XUAT BAN TU 1964  TAP CHi RA HANG THANG - NAM THU 55
201 8 DANH CHO TRUNG HoC PHO THONG VA TRUNG HOC CO s@

S6 487




PHUONG TRINH NGHIEM NGUYEN VA KINH NGHIEM GIAI

(Tai ban [an th nhat, ¢6 chinh li, bS sung) Cda tac gia NGND. VU HU'U BINH
Sdch day 224 trang, khé 17 x 24 cm, gid bia 42000 dong

0i dung cua sach trinh bay
céc phuong phap giai phuong
trinh véi nghiém nguyén, van
ot dé tai Iy thu cla S6 hoc va Pai s6,
tr cac hoc sinh nhd voi nhimg bai toan
nhu Tram irdu trdm co dén cac chuyén
gia toan hoc vai nhing bai toan nhu dinkt
Ii lén Fermat.
Sach gém 5 chuong:
Chuong | gi¢i thiéu cac phuong phap
thuéng ding dé gial phuong trinh nghiém
nguyen.
Chuong Il gidi thiéu nhiing phuong trinh
nghiém nguyén dugc sdp xép theo ting
ngay.

Chuong [l gidi thiéu nhing bai toan dua
vé giai phuong frinh nghiém nguyén,
trang dé cd nhing bai toan vui, bai toan
thye té.

Chuong IV giéi thiéu mét so phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell Pythagore, Fermat,
Digphante, ...

Chuong V gidi thiéu nhimg phuoigiirinh
nghiém nguyén chua duoc giaiqiyét va
nhing bude tién cla Toankoc dé giai
nhiing phuong trinh «fghiem nguyén,
trong dé ¢ nhiing déhg gop cla Andrew
Wiles ching mipkidinh Iy lon Fermat va
Gido su NgdiB4d Chau ching minh Bd
dé co baptrang Chuong trinh Langlands.
Phuong, trinh nghiém nguyén c6 sd
phuong trinh it hon s6 &n nén doi hoi
ngudi giai foan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thuong c6 mat trong cac dé thi
hoc sinh gidi tir bac tiéu hoc, trung hoc co
s& dén trung hoc phd théng. Cutn séch
danh mét phén thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phén tich bai
toan, cach suy luan dé tim huéng giai,
cach phan chia bai toan thanh nhimg bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quen’, cach lign hé
tinh hudng dang gidi quyét voi nhing vén
dé mai, cach chon hudng di phu hop véi
ting bai todn dat ra ...1at ca nhing didu
do déu 1a nhing ki nang ma mdi ngudi
¢an cd trong hoc tap, frong nghién cuu va
trong cudc sdng.

Trong I4n tai ban nay, cuén sach bd sung
thém nhiing kinh nghiém giai todn, bo
sung thém mot sd thi du, cap nhat thém
mat s6 su kién lién quan dén tiéu st cac
nhd toan hoc, bd sung thém mét sé cach
giai.

Vi nhimg cau the 6 dau mdi chuong, véi
cach trinh bay ré rang, dé hiéu, tuoi mat,
véi nhimg théng tin cap nhat, véi nhimg
kinh nghiém thyc 1€ trong bdi dudng hoc
sinh gioi va viét séch, tac gia cufin sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thuc hé thong va nhimg
kinh nghiém giai toan giup giai quyét mot
loai toén kho & bac phd thong.

Tin ring cudn séch khong chi hiu ich
cho hoc sinh va thay co gido, ma con la
tai ligu tham khao tot cho sinh vién va
giang vién cac truong Bai hoc va Cao
dang nganh Toan, ciing cac phu huynh
co nguyén vong gidp con em minh hoc
Toan tot hon.

Ban doc c6 thé dat mua &n pham trén tai: Toa soan Tap chi TH&TT: Cac co sé Buu dién; Céc Céng ty Sach - Thiét bi trudng
hoc & céc dia phuong; Cac Ciia hang sach clia NXB Gido duc Viét Nam; Siéu thi truc tuyén www.sachtoan2ah.com (hotline:

0973472803, 0912920591).

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE

Tang 12, téa nha Diamond Flower, s6 1 Hoang Bao Thiy, Thanh Xuan, Ha N6i

® Dién thoai bién tap: 024.35121607

® Dién thoai Fax- phat hanh: 024. 35121606

® S tai khoan: 111000002173, tai Ngan hang Thuong mai Cb phin Céng thuong Viét Nam -
chi nhanh Hoan Kiém, Ha Ni.
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Bai viét gi6i thiéu ban doc phuong phép phan tich
logic dé chimg minh mét sé dang BDT vo ti
(BDT ¢6 bién s6 trong déu can thire). Dinh hudng
tng quat cia vide chimg minh BRT vd ti 1a tim
cach khir ciin, ¢é thé khir can theco BPT Cauchy
hodc theo hing dang thie.

Mt sé dang khir cin:

BDT Cauchy

Jab <22 B s nip o),

Yabe < M
- 3

(az0,620c>0)
BDT Burlyakovsky‘ :
J[a: iy c*)[x“ + 17+ 27 Slax 4 by + c_-z{.'
m >mla+b| (mi 0on = 0).
(O céc danh gid trén thay biéu thie vé trai boi
bi¢u thire vé phai thi s& khir duge ean thirc).

il sl S e e | S s

Phin tich. Vi miu sé cia cac sé hang chira cin
thire nén chiing ta st dung BDT Cauchy dé khu
¢in, nhim rit gon phan sé ching ta danh gia miu
sé cua cac phan thic d6 theo cic nhin w
(14x),{1+y) tir d6 ta cd danh gid sau:
xp+x+p23Yaty?t o (1+x)(1+p) 2 33x%7 +
2l
x+1)(p+1
Ly

e zZy+L
Ixy +1

5./ sites. google com/site letrungltenmath
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NGUYEN VAN NHO
(GV THPT Nguyen Duy Trmh Ngke An)

Thiét lap cac BPT twong ty va cdng cic BDT
clng chitu vira thu duge ta ¢é BDT cin chimg
minh. Pang thirc xay ra khi va chi khi
x=y=:= 1=

i 2N

Phantich. Vi cic s6 hang chira can thire ¢ mau
nén chung ta khir ciin bang cach ap dung BDT

‘Cauchy. Pé sir dung BDT Cauchy cho hai sb

ching ta cin phan tich biéu thire trong can thirc
theo tich hai nhin tir nhu sau:

o 8= (r+2)(x - 2x+4)

Du doan diém roi x=ypy=z=1, khi do thi
x4 2=x"—2x+4=3, tir d6 ¢o danh gid:
me<x+2+x‘—2x+4_x‘—x+6_
2
Ta dua vé& chimg minh BDT:
Pyt wl
50 2x 2% i 2 i
e G —m+6 2'—:+6
Ap dung BDT Schwarz ta cé:
P 2{.‘f+}'+z:]! .
My —(xty+)+I18

Do d6 dé P=1 chi can chimg minh:

2{x +}+z}
ey —{t+}+4]+!8

Bing phuong phap bién doi tuong duong dua vé:
(x+y+z +200+z+ax)+(x+p+z)=18

vty +(x+r+z)212 (*)
: TOAN HOC
S3a870-208)  Clucips |
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Vi xdy+z=q(x+y+z) 23y +yz+zx)=3
nén (*) ludn dung.
Thidu 3. Cho a.b.c la cdc s6 thue duong tiy y.
Chirng minh réng:

a b ¢

S

Ja \u’ -.-" e

Phaén tich. Ap dung BDT Bunyakovsky dé khir
cin & miu ta c6:

Jia' + 8+

Jl(ﬁ)z + P —!—I:H(ﬁa)z LBt > Ta+bte
T +b 4+ 2%[70‘1—5‘-(‘).

Dé thuc hién phép tinh tong cdc phan sé méi,
chiing ta cin diéu chinh sao cho cac phan sé maoi
tao thanh c6 chung mdu sé bang cich dénh gid
nhd BDT Schwarz nhu sau:
a “_( 3a _

J?az 4+h et Tatbte

_al__ @+

3{6a+(a+b+c)

a2 IE 2 a \
<—{—+ =—- ARy
36a a+b+c) 9 3(a+b+c)
Thiét ldp cic BDT tuong tw rodi cong ai ta co
BDT cin chimg minh. :
Nhdn xét. Cac thi dy trén ta @4 st dung BPT
Cauchy va BDT Bunyakovsky dé khir can.

Thi du 4. Voi ba 56 thire dwong a,b,c théa man:

b —F—=1. Tim GTLN cua
a b &

| 1
P= S — .
Vg + 2ab+ 28 V3B 4+ 2be + 207

|
| =
vi¢© +2ca+ 2a

Phén tich. Vi biéu thirc trong cin & mau thirc 1a
déing cap bic hai déi voi hai bién sb nén ching ta

phén tich binh phuong theo diém roi (a=b=¢)

dé khit ciin: 5a° +2ab +28° = (2a+b)’ +(a—b).

- 1 _ 1 ol
J5a* +2ab + 26° \/{2“5)3 (a—b) ~2a+b

2 Tog'}‘ug% S& 487(1-2018)

Tur d6 ta duge:
1 1 |
- - ,
T 2a+b 2b+e¢ 2c+4a

Ta co: 5-1--%4_—-[-]@ 2 g—z—+l, ()
2a+b " 9a b 2a+b " a b
Theo BDT Schwarz ta ¢o:
2, 1.2 P @+ 9
b 2a b 2a+b 2a+b

Viy (*) dung. Tuong tu, ta co:
Lo
2b+c 9b ¢/ 2c4+a 9 a
Do do

OO R S TR
Pe—|—4—+-|<- Yl=+=+=|=X
_B[a h c]_3 [a‘ b 3]

Vay P< ? Ping thire xay ra khi va chi khi
V3

a=h=c=13. Dodd max P=T-

: BAI TAP
[. _'Chd cac sb thuc duong a,b,c théa man:
\ ‘ab+be+ca=1. Chimg minh ring:
a b ¢ 3
+ =
Vi+d 1+p 146 72

2. Véi céc 56 thye x,y,z déu thugc khoang (0;1)

thoa man: xy + vz + zx=1. Chimg minh ring:

ST
3. Véi cac sé dwong thay d6i x,y,z thoa min:
3xyz = x+y+z Tim GTNN cia biéu thire:

o xy+yz+zx—1
V3 #1443 +1+322 +1

4. Cho ab.c 1a céc s6 thuc dwong thoa min:
ab + be + ca < 3abe. Chimg minh:
f b4

a +b c+d
- +
J a+b \I b+c \/ ct+a
<V2(Va+b +\b+c+eta).
5. Cho a>b>¢>0. Tim GTNN cua biéu thirc:
b ¢ a’

+ +

a-b b-c 8(‘(&“6‘).

+3

P=
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VE THEM PUONG TRON NGOAI TIEP TAM GIAC PE
GIAI MOT SO BAI TOAN HiNH HOC

PO QUANG MINH

(GY THPT Nguyén Ba Ngoc, An Xudn, Tuy An, Phit Yén)

K nang vé thém yéu 8 phu lam cho viée giai
toan hinh hoc tré nén dé ding va thuan lgi hon.
Co rit nhidu cich v& thém yéu 16 phu: v& thém
dudmg vudng goc. dudng thang song song, tam
giac déu, nia tam gidc déu, tam gide vudng cin,
tiép tuyén, duomg kinh, ... Tuy nhién vé thém yéu
t6 phu nhu thé nao dé cho bai toan ¢6 loi giai
ngin gon va doc ddo 1a mot vin dé ma ngudi giai
toan phai diu tir va suy nghi, Trong bai viét nay,
chiing i gidi thiéu dén ban doc mot cich vé thém
véu tb phu d6 13 “Ve thém dwong tron ngoai ticp
tam giac” dé gigi mot 6 bai toan vé tinh sb do
g6c trong tam gidc, chimg minh hai goc bing
nhau....
Bai 1. Cho tam gidc ABC c6 B=100C = 65",
Trén canh AB, AC lan ot 1y hai diém M. N sao
cho MCB =55°, NBC =80°, Tinh 56 do NMC.
Loi gidi. Tir gia thiét, d8 thiy

BMC = 25" MBN = 20% MCN = 10",
Dung dudng tron
ngoai tiép ABCM
cit BN tai diém thir
hai £. Dé tinh dugc
CME = CEM =$0°
= CM = CE; MCE =20°
= NCE = NCM = 10" = AMCN = AECN
= NMC = NEC = BMC = 25°. Viy NMC = 25",

Bai 2. Cho tam gidc can ABC ¢6 A=100°. Diém
D thugc nira mdt phing khéng chira A bo BC sao
cho CBD =15"; BCD = 35", Tinh 56 do gdc ADB.
Lai gigi. Tir gia thiée, suy ra; BDC = 130"

ABC = ACB =40".
Dung dudmg tron (0)
ngoai tiép ABDC. Dy
BAC -+ BDC = 230° = 180°
va hai diém 4,0 nim
khéc phia ddi voi duomg
thang BC, nén diém A &
bén trong (O). Goi1 M la
diém bét k¥ thude dudng tron (O) (M. A4 & cing
phia déi véi dudmg thing BC). Ta cé:

BMC =180° - BDC = 50" = ‘EB}R‘
= BAC 1a gbc 6 tam cua dudmg tron (O)
= A=0= AB=AD = AABD can tai 4
— ADB = ABD = 40° +15° = 55°
Viy ADB = 55"
Bai 3. Cho tam gide ABC ¢6 A=90", B=20",
Bl la dwong phdn gidac trong cua ABC. Trén canh
AB ldy diém H sao cho ACH =30°. Tinh s6 do
CHI.

Lai giti. Theo dé bai ta co:
ACB =70" Ma ACH = 30"

= BCH =40". Dymg

dudmng tron ngoai tiép

AABC ¢t tia CH tai diém thir
hai 1a D. Ta cé:  BDC = BAC = 90°.

Vi Bf la dwong phin giac trong cua ABC nén:
Ic BC_ 11
4 B4 sin ACB -W.
Trong AHBC, ta co:

(h

TOAN HOC
' Clugilge 3
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HC  HB  _sin20" 1 @
sin HBC sinHCB  sin40"  2.cos20°

] e 0. & 0 HD 1
ViADBH ¢6 D=90" B=30" nén — =— (3)

HE 2

HC 1 1
T (2) va (3) suy ra: 4
(2)va 0 sy HD 00520” L,m';’(}’o @

5 : Ic  HC
Tir (1) va (4), suy ra: 7{-{{—:5::» IH [} AD
= CHI = CDA = CBA =20". Viy CHI =20"
Chu ¥.
« 0 diing thirc (1) ching ta van dung két qua:
BC CA _ AB

Trong AABC:

sin A "sinB  sinC

« 0 ding thire (2) chiing ta vén dung cong thire:
sin2ag = 2sina.cosa.

(Cach chig minh danh cho ban doc).

Bai 4. Cho nr gidc ABCD co hai duong chéo cat

Tinh so do  AID, biét  rang
-35", BDC =40". B )4 =70

Lai gidi. .
e
A}:‘” 1 \

N Tl
N\

A

Dung duémg tron ngoai tiép A4BC, dudng thing
BD kéo dai cdt duong tron tai £ (h.4). Theo tinh
chit gée ndi tiép va goe ngodi tam gide, ta c:

BEC = BAC =20% DCE = BDC - DEC =20°.
Suy ra ADCE can tai D= DC=DE. Ching
minh twong t, ta ciing duge két qua DA = DE.
Tir d6 suy ra D 1a tim duong tron ngogi tiép tir
giac ABCE. Vi vay:

DEA= BEA = BCA= 35 = ADE=18F -2.35" =110’

— ABE= ZADE 55" = AID= ABE + BAC=75".

TOAN HOC
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Bai 5.

trong AD. Cac

Cho tam ;_'.-'{}1'

ABC voi dicomg phain gidc
diem M. N thuoc doan thang AD

BCN

ACM

Chung minh rang

Lovi gidi.

Gia str diém M nim giira 4 va N (truong hop diém
N niim giita 4 va M ta chimg minh twong f).
Dung dudng tron ngoai tiép tam gidc BNC cit AD
& E (E khic N). Theo tinh chét goc ndi tiép, két
hop gid thié, ta c6 ABM =CBN = AEC.

AB _ AM

AE AC

Do d0AMABM ©7 AAEC =

'Suy ra: AABE > AAMC = AEB = ACM

Két hop voi Aﬁ:ﬁaﬂ:ﬁl

Moi cac ban thir van dung céch vé thém dudng

tron ngoai tiép tam gidc dé giai cac bai tap sau:
BAI TAP

1. Chirng minh ring khi M, N di ddng trén doan

AB, AC cua tam giac ABC sao cho BM =CN thi

dudng trung truc cia doan thing MN luén di qua

mot diém c6 dinh.

2. Cho tam gidc ABC (AB < AC) dudng cao AH,

trung tuyén AM. Gia sit BAH = MAC. Tinh sé do

BAC.

1. Cho tam gidc ABC cén tai A. Tim tap hop céc

diém I sao cho /4 13 phan gidc ciia BAC.

4. Cho hai diém D va E tuong tng trén céc canh

AB va AC cua tam gidc ABC sao cho DE j/ BC.

Goi P la diém bét ki ndm bén trong tam gidc ABC.

Cac dudng thing PB, PC lan luot cit DE tai F va

G. Goi 0,0, lén lugt la tim dwong tron ngoai

tiép cdc tam gidc PDG, PEF. Ching minh ring

AP 1.0,0;.



Hudng din giai DE THI CHON HOC SINH GIO:
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x+120
Cau t.2)BK Jx+1-320 xz;l
dal . a 5 — = o
B 0 ;1

x+2-3x+620

x-2

b) p=[m]+m+(2—x)(m+ﬁ}]x

J_2 e |
Btz xea(J3-dse2)

S(Vx+2 x4+l —a+l - —NENE—\EW
=(Vrrz e dxr -l 4’3)[ i

Jrr2-3

D
e

Ta co:

e T T <3= | 2 G
x+2 x+2

:>maxP=\/§—1<:>x-—-—l.

Cin 2.a) PK: x # 2. Khi dé phuong trinh da cho

rrong duong vii (3m +3)x - (2m+5)=0 {2
o Néu 3m+3=0 m=—-1= (*) vd nghiém.
o« Neudm+3z0ome—1= x= ]
3m+3
Khi dé yéu ciu bai todn twong duong voi (*) co
2m+5
xs3 3 +3 =
nghiém théa man {~ m
X272 2m+35
72
3Im+3
7 4 m <=1
mid .
o B M2 =7 (do m=~1)
m#E—— 1
me——

b) Cong vé v&i vé ta co:
Ha® +b2+ +dP)=2+d> = 302420214
Do do
_ a’ +2h +3c =36 (1)
mn@=4od=0= 5
28° +67 =6 (2)

. h=0
Tir (2) suy ra b chan va b<3:>|ih—2‘
o Néu b=0 tir (2) suyra o° =3 (vO nghiém),
o Néu h=2tir (1) va (2) suy ra

N (a2 432 =28 {a=l
. 2 = .
24’ =2 e=3

V@Y minQ=14khi a=1b=2.c=3.d=0.

" Cin 3Dat T - F+i{g+d§+_._+m”fﬂ.
2 3 4 2017

Vi T ¢6 2016 s6 hang va cac s6 hang coa 7 déu
lén hon 1 nén 7 > 2016 = § > 2018 (1)

Ta s& chimg minh vx > 0.¥n e N,n > 2 ta déu co
(1+x)" >1+nx. (2)
Thit vay, voi n=2 tacd
(2) & 1+2x+x" > 1+2x e x7 > 0. (hién nhién)
Gia sir (2) ding voi n=4, k > 2, tic la:
(1 x) > 1+ kx
Khido taco (1+x)(1+x)" > (1+x)(1+ kx)
=4 s 14 (k+ x> 1+ (k+1)x.
Vay BBT (2) dugc chirng minh. Tir (2) ta suy ra

Vl+nx <1+x, thay Jc=i2 ta duoc
n

TOAN HOC
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1 1 n+l 1
Hle= < li—ropn— aal b —e
n n H n

Thay n=2,3..,2017 ta dugc

T<l+—1—j-+I+L,+..,+1+ 3
2 3 2017

<2016+L+L +—l—
12723 2016.2017

<2016+l—i+-l——-l—+,,,+L——-l— 2017.
2 A 2016 2017

Do dé S=T+2<2019 két hop véi (1) suy ra

[S] =2018.
Ciiu 4.

4 B ! M

K
£ F
H
i

D o} G

a) Tir gia thiét, ta c6: EF/AB = e .
FG EG

EA

EG

AEAB <> AEGCnén =%- Ma ABACD

=IB_CD _ cryep=crRR.
FG CG
b) Kéo dai DE cit ABtai M. Xét cdc cip tam
gidc déng dang KIB va KCG;KIM va KCD, ta
. IM _IK _KB _BI
‘DC_KC KG GC

S et R A e ioh &
iB CG CG EC ED

Thales dao, tasuyra IE ) BD= [E L AC.

