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Ldi néi dau

Bién van mai nhap nho véi nhitng con séng dat vao bd, thuyén van mai lenh denh theo titng con
song di vao dai duong, va trong dat lien cudc song van c6 nhiéu bat cap con dang xdy ra.,. .., tat
cd nhitng diéu dé déu la cac bat dang thiic trong pham tru dac thit clia ting linh vire. Trong toan
hoc cling vay no6i dén bat dang thic la ching ta néi dén mot 16p bai toan khé ma an chita bén
trong c6 nhiéu 1oi giai dep la ki lam say dam biét bao nhiéu ngudi.

Trong thoi dai cong nghé thong tin vé6i viec két ndi internet ban cé thé giao luu hoc héi duge rat
nhiéu vé cac phuong phap lam bai bat dang thiic, hodc hoc héi véi nhi¢u cudn sach vé bat dang
thiic dang bay ban trén thi trudng nhung dé c6 mot cudn sach bat dang thic hay véi sy hoi tu
tinh hoa kién thitc ctia nhiéu nguoi thi diéu dé chinh la diém manh ctia cuén sach bat ding thic

ma cac ban dang cam trén tay.

"Tuyén Tap Bat Dang Thic" véi khoang bén tram bai toan bat ding thic chon loc duge gii téi
tit cac ban tré, cac thay co gido yéu toan trén moi mién clia to qubce, & d6 bao gdm céc bai toan
bat dang thitc mdi sdng tao, cac bai toan bat dang thitc kho, cac bai toan bat ding thitc hay va
thi vi ma cac ban tré mudn chia sé v6i moi nguoi. Dieu dé tao nén sy hap dan, tinh cap nhat va
thoi dai cia cudn sach nay.

Ban doc hay nham nhi v6i nhiing 16i gidi hay, nhiing y tudng doc dao, nhitng sang kién la ki trong
cach giai timng bai toan dé tir dé rat kinh nghiem hoc tap cho minh, gitp cho ban thém yéu, them
tin vao viéc gidi nhiéu bai toan bat dang thiic.

Véi tinh than lam viéc nghiém ttc, ham hoc hoéi nhéom bién tap xin dude gii 10i cdm on sau
sdc t6i tat cd cac ban da tham gia gii bai vd gidi bai, dong thoi ciing xin bay té sy cam
on va kinh trong t6i thay gido Chau Ngoc Hung - THPT Ninh Hai - Ninh Thuan da nhiet
tinh ¢6 van ki thuat latex. Nhém bién tap cling xin gii 16i cAm on téi ban quan tri dién dan
http://forum.mathscope.org/index.php da co vii, dong vien anh em trong qua trinh lam viec dé
ngay hom nay chting ta c6 mot cudén sach hay, c6 gia tri cao vé kién thitc chuyén mon ma lai hoan
toan mién phi vé tai chinh.

"TUYEN TAP BAT DANG THUC" chinh thitc duge phat hanh trén cong déng mang nhing
ngusi yeu toan, dé tit do thoi mot luong gié méi dem lai nhiéu diéu méi la cho hoc sinh, 1a tai
lieu tham khao hitu ich cho gido vién trong viéc giang day va hoc tap bat dang thiic.

Do thoi gian gap rit va trinh do c¢6 han, du rat ¢d ging song nhitng sai sot 1a kho tranh khoi rat
mong nhan duge st thong cam, chia sé, gép ¥ clia cac ban dé nhém bién tap hoan thien cubn sach

tot hon. Moi ¥ kién déng gop xin giii vé dia chi hoangquan9@gmail.

Thay m#t nhom bién soan, t6i xin chan thanh cam on!

Ha Noi, ngay 10 thang 8 nam 2011

Dai dién nhém bién soan
Chu bién
Hoang Minh Quan-Batigoal
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Cac thanh vién tham gia bién soan

No6i dung

e Hoang Minh Quan - THPT Ngoc Tao - Ha Noi.

e Ting Hai Tuan - THPT Nguyén Ditc Céanh - TP. Théai Binh.

e Lé Diic Canh - THPT Chuyén Lé Hong Phong-Nam Dinh.

e Dao Thai Hiep - PTNK - DPHQG HCM.

e Pham Tuan Huy - PTNK - DHQG HCM.

e Pham Quang Hung - THPT Cao Ba Quéat - Ha Noi.

e Pham Tién Kha - THPT Chuyen Lé Hong Phong - TP. HCM.

e Nguyén Van Khanh - THPT Chuyén Bac Ninh - TP. Bic Ninh.

e Nguyén Thi Nguyén Khoa - THCS Nguyén Tri Phuong - TP. Hué.
e Mac Dic Tri - Hai Duong.

ETEX

H6 tro ki thuat Latex
1. Chau Ngoc Hung - THPT Ninh Hai -Ninh Thuan.
2. Cac thanh vién trong nhém bién soan.

Trinh bay bia

Hoang Minh Quan - THPT Ngoc Tao - Ha Noi.
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1 Cac bat dang thic kinh dién

1.1 BAat dang thiic gitta trung binh céng va trung binh nhan (AM-

GM).
Néu aq, as, ..., a, la cac s6 thiyc khong am, thi
a1 +ay+...+a, > nYaias...a,.
Ding thitc xay ra khi vi chi khiay = as = ... = a,.

1.2 Bét dang thidc gitta trung binh cong va trung binh diéu hoa (AM-

HM).
Néu aq, as, . .., a, la cac sd thuc duong, thi
a1+a2+...+an> n
=7 1 -
n o tet ot
Dang thic xay ra khi va chi khi ay =as = ... = a,.

Thuyc chat day 13 mot hé qua tryc tiép ctia bat dang thitc Cauchy - Schwarz. Hai truong hop thusng
duge stt dung nhéat ctia bat dang thiic nay 1a khi n = 3 hay n = 4.

Véin =3, ta co

a+b+c 3
3 Z 1 1 17
atote

1 1 1 9

hl > 7
a b ¢ a+b+tec
Vé6in =4, ta co

a+b+c+d 4
4 2 1 1 1 17
aThTeTa

LN SR U O 16
a b ¢ dTa+btc+d

1.3 B4t dang thitc Cauchy - Schwarz.

Dang so cap ctia né6 duge phét biéu nhu sau:

Néu ai,as, ...,a, va by, by, ..., by 1 céc s6 thuc tuy ¥, thi
(ar1by +asbs + ...+ apb,)? < (@2 +a2+...+a2)(by + by + ... +02).
2 2 . N 2 . a a an , 2 2, £ =
Dang thiic xay ra khi va chi khi b_l = b—2 == trong do6 ta sit dung quy uée: néu mau
1 2 n
bang 0 thi t ciing bang 0.

)

Ty 4 % 2 p
Trong danh gia trén, chon a; = T,bi = Vi V6i x;,y; € R; y; > 0, ta thu dugc bat dang thic

Cauchy - Schwarz dang phan thic:

Néu 1, xa, . .., T, 1a cac sO thuc va y1,ya, . . ., Un, 12 cic s6 thuc duong, thi
2 2 2 2
x x T, 1+ To+ ...+ 2y
W B N )
Y1 y2:1: xyn yllﬂ‘y2+.--+yn
Dang thic xay ra khi va chi khi — = =2 = ... = =2,
Y1 Y2 Yn
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1.4 BAt ding thiic Holder.

Cho z;; (i=1,2,...,m;5=1,2,...,n) la cac s thuc khong am. Khi d6 ta c6

m n n
[1(%) =3 (115)
i=1 \j=1 i
Tong quat hon, néu py, ps, . .., pn 12 cac s6 thye du’dng thod méan p; +ps + ... +p, = 1, thi

(5] - (i)

i=1 \j=1 j=1 \i=1

7

1.5 Bt diang thic Chebyshev.

O\

Cho hai day s6 thuc a; < as < ... < a, va by, by, ..., b

1. Néub1gbgg...gbnthinZaibiz( )(Z
=1 =1 =1

)
2 Néuby > by> ... >b, thlnzalb - (ch) (; )

1.6 BAat dang thiic Minkowski.

Cho hai day s6 duong ay, as, ..., a, va by, b, ..., b,. V6i moir > 1, ta c6
S| = ()« (Sn)
i=1

i—1
Trudng hgp r = 2 1a trudng hgp thuong duge sit dung nhat ciia bat ding thic Minkowski. Khi d6

ta co

n n n

i=1 =1 i=1

1.7 BAt dang thitc Schur.

Cho céc s6 thuc khong am a, b, c. Khi d6 v6i moi s6 thuc duong 7, ta c6
a(a—=0b)(a—c)+b"(b—a)(b—c)+ " (c—a)(c—b) >0.
Diang thitc xay ra khi v chi khi a = b = ¢, hodc a = 0 va b = ¢, hodc cic hoan vi tuong tng.

Hai trudng hgp thudsng dude st dung nhat ctia bat dang thic Schur lar =1 var = 2.
Véi r =1, ta c6 bat dang thitc Schur bic ba
a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a),

(a+b+c)* + 9abe > 4(a + b+ c)(ab + be + ca),

(b—c)Pb+c—a)+ (c—a)*(c+a—b)+(a—0b)*(a+b—c) >0,
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9ab
a2+ b2+ + — > 2(ab+ be + ca),
a+b+c

a . b . c . 4abe > 9
b+c c+a a+b (a+b)(b+c)(c+a)

Véi r = 2, ta thu dudce bat d‘c”zng thite Schur bac bon

at +b* + c* +abe(a + b+ c) > ab(a® + b?) + be(b* + ¢2) + ca(c® + a?).

1.8 B4t ding thic Vornicu - Schur.

V6i moi so thuc a, b, ¢ va z,y, 2 > 0, bat dang thic
z(a—>b)(a—b)+ylb—c)(b—a)+ z(c—a)(c=0) >0
dtng néu mot trong cac diéu kién sau duge thod man

l.a>b>cvax>y;
2.a>b>cvaz>y;
.a>b>cvaxr+z>vy;
4. a>b>c>0vaax > by,
5. a>b>c>0vacz > by;
6. a>b>c>0vaax—+cz> by,
7. x,y,z la do dai ba canh ctia mot tam giac;
8. x,y, z la binh phuong do dai ba canh cia mot tam giac;
9. ax,by,cz la do dai ba canh ctia mot tam giac;
10. ax, by, cz 1a binh phuong do dai ba canh ctia mot tam giac;

11. Ton tai mot ham 16i ¢t : I — RT, trong d6 I 1a tap xac dinh clia a,b, ¢, sao cho z =
t(a),y =t(b),z =t(c).

1.9 Bt dang thic Bernoulli.

Néua>1 hoic a<0 thi (1+2)*>1+azx,Ve>—1.
Neu0<a<1l thh (1+2)*<1+az,Vr>-1.
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1.10 Ba tiéu chuan SOS thudng gip.

Gia st a > b > cvaco: Su(b—c)? + Sp(c—a)? + S.(a — b)* > 0(S,, Sy, Se 1a cac ham chita
bién a, b, c).

Khi dé bat dang thic ding néu thda man mot trong cac tieu chuan.

1.5, >0,5,+S.>0,S,+S5, >0.

2.V6i a,b,c > 0 théa man S, > 0,S. > 0,aS, + b2S, > 0.

3.9, >0,5.>0,5,(b—c¢c)+ Sp(a—c) >0

2 Mot s6 danh gia quen thudc

Vé6i moi s6 thue a, b, ta luon c6
2(a* +b%) > (a+b)?

Chitng minh. Dé ¥ ring

2(a®> +b*) — (a+b)* = (a — b)* >0,

do d6 ta c6 diéu phai chitng minh.

Déng thiic xay ra khi va chi khi a = b. O

Vé6i moi s6 thue a, b, ¢, ta luon c6
a2+ +c2>ab+be+ca

Chitng minh. Dé ¥ ring

1
a? +b* 4+ — (ab+ be + ca) = 5[(@—6)2—1— (b—c)?+ (c—a)’] >0,
do vay ta c6 diéu phai chiing minh.
Diang thitc x4y ra khi v& chi khi a = b = c. a

Luu y. Tu danh gia nay ta suy ra

(a+b+c)* > 3(ab+ be + ca),

va
3(a®+ b+ ) > (a+b+c)

Vé6i moi s6 thiie duong a, b, ¢, ta luon c6
1 1 1 9

>_ 7
a b+c_a—|—b—|—c

Chitng minh. Day 1a mot két qua da dude dé cap & trén. Loi giai c6 thé sit dung bat dang thic
AM-HM hoic Cauchy - Schwarz. Dang thiic xay ra khi va chi khia = b = c. O
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3 Tuyén tap bat dang thiic

3.1 Bai 1.1 dén bai 1.40

1.1| Cho z,y, 2 1a cic s6 thyc duong théa man z + y + z = 1. Chitng minh rang:
8% 4 &Y 4 &% > 4x+1 + 4y+1 + 4z+1

Loi giai. Dat a = 2%, b = 2Y, ¢ = 2*. Khi d6 diéu kién da cho dugc viét lai thanh
a,b,c > 0;abc = 2°TVT* = 64,

va ta can chiing minh
A+ +E> 4(CL2 +b0%+ 02).

Dé ¥ ring ta c6 ding thic
a®+32 —6a® = (a —4)*(a +2),

tit d6 st dung gia thiét a > 0 ta suy ra a® + 32 > 6a2. Thiét lap cac bat ding thic tuong tu cho

b va ¢ va cong vé theo vé cac bat ddng thic thu dugce, ta co
a®+ b +c* +96 > 6(a® + b* + ).
Nhu vay dé két thiic ching minh ta can chi ra ring
6(a® 4+ b? + c?) > 4(a* + b* + %) + 96,

hay 2(a? + b? + ¢®) > 96. Tuy nhién bat ding thiic nay ding theo bat dang thitc AM-GM cho ba

sO:

2(a® + b? + %) > 2.3V a2b2c2 = 6+/4096 = 96.

Nhu vay phép chiing minh dén day hoan tat.O

1.2| Cho a, b, ¢ 1a cac s6 thic thod man a > 4,b > 5,¢ > 6 va a® + b* + ¢ = 90. Tim gia tri

nhé nhét ctia bidu thic:

P=a+b+c

Loi gidi. Dat a = m +4,b=n+5,c = p+ 6, khi d6 m,n,p > 0 va tit gid thiét a® + b> + ¢ = 90
ta suy ra
m? +n? 4 p? + 8m + 10n + 12p = 13.

Dé ¥ ring ta c6 ding thitc sau
(m+n+p)?+12(m+n+p) = (m*+n’+p*>+8m+ 10n + 12p) + 2(mn + np + pm + 2m + n).
Dén day ta st dung cac gia thiét da cho dé co

(m+n+p)? +12(m +n+p) > 13,

tudotasuyram+n+p>1. Thaym=a—4,n=0—-5,p=c—6tasuyraa-+0b-+c> 10 hay
P > 16.

10
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Cudi cung, véi a = 4,b = 5,¢ = 7 (thod man céac diéu kién da cho) ta c6 P = 16 nén ta két luan
16 1a gia tri nhé nhat ciia biéu thiic P.

Phép chiing minh hoan tat. O

1.3| Cho z,y, z 1a cac s thuyc thod man xy + yz + 3z = 1. Tim gia tri nhé nhat clia biéu
thic:

3+ V17
Lai giai. bat a = +T,khid()a:3bvéa—|—1:2b2:c
dung bat ding thitc AM-GM ta thu dudc cac bat dang thitc sau

9+ 317

va b=

13+ 3V17
= VAL &
4
2 4 b*y* > 2bay,
by? + 2% > 2byz,

a(z® + %) > 2azx.

Dén day ta cong vé theo vé cac bat dang thic thu duge dé co
(a+ 1)(2? + 22) + 20%y* > 2b(zy + yz) + 2azx,

hay c(z? + 32 + 2%) > 2b(zy + yz + 3zx). Tit d6 ta thay cac gid tri clia 2y + yz + 3zx, b va ¢ dé

duoce
P:x2+y2+22>ﬁ
pu— 2 .

. 1 13v/17 — 51 . V1T =3
Cuodi ciing, v6i r = 2z = — T vay =1/ a1 (thod méan gia thiét) thi P = — nén ta
V17T -3
2

két luan la gia tri nhé nhat ctia biéu thic P.

Phép chitng minh hoan tat.O

1.4| Cho a, b, ¢ 1a cac s6 thie duong thod man a + b + ¢ = 1. Chiing minh rang:
a’+b" b4 T+ad 1

+ + >

ab+0 P4+ A+ad 3

L&i giai. Trude hét ta c6 dang thitc sau
2(a” +b7) — (a® + bH)(a® + %) = (a — b)*(a + b)(a® + a®b + a®b* + ab® + b?),
do vay tit gid thiét a,b > 0 ta suy ra

a’ +0" _ a? 4+ b

adb+b — 2
b"+ " b2+ 2 +a" A+ ad® .
Hoan toan tuong tu ta cting co a > . Dén day ta cong ve theo
& & b +cd — 2 v A +ad 2 Y eV

vé ba bat dang thic thu duge dé ¢

a7+b7 b7+c7 C7+a7
> a? + 0%+ A2
a5—|—b5+b5—|—c5+c5+a5_a+ te

11
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Nhu vay dé két thic ching minh ta can chi ra ring

Wl

a?+ v+ >

Tuy nhién bat dang thic tren ding do

a2+b2+62_%:a2+62+02_(a—l—l;—l—c)QZ(a—b)Q—l—(b—Bc)z—i—(c—a)QzO.

Nhu vay phép chiing minh dén day hoan tat.O

1.5| Cho a, b, ¢ 1a cac s6 thiyc duong. Chitng minh réng:
bic N a N a’b
adb+c) bc+a) Alat+d)

1
Z§(a+b+c)

Loi giai. Ta ap dung AM-GM cho ba s6 nhu sau:

b+c) 4dbc 206 2a

a3(b+c) * % * 2b

b’c b+c 1 S 3¢ b’c  (b+c¢) 1 3
=34 o

tr do ta suy ra
bic 3 3 1

_ > — .
ad(b+c¢) ~ 20 4b 4c
Thiét lap hai bat dang thiic tuong tur va cong lai, ta suy ra
bc n cta n a’b S 3 3 1
adb+c) bc+a) cAla+b) ~

Phép chitng minh hoan tat.O

1.6 | Cho a, b, ¢ 1a cac s6 thuyc khong am. Chiing minh rang:
(a+b+c)®>6v3(a—0b)(b—c)(c—a)

Loi giai. Bat ding thic ban dau mang tinh hoan vi gitta cic bién nén khong mat tinh tong quat,

ta gia stt a = max {a, b, c}.

