Nam hoc: 2017 - 2018
CHUYEN PE - CAC BAI TOAN VE SU CHIA HET CUA

SO NGUYEN
Thoi luong: 6 tiét
Ngay soan: 03 —1-2018
Ngayday: 09-1-2018va /1/2018
A.MUC TIEU:
* Cung cb, khic sau kién thirc vé cac bai toan chia hét giita cac sd, cac da thic
* HS tiép tuc thuc hanh thanh thao vé cic bai toan chimg minh chia hét, khong chia hét,
sdnguyén t6, s6 chinh phuong. ..
* Van dung thanh thao k¥ ning ching minh vé chia hét, khong chia hét... vao cac bai toan
cu thé
B.KIEN THUC VA CAC BAI TOAN:
I. Dang 1: Chirng minh quan hé chia hét
1. Kién thirc:
* Pé chirng minh A(n) chia hét cho mot sé m ta phan tich A(n) thanh nhén tir c6 mot nhan
tir 1am hodc boi ciia m, néu m 13 hop s6 thi ta lai phan tich né thanh nhan tir c6 cac doi mot
nguyén t6 cing nhau, réi chimg minh A(n) chia hét cho cac sé d6
*Chuy:
+ Vi k s6 nguyén lién tiép bao gid cing ton tai mot boi cua k
+ Khi chimg minh A(n) chia hét cho m ta xét moi truong hop vé sé du khi chia A(n) cho m

+ V61 moi s6 nguyén a, b va so tu nhién n thi:

+) a"- b" chiahétchoa-b(a =-b) +)(a +1)"laBS(a)+ 1
+)a? !+ b2+ ! chiahétchoa+b +)a-1)"™ 1aB(a)+1
+(a+b)" =B(a) +b" +)(a- 1™ 11aB(a)- 1

2. Cac bai toan

Bai 1: chimg minh ring

a) 25! - 1 chia hét cho 7 b) 27° + 37° chia hét cho 13

c) 17'° + 19'7 chi hét cho 18 d) 36% - 1 chia hét cho 7 nhung khong chia hét cho 37
e) 2*" -1 chia hét cho 15 véine N

Giai

a)25-1=023)"7-1:2°-1=7
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Nam hoc: 2017 - 2018
b) 270+ 370 (22)35 4+ (32) = 4354+ 935 : 449 =13
c) 17+ 197 = (17 + 1)+ (197 - 1)
17 +1:17+1=18va19"7-1:19-1=18nén (17°+ 1)+ (197 -1)
hay 179+ 1917 : 18
d)36%-1:36-1=35:7

36%-1=(36%+1)-2 chicho 37 du-2
e)2M-1=2%9"-1:2%-1=15
Bai 2: ching minh ring
a) n°-nchiahétcho30véine N ;
b) n*-10n? + 9 chia hét cho 384 véi moin lé ne Z
c) 10" +18n -28 chia hét cho 27 véine N ;
Giai:
ayn’-n=nn*-1)=nn- Dn+ D@®*+1)=(n-1).n.(n+ 1)(n®+ 1) chia hét cho 6 vi
(n - 1).n.(n+1) 1a tich cta ba sb tw nhién lién tiép nén chia hét cho 2 va 3 (*)
Mitkhic n’-n=n(n*-1)@>+1)=nn’-1).n>-4+5)=nn’-1).(n>-4)+5n(n?- 1)

=m-2)n-nn+ 1)(n +2)+35n(n’-1)

Vi(n-2)n- Dn(n+ 1)(n +2)latich caa 5 sé ty nhién lién tiép nén chia hét cho 5

5n(n? - 1) chia hét cho 5
Suyra (n-2)n- Do+ 1)(n +2)+ 5n(n? - 1) chia hét cho 5 (**)
Tur (*) va (**) suy ra dpcm
b)Dit A=n*-10n’> +9=(1n*-n?)-On?-9)= n>- 1)(n*-9)=(n-3)(n- )(n+ 1)(n+3)
Vinlénéndatn=2k+ 1 (k € Z) thi
A =(2k - 2).2k.2k + 2)(2k + 4) = 16(k - 1).k.(k + 1).(k + 2) = A chia hét cho 16 (1)
Va (k- 1).k.(k+ 1).(k + 2) 1a tich cta 4 sb nguyén lién tiép nén A c6 chira bdi cua 2, 3, 4
nén A la bdi cua 24 hay A chia hét cho 24 (2)
Tir (1) va (2) suy ra A ch ia hét cho 16. 24 = 384
c) 10" +18n-28= (10™-9n- 1)+ (27n-27)
+ Taco:27n-27 : 27 (1)
+10"-9n-1=[(9.9+1)-9n-1]= 9.9 -9n =9( L...1 -n) : 27 (2)

n n n

vi9:9val..l-n:3dol.l-n lamdtsdcotdng cac chir sé chia hét cho 3
—— ——

Tu (1) va (2) suy ra dpcm
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3. Bai 3: Ching minh rang véi moi s6 nguyén a thi

a) a3 - a chia hét cho 3

b)a’ - a chia hét cho 7

Giai

a)a’-a =a(a®-1)= (a-1)a(a+1) latich cia ba sé nguyén lién tiép nén ton tai mot s 1a
boicia3 nén (a-1)a(a+ 1)chiahétcho3

b))a’-a =a(a®-1)=a(@®- 1)@ +a+1)a’- a+1)

Néu a =7k (k e Z) thi a chia hét cho 7

Néua=7k+1(k €Z) thia?-1=49k>+ 14k chia hét cho 7

Néua=7k+2(k eZ) thia®>+a+ 1=49k?+ 35k + 7 chia hét cho 7

Néua=7k+3 (k eZ) thia?-a+1=49k>+ 35k + 7 chia hét cho 7

Trong truong hop ndo cung cd mot thira sb chia hét cho 7

Vay: a’ - a chia hét cho 7

Bai 4: Chirng minh rang A = 13 +23+ 3%+ 4+ 100% chiahétchoB=1+2+3 + ...+ 100
Giai

Taco:B=(1+100)+(2+99)+..+(50+51)=101.50

Dé chimg minh A chia hét cho B ta ching minh A chia hét cho 50 va 101

Ta co: A= (1°+100%) + (23 + 993) + ... +(50° + 51°)

=(1+100)(12+ 100 + 100%) + (2 + 99)(2> + 2. 99 + 99%) + ... + (50 + 51)(50% + 50. 51 +
512)=101(12+ 100 + 1002 + 22 +2.99 + 992 + ... + 502 + 50. 51 + 512) chia hét cho 101 (1)
Laico: A= (12499 + (23 +98%) + ...+ (50° + 100°)

M&i sb hang trong ngodc déu chia hét cho 50 nén A chia hét cho 50 (2)

Tir (1) va (2) suy ra A chia hét cho 101 va 50 nén A chi hét cho B

Bai tip vé nha

Chtng minh rang:

a) a’ —a chia hét cho 5

b) n® + 6n? + 8n chia hét cho 48 v&i moi n chin

¢) Cho ala s nguyén té 16n hon 3. Cmr a?— 1 chia hét cho 24

d) Néu a + b + ¢ chia hét cho 6 thi a® + b® + ¢* chia hét cho 6

e) 20092°1° khong chia hét cho 2010

f) n2+ 7n + 22 khong chia hét cho 9
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Dang 2: Tim s6 du ciia mdt phép chia

Bai 1:

Tim s6 du khi chia 2%

a)cho 9, b) cho 25, c) cho 125
Giai

a) Lu¥ thira cia 2 sat véibdicua 91a2*=8=9-1
Tac6:2190=2(2%3=2.9-1)¥=2[B9)-1]=B9)-2=B0O)+7
Vay: 219 chia cho 9 thi du 7

b) Tuong tu ta co: 2'90=(219)19=102419= [B(25)- 1]!® = B(25)+ 1
Vay: 2!% chia cho 25 thi du 1

¢)Str dung cong thuc Niuton:

2100 = (5_1)%0=(5% 5 54+ _ + 50249

. 52-50.5)+1

Khong ké phan h¢ so cua khai trién Niuton thi 48 s6 hang dau da chura thira s6 5 véi sO mil

50.49

16n hon hodc bang 3 nén déu chia hét cho 5° = 125, hai s6 hang tiép theo: .52-50.5

cling chia hét cho 125 , s6 hang cubi cung 1a 1
Vay: 2190 =B(125) + 1 nén chia cho 125 thi du 1
Bai 2:
Viét s6 1995'%%% thanh tong cua cac s ty nhién . Tong cac 1ap phuwong d6 chia cho 6 thi du
bao nhiéu?
Giai
Dit 1995 =a=a; +a, + ...+ an
Goi S =a’+a,’ +a’ +..+a’>=a’+a,’ +a’ +.+a’  +ta-a
=(ar’-a)+(a2’-a)+.. . +(a’-a)+a
Mbi déu ngodc déu chia hét cho 6 vi mdi ddu ngoic 14 tich ctia ba sb ty nhién lién tiép. Chi
can tim sd du khi chia a cho 6
1995 1a 6 1 chia hét cho 3, nén a cling la s6 1& chia hét cho 3, do d6 chia cho 6 du 3
Bai 3: Tim ba chit s6 tin cung cta 2'% viét trong hé thap phan
Giai
Tim 3 chit s6 tan cung 13 tim s6 du cta phép chia 2'° cho 1000

Trude hét ta tim sb du cua phép chia 2! cho 125
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Van dung bai 1 ta c6 2'°° = B(125) + 1 ma 2'% 13 s4 chin nén 3 chir s tdn ciing cta no chi
c6 thé 1a 126, 376, 626 hodc 876

Hién nhién 2'% chia hét cho 8 vi 2!%° = 1625 chi hét cho 8 nén ba chit s6 tin cling ctia nd chia
hét cho 8

trong cac s6 126, 376, 626 hoic 876 chi c6 376 chia hét cho 8

Vay: 219 viét trong hé thap phan c6 ba chir sb tin cung 1a 376

Tong quat: Néu n 1a s6 chin khong chia hét cho 5 thi 3 chit s6 tan cung cia né 1a 376

Bai 4: Tim s6 du trong phép chia cac sb sau cho 7

a) 2222 + 5555 b)31993
¢) 19921993 + 1994199 d)3*”
Giai

a)tacod: 2222+ 555 =21+ 1)?+ (56 - 1)¥=BS 7+1)**+(BS 7 - 1)
=BS7+1+BS7-1=BS7nén 22?2+ 55% chia7 du 0
b) Luy thira ctia 3 sat véibdicua71a3*=BS 7 -1

Ta thiy 1993 = BS 6+ 1 =6k + 1, do do:

319983 =36k*1 =3 (3% =3(BS7-1)*=3(BS7+1)=BS7+3

c) Ta thdy 1995 chia hét cho 7, do dé:

19921993 + 1994195 =(BS 7-3)3 +(BS 7-1)!1*"= BS7-3Y3 +BS7-1
Theo cau b ta ¢6 3193 =BS 7 + 3 nén

19921993 + 19941995 =BS 7 — (BS 7 + 3) — 1 = BS 7 — 4 nén chia cho 7 thi du 3

21930

d) 3° =3280=33%k+1=33k=3BS7-1)= BS 7 -3 nén chia cho 7 thi du 4

Bai tip vé nha

Tim s6 d u khi:

a) 219 cho 7

b) 3199 4 51998 cho 13

C)A= 1°+2°+33+..4+99 chiachoB=1+2+3+..+99

Dang 3: Tim diéu ki¢n dé xay ra quan hé chia hét

Bai 1: Tim n e Z dé gia tri cia biéu thirc A = n® + 2n? - 3n + 2 chia hét cho gia trj ctia bicu
thtc B=n’?-n

Giai

Chia A cho Btaco:n®+2n?-3n+2 =(n+3)(n?-n)+2

Dé A chia hét cho B thi 2 phai chia hét cho n? - n=n(n - 1) do d6 2 chia hét cho n, ta co:
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n 1 -1 2 -2
n-1 0 -2 1 -3
n(n- 1) 0 2 2 6
loai loai

Vay: Dé gia trj ctia biéu thirc A = n® + 2n? - 3n + 2 chia hét cho gia trj ctia biéu thic
B=n?-nthin e{-1;2}

Bai 2:

a) Timn e N dé n®+ 1 chia hét chon® + 1

b) Giai bai toan trén néun e Z

Giai

Taco: n’ +1:n*+1 o n’@+1)-0?>-1):n*+1 o m+1)n-1):n+1
o m+Dn-1D): m+1)@-n+1) e n-1:n’-n+1 (Vin+1 = 0)
a)Néun=1thi 01

Néun>1thin-1<n(n-1)+1< n?-n+1nénkhéngthéxidyran-1: n®-n+1
Vay gid tru cua n tim dugc lan=1

b)n-1:n’-n+1=nn-1): n>-n+1 < (n*-n+1)-1: n®>-n+1

= 1! n?-n+ 1. C6 hai trudong hop xdy ra:

+n’-n+1=1<nnh-1)=0 < {n_
0 =

0 ‘
| (Tm dé bai)