Xét AACT c6 IE L AC, CE L Al nénsuyraE 1a

true tim ctia AACT hay AE L CI = EHI = 90".

Xét tir gidc BEHT c6 EBI = EHI =90°, suy ra tir
gidc BEHI 14t gide ndi tiép.

T
6 c')g]r!u;gce S8 487(1-2018)

c) Ta AJHI  ndi
JHC = JAB = 45" (ciing bu vei JHI). Lai c6 ta
gide ADCH ndi tiép nén DHC = DAC =45". Ma
D,J thude cing mét nira mit phang bo CH nén
ba diém H,J,D thing hang.

co to  gidc tiép nén

Xét ADJC vi ADCH ¢6 DCJ = DHC =45°,D
14 gée chung, suy ra ADJC <» ADCH (g.g)

:>§—é-=%[%:>DJDH pC? =d.

Céiu 5. Do ab,e>0va ab+bc+ca=abcsuy ra
ab < abe,bec < abe,ca<abc = a>1,b>1,c>1. Dit
2x‘1=b+c-—a—1.—2y3=c+a—b—l;223 =ag+b-c-1.

Ta can chimg minh xz <1. Q)
Ta cé: 2(,\:7‘ +y3] =2(e-1)>0=x"+y" >0,
twong tyd+2° >0,)° +2* >0, Suy ra ¢6 nhiéu
nhéit mét trong ba s x, v,z nho hon hodc bing 0.

« Néw mot trong cdc s0 x,y,z nho hon hoge bing

0 thi (*) hién nhién ding.

o Néu ca ba sé x,y,z déu duong, ta chimg minh
(*) bing phan chimg. Gia st xvz > 1. Khi dé:
y+zr=(p+ Z][."Z+(J‘- 2)2} 2 yz(y+2)
=x(y+2 +D)20z(y+2)+x>x+y+z

x, 1
= e e
x+y+z y+z +1 a

Tuwong tu:
¥ 1 1. z 1 1

B g TR
X+y+z x4z'+1 b x+y+z P +y7+l ¢

Su V ra.
X y z 1 1 1

+ >—t—t—
g.-:b o

x+y+z xty+z x+y+:z

ab+bc+ca
=l>——————=abc>ab+bc+ca
abc

(trai gia thiét). Vay xyz<1. Suyra
(@+b-c-1)b+c—a-l)c+a-b-1)=8(xyz)’ <8.

Diéng thirc xay ra, chdnghan khi a=b=c=3. &
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Chu 1. (4 diém)
a) Tim cac hé sé b,c cna da thirc P(x) = +hr+c
¢6 gid trj nho nhit bing — 1 khi x=2.
b) Giai h¢ phwong trinh

F+nt-my-y =0

(x +I) 3J_(1*+l
Ciau 2. (4 diém)
a) Gidi phuong trinh x+2=3v1—x + 1+ x.
b) Cho céc sb duong a,b,c théa man didu kién
ab + be + ca=1. Tim gia tri 1én nhit cua bidu thic
__ 2a i b <
N+ V1+6? iee?

. (3 diém)

Ciun 3

dudng cao AH =1cm. Tinh 46 dai cac canhAB
AC.
Ciu 4. (5 diém) Cho tam gidc ABC nhqn nél tlep

duomg tron tam O, D 13 diém trén cnng BC khéng

chita A. Dung hinh binh hanh ADCE. Goi H, K 1in
lugt 14 trye tim cla cic tam giac ABC, ACE; P, O
lin hugt 13 hinh chiéu vudng goc cua K trén céc
dudng thing BC, AB va I 1 giao diém cia EK véi
e

a) Chirng minh ba diém P,7,0 thing hang.

b) Ching minh dudong thing PQ di qua trung diém
cua doan HK.

Ciu 5. (4 diém)

a) Tim tit ca céc s6 nguyén t6 khac nhau

1l el 1
mn,p, 1hoam€m =i

m n p q mnipy
b) Trén  bang co ghi hai sé 1 va 5. Ta ghi céc sb
nép theo Ién bang theo quy tic: Néu ¢o hai s

=1

Xy phan biét trén bang thi ghi thém s6
Cho tam gidc ABC c6 BAC =135°,BC = Som; va

z=x+ y+xp. Chimg minh ring céc sb duge viét
trén bang (trir s6 1) ¢6 dang 3k +2 (véi k 1a mot
80 ty nhién).

MAI XUAN VINH
(S0 GD — BT Nghé An) Gidi thiéu

ze****t**#*t=.k’.t-k-l-********=F*******-k*zﬂ*753!(***x*************ﬁ(*************************

#Cau 6. Ta gan cho cac 6 vudng ¢ hang lé, cdt lé
s0 7 cac 6 con lai ta gan sé -4 nhu hinh v& dudi
day:

pllte e
| I [ [ e
2
L EE A e e
e e

Ta nhan thy ring khi lat mot tm g3 vao bét ki vi
tri ndo nén mét san theo yéu céu di néu thi téng cac
s6 trén ba 6 dugc 14t luén 1a mdt sé 4m. Tir d6, néu
6 khong dugc lat 13 6 mang sé -4, thi téng cic 0
dugce latla 9.7 +15.(-4)=3>0, v6 Iy ! Do dé cac

6 khong dugc lat phai 1a cic 6 mang s6 7. Ta s& chi
ra cac 6 mang s 7 déu c6 thé 1a cac 6 khong duoc
lt. Do tinh d6i xtmg ctia hinh vuéng nén ta chi cin
x€t 3 truong hgp nhu cdc hinh vé sau:

Viy cac 6 khéng dwoc lat 1a cdc 6 & hang 1é, cdt 1é,
doélacac 6: 11, 13, 15, 31, 33, 35, 51, 53, 55.

TRAN MANH CUONG

(GV THCS Kim Xa, Vinh Tuomg, Vinh Phiic) Gidi thigu

TOAN HOC 0
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DAP AN VL HUONG DAN GLAT DE SO 3

RSN Y B - SO (NS O I T (Y I - S ) T PTG I €T I 130 B 2 - O P VS N1 2 I KT I A
e el el e s el e | sl (S il Rl B Bl et el Bl o e [ T
e I el ol i s T s o [ B (S e [ R T oy e s S BBl s 0 et
sinxy =0
) D=l 3sinx=—sin2x <= .
fiaml 5= 40 i = 855,4, S s =3
-3n ~TR
X 1 i ¢ = —
WA llmu—-lll'ltl‘|—-=+w, Do SC|: S n] nén § { 6 }
x|y PR
3 2 ¢du 12, Do f(x) lién tuc trén moi mién (—s;0)
WG nén

21+3x 3+ 20)?
f’(U}:% v g'(x)=cosx nén g'(0)=1.

(SAB).(MCD)lan lugt chira 2 dudng
théng song song AB.CD va MN la giao tuyén

cia ching nén MN Jf CD.
dr+4

a8

e 3, =.\'2—|¢>(X+I)E(I—3)=0 nén dél

thi ciia 2 ham s6 da cho ¢t nhau tai 2 diém.

Cin o Dat .f=l>0. Xét f(ry=1 -t 1rén
X

(0:+), fa b f’(:)=3r3—1=0@r=-";—§. £ap

bang bién thién ta dugc

y=rz/ [?] :_g-z-'}"(*ﬁ)-

E 2 -
——] 2log h=——-—=—.
A T

S5h?
l{ -3 4 1
el gl b
7SS 5
Ciu 9, LAy A(L:1:0) thudc duong thing da cho ta
¢6 khodng cach cin tim la

[#.2] s
|H| \IF
Chu 10.Goil A(2+2a;3+3a;—4-5a)ed va
B(—143b:4-2b;4—b)ed’ lin luot 14 giao diém
cua dudng vuong goc chung véi  va d'. Taco

Ercrigi L=1
P

(idu K z=-3-4i nén

ABu = ABu, =0 nén a=-1b=1. Puong thing

cin tim di qua 4vd nhin ABlam vecto chi

phuong.

¢ 4u 11, Phuong trinh tuong duong voi
TOAN HOC .

8 T clugie  S84870-208)

ARG (2:1),G(ab). Vi GG =

. Cau 5.

va (0;+50) nén f(x)lién tuc trén & khi va chi khi
lim fix}=f(0= l_im fie-m=2om=-2

chu 13, p'= —2-X—“~——3—} Goi m 14 hoanh do tiép
(2}

diém cua tiép tuyén cin tim vai do thi Yéu ciu
bai todan duge thoa man
: .-{y'(m) > < m=0.
ooLy(my—my'(m) # 0
¥4 Goi trong tam cia AABC,AAB'C' lan lugt
BCnén a=2h=-4

D=(-l;4+x). Do limy=0 nén truc

hoanh 13 1 tiém cén ngang cua dé thi ham s6 da
cho.
Do lim y=—o,lim y =+ nén dd thi ham sb cé

x m-1' ¥+l
hai dudng tigm dimg 1 cdc duomg thing x = £1.
Cau 16, D6 thi ¢ phuong 4n D 1 cia ham s6 ¢6
dao ham tai 0 khac 0. D4 thi & phuong an C la cia
ham s6 ¢6 dao ham cdp 2 tai 0 bang 0. Db thi &
phirong én B la ciia ham s6 ¢6 dao ham cdp 2 tai 0
duong.
Ciu 17. D=R"\{;2}. Bat r =log, » ta dugc

r< -1
Al a1 o ne i WR e Ocrs=
t i-1 Hr~1) 2;
1<t

Khi dé s=[0,ﬂu[1,ﬁ1u(2,+m).
Chu 18, _[x lnxdr_—medxz—i{; 1,-,1_5é ]

3
= J'f(x)dx=—x5 (3lnx-2)+C.




Cin 19. Ta cé ¥’ £2x < 0<x<2. Suy ra dién
2

tich can tinh Ia 7 f((2x)" - (x*)’ )dx
L

Ciu 20. bat x=tan¢, tacod

= | f(tanr)d(tant) = jcus tde

.:.._..._,ah.

(1+cos2ndr = :“Tn

Bt

i
2
Ciu 21.Dat z=x+yi voi x,yeR, tacd
lz{=13+3|=1 nén x*+yt =4x’ =1.

Ciu 22. Goi M(x,y) la didm biéu dién s phirc z.
Vai A(LO0:A:x=—1ta cO M4A=d(M,A) nén tap
hop diém M biéu dién s6 phirc z 13 1 parabol.
Ciéu 23. Goi d§ dai canh day cua hinh ling tru

T o2 ~
tam giac deu la x, tac g%{-i—x a nén x =av3.

ZJ_ 33
e
CAu 24. Vai I,K la trung diém AB,IC taco
m+E‘3+ZEC"i ‘ﬁ+m‘
= =
DBang thirc xdy ra < M la hinh chiéucéda K lén

(P). Khi dé M[l L 1].
22

Suyra V=

=]m\ > d(K {(P)).

Cau 25, Goi A(-1+2a:a:-2+3a)=dn(P) thita
cd0 (-l+2a)+2a+(-2+3a)-4=0<a=1. Do
A, = [E‘P],Q&,J =(5,-1,-3) nén co6 phuong trinh.
Ciu 26, S& «cic sb cdn tim la
2442 -3.42) =1500.

Chu 27. Goi N,P lin lugt la giao diém cia AG
vG6i CB,CD tacé K=PMNSD. Goi L la trung
diém coa kp thi CL||MK. Suy ra K la trung
diém SL. Do viay KD =2KS.

Cau 28. Goi H 1a tim cia tam gidc déu BCD.
Duyng hinh chir nhat CMHK. Ta c6

HKHA _ |2
AK 1

d(AC,BM)=d(H (ACK)) = HL =

Céu 29. Dinh chinh: Cla m 2-;— hoac m=<-1.

Tacod y' =3(x+m)(x-3m) va y nghich bién trén
(x.x,) voi x <x, la 2 nghiém cia y' nén yéu
cau bai toan s& dugc thoa mén khi (0;1) = (X%,
Xét cac truong hop m=0 va m<0 s& duge dap
s6.
Ciu 30. Xét f(x)=|x* - 24|(|x]-1) tacé
=3 +2x, x22
S =-x"+3x*-2x,0<x<2;
-x*+x*+2x, x<0.
Lip bang bién thién ciia f(x). Tir bang bién thién
suy ra phuong trinh f(x) = m c6 téi da 4 nghiém.
Caun 31. Voi A=9-4(2m—-7) 20, phuong trinh
da cho luén ¢6 2 nghiém thye x,.x, >0 thoa man
log, (x,23) = log, (x,) +log, (x,) =’3,
Suy fa.x,x, = 27. Do do gia thiét tro thanh
274+3(x +x,)+9=T2 & x, +x, =12
Do d6 {x:x,}={3:9}. Suyra
2m—-17=log,(x,).log,(x,)=2. Viy 2m=9.
Cidu 32. Taco

f2)-f)= jf’(x)dr > I[x +l}i\- = o
: ; X 2

Ciu 33. Ta cd ' =2-xe>x=1 (do ham sb
f(x)=¢""+x-2 dbng bién trén B va f(1)=0).

1 2 2
Suyra V=nx Iez"ldx +17 I(Z ~-x)’dx = M,
5 i 6e”
Ciu 34. Goi H 1a hinh chiéu cua B' 1én 4'C’
thi B'H =? vi A'C’' L (BB'H). Do d6
337y R 3a
BHE'=6(0". Suyra BB'=B'H.tan60" = 2

3a"v‘r3:
e

Do vay V—B— l.f.:ras 1200 =
207

Cau 35. Goi Cla,b,c) ta cd d(C,0x)=+b" +c*

va d(C,A)= ! Dodd a* =b"+2c-1.

Suyra BC = b +2c-1+(b—-4) +¢* 26
1

3
Ciu 36. Xac sudt cin tim 12 1—[1—5] =

a* +(c-1)

397
1728°
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Chu 37. Sb tién nhin duge vao cudi thang thir n
nén ban diu giri s6 tién 4 véi 1ai suit r 1a
T =A(1+r)". Do vdy, sau 5 nam (60 thang), )
tién ngudi dé nhan duoe 1a

&l 39

> A(+r) + ) Bk(1+ 1) =539447312 (ddng).

k=1 k=1
Ciu 38. Goi O 1a phép quay tim 4 bién C thanh
B va M'laanhcia M trong phép quay Q.
Tacd MM* + MB* =24M* + MC* = MB® nén
MB L MM. Kéthop MB L MC duge M',M,C
thang hang. Suy ra AMC =180 AMM' =135
Cau 39, Goi M,N lan lugt la trung diém
AB,CD. Khi 46 AB L (CDM) va CD L (ABN).
Do d6 yéu céu bai toan s& duge théa man khi
MC L MD < MD = xJ2 & MA=+a* - 2x°
Wat-2x* =2V - ¥ o x=%.
3
Cau 40. Goi M(m,m’ —3m) thi phuong trinh tiép
tuyén A tai M 1a A:y=f'(m)(x—m)+ f(m).
Phuong trinh hoanh d¢ giao diém cua (C) va A
la

F(x)= f1(m)(x—m)+ f(m) < (x—m) (x+2m) =0,

3 4
Khi d6 x, =—2m. Ngodi ra x, = —m— B do
Im® -3
yéu cau bai toan sé dugc thoa min
2m’
—2m+ S
o 23m _3=m¢—2m<:>5m1=6,

Vay ¢6 2 diém M thoa man yéu cau bai toan.
Céu 41. Pinh chinh “cyc tri” thanh “diém cye tri”
vi bo sung * f(x) c6 dao ham lién tuc”.

BPit u=x"-2x tacé y' =(2x-2)1"(1).

2x-2=0
§ x=1
o x =2x=-2
Dodo y'=0<| | < | x=0.
x -2x=-1
x=2
X =2x=-0

Viy ham s6 y = f(x* -2x) ¢6 3 diém cye tri.

Ciu 42, Gia thiét coa bai toan tuong dwong

FOE+y)=f(& +y* +xy+2) véi

f(t)=t+log;f co f’(t)=l+—-l—->0;Vr>0.
J 7

In Jj

Do vy 3(x+y)=x"+p* +xy+2.Suyra

l O TQ?—P&E',%E, S8 487(1-2018)

(2x+y) —6(2x+ ¥)+5=-3(y—1)* £0.

2Jr+y—5<l

Suyra 1£2x+y<5Dodo P=1+ <.
x+y+6

Ciu 43, Phuong trinh dé cho twong dwong voi
O<mx-5=1 O<mx—-5=1
{2,1‘3 —5x+4=x2+2x—6>0c>{.\‘=2vx=5.
Phuong trinh di cho ¢6 nghiém duy nhét
[[0<2m-5=1
{5m-550v5m~5= 1
0<5m-5=1
_{2m—5$0v2m—5=1
(10<10m=12<25
| 10m = 30.

Do 10meZ nén co 15 gid trj m thoa man.

=

Ciudd, L= _r l+-—l-5-dx. Pit u=v1+x" tacod
x

; u’ [ 1 u—l)

b= —du=| u+—1
-[Z@u“—l e

1443

5

2

V2

=2-+2+In

Dodo m=2,n=3.

Ciud5 Pit z=a+bi véi a +b* =1 thi

P=J(a—1)* +5 + J(a® —b* +a+1)’ +(2ab+b)}
=+2-2a +|Za+l| = f(a).
Khio sit ham s6 f(a) voi ae[-11] duge

T+id15 13
)

thi P=—,
4

max f(a) = % Khi z=

[=1:1]
Ciu 46. Goi M 14 trung diém CD va A 13 hinh
chiéu cia 4 trén (BCD). Do (4BM) L CD nén
H thudéec BM. Taco

3x’
AH:M:\E R T
BM 3 x
23

Do S, = va V=242 nén

xxt -4 =4\5<::>x=2\5.

(Xem riép trang 153)



THU SUC TRUOC KY THI 2018
PE SO 4
(Thoi gian lam bai: 90 phif)

Céu 1. Cho ham sb y = ax’ + bx* +ex+d co db thi
cht truc tung tai diém c6 tung d¢ —3; hoanh do
diém cuc dai 13 2 va di qua diém (1;—1) nhu hinh
vE.

A
Ty s0 — bang
[
A, -1, B. 1. C. -3. D.3.
Cau 2. Biét ring hai dudng tiém can cia do thi
ham sé y=2L (m 1a tham s6 thyc) tao véi hai
xXxX—m

truc toa dd mot hinh chit nhét c6 dién tich bing 2.
Gié tri cia m bang bao nhiéu?
A.m=%1. B.m=%x.  C.m=2
Ciu 3. Cho ham sb

D.m=1.

y=§x3 +(m+1)a +(m* +4m+3)x -3,
(m 14 tham s6 thue). Tim didu kién cia m dé ham
86 ¢6 cye dai cuc tidu va cic diém cue tri cia db
thi ham s6 niim bén phai cta truc tung.
A. -S5<m<-l. B. S5<m<-3.

m>=1
D. .

[m<—5
Ciu 4. S6 duomg tiém cdn dimg va tiém cdn
V¥t -4

2% -5x+2
(723

C. 3<m<-1.

ngang clia do thj ham s6 y =

A.2. B. 1. D. 4.

C#u 5. Cho cac ham 56y=£+—:; y=x'+2+2;
x—

y=-x"+x*=3x+1. Trong cac ham s trén, c6
bao nhiéu ham s don diéu trén k& ?

A3, B. 1. [ B892 D. 0.

Ciu 6. Cho ham s6 y=—x'—3x" +4. Biét ring co
hai gid trj m,,m, cta tham sb m dé dwong thang di
qua hai diém cyc trj cua do thi ham s tiép xic
voi dudng fron  (C):(x—m) +(y-m-1) =5.
Tinh tong m, +m, .
A, my+m, =0, B.m, +m, =10.
C. m +m, =6. D. m, +m, =-6.

o A B 3 x cosx+1 :
Ciu 7. Tap gia tri cia ham s0 — trén
sinx+1

[o;iﬂ la:
r[ta] 2 (] o[ta) ofte)

Ciu 8.Goi (C) 1a duong parabol qua ba diém

o R A 1 2 .
cue tri caa do thi ham so6 y=2x“‘—mx3+m',t1m

m dé (C) di qua diém 4(2;24).
A.m=-4 B.m=6. C.m=4 D.m=3.
Cau 9. Cho ham sé y=/(x) lién tuc trén

R\{0} va c6 bang bién thién nhu hinh dudi.

X |—= 0 2 +o0
x) = — 0 +
b +a0 50
TN A N

Hoi phuong trinh |/ (x)| = 3 ¢6 bao nhiéu nghi¢m?
A. 1 nghiém. B. 2 nghiém.

