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m)r 56 BAI TOAN 3
vE TiNH CHAT CUA DA GIAC

VU HUU CHIN

(GV THCS Héng Bang, Hong Bang, TP. Hai Phong) )

1. Cac dinh nghia
a) Dinh nghia 1: Pa gidc 4 4, 4,....4, 1a hinh gém
n doan thing (n=3), trong d6 bat ki hai doan
thing nao c6 mot diém chung ciing khéng cing
nam trén mét duomg thang.
b) Pinh nghia 2: Da giac 16i 1a da giac luén nim
trong mét nira mat phang ma b 1a dudng thing
chira bat ki canh nio cua da giac do.
c) Dinh nghia 3: Da giac déu la da gidc co tit ca
cdc canh bing nhau va tat ca cic goc bing nhau.
2. Cic tinh chit
Tinh chdt 1. Tong s6 do cac goc trong cia da gide
n canh bing (n—2).180°.
Tinh chit 2. Mdi goc trong cia da gidc déu n
(n—2).180°
— :
Tinh chit 3. Tong s6 do cac géc ngodi-elia da
gidc n canh bang 360° (tai m&i dinhechi*tinh mot
goc ngoai).
Tinh chat 4. SO duong chéo cua da giac n canh 13
n(n=3)

=
DANG 1. CAC BAI TOAN TiNH SO CANH,
GOC CUA PA GIAC
Bii toan 1.1.

rang da giac do co:

canh bfmg

linh so canh cua mot da giac, biét

a) Tong cac goc trong bang tong cac goc neoai.
b) So dwong chéo gdp doi so canh.
c) Tane ¢

2570",

de goc trong trie di mot goc cua da gide

Léi gidgi. Goi so canh cua da gide 14

a) Tong cac géc trong cua da gidc » canh la
(n—2).180". Tong cic goc ngoai cua da gidc la
360°, suy ra: (n-2).180°=
s canh cua da gidc 1 4.

360" < n=4. Vay

b) S& dudmg chéo ciia da gise n canh 1 @

Suy ra Mo

=2nenn=-3)=dnnn-7)=0
& n=7 (vin>0). Viy sd canh cia da gidc 14 7,
¢) Go1 mdt goc trong cia da giac la A Ta cé:

(n—2).180" - 4=2570° & A =(n-2).180° - 2570°
Do 0° < 4<180° nén 0<(n-2).180° —2570° <180°

. 250
180

= 0< ﬁlﬁﬂﬁﬂ-lﬂ']-j-s'{l

-::}lﬁ—ﬁ-{n{l?i~
18

Do n 1a s6 ty nhién nén » = 17. Vdy s0 canh cua
dagiacla 17.

Bai todn 1.2. Cho hai da gide déw D, vé D, . Tinh
5o canh cia Dyva D,, Biét rang

a) Tt 56 mai goc trong cva Dyova D, la 5.7

b) 77 56 moi goc frong cua D, va D, la2: 3.
Loi giai. a) Goi s0 canh cua da giac déu D,, D,
thatwlam, n (m, neZ” ,m n=2).

M@i gac trong cua da'giac déu n canh la

(n—2).180"
H
Mai gée trong cia da gidgc déu m canh la
(m—2).180"
iy
; e 0 - 0
Theo dé bai co: sl 140 » LM
n m 7
ol =E¢> Tmn—14m=5mn—10n
(m-2n 7 -

< mn—Tm+5n=0< (m+50(7-n)=135.

Dom, neZ ,m, n=>2,nénm+5>7, nén 35 chi
phén tich duge 35=35x1, Suyra

TOAN HOC
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m+5=135 m=30D

= .
T—n=1 n==6

Viy da giac D, c6 30 canh, da gidc D, c6 6 canh.

(n—2).180° (m—2).180"° 2

b) Tir gia thiét ta co: : =
" I 3

& (m+a)(6—n) = 24.

DomneZ . mn>2,nénm+4>66—n<4
Tu do chi xay ra cac trudmg hop sau:

m+4= 3 [m=4 m+4=12 [(m=8
G-asd |ww3’ - |G-ms e

{m-|-4=24 {mzﬁﬂ

L] f o .

6—n= a=E

Vay cic ciip (m; m) 14 (3; 4), (4; 8), (5; 20).

Nhin xét. Trong bai toan trén ta phai gian phuong trinh
nghiém nguyén, viée lam nay doi hoi hoe sinh phan xét
ddy du céc truomg hop. Trong céu a) hoc sinh nén gidi
han gi4 tri cta cac bién thi giam bét cdce trudng hop, 10
ziai nhu viay s& gon hon. Trong cdu b) hoc sinh hay
mic sai ldm lam thiéu trudmg hop.

L]

Bai toan 1.3
phdng co thé phu kin boi cac da giac deu bang

. Tim so tw nhién n. sao cho mar

nhat co n canh.

Lé&i gidgi, Mi goc trong clia da giac déu n cank

—_— L. =
(=180 | vi myt phing phi kin ¢
. n L

i 3 = =214
giac déu n canh, nén 360: (

Tiptl o b
r
n—2

2 el o i el o
" n—2 n—2

2 Al

B s

n—2 n—2
&S p-2e {1;2;4} (vin>2)ene {3:,4;6}.
Vay cac da giac déu co so canh la 3; 4; 6 canh
thoa man yéu cau bai toan.

=2+ ed” <n-2eU(4)

Nhdn xét. Bii todn lién quan dén tim gia tri dé cho biéu
thirc 12 sé nguyén. Pong thoi giai quyét duge van dé
bai todn thue té lat gach, Ngudi ta hay san xudt cac loai
gach 1t nén nha co hinh dang la hinh tam gide déu,
hinh vudng hodc hinh luc gide déu, thi khi dé mai lat
kin dwge nén nha. Chinh vi viy tra o1 duge ciu hoi tai
sao ngudi ta khong san xuat loai gach lat nén da gidc
déu cd s canh 14 5: 7 8:...

Bai toan 1.4. Cho luc gidge ABCDEF ¢6 56 do cdc
goc (tinh theo do) la s6 nguvén va A—B=B—-C

2 T?gl;'iug% S& 490(4-2018)

~C-D=D-E=E—-F. Gidg tri lén nhat ctia A
c6 thé biang bao nhiéu?
Léi gidi. Tong cic goc trong cua lyc gide bing

(6—2).180° = 720"

e Y

Pjt A-B=B-C=C-D=D-E=E-F=a
Taco A+B+C+D+E+F=720"
= A+ (A—a)+(4-20)+(A-3a)

+(A—4a) +(A-50) =720
& 6.4—150 = 720° <> 2. 4 = 50+ 240° (1)

-

Do A4 la sd ty nhién, A<180°, tir (1) suy ra A
chia hét cho 5 nén 4<175". Véi A= 175" thi

o =22". Gid trj 16n nhét cia 4 13 175°

Nhdn xét. Trong bai toan trén s6 do cac goe (tinh theo

d6) 14 s6 nguyén. Bai todn sir dung kién thirc co ban vé

tong cdc goe cna da gide, gid tri 16n nhét caa biéu thirc.,

Bai t(% 5. So do moi goc frong cua da gidac
h

{3’4?!.' la 80 tr nhién. Co bao nhiéu gia tri

" .I':F"]'{Jr.’.l' micin hai todn?

yi gigi. SO do moi goc trong cua da giac déu »

0
cuh i 2B e
"
R e Al o W s Y B
n i

hay # |4 wde cia 360, (n = 3). Co 360 = 2°.3%5
S6 cac wde cua s6 360 14 3+1).(2+1.(1+1) =24
(wde ty nhién). Do » = 3 nén phai loai cac uoc la
s6 1; 2. Vay con lai 1a 22 ude. Do d6 ¢6 22 gid tri
cua n thoa man yéu cdu bai toan,

Nhdgn xét. Bai toan lién quan dén sb cac wdc cia mot
g gl LT )
cde 6 nguvén 6 phdn biét) thi s6 woe cia N la
(x+1Myp+1(z+1)... .
dugre ¢o bao nhiéu loai da giac déu n canh ma so do cac
goe cia da giac 1a sb ty nhién.

DANG 2. CAC BAI TOAN TiNH TOAN,
CHUNG MINH DOI VOI LUC GIAC

Bai toan 2.1. Cho luc gidc déu ABCDEF. Goi H,
I, K lan lwot la trung diem BC, DE, AF.

a) Chimg minh rdang AHIK déu.

b) Cho AB = 2cm. Tinh dién tich AHIK.

sb tw nhién: Néu s6 fw nhien N =

Pong thoi bai todn giai quydt
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Léi gidi. a) Cac goc trong cia luc giac déu bing
nhau va bing 120°. Néi H véi 4, H véi D, thi
AHBA = AHCD (c.g.c) = HA = HD, HAB = HDC
— HAK = HDI. Do d6 AHAK = AHDI, suy ta
HK = HI.

Chimg minh tuong ty cd HI = IK, vy ta co:

HK = HI = IK = AHKI déu.

b)Ké CQLIH, DP1IH, KS 1L HI. Pit AB=a
= 2cm. Vi AHK] déu, nén B
BHK = CHI = 60", suy ra H

CHI + HCD =180". Do dé
HI | CD, CQ=DP K
= QH = IP. ,
Fl—sri
Do ACHQ wudng tai Q, ;

CHO = 60° nén

1
T DL
2 T

Suy ra QH:IP:E::HI=a+E+E=3—a=3cm.
4 4 4 2

T AHKT déu ta co:

fS=3—a:§cm, :'Gz?:':'"'Jlr":'a=3jullri cm,
i 4 2
'
Syxy = HILKS = 100 Se i W
" 2 29 16" 4

Nhgn xét. Trong bii todn trén cé thé ehtmg minh bing
cichchira AD=BE=CF,AD J/ BC /| EF,va HI 1a
dudng trung binh hinh thang BCDE. Tiép tuc khai théc
vé luc gidc déu bang cach thay dbi vi tri trung diém
canh cia luc giac déu ta co bai todn.

Bai todn 2.2. Cho luc gidge déu ABCDEF. Goi M
va N theo thu tw la trung diém cia CD, DE. Goi |
la giao diém cua AM va BN.

a) Tinh s6 do . l_fTH.

b) Goi O la tam cua lue giac déu ABCDEF. Tinh
86 do ”}.!"3'.

Lai giai.

a) ViAD = BE =CF, nén
AADM = ABEN (c.g.c)

= 4, = B,. Goi O 14 giao
diém AD va BE ta c6

1

A

Y
¢duong trung tryc cua B
tam gidc AEC cat nhau F

Goi K 13 giao diém AM va BE. Xét AAOK va

ABIK c6 4 = B;; AKO = BKI, suy ra

BIK = AOB=60" hay AIB=60".
b) V& OG L AM,OH 1 BN. Ta cé AOGA = AOHB,
nén OG = OH = OI 1a tia phan giac AIN. (1)
V& EE' L BN, DD' | AM, DI}, L BN. Ta ¢ EE'= DD'
Ma EE'=DD, nén DD, =DD'. Suy ra ID la tia
phén gidc cia MIN. (2)
Tir (1) va (2) suy ra OID =90".
Nhin xér. Trong bai todn trén gdc nhon tao bai giira
duémg chéo AD va BE bing 60", suy ra goc nhon tao
bai gitta AM va BN ciing bing 60" . Tir d6 chimg minh
duge tinh chat OF 1 ID.

-

Bai toan 2.3. Cho luc gide ABCDEF ¢6 I
AB=BC . LD =DE, EF=FA. Chimg minh f'tfrxa_s;
ton tai Wutticm cach déu tdt ca cde canh clia lic
idg giveho.

Loi gigi. Gia sir cac

tai I. Tr AB=BCnén B
nim trén trung tryc cla »
AC. AABCcéintai Bnén E

IBA = IBC. ;
Do d6 I cach déu 4B va BC. Chimg minh twong tu
[ cach déu CD va DE, I cach déu EF va AF.
Tir 7 la giao diém cic dudng trung tryc cua
AACE = I4 =IC = IE va cic tam giac IAC, ICE,
IAE cén tai dinh /. Do do

I4B = ICB, ICD = IED, IEF =IAF.
Tit FAB = BCD =DEF
= IAB+ IAF = ICB+ICD = IAF = ICD
Ma [AF =IEF.ICD = IED = [EF =IED, nén I
cach déu ED va EF. Cing 6 ICD=ICB , nén I
cach déu CD va BC; IAF = I4B nén I cach déu
AF va AB. Tir d6 dé thdy diém [ cach déu céc
canh cta luc gidac ABCDEF.

it EONROC 3




Nhiin xét. Trong bii toan lyc gidc ABCDEF gin déu,
luc gidc trong bai toan luén cé | diém céch déu cac
canh ciia luc gide. Thay d6i gia thiét A=C =E bai gia

thiét B=D= F ta c6 bai todn mai.

Bai toin 24 ( ho  luc afu{ ABCDEF co

B=D=F, AB=BC, CD=DE, EF = FA. Goi K

la diém doi xune voi F gua AE. Chirng minh tur

gide BCDK la hinh binh hanh.

Lai giai. :

Ta co AABC 2 AAFE (g.g) 7

Mi AAKE =AAFE, nén Bg(  / B/q

AABC &> AAKE \ o Nl

o) |I Jrl,- K-|H"'-.._ |

AL AB BAK CAE W, " -. H.-\""\-\. £
AE AK’ % b

= ABAK <2 ACAE (c.g.c). “‘%

Chimg minh tuong tu

ADKE =2 ACAE. Suyra ABAK <~ ADKE.

Ti s6 déng dang %:i, nén ABAK = ADKE

-

= BC = DK.
Chimg minh twong tir ta c6 CD = BK. Viy tr gidc
BCDK la hinh binh hanh. ;
Nhdn xét. Bai toan 2.3 va bai toan 2.4 chi khic nhanta
thay gia thiét A=C=E boi gia thiét B= DEF, khi
d6 ta 6 bai toan mai vé luc gidc. Trong b 104n 2.4 dé
chirng minh hai doan thing bing nhaw'dwa vao hai tam
gidc dong dang Trong luc gidc déu e6 cac canh doi
song song va bang nhau. Néu luc gide co cac canh doi
song song va khoang cach giira cic canh d6i biing nhau
thi ta 6 bai toan.

4BCDEF co ¢ }

ich cdc ¢ ‘el ]

Bai toan 2.5. Cho lue giac canh

doi song song va khoang cc fai PLH r
HIcTn.

a) Cho FAB =CDE=%". Tinh

goc fgo Dol gira

Jir

rong thang BE va CF.

b) ( Jf.w o "-'J'l trung triee cna cac duong chéo
AD, BE, CF
Lai gidi.

a) Luc giac cd cac canh
dbi song song suy ra cic
goc @bi cua luc gidc
bang nhau. Do khoang
cach giita cdc canh d6i
bing nhau suy ra cic

{’.F.-E_"{ Y.

dudmg chéo chinh cua lue giac 14 phin gidc cua
cac goc di cho.
Kéo dai ciac canh AB, DE, AF, CD tao thanh hinh
binh hanh AIDK, do AD la phin gidc goc 14K,
nén AIDK 13 hinh thoi, ma FAB = CDE =90° suy
ra AIDK 14 hinh vuong. Gia sir cac duong chéo
chinh cua luc gidc ABCDEF cit nhau tao thanh
APOR.
Xét ACPB c6C, + B, + BPC =180". Ta thiy
2C, +2B, +C, + B, =360°".

Vi AIBC vudng tai [ nén

C, + B, =90° = 2(B, + C,) = 270".
Tir d6 suy ra BPC =45". Vay géc nhon tao bi
BE va CF bing 45°,
b) Xét AIBC c¢O BP, CP la phin gidc ngoai cua
gbc B va goc C. Suy ra [P la phan giac trong cua
BIC. o AIAD cin tai 7 nén [P 1a trung tryc cua
AD,do'd6 PI chira duong cao cua APOR.
ChUng minh tuong t trung truc cua BE, CF trung
vo1 cac duong cao cua APQR.
Viy céc dudng trung truc cia AD, BE, CF déng
quy.
Nhdn xét. Trong bai toan 2.7, luc giac ABCDEF thoa
miin cac canh dbi song song va khoang cach giira cdc
canh d6i bing nhau khi d6 trung trire cua cac dudng
chéo chinh déng quy. Lyc giac thoa man diéu kién bai
to4n khi kéo dai cac canh thi sé tao thanh cac hinh thou.
Bai todn 2.6. Cho luc giac ABCDEF. Goi M., §,
N, O, P, R thir tu la rung diem AB, BC, CD, DE,
EF, FA. Chuimg minh
MNP va SOR la triing

trone tam cua hai fam giac

1.

Goi Pl la
duomg trung tuyén cua : i %
AMNP, SK 1 duomg ‘€
trung tu}rén cia ASOR, 5 K‘X%
O 1a trung diém AD. Ta e |
c6 OM la dudng trung binh A4BD, SN la dudmg
trung binh ABCD, suyra: OM = SN,OM |/ SN
— OMSN 1 hinh binh hanh= S, I, O thing hang,
SI=0I. Chimg minh twong tu ORPQ la hinh
binh hanh va P, O, K thing hang, PK = OK. Xét

Loi gidi. et
1%

R
M
—




AOPS c6 SK, PI 1a duong trung tuyén cua tam
giac cit nhau tai G, suy ra GI = %PI,GK =%SK.

Do do G dong thi 1a trong tim AMNP va ASRQ.

Nhén xét. Trong bai toan trén ddi voi luc gidc bét ki,
déu co tinh chat trong tim cta hai tam gidc thoa man
bai todn l4 tring nhau. Bai toan 14 bai co ban, hgc sinh
duge cing cb vé kién thirc trong tdm cua tam gide.

Bai toan 2.7. Chirng minh néu mot luc gidce

cde duong chéo chinh noi cac cap dinh aoi dién

chia luc gide thanh hai phan co dien tich bang

nhau thi ba dirong chéo do dong guy.

Léi giai. Goi luc giac
ABCDEF c¢o cac duong
chéo chinh la 4D, BE, we
CF. GoH=ADNCF.
Ta oo
Saper = Scoer
1
= "‘E’ S 48CDEF

— SA.DF = SCD'.F = AC ,|'II,I|r .DF Ch{rng Iﬂ.ll'lh t‘l.I'Ul‘J.g
tu BF Jj CE, AE Jf BD. Goi I, K tht ty 1a tyiig
diém cua DF, AC, ta ¢6 K, H, I thang hangad”

B o0 Bl '

BE o A
Do K, I lan luot 1a trung diém ACSED nén

1 1 1
Skinc = E Sscor> Semp = ESDEFVFHKC.' = “2“5.431&“

(1)

|
= Sgipc + Sep + Skac = ESABCDEF'

t | .
Ma Sgepe = 55 Agcper TEN

Spcpe = Skipe +Sem + Skac-
Gﬂl H'Z B.Eﬁﬂ thi S.BKH' :S.EJ.H" 511}-’ ra
Bl f EK, ma KC [/ IF,BF j| CE = AEKC “2ABIF
BI IF FD
: == =
7 el o e |

. mat khac BI J/ KE nén

BI 2 H'F FD__ H'I {2)
KE H'K AC H'K
HI H'T
Tu(l)va(2)suyra —=——=H=H".
()va2)suyra —=—

Viy AD, BE, CF dbong quy.

Nhén xét. Trong bai toan trén sir dung céc kién thirc vé
dién tich da gidc, hai da gidc c6 dién tich bing nhau.
Viéc chimg minh ba durong chéo chinh déng quy trong
bai 2.7 14 bai toan kho.

Bai toan 2.8. Clhumg minh trong mot luc giac I
moi mo trong ba doan thang noi trung diém cua
cdc cdp canh doi dién chia luc gide thanh hai
phi n co dién tich .-"J,-';'uj; nheni thi ba doan thang do

O gy

Léi gigi. Gia su luc giac do la ABCDEF. Goi
A.B.C,.D,E,F, thir tv 1a trung diém cua AB,
BC,CD,DE EF, FA. ’ T

Goi BEva CF cit A r
nhau tai O. Do4la & jﬂ'

—
—

trung diém AB, nén PR
540_41 = Sﬁﬂ"{l = . £, ks, ||D
Tuong tu:

Sson, = S¢es = b. Scoc, =Spoc, =¢ Spon, = Spop, =4,
5&;@ =-Sm£.l ity Sﬁw; =SAOF, =
Do B E va C\F; chia dién tich luc giac ABCDEF
thanh hai phan bing nhau, nén S = Scgac,
=e+f=b+tc=2e+f)=2(b+c)
= S 06r =Ssopc = Soer +a+d =Spopc +a+d

1
= S 0008 =S 40D,EF4 = ESA'RCDEF = S40p, =0

nén O thudc doan thing 4D, ViyAD, BE,
CH ddng quy.

Nhgn xét. Bai 2.7 va 2.8 1a hai bai sir dung kién thirc
vé dién tich da gidc, va chimg minh ba duémg thing
démg quy. Trong bai 2.8 dé chimg minh diém O nim
trén AD; ta chimg minhS,on =0 la cach chimg
minh khong duge dung nhiéu trong cac bai toan co ban.
Bai toan 2.9. Noi mot diém P nam trong mot luc
gidc deu ¢o canh 1| voi cde dinh cua luc giac do,
ta dwoc sau tam gidge. Chirng minh rang trong so
ser tam gidac fF:'f ton tai hai tam gidc ma moi canh
khong nwho hon .

Léi gidi. Goi O 1a tim cua lyc gidc déu ABCDEF.
« Néu P tring vai O thi bai toan dwgc chirng minh
* Xét truomg hop P khong trung véi O. Gia sir O
nam trong (hodc trén bién) APAB. Ta co:

TOAN HOC
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PAB =60, PBA= 60" nén APB<60". Do do
PA> AB= 1,PB> AB =1.

Nhu vdy APABcéd céc R
canh khong nho hon 1. Xét g p C
hai tam gidc PAF, PBC, c6 V
PC+ PF2CF =2,nén \
trong hai doan thing PC, F ‘ B
PF ton tai mot doan khéng

A

nho hon 1, gia sot PC=1.
Thé thi APBC c6 cac canh khong nho hom 1. Vay
ton tai hai tam giac ¢d cac canh khong nho hon 1.
Nhin xét. Pi voi lue gide déu thi cd6 mot tim doi
ximng, goi 14 tim cua luc gide. Cac duwdmg chéo cua lyc
gidgc déu dong quy tai tim cua luc gide. D9 dai dwong
chéo chinh trong luc gidc déu bing 2 lan canh cua lyc
gidc. Trong bai todn trén phai xét cdc trudong hop thy
theo vi tri cua diém P nam trong luc giac.
Bai toan 2.10. Trong luc giac loi ABCDEF cic
dwdng chéo AD, BE, CF déu e dp dai lém hom 2.
Chung minh ."{ing fim dwwoe mot canh cua lue gidc
co do dai lon hon .
Xét AACE, khi
d6 trong tam gidc s& ton
tar mdt goc 1om hon hodc
bing 6 gia sir CAE = 60",
Ta co tia AD nim giita tia
AC, AE, ma

DAC + DAE = 60°,
nén DAC=30° hoic DAE >30°.
Gia st DAC=230", ké DH L AC thi

Loi gidi.

DH 2 —>»—=1,
2 i

Vi CD>DH >1 nén CD>1. Viy tén tai mot
canh cia luc gidc lén hon 1.

Nhin xér. Bai toan trén la bai toan kho, hoc sinh phai
biét cach xét tam gidc phi hgp. Trong bai todn c6 sir
dung tinh cht trong mét tam gidc vuéng cé mdt goc
nhon Iém hon hoiic bing 30" thi canh déi dién vai goc

dé 1ém hon hodc bing % canh huyén.

TOANH
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DANG 3. CAC BAI TOAN TiNH TOAN,
CHUNG MINH POI VOI NGU GIAC, PA
GIAC 7 CANH, 8 CANH, ...

