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Chuong 1

Cac dang toan va phuong phap

1 Cac dang toan co ban

1

Tinh tich phan tong quét sau

L :/(sinx)"dx;l2/(cosa;)”dx

Phuvong phap

Ta chia § cac cong thiic ha bac sau

. 9 1 —cos2x 9 1+ cos2x
sin“z = ———;cos"r = ———;
2 2
3 —sindz +3sinx 4 cos 3x + 3cosx
sin“x = 1 ;Cos”w = 1

Néu n chin hodc n = 3 thi ta sé sit dung cong thic ha bac triet dé
Néu n 1é va 16n hon 3 thi ta sé stt dung phép bién déi sau.

Bién doi 1. Ta c6
I = /(sin:c)"dx :/(sinx)2p+1dx :/(sinx)2p sin zdx = —/(1 — cos’x)"d (cos z)

— _/ (Cg — Cpcos’ + ... + (—1)]“01’; (COSQx)k +...+ (—1)pC£(0082x)p> d (cosx)

1 -1 k —1)?
=— (C’S CoST — gC’;cos?’x +...+ Q(k: ﬁng(cosx)%H +...+ 2(p +)1C'£(cos:c)2p+l> +C

Bién d6i 2. Ta c6
I :/(cosx)"dx:/(cosx)2p+1dx:/(cosx)zpcosxdx:/(1—sin2x)pd (sinx)

1
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= / (Cz? — Cpsin’z + ... + (—1)kC’1’;’ (sin%)k +...+ (—1)pC£(sin2$)p> d (sinx)

1 —1)F —1)

= (CS sinx — gC';sin?’x +...+ 2(1{:—_1_)105(81n )44 uC’p(sin a:)2p+1> +C
Nhin chung day 14 mot dang toan khong kho, cai kho ciia n6 la phép bién ddi tuong ddi dai va
cong kénh ,vd méau chét 1a ha bac dan dan dé dua vé nguyén ham co ban. Sau day ta sé ciing
tim hiéu vi du vé phan nay!

—{Bai 1) .

Tim cac nguyén ham sau

o [ = /cos%dx.

. I:/(sin5x)9dx.

o ]:/(COSQx)13dx.

o ]:/(3+cosx)5da:.

Loi gidi

1. Bién d6i nguyén ham ta c6

1 22\ °
]:/COSGZEd$:/(COSQ$>3d5E:/(W) dx

1 1 f
=1 / (1 + cos2z)’dx = 1 / (1 + 3 cos 22 + 3cos?2x + COSSQl’) dz

:i/(1+3cos2x+3(1+22cos4x) +COS3$—Z3COS:€) i

= 16 (7 + 12 cos 2z + 12 cos 4z + cos 3z + 3cos ) dx

1 1
= I <7x+6sin2x+3sin4x+gsin3x+?>sinx) +C

2. Bién déi nguyen ham ta cé

I = / (sin 52)°dz = / (sin 52)° (sin 5z) do = —% / (1 = cos®5z)"d (cos 5)

1
=z / (1 — 4cos®5z + 6eos*ba — 4cos®sx + cos®5z) d (cos 5z)
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1 4 6 4 1
— (cos Sr — §C0835.T + 30055595 — 50057535 + §C0895x) +C

3. Bién do6i nguyén ham ta c6

1
I= / (cos 2x)da = / (cos 2x)" cos 2xdx = 5 / (1- sin22x)6d (sin 2x)

(1 — 6sin*2z + 15sin*22 — 20sin°2z + 15sin®22 — 6sin'*2z + sin'*2z) d (sin 2z)

1 20 6 1
= — (sin 2r — 2sin®2z + 3sin’2zx — 7sin72x + gsin92x — ﬁsinHQx + EsinISQx) +C

4. Bién doi nguyen ham ta cé

I = / (3 + cos x)5dx = / (35 + 5.3% cos ¢ 4 10.3%cos®z + 10.3%cos®z + 5.3cos*z + cossx) dz

45 15
= / (243 + 405 cosx + 135 (1 4 cos2z) + 5 (cos3z + 3cosz) + ?(1 + cos 2z)° + COS5ZL‘) dx

945 45 15 1 4
= / (378+Tcosx+ 135cos2x+50053x+ 5 (1+20052x+$) —|—cos5x) dx

1557 945 45 15
= / (T + 5 cosx + 150 cos 2z + 5 cos 3z + T Cos 43:) dr + /cos4x cos zdx

4

1
/ (1557 4 1890 cos = + 600 cos 2z + 90 cos 3z + 15 cos 4z) dx + / (1- sian)zd (sinx)
1 . : : 15 .
=1 (1557x + 1890 sin z + 300 sin 2z + 30 sin 3z + - Sin 495)

+/ (1 — 2sin’z + sin*z) d (sin )

15 8 4
(155795 + 1894 sin z + 300 sin 2z + 30 sin 3z + v sin4x — gsm3:z,= + gsin5x) +C

A~ =

Tém lai. Qua 4 vi du trén ta da phan nao nam duge dang toan nay, rieng & vi du 4 ta da st

dung t6i cong thiic khai trién hé s6 Newton dé khai trén biéu thitc trong dau nguyén ham va

cac budc con lai chi 1a bién doi thong thuong.

Chinh phuc Olympic Toan €) €3 Tap chi va tu liéu toan hoc
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& Dong 2 ~

Doi khi trong khi lam cac bai tinh tich phan ta bat gip cac bai toan lién tuan t6i tich

cac biéu thiec sin z, cos z khi d6 ta sé st dung céc cong thiic bién tich thanh tong dé giai

quyét cac bai toan nay. Sau day 1a cac cong thitc can nhé

I= /(cosmx) (cosnz) dz = %/(cos (m — n) & + cos (m + n) ) da
= / (sinma) (sinna) do = / (cos(im = )z — cos (m + n)s)dz
[= / (sinmz) (cosna) dz = % / (et ) e = ) s
I = / (cosma) (sin nz) dz = %/(Sm ) — 5, — 1) )

Nhin chung day 1a mot dang toan co ban, sau day ta sé cling tim hiéu cac bai toan vé né.
Bai 2 2

Tim cac nguyén ham sau

o I:/(Cosx)3 sin 8xdx

o ]:/(cos2x)13dx

Loi gidi
1. Bién ddi nguyén ham ta c6

3 3
I= /(cosx)3 sin8a:dx:/< COS%ICOS 7) sin 8zdx

1 ' ‘
=1 / (3 cos zsin 8z + cos 3x sin 8x) dx
1 ) ‘
=1 / (3 cosx sin 8z + cos 3x sin 8z) dx
L [13 . _ 1. _
- A_L/ {5 (s1n9x+sm7.r)+§(sm 11:B+sm59:)} dx
173 3 1 1
=—3 (50059x+?cos7x+ﬁcosllm+gc055x> +C