C. 3 nghi¢m. D. 4 nghiém.

Cau 10. Chi phi xudt ban x cubn tap chi (bao
gdm: luong cén bd, cong nhan vién, gidy in...)
duge cho boi

C(x)=0,0001x" —0,2x+10000,

C(x) duge tinh theo don vi 1 van déng. Chi phi
phat hanh cho mdi cudn la 4 nghin déng. Ti sé

T ; .
M(x)=ﬁ v6i T(x) la tong chi phi (xudt ban
X
va phat hanh) cho x cudn tap chi, duoe goi la chi

phi trung binh cho mt cudn tap chi khi xudt ban x

TOAN HOC
*etusige 11
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cudn. Khi chi phi trung binh cho mdi cudn tap chi
M(x) thap nhat, tinh chi phi cho mi cudn tap chi

do.
A. 20.0004. B. 15.0004.
C. 10.000d. D. 22.0004.

€ du 11. Phuong trinh sin 2xcosx = sin 7xcos4x ¢
cac hp nghiém la:
k2 bis

. X=E——jXx=—+ —k Z
A, x 3 X > (ked).
BT “+—(ke21
5 12
kn T km
L x=—x=—+— (ki)
Ciisamsiay 6( =&
D. x_ﬁ v——E+E(ke?}}_
5 12 3

C4u 12. Téng tit ca cac nghi¢m cta phuong trinh

cos(sinx) =1 trén [0;2%] bing:

A 0. B. C. 27

Céu 13, Xét phuong trinh
sin3x—3sin2x - cos2x + 3sinx +3cosx = 2.

Phuong trinh nao dudi day tuwong duong véi

phuong trinh da cho?

A. (2sinx—1)(2cos® x+3cosx +1)=0.

B. (2sinx—cosx+1)(2cosx—1)=0.

C. (2sinx—1)(2cosx—1)(cosx—-1)=0.

D. (2sinx-1)(cosx—1)(2cosx+1) =0

Ciau 14,

D.3m

S6 nghiém trén khodng (0;2m) cua
phuong trinh 27cos® x+8sinx=12 14

Al B.2. (B 53 D. 4.

Ciu 15. Mot ngudi vao cira hang an, ngudi do
chon thye don gbm 1 moén an trong 5 mon, 1 loai
qua trang miéng trong 5 loai qua tring miéng va
mot nude ubng trong 3 loai nude udng. C6 bao
nhiéu cach chon thue don?

AL 2D5. B. 75. C. 100. D. 15.

C4u 16. Tir céc chit 86 0,1,2,3,4,5,6 ¢ thé lip
duoc bao nhiéu sb ¢6 5 chir s khac nhau ma sb
d6 nhit thiét co mit cac chir s6 1,2,5?

A. 684. B. 648. C. 846. D. 864.
Ciu 17. Hé sb c6 gia tri 16n nhat khi khai trién
P(x)=(1+2x)" thanh da thirc 1a

A. 162270. B. 162720.

C. 126270. D. 126720.

12 TOFIN HOC
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Chiu 18. Cho mét da gidc déu 20 dinh ngi tiép
trong dudng tron Q. Chon ngiu nhién 4 dinh ctia
da gidc do. Tinh xéc sudt sao cho 4 dinh duge
chon 1a 4 dinh ctia mét hinh chir nhat.

eI - =
323 9 969 216
. \;"x+4—2,x}0
Cau 19. Cho ham s6 f(x)= x . m

mx+m+z,xS0

14 tham s6. Tim gid trj cia tham s6 m dé ham sd
co gigi han tai x=0.

A, m=1. B.m=0. C.m—-l- D.m=;l.
2 2
2):”6 S
Cau 20 Cho him sé y= 3‘1 =27 ‘
- Sx=4)
9

Ménh dé ndo sau day ding?

A. Ham'$6 lién tuc tai moi diém trir céc diém x
thuge khoang (-3;3).

B. Ham s6 lién tuc tai moi diém trir diém x=-3.
C. Ham s6 lién tuc tai moi diém trir diém x=3.

D. Ham s6 lién tuc trén R

Céu 21. Cho ham s y =%x‘e"', Khing dinh nao

trong cac khing dinh sau 14 ding?
Ay -y =e"(x+]). B. y» -y =&(x-1).
C.y+y=e(x-1.
Céiu 22 Cho ham s6 y=f(x) c6 dao ham tai

diém x, = 2. Tim hm_.zf(x)—;'fu)_
x=32 x_

A. 0. B. f(2).
C.21(2)-1(2). D. f()-21'(2).
C#u 23. Cho ham sé y=x'—6x* -3 Tiép tuyén

D. y'+y =e'(=x+1).

clia 46 thi ham sb tai diém A c6 hoanh d§ x=1
cat dd thi ham s tai diém B (B khac 4). Toa do
diém B 1a

A. B(-3;24). B. B(-1;-8).

C. B(3:24). D. B(0:-3).

(fiu 24. Cho tir dién O.4BC c¢o cac canh 04, OB,
OC d6i mdt vudng géc voi nhau. Biét O4=2cm



OB =3cm, OC=6cm. Tinh thé tich cua khéi ta
dién O.ABC.
A. 6cm’. B.36cm’.  C.12cm’. D. 18cm’.

Ciu 25, Cho hinh chép S.ABCD c6 day ABCD la
hinh chir nhiat 4D = 2q. Canh bén S4 = 2a va
vuong goéc voi day. Tinh khoang cach gitra hai
duong thang AB va SD.

2a
(o == D. a2
NG !

Ciiu 26. Cho hinh chép S.4BC ¢6 SA L(ABC),
SA=2a. Biét tam giac ABC cntai 4 c6

A. a. B. 2a.

BC=2a\?2, cos ACE = % tinh dién tich mit cAu

ngoai tiép hinh chop S.ABC .

2

A S= 65:" B. S =13nd".
2

(e s:ﬂj—’{‘i. D. S =4nd’.

Ciu 27. Cho hai sb thuc duong a.b thoa

log, a=log, b=log,(a+b). Tinh ;—3 :
‘)

A B, Y5,
2 2

C. -I-—\E' D. l+\/§’
2 2

2x-10
Ciu 28. Bit phuong trinh 27 % 5(%] o

bao nhiéu nghiém nguyén duong ?
A2 B. 4. C. 6.
Ciu 29. S6 nghiém
log,(x* —6) =log,(x-2)+1 Ia

A. 0. B. 1. G2 D. 3.
Ciu 30. Gid trj 16m nhit A7 va gid trj nho nhét m
ctia ham s6 y=x"~2lnx trén [¢7e] Ia

| Lk

cia phuong trinh

A M=&-2m=e?+2, B. M=e*+2,m=1.
C. M=e+1Lm=1. D. M=&*-2,m=1.
Ciu 31. Tim gid tri m dé phuong trinh
2% 4 2k 4 1y =0 6 nghiém duy nhat.

A e B.m=é. C.m=1. D.m=-3

CAu 32. Dién tich toan phén cta mét khéi lap
phuong la 150em”®. Thé tich cia khéi lap phuong
dola

A.125cm’. B. 100cm’. C. 25ecm’. D. 75em’.
Can 33. Mot cai ndi ndu nude ngudi ta lam dang
hinh try, chiéu cao ctia noi la 60cm, dién tich day
900nem’. Hoi ngudi ta can miéng kim loai hinh
chir nhét c6 kich thude la bao nhiéu dé lam thin
noi do? (bo qua kich thude cic mép gap).

A. Chi¢u dai 60r cm, chiéu rong 60cm.

B. Chiéu dai 900cm, chidu rong 60cm.

C. Chiéu dai 180cm, chidu rong 60cm.

D. Chiéu dai 30mem, chidu rong 60cm.

Cdu 34. Cho tir dién MNPQ. Goi I; J; K lan luot
1a trung diém cta cdc canh MN: MP; MO. Ti sé

thé tich LMK bing:
[
ARl
1 1 1 |
AQE B. -. C - D. -
3 4 6 8
¢iu 3 Cho hinh ling try tam gidc déu

ABC.A'B'C’' ¢6 9 canh bing nhau va bing 2a.
Tinh dién tich S ctia mit cau ngoai tiép hinh ling
tru da cho.

2 2
Ao lEa B.g- 22
9 9
(o e b.s=22
2 :

Ciu 36. Cho mét dong hé cat nhu hinh bén dudi
(gbm 2 hinh nén chung dinh ghép lai), trong do
dudng sinh bit ky cia hinh nén tao véi day mot

goc 60°.
V

Biét ring chiéu cao cia dong hd 1a 30cm va tdng
thé tich ciia ddng hd 1a 1000mem’. Hoi néu cho

TOAN HOC
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diy lugng cat vao phdn trén thi khi chay hét
xubng dudi, ty 18 thé tich lugng cat chiém chd va
thé tich phin phia dui 1a bao nhiéu ?

SR T p

8 27 33 64

Cau 37. Goi N(1)1a s6 phin trim cacbon 14 con
lai trong mét bd phén cua mot cdy sinh truong tir
( nam truéc day thi ta cd cong thic

N(1) =100.(0.5)"(%) véi 4 1a hing sb. Biét ring
mdt miu gd c6 tudi khodng 3574 nam thi lugng
cacbon 14 con lai 14 65%. Phén tich mau gd tir
mot cong trinh kién tric ¢b, nguoi ta thiy luong
cacbon 14 con lai trong mau g d6 1a 63%. Hay
xac dinh tudi cua mau gb duge ldy tir cong trinh
do.

A. 3874, B.3833. C. 3834, D. 3843,

Chu 38. Nguyén ham cua ham s f/(x)= xe™ la:

A.F(x) = %e”-‘ [x - %J +C.

kY

2x ____l_
B. F(x)=2e [x 2J+

o

C.F(x)=2¢"(x -2)+C.
D. F(x)-:%e“ (x =2)+C.
Ciu 39. Cho ham s6 f(x) lién tuc trény | va thoa

méan Ef(tanx]dx:‘l vé‘Ex

S0 K = 2. Tinh tich
x +1

phén [ = E_f'(x]dx,
A. 6. B.2.
1

Cau 40. Biét fnfdt=£+aln2 (véi a la sb
1 X (&

i) D 1.

thye, b,c la cdc sb nguyén duong va -? 12 phan
s6 t6i gian). Tinh gid tri cla 2a+3b+c.

A 4. B. 6. G0 D. 5.
Céu 41. Goi S1a dién tich hinh phing gi¢i han
bai do thi ham so (H):y:i—:i VA céc truc toa
do. Khi d6 gid tri cua S bing

A. S=In2-1(dvdt). B. $=2In2-1(dvdt).

TOAN HOC :
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.2 ]w| =2@.

C. §=2In2+1(dvdt). D. S=In2+1(dvdt).
Cau 42. Cho sb phitc z=a+ib(trong d6 a, b la
cic sb thuc) thoa man 3z—(4+5)z=—17+11.
Tinh ab.

A.ab=6. B.ab=-3. C.ab=3. D.ab=-6.
Céu 43. Tong cic nghiém phirc cua phwong trinh
D+ -2=0 la

AL B. -1 G =i D. 1+i.
Chu 44. Trén mat phang phic tip hop céc sb
phitc z=x+yi thod main |z+2+i=z-3i[la
dudng thing cé phuong trinh

A y=x+1 B. y=—x+1.
C.y=-x-1.

Céu 45. Cho sé phirc z théa man |z—3-4i=+/5.

D. y=x-1.

Goi M va m 1an lugt 12 gi4 tri 16n nhét va gid tri
nhé nhét cia biéu thic P=|z+2" ~|z—4 . Tinh
modun elia $6 phirc w= M +mi .

A= V1258. B. [w=3137.
D. |w|=2309.

Céu 46. Trong khéng gian véi hé toa d§ Oxyz,
cho phuong trinh

34y 420 = 20m+ 2)x +dmy —2mz +5m” +9=0.
Tim m dé phuong trinh d6 1a phuong trinh cua
mot mat cau.

A. -S<m<l. B. m<-5 hodc m>1.
C. m<-5. D. m>1.

Cau 47. Trong khong gian véi hé toa d§ Oxyz,
cho ba vecto a(57:2),5(3;0:4),c(-6:1:-1). Tim
toa do cua vecto m=3a—2b+c.

A. m=(322,-3). B.m=(3;22;3).

C. m=(-322-3). D. m=(3;-223).

Céu 48. Mit phang cit mit cdu

(8):x* +y* +27-2x+2y+62z-1=0 c6 phuong
trinh la:

A. 2x+3y-z-16=0. B. 2x+3y-z+12=0.
C. 2x+3y—z-18=0. D. 2x+3y-z+10=0.
Ciu 49. Trong khéng gian vdi hé toa do Oxyz
cho diém A(3;2:~1) va duong thang &



Xt
~d:{y=t .Viét phuong trinh mit phang
z=1+¢
(P) chira d sao cho khoang cach tir 4 dén (P)
1 16m nhét.
A 2x+p-3z+43=0.
C.3x+2y-z+1=0.

B. x+2y-z-1=0.

D. 2x-y-3z+3=0.
Cau 50. Trong khéng gian v&i hé toa d§ Oxyz,
A2 -3) wva
LEi 2x+2y -z+9=0. Du(‘_mg thing d di qua 4

cho  diém mit  phing

DAP AN...

(Ti¢ ,. theo trang 100)
Ciu 47. Duéng thing EM cit 4D, AB lan lugt
tal X,¥. Cac duémg thing YN, AC cét nhau tai Z.

Goi K 14 trung diém cua doan thing BD. Ap
dung dinh ly Menelaus, ta co

YA EB MK Y4 3, 3
YB EK MA YB 47 2
XA EDYB . XA _ 3
ﬁ——:z—:
XD'EB'YA XD 2
Chiy A4BC = AABDnn£ —X_i
AC AD 4
Do vay
AX AY 4Z V2333
V..u'rzz Sl

A 4D AE D 12 454
CAu 48, Véi hinh chop tir gide déu S.ABCD
ngoai tiép mit cdu J ban kinh @ thi J e SO véi
Ola giao diém cia ACva BD. Goi M la trung
diém BC va # la hinh chiéu cua J trén (SBC).
Theo cach dung thi JH L(SBC)
JH =JO =a. Dat SO=h,AB =2x tacbd

nén

4 _sinOSM =—2= == h = %x‘a
h—a Jx3+h‘
1, 2ax’ _8_a X

Suyiraibe oo =§.4x‘. e
X —da

e
3 x -a
Fl

KEt )=
=

trén (a,+x) co

vl ¢o vécto chi phuong ;:(3; 4; —4) cit (P) tal
8. Diém M thay déi trong (P) sao cho M luén
nhin doan A2 dudi gde 90°. Khi ¢ dai a8 lén
nhét, duong thang M8 di qua diém ndo trong cdc
diém sau?

A 23] B.I{-L-2 3).

Ce el o) D.J(-3 2 7).

NGUYEN THANH GIANG
(GV THPT chuyén Hing Yén)

Flx)=0sx= a2,
Lap bang bién thién ta 6 /()2 /(av2) = 4a’

Ba

3
Suyra Vi gep 2 7'4‘72 = 3_25"

3

Chu 49, Goi # 1a trung diém BC,O 1a tam dudng

tron ngoai tiép tam gide ABCta ¢ /1 trung diém
ABC

mit ciu ngoai tép tr dign ABCD 1 co

JO L(4BC). Do J4=R,04=ua nén

cua AQ. Tacd DH = . Gol J latim

JO=VR —a’. Do HO L JO,HO L HD néntacd
4 2

la

Z

Giai phuong trinh trén duge R =

Cian 50. Bt X(a,b,0),¥(c,d,0) thi
(a—cyY +b—dy =1.
Theo BDT Minkowski, ta co
N b+ J3—o) +(4-dY +
Suyra Va® +8° +J(3—c) +(4-d) = 4.
Lai ap dung BDT Minkowski, ta duge
AX +BY =o' + b +a+\J(c=37 +(d—4Y +125.

TRAN QUOC LUAT
(GV THPT chuyén Lé Héng Phong, TP. Ho Chi Minh)
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TAI SAO LIEN BANG NGA THUA TRONG
KY THI OLYMPIC TOAN QUOC TE IMO

OLEG MAKARENKO
(CHLB Nga)

ﬁ it dang tidc, nhig nam tro lai day, dét
nuée ching ta ddnh mit thir hang cua
minh trong Ky thi Olympic Toan Quéc té. Pay
khong phai 14 thit bai ngdu nhién, ma déy 1a hé
qua tit yéu cua nhimg quyét sch sai lim dugce
dura ra tir 15-20 nam trugce day.
Dau tién toi s& noi vé thanh tich cua c nhan toi
véi toan hoc. Khi con 13 hoc sinh toi da dat két
qua khong t&i trong mét ky thi toan cua thanh

phéd Leningrad, sau ¢6 t6i duge tham gia vao

16p toan ndi tidng cua thiy Sergei Rukshin, ndie

da khoi ddy nhiéu tai nang, vi du nhu Grig
Perelman (giai thuong Fields 2006), Stanislav
Smirnov (giai thuong Ficlds 2019) Fedor
Nazarov va Chelkak Dmitry (gidlhuong Salem
1999 via 2014), Eugenia Malinnikova (gidi
thuong cua Vién Clay 2017). Xin noi thém,
chinh Vién Clay da trao gidi thuémg 1 triéu do

la nhung Perelman da tir chdi.

Sau khi trai qua 16p toan ndi tiéng, t6i khong tro
thanh nha toan hoc chuyén nghiép, thé nhung
161 van lang 12, thich thu theo ddi hé thong dao
tao nguf‘m nhén luc. Chic chin h¢ thf)ng dao tao
ndy khong tuyén chon bira bii nhimg tai nang
trong thanh phd. Ching t6i da duge hoe chuwong
trinh riéng pht hgp v&i minh, con trong qua
trinh hoc tip duge tiép xic voi ca nhimg trod
choi dién tir (g dung rt hién dai ngay nay.

1 6 Tc‘)g?‘luggcé S3 487(1-2018)

Khi nhidu déc gia thong tin vdi 61 ring. nudc
Nga dang trugt chén trong cac Ky thi Olympic
Toén trong nhitng nam gén déy, thi déu tién toi
nghi: ho da phong dai, chic chi mét vai lin
truot hi hiru théi. Thé nhung nhirmg bire thu nhw
véy, roi ca nhimg 161 binh pham da qua nhicuy,
va cubi cung toi bude phai nghién ctru k¥ ludng
Budc phai cay ding thira nhan ring,

hién _gi&chung ta dang nim & vi tri ma 10 nim

ld¢ duge coi la ditu 6 nhyc.

‘Cic ban ¢6 thé tim hién két qua cua ddi tuyén

clia chung ta trén trang web ctia Olympic Toan
Quée té IMO.

Néu khong tinh t&i nam 1992, ndm ma do
nhitng xéo trén chinh tri cac doi Nga va déi
SNG cung tham gia mdt lac, thi gin nhu toan
b6 cac nam ching ta hodc 1a nim trong top ba
doi din dau hodc la gan trong nhém diy. That
dang ngac nhién: miac di mot nira s6 hoc sinh
cua chung ta, sau khi Lién Xo tan ra, da ndm
ngoai lanh thd nudc ta, thé nhung toan phd
thong cua ching ta van manh téi muc thi ddu
ngang ngua voi Trung Qude va ca My (My von
van mua tri tué ctia ngudi chiu A).

Nam 2011 déi myén cua ching ta cham vao
vach cua sy tri tré déng bao dong: nhiéu nim

lién chiing ta ddm chén tai chd & vi tri thir tu va



khéng ¢6 co héi leo 1én cao. Cudc khung
khoang nay can phai dugc thido ngoi: hodc la
ching ta quay tai top ba hodc 13 ching ta s&
trugt doc khong phanh. Rat dang tiéc, ching ta
da khong quay tro lai top ba.

Nam 2015 tiéng chudng bao dong vang lén. Déi
tuyén ching ta dat vi tri thir tam trong bang
thanh tich doi, con trong bang thanh tich huy
chuong Olympic ching ta gitx vi tri thir 21: ldn
dau tién ching ta khéng c6 huy chuong Vang
va xép giita Iran va Singapore. Khi d6 né dugce
coi la sw ngdu nhién, dii nhig ngudi quan tim
toan thira biét 1a ngiu nhién ciing chi 1a tr an
Ui; biét trach ai khi doi gdbm cé sau ngudi chir
khong phai mdt ngudi.

Nam 2016 tiéng chudng thir hai vang 1én. Vi tri
thir bay —tam dang budn trong béng tong sip
cac doi.

Nim 2016 thi ngay ca nhirng ngudi mie bénh
lac quan ciing hiéu r5 ring, van dé ciia.ching ta
khong phai 1a nghiém trong ma 1a nguy kich.
Chuing ta giir vi tri thir 11 theo thir hang va th
14 trén bang tong sip huy chuong, mot két qua
ngang v&i cdc nude nho nhu Georgia hay Hy
Lap.