Bai toan 3.1. Cho ngii gide deu ABCDE ¢6 cdc
durarng chéo AC va BE cdt nhau o K. Chung minh
rang CKED lé hinh thoi.
Léi gidgi. S6 do goc cia ngil
gidc déu bang

0
(5-2).180 _ 108" B

AABCcin & B, ABC=108".
nén 4, = C, =36". Do do:

A, =C, =108° -36" =72".
Ta c6 C, + D=72° +108° =180°, suy ra AC j/ DE.
Tuong tuw BE jf CD = CKED 1a hinh binh hanh.
Ma CD = DE nén CKED 14 hinh thoi.
Bai todn' ¥R Chirng minh rang ngii gide ¢6 ndm
canh _ﬁkﬁrj:é:”nh-:ﬂ.r va ba goc lién tiép bang nhau la

ngigvac de.

Wi gigi. Xét ngi gibc

W 4BCDE cb d
AB=BC=CD=DE=E4, )

A=B=C
Xet tr gmac ABCD, co
B=C, AB=BC=CD
= ABAC = ACBD. C D
Goi K=ACnBD thiAKBCcan ta1 K, suy ra
AKADcan tai K, nén KDA=KBC. Tir do
AD jf BCnén ABCD la hinh thang cin, do do
BAD =CDA => BAE = CDE . Chimg minh twong
t véi tr gide ABCE, ta duge BCD = AED.
Viy ngii gidc ABCDE ¢6 cac goc bing nhau, va
céc canh bang nhau nén la ngii gidc déu.
Nhin xét. Ta biét ring da gidc déu khi va chi khi né co
céc canh bing nhau vé cac goc bang nhau. Nhimng ngi
gidc trong bai toan chi cén cac canh béng nhau va ba
g6c lién tiép béng nhau thi ngii gidc do ciing la ngi
gidc déu.
Bai todn 3.3. Ching minh rang trong da gide déu
9 canh. hiéu gitra dwrong chéo lon nh it v dirong

cheo nho nhat bang canh cua no.



Léi gidgi. Gia s da gide déu 9 canh la
ABCDEFGMN dudmg chéo 16n nhit 1a AE, duong
chéo nho nhit 14 BD.

Dé chimg minh dugc
ABDE la hinh thang cén.
Ké BH 1 AE, DK 1 AE thi
BDKH 14 hinh chir nhat. Vi

ABC=140° nén ABH =30".

Ta céAH:EK:%- Viy M G

AE—-BD = AE - HK = AH + KE = AB.
Nhidn xét. Trong bai toan trén ta chimg minh dugc
ABDE 14 hinh thang cin. B6i vai da gidc déu 9 canh co
tinh chat hidu gitta dudmg chéo 1ém nhit va dudmg chéo
nho nhit bing canh cia no.
Bai todn

nhau, di dai cac canh la cac so nguvén. Chung

3.4. Mo: bat giac [oi co cac goc bdng

minh J'ciwf,; cde canh doi cua bt gice héing nhau.

Lai gidgi. Goi bat giac da cho 14 ABCDEFGH.

Ky hi¢u do dai cac canh theo hinh vé.

Mbi goc trong cia bit

giac 161 da cho bing:
(8=2).180°

a

—135%,

Cic goc ngodi cua bat | e o7

gidc 14 1807 —135° =45", ¥ RNl

Kéo dai cac canh 4B, CD, EF, GH

tao thanh hinh chir nhat IKMN. Tadeic canh dbi

cua bat giac song song. Do IK = nén

b ~doan o e ge B 6
'u'E ‘\"E w‘E “JIE ‘JE

Vi A, b, f. d 1a cic s6 nguyén duong va e—a la sd

nguyén suyra e—a=0=a=ec

Chirng minh twong tw cd c=g, b=f, d=h.

Nhin xét. Trong bai toan co vin dyng cong thire tinh
cac goc cua bat gide, véi cic goc bang nhau. Ngoai ra
con sir dung hai S0 bﬁng nhau thi cling 1a sb v ti hodc
ciing 14 s& nguyén.

Bai toan 3.5. K¢ rdr ca cec duong chéo cua mot
da giac loi 7 canh. Biét rang khéng c6 ba dwong
chéo nao dong quy. Co bao nhiéu giao diém ctia
hai dwong chéo nam trong da gidc.

Loi gigi. Moi giao diém coa hai dudng chéo
twrong tmg duy nhit véi mot tir gide 16i co chc
dinh la cac dinh cua da giac. Do do c6 bao nhiéu

" "'
Y

tir giac 16i thi ¢é bdy nhiéu giao diém cta hai
dudmg chéo nim trong da gidc (diém M Gng voi
tir gidc ABCD, diém N {mg voi to giac ABCE,
diém P img véi tor gidc

ABDE). 2 C

S tir gic tao thanh bing;

Véy s0 giao diém Ia 35 i

giao diem.

Nhign xét. Trong bai toan trén ta da dyga vao nhan xét:
(mg v&i mdi giao diém cia hai dwong chéo nam trong
da gidc tuomg (g véi mét tir gide 16i ¢é cac dinh la cac
dinh cua tir gide. Pong thai bai toan lién quan tdi cong
thire tinh t6 hop chip k cua » phin tir.

BAI TAP
I. Mgt da gidc 16i co nhidu nhit 14 bao nhiéu goc
nhon.

2. Goi x, lrot 1 s6 do mdi goc trong da gide
déu T,.ﬁ? m s6 canh clia 5T biét 5x—Ty=0.

3. A .,4" g minh rﬁng trong mdt luc gidc 1041, trung
. un}, cua cac canh nho hon trung binh ¢ing cua

ﬂﬁﬁ duimg chéo.

A4, Cho luc gide déu e6 canh bing 1 va mdt diém M
nim trong luc gidc. Noi M vdi cac dinh cuia luc olac,
ta duoe sau tam giic.

a) Chirg minh téng chu vi cia siu tam gidc dy lém
hon hodic bing 18.

b) Diém M & vi tri nao thi tong cac khoang céich tir
M dén cac dinh cia luc gide co gid tri nho nhit.

5. Cho luc gidc 16i. Chirng minh ring tén tai hai
dudmg chéo cua lyc @mac hodc song song hodc tao
véri nhau mét géc khong qué 20°,

6. Chimg minh ring trong mét ngd gidc 16i, chu vi
nho hon téng cic duong chéo.

7. Cho da giac 16i 7 canh. Ké tit ca céc dudmg chéo
cua da giac. Biét ring khong co ba dudmg chéo nao
dong quy. Hoi céc dudng chéo chia da giac thanh
bao nhiéu phan.

8. Cho mot da gidc 16i P ¢d 2008 canh, Hay tinh:

a) Sb cic dwomg chéo cia da gidc P,

b) Sb che tr gidc 161 co dinh 1a cac dinh coa da giac
P,

¢) Biét ring ba duomg chéo cua da giac P khéong
cing di qua mét dinh thi khéng ddng quy hiy tinh s6
giao diém (khdng phai la dinh) ciaa cic duong chéo
cua da giac P.

S6 490(4-2018)
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Hudng din giai DETHITUYEN SINH LGP 10
THPT CHUYEN HUNG VUONG, PHU THO NAM HQC 2017-2018

Ciau 1. a) Tir gia thiét ta co:

c—h
a+h=
a-b*=c-b a-b
bz—c3=a—c:¢<b+c=a_c
b-e¢
c—a* =b-a b—a
c+a=
c—a
O R sl g Ml e
a—b a—h
a—c a—h
:}‘lh+|’_'—l= -1=
h—c b-c
ML ETE
c—da c—a

Suy ra

c—a‘a—b_ﬁ—c yr

T=(a+b=N)b+c—c+a-1)=

a—-h b—c c-a

b) Ta cd
xt+x°
2

ol
& dm* +emx—xt -4 +2:.:2 =0

% +3mx +2m° =

5

)

Gia sir (1) 12 PT bac hai 4n m, con x 14 tham'so.

Khi do:
A'=9x% —4{—x* - x* + 268
=4x* +4x3 +x* = (222 + 0)
Do do tir (1) ta co
_m B —3x+(2x% +x) e X =x
4 2
= -3:;—[2)1:2 +x) o y® L0
4 2

[
x—x=-2m=10
—

_xz +2x+2m=0
Néu (3) va (4) co nghiém x, thi

xzu-.ro—Zm:[}
sl oy +Im=0
Suy ra
X, =0
Xy —xy == (% +2x) & S s
=
TOAN HOC
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(3)
(4)

« THL: x,=0=>m=0.
3

* THZ: % =—%:>m=§-

Phuong trinh di cho ¢6 4 nghiém phén biét khi va
chi khi (3) va (4) c6 hai nghi¢m phan biét va
khéng ¢ nghiém chung.

[Ay =1+8m>0 i ]

——<m<—=

A',=1-2m>0 8 2
—am=0 eamzl
Xy m#—
maﬁg | g

Cau 2. a) Xét phuong trinh x* +mx-3=0(1). Ta
thdy x = 0_khéng 1a nghiém cua (1) nén x# 0. Do
d6 m* #12.(m e Z) la s6 chinh phuong khi va chi
khi(l) ¢6 nghiém nguyén x;. Suy ra

3= xy(xp +m)ixng = xy € {-L-3; 1; 3}.
Ta co:
t xy==1=1-m-3=0=>m=-2;
* Yy=1l=1+m-3=0=m=2
* X =3=9+Im-3=0=m=-2;
* Xy =-3=29-3m-3=0=>m=2.
Véy c6 hai gia tri ciia m thoa mén la m =1 2.
b) * Vi 2 s6 nguyén t6 16n hon 2 déu tién 1a 3,
nén trong 11 sb nguyén td da cho co it nhat 9 s
I6n hon 5.
» Liy 9 s6 nguyén t6 1én hon 5 d6 chia cho 3 chi
6 céc sb dur 13 1 hodic 2. Do d6 trong 9 s6 nguyén
tb 16m hon 5 ¢6 it nhét 5 s6 ¢6 clng s6 du khi chia
cho 3. (1)
» Trong 5 s6 nguyén t6 ¢6 ciing s6 du khi chia cho
3 nay khong c6 sb nao chia hét cho 5 nén ton tai it
nhét hai s6 c6 cung s6 du khi chia cho 5. (2)
Goi hai s6 d6 1a a, b. Tir (1) va (2) ta co:

5
3]

-b:3 4 "
{"" 'b, = (a-b)15= (a® —b*)}15.
a—b:5

Vi a, b la céc s6 1é nén ta co:

- .2 ] 2
{z+§32:> a® -b =(a—b)a+b):4.



Viy (a* —5%):60.
Ciw 3. a) Ta c¢6 PT da cho twong duong vai PT

saw: (2x—2)° —(2x-2)=3x+1-3x+1. (1)

B 2 0] theyviin (1) i 064

d v ay vao ta co duogc:
v=+3x+1 ?

u’ —u=v —v e (u—vNu +v—1)=ﬂ<::»[
v=1-u

» THI:

xz1
H=v=afix+] =2x-2 &= 2
3x+1=4x" -8x+4

x=1
P e ;;-,_x:”J“ﬁ.
L4.t'—]l.r+3=ﬂ 8
« TH2:
3-2x=0
vel-ut=3x+1=3-2x =
Ix+1=4x" -12x+9
X=— £
= AR «::bx:li Bﬁ.

4x* —15x+8=0
Viéy phuong trinh da cho c¢é hai nghiém:

_15-497 _11+473
8 TR

b)* Liy vé cong vé cua hai PT tuong img ta dugc:
(V2x+5+V20)+ (23 +9 + 2P9=14.
* Liy PT thir hai trir PT thir nhét ta dugc:

(2x+5- u"rﬂ)+[“"2y+ .JZ__}’}—

5
i T e J2y+9+\/_

Dit w=2x+5+2x,v=2y+9 + /2. Taco:

= {u=5 {H=7

5 B & hoac :
v=9

—4—=12 v=T
u v

fu=5 |V2x+5+V2x=5 [x=2
« TH1: Vin s P :
=1 M2y +9+. 2y =9 y=_8
e TH2: V& u=v=7
_ 242
:>J¥EI+5+JE_I=T<:} sl 49
Ervos iy =17 |, _20
49

242 200
Vay hé da cho co hai nghiém (2;8
y ghigm ( )(49 49]
Cau 4.
G

a) Tacod OA4 = OB, BAO = 60" nén tam gidgc OAB
déu. Tuddsuy ra:

DBA =30 DAB = 60" = ADB =90"
Vi tam gidc ABC can tai A va N la trung diém cua
BCnén AN L BC hay ANB=90". Vi

ADB + ANB =90" +90° = 180"

nén tir giac ADBN ndi tiép.
b) Goi J la trung diém cta FB. Vi

DA L BD
W
OB L BD BO FB
Mg PA_DA_1_AF 1 _ o oms
BO 4B 3 FR 2

Ta lai ¢6 J 13 trung diém cua FB nén AF = FJ =JB,
suy ra F'la trung diém cua AJ.

Vi O 1a trung diém cia BE, J la trung diém cua
BF nén OJ la dudng trung binh cua tam giac BEF.
Suyra OJ J EF. (1)

Vi N 14 trung diém cua 4O, F la trung diém cia
AJ nén NF 1a dudmg trung binh cta tam gidc A0J.

Suy ra NF jf JO. (2)
: . FNGJJO . : :
T (1) va {2}::‘{&:;“0 nén F, N, E thing hang.
(Xem .r.r'{;:.ﬂ tranz 11)
. TOAN H
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PE THI TUYEN SINH VAO 10 THPT CHUYEN BiNH LONG, BINH PHU'GC
NAM HOQC 2017 - 2018

VONG 1

(Danh cho tdt ca thi sinh; Thoi gian lam bai: 120 phiit)

Ciau 1 (2 diem). >
1. Tinh gia tri cua biéu thirc sau:

Aiﬁ-ﬁ B_.? v'r“ 2+~f_

2. Cho biéu thirc
o 1 \x+2
L_JJ_H’? Jx - 2/1 Jx

a) Rut gon biéu thirc V.

v x>0, x20.

b) Tim gid trj ciia x dé ¥ %-

Céau 2 (2.5 diém).

1. Cho parabol (P):y =2x* va duong thing &
y=x+1.

a) V& parabol (P) va duong thing d trén cling mt
hé truc toa do Oxy. :

b) Viét phuong trinh dwdong thing 4, song song
véi dudmg thang d va di qua diém A(-1;2).

2. Khong sir dung may tinh giai hé phuong erh

3x—2y=75"
2x+y=8

Cau 3 (2 diem).
1. Cho phuong trinh: 2x% - 2mx+m’ —2=0 (1),
vl m 1a tham so.

a) Giai phu-:mg trinh (1) khi m=2.
b) Tim cac gia tri cua m dé phm:mg trinh (1) co
hai nghiém x, x, sao cho biéu thirc dat gia tri lén

ﬂhat. A= |2I|_¥2 =Xy =Xy —4|

2. Cho vudn hoa hinh chit nhét ¢é dién tich bang
91m? va chidu dai 1én hon chiéu réng 6m. Tim
chu vi cua vuron hoa?

Ciu 4 (1 diém). Cho tam gidc ABC vudng tai 4,
dudng cao AH. Biét BH =4cm, CH =%m.

a) Tinh do dai dwong cao AH va ABC cia tam
giac ABC.

b) V& dudhg trung tuyén AM (M e BC)cia tam
gidc ABCinh AM va dién tich tam gidac AHM.
CAnS (7.5 diém). Cho dudng tron (O) dudmg kinh
AB Ve tiép tuyén Ax voi dudmg tron (O) (4 1a tiép

~@iém). Qua C thudc tia 4x, v& duong th:-mg cat

dwong tron (O) tai hai du:m Dvak (D nim giita
C va E; D va E nam vé hai phla ctia duong thing
AB). Tir O v& OH vubng goc voi doan thang DE
tai H.

a) Chimg minh ring tir gidc AOHC ndi tiép.

b) Chirng minh: AC.AE=ADCE

¢) Puémg thing CO cit tia BD, tia BE 1an lugt tai
M va N. Chimg minh ring AM j/ BN.

(Dénh cho thi sinh thi chuvén Toan; Thot gian lam bai: 150 phuir)

Cau 1 (2 diém). Cho biéu thirc

JE —X+Xx x+6_.ﬂ+l

P & , Vol x20,x#1.
Jx12  x+x-2 Jx-1
a) Rut gon biéu thirc P.
b) Cho biéu thire 0= Sl , ¥Oi1 x20,x=1,

(Wx +3)x-2)
x#4. Chimg minh Q=6.

Céu 2 (1 diém). Cho phuong trinh
X2 —2|[m—1}:vr+m2 —3=0voixla 5'.11, m 1a tham so.
Tim m dé phuong trinh ¢6 hai nghiém x, x, sao
cho %* +d% 423, —2my =1,

Céiu 3 (2 diém). a) Giai phuong trinh:

TOAN HOC
10 Cl'u61t5

S6 490(4-2018)

X4+ 24T =x=2x-1 +'..l~:vc2 +8x—-T +1.

b) Giai h¢ phuong trinh:
dofx+1—xy y2+4={} (1)

- +1+3Wz-1=07 (2

Ciu 4 (3 diém). Cho tam gide ABC ¢6 BAC =60,
AC=b, AB=c (b>c). Pudng kinh EF cia dudng
tron ngoai tiép tam gidc ABC vubng gé:: vai BC
tai M (E thugc cung lon BC). Goi [ va J la chén
ducmg vudng goc ha tir E xudng cac dumlg thang
AB va AC. Goi H va K 1a chan dudmg vuéng goc
ha tir F xudng cac duomg thing AB va AC.



‘¥ a) Chimg minh cac tr giac AIEJ, CMJE néi

tiép va EAEM =EC.EI.

b) Chirng minh 7, J, M thing hang va IJ vudng

goc vai HK.

¢) Tinh d¢ dai canh BC va ban kinh dudng tron

ngoai tiép tam giac 4BC theo b, c.

Cau 5 (1 diém). Chimg minh biéu thirc
S=w(n+2)* +(n+ 1)’ =5n+1)-2n-1

chia hét cho 120, véi n 14 s6 nguyén.

S o s o o e o o e e ofe ot e o e o B

HUONG DAN GIAI ... _

(Tiép theo trang 9)
¢) Goi G, K lan luot 1 giao diém cua EI véi cac
dwdng thang AC va AO. Ta co

BO O 0OF BO
Te D hE o Be
Taco: BO=AC=AB=2D4

= GA=GD+DA=DC+DA=3DA+DA=4DA4,

QE=0B=2DA e
od v

= DC = DG.

K |
Suy ra Enzﬂ—zvﬁAKleU.
K4 GA 12

Trong tam gidc ABE ¢6 AO la tring tuyén va
K € A0, 4K = 2KO nén K 1a trong tim tam gidc
ABE hay EK di qua trung diém M cua AB. Vay
MI, BO, FN dong quy tai E.

i g 15
Ciu 5. Ta ¢6: P=x? +y2 +z‘+EI}’2
S 80
=(x+y+z) +*£A:vz"2(3}*+}*2+zr}

=l+-;~[9m~4{xy+ yz+zx)].
Xét ham sé g(x)=ax+b voi a <x<p. Ta co:
ca>0= g(o) < g(x) < gB);
*a=0=g(x)=gla)
*a<0=g(P)=g(x)<g(a)
Viay min{g(a); g(B)} < g(x) < max{g(a):g(B)}.

Cau 6 (1 diem).

a) Cho ba sb a, b, ¢ théa man a+b+c=0va |a|<l,

|b|<1,|¢|<l. Chimg minh ring: a* +5° +c8<2.
b) Tim gia tri nho nhét clia biéu thirc
@)+
C o (x=D-D)
vai x, v lacac s0 thyc 16n hon 1.
MAI VINH PHU
(GV THCS — THPT Tdn Tién, Bit Pdp, Binh
Phuréc) Gidi thigu

de e e o ok oo ok oo ke e sk ke ok ok ke ok ok ok ok ek ok ke A kb ke ko ok sk ke ok o o sk kel sk s b sk ok ol el e s ol st b e sl oo ookl sk o

Khong mit tinh tong quat c6 thé gia sir x> y>z
= —;ix <1l Tach
Oyz—Hxy+yz+2x)=(9yz—4dy—-4z)x-4yz.

bt f(x)=(9yz-4y—-4z)x—4)= vﬁi% <x<1. Coi

7(x) 1dham s6 bién x con v, z 1a tham sd.

Vi xzéﬁz‘—‘}’i*;::“*f+}'£§, dau bang xay
ra khi va chi khi y:z:%,

Mit khac x:%:‘:zﬂ.ﬂ:l—x:% do dé _v:z:%~

Suy ra f[%] =—1.

Véi x=1= y=z=0,suyra f(1)=0. Do d6

wia 70173 ) oy 03 )}

=15 f(1) <0 véi TS x<1,
1 1 : 1
Suy ra 1—E£P£1+G@E£P£1,Ta mP=E

khi x=y=z=%. Viy minF:é- Thgh P=]

khi x=Ly=z=a0 hoje y=lLx=z=0 hode
=l y=x=0,Viy max F=].

LE BA VIET HUNG

(Phong GD Trung hoc, So GD&DT Phii Tho)

TOAN HOC
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CHUAN B|

CHO KY THI
TRUNG HOC
PHO THONG

Dé giai nhanh bai todn cue tri trong hinh hoc

toa d khong gian, chung ta can tim dwge vi tri

ddc biét cua nghiém hinh dé cuce i {s.:”; do goc,
khoang cach, dé dai) xay ra. Khi biét vi tri ddc
hiét do, viéc tinh todn chi con vai dong don
gian la ra két qua. Sau ddy cdc cdc bai toan
cuc tri thuong gap, ban chat hinh hoc ctia né va
cong thire giai nhanh bai toan do.

SBai toan 1. Viér phicong trinh mat phang di
qua mot dwong thang d va cach mot diém
M ¢ d mot khoang lon nhat.

Goi §. Goi hinh chiéu M
vuong goc cua M trén
mét phing (mp) va d lin
lwot & H, X Ta b
khoang cach tr M dén
mat phéng la doan
MH < MK. Vay MH lom nhit khi va awhi khi H
trung K hay mat phing thoa man fﬁ%u hen bai
toan d6 phai chira d va vuéng géc vGi mit
phang chira M va d. Mt phing cin tim co vecto

phap tuyén (VIPT) ﬁ:[[a;m]jj} trong

do Aed, u; 1a VTCP cia d.
Thi du 1. Viét pheong trinh (PT) mat phang
chira dwong thang d: ._1.:! = LI = i_% va cach
diem M(2:1;1) mor ﬂ'hmjfzq lom nhat.

Goi y. Taco uy =(2:1;-1),4=(1;0;-2)ed

= AM =(1;1;3). Viy
LHE;E],Q}:@&;@.
Viy PT mat phing can tim la:
(x-D+y+3Hz+2)=0=x+y+3z+5=0.

Thi du 2. Viét phwong trinh mp di qua diém
Al =21, diwomg  thang
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. r—1
d:—=——
3 2

lém nhat.
Goiy. n- [[a;m],u:}, PT mit phing:
1lx=16y+10z-53=0.

Thi du 3. Viét PT mat phang (P) di qua O,
vuéng goc voi mgt phang (Q):2x—y+z-1=0

== va cach goc toa do mot khoang
| .

2 & ; : :
10,2 | mot khoang lom nhat.

e |

va cach diém ‘w"
Goi y. B’anv.:hat mit phéng cin tim van di qua
duong i];ﬁng ¢d dinh qua O va vudng goc vai
(P).Nén VTPT cua mét phing cén tim la

- [ o¥ )

Thi du 4. Tim a dé khoang cach tir diém ML2-2)
dén mat phang

(PY: (1-a)x+(2-3a)v+az+1—-a=0
lom nhat.