V6i a > b > ¢ thi vé phai la biéu thiic khong duong, trong khi vé trai 1a biéu thiic khong am nén
bat déng thitc can ching minh hién nhién ding. Do vay ta xét truong hop a > ¢ > b. Khi d6 binh
phuong hai vé ta thu dugc bat ding thic tuong duong sau:

(a+b+c)° > 108[(a—b)(b—c)(c—a)
Dé ¥ ring cac bién khong am, va véi viec sap thi tu nhu tren thi
[(a=b)(b—c)(c—a)* = [(a—b)(c—b)(a—c)]* < (a—c)a’c".
Dén day ta ap dung bat dang thiic AM-GM dé c6

_ )2 2 92 3 6
Aa— )P = (a— ¢)2.2ac.2ac < [(a—¢) +27ac+ ac® _ (a ;r?c) |

tr do ta suy ra
(a+c)°

(a=B)b—c)(c—a)f < 2,

12
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va nhu vay ta da ching minh dugc bat ding thic ban dau vi
(a+b+¢e) > (a+c)® >108[(a—b)b—c)(c—a)

Phép chiing minh hoan tat.O

. ‘ I 1T 1 : .
Cho a, b, c la cac so thuc duong thod méan a +b+c=— + 7 + —. Chitng minh rang:
a c
2a+b+c) > Va2 +3+ VB2 +3+VAE+3

L&i giai. Dé thay bat ding thitc can ching minh tuong duong véi méi bat dang thic trong day
sau

(2a —Va?+3)+ (20— Vb +3)+ (2c— V2 +3) >0,

a’>—1 b —1 -1
2 VaE i3 BIVE I3 2ervEis
a®>—1 b —1 -1
¢« 4 b . ¢ > 0.

3 3 3
244145 241+ 2441+ 5

Céc bat dang thiic trén déu mang tinh déi xing gitta cdc bién nén khong mat tinh tong quat ta
hoan toan c6 thé gia stt a > b > ¢. Khi d6 khong kho dé ta suy ra

a?—1 2 —1 -1
> >

a b c

1 1 1
>

> > .
24+4/1+%  2+,/1+3% 24/1+3

Nhu vay theo bat ding thitc Chebyshev ta dugc

a’> —1 b —1
a 4 b +

1 a’?—1 1
> — — - -
24 . /14+3 3 3_3(Z a ) Z 3
a2 24+4/14+—=  244/14+—= 24+4/14+—
b2 c? a?

Nhung theo gia thiét ta lai c6

-1

o

2

Yy a_lz(a+b+c)—(é+

a?—1 b —1 -1

S =
[

N————
Il
o

nén ta suy ra a + + ¢ > 0, vi vi vay bat ding thitc da cho

b
241+ % oy 142 ag 142
b? c?

Phép chiing minh hoan tat.O

ciing dung.

1.8| Cho a, b, c 1a cac s6 thuc duong thod man a + b + ¢ = 3. Chiing minh rang:
ab n bc n ca_ 3
Ve2+3 Va2 +3 VP43 2

13
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Lai giai. Trudc hét dé ¥ riang

<0

— J

ab + be + ca —

(a+1;+c)2 _ [(a—b)2+(b—60)2+(c—a)2]

do do6 tir gid thiét ta suy ra ab+ be + ca < 3. Nhu vay

ab < ab B ab
VA +3 7 Ve +ab+be+ca (c+a)(b+c)

Dén day ta ap dung bat déng thiic AM-GM dé cé

ab 1/ ab ab

<= + .

2+3 7 2\ct+a b+tc

Thiét lap hai bat dang thiic tuong tu va cong lai, ta suy ra day cac danh gia sau
ab N bc L ca <1{(ab+bc)+(bc+ca>+<ca+ab>]
VA2+3 Va2+3 Vi2+3 2 |\ct+a c+a a+b a+b b+c b+c)|’
ab be ca a+b+c

+ + < ,
Ve2+3 Va2 +3 Vb2 +3 2
tit d6 v6i luu ¥ a + b+ ¢ = 3 ta suy ra bat dang thic da cho la ding.

Phép chitng minh hoan tat.O

1.9| Cho a, b, ¢ 1a céc s6 thiec duong thay doi bat ki. Chitng minh ring:

b b\ 11 1
( +c+c+a+a—|— > 24(ab+bc+ca)<?+—+—)

a b c b2 2

L&i giai 1. Dé thay rang bat déng thic ban dau tuong duong véi mdi bat dang thic trong day
sau
[ab(a 4 b) + be(b + ¢) 4 calc + a)]* > 4(a + b+ ¢)(a®b* + b*c? + *a?)

S a0 (a+ b)* + 2abel > ala + b)(a+ )] > 4 {Z a*b + abel> " aba + b)]}

Tuy nhién dé ¥ ring
D @ (a+b)’ -4 d*’) =) a’*(a—1b)* >0
va
2abc[z ala+b)(a+c) —4 {abc[z ab(a + b)]} = 2abcfa® + b* + ¢ + 3abc — Z ab(a +b)] > 0,
do d6 bat dang thitc ban dau la ding. Phép chitng minh dén day hoan tat.O

Loi giai 2. Bat ding thiic ban dau mang tinh hoan vi gitta cac bién, nén khong mat tinh tong

quat, ta gid st b = max {a, b, c}.

Ta ap dung bat déang thiic AM-GM nhu sau

b+c c+a a+bd 2 a b a b ¢ c\]? a b a b ¢ ¢
- - =(z+=-+=)+|(=+7+=2)| 24(z+-+=)|-+:+-])-
a b c b a ¢ c b a b a ¢ c b a
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Nhu vay dé két thic chitng minh, ta can chi ra ring

a+b+a b+C+C ><b—|—b+ ) 1+1+1
baccba_accacﬂb?cQ'

Tuy nhién bang phép bién déi tuong duong ta dude

(b—a)(b—c) >0

b

ca
la mot déanh gia ding do ta da gia si b = max {a,b,c}.
Phép chitng minh dén day hoan tat.O

Loi giai 3. Bat dang thiic ban dau mang tinh déi xing giita cac bién nén khong méat tinh tong

quat, ta gid sit b nam giita a va c.

Ta ap dung bat dang thitc AM-GM nhu sau:

1 1 1 ab -+ be + ca 11 1\1?
4(ab+bc+ca) +b2—|— T+ —2+b—2+— .

Nhu vay dé két thic ching minh, ta can chi ra ring

b+c c+a a+b_ ab+bc+ca 1 1 1
+ + > +ca _+ﬁ+

a b c = ca
Thuyc hién phép bién déi tuong duong ta dude bat ding thiic

(a—0b)(b—c)

=0,

tuy nhién day lai 1a mot danh gia dung do ta da gid sit b ndm gitta a va c.
Phép chiing minh dén day hoan tat.O

Nhan xét. Loi giai dau tien khong mang nhiéu ¥ nghia Idm, vi né don thuan chi la bién ddi tuong
duong kem theo mot chiat tinh y trong st dung cac danh gia quen thudc va co ban. 0 day ta ban
them vé hai 10i gidi bang AM-GM.

Ta nhan thay rang phat biéu clia bai toan c6 dang "Chitng minh rang A*> > 4BC" (& day

b 62 1 1 1
A:(+C+C—|[)—a+a+>7B_ab+bc+cavao__+62+—Nhanxetnaykhadac
a C

biét, n6 gitp ta lién tuéng dén mot danh gia quen thuoc sau bang AM-GM:

(z +y)* > day Y,y > 0.

Do vay, mot cach ty nhién ta nghi ra hai huéng dé giai quyét bai toan trén bing AM-GM:

1. Biéudién A = X +Y, v6i X va Y la hai dai lugng thich hop, sau dé ap dung bat dang thitc
AM-GM dé c6 A2 > 4XY, tit d6 di ching minh XY > BC; hoic
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2 ~ B 2z 2
2. Bieu dien BC = E.C’D, v6i D la mot dai lugng thich hgp, sau dé ap dung bat dang thic

\ B 2 B
AM-GM deé c6 4BC < (5 + C’D) , tur d6 di chiing minh A > D + CD.

O day ta hiéu cum tit "thich hop" 1a nhu thé nao? Luu ¥ ring mot trong nhimg diéu can dé ¥
trong moi chiing minh bat déng thtc la can phai don gidn hod bat diang thic can ching minh. Ta
c6 thé tim cach gidm bac, chuan hoa diéu kién, ..., nhung tuu chung lai, ta luén muén bat dang
thiic can chimg minh tré nén don gian nhéat c6 thé, dé tit d6 4p dung nhe nhang cac danh gia
quen thuoc hodic bién doéi tuong duong. o) day ta tim cach thu gon danh gia sau ciing theo kiéu
triét tieu mot luong ddang ké cdc phan ti chung, tic 1a & danh gia XY > BC hoac A > % +CD,
cac dai luong X, Y, D dudc chon sao cho & hai vé ctia bat dang thic c6 nhiéu phan t& chung dé
ta rat gon. Cu theé:

Huéng 1. Trude tien ta viét lai A va khai trién tich BC nhu sau:

b ¢ ¢ a a b
A=+ -4-+-+-+-=X+Y,
a a b b ¢ ¢
BC_a+c+b+a+b+c+ca+ab+bc
¢ b a b ¢ a ¥ & a®
Dé ¥ ring trong BC' c6 phan tit Z—Z,nén ta can cé%vag 5 X va Y tuong tng:
a c
X=—4... Y=-+4...
P b
Mt khéc, trong BC' c6 phan ti %,maéYdé C()Z—C)nén ta can phan tﬁ.’gétrong X:
c
a a c
X=—-+—-—4... Y=-+...
p et b
< X ~ X va ~ X /a’ \ba ~ /
Tiep tuc, trong BC' ¢6 phan tit —, nén ta can ¢6 — va — ¢ X va Y tuong tng:
c c c
a a c b
X=-+4+—-4..., Y =-4+-+...
b ¢ b ¢

Tiép tuc nhu vay ta sé tim dudc hai dai lugng X,Y chéng han nhu sau:

b b
X=C4-4+2% Y=-44s
b a ¢ c b a

va ta c6 dugce 101 gidi thit hai. Can luu y rang day khong phai 1a cach chon duy nhat.

Huéng 2. Xét hiéu sau

B b+c c+a a+b ab+bc+ca 1 1 1
A-2 _0D= - Y
D a * b - c D <a2+b2+02>
Dé ¥ ring trong hiéu trén thi hé s6 ctia bién b bing
1+1_c—|—a
c a D’

nhu vay dé tim cach thu gon bat dang thic, tai sao ta khong cho hé sé ctia bién b bing khong?
Cu thé, néu chon D = ca thi
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B b+c c¢c+a a-+b abFbcFca T 1 1
A_E_CD_ a o b i c ca _Ca(¥+b_2+§)
(a—b)(b—c)
:T’

va nhu vay ta da cé 1oi giai thi ba.

1.10| Cho a, b, c 1a cac s6 thuc duong thod man a + b + ¢ = 1. Tim gia tri 16n nhat ctia bicu
thic:

P:ab+bc+ca+g[(a—i-b)\/%%—(bjtc)\/b_c%—(c—l—a)\/a]

Lai giai. Trude hét ta ap dung bat déang thiic AM-GM nhu sau:

(a+0)* (a+b)?* (a+b)? (a+0b)?

+ + + 5 ab(a+ b)g
2 2 2 2

2(a + b)* + 2ab = +2ab > 5

va

(a +b)* > (2Vab)® = 8(Vab)?,

tit d6 két hgp hai bat dédng thiic nay dé co
2(a + b)? + 2ab > 5(a + b)Vab.
Thiét lap hai bat dang thic tuong tu va cong lai, ta suy ra
5[(a + b)Vab + (b + ¢)Vbe + (¢ + a)vea] < 4(a® 4 b* + ¢2) + 6(ab + be + ca)
Dén day ta cong them 2(ab + be + ca) vao mdi vé dé c6
2(ab + be + ca) + 5[(a + b)Vab + (b + ¢)Vbe + (¢ + a)yveca] < 4(a+ b+ ¢)?,

tir do ta suy ra P < 2(a+ b+ c¢)? = 2.

Cuodi cung, v6ia =b=c= 3 (thod man dieu kién) thi P = 2 nén ta suy ra 2 la gia tri 16n nhat

clia biéu thic P.

Phép chitng minh hoan tat.O

L I 1T 1 .
Cho a, b, c l1a cac so thuc duong thoa man — + 7 + - < 16(a+ b+ c¢). Ching minh rang:
a c
1 N 1 n 1 < 8
(a+b+2va+cP  (b+c+2vVb+a)® (c+a+2Vc+0)3 " 9

Loi giai. Trude hét ta 4p dung bat ding thic AM-GM nhu sau:

ot bt /a—Qi—c_l_ /Q;C23</<a+b)2<a/+C)’

1 2
(@tbt2vat ol = 2Matbh(ate)

tu do ta suy ra
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Cong vé theo vé bat déng thitc nay véi hai bat ding thic tuong tu cho ta

1 . 1 . 1 _ Ala+b+c)
(a+b+2vatecP  (b+c+2Vb+a)® (c+a+2Ve+0b)3 ~ 2T(a+b)(b+c)(c+a)

Hon nita, theo mot két qua quen thuoc, ta lai c6

(a+b)(b+c)(c+a) > —(a+b+c)(ab+ bc+ ca),

Nejoe)

do vay

1 1 1 1
+ + < .
(a+b+2ya+c)  (b+c+2vb+a)® (c+a+2yc+b)3 ~ 6(ab+ bec+ ca)

Dén day ta stt dung gia thiét va ddnh gia co ban (ab + be + ca)? > 3abc(a + b + ¢) dé c6

(*)

1 1 1 3 b
16(a+b+c)2—+—+—zw,
a b ¢~ abdbec+ca

3 2
tu do suy ra ab + bc + ca > 16 Két hop véi () ta suy ra

1 1 1 8
+ + <.
(a+b+2va+cP  (b+c+2vb+a)® (c+a+2Ve+0b)3? 9
Phép chiing minh dén day hoan tat.O
Nhan xét.
a+b)(a+c)

chinh 1a diém

1. C6 thé théy danh gia ban dau a+b+\/a—2{—c+\/a—2i—c > 3§/<
méu chét dé giai quyét bai toan. Thyc ra danh gia nay khong khé nghi t6i vi dé bai da ngam
goi ¥ cho chiing ta phai 4p dung bat dang thitic AM-GM cho ba s6.

2. Sau khi danh gia bing AM-GM, ta c6 thé st dung luon gia thiét dé dua vé bat déng thic

thuan nhat sau:
(a+b+c) <3(ab+bc—|—ca)

(@+b)(b+c)(c+a) ~ 8abcla+b+c)
Bat ding thtc nay c6 thé dude ching minh bang nhiéu cach khac nhau.

£ T 1T 1 s
Cho a, b, ¢ la cac so thuc duong thoA mén a +b+c=— + 7 + —. Ching minh rdng:
a c
5(a +b+c) > 7+ 8abe

Loi giai. Trude hét tir gia thiét ta co

—_

1 1 9
a+b+c=—-+-4+->—vw—o ,
a b ¢ a+b+tec

tt dé suy ra a+ b+ c = 3.

Cting tit gia thiét ta c6 ab + be + ca = abe(a + b+ c), tit day ta suy ra bat dang thiic sau 1a tuong
duong véi bat dang thiic can ching minh

5(a+b+c)* >T7(a+b+c)+ 8(ab+ be+ ca).
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Dé ¥ ring ta c6 danh gia co ban sau:
(a+b+c)* > 3(ab+ be + ca),

do vay dé c6 két luan cho bai toan ta can chi ra rang

8(a+b+c)?
3 Y
hay a 4+ b+ ¢ > 3, la mot danh gia dung do ta da ching minh & trén.

Sla+b+c)’>7(a+b+c)+

Do vay bat dang thiic ban dau dude ching minh xong. Bai toan két thic.O

. T T 1 N
Cho a, b, ¢ la cac so thuc duong thod man — + 5 + - < 16(a+ b+ c¢). Ching minh rang:
a c
1 n 1 n 1 <1
2+a®> 240> 242

L&i giai. Bat dang thic can chitng minh tuong duong véi

a? b2 2

> 1.
2t 21 21E S
Ap dung bat ding thic Cauchy - Schwarz, ta ¢6
a? b? c? (a+b+c)?

2+a2+2+b2+2+c2—a%+m+c1+6

Nhu vay dé két thic ching minh ta can chi ra ring
(a+b+c)?
a2+ b2 +c2+6 =
Thuyc hién phép khai trién tuong duong ta dudc ab + be + ca > 3. Tuy nhién bat dang thiic nay

ding nho vao gia thiét ctia bai toan. Luu y rang tir gia thiét ta c6
ab + be + ca = abc(a + b+ ¢),

va theo mot danh gid quen thudc thi abe(a + b+ ¢) <

ab + be + ca)?
( 3 ) , tir do ta suy ra

(ab + bc + ca)?
3 7
hay ab + bc + ca > 3. Phép chitng minh dén day hoan tat.O

ab+ bec + ca <

1.14| Cho a, b, ¢, d 1a cac s6 thic duong thod man a+b+c+d = 1. Tim gia tri nhé nhat cia

biéu thrc:
1 1 1 1 1

_a2+b2+02+d2+a_bc+bcd+cd&+%

Loi gidi. Ki hicu )  la téng hodn vi. Tride hét ta sit dung AM-GM va gia thiét dé c6 cac danh

gia sau:

4
abed < (P Eerdy 1
4 256
2
ab+ac+ad+bc+bd+cd§3<a+bg—c+d) —g,

Két hop cac danh gia nay véi bat dang thitc Cauchy - Schwarz ta suy ra dudc cac bat dang thiic

sau:
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1 1 72
>
a2+b2+02+d2+24ab_a2+bz+02+d2+§ :4ab
1.
4 4
_ 9 o 49 s,

(a+b+c+d)?+2> ab 1423

Mait khac ap dung bat dang thitc AM-GM cho bén s6 ta lai c6

a 1 1
— >4 >4 | — = 64.
Z bed — \/4abcd - 1 0

256

Két hop ba bat dang thic vita chiing minh & tréen, ta suy ra

1 1 a
2 — — > 2 1 4 = 260.
a2+b2+c2+d2+ Zab+zbcd_ 8+168 +6 60

Hon nita, st dung gid thiét a + b+ c+ d =1 ta suy ra

1 1 1 1 1
P = b ==+ — 4+ -
a2+62+c2+d2+(a+ +c+ )( +o—=+—+

1 1 a
a2+62+02+d2+ Zab+zbcd

Do vay P > 260.

abc | bed | cda | dab

)

. 1 .
Cudi cung, v6i a = b= ¢ =d = - (thod man dieu kién) thi P = 260 nén ta suy ra 260 la gia tri

4
nhé nhat ciia bidu thic P.