Téi cho rang khong nhét thiét phai dua ra tiéu
chi két luan ching ta dimg sau ca Méng CG,
Turkmenistan, Tajikistan, va tai sao vi tri thir 11
v6i nude Nga duge coi la tham hoa. Téi chuyén
ngay sang ban chét ciia vin dé. Van dé nim &
chd, hé théng tuyén chon va dao tao cac vin
dong vién todn hoc tir thdi Lién X6 dé lai da bi
pha bo. Trude kia viée tuyén chon hoc sinh

tham gia Olympic dugc dién ra theo hé thong

nhidu cip d¢. TAt ca hoc sinh gi6i duge liét ké
vao danh séch va ngay trude Ky thi Olympic tat
ca duge moi toi hoi trai d¢é thi ddu, chon ra

nhimng hoc sinh ¢6 kha nang nhat.

Trong nhitng nim 90, hé thong trén bj thay dbi.
Trudng doan Olympic méi 1a Nazar Agakhanov
sp xép céc vi tri trong doi tuyén c6 phan tiy
tién: dya theo két qua cua hoc sinh trong Ky thi
Olympic toan Nga va nhimg ky thi quéc gia &

cac nudac khac.

Cur hinh dung, c6 ba ban tré tai ning. Mgt ban
¢6 két qua tét trong Ky thi Olympic Quéc gia
ctia Trung Qudc, mét ban doat huy chwong
Vang trong Ky Olympic toan Nga, con mot ban
thi c¢6 két qua xudt sic trong cic cudc déu &
Serbida. Can goi ai trong s6 d6 vao doi tuyén?

Céu tra 1oi thoa dang la: khéng rd. Can phai
mdi ca ba ban t&i hoi trai roi tai d6 xem ca ba
giai cic dang toan s& chd don ho trong Ky thi
Olympic Quéc té IMO nhu thé nao? Thém vio
d6 ciing can tinh t6i lai lich: néu mot ban tré da
ting tham vao IMO nam ngoai thi diy la mét

diém cong 16m, vi dio tao ban tré nay s& d& hon.

Thay vi nhiing phuong cach d6, rat dang tiéc
hoc sinh dugc tuyén chon vio doi tuyén bay gits
it nhiéu theo cach ngdu nhién. T6i phong dodn
la codca yéu t chinh tri trong do: nhitng ban tré
tir mot sb thanh phd hodc tir mét sb truong dai
hoc ¢é nhiéu co hoi lot vao d6i tuyén hon.

Dé chimg to nhimg ludn diém cua t6i khong
phai 1a v cén cir, t6i dan ra 1a nam 2017 mot
nira thanh vién trong doi tuyén Nga khéng nim
trong s6 mot trim ngudi c6 thir hang ¢4 nhan

cao nhat: hai thanh vién nim trong nhom thir

TOAN HOC
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hang sau mdt tram (vi tri thir 115 va 188), lan
dau tién trong lich sitr tham gia cua doi tuyén
Lién X6 va Nga ¢6 mot thanh vién nim dudi
thir hang hai tram: vi tri thir 265. Vi hoc sinh tai
ning cta Nga 1a cé thira nén chi c6 thé dua ra
mot két ludn 1a: hé théng tuyén chon yéu kém,
lot vao d@i tuyén con xa mai 1a nhimg van dong
vién gioi nhdt.

Va cubi clng, hang nam lai ¢é thém nhimg than
phién v& quy ché huén luyén. Xin trich din 1o

1

cta Sergei Rukshin: *...truémg doan mén todn
la Nazar Agakhanov, Phé gido su cua Vién
Toan Ly Moscow. Trong cac vong chung két
Olympic toan Nga, 6ng ta ldy nhimg hoc sinh
gioi nhét va chon vao doi tuyén. Tiép theo thi
ong ta uy nhiém cho ngudi khac. Theo thoi
khéa biéu thi trong nam nay o6ng ta khéng day
mot tiét nao cho déi tuyén. Néu trong bong da,
hudn luyén vién doi tuyén qudc gia thi chi cin
mét 1y do nhu vy théi da bi sa thai tir lau”.
Thém mét didu khéng hay nira. Tir nim 2015
hoc sinh gioi toan duge dao tao trb_ng hdi trai
gido duc mai “Sirius”. Ngay ndm dau tién hoc
sinh trén 16p bi vit kiét khung khiép — nghe dén
rﬁng, céc huén luyén vién bit hoc sinh lam viéc
hét sire dé c6 ¢& nghi ngoi dai han ciing voi vo
con, tan hudng diéu kién 1y twong trén bor bién
Den.

Hay xem, hoc sinh giéi vat 1y khéng dén
“Sirjus” ma dén noi kém hon & Dolgoprudnui.
Két qua 1 ¢6 nam huy chuong Vang véi nim
ban di thi.

Stra sai van con chua mudn: may min thay, tai
ndng van khéng ciin cdi di trén dit Nga, theo
théng ké clia cac trung tm ngoai khéa: 10 nim
tror lai ddy, cac bac phu huynh ¢6 xu huéng dau

TOﬁNH C
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tur tidn bac va thoi gian vao viée hoc phu dao
cta con em minh. N6i don gian hon thi ching
ta van c¢6 nguoi dé tuyén chon.

Viéc quan trong phai 1am ngay la diéu chinh hé
théng tuyén chon hoc sinh cho Ky thi Olympic
Toan Quéc té. C6 thé, hodc 1a copy ngay hé
théng v6n hinh thanh tir nhimg nam 80 va da
dem lai két qua rat tot cua ching ta, hodc la
phai rit ra nhitng bai hoc vé mat t6 chirc sau
nhimg ky thi khong thanh cong dé cac huan
Juyén vién phai thay doi.

Ciing cén phai ddu tranh véi nan tham 6, nhiing
nhiéu dang dién ra trong cac Ky thi Olympic &
ngay trong nudc Nga. Hé théng thi phd thong
quf')c gia dé vao cac truomg dai hoc da tao nén
ké ho-¢ho nhimg ké an héi 16: rat kho dé mua

ban'két qua cua ky thi qudc gia, & mot sb dia

‘phuong thi gan nhu la khéng thé. Vi thé nan

tham 6, nhiing nhiéu chuyén sang cac Ky thi
Olympic: ¢6 thé mua huy chuong Vang & mét
Ky thi Olympic dia phuong hay & mot trudong
dai hoc nao d6 bang mét s6 tién nho.
Can phai, hodc 1a quy trach nhiém hinh su véi
nhirg ké loi dung t6 chirc Olympic nhan héi 16,
hoiic 1 b6 ché d6 wu dai khi xét tuyén vio dai
hoc cho nhitng ngudi doat giai trong ky thi
Olympic. Mat 16gic théng thuong xin dugc dua
ra lam két luan: néu hoc sinh cé thé doat huy
chuong Vang trong Ky thi Olympic mén Todn
thi chic chin nhimg bai toin thong thuomg
trong bai kiém tra ciing 1a khong qua khé véi
céu ta.
TS. HOANG NGU HUAN

(Bé man Todn, DH Mo Dja chdt Ha Néi)
Swu tim va dich tir bai viét cua Oleg Makarenko,
mot ddc gia Nga trén to Ria Novosti, ding ngay
2.9.2017. Ban doc co6 thé tham khao bai goc tai:

hitps://ria.rufauthors/20170902/1501619466.htm|



PHUONG PHAP

GIXI TOAR

L

KHAI THAC MOT TINH CHAT VE PAO HAM
VA NGHIEM CUA PA THUC

=

NGUYEN THANH NHAN
(GV THPT chuyén Himng Viiong, Binh Dr.(dg)/

Lot me diu. Da thire thude l6p ham fhd vi (c6 dao
hany tai moi diém. Tinh kha vi cia da thire dwoc
khai thic ¢ nhien khie canh khdc nhau. Trong
Kl kho bai viét ncy, chiing ta cimg xét mot tinh
el quan trong duoe khai thie it nhiéu trong
ede b todn lién quan dén nghicm. Ta xét bai todn
Suie

Bai toin mé dau. Cho da thirc hé 56 thie P(x)

hic n=l 6 n  nghiém thire phan  biét

X Xaaon X, . KV hiéu P'(x) la dao héam cap mot
ctict da thire do tai diém x . Khi do ta co
P'(x)

Plx)

& |
S— (*)
| A= X,

Chiing minh. Theo dinh ly Bézuot ta co

Pici=alx- ,r,:}(_x —%)u{x—x,) véi a=0.

Khi dé P'(x)= Y x—a ) (r—x,)+
+a(r_xl}(‘-_‘x2) ( Iﬂ--l}‘
iler ) | :
Viy né — .Biéi toan d hi
iy nén ) =) di todn duge chimg
minh.

Tiép theo ta s& di xét mt s6 (mg dung clia bai todn
trén. Ta bit déu véi bai toan sau.
Bai toan 1. Cho da thirc
Plx)=x'—x'=7¢" +4x+6
6 hon nghiém thue phen bigt N X

Tinh ting

Loi gidi. Taco
Plx)=(r—x)lx—x){x—x)(x-x).

P'x)—4x' —3x° —14x +4.
Dé thiy
T | M 1 oL
S__'E,Z_,:[x‘—3__rf—l]:§[;.g——B_E.r,.-—lJ‘
Ap dung bai todn trén ta co
L D] e
2L PO} P(3) 9

Nhén xét. Véi biéu thirc don gidn ta cé thé dimg
dinlr li Viete dé tinh. Nhumg voi biéu thike phiie tap
thi dimg dinh li Viete li khong toi ww. Dau hiéu dé
sit dung bai todn mo diu dé chinh Ii méi phén
thire trong tong S ¢o thé tach dwoe thinh dang

trong do x, la cac nghiém.

=gy

Vi y twong (rén ban doc hay giai tha bai toan sau
day.

Bai todn 2 (Chon doi tuvén Todn TP. Hoé Chi
Minh, ném 2016). Cho da thirc voi hé so thuc

Ll L ilE]

T X il

Plxi=x""
e 2016

- -t+ax+a,
nghiem  thwe  phan  biét  va

TOAN H
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Htzhs [
| i Zelh O e sl
v :
' dpe db sl el nediicns e Fx il

3

i s i

Tiép theo bing cach danh gia hé s6 cla da thirc ta
6 duge mot vai két qua kha tong quat

Bai g 3. Ol Guedliie P oo o im0 - 1 vace

T f-‘"l.f.’.;-‘_? .'i‘.’lc-"." e (_Ir'r?.:.".f}";' i

PR BEE T 1 0
! |

el il

._F" " ..""'..‘.'_ L Ll
Chitng minh. Véi mdi k € {1;2;...;n} ta xét da
thirc
Px)=a(x—x)(x—x}.{r—x %)

P(x)

X—x,

w(x—x)=

Khidé P'{x)=P(x)+ B (x)+...+ P(x).
Laicé P (x)=0(k=i) va P(x)=0. T dota

Ll

=1.Ta xét da. ‘thuc

phu

Q(I}=:ZIP';E;))—1 thi da thic nay co n

nghiém thuc phin biét x,,x,....x, trong khi bdc
clia né khong qué #—1 do d6 Q(x) 1a da thic

ddng nhit khong. Noi riéng, hé s6 bic cao nhat clia

1 1
no la + +..+
Bl P

Bai toan dugc chimg minh.

l ==
P'(x,)

Nhin xét. O loi giai trén ta sic dung mét tinh chat
ciia da thirc dé la: Néu da thirc ¢6 bdc n va cé
nhiéu hon n nghiém thi da thirc @6 dong nhat
khong. Ky thudt nay dwoc dimg kha nhiéu khi Idp
lugn lién quan dén hé s6 ciia da thirc. Trong bai

20 TOAN HOC
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todn 3 néu ta str dung dong nhat hé so e do ciia da
thire phu Q(x) thi ta ¢é dwoc loi giai cho bai toan
sau day

Bai todan 4. (£)¢ chinly dure peing Dmg rodn foe
i Nam 2007n Cho da ifmie monic PA3) ae
1t e ol e e e N bk coe sehan by 1
el e R e e i B Khare 0

£ i nome

Bay gi néu sie dung 16i dgo ham cdp hai thi ta lai
c6 két que sau ddy.

Bai todn S Cho e thee Pyl v o
deg P w vdcd w nghionm plein bier v o

Chtrng e et od ding thiee

Phén tich fim hwéng gigi. Dé chimg minh bai toan
nay tuong tu vdi cich xét da thiuc F, (x) nhu trén

thi ta xét da thire R, (x) nhu sau

P(x)=(x=x)Q (¥)=(x~x)(x—x,)R; (x)
véi i= j. Khido
Px) =320 (5P (x) = L TR ().
1= = A=t
Lap lun tuong tyr ta co dugc khing dinh (2). Loi
giai chi tiét xin danh cho ban doc.
Trong céc bai tap tiép theo ta cin xét thém tinh don
diéu cua ham sd trong qué trinh 14p ludn.
Bai todan 6. Cho i tiate g so e PLvd D
s Lo werliicm S pheis Dide Ced 1) fe ey

i crad cde Bhoone aehidm evo B plasnng ik

cerd s e




Phén tich tim Ioi gidgi. Su xut hién cua gia thiét
P'(x)
P(x)

bii todn m& déu & trén. That viy, theo dinh Ii

> 2018 dua ta di dén suy nghi s& st dung

Bézout ta cb P[x):an(x—x&) voi a=0 va
k=1

ta gia sir cdc nghiém duge sip xép theo thir o 1ém
danla x, <x, <..<x,.Doddtaco

Lt )>2018®Z 1

>2018.
Plx) =,
it
G(x)= i) =i : = G'(x)
P(x) = XX
0 e - <0
it (x—x,)
Ta c6 bang bién thién nhu sau
______ x X Xocen X +or
LI &N
0 o v
| | [
e | NN\ | |
. - e !

RS - S| Lowl
Do d6 phuong trinh G(x): 2018 c6 n nghiém
thye x <1 <x, <t, <..<x,<t, . Tip nghiém

ctia bt phuong trinh 1a § = U iy

it

] Téng 46 dai
cac khoang nghiém cua bét phuong trinh 1

D= i{r,. -x)
i=1

[ (i = l,_n) la nghiém cua phuwong trinh:

Zr —Zx Mt khéc ta lai co

i=l

E

2 = 2018 < P'(x) = 2018P(x)

=

@aznx X —20]8al__[x x,)

k=1 iml i=l
i=k

aznx x)[=0.(3)

k=l | i=l
i=k

& 2018aﬁ(x—x
i=]

Phuong trinh (3) 6 hé s6 clia x" (bac cao nhat)
1a 2018a, hé s cua x"' 1a
—2018a(x, +x, +,..+x"}—na,
Ap dung dinh Ii Viete ta co
" ~2018a(x, +x, +...+ X, ) — na

=

= 2018a

—Z

2018
-Si-You=

Viy D=i:(:[. —x)

d6 D=1 khi n=2018.

2018

Nhin xét. Do ta cdn xudt hién cdc khodng nghiém

4 P
ciia bdt phiong trinh )5 2018, nite la ede
; P(x)
PF
nghiém cua phuong trinh P((xJ) =2018 nén viéc
X
Pl
xét tinh don diéu ciia ham G(x)= P({x)} la hoan
X

todan ti nhién.
M35t bai toan tuong ty sau diy ciing da xudt hién
trong mét dé thi. M&i ban doc thir strc.
Bai toan 7. Chimg minh rang tap nghiém ciia bat
phwong trinh

I Y 3 70 _5

T x—707 4

la hop cdac khoang roi nhau va co tong do dai la
1988.

Ngoai ra ching ta chimg minh dugc bai todn tng
quat sau ddy. Phin chimg minh xin danh cho ban
doc.

Bai toan 8. Cho da thire hé 56 thire

Plx)=ax"+ax"" +..+a, x+a, (a,=0) bdc

n, co n nghiém thue phan biét va so ¢ > 0.

21
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Chimg minh rdng bat phwong trinh - > ¢ 0

iap nghiém la hop ctia mot s6 niea khoang ¢o tong
S R 1

do dai la —.
(.

Bai toan 9. Ung vai mdi da thie Plx) voi hé sd
thire va eo nhicu hon mot nghiém thure, goi d (P

la khodng cdch nho nhat gitia hai nghiém thye bet

ki cria no. Gia st cde da thive vei hé so thye Pl x)

va P(x)+P'(x) déu co bic k>1 va ¢ k
nghiém thuc phdan  biét.  Chimg  minh f'r;.'HI'J
d(P+P)>d(P). (4)

Chirng minh

Ta ki hiéu cic nghiém cua Plx) Ia
X, < X, <...< x,. Ta chimg minh bai toan trén
bing phan chimg..

Gia sw d(P+P')=b-a<d(P) wong d6 a,b
la hai nghiém gin nhau nhit cua da thic
P(x}+ P'(x) vd b>a. Do da thirc P(x} khong
¢6 nghiém boi nén ta suy ra a,b khéng phai 1a
P(x). Ta @ 3y L

P(a)+ P'(a)=0;P(b)+ P'(b)=0. Neén tir do

nghiém  cua

Pa) __, Pb)
ta suy ra :—1———I. (5)
Pla) P(b)
X
Theo dinh Ii Bézout ta c6 P(x)=a,[[(x—x] v6i
=1
2 &
an:t(}.l(hidémcéﬂ= —!—
P(IJ T
: ig
Hamso G(x) (x) 6
P(x)
ey I W B

E(x—x!. i
nén nghich bién trén timg khoang xdc dinh cia no.
T (S)tacd Gla)=G{b)=~—1 néntasuyra

22
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a,b phai nAm & hai khoang xdc dinh khac nhau.
Cong vi @b 13 hai gid tri gin nhau nhit cia
nghiém P(x)+P'(x) va gin hon bat ci hai
nghiém nao ciia P(x) nén suy ra tdn tai duy nht
mdt nghiém x; € (a:b).

Tk d{P+P)= nén

b-—a<d(P) suy ra

X, —x>b—asa—x>b—x,, véi moai
i=Lk—1.

G x>b—

Ciing tir tinh gén nhit cia a.b va tir

X, nen ta suy ra

(a—x )b~ X ) > 0( co the vE 1én tryc s6 dé
kiém wa ). Ti d6 ta
1 1

=
a—=x = it

suy ra duoc

(vi=Tk=1)(6) va hin

nhién 1a co nén

1 1
<

a-x, b-x

a—x,<0<b-x

(7). Vi vy cdng vé theo vé cac

bt d,&ng thic trong (6) va (7) ta thu dugc

' 4

: 1 e
Z Zb_x‘_——l (vo 1y).

g

Vay d(P+P')2d( 1

Bai toan 10. Tim fit ca cde da thie bdc
n=2018 cohé 56 thue P(x) sao cho da thire dao
ham P'(x) la woc cua Plx). Nghia la ton tai da
thire hé 36 thuwe Q(x) sao cho

Plx)=P'(x).Q[x} (8)

Loi gidi. Taco deg P(x]=n nén degP'(x]=n—1
Biing cdch so sanh hé s6 bic cao nhat cua hai da
thire & hai vé trong (8) tasuyra Q(x)= —l-{x—a)
n

Nhur vay

P(x)=~P'(x)(x—0),

n

voi oL



hay —~= : )

Goi x, =, Xy.nx, (1 Sk<n)la cdc nghiém
phire khic nhau ctia P(x) voi cic bdi twong tmg la

PPy Py Sa0cho py+p, +~..+ p, =n.Khi
do

P(x)=alx—x)" (x—x )" . (x—x)"
vol a= 0.

ElE
Pl ey

Khi do:

(10).

Ta s& chimg minh £ =1.

That vy néu k>2. Trong (9)

u
I
=
I
=

Bieol s

Trong (10} ta co

P R, L
.!ill‘il(x—w x) P{{j}) = IJH}(V—;)Z;&;— = i=2k
' (REEAET

T

Nhuviy p, =0,%i =2k (v61).

Viy P(x)=a(x—x )™

,a=0. Thir lai ta thiy
da thirc nay thoa man.
Bai todn 11.
a) Cho da thire hé 56 thire O(x) bdc n va cé n
nghiem thuce phdan biét. Chumg minh rcfn,g
'r_‘)'[ v ]_:" > O{x).0"[x),¥xe B

by Cho da thire hé 6 thuc

P I:f =a,+da

g la =)

ca i nghiem thiee phan biét. Chirng minh nju;:

7] E}_
Chitng minh. a) Goi cac nghiém phéin biét cua

O(x) 1a x,x,,....x,. Khido

g Lea s g el s

Q'(x) o1

Q(x) r—J.x_‘ti .
Ly dao ham hai vé ta duoc

[Q'(-r)l;ffg)-Q"{r)zi L

il (x—x,.)
x=x (i=Ln) i Qx)=0 ~a

Vi
Q'(x)=0 néntacs [0'(x,)] > Q(x)Q"(x,).
V6i x=x, (i=1;n) thitaco tir (11) taco
(2] > 0(n)0(x).
Nhu viy [@'(x)] > Q(x)}Q"(x),%x € K.
b) Ap dung bai todn & cau a), ta xét da thixe
Q(x)=P* "(x)k=Tn—1.
Tacs [Q'(x)] > 0(x).0"(x),Yx€R. Dods
[PO) > P (0).P*4 (0)
& (kla) > (k=1)ta,_, (k+1)q,_,

k 2 2
p=1 [ PR P e k—_’_ld‘k L <

Bii toan duoc chirng minh.