Goi y. Ta co thé ép dung cong thire khoang
cach tryc tiép hodc mit phing da cho chira

; x+2y+1=0
dudng thing cb dinh 12 d:{“x_§y+z_] b
u, =(2;—1;-1) va di qua A(-1;0;0), do dé khoang
cach 1om nhét khi va chi khi
np =| (a5 AM Jjag |, tir 46 tim duge a=2.

& Bai todn 2. Viét phuong trinh mat phang (P)
chira dwomg thang d, tao vai duong thang d’ (d’
khéng song song vai dy mot goc lon nht.

Loi gigi. Liy K 1a diém thuge d, vé dudng
thing Kt/ d". Liy MeKt (M =K)va goi H, I
lan lugt 12 hinh chiéu vudng géc cua M trén (P)
vad. Khido

Ml

sin(d";(P))=cos KMH = B L —
KM KM



Vay gbc gitra d va (P) 16n nhit khi va chi khi H
trang 7, hay (P) 13 mit phing nhin M lam
vecto phap tuyén, hay (P) 12 mat phing chira d
va vuong goc vol mit
phang chita d, song “ _é '
song véi &. VTPT cia e 1_-'_
mit phing (P) cn tim
S ; %

Viét phuwong trinh mar phang (P)
s 41 )
chira d: —Tl = o

la n= [[Ea}a}

Thi du 5.

va fao vai duonge

s T ' - | Frre x
nang d : ———==: = mot goc lon nhdt.

2
Goi y. Ta ¢ n =[[@E]ﬁ] = (=3;12;-3). (P)
di qua diém A(1;-1;2) nén c6 phuong trinh

(x-D=4y+1)+(z-2)=0x-4y+2z-7=0,

Thi du 6. Viet PT mat phang di qua O va vudng

goc voi mat phang (P): 2x+v—-z—-1=0va tao
vai truc Oy mgt goc lom nhat.

Goi y. Ban chat bai todn van khnng thay dm,
mit phing cin tim ¢6 vecto phép tuyén

" =[[npu];np] =(=Z5D,
(j 1a VTCP don vi cua tryc Qy). Ny phuong
trinh mit phang can tim 1a: 2x -Sp= z=0

Thi du 7. Viet phweong trinh mat phang di qua
__] v =__"7

(), song song voi duong thang d:- o
2 1 3

va tao voi mdat phang (P): x+2y—z+1=0 mot
goc nho nhat.

Ggi y. Ban chit bai toan van la tim phwong
trinh mit phiing chira dwong thing a (qua O va
song song vdi d) va tao vdi dudmg thing b
vudng goc voi mp(P) mot géc lom nhéit. Vay

VTPT mp cén tim la
n=[uainp Jiug |=012:27-17),
Nén PT mp can tim 14; 12x+27y 17z =0.
Thi du 8. Viét phicong trinh mat phang di gua
#] 2

hai diem 1), B(2:1;3) va tao voi truc Ox

mot goc lon nhat,

Ggi y. Mit phing can tim di qua 4B, cling la
mp chira dwdng thing AB ¢b dinh cho trudc.

Viy n= [[AH;;:J; AE} = (17;1; -4},

(vai i 1a VTCP don vi cua truc Ox).
& Bai todn 3. Viét phuong trinh dwong thang d

di qua mot diém A cho trde va nam b ong mat
I.L’!'h:'}.r.'r.sg (P)Ycho triroc va cdch maot diém M cho
triece mot khoang nho nhat (AM khéng vudng
goc vai (P)).

Goi y. Goi H va K lan
lwot 14 hinh chiéu vudng
goc ciia M trén (P) va d.
Dé thay:

d(M;d)=MK = MH.

Khoang céch ndy nho nhat khi va chi khi
K = H. Hay d 1a duong thang di qua A va hinh
chiéu H-.¢ia M trén (P). VTCP cua dudng thing

@0r'du 9. Viét PT duwong thang d di qua goc toa
ae O, nam trong mdt phing (P): 2x—y+z=0
va cdach diém M (1;2;1) mét khoang nho nhat.

Ggi y. Ta cd VTCP cua duong thang can tim 12
g =| [y 0M i) | = (413:5). Vay PT duomg

thing cén tim la A o
4 1% 5 .
Thi du 10. Vier PT dwong thang d di qua diém

A(L1:2), vuwong goc voi  dwong thang
kEl yir=3-x . z s >
2w s va cdch gadc toa do O mot

khodang rho nhat.

Ggi y. Ban chat d van la duong thing di qua A
v nim trong mit phing cb dinh (qua A4 va
vubng goc voi a). Nén VTCP vin la

a-[[woi)a]

Thi du 11. Viét PT duong thang d di gua O va
song song vai mat phang (P): 2x-v-z+1=0
va cdch diém M(1;-1:2) mét khodang nho nhdt,

Ggi y. Ban chit d van 1a ducmg thang di qua O

va nim trong mat phing cd dmh (qua O va song
song véi (P)). Nén VTCP vén la:
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Uy =[[n_;,';ﬁf];ﬁ],

Thidu 12. Tim cap 56 H:é_{i{l'f:"}'} diweong (a, b) nho
nhat dé khoang cach tir O dén dwong thang
‘IJ.' =1+a+at
():sv=2+b+bt (az20)

‘_' 1+2a—h+(2a-b)t
la nho nhat.
Gei y. Puong thang d da cho di qua diém c6
dinh A(1;2;1) va do u, = (a;b;2a—b) L n(2;-1;-1)

nén d ndm trong mp(P) qua A c¢6 VTPT n. Viy

VTCP cua duong thing can tim i
s [[a;a};.-} _ (-8 -11;-5). VAy ta phai co:
a b 2a-b a=8
—— = = &
B bl g b=11

O Bai toan 4. Viét phwong trinh dwong thang d
di gua diém A cho truoe, nam trong mdt phang
(P) va cach diem M (M khac A, MA khong
vudng goe vai (P)) mot khoang lon nhit.

Goi y. Goi H , K 1in luot
14 hinh chiéu vudng goc
chia M trén (P) va d. Khi
do ta thay

d(M;d)= MK < MA,

khodng cach d(M;d) 1ém nhét kfll va chi khi K

tring A, hay d 14 dudng thing nim trong (P), di
qua A va vubng gbc voi AM. Pudng thing d
cn tim ¢6 VTCP 13 u; = np3 AM |.

Thi du 13. Viét phuong trinh dwong thang d di

qua diém A(1,1,-1) cho truoc, nam trong mp
(P):
khoang lém nhat.

Léi gid@i. Ta ¢6 VTCP dudmg thing cin tim 13

u=[AM;n |=(;3-1). Viy phuong trinh

2x—y—z=0 va cach diem M(0.2:1) mot

x-1 y-1_

dudmg thing can tim 14 = z+1:

~1
Thi du 14. Viét PT dwong thang d qua goc toa
do (O,

vuong goc  voi  duong  thang
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x =] V z
E||r| U - e - —

7 _'I —

va cdach diém M(2:1;1) moit

khoang lom nhdt.

Goi y. VTCP ciia duong thing can tim 12
i =[ng 0%
Thi du 15. Viét PT dwong thang d di qua diém

A(1:0;2), song  song voi mdat phang  (P):

-0va cach goc toa do O mol

P o s e
khoang lon nhat.

Ggi p. VTCP cia dudng thing can tim la

U= [Eﬁﬁ;h:]_
Thi du 16. Tim a dé dwong thing
x=1-2a+at
d: !1 2+ 2a+(1-ak (ala tham s50)

:=l+.r

cach ﬂ@ﬁw’ U| S -l mot khoang lon nhat.

=

Gp‘.’ ﬁ Dua vao PT tha:m sO cua duong thang d

__ da cho, ta thiy d di qua diém c6 dinh A(1;0;3)
% (fng vai ¢ = 2) va vudng goc voi duong thing

cbé VICP u, =(1:1:-1). Do d6 VTCP ctia duomg
thing d khi khodng cach tir M dén n6 1én nhat

1a u, =[in; AM | = (z =1 %}

: = 1 4

VA t G r: E=—:_. = —

ay ta phai co i i4:::-4:1 3
v

SBai toan 5. Cho mat phang (P) va diem
A e(P)va diromg thang d(d cat (P) va d khong
vieong goc voi (P)). Viét phuwong trinh duong
thing d' di qua A, nam trong (P) va tao véi d
mot goc nho nhat.

Gm . Tir A v& du'cmg
thﬁ.ng At/ d. Lﬁy
MeAt (M=A4) vagoi
H, I lan lrgt 1a hinh
chiéu vudng goc cua M
trén (P)vad’. Tacod

sin(d;d") = sin MAT = ﬂgﬁ
AM  MA



Viy goc (d; d’) bé nhit < I trung H hay d° di
qua A va H, hay & di qua 4 va song song vii
hinh chiéu vuéng géc cia d trén (P). VTCP cua
duimg théng " chn tm 1a . = ny3[ngsuy ]|

Thi du 17. Viét PT dwong thang di qua goc toa

do O, nam trong mat phang (P): 2x+y-z=0

i e 1 2 =iy 2Rl ;

va tao voi divong thang d:—=——=—— mol
: e

goc nho nht.

Goi y. VTCP cua duong thdng can tim la
u—u = [E;,[E,u—dﬂ =(-10;7;-13).

Viy PT dudng thing cin tim 13 —— =2 = .

" . - -10 7 -13

Viet PT dwong thang di qua O.

, fo oo : o ox-1 y-1 z+4]
vuong goc voi duong thangd . ——=— T

y—y4+dr—]=

Thi du 18.

va tao vai mat phang (P): 0 mait
goc lon nhat.

Ggi y. Ban chat vin 12 Bai toan toan 5, vai
VTCP cua duong thiang can tim 1

ﬂ—[[ﬁﬂ]ﬁ]

Thi du 19, Viét

- A 2 i e
cdt dirong thang d :—lr'

do (),

verf trie Ov mot goc nho nhat.
Gyi y. Ban chat dudng thing can tim di qua O
va nam trong mp (0;d). Do do VTCP cén tim 14

—

truc Oy).

SBai todn 6. Cho mdi phding (P) va diém

Ae(P) va duong thang d cat (P) tgi diém M
khae A

di qua A véa khodng cach gitta d va d’ lom nhat.

. Viet PT dwong thang d' nam trong (P),

Gei y. Goi (Q) la mat phfmg chira d va song
song voi d'. Khi dod(d:d") =d((Q).d") = d(A.(O)).
Theo Bai toan 1, khoang cach nay I6n nhét khi
va chi khi n,, = [uﬁ [ud,ABH,B ed. Khi do do

d' 1 (Q)va d’ nam trong (P), nén u, Z[”_g;:'.'?-rj--

VTCP cua duong thing d cin tim la:

e :[;;[a;[a;ﬁm,aed.

Thi du 20. Cho mp (P): 2x+y+z-3=0, A0X1)

va dwing thang d': = —; Viét PT

dwong thang d di qua A, nam trong (P) va
khoang cach giita dva d lon nht.

Goi y. Goi (0) 12 mit phing chira & va cach 4
mot khoang 16m nhat. Khi do ta co: B(1;0:0)e d',
ny = [ud (s ,ABH (-10;4:2), VTCP
thing d cdn
", = [E,';np] — (2:14:-18). PT duong thing d la:

cua

dudng tim la

£_y+2 g=k

1 T
©Bai toan 7. Cho mdt phang (P)va dudng

thing

%cﬁa A trén (P). Khi do du‘i&mg thi’ing & cin tim

di qua A’ va song song voi d.
Thi du 21. Cho mat phang (P): 2x—y+z+1=0.
Viét PT dwong thang d nam trong mp(P), song
vai mdt phang x-2y+z+2=0 va cdch goc toa
do O mot khoang nho nht.
Gyi . Pudng thing d cin tim di qua hinh chiéu
(" cua O trén mp(P) va c6 VTCP

ug = nping |
OBai toan 8. Viér phuong trinh mat phang di
gua diem A va cach diém M (khdic A) mot
khoang lom nht.
Goi . VTPT clia mp cén tim 1& n= AM.
Thi du 22.
A(10;

Viét PT mat phang di qua diém
~2yva edch diém M(2:1;1ymot khoang lon
nhat.
Ggi p. VTPT ctia mp can tim 12
n=AM = (1:1:-3).
Do d6 PT mat phing cdn tim 14
(x=D+y-3(z+2)=0 x+y-3z-T=0.

TOAN HOC 15
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@ Bai todan 9. Cac bai toan khac doi hoi chung
ta can ¢o b we giac hinh hoc dé giai nhanh.

Thi du 23. Cho dirong thang d r-'}--q;-l 1 :1'] :
Viét PT duome thing & song song vdi d, cach d
mot khoang .f'?ﬁHg 3 va cach diém K(-3;4:3) mot
khoang lon nhdt. nho nhat.
Goi y. Gia st mp(P) qua
K va vudng goc voi d
ciit d tai I, & tai M. Khi
do ta coIM =3, trong

FUE K

mp(P): ta can tim M thudc dudomg tron tim /,
ban kinh R =3 cach K mot khoang nho nhét, l6n
nhat. Goi T(1+ 2661+ 2f) =

KT =(4+26;1—4;-2+20),u,; =(21;2),
= Klu; =0 1=0. Vay I(;0;)) vaIK =6 >3,
Dé thiy KM nho nhét khi M tring E, KM lém
nhat khi M trung F. D¢ tim E(x; v;z) ta dung hé

thite Ezéﬁﬁ&(—nz;z). Viy PT dudng

thing & cich K mét khoang nhé nhét )a
Bl =E i
0
d cach cach K mét khoang .lom nhét la
Bep. gl &

SRRy
Thi du 24. Cho dwong thang
. x—3 L y=13 L) :_.3.
-2 I |

Viet phwong trinh dwong thang & song song

. Tuong tw PT duong thing

vai d, cach d mot khoang bang 3 va cach

X —2 y

: z X x—1 .
diwong thang A . ——=-—=—— mgt khoang

nho nht (lom nht).

Lo gidgi. Puomg thing @ cn tim 12 mot dudmg
sinh ctia mit try tron xoay co tryuc la 4, ban kinh
R=+3. Goi (P) 1a mit phing chira A va song
song voi d. Dé dang thdy ngay, & 1a giao mit
tru trén v&i mit phang () chira d va vuong goc
véi (P)

TOAN HOC
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(trong truomg hop (P) khéng cit mat try). Mit
phang (P) c6 VTPT 1&:np) = | ugus | = (3:3:3)
Phwong trinh mp (P): x+y+z-3=0. Liy
1(3;:33)ed, hinh chiéu cua [ trén (P) la
H(LLY), IH =23, Goi M(x:y:z)la giao diém
cua [H voi mit tru (gin (P)) nhit. Ta co:
T %Fﬁ — M(2:2:2). Vay PT dudng thing &

can tim di qua M la

=L r prdirEeid |
R EN by 1

"
Thi du 25. Cho duong thang d:{y=3+2t
g |

Viet PT mp(P) song song vai d, cach d mot
khoane R&22 va cdch M(0:1;2) mdt khoang
nho nhdh Wt nhan).

Lgivgtai. Goi (Q) 1a mp E
gua M va vubéng goc vai

d tai 1. Gia st duong |
thing qua M vudng goc \
véi (P) cit (P) tai A. Goi u
B la hinh chiéu vudng
goc cua / trén (P). Ta thdy céc diém I, M, B, A
thude mp(Q) va

IB =d(d,(P))= R, d(M;(P)) = MA.

Ta tim duge I(LL1) va IM= J2<R Trong
mp(Q) dudng tron tdm 7, ban kinh R = 242 cat
duong thang /M tai E va F (M nam giira I, F)
DE thay M4+ MI 2 IE =1IB = MA > IB—MI, MA
nho nhét khi va chi khi A4 tring B tring E. Dé
tim E ta sir dung hé thic JE = 2IM < E(-1;1;3).
Mit phing (P) di qua E va c6 VTPT
n=[ug;IM | = (2:-2;2), nén c6 phuong trinh la:

Ax+D)-2(y-1+2(z-3)=0=x—y+z-1=0.
Truong hop khoang céach tir M dén (P) 16n nhét
<> mp(P) di qua F va c¢d VTPT nhu trén.



Nhdn xét: Néu IM > R thi khoang cach tir M
dén (P) 16n nhit < (P) di qua M, va khoang

cach 16n nhét khi (P) di qua F.
Thi du 26. Cho mdt cau
(5):({x+ )" =3 4 + 2% =§
va diém A(3:0:0), B(4:2:1). Goi M la diém thugc

mdt cau (S). Tinh gia tri nho nhat cua biéu thic
MA+2MB.

Lai gidi. Goi M(a;b;c) thude mat cau (S), ta co:
(@a+1)? +(b-4)* +c* =8
=a’+b*+c* +2a-8b+9=0.

Do do:

MA=yJ(a-3)* +b +c* =va* +b* +c* —6a+9

= J4(@® + b +P)-6a+9-3(a® + b +c?)

= \J4a® +4b% +4c —6a+9-3(-9—2a +8b)

= V4a® +4b% +4c? —24b +36

=2 +b? +¢? —6b+9 = 2Ja? +(b-3) +¢ =2MB"
voi B'(0:3:0). Dé dang kiém tra thiy B’ nam
trong mit cdu, B ndm ngoai mit ciu, vay

MA +2MB = 2(MB'+ MB)
nho nhat khi B’, M, B thiang hang, hay gia trj
nhé nhit la 2BB' = 64/2.

BAI TAP
Cau 1. Cho mit phing (P). 2x—y+z-1=0 va
x=1+¢
dwdmg thing d:{y=1+t- Goi & 1a dudng thing
z=1-¢

nim trong (P), song song vdi d va khoang céch
giita d va @ nho nhit. Hoéi & di qua diém nao sau

day?
XoE) 2 i

C M(EEEJ D.M E;—i;—z],
366 3 3

Ciu 2. Goi (P) la mit phﬁng di qua diém
A(1;0;1), B(2;1;3) va cach goc toa do O mét
khodng lém nhat. (P) di qua diém nao sau day?

A M(0;2;-1).
e M E20)

B. M(1;1;1).

D. M(-11;1).
Ciu 3. Goi d 1a dudng thing di qua O va nim
trong mit phing (Oyz) va céch diém M(1;-2:1)
mét khoang nho nhat. Tinh géc gitra d va truc
tung.

A arccc-sg. B. arccusT.
L. arccnsi. D. arcc-:)s-}-—_
J5 5
Ciu 4. Goi (P) 1a mat phang chira duong thing
x=2+t
d:{y=1—t vatao vdi truc Oz mdt goc 1om nhit.
z=1

Hoi mp(P) di qua diém nao dudi day?
A. M(1,3;2). B. M(2;1;0).

C. M(41;1% D. M(LLI).
; x=uaf
C4ll 5, Cho duong thangd: <y = bt (teR)
z=1—(a+2by

(a, b 14 cdc tham sb da biét). Biét khoang cach

giita d v Ox 16 nhét. Tinh % .

.1.E=U' B —=—§-. {"..E-z-?i. D, —=-4.
b b 2 A
x=1+1
Cau 6. Cho dudmg thing d:{y=2 .Goid 1A
z=1+t

duwémg thing di qua diém /(1;2;1) va tao voi d
mot goc 30° va cach diém J (0:0:-2) mot khoang
nhé nhat. Mgt vecto chi phwong cia d'la:

A, u=(-L10). B. u=(110).
C.ou=(-10:1). D. u=(-L12).
Ciu 7. Cho hai diém A(0;0;3), B(1:4;0) va mit
ciu (8):x*+y +z2-8y+2z+9=0. Goi M
thuéc mat céu (S). Tinh gid tri nho nhit cua
MA—2MB|.

x50

s UM | o

(Xem tiep trang 3

TOAN HOC
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FHUUMG PHAP

GIAXIT TOAR

Nhu chiing ta déu da biét, dinh ly Lagrange 1a mot
trong nhimg dinh ly quan trong nhét ciia chuong
trinh giai tich so cdp. N6 c6 img dung hét sitc réng
rdi trong nhiéu dang bai toan khac nhau nhu bai
todn tim gici han diy s, bién ludn sé nghiém cua
phuong trinh, giai phurong trinh chira mi va l6garit
hay thim chi la bai toan chimg minh bét dang thic
(bat ding thirc Jensen, Karamata,...). Dic biét, dinh
ly Lagrange con dugce sir dung thuong xuyén trong
cac bai toan vé su tOn tai cua mot hay nhiéu gia tri
khong xac dinh, thoa man mot ding thic hay bat 1

ding thic nao do, dic biét la khi cac gia tri 119&
thude vao mot khoang hode doan xic dinh @’6

trude. Bai viét nay bang, viée phan tich, dﬁfa lori
giai cho mot s6 vi du dién hinh vé cac hﬁﬁ&an néu
trén cung voi vigc dua ra hé th{;mgtﬁc bar tap
twong tr dé ban doc luyén tap

gitip ban doc hiéu biét siu sic hon wi giai quyét
thanh cong cac bai toan thudc dang nay.

Trude hét xin nhic lai dinh 1y Larange dé ban doc
tién theo doi:

Pinh Iy Lagrange. Cho [ la mot ham xac dinh va

, hi vong sé

lién tue trén doan [a.b],co dao ham trén khoang
(a:h). Khi do ton tgi mor gia ivi ¢ € (a;b) sao cho

i 2 f{fﬂ—f[f:?
.'. 1 e At
A h—a

Hé qui. Néu f(a)= f(b) thi tén tai mét gid tri
¢ € (a.b) sao cho f(c)=0.

I. CAC THI DU DIEN HINH

Thi du 1. Cho hém s6 f lién tuc trén [0;1], ¢6 dao

ham trén (0;1) thoa man f(0)= f(1)=0. Chiung
minh rfmg fon tai c € (0:1) sao cho
TOAN HQC )
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UNG DUNG PINH LY LAGRANGE
TRONG BAI TOAN CHUNG MINH
SU TON TAI CUA CAC DAI

LUQNG TOAN HQC

TRAN TRUNG DUNG
(B12D48, T31, B Cong An)

o)==
Phan tich. DBé c6 thé ap dung dinh Iy Lagrange vio
bai nay, ta cin tim mot ham g(x) sao cho g(0) = g(1)
va g'(x) 12 mot biéu thic chira x, f(x) va f'(x). Dé
thdy ham g(x) = f(x)e™* vi khi dao ham sé& cho ta
g'(x)= a"‘m[ FIX)+A () (x)]. ddy 14 mdt biéu
thirc, @hﬁa ca x, f (x) va f'(x). Ap dung dinh Iy

ane thi ton tai ¢ sao cho:
1) —g(0
g =" /(@) e f() = ED=ED o,
Do d6 f'(c)+'(c)f(c) =0 hay f'(c)=~h'(c)f(c).

Béy gir chi cin tim A(x) sao cho A'(x) = il- dé ta
X+

thu dugc diéu phai chimg minh. DE thay
h(x) = I—_—x-ir —In(x+1)-x+C, taldy
¥l

hiage {x+ ]]

In{x+1)—x. Suyra g(x)= f(x)

(x +l)

Dé théy

a c0 dao

Loi giai. Dat g(x)=f(x)

2(0) = 2(1) = 0; g(x) lién tuc trén [{] 1] va
ham trén (0;1). Ta co:
g0 =70 S 4 p e
€ (e”)

L) =X ()

X

£
Ap dung dinh Iy Lagrange thi ton tai c e (0;1) dé

S'(e)e+1)—cf () o
"

g'(c) =0 hay



hay /'(c)=——f(c)

Viy bai toan dugc ching minh.

| —

Thi du 2. Cho [ la ham lién tuc trén | 0;—

,co dao
b |

roy=f| Z
L

i . -
hem trén | O thoa man

B )

I."' :IT L)
0:— | sao cho

Chimg minh rang ton tai de ;
S

—f(8)

cosd

1(8)=

Phdn tich. Tuong ur thi du 1, ta tim duge ham

l1+sinx

2(x)= f(x) i)

l-sinx

l+smnx

Loi giai. Dat = .
e g{x) f{x] l1-smx

Do0<sinx < -L-,‘ﬂ‘xs[ﬂ;g] nén g(x) xac dmh
& ] g 3 T A
trén {};EJ. Ta thay g(0)=0 va g - =0, dong

thi g(x) lién tuc trén {ﬂ;%} va ¢6 dao ham tréh

l+sinx

.2=l

{ J Taco: g'(x) = f'(x)

1-sinx

i 1—sinx cos x(1—sin ¥J(1+sin x)cos x
il (A S
2 I+sinx (1=sinx)

2cosx ]

—S].I'l x

l+sinx

- [f[)+ f{)

1-sin
PAC)) }
CO5 X

l+sinx {f'(‘f]

|—sinx |’

Ap dung dinh ly Lagrange ta suy ra ton tai
EE{U;%]S&D cho g'(8)=0 hay

I+Sin5[

o s
1-sind :

cns E

1+sind SOVSe (D TLJ ;
1—-sind 6

Vay bai toin duge ching minh.

