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I- SO PO PHAT TRIEN CUON SACH

NGUYEN VAN HUONG - TANG HAI TUAN

II- GIOI THIEU CHI TIET THANH VIEN

1. NGUYEN VAN HUONG
« Sinh ngay: 21/02/1995
¢ Qué quan: Tt ky - Hai Duong
o Facebook: https://www.facebook.com/mathkudo
e Hoc van:
> Cuu hoc sinh Chuyén Nguyén Trai — Hai Duong
> Giai nhi HSG qudc gia moén Toan 2013
» K58 KSTN Diéu khién tu dong — Dai hoc Bach khoa Ha
Noi
» Giai nhat Olympic Sinh vién mon Toan 2014
eS¢ thich: An mi, d4 bong.
e Cau noi yéu thich: To mo la td chat cua thanh cong nhung
may mo moi la nhan td cua thanh cong.

Nguyén Vin Huéng
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2. TANG HAI TUAN oy
¢ Sinh ngay: 20/09/1993
e Qué quan: Thanh ph6 Thai Binh.
¢ Hién nay: Pang sinh song va lam viéc tai Ha Noi.
e Dién thoai, Zalo: 0963 495 209.
e Hoc van:
» To&t nghiép loai Gioi, hé cir nhan chét luong cao,
chuyén nganh Su pham Vat li — khoéa 61,
treong Dai hoc Sw pham Ha Noi.
» Dat diém 10 bao vé khoa luan t6t nghiép Su pham Vat 1i.
» Giai nhat sinh vién nghién cttu khoa hoc Khoa Vat 1i 2015.
> T6 trudng t6 Vat li cong ty Vedu.
e Facebook: https:// facebook.com/tanghaituan.vlpt

Tang Hai Tudn

e Sang lap Dién dan Vit Ii ph6 thong vatliphothong.vn
e Sang lap trang Hoc triec tuyén cia hoc sinh Viét Nam: hoctructuyen.tv
e Tacgia
» Cong phd dé thi THPT Quoc gia mon Vit li
> Cong phd Bat dang thikc
e Danh gia, nhan xét dé thi THPT Qudc gia mon Toan, mon Vat li cho bao Zing.vn
> http://news.zing.vn/Goi-y-loi-giai-mon-Toan-THPT-Quoc-gia-post554511.html
> http://news.zing.vn/De-thi-va-loi-giai-goi-y-mon-Vat-ly-post555119.html
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LOI MO PAU

“To be successful, you've got to be willing to fail”

Day la mét cau ndi ndi tiéng, chung toi viét ra day la c6 muc dich ctia minh!

Khi hoc vé bat dang thirc, bat ct ai trong chiing ta cling ludn can chudn bi tdm ly cé nhitng bai toan
khong thé tu ban than minh giai dugc. Cudn sach nay viét ra, tong hop tat ca nhitng kinh nghiém caa
chting t6i khi hoc va nghién ctitu vé bat dang thitc. D8i twong c6 thé doc cudn sach nay d6 la: nhiing
ban dam mé mon Toan, cac ban hoc sinh dang chudn bi cho cac ki thi hoc sinh gioi, thi chuyén, cuén
sach nay con cé thé dung lam tu liéu cho cac thay cd giang day, va dac biét 1a danh cho cac si tir dang
khao khat diém 10 mén Toan dai hoc cling nhw nhitng hoc sinh dang 4p t nhitng tim huy chwong
qudc gia, qudc té.

Trudce khi vao tim hi€u sdu cudn sach nay, chung t6i mong mudn cac ban hiéu duoc “mach dap
ctia cudn sach” ma chiing tdi viét ra:

Phian I: Hai bat ding thitc ¢8 dién. Day la bat ding thitc AM-GM va bat déng thitc Cauchy-
Schwarz. Chiing ta dirgc hoc chting tir ngay 16p 10. Piéu d6 chiing t6 rdng vai tro ctia hai bat dang thiic
nay la rat 16n. Chinh vi thé€ ma chung t6i da dat né 6 ngay phan dau tién cua cudn sach.

Tiép theo la ba phan quan trong nhat danh cho nhitng ban 6n thi dai hoc. Ban dau, ching t6i khong
dinh viét theo phong cach chia “phwong phép giai”, nhung vi véi muc dich danh cho cac ban si tr 6n
thi, nén ching t6i da viét thanh ba phan:

Phan II: Bat dang thitc mét bién.

Phin III: Bat dang thirc hai bién.

Phin IV: Bat ding thixc ba bién.

Ngoai ra, ching t6i thém phan V: “Bat dang thitc lwong giac” 1a bat déng thikc da xuét hién cach
day kha lau roi. Tai sao ching t6i lai dwa n6 vao trong cudn sach thi: khi ban doc dén do, ban sé hiéu.

Phin VI: Phuong phap tam thitc bac hai. Phan nay, chiing tdi mudn gidi thiéu cho cdc ban mot
phuong phap hiéu qua va dé st dung. Loi gidi st dung phuong phéap nay rat “trong séng” vi né chi
stt dung kién thiec cap THCS ma c6 thé gidi mot s8 bai todn khé mot cach dé dang,.

Phian VII: Vung bién chwa dugc khai thac. Phan nay, chung t6i chi mong cac ban doc qua, tham
khao thém mot s6 tu twong ma chwa xuat hién trong dé thi dai hoc. Tuy hoi mang tu tudng “chuyén
sau” nhung no rat c6 thé dugce dua vao dé thi dai hoc sau nay.

Déi v6i hoc sinh thi dai hoc, cudn sach nay c6 diém gi méi la so véi cac cudn sach bat ding thirc
khac? Ban doc yén tam rang, mdi bai tap trong cudn sach khong chi 1a nhitng 10i giai don thuan ma

con ¢6 nhitng phan tich, suy luan, nhan xét mot cach sdu sac. Diém hay nhét cia cudn sach véi hoc sinh
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thi dai hoc chinh 1a ndm ¢ 132 bai toan tuyén chon va phan tich giai & phan VIIL Ching t6i tin rang
sau khi doc xong cu6n sach nay, trinh d¢ bat d:fmg thitc ctia ban sé cai thién ro rét.

Daéi v6i hoc sinh chuyén, ngoai doc nhitng phan trén, sau khi doc, ban ¢6 thé thi hoc sinh gioi cap
tinh, cap quan. Mudn tim hiéu sadu hon, d€ phuc vu cho cac cudc thi cdp qudc gia, khu viee va cao nhat
1a qudc t&, chung toi da cd gang tim hiéu sau, rong nhat mang bat dang thiic:

Phin IX: Pao sau va mé rong cac bat dang thitc hay dung.

Phin X: Mot s6 bo dé bat ding thixc hoan vi.

Phan XI: Nhitng phuong phap méi trong toan hién dai.

Phian XII: Téng hop dé thi chon HSG qudc gia, chon HSG tinh ctia cic tinh trong ca nuéc.

Phan XIII: Tuyén tip va tong hop cac bai toan kho.

Ngoai ra, chung toi trinh bay mot s6 phu luc duéi day

PHU LUC I: St dung bat d:fmg thirc trong mot s6 bai toan Vat Ii. O phan nay, cac ban sé thay
dugc tng dung ctia bat dang thitc trong mot sd bai toan Vat 1i tiéu biéu.

PHU LUC II: Mét s6 tit ngit Tiéng Anh hay ding lién quan dén bat ding thitc. O phan nay,
chung t6i cung cap cho ban doc mot s6 tir ngl Tieng Anh dé€ ban doc cd thé doc hiéu tai liéu Bat déng
thttc bang Tiéng Anh mot cach don gian hon.

PHU LUC III : Tiéu st mot s6 nha Toan hoc duwgc dit tén cho cac bat dang thitc kinh dién.

Maéc du chung t6i da danh rat nhiéu tam huyét cho cudn sach, song su sai sot 1a diéu kho tranh
khoi. D€ hoan thién cudn sach, ching t6i rat can dén su gop y ctia ban doc, di nhién, chung t6i sé rat
cam on ban doc vi nhitng gép y va chi dan tan tinh d€ tai ban lan sau dwoc t&t hon.

Moi y kién dong gop xin giri vé hom thuw ctia tac gia:

Nguyén Vian Huéng mathkudo@gmail.com

Tang Hai Tuan tanghaituan@vatliphothong.vn

Ngoai ra, chiing t6i rat mong dwgc su trao d6i, ban luan cua cac ban vé cudn sach noi riéng ciing
nhu Bat dang thiec ndi chung trong qua dién dan trao d6i, sit dung sach vedu.vn/forums/

Do6i ngti tac gia xin tran trong cam on!

Thay mat cac tac gia

Nguyén Vin Huéng
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LOI CAM ON

Cudn sach nay duoc hoan thién trong gan 6 thang. D6 la khoang thoi gian khéa dai ma it nguoi
trong s6 chiing ta c6 thé kién tri lam viéc dwoc. D€ c6 thé vitng vang suy ngam va dua ra nhitng y
tuong, su lira chon ding dan nhat, chiing tdi can rat nhiéu su gitp do tir moi nguoi.

Dong luc 16n nhat duoc tao ra, c6 thé ndi d6 chinh 1a nguoi sinh thanh ra mdi ching tdi. Cha me 1a
nguoi khong chi nudi nang chiing t6i nén nguoi, ma con la nguoi gitp chung toi nhin ra nhitng chan
troi méi. Mdc du c6 nhiing luc hoan canh khé khan, nhung cha me ludn tao diéu kién tot nhat cho
chting t6i hoc tap va phat trién. Thong qua cudn sach nay, mdi chting t6i mudn g 10 truec tiép dén
cha me ctia minh:

“B6 me, con yéu b6 me nhiéu 14m!”

Nhitng ngudi anh huong nhat t6i cudn sach bat dang thitc nay, d6 chinh la nhitng nguoi thay cd
diu dat mdi chting toi trong khi hoc THCS va THPT.

Thay Nguyén Diing va c6 Ngd Thi Hai (hai gido vién treong Chuyén Nguyén Trai — Hai Duong)
da diu dat, tao cho t6i - Nguyén Van Huong — mot nén tang viing chic trong sudt ba ndm cip ba.

Thay Bui Dinh Than, (gido vién mon Toan truong THCS Luong Thé Vinh — Thanh phd Théi Binh)
da ludn dong vién, chia sé, gop y quy bau vé kién thirc ciing nhu cach sdng, lam thé nao dé tro thanh
mot nguoi thay tot voi toi — Tang Hai Tuan — moét sinh vién Suw pham méi ra truong va dang phan dau
trd thanh mdt nguoi thay tot. Em cam on Thay rat nhiéu!!!

“Hi vong thay cd sé ludn thanh cong trong sy nghiép va sé tao ra nhiéu 16p tré tai nang phuc vu
cho dat nudc”.

Loi cam on tiép theo chung tdi xin gui toi:

Thay Duwong Dtic Lam (Dai hoc Su pham Ha No6i - mét trong cac thay kem hoc sinh dy thi IMO
2014 vé bat dang thirc) da cung cap cho ching to6i mot tai lieu quy.

