CHUONG ]/ HAM SO LUONG GIAC - PHUONG
TRINH LUONG GIAC

BAl1. CONG THUC LUONG GIAC CAN NAM

@ TOM TAT LY THUYET

(1) Puong tron lugng gidc va dau cta céc gia tri luong giac

M esina =0OH
\+ ecosa=0K
cos
v

x
A'=1;0) A(1-0)

@ B'(0;-1) @

Goc phan tu
Gia tri lugng giac | I | II | IIT | IV

sina + |+ - | -

cosa + -] - | +

tana + | - | + -

cota + | -] + | -

(2) Coéng thiic luong giac co ban
.2 2 2 1 2 1
sin“x+cos“x=1 | 1+tanx = —5 1+cot"x=—— tanxcotx =1
Cos“x sin®x

(3) Cung géc lién két

Cung doi nhau Cung bu nhau Cung hon kém n
cos(—a) =cosa cos(mr—a)=—cosa | cos(a+m)=—cosa
sin(—a)=—sina sin(r — a) =sina sin(a +7)=—sina
tan(—a)=—-tana | tan(r—a)=—tana | tan(a+7)=tana
cot(—a)=—cota | cot(m—a)=—cota cot(a + ) =cota
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Cung phu nhau

Cung hon kém g

T .
CoS (5 - (X) =sma

T .
COS(E-FCK) =—sma

. T
Sll’l(§ - CZ) =cosa

. v/
SIH(E + (X) =cosa

T
tan(— — a) =cota
2

T
tan(§+a) =—cota

cot(n a) tana
Z_al=tan
2

/1
cot(§+a) =—tana

(@) Cong thiic cong

sin(a + b) =sinacosb +sinbcosa

cos(a +b) =cosacosb —sinasinb

sin(a —b) =sinacosb —sinbcosa

cos(a —b) =cosacosb +sinasinb

tana +tanb

tana —tanb

tan(a +b)= ———— tan@-b)= —————
(a+0) 1-tanatanbd (a—-8) 1+tanatand
b4 1+tanx b4 1—-tanx
tan(—+x):— tan(——x):—
4 1-—tanx 4 1+tanx
(5) Coéng thitc nhan d6i, cong thiic ha bac
Cong thitc nhan doi Cong thic ha bac
1—-cos2a
sin2a =2sinacosa sin?a = —
1+ cos2a
cos2a = cos?a —sina =2cos2a—-1=1-2sin’a cosQa:T
2tana 9 1—-cos2a
tan2a = —— tan“qg=———
1-tanZa 1+cos2a
cot?a—1 9 1+ cos2a
cot20 = ——— cot“a=——
2cota 1—cos2a
Cong thitc nhan 3
sin3a = 3sina —4sin®a 3tana —tan® a
3 tan3a = 3
cos3a =4cos°a—3cosa 1-3tan“a
(6) Coéng thiic bién doi tong thanh tich
a+b a—-b . a+b . a-0b
cosa +cosb =2cos cos 7 cosa —cosb = —2sin sin 7
. } ; a-b . ) . a-b
sina +sinb = 2sin cos 2 sina —sinb = 2cos sin 2
sin(a +b sin(a — b
tana+tanb:L tana—tanb:L
cosacosb cosacosb
sin(a +b sin(b —
cota+c0tb:$ cota—cotb:M
sinasinb sinasinb
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Dic biét

sinx +cosx = 25in(x+%):\/§cos(x—%) sinx—cosx:ﬁsin(x—%):—\/ﬁcos(x+%)

(7) Cong thitc bién d6i tich thanh tong

cosa-cosb = % [cos(a — b) + cos(a + b)]

sina -sinb = %[cos(a —b)—cos(a +b)]

sina-cosb = % [sin(a — b) + sin(a + b)]

Bang luong giac ciia mét s6 goc diic biét

do 0° 30° 45° 60° 90° | 120° | 135° | 150° | 180° | 360°
/4 b4 b4 b4 2n 3n 594

d 0 — - — — — | = | = 2

e 6 | 4 | 3| 2 |3 | 4|6 | " |
1 2 3 3 2 1

Gnal o | L[ Y2 VB VBl V21
2 2 2 2 2 2
V3 | V2 1 1 V2| V3

cosa| 1 — | —= = 0 — |- -—— -1 1
2 2 2 2 2 2
3 3

tana| O g 1 V3 | kxd | -v3| -1 —g 0 0

3 3
cota | kxd | V3 | 1 g 0 —% 1 | -v3 | kxd | kxd

Mot diém M thudc dudng tron luong giac sé cé toa do
M(cosa,sina)
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BAI2. HAM SO LUONG GIAC

@ TOM TAT LY THUYET

(@ Tinh chat ciia ham s6

a) Ham s6 chan, ham s6 1é
— Ham sb y = f(x) ¢6 tap xac dinh 12 2 goi 12 ham s6 chan néu véi moi x € Z thi
—x€ 2 va f(-x) = f(x). Do thi ham s0 chan nhan truc tung lam truc doi xing.
— Ham s6 y = f(x) c6 tap xac dinh 1a 2 goi 14 ham s6 16 néu véi moi x € 2 thi
—x€ 2 va f(—x)=—f(x). Do thi ham s0 1é nhan goc toa d6 O lam tam doi xung.
b) Ham s6 don diéu
Cho ham s0 y = f(x) xac dinh trén tap (a;b) cR.
— Ham s6 y = f(x) goi 1a dong bién trén (a;b) néu Vxi,x2 € (a;b) ¢6 x1 < x9 = f(x1) <
f (x2).
— Ham s6 y = f(x) goi 1a nghich bién trén (a;b) néu Vxi,xs € (a;b) ¢6 x1 < x2 =
f(x1) > f (x2).
¢) Ham s6 tuan hoan
— Ham sb y = f(x) xac dinh trén tap hop 2, dudc goi 14 ham s6 tuan hoan néu ¢
sOT#0saochovéiimoixeZtaco(x+T)eZYva(x—-T)e P va f(x+T)=f(x).
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— Néu c6 s6 duong T nhé nhat théa méan cac diéu kién trén thi T goi 1a chu ki
cua ham tuan hoan f.

(2) Ham so6 y =sinx

— Ham s6 y = sinx c6 tap xac dinh 14 2 =R = y =sin[f(x)] x4c dinh < f(x) xac dinh.

o O0<|sinx|<1

— Tapgiatri T=[-1;1], nghiala -1 <sinx<1> o O<sinr<l.

— Ham sb y = f(x) = sinx 14 ham s6 1& vi f(—x) = sin(—x) = —sinx = —f(x). Nén db thi
ham so y = sinx nhan goc toa d6 O lam tam doi xing.

— Ham s6 y = sinx tuan hoan véi chu ki T, = 27, nghia 1a sin(x + £27) = sinx. Ham
A . X N 2. N 21

80 y = sin(ax + b) tuan hoan véi chu ki Ty = ol
a

N 2 . X <A ~ X 5 /4 /2 N . .4
— Ham s0 y = sinx dong bién trén moi khoang (—5 +k2n;§ +k2n) va nghich bién
x. . T 3 I

trén moi khoang ) + k27 ?ﬂ + k2n) vl keZ.

) /4
o smle@x:§+k2n
— Ham s0 y =sinx nhan cac gia tridac biét | o sinx=0<x=Fkn ,keZ.

. b3
o s1nx=—1©x:—§+k2n

— Do thi ham sb6

(3) Ham so y =cosx

— Ham sb y = cosx ¢6 tap xac dinh 2 =R = y = cos[f(x)] xac dinh < f(x) xac dinh.
N e, . . O0<|cosx|=<1
— Tap gia tri T=[-1;1], nghiala -1 <cosx<1= 9
O<cos“x=<1.
— Ham s6 y = cosx 1a ham s6 chan vi f(—x) = cos(—x) = cosx = f(x) nén do thi cia ham
s0 nhéan truc tung Oy lam truc doi xing.
— Ham s6 y = cosx tuan hoan véi chu ki Ty = 27, nghia 14 cos(x + 27) = cosx. Ham sb6
N o . 2
y =cos(ax + b) tuan hoan véi chu ki T = ﬁ
a
— Ham s6 y = cosx dong bién trén cac khoang (—n + k2xn;k27),k € Z va nghich bién
trén cac khoang (k2n;7n + k2n),k € Z.
o cosx=1lox=Fk2n

— Ham sb6 y = cosx nhan céc gia tri dac biét | °© cosx:—lox:nn+k27r ,keZ.
o cosx:Oc»x:§+kn

— D6 thi ham sb6
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(@) Ham s6 y =tanx
— Ham sb y = tanx c6 tap xac dinh 2 = R\{g +kn ke z}, nghia 13 x # g+kn - ham
sb y =tan[f(x)] xac dinh < f(x) # g +kn; (keZ).
— Tapgiatri T =R.

— Ham s6 y = tanx 12 ham s6 1é vi f(-x) = tan(—x) = —tanx = —f(x) nén do thi caa
ham so doi xing qua goc toa do O.

— Ham s6 y = tanx tuan hoan véi chu ki T = 7 = y = tan(ax + b) tuan hoan véi chu
. 7
ki T() = —.
al

N A X . A A P - T T
— Ham s6 y =tanx dong bién trén cac khoang (—5 + ki, 3 +kn) keZ.
T
o tanx=1ox=—+kn
— Ham s6 y = tanx nhan céc gid tri dicbiét | o tanx=-1ox=—"+hy »kEZ.

o tanx=0<ox=kn

— Do thi ham sb6

ME]

am s y = cotx
(5) Ham so t
— Ham s6 y = y = cotx ¢ tap xac dinh 2 =R\ {kn,% € 7}, nghia 14 x # kx = ham sb
y=cot[f(x)] xac dinh © f(x) # kn; (k € Z).
— Tapgiatri T =R.
— Ham s6 y = cotx 1a ham s6 18 vi f(—x) = cot(—x) = —cotx = —f(x) nén do6 thi cia ham
so doi xting qua goc toa do O.
— Ham s6 y = y = cotx tuan hoan véi chu ki Ty = 7 = y = cot(ax+b) tuan hoan véi chu

. T
ki To =—.
la|

— Ham sb6 y = y = cotx nghich bién trén cac khoang (km;n + kx),k € Z.
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n
o cotx:1©x=Z+kn
Z . s . ~ A 7-[
— Ham s0 y = y = cotx nhan cac gia tri dac biét | o cotxz—l@x:—z +kn ,keZ.

b4
o cotsz@szkn

— Do thi ham sb

rolS

B e b

@ CAC DANG TOAN THUONG GAP

(2 DANG 2.1. Tim tép xdc dinh cGia ham sé luong gidc

Phuong phdp gidi: Dé tim tap xdc dinh ciia ham sé luong gidc ta can nhd:

(D) y=tanf(x)= sinf(x); Diéu kién xdc dinh: cosf(x) #0 < f(x) # T kn,(k € Z).
cos f(x) 2
@) y=cotf(x)= ‘S"l)z ; g; Diéu kién xdc dinh: sinf(x) £0 < f(x) # kn,(k € Z).

(3) Mot s truong hop tim tap xdc dinh thuong gap:
— y= L, diéu kién xdc dinh la P(x) #0.
P(x)
— y= %/Pl), diéu kién xdc dinh la P(x = 0).
1 "
— y=———, diéu kién xdc dinh la P(x) > 0.
A#0

(4 Luu y rang: -1 <sinf(x);cosf(x)<1va A-B#0 & {B 20

(8) Vii k € Z, ta can nhé nhitng truong hop ddac biét:
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- o - T
s1nx:1©x:§+k2n tanle@x:Z+kn

— | sinx=0ox=kx — | tanx=0ox=Fk7
sinx:—lox:—g+k2n tanx:—lox:—%+kn

r b3
] cotx=1lox=—+kn
cosx=1ox=k2n 4

b4
7 — Jcotx=0x=—+Fkn
— cosx:Oc»x:§+k7r 2

n
| cosx=-1ox=m+k2n COtx:_l@x:_Z‘*k”

. . s 1s £ in3 [2—
VI DU 1. Tim tap xac dinh cia ham so6: y = f(x) = SoY o8t bS:
7 n tanZx—1 1+cosx
2 =R\ {iz +kn;§ +kn;n+k2n}.
Loi giai.
tan?x—1#0
cosx #0
bieu kién xac dinh cia ham s0: { 2 —cosx
>
1+cosx
cosx # —1.
1<2-cosx<3 2-
Do -1<cosx<1nén < . Tu d6 suy ra: idad >0,VxeR.
0<1+4+cosx<2 1+cosx
T
X # iz +kn
Vay ham sb xac dinh khi va chikhi{ y 27,z ,nén 2= R\{i% +kn;g+kn;n+k2n}. O
2
xZm+k2m.
z N ~ . . ” N % 472 — x?
VI DU 2. Tim tap xac dinh cia ham s6: y = f(x) = ———. bS:
CosSX

.@:{—ZnSxSZn;x¢g+kn}.

Lai giai.
42— 20 {—2n5x§2n

. 7
x#g+kn. .Vay.@—{—Qnst2n,x;é§+kn}.

DPieu kién xac dinh ctia ham so:
cosx #0

a

€) BAITAP VAN DUNG

BAI 1. Tim tap x4c dinh cta ciac ham s6 ludng giac sau:

4
@ y = cos % DS: 2=R\{0}. (2) cosv2x. PS: 2 =[0; +o0).
1 2
@ y= +.cosx bS: 2 =R\ {kn}. @y:mn—x. DS:@:R\{E+k—”},
sinx 1+cos2x 4 2
tan2x T kmow cosx+4 T
@y—sinx—l.DS.@—R\{Z+?,§+A’,2H}. @y— Sinx+l DS.@_R\{_§+k2H}
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cosx—2

@ y= PS: 7 = .

1-sinx’
Lai giai.
(1) Piéu kién xéc dinh: x #0.
(2) Diéu kién xéac dinh: 2x >0 x>0.

(3) Piéu kién xéc dinh: sinx # 0 o x # k7.

X 1A s a k
(4) Diéu kién xac dinh: cos2x#0¢>2x¢g+kn¢>x # % +?n.
4 b4 N kn
N . L., cos2x #0 XF =T
(5) Diéu kién xac dinh: { o 4 2
sinx # 1 x;é£+k2n.
2
cosx+4
N R . . : =0
(6) Piéu kién xac dinh: { sinx+1
sinx+1#0.
. . cosx+4
Do -1 <sinx;cosx <1 nén — >0; VxeR.
) smx%—l
Vay ham so0 xac dinh khi x # -3 + k2.
cosx — 2
N R . . ; =0
(7) Diéu kién xac dinh: { 1-sinx
1-sinx #0.
. . cosx—2
Do -1 <sinx;cosx <1 nén —— <0; VxeR.
1-sinx
Vay tap xac dinh ciia ham so la: @.
BAI 2. Tim tap xac dinh ctia cac ham so6 lugng giac sau:
] k
@y:u. DS:@:{—nSxSH,x;é—n}
sin2x 2
k
(2 y = Vn?-4x? +tan2x. DS:@z{—%stg;x¢%+?ﬂ}
7T
tan|2x — —
3 kw5
Ol il ps: g - L AT ol
l—sin(x—z)
8
/4
tan|x ——
3
@y:M. DS:@:R\{—n+kn;—z+k2n}.
1—cos(x+g) 4 3

Loi giai.