Nhén xét. Bai todn sau ld mot trieeong hop ciia bai
todn 11b). Ta ciing c6 thé sir dung dinh Ui Viete dé
gidi quvét né. Ban doc thir chimg minh.

Bai toan 12, Biét rang da thirc

A 202} Ny |
Pla)=x"" 4+ ax™ + .. 4y X + Gy
co 2020 nghiém  thue  khac  nhau  va
thyy s = 2015, ay,; = 2017 . Chirng minh rang

|etygys| > 2016.

Lévi kée. Trén didy 1a mot so bai todn khai thac xung
quanh mét tinh chit lién quan dén tinh kha vi va
nghiém cia da thie. Tinh kha vi 14 dic trung co ban
ctia da thire. Do dé s& con nhimg khai thac khac ma
tac gia chwa biét. Mong nhin duoc trao ddi tir ban
doc.

TOAN HOC
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CAC1LOP THUS

Bii T1487 (Lop 6). Tim tat ca cac cip so
nguyén t6 (p, ¢) thoa man phuwong trinh:
Pl -g"=T9.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Hé Noi)

Bii F2/487 (Lop 7). Tim cic s6 nguvén a, b, ¢, d
thoa man {/az +b+ct =Ja+btc=d.

NGUYEN DPUC TAN

(TP. H6 Chi Minh)

Bai ‘13,487, Cho a, b, ¢ 1a céc 50 thuc duong
thoa man a + b + ¢ = 1. Chitng minh réng:

21
l +36abc
HOANG NGOC MINH
(GV THPT chuvén KHTN, DHOG Ha Nii)
Bai T4/487. Cho tam giac ABC ngoai tiép
dudmg tron (0). Céc canh AB, BC, CA lan lugt
tiép xuc voi dudng tron (O) tai D, E, F sao cho
EC = 2EB. Ké duong kinh EI cia dudng tron
(0). Qua D ké dudmg théng song song voi BC,
duomg thing nay cit doan thing EF tai K.
Chimg minh rang A, /, K thing hang,
NGUYEN TAN NGOQC
(GV THCS Nhon My, An Nhom, Binh Dinh)

1 l
-—+_ —
a b ¢

Bai 15/487. Tim s6 M 16n nhat sao cho ta c6
bét ding thire x* > M.[x].{x} thoa man véi moi
56 thue x (trong dé [x], {x} turong ung ki higu la
phén nguyén va phan thip phan cua x).

DAO CHI THANH
(GV THPT chuyén Vinh Phiic)
TOFIN HOC )
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CACLOPITHET
Bai 16/187. Giai phuong trinh

2 x6=20x+13+2x -,

TRAN NGUYEN HANH
(GV THPT Van Xudn, Hodi Dire, He N6i)

Bai 17487, Gidi hé phuong trinh

}+z z+x
2 2

HOANG LE NH.&T TUNG
(SV K6{ SP Toan, DHQG Ha Noi)

15ai T8:487. Cho tam giac ABC co ban kinh cic

duong tron bang tiép 1a r,, ry, 7., dd dai cac

dudng trung tuyén Ia ma, my, m, va c6 dién tich
S. Chimg minh ring:
P2 + 12 213+ (m, —m,)’
+ (m, — mt_)2 +(m, —m,).
NGUYEN VAN Al
(GV THPT Lé Thé Hiéu, Cam Lo, Quang Tri)
Bai 19/487. Cho sb nguyén duong n va cic sd

thuc duwong ay, a. . . .. a,. Tim s6 thye A sao cho

a +a;+..+a =n+AixVxe R
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bic Ninit)

TIEN TOLOLYMPIC TOAN

Bai T10/487.

a) Chimg minh ring véi mdi sé nguyén duong
n thi phuong trinh 2012 (x*
nghiém duong duy nhat. Ki hi¢u nghiém dé 1a

—n')=1 cé mot

X

"

b) Tim lim(x,,, —x,).
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
Bai T11/487. Goi T la tap tat ca cic udc sb
nguyén duong cta n=2004""". Gia sir S 1a mét
tap con khac réng bt ki cia T thoa man didu



kién: véi moi a, b thudc S ma a > b thi a khong

chia hét cho b. Tim s6 phan tir 16m nhét cta tap
S.

LE XUAN DAI

(GV THPT chuyén Vinh Phic)

3ai T12/487. Cho tam giac ABC co6 dudng tron
ndi tiép (1) tiép xtc voi BC tai D. H 1a hinh
chiéu cua A trén BC. N la trung diém cla AH.
Puong thing qua D, N cit CA, AB lan luot tai J,
S. BJ ¢iit CStai P. DA, DP 1an lugt cit (/) tai G,
L. Chitng minh ring bén diém B, C, G, L clng
nim trén mot dudng tron.
TRAN QUANG HUNG
(Gv THPT chuyén KHTN, DHOG Ha Ngi)
Bai 1.1/487. Poan mach dién 4B mic ndi tiép
theo thit tr ldn lugt gdm cudn day thudn cam, bién
tror va tu dién. Dit vao hai dau doan mach dién ap
xoay chiéu ¢6 gia tri hiéu dung khong déi va tin

sb gbc @ (véi So°LC =3). Khi R=R, thi cong
sudt tiéu thu trén doan mach dat cuc dai. Goi M va
N lan lugt 1a diém ndi gitta cugn cam thuin véi
bién tre va bién tro véi tu dién. Biét dién ap & hai
dau MB c6 biéu thirc la Upp= 290«5(:05{03: - g}

(V). Viét bidu thirc dién ap ¢ hai diu doan mach
AN.

THANH LAM (Ha Ngi)
Bai 1.2/487. Tai O trén mit nuée co6 mot ngudn
phat song véi tn s6 f =80Hz, toc dd truyén song
13 1,6 m/s. Ba diém 4, B, O nim trén mit nudc tao
thanh tam gidc vuéng tai O. Biét 04 = 9 cm;
OB =12 cm. Xéc dinh sb diém dao déng clng pha
voi A trén doan BA.

VIET CUGNG (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOI
Problem T1/487 (For 6" grad L)‘%Emd all
pairs of prime numbers (p, ) satiﬁ%ﬁfg ;

D
p-g’ =TT
Problem T2/487 (For 7" grade). Find integers

a, b, ¢, d satisfying
Ja* +b* +t =Ja+tb+c=d.

Problem T3/487. Let g, b, and ¢ be positive
numbers such that a + b + ¢ = 1. Prove that

1 21
e P
a b e l136abe

Problem T4/487. Given a triangle ABC

circumscribing a circle (0). The sides 4B, BC,
and CA are tangent to (O) at D, E, and F
respectively and assume furthermore that EC =
2EB. Suppose that EI is a diameter of (O).

Through D draw a line which is parallel to BC.
This line intersects the line segment EF at K.
Prove that 4, I, K are collinear.

Problem T5/487. Find the maximal number M

such that the inequality x* > M.[x].{x} holds
for every x (where [x], {x} respectively are the
integral part and the fractional part of x).

' FOR HIGHSCHOOL
Problem 16/487. Solve the equation

X dx+6=20c+DV3+2x—x".

Problem 17/487. Solve the system of equations
1 1 1

——J—;+—J_;+~J~;:3
f_+y_2+§={jf‘+y* b T TR '
Y E ey SR
(Xem tiép trang 44)
S8 487(1-2018) T?gr#uggg 25




Bai T1/483. Tim tat ca cde chiv 56 o, b, ¢ sao cho
cde s6 abe., ach, bac . E‘r: 3 L:r;] . cha déu ld
cde 56 nEuYen 0.

Léi gidi, Cac sb dang xét n ¢6 ba chit s6 nén nho
hom 1000, néu n 1 hop s6 thi né c6 woe s6 nguyén
té6 nhé nhét 1a p va cé dang n = pd voi p =d, do
46 p* < pd < 1000, suy ra p < 31. Ta can loai di
cac hop sb gom ba chit s6 [a boi cua mét trong céac
s62. 357 115 17019 23,29 30

« Chc chit sb a, b, c khong thé 12 s6 chdn vi lic do
n 14 béi cua 2.

« Cic chir s6 a, b, ¢ khong thé 1a 5 vi luc do # 14
bdi cua 5.

Tir d6 cac chir sb a, b, ¢ chi ¢b thé lay gi tri 1
cacsd 1.3,7,9.

« Tong cic chir sé a + b+ ¢ khong thé 12 bi cia 3
vi lic 6 n 12 boi cua 3, tir d6 ta logi bo cac sb
e, 1T A 0T 2T, 71 339,598, Sa0
va 399, 939, 993. Céc s6 con lai can xét la: 113,
119, 133, 137, 139, 179, 199, 337, 377, 379, 779,
799 vi cic hoan vi ctia ching, tire 13 ddi vi tri cdc
chir s cia ching.

Dé xét sb # ¢6 chia hét cho mdi sé nguyén 1 7, 11
hay khang, ta sir dung cac ddu higu chia hét dudi
day dé tinh toan don gian hon.

en=abe= 100a + 10b+c=T7(14a + b) +2a
+ 3 + ¢ chia hét cho 7 khi va chi khi

2a¢ + 3b + ¢ chia hét cho 7. Tir do loai bo duge
cie 86 119 = 7.17; 133 = 7.19; 371 = 7.53; 191=

TOAN HOC
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7.113; 931 = 7.133; 973 = 7.139 va cic hoan vi
cua ching.

on=abc= 100a + 10b+c=11(9a +b) +a—b
+ ¢ chia hét cho 11 khi va chi khi @ — b + ¢ chia
hét cho 11. Tit d6 loai bo duge cic sb
737 = 11.67;
chang.

 Khi chia cho 19 ¢é 779 = 19.41, loai bo dugc
797 va 977.

979 = 11.89 va cac hodn vi cua

Kiém tra tiép ta thu duge cdc sb sau [a so nguyén
t6: 113, 131.311; 199, 919, 991; 337, 373, 733 la
cac sb nguyén 1d. a

5 Nhin xét. Cac ban cé thé tra Bang cdc s6 nguyén
16 dé cho két qua, tuy nhién yéu cu khi ra dé nay la
mudn cac ban sir dung cac dau hiéu chia hét néu trén
dé tinh 104n don gian hon. C6 thé xét ddu higu chia
hét cho 13, 17, 19 trong tu nhu thé, Chi ¢6 ban Ta
Kim Nam Tudn, 6A2, THCS Yén Lac, Yén Lac,
Vinh Phic cho dap an ding, trong do co sur dung
céc déu hiéu chia hétcho 2, 3, 5.

VIET HAT
Bai T2/483. Cho tam gide XYZ vuong tai X,
(XY < XZ), ké XU vuong goc voi YZ. Goi P la
trung diem cua YU. Lav diém K thugc nia mdt
phang bo YZ khing chira diém X sao cho KZ
vidng goc voi XZ va XY =2KZ. Qua Y ké duong
thing d song song vai XU, d cdt dwong thang KP
tai V. T la giao diem cua duong thang XP va
minh .ﬂﬁn:.:

dwong  thang  d.

Chirng

VTK = XKZ +VXY.




Léi gidi. Goi M la trung diém cua XU, khi d6 ta

co: MPJf XYva MP=%XY=ZK ma XY 1 XzZ

= MP 1 XZ = M1a tryc tam APXZ
= MZ L XP. Mit khac: AKZM = AMPK (c.g.c)
nén ZMK = MKP = MZ | KP. Do dé KP L XP.

VIATYP=AXUF(geg)= PX=PT=VKla
trung truc cua X7 suy ra

VTR = VXK = KXY +VXY. Ma KXV = XKZ
(so le trong). Viy VTK = XKZ +VXY. a

» Nhdn xét. Cac ban déu ¢6 101 gidi twong ty nhu trén
xin duge chic mimg cic ban: Quing Ngii: Nguvén
Trung Phu, Lé Tudn Kiét, TA, Pham Dinh Tdm, 8A,
THCS Pham Vin Pdng, Nghia Hanh, V3 Thi Hong
Thu, 7B, THCS Nghia My, Tu Nghia. Ha Ngi:
Hodng Lé Bich Ngoc, TA, THCS Thai Thinh, Quén
Péng Pa.

NGUYEN THI TRUONG

Bai T3/483. Co ba nguoi toi mua ciu cua ong

An. Newdi thi what doi mua — so dan oo cna

a

- so dan ctru chia
)

ngwai thie hai doi mua

Ry,

ong, ngwoi thir ba doi mua — so dan ciru clia ong,
7

sae cho thoa médn dong thoi ba véu to sau:

NYahbeeN vaa<h<ce

2) 56 con ciru ciia moi nguai mua dwge phai la
mot §6 nguyén:

3) Sau khi ban xong, dng An con du lai | con ciru.
Hoi dén etru ctia 6ng An c6 thé 6 mdy con?

Loi gidi. Goi sb con trong dan ciru ciia dng An la
x (x€N").Thi sé con ctru ngudi thir nhit, ngudi
thir hai va nguéi thir ba doi mua 1in luot 1

5,5 2 Theo baira ta ¢é phuang trinh

a'bc

Ty (1
a b ¢

voi didukién xla, xbxic vaa<b<c < x
e s [l
Dog<bhb<c¢£ynén —»>—>—>2—
a b e x
Chia hai v& ena (1) cho x ta duoc:
1 7T 1 1 1 ) | s ()

—t—t—t—=l=—<lc—+—+—+—=—=l<a<4.
I a a a

Vi ae N néna=2hoica=23.
« Vaiag=2thi
I 1]

a a da

3

e e l+l+l=—:>2<b<6,
e e e A )

Do he N nén be{3,4,5}.

+ Néu b =3 thi

I-+—]--=I— L<]—+l=£:>6<c£l2,

i () 6 ¢ ¢ ¢
Vitaco ce N'nén ¢ e{7,8,9,10.11,12}.

V&ie=7thi %+l:l <> x =42 (thoa mén);
X

6
. R | . "
V&ic=8thi —+—=— < x =24 (thoa man);
Ot
= skl : =
Véice=9thi —+—== < x=18 (thoa man);
O ol 6
Vmc—]()thl—+l=l<:>x 5= —eEN' (loai);
100 x 6
V(')fi{:=ll[hi—l-+l=~1-<=>.=-6—6EN(10aI}
1 x 6 5
o ol .
Véic=12thi —+—=— <> x=12 (thoa man).
125 ' 6
+Néu b = 4 thi
L I——l—:>1—<]—££+1—=—=:s4<:.£8
c x4 c 4 ¢ ¢
Vi ce N nén CE{S, 6,7, 8},
Vaice=35thi l+l=l<:>x=2(] (thoa man);
S x 4
: ol e
Véic=6thi —+—=—< x=12 (thoa min);
6 x 4
11 1 28
Voic=Tthi —+—=—x=—gN" (I
Gic 17 —— 3E (loai);
. ] e
Vaic=8thi —+—=— < x=8 (thoa man);
8 x 4
. TOAN HOC
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+Néub=5thic>5va

1 e 3 I I 20
—4—=— —=<—+—=—=>5<c¢c <—/—-
¢ x 10 Qi ¢ ¢ e

- 1
ViceN nénc=6, ——i—l=—%®x=£e&f,

x 10 6 15 2]

«Voi a=3thib>3va
B T D 9
== o< —t+—t—=—=3 <h<—.
b ¢ x 3 3 b b b b 2

Vi heN' nénb=4.Doddc>4va

1 1 5 il s L 24 :
—_—=—= —=Z=4 <c<— (loai)
¢ x 12 12002 © 5

Tém lai, taco 6 két qua sau:

S6 con
rong | 42 | 24 | 20 | 18 12 8
dan con | con | con | con | con | con
ciei

a 2 2 2 2 20202
b 3 3 4 3 3 /4] 4
c £/ 8 5 9 |12[{6] 8

>Nhin xét. Diy la bai toén giai phuong trinh tim
nghiém nguyén duong c6 4 an. Da sb cdc ban giai
theo céch trén. Mot sé ban sir dung tinh chét chia hét

dé gi6i han mién nghiém va ciing cho két qua nbw.

trén. Tuy nhién mot s6 ban quan niém a <bh<e<x

nén di thiéu mét nghiém x = 8 va x =12, Tuyén
duong céc ban sau c6 1o giai tot: HANgi: Lé Tuan
Tii, 9T, THPT Dan Lip Luong Thé Vinh; Nguyén
Dang Nhdt  Minh, 9C1, THCS Archimedes
Academy; Hoang Lé Bich Ngpe, TA, THCS Thai
Thinh, Quin Péng Da; Vinh Phic: Nguyén Céng
Hai, Vi Mink Khai, 8A3, Nguyén Chi Cong.Nguyén
Dang Khoa, Lé Phuong Lan, Tong Thu Ha, 9A3,
THCS Lam Thao.

PHAM THI BACH NGQC
Bai T4/483. Cho duong tron (O) dwong kinh AB.
Trén () 1"::;1' diem C sao CA< CB. Trén doan OB
Idv diém E (E khdc O, E khdc B). CE cdt lai duong
tron (O) tai D. Qua A ké dwong thang song song voi
BD, cdt diwomg thang BC tai 1. Puong thang Ol va
dwomg thang CE cét nhau tai F. Chimg minh FA la

tiép tuvén cua dwong tron (Q).

TOHN HOC
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Loi gidgi. Goi H 1a trung diém clia CD, suy ra OH 1
CD. Vi AB la duong kinh dudng tron (O) nén BD
L AD, suyra AT L AD (do Al // BD).

Xét hai tam gidc A4dIBva g
ACAD co

JAB = ABD = ACD
vi ABI =CDA,
suy ra AAIB » ACAD.
Lai ¢6 10 va AH 12 hai
trung tuyén tuong tmg
ctia A4IB va ACAD, nén IOA = AHC . Do d6 tix
gide AOHF ndi tiép (ddu hiéu nhan biét).
Suy ra FR) = 677'"0 =90°, Viy FA L A0, nén
FA 14 tiép tuyén cia duong tron (O). ]

» Nhgn xét. Chi c6 ba ban sau cho 16i giai ding:

Thanh Ho#: 93 Cao Bdch Ting, 9B, THCS Trin Mai
Ninh; Thiéu Dinh Minh Himg, 9C, THCS Nhit Ba S¥,
Ttr., But' Son, Hoding Hoa; Phit Tho: Nguyén Dang
Khoa, 9A3, THCS Lim Thao.

NGUYEN THANH HONG

Bai T5/483. Cho cdc s6 thue a, b, ¢ thoa man

diéu kién a+b+c=3 va abc 2 -4 Chimg minh

ring : 3(abe +4) 2 5(ab+bc+ca).

L giai. Néu ab + be +ca < 0 thi
3(abc+4)20>5(ab+bc+ca) (ludn ding)

Néuab+bc+ca>0thi trong ba sé abbec,ca

phai ¢6 it nhit mot sé khong dm gia st ab > 0 thi

2 2
Osab+bc+ca£@+c(a+b)=@+c[3—c}

=3’ —6c-9<0=-1=c<3 n

Bét ding thirc phai chirg minh trong duong véi:
3(abc+4)—5(ab+bc+ca)20.  (2)
Goi vé trai ciia (2) 1a H, ta ¢6
H=(3¢c—5)ab-5c(a+b)+12
=(3c-5)ab-5¢c(3-c)+12.

Hay H =(3c—5)ab+5¢* ~15c +12.



Ta phai chimg minh A 20.
Néu 3¢—520 thi

H2502—156+12=5(C—EJ +§>0_
2 4

Néu 3e¢-5<0 thi
H=(3¢-5)ab+5¢" ~15¢+12

b'_‘
%)+562-—15c+12

> (3c-5){

={3c—5)@+5c

P 15¢+12

:>H2%(c+l)[c—])2 >0 (do(1)nén ¢c+120).

Nhur viiy trong tit ca céc trudmg hop, ta co H =0,
Ding thirc xay ra khi va chi khi
a=hc=%1 azt=c=
{0+b+c=3 L'=b:2;c':—] '
Bat dang thirc trong dau bai duge chimg minh. O

#Nhan xét. Trong 10i giai chi sir dung bt dang thire

(a +1f7)2
4

hop ab + be + ca =014 biét gia thictab = 0.t dé
suy ra —1 = ¢ = 3. Tuy nhién day la bai toan kho nén
c6 it it ban giri bai giai.Cac ban sau diy 6 bai giai
tot: Thanh Héa : Pham Anh Pirc, 9B; THCS Trén
Mai Ninh, TP. Thanh Héa; Ha N§iz Lé Tudn TH,
9T. THPT Din Lip Luong Thé Vinh,

NGUYEN ANH DONG

quen thuje ab < . Biéu co ban trong truing

Lai gidi. «V&ia =0, hé (1) twong duong vai
Iyt =y
2yz’ =2 =8y = =z =0,
Doxd— v

Tado (e x=y=2=0.

