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CHUYEN DE ON QAN VAO LGP 10 THPT :.

CHU PE 1
sO CHINH PHUONG
1. Kién thirc co ban:
Dinh nghia: ) o )
S6 nguyén A duoc goi 1a so chinh phuong néu ton tai s6 nguyén duong a sao cho:
A=a

Phat biéu: S6 chinh phuong 1a sé bang binh phuong ctia mot s6 tu nhién.
Luu y: Mudi sé chinh phwong dau tién 1a: 0, 1, 4, 9, 16, 25, 36, 49, 64, 81,...
Tinh chit:
S6 chinh phuong,cé chit s6 tan cing 13 0, 1, 4, 5, 6, 9.
S6 chinh phtrong-chia cho 3 chi c6 thé du 0 hoic 1.
Kihiga: 3nva3n+1, (n eN)
S6 chinh phwong Chia’cho 4 chi c6 thé du 0 hoic 1.
Ki hiéu: 4n'va4n +1,(n eN)
Van dung tinh chét:
Néu hai sd ty nhién a va b’ nguyén t6 cing nhau c6 tich 1a mot s chinh phuong thi mdi s6 a, b ciing
13 mot sb chinh phuong.
Khi phin tich mot sé chinh phwong-ta thira s6 nguyén t6 ta duoc cac thira sb 1a liy thira cua sb
nguyén t6 voi sé mii chan.
Vi du: 3600 = 60° = 2%.3%.5°
Mét s6 cach nhéan biét s6 khong chinh phwong,N:
(1) Chirng minh N ¢6 chir sb tan cung 1a 2,3,7.8.
(2) Chirng minh N chira s6 nguyén t6 véi mi 18.
(3) Xét s6 dur khi N cho 3 hodc cho 4 hoic cho 5 cho 8.
(4) Chirng minh N nam gitta hai sé chinh phwong lién tiép:
(5) N chia cho 3 du 2; N chia cho 4; 5 ¢6 s6 du 1a 2; 3.
(6) Mot sb tinh chit vé s6 du khi chia cho 5, 6, 7, ... cac ban c6 thé tu'suy ra bang cach dit s6 ban
dau lank + q (Vidu: Sk + 1, 5k +2, 5k + 3, ...).
Luuy:
Khi Giai cac bai toan vé sd chinh phuong ta c6 thé ap dung "phuong phdpmodur(mod)”, nghia 1a
xét s6 du cuia cac s6 chinh phuwong khi chia cho 1 s6 nguyén nao do.
Viduy 1: Timk dé 4k + 3 = a°

Giai
Gia su: 4k + 3 = a°.
Khi d6: a® = 3 (mod 4) 1)

Ta lai c6, néu a 14 s§ chinh phuong thia?=0, 1 (mod 4)  (2)
Tu (1) va (2) thi vo ly.
Vay khong c6 s6 k thoa méin 4k + 3 1a sé chinh phuong.
Vidy 2: Tima e N” dé phuong trinh sau c6 nghiém nguyén:
x> +2ax-3a=0

Giai
Xét A'=a” + 3a.
Pé phuong trinh trén c6 nghiém nguyén thi a® + 3a phai la s6 chinh phuong.
d<a’+3a<a’+dat+tdoa’<a’+3a<(a+?2)?
Dodo:a’+3a=a*+2a+1lea=1
Véia =1 thi phuong trinh c6 nghiém nguyén la x = 1 hay x = -3.
2. Bai tap ap dung:
Bai tip 1: Tim s6 tu nhién n sao cho céc s6 sau 1a s chinh phuong:

a. n’+2n+12 b. n (n+3)
c.n® +n+ 1589
Giai

Bién soan: Tran Trung Chinh 1
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a) Vin? + 2n+ 12 1a s§ chinh phwong nén dat:
n“+2n+12=k* (k € N)
= (PP+2n+1)+11=K
o K-n+1%=11
< (k+n+1)(k-n-1)=11
Nhan xét thay k + n+ 1>k - n - 1 va chung 1a nhitng s6 nguyén duong, nén ta c6 thé viét
k+n+1k-n-1)=111 < {k+”+1'11@ {k_G
k-n-1=1 n=4
Vay n=4.
Bai tap 2: Cho A 1 s6 chinh phuong gdm 4 chit s6. Néu ta thém vao mdi chit s6 ciia A mot don vi
thi ta dugc s6 chinh phuong B. Hiy tim cac s A va B.
Giai
Goi A = abcd.=" k°. Néu thém vao mdi chit s6 ciia A mdt don vi thi ta co sb
B= (a+b+YcHL)d+1) =m’,
voik, m e Nva'32 <k<m<100;a b,c,d e N;1<a<9;0<b,c,d<9
= m’-k* =1111
< (Mm-K)(m+Kk)=111%
Xét cac truong hop, két qua:"A=2025, B = 3136.
Bai tap 3: Tim a dé 17a + 8 1a so’chinh phuong.
Giai
Gia sir ludn ton tai y € N sao cho: 17a + 8.=y2
Khi do:
< 17(@-1)=y*-25
<17(@-1)=(y+5(y-5)

- {y-S:l?

y +5:17
<y=17n+5
<a=17n"+10n+ 1.
Bai tap 4: Chirng minh 3" + 63 khong chinh phuong, (n €N, n # 0, 4)
Giai
Xétnlé. Pat: n=2k + 1, (k eN)
Ta c6: 3% = (-1)**}(mod 4) = -1 (mod 4).
63 = 3 (mod 4)
— 31+ 63 =2 (mod 4)
= 3" + 63 khong chinh phuong.
Xét n chan. Pat n = 2k, (k #0).
Viy : 3 néntadat: y=3t, (t € N)
Khi do, ta co:
3%+ 63 =9t".
322 4 7 = 42
=t - (3 =7
= (t-3N+3=7

= n= 4 (trai voi gia thiét dé bai)
Vay 3" + 63 khong 1a so chinh phuong véi (Vn # 0, 4).

Bién soan: Tran Trung Chinh 2
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Bai tap 5: Ching minh ring phuong trinh x* + y? + 1 = 7% ¢6 v6 s nghiém nguyén.
Giai
vn e N*, ta chon x = 2n2; y=2n;z= 2n? + 1.
Taco: x> +y?+1=(2nd)?+(@2n)?+1=(2n*+1)*=72°.
Do d6 phuong trinh ¢6 vo sb nghiém.
Bai tip 6: Cho p 1a tich ctia n s6 nguyén té dau tién (n > 1). Ching minh rang p - 1 khong phai 1a sb
chinh phuong.
Giai
Gia st p - 1 1a s6 chinh phuong. Do p 14 tich cta n sb nguyén té dau tién (n > 1).
Suyra: p:3.Dodép-1=-1(mod 3)
bat:p-1=3k- 1.
Mot sb chinh phuong khong co dang 3k - 1. Tir déy ta c6 diéu mau thuin.
Bai tap 7: Chimg minh n’ + 34n + 5 khong chinh phuong.
Giai
B dé x* =fi(mad 7); 1 € {0; 1; 2; 4}
Theo dinh Iy Fefmmatsta co: = n (mod 7)
—=n’+34n+5=235n+5 (mod 7)
= n’ +34n + 5= 6 (modd)
Gid sitn’ +34n+5=x% x €N
Suy ra: X =5 (mod 7) (v 1Y)
Do d6 n’ + 34n + 5 khong phai 1486 chinh phurong.
Bai tip 8: Cho ki < ks < k3 < ... 1a nhitng'sd.nguyén duong, khong c6 hai s6 nao lién tiép va dit S, =
ki+ky+..+k, Vn=1,2, ..
Chitrng minh ring v6i moi sé nguyén duong, kh6ang[Sn, Sp+1) chira it nhat mot sd chinh phuwong.
Giai
Nhan xét: Khoang [Sp, Sp+1) c6 it nhat mot s6 chinh phuong khi va chi khi khoang [\E , ﬁ ) co

it nhat mot s6 nguyén dwong, tic 1a: | S =S, 21.
Ta co:

NN
&S, 2 (\/S_n+1)2
< S, +kK,., 2 (\/§+1)2

&k, 22, +1
Theo dé bai, ta thay:
k.,>2k, +2, Vne N
=S, <nk,,,—n(n+1)
Ta can chirng minh:
K, > 2\&,’nkn+1 —n(n+1)+1
< ki, -2k, +124nk , —4n(n+1)

ok, —2(2n+1)k,, +(2n+1)° >0

n+l n+1
& (K, —2n-1)" 20
Bét dang thirc cudi cing 1a dung. , ,
Do d6 vo1 moi sO nguyén duong n, khoang [Sp, Sp+1) chira it nhat mot s6 chinh phuong.
Bai tap 9: Ching minh rang v6i moi s6 keN thi so:
A=1+09%+77%+1977%

n+1

Khong phai 14 sb chinh phuong.
Giai

Bién soan: Tran Trung Chinh 3
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Bét ky s6 chinh phuong nao ciing c6 dang 3t hodc 3t + 1, véit € N. Ta co:
A=1+9%+77%+1977% c6 dang 31+ 2 véi 1 eN.
Do d6 A khong phai 14 s6 chlnh phuo’ng
Bai tap 10: Ching minh rang véi moi s6 meN thi so:
A=1+9""+80"" + 1980>"

C6 phai 1a s6 chinh phuong khong?

Giai
Bat ky s chinh phuwong ndo ciing c¢6 dang 4n hodc 4n+1, n €N
Ta co:

A=1+9"+80™ +1980%

C6 dang 4q + 2, véiq € N.
Suy ra A khongda s6 chinh phuong.
Bai tap 11:(Tich.ciia hai s6 tu nhién lién tiép, ctia hai s6 chén lién tiép hodc 2 sb 1¢ lién tiép c6 thé 1a
s6 chinh phuenig khong?

Gidi
Ta ching minh v&i'hai.sd twnhién lién tiép:
Ta co:

n“<n(n+1) < (n+1)% vneN
Do d6 n(n + 1) khong chinh phuong.
Ta ching minh véi hai s6 chin lHeéntiép:
Goi a =2k(2k + 2), voi k eN.
Nhan xét rang:
A< a< (2k + 1)°
Suy ra a khong 14 s6 chinh phuong.
Ta chirng minh véi hai s6 1¢ lién tiép:
bat: b=(2k + 1)(2k + 3), ke N.
(2k + 1) < (2k + 1)(2K +8).< (2k+3)?

Suy ra b khong 1a sb chinh phuong.
Bai tip 12: Chirng minh ring tong binh phwong cua hai s61¢ bat ky khéng phai 1a s6 chinh phuong.

Giai
avablahaisdlénéna®=4l+1vab’*=4m+ Imvéil, m eN.
Suyra:a’+b*=4t+2,t e N.
Do d6: a + b® khong thé 1a s6 chinh phuong.
Bai tip 13: Chirng minh ring tich cta 4 s6 ty nhién lién tiép thém 1 13 1 s chinhphuong.

Giai
Ta co:
n(n+ 1)(n + 2)(n + 3)(n + 4) + 1 = (n* + 3n)(n? + 3n + 2)
=(n®*+3n)>+2(n*+3n) +1
=(n®+3n + 1)2
Pay 1a mot s6 chinh phuong. (Ppem)
Bai tap 14: Tong binh phuong cta 5 s6 tu nhién lién tiép co phai la sé chinh phuong khong?

Giai
Goi A=n’+(n+1)%+ (n+2)%+ (n+3)*+(n+4)>
A =5n? + 20n + 30 = 5(n” + 4n + 6)
Gia st A 1a mdt s6 chinh phuong.
Suy ra: n? + 4n + 6 = 5t
o (n+2)2+2=5t
o (n+2)%=5t2-2
< (n+2)%=5q+3
Diéu nay vo 1y.
Vay tong binh phuong 5 s6 tu nhién lién tiép khong thé 1a mot sé chinh phuong.
Bai tap 15: Cac s6: abab, abba, abcabc
C6 phai 1a nhitng s6 chinh phuong khong?

Bién soan: Tran Trung Chinh 4
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Giai
Ta co: abab =101ab
Do d6 abab khong thé 1a s6 chinh phuong.

abcabc =1001abc
Suy ra di¢u phai chiing minh.

Bai tip 16: C6 s6 chinh phuong nao chia hét cho 55 ¢6 dang abca khong?
Giai
Gia st tdn tai s6 chinh phuong k? c6 dang abca va chia hét cho 55.
Suyra: k*:5vak®: 11
Ma (5, 11) =4nén k% : 55. Khi d6: k% = 55t, t € N.
Ta co:
1000 < (55t)? = 55my< 9999
= 1000 <‘3025t*'<-9999

= 1<t?<3.
—=t=1
=t=1.

= k? = 3025 # abca
Vay khong ton tai s6 chinh phuong.c6 dang abca va chia hét cho 55.

Bai tip 17: Tim s6 chinh phuong c6 dang 22ab
Giai

Ta co:

2116 < 22ab < 2304

© 46° < 22ab <48

Do dé: Néu 22ab 1a mot sb chinh phuong thi 22ab= 472 = 2209.

Viéy s6 chinh phuong phai tim la 2209. ) o o

Bai tap 18: Tim s6 chinh phuong c6 4 chit s6 sao cho 3 chit s6 dau hodc’cudi gidng nhau.
Giai

1) Gia str abbb 1a s6 chinh phuong. Néu chir s6 hang don vi 1a s6 1¢ thi chir s6 hang chuc 14 chir sd

chan, do d6 b khong thé 1é.

Mat khac abbb chinh phuong thi b chi c6 thé 120, 1,4,6,9

Dod6b=0,4,6

Néu b =0 thi a000 khong chinh phwong.

Néu b =4 thi a444 chinh phuong khia=1.

Néu b = 6 thi a666 thi khong chinh phuong.

Ta c6 1444 1a s6 chinh phuong.

2) Khong c6 sb chinh phuong nao c¢6 dang aaab.
Bai tap 19: Nghién ctru cac s chinh phuong c¢é cac chit s6 gidng nhau.
Giai
Xem sb A = aa...aa (n chit s6 a)
Suyra: A=a.l1..11 (n chit sb 1)
Khong c6 s6 chinh phuong nao tan cung bdi mdt trong céc chir $6:2,3,7,8
Suyra:a=#2,3,7,8
Néu chir s6 hang don vi 14 chit s6 1¢ thi chir sb hang chuc phai 13 chit sé chén.
Suyraa=1,3,57,9
Néu chir s6 hang don vi 13 4 hoic 6 thi chit sb hang chuc phai 13 chir s6 1¢.

Bién soan: Tran Trung Chinh )
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Suyraa= 4,6
Dinhién a # 0.
Vay khong c6 s6 chinh phuong ndo ma tit ca cac chit s déu gidng nhau.
Bai tap 20: Cho s6 A =n" + 14n® + 71n° + 154n + 120, véin € N.
a) Phan tich A thanh nhan ta.
b) Chirng minh rang A khong thé 1a mét s chinh phuong.
(Dé thi vao 16p 10 chuyén toan Lé Quy Pén Nha Trang nim hoc 1996 - 1997)
Giai

a) Ta co:
A=n*+14n° + 71n° + 154n + 120
(n* + 14n° + 49n?) + (22n% + 154n) + 120
(n* + 7n)°.4.22(n” + 7n) + 120)
(n* + 70+ 10)(n” + 7n + 12)

=(n+2)(nA5)(n+3)(n+4)
Vay A = (n+2)(0* 3)(n + 4)(n + 5)
b) Cac ban lam tawong-tur bai-ll.
Bai tap 21: Cho a va'b 142 sb.twnhién, a® - b? c6 thé 1a mot s6 chinh phuong khong?

Giai

Taco: a®-b”=(a-b)(a+h)
Gidasra>0
Mudn cho a° - b? Ia mot s6 chinh phuong,tachi can chon:

{a +b=du’

a—b=dv’, u>v

d(u2 +V2)

a=

Trong d6 hoic d chén hodc u va v cing tinh chét chin, 1& (u > v).
Luc do, ta co: a®-b?>=c? < a’=b*+c%

Céc nghiém cua phuong trinh 1a: a = d(u2 +v? ), b= d(u2 —Vz)
Vay a’ - b? ¢6 thé 1a mot sb chinh phuong.

Bai tap 22:

1) Tim s ¢6 hai chit s6 ab sao cho s n =ab —ba 1a mot sé chinh phuong.

2) Tim s6 ¢6 hai chit s6 ab sao cho s6 m =ab + ba 13 mot s6 chinh phuong.

Giai
1) Tacé: n=ab—ba =k’ ke N', véia, b,k eNvaa<0,b<9, a=0.
< 9@-h) =k

Do d6 (a - b) 1a mot s6 chinh phuong.

Mait khac, ta co: a-b <9.
Dodotaco:a-b=1va-b=4va-b=09.

Xét truonghopa-b=1<a=b+1.

C6 9 s thoa: 10; 21; 32; 43; 54; 65; 76; 87; 98.
Xéttruonghopa-b=4<a=b+4c66 sO thoa: 40; 51; 62; 73; 84; 95.
Xét truong hop a-b =9 < a=b+ 9 c6 mot sb duy nhét thoa 1a 90.
Vay ¢6 16 s6 thao man yéu cau.

2) Tacd: m=ab+ba =g qe N’

< 11(a+b) =¢?

Do do, taco:a+b=11t5te N’

Bién soan: Tran Trung Chinh 6
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Mit khéc, taco: 1<a+b<18=t'=l<a+b=11,
Co 8 s0 thoa man yéu cau bai toan 1a: 29; 38; 47; 56; 65; 74; 83; 92.
Bai tap 23: Tim s0 a € N sao cho céc so sau la nhitng so6 chinh phuong:

a) a’ +a + 1589 b) 13a + 3

c) a(a + 3) d) a* + 81

e)a’+a+43 f) 3+ 72
Giai

a) bat: a? +a+ 1589 = k% k e N.

Suy ra: (2a + 1)? + 6355 = 4k?

& (2K +2a +1)(2k - 2a - 1) = 6355

Nhan xét rang: 2k +2a+1va2k-2a-11éva2k+2a+1>2k-2a-1>0
Do d6 ta viét; (2k + 2a + 1)(2k - 2a - 1) = 6355.1 = 1271.5 = 205.31 = 155.42
Suy ra a co thé cd eac gia tri sau: 1588, 316, 42, 28.

b) Pat: 13a+3' =y y € N.

= 13(a- 1) =y7“16= (y + 4)(y - 4)

= (y + 4)(y - 4)57134(13 Jasé.nguyén t6)

—y+4:13hoicy-4: 13

=y = 13n £ 4, n nguyéndb, khong am.

— 13(a- 1) = (13n + 4)% - 16 =13n(13n + 8)

—a=13n"+8n+1

c)bat:a(a+3)= y2, y € N.

< (2a+3)2=4y"+9

o (2a+2y+3)(2a-2y+3)=9
2a+2y+3>2a-2y+3>0va2a+2y+3, 2a-2y+ 3nguyén.

Do do:

2a+2y+3=9 Ja=1
=
2a-2y+3=1 y=2
d) Pat: a®+81=27%z e N.
-a*=81
& (z+a)(z-a)=81
Taco:z+a>z-a>0

Vaz+a,z-aeN.
Do d6, ta c6 cac kha nang sau:

z+a=281 a=40 . |z+a=27 a=21 . |z+a=9 a=0
= va = va =
z—a=1 z=41 z—a=3 z=15 z—a=9 z=9

¢) bat: a?+a+43=k% k e N.

o 4a° +4a+ 172 = 4K

< (2a+ 1)+ 171 = 4Kk

o4k - (2a+ 1) =171

< (2k+2a+1)(2k-2a-1)=171 =3.57=9.19

Céc ban ty gidi tiép.

Bai tap 24: Tima € N sao cho (23 - a)(a - 3) 1a s6 chinh phuong.

Giai

bit: (23 -a)(a-3)=b% b e N.

Suy ra: (a - 13)> =100 - b? < (a - 13)* + b? = 10°

Day 1a bg ba $b "Pitago" nén ta c6: b = 0; 6; 8; 10.

Do do6: a=23;21;19; 13;3; 5;7

Vay co6 7 gia tri thoa man yéu cau bai toan: a=3; 5; 7; 13; 19; 21; 23.

Bai tap 25: Tim tat ca cac s ty nhién n khac 0 520 cho s0:
g=n*+n®+1

Bién soan: Tran Trung Chinh 7
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la mot sé chinh phuong.
Giai
Taco: n*+n®+ 1> (n?)?
Dodé:n*+n*+1=(n*+k)? ke N".
= n?(n-2k) =k*- 1 (*)
=K-1:n
Suyra: k*-1=0vk®-1=n?
Voik?-1=0,k e N’
=k=1
=>n=2
q = 5 (thoa man)
Xétk e N, k>, Ta co:
N’ <k?-1<K
= n<k, (*)Voly.
Do d6 duy'nht/cé.-mdt gia tri cia n thoa min yéu ciu cta bai toan 1a n = 2.
Bai tap 26: Tim s6_tinhiéh n'sao cho n + 24 va n - 65 14 hai s6 chinh phuong.
(Dé thi vao 16p 10 chuyén Toan Qudc hoc Hué nim hoc 2001 - 2002)
Giai

Theo dé bai, ta co:

n+24=p°

n-65=q°
<p?-q2=89
< ((P+g)(p-9)=289
Taco:p,ge Nvap>q=p+q,p-geNvap+qg>p-0g=0

,»P.qeN,p>q

Do d6, ta co:

= :4
PHa=89 _JP=4_ 001
p-q=1 q=44

Vay sb tu nhién phai tim 1a n = 2001.
Bai tap 27: Tim tét ca cac sb nguyén n sao cho n + 2002 1a mot sb chinh phfong.
(Dé thi vao 16p 10 Chuyén Pai hoc KHTN - DPHQG Ha'Néi nanrhoc 2002 - 2003)

Giai

Gia str n” + 2002 1a mot sé chinh phuong.

n®+2002 = m?, véin, m € Z.

< (Mm+n)(m-n) = 2002

m+nvam- nlahalso chan.

= m+n(m-n):4= 2004 : 4, vo ly.

Vay khong ton tai sd nguyén n dé n? + 2002 la mot 50 chinh phuong.

Bai tap 28: Thay cac diu (*) bang cac chir s6 sao cho s sau 1a mot sb tu nhién:

A:?M_****
Giai
Ta co:
A:a6f4*>|<>|<>|< — A% =4 *kkx%
A® 6 chit sb dAu tién bén trai 12 4.
— 10000 < A® < 100000
= 100 < A3 < 317
= 4<A<7
A 1a mot s6 tu nhién = A = 5 hodc A = 6.
V6i A =5 = A’ =15625, khong thoa
Vi A=6= A® =46 656,

Vay s phai tim la: A = /46656

Bién soan: Tran Trung Chinh 8
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Bai tap 29: Tim 50 chinh phuong g0m 4 chir s6 sao cho chit s6 cudi 1a s6 nguyén 6, cin bac hai cua
s0 do co6 tong cac chir s0 1a mot so chinh phuong.
Giai
Goi sb phai tim la abced, voia, b, c,dnguyénval <a<9,0<b,c,d<9
abcd chinh phuong = d=0,1,4,5,6,9
d nguyén t6 = d = 5.
Pit: abed = k* < 10000 = 32 < k < 100. ‘
k 1a mot s6 ¢6 2 chir s6 ma d =5 nén k tan cung bang 5.
Tong céc chir so cua k la mot so chinh phuong.
Do d6: k=45 va abed = 2025
Vay so phai timgla 2025. ) ’ ‘ ) o
Bai tap 30:/Tim mét hinh vudng c6 s6 do dién tich la mot s6 tw nhién gom 4 chir s6 ma 2 chir s6 dau
giong nhau, 2/¢hir so cudi giong nhau.
Gidi
So do dién tich ¢ua hinh vuéngphai tim c6 dang aabb, véia,b e Nval<a<9, 0<h<9,
= abed = k?, k € N, 32 <k’< 100 (k 14 canh hinh vudng)
= 11(100a + b) = k?
Do do:
K:1ll=k:= k=11t
= 100a+b=11t*v6i3 <t<9 (1)

—a+b:1l (2)
Véoia,be N,1<a<9 0<b<9,taco:
1<a+b<18 3)

Tu (2)va(3),suyra:a+b=11

T (1), suyra: 9a+ 1=t

o t?-1=9a° (4)
Suyra:t’-1: 9= (t+1)(t-1):3
Vi(t+1)-(t-1)=2

Nént+ 1 vat- 1 khong ddng thoi chia hét cho 3.
a)Néut+1:3thi(4d)=>t+1:9ma3<t<9
=>t+1=9

=>t=8=a=7=b=4

Suy ra aabb = 7744 = 88°

b)Néut-1: 3thi (4) = t-1: 9 (loai).

Vay hinh vudng phai tim c6 canh do dugc 88 don vi.

Bai tip 31: Tim mot sb ty nhién sao cho:

a) Néu thém 64 hodc bot di 35 ta déu duge mot sd chinh phuong.

b) Néu thém 51 hodc bot di 38 ta déu duge mot sd chinh phuong.
Giai

a)bat: A-35=k*vaA+64=t* voik,t e N.

Suy ra: (t + k)(t - k) =99

Do do:

{t—SO v {t-lS v {t—lO
k =49 k=15 k=1
Ta tim dugc A = 2436; 260; 36.
b) Céc ban gidi tuong tu cau a.
Bai tap 32: Cho A 1a mot s6 chinh phurong gém 4 chit s6. Néu ta thém vao mdi chir s6 clia A mot
don vi thi ta dugc s6 chinh phuong B. Hiy tim cac sd A va B.
Giai

Bién soan: Tran Trung Chinh 9



.2 CHUYEN DFE: ON THI MON TOAN VAO LGP 10 THPT :.

Theo dé bai, ta c6:

abed = k2
k, meN

(a+1)(b+1)(c+1)(d+1)=m’
Véia,b,c,de Nval<a<9va0<h,c d<9
C>{abcd:k2

abcd+1111=m?

Véik, me Nva32<k<m<100
=m?-k?=1111
= (m+k)(m-k)=1111=101.111
Tacd: 0<m~kxm+ k<200
Do do:

m+k=101 m =56

<>
m-k=11 k=45

A =202
VA{ 025

a
i B=3136

Bai tap 33: Tim mot s0 chinh phudng gdm 4 chir s6 biét rang sb gdm 2 chit s6 dau 16n hon sé gdm 2
chir s6 sau 1 don vi.
Giai
bit: abed =k*, keN.
Tacod: ab—cd=1va32<k<100
Suy ra: 101cd = k?- 100 = (k + 10)(k - 10)
— (k + 10): 101 hoic (k - 10) : 101
Ma (k - 10,101) =1 = k + 10 : 101
42 <k +10<110

k+1=101 —

Do do: — =cd =81, k=91
k—-10=cd

Vay abcd =8281=91

SO phai tim la 8281. ) )

Bai tap 34: Tim mot so chinh phuong ¢6 3 chir s6 va chia hét cho 56.

Giai
Goi s0 phi tim 1a abc, véia, b,c eNval<a<9,0<b,c<9,
Theo gid thiét ta co:

E;:kz, keN
abc =561, 1 e N
= Kk =56l=4.141 (1)
= | =140% q eN
Mit khac, ta lai c6: 100 <561 <999 = 2 <1< 17 (2)

Tu (1) va(2),taco:q=1;1=14.
Vay s6 chinh phurong phai tim 1a 784.
Bai tap 35: Cho ava b la 2 s6 chinh phuong 1¢é lién tiép, ching minh:
ab-a-b+1:192
Giai
Pit: a=(2n-1)°vab=(2n + 1) v6in eN.
Suy ra:
A=4n(n-1)+1vab=4n(n+1) +1.
= (a-1)(b-1)=16n*n- 1)(n + 1)

Bién soan: Tran Trung Chinh 10



CHUYEN DE ON QAN VAO LGP 10 THPT :.

(n- Dnva (n+ 1)n déu chia hét cho 2 va (n+ 1)(n-1)n :3
Do d6: (a-1)(b-1) : 192 (dpcm) ,
Bai tap 36: Ching minh rang mdt so chinh phuong cé udce so6 ¢ va dao lai.
Giai
Gia st: A=ol.al..al, voi B, 1a s ty nhién va o, 1a s6 nguyén té va ie{1,2,....n

n

Taco: (B, +1)(B, +1)...(B, +1) lasé I¢
Rorang la B, +1,B, +1,..., B, +1 déula s 1é nén B, chin.
Vay A 1a s6 chinh phuong.
Pao lai: A 1a s6 chinh phuong.
Suy ra: A:ocfk‘ .ocikZ...ocik", vGi O, nguyén tb, ki eNwvaie{l,2,..n}
S6 woc cua A 1402k, + 1)(2k, + 1) ... (2k, + 1) 1é
Suy ra dpcmy
Bai tap 37:-Cho'mot 86 tu nhién n sao cho 2n = a’ + b%. Chting t6 a va b cung tinh chat va n ciing 1a
tong cua 2 binh phirofig.
Giai
a’+b’=2n = a’ +b%:2
a’ va b? cing chin hodc cung’1é:
Hay a va b cung tinh chét chan [&
Suy ra: a + b va a - b déu chén (gia st a b > 0)
bat:
a+b=2x
a-b=2y,voix,yeZ
Suyra:a=x+yvab=x-y
Do d6: 2n=2(x* + V%)
Vayn=x"+y’, (dpem)
Bai tip 38: Tim nhitng s tu nhién A sao cho A chia hét chor359 thi'c6'sd du bang sb thuong.
a) Tim s6 nho nhat chia hét cho 35.
b) C6 sd A nao 1a s6 chinh phwong nho nhat khong? C6 bao nhiéu s6 A chinh phuong?
Giai
bat: A=359q+r,(q,re N,q=r<359),q=0.
Vig=rnén A =360q
aQ)A:35=2360q:35=q:7q=0.
Vi A nho nhit nén q =7.
Ta co: A =2520.
b) A=n? (n eN) = 360q = n
— g =10m? (m e 2)
= q =10 (A nho nhat)
Taco: A=360.
A=360q=e’=q=10t (t e N)
Suy ra ¢6 5 s6 nhu vay (vi q < 359)
3600, 14400, 32400, 57600, 90000)
Bai tap 39: Tim mot s c6 4 chit s6 biét rang s6 d6 co 4 udc s6, gap 2 1an ude s6 d6 1a mot sb chinh
phuong va chia hét cho 7 thi du 4.

Giai
2.abed chinh phuong nén abed =2*"'t*", t nguyén té va m, n eN.
Ta co:
2m2n+1)=6=>m=1,n=1= abcd =2t°
Ta lai co:

abcd—4 7=t =Tk+2=t=71+3
Hoact=71+4,k,1e N
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1000 < abed < 10000 = 23 <t < 70, t nguyén td va c6 dang 71+ 3 hodc 71+ 4.
Suyra:t =31, 53, 59, 67.

Suyra: abed =1992, 5618, 6962, 8978
Vay c6 4 sb thoa yéu cau: 1992, 5618, 6962, 8978.
Bai tap 40: Cho A 1a mdt sd ty nhién gdm 100 chit sd, trong d6 99 chir s6 5 va mot chir sé khac 5.
Ching minh ring A khong thé 14 s6 chinh phuong.
Giai
Gia str A = k%, véi keN
A chicothétancung 0, 1,4, 5, 6, 9.
Néu A tan cung bang 5 = k=5l, 1 e N
Alé, suyrakle=1=2m+1
= k=5(2m# 1);m  N.
A = k? = 25(2m# 1)? = 100m? + 100m + 25.
Suy ra A tan'cung.bdi 25
A =555 ... 500+.25
=>m(m+1),voly
Lan luot chimg minh A khong thé tan ciing bang 0, 1, 4, 6, 9.
Do d6 A khong phai 1a mét-sd/chinh phuong.
Bai tap 41: Mot sd gém 4 chir sbgdoc nguoc lai khong ddi chai hét cho 5, c¢6 thé 1a mot sb chinh
phuong khong?
Giai
Gia sir A 1a s6 chinh phuong.
A:5nén A tan cung la 5 hoac 0. Loai $6 0.
Theo gia thiét, ta co:
A =5aa5
Vi A 13 sb chinh phuwong nén a = 2 nhung s6 5225 khong.phai 1a s6 chinh phuong.
Vay A khong chinh phuong.
Bai tap 42: Tim s6 du cua phep chia cua mot s6 chinh phuong l¢é cho 8.
Ap dung: Néu mot sd chan la tong ctia hai s6 binh phuong, s6 du cua phép chia cua sO 4y cho 8 bang
bao nhiéu? Néu mot s6 1¢ 1a tong cua binh phuong, sé du cua phép chia cira s6 ay cho 4 bang bao
nhiéu?
Giai
1) x* ¢ nén x 1
bat: x=2n+1,n e N.
Suyra:x*=4n(n+1) +1
=>x°=8t+1,teN
Do d6 sb chinh phuong 1 chia cho 8 du 1.
2)Choz:2n:x2+y§
= X va y cung tinh chat.
a) X va y ciing chan.
X =2m, y 2m'
z=4(m’" +m?)
- Néu m va m' ciing chin.
m= 2k va m' = 2k’
= 16(k” + k) = 16p = 8¢ = dpcm.
- Néu m va m' déu trai tinh chat, gia sir:
m=2kvam =2k +1
= 7z = 4[4K* + 4K'(k' + 1) + 1] = 16p' + 4 = 8q' + 4 = dpcm.
b) Truong hop x va y cung 1&"
=z=8l+2= dpcm.
3)Chob=2a+1=x*+y"
= X va y cling tréi tinh chét chén, I¢.
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Gidsrx=2m,y=2m'+ 1
= b=4m*+4m'(m'+ 1) + 1
=b=4z+1
= dpcm.
Bai tip 43: Tim s6 c6 hai chit s6 ma binh phuong cua s iy bang lap phuong cua téng cac chir sd
cua no.
Giai
S6 phai tim ¢6 dang ab, véia,be Nval<a<9,0<b<9
Theo gia thiét, ta co:

ab =(a+b) < (10a+b) =(a+b) (2)

Hé thirc (1) chtmg to ab 1a mot sb 1ap phuong.
ab =¥t e N
Va (a+ b) 1& mot:s6 ehinh phuong.
a+b=TTeN.
10 < ab £99 = ab =27 hodc ab =64
ab =27=a+b=9
ab =64 =a+b=10= I (logd)
Vay s0 phai tim Ia ab =27. : , o
Bai tap 44: Tim 3 s0 I€ lién tiép ma tong binh.phuong la mot s6 ¢6 4 chir so giong nhau.
Giai
Cach 1:
A=(2n-1)%*+@2n+1)°%+(2n+3)
=12n*+12n+ 11

= aaaa =1111a, (vialéval<a<9)
= 11(101a - 1) = 12n(n + 1)
= 10la-1:3
Mal<?2a-1<17va2a-11énén2a-1=3,9, 15
Vialédodo:a=5=n=21.
Vay 3 sb phai tim 13 41, 43, 45.
Cach 2:
A=x"+ (x+2)%*+ (x + 4)°
=3x*+12x + 20

= aaaa =1111a,alé
= 3(x+2)=1111a-8
= 1111a- 8:3
—a-2:3=a=5,8
Maalénéna=>5
=x=41
Suy ra 3 s6 phai tim 1a 41, 43, 45.
Bai tip 45: Cho x* + 2y la mot s chinh phuong vé6i x, y € N. Ching minh x* + y bang tong ciia 2
s0 chinh phurong.
Giai
Vix, y e Nnénx?+2y>x
Do x* + 2y 1a s6 chinh phuong, ta cé:
X2 +2y=(x+1)? véit e N.
=2y=t’+x=>t=2k k € Z,
Do d6: 2y = 4k® + 4kx = y = 2k* + 2KX,
= X +y=(x+Kk)?+ k% dpem.
Bai tip 46: Tim nhiing s6 nhé hon mdt triéu chia hét cho 61 va 5 sao cho phan con lai khi tim can
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bac hai ctua chung lai béng ntra gia tri cua can bac hai do.
Giai
Goi sd phai tim’ la abcdef, vdia, b, c, d, e, fla nhitng s6 tu nhién nho hon hodc béng 9, it nhat mot
trong cac Chl;I sO a, b, c, d, e, fkhac 0.
Theo gia thiét, ta co:
S pqr(2pqr + 1)
abcdef = pqr + par _
2 2

pqr 1a can bac hai thiéu chua téi 1 ciia abcdef
Theo gia thiét, ta suy r chin

par=>5

2pqr+1:5
Dodor=0hoacr=2

abcdef:61= pqr:61

abcdefss =

Hodc 2pgr+1:61

Xét: pgri61=>100 < pqr 61t < 1000, t €N
=2<t<16

Vi’r=0nénttan cung béng = t'=10.

Neéur = 2 thi t tdn cung bang 2 == 2 hoact =.12

Do d6: pqr = 122, 610, 732

Suy ra s phai tim:

Xét: 2pqr+1:61 <> 2pgr+1=61k, ke N va 1 <k’< 32

pqr tan ciing 14 0 hodc 2 nén 2 pqr + 1 tan cing bang<.hode 5.

Do do:

K=1,5,11,15, 21, 25, 31

= pqr =30, 152, 335, 457, 640, 762, 945

Mat khac: r=0, 2

= pqr = 30, 152, 640, 762

Suy ra sd phai tim.

Véy cac s0 phai tim 1a 915, 14945, 23180, 372405, 409920, 536190, 581025.

Bai tap 47: Tim s0 chinh phuong c6 4 chit s6 chia hét cho 33.
Giai

bit: abed = A?

A’33< A3, A%

SuyraA:3vaA:ll

Do d6: A*:9 va A*:121

(121, 9) = 1 nén A?:1089

Hay A% 1089t%, t € N

M khac 1000 < abed £9999 = 1<t* <9

abed =1089, 4356, 9801

Vaéy c6 ba s6 thoa mén yéu cau la 1089, 4356, 9801. )

Bai tap 48: Tim s0 c6 4 chit s0 vira la mot so chinh phuong vira 1a mét so 1ap phuong.
Giai

abed =x°=y’, X,y € N

Do do y ciing la mot so chinh phuong.

1000 < abed <9999
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= 10<y<21
Do y chinh phuong, suy ra y = 16
abcd = 4096.
Vay c6 duy nhat mot s6 thda yéu cau 1a 4096.
Bai tap 49: Tim 2 s6 ty nhién a va b sao cho tich cua chimg 13 mot sé chinh phwong va hiéu cia
chung 1a mot s6 nguyén t6 p.
Giai

Goid = (a, b)
- {a—da (ab)=1

b=db’
ab = k¥ < d’ab’.= k? (*)
=K Sk d= k=dk
Tir (*) = ahi< k?
Vi (@, b)) =1-ah= k?
Nén a' va b' déu4a:86-chinh-phwong.
a'=u? b =V voi(uv) =1
= a=du’ b=dv’
Mait khac, ta cO:

a-b=p=a-b= %
Bai tap 50: Cho S; =1.2.3; S; =2.3.4; S3=34.5;..., S, =n(n + 1)(n + 2).
Pit: S=S; + S, + ... + S;,. Ching minh 4S +442.mot.sé chinh phuong.
Giai
Ta co:
4S=4(S1+ S, +...+S) =4(1.23+234 + ...+ n(h + D (n'+2))
=123(4-0)+2345-1)+...+n(n+1)(n+2)((n+3)-(n1))
=1234-0123+2345-1234+..+n(n+1)(n+2)n+ 3)n-L)n(n+l)(n + 2)
=n(n+1)(n+2)(n+3)
Suyra:4S+1=(n*+3n+ 1)
Vay 4S + 1 1a mot sb chinh phuong.
Bai tap 51: Tim mot s6 c¢6 hai chir s6 biét rang n6 bang lap phuong ciia métsé tr nhién va tong cac
chir s6 cia n6 bang binh phuong ctia mdt sb tu nhién do.
Giai
Theo gia thiét, ta c6:
ab=t’vaa+b="t, véite N,
1<a+b<18=1<t*<18

=1<t<4

ab>10=>t">10=>t>3=t=3vt=4 (loai

Vay ab=27. , e , ,

Bai tap 52: Tim mot sO c6 2 chit sO biet rang s6 d6 bang binh phuong tong céc chir s6 ctia no.
Giai

Goi s6 phai tim 1a: ab, véia, beNva1<a<9,0<b<9
Theo gia thiét, ta co:
ab = (a+b)?

Mot sé hoc sinh nhan xét réng ab 1a mot sd chinh phuong c6 2 chir 6. Do d6 ab chi co thé 1a mot
trong céc s:

16, 25, 36, 49, 64, 81

Thir thi thay chi ¢6 s6 81 1a thich hop.

Do d6 s6 phai tim 1a s6 81,

Suy nghi nhu vay thi don gian qua. Can phai tim nhirng cach Giai hay hon.
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Bai tap 53: Tim 3 sb sao cho tong binh phuwong cac sb gap 2 lan téng cac tich cua cic s6 do 1y tung
do1 mot.
Giai
X2+ yP + 7% = 2(xy + yz + 2X)
= 4xy = (X +y-2)°

Chon X = ha’
y = kb? véia, b, k € N.
Giasra>b

Ta c6: z = k(a + b)?
Vay 3 s6 phai tim la ka’, kb?, k(a = b)?, véik, a,b e Nvaa>b. , o
Bai tap 54: Tim s6 co hai chir s6 sao cho tich cia s6 do voi tong cdc chir s6 cia nd bang tong lap
phuong cac chikso cua so do.
Gidi
ab (a+b) =& +b°
— 10a + b'=a’<ab+b? = (a + b) - 3ab
= 3a@B+b)=(@+b)a+b-1)
a+bvaa+b-1nguyén to eting nhau.
a+b=3a ~ Jla+b=3+Db
hoae
a+b-1=3+Db a+b-1=3a
Suyra:a=4,b=8hoaca=3,b="7
Suy ra: ab =48 hoac ab =37
Vay c6 2 so théa man }{éu cau cua bai toan 1a 37; 48. o o ) o
Bai tap 55: Tim mot so chinh phuong c6 4 chir s05a0 cho s6 gom 2 chir s6 cudi chia het cho s6 gom
2 chir s6 dau.
Giai
Goi s6 chinh phuong phai tim 1a A® = abed ,voia,b,c,d e N
val<a<9;0<b,c d<9.
Theo gia thiét, ta co:
cd=k.ab dodé:c>1,vdik e Nval<k<9
Ta suy ra:
A?=100ab + cd = (100 + k) ab
Vi ab < 100 nén 100 + k khong thé 1a sb nguyén t6
101 <100 + k<109

Do d6: {

=k=#13,79

Ta xét lan lugt k=2, 4, 5,6, 8

Voéik=2.

Taco: A*=102.ab =2.3.17. ab

= ab =2.3.17t%, teN

Diéu nay vo ly.

Ta xét twong tu vdi cac s6 con lai.

S6 phai tim 1a abed = 1296 = 362, (g v6i k = 8)

Bai tap 56: Tim s6 chinh phuong c¢6 4 chit s6 chia hét cho 147 va tan cing 1a 9.
Giai

Goi sO phai tim 1a A

Ai147 = A 3

A chinh phuong, 3 nguyén t6 nén A: 9

= A:441

Dat A =441k, k chinh phuong.

V11000 < 441k < 10000
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=3<k<22

Vi A tan cung 13 9 nén k tan cung 14 9, k chinh phuong, do d6 k=9

Suy ra A = 3969.

Vay s0 phai tim 1a 3969. ‘ , o

Bai tap 57: Tim nhitng so chinh phuong gém 4 chir so tan cung bdi 2 chir so bang nhau va khac 0.
Giai

Khong ¢6 s6 chinh phuong nio tan cung boi mdt trong cac chir s62,3,7,8.

Do do6 ta chi xét xem c6 nhirng so6 chinh phuong nao tan cung boi 11, 44, 55, 66, 99

Xems6 ab =10a+ b

— ab?=100a% + 10.2ab + b?
Ta suy ra:

—2
~ A \ . 5 A ’ \ ~ A \ . 5 A 1.2
- Chir s6 hang donwvi ctia s6 ab chinh la chir s6 hang don vi cua s6 b”.

. I . . . .
- Chir s0 hang chuc cia’'sdo ab bang chit s6 hang don vi ctia s6 2ab cdng vdi chit s hang chuc cua s
b?.
Do do:
. . —2 .

- Néu b 1€ thi chit s6 hang.¢huc ctia ab 1a so chan.
= b chi c6 1a s6 chén.
S6 phai tim 1a 1444 = 38% 7744°=88°,
Bai tap 58: Tim cac so chinh phueng c6 5 chir s6 va chia hét cho 54.

Giai
AZ:54 = NP2 va A% 27
AZ:2 =A% 4
AZ:27 = A*:81
=A%*:324 = A*:324t°, t e N
Ma 10000 < A% < 9999
=6<t<17
Suy ra: A% S , ’ , ,
Bai tap 59: Chirng minh rang néu mdt s6 chinh phwong c6 chir s6 hang-don vi la chir s6 5 thi chir s6
hang tram cua né 1a mét chir s6 chan.

Giai

I —2

S6 da cho co6 dang AS

—2
Tacd: A5 = (10A +5)? = 100A% + 100A + 25 = 200A(A + 1) + 25

. , —2 . . -

Chir s6 hang tram ctia sO A5 chinh 1a chir s6 hanh don vi ciia s6 A(A + 1) nghia la mot s6 chan.

Vay sb A52 ¢6 chit s6 hang tram 1a mot s chin.
Bai tap 60: Cho sb ty nhién a, chia [(a - 1)* + a°]* cho 4a. Ching minh rang thuong va sb du cua
phép chia 1a nhitng s6 chinh phuong.
Giai
Ta co:
[(a-1)* +a%] = 4a’(a- 1)* + (2a - 1)?
Néu chia [(a - 1) + a*] cho 4a° rd rang thwong s6 1a (a - 1)% va sé du 1a (2a - 1)% vi (2a-1)? < 4a°
Suy ra dpcm.
Bai tap 61: Chirng minh rang 4n + 3 khong phai 1a mot s6 chinh phuong. Suy ra rang phwong trinh
x>+ y* = 4n + 3 khong c6 nghiém nguyén.
Giai
S6 chinh phwong nio ciing ¢6 dang 4a hodc 4n + 1
Do d6 4n + 3 khong phai 1a s chinh phuong.
Néu x va yla2 s6 tu nhién bat ky thi X2 + y2 chi 6 thé c6 mot trong ba dang 4k, 4k+1 hodc 4k + 2.
Suy ra diéu phai chirng minh.
Bai tap 62: Cho cac so:
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A=11..11 2mchirsb 1)
B=11..11[2m+ 1) chir s6 1]
C =66 ... 66 (m chit sb 6)
Ching minh ring A + B + C + 8 1a mét sb chinh phuong.
Giai
2m
A=11.11=10"" 41024 +10+1 =10 1

m+1
B=11...11=10" +10™" +...+10+1= 10 !

C=66...66=6.11...11:6.10 -1

2
2m m+1 m m

Suyra: A+B#+C= 107 +10 9+6'10 64 =(10 3+8j = (33.. 336)’[(m - 1) chit s6 3) dpcm.

Bai tap 63: ChoAsB-1a 2 hop.s6: A=11 ... 11 (2m chit s0 1) vi B =44 ... 44 (m chir s0 4)

Chirng minh A + B"#'1 1a’s6 chinh phuong.

Giai
Ta co:
2m

A=11.11=29" "1

%/_/

2n chirso 1
B=d4. 44-410 "1

%/_/

mchitso 4

2
2m m m

~A+B+1= 0 +49‘10 4 =(10 3+2J = 33.3342 (86, (M=l ) chit 56 3)

Véay A + B + 1 1a s6 chinh phuong.
Bai tip 64: Tim s6 tu nhién a nho nhét, a = 0 sao cho a chia hét cho 6.v4 1000a 1a s6 chinh phuong.
Giai
Taco: a6, a=0<=a=6k, ke N’
Suy ra: 1000a = 6000k = 2015k
1000a 14 s6 chinh phuong khi va chi khi
K=15p%°, pe N=a=90p% peN
Do d6 sb tu nhién a nho nhét phai tim 13 a = 90.
Bai tip 65: Tim s tu nhién b nho nhit sao cho s6 (b - 1) khong chia hét cho 9, b chia hét cho tich
bbn s6 nguyén 6 lién tiép va 2002.b 1 sé chinh phuong.
Giai
Taco: 2002 = 2.7.11.13
2002.b 1a s6 chinh phuong nén ta cé:
b=2002k* k e N’
b chia hét cho bdn so nguyén to lién tiép ma b di chira ba thira s6 nguyen t6 lién tlep la7,11val3
nén thira s6 nguyen t6 thtr tu 1a 5 hodc 17, b nho nhit nén ta chon thira s nguyén té 1a 5
= b =2002.25t* t € N
Néu t* = 1= b =50049 = b - 1 = 50049:9 (khong théa yéu cau)
Néu t? = 4= b= 200200 = b - 1 = 200199/ 9 (théa yéu cau bai toan)
Vay s6 b phai tim 1a b = 200200.
Bai tip 66: Tim s6 nguyén m va n dé cho da thirc:
p(x) = x* + mx® + 29%% + nx + 4, xeZ
1a s6 chinh phuong.
Giai
p(x) 12 mot da thirc bac 4 va hé sb cia x* 14 1 nén p(x) chi ¢6 thé 1a binh phuong dung ciia mét tam
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thirc bac 2 c6 dang:

a(x) = x>+ px +q
Do do, ta co:
X+ mx® +29%° + nx + 4 = (X +px+q)
Str dung dong nhat hé s6 o hai vé ta cé: q=2; p=+5; m=+10; n = + 20.
Vay (m, n) = (10, 20); (-10, -20)
Bai tap 67: Tim tat ca cac so tu nhién n sao cho n+ 26 van - 11 déu bang lap phuong dung ctua mot
s6 tu nhién.
Giai

Theo dé bai, ta co:

{n +26=p’

3,Vc’rip,quvf'}lp>q

n—-11=4
=p°-¢°=37
= (p - 9)(*+pg+ ¢f) = 37 \
Taco: p, q € N> o= p~q,p° +pqg+ g eN
Do do, ta co:

p-q=1 o JPEat]
P +pa+q’ =37 |qQ*+q=<12=0

geN=q=3=p=4=n=38.
Vay sb tur nhién n phai tim 1a n = 38.
Bai tip 68: Chirng minh ring c6 vo sb bd 3466"t1f nhién (a, b, ¢) sao cho a, b, ¢ nguyén t6 ciing nhau
va sb n=a’b® + b’c? + ca’ 1a mot sé chinh pHuong.
Giai
Chon 3 s6 tu nhién a, b, ¢ nguyén t6 cing nhau va thoa tinii chét.
a=b+e
Ta co:
n = a’h? + b%c? + c%a’ = (b + c)%(b® + ¢?) + b’c?
=b* + ¢* + 3b%c? + 2b% + 2bc® = (b* + ¢% + bc)?
Do d6 n 13 mot sé chinh phuong.
C6 v6 s6 bd ba sb tu nhién nguyén t6 ciing nhau ma mét trong 3 s6 bangdong hai sd.kia.
Thidu: (2,3,5)=1va5=2+3
= n=6"+15"+ 10" = 19",
Bai tip 69: Cho diy sb:

aa=14
a, = 144
ag = 1444

a =1444...44
n %f_/

nchitso 4

Tim tat ca cac so ty nhién n sao cho a, 1a s6 chinh phuong.

Giai
Ta c0:
ar = 14, khéng phéi 1a s6 chinh phuong.
a,=144=12
as = 1444 = 38°

Ta hdy xét a,, vdin>4
Gia str ap 1a mot sb chinh phuong
an =k’ ke N
an tan cung la 4444
S6 du ctia phép chia a, cho 16 bang sd du cia phép chia 4444 cho 16
= a,=16g+ 12, N
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= k? = 16q + 12 (*)

Suy ra: k:2 vak:4

=k=2(2t+1)=4t+2

— k? = 16t? + 16t + 4 = 16h + 4, mau thuin (¥)

Ta suy ra: a,, voi n > 4, khong phai 1a sb chinh phuong.

Bai tap 70: C6 ton tai hay khong mot s6 tu nhién n sao cho sé:

k=+n+1++n-1

la mot so hiru ti.

Giai
Gia sir ton tain € N sao cho: k =vn+1++/n—1 1a mot sé hitu ti.

=4n+1- n—1:%
k

Do do, ta co:
\/n+1=l k+z
2 Kk
x/n—1=l k—%
2 k

Tasuyra (n+ 1) va (n - 1) 1a hai s6-chinh phuong.

2
{n+1—p voip,qe N’
n-1=gq
=pP-q°=2(% o
(p + ) va (p - q) cung tinh chat chan I¢.
M) =>@PE+a9(p-9):4=2:4,\V0Iy. i
Do d6 khong ¢6 so tu nhién n théa man yé€u cau cdu bai toan.
Bai tap 71: Ta noi s6 tu nhién A 1a mot s6 "Pitago" néu Arla tong binh phuong cta hai sb tu nhién
nao do.
a) Cho P va Q la hai s6 "Pitago", ching minh P.Q va 2".P ciing la c¢de-s67"Pitago".
b) Tim cac chir s6 "Pitago" M va N sao cho tong va hiéu ciia chiing khong phai 1a cac.sé "Pitago".
(Dé thi vao 16p 10 Pai hoc Téng hop TP. HCM hé PTTH Chuyén Toan - Tin ho¢ ndmi1993 - 1994).
Giai
a) Xem hai sb "Pitago" phan biét P va Q
P=a’+b’
Q — C2 + dZ
Vé6ia, b,c,de Nvaa=zcvab=d
Ta co:
P.Q = (a + b%)(c? + d?) = (ac + bd) + (Jad - bc|)?
Ta suy ra: PQ 1a mot s6 "pitago"
Xemsdb T=2"P,ne N
Xét hai kha nang:
(i) Truong hop n chidn: n=2k, k e N
Taco: T =2"P = 2¢@a® + b?) = (a.2)* + (b.2")?
Suy ra: T 1a mot s6 "Pitago"
(i1) Truong hQ’Pnlé: n=2k+1,keN
Taco: T=2"P=22%p=(12+1%.2%p
Suy ra: T 1a mot s6 "Pitago"
b) C6 v s cip sb "Pitago" M va N ma tong va hiéu cua chiing khong phai cac sb "Pitago"
Thi du:
M=3%*+5°=34
N=2°+7°+53
Suyra: N+ M=87vaN-M=19.
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Bai tap 72: Chirng minh rang khong ton tai mot s6 n €N dé cho ta c6 thé phan tap hop.
E={n,n+1,n+2,n+3,n+4,n+5}

thanh 2 tap con cach biét sao cho tich cac phan tir ctia tdp con nay bang tich cac phan tir cua tap con

kia.