40w 1B: f(a)J(b; [dﬂ

Thidu 3. Cho /: BE— R la ham so co dao ham
_. L P o
cap 2 voi f|—|=3f =3 ,
6 w4, L3

Chirng

K

minh I{H?” Tr:-ﬂ F{” hL| 3': 10 cho:

-
| |

i e 201 4 Hu a)
F(o)=f(o})

fan h.
Phén tich. Bai toan nay c6 su xuét hién cia £ "(3),
do d6 ching ta khong thé ap dung cich lam cua hai
vi du trén dugc nira, ¥ tudng clia bai toan nay xuat
phit tr mdi quan hé gita ba dai lugng
f(E} f[EJ va f[f} Chi ¥ ring ba diém s&
6 4 3
cho ta hai khoang, vi thé ta dt g(x) = f(x)h(x) sao

chng(%) = g(%:u) - g[%] Nhu thé suy ra ton tai
a va _bsao cho HE[E;E], be (E*El va
N 6 4 &3
g'(a) 2 g'(b) = 0.Trong biéu thirc cua g'(x) s&
xuat hién /'(x). Béy gio lai dat p(x) = g'(x)q(x).
Khi do p(a) = p(b) = 0. Lai theo dinh Iy Lagrange,
ton tai & sao cho p'(8) =0, méu chit 13 tim ra ham
g(x) dé trong khai trién clia p'(x) chi chita f(x) va
f"(x), tire la khong con f'(x), tir d6 thu duoc
dang thirc can chimg minh.

Sé ﬁmngf(g]=ﬁf[§)=3f(§] lim ta

nghi t&i ham tan, vi viy ta dat g(x)= f(x)tanx.
Dé dang kiém tra duoc ring

{(5)-3)-5)-4)

Ta cod g'(x) = f'(x)tan x + £ (x)(1+tan® x) va
g"(x) = f"(x)tanx+ 2 '(x)1+tan” x)
+ 2tan x(1+ tan’ x)f(x).
Tir do:
P'(x) = f(x)tan xq(x)+ £ (x)[2(1 + tan” x)g(x)
+tanxq'(x)]+ f(x)[2 tan x(1 + tan® x)g(x)
+(1+tan” x)g'(x)].
Cén x4c dinh ¢(x) sao cho:

S6 490 (4-2018)
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2(1+tan® x)g(x) + tan xg'(x) = 0

b q(x) (x} IE(] +tan”

q{x tan x

I)dx

hay Ing(x)=-2In(tan(x)), suy ra g(x)=

tan® x
Lai giai. Diatg(x)= f(x)tanx. Dé thay g(x)lién
tuc va co dao hiam dén cip hai tén R va

Ao ()

Lagrange ton tai @ va b sao cho:
T T T
—i— | De ] a h)=0.
ae[ﬁd] (43vgﬂ) g'(b) =

bat p(x) = g (;:} ,VIE{E;E} thi ta duoc
tan“ x 6 3

pla)=p(b)=0dbng thdi p(x) lién tuc trén

[E'E va cO dao ham trf:n(—'——] Lai theo dinh
b3 b 3

Iy Lagrange ta c6: Ton tai de (a:h) [%%) sao

cho p'(8)=0. Ma

p'lx) = g"(x)tan” x - g'(xlz tan x(1 + tan® x)

tan” x
B .,r""{J;:}tm'l3 x—2tan x{1+tan2 x}f[_r)
il tan? x '
2(]+tan d)

do do f'(8)= f(8) Viy bai toan
dugce chimg minh.
Thi du 4. Cho j: B— E la ham s6 ¢o dao ham

r'f.'r;r} hai vai f(0)=0. Chimg minh :‘rﬁng: ton  Iai

:'"':-'—'| |vao cho f"(6) = £(8)1+ 2 tan” &).

[ =

u,;_-|

Phiin tich. Tuo‘ngtl,rth1du3 ta tim ra

g'(x)

cos® x

Lai gigi. Datg(x)= f(x)cosx. Dé thfi}f 2(x) lién
tuc vi c¢6 dao ham dén cip 2 tén R va
2(0) = g[T] = g[g) = 0. Theo dinh Iy Lagrange

tontai @ va b sao cho:

20 TOAN HOC
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g(x)= f(x)cosx va p(x)=

—1I%

ae[_—;;ﬂ],be(ﬂ;%] va g'(a)=g'(b)=0.

Tacod: g'(x)=f{x)cosx— f(x)sinx

va g'(x) = f(x)cosx— 2 (x)sinx - f (x)cos x.
bat p(x}— (E} Wxe [:E;E) ta duoc pla) = plb)
cos” x a &

=0 ddng thoi p(x) lién tye va c6 dao ham trén

(:E—HT—;] Lai theo dinh ly Lagrange ta cé:
\

Toén tai ﬁefa;b]c[%;ngac cho p'(5)=0.

g"(x)cos” x — g'(x)2 cos x(—sin x)

C054 X

Ma p'(x)=

_F(x) cos’ x— f(x)(cos’ x +2sin’® xcosx)
cos” x
Nén f"(8)= f(8)(1+2tan" 8). Viy bai toan dugc

chimg minh.

Thi duS&™Cho ham so [ lién tuc va co dao ham

trénd 1], thoa man f(0)=0, (1) =1. Chung minh
faPlai cdc 56 c¢,,c5,...,Cx 5 € (0;1) 500 cho:
Il % _J] +___+,]—=:m:~4.
JTlg) fie) f(€2018)

Phén tich. Bai toan nay khac cac bai todn trén o
chd né yéu ciu ching ta chimg minh sur tén tai cia
nhiéu gia tri chir khéng chi la mot gia tri. Quay lai
thi du 3 ta ¢ nhén xét ring co 3 diém thi cho 2 hai
khoang, con & bai toan nay cin 2018 khoing dé co
2018 gia tri trung binh thi d& thay phai tao ra 2019

diém. Goi cac diém d6 13 x,x;, x5, ..., %, TTEN

moi khoang (x;x.,,), i=1;2018 theo dinh ly
Lagrange, ton tai ¢; sao cho:
' f('r'+1 }_ Jfl{x;'] 1 A — X
T )=
Xipp — X .f {7 f(x,ﬂ} f(I]

Muc dich cuia ta bay gi¢r 1a chon céc x; 1am sao cho

f(%,.,)— f(x,) 1a hing s6 Vi =1;2018 dé khi cong

cac dai lugng L lai v&i nhau, cic x, trén tur
fg)

thirc s& triét tiéu nhau va nhur thé ta ¢6 thé thuc hién

phép cong dé dang,



Dit f(x,.,)-f(x) =k, Vi=1:2018. Khido

2018
S I

1 =
gf'(c,-) Tk

Dé gia tri nay bang 2018, ta chon x,5, =1, %, =0

va
k=53 Viy
FR)= £ =0,f0) = flx)+k ==,
S = e fOiaie) =21 =1= £ (.

: i-1 S i o
Tom lai, f(x;)= m,dn tinh lién tuc cia f trén
doan[0;1] nén véi céc gia tri ting dan cua f(x,), ta
hoan toan co thé chon céc x; tang dan.

Loi gigi. Chon cac gia tr x.,x;, x5, ...
T e e

,-'ff'r!} T

{Izﬂlg va

i-1 e

, i=1;2019.
2018

Piéu nay 1a luon thie hién dugce vi néu f da nhan

gia tri 0,1 trén [0;1] thi s& nhidn mei gid tri ndm
gitta 0 va 1, cling theo tinh chét lién tuc niy mata
co thé chon diy x tang dan. DE théy do
=1 s {l=] nenmthclay X =0, 90 ¥=1.

Ap dung dinh Iy Lagrange cho hdm'f trén moi

khoang 1;2018 ta "co: ton tai

(%3 X0 ),1 =
¢; € (x;3%;,,) sao cho

J(x;)— F(x;) . 1

f {Ci} B X — X 2{]‘13{:'}:&1-[ _xr')
hay ;1 =2018(x,,, —x,;). Do dé:
€i
2018 1
——— =2018(x54y9 —x;) = 2018(1-0) = 2018
& 7(e,)

Viy bai toan duge chirng minh.

IL. MQT SO BAI TOAN KHAC

Trong phén nay, t6i xin phép duge trinh bay mot so
bai toan khac ciing vé (mg dung dinh ly Lagrange
trong viéc chimg minh sy ton tai cac dai lugng toan
hoc, mét sb bai todn c6 thé co ciing cich tu duy

nhu cdc vi du di néu trong phan I, tuy nhién viéc
tim ra o giai cho cac bai toan nay la kho hon cac
bai trudre, doi hoi ngudi lam phai hiéu va vin dung
sang tao cac kién thirc da tich Iy duge tir cc thi
du trudre. Hay cung dén voi thi dy diu tién.

Thi du 1. Che f(x)la ham 50 lien tuc trén doan
[a:b] va co dao ham irén khoang (a;b) thoa man

a-— ,u+h'

j,- = 0.

—7(b) Chung minh

fa)=

r.:frnlgg ton tai cac 56 €).C2.C3 € (ayb) va khong {f{i”}.{'
thai bang nhau sao cho:
e (e (e3) = 1.

Léi gidi. Ap dung dinh Iy Lagrange cho ham £ trén
[a:b]ta cé: ton tai ¢  (a;b) sao cho:

: b—fla) b-a
b+a-2x

2
gla)sa=b<0 va gb)y=b-a>0. Lai cog(x)
liémtiic trén [a; h]nén tdn tai ce (a:b) sao cho
b+a-2c _

g(c) =0 hay f(c)= 5

Ap dung dinh Iy Lagrange cho f(x)trén hai
khoang (a;c) va (c:b) ta duge: ton tai ¢y € (a;c),
¢y €(c;b) sao cho

Xét hamg(x) = f(x)— trén [a;b], ta co

Ijr"[cl]= Lf(f.‘]—f(ﬂ} = h_c‘
= C=d

vy (D)= f(e) _c—a
Jles)= b-c b—c

Dodé f'(es)f(es)=1. |
Vithé £'(c,)f"(;)f (c;) = 1. Hién nhién ¢.c,cq
khéng déng thoi bing nhau vi ¢, <c <.
Vay bai toan duge chimg minh.

Thi du 2. Cho ham f(x)
dao ham trong (a;b)yvoi 0

lién tuc trén [a;b] va co
<a<b Chung to r.:in,i{
ton taic e (a.b) sao cho:

] l

e 1
f'(e) = » i
a—-¢ h—¢

a+h

Loi giai. Xét ham g(x) = (x—a)x— E:)e B
trén[a;b]. Ta co: g(x)lién tuc trén [a;b], co dao
ham trong (a;b) vig(a)=g(b)=0. Do do, theo
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dinh ly Lagrange ton tai ce(a;b)sao cho
g'(c)=0.

Ma g'(x)= [(.r -g)+(x— b]] eﬂx}_;’E

+(x - a}(x—b)eﬂx}_m [f’{x] = L}
a+b
nén

(c—a]+{c—b}+(c-—a]{c—b][f’{c}—i;] =0

lf' o
(do e'[ ath > ()). Suyra
' 1 1 1
c)— - -
s a+b a-c¢ b-c
1 1

hay f'(c)= + + -

y £€) a-c¢ b-c a+b

Viy bai toan duge chirng minh.
Thi du 3. Cho cdc 56 o.p > 1. Xét ham f(x) cé dao
ham trén [0:1] thoa mdn
Fi)=0;f(x)>0, Vx (1]
Chirne minh ton tai ¢ € (0:1) sao cho
e o ddke)

pL
fic) i (1—¢)

-

Léi giai. Xét hamg(x) = (/(x))* (f(1-x) jwén
[0:1]. D& thiyg(x)cé dao ham trén f1] va
g(0)=0, g()=0. Ap dung dinh Iy Lagrange cho
ham g(x) trén[0;1] ta co: ton tai€e(0;1) sao cho
g'(c)=0. Ma
2@ =a(/@)" f@(a-0)
~(f@)*B(ra-»)" ra-x

a(f@)" f(fa-0)
= (f@) B(fa-o)" ra-o.
Lai ¢6 theo gia thiét f(c), f(1-¢) >0V ¢ € (0;1), nén
sau khi chia hai vé ctia ding thirc trén cho

(@) (fa-o)f

tn thy doge ol B g2 U9 yeo i ke
#iey o Fllme)
duge chimg minh.

Ghi chii. Ban doc hdy tur minh van dyng cich phén
tich trong céc vi du ctia phin Cac vi du dién hinh dé
phin tich dé tim ra 1&i giai dap cho céu hoi: “Tai sao

TOAN HOC
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lai nghi ra viéc ddt cde ham g(x) nhur vay?” trong ba
thi du trén.

[11. BAI TAP PE NGHI

Sau ddy 1a mot sb bai tip dé ban doc luyén tap.

Bai 1. Cho ham f(x)lién tuc trén [0;1],c6 dao
ham trong (0;1) va thoa mén:

a) f(0)=0,/(1)=1,
| 1
55

Chimg minh ring ton tai x,,x, €(0;1)vax #x,
sao cho f'(x) f'(x ) = k.
Bai 2. Cho ham f co dao ham trén [0;1]va thoa
min £(0)=0,f(1)=1. Chimg minh ring voi
a,B >0 ton taic,.c, € (0;1), ¢, # ¢, sao cho:
= b =a+f.

N Sq) [flie)
Bai _3%Cho ham s6 f(x)lén tyc trén doan
[@b](a<b),c6 dao ham trong khoang (a; b).

b) Ton tai k < (0;1) sao cho -

‘Chimg minh rang ton tai diém ¢ e (a;b) sao cho:

2 payes
a-c b=c
Bai 4. Cho ham s0 f(x)lién tuc trén doan
[a;:b] (a<b), c6 dao ham trong khoang(a:b).
Chimgnﬁnhrﬁng ton tai diéme e (a;b) sao cho:
i) R . JiTa
fle) a-c b-c
Bai 5. Cho ham sb 7(x)c6 dao ham cip hai trén
doan[0;x], f"(x) lién tuc trén [0;x]thoa min
f(0)= f(n)=0.Chimg minh ring ton tai
¢ € (0;m) sao cho f"(c)=—f(c).

Két Iugn. Chung ta c6 thé thay hau hét céc bai todn
duge trinh by trong bai bao nay déu co 1oi giai
twong doi ngiin gon. Tuy nhién dang sau nhitng 1o
giai ngan gon do 1i ca mdt qua trinh tr duy, phén
tich dé c6 thé tim ra céch dat cac ham sé phu va tir
d6 sir dung dinh 1y Lagrange. Mong ring bai viét
s& gitp ich cho ban doc trong viée gidi cac bai toan
sit dung dinh Iy Lagrange dé ching minh sy ton tai
céc d6i twomg toan hoc.



CAC LOP THCS

Bai T1/490 (Léy 6). Cho sd ty nhién a nguyén to
ciing nhau véi 210. Biét rang khi chia a cho 210
thi ¢ s6 du » théa min 1< r <120. Chimg minh
ring r 13 s6 nguyén to.
NGUYEN HUU BANG
(15/3 Nguyén Vin Tréi, TP. Vinh, Nghé An)
Bai T2/490 (Lop 7). Cho a, b, ¢, d khac 0 thoa
min: b% =ac: ¢® =bd; b° +27¢° +84° 0. Chimng
Wi 3 4+ 2Th B
a' TP 1218 +8d°

NGUYEN THI MINH
(GV THCS Cao Vién, Thanh Oai, Ha NQQ

e ™

minh ring;

Bai T3/490. Tim tit ca cac nghiém tu nhié

cua phuong trinh 3xpz—~Syz+3x+3z = ﬂj’i

NGUYEN E}g %ﬁ: Phong)
Bai T4/490. Cho nira dudng trm%m 0, dudng
kinh 4B, ban kinh OD wvudng goc vai AB. C la
mdt diém chay trén cung BD. AC cit OD & M.
Chimg minh ring tim [ ctia duong tron ngoai tiép
tam gidc DMC lu6n ndm trén mét dudmg thang cd
dinh.
PHAM TUAN KHAI
(29, ngd 67, dwomg Gidp Bat, quin Hodang Mai, Ha Noi)
Bai T5/490. Cho cic sb thyc x, y thoéa min
x> +y® =2. Tim gié tri nho nhét cua biéu thirc:
9
x+y

LAI QUANG THO
(Phong GD&DT Tam Dwong, Vinh Phuc )

P=x’+y"+

r@%o;‘

CAC LOP THPT

Bai T6/490. Cho a, b, c 1a ba s6 duong thoa man
abe = 1. Chimg minh ring:
1 1 1
+ + <l1.
FPicia c+a +b
LE XUAN DUONG
(GV THCS Ly Thuomg Kiét, Yén My, Hung Yén)

a+ b +c?

Bai T7/490. Xac dinh cdc s6 nguyén dwong a, b

sao cho JS+ W32+ Jﬁhﬂ = acﬂs%-

TRAN VAN LAM

(Xom Tién Bé, thén Vian Trai, xd Tan Phu, thi xa
Phé Yén, tinh Thdi Nguyén )

Bai T8/490. Cho tam gidc ABC cé dudmg tron (K)
di qua 4, C tiép xtic véi 4B va duomg tron (L) di
qua A, B v tiép xtic AC. (K) cit (L) tai D khéc A.
AK, AL 14n luot cit DB, DC tai E, F. Goi M, N thit
tur la trung. ﬁgem cta BE, CF. Chimg minh ring ba

diém 4 m? thing hang.

TRAN QUANG HUNG
(GV THPT chuyén KHTN, DHQG Ha N6i)

2 Bai T9/490. Cho a, b, ¢ li cic 6 thyc thoa man:

2Aa*h +6° vty zat +bt +
Chimg minh ring;
|b+c—al+|c+ a—bl+la+b—c|+|a+bh+]
=2(a| +[b|+|ci}_
HOANG NGOC MINH
(GV THPT chuyén KHTN, PHQG Ha N6i)
TIEN TOI OLYMPIC TOAN
Bai T10/490. Tim tit ca cic by ba s6 nguyén
duong (a, b, ¢) thoa man 2¢ +5" =7°,
TRAN XUAN DANG
(GV THPT chuyén Lé Hong Phong, Nam Dinh)
Bai T11/490. Cho diy s6 () xac dinh béi:
=20, =32, u, , =%,

iy = 14., i "Ruu +Bun 1

v n > 2. Chimg minh ring: a5 = 52"
LE HOAI BAC
(GV THPT Neuyén Vin Ctr, Xudn Son, Chéu Diie,
Ba Ria — Viing Tau)
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Bai T12/490. Cho tam giac ABC, (O) 1a duong
tron ngoai tiép, 7 1a tim dudmg tron ndi tiép. D 1a
giao diém thir hai cua AI va (O). E la giao diém
ctia BC va dudmg thang di qua / vuéng goc AL K,
L theo thir ty la giao diém cua BC, DE va dudmg
thang di qua / vudng géc vdi O Chimg minh
réng: i h ==,
NGUYEN MINH HA

(GV THPT chuyén DHSP Ha Néi)
Bai 1.1/490, Mét con lic 16 xo gom vit nhd co
khéi lugng m = 0,03kg va 16 xo c6 4o cimg
k = 1,5N/m. Vit nho duge dat trén gid d& ¢ dinh
ndm ngang doc theo truc cua 1o xo. Hé s6 ma sét
truot gitta gia d& va vat nho 1a p = 0,2, Ban dau
giir vat ¢ vi tri 10 xo bi ddn mét doan Aly = 15cm
r6i budng nhe dé con lic dao dong tit dan. Liy

g = 10m/s”.

Xac dinh toc d§ 16m nhét vat nho dat
duoc trong qua trinh dao dong.

THANH LAM (Ha Néi)
Bai 1.2/490. Dién nang tir mdt tram phat dién
dugc dua dén mot khu dan cu bing duong day
truyén tai mot pha. Néu dién dp tai noi truyén
tai ting tir U 1én 2U thi s6 ho dan duge tram
cung cép dua cong suit dién ting tir 93 ho 1én
120 ho. Coi ring cong sudt dién truyén di tir
tram phat khéng d6i, cong sudt tiéu thu dién cua
mdi hé dén nhur nhau va khéng doi. Hé sb cong
suat trén duong truyén tai khéng d6i. Khi ting
dién 4p tai noi truyén tai 1én 30 thi sb ho déan
duoc tram phat cung cip di cong sudt dién la
bao nhiéu?
VIET CUONG (Ha Noi)

PROBLEMS IN THIS ISSUE

Problem T1/490 (For 6"
number a is coprime with 210. Dmdmg@? 210
we get the remainder  satisying 1< @0 Prove
that r is prime. %
Problem T2/490 (For 7" grade). Given non-zero
numbers a, b, ¢, d satisfying b* = ac; ¢ = bd;
b +27¢* +8d° # 0. Show that
a_a +27b +8°

d B +27c 184

equation 3xyz -5yz+3x+3z=5.

Problem T4/490. Given a half circle with the
center (), the diameter 4B, and the radius OD
perpendicular to 4B. A point C is moving on the

arc BD. The line AC intersects OD at M. Prove
that the circumcenter / of the triangle DMC
always belongs to a fixed line.

Problem T5/490. Let x, y be real numbers such

that x* +)°* =2.

24 T?g}uggg S& 490(4-2018)

grade). The nattﬂ'él

FOR SECONDARY SCHOOL _;.-"i_fifhﬁnd the minimum value of the expression

P=x"+y*+
x+y

FOR HIGHSCHOOL
Problem T6/490. Given 3 positive numbers a, b,

¢ satisfying abe =1. Prove that

1 it 1 i 1 <1
.a54_—55+c2' b ac’+a’ T

¢ +a +b?

~ Problem T7/490. Find all positive integers a, b

. suchthat y8+432+ 4768 = acmg-

Problem T3/490. Find all natural soluxmns of the' ”

Problem T8/490. Given a triangle ABC. Let (K)

be the circle passing through 4, C and is tangent
‘to AB and let (L) be the circle passing through A,

B and is tangent to AC. Assume that (K) intersects
(L) at another point D which is different from A.
Assume that AK, AL respectively intersect DB,
DC at E and F. Let M, N respectively be the
midpoints of BE, CF. Prove that 4, M, N are
colinear.

