UBND TINH BAC NINH PE THI CHON PQI TUYEN

SO GIAO DUC VA PAO TAO DU THI HQC SINH GIOI QUOC GIA NAM 2020
M6n thi: Toan 9
| DE CHINH THUC| Thoi gian 1am bai: 180 phut (khdng ké thoi gian giao dé)

Ngay thi the nhdt: 24/9/2019

(Dé thi c6 01 trang)

Cau 1 (5,0 diém)
Cho hai ddy s6 (u,), (v,) xac dinh nhu sau u, =a; v, =b véi hang sé thuc a, b cho truéc thoa

V. = UV, V6i moi s6 tw nhién n.

a) Chang to hai diy da cho déu hoi tu va c6 gigi han bang nhau.

b) Tim gidi han do6 theo a, b.
Cau 2 (5,0 diém)

Cho sb nguyén t6 p . Chang minh rang ton tai vo sb s6 tu nhién n thoa mén diéu kién
2020"%* =n 42018 (mod p).

5 s u, +v
mian O<a<bvau,, =—"—=

Cau 3 (5,0 diém)

Cho tam giac nhon ABC khdng can. Goi H,O lan luot 1 truc tim, tim duong tron ngoai tiép
tam giac ABC; D, E lan luot 14 chan duong cao ha tir cac dinh A, B cua tam giac ABC.Cac duong
thang OD va BE cat nhau tai K, cac duong thing OE va AD cit nhau tai L. Goi M 1a trung diém
canh AB. Chiing minh ba diém K,L,M thang hang khi va chi khi bén diém C,D,0,H cing nam trén
mot duong tron.

Cau 4 (5,0 diém)
Tim tat ca cac da thirc  (X) c6 hé s6 thuc va bac 1a sb tu nhién ¢ sao cho:

f(xz—l): f?(x)-1vxeR.

Thi sinh khéng dwoc sir dung tai liéu va mdy tinh cam tay. Céan bé coi thi khéng gidi thich gi thém.
HO VA 1 tRE SITR: ... Sé baodanh : ...



UBND TINH BAC NINH HUONG DAN CHAM

SO GIAO DUC VA PAO TAO PE CHON POI TUYEN

DU THI HQC SINH G101 QUOC GIA NAM 2020
Mo6n thi: Toan
(Huwdng ddn chdm c6 04 trang)

Céau Pap an Piém
Cho 2 day s6 (u,), (v,) xac dinh nhu sau:
U, =a;v, =b véi hing sb thuc a,b cho trudc thoaman O<a<b va u_, = oo erv" :
la , 2,0
V., =+JU;,,V, VGi moi s tu nhién n.
a) Ching to hai diy da cho déu hoi tu va cé gidi han bang nhau.
Ta ching minh quy nap rang u_ <u_,, <V, Va u_, <V ., <V_ V&i moi n.
1,0
Do d6, 2 day da cho la don diéu va bi chan boi u, =a;v, =b nén hoi tu.
Thu,, = ul ;V" , cho qua giéi han ta dugc limu,,, = limy, +fimv, hay limu, =limyv, 10
(dpcm).
1.b | b) Tim gidi han d6 theo a,b. 3,0
Do O0<a<b nén dat %: cosa VoI ae (O;g) . Ta chitng minh rang
1,0
a a a , O
u, =bcos—.cos—-...co0sS—.c0s" —
2 2 2 2
Vav, :bcos%.cos%...cos& VGi moi s6 nguyén duong n.
2 2 2" 1,0
Tir d rit gon bidu thirc ta duge v, = 25n% ____,bsina
Nei & o
2"sin
2
,_bz Y 1,0
Vay limu, =limy, =—— .
arccos(aj
b
Cho s6 nguyén té p. Ching minh rang, ton tai v s6 sé tu nhién n thoa man diéu kién
2 | 2020"%™ =n+2018(mod p). 50
Ta xét 2 truong hop.
Truwong hop 1. Néu p 1a uéc nguyén td cua 2020, khi d6, chi can chon n+2018: p lathoa
man. 1,0
Viéc nay chang to tim dugc vo 6 n.
Trwong hop 2. Néu p khong 1a udc nguyén td cua 2020, khi d6 (p,2020) =1.
2,0

" n+2019=0(mod p-1)
n+2018=1(mod p)