Giai
Gia sir ton tai n € N dé cho ta c6 thé phan tap hop.
E={n,n+1,n+2,n+3,n+4,n+5}
thanh hai tap con cach biét sao cho tich cac phan tir ctia tdp con nay bang tich cac phan tur cia tap
con kia nghia la:
n(n+1)(n+2)(n+3)(n+4)(n+5)= k?, véik e Z 1)

E chtra nhiéu nhat mot so chia hét cho 7, do d6 (1) khong dugc nghiém ding.
Vay E khong chira mot s6 nao chia hét cho 7.
Ta gia su: ni=bs7 #+ 1
=n+1=bsi+2
= n+5=Dps7 +6
= n(n + 1)(n + 2)(n= 3)(n +.4)(h + 5) = bs7 + 6
Nhung khong c6 sO chinhphuong nao co dang 7k + 6
Vay khong ton tai n eN thoamafiyéu cau bai toan
3. Bai tap tu luyén:
Bai tap 1: Tim 3 s6 1¢ lién tiép ma téhg bifth phuong 13 mot sé co 4 chir sé gidng nhau.
Bai tap 2: Tim sd c6 2 chit s6 sao cho.tich.¢lia s6 d6 voi tong cac chit sd cua nd bang tong lap
phuong céc chir sb cua sé do.

2 2 2 2
a“+b 7 thi " 4}

1+ab 1+ab
Bai tap 4: Tim tit ca bd s6 ngug/én du0n§ (X, v, z) sao.e¢ho
+ VP + 27+ 2xy + 2X(z - I+ 292+ 1)

Bai tip 3: Néua, b e Zva € Z 1a s6 chinh phuong.

14 s6 chinh phuong.

Bai tip 5: Tim a dé 19a + 7 1a s6 chinh phuong.

Bai tip 6: Ching minh rang 197" + 5" + 2000, (n € N") khong phaiflasd.¢hinh phuong.

Bai tap 7: Tim n dé tong binh phuong cac 6 tir 1 dén n 1a s6 chinh phuong:

Bai tap 8: Vi moi sO nguyén duong n, hiy xac dinh (phu thudc theo n)'sé it cé cacicap tha ty hai
sd nguyén duong (x, y) sao cho X2 - y* = 10%.30™".

Ngoai ra chirng minh sb cac cip nay khong phai 1a sé chinh phuong.

Bai tap 9: Cho day {ai}nso la day sO miag=a; =5va a, :%, vneN". Ching minh réng

8, +1 1a s6 chinh phuong véi Vne N.

Bai tip 10: Cho cac sb:
A=11..11 2mchitsb 1)
B=11..11(m+ 1 chits 1)
C =66 ... 66 (m chit s6 6)
Theo céc ban A + B + C ¢6 phai 1a s6 chinh phwong hay khong?
Bai tap 11: Mot s6 c6 tong cac chit s6 1a 2000 c6 thé 14 s6 chinh phuong hau khong?
Bai tap 12: S6 1 + 5™ + 8", véim, n € N ¢6 thé 1 s6 chinh phuong khong?
Bai tap 13: Chimg minh tich ctia 4 s6 tu nhién lién tiép khong thé 1a mot sé chinh phuong.
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CHU DE 2
sO NGUYEN TO

1. Kién thirc co ban:

Pinh nghia: S6 nguyén t6 1a nhitng s6 tu nhién chi ¢6 2 wdc 1 1 va chinh né.

VD: Cac s6: 2, 3, 5,7, 11, 13, 17, 19, ... 1a nhirng s6 nguyén t6.

Céc s6 c6 tir 3 ude sb trd 18n goi 13 hop s6. Mot hop so ¢6 it nhat 2 ude sb.

Bat ky s6 ty nhién nao 16n hon 1 cling ¢6 it nhat mot wéc sd nguyén t6.

Mot s6 dinh ly co ban:

Day sO nguyén to 1a day s6 vO han (khong co so nguyen | t6 nao 1a lon nhét)

Néu sé nguyéntd p chia hét cho s nguyén t6 q hodc sb nguyén té q chia hét cho s6 nguyén t p thi

P=aq.

Néu s ngayén6'p.chia hét tich abc thi p chia hét it nhat mot thira cta tich abe:
pinguyén t6 | abc = pla hoic p|b hodc plc

Néu sd nguyeén t6 p khong chid hét a va b thi p khong chia hét tich ab.

Cach nhin biét mjt s6 nguyen to:

(i) Chia s6 d6 1an lugt cho c4€ s -nguyén t6 di biét tir nho dén 16n

Néu c6 mot phép chia hét thi s6'db Khéng nguyén t6.

Néu chia den lac thwong nho hon so‘chiasma céc phep chia Van c6 sb du thi sd d6 1a sd nguyén t6.

(ii) Mot sb co hal wdc s6 16n hon 2 thi sb do khong phal 1a s6 nguyén td.

Phan tich mét sé tw nhién thanh thira sé nguyén t6.- dang tiéu chuin:

A=a%p. ¢

a, b, ¢ 1a nhirng sd nguyén té.

a, B, yeNvaoc B,y=1

S6 cac wée s6 va tong cac wéc sb clia mot so:

Gia st A=ab’...c’, vdia, b, ¢ 1a nhitng s6 nguyén 6. a, B, y € NVa anp, v > 1.
(i) Tap cac uSc cua A 1A U(A) = {de NjJd = a® .b*..c"}

Véia', B,y € Nvaoc<a B<B,y<y

S6 cac wdc cua A 1a s6 phan tir cia tap hop U(A).

(i) Toéng cac ude cua A:

aa+l_1 bﬁ+]_1 Cy+1_1
5(A)=)d/A= R

Sb nguyén t6 cung nhau:
Hai sé nguyén t6 duoc goi la nguyén t6 cung nhau khi va chi khi chiing c6 mot uée s6 chung duy
nhét 14 1, nghia 13 chung c6 udc s chung 16n nhat bang 1.
a, b nguyén t6 cung nhau < (a, b) = 1
Hai so tu nhién lién tiép thi nguyén td cung nhau.
Hai so nguyén t6 thi luon luén nguyén té cung nhau.
Céc sb abc nguyén t6 ciing nhau < (a, b, ¢) = 1
a, b, ¢ nguyén t6 sanh d6i khi chiing d6i mgt nguyén t cling nhau.
(a b)=(bc)=(c a) =
Chl y: 3 s6 nguyén té sanh dbi thi chiing nguyén té cing nhau
(@, b)y=(b,c)=(c,a)=1=(ab,c)=1
Dao lai khong ding.
Ba sd a, b, ¢ nguyén té cuing nhau thi chwa chic cling nguyén t6 sanh doi.
Dang tong quat ciia sd nguyén to:
Hién nay chua co6:
Nha toan hoc Fermat (Fecma) cho ring so:

(22n +1) 1a s6 nguyén td, Vn e N
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Nhung Euler (Ole) chi ra rang sb:
2% +1=4294 967 297, (véin =5 1a mot hop sd)
27 +1=641.6700 471
Trong pham vi tir 1 dén 10 000 000, c6 664 580 sb nguyén t6. (D.N Léme)
Trong khoang tir 1 dén 1 000 000 000, c6 50 847 479 s6 nguyén t. (Craisit)
S6 nguyén t6 Mecxen: S6 nguyén td co dang: 2P - 1:
Mp=2P-1
S6 nguyén t6 Mecxen 16n nhit tim ra nim 1978 do hai hoc sinh My 1a Nickel va Noll 1a sé:
M21701 - 2 1701 -1 gom 6533 ChlI Sé
Nam 1992: AEA technology's Harwell Laboratory phat hién s6 nguyén to gdm c6 227832 chi sb.
Niam 1994: Cra Research loan béo phat hién s6 nguyén t6
M — 5859433 _ ¢
. o 859433 =
gom 258 716 chit so, can dén § trang bdo mai in hét.
- Moi s6 nguyén.td 16nhon 2 déu c6 dang 4n + 1 hodc 4n+ 3, véin € N.
- Moi s6 nguyén t616n hon 3 déu c6 dang 6n + 1 hodc 6n+ 5, véin € N.
Mt sé dinh ly dae'biét:
(1) Binh 1y Drichlet:
Néu a va b nguyén t6 cung-nhau-thi ton tai v sb nguyén td p co dang:
p=an+bneN
(2) Binh 1y Tchebycheft:
Trong khoang tur sO tu nhién n dénsd tu fihién 2n, c6 it nhat mot sd nguyén td.
(3) Binh 1y Vinogradov:

Moi s6 1¢ 16n hon 3315 1a tong cua 3 sb nguyén to.

2 Bai tap ap dung: ) ) )

Bai tap 1: Cho a+ b =p, p 1a mot s6 nguyén t6. Chirng minh a va b nguyén t6 cung nhau.
Giai

Gia sir a va b khong nguyén t6 cung nhau. Ta suy ra a va b codf.nhatmét uée sé d > 1.

a:dvab:d

=a+b:d

= p' dd>1

Diéu nay vo 1y, V1 p 1a mot s6 nguyén t6 = (a, b) 1.

Bai tap 2: Néu a° - b” 1a mot sb nguyén tb thia® - b =a + b.
Giai

Taco:a’-b?=(a+b)(a-h)

Néua-b>1thia+b>1

= a° - b? 1a mot hop s6, trai véi gia thiét.

Do do,tacdé:a-b<1 Q)
Mit khac: a? - b 1a sb nguyén tb.
=a>b

—a-b>0 (2)

Tu(l)va(2)suyra:a-b=1
Vaya’-b*=a+h.
Bai tip 3: Chimng minh tong binh phuong cta 3 sb nguyén té 16n hon 3 khong thé 1a mot sé nguyén
to.
Giai
S6 nguyén té 16n hon 3 c6 dang:
6k £ 1,k € N va k> 1 nén binh phuong ctia chiing c6 dang: 6m + 1, m € N.
Do do tong binh phwong cia 3 sé nguyén t6 la:
6n+3:3,n>1
Diéu nay chimg to tong binh phuong cua 3 s6 nguyén t6 16n hon 3 1a mot hop sd (dpem).
Bai tap 4: Mot so nguyén té 16n hon 3 ¢6 mdt trong cac dang 6n + 1 hodc 6n - 1. Ching minh rang
6 vO s6 nguyén td c6 dang thir hai.
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Giai
Goiplalsh nguyén tb 6 dang 6n - 1. Ta chirng minh ¢6 1 s6 nguyén tb p' c6 dang nay va p'> p.
Goi p 1a tich cac sb nguyén tb dau tién tir 2 dén p.

P=23,..,p=>P:6=P=6n

bat: A=P-1= A>pvaAcoddang 6n - 1, n ty nhién.
Néu A 1a s6 nguyén t: Bai toan da Giai xong.
Néu A 13 hop s6 thi A c6 1 udc nguyén té p'> p vi néu p' < p thi p' s& 1a mot thira cia p.
=plp=p|1Vely.
Mat khac p' c¢6 dang 6n - 1. That vay, néu A khong c6 mot udc nguyén té dang 6n - 1 thi moi udc
nguyén t6 ciia A déu c6 dang 6n + 1 va nhu vay A c6 dang 6n + 1, vo li vi trai véi diéu ta da biét 1a
Acod dang 6n - 1.
Do d6p'la so nguyen t0 c6 dang 6n - 1 va lon hon p.
Vay c6 vo sb nguyén t6 co dang 6n - 1.
Bai tip 5: Cho 2 s6 nguyén t6 phan biét a va b, voia <b. Chung minh rang ton tai vo han céc s tu
nhién n sao'che €4¢ séa + n va b + n nguyén t6 cing nhau.

Giai

PR S ‘n a
Chon mét so tu nhién: k > r—
—a

=ng=(b-a)k-a+1s&la mot’s6.ty nhién 16n hon 1.

Xemcacsé: A=a+n=(b-aK+12
B=b+nc=(b-a)k+1y+1

Néud=(A, B)=dB-A

= db-avadA-(b-ak=

=d=1

Do d6 (A, B) = 1

, ta ¢6 vO han sO tu nhién n

Ta cho k cac gia tri ko, ko + 1, ko + 2, ..., trong d6 ko € N'Va ko > ”
—a
c6 dang ng sao cho:
@b=1=(@+nb+n=1
Bai tap 6: Cho sb ty nhién n > 2. Goi p1, Pz, ..., Pn 14 nhitng s6 nguyén'td.sao cho p,<n+ 1.
bat: A= pip2...pn
a) Chimg minh rang trong cac day s6 cac sb tu nhién lién tiép: A + 2, A3, ..., A+ (n + 1) khong
chira mot s0 nguyén t6 nao.
b) Chirng minh rang c6 vo sd diy sé gdm n s ty nhién lién tiép khong c6 sé nao 1386 Aguyén td.
Hay viét s6 hang dau va sé hang cudi ciia hai ddy s6 nhu vay, mdi day c¢6 10 s6 hang.
Giai
a) Ta hiy xem s hang A + m, véim € Nva2<m<n+ 1, cia diy s6 di cho.
Néum la sb nguyén to thi m chia hét tich pipz...pn = A
= A+m:m
= (A + m) khong nguyén tb
Néu m 14 hop sb thi m 4t co it nhat 1 u6c nguyén té d:
dim = d|A =d|A + m = (A + m) khong nguyén t6.
Vay trong day s0 da cho, khong c6 s6 hang nao 1a s6 nguyén td ca.
b)Daysodacho A+2,A+3,.,At(n+1)
goém n sO ty nhién lién tlep khong nguyén t6.
Ta suy ra c6 vo s6 ddy sé gdm n sb tu nhién lién tiép khong nguyén td, co dang:
kA+2,kA+3,...,kA+(n+1),vdik € N, tayy.
Véin=10.
= A=235711=2310
Diy s6 2310k + 2, 2310k + 3, ..., 2310k + 11, véik € N, tly y vak > 0
Chonk=1vak=2,taco:
* 2312, ..., 2321
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* 4622, ..., 4631

Suy ra dpcm.

Bai tap 7: Tim 3 s nguyén t6 sao cho tich cta chung gap 5 lan tong cia chung.
Giai

Goi 3 sd nguyén tb dolaa, b, ¢

Tacd: abc =5(a+b + c) = 5|abc

a, b va ¢ binh dang. Gia str 5|a va a 1a s6 nguyén t6 nén a = 5.

Suyra:bc=5+bc=(b-1)(c-1)=6

Do do:

b-1=1 b-1=2 b=2 b=3 . b=2
v = v (loal) =
c—-1=6 c—-1=3 c=7 c=4 c=7

Viy 3 sb nguyén'td phai tim 13 2, 5, 7.

Bai tap 8: Chung minh diéu kién cin va du dé p va 8p + 1 nguyén t6 la p = 3.
Giai

Piéu kién du: p’=3= 8p?+_1 = 73, nguyén tb.

Diéu kién can: Néuwp=3n + 1

— 8p? + 1 = 3k: 3 khong phdi 1a s6 nguyén t6 nén

p = 3h va p nguyén té6 =p=.3

Viy ta c6 diéu phai chirng minhs p’=3.

Bai tap 9: Cho mva m? + 2 1 hai sé-nguyémtd. Ching minh ring m® + 2 ciing 1a mot sb nguyén tb.
Giai

mva m? + 2 nguyén t6 = m=3

—m’ +2 =11, nguyén tb.

Ta co:

m?® + 2 = 29, nguyén tb.

Vay m, m’ +2 nguyén to = m3+2 nguyén td.

Bai tap 10: Ching minh ring c6 vo sd sd nguyén duong a’Saé chowz = n* + a khong phai 1a sb

nguyén td, vin e N.
Giai

Chon a =4b’, véib e N.

Taco: z=n*+ 4b*

< z=n"+4b* + 4n’H? - 4n°b? = [(n + b)? + b][(n - b)? + b]

Suy ra diéu phai chirng minh.

Bai tip 11: Cho 2" + 1 1a mot s6 nguyén t6. Chirmg minh n 1a mot lity thira cua 2.
Giai

Néu n c6 mot udc nguyén td khac 2 thi ude sé ay 1é va c6 dang 2k + 1, k € N.

Do d6: n=p(2k + 1)

Ta co:

k k
2"+ 1= (2= (2" +1) {z 2P —ZZPH} khong nguyén td, vo 1y.
i=1 i=1
Do d6 n khong c6 mot woc nguyén td nao khac 2.
Vay n la mét 1ty thira cta 2.
Chu ¥ diéu nguoc lai khong dung, khi n = 2° thi
2% +1=2"+1=4 294967 297 = 641. 6 700 417 khong nguyén 6.
Bai tap 12: Cho p nguyén t6 cing nhau v6i 5. Ching minh:
A=p®+3p"-4:5
Giai
p nguyén tb cing nhau véi 5, do d6 p c6 dang 5k + 1 hodc 5k +2, k € N, k> 1,
Néup=>5k+1thip?=5t+1,te N, t>0
A=p"+3p"-4=(p)"+3(p°)*""-4=51+1+5I'+3-4=5q:5
Voil,I,qeN
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Néup=>5k+2thip?=5h+4
= p*=5i+1,véih,ieN.
Suy ra: A = (p)*" 3(p")"-4=5q":5, q'eN
Suy ra diéu phai chirng minh.
Bai tap 13: Cho mét s6 x trong mot h¢ thong nao d6, gdm n chit s6 1. Ching minh rang néu n khong
nguyén t6 thi x khong nguyén to.

Giai
Goi a 1a co sb cta hé dém, ta co;

x=11...11=a""+a"2+ . +1=2 —!

nchirso 1 a-1
Néu n khong nguyén tb, ta dat: n=pq, voip,q € Nvap, q>1
Ta co:
a—1 a7 af-—1

X = = .
a—1-a?~1_a-1

X = a’ _1[ap(q_]) ‘e 4 +1J
a—1

X = (ap’l +aP 4+ 1)[ap(q_1) S S 1}

Céc thira déu nguyén va 16n hon 14 do-:d6 x khong nguyén té (dpem).

Bai tap 14: Chimg minh ring néu€6 abe nguyén tb thi b>- 4ac khong phai la mot sb chinh phuong.
Giai

Gia st b° - 4ac 13 mot sb chinh phuong:

Piat: b? - dac = k%, véik e N= b >k

Ta co:

4a. abc =400a’ + 40ab + 4ac = (20a + b) - (b” - 4ac) =208 + b+ k)(20a + b - k)

Do d6: (20a+b + k)(20a +b - k) :abc

Suyra: 20a + b + k:abc hodc 20a + b - k: abc (1)

Ma abc =100a+ 10b+c>20a+2b+k>20a+b+k>20a+b-k,(vib>k)

Do do (1) vo ly.

Vay b? - 4ac khong phai 1a s chinh phuong.

Bai tap 15: Cho p va 2p + 1 14 hai s6 nguyén t6 voi p > 3. Chirng minh 4p + 1 13 h0p sb.
Giai

p nguyén té vap >3 nénp cod dang 6n+ 1 hoac6n-1,ne Nvan>1.

Néup=6n+1thi2p+1=12n+3:3 trai v6i gia thiét, do d6 p = 6n + 1

Suy ra p c6 dang 6n - 1

Taco: 2p+1=12n-1
4p+1=24n-3:3

Vay 4p + 1 1 hop sb.

Bai tap 16: Cho s6 nguyén t§ p. C6 bao nhiéu sb nguyén t6 cing nhau v6i p° ma nhé hon p.

Giai
S6 nguyen t6 cling nhau voi p® thi s€ nguyén to cung nhau véi p
Vi p 1a s6 nguyén t6 nén co(p-1) sO nguyen t6 cing nhau voi p’ manho honpla2,3, .., (p-1)

Bai tap 17: Trong diy sb tu nhién c6 thé tim dugc 2004 s6 lién tiép nhau ma khong c6 sd nguyén t6
nao hay khéng?
Giai
Xét diy sé sau:
a; = 2005! + 2
as = 2005! + 3

Axo05 = 2005! + 2005
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Diy s6 ndy gdm c6 2004 s6 hang 13 nhing s6 ty nhién lién tiép nhau va déu 13 hop s6, 1a day s6 ma
ta phai tim.
Bai tap 18: Tim hai s6 nguyén té p va q sao cho p> = 8q + 1
Giai
p’=8q+ 1< (p+1)(p-1)=8q
8q+tlle=p’le=>p=2k+1
Do do: k(k+ 1) =2q
Suy ra p c6 dang 4t + 1 hoac 4t - 1 va q ¢6 dang t(2t + 1) hoac t(2t - 1)
pvaqnguyéntb =p=5q=3

Vayp=35;9=3. , ‘ , ,
Bai tap 19: Tim s0 a nguyén to sao cho a + 10, a + 14 déu 1a nhirng so nguyén to.
Giai

Bat ky s6 ty/nhiénmnao ciing co 1 trong cac dang: 3k, 3k + 1 hoac 3k + 2, k e N.

Néu a =3k +4'thi a + 14 khong nguyén to trai voi gia thiét.

Néu a = 3kft2 thi'a 4910 khong nguyén td, trai voi gia thiét.

Do do: a = 3k.

Ma a nguyén t6 néfa = 3!

= a+ 10 =13 nguyén t6 y& a + 14 = 17 nguyén td.

Vaya=3.

Bai tap 20: Tim s6 b nguyén t06a0°cho b+ 6, b+ 14, b+ 12 va b + 8 déu 1 sd nguyén t0.
Giai

Bét ky s6 tu nhién b nao cling c6 mot trong cae’dang: 5k, Sk + 1, Sk + 2, Sk + 3, Sk + 4, voik € N.

Néu b= 5k + 1 thi b + 14 = 5k + 15: 5, khong nguyén to.

Néu b= 5k + 2 thi b+ 8 = 5k + 10: 5, khong nguyefi-td.

Néu b =5k + 3 thi b+ 12 = 5k + 15: 5, khong nguyén+d.

Néu b= 5k + 4 thi b+ 6 = 5k + 10: 5, khong nguyén tb-

Do d6 b= 5k ma b nguyén t = b = 5.

Ta suy ra:
b+6=11
b+8=13
b+12=17
b+14=19
déu 1a sb nguyén to.
Vay b=5.

Bai tap 21: Chirng minh ring:

a)Néua -1 nguyentéthla—Z (v6in € Z+Vfin > 1)

b) Néu n 1a hop s6, a” - 1 khong nguyén t6, (az 2)

¢) Néu p nguyén tb, 2P - 1 luon ludn 13 mot sé nguyén té hay khong?
Giai

aQ)a"-1=(a-1)@" +a"%+..+a+1)

a"- 1nguyénté= (a-1)=1=a=2

b)nlahop sb=n=pq,véip,qe Nvap,q>1

a"-1=a"-1=@""-1=(@"- 1)@+ .. +1)

a22=a>2=a"-1>1

Do d6: a" - 1 khong nguyén té = dpem.

c¢) Khoéng:

Khip=2,3,5 7thi2°-11asb nguyén t6.

Khi p = 257 thi 2° - 1 khong nguyén to.

Bai tap 22: Chimg minh rang néu p 1a s6 nguyén t thi:

(p|1806) < (p - 1/1806)

Giai

Ta phén tich: 1806 = 42.43 = 2.3.301

p nguyén t6 va chia hét 1806 thip =43, 7, 3.
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Suyra:p-1=42,6,2

Do d6: p - 1/1806.

Bai tap 23: S6 a* + a® + 1 ¢6 thé 1a mot sb nguyén 6 hay khong?
Giai

Taco:a*+a’+1=(@%+1)P2-a°=(@+a+1)(a*-a+1)

@+a+1>1voia=0

Do d6: a* + a> + 1 1a mot s6 nguyén t6 khi va chi khi

a’—a+l=1
=a=1
aeN, az0

Gia tria = 1 thdéa man.
Vaya=1.
Bai tap 24:,Chimg minh rirng (p - 1) chia hét cho p néu p 13 hop sé va khong chia hét cho p néu p 1a
nguyén to.
Giai
Néu p la hop So-thv'(p - 1)L1a tich cac thura s6 nguyén t6 nho hon p va sé mil cta cac thira s6 niy
cling bang s6 mil cua-chinh cac'thira s6 4y chira trong (p - 1)!
Do d6 (p-1)! Chia hét cho p:
Néu p 14 s6 nguyén t6 vavi -p>p.- 1 nén p nguyén t6 ciing nhau v&i moi thira sé cua (p - 1)!
Do d6 (p - 1)! khong chia hét cho pi(dpcm).
Bai tip 25: Tim s6 nguyén t6 a sad-ché 2a+1 1a mot lap phuong.
Giai
Giasi: 2a+1=t% véit e N, t>1.
t?+t+1>2,a nguyén td.
Dodo:t-1=2
Suyra:t=3
Vaya=13.
Bai tap 26: Cho 2" - 1 1a mot s6 nguyén t6. Chirng minh rang m nguyén to.
Giai
Gia str m 1a hop s6.
& m=pq, voip,qe Nvap,g>1
Taco:2™-1=(2°)%-1=(2°- 1)[2°4D + . +1]
Vip>1=2°-1>1
Va P £ 2P0 1 4151
Suy ra: 2™ - 1 1a mot hop sd, mau thun véi gia thiét.
Khim=1=2"-1=1, (loai)
= m la s6 nguyén to.
Vay 2™ - 1 nguyén t6 = m nguyén to.
Bai tp 27: Cho me N. Chirng minh m* + 4 va m* + m* + 1 déu 1 hop s6 (m> 1)
Giai
Ta co:
m*+4 = (m? +2m+2)(m 2m+2), véim e N, m>1.
= [(m+ 1)?+ 1][(m - 1)° + 1]
Suyra m* + 4 lahop s0.
m*+m+11ahopsdvéime Nvam>1
(HS tu chiing minh)
Bai tap 28: Chirng minh cac s6 p + 1 va p - 1 khong phai 14 s6 chinh phuong néu p 1a tich cua n sb
nguyén to dau tién.
Giai
Cach 1:
Goi p 1a tich ctia n s6 nguyén t6 dau tién.
) ) P =PiP2 ... Pn
Trong d6 pi la s nguyén té theri(i=1,2,...,n) vap; =2,p2=3
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Néu p + 1 1a s6 chinh phuong.

p+l1=titeN
=>p=t’-1
p chinnént 1& va t* - 1 1a tich ctia 2 s6 chén.
Do d6: p:4, vo li vi p chi chira mo thira sé chin duy nhat 1a 2 ma thoi.
Vay p + 1 khong phai 1a mot s6 chinh phuong.
Cach 2:
p=235..pn=p:2vap/4
Do d6: pcoé dang 4k + 2,k € N.
Ta suy ra: p + 1 khong phai sb chinh phuong.
HS tu giai v6i truong hop (p - 1).
Bai tap 29: €htmg minh rang m” - n’ nguyén t6 thi m va n 1 2 sé tu nhién lién tiép.
Glal
Taco m? -n =(m-n)(m+n), véimneNvam>n.
Vim? - n?lsbnguyéntd vam+n>m-n
Nénm-n=1
Vay m va n 13 hai sd tu nhiénTién tiép.
Bai tap 30: Tong ciia p (p=2)s0 1¢ lién tiép c6 phai 1a mot s6 nguyén té khong?
Giai
Xempsolesau 2n+1,2n+3,.520#2p-1neN.
Téng s6 clia cac sO nay la: S = (2n +1) + (2n +3)+..+(2n+2p-1)
< S=p(2n—+p), VO‘lp >2, S 1a mot hop 6.
Viy tong ctia p so 1é lién tiép, p > 2 khong phaildsd nguyen t0.
Bai tip 31: Cho 4 sb ty nhién a, b, a', b' va p nguyén t6 cung nhau voi a. Chirng minh rang néu ab -
a'b'vaa- a'chia hét chopthib-b' chla hét cho p.
Giai
a-a:=<ca=a+kpkeZ
ab-ab':p=ab-(a+kp)b:p
Suyra:a(b-b):p
Ma(a, p)=1
Do d6: b - b':p (dpem)
Bai tap 32:Cho A= m + nva B = m? + n%, trong d6 m va n 1a nhitng s64u nhién.nguyén td cung
nhau. Tim u6c s chung 16n nhét caa A va B.
Giai
Goid = (A, B)
= d|A; d|B
— d|A? - B = 2mn.
Do d6 d 14 udc s6 chung ctia m + n va 2mn.
Vi(mn)=1nén(m+n, mn)=1.
Suy ra d 14 wdc s6 chung ciia (m + n) va 2 nén ta co:
d=1VvV d=2
a) Néu m va n cling 1
= A, B cung chin.
= (A B)=2
b) Néu m, n trai tinh chat.
= A, B cung 1¢
= (A, B)=1
Vay: Khim, ncunglé (A, B)=2
Khi m, n trai tinh chét: (A, B) = 1.
Bai tap 33: Tim s ¢ 4 chit s6 abed biét rang:

abcd = (50 + 1)2
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Giai
abcd=(5c +1)>=25¢*+10c+1=a=1
Do do:
40 + 4b = ¢?
= c?=4.1b
= 1b chinh phuong.
=b=6;b=8
= S6 phai tim 13 1681
1681 = 41 = (5.8 + 1)°
n(n+1)

Bai tap 34: Chung minh 2n + 1 va nguyén t6 cling nhau.

Giai
n(n + 1) 14 tich cta hai $6 tu nhién lién tiép va 2n + 1 1a tong cta hai s6 do.
Hai s0 tu nhiéndi€ntiép nguyén to cung nhau nén tong va tich ciia chliing cling nguyén to cung nhau:
(n,n+1)=1=@n+1, nin+l)) =1
n (n + 1)

Do do6, taco: 2n+ 1va nguyén té cting nhau.

Bai tap 35: Cho A=2"+3" B=2™" + 3™ Cc=2""2+3m?
a) Chirng minh A va B nguyén t6 ciing nha:
b) Uéc s6 chung 16n nhit ciia A v&'C c6/thé 1a.bdo nhiéu?
Giai
a) Taco: B-2A=3"
Néu A va B ¢6 udc s6 chung d # 1 thi d chia hét ¢ho 3" va 2" (v Ii)
Suy ra dpcm.
b) Taco: C-4A=5.3"
Diéu nay ching t6 USCLN(A, C) = 5 hoic 1.
Mudn cho (A, C) = 5 thi 5|A ma 5|A néu n 1é va 5|A néu n ¢han.
Suy ra dpcm.
Bai tap 36: Néu 2" - 1 c6 thé phan tich thanh tich ab thi a + 1 va b=4"71 nhiing boi s6 1é cla cing
mot iy thira cia 2.
Giai
Gia su:
2"-1=ab,véin,a,be Nvan,ab>1
2"-11¢ = avabdéule.
—a+1vab- 1 déuchin.

Gia str: a+l=a.2"

b-1=p.2¢
(véia, Bléevap,qeN)
Ta co:

2"-1=(a.2°-1)(B.29+ 1)
< 2"=af.2”+ 0.2 - B.2¢
Do do:p=q
Vaya+ 1 vab-11aboisd lé ciia cing mot lily thira ctia 2.
Bai tap 37: Cho a va b 1a hai s6 nguyén t6. Chirmg minh rang s6 du ctia nhitng phép chia (p - 1) boi
s6 dau tién cta a va b tao thanh dy sb (b - 1) s6 tu nhién dau tién.

Giai
Xét day sb gdm (b - 1) boi s6 dau tién ciia a:

a,2a3a,..(b-1a

Ta dem chia tat ca cac sd ndy cho b.
Khong ¢ s6 nao chia hét cho b vi b nguyén t6 cting nhau véi tat ca cac sb hang cua day.
Khong c6 s6 nio chia cho b c6 cung s du vi néu c6 ka va ha chia cho b ¢6 cing sé du thi:
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(k-h)a:b, véik, heNval<h<k<b-1
Diéu nay vo 1i. Suyra (b - 1) sb du déu khac nhau.
Mit khac, cac s6 du déu nho hon hay bang b - 1.
Vay (b - 1) s6 du chinh 14 (b - 1) s ty nhién dau tién, dpem.
Bai tap 38: Dinh ly Fermat
Chirng minh rang néu p 1a mot sb nguyén t6 khong chia hét cho sé a thi p chia hét s6 a"*-1.
Giai

Xét diy s6 gom (p - 1) boi s6 dau tién cua a:

a, 23 3a,..,(p-1a

Ta co:
a=bhsp+rn
2a=bsp.+r;
3a =bsp +rs

(p 2@)a zbsp+ s

Trong d0, 11, 1%, X3, +.lp-1, theo mot thir tw ndo do, 1a (p - 1) sb tu nhién dau tién:
r.ro.r3 ... frpa = (p - 1!
Suy ra:
. (p-1)!=bsp+(p-1)!
Hay
@ 1).(p-1)':p
p nguyén td, (p - 1)! va p nguyén t6 cing nhau.
Vay a®* - 1:p (Pinh li Fermat)
Bai tip 39: Cho p va q 14 hai s6 nguyén t6 phan biét, Chirng minh rang:
p* +q" =lipq

Giai

Ta co thé viét:
Pl gt 1= (pq—l _ 1) G q”!

Ta co:
p*' —1:q (Theo dinh 1i Fermat)
q"'iq
Suy ra:
p*+q" ~1lig (1)
Tuong tu:

-1 -1 ..
, pl7 4+ —1ip (2
Vip va q nguyén t6 phan bi€t nén cung nguyén to cung nhau.
Do do tur (1) va (2), ta suy ra:

p*+q" —lipq

Bai tap 40: Ching minh rang x va y khong chia hét cho mot sb nguyén t6 p thi x*' —y*"ip.

Giai
Ta co thé viét: x*' —y*' = (xp_1 — 1) —(yp"l —1)
p | x=x""—1:p (Pinh li Fermat)
ply=y"" —1:p (Pinh li Fermat)
Suy ra dpcm. ‘ , ’ ) ,
Bai tap 41: Ching minh rang néu p la s6 nguyeén to thi tich so
’ 234 ...(p-3)(p-2
la mot boi s6 cua p thém 1.
Giai ’
Goi a 1a mot thira sO cua tich
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2.34..(p-2)
Ta chirng minh ring ton tai mot thira sb a' cua tich sao cho:
aa'=bsp+1
Ta biét ring phép chia cac sé hang cua day:
a, 23 34, .., (p-2)a
cho p c6 céc s6 du 1 (p - 1) s6 tu nhién dau tién theo mot thir tw nao d6. S6 du 1 khong phai 1a sé du
cua phép chia a, 23, 3a, ..., (p - 2)a cho p.
Suy ra rang ton tai a' thudc tich (1) sao cho a' = ava aa' = bsp + 1.
Ly ludn tuong tu:
Néu b 1a mot thira s thudc tich (1) khac a va a' thi ton tai b' thudc tich d6 dé bb' = bsp + 1
Do d6:2.34 ...(p-2)=bsp + 1.
Bai tap 42: DPinh ly Wilson:
Chirng minhrang néu p 1a mot sé nguyén t6 thi tich:
) 234 ..(p-2).(p-1)
la mdt boi s6 cuiap bét'di 1.
Giai
HS ty chirng minh:
Bai tip 43: Chiing minh rang néu p chia hét (p - 1)! thi p nguyén t6.
Giai
Néu p 14 hop sé thi p chia hét @~ 1)} va do d6 chia hét cho 1, vo 1.
Suy ra diéu phai chirng minh.
Bai tip 44: Chirng minh rang néup 1 nibt s6 nguyén t6 1¢ va keN, ta co:
S = 12k+1 F 22k+1 + o+ (p _ 1)2k+15 p

Giai
plé = (p-1)chan.
Ta co:
2k+1 2k+1
2S=1%* 1+ (p- 1)+ 2% 4+ (p-2)*+ L+ (_p;lJ +£—p;1j +...+(p—1)2k+l +1

=pl(p- D™+ + 1] +p[2%- 2% p-2) + .+ (- DM+

(25 (55 (35 (222 ool

Véile N=2S:p
Vay p nguyén td 16 = S:p (dpcm)
Bai tap 45: Ching minh rang a = py + pp+1 khong phai la sO nguyén td va ca ude $6'nguyén td cia
nd nho hon p, trong do6 py 1a s6 nguyén td thi n, pn > 2.

Giai
Pn > 2 thi pn 1€ pnes 16, do d6 a 1a hop s6.
Ta co:

2pn <a< an+1

Néu a co 1 udc sb nguyén td 1a py thi p, cling 1a 1 wéc nguyén td ciia ppsg, VO 1.
Néu a ¢6 1 ude sb nguyén tdlad> pn thi hodc d = pn+1 hodc d > ppas.

d = pn+1 thi d|py, VO i
Khi: d > ppeq thia> 2ppsq, VO i
Suy ra dpcm.
Bai tap 46: Tim s cac wdc va tinh tong cac udc cia sd n = 360.

Giai
Ta co: 360 = 2°.3%5
S6 cc ude la: 4.3.2 =24 56
Tong céac wdc la:
2'-13-15-1

2-1 3-1 5-1

=15.13.6 = 1170
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Dap s6: 1170.
Bai tap 47: Tim mot s6 chia hét cho 35 va 6 udc so.
Giai
Taco: a=5%7" 1a s6 phai tim.
Suyra: (a+)B+1)=6=a=1pB=2hoaca=2,=1
Do d6: a=245 hoaca=175
Vay c6 2 s6 thoa man dé bai la 245 va 175.
Bai tap 48: Tim mdt s6 chia hét cho 105 va ¢6 30 udc sb.
Giai
Ta c6: A =3%5P.7"1a s6 phai tim
Suyra: (a +1)(B+1)(y+1)=30=235
A ¢6 thé c6 mdt.trong cac gia tri sau:
108 075; 914/875,.108 045; 39 375; 19 845; 14 175.
Vay ¢6 6 s6 théa man yéu cau cta bai toan.
Bai tip 49{.Cho’s6 A= 2".p trong d6 n, p € N va p nguyén to.
a) Viét moi udc €ua A, ké ea<hva A. Tinh tong S cac udc.
b) Tim hé thirc gittafi vap dEA=S - A
¢) A goi 1a mot s6 hoan chifth. Hay viét 3 s6 hoan chinh nho nhat.
Giai
a) Cac udc sb cia A =2"p la:
172,25 % 2" p 2p, ... 2"p
Tong cac udc:
S=o(A)=1+2+2%+ .. +2"+p+2p+ 242" p=(1+p)(2™-1)
2A

p

A=2"p= 2" =

Do d6:
S=(p+1)(%—1]
p

b)A=S-A=2A=ppp+1)=>p=2""-1

C) n=1=>A=6
n=2=A=28
n=3= A=49

Vay 3 s hoan chinh nho nhit 13 6; 28; 496.

Bai tap 50: Tim mot s6 A gom céc thira 2, 5, 7 biét rang 5A c6 hon A 8 wdc va 8A€oMon A 18 udc.
Giai

A=3"5P7" = T(A) = (a+ 1) + 1)(y + 1)

5A=3“5"17 = TGA) = (a+1)(B+2)(y+1) = (a+ 1)(B+ 1)(y + 1) + 8

8A =351 7" = T(8A) = (e +3)(PB +2)(y + 1) = (o + 1)(B + 1)(y + 1) + 18

_ (a+1)(vy+1)=8
(B+1)(y+1):6
Do do:
{a+1:4 {oc:3
=
B+1=3 ~|p=2
Viy s6 phai tim 1a A = 2°.5%.7 = 1 400.

Bai tap 51: Tim 2 s6 nguyén td p va q sao cho tong cac uoc s clia
A = 2° pq bing 3A.

:(y+1)‘(8, 6):2:>(y+1)=2:>y=1

Giai

2°~1 p° -1 q*—1
A=2%pg = o(A) = - .1;_1 .‘(11_1 =63(p+1)(q+1)
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o(A)=3A=21(p+1)(g+1)=32pq
32pq:21
(21, 32)=1

vOip , q nguyén tb
{p =3 {p =7
= hoac

}3quZl:pq=21

q=7 q=3

Vay 2 s nguyén to phai tim 1a 3 va 7.
Bai tip 52: Tim s6 nhé nhit ¢6 9 woc va 15 udc.

Giai
Tac6:9=33=9.1
S6 nho nhét€6 9udc s6 14 sd nho nhat trong céc so:

22.3% 287 D6 1a sb 36
Tuong tu: 15=3.5=15.1
S6 nho nhat co15-uw6c s6 1a sb 22.3* = 324.
Bai tap 53: Ching.minh ring néu 2™ - 1 nguyén t6 thi 2"(2™" - 1) 1a mot s6 hoan chinh.

Giai
Xem s a=2"2"" - 1), véineN,
Trong d6 p=2"" - 1 1a mot séaguyén t6:
Vin e N nén p > 2. Do d6 a=2"pd&dang phan tich tiéu chuan cia a.
Ta co:
- 2n+l -1 p2 -1 n+l n+l n+l
o(A) = S — - (27" -1)(p#a)=2"2"" +1) =2n, dpem.
Bai tip 54: Tim x va y dé cho 2*.3" 1a mot s6 hoan chinh.
Giai
x+1 y+l1
@ =2 13 Tl ooy, (2 —1)(3y+‘ ~1)=2""3"
2-1 3-1

Suyra:x=1y=1 )
Bai tap 55: Tim s6 nguyén td p sao cho 2°.p hoan chinh.

Giai
s(2’p)=(2"-D(p+1)=2"p

= p=2'-1

= p =127

Bai tap 56: Tim céc sd a biét a c6 2 udc nguyén t6 khac nhau, co 6 udc va tong caé wée bang 28.
Giai

Goi a = p“gP, voip va q nguyén tb
(a+1)(B+1l)=6=a =1, B=2hoaca =2,=1

B+1 B+1
p—la -l =28=(p+1)(q”+q+1)=28 hojic (p +p+1)(q + 1) = 28
p-1  q-1
Suyra:p=3,(21=2hoécp=2,q=3.
Do d6:a=3.2°=12
Vay a=12.
Bai tap 57: Tim tong binh phuong cac udc sb cia 1 sb.
Giai

Cho A=a“bP .. I, véia,b, ..., Inguyéntd va a, B, ..., v € N.
Céc udc cia A 1a cac sd hang cua da thuc:
l+a+a®+..+a)Q+b+b*+. . +b") . @A+1+FP+.. .+
Suy ra tong binh phwong cac udc cua A la:
L+a?+a+.. +a®)A+b2+b*+ . +b®) @+ P+ 1"+ .. +17)
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az(a+1) 1 b2(5+1) 1 |2(y+1) _

R R I ,
Bai tap 58: Tim 2 s6 m va n ¢6 45 udc sO chung va m +n =127 008
Giai

Goi D 13 wdc s6 chung 16n nhét ciia m va n.
=Dm'
{m M i (m',n)=1
n=Dn'
Suy ra: D|127 008
Do d6: 2437 .. 7' ,
Uéc s6 chung ciia m va n ciing 1a udce sd cta D.
Suyra (o + 1)y«(B+ 1).(y + 1) =45
Do do:
B=2"vAP=4 v =2
v=4 [y=2° =2
Suy ra: D|86 436 (loai), 15876sheac 7056
Do d@6: m' + n'= 8 hoac m' +'n.=18
Suyraam=?van=?

HS tu giai.
Bai tip 59: Chirng minh ring néu b > 3 va_10b +.1 1a 2 s6 nguyén t6 thi
5b+1 :6
Giai

Ta c6: Néu b nguyén t6 va b> 3 nén b c6 dang 6k - 1shoic-6k+ 1,k € N va k=1,
Néu b= 6k - 1thi 10b + 1 = 60k - 9: 3, trai voi gia thiét:
Do d6 b c6 dang 6k + 1.
Ta suy ra:
5b + 1 = 30k + 6: 6 (dpcm)
Bai tp 60: Cho m va n 1a 2 sd tu nhién. Chirng minh rang:
A=n2n+1)(3n+1)..(mn+1)

Chia hét cho moi sb nguyén t6 nhoé hon m.

Giai
Cho p 13 mot s6 nguyén t6 bat ky nhé hon m.
Ta chirg minh rang:

pJA-n2n+1)(3n+1)..(mn+1)
Xét diy s6 gdom p sb sau:
2n, 3n, ..., (p+1)n
Vip<m=p+1l<m
Dodé: (p+1I)n+1<mn+1
Chia tat ca cac sb cua day cho p:

n:p=A:p

nfp=(m.p=1
Ta duoc cac s6 du khac nhau vi néu 2 s6 kn va hn ciia diy v6i2 <h<k<p+ 1, véih, k € N co
cung s6 du trong phép chia cho p thi (k - h)n :p, vo Ii.
Vik-h<pva(p,n=1
Do d6 céc s6 du theo mot thir tu nao do 14;
0,12 ...,p-1va néu sb qn thude day chia cho p co ) dup-1thign+ 1: p
Voiq<p+1l=q9<n
Do d6 A:p.
Bai tap 61: Néu a™ + b" nguyén t5 16n nhét ciia m va n khong phai 1a mot lity thira cta 2.
Giai
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Gia st woc sd chung 16n nhat cia m va n khong phai 1a mot lity thira cua 2. Dit:
m = 2°pq
n=2pq

trong do p, q, q' 1€ va a, B nguyén, khéng &m va o < p.

Taco: a™ + b" = (@®.q)p + (b*.q')p

= (a%.q + b?.q) [azaq(p Nl pPe 2l _l)}

Do a™ + b" 1a hop sb, trai gai thiét.
Suy ra dpcm.
Bai tap 62: Chon eNvan>2. Goipy, pz, ..., Pn la céc sO nguyén t6 nhé hon hay bang n + 1.
Goi p = p1.P2...pn. Chimg minh rang daysé p+2,p + 3, ..., p + (n + 1) khong chtra sé nguyén té nio.
Giai

Xem s6 a =p + thudc diy s dd cho véiq e Nva2<qg<n+1
Suyra:q<p
Néu q 1a s6 nguyéntd thi q chinh 13 mot trong cac s6 nguyén t6 da cho pa, pa, ..., Pn.
Do do: qlp
Suyra: gla
Néu q 1a hop sé thi q phan ticheduoc thanh tich cac thira s6 nguyén t6 nhé hon n + 1.
Do dé: qlp
Suy ra: gla
Viy a 13 mot hop sb.
Do d6 tat ca cac s6 hang cua day:

p+2 pF3g., pt+(n+1)
déu 13 hop sb.
Suy ra dpcm.
Bai tap 63: Ching minh rang:
a) Néu p va 8p 11a2sb nguyén tb thi 8p + 1 khong nguyén to.
b) Néu p va 8p +11a 2 s nguyén t6 thi 8p - 1 1a s6 nguyén'té:

Giai
a) SO tu nhién p c6 mot trong cac dang:
3k, 3k + 1,3k +2, voik € N.

Néu p =3k + 2 thi 8p - 1 13 hop sb, trai gia thiét:
Do d6 chi co thé dang 3k hoac 3k + 1
p =3k, p nguyén t6
p=3,8p-1=23nguyén td
8p + q hop sd.
P=3k+1=8p+1=3p,hopsd
b)Néup=3k+1 keNthip?=3t+1,teN.
Suyra8p®+1=31+9, | eN, hop sb.

=
=

Trai gia thiét.
Do do6: p =3k ma p nguyén td nén p = 3.
Suy ra:

8p® + 1 =73, nguyén t6

8p® - 1 =71, nguyén td.
Bai tap 64: Ching minh rang néu p, g, r 1a 3 s6 nguyén t6 16n hon hay bang 5 thi p®+ g°+ r* 1a hop
50.

Giai
p nguyén t 16n hon hay bang 5 nén p ¢6 dang 6k - 1 hodc 6k + 1,k € Nvak > 1.
Suy ra: pP=6t+1,teNvat>1
Twongty: gq°=6s+1,seNvas>1

F=6l+1leNval>1

Do d6: p?+qg®+r’=6n+3,ne Nvan>1.
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Suy ra dpcm.
Bai tap 65: Cho bon sO tu nhién a, b, ¢, d khac 0 sao cho tong binh phuong cua hai sd ndy bang tong
binh phwong hai s6 kia. Chirng minh rang téng cia bon s6 da cho 1a mot hop sb.

Giai
Giasta’?+b*=c?+d? voia, b,c,d e N
Suy ra: (a% + b? + ¢ + d?) 1a mot s6 chén. *)

Mat khac, ta co:

a(a+ 1)+ bb+1)+c(c+1)+d(d+1)1a mdt sb chin
Suyra: (@ +b*+c?+d®) +(a+b+c+d)chin.  (**)
Tir (*) va (¥*), ta co: (a+ b+ ¢ + d) chin.

a,bc,cdeN' =a+b+c+d>4
Do d9, ta co; (a.t b+ ¢ + d) 1a mdt hop s6.
Vaya+b -+ +dla hop sb.
Bai tip 66: Chirng minh rang néu a va b nguyén t6 cing nhau, a” - b? 1a mot sé chinh phuong néu va
chi néu (a #b) vau(a -b) 1a nhitng sé chinh phuong hoic gap d6i sé chinh phuong.

Glal
Taco: a’ - b* = (@ +¥b)(a -b)
Néu a va b nguyén t6 cungghau thia + b va a - b nguyén t6 cuing nhau khi a + b va
a - b cung 1é va c6 udc sb chung 16n nhit bang 2 khia + b va a - b cling chin.
Gia sir a® - b” = K%, keN.
Suy ra: (a + b)(a- b) = k?
Néu k 1¢ thi bao gio ciing phan tich’duod.

k=2n+1)2m+ 1), v6im,n € N
Do d6 (a+ b) va (a - b) déu 1a nhirng sé chinl phwong va nguoc lai.
Néu k chin thik = 2tt', véit, t' e Nvat>t

= K = 4t’t?
Taco: (a + b)(a- b) = 4t’t?

a+b=2t"
=
a—b=2t"

Bai tap 67: Cho 7 s6 nguyén t6 phan biét a, b, c,a+b+c,a+b - ¢, ca=b, b + ¢ - a, biét hai trong
basd a, b, cco téng bang 800.
Goi d 14 hiéu sb giira hai sb nguyén t6 16n nhat va nho nhét trong 7 s6 nguyén t6 da eho.
Hay tim gia tri 16n nhat c6 thé co cua d.

Giai
Gidasutaco:a+b=800vaa<b
Néuc>800thia+b-c<0vIi= c<800
S6 nguyén t6 16n nhét trong 7 s6 nguyén té d cho dinhién lasé a+b +c.
Taco:a+b+c<1600=a+b+c<1597
Tir dé bai, ta suy ra 7 sé nguyén t6 di cho 1a 7 s6 nguyén td 1¢.
Ta suy ra s6 nguyén t6 nho nhat c6 thé 1a 3.
Tacd:d<1597-1=1594
Chona=13,b=787,¢c=797,taco:

a+b+c=1597
a+b-c=3
b+c-a=1571
c+a-b=23

déu 1a s6 nguyén td.
Gid trj 16n nhat 6 thé ¢6 cia d 1a d = 1594.
Bai tip 68: Cac canh ctia mot tam gidc vudng c6 do dai 1a cac sd tu nhién. Hai trong cac s6 d6 1a cac
s6 nguyén tb va hiéu cua ching 1a 50.
Hay tinh gia tri nho nhat c6 thé co duoc ciia canh thir ba.
Giai
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Goia, b, c 1a 6 dai 3 canh cia tam giadc vudng da cho. Ta c6:
a®=b?+c? voia, b, ceN”
Ta suy ra:
Trong hai s6 a va ¢ c6 mot sb chin.
b va ¢ khong thé dong thoi 1a mot so nguyén t6.
Do d6 canh huyén a phai la mot sb nguyen t6.
Ta co thé gia sir b 1a mot s6 nguyén té = ¢ 1a mot sd chan.
Taco:a-b=50<a=b+50
= c?=a?-b?=(a+b)(a-b)=100(b + 25)
= b + 25 1a mot s6 chinh phuong.
¢ nho nhat khi b+ 25 13 s6 chinh phuong nho nht.
= b =4%—= min c = 60.
Vay canh thir ba.eédo dai nho nhét 1a 60.
Bai tap 69:.Tim mot s tu nhién gom 9 chir s6, c6 dang ABA, B gom 3 chir s6, thoa cac diéu kién
sau:
(1) B=2A.
(2) ABA bang binh phuong/ding cua tich bén s6 nguyén t6 khac nhau.
Giai
Ta co:
n= ABA =A.10°+B.10° + A= A106+2A103+A
= A(10° +2.10° + 1) = A(10° + 1)* = (7.11.13)°. A
Tu de bai ta suy ra A 1a binh phuong dung efia'nidt sé nguyén tb
A=p ,Volp;t?, 11, 13
Ta co: B <1000
<100 < A <500
< 100 < p? < 500
<10<p<22
p 1a mot s6 nguyén tb khac 11, 13 néntaco: p=17 vp=19.
Vay c6 hai s6 théa yéu cau cia bai toan:
ny = (7.11.13.17)? = 289 578 289
n, = (7.11.13.19)* = 361 722 361
Bai tap 70: Cho sb nguyén t6 p thoa:

I 1 1
— =4 —
p a b
Véia, b 1a hai s ty nhién khac 0. ,
Tim tat ca cac so nguyén to p dé a hodc b 1a mot so6 chinh phuong.
Giai

Ta c0: l:l+l op(a+b)=ab
p a b

Suy ra: ab:p, v6ip nguyén tb < a:pvb:p
Gia sir: a:p <> a=pc
< p(pc + b) =bc
< pc+b=hbc
< Pc=Db(c-1)
Suy ra: pc:(c- 1) = p:(c- 1)
p 12 mot s nguyén td. Do do, ta co:
c-1=1vc-1=p
= c=2vc=p+1
Voic=2,taco:b=2p=a.
A hoic b chinh phuong khi va chi khi (2p) 13 mot sb chinh phuong.
Tasuyra:p=2=a=b=4.
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Truong hop c =p + 1, ta cé:

b=p+1
a=p(p+1)

a khong phai 1 mot sb chinh phuong.

b chinh phuong: b=k? k € N". Ta cé:
p=kK-1=(Kk+1)(k-1)
keN'<k+1,k-1le Nvak+1>k-1

Do do, ta co:

k+1=p _
= p =3, (théa man
{k 1o =P )

Vay s6 nguyén t6 phaitimlap=2vp=3.
Bai tap 71: Tim cac sb6 nguyén td p sao cho:

r_r.1
p a’ b
Vdia, b 1a cac sb tunhién khac 0.
Giai
Xem phuong trinh:
1 1 1
p .a’ b

Véia, b e N va p nguyén té.

Suy ra: a’b?: p, p nguyén to.
= ab:ip<aipvbip (¥
= a’b®:p? < a® + bip (**)
Tir (¥) va (*%), suyra: a:p A bip
Suy ra:

p 12 mot s6 nguyén té. Do d6 p = 2.
Vayp=2.
Bai tdp 72: Cho a, b, ..., n 1a nhitng s6 tu nhién d6i mot khac nhau va cac udc sd nguyén td cua
chiing khong 16n hon 3.
Chirng minh rang;
1 1 1

—+—+...+—<3
a b n

Giai

1
gesey
n

. , 11
Theo dé bai, cac s6 hang: _’E
a

deu co6 dang ,voik, m € N.