Phép chitng minh hoan tat.O

1.15| Cho z, v, 2 1a cac s6 thyc duong thod man zyz = 1. Ching minh rang:

8t < (v 4y+2)°
i z
4+l PP+l 2B41) Y

Lai giai. St dung gia thiét, d& thay bat dang thiic can chitng minh tuong duong véi moi bat dang

thic trong day sau:

3

x3 Y3 2
18 (3 — — — < 3
< »+1 P+l Z3+1)_(x+y+z),

Y QT A BT
X z .
??+yz Yy +zx 22+ay 4 -

Ap dung bat ding thic Cauchy - Schwarz, ta c6

x? N y? N 22 - (x+y+2)?
24+yz Yy 4azr 22H4ay 24yt +22+aytyz+oar
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Nhu vay néu ki hieu VT'(x) la vé trai ciia bat dang thitc (x) thi ta c6

2
VT(x) > 18(z +y + 2)

+ (@ +y+2)>
T2+ Y422ty +yz+ 2 ety +2)

Dén day ta ap dung bat dang thitic AM-GM dé c6

VT(x) > 2\/ 18(z +y+ 2)°

224+ 2+ 22+ ay +yz+ 2z

Nhu vay dé két thic ching minh, ta can chi ra ring

(z4+y+2)°> %(I2+y2+z2+xy+yz+zx).
Truée hét ta ap dung bat déng thic AM-GM nhu sau:
(@+y+2)° =[(2"+y" +27) + (ay +yz +22) + (wy +yz + 22)]° 2 27(2" +y° + 2%) (wy +yz + 22)",
Hon nita, theo mot két qua quen thuoc ta ¢6 (zy + yz + 22)? > 3zyz(z +y + 2), do do

(+y+2)° > 8layz(a® + v + 2°)(z +y + 2),
hay (z + vy + 2)% > 81(2% + y* + 2?) do xyz = 1. Nhu vay ta can chi ra ring

2002 +yf + 22 > 2+ + 22wy +yz + 2.
Tuy nhién bing phép bién doéi tuong duong ta thu duge

Sla— b+ (- +(c—a?] 20,

la mot bat dang thitc hién nhién ding. Do vay bat dang thiic ban dau da duge ching minh.

Bai toan két thic.O

1.16| Cho a, b, ¢ 1a cac s6 thuc duong thod man a* + b* + ¢* = 3. Chitng minh rang:
a® b? c? S 3

b+c+c—|—a+a—|—b_§

Loi giai. Ta sé di ching minh

a? b? c? 3i/a* +br+ct
+ + > oA,
b+c c¢c+a a+b— 2 3

tit do st dung gia thiét dé suy ra két luan cho bai toan. That vay, ap dung bat ding thic Holder,

ta co

a’ b? A\ 2 2 2 2 2 2
S (2 4B+ 2B
<b+c+c—|—a+a+b) [a*(b+ ) + b (c+a) + c*(a+b)7] > (a” + b + )

Hon nita, theo mot két qua quen thuoc, ta cé
2(a® +b*) > (a+b)?
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tit day ta thiét lap hai danh gia tuong tu dé c6

a? b? 2 \?
202(b% 4 ) + 222 4 a2) + 22 (a2 + b2) > (a2 + b2 + 2)3
(b+c+c+a+a—|—b)[a( + ) +20°(c° +a”) + 27 (a” + b7)] > (a® + b” + °)?,

hay

a? b? c? S 1\/ (a* 4+ b* + *)3

+ + - .
b+c c+a a+b 7 2\ a?b?+b2c? + c2a?

Nhu vay dé két thiic ching minh ta can chi ra ring

@+ +) afat+ b+
a?b? 4 b2c? + c2a® ~ 3 '

Thuyc hién phép bién déi tuong duong ta thu duge

(a® + 0% + ) > 27(a* + b* + ) (a®b* + b2® + *a?)?.
Tuy nhién bat dang thitc trén ding néu ta ap dung bat dang thitc AM-GM nhu sau:

[(a* +b* + c*) + (a®b® + b2 + ?a?) + (a®b* + b*c? + 2a?))?

(a* +b* +*)° =
> 27(a* 4 b* + ¢*)(a®* 4 b?? + 2a?)?

Phép chiing minh dén day hoan tat.O

1.17| Cho a,b, ¢ 1a cac s6 thuc duong thod méan a + b + ¢ = 3. Chitng minh réng:
a b c

<1
a+b+1+b—|—c—|—1+c+a+1 —

LaJi giai. St dung gia thiét, ta thay ring cac bat déng thiic sau la tuong duong véi bat ding thiic

can chitng minh

a N b N c <1
4—¢c 4—a 4—0b" "

ad—a)(4—=0b)+b(d—-b)4d—c)+c(d—c)(d—a)<(4—a)(4—b)(4—c),

a’b + b*c + ?a + abe < 4.

Bat déng thtic trén mang tinh hoan vi gitta cdc bién nén khong mat tinh tdng quét, ta gia sit ¢
nam gitta @ va b. Khi d6
ala—c)(b—c) <0.

Thuec hién phép khai trién ta duge a?b+ ca < a®c+abe. Tt day ta cong them dai lugng (b2c+ abe)

vao hai vé dé duge
a’b + b*c + 2a + abe < a®c + b*c + 2abe = c(a + b)*.

Dén day ta 4p dung AM-GM nhu sau:

(2c+a+b+a+b)? 4
2.27 -

1
c(a +b)* = 520(@ +b)(a+b) <
tit do suy ra a®b + b?c + c®a + abc < 4, tiic 1a bat dang thitc ban dau da duge ching minh.
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Bai toan hoan tat.O

1.18 | Cho a,b, ¢ 1a cac s6 thic khong am thod man a + b + ¢ = 1. Chiing minh rang:
— < (1 —4ab)?*+ (1 — 4bc)* + (1 — 4ca)® < 3

L&i giai.

1. Chiing minh (1 — 4ab)? + (1 — 4bc)? + (1 — 4ca)? < 3.

Trudc hét ta co
l=a+b+c>a+b>2Vab,

tit do suy ra 1 > 4ab. Dén day ta sit dung gia thiét cac bién khong am dé c6
0<1—4ab<1,
tit d6 ma (1 — 4ab)? < 1. Thiét 1ap hai danh gid tuong tu va cong lai ta c6 ngay diéu phai

ching minh.

2
2. Chting minh (1 — 4ab)? + (1 — 4bc)? + (1 — 4ca)* > 2—?

Dé thiy bat dang thic trén tuong duong véi mdi bat déng thic trong day sau:
25

3 —8(ab+ be + ca) + 16(a’V® + b*c* + a®) > 57

7
ab + be + ca — 2(a*b* + b*c* + *a?) < 77

Dé ¥ ring ta c6 ding thiic sau

D 1 7 1\?
—92q2p2 - = ) - =_9 _ =
ab — 2a°b g(ab 9) 1 <ab 9),

5) 1 7 . .
do dé ta suy ra ab — 2a%b? < 9 (ab — §) + SE Dén day ta thiét lap hai danh gia tuong ti

va cong lai dé co

5 1 7
ab+ bc + ca — 2(a*V* + b’ + Fa®) < ~ (ab+bectca— = | — —.
9 3 27
. b |
Hon ntta, theo mot ket qua quen thudc ta c¢6 ab+ be + ca < w =3 do vay ta suy
ra -
ab + bc + ca — 2(@262 + b2 4 *a?) < 77

tiic la bat dang thiic ban dau da dugc ching minh.

25
Tom lai ta da ching minh duge 77 < (1 —4ab)* + (1 — 4bc)® + (1 — 4ca)?® < 3. Phép chiing minh

hoan tat.O

1.18| Cho z, v, z 1a cac s6 thyc duong thod méan xy + yz + zo = 1. Chiing minh rang:
1 1 1 9
< Z
1+ xy + 22 i 1+ yz+ 22 i l4+ze4+9y> — 5
i ez 1 1 1 e Co s R
Loi giai. Dat z = —,y = 3 z = —. Khi d6 st dung gia thiet zy + yz + zx = 1, ta thay rang
— a c
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1  aytyztezr | S tetao
l+ay+22 24ay+az+2yz S+2+L14+2
ala+b+c)

T 22+ ab+be+ca’

do d6 bat dang thitc da cho tuong duong véi

a 9
< .
Z26L2—|—czl)—|—l>0+aL “5(a+b+c)

Nhan ca hai vé ctia bat ding thiic nay véi ab + be + ca va chi ¥ ring

a(ab+ be + ca) 2a3
= q —
2a% + ab + be + ca 2a% + ab + be + ca’
ta duge
a? 9(ab + be + ca)
> b+ c.
Z26L2—i—ab—|—bc—|—ca 5(a+b+c) Zathre

Ap dung bat ding thic Cauchy - Schwarz, ta c6

o (Z a2)2
Z 2a% + ab + be + ca = Za(2a2+ab+bc+ca)
_ (D _a*)’
6abc + (Z a)(?ZGQ — Zab).

Mat khéc, tit bat ding thiic co ban (ab + be + ca)? > 3abe(a + b + ¢), ta lai c6

(ab+ bc + ca)?

3abe <
a+b+c

(2)

Két hop (1) va (2), ta suy ra

3 (DD a)

Z2a2+ab+bc+ca = Q(Zab+bc+ca>2+(za)2<2za2_Z&m'

OEHI
a 22@2—#32@5

Cubi cting ta chi can chiing minh

2(a> +b* +c*)(a+b+c) 9(ab + bc + ca)

> b .
2(a® + b + %) + 3(ab + be + ca) Sla+b+c) serhe

Sau khi khai trién va rat gon, ta duge bat ding thitc hién nhién ding
(ab+ be + ca)(a® + b* + ¢ — ab — be — ca) > 0.

Bai toan dugce chiing minh xong.O
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£ I T 1 .
Cho a, b, ¢ 1a cac so thuc duong thoA man a +b+c= — + 7 + —. Chtng minh rang:
a c
b+c—a)ct+a—-Db)la+b—c) <1

L&i giai 1. Bat dang thic can chiing minh mang tinh déi xing gitta cac bién, do dé khong mat
tinh tong quét, ta gia st a >b>c. Khidoa+b—c>0vac+a—b>0.

Néu b+c—a < 0 thi bat déng thiic hién nhién ding do (b+c—a)(c+a—b)(a+b—c) <0< 1. Do
do ta chi can gidi quyét bai toan trong truong hop b+c—a > 0. Lucnay tadit z = b+c—a,y =
c+a—b,z=a+b—c Khidota viét lai diu kiéen nhu sau
2 2 2
+ +—,
r+y y+z z+zx

z,y,z 2 0; T+y+z=

va ta can chiing minh

ryz < 1.

Ta sé gidi quyét bai toan bing phuong phap phan chiing. That vay, gia st rang zyz > 1. Khi do6
stt dung bat déng thitc AM-GM, ta suy ra

2 n 2 n 2 1 N 1 n 1
r+y y+z 24z Jry JSyz N zx

hay /x 4+ \/y + /2 > \/Zyz(x + y + z). Hon nita, ta cling c6 xyz > 1 nén

T+Y+ 2=

VI+Jy+vz>z+y+ oz

2z 2 1 Z
Tuy nhién theo bat dang thitc AM-GM, ta lai ¢6 /z < % Ta thict lap thém hai danh gia

tuong tu nita dé c6

r+y+z+3
+Zﬁ+\/§+\/z>x+y—l—z,

hay x + y + 2 < 3. Nhung day la mot danh gia sai vi theo mot két qua quen thudc, ta co
2 2 9
+ + > ;
r+y y+z z+zx xT+y+=z

rT+y+tz=

dan téi x +y + z > 3. Mau thuan nay ching t6 diéu gia sit ban dau 1a sai, do vay zyz < 1.
Phép chitng minh hoan tat.O

LaJi giai 2. Bat déng thic can chiing minh mang tinh déi xing giita cac bién, do dé khong mat
tinh tong quét, ta gid st a >b>c. Khidoa+b—c>0vac+a—b>0.

Néu b+c—a < 0 thi bat dang thiic hién nhien ding do (b+c—a)(c+a—b)(a+b—c) <0 < 1. Do
d6 ta chi can gidi quyét bai toan trong truong hop b+c—a > 0. Lucnay tadit z = b+c—a,y =
c+a—b,z=a+b—c Khidéta viét lai dicu kien nhu sau
2 2 2
+ + ,
r+y y+z z+=zx

va ta can chiing minh

ryz < 1.
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Ta sé giai quyét bai toan bang phuong phap phan ching. That vay, gid st rang zyz > 1. Khi d6,

tur gia thiét, ta suy ra
(z+y+2)%(vy +yz + 20) = 2(x +y + 2)* + 2(zy + yz + 22) + 2y2(r +y + 2).
Tuy nhién, theo bat ddng thiic AM-GM va theo diéu gia st & trén, ta cé cac danh gia
2y + yz + zx > 3v/22y%22 > 3,

r4+y+z2>3Yryz > 3,
do vay ta suy ra
2(r +y + 2)*(zy + yz + 2x)
3
2(x +y + 2)*(2y + yz + 27)
9
(x+y+2)*(zy +yz + 22)
9
Cong vé theo vé cac danh gia trén lai, ta duge

> 2z +y+2)%

> 2(xy + yz + 2x),

> xyz(z+y + 2).

(z+y+2)%(zy +yz + 22) > 2(x +y + 2)* + 2(zy + yz + 22) + 2y2(r +y + 2),
trai véi (x). Mau thuan nay ching t6 diéu gia sit ban dau la sai, do vay zyz < 1.

Phép chitng minh hoan tat.O

(*)

1.20| Cho a, b, ¢ 1a cac s6 thic duong thod méan a + b + ¢ = 3. Chitng minh réng:
1 1 1 3

+ + > 2

b5a? +ab+bc 502 +bc+ca 52 +ca+ab — 7

Loi giai. Ap dung bat déng thic Cauchy - Schwarz, ta c6

| ) 1 .\ 1 ¥ (b+ c)?
5a2 +ab+bc 502 +bc+ca  5c2+ca+ab (b+ ¢)?(5a® + ab + be)

cyc

S 4(a+b+c)? ‘

B Z(b + ¢)(5a* 4 ab + be)

cyc

Theo d6, ta can chitng minh réng

4(a+b+c)?
Z(b + ¢)*(5a* + ab + be)

cyc

>

| W

St dung gia thiét a + b + ¢ = 3, ta thay rang bat ding thiic trén tuong duong véi

28(a+b+c)* > 27> (b+c)’(5a” + ab + be)).

cyc

Sau khi khai trién va rat gon, ta dudc

282@4 + 58Za3b+ 852@1)3 > 1562@2132 + 15abc(a + b+ c).

cyc cyc
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Dé chitng minh bat ding thiic nay, trudc hét ta chi y dén cac danh gia co ban sau (thu duge bing

bat déng thiic AM-GM):
d a4+ ab’ > 2)

cyc cyc
Za4 +Zab3 > Za3b+2ab3 > QZasz,
cyc cyc cyc
Z at > Zcﬁb2 > abc(a+ b+ c).
T do ta suy ra
58 a’b+58) ab®>116) a’b,
cyc cyc

27 at+27) ab® > 54> a’h,

cyc
Z a' + 142 a®b* > 15abc(a + b+ c).

Cong vé theo vé cac danh gia trén, ta thu duge bat dang thitc can ching minh.

Bai toan két thic.O

1.21| Cho a, b, c 1a cac s6 thyc duong thay doi bat ki. Chiing minh ring:
b+c c+a a+b 6

>
2a2+bc+2b2—|—ca+2c2—|—ab_ a+b-+c

L&i gidi. Nhan ca hai vé ctia bat dang thiic cho 4(a + b + ¢), ta dugc

4b+c)a+b+c) +4(c+a)(a+b+c) +4(a+b)(a~|—b+c)

> 24,
2a? + be 202 + ca 2¢2 + ab -
4(b b 2b + 2¢)? 2
Do (b+o)la+t +c):(a+ +20) R nén ta co
2a? + be 2a2 + be 2a2 + be

(a+2b+ 2c)? a?
- >4 _—

Z 2a%2 +bc +22a2—|—bc

Bat ding thic nay duge suy ra bang cach cong hai bat dang thic
a? b? c?

<1
2a2+bc+262+ca+262+ab_

Y

(a+2b+2c)*>  (b+2c+2a)* (c+2c+ 2b)? S 95
2a2 + bc 202 + ca 2¢2 +ab T
a? 1 be

Do S e — 3 m nén bat dang thic thi nhat tuong duong véi

be n ca n ab S
2a%2 +bc 202 +ca  2c®2+ab —

1

Y

diing vi theo bat déng thiic Cauchy - Schwarz

2
Z be S (Z bc) 1
2a% +be — Z be(2a® + be) .
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Bay gio ta sé ching minh bat déng thic thd hai. Day la bat dédng thic déi xtng nén khong méat

? e . - +c o .
tinh tong quét, ta gia st ¢ = min{a, b, c}. Dit t = 5 ta sé chiing minh

(a+ 2b+ 2c)? N (b+ 2¢ + 2a)? - 2(3t + 2¢)?
2a? + be 202 + ca - 22+ tc

(%)
St dung bat dang thitc Cauchy - Schwarz, ta c6

(@+2b+2c)* (b+2c+ 2a)? S [b(a + 20+ 2¢) + a(b + 2c + 2a)]?
2a? + be 202 +ca T b*(2a® + be) + a?(20? + ca)
_2(4t% — ab + 2tc)?
© 2a2b? — 3abtc + 43¢’

Vi te < ab < t? nén
2a%b? — 3abtc — (2t* — 3t3c) = —(t* — ab)(2t* + 2ab — 3tc) < 0,
tit d6 dan dén
(a+ 2b+ 2¢)? N (b+ 2¢ + 2a)? S 2(4t* — ab + 2tc)? - 2(3t* + 2tc)?
2a? + be 202 +ca T 2ab? — 3abtc + 4t3c T 2t4 — 3t3c + 43¢

2(3t + 2¢)?
2t2 + te

Mat khac, ta lai c6
(c+ 2c + 2b)* S (4t + ¢)?
2¢2+ab T t242c%

()
Két hgp hai danh gia (%) va (*x*), ta dua bai toan vé viéc chitng minh

2 2c)?2 (4 2
(3t +2¢)* (4t +c¢) > 925,
2t2 + tc 2 4 2c2

Sau khi thu gon, ta duge bat dang thitc hién nhién ding

(31t + 16¢)(t — ¢)?
t(2t + ¢)(t? + 2¢?)

> 0.