2. Bién déi nguyén ham ta cé

1
I= / (sinz)* (sin 3x) (cos 10z) do = 3 / (1 — cos 2z)* (sin 13z + sin 7z) dx
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1
=3 / (1 — 2cos2z 4 cos®2z) (sin 13z + sin 7z) dz

1 1 4
= g/ (1 — 2cos2x + W) (sin 13z + sin 7z) dx

1

=16 (3 —4cos2x + cosdx) (sin 13z + sin 7x) dx

1
=% / (3 (sin 13z + sin 7x) — 4 cos 2z (sin 13z + sin 7x) + cos 4z (sin 13z + sin 7x)) dz

1
=5 / (3 (sin 13z 4 sin 7x) — 2 (sin 152 + sin 11z + sin 9z + sin 5x) +

Tinh tich phan tong quatl = / sin™xcos" xdx

Phuong phap
Trudng hgp 1. Néu m,n 1a cac so6 nguyén.
Néu m va n chin thi diing cong thiic ha bac bién tich thanh tong.

Néu m chin va n 18 thi ta bién doi

I = / (sinz)™(cos z) " dx = / (sinz)"(cos z)* cos xdr = / (sinz)™ (1 — sin’z)"d (sin z)

= / (sinz)™ (C’S —Cpsin’z + ... + (—1)kC’§ (sin%)k + .+ (=1)PCP (sian)p> d (sinx)

)m+3 )2k+1+m )2p+1+m

(. kck(sinx sin x
ot (=D P2k+1+m

_CO(Sinx)m*1 o (sing

o (—1)P p(
Pom4+1 Pom+3 o+ (1C

— 4
P2p+14m +

Néu m 18 va n chén thi ta ciing bién ddi tuong tu nhu trudng hop tren.
Néu m 1é va n 18 thi diing ta sé tach ra 1 biéu thic sin z hodc cosz dé dua vao trong dau vi
phan.

Trudng hop 2. Néu m,n 1a cac s6 hitu ty.
Trong trusng hop nay ta sé dat v = sinz va tity theo trudng hop ta sé bién doi né dé dua vé

bai toan co ban. Ta sé tim hiéu ky thuat nay qua cac bai toan dudi.

Chinh phuc Olympic Toan ® €3 Tap chi va tu liéu toan hoc
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f—‘Béi3i )

Tim cac nguyén ham sau

.« / (sin )% (cos z) da
o I:/(Sin?)x)w(cos?)x)5dx

o ]:/(Sin5x)9(cos5x)1llda:

(sin 3z)”

= | —Zdx
Vcost3x

o /

Loi gidi

1. Bién déi nguyen ham ta c6

1
I:/(sinx)z(cosx)4dx: Z/(sian)2(cosx)2dx

1
= — / (1 —cos4dx) (1 + cos2z) dx (14 cos2x — cos 4z — cos 2x cos 4x) dx

16 ~ 16
1

1
=1 (1 + cos 2z — cosdx — 5 (cos 6z + cos 23:)) dx

1
32

1 in2z sindr  sin6
(2+cos2x—2cos4x—0086x)dx:3—2<2x+sm2$—sm2x—sm6 x>+0

2. Bién do6i nguyén ham ta c6
I= / (sin 32)"%(cos 3z)°dx = / (sin 3x)"*(cos 3x)* cos 3xda

1
= %/(sin 3:(:)10(1 — sin23x)2d (sin3z) = 3 / (sin 3x)"° (1 — 2sin*3z + sin43:c) d (sin 3x)

1
- %/ ((sin32)'" — 2(sin3z)" + (sin 3x)"") d (sin 3z)
0

1 3 9(sin 3218 1 3215
1 (sin3z)"  2(sin3z) N (sin 3x) Lo
3 11 13 15

3. Bién ddi nguyen ham ta cé
I= / (sin 5z)” (cos 5z) M dw = / (cos 5x)" (sin 5z)° sin Sxda

—1
== (cos 5x)'! (1- 0082533')4d (cosbx)
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1
=z / (cos 5x)111 (1 — 4cos?5z + 6eos* b — dcos®hr + coss’c')x) d (cos bzx)

_ 1 (cos 5)"*? 4<COS5I)H4+6(COS5x)116 4(Cos5w)118+(cos5x)120 Lc
N 112 114 116 118 120

4. Bién do6i nguyen ham ta cé

sm 3&:

v cos43x

(cos 3z) 5 (sin 3z)° sin 3zdx

—1 .
=3 / (cos3z)s (1 — cos23x)3d (cos3x)

—1
=3 (cos3x)s 2 (1 — 3cos®3z + 3cos*3z — cos’3x) d (cos 3x)

.
a2

15 u 15
_ 5 _
T (cos3x)® + ] (cos 3x)

1
=3 (5(005 3x)

Tinh tich phan tong quat

— 33(008356)35) +C

I = / (tanz)"dx; I, = /(cot z)"dz (n € N)

Phuwong phap

Trong cac bai toan nhu thé nay ta can chi y t6i cac cong thiic sau

i d
/tanxdx:/smxdx:—/w:—ln|cosx|—|-C;

COS ™ COS ™

d(si
/Cota:dx = / Césxdx = / (ém 7) = In|sinz| + ¢;
sin sin

/(1+tan2x)dx:/ do :/d(tanx):tanx—l—C;

cos?z

/(1—|—c0t2x)dx:—/ ,di :—/d(cotx):—cotx+0.

S~ x

Dé lam cac bai toan tinh /(tan x)"dw ta sé can ¢ gang tach vé dang tan™x (tan?z + 1) dén
cubi ciing dé dua vé bai toan co ban.

Sau day chung ta sé cing tim hieéu cac vi du minh hoa dé hieu ré hon cac bai toan nay.

Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc



Nguyén Minh Tudn TICH PHAN HAM LUONG GIAC

f—‘Béi4i )

Tim cac nguyén ham sau

.« / (tan 2)%dz

Iz/(tanQ:c)l?’da:
o ]:/(cotm)12dx

o I:/(cot43:)9dac

I —/(tanx—i-cot )’ dx

L& gidi

1. Bién doi nguyén ham ta co

= / (tan 2)%dz =

/ ((tan z)° (1 + tan’z) — (tan ) (1 + tan’z) + (tan z)? (1 + tan’z) — (tan z)" (1+ tan’z) +1) da

= / [(tan 2)® — (tanz)* + (tanz)® — (tanx)o] d (tanz) + /dm

(tanz)”  (tanz)® (tanz)® tanz
= - - C
- 5 + 3 1 +x+

2. Bién d6i nguyén ham ta c6
I = / (cot ) Pdx
- / ((cot )" (1 + cot’z) — (cot z)® (1 + cot’z) + (cot z)° (14 cot’)
—(cotz)* (1 + cot®z) + (cot z)? (1 + cot’z) — (cot z)" (1+ cot’zr) +1

= —/ ((cot )" — (cot 2)® + (cot 2)° — (cot z)* 4 (cot z)* — (cot :)3)0) d (cotx) + /d:l:

B (cotz)™  (cotz)? (cotz)” (cotz)® (cotz)® cotax
B 11 9 7 5 5 1

— + — + - >+x—|—0

3. Bién ddi nguyen ham ta c6

I= / (tan 2x) " da
= / ((tan 2x)" (1 + tan®2z) — (tan 21)° (1 + tan®2z) + (tan 2x)" (1 + tan*2z)
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—(tan 2z)° (1 + tan®2z) + (tan o) (1 + tan”2z) — tan 2z (1 + tan*2z) + tan 2z

/ ((tan 2¢)" — (tan 22)” + (tan 2z)” — (tan2z)® + (tan 2z)® — tan 2z) d (tan 2:76)—1—/ tan2xdx

DN | —

(tan2z)”  (tan22)'  (tan2z)®  (tan22)®  (tan2z)'  (tan2z)’
- . . —In|cos?2
( 12 0 s 6 4 2 nfeos 2] J+C

N | —

4. Bién doi nguyén ham ta c6
I= /(Cot 4z) dx = / [(cot 4z (1 + cot?4z) — (cot 4x)° (1 + cot?4z) +

+(cot 4z)’ (1 + cot?4x) — (cot 4x) (1 + cot®4z)] dx + cot 4x

— —i / ((cot 4x)7 — (cot 4x)5 + (cot 4x)3 — (cot 4x)) d (cot4x) + /Cot dxdx

~ —1 [ (cot 4z)®  (cot4z)®  (cotdz)'  (cotdx)’
B 8 6 4 2

1
I - + — ) +Z—lln|sin4x|—|—0
5. Bién ddi nguyen ham ta cé

I = / (tanz + cot z)’dx = / [(tan 2)” + 5(tan z)* cot & + 10(tan z)*(cot z)?
+10(tan z)*(cot z)* + 5tga(cot z)* + (cot z)°
= / [(tan z)° 4 (cot ) + 5(tan z)® + 5(cot #)* + 10 tan x + 10 cot x| dx
= / ((tan 2)” + 5(tan z)® + 10 tan ) dv + / [(cot )” + 5(cot )® + 10 cot ] dz
= / ((tan x)3 (1 + tan%) +4tanx (1 + tan%) + 6 tan x) dx

+/ ((cot)* (1 + cot?x) + 4 cot z (1 + cot’x) + Geot z) dz

= / ((tan )’ + 4tan ) d (tan ) + 6/tanxd1: — / ((cot )’ + 4 cot z)d(cotz) + 6/cot:cd:c

(tan )" (cot 2)’

= + 2tan®z — 6In |cos z| —

— 2cot?r + 61n|sinz| + C

Tém lai. Qua 5 vi du trén ta da phan nao hiéu duge phuong phép lam céc bai tap ctia dang
toan nay, mau chét 1a dua vé nguyeén ham tich phan ham da thic qua cac phép bién doi va
them bét, va dong thoi ciing can ap dung linh hoat cong thitc khai trién hé thic Newton dé
gidi quyét bai toan dé dang. Vé phan bai tap luyen tap cé 16 khong can thém vi cac ban c6 thé

bia bat ki mot bai toan tuong tu véi cac bai mau!

Chinh phuc Olympic Toan © €3 Tap chi va tu liéu toan hoc
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w

Tinh tich phan tong quat

Phvong phap
Ta sé xét dang I = /

m

t
%d:p vi day la 2 dang tuong tu nhau.
cosx

Trwomg hop 1. Néu m,n chin ta bién doi nhu sau

[:/de:/(tanx)m( ! )H do :/(tanx)m(l—i—tan%)k_ld(tanx)

(cos z) cos?x cos?x

= / (tanz)™ <C£_1 +CE (tan%)l +... 4+ Cr_ (tan’z)” + ... + CF 7| (tan’2) k_1> d (tan )

m—+1 m+2k—1

(tan z) (tan z)
=G TG et

Truwomg hop 2. Néu m va n déu 1é thi ta bién doi nhu sau

(tan :L’)%Jrl o 1 htan z o vk 1 2 sin @
I= [ ——=dr= [ (tanz) dr = | (tan’z) 5—dx
(cos ) cosr ) cosw cosz ) cos’x

1 Fro1 A\ 1 1
:/( 5 —1) < ) d( ):/(u2—1)ku2hdu(u: >
COSs“x COS T COS T COS T

_ /u% (0,3 (W) = Cr @) (e () T L+ (—1)’“0};) du

| (tan )

Tt On e O

2k+2h+1 2k+2h—1 2k+2h—2p+1

0o Y “ oo (—1per +.. .+ (=DFCk

I s s k
2k +2h + 1 2k +2h — 1 2k +2h —2p+1
Truwomg hop 3. Néu m chin va n 18 thi ta bién doi nhu sau

(tan z)** (sinz)?* cos x (sinz)** .
I= jdﬁ = )2(k+h+1)d‘r - (1 > )k+h+1d(sm z)

cos ) (coszx — sin“x

Dat v =sinz ta co

I L T U2>]d B u?2du u?*2du
AT (1 — u2)F T u= (1 — a2)F T - (1 — u2)F*h

Heé thitc trén 1a hé thitc truy hoi cac ban c¢6 thé tham khao ¢ phan sau, do d6 tinh duge I. Nhin

chung céc bai toan trén mang tinh tong quat va c6 1& nhin vao céc 1oi giai tong quat dé ta sé
thay né that ling nhing va phiic tap, nhung khi vao céc vi du cu thé ta sé thay cach lam cac

dang toan nay kha dé. Sau day ta sé di vao cac bai minh hoa.