Anh V5 Qudc B4 Can, anh Tran Qudc Anh — nhitng nguoi anh da truyén cam hiing Bat dang thiic
cho chiing t3i cling nhur c4c thé hé khac khi hoc Bat dang thiic, va cho chiing t6i nhitng goép y, déng
gop quy bau d€ cudn sach duoc hoan thién hon.

Anh Lé Khanh Sy (phuwong Tan An, tinh Long An) da lu6én nhiét tinh gop y, giup dd, chi bao chiing
t6i trong qua trinh tim toi va kham pha Bat dang thikc.

Anh Luong Van Thién, cdc ban Nguyén Duy Hung, Nguyén Ditc Long (nhitng hoc sinh dat giai
cao trong cac ki thi qudc gia, qudc t€) da bd sung va gop y cho cudn sach duoc phong phi hon.

Ngoai ra, chiing t6i xin dwoc guti 1oi cdm on téi ban Nguyén Minh Hién - hoc sinh 16p 11 - THPT

Gia Vién A, Ninh Binh da gitp ching t6i chinh stra, hoan thién hinh thttc ban thao.
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Va ddc biét, ching toi khong thé quén duoc d6 1a anh Luwong Van Thuy giam ddc cong ty VEDU
da ludén dong vién va hd tro chuing t6i trong qua trinh thyc hién cudn sach. Néu khong co su hd tro dic
biét tir anh Lwong Van Thuy va nha xudt ban thi cuén sach nay sé khong thé dén tdi tay ban doc. Anh
cting chinh 1a nguoi da goi moé - khong chi cudn sach cua chung téi ma con nhiéu cudn sach khac - chi
dan tan tinh d€ cudn sach veon 1én mot tAm cao mai, truyén cam hing cho nguoi doc.

Loi cam on cudi cung ching téi mudn gui téi, d6 la nhitng ban doc duoc cudn sach nay. Hi vong
cudn sach nay sé gitip ban doc tim dwoc nhigu sy méi mé va ddc do, tir d6 cang yéu bat dang thitc
cting nhu toan hoc hon. Hi vong hon, ching ta sé c¢6 dip cung nhau binh luén, chia sé vé nhiéu diéu li
thu trong toan hoc.

Mot [an niva, d0i ngti tac gia xin chan thanh cam on!!!
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PHAN I: HAI BAT DPANG THUC CO DPIEN
CHUONG I: BAT PANG THUC AM-GM
$1: LAM QUEN VOI BAT PANG THUC AM-GM
L. Bit ding thitc AM-GM

AM-GM la viét tat ctia “arithmetic and geometric means”, nghia la trung binh cong va trung binh nhan.

Cach chiing minh hay nhat ctia n6 la st dung phuong phap quy nap kiéu Co-si (Cauchy) nén nhiéu
nguodi lam tuong rang Co-si phat hién ra bat dang thikc nay, va hay goi bat dang thizc nay la bat dang
thiec Cauchy (Co6-si).

Bat déng thitc AM-GM c6 dang tdng quat la:

a,+a,+...+4a,

>4la,a,...a,,Va,a,...,a >0

1°72° ’n

n
C6 nhiéu phuong phap chiing minh bat dang thizc nay. Ching t6i xin khong nhéc lai. Trong dé thi dai
hoc, ban dugc phép st dung bat dang thixc AM-GM cho hai hodc ba s8.
Véi n=2, ta duoc bat déng thitc AM-GM cho 2 s6 khong am 4, b ¢6 dang

a+b>2:/ab.
Véi n =3, ta dugc bat dang thitc AM-GM cho 3 s6 khong am 4, b, ¢ c6 dang
a+b+c>3Yabe.

Céc cach viét khac cing thuong gap la:

2 12 3,13, 3
a - +b > b, a’+b’+c > dbe
2 3

b < a+b 2 abe < a+b+c ’
L2 )T 3
a b

—+—2>2.
a

Céch chitng minh don gian 1a dung hai hiang dang thiic sau:
(a2+b2)—2ab=(a—b)2,
(a3 +b° +c3)—3abc :%(a+b+c)((a—b)2 +(b—C)2 +(c—a)2).

IL. Cac bat dang thirc phy hay dung
Dudéi day chting t6i liét ké mot s§ bat dang thizc co ban hay duoc st dung trong chiing minh bat dang

thizc. Ban doc hay dat but va c8 gang lam duwgc hét triede khi xem 16i giai nhé!

Chirng minh rﬁng v0i cdc s0 thwe dwong a, b, c, x,y, z ta cé

3. 2+t +22 > xy+yz+zx
4. (x+y+z)2 23(xy+yz+zx)

5. Va+b < [2(a+0)

6. 4(a®+b%)> (a+b)
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7. (a+b+c)ab+bc+ca) < %(a +b)(b+c)(c+a)

8. x*y* +y*2% +2°x% > xyz(x + y +2)

Chitng minh:
1. Ap dung bat dang thitc AM-GM cho hai s& dwong ta co:
11,2
a b Jab,
a+b>2ab
Tt d6 ta thu duwoc
2 4 4

= 2 .
Jab  2Jab a+b

1 + 1 >
a b
Déng thtic xay ra khi va chikhi a=b. B

2. Ap dung bt déng thitc AM-GM cho ba s8 duong co:

l+1+1233i
a b ¢ \ abe
a+b+c>33abc

Tir d6 ta co
a b ¢ Nabc  33apc  a+b+c
Déng thtic xay ra khi va chikhi a=b=c. B
3. Ap dung bt déng thixc AM-GM cho hai s8 ta co:

2

2 2 2 2 2
oy +Y rz +2 X 2 XY+ Yz +zX.
2 2 2

Déng thitc xay ra khi va chikhi x=y =z B

Xyt +z’ =

4. Ap dung bat ding thixc (3) trén ta co:
(x+y+z)2 = (x2 + 1y +z2)+2(xy+yz+zx) > 3(xy +yz+2zx)
Déng thitc xay ra khi va chikhi x=y =z B
, 2

5. Bién d6i tuong duong ta thu duoc bat dang thic dung: (\/; b ) >0.
Déng thiic xay ra khi va chikhi a=b. B

6. Bat dang thic can chiing minh tuong dwong véi S(a + b)(a - b)z 20, luén dung.
Déng thitc xay ra khi va chikhi a=b. B

7. St dung bat déng thitc AM-GM ta ¢ (a+b)(b+c)(c+a)> 2Jab 2+Jbc 24Jca = 8abc
Do d6 (a+b+c)(ab+bc+ca)=abc+(a+b)(b+c)(c+a)< [%4— 1}(& +b)(b+c)(c+a)
Déng thtic xay rakhi a=b=c. B

8. Bat dang thitic dung vi khi ta dat a = xy,b = yz,c = zx thi bat dang thiic trd thanh bat dang thitc

a* +b* +c* > ab+bc +ca. Luon dung.
Déng thtic xay ra khi va chikhi x =y =2z hodc y=2z=0 hodgc x=y =0 hodc z=x=0. H
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III. M6t s8 bai toan st dung AM-GM thong thuong
A. Ung dung truc tiép bat ding thitc AM-GM

Vidu 1. Cho g, b, ¢ 1a cc 58 thuc duong. Chitng minh cac bat dang thitc sau dting:
La+b>+c2a’b+b’c+c’a

2. a2(b+c)+b2(c+a)+c2(a+b)22@(\/;+x/b73+x/c73)

3.abb+1+*”j1+”;12max{f”’”* J(Hﬂ}

4, a\/b4+1 +b\/c4+1 +C\/El4+1 2\/6abc(a+b+c)

a’ b? 4ab

+ >
b+2\Jab  a+24ba 3(a+b)

Loi gidi vin tat
Nhitng 10i giai dwdi day chiang toi chuwra phan tich binh luan gi ca. Chung t6i trinh bay 10i giai mot cach
van tat, ban doc hay lam va xem 15i giai d& lam quen dan véi bat dang thitc AM-GM. Va sau mdi 10i
giai, hay nghi: vi sao chiing toi lai lam nhu thé?
1. Ap dung bat dang thitc AM-GM cho ba s6:
@’ +a’ +b° >3’’’ =3a%
Twong tu cho hai bat ddng thitc nira xong r6i cong lai vé theo vé ta thu dwoc diéu can chitng minh.
2. Ap dung bat didng thitc AM-GM cho hai s8:

az(b+c)+b2(c+a)+c2(a+b)2a2.2\/a+b2.2\/a+c2.2@:2\/%(\/;3+\/b73+\/c73)
3. Ap dung bat dang thicc AM-GM cho ba s&:

ab+1+bc+1 ca+1 (+b+c) (1+1+1j23(3/abc+

b c a a b ¢

o)

Ap dung bt dang thiic AM-GM cho hai s8:

ub+1+bc+1+ca+1zzﬁ+2\/ﬁ+zﬁ:2 \/zﬂﬁﬂﬁ
b c a b c a b c a

Ttt hai bat dang thikc trén suy ra diéu phai chiing minh.
4. Ap dung bat ding thitc AM-GM cho hai s6 ta duoc:

a\/b4+1 +b\/c4+1 +C\/a4+1 Za.b\/i+b.c\/§+c.a\/5=\/§(ab+bc+ca)

bét ab=x,bc =y,ca=z. Néu ta ching minh duwoc x+y+z>, /3(xy +yz+ zx) thi bai todn dugc chiing

minh. Tuy nhién, bat dang thitc nay chinh la bat dang thitc phu s8 (4) nén bai toan dugc chitng minh
xong.
5. Ap dung bat ddng thitc AM-GM cho hai s6:

a? b? a’ b? a’ b?

+ = + = +
b+2Jab  a+2ba b+(a+b) u+(b+a) a+2b b+2a
( a’ a+2bj ( b? b+2aJ 2a 2b a’ b? 1
+ + + 2?

+—:>—+—2—(a+b)
a+2b 9 b+2a 9 3 a+2b b+2a 3
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s + 4 >l(a+b) Néu ta chtitng minh duoc l(a+b)>
b+2vab  a+2\ba 3 ' T3 -

bét déng thitc nay tuong duong véi: (a+b) > 4ab hay a+b>2ab 1a bt déng thitc AM-GM cho hai

4ab
3(a + b)

Suy ra: thi xong. Tuy nhién

s6. Vay bat dang thttc duegc chiing minh. W

Vi du 2. Chting minh véi moi s thuc duong x, y, z thi

x v z 2(x+y+2z)
[1+yJ(l+ Zj(lerJzer—W

Loi giai
Néu dé nguyén vé trai va st dung truc tiép bat dang thitcc AM-GM thi chting ta sé khong thu duoc gi.
Ta tht bién d6i v€ trai xem sao?

