyén dwong chia hét cho 7,
méa mdi sé nay déu co chir s6 1¢
va chir s6 chin dan xen nhau.

Trong khi Quy dc gia giang day,
huéng din hofic lam viéc vé dong
dr ma ¢6 nguén déng du theo
module m bén canh thi co thé chi
ra hang chyc s6 gdm nhiéu chir
s6 chn hét cho m trong chéc l4t.

Tin twéng rang cuén sach khong
chi hitu ich cho hoc sinh va
thay ¢é gido yéu toan pho thong
ma con la tai liéu tham khao
tot cho sinh vién va giang vién
céc truong dai hoc va cao ding
nganh toan cung cac phu huynh
¢d nguyén vong giup con em
minh hoc t6t mén s6 hoc.

Moi chi tiét xin lién hé:

TAP CHIi TOAN HOC VA TUOI TRE
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