Gia su: t= max(k, m)
= cac sO hang cua tong S chira trong khai trién cua tich:
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_2t+1 3t+l 1 1_§t
=S= T T 2——t 5 <3
= 1-= 2
2 3

Vay S <3.
3. Bai tip tu luyén:
Bai tap 1: Tim so nguyen t6 p sao cho:
a) 4p +1 14 s6 chinh phuong.
b) 2p +1 cling la sd nguyén to
¢) 4p“#1 va 6p® + 1 ciing 1a s6 nguyén tb.
Bai tip 2: Cho'4 s6 tu nhién thoa tinh chat: Binh phuong ctia tong hai sd bat ky chia hét cho tich hai
s6 con lai. €hing/minh rang co it nhat ba trong bdn sé d6 phai bang nhau.
Bai tap 3: Tim tAt ca-cac sd tu nhiénnsaochon+1,n+3,n+7,n+9,n+ 13 vantl5 déu 1a s6
nguyén to.
Bai tap 4: Ching minh rang néu p va 8p +11¢1a so nguyén td thi 8p +t2p+1lla sO nguyén to
Bai tap 5: Tim tat ca cac sO hguyen t0 p sao cho p + 11 c6 dtng 6 udc s nguyen duong.
Bai tip 6: Tim tit ca cic s6 nguyéirtd p sao cho hé phuong trinh p + 1 2x° p +1=2y". C6 nghiém
nguyén.
a’+b’

Bai tip 7: Cho a, b, ¢ 14 cac sd nguyén khac0; a= ¢ thoa min a_ R
c Cc+

Chtrng minh rang a® + b+ C khong the 1a s6 nguyen td.

Bai tap 8: Tim tat ca cac so nguyén td p sao cho 2p +11as6 nguyén t6.

Bai tip 9: Tim tét ca cac sb tu nhién n 1¢ dén,n+10,n+ 14 la-s6 nguyén t0. )

Bai tap 10: Tim tat ca cac sb nguyén td vira 13 tong ciia2-sé nguyén to, vira Ia hiéu ciia 2 sd nguyén

to.

Bai tap 11: Chimg minh rang v6i moi s6 ty nhién n ludn ton tai n sb4r nhién lién tiép khong 1a sb

nguyén to. . i i N i )

Bai tap 12: Chung minh rang khong tong tai n dé 6n + 5 bi¢u dién daoi.dang tong cua 2 sO nguyén

to.
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1. Kién thire co ban:
Phwong phap 1: Phwong phap dwa vé dang tong.

Phuong phap nay thuong duge dung voi nhitng phuong trinh ¢6 cac biéu thirc chira an dugc viét
dudi dang tong cac binh phuong.

Blen d6i hai Ve ctia phuong trinh vé dang: Ve trai 1a tong cac binh phuong cua céc biéu thirc chira
an, vé phai 14 tong cac binh phuong cia cac sd. Sau d6 cho bang nhau vé s hang.

[A(X,y,...)]z+[B(X,y,...>]2+[C(x,y,...)]2+...=m +n? +p +...

Véim, n, ple Z
Giai hé tuong ung:
AGIEY i (Al )] =m0 A(xy)] =
B(x.y....) | = B(x.y...)| =m’ B(x.y...)| =n’
C(xy.)] =p’ C(xy..)] =p? C(xy.)| =m?

Viduy: Tim x, y € Z thoa min phuong trinh.sau: 5x% - 4xy + y* = 169
_ Giai
Ta thiy: 5x° - 4xy + y* = 169 = 144 + 25 + 0
(2x—y) +x*=144+25 (1)
(2x-y) +x=169+0 (2)
Tt phuong trinh (1), ta co:

X2 :52
(2)(—y)2 =5
x* =127

HS tu gidi.
Tu phuong trinh (2), ta co:

{(n—yfmz

Phuwong phap 2: Phwong phap dwa vé dang tich.

Phuong phap nay duoc ap dung vé&i cac phuwong trinh ¢é cac biéu thirc chira an phan tich duoc
thanh nhan tu.

Bién d6i mot vé thanh tich cia cac biéu thirc chtra 4n, mot vé 1a tich cua cac sd nguyén. (luu ¥ voi
truong hop s nguyén ).

[A(X,y,...)].[B(x,y,...)}.[C(X,y,...)]... =m.n.p...
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Véim,n,p € Z.
Giai h¢ tuong tng:

[A(x,y,...)}

m [A(x,y,...)}zn [A(x,y,...)]:p
[B(X,y,...)] n [B(x,y,...)]=m [B(X,y,...)]=n
[C(x,y,...)] p [C(x,y,...)]:p [C(x,y,...)}zm

Viduy: Tim x, y € Z thoéa méan phuong trinh: x* - y* = 91.
Giai
Taco: X3 -y* = (x-y)¢ + xy + y?) =91.1 = 13.7 (Vi X% + xy + y* > 0).

x—y=1
{xz+xy+y2 =91
x—-y=91
{xz+xy+y2 =1
x—y=13
{xz+xy+y2 =7

x=y=7
i X AKXy +y° =13

Giai hé trén, ta dugc nghiém cua phuong trinh-dé che

(x—y)(x2 +xy+y2)=91.1=13.7:>

Phwong phap 3: Phwong phap cwe han (tinh chat d6i xéngieda cac an).
Phuong phap nay thudng duogc st dung véi cac phuong:trinhydéi xing.
Céch giai:
Vi phuong trinh d6i xtrng nén x, y, z ¢6 vai trd binh«dang nhtr nhau.
Do d6 ta gia thiét: x <y < z.
Tim diéu kién cua céac nghiém.
Loai trir ddn cac an dé c6 nghiém don gian.
Giai phuong trinh, ding phép hoan vi dé suy ra nghiém ctia phuong tinh da chon
Ta thuong gia thiét: 1 <x<y<z<..
Vidyu: Timx, y, z € Z* théa min phuong trinh: x + y + z = xyz. 1)
Giai
Gid str 1 <x <y <z Khido:
(D) eoxyz=x+y+z<3z=>xy<3.(Vix,y,ze Z)nénxy € {1; 2; 3}.
Néuxy=1thix=y=1=2+z=z (v i)
Néuxy=2thix=1;y=2;z=3.
Néuxy=3thix=1;y=3=2z=2<y(v0ly)
Vay céc gia tri (X, y, z) can tim 13 hoan vi cua (1, 2, 3).

Phuong phap 4: Phuong phap sir dung tinh chit chia hét.
Phuong phép nay thuong dugc sir dung véi cac phuong trinh ¢6 dang phan thirc ma tir 1a mot s6
nguyén.
Thong thuong dé bai hay ra ¢ dang nay 1a "iim cac gia tri nguyén ciia ... dé biéu thic dat gia tri
nguyén”.
Ap dung tinh chit chia hét dé tim tap gia tri cia biéu thiec dudi mau.
2
Vi dy: Tim céc gi tri nguyén ciia x dé biéu thirc: A = # nhan gia tri nguyén.
X" +x+1
Giai
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2 2
Taco: A= ;(+X X jXH 1:1— 5 ! :
X +x+1 X +x+1 X +x+1
Khi d6: Dé A nhan gia tri nguyén thi lf(x2 +X+ 1)
Do do:

x> +x+1=1va x> +x+1=-1
Giai 2 phuong trinh trén ta c6 dugc gia tri x can tim.

Phwong phap 5: Phwong phap sir dung bat diang thirc.
Phuong phap nay thuong dugc st dung ddi voi phuong trinh ma hai vé 13 nhirng da thirc ¢6 tinh

chat bién thién khac nhau.
Thong thudngép dung 3 bat ding thirc thudng gap:

(1) Bat dang thirc Cauchy (Cosi):

(2) Bit dang thirc Bunhiacovski (Bunhiacopxki):

(3) Bat dang.thG¢/Chira ddu gid tri tuyét dbi.

Vi du: Tim céc giateix, y e Z' théa man phuong trinh:

ﬂ + E + 2 =3
Z X Yy
Giai
(Ta c6 thé dung phuong phéap 3)
Ap dung bét dang thirc Cauchy chor3 sb duong ta co:

Xy yz zX ’xy yz zX
3:—+—+—233—.—.—=3«3/x zZ
zZ X Yy Z X Yy /

y
Jxyz <l =x=y=z=1

Vay phuong trinh ¢6 nghiém nguyén la (x, y, z) = (1, 1, 1).

Ha

Phwong phap 6: Phwong phap lwa chon.
Phuong phap nay ta chi 4p dung duoc voi cac phuong trinh cho ta/nham duwoc mot vai gia tri
nghiém.
Trén co sé nhitng gia tri nghiém da biét, 4p dung tinh chit nhu chia hét, s6’du, s6 chinh phuwong, sb
tan cling, ... ta ching t6 rang véi cac gia tri khac thi phuong trinh vé nghiém.
Vidu: Timx, y € Z* thoa mdn phuong trinh: x° + 3x% + 1 = y*,
Giai

Tathiy x =0 va y =1, y= -1 thi phuong trinh di cho c6 nghiém dung.
Vi x>0 ta co:

XA +1 <X+ +1 <X+ +1<xXP + 4% +4 = (C + 2)
= G +1)2 <y < (& +2)72
Vi (G + 1) va (% + 2) 1a hai sé nguyén lién tiép nén khong c6 s6 nguyén nio thoa man.
Vayx=0,y= 1vay=-1langhiém nguyén cua phuong trinh.

Phuong phap 7: Phuwong phap lui vo han.
Phuong phap nay thudng duge sir dung v6i cac phuong trinh ¢ (n - 1) 4n, ma hé s6 ¢6 ude chung
khac 1.
Dua vao tinh chat chia hét, ta biéu dién an theo an phu nham ha (giam bot) hﬁng s6 tu do, dé co
duoc phuong trinh don gidn hon.
Str dung linh hoat cac phuong phap dé giai phwong trinh dé.
Vi du: Tim nghiém nguyén ctia phuong trinh: x* - 3y? - 92° = 0.
Giai
Nhan thiy x° = 3(y* + 32%) nén x*:3 = x:3 (vi 3 1a s nguyén ).
bat: x = 3x;. Khi do:
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0= 27x] -3y’ -9z° =3(9xf -y’ —3Z3) :3nén (9xf -y’ —323) : 3.

Suyra: y*:3=y:3.
Twong ty nhu trén thi z: 3.
Ti€p tuc su bi€u dién trén va goi Xo, Yo, Zo la nghiém cua (1) thi

3 EU(XO,yO,ZO)

VéOSXoSyoSZoSQ.
Thyc hi¢n thir, ta chon dugc xo = Yo = Zp = 0 thoa man 1a nghiém cta phuong trinh da cho.
Phwong phap 8: Phuong phap sir dung diéu kién c6 nghiém ciia phwong trinh bac hai.
Phuong phép nay thuong duogc ap dung voi cac phuong trinh f(x, y) = 0, trong do f(x, y) 1a cac da
thirc bac hai.
Ta bién ddiphteng trinh vé dang phuong trinh bac hai, (mot 4n 13 4n cua phuong trinh, mot an 1a
tham sd).
Bién luan théo diéu kién nghiém cua phuong trinh bac hai.
Luu y: Nénchen ans6 co hé sb bang 1.
Vidu: Tim x, y, z'eZ'thoa man phuong trinh sau:
3C+y +4xy+4x+2y+5=0

Giai
Ta co:

3+ Y2+ Axy + 4x + 2y £ B =y” + 2(2x + 1)y + 3x* + 4x + 5 = 0.

Khi do: A'= X - 4, (A'20) =y, {£—(2x+1) s7/A’

Do y nhén gia tri nguyén voi moi X nguyén nen \/E phai 13 s6 nguyén.
SA'=x"—4=n (neN):>x=i2
Ap dung phuong phap 2 (dua vé dang tich).
Voix =-2=y=-5.
Voix=2=y=3.
Vay cac gia tri (x, y) théa man la (-2, -5) va (2, 3).
Chay:
Néu a va ¢ c6 udc chung 16n nhét 1a d: UCLN(a,c)= d thi dat y&d.m:
Néu b va ¢ ¢6 wéc chung 16n nhat 1a d': UCLN(b,c)= d' thi dat x =/t
2. Bai tap ap dung:
Bai tap 1: Tim nghiém nguyén ctia phuong trinh: 3xy +x -y = 1.
Giai
Xy +x-y=1.
< (3y + 1)(3x - 1) = 2, (phuong trinh wéc sd)
Vix, y1a cac s6 nguyén nén 3x - 1, 3y + 1 1a cac s6 nguyén va 1a ude cua 2.
Ta c6 bang sau:

3x-1 -1 1 -2 2
3y+1 -2 2 -2 1
X 0 / 1
y -1 / 0

Vay nghiém nguyén cua phuong trinh 1a : (0 ; -1), (1 ; 0).

Bai tap 2: Tim nghiém nguyén ctiia phuong trinh: X + y = 2
Giai

bat:x=t=>y=2-t

Suy ra ho nghiém nguyén la

X=t
teZ
{y=2—t

Bai tap 3: Tim nghiém nguyén cia phuong trinh: 3x + 5y = 3
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Giai
Tacd:3x+5y=3< (3x+y)+2y=3
bat: t1 =x+vy, (te2)

<3 +2y=3

o2t +ty)+1;=3
bat: t, =t1+y, (tzEZ)
S 2+t =3
:>t1=3-2t2:>y=t2-t1=3t2-3
véx=t1-y=t2-2(3t2-3)=6-5t2
Suy ra ho nghi¢m nguyén cau phuong trinh 1a

{X =6->5t,

t,eZ
y =3t, =3

Bai tap 4: Cho phuong trinh: X - 3y = 4
Tim gia triX nguyén-duong va y nguyén am thod man phuong trinh.

Giai
Tacd: x-3y=5
bat: y=t, (te2)
& X=4-3t
. |x>0 t<0 4
de = & -——<t<0 o t=-1
y <0 4-3t>0 3
. . N x=1
Suy ra phuong trinh c6 nghiém: { |
y=-

Bai tap 5: Cho phuong trinh: 2x + 3y = 4
Tim gié tri X, y nguyén cuia phuong trinh thod man 0 < x +iy.<?2.
Giai

Phuong trinh ¢6 ho nghi€ém nguyén

x=3t—-4

te”Z

y=4-2t

Pé 0<x+y<2

t>0
& =t=1
t<?2

x=-1

y=2

Bai tap 6: Cho phuong trinh: 2x + 3y = 4

Tim nghiém nguyén cua phuong trinh thod man 5 > x >y -3.
Giai

Taco:2x+3y=4

Phuong trinh c¢6 ho nghiém

x=3t-4
y=4-2t
de5>x>y-3

x=3t—-4<5 t<3
= = sSt=2
3t—4>4-2t-3 t>1

Suy ra hé c6 nghiém: {

Xx=2

y=0

Bai tap 7: Cho phuong trinh: X -y =3

Tim nghiém nguyén ctia phuong trinh thod man x<2vay> - 3.
Giai

Suy ra phuong trinh c6 nghiém {
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Phuong trinh c¢6 ho nghi€ém

X=t
Ste”
{y=3—t

Péx<2vay>-3

t<?2
= S0<tk2et=1
t>0

Suy ra phuong trinh c6 nghiém {X =1 )
y=-—

Bai tap 8: Cho phuong trinh: mx + my =1
Tim gia tri m dé phuong trinh c6 nghiém nguyén (x, y).

Giai
Diéu kién can: i phai 1a wéc cua 1
Suyra: m=¥vam-=-1
Diéu kién dt: véim=1 vam=-1,taco: x+y=1vax+y=2.
Hai phuong trinh nay1uén luon.cé ho nghiém nguyén.
Bai tap 9: Cho phuong trinh

mx+2=m

Tim gia tri m nguyén (m <1) dé’x 1a.s6 nguyén.

Giai
bat: m=t, (teZ) = m- 2 = kt, (KeZ)

2

St= ——

1-k
Vim<let<l

< k< -1

| 1-k=%2
Ma (vil-klaudecua?2
I-k==1
=k={10,2 3}
Suy ra: k = -1 thoa man
>m=1=x=-1
Bai tap 10: Tim nghi¢m nguyén cua phuong trinh: mx+ m=1
Giai

Tacd: m=

x+1
Suy ra: x + 1 phdi la udc cta 1
= x={0, -2}
Bai tap 11: Cho phuong trinh: X +y =6
Tim nghiém nguyén thod man 0 <x -y <2

Giai

Phuong trinh c¢6 ho nghiém
{x =t
teZ
y=6-t

dé0<x-y<2
<0<2t-6<2
< 3<t<4
Suy ra khong ton tai t.
Bai tap12: Tim nghi¢m nguyén cua phuong trinh: X + 3y = 11

Giai

Phuong trinh c¢6 ho nghiém nguyén la
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y =

Bai tap 13: Tim nghi¢ém nguyén ctia phuong trinh: 2X -3y =6
Giai

Phuong trinh c6 ho nghiém nguyén la

X =13-3t

(te2)

y=6-2t

Bai tap 14: Cho phuong trinh: X + 100y = ! "
m+
Tim gia tri m dé phuong trinh c6 nghiém nguyén (x, y).
Giai

Nhan thay m + Lphai la udc cua 1

m+1=1 m=0

=1

m+ L=~ m=-2
Xétm=0 ,
Phuong trinh viét lai la: X $100y = 1

. . ) o = . |x=1-100t
Phuong trinh nay luén luén cohgnghiém nguyén (teZ)
Xét m = 2, phuong trinh viét lai 1z X + 100y =-1
) A A A = |x=-1-100t

Phuong trinh nay luén luén cé ho nghi€ém nguyén (te?)

Suy ra phuong trinh luon luoén thod man véi m = 0~va m =2
Bai tap 15: Tim nghiém nguyén cta phuong trinh: 4X - 2y =7
Giai
Phuong trinh ¢6 ho nghi€ém nguyén
X=7-k
(ke 2)
y =14-2k

Bai tap 16: Tim nghiém nguyén cta phuong trinh; 7x + 8y = 100

Giai

(HS tu giai).

Bai tap 17: Tim nghiém nguyén cia phuong trinh: x - 2%y =0
Giai

Taco: x- 2% =0 = x =21%%y

Phuong trinh ludn ludn cé vo sé nghiém nguyén

i -0

m-1 m+l1

Tim gia tri m dé phuong trinh dé phuong trinh c6 nghiém nguyén (x, y).
Giai

Diéu kién can: Nhan thiy m phai 1a uc ctia 1 va m + 1 phai la udc coa 1.

Suyraam=0

Piéu kién du: Véim=0. tacod: y = X

phuong trinh nay luén ludn c6 nghiém nguyén.

Bai tap 18: Cho phuong trinh:

Bai tap 19: Cho phuong trinh: 2%+ —Y_—0
m m-1
Tim gia tri m dé phuong trinh c6 nghiém nguyén (x , y).
Giai
Diéu kién can: Ta co: m phai 1a wc cua 2.
m={-2,-1, 1, 2}
va m - 1 phai la udc cia 3.
m={4,-2,0,2}
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Suyra: m={-2, 2}
Diéu kién du:
Voim=-2,taco: x +y=0 ludn luén c6 nghi¢m nguyén.
Voim=2,taco: x+y=0 ludn luén c6 nghiém nguyén.
Bai tap 20: Cho phuong trinh: 2—X+ 3y =5
4-m 2-m
Tim gia tri m @& phuong trinh c6 nghiém nguyén (x, y).
Giai
Diéu kién can: Phuong trinh c6 nghiém nguyén thi 4 - m phai 1a wéc cua 2
=m=4{2, 3,5 6}
va 2 - m phai la udc cua 3.
= m=4{-1, 13,5}
Suy ra gia tfi m thoa man: m = {3, 5}
Diéu kién du

Xétm=5, /
Phuong trinh viétlaida: 2x+3y =5
x=-5+3t
(te?)
y=5-2t
Vay m = 3 thoa man.
Xétm=5

Phuong trinh viét lai 1a

x=k
& keZz)
y=-5-2k

Vay m =5 thoa man.
Bai tap 21: Tim nghiém nguyén ctua phuong trinh: 2x - 111y =.114.
Giai
Phuong trinh ¢6 ho nghiém nguyén la
x=57+111t
y =2t
Bai tip 22: Cho dudng thing D c¢6 phuong trinh: 5x + 7y - 50 = 0.
a) Tim tat ca cac "diém nguyén" cta D.
b) Tim tit ca cac diém cua D c6 toa do 1a cac s6 nguyén duong.
("Piém nguyén" 1a diém co cac toa dd nguyén)

(teZ)

Giai
a) Xem phuong trinh: 5x + 7y - 50 = 0 (1)
Taco: (1) ©5x+ 7y =50 (2)
Tir 2) = 7y:5
(5, 7=1

—y:5<y=5t (te 2)
= 5x +35t=50=x=10-7t i
Vay tap hop cac "diém nguyén" cia D 1a nhitng di€ém c6 toa do 1a:
x=10-"T7t
{y =5t

voit e Z.
b) x va y nguyén duong. Ta c6:

7 véiteZ
5t>0

{10—7t>0 ¢ <10
=
t>0
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<:>0<t<§, teZ

St=1
Suy ra diéu phai chirng minh.
Bai tap 23: C6 37 cdy tao cb sb trai bang nhau, 17 trai hong, con lai chia déu cho 79 ngudi. Hoi mdi
cdy c6 it nhat may trai.
Giai
Goi a 14 s6 trai ctia mdi cAy tao va b 1 s6 trai tho ciia mdi nguoi.
Ta c6 phuong trinh: 37a- 17 =79 (1)

Véia,beZ'
Ta co:
(1)@a=M=2b+5b+17
3 37
5b £17 2(c-1)

abez' = 8 “ceZ =>b=Tc-3+

bceZ' =2(c-1):5=c=5d+1,deN

Do do, ta co:
a=79d+9
b=37d+4

a,b>0=d>0=a>9
a dat gia tri nho nhat 14 9 khid =0.
Vay s6 tréi it nhat cuia mdi cdy tao 1a 9 trai.
Bai tip 24: Tim s6 nguyén duong nho nhét chid’ eho’1000 du 1 va chia cho 761 du 8.
Giai
Goi a 1a s6 can tim, a € Z*.
Theo gia thiét, ta co:
a=1000x+1=761y+8,véix,yeZ.
< 1000x - 761y = 7
{x =847 -761t
=
y =1113-1000t

VéiteZ ,x>0,y>0=>1t<1.

Taco: x+y=1960 - 1761t

= (x + y) nho nhat khi t 16n nhét.

ot=1

Do do: x=86,y=113.

Vay s6 nguyén duong nho nhét phai tim 13 a = 86 001.

Bai tap 25: Phan 100 6 6 banh mi cho 100 nguol. Thanh nién mdi ngudi 10 6 6, ong gia mdi ngudi 5 6,

ba gia mdi ngudi 2 6, tré con ctr 2 chau mot 6. Hoi ¢ miy thanh nién, may 6ng gia, ba gia, tré con?
Giai

Goix, y, z, t theo thu ty la s6 thanh nién, On gia, ba gia, tré con da dugc phan phéi banh mi.

Véiz, y, z,t eZ'.

Ta c6 h¢ phuong trinh:
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X+y+z+t=1000
10x+5y+2z+%:100

x+y+z+t=100
{20X+10y+4z+t=200
= 19x+9y +3z=100
x—1

=7z=33-6x— 3y—T

X_1=ueZ<:>x=3u+1

=7=33-6(3u+1)-3y—u=27-19u-3y

Chon y = w'v. e/ Z", ta€0: z = 27 - 19u - 3v.
z=100-x=y=z=100-(3u+1)-v-(27-19u - 3v)

St=72+ 16U+ 2w

Taphdico: x>0,y>0=02>0,v>0

Talaicod: z>0 < 27 - 190 -3v> 0.

< 19u +3v<27 ™

u=0 |u=1
SEin!
v<9 |v<2
(i) Véiu=0=x=1
y=1;2;3;4,5;6;7;8
z2=124;21,18;15;12;9; 6; 3
t =74, 76; 78; 80; 82; 84, 86; 88
(i) Véiu=1=x=4,
y=1;2
z2=5;2
t=290; 92
C6 tat ca 10 101 giai.
Xy, z,t)=(1, 1, 24, 74); (1, 2, 21, 76); (1, 3, 18, 78); (1, 4, 15, 80); (1, 5,12, 82); (1,6, 9, 78); (1,
8,3, 88); (4,1,5,90); (4,22, 92).
Bai tap 26: Cho dudng thang (d) c6 phuong trinh: 5x + 7y = 11.
a) Tim trén (d) tat ca cac diém c6 toa do 1a cip sb nguyén.
b) Tim gi4 tri nh6 nhat caa biéu thirc: P = 5|m| - 3|n|
Chobiétm e Z,ne Zvasm+7n=11,
(Dé thi vao 16p 10 Chuyén Lé Quy Pon Nha Trang, vong 2 nim hoc 2004 - 2005)
Giai
a) Xem phuong trinh: 5x + 7y =11, véix,y € Z.
Taco:5x=11-7y=(10-5y) +1-2y

X Va 'y nguyén < % =t, (voi t 1a sb nguyén).

t+1
:>2y:5t+1<:>y:2t+7
. . t+1 .
y va t nguyén < - = k nguyén.

<t=2k-1
Do do, taco: x=-7k+5vay=5k- 2.
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Vay Nhitng diém thudc (d) phai tim c6 toa do la:
x=-Tk+5 voi keZ
y=5k-2

b) Taco:m,n eZ vabm+7n=11

Theo céu (a), ta co:

{m:—7k+5’ KeZ

n=5k-2

= P =5|m| - 3|n| = 5|-7k + 5| - 3|5k - 2|
Xétk<0:

Tacd: P=5(-7k +5) - 3(2 - 5k) = 19 - 20k
= P>109.

Déu "=" xay ra<> k = 0.

Xétk>1:

Déu "=" xay ra'aK= 1.

Vay, min P =1 khim=-2,n=3.

Bai tip 27: Tim tat ca cac nghiém duong cua phuong trinh: ax = a + 10x
Giai

Taco:ax=a+10x (1)

< (a-10)x=a

Véia- 10 #0 < a= 10. Phuong trinh cé'nghiém-duy nhét la: x = o
a p—

10
a—10"

Ta c6 thé viét x =1+

la mot so tur'nhién.

x 1a s6 nguyén duong khi va chi khi 10
a p—

Do d6, ta co:

a- 10|10
<a-10=1,2,5,10
< a=11, 12, 15, 20.
Do d6 ta c6 nghiém nguyén duong cuia phuwong trinh: ax = a + 10x la x = 1146, 3/ 2.
Céacgiatritwuong ungcuaalaa=11, 12, 15, 20.
Bai tap 28: Tim cac cip s6 nguyén duong (x, y) thoa phuong trinh: 6x° + 5y* =74,

Giai

Ta co:

6xX°+5y°=74 (1)
< 6(X% - 4) =5(10 - y) (2)
Tir (2) = 6(x% - 4):5
(6,5)=1=x*-4:5

=X =5t+4,teN.

Thay x* - 4 = 5t vao (2), ta c6: y* = 10 - 6t

t>——
5t+4>0
2>0,y2>0 = 777 o 5<:>—i<t<§,teN
10t-6>0 t<§ 5 3

3
=t=0vt=1
Véit = 0: Khong thoa man yéu cau bai toan.

2= =43
Véit=1,taco: {X 9<:>{X

y'=4 ly=%2
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Vix, y e Z'=>x=3,y=2
Cap s6 nguyén dwong (x, y) phai tim 1a (x, y) = (3, 2).
Bai tap 29: Tim tt ca cac nghiém nguyén duong ciia phuong trinh: xy? + 2xy - 243y + x = 0
Giai
Ta co:
Xy? +2xy - 243y +x =0
< x(y +1)% = 243y
243y

Viy+1l=0néntacd: x= >
(v+1)

(y,y+1) =1
Do d6 muon cho x nguyen thi: (y + 1)%243 = 3°

= (y+1)?£3% vy +1)?=3*
(y+1)2=3?=y=2 x=54
(y+1)?=8"= y= 8x = 24.
Vay nghiém nguygn duong-cta phuong trinh la: (x, y) = 54, 2); (24, 8).
Bai tap 30: Hay dung mot tam'giac vudng c6 sé do 3 canh a, b, ¢ 13 nhitng s6 nguyén va c6 mot
canh do dugc 7 don vi.
Giai
Gia s canh do duoc 7 don vi la‘canh huyén: a=7
< b?+c?=49 (1)
Tir (1) = b* +¢%:7 (2)
7 1a s6 nguyén td co dang 4k + 3, do do:
(2) =b:7 A ci7 3)
Nhung 0 < b, ¢ <7 = (3) khong thé xay ra.
Viy canh do dugc 7 don vi khong phai 1a canh huyén ma lacanh-goc vudng.
Bai toan khong mat tinh tong quat khi ta gia st ¢ = 7.
a®-b? =49
< (a+b)(a-b)=49
Taco:a,beZ,a>b=a+b>a-b>0.
Do d6, ta co:

a+b=49 a=25
R
a—-b=1 b=24
Tam giac vudng phai dung c6 sb do ba canh 1a 25, 24, 7.

Bai tap 31: Tim nghiém nguyén t6 ciia phuong trinh: X% - 2y = 1
Giai

o (X+1)(x-1) = 2y
= (X +1)(x - 1):2 ™
X+ 1vax- 1 cung tinh chat chan, 1¢, do do:
(*)=>x+1:2
x-1:2
= 2y% 4
=y 2
Ma 2 nguyén t6 = y: :2.
y lai 12 s6 nguyén tb =y = 2.
Tr (1) =>x=3.
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Vay nghi€ém cua (1) 1a {

Bai tap 32: Tim tat ca cip sb nguyén dwong (x, y) théa phuong trinh: X° + X + 13 = 2,
Giai
Ta co:
X2+ x+13=y?
& 4%+ 4x + 52 = 4y°
o 4yP - (2x+1)° =51
< 2y +2x+1)(2y - 2x - 1) = 51.
Taco: 2y +2x + 1va 2y - 2x - 1 nguyén duong lé¢ va 2y + 2x + 1 > 2y - 2x - 1.
Do 46, ta c6 cac kha nang sau:

o {2y+2x+1=51®{x=12

2y -2x<1=1 y=13
- 2 2 1=1 =
(i) y+2X+ 7@ x=3
2y -2x—-1=3 y=5

=12 =3
Vay phuong trinh ¢6 2 cap nghiém nguyén duong la: {X 13 {X s
y= y=

Bai tip 33: Tim céc gia tri nguyén %X,y thoa dang thire: (y + 2)x° + 1 =y,

(bé thi'vao 16p 10 €huyén Dai hoc KHTN Ha Noi nam hoc 2001 - 2002)
Giai
Taco: (y+2)x> + 1=y (1), v6ix,y € Z-

2
y —

oxi= 1,y¢—2
y+2

Ta co thé viét: x> =y — 2+i
y+2

X, y nguyén <y + 2|3

<y+2=1,3-1,-3

<y=-1,1,-3,-5

Vix*>0nén (Y -1)(y+2)>0,y-2.

&-2<y<-lvy>1

Do do,tacdé:y=-1vy=1=x=0.

Vay céc gia tri x, y nguyén phai tim la: (x, y) = (0, -1); (0, 1).

Bai tap 34: Tim tat ca cac sb ¢6 3 chit s6 sao cho tich ciia chiing bang tong chiing.
Giai

Goi s6 phai tim 1a abc, voia,b,c e Nval<a<9,0<b,c<9.
Theo gia thiét, ta co:
abc =a+b+c (1)
=b=#0,c=0.
bat:ta=m+1;b=n+1;c=p+1,véimn,p e N.

Ta co:
Q)= m+n+p+3=mM+1)(n+(pP+L)=mnp+mn+mp+np+m+n+p+1
< mnp + mn+mp +np = 2. (2)

Néu ca 3 sO m, n, p déu>1 th1vetra1(2) s€>3=>Vvoli

Vay trong 3 s6 m, n, p c6 it nhat mot s6 bang 0. Khong mat tinh tong quat, ta c6 thé gia sit m = 0.
2)=nmp=2=n=1p=2vn=2,p=1.

Vay cac s6 phai tim 1a 123, 132, 231, 213, 321, 312.

. . . —2 —2
Bai tap 35: Tim tat ca céc so co hai chir so sao cho: ab —ba =1980.
Giai
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R
Tacd: ab —ba =(ab+ba)(ab—ba)=l980

< 99(a + b)(a-b) =1980

< (a+b)(a-b)=20

Taco:18>a+b>a-b>0

Mit khac: a + b va a - b ciing tinh chat chén, 1&. Do d6 ta c6:

{a+ b=10 {a =6
=
a—b=2 b=4
Vay s6 phai tim 13 64.
Bai tap 36: Tim tit ca nhitng s tu nhién c6 3 chir s6 abc dé tong cia 6 s6 ¢6 2 chit s6 khac nhau
duoc viét tir.cacehir sb a, b, ¢ b?lng abc.
Giai
Theo gia thiéf, ta co:
ab+ba+bc+cb+ac+ca=abc < 26a=4b+7c 1)
Véia,b,c e Nval<a, b c<9
T (1) = c:2=c<8.
Do d6:26a<92 > a<3=a=12, 3.
Véia=1
()=>7c<26=c<3,ci2=c=23b=3.
Taco: abc = 132.
Véia=2
(1)=>4a+7c=52 (2)
(2) = 7c:4
7. 4=1=cd4 (¥
Twr (2), ta lai co:
7c<52=0<c<7 (**
Tu (*) va(**)=>c=4,b=6.
Ta co: abc = 264.
Véia=3.
(1)=>4b+7c=78
Néuc<4=7c<28=4b>50, V0 li
Do do: c>4,052:>C26.
Néuc=8= 78:4,0 Ii.
Do do: c=6.
=b=0.
Ta co: abc = 396.
Vay c6 ba sb thoa man yéu cau cia bai toan 1a 132, 264, 396.
Bai tap 37: Chimg minh rang phuong trinh: x° —x*y —13x’y” +13x%y’ + 36xy* —36y° =1937.
khong c6 nghiém nguyén.
Giai
Ta co:
n=x"—x'y-13x’y* +13x’y’ +36xy* -36y°

=x*(x—y)-13x’y* (x—y)+36y* (x—y)
=(x—y)(x* =13x%y +36y*)
=(x—y)(x2 —4y2)(x2 —9y2)
=(X—y)(x—Zy)(x+2y)(x—3y)(x+3y)
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Nhéan xét: X #y, x;tOvéy;t 0.
n phan tich thanh 5 thira s6 nguyén. ) )
1937 la tich ctia hai nguyén t0 1a 13 va 149 nén phan tich duogc thanh 4 thira s6 nguyén t6 ma thoi:
1937 = 1.13.(-1)(-149) = 1.149.(-1).(-13), ...,
Do d6 n khong the bang 1937.

n= 1937, VX, y 7
Vay phuong trinh da cho khong thé c6 nghi¢m nguyén.
Bai tap 38: Tim nghiém nguyén cua phuong trinh sau: x* + (x + 1)4 =y’ + (y + 1)2

Giai
Ta co:

)(4+(X+1)4:y2+(y+1)2 (1)
& 2x* +4x7 46X +Ax+1=2y> +2y +1
o xP 2R304 2% =y +y
2 2 2

<:>(x +X+1) =y +y+l (2)
T (2), ta suy ra (y2 +y+ 1)2 14 mot sb chinh phuong.
Xéty >0, taco:

Y <y +y+1l<(y+ 1) a0ly

=y<0.

Xéty<-1,taco:

(Y+1)P<y’+y+1<y’voli

=>y=-1

Do d6, ta co:

-1<y<0,yeZ<ey=-1vy=0.
Voiy=-1
(2) = (C+x+1)P =1 X +x=0(ViX* +x>0)

< x=0vx=-1L
Véiy =0, két qua tuong tu:
Vay nghiém nguyén cia phuong trinh (1) la
(X1 y) = (O! O)) (Ol - 1)1 (-1’ 0)1 (-1! -l) 5
Bai tap 39: Tim s6 nguyén khong am x, y thoa dang thuec:
x> =y> +4y+1

Giai
Xem phuong trinh: x> =y* +«/y+1 ,VOIX,y € z
Xéty=0=>x*=1,xeZ =>x=1
Xéty>1=>x>3.
Taco: (x+y)’(x-y)’=y+1
Suyra: (y+1):(x +y), vo Ii

. =1
Do d6 cac so nguyén khong am phai tim la {X 0
y =
Bai tap 40: Tim s6 nguyén x thoa dang thirc:
x> +x+12y+1=36

Giai
Xem phuong trinh: x* +x + 12\fy +1=36
Piéu kién: x € Zvax>-1 ’ ’
Ta c6: X* + x = x(x + 1) la tich cta hai s6 nguyén lién tiép nén khong 4m

X +x>0

Dau "=" xdy ra < X = -1 v x = 0, khong thoa méan.
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=>x+x>0
Tasuyra: x>1=x*+x>2

= 2<UXx+1<3=2<x+1<9
Mit khéc, ta phai c6: x + 1 =p? p € N.
=2<p’<9=>p’=4=>x=3.
Véy nghiém nguyén cua phuong trinh da cho la x = 3.
Bai tap 41: Tim cac sO nguyén duong X, y, z théa man phuong trinh:
2% +2Y +27 =2068
Giai
Xem phuong trinh: 2* +2Y +2° =2068, véix,y,z € Z*
Gia str: x >y >.z ta c0:
2 (27 427 +1)=4.517
Suy ra: z =2. Ta.co:
D74 DR =516 <27 (2 + 1) =4.129

Suyra:y =4. Taco:
24=128=2" <X = I
Vay cac s6 nguyén duong x,yZphdi timla (x, y, z) = (11, 4, 2).

Bai tap 42: Tim céc sb tu nhién x_ ¥hoaminphuong trinh: x2 + 4x + 3= 27 2
Gidi

Taco: X2 +4x+3=2""%

e (x+3)(x+1)=2"">

=2 >3 >
Do d6: (x + 1)(x + 1) déu 1a nhirng liy thira cua 2.
bat:

Xx+3=2"

x+1=2"
VéimneNvam>n>1=y -2y=m+n
Taco:2m-2"=2
= 2"2™" - 1) =2
2™~ 1 1a mot s6 tu nhién 1é nén ta cé:

2m —1=1 m=2
= =x=1
2n:2 n=1

Taco:y?-2y=3<Vy-2y-3=0,yeN=>y=3.

Vay x, y thda man phuong trinh da cho 1a (x, y) = (1, 3).

Bai tap 43: Tim s6 nguyén duong X, y, z théa mén phuong trinh: yx* = X + y*
Giai

Ta co:

y=x+y o x=yx -y

= X1y = Xy

S xiyox=tyteZ

Tasuy ra:

tyz =y. tz.yzz Yy =t= tzyzz—z+1
St+1= .y’ ! (1)
Ter(l) = litet=1

- yz27z+1 —9

y,z € Z'. Do do, ta co:
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=2 -2
y2 = Y =x=2
X —z+1=1 z=1

Vay nghiém nguyén duong cia phuong trinh (1) da cho 1a (x, y, z) = (2,2,1).
Bai tap 44: Co6 12 quyén Ty dién Bach khoa toan thu nam & trén gia sach theo thir tw sau: 1, 2, 3, .
10, 12, 11 (Hai quyén sau cung cung nam khong dung thir t).
Cho phép lay ra 3 quyen bat ki lién tiép nhau va sap xép lai & cho tuy y trén gia sach. Co thé tién
hanh mdt vai 1an d6i chd nhu thé hay khong dé sip xép lai 12 quyén Ty dién theo dung thir tu?
Giai
Co6 thé thyc hién dugc.
Thi du:

123456,789101211
|—
| I

123456712891011
- <
= 1

1234567 10 114289
%/_/
e |

123456789101112.

3. Bai tap tu luyén:

Bai tap 1: Tim nghi¢m nguyén ctuia phuong trinkixy<X -y = 2.

Bai tap 2: Tim nghiém nguyén ctiia phuong trinh11x + 18y = 120
1 1

Bai tap 3: Tim nghiém nguyén cia phuong trinh: — + —%= %
X Ty

Bai tap 4: Tim nghiém nguyén cia phuong trinh

1001x + 1002y = 1003
x =—-1003 + 1002t (t

Dép-s6
y'=1003 -1001t
Bai tap 5: Tim nghi€ém nguyén cia phuong trinh
x y 1
— =
2 3 4 ;
Dap’s6: VO nghiém.
Bai tap 6: Giai bai toan co
Vura ga vira cho
B6 lai cho tron N
’ Mot :crém cha:m chan
Hoi s6 ga, s6 chd moi loai bao nhiéu con ?
~ =t S
Hudng dan: Tim t thoda man h¢ {X 50 (t € N) va bai toan
y=>50-t
Bai tap 7: Cho hai gio bi mdi logi. Gio thtr nhat dyng Ién hon 100 bi trang, gi6 thtr hai dung it hon
10 vién bi do. Ban thur 18y bi ra sao cho qua mét lan lay bi do va sau lan lay bi trang thi ban dugc
tong so bi la 120 vién.
. |x=120-6t
Dép sb: { : (t € [3,10))
y =

Bai tap 8: C6 2 doan dudng di, doan thir nht dai 5m, doan thtr hai dai 6m. Ban hiy xuét phat trén
mdi doan dudng sao cho d6 dai trén hai doan duong ma ban di dugc 1a 80m. Biét tir khi xuat phat
dén Iic vé vi tri xuat phat 1a dugc 1 vong. Hay tinh s6 vong di ma ban phai trén hai doan duong véi
cac sd nguyén lan vong di
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Pap s6: Vo nghiém
Bai tap 9: Cho phuong trinh
mx + my = 2
Tim gia tri m dé phuong trinh c6 nghiém nguyén (x, y).
Papsé:m=+2vam=+1.
Bai tap 10: Cho phuong trinh
X+(m+l)y=4
Tim gia tri m nguyén dé phuong trinh c6 nghiém nguyén x <3 va y > 4.
Pap s6: Khong ton tai m.
Bai tap 11: Cho phuong trinh
(Mm-1)x+my=m
Gié tri m dé phuong trinh cé nghiém (x, y) nguyén thoa man x +y = 1
Pap s6: Moi m.
Bai tap 12: Cho ghu’orng trinh
210 1 380y = 410

C [x=4"-3"%
Dap so: teZ
p {y o, €7
Bai tap 13: Tim nghiém aguyén cua phuong trinh
1001x + 1002y = 1003
.z |x=-1003+1002t
Dap so: (t € Z)
y =1003 -1001t
Bai tap 14: Giai phuong trinh nghi€ém nguyen
31000y 4 5 31000, — 31001
. |x=3-2t
bap so: ( € Z)
y=t
Bai tap 15: Giai ghuong trinh nghi¢m nguyén
2%+ 2%y =3.2"
oz |x=6-2t
Dap so: (t € Z)
y=t
Bai tap 16: Tim gia tri ciia m 13 s6 nguyén sao cho phwong trinh sau c6 nghiém ngiyén (x, y)
10 "t 7 y=17
11-m m-3 )
Pap so: m=10.

Bai tap 17: Tim gia tri m 1 s6 nguyén thoa mdn x + y = -1 va phuong trinh sau ¢6 nghiém
nguyeén (x, y)
3mx+my=1
Pap sb: m== 1.
Bai tap 18: Gidi phuong trinh nghiém nguyén
(1+320x+ (1-2%y=2+2"

.z |Xx=1-2047t
Dap so: (t € Z)
y =1+5115t
Bai tap 19: Phuong trinh v6 dinh bac nhat. Tim nghiém nguyén ctia phwong trinh sau:
6x + 15y =10

Dap s6: Khong c6 nghiém nguyén.

Bai tap 20: Tim nghiém nguyén cia phuong trinh: 2x + 3y =11
DPap sd: x=-3t+4vay=2t+1,voit € Z.

Bai tap 21: Tim nghiém nguyén cua phuong trinh: 3x + 5y = 10
Bai tap 22: Tim nghiém nguyén cta phuong trinh: 4x + 5y = 65
Pap s6: (x, y) = (15, 1); (10, 5); (5, 9).

Bai tap 23: Bai toan Euler:
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Hay phan tich 100 thanh tong cta hai s6. Trong d6 mot s6 chia hét cho 7, s6 con lai chia hét cho 11.
Dap s6: 56 va 44.
Bai tap 24: Chia 12 6 6 banh mi cho 12 nguoi. Thanh nién mdi ngudi hai 6, ‘nguoi gia hai nguoi mot
b, cac em be thi ctr bbén em mot 6. Hoi miy thanh nién, miy ngudi gia va miy em bé?
Pap s6: 5 thanh nién, 1 ngudi gia, 6 em bé.
Bai tap 25: Tim cac cip s6 nguyén duong (X, y) sao cho: x(y - 1) = 10y.
Bai tap 26: Tim nghiém nguyén cua phuong trinh:
X+Xy+y=9
(Dé thi vao 16p 10 Chuyén Pai hoc KHTN Ha Ngi nim hoc 2002 - 2003)
Dap s6:
(x,¥)=(0,9); (9,0, (1,4), (4 1), (-2,-11), (-11, -2), (-3, -6), (-6, -3).
Bai tip 27: Ching minh rang khong thé co cac ;g nguyén X, y théa man phuong trinh:
1993
Dé thi vong 2vao 16p 10 Chuyén Tran Pai Ngh1a TP. HCM nam hoc 2004 - 2005)
Pap s: Khong ton taix, y.
Bai tap 28: Tifm.s6 fiznhién X va y théa man phuong trinh:
10x% + 29xy + 21y* = 2001.
(Dé thi vao 16p 10 Chuyén Poan Tin Pai hoc Vinh nim hoc 2001 - 2002)
Pap sb: (x, y) = (4, 7).
Bai tap 29: Tim nghi€ém nguyén‘daong cua éohuong trlnh
Xet X + 19 = 72
Bai tap 30: Tim tat ca cac cap sd hguyéd (x, y).thoa man dang thirc:
V- 1= X%+ 2
(Dé thi vao 16p 10 Chuyén Pai hoc KHTN HaNéi nai hoc 2000 -2001)
Dap sb: (x, y) = (-2, -2); (0, -2); (2, 6), (4, 6).
Bai tap 31: Tim cac s6 nguyén x, y thoa mén phuongtrinh:
oy Y 0
(Dé thi vao 16p 10 Chuyén Tran Dai Nghia nim hoc 2004 - 2005)
Dap sb: (x, y) = (0, 0).
Bai tip 32: Huéng dan giai trén tap N cac sb tu nhién:
(x + 1)y? = x* + 1576
Dap sb: (x, y) = (18, 10); (82, 10)
Bai tip 33: Hudng dan giai trén tap s nguyén tu nhién:
2(x +y) + Xy =X +y
Pap s6: (x, y) = (0, 0); (2,0); (0, 2); (4, 2); (2, 4); (4, 4).
Bai tap 34: Huéng dan giai trén tap so nguyén:
(n+5)?=64(n - 2)°
Dap sb: n=3.
Bai tap 35: Tim tat ca cac sd ¢ 2 chit sd sao cho cac chit s6 x va y cta cac sd do 1a nghiém cua
phuong trinh:
-y = Axy +1

Dép s6: 17 s0 thdoa man yéu cau bai toan.

Bai tap 36: Tim cic sO tu nhién x, y, thoa mén (x + y)(x* + y¥) = 1981.
bap s6: (x,y) = (3, 4); (4, 3).
Bai tap 37: Tim s0 nguyén duong x, y thoa man céc phuong trinh sau:

L1 1
Q ———=— b)—+l:l+L
X 'y 3 X y 3 Xy
Dap so:

a) (x,y) = (2, 6)
b) (X, y) = (9, 4); (4, 9); (6, 5); (5, 6) q
Bai tap 38: Xac dinh cac gia tri nguyén m dé phuong trinh:
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X+y=2
mx—y=m
C6 nghiém nguyén. .
(bé thi vao 16p 10 Chuyén Toan Lé Hong Phong TP.HCM nam hoc 1995 - 1996)

Pap sé: m=0vm=-2. i
Bai tap 39: Tim moi k nguyén duong dé h¢ phuong trinh sau c6 nghi€ém nguyén:

2(k+1)x+(6k+2)y+2k—-4=0
2(k+1)x+(k*+3k +2)y -4k -4 =0
Papso: k={2;4;6}. ,
Bai tap 40: Ching minh rang véi moi s6 nguyén a va b, hé phuong trinh:
X+y+2z+2t=a
2x—-2y+z—t=b

ludn ludén c6 nghuém nguyén.,
Bai tap 41: Chung‘minh fang néu hé phuong trinh:
y—2x—-a=0
y’—xy+x’—b=0
Véia, b € Z c6 nghiém hitu ti (x, y)itht x ya-y la nhiing sO nguyén.
Bai tap 42: Tim cac sO nguyén dweng (X, y) thoa man hé phuwong trinh:
X+3y=15
X+¥y=3"
Pap sb: (x, y, z) = (6, 3, 2).
Bai tip 43: Tim X, y € Z thoa man phuong trinh: X2+ - X- Y=8.
bap so:
(Xy y) = (2! 3)1 (2! -2)1 (-1$ 3)1 (_1! -2)1 (3$ 2)1 (3! -l)r (_2! 2)! (-21 -l)
Bai tap 44: Giai cac phuong trinh nghi€ém nguyén sau:
a) X* + 4y? = 115 - 2x
b) X% + y* + 22 = xy + 3x + 2z - 4.
Bai tip 45: Tim X, y € Z thoa man phuong trinh sau: XX +x-y*=0
bap s0: (x, y) = (0, 0); (-1, 0).
Bai tap 46: Giai cac phuong trinh nghiém nguyén sau:

a) X* - 4xy = 25

b) 3x*-xy=5

C) X+y=xy

Bai tip 47: Tim X, y, Z € Z" théa min phuong trinh:
1 1 1
—4—+—-=2
X y z

bap s6: (X, ¥, z) la hoan vi cua (1, 2, 2).
Bai tap 48: Tim nghiém nguyén duong cua cac phuong trinh sau:
a)X+y+z+t=xyzt
I 1 1 1
b) —+—+-—=—-—
x y z 1995
C) ﬁ + ﬁ + E =3
z y X
d)x+y+1=xyz
Bai tap 49: Tim céc gid tri x, y nguyén thda man phuong trinh:
2°X+X+y+1=x>+2y* +xy
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(D& thi vao 16p 10 Chuyén Toan PH KHTN-DHQG Ha Néi)

Papsd: x=0vax=1.
Bai tap 50: Tim cac sé nguyén duong x, y thoa mén phuong trinh:
F+1=(y+1)
Pap s6: (x, y) = (1, 1).
Bai tap 51: Tim nghiém nguyén duong cua cac phuong trinh sau:
a) X* - 2y* = 5.
b) 19x* + 28y* = 729
C)Xy+x-2y=3
Bai tap 52: Ching t6 phuong trinh sau vo nghiém:
X+ y +22=x+y+z+2000
Bai tap 53: Tim nghiém nguyén duong ctia phuong trinh sau:
(X+y+1)*=30C+y +1)
(Dé duoc trich-lr toan tudi tho 2).
Huéng danyStr dung bit ding thirc Bunhiacopxki.
Dap s6: (x, y) = (151).
Bai tap 54: Tim ¢a¢ s6 nguyén'x thoa min phuong trinh sau:

IX - 3J#x - 10] + [x + 101] + |x + 990| + [x + 1000 =

Pap s6: x = -102 va x= - 100
Bai tap 55: Giai cac phuong trinh-ighiém nguyén duong sau:
a) X*-xy+y =3
b) X2 + 2y? + 27° - 2xy - 2yz - 2z =4,
Ta can chirng minh phuong trinh vé nghiém¥éi X = 0.
Bai tip 56: Tim X, y € Z* théa min phu gtrinh
X+ x1=3¥*1

(Dé dugc trich Tap chi tir toan hoc va tudi tré)
Daép sb: Phuong trinh v6 nghiém.
Bai tap 57: Tim X, y € Z thoa man phuong trinh:

X% - 6xy + 13y? = 100
Dap sb: Cac nghiém nguyén ctia phuong trinh 1a:
Bai tap 58: Giai cac phuong trinh nghiém nguyén duong sau:
a) x(x + 1)° = y*
b) 6x° - 5y* = 74,
Bai tap 59: Giai cac phuong trinh nghiém nguyén sau:
a) X* + 2y° = 47°
b) x3-2y*-472°=0
c) x*- 52 = 0.
Bai tap 60: Tim nghiém nguyén cua phuong trinh sau:

12x% + 6xy + 3y” = 28(x + )

Hudng dan: Xem phuong trinh trén theo an y va tham sd x.
bap s0: (x, y) = (0, 0); (1, 8); (-1, 10).

Bai tap 61: Tim X, y € Z thoa man phuong trinh: X - 6xy + 13y* = 100.

Huong dan: Xem phuong trinh trén an x va tham sd y.

bap so: (x, y) = (-5, -3); (-4, 9); (-3, 11); (0, 13); (3, 11); (4, 9); (5, 3).
Bai tap 62: Giai cac phuong trinh nghiém nguyén sau:

Q) 2X° + 2y% - 2xy + x +y - 10 = 0.

b) x? - xy + 5y - 5x + 2 = 0.
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CHU PE 4
PHEP CHIA HET VA PHEP CHIA CO DU

1. Kién thirc co ban:
Pinh Iy vé phép chia:
Dinh ly:
Choa,beZvab#0.
Khi d6 ¢6 hai s6 nguyén q, r duy nhét sao cho:
a=bhg+r
v6i 0 <r<b|, ala s6 bi chia, q 14 thuong s6 va r 1a s6 du.
Khi a chia cho Bithi s6 du cothé 14 0; 1; 2; ...; b| - 1.
Dic biét: Néu = 0 thi a = bq, khi d6 ta néi a chia hét cho b hay b 13 udc cia a.
Ki hiéu: a: brhay ba.
Viya'b < co60-nguyén p sao cho a = bq.
Tinh chit:
Néua:bvab:cthia:c.
Néuaib,a‘cva (b, c) = 1thi-aibc.
Néuab:cva (b, c)=1thiaic.
Pong du thirc véi phép chia hét:
a=b (modm) < a-b:m.
Déu hiéu chia hét
- Dau hi¢u chia hét cho 2
Tich hai s6 tu nhién lién tiép thi chia hét cho 2.
Céc s ¢6 sb tan cung la 0 hoac s6 chn thi chia hét che 2.
aa ..a,a,:2<a,:2 (ne N)
- Dau hi¢u chia hét cho 3 va 9
Tich ba s6 tu nhién lién tiép thi chia hét cho 3
nn+1)(n+2):3
Téng cac chit s6 cia mdt s6 chia hét cho 3 va 9 thi s6 d6 chia hét cho 3va.9:
aa_.aa, 3 (a, +a, +..+a +2a,)3

n-n-1°
- D4u hiéu chia hét cho 4 va 25
Néu hai chir s cuoi cung ctia mdt s chia hét cho 4 thi s6 do chia hét cho 4

aa  ..aa;:9 c:>(an +a, , +..+a, +a0):9

aa  .aa,:4<aa; 4

Tich bén s6 ty nhién lién tiép ludn chia hét cho 4. ,
Nhirng s6 chia hét cho 25 khi va chi khi hai chir s6 cudi cung hop lai chia hét cho 25

aa ,.aa,:25<aa,:25

- Déu hiéu chia hét cho 8 = 2° va 125 = 5°
Néu ba chir s0 cudi cung ciia mot sO chia hét cho 8 thi s6 d6 chia hét cho 8

aa ,..a,aa,:8<a,aa,:8

n-n-1°

Néu ba chit s6 cudi chia hét cho 125 sb dé chia hét cho 125
aa .a,aa,:125<a,aa,:125

n - n-1°

- Déu hiéu chia hét cho 5
Cac s0 c6 chir s0 tan cung la 0 va 5 thi chia hét cho 5.

aa, ..aa,:5<a,=5vaa, =0
Tich 5 s6 tu nhién lién tiép ludn ludn chia hét cho 5.
- Dau hi€u chia hét cho 6

Tich 3 s6 ty nhién lién tiép thi luon ludn chia hét cho 6.
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Céc sb chia hét cho 2 va chia hét cho 3 thi chia hét cho 6.