(Xem f.r'ﬂ;r.r trang 33)
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ic S0 e nhién co dang abba

Bai T1/486. Tim ca

thoa man abba = .-I.*'rﬁ +ba +a-b.
Léi gidi. Ta chi xét truong hop a, b déu la s6
nguyén duong va khong lén hon 9 .
Cdch 1.
ab +ba =(10a+b) +(10b +a)*
=100a” + 20ab + b* +100° + 20ab + a*
=101(a® — 2ab +b*)+ 242ab
=101(a—b)* +242ab. (1)
abba=1001a+ 110b=1111a —110(a - b) (2)
Tir gia thiét va (1), (2) o
1111a~110(a - b) = 101(a—b)* + 242ab + (a ~h)
& 1111a —242ab =101(a - b)? +11 1@ =b)
< 11a(101-22b) = (a - b)[101(a =by+111] (3)
Tir (3) néu 11 12 wéc cia a— bandra— b <9 thi
a-b =0, suy ra 11a(101-22b)=0, diéu nay
khéng xay ra. Vay 11 1a ude cha
101(a—b)+111=99(a—b)+110+2(a - b)+1,
tir &6 11 1a wéc cia 2(a—h)+1, suyra a—b=5.
Lic d6 vé phai ctia (3) 12 sé chin nén a la s6 chién,
thir vdi (a ; b) bang (6; 1), (8; 3) chi c6 a = 8,
b = 3 thoa man, tirc 13 8338 = 83" + 387+ 8 — 3.
Cdch 2. Tir
abba+b—a=1001a+ 110h+b—a=1000a+ 111b
va theo gia thiét co: ab_ +ba_ = abbb. @)
Tir (4) khong xdy ra a 1é, b chian nén chi xét hai
truong hop sau.
* Néucaavi b déu chin thi vé tréi cua (4) chia
hét cho 4, xét vé phai thi b chia hét cho 4.

Khi b =4 thi b*= 16, tir (4) suy ra " c6 tin cling
la 8 nhung diéu nay khong xay ra.
Khi b = 8 thi b°= 64, tir (4) suy ra a" c6 tin cling
la 4 nén hodc a = 2, hodc @ = 8, nhung cac 50
2882 vi 8888 déu khong thoa man.
* Néu a chin va b I¢ thi vé trai cua (4) chia cho 4
dur 1, xét vé phai thi b bang 3 hodc 7.
Khi b = 7 thi b* = 49, tir (4) suy ra &" ¢6 tin ciing
la 8 nhung diéu nay khong xay ra.
Khi b = 3 thi 5*=9, tir (4) suy ra &’ c6 tin cing Ia
4 nén hodc a = 2, hodc a = 8§, nhung chi co sb
8338 thoa man, tirc 1a 8338 = 83° +38°+8 - 3.0
»Nhin xét. Cach giai 1 cua tic gia ra dé, con cach
giagi 2 cua ban Cao Nguyén Quynh Hwomg, 7C,
THCS Huynh Thic Khing, Nghia Hanh, Quing
Ngii.

VIET HAI

Bai T2/486. Cho tam giac ABC vudng can tai A,

trong tam gidc lav diém D sao cho. 1BD = 15"

BAD 30" Chiing minh rang:
BC

SNND = 2= b) BCD > ACD.

Loi gigi. Ké AF | BC
= Ed = EB = EC.
Vé phia ngoai clia AABC ;
v& ABEF déu, khi d6 tam g
gidc AEF cin tai E va ¢é X
AEF =150" = EAF =15" .
ma EAD=15" = 3 diém
A, D, F thing hang.
a) Xét ABDF c6: DBF =30" +60°
nén ABDF vudng cén tai B

r

c

=90°, BFD=45"

== Bl =R N = 32(;

b) Pé chirng minh cu nay ta cin mot bd dé&: Cho
tam gidc ABC ¢6 AB < AC va c6 trung tuyén AM.
Chirng minh rang BAM > CAM.

(Viéc chimg minh bé dé nay danh cho ban doc).
Do ABDE cén tai B, c6 DBE =30° = BED = 75"
— DEA =15" = DAE = DA = DE. (1)
Gia st DF cit BE tai G, AAGE vudng tai E cd
EAG =15" = AGE =75" = DEG = DE = DG. (2)
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Tir (1) va (2) suy ra DA =DG. XétACAG ¢o CD
Ia trung tuyén, CGA=75">CAG=60", do d6
CA > CG, viy theo bd dé ta co GCD > ACD, hay
BCD > ACD. )
»Nhin xét. Xin duge chic mimg ban: Cao Newvén
Quinh Huong, 7C, THCS Hujynh Thic Khéng, Nghia
Hanh, Quéng Ngii da c6 1oi giai ding giri vé Toa
SOAM.

NGUYEN THI TRUONG

Bai T3/486. Tim nghiém nguvén cua phuwong

trinkh J3x+4 = Ny +5y° +Ty+4, (1)

Lai giai. Triroc hét ta chimg minh nhdn xét sau
Vi az0.aeZ.aa e Z thiva e Z. Thit viy:
«Xéta=0thi a=Ja=0eZ

« Xét a nguyén duong, dit

[

a\lf_=b{bEE)a‘.:>\r==E=>a=bﬁ~
i 2

o

Néu a e Z thi b khéng chia hét cho a, b° khong
2

chia hét cho a*, do dé azb—; ¢ Z. Diéu nay
2

thulin véi ae Z . Vay JaeZ.
Tro lai bai todn:

4 P
DK: x= . Léap phuong hai ve cua’

(Gx+a3x+4 =y +5)2 +Ty+4. (2)
Dox,yeZ , két hgp véi (2) suy ra
{3x+4}1f3.x—+ze Z.

Str dung nhédn x€t suy ra x+4 cZ. Dit
Vx+4 =k (k20, k € Z).

thay vao (2) tacod k> =y’ +5y* +7y+4 (3)
Nhén thiy
P a5y Ty+a=(p+17 L2y +1)F +1>(p+1)
(do 2(+1)* + 1 = 0 véi moi y);
y3 +£‘ry2 +Ty+4= (_p+2}3 ~(+57+4)

=(r+2 (D + ) <(r+2)
khi y <-4 hodc y >~ 1 (do(y+1)(y +4) > 0 khi

Ix+4e 7,

TOAN HOC
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y<—4hodc y>-1).

« V&i y < —4 hodc v > —1, két hop véi (3) suy ra
(y+1) <k < (y+2)’.didu nay khong thé xay ra.
« Vi y=— 4 thay vao (3) tacd k’ =-8<> k=-2
(khong thoa man diéu kién k > 0).

« Vi y =3 thay vao (3) tacok® =1 < k =1. Suy
ra x = —1(thoa mén).

« Vi y = -2 thay vio (3) taco B=2ck=2
(khong thoa man didu kién k € Z.).

» V& y = -1 thay vao (3) tacok’ =1« k=1. Suy
ra x = —1(thoa mdn).

Viy phuong trinh (1) c6 hai nghiém nguyén (x; y)
[ (1=, (~1;-3). 0
»Nhdn xét. Bai todn yéu ciu giai phuong trinh tim
nghiém nguyén c6 hai dn va chira cén thic bic hai,

ng sir dung tinh chét cia 50 nguyén va

ctia bit shirc dé han che mién nghiém cuia mot
dn, tir,d nghiém ctia n con lai. Pa sb cdc ban

4 giri bai déu giai theo cach trén, tuy nhién
" ban cong nhin luoén nhén xét trén ma khong

: hfmg minh hode xét thiéu trudong hep. Tuyén dwong

céc ban sau ¢6 1o giai tot: Ha N@i: Lé Tudn Ti, 9T,
THPT dan lip Luong Thé Vinh; Thanh Héa: Lé
Phii Tdn, 9G, THCS Tran Mai Ninh, TP. Thanh
Hoa.

PHAM THI BACH NGQC

Bai T4/486. Trén mra dudng tron tim O dirong
kinh AB lay hai diém E, F (E thugc cung BF).
Biém P di dong trén tia doi ciia tia EB, dwong
tron ngoai tiép tam gidc ABP et diromg thing BF
tai Q. Goi R la trung diém cua PQ. Chimg minh
rang diong tron diwong kinh AR luon di gua mot
diém cé dinh.

Loi gigi. Goi K 1a trung
diém cua EF, suy ra K 1a
diém cb dinh. Ta s& chimg
minh K thudée dudmg tron
duwdng kinh AR.

Ta c6 cac tr giac ABEF va
ABPQ ni tiép nén




v AQP =180° - ABP =180° - ABE = AFE.
Suy ra AAEF en AAPQ (g.g).
Do K va R lin luot 1a trung diém EF va PO nén
AAFK e AAQR, ta c6
AF _AK  AF _AQ
40 AR " AK AR’

v FAK = 0AR = RAK = OAF .

Suy ra ARAK e» AQAF (c.g.c).

Tir d6 suy ra AKR = AFQ =90". Do d6 K thude
dudng tron duomg kinh AR khi P thay déi. 0
<Nhin xét. 1) Cothé haAH | POtai H,suyra E, F, H
thing hang (dudmg thing Simson), tir 6 chimg minh
giic AKRH néi tiép, diin dén AKR = AHR = 90",

2) Céc ban sau diy cb 161 gidi tht:

Thanh Héa: £ Cae Bdch Timg, 9B, Lé Phi Tdan, 9G,
THCS Trin Mai Ninh, TP. Thanh Hoa; Ha Ni: Lé
Tucn Ti, 9T, THPT DL Lwong Thé Vinh; TP. H Chi
Minh: Newvén Lé Hoang Duy, 9/4, THCS Lé Anh
Xudn, Tan Phi

Bai T5/486. Giai he plieong trinh

‘.r” Tx+yx~2=y+4

; T o v
¥ =iyt y—2=z+4, L

Loi gigi. PK: x> 2y >2;z>2. Xét ham s6
TP e s

Vi hai sb thuc phan biét a, b ta co:
f@a-fb)=a b -Ta-b)+Ja-2-[b-2
~b
—(a—b)(a® +ab+bY)—Ta—b)+ i
(a— b )=Ta-b)+ e

=[a-—b)[az +ab+b* -7+

!
JEN'ETE]'

Vi abz2=a’ +ab+b* =8

= a* +ab+b* -

q -2 ++b=
nén a>b< fla)> f(b).
Hé phuong trinh trong dau bai tuong duong véi

: --En_._,_ f‘max[x y,z) nghia li x=2y, x=2z.
NGUYEN THANH Hﬁm} ::.-z""

fx)=y+4
f=z+4.
f(z)=x+4
(i s x = max(x, v, z). (1)

Néu x> y= f(X)> [()) = y+d>z+4= y>z
= f(> fz) = z+4>x+4=z>x
trai gia thiét (1). Vay
= pesfinesfin=itd=gtd==n=y=z
Thay vao mégt phuong trinh trong h¢, ta dugc

P -Tx+dx-2=x+4 o -8x—4+Jx-2=0
S x (x=-N+Ixx-DN+{x-D+(JVx-2-1)=0

1
= (x=3)| x? +3x+l+—éJ =0
{ Jx—2+1

& x =3 (s6 hang trong diu ngodc thir hai duong
khi x=2). Vay hé phuong trinh cé nghi¢m duy
nhat (o vezi=(3:3:3). 0O

#Nhin x Vi hé phurong trinh trong dau bai khong

thay d@ 1i hodn vi vong quanh theo thir fr
x-+}“——}z-+x nén c6 thé gia thiét

Piéu then

“€hdt clia bai todn 1a ching minh x = y=z.

NGUYEN ANH DUNG

T6/486. Cho ba sé thirce khong ama. b, ¢ thoa mdn
diéu kién: a+b+c=3,a" +b> +c° =5, Chirng
minh J'{i’rfﬁ_{ ab+bc+cias<s.
Ldéi gidi. Do tinh bét bién qua hoan vi tron cia a,
b, ¢ ta c6 thé gia sir 14 a 14 36 16n nhét trong céc s6
a, b, c. Tir gia thiét bai todn ta co
(a+b+c) —(a’ +b* +c*) 3'-5

2 e
Lai co 5-a*=b" +c* S(b+c)* =(3-a)°,
a=2 hodc a<l. Vi a 1ém nhét trong 3 sq:;)a, b, c
cho nén d& thdy phai c6 a>2. Do a+b+ec =3

ab+bc+ca= =2.

cho ta

suyrab, c <1 vataco

ab+bc+cia £a3b+bc+m=ab{az—1]+ 2

<L +ap )P -1)+2

'--:x

< —{5+38%)(4=F)+2

L

=3—1{1—b?)(4—352):~;3.
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Ping thirc xay ra khi va chi khia=2,b6=1va
¢ = 0. Tuong tu, khi b hodc ¢ lon nhat, ta cd bat
dang thirc va dang thirc chi xay ra véi (a,b.c) la
hoan vi cua (2,1,0). . 0
»Nhin xét. Cac ban sau diy co 1o giai tot: Phia
Yén. Pang Hai Ddng, 10A6, THPT Ngoé Gia Ty
Vinh Long: Chdu Minh Khanh, 12T1, THPT
chuyén Nguyén Binh Khiém; Quang Ngii: Tran
Neuyén Quy, 10T2, THPT chuyén Lé Khiét, TP.
Quang Ngii; Vinh Phie: Vi Ngoc Duy, H6 Minh
Hiép, Vwong Ting Dwomg, 11Al1, THPT chuyén
Vinh Phitc; Nam Dinh: Biii Khanh Vinh, Nguvén Bd
Pinh, 10CT1, THPT chuyén Lé Hong Phong ;
Nguyén Himg Som, 11A2, THPT Lé Quy Dén,
huyén Truc Ninh; Thanh Héa: Lé Tién Dat, 11A1,
THPT Néng Céng, Pé Cao Bach Ting, Pham Anh
Pire, 9B, THCS Trén Mai Ninh, TP. Thanh Hoa.

VU PINH HOA
Bai T7/486. Giai phuong trinh

- il [
|sin ,r| + |cn.~‘..r|

—-‘ sin x| 4 'Lm u| ) :
|~smu +4|cm‘- 2_wr|
imnkeMnzmk=2)

Léi gidi. PK: Néu m=0 thi
Sin:r.(:ﬂsxi[l-:::bx;ék.% (k € &N

Nhdn xét. Néu a 1a s6 thye, 0<a <l n>m la cic
s0 nguyén dwong thi
a" —a" =a"(1-a""")z0=a" 24"
Ap dung ta co:
0 <|sinx]"

H = m m
+|C(‘lsx| £|smx| +|ccnsx| :

0 < [sin 2):|JFI - 4|ms 2)4:|ic < 4(|sin 2x|2 +|ms 21]2 ) =

|si112_nr|jr +-=I|cn:n?,?a:|’5E :4¢:=sin2x:li}<:>x=ﬁ:§, kel
Suyra

i—“sin x|" - |cc+5 xr’ ) <

Esin :4:7|H'iI + |E{I'S .x|m

|si11 2;1|:|JE - 4|cus E,xik

Ding thirc xay ra khi va chi khi m >0 va x = k.g

TOAN HOC
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(k € Z). Nhu vay:

« PT vé nghiém néu m = 0,
» PT c6 duy nhdt mét ho nghiém x = k,-zfi (kel)

néu m > 0. 0
»Nhin xér. Day 14 bai toan lugng giac don gidn.
Rét tiéc khong ¢6 ban hoc sinh nao chi y dén truong
hop m = 0.

NGUYEN MINH BUC
Bai T8/486.
AOB =

Cho

120",04=b,08 =a.

vuong goc cia O trén canh AB. Chumg minh rang
a.HA+b.HB < \[3ab

Léi gigi. Bat dang thirc

can chirmg minh tuong

duong v

A
s

OA4AB co goc
Goi H la hinh chiéu

tam gidac

A+ B
<::-c03.4+c053£\-'{§¢=2c05 5 - COS

3 A -
ﬁlL-ms

2
Bit dang thirc nay luén dung, ta c6 diéu phai

_Biﬁﬁcns £1

chimg minh. Dang thirc xay ra khi va chi khi
A=B=30", hay A40B can tai dinh O. 0
»Nhdn xét. Cic ban sau ¢6 1o giai tot: Ha Ngi:
Hoang Timg, 12T, THPT chuyén KHTN, BPHQG Ha
Noi; Pam Nguyét Anh, 10 Toan 2, THPT chuyén
PHSP Ha Nés; Bic Ninh: Vi Dang Linh, 11Al,
THPT Thuin Thanh 1, Thuin Thanh; Thanh Héa:
Lé Phi Tan, 9G, THCS Trin Mai Ninh, TP. Thanh
Héa; Quing Binh: Hé Anh, 11 Toan, THPT chuyén
V& Nguyén Giap: Thira Thién Hué: Bii Nhdt Minh,
12 Toén 1, Ngé Nguyén Quynh Mo, 12 Toan 2,
THPT chuyén Qudc hoc Hué; Pa Ning: Nguyén
Pike Toan, 10A1, THPT chuyén Lé Quy Dén; Bén
Tre: Lé Ngé Nhdt Huy, 11A1, THPT Lac Long
Quén, TP. Bén Tre; Nguyén Vin Canh, 12AR8, THPT
Bén Tre, Mo Cay Nam; Pong Thap: Neuvén Nhdt
Hao, 10T, THPT chuyén Nguyén Quang Diéu.

HO QUANG VINH



Bai T9/486. Chung minh rang ton tai vo so s

2017

nguven dwong n sao cho so 2018” —1 chia heét

cho n.
Loi gidi. (Cia ban Chdu Minh Khdnh, 12T1,
THPT chuyén Nguyén Binh Khiém, Vinh Long).
Chon n=2017p véi p 14 sb nguyén td va p>2018,
Khi d6 2018”217 —1=2018*"""#"1 _| Theo dinh
Iy Fermat nho ta c6 20187 " =1 (mod p) nén suy ra
2018V7%D = 1 (mod p).
Lai co
2018 =1 (mod 2017) = 20187770 = 1 (mod 2017).
Vi (p,2017) =1 nén 2018*°7*V =1 (mod 2017 p)
hay 2018" """ —1 chia hét cho n, & d6 n=2017p
(véi p la sO nguyén to lon hon 2018). Vi co vé sb
sb nguyén td 16n hon 2018 nén suy ra ta c6 vo s6
s0 n=2017p. |
#Nhin xét. Xin duge chic mimg ban sau diy co 1on
giai tot: TP. HO Chi Minh: Nguyén Lé Hoang Duy,
9/4, THCS Lé Anh Xudn, quan Tan Phi; Thira Thién
Hué: V5 Thi Thu Trang, 10H2, THPT chuyén Quéc
hoc Hué: Vinh Long: Neuyén Minh Long, 11F),
THPT chuyén Nguyén Binh Khiém; Thai Binh:
Bang Minh Dire, 10 Toan, THPT chuyén Thai Binh;
Thanh Héa: Pham Anh Pire, 9R, THCS Trin Mai
Ninh, TP. Thanh Hoéa; Quang Binhs. 6 Anh, 10
Toan, THPT chuyén Vo Nguyén Giap:
PANG HUNG THANG
Bai T10/486. Tim tat ca cde 56 tw nhién n d@é s
4" +15""! +19°" chia hét cho 18" -1.
d =97 115" 9%
=2 LI HIT LT -2, (1)
Ta of: 15" +2°" 217015 -15%" 24152
=, 15 0% ¢ olmy (2)
19"-2" =17(19"" +19"22+...+19.2" 7 + 2"").(3)
Theo khai trién nhi thirc Newton, ta d& thay:
B(a)+b* véi k chin
Bla)-b* véi k 1&
Két hop vai (2), (3) suy ra:

(a-b) =

157 427 =17 (17-2)" -(17-2)*"' 2
+(17-2)"2.2 - - (17-2).2 + 2" ]

= |?[E(1?]+;11“ R e e 2“}

(Zn+1)af 20

=17[BAT)+(2n+1)2"" ] (4)

n s 27!

19%" - 27" = 1?{3{1?“;"" + 2" 4.+ 2"-{]

= 1?[3(17)+ nE”'L] (5)

19" +2" = (17+2)" +2" = B(17) + 2", (6) .
Thay (4), (5), (6) vao (1) ta duoc:
A=17[B(T)+@n+1)2"]

+1?[B(1?)+n2”"']{5{1?} +2'"‘]

=17[ BA7)+(2n+1)2" | +17[ BUT)+n2" |

=17] BaD+ G+ 12" . (7)
Do 3ns#*] chia 3 du 1, con 17 chia 3 du 2 nén
@+, 17)=1. Tir (2*,17)=1 suy ra (3n+1).2*
khéng chia hét cho 17. Vay tir (7) suy ra 4 khong
chia hét cho 17°. (8)
Mit khéc: 187 —1=17[18" +18" +_.+18+1]

=IT|:B{IT]+1+I+...+I}=I?[B{1?}+l?]]E172. (9)

17 a6l

Tir (8) va (9) suy ra 4 =4"+15""4+19%"
khéng chia hét cho 18" —1 v&i moi s6 ty nhién a.
Vay khéng ton tai s6 tu nhién »# thoa man bai
toan. 0
#»Nhin xét. Lo giai bai toan chu yéu ding khai trién
Newton va mdt s hing dang thirc dé danh gid tinh chia
hét ciia mdt s6. Rt tiéc rang khong 6 ban nao gii 1o
giai ciia bai nay vé Toa soan.

TRAN HUU NAM
Bai T11/486. Tim tdat ca cde ham so R - R
sao cho f(0) la mét 56 hitu v va thoa man diéu
kien f(x+ f(¥)=f"(x+y), vr,yeR (1
Lot gidgi. Gia st f(0)=ge Q. Ky hiéu Plu, v) la
phép thé x=u,y=vvao (1). Khi d6 voi
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P(x+y—q",0),ta thu duge (1) co dang

S+ = x+y-q) (2)
va img véita thu dugce f(y)=f*(y—¢*).Do do
x=0, f(x)=0,vxeR Xct P(x,y—g’) ta thu
duge f(x+f(7) = (x+y—q°). Kethop vai (2)
suyra f(x+ f(y)=flx+y),¥x,yeR. (3)
Trong (3), voiy=0,thi f(x+g)= f(x)¥x,yeR
nén bang phuong phap quy nap, fa chimg minh
duoe f(x+mq]=f[x}.‘i"x,yE]R,mEN. (4)
T (3) véix=0,thi f(f(»)=/S(¥).Vye R. (5
Xét P(x, 0) ta dugce f(x+ g*)= f(x)nén bing
phuong phap quy nap, ta chimg minh dugc

fx+ng)=(f(x)" VxeRneN.  (6)
K&t hop (5) va (6), suy ra
f(x}=f(qu}=f(x+nq1)=(f(x)]2"1‘v’xERHEN
nén f(x) e {0,1}.
« Néu f(0)=g=1 thi f(x)=1. Thét vay, néu Ju

d& fu)=0thi 1= £(0)= f(f(w)=/f()=0, md “%Q
N
@ o

thuin.

« Néu f(0)=¢g=0 thi f(x)=0. That vdy, v

déf(u}:lthi dat x=y=-% vao (3), tad
(LeA2))-ro- s o

Néu f [Jﬂ = 0 thi mau thudn véi (7).

w'|-—~

1 A
Euf[EJ=] thi tir (7) suy raf[%]=1 nén neu

1

f{ E]_] thi dan dén

Ay T Legpiliv
oA A0
thi din dén méau thuén.

Néu xay raf[——%]ﬂ}thi din dén
il Lt ]
=[S A(-3)- 15510

TOAN HOC
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ciing mau thuan.

% Nhdn xét. C6 hai him so thoa mén céc diéu kién bai
ra 1a f(x)=1va f(x)=0. Mot s6 ban sau khi nhdn
duoe ding thire

flx)= Fx= Rl b .= f (x),vxeR,neN

d cho két luin £(x)la ham hing 1a chua ding. Xin
duoe chic mimg cac ban sau co lo gial dung: Bic
Ninh: V5 Ddng Linh, 11A1, THPT Thuin Thanh 1.
Quing Binh: H6 Anh, 11T, THPT chuyén Vo Nguyen
Giap.