(' +9a")

Naiag#0,.da f()= E
(r +a')

el Suyra

%_oweﬁ
+u

Hon nira f(f) chi bing 0 tai hai diém ¢ =+a3
nén / 12 ham dong bién trén R, Vi hé khong thay

FAOE

dbi khi ta hoan vi vong quanh b (x, v, z) nén
khéng mat tinh téng quat, ta c6 thé gia su
x=maxix, v, z} = x> 1, x>z Khi d6 do / déng

bién nén tir (I) kéo theo
'{f(_v) =x2y=f()_ {; >z
J)=xzzc=f(x)

Biing cach lap luin nhu viy ta cling c6 = 2 x, 2 = .
Suyra x=y=z{*). Dodé

vy

x:y:z x:y:z

I

( }c’{x;f(x) Q{x(x:—?al)zﬂ
x=y=z=

= _r=y=z=aﬁ ;
o= -aN7
Vay hé (I} ¢6 nghiém (x; v; ) la: (0; 0; 0),
(a7 ad7; a7y, (—avT; —avT; —avh. 0O

»Nhin xét. Mot s6 ban chi tim duge nghiém(0: 05 0),
Péng thire (*) ¢o thé duge chimg minh bang phwong
phap phan chimg. Cac ban sau co o1 gial ding: Nam
Pinh: Vi Thiy An, 10 Todn 1, Newvén Thanh
Hz.ryén, 12 Toan 2, THPT chuyén Lé Hrfmg Phong,
TP. Nam Binh, Bic Giang: Chu Thi Ngdn, Hoang
Mai Phwong, 11 Toan, THPT chuyén Bic Giang,
Hung Yén: Nguyén Trung Hién, Mg!ryé'n Thi Hoa,
Doéan Phii Thanh. Trin Thi Phiang Link, 10 Toan 1,
THPT chuyén Hung Yén. Quang Binh: fHodng Kim
Ca, 10 Toan, THPT chuyén Vo Nguyén Gidp.
Quang Nam: Dam Thi Xuan ¥, 11/1, THPT chuyén
Nguyén Binh Khiém, Thira Thién Hué: Lé Cdim
Thanh Hé, 12 Toan 2, Nguvén Binh Long, Bii Nhét
Minh, Nguyén Thi Ngoc Mai, Nguyén Negoc Thanh,
12 Toan 1. THPT chuyén Québc hoc Hué. Bén Tre:
Lé Ngo Nhdr Huy, 11 A1, THPT Lac Long Quén, TP.
Bén Tre. Long An: Lé Tri Phu, Biti Khanh Phong,
12T1, Phan Quy Lée, 11T1, THPT chuyén Long An.
Kon Tum: Nguvén Ngoc Khdnh Niur, 11T0, THPT

TORN HC H("’*(, T
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chuyén Nguyén Tit Thanh, TP. Kon Tum. Séc
Trang: Ldm Quéc Bao, 12A7, THPT Hoang Digu,
TP. Soc Tring.

TRAN HUU NAM

Bai T7/483. Gia su x = -1[.]-"—1‘ I mét nghiém cua
2015 !

da thire [f(x)=g, +ax+--+a, x" € ?|1] Hai

tong cdae hé so cua [{x) o thé hing 2017 duge

khong?

Loi gidi. (Theo ban Duwong Pong Thr. 12 Todn 2,
THPT Quéc hoc Hué, Thira Thién Hud).

Ta chimng minh mdt két qua tong quat: Gig sur

x=2 (p.q)=1 linghiém ciia [(x).Khi d vii
q

méi 6 nguvén m thi p—mgq la wdc cua f(m)

That vy, ta ¢o bidu dién f{x)theo Iy thira cua

(x—m) nhu sau:

Jix)=h, +!:5[x—m)+b2(x—m)2 +ootb, (x—m)'

=g{x—m) (1)
adé g(x)=by +bx+--+bx" e Z[x].

Tl (1) suy ra
q — I
o-(2)=a{2-n)-o(25%)
q q q
vay 27" 13 nghigm hitu ty cia g(x) voi
q

(p-mgq.q)=1(do (p.g)=1).
Do d6 p-mq 1awéc ca by = f(m).
Pic biét véi bai toan dd néu p=2013, g=2015,

L

m=1thi -2 la udc ciia » g =2017.
il

Diéu nay 1a khong thé. Do viy tong cac hé 50 cla
£(x) khong thé bng 2017. N6 phai 1d mot sb
chin. m]
» Nhgn xét. Cic ban tham gia gidi bai todn nay déu co
161 giai dong. Xin dugc chic mimg cac ban: Vinh
Long: Chaw Minh Khanh, 12T1, THPT chuyén

TOAN HOC
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Nguyén Binh Khiém. Quing Binh: Hé Anh, 11
Toan, THPT chuyén Vo Nguyén Giap. Bie Giang:
Hoang Mai Phwong, 11 Toan, THPT chuyén Bac
Giang. Quing Nam: Nguyén Van Khang, 11/1.
THPT chuyén Lé Thanh Tong. Bén Tre: L& Ngo
Nhgt Huy, 11A1, THPT Lac Long Quan. Kon Tum:
Nguyén Ngoc Khanh Nir, 11 TO, THPT chuyén
Nguyén Tit Thanh.

DPANG HUNG THANG
Bai T8/483. duong  fron

Cho  ba LG R )

(O Ry ) va (Os, Ry ) doi mot tiep xiie ngodi viri

whau tai ba diém A, B, C. Goi r la han kinh duong

trom néi tiép tam gide ABC. Ching minft rang

R R R

Goi O, I theo thir ty 1a tam dudng tron ngoai tiép.
tam  duomg AABC. Do
OB=0C,0B=0,C nén Q0 la tia phan gidc

tron  noi  tiép
cua @TO_;(}?_ Tuong tr 0,0 la tia phin gidc cua
0,0,0,. Tir d6 O la tim duong tron ndi tiép
AQ,0,05. St dung cong thirc Heron ta co:
300, = RiRy Ry (Ry + By + Ry ), ma

Spo., = OA(R + R, +Ry), suyra

_RRR,
R + R, + Ry

R4 —



Theo BDT Cauchy cho ba sb duong R, R, R, ta

(R_,+R2+R3T
o ' RorRY
thay: R- < 3 =( i 3)
R +R +R, 27
S Be i R K (1)

33

Mait khéc, tir hé thiee Euler: OFF = R® —2Rr dé

thay R>2r. (2)
R+R+R .
T (1) va (2)suyra r<———2_"3. Ping thirc
2 63
xay ra khi va chikhi R =R, =R,. a

#Nhgn xér. S6 bai giai giri v Tod soan kha nhidu.
Hiu hét theo hudng sit dung cong thicc Heron, bt
déng thitc Canchy vi bér ding thirc Enler: R 2 2r.
Nhimg ban sau ¢ loi giai gon hon ca: Ha Nii:
Nouyén Minh Nghia, 11A1, THPT Ung Hoa A, Ung
Hoa. Phit Tho: Lé Na. LOE, THPT Yén Lip, Yén
Lip Hung Yén: Nguyén Trung Hiéw, 10 Toan 1,
THPT chuyén Hung Yén. Nam Binh: Nendn
Thanh Huyén, 12 Todn 2, THPT chuyén Lé Héng
Phong. Thanh Héa: D5 Cao Bdch Timg, 9B, THCS
Tran Mai Ninh, TP, Thanh Hoa, Thira Thién Hué.
.-’\irgu_vén Trung Kién, 12 Toan 2, TIPT chuyén Qubc
hoc Hué. Pha Yén: Pham Minh Chién, 11T1, THPT
chuyén Luong Van Chénh, TP. Tuy Hoa. Lim
Pong: Neguvén Tudn Lic, Phimg Trong Neghia, 10
Toan, ¥ Minh Quiin, 11 Toan, THPT chuyén Thang
Long. TP. Pa Lat. Béng Théip: Nguyén Phic Tang,
Negwyén Nhdt Héo, Huynh Tdn Phic, 10 Toan,
THPT chuyén Nguyén Quang Diéu. Kon Tum:
Nguvén Ngpoc Khdnk Nhw, 11T0, THPT chuyén
Nguyén Tét Thanh. Bén Tre: Lé Ngé Nhdt Huy,
11A1, THPT Lac Long Quan. Long An: Bui Khdnh
Phong, Lé Tri Phi, 12T1, THPT chuyén Long An.
TP. Hd Chi Minh: Biii Khinh Vinh, 10CT1, THPT
chuyén Lé Hong Phong.

HO QUANG VINH

Bai TY9/483. Cho cdc so thue dwong X, .2 thoa
mdnx™ 4y —2z" + 2xy+ 2+ zx L0,

Tim gic tri nho nhat cua biéu thire
4, 4 L4 4, 4
! - 27+ X
P ol N s st 1 ot e TR

i

Léigidgi. Taco 0= x° +y> =22" + 2xy+ yz+2x
=(x+y) +(x+2)z-22 =(x+ y-z)(x+y+22)
=) (1)
Nhdn xét; Vi moi cac s thue duong a,b

1 4

2 z 1
—-b) =0 +h) zdah = -4 =2
.(a ) :>[a ) “ a+b a+b

o(a=b)' 20=2(a® +b7) 2 (a+ b)Y’
=a+p 2%(a3+b2]32%(a+b}4_

Ap dung nhén xét trén ta cé:

A e
P +z 2ty

E] : 1

z L ¥
.
i _'_y"i +x4+y4+ a1 i 1
RN - |l at

4

L}’ o - PO

4
1]
. x_4,y_4+§_,4__+z4,_§.[_+i]
¥ X o X y

Misip o ¢ R
22+—( }j +— =24+—+—=
8 Bix+y 8 ¢

€l
(vaic=[“)),ua-snheo(l))
7
i
=2+l(c+l]+—822+i-24|'-:r-l+31Z
8 r i 8 e 3
1 255 273
=2+—+—=—"
4 8 8

Ding thirc xéy ra khi va chi khix = y = %

273

Viy gid tri nho nhit la: min P = m]

»Nhin xét. Bai toan bat ding thic trén thude loai co
ban, don gian. Hoan nghénh cac ban THCS sau tham
gia va 6 10 giai dtng: Bic Ninh: Nguyén Hitu Tudn
Nam, 9Al, THCS Thi Trin Ché. Yén Phong

TOAN HOC
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Thanh Héa: Thiéu Dinh Minh Himg, 9C, THCS
Nhir Ba S§, Thi trin Bat Son, Hodng Héa, Pham
Anh Piic, Dé Cao Bdch Ting, 9B, THCS Tran Mai
Ninh, TP. Thanh Hoa.

NGUYEN MINH BUC
Bai T10/483. Tim gid iri lon nhat cua biéu thi

la cac 56 thue thuge doan

Loi gidgi. T a,b,c, d 2% ta cd:

a+bh a+c
c+d a+d

bt o
(c+d)a+d)

a+c a+c

{c+d (a+d)<[ 2][(”;]

= [a—%](c—%]zﬂ bat ding thirc nay luén ding).

<1

Tuong tu (a+b][b+d]ga+bdo dd T <2(a+b),
c+d \b+c
4 8
Doab‘<-ch0ﬂénT<2(a+b)4 —==-
3 TN
1 2
Bangthm.xayrakhu—d-—? -—-b=;-
L . 8
Viy gid tri 16n nhat cua T'la - o

»Nhdn xét. Bii toan nay khong khé lim nhimg c6 it
ban giri 1o giai va phén nhiéu déu ding dao ham
nén loi giai hoi dai va phic tap. Cdc ban sau day (co
mot ban khéng ghi tén va dia chi) co dap sb dung :
Nghé An: Tran Tién Manh, 11A; THPT chuyén
DPai hoc Vinh. Long An: Lé Tri Phi, 12 T, Phan
Quy Lée, 11T1, THPT chuyén Long An ; Pik Lak :
Lé Ngoc Pure, 10 CT, THPT chuyén Nguyén Du,
TP. Buon Ma Thuét; Hung Yén : Nguyén Trung
Hiéu, 10 Toan 1, THPT chuyén Hung Yén ; Thanh
Héa: Pé Cao Bdch Timg, Pham Anh Puc, 9B,
THCS Tran Mai Ninh, TP. Thanh Hoa; Ddng Thép:
Nguyén Phic Tang, 10 Toan, THPT chuyén Nguyén
Quang Diéu, TP. Cao Lanh; TP. Hd Chi Minh: Bii

~ TOAN HOC
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Khanh Vinh, 10CT1, THPT chuyén Lé Hong Phong;
Biic Giang: Chu Thi Ngén, 11 Toan, THPT chuyén
Bic Giang.

v PINH HOA
Bai T11/483. béc 2017

Cho R(x) la mot da thirc

. : P
11 Vo S0 cac oo TR

Léi gidi.
it x = R™ (1) + R(¢)+1, khi d6 (1) tros thanh
P(x*-2)=(P(x)) -2 (2).

Dé giai bai toan, truéc hét ta cin bd de sau
Bo dé
Cho_a#0,b,c la nhitng s6 thuc bat ky va n=1 la
sédue nhién. Khi do ton tai nhiéu nhat mét da thire
P(x) bdac n théa man diéu kién

P(ax2 +bx+ c) = a(P(x])z +bP(x)+c (3).
Chiing minh
Gia sir P(x)=a,x"+ax"" +. . +ax+a,, a=0 13
da thire thoa mén bai toan. Khi do tir (3) ta co
a,(a’ +bx+c)' +a (ar’ +bx+c)"_] Lo

+a,,(ax’ +bx+c)+a, =
= a(aﬂx” Fax" o .a,x+a"]2 -
+b(ax” +ax" +..+ax+a,)+e.

Trong (2) ta dem so sanh cac hé s6 cia
xx™ T ax" taduge

a,a” = aa;, (a,,a,b.¢) = 2aa,a,;

9, (4.4, ,a,b,c)= aa} +2aaa,;

0, (ay.a,,a,;a,b,¢) = 2aa,a+2a,a,a,...

9,(ay.a,...a,.a,b,c)=2a,a,a+2a,a,b,
trong d6 ¢,,,,...®, 14 cic da thic. Do a, #0 va
thém a#0 nén tir hé trén ta suy ra cic sd
ay,a,....a, 1a duy nhat. Viy véi mdi s6 ty nhién
n>1 ludn ton tai duy nhédt da thic P(x) véi



deg P(x)=n thoa man bai toan trén.

Beiy gicr trd lai vovi bai todn o

Trudc hét theo bo d€ trén thi vdi moi s6 tu nhién

n2110n tai duy nhat R{r)mdt da thae P (x) bic

P*(x)-2. So sanh cac h¢

5O ¢iia x trong mdi da thire ta thu dugc:

Pl{x)=x;P( ]— kil ) x =-3x;
Px)=x'-4x"+ LA (x)=x" -5 +5x

Td ritra P (x)=xP(x)- P (x):

P(x) =3P (1)~ P (..

v du do{m rfmg

P ()= 4P (x)- P, () (@n 21,

Tu chlmg minh nhén dinh (4) bing quy nap theo

n. Deé thay m=1,n=2thi (4) dung.

Gia sw v6i n nao dé thi cac da thire B, (x). B, (x)

n théa man P (x' -2)=

thoa man (2). Ta chimg minh P, (x) thoa min
(2). That vay
P,,_:(x:—2)— ol 2
iz (xz—z)-:e,(.rz—z)
= \’P.H(x]—PN(X)]J‘ +2
= (< -2)[ B, (s)-2]-[ P} (x)-2]
5 (x)+2J\P b (x) P"((A])

+2
=—AP,,|(x) 2P (x]+2xP(x)P_ x)—2x" +8
= -20,{x)
VOl
@ () =P ]+ﬂ:(x)—xﬁ(x]ﬂll(x)+x1-4.
Nhung lai cé

0, (x)=[xB (x)~ 1{x)]+
P (x)=x[xP,(x)= P, ,(x)]P.(x)

= P (x)+ P, (x)=xP,(x) B, (x) +x° —4

. =0 ("‘} )
Bing phuong phap lui ta din dén
el

2(=2) +x7—x(x’ -2)x+2" -4 =0,
T dosuyra P2, (¥ -2)= [R,z(x)] =
Viy tit ca cic da thirc P, (x)bdc n duge xac dinh
(¥)=x" -2
P o (x)inz3 a

bai B(x)=xA(
P(x)=xP_(x)-

=Nhgn xét, Diy 1a bai oan vé dong nhit thie cua
day da thirc thuge dang khé. Ban bién tdp nhin duge
hai bai giai ding tir Nguyén Neoe Khdanh N, 11TO

THPT chuyén Nguyén Tét Thanh, Kon Tum va
Trdin Thién Thu Uyén, 11/1, THPT chuyén Lé Thanh
Tong, Quing Nam,

NGUYEN VAN MAU

BBai ¢ IZ AR, et i A D tron iy
prerl ffp i i AR i ."J T b e e
P fer fod KO Lovd M D diiing oG gea B e

vert T G BT cae dles Seaeee MK G0 VT iy

i A v SO e il WIS wdien,

Léi gidi. Ta can c6 mot bé dé.
Bé dé. Cho bén diém A, B, C, D cing thude (O).
E=AB~CD:F=AC~BD, G=ADNBC.M la

trung diém cua £F. Khidé ., = %EFE.

Bé dé trén rat quen thuge, khong trinh bay cach
chirng minh ¢ day. Tro lai giai bai toan trén.

Goi O 1a trung diém ctia RS; P 14 giao diém cia
KSva LR, r1a ban kinh cua (/). Chi y

R=KMnPL, B=KK~LL va R, S, B thing
hang, 4p dung dinh li Pascal cho sau diém
[KPL

, suy ra P thuge (). Do dé, theo bd dé
LMK] y oc ()

trén, Qf —r* =Py =%,RS2 =0OR' =0§°,

Viy Of > OR=0S. Do d6 RIS nhon. 0
#Nhdn xét

1) Bai toan nay la mad rong bai toan 5, IMO 1998,
2) Chi c6 hai ban tham gia giai va lod giai cling chua
hoan chinh: Lim Déng: Vo Minh Quan, 11 Toan,
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THPT chuyén Thang Long, Da Lat; Long An: Phan
Ouv Loe, 11T1, THPT chuyén Long An.

NGUYEN MINH HA
Bai L.1/483. Trén mat chat ling cd hai r.=\u;f.-1:,-3

1o pha, phdt dong thoi

o 1,2 em. Hui diem C va D

song co bree s
thudge ¢tmg mot elip trén mdr char long nhan A, B
it hai ticu diem. Biét hiéu s6 khoang cdch tir hai
neuin tof Cva D lan liegt la AC - BC =4,8em va
AD — BD=0.4¢m. Coi bién d¢ song do moi nguon
guii dén moi dicm wén clip noi trén déu bang
whei. Tai thet diém t nao do, Ii d6 cua diém C la
1.5 mun thi fi do cuia diém D 1a bao nhiéu'!

Loi gidi.

Phuong trinh song tong hop tai diém cach 2
ngudn nhimg khoang d, va d;:

= 2gcos [___n(dz)— i ]cos[mf ——-—ﬂ(d!;—dz )}

.

Hai diém trén cing mot elip nén (d, +d;) bing

hang s0 nén:

m.Ad
cos c cos nd.8
" A B .2 B

- Ra i . -
SO 29p cos Ll
2 132
Do dé khi li do dao déng cia diém C bang 1,5mm
thi li d6 cua diém D s& bang 0,75mm. d
»Nhin xét. Cdc ban sau co 1o giai ding: Hung
Yén: Nguvén Thi Diém Ly, 12A1, THPT Duong

Quang Ham; Thira Thién Hué: Ngé Nguyén Quink
The, 12 Toan 2, THPT chuyén Qudc hoc Hué.

NGUYEN XUAN QUANG
Bai L2/483. Ddr dién apu= l-'\.zL'[)HE']l (V) (trong
dé U khong doi, @ ¢6 thé thay doi dioc) véo hai
dau mot dogn mach AB aom dién tro thudn R,

cugn cam thuan co do tw cam L va tu dién co dién

TOAN HOC
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grid tri la @)

noi JJL:J.'.-_ Cho biét I =CR*. Thav

dung C. mde
doi tin §6 goc cua dién dp nguoi ta tim dwye hai

= 507 (rad/s) v on 80m (rad/s) irmg

haw, Vi hai gid i bang nhaw d6 hdy xde dinh

hé so cong sudt cua doan maeh.

Loi giai.
(4
p
T
.'l.’
| i
\n
\
\.
\\.

