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PHEP NHAN VA PHEP CHIA CAC DA THUC

§1. Nhén da thic

Kién thirc co ban

1. Mudén nhan moét don thirc v4gi mot da thire, ta nhan don thic véi ting hang
tr cta da thic r6i cOng cic tich véi nhau.

2. Mud6n nhan mot da thitc véi mot da thic, ta nhan mdi hang tir cia da thirc
nay vaéi timg hang tir ctia da thic kia réi cong céc tich véi nhau.

B& sung

1. Quy tic nhan mot don thic véi moét da thic con duge van dung theo chiéu
nguoc lai :

AB+AC=A.(B+0()
2. Néu hai da thirc P(x) va Q(x) ludn ¢6 gia tri bang nhau véi moi gid tri cua

bién thi hai da thirc d6 goi la hai da thirc dong nhat, ki hiéu P(x) = Q(x).

Hai da thie P(x) va Q(x) (viét dudi dang thu gon) l1a dong nhit khi va chi
khi hé s6 cua cdc luy thira cing bac bing nhau.

Dic biét, néu P(x) = apx" + a,x" L 4 :512:~i"_2 + ...+ a,;X + a, luon bang 0

voimoix thiag=a, =...=a,=0.

Vidul

Cho P =(x +5) (ax” + bx +25) vaQ = x> + 125.

a) Viét P dudi dang mot da thiic thu gon theo luy thira giam dén cia x.
b) Véi gid tri ndo ctia a va b thi P = Q véi moi x.



Gidi
a) P=(x+5) (axz+bx+25)
= ax® + bx® + 25x + 5ax + 5bx + 125

=ax’ + (5a + b)x” + (5b + 25)x + 125.
b) V6i moi x thi P=Q <> ax’ + (5a + b)x> + (5b + 25)x + 125 = x" + 125

vG3i moi X
a = 1
i =]
& <5a+b =0 c:{
5b+25= 0

o
Il
|
n

Nhéan xét

Phuong phap giai cau b trong vi du trén |4 dua vao tinh chét : Hai da thuc
P va Q (viét dudi dang thu gon) la déng nhéat khi va chi khi moi hé sé cla
cac don thuc déng dang chira trong hai da thire dé phai bdng nhau.

BAI TAP
Tinh gid tri cia biéu thic sau bing cich hop Ii :
a) A =x" - 100x" + 100x* - 100x> + 100x - 9 tai x = 99.
b) B = x® - 20x> — 20x* - 20x® - 20x? - 20x + 3 tai x = 21.
¢) C=x" - 26x% +27x° - 47x* - 77x* + 50x% + x - 24 fai X = 25.
Cho x, y € Z, chimg minh ring :
a)NeuA=5x+y: 19thiB=4x -3y : 19.
by NeuC=4x+3y: 13thiD=7x+2y: 13.

Cho bon s6 1¢é lién ti€p. Chimg minh ring hiéu cua tich hai s6 cudi vai tich
hai s6 ddu chia hét cho 16.

Cho bon s6 nguyén lién tiép.

a) Hoi tich cia s6 ddu vdi s6 cudi nho hon tich ctia hai s6 ¢ gitra bao nhié¢u
don vi?



S.

b) Gia sir tich cta s6 ddu véi s6 thit ba nho hon tich cua s6 thit hai va so tha
tr 1a 99, hdy tim bén s6 nguyén dé.

Cho b + ¢ = 10, chimg minh ding thic :
(10a+b)(10a+c)=100a(a+ 1)+ bc.
Ap dung dé tinh nhim : 62.68 ; 43.47.
Xic dinh cdc hé s6 a, b, ¢ biét ring :
a)(Zx-—S)l3x+b)=ax2+x+c.
b) (ax + b) (x* = x - D =ax’ + ex* - 1.

Cho m la s6 nguyén duong nhé hon 30. C6 bao nhiéu gid tri cia m dé da
thite x* + mx + 72 1a tich ciia hai da thic bac nhdt véi hé s6 nguyén ?

§2. Nhing héng dang thiic dang nhé

Kién thire co ban

1. (A+B) = A’ + 2AB + B

2 (A~ = A’ - 2AB + B?

3. (A-B)(A+B) = A’ - B

4. (A +B) = A’ +3A’B + 3AB® + B
5. (A~B) = A’ -3A%B + 3AB? - B
6. (A+B)(A’-AB+B% =A'+B

7. (A-B)(A’+AB+B% =A*-B’.

Nang cao

1. Binh phuong ciia da thirc

(a+b+c)2=32+b2+c2+Zab+2ac+2bc

(a+b+c+d)2=a2+b2+c2+d2+2ab+2ac+23d+2bc+2bd+2cd.

-----------------------------------------



2. Luy thira bac n cia mot nhi thie (nhi thirc Niu ton)
(a+b) =1
(a+b) =1a+1b
(a +b)? = 1a% + 2ab + 1b°
(a+b)’ =1a’ + 3a’b + 3ab’ + 1b°
(a+ l:))4 = 1a* + 42’b + 6a°b® + 4ab’ + 1b°
(a+b)’ = 1a° + 5a’b + 10a’b” + 102°b’ + 5ab* + 1b°.

Ta thdy khi khai trién (a + b)" ta dugc mot da thitc ¢6 n + 1 hang tlr, hang

tir ddu 12 a" ; hang tir cudi 12 b", cdc hang tir con lai déu chira cdc nhan tir a
va b.

Vivay (a+b)" =B(a) +b" =B(b) +a".
3. Né€u viét rieng cdc hé s6 ¢ v€ phai ta dugc bang sau (goi la tam gidc Pa-xcan)
1
1 !

I 2 1

P 3 3 1

1 4 6 4 1
1.5 10 10 5§ 1

---------------------------------

Ta ¢6 nhan xét :
— Méi dong déu birt ddu bing 1 va két thic béng 1.

— Mbi s6 trén mot dong ké tir dong thir hai déu bing s6 lién trén cOng véi
sO bén trdi cia s6 lién trén.

Vidu2
Chox+y=9 ; xy=14. Tinh gi4 tri cha cdc biéu thic sau :

a) X-y; b)x2+y2; c)x3+y3.



Giai
a)(x—y)2=x2—2xy+y2=x2+2xy+y2—4xy=(x+y)2—‘4xy=92-4.14
=25=52.Suyrax—y=i5.
b) {x+y)2=x2+y2+2xy
suyraxz-i-yz:(x+y)2—2xy=9?'——2.14=53.
3 3 3 2 2 3 3
C) (X+Yy) =x"+y +3Xy+3xy"=x"+y +3xy(x +y)

suyrax’+y =(x +y) - 3xy(x +y)=9° - 3.14.9 = 351.

Nhan xét

Qua cach giai cta vi du nay ta thay :

1. Hai s6 ¢6 binh phuong bang nhau thi ching déi nhau hodc bang nhau.
Ngugc lai, hai sé d6i nhau hodc bang nhau cé binh phuong bang nhau.

(A-B)’=(B-A)>
2. b€ tién sir dung doéi khi ta con viét :
A+B°=A°+8°+3AB(A+8);

(A -B)° = A% - B% - 3AB(A - B).

Vidu 3
Tim gi4 tri nho nhit ctia biéu thic :
A = (x + 3y - 5)* - 6xy + 26.
Gidi
A =x? + 9y® + 25 + 6xy — 10x — 30y — 6xy + 26
A = (x* = 10x + 25) + (9y% — 30y +25) + 1
A=(x—5)2+(3y-5)2+ I
Vi (x - 5)2 20 (ddu "="xayrac>x=5); 3y - 5)2 2 0 (d4u "=" xay ra <

3.
)'=.3.}nenA2 1.Do d6 GTNN cua A = 1 (khi va chi khix=5;y=§)_



Ta viét min A = 1.

Nhan xét

10.
11.

12,
13.

Qua cach giai cla vi du trén ta thady :

1. Céac hdng ddng thuc dugc van dung theo hai chiéu nguoc nhau,
chdng han :

(A -B)? = A? - 2AB + B?
hodc nguoc lai A>- 2AB + B® = (A -B).
2. Binh phuong ctia moi sé déu khéng &m :
(A -B)? >0 (ddu "="xdy ra < A = B).

BAI TAP
Céc hang dang thic (1), (2), (3)
Chimg minh cdc ding thic sau :
D2+ +D+ D +1) 20+ 1)=2" =1

b) 100% + 103% + 105 + 942 = 1012 + 982 + 96 + 107>
Tinh gi4 tri clia biéu thitc bang cdch hop Ii :

- 2
a) A= 2582 2422 - b) B=263%+74.263 + 37 : ¢) C = 136% — 92.136 + 46° :
2542 —246
d)D=(50>+482+46%+ ... +22) - (492 +47% +45% + ... + 1%).

Cho biét 2(a” + b%) = (a - b)°. Chiing minh ring a va b 12 hai s6 d6i nhau.

Cho a, b, x, y 12 nhimg s6 khdc 0. Biét ring (a” + b®) (x> + y*) = (ax + by)’

hay tim hé thic gitra bon s6 a, b, x, y.

Cho a> + b’ + ¢

= ab + bc + ca. Chung minhring a=b =c.
Chimg minh riing khong c6 céc s6 x, y nao thoa man méi ding thic sau :
a)3x>+y +10x —2xy +26=0; b)ax’+3y*—4x +30y +78=0;

¢) 3x” + 6y° — 12x — 20y + 40 = 0.




14.

13,

16.

y 8

18.

19.

20.

21.

10

Tim x va tim n € N biét
xX+2x+4"-2"1 1220,
Chimg minh ring :

a) Biéu thic A = x°

+ X + | ludn ludon duong véi moi x ;

b) Biéu thic B = x* - Xy + y2 luén luén duong véi moi x, y khong déng
thai bang 0 ;

¢) Biéu thitc C = 4x — 10 - x° ludn ludn Am véi moi X.

Tim gid tri nho nhat cia biéu thic :

a) A=25x>+3y’ - 10x + 11;

b) B=(x -3)%+ (x - 11)?;
)C=x+1Dx-2)(x-3)(x -6).

Tim gid tri 16n nhét cha biéu thic :

a) A=2x - x%; b) B=19 - 6x — 9x°.
Chimng minh ring :

a) Hai s6 chdn hon kém nhau 4 don vi thi hiéu cdc binh phuong cua ching
chia hét cho 16 ;

b) Hai s6 1¢ hon kém nhau 6 don vi thi hiéu cdc binh phuong cua chiing
chia hét cho 24.

Chox>y>0vax-y=7;xy=060. Khong tinh x, y hdy tinh :
a) xz—-yz - b) x4+y".

Cho a + b + ¢ = 2p. Ching minh rang :

a)a’-b —c +2bc=4(p-b)(p-c);
b)p2+{p—a)2+(p—b)2+(p-c)2=az+b2+c2.

2 2 2

Choa=m +n2;b=m -n“:c=2mn.

Ching minh ring néu m > n > 0 thi a, b, ¢ 14 d6 dai ba canh cia mot tam
gidc vuong.



22.

23.

24.
25,

26.

27.

Cac hang dang thic (4), (5), (6), (7).
Tinh gid tri cha biéu thic :
aA)A=x"+9x°+27x+27  véix=-103;
b) B=x" - 15x” + 75x Vi X =25 ;
c)C=(x+l){x—l)(x2+x+l}(x2—x+l) vai x = -3.
Cho x — y = 2, tinh gi4 tri cta biéu thirc :
A=2(x-y)-3(x+y)
Cho x + y + z = 0. Chitng minh rang x> + y3 +7° = 3xyz.
Ruit gon biéu thiic :
A=(x-y- 1)3—{x—y+ l)3+6(x~—y)2.
Cho (x + 2y) (x2 - 2xy + 4y2) =0 va (x - 2y) (x2 + 2xy + 4y2 ) = 16.
Timx vay.
Chiing minh ring :
a) 742° - 692 : 200 ; b) 685° + 315" } 25 000.

28*, Cho a + b + ¢ + d = 0, chimg minh ring

29.

30.

31.

32.

a3+b3+c3+d3=3(b+c)(ad-bc).

Binh phuong da thirc va (a + b)"

Cho a + b + ¢ = 0. Chitng minh ring :

a) (ab + bc + qc:a)2 =a’b’ +b’c’ +c'a’;
b)a4+b4+c4=2(ab+bc+ca)2.

Xdc dinh cic hé s6 a, b dé da thic

A =x* = 2x* + 3x? + ax + b 12 binh phuong ciia mét da thiic.

Choa+b+c=0; a’+b’+c’ = I.Chfmgminhrénga“-i-bd+c4=—:-!-.

Cho a, b, ¢ 1 ba s6 khong déng thdi bing 0. Chimg minh ring c6 it nhat
mot trong cédc biéu thirc sau ¢é gid tri duong :

11



33.

34,

35.

36.
37,

x=(a—b+c)2+8ab

y=(a-—b+c)2+8bc

z=(a—-b+c)2—8ca.

Tinh t6ng cdc hé s6 cha t4t ca cdc hang tir trong khai trién ciia nhi thic :
a) (5x-3)°;  b) (3x - 4y)*™.

Pa thitc (x + y)° duoc khai trién theo luy thira giam cha x. Biét hang tir thir
hai va hang tir thit ba c6 gid tri bing nhau khi cho x = a ; y = b trong dé a,
b la cdc s6 duong va a—b = 1. Hay tim a va b.

Tinh :
a) (x +2)° ; b) (x - 1)°; c) x - 1)°.
Tim s6 du ctia phép chia 38'Y cho 13 va 38” cho 13.

Chiing minh rang hai chir s6 tan cing ctia 7" 12 43.

§3. Phan tich da thic thanh nhan t.

Cac phuong phap théng thudng

Kién thirc co ban

1.

12

Phén tich da thic thanh nhéan tir 1a bién déi da thic d6 thanh mot tich cia
nhirng da thirc.

Céc phuong phdp thong thuong :
Phuong phap dat nhan tir chung
AB+ AC-AD=A(B+C-D).
Phuong phéap dung hang ding thirc
A%+ 2AB +B% = (A t B)?
A'+3A’B+3AB’+ B’ = (A + B)®
A’-B*=(A-B)(A +B)



A’-B'=(A-B)(A2+ AB+B)
A’ +B’=(A +B) (A’ - AB + BY).
Phuong phap nhom cac hang tir
AC-AD+BC-BD=A (C-D)+B(C-D)=(C-D)(A +B).

Nang cao

1.

Dang téng quét cta cdc hing ding thirc hiéu hai binh phuong, hiéu hai lap
phuong la :

A"-B"=(A-B) (A" + A" B +..+ AB" 2+ B")).
Dang téng quat cia hang déng thic téng hai 1ap phuong 12 :
A"+B"=(A+B)(A" ' - A" "B+ A" B~ .. - AB" 2 +B" ) v6in L¢.
Ap dung vao tinh chat chia hét
A"-B" :A-B viineNvaAzB;
A"+B" :A+B viinlévaA#-B;
A% _B*: A’_B’ v6ike NvaA=#+B.
Vidu4
Cho x va y 1a hai s6 khac nhau, thoda man diéu kién
9x (x —y) = 10 (y - x)* = 0.
Chimg minh rang x = 10y.
Giai
9x(x - y) - 10(y — x)* = 9x (x — y) - 10(x — y)°
=(x-y)[9x - 10(x = y)]
= (x —y) (=x + 10y).
Theo dé bai ta cé (x — y) (=x + 10y) = 0.
Vix #ynén —x + 10y = 0 hay x = 10y.

13



Nhan xét

38.

39.

40.

41.

42,

14

1. Ban dimg méc sai I&m khi bién d6i

9x (x - y) - 10(y - x)% = 9x(x - y) + 10 (x-y)* (!

Sai Id&m & chd nao ? Sai ¢ chd da d6i ddu ba nhén t cua tich. Ta da
biét tich khéng dbi khi ta d6i ddu hai nhan tr (tbng quat, mét sé chén
nhan td). Vi thé

2
(v -x)°%=(x-y)? va 9x(x - y) - 10(y - x)* = 9x(x —y) - 10 (x - y)°.
Ldac dé xuét hién nhan tr chung la x - .

2. Phan tich da thuc thanh nhén t c6 nhiéu img dung nhu dé€ tinh gia
tri cta biéu thue, chimg minh tinh chia hét ho&c nhu trong vi du trén, dé
tim méi quan hé giira cac bién,...

BAI TAP
Phuong phéap dat nhan tur chung
Phan tich cac da thirc sau thanh nhéan tir :
a) 5x (x - 2y) + 2 2y - x)°; b) 7x (y -4’ - (4-y) ;
¢) (4x — 8) (x> + 6) — (4x — 8) (x + 7) + 9(8 — 4x).
Chimng minh ring :
a) 43° +43.17 : 60; b) 27° - 3'" : 80.

Tim mot s6 biét rang ba ldn binh phuong ciia n6é diing bang hai 1dn lap
phuong cua sd ay.

C6 cdc s6 nguyén x, y, z nao thoa min déng thai cdc ding thirc sau khong ?
x> +xyz=957 (1)

y3 +xyz=795 (2)

z + xyz =579. (3)

Ching minh réng s6 ]1...1 22...2 la tich clia hai s6 nguyén lién tiép.

n n



43.

45.

46.

47.

48.

49,

50.

S1.
52.

Phuong phép dung hing ding thirc
Phan tich cac da thitc sau thanh nhén tir :

a) 100x° — (x> + 25)%; b)(x -y +5)7 =2(x—y+5)+ 1.

. Phan tich da thirc thanh nhan tir :

(x* +4y* - 5)2 - 16 (x*y* + 2xy + 1).

Cho A = 4a’b” - (a’ + b® - ¢®)? trong d6 a, b, ¢ 14 do dai ba canh ciia mot
tam gidc.

Chirng minh ring A > 0.

Chirng minh ring :

a)21' - 1:200; b) 39%° + 39" 1 40 ;
)2%+5%0:41 ; d) 200527 + 2007%% : 2006.

Cho n 12 mot s6 tu nhién lé. Chimg minh ring 24" + 1 chia hét cho 25
nhung khong chia hét cho 23.

!
Cho a 1a mot s6 nguyén I¢, a > 1. Chimg minh ring (a- 1)5(3_” ~1 chia hét
choa-2.
Phuong phap nhém céac hang tir

Phan tich cdc da thic sau thanh nhan tr :
a)xz—xz—9y2+3yz; b)x’ - x> - 5x + 125 ;
) X" +2x° — 6x —27 ; d) 12x’ + 4x* - 27x - 9.
Phan tich cdc da thitc sau thanh nhéan tr :

a) x* - 25x2 +20x - 4 ; b) x2 (x*-6)-x*+9;
c) ab(x” + yz) - Xy (a* + b).

Tim cdc capsé x vaysaochox —y=xy - 1.

Cho x va y la hai s6 khdc nhau sao cho g y= yz - X.

Tinh gid tri cha biéu thirc A = X’ + 2xy + yz - 3x - 3y.

15



S3.

54,

55.

56.

57.

58.

29,

60.

16

a-b _c—d

Cho =
b-¢c d-a

. Chimg minh ring hoaca=choaca+c=b +d.

Phoi hop cac phuong phap thong thuong
Phan tich cac da thitc sau thanh nhén tur :
a)4xd+4x3—-xz—x:
b)xé-x4-9x3+9x2:

c) x* - 4x’ + 8x* - 16x + 16.

Phan tich cédc da thiic sau thanh nhén tr ;

a) (xy + 4)> — 4(x + y)*;

b) (ab - xy) - (bx — ay)”;

c) (:rc2 + 8x - 34‘4‘.)2 - (3x2 - 8x - 2)2.

Phan tich céc da thitc sau thanh nhan tir :
a)(a+b+c)2+(a-b+c)2-4b2:

b)a (®* - c?) - b(c? - a3 + ¢ (a2 - b) ;
c)a’+b’ - (a+b).

Chirng minh ring : .
a) 999" + 999 ¢6 t1an ciing bing 3 chir 6 0 ;
b) 49° ~ 49 chia hét cho 100.

Chirng minh ring :

a) Lap phuong clia mot s6 nguyén trir di s6 nguyén dé thi chia hét cho 6 ;
b) Néu tdng ctia ba s6 nguyén chia hét cho 6 thi téng cédc 1ap phuong cia

ching chia hét cho 6.
Choa#tbvaa(a+b)(a+c)=b(b+c)b+a).
Chimg minh ringa+b+c¢ =0.

Cho xzy—yzx +x°z - 2°x +yzz+zzy=2xyz(l)

Ching minh ring trong ba s6 x, y, z it nhat ciing c6 hai s6 bing nhau hoic

do6i nhau.



Chuyén dé 1

Phéan tich da thic thanh nhéan ti bang
mét s6 phuong phép khéc

1. Phuong phap tach mét hang tir thanh nhiéu hang tir
Vidus
Phan tich da thic A thanh nhan ur

A = 4x* - 8x + 3.

Giai
Cdach 1 : (tach hang tr cudi)
A=4x’-8x+4-1=(2x-2)"-1°

=(2x-2-1)2x-2+1)=2x-3)(2x - 1).
Cdach 2 : (tach hang tr that hai)
A=4x2-—2x-—6x+3=2x[2x— D=-32x-1)
A=2x-1)(2x - 3).

Nhan xét

1. Ta nhéan thay voi cac phuong phép thong thudng thi khéng thé phén
tich A thanh nhén t& duge vi A khéng ¢é nhéan ti chung, khéng cé dang
moét hdng dadng thuc nédo. Pa thuc A chi cé ba hang tir nén cing khéng
thé dung phuong phap nhom hang ti. Vi vay ta da tach mét hang t&r
thanh hai hang tir dé xuét hién nhimg nhém hang t sao cho :

~ Hodc ¢6 thé diung hdng déng thirc dé phén tich tiép ;

— Hodac c¢o thé dat nhan tir chung.

2. Trong cach thu hai 0 trén ta da tach hang tr thir hai la - 8x thanh -2x - 6x.
Ta thdy (-2) (-6) = 12. Trong khi do tich cac hé sé dau va cudila 4.3 = 12.
Hai tich nay dung bang nhau.

Mot cach téng quat, dé phéan tich tam thuc bac hai ax’ + bx + ¢ thanh
nhén t, ta tach hang t& bac nhét bx thanh byx + bpx sao cho by . by = ac
sau do dat nhan tr chung theo timg nhéom.

ZA-BT...TOAN 8 17




3. Déi voi cac da thue coé béac ba trd Ién thi tuy theo dac diém cla cac
hé sé ma cé cach tach riéng cho phu hop.

ChénghanA=x3+5x2+ Ix-9=x" -x°+ 6x‘?—6x+ 9x -9
=x2 (x=1)+6x(x-1)+9(x-1)
=(x-1)(x°+6x+9)=(x-1) (x+3?2

2. Phudng phap thém bét cing mét hang tu
Vidu 6
Phan tich da thirc thanh nhan ur

A=4x"+ y4.
Giai
A=4ax'+ 4x2y2 + ;v" - 4x2y2
=(2x% + )‘2)2 = (?.xy)z =(2x% - 2xy + yz)ux2 + 2xy + }'3).
Nhan xét

Ta dé dang nhan thdy cac phuong phap théng thudng khéng diang
duge. Ta tang thém cac hang tir cia A bang cach thém bot cung mét
hang t la 4x° y2. Luac nay xudt hién dang khai trién cta binh phuong
mét téng va ta tiép tuc phan tich bang cach ap dung hang ding thue.
Nhu vay muc dich cla viéc thém bot cung mét hang tir 1a dé xuat hién
nhimg nhém hang t& sao cho co6 thé dung hdng ddng thuc hodc dat
nhéan t& chung.

3. Phudng phap dai bién
Vidu7
Phén tich da thire thanh nhan ur
A=(x*=3x-1)?-12(x%-3x-1)+27.
Giai
Paty = x“-3x -1 ta duoc
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A=y’ - 12y +27=(y-3)(y-9)
A=(x>=-3x-1-3)(x>=-3x~-1-9)
A=(x2=3x-4)(x>=3x - 10) = (x + 1)(x = 4)(x + 2)(x - 5).

Nhan xét

Trong céach giai trén, nhd cach déi bién y = x° - 3x - 1 ta da dua mot
da thuc bac 4 déi voi x rét phirc tap trd thanh mét da thuc bac 2 doi voi
y rat don gian, nhé dé phan tich thanh nhan tlr dugc dé dang.

4. Phuong phap déng nhat hé sé (con goi la phuong phap hé sé
bat dinh)

Vidu8

Phan tich da thic A thanh tich cia hai tam thitc bac hai véi hé s6 nguyén.
A=x"-3x>+6x*-5x +3.

Giai

D¢ thay sau khi phan tich thi A c6 dang

(xz + ax + I)(x2 + bx + 3) hoac (xz + ax — l}i(x2 + bx - 3).

Trudng hop hai hang tir bac hai ciia méi tam thic 1a x> va —x” thi ta chi
cdn déi ddu ca hai tam thire.

Xét trudng hop A = (x2 + ax + l)(:a:2 +bx + 3)
x4—3x3+6x2—5x+3=x"+(a+b)x3+{ab+4)x2+(3a+b)x + 3.

Hai da thirc trén déng nhat véi nhau nén ta ¢6 :

a+b =-3 (1)
ab+4 =6 (2)
3a+b =-5. (3)
Tudaysuyraa=-1:b=-2.

Vay A = (x> - x + )(x* = 2x +3).
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Nhan xét

61.

62.

63.

64.

65.

20

1. Néu trudng hop hai hé sé tu do la 1 va 3 khéng thod man thi ta xét
truong hop hai hé sé tv do la -1 va -3 bang céach tuong tu nhu trén.

2. Phuong phap giai nhu trén goi la phuong phap déng nhat hé sé (hay
phuong phap hé sé bét dinh). Co sé phuong phéap nay la : Hai da thiuc
(viét dudi dang thu gon) la déng nhét khi va chi khi moi hé sé cla cac

don thuc déng dang chira trong hai da thire do phai bang nhau.

BAI TAP
Phuong phap tach mot hang tir
Phan tich cdc da thirc sau thanh nhan .

a)3x’ - 11x +6 ;

b) 8x% + 10x - 3 ;

c) 8x2—2x- l.

a) 6x2+7xy+2y2;

b) 9x2-9xy—4y2;
c)xz-yz+t0x-6y+16.
a) X" +x+2;
b)x®-2x-1;

) x* +3x* - 4.

a) x3y3+ x2y2+4;

b) x3+3x2y-—9xy2+5y3.
a)x4+x3+6x2+5x+5;
b) x* — 2x? = 12x2 + 12x + 36 ;

K 8 4 4
XYy +Xxy +1.




5
66. a) x —x"+:at‘1‘—x2

+x-1;
b)x5+x4—-x3+x2—x+2.
67. a) x" + y‘* +(x + y)":
b) 2(x* + x + 1)? = 2x + 1)? = (x* + 2x)%.
68. a) xy (x +y) + yz(y + z) + zx(z + x) + 3xyz;
b)xy(x +y)-yz(y+z)-2x(z-Xx);
c) X n{y2 - zz) + y{z2 - xz) + 2 (x.z - yz}.
69. Cho a € Z, chimg minh ring a° — a } 30.
70*, Cho x > y > z, chimg minh ring biéu thirc
A= x"(y -2)+ y"(z - X) + zd(x = y) ludn ludn duong.
71. Cho x, y, z 1a cdc s6 duong thoa min diéu kién (X + y)(y + z)(z + x) = 8xyz. (1)
Chimg minh ring x =y = z.
 Phuong phap thém baét cing mot hang tir
Phan tich cdc da thirc sau thanh nhén r :

72. a) x* 4+ 5%+ 10x -4 b}x"+y3+23—3xyz.
73. )X +x°+1; b) x" + x + 1.

74, a) x> +x* +1; by x 42’ & 1.

75. Cho x € Z, chimg minh ring P ax' e x*ex®e L

e Phuong phap déi bién

76. Phan tich cdc da thirc sau thanh nhan tir
a)A=x2-2xy+y2+3x—3y—4;
b) B = (12x% - 12xy + 3y%) - 10 (2x — y) + 8.

77. Phan tich cdc da thirc sau thanh nhan tr :
a)A=(@-b)l+b-¢c) +(-2)’;
b)B=(a+b-2c)’ +(b+c-2a)+(c+a-2b).
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78.

79.

80.

81.

82.

83.

84.

a) Chimg minh ring :
(x+y+z)3—x3—y3——z3=3(x+y){y+z)(z+x).
b) Phan tich da thirc thanh nhan tr :
A=(a+b+c}3+(a—b—c)3+(b~c-a)3+(c—a—-b)3.
Phan tich cdc da thire sau thanh nhan ur :
a)A=[x2—2x){x2-2x-— 1)-6;
b)B=(x2+4x—3)2—5x (x2+4x -3)+6x2;
c)C=(x2+x +4)z+8x (x2+x +4) + 15x2.
Phan tich da thic thanh nhan tir :
2(x% = 6x + 1)° + 5 (x* - 6x + )(x*+ 1)+ 2(x* + )%
Cho M = 4(x = 2)(x — 1)(x + 4)(x + 8) + 25x°.
Chirng minh rang M khong cé gia tri am.
Phuong phap dong nhat hé so

Phan tich da thic A thanh tich cia mot nhi thirc bac nhat véi mot da thie
bac ba vai hé s6 nguyén sao cho hé s6 cao nhat ctiia da thirc bac bala 1 :

A=3x +11x° - 7x2-2x + 1.
Phén tich da thiic B thanh tich cia hai tam thitc bac hai véi hé s6 nguyén :
B=x'-6x+11x*-6x + 1.

Phan tich da thuc C thanh tich cua hai tam thirc bac hai véi hé s6 nguyén va
cic hé so cao nhat déu mang ddu duong :

C=xt<x®+2x = IIxn=5.

§4. Chia da thic

Kién thirc cd ban

1.
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Chia don thitc A cho don thirc B :
— Chia hé s6 cila A chohé s6 ciia B ;



— Chia luy thira ciia timg bién trong A cho luy thira cia cung bién d6
trong B ;

- Nhan cdc két qua véi nhau.

2. Chia da thic A cho don thirc B :
Ta chia méi hang tir cia A cho B réi cong céc két qua véi nhau.

3. Chia da thirc A cho da thirc B :
Cho A va B la hai da thic tuy y cia cung mot bién, B # 0, khi d6 ton tai
duy nhit mot cap da thirc Q va R saocho A=B.Q + R, trong d6 R =0
hodc bac cua R nho hon bac cua B.
Q goi la da thic thuong va R goi la da thirc du cua phép chia A cho B.
Néu R = 0 thi phép chia A cho B Ia phép chia hét.

Nang cao

1. Dinhli Bé-du:
S6 du trong phép chia da thiic f(x) cho nhi thitc bac nhat x — a diing bang f(a).
Chéng han f(x) = x* - 6x + 5 thi :
— SO du trong phép chia f(x)cho(x —2)laf(2)=8-12+5=1;
- So"dlr trong phép chia f(x)cho(x = 1) 1af(l) =1 -6 + 5 = 0 nghia la f(x)
chia hét cho (x - 1).

2. Hé qua cua dinh li Bé-du :
Néu a la nghiém cua da thue f(x) thi f(x) chia hét cho (x — a).
bic biét :
~ Néu t6ng cdc hé s6 ctua da thic f(x) bang 0 thi 1 1a nghiém va f(x) chia
hét cho (x — 1).
— Néu f(x) ¢6 tong cdc hé s6 biac chidn bing tong cdc hé s6 bic 1¢ thi -1 1a
nghiém va f(x) chia hét cho x — (=1) e 1a chia hét cho x + I.

3. Ap dung hé qua cta dinh Ii Bé-du vao viéc phan tich da thitc thanh nhan tr.

Néu da thirc f(x) c6 nghiém x = a thi khi phan tich f(x) thanh nhan t, tich
sé chira nhan ur (x — a).



Cdach nhdam nghiém nguyén, nghiém hiru ti ctia da thicc f(x) vdi hé so nguyén.
— Néu f(x) c¢6 nghiém nguyén thi nghiém dé phai 1a ude ciia hé s6 tr do.

~ Néu f(x) c6 nghiém hiru ti thi nghiém d6 ¢6 dang E . (p, q) = | trong dé
p 1a udc cua hé s6 tu do, q 1 udc duong clia hé s6 cao nhat.

Vidu9

Xdc dinh cdc he s6 a va b sao cho x* + ax” + b chia hét cho x° - 1.

Giai

Cadch I : (thuc hién phép chia)

.
x4+ax3 +b X" =1
x* ~x* X2+ ax + 1
; 2
ax’ +x +b
ax3 - ax
2
Xx“+ax+b
xz -1
ax+(b+1)

Dé chia hét thi da thitc du phai bing 0 véi moi gid tri cia x.
Bl L2 ey W0
b+1=0 b=-1.

Cach 2 : (phuong phap déng nhat hé s6)

Da thire bi chia ¢6 béc 4, da thirc chia ¢6 bac 2 nén thuong 12 tam thite bac hai.

x4+ax3+b=(x2— l)(x2+cx +d) =x"+cx3+(d—l)x2—cx-d.

(¢ =a (a=0

d-1=0 b=-1
Suy ra | —

c =0 c=0

d =-b d=1.




Vay véi a=0;b=-1 thi x* + ax’ + b chia hét cho x> - 1.
Cdach 3 : (phuong phdp xét gid tri riéng)
Goi da thirc thuong 1a Q. Ta c6
x‘+ax33~b={x - (x+1).Q
Vi déng thitc diing véi moi x nénta ldn lugt chox =1 ; x = -1

l+a+b=0 {a=0
=S

ta dugc
{l—a+b=0 b=-1.

Vayvgia=0;b=-1thi x" +ax’ + b chia hét cho x” - 1.

Nhén xét

Trong céch gidi thr ba (phuong phép xét gia tri riéng) dang thie x°* + ax® + b
= (x — 1)(x - 1). Q dung vdi moi x, tai sao ta gan cho x Ian lugt cac giatix=1;

= —1 ma khong chon céc gia tri khac ? Rat don gian, do la vi vdi cac gia tri
riéng nay cua x thi viéc tinh gia tri & vé trai rét dé dang, con @ vé phai thi sé
béang 0. Tir do ta tim dugc a va b.

Vidu 10
Phan tich da thirc thanh nhan ur

M =xy(x +y) + yz(y + z) + zx(z + X) + 2xyz.
Giai
Thay x boi -y thiM =yz(y +z) - yz(z - y) - 2}*22 = 0.
Vay M chia hét cho x — (-y) tirc 1a chia hét cho (x + y), do d6 M chita thira
sO (X + y).
Do vai tro cua x, y, z nhu nhau trong da thitc M nén M c¢6 dang

K(X + y)(y +2)(z + x).

Ta thdy M 1a da thic bac 3 do6i voi tap hop cic bién x, y, z ; tich
(x + y)(y + z)(z + x) ciing c6 bac 3 d6i véi tap hgp cic bién x, y, z nén k
phai 12 hiing s6.
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Ding thitc xy(x +y) + yz(y + 2} + zX(X + y) + 2xyz = k(X + y)(y + 2)(z + X)
ding v6i moi x, y, z nén ta gin cho x, y, z cic gid tri riéng chang han
x=y=z=|taduoc 8 =k.8

=>k=1.ViyM = (x + y)(y + z)(z + X).

Nhan xét

Qua cach gidi cda vi du 10, ta thdy phuong phap xét gia tri riéng cla
cac bién cing la mét phuong phap phéan tich da thuc thanh nhan td.

Vidu Il

Phan tich da thac thanh nhan wr

A=x“—-x2—8x+12.

Giai

Lan luot thir v6i cdc ude cua 12, ta thdy x = 2 1a mot nghiém cua da thic A,
theo hé qua ciia dinh li Bé-dutac6 A =(x - 2). Q.

Dén day ta c6 thé giai tiép bing hai cich :
Cach 1 : Thuc hién phép chia da thiic A cho (x — 2) taduoc Q = o i
Vay A =(x = 2)(x” + X — 6) = (x = 2)(x = 2)(x + 3) = (x — 2)*(x + 3).

Cdach 2 : Tach mot hang tir cia da thic A thanh nhiéu hang tr sao cho sau
khi nhém va dat nhan tr chung (hodc ding hing ding thic) thi xudt hién
nhan tr (x - 2).

A=x3—x2—8x+ 12=x3—2x2+x2—2x—6x+12
A=xx=-2)+x(x—-2)-6(x —2)=(x - 2)(x> + x - 6)

= (x — 2)% (x + 3).

Nhén xét

Phuong phap nham nghiém cta da thic dé van dung hé qua cua dinh i
Bé-du giup ta dinh hudng nhanh chéng viéc tach mét hang tlr thanh
nhiéu hang tir mét cach thich hop.




85.
86.

87.

88.

89.

90.

91,

92.

923.

94.

BAI TAP
Tim n € N dé don thite ~7x"*" y° chia hét cho 4x°y".
Chiing minh ring gia tri cua biéu thitc A luén luén khong am véi moi gid
tri khicOcuax vay:

A= ('?styz - 45:-:4}'3) : 3x3y2 —(%xzyd —2xy5] - —;-xy".

Tim x va y biét
[(x = 2y)(x = 7y) - X2 +4y?] : (x - 2y) = 18.
Tim gid tri nho nhdt cia thuong
(4x5+2x4+4x3—x— Ly (2x3+x- 1).
Tim céc gid tri nguyén cta x dé thuong c6 gid tri nguyén.
) (3% + 13x% - 7x +5): (3x-2);  b) (2’ +4x* - x* - 44): 2x%- 7).

Chimg minh rang khong tén tai s6 tu nhién n dé gid tri cta biéu thic

n® - n* = 2n’ + 9 chia hét cho gid tri cia biéu thic n® +n%

Khong lam phép chia da thic, hdy tim sé du trong phép chia da thic f(x)
cho da thirc g(x) trong cic truong hop sau :

a) f(x) = Xt £x % 2 2 101 ;B(X)=x+ 1.

b)f(x)=3x3+4x2—2x+'?; gix)=x+2.

c)f(x)=x4-5x3+2x- 10; g(x)=x-5.

Chiing minh ring f(x) = (x* = 3x + 1)*' = (x? = 4x + 5)*" + 2 chia hét cho
X = 2.

Phan tich cdc da thirc sau thanh nhén tir :

a) x> = 9x% + 15x + 25 ; b) x> —4x% - 11x +30;
c) 2x* + x* = 22x% + 15x - 36.

Phan tich cac da thirc sau thanh nhan tir :

a)3x3+5x2-l4x+4; b)2x3—x2—31—1.
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9.

96.

97.

98.

99.

Tim da thirc du trong phép chia

O+ X+ 1) (x2-1).

{x“M - xdﬁ + x3
Xdc dinh da thic f(x) thoa man ca ba diéu kién sau :
a) Khi chiachox - 1 du 4 ;
b) Khichiachox +2du 1 ;
¢) Khi chia cho (x — 1)(x + 2) thi dugc thuong la 5x* va con du.

Cho da thiic A = ax” + bx + ¢. Xdc dinh hé s6 b biét ring khi chia A cho
x — 1, chia A cho x + 1 déu ¢6 cing mot s6 du.

Chimg minh ring néu x* — 4x* + 5ax” — 4bx + ¢ chia hét cho x* + 3x* - 9x - 3
thia+b+c=0.

Da thue 4x3 + ax + b chia hét cho cdc da thitc x = 2 va x + 1. Tinh 2a - 3b.

Chuyén dé 2

1.

28

S6 chinh phuong

S6 chinh phuong la s6 bing binh phuong ctia mot s6 tu nhién.

Mudi s6 chinh phuong ddu tiénla: 0, 1, 4, 9, 16, 25, 36, 47, 64, 81.

Mot s6 tinh chat cua s6 chinh phuong :

a) S6 chinh phuong khong tan cung bai cdc chir so 2, 3, 7, 8.

b) Khi phan tich mot s6 chinh phuong ra thira s6 nguyén t6 ta dugc cic
thira s0 l1a luy thira cua s6 nguyén té véi s6 mi chin.

Chéng han 3600 = 60° = 2* 3% 5%,

Tir d6 suy ra s6 chinh phuong N chia hét cho 2 thi N chia hét cho 2% =4:
s6 chinh phuong N chia hét cho 2% = 8 thi N chia hét cho 2* = 16. Téng

quét, néu s6 chinh phuong N chia hét cho p™*' thi N chia hét cho p™**?

(p la s6 nguyén t6, k € N).
c¢) S6 chinh phuong chia cho 3 chi ¢6 thé du 0 hoidc du 1.



Thuc vay, xét cac truong hop :

(3k)* = 9k chia hét cho 3 :

(3k + 1)° = 9k + 6k + 1 chia cho 3 du 1 : (3k + 2)° = 9k* + 12k + 4 chia
cho 3 du 1.

Tuong tu, mot s6 chinh phuong chia cho 4 chi ¢6 thé du 0 hoac du 1 ; chia
cho 5 du O hoac du 1 hodc du 4.

S6 chinh phuong 1é chia cho 4 hoic chia cho 8 déu du 1.

d) Gitra hai s6 chinh phuong lién tiép khong c6 s6 chinh phuong nao.
n“<x’<(+1)*> (1)= khong tén tai x € Z thoa man (1)

&
n2<x2<(n+2)“ =>x2=(n+l)2.

e) Néu hai sO nguyén lién ti€p c¢6 tich la mét s6 chinh phuong thi mét trong
hai s6 nguyén dé 1a s6 0.

Nhan bi€t mot s6 chinh phuong

a) D€ ching minh N 12 mot s6 chinh phuong ta c6 thé :

— Bién déi N thanh binh phuong clia mot s6 tu nhién (hoic s6 nguyén).

— Van dung tinh chdt : néu hai s6 tu nhién a va b nguyén t6 cing nhau cé
tich 12 moét s6 chinh phuong thi méi so6 a, b ciing 1a mot s6 chinh phuong.
b) Dé chimg minh N khong phai 1a s6 chinh phuong ta c6 thé :

— Chimg minh N ¢6 chir s6 tan cung 1a 2, 3, 7, 8 hodc ¢6 mor s6'l¢ chit s6 0
tan cung.

— Chimg minh N chira s6 nguyén 16 véi s6 ma lé.

— Xét s6 du khi chia N cho 3 hoéc cho 4 hoac cho 5, hoic cho 8...

Chéang han, néu N chia cho 3 ¢6 s6 du 1a 2 ; hodc N chia cho 4, cho 5 ¢6
sO du la 2 ; 3 thi N khong phai 1a s6 chinh phuong.

— Chimg minh N nam giira hai s6 chinh phuong lién tiép.
Vidu I2
ChoA=]1...1 - 88..8 + 1.

b St
2n n

Chimg minh rang A 1a mot s6 chinh phuong.
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Giai

A=l1.1 00.0 + 11.1 -8.11.1 + 1.
St N | gl —
n n n n

Pat Il..1=a thi 99..9 =9a dod6é 99.9+1 =10"=9a+ I.

n n n
Ta cé A=a.10"+a-8a+1
A=a@a+1)+a-8a+1=9a>—6a+1=3a-1)>~

A = 33..32%. Vay A 1a mot s6 chinh phuong.
33..3

n-1

Nhan xét

Khi bién déi mét sé trong doé ¢6 nhiéu chir s6 giéng nhau thanh mét sé

chinh phuong ta nén dat 11...1=a va nhu vdy 99..9 + 1= 10" = 9a + 1.
n n

Cac bién déi nay dugc ap dung dé gidi cac bai tap 114, 115.

Vidu I3
- Chirng minh ring :

a) Téng cua ba s6 chinh phuong lién ti€p khong phai 13 mot so
chinh phuong.

b) Téng S =17 + 2> + 3% + ... + 307 khong phai 1a mot s6 chinh phuong.
Giai

a) Goi ba s6 chinh phuong lién ti€p la (n — l)2 . n’ s (n + I)z.

Téng cuia ching 1a (n— 1)+ n® + (n + 1)* = 3n + 2.

Toéng nay chia 3 du 2 nén khong phai 14 s6 chinh phuong.
b) Ta vi€t S thanh t6ng ctia 10 nhém, méi nhém 3 s6 hang.

S=(1%4 25+ 3% 5 (4 £ 5° 4 6°) 4.4 (08 +-29% 4305,
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Mo6i nhém chia cho 3 du 2 nén
S=Ck; +2)+ (3ky +2) + ... + 3k + 2)
S=3k, +3ky + ...+ 3k;, + 18 + 2
S=3k + 2 (trong do k =k, + k, +...+ k, + 6).
S chia cho 3 du 2 nén S khong phai 1a s6 chinh phuong.

Nhan xét

100.

101.

102.

103.

104,

105.
106.

Trén day ta da ching minh mét sé khéng phai la sé chinh phuong bang
cach xét s6 du trong phép chia sé doé cho 3. Vi sé du la 2 nén ta khdng
dinh s6 dé khéng phai la sé chinh phuong.

Néu s6 du la 0 hay la 1 thi ta chua khdng dinh dugc diéu gi. Ban chd
véi vang két luén sé do la sé chinh phuong.

BAI TAP
C6 hai s6 chinh phuong nao :
a) Co t6ng bing 4567 ?
b) C6 hiéu bing 7654 ?

Chimng minh ring téng ctia 20 so6 chinh phuong lién ti€p khong thé 1a s6
chinh phuong.

Cho nam s6 chinh phuong bdt ki ¢6 chir s6 hang don vi déu bang 6 con
chir s6 hang chuc thi khdc nhau. Ching minh ring t6ng cic chir s6 hang
chuc cia nam s6 chinh phuong dé ciing 1a mot s6 chinh phuong.

Cho a, b, ¢ 1a cdc chir s6 khic 0.
a) Tinh t6ng S clia tat ca céc s6 ¢6 ba chir s6 tao thanh bdi ca ba chirsé a, b, ¢ ;
b) Chiing minh ring S khong phai la s6 chinh phuong.

Tim mot s6 chinh phuong cé bon chir s6 biét ring hai chir s6 ddu gidéng
nhau, hai chir s6 cuéi giéng nhau.

Chimg minh ring néun + | va 2n + | déu 12 s6 chinh phuong thi n : 24.
Tim s6 tu nhién n biét rang trong ba ménh dé sau ¢6 hai ménh dé diing va
mot ménh dé sai :
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107.

108.

109.

110,

111.

112.

113.

114,

115.

32

. nco chir s6 tan cung la 2.

2. n+ 20 la mot s6 chinh phuong.

3. n- 69 la mot s6 chinh phuong.

Cho N 1a tdng ctia hai s6 chinh phuong. Chiing minh ring :
a) 2N ciing 1a téng cua hai s6 chinh phuong ;

b) N” ciing 12 18ng ciia hai s6 chinh phuong.

Cho A, B, C, D la cic s6 chinh phuong. Chimg minh ring (A + B)(C + D)
la tdng cua hai s6 chinh phuong.

Cho ba s6 nguyén X, y, z sao cho x = y + z. Chimg minh ring 2(xy + Xz - yz)
la t0ng cua ba s6 chinh phuong.

Cho a, b, ¢, d 1a cdc s6 nguyén thoa man diéu kiéna - b =c +d.

Chimg minh ring a’ + b” + ¢ + d” luon 12 téng ctia ba s6 chinh phuong.
Cho hai s6 chinh phuong lién ti€p. Chiing minh ring téng cla hai s6 dé
cOng vai tich cta chiing 1a mot s6 chinh phuong le.
Choa,=1+2+3+..+n.

a) Tinha,,,;

b) Chitng minh rang a,, + a,,, 12 mot s6 chinh phuong.

Cho M la tich cha b6n s6 nguyén lién tiép. Chimg minh ring M + 1 1a mot
sO chinh phuong.

a)Choa=11..15; b=11...19.

I'l ll
Chitng minh rﬁng ab + 4 1a mot s6 chinh phuong.
b) Choa=]1...1 ;b=100..011 (n=2).

n -2
Chimng minh ring ab + 4 1a mot s6 chinh phuong.
ChoM = 11...155..5+1.

I"I. I"l

Ching minh rang M 1a mot s6 chinh phuong.



116.

117.

118.
119.
120.
121.
122.

Ching minh ring céc s6 sau 12 s6 chinh phuong.
a)M=11..1+44..4+1 (ne N);

Zn n

b)N-ll d+11...1 l+66 6+8 (n € N).

2n n+l n

Cho a, b, ¢ 1a 3 s6 nguyén thoa man diéu kién ab + bc + ca= 1.

Chiing minh ring (a2 + 1)(b% + 1)(c* + 1) 1a mot s6 chinh phuong.

Tim tat ca cdc s6 tu nhién n sao cho n® + 1234 1a mot s6 chinh phuong.
Tim céc s6 tu nhién k dé cho s6 s B T mot s6 chinh phuong.

Tim cdc s6 tu nhién x sao cho x> + 2x + 200 12 mot s6 chinh phuong.

Tim cic s6 nguyén x sao cho A = x(x — 1)(x = 7)(x — 8) la mot s6 chinh phuong.
Cho A = p4 trong d6 p 1a mot s6 nguyén to.

a) S6 A ¢6 nhimg ude duong nao ?
b) Tim céc gid tri cha p dé tdng cdc ude duong cia A 1a mot s6 chinh phuong.

§5. On tap chuong |

Vidu 14

Tim s6 nguyén m sao cho da thic (x + m)(x — 3) + 7 phén tich dugc thanh
(x +a)(x + b) véi a, b lacdc sO nguyénvaa<b.

Giai

Vix+m)(x=3)+7=(x+a)x+ b) véi moi x (1)
nénvdix=3thi7=(x+a)x +b).

S6 7 viét dudi dang tich cua hai s6 nguyén chi bang hai cich 1.7 va
(~=1).~7).

Vi a < b nén ta c6 hai truong hop :
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Truwong hop 1 :
3+a=1| a=-2
—
{3+b=7 {b=4
Thay vao (1) ta dugc (x+m)(x=-3)+7=(x-2)(x+4)
Vaix=2thi(2+m).(-1)+7=0
m = 3.
Do d6 (x +5)(x = 3) + 7 =(x - 2)(x + 4).
Truomg hop 2 :
3+a=-7 a=-10
&
{3+b=—l {b=—4
Thay vio (1) taduge (x + m)(x = 3) + 7 =(x = 10)(x — 4).
Véix=4thi(d+m).l+7=0
m=-11.

Dodo(x=11)x=3)+7=(x-=10)x - 4).

Nhén xét vé phuong phdp giai
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Phuong phéap giai vi dy trén la phuong phéap xét cac gia tri riéng. S df
dung dugce phuong phap nay vi da thie (x + m)(x = 3) + 7 déng nhat voi
da thue (x + a)(x + b).

Vidul5
Chimg minh ring A = nrm+ D+ m+2)7 9 (1) v moi n € N*,
Giai
Cdch thie nhat : Phan tich A thanh nhin tir trong d6 A chira thira s6 9
A=n3+(n3+3nz+3n+ I)+(n‘1+6n2+ 12n + 8)

=30’ +9n° + 150+ 9 =3 (n’ + 3n” + 5n + 3).
DatB=n3+3n2+5n+3=:13+n2+2n2+2n+3n+3

=n'(n+ 1) +2n(n+ 1)+ 3m+1) =(n+ 1)(n° +2n + 3)

=’ +2n)(n+ 1)+ 3+ 1)=n(n+ 1)(n+2) + 3(n +1).

IB-BT.. TOAN 8



Tathdyn(n+ I)(n+2) :3  (vilatich cia ba s6 tu nhién lién tiép) ;
3n+1):3.

SuyraB: 3dod6B=3k (k € N).

Vay A=3B=3.3k =9k : 9.

Cach thit hai : Dung phuong phap quy nap toin hoc

~Véin=1thiA=1"+2"+3"=36:09.

Vay ménh dé (1) diing véin = 1.

— Gia st ménh dé (1) ding véin =k nghialak® + (k + 1)+ (k+2)° : 9
(ta goi day la gia thiét quy nap).

Ta phai chimg minh ménh dé (1) ding véi n = k + 1, nghia la phai ching
minh

k+1DP+k+2>+k+3)1:0.

That vay, ta c6 Ok 427k +27:9; K+ k+ 1)’ +k+2)°:9(do gia
thiét quy nap)

suy ra (k+l)3+(k+2)3+(k3+9k2+27k+27)59

hay k+1DP+k+27+k+3)> 0.

— Két luan : Vay ménh dé (1) ding véi moi n € N* nghia Ia
n+m+1)’+m+2)7>:9

véi moi n € N*.

Nhan xét

Ta thuéng dung phuong phap quy nap toan hoc dé chimg minh nhimg
ménh dé phu thubc vao sé tu nhién n. Noi dung cla phuong phap nay
gém ba budc

1. Chitng minh ménh dé dang véin = 1.

2. Gia sir ménh dé dung voi n = k (day la gia thiét quy nap), ta phai
chumg minh ménh dé dung véin = k + 1.

3. Két ludn ménh dé dang véi moin € N*.
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123,
124,

125.
126.

127.
128.

129.

130.

131.

132.

133.

134.

135.

36

BAI TAP
Cho bon s6 a, b, x, y sao cho ab = 1 ; ax + by = 2, chimg minh ring xy < 1.

Chimg minh ring P = x(x - y)(x + y)(x + 2y) +y" 12 binh phuong ctia mot
da thuc.

Cho x + y + z = 0. Chimng minh ring (x% + yz +22 )Y =20x* + y" +2%).

Choa=4m +8n+9p;b=m+4n +4p; c =4m + 7n + 8p. Chitng minh
rang n€u m, n, p la s6 do cdc canh cia mot tam gidc vuong (p 1a s6 do
canh huyén) thi a, b, ¢ ciing 12 s6 do cdc canh ctia mot tam gidc vuong.

Tim x € N sao cho (2* - 8)” + (4* + 13)* = (4" + 2* + 5)°.

Cho x, y la hai s6 khdc 0, thoaman (x +y) =x" +y>. (1)
Chimg minh ridng x va y 14 hai s6 d6i nhau.

Chon € N; n> 1. Ching minh ring cdc s6 sau 1a hop s0 :
a)20"-1; b) 1000" + 1.

Phan tich da thic thanh nhan tir :
a)M:xq—xT-i-x“—xs—x4+x3—x2+I;
b)N=(x=-3)(x-1)(x+1)(x+3)+15: c)P=x?+x5+l.

Cho x* - y? = 1, tinh gid tri ciia biéu thic
A=2(x"—y6)—-3(x4+y4).

Tim s6 du cua phép chia S: 5 trong d6
S=1"+2"+3"+..+ 8" vi n 1 s6 tv nhién 1é.

Cho A 1a mot s6 chinh phuong va m 14 mot s6 ty nhién ty y. Chimg minh
rang bao gidr cling ¢c6 mot s6 tr nhién n sao cho A + mn i mot s6 chinh phuong.

Cho x, y € Z, chimg minh ring cdc s6 sau 12 s6 chinh phuong :
AM=(xX+1DX+3)x+4)(x+6)+9;

b) N = (x = y)(x = 2y)(x - 3y)(x — 4y) + y*.

Chimg minh ring véin € N* thi :

a) l +3+5+...+(2ll— I):nz; b) l3+23+33+...+ﬂ3‘=(l +2+3+...+ﬂ)2.



PHAN THUC DAI SO

§ 1. Pinh nghia va tinh chét co ban. RGt gon phén thic

va quy déng mau cla nhiéu phan thic

Kién thirc co ban

1.

Phan thitc dai s6 12 mot biéu thic ¢6 da}ng%. trong dé A, B la nhirng da

thirc va B # 0.
Dic biét : Méi da thitc cling duge coi nhu mot phan thirc véi miu thire bing 1.

A_L & AD=BC (B,D#0).
B D
Tinh chat co ban cta phan thic :
A_AM (M 12 da thic khic 0).
B BM
A =ﬂ (N 1a mot nhan tir chung cua A va B).
B B:N
Pic biét : B (quy tic doi dau)
Iebitt: ==—r quy :

Rut gon phén thirc

— Phan tich tir vd miu thanh nhan tir (n€u cin) dé tim nhan ur chung ;
— Chia ca tir va mau cho nhan tir chung (néu co). |

Quy déng miu cua nhiéu phan thic :

— Phan tich cdc méu thanh nhan tir réi tim mdu thitc chung ;
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— Tim nhén tir phu ciia méi méu thirc ;

~ Nhén tir va miu ciia méi phén thirc véi nhan tr phu tuong tng.
B& sung
Phan s6 % la mot truong hop dédc biét cua phan thic % khi A, B la nhimng

da thuc bac 0. Vi vay tinh chdt co ban cua phan s6 1a moét truong hop dac
biét ctiia tinh chdt co ban cua phan thic dai sé.

Vidu l6
Xy 5 x? -2xy + y2
Cho 55 =7 » hdy rit gon phan thic P= > >
x“+y- 8 X“+2Xy+y
Gidi = 3 = s +y?) = 8xy.
X“+y

N x2 - 2xy +y2 N 5(1{2 + yz —2XYy) _ 5(:1»:2 +y2)-— 10xy

Taco P = =
. +2xy «1-}'2 5(x? +y2 +2xy) 5(x* +y2)+ 10xy
_8xy-10xy -2xy -l
8xy+10xy I8xy 9
Nhan xét
Khi bién d6i diéu kién —— =-§- thanh 5(x* + y°) = 8xy la ta da vén
X< +y

dung dinh nghia cia hai phan thuc dai s6 bang nhau. D& van dung
duac diéu kién 5(x2 + y2) = 8xy ta da nhéan ca t& va mau cda phéan thuec
P vaéi 5, dé chinh Ia van dung tinh chat co ban cla phéan thuc dai sé.
Tinh chat co ban nay cGng duogc van dung 0 budc cudi ctiing dé rat gon
phén thue P : chia ca tir va méu cho 2xy.

BAI TAP

151. So sdnh :

~201-200

20122007
201+200

va B= =
2012 +200?

a) A
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_ 1999.4001 +2000 i D_]S{]I.1503—1500.|498
2000.4001-2001 6002

152. Chiing minh rang v6in € N thi :

b) C

3

a) Phan s6 A = :1_—[ khong t6i gian ;
n" +n+l
; 6n+l . .,
b) Phan s6 B = 101 gian ;
8n+1
2
& Pl G Cam— D T g

20n% +20n+9

153. Viét mébi da thirc sau dudi dang mot phan thirc dai s6 véi tr va miu la
nhimg da thitc ¢6 hai hang tr :

a)A=x'9+x1“+x’7+...+x+l;

b)B=x+ D+ DX+ Do x2+ 1.
154. Rut gon cdc phan thic :

n! ' (n+1)! = n!
(n-D!(n+1) (n+1)! +n!

a)

155. Ruit gon cdc phan thic :

=(x2 -y)(y+l)wl-:hc2y2 -1 xz(y-z)+y2{z—x}+ z?‘(x-—y)_

a)A - b)B:
(x2+y}{y+l)+x2y2+l xzy—xzz+yzz—y3
156. Rut gon cic phéan thuc :
x* —4x2+3 x4+ x> =x-1 x* +3x2 -4
By w o ma—o 3 €)= '
X" +6x° -7 X 4+X +2x°+x+1 X" =3x+2
157. Riit gon cic phén thuc :
x3 +x2-4x-4 x? +6x7 +9x% -1
a) — 5 2 b) 2 > = g
X +8x“+17x+10 X' +6x"+7x°=-6x+1
X ¥ 2 :n:2+;\,'2+:r.2
158. Cho— ===— hay rit gon phan thic P = s
a b ¢ (ax + by +¢z)
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159. Cho x + y + z= 0 va x, y, z khdc 0 hay rit gon cdc phéan thic sau :

a) P = X2+y2+22 i
(x=y)P +(y-2 +(z-x)*
b Q _(x2+y?-2)y? +27 -x)) +x2-y?)

16xyz

160. Cho x> + y3 +2° = 3xyz hay rit gon phén thirc

= xyz .
(X+y)Ny+z)(z+X)

§2. Phép cdng va phép trir cdc phan thic dai sé

Kién thirc co ban

1. a) Muén cong hai phan thic cing mau, ta cdng cic tir thitc véi nhau va gitr
nguyén méu thirc.

b) Muén cdng hai phan thitc ¢6 mau thirc khic nhau, ta quy déng méu thic
rdi cong cdc phan thirc cing miu vira tim dugc.

2. Phép coOng cdc phan thifc ciing ¢6 cic tinh chat giao hodn, két hop.
3. Hai phan thitc dugc goi 12 d6i nhau néu tdng ctia chiing bing 0.

B B B B
A C A C
P
B D B D
B& sung

Tir cdch tim phan thirc d6i ctia mot phan thite ta ¢6 quy tic déi diu (thi hai)

Néu ddi ddu cha tir thic (hodc miu thic) dong thi d6i ddu dimg trude
phan thitc thi duge mét phan thiic bang phan thic di cho.
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Vidul7

Thuc hién cdc phép tinh :

x2 ),2 ?2

= + + - :
(x-y)x-z) (y=-z)Xy-x) (z-x)(z-Yy)

Giai
2 2 2
A= 2 + Y - .
(x-yXx-2) (z-y)x-y) (x-z)z-Yy)

. x2(z-y)+y*(x-2z)-Z3(x =) _ x*(z-y)+y*(x-2)-2° [(z-y)+(x-2)]
(X-y)x—-z)z-Y) (X=-y)x-2z)(z-y)

_ @& -2)+x -2y -2") | (x-2)z-y)x-y) _
(x=y)x-2)(z~Yy) (x-y)x-2)z-y)

Nhén xét

Ta phai tinh t6ng ba phan thuc c6 mau khac nhau. Cac nhan ti d ba
méu déi nhau timg cdp : X -y vay —x; X-ZVazZ -X y-zZvaz-y.
Vi vy d€ méu thuc chung dugc don gidn ta da déi ddu cac nhén ti &
méu cla hai phan thire cubi :

— D3i vai phan thire thir hai, ta d6i ddu ca 2 nhén t& 6 méu, vi thé khéng
déi ddu dung trudc phén thuc nay.
— D6i vdi phan thuc thi ba, ta déi ddu mét nhan tr d méu, vi thé phai

déi ddu dumg trudc phén thic nay. Tom lai, ddu cta phéan thic khéng
déi néu ta d6i ddu mot s6 chan 1an cac nhén t trong phén thure.

Vidu I8

Thuc hién cic phép tinh :

2 2 2
X —yz - ZX i
yz_ . _ ¥ 3 y

-(x +y)x+2z) (y+z)y+Xx) (z+x){z+y)'

Giai
xz—yz _x2+xy——xy—yz_x(x+y)—y(x+z)_ X Yy
(X+y)(x+2) (X+y)x+2z) (X+y)x+2) X+2Z X+Y
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Tuong t yz-zx e . B zz-xy sl . o
C(y+z)y+x) y+z y+x' (z+x)z+y) zZ+y z+Xx

Viy B=_X __ Y ., ¥ X .z X

X+Z X+YyY Y+Z Yy+X Z+Yy Z+X

)
X+Z Z+X y+z z+y X+y y+X

B=1-1=0.

Nhéan xét

Phuong phap giai cha vi du nay la tach méi phan thuc thanh mét hiéu
cta hai phén thuc r6i nhém cac hang tl thich hop lai dé céng hodac tru
ma khéng cén quy déng mau. Cach bién d6i nay cing dugc véan dung
d€ giai bai tap 164.

BAI TAP
161. Thuc hién cédc phép tinh :
2 2 2
a) xz - 2x2y2 e 3; ;
(x=y)"(x+y) X =2x°y“+y (X" =y )x+Yy)
b) | B | B 2 - 4 B 8 B 16
x=1 x+1 x2+1 x*+1 x*+1 x"0+1

162. Thuc hién cédc phép tinh :
1 | |
+ + :
X(x-y)x-2z) y(y-x)y-z) z(z-x)(z-y)

b) I N I . 1

t{y--z}l[x2 +:p¢z—y2 -yz) (z—:l()(y2 +xy-z2 =ZX) (Jna—y){z2 +yz--n':2 —-Xy) -

163. Thuc hién cic phép tinh :

a)

2 2 2
2 M 2 2 2 +(x-—y) +(y-2z)" +(z-x)"
X<y y-=Z Z=X (x-y)Xy-2z)(z—-X)

a)M=
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164.

165.

166.

167.

168.

169.

170.