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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f—(BéiSi

Pham Viéet Anh

Tim cac nguyén ham sau
10
. j_:/(cot5a: o
(sin 5x)
7
. ]:/ (tan4x95dx
(cos4x)
9
. [:/ (cot3x)41d
(sin 3x)
7
o / (tan3x)6 I
(cos 3z)

Loi gidi
1. Bién ddi nguyéen ham ta c6

I:/%dm’: /(cot 5x)10[(sin15x)2r do

(sin 5z)°

1
=z / (cot 5x)10 [1 + cot25x] °d (cot 5z)
1

E / (cot 5)"” (1 + 3(cot 52)% + 3(cot 5z)* + (cot 5x)6) d (cot 5x)

_ 1 (cot 5z)" N 3(cot 5z)" N 3(cot 5z)"° N (cot 5z)"
) 11 13 15 17

2. Bién do6i nguyén ham ta c6

tan 4z)" 1 \*tan4
-/ (andz) . _ /@anw( ) i,
(cos 4x) cosdx ) cosdx

1 1 o1 ™ 1 1 3
= [ |——— -1 d =— [ (u?=1)d
4/ {(Cosz;x)z } (cos4a:) (cos4a:) 4/u (u ) du

+C

3. Bién do6i nguyén ham ta c6

9 40
1= / —((C.Ot??l‘))“ dr = /(cot 3:17)8< L ) cot 3xdm
sin 3x

sin 3x sin 3x
1 1 o1\ 1 1
:__/ —— — 1 : d| — Z——/u40(u2—1)4du
3 sin“x sin 3x sin 3z 3
Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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1 10 3 6 4 ) 4 1 'U,49 U47 u45 u43 U41
S a6t — a4+ 1) = —= | —at et Lt L
3/u (u u® + 6u u’ +1) du 10 47+45 43+41+

4. Bién do6i nguyen ham ta cé

I:/(tan3x)7[( ! )2}2( d :é/(tan3x)7(1—|—tan23x)2d(tan3x)

2
cos 3x cos 3x)

= %/(tan 3z)" [1+ 2(tan 3x)” + (tan Bx)ﬂ d (tan 3z)

+C

3 8 10 10

:1)) [(tan 3z)° N 2(tan 3z)" N (tan 3z)"?

Tém lai. Qua 4 vi du trén ta thay d6, mau chét chi 1a cong thite lugng gidc va phan tich hop
Iy, cai nay & phan huéng dan da c6 day du roi. Tuong tu may phan truée bai tap tu luyén co 18
khong can vi cac ban c6 thé tu nghi ra mot cau dé minh lam. Ta cliing chuyén tiép sang phan

sau!

2 Cac dang toan bién doéi nang cao

Cac bai toan nguyén ham tich phan lugng giac rat phong phu va do dé sé khong ditng lai cac
dang toan bén trén. o) phan nay ta sé ciing tim hic¢u cac dang toan nang cao hon, véi nhiing

phép bién doi phitc tap hon. Sau day ching ta sé cling di vao timg dang toan cu thé!

dz
sin (z + a) sin (z + b)

Tinh tich phan tong quat [ = /

Phuwong phap
Diing dong nhat thic

sin(a —b)  sin[(x+a)— (z+b)] sin(x+a)cos(z+0b) — cos(x+ a)sin(z +b)

1= sin (a —b) sin (a — b) B sin (a — b)

T do suy ra

_ 1 sin (z + a) cos (x + b) — cos (x + a) sin (z + b) .
I_sin(a—b)/ sin (x + a) sin (x 4 b) d
B 1 cos (z +b)  cos(z+a) .
_sin(a—b)/{sin(x—i-b) sin (z + a) d

1 . .
_m[ln\sm(w—i—b)]—1n|sm(:c+a)|]+C’

Chii 5. V6i cach nay, ta c6 thé tim dude cac nguyen ham

Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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d . . ) in (@ —b
o J = / * bang cach dung dong nhat thic 1 = W—)
cos (z + a) cos (x + b) sin (a —b)
d . X . —b
o K = / . < bang cach dung dong nhat thic 1 = M
sin (z + a) cos (z + b) cos (a — b)

Sau day la cac vi du minh hoa cho céc bai toan nay.

f—{Béili

Tim cac nguyén ham sau

/ dz
o [ =
sin x sin (x + %)

/ dx
o | =
cos 3z cos (3$ + %)
oI :/ . dz
sin (z + %) cos (z + 75)
Lot giai
1. Ta co6
ng sinf(o+5) 2]
sin— sinflz+-=)—=z
1= g = 16 :2[Sin<x—|—E)cosx—cos(quz)Sinx}
sin — 2 6 6
6
s (o4 5) (+ %) sinz ] (=+35)
sin{x+ —)cosx —cos(x+ Z)sinz cos|z+ —
:>]:2/ 6 _ 6 deQ/ 09sx_ g i
sin & sin <x + —) sin.x sin (x + —)
6 6
d (sin.z) d (sin (o + %)) sinz
= 2/ ; — 2/ = =21In ——% +C
sm.x sin (m + —) sin (m + —)
6 6
2. Ta co
sin T sin [(3:1: + E) — 31:] - -
1= g = 6 =2 [sin <3:B + —> cos 3x — cos <3x + —) sin 3:13]
sin — 1 6 6
6 2

[sin (33: + %) cos 3x — cos <3ZL’ + %) sin 3:15}

=1=2 / — dx
cos 3x cos (3x + g)
n (324 5)
sin (32 + — :
= 2/—76de—2/ Sm3xda:
Cos <3x + —> cos 3z
6
Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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B _2/d<cos <3x+%>> N Q/d(cos?):v) 2 cos 3x

= - =-In|————~|+C
3 cos <3x+z> 3 cos 3z 3 lcos (Sx—i—z)
6 6
3. Ta co
T T
sz os[(r+3) (ot g5)
cos% \/_§
2
L . ™ .
=2 [cos <x+ §> cos (:Jc—l— 12) + sin <x+ 5) Sin <x+ 12)}
cos( +7T>cos< + >+s' ( +7T>s' ( + >
T+ = x in(x+ = )sin(x
Ly \/5/ 3 12 3 12/ 4,
sin (x+§) cos <x+ 12)
T T
COSs (x—i— ) sin )
Zﬁ/—dm+\/_/—12dx
sin <x+§) COoS (:ﬂ+ 12)
. s , T
d(sm (m—l——)) d(cos (x—i— )) sin <x+—)
sin <x+§) cos <x+ﬁ> CoS <$+E>
Tinh tich phan téng quat [ = /tan (x + a) tan (z + ) dx
Phuong phap
Ta co
sin (z + a) sin (x + b)
t t b) =
an (z + a) tan (2 +b) cos (z + a) cos (x + b)
_sin(z+a)sin(z +b) 4 cos(x+a)cos(z+b) . cos (a — b) 1
B cos (z + a) cos (x + b) ~ cos (x + a) cos (v + b)
dx
T do I = —b — 1.
it d6 suy ra cos (a )/cos EE Yy P

Dén day ta gip bai toan tim nguyén ham & Dang 1.