(1) Piéu kién xac dinh: {

— < <
22— x2>0 T<x<nm
) o
sin2x #0
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7T 7T
2 2 <x<-—
N L. n°—4x“=0 9 2
biéu kién xac dinh:
@ ' i {cos2x;é0 ¢E k_”
4 2
3n k
. cos(2x—£)7ﬁ0 cos(2x—%)7ﬁ0 x;é—n+—n
(3) Diéu kién xac dinh: { o 4 T N 5%1 2
1—sm(x—§)>0 l—sm(x—g);éo x¢§+k2ﬂ_
7T 3n
. cos(x—z)?fO x#—+kn
(4) Pieu kién xac dinh: < o 4 4

1- cos(x+ )750 x;é—g+k2n.

€> BAITAPTY LUYEN

BAI 3. Tim tap xéc dinh cta cac ham s6 ludng gidc sau:

2 +sinx cot2x kn
= . DS: 9 =R\ k2 = — DS: 2 =R\
Dy cosx+1 trek2m @y V1—cos?x { 2 }
Q) y= —s1nx. DS: Z2=R\{n+k21} @ y= v DS: 2=1[0;+00)\Z

1+cosx sinmx’
cos2x x2+1
B y= T +tanx bS: 7= R\{2+kn} @y_xcosx' bS: 2= R\{2+kn0}
tan2x
. bS:
@y \/s1nx+1k
b1 T
@—R\{Z 2 2+k27’[}
BAI 4. Tim tap xac dinh ctia cac ham s6 lugng giac sau:
1+tan(%—x) -
= bS: 2=R\{—=— .
@y cosx —2 S: 9 { 4+kn}
V38— 1 4
@y:m. DS: 2 =R\ {n + k27}.
cosx+1
@y=— 3 PS: 7 = [R{\{kn _}.
cosx —cos3x
k kb
@y=cot(2x+g)-tan2x. DPS: 7= { T T, }
1
B y=V2+sinx - 5 . bS: 7 = R\{ n}.
tan“x—1
4 b4
-+ PS: 7 = IR\{ _}.
©y sinZx — cos2x 2
b4 1+cosx
@y:cot(x+g)+ T cosx’ DS: 7 = R\{——+kn k2n}.
1+cot( )
b4 b4 knn kn
® y= DS:@:R\{——+kn; —}
tan? (3x—%) 3 12 3’4" 3
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[2 DANG 2.2. Tim gid tri I6n nhét, gié tri nhd nhét clia ham s luvong gide
Phuong phap giai:
— Dua vao tdp gid tri ciia ham sé lugng gide, ching han
0<|sinx|<1 . O0<|cosx|<1
o-l<sinx<l= 5 hodc —1<cosx<1= 9
O<sin“x<1 0<cos“x<1.
o Bién d6i dua vé dang m<y <M.
— Két lugn: maxy =M va miny = m.
€ vioy
T N . s - 124 A N . s . P A o N A 4
VI DU 1. Tim gia tri I6n nhat va gia tri nho nhat caa ham so y = f(x) = .
V5 —2cos2xsin®x
.45 4v/2
PS: miny=——, maxy=——
5 3
Loi giai.
Ta c6 4 4 4
y=f(x)= y —= - = - .
5—2cos"xsin"x \/5 - 5(2cosxsinx)2 \/5 - Esin22x
1 9 45 4 42
Do 0<sin?2x<1nén5=5--sin?2x>—-. Suyra — <y= < ‘/_.
2 2 5 T_, 3
5— 3 sin“ 2x
45 . N A et apa o a2
°y=—— khi sin2x =0, lu6n ton tai x théa man, chang han x = 0.
4\/§ .. o . ~ N . ” ~ 2 T
°y=—5 khi sin2x =1 hoac sin2x = —1, luén ton tai x thoa man, chang han x = e
4v5 4+/2
Véyminy:—vamaxy:—\/_. O
5 3
VI DU 2. Tim gia tri 16n nhat va gia tri nhé nhat cta f(x) = 3sinx + 5cos?x — 4 cos 2x — 2.
DPS: miny=-1, maxy=5
Loi giai.
Ta c6
flx) = 3sin®x +5cos®x — 4 cos2x — 2
= 3(sin®x+cos®x)+2cos?x—4(2cos®x —1) -2
= 5-6cos’x.
Do O<cos?2x<1nén5=f(x)=5-6cosx=—1.
. N N . » - 2 T
o f(x) =5 khi cosx =0, ludn ton tai x théa man, chang han x = 3
o f(x) = —1 khi cos?x = 1, ludn ton tai x théa méan, chang han x = 0.
Vay max f(x) =5 va min f(x) = —1. O

T T

VI DU 3. Tim gia tri 16n nhat va gia tri nhé nhat ca f(x) =sin®x +cos®x +2, Vx € [—5; 5
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9
DPS: miny = > maxy= 3

Loi giai.
Ta co

. . 3 . .
f(x) = sin®x+cos®x+2=(sin®x+cos?x)” —3sin®xcos®x (sin®x + cos? x) + 2

3 3
1- 1(2 sinxcosx)2 +2=3- 1 sin? 2x.

9
Do 0<sin?2x<1nén3=f(x)=-.

W

o f(x) =3 khi Sin2x =0 x =+ hoéchO(deE [—g,g])

[\

Of(x)=§khisin22x:1©x:ig (doxe[_g;g )

| ©
a

Vay max f(x) =3 va min f(x) =

€) BAITAP AP DUNG

BAI 1. Tim gi4 tri 16n nhat va gia tri nhoé nhat ctia cac ham s6 lugng giac sau:

(1) y=5v3+cos2x +4 DS: miny =5v2+4, maxy =14
(2 y=v1-cos4x DPS: miny =0, maxy = v/2
@y:3sin22x—4 PS: miny = -4, maxy=-1
@ y =4-5sin%2x cos? 2x DS: miny = %, maxy =4
(5) y =3 —2|sin4x| PS: miny=1, maxy=3

Loi giai.
(D) Do -1<cos2x<1nén2<3+cos2x<4.Suyrabyv2+4<y=>5\/3+cos2x+4<14.
. A X . 2 ~ 2 Y/
o y =5v2+4 khi cos2x = —1, ludén ton tai x théa man, chang han x = 3

o y =14 khi cos2x = 1, luén ton tai x théa man, chéng han x =0.
Vay miny = 5v2+4 va maxy = 14.

(2 Do —1<cos4x<1nén v2=y=v1—cosdx=0.
o y =2 khi cos4x = -1, ludn ton tai x théa mén, chang han x = %

o y =0 khi cos4x = 1, lubn ton tai x théa man, chang han x = 0.
Vay maxy = v2 va miny = 0.

3) Do 0<sin?2x<1nén -4<y=3sin?2x—4<-1.
o y = —4 khi sin2x = 0, ludn ton tai x théa man, chang han x = 0.
o y = —1 khi sin?2x = 1, ludn ton tai x théa man, chang han x = Z

Vay miny = —4 va maxy = —1.
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@ Ta cé
5 5
y=4-5sin?2xcos®2x =4 - Z(2 sin2xcos2x)? = 4 — = sin?2x.

11
D005sin22xslnén42yzz.

o y =4 khi sin2x = 0, luén ton tai x théa man, chang han x =0.
11

°y=r khi sin?2x = 1, luén ton tai x théa man, chang han x = %
A S 11
Vay maxy =4 vaminy = R

@ Do 0<|sin4x|<1nén 3=y=3-2|sin4x| > 1.
o y =3 khi sin4x = 0, luén ton tai x théa mén, chang han x =0.
. . A A . P ~ 2 T’:
o y =1 khi |sin4x| = 1, luén ton tai x théa man, chang han x = .

Vay maxy =3 va miny = 1.

BAI 2. Tim gi4 tri 16n nhat va gia tri nho nhét cta cac ham sé lugng giac sau:

3
1) y=—sin®x—cosx +2 bS: miny:Z, 2 y=sin*x—2cos?x+1 PS: miny=-1,

maxy =3 maxy = 2

9
(3) y=cos?x+2sinx+2PS: miny =0, maxy=4 (4) y=sin*x+cos*x+4 PS: miny = 2’ maxy=>5

1
B y= V2 — cos2x + sin?x PS:miny=1, () y=sin®x+cos®x DS:miny= g maxy= 1
maxy =2
(@) y=sin2x +v/3cos2x +4 PS: miny =2,
maxy =6

Loi giai.
@ Ta co

eone-3) 5
x—cosx+1=|cosx——=| +—.
2 4

y=—sin®x —cosx +2 = — (1 —cos®x) — cosx + 2 = cos?

<

R 3
Do -1<cosx<1nén —— <cosx—

DN =

1
, 2
SuyraOs(cosx—é) SZQZSyS&

°y=y khi cosx = %, luén ton tai x théa man, chang han x = g
o y =3 khi cosx = —1, ludn ton tai x théa méan, ching han x = 7.

Vay miny = 1 va maxy = 3.
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(2) Ta c6

. . . . . . 2
y=sinx-2cos?x+1=sin*x-2(1-sin’x) + 1 =sin*x +2sinx - 1 = (sin®x +1)" - 2.

Do 0 <sin®x <1 nén %Ssin2x+152.
Suyrals<(sin?x+1)" <4 -1<y<2,
o y=-1khi sinx =0, luén ton tai x théa méan, chang han x = 0.

o y =2 khi sin?x = 1, ludn ton tai x théa méan, chang han x = g

Vay miny = -1 va maxy = 2.

(3) Ta co

2

y =cos®x+2sinx +2 = (1-sin®x) +2sinx + 2 = —sin®

x+2sinx+3:4—(sinx—1)2.
Do -1<sinx<1nén -2<sinx—-1<0.
Suyra0<(sinx—12<4o4=>y=0.

o y =4 khi sinx = 1, luén ton tai x théa man, chang han x =

.

NN

.. ~ N . - ~ 2 /2
o y =0 khi sinx = —1, lu6n ton tai x théa man, chang han x = 5
Vay maxy =4 va miny = 0.

(@) Ta co

) ) 2 . 1 . 1 .
y:sm4x+c0s4x+4:(s1n2x+cos2x) —2s1n2xcos2x+4:1—E(ZSmxcosx)2+4:5——s1n22x.

©

Do0O<sin?2x<1nénb5=y=—.

[\

o y =5 khi sin2x = 0, luén ton tai x théa man, chang han x =0.

°y=g khi sin?2x = 1, luén ton tai x théa mén, chang han x = g

Vay maxy =5 va miny = 5

(5 Ta c6

y2 =2—cos2x+sinx=2— (1—25in2x) +sin2x:SSin2x+1:>y: V3sinx + 1.

Do 0<sin?x<1nén 1<3sin?x+1<4.

Suyral<y<2. . i

o y =1 khi sinx =0, lu6én ton tai x théa man, chang han x =0.
o y=2khi sin®x = 1, luén ton tai x théa mén, chdng han x = g
Vay miny =1 va maxy = 2.
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® Tacé

. . 3 . .
y = sin®x+cosbx = (sin®x +cos®x)” —3sin®xcos® x (sin? x + cos? x)

3 3
1- 1(2 sinx cosx)2 =1- =sin®2x.

1
Do 0 <sin?2x <1 nén 1zy=2.
oyzlkhisin2x:0©x:0hoécx:i£( 0x [ ])
2 "2

doxe
oy—ZkhISIH 2x=1ox= Z(doxe[_g g])

. <. 1
Vay maxy=1va miny = T

(@ Ta co
1

3
%:§sin2x+§cos2x+2:cos(g—2x)+2:>y:2cos(g—2x)+4.

Do —15c0s(§—2x) <1nén2=y=6.

o y =2 khi cos (g —2x) = —1, ludn ton tai x théa man, chang han x = %ﬂ
o y =6 khi cos (g - 2x) =1, ludn ton tai x théa man, ching han x = %
Vay miny =2 va maxy = 6.

O
BAI 3. Tim gi4 tri 16n nhat va gia tri nhé nhat cia cac ham s6 ludng giac sau
(@) y =sin2x, VxE[O;g] DPS: miny =0, maxy=1
2 1
@y:cos(x+g),Vx€ —?n;O] DS:miny:E,maxyzl
2
@y:sin(2x+4) Vxe[—— — DS:miny:—g,maxyzl

Loi giai.
1D Do xe [O;g] nén 2x€[0;n]. Suyra0<y=sin2x <1
oy:OkhixZOhoécx:g.
oy:6khix:%.
Vay miny =0 va maxy = 1.

2 1
@Doxe —?n,O nénx+g€[—g;g].8uyraézcosgsy:cos(x+g)sl
1 2
°y=—khix:——n hodc x = 0.
2 3

oyzlkhix:—g.

Vay miny = 3 va maxy = 1.
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Ty n
@ Doxe [_Z;Z] nén 2x+Ze

5.3_”]
4’ 4

oy:—@ khi x =+

2
oyzlkhix:—g.
2
Vay miny = —g va maxy = 1.

€)  BAITAP REN LUYEN

2
. Suy ra —g Sy:sin(2x+%)sl.

BAI 4. Tim gi4 tri 16n nhat va gia tri nho nhat cia cac ham s6 ludng giac sau

1) y=V4-2sin°2x -8

4
@y=y= 1+3cos?x
4
@ y= -
V5 —2cos2xsin®x
V2
@y-—2
V4 -2sin?3x
3
®y=—"ror—=—
3—v1—-cosx
4

®

2—cos(x—g)+3

@ y= 2

- V/3sin 2x + cos 2x

DPS: miny=-8+V2, maxy=-8+6

PS: miny=1, maxy=4

DS: miny =, maxy =

1
PS: miny=—, maxy=1

V2

9-3v2
7

DPS: miny =1, maxy =

2v6
DPS: miny = _T\/_’ maxy = 2

PS: miny=-1, maxy=1

BAI 5. Tim gi4 tri 16n nhat va gia tri nhé nhét cia cac ham sé ludng giac sau

@) y =cos?x +2cos2x

(2 y=2sin®x —cos2x

(3) y = 2sin2x(sin2x — 4 cos 2x)
(@) y =3sin?x +5cos?x — 4cos2x

(5) y =4sin®x+ v/5sin2x + 3
(6) y = (2sinx + cosx)(3sinx — cos x)

(@) y =sinx +cosx + 2sinxcosx — 1

y=1-(sin2x +cos2x)3
(9) y =|5sinx + 12cosx — 10|

y:2sinx+\/§sin(%—x)—1
i) y-2

+3

27
cos2x + cos (2x + ?)