NGUYEN VAN MAU
Bai T12/486. Cho tam giac ABC.

rang:

Chitmg minh

&

COS — +CO8— +C08— 2
9 2

oo e gy
- + [gin— 4+, /Sin
2

?_l
¥ . .1 3

A B i
CO8— = X, COS— =), CO8 —=2Z,
2 2 2

| i o
sin— = m,sin— = 1,8 — = p.
2 2

2
Dé thiy
Imx+2ny +2pz=sin A+sin B+sinC

=4cos i::l:uf;E::ﬂsE =4xyz.
2 2 2

e e 2, Vay cha y rang
Yo ey

(x+y+2)* 23(yz+zx + ),
theo bat dﬂng thirc Bunyakovsky, ta ¢é

—i—hﬁ»)ﬁz}2 = 2(yz+zx+xy)

=[£+l+£}{yz+zr+xp)
bz &X X¥

> (Jm P )
Dod0x+}s+z}\j;[ Jm+In+ .\l'_) Diéu dé co

nghia 1a



A B :
Cos — + cus— +Co8— =
2 2

=g
—!,/sin— + «.1n—+ sin—
2

Pang thirc xay ra khi va chi khi tam giac ABC
déu. m

» Nhdn xét. 1) Bai toan nay kho, chi c6 6 ban tham
gia giai: Ha Noi: Dam Nguyér Anh, 10T2, THPT
chuyén, DHSP Ha Noi; Quang Binh: H6 Anh, 11T,
THPT chuyén V& Nguyén Giap, TP. Dong Hdi;
Thira Thién Hué: Ngé Newvén Quinh Mo, 12T2,
THPT chuyén Qudc Hoc Hué, TP. Hué; TP Ho Chi
Minh: Bii Khanh Vieh, 10T1, THPT chuyén Lé
Héng Phong; Bén Tre: Ngm@n Viin Canh, THPT
Thanh Thai A, Mo Cay; Vinh Long: Thdi Duc Duy,
10T1, THPT chuyén Nguyén Binh Khiém, TP, Vinh
Long.

2) Trir ban Pam Neuyét Anh, 5 ban con lai déu phai

sir dung dao ham trong 1&1 giai.
NGUYEN MINH HA

Chon N = 399 nén tinh tir vi trf bién ban déu,
trde khi dimg, s6 nura chu ki vat thue hién duge
12 399. Suy ra thoi gian ciia chuyén déng;

I=N£+£=3L35 £,
2 4

Quéng dudng di duge: § = 4, + N(24, - N.44)
= 4,99 +1992 =1996,9%9cm.

Suy ra, toc d trung binh :

o 63,679 cm/s. m

t 31,6

» Nhin xét. Chuc mimg cac ban da co loi giai dung
dé ra ki nay: Thanh Héa: Lé Tién Pat, 11A1, THPT
Néng cong I, Thanh Hoa; Hung Yén: Newyén Thi
Diém Ly, 12A1, THPT Duwong Quing Ham, Tén
Tién, Vian Giang.

DINH THI THAI QUYNH

B;{i L2/486. Mot doan mach gom ha phan tir R, L,
" midc .{aﬁg tiép. Biét cuomg do {fr,i.frg dien que

m%ofﬁw hiéw thire i=1 Lr.]n. [UEJ*'{ - |{ A). Tinh

Bai L1/486. Mgt con ldc 16 xo nam ngang gom %ﬁmm diem cwong do dong dien qua mach bi triei

vt nang oo khoi firgme m = 100g,
160 N/m.

fo xo o @F‘
10m/'s 1"3%&‘ f‘.:.rf

dang o vi tri can bdng, newdi ta rsn.@«i‘ﬁn Vit

cime la k fm g =
veln i6e v = 2mls theo phirong ngg@ﬁ‘c val dan
dong. Do giita vdt va mgt ;Jf}(fﬂ@%ﬁ}rv co lue ma
sat vai he S0 ma St p = 0,01 nén dao dong cua
var s€ tar dan. Tim toe dé trung binh ciia vt rong
sudt qud trinh chuyén déng.
Léi gigi. Ap dung dinh luit bao toan nang hrgng
ta xac dinh dugc vi tri bién dau tién:

—R.Aﬂ + umgA, = —mt,n = Ay, =4,99 cm.
B¢ giam bién d¢ sau mdt nira chu ki la:

7.
AA= %= 0,0125 cm.

Goi N la s nira chu ki vit thuc hién duoc, thi N
phai 13 s6 nguyén thoa man:

Gt
44 2 Ad -2

=398, T<N <399.7

|
tieu, sau khoang thoi gmu: chu ki thi dién lwong
chuvén gqua tiét dién thang cua mach la bao
nhiéu’!

Lai gigi. Goi ¢, 14 thoi diém cuémg do dong dién
mét tiéu, ta co: I{,ms[mrl +—§-)=ﬂ, ldy nghiém

nho nhét ta duge 1, =1/300 (s).

i
b=t +—=—
S ap bl lzﬂ &
Dién lugng chuyén qua tiét dién thing cua mach

trong khoang thoi gian iy bang;

Ther diém ¢, sau 1;%

Ag = t]i,dr =

» Nhin xét. Chic mirng cac ban da co 1oi giai ding
dé ra ki nay: Hung Yén: Nguyén Thi Diém Ly,
12A1, THPT Duong Quang Ham, Van Giang; Thira
Thién Hué: Phan Tran Huwomg, 12T1, Neé Nguyén
Quynh Mer, 12T2, THPT chuyén Quéc hoc Hué.

NGUYEN XUAN QUANG
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TIENG ANH BUA CAE BAI TBAN

BAI SO 31
P e N And we can show f (E] = a-[ﬂj for any
[function satisfying f(x+y)= f(x)+ f(»).Vx,yeR n n
Show that f(x)=a.x for some constant a. integer m, n (n is non-zero) (for example
Soluion. We lave (0= f0170=Fmx3, f(%] 3 f[%] +.f[%}
and then : 5
f3) =2+ fA)= f)x3,... = 2-”-[;} o ﬂ-[g]w-]-

Therefore we have f(n)=an for any positive Hence we have proved that f(r)=ar for any

integers 1 (a = f(1)). rational number r.

We also have f(0)= f(0+0)= 2/(0), thus Consider the function g(x)= f(x)—ax. It is
£(0)=0. This fact together with the equality continuous and it is zero at all rational points.
fTn+(=m)]= f(n)+ f(-n) imply that f(n)=an Using the definition of continuity and the fact that
b ; any irrational number can be the limit of some

for any integers n. :
o rational sequence, we have g(x)=0 everywhere.

Since
(i : In othefwords, f(x)=ax forallx (a=f(1)).
el S b B[ T
7 f(z 2} "f[z) TU VUNG
j'(l}: f{l].[l)= a[_l_J vontinuous - lién tuc
2 2 2 rational : hiru ti
Similarly, we have f(—l') = a-[l] for any non- irrational : na
n i

Translated by NGUYEN PHU HOANG LAN

zero integer n. (College of Science — Vietnam National University, Hanoi)

A

"_-t.ﬂ Bai todn. Tim s0 hang téng qudi cua ddy so (x,) ¢é cde 56 hang thoa man

B 2.".

12 =X Vinz=0

Léi gidgi. Ta thiy x,,5—%,. =2%,4 —2%, =2(x,, —X,), ¥n20. Do do
néu ta dit y, =x,—x, ;. ¥n=1 thi ddy sb (y,) la mt cép s6 nhan véi
s6 hang ddu y, = x —xg =3 va cong bdi r=2. Tir do, ta co:

x, =% —x,_ )+ (X1 —Xp2) .. (-2 )+H

2" -1

:y,,+y”_|+,..+y1+x0=3(2”_1+2”'2+..,+I}+1:3~ $1=33"4 m

»Nhin xét. Cac ban sau cé bai dich wong déi tot, giri bai vé Toa soan sém: Hung Yén: Dodn Phi Thanh, Bid Van
Ouvén, Nguyén Tién Thanh, Nguyén Minh Khoa, 10 Toan 1, THPT chuyén Hung Yén; Nghé An: Phan Dai Phap, 10A1,
THPT chuyén Phan Bdi Chéu , TP. Vinh; Tang Van Minh Himg. 11T1, THPT D6 Luong I, D6 Luong: Phia Yén: Nguyén
Kim Phiremg Trang, 11 Toan 1, THPT chuyén Lwong Viin Chanh; Bén Tre: Lé Ngé Nhdt Huy, 11A1, THPT Lac Long
Quin, TP. Bén Tre; Tién Giang: Lé Hoang Bao, 12 Toan, THPT chuyén Tién Giang.

HO HAI (Ha Ngi)
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PROBLEMS...
(Tiép theo trang 24)
Problem T9/490. Given real numbers a, b, ¢ such
that
2a’h® +b2? +c2a2) >agt+b* +c*
Prove that
|b+c—a|+|c+ a—E:-| +|a+b —c| +|a+b+c|:

-2l +fel+|e).

OLYMPIAD R :

Problem T10/490. Find all triples of positive
integers (a, b, ¢) such that 2° +5° = 7°,

Problem T11/490. The sequence

(1,)is

determined as follows

HIEU RO BAN CHAT ...

:'f"r'rf,u theo trang 17)
Céu 8. Goi d la duong thing di qua O va song
song v&i mat phang (P): 2x+3y—z+1=0 va tao
voil tae Ox mot goc nho nhét. Hoi d di qua diém
nao sau day?

A, M(5-3;1). B. M(2;=3-1).
C. M(4;6;2). D. &41(5;-6;1).
Ciu 9. Goi d la duong thing di qua diém

A(1;2;0) vd nim trong mat phing (xOy) vd cach
diém B(2;1;1) mit khoang 1ém nhat. Tim vecto chi
phuong cua d.

A. u=(1;2;0). B. u=(L:-1:0).
C. u=(L:10). D. u=(-2;1;0).
Cau 10. Goi (P) 12 mit phang di qua O va song
song vdi dudng thing d :% =% B s, va cach

diém 4(-1;2:3) mét khoang I6n nhit. Hoi (P)

song song v&i duong thing nao sau day?

A f;l:.l:.i, g T B Ll
2 -1 =2 3 12 -4

C x+2=_‘v‘—1:z+1 JH_]:.i:i
1 1 -2 -2 -2 -1

u =14, Uy = 20, by = 32, Ui = 4Hn+1 _Sun T Bun—l

with n>2. Show that 1,5 = 5.2°"'%.

Problem T12/489. Given a triangle ABC with

(0) is the circumcircle and / is the incenter. Let D
be the second intersection of A/ and (). Let E be

4 .t.hg ﬁltersectiﬁn between BC and the line passing
' thmugll 1 and perpendicular to Al. Assume that K,
L respectively are the intersections between BC,

DE and the
perpendicular to OI. Prove that K7 = KL.

line passing through /[ and

Translated by NGUYEN PHU HOANG LAN

(College of Science — Viemam National University, Hanoi)

Cau 102'Goi d 1a duong thang di qua diém
A(1:2:4), nam trong mit phing (P): 2x+y-3=0
va tao voi truc Oy mot goc nho nhat, Hoi d di qua
diém nao sau day?
A. M(-1;6;4).
C. M(~1;6;-4).

B. M(-1:-6;4).

D. M(1;2;6).

Ciu 12. Cho mat phéng (P 2x+y+z-4=0,

A(1;1;1). Goi d la duong thang di qua A nim trong

(P) va cach O mét khodng nho nhat. Hoi d di qua

diém nao sau day?

A. M(~1;6:0). B. M(-1:3:3).

C. M(0;3:1). D. M(0,0;4).

Cau 13. Goi 4 1a dudng thing di qua 4(1;-2:1),

vudng goe vai truc Oy, va tao véi dudmg thing
x=2-t

d:qy=2t m{t goc nho nhat, d nhan vecto nao
z=1+t¢

lam vecto chi phuong?

A. u=(1;0;2). B. u=(-1,2;-1).
C. u=(L0:1). D. u=(-10:1).
. TOAN H
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THU SUC TRUOC KI THI 2018
DESO 7

{ Thai gian Lam bai: 90 phar)

Cihu 1. Biéu thirc

0 9 4 Bl 10

X & U3 8 B8 U0 ey

TTRET TE T T 10!

A. 10!, B. 20. il ot Ll
10! 100!

Ciiu 2. Cho hdmsé y= x?.e*. Khing dinh nio sau
day la dang?

A. ham s6 khéng cé diém cyc tri.

B. ham sb chi c6 diém cye tiéu, khéng co diém cyc
dai.

C. ham sb dat cue dai tai x=0 va dat cyc tiéu tai
=l

D. ham sé dat cyc tiéu tai x =0 va dat cuc dai tai
x=1

Céiu 3. Phuong n'lnh1,||'l+sinx+\fl+cns.r=m co

nghiém khi va chi khi
A.J2sms2.
C.l€m=2.

B.1<m<J4+2J2.

D.0=m=l.

Céu 4. Trong khéng gian voi h¢ toa do Desmi‘ca

Oxyz cho diém A(3,-1,0)va dudng ;_fjlhng d:

F=3 gl W—-d By
-1 2 :

cho khoang cach tir 4 dén (o) loninhit cé phuong

trinh 14

A x+y-z=0.

. Mit phing _{uﬁi’sﬁﬁa d sao

B.x+y-z-2=0.
C.x+y—z+1=0. D. —x+2y+z+5=0.

2

Ciu 5. Cap (a, b) thoa man lim L fan il G
x—3 X =

A.a=-3,b=0. B. a=30b=I.

g el D. khéng ton tai cip

(@, b) thoa man nhu vay
Ciu 6. Cho day s0 (x,, ) thoa min x; + x; +...+x,

3n{n +3)
2
day la ding va day du nht.
AL (x, ) 1a mot cﬁp 50 cng vai cong sai dm.

véi moi neN'. Khing dinh nio dudi

B. (x, )14 mét cdp s6 nhan voi cong béi dm.

C.(x,)1a mjt cép 50 cong vai cong sai dwrong.

34 T?ﬁ'?ugl‘gc S6 490(4-2018)

WA+ 1 hoac 1.
 #C. — 4 hoiic 4.

D. (x,)1a mt cip s6 nhan véi cong boi duong.

Ciu 7. Cho s6 phire z thoa min |zi = 2. Tép hop diém
biéu dién s6 phirc ® = (1—- f); +2i 1a

B. mdt dudmg thing.

D. mdt hypebol hodc parabol.

A. mit dudng tron.
C. mit elip.

Ciu 8. Cho tir dién S.4BC c6 thé tich V. Goi M, N
va P lan lwgt 12 trung diém cia 54, SB, SC. Thé tich
khéi tr dién c6 day 1a tam gidc MNP va dinh la mot
diém bét ki thude mit phang (4BC) bang

l_f P
v R

E
i~y B —. D. —-
2 3

" 8
‘s “ : F s 2
Ciu 9. Cho ham &),f(x]=?x —{m-2)x" +x+2.

bé dao Ei.ﬁmf x) bang binh phuong cia mdt nhi
thire/bic nhét thi gid tri cia m 13

| B. 1 hoiic 4.

D. khéng co gia tri nao.
Céu 10. Trong khong gian cho ba diém A(1,1,1),
B(-1,2,1), C(3,6,-5). Piém M thudc mat phing

(Oxy) sao cho MA* + MB® + MC? dat gié tri nho

nhit 1a

A. M(L,2,0). B. M(0,0,-1).

C. M(L,3,-1) D. M(1,3,0)-

Cau 11. Mot ngudi bo ngau nhién ba la thu vao

ba chiéc phong bi da ghi dia chi. Xac suat dé co it

nhéit mét 14 thu duge bo dung phong bi la
1 . 1

A s B C. — D.
2 J 3

C#u 12. Hinh phing gidi han bai hai do thi y =|x]

e WY

vay = x? quay quanh tryc tung tae nén mot vat thé
tron xoay co thé tich bang

A B. gy B 2
6 3 15 15
Ciu 13. Mét thi dyng 10 tam thé dirge dénh so tir |
tri 10, Rat ngiu nhién ba tim thé tir tii do. Xéc suat
dé tong 50 ghi trén ba the rat duoc la mot 50 chia hét
cho 3 bang



l_ B. 2(:'33 +C3 + CaCH
3 Cio

1t
Ciu 14. Cho ham s g(x) = jﬁm véi x> 0. Dao
X

ham cua g(x) la
~1 l-x
A g(x)="— B. g'(x)=—
In x Inx
g'[x]=—l-- D. g (x})=Inx-
Inx

Ciu 15. A va B 1a hai diem thudc hai nhanh khac

nhau ciia @6 thi ham sb y = . Khi d6 do dai

x_

doan AB ngin nhat bing
Rl B.2. [ D. 8.
Ciu 16. Puong thang ndi hai diém cuc trj cia do
thi ham sé v :Lm{m di qua diém A(-1,1)

x_
khi va chi khi m bang
A. 0. B. l. C.-1. D. 2

Cau 17. Trong khéng gian véi hé toa dd Desdartes
Oxyz cho diém M(0,-1,2) va hai duong thapgs?

I o T o x+l yedV 242

d : g -
= - 2 P 2 W 3
Phuong trinh duomg thing di qua M@t cad, vad, 1a
s Rl e Kol b
s s 8 3. siro-=F0i0 ued
2 2
PEIN L o S N L2 O
2 - 16 -9 9 16
2
. 5! : -2x+1 _
Ciu 18. D thi ham sé y="2"""" ¢6 tigm
2x+1

can dimg va tiém ciin xién (hofdc ngang) khi va chi
khi

A.m=0. B.mz4 C.mz-8 D m=8
Ciu 19, Mdt nhém gbm 10 hoc sinh trong d6 6 hai
ban A4 va B, dimg ngiu nhién thanh mdt hang. Xéc
suiit dé hai ban 4 va B dimg canh nhau la

2 1

L. —. D. —.

A e
4 5 10

|
" T B
3

Ciu 20. S nguyén duong x nhd nhit théa man bit
phuong trinh i P R % la

A. 2499, B; 25007 '~ . 2501 D. 2502.
Céu 21. Goi m va M lin lugt 1a gia tri nho nhat va
gia tr] 1om nhét cia ham s-:’f‘-y= x—+v4—x*. Khi d6
M —m bing

Aod BRI-3 CAE-T

Ciu 22. Gia tri cia tich phin

(3 B 2

_me(x ~1)..{x—100)dx bing

A.0. B.1.  C.100.
Cau 23. Cho ham sb f(x)=x" véi x > 0. Khéng

D. m{t gia tri khac.

dinh ndo sau day la sai?
A = %
B. f'(I)=1.

C. hamsddat cyc tiéu tai x = —
¢l e

Diham s6 ¢6 gid tri nho nhét bing e °.

Cau 24. S6 gid tri nguyén cua m dé ham so

5 . ; o
ynx"’—axz ~2x+1-mcb gia tri cyc dai va gia

tri cuc tiéu trai déu 1a

AS B. 4. s D. 6.
Cihu 25. SO duong tiém cdn cua do thi ham sd
o~ x+1 1a
142):1 —-x-1
A.4. B i D. 1.
Ciu 26. Hé s cia x° trong khai trién
1 4
(2x+1)" (f +x+-]
4
thanh da thirc la
A. ]chg. B. &c{;. C.CS. D.ac,.

Céu 27. Mét tim bia carton dang tam gidc ABC c6
dién tich S. Tai mdt diém D thudc canh BC ngudi ta
cit theo hai duomg thing lin lugt song song véi hai
canh 4B va AC dé phin bia con lai 12 mét hinh binh
hanh co mét dinh 14 4. Dién tich hinh binh hanh lén
nhit bang

AN HOC
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Sy S e S
4 3 2 3
Ciu 28. Cho hinh chép SABCco SA=SB=5C =a,

ASB =90°, BSC = 60°,CS4 =120°.
cau ngoai tiép hinh chop S.ABC bing

Dién tich maét

A. 4na’. B. 2na’. C o D. —mr.

Céu 29. Dién tich hinh phing gi¢i han boi do thi

ham  sé y=|x—1|v€t nira trén cuoa dudng tron

x*>+y* =1 bing

P g w = )
g o 2
Ciéu 30. C6 hai co sé khoan giéng 4 va B. Co s0 A:

gid ctia mét khoan déu tién 1 8000 dong va ké tir

L s I )
2 4

mét khoan thir hai, gia cua mdi mét sau ting thém
500 ddng so voi gid cia mét khoan ngay trude do.
Cé s B: gid ciia mét khoan déu tién 1a 6000 ddng va
ké tir mét khoan thir hai, gid ciia mdi mét sau ting
thém 7% gid cua mét khoan ngay trude do6. Mot
cong ty giong cdy trong muén thué khoan hai giéng
véi dd sau 1an lwot 1a 20 mét va 25 mét dé phuc vl
san xudt. Gia thiét chat lugng cling nhu théi gian
khoan giéng cta hai co so la nhu nhau. Géng ty iy
nén chon co s¢ nao dé tiét kidm chi phinhdt?
A. ludn chon 4.
B. luén chon B.
C. giéng 20 mét chon A con giéng 25 mét chon B.
D. giéng 20 mét chon B con giéng 25 mét chon A.
Céiu 31. Cho hinh chép tr gide SABCD co day
ABCD la hinh vuéng canh bing a, S4 vuéng géc voi
mit day va 54 = ax2. Mot mat phing di qua A va
vudng goc voi SC cit 54, SB, SC lan luot tai 8, C”,
D', Thé tich khéi chép S.A’B’C’D’ bing

A g i NI @

3 3 6 9

Cau 32. Cho f[_r,‘) =(1+ x}[] + _-]

ad ...[1+:‘-] . Gia
2 n

C.n D.

tri f'(0)bing

A. 0. B. 1.

==
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Ciu 33. Ki hidu 4 va B lin luot 1a tip nghiém cua
cac phuong trinh
logy x(x+2)=1 va logy(x+2)+logyx=1.

Khi d6 khang dinh dung la
A. A=B. B-dclg - C Bcd D
ANB=0.

Céu 34. Tap nghiém cua bit phwong trinh

log [Iﬁgf — };ﬂ
s +1

A, (-L3] B. (-], +mo).

C. [3,4x). D. (-1, +x) w3, +x).

Ciu 35. Mét nhém hoc sinh gom a ban 16p A, b ban
l6p B va ¢ ban 16p C (a,b,ceN:a,b,c24). Chen

ngdu nhién ra 4 ban. Xéc sudt dé chon dugc 4 ban

thudce ca ba lop la
il 1
CrCNC v pve3

A.
C{,‘.‘+h‘+:"
4 -
B — Cu+fr +CEJ+I' +(':+n i
3 )
C’alb-h:'
S P B 0y S o
39 b b a=h
Cu+.b+-;
Iy I‘:'_"I4:|-4+a_'1 B CEH: +C‘jm C: 1§ C.: +C:
A 4 i w4 '
C’a*—bﬂ [u.?-||’1+r.

Céu 36. Cho tir dién O4BC co 04, OB, OC do1 mit
vudng goc véi nhau va O4A=0B=0C=a. Go1 M
la trung diém cia BC. Khoang cach gilra hai dudng
thing AB va OM bing

a 2a a a
A S B C.E- D.E-
Céu 37. Cho tir dién SABC c6 cac géc phing tai
dinh § déu vuéng. Hinh chiéu vuéng gic cua §
xudng mit phiang (4B8C) la
A. truc tim tam giac ABC.
B. trong tim tam giac ABC.
C. tim dudng tron ndi tiép tam giac ABC.
D. tim dudng tron ngoai tiép tam gidc ABC.

Chu 38. D6 thj ham 86 y =2x+m— co tam

2x+1

déi ximg 1a diém



il (L)
c.(-41)

Ciu 39. Cho hai s6 phic z;, z, thoa mén |zt| =1,
|Zz| = 2V?1|z] +32| =3.Gia tri Cﬁa|z] —22|I€l

A.). B.l ek D. mét gia tri khac.