Bai toan dugc chiing minh xong.O
1.22|Cho a, b, ¢, d 1a cac s6 thuc khong am thoa man a? + b? + ¢ 4+ d? = 1. Chitng minh rang:

@ b ¢ d >4(a\/5+b\/g+c\/5+d\/c_l)2
P+1 +1 d?*+1 a®>+1— 5

Loi giai. Ap dung bat ding thitc Cauchy - Schwarz, ta c6

a+b+c+d_a3+b3+c3+d3
R+1 2+1 &@+1 a?2+1 a22+a2 B2+ A2+ d2a? + d2

(av/a + bVb + cy/e + dVd)?

T a2+ 0+ A+ d?+ a?? + DA+ Ad? A a’d?
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Nhu vay, dé két thic ching minh, ta can chi ra rang

5
A+ 04+ P+ adP+ 0Pl + A+ P < T

hay (a® + ¢®) (b + d?) <

o |

2 2 b2 d22 1
(@ + )+ ) < CEEAEETN

do vay bat dang thic ban dau duge chiing minh xong.

Bai toan két thic.O

. Tuy nhién day lai 14 danh gia ding vi theo bat ding thitc AM-GM:

1.23 | Cho x,y,z I cic s6 thyc thuoc doan [0,1]. Chitng minh rang:
x Y z 3
<

+ + <
Y1+y3 V1423 Vi4a? ~ JVl+ayz

Loi giai. Do z,y, z € [0, 1] nén ta c¢6

z Y z 1 1 1
+ 5 + 5 < + 5 + .
YT+yp V142 Vi+23 7 Y1+ V1+28 V1443

Dé ¥ ring theo bat dang thiic Holder, ta dugc danh gid sau véi moi s6 thye duong a, b, c:

(a+b+c) <9+ b +c?),

hay (a +b+¢) < {/9(a® + b + ¢3). Stt dung danh gid nay, ta c6

1 N 1 N 1 < g 1 n 1 n 1
ST+ M+ V+a8 L+g  1+a% 1+23)
Nhu vay, dé két thic chiing minh, ta can chi ra ring

1 n 1 + 1 < 3
1+y3 1423 1423~ 1+4+zyz

(%)

Dé y ring v6i hai s6 thic a, b thay ddi trong doan [0, 1] ta luon c6

1 1 2 (ab—1)(a — b)?

1+ 130 1xab (+@)0+PD)(01ab) =

Stt dung danh gia nay, ta dugc
1 N 1 N 1 N 1 < 2 N 2 < 4
L+ad  1+y3 1423 T4ayz = 14 /2y 14/ 2y ~ L+ayz

Do vay danh gia () dugc chiing minh, ddn dén bat dang thitc ban dau ding.

Phép chitng minh hoan tat.O

1.24| Cho a, b, c 1 cac s6 thuc duong thay doi bat ki. Chiing minh ring:
a? b? c? a+b+c
+ + >
btc at+c a+b 2
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Loi giai 1. Ap dung bat ding thic Cauchy-Schwartz, ta c6
a’ b? c? (a+b+c)? a+b+c
+ + > = :
b+c a+c a+b~ 2a+b+c) 2

Phép chiing minh hoan tat.
Loi giai 2. Ap dung bat ding thitc AM-GM cho hai sé duong, ta c6

a? b+c
+ > a.
b+c 4 =

Cong vé theo vé danh gia nay véi hai danh gia tuong tu khac, ta dugc:

a? b2 c? a+b+c
- + -
b+c a+c a—+bd 2

>a+b+c,

tit d6 ta thu dugce bat dang thiic can ching minh.

Bai toan két thuc.O

Lai giai 3. Bat ding thitc ban dau mang tinh déi xing giita céc bién, do d6 khong mat tinh tong

quat, ta gia sit a > b > c¢. Khi d6 ta co
1 1 1
> > .
b+c a+c a+bd

Nhu vay, theo bat dang thitc Chebyshev, ta c6

a? b? 2 1
>~ (a% + V? 2).
b+c~|_a—|rc+a—|rb_3(ajL + )

1 1 1
- -
a+b b+c a—+c

).

(z+y+2)?* 1 1 1

Dén day ta ap dung hai danh gia co ban 22 + y> + 22 > g va o >
r oy =z
dé c6
a? v? c? 1 (a+b+c)? 9 a+b+c
+ + > 5. : = -
b+c¢c a+c a+b 3 3 2(a+b+c) 2

Phép chitng minh hoan tat.O

1.25| Cho a, b, ¢ 1a cac s6 thuc duong thay ddi bat ki. Ching minh ring:
V3+a'+ V3+ b +V3+ > {/108(a+b+c)

Loi giai. Ap dung bat ddng thite Holder, ta c6

(143)(1+3)(1+3)(a* +3) > (a +3)*,

3+a
tu d6 suy ra v/3 + at >

V64

V3+at+V3+ b+ V34t >

. Thiét lap cac danh gia tuong tir va cong lai, ta dudc

94+a+b+c
/64 '

Hon nita, theo bat dang thiic AM-GM, ta c6

9+a+b+c=343+3+(a+b+c)>4y/27(a+ b+ c),
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nhu vay

43/27(a + b
V3+at+ V3+ b+ V3+ct > (&% +@::Vm&a+b+@.

Phép chitng minh hoan tat.O

1.26| Cho a,b 1a cac s6 thuc duong thod méan ab > 1. Chiing minh réng:
1 1 2

>
1+a2+1+b2_1+ab

L&i giai. Thuyc hien phép bién doi tuong duong, ta thu dude diy cac danh gia sau:

2+ a’®+b? - 2
a?b?4+a2+b2+1 " 1+ab

2 + 2ab + a®b + b*a + a® + b* — 2a%b* — 2a* — 20> — 2 > 0,
(ab—1)(a —b)* > 0.

Danh gia cubi ciing ding do ab > 1, do vay bat ding thic ban dau duge ching minh.

Bai toan két thic.O

1.27| Cho a, b, c 1a cac s6 thyc duong thod man a + b + ¢ = 1. Chitng minh ring:
c+ab N a+bc+ b+ ac

> 9
a+b b+c a+c

Lai giai. Dé ¥ ring ta c6
ctab=cla+b+c)+ab=(c+a)(c+b),

do vay bat dang thiic can ching minh tuong duong véi

(c+a)(c+Db) N (b+a)(b+c) N (a+0b)(a+c)

> 2.
a+b a+c b+c -

Ap dung danh gia co ban 22 + y? + 22 > ay + yz + 2, ta thiy danh gia tréen dang do

(ctae+t) brab+e  (at+bato

>b+c+a+bt+c+a=2.
a+b a—+c b+c

Phép chitng minh hoan tat.O

1.28| Cho z,y, 2 1a cac s6 thuc duong thod man 2x + 3y + 2z = 1. Tim gi4 tri nho nhat cia

biéu thrc:

P =23+ 423

Loi giai. Ap dung bat ddng thitc Holder, ta c6

PRV24+3V3+1)2 = (2 +4° + 2°)(2vV2 + 3V3 + 1)(2V2 + 3V3 + 1)

> (22 43y +2)° = 1.
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Nhu vay P > (2\/§+3\/§+ 1>2.
Cubi ciing, véi v = V2 Y= V3 Va2 = L (thod man diéu
2\/1§+3\/§+1 2/\/§+3\/§+1 , 2v2+3V3+1 / 7
kién) thi P = AN TR nén ta két luan RN TR 13 gia tri nho nhat cia bieu

thice P.

Bai toan két thic.O

1.29 | Cho a, b, ¢ 1 cac s6 thuc thod man a? + ab + b* = 3. Tim gia tri nho nhat va gia tri 16n

nhét ctia bidu thic

P =a?®— ab— 31?

Lai giai. V6i b = 0 thi tit gia thiét ta suy ra a® = 3, tit d6 biéu thic P c6 gia tri 1a 3.

V6i b # 0, xét biéu thiic
Q_P_az—ab—3b2_:x2—x—3
3 a24ab+b2 a2+ x+1°

a
trong d6 x = 7 T day ta suy ra

(Q-1D2*+(Q+ 1z +Q+3=0.
Coi d6 1a mot phuong trinh theo an z. Xét biét thitc ctia phuong trinh trén, ta thay ring dé
phuong trinh trén ¢6 nghiém thi
(Q+1)*=4(Q—-1)(Q+3) >0,

—3+4V3
3

—3—-4V3< P < -3+4V3
Cubi ciing, véi @ = —vV/2—v3vab = V2+V3 thi P = =3 —4V3; v6i a = V/2+ V3 va

b=—v2—+/3thi P =—3+4+3 nén ta két luan —3 — 4v/3 vd —3 + 41/3 1an luct 1a gia tri nhd
nhat va gia tri l1én nhat ctia biéu thiic P.

—3—4\/3S

3 Q

IN

tur day ta suy ra . Hon ntta, do P = 3(Q) nén ta co

Bai toan két thic.O

1.30| Cho a, b, ¢ 1a cac s6 thic thod man a? + 2b® = 3¢?. Chitng minh rang:
2 3
252
i b~ ¢

1
a
Loi giai. T gid thiét, ta suy ra (3¢)? = (a® + 2b%)(1 + 2). Tt day ta ap dung bat déng thitc
Cauchy - Schwarz dé cé
(3¢)* > (a +2b),

tir do6 suy ra 3¢ > a + 2b. (%)

Hon nita, ciing theo bat ding thiic Cauchy - Schwarz, ta c6

1 1 9

|
T4 > 7
AT,
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Két hop hai danh gia (*) va (%), ta thu dugc bat dang thiic can chiing minh.

Bai toan két thuc.O

1.31| Cho z,y, z la cac s6 thuc khong am thod man 22 + % + 22 = 3. Tim gié tri 16n nhat
ctia biéu thrc:
P=xy+yz+zx+

rTH+y+=z

Lai giai. Dé ¥ ring

rHy+2)? -2y 22 5 T+y+2)? 5 3
p_l@ty+2) Y N _ ety +a)t 23
2 r+y+ =z 2 r+y+z 2

tit d6 dit t = x + y + 2, ta dua bai toan vé viec tim gia tri 16n nhat ctia biéu thic

10
Q=1+ —.
t
Dé ¢ riing tit danh gia 22 4+ 2 + 22 < (z +y + 2)? < 3(2® + 92 + 2?), ta suy ra V3 < t < 3, do vay
10 37 t—3 2 -1
p 10 3T (-3Eran-10)
t 3 3t
37 3
Nhu’vangg,vaviP:%—Enén
p<3l_3_1
- 6 2 3

. N 14 p 14
Cudi cung, v6i x = y = z = 1 (thod man dieu kién) thi P = 3 nén ta két luan 3 la gié tri 16n

nhét ciia bidu thic P.

Bai toan két thic.O

1.32| Cho z,y 1a cac s6 thuc duong thod man 2y > z. Chitng minh réng:
1
+a2?2+y?>3

32y — x)

Loi giai. Ta thay rang

+a*+yt = + +a® + (Y + 2° — 2?),

32y — x) r2(2zy — x?)

va vi 22 + y? > 22y theo bat ding thic AM-GM nén

+ a2y > + 2% + (2zy — 27).

32y — x) x?(2zy — x?)

Dén day ta ap dung bat déng thic AM-GM mot lan nita dé c6

x3(2y—x)+$ +y° > \/:c2(2xy—x2)x (2zy — x2)

Phép chitng minh hoan tat.O
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1.33 | Cho a, b, ¢ 1a cac s6 thic duong thod man ab + be + ca = 2abe. Chiing minh rang:
1 1 1 1
> _
020 =17 B2 —12 @ e2e—1p2 " 2
N 1 1 1 C il aa v - P
Loi giai. Dat m = —;n = E;p = —. Khi d6 dieu kién da cho twong duong véi m +n +p =2 (de
— a c ) )
¥ rang tit day ta ¢c6 m,n,p < 2), va bat dang thic da cho duge viét lai thanh
m3 . n3 . P N 1
2-m)*  (2-n)> (2-p? " 2
Ap dung bat ding thic AM-GM, ta c6
m3 +2—m+2—m>3m
2-—m)? ' 8 8 ~ 4
3 1 )
tr d6 suy ra ﬁ >m — 3 Thiet lap hai danh gia tuong tu cho n va p va cong lai, ta dugc
—m
m3 n3 P

3 1
> — ==,
CmE @_nE g TIP3

Phép chiing minh hoan tat.O

1.34| Cho a, b, c 1a cac s6 thyc khong am thod man a + 2b + 3¢ = 4. Chiing minh rang:
(a®b + b*c + c*a + abc)(ab® + bc* + ca® + abe) < 8

Loi giai. Ap dung bat dang thiec AM-GM, ta ¢6

8(a®b + b*c + c*a + abe)(ab* + bc* + ca® + abc) = 4(a®b + b*c + *a + abe).2(ab* + be* + ca® + abe)
< (a®b + b*c + Ea + 2ab* + 2bc® + 2ca® + 3abe)?.

Hon nita, ta cting c6

(a4 2b)(b + 2¢)(c + 2a) = 9abc + 2a*b + 2ac® + 4a’c + 2b%c + 4b%a + 4c%b
> 2(a®b + b%c + c*a + 2ab* + 2bc* + 2ca® + 3abc),

. Mat khac,

(a+2b)(b+20)(c~|—2a)r

do vay 8(a®b + b*c + c*a + abc)(ab® + bc* + ca® + abe) < [ 5

theo bat déng thitc AM-GM, ta c6

3a + 6b 4+ 9¢

3
3 } = (a+2b+ 3c)* = 64.

4(a+2b)(b+2¢)(c+ 2a) = (a+ 2b)(4b + 8¢)(c + 2a) < [
Nhu vay, ta suy ra

641
8(a®b + b*c + c2a + abc)(ab® + bc* + ca® + abe) < {El = 64,

hay (a®b + b?c + c®a + abc)(ab* + bc* + ca® + abe) < 8.
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Phép ching minh hoan tat.O

1.35| Cho a, b, ¢ 1 cac s6 thuc duong thay doi bat ki. Chiing minh ring:
ab be ac a+b+c
+ + <
a+3b+2c b+3c+2a c+3a+2b 6
o izs Qo . . \ 9 1 1 1 .
Loi giai. St dung danh gia co ban ———— < — + — 4+ —  ta ¢o
— r+y—+=z r Yy z
9 B 9 < 1 . 1 +1
a+3b+2c (a+c)+(b+c)+20 " at+c btc 20
9ab ab ab

a
< + + —. Hoan toan tuong tu, ta cling c6
a+3b+2c " a+c b4+c 2 &M &

9bc be bc b

<
b+3c+2a — b+a+c+a+2’

T do ta suy ra

9ca < ca n ca .
c+3a+2b " c+b a+b 2

Cong vé theo vé cac danh gia trén, ta thu duge

9ab 9bc 9ca ca+ab ab+bc bct+ca a+b-+c
- + < + + +
a+3b+2¢c b+3c+2a c+3a+2b b+c a+c b+ a 2
3la+b+c)
R —

tit day ta dugc bat ding thic can ching minh.

Bai toan két thic.O

1.36 | Cho a,b, ¢ 14 cac s6 thyc duong thod man abc = 1. Chitng minh rang:
1 1 1 1
< —

a+b+4+b—|—c—|—4+c—|—a—|—4 2

Lai giai 1. Dit z = /a,y = Vb, 2 = y/c. Khi d6 ta phai ching minh

1 1 1 1
+ + <3
2+y?+4 P+ 2244 0 224224472

véi xz,y,z > 0 va xyz = 1.

1 2,2 2 )2 o ,
o — = 1- Ty 1— (z+y)+(@—y) nén bat dang thic nay c6 the duge
2+ y?2+4 2+ y?+4 2(x2 +y? + 4)

viét lai thanh
2 N2
Z (z+y) +Z (v —y) > 9.
22 +y?+4 2+ y?+4

Khong mat tinh téng quat, ta gia stt © > y > 2. St dung bat dang thic Cauchy - Schwarz, ta c6

3 (z+y)? ety +y+2)+ o))
w2yt +4 d @ +y’+4)

Z (x —y)? - t—y+y—z+r—2
w?+y?+4

d @ +y’+4)

]2
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Tu day ta dua bai toan ve ching minh

2z +y+2)2 42— 2)? > 2a? + 92 + 22) + 12,

hay 2(x — 2)* + 4(zy + yz + zx — 3) > 0. Tuy nhién day lai 1a danh gia ding do (z — 2)* > 0 va
theo bat dang thitc AM-GM thi

2y + yz + 2w > 3/ 22y222 = 3,
do vay bat dang thiic ban dau duge chiing minh xong.
Bai toan két thuc.O

Loi giai 2. Dit ¢ = /a,y = Vb, z = /c. Khi d6 x,y, z > 0; zyz = 1 vA ta can ching minh

1 1 1 1
+ + <z
By +4 P+ +4 0 B4ad+4 72

V6i chi ¥ ta c6 danh gid 23 + y® > xy(z + y), dong thoi lai c6 4 = 4xyz, ta dua bai toan vé viéc
chting minh

1 1 1 1
+ + <z,
zy(lr+y+4z2) yz(y+z+4x)  zz(z+z+4y) — 2
hay
r+y n y+z zZ+x >
r+y+4z y+z+4dr zH+ax+4y T
Ap dung bat ding thic Cauchy-Schwartz, ta c6
T+y Y+ z itr 4r+y+2)?
r+y+4z y+z+4w z+x+4y‘2($+y)(x+y+4z)
Az +y+2)?

T2+ 2+ ) + 10(zy + yz + 22)
nhu vay, dé két thic ching minh, ta can chi ra ring
a4y +2)? > 22 +y° + 2°) + 10(xy + yz + 22),

hay 22 + y% + 22 > 2y + yz + zz. Tuy nhién day lai 13 mot danh gia dang, do vay bat dang thic
ban dau dugc chitng minh xong.

Bai toan két thic.O

1.37| Cho a,b, ¢ 1a cac s6 thic duong thod man ab + be + ca = 1. Chitng minh réng:

1 1 1 1
{’/—+6b+§’/—+6c+{’/—+6a§—
a b c abe

Loi gidi. Ap dung bat ddng thic Holder ta ¢6

3
b+ -4 6e+ =+ <(Z+46b+=+6c+-+ —3) (=
(\/a 6b ; 6¢ ; 6a | < - 6b ; 6c . 6a \/_3 \/_3

1 1 1
—9(—+—+—+6a+6b+60). (%)
a b ¢

w
w
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Hon nita, st dung déanh gia co ban zy 4+ yz + zx <

(x4+y+2)?

, ta co
3

1 1 1
abc<—+g+—+6a+6b+60) = ab+ bc + ca + 6abc(a + b+ c)
a c

< ab+ bc+ ca + 2(ab+ be + ca)® = 3,

1 1 1 3 <
do vay — + 7 + — +6a + 6b+ 6¢ < T Két hgp v6i danh gia (%) & trén, ta duge
a c abc

3
1 1 1 2
i/—+6b+§/—+6c+§/—+6a < 2T

a b c abe

tit d6 ta lay can bac ba hai vé dé thu dugce bat diing thiic can chiing minh.