B) N yZ N ZX Xy . 2xyz

= + .
(x+y)x+2z) (y+z)y+x) (z+x)(z+y) (x+y)y+z)(z+X)
Tinh téng bing cdch hop Ii nhat :

i Bt el g ' ;
x(x+1) (x+D(x+2) (x+2)x+3) (x +99)(x + 100)

a a a
b)B= 5 foy ke bk
X“+ax Xx“+3ax+2a X“ +5ax +6a

5 . z 1 3
x“ +19ax +90a“ x+10a

dooe et

ChoP=1+—+
X Xy Xyz Xyzt

1 x+1 +(x+l)(y+l)+(x+l)(y+l)(z+l)‘

Chimg minh ring c6 thé viét P duéi dang mot phan thic ¢é tr va mdu déu
la tich ciia 4 nhan ur.
. y ¥ 2 2 2

Cho + + =1, tfnhS:x +y + &
Y+Z Z+X X+Y Y+Z Z+X X+Yy

Choxy=a; yz=b; X =0 (a, b,c#£0).

Tinh x% + y°* + 7°.

Chox +y+z=0vax,y,zkhicO, tinh:

2 2 22
a) M = Y22 22t 32 2 2°
X‘—y“ -2 y“-z°-x°* z°-x“-y

1 1 I
b)N = - - .
x2+y2-22 y*4+z22-x? Z2+x?-y?

Cho—=-=——==~——=—.
A N N R
Ching minh ring trong ba s x, y, z t6n tai hai s6 bang nhau hoac
doi nhau.
2% —
Cho o - X ol P . Tinh M . N.

X+1 X-Z_xz—x-z
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§3. Phép nhan va phép chia cac phéan thic dgi sé

Kién thirc co ban
. AC_AC
" BD B
2. —A-£=§-E voi —#0
B D BC
3. Phép nhan cdc phan thic dai s6 c6 tinh chat giao hodn, két hgp va phan
phoi do6i véi phép coOng.
Vidu 19
Chitng minh rang :
A=£l-i}(l—i).[l—i}u 1- - ]}-1- viine N;n22.
2.4 3.5 4.6 nin+2)) 4
Gidi
2
Ta théy 1- 3 _n +2n 3=(n 1)(n+3)_
. n(n+2) n(n+2) n(n+2)
Do dé A < 13,26 37 (n-1)(n+3) =(l.3.§ n- ](g.gz n+3]
24 35 4.6 n(n+2) 234 n 4 56 n+2
_1 n+3 n+3 l}l
n 4 n 4 4
Nhan xét
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Dé cdng cac phan thuc trong vi du 18 ta da dung phuong phap tach moi
phén thue thanh mét hiéu caa hai phan thire réi giao hoan, két hop lai,
tinh toan dugc dé dang.

Con trong vi du 19 nay, d€ nhan céc phéan thuc viét c6 quy luét ta da

viét moéi nhan t& thanh moét tich cda hai phén thuc réi giao hoan, két
hop lai dé khi lién tiép, tim ra két qua dugc nhanh chéng.




Vi du 20

Cho Aoy Pl i G,
X+y y+z Z+X

Chimg minh rang (1 + A) (1 + B)(1 + C) = (1 — A)(1 - B)(1 = C).

Giai
Tacth I vAmlve—ta 2x ;tucmgtl,rl+B=—-2l; b 2z ;
X+y X+Yy y+z Z+X
= 2
TﬂCél—A=l—x }'= 2)’ ;[ugng[u]_ﬂ-_—_i; ]-C= K.
X+y X+Yy y+z X+Z
2x 2y 2z 8xyz

Dodo (1 + A1 +B)(1+C) = . . = :
X+y vy+2 z+X (X+yNy+z)(z+Xx)

2y 2z 2x _ 8xyz _
X+y Y+Z z+X (X+y)y+z)z+Xx)

(1-A)1-B)(1-C) =

Suyra(l1+A)1+B)(1+C)=(1-A)1-B)1-0C).

Nhan xét

Trong vi du trén, cac biéu thuc A, B, C cé chia cac bién x, y, z. Trong
biéu thic A néu ta thay x bdi y, thay y bdi z thi ta dudc biéu thirc B.
Trong biéu thirc B néu ta thay y bdi z, thay z bdi x thi ta dugc biéu thic C.
Trong biéu thire C néu ta thay z bdi x, thay x bdi y thi ta lai duge biéu
thie A. Ta goi do la cach hoan vi vong quanh ba chi x, y, z, ki hiéu la
X—>y—=>zZ->XxIlucdbA—-B-C-A.

s
]

<k nén 1 + B dugc bién dbi thanh 2y
X +Y y+2

22
Z+X
tuong tu. Nhan xét vé hoan vi vong quanh giup ta rat ngan I10i giai va do
nhing nham Ian.

Vi 1 + A dugce bién doi thanh

1 + C duogc bién déi thanh .Déivéi1-A;1-B;1-Ccidng
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171.

172.

173.

174.

175.

BAI TAP

Thuc hién cac phép tinh :
x2+x-6 x2-4x-5
a) > —
X“+4x+3 x“-10x+25
b) x(y2 -2)+y(x-xy) xyz -xz(2y-z)
(x - y}2 +(y —z}:2 +(1r.—ch}2 2{:{3 - y" +7 -3xyz)
Tim tich :

‘a)A= (l—%)(l—%]---[l—n%] viine N;n2>2;

1*+4 5*+4 9'+4 17%+4
%4 T4 11°+4 19%44
Chimg minh ring :

C= (I+i][l+i][]+i)...(l+ . ) <6 vGin € N*.
S 12 21 n(n+4)

Z—X

b) B =

Cho A = e s B= e s =
1+ xy l1+yz | +2x

Chimg minhring A+B+C=A.B.C.
2

~ o _2
Chic A= 25X B=4?-x_y2.; c=xy-z"

yz+2x2 ’ ZX + 2y >¢y+222

Ching minh ring néu x + y + z = 0 va x, y, z d6i moOt khac nhau thi tich
A. B. C 1a mot hing so.

§4. Bién déi cac biéu thic hiu ti

Kién thirc co ban

1
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Mot phan thie dai s6 hodc moét biéu thie biéu thi mot diy cdc phép todn :
cong, trir, nhan, chia trén nhimg phan thirc goi 1a mot biéu thic hiru ti.

Ta c6 thé bién déi mot biéu thic hiru ti thanh mot phan thic.



2. Khi giai todn lién quan dén gid tri ciia phdn thire thi truge tién phai tim
di¢u kién cia bién d¢ gid tri twong (ng clia mau thic khdc 0. Ta goi dé 1a
diéu kién dé€ gid tri cha phan thic duoc xdc dinh (viét tat 1a DKXD).

e
Bo6 sung

Trong trudng hop biéu thic hiru ti ¢6 hai bién x va y thi gid tri cia biéu
thirc dé chi duge xdc dinh véi cdc cap s6 (x ; y) lam cho gid tri cia méu
thire khéc 0.

Vidu2l

2 - 2 2 2
ChoP:E-( = -i-x i . }x .t o

X xz—-xy Xy yz-xy XY

a) Tim diéu kién ctia cdc bién x, y dé gid tri ctia P dugc xéc dinh ;
b) Rut gon P ;

9 | —

c)TimgidtrichaPvéi 2x - 1|=1; |y+ 1| =

Giai

+ & :
X(x-y) Xy y(x-y) X-y

P=3— <2 X2 -y y2 .xz-xya-yz‘
X
a)DKXD:x#0; y=#0; x=y.

b) P = g__::c2y+(:~a2—yz)(m:—y)ﬂny2 e

X Xy(x -y) x% —xy +y?
_3_(x+y)(x2—xy+y2)_ X=Yy _2 x4y y-X%X
X Xy(x —y) x2—xy+y> X Xy Xy
[2x-1=1 =1
o) x-1=1e | e | * _
| 2x-1=-1 x =0 (loai) ;
-y+l"l Fy"-l
y+ll== o 2 o 2
2 +[—_l —-_E.
by g 1779
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. Vérix:l;y:—-% thi P= —2— =3

2
e

o Vﬂix=l;y=—% thi P=__23_=_§..
B

Nhan xét

Viéc rat gon mét biéu thuc khéng phu thude gi vao gia tri cua cac bién.
Tuy nhién, khi gidi nhitng bai toan co6 lién quan dén viéc tinh gia tri cua
biéu thuc nhu vi du trén, thi trude tién ta nén tim diéu kién xac dinh.
Nhimg gié tri ndo cda bién thod méan diéu kién xac dinh thi thay véo
biéu thire da dugc rat gon dé tinh gia tri cda né, cdng tuc la gia tri cda
biéu thure da cho.

BAI TAP
176. Cho cédc phan thic :
2 o 2 _igh =
ki, putel, g KW
X" =4 X" =y X“+y“  +4x-2y+5

Tim cdc gid tri cia x va y dé :
a) Gid tri méi phan thirc trén dugce xdc dinh ;
b) Gid tri méi phan thiic trén béng 0.

177. a) Tim gia tri 16n nhdt cua phan thic A = > 2 :
X“=6x+10
b) Tim gid tri nho nhat cua phan thic B =2-—8-
X“=2x+5
178. Chitng minh rang gid tri cia biéu thic P luon luon duong véi moi x, vy, z

khéc O

1 1 [1 1 1]( 11 1]
P= : | === || —+—+— |-
X+y+Z Xy+yz+zx \X y z)\Xy yz zx
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179.

180.

181.

182.

183.

g3
Cho biéu thitc P = - - &
X

a) Riutgon P ;

b) Tim céc cap gid tri nguyén duong clia X va y vdi x +y < 50 dé P c6 gid
tri la 8.

=X+Y-=2 —X-y+Z

Cho x.y.z# 0 va b i
X y z

e U6

Cho x, y, z khic —1. Ching minh ring gi4 tri cia biéu thitc sau khong phu
thuéc vao cic bién x, y, z:

Xy +2x+1 i yz+2y+1 % zx +2z+1
Xy+x+y+l yz+y+z+l ZX+z+x+l

Chox=by+cz(l);y=ax+cz(2);z=ax+by(3)vax+y+z20;
xyz # 0.
1 1

Chimg minh déng thirc LI + =2,
l1+a 1+b 1l+c
n -n 2n -2n
Cho X———XT =mvéin € N* tinh P = -)-l-z—x_z theo m.
X G o

§5. On tép chuong i

Vi du 22

Chobiéuthfmp=[ 3 "2;3" - M DN . ]
X" +3x°+9x+27 x“+9 ) \x-3 x7-3x°“+9x-27
a) Rut gon P;

b) Véi x > 0 thi P khong nhan nhirng gia tri nao ?

¢) Tim cdc gid tri nguyén cta x dé P ¢6 gid tri nguyén.
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Giai

X(x+3) 3 1 6x
a) P= > = . - >
(x+3)(x“+9) x“+9] [x-3 (x-3)(x"+9)
_ x+3  x*+9-6x _ X+3 '(x—3)(x2+9j_x+3
x2+9 (x=3)x2+9) x*+9 (x-3)? x-3
By 2V b x BPmr S iD—TiwEP i) = gmaia D,
x=3 - P-1
PN Sl )RR 2 SN
P+1>0 wva P-1>0 P>1
P =
P+1<0 wva P-1<0 P<-l.
Viy P khong ldy ciac gidtritr =1 dén 1, tic la P ¢ [-1: 1].
c)DKXD:x#iB;P=x+J=x-3+6=I+L-
x-3 Xx-3 Xx-3
P ¢ gid tri nguyén < x - 3 € U(6) = {£1 ; £2; 3 ; +6}.
x—-3 1 ] ~| 2 -2 3 -3 6 -6
X 4 2 = I 6 0 9 |-3 (loai)

Vaykhix e {0:1;2:4;5;6;9} thi Pcé gid tri nguyén.

Nhan xét

— Phuong phap gidi cau b trong vi du trén la muén biét P khéng nhén
nhing gia tri nado ta xem P nhan dudc nhing gia tri nao réi loai bo
X+3

nhimg gia tri d6 di. Mudn vay ti biéu thire cla P theo x 1a P = —

ta

3P+1) |

suy ra mét biéu thuc cla x theo P 1a x = tur do tim dugc cac gia

tri cia P thoa méan diéu kién x > 0.

- Phuona phép gidi cau c trong vi du trén la biéu dién P dudi dang téng cla
maét da inie ¢H hé sé nguyén vai mot phan thire co tir 1a mot sé nguyén, con
mau la mét da thue co chira bién x. Gia tri cGa méau phai la udc cda ti.
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184.

185.

186.

187.

188.

189.

BAI TAP

|x +1]+2x

Cho biéu thitc A = =
3x“=-2x -1

Hay rit gon A rdi tinh gid tri v6i x = -2 ; x =2..

Tim cdc s6 A, B, Cdé co

x2+x+4 A B C
o + 5+ g
(x+2) X+2 (x+2)° (x+2)

Cho x.y.z# 0 va x # y. Tinh gid tri cla cdc biéu thic sau :

ayM= m-l-M+H+ i X
X Yy Z Xyz

Xy x=y [x ¥
b)N= 2+ {——-—-]-
Ixy|  [x=y| UIx[ [¥]

Cho x.y.z# 0 thoa midn X + y + z = xyz vé—!-+~]—+l=\/§.

X y z
. R . 1 1 |
Tinh gid tri cua biéu thic P S b
X" N Z
X y zZ , S L .
Cho - + =0,x:y;y:tz;z:ex.'l‘mhg:élr;cuabléulhuc
y—-z 2Z-X X-Y
X y z
= + + .
y-2z)* (z-x)* (x-y)?
- . T YR
Chiobil thile A m BER G D 40— 748 -0

2ab 2bc 2ca
Chimg minh ring :
a) Néu a, b, c 1a do dai cdc canh cia mot tam gidc thi M > 1.

b) Néu M = 1 thi hai trong ba phan thitc da cho cta biéu thitc M bang 1,
phan thirc con lai bing —1.
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190. Cho biéu thic P = | +

x2 +5x+6

X+3 { 8x? __3x 1
4x> -8x? 3x%-12 x+2
a) Riut gon P;
b) Timcdc gidtrictax déP=0;P=1;
¢) Tim céc gid tri cia x dé P> 0.
191. Cho biéu thic.

2x —x2 2x2 2 1-x
i b prpme 2T :
2x“+8 x"-2x“+4x-8 )\ x~ X

a) Ritgon Q;

b) Tim céc gid tri nguyén ctia x dé Q c6 gid tri nguyén.
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PHUONG TRINH BAC NHAT

§ 1. Mé& ddu vé phuong frinh. Phuong frinh béc nhét mét én.

Phuong frinh dua duoc vé dang ax+b =0

Kién thirc co ban

L.

Phuong trinh 4n x ¢6 dang A(x) = B(x) trong dé6 A(x) va B(x) la hai biéu
thirc ciia cing mot bién x. Gid tri X = X, 1am cho hai v€ cia phuong trinh
nhan cing mot gid tri goi 1a mot nghiém cha phuong trinh. Mot phuong
trinh c6 thé c6 mot, hai, ba,... nghiém, nhung ciing ¢6 thé khong c6 nghiém
nao hodc ¢6 vo s6 nghiém. Tap hop tdt ca cdc nghiém cua mot phuong trinh
goi 1a tap nghiém cua phuong trinh d6, thuong ki hi¢u la S.

Hai phuong trinh tvong duong la hai phuong trinh ¢6 cung mot tdp nghiém.
Hai phuong trinh cung twong dwong véi moét phuong trinh thir ba thi tuong
duong vai nhau.

Quy tic chuyén v€ va quy tic nhan :

a) Néu ta chuyén mot hang tir tir v€ nay sang v€ kia va déi diu cua né thi
duoc mot phuong trinh trong duong véi phuong trinh doé.

b) Néu ta nhan (hay chia) ca hai v€ cia mot phuong trinh véi cung mot 5O
khdc 0 thi dugc moét phuong trinh tuong duong vai phuong trinh da cho.
Phuong trinh bic nhdt mot dn 12 phuong trinh dang ax + b = 0 véi a, b 1a
hai s6 da cho va a # 0. 5

Phuong trinh bac nhdt ax + b = 0 ¢6 nghi¢ém duy nhat 1a x .
a

Phuong trinh dua dugc vé dang ax + b = 0.
Céc budc giai (d6i véi phuong trinh ma hai v€ 1a hai biéu thic hiru ti, khong
chira 4n & méu) :

¢



Buwoe 1. Khir méu thie.

Bude 2. Bo ddu ngodc va chuyén cdc hang tir chira 4n sang mot vé, céc hing
sO sang vé kia.

Buwée 3. Thu gon vé dang ax + b = 0 hay ax = b,

Bo sung

ll

54

Quy tic chuyén v€ chi 1a mot hé qua cua tinh chit sau : Néu ta cong clng
mot da thite ciia dn vao hai v€ cia mot phuong trinh thi dugec mot phuong
trinh méi tvong duong véi phuong trinh da cho.

Trudmg hop phuong trinh thu gon ¢6 hé s6 cia 4n bang 0
Dang 1 Ox = 0.

Phuong trinh ¢6 v6 s6 nghi¢ém, x € R hay S=R.

Dang 2 Ox =c(c=0).

Phuong trinh vo nghiém, S= @.

Vi du 23
Cho phuong trinh :
UEXFD SRED XL B Wy ik,
4 6 3 12

Tim gid tri cia m dé phuong trinh (1) ¢6 nghiém.

Giai

(1) & 92x + 1) -2(5x +3)=4(2x - 1)+ m
o  18x+9-10x-6 = 8x-4+m

_ & 18x - 10x — 8x =m-4-9+6
=S Ox =m-7 (2)

(2) c6 nghiém << m-7= 0
<Sm =7,

Lic d6 ching nhimg (1) ¢6 nghiém ma con ¢6 vo s6 nghiém.



Nhan xét

Phuong trinh (1) sau khi thu gon dan dén mét trudng hop dac biét : hé
SO cua an s6 bang 0. Phuong trinh thu gon khéng phai Ia phuong trinh
bac nhat mét an.

Khi da tim dugc gia tri cia m dé (2) c6 nghiém, tai sao ta két luén duoc

(1) c6 nghiém ? D6 la vi quan hé tuong duong gilta hai phuong trinh cé
tinh chét bac cau.

Vidu 24
Giai va bién luan phuong trinh sau véi m 12 hiing so6 :
m’ [(x +2)° —(1—2}3]
3

—4x =(m-1’+3Cm+1). (1)
Gidi
(1) & m’x - 4x =m’+4m +4

&S (m=-2)(m+2)x =(m+2)2.

m+2
m=2

-~ Néum=2 thi Ox =16, phuong trinh vé nghi¢m; S=O.
—~Néum=-2 thi Ox =0, phuong trinh c6 nghiém bat ki ; S=R.

~-Neum#+2 thi x=

Nhan xét

Phuong trinh (1) voi x la &n, m la hdng sé dugc goi la phuong trinh chia
tham s& m. Sau khi thu gon dugc vé dang ax + b = 0 hay ax = -b ta
phai bién luan theo hai trudng hop :

— Trudng hop a = 0, phuong trinh c6 mét nghiém.
— Truong hop a = 0, luc doé xét tiép dén b :
e Néu b # 0, phuong trinh vé nghiém.

e Néu b = 0, phuong trinh ¢é vé s6 nghiém.
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BAI TAP
192. Cho 3 phuong trinh :

(x+5)02x - 1) =0 (1)
(x +5)2x - DN(x*=3) =0 (2)
(x + 5)(x* = 3) =0 (3)

Xét xem trong cac phuong trinh d6, c6 hai phuong trinh nao tvong duong

khong néu :
a) x nhin gid tri trén tdp hop R ;
b) x nhan gid tri trén tap hop Q ;
¢) x nhan gid tri trén tdp hop Z ;
d) x nhan gia tri trén tap hop N.
193. Tim gid tri cha hing s6 a dé phuong trinh sau vo nghiém :
a(3x-1) _6x-17 " 3x+2 N

0.
5 4 10
194. Giai cdc phuong trinh :
x+1 2x+3 3x+5 20x +39 4 6 40
a) + - 4ot =22 4 == —;

1 3 5 39 R 39°

b) (x =20) + (x = 19) + (x = 18) + ... + 100 + 101 = 101.
195. Giai cic phuong trinh :

(1 1 I I ] 9
a) bttt — (X =)+ —X=X——
1 23 34 9.10

196. Giai va bién luan phuong trinh chita tham s6 m :

mx.+5+x+m _m
10 4 20°
x=-4m x-4 x-4m-3
+ = .
m+l m-1 m? -1

a)

b)

56

,

| 1 1 I 1 1 1

b) + - $od—— X = - - 4ot
L1351 252 353 10.60 1L 212 313

(1)

(1)

I
50.60

].



197. Giai va bién luan phuong trinh chira cic tham s6 a, b, ¢

a) "'a+"‘b+"‘°=2(l+l+1]; (1)
bc ac ab a b c¢

x—ab x-bc x-ca
+ +

b)
a+b b+c c+a

=a+b+c. (2)

§2. Phuong trinh tich

Kién thirec co ban
1. Phuong trinh tich la phuong trinh cé dang A(x)B(x)... M(x) = 0.
2. Cich giai :
[A(x)=0

B(x)=0
A(x) B(x) .. M(x) =0 (x)

ooooooooooooo

Nhu vay, mudn giai phuong trinh tich A(x) B(x)... M(x) = 0 ta giai timg
phuong trinh A(x) =0; B(x) =0 ... ; M(x) = 0 roi ldy tat ca cdc nghiém
thu duoc.

_.1‘
Bo sung

O 16p 7 ta da biét mot da thirc bac n c6 khong qud n nghiém. Vi thé ta sé

gidi dugc phuong trinh bic n ¢6 dang a x" + a,_, L a)x +a,=0
néu ta phan tich dugc vé€ trdi thanh nhan tir. Phuong trinh nay c6 khong qua
n nghiém.

Vidu 25
Giai phuong trinh

x+16+x+18_x+20_

s 1
49 47 45 ¥
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Giai
Thém 2 vao hai vé cua phuong trinh (1) ta dugc

X+16 x+18+ X+ 20

(1) +1+ l=—— +1
49 47 45
- x+65+x+65_x+65 -0 2)
49 47 45
1 | 1
P (x+65)(—+—-—J —{i
49 47 45
1 ] |
& X+65=0 (vi —+——-—20) < x=-65.
49 47 45

Nhan xet

Néu quy déng mau thuc réi khir mau thi viéc giai phuong trinh rat phuc
tap vi mau thuc chung kha lon.

Ta nhan thay trong cac phan thuc ¢ méi vé cla phuong trinh, néu cong
t&r vai mau thi méi téng déu la x + 65 va co thé dat x + 65 lam nhan ti
chung. Muén thé, mébi phén thuc phai duge cong vai 1 do do ta da thém
2 vao hai vé cta phuong trinh.

Nhu véy viéc dua phuong trinh (2) vé dang mét tich giup ta giai phuong
trinh nay dugc don gian.

BAI TAP
Giai cac phuong trinh :
198.2) x’ =3x>+4=0;
b) x*+x’-4x*+5x-3=0.
199.4% - 10.2* + 16 = 0.
200.2) (2x* - 3x - 1)* = 3(2x* = 3x -5) - 16 =0;
b) x(x = I)(x +4)(x +5) = 84.
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201. 2) x+43+x+46= x+49+x+52 ;

57 54 51 48
x-69 x-67 x-65 x-63 x-61 x-59
+ - = + - .
30 32 34 36 38 40

x-17 x-21 «x
+

b)

202. a) + = 4;
33 29 25
b*) l48-—x+169—x+186—-x+199——x - 10.
25 23 21 19
203. a) (2x-5)3-(3x—4)3+(x+ |)3=0. (1)

b) (x - 1)* +(2x - 3)* + 3x - 5)’ - 3(x - )(2x - 3)(3x - 5)=0. (2)

¢) (x% +3x —4)° + (3x% + 7x + 4)° = (4x% + 10x)". 3)
204.2) (x+5) ' +(x-'=2x+ 1" ; -9+ x-2) =82
205.a)x(x+2)+32—3=2a{x+l):

b)xs—(a+b+c)x2+(ab+bc+ca)x—abc=0;

c)x3+3ax2+3(a2—bc}x+a3+b3+c3—3abc=0.

§3. Phuong trinh chlta @n & méu thic

Kién thirc co ban
1. Diéu kién xdc dinh cia mot phuong trinh (viét tit DKXD) la diéu kién cla
an dé tat ca cdc méu thic trong phuong trinh déu c6 gia tri khac 0.
2. Cic budc giai phuong trinh chira 4n & mau thirc
Budce 1 : Tim DKXD.
Budc 2 : Khir méu thuc.
Budc 3 : Giai phuong trinh vira nhan duoc.

Budc 4 : Loai cdc gia tri khong thoa man DKXD. Cac gia tri thoa man
DKXD chinh la cic nghiém cua phuong trinh da cho.
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Bo sung
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Néu ta bién déi mot phuong trinh thanh mot phuong trinh khic ¢6 tap hop
nghiém rong hon thi ta goi phuong trinh sau la mot phwong trinh hé qua
ctia phuong trinh ban déu.

Khi nhan hai v€ ciia mot phuong trinh véi cing mot da thic hoac khi

binh phuong hai vé cia moét phuong trinh, thuong din dén mot phuong
trinh hé qua.

Vidu 26
Giai phuong trinh
2 L N2 3.
[x+3] +6[x 3] e ) P )
x-2 X+2 x2-4
Giai
PDRKXD: x»2+2.
— 2_
Dal-§+—3=u; 2 3=v thi x_, 9=uv.
X=2 X+2 x* -4
Phuong trinh (1) c6 dang u” = 7uv + 6v> =0 (2)
< (u=-v)(u-6v)=0
< u=vhoic u =6wv.
. X+3 x-3 2 2
e Néu u = v thi = (3) =x"+5x+6=x"-5x+6 (3a)
X—=2 Xx+2
- 10x =0
. <> x =0 (thoa man BKXD).
e Néu u = 6v thi x+3=6(x-3) (4) = x-Tx+6=0 (4a)

Xx-2 x+2
SxX-1DX-6)=0
<> x = 1 hoidc x = 6 (thoa man PKXD).
Vay S={0;1; 6}.



Nhan xét

1. Viéc dat &n s8 phy X33 = y va X=3
X-2 X+ 2

trinh (1) phurc tap vé phuong trinh (2) don gian va dé giai hon.

2. Khi khir mdu cta phuong trinh (3) dé€ dugc phuong trinh (3a) thi
phuong trinh (3a) chua chdc da tuong duong vdi phuong trinh (3), né
chi 1a phuong trinh hé qua cla phuong trinh (3). Vi vay ta phai xét
nghiém nao cla phuong trinh (3a) thoa man BKXP thi nghiém dé mdi la
nghiém cla phuong trinh da cho, néu khéng no Ia nghiém ngoai lai.

Cdng tuong tu nhu vay déi véi phuong trinh (4) va (4a).

= v giup ta dua dugc phuong

Vidu 27

Giai va bién luan phuong trinh (m la tham s6)
x—m+x—-5=2‘ 1)
X+d X+m

Giai
DKXD:x#-5; x#-m.
Khir miu ta duoc
xz—m2+x2—25=2(x+5)(x+m) (l1a)
(1a) & -2(m+5)x =m’+ 10m + 25
& 2(m+5)x =(m+5)°

e Néu m = -5 thi phuong trinh (1a) c6 dang Ox = 0 ; phuong trinh nay cé
nghiém tuy y. D¢ nghiém tuy y nay 1a nghiém cia (1) thi x # 5.

2
; : 5
e Néu m # -5 thi phuong trinh (1a) ¢6 nghiém x = AT -8
2(m+35) 2
Dé nghiém nay 1a nghiém cta (1) thi ta phai ¢6 :
_m+5 # -5 va _!Tl+5 Z-m,wrclam=35

r

5 . :
Viynéfum=#15thix = - L2 1a nghiém cua (1).
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Két ludn : ® Néu m = -5 thi phuong trinh di cho c6 nghiém tuy ¥ x # £5;

m+35

e Néu m # +5 thi phuong trinh da cho ¢6 mot nghiém x = -
e Néu m = 5 thi phuong trinh da cho v6 nghiém.
Nhan xét

Vai m = -5 hoac m = -5 thi phuong trinh (1a) c6 nghiém. Nhung nghiém
ctia phuong trinh (1a) chua chdc da la nghiém cda phuong trinh (1). Vi
thé ta da budc nghiém cta phuong trinh (1a) thoa méan thém DKXD.

BAI TAP

Giai cac phuong trinh :

206. a) x+l+ > 4

X+2 X—2=x3-4

X -1 X+ 1 10

b) - = :
x2=x+1 x*+x+l1 x{x4+x2+l)

(
207.“):;+9+x+l0= ) i 10 :
10 9 Xx+10 x+9

+1;

xz—-2x+2+x2-8x+20_ x? —4x +6+x2-—6x+12
X =1 x-4 = x-=2 Xx—-3

-6 x-7 1
+ il

-5 x-5 X-5

1 | 1 1 L

b) 3 i 3 + 3  RLE - 3 - .
X“4+3x+2 X“4+5x+6 x“+7x+12 x“+15x+56 14

| | 1 | 31
l+— || 1+— || 1 + — |- = — 1
¢ ( +1.3][ +2.4)( +3.5] [l+x(x+2):’ 6 *€N

Giai va bién luan cic phuong trinh :

a b
"14bx l+ax

b)

=4 (x e N);

209 (1) (vaia,blathamso, a#=0,b=0).
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11 L

(1) (vGi a, b 1a tham s0).
X a b x-a+b

211. - = (1) (vai m 1a tham s6).

§4. Gidi bdi toén bdng cdch Iap phuong trinh

Kién thirc co ban
Cic budce giai todan bing cich lap phuong trinh :
Bicoe 1. Lap phuong trinh :
— Chon 4n s6 va dijiI diéu ki¢n thich hgp cho 4n s6 ;
- Biéu dién cdc dai lugng ch:m bi€t theo 4n va cdc dai lugng di biét ;
— Lap phuong trinh bi¢u thi m6i quan hé giira cdc dai luong.
Bude 2. Giai phuong trinh.
Buwde 3. Nhan dinh két qua va tra 1oi.

Bé sung
Khi chon 4n s6, thuong ta chon truc tiép theo ciu hoi trong dé bai nhung
cling ¢6 khi ta chon gidn ti€p nhim muc dich suy ludn lap phuong trinh
dugc thudn lgi hon.
Vidu 28
Mot sa lan xuo6i dong tir A dén B mdt 2,5 gid v nguge dong tir B vé A mat
4 gio. Bi€t van toc dong nude la 3km/h, tinh khoiang cich AB.
Giai
Goi van toc riéng cua sa lan 1a x km/h (x > 3).
Suy ra van toc xuodi dong cua sa lan ia x + 3 (km/h) ;
van t6¢ ngugc dong cia sa lan la x = 3 (km/h).
Trong 2,5 git sa lan xudi dong duge 2,5(x + 3) (km).
Trong 4 gid sa lan nguge dong duoc 4(x — 3)  (km).

-
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Vi khoing cdch AB khong déi nén ta ¢c6 phuong trinh
2,5(x+3)=4(x-3)
x=:13 (thoa man diéu kién x > 3).
Vay van t6c riéng cua sa lan la 13km/h.
Khoang cach AB la (13 - 3) . 4 =40 (km).

Nhan xét

1. Bai toan trén la bai toan chuyén dong trong dong chady. Ta c6 cong thurc :
Van téc xudi dong = van tdc riéng + van téc dong nudc

Van téc ngugc dong = van toc riéng - van toc dong nudc

(van téc riéng > van téc dong nudc).

2. Trong céach giai trén ta da chon an s6 mét cach gian tiép nham di toi
mét phuong trinh don gian, dé giai.

Néu chon &n sé mét cach truc tiép, tuc la goi khoang cach AB la x (km),
dén toi phuong trinh

.%5. - %4— 3 (do ca 2 vé& déu la véan téc riéng).

R6 rang la phuong trinh nay phuc tap va khoé giai hon.

BAI TAP
Giai toan bang ciach lap phuong trinh.

212. Lic 7 gio sdng, mot ngudi di xe mdy tr A dén B dai 45km. Téi B, nguoi
doé giai quyét xong cong viéc trong 1h30 phiit réi quay ngay vé, téi A lic
11 gi¢. Doan dudng AB gém mot doan dudng bing va mot doan 1én déc.
Van t6c lic 1én doc 1a 24km/h, lic xudng doc 1a 45km/h (lic vé) va trén
duong bang 1a 40km/h. Hoi doan dudng bing dai bao nhiéu kilomét ?

213. Van dong vién A chay tir chan déi 1én dinh déi cach nhau 6km véi van toc
10km/h réi chay xuéng véi van t6¢ 15km/h. Van dong vién B ciing chay
tir chan déi 1én dinh d6i theo cung mot 10 trinh véi van t6c 12km/h. Biét
rang B chay sau A la 15 phiit, hoi khi B gap A tir dinh déi chay xuéng, ho
cdch dinh déi bao nhiéu ?
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214.

215.

216.

217.

218.

219.

220.

Mot nguoi di xe dap, mot nguoi di xe mdy va mot 6 16 cung di tr A dén B
trén cung mot con dudng. Ngudi di xe mdy khai hanh sau ngudi di xe dap la
2 gi0r; 0 16 khéi hanh sau xe may 1a 1 gio. Biét vin 16c xe dap, xe mdy, 0 10
thir e la 155 45 ; 60 km/h. Dén 10h 30 phiit thi 6 16 cdch déu ngudi di xe dap
va ngudi di xe mdy. Hoi ngudi di xe dap khai hanh lic mdy gio ?

Tim mot s6 ty nhién ¢6 nam chir s6 biét ring néu viét thém 1 vao bén phai
$0 d6 thi duge mot s6 gdp ba ldn s6 thu duge néu viét thém 1 vao bén trdi
s0 do.

Hai voi nuéc khic nhau cung cho chay vao mot bé. Thoi gian cdn cho
voi A chay mot minh ddy bé it hon thoi gian cho voi B chdy mot minh
ddy bé 1a 2 gid. Tich hai thi gian d6 bang 4 1dn thai gian cdn cho ca hai
voi ciing chdy ddy bé. Hoi méi voi néu chiay mot minh mét bao 1au méi
Gy bé ?

Hién nay tudi cha gap ba l4n tudi con. Sau mot thoi gian nira, khi tudi cua
con bing tudi cia cha hién nay thi lic d6 tdng s6 tudi cha hai cha con la
112. Tinh tudi cha, tudi con hién nay.

Téng cla bon s6 1a 72, Néu ldy sO thir nhat cong thém 5, s6 thir hai trir
di 5, sO thir ba nhan 5, s6 thit tr chia cho 5 thi bon két qua biang nhau. Hay
tim bon s6 ban ddu.

Mot 16p hoc ¢6 20 hoc sinh nit va mot s6 hoc sinh nam. Cudi nam tat ca
déu dat hoc sinh gioi hodc khd. Biét s6 nam sinh gioi bang s nir sinh kha.
Hoi 16p hoc ¢6 bao nhiéu hoc sinh gioi ?

C6 ba ban gidi bai todn sau biang ba cich khéic nhau :

Sau khi nhan mic khodn, mot cong nhan du dinh hoan thanh k& hoach
trong 5 gid. Lic ddu ngudi d6 thue hién ding tién do, mbi gior lam duoc
12 san phdm. Sau khi dd lam dugc mot nira s6 lugng sian phdm duge giao,
nhé cai tién ki thuat nén méi gioy ngudi d6 1am thém duge 3 san phim, do

dé mirc khodan da dugc hoan thanh sém hon ql gio. Tinh s6 lugng san
phdm duoc giao.

Ban Phuong giai :

Goi s6 luong san phdm dugc giao 1a x (x € N*),

SA-BT...TOAN S 65



66

Thési gian 1am nira cong viéc lic déu 1a 2—% (h).

Thoi gian 1am cong viéc con lai 12 ﬁ (h).

Vi ngudi dé hoan thanh cong viéc sém nira gid nén ta ¢6 phuong trinh

X X 1

—_— e — =
24 30 2
Giai ra duoc x = 60 (thod man diéu kién).

Vay s6 san phdm duoc giao 1a 60.

Ban Trinh néi : Cich giai cha minh khéng ding dén mot s6' liéu trong
dé bai !

Goi s6 luong san phdm dugc giao 1a x (x € N¥).

Thoi gian 1am nira cong viéc lic ddu la 2i4 (h).
Thoi gian lam cong viée con lai la % (h).

Théi gian du dinh 1am 12 % (h).

Vi ngudi dé hoan thanh sém nira gid nén ta c6 phuong trinh
X X . X

—=|=—4+=—|== hay ——=e—=—,

12 (24 30] 2 24 30 2

Giai ra dugc x = 60 (thoa man diéu kién).

Vay s6 san phdm duoc giao 1a 60.

Ban Nhan néi : Cich giai cua minh khéng ding dén hai sé" liéu trong
dé bai !

Theo ban thi cich giai cua ban Phuong, ban Trinh cé diing khong ?
Bon ¢4 (hé cho biét cdch gidi ctia ban Nhan nhu thé nao khong ?
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§5. On tap chuong Il

Vidu 29

Giai cdc phuong trinh :

3)8[12+L2]-34(x+l] +51=0: (1)
X X

b) 6x* - 5x* - 38x* - 5x + 6 = 0. (2)

Gidi

a) bBKXD:x#0.

bat x + 2 =y suyra & iz = yz — 2. Phuong trinh (1) c6 dang
X X

8(y>-2) - 34y +51 =0
8y’ -34y +35=0 2y - 5)dy -7)=0

QE{E.E}
s L g

V(&iy.:é- thi J\:+l
2 X

%@2x2—51+2=0

X

Sx-2)2x-1)=0<
X

(thoa man DKXD).

P | = B

V(&iy=1thix+-l—=la4xz-7x+4=0
4 x 4

2
= 4()& —%) + % = (), phuong trinh nay vo nghiém.

1
VaAy S=42; —».
ws= {2 3|

b) Dé thdy x = 0 khong la nghiém cia phuong trinh (2).
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Chia hai v€ cua (2) cho x> #0ta duoc :
|

6x% - 5x - 38 - i+iz =0 6 (x2+—].,—]—5(x+—]—38 =0.
X x x“ X

D&tx+l=ylhi x2+-l-,,- =y2—2taduqcﬁ(y2—2)—5y-38=0
X x™

& 6y’ -5y -50=0< 3y - 10)(2y +5) =0

Q E{-ﬂ'-—z}.
Y€ 13 ' 72

Vdriy=-l-9- thi x-i-l=l—(2 & 3xP-10x+3=0
3 X 3
x|=3
S Bx-Dx-3)=0 1
X2="3"'
Vdiy=—i thi :4:+l=-2 & 2x°+5x+2=0
2 X 2
xl=_2
S 2x+Dx+2)=0& l
x2=—5-
Vay5={3: 54 B --‘-}.
3 2

Nhan xét

68

Phuong phéap gidi cac phuong trinh trong vi du trén la phuong phap
dung 8n s phu (ddi bién), dua mot phuong trinh phie tap vé mét phuong
trinh ¢6 dang don gidn hon. Phuong trinh 6x* - 5x° - 38x% - 5x + 6= 0
c6 cac hé sé cua da thue d vé trai d6i ximg qua hang tir dung giira : 6 ;
-5, -38, -5, 6. Ta goi phuong trinh nay la phuong trinh c6 hé s6 ddi
xtmg béc 4. Phuong trinh nay dugc dua vé phuong trinh bac hai déi voi

y bang cach déi bién x + % =y.

Néu phuong trinh co hé sé déi ximg c6 nghiém 1a x thi . cing la nghiém.

X0




BAI TAP

e  Giai cac phuong trinh :

o] e

222.——5—151(—-]:!2[ l + ] }
X“+3x-4 x+4 3x-3

223, 24+446+...+2x =E (x € N®).
1+3+5+...+(2x-1) 15

224. 2) 2x* -9} + 14x2 -9x +2=0: (1)
b) (x = 3)* + (x - 5)* = 16. (2)

e  Giai va bién luan phuong trinh

228. : + l =2 l + : )
a(b+x) b(b+x) a(c+x) b(c+x)

e  Giai cdc bai todan bang cach lap phuong trinh :

226. MOt 0 16 du dinh chay tr A dén B dai 120km trong mot thoi gian nhat
dinh. Trong nira ddu cia quing duong AB, do dudng x4du nén xe chi chay
véi van t6c it hon du dinh 1a 4km/h. Trén quing dudng con lai, do dudmg
6t nén xe di chay véi van t6¢ nhiéu hon du dinh 12 5km/h nén da dén B
ding du dinh. Tinh thoi gian du dinh di hét quing dudng.

227. Hai d6i cong nhan cung lam moét cong viée thi sau 4 ngay sé xong. Néu
doi I 1am 3 ngay r6i d6i II lam ti€p trong 6 ngay nita thi ciing xong. Hoi
md&i doi 1am mot minh thi mat bao 1au méi xong cong viée ?

228. Hai truong A va B ciia mot Phudng c6 tdng cong 480 hoc sinh thi dé 161

nghiép THCS, dat ti 1¢ tring tuyén 96%. Tinh riéng thi trudng A d6 94%,
truomg B d6 99%. Hoi mbi trudomg ¢6 bao nhiéu hoc sinh 16t nghiép ?
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BAT PHUONG TRINH BAC NHAT MOT AN

§1. B&t déng thic. Tinh chét clia bét déng thic

Kién thirc co ban
1. Tagoi hé thirc dang a <b (hay danga>b;a<b; a2b) la bt ding thirc
asbea-bs<0
azbea-b20.
2. Tinh chat
l.asbebz2a
2. asb;bsc=a<c (tinh chdt bic cdu)
3.asb=a+c<sb+c (hodicazb=a+c2b+c¢)
4. i<hb=a.0<0. néuc>0

a<b=a.c>b.c nfuc<0.

5
Bo sung

1. Cong timg v€ hai bat ding thic cing chiéu ta dugc mot bat ding thic
cung chiéu.

2. Trir timg v€ cla hai bat ding thitc nguge chiéu ta dugc mot bat ding thirc
cung chiéu v6i bat ding thic thir nhat.

3. Nhan timg v€ cia hai bét ding thic cing chiéu ma hai v€ khong am ta dugc
mot bat ding thic cung chiéu. :

Dic biét : a>b>0=>a’>b’;a|> b < a’ > b’

a>b<>a" >b" véi n la s6 tu nhién 1é.
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Vi du 30
Cho a>2;b>2ching minh ring ab>a + b.

Giai
a>2 vab>0=ab>2b (1)

b>2vaa>0= ab>2a. (2)
Cong timg vé& clia hai bat ding thiic cung chiéu (1) va (2) ta duge 2ab > 2(a + b).
Chia hai vé cho 2taduoc ab > (a+b).

Nhan xét

Cach chimg minh bét ddng thirc trong vi du trén Ia tir cac bat dang thuc
da biét, dung cac tinh chat cla bat dng thuc dé suy ra bat ding thuc
phai ching minh.

Vidu 31
Cho a, b 12 hai s6 cung dau.

a) Chimg minh ring %+E <2 X
a

b) Tim gid tri nhé nhét cia biéu thic P = (a + b)[l+l]-

a b

Giai
o) Xét hiey Ha= 2422

b a

o a2+b2—2ab_(a—b)3_
ab ab

Vi a, b cung ddu nén ab > 0, mat khéc (a——b)zzo(da'u "="xdyrac> a=b)
dods H=242 950a 2:252

a b a

b) Taco P=(a+Db) l+i) =1+ E+E+l =2+[£+EJ-
a b b a b a

71




a

Vi E4--13 > 2 (theo cau a) nén P > 4 (ddu "=" xdy ra < a = b) suy ra

a

min P =4 (khi va chi khi a = b).

Nhan xét

229,

230.
231.

232.

233.
234,

235.

72

a) Céach ching minh bét ding thuc & cdu a la ding dinh nghia. D&
chumg minh A 2 B, ta xét hiéu A - B va chung minh A - B 2 0.

b) D€ tim gia tri nhé nhat (GTNN) cda biéu thic P, ta cdn ching minh
P >k (k Ia hang s6) véi moi gia tri cla bién va chi rd ddu "=" c6 thé xay
ra (bang cach chi rd vdi gia tri nao cta bién thi ddu "=" xay ra).

Dé tim gia tri I1on nhat (GTLN) cla biéu thure P, ta cdn chimg minh P <k
(k la hang s6) voi moi gia tri cta bién va chi rdé ddu "=" co thé xay ra.

Ta ki hiéu min P la GTNN cta P; max P la GTLN cua P.

c) Bang cach tuong tu, ta co thé chimg minh dugc néu a va b trai dau

thi %+-§ < -2 (ddu "="xay ra < a= -b).

BAI TAP

Cho céc s6 duong a, b, ¢, d sao cho a > b ; ¢ > d. Chimg minh rang %> L
C

Chimg minhrang (a— 1)(a-2)(a-3)(a—-4)+ 120,

Cho x >y, chimg minh ring x> - y° > xy" - xy.

. a +b’ _(a+b 3
Choa20;b 20, ching minh ring > 2( 5 }

Cho a + b > 2, chimg minh ring a* + b* > 2.
Chimg minh bat ding thirc
1 1 1

1 )
E.i.+3_2+4—2+.u+-n—2<: lvGine N v n =2,

Cho ba s6 duong a, b, csaochoabc=1vaa+b+c <l+%+l. Chirng
a ¢

minh ring :



a)a-1)b-1)(c-1)<0;
b) Trong ba s6 duong a, b, ¢ ¢6 mot s6 nho hon 1, hai s6 16n hon 1.
236. Chimg minh ring :

a) l+-'-a

vGia,b>0;
a b a+b

1 1 1
b) - + 22(l+-]—+lJ vGi a, b, ¢ la ba canh ciia mot tam
p-a p-b p-c a b c

gidc va p la nira chu vi cia tam gidc dé.

237*. Ki hiéu [a] 1a s6 nguyén 16n nhit khong vuot qua a.
Chimng minh rang [x] + [y] € [x + y].

238. Tim gid tri nho nhdt cha céc biéu thic sau :
a)A=ad+bctrongdéa,b,c,d>0vaabed=1;

b)B=(a+b+c)[l+l+lJ trong d6 a, b, c > 0.
a b c

239. Tim gid tri nho nhét cia céc biéu thic :

a)C=x>=Tx+11; b)[):z“—s.
X“=4x+7
240. Tim gi4 tri 16n nhat cla cdc biéu thirc :
2
4 -
a)E=2x2 +4x+9 : b*)F:ﬁz 8
X“+2x+4 x“+1

Chuyén dé 3
Phuong phép chiing minh bé&t dang thitc

Trong §1 ta da gap nhiéu bai todn vé chitng minh bt ding thirc. O d6 ta da
dung cdc phuong phép sau dé ching minh :

1. Dung dinh nghia

Mudn ching minh A 2 B, ta xét hiéu A — B va ching minh A — B 2 0 (xem
vi du 31).
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Dung céc tinh chat clia bat ding thirc

Tir cdc bat ding thic da biét, ta dung céc tinh chat cta bat ding thitc dé suy
ra bat déng thirc phai chimg minh (xem vi du 30).

Trude khi lam quen v6i moét s6 phuong phdp khic ta nén nhé mot s6 hang
bat dang thitc hay dung.

1. Bit ding thitc Co-si (dang khong chira ddu can)
a+b i
a’ + b’ > 2ab < (a+b)224ab (*) [T] > ab

(dau "="xay ra < a=0b).
Tir (*) ta suy ra hai hé qua :

a) Néu hai s6 khong am c6 t6ng khong ddi thi tich cla ching 16n nhat khi
hai s6 d6 bang nhau.

b) Néu hai s6 khong am c6 tich khong déi thi téng clia chiing nho nhét khi
hai s6 dé bang nhau.

a+b+c

3
® Mo rong : véia, b, ¢, d > 0 thi : [ J > abc (ddu "=" xay ra &

a=b=c); 2 abed (ddu "="xayra<> a=b=c=d).

a+b+c+d)’
4
2. Bit dang thitc Bu-nhi-a-cop-xki
(ax + by)2 < @ +b)x*+ yz) (dau "=" xay ra <> t6n 1ai s6 k sao cho x = ka,

y =kb (*)) (néua =0, b= 0 thi (*) duge viét ~ =.§_),

a
a b : -
3. E+-22vdr|a,b>0{dau ="xayra< a=D>b).
a
l l e L LL] »
4, —+—2 volra,b>0 (ddu "=" xayra<> a=b).
a b a+b

5. |a+b| < [a] + |b] (d4u "=" xdy ra <> ab > 0)
|a —b| 2 |a| — |b] (ddu "=" xdy ra <> a>b >0 hoic a <b <0).



Bay gio ta xét thém mot s6 phuong phip khic dé chimg minh bat
ding thirc.

1. Phuong phap bién ddi tuong duong
Vidu 32
Chimg minh bat ding thic (a + b)* <2 (a® + b?).

Giai
(a + b)* < 2(a% + b?)
o (a+b)’ -2 +b?) <0
o ~(a*-2ab+b%) <0
& —(a- b)2 <0 (ddu "=" xay ra<> a=Db).

Bat ding thic cudi hién nhién diing nén bat ding thirc di cho 12 ding.

Nhan xét

1. Noi dung cla phuong phéap chimg minh bat dang thue béng céach dung
| cac phép bién dbi tuong duong 1a : gia s phdi chimg minh A > B (1),
ta bién déi tuong duong A > B < A; > By &3 A, > By & ... & C>D.
Néu bat ddng thuc cubi dung thi bat ddng thuc dau tién (1) la dang.
Cén chu y la néu chua chung té dugc bat ddng thue cudi dung thi chua
thé két luan bat dang thue dau tién la dung.

2. Ta ciing c6 thé gidi vi du trén bang cach ap dung bat ding thuc
Bu-nhi-a-c6p-xki.

Ta co (ax + by) s‘{a2 + bz)(x‘? + y2).
Vaix=y=1thitadudc (a.1+b.1)° <(a’+b)(1?+ 17
hay (a+ b)? < 2 (a® + b?).

2. Phuong phap phan chimng

Vidu 33

Cho a, b, ¢ 12 3 s6 duong nho hon 1. Ching minh ring c6 it nhat mot trong
ba bat ding thirc sau la sai :
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a(l—b):’i-; b(l—c))—l—; c(l—a)}%.

Giai
Gia sir ca 3 bat ding thic da cho déu diing, nghia 1a
a(l-b):;-l' b{!—c)}l' c(l-a)>l-
4"’ 4’ 4
_ : ; 1
Nhan timg vé ca 3 bat dang thitc nay ta duge abe(l - b)(1 —c¢)(1 — a) ::--6—4- (1).

2

2
Mat khéc, vi a—l 20:&32-3+120=‘.‘.~a—a Sl:a(l—a)sl-
2 4 4 4

Tuong tuv b(l —b)ﬂ% - c(1 - ¢) g%.

Nhan timg vé& 3 bat ding thirc nay ta dugc

1
be(l - 1 -b)(1 - — .
abc(1 = a)( ) ( c)s64 (2)

Hai bat ding thirc (1) va (2) mau thuin nhau. Vay diéu gia sir 12 sai, tir d6
suy ra trong 3 bat ddng thirc di cho, it nhét ciing ¢6 mot bat ding thic sai.

Phuong phéap xét cac khoang gia tri cua bién
Vi du 34
ChoA=x"-x"+x*-x+1.
Chimg minh rang A > 0.
Giai
* Xét truong hopx > 1
A=x"(x -1 +x(x’=1)+ 1.
Do x21nénx’>0; x-120; x’=120
Vay A > 0.



* Xét truong hopx < 1
A=xw+x4(l-—x5)+{l - X).
Do x<lnénl-x">0:1-x>0.

Mat khac x'Y 20;x*>20nén A > 0.

Tém lai véi moi gid tri chia x ta déu c6 A > 0.

. Phuong phap quy nap toan hoc

Vidu 35
Ching minh riang véi moi s6 tu nhién n > 1 thi
m+DM+2)(n+3)...20>2" (1
Gidi
Dé thay b4t ddng thiic (1) ding v6in = 2.
Gia sir bat ding thic (1) ding véin =k (k 22,k € N) nghia la
(k + 1(k + 2)(k +3) ... 2k > 2¥
(day 12 gia thiét quy nap) ta phai chimg minh bat ding thic (1) ding véi
n =k + 1, tic 12 phai ching minh  (k + 2)(k + 3)(k +4) ... 2(k + 1) > 2**"
hay (k + 2)(k + 3)(k +4) ... (2k +2) > 2**".
That vay, theo gia thiét quy nap ta cé
(k + 1(k +2)(k +3) ... (2k) > 2"
= (k+ DK +2)(k +3) ... 2K)2K + 1) > 2"
=  2(k+ Dk +2)k+3)... 2Kk +1)>2. 2

= (k+2)(k+3)... (2k)(2k + 1)(2k + 2) > 25"
Vay bt ding thire (1) ding v6i moi s6 tu nhién 16n hon 1 nghia la

(n+ D(n+2)n+3)...(2n)>2".

f il



Nhan xét

241.

242,

243.
244,

245.
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Bé&t dang thue trong vi du 35 1a mot bat ddng thirc ma hai vé ¢ chira s6
tu nhién n.

VGi nhitng ménh dé phu thubc vao sé tu nhién n, ta thudng dang phuong
phéap quy nap toan hoc dé ching minh. Néi dung cda né gém ba budc :

— Chimg minh ménh dé dung voi n = 0 (trong vi du trén, dung voi s6 tu
nhién nhé nhét I6n hon 1 1a n = 2).

~ Gid s&r ménh dé dung voi n = k (day la gid thiét quy nap), ta phai
chimg minh ménh dé dung voin = k + 1.

- Két luan : Ménh dé dung vadi moi n € N (trong vi du trén la moi sé tu
nhiénn> 1).

Budc 2 la budc quan trong nhat. O budc na y trong vi du trén ta cé st dung
tinh chat bac céu cua bat ddng thue dudi dang phuong phap lam trdi.

Tir gid thiét quy nap (k + 1)(k + 2)(k + 3)... k > 2k ta da lam trdi vé trai lén
béng cach nhéan vé trai voi mét sé tu nhién I6n hon 1 1a (2k + 1) tirdo suy ra :

(k+ 1)(k + 2)(k + 3)... (2k)(2k + 1) > 2
Ta cing da timg dung phuong phéap 1am trdi khi gidi bai tap 234.

BAI TAP
Choa+b+c=l.chl'rngminhrﬁngab+bc+ca<%.
Ching minh cdc bat ding thirc :
a)a2+b2+czzab+bc+ca:b)az+b2+c2+d2+422(a+b+c+d);
c) 3[32+b2+c2)2(a+b+c)2.
Cho a + b+ ¢ +d =2. Ching minh ring a> + b* + ¢> +d* > 1.
Cho ba s6 duong X, y, z thoa man xy + yz + zx = 12.

Tim gid tri nh6 nhat cia biéu thie M = x* + y* + 2*.

Cho x, y, z 1a cdc s6 16n hon hoic bing 1. Ching minh ring :
a) 12+ Iz.‘—‘: i (1)< b 12+ 12+ ]22 : .
1+x° 1+y° 1+xy I+x° 1+y° l1+z° l+xyz




246.

247.

248.

249,

250.

251.

252.

Cho a, b, ¢ > 0, chitng minh ring :

3 3 W3 L3
a)-a—Zaz-i-ab—bz; b)-‘l——+9—+c—-:_>ab+bc+ca.
b P ¢ a

Choa,b,c>0vaa+b+c=1;ching minh ring :
(I+a)(1+b)+(1+b)(l +c)+ (1 +c)(l +a)>5.
Chimg minh céc bat ding thic :
I . 2.3 n-1
Q) —+—+—+.. . +——<1;
2! 3! 4! n!

: + ! + ! + ot
2n+1 2n+2 2n+3 4n+1

b) §<S<l trong d6 S = (n € N*).

X+Yy
Xy

s

Cho |x| =2 1; |y| 2 1, chimg minh rdng

Choa,b,c>0vaa+b+c=23.

Tim gi4 tri nho nhat clia biéu thic P =—l-+%+l-
a c

a) Cho a, b, ¢ > 0, chitng minh ring :

2a 2b 2¢c 2
b) Cho x, y, z > 0, tim gid tri nho nhét cia biéu thic :

-a+b+c a-b+c a+b-c_3
+ - =

X z
P= ey .
y+z z+X X+Y

Cho a, b, ¢ la d6 dai ba canh cia moét tam gidc. Chimg minh ring :

a)P= = + b + = <7 -
b+c c+a a+b

1 1

b) - - ciing la do dai ba canh ciia mot tam gidc ;
a+b b+c c+a
'c) az(b+c—a)+b2{c+a—b)+c2(a+b-—c)£3abc. (1)
Choa; +a,+a3+..+a,=Kk.

253.
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254.

255.

256.

257.

258.

259.

260.

261.
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2

: k
Chimg minh ring : aj + a3 + a3 + - +a > —-
n
¢ .., a b c
Cho a, b, ¢ > 0. Chiing minh rang E+_+—2 3.
c a

a)Chox+2y=5:chﬁngminhréngxz-byzzﬁ:
b) Cho 3x — 4y = 10 ; fim gid tri nho nhat clia biéu thic A = x” + y°.

a) Chimg minh ring khong c6 cdc s6 duong a, b, ¢ nao thoa man ca ba bat
ding thic :
1 1 1
a+—<1; b+—<2; c+—<3.
c a

b) Chimg minh ring khong ¢6 céc s6 a, b, ¢ nio thoa man cé ba bit ding thic :
la=b| >|c|; [b—c[>[a| : |c—a|]>[b].

Chimg minh céc bt ding thic :

a)2">2n+1 vdineN:n23:

b)2":=-n2 vGine N:n25.

Giai cdc phuong trinh sau bing phuong phdp bét ding thic :

a)(x2—3x+4)2=(x2—2x+3)(x2—4x+5); (1)

2
—4
TN S PR )

x2—4x+6

a) Ching minh ring A = 31x* = 6x + 17 > 0 véi moi x.
b) Tim gi4 tri nh6 nhdt cha biéu thic :
B=|x-2|+[x-3.

Tim gié tri nho nhét cta biéu thic :
2 —
- 2x2 6x +5 .
_ X“=2x+1
Tim gid tri 16n nhat ; gid tri nho nhét cia biéu thic :
2 —
P= xz_m.
X“+x+1



§2. B&t phuong trinh mét én.

Tinh chét cla bét phuong trinh.
Bat phuong trinh bac nhat mét an va cach giai

Kién thirc cd ban

1.

Bat phuong trinh 4n x ¢6 dang A(x) < B(x) (hoac A(x) > B(x) ; A(x) £B(x);
A(x) 2 B(x)) trong dé A(x) va B(x) la hai biéu thifc ctia cing mot bién x.

Hai bat phuong trinh twvong duong la hai bat phuong trinh ¢é cing mot tap
hop nghiém.

Quy tic chuyén v&€ va quy tic nhan.

a) Khi chuyén mot hang tir tir v€ nay sang v€ kia cla mot bt phuong trinh
ta phai d6i ddu hang tir d6.

b) Khi nhan hai v& cia mot bat phuong trinh véi cing mot s6 khic 0, ta
phai :

— Giir nguyén chiéu cua bit phuong trinh néu s6 dé duong ;
— D6i chiéu cua bit phuong trinh néu s6 d6 am.
Bat phuong trinh bac nhédt mot 4dn l1a bat phuong trinh ¢6 dang ax +b <0

(hoicax +b>0;ax +b<0;ax +b=0), trong d6 x 12 4n, a va b 1a cédc sO
da cho, a # 0.

-
Bo sung

1.

Trudmg hop bat phuong trinh thu gon ¢6 hé s6 cia 4n bang 0
Dangl 0x +b<0.

— Néu b < 0 thi bt phuong trinh ¢6 nghiém bat ki ;

— Néu b = 0 thi bat phuong trinh vé nghiém.

Dang2 0Ox+b>0.

-~ Néu b > 0 thi bat phuong trinh ¢6 nghiém bat ki ;

— Néu b < 0 thi bat phuong trinh v6 nghié¢m.
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Mot s6 bat phuong trinh chita 4n trong ddu gid tri tuyét doi

Dang 1 |f(x)|<: g(x) & —g(x) < f(x) < g(x).
Dac biét khi g(x) l1a hing s6 k > 0
fx)<k < -k<f(x)<k.

f(x)>g(x)
Dang 2 f(x)>g(x) <
ang 2 Jf([> g [f(x) <-g(x).
Dic biét khi g(x) 1a hing s6 k >0
f)|>k [f(x) P
f(x) < -k.
Dang 3

If(x)] < |g(x)] < [f(x))* < [g(x)]?;
)] > [g(x)] = [f(x)) > [g(x))%
Vidu 36
Giai va bién luan bét phuong trinh :

m(x-l)_x+2m<x—!6.
9 6 18

(1)

Giai
(De2m(x-1)-3(x+2m) <x-16
& 2(m - 2)x < 8(m - 2).
Néum>2thi x<4;
Néeum<2thi x>4;
Néu m = 2 thi Ox < 0 ; bit phuong trinh v6 nghiém.
Vidu 37
Tim nghiém nguyén dwong ctia bit phuong trinh

x2-2x—-4

(x+l)(x—3)> (D
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Giai

PDEXD: x#-=1:x3.

2 2 2
(e = —2ZX—4 150 & —2x-4)-(x"-2x-3) |
(x+1D(x-3) (x+1)(x=3)
-1
—
(x+1)(x-=3)

0

>0 © (x+1Dx-3)<0

< (x + 1) va (x = 3) trai ddu

x+1>0 e
& =1 < x <3 (thoa man BbKXD).
x—-3<0

Vix nguyénduongnénx e { 1;2 }.

Nhan xét

Khi gidi b4t phuong trinh chita &n @ méu thue, ta khéng nén khir mau
thue vi ta chua xac dinh duge chiéu cla bat phuong trinh mdi. Ta lam
theo cac budc sau :

— Chuyén téat ca cac hang tr sang mét vé (thudng la vé trai), luc dé vé
kia la s6 0.

— Thu gon vé trai thanh mét phéan thire.

~ Xét dau cla phan thuc 6 vé trai, xem voi nhing gia tri ndo cda &n thi
V€ trai c6 gia tri duong (hay &m), tor doé tim dugc nghiém cla béat
phuong trinh.

BAI TAP
262. Tim gia tri nguyén cua x nghiém ding ca hai bat phuong trinh sau :

x+24 x " x_>c—2 )y 7x+3+x—323.

5 3 2 8 12
263. Giai cac bat phuong trinh :

22x-3 S5x-2 2x+1 x—1 4x+3 1-5x
- > 8 b) - < .
21 7 6 . 10 25

(2)

a)
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264. Giai bat phuong trinh

x-15 x-13 x-11 x-9
. < + ’
73 71 69 67

265. Giai va bién luan ciac bat phuong trinh (m la tham s0) :

aym2x-m) 2 2(x-m)+1;

bymR2-x)+m-1)7° > 2x+5;

¢)(m®=m-1)x-5m > (3-m)x.
266. Giai bat phuong trinh :

ME+E 2 oy (1)
m m

(m-2)x +

267. Tim gid tri ciia tham s6 m dé 2 bét phuong trinh sau c6 diing 1 nghiém chung :
m(x +3)<x+5 | (1)
m(x +2) -3 2x. (2)

268. Tim gid tri cia tham s6 m dé phuong trinh sau ¢6 nghi¢m am

m(x+4)-5(m-1) _
X+1

2 (1)

269. Tim nghiém nguyén cia cic bat phuong trinh :

4x+3<2: b) x-3+x+5<2-

2x +1 X+5 x-3

a)

Giai cac bat phuong trinh :

270. a) |5x - 2| < 8 ; b) I3x + 2| < 5x — 4.
271. a)3|x + 1| > 5 ; b) x> = 1] >x + 1.
272. a) |4x - 3| < [4x + 1| ; b) [7x = 1] > [7x + 3|.

273. [x]. {x}<2(x-2)".

(*) Xem chuyén d¢ 1 : Phin nguyén, phdn 1¢ cia s6 hiru ti x — sdch Bai 1ap nang cao va mot s6
chuyén dé Todn 7.
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274. Giai phuong trinh :

a) [6X — 5] =2x + 3 : b) [6"‘*5]:'5""4.
8 5
Chuyén dé 4

D&u cua nhij thirc béc nhat

1. Ta da gap mot s6 bit phuong trinh ma dé giai ching ta phai xét ddu cua
nhimg nhi thirc bac nhat c6 dang ax + b (a # 0).

Xét dau cua nhi thirc bac nhat ax + b nghia la xét xem véi nhirng gid tri
nao cua bién x thi ax + b > 0 ; véi nhimg gid tri ndo cua x thi ax + b < 0.