- Dau hiéu chia hét cho 11

S6 chia hét cho 11 13 nhiing s6 c6 tong cac chit sO ¢ vi tri 1€ trir di tong céc chir sO ¢ vi tri chan chia
hét cho 11.

aa  .aa,:11< D%, +(-1)""'a,  +..+a, —a, +a,

n-n-1°

- D4u hiéu chia hét cho 7 va 13

. i .
a; .,a; 34, ..a,aa,:7 < ((—1) a, ,a, ,a, +..+a,aa, ):7

. i .
a; ,a;,,a;..2,8,a,:13 & ((—1) a; .,a; .4, +..+a,aa, ):13

Mét s6 ménh dé:
Ménh dé 1:
Véimdi sdp=40s+r voir=1, 3,7, 9 ludn tim dugc sé nguyén k phu thudc vao s var dé 10k =
1(mod p), nghfa 1a 10k » 1 chia hét cho p.
Mgénh dé 2
S6 tu nhién T =‘ajaga, &, cé.cing sd du véi sb nguyén
10"1.D = 10" (ay tkay+kas+ ... +k™ay)
khi chia cho s6 p = 10s +r-véin= 1, 3, 7, 9, con k 13 s6 thoa man 10k = 1(mod p).
N6i ngén gon: T = 10"%.D (mod p):
Mgénh dé 3:
S6 tu nhién T = a,a,...a_,a. chiahét che p khiwva chi khi
D = aj$Kaztk’as+ ... +k''a;

chia hét cho p, trong d6 p=10s + r v&ir = 1, 377, 9%on k 13 s6 thoa min 10k = 1 (mod p).
Ménh dé 4:
Diy s6 ¢(p) chia cho s6 1& p khong 13 bdi 5 1a diy s tudn'hoan-c chu ki 1a u6e sé Euler ¢(p).
Dinh li Ole:
Néu (a, p) = 1va p nguyén t6 thi a®® =1 (mod p)
Tinh chia hét cia da thirc
Cho céc hai da thirc P(x) va Q(x). Pa thirc P(x) chia hét cho Q(x) khi va chi khi da thic du 1a da
thirc 0. Néu da thirc P(x) khong chia hét cho da thire Q(x) khi va chi khi'dathirc du khac 0

Hay P(x) = Q(x). h(x) + R(x), (R(x) la da thirc du)
bac cua da thirc R(x) ludén nhé hon da thic Q(x).
Néu Q(x) c6 nghiém 1a o thi Q(o) = R(ct) va nghiém cua da thirc P(x) 1a nghiém.¢ta darthirc R(x).
Pinh li Bézuot:
S6 Xo 1a nghiém cua da thirc P(x) khi va chi khi P(x) chi hét (x - Xo).
Cac dang toan co ban:
Dang 1: Sir dung tinh chat: Trong n s6 nguyén lién tiép co mot va chi mot s6 chia hét cho n, m > 1.
Dang 2: Sir dung bt dang thirc mé rong.
Dang 3: Phép chia hét va phép chia co du.
Dang 4: Nguyén ly Dirichle d6i v6i phép chia hét va chia co du.
Dang S: Phuong phap quy nap.
Dang 6: Sir dung dong thu thrc.
Dang 7: Ap dung dinh Iy FERMAT.
Dang 8: Hé dém co sd.
2. Bai tap ap dung:
Dang 1: Tinh chit: Trong n s6 nguyén lién tiép c6 mdt va chi mét sé chia hét cho n, m > 1.
Bai tap 1: Ching minh rang;
a) Tich hai s6 chdn lién tiép chia hét cho 8.
b) Tich ba s6 nguyén lién tiép chia hét cho 6.
¢) Tich 5 sb nguyén lién tiép chia hét cho 120.

Giai
a) Hai sb chén lién tiép co dang 2n va 2n+ 2, (véin € 2).
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Do do: Tich cua chung la 2n(2n + 2) =4n(n + 1).
Man van+ 1 14 hai s6 nguyén lién tiép nén c6 mot sb chia hét cho 2.
Do dé: n(n+1) :2.
Suyra: 4n(n+1) : 8.
Vay tich ctia hai s§ chdn lién tiép chia hét cho 8.
b) Ba s6 nguyén lién tiép c6 mot sb chia hét cho 2 va mot s6 chia hét cho 3 nén tich cua ching chia
hét cho 6 (vi (2, 3) = 1).
c) Tacd: 120 =3.5.8.
Trong 5 s6 nguyén lién tiép c6 mot s6 chia hét cho 3 va mot s6 chia hét cho 5 nén tich chia hét cho 3
va 5.
Ta ching minh trong 5 s0 nguyén li€n tiép co hai s6 chan lién tiép nén tich chia hét cho 8 (cAu a).
That vay, 5 sO nguyén lién tiép co dangn,n+1,n+2,n+3,n+4
Néu n 13 s6 ¢han thi n va n + 2 13 hai s6 chin 11en tiép.
Néunlasd lethin+ 1 van+3 1ahaisd chin lién tiép.
Do d6: Tich'> somguyén lién tiép chia hét cho 3.5.8 = 120.
Bai tip 2: Chiing'minh rangwvoim, n € Z, ta cd:
a)yn*+11n: 6
b) mn(m? - n%):3.
c)n(n+1)(2n +1):6.
Giai
a) Taco: n® +11n=n-n+ 12n =@ L)n(h % 1) + 12n.
Vi (n- Dn(n + 1) 1a ba s6 tu nhién lién tiép nén'(n - 1)n(n + 1): 6 va 12n:6.
Vayn®+11ln: 6

b) Ta cé:
mn(m? - n®) = mn[(m? - 1) - (n* - 1)] = mn(m? - 1)< mn(n? - 1).
Ma
m(m?- 1) =(m- 1)m(m +1): 6
va
n(n’-1)=(n-1)n(n+1):6
nén

mn(m? - n?):6, véim, n € Z.
c)nin+1(2n+ 1) =n(n+1)(n+2+n-1)=n(n+21)(n+2)+(n-1)n(n+1D):6.
Bai tap 3:
a) Cho p 1a sb nguyén t6 16n hon 3, chirng minh rang p’-1:24,
b) Chirng minh ring n va n° ¢6 chit s tan cing giéng nhau.

Giai
a) p 1a s6 nguyén t6 1on hon 3 thi p 1a s6 1¢ va p khong chia hét cho 3.
Ta co:

p-1=(-D(p+1) o ,

plasolénénp-1vap+11ahaiso chan lién ti€p nén:

(-D(p+18 o ,
Mat khéac, p - 1, p, p + 1 1a ba s nguyén lién tiép nén c6 mdt s chia hét cho 3, ma p khong chia hét
cho 3nénp - 1 hodc p + 1 chia hét cho 3.
Twr do, suy ra:

(p-1D(p+1):3 (2)
Vi(3,8)=1vatu(l)va(2),suyra:

p?-1:24

b) Dé chirng minh n va n° ¢6 chit s6 tan cing gidng nhau, ta chirg minh hiéu n° - n: 10.
Ta co:
n°-n =n(n*-1) =n(n?- 1)(n? + 1) = n(n’ - 1)[(n? - 4) + 5]

=n(n? - 1)(n? - 4) + 5n(n* - 1)

(n-2)(n-1)n(n +1)(n+2) +5(n - 1)n(n + 1)
(n-2)(n- Dn(n+ 1)(n+ 2) 14 tich cta 5 s6 nguyén lién tiép nén chia chét cho 2.5 =10
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va 5n(n -1)n(n + 1):10.
Do d6: n° - n: 10.
Nhan xét: Ta chirng minh dugc n°-n: 30, voimoin € Z.
Bai tap 4:
, s n° n* 7n . T
a) Chirng minh rang: 5 +? +G la s6 nguyén véi moin € Z.

2 3
b) Chirng minh véi n chin thi — +— +—— 1a s nguyén.
12 8 24

Giai
a) Ta co:
n 8n n n

— =n=-—=n
15 15 5 3
Do d6:
n’ n_3 7n_n5—n n’—n

— - +
5 3745 5 3

Ta chirng minh dugé n® - n:10van® - n:6.
> n* 7n 0

Do d6: — +—+— 1a so nguyén (dpcm).
stT3 75 guyen (dpcm)

+n

b) Gia st: n=2m, (m € Z), ta co:
n n° n m m_2 m3_2m3+3m2+m_m(m+l)(2m+l)

—_ — = =

12 8 24 6 2 3 6

, ) . . mnt A
Ta ching minh dugc: m(m + 1)(2m+ 1):6 nén E+§+2_4 la s6 nguyen.

Bai tAp 5: Cho m, n 14 hai s6 chinh phuong 1¢ lién tiéps
Chirng minh rang: mn - m-n+ 1:192.

Giai
m, n 13 hai s6 chinh phuong 1¢ lién tiép nén c6 dang:

m=(2k - 1)’ van=(2k + 1)?, voik € Z.
Do do:
mn-m-n+1=(m-21)(n-1) =[(2k - 1)?- 1][(2k + 1) - 1]

= (4K - 4k)(4k?* + 4K) = 16K*(k - 1)(k + 1).

Taco: (k- 1)k(k + 1):3 va (k - Dk.k(k + 1):4 nén k*(k - 1)(k + 1): 12.
Do d6: mn-m-n+1=16k*(k-1)(k + 1):16.12 = 192.
Bai tip 6: Ching minh ring trong 1900 sb tu nhién lién tiép c6 mot sb co tong cac chir sb chia hét
cho 27.

Giai ’
Gid str 1900 s6 tu nhién lién tiép la:
n,n+1, .. n+1899. (¢D)

Trong 1000 s6 tu nhién lién tiép n,n+1,...,n+999 c6 mdt s6 chia hét cho 1000.
Gia str s6 d6 1a n. Khi d6: ng ¢6 tan cing bang 3 chir s6 0.
Gia str tong céac chit s6 cta ng 1a k.
Khi d6: 27 sd ng, o + 1; ..., No + 9; No + 19; ...; No + 99; no + 199; ng + 299; ..., np + 899 (2)
co téng cac chit s6 1an lwot A k; k + 1; ..., k + 26.
Trong 27 sO tu nhién lién tiép k;k+ 1; ...; k + 26 c6 mot s6 chi hét cho 27 (dpcm).
Cha ¥ rang: Tir np + 899 <n + 999 + 899 < n + 1899 nén cac sd & trong day (2) con nim trong day
2).
Vay trong 1900 sb ti nhién lién tiép c6 mot s6 co tong cac chit sd chia hét cho 27.
Bai tap 7: Tim moi s6 tu nhién sao cho so:
n®+(n+1)>%+(n+2)7>+(n+3)°

chia hét cho 5.

Giai

Bién soan: Tran Trung Chinh 65



.2 CHUYEN DFE: ON THI MON TOAN VAO LGP 10 THPT :.

Ta co:

n’+ (n+1)%+ (n+2)%+(n+3)°=4n’+12n + 14

= 4n” + 12n + 1435

—4(n-1>+20n+10:5

= (n-1)%5

That vay, ta dat n= 5k + 1, keN.

Khi d6 (n - 1)* = 25k : 5.

Vay cac s6 tunhiénr}phéitimcé dangn=5k + 1,k € N. ’ 7

Bai tap 8: Tim hai s0 ty nhién sao cho tich cua chung chia hét cho tong ctia chung.

Giai
Goi x va y 1a 2 s6 ty nhién phai tim, ta co:
Xy:X+y
< xy =k(x+y), ke N. (1)
& (x- K)(yFK) 7K (2)

Tu (1) = x y>k

Khong mat tinh tdng quat{ ta cd'ithé gia st x >y >0
=>x-k>y-k>0

Gia st ki, ks 1a cac udc duotg cua k*val<k; <k<k, <k
Ta c6 cac kha nang sau:

2) x—k =k’ - x:k(k+1)
y—k=1 y=k+1

x—k =k, X =k+Kk,
b) &
y—k=k, y=k+Kk,

x—k=k x =2k
C) =

y—k=k y =2k
S4 cac cap s6 tu nhién tim duo’c’phu thude sd udce sb khac 1 Ye‘l khac k-€ua k°.
Bai tap 9: Cho a, b 1a cac chir s6 voi a khac 0. Chiing minh rang
a) abba chia hét cho 11
b) ababab chia hét cho 7
c) aaabbb chia hét cho 37
d) abcabc chia hét cho 7, 11 va 13.

Huéng din

a) abba =11(91a+10b) nén chia hét cho 11

b) ababab =7.1443.ab nén chia hét cho 7
c) aaabbb =37.3.(1000a+b) nén chia hét cho 37

d) abcabc =1001.abc =abc.7.11.13 nén chia hét cho 7, 11 va 13.

Bai tap 10: Tim gia trin € N dé da thirc x* + 3x + 2n chia hét cho da thirc x - 1.
Giai

Taco: X +3x+2n=(x+4)(x-1)+2n+4

Dé hai da thuc chia hét cho nhau thi da thirc du phai bang da thirc 0

<2n+4=0
oSn=-2

Bai tap 11: Tim gia tri ctia a sao cho sb T = 35265148 chia hét cho 13.
Giai

Ap dung ménh dé 3:
Tac6:D=3+45+3a-16-45-31+14+48=30+3a=3(10 + a) (mod 13)
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nenT :3< D:13<a=3

Bai tap 12: Khong sir dung may tinh. Tim s du ciia s6 T=35265148 khi chia cho 13.
Giai

Ap dung ménh dé 3, ta tinh duoc:
D =36=-3 (mod 13)

Tir: t =8, tacd 10" = (-3)" = 9%(-3) = (-4)*(-3) = 16.12 = -3 = 10 (mod 13).

Suy ra: R = 10(-3) = -30 = 9 (mod 13) nén s6 du 14 9.

Bai tap 13: Tim sd ty nhién neN sao cho s6 10°°%%" - 1 chia hét cho 9.
Giai

Taco: 10°9%2" - 1=(10- 1)t =9.t, (te N)

Suy ra: 10%%%%2" - 1 chia hét cho 0 thod min véi moineN.

Bai tap 14: POnitai hay khong sb tu nhién n sao cho 10" + 1986 chia hét cho 10 - 1.

Giai
Taco: 10971 = (10 41).t, (te N)
= 9:vnén chia hét cho 9.
va 10"+ 1986 =(10"- 17) + 1987 = 9.k + 1987, (ke N)
nén khong chia hét cho 9.
Suy ra khong ton tai sd t@.nhiénn thoa min yéu cau bai toan.
Bai tap 15: Tim gia trj xeN ‘dé@da thirc x° + 6x° + 3 - 5 chia hét cho da thuc x + 2.
Giai
Taco: x° +6x% + 3x - 5= (x + 2)(X° + 4% - 3)+# !
X+2

Suy ra: x + 2 phai la udc cua 1

x+2=1 x=-1 N T T A
= = (khong ton tai x 1a $6 tu.nhi€n)
x+2=-1 x=-3

Bai tip 16: Cho ba s6 a, b, ¢ bat ki. , 7

Chtrng minh rang: a® + b? + ¢ - 3abc chia hét cho biéu thirc (a+Db +c).
Chirng minh

Taco:a’ +b°+c¢’-3abc = (a+b +c)(a +b* +c*-ab - he - ca)

Suy ra: a® + b® + ¢® - 3abc chia hét cho (a + b+ ¢)

Bai tap 17: S6 9n® + 9n? + 3n - 16 c6 chia hét cho s& 343 v&i moi sb tu nhién'n khong?

Giai

Taco: 343=7°

vaon®+9n”+3n-16 = (3n+ 1) - 49.

Néu(3n+1):7thi(3n+1)%: 7°

Ma49/7°nén(3n+1)*-49 7 7°

Néu(Bn+1)/ 7thi(3n+1)*-49/ 7

Suyra:(3n+1)%-49 /7°

Suyra: 9n® +9n? + 3n - 16 /343

Bai tap 18: Tim sb ty nhién n thoa man n® + n + 1 chia hét cho 3.
Giai

Thay lan luot timg gié tri n vao n® + n + 1 ta dugc:

n=3k=n’+n+1=3k(k+1)+1/3

n=3k+1=n’+n+1=9k(k+1)+3:3

n=3k+2=n"+n+1=3(K*+5k +2)+1/3.

Vay s6 tu nhién n = 3k + 1 théa min n® + n + 1 chia hét cho 3.

Dang 2: Sir dung bét ding thirc mé rong.
Kién thire:
Véin e N, taco: a" —b" = (a—b)(a“‘1 +a"’b+...+ab"” +b“‘1)
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Véinlé: a" +b" = (a+b)(a“‘1 —a"b+...—ab"” +b"_1)
Suy ra:
a,beZvaa#bthi a"-b" f(a—b), (n eN)
a,beZ nlégvaa#-bthia" +b“§(a+b), (n eN)
a,beZnchinvaa#-bthi a"—b"i(a+b), (neN)
Bai tip 19: Véi n chin (n € N) chirng minh rang: 20" + 16" - 3" - 1: 323,
Giai
Ta c6: 323 = 17.19. Bién doi:
20"+16"-3"-1=(20"- 1) + (16" - 3"
20"-1:(20 - 1) =19 van chin nén 16" - 3": (16 + 3) = 19.
Do do:
20"+ 16"-3"-1:19 (1)
Mit khac: 20" +46" -3" - 1 = (20" - 3") + (16" - 1"
20" - 3":(20 - 3)=17~a n chan nén 16" - 1": (16 + 1) = 17
Do do:
20"+ 16"-3"-1:17 (2)
(17, 19) =1 va tir (1), (2) styra;20" + 16" - 3" - 1:323.
Bai tap 20: Chirng minh rang véimoi s6 tu nhién n, ta co:
a) 11™2 + 12211133,
b) 5™2 + 26.5" + 82! 59
c) 7.5 + 12.6" 19
Giai
a) Taco: 11™2 + 12°™1 = 112.11" + 12.12*" = 121.01" + 12.144"
=(133-12).11" + 12.144" = 133.11" +'12(144" - 11"
Vi133.11":133 va 144" - 11": (144 - 11) = 133 nén 133:41"+ 12(144" - 11"): 133
Hay 11™2 + 12°™: 133 (dpcm)
b) Tacé: 5™2 + 26.5" + 82" = 255"+ 26.5" + 8.8°" = 51.5" + 8.64"
= (59 - 8).5" + 8.64" = 59.5" + 8(64" ,5"): 59.
Vi64" - 5": (64 - 5) = 59.
Vay 5™ + 26.5" + 82" 59,
c) Taco: 7.5+ 12.6" = 7.25" + (19 - 7).6" = 19.6" + 7(25" - 6"): 19.
Vi25"-6":(25 - 6) = 19.
Bai tap 21: Cho a, b 1a cac s tu nhién khong chia hét cho 5. Chirng minh rang: pa’” +#gb*™, chia hét
cho 5 khi va chi khi p + q chia hét cho 5 (véip, ¢, m € N).
Giai
Taco: pa'™ +qb*" =p(@*"- 1) +q(b*" - 1) +p+q (1)
Maa'm-1=@""-1:@*-1)
at-1 (a2 - 1)(a2 +1) = (a2 - 1)[(a%- 4) + 5]
(a*- )(@*- 4) +5(*- 1)
=(@-2)(a-1)@+1)@a+2)+ 5(a’ - 1)
Via-2,a-1,a,at1l,a+21a5 5 s6 nguyén lién tiép nén c6 it nhit mot sé chia hét cho 5, ma a khong
chia het cho 5 nén mot trong cac sda-2,a-1,a+ 1, a+ 2 phai chia hét cho 5.
Vaya®-1:5, tir do: a®m - 1 va b*™- 1 ctng chia hét cho 5.
Do véy tir (1), suy ra: pa’™ + qb4m 5 p+Qqib.
Nhan xét: Bai toan niy c6 thé 4 ap dung dinh 1y Fermat dé giai nhu sau:
Taco: (a, 5)=(b,5) =1néna*=1(mod5) vab*=1 (mod 5).
Suy ra: pa"™ + qb*™ = p + q (mod 5) (dpcm).
Bai toan téng quat:
Cho p 14 s6 nguyén t6 ay, ay, ..., a la cac s6 nguyén khong chia hét cho p.
P1, P2, -y Pn Va Ky, K, ..., Ky 12 cac sO tu nhién. Chirng minh rang:
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pal™ 4 palt™: 4 4+ p a™* chia hét cho p khi va chi khi py + Pz + ... + Py chia hét cho p.
Bai tap 22: Cho a, = 2! + 2n+1 +1vab, =22 - 2™ + |. Ching minh ring v6i mdi sé ty nhién
c6 mdt va chi mot trong hai s6 an, bn chia hét cho 5.

Giai
Ta co:
an-bn — (22n+1 + 2n+1 + 12(22n+1 _ 2n+1 + 1) — (22n+1 + 1)2 _ (2n+1)2

= 42n+1 + 2 22n+1 + 1 _ 2 n+2 - 42n+1 + 1
Vi2n+11asd 1é nén 4™ +1:(4 + 1) =5.
Véy an.bn 5.
Suy ra: an: 5 hodc by:5. , ’ o ,
Ma a, - b, = 2.2°™1 = 222 khong chia hét cho 5 nén hai sb a, va by khong thé ddng thoi chia hét cho
5.
Vay trong hai s6“an, by chi c6 mot sd chia hét cho 5 vdi mdi n 1a sb ty nhién.
Bai tap 23:.Cho_sb tu nhién n > 1 va 2" - 2: n. Chirng minh rang:
27 -2i(2" 1)

Giai
Theo giai thiét: 2" - 2:nsuy ra; 2" - 2 =nk, (k € N).
Tacé: 22 -2 =2(22“-2 —1)3(2“ 21),

Vi2™ 1= (2M%-1:(2"- 1) ‘ ,
Bai tap 24: Cho A = (10" + 10™ ¥ ... + 10 + 1)(10™* + 5) + 1. Ching minh ring A la s6 chinh
phuong nhung khong la 1ap phuong cia mt.sotu nhién.
Giai
Taco: 10™-1=(10-1)(10"+ 10™* + ... + 10 + 1)

Suyra: 10"+ 10" + .. +10+1= é(w““ ~1)

Do d6: A = 5(10“+1 —1)(10“+l +5)+1 = %(102“+2 +4.10™ —5+9)

n+1 2
= L1072 4000 4a) <[ 122
9 3
Vi10™! +2:3 nén A 1a mot s chinh phuong.

10" +2

Ta co: 12 s6 chin nén A 4.

10" +2 2(5.10" +1) , , )
A= 3 = 3 chia hét cho 4 nhung khong chia hét cho 8 vi (5.10" + 1) 1a s0 1é.

Vay A khong 1a 1ap phuong ctia mdt s6 tu nhién.
Bai tap 25: Cho f(x) la da thirc véi hé sb nguyén:
f(X) = anX" + ana X" + ...+ apx + ag, (véiai € Z;t=0,1,2, ..., n)
a, b 1a hai s6 nguyén khac nhau.
Chirng minh rang: f(a) - f(b) (a-b)
Ap dung: Chirng minh rang khong ¢ di thirc P(x) nao voi hé s6 nguyén c6 thé c6 gia tri P(7) = 5 va
P(15) =09.
Giai
Taco: f(a) = ana" + ansa"™™ + ... +a;a + a
f(b) = byb” + bysb™ + ... + bib + by
Suy ra: f(a) - f(b) = a,(@" - b") + a2 (@™ - ") + ... + as(a- b)
Via“- bi(a-b), véik € N nén f(a) - f(b): (a - b)
Ap dung: Gia sir c6 da thirc P(x) v6i hai s nguyén sao cho P(7) = 5 va P(15) =09.
Khi d6: P(15) - P(7):(15-7) =8 = 4:8 (Vb ly).
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Vay khong c6 da thirc v6i hé sé nguyén nao co thé co giatriP(7) =5 va P(15) =9.
Bai tap 26: Cho f(x) 1a da thirc bac 16n hon 1 c6 hé s6 nguyén. Vi k, 114 hai sé ty nhién nguyén tb
cuing nhau. Chirng minh rang: fik + 1)* k.1 khi va chi khi f(k): 1 va f(l) k.

Giai
Ap dung két qua bai 13, ta c6:
f(k + 1) - f(k): | (1)
fk + 1) - f(1) k (2)

Néu flk + 1) k.1 thi f(k + 1): 1 va tir (1) suy ra: f(k):|.
Néu flk + 1) k. thi f(k + )k va tir (2) suy ra: f(k) k.
Nguoc lai, néu fk):1va f(I):k thi tir (1) va (2) suy ra: filk + I): k va f(k + 1):1, vi (k, 1) = 1 nén
f(k, ): k.l (dpcm).
Bai tip 27: Cheuf(x), g(x) 13 hai da thirc v6i hé s6 nguyén thoa diéu kién:
F(x)'= f(x3 ) + xg(x3 )
chia hét cho’da thuc x?* x + 1. Chirng minh ring f(x), g(x) cing chia hét cho (x - 1).
Giai
Ta co:
FO9 = [£(x°) -t (W] +x[e(<)-e(1) |+ £(1)+xe(1) (@)

Theo bai 13, ta co:

£(x) =f ()" ~1)i(x" +5e7)
g(x') =g (Di(x’ ~1)i(x* +x+1)

Theo gia thiét, F(x):(x +x+1) nén tir (1) suysa: f(1)+xg(1)5(x2 +x+1)

Ma f(1) + xg(1) c6 bac bé hon hoidc bang 1 nén {19 +xg(1) =0 = f(1) = g(1) = 0.
Theo dinh 1y Bézout, suy ra: f(x): (x - 1) va g(x): (x - 1)

Dang 3: Phép chia hét va phép chia c6 du:
Dé chirng minh biéu thire: A(n)' p ta xét tat ca cac sd du trong phép chia'n cho p. Chia n cho p dugc
cacsd dula0, 1,2, ..., p - 1. Pac biét néu p 1¢ thi ta c6 thé viét:

n=kptrvéir=0, 1,42, ., +tP=1
Chéng han khi chia n cho 5 thi n ¢6 dang:

n=5k,n=5k+1,n=5k+2, (k € 2).
Bai tap 28: Tim du trong phép chia mot sé chinh phuong cho 3, cho 5.

Giai
S6 chinh phwong c¢6 dang n?, (n € N)
a) Chia n cho 3 thin =3k hoac n=3k £+ 1.
Néu n = 3k thi n* = 9k? chia hét cho 3.
Néu n =3k + 1 thi n?(3k + 1)* = 9k? + 6k + 1 chia 3 du 1.
Vay mét s6 chinh phuong khi chia cho 3 c6 du 1a 0 hodc 1.
Tir 40, ta c6 két qua sau: Mot s6 c6 dang 3k + 2 khong thé 1a mot s6 chinh phuong.
2) Chiancho 5thin=5k, n=5k +1, n=5k + 2.
Néu n = 5k thi n® = 25k’ chia hét cho .
Néu n = 5k + 1 thi n?(5k + 1)? = 25k? + 10k + 1 chia 5 du 1.
Néu n = 5k + 2 thi n? = (5k + 2)? = 25k? + 20k + 4 chia 5 du 4.
Vay mot sb chinh phuong khi chia cho 5 ¢6 du 13 0, 1 hodc 4.
Tir do, ta co két qua sau: Mot sb c6 dang 5k + 2 hodc 5k + 3 khong thé 13 mot s6 chinh phwong.
Bai tap 29: Cho x, y, z 1 cac s6 nguyén thoa phuong trinh:

X2+ P = 72
a) Chirng minh rang trong hai s6 x, y ¢6 it nhat mot sé chia hét cho 3.
b) Chirng minh rang tich xyz chia hét cho 12.
(Dé thi vao 16p 10 Trudng PTNK DPHQG TP HCM nam hoc 2002 - 2003)
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Giai
Xem phuong trinh: X + y* = 7%, (1)
a) Gia st x va y déu khong chia hét cho 3.
Theo bai 3, ta co:

x*=3k+1

y?=3t+1
—=72=3p+2,voli
Do d6 trong hai s6 x va y, c6 it nhat mot s6 chia hét cho 3.
b) Ta chirng minh rang trong 3 s6 X, y, z ¢6 it nhat mot s6 chia hét cho 2.
Néu x hodc y chia hét cho 2. Yéu cau di giai quyét xong.
Néu ca hai s6 x va y déu khong chia hét cho 2.
x=2m+1l=x’=4mm+1)+1
y=2n+1=x*=4n(n+1)+1
= 72 =4m(m#+ 1) + 4n(n + 1) + 2
= 7212 (2 guyéi'td)
= 7:2.
Ta c6 thé gia st x:2'= x = 2@
= (z+Y)z-y)=2a (2)
= z+Yvaz-ycung chan.
{Z+y=2b {Z:b-i-C

=
z—y=2c y=b-c

Tir (2), ta c6: be = a2, (b > c)
Goid=(b,c)=b=md, c=nd, (m, n) = 1.
Suyra:a?=mnd’ = a®:d* < aid < a=pd =mn=p
m, n nguyén td cung nhau ma mn 13 s6 chinh phuong nén mywa n-dé 1a sé chinh phuong.
m=u% n=Vv vdi(u, v) = 1.

2

= p=uv.
Do d6, ta co:

x =2uvd

y =(u2 —Vz)d

z :<u2 +V2)d
Véi(u,v)=1

= xyz = 2(u? - V?)(u? + V¥)uvd®.
— xyz:4, Yu, v e N.
Taco: xyz:3vaxyz:4 = xyz:12, (3,4) = 1.
Vay x* + y? = 22 = xyz: 12.
Bai tap 30: Chimg minh ring s6: a = (1976‘976 —1974" )(1976‘975 —19741973) chia hét cho 10000.
Gisi ‘
Trudce hét, ta nhan xét rang:
a:21976 21974 — 23947
=ai2!
Ta can chimg minh: a:5*
Ta co:
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197

1976"7¢ =(1975+1

=25k +1, keZ,

19

( )"

1974"™ =(1975-1) =25q+1, qeZ
( )" =254+ qez,
( )"

1976"™ =(1975+1)  =25p+1, peZ,

19747 = (1975 - 1) =25t+1, teZ,
Suyra:a:625=5*va(2,5) =1=(2* 59 =1.
Do d9, ta co: a:2*.5* =10000
Viya= (19761976 -1974%™ )(19761975 -19741973) chia hét cho 10 000.
Bai tap 31: Chiing minh:
a) 2222%% 4 5555%%2 17
b) 1961 +1963'** +1965%% +2:7
Gidi

a) Ta co:

2222%% +55557% = (7k+#3)

- 7m +35555 +7n +42222
= 7p + 2431111 +16111l
=7p+259q="7r:7
(k.Lp,g,mn,reN)
b)

1961% +1963"% +1965'%° + 2
- (7m +1)1962 +(7n +3)1964 + (7p ) 2)1966 + 2
- 7q +l+31964 + 21966 + 2
=70+9.27% +2.8%° +3
=7r+9+2+3
=7r +14,(m,n,p,q,re N)

Suy ra: dpcm.
Bai tap 32: Chon sb ay, ay, ..., an. Mdi s6 ¢o gia tri hoac +1 hoac -1.
Chirng minh réng néu aja, + aaz + ... + a,a; = 0 thi a: 4.

Giai
Theo giad thiét, taco: a=+ 1, v6ii=1,2,....n
=g.a=x1,véii,j=1,2,.
Ta co: (182).(a2a3)...(and1) = (a1a2 an)i=1.
Ta suy ra sO cac thira s6 &m (a = -1) trong tich trén la mot sO chan,
Ta goi k 1 s6 cac thira s6 ¢6 tri s6 bang -1.

k=2m meN

5555 )2222

(7|+4

Nhung vi
aad +aaz+..+aa =0

nén sb cac thira s duong va 4m bang nhau.
Do d6: n =2k = n:4 (dpcm).
Bai tap 33: Ching minh rang tong lily thira chin ctia ba s6 nguyén lién tiép khong thé 1a mot s6
chinh phuong.

Giai
Tdng lity thira 2k, (k € N*) cua ba s6 nguyén lién tiép co dang:

(n- 1)+ n + (n + 1)
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Trong ba sb nguyén lién tiép co mot sb chia hét cho 3, hai s6 con lai ¢6 dang 3k £ 1 nén tong lity
thira chin cua ba s6 nguyén lién tiép chia cho 3 c6 du la 2 nén khong the 1a mot s6 chinh phuong.
Bai tap 34: Chig minh rang tong binh phuong cta 5 s6 nguyén lién tiép khong thé 1a mot sb chinh
phuong.

Giai
Téng binh phuong ciia 5 s6 nguyén lién tié;) c6 dang:

T=(n-2°+(n-1)?+n’+(n+1)°+(n+2)?=5n"+10 = 5(n" + 2).
Ta chimg minh (n® + 2) khong chia hét cho 5 v&i moi n.
Néu n:5 thi (n? + 2) chia cho 5 du 2.
Néu n = 5k + 1 thin? + 2 = (5k £ 1) + 2 chia cho 5 du 3.
Néu n = 5k + 2 thin? + 2 = (5k £ 2)* + 2 chia cho 5 du 1.
Vayn® + 2 7 5nén T 1a s chia hét cho 5 nhung khong chia hét cho 25, do d6 T khong thé 1a mot s6
chinh phuong.
Bai tap 35: Pim tat ca ¢ac sb ty nhién n dé& (32" + 3" + 1)1 13.
Giai
Véin=3k tacs:BH3" =3+ 3%+ 1=(27%-1) + (27%- 1) + 3
Chia cho 13 ¢6 du 183 vi (272 1) (27 - 1) = 26.
Véin=3k+1,taco: 324 3" 5,352 4+ 3 4+ 1 = 9(27%- 1) + 3(27%- 1) + 13:13
V&in=3k+2,taco: 32"+ 3" =3 + 32 4 1 =81(27% - 1) + 9(27¢- 1) + 91113
Vay n khong chia hét cho 3 thi (343" + 1): 13.
Bai tap 36: Chirng minh rang: (17#72" 43" + 4"): 5 khi va chi khi n khong chia hét cho 4 (n € N).
Giai
Néu n =4k + 1 hodc n =4k + 3 thi n 1a s6 léhénta co:
1"+2"+3"+4"=(1"+4") + (2" + 3"):5.
Néu n = 4k thi
1"+ 2"+ 3"+ 4" = 1% + 2% 4+ 3% + 4% = 4 (mod 5).
Vi2*=1 (mod 5); 3* = 1(mod 5) va 4* = 1 (mod 5)
Néu n = 4k + 2 thi:
1"+2"+3"+4"=1 + 24k+2 + 34k+2 + 44k+2 - (1 + 42k+1) + (92k+1 + 162k+1)55
Vi (1 + 4% (1 + 4) =5 va 9% + 162*%: (9 + 16) = 25.
Bai tap 37: Cho ba s nguyén x, y, z thoa man x* + y* = z%. Chirng minhang: xyz :60.
Giai
Taco: 60=3.45
a) Chirng minh xy: 3.
Thét vay, néu x va y cing khong chia hét cho 3 thi x* = 1 (mod 3) va y*= 1 (mod 3).
Suy ra: X2 + y* = 2 (mod 3).
Khi d6: z° chia cho 3 du 2, vd 1y (theo bai 16)
Vay x:3 hodc y: 3, suy ra: xyz: 3. (1)
b) Ching minh: xyz: 4.
1)Néux ycungle giast: x=2k+ 1, y=2l+ 1thi
X2+ yP = (2k + 1)7 + (21 + 1)° -4(k2+I2+k+I)+2
1a s6 chin, khong chia hét cho 4 nén X2+ Yy khong thé 14 sé chinh phuong.
Vay truong hgp nay khong xay ra.
if) Néu x, y ciing chén thi xy:4 < xyz:4.
iii) Gia str x chan, y 1& (trudng hop x 18, y chin chirng minh tuong t):
Gid str: x =2n, y=2m+ 1, khid6 z 1é. Bat: z=2p + 1. Ta cé:
2 =x*+y < (2n)? + (2m + 1)? = (2p + 1)?
A +4mP+4m+1=4p+4p+1
on=pp+l)-mm+1)i2=>n2=x4
Viay xyz: 4 (2)
¢) Chirng minh: xyz: 5.
i) Néu x: 5 hodc y: 5 thi xyz:5.
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ii) Néu x va y cung khong chia hét cho 5 thi x%, y? chai cho 5 du 1 hodc 4 (bai 16)
Khi d6: x° + y2 chia cho 5 ¢6 du 1a 0, 2 hoac 3.
Nhung mot sé chinh phwong z? chia cho 5 chi ¢6 thé du 0, 1 hodc 4 nén z: 5.
Vay xyz:5. 3)
Tu (1), (2) va (3), suy ra: xyz: :3.4.5 =60 (dpcm).
Bai tap 38: Tim sb du trong phép chia A = 3% + 3° + 329% cho 91.
Giai
Tac6:3°-1=728: 091
Do dd: A=3%+3°+3%0%=(3%-3) +(38°-1)+ (3™ -1)+3%°+1+1

=3%3°-1)+ (-1 + ((3° ) —1)+11 = (3°- 1)(32 + 1+ k) + 11, (keN)

Suy ra: A chia<cho 91 du 11.
Bai tip 39:/Tim.cac sé nguyén duong n thoa min 2" - 1:7.
Giai
Ta co:
¢ =g ST =T+ 1, (k teN)
2% =28 Z27+1)¥=7r+2,  (k reN)
22224 =47 F 1) =575+1,  (k seN)
Suyra: 2% -1=7t:7.
Bai tap 39: Tim s du trong phép chia 32010 4 52010 chg 13,

Gidi
Pt a =370+ 570 (39)7 1 (5°)7 =(3995") M =16354Mi13 (M eN)
Suy ra: 3% + 52%hija hét cho 13 nén sb du 140

Bai tip 40: Cho T = 12345a . Tim gia tri acN nhd nhat d&.T.chia hét cho 9.
Giai
Taco: T=123450+a=137169+6 +a
Pé T chia hét cho 9 thia =3
Bai tip 41: Cho da thic P 1a da thirc bac hai theo an x. Biét P chia choX - 1 du 1, P chia cho x + 1
du 7 va P chia cho x + 2 du 13. Tim da thurc P.
Giai
Goi P(x) =ax’+bx + ¢
Suyra
P(x) = (x-1).9(x) +1
P(X) =(x+1). h(x) +7
P(X) = (x +2). k(x) + 13
(vo1 g(x), h(x) va k(x) 1a cac da thuc)
VaP(1)=1,P(-1)=7vaP(-2) = 13.
Ta ¢ h¢ phuong trinh:
a+b+c=1 a=1
a-b+c=7 <<{b=-3
4a-2b+c=13 c=3
Suyra: P(x) = x* - 3x + 3
Bai tap42: Tim da thirc P(x). Biét P(x) chia x? - a dwoc sé du lan luot 2 va -2. P(X) chia X* - 9 dugc
sb du lan lugt 14 58 va -14.
Giai
Tuong tu bai 18, ta co: P(x) =x3 +2x2 + 3x + 4
Bai tap 43: Tim tong clia tat ca cac chit s§ ¢6 hai chit s6 thoa tinh chat: mdi s chia cho 4 thi du 1.
Giai
Theo gi thiét, cac s6 da cho co dang 4k + 1,k e Nva3 <k <24
Do @6 téng ctia tat ca cac chit s6 da cho la:
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S= —13;97 22=1210
Bai tap 44: Chung minh ring s6 32°*° + 5°'° chia hét cho 13.
(Dé thi vao 16p 10 Toan, Ly, Tin Truong Chuyén Lé Quy Don Pa Ning nim hoc 2001-2002)
Giai
Xem s6: a =
Ta co thé viét:
a = 32010 4 52010 = (36)385 4 (56)35 = (35 4 FYA A ¢ N,
= 16354. A:13
Vay 32010 4 520101 13
Bai tip 45: Tim s6 du trong phép chia: S, = 1"+ 2" + 3" + 4" cho 4.
Giai
Néun 1¢, n=2k% 1, keN.
Taco: 4":4
1"+3%=4@3" -3+ . +1): 4
2" =2.4"
Véik=0=S,=4p+2
Véik>0= S,=4q
Néu n chin, n =2k, k € N, ta ¢6¢
4":4
2":4
30k =(2.4+1) =4t +1
1"=1
= S, =4h+ 2, (h e N).
Vay khi chia S, = 1" + 2" + 3" + 4" cho 4, hoic ta c6 sO dwbang-0 hoic s6 du bing 2.
Bai tip 46: Cho hai sb tu nhién a va b khac 0 sao cho s&

2010 | 2010
37 +5

(a+b)
n=
b2
khong chia hét cho 2. Tim gi4 tri nho nhat cua n.
Giai
_(a+b) ..
Taco: n= o la mot s6 nhién Ié

) a=od .
Goid=(a, b) Q{b—ﬁd voi (a,B)Zl

3 3 3
a+b a+p) d® (a+p)d
Ta co: n:( bz) :( Bil)z :( BE)
(wB)=1= (a+B,B)=1= (a+p% P = L
Do d6: d:p? < d = mp?
Tasuy ra: n=m(a + p)*
Taco:a+B>22,m>1=n>27 = Nyi, = 27.
Xayrakhio+pB =2, m=1.
Chona=2,p=1=d=1=a=2,b=1.
Chona:1,B:2;>d:4:>a:4,b:8.
Vay gid tri nho nhat cta n 1a nyin = 27.
Bai tap 47: Cho da thirc P(x) = ax’+bx*+cx+d, x e Z 6 cac hé sd nguyén. Chirng minh rang néu
P(x) chia hét cho 5 v&di moi gié tri nguyén cua x thi cac h¢ so a, b, ¢, d déu chia hét cho 5.
Giai
Xem da thic: P(x) = ax® + bx’> + cx + d, X € Z ¢6 cac hé sb nguyén la a, b, ¢, d.
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Theo dé bai, ta c6: P(x):5, VxeZ

Suy ra:
PO):5 (4:5 bacis
. a c
P(1)i5 a+b+c+d:s
= b 45 =<a—-b+c:5
P(-1)is  |a=bte—d _ 4a+2b+ci5
P(2)55 8a+4b+2c+d:5
Tur hé trén, ta c6: 2b:5, (2,5) =1 = b:5.
Do do, ta co:

ATCS L 3ai5=ai5 (vi (3, 5) = 1)
dakc:5

Vay néu P(x)”%5, vxeZ thia, b, c, d:5.

Bai tap 487 X¢t'day.50:

alzl
a2=11
a3:111

Hay tim s6 aj nhé nhét sao cho ajchia hét cho s6
B =333 ... 333 (2005 chits6.3)

Giai
Gia su:

a; =111 ... 111 (6 j chit s6 1) chia hét cho s6

b =333 ... 333 (c6 2005 chit sb 3)
Suyra: a;:3 vaa;: 111 ... 111 (2005 chir s6 1).
Do do, ta co: j: 3 va j: 2005
Suy ra: j: 6015 = jmin = 6015.
Vay sd ajphai tim gom 6015 chi sd 1.
Bai tap 49: Ching minh rang sb:

n=7+ 72 + 73 + .+ 72003 + 72004

chia hét cho 400.

Giai
Ta co thé viét:
n=7+ 72 + 73 + o+ 72003 + 72004

— (7 + 72 + 73 + 74) + (75 + 76 + 77 + 78) + (72001 + 72002 + 72003 + 72004)
=TQA+T7+ TP+ T+ TPA+ 7+ T+ )+ L+ T L+ 7+ 72+ 7

Taco: 1+7+7°+7°=400
= n :400.
Viy n :400.

Dang 4: Nguyen ly Pirichle ddi voi phép chia hét va chia c6 du:

Nguyén tic "ngin kéo" Dirichlet: "Néu dem (n + 1) vat xép vao n ngin kéo thi ¢6 it nhat mot ngan
kéo chtra tir hai vat tré 1én".

Téng quat: "Néu dem (nk + 1) vat xép vao n ngin kéo thi c6 it nhat mot ngan kéo chira tir (k + 1) vét
tro 1én".
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Bai tap 50:
a) Trong 11 sb nguyén bat ki c6 thé tim dugc hai so c6 chir sb tan cung glong nhau.
b) Trong 101 s6 nguyén bat ki co thé tim duoc 2 s6 ¢6 hai chit s6 tan cing giéng nhau.
¢) Trong n + 1 sb nguyén bat ki c6 hai s6 c¢6 hiéu ctia ching chia hét cho n.

Giai
a) Léy 11 s nguyén da cho chia cho 11 thi dugc 11 6 du nhan mot trong 10 $60;1;2;...,9.
Theo nguyén tic Dirichlet phai c6 hai s6 c6 cting s6 du, hidu cua hai s6 d6 chia hét cho 10.
Khi d6: Hai s6 d6 c6 chit s6 tan cling giéng nhau.
Chua y: O day "Vét" 13 11 s6 du khi chia cho 11 s6 nguyén cho 10 (ttc 1a 1dy céac chir sb tan cing cia
11 s6 d6) con "ngan kéo" 1a cac sddu0;1;2;....9.
b) Tuong tu cau a) lay 101 s6 nguyén da cho ch1a cho 100 (tuc la lay 2 chir s tan cing cla ching).
¢) Tong quat, lay n + 1 sb nguyén da cho chia cho n thi dugc n + 1 s6 du nhén mdt trong cac s6 0; 1;
2: ..., N - 1 nén thee nguyén tic Dirichlet, phai c6 hai s6 ¢6 du bang nhau, hiéu hai sb nay chia hét
cho n
Bai tap 51:/Cho,L0 s6 tu nhién bat ki ay, ay, ..., ao. Chirng minh rang ton tai mot sb chia hét cho 10
hodc tong ctia Mot’$6 chia hét cho 10. Hay phat biéu bai toan tong quat.

Giai
Xét 10 s6 moi nhu sau: Sy a1, Sy = a; + @y, ..., Sjo = ag + @ + ... + aje ldy 10 86 S1, Sy, ..., S1o Chia
cho 10.
Néu c6 mot s6 S; 10 (i= 1, 2, £5710) thi bai toan dugc chirng minh.
Néu S; khong chia hét cho 10 voi moit, taelaS1, Sy, ..., Sio chia cho 10 ¢6 cac s6 du la mot sb trong
9s6:1,2, ..., 9.
Theo nguyén ric Dirichlet ¢6 hai s6 cting dukhi chia cho 10, gia sir 1a Sk va Sy (k > ).
Khi d6: Sk- Sj= a1 + auz + ... + auk: 10 (dpem)
Bai toan tong quat:
Trong n s6 tu nhién bat ki ton tai mot s6 tu nhién chia hét ¢hiomhoic téng ctia mot s6 sd chia hét cho
n.
Bai tip 52: Ching minh ring trong 8 s6 tu nhién c6 3 chir sé bao/gid cling chon dugc hai sb ma khi
viét lién nhau ta duoc mot sb ¢ 6 chit sb va chia hét cho 7.

Giai
Léy 8 s& d3 cho chia cho 7 duoc 8 sd du nhan mot trong 7 gia tri 0, 13247, 6.
Theo nguyén tic Dirichlet c6 hai s6 cung du, gia sir 1a abc va def khi chia cho 7 céseting s6 du lar.
Gia su: abc =7k + 1va def - 71+r.
Ta c6: abcdef =1000abc+def =1000(7k +r1)+71+r=7(1000k +1)+1001r:7 (dpcm)

Bai tip 53: Cho 4 s6 nguyén phan biét a, b, ¢, d. Chirng minh rang:
(@a-b)(@@a-c)a-d)b-c)b-d)c-d):12.

Giai
bit: A=(a-b)(a-c)(a-d)(b-c)b-d)c-d)
Bon s nguyén a, b, ¢, d khong chla hét cho 3 ¢6 hai s6 ¢ cung du khi d6 hiéu cta chiing chia hét
cho 3, hiéu 1a mot trong céc thira sé ciia A néu A 3. (1)
Néu a, b, ¢, d c6 hai s c6 dung du. Khi chia cho 4 thi A:4 c¢on néu a, b, ¢, d ¢ du khac nhau khi
chia cho 4 thi s& ¢6 hai s6 chin va hai s6 1é.
Luc d6 c6 hai hiéu chia hét cho 2.
Do d6: A:4 (4)
Tt (1) va (2), suy ra: A:12.
Bai tap 54: Co hay khong mot s6 nguyén duong k dé 29%1a mot s6 c6 cac chit sb tan cung 1a 0001.
Giai
Ta can chimg minh ton tai sé nguyén k sao cho 29%-1:10%
That vay: Lay 10% + 1 sb: 29, 297, ..., 29'°"*! chia cho 10*, khi d6 c6 hai sé ¢6 hiéu chia hét cho 10%,
gia str hai s6 d6 13 29" va 29™ (n > m).
Taco: 29™ - 29":10* hay 29™(29"™ - 1): 10*.
Vi (29™, 10%) = 1 nén 29"™ - 1:10* (dpcm).
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Bai tip 55: Ching minh ring trong 5 sb nguyén bat ki c6 thé tim dugc ba sb c¢6 tong chia hét cho 3.
Giai
Lay 5 s6 nguyén di cho chia cho 3 duoc cac du1a 0, 1, 2.
Néu 5 s6 nguyén nay khi chia cho 3 ¢6 du ba s6 du 0, 1, 2.
Gia su: a; = 3ky, a2 = 3ko + 1, a3:3k3+2thia1+a2+a3:3(k1+ k2+k3+1)53.
Néu 5 s6 nguyén nay khi chia cho 3 chi c6 hai loai s6 du thi theo nguyén tac Dirichlet c6 it nhat 3 s6
c6 cung du.
Khi d6: Tong ctia ba s nay chia hét cho 3.
Néu 5 s6 nguyén nay khi chia cho 3 chi c6 chung mot sé du thi tong ba s6 bat ki trong ching chia
hét cho 3.
Vay trong 5 s6 nguyén bat ki c6 thé tim duoc 3 s6 c6 tong chia hét cho 3.
Bai tip 56: Chiing minh ring trong 52 s tu nhién bat ki luén tim duoc mot cip gom hai sd sao cho
tong hodc hiéu ctia,chtng chia hét cho 100.
Giai
Trong tap hop cae so-du trong phép chia 52 s cho 100 ta lay ting cdp sb sao cho tong cac cip do
bang 100 va 1ap thanh.cac nhom sau: (0, 0); (1, 99); (2, 98); ..., (49, 51) va (50, 50).
Ta co tat ca la 51°cdp malco tais2 s6 du nén theo nguyén tac Dlrlchlet it nhat phai c6 hai s6 du
thugc cung mot nhom.
R rang cip sb tu nhién tng-véi'cip so du nay 1 hai sb ty nhién c6 tong hogc hi¢u chia hét cho 100.
Bai tap 57: Trong mdt bang Vuong gdm co 5 x50 vuong, ngum ta viét vao m01 0 vuong mot trong
ba s6 1; 0 hodc -1 sao cho mdi 6 cbadimg 1-s6., Chirng minh rang trong cac tong cua 5 sb theo mdi
cot, moi hang, mdi dudng chéo phai co if nhét hai tong s6 bang nhau.
Giai
Ta c6 5 cot, 5 dong, 2 dudng chéo nén dugc 12.16ng,
M&i 6 nhan mot trong gia trj 1; 0 hodc -1 nén mdiféng nhan cac gia tri tir -5 dén 5.
Ta co: 11 sb nguyén tir -5 dén 51a -5, -4, ..., -1, 0,1, . 5.
Vay theo nguyén tic Dirichlet phai c6 it nhat hai tong-s6 bang rihau.
Bai tip 58: Viét cac so tu nhién tir 1 dén 10 thanh hang ngang theo mot thu ty tuy v, tiép do cong
mdi mot sd trong cac s6 da cho vé6i sd thir tw chi vi tri nd dung (tinhftir trdi.sang phai). Chimg minh
rang it nhit cling c6 hai tong ma chir sd tin cung cua hai tong d6 nhuthau.
Giai
Goi 10 s6 ty nhién tir 1 dén 10 viét theo thir tu tir trai sang phai 1 as, dz%wy ago. Ta lap ddy mdi by,
by, ....,bpovoibi=a;+1, bp=a,+ 2, ..., bip = a0 + 10.
bi 14 tong cta a; v6i vi tri thir i ma né démg (i=1, 2, ..., 10).
Taco:by+by+...+bp=a+a+..+a,p=2(1+2+... +10) = 110.
Vi 110 14 s6 chin nén khong xay ra trudng hop c¢6 5 sb by ndo d6 16 va 5 sb bj nao d6.¢hén, hay noi
cach khaic sb cac bj chin va céc s bJ 1¢ phai khac nhau.
Do d6 sb cac bj 1é 16n hon 5 hodc sb cac b; chan 1é6n hon 5 Ma tir 1 dén 10 chi c6 5 vi tri 1é va 5 Vi
tri chan nén theo nguyén tac Dirichlet phai c6 it nhat hai sé b; 1é tan cing nhu nhau hodc ¢ hai sd b;
chin c6 chir s6 tan cung nhu nhau.
Bai tap 59: Chirng minh ring trong 19 s6 ty nhién lién tiép bat ki ludn ton tai mot s6 co tong cac
chit s6 chia hét cho 10.
Giai
Trudce hét ta ching minh rang: Vi 19 sb tu nhién lién tiép ludn ton tai 10 s6 lién tiép c6 chir s6
hang chuc nhur nhau con cac chit s hang don vi lién tiép tir 0 dén 9.
Néu trong 19 s tu nhién lién tiép c6 mit 3 chir sd hang chuc khac nhau thi rd rang c6 mét chir sO
hang chyc (¢ gilta hai hang chuc kia) cung voi cac chir s6 don vi lién tiép tir 0 dén 9.
Néu trong 19 sO tu nhién lién tlep chi ¢6 hai loai chit s6 hang chuc khac nhau thitir 19 =2.9 + 1.
Suy ra: C6 10 sb ¢ cung chir s6 hang chuc va cac chit sé hang don vi lién tiép tir 0 dén 9. Tdng cac
chir s6 ciia mdi sé trong 10 s6 ty nhién ndi trén ciing 1ap thanh 10 s ty nhién lién tiép.
Véy phai c6 mot sd chia hét cho 10.
Vay trong 10 s6 ty nhién lién tiép luon ton tai mot s c6 tong cac chir so chia hét cho 10.
Bai tap 62 Chuirng minh ring trong cac sb tu nhién thé nao ciing c¢6 s6 k sao cho s6 1983 - 1 chia
hét cho 10°.
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Giai

Xét day sb: 1983, 19832 1983°, ..., 1983

Chia tét ca cac sb hang cua diy cho 10°. Khong c¢6 s6 hang nao cua diy chia hét cho 10°. C6 10°
phép chia’mét $6 cac s6 du c6 toida la 10° - 1 tri s6, do d6 c6 it nhat 2 sd hang cua day chia cho 10°
c6 cung so du.