Bat dang thitc can chitng minh twong duong;:

W (“zJ(HEJ22+w®£+1+5+1+5+£zw‘
y z X 3[xyz y X x Yy z 3[xyz
C6 18, sau khi bién ddi tuong dwong, moi viéc da kha sang to. Hay dé'y téi J/abc & dudi mau vé phai.
N6 lam ta goi dén viéc str dung bat drfmg thttc AM-GM bd 3 sb:
Theo bat dang thicc AM-GM, b6 3 56, ta c6

N

£+£+£> 3X
Yy z X_3[xyz
14_14_12 3]/
Xy z Jxyz
E+£+£> 32
Xy 2_13/xyz

Cong v€ véi vé€ 3 bat dang thirc trén, ta co

x z z X
AT AN P
¥y z X X Yy z

3(x+y+2z)
Jxyz '
Satyrz) 32 2ty tz) , hay twong duong véi
Jxyz Jxyz
X+y+z
Jxyz
Thé nhung, day chinh la bat dang thixc AM-GM bd 3 s6.
Phép chting minh hoan tit. Ddu dang thitc xay ra khi va chikhi x=y =zl

Nhu vy, ta can phai chitng minh

> 3.

Vi du 3. Chting minh véi moi s6 thuc duong 4, b, ¢ thoa man abc =64 thi ta co

a2 +b+c° 24(a2+b2+c2).

Loi giai
Mot trong nhitng kinh nghiém hitu ich nhat khi chitng minh bat dang thirc, d6 1a ta tim cach dwa bat
dang thitc vé dang dong bac (thuin nhadt), khi d6 sé c6 nhiéu y tuéng chiing minh hon (hoéc cong viec

chting minh cta ta dé nhin ra hon). R rang v€ trai la mot biéu thire bac 3, v€ phai la mot biéu thire bac
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2 nén ta sé dura vé dong bac 3. Dy rang 4= Jfabc, nén ta dua bat dang thitc vé chiing minh vé dang
doéng bac sau
@’ +b° +c® > 3abe (az +b° +cz)
Mot kinh nghiém tiép theo, d6 1a khi chting minh bat dang thiic, néu c6 cin thi ta sé& tim cach pha can
dé viéc chitng minh duoc dé dang hon. O day c6 3abc nén ta nghi dén viéc duing bat dang thitc AM-
GM kiéu nhu sau d€ pha can:
33abe < (a+b+c)
T d9, ta dua bai toan vé chitng minh
3({13 +b° +c3) > (a+b+c)(a2 +b? +c2),
Tuwong dwong

2(a3 +b° +c3) > ab(a +b) + be(b + c) + ca(c + a).

Dén day né c6 dang gidng nhu Vi du 1y 1 da trinh bay & trén. Theo bat dang thitc AM-GM ta c6:
a’+a’+b° > 3a°b
a’+a’+c >3a’c
a’ +b° +b° > 3ab®
@’ +c” +c® > 3ac’
b’ +b° +c° > 3b%
b’ +c® +c® > 3bc?
Cong tirng v& ctia cac bat dang thiec trén ta dugc

2(cz3+b3 +c3)2ab(u+b)+bc(b+c)+ca(c+u)

Chitng minh hoan tat. Dang thtic xay ra khi va chikhi a=b=c=4. 1

Vi du 4. Cho cac s6 thuc duong a,b,c thoa man ab+bc+ca=1. Tim gia tri nhé nhat ctia biéu thic sau:

p_ Ja? +14b? +1 +\/b2+1\/c2+1 +\/c2+1\/a2+1
Je+1 Ja? +1 Jb?+1

Loi giai
Tiép tuc tw twdng vi du 3, 6 vi du 4 nay, ta sé dua bidu thirc P vé dang dong bac d& dé nghi huéng hon.
Thay 1=ab+bc+ca vao cac can thitc ¢ biéu thirc P, ta c6
A +1=(a+b)(c+a), b*+1=(a+b)(b+c), > +1=(b+c)(c+a)
Khi d6, biéu thitc P dwoc viét lai thanh:
P= (a+b)+(b+c)+(c+a)=2a+b+c)

Mat khac, theo bat déng thitc quen thudc thi: (a+b+ ¢)> > 3(ab+bc+ca)=3

Do d6 P >24/3. Diéng thiic xay ra khi va chikhi a=b=c zg.

Vay gid tri nho nhét caa P 1a 24/3. W
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B. Stk dung hing ding thiic: (a+b +c)2 =a’ +b*+c* +2(ab+bc+ca).

Bai 1: Cho 4, b, ¢ la cac s6 thuc duong thoa man a+b+c=1. Tim gia tri 16n nhat cua:
P=a’+b*+c* +2+/3abc

Loi giai
’ .7 . ’ A, . ’ o A7 M . ’ 1 \ o A7 ’
Du doan gia tri 16n nhat dat duoc tai cac bién bang nhau, khi d6 a =b=c=—. Thay vao biéu thic P, ta

duoc P bang 1. Vay ta sé tim cach chitng minh P = a” + b* + ¢* + 2+/3abc < 1.
Ta sé bat dang thitc vé dang dong bac dé thoang y tuéng hon

a* +b* +c*+2,[3abc(a+b+c) < (a+b+c)2.

Cht y rang (a +b+ c)2 =a’+b*+c*+ Z(ab +bc+ ca) nén bat dang thtic trén twong dwong
ab+bc+ca> \/W‘
Ap dung bat déng thiec phu (x +y+ 2)2 > S(xy +yz+ zx) Vx;y;z>0 ta duoc:
(ab +bc + ca)2 > 3(ab.bc +be.ca+ ca.ab) = 3abc(u +b+ c).
Vay bai toan duoc chitng minh xong.
Déng thtrc xay rakhi a=b=c :% nén gia tri lon nhatctaPlal. W
Nhdn xét: Bai toan sau khi duwa vé dong bac va sit dung hang dang thiic
(a+b+c)2 =a* +b* +c* +2(ab+bc +ca)

da gitip chung ta c6 cai nhin thoang hon rat nhiéu!
CON NUA....
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Bai toan. Cho x 1a s0 thue. Tim gia tri nho nhat cta
3(2x2 +2x+ l) 1 1
+ +
3 \/2x2+(3—\/§)x+3 \/2x2+(3+\/§)x+3

(Dé thi minh hoa - ki thi THPT Qudc gia nim 2015)

P:

Loi gigi
Bai toan nay la cau 10 trong Dé thi minh hoa ki thi THPT Qudc gia 2015 mén Toan. Loi giai ctia Bo giao
duc 1a mot 10i giai dwa vé hinh hoc rat hay. Chiing t6i xin giai bai nay bang dai s6 nhuw sau:

Trudc tién, ta sé du doan dang thikc xay ra khi nao. D& y rang, biéu thiicc P ¢6 s6 hang thit hai va thi

ba c6 dang 1 +% ,1am ta lién twdng dén bat dang thikc rat quen thudc & phd thong 1.1 .Tady
a a

a+b

doan 1la bai toan nay sé dung bat ding thiic d6, va khi d6 dau bang xay ra khi

\/2x2 +(3—\/§)x+3 = \/2x2 +(3+\/§)x+3 , terong duong x =0. Vi du doan d¢, ta c6 10i giai sau:

St dung bat dang thirc Cauchy — Schwarz, ta cd
1 1

Jo s (s B)es ot e(3vB)re3
2\/2x2+(3—\@)x+3i\/2x2+(3+«@)x+3
Fl +(3@)x+3j4+[2xz+(3+@)x+3]}

C3x23x43

(Ban doc hay thtr giai thich vi sao chung toi danh gia

2 )
J2x2 43243 3x2+3x+3

Ttr d6 ta cod
3(2x2+2x+1) 5
P> + =Q.
3 \/3x2+3x+3
Ta s& chting minh Q >+/3, ttic la chitng minh
3(2x% +2x+1
( )2 g
3 \/3x2+3x+3
hay,
(2x2+2x+1)+;23
\/x2+x+1
Dit3t=— 2 thitacd t>0 va 3= 2 4 4

B

3

< <
\/x2+x+1 1 2 3 \/g 3
X+—| +—
2 4
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2

Vat+x+1
4

Khi d6 ta can chiing minh bat dang thitc 1 bién t véi 0 <t <——

343

[ asa
ot

>0 nén bat ddng thitc can ching minh twong dwong

Mat khac, 3t =

:>x2+x=i2—1:>2x2+2x+1:2(i2—1j+1=i2—1.
ot ot ot

4 3J3-4

That vay, vi 3-3t>23-3-—==

343 3

(3t-2)" (6t +2-9¢)

8 2
2 _1>(3-3t >0.
9t2 ( ) < 9t2
Bat dang thitc nay luén ding vi
4 4 8310
6t +2-92>6t-9 ——t+2=(6-43)t+2>(6-43) —=42=N"" .
S5t 2oz (e-aB) 2 ==

Vay P>2Q > J3. Déng thitc xay ra khi va chi khi x =0 nén gia tri nho nhat cta P la J3.m

Bai 1: Chttng minh rﬁing voi moi x [0;1], ta ludn co:

l-x<e*<l-x+
2

Phan tich

Day la bat dang thiic kép. Mbi bat dang thitc 1a mdt ham khéc nhau. Va mdi ham d4 lai ¢ hinh thiic
don gian nén khong can ddt an phu. Nhu vay, sé la mot két thuic c6 hau.

Loi giai

+) Xét f(x)=e" +x-1 xéc dinh, lién tyc trén [0;1]. Ta 6

fl(x)=—e"+1= a :1 >0,Vxe(0;1)
e

Suy ra f(x) dong bién trén [0;1]. Ttr d6
f(x)= f(0)=0,vxe[0;1]
=e*21-x,Vxe[0;1] (1)
Déng thtic xay ra khi x =0.

2
+) Xét g(x) =1-x +x?— e * xac dinh va lién tuc trén [0;1]. Ta ¢o

g'(x) =—l+x+e " = f(x) Theo trén thi g'(x) = f(x) >0,Vxe (0;1) .
Suy ra: g(x) dong bién trén [0;1]. Tk d6
g(x) > g(O) =0,Vxe [0;1]
2
=e <l-x+ o vre[01] (2)

Déng thitc xay ra khi x = 0.

Tte (1) va (2) suy ra bai toan duoc giai quyét tron ven. W
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Bai 2: Chting minh rang khi x >0, ta c6:

1r1(1+\/1+xz)<lr1x+l

X

Phan tich
Bai khong c6 gi dac biét. Ta chi viéc xét ham va khao sat.

.....

Xét ham sO f(x)zln(lﬂllerz)—Inx—l trén (O;+oo) ta co

x
£(x)= 2x LIRS R R
2\/1+x2(1+\/1+x ) 1+ x?
:>f(x) dong bién trén (0;+oo). Ta co
(1+\/1+x2) 1
lim f(x)z lim In —lim —=0

X—>+00 X—>+00 X X+ X

Do d¢: f(x)<0,Vx>0.Vay

ln(1+\/1+x2)< lnx+l,Vx > 0.

X
Vay bai toan dwoc giai quyét. B

Bai 3: Chting minh rang khi x> 1, ta ludn c6:

x  xP-1 x2+1

Phdn tich
Nhw bai 1 thi day ciing la bat dang thikc kép. Ham s6 da phtic tap hon, tuy nhién véi phép bién dsi
nhan chéo thi ham sé don gian hon va khong can déi bién. Lai la mot két thiic c6 hau.
+) Xét f( ) =x> —2xlnx -1 trén (1;+oo) ta co:
f’(x) =2x-2Inx-2,
2 2(x 1)
p_2_Z\% 7
frlx)=2-7=—
Véi x>1= f"(x)>0= f(x) dong bién trén (L;+0)= f'(x)> f/(1) =0, Vx & (1;+).