Duong nhién ax + b=0 & x =—E. Gidtrix = 2 goi la nghiém cua nhi
a a

thire ax + b.
2. Dinh 1i vé d4u cua nhi thiic bac nhat.

Nhi thitc ax + b (a # 0) ciung dau véi a véi cdc gid tri cua x 16n hon
nghiém cua nhi thitc ; trdi ddu véi a véi cic gid tri cia X nho hon nghiém
cua nhi thic.

b
x —_—
a

ax +b Trai dau vai a 0 Cung dau vai a

3. Viéc xét ddu cua nhi thirc bac nhat ¢6 nhiéu tng dung :

- Giai bat phuong trinh tich bang cach xét ddu cdc nhan tir cua tich. Néu s6
nhan tir am ma chan thi tich duong, trdi lai tich sé am.

— Giai bét phuong trinh thuong bing cich xét ddu cua tir thirc va miu thirc.
Néu tir va mdu cung diu thi thuong sé duong, trdi lai thuong sé am.

— Giai phuong trinh va bat phuong trinh ¢6 chita dn trong dau gid tri tuyét
d6i bing cdch khir ddu gid tri tuyét doi nhd xét timg khoang gid tri cua 4n.

— Riit gon biéu thitc ¢6 chira diu gid tri tuyét d6i bing cach khir ddu gid tri
tuyét déi nho xét timg khoang gid tri cua bién.
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Vidu 38
Giai bit phuong trinh :

2_
22" L o1 (1)
2x“ +7x—-15
Giai
: i
() 22:; | s s Tx + 14
2x* +7x~15 (x+5)2x-3)

Cédc nhi thuc =7x + 14 ; x + 5 ; 2x — 3 ¢6 nghiém lén lugt 1a 2 ; -5 ; 1,5.
Ta lap bang xét ddu cua biéu thic & v€ tréi T

X -5 1. 2
-7x + 14 + | + l + 0 -
X+35 b - 0 + I + +
2x -3 - | - 0 + +
i + || - |] + 0 -

Vay nghiém cua bt phuong trinh (1) lax <=5;1,5<x <2.

Nhéan xét

Trong vi du trén, bang xét ddu co6 5 dong.

~ Dong dédu ghi cac gia tri cda x tir nhdé dén lon, cac gia tri nay la
nghiém cua cac nhij thue ¢6 mét trong biéu thuc T.

— Cac dong thu hai, thi ba, thi tu ghi cac nhi thie ¢6 mat va ddu cua
chung ung vdi céc gia tri cta bién.

— Dong cudi la dong téng hop, ghi d&u cta biéu thue T :
e Biéu thue T ¢6 ddu "+" néu s6 ddu "-" cla cac nhj thue la chén ;
«'Biéu thue T c6 déu "-" néu s6 ddu "-" cla cac nhi thuec la 18.

Ki hiéu | 48 chi réng tai cac gia tri x = -6 ; x = 1,5 thi biéu thuc T khong
dugc xac dinh.
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Vidu 39
Giai phuong trinh k+5]-1-2x|=x. (1)
Giai
D¢ khir duge dau gid tri tuyét doi ta phai xdc dinh dugc dau cia cédc nhi thic
trong ddu gid tri tuyét doi. Muon vy ta lap bang xét ddu cdc nhi thic x + 5
va |l - 2x.
X -5 0,5
X+93 - 0 + | +

1 - 2x + | - 0 -

Ta xét timg khoang gid tri cua x

e Xét x < =5, phuong trinh (1) trd thanh .
- (x+35)-(1 -2x) =x < 0x =6, vo nghiém.

e Xét -5 £x <£0,5, phuong trinh (1) tré thanh
(x +5) - (1 = 2x) =x < x = -2 (thudc khoang dang xét).

e Xét x > 0,5 phuong trinh (1) trd thanh
X+5)-2x-1)=x=x=3 Elhuac khoang dang xét).

- Vay tap hgp nghiém cua phuong trinh (1) la S = {-2; 3}.

Nhéan xét

Trong mbi khoang, néu phuong trinh cé nghiém thudc khoang dang xét
thi nghiém doé la nghiém cda phuong trinh da cho.

BAI TAP
e  Phuong trinh va bat phuong trinh ¢6 chira 4n trong diu gia tri tuyét doi
275. Giai cdc phuong trinh :
a)lx=1|+|x-4|=3; b) 3x-1|-|2x +5|=4;

¢) [x? = 5x - 6] = x> + x - 24.
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276.
271.

278.

279,

280.

281.

282,

283.

284.

88

Giai phuong trinh |x - 1| - 2|x = 2| + 3|x - 3| = 4.
Tinh t6ng cdc nghiém clia phuong trinh :
12x + 3| = 3|2x - 3|. (1)
Giai va bién luan phuong trinh theo tham s6 m :
a) 2X-m|+|x+2m|=7m véi m>0: (1)

2—
m 2m|x+m] . @

b)
X

Giai cdc bat phuong trinh :
a)[x+3|+[x-1] < 6 ; b)Ix+5|-|x-7 < 4;
C)Ix+2|-3x-1| < 2(x + 4).
Cho |x - 5| + [x = 7| < m trong d6 m > 0. H6i m ¢6 thé 14y nhimg gid tri nao ?
Giai bat phuong tr‘u;h tich va thuong
Giai bat phuong trinh

X(x+1)

22

Tim nghiém nguyén cua céc bat phuong trinh :
a)x4—5x3+?x2«—3x <0: |

b)x6—2x4—‘?x2-4 <1,

- Y

Giai bt phuong trinh :

2

X< -9 5x+1 3x-2
a <0 ID: b - - 2)
) x?-3x2 -4 (D ) x+3 x-1 (

Biéu thirc ¢ diu gid tri tuyét doi

|x +3|+(x? +5x +6)

x> +7x2 +15x+9

Cho M =
a) Rut gon M ;
b) Tinh gid tri chaM véi x = -2 :

¢) Tirh gid tri chia x dé M =_%.



285.ChoP=|x>-x+1]| + [x?=x-2|.

Tim gid tri nho nhat cua P.

§3. On tap chuong IV vé 6n tép cudi ném

Vidu 40
Tim gid tri cha m dé nghiém cua phuong trinh sau nho hon 3 :

m 4 =2m_ (1)

X  x+1  xZ4x

Giai

DKXD: x#0; x=-1.

(1) = mx +m-4x =2m
& (m=-4)X =m.

— Néu m =4 thi 0x =4, v0 nghiém.

~Néum=#=4thix=

vGi diéu kién x # 0 va x # —1.

m-4
Nyt # 0 dugcm # 0.
m-4
Xét . # —1 duoc m # 2.
m-—4
Phuong trinh c6 nghitmx <3 <« 4<3
m_
m m-6
o> —-3<0e >0
m-4 m-4
m>6
]
m <4,

Két hop céc diéu kién ta dugc x < 3 khi vachikhim>6hoaicm<4vam=0;
m # 2,
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Nhan xét

Trong vi du trén ta da lam 2 viéc :

— Giai phuong trinh &n x (c6 tham sé m).

— Giai bat phuong trinh &n m.

D6i v6i phuong trinh chira &n & méu trudce tién phai néu BKXP réi khir mau.

D6i vai bat phuong trinh chita 8n & méu, ta khéng khir mau ma phai
chuyén cac hang tir 8 mot vé sang vé kia réi tién hanh xét dau.

Do la su khac nhau co ban giita gidi phuong trinh va giai bat phuong
trinh c6 chura &n & mau thire.

Vidu 41

3 2 4
Cho biéu thite P =| 2X ~-x | : 22l
1-4x 1-4x~

a) Rutgon P;
b) Tim cdc gid tri ciia x dé P > 0.

Giai
Ax-x1 —x+4x3 4x?-x*+1-4x?2 3xP+3x 1-x*
8= 2 $ 2 = 3 2
1-4x 1-4x 1-4x 1-4x
3x(x2+l) X .
(l—xz)(1+x2) | -x2

b)DKXD:x#i% <% =4

A > 0.
(1=x)1+x)

P>0&

X -1 0 1

X - | - 0 - | -
l —x - | - | - 0 -
1 +x - 0" | + | -

P - " - 0 + || -
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Quabiangtathiy vaix <-1;0<x<1thiP>0.

Két hop véi DKXD ta duoc P > 0 khi va chi khi x < -1 hoac0<x < | vaxat—;--

Nhan xét

— Binh li vé dau cuda nhi thuc bac nhét 1a mot phuong tién quan trong
giup ta xét ddu cta mdt biéu thue duge dé dang. Mudn van dung dugc
dinh li nay, ta phai viét biéu thuc can xét ddu dudi dang mét tich hoac
mot thuong cda nhirng nhi thire bac nhét.

— Trong vi du 41 J trén, ta da dung dinh nghia cua hai phéan thuc bang
nhau va cac quy tac cua cac phép toan vé phan thuc dé bién ddi rut
gon biéu thue P. Con trong vi du 40, ta da dung phép bién ddi tuong
duong dé€ giai phuong trinh va bat phuong trinh. Phép bién ddi biéu
thue hiru t vé phép bién déi tuong duong cac phuong trinh 1a hai phép
bién d6i quan trong trong chuong trinh dai sé I0p 8.

BAI TAP

286. Cho4so6a, b, c,d 2 0. Biét rang :
a+d=b+c (1); a+b>c+d (2); c>b+d (3).
Hay sap thir tw 4 s6 a, b, ¢, d.

287. Cho 21 s6 ma téng cha 10 s6 bat ki déu 16n hon t6ng cta 11 s6 con lai.
Chimng minh ring ca 21 sé déu am.

288. Hai doi 8A va 8B 16 chirc chay thi, médi doi cé 3 ngudi. Ngudi nao vé dich
thit nhét thi duoe 1 diém, vé thi nhi duge 2 diém,... Doi ndo c6 tdng s6
diém it hon sé thing. Gia sir khong c¢6 hai ngudi nao vé dich cung moét lic,
hoi doi thing c6 thé ghi dugc téng cong bao nhiéu diém khdc nhau ?

289. Cho a, b, ¢ > 0, chirng minh ring :
ab be

ca
—+—+—2a+b+c.
c a

290. Cho x, y la hai s6 khéc 0, ching minh rang :
2 .2
3[i+i]_[x_z+z.z.]£ "
y X y© X

91



291.

292,

293.

294.
295.

296.

297.

298.
299.

300.

301.
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Cho a, b, ¢ 12 3 s6 duong nho hon 2. Chirng minh rang 3 s6 a(2 —= b) ;
b(2 - ¢) ; ¢(2 - a) khong thé déng thoi 16n hon 1.

Cho x, y, z > 0 thoa man diéu kién x> + yz +2° <3, tim gid tri nho nhit
cua biéu thirc
1 1 1

= + y ;
l+xy l+yz l+zx

xz

x4+x2+l

b) Cho 4x + 5y = 40, tinh gi4 tri 16n nh4t cta biéu thirc Q = xy.

a) Tim gia tri 16n nhét cta biéu thirc P =

Cho |x = 9| < 1 va |x2 — 81| <m. Tim gid tri nho nhat cta m.

Cho x, y 2 0 va x +y < 12. Tim gid tri 16n nhat, gid tri nh6 nhét cua biéu

thic P = xy2(8 -X=-Y)

Tim gid tri I6n nhat, gid tri nho nhét cha bién x thoa man déng thoi
X+a+b+c =5 (I )

5 B .95 .2 trong do a, b, ¢ 1a tham s6.

X“+a“+b“+c“= 13 (2)

Giai phuong trinh :

a) Px =3+ 1 -3x|=|x+2l;

b)I5x - [5x - 10]|=-10m*x véim=0 (1)

Giai phuong trinh |x =99 "% + |x = 100 """ = 1.

Tim gid tri cia m d€ phuong trinh

= L. =4 (1) c6 nghiém I6n hon hodc bang — 2.
x-1 x+1

Cho s6 A =99...9 . Hay so sdnh t6ng céc chir s6 cia A véi téng céc chir s6

n
clia A”.
Cho ab = cd, hdy nit gon biéu thitc
_(a+c)a+d)(b+c)b+d)

P 2
(a+b+c+d)




302.

303.

304.

305.

Cho —+—+— =0, tinh gid tri cha biéu thic :
X ¥y 2
z 2 _%
P=y,,+ 5+ g’
X" Yy Z
- - 4, -4
X“+X X" +X
Cho A = =i BEe—
X" =X X =X

a) Tinh B theo A ;

b) Tinh gid tri cua B khi A = 3.

23 -1 3-‘—1.4-‘—1 100° -1
241 33 +1 42+1 1000 +1

ChoM =

Chimg minh ring M >-§—-

Cho biéu thic

a) Rit gon P ;
b) TimxdéP<1;
¢) Tim gid tri nho nhat cia P khi x > 1.

306*. Choa, b>0; n € N. Ching minh rang :

(a-fb}" S::1“+l:)“‘_
2 2
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HINH HOC




- e

TC GIAC

§1. 10 gide

Kién thirc co ban

1.

Dinh nghia

— T gidc ABCD la hinh gém bén doan thing AB, BC, CD, DA trong dé
bat ki hai doan thing nao cling khong nim trén mot dudng thing.

- Ta gidc 16i la tr gidc luon ndm 8
trong mOt nira mat phing ma bo la A

dudng thang chira bat ki canh nio cua
ur gidc (h.1). Tir nay khi néi dén ur
gidc ma khong néi gi thém, ta hiéu d6 D ¢
la ur gidc 16i. Hinh 1

Tinh chat

Téng céc gbc ctia mot tr gidc bing 360°.

A+B+C+D =360

ar
Bo sung

Téng bon géc ngodi & bon dinh clia mot it gide bing 360°.

Vidul

—~

Cho ti gidc ABCD, B = D =90°. V& dudmg phan gidc ciia cic goc A va C.
Cho biét hai dudng phan giic nay khong trung nhau, ching minh ring
ching song song véi nhau.

95



Giai (h.2)
Goi M la giao diém cua tia phan gidc géc A véi CD va N 1a giao diém cua
tia phan gidc goc C véi AB. Tit gidc ABCD c¢6 B = D =90° nén

A + C =360° - (90° + 90°) = 180° B

suy ra A; + C; = 180°: 2 = 90°.

Mat khéc, A1+ M; =90° (vi tam gidc
ADM vuéng tai D)

nén Ci = Mi = AM // CN (vi c6
cap goéc déng vi bang nhau). Hinh 2

Nhan xét

96

Trong mét tu giac, mudn tinh tdng sé do cla hai goc ta Idy 360° tre di
téng s6 do ciia hai goc kia. Muén tinh sé do clia mot goc, ta Idy 360°

tri di tbng s6 do clda ba goc kia.

BAI TAP
Cho ur gidgc ABCD, phan gidc cdc géc C va D cit nhau tai O.

=

A+ﬁ_

Chimng minh ring COD =

Cho tr giagc ABCD khong ¢6 hai géc nao bang nhau. Chimg minh rang tr
gidc do6 co it nhdt mot géc nhon, mot goc ti.

Cho ur gidc ABCD, M la mot diém nim trong tf gidc dé. Xac dinh vi tri
ctia M dé téng MA + MB + MC + MD nho nhat.

Cho tir gidc ABCD. Chimg minh ring :
a) Téng hai canh d6i nhé hon téng hai dudmg chéo.
b) Néu AD + AC < BD + BC thi AD < BD.

D6 : Mot xudng moc c6 thira rat nhiéu mi€ng gb hinh ti gidc ¢6 hinh dang
va kich thuéc nhu nhau. D6 em ding nhitng miéng gb dy ghép lai dé 14t san
nha (14t kin mét phéng, khong ¢6 ché nao hdng ma khong phai cua di mot
sO gbc, trir nhimg ché tiép gidp bén birc tudmg).



§2. Hinh thang. Hinh thang cén

Kién thirc co ban

Hinh thang 12 uf gidc c6 hai canh d6i song A B

song (h.3).
Pac biét : -

— Hinh thang vuong la hinh thang cé
mot canh bén vuong goc voi hai ddy (h.4).

Hinh 3

— Hinh thang can 12 hinh thang ¢6 hai géc ké mot ddy bang nhau (h.5).

A B A B

" V4 b

-

D C D C
Hinh 4 Hinh §

Tinh chat cua hinh thang cén.
Trong hinh thang cén :
— Hai canh bén bang nhau ;
— Hai dudong chéo bang nhau.
D4u hiéu nhan biét hinh thang can (2 cich)
— Hinh thang ¢6 hai dudng chéo bing nhau la hinh thang can.
— Theo dinh nghia.

Vidu 2

Cho hinh thang can ABCD (AB // CD) ¢6 hai dudng chéo vuong géc. Biét
dudng cao AH = h, tinh tdng hai ddy.

Gidi (h.6)

Vé AE // BD (E €CD). Vi ACLBD (gt) nén AC_LAE (quan h¢ giira tinh
song song va vudng goc).
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Ta c6 AE = BD ; AB = DE (tinh A B
chédt doan chin), AC = BD (tinh
chit dudng chéo hinh thang can).
Suy ra AC = AE ; AAEC vuong
can tai A ; duong cao AH ciing la

I
. ! o
trung tuyén, do dé6 AH . BL. = E D H

Hinh 6

L (AB+CD) hay AB + CD = 2h.

Nhan xét

| Khi gidi toan vé hinh thang, dac biét la vé hinh thang cén, néu can vé
duong phu ta co thé :

- Tir mét dinh vé dudng thdng song song voi mét dudng chéo (nhu vi
du trén).

~ Tir mét dinh vé dudng thdng song song vdi mét canh bén.
~ Tir mét dinh vé thém maot dudng cao.

Vidu3

Ti gidgc ABCD ¢6 AD = AB=BCva A + C = 180°. Ching minh ring :
a) Tia DB la tia phan gidc cua géc D ;

b) T gidac ABCD la hinh thang cén.

Gidi (h.7)
a) Vé BH L CD, BK LAD. Tacé A = C K

= .
(cung bu véi Az) do d6 ABHC = ABKA Ad . 5B

(canh huyén, goc nhon), suy ra BH = BK.
Vay DB la tia phan gidc ciua goéc D. z _

b) Goc A, la g6c ngoai tai dinh A cua tam
gidc cin ADB nén Rl = ?.131 - R; = ADC
= ADB // CD (vi c6 cap géc déng vi biang nhau).
Vay i giac ABCD Ia hinh thang. Hinh thang nay cé ADC = C (vi cung
bang A1) nén la hinh thang can.

Hinh 7
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Nhén xét

D& chuing minh mét tu giac 1a hinh thang cén, trudc tién phai ching
minh tu giac do la hinh thang, sau dé ching minh hai géc ké mét day
bang nhau (theo dinh nghia) ho&c hai dudng chéo bdng nhau.

Trong vi du trén, sau khi da chung minh dugc AB // CD cén tranh sai I&m
cho rang vi AD = BC (gt) nén ABCD la hinh thang cén, sai lam & ché
hinh thang cé hai canh bén bang nhau chua chac da la hinh thang cén.

BAI TAP

-~

6. Ti gific ABCD ¢c6 D < C < B <A, b6n géc nay 1am thanh mot day cong

(Wicla C - D = B = C = A —B). Chimg minh ring ABCD Ia hinh thang.
7. Cho hinh thang ABCD (AB // CD), M Ila trung diém cua BC. Cho biét DM
Ia tia phan gidc cia géc D. Chimg minh rang tia AM la tia phan gidc cia
goc A.
8. T giaic ABCD c6 AD = BC va AC = BD. Chirng minh ring ABCD la hinh
thang can.

9. Cho diém O nim trong tam gidc déu ABC. Trén cédc canh AB, BC, CA lin
luot 14y cdc diém D, E, F sao cho OD // BC ; OE // CA ; OF // AB. Ching
minh ring :

a) DOE = EOF =FOD ;
b) Ba doan thing OA, OB, OC thod min bat ding thirc tam gidc.

10. Cho diém O nam trong tam gidc déu ABC canh a. Qua.O vé cic dudng
thing DE // BC (D € AB; E € AC); MN//AC(M € BC; N € AB);
PQ// AB (P e AC; Q €BC).

a) Chimg minh rang ur giac DECB la hinh thang can va AOMQ la tam

gidc déu.

b) VE OH L AB; OI L BC; OK L AC. Chimg minh ring AH + BI + CK = 1,5a.
117, Cho tam gidc ABC, O 1a diém cédch déu ba canh.Trén tia BC 14y diém M sao

cho BM = BA. Trén tia CB ldy diém N sao cho CN = CA. Goi D, E, F lin

luot 12 hinh chiéu cia O trén BC, CA, AB. Chimg minh ring : a) NE = MF;
b) Tam giac MON Ia tam gidc can.
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§3. Pudng trung binh clia tam gidc. Pudng trung binh

cua hinh thang

Kién thirc co ban

1.

-
Bo

100

a) Duong thing di qua trung diém mot canh cia tam gidc va song song vdi
canh thi hai thi di qua trung diém clia canh thit ba.

b) Pudng thing di qua trung diém mot canh bén cha hinh thang va song
song vGi hai canh ddy thi di qua trung diém cta canh bén thit hai.

a) Pudng trung binh cla tam gidc 12 doan thing n6i trung diém hai canh
cua tam gidc (h.8).

b) Pudng trung binh cia hinh thang 12 doan thing n6i trung diém hai canh
bén cua hinh thang (h.9).

A

Hinh 8 Hinh 9
a) Puong trung binh cua tam gidc thi song song véi canh thit ba va bing
nura canh y.
b) Duong trung binh cta hinh thang thi song song véi hai ddy va biang nira
téng hai ddy..

sung

Trong hinh thang ¢6 hai canh bén khong song song, doan thing néi trung
diém ctia hai dudng chéo thi song song vdi hai ddy va bing mot nira hiéu
hai ddy.

Trong h.10: A a
MN // AB // CD A
M N
MN =@_';“°‘_B. o c
= Hinh 10



Vidu 4

Cho tir gidc ABCD. Goi M, N I4n lugt 12 trung diém cua AD va BC. Chiing

minh ring néu MN =&:€9— thi ur gidc ABCD la hinh thang.

Gidi (h.11)

Goi O la trung diém cia BD. Céc doan
thing OM, ON lin luot 12 dudng trung
binh cia A ABD va ABCD nén

om:‘“‘TBvaowma; (1)

Hinh 11

ON =%)- va ON // CD. (2)

AB+CD AB+CD
e (gt) nén

Suy ra OM + ON =T- Mit khic MN =

OM + ON = MN
suy ra O ndm giita M va N. Vay ba diém M, O, N thing hang (3).
Tir (1), (2), (3) suy ra AB // CD do d6 ur gidc ABCD la hinh thang.

Nhén xét

Trong gid thiét cia bai toan cé6 trung diém hai canh déi cla tu giac, noi
hai diém nay ta chua dugc dudng trung binh cia tam gidc nao ca. Vi
vay ta da vé thém trung diém cia dudng chéo BD (hodc AC) va véan
dung dugc dinh Ii dudng trung binh clia tam giac dé chimg minh.

Viéc vé thém trung diém cta moét doan thdng dé van dung dinh I dudng
trung binh cta tam giac la viéc vé dudng phu thudng gap khi gidi bai
toan hinh hoc.

Vidus

Cho hinh thang ABCD (ddy AB nho hon diy CD). Tim diéu kién cua hinh
thang nay dé hai dudng chéo cia n6é chia dudng trung binh lam 3 phén
bang nhau.
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Giai (h.12)

A B
Goi M, N l4n luot 12 trung diém cta AD va )[V\\
BC ; MN cit BD tai P, cit AC tai Q ; MN 1a M N
. o - P Q
duong trung binh cta hinh thang nén MN // V \’\‘
AB // CD. D C
Xét AABD c¢6 MA = MD ; MP // AB nén Hinh 12

PB = PD.
Xét AADC ¢c6 MA = MD ; MQ // CD nén QA = QC.

MP va NQ lan lugt 12 dudng trung binh cia A ABD va A ABC nén
MP = NQ =ATB--
PQ 12 doan thing néi trung diém hai dudng chéo ctia hinh thang ABCD nén
| PQ = CD ; AB .

AB _CD-AB
e

TacoMP=PQ=QN &

< AB=CD - AB
& CD=2AB,

Nhan xét

Néu khéng co diéu kién day AB nhé hon day CD thi khi AB = 2CD,
ching minh tuong tu nhu trén ta van c6 hai dudng chéo chia dudng
trung binh lIam ba phén bang nhau.

Tom lai, néu hinh thang c6 mét day gap do6i day kia thi hai dudng chéo
cta noé chia dudng trung binh Iam ba phén bang nhau.

BAI TAP
e Dudng trung binh cua tam giac
12. Tam gidc ABC ¢an tai A, A = 108°. V& phan gidc AD va BE. Chimg minh
rang AD =% BE.
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13.

14.

15

16

17.

18.

19.

20.

Cho tam gidc ABC. Trén cdc canh AB, AC ldn lugt 1dy céc diém D va E sao

cho AD =%AB s AE = : AC. Puong thing DE cit dutng thing BC tai F.

2
Ching minh ring CF =% BC.

Tam gidc ABC vuong tai A ¢6 AB =8 ; BC =17. V& vao trong AABC mot
tam gidc vuong can DAB c6 canh huyén 1a AB. Goi E la trung diém cua
BC. Tinh DE.

Cho tam gidc ABC, duong trung tuyén AM. Trén AM ldy hai diém D va E
sao cho AD = DE = EM. Trén tia d6i cua tia CB ldy diém F sao cho CF = CM.
Ching minh ring ba duong thing AC, BE va DF déng quy.

. Cho tam giic ABC nhon. Dung ra phia ngoai tam gidac nay cédc tam giic

déu ABE va ACF. Goi M va N lin luot 1a trung diém cia AE va CF. Trén
canh BC 14y diém D sao cho CD =-}1— BC. Chimng minh ring DM L DN,

Duong trung binh cua hinh thang

Cho doan thing AB = 4cm. Trén cling mot nira mét phing bo AB vé cic tia
Ax, By vuong géc v6i AB. Lay diém M trén tia Ax, diém N trén tia By sao
cho AM + BN = 3cm. Chitng minh ring cdc doan thing MN luon di qua
mot diém ¢6 dinh. Tinh khodng cdch tir diém ¢6 dinh do6 dén A va B.

Cho hinh thang ABCD (AB//CD)c6 AB=a;BC=b;CD=c;DA=4d
(d < c¢). Céc tia phan gidc trong cua géc A va géc D cit nhau tai M, céc tia
phan gidc cua géc ngoai tai dinh B va C cit nhau tai N.

a) Ching minh raing MN // AB ;
b) Tinh d6 dai MN.

Cho tam gidc ABC, cdc duong trung tuyén BM va CN. Trén canh BC ldy
cdc diém D va E sao cho BD = DE = EC. Goi H la giao diém cia AD va
BM, goi K 1a giao diém cta AE va CN.

a) Chirng minh ring ba dudng thing MK, NH va BC déng quy.
b) Gia sir BC = 6¢m, tinh HK.

Cho hinh thang ABCD, hai canh bén AD va BC khong song song. Goi M la
trung diém cia AB. Vé MH // AD (He BD) va MK // BC (K € AC). Goi O 1a
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giao diém cla dudng thing qua H va vuong géc véi MH va dudng thing qua
K vuong géc v6i MK. Chimg minh ring diém O cédch déu hai dinh C va D.

21. Cho tam gidc ABC. Goi D 1a mot diém trén dudng trung tuyén AM. Qua D

vé dudng thing xy cit hai canh AB va AC. Goi H, I, K ldn luot 1a hinh

chi€u ctia A, B,C trén xy. Xdc dinh vi tri cia D dé AH = Bl +CK :

§4. Dung hinh bang thudc va compa. Dung hinh thang

Kién thirc co ban

1.
2.

o~
Bo

1.

104

Dung cu dung hinh : Thuéc va compa.

Céac budce giai mot bai toan dung hinh

Go6m 4 budc :

a) Phan tich ; b) Cichdung; c¢) Ching minh; d) Bién luan.

Doi véi mot bai todan don gian ta c6 thé khong trinh bay budc phan tich.

sung

Trong budc phdn tich ta gia sir da dung dugce hinh thoa man dé bai. Trén co
s& dé xét xem bo phan nao (doan thing, tam gidc...) dung dugc ngay, bo
phan nao con phai x4c dinh thudng dugc quy vé viéc xdc dinh mot diém
thoa min hai diéu kién. Ung v6i médi diéu kién, diém phai tim nidm trén mot
dudng nao d6. Giao diém cta hai duong 4y 1a diém cén tim.

Trong budc bién ludn ta phai xét xem véi diéu kién nao cua cic yéu 16 da
cho thi dung duge hinh va khi dé dung duoc bao nhi¢u hinh.

Néu bai todn cho diumg hinh vé kich thude, khong yéu cdu chi ra vi tri cua
hinh phai dung thi hai hinh bang nhau chi coi la mét nghiém hinh.

Vidu 6

Dung hinh thang ABCD (AB // CD) biét : 6 =90°: CD=4cm ; AC=5cm;
BC =a (cm).



Giai
1. Phan tich (h.13)

Gia str da dung duogc hinh thang ABCD
thoa man ddu bai, ta thay :

~AADC dung dugc ngay (canh huyén, :
canh géc vuodng) ;

Hinh 13

— Dinh B thoa min hai diéu kién :

B ndm trén tia Ax // CD (Ax va DC ciing nim trén mot nira mét phéng bo
AD) va B nam trén duong tron (C ; a).

2. Cach dung

— Dung A ADC vuong tai D sao cho DC =4cm ; CA = 5¢cm ;

— Dung tia Ax // DC (Ax va DC cling thuéc mot nira mat phing bd AD) ;
— Dung duong tron (C; a) cittia Ax tai B ;

~ N6i BC ta duge hinh thang ABCD phai dung.

3. Chimng minh

That vy, theo cdch dung tr gidc ABCD ¢6 :

AB // CD nén ur giac ABCD la hinh thang.

Hinh thang nay cé f) =90°: DC=4cm ; AC = 5cm ; BC =a (cm).

4. Bién luan

Xét AADC vuong tai D, dp dung dinh Ii Py-ta-go ta tinh dugc AD = 3cm.

— Néu a < 3 thi dudng tron (C ; a) khong cit tia Ax do d6 khong dung duge
diém B, bai todan khéng cé nghiém hinh.

—~ Néu a = 3 thi dudng tron (C ; a) chi ¢6 mot diém chung véi tia Ax, ta
dung dugc mot diém B do d6 bai todn ¢6 mér nghiém hinh.

— Néu 3 < a < 5 thi dudng tron (C ; a) cat tia Ax tai hai diém B va B', bai
todan ¢é hai nghiém hinh 1a hinh thang ABCD va AB'CD (h.14).

— Néu a = 5 thi dudmg tron (C; a) cit tia Ax tai mot diém B (khdc diém A)
nén bai todn chi c6 mot nghiém hinh (h.15).
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- -
- -

A B//\\B' X ,‘"A \\B
/‘ \\ ,’1\ »
B\ N2 /a 5
\\ P a
“ e
u 4 Ny N 4
D G D &
Hinh 14 Hinh 15
Nhan xét

Dung tam giac can biét 3 yéu té cua noé trong do co it nhat Ia mét yéu té
vé do dai.

Dung hinh thang can biét 4 yéu t6 cia n6 (canh, géc, duong chéo,...)
trong dé s6 goc cho trudc khéng dugc qua 2 (vi trong hinh thang néu
biét sé do cta hai géc thi sé tinh dugc s6 do cua hai goc con lai).

BAI TAP
22. Dung hinh thang ABCD (AB // CD) biét :

AB =2cm ; BC = 2,5cm ; CD = 6cm ; D = 30°.
23. Dung hinh thang can ABCD (AB // CD) biét :
AB=2cm ; CD =5cm ; AC =4cm.
24. Dung hinh thang can ABCD (AB // CD) biét :
AB=BC=3cmva AC L AD.
25. Dung hinh thang ABCD (AB // CD) biét :

AC = CD =4cm ; BD = 3cm ; COD =120° (O la giao diém hai
dudng chéo).

26 . Dung tam gidc ABC biét B =60°; AC=b; AB+ BC =s.
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§5. Pai xiing truc

Kién thirc co ban

d
1. Hai diém A va A’ goi 1a d6i ximg v6i nhau 5 B 5
qua dudng thing d néu d 1a dudng trung y "H =g
truc ciia doan thing AA' (h.16).
Quy woc : Néu B ed thi diém d6i xing vai o
B qua d chinh la B. o
2. Hai hinh F va F' goi 1a d6i xiing v6i nhau qua dudng thing d néu méi diém
thudc hinh nay d6i ximg qua d v6i mot diém thudc hinh kia va ngugc lai.
Pinh li :
— Hai doan thing AB va A'B' d6i ximg voi 8
nhau qua dudng thing d néu A d6i xing véi M
A'; B d6i ximg véi B' qua d (h.17). - = d
— Hai tam gidc ABC va A'B'C’ d6i ximg véi i\%
nhau qua dudng thing d néu A d6i xiing véi B
A' : B d6i v.ung véi B' ; C d61 ximng véi Hinh 17
C'qua dudng thang d.
3. Dinh li : Néu hai doan thing (hai géc, hai tam gidc) d6i xing véi nhau qua
mot dudng thing thi chiing bing nhau.
4. Duong thing d 12 truc d6i ximg ctia hinh F néu diém déi ximg qua d cia
méi diém thuoc hinh F ciing thudc hinh F.
Ddc biér : Dudng thing di qua trung diém hai ddy cia mot hinh thang can
la truc d6i ximng cua hinh thang can (h.17).
B& sung

~ Hai dudng thing a va a' d6i xiing véi nhau qua dudng thing d néu hai
diém cta dudng thing nay d6i xing véi hai diém clia dudng thing kia qua
dudng thing d.

— Mot hinh ¢6 thé khong ¢, ¢6 mot, ¢6 nhiéu hodc vo s6 truc doi ximg.
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— Néu ba diém A, M, B thing hang (M nim gilta A va B) va A', M', B' lin
luot 1a ba diém d6i ximg cia ching qua dudng thing d thi ba diém A', M',
B' thing hang (M' ndm gita A' va B').

Vidu7

Ti gidc ABCD ¢6 duong chéo BD la truc d6i xing ctia hinh. Pudng phan
gidc goc ngoai tai dinh A va C cédt duong phan gidc goc ngoai tai dinh B
lan luot tai E va F ; cit duong phén gidc géc ngoai tai dinh D 14n luot tai H
va G. Chitng minh ring EFGH la hinh thang can va BD la truc do6i xiung
cua no.

Gidai (h.18)

£ 3 P
Vi BD la truc d6i ximg cua tr gidc 42 :
ABCD nén AABD =ACBD = BD Ia tia o R TR
phan gidc cua géc ABC va BA = BC ;
BAD = BCD din t6i A2 = Ca. Ta c6
H D G

BD L BF (tinh chét hai tia phan gidc
cua hai goc ké bu). Hinh 18

Tuong tu, HG L BD suy ra EF // HG va EFGH la hinh thang.

AABE = ACBF (g.c. g) = E = F va BE = BF.
Tuong tr, AAHD = ACGD (g. c. g) =DH = DG.

Hinh thang EFGH c6 hai géc ké ddy bing nhau nén la hinh thang can.
Pudmng thing BD di qua trung diém cia hai ddy nén Ia truc d6i xing cta
hinh thang can nay.

Nhan xét

108

— Phuong phap chimg minh trong vi du trén 1a dua vao tinh chéat néu hai
tam giac déi xing nhau qua mét dudng thang thi hai tam giac dé bang
nhau, suy ra cac cdp goc tuong tng bdng nhau, cac cdp canh tuong
(ng bang nhau.

— Ta c6 thém mét nhan xét : Mot tir giac c6 moét truc déi xung di qua
dinh thi hai dudng chéo vubng géc vdi nhau tai trung diém cla mot
dudng chéo.




27.

28.

29.

30.

31.

BAI TAP

Cho hinh thang vuéng ABCD (A =D = 90°). Goi M 12 mot diém trén canh
AD sao cho chu vi tam gidc MBC nhé nhét. Chimg minh rang AMB =DMC.
Cho géc xOy, tia phan gidc Ot. Goi M l1a mot diém & trong géc dé va A, B
ldn luot 1a cdc diém d6i xing ctia M qua Ox, Oy.

a) Ching minh rang khi M di dong & trong goc xOy thi duong trung truc
ctua AB luon luon di qua mot diém cé dinh.

b) V& MH L Ot cét duong trung truc ctia AB tai N. Ching minh ring M va
N doi xing qua Ot.

Cho dudng thing d va hai diém A, B nim khdc phia d6i véi d. Tim trén
dudng thing d mot diém M sao cho [MA - MB| 16n nhdt.

Cho hai dudng thing a va b cit nhau tai O. Ldy moét diém M & ngoai hai
dudng thing nay. Hiy dung tam gidc MAB véi Aea va Beb sao cho diém
O cich déu ba dudmg thing chifa ba canh cia tam gidc.

Cho géc nhon xOy va hai diém M, N & trong géc d6. Hay dung diém A trén
tia Ox va diém B trén tia Oy sao cho MA + AB + BN c6 d6 dai nho nhat.

§6. Hinh binh hanh

Kién thirc co ban

1.

Dinh nghia (h.19)

A B
AB//CD
ABCD la hinh binh hanh < ne
AD //BC. @)
Tinh chat D , c
Néu ABCD la hinh binh hanh thi : Hinh 19

— Céc canh d6i biang nhau ;
— Céc gbc d6i bing nhau ;
- Hai duong chéo cit nhau tai trung diém cta méi dudmng.
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3.

Nang cao

110

Ddu hiéu nhdn biét

Tit giac ABCD la hinh binh hanh néu ¢6 moét trong cic diéu kién sau :
1. Cac canh d6i song song (dinh nghia)
2. Céc canh d6i biang nhau (ddo cua tinh chat 1)
3. Céc g6c d6i biang nhau (dao cua tinh chat 2)

4. Hai dudng chéo cit nhau tai trung diém clta méi dudng (dao cua tinh
chat 3)

5. Hai canh d6i vira song song vira bing nhau.

Hai hinh binh hanh ¢é moét duong chéo
chung thi cdc dudng chéo cua chiing
déng quy tai trung diém cua duong
chéo chung (h.20).

Hinh 20
Vidu8

Cho ti gidc ABCD, M va N ldn luot Ia trung diém ciia AB va CD. Goi E, F,
G, H ldn luot 1a trung diém cia MC, MD, NA, NB.

Chirg minh ring ba dudng thing EF, GH va MN déng quy.
Gidi (h.21)

Ta ¢6 NE la duong trung binh cua ACDM
nén Né // MD va NE =:l;~ MD = FM. Tu

gidc MENF ¢6 mot cap canh d6i vira
song song vira bing nhau nén né 1a hinh
binh hanh.

Chitng minh twong tu ta duge tr gidc ‘
MHNG ciing la hinh binh hanh. Hinh 21

Hai hinh binh hanh MENF va MHNG c6 chung dudng chéo MN nén cic
dudng chéo EF, GH, MN déng quy (tai trung diém O clia MN).



Nhan xét

32.

33.

34.

35.

36.

Tinh chét hai dudng chéo cia hinh binh hanh cdt nhau tai trung diém
cla mdi dudng khéng nhimng duoc van dung dé chimg minh nhiéu
dudng thdng déng quy nhu cach gidi trong vi du trén ma con duoc van
dung dé chimg minh ba diém thdng hang : trong hinh binh hanh trung
diém cta mét dudng chéo va hai ddu mat ciia dudng chéo kia la 3 diém
thdng hang.

BAI TAP

Cho hinh binh hanh ABCD, hai duong chéo khong vuong géc vai nhau.Vé
diém E d6i xing véi A qua BD. Chiing minh ring 4 diém B, C, E, D 1a 4
dinh cia mét hinh thang can.

Ti gidc ABCD c6 AD = AB = BC < CD. Hai dudmg chéo cét nhau tai O. Goi

M la giao diém cilia hai dudng thing AD va BC. V& hinh binh hainh AMBK.
Duéng thing KO cit dudng thing BC tai N. Chimg minh ring AM = BN.

Cho tam gide ABC (A #60°). V& cdc tam gidc déu ABM vd ACN ra ngodi

tam gidc ABC. Vé tam gidc déu DBC sao cho D va A cung thuéc mot nira
mat phing by BC. Chimg minh ring uf gidc AMDN la hinh binh hanh.

Cho tam gidc ABC. Vé céc tam gidac déu ABM va ACN ra phia ngoai tam
gidc ABC. Goi D, E, F l4n luot 1a trung diém cia BC, AM, AN. Ching
minh rang tam gidc DEF la tam gidc déu.

Cho tam gidc ABC, M l1a mot diém ném trong tam gidc. Goi D, E, F, H, I, K
lan lugt 12 trung diém cia MA, MB, MC, BC, CA va AB. Chimg minh ring
ba dudong thing DH, EI, FK déng quy.

-~

37. Dung i gidc ABCD biét AB=2cm ; AD = 3cm ; BC=4cm; C=60; D=70°.

§7. Doi xing tém

Kién thirc co ban

1.

00
-

Hai diém A va A’ goi 12 d6i ximg nhau qua diém s—
O néu O la trung diém cha doan thing AA' (h.22). Hinh 22
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Quy udc : Diém d6i ximg cua O qua O ciing 12 O.
Hai hinh F va F' goi 12 d6i ximg véi nhau qua diém O néu méi diém thudc
hinh nay d6i ximg qua O véi mot diém thudc hinh kia va ngugce lai.

Dinh li :

— Hai doan thing AB va A'B' d6i ximg véi

nhau qua tam O néu A d6i ximg véi A’ ; B
doi xuang véi B qua O (h.23).

~ Hai tam gidc ABC va A'B'C' d6i ximng véi
nhau qua tdm O néu A doi ximg véi A’ ; B
déi xing véi B'; C déi xung vai C qua O. Hinh 23

Pinh i :

Hai doan thing (hai géc, hai tam gidc) d6i ximg vé&i nhau qua tam O thi
ching bang nhau.

biém O goi la tam d6i xing cta hinh F néu diém d6i ximg qua O cia moi
diém thuoc hinh F ciing thudc hinh F.

Ddc bi¢r : Hinh binh hanh nhan giao diém hai dudng chéo lam tam doi
xing cua hinh.

sung

— Néu hai doan thang AB va A'B' d6i ximg qua tam O (O nim ngoai dudng
thing AB, A'B') thi AB // A'B' va AB nguoc chiéu véi A'B' (h.23).

— Hai dudng thing a va a' déi xing v6i nhau qua tam O néu hai diém cuia
dudng thing nay déi ximg véi hai diém cia duong thing kia qua O.

~ Mot hinh ¢6 thé khong c6, ¢6 mot hodc vo s6 tam d6i xing.

— Néu ba diém A, M, B thing hang (M nim gita A va B) vd A’, M', B' ldn

luot 1a ba diém da6i xing clia ching qua O thi ba diém A’, M, B' thing hang
(M’ nidm gitra A’ va B).

Vidu 9

Cho tam gidc ABC va M la mot diém khong thudc cédc canh cla tam gidc.
Goi D, E, F ldn lugt 1a trung diém cua AB, BC, CA. Vé diém P déi ximng

v6i M qua D, diém Q d6i ximg vé6i P qua E, diém N d6i ximg véi Q qua F.
C6 nhan xét gi vé vi tri ciia hai diém M va N ?



Gidi (h.24)
A doi xung vai B qua D, M doi ximg véi P qua
D nén hai doan thing AM va BP d6i xing véi

nhau qua D. Suy ra AM = BP va AM // BP (AM
va BP ngugc chiéu). (1)

Chimg minh tuong tu ta dugec BP = CQ ; BP // CQ B Ewl—C
(BP va CQ nguoc chiéu). (2) -

inh 24
CQ = AN va CQ // AN (CQ va AN ngugc e
chiéu). (3)

Tir (1), (2), (3) suy ra ba diém M, A, N thing hang ; AM = AN (va ngugc
chiéu). Do d6 M va N d6i ximg vGi nhau qua A.

Nhan xét

38.

39.

40.

Ban doc cing c6 thé ching minh cac te giac AMBP, BPCQ, CQAN la
nhing hinh binh hanh, suy ra hai canh déi song song va bdng nhau tu
dé dén toi diéu phai chimg minh.

BAI TAP

Cho hinh thang ABCD (AB // CD va AB < CD), M la moét diém trén ddy
AB. Goi E va F l4n luot 1a trung diém ciia AC va BD. Vé diém H d6i ximg
véi M qua E va diém K d6i ximg v6i M qua F. Ching minh ring :

a) B6n diém H, K, C, D thing hang ;

b) Khi M di dong trén ddy AB thi HK c6 do dai khong doi.

Cho tam gidc ABC va mot diém M tuy ¥ & trong tam gidc. Goi D, E, F thir

tr 12 trung diém cua BC, CA, AB. Goi H, I, K thi tr 12 diém d6i xiing cia
M qua D, E, F. Chiing minh ring :

a) Ba dudmng thiang AH, BI, CK déng quy tai mot diém O ;

b) Khi M di dong trong tam gidc thi dudmg thing OM luon di qua mot diém
¢6 dinh.

Cho tam gidac ABC. Ve D déi xing véi A qua B ; E d6i ximg véi B qua C va
F d6i ximg v4i C qua A. Goi G la giao diém clia dudng trung tuyén AM cua
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41.

tam giic ABC vdi dudng trung tuyén DN cua tam giac DEF. Goi I va K lan
luot 1a trung diém cua GA va GD. Chimg minh ring :

a) Tir gidc MNIK la hinh binh hanh ;
b) Trong tam cua tam gidac ABC va tam gidc DEF trung nhau.

Cho hai dudng thing b, ¢ va hai diém A, M khong thuoc hai duong thing
d6. Dung tam giic ABC sao cho AM la duong trung tuyén va B eb ; C ec.

42, Cho hai dudng thing b, d cit nhau tai O. Hai diém A va C khong thudc hai

dudng thing nay. Dung hinh binh hainh ABCD sao cho B €b; D ed.

§8. Hinh chi nhat

Kién thirc co ban

114

Hinh chir nhat la t& gidc c6 4 géc vuong (h.25).

A B
Nhu viy hinh chit nhat ciing i hinh binh hanh, - g
hinh thang céan.
Hinh chir nhat c6 tat ca cdc tinh chét cua hinh 5 T
binh hanh, hinh thang cin.
Hinh 25

Nhur vay : Trong hinh chir nhit, hai dudng chéo
bang nhau.

Dau hiéu nhan biét :

—

. T\ gidc ¢6 ba géc vuodng la hinh chir nhat.

2. Hinh thang can c6 mot géc vuong la hinh chir nhat.

3. Hinh binh hanh ¢6 mo6t géc vuong la hinh chir nhat.

4. Hinh binh hanh ¢6 hai duong chéo biang nhau la hinh chir nhat.
Ap dung vao tam gidc vuong.

1. Trong mot tam gidc vuodng dudng trung tuyén ung véi canh huyén biang
nia canh huyén.

2. Dao lai, néu mot tam gidc c¢6 dudng trung tuyén mg véi mot canh biang
mot nua canh dy thi tam gidc doé 1a tam gidc vuong.
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B& sung

1. Hinh chir nhat ¢6 mot tam do6i xing 12 giao diém cua hai duong chéo.

2. Hinh chir nhat ¢6 hai truc d6i xing 13 hai dudng thing di qua trung diém
hai canh déi.
Vidu 10

Cho hinh chir nhat ABCD. Trén dudng chéo BD ldy diém M. Trén tia AM
14y diém E sao cho M 1a trung diém cta AE. Goi H va K l4n luot 12 hinh
chiéu cua E trén BC va DC. Chimg minh rang :

a) HK // AC;
b) Ba diém M, H, K thing hang.

Giai (h.26)

a) T\ gidc HEKC c6 ba g6c vudng nén la A B
hinh chir nhat. S
£
Goi I 1a giao diém ctia HK véi CE ; goi B T
O Ila giao diém cia AC v6i BD. Ta c¢6 1 NLE 2
D C K

OM la duong trung binh cuia AACE nén

OM,UCEﬁ 6| 262.(]) Hinh 26
ACOD cantai O; ACIK cantai I = C; = Dy (2); Ka= C2. (3)

Tir (1), (2), (3) suy ra C1 = K2 do dé HK // AC.

b) Xét tam gidc ACE c6 dudng thing HK di qua trung diém I cua CE,
HK // AC nén dudng thing HK di qua trung diém ctia AE, tic la di qua M,
do d6 ba diém M, H, K thing hang.

Nhan xét

Tinh chét hai dudng chéo bang nhau la tinh chét rat quan trong cua
hinh chit nhat. Két hop vdi tinh chat hai dudng chéo cdt nhau tai trung
diém O cua mdi dudng ta dugc bén tam giac can dinh O. Ta da dung
nhén xét do dé giai vi du trén.
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BAI TAP
43. Cho M 12 mot diém & bén trong ctia hinh chir nhat ABCD. Gia st MA =3 ;
MB =2 ; MC= 1. Tinh MD.
44. Cho hinh chir nhat ABCD ¢c6 AB=6; BC=4. V¢ AH L BD. Goi M 1a trung
diém ciia HB ; N 12 trung diém ctia CD. Tinh MA® + MN”.

45. Chitng minh rang néu mot hinh thang c6 t6ng hai géc ké mot ddy bang 90°
thi doan thang n6i trung diém hai ddy bing nira hi¢u hai ddy.

46. Cho tam gidc ABC va diém O & trong tam gidc sao cho ABO =ACO. Vé
OH L AB; OK LAC. Goi D la trung diém cua BC, M la trung diém cua
HK. Chimg minh rang DM L HK.

§9. Tinh chét vé khodng cdch gilia hai dudng thang
song song

Kién thirc co ban

1. DPinh nghia : Khoang cdch giira hai dudng
thing song song la khoang cdch tir mot
diém ty ¥ trén dudng thing nay dén d
dudng thang kia (h.27). Hinh 27

2. Tinh chdt : Cic diém cich dudng thing d a
mot khoang biang h nam trén hai duong h
thing song song véi d va cich d mot d
khoang bing h (h.28).

Nhan xér : Tap hop cic diém cdch mot
dudng thing c6 dinh mot khodng bing h
khong déi 1a hai duomg thing song song v6i dudng thing dé va cich dudng
thing d6 mot khoang béng h.

3. Dinhli

Hinh 28

~ Néu cdc dudng thing song song céch déu ciat mot dudng thang thi ching
chan trén duong thing d6 cdc doan thing lién tiép bing nhau (h.29).
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- Dio lai, néu cdc duomg A h \_E

thing song song cit mot b 8B [, \ F
dudng thing va chiing chéin e ik \ G
trén dudng thang dé céc .
doan thing lién ti€p bing d D hl \ =
nhau thi ching song song . \
cach déu.
v Hinh 29
Bo sung
Cho hai dudng thing a va b song song véi a
nhau va cdich nhau mot khoang h. Cic o %
diém cédch déu a va b thi nim trén dudng h
thing m song song vdi a va b va cdich hai = 2
dudmg thing d6 mot khoang 121- (h.30). . Hinh 30

Vidull

Cho tam gidc ABC, diém D thudc canh BC. Vé DE // AC ; DF // AB
(E € AB ; Fe AC). Goi O Ia trung diém cta EF. Khi diém D di dong trén
canh BC thi diém O di dong trén dudng nao ?

Gidi (h.31)

Tu gidac AFDE la hinh binh hanh suy ra
trung diém O cha dudng chéo EF ciing la
trung diém cua dudng chéo AD.

Vé dudmg cao AH, vé OK LBC. D¢ thay
AH
2

OK = (khong déi). Piém O cich duong Hinh 31

thing BC cho tru6c mot khoang khong doi “:—H nén O nim trén duong

thing a // BC va cidch BC moét khoang #
Gidi han : Khi D tring véi B thi O tring véi trung di¢ém M cia AB. Khi D

trung vGi C thi O tring véi trung diém N cia AC. Vay khi D di dong trén
canh BC thi diém O di dong trén dudng trung binh MN cua tam gidc ABC.
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Nhan xét

47.

48.

49.

50.

118

— Néu dé bai cho diém D chuyén dong trén dudng thdng BC thi diém O
chuyén doéng trén dudng thdng a // BC va cach BC mot khoang %
(khéng c6 gioi han).

— Ta ciing co thé giai vi du trén bang cach khac : N6i HO thi HO = OA
(tinh ché&t trung tuyén thudéc canh huyén). Diém O cach déu hai dau
doan thdng AH ¢é dinh nén O ndm trén dudng trung truc cta AH do
chinh 1a dudng thdng a néi trén. Gidi han lai ta cdng dugc diém O di
déng trén dudng trung binh MN cia tam giac ABC.

BAI TAP

Cho hai dudng thing a va b song song, cdch nhau 3 cm. Hoi diém M di
dong trén dudng nao néu tng cdc khoang cichtr M dénavab la:

a) 3cm ?
b) Scm ?

Cho géc vuong xOy. Trén canh Ox lay diém A sao cho OA = 2cm. Diém N
di dong trén canh Oy. V& tam gidc AMN vuong céan tai A sao cho M nam
trong géc vuong xOy. Hoi diém M di dong trén dudng nao ?

Cho doan thing AB, diém D nim giita A va B. Trén mot nira mat phéng bo
AB ta ldy cdc diém E va F sao cho tam gidc EAD can tai E, tam gidc FBD

can tai F va E = F =m°. Hoi khi D di dong trén doan thing AB thi trung
diém O cha EF di dong trén dudng nao ?

Cho tam gidc ABC vuong céin tai A. Tir mot diém H trén canh BC vé mot
dudng thing vuodng goc véi BC, cit cdc dudng thing AB, AC ldn luot tai |
va K. Goi E la trung diém cua BI, F 1a trung diém cia CK. Khi H di dong
srén BC thi trung diém O cta EF di dong trén dudmg nao ?



§10. Hinh thoi va hinh vuéng

Kién thirc co ban
1. Dinh nghia
— Hinh thoi la ufr gidc ¢6 bon canh bing nhau (h.32).
~ Hinh vuong 1a t gidc c6 bon géc vuong va ¢6 bon canh bang nhau (h.33).
Tudosuyra:
— Hinh thoi ctiing 1a mot hinh binh hanh.

— Hinh vuéng vira 1a hinh chir nhat, vira 1a hinh thoi.

B

D D

Hinh 32 Hinh 33
2. Tinh chat
I. Hinh thoi ¢é tdt ca cdc tinh chat cua hinh binh hanh; ngoai ra con c6 :
— Hai duong chéo vudng goc véi nhau.
— Hai dudng chéo 1a dudng phan gidc cic géc cua hinh thoi.
2. Hinh vuéng c¢6 tdt ca cédc tinh chét cia hinh chir nhit va hinh thoi.
3. Ddu hiéu nhdn biét
I. Nhén biét hinh thoi
— Tir gidc c6 bon canh biang nhau 1a hinh thoi.
— Hinh binh hanh c¢6 hai canh ké bang nhau la hinh thoi.
— Hinh binh hanh ¢6 hai duong chéo vuong géc la hinh thoi.

— Hinh binh hanh c¢6 mét duong chéo la diwomg phan gidc cia mét géc la
hinh thoi.
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2. Nhan biét hinh vuong
— Hinh chir nhat c6 hai canh ké bing nhau la hinh vuéng.
— Hinh chir nhét ¢6 hai duong chéo vudng goc la hinh vuong.

~ Hinh chir nhat ¢c6 mot duong chéo 1a duong phan gidc cia mot goc la
hinh vudng.

— Hinh thoi ¢6 moét goc vudng la hinh vuong.

— Hinh thoi ¢6 hai duong chéo bang nhau la hinh vuoéng.

B& sung
1. Trong hinh thoi :

— Hai dudng chéo la hai truc doi xing.

— Giao diém hai dudng chéo 1a tam d6i ximg.
2. Duong chéo cta hinh vuong canh a la av2 .

Vi du 12

Cho tam gidc ABC can tai A, trung tuyén BM
va CN cit nhau tai G. V& diém D d6i xing vai
G qua dudng thing BC.

a) Ching minh tf gidc BGCD Ia hinh thoi ;

b) Tam gidc can ABC phai c6 diéu kién gi dé
BGCD Ia hinh vuong ?

Gidi (h.34)

Hinh 34

2 g)
a) ABMC = ACNB (c.g.c) =>BM=CN = ;—BM = ?CN do d6 BG = CG

(vi G la trong tam cua A ABC). (1)

D d6i ximng véi G qua BC = BD = BG (2) ; CD = CG. (3)
Tir (1), (2), (3) suy ra BG = CG = CD = DB.

Viy it gidc BGCD la hinh thoi.

b) Goi giao diém cua BC va DG la H. Ta ¢6 BC LDG va HB = HC. Bon
diém A, G, H, D thing hang vi cuing nim trén dudmng trung truc cua BC.
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Hinh thoi BGCD la hinh vuong

& BC =GD " "
& BC =2GH
< BC= %AH (h.35) 8 ¢
D
Hinh 35

Nhéan xét

- Dung dinh li dudng trung binh cta tam giac ta chung minh dugce tu
giac BGCD c6 cac cap canh déi song song nén no la hinh binh hanh.

Hinh binh hanh nay c6 hai dudng chéo vudng géc nén né Ia hinh thoi.

— Nhu vay ta thdy ré dé ching minh mot tu giac 1a hinh thoi ta c6 thé
chumg minh truc tiép tr giac dé cé 4 canh bang nhau nhu da lam trong
vi du trén. Néu chung minh tu giac la hinh binh hanh thi chi can thém
diéu kién hai canh ké badng nhau (hodc hai dudng chéo vubng goc hoadc
c6 mét duong chéo la dudng phén giac cua mét goc).

BAI TAP
¢ Hinh thoi

51. Cho hinh thoi ABCD, AB = 2cm, A = %ﬁ. Trén canh AD va DC lin luot

14y H va K sao cho HBK = 60°,
a) Chimg minh ring DH + DK khong déi ;

b) Xdc dinh vi tri cia H va cia K dé cho HK ngan nhét. Tinh d6 dai ngin
nhat dé.

52. Cho tam gidc ABC nhon, cic dudng cao BD, CE. Tia phan gidc cua cic goéc
ABD va ACE cit nhau tai O, cit AC va AB ldn luot tai N va M. Tia BN ciit
CE tai K, tia CM cit BD tai H. Chimg minh ring :

a) BN 1LCM;
b) Tir giadc MNHK Ila hinh thoi.
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53.

55.

56.

Ly

58.
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Cho tam gidac déu ABC, duong cao AH. Goi D 1a mot diém trén BC va K la
trung diém ciia AD. Vé DE L. /.B, DF L AC. Chimg minh ring :

a) Tam giic KHF la tam gidc déu ;
b) KH LEF.

Hinh vuong

. Cho tam gidc ABC vuong cin tai A. Tir mot diém H trén dudng thing BC

vé mot dudmng thing vuong goc véi BC cit cdc dudng thing AB, AC ldn
luot tai [ va K.

a) Ching minh ring BK = CIL.

b) Goi M, N, P, Q ldn lugt 1a trung diém cia BC, CK, KI, IB. Hay cho biét
dang cua ur gidc MNPQ.

Cho hinh vuong ABCD. V& mot tia géc A cét cdc dudng thing BC va CD
1dn luot tai M va N. Dudng thing qua A vuong gbc vdi AM cit cic dudng
thing BC va CD lan luot tai P va Q.

a) Chitng minh ring cic tam gidic ANP, AQM la nhimg tam gidc vuodng can.

b) Goi E va F ldn luot 12 trung diém ctia NP va MQ. Chimg minh ring bon diém E,
F, B, D thing hang.

Cho hinh vuong ABCD. V¢ tia Cx la tia phan gidc géc ngoai tai dinh C. Lay
diém M trén tia Cx. Vé ME L DC, MF L BC. Trén tia DC lay diém G, trén
tia d6i cua tia BC 14y diém H sao cho DG = BH = ME. Chimg minh ring :

a) Cic ur gidc CEMF ; AHMG la nhimg hinh vuong ;
b) Ba dudng thing AM, HG va BD déng quy.

Cho diém I di dong trén doan thing AB. Trén cing mot nira mat phing bd
AB vé cic hinh vuong AICD, BIEF. Goi O va O' lan luot la tAm cua hai
hinh vuéng dé. Goi K 1a giao diém cia AC va BE.

a) Cho biét dang cua ti gidc OKO'l ;
b) Trung diém M ctia OO' di dong trén dudng nio ?
¢) Xdc dinh vi tri cia diém I dé cho OKO'I 12 hinh vuong.

Dung hinh vuong ABCD biét bon diém E, F, G, H ldn lugt nim trén bon
canh AB, BC, CD va DA.



§11. On téap chuong |

Vidu 13

Cho hinh binh hanh ABCD. Trén céc canh AB va CD ldn luot 1dy cdc diém
M va N sao cho AM = DN. Dudng trung truc cia BM ldn luot cit cic
duong thing MN va BCtai E va F.

Chirng minh rang : E
a) E va F doi xiing nhau qua AB ;

A M H
b) Tir giac MEBF la hinh thoi ; B
¢) Hinh binh hanh ABCD phai c6 thém
diéu kién gi dé ur gidc BCNE 12 hinh F:
thang can ? D N C

Hinh 36

Gidi (h.36) -

a) AM = DN ; AM // DN = AMND Ila hinh binh hainh = MN // AD
=> MN // BC. Goi H 1a giao diém cua EF va MB.

AHEM = AHFB (g.c.g) = HE = HF.
Mait khiac ABL EF (gt) nén E va F d6i xitng nhau qua AB.

b) Tit gidc MEBF ¢6 HM = HB ; HE = HF nén MEBF la hinh binh hanh.
Hinh binh hanh nay c6 hai duong chéo vuong géc nén la hinh thoi.

¢) BC //NE = BCNE la hinh thang.
Hinh thang BCNE la hinh thang cén

< C =CBE < C =2B; < B; =60° < hinh binh hanh ABCD ¢6 B = 60°.

Nhan xét

O trén ta da chimg minh tir giac MEBF la hinh thoi bang cach chimg minh
MEBF la hinh binh hanh ¢é hai dudng chéo vubng goéc. Tu giac MEBF ¢o
dudng chéo EF la dudng trung truc cia BM, cé6 dudng chéo BM la dudng
trung truc cla EF, nghia la c6 mbi dudng chéo la mét truc déi ximg. Tur
giac nao co hai dudng chéo la hai truc doi xung, tu giac dé la hinh thoi.
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59.

60.

61.

62.

63.
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BAI TAP
Cho hinh thang can ABCD, ddy nho AB. Goi M, N lin luot 1a trung diém
cua AC va BD.
a) Cho bi€t dang cua cdc ur gidc ABMN, NMCD ;

b) Hinh thang can ABCD phai c¢6 thém diéu kién gi dé ABMN la hinh
chtr nhat ?

Cho hinh binh hanh ABCD, BD = 3AD. Goi M, N ldn luot 1a trung diém
ctia AB va CD. Trén BD ldy hai diém E va F sao cho BE = EF = FD.

a) Chitng minh ring MENF la hinh chir nhat ;

b) Hinh binh hanh ABCD phai ¢6 thém diéu kién gi d¢é MENF la hinh
vuong ?

Cho tam gidc ABC vuodng can tai A, canh bén bing a. V& hinh chir nhat
AEMF c6 chu vi bing 2a va E€AB; F e AC.

a) Hoi diém M di dong trén dudng nao ?

b) Tir M vé dudmg thing MN L EF (N € EF). Ching minh ring MN luo6n di qua
mot diém ¢6 dinh.

Dung tam gidc ABC biét cédc trung diém M, N cia AB, BC va dudng phan
gidc cua géc A ndm trén dudng thing d cho trudc.

Dung tam gidc ABC biét AC = 5cm ; dudng cao AH = 2cm va trung tuyén
CM = 4cm.



i

DA GIAC. DIEN TiCH DA GIAC

§1. Pa gidc. Pa gide déu

Kién thirc co ban

1. Da gidc 16i 1a da gidc luon nim trong mot nira mat phing c6 by 1a dudng
thdng chita bat ki canh ndo cua da gidc dé.

2. Da gidc déu 1a da gidc ¢6 tat ca ciac canh biang nhau va tat ca cdc goc
bang nhau.

B& sung

1. Téng cdc géc trong clia da gidc n canh la (n — 2).180°.

2. SO0 duong chéo cua mot da gidc n canh la L) £

3. Téng cdc gbc ngoai ciia da gidc n canh 1a 360° (tai mbi dinh chi chon mot
gbc ngoai).

4. Trong mot da gidc déu, giao diém O cua hai dudng phan gidc cia hai géc

la tam cua da gidc déu. Tam O cich déu cic dinh, cdch déu cdc canh cia da
gidc déu. C6 mot duong tron tam O di qua cdc dinh cta da gidc déu goi la
dudng tron ngoai tiép da gidc déu.