Ciau 40. Cho tam gidc ABC wvudng tai 4 co
AB =2AC. M la mét diém thay doi trén céc canh
BC. Goi H va K lén lrot 1a hinh chiéu vuéng gdc ctia
M trén cic canh AB, AC. Goi VF va I tuong ung la
thé tich clia vt thé tron xoay tao boi tam giac ABC
va hinh chir nhat MHAK khi quay quanh truc AB. Ti

1

86 = lém nhat bang

g e D,

2 3
Cau 41. Trong khong gian vdi hé toa do Descartes

B
9

B w

e et I
1 =
chiéu vuong goc cla d trén mit phiang (Ovz) 1a mot

Oxyz cho dudng thang d : - Hinh
duong thing b vecto chi phwong 1a
A. u=(0,1,3)- B. #={0.1-3)-

C. u=(2,1,-3)- D. u=(2,0,0)-

T
(Cau 42. Gia trj cua tich phén fmax fin x, cos x} dx
b:fmg

I
L I}.E-

Ciu 43, Cho mat non tron xoay dinh § day la duong

A. 0. B. 1.

tron tim O va co thiét dién qua truc la mot tam giac
déu canh hfmg a. A va B 1a hai diém bét ky trén (O).
Thé tich cua khéi chop S.04B dat gia tri lém nhat
hfmg
Y S R 3
96 48 96 24
{au 44. Trong khong gian vai hé toa d¢ Descartes
Oxyz cho hai diém A(a,0,0), B(0,5,0),(a,b = 0).
Tap hop tét ca cac diém cach déu ba diém O, 4, B 1a
mot dudng thang c6 phuong trinh 14

A.

i

x=—

ey 2

b

A“:y:'ﬂﬁ Ba':y:—"$
53 =¥

xX=d, fx=a.r,

C!':y:b-, D.*rl’:bf*
z=t¢ l-z=|f

Ciu 45, Trong mdt bai thi triic nghiém khich quan
cd 10 ciu. Mdi cdu c6 bdn phirong 4n tra 16, trong
do chi co mot phuong 4n ding. Mdi ciu tra léi ding
thi dwoc 1 diém, tra 1&i sai thi bj trir 0,5 diém. Mét
thi sinh do khéng hoc bai nén lam bai bing cach véi
moi cau déu chon ngau nhién mot phuong an tri 1.
Xdc sudt dé thi sinh d6 lam bai duoc sé diém khéng
nho hon 7 la

i el

% 2
.45 DN EAR D. 1L
g 4 262144

G496, Phuong trinh (4x)"°% " 4+ &%) = 4 ¢6 tap
nghiém la

A. {2,8}. B. {l,ﬁ} C{l,l} D. {2,1}.
2 2k 8

Céu 47. S6 mit phing cach déu tit ca cic dinh cua
mdt hinh lang tru tam giac la

Al B 2. e X D. 4.
Cau 48. Cho f(x) =, Giatri f'(1) bing
A.e. B. ¢° L a 1 A e

Ciu 49, Puong thing x + y = 2m 1a tiép tuyén cua

duong cong y=-x" +2x+4 khi m bing

A. —3 hoac 1. B. 1 hoiic 3.

C. -1 hodc 3. D. —3 hofic —1.

Ciu 50, Trong khong gian Descartes Oxyz cho diém
M(1,-1,2) va matciu (S):x*+y" +2° =9,

Mit phing di qua M cit (S) theo mdt dwéng tron cé
ban kinh nhoé nhat co phirong trinh 14

A x—y+2z-2=0. B. x=y+2z=0.
C.x-y+2z-6=0. D. x-y+2z-4=0.

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Ngi)
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* ﬂuﬁicl;;cé 37

S5 490(4-2018)




PAP AN VA HUONG DAN GIAI DE SO 6

1A 2C iD 4B 5C 6A 7D 8B 9C 10A
11D 12B 13C 14A 15D 16B 17C 18A 19D 20B
21C 224 23D 24B 25A 26C 27D 28B 294 30C
31D 32B 33A 34C isD JoB ITA ABC J9B 40D
41A 42B 43C 44D 45B 46A 47C 48D 498 S0C

Ciul. a=2(a® -b?)eR, f=2(a*+b*)-2beR.
Ciu 3. Dién tich mdi mat khéi 1ap phuong: S; =a’.
Dién tich toan phin khéi lap phuong: S, =6a2.
Dién tich todn phan khéi chir thap:
Sp =582 —85; = 22a2,

Cau 4. Dya vao db thi suy ra d6 thi ham sb co
mot tiém cdn dimg x=a>0 va mdt tiém cdn
ngang v=>bh>0. Mt khac, ta thiy dang @6 thj ham
sé 1a mot duong cong di xudng tir trdi sang phai
trén cac khoang xac dinh cua no nén:

¥ c—ab

(x—a)?

Ciiu 5. r:(a'ﬂgﬁ]l"%j A blus4ﬁ)hg4

<0, Vx#2a=c—ab<.

& log- 3
+3(C1og,?j)°g'?
=498;5 161845 1 349'987% _52 4 62 433 =8

E "9
"'- -?‘-.'°?:~
i

la sai viduta thir@=31, b=3 thi s& thdy. _
Cau 9. BPT c6 tap nghiém la: §'=(-4; fF_’g!rJfl +0),
. 1,%3, 4; 5}.
Cdu 10, Phuong trinh mp (¥0z) 1a x=0. Tir gia
11 1+1. ﬂ+cq

2+t 2
—a=b=1, c=—2Z = a+b+c=2-2 (0;3).
(x24+3) 2x ,f’(2}=%

x2+5 xt+5

2
Do d6 Tim YC* ?" 1o

L=+

Do xeZ vélx{f:::-xe{—

thiét co: b—1=0, a-1=0va

Cau 13. fi(x)=

= 3k +1 =9~g:>k=5.
Cfu 15. Goi O 14 tim cta hinh binh hanh ABB'A'
va I 1a trung diém cia A'C'". Tacé:
B'OI =(AB', BC") = 60°,

A5 L

Mit khiac OB'= g T=-::M nén AR'OI déu.

TOAN H
38 P enae
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: '_Famh nghia P(A)=
Ciu 6. Khing dinh: Véi moi a>bh>1,ta co ﬂ'h?“ﬁar

Suyra AB'=20B'=2B'l= 2( Eaf]z 2a-/3.

Vi ABC.A'B'C' 1a hinh ling
try tam giac déu nén tam gidc
AA'B' vuéng tai A" va co

AA’=AB*-A'B*
=\124% -4a* =2ay2.

Thé tich ctia khdi lang tru da
2
ho la: V' = AA'S 4pc = 2&&.%@—: 263,

Ciu 16. y'=(3x2 —2x + m)2e ~x"+mrtl In 2,

ycht < 3§I‘$’Ex+m}u Vxell; 2]
&% o
{::aml‘* whax g(x)=g(l)=-1,g(x)=-3x% + 2x.
2]

""*'-fé- xe[l;

"17. Nhdec lgi: Xac sudt cia bién cb A duge
n(A)
n(€)’

cia 4, n(Q) 1a s6 cac két qua co thé xay ra cua

voi a(A4) 1a sb phan tu

phép thir. S6 phdn tr cia khéng gian mau la
n(Q))=36. Goi 4 1abién cd "b> —4c <0", taco
={(L, .04, 6); (2, 2);...(2, 6); (3, 3);..(3, 6);
(4, 5):(4, 6)}.
Suy ra n(A)=17. Viy xac sudt dé phwong trinh béc
17
36
2x2 —6x+4  [x=1€[0; 3]
x2 +4 x=2¢€[0; 3]
F(0)=—12, £(3)=-313, f(1) =-545, £(2) =-8+2.
—m+M=—12-3J3=a-bJc
= S=a+b+c=-12+3+13=4.

1+31 I+4i
Ciu 19. o
AR, o Mgl oy HE o

Tir d6 ¢ a=—],b=2-_">| 2|=15.

hai x2 +bx+c=0 v nghiém la

Cin 18. 0= f{(x) =

==1+2L




1
Bl 3
uj[x ++—de 3+3]n§

Suyra: ab-8<k?+1=33-8<k?+1=k=0.
Céu 21. Trong mat phing

(ABC), ké AH LCM tai H.
Ta co:

SA 1 (4BC)
{CMLAH = CM L SH.

Do d6 khoang cach d tir
diém S dén duong thing
CM la dé dai doan SH.
ABCM vudng tai B co:

aT0

ks 2
CM =NBEZT B = | {;] ..

Tir hai tam giac vudng déng dang AHM va CBM, ta
AM.BC _ aJ10
CM ~ 5

c6: SH =/ SA> + AH* =@~
Céu 22. Tong dién tich cin ‘[‘Ihfli son la:
Seg = 2(2mrh) +6(2nrs h)
=2[2m.(0,2)4,2)]+ 6[2m.(0,13).(4.2))
~31,1394 m’

7} b Rl

H™ g

suy ra AH =

« ASAH wvubng tai A,

Viy s tién chi nha phal chi tra dé son 8 cay cm;yg@

1a 380000x31,1394 =11833000 d{mg K
Céu 23. Pé thanh phd X cd nhiéu glcr @% sang

nhit thi sin [-ﬁ[f —EGJJ 1= —la

Ciu 24. Ta c6 AB =(—3;-3:2) va mit phing (P)
6 VTPT la 7ip =(1;-3;2), (P) L (Q)=> mit phing
(Q) c6 VIPT la rig =[rip, AB]=-4(0;2;3).

Phuong trinh médt phang (Q) la 2y +3z-11=0.

== ag+b+e=0+1+3=5.

i
Ciu 25. Xét khai trién (1+x)" =) Ckxk, dao
k=0

ham hai vé duge n(l+x)"! -

chk kl.

Chon x=1 ta dwgec n2"!= Z kCk. Két hop gia
k=0

thiét c6 m.2" 1 =256n==n=9. V&i n=9 taco:

3 9 9
*/ k=0

N izﬁ qua N(—6;—1;3) va nhén NA = (7:4

Suyra: 18—-3k =0k =6. Viy 86 hang can tim 1a:
23.36,(,‘5" =489888.
Ciu 26. PT da cho viét lai

E[Sx +LJ+ 24(23‘ +—1-)-—125={}
8¢ 2%

3
Bﬁtr=21+i=}:3=[jl+i] =EI+L+31
5 2.1‘ z_x S_:,;

Tir d6 cho ta 83 —125=0.
Ciu 27. Theo dinh nghia phép vi ty, ta co:

o7 =- 154, o7 =- 175, 0T = Loc
OA' = 3[}A, OB = 3lf}'JE?t’,iEHZ?— 3[}{,'.

Vi O4=(-3; 2) nén ﬁ{:; —%]:}A'[l; _%]
A
T“mgmﬂ[_i’ 3)":‘[ 3’3]

. 1 2 | b g B
was s=1(5) (S (S} (5)5)- 7
Cau2B. Ned=N(2t-2;t+1;-t+1).

Theo gm fﬁ:t A(l; 3; 2) 14 trung diém cia canh
MN:;W 2t; S5—t; 143).

AP e(P)=>1=-2=> N(-6;-1;3). Dudmg thang

;—1) 1a mot
i =HG ¥+l 23
VTCP,suyra A: = i i~
Cau 29. Ta co:
—x2Y =
B (143x=x<) ¥ 3-2x Leniodiby
W1+3x—x2  2J1+3x—x2

Liy dao ham hai vé cia ding thic trén ta dugc:
200’y +y"y)==2hay (¥ +y.y"=-1.

Ciiu 30. Phuong trinh f(x)=4"2184¥2 6 hai

nghiém phan bit khi va chi khi 0<4™*21984¥2 <o

S2m+l<leaem<O,

Ciu3l.Dat u=yIx+l = x= u?

u4+2u2—11
2

= = udu = dbx,

2x2 +4x+1=

2x1+4x+l

J 2l

voi a=1, b—l, c=—-l=a+b+c=2.
Céu 32. Phuong trinh hoanh d) giao diém cia do

5
= % I[au"f +bu? 4 ¢)du,
1

thi ham sé y= Lo va truc hodnh la:

NE

TOAN HOC
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=
In x

¥ =
T
Céu 33. Goi O,0' lan lrrgt 14 tim cua hinh vudng
ABCD va A'B'C'D',khi d6 0,0' lan lugt la dinh

ctia khéi non va tdm cia dudng tron ddy cua khoi

] ik = :rjlnlxd{]:n X)=—

non. Khéi non cé chidu cao h=00' = a va ban kinh
%- Dién tich toan phiin ctia khéi nén &6
Sip =Sxq +arl =gr(l+r)= :-rr(\.'hg +7e +r)

- ""‘%fz{ﬁ +1),

diy r=

2
Ma S, —E-j-{£+c}:> be=5.1=5.

Ciu 34. BPT da cho twong duong véi

2 X 2 X
sl < vl
w2 <3 2)

x
il = ’(%J ,t>0 thi bit phuong trinh trén tro

351”93{{1@?:;{4;

2 x —4
ﬂ(%) {@j c_:[%] 4532
Tirdoh—2a=2-2(—4) =10e(/7; 410).

Céau 35. Ta co:

I
.t+1=m~.|'2x2+|<:::-——-;£i—=m *
N2x2 +1 ©)

Lip bang bién thién ham s6 f(x)=

thanh 282 —

x+1
V2x2 +1
va dua vao bang bién‘thién do, (*) co hai nghién]
phan biét khi duong thing y=m cét do thi ham 506

+1 e :
f(x)=———==tai hai diém phin biét tirc 1a
s;' x% +1

trén B

A2 W
2 2
Ciu 36, 0=y =4x’ -4m? +x & =P
' x=1ym? +1

— ham so da cho luén ¢6 3 diém cuc tri v6i moi m.
Do hésé a=1>0, nén xop =+ym? +1.

= Yor :—(m1 4»1)2 +2.

S& 490(4-2018)
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Vi (m2+1)2 21=> yop <1. Viy gid trj cye tiéu dat
gi4 tri 16n nhat bang 1 khi m=0.
Ciéu 37. x e(-o0;1) thi

f@)= [/ @ds=In(-0+C.
x € (l;+0) thi f(x) = [f(x)dx=In(x~1)+ ;.

f(0)=2017 _ [€;=2017
f(2)=2018" |C, =2018

Céu 38. V6i 29 #0,ta cd

y == 1=l

23 + 28 =292 = 2} = 7(2 - Zp)
2
Z
:rlz||3 .—_izu||zt—zo|=>|z|—zﬂ1= |ZI::|r (1)

Véi 2 #0,taco zZ + 2z =292 = 2§ = z1(Z9 — 1)

2
=
SleoP ko= -al=F- @
| lz |zﬂ|2
Tir (1) va{Zhta co |zﬂ z]|— =
|20| |21|

::~lzu|=|zl|=|z] ~z9|=> 0A=0B=AB

=54 R 14 tam giac déu.

™hiu 39, £ (x)=-3x2 +4x-9+(cosx-2)<0,VxeR.

Suy ra ham s6 da cho nghich bién trén R. Do d6
u<v= u<3vloge= f(u)> f(3vloge).

Ciu 40. Pat t=Inx=1e(0;1). Tir yéu chu bai

e >0,Vte(0; 1)

(t—2m)?

m<l m=0
= Fmiﬂc{] - VimeZt =>m=1.

toan ¢o (1) =

ey |

2m =1 2
Ciudl, Med= M(2t+1;—t-2; 2t+3).
Phuong trinh mp(4BC) la:x+2y-22-2=0.
Dién tich tam giac ABC la: S pc = %
y= 3:%&@{,{330]).3 5c =3=> d(M,(4BC)) =2

T 17
:H__E hﬂac:——T-

Chu 42. Véi moi x>0, ham s6 ¢6 dao ham lién
tuc trén khoang (0; xﬂ}u (Xq; +00).
khi0<x<
flx)= 24'_ .

2x  khix 2z xg



Jliéntyc tal xp < lim f(x)=
_\.'—}_\:{_I
S afxg =x3 +12 (1)

f ¢6 dao ham tai diém x,

lim_f(x)=7(x)
x—}xﬂ

o Tl WP L s FlE-dlen)
X=Xy X=X x—xt X — X
0 0
=2xq (2)

a
Giai hé (1), (2) duge xy=2vaa=8J2. D¢ thiy
khi dé dao ham f' lién tyc tai xy; do do f lién
tuc trén (0; +). Viy S=x5+a=2(1+4/2).

Céau 43. Goi r la ban kinh clhia dudmg tron (T),
theo gia thiét duong tron (T) cd chu vi bing 47143,
nén4ny3 =2mr = r=23. Mit ciu (S) cé tim
I(l; —2; 3) va ban kinh R=4. Khoang cich tir
tim / cta mit cdu (S) dén mit phing (P) la:

|2x‘; +y; =2z +mi _|—|Ei+mj_2 |:m=ﬂ 1

3 il 3 m=12
[(S4B) L (4BCD)
Céu 44, Taco {(S4D) L (ABCD) = SA L(ABCD).
{(SAB)\(SAD) = 54

Ta c6: SB L BC, AB | BC=>{(SBO),(ABCD))=SBA=3(P

= ((SBC),(4BCD)) = SBA =30°

2a3 .
3

«.24:1\"_ _8a33 _ W3
TG S

— S4 = ABtan SBA =

—{2 )"

Clu 48 Tacl Po|E

i
=‘1+—
z

s

Z

<1+

1 | 1
SE g f VA s
2.1 <P<l+

Do |2| =0 =
z| |z

: e LY,
tir d6 EMwm—Z,(EJ 5=3

Ciu 46. Ké AH 1 BC. Tacéd
Sy =rca+mc? =me(a+c), 8. =abla+b)
S,=nAHb+ 7 AHc=m. AH(b+¢) =}T.%‘[b+ﬁ'].
Vi b<ec =8, > §,. Mit khac

a>e=d >3, ab>be

= al+ab>bc+c? =5.>8,. Viy S, >8.>8,.
Ciu 47. Goi g la cong béi ctia cip sb nhan da cho.

5 s
BERLC W s
gl g B
D& thiy nim sb 1.1 Al tao thanh mot
4 a’ b’ e’ d e 0
cap s6 nhén theo thir tir 46 voi cong boi 1 % gia
: 31 3]
thiét tac 10=—1 T~ —10ag®* (2)
agtlg=0 , 4-1
Tir (1) va (2) suyra: ag? =42 Laicd S=a’ql0.

Viy |S]=32.
Cau 48. PT < 2sin2x+acos2x=2-2a.
PT co nghiém < 22 4 g2 =(2- 2a)?

e 3a? -Ba<0e ﬂ<a{§

3
Caud9. up =up_ +4(k-1)+3
=tp_ 2+ 4k -2)+4k-1)+2.3=--.
=+ d1+2+ 4k =1)+3(k=1)
=(2k+3)k-1)

Ok +3)[kn— 0

.Ju_

=k+2. Do dé6

== lim

10]9 +b .Vlrh‘_ ..|'H4n + |'H4 e ol +1||M42mg
c 1.Irr_+ gy +fUyz, +oo0F Il'u,_,zmg
_Iimf(1+4+42 +420'3)

V2Z(1+2+22 +... 422018y
42[]]9_1
2019
= lim 74_1 =2 s
22019 _1 3
2-1

TerdoS=a+b-c=2+1-3=0.

Ciu 50. f(x)=F'(x ]—( ;)2 =(4a—b)(x+4)7?
T - ( h}
= =g - + 433 —_.—2 ha :
= fi(x)==-2(4a-b)(x+4) ( 3

Tacd 2f2(x)=(F(x)-1)f"(x)
o 2da- b2 —2(4a-b)(a—Dx+b—4]
(x+4% (x+4)4
eda-b=—(a—-Dx—b+4(*) (dox=—4,4a—h=0).
Biéu thirc (*) ding v&i moi x#—4 nén co
a=1,beR. Do 4a—-b =0 nén a=1,b=R\{4}.

_ PHAM TRONG THU
(GV THPT chuyén Neuyeén Quang Diéu, Pong Thdp)
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MOT MOI QUAN HE GIUA
CAC PA THUC

n

HOANG PUC TAN .
(Ha Noi) Suu tdm va bién soan :

Niam 1995 Andrew Wiles, nha toan hoc Anh di
chimg minh mét trong nhimg bai toan s& hoc ndi
tiéng nhét 12 Dinh 1y lén Fermat: Véi n>3,neN
phieong trinh x" + y" =z" khong cd nghiém trong
tip hop cdc sé6 nguyén dwong. Nam 2003, P.
Mihdilescu chimg minh gia thuyét Catalan:
Phuong trinh x'—z' =1 cé nghiém duy nhdt
(x:v,z:6)=(3;2:2:3) trong tdp hop cdac 56 tir nhién
lén hom 1. Liéu c¢6 hay khong mét diém chung
giita cdc dinh ly d6? Co diy!. Nam 1981 W.
Stothers da phat biéu va chimg minh mét khing
dinh nhu vy (tuy nhién khing dinh d6 khong
phai véi cac s6 ty nhién ma 1a doi véi cac da

thirc). Nam 1983 dinh 1y cua Stothers dugc R

Mason tai phat hién lai. Ndm 1998 mét sinh.yién
toan 1a Noah Snyder dd dua ra mét chimig minh
dep hon cho dinh ly do.
Dau tién ta ky hiéu deg f 13 béc cua da thire f, va
k( £)1a s cac nghiém (thyc hay phirc) khac nhau
cta da thirc £ Néu
f()=alx—a Y .(x—a,)".(x-a,)",
trong do o la mot s6 khdc 0, a8, ,....4, la cdc 56
khac nhau (thue hay phiec khéng quan trong) thi
deg f=m+ny +..+n,vak(f)=r.
Ky hiéu D(f)1a wde chung 1ém nhit (UCLN) cla
f vadao ham f' cia né. Ta co két qua sau.
Bé dé
thire | khac 0.
Chirng minh. Theo cong thirc Leibniz ta c6
f@)=olm(x—a)"" (x-ay)"..(x~a,)"
+m(x—a)".(x—a)" L (x—a, )"
ok Ar=m (- Vi (x—a Y],
Cho nén ta c6 D(f)= UCLN =(f(x);f(x))

TOAN L HOC
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=a(x-a )" (x—a)2 . (x—a, )
(lwu ¥ ring ta c6 thé khong viet h¢ sb cao nhat «
do da thirc udc chung 1ém nhat dwge xac dinh
chinh xac dén thira s6 khong doi khac 0) va do do:
deg D(Y=(m ~1)+(n; —D)+..+(n.-1)
=m +n,+...+n, —r=deg f —k(f).
Chirng minh cua Noah Snyder.
Xét dang thire f(x)+g(x)=h(x), trong dé fva g la
cac da thic nguyén té cing nhau. Ky hiéu
J(x)= f R (x)+ f(x).g'(x). RS rang J(x)chia
het chu B( ), D(g) Baivi:
J{x} F(x0.8(x)+ f(x).g(x)
= f'(x).g(x)+g'(x).g(x)-g(x).g'(x)+ f(x).g"(x)
=[/"(x)+g'(D].gx)-[/(x)+g(x)].g'(x)
nén J(x)=h'(x).g(x)-h(x).g'(x), do do J(x)
ciing chia hét cho D(k). Do hai da thirc fva g la
nguyén to cing nhau nén hai da thic D(f)va
D(g) nguyén tb cung nhau; Tir tinh chat nguyén
t6 cung nhau cta hai da thirc f va h ta cling suy ra
hai da thirc D(f) va D(h) nguyén to cing nhau;
va tir tinh chét nguyén td cing nhau cua hai da
thirc g va h ta cling suy ra hai da thirc D(g)va
D(h) cling nguyén td ciing nhau.
Vi vdy da thitc J(x) chia hét cho tich
D(f).D(g).D(h),nghia la bdc cua da thirc J(x)
khong thé nho hon téng bic cua cc da thirc
D(1).D(g),D(k). Do bic cua dao ham cia mot da
thirc nho hon béc cia chinh da thirc do mot don
vi, cho nén nén deg khing wuot qua
deg f +degg—1, do do:
deg f+degg—1=degJ2deg f —k(f)
+degg —ki{g)+degh—k(h)
tire 14 k() +k(g)+k(h)—1=degh.



Vi k(f)+k(g)+k(h)=k( fgh) nén ta d3 chimg minh
dugce dinh 1y Stothers - Mason - Snyder sau: Bdc
cia tong hai da thire bat ky nguvén té cung nhau
5& nhé hon 56 nghiém cua da thiec la tich hai da
thirc do véi tong ciia chiing.