Goi2 sb d6 12 1983 va 1983, v6ii, je Nval<i<j<10°.

= 1983/ - 1983' : 10°

— 1983(1983" - 1) : 10° va (1983, 10) = 1 = (1983', 10°) = 1.

= 1983 - 1: 10°

Vay ton tai s6 ty nhién k sao cho ta c6: 1983%-1: 10°.

Dang 5: Phwong phap quy nap.
Gia str can ching minh:

A(n)ip, voin='1, 2, ... (1)
Ta can ching minh (1) ding.vdin = 1, tic 1a ching minh A(1):p.
Gia str (1) dung voi'n= kftic lata co: A(k):p.
Ta chirng minh (1) ding vgi'n =k + 1, tirc 13 phai chirng minh A(k + 1): p.
Theo nguyén 1y quy nap, takétduan (1) ding véi moin=1, 2, ...
Bai tip 61: Chirng minh ring véisei sé nguyén duong n, ta co:

4" +.45n,- 1:9 (1)

Giai
Véin=1,taco: 4 +15.1-1=18:9. Vay @ydiung véin= 1.
Gia su (1) dung voi n =k, tic 1a, ta co:
4%+ 15k -1:9 = 4+ 15k - 1 =9m, (m € Z) = 4= 9m + 1 - 15k. (2)
Voin=k + 1, ta co:
4+ 15(k + 1) - 1 = 4.4+ 15k + 14 = 4(9m + 1 - 15K).+ 15k + 14 (theo (2))

= 36m - 45k + 18:9.
Vay (1) dung véin=k + 1, do do (1) dung voi moin > 1.
Bai tip 62: Chirng minh riang véi moi sb tu nhién n, ta co:
32" 1201 (1)

Giai
Véin=0taco: 3* +2=11:11,
Gia str (1) dang v&in = k, tire 1a: 3% +2311,
Véin=k+ 1, taco:

F 2= 0422 (3 )16 +2=(3" )16 -2 421 +2

N 24k+1 16 . 24k+1 ’ ~
Ma (37} -2°4(3" +2) vi 16 1a s6 chin.
Theo giai thiét quy nap:
akn \16 . R kit \16 .
(3] +2i11 nen (377} 2" i1
Mat khac:
2! +2=2(2"+1)i11
Do do:
¥ 20
Vay 3™ 12011 véi moin € N. , )
Bai tap 63: Chung minh rdng v&i moi sO tur nhién n > 1 va k 1a mot so tu nhién I¢, ta co:
k¥ —1:2m2,
Giai
Véin=1tacok?-1=(k-1)(k+1):8(vik-1,k+11asd chin lién tiép nén tich cia chung chia
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hét cho 8)
Gia st n = m, ta co:

K" 112" = k™ —1=2""q, (qUZ) = k> =2""g+1
Véin=m+ 1, taco:

m+1 m 2 2
k2 _1:(k2 ) _1:(2m+2.q+1) _1:22m+4-q2 +2m+3.q
_ 2m+3 (2m+1 q2 + q);2m+3
vay k¥ —1:2"2, v6i moi nx1, o ’
Bai tp 64: Chimg minh rang so duoc thanh 1ap bgi 3" chit so giong nhau thi chia hét cho 3" véin 1a
s0 nguyén duong. ‘ ’
(bé thi HSG qudc gia nam 1979)

Giai

Ta can chirng minh: aaj..a:3" (1)
—_—
3" s a

Véin=1,taco: aad=111a:3.Way (1) dang véin = 1.
Gia su (1) dung voi n =k, tirc 1a ta co:

aa...a:3"

—

* s a
Ta ching minh (1) dung v6i n = k #17 tiedaphai chirng minh:

aa...a:3*"

¥ 55 a
Taco: 31 =3.3 =3+ 3+ 3¢
Do do:

aa.a=aa.aa.aa.a=aa.al0>” +aa.al0” +3a.a

—_— —_—_ —_— —_— —

3 56 a 3 3k 3k 3¢ 3k 3«

= aa...a(102'3k +10* +1)E3"+1
(i)

3k

. ey 1K P TN 2.3k 3K :
Vi theo gia thiét quy nap: aa.k..a.3 va 1077 +10° +1:3.
3

Vay (1) dang véin=k + 1, do d6 (1) dang v6i moin > 1.

Dang 6: Sir dung dong thu thirc:
Néua=b(modm)<a-bm
Néu a=b (mod m) va ¢ =d (mod m) thi:
atc=b+d(modm),
ac = bd (mod m).
Hé qua: a=b (mod m) thi: a+ ¢ =b =+ ¢ (mod m), ac = bc (mod m), a" =b" (mod m), (n € N).
Bai tap 65: Tim du trong phép chia 3°°* chia cho 13.
Giai
Ta c6: 3° = 27 = 1 (mod 13) va 2003 = 3.667 + 2.
Do do: 32008 = g3667+2_ g2 (33 )667
Taco: (3*)" =1 (mod 13) = 3%(3°)" =9 (mod 13).
Vay sb du trong phép chia 32°% cho 13 13 9.
Bai tip 66: Chimg minh rang: 2°9% - 4:31.
Giai
Taco: 2° =32 =1 (mod 31) va 2002 = 5.400 + 2.
Do dé:
22002 _ 4 = 54002 _ 4 = 4 (2°)00_ 4 = 4[(2°)** - 1] =4(1 - 1) = 0 (mod 31).
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Vay 2292 - 4:31.
Bai tip 67: Chimng minh ring: 2222°°> + 555522221 7,

Giai
Ta c0: 2222 =- 4 (mod 7) va 5555 =4 (mod 7)

Suy ra; 2222°%%° + 55552222 = (-4)>** + 4%%2 (mod 7) (1)
Ma (_4)5555 + 42222 _42222(43333 - 1): (43 -1)=63:7.

Vay (-4)>% + 422 = 0 (mod 7) )

Tir (1) va (2) suy ra: 2222°°* + 5555?2217 (dpcm)

Bai tap 68: Kihiéu: a, +a, +...+a, = Zai . Chimg minh rang:
i=1
n .
chia hét chon®#n +1 khi va chikhi ) (-1) a; chia hét chon’ +n+ 1 véiay, a, ..., an € Zvane
i=1

*

N .

Giadi
Taco: n’ + 1 =n(mod n>=n+1) = (n*+1)*=-n*(modn’ +n+1) (1)
Man®-1:(n*+n+1). Do dorn®*=1 (mod n? + n + 1) (2)

Tu (1) va (2), suy ra:
(n* +1)°=-1(mod n* + A +Iy= ai(n® + 1)¥ =a(-1)' (mod n> + n+ 1), i=1,n.

=, (n +1)3i =>"(~1) a,(med ™ +n+1)
i=1 i=1
Bai tap 69: Cho a;, a, ..., an € Z va Zai :6".«Chiing miinh rang: Za? 6.
i=1 i=1
(D& thi HSG TP HCM nim 1991)
Giai

Ta can chﬁ:ng minh: n®=n (mod 6)
That vay: n®-n*=n(n’- D=(n-1)n(n +1): :6,vin- 1, n, p171a ba sdnguyén lién ti€p nén c6 mot
sd chia hét cho 2 va mot s chia hét cho 3 nén chia hét cho 6.

Thay n = aj, ta dugc: a’ =a; (mod 6) = Za = Za =0(mod6) (dpofn)
i=1 i=1
26

Bai tap 70: Chimg minh ring: ) k.10:13.
k,

Giai
Ta c6: 10° = 1000 = - 1(mod 13), vi 1001 = 13.77.

Suy ra: 10% = (-1)* (mod 13) = k.10% = k.(-1)* (mod 13).
Do do:

Zk 10 = Zk mod13)

Ma
26
Z(—l)k .k=—1+2—3+4—...—25+26=(—1+2)+(—3+4)+...+(—25+26):13

k=1

20
Vay > k.10 =0(mod13) (dpem)
k=1

Dang 7: Ap dung dinh ly FERMAT:
Véip 1a s6 nguyén t6 ta co: a” = a (mod p).
Dic biét: Néu (a, p) = 1 thia®* = 1 (mod p).
Chirng minh
Gia str p nguyén té va (a, p) = 1. S6 du khi chia a, 2a, ..., (p - 1)a cho p s& d6i mot khac nhau va
nhiing sb trong cac s6 1,2, ..., p - 1.
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Goiry, Iz, ..., Fp1 14 s6 du twong g trong phép chia a, 2a, ..., (p - 1)a cho p. Ta co:
a=r(modp)

2a=r,(modp)

(p-1)a=r,_, (modp)
Nhan tuong Gng cac dong du thire trén lai ta duogc:
1.2....(p- 1)a"! =niry ... rp1 (Mod p)
Mal2 ..(p-1)=(@p-Ivarr..rpa=12....(p-1)=(p-1)! Nén:
(p-1)ta" = (p - 1)! (mod p) = a”* =1 (mod p), vi ((p - 1)!, p) = 1.
Bai tap 71: Choa € Z; m, n € N". Chirmg minh rang: a®" + a®™: 7 khi va chikhia®7.
Giai
Giasu: 2"+ 2% 7vaa/7,taco: (a, 7) = 1.
Theo dinhdy-Fermat:a° = 1 (mod 7) = a® = 1 (mod 7) va a®™ =1 (mod 7) = a*" + a°" = 2 (mod 7).
Vo Iy! Vaya:7.
Bai tap 42: Cho hai's6 nguyén t6 khac nhau p va q. Chirng minh rang: p®* + ¢°* - 1: p.q.
Giai
Vi p, qnguyén td va p # q nén(prq) = 1.
Ap dung dinh 1y Fermat, ta c6:
p¥t =1 (mod q) va g"* = I(mod p) =p*" - 1iqvag”t - 1ip.
Miat khac: p*™ip va g®*iq nén ta co:
p*t+ gt - Ligvap®t + g™t - 1ip
Ma(p,q)=1nén  p™+g"*-1ipaq.
Bai tap 72: Ching minh ring: 3* +2° +5:11, véi moitre N.
Giai
Theo dinh Iy Fermat, ta c6: 3 =1(mod11) va 2'° =1 (mod 1.
Ta tim du trong phép chia 2*™* va 3*™! cho 10, tirc 1 tim chit s6 tan cing'cia chung.
21 = 216" =2 (mod 10) = 2*™*! = 10k + 2.
31 =381"=3 (mod 10) = 3*™ =101 + 3, (k, | € N)
Ma 3'% =1 (mod 11) va 2'”= 1 (mod 11) nén:
3 423 45231002 1010 4 5232 123 1 5=0(mod 11)

vay: 33 +2" 4511, vneN.

Bai tap 73: Chimng minh ring néu (a, 240) = 1 thi a® - 1} 240.
Giai

Taco: 240 = 2°.3.5.

=a‘-115 (1)
a'-1:5  |a*-1i5
Mat khéc: a* -1 =(a- 1)(a + 1)(a® + 1): 16. (2)
Via-1,a+ 114 hai sé chin lién tiép nén tich chia hét cho 8 va a® + 1: 2.
Tir (1) va (2) suy ra: a* - 1: 240.
Bai tap 74: Cho a, b 14 cac s6 nguyén va p 1a s6 nguyén t6 dang 4k + 3.
Chirng minh ring néu a® + b?:p thia:p va b p. Tir d6 suy ra phuong trinh x* + 2x + 4y* = 37 khong
cd nghiém nguyén duong.
Giai
Gia sir p = 4k + 3 va a® + b? chia hét cho p.
Néu a va b déu khong chia hét cho p thi (a, p) = (b, p) = 1.
Ap dung dinh ly Fermat ta co:
a** =1 (mod p) va b"* = 1 (mod p).
Khi do:

(240=1=@2=@)=@5=1= {a2‘153:{a4‘153
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a4k+2 + b4k+2 =2 (mod p) (1)
Ma
a2 4 2 = ()2 4 (221 : (g2 4 bY)ip )
Tu (1) va (2) suy ra: 2:p hay p = 2, khong ¢ dang 4k + 3, vo 1.
Vayaipvabip (doa’+b?p).
Ap dung:
Taco: X2+ 2x + 4y* = 37 < (x + 1)° + (2y)? = 38119,
19=4.4+3nén (x +1):19 va 2y: 19, suy ra: (x + 1)* + (2y)?: 19° = 38:19% (v ly)
Vay phuong trinh khong c¢6 nghiém nguyén duong.
Bai tip 75: Tim s6 nguyén t p sao cho 2° + 1:p.
Giai
Ap dung dinhd¥sFermat, ta c6:
2’-2:p
T do, suyraf3=2+1-(2"-2):p=p=3.
Nguoc laiVéip=3taco: 2P +1=2°+1=9:3,
Vay véip = 3 thi 241 pg
Bai tap 76: Mot s €6 6n chiiSo va chia hét cho 7. Chirng minh rang néu chuyén chi s tn cing 1én
dau cta sb do thi duoc méf sb cling chia hét cho 7.
Giai
Goi sb ban dau 1a N = 10A + a, V&i‘ada chit sb tan cung cia N va A c¢6 6n -1 chir $6.
Sau khu chuyén a 1én dau ta dugeyM = agl0°™ + A
Ta chitng minh: (N - 3M): 7.
Thét vay, ta co: N - 3M = 7A - a(3.10°™ - 1)
Ap dung dinh 1y Fermat, ta co:
10° =1 (mod 7) = 10°" = 1 (mod 7) = 3.10°"= 3 =10.(mod 7) = 3.10°™* = 1 (mod 7).
Vay (N - 3M): 7. Tir d6 suy ra diéu phai chtirng minh.
Bai tap 77: Cho sb nguyén té p > 3. Chirng minh rang: 3*=2° -41342p.
Giai
bat: A=3-2°-1,plé.
D@ dang chimg minh: A:2 va A:3 =A:6.
Néup=7thiA=3"-2"-1.
Do d6: A:49 (Hay c6 thé tinh cu thé A) tirc A: 7p.
Néu p # 7 thi vi p nguyén t6 nén (p, 7) = 1.
Theo dinh 1y Fermat, ta c6: A = (3” - 3)- (2° - 2) chia hét cho p.
bat: p=3q+r,(qeN, r=1hoacr=2)
— A=3%T_3_1=3"279-2"89-1=7k +3'(-1)?- 2"- 1, keN.
Xét: r = 1: q phai chan vip 1é.
= A=7k+31-2-1=7k:7
Xét: r=2: qphailé vip Ié.
= A=Tk+3%(-1)-2%-1=7k-14:7
A:7TmaAip, (p7)=1=A:7p
Vay A:42p.
Dang 8: H¢ dém co sb:
Bai tap 78: Chirng minh rang trong hé dém co s6 b > 1, cac tich s6 ctia (b - 1) voi 2 s6 khac b va 1
ma co tong bang b + 1 dugc viét voi ciing nhitng chir s6 theo thir tyr nguoc nhau.
Giai
Goi2sddacholab-avaa+1,a<b
Taco:(b-1)(b-a)=b’>-(@a+1)b+a=hb-a-1)+a= (b—a—l)a(b)
Talaico: (b-1)(a+1)=ab+b-a-1= (b—a—l)a(b)
Suy ra: Ppcm.
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Bai tap 79: Trong hé dém cosb b>2, xem sb b - 1. Ching minh rang cac sb 2(b - 1) va (b - 1)% viét
trong hé da cho dugc cau tao cung nhiing chit sO nhung theo thir ty ngugc nhau.

Giai
Taco:2(b-1)=2b-2=b+b-2= 1(b—2)(b)

Ta lai co6:
b-1)2=b?-2b+1=bb-2)+1=1(b-2
(b-1) (b-2) ( )(b)

Suy ra: bpcm.
Bai tap 80:
. . —  —
a) C6 h¢ thong co sO b nao ma xx(v) = YYYYb) hay khong?
b) Chung to4ang néu b ton tai thi 2x° - b* = 1.
Giai
Ta co:

—_—2 —_—

XX(6) = YYYY(v)> voix;y eNval<x y<h.

< (bx+x)?=b’y+ b’y + by +y
& (b+1)*= (0* + 1)(b ¥ Dy
< (b+ 1)x* = [(b + 1)?- 2b]y
= 2by:b+1
C6 v sb gia tri cuia b thoa man yéd cu bai toan
Do d62y=b+1
= 2’ =b*+1
= 2x*-b*=1.
Vay:
Néu XX(zb) =YYYY(r) thi 2x* - b? = 1.
Bai tip 81: Trong hé dém co sb x, c¢6 hai sé tu nhién 1a 302 va 402. Treng hé co s6 9 tich 2 s6 d6 1a
75583. Pinh x?

Giai
Diéu kién: xeN va x > 5.
Trong hé thap phan, ta co:

302 =3x* +2

402 = 4%° + 2

75583 = 7.9* + 5.9° + 5.9° + 8.9 + 3 = 50052.
Do do6: (3x% + 2)(4x* + 2) = 50 052

< 12x* + 14x* - 50048 = 0
Pit: y=x% voiy e Nvay> 25
Taco: 12y* + 14y - 50 048 = 0

y =64
= 782 .
y B (Loa_u)

Do d6 x = 8.
Vay x = 8.
Bai tap 82: Cho biét 36 +45 =103 (1)
Hay tinh tich 36.45
(Giai trong hé dém c6 co s6 xac dinh)

Giai
Heé thire (1) di chimg t6 rang cac sd duoc viét trong mot hé dém ma co s6 6 < b < 10.
Ta co:
(1)< (3b+6)+ (4b+5)=h*+3
&b’ -7b-8=0
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<b=-1vb=8
Vi6 <b<10néntachonb=2S8.
Do 36, ta co:

36.45 = (3b + 6)(4b + 5) = 12b + 39b + 30
=(8+4)b’+(48+7)b+3.8+6
=b®+4b*>+7b+3b+ 6
=b*+ (4 +4)b*+(8+2)b+6
=p*+b+b°+2b+6
=20 +b*+2b+6
< 36.45=2126
Vay 36 + 45 =103 thi 36.45 = 2126.
3. Bai tap tu luyén:
Bai tap 1: Biét rang da thirc P(x) chia cho (x - a) thi du A, chia cho (x - b) thi du B. Tim phan du
cua P(x) khi chia cho (x - a)(X - b) v&i (a#b).

.« A—B aB-bA

Dép so: X +
a—-b a—b
Bai tip 2: Tim phdn‘du trongphép chia da thic P(x) = x* +x3 +10x + 5 cho da thue x° + 1.
Pap sb: 8x + 5.

Bai tap 3: Tim a va b sao cho’dathirc P(x) = x° + 8x? + 5x + a chia hét cho da thuc x* + 3x+b

Dap s6: a=-24vab =50
Bai tip 4: Tim da thic bac ba P(x) Biét p(0)= 0, P(1) = 12, P(2) =41, P(3) = 1.

DPap so: §x3 —éx +12x+10
Bai tap 5: Chung minh ring n’ - n chia hét cho”240°v6i s6 tu nhién 1¢
Hudng dan: phan tich n° - n va 240 = 16.3.5
Bai tap 6: Ching minh n® - n* chia hét cho 240, V&i neN:
Hudng-dan: n® - n* = n*(n* - 1) chia hét cho 16.3.5
Bai tap 7: Chom, nvaas, az ,..., a, 1a cac s6 tu nhién . Chirng-minh rﬁng

al +al +...+a™ chia hét cho 120 khi va chikhi al" +a* +...+a*" chia hét cho 120.
Huéng dan: Xét tong hai hiéu.

Bai tép 8: Tim n thoa man P = 3(n +1)%%% -

3 .oz .
1 la s nguyén.
Pap 56" n=2;n=4;
Bai tap 9: Tim x sao cho biéu thirc da thirc P(x) + 4x* + 8x + 16 chia hét cho x + 3,
bap $0° x = -2: X = -4.
Bai tap 10: Ching minh ring 5*™* 3"- 2 chia hét cho 240 v6i moi sb tu nhién n.
Hudéng dan: Ching minh 5*™! 3*"- 2 chia hét cho 3, chia hét cho 16 va 5.
Bai tap 11: Ching minh rang:
a) n* - n?:12, VneN
b) n(n + 2)(25n% - 1): 24, ¥neN
Bai tap 12: Cho 4 $6 tu nhién a, b, ¢, d. Chirng minh:
(b -a)(c - a)(d - a)(c - b)(d - b)(d-c): 12
Bai tap 13:
a) Chirng minh rang n - n+ 2 khong chia hét cho 6 V61 moi s0 tur nhién n.
b) Chirng minh rang n’-n chia hét cho 24 v&i moi s6 ty nhién 1€
(De thi vao 16p 10 DPai hoc Tong hgp TP HCM hé PTTH Chuyén nam hoc 1996 - 1997)
Bai tap 14: Cho 3 56 ty nhién a, b, c. Chimg minh rang:
Néua+b+c: 6thi(a+ b)(b +c)(c +a) - 2abc: 6
Bai tap 15: Ching minh rang:
A=n"-4n®-4n’ + 16n : 384
v6i moi n chan va n > 4.
Hu6ng dan: Ta co: 384 = 3.128 va (3, 128) = 1. Nén ta chirng minh A chia hét cho 3 va A chia hét
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cho 128 = 2".
Bai tap 16: Chimg minh ring: a° - 13a:6, voi VacZ vaa > 1.
Bai tap 17:
a) Cho n>2 va (n, 6) = 1. Chung minh ring: n® - 1:24.
b) Cho n 1é va (n, 3) = 1. Chirng minh rang: n* - 1:48.
¢) Cho n 1é va (n, 5) = 1. Ching minh rang: n* - 1: 80.
HD:
a) (n, 6) = 1 nén dat n = 6k + 1 hodc n= 6k + 5.
b) St dung két qua cau (a).
c)Taco:80=2.8.5va(n,5)=1néndatn=5k+1;n=5k +2;n=5k +3;n=>5k + 4.
Bai tap 18:
a) Cho a va bya> b 14 hai s6 tu nhién. Chirng minh rang:
A =ab@@* - b%:30
b) Chung 6B = a’b?*(@”* - b*) : 60.
Bai tap 19:
a) Cho n chan. Chimg*to rdng ¢a 2 s6 n® - 4n va n® + 4n déu chia hét cho 16.
b) Chtrng minh rang: n° - n.#30, Yn € Nvan’-n : 240, moin Ié.
Bai tap 20: Chiing minh réng ¥ + 6n° + 11n? + 6n chia hét cho 24 v&i moi sé ty nhién n.
Bai tap 30:
a) Ching minh ring: n® - n* | 240/ ¥heN
b) Chung t6: n° - 5n° + 4n : 120, ¥h e N.
c) Khi nao thi n° - 5n° + 4n :360?
Bai tap 31:
a) Cho a va b 1 hai s6 tu nhién chia hét cho 7. Chithg minh rang:
a*-b*: 49
b) Cho a va b 1a hai s6 tu nhién 16n hon 7. Chirng minh réng:
(@ - 1)(b* - 1)(a° - b°) : 5807608

Bai tap 32:
a) Chirng minh rang: 10" + 18n - 28 : 27, Vn € N.
b) Chirng t6 rang: 9™ -8n -9 : 64, ¥n e N.
Bai tap 33: Cho A = 10°% + 10°™! + 1
Chirng minh rang: A:111, ¥n e Nva A:91, Vnla s 1¢.
Bai tip 34: Gia sir a va b 1a nhitng s6 nguyén sao cho:

(16a + 17b)(17a + 16h)
Chia hét cho 11. Chirng minh rang tich:

(16a + 17b)(17a + 16h)
Chia hét cho 121.
Bai tap 35: Cho hai s6 nguyén a va b.
Chirng minh rang s6 nguyén p = 11a + 2b chia hét cho 19 khi va chi khi s6 nguyén q = 18a + 5b chia
hét cho 19.
Bai tap 36: Cho s6 tu nhién n.
1. Chirng minh rﬁ“mg s6 tu nhién a = n? + 3n + 5 chia hét cho 11 khi va chi khi n ¢6 dang n =11k + 4,
k e N.
2. Chiing minh rang a khong chia hét cho 121.
Bai tap 37: Chimg minh rang: 3°™ + 2™%:7, VneN.
Bai tap 38: Chimg minh rang: 3°™% + 2°™*:11, vneN.
Bai tap 39: Chimg minh rang: 7°™" - 48n - 7 : 288, VneN.
Bai tap 40: Ching minh rang: 11™2 + 122! 1133, VneN.
Bai tap 41: Chimng minh rang:
a) 3*"™? +2.4°™1:17, WneN.
b) 3.52™% + 281117 WneN.
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Bai tap 42: Chiing to rang; 7" ~7°1100.
Bai tap 43: Tim s6 du trong phép chia s ty nhién n = 3° + 3% + 3%% cho 91.
Pap s6: S6 dur=11.
Bai tip 44: Chimg minh rang: 5°" + 5" + 1: 31 v6i moi n khong chia hét cho 3.
Bai tap 45: Ching minh rang néu n khong chia hét cho 4 thi

1"+ 2"+ 3"+ 4"

Chia hét cho 5.

Bai tip 46: Tim moi sd tu nhién sao cho:

a) 10"- 1: 81

b) 10"-1: 11

c)10"-1:121

Dap sb:

a) n =9k b) n=2k (k € N)

Bai tap 47:

a) Pinh m sao chos243" + 3+4d

b) Tim moi sb tu nhién n sao.cho: 2" - 1:9.

Dap sb:

a)n=5k+4,(neN)

Bai tap 48:

a) Xac dinh tat ca cac so nguyén daong n'sao cho: 2"-1:7

b) Chung t6 voi moi sd nguyén duong n, s6 2= Lkhong chia hét cho 7.
Pap s6: n =3k, (k € N)

Bai tip 49: Dinhn € N dé cho:

aQn’-3n+6:5

byn®-n+1:7

Dap sb:

ayn=5+4 byn=7k +2,(n € N)

Bai tap 50: Cho 2" = 10a + b. Ching minh rang néu n > 3 thi tich sé7ab chia hét cho 6. O ddy a, b, n
1a cac s6 nguyén duwong va b < 10.

Bai tap 51: Chirmg minh rang néu tong hai phan s6 t6i gian 1a mot sO nguyén thi hai phan sé d6 co
mau bang nhau.
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CHU PE 5
PHUONG PHAP CHUNG MINH "QUY NAP TOAN HQC"

1. Kién thirc co ban:
Quy nap khong hoan toan:
La sy suy luan di tir nhitng su kién riéng 1¢ dén mot két luan tong quat. Phuong phap nay khong
phai la phép chung minh nhung la phuong phap tim toi quan trong, né gitp ta du doan nhirng gia
thiét c6 thé dang hoic sai.
Quy nap hoan toan:
La phép suy luan sau khi d xem xét tit ca moi truong hop c6 thé xdy ra méi rat ra két luin tong
quat.
Bai toan:
Chirng minh/P(n) dungvdi moi n nguyén va n > a, a nguyeén.
Phwong phap1:
Budc 1: Thir voin =a
Thay n = a = P(a) dung.
Do d6 P(n) dung khin =a.
Budc 2: Lap gia thiét quy nap.
Gia str P(n) diing voi n =k{k©Z vak > a nghia la P(k) dung.
Budce 3: Chung minh
Ta chirng minh rang P(n) khi n = k-+4nghia 13 ta ching minh rang:
P(k +-1) dung.
Buoe 4: Két luan.
Vay P(n) ding véimoin e Nvan>a, a e Z
Phwong phap 2:
Khi n =a = P(a) dung.
Khin=a+ 1= P(a+ 1) ding.
Gia st P(k - 1) dung va P(k) dung, véikkeZvak>a+1
Chtrng minh P(k + 1) dung.
Vay P(n) ding véimoin e Nvan>a, a e Z
Phwong phap 3:
Khi n =a = P(a) dung.
Gia stt P(a), P(a + 1), P(a +2), ..., P(k - 1), P(k) dung.
Ching minh P(k + 1) dung.
Vay P(n) ding véimgin e Nvan>a, a e Z
Vidu 1: St dung phuong phap chirmg minh quy nap chirg minh rang:
n(n+1)

1+2+3+...+n=

Vidu2: Tinhtong : S, =1+3+5+...+(2n-1)
Cic tong co ban cin nho:

a) 1+2+3+...+n= n(n+1)

_ nn+1)(2n+1)
6

b. 12+2°+3%+..+n°

3
c. P+2°+.. . +n’ =(n(n+1)]
2
2. Bai tip ap dung:
Bai tap 1: Tinh téng: S,= 13+ 2°+ 3%+ ... +n
Giai

3
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Ta co:

S =1°=1=1?
S,=13+2°=9=(1+2)?
Ss=13+22+33=(1+2+3)?

Gia su:
S=13+22+3+ . +k¥=(1+2+3+..+k)?
Ta co:
k(k+1)
1+2+3+.. . +k=— "1
2
k(k 1) ?
+

Cong (k + 1)3 va0 hai vé cua (1"), ta dugc:

S, +(k+1) {@Tﬂ“(kﬂf
S, _(%T(kz+4k+4):{(k+1)2(k+2)]2

<SS, :[1+2+3+...+(k+1)]2

2
k% (k+1
VaySp=12+2°+ 3+ . +n’=(1+2+3+..+n) :%
Bai tap 2: Cho a= X+l, x eR” 1a mt s6 nguyén. Chithg-minhrang sb
X
2005 , 1
= +
b=x X2005

la mQt s6 nguyén.
Giai
Ta ching minh rang néu:

1 "
a=x+—,xekR
X

14 mot sb nguyén thi Sn =x"+ — ciing 1a mot s6 nguyén véi moine Z.
X
Nhén xét: Néu n nguyén am, ta dat:
n=-m,véime Z"

m 1 1

x "X
Do d6 ta chi can ching minh quy nap.
Khin=0thiSp=2 € Z
Khin=1

:>Sn=x

Taco: S, —x+lez
X
Gia str Sy nguyénvoin=k, k e Nvak>1.
So, S1, Sy, ..., Sk hguyén.
Ta chirng minh Sy+; nguyén
Ta co:
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xk+L x+l =| x* 4 ! xk_l+L
XK X kel Xk

<S,.5, =S ,+S,
<81 =58, -5

Suy ra Sk+1 nguyén.

= Spnguyén voimoin € N

.. _w2005 , Lo 4 .
Do do: S, s =x +W la mot sO6 nguyén.

Bai tap 3: Chirng minh rang ton tai vo han sé tu nhién n khac 0 sao cho:
2"-1:n (*)
Tim tat ca cac so.nguyén to n théa man (*).
Giai
Ta chirng minh rAfig voin = 3% g € N, thin chia hét s6 2" + 1
2¥ 41330 (1)
Khiq =0, tacé:
21 +1: 1, dung
Gia st (1) dung véi q =k, k e N\t
2% 41i3
=2 +1=A3, AeN" (2)
Ta chirng minh rang (1) dung véi q =k + 1 tifcd&€hifng minh
23 i3k @)
Ta co:
3+l 3\’ 34k )
2 +1=(2 ) +1=(A 3 —1)
=A% 3" 34237 13 A3
= A[ A3 oA 13
Do d6, ta co:
23‘“‘ 413K+
(3) da duoc chirng minh:
Vay c6 v6 sb s6 ty nhién n sao cho: 2"-1: n *)

Véin=3%q € N, nnguyéntd khiq=1=n=3.

. . 1 . ‘
Bai tap 4: Cho x va y 1a cac so thuc khac 0 sao cho cac s0: a =x+—;b=y+— dcu la s nguyén
Yy X

cing 13 mot sb nguyeén.

a) Chtrng minh rang s6 ¢ = x%y? +
2,,2

Xy
b) Tim moi n nguyén dwong sao cho sb:

ny,N

d=x"y" +

X'y
ciing 1a s6 nguyén.
Giai

a) Ta co: a=x+£;b=y+£,v(yix,ye R
y X
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a.b:(x+lj[y+lJ:xy+i+2
y X Xy

c>xy+i:ab—2:xy+iez
Xy Xy

Ta co:

2

1 1

C=X2y2+ 5 2=(xy+—j -2=ce’
Xy Xy

déu 1a so nguyén.

. 1 1 A £ | 1
Vay néu a=x+=;b=y+= nguyén thi cic s6 xy+— va x’y’ +
y X Xy xzy2

b) Pat: t =d=t =x"y"+

,ne’Z

Xnyn
Khi n = 1, n=2'thi-eac sb t1, t, nguyén.
Gia sir t, nguyén cho’dén khi n= k.

ty, to, ..., tk1, tk NQUyéN.
Ta ching minh rang:
+ 1
t, = xHykH +X1<Tyk+l’ keZ

cling 1a s6 nguyén.
Taco: tys1 = ttkr = k1 € Z.

. 1 1 . s .
Vaynéu a=X+—;b=y+= lacac s0 nguyén thiso d =x"y" + ! — nguyén, vn eZ.
X

x"y
Bai tip 5: Xem diy sb:
A;L:l
A =3+5
A;=7+9+11

A;=13+15+17+19

Chitrng minh rang mdi sb hang cta diy 1a 14p phuong cia mot sb ty nhién!
Giai

) hang tong quat cua day sb da cho c6 dang: Ap = aks1 + aks2 + ... + Bien

Véiam=2m- 1 vak1asd cac sb 1é co trong cac s hang cia day tr 1 dénn - 1.

, (n—l)
Taco:k=1+2+3+..+(n-1)= —"—

2
A =(2k+1) +(2k+3)+...+(2k+2n-1)

= (2k +n)n
=[(n-n+nln=n

Do do, ta co:

A=1=1°

A;=3+5=2°

A;=7+9+11=3°

A,=13+15+17+19=4°

A, =n’

Bai tap 6: Ching minh rang s6 nguyén t6 thi n thi nhd hon 2%,
Giai

Goi P, 14 s6 nguyén t6 thir n.
Ta ching minh rang:
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P, < 2% (1)
Khin =1, ta co:
Pi=2<2?

(1) dng khin = 1.
Gid str (1) dung khin=1, 2, 3, ..., k nghia la ta co:

P < 22I

P, < 2%

Py < 2% 2)

Pk < 22k
Ta ching miinh rang:

1

Pl 2% 3)
Xem s6:
A=P.P, LPi+ 15 A Py
Goi d 13 mot wdce s6 nguyénto cia A = d <A
Néu d < Py thi d chia hét tich P1PaPs5 ... Pysr va do d6 d chia hét 1, vé 1
= d>Px=d>Pyxs
Ta co:
Pre1 <d < A=PiP,Ps.. P+ 1

1 2 3 k
— P <22 .22 27 .22 +1
221+22+23+...+2k

= Pr+1 <

2k+l 2k+l
= Pk+]_ < 2 — 2 < 2
(3) da dugc chirng minh.

A 2"
VayP,< 27 .
Bai tip 7: Ching minh rang s6 dugc thanh 1ap bai 3" chit s6 gidngathau thi chia hét cho 3", trong d6
n la so tw nhién.

Giai

Ta dung phuong phap quy nap:
Khin=1.taco sd aaa:3=3'
Gia sur bai toan dung khin=k, k e Nvak > 1.
SA = aaa...aaa:3"

3* chitsoa
Ta chirng minh rang bai toan ding khi n = k + 1 nghia 1a ta chimg minh:
A, ., =aaa..aaa:3""!
k+1 D
3! chirs6 a

Ta co6 thé viét:

AkJrl =aaa...aaa= aaa...aaa

3*3chits6a  3+3+3% chirsoa

= adaa...aad adaa...aaaaaa...aad

3¥chitssa 3Nchitsa 3%chitsda
=aaa...aaa 100...000 100 ...0001
3* chirsé a (3k—1)chfrs60 (3k—1)chfr 560

=A,.100...000 . 100 ...000 :3*.3 =3*
(3*~1)ehirss0 (3*~1)chiss 0
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Vay ta ludén co:
aaa...aaa:3",VvneNvan>1aeN,1<a<09.

3" chitso a
Nhan xét: Bai nay qua khé dbi v6i hoc sinh 16p 9.
Bai tap 8: Ching minh rang: 2" >n,neN.

Giai

Véin=0,taco: 2°=1>0. Vay 2" >n dung véin=0.
Giasit 2“>K.
Suyra 2Kt =2K2=2"+ 2" > k+1.
Vay 2" >n,VneN.

Bai tap 9: Chin@minh ring: 12+ 2% +_+n? = " +1)6(2” D (w6in=123,.)
Giii
Véin=1, ta co:1? =&6(2+1).
4 +
Vay 2 +22 4. +n2 = N0 1)6(2” D ting véin=1.
Giast 12+22+..+k?= k(k+1§2k+l).

Suyra: 1 +2°+...+k*+(k+1)* = k(k+1)6(2k+1) +(k+1)°

k(2K +1)

:(k+1)( +(k+1)j

(k +1)(2k2 + 7k +6)

6
_(k+1)(k +2)(2k +3)
6
Vay 12+22+..+n%= ”(”+1)6(2”+1) ding véin=12,3,...

3. Bai tap tu luyén: . )
Bai tap 1: Chung minh rang v&i moi s6 nguyén duong n, ta luén co6 :

1)1+4+7+... +(3n-2) =161
n-
2)1+3+9+...... +§"1=321
3)1+E+§+ ...... +£:2_n+2
2 4 8 2N 2"

N2+ +R 4. 1P _N(n+1)(2n +1)

....... 7

2

5) 12 +22 +3% + ...+ (2n - 1) :w
6) 22 +42 +62 4.+ (2n)f = 2n(n +1)(2n +1)

...... .

Bai tap 2: Ching minh ring v6i moi s6 nguyén duong n, ta ludn cé:
1)1+3+5+....+(2n-1) = n?
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2) 2+4+6+...... +2n =n(n +1)
3)1.2+25+38+....+n(3n-1) = n?(n +1)
4) 1.4+2.7+3.10 +.....+n(3n +1) = n(n +1)?

n(n +1)(n + 2)(n + 3)
4

5)123+234+.... +n(n+1)(n+2) =

6) 1.3.5....2n -1).2" = (n +1)(n + 2)......2n

Bai tip 3: Chimg minh rang véi moi sé nguyén duong n, ta luén co:

1 1 1 1 _n
1) —+—+—+.... + =
13 35 57 (2n-1).2n+1) 2n+1
1 1 1 1 _n
2) —+—<L+—+ ... + =
14 47 -7.10 (Bn-2).3n+1) 3n+1
1 1 1 _ n(n+3)
—— + —= 0 + =
123 234 n(n+1).(n+2) 4(n+1)(n+2)

Bai tip 4: Chirg minh rang~oi moi sb nguyén n > 2, ta ludn co:

o e

D™ Hn(n ¥ D)
- 2

2) 1P -2 +3 - ..+ (-D)"n?

Bai tip 5: Chimg minh rang véi moi sb nguyénduong n, ta ludn co:

X"-1= (X-1) (X" +X"? + ...+ X ¥1)
Bai tap 6: Chung minh rang voi moi s6 nguyén n, ta [uén €o:
1) 7" -1:6
2)11" -1:10
3) n®+2n):3
4) (n°-6n) 5
5) (4" +15n-1):9
6) 62" +10.3" 1 11

Bai tap 7: Chimg minh rang v&i moi sé nguyén dwong n, ta ludn co:

1) 9" -1:8

2)n®+11n:6

3)n’-ni7

4) (7" +3n-1):9

5) 47+l 4 52071 1 9q

6) 11" +122"1 1133
7)nin+1)(n +2)(n+3):24
By nP+(n+1)*+(n+23:9

Bai tap 8: Ching minh ring v&i moi s nguyén duong n, ta lun co:

1) 5n% —6n+1>0

2) 11n*-14n+3>0 ,
Bai tap 9: Chirng minh rang v4i moi s6 nguyén n, ta luén co:

1) 2" >2n+1,vn>3
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2) 3" >3n+4, vn>2

3) 2">n% vn>5

43" >nn+2), vn=4

5) 2"3>3n-1, vn>8

6) ' >3" vn>7

7)n®>m+1)"!

8) (n!)? > n"

Bai tip 10: Chung minh rang v4i moi so nguyén duong n, ta ludn co:
1) (+x)" >14+mx véi x > —1.

n n n
2)£a;bJ g3 ;b v6ia>0b>0.

Bai tap 11: Chirg minh rang’vdi moi s6 nguyén dwong n, ta ludn co:

1)1+1+%+ ...... p 10

n n
2)—1 + 1 + ,+L>E
n+l n+2 2n 24
3)1§ﬂ 2n-1 1
T o m
4)1+1+1+ ...... +1<2-1

I
V2 3 Jn
Bai tip 12: Tim cong thirc tinh cac tong sau ( véin € N)

1)S, =1+3+5+... +(2n-1)

2)S:i+i+ ...... + !
12 23 n(n +1)

3) S, =1.11+22!1+ 33!+ ... +n.n!

Bai tap 13: Chon sb duong X ,X,,X,,...,X thoaman X,.X,.X,...... X =1.

Chung minh : X, + X, + X, +...... +X, =N

N - .z s 1
Bai tap 14: Gid st X, X,,......, X 1a cac s06 dwong thoa man: X, + X, + X, +...... +Xx <=
2

Ching minh ring : (1- X)(L-X,)e(1-%) 2 %

Bai tap 15: Cho x 1a s6 thyc va [x| < 1.
Ching minh rang: (1-X)" + (1+x)" < 2" véi n>2(n € N)
Bai tap 16: Chirng minh rang (1 + x)" > 1 + nx, v&i x > -1 va n nguyén duong.
Bai tap 17: Ching minh rang v&i moi s6 ty nhién n > 2, ta co:
a"-b"=(a-b)@*+a"b+... +ab" +p"
Bai tap 18: Tim s6 hang tong quat ctia day sb sau:
Uy = 3; Up+1 = 2Up, (N> 1)
Bai tap 19: Chimg minh ring véi moin € N, ta co:
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1 2 n 3 2n+3
—t—tat = -
3 3 3" 4 43

Bai tap 20: Tim s6 hang tong quat cua day sd sau:

AU =3, U1 =2+ %un

b) U1 = a; Unvs =+ buuy ‘
Bai tap 21: Cho ham so0 fxac dinh vdi moi x va thda man di€u kién:
f(x +’y) > f(x).f(y)

Chirng minh rang: V61 moi s6 thuc x va moi so ty nhién n ta co:

02lf(z)]

Bai tip 22:/Cho.Xa; Xz, ..., X 12 cac s6 duong. Chirng minh bang quy nap:
X X X X X
Y o2 4 T8 4+ nl 4 L—>2 n>4
X5+ X, Xg+X; X, +X, X, + X, X +X.

Bai tip 23: Chungminh riing véi moin > 1, ta co:
1.2.3..(2n-1) 1

<
2.4.6...2n »\/2n +1

Bai tip 24: Chirng minh bang quy fap, v6i a > 0 thi:

\/a+m - 1++/4a+1

2

Bai tap 25: Chirng minh rft’ng:vnnﬂ > (n+ 1)"(n=3)
Bai tap 26: Chiing minh bat dang thuc:
1

(1+2°)(1+ 27 ) (14+27)... (1427 Y5 27
3
Bai tip 27: Chirng minh moi s6 tu nhién n khac 0 ta ludn c6:
2< (l)n <3
n

Bai tip 28: Chirng minh rang véi moi sb tu nhién n > 5 ta co:

)-(5)

(2n)!24_n' neN’
(n) n+1

Bai tip 29: Chirng minh ring:
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CHU PE 6
PHUONG PHAP CHUNG MINH "PHAN CHUNG"

1. Kién thire co ban:

Trong chirng minh bang phan chirg (con duoc goi 1a reductio ad absurdum, tiéng La tinh c6 nghia
1a "thu giam dén su vo 1y"), nguoi ta s& ching minh néu mot phat biéu nao d6 xay ra, thi din dén
mau thuin vé 16gic, vi vay phat biéu d6 khong duogc xdy ra. Phuong phap nay cé 18 1a phuong phap
phd bién nhat trong chirng minh toan hoc.

Dinh ly: 7o on tai v s6 s6 nguyén to
O day, Euclid d4 gia st nguoc lai rang ton tai hiru han sé nguyén to:
P1, P2, P3; -, Pn:

Ong xét tich N.= P1.p2.P3...pn + 1. N phai co it nhat 1 udc sé nguyén té p. Khi do, do p1, p2, P3, ..., Pn

1 tat ca cac.s6 nguyén 6 nén ton tai i sao cho p = ;.

Nhung khi'd6 p’chiashét 1, mau thuan.

Bai tap 1: Chung'minh rang ton tai vo so so nguyén to dang 4k+3.
Bai tap 2: Ching minh rang ton tai vo s6 so nguyén to dang 4k+1.

Mot chirng minh néi tiéng khac bang phuong phap phan chirng chinh 1 chirng minh cta Euler cho
dinh 1y nho Fermat voi truong hop n = 4.

Pinh ly. Phuong trinh x* + y* =7%(1)khong c6 nghiém nguyén dwong.

Ong da gia sir rang phuong trinh (1) c6 nghiém nguyén duong.

Khi do, theo nguyén ly cuc han ton tai nghiém (Xo, Yo, Zo) V01 X + Yo + Zo nho nhét.
Sau do, bang cach sur dung cAu trac nghiém ¢ba phuong trinh Pythagore:

Ong di d¢én sur ton tai cia mot nghiém (X1, Y1, Z1)COX1 + Y1 + 21 < X + Yo + Zo.
Mau thuan.
Phuong phap nay thuong dugc goi la phu"ong phap xuong thang:
Bai tap 3. Chung minh rang phuong trinh x + ;3/3/3 973 khéng ¢6 nghiém nguyén duong.
Bai tap 4. Chung minh rang phuong trinh XC+y+zi= = 2xyz'kh6ong cd'nghiém nguyén duong
(i) Bai toan:
Chtng minh ring:
A=B
(Co Athico B)

Gia thiét 1a A, két luan, diéu phai chirng minh 1a B.
Co6 mot s6 bai toan, ta khong chirng minh tryc tiép B duoc.
Do d6 phai dung phuong phap phan ching.
(ii) Phwong phap:
Gia str B sai, gia su khong c¢6 B (ki hi¢u: B)
B goi la gia thiét phan ching.
Tu B, tasuy ra:

BoE=F=..=(
(*) mau thuan véi A.

™=A,vol
Do d6 gia thiét phan chirg khong dung, nghia 1a B dung.
Két luan: A = B.
Chay:
C6 khi (*) mau thudn véi gia thiét phan chirng hodc mau thuan véi mot chan i co trudc.
2. Bai tap ap dung:
Bai tap 1: Cho a va b nguyén t6 cing nhau.
Chirng minh a + b va ab nguyén té ciing nhau.

Giai
Gia sur a + b va ab khong nguyén t6 cling nhau.
Do d6 a + b va ab at phai c6 it nhat mot wdc sd cing nguyén td d.
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a+b:d (1)

ab:d ()
Vid 1a s6 nguyén t6 nén tir (2), tacé a:d v b:d
Néua:d
Tir (1) = b:d , ,
Nhu vay c6 mot udc chung nguyén to d, trai véi gia thiét.
Néub:d

Tuong ty nhu trén. ’ ’ ’
Do do6 a + b va ab nguyén t0 cung nhau néu a va b nguyén to cung nhau.
(a,b)=1=(a+b,ab)=1. ’ ’
Bai tap 2: Cho a va b nguyén t0 cung nhau. Chung minh A = 5a + 3b va B = 13a + 8b nguyén to0
cung nhau.
Giai

Ta co:

A =5a+3b N a=8A-3B

B=13a+8b b =5B-13A

Gia st A va B khong nguyen td.clng nhau.
Ta suy ra A va B ¢6 it nhat mottéc sd chung d > 1.

dA A dB
= dla Adlb
Nhu vy a va b co mot ude 5O chung d >"1, mau thuan gia thiét.
Viy A va B nguyén té cing nhau, néu a va b'nguyén t6 cung nhau.
Bai tip 3: Cho a va b nguyén t6 cing nhau. Chirng’minh rang:

A=ab+Dbc +ca, B=as b+, C =abc

Nguyén té cung nhau.

Giai
Gia st A, B, C khong nguyén t cung nhau.
Do d6 A, B, C it phai c6 it nhat mot ude sé chung nguyén té d.

A:d;B:d; C:d
Vi C:d, d nguyén t6 nén ta co:

a:dvbidvc:d
Néua:d
Ta co:

A:d . . )
. }:bc:d:b:dvc:d
a:d

Néub:d
Ta co:
B:d;a:d;b:d=c:d
Nhu vay 3 s a, b, ¢ s& c6 mdt ude sé chung nguyén té d, mau thuin gia thiét.
Néub:d hoac c: d, Chtrng minh tuong tu.
Vaynéu (a, b, ¢) =1 thi (ab+ bc + ca, a+ b+ ¢, abc) = 1.
Bai tap 4:
a) Cho a, b, nguyén t cing nhau. Chirng minh a" + b" va ab nguyén té ciing nhau.
b) Cho (a, b) = 1. Chirg minh rang: (a", b) = 1.
Giai
Gia st a” + b" va ab khong nguyén t6 cting nhau.
Tasuy ra: a" + b" va ab it phai c6 mot udc s6 chung nguyén t d sao cho:
a"+b":d 1)
ab:d (2)
Viab:d, d nguyén tb nén ta co:
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Néua:d

= a":d

Talaico:a"+b":d = b":d

Vib":d, d nguyén t, nén b:d

Nhu vay a" + b" va ab nguyén t6 cting nhau néu a va b nguyén té ctng nhau.
(ab)y=1=@" +b"ab)=1

b) HS tu giai.

Bai tp 5: Ching minh rang: 4n” - 2n + 13 khong chia hét cho 289 v&i moi s ty nhién n.
Giai

Gia st ton tai neN sao cho, ta co:
4n? -2n +113: 289

& 16n”-8M +52:289

& (4n - )%+ 51:2894(*)

Tir (*) = (4n - 1)°+.51:17
= (4n - 1)%17

17 14 sb nguyén t6 = 4n #1:17

= (4n - 1)*:289 (**)

Tu (*) va (**), ta suy ra:

51:289 v li

Vay 4n? - 2n + 13/ 289, VneN.

Bai tip 6: Ching minh rang s6: n® +3n+ 5 khéng.chia hét cho 121 véi moi s6 tu nhién n.
Giai

Gia st ton tai ne N sao cho:

n’ +3n+5:121

= 4n* +12n +20:121

= (2n +3)%+ 11:121 ()

= (@n+3)%11

Vi1l 1a s6 nguyén t6 nén ta co:
2n+3:11

=  (2n+3)%121 (*¥)

Tir (*) va (**%), taco: 11:121, vo Ii.

Vayn?+3n+5/ 121, VneN.

Bai tap 7: Chimg minh rang khong c6 sd nguyén t6 nao 1a 16n nhat.
Giai

Gia st py 12 s6 nguyén t6 1on nhat
Goi p 14 tich ctia n s6 nguyén t6 da biét:
P =PiP2 ... Pn
bat A=p+1=>A>p,
Do d6 A 1a mot hop sb.
= A c6 it nhat mot udc sb nguyén to d.
=d<p,=d|p
VidIA, dlp =d|1, vo Ii.
Vay khong c6 sd nguyén té nao 1a lon nhét.
Bai tap 8: C6 ton tai neN dé cho n? + n + 2 chia hét cho 49 hay khong?

Giai

Gia str ton tai ne N, sao cho:
n®+n+2:49

=  4n®+4n+8:49 1)
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Tasuyra: 4n*+4n+8:7
= (2n+1)%7
7 13 s6 nguyén t6. Suy ra: 2n+ 1):7
= (2n + 1)%:49 (2)
Tu (1) va (2), tasuy ra: 7:49, vo |i
Vay khong ton tain € N dé n?+n+2:49
Bai tip 9: Chirng minh rang J2 14 s6 vo ty.
Giai

Gid stra = /2 12 s6 hitu ty, o nghia 13 ton tai 2 s6 duong m, n sao cho
M- 2 e m?=2n & m?-mn=2n2-mn
n

< mm-n)=n(2n-m)

m 22n=-m

n m-<n

Tacé:\/f>1:>m>n:>m<2n-m:>2n'm

Y m
la phan so rat gon —.
m-n n

m . p
Suy ra: — chua toi gidn (mau thuan)
n

Két luan /2 13 s6 vo ty.
Bai tap 10: Mot 16p hoc c6 30 hoc sinh. “Céc-hoc sinh ndy tham quan trong 3 nhém ning khiéu.
Nhoén Toan ¢6 17 em, nhém van cé 13 em va nhém’anh van cé 11 em. Trong 16p con 10 em khong
tham gia nhém ning khiéu nao. Chirng minh rang? Trong 16p co it nhit mdt em tham gia dong thoi
ca 3 nhém ning khiéu.

Giai
Theo gia thiét, ta c6: S6 hoc sinh tham giac cdc mon ning khiéd Ja:

17 + 13 + 11 = 41 (em)
Gia sir khong c6 em nao du 3 nhom ning khiéu, tic 1a mdi em thamsgia t6i da 1 2 mén ning khiéu.
S6 hoc sinh tham gia cac nhom ning khiéu la:
20.2 = 40 (em)

Suy ra: Mau thuan.
Vay c6 it nhat 1 em tham gia dong thoi ca 3 mén ning khiéu.
Bai tap 11: Mot ban kiém tra hop tat ca 40 1an, mdi 1an hop c6 10 ay vién dy. Freng dé khong co 2
Uiy vién nao cung dén du hop v6i nhau qua 1 lan.
Chirng minh rang: S6 Gy vién ciia ban kiém tra khong thé it hon 60 nguoi.

Giai
Gia st s6 luong uy vién cua ban kiém tra nho hon 60.