Vidu 14

Cho ngii gidc déu ABCDE.

a) Chimg minh ring cic dudmg chéo AC, AD chia géc A l1am 3 géc bang nhau ;

b) Goi giao diém cia AD va CE la F. Ching minh rang ur gidc ABCF la
hinh thoi.
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Giai (h.37)

(5-2).180

a) S6 do mébi goc ciia ngii gide déu la = 108°.

AABC can tai Bnén A; = C) = (180° - 108%) : 2 = 36°.

Chimg minh tuong tr ta duoc Az = 36°

B
suy ra A = 36" Viy A = ;«2 = R;.
~ A _A C
b) Ching minh tuong tu, C2 = 36°. < :
A1 = C2 = AB//CF; A2 = C; = AF//BC. -
Vay wr gidc ABCF la hinh binh hanh. Ta cé E D
AB = BC nén hinh binh hanh ABCF la hinh .
. Hinh 37
thoi.
Nhan xét

64.

65.

66.

67.
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Trong cach gidi cda vi du nay, dé tinh méi goc cla da giac déu n canh
(n-2).180
n

ta dung céng thire . Ta ciing c6 thé tinh s6 do cla mbi goc

360°

360° . :
, tr do suy ra méi goc trong la 180° - ==

ngoai theo cbng thuc

Thuc chét hai céng thure trén chi la mét.

BAI TAP
Mot da gidc déu c6 s6 do mdi géc trong hon gée ngoai la 140°. Hoi da gidce
d6 c6 miy canh ?

Mot da gidc déu c6 s6 dudng chéo bing s6 canh. Tinh s6 do méi goc ciia da
gidc déu do.

S6 do cic goc trong mot da gidc n canh 1ap thanh mot day cong. Biét s6 do goc
nho nhat 12 110 ; s6 do géc 16n nhat 1a 160°. Tinh s6 canh cla da gidc do.

Mot ngii gidc ¢6 cdc canh bing nhau va ba dudng chéo biang nhau. Chiing
minh rdng ngii gidc d6 1a ngi gidc déu.




68. Cho luc gidc ABCDEF. Goi M, N, P, Q, R, S lin luot 14 trung diém cua AB,
BC, CD, DE, EF, FA. Ching minh ring AMPR va ANQS ¢6 cung mot
trong tam.

69". Cho da gidc 12 canh. Tai méi diah viét mot s6 tu nhién nhé hon 50. Ching
minh ring t6n tai hai dudmg chéo clia da gidc sao cho hié¢u hai s6 viét ¢ hai
ddu dudng chéo la bang nhau.

§2. Dién tich hinh chi nhét, hinh vuéng

Kién thirc co ban

1. Mbéi da gidc ¢6 mot dién tich xdc dinh. Dién tich da gidc 12 mot s6 duong
¢6 cdc tinh chat sau :

— Hai tam gidc bing nhau thi ¢6 dién tich bing nhau.

— Néu mot da gidc duge chia thanh nhimng da gidc khong c¢6 diém trong
chung thi dién tich cia n6 bing téng dién tich cua nhimg da gidc do.

- Hinh vuong c6 do dai canh bang 1 thi cé dién tich la 1.

2. Dién tich hinh chir nhat bang tich hai kich thudéc ctané. S=a.b (h.38a).
-

Dién tich hinh vuong béng binh phuong canh ctia né. S=a" (h.38b).
— a
b a
a) b)
Hinh 38

Nang cao

1. Trong cdc hinh chir nhat ¢6 cung ciw vi thi hinh vuong c6 dién tich 16n
nhat. (*)

2. Hai hinh chir nhat ¢6 ciing chiéu cao thi ti s6 dién tich bing ti sO hai ddy.

(*) Xem chuyén dé 3, hé qua cha bat ding thic Co-si.
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Vidu IS

Cho ti gidgc ABCD ¢6 A = C =90°. V& CH L AB. Biét riing dudng chéo
AC la duong phan gidc cia goc A va CH = a. Tinh dién tich ur gidac ABCD.
Giai (h.39) » [B
Vé CK LAD. Tir gidc AHCK c6 3 géc vudng \

nén 1a hinh chir nhat. AC la tia phan gidc cua A \
goc A nén AHCK 1a hinh vuong. \

AHBC = A KDC (g. C. g) ﬁSHBC = SKDC‘ D e

Sasep = Sancep + Suse = Saucep + Skpe K=

" I Hinh 39
=SaHck = @

Nhan xét

Trong vi du trén, dé tinh dugc dién tich tu giac ABCD ta da bién doi

dién tich nay thanh dién tich hinh vuéng bang cach van dung cac tinh
chat sau cla dién tich da giac :

— Hai tam giac bang nhau thi c6 dién tich bang nhau.

~ Néu mét da giac dugc chia thanh nhitng da giac khéng co6 diém trong
chung thi dién tich cda n6 bang téng dién tich cGa nhiing da giac do.

Noi chlmg, dé tinh dién tich cia mét hinh chua biét céng thure tinh dién

tich, ta bién déi dién tich nay bang dién tich cia mét hinh khac da biét
cach tinh dién tich.

BAI TAP

70. Cit mo6t miéng bia hinh vuéng thanh 4 hinh chir nhat bing 3 dudng thing

song song vdi moOt canh cta hinh vuong. Bi€t chu vi mbi hinh chir nhat 1a
50cm. Tinh dién tich hinh vuong.

71. Cho hinh chir nhat ABCD. Géc D duoc chia lam 3 géc bang nhau béi cic
tia DM, DN trong dé M la trung diém cia AB va N ndm trén canh BC sao

cho CN = 2+/3 . Tinh dién tich hinh chir nhat ABCD.
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72. T gidac ABCD c6 hai duong chéo vuong géc. Goi E, F, G, H thi tu 12 trung
diém cla AB, BC, CD, DA. Lay diém O ndm trong tf gidc. Goi M, N, P, Q
thir tr 12 cdc diém d6i ximg véi O qua E, qua F, qua G, qua H. Tinh dién
tich cia tr gidc MNPQ biét AC =4cm ; BD = 3cm.

73. Mot can phong hinh vudng duoc lat gach men hinh vudng ciing ¢@, vira hét
729 vién (khong vién nao bi cét xén). Gach gém hai loai men tring va men
xanh, loai men trang ndm trén hai duong chéo nén nha, con lai 1a loai men
xanh. Tinh s6 gach méi loai.

74. Hinh chir nhat ABCD dugc chia thanh bén hinh chir nhat nho béi hai duong
thing di qua diém O nim trén dudng chéo AC va song song vdi céc canh,

cit cdc canh AB, BC, CD, DA l4n luot tai M, N, P, Q. Biét SAMOQ =18 :
Sugno = 24. Tinh dién tich hinh chir nhat ABCD.

§3. Dién tich hinh tam giéc, hinh thang, hinh binh hanh

Kién thirc co ban
1. Dién tich hinh tam gidc bing nira tich mot canh véi chiéu cao img véi canh d6 :

= %ah (h.40).

2. Dién tich hinh thang bing nira tich cia téng hai ddy véi chiéu cao :

S=—(a+b)h (h.41).

o | —

3. Dién tich hinh binh hanh bang tich cia mot canh véi chiéu cao g véi
canh dé6 :

S=ah (h.42).

- -
- -
T -

Hinh 40 Hinh 41 Hinh 42
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Nang cao

I

130

Hai tam gidc ¢6 moét canh bang nhau va chiéu cao ing véi canh dé bing
nhau thi dién tich ctia chiing bing nhau.

Trong hinh 43a, c6 MB = MC = S,gm = Sacum-

Trong hinh 43b, c6 AA'// BC = S pc = Sage-

Hai tam gidc c¢6 cung chiéu cao thi ti s6 dién tich béng ti s6 hai ddy ing véi
hai chiéu cao.

23

4

Tam gidc déu canh a c6 dién tich la

a) b)
Hinh 43
Vidu 16

Cho hinh thang ABCD (AB // CD), hai dudng
chéo cit nhau tai O. %

a) Chimg minh ring Syop = Sgoc:

b) Cho biét Syop =9 : Scop =25 ; tinh Sppep. Hinh 44

Giai (h. 44)
a) Vi AB//CD nén Sppc=Sgpe = Sape — Sobnc = Sgpe — Sopc
= Saop = Sgoc:
b) Ta dat Syop = Sgoc = X.
Hai tam gidc AOB va COB ¢6 cung chiéu cao ha tr dinh B nén

SaoB. = OA (1)
Scop  OC

9R-BT...TOAN 8



SAOD o OA "
Scop 0OC

Tuong tu (2)

Tir (1) va (2) suy ra 2=2—x5 -::>x2=225 ox=15MWx>0).
X
V":"}’SABCD"'()"'ZS"' 15+ 15 =64.

Nhan xét

1. Phuong phap giai trong vi du trén la dua vao céac tinh chéat sau cla
dién tich tam giac :

Néu hai tam giac c6 mét canh bang nhau va chiéu cao tmg vadi canh dé
bang nhau thi dién tich cda ching bdng nhau.

Néu hai tam giac co cung chiéu cao thi tf s6 dién tich bang ti sé hai day
ung vdi chiéu cao do.

2. Trong vi du trén, néu Spog = a° ; Scop = b’ thi cang chimg minh
tuong tu nhu trén ta duoc Sagep = (a + b)?

BAI TAP
e Dién tich tam giac
75. Cho ur gidac ABCD. Goi M, N lin luot 12 trung diém ciia AB va CD. Biét
Samnp = Sgvnc- Hay cho biét dang cua ur giac ABCD.
76. Cho hinh binh hanh ABCD. Vé mot dudng thing song song véi AC cit
canh AB tai M, cét canh BC tai N. Chitng minh rdng Sxpum = Scpn-
77. Cho tam gidc ABC. Trén cdc canh AB, BC, CA l4n luot 14y cdc diém D, E, F sao

cho AD =%AB ; BE =%BC ; CF = %CA. Chimg minh rang Spgf < %SABC'

78". Cho tir gidc ABCD. Goi E va G l4n luot 12 trung diém cia AD va BC. Lay
F va H 14n lugt trén AB va CD. Biét rang EFGH 1a hinh binh hanh, F khong
trung véi trung diém cia AB. Chimg minh ring :

a) Tir gidc ABCD 1a hinh thang ;

|
b) Sgrgu = 3 SABCD-
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79,

80.

81.

82,

83.

84.

Dién tich hinh thang
Cho hinh thang vuong ABCD (A = D = 90°). Biét AB =2, AD = /3 va

-

B = 150°. Tinh Sypcp.

Cho hinh thang ABCD (AB // CD) c6 dudng trung binh bing 10cm. Biét
AD = 3cm ; BC = 4cm. Tinh dién tich 16n nhat cia hinh thang ABCD.

Cho hinh binh hanh ABCD. Mot dudmng théng d cét cdc canh AB va CD tai
M va N sao cho Syynp = Sgvne. Chitlng minh ring dudng thing d luon di

qua mot diém c6 dinh.
Dién tich hinh binh hanh
Cho O 1a mot diém ném trong hinh binh hanh ABCD.

Chirng minh rang S0 + Scop = Saop + Spoc-
Cho hinh binh hainh ABCD ; AB=a; AD=b. n I
Tinh dién tich 16n nhét cia hinh binh hanh dé6.

Trong hinh 45, ¢6 I, II, IIT va IV la cac hinh v |
binh hanh ¢é mot canh la a. Chitng minh réing
a a
S; + Sy =S + Sy Hinh 45

§4. pién tich t{ gidc. Dién tich da gidc

Kién thirc co ban

ks
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Dién tich ur gidac (h.46)
SaBcp = Sasc + Sapc
Dac biét :

a) Dién tich ur gidac ¢6 hai dudng chéo vudng
goc bang nira tich do dai hai dudng chéo.

b) Dién tich hinh thoi bing nira tich do dai hai Hinh 46
duong chéo.




2. Dién tich da gidc
Viéc tinh dién tich mot da gidc bat ki thudng duge quy vé viéc tinh dién
tich cac tam gidc (hodc c¢6 khi la tinh dién tich hinh thang).

B6 sung
Dién tich hinh vuong c6 duong chéo bing d la %dz.

Vidul7

Cho ngii gidc déu ABCDE, AB = a. Duong
phan gidc clia géc A, goc B cit nhau tai O. Goi
M la trung diém cia AB. Biét OM = r. Tinh
dién tich ngii gidc ABCDE.

Giai (h.47)

No6i O véi C, D, E.

AAOB = ACOB (c.g.c)

Hinh 47

—

=>(A31=R|=-1-A=-l-é=62.

2 2

Chimg minh tuong tu, ta dugc ACOB = ACOD =AEOD =AEOA. Cic tam
gidc bing nhau thi dién tich cia ching bang nhau.

A AOB can, dudng trung tuyén OM ciing 1a dudng cao.

Vﬂ}’ SABCDE = S'SAOB =9. ';—ABOM = %ABOM = %ar.

Nhén xét

1. Phuong phap giai cda vi du trén la dé tinh dugc dién tich clda da giéc,
ta chia da giac thanh nhing tam giac. Tinh dugc dién tich cda nhimg
tam giac do la tinh dugc dién tich cua da giac.

2. Trong vi du trén, thay nam canh bdi n canh (n= 3) ta c6 cong thiuc
tinh dién tich da giac déu :

S= -”—‘?—"- = pr (p Ia nita chu vi).

133



85.

86.

87.

88.

89.

BAI TAP
Cho AABC vuong tai A, AB =8 ; BC = 17. Trén BC 14y mot diém M. Vé
hinh binh hainh ABMN. Tinh dién tich t gidc ANCM.
Cho uf gidc ABCD, hai duong chéo cit nhau tai O. Biét dién tich cdc tam
gidc AOB, BOC, COD ldn luot 1a a%, 2a%, 3a%, tinh dién tich ur gidc ABCD.
Cho it gidc ABCD. Goi M, N, P, Q l4dn luot 12 trung diém cua AB, BC, CD, DA.
Biét MP + NQ =2a ; AC =BD = 2b; a > b. Tinh dién tich tt gidic ABCD
theoavab.
Cho ngii gidc ABCDE. Vé AH LCD. Vé BM // AC, EN // AD (M, N thudc
dudmng thing CD). Cho biét AH = h, MN = a. Tinh Spgcpe-
Mot da gidc ¢6 phan gidc cua tat ca cdc goc dong quy tai O. Khoang cich

tr O dén mot canh nao dé cua uf gidc 1a r. Chimg minh rdng dién tich da
giac duge tinh theo cong thitc S = p.r (p la nura chu vi cua da gidc).

Chuyén dé 5
Phuong phap dién tich
1. Ta da biét moét s6 cong thitc tinh dién tich cua da gidc nhu cong thire tinh
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dién tich hinh tam gidc, hinh thang, hinh binh hanh, hinh chir nhat, hinh
thoi,... Khi biét do dai ciia mot s6 yéu 6, ta c6 thé tinh duogc dién tich cua
nhimg hinh &y. Ngugce lai néu biét quan hé dién tich cha hai hinh, ching han
biét hai tam gidc c6 dién tich bing nhau va c6 hai ddy bing nhau thi suy ra
dugc céc chiéu cao twong img bing nhau. Nhu vdy cédc cong thic tinh dién
tich cho ta cdc quan hé vé do dai cia cic doan thang. Sir dung céc cong thiic
tinh dién tich cdc hinh c6 thé gitip ta so sinh do dai cdc doan thing.

Dé so sdnh hai d6 dai nio dé bing phuong phip dién tich, ta c6 thé lam
theo cédc budc sau :

1. Xdc dinh quan hé dién tich giira cdc hinh.

2. Sir dung cdc cong thite tinh dién tich dé biéu dién m6i quan hé d6 bing mot
ding thifc c6 chita cdc do dai.

3. Bién déi déng thic vira tim dugc ta ¢6 quan hé vé do dai giira hai doan
thing cén so sénh.



3. Mot s6 bién phdp thuc hién :
a) Sur dung truc tiép cong thirc tinh dién tich tam gidc.
Vidu 18

Cho tam gidc déu ABC. Tir mét diém O & trong tam gidc ta vé OH LAB ;
OI LBC, OK LCA. Chirng minh rang khi O di dong trong tam gidc thi
téng OH + OI + OK khong doi.

Giai (h.48a)
Goi do dai méi canh cua tam gidc déu l1a a, chiéu cao la h.

Ta c6 Spop + Sgoc + Scoa = Sasc

-l-a.OH - la.OI + l 2. 0K = l—a.h
2 2 2 2

! 2 (OH+01+0K) = Lan
> 5

suy ra OH + OI + OK = h (khong d6i). Hinh 484

Nhan xét

Co thé giai vi du trén bang cach khac nhung khéng thé ngdn gon bang
phuong phap dién tich nhu da trinh bay.

Bai toan trén van dung néu diém O thudc canh cla tam giac déu.
Ta con co to’ng AH + Bl + CK khéng déi (xem bai 10 cdu b).

Néu thay tam giac déu bdi mét da giac déu bat ki thi téng cac khoang
cach tur diém O dén cac canh cing khéng doi.

b) Sit dung tinh chat : Néu hai tam gidc ¢6 cung chiéu cao thi ti s6 hai ddy
ticong img bdng tf 6 hai dién tich. Nguwoc lai, néu hai tam gidc ¢6 cing ddy
thi ti 56" hai chiéu cao twong iing bang tf 6 hai dién tich.

Vidu 19

Cho tam gidc ABC va ba diém A', B, C' 14n lugt ndm trén ba canh BC, CA,
AB sao cho AA’, BB, CC' déng quy (A', B', C' khong trung véi cic dinh
cuia tam gidc).
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Chitng minh rang :
A'B B'C C'A _
A'C B'A C'B

Giai
o Tim huwong gidi :
Ta thay & v€ trédi ctia diéu phai chimg minh 12 tich ctia 3 ti s6. D€ c6 thé nit

gon dugc tich nay ta sé thay déi ti s6 cha hai canh bang ti s6 dién tich cia
hai tam gidc thich hop, sau d6 khir lién tiép dé duge két qua la 1.

e Thiee hién chieng minh (h.48b)
Vé BH L AA'va CK L AA'.
AAA'B va AAA'C 1a hai tam gidc ¢6 cung mot chiéu cao ha tir dinh A va cé

hai canh ddy tuong ing 1a A'B va A'C nén e 2 S‘“‘“ (1)
C Saac

Mat khdc, AAA'B va AAA'C c6 chung
canh AA' va c¢6 cédc chiéu cao tuong

SA&'B - BH. (2)

g 1a BH va CK nén =
Saae CK

AAOB va AAOC c¢6 chung canh AO va
c6 cdc chiéu cao tuong tmg 14 BH va

CK nen 2208 . BH 5,
Saoc CK Hinh 48h

Tu (1), (2), (3) suy ra ol SAOB - (4)
A'C  S,oc

Chiing minh twong tu duoc EE - Snoc (5) va = A - Scoa . (6)

Nhan timg v€ cdc ding thie (4), (5), (6) ta dugc :

A'B B'C C'A_Syop Spoc Scoa .

Chii y : Bai todn trén vin ding néu cdc diém A', B', C' thudc cdc duong thing
chira cac canh cia tam gidc, trong dé c6 ding 2 diém ndm ngoai tam gidc.

=1.



) Sit dung tich chat : néu mét tam gidac va mét hinh binh hanh ¢é cung ddy
va cung chiéu cao (g véi day dé) thi dién tich tam gidc bdang nita dién
tich hinh binh hanh.

Vidu 20

Ching minh dinh Ii Pi-ta-go : Trong mot tam gidc vuoéng, binh phuong cua
canh huyén bing téng cdc binh phuong ciia hai canh géc vuong.

e O 16p 7 ching ta da duoc hoc dinh Ii ndy (cong nhin, khong chimg
minh). C6 rdt nhiéu cich dé chimg minh né. Bay gid ta sé dung phuong
phap di¢n tich dé chimg minh.

Gidi (h.48¢)

L4y cdc canh cla tam gidc ABC (R = 90°) lam canh, dung ra phfa ngoai
cta tam gidc ndy cdc hinh vuong BCDE, ABFG, ACMN.

Mu6n chimg minh BC? = AB? + AC? ta phii chimg minh

SBCDE = SABFG + SACMN:
Vé duong cao AH va kéo
dai cit DE tai K. Ta sé
chimg minh Syppg = Spuke
va SacmN = Scrkp: o ”
N6i AE, CF.

AFBC = AABE (c.g.c)

= Sppc = Sape: (1)

AFBC va hinh vuong B
ABFG c6 chung ddy BF,
dudng cao ing v diy
nay bing nhau (la AB)

!
1 !
nén Appc =5 Sasrc- (2) :
'
!

- -
nnnnn
-

Tuong tu, ¥

1
S =—S . (3
e 2 BHKE - (3) Hinh 48¢
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Tir (1), (2), (3) suy ra Sgyke = Saprc-
Chl’ﬂlg minh tuong tu dlr(_'fc SC“KD = S.-\C“N'

Do d6 Sgyke + Scukp = Sara + Sacay hay Spepe = Saprc + Sacmn (dpem).

Nhan xét

90.

91.

92.

93.
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Diém m&u chét trong cach gidi trén la viéc vé hinh phu : vé thém ba
hinh vuéng. Piéu gi goi y cho ta cach vé 8y ?

Hay nhin véo két luan cda dinh Ii : Ta phdi chung minh BC? = AB? + AC?
ma BC?, AB? AC? chinh ia dién tich céc hinh vuéng co canh I1an luot I
BC, AB, AC. Bé& chung minh dién tich hinh vuéng BCDE bang téng dién
tich cta hai hinh vuéng ABFG va ACMN ta da vé dudng cao AH réi kéo

dai dé chia hinh vuéng BCDE thanh hai hinh ch nhat khéng co6 diém
trong chung réi ching minh hai hinh chir nhat nay cé dién tich Ian lugt

bang dién tich cda hai hinh vuéng kia.

BAI TAP
Cho tam gidc ABC can tai A. Tir mot diém M trén ddy BC vé MD L AB ;
ME 1 AC.
a) Chimg 16 ring téng MD + ME khong phu thudc vao vi tri cia M trén
diy BC;
b) Ban c6 nhan xét gi vé ]MD— ME| khi diém M di dong trén duong lhéng
BC nhung khong nam trén ddy BC ?

Cho tam gidc ABC vuong tai A, duong phan giic AD. Vé DH L AB. bt

DH =d, AB =c¢, AC = b. Chimg minh ring -II;+1=%-
C

Cho tam giic ABC, diém M ¢ trong tam gidc hodc & trén mot canh sao
cho Sypc = Syap + Syac. Chimg minh ring M di dong trén mot doan
thing ¢6 dinh.

Cho hinh binh hanh ABCD. Trén AB ldy diém M, trén. AD ldy diém N. Goi

O 1a giao diém cha BN v4i DM. Biét OC la tia phan gidc ctia goc BOD,
ching minh raing BN = DM.



94.

9s.

96.

917.

98.

Cho tam gidc ABC (AB < AC), M 1a mot diém trén canh BC. V& BI L AM,
CK L AM. Xic dinh vi tri cia M d€ 16ng BI + CK nho nhat.

Cho tam gidc ABC duong cao BH, CK. Dat AC=b; AB=c; BH=h, ;
CK = h.. Hoi tam gidac ABC phai ¢6 diédu kién gidé b+ hy,=c +h_?
Cho tam gidc ABC. Trén cédc canh BC, CA, AB lidn luot 1dy cdc diém D, E,
F (khac cdc dinh cta tam gidc) sao cho AD, BE, CF cit nhau tai diém H.
Ching minh ring :
AH BH CH AH BH CH

- + = - + 26
AD BE CF HD HE HF
Cho tam gidc ABC va M la mot diém ndm trong tam gidc. Vé MD L BC ;
MELCA;MFLAB.DatBC=a;CA=b;AB=c; MD=x; ME=y;
MF=2z va S)\BC = S.

a) 25 b)

a) Chimg minh ring ax + by +cz =28S;

b’) Tim min [LLEJ.
X y z

a) Cho géc xOy, tia Ot nam trong géc d6. Lay diém A c6 dinh trén Ox,
diém B ¢6 dinh trén Oy va C la diém di dong trén Ot. Tia Ot cit AB tai M.
Ching minh ring S,oc = Sgoc khi va chi khi M 1a trung diém cia AB.

b) Cho hinh binh hanh ABCD. Trén céc canh AB va BC l4n luot 14y céic

diém E va F. Goi M, N, K thit ty 1 trung diém cia DE, DF va EF. Goi O la
giao diém clia AM va CN. Ching minh ring ba diém B, O, K thing hang.

§5. Ontéap chuong i

Vidu2l

Cho tam gidc ABC vuong can tai A, AB = 4cm. Trén hai canh AB, AC
lin luot 14y cdc diém M va N sao cho AM = CN. Xic dinh vi tri cha M
va N sao cho ur giiac BCNI\_'I c6 dién tich nho nhit. Tinh dién tich nho
nhit do.
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Gidi (h.49)
bat Sgenm = S;AM=CN=xsuyraAN=4-x.

S =Sapc— Samn

oo 44 _x(@-x) _g x(4-%)
2 2 2
Sulibahit o 2% jan il

Hinh 49

& X. (4 — x) 16n nhat.
Vi X + (4 — x) = 4 (khong d6i) nén x.(4 — x) 16n nhdt <> x =4 - x
ox=2.(%
Khi d6 M va N 14n luot 12 trung diém ciia AB va AC.

24-2) =6 (cmz).

minS=8 -

Nhén xét

— Trong cach gidi trén ta da s dung hé qué cia bét ddng thuc Co-si :
Néu hai s6 co téng khong ddi thi tich cda chang 16n nhéat khi va chi khi
hai sé 8y bdng nhau.

- D& st dung dugc cac bat ddng thire dai s6 ta dat do dai cdn xac dinh
la x, biéu thi dai lugng cén tim gia tri nhd nhét (hay gia tri I6n nhét)
b&ng mét biéu thure cé bién x réi tim diéu kién cta x dé biéu thuc coé gia
tri nhé nhét (hay gia tri I6n nhét).

BAI TAP

99. Cho bét gidc déu ABCDEFGH canh a. Cic dudng thing GH va CD cit
dudng thing AB l4n lugt tai M va N, cit dudng thing EF l4n luot tai Q va
P. Xdc dinh dang cua tir gidc MNPQ va tinh dién tich cha uf gidc dé.

(*) Xem chuyén dé 3, hé qua ctia bat ding thirc Co-si.
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100. Cho tam gidc ABC can tai A. Trén tia d6i cua tia CA 1ay diém M sao cho

CM = CA. Tia phan gidc cua géc A cit BM tai N. Cho biét Sygc = 10,
tinh SABM‘

101. Goi S 1a dién tich ctia tif gidc ABCD c6 do dai cdc canh laa, b, c, d.

102.

103.

104.

a’ +b> +c® +d?

Chimg minh ring S <

Cho i gidc ABCD. Dung dudng thing d chia uf gidc d6 1am 2 phén c6
dién tich bang nhau trong 2 trudng hop :

a) Dudmg thing d di qua dinh A ;
b') Pudng thing d di qua diém K nim trén canh AB.
Cho hinh vuong ABCD va 9 dudng thing trong dé méi dudng thang chia

hinh vuoéng thanh hai & gidc ¢6 ti s6 dién tich la % Chirng minh riang

trong 9 dudmg thing dé c6 it nhat ba dudng thing déng quy.

Cho hinh chit nhat ABCD c¢6 AB = 14cm ; BC = 6cm. Trén cic canh AB,
BC, CD, DA l4n luot 1dy céc diém M, N, P, Q sao cho AM = AQ=CN =CP.
Xic dinh cdc diém M, N, P, Q dé :

a) T gidc MNPQ c6 dién tich 16n nhat. Tinh dién tich 16n nhét d6 ;
b) T\t gidc MNPQ la hinh thoi. Tinh dién tich hinh thoi d6.
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TAM GIAC DONG DANG

§1. Pinh li Ta-let trong tam gidc

Kién thirc co ban

&

142

Dinh li

1. Néu mot dudng thing cit hai canh clia tam gidc va song song vdi canh
con lai thi né dinh ra trén hai canh d6 nhimg doan thing tuong img ti 1.

2. Dao lai, néu mot dudng thing cit hai canh cia mot tam gidc va dinh ra
trén hai canh d6 nhimg doan thing tuong ing ti I¢ thi dudng thang dé song
song vdi canh con lai cua tam gidc.

Trén hinh 50 : AABC
AM AN
Y ic AN

WIBC & [ 8
AB  AC

BM _CN . c
L AB AC Hinh 50

Hé qua

Néu mot dudng thing cit hai canh cia mot tam gidc va song song véi canh
con lai thi né tao thanh mot tam gidc maéi ¢6 ba canh tuwong g ti 1¢ véi ba
canh cua tam giac da cho.

AM AN MN

AB AC BC

Hé qua trén vin ding néu dudng thing a song song véi mot canh va cat hai
dudng thing chira hai canh kia.

AABC:a//BC=



Nang cao m
1,

m
. : . a A ‘ A'

Dinh li Ta-let tong qudt
Nhiéu dudng thang song song dinh ra trén hai b B/ 8"
cét tuyén bat ki cdc cap doan thing ti I, . /

c c’
Trén hinh 51 : /

AB A'B’
aliblie = o==3C Hinh 51

Bé dé hinh thang

Trong hinh thang hai diy khong bing nhau,
giao diém cua hai dudng thing chira hai canh
bén, giao diém cha hai dudng chéo va trung
diém cia hai ddy cing ndm trén mot dudng
thang (h.52).

Chum dudng lhéng doéng quy Hinh 52

Dinh Ii : Néu cic duong thing déng quy cit hai dudng thing song song thi
chiing dinh ra trén hai dudng thing song song dy cdc cdp doan thing ti 1¢.
Trong hinh 53a, 53b :

*« AA', BB, CC' dong quy tai O
S m \c|s A/
*m//m' m A C

 AB  BC AC / \ , /\Q/
= = " m
A'B* B'C A'C LIS R A B\C
= AB_A'B' /A B c\ | \
| BC B'C"
a) b)

Dinh Ii trén ¢6 hai dinh Ii dao : Hinh 53

0O

— Mot dinh If ddo cho ta mot cdch ching minh hai dudng thing song song ;
—~ Mot dinh i ddo cho ta moét ciach clumg minh ba dudng thang déng quy,
ching han :

Néu ba dudng thing, trong d6 ¢6 hai dudng thing cit nhau, dinh ra trén hai
dudng thing song song cédc cap doan thing tuong Umg ti 1& thi ba dudng
thing d6 déng quy.
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4.

Dinh li Xé-va

Cho tam gidc ABC va 3 diém A', B', C lin
luot ndm trén ba canh BC, CA, AB (A', B,
C' khong trung véi cdc dinh cia tam gidc).

Khi dé tacé : AA', BB', CC' déng quy

A'B B'C C'A
A'C B'A C'B

=1 (h. 54).

Dinh li Mé-né-la-uyt

Cho tam gidc ABC va ba diém A', B, C' ldn
luot ndm trén cdc dudng thing BC, CA, AB
(A', B', C' khong trung véi cdc dinh clia tam
gidc sao cho trong ba diém d6 c6 ding mot

diém hodc ca ba diém ndm ngoai tam gidc). Hinh 55
Khi détacé : A', B', C' thing hang < MEBC LS =1 (h.55).
A'C B'A C'B
. Vidu 22
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Cho tam gidc ABC, dudng trung tuyén AD.
Ldy diém O nidm gita A va D. Qua O vé
dudng thing d cit cdc tia AB, AC tai E va
F. Hay xdc dinh vi tri cia diém O dé
BE CF

AE AF

Gidi (h.56) Hinh 56
Vé BM //d; CN //d (M, N thuoc dudng thing AD).
AMBD = ANCD (g.c.g) =DM = DN.
Ap dung dinh Ii Ta-let vio cic tam gidc ABM va ACN ta duoc :
BE_MO CF_NO
AE AO ' AF AO
BE CF _ MO+NO _(OD-DM)+(OD+DN) 20D
AE AF _ AO AO AO

Do dé



AE AF

it (LF 1200 coAO=2OD<:A0=-§-AD

<> O la trong tAm tam gidc ABC.

Nhén xét

Trong vi du trén ta da vé thém hai duong phu cung song song vdi d.
Nhé dé coé thé van dung dinh Ii Ta-let tim ra cac cap doan thang tf 1& voi
cac cap doan thdng néu trong dé bai.

Phuong phéap vé dudng thdng song song la mét phuong phap thudng
dung dé& gidi cac bai toan van dung dinh Ii Ta-let, tao ra cac cdp doan
thdng ti 1.

Vidu 23

Cho hinh thang ABCD (AB // CD) hai dudng chéo cit nhau tai O. Trén ddy
CD ldy cic diém E va F sao cho OE // AD ; OF // BC. Chimg minh ring

Sobe = Socr-

Gidi (h.57)
A B
GEJAD = 229, 3
DC AC
owsc::-gg{—g- 2)
D E F C
AO BO
AB — I c— o 3 Hinh 57
HeD =22=25 ) In

DE CF
T 1), (2), (3 —=—— =>DE =CF.
u()(}()suyraDC DC

Cic tam gidc ODE, OCF c¢6 mot cap canh bing nhau, c6 cung chiéu cao ha
tir dinh O t6i cap canh d6 nén Sopg = S -

Nhan xét

Trong vi du trén, dé chimg minh hai doan thdng béng nhau ta da ding
phuong phap cac doan thédng ti 1é va dung tinh chét trong mét ti 1é thure,
néu hai mdu bang nhau thi hai t&r cing bdng nhau.
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106.

107.

108.
109,

110.

111.

112,

146

BAI TAP

Pinh 1i Ta-let
105.

Cho hinh binh hanh ABCD. Mot dudng thing d di qua A cit dudng chéo
BD tai P, cit cdc dudng thing BC va CD ldn lugt tai M va N. Chimg
minh ring :

a) BM.DN khong d6i ;

1 1 |

D) + e s
AM AN AP
Cho hinh binh hanh ABCD. Mot duimg thing d cit AB, BC, BD lin luot
tai M, N, 1. Chéing minh ring : o+ EC . BD
BM BN Bl

Cho tam gidc ABC, AB=4; AC =4,5. Trén AB va AC ldy céc diém M va
N sao cho AM = AN = 3cm. Goi O la giao diém cia BN va CM. Tinh
OB 0OC

_ .

ON OM
Cho tam gidc ABC, AB=2; AC = 3, dudmg phan gidc AD = 1,2. Tinh géc BAC.

Cho hinh thang ABCD (AB // CD), hai duong chéo cit nhau tai O. Qua O
vé mot dudng thang song song véi AB cit AD va BC ldn luot tai M va N,
a) Chimg minh OM = ON ;

| 2

b) Chimg minh I + = -
AB CD MN

Cho géc xOy. Goi M va N theo thit tr la hai diém di dong trén Ox, Oy sao

cho ——+—— =1 trong d6 m, n l1a hai d6 dai cho truéc. Chiing minh
OM ON

rang MN luon di qua mot diém ¢d dinh.

Bé dé hinh thang va chum dudng thing dong quy

Cho tam gidc ABC. Trén cdc canh AB va AC lay cic diém M va N. Tud M
vé mot dudmg thing song song véi AC cit BN tai D. Tir N vé mot dudng
thing song song véi AB cit CM tai E. Chiing minh ring DE //BC. '

Cho hinh binh hianh ABCD. Tir mot diém M trén dudmg chéo AC (M khong
la trung diém cta AC) ta vé& cdc dudmg thing song song véi cdc canh cla
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113.

114.

115.

116.

117.

hinh binh hanh, ching 14dn luot cit AB, BC, CD, DA tai E, F, G, H. Chimg
minh ring :

a) HE // GF ;
b) Ba duong thing EF, GH va AC déng quy.

Cho i gidc ABCD. V& dudmg thing d // BD cit AD va AB lédn luot tai P
va Q. V& dudng thing d' // BD cét BC va CD ldn luot tai M va N. Cho biét
hai dudng thing MQ va NP cit nhau tai K. Chimg minh ring duong thing
AC di qua K.

Cho hinh chir nhat EFGH c6 tam O, néi ti€ép AABC trong d6 E € AB ;
F € AC; G, H € BC. Goi M va N ldn luot 14 trung diém cta BC va dudng
cao Al Chiing minh ring ba diém M, O, N thing hang.

Dinh li Xé-va va dinh li Mé-né-la-uyt

Cho tam gidc ABC, trén dudmg trung tuyén AD ldy mot diém O. Tia CO
Cf“ AB tal M. tia BO Cé[ AC lﬂ.l N. Chl:ﬂlg minh rfmg SBOM = SCON‘

Cho tam gidc ABC. Mot dudng thing d cit canh AB tai D, cit canh AC tai
E va cit dudmg thing BC tai N. Goi O la giao diém cla BE va CD. Tia AO

cat BC tai M. Chirng minh ring hai diém M va N chia trong va chia ngoai
doan thing BC theo cling mot ti s6.

Tam gidc ABC ¢c6 AB =4 ; AC = 3. Trén cdc canh AB, AC lin luot 14y cic
diém D va E sao cho AD = 2AE. Diém F chia trong doan thing DE theo ti
sO —;— (nghia l1a %=%). Tia AF cit BC tai M. Chiing minh ring M la

trung diém cua BC.

§2. Tinh chét dudng phan gidc cla mét tam gidc

Kién thirc cog ban

1.

Pudng phan gidc cua mot géc trong tam gidc chia canh d6i dién thanh hai
doan thing ti 1& v6i hai canh ké cta hai doan thing 4y.

Pudng phan gidc ngoai cua tam gidc chia canh d6i dién thanh hai doan
thing ti 1& véi hai canh ké hai doan thing 4y.
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Trong hinh 58 :

Ai=A; _ DB _EB_AB
R-; =R4 DC EC AC ,..-"'P

Ta néi diém D chia trong canh g B D C

BC, diém E chia ngoai canh BC
Hinh 58

cung theo ti s6 o
AC

sung
Dinh Ii trén c6 dinh Ii ddo :

Néu mot dudng thing di qua mot dinh clia tam gidc ma chia canh d6i dién
thanh hai doan thing ti 1¢ v6i hai canh ké hai doan thing dy thi né l1a duong
phan gidc trong (hay ngoai) cia goc tai dinh dy.

Vidu 24

Cho tam gidc ABC can tai A, BC =a; AC =b. V& céc dudng phan gidc BD, CE.

a) Chimg minh ring DE // BC ;

b) Tinh DE tir d6 suy ra —— = —+—.
DE a b

Gidi (h.59)

~ _AD BA b

a) Bl=B; > —=-2=2. (1
) B DC-BC - a (1)
Gty sl 00 o
EB CB a
Tir (1) va (2) suy ra %&2%:: DE // BC. Hinh 59

b) ADEC can. Dat DE = DC = x thi AD = b - x. Ap dung h¢ qua dinh Ii
Ta-lettacé :

DE AD X b-x ab
—=——hay —= ;ax+bx=ab; x= = DE.
Tl T I
I a+b 1 1

Suyra —=——=—+4—
DE ab a b



Nhan xét

118.

119.

120.

121.

1. Ta ciing c6 thé chung minh DE // BC bang cach khac :

AABD = AACE (g.c.g) =AD = AE. vay 22 - AE _, peyBC.

AC AB

2. D€ tinh dd dai DE ta da dat DE = x ; lap phuong trinh biéu dién méi
quan hé giira cac doan thdng réi gidi phuong trinh dé.

BAI TAP

Cho tam gidc ABC cén tai A, A = 135° Treén canh BC l4y céc diém M va
N sao cho AM LAC; AN L AB. Chirng minh rang BM’ = BC . MN.

Cho tam gidc ABC. Trén cdc canh AB, BC, CA lédn luot ldy cic diém M,
D, N khong trung véi cdc dinh cia tam gidac. Cho biét AM . BD . CN =
AN. CD . BM, chimg minh ring néu tia DM la tia phan gidc cia géc ADB
thi tia DN la tia phan gidc cta géc ADC.

Cho hinh binh hanh ABCD. Puéng phan gidc ciia géc A cit BD tai E,
dudng phén gidc cia goc B ciat AC tai F. Ching minh ring :
BE AF
a) —=——01; b) EF// AB.
) ED - FC ) /I
Tam gidc ABCc6 BC=a; CA=b; AB=c. Goi M, N, P lidn lugt la trung
diém cua AB, BC, CA. Cic diém D, E, F thit tr thuoc MN, NP, PM sao
DM ¢ EN a_ FP b

cho — =—; — =—:; — =—_, Chimng minh ring AF, BD, CE déng quy.
DN a EP b FM ¢ 8 8 8aly

§3. Khai niém tam giéc déng dang.

Céc truéng hop déng dang cua tam gidc

Kién thirc co ban

1.

Tam gidc A'B'C' goi 1a dong dang véi tam gidc ABC (ki hiéu AA'BC «
AABC) néu :
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ICI ClAl . . "
- = =k (k goilati s6 dong dang).
AB BC CA (ke g dang)
2. Mot s6 tinh chat
* AABCw AABC

* NEuAA'B'C' ®» AABC véi ti s6 déng dang k thi AABC «@ AA'B'C' véi ti

sO dong dang %

* Néu AA"B"C" v AA'B'C' va AA'B'C «»AABC thi AA"B"C" v AABC
3. Dinh li (vé dung mot tam gidc dong dang véi

A
tam giac da cho)
Mot dudmg thing cét hai canh clia mot tam gidc
va song song véi canh con lai thi sé tao thanh g &
mot tam gidc méi déng dang véi tam gidc da cho.

B C

Trong hinh 60 :

Hinh 60

MN // BC = A AMN « AABC.

4. Cac truong hop déng dang
1. Truong hop dong dang thi nhat (c.c.c) :

Néu ba canh cuia tam gidc nay ti 1¢ vai ba canh ctua tam gidc kia thi hai tam
gidc do dong dang.

2. Truomg hop déng dang thi hai (c.g.c) :

Neéu hai canh ciia tam gidc nay ti I& véi hai canh cia tam gidc kia va hai
goc tao boi cac cap canh d6é bang nhau thi hai tam gidc dé dong dang.

3. Truong hop déng dang thit ba (g.g) :

Né¢u hai goc cia tam gidc nay 14n lugt bing hai géc cua tam gidc kia thi hai
tam gidc d6 dong dang véi nhau.

B& sung
1. Hai tam gidc déu luon déng dang véi nhau.
2. Hai tam gidc can sé dong dang néu c6 mot trong céc diéu kién sau :
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— C6 mot cap goc ¢ day bing nhau ;

— C6 mot cap géc & dinh bang nhau ;

— C6 mot cap canh ddy va moét cap canh bén ti l¢.

Néu hai tam gidc déng dang thi :

— Ti $6 hai chu vi bang ti s6 déng dang ;

— Ti s6 hai duong trung tuyén tuong g bing ti s6 déng dang :
— Ti s6 hai dudng phén gidc twong ing bing ti s6 déng dang ;
— Ti s6 hai duong cao twong ing bang ti s6 dong dang.

Vi du 25

Cho tam gidc déu ABC. Goi O 1a trung diém cua BC. Trén cdc canh AB,
AC lin luot ldy cdc diém di dong M va N sao cho MON = 60°. Chiing
minh ring :

a) AOMB®w ANOC tir d6 suy ra tich BM . CN khong déi ;

b) Cac tia MO, NO lan luot la cdc tia phan gidc cua cic goc BMN va CNM ;

¢) Chu vi cia AAMN khong déi.

Giai (h. 61)

a) M| +0; =02+0; =120° = Mi = Os.
BM _BO
CO CN

2
= BM.CN =BO.CO hay BM.CN =BCT (khong déi).

Vay AOMB» ANOC (g.g) =

Hinh 61

BM OM BM OM
MBw ANO hu inh tré s, s RO oy 7 s e
b) AOMB C (chimg minh trén) = o On ay N

BM BO
suy ra ——=——-- (1)
OM ON
AOMBva ANMOc6 B =0 (=60°.  (2)
Tir (1) va (2) suy ra AOMB «» ANMO (c.g.c) =3 [:Il = l?lz.

Ching minh tvong tu ta dwogc ANOC «@ ANMO (c.g.c) = N; = Na.
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¢c) VEOD.LMN ; OELAB; OF LAC. Vi O ¢6 dinh nén E va F ¢6 dinh.
Ta c6 MD = ME ; ND = NF.

Chu vi AAMN = AM + MD + ND + NA = AM + ME + NF + NA = AE + AF
(khong déi).

Nhan xét

O céu a, nho chimg minh hai tam gidc déng dang ta suy ra dugc cac
canh tuong g ti 1é. Con & cau b, nhd chung minh hai tam giac déng
dang ta suy ra dugc hai géc tuong g bang nhau.

BAI TAP

Dinh li (vé dung mot tam gidc dong dang véi tam gidc da cho)

122. Cho tam gidc ABC, duomg phan gidc AD. Vé DE // AB; DF // AC (E e AC;

123.
124.

125.

126.

127.

152

F € AB). Cho biét AB =3 : AC = 6. Hay cho bi€t dang cua ur gidc AEDF
va tinh chu vi cta né.

Dung tam gidc ABC biét B =60°; C =40° va duong trung tuyén AM = 3cm.

Cho tam gidc ABC, ciac goc B va C nhon. Dung hinh vuéng EFGH sao cho
E nam trén canh AB ; F ndm trén canh AC ; G va H ndm trén canh BC.

Truong hop canh—canh—canh
Cho O 1a mot diém nim trong tam gidgc ABC. Trén OA ldy mot diém D
sao cho OD =¢;-OA. Qua D vé& mot dudng thing song song véi AB cit OB

tai E. Qua E v& mot dudng thing song song véi BC cit OC tai F. Chimg
minh rdng A DEF v A ABC va xéc dinh ti s6 déng dang.

T gidc ABCD c6 AB=4;BC=3%,CD= 6%,DA=3\:£‘: BD = 5. Hay

xdc dinh dang cua ur gidc ABCD.
Cho tam gidc ABC, BC =a, CA = b ; AB = ¢, trong d6 a 1a trung binh
nhdn clia b va ¢ (tic 1a a° = be). Goi hy, hy, h. 1dn luot 1a ba dudng cao

ng v@i cdc canh a, b, c. Chimg minh ring tam gidc c6 ba canh h,, hy, h,
va tam gidc ABC déng dang véi nhau.



128.

129.

130.

131.

132.
133.

134,

135.

136.

Trudng hop canh-goc—canh

Cho hinh thang ABCD (AB//CD), A =D =90°; AB=2;CD =45 ;
BD = 3. Ching minh rang BC L BD.

Cho hinh binh hanh ABCD. Vé AH LCD, AK L BC. Chimg minh ring
AKAH «2 AABC.

Cho hinh vuéng ABCD. Trén canh BC ldy diém E. Tia AE cit dudng
thing CD tai M, tia DE cit dudng thing AB tai N. Chitng minh ring :

a) ANBC xwABCM ;
b) BM L CN.

Trudng hop goc—goc

Cho tam gidc ABC, cdc dudng trung tuyén BM, CN. Biét ABM = ACN.
Chimg minh ring BM = CN.

Cho tam gidc ABC, B = 2C ; AB=5: AC = 8. Tinh BC.

Cho tam gidc ABC,BC=a;CA=b; AB=c. Chobiét A = 2B, B = 2C,
ching minh ring :
a) a’=b% +be :

i )

|
b) —+—=-—.
a b c

Cho tam giic nhon ABC, truc tam H. Qua H vé mét dudng thing cit AB
tai D, cit AC tai E sao cho HD = HE. Tir H vé mot dudng vudng géc véi
DE cit BC tai M. Chimg minh ring M 12 trung diém cta BC.

Cho tam gidc déu ABC, cédc dudng phan gidc géc B va géc C cit nhau
tai O. Trén canh BC ldy diém D khong trung véi trung diém cta né. Vé

DE L AB cit OB tai M ; Vé DF L AC cit OC tai N. Chirng minh ring :
, DM _DE

DN DF '
b) OD chia doi EF.

Truong hop goc—goc va canh—goc—canh

Cho tam gidc ABC, AB = 12 ; AC = 15. Trén cdc canh AB, AC lan luot
lay M va Nsaocho AM=5; AN =4,
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a) Chimg minh rang i giac MNCB c6 cdc cap géc doi bu nhau.
b) Goi O 1a giao diém ctia BN va CM. Chimg minh ring OB.ON = OC.OM

137. Cho tam gidc ABC, cdc géc B va C nhon. Hai dudng cao BE va CF cit
nhau tai H. Chitng minh rang :

a) AB. AF=AC.AE:
b) A AEF» A ABC:
¢ )BH . BE + CH . CF = BC>.

§4. Trudng hop déng dang cua tam gidc vudng.
Ti s6 dién tich cta hai tam gidec déng dang

Kién thirc cd ban

1. Né€u hai tam gidc vuong c¢6 mot goéc nhon biang nhau thi hai tam giic dé
dong dang.

2. Né&u canh huyén va mot canh géc vuong ctua tam gidc vudng nay ti 1¢ vai
canh huyén va canh géc vuong clia mot tam giac vuong kia thi hai tam gidc
vuong dé dong dang.

3. Tiso dién tich cia hai tam gidc dong dang bing binh phuong ti s6 déng dang.

B& sung
1. Tir cong thirc %—= k> (SvaSh dién tich ciua hai tam giic déong dang theo

ti s6 k) ta ¢6 thé tinh dugc dién tich cha mot tam gidc néu biét ti s6 déng
dang va dién tich cua tam gidc kia.

S=Kk2.§; S=>.
ks

2. Khi sir dung cong thirc ES-= k%, néu da biét S' = a’ con S va k déu chua xdc

dinh thi nén dat S = ¢ dé bién déi duoc don gian (khong ding t6i cin bac hai)

az 2 a
_zzk- = —=k (xem bai 144 ; 152).
c C
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Vidu26
Cho ui gidc ABCD, hai dudng chéo vuong gbc véi nhau tai O. Biét

= —CD va AO —SAC Gia sir dién tich tam gidc AOB la a’, tinh dién
tich wr g:éc ABCD.
Gidi (h.62)

A B

A= D 2l anstac <00 1 et/
2 cD 2 3 CO 2
®)
AAOBva ACODco:
AOB=00D =90°; 22.22.1 D c
CD o 2
Hinh 62
Vay AAOB »» ACOD (canh huyén, canh goc vuoéng)
2
Scop \2

. AO 1 2

Tuong tu, Spop= 2a. Do d6 SaBcD = a’ +4a” +2a° + 2a° =9a’.

Nhan xét

AAOB v ACOD voi tf 56 k = % =% nén Spop = %scoo. Con AAOB:
- i J - OA 1 & »
va ACOB ciing co ti s6 e "o nhung ban chd nham tudéng Saop

cing bang %SCOB- Tai sao vay ? Vi AAOB va ACOB khbng dbng
dang vdi nhau. Hai tam giac ndy ¢6 cung chiéu cao ha tu dinh B tdi

dudng thdng chira hai day nhung day OA chi bang % day OC nén

1
Sa08 = 53005-

155




BAI TAP

e  Truong hop dong dang cua tam giac vuong

-~

138. Tu gidc ABCD ¢c6 A = 90°, BD L BC. Biét AB = 2cm, BD = 3cm ;
DC = 4,5cm. Hay cho biét dang cua ut gidc ABCD.

139. Cho hinh thang can ABCD (AB // CD ; AB < CD). Pudng thing qua A
vuong géc vGi CD cét CD tai H, cdt dudng thing BC tai K. Ching minh
ring AABK v» AHDA.

140. Hinh thang ABCD vuéng géc tai A va D, AD =15 ; CD =9. Goi M l1a moét
diém trén canh AD, biét ring MB =5 ; MC = 15.

a) Chirng minh ring AABM v» ADMC.
b) Goi N Ia trung diém cia BC. Tinh do dai MN.

e Tisodién tich cia hai tam gidc dong dang

141. Cho AABC, BC = 2+/3cm. Mot dudmg thing song song v6i BC cit AB tai
diém M, cit AC tai N. Biét dién tich MNCB bing 4ldi¢n tich tam giac

ABC. Tinh d6 dai MN.

142. Cho tam gidc ABC vuong goc tai A, dudng cao AH. VE HM L AB; HN L AC.
a) Ching minh AM . AB=AN.AC;
b) Cho biét AH = 2cm, BC = Scm. Tinh dién tich t gidc AMHN.

143. Cho tam gidc ABC can tai A, trung tuyén AM, O Ia trung diém cia AM.
Tia BO cit AC tai D, tia CO cit AB tai E. Cho biét dién tich tam gidc

ADE = a°, tinh dién tich tam gidc ABC.

144. Cho tam gidc ABC, v¢é hinh binh hanh AMON sao cho Me AB, Oe BCva °
Ne AC. Bi€t Syyop =a°; Syoc = b’. tinh dién tich hinh binh hanh AMON.

Chuyén dé 6
Phuong phdp tam giéc déng dang

1. Ta da bi€t néu hai tam gidc déng dang thi suy ra duge cic cap géc tuong
ing bang nhau, cdc cap canh tuong ting ti 1¢, dac biét 1a ti s6 dién tich cta
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ching bang binh phuong ti s6 déng dang. Tir dé c6 thé tinh dugc dién tich
cua mot s6 hinh, c6 thé chimg minh dugc mot s6 quan hé hinh hoc khic,
nhu chitng minh cdc hé thic hinh hoc bac hai, tim gid tri cdc biéu thic hinh
hoc bic hai,...

Dé chimg minh hai géc bing nhau hay cdc cap doan thing ti 1¢ bing
phuong phép tam gidc déng dang ta c¢6 thé lam theo cdc budc sau :

Budc 1 : Xét hai tam gidc cé chira hai goc d6 hay chia cdc cap doan
thing ay.

Budce 2 : Ching minh hai tam gidc d6 dong dang.
Budc 3 : Suy ra cap goc tuong ing bing nhau, cip canh tuong g ti 1.

. Dé€ tao ra dugc mot tam gidc déng dang v6i mot tam gidc khac, ngoai cdch
vé mot dudng song song vGi mot canh cliia tam gidc ta con c6 thé vé thém
dudng phu bing nhiéu cich khéc, ching han :

~ N6i hai diém ¢6 sdn trong hinh 1am xuét hién mot tam gidc méi (Bai 142)

~ Tir mot diém cho trude, vé mot duong thing vuong géc véi mot duomg
thdng (Bai 137) '

— Trén mot tia cho truée, dat mot doan thing bing mot doan thing khic
(Bai 130, 133),...

Ban c6 thé tich luy dugc kinh nghiém khi giai nhiéu bai tap.
Mot vai iing dung cuia phuong phédp tam gidc déng dang
a) Diing phicong phdp tam gidc déng dang dé chimg minh ba diém thang hang.

Ta c6 thé ching minh hai tam gidc déng dang dé suy ra cdc cap géc tuong
ing bing nhau, tir d6 dung cich cong géc dé dugc géc bet din 16i ba diém
thing hang.

Vi du 27

Cho tam gidc ABC, cdc tia phan gidc géc B va géc C cit nhau tai O. Trén céc

canh AB, AC l4n luot 15y M va N sao cho BM . BC = BO? ; CN . CB = CO”.
Chitng minh ring ba diém M, O, N thing hang.

Gidi (h.63a)
BM BO

BM .BC=B0*’> — =—.
BO BC
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ABOM va ABCO c6 By = B2 ; o =22 nén A
BO BC
ABOM «x» ABCO (c.g.c) = 6| = Cl N
Ching minh tuong tu ta dugc ACON v ACBO M 3
(c.g.c) = 63 = ﬁz. B c

-~ ~ S e S - ) 3‘
Ta C‘j OI + 02 -+ 03 = C] + BZ & 03 o ]800 Hinh 63a

suy ra ba diém M, O, N thing hang.

Nhan xét

158

Diéu gi goi y cho ta dung phuong phap tam giac déng dang dé gii vi
du trén ? D6 la vi trong dé bai c6 cho BO 14 trung binh nhan cta BM va
BC ; CO la trung binh nhén ctia CN va CB, tir do6 suy ra dugc céac cap
doan thdng t/ 1é dan toi hai tam giac déng dang.

b) Diing phicong phdp tam giac déng dang dé chitng minh tich ciia hai doan
thang hodc téng cdc tich ctia cde cdap doan thang bang mét sé cho tricoe.

Ta c6 thé chimg minh hai tam gidc déng dang dé suy ra cédc cap canh tuong -
ing ti 1¢, ddn t6i hai tich cia céc cip doan thing bing nhau.

Vidu 28

Cho hinh binh hanh ABCD, géc B nhon. Goi H va K 14n luot 1a hinh chiéu
ctia B trén AD va CD. Chimg minh ring DA . DH + DC . DK = DB’.

Giai (h.63b)
o Tim hieong giai :

Céc tich DA . DH ; DC . DK chua c6 méi -

lién quan truc ti€p ndo véi nhau ciing nhu 8
vél DB. Vi thé ta sé thay cdc tich nay bai
cdc tich khac bang ching, c6 lién quan véi
nhau cing nhu ¢6 lién quan véi DB. Muén
vdy phai tao ra dugc nhimg cip tam gidc
déng dang v6i diéu kién DB phai 12 canh
ctia mot trong nhirg tam gidc nhu thé. Hinh 63h




® Thiee hién chieng minh :

Vé Al L BD.

AIDAwAHDB:»-D—A=BI— = DA .DH=DB. DI (1)
DB DH

AlBAwAKDB=s 2A. Bl  DC_Bl . pe.DK=DB.BL (2)

DB DK _ DB DK
Cong timg v€ cdc diang thire (1) va (2) ta duoc :
DA.DH+DC.DK=DB.DI+ DB. BI =DB(DI + Bl = DB2 (dpcm).

-~

Chii y : Néu B = 90° thi hinh binh hanh ABCD tr& thanh hinh chir nhat.
Lic d6 dp dung dinh li Py-ta-go ta c6 ngay diéu phai chirng minh.

¢) Duing phicong phap tam gidc déng dang dé giai bai todan dung hinh

Do6i véi mot s6 bai toan dung hinh nhat 1a dung hinh tam gidc, khi chi biét
mot y&u 16 vé do dai, con lai 1a biét ti s6 gifra cdc do dai hoac biét s6 do
cdc goc thi ta ¢6 thé nghi dén phuong phédp tam gidc déng dang. Trudc hét
ta tam bdé qua mot diéu kién (do dai da cho) ta dung duge mot tam gidc
déng dang véi tam gidc cin dung. Sau d6 dua vao diéu kién con lai ta xdc
dinh duogc hinh cin dung

Vidu 29
Dung tam giac ABC biét A =60°; o =—%vé BC =a.
BC 3
Giai (h.63c)
1. Phan tich A
Gia sir di dung dugc AABC thoa min dé bai. 0
Vé mot dudng thing song song véi BC, cit
AB, AC l4n luot tai M va N. Tir C vé dudng N
thing song song v6i AB cit MN 1ai P. M/ \/ F
Dé thay MP = BC = a. 8 - A
AM AB 2

AAMNw AABC= —=—7+=—. inh 63¢

= AN AC 3 Hinh 63c

Vay AAMN dung duoc, tir d6 dung duoc P, C réi B.
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145.

146.
147.

148.

149.

160

2. Cach dung

— Dung AAMN sao cho A =60°; AM =2; AN =3.
— Trén tia MN ldy diém P sao cho MP = a.

~ Dung PC // AB (C thudc tia AN).

~ Dung CB // MN (B thudc tia AM).

AABC la tam gidc phai dung.

Phdn ching minh va bién luan danh cho ban doc.

BAI TAP

Cho tam gidc ABC vuong tai A, dudmg cao AH. Goi M va N lan luot la trung
diém ciia AH va BH. Goi O 1a giao diém cia AN véi CM. Chimg minh rang :

a) AN LCM;
b) AH? = 4 MC . MO.

Cho tam gidc ABC, dudng phan gidc AE. Chimg minh ring AB . AC > AE”.

Cho tam gidc ABC vuong tai A. Goi M 1a mot diém di dong trén canh AC.
Tir C vé dudng thing vudng géc véi tia BM cit tia BM tai H, cit tia BA tai
O. Chimg minh ring :

a) OA.OB=0C.OH;
b) G6c OHA c¢6 s6 do khong déi ;
¢) Téng BM . BH + CM . CA khong déi.

Cho tam gidc ABC can tai A, dudng cao AH. Trén doan thing CH va HB
14n lugt 14y hai diém M va N sao cho CM = HN. Dudng thing qua M va
vuong géc véi BC cit AC tai E. Qua N vé dudng thing d L NE. Ching
minh ring khi M di dong trén doan thing CH thi dudong thing d luén luon
di qua mot diém c¢6 dinh.

Lay cac canh AB, AC va BC cua tam gidac ABC lam canh ddy, dung céc
tam gidc vudng can ABD, ACE va BCF sao cho hai tam gidc ddu dung ra
phia ngoai tam gidc ABC con tam gidc thir ba dung trong cing moét nira
mat phing by BC véi tam gidc ABC. Chimg minh ring uf gidc AEFD la
hinh binh hanh (hoac A, E, F, D thiang hang).



150.

151.

152.

153.

154.

Cho tam gidc ABC, ba duong cao AD, BE, CF. Goi M, N, I, K ldn luot 1a
hinh chi€u cua D trén AB, AC, BE, CF. Chitng minh ring bén diém M, N,
I, K thing hang.

Cho hinh vuéng ABCD. Goi M, N lin luot 12 trung diém cia AB, AD. Goi

E va F l4n luot 1a giao diém cia BN vgi MC va AC. Cho biét AB = 30cm,
tinh dién tich cdc tam gidc BEM va AFN.

Qua diém O nim trong tam gidc ABC ta v& nhimg dudng thing song song
v6i ba canh. Cic dudmg thing ndy chia tam gidc ABC thanh ba hinh binh

hanh va ba tam gidc nho. Biét dién tich clia cdc tam gidc d6 1a a’, b’, c’.
a) Tinh dién tich S cia AABC;
b) Chimg minh S < 3(a2 b & cz).

Cho tam gidc nhon ABC. Hay dung hinh chir nhat DEFG noi ti€p tam gidc
nay sao cho né c6 dién tich 16n nhdt, biét De AB ; E e AC; F,G € BC.

Cho géc nhon xOy va mot diém A ¢6 dinh nim trong géc d6. Trén Ox va
Oy lén luot 14y cdc diém M va N sao cho OM = 20N. Hay xdc dinh vi tri
cia M va N dé cho AM + 2AN c6 gia tri nho nhat.

§5. On tap chuong I

11A-BT....TOAN 8

Vidu 30
Cho tam gidc ABC vuong tai B. Trén canh AC ldy diém D sao cho

CD =%CA. Vé DF LAB (F €AB). Goi E 1a trung diém cua DF. Chimg
minh rdng t gidgc BCDE la hinh thang cén.
Giai (h.64) A

CD——CA::»E e : FE = ED:E-:L
AD 2 FD 2

Ta c6 FD // BC (vi cing vuong géc v6i AB)  flZ __EF 2\

=5 B—F=Q=-l—(dmh li Ta-let).

AF AD B

Hinh 64
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ABFE va AAFD c6:

s A 1
I:1=Fz='5”3'“:—F=E g
AF FD 2

Vay ABFE ¥ AAFD (c.g.c) = E1 = 131 — ﬁz = 62 i
T\ gidc BCDE ¢6 DE // BC va E2 = D nén BCDE I hinh thang cn.

Nhan xét

Phuong phéap giai trong vi du trén la van dung dinh Ii Ta-let dé tim cac
cap doan thdng ti 18, két hop céc cap doan thdng ti 1é véi mét cap goc
bang nhau thich hop, ta tim dugc hai tam giac déng dang, suy ra dugc
mét cap goc tuong ing bang nhau, dan toi diéu phai ching minh.

155.

156.

157.

158.

BAI TAP

Cho tam gidc ABC, A= 60°. V& ra phia ngoai tam gidc do, cdc tam gidc
déu ABM va ACN. Goi D la giao diém clia AB va CM, E la giao diém cta
AC véi BN.

a) Chirng minh rang tam gidc ADE la tam gidc déu ;

b) Cho biét BD = 4, CE = 9, tinh DE.

Cho tam giic ABC, BC = Scm. Trén BC ldy diém D sao cho BD = 2cm.
L4y E nim giira A va B; F nim giita A v C. Cho biét Spge = Sepgp = 9 cm”.
Tinh SAHC'

Cho tam gidc ABC vuong tai A, AB = 36 ; AC = 48. Mot dudng thing
song song vdi BC cdt hai canh AB, AC lin luot tai M va N sao cho
MN = BM + CN. Tinh MN.