DPS: miny = -2, maxy=3

PS: miny=-1, maxy=3

PS: miny=1-+v17, maxy =1+17
PS: miny=1, maxy="7

DPS: miny =2, maxy=8

5v2

5v2
bsS: miny:5—7\/_,maxy:5+7

9
PS: miny = —> maxy = V2

PS: miny=1-2v2, maxy=1+2v2
PS: miny =0, maxy =23

DS: miny=-1-v2, maxy=-1+v2

PS: miny=1, maxy=5
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BAI 6. Tim gi4 tri 16n nhat va gia tri nhé nhéat cia cac ham s6 ludng giac sau

5
(1) y=sin*x +cos*x, Vx € [O;%] bsS: minyzg,maxyzl
(2 y =2sin®x —cos 2x, VxE[O;%] PS: miny=-1, maxy =2
b4 3n =w
@y:cot(x+z),Vx€ R PS: miny = —0o, maxy =0

[0 DANG 2.3. Xét tinh chdn 1& clia ham sé lwgng gidc

Phuong phadp gidi

— Buiée 1. Tim tdp xdc dinh D ciia ham sb ludng gidc.
Néu VxeD thi —xe D = D la tdp dobi xiing va chuyén sang buédc 2.

— Buéc 2. Tinh f(—x), nghia la sé thay x bang —x, sé c6 2 két qud thuong gip sau

- Néu f(-x)=f(x) = f(x) la ham sé chan.
- Néu f(—x) = —f(x) = f(x) la ham sé 1é.

— Néu khong la tdp dobi xing (Vx € D = —x ¢ D) hodc f(-x) khong bang f(x) hodc
’ —f(x) ta sé két lugn ham sé khong chan, khong Ié.

— Ta thuong st dung cung goc lién két dang cung dbi trong dang todn nay, cu thé
cos(—a) = cosa, sin(—a) = —sina, tan(—a) = —tana, cot(—a) = —cota.

¢ vioy

Vi DU 1. Xét tinh chdn 18 cta ham sb6

@D f(x)=sin®2x+cos3x PS: f(x) 1ahamsé Q) f(x)=cosVxZ-16  DS: f(x) 1a ham sb
chan chan

Loi giai.
(1) Tap xac dinh D =R.

VxeR= —xeD =R nén ta xét

f(-x)= sin?(—2x) + cos(—3x) = sin® 2x + cos 3x = f(x).

Vay f(x) 12 ham s6 chan.

(2) Tap xac dinh D = (—oo0; —4]U[4; +00).
x € (—oo; —4] —x€[4;+00)

=>-x€eD
—x € (—o0;—4]
Xét f(—x)=cosV/(—x)2—16 =cos Va2 —16 = f(x).

Vay f(x) 12 ham s6 chan.

Vx € (—o0;—4]U[4;+00) =

x € [4;+00)
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€> BAITAP AP DUNG

BAI 1. Xét tinh chn 1é ctia cdc ham sb sau

@) y=f(x)=tanx +cotx DS: f(x) 1a ham sb 18
2 y = f(x) =tan’ 2x -sin5x PS: f(x) 1a ham s6 chan
3) y = f(x) = sin (2x + 9?”) DS: f(x) 1a ham sb chin

Loi giai.

(@ Tap xac dinhD:R\{kg:kEZ}.

VxElR\{k?n:kEZ}3x7ﬁk§3—x#—k§3—x€l)

Xét f(—x) = tan(-x) + cot(~x) = —tanx — cotx = —f (x).
Vay f(x) 1a ham s6 18.

Tap xac dinh D =R\ z+k—ﬂ:k€Z .
4 2
- 1
VxeR\{z+k—n:kez}:x;«é£+lﬂ:—x¢—z—k—n:£+us—xeD
4 2 4 2 4 2 4 2

Xét f(-x) = tan’(~2x)- sin(-5x) = (~tan” 2x) - (— sin5x) = tan” 2x - sin5x = £ (x).
Vay f(x) 12 ham s6 chan.

(3) Tap xac dinh D =R.
VxR = —x € R nén ta xét

. I i I . I ) I
f(=x)=sin (—Zx + ?) =sin (—2x -5t 9n) = —sin (—Zx - ?) =sin (Zx + ?) = f(x).
Vay f(x) 1a ham s6 chén.
O
€)  BAITAP REN LUYEN
BAI 2. Xét tinh chan 1é ctia ciac ham s sau
@ y=f@)=-2c0s* (3x+ 3 PS: f(x) 1a ham s6 1&.
) y = f(x) = sin®Bx + 57) + cot(2x — 1) PS: f(x) 14 ham sb 1é.
3 y = f(x) = cot(4x + 5m) tan(2x — 37) PS: f(x) 1a ham sb6 chan.
@ y=f(x)=sinV9—x2 DS: f(x) 12 ham s6 chin.

(®) y = f(x) = sin® 2x + cos 3x PS: f(x) 1a ham s6 chin.



3. PHUONG TRINH LUONG GIAC

BAI3. PHUONG TRINH LUQGNG GIAC

) PHUONG TRINH LUQONG GIAC CO BAN

V6i k € 7, ta c6 cac phuong trinh lugng giac cd ban sau

a=b+k2n — tanx=tanb o a=5b+kFkm.
a=n—b+k2m.

— sina =sinb &
— cotx=cotbeoa=b+km.
[a=b+k27

La:—b+k2n.

— cosa=cosb o

Néu dé bai cho dang d6 (a°) thi ta sé chuyén k27 — £360°, kx — £180°, véi = 180°.
Nhiing truong hop dac biét

—sinx:l@x:g+k2n. — cosx=1ox=Fk27m.

T
_ sinx=0ox=Fkr. —cossz@x:§+kn.

— sinxz—lc)x:—z+k2n. — cosx=—-1ox=n+k271.
2

b8
_ tanx= 0 1=k, —cotx-O@x—§+kn.

b3 b3
—tanx:1©x22+kn. — cotx=1ox=—+Fkm.

/4 T
—tanx=—1©x=—z+kn. —cotxz—l@x:—z+kn.

@ vioy

Vi DU 1. Giai cac phuong trinh

— Ul k
. 1 x——ﬁ+ T
@ sin2x=--. DS: 7 (kez)
9 /1
X=——+kn
12
4
@cos(x—f)z—l. PS:x= 2 + k27 (keZ)
3 3
(3) tan(2x—30°) = /3. DS: x =45°+£90° (k€ Z)
7
@cot(x—z)zl. DS:x:—n+kn(k€Z)
3 12
Loi giai.
1 2x:—%+k2n x:—%+kn
@) sin2x=-- o 7 o (ke2).
2 h/1 T
2x:—?+k27r x:—ﬁ+kn

4
©) cos(x—%)z—l@x—g:n+k2n<»x:§+k2n (ke2).



(3 tan(2x—30°) = V3 & 2x —30° = 60° + £180° < x = 45° + k90° (k € Z).

b4 T 7 n
@ cot(x—g):lox—§:Z+kn©x:E+kn(k€Z).

€) BAITAP AP DUNG

BAI 1. Giai cac phudng trinh ludng gidc sau

2
@) sinx = sin?n.

(2) sin (2x— g)

1
5"

3 sin 20+ g) - 1.

1
(5) cosx = ~5
b/
®) cos(x+g) =1.
Loi giai.

2
x:—n+k2ﬂ

2
@ sinx:sin—n =3 (k€ 2).

3 x=—=+k2n

3
/2
. o1 2x———g+k2n
®) s1n(2x——) =3 51 =
2x——:E+k2n

. T
3 sm(2x+g)
2x+g:%+k2n

2x+g:—%+k2n

1 2
®) cosx:—§©x:i?n+k2n (k€ 2Z).

O
2
x:—n+k2n
DS: (ke?)
x=—+k21
3
x:E+kn
bS: (keZ)
x:§+kn

DS:x:—g+kn(k€Z)

x:—zﬂ—4+k7t
DS: 7 (kez)
= bk
AR

2
DS:x:i§+k2n (k€2)

DS:x:—%+k2n (ke2)

x:z+kn
(ke2).
x:§+kn

= leo+i=Tironex=-Libr(heD).
6 2 3

T
x:—ﬂ+kn
2= 7 (ke Z).
T
x=——+Fkn
24

®) cos(x+%):1©x+%:k2n©x:—%+k2n (k€2).
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€)  BAITAP REN LUYEN
BAI 2.

(@) 2sin(x+30°)+v3=0.

(2) cot(4x+35°)=—1.

3 2cos(x—%)+\/§:0.

(@) (1+2cosx)(3—cosx)=0.

(5) tan(x —30°)cos(2x — 150°) = 0.

(6 V2sin2x+2cosx =0.

@ sinx+\/§sing =0.

1
sin 2xcos2x + 2 =0.

. 1
(9) sinxcosxcos2xcos4xcos8x = 6

x=-90°+£360°
(keZ)

DS: o o
x =-150" +£360

DS: x = -20°+%45° (k€ 2)

x=m+k27m
DS: 2 (keZ)
x:—?ﬂ: + k27

2
DS:x:i§+k2n (ke?)
DS: x=30°+£%180° (L€ 2)
(% =2tk

2

m
DS: x:—Z +k2m (e Z)

5
_x:§+k2n
x=k21
bS: 57 (LeZ)
x=+—+k4n
6
1 kn
x:—ﬁ+?
DS: Tk (keZ)
Xx=—+—
24 2

DS:x:l+k—n(k€Z)
32 8

O MOT SO KY NANG GIAI PHUONG TRINH LUONG GIAC

(3 DANG 3.1. S&r dung thanh thao cung lién két

Cung doéi nhau Cung bu nhau Cung phu nhau
cos(—a) =cosa sin(r —a) = sina sin (g - a) =cosa
t

sin(—a) = —sina

cos(m—a)=—cosa

cos (5 —a) =sina

tan(—a) = —tana

tan(r —a) = —tana

b
tan (— - a) =cota
2

cot(—a) = —cota

cot(m —a) = —cota

cot(g = a) =tana

Cung hon kem n

Cung hon kem g

sin(zr +a) = —sina

7
s1n(§ +a) =cosa

cos(w+a)=—cosa

4 2
cos (5 +a) = —slna

tan(wr +a) =tana

T
tan(g +a) = —cota

cot(m +a) =cota

cot(g +a) =—tana




Tinh chu ky
sin(x + £27) = sinx cos(x + k2m) = cosx
sin(x + 7+ k27) = —sinx cos(x+m+k2m)=—cosx
tan(x + k) = tanx cot(x + k) =cotx

€ vioy

VI DU 1. Giai phuong trinh lugng gic sau (gia st diéu kién dugce xac dinh)

5t k2m
- X=—+—
(1) sin2x = cos (x - —). bS: 7118 3 (ke
3 x=—+k2n
6
/2 /2 n km
@) tan(2x—§):cot(x+§). DS.x:E+?(k€Z).
Loi giai.
(1) Ta c6 phuong trinh tuong duong
) LT b4 ) . (57
sin2x = sin [— - (x - —)] < sin2x = s1n(— —x)
2 3 6
5
2x:£—x+k2n x:5_”+kﬂ
- 5 (keZ)o 18 3 (ed.
T T
2x:n—(——x)+k2n x=—+k2n
6 6
5t k2m
X=—+—
Vay phuong trinh c6 nghiém la 7118 3 (ke2).
X = E + k21

() Diéu kién: 2x—g # g+kn, x+g 4kn (ke2).
Phuong trinh tuong duong

tan(Zx—z):tan z—(x+z)]
3 2 3
= tan(2x—g):tan(%—x)
& 2x—g:%—x+kn(k€Z)

k
o Sx=LibrtkeDox="+T ke
2 6 3

. . A 1s k
Vay phuong trinh c6 nghiém la x = % + ?” (k€Z).

VI DU 2. Giai phuong trinh lugng gidc sau (gia st diéu kién dugc xac dinh)
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n  knm
n =ty
(1) sin3x +cos (— - x) =0. bsS: (kez)
3 5m
X=——+kn
12
k
(2 tanx-tan3x+1=0. DS:x:—%+?ﬂ(k€Z).
Loi giai.
(1) Ta c6 phuong trinh tuong duong
7 ) 7 7
cos (§ —x) = —sin3x < cos (§ —x) = cos (5 + Sx)
T x="13x+kon x:—l—k—n
o ]?; 2” (kez2)o 24 2 (keZ).
——x=——-3x+k2n w=— i bn
3 2 12
n  kn
X=————
Vay phuong trinh c¢6 nghiém gi 2 (hew.
Xx=——+kn
12
# z +k
. 0 x#—+km
@ Didukién: { 70 o 2 . oxzZ i e
cos3x #0 TR 6 3
X#E =+
Xét tan3x = 0 khong la nghiém, khi dé phuong trinh tusng duong
t
L 11=0
cot3x
< tanx = —cot3x
/4
< tanx=tan (Sx + —)
2
k
= x:3x+z+kn©x:—z——n (k€ 7).
2 4 2
N < ) . n km
Vay phuong trinh ¢6 nghiém x = v + - (k€2).
O
€> BAITAP AP DUNG
BAI 1. Giai cac phudng trinh ludng gidc sau (gia st diéu kién dude xac dinh).
. x= g + k21
(1) sin2x = cos (E—x) bs: on hog K€D
X=—+—
9 3
n  R2n
n =t
2 cos (2x + —) =sinx. bS: (k€ 2).
4 3
x=——+k2m
n  knm
7 *Z30 "3
(3) cos (4x + —) —sin2x = 0. bsS: (k€ 2).
5 Tm
x=——+kn



3 b2 177 kn
@cot(Zx—Z)—tan(x—g). DS.x—¥+?(k€Z).

Loi giai.
(1) Ta c6 phuong trinh tuong duong

sin2x = sin g—(%—x” @sian:sin(g+x)
b4
2x:z+x+k2n x=—+k21
o - (keZ)o onr ko (ke2).

2x=m—|=+x|+k2 = 4+

X=T7 (3 x) b4 x 9+ 3
x:g+k2n

Vay phuong trinh ¢6 nghiém la on hog KED).

x=—+—
9 3

(2) Ta c6 phuong trinh tuong duong

T 7
( ”) (JT ) 2x+Z:§—x+k2n
cos|2x+—|=cos|——x| e (kez)
4 2 2x+g:x—g+k2n

T k2n
X=—+—
o 12 3 (ke2).
3
x:—z-f-kQJT

Vay phuong trinh ¢6 nghiém
(3) Ta c6 phuong trinh tuong duong

4x+£:g—2x+k2n

b4 T 5
cos|dx+—]|=cos|=——-2x| o (kez2)
( 5) (2 ) 4x+£:2x—z+k2n
5 2
T kn
x — —
N 203 rew
n
Xx=——+kn
20
n kn
xX=—+—
Vay phuong trinh c¢6 nghiém 2(,)77[ 3 (keZ)
X=———+kn
20
3t kn
R 2x—— #kn x#g"'?
@) Diéu kién L o 0 (k,l€2).