T gia thiét ta c6: véi moi o thi Zp =£
= Upp LUge. Theo dé bai ta c6 gian db vecto
nhur hinh trén. Tir gian db ta 6 hé s cong suat
trong hai truomg hop bang nhau nén

Up =U cosp = hing s6.

tan @ = ———1
R =
ZLQ_ZC'z = ZL! +ZL2 —ZC] +ZC2
SIS

8 5 5
=5 ZL1 +;ZL1 =ch +—ZC1 = z":'l =—Zc

8 g

= R% =2, Zc, =372 = R- \EZC]

g8 G
S5
N T8 3 o < 210
: 5 J40 Ty
P

> Nhin xét. Chic mimg mot ban duy nhét da co 15
gidi dung dé ra ki nay (Ban quén ghi tén va dia chi)

PINH THI THAI QUYNH



TIENG ANH BUA CAE BAI TOAN

BAI SO 27
Problem. Find the general term of the sequence 33(2”-1 42 +...+1)+1
(x,) whose terms satisfiv
i -
. "
. B i = =
.| ,=l; x =4 Ix = +1=3%2"-2
[ = dy cYn=1)
; TU VUNG
Solution: We have RL
B o) sequence o diy (56, ham,...
xmﬁ"'xml_zxu-l_2'\‘::_2( X1 — ) Vrz 0. frence ¥ ( o)
Therefore if we lety, =x,—x,_ %ozl the @7 : s0 hang
sequence (y,) is a geometric progression with the ~ SC0/eiric progression = €ap SO nhan
first term v, =x -x =3 and the common ratio ~©ONIHNC o G

r=2 More specifically, we have NGUYEN PHU HOANG LAN

X, =%, =%, )+ — X )+ (= ) % {College of Science — Vietiam Netional Universitv, Hemol)
e IR

Bai todan. Cho f{x) =g, +ax+o+a,x" lamor da thire voi h¢é so

neuven khonsy dam. Bi o 1 ng f(1)=06, [(8)=36945. Tink

o, — oy a, — 4| |1 a,

Lo giai. Vi f( l) = 6 va cac hé s6 a, la nhimg so tu nhién, nén ta c6 0< a; <6. Tir do, két hop véi

f(8)=a, +a, 8+ +a,8 =36945 1athay g, + .8+ +a,.8" la cich biéu dién (duy nhir) ciia

s6 36945 trong hé co s6 8.

Ching ta cé thé dé dang tim dwoc cach biéu dién s6 36945 trong hé co s6 8 nhu sau:
36945=8"+8'+8" +2.8+1.

Dodd f(x)=1+2x+x"+x"+x° viy a,—a +a,—+(-1)"a,=0.

Nhdn xét. Cac ban c6 bai dich tét, giri bai dén Toa soan sém: Yén Bai: Nguvén Khanh Link, 11A1, THPT
Hoang Vian Thy, Luc Yén; Hii Dwong: Nguyén Pdng Som, 12A, THPT Nam Sach, Nam Sach; Hung Yén:
Pagn Phii Thewh, 10 Toan 1, THPT chuyén Hung Yén; Thira Thién Hué: Lé Thi Thu Swomg, 10T2, THPT
chuyén Qudc hoe Hué, TP. Hué; Phii Yén: Neuvén Kim Phwong Trang, 11 Toan 1, THPT chuyén Luong
Van Chanh, TP. Tuy Hoa.

HO HAI (Hda N6i)

TOAN HOC
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Pk DOI XUNG NGHICH VA BUONG

e

LE QUANG CHIEU (Ha N@y

§1. DINH LY LEBOSSE - HEMERY
1. B d&. M la mgt diém thugc mién trong ciia goc
\T V. O va R la nhimg diém doi xing ctia M qua Ax
va Ay thi dicong trung true cia OR doi xtmg voi AM
qua diong phan gidc cua goc 1:?1
Chimg minh. D3t MAy=a ta c6 RAQ=2xAy,
MAQ = 2x4y -2
- 2(%-a),
Ké duong phan
gidc Az cua ;{31,
duong trung tryc
AH cia QR ta
duge

HAR = HAQ=xAy,

EH:EE‘Q—@:IA‘—%%=@—(@-&)

=a= ;’:{:‘A} => Az cling 14 phan giac cla MAH.
2. Dinh Ly Lebossé — Hémery
Cho mét diém M bdt ki thuge mién trong cua tam
gidge ABC: P.O va R lan legt la nhig diém doi
ximg ctia M qua BC, CA va AB thi cdc diwomg thang
doi xirng vai AM va BM qua cac dieong phdn gide
trong ciia goe Ava B giao nhau tai M’ va CM’ doi
xing voi CM  qua dweng phan giac trong cua goc
=
Chimg minh. (h.2) Theo Bd dé, duong thing déi
xirng voi AM qua phin gide A la dudng trung truc
A, cia QR. Tuong tu, dudng thing dbi ximg voi

3 6 T?HCPuggcé_ S8 487(1-2018)

BM qua dudmg phan gidc B/ la dudng trung trie A,
cua PR.

Hinh 2

A, cit A,tai M’ nén M’ 1a tim dudng tron ngoai
tiép APQR. Do d6 M’ thugc dudng trung tryc A,
ctia PQ, ma P va Q la nhimg diém déi ximg cia M
qua CB va CA tuong (ng nén theo bd d&, CM dbi
ximg voi duong trung truc CM' cia PQ qua phén
giac CL Ta goi M va M’ la hai diém dbi ximg
nghijch (ding gidc) trong A4BC. Ta co:
(AB,AM)=~(AC,AM")

(B4,BM)=~(BC,BM") = (C4,CM)=~(CB,CM") (1)

§2. CAC TINH CHAT CUA HAI PIEM M VA M’

1. Goi D, Eva F; D', E’va F’ la cdc hinh chiéu ciia

M va M” lan leot wén cde canh BC, CA va AB ciia

tam gide ABC; o la trung diém ciia MM’ thi
wD=0E =0F =oD'=oF'=oF"'

Ching minh. Ta ¢

oM =oM', DM = DP, EM = EQ, FM =FR nén



mD=lM‘P: mE=1M'Q; (uF=lM'R,
2 2 2

Ma M’ la tim duéng tron ngoai tiép APOR, suy ra

Hinh 3
M'P=M'Q=M'R=2p=>oD=0E=0F =p.

Lai ¢c6 MM'D'D; MM'E'E va MM'F'F 1a nhimg
hinh thang vudng cé chung canh bén MM’ nén @
thudc trung truc cua cac doan DD, EE' va FF'1

wD=wD'=wE'=0E =oF '=oF'=p.

Do d6 6 diém D, D", E, E', F va F’ déu thudc duéng
tron tim . Ta tam goi 1a dudng tron 6 diém
Euler (viét tit 1a DT6D (Euler) dé phan biét véi
duong tron 9 diém Euler ma ta da biét) tai diém M
thude mién trong cta tam gidc ABC. Diém M 1a tim
tao, o 14 tim, pla ban kinh ciia dudmg tron 6 diém

Euler, dugc ki higu 1a (M, 0,p).

2. Goi P', Q' va R’ la cdc diém doi ximg ciia M' lan
lugt qua BC, CA va AB thi M la tdm cua dwong tron
ngoai tiép tam gigc P'O'R’.

Chitng minh. Ta ¢ oD";0FE'va oF'l4 cic duong
trung binh cta tam gidc MM'P’; MM'Q" va MM'R’
nén MP'= MQ'= MR'=2p.

3. Cdch dyng duong tron 6 diém Euler

Cach dyng DT6D (Euler) khac cach dung duong
tron théng thudmg béi vi ta chi méi biét tam gide
ABC va diém M thudc mién trong cua tam gidc.
Trude hét ta phai dyng M’ rdi tim ban kinh p.

a. Cdeh dung diém M’

e Dung cung tron tim 4 di qua M cho ¢t cic canh
ABvaACtaiUvaV. Léy L thugc cung 6’? sao cho
VL =-UM (h.4)

Hinh 4

e Dyng cung tron tim B di qua M cho cit cac canh
AB vi BC tai § va T. Liy N thudc cung TS sao cho
TN =-SM. Néi BN va AL cho cét nhau tai M, ta
co

{(AB,AM) =—(AC,AL)

(BA,BM)=~(BC.BN) =(C4,CM ) =~(CB,CM").

Theo dinh i Lebossé — Hémery M va M’ 1a hai
diém ding gidc trong AABC.
b. Tim ban kinh p

Liy trung diém o cia MM, theo cich dung tai §2.1
ta ¢6 @D =p la bin kinh cua BDT6D (Euler) duy
nhit di qua 6 diém D, D', E', E, F va F' duge goi 1
Duing tron 6 diém Euler chudn tai diém M thude
mién trong cia tam gidc ABC.

Tam o ciua DPT6D (Euler) (M,w,p) khéng thude

bét ki duomg phén gidc nao cua cac goc 4, B va C.

Bai vi néu © thude mot phin gide nao dé ching han

Al thi tam gidc AMM’ ¢6 duomg phin gidc AJ cling la
TOAN HQC
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trung tuyén Aw. Diéu nay khéng thé xay ra! Nhu
véy cho mdt tam gidc ABC ta dyng duoc vo sb
BT6D (Euler). Nhung nguoce lai khong phai dudmg
tron nao cit cic canh cta tam gidc tai 6 diém ciing
dugce goi 1a DT6D (Euler). Ta hiy chimg minh bai
todn sau

Hinh 5

4. Mgt duomg tron tam E cdt cdac canh BC, CA va AB
ciia tam gidge ABC tai cdc diém A, A,, B,,B,,C,va

C,. Chimg minh ring néu cdc dwomg thing vuong )

goc voi cdc canh tam gidc tai A, B, va C,dong.quy”

tai mot diém M thi edc dwong vuong géc Vi cac
canh tai A,,B,va C,ciing dong quy tai mot é;ﬁé'h N.
(Dé thi Olympic Todn hoc Hungarie fian .!S"M),

Chieng minh. Tam E cua duong tron thuje dudng
trung truc cua doan 4,4,. Goi N la giao diém cia
duong vudng goc véi BC tai A4, va dudng thing ME
kéo dai thi £ 14 trung diém cta doan MN (h.6). Diéu
khing dinh tuong ty ciling ding véi cic dudng thing
vudng goc véi cde canh CA va AB tai B,va C,

twong (mg. Ta duge diéu cin ching minh.

Hinh 6

TOAN HOC i
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5. Tinh bdn kinh p ctia dwdng tron 6 diém Euler.
AM vi AM’ lén lugt 1d cic dudmg kinh cta cac
duong tron ngoai tiép cic tr gidc AEMF va
AE'M'F’. Dt AM =d_;AM'=d’, taco
EF =d sind; E'F'=d' sinAd. Pudng ton 6
diém Euler ban kinh pngoai tiép ca hai tam giac
DEF va D'E'F’ nén

EF E'F
sin EDF  sinE'D'F"'

Zp=

Ma MDBF va MDCE la nhimg tir gidc ndi tiép. nén

MDF = MBF = B (ciing chan cung MF )
MDE = MCE = ¥ (cling chan cung ME ).

Do d6:"EDF =B+y (h.7). Lai ¢6 M'D'BF’ va
M:D'CE" ciing la nhitg tir gidc ndi tiép nén

b im':M'BF-'=§—[3(c£mgchﬁnM'F'};

M'DE'= M'CF'=C-v(cing chin M E').
Dodé: E'D'F'=B+C—(B+7v)

d,.sin 4 d', .sin A

=2p= (2)

sin(B+v) =sin[(i’i’+C}—(|3+\’)]




§3. PUONG TRON 6 PIEM EULER THU CAP
1. Quy tich cia Mva M’ khi AM =AM,

Khi sin(f+7)= sin[(B +C)-(p+ y)] thi

AM = AM" (h.8). Ta c6:

a) B+y=B+C—(B+v); 2(B+v)=180"-4
=>|3+y=90°—-;l- 3)

b)B-+7=180"~[(B+C)-(B+v)]:
0=180"-(B+C) (loai).
Giasr M, va M', 14 hai diém ding gidc trong tam
gidc ABC théa man diéu kién (3). Qua M, va M’
dymg cac duong thang M,D, va M', D',; M_E,
va M'"E' ; M.F, va M',F', lin lugt vuéng géc
v&i cic canh BC, C4 va AB cua AABC ta duoc
M,D,F, =BvaM,DE,=y, M'. D', F',=p' va
M'. D' E", =7" trong d6 B+y=B"+y' =90° —g-
Ta hay tim quy dao do M, va M', v&rakhi B
¥ bién thién nhung tong ctia ching khéng thay. doi.
Xéttam gidgc BM C taco:

BM,C=180"~(M_BC + M,CB)
=180° —(E’—B]—(é-y] = A+B+y.
Xét tam gide BM", C ta cé:
Bm=1sa“-(j4ﬁ%+ A‘«?TEB]
=180°~(B-B)-(C-v)=A+p+y'

:BM_,C:BM;C=A+[9o°-§]=9o°+-§-

Lai ¢6 BIC =90" +§- V§i 714 tim dudng tron noi
tiép AABCnén M, va M",thuc cung tron BIC.

Puong phin gidc trong Al cia BAC cit dudng tron

tim O ngoai tiép AABC tai O, nén

va [e)

Mat khic O,IB=BAI+ ABI = O,BI la tam gidc
can; 0, B=0,C=0,1.

Nhan thiy A0, 1a truc déi ximg cta cung tron BIC
tim O, , nén IM, =M, va BI va CI ciing 14 céc
phan gidc cia géc M,BM', va M,CM’,; do d6
M, va M’, vin théa man diéu kién (1). Nhu vy
sau khi “co gidn” AM va AM’ dé dugc AM, =AM,
thi M, va M’, vin 1a hai diém ding giac thudc
cung BIC.

Dao lai, lay hai diém N, va N', batki thujc cung
tron BIC sao cho AN, = AN, thi cic goc ngoai
cua cdc tam giagc N,BC va N, BC tai cac dinh N,
va N', la nhiing géc ni tiép co dinh thuge cung
tron va ciing chan cung nho BC nay nén ching bing

nhau:

TOAN HOC
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e A A
NazNa‘=900——£ va ﬁ+}'=ﬁ’+}"=900——2—

Viy quy tich cia cac tam tao M, va M, ludn cach
ddu diém A 1a cung tron BIC , dugc ky hiéu la €,
thuoc dudng tron € tam O,.

2. Duong tron 6 diém Euler thi cap.

Céc duong tron 6 diém Buler c6 cdc tam tao 1a M,
va M', thi tim @, la trung diém cua doan M M',;
@, thudc duong phén gidc 40, va M .M', L AO,.

Ké M,F, L AB ta dugc tir gidc dw,M,F, néi tiép
duong tron duong kinh AM . Néi @,F, theo cach
dung tai muc §2.3 thi @, F,=p, 12 ban kinh cua
duong tron (M,.@,.p).

Theo dinh 1 ham s sin ta 6

_@fa _gum,= Cne—p
sinw, AF, 2

Hoén vi vong quanh céc goc 4, Bva C ta dugc
A B C
=d_sin—=d,sin—=d_ sin— 3
P a 7 b ) ¢ 2 ( )

Nhr viy sau khi dung dugc PT6D (Euler) chuén
(M,0,p) ta dung dugc 3 DT6D (Euler) cung ban
kinh p. Ta goi nhitg duong tron nay la DPudng
tron 6 diém Euler thir cip thudc tam gidc ABC.

3. Cdch dung dwong tron 6 diém Euler thi cdp
Dung duémg tron 6 diém Euler thir cép khac hin
cach dyng dudng tron théng thudong ké ca duong
wron 6 diém Euler chudn. Boi vi ta chi mdi biét ban
kinh ma chua xac dinh duge vi tri cua tim duong
tron. Vi du cho A4BC va diém M (h.5). Ta tién

hanh cac budc nhu sau:

3.1) Xdc dinh cdc tam tao M, M, va M_.

- Sau khi dung dugc DT6D (Euler) chudn tai diém
M thudc mién trong cia A4BC(h.5) ta do duoc
chiéu dai ban kinh p.

TOAN HOC
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Hinh 9a
- Dung duéng tron tam O ngoai tiép A4BC. Dung
céc diém chinh giita 0,0, va O, cia céc cung BC,
CA Na AB coa dudng tron tam O.
SNéi 40,,BO, va CO, cho chung cit nhau tai I,
tam duong tron ndi tiep A4BC.
- Dung cac cung tron g’a@ va AIB 1in lugt véi
cactam 0,,0, va O..
- Dung cac cung tron tim 4, B, C cung ban kinh p
cho cAt mot phan gidc va mot canh cia goc do aé

xéc dinh dugc céc cung a, b, ccia dudng tron ban

(SN S
v |

kinh pimg véi cac goc ¢ tim la va = (h.9a)

]

3.2) Dung thudc chinh tam
- Dung cung mét phin tu dudng tron XY tim € bdn
kinh pva tiép tuyén YY" // QX.

- Dung cac cung duong thudc cung tron XY sao

c”
XA'=a
XB'=b
:Y_C_-'—c

Hinh 9b



cho)@:g; ,ﬁ':gva f&m%mi o1, OB
va QC' rbi kéo dai cho cit Y¥' lan luot tai 4", B"

va C" thi ta duoe QW:%;Q%:-‘; va

acv =5 pogs
2
" P _ A "_ p — it n__E_Z
Qa'=—F=d; 08'=—te=d, 00 =—Fr=d,
s — 51— Sln-—
2 2

3.3) Dung cac tam tao va cac tam cdc dicong tron 6
diem Euler thir cap.

+ Dung cac cung tron tdm A, B vd C ban kinh
d,, d, va d_cho ching cit cic cung :B?E', CIA va

AIB Van Lot tai M

M, va M (h9a, 10vall)
+ Dung céc diém M M, va M déi ximg vai
M, M, vi M, lan lugt qua cdc duong phin giac

frong cua cac goc 4, B va C cua ABC.

+ Cac giao digm ©,, @, va o cha cac doan

MM, MM, va M.M", va lan lugt cic dudng
phén gigc A/, Bl va C/ 1i cic tim cia cio DT6D

(Euler) thir c:ip cin tim.

fliniy 10

Ghi cha

1) Cho tam gidc ABC va diém M thuge mién trong
clla tam gidc bao gidr ta cling dung duge diém M’
doc nhit ding gidc vai M nén PT6D (Euler) chuén
dung durge ciing duy nhit.

2) Cac dudng tron 6 diém Euler thir cz‘ip va DTob
(Euler) chuin vira dyng duge tai phin 1) c6 cing
ban kinh pnhung con phu thude vao hinh dang cua
tam giac ABC nén sb duomg tron thi cflp dung duoc
khéng vuot qua con s6 3.

Hliade £}

3) Thudc chinh tim doi hoi chinh xdc cho timg tam
giac ABC nén no ma “sai mdt 1i” thi phép dung

hinh s& “sai di mdt dam!”"Thuémg thi QC"1a doan
dai nhat nén xéc dinh giao diém C" rdt kho chinh
xdc do goe cit gitaQC"va YY' kha nho, din dén
khéng tim duge trimg tim ©,. Lic nay ta xé dich
M_mot chut cho dén khi dung duge hinh nhu v

muon.

4) )H(:{;=-§: xin duge hiéu Ia cac s6 do cta cung va
20c O tdm (rong ang.

§4. DUNG PUGNG TRON 9 PIEM EULER VA
3 PT6D (EULER) THU CAP.

Cho tam gidac ABC, R=10.

Duang tron 9 diém Euler: (H,o,p =5)

TOAN HOC
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Va ba dudng tron 6 diém Euler: (M,.0,,p=5);

Va ba dudmg tron 6 diém Euler: (M,,o,.p=5);
(M,,0,,p=5) va (M_,0,,p=5).

Xin dugc gianh cho doc gia.

§5. LOT TU THUAT.

Tiép néi ¥ twong vé cic diém dao nghich trong tam
gidc (points inverses) do cac Gido su C. Lebossé va
C. Hémery phat hién tai dé todn sé 117, Sach gido
khoa HINH HQC PHANG dung cho céc 16p dé nhi
trung hoc chuyén va phé théng nude Phép nim
1947, chimg t6i nghién ciru dudng tron 6 diém va
nhan théy dwémg tron 9 diém Euler chi 1a mjt trudng
hop riéng.

Vi long ngudmg md sdu sic cde bac tién bdi, ching
161 dé nghj xin duge goi tén 1a “Dudng tron 6 diém

Euler” dé phén biét v&i “Dudmg tron 9 diém Euler.”
Quan sét thiy dudng tron 6 diém Euler (xin dugc
viét tét 1a PT6D (Euler)) ngoai tiép ca hai tam gia¢
DEF va D'E’F’ ta tinh dugc ban kinh p cua né:

_d,sind d' .sinA

P= sin(B+7v) & sin[(B+ C)—(ﬁ+"{):|l

2

Nhin thiy p phu thudc 4 tham sb d,d' B vay
chiing ti nay ra y nghicho AM = AM", thir xem c6
thé giam bt duge sé tham sb chang? Bét ngd tim

duge cungfi'}a‘ rat quen ma cing that 14 la!

Cung tron nay c6 y nghia gi day? N6 la mot DT6D
(Euler) u? Thi thyrc ban dau ching 16i rat ling ting.
Trong luc chua dat duge tén, nhung ching t6i nho
noé ma di dung dugc ba dudng tron 6 diém Euler
cung ban kinh!