Béi vi diing thirc £+ g=h ta c6 thé viét dudi dang
f=h+(—g) hay dang g=h+(-f)nén khoéng chi
c6 béc cia tong ma ca bic ciia mdi da thirc bit ky
trong hai da thirc nguyén td ciing nhau ciing phai
nho hon s6 nghiém coa tich cac da thire dy véi
tong cta ching. Tir dinh 1y Stothers - Mason —
Snyder s& suy ra duge nhidu két qua hay ddi voi
cic da thirc. Sau ddy chi xin trinh bay ba két qué
hay duge suy ra tir dinh 1y do.

Binh [y lon Fermat doi voi cdae da thire. Gia sir

f. g va hla cic da thire nguvén 16 cimg nhau, ¢é

it nhdt la mot da thiee trong cac da thire ay khong

phai la mot hang so. Khi do dang thirc:

g

Chirng minh. Theo Dinh Iy Stothers - Mason -
5 = 5 - . g

Snyder thi bac cia moi da thac f7, ¢", A"

=h" la khong thé co vai n=3

(hru v ring deg/"=ndegf, degg” =ndegg,
degh” =n degh) khong vugt qua:

deg f +degg +degh-1.
Cong ba bat dang thirc dé, ta nhan duoc:

n(deg f +degg +degh) <3(deg /' +deg g +degh—1)
3

<3.
deg f +degg+degh
Suy ra diéu phai ching minh.
Dinh Iy Davenport (1965). Gia sir fva g la cac
da thite nguvén 16 ciing nhau ¢é cdc bac khdc 0.
l

~g-)z—deg [ +1.

-
X

= H<3-

Khi do: deg(

=

Chirng minh. Néudeg f° =deg g* thi:

deg(/* —g?)=deg f* =3deg f E%degf +1.

Cho nén ta co thé coi ring deg /° =deg g = 6m.
Xétcacdathicc F=f°, G=g> H=F-G=/>-g%
R& rangdeg H <6m. Theo Dinh ly Stothers -

Mason - Snyder:
max(deg F,deg G,deg H)<k(FGH)—-1
<deg f +degg +deg H -1
tac la 6m <2m+3m+deg H —1.

Vi viy dch2m+l=%degf+l. Ta c6 diéu cén

chirng minh.
Nhin xét. Dbi vii cac da thic:
J({)= % +4r* +1072 +6

g(f)=1" +61" +218° +358 + -‘-5-;:

thi bat ding thirc Davenport tr& thanh dng thirc.
Ro rang phuong trinh Diophantine f® +gP = 4"
cua cac da thirc /g, 14 c6 nghiém néu mét trong
cac sb o, B, v bﬁng 1. Cho nén ta s& coi rﬁng
a,B,y=2. Ta co két qua thi vi sau day.

Dinh Iy. Gia sw «.p,y la cdc s6 tw nhién, ngodi
ra2<a=p<y. Khi do phuong trinh * +g¥ =h
cé cde nghiém nguvén (0 cimg nhau chi véi cdc
bo 30 (o,p.y)e(2,2,7).(2.3.3), (2.3,4) vi(2,3,5).
Chirng minh. Gia sit a,bvacla bic cua cic da
thie f, g vah. Khi d6 theo Dinh ly Stothers -

Mason - Snyder ta co: aa<a+b+e-1 (1)
ph<a+b+e-1 (2)
re<a+b+c-l. (3)

Do do: ala+b+c)Soa+Pb+yc<3la+b+c)-3.
C6 nghia laa<3. Theo diéu kién «>2 cho nén
a=2. V&i a=2 bat ding thirc (1) c6 dang:

, 1a£f}+c—l (4)
Cong cdc bét ding thirc (4), (2) va (3) ta nhén
dugc: Bh+yec<3(b+c)+a-3.
Do tinh t¢i B<yva dp dung bit ding thirc (4) mét
lin nita, ta nhan dugce: P(b+c)<4(b+c)-4, b
nghia lap <4, tirc 1a =2 hoiicp=3.
Ta con phai chimg minh ring néu p=3 thiy<s.
Véi f=3 thi bt ding thirc (2) c6 dang:

2bza+c-l1. (5)
Cong cac bat dang thirc (4) va (5) ta nhan duoc:
b<2c-2.

Trong truémg hop do tir bat ding thirc (4) ta suy
ra: a<3c—3. Tir hai bit ding thirc sau ciing va
bat dang thic (3) ta suy ra:yc<6c—6. Cho nén
y<5. D6 la diéu phai chimg minh.

Ban doc than mén! Bai viét xin duoce tam dimg &
ddy. Rat mong nhén duge céc két qua tha vi khac
cta dinh Iy Stothers - Mason - Snyder tir cic ban
yeu toan.
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CHI'J MﬂT BAI TL'IAN A
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e et AR 3 g e b ke

BAl TOAN. Cho duong tron (0), hai duong
kinh AB va CD vudng géc vdi nhau. Trén
cde doan thdang OD, OC lan lugt lay M, N
sao cho CN = OM. Puong thang AM cadt
duong tron (O) tai P. Ching minh rdang
ANP 290",

Ciich gidi 1.

Goi I, K lin lugt la
giao diém cua NP vai 4
dutng tron (O) va
AB (I = P). Dé thay

\j‘:}/

I #C. Gia su B
ANP =90°; do AIB =90° = IAN = NIB =AM
— ANIA o AoMA = _ &%

OM 404
Cf “o4
O e Ao = 2 S e TV B
NK  ON CN~ ON

— ACNI ©» AONK = NCI = NOK =90".

Tam giac CDI c6 hai géc vudng (vo li!). Do
vay ANP =90" 1a sai! Vay ANP # 90",

Cadch giai 2.

T CN = OM (gt),
Gia st ANP=90". Qua M vé dudng thing
vuong goc véi CD cit PN tai S. Ta ¢6’
AOAN = AMNS (g.c.g)=> ON = MS.

ta cOON=MD, MN=R

AMDS vubng tai M c¢6 M=MD
(= ON) = AMDS vudng cén tai M
TOANHOC .
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— MSD = MDS = 45", filisi

Ta ¢b h :
MPD = MSD = 45" "x_\\ ﬁgg/

= tit giac MSPD nbi b O 7

tigp = SPD=SMN =%’

hay SP.LDP, CPLDP (vb lil) nén ANP=9 1a

sai. Vay ANP = 90°.

Cich giii 3. P
VeNH LAP tai H, / N e
OI L AP tail. Taebl. ff \ \
la trung diém cla .. f’”/ = ;\:‘3_\ 1B
AP. Gia sit ANP =90". \ H YAl i‘:{j\ #f
Khi 46 NI =%AF (1) “u_-__f,i P

Ta c6 APB=90" (géc ndi ti€p chdn nia
dutng tﬁn};m:@ (cing phu wvai
AMN) S AHMN <> APBA (g.g)

NN _ME L L (2)
AP AR 2 a

T (1),(2) = H=1,dodé N=0 (vo 1i!)

Do vy ANP=90" la sai. Vay ANP = 90°.
Cdch giai 4.

Goi Ila giao diém cia £
NP v¢i duéng tron
(0) (I = P). Céc tiép
tuyén tai C, A cua
dusng tron (0) cit
nhau ¢ E.

T giac AECO 1a hinh
vudng. Ta co MN = AE, MN [/ AE, nén tdf giac

EAMN la hinh binh hanh
— EN /| AM = ENI = API.
Ma API = EAI nén vay ENI = EAl

— tif gidc EINA ndi ti€p = ANP = AEI

Ma AE] < AEC = 90", nén ANP <90".

Cdch giai 5.

Vé dutng thang vuéng goc vii CD tai M,
dudng thang nay cit CP tai S. Ta cé



S ¢ NP, nén g
e e -~ = _E.. -HH“H
ANP# ANS (1) 1\
DPS + DMS
90° +90° =180°

= MDPS nbi tiép
nén MDS = MPS = 45",
AMDS wvubng cin tai M= MS=MD. Ta co
AONA = AMSN (c.g.c)= OAN = MNS nén

ANS = AND + MNS = AND + OAN =90°  (2)
Tit (1) va (2) ta c6 ANP #90".
Cach gidi 6.
Chon hé truc toa do "
vubng goc Oxy sao cho /,,.f’rf'm\
O trung vdi tdm O cia KK ,;"-;K '-:1@4
dubng tron, truc Ox ol L
trimg véi tia OB, truc \\ ;:;

Oy trang vai tia OC.

PatCN=0M =1 (v810 </ <a). Taco

0(0;0), A(—a;0), B(a;0), C(0;a), D(0;—a), M(B;=F),
N(0;a—1). Hé s6 goc m cua dudng thing

AN Bmeir i e

Xy — Xy a

PT. cua duong

thang AM la

i+i=1:'.t-11::+¢::ry+1ﬁ.lf=[l.
—

Toa do giao diém cta dubng thang AM va
dubng tron tim O la nghiém cia hé
phuong trinh

[.l’)r:+ ay+al=0 (1)

]_xz +y* =a* (2)

2 2
3 i 2 .
Ma a(};—«}u? =a’ & (@ +17)y’ +2a°ly =0
2a°1
a1+f1

la toa do A(—a; 0)

> .}l[(az +1‘2 )r}’ + zazf] — u = J}l = ﬂ‘ _1_:!2 e

«Néu y, =0 thi x, =-a,

2a°!

a* +1*

« Néu y, =- thay vao (1) tinh duoc

Xy = M Toa dd diém P la
£ a’ +

-
{IE’}JE):[a{i -I!II }._,—

e

2a°1
o

]= (xp,Vp)

Goi k 1a hé s6 goc cia dutng thing NP ta
~yp _(a—INa® +1%)+2a*1

6 k=2 o
all* =a”)

IN e IP

Tam gidc ANP vudng tai N < AN L NP

-Ci-k.m‘—-—lf::*k=—i
iy

(a—Ia*+I)+2a°l __ a

Vay AN LNP = .
d a(l® —a*)

= (a-DF =0<1=0 hodic I=a.
Do dé €am gidc ANP vudng tai N khi N
trung.voi C hodc N trung vdi O
Cac truong hop khac tam giac ANP khong
vudng tai V.
NGUYEN PUC TAN
(TP. Ho Chi Minh)
% Nhdn xét. Cach giai 1 va Céch gidi 4 ban doc co
thé tham khao thém trong bai Loi giai dom gidn tir
phutong phdp suy dién légic (Tap chi TH&TT s6
263, thang 5 nam 1999); Cach giai 3 xem thém cudn
sach 255 bai todan chon lpc hinh hoc, So Giao duc
Ha Tay, nam 1993. Cach giai 6 xem bai Béan vé lpi
thé ciia phwong phdp toa do (Tap chi TH&TT s6
260, thang 2 nim 1999).
LE MAI (Ha Noi)
Mo cde ban hay giri 1od giai Bai toan 13 dudi diy vé
Toa soan Tap chi Toan hoc va Tudi tré trudc ngay
31.5.2018.

BAI TOAN 13, f htmg minh ring a:r:?p hop cdc 56
neuvén diong chika Vi 3@1 i‘w ngmw 16,

NGUYEN VIET HAI (Ha Noi)
k TOAN HQC
S6 490(4-2018) * CTudilre 4 5




Trong bai ky nay la l&1 giai cac bai toan dwoc dua
ra trong phan bai tip dé nghi & Tap chi TH&TT s6
488, T2.2018.
Bai 18 (AME 1986). Tim so nguyvén dwong n lon
nhat sao cho n' +100 chia hét cho n + 10,

Gidi. Dat ' +100=(n" +an+b)(n+10)+¢
=n" +(10+a)n’ +(10a+bn+10b+c.

10+a=0 a=-10
Suyra: 110a+5=0 < 6=100 .
10b+¢ =100 ¢ =-900

Tir thudt toan Euclid suy ra
n+10 = (n* +100,n+10)= (-900,n+10)
=(900,n+10).

Viy s6 nguyén duong 16n nhat can tim 1a n =890.

Bai 19 (PuMAC 2008). Pat f(x)=x'Tim hai

chit so tan cting cia kr;}‘{ 17) + A18)L 58 [9) + 20).
Gidi. Ta sé tinh ting s6 hang riéng biét.
o f(20)= 202" =0 (mod 100).
¢ Vi 19=—] (mod 4) nén
£19)=19"" =~1 (mod 4). (1)

Vi 19=-1 (mod 20) nén 19" =-1 (mod 20)
hay 19" =20k —1, k € N°. Theo dinh 1y v& ¢ - ham
Euler, ta cé: 19"* =19” =1 (mod 25).
Do dé £(19)=19"""=19"".19"* (mod 23)
=197 (mod 25) = 4(mod 25). (2)
Tir (1), (2) va theo dinh Iy vé phan dwr Trung Hoa
suyra: f(19)=79 (mod 100).
e 18" =0 (mod 4)=18"" =0 (mod 4);
18* =—1 (mod 25)=>18" =1 (mod 235)
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—18"" =1 (mod 25);
Dodé f(18) =76 (mod 100).
e 17=1 (mod 4)= F(17)=1 (mod 4); (3)
17* =1 (mod 20)=>17""" =17 (mod 20).
Ta c6: 17** =17* =1 (mod 25),

dodo f(17)=17"""=17" (mod 25).
Ta cé: 17 & (17%)° =14* = (14%)*
= (—4)" =6 (mod 25).
Da@dé. f(17)=17.17° =17.6 = 2(mod 25). (4)
Lar(3) va (4) suyra: f(17)=T77(mod100).
Tir céc két qua trén ta c6;
SAD+ f(18)+ f(19)+ f(20)

=77+764+79+0

=232 =32 (mod 100).
Véy hai chir s6 cudi cua tong la 32.
Nhgn xér. 1) T (1), (2), khong dung dinh Iy phan dur

Trung Hoa ta cé thé suy trre
£(19)=79 (mod 100) nhu sau:

Ky hiéu x = {19). Tir x=~1 (mod 4) va

x=4(mod 25) ta ¢6: x=4k-1=25m+4. Do db
23m=—1(mod 4). Suyra m=3 (mod 4).

Viy x=25(4¢+3)+4=100f +79.

Tir @6 f(19)=79 (mod 100).

tlep ra

BAI TAP PE NGHI
Bai 20. Chimg minh rang véi méi sé nguyén
dieong n, ta c6 thé tim dwgc mot tdp gom n s6
nguyén lién tiép sao t:._&ofkkﬁng $6 nao trong
chiing la Iy thira clia mot s6 nguyén to.

NHU HOANG (Ha Noi)



GIAI DAP:
(Dé ddang rén THETT sé 486, thang 12 ndm 2017)

DA LA GIA TR] LON NHAT CHUA ?

Phin tich sai ldm. Loi giai d3 mac sai lam ngay

bude diu. Khi so sanh BD = il

véi dai lugng

(AC+BCY

bién thién ma khéong phii véi mot

h:ing s6. Sai 1am nay thudng
hay mic phai khi giai toén cue

tri. ] \
Léi giai diing.

Vé dudmg kinh AE, ta co ,

ABDC O AACE (g-g)

8D _BC
AC  AE

= atcC oY

AE? & (1
Goi H 1a giao diém cua AE va BE.TFam gisc ACE
vuong tai C co CH 1a duong cao nén'ta co:
AC? = AH . AE (2)
BC? =4HC® =4AH HE (3).
Thay (2) va (3) vao (1) ta dugc:
44AH . AH HE 4AH.AH.[AE— AH}
AE AE

= DB =

DE* =

= %AH,AH,HR ~24H)

{l(dH+AH+4R—2AHJI
X

3
_1(4_@]’_454133
R\ 3 i
Viy BDEEER. Pang thie xay ra khi

AH =4R-2AH hay AH = %R'

83R

Vay gia tri 1én nhit cia duémg cao BD la 5 khi

Ah':iR.
3

Nhdn xét. Cac ban tham gia bai nay déu phat hién
duoe sai 1dm va dua ra I giai dung. Cac ban dugce
khen la: Ha Ngi: Hoang Ting, 12T, THPT chuyén
KHTN, PHQG Ha Noi. Thira Thién Hué: Biii Nhdt
Minh, Nguyén Ngoc Mai, Nguyén Ngoc Thanh,
12T1, Phan Hoang Minh Duc, 12T2, Mai Thanh
Hang, 10T2, THPT chuyén Quéc hoc Hué,
KIHIVI

GIA TRI NHO NHAT
CUA F - Piing hay sai?

Bai tofin. Xho hai s6 thie x, thoa man
x' =3y =1+3y°
{_}-3 e
Tinh gid tri nho nhat ciia biéu thiee F =2x" —y°,
Sau day la loi giai cua ban Dwong:

P o3y =1+3y° T =3y 43y +1
Th e X Bl ¥ - X 1}’ ¥ 1
=Ix +3x-1=y

¥ +3x" =3x-1
= x =3x’ +3x-1=1" +3y° +3y+1
Sx-1=(p+ly o x-1=y+1< y=x-2.
Do dao:

F=2x-y"=2x"-(x-2)" =2x" - (¥*
=x'+4x-4=x +4x+4-8
= T b T

~4x+4)

Ding thirc F =-8 xayrakhi x=-2= y=-4.
Viy min F = -8.
Theo ban két qui ciia ban Dwong ding hay sai ?

NGUYEN vfiN XA
(GV THPT Yén Phong s6 2, Bic Ninh)

, TOAN HOC
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o Hudng din giai Dé thi tuyén sinh l6p 10 "IHPT -

& € Tiéng Anh qua ciic bai todn - Bai 5631,
chuyén Hiing Vuong, Phid Tho, nim hoe” 2017 -

2018 s B dich 5627 - Tiéng Anh qua cdc bai todn.
@) bé thi tuyén sinh 16p 10 wuomg THPT chuyen € This e rude ki thi 2018 - DE 56 7.
Binh Long, Binh Phudc, nam hoc 2017-2018. @ Dap én v hutng din gidi dé 6 6.
€2 Chuén bi cho ki thi THPT Quéc Gia @ o cs v

Va Trong Tri = Hiéu rd ban chét hinh hoc cua bii
todn cuc tri toa di khong gian dé gidi nhanh bai
todn trac nghiém.

@ Phuong phap giai toan

Trin Trung Diing — Ung dung dinh 1§ Lagrange @ Uk Befl ptijum GR0: I G 1Ly
trong bii todn chimg minh su ton tai cia cdc dai @ Sai lim & dau?
lwong todn hoc.
: Nguyén Vidn Xd — Gia tri nho nhdt coa F — Ding
@ Pé ra ki nay T

Hodng Piic Tdn — MOt méi quan hé giita cdc da
thire.

€D Nhiéu cach gidi cho mét bai toan

Anh bia 1. Nha toan hoc, thién vin hoc Phap, Joseph Louis Lagrange (1736 — 1813).

Biéntp: LEMALNGUYENTHITRUONG ~ Mithugr: QUOCHIEP, THANHLONG
Tri su;, phdt hanh: NGUYEN KHOA DIEM NGUYEN THITHUHUYEN  Thiét ké, ché bdn: NGUYEN THI TRUONG
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CHITOANIHOC\V/ANIUG)
Do saelt TUYEN CHON THEO CHUYEN BE
CHUAN Bl CHO Ki THI VAO TRUNG HOC PHO THONG MON TOAN

’-"__i"’ & sach gbm hai tap tuyén chon theo » »
chuyén dé r‘lhl:mg bai viét hﬂy trén Tap ATHED CHIrED IE FUYEY SH0N THED CHOYEN OF
\ T L e & » i ' ' j CHUAN BI CHO Ki THI VAD
chi TH&TT va mot s bai viet thém cua cac GHOGPHD : TRUNG HOC PH THONG

nha gi&o ¢ kinh nghiém nham gidp cac ban
HS THCS &n tap va thi cd hiéu qua vao I6p 10
cac truong THPT va THPT chuyén. Bd sach
cling I tai liéu tham khao hitu ich cho céc thay
cd giao va cac bac phu huynh HS.

|
- :
uuuuuuuuu L B e pia i

200 trang, Khé 17>24cm 200 trang, Khé 17> 24cm
Gia bia: 35.000 dong Gia bia: 35.000 déng

Do sael TUYENCHON THEO CHUYEN DE
CHUAN BI CHO KI THITOT NGHIEP THPT VA THI VAO DAI HOC,

CAO DANG MON TOAN BT TR
Tpfl sach co hai tép gfim 10 Ehlfﬁl'lg vai TUYEN cHﬂH]“::’-.‘:rL!.ﬁ?_i“._E TUYEN CHON THED CHUYEN BE
/-.Elﬁhiéi.l Chuyéﬂ dé duqt tl.l}"éﬂ {:h‘?n tﬁ’ "LI'I';":':l:I.ITI: || |'-|l 1 107 BEEE }HL|I:LI'::L[I|J;JIEI|".I||I|_:
céc bai viét cha cac thay cd gido gi6i chuyén SR T i e
MON TOAN | MOIN TOAN

mon va cé kinh nghiém giang day trong ca oy i Sari
nudc, dudc sap xép theo ding thif tu trong T e
CAu tric dé thi tuyén sinh Pai hoc, Cao déng
cua B Gido duc va Pao tao.

Phan cudi méi cudn gidi thiéu mét s6 dé tu s s .
luyén va c6 hudng dan giai. 260 trang, Khé 17>24em 240 trang, Kho 17<24cm
Gié bia: 46.000 déng Gié bia: 44.000 déng

Moi chi tiét xin lién hé:
TAP CHi TOAN HOC VA TUOI TRE
Ts’ing 12, toa nha Diamond Flower, s6 1 Hoang Pao Thuay, Thanh Xuan, Ha Noi
® Dién thoai bién tap: (024).35121607 ® Dién thoai Fax- phat hanh: (024). 35121606
® Email: toanhoctuoitrevietnam@gmail.com
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..SACH GIAOIKHOA THEO BINH HUGNG PHAT TRIEN NA
NHIN TU KINH NGHIEM QUOCITE"

(‘rhur: hién Nehi quyét s6 88/2014/QH 13 ngéy 28 thang 11 nim 2014 cia Qudc hji vé dbi mdi churong trinh, sich gido khoa
(../gif!ﬁ duc phé théng, trién khai nhigm vy bién soan sich gido khoa theo chuong trinh gido dyc phé théng mai, véi muc dich
trao doi, hoc hoi kinh nghiém quéc t& trong viée bién soan sich gido khoa, NXB Gido dyc Viét Nam td chirc Hoi thao Sdch
gidio khoa theo dinh hidng phdt trién ndng lwe: Nhin tic kinh nghiém quoc té.

Tai Hi thao, cac chuyén gia dén tir Vién Bdi durdmg Gido due thude Trrdmg Bai hoe Potsdam — Dire va chuyén gia eia Dai hoc
Timepere — Phiin Lan 3 trinh bay nhiéu van dé quan trong va thii vi ve kinh nghi¢m lam sich gido khoa phét trién nang luc.
Héi thao duoe dién ra trong 3 ngay 16, 17 va 18 thing 3 ndm 2018 tai Ha N1 va 3 ngay 20, 21 va 22 thing 3 nam 2018 tai TP,
H6 Chi Minh. Hi thio 1d mit bude chudn bi cia NXB Gido duc Viét Nam nhim thye hién nhiém vu bién soan SGK mdi phue
vu d0i mdi gido duc pho thing. Dudéi diy 1a mdt 50 hinh anh trong cac budi Héi thao tai Ha Noi va TP, Hb Chi Minh.

it yES DL T

Chi tich HRTV NXBGD Viét Nam Newyén e Thei GS. Bernd Meler va TS. .'\"3113'5!? Vdm Ciomg
phit bieu khai mac Hji thao. ; chia sé cdc quan diém co bdn vé bién soan sach gido khoa,

Bd Fenariing Hémdidinen, chuyén gia cia Dai hpe Timepere Quang canh trong Hoi thio tal Ha N&i
chia sé vé cich bidn soan sieh gido khoa & Phin Lan.

Trio dbi trong Hi thao tai TP. HA N&i Trao ddi trong Hoi thao tai TP. H6 Chi Minh
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