T
x‘g7’5§+lﬂ x¢?+ln
Ta c6 phuong trinh tusng duong

3
3 b1
& 2x——=—x+—+kn(ke?)
4 3
1
o x= 1T ET e
36 3
. 17 k
Vay phuong trinh c6 nghiém x = 3—(: + ?n (keZ).
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BAI 2. Giai cac phuong trinh ludng giac sau (gia st diéu kién dudc xac dinh).
x=33,75°+ £90°
3x +45°) = —cosx. bS: ’ k€ 2).
(D cos(Bx+457) = —cosx x=-112,5°+k180° * <
5t k2w
, m , m T3 3
(2) sin (x— Z) = —sin (2x - E) DS: 137 (k€ 2).
x=———-k2n
12
/2 n  kn
@tan(Sx—g):—tanx. DS.x:E+Z(k€Z).
n km
x=—+—
@COS(S.’)C—%)-FCOSJC:O. bS 3 2 (keD
x=——+kn
3
- x= —Zn +k2n
(5 sm(2x+z)+cosx:0. DS: bn +k27[ (k€ 2).
T127 73

(6) tan (Sx + E) +tan2x =0.
4
Loi giai.
(1) Phuong trinh tuong duong

cos(3x +45°) = cos(180° — x)

3x+45°=180° — x + £360°
o R . (keZ)
3x+45" =x—-180" + £360
x=33,75° + k90°
= R . (ke2).
x=-112,5"+£k180
Vav ohuone trinh c6 nehia x=33,75° + k90° (ke?)
€Z).
4y Phtong LN CoNSMEM | o 112,5°+ £180°
(2) Phuong trinh tuong duong
_ 7
sin (x— Z) = s1n(— - 2x)
A
Xx——=—=-2x+k2n
o a6 (keZ)
x—— :n—(——2x)+k2n
{ 4 6
5t k2w
X=—+—
o % Ged.
=2 _p2
| ©= g kR
5t k2nm
X=—+—
Vay phuong trinh c¢6 nghiém 3? 3 3 (ke2).
x=——— k2

PSix=— "+ e
20 5



(3) Phuong trinh tuong duong

k
tan(3x—g):tan(—x)©3x—g:—x+kn©x:%+zﬂ (ke2).

D k
Vay phuong trinh c¢6 nghiém x = % + Tﬂ (k€Z).

(4) Phuong trinh tuong duong

- 3x—£=n—x+k2n
cos (3x— §) =cos(m—x) &

e (ke?)
3x—§:x—n+k27r
T kn
x=—
& 3 2 (e
T
x=——+kn
3
T ki
x=—
Vay phuong trinh ¢6 nghiém 3 2 (ke
x=——+kn

- 2x+—:x—£+k27r
sin(2x+—):sin(x—§)© 2 - (keZ)
2x+Z :n—(x—§)+k2n
3
x= _Zﬂ +k21
e 5t k2nm (k€ 2).
X=—+—
12 3
3
x= _In + k21
Vay phuong trinh c6 nghiém 51 Bon (ke2).
X=—+—
12 3
(6) Phuong trinh tuong duong
T
tan (3x + Z) = tan(—2x)
= 3x+g =-2x+kn
k
o x=-—+2 (ke
20 5
A < . oA n  kn
Vay phuong trinh c6 nghiém x = ~%0 + y (k€Z).
BAI 3. Giai cac phuong trinh ludng gidc sau
n R2n
X=—+—
(1) sin4x —2cos?x+1=0. bS: 7112 3
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x= r +k2n
(2) 2cos5x - cos 3x + sinx = cos 8x. DS: © kog (k€D
X=——+—
6 3
k21
/4 x=—
(3) cos (— —x) +sin2x = 0. bS: 3 (k€ 2).
2 —
x=n+k2n
. km
x=—=+—
. 2% . 6 3
(@) 2sin 5= cos5x + 1. bS: o Ty RED.
x=——+—
4 2
An . x= —g+k2n
(5) sin —+x)+cos(——x):\/§. DS: 9 (keZ)
9 18 _an
x=—+k2n
9
Loi giai.
(1) Phuong trinh tuong ducng
sin4x = cos 2x < sin4x = sin (g - Zx)
dx =2 —2x+hk2m oo L R2m
o 2 kene| 123 e
dx=m——+2x+ k27 X=—+kn
2 4
b4 N k21
X=—+—
Vay phuong trinh ¢6 nghiém ]1T2 3 (ke
X = Z +kn

(2) Phuong trinh tuong duong

. T
cos 8x + cos2x + sinx = cos 8x © cos2x = cos (5 + x)

/4
2x:g+x+k2n x=3 ke
o - (keZ)o T Bon (keZ).
2x=——=—-x+k2n x=——4
2 6 3
x= g + k21
Vay phuong trinh c¢6 nghiém © ko kKED).
x=——+—
6 3
(3) Phuong trinh tuong duong
sinx + sin2x = 0 © sin2x = sin(—x)
2x =—-x+k2n = kﬂ
o 9 — 19 (ke?)o 3 (ke2).
x=mw+x+k2m =+ B

k27

Vay phuong trinh c6 nghiém [x "3 (keD).
Xx=nm+k2n
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(4) Phuong trinh tuong duong

cosbx +cosx =0 < cosbx = cos(r —x)
n kn

Bx=m—-x+k2n 3

<

Bx=x-nm+k2n

T kmn
X=—=+—
Vay phuong trinh ¢6 nghiém 6n 3
X = —Z +

(5) Phuong trinh tuong duong

. (4n ) (T T
sin|— +x +sm(———+x
9 2 1

4 7
+—=—+k2
X 9 3 b4
47 27

x+—=—+k21
9 3

x=-2 +k2n

Vay phuong trinh ¢6 nghiém

x=—+k27
9

€)  BAITAP REN LUYEN

4
):\/§©23in(§ +x

x:—z+k2n
(ke2).
x:?+k2n

=V3

BAI 4. Giai cac phuong trinh luong gidc sau (gia s diéu kién dudc xac dinh)

2 9
@ sin(3x+§) :cos(x——n).

4

2
(2) cos2x = sin (x— ?n)

(3) tan (3x - g) = cotx.

BAI 5. Giai cac phudng trinh ludng gidc sau

@ cos(2x+g) = —cos(x+%).

(2) sin (2x + %) +sinx = 0.

3 cot(x—%)+cot(g—x) =0.

n  kn
x

DS: 48 2 (ke?).
594
x=——+Fkn
24

_n k27

xX=—
bS: 1877: 3 (k€ 2).
X = —E+k2n

n kn
DS.x—4—O+Z

(k€ 2).

DS: 9 3 (ke2).

DS: V6 nghiém.
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n

2
(@) sin 3x+?ﬂ)+sin(x—?):0.

/2 ) m
®) cos(4x+ g) +s1n(x— Z) =0.
(6) tan2x-tan3x = 1.

BAI 6. Giai cac phuong trinh ludng giac sau
@) sinbx +2cos?x = 1.

1-tanx

t2x = .
@co x 1+tanx

4
3 sin(3x+ g) +sin(?”—3x) =3.

(@) cos2xcosx + cosx = sin2x sinx.

5
®) cos(3x+ g) +sin(§+3x) =2.

11
117 kn
X=—+—
pS 60 2 rep
8w
X=——+kn
15
n k27
*="36t 3
DS: Tr hon (ke2).
Xx=——+—
60 5
T kn

T k2w
=TT 3

DS B9 (ke?)
x= +—
14 14

DS:x:%Hm (k€ 2).

27 k27
xX=—+—

. 45 3

bS: Tr hox (ke?).

Xx=—+—

45 3
T kn
x=—+—

PS: 4 2 (e
T
x:—§+kn

2
DS:x:—£+k—n(keZ).
9 3

[ DANG 3.2. Ghép cung thich hop dé dp dung céng thitc tich thanh téng

a+b cosa_b
2

cosa +cosb = 2cos

cosa —cosb = —2sin 5 -sin

atb . a-b
2

b

. . . a a
sina +sinb = 2sin

- COS

2

. . at+tb . a-b
sina —sinb = 2cos

-sin
2 2

a+b a-b
2 2

Khi dp dung tong thanh tich dbi véi hai ham sin va cosin thi dudc hai cung méi la
, ——. Do dé khi st dung nén nhdm (téng va hiéu) hai cung mdi nay trude dé

nhém hang ti thich hop sao cho xudt hién nhén ti chung (cung cung) véi hang tit con
lai hodc cum ghép khac trong phuong trinh can giai.

< vioy

VI DU 1. Giai phuong trinh sin5x + sin 3x + sinx = 0.

bS: }%ﬂ, (kez)

Loi giai.
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Ta co

sinbx +sin3x +sinx =0 < (sinbx +sinx) +sin3x =0 © 2sin3xcos2x +sin3x =0

} sin3x =0
< sin3x(2cos2x+1)=0<
2cos2x+1=0
kn
x=—
3x=Fkn n3
< 1ke)o |x==+1n (k,1e2).
cos2x = —— 3
2 /4
x=——+In
3 3

< k
Ket hop nghiém trén duong tron lugng giac, ta dudc phuong trinh c6 nghiém x = ?n’ (kez). O

p . k 12

VI DU 2. Giai phuong trinh cos3x + cos2x +cosx+1=0. bsS: % + ?n, g + Tn, (k,leZ)
Loi giai.
Ta c6

cos3x+cos2x+cosx+1=0< (cos3x+cosx)+(cos2x+1)=0
o 2co0s2xcosx +2cos’x =0 < 2cosx(cos2x +cosx) = 0
cos2x=0

3x X X
< 4cos2xcos—cos— =0« COS?—O
x

2-0

cos 5

r2x:£+kn rx:z k_”

3x %‘[ 4 2

o |Z=Ztink,lmenoe | _ 7 127 (k1,me2).

2 2 575

X 7n

L§:§+mﬂ L.’)(227[4‘7’)1277:
£ Cn . . . . . , . k
Keét hop nghiém trén duong tron ludng giac, ta dudc phuong trinh ¢6 nghiém x = g+ ?n’ X =

12

il kieD. O
3 3

€) BAITAP AP DUNG

BAI 1. Giai cac phudng trinh ludng gidc sau

k 2
(1) sinx +sin2x +sin3x = 0. DS: En, i§+l2n, (k,lez)
k
(2) cosx +cos3x+cos5x =0. DbS: %+§, ig +in, (k,l€Z)
k 7
(3) 1-sinx —cos2x+sin3x =0. DbS: ?n’ —% +m2m, 2 +m2n, (k,meZ)

(@) cosx +cos2x +cos3x + cos4x = 0. DS: mnp

Loi giai.



3. PHUONG TRINH LUONG GIAC 13
@ Tacé

sinx +sin2x +sin3x = 0 © 2sin2xcosx +sin2x =0

) sin2x =0
< sin2x(2cosx+1)=0<
2cosx+1=0

2x=kn x:k_”
o 1 (ke o 22n (k1€ 2).
cosx =—5 x =+ +12m

A k 2
Vay phuong trinh c6 nghiém x = ?n’ x= i?ﬂ +127, (k,l € 2).

(2 Tacé

cosx +cos3x +cosbx =0 2cos3xcos2x +cos3x =0

cos3x=0
< cos3x(2cos2x+1)=0<
2cos2x+1=0
3x:g+kn Tk
o (keZ)o 6ﬂ 3 (kleZ)
cos2x = —— x:i§+ln

o k
Vay phuong trinh c6 nghiém x = %+ ?n, x= ig +in, (k1€ Z).

(3 Tacé

1—sinx —cos2x +sin3x = 0 © 2cos2xsinx + 2sin’x = 0

) ) sin2x =0
< 2sinx(cos2x +sinx)=0 < .
cos2x = —sinx
km
x=—
[2x = k7 2

(ke o |2x=x+2+i2n  (k1€Z)
cos2x = cos (x + 5) 2

h2x:—(x+g)+l2n

km

x=—

2

b3

o x:§+l2n (k,leZ).

T 127
xX=——+—
6 3

) a . R . . . , . k
Keét hop nghiém trén duong tron luong giac, ta dudc phuong trinh ¢6 nghiém x = ?n, X =

7
—%+m2n, X = §+m2n, (k,mEZ)
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(@) Ta co

3 7
cosx + cos2x + cos3x + cos4x :O©2cos?xcosg +2cosExcosg =0

x( Tx X
< 2co0s—|cos— +cos—
2 2 2

:0©4cos£cos—xcosx:0
2 2

cosx=0 =" b
x 2
PN COS§:0 o |lx=n+k2n (ke2).
5x n  k2m
cos— =0 X=—+—
2 5 5

. k2
Vay phuong trinh c6 nghiém x = g +hka, x=m+k2m, x= g + Tﬂ, (ke2).

O
BAI 2. Giai cac phuong trinh ludng gidc sau

n kn wm 12nm 5:;

12
(1) sinbx +sinx +2sin?x = 1. PS:—+—, —+—, +—n,(k,l€Z)
4 2718 3 18 3
2 5
(2) sinx +sin2x +sin3x = 1+ cosx + cos 2x. bS: g+kn, J_r?”+k2n, %+k2n, ?ﬂ + k21, (k€ Z)
7
(3) cos3x—2sin2x —cosx —sinx = 1. bS: _z + k27, —l+ln, =z +in, (k,l€Z)
2 12 12
. . . kn
(@) 4sin3x +sinbx —2sinxcos2x = 0. DS: 5 (ke2)
Loi giai.
@ Tacé
sin5x + sinx + 2sin®x = 1 < (sin5x + sinx) — (1 - 2sin%x) = 0
< 2sin3xcos2x —cos2x =0 < cos2x(2sin3x—1)=0
T kn
X=—+—
4 2
cos2x =0 T 12n
f=2 =— 4+ — k,l €Z).
9sindr—-1=0 " [~ 1813 )
57 12n
X=—+—
18 3
N . n k 12 5 12
Vay phuong trinh ¢6 nghiém x = L —n, x= 4 —n, x=2 —n, (k,leZ).
4 2 18 3 18 3
(2) Ta cé

sinx +sin2x +sin3x = 1+ cosx + cos2x < (sin3x + sinx) + sin2x = (1 + cos 2x) + cosx
& 2sin2xcosx +sin2x = 2cos’x + cosx < sin2x(2cosx+1)—cosx(2cosx+1)=0
cosx=0

< cosx(2cosx+1)2sinx—1)=0<« | 2cosx+1=0

2sinx—1=0

'x:g+kn

cosx=0 o
x=+—+k27

o |csx=-5 4| 3 (ke2).
1 x=—+k27m

sinx:E g

x:§+k2n
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Cn 2 5
Vay phuong trinh ¢6 nghiém x = g +k7, x = i?n + k21, x = % +R2m, x = EH + k27, (k€ 7).

(3 Tacé

cos3x —2sin2x —cosx —sinx = 1 < (cos3x —cosx) —2sin2x — (sinx+1)=0

< —2sin2xsinx —2sin2x—(sinx+1)=0 < 2sin2x(sinx+1)—(sinx+1)=0

) ) sinx+1=0
< (sinx+1)2sin2x+1)=0< ]
2sin2x+1=0
(2 =2 +k2n
sinx=-1 2ﬂ
=N 1o |x=——F+In (k1e2).
sin2x = —— 12
2 n
x=—+In
12

. 7
Vay phuong trinh c¢6 nghiém x = —g +k2m, x = —% +im, x= 1_72T +in, (k1€ 2Z).