Theo dinh li Fecma a®* =1(mod p) ta duoc

2020°* =1(mod p) = 2020™**** =1(mod p) 1,0
nén 2020"?° =n+2018(mod p) (thda man dé bai).
Lai cé, theo dinh i Trung Hoa vé du thi hé phuong trinh dong du ludn c6 nghiém n vi
N - . 1,0
(P, p—1)=1 nén c6 vd so tw nhién n thoa man. (dpcm)
Cho tam giac nhon ABC khéng can. Goi H, O lan luot 12 truc tdm, tdm duong tron ngoai
tiép tam gidc ABC; D, E lan luot 1a chan duong cao ha tir cac dinh A, B cua tam giac
ABC . Cac duong thang OD va BE cit nhau tai K, cac duong thing OE va AD cit| 5,0
nhau tai L. Goi M Ia trung diém canh AB. Ching minh ba diém K, L, M thang hang
khi va chi khi bén diém C,D,0,H cling nam trén mot dudng tron.
C
X

Ap dung dinh Ii Menelaus cho

tam giac HAB va ba diém

K,L M tacéd: K,L, M

thang hang khi va chi khi

KB LH WA_, 0

KH LA MB

KB LA
KH LH
A
Ta lai c6 KB _ Seop (cung canh day OD), LA Sice (cung canh day OE) va goi R la
K HOD H SHOE

ban kinh duong tron ngoai tiép tam gidc ABC va c=AB thi
Spoe = % AE.d(O, AE) = %c.cos AR.cosB = % R.c.cos A.cosB 1,0
Tuong tu Sy = % R.c.cos A.cos B
Nén S,oc =Sgop -
Tir cac két qua trén ta c6 (1) < S, op = S,oe Khi va chi khi OH ||DE (néu H va O cing 05
phia d6i v6i DE ) hoic OH di qua trung diém ED (néu H va O khac phia ddi voi DE). ’
Truéc hét, vé tiép tuyén Cx caa dudng tron ngoai tiép tam giac ABC tai C, d& dang
chang minh ZCED = ZABC = ZACx suy ra DE ||Cx tir d¢6 dan ¢&énCO vuéng géc voi | 0,5
DE (2).
Ta chung minh (1) xay ra khi chi khi OH || DE .
That vay, néu xay ra truong hop con lai, trc 14 OH di qua trung diém ED. )0

Khi d6, goi P,Q lan luot 1a trung diém cia ED, HC . D& thiy tir giac CEHD noi tiép
duong tron tm Q, suy ra QP vudng g6c voi ED . Két hop (2) suy ra QP || CO.




Xét tam giac CHO c6 Q 1a trung diém HC va QP ||CO suy ra P 1a trung diém OH nén
EHDO 14 hinh binh hanh, suy ra OD || EH . Diéu nay trai véi gia thiét OD cit BE .

Vay (1) xay ra khi va chi khi OH || DE, ma do (1) nén diéu nay khi va chi khi CO L OH
khi va chi khi C,D,0,H cung nam trén mot dudng tron.

0,5

Tim tit ca cac da thic f(x) hé sé thuc, co bac la so tw nhién ¢ sao cho

f(x2 —1)= f2(x)-LVxeR

50

Thay x bang —x taco f?(-x)-1= f((—x)z—l): f(xz—l): f2(x)-1
Suyra f*(-x)=f*(x)

. | fF(=x)=1f(X) VxeA )
Nén trong d6 AUB=R.
f(—x)=—f(x) VvVxeB

0,5

Néu tap A v0 han hay phuong trinh f (—x)— f (x)=0 c6 v6 s6 nghiém ma bac cua f Ia
htu han nén f(-x)— f(x)=0 = f(—x)=f(x),VxeR (1)

Lai c6 deg f la I¢ nén trong hai gigi han Xlirpw f(x) va x”ﬂl f(—x) c6 dng mot gidi han la
+o0 va Mot 1a —oo, do d6 ton tai x, (du I6n) sao cho f(x) va f(—x) trai dau (suy ra
khong bang nhau) khi x > x, diéu ndy mau thuan véi (1) néntap A khong thé 1a vo han.
Suy ratap B 1a v0 han hay phuong trinh f (x)+ f (—x)=0 c6 v0 s6 nghiém ma béc cua

f 1ahiu hannén f(—x)=—f(x),vxeR.