Bai toan két thic.O

1.38| Cho a, b, ¢ 1a cac s6 thuc duong thod man abc = 1. Chiing minh réng:
1 1 1

<
1+a+b+1+b+c+1+a+0_

Lai giai. Dat « = /a,y = Vb, z = \/c. Khi d6 ta phai ching minh

1 1 1
+ + <1
22+y?+1 24+ 22+1 22422417

v6i x,y,z >0 va xyz = 1.

1 2 2 2 - 2 Z 2 2
o+ THy Aoy o ding thitc nay c6 thé duge
2 +y?+1 2 +y?+1 2(02 + 92 + 1)

viét lai thanh
2 Y
Z (r+y) +Z (v —y) >4
2+y?+1 2+ +1

Khong méat tinh téng quat, ta gia sit ¢ >y > z. Sit dung bat déng thiic Cauchy - Schwarz, ta co

3 (z+y)? _le+y+@+2a)+ o))
2yl > @4y’ +1)

Z (v —y)? > [z —y+y—z+a—2z
?+y*+1 7 ‘

d @ +y+1)

Tt day ta dua bai toan vé chiing minh
(x+y+2)?2+(@—2)>2>22* +y* + 2%+ 3.
Mat khac, theo bat dang thiic AM-GM, ta lai c6
3=3vr2y?2?2 < zy+yz+ 2,
do vay ta chi con phai chiing minh
(x+y+2?2+@—2)?2>2@* +y* + 25 + oy +yz + 22
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Sau khi thu gon, ta dugc bat dang thic hién nhien ding

(z—y)(y—2)>0.

Bai toan do d6 dudc chiing minh xong.O

1.39| Cho a, b, c 1a cac s6 thuc duong thod man abc = 1. Chiing minh réng:
a? b3 3
>1

Wet2) catr2) abi2) -

Loi giai. Ap dung bat déng thitc AM-GM, ta c6

a’ N b N c+2 S
- a.
betr2) '3 9 -
Lap hai bat déng thic tuong tu va cong lai, ta duge
a? N v N 3 +a+b+c+a+b+c—|—6> s
a c
bc+2) cla+2) a(b+2) 3 9 - ’
hay
a? v 3 S5a+b+c) 2
+ + > -3
blc+2) cla+2) a(b+2) 9 3

Mait khéc ciing theo bat dang thitc AM-GM thi a + b+ ¢ > 3v/abc = 3, do vay

a’ b3 3

betr2) dat2) abr2)

>0 2y
-3 3

Phép chitng minh hoan tat.O

1.40| Cho a, b, c la cac s6 thuc khong am thay déi bat ki. Chitng minh ring:
a® 4+ b® 4+ & + 3abe > ab(a + b) + be(b+ ¢) + ca(c + a)

Loi giai. Bat ding thic ban dau mang tinh déi xing gita cac bién, nén khong mat tinh tong
quat, ta gia st a = max{a;b;c}. Khi dé thic hién bién ddi tuong duong, ta thu duge day bat
déng thic tuong duong v6i bat ding thic can ching minh

a(a—0b)(a—c)+bb—a)(b—c)+c(c—a)(c—b) >0,
(a —b)(a® —ac — b* + be) + c(la —c)(b—c) >0,

(a—0b)*(a+b—c)+cla—c)(b—c)>0.

Danh gia cudi cing ding do a = max{a;b; c}, do vay bat dang thiic ban dau dugc chiing minh

xong.

Bai toan két thic.O
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3.2 Bai 2.1 dén bai 2.40

2.1| Cho a, b, c 1a cac s6 thyc duong thay doi bat ki. Chitng minh ring:
a b c 9

6+ latep T aso? S Wasbio

L&i giai. Bat dang thiic ban dau tuong duong véi

(a+b+c) L— b +— >
(b+c)2  (a+c¢)?  (a+b)?| — 4
Dit k= —2 + b + C . Ta thay rin
T b+c atc a+b Y rans
(+b+)a+b+c —a2+b2+02+a+b+c
¢ ¢ (b+c)2  (a+c)? (a+b)?2] (b+c)? (a+c)? (a+b)?2 b+c atc a+b
a’ b? c? k?
va theo mot danh gia quen thuoc thi (b+c)2+(a+c)2+(a+b)22§7 do vay
a b c k?
b > — + k
(at+bto {(b+c)2+(a+c)2+(a+b)2] =3t

. 3 L ez
Ta lai c¢6 cha ¥ rang k& > 5 theo bat dang thitc Nesbitt, do do

a b c 9

3 9
(a+b+c) [(b—l—c)Q—'— (a+c>2+ (a+b)2] ZE+§

Phép chitng minh hoan tat.O

2.2| Cho a, b, c 1a cac s6 thyc duong thay déi bat ki. Chitng minh ring:

a
+ + >1
Va2 +8bc /b2 +8ac  \/c® + 8ab

Loi giai. Ap dung bat ding thitc Cauchy-Schwartz ta c6

a b c S (a+b+c)?

+ + .
Va2 +8bc VB2 +8ac V2 +8ab — ava? + 8bc + bv/b? + 8ac + e/ 2 + Sab

Mait khéc, ciing theo bat ding thitc Cauchy - Schwarz, ta c6

avaZ + 8be + bVbZ + 8ac + v/ + 8ab = /av'a® + Sabc + VbV + 8abe + \/ev/' e + Rabe
<V(a+b+c)(ad+ b3 + 3 + 24abe),

do vay

a N b N c - (a+b+c)?
Va2 +8bc V02 +8ac Ve +8ab — \/(a+b+c)(ad+ b + A+ 24abc)

B (a+b+c)?
Va3 + 3+ B+ 24abe’
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Nhu vay, dé két thuc chitng minh, ta can chi ra réng

(a+b+c)>a®+b*+c + 24abe,

hay (a + b)(b + ¢)(c + a) > 8abe. Tuy nhién day 13 mot danh gia ding vi theo bat dang thiic
AM-GM, ta c6
(a+b)(b+ c)(c+a) > 2Vab.2vbe.2v/ca = Sabe,

do vay bat dang thiic ban dau duge chiing minh xong.

Bai toan két thic.O

2.3 | Cho a, b, ¢ 1a cac s6 thiyc duong thod man dong thoi ¢ > a va 3a? +4b% 4+ 5¢* = 12. Chiing

minh rang:
1 1 1
-+-+-2>3
a_b ¢

Loi giai. Tit gia thiét, ta c6
4a®> + 40* + 42 =124+ a* — 2 < 12,

nhu vay a? + b? + ¢ < 3. Tt day ta cling c6

a+b+c<+/3(a2+b+c2) <3,

va vi vay ta ching minh dugc bat ding thic ban dau vi

—_

1 1 9 9
o> —— >
a

- =3.
b ¢ a+b+c 3

Bai toan két thic.O

2.4| Cho a,b, c 1a cac s thyc duong thay déi bat ki. Chitng minh ring:
a b c¢_a+c b+a c+b

-t - > + +
b ¢ a~"btc cta a+b

Lai giai 1. Dat

X=—0 y= c 7=

St dung bat dang thic Holder, ta thu dudc

3
(1+9> 140 (1+5>z 4 yabe) _g
b c a bca
tr do ta suy ra XY Z > 1.

Bay gio ta thuc hién bién doi bat dang thic da cho nhu sau

a a-+c b b+a ¢ c+b
= — +(-- +(-- > 0,
¢ c+a a a-+b

> 0,

=)
f=p)
+

O
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b
e ST S
b+c C+a (1,20
I+3 14— 14+
a b
Dé ¥ ring
a
;7 X —1-1 Xx-—1
1+ 2y Y

do vay bat dang thiic cudi c6 thé viét lai thanh
X-1 Y-1 Z-1

>0
Y + Z + X —7
tuong duong
X Y 7 1 1 1
Ty D> oy
Y+Z+X_X+Y+Z

Stt dung bat dang thitc AM-GM, ta c6
X X X Z
32?—2(7+?+})
5| ZX 3 1 1
23) (|7 =3VAYZ) =3
Nhu vay bat déang thiic ban dau dugc chiing minh xong.

Bai toan két thic.O

L&i giai 2. Thuc hién bién doi tuong tuy nhu cach 1, ta can ching minh

cla—b) alb—c) blc—a)
blb+c) clc+a) ala+b)

> 0.

Khong mat tinh tong quét, ta gia sit b 1a s6 nam gitta a va c. Khi d6 (b—a)(b—c) < 0. Dé ¥ riing
b(c —a) = —c(a —b) —a(b—c),
vi vay bat déng thic trén cé thé viét lai thanh
1 1 1 1

c(a=") b(b+c) a(a—l—b)} +alb—c) [c(c+a) ~ala+0b) 20,

tuong duong

cl(a—0)*(a+b)+bla—b)(a—c)] [(b—c)la—c)la+c)+alb—-c)?
ab(a +0)(b+ o) + et a)atb) 2 0.

Bat ding thtc cubi nay ding do

(a—b)(a—c)=(a—b)?*—(b—a)(b—c)>0,

b—c)a—c)=(b—-c)*—=(b—a)lb—rc) >0,

do vay bat dang thiic ban dau duge chitng minh xong.
Bai toan két thic.O

Nhan xét.
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1. Luu ¥ rang bat dang thitc sau ding vé6i a, b, c va k 1a cac s6 thie duong:

b e T e T e keta Ratb

a b c>ka+c kb+c kc+b

Vé6i k =1, ta thu dugc bai toan trén.

2. Rieéng véi trusng hop k = 1, ta c6 thé chitng minh bai toan dua trén bat dang thitc sau (day
12 mot bai trong Belarusian Mathematical Olympiad 1998): Cho a, b, c la cdc so thuc duong.
Chatng minh rdang

a b ¢ S @ +b b+ec

S-S 1.
b+c+a_b+c+a+b+

Viéc chiing minh ciing nhu 4p dung xin dé danh cho ban doc.

2.5 | Cho a, b, ¢ 14 cic s6 thyc duong thod man a + b + ¢ = 3. Chiing minh rang:
Va+ Vb + /¢ > ab+ b+ ca

Loi giai. Bat dang thic da cho tuong duong véi
@+ 0>+ A+ 2va+2Vb + 2y > a® + b + A + 2(ab + be + ca) = 9.
Ap dung bat ding thic AM-GM, ta c6
a® + 2v/a > 3a.
Lap cac bat dang thic tuong tu va cong lai, ta dudc
a?+ 0+ +2/a+2Vb+2v/c > 3(a+b+¢) = 9.

Phép chitng minh hoan tat.O

2.6 | Cho a, b, c 14 cac s6 thuyc duong thod man ab + be + ca = 1. Chitng minh rang:
L s
abc  (a+b)(b+c)(c+a) — 2

Loi giai. Ap dung bat déng thitc AM-GM, ta c6

1 4 1 1 4

abe @t Dbt )cta)  2abe  2abe T @+ Db+t a)

1 1
> 3 — 3 .
- 3\/a2b202(a +b)(b+c)(c+a) 5 abc(ab + ac)(be + ba)(ca + cb)

Mait khéc, ciing theo bat dang thitc AM-GM, ta c6 hai danh gia:

(ab+ bc+ ca)?

272 2
bt <
a“b’c® < o ,

8(ab + bc + ca)?

(ab + be)(be + ca)(ca + ab) < 5 :
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p 1 8
tit d6 st dung gié thiét ta suy ra abc < ——= va (ab + be)(be + ca)(ca + ab) < 77 Do vay

3v/3

1 4 5/27.3v3 93
ae T arnbroera =\ T8 T2

Phép chiing minh hoan tat.O

2.7| Cho z,y, z 1a cac sd thic thod man x +y + z = 0, trong d6 c6 hai s6 cting dau. Chitng
minh rang:

(22 + 42 + 22)3

(23 4+ 2 +23)2 —

Loi giai. Khong mat tinh tong quat, gia si x,y 1a hai s6 cting dau, ttc 1a zy > 0. V6i diéu kien
z=—x—1y, taco

(2 +y*+2°)°  8(a?+y* +ay)?

(2% +y3 + 23)2 922y%(x + y)?

Nhu vay, néu ta dat 2% + y?> = m va 2y = n (dé y raing m > 2n) thi ta can ching minh

3
8(m +n) > 6.
In2(m +2n) —

hay
4m> + 4n® + 12m3n + 12n%m > 27n’m + 54n°.

Bét déng thic trén mang tinh thuan nhat gitta cac bién, do dé6 ta cho n = 1, lic nay m > 2 va ta
can chitng minh
4m® +12m® — 15m — 50 > 0.

. . 5\°
Tuy nhién bang bién doi tuong duong, ta duge (m — 2) (m — 5) > 0. Day la mot danh gia dung

do m > 2, do vay bat ding thiic ban dau dugc chiing minh xong.

Bai toan két thic.O

2.8| Cho a, b, c 1a céac s6 thiyc duong thay doi trong doan [0, 1]. Chitng minh rang:

Vabe+ /(1 —a)(1-b)(1—¢c) <1

Loi giai. Ap dung bat ding thitc Cauchy - Schwarz ta ¢6

Vabe+ /(1 —a)1=b)(1—c) </(a+1—a)bc+(1—b)(1—c)] =v2bc—b—c+1.
Nhu vay, dé két thic ching minh, ta can chi ra ring
2bc < b+ c.
Tuy nhién day la mot danh gia ding vi theo gid thiét va bat dang thitc AM-GM thi
2bc < 2v/be <b+c,
do d6 bat dang thiic ban dau duge chiing minh xong.
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Bai toan két thace.O

2.9| Cho a, b, c 1a cac s6 thuc khong am thay doi bat ki. Chitng minh ring:
2+/(ab+bc + ca) < V3.3/(a+b)(b+ c)(c+ a)

L&i giai. Dé ¥ ring ta c6 dang thic
(a+b)(b+c)(c+a) = (a+ b+ c)(ab+ bc + ca) — abc.

Mat khac, theo cac danh gid quen thuoc, ta co

a+b+c>/3(ab+be+ ca),

va
3
abe < \/(ab+bc+ca) |
27
do vay
3
(a+0)(b+c)(c+a) > (ab+be+ ca)/3(ab+ be + ca) — \/<ab - b207jL ca)
~ 8y/(ab+bc+ ca)®
3v3 '

T day, lay can bac ba hai vé, ta thu duge bat ding thic can chitng minh.

Bai toan két thuc.O

2.10| Cho a, b, ¢ 1a cac s6 thiie doi mot phan biet. Chiing minh rang:
a’ 4+ b? a?+ 2 b+ 2 5
- + > —
a2 —2ab+0b%> a®?—2ac+c2 b2 —2bc+c2 T 2

L&i giai. Day bat dang thic sau tuong duong véi bat ding thic can chiing minh

(a+b)?+(a—0b?* (Bb+c)>+0b—-0c)? (c+a)?+(c—a)
(a—bp b—or " (emap 7

2 2 2
a-+b n b+ c N c+a )
a—>b b—c c—a

a+b b+c c+a

Dat x = Y=, 2= . dé ¥ ring ta c6 déng thic
a—b b—c c—a
_(a+b)(b+c)  (btc)ct+a)  (ct+a)la+D)
W A = -0 T b—oc—a)  (c—a)a—b)

=1

(a+b)(b+c)(c—a)+ (b+c)(c+a)a—b)+ (c+a)(a+Db)(b—c)
(a

Hon ntta, ta cling ¢6 (z +y + 2)? > 0, do vay
o+t + 22 > 2wy +yz + za) = 2.

T day ta thu duge bat dang thic can ching minh.
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Bai toan két thac.O

) 1 N
12.11| Cho a, b la céc s6 thuc khong am thoa ména+b§g. Ching minh rang:
1—a 1-0 l—a—0»
+ 1</ —
1+a 1+5b l+a+0
Loi giai. Day bat dang thic sau la tuong duong véi bat ding thic can chitng minh
l—a 1-0 (1—a)(1=0) 1—a—0> [1—a—1b
2 < 1424/ —m
1+a+1+b+ ¢ﬂ+ﬂﬂLﬂﬁ_1+a+b+ * l4+a+1b
2(1 — ab) +2\/1+ab—a—b§ 2 49 /1—a—b‘
14+ab+a+0b l+ab+a+b " 1+a+0 l4+a+0

Dat v = ab;v = a + b. Khi d6 u,v > 0 va ta can ching minh

l—u 1+u—v 1—vw
1+u—|—v Vl—i—u—i—v 1+v Vl—l—v

Thuc hién bién ddi tuong duong, ta dude day bat ding thic sau

1+u—w 1—v< u(2 4 v) 1+u—v 1—-wv
l+ut+v 14v =~ 1+v)1+v+u) Vl—i—u—i—v V1+to

2uv < u(2 +v) /1+u—v [1—wv
I+u+v)(14+v) = (I+v)(14+v+u) 1—|—u+v 1+v

Néu v = 0 thi bat dang thiic trén hién nhién ding. Néu v > 0, bat dang thitc trén tuong duong

2v l1+u—w 1—w
< + . ()
2+v l4+u+wv 1+4+wv

Dé ¥ riang v6i u > 0, ta c6 danh gia

v6i

1+u—v> 1—w
1l4+u+ov 1+’

\/1+U_U+\/1_U22\/1_U:2\/_1+ 2 .
14+u+ov 1+wv 1+vo 1+v

4 .
Hon nta, ta lai c6 v < R theo gia thiet nén

1 — 1-— 2 2
\/ +u v+\/ Vs o 1y 2
l1+u+v 14w I+= 3

4
Ngoai ra ciing do v < 5 < 1 nén

do vay

2v 2 2

= < -
24+v 241 3

do vay danh gia (x) ding, ciing c6 nghia bat dang thitc ban dau duge chiing minh.
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Bai toan hoan tat.O

2.12| Cho a, b, ¢ 1 céc s6 thyc duong thay doi bat ki. Chting minh ring:
a? v 6(a* +b* + ?)
—+—+—+a+bt+tc>
c a atb+c

b

L&i giai. Bat ddng thitc can chitng minh mang tinh hoan vi giita céc bién, do d6 khong méat tinh

tong quat, ta gia st b 1a s6 hang ndm gitta a va c¢. Khi dé ta bién d6i bat ding thic nhu sau

2 2 b2 2
Y (% +b-2a S Gk L e N YO
b a+b+c

Z (a — b)? - 6(a® + b* + ?)

b - a+b+c

—2(a+b+c).