Chung tdi cir “vo" di ma tién! Mai dén luc nhin lai
thiy AM =AM’ thi m&i nhin ra ddy 1a cung tron
quy tich. Béi no khong phai BDT6D (Euler). Khi
M, =1 thi p=r, khi M, tién din t6i B thi pting

TOAN HOC
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: e
ddn nhung p<c- sin5- < O,B ban kinh cia cung

tron BIC tim O,

Tir d6 khing dinh BIC la quy tich cua céc diém
ding gifc M, va M', khi ching thay doi nhung
luén cach déu A.

Trong khi lam bai nhi¢u lic gap khé khan trong
chimg phai dimg budc. Nhung véi long tin va nhigt
huyét chiing t6i da dugc dén dap bang biét bao diéu
th vi, xin ké ra dé chia vui cing ban doc:

Thit nhit 12 Dudong tron 9 diém chi la mot truong
hop riéng nhung ching giéng nhau & chd trong tdp
hop ndy ¢6 vé sé “anh em sinh tr” tic 1 voi moi

dudng tron [H,mﬂ,gj va (M,m,p) ta con dung

duge thémi.ba DTGP (Euler) thir cdp khic nhau
nhung-elmg ban kinh véi ching. Ching lai khac
nhau'e chd DTD (Euler) tiép xiic v6i duémg tron
n0i iép va mdi dudmg tron bang tiép thude tam gide
ABC con PT6D (Euler) thi khong! (hoac néi chinh
X4c 1a ching ta chua biét dén).

Thit hai la chiing ta phat hi¢n ra DT6D (Euler) thi
cdp. Goi 1a thir ¢ip boi vi tam tao cia ching chi

thude mét trong ba cung tron nhu BIC nhung cing
ban kinh p v&i DT6D (Euler) chudn.

Thir ba 14 phép nghich dao ¢é thude tao hinh
Peaucelier. Trong cong nghiép c6 may chinh tdm
(Centreur) con trong phép dbi ximg nghich ta ¢
thude, gitp xdc dinh va didu chinh that chinh xac
tdim cua DT6D (Euler) thir czip, chic la “MADE IN
VIET NAM™!

Mai vui ké 1é déng dai, cudi cing phai cong bing
mé néi ring: “Nhimg 1o dong vién, khich 1¢ an can
va nhitng y kién phan bign xudt sfic diy trach nhiém
cia Ban bién tip Toa soan Tap chi TH&TT co ¥
nghia quyét dinh truéc thanh cdng cia bai viét nay. "
Cho dit rAt ¢b ging vé moi mat nhung chic chin
thiéu sot khong thé tranh hét duge, tic gia rit mong
dugce ban doc chi gido.

Xin chdn thanh cam on!



@ BAI TOAN 8. (IMO 1984) Cho a,b,¢ la cdic
50 khang dm thoa man a+ b +c=1. Chiing minh
ring:

e
2abe < —-

x4

0= ab+be+ca-
Cich gidi 1. Tir gia thiét ta 6 a,b,c<[0/1]
= ab + be + ca - 2abe =33 ab.be.ca - 2abe.

Ro rang 0 < abe <1 nén ..‘E(abc) > abc. Suy ra:

ab + be + ca - 2abe 2 3abe - 2abe = abe = 0 (1),

Diang thire xay ra khi (a:b:¢)=(0;0;1) va cde b

hoan vi ctia né. Ta c6: f(be)=ab+ be +¢a=2abe

a(] —a_)+ (i
2 2

voi Osbcg[—b;—cJ =(1‘T"] Vi ¢ thi ham

la  mot

=a(b+c)+bc(l1-2a)= —2a)bc

doan thing  voi

6 y=f(be)

1—a¥ :
0<becs|— | ma
2]

f{("T“ 2

Do dé: f(bc)< —2-% Ding thirc xay ra khi va chi

khia=b=c=%- 2)

T () va(2) = 0$ab+bc+ca—2abc£%»
Cich gidi 2. Ta sé& chimg minh:
ab+bc+ca-20bc£i-
27
Khoéng mét tinh téng quat gia sir > b > ¢
Khi ¢6: M =

:>0~c¢<§ ab + bec + ca - 2abe

hay M =ab(1-2c)+¢(l-c) (do a+b+c=1)

]2 (1-2c)+e(1-¢)

a+b

:MS(

= M<( - } (%) el

= ME—%(@ +i02+£=’f(c)“

Taco: filfc)= —%(30— )=0e

W= D

(2] 1

eyl 0 H

1 e DT
4

-1
=1 NI

J(©

Dua vao bang bién thién ta suyra M < % - Ping

thl’rcxéyrakhia:b:c:%.

Cich gidi 3. Trude hét ta chimg minh BDT sau:

(x+y—z)[y+z—x)(z+x—y}£xyz 3)

véi X, 1,z 1A cac s6 khong am. Thét véy:

e Néu co mét thira sb trong tich & vé trai 4m thi

BDT (3) dang.

o Néu c6 hai thira s6 nao d6 trong tich & vé trai

dm, chang han:

{x +y—z<0 o
=2x<0=x<0 (véli).
x+z~-y<0

o Néu ci ba thira s6 & vé trai déu duong thi 4p

dung BDT Cauchy ta co:

(m+n)(n+ p)(p+m)=8mnp, v6i mn p>0.

Pit m=x+y-z;n=y+z-x; p=z+x-y ta
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PROBLEMS...

p theo ang 25)

| i u.
Problem T8/487. Given a triangle ABC with
the exradii r,, 73, r., the medians m,., m;, m, and

the area S. Prove that
P24 4+r2 >33.8 4 (m, —m,)’

+(my, —m. ) +(m_—m,).

Problem 19/487. Given a positive integer » and

positive numbers a, @, . . ., a, Find a real

number A such that
a —i--a!1 —ren +a >n+Ax,VxeR.

TOWARDS MATHEMMATICAL OLYMPIAD
Problem T10/487.

a) Prove that for every positive integer n the
equation 2012*(x* —n*)=1

has a unique

solution (denoted by x, ).

suy ra ngay bat dang thire (3).

Ap dung BDT (3) ta cé:
(b+c—a)(a+c—b)(a+b-c)sabe

< (1-2a)(1-2b)(1-2¢) < abe

< 1-2(a+b+c)+4(ab+be+ca)—8abe < abe

< ab+ be+ca—2abe < %[I +abc)

e il
NGUYEN TRQONG THQ
(GV THCS Nguyén Trai, Nghi Xudn, Ha Tinh)
LE THI HONG HA
(Trucng THPT chuyén Pai hoc Vinh, Nghé An)

»Nhin xét. Hai ban Vi Thiy An, 10 Toan 1,
THPT chuyén Lé Hong Phong, Nam Dinh va Biii
Sang Minh, 11A1, THPT Bong Thuy Anh, Thai

TOAN HOC
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b) Find lim(x, ., —x,).

Problem T11/487. Let T be the set of all

positive factors of n=2004>"", Suppose that S
be an arbitrary nonempty subset of 7 satsifying
the fact that for all a, b belong to S and a > b
then a is not divisible by b. Find the maximal
number of elements of such subset S.

Problem 112/487. Given a triangle ABC whose
the incircle (/) is tangent to BC at D. Let H be the
perpendicular projection of 4 on BC. Let N be
the midpoint of AH. The line through D and N
intersects CA4, AB repspectively at J and S.
Assume that BJ intersects CS at P. Suppose that
DA, DPJnIersect (/) respectively at G, L. Prove
that K% G L lie on some circle.

Translated by NGUYEN PHU HOANG LAN

College of Science — Vietnam National University, Hanoi)

Binh ciing di dua ra 3 cich giai tuong tu nhu 3
céch gidi trén cia hai tac gia Nguyén Trong Tho,
Lé Thi Hong Ha. Ngoai ra, hai ban Bii Thi Thu
Trang, Nguvén Thi Hwong Giang, 10 Toan 1,
THPT chuyén Hung Yén, Hung Yén ciing dong
g6p mét 1oi giai giéng cach 3 trén. Xin hoan
nghénh tit ca cic ban.

LE MAI (Ha Noi)
Moi céc ban giri 161 gidi Bai todn 10 sau day vé
Toa soan TH&TT trude ngay 28.2.2018.
BAI TOAN 10. Cho tam gidge ABC noi tiép duong tron
(0). Cac tia phdn gidc treng cua cdc goc :J B,C cdir
() lan tueet tai D E F (DEAE=BF + (_l Ching
minth J‘(‘Ff?,ﬂ,’.' .

AD+BE+ CE= AB+ BC + CA.

THAI NHAT PHUQNG

(GV THCS Nguyén Van Troi, Cam Nghia, Cam Ranh,
Khanh Hoa)



001
y.

Tap chi TH&TT sb 487, thang 1/2018 gidi thigu
Vi cac ban hai bai toan nim trong ki thi China
MO, 1996 va IMO, 2012 cung véi cac 101 giai caa
ching.

Bai 13. (China, MO, 1996, hai

e kosa iy vV oona b

hai 50 a va
Loi gidgi. Pat a=da, > b=db,,(a,,b)=1.Khi d6
ab=d’ah, 1abdicia a+b=d(a +b) khiva
chi khi da,b, chia hét cho a, +#b . Do (a,,4)=1
nén (a, +b.q)=(a +b.b)=1

=(a +b,ab)=1=a +b|d=d=(a +h)
=992a+b=d(a, +b)z(a,+b)

= a +b <9vatacod da <50. Lapbing, ta cb

a |2[3][3[4]4[5N8[5[5]6

EEEE R e A

Tuong (ing véi mdi cip (4,b) nay la céc (a, b)
sau:

Véi a =25 =1=3|d,2d <50 = d=3,6,9,
12, 15, 18, 21, 24, cho ta cdc ciip: (6,3),(12,6),
(18,9), (24,12), (30,15),(36,18), (42,21),
(48,24) .

Voi a =3,b=1=4|d, 2d<50=>d=4,8, 12,
16, cho ta cac cap: (12, 4), (24, 8), (36, 12), (48, 16).
Vé&i g, =3,5,=2=5|d,3d<50=d=5,10,15,
cho ta cac cdp: (15,10), (30.20), (45,30).

Voi a, =4,h =1=5|d, 4d <50 = d = 5,10, cho
ta cac cap: (20,5), (40,10).

{715 O QUA CAC BAI TOAN HAY -

Voi g, =4.h=3=7|d, 4d<50=d =7, cho
ta ciip: (28,21).

Véi g =5, =1=6|d, 5d <50=d =6,cho ta
cap: (30,6).

Vé6i a, =5,b, =2 cho d =7 vacip (35,14).

Vi g, =5,b, =3 cho d =8 vacap(40,24).

Vi a, =5,b =4 cho d =9 vaciap (45,36).

Vi di=6,b, =1 cho d =7 vacap (42,7).

Go tat ca gbm 23 cap, chira 24 sb trong 50 s6 da
cho théa man yéu cdu ddu bai. Vi vay & > 26 va
k=26+j, jeN',j=2. Biy givtacin tim gid trj
nho nhit co thé ciia j trong 24 s6 nam trong 23
cap & trén dé khi ldy j s6 ludn c6 2 s6 a va b thoa
min ab chia hét cho a+b. Theo nguyén ly
Dirichlet, dé théyj =13. Viy ta dugc gia trj bé
nhat cua k 1a 26 +13 = 39,

&)y fim

— 2 flay i)y + 21 (b)Y (c)+ 2
Lévi gigi. Thay a=b=c=0 tacd
3£7(0)=6/7(0), vadods f(0)=0 (1).

Thay b=-a va c=0 vao (*) ta thu dugc
[(f(@-f(-a)] =0.
Suy ra f(a) = f(-a),VaeZ (2). Thay b=a vi
¢=—2a vao (*) taco

2f(a)" + f(2a)" =2f(a)’ +4/(a) f(2a)

TOAN HOC
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< f(2a)[f(2a)-4f(a)]=0
& f(2a)=0 hoic f(2a)=4f(a), VaecZ (3).
Néu f(r)=0v&i r>1Inao dé. Khi d6 thay b =r
vi ¢ = —a — r vao (¥) ta suy ra

& [fa+n-f@] =0 fa+r)= f(a)
hay / 1a ham tudn hoan chu ky r véi moi Ya e Z.
Noi riéng, néu f(1)=0 thi f 1a hing s, nghia la
f(a)=0 cho moi a<Z vaham s6 théa man diéu
kién diu bai.
Béiy gio ta gia st f(I)=k=0. T (3) ta co
F(2)=0 hodc f(2)=4k.
Néu f(2)=0 thi f tudn hoan véi chu ky 2, do
46 f(2)=0 va f(2t+1)=k véi VteZ. Ham
s6 nay ciing 1 nghiém v&i moi k. Ching ta hoin
vigc kiém ta lai. Tiép theo ta gid sk
F(2)=4k=0. Tt (3), ta lai c6 f(4)=0 hodc
S(4)=16k . Trong truomg hop dau I tudn hoan
véichuky 4,va f(3)= f(-D)=f() =k, khi d6
ta ¢o f(4n)=0, [f@n+l)=f(4n+3)=k va
f(4n+2)=4k véi VYneZ. Ham sb nay ciing A
mot nghiém ma chiing ta sé kiém chimg sau. Tiép
tuc cho phan con ta gia st f(4) =16k #0.
Béy gid ta s& chi ra ring f(3) = 9% béng hai thay
thé sau:
a=1,b=2,c=-3= f23)-10kf(3)+9%> =0

= f3) e{k, 9k}:
a=1,b=3,c=-4= f2(3)-34k(3)+225k* =0
:?ﬂ:i) e{9%, 25k}.
Do do f(3)=9k. Bang quy nap ta ching minh
ring ham sb con lai chi co thé la:
f(x)=ke®, x € Z. Tadi chimg minh diéu nay voi
x=0,1,2,3,4.Gia si rﬁng vol n=4
F(x) =k’ vai moi x e[0,n]. Khi dé véi
a=mb=lLc=-n-1
Vi a=n-Lb=2,c=—n-1
tuong ung ta co:
fn+)elk(n+1)’ k(n-17}

va fn+Delk(n+)  kin-3)"}.

TOF]N H
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Do k(n—1" #k(n—3)* v&i n=2,nén chicé kha
ningla f(n+1)=k(n+1)*,dodé f(x)=hk voi
¥x20. Cho gia trf am cia x ta cling co két qua
twong tr do f la ham chan. Pé khang dinh la
f(x)=kx* 12 nghiém, ta cén kiém tra déng thirc
a' +b* +(a+b)
=240 +2a° (a+b)" +2b* (a+b)’,
diéu nay la d& thdy khi khai trién déng thoi hai vé
ding thirc. Vay tit ca nghiém co thé 1a cac ham so
fi(x)=0 va fi(x)=k",
0 néu xchin
ﬁ(x}={c néux lé
0 néux=0 (mod4)
Sfi(x)=vk néux=1 (mod2)
4k néu x=2 (mod4)
voi moi k nguyén khac 0.
Viée kiém tra hai ham sé dau thoa man diu bai la
dé dang. Véi ham f, taluu y lanéu a+b+c=0
thi hodc a, b, ¢ cing chin, trong trudng hgp nay
thi f(a) = f(b)= f(c)=0, hoac mét trong ching
la chin va hai gid tri con lai 14 1, khi d6 hai vé
ciia phuong trinh 12 2k*. V&i ham f,, sir dung
tinh chiin 1& va tinh ddi x(mg cia phuong trinh, ta
quy vé kiém ta cac  bo  ba
(0,k, k), (4k,k,k),(0,0,0),(0,4k,4k). Cac bo nay
déu thoa man phuong trinh.
v PINH HOA
(GV Khoa Cong nghé Thong tin, DHSP Ha Noi)
Sau déy 14 bai tap dé nghi, cic ban hay thir giai
ching v6i nhidu 16 giai nhét c6 thé va gui 161 giai
vé Toa soan TH&TT trudc ngay 28.2.2018.

BAI TAP DE NGH]
Bai15. Giaswrava b l&cécsétu ntuén sao cho

1a mot s6 nguyén t6. Glétn llim nhét c6 thé co cia
plabao nhiéu? o

NHU HOANG (Ha Ngi)



GIAIDAP:  THEM DAU HIEU:
NHAN BIET HINH BINH HANH
(Dé ding trén TH&TT 56 483, thing 9 nim 2017)
Tri 1o Két lugn vé vi tri twong ddi ciia H va K
trong chimg minh la khéng chinh xdc. Ta xiy
dung phan vi du sau day.
A D

E B
Xét hinh thang cin ADBE. Goi C la diém ddi
ximg v6i E qua BD. Tir tinh chit di ximg va tinh
chét clia hinh thang can, ta ¢6:
AB = DE (hai dudng chéo hinh thang can},
DE = DC (tinh chit ddi ximg),
suyra A8 =CD.
Lai cé: BCD=BED (tinh chit déi xtmg)
BED=DAB (tinh chit hinh thang cén)
do d6 BAD=BCD .
Nhu viy, ta vira xay dung tir gidac ABCD c6 mét
cap canh ddi bing nhau, mét cip géc déi bing
nhau nhung khéng phai hinh binh hanh. Trong
phén vi du nay, co thé thiy vi tri twong dbi cua H
va K d6i véi AD va BC khong giéng nhau.

Nhin xét. Co it ban tham gia 1dm bai niy va khong co
ban nao phat hién ding sai lam.

KIHIVI

g‘(?ﬁ
Trong gir bai tap & 16p 11A1, thdy gido dwa ra bai
toan sau day: Cho cdp sé cng (u,) ¢6 tong n s6

hang diu S, =2n* —n+1,¥neN".
Tinh wg 4+, + ...+ 1.

KET QUA NAO ?

Dudi day la loi giai cua ba ban hoc sinh.
Léi gidi ciia ban Tuyét Trinh:
Taco: Syg =2 +thy + ooty + 2ty + .oty + 10
=2.100* —100 +1=19901
Sy =t 1y oty uy =29 -9+1=154,
Vay uy +uy, 4oy =850 — S,
=19901—154 =19747.
Loi gidi ciia ban Hiwong Giang:
'.ul-——-S,zZ.lz—l-i—l:Z;
Wtu,=8,=22"-2+1=7
Su=T-u=7-2=35;
d=u,—u=5-2=3,
(14 4t sg .. thyy + 24
—(uy 4+ Fug +uy)

Ta co: 8

Vay u, +.... 41y =

100

= S0 =S, = —~ (2 +99d)—3(2u, +8d)

100(2 2499, 3)—3(2 2+83)=14924.

Loi gidi ciia ban Minh Quang:

Taco: =8 =2,
U, =S, =S, =(2n" —n+1)—[2(n-17 —(1-1)+1]
=4n-3, VYn>2;

1, =4.9-3=33; u,, =4.100-3=397.
Vay g+ + ottty = Sy — S,

100
= T{u + gy ) —

—@(z 397)--(2+33)

9

z(ul +u,)

39585
=

Theo ban, bgm ndao ding, ker qui ciia ban thé
nao?

NGUYEN VAN XA

(GV THPT Yén Phong sd 2, Béc Ninh)
; TOAN H C
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o Danh cho Trung hoc Cd sd

For Lower Secondary School

Nguyén Vin Nho — Phan tich logic trD.
chiing minh bt ding thite vé ti.

o D6 Quang Minh - Vé them .
ngoai tiép tam gidc dé [
toan hinh hoe. ;

1 mot s0 bai

@ Huong din giai DE thi chon hoc sinh gidi
16p 9 tinh Vinh Phiie, ndm hoc 2016-2017.

€ Dé thi chon hoc sinh gii 16p 9 tinh Nghe
An, nim hoe 2016-2017.

@ pap an va huong dén gidi Dé 53,
@ Thit sic truée ki thi 2018 - Dé 5 4.

€ Ban co bict

Oleg Makarenko — Tai sao Lién bang Nga

thua trong ky thi Olympic Toin Qudc té
IMO.

Bién tdp: LE MAL NGUYEN NGQC DAL NGUYEN THI TRUONG

@ Phuong phap gidi toan

Nguyén Thanh Nhan — Khai thac mét tinh
chét vé dao ham va nghiém cua da thic .

€) pérakynay
Problems in This Issue

T1/487, ..., T12/487, L1/487, L2/487.

€ Giai bai ky trude

Solutions to Previous Problems
€ Tiéng Anh qua céc bai toan - Bai s6'27.
Bii dich 5625 - Tiéng Anh qua céc bai toan.
@ Ban doc tim toi

Lé Quang Chiéu — Phép déi xitng nghich va
duing tron Euler.

@ Nhiéu cach giai cho mét bai toan
€5) Du lich thé gisi qua cac bai toan hay
) Sailam & dau?

Nguyén Vin Xd — Két qua nao?

arm QUOC HIEP, THANH LONG

Tri st pht hanh: NGUYEN KHOA DIEM, NGUYEN THI THU HUYEN  Thiét ké, ché ban: MAT ANH
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