+n’-n+1= -1 < n?-n+2=0 (V6 nghiém)

Bai 3: Tim s0 nguyén n sao cho:

a)yn’+2n-4:11 b)2n3+n*+7n+1:2n-1
c)n*-2n*+2n’-2n+1:n*-1 dn®-n?+2n+7:n*+1
Giai

a) Tach n® + 2n - 4 thanh tong hai hang tir trong d6 c6 mot hang tir 1a B(11)
n+2n-4:11 < (n*-2n-15+11:11 & m-3)n+5)+11: 11

o m-3)m+5) 1o {n —-3511¢31?1==B(11)+-3

n+5:1  |n=B(1)-5

b)2n+n*+7n+1=m+n+4)2n-1)+5
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2n - 1=-5 n=-2
A 3 2 . N . R 2n — 1=-1 n=20
Pé 2n+n*+7n+1:2n-1thi5:2n-1hay2n-11aU(5)< 5 L—1 S
n_ = n:

2n — 1=5 n=3

Vay:n e{ -2,0; 1,3} thi2n’+n*+7n+1:2n-1
c)n*-2n*+2n?-2n+1:n*-1
DitA=n*-2n+2n’-2n+1=m*-n’) -0’ -n>)+ (n?*-n)-(n-1)
=p’(n-1)-n’(n-1)+nn-1) - n-1)=n-1)@-n>+n-1)=(n-1)>*n>+1)
B=n*-1=@m-1)n+1®>+1)
A chiahétchobnénn # + 1 = AchiahétchoB < n-1:n+1 < (n+1)-2:n+1
n+1=-2 n=-3
n+l1=-1 n=-2

=S
n+1=1 n=0
n+1=2 n=1 (khong Tm)

& 2:n+l &

Vay:ne { -3, =2, 0} thi n*-2n*+2n*-2n+1:n*-1

d) Chian® - n> + 2n + 7 cho n? + 1 duoc thuong la n-1,du n+38
Pén’-n*+2n+7 n+1thi n+8:n?+1 = m+8)®n-8) n?+1 <65 n+1
Lan luot cho n? + 1 béing 1;5;13; 65 ta duoc nb?mg 0; £2; +£8
Thilaitacon=0;n=2;n=8 (T/m)

Vay:n’-n?+2n+7 :n?+1khin=0,n=8

Bai tip vé nha:

Tim s6 nguyén n dé:

a) n® — 2 chia hét chon — 2

b)n®—3n?—3n— 1 chia hét chon?+n+ 1

c)5" — 2" chia hét cho 63

Dang 4: Ton tai hay khong ton tai sw chia hét

Bai 1: Timn e N sao cho 2" — 1 chia hét cho 7

Giai

Néun=3k (k e N) thi 2" — 1 =23 — 1 =8 - | chia hét cho 7
Néun=3k+1(keN)thi2"—1=2%*1 _1=202%_-1)+1=BS7+1
Néun=3k+2 (ke N)thi2"—1=2%*2 _1=402%-1)+3=BS7+3
V ay: 2" — 1 chia hét cho 7 khin = BS 3
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Bai2: Timn e N dé:

a) 3" — 1 chia hét cho 8

b) A =32 *3 4 2%+ 1 chia hét cho 25

c) 5" — 2" chia hét cho 9

Giai

a) Khin=2k (ke N)thi3"—1=3%_1=9%_1 chiahétcho9—1=38
Khin=2k+1 (ke N)thi3"—1=3%*! _1=3(9-1)+2=BS8+2

Vay : 3" — 1 chia hét cho 8 khi n =2k (ke N)

b) A=32*3 4 l=97 3 4= (25+42)3™ +)24M=25 32 423 )24

=BS 25 +2(9" + 16"
Néun =2k +1(ke N) thi 9" + 16" =921+ 162+ chia hét cho 9 + 16 = 25
Néun =2k (ke N) thi 9" c6 chit s6 tin cung bang 1, con 16" ¢6 chit sb tan cing bang 6

suy ra 2((9" + 16") c6 chit s6 tan cung bang 4 nén A khong chia hét cho 5 nén khong chia

hét cho 25

¢) Néun =3k (ke N) thi 5" — 2" = 53 _ 23k chia hét cho 53 — 23 = 117 nén chia hét cho 9
Néun=3k+1thi5"—2"= 55%_22%=5(53%_23k) 43 23k=BS9+3 gk

=BS9+3(BS9-1*=BS9+BS9+3

Tuong ty: néun =3k + 2 thi 5" — 2" khong chia hét cho 9
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CHUYEN PE : TINH CHIA HET POI VOI PA THUC

Ngay soan: 24/1/2018
Ngay day: - /1/2018
A. Dang 1: Tim du cta phép chia ma khong thwe hién phép chia
1. Pa thtrc chia c¢6 dang x — a (a 1a hang)
a) Pinh li Bodu (Bezout, 1730 — 1783):
S6 du trong phép chia da thirc f(x) cho nhi thirc x — a bang gi4 tri cta f(x) tai x =a
Taco: f(x)=(x—a). Q(x) +r
Ding thirc ding v6i moi x nén voi x = a, ta ¢6
f(a) =0.Q(a) +rhay f(a) =r
Ta suy ra: f(x) chia hét chox —a < f(a)=0
b) f(x) co tong cac hé sd bang 0 thi chia hét cho x — 1
¢) f(x) co tong cac hé sd cua hang tir bac chin bang tong cac hé sb cuia cac hang tir bac 1é thi
chia hét cho x + 1
Vi du : Khong lam phép chia, hiy xét xem A = x> — 9x> + 6x + 16 chia hét cho
B=x+1,C=x-3khong
Két qua:
A chia hét cho B, khong chia hét cho C
2. Da thitc chia c6 bac hai trd 1é€n
Céch 1: Tach da thirc bi chia thanh tong cta cac da thirc chia hét cho da thtic chia va du
Céch 2: Xét gia tri riéng: goi thuong cua phép chia la Q(x), du 1a ax + b thi
f(x) = g(x). Q(x) +ax + b
Vidu 1: Tim du ctia phép chia x” + x>+ x>+ 1 cho x> -1
Céch 1: Ta biét rang x> — 1 chia hét cho x* — 1 nén ta tach:
X'+ +x3+ 1= —x)+(x°—x) +Hx>—x)+3x + 1
=x(x® - 1) +x(x*-1)+x(x*~1)+3x+ 1 chiachox> -1 du 3x+1
Céch 2:
Goi thuong cua phép chia 1a Q(x), du la ax + b, Ta co6:
X"+ x3+x3+1=(x-1)(x+1).Q(x) + ax + b véi moi x
Pang thirc diing v&i moi x nén voix=1,tac64=a+b (1)
voix=-1taco -2=-a+b(2)
Tu (1) va(2) suyraa=3,b=1nén ta dugc dula3x+1
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Ghi nho:

a" — b" chia hét choa—b (a = -b)

a"+b" (n1¢) chia hétchoa+b (a # -b)

Vi du 2: Tim du cta cac phép chia

a) x* chia cho x>+ 1

b) x?” +x’ + x>+ x cho x* — 1

c)x?+x¥ +x!'+x+7cho x>+ 1

Giai

a) x*!=x" —x+x=x(x*-1) +x=x[(x*!°~ 1] + x chia cho x*_ 1 du x nén chia cho
x? +1dux

b)x7+xX+x*+x= (x*T-x)+ (X —x) + (x> —x) +4x
=x(x¥ - 1) + x(x® — 1) + x(x* — 1) + 4x chia cho x> — 1 du 4x
) x A+ HxHx+T7=xEB+ D) +xx*+ 1) +x(x1+1)-2x+7
chia cho x>+ 1 du —2x +7

B. S0 d0 HORNO

1. So 6

Pé tim két qua ciia phép chia f(x) cho x —a

(a 1a hing sb), ta sir dung so d6 horno

Néu da thire bi chia 13 agx® + arx® + a»x + as,

da thtrc chia l1a x — a ta dugc thuong la

box? + bix + by, du r thi ta co

Vi du:

Pa thure bi chia: x3 -5x% + 8x — 4, da thitrc chia x — 2

Ta c6 so do

1 -5 8 -4

2 1 2.1+(-5=3 [2(3)+8=2 |r=2.2+(-4)=0

Vay: x> -5x2+ 8x — 4 = (x — 2)(x% — 3x + 2) + 0 13 phép chia hét
2. Ap dung so d6 Horno dé tinh gia tri ctia da thirc tai x = a

Gia trj ctia f(x) tai x = a 1a s6 du cua phép chia f(x) cho x —a
1.Vidu 1:

Tinh gié tri cua A = x> + 3x% — 4 tai x = 2010
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Ta c6 so do:
1 3 0 -4
a=2010 1 2010.1+3=2013 2010.2013 +0 2010.4046130 — 4
=4046130 = 8132721296

Vay: A(2010) = 8132721296
C. Chirng minh mét da thirc chia hét cho mét da thirc khac
I. Phuwong phap:
1. Céch 1: Phan tich da thirc bi chia thanh nhan tir c6 mot thira sd 1a da thic chia
2. Céch 2: bién ddi da thirc bi chia thanh mot téng céc da thire chia hét cho da thirc chia
3. Cach 3: Bién d6i twong duong f(x) | g(x) < f(x) + g(x) | g(x)
4. cach 4: Chung t6 moi nghiém cua da thure chia déu 1a nghiém cua da thuc bi chia
1L Vi du
1.Vidu 1:
Chung minh rang: x*" + x*" + 1 chia hét cho x*" + x" + 1
Ta cO: x50+ x4+ 1 = x84 2540 + | - x4 = (x40 + )2 - x40 = (x4 4 x20 4 [)( x4 - x20 4 1)
Talaico: x™+x+ 1 =x"+2x"+1 - x= x4+ x"+ 1)(x-x"+1)
chia hét cho x> + x" + 1
Vay: x8 + x* + 1 chia hét cho x2" + x" + 1
2.Vidu 2:
Chtng minh rang: x>™* !+ x3*2 + | chia hét cho x>+ x + 1 véi moim,n € N
Tach:  x3MH1 4+ x3+2 4 ] =3m+l g 430422032 4 1]

=x(x*" - D+ x*xX"- 1D+ x>+ x+1)
Vi x> — 1 va x> — 1 chia hét cho x® — 1 nén chia hét cho x2 + x + 1
Vay: x3m 1+ x32 4 | chja hét cho x2+x+ 1 véimoim,n e N
3. Vidu 3: Ching minh rang
f(x) =x +x38¥+x77+ ... +x!"+ 1 chiahét cho g(x) =x* +x* +x" + ...+ x + |
Taco: f(x) —gx)=x? - xX+xB - x8+x"7" - x"+ . +x!l-x +1-1

=x2(x* - 1)+ x3x%0 — 1) + ...+ x(x'° — 1) chia hét cho x'°— 1

Max"0—1=x-1DE*+x8+x"+.+x+1)chiahétchox® +x* +x” +..+x + 1
Suy ra f(x) — g(x) chia hét cho g(x) = x® +x* +x7 +..+ x + 1

Nén f(x)=x2+x3+x77+ .. +x"+1 chiahétchogx)= x*+x%+x"+ ...+ x+1
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Nam hoc: 2017 - 2018

4.Vidu 4: CMR: f(x)=(x2+x—1)+ (x%- x+ 1)!°—2 chia hét cho g(x) = x> —x
Pathic g(x) = x> —x=x(x— 1) c6 2 nghiémlax=0vax =1

Taco f(0)=(-1)'°+1"-2=0 = x =0 la nghiém cta f(x) = f(x) chira thira sd x
f()=(12+1-1)"0+(12-1+1)"°-2=0 = x =1 la nghiém cua f(x) f(x) chtra thira s6 x —
1, ma céc thtra s0 x va x — 1 khéng ¢6 nhan tr chung, do d6 f(x) chia hét cho x(x — 1)

hay f(x) = (x2+x — 1)+ (x2- x+1)!=2 chia hét cho g(x) =x*—x

5. Vi du 5: Ching minh ring

a) A=x2-x"—x"" chiahétchoB=x*—x+1

b) C = 8x° — 9x® + 1 chia hét cho D = (x — 1)?