= f(x) dong bién trén (1;+oo) = f(x) > f(l) =0, Vxe (1;+00)-

1 In(x?
:>;>%,‘v’x>l (1)

+) Xét g(x) = (xz +1)lnx—x2 +1 trén (1;+oo) ta co:

1

() 2x. lnx+(x +1);—2x 2x. lnx+;—x
2

g( ) 21nx+2—i—1 2Inx+> =

x? x’

Véix>1:>g”(x)>0:g( )d ong bién trén (1 +00):>g( )>g'(l)=0,Vxe(1;+00).

:>g( ) dong bién trén (1 +oo) ( ) ( ) 0,Vxe(1;+oo).
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In(x* 2
:g>m,Vx>l (2)

Tt (1) va (2) suy ra bai toan duoc giai quyét.

Nhin xét: Sau bai todn ta rat ra mot nhan xét quan trong sau: Khi chwa xac dinh dwgc diu cta f'(x) thi
ta phai xét f”(x) d€ suy ra mién gia tri ctia f'(x). Bai 4 duwdi day la mot vi du tiéu bi€u.

CON NUA...

LOVEBOOK.VN | 31



Trich doan Cong phd Bit ddng thiic — Phién ban 2.0 Your dreams — Our mission

Dang II: Cac bai toan lién quan t6i tham s6 m

Bai 1 (A-2008): Tim m dé phuwong trinh sau c6 dting hai nghiém phéan biét:

ox +2x +246—x +2J6—x =m

Loi giai
Diéu kién: 0<x<6.
Xét f(x) = %/Z-‘r\/g +236 —x +246 —x lién tuc trén [0;6]. Ta c6

(e L 1 1 1
i) 2‘\‘/(2x)3 Vax 2‘\‘/(6—x)3 Jo-x

ol 11 (1
f(x)—O 2‘\‘/(2x)3 %/(6—x)3 L\/Z \/6—xj

<:>l 1 1 1 N 1 1 N 1 1 1 1 N 1 ~0
2\ 42 4f(6-x) #(235)2 2x (6 -x) #(6_) Y2r 4f(6-x) || ¥2x  y(6-x)
- 1 1 1 1 1 1 1 N 1 _0

@}/(mx) 2{/(2x) "2 o) 2\/6 o o)

= 1 —0<:>2x:6—x©x:2

2x 1\1/(
£(0)= 2@ +246
Ta cb: < f ( )=6+3\/E . Lap bang bién thién cua f (x) trén [0;6], suy ra d€ phuong trinh c6 hai
f (6) =412 +4/12
nghiém phan biét thi: 24/6 + 246 <m <6+ 34/2.
Két luan: 246 +236 <m<6+3y2 thoa man dé bai.

Nhin xét: Ham da cho thay ro. Cai kho cta bai toan la giai f ’(x) =0. Sau bai toan nay, t6i muén dua

ra mét ki ndng hay 1a phan xa dau tién khi gap nhiing bai tap bién luan s6 nghiém ctia phuwong trinh
c6 chtra tham s0.

Ki ning c6 1ap tham s8: Khi phuong trinh & dang H (x ;m) =0 thi ta c6 cac budc sau:

e Dua phuong trinh vé dang f(x) = g(m) . Thong thuwong la: f(x) =m

e Khao sat ham f(x) trén tap ma dé bai da cho (gia st x [a;b]) .

o T r[mbnf( ) g(m) < r[luzj(f(x) suy ra tap gia tri cia m. Doi khi dé€ thoa man yéu cau bai toan

thi ta phai lap bang bién thién d€ thay rd, nhu bai 1 trén 1a mét vi du tiéu biéu (c6 hai nghiém).

e K&t luan.
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Bai 2: Tim m d€ phuong trinh sau ¢é nghiém: v2x+m -3 =x.

Phan tich
Day 1a mot bai toan dé. Tuy nhién néu ctt theo cach diéu kién x > % roi binh phuwong giai thi vé phan
sau, ban sé gap réc réi khi phai xét ham sd trén {—% ; +ooj .Bainay nhic nhé lai ban vé cach giai phuong
trinh vo ti.
Loi giai
Ta co:

V2x+m—-3=xV2x+m=x+3

2x+m=(x+3)2 m=x"+4x+9
& &
x+3>0 x=>-3

Xét f(x) =x*+4x+9 trén [—3;+oo) .Taco
f'(x)=2x+4:>f’(x)=0<:>x=—2.
Lap bang bién thién cho f(x) trén [—3; +oo) suy ra: m> min f(x) = f(—2) =5

X€|:73;+oo)
Két luan: m >5 thoa man dé bai.

Nhdn xét: Luu y ctia bai todn chinh la cach giai phuwong trinh dang 2} f (x) = g(x)

Ta cé: zm —g(v) e f(x)= (S(x))zk

g (x) 20
Khong chi dung lai ¢ bién ludn phuong trinh, trong hé phuong trinh, bat phuong trinh ciing ¢ nhitng
bai tap chira tham s6. Luu y khi giai vé bat phuwong trinh, ta c6:

f(x) >m c6 nghiém trén [a;b] S m< I[nlbr]lf(x)

f(x) <m C6 nghiém trén [a;b] oSm> r[nz;j(f(x)

3
Bai 3: Tim m d¢€ bat phuong trinh sau cé nghiém: x° —3x+5 < m(\/_ —x- 1)

Loi giai
CON NUA...
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PHAN IIl: BAT DPANG THUC VOI HAI BIEN SO
Bat dang thitc hai hay nhiéu bién s& gan day xudt hién thuong xuyén trong dé thi dai hoc. Va vé

bét dang thiic hai bién sé 1a rat don gian khi ban hoc t8t nhitng phan khac ctia toan.

Kinh nghiém khi gip bat dang thitc hai bién s8 1a gi? Khong phai chi véi hai bién s8 thdi dau, ba
bién cting vay. Ludn c6 hai muc tiéu chinh: Hodc la 1am gidm vé mot bién roi dung dao ham, hoac sw
dung céc loai bat dang thiic € danh gid dong thoi chting. Néi thi don gian nhung thuc hién thi khong
hé dé. Mot bai toan ludn cé nhiéu phwong phap giai, nhung ban da tu dat cau hoi tai sao nguoi ta hinh
thanh ra nhitng phwong phap d6 chua? Thi véi bat dang thitc hai bién, dai da s& 1a dwgc hinh thanh tir

cach giai hé phuong trinh hai dn s6? Vi sao vay? Ching ta cung tim hiéu chiing xem sao nhé!
$1: PHUONG PHAP THE VE MOT BIEN

Tu twdng chung: T diéu kién bai toan rat mot bién theo bién kia, tim tap xac dinh cta bién va roi xét

ham s6 trén tap xac dinh do.

Bai 1: Cho x,y € R thoa man: y <5, x?—5x= y+1. Tim gid tri nho nhat, 16n nhét cua:

P:(x+y)(x+4).

Phin tich
x> —5x=y+1

(x . y)(x s 4) . sé giai nhu thé nao,

Trudc khi giai bai nay, ta chwa nghi gi voi. Ta thir dat cau hoi hé {
thi thdy ngay phuong trinh trén c6 bac ctia y la 1 nén c6 thé rat y theo x . Ttic la phuong phép thé.
Loi giai

Ttr gia thiét ta suy ra: x> -5x—6=y-5< O<:>(x+1)(x—6)§0<:> -1<x<6.

Ngoaira: P= (x +x° —5x —1)(x + 4) = f(x)

V6i f(x)=x"-17x-1, -1<x<6.Tacd

f’(x)=3x2 —17;f’(x)=0<:>x=ir\/g.

Lap bang bién thién cho f (x) trén [—1;6] ta thay

f(x)ZfH%:%
f(x)<f(6)=113

Ta co

P =113 khi x =6, y =5 nén gia tri 16n nhat cua P 1a 113.
9-34451 .. /51 144551
== khi x = 3

4

—9—3;4\/571. =

p nén gia tri nho nhat cta P la
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Bai2: Cho x+2y=2, x,y e [—1;1] . Tim gia tri nho nhéat, 16n nhat cta P = x4 Xy + y2

Loi giai

Ta co x=2—2y,xe[—1;1}:>ye[%;%}.Mé ye[—l;l]:ye[%;l}. Ta co
P=(2—2y)2+(2—2y)y+y2=f(y).

Véi f(y):3y2—6y+4,%SyS1.Tacé

f’(y)=6y—6 :>f'(y)=0<:>y:1.
Lap bang bién thién cho f(y) trén {% ;1} ta co

Khi x=0, y=1thi P =1 nén gia tri nho nhat cua P la 1.

Khi x=1,y=% thi PZ% nén gia tri lon nhat cta P 1a % [

4 2 ~ 4 3 .7 . ’ Y .7 . 2 Y ?
Bai 3. Cho x, y 1a cac sO thiec théoa man xy—-x=y,y € {5 ,%} Tim gid tri l1on nhat, gia tri nhé nhat cua

P= (x+y)(3x—35).

Loi giai
Chung ta van st dung tu twong rat mot bién theo bién con lai.

Ttr gia thiét ta suy ra duoc

3<x<4

3x% —35x2
P-s)- 2

Ta co
2x(x-5)(3x-7)

(x-1)
368
Do dé, f(x) nghich bién trén [3:4] nén 17 (x)2F(4)=—3~

f(x)sf(3)=—117.

Khi x=4,y = %th‘l p- i;S nén gié trj nhé nhat cia P 1a 2 |

= f'(x)<0,vxe(3;4).

()=

Khi x=3,y =% thi P =-117 nén gid tri l6n nhdt caa Pla -117. W
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Bai 4 : Cho x, y 1a cac s thyee thda man 3(xy +x —1) =2y,y< _2—201, x < % Tim gia tri 16n nhat, nho nhat
cua biéu thic

3/
P=M+2(6—5x)\/6—5x

y+1

Phan tich

Dai luong y trong biéu thitc P xudt hién it hon nén ta nén rat y theo x.

Loi giai

— 6 .
D1euk1eny¢—1,x£§. Ta co 3(xy+x—1):2y<:>3x(y+1):2(y+1)<:>y+1:3x_2.

Ma y< 2l o 6<x<2, mitkhic xS+ —6<x<
20 3 3

QW=

Thay vao biéu thixc P ta cé:
P =3(3x-2)33x-2-16(3x—2)+2(6—5x)6 - 5x
P=f(x)=3(3x—2)33x -2 +2(6—5x)v6—5x — 48x +32.