Cho tam gidc ABC, cdc dudng trung tuyén BD va CE cit nhau tai G. T
mot diém I bat ki trén canh BC vé IH // CE, IK // BD (He AB ;: Ke AQ).
Ching minh riang HK bi hai dudng trung tuyén BD va CE chia 1am ba
phédn biang nhau.

. Cho hinh chir nhat ABCD, M va N ldn luot 12 trung diém cia AD va BC.

Mot dudng thing qua M cit tia d6i cia tia BC tai M', cit tia d6i cla tia DC
tai E va cat AC tai F. Tia FN cit dudng thing CD tai G. Chimg minh ring :

1B-BT....TOAN &



160.

161.

162.

a) C 1a trung diém cia EG ;

b) Diém M va M' chia trong va chia ngoai doan thing EF theo cing mot
ti sO.

Qua diém O & trong tam gidc ABC ta vé mot dudng thing song song véi
BC cit AB va AC l4n luot tai D va E, dudmg thing song song véi CA cit

BC va BA l4n lugt tai F va H, dudng thing song song véi AB cidt CA va
CB l4n luot tai I va K. Chimg minh ring :

) OD OF Ol s
OE OH OK 4

AH BK CE
AB BC CA

Cho hinh thoi ABCD c¢6 AC = AB. Mot dudng thing bat ki qua B cit tia
d6i cha tia AD tai E, cit tia d6i cha tia CD tai F. Goi giao diém clia AF va
CE la O. Ching minh ring :

a) Tich AE . CF khong déi ;
b) AAEC v ACAF ;
¢) G6c EOF c¢6 s6 do khong ddi.

Cho tam gidac ABC. Dung hinh binh hanh AEDF cé D, E, F theo thir wr
nam trén cdc canh BC, CA, AB sao cho ADFE «x» A ABC.

b)
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HiNH LANG TRU DUNG. HiNH CHOP DEU

§1. Hinh hép chl nhéat

Kién thirc co ban A &

1. Hinh 65 1a hinh anh cia mot hinh hop chit D : C
nhat, né ¢6 6 mat déu 1a nhimg hinh chir nhat. ’LA_ -------- _—
Pic biét : Hinh 1ap phuong 13 hinh hop chit  pl& &
nhat ¢6 6 mat déu 1a hinh vuong. Hinh 65

2. Nhan xét
a) Dudmg thang di qua 2 diém A, B clia mat phing (ABCD) thi nim tron
trong mat phing d6 (ta hinh dung mit phang trdi rong vé moi phia).
b) Qua ba diém khong thing hang ¢6 duy nhit mot mat phing. Ta c6 thé ki
hiéu la mp (P).
¢) Hai mat phing phan bié¢t ¢c6 mot diém chung thi ching ¢c6 mot dudng
thing chung duy nhét di qua diém dé (dudng thing ndy goi la giao tuyén
cta 2 mit phing).

3. Viwi cia hai duong thdang phan biét trong khéng gian.
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a) Hai dudng thang cit nhau néu ching ¢6 mot diém chung. Khi dé ¢6 mot
mat phiang chira hai dudng thing dé.

b) Hai duong thiang song song néu chiing cing nim trong mot mat phing
va khong ¢6 diém chung, ching han AB // CD (h.65).

¢) Hai dudng thing chéo nhau néu chiing khong cing nim trong mot mat
phing nao, ching han AB va CC' 14 hai dudng thing chéo nhau (h.65).



4. Duong thang song song véi mat phdng. Hai mdt phang song song.
a) Néu mot dudng thing a khong thuoc mp (P) ma song song vGi mot
duong thing ndm trén mp (P) thi dudong thing a song song vGi mp (P).
Trong hinh 65 c6 AB // mp (A'BCD").
b) Néu mp (Q) chira hai dudmng thing a, b cit nhau ma a va b cing song
song vai mp (P) thi mp (Q) // mp (P).
Trong hinh 65, mp(ABCD) // mp (A'B'C'D').
5. Duong thang vuéng géc véi mat phdang. Hai mdt phdng vuéng goc.
a) Néu dudng thing a vuong géc v6i hai dudng thing cit nhau nim trong
mit phing (P) thi dudmg thing a vuong géc véi mp (P).
Dao lai, néu dudng thing a vuong géc véi mp (P) tai diém A thi duong
thing a vuong géc véi moi dudng thing di qua A ctia mat phing (P).
b) Néu moét trong hai mat phing (P) va (Q) chita mot dudmg thing vuong
g6c v6i mit phang con lai thi mp(P) vudng géc véi mp(Q).
6. Dién tich xung quanh ctia hinh hép chit nhdt bdang chu vi day nhan voi
chiéu cao.
* Sxq = 2ph (p 12 nira chu vi ddy, h la chi¢u cao).
* Stp = Sxq + 2Sqay-
Dac biét, d6i véi hinh lap phuong canh a
*Sq=4a’ ; Sp=6a"
7. Thé'tich hinh hép chit nhdt.
V = abc (a, b, ¢ la ba kich thuéc).
Dic biét, thé tich ciia hinh 1ap phuong canhala V =a’ .
Bo sung
1. Trong hinh hép chit nhat :

* 4 dudng chéo déng quy tai trung diém cia mdi dudng chéo. A 8
N . ‘ 5 DE——C€
* Binh phuong cia méi duong chéo biang tong cic binh e &
phuong cua ba kich thudc. e i
d=a>+b’+c? o -
Hinh 66
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2. Vé hinh trong hinh hoc khong gian
Xét hinh 1ap phuong ABCD.A'B'C'D' dugc biéu dién trong hinh 66

« Trong khong gian, hai doan thing AB, CD song song va bing nhau thi
trong hinh biéu dién cta ching, ta vé AB // CD va AB = CD.

« Trong khong gian, hai doan thing AB va BC bing nhau nhung chiing
khong ciing phuong nén trong hinh biéu dién ctia ching khong nhit thiét
phai vé AB = BC.

» Trong khong gian, hai géc bing nhau nhung cdc canh tuong imng cua
ching khong cung phuong thi trong hinh biéu dién cua ching khong nhat
thiét phai v& hai géc bang nhau.

Chéng han, cdc géc B va C déu 1a géc vuong nhung trong hink 66 vé B < 90°
con C > 90°. A

Hinh 67 vé tam gidc ABC bat ki. Hinh nay cé 1

thé biéu dién mot tam gidc déu trong khong ‘ ;

gian, do d6 néu M la trung diém cha BCthi B '~ M = C
AM L BC va A = A;. Hiwx s

Vidu 3l

Cho hinh hép chir nhat ABCD.A'B'C'D".

a) Chimg minh AC // A'C;

b) Cho biét dang cia tir gidc ACC'A';

¢) Bi¢€t AB = 16cm ; AD = 12cm ; AC' = 29cm,

tinh dién tich xung quanh va thé tich cta hinh o
hop da cho. &Y
Df——; C
Gidi (h.68) P
a) AA'// CC' (vi ciing song song véi DD') ; Aieo---\-+-JB
AA' = CC' (vi cung bing DD"). . H“‘:‘./
D C
Vay ACC'A' 1a hinh binh hanh = AC // A'C. sk a

b) AA' L mp (A'BCD') = AA' LA'C
=> hinh binh hanh ACC'A’ 1a hinh chir nhat.
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¢) Tacéd AC‘2=ABE+ADZ+AA'2:
292 = 162 + 122 + AA? = AA'=21l.

Syq =2p-h =2.(12 4 16).21 = 1176 (cm’) ; V=a.b.c = 12.16.21 = 4032 (cm”).

Nhan xét

1. D€ chung minh céc quan hé trong mét mat phdng, ta cé thé van
dung céac dinh Ii da hoc trong hinh hoc phdng. O cau a, ta da van dung
diéu nay dé chung minh AC // A'C".

2. O cau b, dé ching minh hai duong thdng vuéng goc vai nhau, ta da
chimg minh mét dudng thdng vuéng goc vai mét mat phdng tai mot
diém, tr dé suy ra duong thdng dy vubng géc véi moi dudng thang cla
maét phdng di qua diém do.

163.

164.

165.

166.

BAI TAP

Cho hai dudng thing a va b song song véi nhau. Pudng thing m cit a va b
lan luot tai A va B. Pudng thing n cit a va b ldn luot tai C va D. Hoi diém
D ¢6 thuéc mp(ABC) hay khong ? Vi sao ?

Cho hinh hép chir nhat ABCD.A'B'C'D'.
a) mp (ABCD) va mp(ACC'A") cit nhau theo giao tuyén nao ?
b) mp(BDD'B') va mp(ACC'A’) cat nhau theo giao tuyén nao ?

¢) Goi g 1a giao tuyén cia mp(BDD'B') vdi mp (ACC'A’"). Hoi g song song
v6i nhimg dudng thing nio ? g song song vdi nhimg mat phang nao ?

Cho hinh hop chir nhat ABCD.A'BCD'. Goi E, F, G, M, N lin luot 1a
trung diém cua CD', CB', CC', B'C' va C'D". Chitng minh ring :

a) EFMN la hinh binh hanh ;
b) CC' // mp(EFMN) va mp(EFG) // mp(A'BCD’) ;
¢) CC' L mp(EFG) va mp(EFG) L mp(CC'D’)

Pudng chéo cia mot hinh 1ap phuong bang Scm. Tinh dién tich toan phdan
cua no.
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167. Cho hinh hop chir nhat ABCD.A'B'CD'. Bi¢t AB =7 ; AC' = 10 va

AC'A' = 30". Tinh dién tich toan phén va thé tich ctia hinh hop chir nhat dé.

168. Mot hinh hop chir nhat c6 tdng ba kich thude 1a 19cm, dién tich toan phén

1a 192cm”. Tinh do dai dudng chéo ciia hinh hop chir nhat d6.

169. a) C6 thé x&p 512 hinh 1ap phuong don vi (canh dai mot don vi) thanh mot

hinh lap phuong hay khong ?

b) Muén dugc moét hinh 1ap phuong canh dai 10 don vi thi phai cé thém
bao nhiéu hinh 1ap phuong don vi nira ?

c¢) Néu ta son tit ca cic mat cua hinh 1ap phuong canh dai 10 don vi néi trén
thi trong cdc hinh lap phuong don vi, ¢6 bao nhi¢u hinh 1ap phuong ma :

- Cé bamatson? - C6 diing hai mat son ? - Chi ¢6 mot mat son ?

170. Mot khoi gé hinh lap phuong canh dai n don vi (n €N ; n > 2) duge son

171"

§2.

. Mot khéi gd hinh 1ap phuong canh 3dm. O chinh

xanh tat ca cdc mat. Xé khoi gb d6 bang nhimg ldt cat song song véi céc
mat, chia kh6i gb thanh n® hinh l4p phuong don vi. Biét s6 cdac khoi nho

ﬂ
khong duge son mat nao bing ; s0 khoi nho duge son chi mot mét. Tim n.

gilra m6i mat ngudi ta duc cac 16 thong t6i mat doi AT
dién. Mdt 16 duc hinh vuong canh ldm song song g

véi cdc canh cua hinh 1ap phuong (h.69)

a) Tinh t6ng dién tich mat ngoai va mat trong clia khéi ;

b) Thé tich phdn bo di chi€ém bao nhiéu phin tram
thé tich phﬁn con lai ? Hinh 69

Hinh lang tru ding. Dién tich xung quanh
va thé tich hinh I&ng tru diing

Kién thirc co ban

1. Hinh 70 1a hinh anh ctia mot hinh ling tru dimg.
* Hai ddy la hai da gidc bang nhau, nim trén hai mat phing song song.
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* Cac mat bén la nhimg hinh chir nhat. Céc

mat bén vuong géc vdi mat phing ddy. ?
+ Cic canh bén song song va biang nhau, chiing 9 E C
vuong goc vai mét phing ddy. E
Do dai ctia canh bén goi 1a chiéu cao. ¢ ’
* Hinh lang tru dimg ¢6 ddy la hinh binh hanh i
goi la hinh hop dung. B
Sxq = 2ph (p 14 nira chu vi ddy, h 12 chiéu cao) AN \ e
S w8 ¥ 28 E o
3. V =Sh (Sladién tich mot ddy, h la chiéu cao). Hinh 70
B& sung
1. Lang tru déu la mot lang tru ditng c6 ddy 1a mot da gidc déu.
Ching han, lang tru tam gidc déu l1a lang tru ditng c6 ddy 12 tam gidc déu ;
lang tru tf gidc déu la lang tru dimg c¢6 ddy la hinh vuong.
2. Su lién hé gita s6 canh ddy véi s6 mit, s6 dinh va s6 canh cia mot hinh

lang tru.

S6 canh ddy S6 mat S6 dinh S6 canh
n n+2 2n 3n
Vidu 32

Cho lang tru dimg ABC.A'B'C’, ddy la mot tam giac vudng can tai A.
a) Chimg minh ring mp (ABB'A") L mp (ACC'A) ;
b) Biét lang tru ¢6 chiéu cao 12 8cm, thé tich 1a 100cm’, tinh dién tich xung

quanh cua lang tru nay. c
Giai (h.71) 8
A B
a) AB LAC; AB LAA' = AB Lmp(ACCA"). 158
Vi AB ¢ mp(ABB'A")
nén mp (ABB'A") L mp(ACC'A"). A =
Hinh 71
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"
b) V=Sh = Sut I _ 0 (cm).
h 8 2
2
< a® 25
DE_&IAB=AC=a[hIS= T=—i_ — ﬂ=5

BC=av2 =52 ;
S =2ph=(5+5+5v2)8=(10+5v2).8 =402 +v2) (cm?).

Nhén xét

Vi AABC vuéng cén tai A co thé coi la mét nita cta hinh vubéng nén hinh
lang tru ding ABC.A'B'C’ ¢6 thé coi Ia mét nira cla hinh hp chi nhat.
Tir d6 suy ra mp(ABB'A’) L mp(ACC'A’) va thé tich ctua hinh lang tru ding
ABC.A'B'C' bdng mét nira cla thé tich hinh hdép chir nhéat tuong (ng.

BAI TAP
172. Cho lang tru tam gidc déu ABC.A'B'C' ¢6 dudng cao biang canh ddy va
bing a.
a) Tinh dién tich toan phin va thé tich cta lang tru dé ;
b) V& hinh khai trién ctia lang tru néi trén.

173. Mot lang tru déu c6 t6ng s6 mat, s6 dinh va s6 canh 1a 20. Biét dién tich
xung quanh la 360cm” chiéu cao 12 12cm, tinh thé tich cia lang tru dé.

174. Hinh 72 1a hinh khai trién cliia mot 5 c
hinh lang tru dimg. Bi¢t AC = 16cm ;
BD = 30cm va AA' = 40cm. Tinh D, \A B.. ¢ . D

dién tich xung quanh va thé tich hinh
lang tru dimg dé.

175. Mot bé cd canh hinh hop chir nhat
ABCD.A'BCD' ¢6 chiéu dai AB = 50cm,

chidu rong AD = 40cm, chiéu cao © YA B ¢ 0D
AA' = 30cm. Trong bé ¢6 nuée nhumg & %

khong ddy. Néu ta cho bé nim nghiéng

trén canh diy AB t6i khi mép nudc Hinh 72
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176.

dang lén tGi sat canh A'B' thi & thanh d6i dién, mép nudc rit xudéng con
cdch canh CD la 10cm. Tinh thé tich nudc trong bé c4.

Mot t6p hoc sinh di pic-nic, dung mot tdm vai bat kich thuée a x b (a > b)
dé dung mot chiéc 1éu ¢6 2 mdi dp sit dit thanh mot hinh lang tru tam
gidc déu (h.73)

a) Ching minh ring di cang tam bat
cho chiéu c6 do dai a hay b dp sdt dat

thi dién tich mat bang dugce che & bén
trong 1éu ciing nhu nhau.

b) Cang tdm bat theo chiéu nado thi
phdn khong gian bén trong 1éu c6 thé
tich I6n hon ? Hinh 73

§3. Hinh chép déu va hinh chép cut déu.

Dién tich xung quanh va thé tich hinh chép déu

Kién thirc co ban

Hinh chép :

- Ddy la mot da gidc

- Cic mat bén la nhimg tam gidc chung mot dinh,

— Pudng cao 1a dudng vuodng goc ha tir dinh vuodng goc véi mat phing ddy

Hinh chép déu 1a mot hinh chép c6 ddy la
mot da gidc déu va chan duong cao tring
véi tam cua ddy (). Trong hinh chép déu :

— Ciéc canh bén bing nhau.

—~ Cdc mat bén la nhimng tam gidc can
bing nhau.

— Chiéu cao cua mdi mat bén goi 1a rrung
doan cua hinh chép. Hinh 74

(") TAm cua da gidc déu : xem phédn nang cao §1 chuong I1.
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a
Bo

| B

172

Trong hinh 74, S.ABCD la hinh chép déu dinh S, ddy ABCD ; SO la duong
cao, SM 1a trung doan.

Cit hinh chép déu bing mot mat phing song song véi ddy, phdn hinh chép
ndm gilta mat phing d6 va mat phing ddy 1a mot hinh chép cut déu.

* M6i mat bén cua hinh chép cut déu 1a moét hinh thang can

* Chiéu cao ciia mdi hinh thang can (mat bén) goi la trung doan cta hinh
chép cut déu.

Hinh chép déu Hinh chép cut déu
Sxq =p.d Seg=(p+p)d
V==Sh

3

(p, p' 12 nira chu vi clia cdc ddy, d la trung doan, h la chiéu cao)

sung

Hinh chép c¢6 ddy 12 mot da gidc déu va tat ca cdc canh bén bing nhau la
mot hinh chép déu.

| : ; -
Cong thic V =§S.h ciing dugce dung dé tinh thé tich cta hinh chép bat ki.

Mudn tinh thé tich hinh chép cut ta ¢6 thé tinh hiéu thé tich cla hai hinh
chép hodc dung cong thirc :

1 ' f '
vChépCl_ll = ‘gh(S'*'S +4/SS )

(S, S' 1a dién tich cua hai ddy, h 1a chiéu cao).

Su lién hé gilta do6 dai méi canh a cua da gidc déu véi ban kinh R cua
dudng tron ngoai ti€p

Tam gidc déu a=R3 R= _zg
Hinh vuong a=R+2 R = #
Luc gidc déu a=R R=a




Vi du 33

Cho hinh chép S.ABCD trong d6 ABCD la hinh vudng canh a va cic mat
bén la nhirng tam gidc déu.

a) Chimg minh rdng hinh chép da cho 12 mot hinh chép déu ;

b) Ching minh ring dién tich ddy bing tng dién tich cta hai mat chéo
(SAC) va (SBD) ;

¢) Tinh dién tich xung quanh va thé tich hinh chép dé.

Giadi (h.75)

a) Hinh chép S.ABCD c6 diay 1a mot da
gidc déu (hinh vudng) va tit ca cdc canh
bén bing nhau nén S.ABCD la moét hinh

mmm—m—————a W0

chepdéo. SR c
b) Ta c6 AC = a+2 :aoa_a_‘f_—. = %
Xét ASOA vuongtai Oc6 SA =a; Hinh 75
OA= 292
2
suy ra SO = SA% - 0A? =a*- (3—2\@]2 = SO = %.

Téng dién tich hai mit chéo (SAC) va (SBD) la

2[2ACSO)"aJ_£-a = dién tich ddy.

a’\3
=

¢) Dién tich ASBC bing

Vay dién tich xung quanh cia hinh chépla: S, = a’ V3 4=a’+3.

3
Thé tich ctia hinh chép 1a V = %S.h = %-az-af =2 f.
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Nhén xét

177.

178.

179.

Phuong phap tinh dién tich xung quanh trong vi du trén dua trén nhan
xét : Cac mat bén cta hinh chép déu la nhimg tam giac can coé dién tich
bang nhau. Vi vay ta da tinh dién tich cGa mét mat bén réi nhan vai 4.

Néu dung céng thic Sy, = p.d thitacop = 2a ;

av3 aV3
d= == dodo ;g = 2.~ =a%\3

Hai két qua hoan toan tring nhau.

BAI TAP
Cho hinh chép tam gidc déu S.ABC. Goi M la trung diém cua AB.
a) Chirmg minh raing mp (SMC) L mp (SAB) :
b) Biét SM = Scm ; SA = V29 em, tinh dién tich xung quanh va dién tich
toan phin cua hinh chép.
Cho hinh lap phuong ABCD.A'B'C'D'.
a) Chirng minh ring hinh chép C.C'BD 12 moét hinh chép déu ;
b) Tinh ti s6 giira dién tich xung quanh va dién tich ddy cta hinh chép dé.

Mot hinh chép cut ti gidc déu, canh ddy Ién bang a, canh ddy nho bing b,
ab

a+b
tich hai day.

chiéu cao 1a

. Chirg minh ring dién tich xung quanh bing t6ng dién

180. Cho hinh chép ti gidc déu S.ABCD, chiéu cao bang 15¢m, thé tich 1a 1280cm”.

181.

174

a) Tinh d6 dai canh ddy ;
b) Tinh dién tich xung quanh.

Cho hinh chép tam gidc déu S.ABC. Goi A, B', C' l4n luot 12 trung diém
cua SA, SB, SC.

a) Chimg minh ring A'B'C.ABC la hinh chép cut déu ;

b) Cho biét ban kinh clia dudng tron ngoai tiép tam gidc ABClaR = 43 cm;
canh bén hinh chép la 8cm. Tinh thé tich hinh chép cut dé.



§4. On tap chuong IV va 6n tép cudi nédm

Vidu 34

Hinh 76 12 hinh khai trién ctia hinh hop chir nhat ABCD.A'B'CD".
a) Tir hinh khai trién, hdy vé hinh hop chir nhat dé ;

b) Chimg minh AC // mp (A'B'C'D’) va AC L mp (BDD'B) ;

¢) Chimg minh mp (ACC'A") L mp (BDD'B') ;

d) Tinh dién tich toan phéin I6n nhat cua hinh hop chir nhat néi trén. Liic d6
thé tich cta né l1a bao nhiéu ?

Giai
B . &
B T
Al . IB. C . D A A B
: O
D/ ~+ i
18dm : : C
!
AL___)
o] et ey~
A L f" T T B
B C D A y Sl
e e ’...-""' 5‘?“'!-
=, Ao D c
D C
Hinh 76 Hinh 77

a) Xem hinh 77.

b) Dé thdy ur giagc ACCA' 1a hinh chir nhit = AC // A'C' ma
A'Cc mp (A'BCD’) nén AC // mp (A'B'CD"). Goi O la giao diém cua
AC v6i BD ; O' 1a giao diém cua A'C' véi B'D'. Ta thdy OO' 1a dudng trung
binh cta hinh chir nhat ACC'A’ nén OO0’ // AA’, do d6 O0" LAC. Ta ¢é
AC LBD; AC LOO'nén AC Lmp (BDD'B").

¢) ACc mp (ACCA") ma AC L mp (BDD'B)) nén mp (ACCA") L mp (BDD'B).
d) Dt AB = x thi AA' = 18 - 2x..
Sip = Sxq + 2-Sggy = 4%.(18 = 2x) + 2x” = —6x* + 72x = —-6(x’~12x)
= —6(x — 6)° + 216 < 216 (dfiu = xdy ra < x = 6).

175



Viay max Sy, = 216 (dvdt) (khi va chi khi canh ddy cta hinh hop chir nhat
la 6).

Lic d6 chiéu cao AA' ctia hinh hop chir nhat 1a 6. Hinh hop chir nhat nay
chinh la mot hinh lap phuong. Thé tichchtan6laV = Er3 = 216 (dvtt).

Nhan xét

— D6i vdi hinh chix nhat ¢c6 t6ng hai kich thudc khéng déi thi dién tich
cla no Ion nhét khi va chi khi hinh chir nhat doé la hinh vuéng.

— BD4&i vai hinh hép chir nhét co6 téng ba kich thudc khéng déi thi thé tich

cta no Idn nhat khi va chi khi hinh hép chir nhat dé la hinh lap phuong.

BAI TAP

182. Tur mot khaéi gb hinh 1ap phuong canh dai n don vi (n > 2) ngudi ta duc bo

183.

184.
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di cdc hinh 1ap phuong don vi & cac dinh. Tinh dién tich toan phin va thé
tich cia khoi gé.

Thuc hién "bé tong hod” ,
dudng lang ngd x6m, x6m
X da dé bé tong doan
duong cua x6m minh A
(h.78) kich thuéc nhu sau :
AB=219m; AB =218m;
BC=213m, BC =210m;

bé rong mat duong la
2,4m va do day ciia 16p bé tong 1a 15cm. O chd ngoat, dién tich phén I
thém vao ding bing dién tich phan II b6t di. Tinh thé tich soi dé d6 bé
tong doan dudng d6 biét s6i chiém 50% thé tich bé tong.

Cho hinh chép cut tir gidc déu A'B'C'D.ABCD c¢6 cic canh ddy AB = 2a;
A'B' = a. Bi€t dién tich xung quanh la 6a’ hay tinh :

a) Canh bén cua hinh chép cut ;

b) Chiéu cao cta hinh chép cut ;

¢) Thé tich ctia hinh chép cut.

Hinh 78



185.

186.

187.

188.

189.

190.

Cho hinh thang cAn ABCD (AB // CD) hai duong chéo cét nhau tai O va
COD = 60°. Goi M, N, P, Q l4n luot 1 trung diém ciia AD, BC, BD, AC.
Goi céc trung diém cia OB va OC 12 E va F.

a) Chimg minh ring bon diém M, N, P, Q thing hang ;

b) Chimg minh tam gidc OPQ va tam gidc EFM la cdc tam gidc déu ;

c¢) Tinh dién tich xung quanh ciia mot hinh chép cut ngii gidc déu c6 mat
bén la hinh thang can néi trén biét MN = 4cm.

Cho tam gidc ABC, dudng trung tuyén AD. Lay diém O nidm gilra A va D.
Goi E va F 14n luot 12 trung diém cia OB va OC. Céc tia BO va DF thi v .
cat AC tai Q va N. Céc tia CO va DE thit tr cit AB tai P va M. Chimg
minh ring :

a) MN // PQ ;

b) MN = &;_B_C.

Tur ba dinh A, B, C ciia tam gidc ABC ta vé ba duong thing song song vdi
nhau, chiing 1dn luot cat canh BC va cdc dudng th:’mg CA, ABtai D, E, F.
Ching minh rang :

1 y = 7

a) = -
AD BE CF

b) Sper =2.Sapc-

Cho tam gidc ABC, diém O la giao diém cla cic tia phan gidc cia géc B
va goc C. VE OD L BC ; OE LCA va OF LAB. Chimg minh ring AD,
BE, CF déng quy.

Cho tam gidc déu ABC, AB = 1. Trén canh AC ldy hai diém D va E sao

cho ABD = CBE = 20°. Goi M Ia trung diém ciia BE va N 12 mot diém
trén canh BC sao cho BN = BM.

a) Chirng minh ring ABMN v ABDE ;
b) Tinh téng dién tich cdc tam gidc BCE va BEN.

Cho hinh vuong ABCD. Trén canh AB ldy diém M, trén tia d6i cua tia
CB 14y diém N sao cho AM = CN. Goi E 1a trung diém ciua MN. Tia DE
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cit BC tai F. Qua M vé dudng thing song song véi AD cit DF tai H.
Chimg minh rang :

a) Tu giac MFNH la hinh thoi ;
b) ND? = NB.NF ;
¢) Chu vi tam gidc BMF khong d6i khi M di dong trén canh AB.

191. Cho tam gidc ABC vuong tai A, dudong cao AH, dudng trung tuyén AM.
Goi D va E thit tu 1a hinh chi¢u ciia H trén AB va AC.

a) Chirng minh raing AD.AB = AE.AC;
b) Chimg minh ring AM LDE;
¢) Tam gidc ABC phii c¢6 thém diéu kién gi dé dién tich tr giac AEHD

bang % dién tich tam gidc ABC.

178
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'.A

180

PHAN DAI SO

PHEP NHAN VA PHEP CHIA CAC DA THUC

a) x=99 = x+1=100. Thay 100 = x + 1 vao biéu thifc A ta tinh dugc A = 90.
b) Thay 20 = x — 1 réi thuc hién cdc phép tinh, dugc B = 24.

c) Thay26=x+1; 27=x+2 ; 47=2x=-3;77=3x+2;: 50 = 2x r0i
thuc hién cic phép tinh, dugc C= 1.

a) Sx+y:19=>3(5x+y):19;
19x : 19 = 19x - 3(5x +y) :19 hay 4x — 3y : 19.

b) Xét3D-2C=3(7x +2y)—-2(4x +3y)=13x : 13
ma2C=2(4x+3y):13nén3D: 13.Vi(3,13)=1nénD: 13.
Goidsolelientiépla(a-3); (2a-1); (2a+1);(2a+3);ae Z.

Tacé (2a+ 1)(2a+3)-(2a-3)2a—-1)=16a: 16.
a) Goi4songuyénliéntiéplaa; a+1; a+2 ; a+3;
taco(a+ 1)a+2)—a(a+3)=2.

b) (a+ I)(a+3)—a(a+2)=99 < a=48. Viy 4 s6 nguyén lién tiép dé l1a
48, 49, 50, 51.

Ban hay bién ddi vé& trdi thanh v€ phai.
Apdung : 62.68 = 100. 6.7 + 2.8 = 4216
43.47=100.4.5 + 3.7 = 2021.



a)(2x—5)(3x+b)=ax2+x+ca6x2+(2b-lS)x-5b=3x2+x+c

a =6 a=6
& 1<2b-15=1 b=8
-5b =c ¢ =-40.

b) (ax + b)(x> = x = 1) = ax’ + cx> - |
=} ax3+(b—a)x2—(a+b)x-b=ax3+cx2—l

b-a=c -1

a
& <a+b=0 < <b
C

1
b=1 2.

Goi a va b 1a 2 s6 nguyén. Ta c6

2

(xX+a)x+b)=x +mx+72¢:ax2+(a+b)x+ab=x2+mx+‘72

a+b=m
ab=72.

Dé thdy a, b phai cing dau, hon nita vi m > 0 nén a, b 1 céc s6 nguyén duong.
Khong gidm tich téng qudt, gid sir a < b ta ¢6 bang sau :

a 1 2 3 4 6 8
b 72 36 24 18 12 9
m 73 38 27 22 18 17

Vim<30néntatimdugc4 gidtricham; me {27;22;18; 17}.

. a) Viét thém thira s6 (2 = 1) vao dang trude r6i van dung lién ti€p hing
ding thitc hi¢u hai binh phwong ta dugc v€ trdi bing v€ phai.

b) Pat a = 100 réi bién déi ca hai v€ duge cing mot két qua la 4a® + 4a + 70.
a) Ap dung a’ - b% = (a - b)(a + b) dugc A = 2.

b) Ap dung a® + 2ab + b% = (a + b)> duge B = (263 + 37)” = 300 = 90000.
¢) C = (136 — 46)* = 90* = 8100.
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10.

| ¢

12.

13.

14.

15.

182

d) D = (50° - 49%) + (482 - 47%) + (46° = 45%) + ... + (22 -1%)

_ (50+1).50
2

=50+49+48 +47 +46+45+ ... +2 + | = 12785.

2(a® +b%) = (a—b)?  2a% +2b% = a% — 2ab + b>
c:>az+2ab+b2=0 c:>(a+b]2=0¢:ra=—b.
Tir (a° + b*)(x* + y?) = (ax + by)” bién déi thanh (ay — bx)2 =0

< ay = bx aE-:E-

L
a2+b2.+cz=ab+bc+ca & 2a% +2b% + 2¢? = 2ab + 2bc + 2ca
& (a’ = 2ab + b?) + (b - 2bc + ¢2) + (¢ - 2ca + a) = 0
= (@a-b)’+(b-c) +(c-a) =0 ().
Vi(a-b)zao;(b—c)ZEO;(c-a)220nénlil(l)suyra
a-b=b-c=c-a=0haya=b=c.

2) (X* = 2xy +y) + (X + 10x +25) + X2+ 1 = (x = y)’ + (x + 5)2 + X2+ 1 >0
trdi dé bai.

b) (4x* —dx + 1) +3 (y + 10y +25) + 2= (2x - 1)2 4+ 3(y + 5)2 + 2 >0
trdi dé bai.

¢) (3x% = 12x + 12) + (4y* - 20y + 25) + 2y% + 3
=3(x - 2)% + 2y - 5)% + 2y% + 3 > 0 trdi 4 bai.
P42+ 1)+27-2. 2"+ 120 o (x+ 1)2+ 2" = 1)2 =0.

Suyra(x+ 1)>’=0va2" -1 =0dodéx = -1 :2"=2%hay x =—1 van =0.

a)A=x2+2.%x+

2
l+_3. = x+l +§>0 v@i moi Xx.
4 4 2 4

2
1
b) B=xz-2.5 Xy + %y2+ Zy = [x-—%y] +—3y2>0(v'ix va y khong

déng thoi bang 0).



16.

17.

18.

19.

20.

c)C=—(x2—4x + I0)=—-[(x2—4x+4)+6:| =-[(x-2)2+6] < 0 véi moi x.
a) A=(5x - 1)* +3y*+ 10 2 10.

Vay min A = 10 (khi vachikhix = = ; y=0).

X
5
b) B = 2x% - 28x + 130 = 2(x* - 14x + 65) = 2(x - 7)* + 32 2 32.
Vay min B = 32 (khi va chi khi x = 7).
¢) C = (x* = 5x — 6)(x* = 5x + 6) = (x> - 5x)* - 36 > - 36.
Vay min C = =36 (khi va chi khi x = 0 hodc x = 5).
DA=-x"+2x-1+1=-(x-1)12+1<1.

Vay max A = 1 (khi va chikhix = 1).

b) B =—(9x” + 6x - 19) = ~(3x + 1)? + 20 < 20 (ddu "=" Xdy ra & X =—%).

Vay max B = 20 (khi x =-%).

a) Goi hais6 chind6 1a2a-2va2a+ 2 (vGiae Z).

Hiéu cdc binh phuong cua ching la : (2a + 2)2 - (2a - 2)2 = 16a :16.
b) Goi hai s6 1é d6 1a 2a - 3 va2a + 3 (vdia € Z).

Hi¢u cdc binh phuong ciia chiing 1a (2a + 3)° - (2a - 3)* = 24a | 24.
a) (x +y)> = (x - y)* + 4xy = 7> + 4., 60 = 289.

Vix>y>0nénx +y= I'?.Vayxz—y2=(x-)’)(x+y)=7. 17=119.
b) x% +y® = (x + y)* - 2xy = 289 — 120 = 169.

x* +yt = (x% + yH)? - 2x%y? = 1697 - 2.3600 = 21361.
a) T=zaL2—l:r2-(:2-|—2bc=a2—(b2+c2—2b--.:)=:12-;:I::v—c)2

T=(a-b+c)a+b-c)=(2p-2b)2p-2c)=4(p-Db)(p-c).
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b) T=p2+(pz-2ap+az)+(p2-2bp+b2)+(pz—2cp+c2)
T=4p2+a2+b2+c2—2p(a+b+c)
T=az+b2+c2+4p2—2p.2p=az+b2+c2.

2LLVim>n>0néna>0:b>0;¢>0

Xétb® + -:2 = (m2 - nz)2 - {2mn)2 =m’ - 2m2n2 + n"l - ‘:lmzn2

b2+c2=m4+2m2n2+n4=(m2+n2)z;a2=(m2+n2)2.
Vay a’=b’+c’, suy ra a, b, ¢ 1a doé dai ba canh clia mot tam gidc vuong.
22.a) A =(x +3)’ = (103 + 3)* = (=100)" = ~1 000 000.
b) B=(x - 5)° + 125 = (25 - 5)° + 125 = 8000 + 125 = 8125.
)C=(x*+1)x* = 1)=x6- 1 =(-3)-1=728.
23. A=2(x—y)(xz+xy+y2)-3(x2+2xy+y2)=4{x2+ :rty+3,r2)—Z’ncz—l'ixy-?;y2
A=xz—2xy+y2=(x—y}2=22=4.
24.x+y+z2=0= x+y=-2 ::»(x+y)"=—z3
= x3+y3+3xy(x+y)=——z3
= x3+y3—-3xyz=-z3:>x3+y3+z3=3xyz.
25.Datx —y=a,taduoc A = (a - 1)3—(a+ 1)3+6a2=—2.
26.Tacox’ +8y° =0 (1); x*-8y’=16 (2
Tﬁ(l)v&(Z)suyraZx3= 16;x=2; thay x =2 vao (1)dugc y=-1.
27.2) A = 742" - 692 = (742 - 692)(7427 + 742.692 + 6922).

M@i s6 hang trong ddu ngodc thi hai 12 tich ciia hai s6 chin nén chia hét
choddod6 A=50.4k (k € Z); A =200k : 200.

b) B =685 + 315 = (685 + 315)(685° - 685.315 + 3152).
M0i s6 hang trong dau ngoic thit hai chia hét cho 25 do dé
B=1000.25%k (ke Z); B =25 000k : 25 000.
28. Ban c6 thé diing phuong phép giai nhur bai 24.

a+b+c+d=0:>b+c=—{a+d)=>(b+€)3=—(a+d)3
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=b +c+ 3bc(b+c)=- [33 +d’ +3ad(a+d)]

=a +b’+c’ +d° =-3ad(a+d) - 3bc(b + c) = 3ad (b + c) — 3bc(b + ¢)
= 3(b + c)(ad - bc).

29. a) (ab + be + ca)® = a°b® + b’c’ + c%a’ + 2 (ab’c + a’bc + abe?)

222 + 2abc (a+l.';+f:)=.'=12bz+bzc:z-l-czzza2 (via+b+c=0).

2

=a’b’ + b’ +c¢
b)a+b+c=0 = a +b2+c2=-—2(ab+bc+ca)
—al+b'+ct + 2(5121:12 +b% + czaz) = 4[a2b2 +b2c? +cla’ + 2abc(a+b+ c)]
= a* + b* + ¢* + 2(a’b® + b%c? + c?a®) = 4(a’b’ + bc? + ca?)
=a'+b'+c*= 2(azt:-2 + b+ czaz) =2 (ab+bc + 03)2 (theo cdu a).
30. o Xét truomng hop x* - 2x* + 3x% + ax + b = (x* + cx + d)°

xX}-axP+3xirax+b=x*+ 2cx3 + (cz - 21:'1):&2 + 2cdx + dz,

(2¢ = -2 P s

ct+2d= 3 b= 1
suy ra < —

2cd — c=-1

¢ = b (d=1

e Truong hop x*t 25" +3x° 4 ax+b=(-—x2+cx +d)2.ban doc giai tuong
tu nhu trén cingdugca=-2;b=1(vac=1;d=-1).

Témlaia=-2;b=1.
31. « Binh phuong hai vé cua a2 +bi+ci=1 duoc
o’ +bteet 42 (azb2 +bc+ czaz) =1,
¢ Binh phuong hai v€ cia a + b + ¢ = 0 duoc a2+b2+c2+2(ab+bc+ca)=0.

2

Suyraab+bc+ca=—% (via2+b2+c = 1).

e Binh phuong hai vé& clia ding thic nay ta dugc
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43

1
21124-2;1bc(.e|1+l-11“::):::11-::» a’b® + b’c? + c’a =E

2
32b2 + hzc"_-f— c

(via+b+c¢)=0.

1
Vay ad +b4+c4+2. %:1:. a4+b4+c4=5-

32. Tacdn ching minh x +y +z2> 0

33.

34.

35.

36.
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x+y+z=3(a-b+c)2+8{ab+bc-ca)
=3a’ + 3b” + 3¢’ - 6ab — 6bc + 6ac + 8ab + 8bc — 8ca
=a2+b2+c2+(a2+2ab+b2) +(b2+2bc+c2)+(c2-2ca+a2)

=:.-12-+-|:12+f:2+(a|+t3|)2-fr-(b+'.':)2+{cn:—a)2 >0 (via,b,ckhong
déng thoi bing 0), suy ra c6 it nhit mot trong ba biéu thirc x, y, z nhan gid
tri duong.

a) Veix=1thi(5x-3)°=(5.1-3)°%=2%=64.

Vay téng s6 cdc hé s6 cla tit ca cic hang ur trong khai trién nhi thic
(5x - 3)° 12 64.

b)Véix=1:y=1 thiBx -4y)’ =3.1-4.)"=(-1)"=1.

Vay t6ng s6 cdc hé s6 cla 14t ca cdc hang tir trong khai trién nhi thic
(3x - 4y)?’1a 1.

(x + y}f5 =x" + Sxdy + l()x']y2 + 10x2y3 + ij.r‘1 + yS.

Véix =a;y =b theo dé bai ta c6 : 5a’b = 10a’b’ = a=2b.
Kéthgpa=2bvgia-b=1tadugcb=1;a=2.

a) (x + 2)s = x> + 10x* +40x" + 80x° + 80x + 32.

b) (x - D¢ = [x+(-D]° =x® - 6x> + 15x* - 20x> + 15x* - 6x + 1.
) (x = 1)°= [x+ (-]’ =x* - 5x* + 10x* - 10> + 5x - 1.

a) 38'%=(39 - 1)'’ =B(39) + (-1)'" = 13k + 1. Vay 38'’ chia cho 13 du 1.
b) 38” = (39 - 1)’ = B(39) + (-1)” = 13k — 1. Vay 38 chia cho 13 du 12.



37.

38.
39.

40.

41.

42.

43.

78 =72 7% =343, (74" = 343.2401'° = 343(2400+1)"°

= 343[B(2400) + 1'’) = 343.B(2400) + 343 = 100k + 300 + 43
= 100(k + 3) + 43.
Vay 2 chir s6 t4n cung cua 7% 12 43.
a) (x-2y)(7x —4y); b)(d-y)’(Tx+y-4); c)4(x -2)(x*-x - 10).
a) 43(43 + 17)=60.43 : 60 ;
b) (3} -3""=3P 3" =3" 3*-1)=80.3": 0.
Goi s6 phai tim la x. Ta c6 3x2 = 2x°

. =0
@3x2-2x3=0<:>x2(3—2x)=0¢[x 18
%=1.5.

Gia sir ¢6 céc s6 nguyén x, y, z thoa man c4c ding thic da cho.

Xét (1) X° + xyz = x(x* + yz) = 957 = x 12 56 1¢. Tuong tu, xét (2) ; (3) ta
duogc y, z la s6 1é.

Vay x> 1a mot s6 1€ ; xyz 1a mot so 1€, do d6 x> + xyz la mot s6 chdn, trdi
vai (1).

Vay khong tén tai cdc s6 nguyén x, y, z thod mén céc ding thirc da cho.

pat 11...1 =athi 99..9 =9adod69a+1=99..9 +1=10"
S gl Sy gt eyl
n n n
Tac6N=11..122.2 = 11..100..0 + 22..2 = 11...1.10" + 2.11...1.
e . Syl gl e e s et
n n n n n n n

=a.l0"+2a=2a(10"+2)=a%a+1+2)=a%a+3)=3a(3a+1).
Vay N 12 tich ctia hai s6 nguyén lién ti€p la 3ava 3a+ 1, cu thé 1a:
N=33..3 . 33..34 hoic N=-33..34. (—33...3).

n n-I| n-1 n

a) (10x)% = (2 + 25)% = (10x — x% = 25)(10x + x> + 25) = —(x — 5)%(x + 5)°.

b) [(x-y+5)-1] = (x -y + 4%
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44,

45.

46.

47.

48.

49.

50.

188

(x* +4y® - 5)" = 16(xy + 1)* =

= [(x* + 4y = 5) - d(xy + )] [(x* + 4y* - 5) + d(xy + 1)]

=(x%- 4xy+4y2—9)(x2+4xy+4y2— 1) =[l{x--2y)2 -3 (x +2y)2-— 1)

=(xX-2y-3)(x-2y+3)(x +2y - 1)(x + 2y + 1).

A = (2ab—a’ - b® + c?) (2ab + a> + b> - ¢%) = [¢* = (a - b)?] [(a + b)® = ¢
=(c—a+b)(c+a-b)(a+b-c)(a+Db+c).

Trong mot tam gidc, mdi canh nhé hon téng ctia hai canh con lai nén

c-a+b>0;c+a-b>0;a+b-c>0;a+b+c>0dod6 A>0.

a)21"-1=1-ne’+21%+217 + ..+ 21 + 1)

= 20.!...l+...l+...l +...+...l+l} =20.10k (k € N) = 200k : 200.
10 56 hang

b) 39%° + 39" = 393397 + 1) :(39 + 1) = 40.

¢)2%4+50=2%" + ()5 = 16" + 25" : (16 + 25) =41.

d) 200527 + 2007°% = (20057 + 1) + (20072 - 1).
Vi 200527 + 1 1 (2005 + 1) = 2006 ; 2007°%° - 1 } (2007 - 1) = 2006
nén 200527 + 2007°% : 2006.

Vinla s6 tuynhién 1é nén 24" + 1 : (24 + 1) = 25.

Mait khéc, 24" + 1 = (24" = 1) + 2 chia cho 23 du 2.

Vialé,a>1néna-1 I-asdducmgchﬁn. Viy (a— 1) =2n vdi n € N*,

l(:l-l

Suy ra (a—1)2 J'—-l=(2n)“-1E(2n—l}=(a—l—l)=(a-2}.
a) (x - 3y)(x +3y—-2) ; b)(x+5)(x*>-6x+25):

) (x=3)x*+5x+9) ; d)(2x - 3)(2x +3)(3x + 1).

a) x* = (5x - 2)% = (x? = 5x + 2)(x* + 5x - 2).

b)(x4—6x2+9)-x2=(x2-3)2-x2=(x2—x—3)(x2+x—3).



c) (al:-)c;2 - a2xy) - (bzxy - abyz) = ax(bx — ay) — by(bx - ay)
= (bx — ay)(ax — by).
Sl.x-y—xy+l=0¢x(l—y)+(l—y)=0<:>(l-y)(x+l)=0
[x=—l:yba'tk‘1
y=1 ; xbatki.
52.x2—y=y2-x => xz—y2+x—y=0 = (x-y)(x+y+1)=0
Vixzynénx+y+1=0= x+y=-L
CA=x+y -3+ =1 =3-D=4.
53.(a—-b)(d—-2a)=(b-c)c—-d)= ad—a>—bd +ab-bc+bd+c*—cd=0
=:>(cz—az)—(bc-ab)—(cd—ad)=0=>(c-a)(c+a)—b(c——a)—d(c-a)=0

cC—a =0 [E=C
=

= (c - +a-b-d)=0
S ke ) :[c+a—b-d'=0

a+c=b+d
54, a) x(x + D(2x - D(2x + 1).
b) x2[(x2(x% - 1) = 9(x = D] =x% (x = )(x* +x* = 9).
¢) (2 +4) —4x (X2 +4)= (2 +4) (P +4-4x) = (x> +4) (x - 2)°.
55. a) (xy + 4 — 2x — 2y)(xy + 4 + 2x + 2y) = (x - 2)(y = 2)(x + 2)(y + 2).
b) (ab — xy — bx + ay)(ab — xy + bx —ay) = (a - x)(b + y)a+ x)(b-y).
&) (x + 8x — 34 — 3x% + 8x +2) (x> + 8x — 34 + 3x* — 8x - 2)
= (=2x% + 16x — 32)(dx> — 36) = -8(x — 4)° (x + 3)(x - 3).
56.2) (a+b+c)’+(a-b+c+2b)a-b+c—-2b)=
=(a+b+c)Y +(@a+b+c)a-3b+c)
=(a+b+c)(a+b+c+a-—3b+c)=2(a+b+c)(a——b+c).
b) at:u?'—ant:z-bc2 +azb+c(a2—b2)=ab(a+b)~c2(a+b)+c(a+b)(a-b)
= (a + b)(ab — ¢* + ac - bc) = (a + b)(b + ¢)(a — ¢).
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57.

58.

59.

60.

61.

62.
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c) a’ +b’° - (a° + 5a’b + 10a’b? + 10a%° + 5ab* + b°) =

= - Sab(a’ + 2a°b + 2ab’ + b°)

= — 5ab[(a + b)(a’ — ab + b®) + 2ab(a + b)] = - Sab(a + b)(a> + ab + b?).
a) 999(999 + 1) = 999.(999 + 1)(999% - 999 + 1)

= 1000 . 999.(...3) = 1000 . (...7) ¢6 tan ciing bing 3 chir s6 0.
b) 49° - 49 = 49(49° - 1) = 49,497 + 1).(49% - 1)

= 49(49% + 1)(49 - 1)(49 + 1) = 49.(49%+ 1). 24 . 100 : 100.
a) Goi a 1a moét s6 nguyén.
a’-a=a (@-1)= a(a—I)(a+ 1) : 6 vila tich ciia ba s6 nguyén lién tiép.
b) Goi a, b, c 1a ba s6 nguyén.
Xéthitu (@° +b” +c’) - (a+b+c)=(a’ —a) + (b° - b) + (> = ¢)
Theocaua)lhiaj—a T b3-b56;<:3-c : 6

=>(33+b3+c3)—(a+b+c) : 6.

Doa+b+c:6néna’+b>+c°: 6.
a@a+b)a+c)-bb+c)b+a)=0= (a+b)a’+ac-b>-bc)=0
=(a+b)a-b)a+b+c)=0 = a+b+c=0(viaz1h).
Tu (1) suy ra (xzy - yzx) - (zzx - zzy) - (xzz + yzz - 2xyz) =0
= Xxy(x —y)-z_z(x -y)+z{x-y]2=0=:»(x——y)(xy—zz+zx -zy) =
S>X-y)x=-2z)(z+y)=0

= hodc x = y hoic x =z hoic y = -z, do dé trong ba -«:0’ X, ¥, z it nhdt ciing
¢6 hai s6 bing nhau hoac d6i nhau.

a) Taich- 11x =-9x — 2x : bS (x-3)3x-2).
b) Tach 10x = 12x - 2x : bS (2x+3)4x -1).
¢) Tach -2x = —4x + 2x : bS (2x = D)(4x + 1).
a) Tach 7xy = 3xy + 4xy ; DS (2x +y)(3x + 2y).



63.

64.

65.

66.

67.

b) Tach -9xy = 3xy — 12xy; DS (3x + y)(3x — 4y).
¢) Tich 16 =25-9; PS (x -y +2)(x+y+38).
a)Tach2=1+1; DS (x + 1)(x* = x +2).
b)x3—x—x— l=x(x-Dxx+D-x+1)=(X+ l)(xz-x— 1).
c)x3+2x2+x2——4=x2(x +2)+(x—2)(x+2)={x+2)(x2+x-2).
a) x3y3 +8 + x,zyz -4 =(xy + 2)(xzy2 - 2xy +4) + (xy + 2)(xy - 2)
= (xy + 2)(x2y2 - Xy + 2).
b) x> - xzy + 4x2y - rhty2 - Sxyz + 5y3 =x2 (x - y) +4xy(x - y) - Syz(x -y)
=(x - y){x2 + 4xy - Syz) =(x - y)2 (x + 5y).
a) Tich 6x2=x%+5x"; Dap s6 (x> + x + 1)(x* +5).
b) Téch —12x> = -6x> — 6x°; P4p s6 (x> - 2x — 6)(x” - 6).
¢) xBy8 + 2yt + 1 - xy? = (x4 + 1? — (xzyz)z
= (x'y* X3y + Iy - x2y? + 1) = (Y2 + l)z_xzyz JocYy? - x2y2 +1)
= {xzyz - Xy + I)(xzy2 + Xy + l)(x4y4 - x2y2 + 1).
2) (x= D +x2+ 1) =(x- DEZ+x+ DEE-x+1).
b) Sratoxto e+ -xt -2+ x+2

2

=(x+2)(x4-x3+x - X+ 1).

a) x4+y4+(:¢+;t,r)4=i{:a;2+y2}2-2>~:?'3,r2+(:¢.+y)4
=(12 +}’2)2 —x2y2+(x + y)d _ x2y2
= (2 +xy + Y - xy +¥) + [+ y) +xy] [(x +y)* = xy]
=(x2+xy+y2){x2-—xy+y2+x2+3xy+y2) =2(x2+xy+y2)2.
b) (x2 +x + 1)? = 2x + )% + (x2 + x + 1) = (x? + 2x)’
=(x2—x)(x2+3x+2)+{-x+])(2x2+3x+ 1)
=x(x - Dx+ DE+2) - (x - DX+ D2x + 1)
—(x-Dx+ DI +2x-2x -1 =(x - D2 x+ 1%

191



68.

69.

70.
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a) Tach 3xyz = Xyz + xyz + xyz ; DS (x + y + z)(xy + yz + zX).
b) xy(x +y)—yz(y +z) +zx [(x +y) = (y + 2)]
=Xxy(x+y)+zx(xX+y)-yzy+2)-2zx (y + 2)
=X(X+y)y+2z)-z(y+z)(y +x)=(x + y)y + 2)(x — 2).
¢) Tach X% = yz = — [(y2 - 22} + (z2 - xz)]. Dép s6 (x = y)(y = z)(z = x).
a’-a=a@' - 1)=a@’ - H@’+1)
=a(a-1)(a+ 1)[a” -4 +5]=a(a- 1)+ D[(a-2)(a+2)+5]

=a(a-1)a+1)a-2)a+2)+S5a(a—-1)(a+1).
Hang tir thit nhét chia hét cho 5 vi 14 tich ciia 5 s6 nguyén lién tiép. Hang tr
thir hai ciing chia hét cho 5 do dé 2 =5
Ta thay a-a=a (a=1)(a+ l)(a2 + 1).
Do (a— 1)a (a + 1) la tich cua 3 s6 nguyén lién ti€p nén né chia hét cho 2
va 3, tirc la chia hét cho 6 vi (2, 3) = 1.

a® — a vira chia hét cho 5, vira chia hét cho 6 ma (5, 6) = 1 néna’ —a : 30.
A=x"y-2)+y'@-x-2{(y-2)+ z-x)]

= x"{y -2Z) - z"(y —-2)+ y"(z -X) - z"(z - X)

=(y- ' -2 + @ - x)(y* - 2

= (y - 2)(x = Z)(x + 2)(x* + 2°) = (x — 2)(y — 2)(y + 2)(y" + Z°)
=(y-2z)(x — z)(:nc3 +X22 +Xz2+2° - y3 - y:{2 - yzz - 23)
=(y - 2(x - 2[(x* - y°) + Z2(x - y) + 2(x* = y?)]

=(y—z)(x—z)(x-—y)(x2+xy+y2+z2+zx+yz)

2

=(X-y)Ny-2)x-2)(x>+y +z + Xy + yZ + zX)

(x =Yy - 2)(x =2) [(x + y)* + (y + 2)* + (z + x)°).

9 | =

Vix>y>z nén A>0.



71 (1) = (x + y)y + 2)(z + x) - 8xyz = 0.

Khai trién va thu gon déng thic trén ta duoc

2 2

xy2 +xz" + y:»:2 - yx2 + ZX +zy2-6xyz=0
(xy2 - 2xyz + xzz) + (y12 - 2xyz + yxz) - (z:u:2 - 2xyz + zyz) =0
X(y - 2)2 + y(z - x)2 + z(X - y)2 = (),
K&t hop véi diéu kién x, y, z la cdc s6 duong ta suy ra
(y—z)?':(z—x)2=(x-y)2=0=>x=y=z.
72. a) Thém bét 2x* ; DS (x” + 5x - 2)(x* +2).
b) Thém b6t 3xy(x + y) ta duge
x> + y3 +3xy(x +y) + £ 3xy(x + y) — 3xyz
=(x+y)3+z3—-3xy(x+y+z)
=(x+y+2z)[(x +)r)2—z(x +y}+22];3xy (X+y+2)
= (x +y+z)(x2+y2+zz—xy—yz-—zx).
Nhdn xét : Néu x +y +z=0thi x3+y3+z3-3xyz=0t1’rc 1ax’ +y3+z3=3xyz,
ta dugc lai két qua & bai 24. Ban nén nhd két qua nay.
73. a) Thém bét x ta dugc :
7, .2

X +x2 1l =x = x+ (X +x+D=x(C+DEC-D+ 2 +x+1)

=x(xX* + DX =D +x+ D+ +x+1)

2

=(x2+x+l)(x5—x4+x -x+ 1)

b) Thém bét X’ ta duoc :

x“+x+l=x“—x2+{x2+x+ l)=x2{x3+l)(x3—l)+(x2+x+l)

=x20C+ DX =D +x+ D+ +x+1)

L 3

=X +x+ DX -x>+x°=x% +1).
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74. a) Thém bat X’ ta duoc :
x5+x4+l=x5+x4+x3—(x3-])
=x3(x2+x+l)—{x—l)(x2+x+ 1)
= (x% + x4 1) (x* =x+ 1).

b) Thém bat x? + X ta dugc :

xw-i-xs+l=(x'u—x)+(x5-x2)+(x2+x+ 1)

=x[(x)) -1+ - D+ +x+1)
3 6 3 2;. 3 2
=Xx(X"-DX +x +D+x" X" =-D+xX"+x+1)

=(x2+x+ DIx(x — l)(x"+x3+ l)+x2{x— 1)+ 1]

7 4

2 R 5 3
=(X"+Xx+ DX =X +Xx =X +x =x+1).

75. Thém bot x* + x° ta duoc

"
Ao x..UU 100 200

+x  +1=(x o

)+ = xH e e x2 1)

== DX - D o+ D

6)33- l]+x4.[(xﬁ)'ﬁ— I|+(x4+x2+ 1)

=le(x
= x> (x® - 1). Bx) + x*x® = 1).0x) + (x* + x*+ 1)
Déth:\'yx"— | .-(x"— I}(x"+ DD=(x-1)}x+ l)(x4+x2+ 1): (x4+x2+ 1).
Méi hang tir ciia A déu chia hét cho x* + x>+ 1 nén A | (x* + x> + 1).
76. a) A={x-y)z+3(x—}'}—4. Ditx-y=a.
bPS:(x-y+4)x-y-1).
b) B=3(2x —y)" — 10(2x -~ y) +8. Dat 2x —y = a.
DS (2x -y - 2)(6x — 3y — 4).
77.a) Patx=a-b: y=b-c:z=c-athix+y+z=0,
do doé x]+y3+z‘t=3xyz (xem bai 24).

Viay A = 3(a - b)(b - c)(c — a).
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78.

79.

80.

81.

82.

b) Pitx=a+b-2c ; y=b+c-2a; z=c+a-2b
th]x+y+z=0dod6x3+y3+za=3xyz.
Vay B=3(a+b - 2¢c)(b + ¢ - 2a)(c + a - 2b).

a) (x+y+z)3—x3-y3—z3=[{x+y)+z]3-x3—y3—z3
=(x+y)3+23+3z(x+y)(x+)-+z)—x3-y"-z"
=Jf.“-¢~1t,w3'+3:ﬁ<y{:v¢+y)-+-::'1t+3:o.:{x+5,r)(x-+-y+z)-—:\:;3-—3,'3—2:Jt
=3(x+y)(xy+xz+yz+?,2)=3(x + y)Xy + z)(z + Xx).

b) A=(a+b+c)’-(b+c-a)’-(c+a-b)’ - (b+a-c).

Ditx=b+c-a;y=c+a-b;z=b+a-cthix+y+z=a+b+c.

VayA=(x+y+z)“—x3-y3—23=3(x + y)(y + z)(z + X) (theo cdu a)

=3(b+c—-a+c+a-b)c+a-b+b+a-c)b+a-c+b+c-—a)
=3.2c.2a. 2b=24abc.

a)Pata=x"-2xthix’=2x-l=a-1; A=(x+1)(x - 3)(x>-2x +2).
b)Pita=x’+4x -3 thiB=a’-5ax + 6x°; B=(x + 3)(x = )(x’ + x - 3).
c)PDita=x"+x+4thiC=2a"+8ax + 15x° ; C=(x +2)%(x* + 6x + 4).
Dala=x2—6x+l; b=x%+1
thi A = 2a” + 5ab + 2b? = (2a + b)(a + 2b) = 9(x - 1)2(x* - 4x + 1).
M=4(x2+2x -8)(x2+’?x-8)+25x2.
Dalx2+2x-8=alh‘1x2+7x—8=a+5x;

M = (2a + 5x)° = (2x% + 9x - 16)* 2 0.
3x4+11x3—7x2-2x+l=(3x—l)(x3+ax2+bx— 1)
3x4+llx3—7x2-2x+l=3x4+{3a—l)x3+(3b-a)xz—{b+3)x+ 1.

3a-1 =11 (1) 4
Suyra<3b-a =-7 (2) {:i , V@yA:{Bx—l)(x3+4x2—x—l).
b+3 =2 (3) s
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83

84.

&s.

86.
87.

A ) llx2-6x+l=(x2+ax+l)(x2+bx+l)
<6 1Ix2-6x+1=x4+(a+b)x3+(ab+2)x2+(a+b)x+l

WEDSED. o {a=_3 Vay B = (x> - 3x + 1)%,

Suy ra
ab+2=11 =-3

x4—x3+2x2—llx—5={x2+ax-—l)(x2+bx+5)

T LR le-5=x4+(a+b)x3+(ab+4)x2+(53-—b)x—5

a+b=-1 5
Suyra <ab+4=2 =3 {a - VayC=(x2—2x—l)(x2+x+5).
b=1.
Sa-b=-11

n <6

&L >4

{n+ = {n < ne{4;5; 6}.

<6
2 2 2

A =25x" - 20xy + 4y" = (5x — 2y)" 2 0.

[(x =2y)(x = 7y) = (x = 2y)(x + 2y)] : (x = 2y) =18 (x # 2y)
x=-7y)-(x+2y) =18;-9y=18;y=-2vax+-4.

2
88. Thuong Q = 2x% + 2x + 1 =2(x+%) +-;— >20=>minQ= -;— (khi va chi
khi x =——1-).
2
89. a) Thuc hién phép chia ta duoc s6 du la 7.

Taphdic63x -2 e U(7) = {£]1 ;£ 7}

3x-2 1 -1 7 -7
3x 3 1 9 -5
1/3 -5/3
X 1 ‘ 3
(Loai) (Loai)
Vayx € {1; 3}.
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90.

91.

92,

93.

b) Thuc hién phép chia ta dugc s6 du 1 S.
Ta phai c¢6 (2x* - 7) € U(5) = {#1;+5)}

I =T 1 = 5 i
X 4 3 6 1
X +2 + JE * JE +1

(Loai) | (Loai)

Vay x € {£]; £2}.
Chia n® — n* — 2n% + 9 cho n* + n? duoc s6 du 12 9.

Ta phai c¢6 n* + n’ 12 uéc ctia 9 nhumg diéu nay khong thé xay ra vi

n®+n’= nz(n2 + 1) 12 mot s6 chin.
a) f(~1) = (=1) + 1 + (=1) + 101 = 100 = 56 du
b) f(=2) = 3.(=2)° +4.(-2)* - 2(-2) +7=3 =s6du
¢)f(5)=5*"-55"+2.5-10=0 = 56 dur

f(2)=(2%2-32+1P'-(22-4.2+50+2=(-1)*' -1+ 2=0.
Vay f(x) chia hét cho (x - 2).
a) x =-1 12 mot nghiém ; da thic ¢6 chira nhan tir (x + 1)

x> = 9x2 + 15x + 25 = X° + x* - 10x — 10x + 25x + 25.

- Péps6:(x+ 1)(x - 5)2.

b) x =2 la mot nghiém cua da thirc. Pa thic ¢6 chira nhan tr (x - 2)
x> — 4x% = 11x + 30 = x> - 2x* - 2x + 4x — 15x + 30.
Pdp s6 : (x — 2)(x = 5)(x + 3).
¢) x = 3 12 mot nghiém ; da thirc ¢6 chira nhan tir (x — 3)
2x* +x* = 22x% + 15x - 36 = 2x* - 6x% + 7x® = 21x% - x? + 3x + 12x - 36

=(x - 3)(2x3 +7x% - x + 12).
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Ta phan tich ti€p nhan tr thir hai véi nhan xét x = —4 12 mot nghiém
2+ 7xP = x + 12220 + 8x%2 = X2 —dx + 3x + 12 = (x + 4)(2x° = x + 3).

Dap s6: (x = 3)(x + 4)(23,3 - X+ 3).
94. a) x = % 12 nghiém ; da thirc ¢6 chira nhan tr (3x - 1)

3x3+5x2— 14x +4=3x" - X>+6x>-2x - 12X + 4.

Dap s6 : (3x ~ l)(:‘r.2 + 2X — 4).