¢) C (x) = (x + 1)> — x? — 2x — | chia hét cho D(x) =x(x + 1)(2x + 1)
Giai

A =12 xX—x1 = (2 x+ 1) = (0 + 1) — (x5 — x)

Tacd: x2—x+ 1 chiahét choB=x2—x + 1

x° + 1 chia hét cho x> + 1 nén chia hétcho B=x2—-x + 1

1945 1944

XU —x =x(x 1) chia hét cho x3 + 1 (cing c6 nghiém la x = - 1)

nén chia hét cho B =x%—x + 1

Vay A =x?—x° —x!9% chiahét choB=x2—x + 1

b)C=8x—9x8+1=8x"—8 -Ox8+9=8(x*— 1)~ 9(xB— 1)
=8(x -1 +x"+.+1)-9(x- DN +x0+..+1)
=x-DBx—x"-x0-x—x*-x*-x2-x-1)

(8x® —x7 —x0 —x* —x* —x3 —x2 —x — 1) chia hét cho x — 1 vi ¢6 téng hé s6 bang 0

suyra (x — 1)(8x® —x” —x6— x> —x*— x> - x2— x — 1) chia hét cho (x — 1)

c¢) ba thtric chia D (x) =x(x + 1)(2x + 1) co banghiémlax=0,x=-1,x =- %
Ta co:

C0)=0+1)"-0"-2.0 —1=0 = x=01langhiém cua C(x)
C-D)=(C-1+1D"—(-1"-2(-1)-1=0 = x=-1 langhiém cta C(x)

1

1 1 1 1 .
Cl-=)=(=+D" (=) -2(-=)-1=0 = x=- — langhiém cta C
()= (3 + D=2 ) x=- linghi¢m cia C(x)

Moi nghiém cua da thtc chia 1a nghiém cua da thtc bi chia = dpem
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Nam hoc: 2017 - 2018

6. Vidu 6:

Cho f(x) 1a da thtrc ¢6 hé sé nguyén. Biét £(0), f(1) 1a cac s6 1é. Ching minh rang f(x) khong
cd nghiém nguyén

Gia st x = a la nghiém nguyén cua f(x) thi f(x) = (x — a). Q(x). Trong d6 Q(x) l1a da thurc co
hé s6 nguyén, do d6 f(0) = - a. Q(0), f(1) = (1 —a). Q(1)

Do f(0) las61é nénalasd1é, f(1)1asé1énén 1 —alasdlé, ma 1 —ala hiéu cua 2 sb 1é
khong thé 1a s6 1€, mau thuan

Vay f(x) khong c6 nghiém nguyén

Bai tap vé nha:

Bai 1: Tim s6 du khi

a) x* chia cho x> + 1

b) x”7 +x3 +xB +x!"+x+ 9 chox?+ 1

Bai 2: Tinh gia trj cta da thire x* + 3x3 - 8 tai x = 2009

Bai 3: Ching minh ring

a) x° + x!° + 1 chia hét cho x2° + x'0 + 1

b) x!°— 10x + 9 chia hét cho x> — 2x + 1

c) x* 24 2x22* 1 + | chia hét cho x2 + 2x + 1

d) (x + 1)**2 + (x — 1)***2 chia hét cho x2 + 1

e) (x" — 1)(x"*! = 1) chia hét cho (x + 1)(x — 1)?

Liém Phong, ngay 26 thang 1 nam 2018
Ky duyét
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Nam hoc: 2017 - 2018
CHUYEN DE - CAC BAI TOAN VE BIEU THUC HU'U TI
Ngay soan: 01-02 - 2018
Ngay day: -02-2018
A. Nhic lai kién thire:
Céc bude rat gon biéu thuc hiru ti
a) Tim DKXD: Phan tich mAu thanh nhan tt, cho tat ca cac nhan tir khac 0
b) Phan tich tir thanh nhan , chia tir vd mau cho nhan tir chung
B. Bai tap:

Bai 1: Cho bidu thirc A = 5% *4
x" —10x"+9
a) Rut gon A
b)timx dé A =0
c) Tim gia tri ciia A khi [2x-1|=7
Giai
a)bkxd :
x*-10x2+9 2 0 & [(xX*)?*-x]-9x*-9) 2 0 & X*(xX2-1)-9x*-1) = 0

S D2=9) % 0 & (x— D(x+ (X —3)(x+3) £ 0 @{xi;
Ta: x*-5x2+4=[(x*)?-x]-xX-4)=x}(x*-1)—-4(x>*-1)

= xX-DEx*2-4) =x-DE+DHxx-2)(x+2)
x-DExE+1D)x-2)(x+2) _ x-2)(x+2)

Voix #+ 1;x #+ 3thi A=
x-DE+DHE-3)+3) x-3)Ex+3)

bA=0o ZDEFD 4 x+2)=0 o x=+ 2
(x-3)(x+3)
2x-1=7 2x =8 x=4
c) [2x-1=7 @{ @{ <:{
2x-1=-7 2x=—-6 x=-3

(x-2)(x+2) (4-2)4+2) 12
(x-3)(x+3) (4-3)4+3) 7

* Véi x = - 3 thi A khong xac dinh
2. Bai 2:

*Voix=4thiA=

2x° —7x* —12x + 45

Cho biéu thite B= == -
3x" —-19x" +33x -9

Gido én boi duong HSG Todn 8 Trang 14 |



Nam hoc: 2017 - 2018

a) Rat gon B

b) Timx dé B> 0

Giai

a) Phan tich mau: 3x® — 19x% + 33x — 9 = (3x® — 9x?) — (10x%> — 30x) + (3x — 9)
= (x=3)3x2 = 10x + 3) = (x = 3)[(3x% = 9%) — (x — 3)] = (x = 32(3x — 1)

Pkxd: (x -3)’Bx—-1) # 0 & x # 3vax # %

b) Phan tich tu, ta co:
2x3 - 7x? - 12x +45 = (2x* - 6x?) - (x*-3x) — (15x - 45) = (x - 3)(2x> —x — 15)
= (x = 3)[(2x% = 6x) + (5x — 15)] = (x — 3)2(2x + 5)

Véix # 3vax # %

2x° —7x* —12x+45 _ (x-3)°(2x +5) _2x+5

Thi B= — 5 5
3x"—=19x" +33x-9 x-3)3Bx-1) 3x-1
(1
xX>—
3
{3x—1>0 5
+ 2x+5>0 X>= X3
c)B>O<:>2X 5>O<:> = 2<:> 3
3x -1 3x—-1<0 1
xX<— xX<—=
2x+5<0 3 2
xX<—=
3.Bai3

Cho biéu thirc cz( L, 2 _5—XJ.1—2x

I-x x+1 1-x
a) Rut gon biéu thuc C
b) Tim gia tri nguyén ciia x dé gia tri ciia biéu thire B 1a s6 nguyén
Giai
a) Pkxd: x = + 1

c=( 1 2 5—xj_1—2x:{l+x+2(l—x)—5} (x=Dx+1) _ =2

+ - :
1-x x+1 1-x") x* -1 (1=x)1+x) 1-2x 2x—-1

b) B ¢6 gié tri nguyén khi x 13 sb nguyén thi 1 co gia tri nguyén
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2x—1=1 X
2x—1=-1
o 2x-11a0Q0) g o)
2x—1=2 X
x

2x—1=-2
Dbi chiéu Pkxd thi chi c6 x = 0 thoa man
4. Bai 4
x4+ x°=2x

Cho biéu thirc D = .
x|x+2|—x +4

a) Rut gon biéu thic D

b) Tim x nguyén dé D c6 gia tri nguyén

c) Tim gid tri cua D khi x =6

Giai

a)Néu x +2>0thi |x+2]=x+2nén

D= x4+ X" —2x _ x4+ x°—2x _ x(x=1)(x+2) :xz—x
x|x+2|—x2+4 x(x+2)—x*+4  x(x+2)—(x=2)(x+2) 2

Néu x +2<0thi |x+2|=-(x+2)nén

D= x4+ x°—2x _ X +x°—2x B x(x—=1)(x+2) _ X
x|x+2|—x2+4 —x(x+2)-x"+4 —x(x+2)-(x-2)(x+2) 2

Néux+2=0 < x=-2 thibiéu thirc D khong xac dinh

2
X —X

b) Pé D c¢6 gia tri nguyén thi hodc %x cd gia tri nguyén

2

+) 2

X o . {XZ-XSZ {X(X-l)f2
c6 gia tri nguyén < =

x>-2 X>-2

Vi x(x — 1) 1a tich cta hai s6 nguyén lién tiép nén chia hét cho 2 véi moi x > - 2
X:?2 {X =2k
=

Sx=2kk € Z; k<-1)
x<-2

+) o gia tri nguyén < {
2 X <-

2 _x _6(6-1)
2

15

c)Khix=6 = x>-2nén D = al

* Dang 2: Cac biéu thirc c6 tinh quy luét
Bai 1: Rut gon céc biéu thirc
3 5 2n+1
S —— ... —
12" (2.3) [n(n+1)]

a) A=
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Nam hoc: 2017 - 2018
Phuong phap: Xuat phat tir hang tir cudi dé tim ra quy luat
2n+1 2n+1 1 1

Ta co = =—- Nén
[n(n+1)]2 n*(n+1)? n* (n+1)

1 1.1 1.1 1.1 1 1 1  nm+)

2 (tl)? 1 (n+l)? (ntl)

b)B=(1—%).(1—%).[1—41—2j ........ (1_’%

2
Ta c6 1%:"]{2 1:(k+lz£k D Neén
B:
132435 (n-D(n+D) _1324.(n-Dn+) _123..(n=1) 345.0n+D) 1 n+l_n+l
2732 4T n’ 2232471’ 234.(n-DHn 234.n n 2 2n
oc=120,10, 150, ﬂ:lso.l.(l_l i, L_ij
58 8.11 11.14 47.50 305 8 8 11 47 50

= 50.(1—Lj = 50.2 =45
5 50 10

Op=— L PR S
(n—Dn(n+1)

= + + +
1.23 234 345

1(1 1 1 1 1 1
=—|———t———+...F -
2012 23 23 34 (n-Dn  n(n+1)

111 ] m-Dm+2)
. -

1.2 n(n+1) 4n(n+1)
Bai 2:
a)ChoAZm_1+m_2+...+ 2,1 ;B=l+l+l+ ...... +L Tinh 2
1 2 m—-2 n-1 2 3 4 n B
Ta co

b) A= ! + ! F oot ! + ! ; B=1+l+ ...... +1
1.2n-1) 3.2n-3) (2n-3).3 (2n-1).1 3 2n-1

Tinh A : B

Giai
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Nam hoc: 2017 - 2018
1 1 1 1 1 1 1
= —|1+ +| =+ +..t +— |+ +1
2n [( 2n-1j (3 2n-3j (2n-3 3) (211-1 ﬂ

1 1 1 1 1 1 1
=—/||1+—+...... + + + + +on +—+1
2n 3 2n-1 2n-3 2n-1 2n-3 3

=i.2. 1+l+ ...... + ! + ! =L.2.B :ézl
3 2n-1 2n-3 2n B n

Bai tap vé nha
Rt gon cac biéu thirc sau:
1 I’ 3? 5 n’

a) 4L b)
1. 3 77 (n-1n 221 4-16"-1 "(m+1)>-1

1 1 1
+ Feenn
123 234

©)

Liém Phong, ngay 02 thiang 02 nam 2018
Ky duyét
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Nam hoc: 2017 - 2018
CHUYEN PE — CAC BAI TOAN VE BIEU THUC HU'U TI (T2)
Ngay soan: - 02 - 2018
Ngay day: -02-2018

* Dang 3: Rut gon; tinh gia tri biéu thirc thoid man diéu Kkién ciia bién

1 .
Bai 1: Cho x+ —=23. Tinh gia tri cac biéu thic sau :
X

1 1 1 1
a)A:x2+—2; b)B:x3—|——3; c)C:x4—|——4; d)D:X5+—5.
X X X X

Loi giai
1 1’
a)A:X2—|——2:[X—|——] —2=9-2=7,;
X X
| 1 1
b) B=x"+—5=|x+—| =3|x+—|=27-9=18 ;
X X X
s 1 1
o) C=x"+—=1x —2 —2 49 -2 =47 ,
X
1 i 1 | 1
X X X
b

Bai2: Cho 2+ Y+ 221 2+2+5-2(.
a b C X y V4
, a 2 b 2 c 2
Tinh gia tri biéu thirc D = (—j + [—j + (_j
X y 7
Tu (1) suyrabex +acy +abz=0 (3)
Tu (2) suy ra

(ajz (bjz (cjz (ab ac bcj (ajz [bjz (cjz [ab ac bcj
—| =] F|=| 2| —F—+—(=4=>|—| +|—| +|—| =4-2.|—+—+—
X y z Xy Xz Yz X y z Xy Xz yz
4)

Thay (3) vao (4)tac6 D=4-2.0=4
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Bai 3
o , <2 , - a b 2c
a) Cho abc = 2; rtit gon bi€u thirc A = + +
abta+2 bc+tb+1 ac+2c+2
, a ab 2c a ab 2c
Taco: A= + + = + +
abta+2 abctab+a ac+2c+2 ab+a+2 2+ab+a ac+2c+abc
a ab 2c a ab 2 ab+a+2
ab+a+2 2+ab+a c(a+2+ab) ab+a+2 2+ab+a a+2+ab ab+a+2
: a’ b’ ¢’
b) Cho a + b + ¢ = 0; rut gon bi€u thuc B = + +

a’-b>-¢® b’-c*-a’> c¢’-b’-a’
Tra+b+c=0=a=-(b+c) = a>=b?>+c*+2bc = a*-b*-c>*=2bc
Tuong tu ta c6: b? - a? - ¢? = 2ac ; ¢? - b? - a2 = 2ab (Hoan vi vong quanh), nén
a®> b ¢ a’+b’+c’
f—F—=
2bc 2ac 2ab 2abc
a+tb+c=0= -a=(b+c)= -a=b>+c*+3bc(b+c) & -a’=b’>+c?—3abc

& ad+ b’ + ¢ =3abc (2)

B= (1)

a’+b’+c’ 3abc 3
Thay (2) vao (1) taco B = = == (Vi abc # 0
y(@)vao (1) 2abc 2abc 2 ( )
¢) Cho a, b, ¢ tirng ddi mot khac nhau thod man: (a +b +¢)? = a? + b? + ¢?

a’ b’ ¢’
+

2 2 + 2
a“+2bc b” +2ac ¢ +2ab

Rt gon biéu thirc C =

Tr(a+b+c)Y=a’+b>+c> = ab+ac+bc=0
= a’+2bc=a’+ 2bc — (ab +ac + bc) =a’>—ab + bc —ac =(a —b)(a—c)
Tuong tu: b>+2ac = (b—a)(b—c);c>+2ab=(c—a)c—b)
a’ b’ ¢’ a’ b’ ¢’

(a-b)a-c) " (b-a)b-c) +(c-a)(c-b)=(a-b)(a-c) ) (a-b)(b-c¢) +(a-c)(b-c)

_ a’(b-c) ] b’*(a-c) . c*(b-c) _@-b@a-ob-o) _,
(a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c)

* Dang 4: Chirng minh diing thirc thoi min diéu ki¢n ciia bién

1.Bai1: Cho - + © 1
a b C

1 1 1
+—-=2(), =+=5+ 2 (2).
S22 2)

Chtng minh rang: a + b + ¢ = abc

Tu (1) suy ra
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1 1 1 at+tb+c
= — 4+ —+ —=l
ab bc ac abc

=l< at+b+c=abc

2.Bz‘li2:Choa,b,c;éOVpa+b+c¢0th6am§1ndiéukiénl+l+l:;.
a b ¢ a+b+c

Chung minh rang trong ba s6 a, b, ¢ c6 hai s6 doi nhau.