1,0

Chonxzoj{f(o):_f(o) j{f(O):o
f(-1)=f2(0)-1" | f(-1)=-1

0,5

Xétdaysd a, =La,,, =./a, +1
Déthiay a_ >1,vn>0

Tachung minh a,,, >a,,vn>0 (1).

n+1

That vay n=0=a, =+/2 >1=a, bai toan diing v6i n=1

Giasir (1) ding dén n,suyra a,,, = \/aml +1> \/an +1=a,,,. Vay (1) dugc chitng minh.

n+l*

1,5

Bay gio ta chung minh f (a,)

a, ,n = 0 (2) bing quy nap.

V6i n=0= f(a,)=f (1)=a, suyra (2) ding v6i n=0

Giasu f(a,)=a, tachung minh f(a,,)=a,,, taco

n+l1?
f?(a,,)=1+f (8%, —1)=1+f (a,)=1+a, =a%

= f (an+1) =a,, hoac f (an+1) =—a,,

1,0




Néu f(a,.,)=-4

f (an+1) = an+l'

il = fz(anﬂ) =1+f (a2n+2 _1):1+ f (an+1):1_an+l

<0 (vo 1) do d6

Vay (2) duoc chimg minh, do d6 phuong trinh f (x)=Xx c6 v s6 nghiém nén f (x)

vGoimoi xeR.

Thir lai ta thdy f(x)=x thoa man y&u cau bai toan.

X

0,5

Hét-




UBND TINH BAC NINH PE THI CHON POQI TUYEN
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(Dé thi c6 01 trang)

Cau 5 (7,0 diém)

Tim tit ca cac ham f :R — R théa min diéu kién:

f(xy—1)+f(x)f(y)=2xy—-1 véimoi x,yeR.
Cau 6 (7,0 diém)

Cho tam gi4c nhon ABC, D 1a mot diém bét ki trén canh BC. Trén canh AC,AB lan luot lay
cac diém E,F sao choED =EC, FD=FB. Goi |,J,K lan luot la tim dudng tron noi tiép cac tam giac
ABC, BDF,CDE .

a) Goi H la tryc tam cua tam giac JDK . Chang minh rang tir giac 1JHK noi tiép.

b) Chtng minh rang khi D chuyén dong trén BC, duong tron ngoai tiép tam gidc 1JK luon di
qua mot diém cb dinh khéc diém 1.

Cau 7 (6,0 diém)

Cho mot da gidc déu AA,...A,, c6 10 dinh clia da gidc dugc to mau xanh, 10 dinh con lai dugc to
mau d6. Ta ndi cac dinh véi nhau.

a) Goi a 1a sb cac doan thang ndi hai dinh mau do lién tiép, b 1a sé cac doan thiang ndi hai dinh
mau xanh lién tiép. Chtmg minh a =b.

b) Xét tap hop S gdm duong chéo AA, va tat ca cac duong chéo khac ciia da gidc ma c6 cung
d6 dai v6i nd. Chang minh trong tap hop d6, sé dudng chéo ¢ hai dau 1a mau do bang véi sé duong
chéo c6 hai dau 1a mau xanh. Goi k 1a s6 duong chéo co6 hai dau 1a mau xanh trong , tim tat ca cac gia tri
c6 thé co cua .

Thi sinh khéng dweoc sir dung tai liéu va mdy tinh cam tay. Céan bé coi thi khéng gidi thich gi thém.
HO VA 11 tRE STTA: ... Sé baodanh : ...



SO GIAO DUC VA PAO TAO THI CHON POI TUYEN
DU THI HQC SINH GIOI1 QUOC GIA NAM 2020
M6n thi: Toan
(Pé thi ¢ 04 trang) Ngay thi thi hai: 25/9/2019

UBND TINH BAC NINH HUONG DAN CHAM

Pap an

Piém

Tim tat ca cac ham f : R — R thao man diéu kién:
f(xy=D)+ f(x)f(y)=2xy—-1 voimoi x,yeR. (1)

7,0

Thay x=0 vao (1),taco f(-1)+ f(x).f(0)=-1 véimoi xeR.

Néu f(0)=0 thi f s&1aham hang. Thay vao (1) d& thiy khong thoa man.

Vivay f(0)=0.

Thay x =y =1 vao phuong trinh (1) ta thu dugc ( f (1))2 =1. Nghiala f (1) =1 hoac
f@)=-1.