Ap dung bat ding thic Cauchy - Schwarz, ta c6

Z(a—b)2 > [((a—0)+ (b—c)+ (a—))? _4(a—c)2

b b+c+a Ca4b+c

Do d6 ta chi can ching minh dugc
2(a—c)? >3(a®>+b*+c*) — (a+b+c)
Sau khi thu gon, ta dugc bat ding thic hién nhién dang do b nim gitta a va ¢
2(b—c)(b—a) <0.

Bai toan hoan tat.O

2.13| Cho z,y, z 1a cac s6 thic thod man 2% + y? + 22 = 1. Chitng minh rang:
—1<2>+93+ 23— 3ayz <1

Lai giai 1. Cha y ring ta c6 dang thiic
(P +9y°+2° = 3ay2) = (r+y+ 2@+ + 22—y —yz—zx)? = (1 +20)(1 = t)(1 — 1),
trong d6 t = xy + yz + zx. Dén day ta ap dung bat ding thic AM-GM dé c6

(@ + 4P + 2* — 3wyz)? < [(1+2t) + (12_7 )+ (01—t _1,

dovay —1 < a3+ 3>+ 2% — 3zyz < 1.
Phép chiing minh hoan tat.O

Loi giai 2. Ap dung bat ding thic Cauchy - Schwarz, ta c6

(2% +y° + 2% = 3ay2)? = [2(2® — y2) +y(y* — 22) + 2(2* — 2y)]?
< (@ +yP+ 227 —y2)? + (v - za)? 4 (2F - ay)’)
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Hon nta, ta lai ¢6

(2® —y2)’ 4+ (* — 22)* + (2 —2y)® = (2® + v* + 2°)° — (vy + yz + 22)* < (2° +y* + 2°)7,

do vay
(2 +y* +2° = 3wy2)* < (P +y* + 223 = 1.

Tu do6 ta suy ra —1 < 2% + 3 + 22 — 3ayz < 1.

Phép chitng minh hoan tat.O

2.14| Cho z,y, z 1a cac s6 thuc duong thay doi bat ki. Chitng minh rang:
TYz 1

(+32) 4 6)(@ Sy 92) = 7

Loi giai. Ap dung bat ding thitc AM-GM, ta c¢6 cac danh gia sau:

246=z+1+1+1+14+14+1>7V2,

Xz X X T Xz X 7| X
1 — 14+ 4SS+ S+ S+ > T =
+dr =1+ + o+ oo+ 2T o

vy 4y 4y Ay 4y Ay 7 46
8y = —t o+t >yt
T+ 3y x+3+3+3+3+3+3_ xy36,

tos +3z+32+32+32+3z+32>77 636
Yrozmy Ty Ty Ty Ty Ty Ty 2 YR

Nhan céc bat dang thiic trén véi nhau, ta duge

=]

ol 46 3¢
(z4+6)(1 4 3z)(z + 8y)(y + 92) > 74\7/z.§.xy6.§.yz6.% = Thayz,
tr do suy ra
Yz < 1
(14 3z)(z+6)(x+8y)(y +92z) — 7+

Phép chitng minh hoan tat.O

2.15| Cho a, b, ¢ 1a cac s6 thuc duong thay doi bat ki. Ching minh réng:
a-+b b+ c a+c S 1 1 1

ab+c2  be+a® ac+b? " a b ¢

Loi gidi. Ap dung bat ding thic Cauchy - Schwarz, ta c6

a? N b? (a+0b)? _ (a+b)?
bla2+c2)  a(b®+c2) ~ b(a2+c2) +ab>+c2)  (a+b)(ab+c?)’
N ~ a + b a2 b2 < X ~ . £ 2 - X ~
tur day ta suy ra < + . Thiet lap hai bat dang thic tuong tu roi cong

ab+c? 7 b(a?+ ) a(b®+ )
lai, ta dugc

a+b b+c a+c

ab + 2 + bc + a? + ac + b?
a? b? b? c? a? 2 1 1 1

< = .
~ b(a® + ) * a(b? + c2) * c(b? + a?) * b(a? + ?) * c(a? +v?) * a(b?+c?)  a * b ¢
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Phép chiing minh hoan tat.O

2.16| Cho a,b, c 14 cac s6 thyc khong am thod man khong c6 bat ki hai s6 ndo dong thoi

bang 0. Chiing minh ring:
a(b+c) bla+ c) c(a+ D)

> 2
b2+bc+c?  a?+ac+c®  a?+ab+b%
Loi giai. Ap dung bat déng thic Cauchy - Schwarz, ta c6
a(b+c) bla+c) cla+b) a? N b? N c?
+be+c a®+ac+c? al+ab+ b2 a®+d—am bla+c)— 2 cla+b)— 2L
b+c
(a+0b+c)?
= abc abc abc *
2(ab+ bc + ca) —

b+c_c+a_a+b

Nhu vay, dé két thic ching minh, ta can chi ra ring

1 1 1
+ +
a+b b+c a-+c

(a+b+c)* > 4(ab+ be + ca) — 2abe.( ),

hay
1 1

b+b+c+a+c

1
a2—|—62—1—02+2abc.(a+ ) > 2(ab+ be + ca).

. 1 1 1 9
Ap dung danh gia co ban — + -+ - > ———— ta co
T Yy z Tt+yt+z
1 1 9ab
a® 4+ b* + 2 + 2abe.( + + )2a2+b2+CQ+L.
a+b b+c a+c a+b+c

Cong viéc cudi cuing chi can chiing minh

9abce

a?+ b+ ——
a+b+c

> 2(ab + be + ca),

hay a® + b% + ¢* + 3abc > ab(a + b) + be(b+ ¢) + ca(c + a). Tuy nhién danh gia nay dang theo bat
ding thiic Schur bac ba nén bat ding thiic ban dau duge chitng minh xong.

Bai toan két thuc.O

2.17| Cho a, b, ¢ 1a cac s6 thic duong thod man a? + b? + ¢ = 1. Chitng minh ring:
a b c S 3v3

bQ+02+a2+02 a?+b — 2

Loi giai. St dung gia thiét, ta co

a b c a b c

b2+02+a2+62+a2—|—62_ 1—a2+1—62+1—02'

Dé ¥ riang ta c6 danh gia

a 3v3 ,  alav3+2)(av3 —1)? -0
— —q° =
1—a? 2 2(1 — a?) -
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— a 3V3
do vay [ 2 > —a . Thiét lap hai danh gia tuong tu va cong lai, ta duge
a b c 3V3, 5 o
>
1—a2+1—b2+1—02 2 — (a® 4+ b + ),
do vay

a b c 3v/3

>
bz+02+a2+02+a2+b2 - 2

Phép chiing minh hoan tat.O

2.18| Cho z,y, z 1a cac s6 thuc duong thay doi bat ki. Chitng minh rang:
3
VEFTFE < Vi, VR ) 3V3

+ 2z x—l—z x—l—y 2

Loi giai. Bat dang thitc can ching minh mang tinh thuan nhét, do dé ta chuan héa z+y+ 2 = 1.
Dong thoi, ta ddt a = /z,b = \/y, ¢ = /2. Nhu vay ta can ching minh
a b c 3v3

>
1—a2+1—b2+1—c2_ 2

Tuy nhien day 1a mot két qua da duge ching minh ¢ bai [2.17]. O

2.19| Cho a,b, c 1a cac s6 thyc khong am thod man khong c6 bat ki hai s6 ndo dong thoi

bang 0. Chitng minh réng:
a? N v N o - 1
(2a® + ) (2a®> + ) (22 +a?)(22 + %) (22 +a®)(22+ V) T a+b+c

Loi giai. Ap dung bat déng thitc Cauchy-Schwartz, ta c6

(2a* + b*)(2a* + *) = (a® + a® + b*)(a® + * + a?) > (a* + ab+ ac)® = a*(a + b+ ¢)*

(13

(2a% 4+ b?)(2a? + ¢?)

Nhu vay < 5 Thiét lap hai danh gia tuong tu réi cong lai, ta duge

(a+b+c)
a® b3 ? at+b+c 1

(2a% + b?)(2a2 + ?) * (262 + a?) (20 + ¢?) * (2c2+a?)(2¢2 +b%) ~ (a+b+c)? T atbtc

IN

Phép chitng minh hoan tat.O

2.20 | Cho a, b, c 1 céc s6 thyc khong am thay doi bat ki. Chitng minh rang:
a2+62+b2+02 02+a2<3(a2+62+02)
a+b b+tc c+a —  a+b+c

Lai giai. Day bat dang thic sau tuong duong véi bat ding thic can chiing minh

cla®>+b*) a(b®*+c2)  b(c*+ a?)
+ +
a+b b+c c+a
c[(a+b)?—2ab] a[(b+c)? —2bc] = b[(c+ a)* — 2ca))
+ +
a+b b+c ct+a

2(a® +b* + *) + <3(a® + b+ ),

<a® 4 b+,

1 1 1
2ab + 2bc + 2ca < a® + b + 2 + 2abe + + )
a+b b4+c a+c
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Danh gia cudi cung la mot két qua da duge chitng minh & bai [2.16], do vay ta két thic chimng
minh.O

2.21| Cho z,y, 2 1a cac sd thiyc duong thod man x + y + 2 = 1. Chiing minh rang:
Ty Yz Tz

1+Z+1+x+1+y

1
< =
4

Loi giai. Cha ¥ rang
Ty Ty

I+z  (z+2)+(y+2)

va theo mot danh gia quen thuodc thi

4 1 1
< + ,
(x4+2)+y+2) " z+z y+=z

1 . R
do vay Y < - i + il . Thiet lap hai danh gia tuong tu roi cong lai, ta dugc
1+2 " 4\z+2 y+=z
xy L Yz n xrz <1 a:y+yz+yz+zx+zx+xy :x+y+z
1+2z 142z 14y~ 4\ z+=z Tty Y+ z 4 ’

tir day ta thu dugc bat dang thic can ching minh.

Bai toan két thic.O

2.22| Cho a, b, c 1 cac s6 thyc duong thay doi bat ki. Chitng minh ring:

b
(G+-+ ) a+b+0) 233+ P+ )

Loi giai. Ap dung bat déng thitc Cauchy-Schwartz, ta c6

2
g+l_) E>(a+b—l—c)7
b ¢ a  ab+bc+ ca
b b 3 - X .
do vay (g—i-——i—f)(a—i-b—i-c)ZM.NhUVay, dé két thiic ching minh, ta can chi ra ring
b ¢ a ab+ be + ca

(a+b+c)® > 3(ab+ be + ca)y/3(a% + b2 + c2),

hay (a+b+c)® > 27(a® +b* 4 ¢?)(ab+ bc + ca)?. Tuy nhién day 1a mot déanh gia ding vi theo bat
dang thitc AM-GM, ta c6

(a+b+c) = [(a* + b+ ) + (ab+ be + ca) + (ab + be + ca)]* > 27(a* + b* + ¢*)(ab + be + ca)?,
do vay bat dang thiic ban dau duge chiing minh xong.

Bai toan két thuc.O

2.23 | Cho a, b, c 1a cac s6 thyc duong thay doi bat ki. Chiing minh ring:
2 2 2
%+—+C—+a+b+022\/3(a2+b2+02>

c__a

Lai giai. Ap dung bat déng thic AM-GM ta dugc

2 B2 2 2 2 2
CL—+—+C—+a+b+c22\/(a—+—+C—)(a+b+c).
b c a b c a
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Nhu vay, dé két thic ching minh, ta can chi ra ring

a? v P
(?+?+3)(a+b+0) > 3(a* + b+ ).

That vay, ap dung bat dang thitc Cauchy-Schwartz, ta c6
2 22 (2442

a c
— = :
b c a — a?b+ b%c+ cta

Cong viéc cudi cung chi can chitng minh
(a+b+c)(a®+ b+ %) > 3(a’b+ b°c + c*a),

hay (a® 4 ab?) + (b + bc?) + (c® + ca?) > 2(a®b + b?c + c*a). Tuy nhién day la mot danh gia dung
theo bat dang thitc AM-GM, do vay bat dang thiic ban dau duge ching minh.

Bai toan két thic.O

2.24| Cho a, b, ¢ 1a cac s6 thyce duong thuoce khoang (0, 1) thod méan ab + be + ca = 1. Chiing
minh rang:
a® + b? n b? + 2 n 2+ a?
I—A1—0) 1-P0-7) (-0

9
> 2
-2

Loi giai. Bat dang thic ban dau tuong duong véi mdi bat dang thic trong day sau

a® + b? 1
Z{u—a?)(l—b?)*é =0

(1+a®)(1+0?)
P T

Dé ¥ ring ta co
(1= @)1~ )~ (1 - b = —(a— )",
do vay (1 —a?)(1 —b?) < (1 — ab)®. Mt khac, theo bat dang thitc Cauchy - Schwarz, ta c6

(1+a®)(1+b%) > (14 ab)?

do vay ta suy ra
(1+a?)(1+0?) S (1+ ab)?
(1—a?)(1-0%) = (1 —ab)?

Dén day ta thiét lap hai danh gia tuong tu va cong lai dé c6

(1+a®)(1+0?) (1 + ab)?
> I—a)(1-p) = > (1= ab?

Ta ap dung tiép bat ding thitc AM-GM dé suy ra

(1+a*)(1+0?%) o/ T(1 4 ab)(1+be)(1 + ca)]?
I ey 23\/{(1—@)(1—19@)(1—@@)} '

Do vay, dé két thic ching minh, ta can chi ra ring
(14 ab)(1+be)(1+ ca) > 8(1 —ab)(1 —be)(1 — ca).
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Diat x = ab,y = be, z = ca. Khi d6 z,y,2 > 0; v +y + 2z = 1 va ta can ching minh

(1+2)(1+y)(1+2) 28(1—=z)(1-y)(1-2),
tuong duong
Iryz > T(xy + yz + zx) — 2.
Theo mot két qua da duge chiing minh & bai [2.35], ta ¢6

9
E S 2(xy + yz + zx),

Py ——>
rT+y+=z

tit d6 stt dung gid thiét x +y + z = 1 dé suy ra 9zyz > 4(zvy + yz + zx) — 1. Cong viec cudi cling
la chiing minh
4y +yz+z2x) — 1> 7oy +yz + 20) — 2,

1
hay zy + yz + zx < 3 Tuy nhién day la mot danh gia ding vi

2
1

do vay bat dang thiic ban dau dugc chitng minh xong.

Bai toan két thic.O

2.25| Cho a, b, ¢ 1 céac s6 thyc duong thay doi bat ki. Ching minh rang:
VI+ a3+ B+ V1+ B3+ +V1+ad+3 > Y27T+2(a+b+c)3

Loi giai. Ap dung bat déng thic Holder, ta c6
1+a*+ )27+ (a+b+c)*+ (a+b+¢)’)* > [9+ala+b+c)® +bla+b+ ),

tr do ta suy ra

V1+a3+0.3/27+2(a+b+c)32> 9+ (a+b)(a+b+c)

Thiét lap hai bat ddng thic tuong tu va cong lai, ta duge

VR2T+2(a+b+c)PP(WVI+ a3+ B +VI+ B+ +VI+ad+¢3)>27+2(a+b+c),
tit d6 ta thu dugc bat dang thic can ching minh.
Bai toan két thic.O

Nhan xét. Bat ding thic tren l1a hé qua truc tiép cia bat ding thic Minkowsky md rong:

V3 + 0P +E+ B+ + B+/B+hm+k3> S (a+d+gP+(b+e+h)3+ (c+ f+Ek)3.

Cach ching minh tuong tu nhu 16i giai ctia bai toan trén.

2.26 | Cho a, b, ¢ 1 cac s6 thyc khong am thay déi bat ki. Chitng minh ring:
be N ca N ab S 2(a* + 0%+ *) + ab+ be + ca
(a+b(a+c) (b+c)b+a) (c+a)c+b) — 2(a®+b>+ ) +2(ab+ be + ca)
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Lai giai. Bat dang thiic can chiing minh tuong duong véi
be ca ab - 2(a* + b* + *) + ab+ be + ca
(a+b)(a+c) (b+c)b+a) (c+a)(c+b) — 2(a? 4+ b+ ¢2) 4+ 2(ab + bc + ca)
Mat khac, dé ¥ rang ta c6 cac dang thic sau:
bc ca ab 2abc

L= (@+b)atec) (G+ob+a) (cta)ctb) (a+b)(b+c)ct+a)

2(a®> +b* + )+ ab+ be + ca ab+ be + ca

2(a2 + b2+ c2) +2(ab+bc+ca)  (a+b)2+ (b+c)? + (c+a)?’

do d6 ta can chitng minh

2abc < ab + be + ca
(a+0)(b+c)ct+a) = (a+b)2+(b+c)?+ (c+a)?

hay
2(a+0b) 2(b+c) 2(c+a) <1 1 1

cta)c+d) @tbdate brobra) a b e

Dé ¥ ring
1 2a+0b)  (c—a)(c—0b)

¢ (c+a)c+b)  cle+a)(c+b)

do dé bat dang thiic can chitng minh tuong duong véi

(a —b)(a—c) (b—a)(b—c) (c—a)(c—b) >0
ala+b)a+c) bb+a)(b+c) clet+a)(c+b) —

Tuy nhién danh giad nay ding theo bat dang thiic Vornicu - Schur, do vay bat dang thitc ban dau
dugc chiing minh xong.

Bai toan két thuc.O

2.27| Cho a, b, c 1a cac s6 thuc duong thod man abc = 1. Chitng minh rang:
b+b
V22 T be+ VPt ac+ V2E 1 ab < L\/C;C“ VVa+ Vit e

1 1 R
3 z=—. Khido6 z,y,z > 0 va xyz = 1. Dong thdi ta ciing c6
c

2 1 2 2
Ve o 24 Lyt
T Yz T

va ab + bc + ca = z + y + 2. Theo d6, bat déng thiic can ching minh tré thanh

J2yz+ 22 (rty+2) |1 1 1
2V 2 \/WW%’
4 2yz + x? x—i—y—i—z) 1
(=i ) (5

1
Loi giai. Dat x = —,y =
—_— a

hay

)

/-
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Ap dung bat dang thie Holder, ta c6

4
1 2 o 2yz + 2?
3(2yz—|—x2+2zx+y2+2xy+22)(——1——+—> > \— ] -
VEVIVE 2 z

Nhu vay, dé két thic chiing minh, ta can chi ra ring

4

3(2yz + 2% + 22+ + 20y + 22) < W,

hay x + y + z > 3. Tuy nhién day 14 mot danh gia ding vi theo bat dang thitc AM-GM
T+Yy+z2>3Vryz =3,

do vay bat dang thiic ban dau duge chitng minh xong.