Chii 1. Véi cach nay, ta c6 thé tinh duge cdc nguyén ham

o J:/cot(x+a)cot(x+b)dx

o K:/tan(x+&)tan(x+b)d:v

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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Sau day la cac vi du minh hoa cho cac bai toan nay.
—1Bai 2 i N

Tim céc nguyén ham sau

° ]z/co’ﬁ(a:—l—%)c%(x%—%)dx
T T
° K:/tan<x+§>cot<az~l—g>d9@

Lot gias
1. Ta co . .
- - coSs (3: + §> cos <x + E)
cot <x+—> cot (m—i——) = = =
3 6 sin (m + g) sin (x + E)

cos <x+%> coS <$+%> + sin <$+g> sin <x—{—%>
- sin <x+g) sin (SC—l—%) !
_COSK"””g)—(“aﬂ_lJ_ﬁ 1
2

5 g) s o4 5) sin ()
- 1n - m - 1mn -
T 3 S T S T 3 S T 6

—1

sin

~

Tu do ta tinh duge

_ V3 L g V3
I= 5 /Sin<$+%>sm<x+%>dx /da: 211 x4+ C
dx
sin<$+g>sin<x+%>'
s
3

g _anf(e+3)- (o)

T 1
Sin — —
6

=2 e+ F)em (e §) o (r4 F)an (o4 )]

Bay gio ta sé di tinh [, = /

Ta cb

T do6 suy ra

i

11:2/51n<90+g>€08<$+%>—cos<x+g>sin<x+%>d
sin (x+g> sin (91:—1—%)

™ ™ . s
cos (J: + €> coS <Z‘ + §) sin (x + 8)
Sin (x + E) Sin <$ + §> S1n (1’ + §>

Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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Nhu vay thi

. ™ . ™
3 Sin <x+—> Sin (a:+—>
I:\/——.an —76T —2+4+C =43 —g —x+C
2 sin (l’—l——) sin (x_|__>
3 3
2. Ta co
. s T
. - sin (x + §> cos <x + E)
tan(a:—i——)cot (x—l——)z T T
3 6 CcoSs (x + —) sin <x + —)
3 6
i (4 5) cos (+5) —cos (+ 5) sin (v + £
sin(z+ —=)cos|lz+ =) —cos|lx+ —=)sin(z+ —
_ 3 6 3 6 +1
CoS (x + E) sin <m + z)
3 6
n[(e+3) - (o+5)]
sinf{lz+=)—(xz+ =
_ 3 6 1 1
- cos<x+z)sin<1‘+z> +1_§.COS(ZB+Z>SiH<£B—|—E> o
3 6 3 6
Nhu vay ta dugce
1 1 1
K:—/ = = dm—l—/dx:—Kl—irx—l—C
2 CoS (x + —) sin (:1: + —) 2
3 6
Ta tinh duoc
. +7T
dl’ ) Sln(x 6)
Klz/ <+7T> <+7T>:—31n—( +’/T) ‘|’C
cos|xz+ —=)sinlx+ — cos |z + —
3 6 3
S —|—7T
3 m(x —>
:>K:£1n —g +z+C
3 cos(a:+—>
3
. . ~ 2 P dl’
Tinh tich phan tong quat I = -
asinz + bcosx
Phuwong phap
Ta bién do6i
a b
asinx +bcosz = Va2 +b? | ————sinx + ———cosz
= asinx + becosx = Va? + b?sin (z + «)
1 dz 1 T+
\/a2—|—62/sin(x~l—o¢) Va2 + b2 B -

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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Sau day la cac vi du minh hoa cho cac bai toan nay.
.

— Bai 3i

Tim céc nguyén ham sau

7 / 2dx
[ ] =
V3sinz + cosx

/ dz
o J =
cos 2z — \/gsin 2z

Lot gias
1. Ta co6
I—/ 2dx _/ dx _/ dx
V3sinz + cosx V3 . 1 sina:cosEJrcos:rsinE
——sinx + - cosx 6 6
2 2
J +7T +7r
i (++5) iy
:/—'I:/—G:lntan 6 +C:1n)tan(f+1)‘+0
sin (x—kZ) sin <x—|—z> 2 2 12
6 6
2. Ta co
J—/ dx _1/ dz
cos2r —/3sin2x 2J 1 V3
—Cos2x — — sin 2x
2 2
T
_1/ dz _1/ dr 1/ d(g—%)
2 sinzcos%“—coszsin%c 2 sin <E—2x> 4 sin (E—2x>
6 6 6
T
— — 2z
1 1
:—Zln tan O 5 +C:—Zln‘tan(f—2—x>‘+0
Tinh tich phan t3 it T / du
inh tic an tong quat I =
P &4 asinx + bcosz + ¢
@ €3 Tap chi va tu liéu toan hoc

Chinh phuc Olympic Toan
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Phuvong phap

( 2dt
dr = TP
. 2t
sinx =
Dat tang =t= 11tt;2 Sau day la cac vi du minh hoa cho cac bai toan nay.
cosT = TP
b
tanx =
\ 1—1¢2

f—‘Béi4i )

Tim cac nguyén ham sau

/ dx
o | =
3cosx + Ssinx + 3

/ 2dx

o J= -

2sinxz —cosx + 1

. K:/L
sinx + tanx

.f:/m(“ﬂ>dx
0 1+ cosz

Loi gidi
1. Ta dat
( 2t
dx:1+t2
t i t = i 2t
an — = SInxr =
b 1+ 22
1 —¢?
COS{E:1 5
L +1
Twu do6 ta co
2t
- 1 — 2 2 ] 3—=3t24 10t + 3+ 3¢t2
3 +5 +3

1412 1+ ¢2

20t 1 [d(5t+3) 1 1 .
_ [ 2d 1 fdBtEd) 1 e e a1 ‘5t r 3‘ C
/10t+6 5/ si43 5Pt C=cnibtan g+ 3]+

2dt
r=—7
o {L‘_ 1—|—t2
2.Dattan§—t:> . o 142
ST = ——,CO08T =
1+ ¢2 1+ ¢2
5 2dt
:J:/ T2 :/ 4dt :/ 4dt :2/ dt
5 2t 1—t2+1 4t =1+ 41+ 2t + 4t t(t+2)
14+12 142

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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1 1
:/(E—H—2>dtzln\t!—ln\t—l—Q\—i—C:ln‘tang‘—ln‘tang—l—Q‘—l—C’
2dt
L )
sinr = ——,tanx =
1+t2 1 —t?
142 1 1—t2
e [ a2
1+t2 —t2
1
—§1n|t|—zlt2+C:§ln’tan ’——tan §+C

4. Bién doi gia thiét ta duge

x n sin? (x) + cos? <x> +2sinxcosx
x 145 - d d P
/ In (ﬂ) dr = / 2 2 2 2 dx
0 0

In
1+ coszx

X
2 2
COS2
1/31 <t 2T 1 ot I+1)d
= — n an- — an — e
2 Jo 2 2

1
tang:t;»lzé/ (P +1)In(+t+1)dt
0

b b
Dén day st dung tich chat / f(x)dx = / f(a+b—z)dzr ta sé tinh dugc tich phan can
tinh. ’ ’
Cach 2. Ta co