Véimoi x e [—6;%) ta co

f'(x)=123/3x -2 +18v6 - 5x - 48

Ta co
f'(x)=02Y3x-2+3V6-5x-8=0
& 2(x-2+2)+3(Vo-5x-4)=0
ey 32(x+2) 3 —5(x+2) o
(V3r-2) ~2¥x-2+4 V6-5x+4
< 3(x+2) . 2 2 =0
(Vox-2) ~23x-2+4 V651 +4
Vi —6Sx31:> 2 <2 > >

S=<—<—.
3 (Px2) —2¥ar24a 7 12 Vo-Srd
Do do f’(x)=0<:>x=—2. Lap bang bién thién cho f(x) trén {—6;l}ta co

f(x)= f(%} =19+ 26*9/5
£(x)< f(-6)=752+60320

(€3]

nén gia tri nho nhat cia P la 19+

26+/39 26+/39
9 9

Khi x=%,y=—2 thi P=19+

Khi x=—6,y = —% thi P = 752 + 603/20 nén gié tri 16n nhat caa P 1a 752 +603/20.

Nhdn xét: Bai toan 4 nay la moét bai kha hay. Hay luén canh giac tap gia tri ciia x;y trwedc khi xét ham

6. N6 nhac nhé ta cach giai phwong trinh vo ty.
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Ngoai cach giai trén, ta c6 thé dit J3x -2 =a, V6 -5x =b 16i dua vé hé phuong trinh va giai. Dong

thoi né cling nhac nho vé dao ham cua cac ham phiic hop.

Téng quét cho phurong trinh trén: k¥ax +b + h¥cx+d =e.

" kuthv=e
Yax+b=u Ta 6 ha

.Tacohe {,n m
, *Yu'-b 0" -d
Nex+d =v -
Gidihé u,v. Timra x roi thi lai.

CON NUA....

=0

Phuong phap giai: Dat {

a c
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PHAN IV: BAT PANG THUC BA BIEN
$1: PHUONG PHAP DANH GIA TOAN PHAN

Phuong phap nay la d€ giai cho mot 16p bai toan c6 dang nhu sau:
1. Gia thiét cho: f(a)+ f(b)+ f(c)=3m
2. Yéu cau chitng minh: g(a) + g(b) + g(c) > 3a.

Tw twong chung ctia phuong phap nay:
1. Du doan ddu “=" xay rakhi: a=b=c=t.

2. Xétham so:
H(x)zg(x)—k(f(x)—m)+a.

SO k la sd nao? Muc dich ctia xét ham s6 H (x) 1a gi? Thi chting ta bat dau tim hiéu qua nhitng bai toan

sau:
Bai 1: Cho 4, b, ¢ la cac s0 thuc duong thoa man a+b+c=1. Tim gia tri nho nhat cta:
p=—1" -+ b >+ ¢ >
(1-a)" (1-b)" (1-¢)
Phin tich va loi giai
Ta du doan ddu bang xay rakhi a=b=c= %
Nhuw vay voi tu twong nay ta can tim s6 k dé:
1
TSRV SRARVETS
(1-a) 3 ( 1) 3) 4
1-+
3

Dé& tim k ta c6 mot suy nghi don gian 1a bién ddi twong duwong bat dang thiec (*) :

(=t

(*)@(u—lJ 30-1) s

3)\ 4(1-a)

Khi phan tich tiép ta ¢ tu twdng chon k d€ biéu thiic trong ngodc don chita k sé phan tich duwoc mot

2
thira s0 (u —%j nita. Khi do6, no sé tia nhu c6 dang m(a —gj >0.

)

_2
-

Dbén day, ta chi viéc thtr lai (*) voi k = 5
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racs (oo 22 a-2)u (a1 200 9o o 1Y 202D,

(1-a) 20 3) 4 3)| 4(1-a)" 2 3) 4(1-a)

Luu y rang
a, b, c>0,a+b+c=1:>u<1<%.

Do d6, bat dang thitc (*) dting. Nhu vay ta sé& c6 ba bat dang thirc sau:

a 9 1) 3
S2-|a-— [+
(1—a) 2 3) 4
b 22% b—l +%
(1-0)
e »2fc1),2
(1-¢)

Cong v€ v6i vé cac bat dang thic trén, ta thu duoc

Pzg(a+b+c—1)+

W~ | o

2
4

Déng thtrc xay rakhi a=b=c = l Vay gia tri nho nhat cta P la % n

W

Bai 2: Cho 4, b, ¢ 1a cac s0 thuc duwong thoa man A +b*+c*=1.Tim gia tri nho nhat cua:

P=1+1+1—a—b—c
a b c

Phan tich

. 1
“="tair a=b=c=—F

V3

Do d6, van theo tuw twdng trén ta phai tim s§ k dé:

%—uzk(az—%j—%+\/§(*)

Du doan dau

Khong khéc gi tu teong trén 1am.Ta c8 gang chon k d& né c6 dang: m[a -

)
ol g
o Sl

= k= —2\/5
Loi giai
Ta bat dau quay lai:

(*)Q%_az_zﬁ(az_gj_%m

c{a—%){—%—lﬂﬁ(m%nzo
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2
ela-—=|[2/3+2]20
7 p
Bat dang thitc cudi cing dting nén (*) dung. Do d6, ta c6 ba bat dang thikc sau:

1 , 1) 1
gz 23| P2 |- ——+4/3
. a a 3 3+

1 1) 1
Z—b>-23| b* —= |-—=++/3
b V3| v -3 \@N_

1 , 1) 1
>3] P —2 |——=+43
; c c 3 ,_3+

Tt do ta cd

P2—2x/§(a2+b2+c2—1)—i+3x/§=2x/§
J3

Déng thitc xay ra khi a:b:c:L. u

7

Bai 3: (Trung Qudc): Cho a, b, ¢ 1a cac s6 thyc khong am thoa man a+b+c=1.

Chting minh rang;

10(a3+b3+c3)—9(a5+b5+c5)21

Loi giai

Theo 161 phan tich cq, ta tim k dé:
3 5
10° -9 > k| a-L |+10 L] —o L] —k[a-L +1(*)
3 3 3 3) 3
& a—l 10 612+1a+l -9 a4+la3+laz+ia+i -k|>20
3 3 9 3 9 27 81

Bat dau quay lai:

(*)@10a3—9a52§ a-1]+d
ol 3) 3

2
PGS P (—27a3—18a2+21a+16)20
317 3

Bai nay kha kho vi ta chua thé xac dinh dwoc dau trong ngoac don.
Xét f(x)=-27x>-18x"+21x+16,x €[ 0;1]. Ta c6
f'(x)=-81x* —36x +21.
7 1
x)=0ox=-—;x==
f(x) 3%=3

Luu y ta chi xét trén doan [0;1] nén ta cé:

o f(x) dong bién trén {0;%}

, 1
J hich bién trén | —;1|.
f(x) nghich bién trén [3 }
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~ 1 2 2
Dé thay: f(0)=16, f| = [=20, f| = |=14 nén:f(x)>0,V 0;=|.

e thay f() f[?)] f(3] nén (x) xe( 3J
Nhu vay ta co cac treong hop sau:

e Néu g, b, ce(O;%} ta co:

10a3—9a52§ u—l +l
9 3) 3

10b3—9b5z§ b—l +l
9 3) 3

10¢® —9¢° 22—5 c—l +1
9 3

Tt do ta b

Pzé(a+b+c—1)+1:1
9
2 s . 1
Dang thirc xay ra khi a=b=c:§.

e Neéu ton tai mot trong ba s6 4, b, ¢ 16n hon % Giast: ¢ 2 %
Khi d9, ta xét ham: f(x) =10x° —9x° trén [0;1] .
£(x) = 302" ~45x* = 151> (2-3x°)

Lap bang bién thién ta thu duoc:

. f(x) dong bién trén doan |:O;\/%].
. f(x) nghich bién trén doan {\/%;1},

Tacé f(0)=0, f(%) :%, £(1)=1 néntacé

f(a)20,f(b)=0,f(c)21=P=f(a)+ f(b)+ f(c)=1.
Nhu vay ca hai truong hgp trén ta déu thu duoc két luan bai toan.
111

Dang thitc xay ra khi (a;b;c) S {g,g,gj;(o;o;l)}. [ |

Nhan xét: Phuong phap nay khong hé manh nhung lai 6 nhiéu hitu ich. Do dé thuc hién nén day cé
thé nén la huéng nghi dau tién cho mot bai toan thudc 16p bai trén. Ta hay chua y t6i s6 k. Cach tim
trong cau ba da c6 vé phtec tap hon va sé khong thiec hién dwoc voi ham khong dang da thie (tiee la vi

du c6 chita ham sin, cos, log,....). Vi du ¢ bai todn sau:

Bai 4: Cho a4, b, ¢ 1a cac s6 thuc duong thda man abc = 1. Chting minh rang

a2+b2+cz+9(ab+bc+ca)210(a+b+c)

Phin tich va loi giai
Nhan xét rang chi bang mdt bién ddi nho ta sé lam téch bién don gian nhu sau:

a* +b%+c* +9(ab+bc+ca)210(a+b+c)
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<:>a2+b2+c2+9[1+1+1j210(a+b+c)
a b ¢

Cau hai tiép theo la tach bién & gia thiét nhw thé nao? Chac chan réi, mot diéu ban nén nhé. Khi & dang
tich thi ta 14y logarit sé€ dua duoc vé dang tong, tic la ta co:
abc=1=Ina+Inb+Inc=0.

D&u “=" xay ra khi: a=b=c=1 nén theo tu tudng trén ta di tim s6 k dé:
a’ +2—10a > k.(lna) +17 —2+1O.1 =k.Ina (*)
a 1
Khong con theo nhw cii, ta khong thé phan tich thanh nhan tit. Tuy nhién véi lueu y rang: (*) dung va
ddu “=” khi a=1 thi ham s6 dat cuc tiéu tai d6. Tam thoi hi€éu nhw vay thi ham so:
f(x)=x +2 10x—kInx
x
phai c6 f'(1)=0.Taco

, 9 k
f(x)=2x-=-10-=
X X

f(1)=0e=k=-17

Quay lai bai toan, xét ham s6 f(x) —x2+2 _10x+17Inxta 6

X
, 9 17 (x-1)(2x*-8x+9
f(X)sz—F—lo'F?: ( x2 )
f’(x)=0<:>x=1

Lap bang bién thién ta thay:
_ 2 2_ _ *
f(x)zf(l)—0:>x +x 10x > 17.lnx( )
Tt (*) ta c6 ba bat dang thtrc sau:

a? +2—10a >-17.Ina
a

b2+%—10b2—17.lnb

c2+2—10cz—17.1nc

c
Tt d6 ta cd
a2+b2+c2+(2+2+2j—10(a+b+c)2—17.ln(abc):0
a b ¢

Vay bai toan duoc chitng minh xong. Dang thtec xay ra khi: a=b=c=1. 1
CONNUA...
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PHAN VIIL: BAT PANG THUC CHON LOC
$1: CHIA SE KINH NGHIEM TU MOT BAI TOAN “CU”

Phén nay toi sé xoay quanh mot bai toan tir d6 tong hop mot so kién thirc quan trong cho cac ban !

Bai toan 1: Cho x>z >y > 0. Tim gid tri nho nhat cta:

p_ x’z—xyz L Xyz+x  2xyz+z
Bxyz+x+z x’z+z+xyz Xz+x

“Chém gio":

Khi gap bai toan nay, ban doc ¢6 hudng suy nghi gi? D6 chinh la diéu tdi mudn ban biét. Khi gap
mot bai toan bat dang thirc, ditng 6 hoang sg, c6 gang vach ra nhitng huéng ma minh c6 thé di theo.
Ding c6 nhap hay suy nghi vién vong khi ma ban than chwa biét minh dang lam gi.