(@) Ta cé

4sin3x +sinbx —2sinxcos2x =0 © 4sin3x +sinbx + sinx —sin3x =0

& 3sin3x+2sin3xcos2x =0 < sin3x(3 +2cos2x) =0

sin3x =0 kn
. L ox=—,ke2).
3+2cos2x =0 (vo nghiém) 3
. . . n kn
Vay phuong trinh c6 nghiém x = 5 (k€Z).
(]
€)  BAITAP REN LUYEN
BAI 3. Giai cac phuong trinh ludng giac sau
k 5
(1) sin3x + cos2x —sinx = 0. bS: 4 —”, r + 127, o +12n,k,leZ
4 276 6
(2) sinx —4cosx +sin3x =0. bS: Z+kn, keZ
k
(3) cos3x+2sin2x —cosx = 0. bS: ?”,kez
k2
(@) cosx —cos2x = sin3x. bS: TH’ %+kn, —g+k2n,k€Z
BAI 4. Giai cac phuong trinh ludng gidc sau
k
(1) sinbx +sin3x +2cosx = 1+ sin4x. DS: —% + ?ﬂ, ig +12n, (k,l€Z)
k 127 5 12
(2) cos2x —sin3x + cos5x = sin 10x + cos 8x. ps: = + k7, L —n, S —n, o —n, (k,le7)
4 16 4°30 5 730 5
7
(3) 1+sinx+cos3x = cosx + sin 2x + cos 2x. DS: k7, J_rg + k27, —% + 127, Fﬂ +12n, (k,l€Z)

k 2
(@) sinx +sin2x + sin3x = cosx + cos 2x + cos 3x. bS: g + ?n, i?n +12n, (k,l€Z)
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(3 DANG 3.3. Ha béc khi gdp béc chdn cua sin va cos

St dung cong thic ha bac

1-cos2a 1+cos2a
@sinza:T. @cos2a:T.

1—-cos2a
1+cos2a’

@ tana = 1+ cos2a

@ cot’a =

1-cos2a’

Déi vdi cong thiic ha bdc ciia sin va cosin
e 1A A A . A 1 \ s 9 A A
— Mo lan ha bac xuat hién 5 va cung goc tang gap doi.
— Muc dich cd viéc ha bdc dé'triét tiu hang s6 khong mong mudbn va nhom hang tic

thich hop dé sau khi dp dung coéng thiic (tong thanh tich sau khi ha bdc) sé xudt
hién nhdan ti chung hodc lam bai toan don gian hon.

€ vioy

p . ) 1 k k
Vi DU 1. Giai phuong trinh sin?2x — cos? 8x = = cos 10x. bS: ™. —n, il +—”, (kez)
2 20 10" 18 3
Loi giai.
Ta co
1- 4 1+ 16 1
sin?2x — cos?8x = = cos 10x < COSEX _ cos xz—colex
2 2 2 2
< ¢0s16x+cosdx—coslOx=0< 2cos10xcosb6x—cos10x=0
7 +k7t
cos10x =0 X=50"10n
& 20 10 (ke2).
2cos6x—1=0 T kn
X=t—+—
18 3
Phuong trinh c6 nghiém 7 +kn 7 +kﬂ (ke?)
X=—+—,x=+—+—, .
J ghie 20 " 10 18" 3
: . 2 9 9 9 3 m km
VI DU 2. Giai phuong trinh cos® x + cos”2x + cos” 3x + cos 4x:§. bS: §+Z’
1 -1-v5 1 -1++v5
i§ arccos—\/_+ln, iE arccos—\/_+ln, (k,leZ)

Loi giai.
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Ta co

cos? x + cos? 2x + cos® 3x + cosZ 4x = 3

1+cos2x 1+cos4x 1+cos6x 9 3
< + + +cos“4x = =
2 2 2 2

o  cosBx +cos2x +cosdx +2cos?d4x =0 < 200s4xcos2x+cos4x+2cosz4x =0

& cos4x(2cosdx +2cos2x +1) =0 © cosdx(4cos®2x + 2cos2x — 1) =

[ cos4x =0 x:E+k_”
8 4
o= L7 V5 1 ~1-V5
& | C0S2¥=—"— & | v = +_arccos +in(k,l€Z).
1+v5
— 1 -1+vV5
| cos2x = 4 X = £ —arccos 4\/_+ln
k 1 -1-v5 1 -1+v5
Phuong trinh ¢6 ngh1emx-%+% x= +2arccos \/_+ln,x:i§arccos \/_+l7t, (k,l€ 7).
O
€) BAITAP AP DUNG
BAI 1. Giai cac phuong trinh ludng gidc sau
1 k
@ sin2x:§. PS: z+ T (ke
3 n  kn 571 kn
2x——|=- bS: —+ keZ
®cos(x4)4 2at g a4t kD
2+v3
) cos?x = \/_. PS: + + b, (ke 2)
4 12
@) 4sin?x-1=0. bS: ig+kn, (kez)
2 7 13 k 29 k
() sin (3x+—n)—s1n (—n—x) DS:—E+—”,— ™ ,(keZ)
3 4 48 4 24
1 1 -2+ V2
(6) cos*x +sin* (x+z) ==. DS: +—arccos \/_+kn, (keZ)
4) 4 2
Loi giai.
@ Tacé
1 1 2 1 k
sinzx:—omz—ocos%c:Oox:z+—n,(k(—:Z).
2 2 2 4 4
. . . . n kn
Vay phuong trinh c6 nghlemx:1+z,(k€Z).
(2 Tacé
/4 n  knm
1+cos|d4x—— x=—+—
3 3 1
cos (Zx—z):—c) ( 2):—©sin4x:—© 24 2 (keZ)
4) " 4 2 4 27 | __5m kx
24 2
k 5 k
Vay phuong trinh c6 nghlemx—£+ T o= , (ke 2).

24 2° 24
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(3 Tacé
9 2+\/§©1+cos2x_2+\/§ V3 p/2

cos“x = ocos2x=—ox=+—+kn,(ke?)
4 2 4 2 12

Vay phuong trinh c6 nghiém x = i% +km, (keZ).

(@) Ta c6

1
4sin2x—1:0©2(1—cos2x)—1:0©c0s2x:5@x:i%+kn,(k€Z).

Vay phuong trinh ¢6 nghiém x = J_rg +kn, (keZ).

(5 Taco
47 n
1-cos|6x+— 1-cos|— —2x
. 2( 2n . 2(77T ) 3 2
sin“|3x+ — | =sin”[— —x| o =
3 4 2 2
4
6+ T ot h2n
47 T 3 2
< cos 6x+? = cos ?—Qx o A - (ke?)
6x+—:—(——2x)+k27r
3 2
137 kxn
T 48 4
< 297 kn(kez)'
X=———+—
24 2
137 kxn 297 kn
ay ph inh ¢6 nghié =t — X =+ — 7).
Vay phuong trinh ¢6 nghiém x 48+4,x 24+2,(k€ )
6 Tacé

1+ cos2x
2

VARE:
cos4x+sin4(x+%):%¢>( )2+ 1_COS(22x+§) 21

< (1 +cost)2 +(1 +cos29c)2 =1 2c0s22x+4cos2x+1=0

cos2x =

(v0 nghiém) 1 _ 2
o < x = +—arccos \/_+kn,(k €Z).
—2+v2
cos2x =
2
1 -2 2
Vay phuong trinh c6 nghiém x = ii arccos V2 +km, (k€ 2Z).
O
€)  BAITAP REN LUYEN
BAI 2. Giai cac phudng trinh ludng gidc sau
) .2 km
(@) sin®2x +sin%x = 1. bS: 5 (keZ)
.2 2 km
(2) sin®2x +cos?3x = 1. bsS: ?,(kEZ)
) . 2 ) 3 n kn &
(3) sin®x +sin?2x + sin 3x:§. DS:§+Z’ J_r§+lﬂ,(k,l€Z)



3. PHUONG TRINH LUONG GIAC
2 2 2 3
(@) cos?x +cos?2x +cos?3x = 2
(5) sin?x +sin?2x +sin®3x = 2.

(®) sin?x +sin? 3x = cos?® 2x + cos? 4x.

3 : 5 V2

(7) sin®xcosx —sinxcos x= 2
V2
sin3xcosx+sinxcos3x:—7.

BAI 3. Giai cac phuong trinh ludng gidc sau

@ sin?4x + cos?6x = sin 10x,Vx € (O; g)

5
(2) cos3x+sinTx = 2sin® (%+?x) —2cos” —.

(3) 2sin®2x +sin7x —1 = sinx.

(@) cos®x + cos?2x + cos? 3x + cos?4x = 2.

2 2 2 (7 7
(5) cos?x +cos?2x + cos (3 3x)—4.

®) sin?4x — cos?6x = sin(g + 10x) ,Vx € (0, g)

(7) sin?3x — cos?4x = sin®5x — cos? 6x.

tan®x + sin® 2x = 4 cos? x.

9 9x
2

19

DS: x:%+kﬂ (kez)

bS: |x=—+== (k€2

PS: | =" " ke

PS: x:—g+kn (k€2)

n  kn

=——+
12 2

k
DS:x:z;x:l+—n,k:O,
3 20 10

I

ps: |x=L (e

PS:x="+ " hen)
42
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k
(9) cos?3x-cos2x —cos?x =0. DS:x:?n (ke2)
5
4sinZ§—\/§cos2x:1+2cos2 (x—z) DS: 5ot (keZ)
x:1—8+k2n

[ DANG 3.4. Xd&c dinh nhén t& chung dé dua vé phuong trinh tich

Da s6 dé thi, kiém tra thuong la nhiing phuong trinh dua vé tich sé. Do dé, trudc khi gidi ta
phdi quan sdt xem chiing c¢6 nhiing luong nhan tiz chung nao, sau dé dinh hudng dé tdch,
ghép, nhém phi hop. Mét s6 luong nhén ti thuong gip:

1. Cdc biéu thitc c6 nhan tiz chung vdi cosx + sinx thuong gap la:

2 2

— 1+sin2x =sinx + 2sinxcosx + cosZ x = (sinx + cos x)?

2 2

— c0s2x = cos“x —sin“x = (cosx + sinx)(cosx — sinx)

4

— cos*x —sin?

x = (cos? x — sin® x)(cos? x + sin? x) = (cos x + sinx)(cos x — sin x)

3

— cos®x—sin®

x =(cosx Fsinx)(1 +sinxcosx)

sinx cosxzsinx
— l+tanx=1+ =
CcoS X cosx

cosx Sinx+cosx
— l+cotx=1+— = -
sinx sinx

— cos x—E =sin x+z :i(sinx+cosx)
[x=7) =sinfx+)

YOG

— sin (x— %) = —cos (x+ Z) = i(sinx—cosx)

4 2
2. Nhin dudi géc dé hang dang thiic sé 3, dang a®—b% = (a—b)(a +b), chdng han:

sinx=1—-cos?x = (1—-cosx)(1+cosx)

cos?x =1-sin?x = (1 —sinx)(1 + sinx)

2 2

— sin“x+cos“x=1=>

— cos3x =cosx-cosZx = cosx(1—sin®x) = cosx(1 —sinx)(1 + sinx)

3 2

— sin®x = sinx-sin®x = sinx(1 — cos? x) = sinx(1 — cos x)(1 + cos x)

3 3

— cos°x—sin”x = (cosx Fsinx)(1 £ sinxcosx)
— 3—4cos2x=3-4(1-sin’x) =4sin?x— 1= (2sinx — 1)(2sinx + 1)

— sin2x = 1+sin2x—1 = sin®x+2sinxcosx+cosZx—1 = (sinx+cosx)®—1 = (sinx+cosx—1)(sin x +
cosx+1)

— 2cos*x —sin*x)+1=3cos?x —sin?x = (V3 cosx — sinx)(v/3 cosx + sinx)

3. Phén tich tam thiic bac hai dang: f(X)=aX?+bX +c =a(X - X1)(X — Xo) vdi X c6 thé'la
sinx,cosx va X1,X9 la hai nghiém cta f(X)=0
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< vioy

VI DU 1. Giai phuong trinh 2cosx + v3sinx =sin2x+v3. DS: = +k2n, 5 +k2n (kez)

Loi giai.

Ta c6:2cosx + v3sinx = sin2x + V3
< (2cosx —sin2x) + (V3sinx - v3) =
& 2cosx(1—sinx)+v3(sinx—1)=0

o(l—sinx)(2cosx ):O
sinx =1 == + k2m -
o V3 o ,k € 7 Vay phuong trinh ¢6 nghiém la: x = — + k27; x = " k27,
cosSx = — xX=+—+ 2 6
2 6
keZ O
P . . . 3
VI DU 2. Giai phuong trinh cos2x + (1 + sinx)(sinx + cosx) = 0. DS: 7+ k27, In + k7,
(k,leZ)

Loi giai.

Ta ¢6: cos2x + (1 + sinx)(sinx + cosx) =0

o cos?x —sin?x + (1 + sinx) (sinx + cosx) = 0

< (cosx —sinx)(cosx +sinx)+ (1 +sinx)(sinx +cosx) =0
< (sinx +cosx)(cosx+1)=0

cosx=-1 x=n+k2n T+ k21 x=7m+k21 X . ) B
cosx+sinx =0 < @cos(x—z):o e x—z—z+kn e x:3—n+kn Vay phudng trinh c6 nghiém
5 4 4 2 4
lé:x:n+k2n;x:£+kn,kez O
Vi DU 3. Giai phuong trinh (sinx — cosx + 1)(—2sinx + cosx) — sin2x = 0. DS: x = k2m;

3 -
x:§+k2n;x:?ﬂ+k2n,kez

Loi giai.

Ta ¢o: (sinx —cosx + 1) (—2sinx + cosx) —sin2x = 0

< (sinx—cosx+1)(—2sinx +cosx)+(1—sin2x)—1=0

< (sinx —cosx + 1)(—2sinx + cosx) + (sinx — cosx)2 -1=0

< (sinx —cosx+ 1)(—2sinx + cosx) + (sinx —cosx — 1)(sinx —cosx+1)=0
< (sinx—cosx+1)(—2sinx + cosx +sinx—cosx—1)=0

< (sinx—cosx+1)(—sinx—1)=0

/4 b4
P Ty -1 Xx——=——+k2n
o — V2sin(x-=|+1=0 sin{x——|=— 4 4
- s1nx.c0sx+1—0© (_ﬂ4) o ( _”4) V2 o x_£:”+i+k2n
sinx = -1 x=—+k2n x=—+k27 /) 4
2 2 x:?+k27l
x=k21
3n

o |x=—F+k21 pez

x=— +k2n
2

‘ . . S 3 -
Vay phuong trinh c6 nghiém la: x = 227; x = ?n +k2m; x = 7” +k2n,ke”Z O
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2
x:§+k2n;x:kn,kez

VI DU 4. Giai phuong trinh (2sinx—v/3) (sinxcosx +v/3) = 1-4cosx.