1 1 1

Tu dO Suy ra rang : 2009 + 2009 2009 = 2009 2009 2009 :
a b c a” " +b" +c

Tacé:l—i—l—i—l:—1 <:>l+l r_r =0 <:>a+b a+b =
a b ¢ a+b+c a b ¢ a+b+c ab cla+b+c)
b b a+b=0 |a=-b
o (atb) SBFPTOFD 4 bbre)c+a)=0e|bre=0e|b=—c
abc(a+b+c)
c+a=0 c=-a
. 1 1 1 1 1 1 1
TII dO Suy ra . a2009 + b2009 + 2009 - a2009 —'_ (_ )2009 —'_ C2009 - a2009
1 1 1
a2009 _|_b2009 —|—C2009 - a2009 —|—(—C)2009 —|—C2009 - a2009
1 1 1 1
= aZOO9 + b2009 + C2009 - a2009 +b2009 +C2009 :
3.Bai3: Cho X+ 2, C_b ¢ .3
b c a a b ¢

ching minh rang : trong ba s a, b, ¢ ton tai hai s6 bang nhau

Tu (1) = a’c+ab® +bc®> =b’c+ac’ +a’b = a*(b-c)-a(c’—b*)+bc(c-b)=0
= (c—b)@*—ac=ab+bc)=0 = (c-b)(a—b)(a—c)=0 = dpcm

4. Bai 4: Cho (a? — bc)(b — abc) = (b> —ac)(a — abc); abc # O vaa= b

Chtng minh rang: LI =a+b+c
a c

Tu GT = a’b—b’c - a’be + ab’c? = ab® — a’c — ab’c + a’bc?
< (a’b —ab?) + (a’c — b’c) = abc?(a — b) + abe(a - b)(a + b)
< (a—Db)(ab +ac + bc) =abc(a—Db)(a+ b+ c)

ab +ac + bc 1 1 1
—=atbtc e -+ —-+—-=atb+c

abc a b ¢
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5. Bai 5:

a

Choa+b+c=x+y+z=—+k+ = 0. Chirng minh rang: ax? + by? + ¢z =0
y

N | o

X
Th x+y+z=0=x"=(y+2/;y=(x+27;2=(y+x)
= ax’+by’+czZ2=a(y+z)P? +bx+zP’+c(y+x)P’=...
=(b+c)x*+ (a+c)y? + (a+b)z? + 2(ayz + bxz + cxy) (1)
Tratb+c=0=-a=b+c;-b=a+c;-c=a+b(2)

Tu 2+ b +8-0> ayz + bxz + cxy = 0 (3). Thay (2), (3) vao (1); ta co6:
X 'y z

ax’ +by? +cz?=-(ax’> + by’ + ¢z’ ) = ax’* +by* + ¢cz> =0

6. Bai 6:
Cho -2 + b +- =0; chung minh: 2 -+ b =+ ¢ ==0
b-¢c c-a a-b (b-¢) (c-a) (a-b)
. a b c a b ¢ b’-ab+ac-c’
Tu + + =0 = = + =
b-c c-a a-b b-c a-c b-a (a-b)(c-a)
a b>—ab+ac-c’

® = (1) (Nhan hai vé voi ——)
(b-c)” (a-b)(c-a)b-c) b-c

Tuong tu, ta co: b _= ¢’ —be +ba-a’ @2); —C __ a’—ac+cb-b’ 3)
(c-a)" (a-b)c-a)b-c) (a-b)> (a-b)c-a)b-c)

Cong timg vé (1), (2) va (3) ta c6 dpcm

7.Bai 7:
Cho a + b + ¢ = 0; ching minh: (a-b +b-c+c-aj( c ,_8 b j=9(1)
c a b a-b b-c¢ c-a
Dt a-b :X;b-c:y’c-azz ¢ _ 1 a :l; b 1
c a b a-b Xx b-¢ y c-a z

X y z

.,y -
Ta lai co: yrz_ b © L

- c b’-bc+ac-a° ¢ _cla-b)c-a-b) c(c-a-b)
X a b

“a-b ab “a-b ab(a - b) ab

Ta co: (X+y+z)(l+l+lj:3+(y+z n X+z . X+yj 2)
X 'y z

c[2c-(a+b+0)] 2¢’
ab ~ab

3)
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+ 2 + 2
Tuong tu, ta co: xtz_2a 4); xty_2b
y bc z ac

Thay (3), (4) va (5) vao (2) ta co:

)

2 2 2
(x+y+z)l+l+l:3+ 20,20, 302 @pabitcd)(6)
X 'y z ab  bc ac abc

Tr a+b+c=0= a’+b*+c*=3abc (7)?

Thay (7) vao (6) ta co: (x+y+z)(l+l+l]:3 + 2?.3abc=3+6=9
X y z abc

Bai tap vé nha:

Béil:ChobiéuthfrcA=(2_X—3_X+ 2oy j;@- X j
x+3 x+2 x +5x+6 x—1

a) Rut gon A
b) Timxdé A=0; A>0
3_ 2 _
Bai 2: Cho biéu thire B = 22~ 72 *2r~1
2y =y —4y+3
a) Rut gon B
b) Tim sb nguyén y dé cd gia tri nguyén

2y +3

¢) Tim sd nguyén y dé B > 1

.. R T B
Bai 3 :cho —+—+—=0;t1nhglatr1bleuthucA=y—f+x—f+x_§
X Yy =z X y z
HD:A=X};Z+XY3Z+X};Z;Véndunga+b+c=0:>a3+b3+c3=3abc
X y z

Bai 4: Cho a® + b® + ¢ = 3abc ; Tinh gia tri biéu thirc A = (% - lj(h - lj(g + lj

C a

Bai 5: Cho x + y + z = 0; chtrng minh rang: S A Y

X y z

Liém Phong, ngay thang 02 nam 2018
Ky duyét

Gido én boi duong HSG Todn 8 Trang 23 |



Nam hoc: 2017 - 2018

CHUYEN PE : SUDUNG CONG THUC DIEN TiCH PE THIET
LAP QUAN HE PO DAI CUA CAC POAN THANG
Ngay soan: 01 —03-2018
Ngay day: - 03-2018
A. Mot so kién thic:
1. Cong thic tinh dién tich tam gidc:

S = % a.h (a — d6 dai mdt canh, h — d6 dai dudng cao tuong Ung)

2. Mot sd tinh chat:
Hai tam gidc c6 chung mot canh, cé cung do dai dudng cao thi c6 cung dién tich
Hai tam gidc bing nhau thi c6 cing dién tich

B. Mot so bai toan:

1. Bai 1:
Cho AABC ¢6 AC = 6cm; AB =4 cm; cdc dudng cao AH;
BK; CI. Bit AH= &7 BK A
Tinh BC )
Giai I
Ta C(): BK = 2Sﬂ ; CI — 2SABC
AC AB :
1 1 B H C

— BK + CI = 2. Sasc (_+_j

AC AB

o 2AH=2.1 BC.AH. (L+Lj @BC.(L+LJ )
> AC AB A

= BC=2: (LJFLJ =2 (l+lj =4,8 cm
AC AB 6 4

Bai 2:

Cho AABC c6 do daicaccanhla a, b, c; dd dai cac dudng cao tuong ing l1a ha, hp, he.
Bi€tring a + hy =b + hy = ¢ + he . Chi'ng minh riing AABC 1a tam gidc déu

Giai
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Go1 Sapc =S

a-b
ab

Ta xéta +ha=b +hy = a-b:ha—hb=§-§=2s.(l-lj:2s.
b a b a

:>a—b=2s.% = (a—b) (1-2—Sj=0:> AABC cin 6 C hodc vudng § C (1)
a a

Tuong tu ta c6: AABC can G A hodc vudng G A (2); AABC cin G B hodc vudong & B (3)
T (1), (2) va (3) suy ra AABC cin hoic vudng & ba dinh (Khong x4y ra vudng tai ba
dinh) & AABC la tam gidc déu

Bai 3:

Cho di€ém O nim trong tam gidc ABC, cic tia AO, BO, Co cit cdc canh ciia tam gidc

ABC theo thtt ty tai A’, B’, C’. Chitng minh ring:

OA' OB' 0OC' OA OB OC
a) + + =1 b) + + =

AA' BB' CC AA' BB' CC
c)M= OA + OB + oC _ 6. Tim vi tri ctia O dé tong M c¢6 gid tri nhé nhat

OA' OB' 0OC
A B . , 2 R , 2, ., . d A~
d)N-= O—O—E =8 . Tim vi tri cua O dé€ tich N c¢6 gid tri nho nhat
OA' OB' OC'

Giai
Goi Sapc =S, S1=Spoc, S2=Scoa , S3 =Saos . Ta co: A

OA _ S, _ S _Si+8

OA' SOA'C SOA'B Sl

OA' — Soac - Soan _ Sonc +Soan :i 2) c B

AA' SAA'C SAA'B SAA'C + SAA'B S

OA S, +S

Tr(l)va (2)suyra — =22

(1) va (2) suy VY S

' B A-
Tuong t ta c6 b —5F5%, 0C 5,45, OB _S,
OB S, 'oC’ S, 'BB 8

oc _5,
cC s
) OA, OB OC S S, S S ,

+—
AA' BB CC' S S S S
OA OB OC S,+S, S,+S, S,+S, 2S

+ + = + + —=2
AA' BB' CC S S S S

b)
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M= OA, OB oc_sz+s3+sl+sz+sl+s2:(i+82]+(§+s2j+[i+§j

S, s, ) (s, s, (s, s,

+ +
OA' OB' OC' §, S, S,

Ap dung Bdt Co sita co i+i + i+S—2 + i+i >2+2+2=6
SZ Sl SZ S3 S3 Sl

Ding thiic x4y ra khi S1 =S>=S3 < O 12 trong tAm clia tam gidc ABC

d)N = S, +S; _Sl +S, _Sl+sz _ (S,+8)(5+8)(S, +S,)
s, s, s, S,.S, S,

e (8 +S,) (S, +s3)22(s1 +S,) L 458,488,488, L 4 N> g
(S,-5,S,) (5,:5,,)

Ding thiic x4y ra khi S1 =S>=S3 < O 12 trong tAm clia tam gidc ABC

Bai 4:

Cho tam gidc déu ABC, cic dudng caoAD, BE, CF; goi A’, B’, C’ 13 hinh chi€u cia M
(nfim bén trong tam gidc ABC) trén AD, BE, CF. Chiing minh ring: Khi M thay ddi vi tri
trong tam gidc ABC thi:

a) A’D + B’E + C’F khong ddi

b) AA’ + BB’ + CC’ khong ddi

Giai

Goi h = AH 1a chiéu cao cda tam gidc ABC thi h khong ddi
Goi khodng cdch tir M dén cdc canh AB; BC; CA 1a MP; MQ;
MR thi A’D + B’E + CF=MQ + MR + MP

ViM nim trong tam gidc ABC nén Sgmc + Scma + Sema = Sasc

< BC.(MQ + MR + MP) = BC.AH = MQ + MR + MP = AH
= A'D+B’E+CF=AH=h

Vay: A’D + B’E + C’F = AH = h khong d8i

b) AA’ + BB’ + CC’ = (AH — A’D)+(BE — B’E) (CF — C’F)