Vi bai toan 1, toi thay ngay mot y tudng dau tién: dung dao ham cho tirng bién, boi 1€ cac bién x,
y, zkhong rang budc vao nhau boi mot dang thizc nao dé. Tuy nhién, né lai qua phtic tap cho viéc xét
d4u cua dao ham.

Vay ta c6 nén di theo hudng doé, hay ndi cach khéc, ta phai lam gi bay gio? Chwa biét phai lam gi,
nhung tdi xin dwa ra mot “form” chung cho cac bai todn bat dang thirc nhu sau:

1. Pocki dé, mac ndi gia thiét va két luan véi nhau.

2. Thit du doan dau bang xay ra.

3. Lua chon phuwong phap theo trinh tu:

1. Cong cu manh:

e Phuong phap don bién.

e Phuong phap phan tich binh phuwong.
e BAt dang thirc Schur.

2. Bat dang thitc 6 dién:

e Bat dang thirc Cauchy

e Bat dang thirc Cauchy-Schwarz

e Bt dang thirc Holder

e Bat dang thirc Jensen

* ...

3. Ph&i hop cac ki ning: Tach, ghép, ddi bién, bat dang thitc phuy, ...

Day la “form” chung danh cho da s8 cac bai toan, né chi nam trong suy nghi ctia toi. Diéu ma toi
nhan manh ¢ day: da s6 chit khong phai 1a tat ca.

Vi du nhw & buéce hai, du dodn d&u bang, rdt nhiéu nguoi néi rang: dy doan duge ddu bang c6 thé
coi nhu gidi quyét dugc 50% bai toan. Diéu d6 khong han 1a sai nhung van chwa du: Trude khi dw
dodn, ta can dat cau hoi: Du doan dau b:?mg dé lam gi (muc dich); du doén liéu c6 dung khong (tinh
dung sai), nhiing bai todn nao nén du dodan (d6i twong). D€ tra 101 nhitng cau hoi nay, toi sé dwa ra mot
s0 chi tiéu sau:

- Mot la: Chi nén du doan nhitng bai ¢ hinh thirc don gian, d€ muc tiéu khong bi ton qua nhiéu vao
viéc du doan. Vi nhu bai toan 1 trén chic cha ai lao dau vao viéc tim ddu bang xay ra. Nhu vay,
can nhan manh muc tiéu mot: nén dw doan diu bang hay khong?

- Hai la: Theo kinh nghiém t6i thdy, hau hét cac bai toan c6 ddu bing xay ra khi:

e Hojc la mot bién tai bién. (nam & gia thiét).

e Hojc 12 hai bién biang nhau.
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Khi thay nhu vay, ta chi con mot bién, va diing dao ham d& tim ra ddu bang dé dang hon! Nhung

¢ day ciing khong phai la tt ca.

- Bala: Dy doan ddu bang dé 1am gi? (muc tiéu). Thi khi ban danh gia, & tig bat dang thitc trong
bai, sau khi viét, ban phai kiém tra n6 c6 xay ra ddu bang hay khong? Vi du nhuie ddu bang xay ra
khi mot trong ba bién x, y, z bang 0 ma ban lai xuat hién dénh gid xyz > 0 trong bat dang thic thi
chac chén rang ban lam kiéu gi di chang nita thi 1i giai sé van sai. Kinh nghiém nay ban sé thay ro
& phuong phép can bang hé sg.

O budc ba, cai “form”ctia toi 1a: tit cdng cu manh dén cong cu yéu. Tai sao toi lai nghi thé? Pon
gian la ta phai x4c dinh muc tiéu cta ta: gidi quyét bai toan chit khong phai tim ra 10i giai bai toan .
Hai diéu nay khac nhau nhu thé nao? Y ma t6i mudn ban hiéu la:

+ Giai quyét bai toan: 1a tim ra két qua bai toan, tim ra cach chirng minh két ludn nhung phai di
theo dting ban chat . Tt 13, dit cach giai dai hay ngan thi n6 ciing phai di ding suy luan logic.

+ Tim ra 10i giai bai toan: dinh nghia nay bao trum giai quyét bai toan, tirc 1a ta phai tim ra loi giai
hay, dep mit, nhiéu khi khong theo mét suy luan logic nao ca.

Chac chan rang, tim ra 1i giai sé phtic tap hon giai quyét bai toan. Trong ki thi tuyén sinh dai hoc,
thit ma chiing ta can la “giai quyét bai todn”. Néu ban nam r6 goc gac van dé thi chi can suy luin thong
thuwong dé tim ra giai dap.

Tuy nhién, & budc ba nay, dau ct phai theo “form”, vi du nhw ho cho bat dang thikc hai bién d6i
xtng thi cha ai “ngu” gi ma nghi t6i ki thuat don bién, ... Diéu ma t6i mudn nhic nhé: ditng quéa quy
tic, hiy cang linh hoat cang tét.

Véi mot ddng cong cu, ta can chon cong cu nao cho hop 1y????

Quay lai bai toan 1, ban c6 y tuwong gi chwa? Day la mot bai toan “ci”. Vi sao toi ndi vay? Toi da ting

ndi khong dudi mot [an: Toan hoc khong don thuin 1a cong thirc, ma con 1a sy tinh t& va liéu linh.

Ta co

p_ xX’z—xyz L XyzHx  2xyz+z
B3xyz+x+z xX’z+z+xyz Xz+x

Xz +1 zx| 2 +l
xz(x—y) N Y z N Y X
B3xyz+x+z x’z+z+xyz = X'z+x

ey (o) [

3 +1+1 x+1+ x+1
Y X z x Y z

a=x-y

bat b=y+1 :>a,b,c>0.(*)
z

c=2y+l
X

Khi d9, bai toan 1 trd thanh:

Bai toan 2: Cho a,b,c > 0. Tim gia tri nho nhat caa:

a b c

P=
b+c c+a a+b
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Qua quen thudc ! Nhung lam sao c6 phép bién ddi (*)? D6 chinh la nho vao gia thiét x>z>y >0, su
xuat hién nhiéu lan ctia tich xyz cung véi su can dam, nhay cam.

Sau khi d4t va dua bai toan nay vé dang ddi xting gifta cac bién a, b, ¢ ta thdy rang, nguoi ra dé da lam
mat di vé dep ctia bai toan bang mot phép thé rat chudi! Diéu nay rat khong nén lam!

Quay tro lai bai toan 2, khi nhin qua ai cting c6 10i gidi nhu sau:

Loi giai 1: Ap dung bt déng thitc Cauchy-Schwarz dang phan sd:

a? B> 2 N (a+b+c)2

= + =+ Z
ab+ac bc+ba ca+ch 2(ub+bc+ca)

Ap dung bt dang thiic phu: (a +b +C)2 > 3(ab +bc+ ca)

Ta co
2
ps (a+b+c) 2?)(aberc+ca):§
2(ab+bc+ca) 2(ab+bc+ca) 2
7 1 Zyzx_l y:l_l
Dang thitc xay rakhi: a=b=c o x-y=y+—=2y+— < SRS z X
A U U D O -
z X z z X

Cé thé 13y vi du thoa man dé x:2,y:%,z:1.

Cac ban da bi “nhiém do6c” bang 1oi giai trén ma khong suy nghi gi. Tai sao ta c6 10i giai nay. Viné
qué quen thudc, xuat hién qua nhiéu 1an? Thé nhung, t6i khiang dinh rang: Ching ta néu di theo 10
giai trén thi chua giai quyét duoc bai toan. (xem lai khai niém giai quyét ma t6i dat ra nhé). Ban chat
10i giai bai todn chura dwoc hé mé. Hay quay lai cai “form” va suy ngam.

Diéu dau tién ma t6i thay, chac chan rang cac bién a, b, ¢ khong phu thudc vao nhau, nén huéng
nghi dao ham theo bién la khéng thé bo qua !

Loi giai 2: Gia st a>b>¢>0. Ta xét:

B L\ a b c
P_f(a'blc)_b+c+c+u+a+b
TP T b .
= I e T (arb)
= fabe)z 2 C g

b+c (c+b)2 (c+b)2
Suy ra: f(a;b;c) dong bién trén [ b;+w)
b b c 2b

:PZg(b;C):b+c+c+b+b+b:c+b+%
2x 1 b
:PZf(x):1+x+Z’x2221
Xét ham so f(x) trén [1;+oo) co:
2 1
"x)= -——2>0,Vx>1
f( ) (1+x)2 2x2

Do d¢, ta thu duoc:
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P> f(x)2 £(1)=2

Bai toan c6 cac bién dc 1ap v6i nhau ta ¢ thé nghi t6i phwong phap st dung dao ham d€ lam giam

bién so.

Tiép tuc theo hudng giam bién so, ta c6 modt phwong phép radt manh:

Loi giaiszaat:tzb—;c
Xét hiéu:
M:b+c_2t: bt V[t ¢

c+a a+b a+t c+a t+a t+a b+a
(b—c)t 1 1 t(b—c)2
" g+t \c+a b+a _(a+t)(a+b)(a+c)
>0.

Tt d6 ta cd b + € > 2t .Do dé

c+a a+b a+t
a b c a 2t a 2t
= + + > + =—+
b+c c+a a+b b+c a+t 2t a+t

=23t e
Xét ham s8 f(x) trén (0;+0) co: f’(x)zé_( 2 )2
x+1

= f(x)=0ex=1
Lap bang bién thién ta thu duoc:
3
Loi giai ca hai cach kha ro rang. Cach ba chinh la st dung tw tudng don bién:

b+c b+c
Buworc 1: ;b;c) = ———
f(a c) f(a > > j

. . A ~ o a
Bwdrc 2: Cung bac g, t nén dat x =?

Bwdre 3: Khdo sat ham f(x)

Khé quen thudc khi t6i néi 16 ra nhu vay. Nhitng bai todn nao nén nghi qua phwong phap nay:

Bai toan ba bién, ddi xing, hinh thirc don gian, c6 thé nghi t6i phwong phap don bién.

Ngoai hai huéng di trén (muc tiéu dua vé mot bién) thi hudng thit hai danh gia dong thoi c6 rat nhiéu
huéng di. Khi d6i xting, ta c6 mot 1oi giai:
Loi giai 4:
Xét hiéu:
3 a N b c 3

_—— = + I
2 b+c c+a a+b 2
1({2a-b-c 2b—-c—a 2c-a-b
=— + +
2 b+c c+a a+b
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Suy ra
I R e M) el L0 e
ey e ()
(a+c)(b+e) (o+a)(cra) (c+0)(a+)
Do do =t
ps2
2

Loi giai khd don gian va ngan gon, dua trén tu twdng phan tich binh phuong SOS.

Bai toan d6i xttng, dic biét dang phan thitc, c6 ddu bang tai cac bién bang nhau c6 mot huwéng nghi

1a st dung phwong phap phan tich binh phwong SOS.