K i ; . .
b)x= o 1a nghiém ; da thic ¢6 chira nhén tr (2x + 1)

- 2

-2Xx"-x-2x-1.Dips6: (2x + I)(xz-x-l).

2 —x?=3x - 1=2x>+x
95. Da thitc chia ¢6 bac 2 nén bac cua da thire du khéong vuot qué 1.

6

sy 5. .3
Ta::n(:m"‘mu4 + X +...+x9+l)=(x2—-l).Q+(ax+b).

Lian luot cho x cdc gid tri riéng x = 1 ; x = -1 ta duoc

T7=a+b a=3
= . Vay da thirc du la 3x + 4.
l=-a+b b=4

96. Tir di¢u kién c ta thdy da thic chia ¢6 bac 2 nén da thitic du ¢6 bac khong
qua 1.

Viy f(x) = sz(x ~ 1)(x + 2) + (ax + b). Lan luot cho x cdc gid tririéng x = 1 ;
X = -2 ta dugc

f(I)=a+b=4; f(-2)=-2a+b=1.
Suyraa=1;b=3.
y O 5 4 3 2
Vay f(x) =5x"(x"+x=2)+x + 3 =5x" +5x" - 10x" + x + 3.
97. A=ax’+bx +c=(x-1).Q, +R (1)
A=ax2+bx+c=(x+]).Q2 + R (2)

Chox=1thitr(l)= a+b+c=R.
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98.

Chox=-1thitr (2)= a-b+c=R.
Dodéa+b+c=a-b+c=>b=0.

x4—4x3+5ax2-4hx+c={x3+3x2—9x—-3}{x+m)

=x'+ (m + 3)x3 + (3m - 9):{2 - (9m + 3)x - 3m

Suyra: m+3=-4 = m=-7

Im-9=5 = a=-6
OM+3=4b = b=-15

-3m=c¢ = c=2l.

Vaya+b+c=-6-15+21=0.

99, Pa thitc 4x> + ax + b chia hét cho cdc da thite x — 2 v x + 1, mi (x —2) va

(x + 1) khong c6 nhan ur chung cé bac khic 0 nén 4x* + ax + b chia hét
cho (x — 2)(x + 1).

Tadat4x3+ax+b=(x2—x—‘2)(4x+c)=4x3+(c—4)x2-—[c+8}x—-2c.

Suyra: ¢c-4=0 = c¢c=4

c+8=-a = a=-12

-2c=Db = b=-8

Vay2a-3b=2.(-12)-3.(-8)=0.

100. a) Téng cla hai s6 chinh phuong khi chia cho 4 chi ¢6 thé ¢6 s6 du la 0, 1, 2.

101.

102.

S6 4567 chia cho 4 c6 s6 du la 3. Vay khong ¢6 hai s6 chinh phuong nao
ma téng béing 4567.

b) Hiéu hai s6 chinh phuong chia cho 4 chi ¢é s6 du 1a 0, 1, 3. S6 7654
chia cho 4 ¢6 s6 du la 2. Vay khong ¢6 hai s6 chinh phuong nao ma hi¢u
bang 7654.

Ban hdy ching minh tong ctia 4 s6 chinh phuong lién ti€p chia cho 4 du 2.
Tir d6 suy ra téng cia 20 s6 chinh phuong lién ti€p chia cho 4 dv 2, d6
khong phai la mét s6 chinh phuong.

Néu mot s6 chinh phuong A = n’ ¢6 chir s6 hang don vi 1a 6 thi n phai la

mot sO chdn, n : 2dodo A = n’ 4, suy ra hai chir s0 tan cung cua A chi
c6 thé 1a 16, 36, 56, 76, 96.
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103.

104.

105.

106.

107.

200

Tdng céc chir s6 hang chuc 1a 1 + 3 + 5 + 7 + 9 = 25 1a mot s6 chinh phuong.

a) S= abc+acb+bca+bac+cab+cba=222(a+b+c)=2337(a+b+c¢)
Vi0<a+b+c<27 nén a+b+c/37

(6,37) =1 = 6(a + b+ c) Z 37 do d6 S khong phai 12 s6 chinh phuong.

N = aabb = 1100a + 11b = 11(100a + b).

D& N 1a 56 chinh phuong ta phai ¢6 100a + b =99a + (a + b) = 11t° (t € N)
99a: llnéna+b: 1l =a+b=11.Viy99a+11=119a+1)=11t";
9a+1=t>. (1)

Cho a cdc gid tri tir 1 dén 9, chi cé a =7 thoa man (1), tir d6 suy ra b = 4,
S6 phai tim 1a 7744 = 88°.

24=3.8;(3,8)=1.Tacin chimg minhn : 3van: 8.

e Néu n/ 3 ban doc hdy chimg minh n + 1 va 2n + 1 khong thé déng thdi
la s6 chinh phwong =n: 3 (1)

e 2n + | 1a s6 chinh phuong 1é¢ = 2n + | chia cho 8 du |

=2n:8 > n:4=>n+1lasélé.

Theo dé bai n + 1 ]a s6 chinh phuong (1¢) = n+ 1 chiacho8du 1 =n: 8 (2)
Tr(l)va(2)=n: 24

Néu ménh dé (1) ding thi tir ménh dé (2) suy ra n + 20 c6 chir s6 tn cing
1a 2 va tir ménh dé€ (3) suy ra n — 69 c6 chir s6 tan cung 1a 3. Mot s6 chinh
phuong khong ¢6 chir s6 tan cung la 2 hodc 3. Nhu vay néu ménh dé (1) Ia
ding thi cdc ménh dé (2) va (3) déu sai, trai gia thi€t. Vay ménh dé (1)
sai, ménh dé (2) va (3) ding.

bat n+20=az:n—69=b2 (a,be N:a>b)
Suyra a’-b°=89;(a+b)a-b)=89.1

+b =89
dodé{a suyra a=45; n=45%-20 ; n=2005.

a-b=1

N = a’ + b’ (a, b € N)



a) 2N =2a” + 2b> = (a + b)* + (a - b)*.
b) N% = (a? + b)? = (a® - b%)? + (2ab)>.
108. A=a";B=b’;C=c’;D=d’ (a, b, c,d € N)

(a” + b%)(c® + d%) = (ac + bd)” + (ad - be)’.
109.x=y+z:>(x-y—z)2=0= x2+y2+zz-—2xy—2xz+2yz=0
::»2(xy+xz—zy)=x2+y2+zz. |

110.a-b=c+d=>a-b-c-d=0=>2a(a-b-c-d)=0.
Ta c6 a2+b2+c2+dz=az+b2+c2+d2+2a(a-b-c-d)
=(a-b)l+(a-c) +(a-d).

lll.nz—i-(rn-1)2-1-n2(n-+-1)2=n'4-1-2n3-4-3n2+2n+l=(nz+n+l)2

n® + n 12 s6 chin nén n’ +n + 1 1a s6 1¢é. Suy ra (nz +n+ l)2 la s6 chinh

phuong €.
112. 2) a,,,=1+2+3+..+(n+1).

(l+n)n (1+n+1)(n+]) _(n+D(n+n+2)

2
= n+l -
2 2 2 ( )

b) a, +a,,,

113.M+1=n+ DM +2)n+3)+1=(@>+3n)n*+3n+2)+1
= (n2+3n)2+2(n2+3n)+ 1 =(n2+3n+1)2.

114. a)ab+4=a(a+4) +4=(a+2)°>=11...17%

b)ab +4 =a(9a+ 12) + 4 = (3a + 2)* = 33..35%

L —
n-=1

115.Dat [1...] =athi9a+1= 10",

M=a.10"+5a+1=a@9a+1)+5a+1=3a+1)>=33.34%

116. Bat 11...1 =athi9a+1= 10",
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a) M=a.l0"+a+4a+1=a9a+ 1)+5a+1=(3a+1)°=33.34%

n-|
b) N=a.10"+a+10a+ 1 +6a+8
=a@a+ 1)+ 17a+9=(3a+3)* = 33..36".

n-|
117. (@° + )% + (e + 1) =
=(a’ +ab +bec + o:;a}(b2 +ab+ bc + -::a)(c2 + ab + bc + ca)
=(a+b)a+c)a+b)b+c)a+c)b+c)=[(a+b)b+c)c+ a)lz.
118. Gid sitn® + 1234 =m? (m € N), suy ram’ — n® = 1234.
Hiéu ciia hai s6 chinh phuong chia cho 4 khong ¢6 s6 du 1a 2.
Vay khong c6 s6 tu nhién ndo dé cho n® + 1234 1a s6 chinh phuong.
119.Giasu 2" +2° + 2" =2’ (ae N) > 2 =a’ - 144 = (a + 12)(a - 12).
Tadata+12=2" ; a-12=2"trongdom,ne N; m>nvaim+n=k
Tadugc 2™ -2"=24=83 ; 2"2™"-1)=2°.3.
Suyra n=3va2™"-1=3; 2™""=2’; m-n=2,dint6im=>5
k=m+n=5+3=8.

Thir lai : 2% + 2% + 27 = 400 = 20°.

120. Gidstt x“+2x+200=2a°> (aeN:a>14) = a°—(x+1)*=199
(a+x+1)(a=-x-1)=199.1
+1=199
Via+x+1>a-x-1 nén {a-f—x - suy ra x = 98.
a-x-1=

121. A = (x> - 8x)(x* - 8x + 7). Datx’ = 8x =y thi A=y(y+7)=y>+7y.
Gia sir : y2+7y=m2{meN)=>4y2+28y+49-4m2=49;
2y +7)* - 4m* =49
2y + 7 + 2m)(2y + 7 — 2m) = 49.
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122,

123.

Tathly 2y +7+2m 22y + 7 -2m
nén 2y +7+2m)2y+7-2m)=49 .1 =(-1).(-49)=7.7=-7(-17).
Xét cac truong hop :

{2y+7+2m =49

suyray=9
2y+7-2m=1 L
dodé x*-8x=9;x*-8x-9=0; x € {-1;9}.

{2y+7+2m =]

suyray=-16
2y+7-2m=-49 7 7
dodé x> -8x=-16:(x-4)>=0;x=4.

{2y+7+2m=?

suyray=20
2y+7-2m=7 O
dodé x*-8x=0;x¢€ {0;8}.

2y +7+2m=-7

{2y+?—2m=—7 AR

dodé x> -8x=-7;x’-8x+7=0;xe{l;7}.

Viyxe {-1;0;1;4;7;8;9}.

a)l;p;pz;p"‘;p"; b)S=|+p+p2+p3+p4=n2 (n € N)

=>4+4p+4p2+4p3+4p4=4n2

Dé thdy 4p4+4p3+p2<4n2<4p4+p2+4+4p3+8p2+4p
(2p2-i-p)2-<(2n)2'r:(2p2+p+2)2

Suy ra (2n]2=(2]:-2+p+l)2

Do dé 4p4+4p3+4p2+4p+4=4p4+4p3+5p2+2p+l;
p"'—2p-3=0=> p; =-1 (loai) ; p, = 3.

ax + by =2 = 2ab = ab + ab = ax — ab = ab — by hay a(x — b) = b(a - y).

Do tich ctia hai s6 bing nhau thi 16n hon hoic bang 0, suy ra ab(x —b)(a—y) 2 0.

Doab=1nén ax +by—-xy—-ab2>20hay2-xy-120=xy<1.
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124. P = (x* + xy)(x* + xy - 2y%) + y* = (x? + xy)? = 2 + xy)y? + y*

= (:ﬂc2 + Xy - yz)z_

125. x+y+z=(}::>x=-~(y+z)=:>x2=),r2+2y:»:+z2

2 2

=2yz= X% y2 -z" = 4yzz =x'+ y" +2* - 2::t2y2 - 2x%2% + 23,:232

tiaytet (1

— 2x2y2 +2x°2° + 2}'222 =X
Mat khac x% + y2 +22) =x*+ y4 +Z + 2:-:2},'2 +2x°2° + 2yzzz. (2)
Tir (1) va (2) ta duoc (x*+ yz +20) =2(x* + y" +7°).

126. Vi m, n, p 1a s6 do cdc canh ciia mot tam gidec vuong nénm>0:n >0 ;

p > 0 suy raa>0:b>0;c>0vap2=m2+n2.

Tacé a°=16m>+64n° + 81p2 + 64mn + 72mp + 144np

2=m?+16n° + 16p2+ 8mn + 8mp + 32np

¢’ =16m? + 49n° + 64p2 + 56mn + 64mp + 112np.

2 2

Suy ra az-bz—czzpz— m- - n2=0: a’=b>+c => (dpcm).

127.Pata=2"-8:b=4*"+13=>a+b=2"+4*+5.
Theo dé baitacé a’ +b° = (a + b)’ < 3ab(a + b) =0

a =0 2x—8 =0
b =0 & [(4*+13 =0 & x=3.
a+b=0 2* +4* +5=0

128. Theo dé bai ta ¢6 (x + y)s - (:»:5 - ys) =()
g <:::>(x+y)5-(x+y)(x4-x3y+x2y2——xy3+y4)=0
S(x+y) [(x"+«t1174:‘1‘y+(i\:t:zyz+4:~:3,r'1‘+:,r‘i)--(x“-x3y+x23,'2—:ccy3 +y4)] =0
< (x ;:-y) (5x3y + szyz + 5xy3) =0 Sxy(x +y) (x* + Xy + yz) =0
<x+y=0  (vixz0;yz20)

& X =-y.
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129.

130.

131.

132.

133.
134.

a)20"-1:(20-1)=19;20"-1>19(vin>1) = 20" -1 12 hop s6.
b) 1000" + 1= (10" + 17 : (10" +1); 1000" + 1 > 10" + 1 (vin> 1)
= 1000" + 1 12 hop s6.
a) Dung phuong phdp nhém céc hang .
M=(x+ 1)’(x - 1)’x%+ D(x*=x + 1).
b)N=(x2=9)x*= 1)+ 15=x" - 10x> + 24.
Dung phuong phdp tich cdc hang tir dé phan tich tiép.
N = (x — 2)(x + 2)(x” - 6).
c)'Ihérnbd’lx2+x; P=(x?-—x)+(x5—x2)+(x2+x+ 1).
Paps6:P=(x"+x+ DX’ - x*+x’ = x + 1).
A=2(:ac2—y?')(x4 +x2y2+y4)—,3(x4+y4)
=21';4+2x2y2 + 2)r'1—3x4 —3y4: x4+ 2x2)r2-y‘1
=—(x2-y2)2=—l.
S=1"+5"+2"+8MH+@"+ T+ @"+ 6"
Donlénén2"+8": (2+8)=10=2"+8":5.
Tuong tu, 3" + 7" va 4" + 6" déu chia hét cho 5, suy ra Schiacho Sdu 1" = 1.

2

2+m(m+2a)=(a+m) .

A=az(a e N).Tadaitn=m +2atadugc A+mn=a
Nhan cdc nhan tir ddu va cudi, nhan tir thir hai véi nhan ur thir ba.
aA)M=(x>+7x +6)(x* + 7x + 12) + 9

= (x> +7x)2 + 18(x + 7x) + 81 = (x" + Tx + 9)°.
b) N = (x* = 5xy + 4y*)(x* = 5xy + 6y°) +y"

= (x2 - ij,r)2 - I(I!;,'Z(x2 - 5xy) + 25)'4

= l[x2 - Sxy + Syz)z.
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135.a) - V6in = 1 thi 1 = 1° diing thic da cho 12 diing.

206

- Gia sir ding thiic da cho diing véin=ktic 1a 1 +3+5+ ...+ (2k - 1) =k
(day la gia thiét quy nap), ta phai chimg minh ddng thitc da cho ding véi
n=k+ 1, tic 12 phai ching minh 1 +3 + 5+ ...+ 2k — 1)+ (2k + 1) = (k + 1)°.

Thatvay, 1 +3+5+ ..+ (k- D+ Qk+ 1) =k>+2k+1=(k+ 1)*.
— Vay déng thiic da cho ding véi moi n € N*.

b) - V6in = 1 thi 1” = 17 déng thiic da cho diing.

P4 s Pt rEer 1Y el +243 % 4 kvk+ 1)

Thatvay, 1+ 28+ 3%+ L+ P+ k+ 1P =(1+2 43+ .+ K2+ (k+ 1)

. 2 (k+ 1% K> +4(k+1)
(k+l).k] f(k+1) = l 1
— 2 4

= ) 2

(k+l);‘+2)] =(1+2+43+...+k+k+1)>.

~ Vay déng thic di cho diing véi moi n € N*,

2

— Gia sir ding thic dd cho ding véin =k tic 1a 1° + 2° + 3% + .. + Kk’ =
(1+2+3+..+k? (day 12 gia thiét quy nap), ta phai ching minh ding
thirc da cho ding véi n =k + 1, tirc 1a phai chirng minh



PHAN THUC DAI SO

151. a) Nhan ca tr va mau caa A vai 201 + 200 ; A <B.

(x=D.2x+D+x _2x*-1 _
Xx.2x+D=-(x+1) 2x% -1

(y+D(y+3)-y(y-2) _32y+D) _3
4y +2 22y +1) 2

b) Pat 2000 =x thi C = ks

Dat 1500 =y thi D =

Viay C<D.
152. a) Phan tich n’ +n+ 1 thanh nhan tir bang cach thém bét n’

(n—-l){n2+n+l) n-1
=— 3 2 Ton e
(n“+n+D(n"=-n“"+1) n =n"+1

Ca tir va mdu cua phan thirc A ¢6 nhan tir chung la n+n+1>1nénA
khong t6i gian.

b)Giast(6bn+ 1,8n+ 1)=d=46n+1)-3@Bn+1)id=>1:d=d=1.
c) Gia st (I0n2+9n+4, 20n° + 20n +9)=d
:>(20n2+20n+9)—2(I0n2+9n+4) -d

=2n+1:d. (1)
Tacé 10n* +9n+4 = (2n + 1)(5n + 2) + 2
ma 10n* +9n+4 dnén (2n+ 1)(5n+2) + 2} d. )
T (l)va(2)=2:d=2n:d. 3)

TE()va@B)=>1:d=>d=1.

18 17

5
(x—-l){xw+x + X +-~+x+l}_x“”—-l

153.a) A=

x-1 x-1
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g 2 4 2 64 _
b)B:u D(x+D(x"+1D(x" +1)...(x +l)=x l‘
x-1 x-1
»: ! 3
154. a) 1.2.3...(n=1).n __n ; b) n'.(n+1 I)= n_
1.2.3...(n=D(n+1) n+l n'(n+1+1) n+2
2 _ 2 2 _ -
lSS.a)A=(x2 l)(y2+y+l)=x2 I; b) B= (X—y)Ny—-z}x-2z) X Z
(xX“+ Dy +y+1) x°+1 (X=y)X+y)y=2) X+y
2 _ 3 2 & 3
156. 2) xz 3: b) (x+L)(x l)zlx +X l)=x¢ l;
X“+7 (X“+D(X“+x+1) Xx“+1
(x-—l)(x+") x+2
c) 5
(x-=1) (x+"’) X~1
157 )(x+l)(x+2)(x 2) x-2 b (x2+3x—l)(x2+3x+l)_x2+3x+l_
(x+1)(x+2)(x+5) x+5° (x2 +3x -1)2 x2 +3x -1
158. Pat ==L =Z-k = x=ak;y=bk;z=ck.
a b c

1
a’ +b% +c?

Thay vio biéu thic P ta duoc P =

2

159. a) x+y+z=0=x +y2+zz=-2(xy+yz+?x);

x2+y +2° x> +y% +2°

|
i & gl
x>y 227y~ 2xy+yz+zx) 3(x*+y*+z°) 3

b)x+y+z=0=(x+Y) =(—-z)'=>x2+y -z = =2Xy ;

Tuong tu : y o =-2yz, 2%+ x° - yz = —22X.

(-2xy)(—2yz)(-2zx) _-Xyz

= 16xyz 2
160. X +y +2°=3xyz=>x +y +2° —3xyz=0
::(x+y+z}(x2+y2+zz—xy-yz-zx)=(} (xem bai 72b)

x+y+z=0 (1)

= %(x+y+z)|:(x-y)1+(}’—z)2 +(z—x)2] =0 = Lz},:z, (2)
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Xéttrubnghop (1) X +y+z=0=>x+y=-2 ; y+z=-X;Z+X=-y

dodl Pl __ aa
(=z2)(=x)(=y)
X. 1
Xét trudng hop (2 Pt 2
g hop (2) 222%x2x B
161. a) Miu thitc chung 12 (x + y)*(x - y)°. Dép s6 :

X=Yy
b) Khong nén quy déng mdu cua tat ca cic phin thic. Lay phan thic tha
nhat trir di phan thirc thir hai réi 14y két qua trir di phan thac thy ba, ...
32

bdp s6
X% -]

162. a) Giai twong tu vi du 17. Dép s6 =
Xyz

b) Méu thiic chung : (x = y)(y = z)(z - x)(x + y + z). Ddp s6 0.

163. a)M:z(y‘Z)(z"‘)*2("“3’)(2-*“2(*—}')()'—z}+(x—y)2 +(y-2)* +(z-x)?
(x=y)Ny-2z)(z-X)

_[ox-y+y-are-nf
(X =YXy -2)(z-X) '

yZ(y +2)+2ZX(Z+ X) + Xy(X + )+ XyZ+ XyZ _

b)N=
(X+y)Ny+z)(z+X)
- x+y)y+z)z+x) _
(X+y)Ny+2z)(z+X)
164.a)A=l~— : + - +..+ N

X X+ x+1 x+2 Xx+99 x+100
_l_ 1 100
x x+100 x(x+100)

b) B= D sl - ok . - :
X(x+a) (x+a)x+2a) (x+9a)(x+10a) x+10a
1 | 1 l 1 1 ! |
=—— + - ...+ - + =—
X X+a Xx+a x+2a x+9a x+10a x+10a x
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165.

166.

167.

168.

169.

170.

(x+1)(y+Dz+1)(+1)

P=
Xyzt
2 2 , "
B ) Y o SEEAD o B BEIAD,
y+z y+z Z+X Z+X X+Yy X+y

VayS+(x+y+z)={x+y+z)( N B = ]=x+y+z.

y+z Z+X X+Yy

Do d6 S=0.

b bc
x2y212=abc=:'x2.b2=ahc=>x2= —13 ; tuong tu y2=a—: 2 =—.
c

2,2 2.2 2.2
Vayxz+}'2+zz=a b®+b°%c”+c"a”
abc

a) X+y+z=0=x==(y+2):y==(z+Xx);z==(x+Y)

.
=>x -y -2 =2yz; y -2 -x"=2zx ;2" - x" -y’ = 2xy.

2 2 2 3
V@yM=x Y +Z x+y +Z

Zyz 2zx 2xy 2xyz

3
Mitkhic vix + y+z=0nén x> + y3 +7° = 3xyz (xem bai 24) dod6 M =5-

b)x+y+z=0=2>z==(X+Yy):X==(y+2):y==(z+X)

.
:ax2+y2-zz=-2xy; y2+zz—x“=-2yz : zz+x2-y2=—22.x.

T L S R R )
_ZKY —2YZ -27X —2xyz
2 2
x’z-y’x - zy yz Lo xy:}xz+xy+zzx-yx—2-}' y’z=0
XyZz Xyz

= (X=-y)y+2z)z+x)=0= hoidc x =y hodc y = -z hoidc z = —x.
M(x-2)+N(x+1)  32x-19

(x+D(x-2) (x+1D(x-2)

M+N=32 o M=17

-2M+N =-19 N=15

; (M+N)x+ (N-2M)=32x - 19.
Suy ra { => M.N = 255.
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171 )(x+3}(x —2) (x+D)(x-5) _x-2
(x+3)(x+1) (x- 5) T x=5
b) x(y-2) _2(x+y+z)(x2+y2+zz—xy—yz-zx)
2(){2 +y2 +2° - XY - Yz —-2X) Ja(j,f—z)2
_X+y+z

y-2z

oA

— — — — g —

2233 n n

(‘.Z.i...;‘](é.i.i “_“J N L
n 2 2n

b) Nhanxét:n* +4=[(n- 1)’ +1][(n+ D* + 1]
Do d6

.22+ @ +1)62+1) B2 +DA0*+1) (16%+1)(18%+1)

B= . :
22 +1)@% +1) 62 +D(E2+1) (102 +DU22+1) (182 +1)(20% +1)
B= ] = ! .
202 +1 401
173.c=[1+—"—][1+—4-][1+ij... b )
1.5 2.6 2.7 n(n+4)
2
Nhan xét : 1+ : =(n+2}'
nn+4) n(n+4)
2 2 2 2
Dodé C=3..4° 5 (n+2) (3.i.gu_n+2)[§_i_§"_n+2J
1526 37 nn+4) \123 n N567 n+4

_(n+l)(n+2)_ 34 (n+l)(n+2)
2 (n+3)(n+4) (n+3)(n+4)

(x-z)(y +1)
(1+xy)1+yz)

sau do tinh

174. Ban nén tinh A + B trudc, duoc

2 ;
(x-zfy"+D)  z-x _ (xX-y)Ny-2(2-X) _,pc.
(I+xy)(1+yz) l+zx (1+xy)(1+yz)(]+2zx)

A+B+C=
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175.x+y+z=0:>x=—(y+z):>4yz—x2=4yz-(y+z)z=-(y—z)2.

Bing cdch hodn vi vong quanh x - y — z — x ta duoc :
4zx—y2=—(z—x)2;4xy—zz=-(x-y)2.
Xét cdc miu thic :
2 - - . 2 _ 2
YVZ+2X"=yZ + X"+ X" =yz+ X"+ X(-y-2)=yzZ+ X" — Xy —XZ
=(x-y) (x - 2).
Béng cdch hodn vi vong quanh nhu trén ta dugc :

zx+2y2=(y-z)(y—x); xy+222=(z—x)(z-y).
-(y-2)' _-@-x? _-x-y? _
(x=y)x-2) (y-zXy-x) (z=x)z-Y)
176. a) PKXDciaAla x#+2;DKXDchaBla x#y;

Dod6 A.B.C=

PDKXDcaaCla(x + 2)2 +(y - l}n2 # 0 nghia 1a moi cap s6 (x ; y) trir cap

s6 (-2; 1).
b)A=0&x=1;B=0&x=-y;C=0&x=y.
¥77. a)A=-(—-———;—)—2-—l>0; AcéGTLNQ(x—B)2+lcéGTNN
x-3)+

& (x - 3)* c6 GTNN < x = 3.
Licdé max A=5 (khi vachikhix = 3).
b) B=——--82— =0 = BcéG1NN¢:>+céGTLN
(x=1)"+4 (x=1)"+4
o (x-12+4 c6GTNN & (x - 1)2c6GTNN & x = 1.

Lic dé min B=-2  (khi va chi khi x = 1).

* 178.P=

T~ >0 véi moi x, y, z khidc 0.
XYz

179.2) P=2; b) P=8¢ X=8 < x =8y.
y y
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Xét diéu kién x + y <50 = 9y <50 = y < 5 do d6 ¢6 nam cip s6 (X ; y)
nguyén duong dé P ¢6 gid tri bing 8 : (8;1);(16;2);(24;3);(32:;4);
(40; 5).

180. Cong -2 vao céc v€ trong ding thic di cho ta duoc :
-X=y=2Z -X-Yy-Z -X-Yy-2
z y X

X+y y+z z+X _ (=2).(-X).(-Yy) _
X y z Xyz

-Néux+y+z=0thiA= -1.

-Néux+y+z=20thiz=y=x; A=22.2=8.

Xy +2x +1 _xy+x+y+l+x-y_l+ X y

181. Ta c6 - .
Xy+x+y+l Xy+x+y+1 x+1 y+lI

Bing céch hodn vi vong quanh x - y = z — x ta duoc

yz+2y+1 y z ZXx+2z+1 z X

= . - '
y+l z+1 ZX+X+z+1 z+1 x+1

=]+
yz+y+z+1

Tir d6 suy ra Q = 3 (khong phu thudc vao x, y, z).
182. Cong timg v€ cua (1) va(2)taduoc 2cz+z=x+y

X+y-z _, 1 2z

=2cz=X+y-z=>cCc= = .
2z l+c Xx+y+z

Bang cdch hoédn vi vong quanh z —» x = y — z ta dugc
1 2x 1 2y

= - = do dé
l+a x+y+z l+b x+y+z
T= 1 3 1 & 1 =2(x+y+z)=2‘
l+a 1+b l+c X+y+2z
n
183. l+m=£‘-—rz l-m= - -Suyra“—m=x2“
x“+_n_ xn(xn++lr‘_J I-m
X X
l+m 1-m
1em l+m _(+mP-(1-m)’ (-m)l+m) _ 2m
Dod6 P = = . 5 > = =
I+m I-m  (-m)(1+m) (1+m)*+(1-m)° 1+m
I-m I+m
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- |x +1]+2x

184. A =——— - Diéukién:x# 1;x :t--l—-
(x-DEx+1) 3
- Néu x > -1 i Awoxtl 1
(x-DE@Bx+1) x-1
- Néux <-1 thi X1 '

T DOxeD 3xel
Véix=-2<-1 thh Amet—mem L
3x+1 3(2)+1 5
Vdix=2>-l thi A= l = l =-4,
4 x-1 3 _.
4

x?+x+4 _ A(x+2)?+B(x+2)+C

(x+2)3 - (:un-{»Z)3

xz+x+4=Ax2+(4A+B)x+(4A+2B+C).
A = | A=l

Dodoé {4A+B =] 1= B=-3
4A+2B+C =4 C=6.

185.

186. a) Neux,y,z>0thiM=1+1+1+1=4,
Néux,y,z<0thiM=~1 -1 -1-1=-4,

Néu x, y, z khong cing am hoac khong cung duong thi M = 0.

b) Xét hai truong hop xy > 0 va xy < 0, gid tri cia N déu bing 1.

2
187. C6 (l+l+l] =L2+-'3+L2+2[L+L+L)
Xy 2z x ¥ Z Xy Xz yz
2
(ﬁ) =P+2-z+y+x ; 3=P+2 (vix+y+z=xyz) > P=1.
Xyz

" 2
188. Ta co AR R R e

y—-2z X-2 x—y_ (x—-z)(x-y)
2

—y2_
dodé —% ___ Xy-y -xz+z

(y -—2)2 i (x-z)(x-yXy-z) .
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189.

Hodn vi vong quanh x = y — z — x ta dugc

y _ yZ—2% —yX +X> ) z X —x2 —zy +y?

z-x)? (Y=-x)y-2)z-X)  (x-y? (@-y)z-x)Nx-y)

Cong timg v€ cdc ding thic trén ta duge Q = 0.

2 . 2 2.2 .2 - . TR
DgnA:a"'b c:B=b+c a;C=c+a b”
2ab 2bc 2ca g
a) Ta phdai chimg minh A+ B+C>1lhayA+B+C-1>0. (1)
Bt ding thic () = (A+ 1)+ (B-1)+(C-1)>0. (2)
% .22 .2 3 .9
= - : —-c)a+b
ook el s a“+b“-c +l=(a+b} c =(a‘+b c)(a+ +c);
2ab 2ab 2ab
e ey b2 +c?-a’ _l_(b—c)z--a2 _(b—c-a)(b-c+a)
2bc 2bc 2bc '
Tuong ty C— 1 = (c—a—b)(c—a+b).
2ca

s ta b=} [c(a+b+c)+a(b-c—a)-b(c—a+b}]}0

2abc
c>(a+b—c)[c2-(a-b)21>0 (vi abc > 0)
S(a+b-c)(a=-b+c)(-a+b+c¢)>0.

Bit ding thiic cudi ciing diing vi a, b, ¢ thod man bét ding thic tam gidc,
tir dé suy ra dpem.

bbM=1lA+1D)+B-1)+ (C-1)=0
S(a+b-c)(a-b+c)(-a+b+c¢c)=0.
Ta xét ba truong hop :
Truonghgpl. a+b-c=0=2>A+1=0 = A
B-1=0 = B=1
C-1=0 = C
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Truonghop2. a-b+c¢c=0

190.

191.

216

(a—b—c){a—-b+c}=

A=1= 0 = A=1]
2ab

B-1=0 =D B=1

o (c+a-b)c+a+b) S0 C=-1
2ca

Truong hop3. -a+b+c=0

A-1=0=>A=1

C=1=0=C=1

S (b+c—a)(b+c+a}=0:B=_L

2bc
Tém lai, trudmg hop nao ciing ¢6 hai trong ba phan thic A, B, C bang 1,
phén thirc con lai bing —1.

o Pt | :[ 2 X 1 J: p_Xt4
X+2 \x-2 (x+2)x-2) x+2 6

b)DKXD:x#0 ; x#-3 : x#+2
X+4

P=0& =0 & x+4=0<¢ x =-4 (thoa man).

X+4

P=1& =]l x=2 (khong thoa man).

Vay khong c6 gid trindoctia x d€ P = 1.
c)P>0& E—;—4>0€:}x+4>0(V16>0)¢:>x>—4(véx¢0;x¢—3;

X # 1 2).
X+1

a)Q= Tl

b)DKXD:x#U;x¢2;Q=x2—Hcégiétringuyén@ﬂcégiﬁlri
X X

nguyén < | + -!-c()giétri nguyén < x e U(l) o x e {1 -1).
X

Thilai, véix=1thiP=1;x=-1thiP=0.



192.

193.

194.

e —— ———

PHUONG TRiNH BAC NHAT

a) Trén tap hop R, tdp hop nghiém cua ciac phuong trinh (1), (2), (3) ldn
luot la :

s,={-5 ; %} ;s?_={-s ; :;_- ; «:Ji}: Sy=1{-5 ; 3}.

Céc phuong trinh da cho d6i mot khong twong duong véi nhau.

b) Trén tap hop Q, tap hop nghiém cua cic phuong trinh (1), (2), (3) lan
lwot 1a :

Y T T | ST
s,_{—s,z}, sz_{s,z},s3 i-54.

Céc phuong trinh (1) va (2) wrong duong.

c¢) Trén tap hop Z, tap hop nghiém cua cac phuong trinh (1), (2), (3) lan
luot 1a :

S; =S, = S;3 = {~ 5}. Ca ba phuong trinh da cho tuong duong véi nhau.

d) Trén tap hop N, tdp hop nghiém cua cdc phuong trinh (1) ; (2) ; (3) lan
luot 1a :

S, =S, = 8; = . Ca ba phuong trinh twong duong véi nhau.
Thu gon duoc 12(a—-2)x =4a-89 (2)

. a=-2 =0
(2) vO nghi¢m < = a=2.
4a-89#0
(
a) ()< X+Ex+zx+---+@-x) +20=22+ E+E+...+ﬂ
. 3 39 < . 39
f.. 2.3 20 2 3 20
S| l+=—+—4t+t— |x=2| l+=+—++— | & X =
L 3 39 3 39
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b) Xod hang tir 101 & hai v€ ; goi s6 hang tr con lai & v€ trdi 1a n (n € N¥),

ta duoc

2) Glm A LD =0 x+80=0 (vin#0) & x=-80.
195.a) (1) & 1—l+l—l+—l——l+ -|--!-—.-.1—) (x-=1)+ Lx:x-i

' 2 2334 7910 0 10

= -l%—x+%x—x =0; Ox=0; phuong trinh c6 nghiém bat ki.

b) Phuong trinh ¢6 dang ax = b, trong d6
1 [ 50 *50 50 50 J

a= — + + + e —
S0\ 151 252 353 10.60

LflllllllJ

— —— —_— e — — e — ...+—-|—

soO\ 51 2 52 3 53 10 60

L[, 1 1 1 ) ( 11 1 1 ]
=—|l+=4+=—+t— |-| —+—+—+t+—||.
ML 2 3 10 5l S92 33 60

1( 10 10 10 10
b= — + + o ———
10\ 1.11 2.12 3.13 50.60
If, 1 1 1 1 1 11
= — —_——t e e s e ———
L 11 2 12 32 13 50 60
§ i I ) 11 1
= —||l+=4—4+— |[+| —+—+ e — | =
10 _( 2 35 10 [ll 12 50)
1 1 1 1 1 1
- —+—+ it — || —+—+..d+— | | = Sa.
(l! 12 50] (Sl 52 60]]
Vay x = 5.

196. a) Thu gon duoc (2m + 5)x = -2(2m + 5).

e Néum # —% thix=-2;
a* 5 b » - " %
e Néum = 5 thi phuong trinh ¢é nghiém bét ki.
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b) Thu gon dugec (2m - 1)x = (2m - 1)2.

. Né’um:t-é—thiszm—l:

e Néum= % thi phuong trinh ¢6 nghiém bit ki.

197. a) Diéu kién dé phuong trinh ¢6 nghia : abc # 0. Khi dé
(1) (ﬂ+b+C)x=(a+b+C)2
eNéua +b+c#0 thix=a+b+c;
e Néu a + b + ¢ = 0 thi phuong trinh c6 nghiém tuy y.
b) Diéu kién dé phuong trinh c6 nghia: a# -b; b# —c; c # —a.
(2)¢>( i \=[ - +c)+[—bi+aj+[—?—§—+b\

\a+b b+c c+a) \a+b b+c c+a

' 1 | 1) 1 1 [ )
+ + x=(ab+bc+ca)( + + -
\a+b b+c c+a) a+b b+c c+a)

e Néu ! + I + l #0 thi x =ab + bc + ca.

a+b b+c c+a

e Néu l - l + : = (0 thi phuong trinh c6 nghiém bat ki.

a+b b+c c+a

198. a) (x + 1)(x -2)*=0; S={-1; 2}.

b)(x- Dx+3)(x*-x+1)=0; x>-x+1>0; S={-3;1}.
199. 2% - 22* - 82"+ 16 =0 = (2* - 2)(2*-8) =0

2* =2! =
— =5 =l s S={1;3}.
2l=23 x=3

200.a)£)at2x2—3x—l=y1hi 2x2—3x—5=y—4.
Phuong trinh da cho c6 dang yz -3(y-4)-16=0
S(+1)(y-4)=0y e {-1;4).
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2x2—3x_|=—1 |:x(2x_3)=0
Suy ra ~ .
212—3x—|=4 (x+l)(2x—5)=0
3 5
VaySa{-1:0; =; =}
ly 5= { =5

b) (x* + 4x)(x> + 4x — 5) = 84.
bat x? +4x = y ; phuong trinh da cho ¢6 dang
yy-5)-84=0c(y+(y-12)=0; ye {-7; 12}.

x2+4x =12 |:(x-2)(x+6)=0
L]

Suy ra
g [ x% +4x+7=0.

x2 +4x =-7

V'ix2+4x+7=(x+2)2+3>0nén5= {-6; 2}.
201. a) Cong 1 vao mdi phan thirc réi dat nhan tir chung.

(x + 1{}0}[-l-+—!—-—i—i] =0; S={-100}.
57 54 51 48

b) Trir 1 vao méi phan thic.

(x-99)(l+l+i—L-L—i) =0; S={99}.
30 3234 36 38 40

202. a) Phuong trinh da cho twong duong vai

[x'—l?-l]+[x—2l—l]+(i—2]=0 — (x-SO)(L+L+L] =0;
33 29 25 33 29 25

S = {50}.

b) Phuong trinh da cho tuong duong vaéi

[l48-x_l]+( 169 -x _2)+[186—x _3)+[199—x _4] 20
25 23 21 19

a(123-x)[-1-+L+-'-+l) =0 ; S={123}.
25 23 21 19

203.2) 2x -5+ (@ -3+ (x+ 1D’=0 (1)
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ﬁ'\p dung két qua bai 24, néua+b+c=0 thi a’ + b +c’ =3abc, ta dugc

(1) ©32x-5@-3x)(x+1)=0; S={-1;

w| &

2
=)

b) Ap dung két qué hai 72 b
a3+b3+c3-—33bc=(a+b+c)[a2+b2+c2—ab-—hc—ca)
= -;-(a+b+c) [(a-—b)2+(b-c)2+{c—a)2]'.
Ta duoc : (2) < % 6x - 9) [(x -2+ (2x —=4)* + (x - 2)’] =0

o 9(x-2%(2x-3)=0; S={2;=}.

o | w

¢) Ap dung két qua a’ + b’ = (a + b)’ < 3ab(a + b) =0
(3) & 3.(x> +3x —4)3x> + Tx +4) @x> + 10x) = 0

IR POV . T
3 2

204. ) Datx+5=y; x-4=z thi 2x+1=y+z
Phuong trinh da cho ¢6 dang :
y4+z4=(y+z)4
c::-y“+z4=y4+4yaz+6yzzz+4y23+z4 < 2yz {2y2+3yz+2zz}=0
S2Xx+5)(x—4) (Tx*+Tx+22)=0 (1).
1Y 81
Dé thay 7x2+7x+22=7(x+5] +T >0

(|)<=>[ » S={4;-5}.

b)Patx-3=ythix-4=y-1;x-2=y+ 1.
Phuong trinh da cho ¢6 dang (y - l)4+(y+ !)4=82@2(y4+6y2+ 1) =82.
<::»y4+6y2-40=0-::s(y2—4)(y2+ 10)=0ey=12.
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-3=2 =5
Suy ra * o | £ Satl S,
Xx=3=-2
205.a)x2+2x-2ax+az—~2a—-3=0
c::(xz—ax—x)-(ax-—az—a)+(3x—-3a—3)=0

x=a+l
cbu—a—lxx—a+3)=0¢>[
X=a-3.

b)(x—a)(x-b)(x-c)=0; S={a;b;c}.

c)(x+a)3+b3+c3—3bc(x+a)=0

@%(x+a+b+c)l(x+a—b)2+(x+a—c)2+(b—c)2]=0

Xx=—(a+b+¢)
=
Xx=b-a=c-a.
206. a) DPKXD : x = £ 2.
Giai ra duge x = -2 (khong thoa man DPKXD). Vay S= 2.
b) DPKXD :x#0
Giai ra dugc x = -5 (thoa man DKXD). Vay S = {-5}.

207.a) DPKXD : x #-9; x#-10.

Thu gon duoc x(x + 19)(19x + 181) =0 ; S={0 : —19 : %l—}.

D)DKXD:x21;x#22;x#3;x#4.
Dua phuong trinh da cho vé dang :

1 2 3
' L il G, . T
(x )+x—t+(x }o+x_4 (x )+x-2+(x )+x—3

T . 33=>2x(2x—5)=0;5={0;2.5}

[ —
x-1 x-4 x-2 x-

208. a) DPKXD : x # 5.
Sophinthic o vé€trdila(x = 5) -1+ 1 =x - 5.
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[(x=5)+1])(x-5) x-4
2x-5) 2

Thu gon vé€ trdi duoc

Phuong trinh da cho dua vé dang A=d

=4 ¢ x = 12 (thoa mdan DKXD).

Vay S={12}.
I 1 l I 1

b) + + P =
(x+Dx+2) (x+2)(x+3) (x+3)(x+4) (x+7)(x+8) 14
DKXD:x ¢ {-1;-2;-3;..;-8}
1 1 1 1 1 1 1
+ + _—

— — et aa = -
x+1 x+2 x+2 x+3 x+7 x+8 14

1 11
L S —6)(x+15)=0:S={6:-15
i S iadh e { }

c) DKXD : x € N*
Ban hay biéu dién mdi téng & v€ trdi thanh mot tich réi khir lién tiép.

I (x+1)?

Taco 1l + =
X(x+2) x(x+2)

22 3% 42 (x+1) 31 2x+1)_31
1.3 24 35 x(x+2) 16 x+2 16

Phuong trinh da cho ¢6 dang :

S = {30}.

209, DKXD : x # ~L : x _%.

a
Phuong trinh da cho dua vé dang : (a - b)(a + b)x = —(a - b).

1
* Néu a = b thi ta duge Ox = 0. Phuong trinh ¢6 nghiém x tuy y va x # —— ;
a

X# ——.

* Néu a = -b thi ta dugc 0x = 2b, phuong trinh v6 nghié¢m.

*Néua#tbthix= - vGi diéu kién :

a+b
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l ;t-lvh-;:t-—l, wicla a=0: b=0.

a+b a a+b

Vay néu a # +b thi phuong trinh ¢6 nghiém x = - E
a+

210. Diéu kién d€ phuong trinh c6 nghia:a=0; b # 0.
PDKXD:x#0:x#a-b.

| 1 1 lc} a-b _a-b
Xx—a+b x b a Xx(x—a+b) ab

Q(a—b)[ : —L]=O
x(x—a+b) ab

* Néu a = b thi phuong trinh da cho ¢6 nghiém tuy y thoa man diéu kién
x #0,

* Néua#bthi : =L =>(x=-a)x+b)=0; S={a;-b}.
x(x—a+b) ab

2I1.DKXD :x#2:;x#m X % 2m.
Phuong trinh da cho dua vé dang x(m + 2) = 2m (4 — m).
* Néu m = -2 thi Ox = -24 ; phuong trinh vo nghiém.

2m(4 -m)
m+2

*Néum=-2thix = voidiéukiénx#2;x#m; x # 2m.

Vi) 5 il G 5= by L vkimmnd,
m+2
v ZEE) oy W6 Amiin= D) Oliay mrss Ovi mows,
m+2
; 4
Vai Mvﬂm thi 4m(m - 1)#0haym=0vam# I.
m+2
_ ' . : 2m(4-m)
Vay khim # +2 vam # 0 ; m # | thi phuong trinh ¢6 nghn¢mx=——;}——-
m+2
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212.

213.

214.

215.

216.

Goi d6 dai doan dudng bang 1a x km (0 < x < 45).

Phuong trinh X 45 - 45 g
40 24 45

Do dai doan dudng bang 1a 27km.

Goi khoang cédch tir chd gip nhau cia hai ngudi dén dinh déi 1a x km
(0 <x <6). .

=2,5; x = 27 (thoda man diéu kién).

Phuong trinh i+i= 6—x+l ; X =1 (thod man diéu kién).
10 15 12 4

Vay ché gip nhau cich dinh déi 1a 1km.
Goi thoi gian tir lic xe dap khoi hanh dén 10h 30 phait 12 x gio (x > 0).

15x +45(x - 2)
4

Phuong trinh 60(x - 3) = = 4,5 (thoa man diéu kién).

Vay xe dap khai hanh lic 6 gio.
Goi s0 phai tim 1a x (x € N*) ;

x = abcde ; abedel= 10x + 1; labcde= 100 000 + x.

Phuong trinh 10x + 1 = 3(100 000 + x) ; x = 42857 (thoda man diéu kién).
Vay s6 phai tim 1a 42857.

Goi thoi gian d€ voi A chay mot minh ddy bé 12 x gio (x > 0).

Suy ra thoi gian dé voi B chay mot minh ddy bé 1a x + 2 (gid).

Trong 1 gio voi A chay dugc L (bé) ; voi B chay duoc ———I-E(bé) ; ca hai
X X +

voi chay duoc i—i- o BEE (bé).

X X+2 x(x+2)

2(x+1) x(x +2)
X(x +2) 2(x+1)

Thoi gian d€ hai voi ciing chdy cho ddy bé 1a 1 : (gio).

Phicng tinh % (x +2) = 4. 2512 . » o 1 (thok min didukien).
2(x+1)

Vay voi A chay trong 1 gid thi ddy bé ; voi B chay trong 3 gidr thi ddy bé.
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217.

218.

219.

220.

221.

222,

223.

226

Goi tudi con hién nay la x (x € N*), suy ra tudi cha 1a 3x ; cha hon con
2x (tudi).

Khi tudi con 12 3x thi tudi cha 1a 5x.
Phuong trinh 3x + 5x = 112 ; x = 14 (thoa man diéu kién).
Vay hién nay tudi con 1a 14 ; wo6i cha 12 42.

Goi méi két qui 12 x, suy ra bon s6 d6 ldn lugt lax = 5; x + 5 ; Sx -’5‘-

Phucmgtrinh(x—S)+(x+5)+5x+%-:72; x = 10.

Bonsodolas; 15;2; 50.

Goi sO nam sinh gioi 1a x (x € N¥),

Suy ra s6 nit sinh khda ciing 1a x.

S6 nir sinh gioi 1a 20 - x.

S6 hoc sinh gioi (ca nam va nir) trong I6p la :
X + (20 — x) = 20 (hoc sinh).

Ban Phuong, ban Trinh giai ding.

Céch giai cia ban Nhan ¢6 thé 1a :

Goi s6 san pham duoc giao la x (x € N¥).

Ta ¢6 phuong trinh x = 12.5 ; x = 60 (thoa man diéu kién).

Viy s6 san phdm dugc giao 12 60 san phdm.

Lén lugt chuyén vé€ réi nhan hai v€ ctia phuong trinh véi cing mot sé, sau
bon ldn ta duoc x = -9000.

PDKXD: x=21:x»#-4,
Phuong trinh da cho dua vé dang 3x(x +4) =0

x; =0 (thoa man DPKXD)

) Vay S = {0}.
X, =—4 (khong thoa mian DKXD).
Taco62+4+6+...+2x = Q-%’-‘-)—x = X(x+1);
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_D+ex-Dix _ o

l+3+5+.+2x-1) > =

Phuong trinh 8 cho c6 dang =32 = % o x=15.
X

224. a) D¢ thdy x = 0 khong phai la nghiém ctia phuong trinh (1).

Chia hai v€ ctia (1) cho x” ta duoc :

2(12 +l2]-9[x +l}+ 14=0.
X X

Da{nx+l =y, suy ra x2 + —]2- =y2~213duqc2(y2-2)-9y+I4=O
X X

-
c2y2—9y+ 0=0=(y-2)2y-5)=0&

to|h B

y
V&iy:Zthix+l=2¢:>x=l.
X

X|=2

Vdiy:%th‘ix+ =§a

1
X

1
YAy S=dl &= 2 2 =3,
.y{ 2}

b) Dit x — 4 =y, phuong trinh da cho c6 dang (y + l)4 +(y- 1}4 =16

Xoy =

5
>

@2y4+ 12y2+2= 16 < (y2+7)(y2— N)=0& y=%1.
Véiy=1thix=5; voiy=-1thix=3.VayS={3;5}.

225. Diéu kién dé phuong trinh c6 nghiaa# 0, b # 0.
PKXD:x#-b;x#-c¢

a+b 2(a+Db) a+b[ 2 | ]
— = =0.
ab(b+x) ab(c+x) ab

c+x b+x

* Néu a = -b thi phuong trinh ¢6 nghiém x tuy y véi x # -b ; X # —.

2217



226.

227.

228.

228

* Néu a # —b thi T suy ra2b+ 2x =c + x ; X = ¢ — 2b vdi diéu
c+Xx b+x

kienc-2b#-bhayc#bvac-2b#-chayc=b.

Vay néu a # -b va b # ¢ thi phuong trinh c6 nghiém x = ¢ - 2b.
Goi van t6c¢ du dinh 12 x km/h (x > 4).

Phuong trinh 129 = &0 - L : X = 40 (thoa man diéu kién).
X Xx-4 x+5

Vay van t6c du dinh 1a 40km/h. Thoi gian du dinh di hét quang duong la 3 gio.
Goi phén viéc doéi I lam dugce trong mot ngay la x (cong viée ; x > 0).

Trong 1 ngay ca hai d6i lam dugc % cOng viéc nén trong 1 ngay doi Il

lam dugc -alf_ X (cong viéc).
Phuong trinh 3x + 6[-}—:{} =]:x= % (thoa man diéu kién).

Trong 1 ngay doi I 1am duoc %- coOng viéc ; do do thoi gian doi I 1am mot

minh xong cong viéc 1a 6 ngay. Thoi gian doi IT 1am mét minh xong cong

: L
viéc l1a : l:|—=—=|= 12 (ngay).
: (4 6] (ngay)
S6 hoc sinh du thi cta hai truong 1a 480 : %= 500 (hoc sinh).

Goi s6 hoc sinh du thi clia truong A 12 x (x nguyén ; 0 < x < 500).

Phuong trinh %x +% (500 - x) = 480 ; x = 300 (thoa mén diéu kién).

Vay s6 hoc sinh du thi cia truong A 1a 300 hoc sinh, cia truong B 1a 200
hoc sinh.

S6 hoc sinh t6t nghiép cia trudng A 1a 300 . %: 282 (hoc sinh).

S6 hoc sinh t6t nghiép ciia trudng B 12 480 — 282 = 198 (hoc sinh).



BAT PHUONG TRINH BAC NHAT M@T AN

229.a>b;c::-t:i=:>ac':a-l::u:l(v«r‘i:el,b,c:,d::-(.’l)::’E::»E :>£>R.

cd cd d ¢
230. T=(a-1)a-2)(a-3)a-4)+1=(a"-5a+4)a’-5a+6)+ I.
PDita’-5a+S=mthiT=(m-Dm+1)+1=m>20
(défu"=“xéyra¢om=0¢az-—5a+5=0).
231. Xét hicu H = (x° - y°) - (xy* = x%y) = (° + x*y) - (xy* + v°)
= (x—y)(x+y)z{x2+y2)

Tathé![y(x+3,r)2 20(ddu "="xayra<> x=~-y). Vix>ynénx-y>0va

x2+y2>0.

Suy ra H 2 0 (ddu "=" xay ra < x = -y). Viy . ys 2 xy4 - x"y (d4u "="
Xxay ra < x = -y).

232. Xét hieu H =

a’ +b’ _[a+b]3_ 3a’ —3ab-3ab% +3b°
2 8

=% (a+b)a-b)’20

a’+b° }(a+b

3
(ddu "=" xay ra < a=Db). Vay R A J (ddu "=" xdy ra<> a=Db).

233.a+b>2=a"+2ab+b’°>4; (a-b’20=>a’-2ab+b’20
suy ra 2(312 +b)>4; b2, Tiép tuc nhu trén ta duoc a' +b'>2.

XTI T LI NS NPT S IR SR ST
22 12 32 23 42 34 n? n(n-1)
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Do do L+L-!-L+---+ , = l + ] + ! Bl 1
22 32 42 n? 1.2 23 34 n(n-1)

1 1 1 1 O P |

S s T LY

1 2 2 3 7 n-1n n

235.a)a+b+c<l+l+l=>(a+b+c)—(i+l+l]<0
a b ¢ a b c

= abc(a+b+c)—(ab+bc+ca)<0

= (a+b+c)-(ab+bc+ca)<0 (1) (doabc=1).

Tac6(a=1)b-=1)c—-1)=abc+(a+b+c)—(ab+bc+ca)-1
=(a+b+c)-(ab+ bc +ca)<0.

b) Vi(a— 1)(b— 1)(c = 1) <0 nén s6 nhén tir am phai la sé le, tic 1a trong
cicnhantr a—1; b-=1; ¢ -1 c6é mot nhan tir am hodc 3 nhan tr am.

Truong hopa-1<0;b-1<0;c-1<0thi O<a<l;0<b<l1;
0 <c<1=>abc < | (trdi dé bai).

Vay trong cicnhantira—1;b-1; ¢ — | ¢c6 mét nhan tr am suy ra trong
3s6a;b;ccémotsénho hon 1 ; haisélén hon 1.

: ” 2332
zsﬁ_a)xélhiguﬂz(l“]_ 4 _b(a+b)+a(a+b)—dab _ a’+b°-2ab

a E a+b ab(a+Db) ab(a+b)
_hy2
= Ll >0(dau "="xayra<>a=>b).
ab(a+b)
L. 1 P .
Viy —+—2 (dau "="xayra< a=>b).
a b a+b

b) Via, b, ¢ 1a 3 canh cia m0t tam gidgcnéna, b,c>0;p-a>0;p-b>0;
p-c>0.

« Ap dung két qua ciu a cé S > =
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237.

238.

239.

Cong timg v€ 3 bt ding thic trén ta duoc :

2( l + l + : 24(1+—l—+—l-] (ddu "="xdyraca=b=c).
p—a p-b p-c a b c

Vi[x] £x;[y]l]<ynén [x]+[y] €x+yuicla|[x]+ [y] 1a s6 nguyén
khéng vicgt qua X +y (1). Mat khic theo dinh nghia ctia phdn nguyén thi
[x + y] 12 56 nguyén lém nhat khong vuot qui x + y (2).

Te(l)va(2)suyra[x]+[y]l<[x+yl,diu"="xayra<= 0= {x} + {y} < I.

a) abed = 1 :ad=i.Matkhéc via,b,c,d>0 nén ad >0 va é > 0.

Tacéad+bc=-|;lc—+bc22(da'u"=“x:iyracbglc-=bcc>bc=ad=l).

Vay min (ad + bc) = 2 (khi va chi khi ad = be = 1).

b) B=3+(3+3)+(3+3J+(3+£).
b a c a e b

Do a, b, ¢ > 0 nén E+222 : 24 S5 E+—’::-*22 (ddu "=" xdy ra <
b a e & e b
a=b=c¢).
Vay B2 9 = min B =9 (khi va chi khia=b=c¢).
2
2 5 5 " 7 . 5
a)C=|x——=| ——2-= (ddu"="xayrae x=—=). Viymin C= -—
(52 223 @taoet sy x= Do vy miac -3
. — T
(khi va chi kh1x=5).
-5 S "
b)D=—2céGTNN c:—-i—coGTLN.
(x=2)"+3 (x=2)"+3

cb(x—2)2+3céGTNN <> x=2.Lﬁcd6minD=%5~-

240.a)E=2+—]-—-—céGTLN = —l—céGTLN

(x+1)* +3 (x+1)%+3

<= (x + 1)2+3céGTNNc:>x=-I
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241.

242,

243,

232

Lo 4 B .-.2% (il v ol By = =15

B 2 - a2
b)F=6§ 8=(x +1) gx 6x+9)=1_(x2 3) '
X“+1 x“+1 X< +1
(x-3)°
F ¢c6 GTLN & ¢c6 GTNN < x = 3.

x2+l

Lic d6 max F = 1 (khi va chi khi x = 3).

Nhdn xét : Phuong phip chung tim GTNN cta biéu thicc C ; D ciing nhu
tim GTLN cua biéu thic E ; F 1a tdch méi biéu thirc thanh mot téng (hiéu)
gita mot s6 véi mot phan thitc ma phan thitc nay c6 thé tim duoc GTNN
(hay GTLN).

a+b+c=l=>a2+b2+c2+2(ab+bc+ca)=l.

Doa2+b2+c2>0nen2(ab+bc+ca)<:l=>ab+bc+ca<:%,

a)a2+b222ab;bz+c222bc;cz+3222ca.

Cong timg v€& ba bt ding thic trén ta suy ra diéu phai chimg minh (d4u "="
Xxayrac a=b=c).

b)a’+122a;b"+122b;c+122c;d*+122d.
Cong timg v€ bon bt ding thic trén, suy ra diéu phai chimg minh
(dfu "="xdyrac>a=b=c=d=1).
c) Tir két qua cdu a, suy ra 2(a’ + b> + ¢?) = 2 (ab + bc + ca)
dod62(a2+bz+c2)+a2+b2+c22:12+b2+c2+2(ab+bc+ca)
hay 3 (:.1.2+b2+c2)z(a+b+c)2 (ddu "="xdyra<> a=b=c¢).
Ap dung a® + b’ 2 2ab, ta chimg minh duoc
3(a2+b2+c2+d2)22(ab+ac+ad+bc+bd+cd)
=>4(az+b2+c2+d2)2a2+b2+c2+d2+2(ab+ac+ad+bc+bd+cd)
=>4(az+b2+c2+d2)2(a+b+c+d)2=4

=>a2+b2+c2+d2-‘=_*l(dﬁu“="xéyraaa=b=c=d).



244.

Déth&yx2+y2+zzzxy+yz+zx = 12:>(x2+y2+22)22 144
=:»x4+y4+z4+2(x2y2+yzzz+zzx2)2 144, (1)
Mat khdc 2(x* + y* + 2*) > 2(x%y? + y22* + 2°%°). ()
Cong timg v€& ctia (1) va (2) ta duoe 3(x* +y* +z") > 144
=>x4+y4+z‘1248 (ddu "="xdayrac>x=y=2z=2)

= min(x" +y' +2') =48 (khivichikhix=y=2=2).

245, 8) (1) | i | e meme |0
1+x2 14xy) (1+y> l+xy

246.

x(y —x) i y(x-y) >0

A+x3)1+xy) (+y>)(A+xy)

2
o =xyxy-1) .,

A+x3)A+y*)(+xy)

Vix21;y21=xy=21= xy- 120, bit ding thic cudi cing hién
nhién ding, suy ra (1) diing (ddu "=" xay ra & x = y).

b) Ap dung két qua cdu a, ta c6 12+ l22 - > g (vizz1).
1+x° 1+y° 1+xy l+xyz
Tuong tu l + : 2 : - : + : 2 :

1+y? 1422 l+xyz ' 1422 1+x? l+xyz

Cong timg v€& 3 bat dang thic ta suy ra dugc
1 1 1 3

- + 2 diu"="xdvyracoox=y=z=1).
2 l+y2 1+z2 l+xyz( y Y )

l+x

a) Xét hiéu %—(az-lr-ab-bz):a : bbab +b” _ (a b)b(a+b)20

(via, b>0).

3
Vay % >a’ +ab-b* (dfu "="xdyra<>a=b).
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3 3

b)Tucmglutacéb—Zb2+bc-c2; %Zcz+ca—az.
¢
a b
Suyra —+—+— 2ab+ bc +ca(diu"="xayra<>a=b=c¢).
c a

247.Via,b,c>0nénl +a+b+ab>1l+a+b=>(1+a)l+b)>1+a+b.
Tuong tw, (1 +b)(1 +¢c)>1+b+c; (1 +c)(l+a)>1+c+a.
Suyra(l+a)(l+b)+(1+b)(l+c)+(l+c)(1+a)>3+2(a+b+c)=5.

248. a) .l.:]__.l_. > E._J__l.;i_l_l;...; n—]= ! __1.
2! 3! 2! 31 4 3 4! n! (n-=1)! n!
Vayi+£+i+ +"—-_]—l—;I ks
2! 3t 4! n! n!

b) Téng Scé (4n + 1) = (2n + 1) + 1 = 2n + | hang tlr ; hang tlr & giwra 1a
1

3n+1

Trir hang tr & gitra, ta ghép téng S thanh n cap, mdi cap la hai hang tr
cdch déu hang tir ¢ gilra. M&i cip bang

1 1 6n+2 2@n+1) -2
4 — > b — .
3n+1-k 3n+l+k @GBn+1)>-k* @n+1)> 3n+l

- 1 _2n+i 2n 3
3n+1 3n+1 3n+1 3n 3

Vay S >

Dé chimg minh S < 1 ta lam tr6i S bing cdch thay méi hang tir ciia S bdi
1

hang tir ¢6 gid tri 16n nhét 1a

2n+1
S < -2n+1)=1 Va -%-:S-r:l
2n+1 ; 23 :
249, T2 T D =l+l’sl+lsz(ﬁ X| 215y 2 1; dfu "=" xiy ra
Xy Xy xy| [x y| |x
< x| =]y| = 1).
a+b+c a+b+c a+b+c a+b+c
=]: P= + + .

250.,a+b+c=3>
_ 3a 3b 3c
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251.

252,

| b a c a ¢ b l
e 3 —_— — i — it el . Sl - "__i
3[ +(a+b)+[a+c)+(b+c‘]] P22 9 3(d£u Xy ra <

a=b=c=1).
Vaymin P=3 (khivachikhia=b=c=1).

- ¥ & . :
a) Xét v€ trdi, dat = lam nhén tir chung, nhém thanh timg nhém hai s6

nghich dao nhau, tir dé suy ra dpcm.

b) Dity+z=a; z+x=b; x+y=c = x+y+z=a+b+c
-a+b+c a-b+c a+b-c
= — y= - 7 = .
2 s 2 2
Vay P= —a+b+c+ a-b+c 5 a+b-c 22 (chii @)
2a 2b 2¢ 2

=:rminP=%(khivéchikhia=b=cax=y=z).

a)Via.b,clédodﬁibacanhcﬁamotlamgiécnen0<bi<l=>
+C

a 2a
<

b+c a+b+c

b 2b C 2¢
Tuong tu, < : < .
c+a a+b+c a+b a+b+c

Cong timg v€ ba bt ding thirc trén, ta suy ra dpcm.
b) Tacba+c>b
L= 3 1 1 2 2 1
- - . = > =

a+b b+c a+b+c a+b+c a+b+c (a+c)+(a+c)“c+a.
. : 1 1 1 1 1 1
Chimg minh trong tu ta duoc + > ~ - > .
b+c c+a a+b c+a a+b b+c
c¢) Do vai trd cua a, b, ¢ nhu nhau nén ta cé thé sdp thir tu clia cic bién.
Khong giam tinh téng quit, ta giasta=2b 2 ¢ > 0.