PS: x = g + R27;

Loi giai.
Ta c6:(2sinx — v/3) (sinxcosx + v/3) = 1—4cos?x
< (2sinx — v3) (sinxcosx +v/3) = 1 - 4(1 - sin?x)
< (2sinx - v/3) (sinxcosx + v/3) = 4sin®x - 3
< (2sinx - v3) (sinxcosx + v3) = (2sinx — v3) (2sinx + v3) =
! v3)
< 3)

< (2s8inx — (sinxcosx —2sinx)=0
< (2sinx — v/3)sinx(cosx—2)=0
T T
V3 x:§+k2n x:§+k2”
sinx = — T o beZ
< 2 Clx=a-—=4+k27© |x="Z2 4+ ko7 R€
sinx=0 3 3

. < 2
Vay phuong trinh ¢6 nghiém la: x = g +k27; x = ?n +k2m; x=kn,ke”Z

€) BAITAP AP DUNG

BAI 1. Giai cac phuong trinh ludng gic sau

(1) sin2x—v/3sinx =0. DS:x:%+k2n;x:—%+k2n;x:kn,kEZ
) (sinx +cosx)? =1+ cosx. bS: x = g+kﬂ; x= g +k2m; x = 5Eﬂ+k2n, keZ
(3) sinx +cosx = cos2x. DS: x = —% +km;x = %T +k2m;x=k2n, Rk €Z
(@) cos2x +(1+2cosx)(sinx —cosx) = 0. bS: x:g+kn;x:—%+k2n,kez

Lai giai.

(@) Ta c6 Ta c6: sin2x — v/3sinx =0
& 2sinxcosx — V3sinx =0
< sinx (2cosx—v/3) =

sinx =0 x="hr
< cosxzﬁ < x:ig+k2n’kez
2

Vay phuong trinh ¢6 nghiém la: x = % +R2m; x = —% +R2m; x=kn,ke”Z

(2) Ta c6: (sinx +cosx)? = 1 +cosx

o sin®x + 2sinxcosx +cos2x —1—cosx =0

< 2sinxcosx —cosx =0 .

x=—+kn

cosx=0
1 x=—+k21 LeZ
92 T
= —+ k27

6

< cosx(2sinx—1)=0< | .
sinx =

X
Vay phuong trinh ¢6 nghiém la: x = g

+kn;x:%+k2n;x:%+k2n,kez
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(3) Ta cé: sinx + cosx = cos2x
& sinx + cosx = cos?x —sin®x
< sinx +cosx = (cosx + sinx)(cosx — sinx)
< (sinx +cosx)(1 —cosx+sinx)=0

sinx+cosx =0

: o =S
sinx —cosx = —1 \/§sin(x——):—1
4

n
_ n
x+—=kn x=——+kn

T -7

3n

x_Z:5_”+k2,, x=—+k2n
4 4 2

23

\/Qsin(x+£):0 sin(x+%):0

A 1s 3
Vay phuong trinh ¢6 nghiém la: x = —% +kmyx = ?n +R2m;x=k21, k€7

(@) Ta cé

Ta co: cos2x + (1 +2cosx)(sinx —cosx) =0
o cos?x—sinZx + (1 +2cosx)(sinx — cosx) = 0

< (cosx —sinx)(cosx +sinx) — (1 + 2cosx)(cosx —sinx) =0

< (cosx —sinx)(cosx+sinx—1—-2sinx) =0
< (cosx —sinx)(cosx —sinx—1)=0

[cos(xﬂ):o

cos(x+Z):1

cosx—sinx=0

] &
cosx—sinx=1

T
x=—+kn
,keZ
x=——+k21
4

Vay phuong trinh c¢6 nghiém la: x = % +Rmyx = —% +R2m,keZ

BAI 2. Giai cac phuong trinh lugng giac sau

(1) (tanx+ 1)sin?x + cos2x = 0.
(2) sinx(1+cos2x)+sin2x = 1+ cosx.

(3) sin2x +cosx — v/2sin (x— %) =1.

1+cos2
@ ﬂcos(%—x)-%:l+cotx.

Loi giai.

(1) Ta c6: (tanx + 1)sin®x + cos2x = 0
(sinx 9

+1|sin x+(c0s2x—sin2x): 0

CosXx

bS: x:—%+kn,kez

/1
bS: x:n+k2n;x:Z+kn,k€Z
DS:x:—g+k2n;x:ig+k2n,k€Z

DS:x:£+kz,k€Z
4 2

< (sinx + cosx)sin® x + cos x(cos x — sinx)(cosx + sinx) = 0

< (sinx + cosx)(sin? x + cos? x — sinxcosx) = 0
< (sinx +cosx)(1 — 3 sin2x)=0

sinx+cosx=0
sin2x = 2(loai)

Vay phuong trinh ¢6 nghiém la: x = —% +kn,keZ

(2) Ta c6: sinx(1+cos2x) +sin2x = 1 +cosx
< 2sinxcos?x +sin2x =1+ cosx

@Sinx+cosx:0®\/§sin(x+%) =

O©x+£:kﬂ©x:—z+kn,kez
4 4
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< sin2xcosx +sin2x =1+ cosx

< sin2x(1+cosx) =1+cosx
x=nm+k2n

T
x=—=+km’

x=m+k27n
2x:g+k2n <

cosx=-1

sin2x:1© keZ

< (1+cosx)(sin2x—1)=0<

Vay phuong trinh ¢6 nghiém la: x = 7 + k2m;x = % +kn,ke”?

(3) Ta cé: sin2x +cosx — v2sin (x— %) =1
& sin2x +cosx —sinx+cosx—1=0
& sin2x+2cosx—sinx—1=0
& 2sinxcosx+2cosx —(sinx+1)=0
& 2cosx(sinx+1)—(sinx+1)=0
< (sinx+1)(2cosx—1)=0

sinx = -1 x:—z + k27
= 1 o ,keZ
cosx =g x=*x—+k21
2 3
Vay nghiém cta phuong trinh la: x = —g + k27 x = ig +k2n, k€Z

(@) Ta c6é Dicukién: sinx#0 o x£kn,keZ
, b4 1+ cos2x
Ta co: \/§cos(— —x) +———— =1+cotx
4 sinx
1+ cos2x _ sinx +cosx

< (cosx +sinx)-

) sinx . sinx
< (sinx + cosx)(1 + cos2x) — (sinx +cosx) =0
< (sinx +cosx)cos2x =0

. T T T
sinx +cosx = 0 \/§s1n(x+z):0 x+—=kn x:—Z+k7r
o . o o .
cos2x =0 2x=—+kn 2x=—+kn x=—+k—
. . 2 4 2
=—+k—,keZ
N T T
Vay nghiém ctaa phuong trinh la: x = Z+k§,kez
O
€)  BAITAP REN LUYEN
BAI 3. Giai cac phuong trinh ludng giac sau
@ 1+tanx:2\/§sin(x+%). bS: x:—%+kn;x:ig+k2n,k€2
. Y /4 T
@ cosx+cos3x:1+\/§sm(2x+z). DS:x:—Z+kn;x:§+kn;x:k2n,kez

2 2
(3) (2cosx+ 1)(cos2x + 2sinx — 2) = 3 — 4sin’x.. DS: x = §+k2n;x = —§+k2n;x:%+kn,k €7

@ (2sinx — 1)(2cos2x + 2sinx + 3) = 3 — 4 cos? x. bS: x= % +k2m;x = %T +k2m;x = g +kn,ke”Z
BAI 4. Giai cac phuong trinh ludng gidc sau

(1) 4sin?x +3v/3sin2x — 2cos?x = 4. PS: x= g +hmx= % +knkeZ

) (cosx +1)(cos2x +2cosx)+2sin?x = 0. DS:x=n+k2n,ke”

7
(3) 1+sinx +cos3x = cosx + sin 2x + cos 2x. DS: k7, J_rg + k27, —g + 127, EH +12n, (k,l€Z)
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k on
(@) sinx +sin2x +sin3x = cosx + cos 2x + cos 3x. bS: g+§, i?+12n (k,le7)

BAI 5. Giai cac phuong trinh ludng giac sau:

(1) 2sin®x— v/3sinxcosx +cosx =1.
T
DS:x=Fkn;x= 3 +nm.

(2) 4sin2xsinx +2sin2x —2sinx = 4 — 4 cos? x.

7 .
PS: x =k, x= —%+k22n,x: Fﬂ + k27 VA x = g+k427t V6i k1, kg, k3, ke € Z.

(3) 4sin®x +3v/3sin2x —2cos?x = 4.
PS: x = g+kn Vi x= %+k’n, Véik, k€.

(@) (cosx +1)(cos2x +2cosx)+2sin®x = 0.
PS:x=n+k2n,keZ.

(5 (2cosx + 1)(sin2x + 2sinx —2) = 4cos®x — 1.

2 .
DS: x= i?ﬂ+k12n va x = % +kom, VOl k1, ko€ Z.

(6 (2sinx—1)(2cos2x +2sinx +3) =4sin®x - 1.

5 . N
DS:x:%+k12n,x:§+k22n Vax:g+k3ﬂ, V6i ky, ko, k3 € Z.

(@ (2sinx—1)(2sin2x + 1)+ 4cos?x = 3.

5 .
PS: x = % + k127, x = €ﬂ+k22n, x=hal, x = ig +kym VOi by, ko, k3, kg € Z.

(2sinx — 1)(2cos 2x + 2sinx + 1) = 3 — 4 cos? x.

/4 5m . /1 T,
DS?x:ngklZﬂ,x:FJszZ” vax:Z+k3§,v01 ki, ko, k3eZ.

(9) sin2x = (sinx +cosx — 1)(2sinx + cosx +2).
n I
DS: x = 3 +kn,x=k2n,v0i k, k' €Z.

2(cos*x —sin*x)+ 1= v/3cosx — sinx.

PS: x= g +kim, x= g+k22n, x= —% +k32m, vOi k1, ko, k3 € Z.
Loi giai.

@ Taco

2sin®x — vV3sinxcosx +cos?x=1 < sin®x—V3sinxcosx=0

o sinx(sinx — v3cosx) =0

[ sinx =0

o
| sinx —Vv3cosx =0
(x=Fkn

o
;tanx:\/g
[ x =k

o b3 ,(k,neZ).
ng nim

Vay phuong trinh da cho ¢6 hai nghiém 1 x = bz va x = g Ve k, nez.

DS:x=Fkn;x= g +nm.
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(2 Tacé

4sin2xsinx +2sin2x — 2sinx =4 —4cos’x © 2sin2x(2sinx+1)—2sinx(2sinx+1)=0
< (2sinx+1)(4sinxcosx—2sinx)=0

< (2sinx+1)(2cosx—1)sinx=0

[ sinx =0
1
o cosx:§
1
s1nx——§
x=kim
x=——+ko2m
o
x=—+k32n
x=1—+k42m

. ~ P R 7 R
Vay phuong trinh da cho ¢6 nam nghiém la x = k7, x = —% +ko2m,x = g + k321 va x =
ig + k427 V0L k1, ko, k3, Ry €Z.

T n . b/ e
PS:x=Fkim,x= 5 +ko2m,x = - +k32n va x = ig + k427 V0L k1, ko, k3, Ry € Z.

(3 Taco

4sin®x +3V3sin2x —2cos’x =4 < 6v3sinxcosx—6cosx=0

o cosx(V3sinx—cosx)=0

[ cosx =0
o
_\/§sinx—cosx:0
r b4
x=—+kn
o 2
_cotx:\/§
r b4
x:§+kn
o p ,
x=—+k'm.
§ 6

Vay phuong trinh da cho ¢6 hai nghiém la x = g +knvax= g +k'n, voi k, k' €Z.
DS:x:g+kn Véx:g+k’n, véik, k' € Z.
@) Tacé

(cosx +1)(cos2x+2cosx)+2 sinx =0
(cosx + 1)(cos2x + 2cosx) + 2(1 —cosZx) = 0

S
< (cosx+1)(cos2x+2cosx+2—2cosx)=0
< (cosx+1)(cos2x+2)=0

< cosx=-1

& x=n+k2m.

Vay phuong trinh da cho ¢c6 mot nghiém la x =7+ k271,k € Z.
PS:x=n+k2n,keZ.
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(5 Tacé

(2cosx +1)(sin2x + 2sinx — 2) = 4cosx — 1
< (2cosx+1)(sin2x +2sinx —2) =(2cosx —1)(2cosx + 1))
< (2cosx+1)(sin2x+2sinx—2—-2sinx+1)=0
< (2cosx+1)(sin2x—1)=0

cosx =——
o 2
| sin2x =1
[ 2
x:i—n+k12n
o n3
2x = —+ ko2
| X 2 94Tl
[ 2
x=+2  kion
& ”3
x=—+kom.
] 4

. . , A 1s 2 . .
Vay phuong trinh da cho ¢6 ba nghiém la x = i?n +ki12nvax= % +kom, Vo1 k1, ko € Z.

2n . b4 ..
DS: x = i?+k12n va x = 1 +kom, Vo1 k1, ko € Z.

(6) Ta cé

(2sinx — 1)(2cos2x + 2sinx + 3) = 4sin®x — 1
< (2sinx—1)(2cos2x+2sinx+3)=2sinx+ 1)2sinx—1)
< (2sinx—1)(2cos2x+2sinx+3—2sinx—1)=0

< (2sinx—1)(cos2x+1)=0
[ 1
sinx = —
2
| cos2x=-1

'x:£+k127t
6

5%/4
© x:?+k22n

b4
= —+k3m.
.x 2 37T

. ~ . a1s 5 R .
Vay phuong trinh da cho ¢6 ba nghiém la x = % + k127, x = Eﬂ +ko27 va x = g+k3n, V01 k1,
ko, kg€ Z.

5 N L.
DS:x:g+k12n,x:£+k22n Vax:g+k3n, V01 k1, ko, k3 € Z.
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(@ Tacé

<

(2sinx — 1)(2sin2x + 1) +4cos?x = 3
(2sinx — 1)(2sin2x +1)+ 1 —4sin?x =0

(2sinx—1)(4sinxcosx+1—-1-2sinx)=0
[ 1
sinx = —
2

| 2sinxcosx —sinx =0

. 1
sinx = —
2
sinx =0

1
CoOSX = —
. 2

'x:£+k127[
6

5
x:—n+k22ﬂ
6

x=ksm

T
X = i§+k47l'.

. . L A 1s 5
Vay phuong trinh da cho ¢6 ndm nghiém la x = % + k127, x = EH +ko2m, x =kgm, x = ig + kym

V61 k1, ko, k3, ks € Z.

5 .
PS: x = % +R127, x = §+k22n, x=hgm, x = ig +kym VOi by, ko, k3, kg€ Z.

Ta c6

(2sinx — 1)(2cos2x + 2sinx + 1) = 3 —4cos® x
(2sinx — 1)(2cos2x + 2sinx + 1) = 4sin?x — 1

(2sinx —1)(2cos2x +2sinx+1—-2sinx—1)=0
- . 1
sinx = 5

| cos2x =0

. b4
x=—+k127
6

x=—+ko2n
/4 T

x:—+k3—.