Khi cac bién & dang ddi xing, ta van con mot huéng suy nghi cii:
Loi giai 5:
bat p=a+b+c, g=ab+bc+ca, r=abc

a b c

“bic c+a a+b
a(a+b)(a+c)+b(b+c)(b+a)+c(c+a)(c+b)

(a+b)(b+c)(c+a)
p3 —2pg+3r
pg-r

P

Taco

P2%©9727pq—2p3
Theo bat dang thirc Schur bac ba ta co:

9r > dpg—p°
Lai cé:
dpg-p’ >7pq-2p° < p° 23q®(a+b+c)2 23(ab+bc+cu)

Do d96, ta co:

9r > 4dpg—p° >7pq-2p°

:>P2§
2

Bai toan ddi xing ba bién, c6 hudng nghi ddi bién d€ dung bat ding thitc Schur.

Khi hoc vé phuong phap danh gia toan phan, t6i c6 dua ra mot vi dy, ta thir 4p dung xem cho bai nay
dwoc khong?
Tim sO k d€ co:
a_ g 3.4"
b+c  2(a" +b* +c")

Ta tim duoc k :%.
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Do d6, ta c6 10i giai 6 :
3

a 3.a2 .
b+c (3 3 3 ( )
2[512 +b? +C2J
5 3 3 3 3

(*) & 2.2 +2ab? +2a.c? >3a2.b+3a2.c

Dén day, don thuan la ap dung bat dang thitc Cauchy:

5 3 3 3
a’?+ab? +ab?>3.a%b
5 3 3 3

a% +a.c? +a.c? >3.a2.c
(*) dung. Ap dung thém hai Ian nita r6i dem cong ba bat dang thitc lai ta thu duoc:
p>>
2
Quay sang mot goc nhin hoan toan khac véi sy doc 1ap, tinh d8i xitng ta con thdy bat dang thiic trén

la bat dang thitc ciing bac. Vi vy ta c6 thé gia st: a+b+c=3.

Bai toan c6 dang;: f(a;b;c) >0 f(ka; kb;kc) > 0 ta c6 thé gia sir mot dai luong thich hep khong déi.

Khi d¢, bai toan 2 tré thanh:
Cho a,b,¢>0,a+b+c=3. Tim gia tri nho nhat caa:

a b c
= + +
3-a 3-b 3-c
C6 bao nhiéu 16i giai cho hiedng bai tap nay. Chac chan r6i, sé ¢ it nhat hai hwdng di:

Loi giai 7: Ta chitng minh:

3. 1,
Vxe(0;3):>3fxzzx—z( )
That vay ta co:
(") 4x>(3x-1)(3-x) & dx > 32 +10x -3 = 3(x-1) 20

Ap dung (*) ta c6:

a Zga_l
3-a 4 4
Lz—b—l :>P2—(a+b+c)—§:g 3—3:E
3-b 4 4 4 4 2
¢ ZEC__
3-¢c 4 4

Sy xuat hién cda s6 % chac ban d3 hiéu. Day chinh Ia phuong phap danh gia toan phan ma ching téi tirng dé

~

cap.
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Bai toan c6 g(a)+g(b)+g(c)=0, va can chimg minh: f(a)+f(b)+f(c)20 ta c6 thé tim k dé:
f(a) > kg(a).

Loi gidi 8:

X

Xét ham s6f(x): 3 ,xe(0;3)ta co

—-X

(x)=—2 "(x)=—O >0, vxe(0:3).
)= = )= 2009

Do d6, theo bat déng thiic Jensen ta co:

P=f(a)+f(b)+f(c)23.f(a+b+cj=3.f(1)=%

3

Bai toan c6 tong hodc tich a, b, c va c6 f(a)+f(b)+£(c), ta c6 thé nghi t6i bt ding thirc Jensen.

Bai toan 1 quy vé bai toan 2. Bai toan 2 lai ¢ nhiing 7, 8 10i giai véi nhiing tw twdéng khac nhau hoan
toan. Moi tu twong 1a sw dtc két mot cong cu, phwong phap. Chiing ta chi cAn quan sét tinh t&, suy luan
theo 16i mon, réi sé dan téi dich. Mdi dong khung trén 1a mot luu y ma ban doc can dé'y, ciing chinh la
on lai moét s6 dang toan ma ta da duoc hoc trong cac chwong trude dé. Va day, tiép toi la 132 bai toan

khién ban c6 cai nhin khéc vé bat dang thic.
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$2: 132 BAI TOAN TUYEN CHON VA PHAN TiCH GIAI
132 bai toan nay la su lua chon rat ki cang. O day, c6 kha nhiéu bai vuot xa véi chwong trinh 6n thi

dai hoc va cling khong it bai sat véi dé thi. Ching t6i chwa can cac ban lam dwoc nhitng bai tap ¢ day.
Ma mong mudn don gian ctia chiing t6i 1a ban doc, hiéu 16i tu duy va tir d6 ¢d nhing ap dung tinh t&

theo tu duy logic ctia ban than minh vao nhitng bai tap khac.

Bai 1: (Iran-2008) Cho x,y,z>0,x+y +z = 3. Chtitng minh rf“mg:

3 3 3
x y z 1 2
+ + 2—+—(xy+yz+zx
y’+8 z°+8 x*+8 9 27(y Y )

Phén tich va hudng dan
Déng thtrc du dodn 1a x = y = z=1. Luu y hang dang thtic:
a’+8 :(a+2)(a2 —2a+4), (a+b+c)2 =a*+b*+¢? +2(ab+bc+ca)
Do bac trén tir ctia vé& trai bang 3, goi y 4p dung bat dang thikce AM-GM cho ba s6:
7
b’ +8

+u(a+2)+v(a2—2a+4)23§/%.a

Chon u;v d€ cod déng thitctai a=b=1 thi: u:v:2—17. Do d6 ta co:
3 2

3:)c Jr_1/+2+y 2y +4
y'+8 27 27

v oz+2 Z2-2z+4
+ +

22+8 27 27

z° x+2 x*-2x+4
+ +

P+8 27 27

I\

vV I\
Win @R e

Cong vé€ vai v€ cac bat déng thitc trén ta thu duoc:

X3 ) ;3 (10(x+y+z)—(x2+y2+22)—18) 12_(x2+y2+22)
> =
y3+8+z3+8+x3+8_ 27 27

2
3+(x+y+z) - x2+y2+z2 1 2
= ( )27( ):§+§(xy+yz+zx)

Vay bai todn duwoc giai quyét. B

Bai 2: Cho x,y,z>0, x+y+z=1. Tim gia tri 16n nhat cua:

l?zx4(y+z)+y4(x+z)+z4(x+y)

Phén tich va huéng dan
Biéu thitc cua P la d6i xting gitta x;y;z va la dang da thirc nén ta hoan toan biéu thi ching duoc vé

dai luong:
x+y+z=1 2
v pcaciryra) 1
Xy+yz+zx=a= 3 3 =>0<9%<a<l.
xyz=>b 0<3b=3(x+y+z)ryz<a’

Khi d6, P chi con hai bién a;b va c6 thé sé don gian hon:
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P=x’(xy+xz)+y’ (yz+yx)+ 2 (zx +zy)
= (x3 +y° +Z3)(xy+yZ+ZX)—XyZ(X2 +y? +z2)
=(1-3a+3b)a-b(1-2a)
Tlrdésuyra P=f(a;b)=a—3u2+5ab—b.
Bién b xudt hién it hon nén xét: £, (a;b)=5a—1 c6 hai truong hop can xét:
e Néu aS%:P:f(a;b)S f(a;0)=a—3a* = a(1-3a)
Dén day ta c6 thé diing khao sat ham hogc can bang bat dang thitc Cauchy:

2
Psa(1—3a)=1.3a(1—3a)sl 3a+1-3a) 1
3 3l 2 12

x4y+z=1 x+y+z=1

4

Déng thtic xay rakhi { 3a=1-3a < xy+yz+zx=%<:>(x;y;z)= ) ¢

b=0

[3+\B 3—\/5,()}
xyz=0

e Néu a>l:P:f(a;b)Sf s :61—3512+§az—2:301(4—11[1)<iv1<asl
5 9 9 9 9 12 5

=
3+43 3—@,()}

7

N 1
Vay maxP:EQ(x;y;z):( P 6

Bai 3: (Trung Qudc-2008) Cho a,b,c >0, a+b+c =1. Chiing minh rang:

P= a+@+\/g+\/z£\/§

Phén tich va hudng dan
Do trong bai toan ¢ b;c binh dang nén ta du doan dang thiic tai b =c =t. Khi d6:

a+2t=1
= P=1-2t+2t
{sz/hzx/?

Bang khao sat ham ta thdy P < Bet= % Nhu vay, sau khi doan dwoc dang thiic budce tiép theo 1a

dung Cauchy-Schwarz. Tai sao t6i lai nghi toi bat déng thitc ndy, vi n6 6 dang Vx +fy +vz +... Tuy

nhién ¢ day dung Bunhia phai that khéo 1éo. Sé c6 hai huwdng nghi ty nhién ma ta xét dau tién:

b—C2 2
*P</2. a+% +(\/E+\/Z)

*P < /3. a+@ +(x b+y\/g)2+((l—x)\/g+(l—y)\/z)2

Nhung vi v€ trdi c6 sy xuat hién cta \/5 nén ta loai trit ngay cai (1) . Van dé tiép theo d€ vai tro cua

b;c binh dang ta phai chon: y=1-x . Khi d9, ta phai tim duoc x dé:
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[a+ﬂ}r(x b+(1—x)\/;)2+((1—x)x/g+x\/z)2 <1

4
<:>(b—c)2 +4(x2 +(1—x)2)(b+c)+16x(1—x)\/a < 4(1—a) = 4(b+c)
& (b=c)" +4(be) [+ (1-x) -1+ 16x(1-x)Vbe <0 (%)

Mot suy nghi tu nhién 1a bat dang thtec (*) can ¢6 GTLN tai b=c nén tai sao ta khong nghi téi viéc (*)
phai phan tich dwgc nhén t. Ta chi can chon x dé:

4P+ (1-x) -1 1 1
16x(1—x) 2

Ta c6 10i giai dep sau,

Ap dung bt déng thtrc Cauchy-Schwarz cho ba s8:

o [H(b;f}(w)z NG

+
4 4
Ta sé chitng minh bat dang thitc sau d€ hoan thanh bai toan:

(Hw—cf}(ﬁ%)ﬂ(ﬁ%)z
4

<1

4 4

& (b=c) =2(b+c-2vbe) <0

o (o e (o) -2 <0

Bt déng thitc cudi diing do: (ﬁ+[) <2(b+c)<2(a+b+c)=2.