12/2ln(l+sina:)dx—/2ln(l—i—cosx)dx
0

0
Stt dung tich phan ting phan ta c6

us

/2 ln(1+sin:c)dx:gln2—/2 e
0

0 1+sinz
bl bl i
/ ln(l—l—cosx)dmz/ B
0 o l+cosx
= [="I2- /’5 —x00§x al:,v%—/f2r _wsine dx
2 o l+sinzx o 1l+cosz
3
Tu day ta sé di tinh/ de. Déttzz—xta dugce
o 1l-+sinz 2

2 gcos RS 2 Si
/ et ,$d;c:f/ T d:L'—/ Y = 1=0
o l-+sinz 2 )y l+coszx o l+cosx

dx
a.sinx + b. sin z cos © + c.cos2x

Tinh tich phan tong quat I = /

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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Phuong phap
Ta bién ddi vé dang I = /
Ta dat

dx
(atan®z + btanz + ¢) .cos?x’

:dtiIZ/L
at? + bt + ¢

tanz =t =

cos?x
Sau day la cac vi du minh hoa cho cac bai toan nay.
— Bai 5i 3

Tim cac nguyén ham sau

dx
B
3sin“z — 2sin z cos x — cos2x

dx
o J= —5 ,
sin“x — 2sin x cos T — 2cos2x

Lot gias
1. Ta co
dz dz
3sin“z — 2sinz cosx — cos?x (3tanz — 2tanx — 1) cos?x
Dat
t t= e dt =1 / dt / dat
anr = = —= _—
cos?x 3t2 -2t —1 (t—1)(3t+1)
_1/ 3 dt—l/ dt _1/d(3t+1)
4 ) \t-1 3t+1) " 4)t-1 4] 3t+1
1 t—1 1 tanx — 1
=-1 C=-ln|l—|+C
4“31&+1’Jr 4n‘3tanx+1'+
2. Ta co

g / dx B / dx
) sin?z — 2sinzcosz — 2cos2x ) (tan’r — 2tanw — 2) cos?x

Dattanz =t = d:g =dt
cos’x
dt d(t—1 1 t—1-—
SRR (S S 5 NN (£ E e
t2 — 2t —2 (t—1°—(V3)" 23 [t-1+V3
B 1 n tanz — 1 —+/3
2\/§ tana:—1+\/§

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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aisinx + by cosx
dx

Xét tich phan tdng quéat I = / -
as sinx + by cos x

Phuwong phap
Ta tim A, B sao cho

ajsinz + by cosxz = A (agsinz + bycosz) + B (ag cosx — by sinx)

r—(BéiGi

Tim cac nguyén ham sau

4sinx + 3coszx
o [ = - dx
sinx + 2coszx

dx
o J= — ,
sin“x — 2sin x cos T — 2cos2x

Loi gidi
1. Ta tim A, B sao cho 4sinx + 3cosx = A (sinz + 2cosx) + B (cosx — 2sinx)

A—-2B =4 A=2
= 4sinx +3cosz = (A —2B)sinz + (2A + B) cosz = &
2A+B =3 B=-1

X

Tit dé[:/Z(sinx+2§osx) —(cosx—2sinm)d
sinx 4+ 2cosx

d (si 2
:2/d:r—/ (émx—i_ cos ) =2z —In|sinz + 2cosz| + C
sinx + 2cosw

2. Ta tim A, B sao cho 3cosz — 2sinz = A(cosx — 4sinz) + B (—sinx — 4 cos z)

' ' A—4B =3 A=1
= 3cosx — 2sinx = (A —4B)cosz + (—4A — B)sinz = &
4A+B =2 =1
Tu do ta co

dx

cosr —4sinzx

11 d(cosz —4sinz) 11 In [cos 4sing|+ C
—_ T — — = —Tr — — 1N xXr — nr
17 17 cosx —4sinz 17 17

11 10
. / 1—7(cosx—4sinx) - (—sinz — 4 cos )
10

a(sinz)® + bsin x cos z + ¢(cos a:)2d
x

Xét tich phan tong quéat I = / -
msinx + ncosx

Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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Phuvong phap
Dit S = a(sinz)® + bsinz cos z + ¢(cos )
Gia st

S = (psinz + gcosz) (msinz + ncosz) + r (sin’z + cos’z)

& S = (mp+r)(sinz)* + (np + mq)sinz cosx + (ng +r) (cos )

([ (a—c)m+bn
mp+r=a mp—+r=a p= m2 + n2
_(a—c)n—bm
<9 np+tmg=b <= § np+mqg="> <N 9= 2+ 12
ng+r=-c mp—ng=a—c —— + om” — bmn
m? + n?
Khi do6 ta c6
(a—c)m+bn . (a—c)n—bm an?® + cm? — bmn dx
1= sinx + cosx | dz+ -
m? + n? m? + n? m? + n? msinx + ncosx
(a—c)n—bm . (a—c)m+bn an® + cm? — bmn dx
= sy — cosx + -
m? + n? m? + n? m? + n? msinx + ncos

Tich phan cudi ciing ta da duge tim hiéu 6 dang trudc!

Sau day la cac vi du minh hoa cho cac bai toan nay.

f—(Béi7i )

Tinh cac tich phan sau

™

— 2
. I:/B (cosx)’dx
0 Sinx+\/§cosx

o - / (3v3-2) (sinz)® + (4v/3 + 3) sinx cos  + 2(cos z)?

- dx
3sinz +4cosx

Loi gidi
1. Gia st
(cosz)? = (asinz + bcos x) (sin x4+ V/3 cos :c) + ¢ (sin’z + cos’z)
& (cosz)’ = (a+c) (sinz)’ + (a\/g + b) sinx cosx + <b\/§ + c) (cosz)?

1. V3
= V2.,
4’

1[5 (V3 1 I dx
=1=- —cosx — —sinz | dv + — -
2 Jo 2 2 4 )y sinz ++V3cosx

Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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1[5 T R 1 (3 dx
= — (cos—cos:r—sm—smx) dr + - = =
0 6 8Jo cos 3 sinx + sing CcoS T

2 6
1/§ <+7T>d +1/§r da 1 ( +7T>+11 ‘t <x+7r>) i
=— [ cos(a+=)de+= ——————=|(=sin({z+=)+-Injtan (= + —
2 J 6 SOSin(Hf) 2 6/ "8 2" 6/1),
3
1 1 1 1 1 1 1
— ([ 24+ Zmv3)l = (=2=ZInv3)=2+21 3:—(1 1 3)
<2+8n\/_) <4 8n\/_) 4+4n\/_ 1 +1Inv/3
2. Gia st

<3\/§ — 2> (sinz)? + (4\/5 + 3) sin  cos = + 2(cos x)”
= (asinz + beosz) (3sinz + 4 cosz) + ¢ (sin’zx + cos’x)