Theo gia thiét, ta c6 tong s6 luong ty vién du tat ca cac lan hop la:
40.10 = 400

S6 1an hop ciia mot Uy vién la: 46_%0 ~6,6~7

Mbi lan hop mét uy vién s€ gap 9 nguoi uy vién khac.
Suy ra s6 nguoi iy vién gap 1a 7.9 = 63 (mau thuan)
Bai tap 12: Mot ngudi ban hang co 25kg Tao. Dé thuan tién cho khach hang, ong ta dy dinh xép
Tao vao cac hop nhua loai dung 1kg, loai 3kg va loai Skg.
Ngudi ban hang c6 tat ca 10 hop. Hoi 6ng ta c6 thé xép hét 25kg tho vao 10 hop d6 dé ban cho
khach hang khong?
Giai
Gia st ong ta xép hét 25kg Téo vao 10 hop.
Goi  xla s hop dung lkg
y 1a s6 hop dung 3kg
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z 14 s6 hop dung Skg
Ta co:
X+y+z=10
y < 2y+4z=15 (Vb ly)
X+3y+5z2=25
Vay khong xép duoc.

Bai tap 13: C6 5100 qua cau. Trong d6 c6 300 qua cau dé, con lai 1a tring. Ching duoc xép trong
mdt s6 hop sao cho mdi hop khong qua 3 qua cau do.
Chung minh rang: C6 thé tim duoc 2 hop chira cing mot sd luong qua cau.
Giai
Goi mlasé hép, m > 100
N 1a s6 téo trong hop 1
N 1356 t40 trong hop 2
N 1466 tao trong hop n
Vay Nj + N7+ +N, = 5100
Gai str s6 luong ‘quaan trong'mdi hop déu khac nhau:
Np>1
N, > 2
N3 >3
Np>m
N:i+Na+Nz+..+N,>21+2+3+...+m
m(n+1)
<5100> ——=
<100>m
Vay m= 100
Suy ra mdi hop déu c6 3 qua cau do nén:
Ny >3
N2 >4
N3 >5

102(102+1)
N{+No+N3+...+Ny>——=-3

< 5100 > 5250 (mau thuan)

Vay ludn cé thé tim duoc 2 hdp chira cung 1 ) luong qua cAu.

3. Bai tap tu luyén:

Bai tap 1: Ching minh rang v6i moi s nguyén a, b, ¢ ludn tim duoc s nguyén duong n sao cho s6
f(n) = n® + an? + bn + ¢ khong phai 14 sé chinh phuong.

Bai tap 2: Cho a, b 1a hai sd tu nhién nguyén té cing nhau.

Chirng minh rang phuong trinh: ax + by = ab khong c6 nghiém nguyen duong.

Bai tap 3: Chimg minh rang néu n 14 s6 nguyén duong thi s6 2010" - 1 khong chia hét cho 1000" - 1.
Bai tap 4: Chirng minh rang h¢ phuong trinh sau khong c6 nghiém nguyén duong:

X + xyzt =1987

y + Xyzt = 987
Z+Xxyzt =87
t+xyzt=7

Bai tap 5: Cho céc s duong a, b, ¢ théa min phwong trinh abe = 1.

Chirng minh rang: S= (a -1+ bj(b 1+% (C-l+%j£l.
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CHU PE 7
BAI TOAN "TiM CHU SO TAN CUNG"

1. Kién thire co ban:
Tim mot, hai, ba chir s tan cing ctia mot s chinh 1a tim du trong phép chia sb d6 cho 10, 100 hoic
1000. Nhung khi khao sat cac chir s6 cia mdt sd, c¢o nhitng phuong phap dic biét kha 1i thu.
Tim mét chir so tin cung ciia a"
Néu a tan cung 12 0; 1; 5; 6 thia" lan Iuot tan cung la 0; 1; 5; 6.
Néu a tan cung lag 2; 3; 7 thi sao?
Dung ki hiéu a = b (mod m) dé chi a - b chia hét cho m, ta c6:
24k 16“= 6 (mod 10)
3% = 815= 1(mod 10)
7% =49% = 1 (mod 10)
Do d6 dé tim chits6'tan cing cua a” (v6i a tan cung 14 2; 3; 7) ta ldy s6 mii n chia cho 4.
Gia su: n=4k +14t= 041; 2;3)
Néu a =2 (mod 10) thi a" =2" = 2**" = 6.2" (mod 10)
Néu a=3; 7 (mod 10) thia"=a%! "= a" (mod 10)
Tim hai chir s6 tin cung cia a”
Gia str a ¢ hai chit s6 tan clung 1a %0< x.<9
Theo nhi thirc Niuton, ta co6:
a®® = (10k + x)*° = (10k32° +20.(10k)* + 7. + 20.(10k)x™ + x*° = x*° (mod 100)
Vay hai chit s6 tin clng cua a’ cling chinh la'hatchif'sd tan cung cua x*°.
Nhan xét:
220 76 (md 100); 6° = 76 (mod 100)
=1 (mod 100); 7* =1 (mod 100)
Dung quy nap ta c6: 76" = 76 (mod 100)
=25 (mod 100) (m > 2)
Tt d6 suy ra véi moi m > 1:
a’”"= 0 (mod 100) néu a =0 (mod 10)
™ =1 (mod 100) néu a = 1; 3; 7; 9 (mod 10)
2o =25 (mod 100) néu a =5 (mod 10)
o™ = 76 (mod 100) néu a = 2; 4; 6; 8 (mod 10)
Vay dé tim hai chit s6 tn cing cta a" ta tim du trong phép chia s6 mii n cho 20.
Phwong phap chung:
Xem sd tu nhién A = ‘. n keN.
Cach 1:
Mubn tim chit s6 cudi cling cua A, ta chi can biéu dién A dudi dang:
A=10a+b=ab
= b 1a chit s6 cudi cing cua A.
Ta viét:
A =n*=(10q + r)* =10t + r*
Voire Nva0<r<9
Chir s6 cudi ciing ctia A ciing chinh 1 chi sé cudi cung cta s6 r*,
Néu A = 100a + bc = abc, thi bc 1a s§ gdm hai chir s6 cudi cung ciia A.
Néu A =1000a + bed = abed thi bed 1a s6 gdm ba chir s6 cubi ciing ctia A.

A _ m —
NéeuA=10"a, +a,,a,.,...8,8, = a,,8,,48,,,---8,8,

m~m-1

Thi a,a,,,.-8,3, 1as6 gdm m chit s6 cudi cling ciia s6 A.
Vay ta ¢6 phuong phap cu thé la:
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Dé tim mot s6 c6 thé 1an luot xét timg chit s6 bang cach xét chir sd tin cung ciia mot tich co chir sb
can tim.
Str dung tinh chia hét va chia c6 du.
Udc luong gia tri caa biéu thire nao dé chira cac chir sé dé giam bét cac truong hop cin xét.
Giai phuong trinh bac hai néu gia thiét cho biéu thirc chtra binh phuong céc chir s6.
Chay:
C6 thé c¢6 nhiéu phuong phap khac nita qua cac phép bién d6i nén khong nhat thiét phai 1am theo
mot cach.
2. Bai tap ap dung:
Bai tap 1: Tim tat ca cac so ty nhién gom 6 chir s6 sao cho mdi chir sb, ké tir chir s6 thir ba (tinh tir
trai sang phai) déu 1a tong cua 2 chir s6 lién ké bén trai.
Giai
Goi a 1 chit/86 hang trim ngan (a > 0) va b 1 chir s6 hang chuc ngan cua s ty nhién can tim.
Chif s6 hang ngan 1a: a + b.
Chii,s hang trim 1a: a + 2b.
Chirs6-hang chuc 1a: 2a + 3b.
Chir $6'hang don villa: 3a + 5b.
Tac63a+5b<9 = b<Lyménb=0hoach=1
Ly luan dua dén két qua £101223; 202246; 303369; 112358.
Bai tap 2: Ching minh ring chiF'sé:tan cing ciia cac s6 tw nhién n va n° 1 nhu nhau.
Giai
Xemsb A=n’-n
Taco: A=n(n*-1)=n(n- 1)(n + 1)(n* +'1)
Taco: A:2vin(n+1): 2.
Néun:5thi A:5.
Néun/Sthincé cac dang sau: 5k + 1; 5k + 2; 5k + 3; Sk +4
Suy ra: n* co dang 5p + 1 hodc 5p + 4.
n°-1:5hayn’+1:5= A:5
Taco: Ai2vaA:5
Do (2, 5) =1 nén A: 10.
Do d6 n va n® ¢6 cing chit s hang don vi.
Bai tap 3: Tim s c6 ba chit s6 abcthoa méin (a +b + ¢). abc = 1000.
Giai
Taco: (a+b+c). abc=1000 véia,b,ceNvalO<a, b c<9,a#l.
Do d6 ta co: abc= 1000, 125, 200, 250, 500
Truong hop: abc = 125 = a + b + ¢ = 8, thoa min diéu kién.
Truong hop: abc = 100, 200, 250, 500 khong thoa man diéu kién.
Suy ra: abc = 125.
Bai tap 4: Mot sO tu nhién ¢ hai chir sd, biét réng s6 d6 nho hon hai 14n tich cac chit sé caa n6 9
don vi. Tim sb do.
Giai
Goi sb ¢6 hai chir sd phai tim la ab vdia, beNva0<a, b<9,a#0.
Theo dé bai, ta c6:
ab=2ab-9=0b#0
= 10a+b=2ab-9
10a+9 14
=5+
2a-1 2a-1
a, beN = 2a - 11a udc s6 1¢ ctia 14.
<2a-1=1va2a-1=7
<a=1Va=4

=b=
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Tacd:b<9=a>2.Dodo:a=4vab=7.
Suy ra sb can tim 13 47.
Bai tap 5: Tim chit s6 hang don vi cia sb: 17198 + 111983 _ 71983
Giai
Céc sb 171983 va 71983 c6 cung chit s6 hang don vi:
Suy ra s6 171983 + 111983 - 71983 ¢6 cung s hang don vi véi sb 111983 va bang 1.
Bai tip 6: Tim céc sd c¢6 dang Xyz sao cho xyz+ xzy = zzz .
Giai
Pidu kién: x,y,zeNva1<x<z<9;0<y<9
Tacod: xyz+ xzy = zzz

< 200x + 11y = 100z (1)
Tir (1) =>A1ly: 200=y = 0.
Do do: z = 2%.

Cac sb phaitim Jar 102, 204, 306, 408.
Bai tap 7: Cho haisb-a va b
a=11111111
b=1111..111 (100 chirsé 1)
Tim udc chung cuia a va b.
Giai
Xem hai sb tu nhién avab
Taco:b=aq+1111
Suy ra:
(a,b)=(a,b-aq)=(a 1111) =1111:
Suy ra u6c chung 16n nhit ciaavabla 1111.
Bai tap 8: Tim chir sb tan cing cua 1992%.
Giai
Ta c6: 1992 = 21°%% (mod 10)
Ma 1993 = 4.498 + 1
Do do:
21998 = (214982 = 2 (mod 10)
Vay chir s6 tan cung cua 199219%° 3 2.

Bai tip 9: Tim hai chit s6 tan cing cia 22 (c6 1992 s6 2)
Giai

Dit: a, = 2% (consb 2). Ta co: a,, = 2%

Ta tim du trong phép chia ajge1 cho 20

Ta co:

809 = 27 = e = 9 Dol = 9 3 _ 2(10+8)=201+16 (I € 2)

Do d6: aeg, = 22°* 16 = 276 = 36 (mod 100)
Bai tap 10: C6 bao nhiéu s6 ty nhién c6 8 chir s6 trong d6 mdi s6 déu chia hét cho 11 va co mit tat
ca cac chit s6 tir 1 dén 8.
(Dé thi vao 16p 10 Chuyén Toan Tin Pai hoc Vinh nam hoc 2001 - 2002)
Giai
S6 cac sb tu nhién gém 8 chit sb duogc viét tir 8 chir sb 1, 2, 3, 4, 5, 6, 7, 8 ma tat ca cac chit sd nay
déu c6 mat la:
8!=40 320 sb.
M3i s6 c6 dang a,2,8,2,8.2,8,8, v6i a, <N, 1<a, <8, a #a va i,jeN, 1<ij<8.

MJi sb chia hét cho 11 < A-B:11 hodc B- A:ll
Véi

A=a +az3+as+ay

B=a+as+as+ag
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Co4! = 24 cach sép xép cac chf; sb ay, as, as, az yé 4! =24 cach sép xép cac chit sb ay, as, a5, as.
Vay co6 tat ca: 4!.4!.2! = 1152 s6 théa man yéu cau bai toan.
Bai tap 11: Tim s6 c6 3 chit s6 abc sao cho:
(a+b+c) abc =1000

Giai
Tacd: (a+b+c) abc =1000, véia,b,c e Nva0<a, b, c<9a=1.
Do do, ta c6: abc = 100, 125, 200, 250, 500
Truong hop abc = 125 = a+b + ¢ = § (thda man)
Trudng hop abc = 100, 200, 250, 500 (khong thoa man)
Vay abc =125, o ) o o ’
Bai tap 12:/Tim nhiing s6 gobm 4 chir s6 sao cho tich cia moi s6 voi vdi sO viet ngugce lai 1a mot s6
gom 8 chir s0.€6 tan cung bdi 3 chit so 0.

Giai
S6 phai tim c6 dang:-abcd
abcdx dcba >10 000 000 (1)
abcd x dcba (2)
T (1) suyra: d # 0.
Do d6 abcd va dcba khong thé chiathét ¢ho 10.
Tt (2) suy ra:

abcd :8 va dcba’l25 (*)
Hoac

abed :125 va dcba:8 (**)
Xét truong hop (*):dcba 13 s6 1¢ chia hét cho 125 néreé.thé'tan ciing bag 125, 375, 625, 875.

cba =125 =21d:8 =d =6 = abcd = 5216

cba =375 = 73d:8=d =6 = abcd = 5736

cba = 625 = 26d:8 = d =4 = abcd = 5264

cba =875 = 78d:8 = d =4 = abcd = 5784
Tuong tu voi truong ho (**)
C6 8 sb thoa min yéu cau bai toan: 4625, 4875, 5216, 5264, 5736, 5784, 6125, 6375,
Bai tip 13: Hay xac dinh 3 chit s6 ndm bén trai cia sb:
n=1"+2"+3%+ . +999° + 1000"

Giai
Xemsd: n=1"+22+3%+ ... +999°° + 10001
Ta co:
1000'°° < n < 1000" + 1000% + ... + 1000%*° + 1000%°%°
Ta suy ra:
1000 000...000 < n <100 100 100...1000
3ngan chirs6 0 3001 ngan chit s6
Do d6 3 chir s6 tan cing bén trai ciia s6 n 1a 100.
Dap s6: 100.
Bai tap 14: Tim 3 chit s6 cudi cua sd:

A = mi%
trong d6 m la mot sO tu nhién bt ky khac 0.

Giai
Gia st mco dangm= ab véia,be Nva0<a b<9,a=0.
Ta co:
A=m' = (10a + b)*® = 1000a + b'®
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100

100
b

Ta suy ra: 3 chit s6 cudi cung cua sé A = m'™ chinh 14 3 chit s6 cubi ciing cua s6 B =b'%, trong d6 b
14 chir s6 hang don vi ctia m.
Xeét cac khanang: b=0,1,2,3,4,5,6,7, 8,9, 10 th1 ta co cac két qua thoa man yéu cau bai toan.
Bai tap 15: Tim 4 chit s6 cudi cung ctia s6 M = 5%
Giai
Ta co:
5% = 0625 tan ciing 0625
5° = 3125 tan cung la 3125
5° tan cing 1a 5625
5' tan cung 1a 8125
5% tan cing 1a 0625
59 tan cing 1a 3125
5% tan cing/la 5625
5 tan cung 128125
52 tan cung’1a 0625
Chu ky cua Iy thira §5's€ lap laila 4.
Suy ra: 5" tan cung 0625
5™ tan cing 1a 3125
tan cung la 5625
tan cung la 8125
Ma 2005 c6 dang 4n + 1
Do d6 s6 M = 5% ¢4 4 chir so cudi cung la3125:

Bai tap 16: Tim hai chit s6 cudi ciing cta s6:

54m+2
54m+3

a) A=9” b) B=9"
Giai
a) Ta co:

A=9" =(10-1)" c6 dang (10 - 1)" véin=9°.
Ta co:
A=C’-C..10™ +..+C".10-C"
= A c6 cing hai chit s6 cudi cung.
Véisé a=Cl"10-C! =10n-1
S6n=9"tan cung 13 9
= 10n tan cung la 90
= a=10n - 1 tan cung la 89.
Vay: S6 A= 9% 6 hai chit sé cudi cung la 89.
b) Ta co:
B=9=(10-1)" véim =9
= C°.10"-CL10™ +...+C"'10-C"
= B ¢6 2 chit s6 tan cing véi so:
b=C"10-C" =10m-1

Sém =9” tan cung 1a 9.

= btan CL‘lng la 89.

Vay B= 9% ¢6 hai chit so cu01 cung la 89.

Bai tap 17: Tim hai chit s6 cudi cliing cua sd:
a) C= 2999 b) D= 3999
Giai

a) Ta co:

2%+ 1=1024+1=1025:25

Bién soan: Tran Trung Chinh 107



.2 CHUYEN DFE: ON THI MON TOAN VAO LGP 10 THPT :.

= 2%.1:25
Ta lai co:

21000 _ ¢ — (220)50 S1:920 1
— 2100 _1:25
Do d6 2'°%° tan cung 13 26.51 hoic 76.
Nhung

210005 4

— 21000 tan cung la 76
= 2%%° tan cung 1a 38 hoic 88
Vi2%9:4
= 2% tan cfmg la 88.
Vay sb C = 2°%°¢6 hai chit s tan cung 1a 88.
b) Theo trén tabiet rang:
92" tan cung'1a 1
9™ t4n cling 149
Ta hay tim s6 du ¢ud phép/chiai9 + 1 cho 100.
Taco: 9°+1=109"-9°*+9%-9+1)
S6 9* + 9% + 1 tan cung 143.
S6 9%+ 9 tan cung 14 8.
= (9*-9°+9%- 9 + 1) tan cung 1a'5:
—9"-9°+9°-9+1=10q+5

=3 9°+1=100q + 50
—9'%.1=(9°+1)(9°- 1) = 100t
Ta lai co:

31000 _ 1 = g0 _q = (91050 _q
= 3% _1:100
— 3'9% ¢an cung 13 01
Mit khac: 3'°: 3
— Chir sb hang tram ctia 3% phai 1a 2.
— 3'9% ¢4n cung 1a 201
Do d6 3 tan cung boi 67. 7
Bai tap 18: Tim chi so tan cung cua tong:
S=2"+3"+4% + ., +502°"
(Dé thi vao 16p 10 Chuyén Toan Tin Pai hoc Su phar VinH ndm hoc 2002)
Giai

Ta co:
n° - n? vneN
n°-n:5, VneN
Vi(2,5) =1nénn’-n:10
Ta lai co:
n*1 o n=nn*-1)in(n*- 1)
= n**_n:10
Ta suy ra n**!
Do d6 cac so:

va n c6 cung chir s6 hang don vi.

S=2'+3"+4°% + ... +5027"
P+1=1+2+3+4+..+502
C6 cung chit s6 hang don vi.
Ta co:
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_ 501.(501+1) _ 501.502

P+

) 2
501.502

2
c6 chir s6 hang don vila2.
Vay chit s6 tan cling ctia tong:

=>P= -1

S=21+3"+4% + . +5027%
1 chir s6 2.
Bai tap 19:
a) Tim s6 du trong phep chia s6 1999%°% cho 31.
b) Tim chir s6 hang don vi trong biéu dién & hé thap phan cua so:
A = 172005 4 72005 | 32005
Giai
a) Ta co:
1999%%% ='(31a'+-15)®* = 31b + 15°%* = 31b + 225'%% = 31¢ + 8%
= 31c +642% = 81d +2° = 31d + (2°)'®2=31e + 2
Vay sb du ctia phép chia s6.4999%°* cho 31 lar = 2.
b) Hai s6 tu nhién a* ™ v ak, ae N ke N co cung chir sb hang don vi.
Do d6 s6 A = 172 + 7209 4 37299 ¢4 cung chit s6 hang don vi voi sb:
B=17+7+37=61
Vay chit s6 hang don vi ciia A 1a L.
Bai tap 20: Cho 10 sb nguyén duong: 1, 2;.4;-10
Sap xép 10 sb @6 mot cach tiy y thanh mof hang, Cong mdi s véi sd thir ty clia nd trong hang, ta
duoc 10 tong.
Churng minh ring trong 10 tong do ton tai it nhat hai tdng cé-chir s6 tan cung giéng nhau.
(Dé thi vao 16p 10 ChuyénPai hoc KHTN Ha Noi nim hoc 2002 - 2003)

Giai
Gia sir 10 s6 da cho duoc sap xép thanh mot hang va danh s nhr sau:
. djp, dy, ..., d10
Xet 10 tong:
Si=a;+1
So=a+2
Sz3=az+3
Sio=ai + 10

Dat:
S=5,+S,+S3+ ...+ Sy
=(a+atazt.. +a10)+(1+2+3+...4510):55+55:110.
Gia str 10 tong S =81, 32, 33, ..., S0 CO chir sO tan cung khac nhau.
Téng cac chit s6 tan cung cla chung la:
’ 0+1+2+..+10=55

nghia la chi s6 tdn cing cia S1a 5, vo li. i ) )
Vay trong 10 tong S1, Sy, S3, ..., S10 cd it nhat hai tobng ma so6 tan cung giong nhau.
Bai tap 21: Chimg minh ring: 7" -3%" 10

Giai
Ta co:

79" = 7% = 2410" =10m +1

3®" =3% =81 =10n +1
Suyra 7" -3%" =10(m+n):10.

Bai tap 22: Chimg minh rang: a"**-a" 10 vdimoia € N, moin € N.
Giai
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Taco: a™*-a"=a"(a*-1)=a"*(a’-a)
Ta cin ching minh a® - a:10.
HS ty chang minh.
Bai tap 23: Hoi rang so sau: Jood 200
’ ’ a=0,7(2001°"" + 2003°™)
la mot sO6 nguyén hay phan so.
Giai
Ta co thé viét:
2003*°* = (2003*)***.2003? , ,
S6 2003% ¢6 chir s6 hang don vi 1a 1; s6 2003% ¢ chit s6 hang don vi 1a 9.
Suy ra s6 2003”*® ¢6 chir s6 hang don vi la 9.
S6 20017 ¢6°chit s6 hang don vi 1a 1.
Ta suy ra: 20012%* + 20032°°°: 10
Do dé a = 047(2001%* # 2003**) 1a mot s6 nguyén.
Bai tap 24: Chirng'minh rang so: o83 017
’ A =0,3(1983" - 1917
la mQt s6 nguyén.
Giai
Ta co:
1983* =[(1980 + 3)*]* =(20g#* 3*)* = (10m + 1)* = 10t + 1.
1983*1 = 10m + 3,
19834t+2 = 10n+9.
1983%*3 = 10p + 7.
Vi1983 co d%%g 4k + 3 nén ta co:
19838 = 10q + 7
Ta lai c6:
o C(i9174k =10a+1
19171 = 10b + 7
19172 =10c + 9
19173 =10d + 3.
Vi 1917 c6 dang 4k + 1 nén ta co:
1917 = 10e + 7 ,
Suy ra: A = 0,3(1983'% - 1917"*") 1a m6t s nguyén.
3. Bai tap tu luyén:
Bai tap 1: Tim sb c6 4 chir s6 abca biét rang: abca = (5¢ + 1)° )
Dép so: 1681.
. . . 1 1 1
Bai tap 2: Tim tat ca cac s6 nguyén t0 p sao cho: —=—+ o7
a
Véia, b 1a cac sb tu nhién khac 0. )
Déap s6: p=2.
Bai tap 3: Tim sb chinh phuong c6 dang: 22ab ’
) ) ) Dap so: 2209
Bai tap 4: Tim mét so chinh phuong c6 ba chit so va chia hét cho 56. )
Dap so: 784.
Bai tap 5: Tim tat ca cac s6 o 5 chit so abcde sao cho $/abcde = ab
(Dé thi vao 16p 10 chuyén Toan - Tin DPHSP Ha Noi nim hoc 2002 - 2003)
Dap so0: 32768
Bai tap 6: Tim hai s6 ty nhién x va y thoa man: xx’ = Xyyx
) o ) . Dépsé:x=}véy=3.
Bai tap 7: Tim sO tu nhién c6 hai chir s0 biét rang s d6 nhd hon hai lan tich cac chit s6 ctia n6 9
don vi.
Dap s6: S6 phai tim 1a 47.
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Bai tap 8: Cho hai s6 tu nhién x va y, mdi sb gdm hai chir sb. Biét rang:
(1) y=2x _
(2) Mot chir s6 cua x bing tong hai chit s6 cua y, chit s6 con lai cia x bang tri tuyét ddi cia hiéu hai
chir s6 cua y.
Hay xéc dinh x va y.
Dap s6: x =17 vay = 34.
Bai tap 9: Tim chif s6 tan clng cua sb:
a) A=9" b) B=2
Dap sb:
a) A c6 chir s6 tan cung 14 1 hodc 9 (tuy thudc tinh chin, 18)
b) B ¢6 chir s6 tan clng 13 2.
Bai tap 10: Tim.chir so hang don vi cta so:
17"%%% + 1199 4 741983
Dap s6: Chit s6 tan cung 14 s6 1.
Bai tap 11:.Chufg torrang két qua cua diy tinh sau 13 mot s nguyén:
0,7(1991%%%% + 1993'9%
Bai tap 12: S sau’ddy co nguyén hay khong:
X = 0,8(19941%9 - 199419%)
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CHU DE 8
UGC CHUNG LON NHAT VA BOI CHUNG NHO NHAT

1. Kién thirc co ban:
U'6c s6 - wée s6 chung - wée s6 chung 16m nhit:
Pinh nghia wéc so:
Mot sb tu nhién d = 0 duoc goi 1a wdc s6 ciia mot sd ty nhién a khi va chi khi a chia hét cho d.
Ta n6i d chia hét a, ki hiéu: da.
Tap cac udce cua a la:
U(a) = {deN/dfa} = {1, ..., a}

Néu U(a) va U(b) c¢6 nhirng phan tir chung thi phan tir chung do goi 14 udc s chung ctia a va b.
Pinh nghia w¢e’sé chung:
Mot s nguyen d dugclgoi 1a woc sé chung ciia hai s6 nguyén a va b khi va chi khi d 1a uwéc s cua a
va d ciing 1 w6¢ séena b.

Ta ki hi¢u: (a,b) = {deN/d|a va d|b}

={deN/deU(a) va deU(b)}

Néu U(a) = {1, a} thia 1356 nguyen t6.
Néu (a, b) = {1} thi a va b nguyén 6 cung nhau.

Ki hiu: (a, b) = 1.
U'6éc chung 16n nhit:
Ubrc sb chung 16n nhét cta a va b, ki hiéu (ayb) la s6 tu nhién D sao cho:

a’ :% va b’ =% nguyén té cting nhau? (a'yb") = 1.

@, b)—D@(B, Bj_l

Néu (a, b) =D < (ka, kb) = kD.
. B (a b)_D e aih vsn
Néu (a, b)=D < | —,— |=— voidicu kién k|a, k|b.
k k k
Tinh chit:
- Néu d 1a wéc cua a thi|d| < |a].
- Tap hop cac uoc s6 cua mot sb 1a hiru han.
- Ludn ton tai ude sd bé nhat va ude sb 16n nhat.
Tuong ty ta c6 dinh nghia udc sb chung ctia n ) nguyén duong ai, ay, ..., an.

B#i s0 - bdi s6 chung - bi chung nhé nhat:
Dinh nghla bdi s6:
Mot so tw nhi€n m duoc goi 1a boi sd ctia ty nhién a = 0 khi va chi khi m chia hét cho a hay a chia
hét m hay a 1a mot uée sb ciia m.
m:a< m=Kka, k € N.

Tap hop céac bdi sb cia a la:

B@) ={0, a, 2a, ..., ka, ... }
Néu hai tap hop B(a) va B(b) c6 phan tir chung thi cic phan tir chung d6 goi 1a bdi chung ciia a va b.
Dinh nghia bgi chung:
Mot s6 tu nhién k dugc goi 1a bdi chung cua hai sb tu nhién a va b néu k 13 boi s cua a vak cling la
boi sb cua b.
Bi s6 chung nhé nhit:
Trong tap cac bdi sb chung clia a va b, phan tir nho nhit M = 0 dugc goi 14 bdi sé chung nhé nhét
cia avab, ki hi€u [a, b] =

Néu [a, b] = M@(M MJ 1
a b
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Néu [a, b].(a, b) = ab. , ,
Ta dinh nghia twong tu v&i boi chung nhé nhat k ctia n s6 nguyén duong ay, ay, ..., an la:
k =Ta, az, ..., an].

Mot s6 tinh chit ciia wéc va bdi:

Cho a, b, ¢, d 1a cac sb nguyén duong, khi d6:
1) (ac, bc) = c(a, b)

2) Cho c 1a udc chung cua a va b.

Khi do: (E,Ej:@

c¢C C

Twr ddy suy ra: d = (a, b) = (%,gj =1

3) Tdn tai c4c sO nguyén x, y sao cho (a, b) = ax + by.
4) (3, b) =1vac : bthic: b.

5) (a, b) = 4, (a, €)=-Ithi (a, bc) = 1.

6) (a b, ¢) = ((a:b);C).= (a(b, C)) =((a, c), b).

7) [a, b] = (abb) va (a, b) =4—— [ b]

8) Cho k 12 boi s6 chung cua‘a ¥ab.

k=[ab]e (Z E) 1.

9) [ca, cb] =c][a, b].
10) [a, b, c] =[a, b], c].

Vi du:
Viduy 1: Cac wdc cua sd 12 va 24 la:
U(12) ={1,2,3,4,6,12} vaU(24) ={1,2,3,4,6, 8, 12, 24}
UCLN(12, 24) = (12, 24) = 12 (1a s6 16n nhit trong tat ca cdc wdc chung.ena 12 va 24).
Vidu 2:
B(5) = 5k, (v6i k 1a s6 tu nhién 16n hon 0)
BC(5, 15) = 15n, (v6in 1 s6 ty nhién 16n hon 0).
Boi chung nho nhat cia 5 va 15 1a 15. (vi 15 1a s6 nho nhét trong tat ca cac’bdi clia 5 van 5).
Hay BCNN(5, 15) = [5, 15] = 15.
Phép chia Euclide:
Nhan xét: (a,b)=(b,a-b)=(b-a,b)=d,a#b (¥)..
Gia sir a > b, khi d6 tir dang thuc (a, b) = (a - b, b) ta da di vé bai toan tim udc s chung cua hai sd
nguyén duong nho hon la a - b, b.
Tiép tuc 1a bai toan voi hai s6 nguyén dwong nho hon nita 13 a - 2b, b (trong trudng hop a - b > b)
hay la (a - b, 2b - a) (trong truong hop a - b <h).
Néu ta tiép tuc lam nhu vay thi cac s6 nguyén duong can tim ude sé chung sé nho di dan, didu nay
c6 thé kéo dai vo tan va cac sd nguyén duong s€ nho dan v6 han ching?
Cau tra 101 1a khong vi it ra cac s6 nguyén duong ciing bi chan dudi boi 1.
Nhu véy tai sao qua trinh nay lai khong thé kéo dai vo han dugc, chi ¢ thé 1a do (*) khong diing
nita, tirc 13 dén mot luc nao d6 ta thu duoc hai sé nguyén dwong bang nhau.
Nghia 1a ta s€ co:
(a, b) =(c, ¢) =d. Nhu vay c =d.
Tir day ta c6 thudt toan sau dé tim wéc chung 16n nhat ctia hai s6 nguyén a va b.
Choa>b>0.
Néu a = bq thi (a, b) =b.
Néua=bq+r, (r#0) thi (a, b) = (b, 1).
Phép chia Euclide trong truong hop nay dugc thuc hién nhu sau:
a=bq+ri=(ab)=(b,r)
b=riqi+r= (b, r) =(ry, r2)
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1=rg:+r= (rl, I'2) = (I’z, r3)
-2 = M-10n-1 = (M2, M) = (M1, M)
Mh-1 = I'(nh = (rn 1 rn) =TIn.
Tu day, suy ra: (a, b) = (b, rl) (rq, r2) (r2, r3) = ... =(rn2, 1) = (1, ) =
Hay néi cach khac (a, b) 1 s6 du cudi cung khac 0 trong phép chia Euclide.
Ttir phép chia Euclide, ta suy ra dugc tinh iii), mot tinh chat dep va quan trong trong 1y thuyét sé.
Ta c6 thé dé dang ching minh tinh chét trén bang phuong phép quy nap lui theo n trong phép chia
Eulcide.
That vay, néu a = bq thi tinh chat iii) 13 hién nhién.
Néu a / b thita da c6 déng thuc sau: 1, = 0.rng + 1.1,
Gia str ta da coutn = (I, Me1) = Xrk + Yres1. Khi do:
M1 = N ieer = Y = (YOk - X)Me+ Xre + Y
= Yhe1 AYGk - X)rig= I = (e, M) , ‘ ,
Nhu vay theenguiyén 1y quy nap lui, déi véi cac so (a, b) cling ton tai cac s6 nguyén x, y sao cho:
xa + yb =15 =Aa, by-
Sau khi da tim dugc‘udc chung 1on nhét thi viéc tim bdi chung nhé nhét 1a don gian, ta co thé dung
ab

(a.b)

Tim wéc chung 16n nhat bang cach phan tich-ta thira sb nguyén tb:

Tim udc chung lon nhat va boi chung nho nhat eua hai s6 nguyén duong a va b.
Str dung cach phan tich dang ti€u chuan ctramot-so6 tu nhién:

Véim, n € N vap la s0 nguyén to, ta co:

— nk k k
a=pr.py.py

b =p.p..pk
Khi do:
Udc chung 16n nhit cia hai sé a va b 1a tich cta cic udc ehufig nguyenitd cua hai sé a va b véi sb
mii thap nhit.
Boi chung nho nhat ciia hai s6 a va b 1a tich ctia wéc nguyén té cia'haiséa va b voi sé mii cao nhat.
2. Bai tap ap dung:
Bai tip 1: Hiy tim udc chung 16n nhét va boi chung nhé nhat cua 34 va 56
Giai
Ap dung phép chia Euclide, ta c6:
(34, 56) = (22, 34) = (12, 22) = (10, 12) = (2, 10) = 2.
Bai tap 2: Hiy tim cic udc chung 16n nhat cta 2k - 1 va 9k + 4 (ke N).
Giai
Cach 1:
(2k-1,9k+4)=(9k +4-4(2k- 1), 2k -1)
=(k+8,2k-1)=(2k-1-2(k+8),k+8)
=(k+8,-17)=(k+8,17)
1(k =17m -8)
17(k =17m- 8)
Vay (2k -1, 9k + 4) = 17 khik =17m-8va (2k -1,9k +4) =1 khik # 17m - 8.
Cach 2:
Goid = (2k - 1, 9k + 4), ta co:
2(9k +4) - 9(2k - 1) : d.

cong thire vii) [a,b] =

) d=1
=17:d=
d=17
s oon , . N .z 12n+1 _ 5n+3 2 A o Ny s A
Bai tap 3: Ching minh rang cac so va khong thé cung nguyén vdi cung mdt tri sO

30n+2 12
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nguyén cua n.
Giai
Gia st ta co:
E =te Z
4
5n+3
12

{7n -1=4t
=

=keZ

5n+3=12k
Khir n, ta co:
84k - 20t = 26
& 42k £10=13, vo li (hiéu cta hai s6 1é phai 1a mot s6 chén)
Viy ta c¢6 diéuphai chirng minh.

: : 12n+1 N A K Ke ea
Bai tap 4: Chung.minh rang la mot phan so to1 gian.

30n+2

Giai
Céch 1:
Goi(12n+ 1, 3n+2) =d.

12n+1iMd (1)
3on+2Md (2)
Ta co:
(1)=24n+2: 2 (3)
Tir (2), (3) = 6n:d
= 12n:d
Tir (4), (1) = 1:d
Do do:d=1

toi gian.

. 12n+1
Vay phan so
ay p 300+

Cach 2:
Dung phuong phap phan ching.
12n+1

Gia sir phan s6 chua téi gian.

< 12n+ 1 va 30n + 2 ¢6 mot ude sé nguyén to d.
< d[12n + 1 va d|30n + 2\

< dj24n+2 = d|30n + 2 - (24n + 2) = 6n

= d|12n

Do d6: d|]l = d=1= dpcm.

. . . + .
Bai tap 5: Chung minh rang véi moi sO nguyén duong n, phan so iAl,n +;‘r 1a to1 gian.
n
Giai
Cach 1:
Goi(2In+4,14n+3)=d

2In+4Md (1)
14n+3Md (2)

T (1), 2)=7n+1:d
—=14n+3:d (3)
T (2), 3) = 1:d
=d=1

Bién soan: Tran Trung Chinh 115



.2 CHUYEN DFE: ON THI MON TOAN VAO LGP 10 THPT :.

toi gian.

. 21n+4
Vay phan so
P 14n+3

Céch 2:
21n+

Gia st phan so chua toi gian

< 21n+4 va 14n + 3 ¢6 mot ude sé chung nguyén t6 d.
=d7n+1=(21n+4)-(14n +3)

= d|14n+2
Do d6: d|(14n+3) - (14n+2) =1, vo Ii.
= dpcm.
Bai tip 6: Chirg minh rang phén sb:
2n+3
~ T2 ianaoNE
n°+3n+2

Giai
Ta c6 thé viét:

2n+3 2n+3

n*+3n+2 (n+1)(n+2)
n+ 1 van+2 14 hai sé tu nhi€ndién tiép nén nguyén té cting nhau.
(n+1,n+2)=1.
suy ra tong ctia chung 1a (n + 1) +4(n# 2)= 20+ 3
va tich cua ching 13 (n + 1)(n + 2) = n® +3n +2
cling nguyén t cuing nhau.

Vay phansé A= —23_ neN i gidn
ay p n27+3n+2” ’ glan.
Bai tap 7: Binh n d€ phan s6 sau to1 gian:
n+8
,neN
2n-5

Giai

, . + ,
P cho phan sb ; 85,neN t5i gian thi (n+8, 2n-5) = 1
n_

Gia str d 1a mot wéc chung nguyén td caa 2n - 5van + 8
Suyra:djn+38 D
va di2n-5 (2
Ta co:
(2) = dj2(2n+8)=(2n-5) +21
T (1), (3) = d|21, d nguyén td.
=d=3,7.
Mubn cho phan s téi gian thi diéu kién can va du 1a (n + 8) khong chia hét cho 3 va 7.
Dodd:n=3k+1,n=7m-1, véik, m e N.
Vayn=3k+1lvan=7k-1.
+8

n
Bai tap 8: Cho a= ,neN
7 2n-5
Dinh n d¢€ a 1a mdt s6 nguyén to.

Giai
Taco:(2n-5,2)=1
Suyra:aeZ<2ae”Z
Ta c6:
oy = 2(n+8) 14 21
2n-5 2n-5
2ae Z<=2n-5|21<2n-5=1,3,7,21
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Vé6i2ln-5=1<n=3=a=11nguyéntd.
V6i2ln-5=3<n=4=a=4hop sb
V6i2ln-5=7 < n=6= a=2nguyén to.
V6i2ln-5=21<n=13 = a= 1 khong nguyén td.

Vay gi4 tri n phai tim dé cho a 1a mot sd nguyéntélan=3 van=6.
Bai tap 9: Tim k nguyén duong 16n nhat dé ta c6 sb:

_(k+1)’
, T k+23
la mot sO6 nguyén duong.
Gidi
Ta co thé viét:
k+1)°4 K2 k +23)(k-21) +484
_(k+1)/ K2k +1 _ (k+23)(k-21) P L
Kk +23 k+23 Kk +23 Kk +23

n 1a mot sd'nguyén khi va chi khi:
k +23|484, k + 23 > 23

Ta c6: 484 = 22> ='47121 = 4411

{k+23=121 {kzgs
= =

k+23=4 k=21
Vo1 k=98, taco:n=81
Voik=21,taco:n=11.
Vay c6 hai gia tri k nguyén duong thoa manséu €au cia bai toan.
k =8 va k=21
Gia tri 16n nhét cua k phai tim 1a k = 98.
Bai tap 10: Tim udc s6 chung nguyén té cia cac sé n™+ 8 ya2n.- 5.
Giai
Ta co:
(2n-5,2)=1.
Do d6 wdc s6 chung ciia 2n - 5 va n + 8 ciling 1a wéc s6 chung cta 2n.#5 va 2(n+8) = (2n - 5) + 21
(2n-5n+8)=(2n-5,2n-5+21) =(2n- 5, 21)
Viy cac udc sb6 chung nguyén t6 ctia 2n - 5 van + 8 chi ¢ thé 1a
d=3vad=7

Bai tap 11:

, . 3 roa g . ab ~ Ao o
a) Chirng minh rang néu o toi gian thi peaY cling to1 gian.
a’+

b) Chirng minh rang néu Z t6i gian thi aafb ciing tbi gian.
Giai

a) Ta biét rang:

(3, b)=1= (ab,a"+b") =1, Vn e N.

Do do

(a,b)=1=(ab,a®+b?) =1, VneN.

R R S . ab ~ Lo .o
Véy néu — toi gian thi ——— cling to1 gian.
b a“+b

b) HS chirng minh tuong tu.
Bai tap 12: Chimg minh rang wéc s6 chung 16n nhit cta 2 sd bang wdc sd chung 16n nhat cia tong 2
s0 Ay va boi s6 chung nho nhat ciia ching.
Giai
Goid=(a,b)vaM =[a, b]
Vid = (a, b) nén ta co:

Bién soan: Tran Trung Chinh 117



.2 CHUYEN DFE: ON THI MON TOAN VAO LGP 10 THPT :.

b =db'
= a+b=d(@ +b)

ViM=[a, bl nén M = %b:da'b'

a=da
{ voi(a', b)=1

Ta suy ra:
a+bvaM co mot udc sb chung 1a d.
Mat khac, ta co:
@b)y=1=@+b,ab)=1
Do d6 d 1a wdc s6 chung 16n nhat ctia a + b va M.
Vay (a, b)=d = (a + b, [a+b]) = d.
Bai tap 13:/Tim 2:s6 biét tong S va boi s6 chung nho nhat M caa ching.
Ap dung:
S=26,M=84.

Giai
Theo gia thiét, ta ¢6"
{(a, b)=S e

[a,b]=M

a va b 13 hai sb phai tim.
Theo bai 12, taco: (a+ b, [a+ b])=(S, M) =d
Do do:
(*)Q{d(a +b')=S

dab'=M
voi (a', b)) =1

a'+b':§
d

ab'= M

d

véi(a', b)) =1

Tim dugc a', b' = a=da va b =db’
Ap dung: S =26, M = 84

d = (26, 84) = 2.
a'+b'=13

= —d=6,0=7Va=7b=6
a'b'=42

{a =12 {a =14
= A
b-14 b=12
Vay 2 s6 phai tim 13 12 va 14.
Bai tap 14: Tim s6 tu nhién n biét rang tong tat ca cac udc s6 ctia n 1a 2n va tich tat ca cac udc cia n
la n®.
Giai
S6 tu nhién n ¢6 2 woc s tam thuong 1a 1 va n.
Néun ¢o mot uéc sba#1lvaa=nthinitco 1 ude sdlabsao cho ab=n.
Ta c6: Tich cac wéc s cuan la: 1.nab=n*<ab=n.
Ta suy ra n khong con mot uée sb nao khac.
Dodo,tacé:1+a+b=n=ab=1+a+b
< @-1)(b-1)=2.
Cothé giasta>b=a-1>b-1>0
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{a-lz 2 {a =3
Suyra: =

b-1=1
Do d6, tacd: n= 6.
Vayn=6.
Bai tap 15: Cho hai sd ty nhién a va b nguyén t5 cing nhau.
Ching minh rang cac so:
A=111a-13b
B = 101a + 6b

khong thé c6 wéc chung nio khac 1 va 1979.

Giai
Goi d 1a mot wdc s6 chung cia hai sé.

A =11Ta- 13b

B =101a+6b
Suy ra d ciing'1a udc sdchung cia céac so:

C =111B°-.101A = 1979b

D =13B +6A= 1979
Do do, taco: d=1vad=1979. (dpcm)
Bai tap 16: Cho 6 sO ty nliién lién tiép.
Ching minh rang;
a) Trong 6 sb d cho, khong thé t6n tai,2 s6 ma udc sd chung ciia ching 16n hon hay bing 6.
b) Trong 6 sd di cho, c6 it nhat mdt.0 nglyén'td cing nhau véi 5 s6 con lai.

Giai
a) Goi d 12 u6c sd chung cua hai trong 6 s6 tf nhién lién tiép da cho.

a=da

b=db'
Giasta>b<a>b'
Taco: a-b=(a-b)d

-b<5< @-b)d<5 <d<5 = dpem.

b) Goi aj, @y, a3, as, as, 3 12 6 sb tu nhién lién tiép di cho. C6 3 sb chdnva 3 sb 1¢.
Theo trén, hai trong sau s6 di cho chi ¢6 thé ¢6 cac ude chung nguyén t6.1a 2, 3, 5.
Nhiing so c6 udce chung la 2 phai la cac so chan.
Nhiing so c6 uoc s chung la 3 gom hai s6: mot b chan mot so 1é.
Nhirng s6 ¢6 wdc s6 chung 13 5 ciing chi c6 thé 13 hai s6: Mot s6 chin, mot §6 16
Do d6, ¢6 nhiéu nhét 14 hai s6 1&; mdi sb co ude chung v&i mot s6 chin khac.
Vay c6 it nhat mot sb 1é nguyén té cung nhau véi cac sb kia.
Bai tp 17: Cho haisbavab

a=11111111

b=1111...111 (100 chi sb 1)
Tim u6c chung 16n nhit cta a va b.

Giai
Xem hai sb ty nhién a va b

a=11111111

b=1111..111 (100 chit s6 1)
Ta co:

b=aq+1111
Suy ra:

(a,b)=(a,b-aq)=(a 1111)=1111
Vay (a, b)=1111.
Bai tap 18: Chirng minh ring u6c chung 16n nhit cta céc sé co dang p* - 1 bang 240, trong d6 p 1a
mot s6 nguyén 16n hon 5.

Giai
Taco:n=p*-1=(p-1)(p+1)(p°+1)
p 1a s6 nguyén t6 16n hon 5 nén p 1a mot s6 1é.
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Suy ra: p?-1:8
p>+1:2
= n:16
p khong chia hét cho 3 = p? =3k +1
= p?-1:3
=n:3
Tacd:p=5q+1,5q+2,5q+3,59+4
Suy ra: p?=5m+ 1, hodc p® = 5m + 4
= p?-1:5 hodc p® +1:5
=n:5
Ta co: n chia hét cho 3, 5, 16 va 3 s6 nguyén té sanh doi.
Do do, ta co:
A: 240

Vay p* - 12240 v6i moi p nguyén t6 16n hon 5.
Xem hai sb ty'nhién ¢6 dang” - 1, p nguyén t6 16n hon 5.

A=a'-1

B=b*-1
Véi a, b 13 hai s6 nguyén t6 16n'hon 5 (Gia sira >b < A > B)
Taco: (A, B)=(A, A-B)

A-B=a*-b"=(a’- b)) (@%b
a? c6 dang 4m(m + 1) + 1
b® co dang 4n(n + 1) + 1
Suyra: a® - b’ = 4m(m + 1) - 4n(n + 1): 8

a’ +b%:8

= A-B:16
a’ va b? ciing ¢6 dang 3¢ + 1
—a?-b%:3
= A-B:3
a’ c6 dang 5k + 1 hodc 5k + 4
b® c6 dang 5h + 1 hodc 5h + 4
Suy ra: a° - b?: 5 hodc a® + b%:5
= A-B:5
= A - B:240
Do dé: (A, B)= (A, A - B) = 240

3. Bai tap tu luyén:
Bai tap 1: Tim tat c4 cac gid tri co thé c6 cua (6k + 5, 8k + 3), k € N.

en n(n+1) _
Baitip2: Cho A=2n+1,B= T.Tlm (A, B).

Baitap3: Chol<m<n;m,n e N.

a) Chtrng minh rang: (22n +1,2% +1) =1

b) Tim (2™ -1, 2" - 1). ’ i

Bai tap 4: Cho (a, m, n) 1a c&c so ty nhién 1é. Chirng minh rang:
@ +1,a"+1)=a™" +1.

Bai tap 5: Cho (a, b) 1a cac sb nguyén duong thoa man:

(2a+1,2b+1)=1.
Tim cac gia tri cua: (22a+l +28 41 2% 4 obH +1)

Bai tap 6: Ching minh rang;
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(a -:Ll,a-lJZ(m,a-l), trong d6 a, m> 1.
a_

Bai tap 7: Néu a, b 1a cic s6 nguyén duong va a > b thi:

e e

Bai tap 8: Chung minh rﬁng: [1,2,3,..,2n]=[n+1,n+2, ..., 2n].
Bai tap 9: Cho p 13 mot sb nguyén t6. Tim (22” 2,2 -1)

Bai tap 10: Chiing minh rang day so:
n(n+1)

a) A, = , ne N chuta nhitng ddy v6 han nhitng s6 nguyén t cting nhau.

b) M, = 2" - 1 ¢htra day v0 han nhiing s6 nguyén tb cing nhau.
Déy M, dug¢ goi la day sO Mecxen.
Bai tap 11: Hay xem xét phan so sau c6 to1 gidn hay khong:

2n+4
= A ne N

n°+4n+3
Bai tap 12: . ) i
a) Chirng minh rang phan s6 sau'téi-gian:

2n+3

,heN
3n+5

b) Chosé b= 212 neN
n+5

Dinh moi gia tri cia n d€ b 1a s6 nguyén to.
c¢) Tim tat ca céac gia tri cia n € N dé cho phan s6 sau t0i gian.

3n_9,r1eN
3n+5
d) Tim wdc sb6 chung nguyén t6 ctia 3n - 9 van +5.
Dap sb:
b)n=19,b=2
c)n=2k,ke N;n=3m+1, meN.
dd=2vad=3.
Bai tip 13: Tim moi sb tu nhién n sao cho:
2
=N +1, neN
n+1

la mot sO tu nhién.
Papso:n=0van=1.
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CHU DE 9
NGUYEN LY "DIRICHLET"

9.1 Kién thirc co ban:

Nguyén ly Dirichlé tong quat

Nguyén 1y nhiing chiéc 10ng va cac cha tho ngay trong truong phd thong co so déu da
dugc biét va d6i lan 4p dung giai bai tip toan.

Nguyén 1y d6 1a ta nhét mot sb tho vao mot sd 1ong, néu sd 1ong it hon sé tho thi it
nhat c¢6 haithd nhot cung mot léng

Pé dé hiéu va van dung nguyén tac ndy, ta phat biéu nd dudi dang sau day: k, m, n 1a cac sO nguyén
duong thoa man km < n. Néu nhét n con thd vao m chiéi 16ng thi ton tai it nhat mot 1ong dugc nhat it
hén k + 1 con.tho.

Nguyén ly Pirichlé mé rong.

Nguyén ly Pirichlé’cho dién tich, ta c6 dé cap dén nguyén ly Dirichlé cho do dai doan thing, cho
d6 dai cung, cho dién‘tich{ cho thé tich.

Ta ciing c6 thé ching minh.€ac nguyén ly nay vi du nhu:

1) Cho nhitng doan thang ar; d2{ ..., a, nam trong doan a va tong do dai cac doan thang ai, az, ..., an
16n hon do6 dai cua a.

Khi d6 it nhat c6 hai trong $b nhirng'doan thfmg ai, ay, ..., ancod diém chung.

2) Cho nhiing da dién Dy, D, ..., D} nani trong.da dién D va tong thé tich cia Dy, Dy, ..., D, 16n hon
thé tich D.

Khi d6 it nhat c6 hai trong $6 Dy, Dy, ..., Dp C6'diém chung.

Ménh deé. Chtrng minh r?mg néu A, AL Ao, AGTR phén tlr cia X, ma chung thoa man:
AicA(i=12 ...n)vac (A) <o(A)* o (A* .c+a(An),
thi hai trong so0 cactap Ai, Ay, ...., An co di€ém chung.

Ménh d& nay ta goi 1a Nguyén 1y Pirichlé tong quat.
Truong hop T & cic vi du trén dua ta vé Nguyén 1y Dirichlé cho’ diémy tich, truong hop thir hai
13 nguyén ly Pirichlé 16ng va tho. Trong nhitng truong hop.€u thé ta lai c6 nguyén ly
Dirichlé tuong tng voi dd do, nhu vay 1a vo ciing nhiéu, nhung khéng phéi moi nguyén 1y véi do do
khic nhau déu 1a hay va mang mot ¥ nghia 16n.
9.2. Bai tap ap dung:
Bai tip 1: Trong mdt cira hang hoa qua ngudi ta ché dén 25 sot cam trong ba loai’chat lwong, biét
réng modi sot chi chira mot loai cam. Chirng minh rﬁng it nhit c6 9 sot co cung mot loai chét luong.
Giai
Néu mdi loai chét luong déu c6 khong qua 8 sot.
Suy ra: S6 lugng sot cam s€ khong vugt qué 8.3 = 24, diéu nay trai voi gia thiét da cho ta c6 25 sot
(Nguyén ly Dirichlé m¢ rong).
Suy ra mét loai chat lugng nao do phai cod nhiéu hon 8 sot, nghia 1a it nhat 9 sot.
Bai tap 2: Trong mét 16p hoc c6 40 hoc sinh, biét réng tat ca hoc sinh déu sinh mot nam. Ching
minh rang c6 khong dudi 4 em sinh cling mot thang.
Giai
Mot nam c6 12 thang, néu mdi thang chi sinh ra nhiéu nhat 13 3 hoc sinh.
Suy ra: S6 hoc sinh chi 1a 12.3 = 36 < 40.
Nhu vy it nhat phai c6 1 thang c6 4 hoc sinh dugc sinh ra (Nguyén 1y Dirichlé mo rong).
Bai tap 3: Hiy tim s0 ty nhién nho nhit m sao cho gitta m&i b m s tu nhién c6 hai sé ma hi¢u
ctia chiing chia hét cho 5.
Giai
Ta chia tap hop cac s6 ty nhién thanh 5 tap hop con M; (i=1,2,3,4) sao cho M; gom tat ca céc s6
chia hét cho 5; M, gom tat ca cac sd chia cho 5 con du 1; M3 gom tét ca cac sd chia cho 5 con du
2;...
Néu ta lay 5 s6 trong cac tap hop con khic nhau, thi hiéu ctia bt ky hai sb trong cac s6 nay déu
khong chia hét cho 5.
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Néu ta ldy 6 s6 ty nhién bét ky, thi hai trong chiing phai nam trong cing mdt tap hop trén (nguyén
ly Birichl€). Suy ra hi€u cia ching chia hét cho 5.
Nhu véy s6 luong nho nhét nhiing s ta phai 14y 13 6 sb tu nhién.
Bai tap 4: Mot lan 20 ngudi quyét dinh di boi thuyen bang 10 chiéc thuyén d6i. Mot sb nguoi da
quen nhau, mdt so nguoi khong quen nhau. Nhung biét ring mdi cip hai ngudi A va B ma khong
quen nhau, thi tong nhirng nguoi quen cliia A va nhirng nguoi quen cua B khong nho hon 19. Chung
minh rang c6 thé phan chia sb nguoi vao cac thuyén déi sao cho trong mdi thuyén déu 1a nhing
nguoi quen nhau.