= (AH + BE + CF) — (A’D + B’E + C’F) = 3h — h = 2h khong d8i
Bai 5:

Cho tam gidc ABC c6 BC biing trung binh cdng ctia AC va AB; Goi I 1a giao di€m cia
cac phan gidc, G 1a trong tAm cta tam gidc. Ching minh: IG // BC

Giai ‘
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Goi khodng cdch tir a, I, G d€n BC 1an lugt 1a AH, IK, GD

Vil la giap diém clia ba dudng phan gidc nén khodng cach tir I
dé&n ba canh AB, BC, CA bing nhau va bing IK

Vil nim trong tam gidc ABC nén:

SaBc = Sais + Sgic + Scia < BC.AH = IK(AB+BC+CA) (1)

Ma BC=— = AB+CA=2BC(2) BH K D M

Thay (2) vao (1) ta c6: BC. AH = IK. 3BC = IK = %AH ()

Vi G 1a trong tAm cta tam gidc ABC nén:

SBGC=§SABCQ BC.GD=§BC.AH:>GD=§AH(b)

Tur (a) va (b) suy ra IK = GD hay khodng cdch tir I, G d€n BC bing nhau nén IG // BC
Bai tap vé nha:

1) Cho C 13 di€m thudc tia phan gidc cla x/O\y =60°, M 13 di€ém bat ky nim trén dudng
vudng géc v6i OC tai C va thudc mién trong clia xOy, g0oi MA, MB thtt tu 1a khodang
céch tir M dén Ox, Oy. Tinh do dai OC theo MA, MB

2) Cho M 1a diém niim trong tam gidc déu ABC. A’, B’, C’ 12 hinh chi€u ctia M trén cic
canh BC, AC, AB. C4c dudng thing vudng géc v6i BC tai C, vudng gbc v6i CA tai A,
vuong géc véi AB tai B cit nhau & D, E, F. Chitng minh ring:

a) Tam gidc DEF 1a tam gidc déu

b) AB’ + BC’ + CA’ khong phu thudc vi tri cia M trong tam gidc ABC

Liém Phong, ngay thang 03 nam 2018
Ky duyét
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CHUYEN PE : CAC BAI TOAN VE PINH Li TA-LET
Ngay soan: 07 — 03 - 2018
Ngay day: 16 - 03 - 2018

A.Kién thirc:
1. PBinh 1i Ta-1ét: .
* Dinh 1i Talét fg\IB;BC} o % - % " \
B c

* Hg qui: MN // BC = AM _ AN _MN

AB AC BC
B. Bai tap ap dung:
1. Bai 1:
Cho tir gidc ABCD, duong thing qua A song song véi
BC cit BD 6 E, duong thang qua B song song véi AD B
cat ACo G A
a) chung minh: EG // CD
b) Gia st AB // CD, chiing minh rang AB? = CD. EG AN
Giai
Goi O 1a giao diém cua AC va BD
a)ViAE//BC:%z%(l) D c

BG // AC = 2B _0G (5
OD OA

OE _0

Nhén (1) vé6i (2) vé theo vé ta co: =— = EG//CD
D OC

b) Khi AB // CD thi EG // AB // CD, BG // AD nén
AB _OA_OD _CD_ AB_CD
EG OG OB AB EG AB
Bai 2:

= AB? =CD. EG

Cho ABC vuong tai A, V€ ra phia ngoai tam giadc do cac tam gidc ABD vudng can 6 B,
ACF vudng can & C. Goi H 1a giao diém ctua AB va CD, K 1a giao diém ctua AC va BF.
Chung minh rang:

a) AH=AK
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b) AH?=BH. CK

Giai A

bat AB=c, AC=b. F
BD // AC (cung vudng gbc voi AB)

. AH AC _b_AH b AH b C
nen =S —= = B

HB BD ¢ HB ¢ HB+AH b+c

HayAH: b :>AH: b . AH - b.c
AB b+c C b+c b

AB // CF (cing vuong goc véi AC) nén 2 _AB _ Ak __ ¢

C AK ¢
—= - = =
KC CF b C b KC+AK b+c

AK b AK c
AC b+c b b+tc
Tu (1) va(2) suyra: AH = AK

by Tir 21 AH _AC EVéAK AB:Csuyra AH:KC:AH KC(V AH = AK)
HB BD ¢ KC CF b HB AK HB AH

= AH?=BH .KC

3.Bai 3: Cho hinh binh hanh ABCD, duong thing a di qua A 1an luot cit BD, BC, DC
theo thir tu tai E, K, G. Chtrng minh rang:

a) AE*=EK. EG

b)1:1+1
AE AK AG

Hay

¢) Khi duong thang a thay doi vi tri nhung van qua A thi tich BK. DG c¢6 gi tri khong doi
Giai

A a _B

a) Vi ABCD Ia hinh binh hanh va K € BC nén
AD // BK, theo hé qua cua dinh li Ta-1ét ta co: b e
EK _EB _ AE:EKzAE:AEzzEK.EG
AE ED EG AE EG D C G
b) Ta co: AE _ DE ; AE _ BE nén

AK DB  AG BD
AE AE _ BE DE_BD 1:>AE(L+LJ=1:>1 1 (dpem)
AK AG BD DB BD AG AE AK AG
¢) Ta cé: BK _ AB BK a (1); KC _CG N KC _ CG 2)

KC CG KC CG AD DG b DG
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Nhan (1) véi (2) vé theo vé ta c6: % - % = BK.DG=ab khong ddi (Via = AB; b= AD
1a d6 dai hai canh cta hinh binh hanh ABCD khéng di)
4. Bai 4:

Cho tir gidc ABCD, céc diém E, F, G, H theo thir ty chia trong céc
canh AB, BC, CD, DA theo ti s0 1:2. Ching minh rang:

a) EG =FH

b) EG vuong goc véi FH

Giai

Goi M, N theo thir ty 13 trung diém cua CF, DG

BM _ 1 BE _BM _ 1

Tac6CM=+ cF=1pcBM_L1 _ BE_BM _11
2 3 BC 3  BA BC 3
SEM//AC = EM_BM _ 2 pv=2ac ()
AC BE 3 3
T-—ng tu, ta ca: NF / BD = NE_CF_2 = NF = gBD(2)
BD CB 3 3

ma AC =BD (3)
Tu (1), (2), (3) suyra: EM =NF (a)

Tuong tu nhu trén ta c6: MG // BD, NH // AC va MG = NH = %AC (b)

Mit khac EM / AC; MG // BD VA AC L BD =EM L MG = EMG = 90’ 4)

Tuong ty, ta c6: FNH = 90°(5)

Twr (4) va (5) suyra EMG = FNH = 90° (¢)

Tu (a), (b), (c) suyra AEMG = AFNH (c.g.c) = EG=FH

b) Goi giao diém cua EG va FH 1a O; caia EM va FH 1a P; cia EM va FN 1a Q thi

PQF =90° = QPF + QFP = 90° ma QPF = OPE (dbi dinh), OEP = QFP (AEMG = AFNH)
Suy ra EOP = PQF =90° = EO L OP = EG L FH

5.Bai 5:

Cho hinh thang ABCD c¢6 day nhé CD. Tur D vé& dudng thing song song v6i BC, cit AC tai
M va AB tai K, Tir C v& dudng thing song song v6i AD, cit AB tai F, qua F ta lai v&
duong thang song song voi AC, cat BC tai P. Chimg minh rang

a) MP // AB

b) Ba dudng thang MP, CF, DB dong quy
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Gidi
Cp _
EP// AC = <P - AP
) oA
AK // CD :%——() D c
AM o o

cac tu gidc AFCD, DCBK la cac hinh binh hanh nén
AF =DC, FB = AK (3)

CP CM .
Két hop (1), (2 3)t —=—— = MP// AB (Dinh
éthop (1), () v B) taes So= " (Bin

K B
i Ta-1ét do) (4) A F

b) Goi I 1a giao diém cua BD va CF, ta co: cpP = CM _ DC = DC
PB AM AK FB

My 2¢_Dt > (Do FB/ DC) = P _DL . 1p//DC/ AB (5)
FB PB IB

Tir (4) va (5) suy ra : qua P c6 hai dudng thing IP, PM cung song song voi AB / DC nén
theo tién dé Oclit thi ba diém P, I, M thiang hang hay MP di qua giao diém cta CF va DB
hay ba dudng thing MP, CF, DB dong quy

6. Bai 6:

Cho AABC c6 BC < BA. Qua C ké duong thang vudng godc vdi tia phan giac BE cua
ABC; duong thang nay cét BE tai F va cit trung tuyén BD tai G. Chirng minh rang doan
thang EG bi doan thang DF chia lam hai phan bang nhau

Giai

Goi K 1a giao diém cua CF va AB; M 1a giao diém cua DF va BC

AKBC c¢06 BF vura 1a phan giac vira 1a duong cao nén AKBC can tai B = BK =BC va FC
=FK

Mit khac D 14 trung diém AC nén DF 1a duong trung binh cia A AKC = DF // AK hay
DM // AB

Suy ra M 1a trung diém cia BC
DF = %AK (DF 1a dudng trung binh cia A AKC), ta co

o2 = 22(doDF//BK) = <2 = 22222 (1)
GD GD DF AK
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Mit khae <E -DCE-DE_DC_ | AD i AD=DC) =
DE DE DE DE

CE_AE-DE_DC_ _AD .
DE DE DE DE

CE AE-DE AE AB . AE_AB B
Hay = —1l=—-2=—-2 (Vi —= —:

DE DE DE DF DE DF
Do DF // AB)

M
Suy ra CE =AK+BK_2= 2(AK+BK)_2(DO DF =
DE DE
1 CE 2(AK + BK) 2BK
2 )= DE AK AK @ A D E C
Tu (1) va Q) suyra 29 = <€ _ gg/BC
GD DE
Goi giao diém ctia EG va DF 1a O ta c6 0G _ OF (= FO) = 0G=O0E
MC MB FM

Bai tip vé nha

Bai 1:

Cho tir giac ABCD, AC va BD cit nhau tai O. Puong thang qua O va song song voi BC cat
AB ¢ E; dudng thang song song voi CD qua O cit AD tai F

a) Chung minh FE // BD

b) Tir O ké cac dudng thang song song vi AB, AD cat BD, CD tai G va H.

Chung minh: CG. DH = BG. CH

Bai 2:

Cho hinh binh hanh ABCD, diém M thudc canh BC, diém N thudc tia d6i cta tia BC sao
cho BN = CM; cac duong thing DN, DM cit AB theo thir tu tai E, F.

Chirng minh:

a) AE? = EB. FE

2
b) EB =(ﬁj _EF
DF

Liém Phong, ngay 09 thang 3 nam 2018
Ky duyét

Nguyén Manh Thz‘ing
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CHUYEN PE - CAC BAI TOAN SU DUNG PINH Li TALET VA
TINH CHAT PUONG PHAN GIAC

Ngay soan: 14—3 - 2018
Ngay day: -3-2018

A. Kién thirc:
1. Pinh li Ta-lét:

A
) AABC
* Pinh 1i Talét = AM _ AN "
MN // BC AB AC N
* Hg qui: MN // BC = AM _ AN _MN ‘ .
AB AC BC B C

2. Tinh chét dudng phan gic:

AABC ,AD la phan gidc goc A = BD _AB
CD AC

) . BD' AB
AD’la phan giac goc ngoai tai A: — = —
p glac g g : D' AC

B. Bai tap van dung

1. Bai 1:

Cho AABC c6 BC =a, AB=b, AC =c, phan giac AD
a) Tinh d6 dai BD, CD

b) Tia phan giac BI ctia goc B cit AD & I; tinh ti $b: %

Giai

&
B D C
/l\
D B C
BD AB s
a) AD la phin gidac cua BAC nén —=22_°%
CD C b
C
- BD __¢c :>BD= C . BD = ac b
CD+BD b+c a b+c b+c I
Dodé CD=a- 2 =
B D C
A a
c M D B

b+c - b+c

b) BI 1a phan gidc clia ABC nén
ﬁ_AB_C_ ac _b+tc
ID BD b+c a

2. Bai 2:
Cho AABC, ¢6 B< 60° phan gidc AD
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a) Chirng minh AD < AB
b) Goi AM 1a phin gidc cia AADC. Chitng minh raing BC > 4 DM

Giai

A+C 180°-B
> =

— A +
a)Tacé ADB=C + > > =60’

N | 3>

— ADB > B = AD< AB
b) Goi BC=a, AC=b,AB=c, AD=d
Trong A ADC, AM la phén gidc ta c6

DM _ AD N DM ___AD N DM  AD
CM AC CM+DM AD+AC CD AD+AC

— pM= _PAD _CD.d. oy 8 oy dungbai 1) = DM = — 24
AD+AC b+d b+c (b+c)(b+d)
R 4abd
bé c/m BC>4DMtac/m a> —— — hay (b+d)(b+c)>4bd (1)
(b +c)(b+d)

Thatvay:doc>d = (b+d)(b+c)>(b+d)* > 4bd . Bit dﬁng thic (1) duge ¢/m
Bai 3:

Cho AABC, trung tuyén AM, céc tia phan gidc clia cdc goc AMB , AMC cit AB, AC
theo thd tw 8 D va E

a) Chirng minh DE // BC

b) Cho BC = a, AM = m. Tinh d6 dai DE
¢) Tim tip hop cic giao di€m I cia AM va DE néu AABC c6 E
BC c¢6 dinh, AM = m khong d6i

d) AABC c6 diéu kién gi thi DE 1a dudng trung binh clia né B '
Giai

a) MD la phin gidc cua AMB nén DA _MB (1)
DB MA

ME Ia phén gidc cia AMC nén EA _Mc (2)
EC MA

Tir (1), (2) va gid thi€t MB = MC ta suy ra %:% — DE//BC

X
m- —

DE:AD:AI.Bét DE=X3§= 2 = 2a.m
BC AB AM a m a+2m
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a.m

c) Tacé: Ml = % DE = khong ddi = 11udn cach M mot doan khdng d6i nén tip

a+2m

a.m

hdp cic di€m I 13 dudng tron tAm M, ban kinh MI = (Trir giao di€m cla n6 vé6i

a+2m

BC

d) DE 1a dudng trung binh cia AABC< DA =DB < MA =MB < AABC vudéng § A
4. Bai 4:

Cho AABC ( AB < AC) cic phan gidc BD, CE A

a) Pudng thing qua D va song song v6i BC cit AB & K,
chitng minh E nim gitta B va K

b) Ching minh: CD > DE > BE

Gidi M B C

a) BD la phén gidc nén

AD:AB<AC:AE AD AE

=22 85
DC BC BC EB DC EB

Mit khdc KD // BC nén 22 _AK o)
DC KB

AK<AE AK+KB<AE+EB AB<AB

Tu (1) va (2) suy ra = =
KB EB KB EB KB EB

= KB>EB

= E ndm gitta K va B

b) Goi M 1a giao di€m ctia DE va CB. Ta c6 ®=@(SO le trong):>K/B\[)=@
ma E nim giita K va B nén KDB > EDB = KBD > EDB = EBD > EDB = EB < DE
Ta lai co CBD + ECB = EDB + DEC = DEC>ECB = DEC >DCE (V‘lD/CTE =E/CT3)

Suy ra: CD>ED = CD>ED > BE

5.Bai 5: Cho AABC . Ba dudng phan gidc AD, BE, CF. Chiing
minh A
DB EC FA 1 F
" DC'EA FB
1 1 1 1 1 1
: F—t—>——+—. ° ¢ C
AD BE CF BC CA AB B D
Giai
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DB AB

a)AD 13 dudng phan gidc cia BAC nénta cé: — = —
) gphan g oC ~ AC (1)
Tuong tu: v61 cac phdn gidc BE, CF ta c6: % = — ( ) E = == ( )

T (1); (2); (3) suy ra: 20 EC FA _ ﬁ.ﬁ.%=
DC EA FB AC BA CB

b) bat AB=c,AC=b,BC=a, AD =d..
Qua C ké dudng thang song song v6i AD , cat tia BA & H.

Theo DL Talét ta cé: é—gz BA AD = BACH __cCH _ ¢

— = = = )
BH BH BA+AH b+c

Do CH < AC+ AH=2b nén: d, < 2be :L>b+c=l l+l <:>L>l l+l
“ b+c d 2bc 2\b c d 2\b c

a a

1 1(1 1 1 1(1 1
Chun inh tuong tutac6: —>—|—+—| Va —> + Nén:
£ min gtytaco d 2((1 cj a p Z(a b] én

c

11111111111111(111)
—t—t—>—| | = || = || — || & —F—F—> =2 =+ —+—
da+db+dc>2Kb+cj+(a+cj+(a+bﬂ d, d, d. 2 \a b c
<:I>L-I-L-I-L>l-l-l-|-l d

dd d a b ¢ dpem)

Bai tap vé nha

Cho AABCc6 BC=a, AC=b, AB =c (b>c), cic phdn gidc BD, CE
a) Tinh d6 dai CD, BE rdi suy ra CD > BE

b) V& hinh binh hanh BEKD. Chitng minh: CE > EK

¢) Chirng minh CE > BD
Liém Phong, ngay 16 thang 3 nam 2018
Ky duyét

Nguyén Manh Thing

CHUYEN PE - TIM GIA TRI LGN NHAT, NHO NHAT CUA
MOT BIEU THUC

Ngay soan: 20/3/2018
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Ngay day  /3/2018

A. Gi4 tri 16n nhat, gia tri nhé nha't cia mot bi€u thic:

1) Khai niém: Néu véi moi gid tri cda bi€n thudéc mot khodng x4c dinh nao d6 ma gia tri
ctia bi€u thifc A ludn ludn 16n hon hoic bing (nhd hon hoic bing) mdt hiing sd k va ton
tai mot gia tri clia bi€n dé€ A c6 gid tri bing k thi k goi 12 gid tri nhd nha't (gid tri 16n nha't)
clia biéu thiic A tng vdi cdc gid tri ciia bién thudc khodng x4c dinh néi trén

2) Phuong phap

a) P& tim gi4 tri nhé nhat clia A, ta can:

+ Ching minh A > k vdi k 1a hiing s6

+ Chi ra d4 “=" c6 thé x4y ra vdi gi4 tri ndo d6 clia bi€n

b) D€ tim gid tri 16n nhi't cla A, ta can:

+ Chitng minh A < k v6i k 12 hiing s6

+ Chi ra d4 “=" c6 thé x4y ra vdi gi4 tri nao dé clia bi€n

Ki hiéu : min A 12 gid tri nhd nhit cia A; max A 13 gi4 tri 16n nhdt ctia A

B.Céc bai tap tim Gi4 tri 16n nhat, gia tri nhé nhat cia mot bi€u thic:

I) Dang 1: Tam thic bac hai

Vidul:

a) Tim gi4 tri nhd nhat cda A = 2x> - 8x + 1

b) Tim gid tri 16n nhi't clia B = -5x> — 4x + 1

Giai

AA=2(x3—dx+4)-T=2(x-2)*-7 >-7

mnA =-7 & x=2
b)]3=.5(x2+ix)+1=—5(xz+2.x.g+i)+2=2—5(x+2)ZS 2
5 5 25 5 5 5 5

maXB=2 = x=—z

5 5

b) Vi du 2: Cho tam thic bac hai P(x) =a x>+ bx + ¢
a) Tim min Pnéu a >0

b) Tim max Pnéua <0

Giai
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2
Tacé: P=a(x*+ b—x)+c=a(x+ b—)2+(c- b—)
a 2a 4a
2

Pitc - b =k. Do (x + b—)2 > 0 nén:
da 2a

a) Néu a > 0 thi a(x+;;)220dod(’)P2k:>minP=k<:>x= L
a a

b) Néua <0 thi a(x + ;—)ZSOdodéPﬁk:maxP=k<:> X = -;;
a a

II. Dang 2: Pa thitc ¢6 ddu gia tri tuyét doi

1) Vi du 1: Tim gi4 tri nh nhit cia

a) A=(3x—12—4|3x-1]+5
dit|3x-1]=ythi A=y’ ~dy+5=(y-27+1> I

x=1

3x-1=2
=
3x-1=-2 X

mnA=1 o y=2 < |3x-1|=2<:>{

W | —

b)B=|x-2|+|x-3|
B=|x-2|+|x-3|=B=|x-2|+|3-x| > |x-2 +3-x|=1
> mnB =1 xX-2)3-x)>20< 2<x<3

2)Vidu2:TimGTNNcﬁac=\x2-x+1\+\x2-x-2\
Taco C= ‘xz-x+l‘+‘x2-x-2‘ = ‘xz-x+l‘+‘2+x-x2‘2‘x2-x+1+2+x-x2 =3

mnC=3 X -x+DR2+x-x)20<=2+x-x> 20 x*-x-2<0
SEX+1D)Ex-2)<0s -1 <x<2
3) Vidu 3:
Tim gia tri nhé nhat cta : T = Ix-11 + Ix-2| +Ix-3I + Ix-4l
Tacéd Ix-11+ x4l = Ix-11 + 14-xI > Ix-1+4-xI = 3 (1)
Va |x—2|+|x—3|=|x—2|+|3—x|2|x—2+3—x| =102)
Vay T = Ix-11 + Ix-2 +Ix-31 + Ix-4l > 1+3=4
Tacotir (1) = Daubang xdyrakhi 1<x<4
(2) = Da&u bang xdy rakhi 2<x<3
Vay T c6 gia tri nho nhat 1a 4 khi 2<x<3
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III.Dang 3: Pa thic bac cao

1) Vi du 1: Tim gi4 tri nhé nhat cla
ADA=x(xX-3)x-4dx-7)=x*-Tx)(x>=Tx + 12)

Pit xX>-7x+6thi A=(y-6)(y+6)=y*-36 >-36

MinA=-36 © y=0< xX*-7x+6=0 &(x-1)(x-6)=0 <x=1hodcx =6
D) B=2x2+y?-2xy—-2x+3=(x>—-2xy + y) + (x> = 2x + 1) + 2

- 0
:(X—Y)2+(X—1)2+22 2 & {z_}llzo (:}X:y:l

O)C=x>+xy+y*—-3x-3y=x’>-2x +y* =2y + Xy =X -y
Tacé C+3=x-2x+D+ > -2y+ D+ (xy—x—-y+1)
=(x-1?+(@y-1P+x-1)(y-1).Pitx—1=a;y—1=bthi

2 2 2
C+3=a2+b2+ab=(a2+2.a.2+b—)+£=(a+2)2+& >0
2 4 4 2 4

Min (C+3)=0hayminC=-3 < a=b=0< x=y=1

2) Vidu 2: Tim gid tri nhd nhA't clia

a)C=(x+8)*+ (x+6)

Pitx+7=y=>C=F+D*+(y-D*=y*+4y> + 6y’ +4y + 1 + y* -4y’ + 6y* -4y + 1
=2y*+ 12y’ 4222 =>minA=2 o y=0 < x=-7

D) D=x*-6x>+10x2-6x+9=(x*-6x+9x* ) + (x> - 6x + 9)

=x>-3x)?+(x-3?20=>minD=0 < x=3

IV. Dang phan thic:

1. Phan thifc ¢6 ti 13 hing s6, maiu la tam thitc bac hai

Bi€u thitc dang nay dat GTNN khi miu dat GTLN

Vidy:TimGTNNclia A= — > == ___ 2
6x -5-9x O9x*-6x+5 (3x-1)"+4

ViGx-1P20= Gx—1P+d424= 1L 2 72 A
Gx-10+4 4 (Gx-1)+4 4

|-

minA:-l < 3x-1=0< x= 1
2 3
2. Phan thic ¢6 mau la binh phuong ctia mdt nhi thife
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3x* -8x + 6

a) Vidyu 1: Tim GTNN clia A = —
x°-2x+1

+) Céch 1: Tach t thanh cdc nhém cé nhan tf chung véi mau

P -o8x + 2 2x+1)-2(x- 1)+
A= 3>X2 8x+6 _ 3(x" -2x+1) E(X 1) 1:3_ 2 N 1 _ Pty = 1 Thi
x -2x+1 x-1) x-1 (x-1) x-1

A=3-2y+y’=(y-1 +222=>mnA=2 o y=1< L=1 & x=2

x-1
+) C4ch 2: Vi€t biéu thiic A thanh tong clia mot s& véi mot phan thiic khong Am

2 2 2 2
_ 3" -8x+6 _ 2(x" -2x+1) +(x -4x+4):2+(x-2) 59

A >
x?-2x+1 (x-1)° (x-1)°

> mnA=2 < x-2=0 < x=2

X

b) Vidu 2: Tim GTLN cia B = —
X" +20x + 100

X X aty = :>x=l—10 thi

TacoB=— = ~. D3
x“+20x+100 (x+10) x+ 10 y

1 1 1 1 1Y 1 1
B=(L_10)y2=-10y>+y=- 10(y>— 2.y, —y + —— +—=-10( -—)+— <L
(y )y yry O =220 200’ T 20 Y"0) T a0 T a0

MaXB=L < }’-L=0<:>y=i < x=10
40 10 10
9 X2+y2
¢)Vidu 3: Tim GTNN cua C= ——————
X" +2xy+y
1 2 2
2 432 Sty +(x-y) o2
Ta c6: C = 2X Ty 2:2[ . ]:l+l'(x Y)zzl
X" +2xy+y x+y) 2 2 (x+y)y 2
:minAz% & X=y
3. Cac phan thdc c6 dang khac
a)Vi du : Tim GTNN, GTLN (Cuc tri) clia A = 3;4’;
X*+

3-4x  (4x°—4x +4)—(x"+1) _ (x-2)°

Tacé: A= ——= > 5 —-1>2-1 > minA=-1< x=2
X" +1 X" +1 X" +1
: - T44)—(4x7 +4x + 2
Talaico: A= 324X:(4X *4) (?X x+1) :4—(2X2+1) <4 > maxA=4 < x= 1
X" +1 X" +1 X" +1 2
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Liém Phong, ngay thang nam 2018
Ky duyét

Nguyén Manh Thing

Ngay soan: 20/3/2018
Ngay day  /3/2018
CHUYEN PE - TIM GIA TRI LGN NHAT, NHO NHAT CUA

MOT BIEU THUC (2)

C. Tim GTNN, GTLN ctia mdt bi€u thirc bi€t quan hé giira cac bién

1) Vidu1: Chox +y=1.Tim GTNN clia A = x> + y° + xy

Taco A=(x+y) (x> —xy+y) +xy=x’+y>* (vix+y=1)

a) Cdch 1: Bi€u thi 4n nay qua 4n kia, rdi dua vé mot tam thifc bac hai

T x+y=1=x=1-y

\%

2
nénA=(l-yy’+y’= 2(y2—y)+1=2(y2—2-y~% " %” % =2(Y'lj .