(l)c::»az{b+c—-a)+b2(c+a—-b)+c2(a+b—-c)—3abc£0

c:a(ab+ac—az-bc)+b(bc+ba—b2-ac)+c(ac+bc-—c2-ab)50
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< a(a-b)(c—-a)+b(b-c)a-b)+c(c—-a)b-c)=<0
< (a-b)b-a)b+a-c)+c(c=a)b-c¢c)<0
& (a-b)(c—a-b)+c(c—a)b-c)<0.

Dé thdy ca hai hang tr déu khong duong nén bit ding thic cudi cing
ding, suy ra bat ding thirc (1) ding.
k

253.Dﬂa,=£+x, : az=—+x2;---;an=£+xn.
n n n

Via +a,+a3+.-+a,=knénx; +xX;+ X3+ +x,=0.

Taco af+a§+a%+---+a§

(en) o(gem) {5en) o elien)
= | =+X, | +|=+Xy | +[—+X3 | | —+X,
n n n n

2
k 3. 5. .2 2 k
= F-n+(x, +X5 +X3 +---+xn)+2--t-l-(x, + Xy + Xy H et X))

k 2, .2, .2 s I
= —+(X] +X3 +X3 ++ X7 )2 —
n ‘ n

).

Wl

(ddu"="xaqyraex;=xy=x3=...=x,=0a;=a,=a3=...=a, =

254. Ap dung bit ding thitc Co-si cho ba s6 duong % ; L. . < taduoc :
c a

Suy ra %+E+£23 (dau "="xdyra<>a=b=c).
c a

255. Ap dung bat ding thirc Bu-nhi-a-cop-xki ta duoc :
a) (x + 21»,r)2 < (l2 + 22];(:;2 + yz) suyra 25< 5(::2 - yz)

:»x2+y235 (dﬁu"="x&yra@?=1 ox=1y=2);

2
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256.

257.

b) (3x - 4y)2 23t 42)(x2 + yz) suyra 100 < 25(x” + yz)

- i y 6 -8
=X +y 24(dau"="xayra e —=— S X=—;, y=—
y ( y 2 5 Y 5)

W | >

= min A =4 (khi va chi khix=% ; y=—§).

a) Gia sir c6 cdc s6 duong a, b, ¢ thoa min ca ba bat ding thic a + %-: | 35

b+ l«:‘2 ;c+l<3.
C a

Cong timg v€& ba bat ding thic ta duge (a+—l-]+[b+%]+[c+l] <6. (1)
a v

Mat khéc a+l?_-'.2 - b+la 23 c+122 nén
a b c

(a+l]+(b+l)+(c+l]26. (2)

a b C

Hai bat ding thirc (1) va (2) mau thudn nhau, tir d6 suy ra dpcm.

b) Gia sir ¢6 ba s6 a, b, ¢ thoa min cé ba bat ding thirc.

[a=bl> e[ ; [o-c[>[a] ; [c—a]>]b]

suy ra(a-b)2 ><:2; (b——nr:):!::»a2 : (r:--—a)zzzrb2
=(@-bl-c’>0=@-b-c)a-b+c)>0.(1)

Tuongty: (b-c—-a)b-c+a)>0 (2)

(c—a-b)(c—a+b)>0. (3)
Nhan timg v€ céc bat ding thic (1) ; (2) ; (3) sé ddn dén méu thuin.
a) Vé6i n = 3 bét ding thic di cho la ding.

Gia sir bt ding thic ding v6i n = k (v6i k = 3) ure 1a 2% > 2k + 1 (day 1a
gia thiét quy nap), ta phai chimg minh bit ding thirc da cho diing véi
n =k + 1, nghia 1a phai ching minh 25" > 2(k + 1) + 1.

That vay, ta c6 2* > 2k + 1 (do gia thiét quy nap); 2">2 (vik > 3)
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258.

259.

238

do d6 2 . 2% > 2k + 3 hay 2**' > 2(k + 1) + 1 nghia 12 bat ding thic
2" > 2n + 1 ding v6i moi s6 tu nhién n > 3.

b) Véi n = 5, bat ding thitc da cho 1a diing.

Gia sir bat ding thitc da cho diing véi n = k (k = 5) tic 1a 25 > k* (day 1a
gia thiét quy nap) ta phai chimg minh bat ding thic ding véin =k + 1,
tite 12 phai chimg minh 2**' > (k + 1)°.

2

That viy, ta c6 S (do gia thiét quy nap) = aeRl oy (1)

Mat khéc, véi k2 5thi (k= 1) -=2>0hay k> =2k - 1 >0 => k> > 2k + |
=2k’ > k2 + 2k + 1= 2k> > (k + 1)%. (2)

Y

Tu (1) va(2)suyra 2
Vay bit ding thic 2" > n’ diing v6i moi s6 tu nhién n > 5.

a) Dé thay xX-2x+3>0,x2-4x+5>0. Ap dung bit ding thiic Co-si
d6i véi hai s6 duong ta co :

|:{x2 --2:vt:+3)+(:c.2 -4x +5)
2

2

] 2 (x* =2x4+3)x* =4x+5)
hay (x? - 3x + 4)2 2 (x* = 2x + 3)(x* - 4x + 5)

déu "=“xéyraax2-2x+3=x2—4x+5¢>x= L.

b)(2) =1 + 62 =(x-2)% + 4.
(x=2)"+2

Tathdy v€trdiT<1+3=4 (ddu"="xdyrac>x=2)
vé phai P> 4 (ddu "=" xay ra < x = 2).
Viy T=P&o x=2.
a)Neux>1;A=25x"+6x"—6x+17=25x" + 6x(x> - 1) + 17> 0;
Néux<1;A=31x"+6(1-x)+11>0.
Vay A > 0 véi moi x.
b) Neux<2thi B=(2-x)+(3-x)=5-2x>1;



Néu2<x<3 thi B=(x-2)+(3-x)=1;

Néux >3 thi B=(x-2)+(x-3)=2x-5>1.
Vay min B = 1 (khi va chi khi 2 < x < 3).
2(x2—2x+1)-2(x—1]+1= 2 .

2=

260. A = : -
(x=1) x=1 (x=1)°

Pat _I_l=y t}ﬁA=2._2y+y2=(y- [)2+12I(da'u "="xayrae>y=1).
x-

Vay min A= 1 (khivachikhiy=1ox=2).
261. D& thiy x> + x + 1 > 0.

Tac62(x — 1220 =2x>-4x +220= 3(x>=x + 1) 2 x*

+x+ 1
(ddu "="xdayrae x=1).

Taco2(x + 1)220= 2x° +4x+220= 3> +x+ 1) 2x*—-x+1
xz—x+l

2

<3 (dau "="xayra<e x =-1). Vay -1- LPL3
X +x+1 3

Do i P % (khi va chi khi x = 1) ; max P =3 (khi va chi khi x = ~1).

262. Giai bat phuong trinh (1) ta duogc x <6 ;

Giai bt phuong trinh (2) ta duoge x 2 3.

Nghiém chung la 3 < x <6.

Vay nghiém nguyén chung cuia ca hai bat phuong trinh 1a x € {3, 4, 5}.
263. a) Ox > 1 ; bt phuong trinh v6 nghiém.

b) Ox <27 ; nghiém tuy y.
264. Cong thém 1 vdo méi phan thiic & hai v€, dan téi

(x+58)[L+l——1—--'-]so
73771 69 67

Vi —— 4 — —— —— <0Onénx +5820;x=-58.
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265.

266.

267.

240

a)2m-1)x2(m - 1)2.

~Néum>1thix2 mz—l :

-Ne'um<lthixsm7_l;

— Néu m = 1 thi Ox 2 0, nghiém diing v6i moi x.
b) (m+ 2)x <(m + 2)(m - 2).
-Néum>-2thix<m-2;
-Néum<-2thix>m-2;

— Néu m = -2 thi Ox <0, vo nghiém.

c) (m2 - 4)x >5m

— Néu m = 2 thi duge 0x > 10, vo nghiém ;

— Néu m = -2 thi dugc 0x > -10, nghiém tuy y ;

- Néu |m| > 2 thix > = :
m- -4
Sm

m? -4

Diéu kién dé bat phuong trinh ¢6 nghia 12 m # 0. Ban khong nén khir miu
vi nhur vay phai xét 2 trudng hopm >0 vam < 0.

— Néu |m| <2thix <

M) S5 60— D% x bS5 —2x & s Das s
m m m

1

- Néum >-1 thix > —— :
m(m+1)

~-Néum<-1lthix< —— ;
m(m+1)

— Néum = -1 thi 0x > -1 ; nghiém tuy y.
() m-1)x<5-3m.
S=3m

-Néum>1thix < -
m-1




- Neas<l fixs 2220 .
m-1

— N€um =1 thi Ox < 2, nghiém tuy v.
Q) (m-1)x23-2m
—Néams 1 dxe 2==0 .

m-1
e

m-—1
~ Néum =1 thi Ox 2 2, vo nghiém.
So sdnh 3 trudng hop ta thay :

Khi m = 1, hai bdt phuong trinh khong ¢6 nghiém chung

— Khi m > 1, hai bat phuong trinh ¢6 diing mot nghiém chung khi
5-3m _ 3-2m

m-1 m-1 =

oSm=2.L6cdbx =-1.

— Khi m < 1, 1ap luan tuong tu nhu trén ta duge m = 2 (loai). Vay hai bat
phuong trinh ¢6 diing mot nghiém chung la x = -1 khim = 2.

268. DPKXD : x = -1.
(D= (mM-2)x=m - 3.

Néum=#2thix = m-—3 .
m-2
, m=3 : . .. , M=3
Pé —— la nghiém cua (1) ta phai c6 #-1 & m=2S5.
m-—2 m-
m— . _ m-2>0
Mait khic, x <0 < <0< m-3vam-2trdi ddu &
m-2 m-3<0

&SH2<m<3
Két hgp laitadugc 2<m <3 vam # 2,5.

269. ) DKXD : x # _.;..
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270.

271.

272.

273.

242

4x+3_2<0‘=’
2x + 1 2x+1

<Uc:>2x+l<0¢:>x<—%-

VixeZnénxe {-1;-2;-3;..}.
b) DPKXD : x # -5 ; x # 3.

x-3+x+5_2{0¢) ia <0< (x+5)va(x - 3) khic dau
x+5 x-3 (x+35)x-3)
5>0 -
il <> -5<x<3.VixeZnénxe {-4;-3;-2;-1;0;1;2}.
x-3<0

a) Giai -8 < 5x - 2 < 8 duoc -g &x 22

b) Giai 4 — 5x < 3x + 2 < 5x — 4 dugc x > 3.

L. [3x+1)>5 *73
a) Giai r—
I(x+1)<=5 8
X<——-
E 3
X =1>x+1 (1)
b) Giai
X2 -1<-x+1) (2)

~Giai (1) duge x > 2 hodc x < —1.

Giai (2) dugec -1 < x < 0.
Két hop lai dugc x > 2 hodc x <O vax # —1.

(Ban ¢6 thé biéu dién tap hgp nghiém cla bat phuong trinh (1) va cla bat
phuong trinh (2) trén truc s6 sé dé dang nhan thay dugc tap hop nghiém
cua bit phuong trinh da cho).

Binh phuong ca hai vé cua bat phuong trinh.

a) x:»l : b) x<—l-
4 7

Thay x = [x] + {x} tadugc [x]. {x} <2 ([R] + {x} -2);
[x]. {x} <2[x]+2{x} -4

16B-BT....TOAN S



[x] ({x} - 2) <2 ({x} - 2)
Vi{x}-2<0nén[x]>2=>x23.

-3
2

Thay vao phuong trinh da cho ta duogc :

274.a) Pat 2x + 3 =t(te Z)=>x =

[6.(!;—3)—5]=t < [3t-14]=t & t<3A-14<t+1

< 75t<7S5 & t=7.
Suyra2x +3=7ox=2,

15x-4 _ ez x= 5tl;4

Thay vao phuong trinh da cho r6i thu gon duge

[10:+33 10t +33
=& IS
40

b) Dat

<t+ 1o —l<t$£¢:>te{0; 1}.
30 30

15x -4 4 15x-4 3
=0 & x=—; =] & x=-—.
15 5 5

275. Lap bang xét ddu r6i xét timg khoang gi4 tri cla 4n.

Suy ra

a) Xét x < 1 ta dugc x = 1 (loai) ;
Xét 1 £x <4 duge 0x =0, nghiém tuy ¥y trong khoang dang xét ;
Xét x > 4 ta duoc x =4 (loai).

Vay 1 €x <4.

b) Xét x < -% ta dugc x = 2 (loai) ;
5 |

Xét ——<x<—tadugcx=-1,6;
2 3

Xétx > % ta dugce x = 10.
Vay S= {-1,6; 10}.
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276.

277.

278.

244

¢) |(x = 6)(x + 1)] = x* + x — 24.

Xét x 2 6 hodc x £ -1 ta dugc x = 3 (loai) ;
Xét-1<x<6tadugcx’ -2x-15=0& (x -5)(x +3) =0

suy ra X = 5 hodc x = -3 (loai). Vay S = {5}.

Xét x < 1taduge x =1 (loai) ;

Xét 1 < x <2 taduge Ox =0, nghiém tuy ¥ trong khoang dang xét ;
Xét 2 <x <3tadugc x =2 (loai) ;

Xétxc23tadugec x =35.

Goplaitadugcx=5;1<x<2.

X

(1) e [2x+3=3(2x-3)

3
= 3
2x+3=-3(2x-3) X E

Vay téng cdc nghiém cia (1) 1a 3,75.

a)Vim>0nén -2m <m
X -2m m
Xx-m | - | - 0 *
X+2m | - 0 + | +
Xétx<-2mduqcx=in-:

Xét —2m < x <m duge x = -3m (loai) ;

Xétxamduqcx=?Tm;

Viy S= {-%m; %m}.

b) DKXD : x # 0.
Xét x 2 —m thi (2) tré thinh m? - 2m(x +m) = x2> <> (x + m)> =0

<> X = —m (thudc khoang dang xét).



279.

280.

281.

Xét x < —m thi (2) tré thAinh m? + 2m(x + m) = x°

= —-m (loai

mv(x+m}(:v(—3m)=04:»[x 3rn(og1) X = 3m < -m trong trudng hgp
Xx=3m

m <0.

Két luan :

— Néu m = 0 thi (2) vé nghiém vi X = -m va x = 3m khong thoa man
bKXD lax # 0.

— Néu m > 0 thi (2) c6 nghiém x =-m.
— Néu m < 0 thi (2) ¢6 nghiém x =-m ; x = 3m.
a) Xét x <-3taduoc x >-4. Viy -4 <x <-3.

Xét -3 <x <1 ta duoc 0x < 2, nghiém tuy y trong khoang dang xét.
Xétx>ltadugcx <2. Vay l <x < 2.

Két luan : Nghiém cua bat phuong trinh 1a -4 <x < 2.
b) Xét x < -5 ta dugc Ox < 16, nghiém tuy y trong khoang dang xét.
Xét-5<x<sT7tadugcx <3. Vay-5<x<3.

Xét x > 7 ta duge Ox < -8, vo nghiém.
Két luan : Nghiém cua bat phuong trinh 1a x < 3.

c) Xét x < -2 ta duoc Ox < 13, nghiém tuy y trong khoang dang xét.
Xét -2 <x < 1 taduogc x < 4,5, nghiém tuy y trong khoang dang xét.

Xét x > 1 ta duge x >—% , nghiém tuy y trong khoang dang xét.

Két luan : Bat phuong trinh c6 nghiém tuy y.
Xétx<SthivetrdiT=12-2x>2;
Xét5<x<T7tadugc T=2;
Xétx>T7taduoc T=2x - 12> 2.

Vay véimoi x, T2 2. D T<m thim > 2.

x > 10 hodc x <-11.
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282.a) x (x = 3)(x - i)2 < 0 cé nghiém 0 < x <3 trir x = 1. Nghi¢m nguyén la

x=2,
B) (x — 2)(x + 2)(x> + 1)> < 0 ¢6 nghiém -2 < x < 2. Nghiém nguyén la
xef{-1;0;1}.
283. ) (1) 2("“3)(“3) <0 c6nghiém -3 <x<-2 ; 2<x<3.
(x“+D(x=-2)(x+2)
By (25— L 5 o6 nghismin €85 —nex <,
(x+3)(x-1) 15

x+3|+(x+3)(x+2)
(x + 1)(x +3)?

284. M = PKXD:x#-1;x#-3

(x+3)(x+1) _ 1
(x+1)(x+3)> x+3

a)-Néux<-3thiM=

(x+3)2 _ 1
(x+D(x+3)% x+1°

-Néux>-3thiM=

b) Véix=-2>-3thiM=

x+1 —2+1
c) Xétx<-3thiM= . . .3 i <> X = -8 (thuoc khoang dang xét).
5 x+3 §
' 1
Xétx>-3thiM = -—@—-1—]=—%cax=—6(kllong thuéc khoang
X+

dang xét).

VayM=—-%c:>x=—8.

285. P=|x’ - x+ 1|+ 2+ x-x} 2> -x+1+2+x-x]=3
dau "=" xay raﬁ(xz-x+ l)(2+x-x2)20.

‘~z’ix2--3|c+l:a-()nénda"u"=“x:?l:,'rz-1<::|»2+x-—x2 20 x°-x-250
SX+1DX-2)<0

<> -1 <x<2.Vay min P =3 khi va chi khi -1 <x < 2.
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286.

287.

288.

289.

290.

Cong timg vé& (1) va (2) duge 2a > 2¢ hay a > c.

D6i dau hai v€ clia (2) réi cong timg v& vdi (1) duoc d = b < b —d hay b > d.

Tu(3)tacé6c>bvid=0.

Twrdésuyraa>c>b>d.

Khong giam tinh téng quat, ta gia sira; < a; < a3 < ... < ay,

Tacbéa,+a+a;+...+ag>a +a)+a3+...+ay+a,. (1)

Mitkhdc a; +a, + a3+ .. +a)g<a; + a5 + a3 + ... +ay,. (2)

Trir timg v€ hai bat ding thic nguge chiéu duge 0 > a,,.

Do a,, 1a s6 16n nhat nén suy ra ca 21 s6 déu am.

Vi ¢6 6 ngudi chay thi nén t6ng s6 diém cua hai doi 12
1+2+3+4+5+6=2l.

S6 diém it nhdt cha doi thingla 1 +2+ 3 =6.

Goi x 12 s6 diém cua doi thang thi s6 diém ctia doi thua la 21 — x.

Tacox26vax<2l-xhay2x<2l;x<10.

Suyra6<x<10,dodéxe {6;7;8;9; 10}.

Vay doi thing c6 thé dugc téng cong 5 loai diém khic nhau.

Via,b,c>0nén E+%22=~a[£+%)a2a.

c c
Tuong b[£+3]22b ;c(£+2]22c.
a ¢ b a
> b . ab bc ca
Cong timg vé€ 3 bat dang thirc trén ta duge 2 —+—+—b— >2(a+b+c¢)
c a
=5 EE+EC-+-@—2 (a+b+c)(diu"="xdyrac>a=b=c).
c a b :
" 2 2 2
bat -—+-Z=l = -—-i-+-y—-2- =t"-2.
y X y© X

Goi vétrdi A T. Xéthieu T-4=3t- (*-2) -4 =+ 3t-2=—( - 1)1 -2).
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291.

292.

293.

248

e Xéttruong hop xy>0 thi t22 = T-4<0 = T<4;

o Xéttrudng hop xy <0 thi t<-2 = T-4<0 = T<4

(dau "=" xay ra <> x = y hoic x = -y).

Giast a(2-b)>1; b2-¢)>1; c(2-a)>1.

Suyra abc(2-b)(2-c)(2-a)>1 (1)
Vil<a<2nén2-a>0.

Tac6éa+ (2—-a)=2(khong ddi) => a(2—-a)lénnhit<>a=2-a<>a=1.
Tuongty b(2-b)lénnhdt <= b=1;c(2-c)lénnhit<=c= 1.
Vaya(2-a).b(2-b).c(2-¢c)<1.1.1=1

hay abc(2-a)(2-b)(2-c)<1 (2) (ddu"="xdyraca=b=c=1)

(1) va (2) mau thudn nhau, do d6 3 s6 a(2 - b) ; b(2 — ¢) ; ¢(2 — a) khong
thé déng thdi 16m hon 1.

Datl+xy=a;l+yz=b;l+2zx=cthia+b+c=3+Xy+yz+2zx.

Ap dung bat ding thirc (a + b + c}(-l-+-:;+lj 29  (xem bai 238)
a C

tadugc 3 +xy+yz+2zx).P29

= P2 2 2 : 22=
34xy+yz+zX 3+x’+y’+z2 6

| W

Khix=y=z=lthlP=%=> minP:é_.

2

a) P =ﬁ7. Dé thdy khi x = 0 thi P = 0 gid tri nay khong phai 12 gid
X" +x°+

tri 16n nhat. P dat gi4 tri 16n nhit véi x # 0.

1
P= dalGTLN@x2+th6nha't@x2+

1
2 o2
[x2+%)+l A ”
x

=2

(khi vachikhix =+ 1). Vay max P = % (khi va chi khi x = £1).



b) Ap dung bét ding thiic 4ab < (a + b)>, ta c6 :
4.4x .5y < (4x + Sy)* =40,

Suy ra xy < 20, do d6 max Q = 20 (khi va chi khi 4x = 5y hay khi va chi
khix=5vay=4).

Lic d6 max Q = 20.
294, |[x-9| <1 -1<x-9<1<8<x<10

Ix2=81| =] x-9].|x+9| <1.19=19. Vay GTNN ctiam Ia 19.
295. e Xéttruong hopx +y<8thi8 -x-y20vaP=0.

4
x+%+1+8-x—y ,
P=4.x.L.L.@-x-y)s4| —2—2 =4.2"=64
22 4

x=2

:>maxP=64khivhchikhix=z-=8—x—yc:-{ A
: e

2
o Xéttruong hopx +y>8thi8 -x-y<0vaP<0.
4
x+z+i+x+y—8]

4

—P=xy2(x+y-8)=4-x%--;- (x+y—8)s4.[

4 4
=4.(“Y‘4J <4. [i) =G
2 2

SuyraP2-64=:minP=-64khiv:‘1chikhix=%=x+y—8<:>{

296. Ta c6 3(a” +b> +c%) = (a+ b +¢)” (ddu "=" xdy ra < a = b = ¢) (Bdi 242¢)
Te(l)=a+b+c=5-x = (@a+b+c)’=(5-x>~
Tir(2)=:>a2+b2+c2= 13—

Vay 3(13-x)25-x)2 o 2x-5x-7<0 o 2x-Nx+1)<0
< -1 x 51
2
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297.

298.

250

7
Do d6 x dat GTNN Ia -1 khi va chi khia=b=c=2; x dat GTLN Ia =

khi va chi khia=b=c=%-

a)fipdung bﬁtdﬁngtht’t‘c |a+b| < |a[ + |b|.da'u "=" xdy ra < ab 20,
ta duoc :

l2x-3)+-3x)| < |2x-3] + |1-3x]|;
|2-x| < l2x-3] + |l1-3x] ; '
|x+2] < 12% < 3] + |]—3x|';dzl'u"="xéyraa(2x-3)(l-3x)20
QLSKSE-
3 2

Vay nghiém cua phuong trinh 1a %ﬂ xS %

b)Taphéicé—lOmzxZO = X<0 = 5x-10<0, (1) tr6 thanh
|5x +5x = 10| ==10m*x = 10|x - 1| =-10m>x. (2)

2:(::»(1 —mz)x= 1.

Vix=1<0nén (2)trdthainh 1 = x =-m
e Néu m = * | thi phuong trinh vo6 nghié¢m.

e Néum= =l thix =

T véi diéu kién x <0.
—m

Xét diéu kién x <0 < <0=1-m <0 m>1hoicm<-I.

| —m?
Dé thidy x =99 ; x = 100 la nghiém cua phuong trinh.
Ta s€ chimg minh phuong trinh khéong con nghiém nao khéc.
That vay néu x <99 thi |x — 100| > 1 ; x <99 khong phai 12 nghiém ;

néu x > 100 thi | x - 99| > 1; x > 100 khong phai 12 nghiém.
Xét khoang 99 <x < 100 tadugc 0 < [x - 99| < 1

0<|x-100] =[100-x| <1.

Taduoe [x —99|+|x-100|=x-99+100-x=1.



Dé thiy |x-99['" < |x-99] ; [x-100]"" < [x - 100]

Vay |x-99]" 4+ |x-100]"™ < | x-99| + |x - 100] =1.

Viy 99 < x < 100 khong la nghiém cua phuong trinh.

Két luan : Vay phuong trinh c¢6 hai nghiém la x; =99 ; x, = 100.
299. DKXD : x # £l.

Phuong trinh da cho dua vé dang (m — 4)x = —(m + 4).

Néu m =4 thi Ox = -8, v6 nghiém.

N e At g . i i Kb TR o Rag sy o Rk,
4-m 4-m 4-m
ding véi moi m.
5 4
bhxs-9ih 2T N ple 12 Mo o | IS
4-m 4-m mz212

Két luan : D€ phuong trinh (1) ¢6 nghiém 16n hon hodc bing -2 thi m > 12
hodicm <4 vam # 0.

300. S6 A = 99...9 ¢6 tong cdc chir s6 1a 9n.

n

A=A’ 1+1=(A-DA+D+1= [99...9—1][99...9+ |]+

n n

= 99..98.100..0+1 = 99..9800...01

n-1 n n-1 n-1
Téng cédc chir s6 cla A% 1a On-=1)+8+1=9n,

Vay s6 A va s0 A% co téng cac chir s6 nhu nhau.
301. DBip s6 ab.

302. =222 B2 22 xyz[L+L+iJ ;

3
2y 2 Xy 2

Ap dung két qua bai 24 néua+b+c=0thi a°+b° + ¢’ =3abc
1 3

ta co l+l-|e-—=()=:>—l—1—+—li-+L1 —. Vay P = xyz. i-3
X ¥y 2 Xy 2z Xyz Xyz
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304.

305.

306.

252

|
a)A=x+‘:-=X4+l :p.x":A_H.v
KZ_L x4 -1 -1
xz
K A+1+A—1]_[A+1_A—|]_A2+1_
A=1" A+LlLA=1 Kk«+I 2A
5
b)B==.
) 3
: - - - . 3__ -
leog 1_21l |_31l 1_._993 '-Déma'y a 31 _a-1
2741 341 4°+1 100° +1 (a+1)’+1 a+2

Cho a 14n luot cdc gid tri 2, 3, 4, ..., 99 ta duoc
999999 1 2 3 98

M= et g s B
9 456 101
~999999.1.2.3  10101.2 20202 20200 2_
9.99.100.101 3.100.101 30300 30300 3
2
a) x_

g=1 "
b)x<lvax#0; x#-1;

c)P=x-—I+L+2.V‘1x>1nenx-l>0

x-—1

dodéx -1+ -l—l 22 (ddu"="xayra¢e>x=2).VayP24 =>minP=4
X - .

(khi va chi khi x = 2).
Vi n = 0, bat ding thic ding.
a* +b*

2
chimg minh bat ding thitic ding véi n = k + 1, tirc 12 phai chimg minh
(a+b]k+l 5 ak+1 +bk+l |

2 2

Gia sir bat déng thirc diing véi n = k uic 1a [a;b] < , ta phai

(1)



That vay, xét hiéu

He ak*l 4 p+l _(a+b k”_ aktl 4 pkt _[a+b]k [a+b)
2 2 - 2 2 2

k+1 k+1 _k k
— H> 2 +b™ a"+b .a+b :
2 2 2
k+1 k+l k+l1 k k k+1
H> a ' +b _a " +a b+ab™ +b
2 4
K+l __k k+l _ .k - k_¢k
Haa ab:b ab 1:Ha(a b)(: b")

2 (a— b)ztal""I +252p 4 ...+ bE? )
4

H : H20 (ddu "="xdyra < a=b).

Vay

k+l k+1 k+1
[ﬂ] << +D (ddu "="xayra<> a=b).

Suy ra bat déng thitc di cho ding véi moin € N.
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PHAN HiNH HOC

TU GIAC

1. (h.79)

é+6 B

Xét ACOD ¢6 COD = 180° — (Cy+Dy) = 180° -

Xét 1 gidc ABCD ¢6 C+D =360° - (A+B)

360“—(A+B)_.:5:+ﬁ 4 c
2 2 Hinh 79

do d6 COD = 180° -

2. Gia sir ur gidc ABCD khong ¢6 mot goc nhon nao, thé thi cia bon géc cua
né déu la goc th hodc cung lam la ¢6 1 géc vudng va ba goc th (vi theo dé
bai, khong c6 hai géc nao bang nhau). Nhu vidy, t6ng b6n géc I6n hon
360°, d6 la diéu vo Ii. Suy ra nr giagc ABCD phai c6 it nhat mot géc nhon.
Chirng minh twong wu, ti giac ABCD phai ¢6 it nhat mot goc tu.

3. (h.80)

A
MA + MC 2 AC (dau "=" xdy ra <> M thuoc B
doan thing AC)
MB + MD = BD (d4u "=" xay ra < M thudc M
doan thing BD) D c
Suy ra MA + MB + MC + MD > AC + BD. Hinh 80
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Vay MA + MB + MC + MD nhé nhit bing AC + BD
< M la giao diém hai dudng chéo AC va BD.
(h.81) B

a) Goi O 1a giao diém hai dudmg chéo. A
Dung bt ding thic tam gidc ta chimg minh duge
AB + CD <AC + BD .
AD + BC < AC + BD. 0 Hinh 81 ’
b) Tac6é AD + BC < AC + BD (chitng minh trén) ; (1)
AD + AC < BD + BC (gt). (2)

Cong timg vé cha (1) va (2) ta duoc
2AD + (BC + AC) < 2BD + (BC + AQ).
Suy ra AD < BD.
(h.82a, 82b)
Ki hiéu cic canh, cac géc nhu hinh 82a.
Ghép nhu hinh 82b.

Hinh 82a
Hinh 82b

Tac6C =D +d°: B=D +2d°: A = D +3d°
dod6 A + D =B+ C =2D +3d°
Suyra A + D =360°:2 = 180°

Vay AB // CD (vi c6 cap géc trong cung phia bi nhau) din t6i ABCD la
hinh thang.

Goi E la giao diém cua tia AM véi tia DC. Ban hdy chimg minh céc géc
MAD va MAB cung bang géc E.

(h.83)
AADC = ABCD (c.c.c) = ADC = BCD :
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10. (h.85)
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ADAB = ACBA (c.c.c) = DAB =CBA.
Xét 1 gidgc ABCDc6 A + B + C + D =360°

suy ra 2(DAB+ADC) = 360° D c
Hinh 83

hay DAB + ADC = 180° suy ra AB // CD.
Vay ur gidc ABCD Ia hinh thang.
Hinh thang nay c6 hai duong chéo biang nhau nén la hinh thang can.
(h.84)
a) Chirng minh cic ur giac DOEB, EOFC,
FODA Ila hinh thang cén, tir d6 suy ra
DOE= EOF = FOD (= 120°).
b) Trong hinh thang c4n hai dudng chéo bing nhau
nén OA =DF; OB =DE ; OC = EF. Hinh 84

Ba doan thing OA, OB, OC l4n luot bing ba canh ciia ADEF do dé ba
doan thing OA, OB, OC thoa man bét ding thic tam gidc.

a) Chimg minh DECB la hinh thang cén
(theo dinh nghia).

AOMQ c6 hai goc bing 60° nén 12 tam
gidc déu.

b) Chimg minh tuong tur ta dugc PQBA,
MNAC la hinh thang cén ; B Q I M C

AODN ; AOPE la tam gidc déu. Hinh 85

Trong hinh thang can, hai canh bén bing nhau ; dudng cao cua tam gidc
déu ciing 1a duong trung tuyén, do doé ta ¢6 :

AN=CM;HN=HD; BQ=AP;IQ=IM; CE=BD; KE =KP.
Cong timg v€ sdu ding thic trén ta dugc :
AN+ HN+BQ+IQ+CE+KE=CM + HD + AP + IM + BD + KP.

Suyra AH+BI+CK=AK +(CIl +BH = a+;+a= 1,5a.




11.

12.

13.

(h.86)

a) Ta ¢c6 OD = OE = OF (gt).

Dé thdy AE=AF ; BD=BF; CD=CE;
ABFD va ABAM can tai B.

— —— e o — R
Suy ra BFD = BAM = BMA =180TB. Hinh 86

do d6 FD // AM, dén t6i FDMA 14 hinh thang can, suy ra MF = AD.

Chimg minh tuong tir ta dugc DEAN 1a hinh thang cén, suy ra NE = AD, do
d6 MF = NE.

b) Ta c6 DM = AF (1) ; DN = AE (2). Tir (1) va (2) két hop véi AE = AF ta
dugc DM = DN.

Mait khdc OD L MN nén AOMN can.
(h.87)

Dé thdy ABC = 36°; By=18°; E
Ej=54°; A;=54° va DB = DC.

Goi F la trung diém cia EC thi DF B D C
la dudng trung binh ciia ACBE

= DF // BE va DF = %BE. (1)

Hinh 87

Tir d6 chitng minh duge DA = DF (2) dén téi AD = -;—BE.

(h.88)

Goi M la trung diém clia AB thi ME
l1a dudng trung binh cia AABC nén

ME // BC vi ME = %ch.

Dé thdy AD = MD. V& CN // AB
(N € DF) thi : Hinh 88
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ACEN = AAED (g.c.g) = CN = AD do d6 CN = MD.
ANCF = ADME (g.c.g) suy ra CF = ME. (2)

Tir (1) va (2) suy ra CF = %BC.

14. (h.89)

ADAB vuong can tai D nén A; = 45°

suy ra A = 45°.
Kéo dai BD cat AC tai F. Hinh 89

AABF ¢6 AD la dudng phan gidc déng thi 1a dudng cao nén AABF can tai
A do d6 AF = AB = 8.

C6 ACC=BC2-AB*=172-8%=225:
AC=15=CF=15-8=17.

DE la duong trung binh cia ABCF nén DE = %CF = 3,5.

15. (h. 90)

E la trong tam cia AABC suy ra BE
cit AC tai trung diém N cua AC.

Xét AAEC co6 DN la duong trung
binh nén DN // EC (1).

Xét AMDF c¢6 EC la dudng trung ‘
binh nén DF // EC (2). Hinh 90

Tir (1) va (2) theo tién dé O-clit suy ra ba diém D, N, F thing hang. Vay ba
dudng thing AC, BE va DF déng quy tai N.

16. (h.91)

Goi H va K ldn luot 1a trung diém
cua AC va BC.

AMAN = AKHF (c.g.c)

suy ra MN = KF va m = I-TFTIE

Hinh 9]
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Ta c6 DN // KF va DN = %—KF suy ra DN:—;—MN va f-’l = Fil (dong vi).
N2=90° — (N1 +ANM ) = 90° - (F1 + HFK ) = 90° - 30° = 60°.

Xét ADMN c6é N2 = 60° va DN = %MN nén ADMN la nira tam gidc déu.

Tir d6 suy ra DM L DN.

17. (h.92)

a) Goi H 12 trung diém cia AB. Qua X
H vé dudmg thing vuong géc v6i AB
cat MN tai O.

Tinh dugc OH = 1,5 (cm) suy ra O la
mot diém ¢ dinh.

Viy cdc doan thing MN di qua mot Hink 92
diém ¢é dinh 1a diém O.

b) OA = OB = VAH? + HO? =422 +1,5% = 2,5 (cm).

18. (h.93)

a) Tia AM va BN lan luot cit CD
tai EvaF.

Ta chimg minh duoc AM L DM ;
BN L CN.

Suy ra DE = DA : ME = MA ;
CF = CB ; NF = NB. Tu giic
ABFE la hinh thang, c6 MN Ia Hinh 93
dudng trung binh nén MN // AB.

AB+EF AB+FC+CE
2

_AB+FC+(CD-DE) a+b+c-d
2 2 )

b) Ta c6 MN =
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19.

20.

21.

260

(h.94)

a) Xét AABE c6 ND la dudng trung binh
nén ND // AE.

Xét ACND c6 EC = ED va EK // ND nén
KC = KN.

Chirng minh tuong tu dugc HB = HM.

Xét AABM c¢6 NH la duong trung binh Hinh 94
nén NH // AC.

Xét AABC c¢6 NA = NB va NH // AC nén dudng thing NH di qua trung
diém I cua BC.

Chitng minh twong tu ta duoc MK di qua trung diém I cta BC, suy ra ba
dudmg thing NH, MK va BC déng quy tai 1.

b) Ta c6 MN // BC (dudmg trung binh cua AABC).

Vay MNBC 12 hinh thang. Poan thing HK néi trung diém hai dudng chéo
BC-MN _6-3
2

nén HK = = 1,5 (cm).

(h.95)

Ta c6 MA = MB, MH // AD nén HB = HD.
Tuong tu ta c6 KA = KC.

Goi N la trung diém ctia CD, thi NK // AD ;

NH // BC (tinh chét duong trung binh cua
tam gidc) suy ra NK // MH ; NH // MK ;
do d6 HO L NK ; KO L NH.

ANHK c¢6 O 1a truc tam nén NO L HK.

HK 14 doan thdng n6i trung diém hai dudng chéo cha hinh thang nén

HK // CD suy ra NO L CD do d6 NO la dudng trung truc cua CD. Vay
OC = OD.

(h.96)

Vé MN L xy thi MN // BI // CK. Do MB = MC nén NI = NK, vy MN Ila
dudng trung binh cta hinh thang BCKI

Hinh 95



22,

23.

suy ra MN =BI+CK :

2

_ BI+CK

AH < MN = AH

< ADMN = ADAH < DM = DA
<> D 1a trung diém clia AM. Hinh 96
(h.97)

Phan tich : Vé AE // BC (E € CD) thi AE=BC=2,5¢cm ; AB=EC=2cm;
DE =6 -2 =4cm.

— AADE dung duoc ngay (c.g.c).

— DPiém C thod man hai diéu kién : C ndm trén tia DE va DC = 6¢cm.

— Diém B thod man hai diéu kién : B nim trén Ax // DC va nim trén Cy // AE.

Cach dung :

~ Dung AADE sao cho ¢6 D =30°;
DE =4cm ; EA = 2,5cm.

— Trén tia DE dat DC = 6¢cm.

~ Dung Ax // DC va Cy // AE chiing
cit nhau tai B. Hinh 97
Tir gidc ABCD la hinh thang phai dung.
Chitng minh : (ban doc tu ching minh).

Bién luan : Bai todn c6 hai nghiém hinh la hinh thang ABCD va hinh
thang A'B'CD.

(h.98)

Phn tich : V& BE // AC (E e DC). S5 Vo

Cach dung :

-~ Dung ABDE sao cho DE = 7cm ; , " . '
DB = EB = 4cm. O : IC 2 E
~ Trén tia DE dat DC = Scm. Hiik 98
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— Dung Bx // DE va Cy // BE, chiing cit nhau tai A.
Clutng minh : (ban doc tr chimg minh).
Bién ludn : Bai todn chi c6 mot nghiém hinh.

24. (h.99)

Phdan tich : ABAC can suy ra 61 + E?g =

do do AD = %CD;AD=3CH‘|;CD=6cm.

Cach diung :

i 1

— Dung AACD sao cho A = 90° ;
AD = 3cm ; CD = 6¢cm. 3

— Dung tia Ax // DC (tia Ax va DC cung 2
thuoc mot nira mat phang bd AD).

' : J Hinh 99
~ Dung dudng tron (D ; AC) cat Ax tai B.

- Noi BC ta dugc hinh thang can ABCD phai dung.
Chitng minh : (ban doc tu chimg minh).
Bién luan : Bai todn c6 mot nghiém hinh.
25. (h.100)
oo ni i JRTE y
Phan tich : Vé BE // AC (E € DC). \A

Cach df_ﬂfg . X O 4
; SO
— Dung ABDE sao cho B = 120°;

BD = 3c¢m ; BE = 4cm.

Hinh 100
- Trén tia DE dat DC = 4cm.

~"Dung Bx // DE, Cy // BE chiing cit nhau tai A.
- No6i AD, BC ta dugc hinh thang phai dung.

Bién ludn : Bai todn ¢6 moOt nghiém hinh.
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26. (h.101) 2
Phan tich : Gia sir da dung dugc AABC

thoa man dé bai. Trén tia d6i cua tia BC b

lay diém D sao cho BD = BA. 0 500, Wleoe i
Ta c6 CD = BC + BD = BC + BA =s. 8\

AABD can tai B nén D = > ABC = 30°. s

KRDCS dringtinc, Hinh 101

Diém B thoa man hai diéu kién : B ndm trén CD va B nam trén dudng trung
truc cua AD.

Cach ding :
— Dung AADC sao cho D =30°; DC=s; CA =b.
— Dung dudng trung truc ciia AD cit DC tai B.

— Noi AB ta dugc AABC phai dung.
Chitng minh : Ban doc tu ching minh.
Bién ludan : (h.102)

VECH_LDxth‘:CH=%CD=“.

| w

- Néu b < -z- thi dudmg tron (C ; b)

khong cit tia Dx nén bai todn khong cé
nghiém hinh. Hinh 102

— Néu b = % thi dudng tron (C ; b) va tia Dx chi ¢6 mot diém chung (A

trung véi H) nén bai todn c6 mét nghiém hinh 1a AABC vuong tai A.

— Néu % < b < s thi dudmg tron (C ; b) cit tia Dx tai hai diém A va A'. Ta

dung dugc AABC va AA'B'C cing thoa man dé bai. Nmmg AABC = ACB'A’
(g.c.g) do d6 bai todn chi c6 mot nghiém hinh.

— Néu b = s thi bai todn khong ¢6 nghiém hinh (vi khong thoa man bt
ding thirc tam gidc).
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27. (h.103) B A, B
V& B d6i xing véi B qua A, ta dugc NA
MB = MB'va M; = Ma. (1) MPs
Chu vi AMBC nhé nhit (gt)
= MB + MC + BC nhé nhit 3 c
= MB + MC nho nhit (vi BC khong dé6i) Hinh 103

28.

29.

264

= MB' + MC nho nhat
= MB' + MC = B'C = M nam giita B' va C
= B, M, C thing hang = M3 = M2 (d6i dinh). (2)

T (1) va (2) suy ra ﬁ| - 1?43 (dpcm).
(h.104)

a) OA = OB (= OM) do d6 dudng trung truc
ctia AB di qua diém c6 dinh 12 diém O.

b) Goi dudng trung truc cia AB la dudng
thing Oz.

Ta cé 61 + 62 + 63 - 64 = 65 +66.

Mat khac 6; = 62 - 63+ 64 + 65 = 65

né:n62 +62 +63 +64 =65 +(63+64+65)

suy ra 262 = 265 => 62 =65. Hinh 104
Ta c6 62 + 63 = 04 + 65 (vi tia Ot la tia phan giac cua goc xOy)
nén O3 = O4 din t6i HM = HN, suy ra M va N d6i ximg qua Ot.
(h.105)

— Dung C d6i xiing véi A qua d.

~ DPudmg thing BC cit d tai M. D6 1a
diém cén dung.

Ta c6 [MA — MB| = [MC - MB| = BC.

Hinh 105



Goi M’ 1a diém bat ki khdc M (M’ € d) ta c6 [M'A - M'B| = [M'C - M'B| < BC.

Néu BC // d thi bai toan khong ¢6 16i giai.

30. (h.106)

31.

Dung M, d6i ximg véi M qua a ; M, doi
ximg véi M qua b.

Néu dudng thing MM, ciit a tai A va cit
b tai B thi AMAB la tam giac phai dung.

Chitng minh : Dung tinh chdt giao diém
cdc dudng phan gidc cua tam gidc.

(h.107)
-~ Dung M’ d6i ximg véi M qua Ox ; N'
d6i ximg véi N qua Oy.

~ Doan thing M'N' cit Ox tai A, cit Oy
tai B, ta dugc MA + AB + BN nho nhit
(ban doc tu chirng minh).

32. (h.108)

Goi O la giao diém cta AC va BD. Xét
AACE c¢6 OH la dudng trung binh nén
OH // CE. Vay BCED la hinh thang.

Hinh thang nay c6 BDE = B, (= f)|) nén
la hinh thang cén.

33. (h.109)

Xét AABC cn tai B c6 Aj = BCA = A,
do dé6 tia AO la tia phan gidc cua géc BAK.
Chimg minh tuong tu ta c6 tia BO la tia
phan gidc ciia goc ABK suy ra tia KO la

tia phan gidc ciia géc AKB, dodé K| =K>.

-~

Mat khic Nj = K2 nén Kj = N
= ABKN cian = BN = BK = AM.

Hinh 109
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34.

35.

36.

37.
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(h.110)
e Xét truong hop A > 60°

Ching minh AMBD = AABC (c.g.c) suy
ra MD = AC = AN.

Chirng minh turong tu ta duoc ND = AM,

suy ra AMDN Ila hinh binh hanh. Hinh 110

o Xét truomg hop A < 60° : chimg minh twong t.
(h.111)

’ ) o A 3 N

e Xét truong hgp A <60 " E _—A—

Goi I va K thi tr l1a trung diém cia V !

AB va AC.
Ta ching minh dugc AKDI la hinh

inh hanh. =8 %

AAEF = AIED = AKDF {c.g.c) Hinh 111

=> EF =ED =DF = ADEF déu.

o X¢ét truong hop A >60°: chimg minh tuong .
o Xét truong hop A = 60° c6 EF = DE = DF = %(AB + AC) nén ADEF déu.

(h.112)

Chitng minh DIHE, KIFE la hinh binh hanh.
Hai hinh binh hanh nay ¢6 chung dudng chéo
EI nén cic dudng chéo cia chiing déng quy.
(h.113)

Phan tich :

Gia sir da dung dugce ur giac ABCD thoa man
diu bai.

Dung hinh binh hanh ABMD. Tia BM cit CD tai N.

Hinh 112

Ta dugc BNC = D = 70° (d6ng vi) tir d6 tinh duge CBN = 50°.



38.

39.

-~ ABCN dung dugc ngay (g.c.g).

— Diém M thoa man hai diéu kién : M nim
trén tia BN va BM = 3cm.

— Diém D thoi man hai diéu kién : D nim
trén tia CN va D cich M la 2cm.

~ Diém A thoi min hai diéu kién : A nim
trén tia Bx // MD va A nam trén tia Dy // BM.

Céc bude con lai, ban doc tr giai.

(h.114)

a) C doéi xung voi A qua E ; H d6i ximg vai
M qua E do d6 hai doan thing CH va AM
doi xing vdi nhau qua E suy ra CH = AM via
CH // AM hay CH // AB. (1)

N Cc

Hinh 113

Hinh 114

Chimg minh wrong tr dugc DK = BM va DK // MB hay DK // AB. (2)
Mat khic CD // AB (3) nén tir (1), (2), (3) theo tién dé O-clit ta suy ra H,

K, C, D thing hang.

b) HK = CD - (CH + DK) = CD - (AM + BM) = CD - AB (khong déi).

(h.115)
a) AK va BM déi ximg nhau qua F nén
AK = BM va AK // BM. (hH

BM va CH d6i ximg nhau qua D

nén BM = CH va BM // CH. (2)

Tur (1) va (2) = AK =CH va AK // CH
= AKHC 1a hinh binh hanh.

Chimg minh tuong tu, ta dugc ABHI la
hinh binh hanh.

Hinh 115

Hai hinh binh hanh AKHC va ABHI ¢6 chung duong chéo AH nén AH, BI,

CK dong quy tai trung diém O cta méi dudng.
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b) Xét AAMH c6 AD va MO 12 hai dudng trung tuyén. Goi G 1a giao diém
cua ching suy ra GA = %AD. Xét AABC ¢6 AD la dudng trung tuyén ma

GA =§ AD nén G la trong tam ciia AABC. Vay dudng thing OM luon di

qua mot diém c6 dinh 14 trong tam G cia AABC.
40. (h.116)

a) Xét AFCE ¢6 AN la duong trung
binh nén AN // CE va AN = %—CE

suy ra AN // BM va AN = BM
= ANMB la hinh binh hanh

= MN // AB va MN = %AD.

Mat khéc, IK // AB va IK = %AD Hinh 116

nén MN // IK va MN = [K = MNIK Ia hinh binh hanh.

b) Ta c6 GM = GI = IA = G la trong tam cua AABC.

Ta ¢c6 GN = GK = KD = G la trong tam cua ADEF.

Vay AABC va ADEF c¢6 trong tdm trung nhau.
41. (h.117)

Cdach diung :

— Dung duding thing ¢' d6i xiing véi dudng
thing ¢ qua M ; ¢ cit b tai B.

— Tia BM cit c tai C.

-~ Noi AB, AC ta dugc AABC phai dung.

Ban doc giai n6t nhimg budc con lai. Hinh 117
42. (h.118)

Cach dung :

— Dung trung diém M cua AC.
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43.

44. (h.120) A H

45. (h.121)

— Dung dudng thang d' d6i ximg véi duong
thing d qua M ; d' va b cét nhau tai B.

~ Tia BM cét d tai D.

- Noi AB, BC, CD, DA ta dugc ABCD la
hinh binh hanh phai dung.

Ban doc giai n6t nhimng bude con lai.
(h.119)

Qua M vé mot dudmg thing song song vdi A
BC, cit AB, CD ldn luot tai H va K.

Céc ur gidc AHKD, BHKC la nhimg hinh
chir nhét. Suy ra AH = DK ; BH = CK. (1) ?

Hinh 118

xf-H------1x
—

Ap dung dinh i Py—ta—go ta duoc : D
MA? - MB? = (AH? + MH?) - (BH? + MH?) Hinh 119
= AH® - BH". (2)
Tuong tv MD? - MC? = DK? - CK%.  (3)
Tir (1), (2), (3) suy ra MAZ ~MB? = MD? -MC? ; 9-4=MD*-1;
MD’=6; MD =6.

Goi I 1a trung diém cia AH, ching minh - %
dugc IMND la hinh binh hanh = DI // MN.

Dé thay IM L AD ;I 1 truc tam ciia AADM g . &
= DI 1L AM = MN 1 AM. Hinh 120

Vay MA? + MN? = AN = AD? + DN? = 4% + 3% = 25.

A M B

ABCD 12 hinh thang c6 C + D =90° va M, N
l4n luot 12 trung diém cua hai ddy AB, CD.

Ta phai chimg minh MN = CD-AB ’ g )
P & x Hinh 121



Goi E va F 14n luot 1a trung diém ctia AC, BD.

Dung tinh chét dudng trung binh cua tam gidc ta chitng minh dugc tr gidc
MENTF Ia hinh binh hanh.

Tacé Nj + N2 = C + D =90° = ENF = 90°.

Vay MENF la hinh chir nhat = MN = EF = %LB (tinh chat doan thing

ndi trung diém hai dudng chéo cta hinh thang).

46. (h.122)

47.

Goi E va F lan luot 1a trung diém cia OB, OC.
Tit gidc OFDE la hinh binh hanh suy ra
DE = OF ; OF = DF va E; =F).

Ta ¢c6 HE = EB = OE ; KF = FC = FO (tinh
chdt duong trung tuyén thudc canh huyén cia

tam gidc vudng) suy ra E;:, =2B ; F2=2C
ma ﬁl = E‘| nén E‘.z = F;

Hinh 122

do d6 HED = DEK ; AHED = ADFK (c.g.c)

=> DH = DK = ADHK c¢an = trung tuyén DM ciing la dudng cao
= DM 1 HK.

(h.123)

a) M thuédc phdn mat phang ndm giira hai duomg f
thing song song a va b, ké ca avab.

b) Diém M di dong trén hai duong thing d vad 2 3

song song vdi a va b cich a hoidc cich bla | cm, p

(d va d' nim ngoai phdn mat phing gidi han bgi .

avab). Hinh 123
48. (h.124)

Vé MH 1 Ox.

AMHA = AAON = MH = AO = 2cm.
Vay M di dong trén dudng thing d // Ox va cdch Ox 1a 2cm.



49.

50.

bi.

Gioi han : Khi N tring véi O thi M
trung véi K (K la dinh cia AAOK vuong
can tai A ; K nam trong géc vuong).
Vay diém M chi di dong trén mot tia
goc K song song véi Ox (tia nay khong
cit Oy).

(h.125)
Goi C la giao diém cta AE va BF.

Chirng minh tr gidc CFDE Ia hinh binh
hanh suy ra trung diém O cia EF ciing
1a trung diém cua CD (diém C c¢6 dinh).
Vay diém O di dong trén dudng trung
binh MN cua ACAB.

(h.126)

AABC vuoOng can tai A nén B =C =45

Cic tam giic HIB, HKC vubong céin
= HE L AB ; HF 1 AC. T giic AFHE la
hinh chir nhat suy ra trung diém O cua EF
cing la trung diém cia AH. Vay O di dong
trén duong trung binh MN cua AABC.

(h.127)
ABC = A =60°: AABD déu :

Di= D2 =60° ; Bi= B2 (vi cling cong véi
goc HBD cho goc 60°).

AABH = ADBK (g.c.g) = AH = DK. Ta
¢6 DH + DK = DH + AH = AD = 2cm
(khong doi).

b) BH = BK va HBK = 60° = ABHK déu.

Hinh 127

HK nhé nhit < BH nho nhit < BH L AD < H la trung diém cia AD, liic

d6 K la trung diém cua CD.
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52.

S3.

Ta c6 BH” = AB” - AH? = 2> - 17 = 3 ; BH = /3 do d6 gi4 tri nho nhit
ctia HK 1a+/3 .

Ta viét min HK = \E (cm).
(h.128)

a) ABD = ACE (hai géc ¢6 canh tuong
img vudng goc) = NBD =NCM.

ABOH va ACDH c¢6 2 cap goc biang nhau
suy ra cap goéc con lai cling bang nhau, do

46 0 = D =90° = BN L CM.
b) ABOM = ABOH (g.c.g) = OM = OH.

Tuong tvy ON = OK = MNHK la hinh binh hanh, lai ¢c6 KN 1 MH nén
MNHK la hinh thoi.

(h.129)

a) KF = KH = KA (dudng trung tuyén
thuéc canh huyén) = AKAF, AKAH can

tai K = K; = 2A; ; Ka= 2As.

Hinh 128

Vay Ki + K2 =2(A1+A2)

hay FKH = 2. CAH = 2.30° = 60°,
suy ra AKHF déu. Hinh 129

b) Chimg minh tuong tr ta duoc AEKH déu suy ra EK = KF = FH = HE (= KH).
Viay EKFH la hinh thoi = KH L EF.

54. (h.130)
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a) Xét ABKC co6 I 1a truc tam = CI L BK
(tai D).

AABK = AACI (g.c.g) = BK = CL.

b) Dung tinh chdt duong trung binh cua
tam gidc ta chimg minh dugc MNPQ la
hinh binh hanh. Hinh 130




55.

56.

Co MN =NPva N; = D =90° (hai géc ¢6 canh twong ing song song) suy
ra MNPQ la hinh vuong.

(h.131)

a) PAB = NAD (ciing phu véi BAN ).
APAB = ANAD (g.c.g) = AP = AN

=> AANP vudng can.

Chimg minh twong tu, AAQM vudng can.

b)EA=EC=%NP;FA=FC=%MQ

(tinh chdt dudng trung tuyén thudc Hinh 131

canh huyén)

Bon diém E, F, B, D cédch déu hai ddu doan thing AC nén ching cing nim
trén dudng trung truc cia AC suy ra E, F, B, D thing hang.

(h.132)

a) T gidc CEMF c6 3 géc vudng nén néd
la hinh chir nhat. Puong chéo CM la
dudng phan gidc cua géoc C nén CEMF
la hinh vudng.

Ta chirng minh duge ciac tam gidc HAB,
MHF, MGE, GAD bang nhau (c.g.c) suy ra

AH = HM = MG = GA (1) va G; =A;.

Tacé A1 + G2 =90° = Gy + G2 = 90°
= AGM =90° (2) Hinh 132
Tir (1) va (2) suy ra AHMG Ia hinh vuong.

b) CA L CM (hai tia phan gidc cua hai géc ké bu).

Goi O 1a giao diém cia AM va HG, ta ¢6 OC = OA = %AM (tinh chat

dudng trung tuyén thudc canh huyén). Ba diém B, O, D cdch déu hai ddu
doan thing AC nén chiing thing hang (vi déu thudéc dudng trung truc cla
AC). Suy ra ba dudong thing AM, HG, BD déng quy.
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57.(h.133)

58.

59.
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2) AC L ID ; BE L IF (tinh chat hai [ i

dudng chéo ciia hinh vuong) ; DIF = 90° "
(hai tia phan gidc cia hai goc ké bi). CAM o

Tit gidc OKO'I ¢6 ba géc vuong nén I

hinh chir nhat. A I B
b) Trung diém M cua OO’ cling 1a trung Hinh 133

diém cia KI (K c6 dinh) suy ra M di
dong trén dudng trung binh cia AKAB (dudng trung binh nay song song
vdi AB).

¢) Hinh chir nhat OKO'I 1a hinh vuéng < 10 = 10’
<> AOAI = AO'IB < Al = IB < I l1a trung diém clia AB.

(h.134) ' X

Gia sir dd dung dugc hinh vuong ABCD
thoa man dé bai. Vé EM L FH (M € CD).

Vé MN 1L AB (N € AB) va HK 1 BC
(K e BC). Ta chimg minh dugc MN = HK
va EM = FH.

Suy ra ciach dung :
— Dung EM 1 FH va lay EM = FH.

Hinh 134

— Tir E dung xy // MG.
— Tir F dung mot dudng thing vuéng géc véi xy, cit xy tai B va cit MG tai C.

— Tir H dung mot dudmg thing vuong géc véi xy, cit xy tai A va cit MG tai
D. Tt gidc ABCD la hinh vuéng phai dung.

Ban doc giai ti€p cdc budce con lai.
(h.135)

a) Tacé MN // ABva MN = &;A—E (xem §3 phdn b6 sung).

18B-BT....TOAN &



60.

61.

Hinh thang ABMN c6 AM = BN (mo6t nira A s

cua hai duong chéo bing nhau) nén ABMN -
I4 hinh thang can.
1 1

AACD = ABDC (c.c.c) = C; =Dj. D C
Hinh thang NMCD 12 hinh thang can. it

b) Hinh thang can ABMN la hinh chir nhat

& MN=AB& CD—;@ = AB < CD = 3AB.

(h.136) > ’ ;
a) ABEM = ADFN (c.g.c) = ME = NF va 1E

A A A A 5

Ei = FI = E; = F» = ME // NF = MENF 1

12 hinh binh hanh. D N c

Ta ¢6 BD = 3AD = BD = 3MN. Hinh 136

Mat khdc BD = 3EF nén MN = EF

= hinh binh hanh MENF la hinh chir nhat.

b) Hinh chir nhat MENF la hinh vuong

<> EF L MN < BD L MN < BD L AD (vi MN // AD).

(h.137) | B H D
a)yME+MF=a; AF+FC=a= MF=FC ::J

= FCM =45°= M e BC.

Vay M di dong trén canh huyén BC. E : M

b) V& hinh vuéng ABBC. D la mot diém c6 " N/

dinh. MN L EF = M, = E; (cép gbc c6 A F G
canh twong ing vuong goc). Hinh 137

Goi H 1a giao diém cia FM vé6i BD. AHMD = AMEF (c.g.c)

= M2 = Ei dod6 Mz = My, din t6i M, N, D thing hang. Vay dung
thing MN di qua mot diém c6 dinh 1a diém D.



62. (h.138)

Cach dung :
— Dung M’ d6i xirg véi M qua d.

— Qua M’ dung duding thing song song véi
MN cit d tai A.

— Dung B d6i ximg véi A qua M.
— Dung dudng thing BN cit AM' tai C.
AABC la tam gidc phai dung.

Hinh 138

63. (h.139)
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Phan tich : N A X

- Gia s da dung dugc AABC 5

s & 2
thoa man dé bai. a
Vé diém N doi ximg véi C qua H ) c
M, ur gidc NACB la hinh binh
hanh, NC=8 ; NB=5.

Vé NH L BC thi NH = 2.

Hinh 139

— ANHC dung dugc (canh huyén, canh géc vuong).

— Diém B thoa mian hai diéu kién : B nim trén HC va B ndm trén dudng
tron (N ; 5).

— Piém A thoa min hai diéu kién : A nim trén tia Nx // HC va A nim trén
dudng tron (N ; BO).

Ban doc tr giai cic budc con lai.



64.

65.

66.

67.

-

DA GIAC. DIEN TiCH DA GIAC

S6 do chia mbi g6c ngoai 1a (180°- 140°) : 2 = 20°,
S6 canh cua da gidc 1a : 360 : 20 = 18 (canh).
Gois6canhlan(n e N;n23).

n(n-3)

=O I i'
—ncz:-nz-—5n=0c>n(n—5}=0@[n (loai)

2 n=>5 (thoa man).

S6 do mdi goc cla ngi gidc déu 1a 108°,

Goi n la s6 canh clia da gidc. Téng s6 do cdc gbéc cua da gidc nay la
(n —2).180°.

Mat khéc, téng s6 do cdc goéc la tdng cia n s6 hang trong mot diy cong, s6
hang ddu 12 110°, s6 hang cu6i 12 160° nén téng d6 la {10100 v 1350,

Do d6 (n—2).180 = 135n <> n = 8.
(h.140). Gia sir ngii gidc ABCDE ¢6
AB = BC = CD = DE = EA va AC = BD = BE.

-~

AABE = ABCA = ACDB (c.cc)= A =B =C.

Xét tr giagc ABCD ¢6 AB=CD ; AC = BD nén
ABCD Ia hinh thang cin (xem bai 8) suy ra

BAD =CDA.

Mit khic A;=D; nén BAE=CDE (uic 12
A = D).

Hinh 140

-~ =

Chimg minh tuong tr ta duwgc C = E. Vay A=B=C=D=E do dé ngi
gidc ABCDE la ngii gidc déu.



68.

69.

70.

71.
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(h.141)

Goi O Ia trung diém AD. Ta chirng minh
duge tr gidc MNPO, OQRS la hinh binh
hanh. Suy ra MP va ON cit nhau tai
trung diém H cia mdi dudng ; SQ va
OR cit nhau tai trung diém I cha méi
dudng. ANQS va ANOR c6 chung dinh
N ; chung duong trung tuyén NI nén
cung chung trong tam G. Hinh 141

Chimg minh tuong tu, AMPR va ANOR ciing c6 cung trong tam G suy ra
ANQS va AMPR c6 ciing mot trong tam (la trong tam cua ANOR).

12.(12-3) _

SO dudng chéo cua da giic la 54.

Hiéu hai s6 ¢ hai dau duong chéo c6 gid tri nho nhét 1a 0 (néu hai s6 ¢ hai
ddu dudng chéo bing nhau), ¢é gid tri I6n nhit 1a 49. Nhu vay so gid tri
khdc nhau cha cdc hiéu nhiéu nhit chi c6 thé 1a 49 - 0 + 1 = 50. C6 54
dudng chéo ma chi ¢6 50 hiéu nén theo nguyén Ii Di-rich-1¢ phai tén tai hai
duong chéo ¢6 hiéu hai s6 ¢ hai ddu bing nhau.

(h.142) s
Goi chiéu rong mdi hinh chir nhat 12 x, canh ’
hinh vuong 1a 4x. Vi chu vi méi hinh chir nhat
la 50cm nén ta co :

{x+4x).2=50x=3.
Di¢n tich hinh vuong 13 : S = (4.5)" = 400(cm?). Hinh 142
(h.143)

A — 8

ACDN vudng tai C c¢6 D;=30° nén

DN = 2CN =4+/3, tir d6 tinh duoc CD = 6
suy ra AM = 3.

AADM vuong tai A c¢6 Di=30° nén
DM = 2AM = 6, tir d6 tinh duge AD =33
SAHCD = 63\’5 = 18\/5 (dvdt). Hinh 143




72. (h.144) /?\
; N
MN // AC (// EF) va MN = AC (= 2 EF). (1) : -
Tuong ty PQ // AC va PQ = AC. (2) =y
Tir (1) va (2) suy ra MNPQ Ia hinh binh hanh. A7 A [
Vi AC L BD nén MN L MQ do d6 MNPQ
l1a hinh chir nhat. D
2 Q P
SMNPQ = MN.MQ = 4.3 = 12 {cm ). Hinh 144

73. S6 vién gach trong médi hang la ¥729 =27 (vién).

Trén mbi dudng chéo c6 27 vién. Vién gach tai tam hinh vuong nam trén ca
hai dudng chéo nén s6 vién gach men trang la 27.2 — 1= 53 (vién).

S6 vién gach men xanh la 729 — 53 = 676 (vién).
74. (h.145) Dat Sgnep = X.