Giai
D@ thay rang it nhat c6 1 thuyén ma nguoi ta xép hai ngudi quen nhau.
Ta ky hiéu k s6 lugng thuyén 16n nhat, ma trong d6 ngudi ta c6 thé xép nhitng cip quen nhau va dé
cu thé ta ky hiéu trong thuyén thtr nhat xép hai ng]oi quen Aj va By, thuyén thr hai 14 A, vaBs, ...
va trong thuyén thi k xép hai ngudi quen nhau Ay va By.
Néu k =10, thibai toan da duoc giai.
Vi thé ta gia'str rang k.< 9.
Ta ky hiéu tap” hop”M gdm.tat ca nhitng nguoi chua duge xép vao thuyén.
D& thiy khong cb-hai ngiroi Awa B tir M quen nhau, vi néu nguoc lai A va B ¢o thé xép vao thuyén
thar k+1.
Ta chon hai nguoi bat ky“A-va’B tir M.
Theo diéu kién dau bai tong clia nhirng nguoi quen cua A va tong nhirng nguoi quen cua B khong
nho hon 19 va nhiing nguoi quen he’nam treng so6 nhitng nguoi da x&p vao k thuyén roi.
Ton tai mot thuyén da xép ma sélwong quen.biét giita mot trong hai ngudi A va B va mot trong

nhitng ngudi trong thuyén nay khong nhé hon % >2.

D& thiy khi d6 mot nguoi ndo d6 trong A hodc B.quen biét hai ngudi trong thuyén da biét, con mot
trong nhiing nguoi dudi thuyén quen ca A va B.
Dé cu thé hoa ta co thé gia thiét ring trong thuyen nay xEp hai nguoi Ak va By.
Nhung khi do ta co thé xép lai: trong k-1 thuyén dau tién van gitt nguyén, con trong thuyén thir k
x€p Ax va B, con thuyén thir k+1 xEp A va By
Theo cach xép nay ta tiép tuc xép dén hét 10 thuyén sao cho trong'mdi thuyén hai nguoi déu quen
nhau.
Bai tap 5: Cho 12 s6 ¢6 hai chir s6. Chirng minh rang giita ching c6 hai’sé’ma hiu«ctia chung ciing
14 hai chit sd, hai chit s6 nay tring nhau.

Giai
Trong 12 s6 ¢6 hai chit s6 ¢6 hai s6 cho s& tim duoc hai s6 hiéu cia chung nhoon 37 (néu nguoc lai
hiéu cua s6 16n nhét va s nho nhit trong cac s6 da chon kha ning 16n hon 3.666 =1998, diéu nay
khong thé xay ra).
Nghia la hiéu cta ching chi la hodc 1, hodc 2. Trong truong hop thir nhit moi sb déu chi het cho 1,
nghia 1a ca tong cua chung; truong hO’p thir hai, hai sb s& cung tinh chin, 1¢ va khi d6 tong cia
ching 12 mot s6 chan.
Trong truong hop nay tong cua hai s ta lay sé chia hét cho hiéu cua no.
Nhu vay tir 1999 s6 di cho khong thé chon hon 666 s6 sao cho thoa min diéu kién dau bai.
Ta cling xdy dung dugc cach chon 666 s0. Suy ra 50 luong lon nhét cac s ta phai tim la 666.
Bai tap 6: Sb  luong 16n nhat 1a bao nhiéu s ta c6 thé chon trong cac sd tir 1 dén 1999 sao cho tong
clia moi hai s6 trong cac s6 di chon khong chia hét cho hiéu ciia chiing.

Giai
Ta s€ chirng minh réng tr cac sO da cho co thé chon duge 666 s thoa min diéu kién cua dé bai.
That vay, ta liy tat ca cac s co dang 3k + 1, 6 day k=1, 2, ..., 666.
Hiéu cua hai sd bét ky da chon chia hét cho 3, con tong cta chiing chia cho 3 con du 2. Tir day suy
ra tong ctia hai s6 & 'dang trén khong chia hét cho hiéu cua ching.
Ta ching minh rang chon s6 lugng 16n hon 666 s6 thoa méin diéu kién dau bai khong thé dugc?
That vay, néu chon nhiéu hon 666 sd, thi s& tim duoc hai s6 c6 hiéu sé cua chung nho hon 3 (néu
nguoc lai hi¢u s6 cta s& 16m nhat va sd nho nhat trong cac s6 d3 chon kha nang 16n hon 3.666 =
1998, didu nay khong thé xay ra).
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Nghia la hiéu cua ching chi la hoac 1 hodc 2. Trong truong hop thir nhit moi sb deu chia hét cho 1,
nghia la ca téng ctia chung, truong hop thir hai 13 hai s6 s& ciing tinh chén, 1é va tong ciia chung s& la
mdt s6 chin. _

Trong truong hop téng hai s ta s& liy chia hét cho hiéu cua no.

Nhu vay tir 199 sé di cho ta khong thé chon hon 666 s6 théa man diéu kién dé bai. Ta ciing xay
dung dugc cach chon 666 s6. Suy ra sé lwong 16n nhit cac sb ta phai tim 1a 666.

Bai tap 7: Cho S 1a tp hop nphan tt MiE S, Mi# @, i=1, 2, 3,....., n+1. Chirng minh rang ton tai
haibdsd: 1< i1 < ip<...< ik <N+lval< j;<jp<.. <j<n+l sao cho:

M, UM, ..UM, =M; UM, LU..UM;

Giai

S6 lugng nhing hop khac nhau M; UM, U...UM; cuia nhing tdp hop con My, Mz, ..., M1, sa0
cho tap hopicon fiy i, ..., i} trong {1, 2, ..., n + 1} [a 2™ - 1. Nhu vay nhiing tap hop khac rdng cua
S1a2"- 1< 2% - 1, thi trong nhitng tdp hop con & trén thi c6 hai tdp hop déu 1a mot tap hop con cua
tap hop S (aguyén’ly-Pirichlé):
M, UM, ..UM, =M; UM, U..UM, .

Bai tap 8: Tir 5 dudng tronmoi cip 4 dudng tron déu di qua mot diém. Ching minh rang ton tai
mot diém ma di qua tit cahdmyyong tron.

Giai
Cho nhirng duong tron ki, Ko, ks, -kedi qua diém chung A; nhiing duong tron kl, ks, ks, ks di qua
diém chung B; nhirng duong tron kz, k3, Ky, ks 'di qua diém chung C. Dé thay ba diém A, B, C khong
thé dong thoi khac nhau vi tit ca déu nam.tréd duong tron kg, ca trén ks, nhung dudng tron chi cit
nhau hai diém. Suy ra, hai diém nao d6 trong ba diém A, B, C tring nhau (nguyén 1y Pirichlé).
Qua diém trung nay sé& di qua tat ca 5 dudng trom.
Bai tap 9: Cho A 1a tap hop diém trén dudng trof sinh ra _bdi mot diém chuyen dich lién t1ep (theo
chiéu kim dong ho) trén dudng tron mdt cung 1 radian."ChGng minh ring mdt cung bat ky trén
duong tron déu c¢6 chira nhitng diém thudc A.

Giai

. . - 2 .
Ta lay mot cung bat ky ky hiéu P;1P,. Ta c6 thé lay cung nay PiPg"= —, & ddy m 1a sO tu nhién.
m

Ta dung cac diém P, P4, ..., Pm sao cho chung chia duong tron thanh m“cung béng nhau.

Ta lay diém nao do Qo< A va ky hiéu Qy la diém anh ctia Qo sau khi ta chiuyén' lién” tiép n radian.
Chirng minh rang tap hop nhitng diém A(Qo) ={Qu, Q, ..., Qn,....} 1a v han.

That vay, néu nguoc lai, thi ton tai hai chi s6 S vat sao ChO Qs = Q: (Nguyén 1y Dirichlé.cho diy sb).
Néu s < t, thi suy ra diém Qs dich chuyen vé chinh minh sau phép lap t-s radian.‘Nhu vay, ma ca

R L . o 1 t-S . Ay A 18 AL A Ao
vong tron c6 2x radian, nghia la n = B3 Dicu nay trai vai tinh chat s6 « la mot so vo ty.

Nhu vay A(Qo) la tap hop vO han diém. Nhung sb cac cung P1P2, P2Ps3, ..., PmP1 hitu han va phua
toan bd duong tron, thi ton tai mot cung nao do PyPy+1 chua it nhét hai dlem Qs va Q; thude A(Qo).

Nhu vay d6 dai QsQ; bang a < 2— Nhur 1y luan phan trén Qs # Q, nghia 14 o # 0. Bay gid ta xét cac
m
diém Ro = Qs, R1 = Q, Rn = Qsenge-s)s ... thudc A(Qo) véi moi n cung RyRns1 nhan duge tir cung RoRy
= QsQ ldp lai chuyén dich n(t - s) radian. Suy ra cung RyRn+1 = a.. D@ thiy véin > n cung RoRy,
ot

RiRg2, ..., RnRn+1, ... phu kin duong tron. Nhu vay Py nam & trong cung nao d6 RkRy+1. Nhung vi do
dai cung RkRy+1 < P1P», diéu can ching minh.

Bai tap 10: Ching minh rang trong 51 s6 khac nhau c6 mot hodc hai chir s6 ta c6 thé chon ra 6 s6
sao cho trong 6 s& d6 khong c6 hai sé nao ¢ nhitng chir sé gidng nhau trong mot thi ty.

Giai

Ta chon 6 chir $6 hang chuc sao cho c6 mdt nhom, khong it hon 6, cac s6 da roi vao mot hang chuc
nao do, c6 mét nhom, khong it hon 5, cac s0 roi vao hang chuc tiép theo .. cu01 cling ¢6 it nhat mot
s roi vao hang chuc con lai. Cac sb cling thudc mot nhom thi khac nhau chir s6 hang don vi.
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Ta chon & mdi nhdém mdt s§ sao cho chit sé hanh don vi khac nhau, chon mot s& & nhom cudi, léy
mdt s6 & nhom ké trude do ... Ta duoc 6 sb thoa mén yéu ciu cia bai toan.
Bai tap 11: Ching minh ton tai mot sb tw nhién x < 17 sao cho:

25%-1:17

Giai

Xét diy sb gdm 17 sb hang sau:
25,257 25° ..., 258 (*)

Chia cac sb hang cta diy (*) cho 17
Vi(25,17)=1nén (25", 17") =1, vne Nvan>1,
Do d6 s6 du cua cac phép chia c6 thé theo mot thir tu nao dolal,2,3,..16.
C6 17 phép chia va 16 s6 du c6 thé c6 nén co it nhat 2 sé hang cia day (*) chia cho 17 c6 cing s6
du.
Goi 2 s6 dofla 25'va 25' voii, j e Nval<i, j<17
= 25'-25: 17
<25 (25JI 117
Vi (25', 27) = 1 hén.25" - 1717
Vill<i,j<17=7j-i<17
Vay ton tai x € N va x <d7.dé25" - 1:17.
Bai tap 12: Chirng minh rang tdn tai s6 co6 dang 2004 2004 ... 2004 gdm k s6 2004, véik € Nval<
k <2003 chia hét cho 2003.

Giai
Xem diy s6:

a; = 2004

az = 2004 2004

ax004 = 20042004...2004

2004 s6 2004
Ta chia cac s6 hang cta diy cho 2003.
C6 2004 phep chia ma tap hop cac s6 du c6 tbi da 13 2003 gia trl.
Do do co it nhét hai s6 hang ctia day chia cho 2003 c6 cung sb du.
Goi2 sb do 1a a; va a;:
=2004 2004 ... 2004 (i s6 2004)

aj = 2004 2004 ... 2004 (j s6 2004)
voii, j e Nval<i, j<2004
= 4j-4ai 2003
= 20042004...2004 00000000...0000:2003

(j-i) s6 2004 4is60
= 20042004...2004.10* 12003

(j—i) $0 2004
Vi (10, 2003) = 1 nén (10%, 2003) = 1
Do do, ta co:
20042004...2004:2004 vGik € N, 1 < k <2003

k s6 2004
Co ton tai s6 c6 dang

2005 2005 ... 2005
Chia hét cho s6 2004 hay khong?
Bai tap 13: Chimg minh rang ton tain € N sao cho 3" tan ctiing 000 001.
Giai
Ta chirng minh tén tain € N sao cho: 3" - 1:10°
Xem day s6 gom 1 000 000 s hang sau:
3,32 33, ..., 31000000 (x)
Chia cac s6 hang ctia day cho 1000 000. S6 du ctia cac phép chia cé thé c6 1a 1, 2, 3, ..., 999 999. C6
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mot tri¢u phép chia do do co it nhét 2 sb hang cua diy (*) c6 cung sb du trong phép chia cho 10°.
Goi2sbdola3' vad voii,jeNva 1<i<j<10°
= 3-3"10°
= 3'(3"-1) :10°
Nhung (3, 10)= 1 = (3, 10% = 1.
Do do: 3 - 1:10°
Vay ton tai n € N dé cho 3" tan ciing bai 000001.
Bai tap 14: Cho 51 s6 nguyén duong phan biét:
ai, az, as, ..., as1 khong vuot qua 100
Ching minh rang c¢6 hai sé ma hiéu ctia ching bang 50.
Giai
Xem tap hop-cddang:
A=1{i,50+i} véiie Nval<i<50
Co6 50 tép hop nhu vayi Ay, Ay, ..., Asp
Céc sd nguyén.duong x < 100 deu thugc mot trong cac tap hop nay.
Ta suy ra moi sO nguy€n dirong,da cho thuéc mot trong cac tap hop nay.
Nhu vay hai s6 nguyén duong x va x + 50 ciing thudc mot tp hop Ay nao dé trong sd 50 tap hop A..
Hai s6 nguyén duong nay‘hon kem nhau 50 don vi.
Bai tap 15: Cho 51 s6 nguyén.duong ai, az, ..., as1 phan biét khong vuot qua 100. Chirng minh rang
c6 hai s ma tong cua ching khong bang 101,
Giai
Goi A 14 tap hop 51 s6 nguyén duong da cho:
A= {al, ado, v, 651}
Véiai<100,ie Nval<i<5l
Goi B 1a tap hop 51 s nguyén duong c6 dang b; = 102- aj-ap€ A
B={101-4a;, 101 - &, ..., 101 - as1}
Ta co: b; <100
Do d6 hai tap hop A va B c6 it nhit mot phan tir chung.
Goice AnB
Vice Anéntdntaid e B dé taco: ¢ =101 - d.
< c+d=101,c=d.
Vay trong 51 s6 nguyén duong di cho ¢ hai s ma tong ctia chiing bang 101"

9.3. Bai tap tu luyén:
Bai tap 1: Tap hop M = {1, 2, ..., 2n} (n > 2) dugc chia ra k tap hop con khong giao®nhau M1, My,

.+ My, 6 day k'+1 < n. Chung minh rﬁng c6 k +1 sb chin 2j1, 2J2,0ey 2Jks1 nam trong cung mot tap
hop Mi(1 < i1 <k), sao cho nhiing ) 2j1-1, 2j2-1, ..., 2jks+1-1 cling nam trong mot tdp hop M (1<
r <k).
Bai tap 2: Cho mét s6 hinh tron khong giao nhau, chiém trén mat phrfmg mot dién tich béng don vi.
Chirng minh réng trong s6 d6 c6 thé chon ra mdt hinh tron hodc mét sd cac hinh tron ddi mot khong
giao nhau ma dién tich téng cong ctia chung khéng nhé hon 1/9.
Bai tap 3: C6 thé lay bao nhiéu sO tu nhién khac nhau khong 16n hon 10, dé trong chung khong tim
dugc hai s ma mot trong hai s6 do gap hai 1an sb kia.
Bai tap 4: Ching minh rang trong s 25 s6 duong khac nhau c6 thé chon ra hai s6 sao cho khong c6
mot sO nao trong cac s6 con lai bang tong hodc hi€u cua cac sO da dugc chon.
Bai tap 5: Chung minh rang V61 moi s6 ty nhién n t6n tai mot s N, ma né chia hét cho n va trong
cach viét thap phan co gap. tét ca cac chir $60,1,2,3,4,5,6,7,8,09.
Bai tip 6: Ching minh rang néu 6 duong tron cit nhau tai mot diém, thi it nhat mot trong ching
chtra tam cua mdt duong tron khac.
Bai tap 7: Ching minh ton tai mot sd ty nhién y sao cho:

17V-1:25
Bai tap 8: Ching minh rang ton tai s6 ¢6 dang:
3232 ... 32 chia hét cho 31.
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Bai tap 9: C6 ton tai hay khogn sb c6 dang
2003 2003 ... 2003 000 ... 000

chia hét cho 2004?
(Dé thi vao 16p 10 Chuyén Toan Tin Pai hoc Su pham Vinh ndm hoc 2002)
Bai tap 10: C6 ton tai hay khong sé co dang:

3131...3100...00
chia hét cho 327
Bai tap 11: Chirng minh rang ton tai s6 c6 dang:

1357 1357 ... 1357 0000 ... 0000

chia hét cho 2468?
Bai tap 12: Chirng minh rang ton tai m € N sao cho 3™ tan cung bgi 001.
Bai tap 13: Chirng minh riang ludn ton tai s6 c6 dang

2002 2002 ... 2002
ma s6 d6 chia i€t cho 2003.
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CHU PE 10
MOT SO VAN DF: BAT BIEN VA NGUYEN TAC CUC HAN

1. Kién thirc co ban:
Trong qué trinh tim kiém 11 giam nhiéu bai toan hinh hoc, s& rat ¢6 loi néu chiing ta xem xét phan
ttr bién, phan tir gié han nao do, tirc 1a phan tir ma tai d6 mdi dai lwong hinh hoc ¢6 thé nhan gia tri
16n nhat hodc gia tri nho nhét, chang han nhu canh 16n nhét, canh nho nhit cia mot tam giac; goc
16n nhét hodc goc nhod nhét cia mot da gidc, ...
Nhitng tinh chat ctia phan tir bién, phan tir giéi han nhiéu khi giup ching ta tim dugc 10i giai thu
gon cua bai toan.
Phuong phaptip. can nhu vy toi 10i giai bai toan duoc goi 1 nguyén tic cuc han.
Mot trong nhitng tinh chit quan trong nhat ctia tap s6 nguyén va tap sd tu nhién 13 tinh sip thir t tot
va s hang 16h nhat, s jhang nho nhit.
Cu thé la:
(i) Mot tap con Shat’ky ciia Nidéu co s6 hang nho nhit. Néu S khong 13 tap vo han thi S ciing c6 sb
hang 16n nhat.
(ii) Mot tap con S cua N deu cé.gia tri 1on nhat va gia tri nho nhat. Néu S khong 1a tip vo han thi S
cling c6 s hang 16n nhét va fiho‘nhat.
2. Bai tap ap dung:
Bai tap 1: Mot nude co 80 san baysma khoang cach gitra hai sdn bay nao cling khac nhau va khong
co 3 san bay nao thang hang. MObi may bay cat’canh tir mot san bay va bay dén san bay nao gan nhét.
Chirng minh ring trén bat ky san bay nao cling’khong thé co qua 5 may bay dén.

(Dé thi chion Jée HSG toan 16p 9 nim hoc 1992 - 1993, Bang A)

Giai

Tir gia thiét suy ra néu cac may bay bay tir cac sin bay Miwa Nedén sin bay O thi khoang cach giira
MN 14 16n nhét trong cac canh cia AMON.
Do do I\WO\N > 60°. Gia sir rz‘?mg cac may bay bay tu cac san bay Mi, My, ..., M, t&1 san bay O thi

0

mdt tron cac goc MiOM; khong 16n hon ,(i, j=1,2, ...,80) vi téng cac goc da cho béng 360°.

360°

Vay , hay n <6.

Khi xét cac san bay thang hang thi bai toan van ding.
Bai toan 2: Trong tam gidc ABC c6 ba goc nhon, ldy mot diém P bat ky. Chirng miinhirang khoang
cach 16n nhat trong cac khoang tir diém P dén cic dinh A, B, C clia tam giac khong'nho hon 2 lan
khoang cach bé nhat trong cac khoang cach tir diém P dén cac canh cta tam giac do.
(Dé chon hoc sinh gidi Toan 16p 9 nam hoc 1992 - 1993, Bang B)
Giai
Dung PA;, PB4, PCy tuong Gmg vudng gbéc véi canh
BC, CA va AB. C
Vi tam glac c6 ba géc nhon nén cac diém A1, By, C;
tuong Gng nam tron doan BC, CA va Ab. Néi PA, PB,

PC ta co:

APC, +C,PB +BPA, + A PC+CPB, + B,PA = 360° 5

Suy ra goc 16n nhét trong 6 goc niy khong thé nhé hon Az
60°.

Khong 1am mat tinh chit tong quat ta c6 thé gia st rang
g6c APC; 1a 16n nhét, thé thi APC, >60°.
Xét tam giac vudng APCy, ta co: Ci

P% = c0sAPC, < c0s60° ==
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(Vinéu goc tang tir 0° dén 90° thi cosin goc d6 giam).
Tur d6 ta co6: AP > 2PC;.
Néu thay PA bing khoang cach 16n nhat trong cac khoang cach tir P dén cac dinh va thay PC, bing
khoang cach ngin nhét trong cic khoang cach tir P dén cac canh thi bat ding thirc cang dugc thoa
man.
Bai tap 3: Tu giac 16i ABCD c6 hai duong chéo AC va BD cat nhau ¢ E. Chirng minh rang néu cac
ban kinh ciia bon duong tron ndi tiép cac tam giac EAB, EBC, ECD va EDA ma bang nhau thi tir
giac ABCD la hinh thoi.
(Dé thi chon hoc sinh giéi Toan 9 nim hoc 1986 - 1987)
Giai
Khong mat tinh chét tong quat, co thé gia sir raing AE > CE
va DE > BE. Goi B; va C; twong ung la cac di‘ém dbi xtng C
cua B va C/qua tam E, ta c6 tam giac C;1EB; ndm trong tam
giac AED. B
Gia sir doan AD khoéng trung véi doan C1B;. Khi d6 duong
tron ¢ ndi tiép tamrgiac C1EBy dong dang voi phdi canh voi
dudng tron ndi tiép tam giac ABD, véi tim dong dang E, hé
s6 dong dang 16n hon 1.
Nhu VAY Teap > leep = legs (FAEDZIA ban kinh duong tron ndi
tiép tam gidc AED). Vo li vi trdi véirgia thiét raep = rces.
Diéu vo Iy ching to ring A = Cyva D £ By, suy ra tir giac A D
ABCD la hinh binh hanh, nén AE = EC.
Trong hinh binh han ABCD ta c0: p1.r = SAgg" =Sgee-= p2.r (Vi p1, p2 tuong tng la nira chu vi cac
tam giac AEB va BEC.
Suy ra p; = pz, Vi AE = EC nén AB = EC hay ABCD la hinh.thoi.
Bai tip 4: Chimg minh ring bén hinh tron c6 dudng kinh & béncanh ctia mot tir giac 16i thi pha kin
tr gidc da cho.
Giai
Gia st M 1a mot diém tuy y nam bén trong ti giac 16 ABCD.
Ta c6: AMB +BMC +CMD + DMA = 360°.
Do d6 goc 16n nhét trong bdn goc nay khéng nhd hon 90°.
Gia st AMB >90°. Khi d6 M ndm bén trong dudng tron dudng kinh AB.
Bai tap 5: Trén mit phang cho 1993 diém, khoang cach giita cac diém nay doi mét khac nhau. Noi
mot diém nao do trong s6 cac diém nay voi diém gan nhét. Ct tiép tuc nhu théfHoivoi cach ndi do
¢6 thé nhan duge mot dudng gip khac khép kin hay khong?
Giai
Gia st xuat phat tir mot diém A; bt ky.
Theo gia thiét trong sb tat ca cac doan thrflng c6 diu mat A, thi tdn tai duy nhét diém A, dé AA,
ngén nhét.
Tiép tuc xét nhu thé v6i cac doan thing Xuat phat tir A;. Xay ra 2 truong hop: Hode A1 A ngan nhét
thi duong gap khic dimng lai tai Ay, hodc ton tai duy nhat diém As dé A,Az ngén nhit.
Khi do AsAz < AjA,.
Gid str c6 duodng gép khuc A1A;...An1Anthi theo 1ap ludn trén cd A1A>ALA>.. . >An1An.
Diém A, khong thé ndi dugc vdi diém A; nao d6 véi 1<i<n-2 vi néu trai lai ApAi < AnAni< AiAis,
mau thuan vai yéu ciu AjAi 1a doan ngén nhét xuét phat tur A;.
Vay duong gap khiic AjAis1...An khong thé khép kin.

3. Bai tap tu luyén:

Bai tap 1: Gia st E 1a giao diém hai duong chéo AC va BD cua tir giac 16i ABCD. Chirng minh rang
néu chu vi cac tam giac EAB, EBC, ECD bang nhau thi ABCD 14 hinh thoi.

Bai tap 2: Cho 1994 duodng thang phan biét, trong d6 ba dudng bat ki trong s6 ching dong quy.
Chirng minh rang 1994 duong thang di cho dong quy tai mot diém.

Bai tip 3: Cho bdn diém phan biét A, B, C, D trong d6 khong c6 ba diém nao nim trén ciing mot
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duong thing. Chimg minh rang c6 it nhit 1 mot trong s6 cac tam giac tao thanh bdi ba trong bdn
diém A, B, C, D khong phai 1a tam gidc c6 ba goc déu nhon.

Bai tap 4: Trén mit phang cho 1994 diém sao cho ba diém bét ki trong sb d6 1a thang hang. Chiing
minh rang 1994 diém di cho thing hang. .

Bai tap 5: Trén mit phing cho 1994 diém khong cling nam trén mot duong thing. Chirng minh ring
ton tai mot duong tron qua 3 diém sao cho nd khong chira bit ky diém nao trong sé 1991 diém con
lai.
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CHU PE 11
PONG DU THUC

1. Kién thic co ban:
Dinh nghia.
Cho a, b, m 1a cac s6 nguyén, m # 0. Néu a — b chia hét cho m thi a duoc goi 1a dong du vé6i b theo
modulo m.
Ky hiéu: a=b (mod m)

Vidu: 3=-1(mod 4)

5=17 (mod 6)

18 = 0 (mod 6)
Diéu kién a =0 (mod m) c6 nghia bdi cia a : m hay m 1a uéc cia a (mla)
Néu a - b khéng’chiahét cho m, ta viét a 7:Z b (mod m).
Tinh chét
Cho a, b, ¢, d 14 cac $6 nguyen.

(1) Tacoa=a (mod m)
(2) Néu a =b (mod m) thi b =a (mod m)
(3) Néua=b (mod m) va b =c (mod m) thia=c (mod m)

Chirng minh:

Taco: a=b(modm)=a-b:m(mla-b)va
b=c(modm)=b-cim(mb-c)

Via-c=(a-b)+ (b-c)= a-c:m (tinh chit chia hétcta tong) hay
a=c (mod m)

(4) Néu a=b (mod m) va ¢ = d (mod m) thi (a + ¢) = (b + d) (mod m)

Chtrng minh
Taco: a=b(modm)=a-b: m=a-b=maqy, (vsiqueZ) (1)
c=dmodm)=c-d:m=c-d=mq, (vsique2) (2
Cong (1) va (2) ve theo ve, ta duoc:
(@a-b) +(c-d)=m(g: + q)
< (@+c)-(b+d)=m(o: +g2)
= (a+c)-(b+d): m

a+c=b+d(modm)

a1 = b; (mod m), a,= b, (mod m), ..., a, = b, (mod m)
= atat..+ta,=by+by+...+b,(modm)

(5) Néua=b (mod m) va c =d (mod m) thi ac = bd (mod m)

Chirng minh
Tacd: a-b=m.gr =>a=b+m.q, (véiqie 2) (1)
C-d=m.g; = ¢ =d+m.0y, (v6iq2€ 2Z) (2)
Nhan (1) va (2) ve theo ve, ta dugc:
a.c = bd + bmg, + dmg; + m?g:9»
= ac - bd = m(bq, + dq; + ma:02)
—  ac-bd: m= ac=bd (mod m)
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H¢ qua:
ai = by (mod m), az = b, (mod m), ..., a, = b, (mod m)
= a1.82...an = b1.by...by (Mod m)

(6) Néu a = b (mod m) thi a* = b* (mod m), véi k e N.

Nhu vy ta ¢ thé cong, trir, nhan va ning 1én lily thira cac dong du thic theo cling mot modun.

(7) Néu a = b (mod m), d 1a udc s6 chung ctia a, b, m va (d, m) =1 thi %zg (mod m)

vaa=b (mod d)

Chirng minh

Taco: a=b(Modm)=a-b: m=a-b=mgqg (1)
Chia hai vé&'caa (I cho d (vi d 13 wdc chung cta a, b nén d = 0)
a-b_mq  Fra
d d “d 4
Do d6: mq :d, ma (d, m)Z1=.q: d.
. a b. a_b

Vayd d.mhayd_d(modm)

12’80 nguyén (vi d la udc ciia a va b)

(8) Néu a = b (mod m) thi ac = bc (mod cm), v&i moi ¢ khéc 0.

(9) Néu ab = ac (mod m) va (a, m) = 1 thi b =c¢ (mod m)

(10) Néua=b (mod my), (i=1, 2, ..., n) < a=b (mod [m,my,...,my)])

(11) Néu a=r (mod m),v 6i 0 <r < m thir ching 13 s6 du ctia phép chia a cho m.

Chtrng minh
Taco: a=r(modm)=a-r=mg=a=mq+r ((voi0<r<m)
Luuy:

Téng ctia hai s6 1& ddng du v&i mot sd chin va tich cia hai sé 16 dong-duvdi mot sb 1¢.
Néu mot s chia 7 du 3 thi binh phuong cta n6 khi chia 7 thi du 2.
Khong duoc chia hai vé cia mot dong du thire véi mot s6 khac 0 dé gian iéchaifvé.
Hai s6 khong dong du voi nhau theo cting mot modulo nhung tich ciia chung ciing x4y ra trudng hop
ddng du voi 0 theo modulo do.
Phwong trinh dong du tuyén tinh
Khai niém:
Phuong trinh dang ax = b mod m dugc goi 1 phuong trinh ddng du tuyén tinh véi a, b, m 1a cac sb
da biét.
Trong d6 xp 1a mot nghiém cta phuong trinh khi va chi khi axo = b(mod m).
Néu x 1 nghiém thi cac phén tir thudc 16p X, cling 1a nghiém.
Dinh nghia:
Gia sir a, m 1a cac s6 nguyén, m > 1. Nghiém ctia phwong trinh ax = 1 (mod m) dugc goi 1a nghich
dao cua a modulo m.
Pinh ly 1:
Nghich d4o ciia a modulo m 1a duy nhat < (a, m) =1
Churng minh.
Goi a’ 1a nghich ddo cua a modulo m
= aa’ =1 (mod m)
—aa’tmb=1=(@a m)=1
Pao lai néu (a,m) = 1
— tontaia’, m’ sao cho aa’ + mm’ = 1
= aa’ =1 (mod m)
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= a’ 1a nghich dao ctia a modulo m. a’ 13 duy nhat bai vi néu ¢ a>” sao cho
aa’’ =1 (mod m)

thi
aa’ =aa’’ (mod m),
ma(a, m =1
= a’=a”’ (mod m)
H¢ qua:

Néu p nguyén t6 thi mdi phan tir ctia tap hop {1,2, ..., p — 1} déu c6 nghich ddo duy nhat modulo p.
Dinh ly 2:

Néu (a, m) = 1 thi phuong trinh ax = b (mod m) ¢6 nghiém duy nhat theo modulo m.
Churng minh.
Taco {1, 2, ..} 12 mot hé thing du diy di modulo m va

(a, M) =Lnén {a, 2a, ..., ma} ciing 1a mot hé thing du day da modulo m.

Suy ra c¢6 dung mot phan tir ciia hé nay dong du véi b mod m .
Vay ta c6 dpem,
Pinh ly 3:
Dinh 1y ton tai nghiém phirong-trinh ddng du tuyén tinh.
Gid su (a, m) = d.
Khi @6 phuong trinh ax = b (mod’m) 1)
c6 nghiém khi va chi khi dJb
Hon ntra, khi d | b thi (1) ¢6 d nghiém phan biét modulo m, d6 la

m
tt+ t+2 e+ (d=-1)— 2
5 g (d-1) | )
1 o L .. a b m
trong do t 1a nghi€ém duy nhat cta phuong trinh ax = d mod q (3)
Chtrng minh.

Néu phuong trinh c6 nghiém 1a xo = axo = b + mt = d|b

Do lai, néu d|b thi phuong trinh %X Eg (mod Ej do (d r:;j =1.¢6 nghiém t duy nhit
= phuong trinh ax = b (mod m) cling ¢6 nghiém t .

Mo1 nghiém cua (3) la nghiém cua (1) va ngugc lai.

D¢ thay rang (2) 1a d nghiém cua (3) nén (2) ciing 1a d nghi¢m cua (1).

Ngoai ra hai nghiém cua (2) 1a phan biét theo modulo m.

That vy, néu: t+r%zt+s% (mod m) (<r,s<d-1)

= r%zs% (mod m)=r=s mod d

=r-s:d=r=s

Tiép tuc, ta chimg minh (1) khong con nghiém nao khac ngoai (2).
Gia str y 1a nghiém cua (1) = ay = b (mod m) = ay = at (mod m)
=y=t(modm)=y=t(modm)d=y=t+km|d.

Taco k=r(modd) voi0 <r<d.

Do dé k.% = r.% (mod m)=y = (t+ m)|d (mod m) =y thudc (2).

Vi du: Giai phuong trinh 12x = 7 (mod 23)
Giai
Do (12, 23) = I nén phuong trinh luén c¢6 nghiém duy nhit.
Ta tim mdt s6 nguyén k sao cho 7 + 23k chia hét cho 12.
Chon k=7. Suyra: 12x =7.24 (mod 23) = x = 14 (mod 23)
Ménh dé:
Gia str p 1 s6 nguyén t6. S6 nguyén a 1a nghich ¢ao modulo p cta chinh n6 khi va chi khi:
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a=1 (mod p) hoaca=-1 (mod p).
Churng minh
Néu a =1 mod p hodc a = — 1(mod p) thi a = 1(mod p) nén a la nghich ddo modulo p cua chinh né.
Nguoc lai, gia st a 1a nghich dao modulo ctia chinh no, tic la a’=1 (mod p)

—Sa’-1:p
=a+l:p
hoic a-1:p
hay =—1 (mod p)
hoac a=1(mod p).
Dinh ly Fermat nho
Dinh 1y: Cho s nguyén té p. Khi d6 v&i moi sé nguyén a ta déu co:
a’=a (mod p)
Ngoai ra, néu: (a; p) =1 thia”*= 1 (mod p).

Luu y:
Tinh chat étasé nguyén tb lién quan dén modulo.

Cho p 13 sb nguyén46; khi d6ap cac sd ai, i=1, 2, ..., p - 1 1a hé thiang du thu gon modulo p, trong
do (a,p)=1.
Chirng minh.
Xétp—1sda, 2a, 3a, ..., (p= Da
Ta ching minh rang khong ton tai2_s6;dong du trong phép chi a cho p.
Gia st ka =la (mod p), voik, 1 e{12,..4p — 1} vak = |
=ak-1):p=k-I:p=k=1(mau thuin)

Vay khichiap —1 s6 trén cho p ta nhan dugep= 1 s6 du khac nhau tir 1, 2,..., p-1

Suyra: a.2a....(p—Da=12....(p—1) (mod p)
< (p-1)a" = (p-1)! (mod p)
Vi((p-1)!, p)=1néna"* =1 (mod p).
Tir dinh Iy ta ¢6 a” = a (mod p) (v6i p nguyén t, (a, p) =1)
H¢é thing du day di.

Tap hop X1, Xz, ..., Xn goi 1a mot hé thiang du day da modulo m néuv&i mdi sb nguyén y tn tai duy
nhat mot x; sao cho y = x; (mod m).
Tap {1,2, ...,m—1, m} 1a mot hé thang du diy da modulo m
Moi hé thing du day du modulo m déu c6 dung m phan ta

Mot tap gom m phan tir 1a mot hé thing du day da modulo m néu va chi néu hai phan tir khac nhau
bat ky cta no khong dong du véi nhau modulo m.
Cho sb nguyén a va m> 0.

Tap hop tat ca cac s6 nguyén x thoa man x = a (mod m) dugc goi 1a mot 1op dong du’ modulo m.

Ky hieu: a={a+mt|teZ}.
C6 m Iép ddng du phén biét modulo m, thu duoc bang cach lay lan luot:
a=1,2,...

Mot tap hop {I‘l,rz, rn} duoc goi la mot hé thang du thu gon modulo m néu (ri, m) =1, r =1 Vi#],
1 <i, j < nva vi moi s6 nguyén x nguyén té cling nhau véi m thi ton tai rj sao cho r; = x (mod m).
S6 cac phan tir ctia hé thang du thu gon modulo m duoc x4c dinh béi ham Euler o(m) 1a s6 cac sb
nguyén duong khong vuot qua m va nguyén té ciing nhau véi m.
Ham @ c6 céc tinh chét sau:

@(mn) = p(M)e(n) véi (m, n) =1
Neu p nguyén to, ¢(p) =p-L¢(p")=p" —p""(n>1),
Néu m = p,“p,™...p,*, pi la cac s6 nguyén t6 thi

ol
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Vidu: ¢(2) =1, ¢(3)=2, ¢(4)=2>-2=2, ¢(20) = 20(1—%)(1—%) =38

DPinh ly:

Cho (a, m) = 1 Vary, ra,...., 1y 1a mot hé thing du thu gon (ddy da) modulo m.

Khi d6 ary, ary, ..., ar, cling 1a mét hé thang du thu gon (dﬁy du) modulo m.

Churng minh.

Vi (a,m) = 1 nén néu (r;, m) = 1 thi (ar;, m) = 1.

Ta chirng minh cc phan tir cia tap {ary, ara,..., ary} d6i mot phan biét modulo m.

That vay, néu ar; = arj (mod m) thi do (a, m) = 1 nén r; = r; (mod m) (v6 1y).

Suy ra diéu phai chirng minh.

Dinh ly Euler:

Dinh ly:

Néu m 1a s&'nguyén duong bat ky va a la sO nguyén t6 ciing nhau vi m, thi a“’(m) =1 (mod m), trong
do ¢(m) 1a kyhi€u cua ham Euler dém sd céc sd nguyén gitra 1 va m nguyén t6 cuing nhau voi m.
Pay 1a tong quafHoatua dinh 1y nho Fermat vi néu m = p 1a s6 nguyén t6 thi p(p) =p — 1.

Dinh Iy nay c6 théduoe si-dung dé dé dang gian udc véi modulo n rit 16n.

Chirng minh

Céch 1:

Giad su ry, Iz, ..., Iy la he thing du thu gon gdm céac sb6 nguyén duong khong vuot qua m va
nguyén t6 cting nhau v6i m.

Theo dinh 1y trén ta suy ra arj, arg,~.., la mdt hé thang du thu gon modulo m.

(m)

Nhu vy cac dong du duong bé nhét cua aty, ary, .., ar ., phai la cac sd 1y, I, ...y o(m) xép theo
mot thﬁ tu nao do.
Vi thé ta co:
ar ar,...ar, . =nr,..r, . (modm)
hay

o(m) —
a®™nr,. .k =0l (Mmodm)

Vi (0h,.. M) =1 nén a®™ =1mod m
Céch 2:
Chtrng minh

Goi ay, @y, ..., Ay 1a cac sd nguyén duong nho hon n va nguyén té cting nhau véi n.
Véimoi 2 s phan biét:
,je{l 2, .., oM} (&, m)=(am)=1.
Suy ra:
(aaj, m) =1, ag; 7:Z aa; (mod n)
Do vay, aai, aay, ..., ddgm) 12 mot hodn vi theo modulo cua ay, ay, ..., Ay(n).
Suy ra: aid; ...ap(m) = (ad1) (ad2) ... (Aaem) = a”" a1a; ...a5() (Mod n)
Gian ude dong du thire, ta dugc:
a*™ =1 (mod n)
Dinh ly dugc chirng minh.
Vi dy 1: Tim du khi chia s6 11%°*° cho s6 24.
Giai
Taco: (11,24) = 1 = 11°*” =1(mod 24) = 11° =1(mod 24)
11701 =178%%2 —112 =1 (mod 24.
Vi du 2: Tim chit s6 tan cung cua s6 7
Giai
772 = 78002 = (7HP 72 = 1.7 =49 = 9 (mod 10).
Vay 7%%? ¢6 chit s tan ctng 13 9.

222

Dinh ly Wilson:
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Cho p 13 s6 tu nhién 16n hon 1, khi d6 p 1a s6 nguyén 5, khi va chi khi:
(p-1)! +1
chia hét cho p.
Hay phét biéu cach khac.
Cho s6 nguyén tb p> 1, ta co (p — 1)! =— 1 (mod p)
Mo rong voi sé nguyén duong n 1é, n>1 va
S= {x eZl1<x< n,UCLN(X,n) = UCLN(X + l,n) = 1} thi HX = l(modn).
xeS
Chung minh
Khip=2,tacé (p—1)!=1=-1(mod 2)
Gia str p 1a sb nguyén t6 10n hon 2, khi d6 mdi s6 nguyén a v6i 1 <a <p — 1 ton tai nghich dao a’
voi 1 <a’ < p.=l sao cho aa’ =1 (mod p).
Theo ménh/dé trén-chi c¢6 2 s6 1 va p — 1 1a nghich dao modulo p cta chinh no.
Nhu vy, ta.€d thé nhom céac s6 2, 3,..., p — 2 thanh (p — 3)|2 cip ma tich cta ching dong du 1
modulo p.
2.3. .4 =3)(p.~2)=1 (mod p)
= (p-1)!'=1(p-1)=-1 (mod p).
Ménh & dao cua dinh Iy Wilson ciing dtng.
DPinh ly:
Gia st p 1a s6 nguyén duong sao c¢ho-( p — 1)! = — 1 (mod p) thi p 13 sé nguyén td.

Pinh ly dong du Trung Hoa:
Gia str mg My, ..., my 1a cac sd nguyén t6 clingnhau doi mot.
Khi d6 hé phuong trinh dong du tuyén tinh

X =a; (mod my)

X = a; (mod my)

X = a; (mod my)
¢ nghiém duy nhit modulo m = mym,...m,.
Vi du: Giai hé phuong trinh x = 2 (mod 5), x= 3 (mod 7), x =5 (med_3)
Giai
Ta co:
x=2 (mod 5) = x =17 (mod 5)
x=3(mod 7) = x=17 mod 7
= X=17 (mod 35)
x=5(mod 3) = x=5+3.4(mod 3) = x=17 (mod 3)
= X=17 (mod 105)

2. Bai tap ap dung:
Dang 1: Tim s6 dw ciia phép chia
Bai tap 1: Tim sb du trong phép chia 2004%°* cho 11.
Giai
Tacd 2002 :11 <> 2004 - 2:11 = 2004 =2 (mod 11)
= 2004%°% = 2% (mod 11), ma 2'°=1 (mod 11) (vi 1024 - 1:11)
— 20042%% = 24 22090 = 24 (219 = 2% = 5 (mod 11)
Vay 2004%°* chia 11 du 5.
Bai tap 2: Tim sb du khi chia A = 1944%°% cho 7.
Giai
Ta co: 1944 = -2 (mod 7) = 1944%°% = (-2)*% (mod 7)
Ma (-2)%=- 1 (mod 7) = (-2%)°*® = 1°% (mod 7)
hay (-2%)°® =1 (mod 7)
= (-2%%%8 (-2) =- 2 (mod 7) hay (-2)**° = - 2 (mod 7) = 5 (mod 7)
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Vay 1944%°% cho 7 du 5.
Bai tap 3: Ching minh ring cac s6 A =6 - 1va B = 6"+ 1 déu la bdis6 cua 7.
Giai
Taco: 6=-1(mod7) = 69°=1 (mod7)=690-1:7
Vay A la bdi ctua 7
Tir
6°°° =1 (mod 7) = 6" =6 (mod 7), ma 6 = - 1 (mod 7)
= 6" =-1 (mod 7) = 6" + 1:7
Vay B 1a bdi cua 7.
Bai tap 4: Tim sb du trong phép chia 1532° - 1 cho 9.
Giai
Ta c6 1532 =2+«mod 9) = 1532° =2° (mod 9) , ma 2° = 5 (mod 9)
= 1532° =5 (mod'9) = 1532° - 1 = 4(mod 9)
Vay 1532° - ¥chia cho 9 du 14 4.
Bai tap 5:/Chang mifth ring A = 7.5°" + 12.6" chia hét cho 19
Giai
Taco: A=7.5"+12.6"=7.25""+ 12.6"
Vi25 =6 (mod 19) = 25%= 6" (mod 19)
=7.25"=7.6" (mod 19)
= 7.25"+12.6"=7.6" + 12.6" =19.6"= 0 (mod 19).
Diéu nay chimg to A chia hét cho/9:
Bai tap 6: Tim du trong phép chia 32°% cho 13
Giai
Ta co:
3*=1 (mod 13) ma 2003 = 3.667 + 2 = 3293 = (3%)%°1, 32
3 =1 (mod 13) = (3%%" =1°*" (mod 13)
= (3%)%7.3% = 1.3% (mod 13) (3%)°*".32 =9 (mod 13)
= 3%9% =9 (mod 13).
Vay 3%% chia cho 13 du 9.
Bai tap 7: Chimg minh rang 2°°*? - 4 chia hét cho 31.
Giai
Taco 2°=1 (mod 31), ma 2002 = 5.400 + 2
Nén 22002 - (25)400 '22
Vi2° =1 (mod 31) = (2°)*° = 1*° (mod 31) = (2°)**.22 = 1.2% (mod 31)
= 2292 = 4 (mod 31) = 2%°°2 - 4 chia hét cho 31
Bai tap 8: Ching minh rang : 2222°°> + 5555?%% chia hét cho 7
Giai
Ta co:
2222 + 4:7 = 2222 =- 4 (mod 7) = 2222°>°° = (-4)>**(mod 7)
5555 - 4:7 = 5555 = 4 (mod 7) = 5555%°% = 4%**? (mod 7)
— 22995555 | 55552222 — (_4)5555 + 42222 (mod 7)
24?22 — (_4 2222 - (_4 5555 + 42222 — _4)2222. 43333 + 42222
— (_4)2222. 43333 _ (_4)2222 — (_4)2222(43333 _ 1) = (43) _ 1(m0d 7) (1)
Ta lai co:
A=1(mod7)=4%-1=63:7=4%-1=0(mod 7) (2)
Nén
(_4)5555 + 422 = (mod 7)
Tir (1) va (2), suy ra: 2222°°% + 5555°%%? chia hét cho 7.
Bai tap 9: Tim du trong phép chia 57° + 7°° cho 12.
Giai
Taco 5% = 1(mod 12) = (5%)** =1 (mod 12) hay 5’° = 1 (mod 12) (1)
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7°=2 (mod 12) = (79)* =1 (mod 12) hay 7°°= 1(mod 12) (2)

Tir (1) va (2) = 5" + 7°° chia cho 12 du 2.

Bai tap 10: Tim s6 du ciia A =776"® + 777""" + 778""® khi chia cho 3 va khi chia cho 5?
Giai

Ta co:

776 = - 1(mod 3) = 776'® =-1 (mod 3) = 776" = 1 (mod 3)

777 =0 (mod 3) = 777" = 0 (mod 3)

778 = 1 (mod 3) = 778""*=1 (mod 3)

— 776"+ 777""" + 778'"® khi chia cho 3 du 2.

Ta co:

776 = 1 (mod 5) = 776'"° = 1 (mod 5)

777 = - 3 (mod5). = 777" =- 3" (mod 5)

778 =3 (modd 5)= 778""® =38 (mod 5)

= 776"+ 277" + 77878 =1 - 37" + 3""® (mod 5)

Hay

776"+ 7777 + 7787 =4 +3.3"" - 3""" (mod 5)

776" + 777" + 778" = 1.#3""(3 - 1) (mod 5)\

776" + 777" + 778" =1 + 23"

Ma 32 = - 1(mod 5) = (39)***:3=3.(mod 5)

Vay A=776"°+ 777" + 778" = 142.3 =2 (mod 5)

Vay A chia cho 5 du 2.

Bai tap 11: Tim s6 du ciia A = 3% + 4%% khji chia cho 11 va khi chia cho 13 ?
Giai

Taco: 3°=1 (mod 11) = (3°)* =1 (mod 11)

Va4®=1(mod 11) = (4°)** =1 (mod 11)

— A=39%4+42% =2 (mod 11)

= Achiacho 11 du 2

Taco: 3 =1 (mod 13) = (3%)°%®.3 = 1.3 (mod 13) = 3% =3 {mod 13)

Va 4® =-1 (mod 13) = (4%)°%.4= 1.4 (mod 13) = 4%°® =4 (mod 13)

= A =325+ 425 =7 (mod 13)

= A chiacho 13 du 7.

Bai tap 12: Gia st m 13 s6 nguyén duong.

Chitrng minh riang: Néu ac; = ac, (mod m) va (a, m) = 1 thi ¢; = ¢, (mod m)
Giai

Ta co : ac; = ac, (mod m) = mlac; - ac; = m|a(cy - Cy)

Vi(a, m)=1=mlc; - 2 = €1 = c2 (Mod m)

Bai tap 13: Chirng minh rdng: Néu p 1a mot s6 nguyén té va khong 1a wdc cua sb nguyénathia® ' =

1 (mod p)
Giai
Xét day s6 1;2:3;...; p-1. TAt ca céc sb nay doi mot khong dé)ng du véi nhau theo modulo p. Do
d6 cac s a, 2a, 3a, ... ; (p - 1)a ciing d6i mot khong ddng du véi nhau theo modun p. Béi vi nguoc

lai néu c6 r1a = ra (mod p) ma (a, p) =1 = 11 =1, (Mod p) - v&i ry, 2 1 hai s6 nao d6 cua diy sb 1,
2,3,...,p-1(voli
H(m nita mdi mot sb ca diy a, 2a, 3a, ..., (p - 1)a ddng du véi dung mot trong cac sd 1,2, 3, ..., p
- 1 theo modun p.
= a.2a3a. ...(p- Da=1.2.3....(p-1) (mod p)
hay
(p-1tap-1=(p-1)! (mod p).
Vip,(p-1))=1=2a""'=1 (mod p)
Bai tap 14: Chimg minh rang: Néu c Ia s6 nguyén duong: a =b (mod m) = a.c = b.c (mod c.m)
Giai
a=b(mod m) = a-b=m.q=ac-bc=mc.qg= ac =bc (mod c.m)
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Dinh ly nho Fermat:
Gia st p 1a s6 nguyén t6 bat ky, khi d6 véi moi s tu nhién n ta 6 nP - n chia hét cho p.
Giai
Tacon’-n=n(n"*'-1)
Néu n chia hét cho p = dinh 1y dugc ching minh.
Néu n khong chia hét cho p thi (n, p) =1, nén n° " = 1 (mod p)
= (n°"* - 1) chia hét cho p.
Bai tap 15: Ban Thang hoc sinh 16p 6A da viét mot s6 c¢6 hai chit s6 ma tong cac chit s6 cua né 1a
14. Ban Thiang dem s d6 chia cho 8 thi dugc sé du 13 4, nhung khi chia cho 12 thi duoc sé du 1a 3.
a) Chirng minh rang ban Thang d4 1am sai it nhat mot phép tinh chia.
b)Néu phép chia thir nhat cho 8 1a dang thi phép chia tht hai cho 12 ¢6 6 du 13 bao nhiéu? Hay Tim
sb bi chia.
Giai
a) Goi s6 d6 la‘h = ab
Vin chia cho 8 dw4,ménn=8p +4
Va n chia cho 12w 3; nén n= 12q + 3
= 8p+4=12q + 3(Ma 8 +41a s6 chin, con 12q + 3 1a s6 1¢).
Do vay ban Thang di lam sdi mot phép chia.
b)Via+ b =14 = ab=2 (moed'3) = 4ab =8 (mod 12) (1)
Néu ab =0 (mod 4) = 3ab = 0 (mod 12) (2)
T (1) va (2) = ab=8 (mod 12) = A chia’che 12 du 8
Don= 8p+4lésé chin ma n = ab = {0; 2; 4y6; 8}<b
Néub=0= a=14 (loai - vi a la s6 c6 mot chir'sd khac 0)
b=2= a=12 (loai)
b=4= a=10 (loai)
b=6—=a=8
b=8=a=6
Viy sb can tim 1a 86 hodc 68. Suy ra sd bi chia 1a 68.

Dang 2 : Tim chit s6 tin ciing ciia mot s6

Tim mét chir s6 tin cing cia a” :

Néu a c6 chit s6 tan cung 12 0; 1; 5 hodc 6 thia" lan luot co chir s6 tan cung fan luot 120; 1; 5 hoic 6.
Néu a c6 chit s6 tan cung la 2, 3 hoac 7, ta van dung nhan xét sau voi k € Z.

24k = 6 (mod 10)

34k =1 (mod 10)

74k =1 (mod 10)

Do d6 dé tim chit sb tan cung cua an vdia co chir s6 tan cung la 2; 3; 7 ta léy n chia cho 4.
Giasen=4k +rvéir €{0; 1; 2; SE
Néu a =2 (mod 10) thia"=2"=2*""=6.2" (mod 10)

Néu a =3 (mod 10) hodc a=7 (mod 10) thia" = a®*"=2a" (mod 10)
Bai tag) 16: Tim chir s6 cudi cling cua cac sd:

a) 6200 b) 92008 C) 32009 d) 22009.

Giai ) o
a) 62°% ¢6 chir s6 tan cung 13 6 (vi 6 khi nang 1én luy thira v6i s6 mii ty nhién khac 0 vin bang chinh
sO 6)

b) 97998 = (9%)1%% =811 = | 1 ¢o chir s6 tan cung 14 1

91991 = 91990 9 = (999 9 = 8199 =(...1).9 = ... 9 ¢ chit s6 tan cung 14 9.