§ 4 2

. . , R 5 R .
Vay phuong trinh da cho c6 ba nghiém la x = % + k127, x = EH +ko27 va x = % +k3%, VOl k1,

ko, kgeZ.

5 N L.
DS:x:g+k12n,x:£+k22n vax:g+k3g,vol ki, ko, k3eZ.
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(9 Tacé

¢ ¢ ¢ 90

¢

sin2x = sin

sin

sin2x = (sinx + cosx — 1)(2sinx + cosx + 2)

2x+3sinxcosx +cosx — 1

2x—1+sinxcosx+cosx =0

(sinx—1)(sinx+ 1) + cosx(sinx+1)=0

(sinx + 1)(sinx+cosx—1)=0

sinx =-1
\@cos(x—z):l
| 4
sinx =-1
V2
cos(x——):—
2
x——z+k127r
2
x—z:—+k22n
4
b4 /4
——=——+k32
X 4 4 34Tl
x——£+k127t
2
x:E+k227t
2
x:k32n
b4
=—+k
X 2 7T
| x=F'27.

Vay phuong trinh da cho c¢6 ba nghiém la x = g +kn,x=k271,v0i k, k' €Z.

PS: x = g+kn, x=k'21, Vi k, k' €Z.

29



2(cos*x —sin*x)+ 1 = V3cosx —sinx
2(c0s2x —sin?® x)+1= V3cosx —sinx
2c0s2x+1=v3cosx —sinx

1 V3 1

cos2x+ — = —cosx — —sinx
2 2 2

2cos(x+ %)cos(x—%) :cos(x+%)

. /1
cos(x+g):0
/4 1
~COS(JC—E):§
T 7
x+—:—+k1n
6 2
x—z Z-i-kzZ][
6
PRSI
| 6
x—£+k17t
3
b/
=—+ko2
X 2 94Tl
x:—£+k32n

Vay phuong trinh da cho c¢6 ba nghiém la x = g+ kim, x = g +ko2m, x = —% +k32m, VOl k1, ko,

k3€Z.

bS: x:§+k1n, x= g+k227'[, x= —%+k3271’, v6i k1, ko, k3 € Z.

a

BAI 6. Giai cac phuong trinh ludng giac sau:

(@) sinx +4cosx =2 +sin2x.

(2) sin2x+ /3 =2cosx + v/3sinx

(3) V2(sinx —2cosx) =2 —sin2x.

(@) sin2x —sinx =2—4cosx.

(5) sin2x +2cosx —sinx—1=0.

(6) sin2x —2sinx —2cosx+2=0.

() sin2x + 1 =6sinx + cos2x.

DS:x:ig+k2n véikeZ.
b4 b4 L.
PS: x = §+k127'[, x:ig +ko2m VO1 k1, ko€ Z.
3 L.
DS:x:iZ+k2n véi keZ.
/4 L.
DS:x:i§+k2n véi keZ.

PS: x = —g+k2n, x=+o k2, voik, k' € Z.

wls

PS: x = g k27, x= k21, VGi k, k' € Z.

DS:x=knviikeZ.
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sin2x —cos2x = 2sinx — 1.
PS:x=Fkim,x= g + ko2 V0L k1, ko€ Z.

(9) sin2x +2sinx + 1 = cos2x.
PS:x=Fkim,x= g + ko2 V0L k1, ko€ Z.

@ sinx(1 + cos2x) +sin2x = 1 + cosx.
PS: x = 7 + k27, x:%+k’n voik, k'€ Z.

@ sin2x —sinx +2cos2x =1—4cosx.
bS: x= ig +k2n,kE€Z.

@ (2cosx—1)(2sinx + cosx) =sin2x —sinx.

T T 4.
DS: x= i§+k12n, X=7n+ko2m, x = —§+k327r, V61 k1, ko, k3 € Z.

@ tanx + cotx = 2(sin 2x + cos 2x).
/4 b4 b4 57 L.
PS:x=—+k1=,x=—+kom, x=—+k3m, VOi k1, ko, k3€Z.
4 2 12 12
(1+sin®x)cosx + (1 + cos?x)sinx = 1 + sin 2x.

3 N
PS: x = Zn+k1n, x = ko2, x:g+k32ﬂ, V6i ky, ko, k3 € Z.

@ sin2x + 2sin®x = sinx + cos x.

3 5 4
DS: x = In-f-kln’, X = %+k227‘[, X = §+k327[, VOl k1, ko, kg€ Z.

cos3x + cosx = 2v/3 cos 2xsinx.

DS:x:%+klg,x:%+k2ﬂ, v6i kl, ko€”Z.

@ cos3x —cosx = 2sinxcos 2x.
b4 T,
PS:x=Fkim,x= -3 +k2§, v6i k1, ko€ Z.

2sin®x — sin2x + sinx + cosx = 1.
T 2n . ,
DS:x:kZJT,x:g+k ?,V(jlk,k e’.

@ cosx+tanx =1+tanxsinx.
b4 ..
PS: x= 1 +kim, x = k32m, vOi k1, ko € Z.

@ tanx = sin2x — 2cot2x.

DS:x:z+k1£,x:z+k2n, v6i kl, kgEZ.
4 2 2

Loi giai.
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@ Tacé

sinx +4cosx =2+ sin2x
< sinx—2+4cosx—2sinxcosx=0

< (sinx—2)(1-2cosx)=0

1
& cosxX = —
2

o x:ig+k2n.

Vay phuong trinh c6 hai nghiém la x = J_rg + k271 vOi ke Z.

(2) Ta cé

PS:x=+—+k27 Vi k€ Z.

| N

sin2x + v/3 = 2cosx + V3sinx
2sinxcosx —2cosx + V3 — V3sinx =0
(sinx—1)(2cosx—Vv3)=0

[ sinx=1

V3

2

'x = g + k127

COSX =

X = iz + ko2,
§ 6

Vay phuong trinh ¢6 ba nghiém la x = g + k127, x = + 2 + ko227 V61 k1, ko€ Z.

(3 Tacé

¢

<

N

bS: x = g +k127, x = i% + ko2 VO k1, ko€ Z.

V2(sinx — 2cosx) = 2 — sin 2x

V2sinx —2-2V2cosx + 2sinxcosx = 0
V2(sinx — V2) + 2 cos x(sinx — vV2) = 0
(sinx — V2)(2cosx +v2) =0

V2
cosSx = ——
2
3
x= i—ﬂ+k2n.
4

. A 1s 3 -
Vay phuong trinh da cho ¢6 hai nghiém la x = J_rzn +k2n VOi ke Z.

(@) Tacé

3 )
DS:x:iZn+k2n véi keZ.

sin2x —sinx =2—4cosx
< sinx(2cosx—1)+2(2cosx—1)=0

< (2cosx—1)(sinx+2)=0

1
< CcosxX ==
2

/A

o x=+—+k27.
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Vay phuong trinh da cho ¢6 hai nghiém la x = +— + k27 véi k € Z.

Wl

DS:x:ig+k2n Vol ke Z.

(5) Tacé

sin2x+2cosx—sinx—1=0

< 2cosx(sinx+1)—(sinx+1)=0
< (sinx+1)2cosx—1)=0
[ sinx =-1
< 1

cosSx = —
] 2

x=—-2+k2n

2

x= iz +k'2m.

§ 3

Vay phuong trinh da cho c6 ba nghiém 1a x = -g +R2T, x = ig L R2m, VG k, B € 7.

PS: x = —g+k2n, x= ig+k'2n, Vi k, k'€ Z.

6 Tacé

sin2x —2sinx —2cosx+2=0
< 2sinx(cosx—1)—2(cosx—1)=0

< (sinx—1)(cosx—1)=0

[ sinx =1
o
| cosx = 1
r b4
x=—+k21
o 2
| x=F'27.

Vay phuong trinh da cho c6 hai nghiém la x = g + k271, x=k'271, VOl k, k' € 7.
PS: x = g +h2m, x = k'2n, v6i k, k' € Z.

(@) Tacé

sin2x + 1 =6sinx + cos 2x
2sinxcosx +2sin®x — 6sinx = 0
sinx(cosx+sinx—3)=0

sinx = 0,(do cosx +sinx—3 #0)

¢ ¢ 09

x=Fki.

Vay phuong trinh ¢6 mot nghiém x = k7 véi k € Z.
DS:x=knvéikeZ.
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Ta c6

¢

sin2x —cos2x =2sinx—1

2sinxcosx+1—cos2x—2sinx =0

2sinxcosx + 2sinx —

2sinx =0

sinx(cosx+sinx—1)=0

[ sinx =0

b4
L\/Qcos(x—z):l
[ sinx=0

cos(— %) = L2

[x=Fy7
x—z:z+k22n
4 4
x—EZ—z+k32TL’
4 4
x:kln

T
x=—+k227t
2

_x:k32n

rx:kln

T
X = —+k227‘[.
{ 2

Vay phuong trinh da cho ¢6 hai nghiém la x =k7, x = g + ko2 V01 k1, ko€ Z.

(9 Tacé

PS:x=Fkim,x= g + ko2 VO k1, ko€ Z.

sin2x +2sinx + 1 = cos2x

2sinxcosx + 2sinx +2sin®x = 0

sinx(cosx+sinx+1)=0

sinx =0

x=7m+ko2m

b4
x:——+k32n
L 2

[x=Fki7

X = —z+k227t.
| 2

h\/ﬁcos(x—%) =-1

[ sinx =0
n V2
cos(x——):——
| 4 2
'x:kln
n 3n
——=—+kg2
YTy T T
3
x—Ez——”+k32n
3 4 4
[x =kq7
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Vay phuong trinh da cho ¢6 hai nghiém la x = k7, x = g + ko227 V61 k1, ko € Z.
PS:x=Fkim,x= g + ko2 VO k1, ko€ Z.

@ Ta co

sinx(1 +cos2x)+sin2x =1+ cosx

o 2sinxcos’x —cosx +(sin2x-1)=0

¢

cosx(sin2x—1)+(sin2x—-1)=0
< (cosx+1)(sin2x—-1)=0

cosx=-1
@ .
sin2x =1
[ x=7+k27
< A
x=—+Fk'm.
| 4

Vay phuong trinh da cho ¢6 hai nghiém la x =7 + k27, x = % +k'nvoi k, k' €Z.

V4 P
DS:x:n+k2n,x:Z+k’n voi k, k' €Z.

sin2x —sinx +2cos2x=1—4cosx
o 2sinxcosx—sinx+4cos’x—3+4cosx =0
sinx(2cosx—1)+2cosx(2cosx—1)+3(2cosx—1)=0

¢

< (2cosx—1)(sinx+2cosx+3)=0

1
cosx = —
= 2
sinx+2cosx+3=0
<. 2 P . |sinx=-1__ N
Ma sinx +2cosx = -3, dang thic xay ra khi { 1 hé nay vo nghiém. Suy ra phuong
cosx =—

trinh sinx +2cosx +3 =0 v0 nghiém.
, 1
Do d6 cosx = 5 ox= ig+k2n,k €”Z.

PS:x=+—+k21,k€Z.



(2cosx—1)(2sinx + cosx) =sin2x —sinx
< (2cosx—1)2sinx +cosx)=sinx(2cosx—1)

< (2cosx—1)2sinx+cosx—sinx+1)=0

1
cosx = —

o 2 =
h\/ﬁcos(x—z):—l
'x:i—+k12n

3
o x—z——ﬂ+k22n
4 4
b4 3
——=——+kFk32
hx 4 4 34Tl
b8
=+—+k12
X 3 147

o |x=n+ko2n

x:—z+k32n

Vay phuong trinh da cho c6 bon nghiém 1 x = i% + k127, x =+ ko2m, x = —g + k327, VOl k1,
ko, kg€ Z.

PS: x=+ +k12n, x=n+ko2m, x = —g+k327[, vii ki, ko, kseZ.

w]| N

(13) Diéu kién sin2x #0 < x # k7. Ta co

tanx + cotx = 2(sin2x + cos 2x)
1

sinxcosx
1 =2sinxcosx(sin2x + cos 2x)

= 2(sin2x + cos 2x)

1 = sin? 2x + 2sin 2x cos 2x
1—sin?2x = 2sin 2x cos 2x
cos2x(1-2sin2x) =0

[ cos2x=0

¢ ¢ 00 90

¢

sin2x = —
~ 2

[x==+k1=
Y=g Ty

. ~ . A 1s 5 y
Vay phuong trinh da cho c6 ba nghiém la x = Z +klg, xX= % +kom, x = 1—; +kgm, VOi k1, ko,
k3€Z.

5 .
DS:x:%+klg’x:f_2+k2”’x:1_g+k3”’ V61 k1, ko, k3 € Z.
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Ta co

(1+ sinzx)cosx +(1+ cos? x)sinx =1+sin2x
& sinx+cosx + sinxcosx(sinx + cosx) = (sinx + cos x)?

(sinx + cosx)(1 +sinxcosx —sinx —cosx) =0

¢

& cos (x - %) (1-cosx)(1-sinx)=0

- b4
cos(x—z) =0
< |cosx=1
| sinx =1
T T
-—=—+k
X 4 2 17T

o |x=ko2m

b4
XxX=—=+ k327t
| 2
3

=—+k
X 4 17T

& |x=ko2n

x= E+]i’,327'[.
g 2

. ~ . N 3 .
Vay phuong trinh da cho c6 ba nghiém la x = ZH +kim, x = ko2m, x = g+k32n, Vol k1, ko,
k3€Z.
3 /4 s
DS: x= Z +k1ﬂ', X = k2271', X = 5 +k327l', V01 kl, kg, k3 e’.

@ Ta co

sin2x + 2sin x = sinx + cosx
& 2sinx(sinx +cosx)—(sinx +cosx)=0

< (sinx+cosx)(2sinx—1)=0

- 7T
cos(x—z):O
o . 1
sinx = —
2
x—z:z+k17r
4 2
/4
=—+ ko271
p=s X 6 2
5
x——”+k3271'
6
3
x——n+k1n
4
o x:z+k22n
51
=—+k32
| ¥ 7 TN

. ~ . A1 3 5 »
Vay phuong trinh da cho c6 ba nghiém la x = TH +kim, x = %+k227‘[, x= ?ﬂ +k32m, vOi k1, ko,
k3eZ.
3 5 .
DS: x = Iﬂ' +k17‘[, X = %4—]{’,227[, X = Eﬂ +k327[, vii kl, kg, kseZ.



cos3x + cosx = 2v/3 cos 2x sinx
& 2cos2xcosx =2V 3cos2xsinx

& cos2x(V3sinx —cosx) =0

cos2x=0
o
»cotx:\/§
r2x:£+k17l'
PN 2
—n+kn
x__
"6 "2
b4 b4
x=—+k1—
I
x=—+kom

Vay phuong trinh da cho ¢6 hai nghiém la x = % + klg, x=24 kom, vOi k1, ko€ Z.
T

/1 V4 .
PS:x=—+k1=,x==+kom, VOl k1, ko€ Z.
4 2 6

@ Ta co

€08 3x — cosx = 2sinx cos 2x
< —2sin2xsinx = 2sinxcos2x

< sinx(sin2x +cos2x)=0

sinx =0
o
»tan2x:—1
[x=Fy7
R
X = —E-i-kzz.
| 8 2

Vay phuong trinh da cho ¢6 hai nghiém la x=k17, x = —g +kzg, Vli k1, ko €Z.