AABC = ACDA ; AAMO = AOQA ;

AONC = ACPO, do d6 Syopp = Smpno = 24 (dvdt).

Hai hinh chir nhat AMOQ, MBNO c6 A M B
cung chiéu cao, hai hinh chir nhat QOPD, e 9 -
ONCP c6 ciing chiéu cao nén ti s6 dien | '® ™~ "
tich bing ti s6 hai ddy OQ va ON. S
Vay 2—4=% (= éﬂj P x =32, ®
e 2 a D P c
SABCD =18 +24 +24 +32 =98 (d\"dt). Hinh 145
75. (h.146)

A o M .. B

Vi MA = MB nén SNMJ‘\ = SNBM' . ) y ’l'
\\ !

Mat khdc Symnp = Spmne B ;
suy ra  Sapn = Spc- Y "
Hai tam gidc ADN va BNC c6 cung dién B i “
tich, ¢c6 canh ND = NC nén cédc chiéu Hinh 146
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76.

17

78.

280

cao ha tr A va B 16i dudng thing CD phai bing nhau, suy ra AB // CD.
Vay ABCD la hinh thang.

(h.147)
Vi AB !f CD nen SADM = SACN" (l)
Vi AD )’/ BC nén SCDN = S)\CN' (2)

Vi MN f’ AC nén S!\CM = SAC;\'. (3)

T (1), (2), (3) suy ra Sypym = Scpn-
(h.148)

Hinh 147

V] BD=%AB nén SDBE =%SJ\BE' (])

Vi BE=i-BC nén Sype =%sm. @)

Tur (1) va (2) suy ra B E ¢

31 3 Hinh 148
S =—‘—S =-—'-S -
DBE 4 4 ABC 16 ABC

Ching minh twong tu ta duoc S,pr = Scpg = % SABc

9 7 ]
Do d6Spgg +SApr +Scpg = ESABC' Vay Spgg = ESABC < E‘SABc-

(h.149)

a) Goi M va N lan luot 1a trung
diém cia AB va CD. Cic ur gidc
EMGN, EFGH la hinh binh hanh
c6 chung dudng chéo EG nén cic
dudng chéo cua chiing déng quy tai
O suy ra OM = ON va OF = OH. Hinh 149

Vay wr gidc FMHN la hinh binh hanh, suy ra FM // HN do d6 ABCD la
hinh thang.

b) EG la duong trung binh cta hinh thang ABCD nén EG // AB, suy ra

SreG = SMEG = SgrGH = SEMGN- (D




| | |
Tac6S,py = ESABD s Scon = ZSBCD- Suy raSpgy +Scon = ZSABCD'

]
Tuong tr Sgy +Spen = ESABCD'

1 1
Vay Saem +Scon +Samc +Spen =5 Sascp - Suy raSemen =7 Sasco- (2)

X 3 !
Tir (1) va (2) suy raSgpgy =;SABCD-

73

79. Chi dan : VE duong cao BH. Dép s6 —2% (dvdt).

80. (h.150).
Vé dudng cao AH.
Ta c6 Sapcep = (AB+CD}.% =10.AH < 10. AD = 10 . 3 = 30 (cm®).
Gid tri 16n nhit ctia S 13 30cm” khi va chi R
khi AH = AD uic 1a AD L CD, ta viét 3 4
max S = 30cm’.
Ban doc gidi thich tai sao AH khong thé P H ¥
bang BC? Hinh 150

81. (h.151)
Céc ur gidc AMND va BMNC 12 hai hinh thang c6 cung chiéu cao.
Vi S.r\MND = SBMNC nén AM + DN = BM + CN.

Ta c6 AM + DN + BM + CN = (AM + BM) + (DN + CN) = 2CD.
Suy ra AM + DN = CD.

A d\M B
Do dé AM = CN.
Goi O la giao diém cia AC véi MN. o
AAOM = ACON (g.c.g) = OA =0C. 5
: : C
Vay d luén di qua mot diém ¢ dinh 12 tam N\
cua hinh binh hanh. Hinh 151
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82. (h.152)
Qua O vé mot dudng thing vuéng goc voi
AB tai H, cit CD tai K.

Sxon *+Scop = %AB.OH +%CD.OK
=%CD(OH +0K) = %CD.HK = %Sascn-

Suy ra Syop + Scop = Saop + Sgoc:
83. Vé duong cao AH.

Sapcn = AB.AH < AB.AD = ab.

max S = ab khi va chi khi AH = AD tic la
ABCD la hinh chir nhat.

84. (h.153)
VEAH LCD; EK 1L AH; BI L AH.
Taco §; + §;=a(HK + AK) =a. AH. (1)
Sin+ Sy =a(Al + HI) = a. AH. (2)
Tur (1) va (2) suy ra §; + S;; = §; + Sy

85. (h.154)
ABMN Ia hinh binh hainh = MN = AB =8 ;
MN // AB nén MN_LAC.
Ap dung dinh Ii Py-ta-go ta tinh duoc

AC=18. VaySANCM =l§-—.8=60 (d\"dl).

86. (h.155)
2
x a OA
pat S =Xxtach = = :
oy a2  2a’ [ oc}
x = 1,5a%.

Vay Sppep = a’+2a%+3a%+ 1,5a°=7,5a".
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A H B
(|
]
]
]
]
n
D i =
Hinh 152
a A a
A
n
a1
B E

re

a CH D a

Hinh 153

8 v c

Hinh 154

D c
Hinh 155



87. (h.156) A

M
Goi O 1a giao diém cia MP va NQ ta g
chimg minh duge MNPQ |4 hinh thoi va
Q 9}
SABCD = 2SmneQ ; N
- D =) C
ViMP+NQ=2anénOM +ON=a. Tacé
2 Hinh 156

(OM + ON)? =a*;
b2+ 2.0MON=2a"; 20MON=2a"- b°. (2)
Tir (1) va (2) suy ra Sypep = 2(a° — b2).

88. (h.157) | A

BM // AC:SABC= SAMC s E E
]
EN // AD = SAED = S_J\N[) s ,",, E -::\\‘
SaBcpE = SaBc+ Sacp + SapE .v:? i ‘\:‘\‘K
1 N D H C -
= Samc* Sacp + Sanp = Samn Y a.h. Hinh 157

89. (h.158).
Goi da gidc 1a A A Az A,
vi cdc phan gidc déng quy tai O nén diém O
cich déu tét ca cdc canh mot khoang r.

SAALAL.A, TOA0A, TSA,04, T+ +S4 04,

= %.r(ﬂn,ﬁ;2 +AsA;+..+A A )=pr.

Hinh 158
90. a) (h.159) A
Goi canh bén la b dudng cao iing véi canh b 1a h.
1 I 1
S +S =Sspc: =b.MD+—=b.ME =—=b.h
ABM T SACM = SABC: 5 5 > 0 .
: By C
= MD + ME = h (khong déi). e
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b) (h.160). Chitng minh twong tu ciu a dugc :
IMD-ME|=h  (khong déi).
91. (h.161)
Vé DK L AC thi DK = DH =d.

SapB + Sapc = Sasc ;

-l—cd+lbd=lbc;cd+db=bc
2 2 2

chia ca hai v€ cho bed ta duge %4-1 =
c

.
=
92. (h.162)

Vé AH 1 BC; MK 1L BC.
1 1 A
SMBC™ AR +OMAC ™5 Sxpc S MR =oAL, /

Hinh 161

Vi M khong ndm ngodi tam gidc nén M
nidm trén doan thing EF // BC va cédch

BC mot khoang %AH ;

93. (h.163)
Vé CH L BN ; CK L DM ta dugec CH = CK.

Snee = Spec + Smep = Ssep-

B™H

Suy ra Syge = Syep do d6 BN = DM

(vi ¢6 hai chiéu cao tuong {ing bang nhau).
94. (h.164)

Ve duong cao AH.

1 1
SABM + SACM = SABC : -Z-AMBI +?AMCK = SABC
- B

28
%AM.(BHCK) =Sppc: Bl+CK =—ABC

i
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Hinh 163

A

AN

H m\o/C
K

Hinh 164



BI + CK nho nhdt < AM l6n nhat.
Vi AH < AB < AC nén AM 16n nhat <> M trung C.
min (BI + CK) = d0 dai dudng cao ké tir B cia AABC.

28 28
9S.b+hy=c+h, e (b=-c)=(h,-hy) =0 &(b-c)- (__F] 0
C
o(b-c)-20=9 g
b.c
2S M AABC cén tai A
& (b-c)fl-—|[=0& be & _
.C S= AABC vuoOng tai A.
96. (h.165) A
Tadat Sygc=S): Suca =S, Syas=S3: Sapc=S- F £
a) AH - 52 - S'; " 82 +33
AD  Sxcp  Sasp S
Tiong BH_S,+S; CH_S+S; B D C
BE S CF S Hinh 165
Vay AH BH CH z(s.+52+s3) 25 _,
AD  BE CF S g
)ﬂ= S, 05 =52+S3;m(mgu_rBH=S3+Si;CH=S‘+Sz.
HD  Scup " Sain S HE S, HF S,
iy AH BH CH SZ+S1; S3+S,+S,+Sz
HD HE HF S, S, Sy

_[ S 31 % 33+S_2 §3_+.S_ 22+2+2=6;
Sl 32 SZ 33 Sl 33

ddu "=" xay ra <> §, =S, = S; & H tring véi trong tam cia AABC.
97. (h.166)
a) Sypc +Smca +Smas =Sasc

%(ax+by+cz)=$ , ax + by + cz =28,
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98.
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b) (am:+l:my+ncz)(i-a-l—:’-+£J=(a2 +b? +c2)+

X ¥ 2
+ ab[i+i]+bc(l+ij+ca(£+i]
y X z y X Z
- JRY JPr _ :
2a”+b“+c” +2ab+2bc+2ca=(a+b+c)". Hinh 166

2
Vay E+E+Eg(a+b+c)
X'y z 28

. (a b ¢ (.a+b-|—c)2
suy ra min| —+—+—[=
X y z 2S
(khi va chi khi M la giao diém céc

duong phan giic).
(h.167)

(dau "="xayras> x =y =2)

a) — Néu M Ia trung diém clia AB thi

Hinh 167

Saom = Spom 5 Scam = Scem-
Suy ra Syom + Scam = Spom + Scem hay Saoc = Sgoc-
— Dao lai, néu Sy oc = Sgoc ta phai chimg minh MA = MB.

Goi h; va h, 14n luot la khoang cach tir O va C t6i AB.

Ta ¢6 Spyom + Scam = Spom + Scpm

LMA (1 +hy) = LB (b, 1) sy ra MA = B

b) (h.168)
Vi M la trung diém cia DE nén Sgag = Spap- (1)

Vi N 1a trung diém cia DF nén Spep = Socp- (2)
Mt khic theo bai 82 thi :

Soas + Socp= Soap * Sosc D

(SOAE +* S‘OBE) + S(]CD = SO:\.D"‘ (SOBF + SGCF)' (3) Hinh 168



Tir (1), (2), (3) suy ra Sype= Sppr do dé tia BO di qua trung diém K cuia
EF (theo cau a).

Vay ba diém O, B, K thing hang.

99. (h.169) M/‘“ 2 B\
M&bi géc ngoai cuia bat gide déu 12 360° : 8 =45°. H c

Suy ra cdc tam gidic MAH, NBC, PDE, QFG la

nhirg tam gidc vudng can bing nhau. G \ / D
Do dé ﬁ=ﬁ=§=6=90°vé Q F E P
MN = NP =PQ = QM. Hinh 169

aJ_
Vay MNPQ la hinh vuong. Vi AH = anén AM =
MN=a+aJ_+ J_ =a(1++2)

SMNPQ= [a(l +J§ )]2 = 32(3 + 2\{5)
100. (h.170) A
Goi Spy =S.Goi D 1a giao diém ciia AN va BC. L 2

B C
\
1 1 1 1

Sasp = 5 Sasc= 7S Snpp = Snpc =5:10=5
: % ) : Hinh 170

1 e
= SaBN =Sacn =Semn ==S.Taco Spgp + Sngp = SasN ;
3

§+5 = g Giai ra dugce S = 60 (dvdt).

101. (h.171)

Vé AH L CD . S.ACD = %ah S%ab
= 4S,cp < 2ab < a° + b’ (xem bdt ddng thitc Co-si phén Dai s6).
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102.

288

Tuo‘ng {14 4SABC < C2 + dz.
V&y 4(SA.CD + SABC) < 32 + bz + C2 + dz:

a% +b% +c? +d?

hayS <

(ddu "=" xdy ra <> AABC vuong cin & Bva ©
AADC vuong can ¢ D < ABCD la hinh vuong). Hinh 171

(h.172)
a) Néu Sppc = Sppc thi dugng thang d chira dudmg chéo AC.
— Gia slt Sy < Sapc thi dudng thang d cét CD tai M nam giira C va D.

— Dung BN // AC (N thudc
dudng thing CD).

— Dung trung diém M cua DN.

Dudng thing AM la dudng
thing d phai dung.

- Truc’mg hUp SABC > SAD’C thi
diém M ndm giira B va C.

Ban doc tu giai tiép.
b) (h.173)
e Xé1 truong hop cdc tam gide KAD va

KBC c¢6 dién tich nho hon nira dién tich
tr gidc.

— Dung BN // KC, AP // KD (N, P thuc
dudmg thing CD).

— Dung trung diém M cua NP. Duong
thing KM la dudng thing d phai dung.

e Truomg hop tam giiac KAD hoac tam gidic KBC ¢6 dién tich khong nho

Hinh 173

g o o it : 1 - .
hon nira dién tich uf gidc, chang han Sgpe EESABCD thi diém M sé€ thudc

canh BC. Cich dung nhu sau : (h.174)



103.

104.

— Dung AP // KD (P thu6c dudng thing CD).
— Dung PQ // KC (Q thudc dudng thing BC).
- Dung trung diém M cua BQ.

— Puong thing KM la dudng thing d phai dung. P 5~___ \
Phén chimg minh danh cho ban doc. e
(h.175) Hinh 174

Goi P, N, Q, M ldn luot la trung diém cia AB,

BC, CD, DA. Méi duong thang chia hinh vuong a ek 4
thanh hai t& giac phai cat hai canh d6i cia o
1¥3
hinh vuong. 0,
. ' _ M — N
Gia str duong thang d nhu vay cat AB ¢ E, cat 02
) O4f
CD & F va cit MN & O,. i
Sagrp  (AE+DF).AD:2 MO, 1 e . E
Sesce (BE+CF).BC:2 ON 3 L

M0, i- = 0, 12 diém c6 dinh.

Do dé

MN
Vay dudng thing d di qua diém O, ¢6 dinh.

Tuong tu ta con xdc dinh duge dudng thing d c6 thé di qua O, thudc

MN sao cho uter =& hoic di qua diém O3, O, thuéc PQ sao cho
PO; _QO, _1
PQ QP 4

C6 chin duong thing di qua bon diém c6 dinh nén theo nguyén Ii Di-rich-lé
it nhat phai ¢6 ba dudng thing cing di qua mot trong bon diém néi trén.

M 14 -
a) (h.176) Sxno = Sene s Semn = Spro. A_Z x B
N
DitAM=xthiBM=14-x;BN=6-x
Q X
S=Suynpo=S - 2(S + Sgmn) .
MNPQ = “ABCD AMQ ™ SBMN 5 e 2
Hinh 176

19A-BT....TOAN X 289



S=14.6 — [x*+ (14 = x)(6 - x)] = =2x°+ 20x
= -2(x2=10x) = -2[(x - 5)* - 25] = =2(x - 5)* + 50 < 50
(dau "=" xay ra < x = 5).

Vay max S = 50 (khi va chi khi AM = AQ = CN = CP = 5).

b) (h.177) X it it

Tir gide MNPQ c¢6 cdc cdp canh ddi bing ‘ N

nhau nén 1a hinh binh hanh. -

Hinh binh hanh MNPQ 12 hinh thoi a I

& MQ = MN & MQ? = MN? D P 2
Hinh 177

o 2x2= (14 - x)* + (6 - x)*
o 2x% = 2x% - 40x + 232
& x = 5,8(cm).

Smnpo = —2X° + 20x = -2. 5,87+ 20 . 5,8 = 48,72(cm?).
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105.

106.

TAM GIAC DONG DANG

A B
(h.178) P
CN CM
a) CN // AB = l ¥
it AB B M D ”\/
ND AD -
AD//CM = ﬁ—m (2) Hinh 178

CN ND_CM AD _ ND _AD
AB NC BM CM AB "~ BM

= BM . DN = AB . AD (khong d6i).

Tu(l)va(2) =

AP _ DP AP _BP
b) AD // BM = = — 3); AB/DN= : 4)
) AD // AM DB (3) // AN _BD (
Tir (3) va (4) = AP AP _DP+BP I
AM AN  BD

Chia ca hai v€ cho AP ta duoc

(h.179)

Ve AE//d; CF//d (E, F € BD)
Goi O la giao diém ctha AC va BD.

Ta chitng minh duge OE = OF. Hinh 179
BA BE BC BF
MI/!AE=—=— 1) : NI//CF=> —=—. (2
BM U5 SN BN BI ¥
"
T (1) va (2) = BA BC _BE+BF _(BO+OE)+(BO- -OF) _2BO _BD
M BN  BI BI BI  BI
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107. (h.180)

Vé ND // AB (D € CM)

ND _CN_15_1 .. BM
AM CA 45 3

Tu (1) va (2) = ND = BM

=> BMND la hinh binh hanh = -g—hB:= 1

Hinh 180
1
ND// AM = MD= AN = > =2
D CN L5
= MD=2CD = 0OM =0D = DC.

oC OB OC

M
Viy — =2dod6 —+—=1+2=3.
OM ON OM A
108. (h.181) 21!
| ' B D c

Vé BM // AD (M thuéc dudng thang AC).

Ta chimg minh dugc AABM déu = BAC = 120°. Hinh 181
109. (h.182)
a) OM //CD = L I (1) T N
CD AC' ) | e /\N
o
ON BN
ON //CD = L@
/I > - BC (2)
, OA BN
ONJ AB= —— = B @ Hinh 182
OM ON
Tir (1), (2), (3 ~— =—— = OM=0ON.
u (1), (2), (3) suy ra D - D I
OM DM OM AM
b) OM // AB = 4)OM//CD = —=—"—.(5
) // 2B DA » (4) /l D - AD (3)
Tr @) va(s)— OM,OM _DM+AM _

B CD DA
1 1 1 1 2
+ = hay + = .
AB CD OM AB CD MN

Chia ca hai v€ cho OM ta duoc



110. (h.183)
Trén tia Ox dat OM' = m. y

Pudng thing qua M’ va song song véi Oy
cit MN tai P. VE PN' // Ox (N' € Oy).

" N' P
TaC()M'PﬂON:;‘-OM =NP : (1) n
OM NM

(9] m M M X
, ON' MP
N'P//OM = ON HMN' (2) Hinh 183
' N
Tir (1) va (2) = OM"  ON DNE+ME i BB
OM | ON MN OM ON

OM' = m nén ON' = n suy ra P la mot diém c6 dinh. Vay MN luon di qua
mot diém c6 dinh 1a diém P.

111. (h.184)
Pudng thing MD cit BC tai F.

Xét ba duong thing BA, BC, BN déng quy
tai B cdt hai dudng thing song song MF va
AC, ta duoc

MD AN
DF NC (h Hinh 184
X6t AAMC c6 NE // AM = ME _AN )
EC NC
T () va (2)= % =%§- = DE // BC (dinh li Ta-let dao).
112. (h.185) A E g
AE _AM A
a) ME // BC = = 1
) /l B AC 24k .
D G
MH // DC = i}i = A—h-‘i— (2)
AD AC Hinh 185
AE AH

Tu(l)va(2)= E —ﬁ = HE // BD (dinh Ii Ta-let dao).

Tuong tu GF // BD suy ra HE // GF.



113.

114.

118,

294

b) Trong hinh binh hainh AEMH, AM va HE cdt nhau tai trung diém N
ctia HE. Tuong ty, P la trung diém cia GF.

Xét hinh thang EFGH, goi O la giao diém cla cdc dudng thing chita hai
canh bén EF va HG.

Theo bé dé hinh thang thi bon diém M, N, P, O thing hang, suy ra ba
duong thing EF, GH, AC ddng quy.

(h.186)

Xét ba dutmg thing déng quy AB, AC,
AD ciit hai dudng thing song song PQ
PE DO

viBDtac6: —=——- (1)
EQ OB

Tuong tu, E‘ =E- (2) Hinh 186
FM OB

T (1) va (2) = % =F£E => Ba dudng thing MQ, NP, AC déng quy do

|\

do6 dudng thing AC di qua K.

A
(h.187)
Xét ba duong thing BA, BN, BI déng
quy tai B cdt hai duong thing song AN
EP AN el R Ne
song EH va Al ta ¢c6 —=— =1 | Sl .« I o3t §
PH NI ’IP e
= EP = PH. B H 1 M G C
Hinh 187

Chimg minh tuong tu ta dugc FQ = QG.
Suy ra PQ // HG va O la trung diém cua PQ.

Xét hinh thang BPQC ¢6 O va M 1a trung diém cla hai ddy, N 1a giao
diém cia hai duong thing chira hai canh bén nén ba diém M, N, O thing
hang (Bo dé hinh thang).

(h.188)

DB NC MA
DC NA MB

Vi AD, BN, CM doéng quy tai O nén =1 (dinh Ii Xé&-va).



116.

117.

DB MA NA
Vi i | il e e MK BE
DC " MB-NC - MN/

(dinh Ii Ta-let dao)

= Suse = Snee = Sgom = Scon-

(h.189)

Vi AM, BE, CD déng quy tai O

nén MB- EC-DA =1 (1) (dinh i Xé-va).

MC EA DB

Mat khédc D, E, N thing hang nén

NB'EC.DA=1 2)

NC EA DB

(dinh 1f Mé-né-la-uyt).

Tu(l)va(2) = ﬁ=ﬂ= k. Hinh 189
MC NC

Vay diém M chia trong doan thing BC, diém N chia ngoai doan thing BC
theo cung ti s6 k.

(h.190) A
Goi giao diém cla hai dudng thing E
BC va DE la N. Xét ADNB, dudng

thing MA cit ba dudng thing chia N - y )

ba canh NB, BD, DN lén luot tai M,
A, F nén theo dinh 1i Mé-né-la-uyt Hinh 190

MN AB FD_,
MB AD FN
Tuong tu, xét AENC véi ba diém M, A, F thing hang ta c6
MN AC FE _,
MC AE FN
MN AB FD _ MN.AC. FE_
MB AD FN MC AE FN

ta céd (1)

(2)

T (1) va (2) =
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Thay AB=4; AC=3; FD = |,5FE va AD = 2AE 1a dugc
MN 4 IL5SFE MN 3 FE
MB 2AE FN _ MC AE FN

Thu gon hai vé, dugc MB = MC.

118. (h.191) A
BAC=135°; AM L AC; AN L AB JEN
= Al = A2 = A3 =45°. B M N c
Vi AB = AC nén ta chimg minh duogc Hinh 191
BM = CN.

Xét AAMC c6 AN va AB lin luot la cic duomg phan gidc trong va ngoai
; M .
Cua géc A d dé N_Mz_Bld. hay M:..B__ SU}' ra Bh‘i2 = BC_MN
NE - BE BM BC

119. (h.192)

Bia Do 208 . D0 ciMA.. DB <MB. DA, (1)
MB DB
Mait khdc AM . BD. CN = AN . CD . BM. (2) 2
Chia timg v€& ctia cdc ding thire (1) va (2) ta duoc
MADB  MBDA i N
AM.BD.CN AN.CD.BM
1
Riit gon duoc clN= E:A hyA—I:T Lo o D e
AN.CD CN CD Hinh 192
= DN Ia tia phan gidc cua géc ADC.
120. (h.193) A B
i) DAE = BAB = o= a2 « (13 2
ED AD °’
E F
ADE = OBE = Bru B, 5 0 ©
FC BC Hinh 193

BE AF
ViAD=BCnéntir (1) va (2 b= e B il
i néntr (1) va(2) = =D - FC (3)
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121.

122,

123.

124.

BE+ED _AF+FC 20D _20C oD _OC

b) T 3) = hay = suy ra —=
FC ED FC ED FC
= EF /[ CD = EF /] AB.
(h.194)
A
i (R, N
FM ¢ AM

-

Chimg minh twong tr duge By = By va
Ci =Ca.

Vay AF, BD, CE la ba dudng phan gidc
cia AABC nén ching dong quy.

(h.195) A
T gidac AEDF la hinh thoi. X g
Dit AE=ED=xthi EC=6-x. - x
Vi DE // AB nén ACDE « ACBA 3 5 c
= £=6-x =x=2. Hinh 195
3 6
(h.196)

~ Dung tam AAB'C sao cho B' = 60°;

C'=40°

— Dung trung diém M’ cia B'C'.

— Dung dudng tron (A ; 3cm) cit tia AM'
tai M. Hinh 196

— Tir M dung mot dudng thing song song véi B'C' cit AB' tai B, cat AC
tai C. AABC la tam gidc phai dung.

Ban doc tur chimg minh va bién luén.

(h.197)

— Dung tam hinh vuong E'FG'H' sao cho E' € AB; G' va H' € BC.

— Dung giao diém F cua tia BF' véi AC.
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— Dung FE // BC (E € AB). A
~ Dung EH L BC; FG L BC (H, G ¢ BC). c

F
T gidac EFGH 1a hinh vuong phai dung. .
Ban doc trr chitng minh va bién luén.
125. (h.198) Sl L Ge

Hinh 197

DR ARy 2 B8 _SB L, &3
AB OB OA 3
Tooughy, —emO.l o
B € OB 3
Tu(l)va(2)= —D-=£=l
OA OC 3
DF 1
= DF // AC va E = E Hinh 198
ADEF «x» AABC (c.c.c); k =%.
126. (h.199) A 4 B
1
AABD v ABDC (c.c.c) 5 33
3 4
=> B = Dy = AB /] CD.
1

AABD c6 ba canh 1a 3, 4, 5 nén la tam D 6:}
gidc vuodng tai A.

Hinh 199

Do d6 ur gidc ABCD la hinh thang vuong.

ah, _bhy, ch, - ah, h, h,

127.a.h,=b.h, = c.h_ (= 2S) =
ol bc bec  be 22 ¢ b

h,

hay =2 = -
a

c b

Vay tam gidc ¢6 ba canh h,, hy, h. déng dang véi tam gidc ABC.

128. ABAD « ADBC (c.g.c) = A = DBC = 90° = BC L BD.
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129. (h.200)

AH AK
AH . AB = AK . BC (= Sapcp) = 2= 2
(=5aBcD) =5~ = 34
oy -, D H C
A1 = B (cap gbc c6 canh twong img vuong géc)
= AKAH v AABC (c.g.c). Hinh 200
130. (h.201)
A B N
ABfeM=222 @)
CM EC
BN!ICD:}ls—N-zh—B-; (2) v
Cb EC D C M
AB BN Hr'nh‘.?ﬂl
A= 22, @
(1) va (2) oM CD (3)
Mit khéc AB = BC = CD nén tix (3) suy ra = =2
CM  CB
ANBC va ABCM ¢6 B = € =90°; SC - BN
CM CB

nén ANBC v» ABCM (c.g.c) = (":‘1 =1?d :
Goi O la giao diém clia BM véi CN.

Xét AOCM c6 M + C2 = C1 + C2 =90° = O =90° => BM L CN.

131. (h.202)
BM AB AM A
AABM »» AACN (g.g) = = = 1)
- (88)= T =AC AN (

| N M

— AC
 AB 2 — AC AP eAC = AB=ACH)

AC 1,5 AB

2 B c

Tu (1) va (2) suy ra BM = CN. Hinh 202
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132.

133.

134.

300

(h.203)
Kéo dai AB moét doan thing BD = BC = x.

A
3
?

AABC v AACD (g.g) B—e—c

AB ‘\C 5 8
== = —= =>x=18. X

AC AD 8 S5+x

D

(h.204)
a) Trén tia d6i cua tia AC 1dy diém D

Hinh 203

sao cho AD = AB = 31=2ﬁ3. 0
. ~ -~ — A
Mit khdc A; = 2B; nén A} =DBC. V\
ABAC o ADBC g ey s i ; :

DC BC B c
BC? = AC.CD hay a® = b(b + ¢) = b” + be. (1) Hinh 204

b) Tir ﬁ = '.?.E‘. ching minh twong tu ta dugc b’ = {:2 +ca. (2)

Thay b’=c’+ca vao (1) ta duoc :

a2=c2+ca+bc=c(a+b+c)=>l=a+b+czi+ i =_l.+l.
c a2 a2 b(b+c) a b
(h.205)
Ta ¢6 A2 = B2 ; AHE= M2 (hai géc c6
canh trong {ng vudng goc)
= AAHE v ABMH (g. AE
» (2.8) i fs? ‘
_, AH _HE 5 i
~BM HM » M
i B
Tuong tu, AAHD «» ACMH (g.g) D
— ﬂ:ﬂ (2)
CM HM
Vi HD=HEnen:f:(1)va(z)=,ﬁﬂ=% — BM = CM.



135.

136.

137.

(h.206)

a) AMBD «»» ANCD (g.g) = E—M = —I?E (1)

DN DC

AEBD v AFCD (g.g) = E=I—jE (2)

DF DC

DM DE
Tu (1) va (2 _— 3
(Dva(2)= SN - DF (3)

B) Tt B> 2 . DN . MN J/EF.
DE DF

Hinh 206

Tit gidc OMDN la hinh binh hanh, dudng chéo OD chia doi MN.

Ba dudng thing DE, DF, DO déng quy tai D cét hai dudng thing song
song MN va EF thanh nhimg cap doan thing ti 1¢. OD chia d6i MN nén

OD chia doi EF.
(h.207)
a) AAMN ©AACB (c.g.c) = AMN =ACB.

Vi AMN + BMN = 180° nén ACB + BMN = 180°.

Suy ra MBC + MNC = 180°.
b) AABN v AACM (c.g.c) = Bi = Ci ;

ABOM «» ACON (g.g) = % =% >
OC ON
= OB.ON =0C. OM.
(h.208)
AB AE
a) AABE v» AACF (g.g) =» —=——
) (2.8) AC AF
= AB.AF=AC. AE.
b) AR = AE — AE = AF - AAEF va AABC
AC AF AB AC
6 A chung va iti:ﬁE
AB AC

suy ra AAEF «» AABC (c.g.c).

Hinh 207

A

Hinh 208
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138.

339,

140.

302

¢) Vé HD L BC.
H BD

ABHD v ABCE (g.g) = -g—c-.—zaBH.BE:BC. BD. (1)

BE
CH CD

. ACHD » ACBF (g.g) = —=— = CH.CF=BC. CD. (2)
BC CF

Cong timg vé& (1) va (2) ta duoc

BH . BE + CH . CF = BC (BD + CD) = BC™.

(h.209)

AABD v ABDC (canh huyén, canh g6c
vuong)

= By = D = AB// CD.
Viay ur gidc ABCD la hinh thang vuong.
(h.210)

AK BK BK
AH BC AD’

AB //HC =

AABK va AHDA ¢6 A = H =90°

va ax =EE nén AABK «v» AHDA

AH AD
(canh huyén, canh géc vuong).
(h.211)
a) Ap dung dinh If Py-ta-go ta tinh duoc
MD = 12¢cm = AM = 3cm.

AABM «» ADMC (canh huyén, canh
g6c vudng)

=>TT"|1 =E:|.

- -_—

b) Ta co lCh + ﬁz =C; + M2 =90°
—- l.?:h-;fé=90°.

2 ]

45 C
Hinh 209

N,

Hinh 210

Hinh 211



BC?> = MB? + MC2 =52+ 152 =250

BC =+/250. Vay MN = %BC = —J"S (cm) (tinh chat dudng trung

tuyén thudc canh huyén).
141. Vi MN // BC nén AAMN «v» AABC

:’[MN)  Saamn 3.[MN] 3 — MN = 3(cm).

BE) Sise 4 \3J3
142. (h.212)
a) AAMN »» AACB (g.g)
= AM_AN = AM.AB=AN. AC.
AC AB

b) Sapc = ;jl—AH .BC =5 (cm?).

Vi AAMN v AACB nén SAMN _ (“N

Sape \ BC

4 _ 4 8

= S."\“N - '_5 5 —‘g(cm ) = SA“H\ - —(Cm )
143. (h.213) )
V& MN // BD (N € AC). Vi OA = OM
nén AD = DN. E D
Vi MB = MC nén DN = NC. N
Vay AD =DN = NC = Lac
3 B M 7 C
Hinh 213

Chimg minh tuong tu dugc AE = %AB -

-

suy ra ED // BC = AAED v AABC

2
= SAED =[ADJ =l :SABC=9a2‘
Sisx \AC) 9
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144.

145.

146.

304

(h.214)

Ta dat Sypc=c¢’

AMBO »» AABC =

d

R ...
( ) cBC()
co

0 Hinh 214
=222, @

II

o
"*-'l g'-J nr-.ll F-”

NOC v AABC =
s CB ¢ CB

a+b BO+CO BC
Tir (1) va (2) = = e |
i) C BC BC
= (a + b)’ = ¢? hay Sygc = (a + b)’, do d6 dién tich hinh binh hanh

AMON 12 (a + b)? = (a® + b%) = 2ab.

(h.215) X
a) AABH «» ACAH (g.g)
AB BH 2BN hyA—B=E§--()
CA AH 2AM CA AM
Tacé Bl = A (2) BE <
Tur (1) va (2) = AABN «v» ACAM (c.g.c) Hinh 215

Suy ra A2 =C.
Xét tam gidc CAO ¢6 CAO + C2 = CAO + Az =90°
= O =90°. Vay AN L CM.

B) AAGN o ACHM (g:5) =5 B . MO0
CM MH
= AM.MH = MCMO = 28 A - Me MO hay AH? = 4.MC.MO.
(h.216) A
AEC > B (tinh chat gbéc ngoai cua tam
giac ABE).
Trén AC ta ldy diém F sao cho AEF = B
= AF < AC. 8 . =
Hinh 216



AAEF » AABE (g.g) = :—E =AY ., ABAF=AE?’= AB.AC> AE

AE
147. (h.217)
a) ABOH v ACOA (g.g)

OB OH
— T s OA_ B = 4 ]

OB OH _OA OH

b) = — =
OC OA OC OB

(1)

AOHA va AOBC ¢6 O chung (2) Hinh 217

Tir (1) va (2) = AOHA «» AOBC (c.g.c) = OHA = OBC (khong déi).
¢) Vé MK L BC.

ABKM w» ABHC (g.g) = L, = BM.BH=BC.BK (3)

BC BH

ACKM v ACAB (g.g) = %:gz CM.CA=BC.CK 4)

CA
Cong timg vé cua (3) va (4) duoc
BM.BH + CM.CA = BC.BK + BC.CK = BC(BK + CK) = BC? (khong déi).

148. (h.218) A
Dé thiy CH = MN = %BC. E
AHFN «» AMNE (g.g) /
:HF=HN=CM. (1) N -I:IM 6

MN ME ME
AAHC »» AEMC (g.g) '
AH _CH  CH _CM & Hinh 218
EM CM AH ME
TR R e s,
MN AH
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149.

150.

306

MN.CH QBC SBC _ BC?
AH AH  4AH

Vi H ¢0 dinh nén F ¢6 dinh.
(h.219) E

Do d6 HF = (khong déi).

e Néu BAC #90”: ABAD v ABCF
(hai tam gidc vuong can déng dang vdi nhau) D

_ BD_BA_ BD_BF
~ BF BC BA BC 3 c

Mat khic DBF = ABC (= 45° +B)) Hinh 219
— ABDF v ABAC (c.g.c) = BDF = BAC
Chimg minh tuong tu, AFEC v ABAC = FEC =BAC.

Ta ¢6 DAE + ADF = (90° +BAC ) + (90° - BDF) = 180° = AE // DF.
Chimg minh tuong tu ta duoc AD // EF. Vay AEFD 12 hinh binh hanh.

e Ban doc hay chimg minh néu BAC =90° thi 4 diém A, E, F, D thing hang.

(h.220)
Vi DM //CF va DI // CA
nén BM=BD=B] = MI // FE. (1)
BF BC BE
Vi DN // BE va DK // AB
CN CD CK
én => NK // FE. 2
"“NCE T CB CF . o
AAMD «v» AADB _—_,.ihﬂ - L[). (3) Hinh 220
AD AB
SRR AR = SN B0
AD AC
Chia timg v€ cua (3) cho (4) ta dug —&-M- = A—C
AN AB



AF _AC . AM AF

AACF v AABE > —=—dod6 — =— suyraMN //FE. (5
AE  AB BN AR Sy &)
Tir (1), (2), (5) suy ra bon diém M, N, I, K thing hang.
151. (h.221)
A M B
AABN = ABCM (c.g.c) = By = C; din t6i £
BN L CM. F
N
AABN vuong tai A, AB=30; AN=15
= BN ? = 1125.
» D C
ABEM « ABAN = SBEM _ [BM ] 225 _1 Hinh 221
Sean LEN) 1125 3
SBAN = %.30.]5 =25 => SBEM = 225. %-_- 45 (sz)
AARN G ACHE =S T ait el o= Lap= Lo
FB BC 2 2 3
do d6 Supy = %SABN =% 225 =175 (cm?).
152. (h.222) "
a) Dat tén cdac tam gidc nho va ki hiéu dién E
tich ciia ching nhu trong hinh 222. Dé thdy e
cc tam gidc ODH, EON, FMO déng dang véi M/
AABC. Diit Sypc = d’. / A\
B D H C
Tacé i_r%ﬂ:bi_m_ (1)
dz LBC d BeC Hinh 222
b2 _(ONY’ _(H_Cf _b_HC. ..
d2 \ BC, BC d BC'
2 2 2
c MO BD ¢ BD
—_— | —— = | — —_— — = — ; (3)
d¢ \ BC BC d B

307



153.

154.

308

Cong timg v€ cic ding thic (1), (2), (3) ta duge

a+2+c=DH+:g+BD= l=>a+b+c=d. V{l}’S=d2={a+b+Clj-

2 + 2ab + 2bc + 2ca

b)S=(a+b+c)Y=a’+b" +c
Saz+b2+c2+(a2+b2]+(b3+c2)+(c2+az)=3(an+b2+c2).

(d4u "=" xdy ra < a =b = ¢ < O trung vdi trong tam G cia AABC).

(h.223) "
Hinh chir nhat DEFG dugc xdc dinh néu ta
biét vi tri cia mot trong bon dinh, ching han
dinh D. DK E
Gia sir DE cit dudmg cao AH tai K. / i )
DatDE=x;EF=y; AH=hthi AK=h -y. )
B G H F C

DE AK X n-¥
i s O, e Hinh 223

AADE «»» AABC = = _
BC AH BC h

SpEFG =X .y = (BCh%]y : vi BC va h khong d6i nén Spggg 10n nhat

<> (h = y).y 16n nhat.

Hai s6 h — y va y ¢6 tdng bing h (khong d6i) nén tich cua chiing 16n nhat
khi va chi khi hai s6 d6 bang nhau, tic lah -y =y hay y =%. Lic d6 DE
la duong trung binh cia AABC.

(h.224)

V& tia Oz sao cho Oz va Oy thuoc hai nira
mat phing d6i nhau by chia tia Ox va

xOz = AOy.
Trén tia Oz 1ay diém B sao cho OB = 20A.
Vay B 1a mot diém c6 dinh.

Hinh 224



AAON «v» ABOM (vi 61 = 62 véo—A=0—N=l)
OB OM 2
= ANl BM=2AN.
BM 2

Ta c6 AM + 2AN = AM + BM > AB (ddu "=" xay ra < A, M, B thing
hang), lic dé min (AM + 2AN) = AB.

Cach dung :
~ Dung tia Oz trén d6 14y diém B nhu trén.
— AB cit Ox tai M.

— Trén tia Oy ldy diém N sao cho ON = %OM ; M va N la cdc diém cén dung.

155. (h.225) N
AD AC A
BM//AC = — =—
W BMIAC= 5 = MB "“b
AD AC ’ 0
~ AD+DB _AC+MB ‘

B C
AD AC
= = .
AB AC+AB
AE_AB__AE __AB
EC CN AE+EC AB+CN

AE AB AE AC
o = — - .
AC AB+AC AB AC+AB

Tu(l)va(2) = éE:A—E = AD = AE.

AB AB

(1) Hinh 225

CN//AB =

(2)

Vi BAC = 60° nén AADE i tam gidc déu.
AD AC _AC
DB MB AB

_AE_AB _AB
EC CN AC

b) Theo chimg minh trén, (3) (4)

Tu (3) va(4) = iI-)~=E — AD°=DB.EC=4.9; AD=6 = DE =6.

DB AE
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156. (h.226)

157,

158.

310

Sese = Scper = Sgep + Scep = Sgep + Scrp

= Sgrp = Sgrp
= B va E c4dch déu dudmg thing FD = BE // DF
CA CB 5§

= —— =——=— (dinh li Ta-let)
CF CD 3
— SABC = %SFBC =§9 =13 (sz).
(h.227) A

Ap dung dinh Ii Py-ta-go ta tinh duoc /\
BC = 60. M

35-/
Dat AM = x thi BM =36 - x.

B C
M BOEs 2 o 2 o i OOE Hinh 227
60 36 36
ON_BM_ . _CABM _48(36-x)
CA BA BA 36

48(36 -x)

60x
Ta ¢6 phuong trinh —=(36-x)+
P g 6 ( ) 36

Giai ra dugc x =21 = MN = 35.

(h.228)

Goi M va N la giao diém clia HK véi
BD va CE ; P la giao diém cia IH véi
BD ; Q la giao diém cua IK véi CE.

XétMP //IK valH // CEtacé

HM HP EG
HK HI EC

= HM = %—HK.

Hinh 228

L
3

Chitng minh tuong tu ta duge KN = %HK suy ra HM = KN = MN = %HK.



159. (h.229)
a) Goi O la giao diém /
ctia MN véi AC. A -

160.

Dé thdy MN // CD va \
OM = ON. . Z .

Ba duong thing FE, . ?

FC, FG dbéng quy tai F, Hinh 229

cdt hai duong thing MN // EG thanh nhimg cap doan thing ti 1¢ tir d6 suy
ra CE = CG.

b) Dé thdy ANEG can, duong thing NM' la dudng phan gidc cla goc

ENG. Mat khic NM L NM' nén NM la duong phan gidc cua géc ENF. Xét

ANEF c¢6 NM va NM' 1a cdc duong phan gidc trong va ngoai tai dinh N
ME M'E _NE

MF M' F NF
(h.230) i
a) Dé thdy cdc tam giac HDO ; IOE, H I
OKF déng dang véi nhau suy ra
OD DH D E
OE Ol ' () f 7
r B K F C
.0_F.=O_K . (2) Hinh 230
OH HD
Mat khac ta luén cé E=ﬂ (3)
OK OK

Nhan timg vé cdc ding thic (1), (2), (3) ta dugc
OD.OF. Ol _ DH-OK. Ol s
OE OH OK Ol HD OK
IO IE AH IE

b) AIOE v AABC = 1

) “ AB AC _AB AC ()
BK Al CE CE

T AR s T S e 3

" Bc-ac P Ca~ca %)
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161.

162.

312

Cong timg v€ cdc dang thie (1), (2), (3)
AH BK CE IE+AI+CE _AC

= 1.

AB BC CA AC T BC
(h.231)
AE _AB
AAEB «wACBF ( = ——=
o &-8) CB CF

= AE.CF=AB’ (1) (khong déi).
b) AABC la tam giic déu.

Tx(1)=AE.CF= AC =:~£=i-5£E Hinh 231
AC CF

Mat khic EAC = ACF (= 120°) nén AAEC v ACAF (c.g.c).
¢) Tacod Ei = Al (cap goc tuong img cua hai tam gidc dong dang).

Xét AEOF ¢6 EOF = E; + OAE = A; + OAE = EAC = 120° (khong déi).
(h.232)

— Dung tam AAE'F' sao cho E' € AC ;
F'e AB; E'=B.

— Dung trung diém O’ ctia doan thing E'F'.
Tia AO' cét BC tai D.

— Dung DE // AB (E € AC) va DF // AC
(F € AB).

Ti gidc AEDF la hinh binh hanh phai dung.

Ban doc tu giai n6t cdc bude con lai.

Hinh 232



HiNH LANG TRU DUNG. HiNH CHOP DEU

163. (h.233)

164.

165.

Vi a//bnén a va b cing nim trong mat phing,
chiang han mp(P).

Aea;Cea maacmp(P)nén A, C e mp(P).

Beb;Debmabcmp(P)nén B, D € mp(P).

Ca bon diém A, B, C, D déu thudc mp (P) nén
mp (A,B,C) di qua D.

(h.234)

a) mp(ABCD) va mp (ACCA") ¢6 hai diém chung
12 A va C nén chiing cit nhau theo giao tuyén AC.

b) Goi O 1a giao diém cia AC va BD ; goi O' la ,ﬁ*'-“': ----- LywyB’
giao diém cia A'C' va BD' ; mp(BDD'B) va phe===="" =7
mp(ACC'A") ¢é hai diém chung 1a O va O' nén
chiing cét nhau theo giao tuyén OO’
¢) g song song véi AA', BB, CC', DD".

g //mp(ABB'A') ; g // mp(CDD'C’) ; g // (BCCB') ; g // mp(ADD'A’).
(h.235)
a) EN // FM va EN = FM (vi cung song song A B

Hinh 234

véi CC' va bing nira CC') suy ra EFMN 1a hinh
binh hanh.

b) CC' khong nam trong mp (EFMN) ; CC// EN f"; “be----- B
nén CC// mp (EFMN) ; EG//CD'; FG // BC g =M™
= mp(EFG) // mp(A'B'C'D’).

¢) Tac6é EG //CD' ma CC'L CD' nén CC'L EG.

Hinh 235
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166.

167.

168.

169.

170.

314

Tuong tu, CC' L FG. Vay CC' L mp (EFG).
CC' < mp(CC'D') ma CC' L mp(EFG) nén mp(CC'D’) L mp(EFG).
Goi canh cua hinh lap phuong la a.

Ta c6 3a° = 5% = 25 (em?). S, = 6a° = 25.2 = 50 (cm”).

(h.236)
AA'LA'C' ma AC'A' =30°nén AA'= % AC =5.
Tacé AC?=AB’+AD’ + AA” A 5
10°=7*+52+AD’> = AD=+26. D w c
Sip = Sxy + 2544y = 2(7 +/26). 5+ 7.4/26 . 2 E,L&D che
~ 1924 (dvdr). D' oy
V=abc =7.5 . 426 = 178.5 (dviy). Hinh 236

Goi ba kich thudc 1a a, b, ¢ ; do dai duong chéo la d.

Tacoa+b+c=19 (1)va2ab+2bc +2ca=192.

Binh phuong hai vé cua (1) ta duge a’+ b’ + ¢’ + 2ab + 2bc + 2ca = 361.
Suyraa’+b +¢ +192=361;a°+b’ +¢ =169 dod6 d’ =169 ; d = 13.
a) Vi 512 = 8° nén ¢6 thé xép 512 hinh 1ap phuong don vi thanh hinh lap
phuong canh dai 8 don vi.

b) Cén phai thém 10* - 8% = 488 hinh 1ap phuong don vi.

¢) Co 8 hinh lap pliu0ng don vi duoc son ba mat (¢ 8 dinh).

C6 8. 12 = 96 hinh lap phuong duogc son diing hai mat (ndm doc theo céc
canh, khong ké cac hinh 1ap phuong ¢ 8 dinh).

C6 6.8 =48 hinh lap phuong dugc son chi mot mat.

Nhirng khoi lap phuong khong ¢6 mat nao duoc son thi tao thanh mot hinh
lap pruong canh n — 2 don vi (hinh 1ap phuong ndy ¢6 duoc bing cdch
lo11 bo hét cic khoi lap phuung don vi & 16p ngoai cung). Do d6 co tdt ca
(n - 2)" khoi lap phuong nho khong duge son mét nao.

218-BT... TOAN 8



171.

172.

173.

Cdc khoi 1ap phuong duge son chi mot mat 1a cdc kh6i 1ap phuong don vi
thudc 16p ngoai cing nhung khong ndm doc theo cdc canh cia khéi lap

phuong ban ddu, c¢6 tit ca 6(n — 2)° kh6i lap phuong nho nhu thé. Ta c6
phuong trinh: (n - 2)3 =-§—. 6(n — 2)2

s O Y S l:n=6(lhoﬂ man)

n =2 (loai).
(h.69)
a) Méi hinh vuong don vi & mat ngoai bi duc di thi 1am xut hién bén hinh
vuong don vi & mat trong. Do d6 téng dién tich & mat ngodi va mat trong
1a: 6.3% - 6 + 6.4 = 72(dm?).
b) 7 : 20 = 35%.
a) (h.237) C
Sq= 2ph=3a.a= 3a’.

a3
4

a’3 4B
; .

.4 =
4

b) C6 thé vé nhu hinh 238.

Goi sO canh ddy cua lang tru d6 la
n thi s6 mat 1a n + 2 ; s6 dinh la o
2n, s6 canh 1a 3n. Theo dé bai ta
c6(n+2)+2n+3n=20;n=3;
ddy 1a mot tam gidc déu. C A/ a, B C

S(p=3a2+ 2 =3+

az.ﬁ _a2(6+\/§)
2 2 = C

V=S h=

Hinh 237

Do dai mbi canh ddy 1a
30:3 =10(cm).

C.
10243
4

12 =300+/3 (cm?).
Hinh 238

V=Sh=
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174. (h.239).

175.

316

Hinh 72 1a hinh khai trién cua lang tru diing ? ) 4
& hinh 239 trong d6 ddy ABCD la hinh thoi.  p&= & L
Ap dung dinh If Py-ta-go tinh dugc .
AB?= OA” + OB® =87+ 157 =289 ; L
AB = 17(cm). o %

Seq = 2p-h = 4.17.40 = 2720 (cm®). Hinh 239

V=Sh =% .16.30.40 = 9600 (cm°).

(h.240a, b)
Goi h 1a d6 sau cia nuée khi ddy bé nim ngang.

Thé tich cta nude trong bé 1a thé tich ctia mot hinh hop chir nhat ¢6 thé
tich 1a V = 40.50.h

c B'
||
!Il.- SO NPCY ey
fyes detaesaat
f,‘:‘,. ‘.-.".", s, :‘,. ", L
R -
DY £ . oo ofeas, Joss
R R S
" .:' - ' -
I 50
[
F
#
D 40 A
Hinh 240a Hinh 240b

Khi bé cid bi nghiéng di, thé tich nudc 1a thé tich cia mot hinh lang tru
dimg, c6 chiéu cao la 50 cm va ddy la mot hinh thang vuong. Thé tich d6

la V= %.(30 + 10).40.50.
Vi thé tich nudc khong déi nén ta ¢6 phuong trinh

40.50.h = %-(30 + 10).40.50 = h = 20.

Viy thé tich nuéc trong bé cd 1a V = 40.50.20 = 40000 (cm’) = 40 (dm”).



176. Xét hai truong hop :

Truong hgp canh tdm bat cé d6 dai a dp sat dat (h.241a) va truong hop
canh tam bat ¢6 do dai b dp sét dat (h.241b).

Hinh 24]a Hinh 241h
— i y b ab
Dién tich BCC'B' trong truong hop thit nhit 1a S, = a.E Y
. a ab
trong trudng hop thirhai la S, = b.E e Viy S, = S,.
Thé tich ABC.A'B'C’ trong truong hop thit nhit
b 2 Jg b.(abxﬁ)
Vi =| = a= . (1)
2) 4 16
2
: B a.(abv3
trong truong hop thirthai 'V, = o V3 b= ( J_)- (2)
2) 4 16
Via>bnéntir (1) va(2) = V,>V,.
177. (h.242) .

a) ABLCM; AB L SM => AB L mp (SCM)
AB c mp (SAB) = mp(SAB) L mp (SMC).
b) AM?=SA%-SM?*=29-25=4 c

’

= —————p

£

AM =2 = AB =4 (cm).

-
AT
')

\;’

N
LY
’
s

S,, =pd =%.3.4.5= 30 (cm?).

xq
- Hinh 242
3 ;E =30+43 (cm?)-

Slp= S:q * Sd:i)' =30+
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178. (h.243)
a) Goi canh cta hinh lap phuong 14 a, suy ra
BD = BC' = CD =av2. Vay ABCD la tam D
gidc déu.

Hinh chép C.C'BD c6 ddy la da gidc déu va A B B £
tit ca cdc canh bén bang nhau (bing a) nén 7

hinh chép d6 13 hinh chép déu. ' o .

et - }
m

b) Dién tich xung quanh cua hinh chép
3 Hinh 243

C.C'BD la (l AR =gy,
2 2

Dién tich ddy cta hinh chép dé6 1a

(aﬁ)z\ﬁ = a:ﬁ.
4 2

322\/5=J§.

Ti s6 cdn tim 12 %az .

179. (h.244).

Goi h la chiu cao cua hinh chép cut, dla
trung doan,

2 2 a—bz
tacé d“=h“+ T

_ [ ab ]2+[a—b]z (@ +b?)?
a+b B |:1(a+b)2

- Hinh 244
i ;(a++bb)-
; a’+b* 5 5 o )
Sy =(p+p')d =2(a+b).2(a+b) =a" + b” = t8ng dién tich hai diy.
180. (h.245)
a) V= % Sh=s§=3Y.= 3'1]?0 =256 (cm?).

Do dai canh ddy 1a a=+/256 =16 (cm).
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181.

b) Goi M 1a trung diém cua BC ; SM Ila
trung doan cua hinh choép.

SM?=S0%+ OM? = 15%+ 82 =289
SM = 17 (cm).

Syq =p.d = 16.2.17 = 544 (cm®).

(h.246)

a) Tacé A'B'// AB; A'C' // AC (dudng trung
binh cua tam gidc). Suy ra mp(A'B'C) //
mp(ABC). Vi S.ABC la hinh chép déu nén
A'B'C.ABC la hinh chép cut déu.

b) AB=R+3 =443.4/3 =12 (cm).
Vé duong cao SO cua hinh chép S.ABC. Goi

M la Irung dlé‘m Cfla AC. Hinh 246
.
Tac6 OA=OB =§BM = %[12?} =43 (cm).

S0%=SA2- 0A%= 82-(43)2 =16 : SO=4 (cm).

Doan thing SM cit A'C' tai M'. Ta chimg minh duge M’ la trung diém cta
SM va cua A'C.

Xét ASMB c6 BM //BM = 22 =2 _L v §0.=4 cm nén SO'=2 (cm).
SO SB 2

Thé tich cta hinh chop S.ABCla V, = %S.h = % .[122.?}4 =483 (cms).

Thé tich hinh chép SA'BC 1a V, = %S'h‘ = %{62.?}2 =643 (ecm®).

Thé tich hinh chép cut dé 1a V =V, =V, = 48V3 —64/3 = 4243 (cm?).
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182.

183.

184.

Méi mot hinh 1ap phuong don vi & dinh bi duc bo di thi lam mdt di ba hinh
vuong don vi & ba mat nhung lai xudt hién thém ba hinh vuoéng don vi do
d6 dién tich toan phén cia khéi gb khong déi.

S,p=6n2; V=n’- 8.

C6 thé coi thé tich ctia khoi bé tong 1a téng thé tich cha hai hinh ling tru
dimg, méi lang tru c6 ddy 12 mot hinh thang, chiéu cao bang 0,15 m (h.78).

" =[(219+213)_2.4 ,(213+210).2.4

: ].0.15=154.8(m7‘).

Thé tich soi 12 154.8.ﬂ =714 (ms).
100
(h.247)
S 6a>
a)S. =(p+p)d=>d=—"3_= =a.
) Syq=(+p) P

Canh bén cta hinh chép cut la

’ 2
AA'=JA'H2+AH2 = a2+%=#.

b) Chiéu cao cua hinh chép cut 12

Hinh 247

00'=A'K = VAA - AK? =J

5a° _[aﬁr N aﬁ

4 2 2

¢) Thé tich hinh chép cutla V = %(S +S'+ JS.S'].h

185. (h.248)

320

a) Dung dinh Ii duong trung binh cua tam giic, cua hinh thang va tién dé
O-clit ta chimg minh dugc bon diém M, N, P, Q thing hang.

b) Dé thdy cac tam giac OCD va OAB la nhimg tam gidc déu ; MN // CD
nén AOPQ déu.



186.

187.

AEJ.OB;DFLOC:EM:FM=% AD

(dudmg trung tuyén thudc canh huyén cia tam
giic vuong).

EF=%BC=-;—AD=>EM = FM = EF

= AEFM déu.

CDJ'

¢) AOCD déu = duong cao OH S

Hinh 248
AOAB déu = dudng cao OK = -@i

Do dé hinh thang ABCD ¢6 dudng cao 1a

HK = (AB+§D)J§ =MNA3=43 (cm) ;

Sapcp = MN.HK =443 =1643 (ecm?). S, =16v/3.5=80V3 (cm?).

(h.249)
a) DE la dudng trung binh cia ABCO
= DE // CO. Tuong tu, DF // BO

MA NA [= DA )
MP NQ | DO

= PQ // MN. )

b) D thdy MP = MB ; NQ = NC.

MA NA
Thay vao (1) tadugc —=——=MN//BC. (3
ay vao (1) ta dugc MB - NC (3)

Tir (2) va (3) = PQ // BC = PQCB la hinh thang vi MN la dudng trung
binh, tir d6 suy ra dpcm.

(h.250)

(1)

AD CD_ AD BD
BE CB' CF BC

a) Theo hé qua dinh li Ta-let ta c6
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188.

189.

190.

322

Cong timg vé ta duoc
AD AD CD BD _ BC _
BE CF CB BC BC
Chia hai v€ cho AD ta duoc
1 1 1

oo = .
BE CF AD
b) Vi AD // BE // CF nén Sppg = Saps ;
SADF = Sapc V2 Sagr = Sagc: Hinh 250

Vay Sape + Sapr + Saer = Saps + Sapc + Sasc hay Sper = 2S¢
(h.251)

Ta chimg minh duoc AE = AF ; BF=BD ;
CD =CE.

DB EC FA _BF CD AE _
DC EA'FB DC EA FB B - c
Suy ra AD, BE, CF dbéng quy (dinh Ii
Xé-va).

(h.252)

a) ABEC = ABDA (g.c.g) = BE = BD vi

Tacé

Hinh 251

SBEC = SgDA-
ABMN v ABDE (c.g.c), vai ti s6 dong dang

1
b) Sgmn = ZSBDE = Sppg = 4Sgmn = 2SggN-

Hinh 252

Ta c6 Sggc+ Sppa + Sppe = Sasc

NE) V3
28ggct 2SgeN = R Sgec + Sgen -

(h.253)

a) AAMD = ACND (c.g.c) = DM = DN va D; =D din t6i MDN = 90°
va ADMN wvudng can.



191.

AEMH = AENF (g.c.g) = EH = EF din 6i M B
MFNH la hinh thoi.

b) AFDN va ADBN ¢6 FDN = DBN = 45° ; F
ﬁchung. ‘
Vay AFDN v ADBN (g.g) = ND? = NB. NF. 0 i
¢) Chu vi ABMF = BM + BF + MF N
= BM + BF + FN = BM + BF + FC + CN Hinh 253
= (BM + AM) + (BF + FC) = 2AB (khong déi).
(h.254) .

oA R E
a) AEHD 12 hinh chir nhat = D; =H; =C.
AADE v AACB (g.g) = AD.AB = AE.AC. b . "
b) Ta c6 5t = R; (= E.‘) . Hinh 254

D) +DAK = A; + DAK =90° = AKD =90° = AM L DE.

1
¢) Sagup = ESABC

1 . 1
< Sppg = ZSACB (Vi Sppg = 5 SAEHD)

p.
miﬂé—:l@[ﬁ) s (vi AADE v AACB)
Sacg 4 BC 4

— 2§=l¢DE=AM(v'i AM = -]-BC)
BC 2 2

<> AH = AM (vi DE = AH) < AH, AM tring nhau
<> AABC vubng cin tai A.
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MUC LUC

PHAN PAI SO

Chuong | : Phép nhan va phép chia cac da thic
§1. Nhan da thic
§2. Nhimg hing ding thic ddng nhé
§3. Phan tich da thiic thanh nhén tir. Cic phuong phdp thong thuong

o Chuyén dé I : Phdn tich da thitc thanh nhan tit bang mot sé
phuwong phdap khac

§4. Chia da thirc
o Chuyén dé 2: S6 chinh phicong
§5. On tap chuong I

Chuong Il : Phan thirc dai sé

§1. Pinh nghia va tinh chat co ban. Rut gon phén thitc va quy déng
mdau cua nhiéu phan thic

§2. Phép cOng va phép trir ciac phan thirc dai s6
§3. Phép nhan va phép chia cac phan thic dai s6
§4. Bién déi cdc biéu thirc hiru ti
§5. On tap chuong II

Chuong lll : Phuong trinh bac nhat

§1. M ddu vé phuong trinh. Phuong trinh bac nhat mot 4n.
Phuong trinh thu gon dugc vé dang ax + b =0

§2. Phuong trinh tich

§3. Phuong trinh chita 4n & miu thic
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§4.
§5.

Giai bai todn bing céch 1ap phuong trinh
On tap chuong III

Chuong IV : Bat phudng trinh bac nhat mét an

§1.

Bt ding thic. Tinh chat cta bat déng thic

o Chuyén dé 3: Phitong phdp chitng minh bat ddng thitc

§2.

Bat phuong trinh mot an. Tinh chat cha bat phuong trinh.
Bat phuong tinh bac nhat mot 4n va cich giai

e Chuyén dé 4: Dau cua nhi thite bac nhat

§3.

On tap chuong IV va 6n tap cudi nam

PHAN HINH HOC

Chuong I : Tu giac

§1.

§2.

§3.

§4.
§5.
§6.

§7.
§8.
§9.

T gidc

Hinh thang. Hinh thang can

Dudng trung binh cua tam gidc. Pudng trung binh cia hinh thang
Dung hinh bing thuéc va com pa. Dung hinh thang

Déi xing truc

Hinh binh hanh

Déi xing tam

Hinh chir nhat

Tinh chét vé khoang céch giira hai dudng thing song song

§10. Hinh thoi va hinh vuéng
§11. On tap chuong I

Chuong Il : Pa giac. Dién tich da giac

§1.
§2.

Da gidc. Da gidc déu
Dién tich hinh chir nhat, hinh vudng
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70
73

81
85
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95

97
100
104
107
109
111
114
116
119
123

125
127
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§3. Dién tich hinh tam gidc, hinh thang, hinh binh hanh
| §4. Dién tich ur gidc. Dién tich da gidc
o Chuyén dé 5: Plutong phdp dién tich
§5. On tap chuong 11
Chuong Ill : Tam giac dong dang
§1. Dinh Ii Ta-let trong tam gidc
§2. Tinh chét duong phan gidc cia mot tam gidc

§3. Khdi niém tam gidc déng dang. Céc trudmg hop dong dang ctia
tam gidc

§4. Truong hop dong dang cia tam gidc vuong.
Ti s6 dién tich cha hai tam gidc déng dang
o  Chuyén dé 6: Plutong phdp tam gidc déng dang
§5. On tap chuong 111
Chuong IV : Hinh lang tru dimg. Hinh chép déu
~ §1. Hinh hop chir nhat

§2. Hinh lang tru dimg. Dién tich xung quanh va thé tich hinh
lang tru dimg

§3. Hinh chép déu va hinh chép cut déu. Dién tich xung quanh va
thé tich hinh chép déu

§4. On tap chuong IV va 6n tap cubi nam
® Loi giai - Chi dan - Dap sé
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Chiu trach nhiém xudat ban :
Chu tich Hoi déng Thanh vién kiém Téng Giam déc NGO TRAN Al
Téng bién tap kiem Phé Téng Gidm d6c NGUYEN QUY THAO

T6 chite bdn thdo va chiu trach nhiém néi dung :
Phé Téng bién tap PHAN XUAN THANH
Giam ddc CTCP Dich vu xudt ban Gido duc Ha Noi PHAN KE THAI

Bién tap lan dau :
TRAN HOU NAM
Bién tap tai ban :
DUONG VU KHANH THUAN
Trinh bay bia :
BUI QUANG TUAN
Bién tap ki thudt :
HOANG ANH TUAN

Siwea ban in ;

DUONG VU KHANH THUAN

Ché ban :
PHONG CHE BAN (CONG TY CPDV XUAT BAN GIAO DUC HA NOI)
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