1,0

Truong hop 1. (1) =1.
Thay x bdi xy va y =1 vao phuong trinh (1) ta thu dugc
f(xy-D+ f(xy)=2xy—-1 véimoi X,yeR.
Két hop (1) ta thu duoc:
f(xy)=f(x)f(y) véimoi x,yeR (2)

1,0

Tiép theo ta thay y =1 vao phuong trinh (1) ta nhan dugc

f(x=D)+ f(x)=2x-1 hay f(x-1)=2x—-1-f(x) voimoi xe R .(3)

Lai thay va xboi x+1 va y =1 vao phuong trinh (1) ta nhan duoc

f(x+1)+ f(x)=2x+1 hay f(x+1)=2x+1-f(X) véimoi xe R .(4)

Cho y boi X vao phuong trinh (1) va stir dung (2) (3) va (4) ta nhan duoc
2x*—1=f(xX* =D+ f3(x) = f(x=D.f(x+D)+ f*(x)
=(2x—-1— f(x)).2x+1- f (X)) + f2(x) =2f%(x)—4xf (x)+4x* -1

Suyra 2(f(x)-x)" =0 dindén f(x)=x véimoi xeR.

2,0

Truong hop 2: f(1)=-1.

Bing cach thay tuong tu nhu & trudng hop 1, ta co:

f(xy)=—f(x)f(y) véimoi x,yeR. (5)

f (x—1)=2x—1+ f(x) véimoi xeR. (6)

f(x+1) =-2x-1+ f(x) vé6imoi xeR. (7)

Tiép theo, thay y boi X vao phuong trinh (1) va sit dung (5) (6) va (7) ta nhan duoc
2x° 1= f(xX* =D+ f°(x) =—f (x=1).f (x+1) + f*(X)
=—(2x =1+ f(X)).(=2x =1+ f (X)) + f*(X)
=2f (x)+4x* -1

Suyra f(x)=—x* véimoi xeR.

2,0

Thir lai ta thdy ca hai ham & ca hai truong hop déu théa mén dé bai.

1,0




Vay c6 hai ham s6 thoa man yéu cau bai toan
f(xX)=x véimoi xeR.

va f(X)=—x* véimoixeR.

Cho tam giac nhon ABC, D la mot diém bat ki trén canh BC. Trén canh AC, AB lan luot
ldy cac diém E,F sao choED =EC, FD=FB. Goi |,J,K lan luot 1a tim duong tron noi
tiép cac tam gi4c ABC, BDF,CDE .

° a) Goi H la tryc tam cua tam gidc JDK . Ching minh rang 1JHK noi tiép. o
b) Chirng minh ring khi D chuyén dong trén BC, dudng tron ngoai tiép tam giac
IJK Tudn di qua mot diém cb dinh khéc 1.
Do céc tam giac FBD, EDC lan lugt can tai F,E nén JD = JB, KD =KC.
Tacd £IDK =180° — ~JDB — ~KDC =180° — ZIBC — ZICB = ZBIC = ZJIK
6.2 | Laico H latryc tam tam giac JDK nén £JHK =180° — ~JDK, 2,0
suy ra ZJHK + ZJIK =180°
Vay tu gidc 1IJHK noi tiép.
Trudéc hét ta chirng minh bé dé sau (bai toan Simson d4o)
- Cho tam gidc MJK . Tir diém L nam ngoai tam giac. Goi B,C, D lan luot 1a diém ddi xtng

cua L quaMJ,MK,JK . Giasir B,C,D thang hang. Chang minh rang MJLK 12 tt giac noi
tiép.




Chitng minh bé dé: Goi giao cua BL,DL,CL voi MJ,JK,KM lan luot IaE,G,H. Do
B,C,D thing hang = E,G,H thing hang. T gidc JGLE va GHKL ndi tiép