PS:x=Fkim,x= —g +kzg, vOi k1, ko€ Z.

Ta co

2sin?x — sin2x + sinx + cosx = 1
o sin®x—cos®x—2sinxcosx +sinx +cosx = 0
sinx + cosx = sin2x + cos 2x

& cos (x— %) = cos (2x— %)

¢

' T T
2x—Z:x—Z+k2n
- o — 2 + 2k
X ——=—x+— b3
| 4 4
[ x = k27
< 2
x=2 k2T
L 6 3

2
Vay phuong trinh da cho c6 hai nghiém la x = k27, x = % +k’§, VOl k, k' €Z.

2
DPS: x=k27, x = %+k'§, VOl k, k' €Z.
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Piéu kién cosx #0 © x # g+kn. Ta c6

cosx+tanx =1+tanxsinx
cos®x +sinx = cosx + sin’ x
sinx —cosx = (sinx — cosx)(sinx + cosx)

(sinx —cosx)(sinx +cosx—1)=0

39

[ sinx = cosx
o T
-\/Qcos(x—z):l
tanx =1
= T \/§
cos(x——):—
| 4 2
x—z+k17t
4
o x—E:—+k227t
4 4
x—Ez——+k327r
4
x:£+k1n
4
< x—z+k22n
2
x=k32nm
x:E+k17r
PE 4
x:k22n

Vay phuong trinh da cho ¢6 hai nghiém la x = % +kim, x =k32m, v0i k1, ko € Z.

Diéu kién sin2v# 0o x# k. Ta co

4 "
bS: x= Z+k17l’, x=k32m, vl k1, ko€ Z.

tanx = sin2x — 2cot2x

sinx 2cos2x
o =8in2x — —

CcosX sin2x
o 2sin®x = sin?2x — 2cos 2x
& 1--cos2x =sin®2x —2cos2x
o 1-sin?2x=—cos2x
o c0s?2x+cos2x=0

cos2x=0
&

cos2x=-1

r 7T 7

x:Z+k1§
o

b4
x=—+kom.
| 2

Vay phuong trinh da cho ¢6 hai nghiém la x = % + klg, x= g +kom, Vo1 k1, ko € Z.

/1 /1 7 .
PS:x=—+k1=,x==+kom, VOl k1, ko € Z.
4 2 2

a
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BAI 7. Giai cac phuong trinh ludng giac sau:

(D) cosx +2sinx(1l —cosx)? =2+ 2sinx.
PS:x=-7 +hmkeZ.

(2) 2(cosx +sin2x) = 1 +4sinx(1+ cos 2x).

b4 59,4 ..
PS:x=—+kin,x=-—=+konm,x=+—+k32m, VOi k1, ko, k3 € Z.

12 12

wls

. . X
(3 1-sinxcosx =2 (smx — cos? —).

bS: x = g+k2n,k €Z.

1.

(@) sin2x + cosx —v/2sin (x — %)

bS: x = —g+k127[, x = ig +k227‘[, v6i kl, kg e”Z.

ol

(T (T
®) sm(Z—Zx)+s1n(Z+x)— -
DS:x:—Z+k1n,x:g+k22n,x:§+k32n,véik1,k2,k3ez.

/4

®) cos(Z—x)—sin(%+2x) =

o[ %

/1 7 ..
PS: x = 1 +kim, x= ig +ko2m., VOl k1, ko€ Z.

3

@ sin®x + cos® x = sinx + cosx.

DS: x = —% +k17l', x:kgg, v6i kl, kg e”Z.

sin® x + cos® x = 2(sin® x + cos® x).
T T .
PS:x=—+k—,v6ikeZ.
4 2

©) 2sin® x + cos 2x + cosx = 0.
DS: x:n+k12n, X = —% +k27‘[, v6i kl, kg e”Z.

) ) 5
sin®x + cos®x = 2(sin'® x + cos1 x) + 1 cos2x.

/A T
DS.X—Z+k§,k€Z.

@ sin2x — cos 2x — v2sinx = 0.

b4 5%/4 21
PS:x=-+k%k12 =—+kog—, V0l k1, ko€ Z.
X 4+ 147, X 12+ 23,V1 1, R2 €

@ tan 2x + cotx = 8cos? x.
/4 b4 /4 59,4 T,
PS:x=—+kin,x=—+ko—, x=—+kg—, VOi k1, ko, k3 € Z.
2 24 2 24 2

@ 3sin3x + 2 +sinx(3 —8cosx) = 3cosx.

2 b4 5%/4 ..
DPS: x = + arccos (g) + k127, x = 13 +kom, x = 12 +kgm, VOl k1, ko, k3 € Z.

@ 2sinx(2cos2x + 1 +sinx) = cos2x + 2.

5 N
PS: x = %+k12n, x= §+k22n, x= 2 +kam, Vi ky, ko, ks € Z.

7
3
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Loi giai.
D Tacé

cosx +2sinx(l —cosx)? = 2+ 2sinx

cosx—2+2sinx((1 - cosx)2 -1)=0

o
< cosx—2+2sinxcosx(cosx—2)=0
< (cosx—2)(sin2x+1)=0
< sin2x=-1

T
& x=——+kmu.

4

Vay phuong trinh ¢6 moét nghiém la x = —% +km,ke”.
DS: x = —% +kn,keZ.

(2) Ta cé

2(cosx +sin2x) = 1+ 4sinx(1 + cos 2x)
2cosx +2sin2x = 1+ 8sinxcos®x
2cosx+2sin2x =1+4sin2xcosx
2sin2x(1—2cosx)—(1—2cosx)=0
(2sin2x —1)(1-2cosx)=0

¢ ¢ 09

in9x = —
S1n 2x 2

¢

DN =

COSX =

T
x=+—+k32m.
~ 3

. ~ 14 i 1s 5 -
Vay phuong trinh da cho ¢6 bon nghiém la x = 1_712 +kim, x = 1—; +kom, x = ig +k32m, vOi k1,
ko, kg€ ”Z.
5 L
DS: x = l+k17t, x= —n+k27t, x= i£+k32n, VOl k1, ko, kg€ Z.
12 12 3

(3) Tacé

. . X
1-sinxcosx =2 (smx - COS2 5)

92X

< l1-sinxcosx =2sinx —2cos 2
< 1-sinxcosx =2sinx—1—-cosx
< 2+cosx—sinx(cosx+2)=0
< (2+4+cosx)(1-sinx)=0
< sinx=1

b8
S x=—+k2m.

2

Vay phuong trinh da cho ¢6 mot nghiém la x = g +k2m,ke 7.
DS: x = g +k2n,k€Z.
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(@) Ta co

. . T
sin2x + cosx — V2sin (x— Z) =1
o 2sinxcosx+cosx—sinx+cosx=1

sinx(2cosx—1)+2cosx—1=0

¢

< (sinx+1)2cosx—1)=0

[ sinx=-1
< 1
COSX = —
2
T
X = ——+k127‘[
= -
x = i§+k227[

Vay phuong trinh da cho ¢6 ba nghiém la x = —g + k127, x = ig + ko227, V6i k1, ko€ Z.

(5) Ta cé

(I

¢

b3 7 ..
bS: x = ) +k127, x = ig +ko2m, VOl k1, ko€ Z.

(T (T V2
s1n(— —2x) +s1n(— +x) = —
4 4 2
V2c0s2x — V2sin2x + V2cosx + V2sinx = V2
cos2x —sin2x +sinx +cosx =1
(cosx — sinx)(cosx + sinx) + (sinx + cosx) = (sinx + cos x)?
(sinx + cosx)(cosx —sinx+ 1 —sinx —cosx) =0

sinx +cosx =0

L2sinx =1
[ tanx = -1
. 1
sinx = —
§ 2

'x:—£+k1n
4

T
x:—+k22n
6

5
x= o1 + k327.
[ 6

R 5 y
Vay phuong trinh da cho ¢6 ba nghiém la x = —% +kim, x= %+k22n, x= ?ﬂ +k32m, vOi k1, ko,

k3eZ.

5 e
DS: x = —%4—/‘317‘[, x= %4—]3227[, X = §+k327[, VOl k1, ko, k3 Z.
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6 Taco

¢ ¢ 0 ¢ 90

¢

cos(%—x)—sin(g+2x) = g

/4 L (T 2
V2cos (Z —x) - \/§s1n(z +2x) = 3
sinx + cosx —sin2x —cos2x =1
sinx + cosx — (sinx + cosx)? — (cosx — sinx)(cos x + sinx) = 0
(sinx +cosx)(1 —sinx —cosx —cosx +sinx) =0
(sinx +cosx)(1—2cosx)=0
[ sinx +cosx=0
Ll—ZCOSSCZO
[ tanx = -1

1
COSX = —

Vay phuong trinh da cho ¢6 ba nghiém la x = —% +kim, x = ig +ko27m., VOl k1, ko € Z.

(@ Taco

DS: x = —%+k17l’, X = i§+k227[., v6i kl, koe”Z.

sin®x + cos® x = sinx + cos x

& (sinx +cosx)(1 —sinxcosx) =sinx + cosx

< (sinx+cosx)sin2x=0

sinx +cosx =0
@ .

sin2x =0

tanx =-1
@ .

sin2x =0

r b4

X = —Z +k171,'
o

b4
X = kz—.
| 2

Vay phuong trinh da cho ¢6 hai nghiém la x = —% +kim, x= kgg, vOi k1, ko€ Z.

DS: x = —%+k17‘[, x=kgg, vOi k1, ko € Z.
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Ta c6

3 3

sin® x + cos® x = 2(sin® x + cos® x)
o sinx—2sin®x+cos®x—2cos’x =0
o sin®x(1-2sin?x)+cos® x(1-2cos?x) =0
o sin®xcos2x — cos® xcos2x = 0
< cos2x(sinx —cosx)(1+sinxcosx) =0
cos2x=0
= sinx = cosx
sin2x = -2
< cos2x=0
EP.
S X 1 + 12.

Vay phuong trinh da cho ¢6 mot nghiém la x = % + kg, véikeZ.

PS:x=2+kl véikez
4 2

(9) Ta cé
3

2sin” x + cos2x + cosx =0
o 2sin®x+1-2sin®x+cosx=0
& 2(1-cos?x)(sinx—1)+(1+cosx)=0
< (1+cosx)(2sinx+2cosx—2sinxcosx—1)=0
& (1+cosx)(2(sinx + cosx) — (sinx + cosx)?) = 0
< (1+cosx)(sinx +cosx)(2—sinx—cosx)=0
< (1+cosx)(sinx+cosx)=0

[ cosx=-1
< | tanx = -1

[ x=m+Fk127
< | x= —%+k2n.

Vay phuong trinh da cho ¢6 hai nghiém la x =7 +£%127, x = —g +kom, VOi k1, ko€ Z.

PS: x =1 +k127, x = —% +kom, Vi k1, ko€ Z.

@ Ta co

) i 5
sin8x +cosBx = 2(s1n10 x + cos'® x)+ 1 cos2x

5
o sin® x(1- 2sin2x) +cos® x(1- 2 cos? x) = 1 cos2x

8 8

) 5
<  sin” xcos2x — cos xcos2x210052x

o cos2x(4(sin®x —cos®x)-5)=0
cos2x =0

< 5
sinfx—cos®x =2

8 5 8 5 8

. . : . 5 A 1 .
Xét phuong trinh sin®x —cos®x = g Ssina = +cos®x = 1 > 1 v6 ly, suy ra phuong trinh

. 5 . A
sin®x — cos®x = AL nghiém.
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Do d6 cos2x:0©x:g+kg,kez.

DS:x:z+k£,k€Z.
4 2

@ Ta co

sin2x — cos2x — V2sinx = 0
o \/Esin(Zx— %) —V2sinx =0

< sin (2x— g) =sinx

r s
2x——=x+k121
> 7
2x——=m—x+ko2m
{ 4
X = —+k127‘[
< 5m 21
X = —+k2—
12 3
A N ~ P R b4 5m 2 .
Vay phuong trinh da cho c6 hai nghiém la x = 1 + k127, x = D) +k2?, VOl k1, ko €Z.

5 2 .
bS: x= z-|-/<31271', X = —”+k2—ﬂ, VOl k1, ko€ Z.
4 12 3

T T
\ 2x#0 x#—+ko
@) Pidukien | 70 1T LTS ez Tacs
sinx #0 x £k

tan 2x + cotx = 8cos® x

sin2x cosx 9
=8cos”x

cos2x sinx
o cos2xcosx +sin2xsinx = 8cos2xsinxcos® x

& cosx=2sin4xcosx

[ cosx =0
N
sindx = —
L 2
. b3
=—+k
X 2 17T
T T
=—+ko—
< [FT 9472
5
x:—n+k3z.
§ 24 2
. , a1 5 L.
Véyphddngtrlnhcobanghlemlax:g+k1n,x:§+kzg,x:£+k3g,vmk1,kz,kg,eZ.
5 )
DS:x=z+k17t,x=1+kzg,x=—”+kgz,vf§lk1,kz,k3€Z.
2 24 2 24 2



¢ ¢ 0 ¢ ¢

¢

3sin3x + 2+ sinx(3 —8cosx) = 3cosx

9sinx —12sin®x + 2 + 3sinx — 8sinxcosx — 3cosx = 0
12sinx —12sin®x + 2 — 8sinxcosx — 3cosx = 0
12sinxcos?x — 8sinxcosx +2—3cosx =0
4sinxcosx(3cosx —2)—(3cosx—2)=0

(Bcosx—2)2sin2x—-1)=0
[ 2
cosx = 3

sin2x = —
| 2

2
X = +arccos (g) + k127

x:l+k2n
12
59,4
= — + k3.
(YT T

\ ~ e A .« A N 2 5
Vay phuong trinh da cho ¢6 bon nghiém la x = + arccos (5) +k127, x = % +kom, x = 1—72[ + ks,

v6i kl, kg, k3 e’.

Ta co

2 T 5%/4 ..
PS: x = + arccos (g) +k127m, x = 1 +kom, x = 12 +kgm, VOl k1, ko, kg€ Z.

2sinx(2cos2x +1+sinx) = cos2x + 2
& 4sinxcos2x+2sinx +2sin?x —cos2x—2=0
4sinxcos2x —2cos2x +2sinx—1=0

< (2c082x+1)2sinx—-1)=0

) 1
sinx = —
2

¢

cos2x = ——
2
. b4
x=—+k127
6

5
< x:§+k22n

T
x= i§+k3n.

A s 5 y
Vay phuong trinh da cho c¢6 ba nghiém la x = %+k12n, x= g +ko2m, x = ig +ksm, V01 k1, ko,

k3€Z.

5 Lo
DS: x= %+k12n, x= §+k227[, x= ig+k37[, VOl k1, ko, kg€ Z.

a
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