Bai toan két thuc.O

2.28 | Cho a, b, c 1a cac s6 thuc khong am doi mot phan biet. Ching minh rang:

1 1 1
(ab + bc + ca) + + >4

(@a=b) (b=c)? (c=a)

L&i giai. Bat ding thitc ban dau mang tinh déi xing gitta cac bién, do d6 khong mat tinh tong

quat, tagiasta>b>c>0. Khidétadiata—b=z;b—c=y. T day tasuy ra z,y > 0 va
ab+bc+ca>ab=(c+y)lc+z+y) >ylx+y).
Dong thoi, cling tit phép dit trén, ta co

R S S
(@=0? (b—c? (c—a)p 2 ¢ (z+y)*

Nhu vay, ta dua bai toan vé viéc chitng minh

1 1
T+ -+ ——| >4
u(w+y) ¥ (z+y)?] T
hay
y@jw+§+ Y54

x Yy oty

bat ¢t = ¥ Khidot> 0 vatacin chiing minh
)
t+1 1
12 t+1

Sau khi bién déi tuong duong, ta thu duge mot danh gia hién nhién ding
t*—t—1)*>0,

do vay bat dang thic ban dau duge chiing minh xong.

Bai toan két thic.O
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2.29 | Cho a, b, c 1a cac s6 thiyic duong thdéa man abc = 1. Chiing minh rang:

b
%+—+E+3Zab+bc+ca+a+b+c
C a

Loi gidi. Do abc = 1 nén ton tai cac sb6 thic duong z,y, z sao cho

x Y z
a=—, b==c=-—.
Yy z x
Khi dé bat ding thic can chitng minh tré thanh
rz x z x z z
S R D R
Y z x z xr Yy Yy z =z

tuong duong
23 4 P2+ 2B 302y > wyzay(x 4+ y) +yz(y + 2) + zo(z 4 ).
Tuy nhién day 1a mot hé qua truc tiép ctia bat dang thic Schur bac 3:
m? +n® 4+ p* 4+ 3mnp > mn(m + n) + np(n + p) + pm(p +m),

§ day m = xy,n = yz va p = zz. Do vay bat dang thic ban dau dude chiing minh xong.

Bai toan két thuc.O

2.30| Cho a, b, c > 0. Chting minh rang:
a+b 1
< —
)3 ab+ % — 2 a
Lai giai.
Bat ding thtc da cho tuong duong véi:
1 a+b (a—c)b—c) (b—a)(c—a) (a—"0b)(c—10)
. 2 a Zlab + 2 izbc +a3 + abc + a3 + abc+ b3
th — 5 — _— = —_—
4 abe+ad Uabetr? Dabetr

Bét dang thitc duge dua vé dang Vornicu Schur:
z(a—c)(b—c)+yb—a)(c—a)+ z(a—b)(c—Db) > 0(x)

Gia st a > b > ¢, thé thi abc + ¢ < abe + b3.
1 1

>
abc + 3 — abe + b3
hay z >y

Mic khac, theo diéu gid st thib>c, dodéa—b<a—c.
Két hop véi z >y > 0, suy ra z(a — ¢) > y(a — b).
Viét lai bat dang thitc (x) nhu sau:
z(a—b)(b—c)+ (b—c)z(a—c)—yla—b)] >0
Bét ding thic nay ding theo cac diéu gia st

Suy ra

Phép chiing minh hoan tat. Dau bang xay ra khi a = b = .0

12.31] Cho z,y, z la céc s6 thuc théa man z? + y? + 22 = 1. Tim max cila biéu thrc:
P=a%+19*+ 2% — 3uyz

Lai giai. Taco: P=2+ 12 + 23 = 3oyz = (x +y + 2) (2> + y* + 22 — 2y — yz — z7).

Suy ra P2 = (z +y+ 2)*(2? + y* + 22 — 2y — yz — zx)?

Ap dung bat ding thic AM-GM cho 3 sé khong am:
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PP=(z+y+2)?2(2®+y*+ 2% — 2y — yz — 21)*
=@x+y+22(2?+y*+2°2 —zy—yz—z2x) (@ +y* + 2% — 2y —yz — 27)
(J:+y+z)2+(:v2+y2+22—xy—yz—zx)—i—(x2+y2+22—xy—yz—zx)r

3
= (2% + y* + 2?)® = 1 (theo gia thiét)

<

Suy ra P < 1.
Vay mazP =1 (x+y+2)? =2*+y* +22—zy—yz— 20 & 2 =1,y = 2 = 0 va cdc hoan vi.O
2.32| Cho a,b,c > 0. Chting minh rang:
a? b? c? a? b? c
+— 4 > ot
b+c a+c a+b " a+b b+c c+a

2

Loi giai.
Cach 1
Ta co:
a’ —b?
2 2 22 P =a—b+b—c+c—a=0
2a a+b
S =
uyraZa-'-b Z a+b
Khi d6 ta can chiing minh:
2¢? a? + b?
>
Za—irb_Z a+b

Bat ding thiic nay tuong duong véi:
2c¢% — a% — b?

- >0
2 a+b -
hay
? a? a? ?
— — >0
2 (a+b a+b+b+c b+c> -
hay
(c—aflcra)
> 0 (dan
. Z(a—i—b)(b—f—c) = 0 (ding)
Phép chitng minh hoan tat. Dang thiic xay ra khi va chi khia =b=c
Cach 2

Bat ding thtc da cho tuong duong véi:

Za2(1 1)20

b+c_a+c

hay
(a®(a® — ) + b*(V* — a®) + A(* = b*) >0
hay

1
Sl B2 (6 — )2+ (¢~ a?)?] 2 0 (diimg)
Phép chiitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢.O
2.34| Cho z,y,z > 0. Chiing minh réng:
a?+bc  W+ac AE+ab” 3
+ + >3
(b+c)? (a+¢)? (a+Db 2

Loi giai.
Bét déng thic da cho tuong duong véi:
a’+bc 1
@arbe sy
2 {(b + ¢)? 2} -

hay
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2a% — b? — 2
— >0
2 (b+c¢)? —
Gidsta>b>c.
Khi d6 ta c6 hai day cuing chiéu:

202 -0V -2 > —a? -2 >2% —a? -1

1 S 1 S 1
(b+c)* ~ (a+c)* ~ (a+0b)?
Ap dung béat dang thic Chebychep cho hai day trén:
1 1
2a% — b? — ). > 2a% — b? — ?)]. —— | =0. =0
I [l -~ )] 2 12 -0 - ) [S ] <o |2 g

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O

2.35| Cho a,b > 0. Chitng minh rang:
(a* +b*)(a+b)* + (ab+ 1)* > 2(a + b)*

Lot giai.
Dé y ring a® + b® = (a + b)? — 2ab.
Dat a®> +bv* =z,ab=vy
Bét dang thic can chiing minh tuong duong véi:

z(z+2y) + (y+1)* > 2(x + 2y)
Khai trién va rat gon, ta dugc:

22+ +1—20—2y+ 22y >0
hay

(v +y—1)* > 0 (ding)

Phép chiing minh hoan tat. Dang thitc xdy ra khi v chi khi a®> + b® + ab = 1 (chang han

1
a 3)
2.36 | Cho a, b, c € R. Chiing minh réng:
a’ — b3 n b - n A —a? S 9
(a=b)? (b—=c?P (c—a)® 4

Loi giai.
Bat ding thtc can ching minh tuong duong véi:
a?+b*+ab _ 9

b e
2 (a—0b)2 — 4
Nhan thay rang:
1 2 3 2 3 b2
a2+ab+b2:z(a+b) +Z(a—b) Z_l(a_ ) :§
(a —b)? (a —b)? (a—0b)> 4

Thuc hién tuong tu cho hai bat déng thic con lai.
Phép chiing minh hoan tat. Dang thic x4y ra khi va chi khi @ + b4 ¢ = 0.0

12.37] Cho a,b > 0. Chitng minh ring;
1 1 4 32(a® + v?)
ﬁ—Fﬁ a?+ b~ (a+0b)*
Lai giai.
Stt dung bat dang thitc AM-GM cho hai s6 duong:
1,1, 4 _a? 40 4 >2\/a2—|—b2 4 4
a? b a2+ b2 a’b? a’?+ 0~ a?b? a?+b*  ab
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Ta sé chiing minh:

hay
8ab(a* +v?) < (a + b)*
Ap dung bat ding thitc 4oy < (z 4 y)2:
8ab(a® + b?) = 4.2ab.a> + b*) < (a® + b + 2ab)* = (a + b)*
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = 0.0
12.38] Cho a,b > 0 théa man a? + b + ¢ + abc = 4. Chitng minh ring;
a+b+c<3

Loi giai.
Cach 1:
Theo nguyén 1i Dirichlet, trong ba sb a, b, ¢ at sé c6 hai s6 cting phia véi 1 trén truc s6. Gia sit hai
s6 d6 1a a va b. Thé thi:
(a—1)(b—1)>0

hay

ab>a+b—1
Mait khéc, theo gia thiét va bat ding thitc AM-GM cho hai s6 duong:

4 —c? =a®+b*+ abe > 2ab + abc = ab(2 + ¢)
hay
(2—¢)(24+¢c) > ab(2+c¢)
hay
2—c>ab
Két hop véi bat dang thiic ab > a + b — 1 (chiing minh trén), suy ra:
2—c>ab>a+b—-1
hay
a+b+c<3

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khia=b=c=1
Cach 2:

Dat a = 2z b= 2y c= 22
S' Vea+y) @+ Jy+a)w+r) ety (z+a)
uy ra:

a+b+c= 22y T2

| Ve +y) (y+2)(z+a)
Vi thé bat dang thiic a + b + ¢ < 3 sé tuong duong vdi:

220y + 2 <3/ (v +y)(y +2)(z + )
Day chinh la bat dang thiic Schur véi cac bién y + 2,y + 7,z + =.
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b= ¢ = 1.0
Cach 3:
Gia sl ton tai mot s6 (cho s6 d6 1a a) trong ba s6 a, b, ¢ 16n hon 2. Khi d6, vi a, b, ¢ duong nén:
A+ 0+ +abc=4>4+b+c+abc >4 (vo i)

Do d6 a, b, c € (0;2]
Tu gia thiét suy ra:
2,2 b2e2
a2+abc+T:4—l—T—b2—02

o8



®
Xuctu.com
hay
be\?  (4—1)(4— )
(g -
Do b, ¢ < 2 nén suy ra:
4—1*)(4—c? b
a+b+c:\/( ) C>——C+b+c
4 2
Ap dung bat ding thic AM-GM, ta c6:
1 2 2
4_62 4 — 2 b —(4—b +4—c)—bc
V( {f (ﬁ—~§+b+c§2 5 +b+c

2
:3—(%—1) <3

Phép chiitng minh hoan tat. Dang thitc x4y ra khi vi chi khi a = b= c = 1.0
Nhan xét:

P N 3 9
Bat dang thic a + b + ¢ < 3 ciing diang véi diéu kien a® + b? + ¢ + §abc =3

2.39| Cho z,y,z > 0. Chiing minh réng:
1 n 1 n 1 S 36
x Yy oz 94 2%y + y?2? 4 222

Loi giai.
Dit 2y = a,yz = b, 2z = ¢, bat dang thic tréd thanh:
(a4 b+ c)(a®+b* + 2 +9) > 36vabe
Ap dung bat ding thic AM-GM:
a+ b+ c > 3vabe = 3 ¥/(abc)*
@0 4 49 > 33/(abe +9 = 33/(abe)? +3 + 343 > 44/3{/(abo)2.3.3.3 = 12 /(abe)?
Nhan vé theo vé hai bat dang thic trén:
(a+b+c)(a®+ b+ +9) > 3Vabe.12 {/(abe)? = 36.4/ abe
Phép chiing minh hoan tat. Dang thitc x4y ra khi va chi khi a = b= c = 1.0

2.40| Cho a,b,c > 0 théa man a* + b* + ¢* = 3. Chitng minh ring:
4 4 4
—— 41— +1)|=——+1) >3 b 2
(a2+b2+ ) (b2+c2+ ) <02—|—a2+ > Z 3a+b+c)
Loi giai.

Ap dung béat déng thic Holder:

SIS A S WA S 61 Y
a? +b? b + 2 4 a? AV (@ + ) (12 + 2)(c2 + a?)

Ap dung bat ding thitc AM-GM va bat ding thitc 3(22 4+ 32 + 22) > (z +y + 2)%

64 3 12 3
(%aubz)(bu&)(c? ra) 1) - [2<a2+bz )" 1] =27 =9(a? + 1 + ) = 3(a+ b+ 0)?

. ) 1
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khia =b=c= \/;.D

3.3 Bai 3.1 dén bai 3.40

3.1| Cho a,b,c,z,y,z > 0 théa man = + y + z = 1. Chitng minh réang:
azx + by + cz + 2/ (xy + yz + zx)(ab+ bc + ca) <a+b+c

Lai gidi.
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Ap dung bat ding thic Cauchy-Schwarz:
ax + by + cz + 24/ (xvy + yz + 2z)(ab+ be + ca) < /> a2 Y a2+ /2> xy.2Y ab
<V(XZ @2 ab)( 2% +2) ay)

=a+b+c(dorx+y+z=1)

c 1 a+b+c

. , b
Phép chiing minh hoan tat. Dang thitc xay ra khi va chi khi G2t = =
r y 2 a+b+c xz+y+=z
a+b+chaya+b+c=1. O
3.2| Cho a,b,c > 0 théa man a® + b 4 ¢ = 3. Tim gia tri 16n nhat cia:

P = a*bv* + b*c* + ot

Loi giai.
Ta chitng minh gia tri 16n nhat ctia biéu thic la 3.
Dita®* =2,0> =y, =2, suyraz +y+2z=3.
Ap dung AM-GM
3a*t* < a3 (a® +0° + 1)
Khi dé, ta chi can chitng minh:
ryle+y+ D) +yzly+z+ 1) +zz(z+2+1) <9

Dua vé dang dong bac, ta can chiing minh

3y wylw+y)+ (@ +y+2)(ay+yztza) < (r+y+z)
Sau khi khai trién, bat dédng thtc tré thanh:

34y + 2% + 3aeyz > > wy(z + y)
Diing theo bat déng thiic Schur.
Phép chitng minh hoan tat. Dang thitc x4y ra khi v chi khia = b = ¢ = 1.0
13.3| Cho a,b,c > 0 théa man a? + b + ¢ = 1. Tim gi4 tri nhé nhat cia:
a’ b o
P= + +

b+c c+a a+d

Lot giai.
Cach 1:
Gidsta>b>c.
Ta sé c6 hai day cung chiéu:

a’? > b >

1 1 1

b+c = a+c = a+b
Ap dung 1an lugt bat cac bat ding thic Chebychep, gid thiét a® + b2 + 2 = 1 va bat ding thic
Zi > i, ta co:

Y
a? b? c? 1 1 1 1 3
p= S >
b+c+c~|—a+a+b_3(a+ +C)<b+c+c+a+a+b)_2(a~|—b+c)

Lai theo bat ding thiic:
3=3@*+b*+c*) > (a+b+c)?

Suy ra:
a+b+c<3
Do dé:
>L>£
~2(a+b+c) T 2
Vaymszﬁ(:)a:b:c:i.
2 V3
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Cach 2:
Ap dung bat déng thu’c Cauchy—Schwarz va gla thiét:
> a? _y a’ - (a® + b + ¢?)? _ 1
b+c a’(b+c) ~ a?(b+c)+0?(c+a)+c2a+0b) a(b?+c2)+b(c?+a?)+ c(a® + b?)

Mat khéc, theo bat dang thic AM-GM:

1 1 (2a%+ 20> +2¢2\° 2
Za(b2—|—02):Z\/§.2a2(b2+62)(bz+02)§3\/§( a“ + ; + c) :ﬁ
Suy ra:
1
P2 =%
(%)
1
Vayminpzﬁﬁa:b:c:—.lﬂ
2 V3
3.4| Cho a,b,c > 0. Chitng minh rang:
1 1 1 3
+ + > 5 3
alb+a)  blc+1) clc+a) ™ abe.(1+ Vabe)
Loi giai.
Cach 1:
Nhan vé trai véi abc + 1, ta co:
1 1 1 be 1 b(1+c¢) l+a
— = _1
abra) Ther) T et a) Z{Hb*a(ub)] Z{ 45 " a(l+0)

b(1+c) 1+a
_ 3=
50 "= airn)

=2
Ap dung bat ding thic AM-GM:
. 3€/abc(1 ta)1+D)(1+e) 3\3/ (1+a)(1+b)(1+c)
- (1+a)(1+0)(1+c¢) abc(1+a)(1+b)(1+¢)
(Vabe)?2 — Vabe+1  3(abe+1)
Vabe ~ Vabe(Vabe + 1)
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O
Cach 2:
Theo bat déng thiic Holder thi:
(1+a)(1+b)(1+c) > (1+ Vabe)?
Ap dung bat ding thitc (z 4+ y + 2)? > 3(zy + yz + zz) va bat déng thic tréen:
1 ):3(a+b+c+ab+bc+ca)

1 2
{Z a(bJrl)} = (Z ab(1+b)(1+¢) abc(1+b)(1+¢)(1+a)
3 3(abc + 1) 3 3(abc+ 1)
)

=3

- = > 2
abc  abe(l+a)(1+b)(1+c) = abe  abe(l + abe)?
)

B 33\/ab c(1+ Vabe) 9
abe(1 + abe)? Va2b2c2(1 + vabc)?

1 1 1 3
a(b+a) - b(c+1) N c(c+a) = Vabe.(1 + vabe)
Phép chitng minh hoan tat. Dang thiic xay ra khi va chi khi a = b = ¢.O
Cach 3:
Dat abc = k. Thé thi luon ton tai x,y, 2z > 0 sao cho a =

Khai can hai vé, suy ra:

—,b:@,c:kﬁ.
T Y z

Khi d6 bat ding thic can chitng minh tuong duong véi:
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1 1 1 3

+ 4 >
- >
I PR Y ) R () WAL
r \ Yy y \ 2 2 \ 7w
x Y z 3
>
Uth:  atkr miky o ktl

Theo bat dang thitc Cauchy-Schwarz va bat dang thic (x +y + 2)? > 3(ay + yz + 22):
T y 2 (x+y+2)? (z+y+2)? .3

hay

+ + >
y+kz z4+kr x+ky  x(y+kz)+ylz+kr)+z2(e+ky)  (B+1)(xy+yz+zz) T k+1
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O

3.5| Cho a,b,c > 0 théa man a + b + ¢ = 3. Chitng minh ring:
1 1 1 3
+ + < -
24+a?+b02 2402+ 24240 " 4
Loi giai.
Gidsta>b>c.
Truong hop 1: a® + b2 < 6
Bét dang thic can chiing minh tuong duong véi:
3 a’ +b? S 3
a? J(r b2 + % — 2
a+b) 3
& > 2
- (a+b)2+ 200407 2
. a? + b2
Theo bat dang thitc Cauchy-Schwarz :
2 2
2 (a+§2a+b)2 = 4<a+b+;)(a+b)2
@HOP Y e 2O R e

Nhu vay ta chi can chiing minh:

(@b + (bt e+ (cta) + 2(a+b)*  2(b+c)*  2(c+a)?

a? + b? b? + 2 c? + a?