.
3a+c=3V3-2 a=+V3

S 4a+30=4V3+3 ©X b=1

\4b—|—c:2 c=—2
1[5 (V3 1 5 dzx
2/0 2 s 2C08x> v /0 3sinx +4cosx

1 (5, & | s 2 [s dz
= — (sm—smx—i—cos—cosx)dx—— - — —
2 Jo 3 3 9 Jp sin (arcsm 5) sin & + cos (arcsm 3) cos T
7r 2 d[sin (z — u)]

1 % ™ 2 % dx 1 % 3
= — Cos<x——>dx—— _— = = cos(x——)dx—— —5
2 3 5/ cos(x—u) 2/, 3 5 )y 1—sin®(z —u)

0
™

3

1. ( 7T> 1. |1+sin(x —u) i -3 1. 1-+sinzcosu— sinucosz
= |=sinlz—=)—-In =————In
2 3 5 |l—sin(z—u)|]], 4 5 1—sinzcosu+sinucosz|,
LT T
\/g 1 5—4SID§+3COS§ 1 1 13_4\/§ \/g
=——+—-In 2 2l—-nd=—-In————F+ — —
5 5 4(7T+4v3) 4

4 5 5+4sin§—3cos§

Xét tich phan tdng quét

msinx + n cosx
I = / Y - 5d
a(sinz)” + 2bsin x cos x + ¢(cos x)

Phuvong phap
—A b

a
Goi A1, Ay la nghiém ctia phuong trinh
b c— A

a+cE/(a—c)+4p?
SN —(a+tc)Atac—b =0 \o= 5
€3 Tap chi va tu liéu toan hoc

Chinh phuc Olympic Toan @
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Bién doi mot xiu:

a(sinz)? 4 2bsin x cos & + c(cos £)* = A\ A2 + Ny A2

)\1 b . 2 )\2 b . 2
= b2 COST )\1 S r -+ 1 2 COST a )\2 SIn x

1+ (a=A2)”
(Cl - /\1)
b . b 1 .
Dat u; = cosz — sinz; ug = cosx — sinz;ky = ———iky = —
a— A a — A a— M\ a=A2
1 . 1 ‘
Al = ———= (cosz — bky sinz); Ay = (cosx — bkysinx)

V1 + 0k V1 + 02k2

DEy A2+ A2=1= MA2+ XA2 = (A — X)) A2+ Xo = (N — A) A2+ )\

b b
Gia st msinxz +ncosx = p | sinx + cos¥ | +q | sinz + coS T
a—)\1 CL—>\2
ptg=m bm —n(a— Ag) bm —n(a— ;)
& Sp= a—MN);q= a— A
RN B Bt e v vy v R VAL ety 7w e Rl L

a—X  a—X b
msinx + n cos T —pduy / —qdus
/ a(sinz)? 4 2bsin x cos & + ¢(cos x)? / (A1 —A) AT+ o (A2 — A1) A2+ )\

dAl dAQ
— /1 + 0202 1+ 0282
Pyt / n—) A2+ VT /Az AN

Sau day la cac vi du minh hoa cho cac bai toan nay.

Tinh tich phan sau

[_/ (sinz + cosz) dz
~ ) 2sinz — 4sinx cosx + 5cos2x

Loi gidi

Goi A1, Ag 1a 2 nghiém cta phuong trinh

Ta co:
2sin“zx — 4sinz cos x + Heos“x = g(cosx+2smx) + + | cosz — gsinz

1 2 1
—— (cosz + 2sinz); Ay = —= (cosz — —sinw | ; A3 + A3 =1
V5 V5 2

Chinh phuc Olympic Toan €3 Tap chi va tu liéu toan hoc
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2sin’x — 4 sin x cos x + Hcos2x 5

:>I—/ (sinz + cosz) dx _3/ (2sinz + cosz) dx 1/ (sinx — 2cosz)dx
(2cosx —sinz)*+1 5J 6— (cosz + 2sinz)”

3/ d(sinz — 2cosx) +1/ d(cosx + 2sinx)
(

5 sinz —2cosz)*+1  5J 6— (cosz + 2sinz)’

1 V6 + cosz + 2sinx

In +C
10v6 V6 — cosx — 2sinz

= arctan (sinz — 2 cos ) +

Bién ddi nang cao véi 2 dang tich phan /

dx vaf( dx

(sinz)" cosz)"
Thc chat minh chia dang toan nay thanh 1 dang toan nho vi trong khi tinh nguyén ham

hodc tich phan ta sé c6 thé gap cac bai toan kiéu thé nay, do d6 minh mudbn gi6i thieu

2 2 2 2 2 - 2
cho cac ban cac cach de xu 1y no.

dz
(sinz)"

p x
dz dz dz (tan §> x
| = R e N —zln‘tan—‘—l—C’
S T 2 sin z cos r 2tan Ecos2§ tan z 2
2 2 2 2 2

d
1'2:/ gg :/—d(cotx):—cot:c—l—C

Sin~xr

dr dx dx 1 (1 + tan2§)2d (tan g)
.13:/81113.73:/ . x3:/ N3 xGZZ/ N3
(ZSln—cos 5) 8(tan 5) (COS 5) (tan 5)

2

Xét bai toan /

1 +C

-1
(tan 5)3 4 [2(tan %)2

1 [1+2tan*% +tan's 1 x 1 T\ 2
+21n‘tan§‘ +§<tan§>

1
o / / (1+ cot®z) d (cotz) = — (cot T+ —COtSZIT) +C
sinz 3

. / / dx B / dx
sin’x ZSinﬁcos 3)5 32(tan %)5(COS %)10

2 2

1+ tan22)"d (tan 2) _ i/ 1+ 4tan®Z + 6tan*Z + 4tan®Z + tan8gd (tan {)
2

(tan £ 5 16 (tan %)5
1 —1 2 T N2 1 T\ 4
S — —|—61n‘tan—‘+2<tan—> +—<tan—> +C
16 L(tan%f (tan 5)° 2 2/ a2
d 2 1
o [s = / - aé = —/ (1 + cotQm)Qd (cotx) = — ( cot x + =cot®z + —cot’s | +C
sin’x 3 5

Chinh phuc Olympic Toan @ €3 Tap chi va tu liéu toan hoc
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dx dx dx 1 [ (14 tan22)°d (tan 2)
.I7z/sin7x:/ - . x7:/7 N 2\14 96 o\ 7
(281n§COS 5) 2 (tan 5) (cos 5) (tan 5)

1

64

-1 3 15
— — 5 + 20 In

6(tan %)6 2(tan %)4 2(tan %)

+15<t x>2+3<t x>4+1<t x>6+c
2 aln 2 aln 6 an2

T
tan—’
2

d
o [y= / 2 = —/ (1+ cotQm)gd (cotz) = — / (1 + 3cot®z 4 3cot*z + cot’z) d (cot x)

sin®x

3 1
= — (cot T+ cotdz + 5cot5x + ?cot%) +C

I / dx / dx
¢ lg= . n = n
(SlnﬁU)Z i (2 sin £ cos z)Z i

2 2
_/ dz 1 (1+ tan22)*"d (tan 2)