Nhan xet: S6 ¢6 chir s6 tan cung 1a 9 khi nang 1én luy thira voi s6 mil ty nhién chian khac 0 nao thi
chir s6 tan cung 1a 1, khi nang 1én luy thira voi sé mil tu nhién 1é thi c6 sb tan cing 14 9.

c) 3299 = (3923 =81°%23 = (... 1).3=... 3 ¢ chit sb tan cung 1 3.

d) 2299 =229 2 = (29> 2= 162 = ( .6).2=... 2 ¢ chit 0 tan cing 1a 2.

Bai tap 17: Tim chit sd tan cing cia cac sb sau:

a) 421 b) 3103
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c) 8" 1 (neN) d) 142 + 23% + 70%.
Giai

a) 4% = 42%° = (4% = 16" = ...6 ¢4 chir sb tan cing 14 6

42 =401 = (491 4=16"4=(...6).4= ... 4 c6 chit sb tan cung 1a 4.
Nhan xét:
S6 ndo c6 so tan cung 1a 4 thi khi nang 1én luy thira v6i sb mil ty nhién chin thi ¢6 s tan cing 13 6,
khi nang 1én véi sé mii tu nhién 1é c6 s6 tan cing 1a 4).
b) 3'%3 =312 3= (32251.3 =9°13=(...9).3=... 7¢6 chir s6 tn cung 1a 7.
c) 8" *l=g"g=(2°)*"8=2""8=(2""8=16%"8=(...6).8 = .... 8 co chif sb tan cung 14 8.
d) 142 =14214=(... 6).14=....4
232 =23%223=(23)"23=(...9).23=...7
70%=...0
Vay: 142 +232 %702 =.. 4 +...7+...0="... 1 c6 chir sb tan cing 1a 1.

Tim hai s6£4n cung-¢ctia s6 a":

Ta c6 nhan xét sau:

2% =76 (mod 100)

3% =01 (mod 100)

6° =76 (mod 100)

7*=01 (mod 100)

Ma 76" = 76 (mod 100), véin > 1

5" =25 (mod 100), véin>2

su;{ ra két qua sau véi k 13 s ty nhién khic.0;

a’% =00 (mod 100) néu a = 0 (mod 10)

a®® =01 (mod 100) néua=1;3; 7; 9 (mod 10)

a’% =25 (mod 100) néu a = 5 (mod 10)

a’% =76 (mod 100 néu a = 2; 4; 6; 8 (mod 10)

Vay dé tim hai chit s6 tdn cing cla an, ta ldy s6 mil n chia cho.20;

Bai tip 18: Tim hai chit s6 tin cing cua 22003
Giai

Taco : 22°=76 (mod 100) = 22°¢ =76 (mod 100)

Do d6 : 22%% = 23,(2)1%0 = 8 (2%)1® = ( ... 76).8 = ...08.

Vay 229 ¢6 hai chir sb tan cting 1a 08.

Bai tip 19: Cho p 1a s6 nguyén té c6 dang 4k + 3.

Cho céc sb nguyén x va y. Biét x* + y*: p. Chimg minh rang: x va y chia hét chofp.
Giai

Gia str: (x, p) = 1 thi ta thiy (y, p) = 1.

Taco: X* =-y? (mod p)

PN X4k+3 =_ y4k+3 (mOd p)

< 1=-1(modp)

(Theo dinh ly Fermat)

Do d6, (x, p) # 1 nén x chia hét cho p va dé thdy y ciing chia hét cho p.

Bai tap 20: Chimg minh ring: V&in> 1 thi 2% +1:3"",
Giai

Theo nhi thirc Newton, ta co:
2" +1=(3-1)" +1=3"Ai3™

Ta suy ra diéu phai chirng minh.

3. Bai tap tu luyén:

Bai tap 1: Ching minh rang;

- Néu a 1a s6 nguyén chin thi a® = 0 mod 4,
- Néu a 1a s6 nguyén 1¢ thi a® =1 mod 4.
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Bai tap 2: Ching minh rang néu alé thia’?=1mod 8
Bai tap 3: Chung minh réng n'—n: 42 Voi n nguyen duong
Bai tip 4: Chirng minh rang ndua+b+c:30thia®+b>+c’:30(ab,ce2)
Bai tip 5: Chirng minh ring 5° +7:12 v&i n nguyén duong
Bai tap 6: Gia str n 1a s6 tu nhien khong chia hét cho 17.
Churng minh rang hodc n® —1 ¢ 17 hodc n® + 1 chia hét 17
Bai tap 7: Tim tat ca cac sd nguyén n sao cho n.2" + 1 chia hét cho 3.
Bai tip 8: Vi sb nguyén n nao tacd 12+ 22+ ...+ (n—1)°=0mod n
Bai tap 9: Tim du trong phép chia
a) 23%° 117 b) 46%%:37 c) 239727 1135 d) 21000000 - 310
Bai tap 10: Giai h¢
a)x=1mod2, x=2mod3, x=3mod5
b) x=2 mod 11, x=3 mod 12, x =4 mod 13, x=5 mod 17, x=6 mod 19
¢) x=5mod 6, x= 3-mod 10, x =8 mod 15
Bai tap 11: Chungminh dinh,ly ddo cua dinh 1y Wilson
Bai tap 12: Chirmg minh réng néu p, q 1a cac s6 nguyén td khac nhau thi p**+qg°* =1 mod pq
Bai tap 13: Chirng minh neu p.aguyén to va a” =b” mod p thi a” = b” mod p?
Bai tip 14: Chiing minh rang nétip, 1a sb nguyen t6 1¢ thi:
-4 2= ()" modp

Bai tip 15: Ching minh rang néuwpmnguyén to thi (p — 2)! — 1 : p nhung néu

p > 5 thi (p —2)! — 1 khong\phai’la.mot liy thira ctia p
Bai tip 16: Gia sir ham sO £ N* > N* thoa‘mén diéukién f(mf(n)) = n’f(m) vm, n eN*
a) Chirng minh rang f(2009) hoic 1a sb nguyén t6_1oac 1a binh phuong ctia mot sé nguyén tb
b) Hiy x4y dung mot ham f thoa mén diéu kién trén.

Bai tap 17: Cho (a, b) = 1. Ching minh ring moi udedé cuaA ="a? +b® déu c6 dang 2"k + 1.
Bai tip 18: Cho x e N": 2* +1:x?. Ching minh ring x = 3.
Bai tap 19: Chirng minh ring:
X? + 6y’ =z°
6x>+y’ =t°
khong c6 nghiém nguyén.
Bai tip 20: Chirng minh rang 1! + 2! + ... + n! 1a s6 chinh phuong khi va chi khi n="3.
Bai tap 21: Gia sir a, b, ¢ 1a cac sd nguyén, ¢ > 0.
Chirng minh ring a = b (mod c) thi (a, ¢) = (b, ¢).
Bai tap 22: Gia sir a, b, k, m 1a cac s6 nguyén, k, m > 0, (a, m) = 1. Chimg minh rang néu a* = b
(mod m) va a“** = it (mod m) thi a=b (mod m).
Bal tap 23: Chu’ng minh rang néu p nguyen t6 va k nguyén duong thi nghiém duy nhat cia dong du
x? = x (mod p*) 13 x = 0 hodic x = 1(modp)
Bai tap 24: Gia su mg, My, ..., M la cac sO nguyén duong d61 mot nguyén té ciing nhau.
M = mim;... mg va Mj = M/m;
Chirng minh rang;
Mia; + Moay + ... + Myak
Chay trén hé thing du day di modulo M khi ay, @y, ..., a twong (mg chay trén hé thing du day du
modulo my, my, ..., M.
Bai tap 25: Chimg minh rang véi mdi sd nguyén dwong m déu c6 vo s Fibonaci f, 1a boi cia m.
Bai tap 26: Giai cac phuong trinh dong du sau:

a) 19x = 30 (mod 40) b) 103x = 444 (mod 999)

c) 980x = 1500 (mod 1600) d) 3x =2 (mod 7)

e) 6x = 3 (mod 9) f) 17x = 14 (mod 21)
g) 15x =9 (mod 25) h) 128x = 833 (mod 1001)

Bai tap 27: Gia st p 1a nguyén té va k nguyén duong. Chirng minh ring ddng du x? = 1 (mod p*) c6
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dung hai nghiém khong déng du nhau modulo pk, do la

x=+1 (mod p¥)
Bai tap 28: Chung minh ring ddng du x* = 1 (mod 2¥) ¢6 dung bén nghiém khong ddng du nhau
modulo 2%, d6 1a x =+ 1 (mod p¥) hodc x = + (1 + 2) (mod p*) khi k > 2. Chirng minh rang khi k =
1 thi chi ¢6 mot nghiém va khi k = 2 thi c6 dung hai nghiém khéng ddng du nhau.
Bai tap 29: Béng cach dir dung dinh 1y Wilson hay chirmg minh rang néu p 13 s nguyén to vap =1
(mod 4) thi ddng du x* = = -1 (mod p) ¢6 hai nghi¢ém khong dong du nhau la x =+ ((p - 1)/2)! (mod p)
Bai tip 30: Chirng minh rang néu p 14 sd nguyén t6 va a 1a s6 nguyén thi

pl@ + (p-1)ta)
Bai tap 31: Chirg minh rang néu p nguyén t6 va 0 <k < p thi

(p-W!(k- 1! = (-1 (modp)
Bai tap 32: Haysstr dung dinh Iy Fermat dé€ tim thang du duong nho nhat cia modulo 17.
Bai tap 33:/Hauwstr dung dinh 1y Fermat dé tim chit s cudi cung cua 3100 trong hé dém co sb 7.
Bai tap 34: Hy st dung dinh 1y Fermat dé giai cac phuong trinh:
a) 7x = 124med’17) b) 4x =11 (mod 19)
Bai tip 35: Ching minh rangméu p, q 1a cic sb nguyén té khac nhau thi
P + ¢”! = (mod pa)
Bai tap 36: Chirng minh sing néu p 1a sé nguyén t6, a, b 1a cac sd nguyen va
a”= b’ (mod p) thi ap =bP (mod p %)

Bai to%g 37: Hay str dung dinh 1y“Eulerdé tim chir s6 cudi ciing cua:
a) 7"

b) 51000 000

21000000

trong h¢ thap luc phan.
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CHU PE 12
CAC "HAM SO HOC"

1. Kién thirc co ban:
a. Tinh nhan ciia ham s6 hoc:
Pinh nghia: Ham s hoc 14 ham thira nhan gié tri thuc hodc phirc va xac dinh trén tap s nguyén
duong.
Ham sb hoc f khong dong nhat bang 0, dugc goi 1a co tinh nhan néu:
f(mn) = f{m)f(n), véi (m, n) = 1.

Ham s6 hoc fkhong dong nhat bang 0, duoc goi 1a c6 tinh nhan day du néu:

flmn) = f{m)f(n), véi moi s nguyén dwong m, n.
Hién nhién, hap'sb tinh nhan day du 1a ham c6 tinh nhan. Ham f ¢6 tinh nhan thi f(1) = 1.
Vidu:
Ham dong nhatbang mot, fin) = 1 voi moi n, c6 tinh nhan day du.
Vi f(mn) = 1 = f(m)f(n).
Ham dong nhat, f(n) = n, v&ianoi n ciing c6 tinh nhan day du.
Vi f(mn) = mn = f(m)f(n):
Pinh Iy 1:
Gia st f 1a ham c¢6 tinh nhan va n=Ff (pf‘1 )f (pgL2 )f (pEk ) 1a khai trién lity thira nguyén té cua sd
nguyén duong n thi

f(n) = f(pf" )f(pg2 )...f(pzk )

Dinh Iy 2: Néu f c6 tinh nhan thi ham
g(n)=>f(d)

din
cling c6 tinh nhan.

b. Haim phan nguyén ciia mot so thwe:
Dinh nghia:
Dinh nghia 1:
Phat biéu 1: Phan nguyén cua sb thue x, ki hiu la [x] 1a ' 'sd nguyén 16n nhAtnhothon hodc bang x".
Phat biéu 2: Phan nguyén ctia mot sO thyc x la sd nguyén 16n nhat khéng vuot quax.
Ki hiéu: [x] 13 phin nguyén cta s thuc x.

Ngoai ra nguoi ta con ki hiéu 1a I_XJ , nén ta co thé dung mot trong hai ki hiéu do déu'duoc.
Vidu: [2,9] = 2; [3,2] = 3; [3] = 3: [-1,5] = -2; Nﬂ —1:V.V...

Céc phat biéu sau 14 twong duong:

neZ

{ =>n< [x]

n<x

[X]SX<[X]+1<:>X—1<[X]SX

Dinh nghia 2:

Phan 1& ctia mot s thuc x, ki hiéu 1a {x}, l]a mot s6 thuc duoc xéac dinh theo cong thtc:
ph=x-pd | |

trong do ki hiéu [x] 1a chi phan nguyén cua x, tirc 1a s6 nguyén 16n nhat khong vuot qua x.

Vidu: {2,1} =0,1;{-1,2}=0,8.

Tir dinh nghia phin nguyén ta co:

0<{x}<1

Tinh chit:

Phan nguyén:

(1) Néu [x] = athi
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a) a 1a s6 nguyén
by x=a+d,voi0<d<1
c)0<x-a<l1
(2) Néu [x +y] =x thix [a s nguyén va 0 <y <1
(3)Néu [x]=[y] thi-1<x-y<1
That vay: bat [x] = [y] = a thi:
x=a+d,voi0<d<l1
y=a+d,v6i0<d <1
=>x-y=d-d,véi-1<d-d'<1
Vay-1<x-y<l1
(4) Néu n 14 s6 nguyén thi [x + n] =n + [x].

Mot sé két qua_eo*ban:

(1) [x+n]=4X] +n, voin € Z

(2) [-n] = “In], ¥61Ln € Z.

) [-X] =-1- [x],voix> 0 Vax & Z.
(4) x>y=[x] 2[y]

)X+ <[x+yl<[X]+[yl+1

Véi phép chia giira cac s6 nguyén-dwong:
n=p.m-+gyvoil <qg<m-1 (nchia mduocpduq)
Ta co:

Thuong la p= {2}
m

Phan du (mod m) 1a p =n—m{£}
m
<m-

n

Hay don gian la: 0<n—-m {—} 1

m
(Cong thirc nay rat c6 ich trong viéc biéu dién chung 1 cong thuc t6ng’quat-cho m trudng hop cin
Xét)

H¢ qua:

g {L}

m m.n

v&i moi sé nguyén duong m, n

Phén 1é: Sau day 1a mot sé tinh chét va hé qua cta ham sb phan 1é:
i) 0 <= {x} < xthudc P.V1,

Tinh chit:

Pinh Ii 1: Néu n 13 mot s6 tu nhién thi n[x] < [n.X]

Chirng minh

bat: [x]=a=>x=a+d, v6i0<d<1

Ta co: [nx] =[n(a + d)] =[na + nd] = na + [nd]

Nhung nd > 0 nén [nd] > 0.

Suy ra: na < [nx] hay n[x] < [n.x].

H&é qua 1: V&i moi s6 ty nhién n va q, q = 0. Ta co: q{ﬂ} <n
q

That vay: q{ﬂ} < {q.ﬂ} = [n] =n
q q
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Pinh ly 2: V4i moi $6 tunhiénnvaq, q=0,taco:n< q(1+{ED
q
Churng minh

, , - PO r . r
Tacé:n=mq+r, voir=0,1,2,..,q-1nén —=m+— véi 0<—<1.

q q q
Suyra: F} =m.
q

Mat khac, tir n = mq +r.
Suyraan=(m+1)q+r-q,véir-q<0,

Do d6: n < (m=*il)q = q(1+{ED.
q

Pinh li 3: Lrong/diym sd ty nhién 1, 2, ..., n c¢6 dang {E} sd tu nhién chia hét cho s6 tu nhién q
q

khéac 0.

Chirng minh v

Xét ba truong hop co6 thexay rat

n

(TH 1) Néu n < q. Khi d6 2 <17 do-do {
q q

} = 0. R rang trong day 1, 2, ..., n khong c6 sb nao chia
hét cho q.

(TH 2) Néu n = q. Khi d6 {E} = 0. Trong day41,24., n c6 ding mdt s6 n chia hét cho q.
q

(TH 3) Néun > q. Khidé 2 >1, cho nén F} > 1.
q q

Nhan thiy trong diy s6 1, 2, ..., q, q + 1, ..., n. Chi ¢6 cac sO q, 2q, 3q,+7, {E} q chia hét cho q.
q

n

That vay, theo h¢ qua 1: q {E} < n nén sb ty nhién q{
q q

} chia hét cho qa'mét sd tushang cua day 1,
2, .., N

Mat khac theo dinh 1i 2 thi n < q[1+[gD nén sd tu nhién [1+[2Dq khong phaidarsd hang cua
day s61,2,..,n.

Két luan: Trong day 1, 2, ..., chi c6 ding {E} s6 chia hét cho q.
q

H@é qua 2: Trong diy s6 ty nhién 1, 2, ..., n c6 ding {%} s6 chia hét cho ¢°, ¢ dung {%} sO chia
q q

hét cho ¢, ... co dung {%} s6 chia hét cho qk.
q

Pinh 1y 4: S6 mii cao nhat ctia s6 nguyén t6 p co trong phan tich ra thira s6 nguyén t6 ciia tich 1.2...n

dung bang:
S= {E}{%}LJ{%} ,v6i p* <n<p*"
p p p

Churng minh
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Theo dinh 1i 3 va hé qua 2. S6 cac nhan tir cia tich 1.2...n chai hét cho p dung bing {E}, sd cac
p

nhén tir chia hét cho p? diing bang {%} e
p

Di€u do6 co6 nghia, s6 cac thira so nguyén to p c6 trong phan tich ra thira so nguyén to cia tich 1.2...n

dung bang:
HEG
p| Lp’ p

Hé qua 3:

{x} = 0 twong duong x thudc Z.

{x} #x tweng duong 0 <x < 1.
i) Néu x thuoc Z'thi {x} + {-x} = 0.
i) Néu x khong thuoc Z thi {x} + {-x} = 1.
Hé qua 4: Néw'x khidng thudc Z thi {x} = {-x} = x =k + 0,5 (véi k thudc Z).
i) {x t+y} <x, ythudc Piv={x} + {y},
Ding thtc xdy ra khi va chikhi {x} + {y} < 1.
H¢ qua 5:
{X -y} >x, ythuoc P.V={x} “{y};
Pt xe + .+ X} <= X} + {x} Fa+ Pk
X1, X2,... , Xn thudc P (dang thurc xay xa khi va chi khi:

{1} +PGrF... +V {X} <1).
X thuoc P va Vm thuoc Z.
iv) {x + m} = {x},
H¢ qua 6: Ham sd y = {x} 1a ham tudn hoan véi chu k¥ co(s6'1a 1.
v) Ham s6 y = {x} 1a ham don diéu ting trén tung khodng [K3 k + 1), véik thudc Z.
Ta ap dung cac tinh chéat va hé qua caa ham sb phan 1¢ ¢ tréfideé giai mot sb bai toan. Sau day 1a

mat sO bai tap vi du
c. Ham Euler
Phi ham Euler, ki hiéu ¢, dugc xac dinh boi: ¢(n) 1a cac sb nguyénrduong khong vuot qua n va
nguyén t6 cting nhau véi n.
Pinh ly 1: Phi ham Euler c6 tinh nhan.
B6 dé 1: Gia sir m, n 1a cac sd nguyén duong nguyén t ciing nhau;
{ai: 1 <i<m}va{b: 1<j<n} tuong ung la cac h¢ thang du déy di modulo mva-n.
Khi d6, ta c6: {ain + bjm: 1 <i<m, 1 <j<n} la h¢ thing du day du modulo mn.
Pinh Iy 2: Néu p nguyén t va o nguyén duong thi

et

Pinh Iy 3: Néun= n=p&p%..pi 1a khai trién lily thira nguyén t6 ctia s6 nguyén dwong n thi
Vi du:

<P(n)=n[l-pil](1-p—12]...[1-p_lj
Tinh:

¢(100) = ¢(2%5%) = 100(1-3(1-%} =40

Va
1 1 1
720)=(23%5)=720|1-= || 1-=Z || 1-= | =192
o(0)-ofs) 3 15 )
Tur dinh Iy trén ta thiy, néu n=p", v6i p>1 14 s6 nguyén t6 va m > 1, thi
€

Bién soan: Tran Trung Chinh 146



d. Ham téng cac wée o(n) va sé cac wée t(n).
Pinh nghia 1: Ham tong cac udc, ki hidu boi o, duoc xac dinh boi: o(n) 14 tong tit ca cac udc
dwong cua s6 nguyén duong n.
Pinh nghia 2: Ham s cac udc, ki hidu boi 1, duge xac dinh boi: t(n) 13 sd cac udc duong cua sb
nguyén duong n.
Vi du:
6(2) =3,0(3)=4,0(4) =7, 0(5) =6, o(6) =12, 5(7) =8, o(8) = 15, 5(9) = 13.
1(2)=2,t1(3)=2,t1(4)=3,1(5)=2,t1(6)=4,7t(7) =2,06(8) =4, c5(9) = 3.
Dinh 1y 1: Ham tong cic udc o va sd cac uwdc T co tinh chat nhan.
Dinh 1y 2: Néu n= PriP52...py 1a khai trién Ity thtra nguyén td cua sb nguyén duong n thi
a+l

H", ()= T +1)

i=1
Vidu:
2 2 2
0(1955)=0(5.17.23)=5 L1123 1 550,
5-1°17-1° 23-1
1(1955)=1(5.17.23) = (1FL)@+1)(1+1)=8

e. S6 hoan hao
Pinh nghia: Theo ngudi Hylap goi s6 hodntiao 14 cac sé ma o(n) = 2n.
Vidu:
o(6)=1+2+3+6=12
0(28)=1+2+4+7+14+28=56
c(496) = 992
c(8128) = 16256
Pinh Iy: S5 nguyén dwong chin n 1a s hoan hao khi va chi khi n = 2™(2™* - 1), trong d6 m > 2 13
sd nguyén duong va 2™ - 1 1a s6 nguyén td.
MB&i s6 hoan hao c6 thé duoc biéu dién dudi dang tong cua cac sb turtilién lién tiép.
6=1+2+3
28=1+2+3+4+5+6+7
496=1+2+3+..+30+31
8128 =1+2+3+..+126+127.
Ngudi ta biét duoc rang, trong khoang tir 1 dén 10
hay khong céc s6 hoan hao 16? (Céc ban tu tim doc).
Tong dao cla tat ca cac wdc sd cua cac sd hoan hao déu bing 2.

200 A LA \ 5 5 ‘n A .
0" khong c6 s6 hoan hdo 1¢. Taynhién, ton tai

1+1+1+1_2
2 3 6
1+1+1+1+i+i_2
2 4 7 14 28
1.1.1

1 1 1 1 1 1
14+ -+ -+ —+—+—+ + +
2 4 8 16 31 62 124 248 496

Biéu dién cac s6 hoan hao dudi dang hé nhi phan:

6 =110

28 = 11100

496 = 111110000

8128 = 1111111000000
Thuit toan tim s6 hoan hao:
Sau day la mot doan ham trong Pascal dé tim s hoan hao:
Function hoanhao( n: integer): boolean;

var i, tonguoc: longint;
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begin
tonguoc:=0;
fori:=1to (n-1) do
if (n mod i) = 0 then tonguoc:= tonguoc + i ;
hoanhao := (h=tonguoc)
end,
g. Bai toan thién nién ky (Millennium Problems):

Mot tritu d6 la danh cho ai giai duoc bit ky bi 4n nao trong sb bay bi an
toan hoc. D6 chinh 14 phin thudng do mdt to chirc tu nhan néu ra nham dua toan hoc trd lai vi tri
xing dang ciia nd. Va di nhién, ciing dé tra 1oi nhimng cau héi 16n van lam dau du cac nha toan hoc
bay lau nay.

7 bai toan " Clay " dat ra cho " thién ki " ciing theo tinh than Hilbert, nghia 14 bao gdm toan bd cac
lanh vyc toah hoes Ngudi ta ¢ thé thdy hoi " ki ": nguoi " ra dé " khong phai 1a mot co quan chinh
thirc nhu LiénAi¢p quéc té toan hoc hay Hdi todn hoc Phéap, ma lai 1a mot co s¢ tu nhan. Sy that la
ngay nay kliong,co, khong thé co6 mot nha toan hoc " phd quat " nita _ toan hoc da trd thanh qua
ménh mong. Khong con minh chu duge quan hing mot long ton vinh, thi lai cang nén tranh dé no ra
nhiing cugc xung'dot'gitra cac mon phai. Va lai, kiém dau ra may triéu $, néu khong g6 ctra tu nhan
? Du sao, Hoi dong khoa héc cta Vién Clay (tip hop nhirng chuyén gia kiét xuat trong tat ca cac
nganh toan hoc, va dau tién-pliai ké tén Andrew Wiles, ngudi da chimg minh " dinh 1i cudi cing cia
Fermat ") da dénh lidu tiép ndi‘conduong ciua Hilbert dé néu ra 7 bai toan cho thé ki 21.

Bai toan 1: Gia thuyét Poincaré

Henri  Poincare (1854-1912), 1a { nha »vat ly hoc va toan hoc nguoi Phap,
mdt trong nhitng nha toan hoc 16n nhat théKy 19. Gia thuyét Poincaré do 6ng dua ra nim 1904 1a
mdt trong nhitng thach thirc 16n nhat cta toantheé.théky 20.

Lay mot qua bong (hodc mdt vat hinh cau), v& trén'dé mot dudng cong khép kin khong co diém cat
nhau, sau d6 cét qua bong theo duong vira v&: ban sé fthandwoe hai manh bong v&. Lam lai nhu vay
v6i mot cai phao (hay mot vat hinh xuyén): 1an ndy ban khéng"dwgc hai manh phao v& ma chi duoc
cod mot.
Trong hinh hoc topo, ngudi ta goi qua bong dbi 1ap véi céi phao, la mot vé mat lién thong don gian.
Mot diéu rat dé chirng minh la trong khong gian 3 chiéu, moi bé mitdién thong don gian hitu han va
khong c6 bién déu 1 bé mit ciia mot vét hinh cau.

Vao nam 1904, nha toan hoc Phap Henri Poincaré dat ra cau hoi: Ligad tinh chét nay cua cac vat
hinh cau c6 con dung trong khong gian bon chidu. Diéu ky la 1a cac nha’hinh/hoc tepo da chimg
minh duoc rang diéu nay ding trong nhitng khong gian 16n hon hodc bang 5 chidd, nhung chua ai
chirng minh dwoc tinh chit nay van dung trong khong gian bon chiéu.

Bai toan 2: Vén dé P chéng lai NP:

Vi quyen tir dién trong tay, liéu ban thdy tra nghia cua tir “than 1an” d& hon, hay4im mot tir phd
thong dé dién ta “loai bo sat c6 bdn chan, da co vay anh kim, thudng & bd bui” dé hon? Cau tra 1o
hau nhu chic chén 1a tra nghia thi d& hon tim tir.

Nhitng cac nha toan hoc lai khong chic chan nhu thé. Nha toan hoc Canada Stephen Cook 1& nguoi
dau tién, vao nam 1971, dit ra ciu hoi nay mot cach © ‘toan hoc”. Str dung ngdn ngir 16gic cua tin hoc,
ong da dinh nghia mdt cach chinh xac tap hop nhing van d& ma ngudi ta thim tra két qua d& hon
(goi 1a tap hop P), va tap hop nhiing van d&é ma ngudi ta d& tim ra hon (goi 1a tap hop NP). Li¢u hai
tap hop nay c6 trung nhau khong? Cac nha 16gic hoc khang dinh P # NP. Nhu moi ngu0’1 ho tin rang
c6 nhitng van dé rat kho tim ra 10i giai, nhung lai d& tham tra ket qua. N6 giéng nhu viéc tim ra sd
chia ciia 13717421 1a viéc rat phirc tap, nhung rat dé kiém tra rang 3607 x 3808 = 13717421. Do
chinh 1a nén tang ctia phan 16n cac loai mat ma: rat khé giai md, nhung lai d& kiém tra mi c6 dang
khong. Tuy nhién, cung lai chua c6 ai chirng minh duoc dleu do.

“Néu P=NP, moi gia thuyet cta ching ta dén nay 1a sai” — Stephen Cook bao trudc. “Mot mat, diéu
nay s& giai quyét dugc rat nhiéu van dé tin hoc tmg dung trong céng nghiép; nhung mat khac lai s&
phé hily su bdo mat cua toan bd cac giao dich tai chinh thyc hién qua Internet”. Moi ngan hang déu
hoang s¢ trudc van dé 16gic nho bé va co ban nay!

Bai toan 3: Cac phwong trinh cia Yang-Mills:
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Cac nha toan hoc lu6n chdm chén hon cac nha vat ly. Néu nhu tir 14y, cac nha vat 1y da s dung cac
phuong trinh cua Yang-Mills trong cac may gia tdc hat trén toan thé gioi, thi cac 6ng ban toan hoc
ctia ho van khong thé xac dinh chinh x4c s6 nghiém ciia cic phuong trinh nay.

Pugc xéc 1ap vao nhitng ndm 50 bdi cac nha vat Iy My Chen Nin Yang va Robert Mills, cac phuong
trinh ndy da biéu dién mdi quan hé mat thiét giira vat 1y vé hat co ban vé6i hinh hoc cua cac khong
gian s¢i. N6 cing cho thiy su thong nhit ciia hinh hoc véi phan trung tim cua thé gidi luong tir,
gdm tuong tic tac yéu, manh va tuong tac dién tir. Nhung hién nay, méi chi co cac nha vat 1y st
dung chung...

Bai toan 4: Gia thuyét Hodge:

Euclide s& khong thé hiéu duoc gi vé hinh hoc hién dai. Trong thé ky XX, cac duong thing va
duong tron dd bi thay thé boi cac khai niém dai s, khai quat va hiéu qua hon. Khoa hoc cua cac
hinh khéi va khong gian dang dan dan di t6i hinh hoc cta “tinh dong dang”. Ching ta di c6 nhing
tién bo dang'kinh ngac trong viéc phan loai cac thuc thé toan hoc, nhung viéc mé rong cac khai niém
da dan dén hau qua la ban chit hinh hoc dan dan bién mét trong toan hoc. Vao ndm 1950, nha toan
hoc ngudi Anh William Hodge cho rang trong mot so dang khong gian, cic thianh phan cia tinh
ddng dang sé im14i'ban chat hinh hoc cua chung. ..

Bai toan 5: Gia thuyét Riemann:

Cacsb 2,3,5,7, ..., 1999, ., nhirng s6 nguyén td, tirc nhiing sO chi c6 thé chia hét cho 1 va chinh
no, gitr vai tro trung tam trong 80 hoc. Du su phén chia cac s6 nay duong nhu khong theo mot quy
tic nao, nhung n6 lién két chit eh&.vsi mot ham sb do thién tai Thuy Si Leonard Euler dua ra vao
thé ky X VIIL. Pén nim 1850, BerAard Riemann dua ra y tudng cac gia tri khong phu hop v6i ham sd
Euler dugc sip xép theo thir ty. Gia thuyét ctiasnha toan hoc ngudi Pac nay chinh 1a mot trong 23
van dé ma Hilbert di dua ra cach day 100-ndm.-Gia thuyét trén di duoc rat nhiu nha toan hoc lao
vao giai quyét tir 150 nim nay. Ho da kiém ‘tra tfah déing din ctia nd trong 1.500.000.000 gia tri dau
tién, nhung ... van khong sao chimg minh dugcs“Pbi véi nhidu nha toan hoc, diy 1a vin dé quan
trong nhét cua toan hoc co ban” — Enrico Bombieri, gido sutrrong Pai hoc Princeton, cho biét. va
theo David Hilbert, ddy ciing 1a mot vin dé quan trongdit ra.clio"nhan loai.

Bernhard Riemann (1826-1866) la nha toan hoc Puc.

Gia thuyét Riemann do 6ng dwa ra ndm 18500, 13 mot bai toan
c6 vai tro cuc ky quan trong dén ca 1y thuyét sb 1an toan hoc hién dai
Bai toan 6: Cac phwong trinh ctia Navier-Stokes:

Chang md ta hinh dang ciia song, xoay 16c khong khi, chuyén dong cuakhi quyén va ca hinh thai
ctia cac thién ha trong thoi diém nguyén thiiy cua vii tru. Ching dugc“Henri’ Navier va George
Stokes dwa ra cach day 150 ndm. Chung chi 14 su ap dung cac dinh luat vé chuyén.ddng ciia Newton
vao chat 1ong va chét khi. Tuy nhién, nhitng phwong trinh ciia Navier-Stokes/dén nay van 1a mot
diéu bi 4n cta toan hoc: ngudi ta van chua thé giai hay xac dinh chinh xac sé nghié’caa phuong
trinh nay. “Tham chi nguoi ta khong thé biét 1a phuong trinh nay c6 nghiém hay khéng” — nha toan
hoc ngudi My Charles Fefferman nhan manh — “Piéu d6 cho thay hiéu biét ctia ching ta vé cac
phuong trinh nay con hét sirc it 6i”.

Bai toan 7: Gia thuyét ciia Birch va Swinnerton- Dyer

Nhitng s6 nguyén nao 1a nghiém cia phuong trinh x* + y* = 2°? Co nhirng nghiém hién nhién, nhu
3% +4°=5Va cach day hon 2300 ndm, Euclide d& chirng minh rang phuong trinh nay c6 vo sO
nghiém. hién nhién van dé s& khong don gian nhu the néu cac h¢ so va sO mil cua phuong trinh nay
phtre tap hon... Nguoi ta cling biét tir 30 nim nay rang khong c6 phuong phap chung nao cho phép
tim ra so cac nghlem nguyén cua cc phuong trinh dang nay. Tuy nhién, di véi nhém phuong trinh
quan trong nhat c¢6 do thi 1a cac dudng cong élip loai 1, cac nha toan hoc ngudi Anh Bryan Birch va
Peter Swinnerton-Dyer tir ddu nhitng nim 60 di dua ra gia thuyét la s6 nghiém cta phwong trinh phy
thudc vao mot ham sd f: néu ham sb f triét tidu tai gia tri béng 1 (nghia la néu f(1)=0), phuong trinh
¢6 v s6 nghiém. néu khong, sé nghiém 1a hitu han.

Gia thuyét néi nhu thé, cic nha toan hoc ciing nghi vy, nhung dén gid chua ai chirng minh duoc. ..
Ngudi ta thdy ving bong nganh Giai tich ham (Functional analysi) von dugc coi Ia lanh vuc vuwong
gia cua nghién ctru toan hoc. Ly do ciing don gian:

Nhirng bai toan quan trong nhét cua Giai tich ham vira méi duoc giai quyét xong, va nguoi ta dang
doi dé tim dugc nhirng bai toan moi. Mot nhan xét nita: 7 bai toan dit ra cho thé ki 21, ma khong
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phai bai nao ciing phat sinh tir thé ki 20. Bai toan P-NP (do Stephen Cook néu ra nim 1971) ¢4 nhién

14 bai toan mang du 4n thé ki 20 (I6gic va tin hoc), nhung bai toan sb 4 1a gia thuyét Riemann di
dura ra tir thé ki 19. Va 1a mot trong 3 bai toan Hilbert chwa dugc giai dap !

Mot giai thoai vui: Vai ngay trudce khi 7 bai toan 1 triéu dola dugc cong bd, nha toan hoc Nhat Ban
Matsumoto (sdng va 1am viéc & Paris) tuyén b minh da chirmg minh dugc gia thuyét Riemann. Khé
mot ndi, dy 1a lan thir 3 6ng tuyén bd nhu vay. Va cho dén hom nay, van chua biét Matsumoto c6
phai 13 nha toan hoc triéu phti dau tién ctia thé ki 21 hay ching...

Trong s 7 bai toan trén c6 1 bai da dugce chimg minh. D6 1a gia thuyét Poincaré. Cudi nim 2002
nha toan hoc Nga Grigori Perelman tai Vién toan hoc Steklov (St. Petersburg, Nga) cong bd ching
minh Gia thuyét Poincaré. Va méi day, vao thang 6 nim 2004, tin tirc vé viéc chirng minh gia thuyét
Riemann ciia nha toan hoc Louis De Branges & Dai hoc Purdue ciing duoc cong bd va hién van dang
trong giai doan kiém tra. Ciing xin luu y 14 trong s6 7 bi 4n toan hoc nay, thi hai bai toan nay thudc
loai “xwong” honca (di nhién cai nay cung tuong d6i) thé nhung né lai (co the) dugc ching minh
trude. Tuy nhiéfi co thé dé dang 1y giai didu ndy, vi day 1a hai bai toan c6 vai tro rit quan trong trong
ca linh vire€ta né-lin.trong toan hoc hién dai noi chung (nhét 1a gia thuyét Riemann).

2. Bai tap ap dung:

Bai tap 1: Giai phuong trinh® [x°] + [x] = {x} +2.
Giai

Tt phuong trinh trén, suy ra {Xj thudc Z nén {x} = 0, v&i x thudc Z.

Tt d6 suy ra:
X+ x-2=0

& (D¢ +x+2)=0

& x =1 (thoa man).

Bai tip 2: Giai phuong trinh sau: 8x° - 6x[x] + [X]~
Giai

Xem phuong trinh trén 13 bac 2 4n [x], ta co:
A= (-3X)?-(8X*-3)=x*+3>0

Nén phuong trinh ¢6 2 nghiém Ia [x]  =3x++x*+3 (*)
Theo dinh nghia phan nguyén thi phai cé:
X-1<[x]<x

Tir d6 suy ra cac bat phuong trinh sau:

x—1<3x+\fx2+3£x<:> 1<2x+x*+3<0
x—1<3x—x*+3<x —1<2x—x/x2+330
—(ﬁ+2)

- g <x<-l (1)

Jﬁ‘z x<-1 (2)
[X]=—1
(1):> [X]=—2

Thay vao (*) ta dugc:

3X+4x*+3==2
3Xx +x*+3=—
[x]=0

[x]:l

(2)=

Bién soan: Tran Trung Chinh 150



CHUYEN DE ON QAN VAO LGP 10 THPT :.

Thay vao (*) ta dugc:
3x-\x2+3=0

3x-yx*+3=1
Nghiém ciia 4 phwong trinh thu dwoc 1a nghiém cta phuong trinh ban dau.

Cu thé 4 nghiém la -3+4ﬁ -1 ?;1_
Bai tap 3: Gidi phuong trinh sau: X - [X] = 3.
Giai

Taco: [xX]=x*-3eZnénx’ e Z.
Mit khac: x®-x-3={x} nén0<x*-x-3<1
Tur d6 tim dwoc met nghiém x = 5.
[x]-x

[x~1]

Bai tip 4: Giai phuong trinh sau: 1-[x+1]=

Giai
Taco: [x+1]=[x]+1
Suy ra:

1-[x+1]= [[’;]_‘1’]‘ o[x]£ [[’j_‘l’]‘ ez
Nén [x] = x.

Vay x = 0 la nghi¢m cta phuong trinh.

Bai tap 5: Giai phuong trinh sau: {2)(3_1} —[XZ] 7 |:—X2:|
Giai
Ta co:
Vi[- x?] = - [¥*] nén
2x -1 2x -1
2 Lol [ )| 2 )]

@{22—1}:0@2%1:0@){:

. 1
Vay phuong trinh ¢6 nghiém la x = 3

n 2
Bai tap 6: Tinh: S_ = Z{k _k}.
o 3
Giai
Ta thiy cac sb hang ciia S, 1a phép chia cho 3 lay nguyén.
Vi thé ta dit:
n=3p+qvoi0<qg<2

Ta co:
2
3p) —3p
SSp = S3p—l + {%] = SS(p—1)+2 + 3p2 - p

Tir 3 dang thirc trén suy ra:
Sspra = Sapay+2 + (3p° + 3p) + (3p” +p) +3p” - p
Sape2 = Sap2)+2+ 9(P - 1)° +3(p- 1)
Stz = Saapz + (P - 1)° +3(p- 1)
Ss=S,+9.1°+3.1

Cong cac dang thirc theo timg vé, suy ra:
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p p
S5, =92 17 +3> i (doS;=0)
i=1 i=1

Suy ra: Sau khi tinh va rat gon.

Saps2 = 3p° + 6p° + 3p (1)
Sspe1 = Sgpe2 - (3p° + 3p) = 3p° + 3p” (2)
Ssp = Sap1 - (3p° +p) = 3p° - p 3)
Bay gio ta s€ dung [...] d€ gop (1), (2), (3) thanh mdt cong thire.
Ta co: —{n
P 3

Ta co:
Heé s6 p? theo thu tu trong (3) - (1) Ia {0,3,6}
Hé s6 p theo/thd tw trong (3) - (1) la {-1,0,3}
Theo thtr ty n=3p dén n=3p + 2 thiq = {0,1,2}
Suyra{0,36}=3qva{-1,03}=¢*-1

. n
Véi q=n 3[3}
Cong thirc ta can tim 1a:

Ao g

nhan ra r6i rat gon lai

S, :3:2:3 —31{%}2 +(n? —1){2}

Bai tip 7: Chimg minh rang: oy n+2 + n+4 L hat 3
3 6 6 2 6

Véimoin € Z.
Giai

w | B

bat: n=6p + 1, trong d6 p= {%} var=n -6{%} = {0,1,2,3,4,5} (tuwong tmg vai1 6 truong hop)

Ta c0:
N 2p+L |=2p+| L |=2p+{0,0,01,1,1)
_3 3 3 H H y==y==
n+2 r+2 r+2
— = +—|=p+|——|=p+70,0,0,0,1,1
_6}["6}‘)[6}” }
‘n+4 r+4 r+4
— |= +—|=p+|—|=p+30,0,1,1,1,1
_6}["6}"{6}” !
Suy ra:

VT =2p+p+ p+{0,0,0,1,1,1} + {0,0,0,0,1,1} + {0,0,1,1,1,1} =4p+ {0,0,l, 2,3,3}
Tuong tu:

E} = |:3p+%} =3p {ﬂ =3p+{0,0,1,1,2,2}

n+3 r+3 r+3
—|=|p+—|=p+|—|=p+{0,0,0,1,1,1
[6}{p6}p{6}p{ }

Suy ra:

VP=3p+p+ {0,0,1,1, 2, 2} + {O, 0, 0,1,1,1} =4p+ {0,0,1, 2,3,3}
Vay ta c6 diéu phai ching minh.
Bai tap 8: PINH LY HERMITE:
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Vi n 14 s6 nguyén duong, x 13 s6 thuc bat ky ta co:

[nx]:[x]+{x+l}+...+{x+n—'l}

n n
Giai
Dinh ly nay c6 cach chung minh kha ddc dao.
Xét ham:
f(x)= [x]+{x+1}+...+[x+n—_l}-[nx]
n n

Ta co:

f(x+%j:{x+%}+...+[x+%}+[x+l]—[nx]
<:>f(x+lj:f(x)

n

‘ . 1
Vay f(x) 1a hamtuan‘hoanvoiehu ky —.
n

Ta co f(lj:f(o):o

n
A A . 1 YD - 1 n-1 ALl
Xét tréen mot chu ky 0 <x < — thi ¢4¢ gidtti [X]; X+— ;.. X+— ;[nX] déu bang 0.
n n n
Vay f(x) =0, VX.
Vay dinh 1y dugc ching minh.
Bai tap 9: Chung minh v61 x nguyén duong thi: X+ X +1+x+2 = [«/QX +8}
Giai ‘
Ta s€ ching minh rang: Vo1 Vx >1
Jox+8 <Vx +Vx+1+/x+2

Sau do suy ra:
[\E+Jx+1+Jx+2]=[J9x+8}

That vay:
Theo Cauchy - Schwaz, ta cé:

X +1x+ 1 +14x+2 <\/(12+12+12)(x+x+1+x+2) =J9x+9
Ta can chirng minh:

&+\/x+’1+\/x+2 >9x +7
Binh phuong 2 vé:
<:>VT=3x+3+2(\jx(x+1)+\fx(x+2)+\/(x+1)(x+2))>9x+7

C>\/X(X+1)+\/X(X+2)+\/(X+1)(X+2) >3x+2

Ma 1[(x+1)x > X

Do d6 ta chi can chirng minh:

\/(x+2)x +\/(x+2)(x+1) > 2(x+1)

Ap dung tryc tiép AM - GM ta din dén can chimg minh:
(x+2)2 X Z(x+1)3

& (x+1) =1](x+2) 2 (x+1)’

<:>(x+1)2 >X+2

BDT nay hién nhién dung nén suy ra dpem.
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Bai tap 10: Tinh cac tong sau:

28, =>[Vk]

k=0

b)S, = > [V2K |
k=0

Giai

a) Dé viét cho gon ta dit: [\/H ] =m

Nhu vay me/H<m+1<::>m2£n<(m+l)2

Trude hét ta ¢6 nhan xét sau:
Trén mdi doandi?, i* + 2i] (giira hai sé chinh phuong lién tiép) ¢ 2i + 1 s6 c6 dang:

i+, (0 <j < 2i).
Céc s6 nay déu thoa: [«/iz + j} =i

Do d6 S, dugc chiathanh caetong:

5, =3[ K] Zf s, 5[]+ 5[]
k=0 k=12 k:(m.l)z k=m?

5.3 $[K))- S

5, =3 (2i+1)i+ 3 [VK]

e R e e R T

(day duogc viet duoi dang sai phan d& hiéu hon)
Taco: m(n-m’+1) =

2m’ m®’ m
S, = ————+nm-m’+m
3 6
S, :Z":[\/E}:n.m_m(m—l)(Zm+5)’ voi m:[\/ﬁ}
k=0 6

b) Lam tuong tu cau (a), ta co:

S, =i[@}=n.m—m(m_1)(2m+5)+%{%}, Vo1 m=[ﬁ]

k=0 12

Bai tap 11: Véii, j, k, n € N, x e R. Hay tinh c4c téng sau:

> {X-ﬁ-l}

0<i<j<n

n+1 n+2 n+2*
b) 2 + e +...+ F +...
(| 35 +2010 2010—3k
) Z k+1 k+1
pary 3 3

) Giai
a) Ap dung dinh ly HERMITE, ta co:

Bién soan: Tran Trung Chinh

154



CHUYEN DE ON QAN VAO LGP 10 THPT :.

X +1 X+1| S x+i
3 [24i) 5 [l s
o<i<jsn| ] o<i<jsn-1]_ ] izoL I

X+1 X
3 [
o<i<j<n-1|_ ] n

- 3 M
osi<jen-1| J

=U,=U,_ +[x]

Véi U, = Z X—H} va Ui =[x] = U, =n[X]
J

0<i<jsmi|p

b) Ta co:
Ap dung trzonghop rieng cua dinh ly Hermite:

[2x]=[xJ45 3

n+2] ['n 17“n n |
prall il e il i v

Vay tong can tinh la

)N (E ) -

S hang —[%} = 0khi k dit Ion,

Ta co:

¢) Ap dung truong hop riéng cta dinh 1y Hermite:
[3x] =[x]+ x+1 + x+§ =[x]+ x+1 +|x-Z|+1
3 3 3] L

Ta co:

W 2010+ 3¢ 2010-3% 2000072010 1] [2010 1
Z 3k+1 + 3k+1 = Z 3k+1 + 5 + 3k+] - g
k=0 k=0 i
00 2010 2010 202012010 2010

= Z 3o | 7| m |71 | = 2010+ Z || Rk
k=0 3 3 k=0 3 3

= —2010+[2010]—[@} =0

32010

Bai tap 12: Cho ay, ay, ..., ax la cac sb nguyén duong khong vuot qua n thoa man [a;, 8] > nva 1l <i,
J<Kki#].

, s 1 1
Chung minh rang: —+—+...+ —<2

a1 a2 a‘k
Giai

Tir diéu kién suy ra cac s6 trén phan biét va k < n.
Goi Aj 1a tap hop nhiing $b khong vugt qué n chia hét cho aj, i=1, ..., n.
Tir diéu kién suy ra cac tap hop nay roi nhau.

Gia sirs € Aj " A, khi d6 thi sia; va sia, nén aia;,a; |>nmau thun!

Ma s6 phan tir ciia tap hop A; 1a {1} :
a.
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3233 L?}+k£n+k<2n

i=1 4; izl

Bai tap 13: Tich s6 100! = 1.2...100 tan cung 1a bao nhiéu chir s6 0.
(Dé thi hoc sinh gioi Matxcova - 1940)
Giai
Tich ctia 5 va mdt chir sé chin 1a mot s6 c6 chir s6 tan cung 1a 0.
Trong 100 thira s ciia tich 100! C6 50 s6 chan va 50 s6 1é.
Vi vay chi can tim tat ca cac bdi s6 ctia 5 trong phan tich di cho.
Theo hé qua-2;'§6 mil cao nhat cua 5 ¢ trong phan tich ra thira s nguyén té ctia 100! dung bang:

100 100 _ o4
5 | |25
Viy tich 100! tan‘cung la 24.chtr 56 0. ) ) )
Bai tap 14: Chung‘minh rang néu (n - 1)! Chia hét cho n thi khong phai la s6 nguyén to.
Giai
Gia str nguoc lai n 1a s6 Aguyén'td, suy ra n chi c6 hai udc s6 1a 1 van.

. 4 n '1 4 . e
Theo dinh 1y 3, trong day so 1, 2, £.n* 1cd.ding [—} = (0 sO chia hét cho n.
n

Tir d6, suy ra tich 1.2...(n - 1) khong chiathét.eho.n. Vo 1y, vi trai véi gia thiét.
Vay n khong phai 13 sb nguyén t6.
Bai tip 15: Ching minh ring n! = 1.2...n khong-chia hét cho 2".
Giai
Theo dinh 1y 4, s6 mil cao nhat ctia 2" ¢ trong phan tich raithira-sd nguyén td cua n 1a:

k=D |+ 12 ot L1 v6i 2nn <am!
2 2 2"

Ta chi can ching to n > k.
D B T ey P
27272272 2" 2"

Ta co:
Cong ting vé m bit dang thirc trén, ta co:

k<— +£+ R l+i+...+i
2 27 2" 2

1
2m—l
1
= SZZS'S:].'Z—m<1

25=1+ l+i2+...+
2 2

Do d6: k =n.S < n. Diéu nay ching t6 n! khong chia hét cho 2",

3. Bai tap tu luyén
Bai tap 1: Chung minh r::ing' [\F+\/n+ 1] = [\/4n+2}

Hudng dan: Chimg minh theo bat dang thirc phan nguyén.
Bai tap 2: ching minh ring v6i moi s6 nguyén dwong n hiéu:

53]

k=1

ludn 1a mot s6 chan.
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Huéng din:
Ta stir dung nhan xét:

{E}zs; se”Z,ks<n.
k

~ n A g oY , s ~
nén Z[—} 12 s6 cac cd@p co tinh thir tu(s, k) thoa min 1 <s,k <n; ks <n.
k=1

[\/H} 1a s cac cap (k, k) théa min 1<s,k <n; k> <n nén hiéu i[%} —[\/H} 1a s6 cac cap co tinh
k=1
thr tu(s, k) .néu’(s, k ) thoa man thi (k, s) ciing thoa méin.
Suy ra hiéu 1a s6 chan.
Bai tap 3: Gidish¢ phuong trinh sau:
X+ [y]+ {x} =200
{yf+y#[z]5190,1
[X]+{Z} +z2=178;8

Hay tim x, y, z.
I

. n-1
Bai tap 4: Chirng minh rang ViveAN, n > 5 thi {u

n(n +1)} 1a s6 chin.

Bai tip 5: Cho p, q 13 2 sb nguyéd4d cung nhau. Hiy tinh tong:

-1
q q q
xs A , L2 1 1 .. o .
Bai tap 6: Chung minh rang tong S=§+§+Z+...+E khong'phai 1a s6 nguyén.

(Dé thi vao trwdng Chuyén Toan vong 2 ndm 1973)
Bai tip 7: Chimg minh rang tong S =1+%+...+£, véin=1, 2, 3, 4 khéng phai la s6 nguyén.
n

Hudéng din
n! nl! n!
—+ .+
S—1= 2 3 n
n!

Mau sd chia hét cho mot Ity thtra ctia 2 bac cao hon tir $0.

Bai tap 8: Tim lily thira k cao nhét ctia 7 ma 1000! c¢6 thé chia hét cho 7,

Dap s6: 1000! chia hét cho 7%,

Bai tap 9: Tim 1125! tan cung 1a bao nhiéu chir s6 0.

Dap sb: 280 s6 0

Bai tp 10: Chirng minh rang tich 1300! chia hét cho 169,

Bai tap 11: Ching minh rang:

(n+1)(n+2)...(2n-1)(2n)

a) A= o 1a mot sb nguyén.
b) B= (n+1)(n +2)3.r;.(3n 1)) 1a mot s6 nguyén.

Huéng din
123.n(n+1)(n+2)..(2n-1)(2n) _(1.35.7..(2n-1))(2.4.6..2n)

1.2.3..n.2" 1.2.3..n.n°

Do d6: A=1.3.5.7...2n - 1).

Bai tap 12: Chimg minh rang néu n chia hét cho 24 thi o(n) ciing chia hét cho 24.

Bai tap 13: Chimg minh rang véi moi k > 1 thi phwong trinh t(x) =k ¢6 v6 sb nghiém.
Bai tap 14: Chimg minh rang:

a) A=
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(p(2n) _ {(p(n) néun 1é

2¢(n) néu n chdn

Bai tap 15: Chung minh réng néu n ¢6 k wéc nguyén t6 1¢ khac nhau th1 2k|(p(n).
Bai tip 16: Chirng minh rang neu m, k la nguyén duong thi o(m “) = m“tp(m).
Bai tap 17: Chirng minh rang néu a, b 1a cic s6 nguyén duong thi
¢(ab) = (a,b) p(2)o(b)l((a,b))
Bai tap 18: Hay tinh s6 cac udc va téng cac wdc cna 2'%°, 5°7411°, 301
Bai tap 19: Hay xéc dinh céc s6 nguyén duong cé ding:
a) Ba uéc duong
b) Bén wdc duong.
Bai tip 20: Duara cong thirc ox(p®), v6i p nguyén té va o nguyén duong.
Bai tip 21:/Chttng'minh ring ham oy c0 tinh nhan.
Bai tip 227Pua ra,cong thic tinh oy(n), khi n c6 khai trién thanh liy thira nguyén t6
n=py'py Pl
Bai tap 23: Tim tatca cac’sd nguyén duong n thoa o(n) + o(n) = 2n.
Bai tap 24: Ching minh rarg c6 dung r(nz) cip co tht tu hai s6 nguyén duong véi bdi chung nho
nhit bang n.
Bai tap 25: Gia sir n > 2 1a s6 figyén.
Diy cac s6 nguyén ng, Ny, ..., duod xéde dinh-bai ny = t(n), N1 = t(NK), k=1, 2, 3, ...
Chirng minh ring ¢ sb nguyén d@éng r §ao cho2 = ny+x voi moi sd tu nhién k.
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