1,1
2) 272

. 1
ViyminA=— & x=y=—
dy > X=Yy >
b) C4ch 2: St dung dk di cho, lam xuAt hién mot biéu thic méi c¢6 chita A
Terx+y=1= x>+2xy +y*=1(1). Mt khdc (x —y)* > 0 = x> = 2xy +y* > 0 (2)

Cong (1) v6i (2) v€ theo V€, ta c6:

2(x2+y2)21:>x2+y22 :>minA=%<:>X:y:

1 1

2 2

2)Vidu2: Chox+y+z=3

a) Tim GTNN clia A = x> + y* + 7

b) Tim GTLN cua B = Xy + yz + xz

Tr Chox+y+z=3 = Cho(x+y+2)’=9 & xX>+y*+ 22 +2(xy +yz + xz) =9 (1)
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Tacé6 x°+y° +2°-Xy—yz—12zx = %.2.(){2 +y? +2°- Xy — yz — 2X)

%[(x—y)2+(x—z)2+(y—z)2} >0 =>x>+y>+2z° > xy+yz+2zx(2)

Ping thific x4y rakhi x =y =z

a) Tu (1) va (2) suy ra

O=x>+y? + 22+ 2(Xy + yz +X2) < X>+ ¥ + 22 + 2(x* + y2 + 2%) = 3(x* + y? + 7?)

> X +y’+722>23 > mnA=3 < x=y=z=1

b) Tu (1) va (2) suy ra

9=x>+y? + 7%+ 2(Xy + yZ + XZ) > Xy+ yz + zX + 2(Xy + yZ + Xz) = 3(Xy+ yZ + zX)
= xy+yz+zx <3 =>maxB=3 < x=y=z=1

3) Vidu 3:

Tim gia tri 16n nhit ctia S = xyz.(x+y).(y+2).(z+x) v6ix,y,z>0 va x+y+z =1

Vi x,y,z> 0 ,ap dung BDT Cosi ta co: x+y +z >33/xyz = 3xyz < % = xyz < 2—17

4p dung bat dang thic Cosi cho X+y ; y+z ; X+zta céd

(x+y).(y+z).(z+x)Z3{/(x+y).(y+z).(x+z) = 223{/(x+y).(y+z).(z+x)

= S< —=

;ogs . 1
Dau bang xayrakhi x=y=z=—
& Y 3 27 27 729

i1 v n 8 . 1
Vay Sco6 gid tri 16n nhat 1a =9 khix=y=z= 3
4) Vidu 4: Cho xy + yz + zx = 1. Tim gia tri nhé nhdt caa  x* +y* +z*
Ap dung BDT Bunhiac&pski cho 6 s6 (X,y,z) ;(X,y,z)
Ta co ()cy+yz+zx)2 S(x2 +y° +22)2 :>l£(x2 +y° +zz)2 (1)
dp dung BDT Bunhiac6pski cho (x*,y*,z°) va (1,1,1)
Tacs (F+y" +2) <@ +P+I)(x +y +2) = (F+)7+27)" <3(x" + "+ 27)

Tir (1) va (2) = 1<3(x* + y* +2) :>x4+y4+z4S%

L3
3

z .« s . 2 9 N 1 .
Vay x*+y*+z* ¢6 gid tri nho nhat 1a 3 khi x=y=z
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D. Mot so chi ¥:

1) Khi tim GTNN, GTLN ta c6 thé d6i bién

Vidy : Khi tim GTNN ctia A =(x — 1)* + (x = 3)*, ta dit x — 2 = y thi

A=(y+1)P+@Fy-1 =2y"+22>2...

2) Khi tim cyc tri cia mot biéu thic, ta c6 thé thay dk ciia bi€u thic nay dat cuc tri bdi dk

tuong dudng 14 bi€u thirc khic dat cuc tri:

+) -A 16n nhat < A nhd nhat; +) %lén nhit < B nhd nhit (v6i B > 0)

+) C 16n nha't < C?16n nhat

4
- +

Vi du: Tim cyc tri cua A = X—12
(1

£ A 4 ~ . 1 P A L
a) Ta c6 A >0nén A nho nhat khi n 16n nhat, ta c6

x2+12 2
l:( . ) =1+ fx >1 :>minl=1<:>x=0:>maxA=l<:>x=0
A x'+1 x"+1 A

b)Taco x>-12 20 < x*-2x>+1> 0= x*+1 > 2x% (Dau bing xay ra khi x> = 1)

2 2
Vix*+1>0 = fx <1= 1+ fx <l+1=2 :maxl=2<:>x2=1
x" +1 x" + A
) 1
:>m1nA=§ &S x=z1

LN . N . o R 2 2 (g 7 2 2
3) Nhi€u khi ta tim cuc tri cia bi€u thiic trong cac khodng ctia bi€n, sau d6 so simh cac

cuc tri d6 d€ d€ tim GTNN, GTLN trong toan bd tip xdc dinh ciia bién

Vidy: Tim GTLNciaB= — Y
5-(x+y)

a)xétx+y <4

-Néux=0thiA=0 -Néul <y<3thhA<3
NEuy=4thix=0va A=4d

b)xétx+y > 6thiA <0

So sdnh cdc gid tri trén cla A, ta thiymax A=4 < x=0;y =4
4) S& dung cdc hiing bat ding thic

Vidu: Tim GTLN cla A = | 2x + 3y | bi€t x> + y*> =52
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Ap dung Bdt Bunhiacdpxki: (a x + by)? < (a? + b?)(x*> + y?) cho cdc sd 2, x, 3,y ta co:
2x + 3y < 22+ 3>+ y)=(4+9).52=26" = | 2x + 3y | <26

2
Max A =26 &2 = :>y=37X :>x2+y2=x2+(37"j =52 o 13%0=524 < x=+ 4

x
2
Viy:MaxA=26 © x=4;y=6hodcx=-4;y=-6

5) Hai s6 c6 tong khong ddi thi tich ctia chiing 16n nhat khi va chi khi chiing bing nhau
Hai s6 c6 tich khong ddi thi tdng ctia chiing 16n nha't khi va chi khi chiing bing nhau
a)Vidu 1: Tim GTLN ctia A = (x> =3x + 1)(21 + 3x - x?)

Vi (x2-3x+ 1)+ (21 + 3x —x?) = 22 khong ddi nén tich (x> - 3x + (21 + 3x — x?) I6n
nhatkhiva chikhix?-3x+1=21+3x-x> © x*-3x-10=0 < x=5hoicx=-2

Khido6 A=11.11=121 => Max A=121 < x=5hodcx=-2

b) Vi du 2: Tim GTNN cita B = &7 H&*9)
X
2
Ta c6: B = x+4Hx+9) _x +13X+36:X+ﬁ+13
X X X

Vi cdc 56 x va 22 ¢6 tich x.° = 36 khong d6i nén x + 30 nhé nhit < x=22 < x=6
X X X X

o A=x+22113 nhé nhdtla min A =25 < x=6
X

6)Trong khi tim cuc tri chi can chira riing ton tai mot gid tri ciia bién d€ x4y ra ding
thitc chit khong can chi ra moi gi4 tri d€ x4y ra ddng thitc
Liém Phong, ngay thang nam 2018
Ky duyét

Nguyén Manh Thiing
CHUYEN PE - BAT PANG THUC
Ngay soan: 5/4/2018 Ngay day: /4/2018
Phan I : cac kién thic can luu y

A2B< A-B=0

1-Dinhnghia:
{A <B& A-B<0
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2-tinh chat

+A>B < B< 4 +A>B>0 = A">B" Vn
+ A>BvaB>C < A>C +A>B = A">B" véinlé
+A>B=> A+C>B+C + |4 >[B] = A">B" vdinchin

+A>Bva C>D = A+C>B+D
+A>BvaC>0 = A.C>B.C
+A>BvaC<0 = A.C<B.C
+0<A<Bva0<C<D = 0<A.C<BD +tA<BvaAB>0 = %>%

+m>n>0vaA>1 = A" > A’

+m>n>0val0<A<]l = A" <A”

3 - mot s6 hing bat dang thiic

+A* >0v6i VA (dau=xayrakhiA=0)
+ A" >0 v6iVA (dau=xayrakhiA=0)
+]A|20 v6i VA4 (ddu=xdyrakhiA=0)

+ -|4 <A =4
+ |A+B|>|A|+[B| (d&u=xay rakhi A.B>0)

+ |A—B|<|A|-|B| (dé&u=xay rakhi A.B<0)

Phan 11 : mét s6 phuong phap chiitng minh bat dang thirc
1) Phuong phap 1: dung dinh nghia
Kién thic : Dé chitng minh A > B Ta chiing minh A — B> 0
Luu y diing hang bat dang thic M? > 0 v6i VM
Vidul Vx,y,zching minh rang :

a)x>+y>+2z° > Xy+yz+zx

b) x> +y® +2z° > 2xy — 2xz + 2yz
Giai:

a) Taxéthiéu: x* +y> +z2°-xXy —yz—2zx = %.2.(xz+y2 +2°- Xy — yzZ — 7X)

=3 [ + -2+ (-] 2 0 ding v6i moj xiy:ze &

Vi (x-y)? >0 v6iVx ; y .Dau bang xay rakhi x =y

(x-2)*> >0 v6iVx ; z. Dau bang xay rakhi x = z

(y-2)*> 20 v6iV z; y . Dau bang xay rakhiz=y
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Vay x* +y* +z°> > xy+yz+zx . D4u biang xdy rakhi x =y =z
b)Ta xét hiéu:
X2 +y?+27-(2xy —2xz+42yz) =x>+y’ +2° - 2xy +2x2—2yz=(X—y+2)°> >0
ding v6i moi x;y;z€ R
Vay x* +y? +z? > 2xy — 2xz + 2yz didng v6i moi x;y;ze R
Dau bang xdy rakhi x +y =z
Vi du 2: ching minh rang :
a’+b’ Z(a+b]2 . b a’+b’>+¢’ Z(a+b+c
2 2 3 3

2
a) j c) Hay tong quat bai toan

giai

a) Ta xét hiéu

(a-b) 20

2 12
a’+b’ _(a+bj2 _ 2(3- +b )_a2+2ab+b2 _ l(2a2+2b2—a2—b2_23b) =
2 2 4 4 4

B -

ao a2+ (a+b) a1 2 C o
Vay > Dau bang xay rakhi a=b
2 2

b)Ta xét hiéu:

2 2 2 2
a +b3 +c _(a+§+cj =é[(a_ )z+(b_c)z+(0_a)z}20

_a+b'+c a+b+c) . . | .
Vay 3 Z 3 Dau bang xay rakhi a=b=c
al+al+..+a> _(a +a,+..+a )
C)Tf;ng quét: 1 2 n o> ( 1 2 n j
n n

* Tém lai cac buc dé chitng minh A >B theo dinh nghia
Buéc 1: Taxéthiecu H=A -B
Buéc 2:Bién déi H = (C+D)? hoac H=(C+D)* +.+(E+F)?
Budc 3: Két luan A > B
2) Phuong phap 2 : Dung phép bién déi twong duong
Ta bién déi bat dang thic can chitng minh twong duong véi bat dang thitc diing hoac bat
dang thic da dugc chitng minh 12 diing.