N 22”+1(tan %)%H (cos %)4n+2 o2 (tan ”2—5)%rl

1 -9 Ccpt x

T e R S T

22n 2n(tan§)2n 2(tan§)2 2 an2

n+1 m "
+—022” (tang)2+...+%<tang>2 } +C

dx n
Iio= | ——— = — 1 t22)"d (cot
e /1o /sin2”+2x /( + cot’z)"d (cot z)

= — / [Cg + Cleot’z + ...+ CF (coth)k +...+Cp (coth)n] d (cot x)

= —|CY, (cot ) + C—}Lcotgx +..F C (cotz) ™+ .+ Cn (cotz)*" | +C
H 3 2k +1 2n + 1
Xét bai todn I = / _dr
(cos x)

s / dx / d(z+%) / du / du / du
[ ] = = _— = o _— = -
! Ccos T sin (x + %) sin u 2sin § cos 5 2 tan %COSZ%

d(tan%) U r w
_/—tan% —1n‘tan§‘+C’—ln‘tan<§+z>‘+0

o [2:/ d :/d(tanx):tanx—i—C

cos?x
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m
L [ dr d(l”rg) [ du du B du
* BT osr sin?’(x—l—E)_ sin®u 5 sin u\3 s(t u\3 w6
z (2singoosz) 7 8(tang) (cos3)

COS —

2

+C
(tan %)3 4

B 1/(1+tan2%)2d (tan%) 1 [ —1

421 )t “‘+1(t “)2
— n |tan — — an —
2(tan%)2 2 2 2

4

i
4 [2ftan (5 + 7))

+C

d 1
. 1'4:/ - :/(1+tan2x)d(tanx):tanx+§tan3x+0

costx
[_/da;_/d(:c ) /du
7 | cosbz [ sin® ( + %) sin’u

(2 sin 3 cos %)5 32 (tan %)5 (cos %) 10
_ i / (1 + tan2§)4d (tan %)

16 (tan %)5
1 /1+4tan2%+6tan + 4tan®y + tan®y d( u)
(tan 5)5 2

1 -1 2 U u\2 1 u\4
= — T 2+61n‘tan§‘+2<tan§> +—<tan—) +C

1
16 4<tan 5) <tan g) 4 2

dx

.[6:

1
= / (1+ tanzx)Qd (tanz) = tanx + tan’z + —tan’z + C
cosbx 5

.I_/dx_/d<$+g>_/du_/ du
") cosz sin” <x+g> ) sin'u 27<tan g>7<cos ?_L>14

2
6
1 (1 + tan2g) d <tan g)

2 (tan E)
2

1+ Gtanzg + 151:&114E + 20 tang + 15tan82 + 6taunwE + tan122

1 2 2 T (1an )
26 AN 2
(tan —>
2
1 —1 3 15 U
= — — — —|—20ln)tan—)
64 6(tan §)6 2(tan %)4 2(tan%)2 2

+15<t u>2+3<t u>4_|_1<t u>6 LC
2 an2 2 an2 6 an2
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Nguyén Minh Tudn TICH PHAN HAM LUONG GIAC

d
o Iy= / cosuzx = / (1 +tan2x)3d (tanz) = [ (1 + 3tana? 4+ 3tanz? + tan2®) d (tanz) =

tan x + tan®x + %tan% + %tan% +C

dx d(z+12) du du
[ ] Ig e T—i—l g S ) T — - il — m m TN
Cos™ T x sin?"t (:r; + 5) (sin ) (2 sin — cos —)

2 2
o U 2n U
- / du B i (1 + tan 5) d <tan E)
- 2n+1 In+2 T 92n 2n+1
2 2 2
1 [C5, 40+ Chtan’s 4.+ &@m@f+u”+G%Wm%Yzit u
= 9on (tan %)Zn-l-l an g
1 —C9 cn-t
= o —%%—...—2—”2+C§nln‘tang‘
2 2n(tan %) 2(tan ’5‘) 2
Ccutl u\ 2 czn w\ 2n
n_ (¢ —) L (t —) C
T ( ang) et \tng) | F

d n
. Iw—/—x—/(l—i—tan%) d (tan x)

cos2nt2p

= / (C’?l + CMtan’x + ... + Ck (tangx)k +...+C) (tan%)n> d (tan x)

- Co(tanx)+%tanx3+,,,+ Ca (tanx)zkﬂ—l—...—l— G (tanx)2n+1 +C
" 3 2k + 1 o+ 1

Tém lai. Qua cac bai toan véi nhitng 10i gidi kinh khing & trén chic da lam ban doc choang
roi, tuy nhieén hay dé y né c6 mau chét ca nhé. Dau tien 1a 2 dang nay tuong tir nhau nén minh
sé chi n6i mot dang. Cac ban hay cht ¥ tdi cac bai s6 mi chin, mau chét chi 1a st dung cong
thitc theo tan va sin, con nhitng bai sé mi 1é ta déu st dung cach tach sinz = 2sin ds cosg
d6 chinh 1a chia khoé clia cac bai toan trén, 10i giai khiing chéng qua la bién do6i dai thoi chi

khong ¢6 gi khé khan cal
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Chuong 2

Bai Toan Deé Xuat

Tinh céc nguyén ham hoac tich phan sau

Bai 1. [ tan*zdx

M:\\
VB wlx

6
.. cos®x
Bai 2. ——dx

sin“x

a3

Lk}

.9
.. sin“z
Bai 3. 5 dx

cosbz
0

sin 2z
Bai 4.
/ 4 — cos?w
Bai 5. / — 2¢in? ZL’
1+ sin 295
0
3
Bai 6. [ = / (sinlox + cos'lz — sin4:vcos4x) dx
0
%
.. 1
Bai 7.1/ :/ = dx
Jsinxsin (a; + —)
6 6
3

Bai 8. [ — wdx

V14 3coszx

jus

Bai 9. I:/2sin2xcosxdm
1+ cosx

0
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TICH PHAN HAM LUONG GIAC

(VB

in 2
Bai 10. ] = e —
Veos2z + 4sin’x

Jus

2
Bai 11. 1:/,608—?“@
sinz + 1

0

jus

2
Bai 12.1:/ R
) (sinx — cosz + 3)
. 2
COS 42T
Bail3. /= | ——d
al /1+23in2x “
0
b 3 in®3
B21i14.]=/Sln TS oY T
1+ cos 3z

0
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Tai liéu tham khao

[1] Tuyén tap cac chuyén dé va ky thuat tinh tich phan - Tran Phuong

[2] Tai lieu Internet
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