Vay bai toan duoc giai quyét, maxP = J3 khia=b=c —%

Bai 4: Cho a;b;c > 0. Tim gid tri nho nhat cua:
(a+c)(a+4b+c)(a+b+c)3
abc(S(a2+b2+c2)+ab+bc+ca)

Phdén tich va hwéng dén:
C6 hai nhan xét can chu y:
e Day la bat dang thiic cing bac nén c6 thé gia stt: a+b+c = 3. Tai sao t6i lai chon dai lwong tong ma

khong chon dai lwong khac. Don gian vi trong biéu thitc ¢6 nhiéu biéu thitc bidu dién duoc vé tong.
e Vai trd ctia a;c¢ binh dédng nén c6 thé dodn dang thirc tai a=c.
Khi d¢ ta co:

18(3-b)(p+1)
B abc(a2 +b* +c* + 1)

Do da c6 tong nén mot suy nghi tw nhién 1a thit xem bat dang thitc sau dting hay sai:

2 2
abc(u2 +b2 4+ + 1) < b.m[b2 + 2.M+ 1} (*)
4

4
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b*+a*+c*+1 <(ﬂ+C)2

b* +2.L+C)2 +1 e

(a—c)2 : S(a—c)2
2[172 +2.(LH:)+1J e

©4acs2b2+(a+c)2+2

~

=267 +(a—c) +220

B4t dang thirc cudi hién nhién dung. Do d6, ti (*) suy ra:

P> 18(3-b)(b+1) _4(3-p)(b+1)
b'(ﬂzc)z [b2+2.(ﬂ';€)2+1} b(3_b)2(2b2+(3—b)2+2)
_ 144(b+1) _14.4()

b(3-b)(30>~6b+11)

x+1

Xét ham s&: f(x)= x(3—x)(4x2 —6x+11

) trén (O ;3) ham nay kha phtic tap néu dao ham ngay, tuy
nhién c6 mot phwong phap dé tinh dao ham ham s6 nay nhu sau:
lnf(x) = ln(x+l)—ln(x)—ln(3—x)—ln(3x2 —6x+11)

f)_ 1 1 1 6x-6
f(x) x+1 x 3-x 3x*-6x+11

Sau khi gidi ta <65 f(v) =0 <> x=1. Dodé tact: £(x)2 f(1) =3, vre(0,3).

144 _

Suy ra: P>144f(b)> o =18

Vay minP =18 khi a=b=c. B
CON NUA....
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PHAN VI: PHUONG PHAP TAM THUC BAC HAI

Xét tam thtrc bac hai f(x)=ax*+bx+c véi a=0. f(x) c6 thé viét lai dudi dang tuong dwong la:

2
f(x)=a L dac b
2a 4a
Tt dang thitc don gian nay va do thi ham s& ctia tam thitc bac hai ta c6 thé rit ra 1 s8 quan hé vé dau
ctia f(x) v6i a va A, tir d6 di dén 1 s6 tinh chat ctia tam thitc bac hai d€ 4p dung chiing minh bat dang

thirc hodc tim gia tri 16n nhat, nho nhat cia mot biéu thuc.

ya y A

v

v

D0 thi cia ham s6" y = f(x) khi a>0 D0 thi cia ham s6" y = f(x)khi a<0.
1. M6t s6 tinh chét ctia tam thitc bac hai trong chitng minh bat dang thic.
a. Dinh li vé ddu ciia tam thitc bic hai
Xét tam thtrc bac hai f(x)=ax* +bx+c véi a=0.Ta co
af(x)>0,Vx < A=b>—4ac <0.

Chibng minh:

2 g2 2 2
Ta cé af(x)za[a(ﬁzi} jdac=b }:az(;ﬁzﬁj _(b—4a‘7),nén
a

4qa a 4

af(x)>0,Vx < A =b>—4ac <0.
b. Dinh Ii ddo vé ddu ciia tam thiic bdc hai.
Néu ton tai 156" o sao cho af (o) <0 thi phwong trinh f(x)=0 cd 2 nghiém phin biét x, <a <x,.
Chieng minh:
GiasrA<0, khi dé ta c6 af(x)>0,Vxnén af(a)20,Va e R trai véi gia thiét.
Vay A>0 ttc la phuong trinh c6 hai nghiém phan biét.
Gia st a ¢(x,,x,), suy ra af(a) >0, trai véi gia thiét.
Vay ae(x;,x,). B
Néu ton tai 1 s6" « sao cho af (@) <0 thi phwong trinh f(x)=0 luén cé nghiém.
H¢ qua
Néu ton tai hai s6 thuc @, sao cho f(a).f(f)<0 thi phwong trinh f(x)=0 ludn c6 nghiém. Trong
treong hop tim duwgc «, f thoa f(a).f(F) <0 thisuy ra phuong trinh f(x) =0 c6 2 nghiém phan biét

vaA>0.
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2. St dung tam thirc bac 2 dé tim gia tri 16n nhat, gia tri nho nhat ctia mot biéu thikc.
T6i khéong mudn néu ra phuwong phap cu thé, vi nhu thé sé hoi dp dat tu duy cua cac ban. Chung

ta sé tim hiéu phwong phép qua cac vi du minh hoa dudi day.

x+y+z=1
Vi du 1. Tim ba s6 thuc x,y,z thoa man hé { Y sao cho x dat gia tri 16n nhat.

X’ +2y* +3z° =4

(Dé thi HSG TP. H6 Chi Minh 2006-2007)

Loi giai
Ttr phuong trinh thit nhat cia hé, tacéd z=1-x— y(,gthay vao phuong trinh thit hai, ta duwoc
2y +3(1-x—y)Y =4 o x>+ 2y +3(1+ 1% +y*> —2x+2xy —2y) =4
& 5y° +6(x—1)y+4x° —6x-1=0 *)
Dé€ ton tai gia tri cia y d€ x dat gia tri 1on nhat (hodc nho nhat) thi phuong trinh (*) phai ¢6 nghiém,
tiec 1a ta phai c6
A'>0 < 9(x* —2x+1)—20x* +30x+ 5> 0 < —11x* +12x +14 > 0.

<:>6—\/190 6++190

<x<
11 11

A , 6 + \Y) 190 N A \ . . 7 A, 2 A A 2 g 7
Theo trén, ta c6 x < 1 Vi ta can tim gia tri 1én nhat ctia x, nén néu ta chi ra dugc dang thixc

6++190 , . . ... 6+4190
x:Txay ra khi nao thi gia tri EETHE

Theo phuong trinh bac 2 (*) thi
v 6+1\/1190 oA

chinh 1a gid tri 16n nhéat cua x .

_ —6(x-1) -3(x-1) 15-3190
Y 2.5 5 55 '

0=
Thay y vao phuong trinh (1), ta rat duoc

Bx-1) _ 2(x-1) _ 10— 24190
5 5 55 '

15—23+/190 .o 10—2+/190 i x = 6 ++/190
55 ’ 55 11

z=1-x+

6++190

11

Vay khi y = nén gia tri Ion nhat ctia x 1a .l

Binh luan:

15—3+/190 ) 10-2+/190
55 ’ 55

RO rang treong hop dang thikc xay ra la rat 1é { y= J, va dé du doan duoc
no 1a rat khé. Hodc néu du doan dugc thi ta cling rat khé danh gia. Phuong phap tam thic bac hai da
gitp ta giai quyét mot cach dé dang.

Cau hoi dét ra la: Néu tir phuwong trinh 1 ctia hé, ta rut y =1-x -z r6i dwa vé phuong trinh bac 2
theo z thi c6 dwgc khong? Cau tra 1oi la: hoan toan c6! Ban doc hay kiém ching.

Ban doc ciing c6 thé nhan ra la, ta sé dua vé phuong trinh bac 2 theo y hodc theo z ch khong
phai dua vé phuong trinh bac 2 theo x . Ttc la ta dwa vé phuong trinh bac 2 sao cho biéu thiic ta cin
tim gid tri nho nhdt (hodc 16n nhit) la tham s6 cia phuong trinh bic 2 dé.

Chtng ta cung xét vi du 2 d€ hiéu r6 hon.

Vi du 2. Cho céc s6 thuc x,y thoa x> +y* +xy—6(x+y)+11=0. Tim GTLN va GTNN cta biéu thtc:
P=2x+y

Loi giai
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RO rang diéu kién gia thiét 1a mot phwong trinh bac hai theo bién x hoac theo bién y, mat khac biéu
thie P 1a mot da thirc bac nhat hai an x, y nén ta sé rat x (hodc y) theo P va thay vao gia thiét, dé
dugc mot phuong trinh bac hai an x (hodc y) véi P la tham s6 ciia phuwong trinh bdc hai dé.
Rat y = P-2x, thé vao gia thiét ta cé:
x> +(P-2x)* +(P-2x)x—6(P—x)+5=0
< 3x* —(B3P-6)x+P>—6P+5=0.
Coi day la phuwong trinh bac 2 an x, d€ P ¢c6 GTNN va GTLN thi phueong trinh nay phai ¢6 nghiém.
Diéu kién can va du d€ phuong trinh c6 nghiém la
A=(3P-6)*-12(P*-6P+5)>0 < -3(P*-12P+8)>0
©6-247 <P<6+247.

Ta co P:6—2\/;<:>A:O<:>x:%:Z—ﬁnéngiétrinhénhé'tCﬁaPlé 6-27.

3P-6

P=6+07 oA=0cx= = 2++/7 nén gia tri 16n nhat ctia P 1a 6+2+/7 .

Bai toan dwoc giai quyét xong. Wl

Vi du 3. Cho céc s6 thuc khong am x,y,z théamanx+y+z=1. Tim gid tri 16n nhat caa

P=9xy+10yz+11zx.

Loi gigi
Déy rang, véi gia thiét x+y+z=1 thitacé z=1-x—-vy, khi dé ta c6
P =9xy +10yz +11zx = 9xy + z(10y + 11x) = 9xy + (1 - x — y)(10y + 11x)
Khai trién va rat gon, ta thu duoc
P=-11x*-10y* + 11x + 10y - 12xy,
teong duong voi
11x% +(12y = 11)x +10y* =10y + P =0 (*).

Coi day 1a tam thiic bac hai an x , d€ P ton tai gid tri 16n nhat thi phwong trinh (*) phai ¢6 nghiém, tic

A =(12y -11)* - 44(10y* =10y + P)> 0
Hay

—296y> +176y +121—44P >0

Tuwong duong voi

74( , 2 121
p<- A2 22, 12
11[y 377 296)

Dung phép tach thanh binh phuong, dé dang nhan thay

, 22 121 ( 11}2 5445 5445

Y 7537Y 206 T\ Y 37 ) T10952 7 10952

Tt 46, suy ra

p< (74 ( 5445 ) 495
o110 10952 ) 148 °
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11
=57
Déng thitc xay ra khi va chi khi {x = 1-12y 25 nén ta két luan gia tri Ién nhat cua P la @ |
2.11 74 148
z=1-x-y= 27
74

Binh luan: Mot 1oi giai nhe nhang, y tudng rat tu nhién, bat ngudn tir viéc dwa bidu thiic tir 3 bién vé 2
bién ro6i 1 bién (sau khi xét A), qua d6 cho ta thay duogc sy hiéu qua cua phuwong phap.
Hoan toan tuong ty, ta c6 thé dung y twong nay dé€ chitng minh nhiing bai toan cé dang:
Cho cic s0'thwc khong am x,y,z thoa man x+y+z=k. Tim gid tri [on nhat cia:

P =mxy+nyz+qzx.
Tat nhién, cac sd m, n, g, k phai thoa man nhiing diéu kién nhat dinh thi P mdi ¢ gia tri 16n nhat. Minh
xin danh cho ban doc.
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