Vidu 1: Cho a, b, ¢, d,e 1a cdc s6 thuc chiing minh rang

2
a) az+b?2ab b)a’+b’+1>ab+a+b  c)a’+b’+c’+d’+e’ 2a(b+c+d+e)
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Giai:
2
a) a’ +%2 ab<4a’ +b’ >4ab < 4a’ —4a+b’ >0 (Za—b)2 >0 (Bdtnay luon ding)

2
Voy a’ +% >ab  (d4u bang xay ra khi 2a = b)
b) a’+b’+1>ab+a+b<>2(a’+b>+1)>2(ab+a+b)
&a’—2ab+b’+a’-2a+1+b°-2b+1>0=(a—-b)’ +(a-1)°+(b-1)>>0 (luon
ding)
Vay a’ +b’ +1>ab+a+bDau bang xdy rakhia=b =1
c) a’+b’+c’+d’+e’2a(b+c+d+e) = 4( a’+b’+c’+d’+e’ )>4a(b+c+d+e)
2 2 2 2 2 2 2 2
<:>(a —4ab+4b )+(a —4ac+4c )+(a —4ad +4d )+(a —4ac+4c )20
=N (a—2b)2 +(a—2c)2 +(a—2d)2 4—(21—20)2 >0
Vi du2: Chiing minh ring: (alo +b1°)(a2 +b2) > (a8 +b8)(a4 +b4)
Gidi:
(am +b1°)(a2 +b2) > (a8 +b8)(a4 +b4) <a”+ab?+a’b"’ +b% >a” +a%* +a'b® +b"
< a'b’ (32 —bz)—kazbg(b2 —32)20 & a’b*(a®-b?)(ab-b%> 0
< a’b*(a’-b?)*(a*+ a?b*+b*) > 0
xyz=1
Vidu4: cho baso thuc khic khong x, y, zthéaman: 1 1 1 _ Xt ytz
x y oz
Chiing minh rang : ¢6 ding mot trong ba s6 x,y,z 16n hon 1
Giai: Xét (x-1)(y-1)(z-1) =xyz+ Xy +yz+zx)+ X +y+z- 1

I 1 1
=(xyz—1)+(x+y+z)-xyz(l+l+l)=x+y+z_(_+_+_) >0
x y z Xy z

(V\ll+l+l< x+y+z theo gt) — 2 trong 3 s6 x-1,y-1,z-1 am hoac ca ba s6-1 , y-1, z-1 1a
X y z

duong.

Néu truong hop sau xay ra thi x, y, z>1 —x.y.z>1 Mau thuin gt x.y.z =1 bat budc phai xay
ra truong hop trén tic la cé ding 1 trong ba s6 x ,y ,z 1a s6 16n hon 1

3) Phuong phap 3: dung bat dang thitc quen thuédc
A) mot s6 bat dang thirc hay dung
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1) Céc bt dang thitc phu:
a) X’ +y” >2xy b) x’+y’>| xy | ddu(=)khix=y=0

c) (x+y)224xy d)%+222
a

e . . a+a,+a,+..+a, _n ”
2)Bit dang thiac Co sy: ———— > Jaa,a,.a, Véi a >0
n

3)Bat dang thitc Bunhiacopski
(az2 +a; +....+a§).(xf +X; + oty ) 2 (2%, +8,X, ot a,x,)
4) Bat dang thiic Tré-bu - sép:

A

Néu

as<b<c N aA+bB+cC>a+b+c A+B+C
A<B<C 3 -3 3

. | a<b<sc aA+bB+cC a+b+c A+B+C
Néu = < .
A>B>C 3 3 3

a=b=c

Dau bang xay ra khi
8 {AszC

B) cac vi du
vidul

Cho a, b ,c 1a cdc s6 khong am chiing minh rang (a+b) (b+c)(c+a) > 8abc
Giai: Dung bét dang thic phu: (x + y)2 > 4xy
Tacé (a +b)2 >4ab; (b+ c)2 >4bc 5 (c+ a)2 > 4ac

= (a +b)2 (b +<:)2 (c +a)2 > 64a’b’c’ = (821bc)2 =(a+b)(b+c)(c+a) > 8abc

Dau “="xayrakhia=b=c

3 3 3
. N , . N a b c 1
vidu2: Choa>b>c>0 vaa’+b*+c’=1 chitng minh rang + + >—
b+c a+c a+b 2
a’>b’>>c?
A Z, .9 2 > >
Do a,b,c o1 xiing , giasua>b >c = a _ b _ ¢

b+c a+c a+b
ap dung BDT Tré- bu-sép ta co
, a b 2c>a2+b2+c2.(a+b+cjl

1
a +b? +c =
b+c a+c¢c a+b

2

3

3
‘b+c ‘a+c ‘a+b 3 2
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1 Lo , )
Vay Gl b +C s Délubangxayrakh1a=b=c=L
b+c a+c a+b 2 NE)
vidu3: Choa,b,c,d>0vaabcd=1 .Ching minh rang :

a’+b’+c’+d’ +a(b+c)+b(c+d)+d(c+a)=10

Tacé a’+b>>2ab; ¢’ +d?>2cd

Do abcd =1 nén cd=L (dung x+lzl)
ab x 2

Tacé a’ +b*+¢’ zz(ab+cd):2(ab+ib)z4 (1)
a

Mait khic:
a(b+c)+b(c+d)+d(c+a) = (ab+cd) + (ac + bd) + (bc + ad)

= (ab+Lj+(ac+Lj+(bc+i]22+2+2
ab ac bc

= a’+b’+c’+d’+a(b+c)+b(c+d)+d(c+a)=10
vi du 4: Chiing minh ring : a’+b’ +¢’ >ab+bc+ac
Gidi: Dung bat dang thitc Bunhiacopski

Xét cap s6 (1,1,1) va (a,b,c) tacé (12 +1° +12)(a2 +b’ +c?) > (1.a+1.b+1.c)2

= S(a2 +b’ +cz)2 a’+b’+c’+2(ab+bc+ac)=a’+b’ +c¢’ >ab+bc+ac
(dpcm)
D4u bang xayrakhia=b=c¢
4) Phuong phap 4: dung tinh chat cuaa ty so6

A. Kién thirc
1) Cho a, b ,c 1a cac s6 duong thi

a) Neu 251 tm 252F¢ b) Neu 2«1 th 22F€

b b+c b b b+c
2)Néub,d>0thity <<= 2%C¢ ¢
b d b b+d d

B. Cac vi du:
vidul: Choa,b,c,d > 0

a b c d
+ + + <
a+b+c b+c+d c+d+a d+a+b

Ching minh rang : 1<

Gido dn boi dudng HSG Todn 8 Trang 49 |



Nam hoc: 2017 - 2018

a a+d

Theo tinh chat cua ti 1€ thiic ta c6 <l= < (1)
a+b+c a+b+c a+b+c+d
Mt khc : a2 )
a+b+c a+b+c+d
Tir (1) va (2) ta ¢6 a . a . atd 3)
a+b+c+d a+b+c a+b+c+d
Tuong tu ta c6 : b <o . bta 4)
a+b+c+d b+c+d a+b+c+d
C c b+c d d d+c
< < (5); < <
a+b+c+d c¢c+d+a a+b+c+d a+b+c+d d+a+b a+b+c+d
(6)
cong vé vGi vé€ cua (3); (4); (5); (6) taco
P b ¢ d <2 (dpcm)

+ + +
a+b+c b+c+d c+d+a d+a+b
. a ¢
vidu2: Cho:(—<—vab,d>0
b d

ab+cd ¢

N a
Ching minh rang —<———<
8 b b id " d

3<£:>ab % j@<ab+cd<§_£:>3<ab+cd<£ (dpem)
b d b* d? b> b*+d* d* d b b*+d* d P

vidu 3 : Cho a;b;c;d 1a cac s6 nguyén duong théa man : a + b =c+d =1000

Giai: Tu

N cz . 2 A 9 a b
tim gid tri 16n nhat cua —+ —
C

a+b b a

giai Kh()ngméfttinht(f‘}ngqua’lttagiést:ESE =< <—;—<lvia+b =c+d
c d c c+d d ¢
a,New:b <998 thi ><998 = 12 <999
d c d
b, Néu: b =998 thi a =1 334_3:14_% Pat gia tri I6n nhat khid = 1; ¢ =999
c c

Vay: gié tri 16n nhét ciia “+2 =999 + L khia=d=1;c=b=999
¢ d 999
1 1 1 3

. L . o . . N 1
Vidu4 : V6i moi so tu nhién n >1 chitng minh rang : —< + +.et <=
2 n+l n+2 n+n 4

Lol 6 k=123.0n-1
n+k n+n 2n

Ta co
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. 1 1 1 1 n 1
Do do: + +ot—>—+.F—=—=—
n+l n+2 2n  2n 2n 2n 2
. 1 1 1 1 L. R < . i
Vidu5:CMR: A= 1+ 5+ +—F+...... +— vOin>2 khong la s6 tu nhién
2 3 4 n
HD: i< L1 L; .....

27 1273 23
Vidu6: Choa,b,c,d>0 .Ching minh rang :

a+b b+c c+d d+a
2< + + + <3
a+b+c b+c+d c+d+a d+a+b
Giai :
Via,b,c,d>0néntaco: a+b < a+b < a+b+d (D)
a+b+c+d a+b+c a+b+c+d
b++c b+c b+c+a )
a+b+c+d b+c+d a+b+c+d
d+a < d+a < d+a+c 3)
a+b+c+d d+a+b a+b+c+d
Cong cic vé clia 4 bat dang thifc trén ta 6 :
9« a+b N b+c N c+d N d+a <3 (dpem)

a+b+c b4+c+d c+d+a d+a+b
5. Phuong phap 5:Dung bat dang thic trong tam giac
Luu y: Néu a;b;cla s6 do ba canh ctia tam giac thi:a; b; ¢ >0
Valb-cl<a<b+c ;la-cl<b<a+c ;la-bl<c<b+a
Vidul:
Cho a; b; cla s6 do ba canh clia tam gidc chiing minh rang
a, a’+b>+c?<2(ab + bc + ac)
b, abc > (a+b-c).(b+c-a).(c+a-b)
Giai

O<a<b+c [a’<a(b+c)

a)Vi a,b,c 14 s6 do 3 canh ctia mot tam gidc néntacé {0<b<a+c= b’ <b(a+c)
O<c<a+b ¢’ <c(a+b)

Cong ting vé c4c bat dang thic trén ta cé a’>+ b+ c>< 2(ab + bc + ac)
b)Tacé6 a>|b-c| = a’>a’—(b-c)’>0

b>la-c| = b*>b*—(c-a)’>0

c>la-b| = ¢>>c’—(a-b)>*>0
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Nhan vé& céc bat dang thifc ta dugc: a’b’c® > [az —(b—c)z}[b2 —(c—a)z}[c2 —(a —b)z}

= a’b’c? >(a+b—c)2 (b+c—a)2 ((:Jra—b)2 = abc >(a+b—c).(b+c—a).(c+a—b)
Vi du2: (d6i bién s6)

Cho a,b,c 1a ba canh clia mét tam gidc. Chitng minh rang a + b + ¢ 22(1)
b+c c¢c+a a+b 2

+z— +X— +y-—
bitx=b+c;y=c+a ;z=a+b taco azizX ; b=Z ; y;c:X ; z

yHzoX ZHXTy XHYTZz 3 Y Z X2 XY 3
2x 2y 2z 2 x X y y Z z

taco (1) <

e (L+ 5+ E+5+E+2) 26 1a Bdt ding?
X 'y X z 'y z

Vi du 3: (ddi bién so)
1 1 1
2 T3 T
a~+2bc b +2ac ¢ +2ab

Choa,b,c>0 vaa+b+c<l.Ching minh rang : 29 (1)

Gidi: Patx=a’+2bc ; y=b’+2ac ; z=c’+2ab
Ta c6 X+y+z:(a+b+c)2<1
I 1 1 . N
(1) @—+—+—29 Véix+y+z<l1 vax,y,z>0
X y z
Theo bat dang thitc Cosi ta c6:
X+y+z2> 3.3Xyz Vﬁl+l+123..3L:> (X+y+z).[l+l+lj29
X y 2z \/xyz X y z
6) phuong phap lam troi :
Ching minh BDT sau :
1 1

a) L+L+...+ <=
1.3 3. (2n-1).2n+1) 2

b) 1+—+ + <2
1.2 123 1.2.3...n
) 1 1 (2k+1)-k-1) 1( 1 1
a)Taco : =—. =— -
(2n-1).(2n+1) 2" Qk-1).2k+1) 2\ 2k-1 2k+1

Cho n chay tir 1 dén k .Sau d6 cong lai ta c6
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1 1 1 1 2 1
—t—+..+ =—.(1— j<— (dpcm)
1.3 3. Qn-1).2n+1) 20U 2n+1) 2

b)Taco: 1+—+ ! .ot ! <1+L+L+ ..... + !
12123 123..n 12 123 (n=1).n

<1+ 1—l+l—l+
2 23

Bai tap vé nha:

+(L—lj < 2—l< 2 (dpcm)
n

n—-1 n

1) Ching minh rang: x> +y* +z°+3 > 2(x+y +2)
HD: Taxéthiéu: x> +y* +z2° +3 —2(x+y+z)=x"-2x+1+y’ 2y +1 +z* -2z +1

2) Cho a ,b,c 12 s6 do ba canh tam gidc. Ching minh ring : 1< 2 4 b S <
b+c c+a a+b

a a+a 2a . a a
(HD: < = va >
b+c a+b+c a+b+c b+c a+b+c

1 1 1 1 1
1< + ..t ot —+
n+l1 n+2 2n+1 3n 3n+1

ap dung phuong phap lam troi

4) Cho a, b, ¢ > 0. Chitng minh rang L+%+£ >a+b+c
a c
HD: ¢ ﬁ_c(_m_ajzz ac b, be ab,
a a c a ¢

Liém Phong, ngay thang 4 nam 2018
Ky duyét

Nguyén Manh Thiing
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