aJLK ~aELH (g.g) = ZJLK = ZELH ma ZELH + ZEMH =180° Lo
— ZJLK + ZEMH =180° = MJLK nai tiép (dpcm).
Quay tr¢ lai bai toan:
Goi M 1a diém chinh giita cung BC cua duodng tron (O) ngoai tiép tam giac ABC, L la
Y PR 1,0
diém doi xang véi D qua JK.
Tacd ZJIK = ZIDK = ZJLK suyra L e (1JK) .
Mat khac, JL=JD=JB, KL=KD =KC nén ~/LIJB=2/LDB=/LKC ,suyra 10
/BLJ = Z/CLK . ’
Ta thu duoc
/BLC = ZJLK = ZBIC = ZJIK ,suyra Le (BIC) hayML=MB=MC . 1,0
Suy ra JM,KM lan luot I trung tryc cua LB, LC .
Vay diém doi xang voi L qua 3 canh tam giac JMK 1a B,C,D. Ma B,C,D thang hang,
theo bo dé trén suy ra LIMK noi tiép. Vay (1JK) ludn di qua diém M ¢é dinh (dpem). 1.0
Cho mot da giac déu AA,..A, co 10 dinh cla da gidc dugc t6 mau xanh, 10 dinh con lai
dugc t6 mau do. Ta ndi cac dinh v6i nhau.
a) Goi a la s6 cac doan thang ndi hai dinh do lién tiép, b 1a s6 cac doan thang ndi | 6,0
; hai dinh xanh lién tiép. Chimg minh a =b.
b) Xét tap hop S gom duong chéo AA, va tat ca cac duong chéo khac cta da giac
ma ¢6 cung do dai véi né. Chuang minh trong tap hop do, so duong chéo ¢ hai dau la mau
do bang véi s6 duong chéo c6 hai dau 1a mau xanh. Goi k 1a s6 duong chéo c6 hai dau la
mau xanh trong S, tim tat ca cac gia tri 6 thé c6 cua k.
Ta chia day cac dinh A, A,,..., A,, thanh cdc cum do6 va cum xanh, trong do:
e Cum d6 la cum dinh gom céc dinh do lién tiép.
e Cum xanh la cum dinh gom céc dinh xanh lién tiép.
- Giasutaco n cymdinh xanhla: X;, X,,..., X, (1<n<10) 10

VA X, X,,..., X, tuong tng la sé dinh xanh trong cac cum d6 (x, =1 Vi=1n).

Néu n=1, tac 1a chi c6 mot cum xanh hay 10 dinh xanh canh nhau, do d6 10 dinh do ciing
phai canh nhau, tirc 1a cting chi c6 mot cum do.

Néu n>2 thi mdi cum diém xanh nam gitra hai cum dinh doé va nguoc lai mdi cum dinh do




lai nam giira hai cum mau xanh nén s6 cum dinh xanh s& bang s6 cum dinh d6 bang n .

Gia sit n cum dinh d6 la: D,,D,,..,D, va d,,d,,...,d, twong (ing la s6 dinh do trong cac
cum do (d, >1Vi=1n).
Do trong mgt cum X, c6 x. dinh xanh canh nhau nén c6 x. —1 céap dinh xanh lién tiép. Nén

a=x-D+X-D+..+(x,-)=x+...+X,—n=10-n . Lo
Tuong ty b=(d, -1)+...+(d, -1)=d, +...+d, —n=10-n .
Vay a=b (dpcm).
Trudc hét, ta xét day cac dinh ( gom tat ca 20 dinh):
ADA A DA A > A A
SAIASAA DA DA DA ()
7b. | 2AS>ASADSA DA DA DA 2,0
Céc duong chéo nbdi 2 dinh lién tiép trong diy trén déu co cung do dai véi AA, nén tat ca
déu thudc S . Ngoai ra, dé thay rang tit ca cac dudng chéo thudc S ciling tao thanh boi 2 dinh
lién tiép nao dé trong day trén.
Tuong ty cau a) ta chia day cac dinh (*) thanh cac cum do6 va cum xanh, trong do:
e Cum d6 la cum dinh gom cac dinh d6 lién tiép trong day dinh (*) .
e Cum xanh la cum dinh gom cac dinh xanh lién tiép trong day dinh (*). 1,0
Va ta ciing thu duogc s6 cum dinh xanh s& bang s cum dinh do, gia s bing
m (1<m<10)
Ta c6 s6 duong chéo c6 hai dau mau do trong tip S ciing chinh 1a s6 doan thang ndi hai
dinh do lién tiép trong diy (*) va s6 duong chéo c6 hai ddu mau xanh trong tdp S ciing
chinh 13 s6 doan thang néi hai dinh xanh lién tiép trong day (*) . Nén theo cau a) s6 duong | 1,0

chéo c6 hai dau mau d6 trong tp S s& bang s6 dudng chéo c6 hai ddu mau xanh trong tap
Svabang k=10-m ,do 1<m<10 nén k €{0,1,...,9} .