<24

Ta lai c6:
12—Z(a+b)2:%(a+b+c)2—2(a+b)2:%Z(a—b)Q

R 2(a + b)? 2(a —b)?
va o 12-2 a? + b? =2 a? + b?
Nén bat dang thic tuong duong véi:

6

> (a— 5)2(m —1) > 0 (ding)
Trusng hgp 2: a® + b? > 6.
Khi dé ta co:

1 1
- <=
a?+0b24+2 8
X 1 . 1 S RS WS T <1+1(\0<b2<6)
va — — 1
P42 P+ +2 - @+2 BR+2-8—-0 p+2-8 27
Khi d6 - :
- <3
Za2+b2+2—4

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O

3.6| Cho a,b,c > 0 théa man ab + bc + ca = 3. Chitng minh ring:
1 1 1 3
> 2
a2—|—1+bz—|—1+02+1 —2

Lai gidi.
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Gidsta>b>c.
Suy ra:
ab>1
Suy ra:
(@ —b)*(ab—1) >0
hay

1 n 1 S 2
1+a2 14062 " 1+ab

Vay ta can chiing minh:
2 1 3

> 2
1+ab+1+c2 -2

Bat ding thtc nay tuong duong véi:

3—ab S 2c2
ab+1 — 2+1
hay
® 4+ 3 — ab > 3abc?
hay
c® + ca + be > 3abc?
hay

a+b+c> 3abc
Diéu nay dung vi:
(a+b+c)?>3(ab+ bc+ ca) =9

ab + be + ca > 33/ (abc)?

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khia =b=c= 1.0

hay a +b+c¢ > 3 > 3abc

3.7| Cho a, b, c > 0 théa man ab + be + ca = 3. Chiing minh rang:
1 L 1 n 1 a+b+c
2abc + ab?® ~ 2abc 4+ b~ 2abe + ca? — 3
Loi giai.
Nhan abe cho 2 vé ctia bat déang thiic, ta can ching minh:
ca ab be abc(a+ b+ c)
+ + >
2ca+ba  2ab+cb  2bc+ ac 3
bat bc = z,ca =y,ab=z,suyrax +y+ z = 3, bat déing thic tré thanh:
n z n acy +yz + zx
2u+z 22+x 27+ y 3

Dat 22 + 9% + 22 =m, 2y +yz + 22 = n, suy ra m + 2n = 9.
Ap dung bat ding thic Cauchy-Schwarz:
y 2 x (x+y+2)°
+ + >
20+2z 2z+x 24y 2m +n
Vi vay ta can chiing minh:

(z+y+2)°

n
>
2m+n T 3

hay
(m +2n)? > 3n(2m +n) (do m+2n =9)
Hay ttc la
m? + n? > 2mn (dtng theo AM-GM)
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b= c = 1.0
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3.8| Cho a,b, c € R. Chiing minh rang:
20> + ) (1 + A) (A +a*) > (a—b)2*(b—c)*(c — a)?

Lot giai.
Ta c6 hing dang thic sau:
(22 + y?)(m? +n?) = (xm + yn)? + (xzn — ym)?
Ap dung hing ding thic tren, ta co:
2(a® + ) (b* + )(* +a?) = [(a + )’ + (a — )] [(02 +ab)’ + A(a — b)2]
= [(a+b)(®+ab) + c(a — b)*]* + [e(a — b)(a + b) — (¢ + ab)(a — b))’
= [(a+b)(c +ab) + c(a — b)*]* + (a — b)*(b — ¢)*(c — @)’

> (a—=b)*(b—c)*(c - a)*
Phép chitng minh hoan tat. Dang thiic x4y ra khi va chi khi (a + b)(c? + ab) = —c(a — b)2.0

3.9| Cho a,b,c > 0. Chitng minh rang:
a®b bic Aa abc(a+b+c)
+ + >
14+ab?>  14bc% 1+ ca? 1+ abc

Loi giai.
Ap dung bat ding thic Cauchy-Schwarz:
a®b 1+ ab?

: > b+ c)?
Z1+al)2Z ab Z(at+btoe)
hay
asb abc + 1
: > 2
21+ab2( . )(a+b+c)_(a+b+c)
hay
a®b N bic Aa >abc(a+b+c)
14ab?>  14+bc2 1+4ca® — 1+ abc

Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢.O
3.10| Cho a, b, c € [0;2] thda man a + b + ¢ = 3. Chitng minh rang:
A=a*+0+2 <9

Loi giai.
Cach 1
Ta c6 dang thic sau:
A=+ +c =(a+b+c) —3a+b)(b+c)c+a)

=27-3383-a)(3-0b)(3—¢)

= 27 — 9(ab + bc + ca) + 3abe
Mit khéc, do a,b,c € [0;2] nén (2 —a)(2 —b)(2 — ¢) > 0, hay:

8 —4(a+b+c)+ 2(ab+ bc+ ca) —abe > 0

Suy ra:
2(ab+bc+ca) —abe > 4(a+b+c¢) —8=4
Suy ra:
—9(ab + be+ ca) < %gabc — 18
Do do:

9 3
A <27 — §abc— 18 + 3abc =9 — §abc <9 (do a,b,c>0)
Phép chitng minh hoan tat. Dang thiic x4y ra khi va chi khi a = 2,b = 1,¢ = 0 va cac hoan vi.
Cach 2

Gia st a = maz {a;b; c}
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Suy ra3=a+b+c<3a, hay a € [1;2], hay (a —1)(a —2) <0
Ta co:

A=ad*+b +¢°
<a®+3be(b+c)+ b+
a®+ (b+c)?
=a*+ (3 —a)?
=(a—1)(a—2)+9<9
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = 2,0 = 1,¢ = 0 v& céc hoan vi.O

3.11| Cho day s6 duong a,, . Chiing minh réng:
1 2

n 1
+ ...+ <4(—+....—|——)
a1 a1 + as a+as+ ... +a, a1 Ay

Loi giai.
Theo bat dang thitc Cauchy-Schwarz:
12 22 2 (1+2+ .. +1)?
—+—+ .. t—=2>
ay as a; ay +ag + ... +aqy
Thé lan lugt ¢ = 1,2,3,...,n roi cong vé theo vé:
D o e A R ST A
- =1 (1—|—2++Z)2 aq (05} a; N i=1 Z'ai -
Trong do:
_ i n i+1 n
24+ 424+ G+ T (1424 .+ n)?
_ 4 7 n t+1 P n
O LEG+HDR (G DE+2)R T (e 4+ D)2
—4 L
ST liE+1D)2 T n(n+1)2
YRS S T U B S
o li+1\d i+1) T n4+1\n n+l
1
=45 -0)
1
<4.i—2
Do 1,1 1 1,1 1 1
C=-(-- et —(—— >0
z(i i+1) n(n n+1)+(n+1)2
Suy ra:
B4 <4
Suy ra:
i a;
Suy ra:
1 1
AT <4(—+ ...+ —)
aq Qp,

Phép chitng minh hoan tat.O

3.12| Cho a, b, c 1a do dai ba canh tam giac. Chitng minh rang:
a® 4+ b* 4+ & — 3abe < [ab(a + b) + be(b+ ¢) + ca(c+ a)]

Loi gii.
Bat ding thtc da cho tuong duong véi:
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a® + 0 + ¢ — 3abe < 2[ab(a + b) + be(b + ¢) + ca(c + a) — 6abc]
hay
(a+b+c)[(a=0b)%*+(b—c)*+ (c—a)?] <4[cla—1b)?*+alb—c)*+blc—a)?
hay

Ba—b—c)b—c)*+Bb—c—a)(c—a)*+ (3c—a—0b)(a—b)*>0 (1)
Khong mat tinh téng quat, gia stt a > b > c.
Xét hai truong hop:

b
e Trudng hop 1: ¢ < %

Bat ding thiic (1) c6 thé bién ddi thanh:
(c+a—=bb—c)P+b+c—a)c—a)*+ (a+b—3c)(b—c)la—c)>0
Bét déng thic nay ding theo diéu gia si.

b
e Trudng hop 2: ¢ > %
a+b _a+c
S b>—>
uy ra 3 3

Bién ddi bat déng thic (1) thanh:
b+c—a)a—Db*+(a+b—c)b—c)*+Bb—c—a)(a—b)(b—c) >0
Bat ding thic nay ciing ding theo diéu gia st.
Phép chitng minh hoan tat. Dang thiic xay ra khi v chi khi @ + b = 3¢ hoic a + ¢ = 3b.0
M Cho a,b,c € R. Chitng minh réng:

2 2
S:a%—F(al;aZ) +m+(a1+agz...+an) <4(a?+ai+..+d?)

Li giai.
Dit ap = Vk —VEk — 1

Theo bat dang thitc Cauchy-Schwarz:

a? 2 a;
2+ 24 +_>(a1+az+ o) > (a1 +ay + -+ ar)?
o Qo Ak
Suy ra:
a + as + ... + ag ZS(QI+Q2+"+O"“) a_%jLa—%—i—...—l—a—z
Suy ra:
a2
S<ZZ:1(Ck_k)
B nek 01 F Qg+ ..+ gy
VOl ¢ = Zizo (/{: + i)2
Suy ra:
VEFT 1 L !
Ck:\/g_+ + .. —I—@: + +"'+—
B2 (k+1)2 W (k+1DVE+] v
Ta lai c6:
1 / /K
< k:—i—
2V k 1
vk \/k:+ +\/k——
2
va
1 1
k—=)(k+=)<k
=D E D
Suy ra:
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1 1 1
<2
kvVk 1 1
k— = k+ =
\/ 2 \/+2
Suy ra:
1 2
cp < 2 1— ] < 7
k—— - k——
\/ 5 \/n+2
Suy ra:
k. 2 1.2,/k—%:4
«
k oL
Suy ra:

S<4(a?+a3+..+d2)
Phép chitng minh hoan tat.O

3.14| (VMO 2002) Cho a, b, c 1a cac s6 thyc théa man a® + b* + ¢ = 9. Chitng minh rang:
2(a+b+c) —abc <10

Lo giai.

Cach 1:

Theo gia thiét:
lal, [b], ]e] <3
la+b+c| <3V3
labe| < 3v/3

Ta c6 the gid st a,b,c # 0 va a < b < ¢. Xét cac trusng hgp sau:
e ¢ < 0: Thé thi
2(a+b+c) — abe < —abe < 3v/3 < 10
e a<b<0<ec Suyraabc>0.Suy ra
2(a+b+c) <2c¢<6 <10+ abe
hay
2(a+b+c¢) —abc < 10
ea<0<b<ec
Theo bat dang thiic Cauchy-Schwarz:
(20+2c—a)? < (VP +A+a*)[224+ 22+ (-1)?)] =9.9=281
Suy ra:
20+2¢c—a <9
Do doé:
20a+b+c)=2b+2c—a+3a <9+ 3a
Ta can chitng minh:
9+ 3a < abc + 10
hay
) 3a2— 1< abc2
Theo bt ding thiic AM-GM thi be < > ;C _ 9 —2a

Thiic ta phai chiing minh:
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9—a

3a—1<
Bat dang thtc nay tuong duong véi:
(a+1)*(a —2) <0 (ding do a < 0)
el<a<b<c
St dung bat dang thitc Cauchy-Schwarz tuong tu nhu tréen, ta co: 2b+ 2c +a < 9
Ta ciing suy ra dugc:
20a+b+c¢)<9+a
Vay ta can chiing minh:
94+ a <10+ abe
hay
a <1+ abc
V6i a < 1 thi bat déng thiic hién nhién ding.
V6i a > 1 thi ¢ > b > 1. Khi dé bat déng thiic cling ding.
Phép chiing minh hoan tat. Dang thitc x4y ra khi va chi khi b = ¢ = 2,a = —1 va cac hoan vi.
Cach 2:
bat P =2(a+ b+ c¢) — abe.
Suy ra P? = [2(a + b+ ¢) — abc]* = [2(a + b) + 2(2 — ab)]?
St dung bat dang thitc Cauchy-Schwarz:
P2 <[(a+b)?+ )[4+ (2 —ab)? =72 —20ab + (ab)? + 2(ab)?
Dat t = ab. Ta sé chiing minh:
100 > 72 — 20t + t* 4 2t°
hay
(t+2)%(t — 3.5) <0 (%)
Khong mat tinh tong quat, gia st |a| < |b] < |c].
Suy ra:
3le| > 9
Suy ra:
a’?+ b <6
Theo bat dang thitc AM-GM thi:
6 > a? + b* > 2ab
hay
ab <3 <35
Suy ra (*) dung.
Phép chiing minh hoan tat. Dang thic x4y ra khi va chi khi b = ¢ = 2,a = —1 va cac hoan vi.O

3.15|Cho a, b, c > 0 va khong c6 hai s6 nao trong ching dong thoi bang 0. Chiing minh rang:
s/a® + be \/bQ—i—ca </02+ab> 9v/ abe

Pic  \Naia 2402 " a+tb+c

Lai giai.
Ap dung bat ding thic AM-GM:

S a(b® + ?) _ a(b?* + ¢2) bte> 3 abe(b* + ¢?)
a’ + be a® + bc - a? + be

Suy ra:
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,]a* + be S 3V abc(a® + be)
242 = > a(b?+?)

4 /b* +ca ¢+ ab
Tuong tu véi i/ 5 va {’/2— ta co:

c? + a? b2’
sfa® + be \/62+ca </02+ab>3\3/abc(a2+b2+02+ab—i—bc+ca)
1)24—02 c + a? a?+0* — > a(b? +c?)

Vay ta chi can chting minh:
3(a* + b* + * + ab + be + ca) .9

Yo a(b? + 2) T a+b+c

hay
(a+b+c)[(a* + 0?4+ A+ ab+ be + ca)] > 3> a(b? + )]
Gia stt @ > b > c. Bién ddi bat dang thitc trén thanh:
ala—b)2+c(b—c)*+ (a+c—0b)(a—b)(b—c) >0 (ding theo dicu gia sit)
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O
13.16] Cho a,b,c € R théa man ab + be + ca = 3. Chitng minh ring;

9 21
a® 4+ b% + 2 + =a?b*c? > —
4 4
Loi giai.
N NERY R 3—bc
Tu de baisuyrab+c#0vaa = .
b+c

Khong mat tinh téng quat, gia si:
bc > ca > ab
Bat ding thtc can chiing minh tuong duong véi:

3—bc\? 9 21
14 2p2e2 2 2
<b+c)(+4bc)+b+c_4

batb+c= 85 va bc= P.

Ta dudge:
(3 — P)*(4+9P?) 4+ 45%(S? — 2P) > 2157
hay
9P — 54P3 +85P% — 24P + 36 + 45* — 8S52P — 2152 > 0
hay
(9P* — 54P3 + 117P? — 108P + 36) + (45* — 85%P — 32P? — 215 + 84P) > 0
hay

9(P? —3P +2)%+ (S? —4P)(4S* +8P —21) >0
Bat dang thitc nay ding vi 45% + 8P > 16P + 8P — 21 > 24 — 21 > 0.
Phép chiing minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢ = 1 hodc a = %; b=
c= \/§.D
13.17] Cho a, b, ¢ € [0;1]. Chitng minh ring;:
a®> +b0* 4+ <1+a*b+b*c+cta

Lai giai.
Bat ding thic da cho tuong duong véi:
(1 —a®)(1 =) (1 — ) + a?b?c® + a*b(1 — b) + b?c(1 — ¢) + 2b(1 —b) >0
Bét déng thic nay ding theo gia thiét.
Phép chitng minh hoan tat. Dang thitc xay ra khi va chi khi a = 0,b = ¢ = 1 vA céc hoan vi.O
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Cho a,b,c > 0 théa man a + b+ ¢ < % Chiing minh rang:
1 1 1 108
a—a2+b—b2+c—02 Z?
Loi giai.
Cach 1:

Tu gid thiét suy ra 0 < a, b, ¢ < %
Xét hiéu sau:
1 36 144(6a—1) (6a—1)(6a—5) 144(6a—1)

a—a®2 5 25 ~ 5a—a?) 25
(6a — 1) (6&—5_’_%)

5 a— a? 5
(6a — 1) [—144a? + 174a — 25
5 { 5(a — a?) }
_ (6a—1)*(25 — 24a)
B 25(a — a?) -

Suy ra:
136 144(6a—1)

a—a? — 5 25

Mot cach tuong tu:
1 S 36 144(6b—1)

b— = 5 25
1 S 36 144(6¢c — 1)
c—c2 7 5 25
Cong vé theo vé:
1 1 1 108 144 (6a + 6b+ 6c — 3 108 1
> — > d b < —
i—@ R -~ 25( 25 )—25(0a+ tesy)
. . 1
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khia =b=c= 6
Cach 2:
Theo bat déng thitc Cauchy-Schwarz:
> 1 S 9
a—a? "~ a+b—|—c—2a2—b2—02
. 1
Data+b+c=xz. Thé thi z < 3 va a2+ b2+ > %
Do d6 ta chi can chitng minh:
9 108
> °
2> = 5
‘Z' —_— —
z 2 3
Bat dang thiic nay tuong duong véi:
1
(22 —1)(22 —5) > 0 (ding do z < 5)
) 2 1
Phép chiing minh hoan tat. Dang thitc xay ra khi va chi khia =b=c= E.D

3.19| Cho a,b,c,d > 0 thoa a + b+ ¢ + d = 3. Chitng minh rang:

ab n be . cd . da <1
3b+c+d+3 3c+d+a+3 3d+a+b+3 3a+btc+3 " 3
Loi giai.
V6i a + b + ¢ + d = 3, bat ddng thitc duge viét thanh:

ab n be n cd N da
4b+2c+2d+a  4de+2d+2a+b  4d+2a+2b+c¢ da+2b+2c+d

<

L=
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Ap dung bat ding thic Cauchy-Schwarz:
ab < 1 2ab ab
4b+2c+2d+a — 9 2b+d 20+a
be 1

N

2bc
4de+2d+2a+b~ 9\ 2c+a 2d—|—b
cd 1 2cd
4d+2a+2b+c — 9 2d+b 2a—|—c
da 1 2da
< = +
da+2b+2c+d ~ 9\ 2a+c Qb—l—d
Cong vé theo vé, ta c6 bat ddng thiic can ching minh.

A

3
Phép chitng minh hoan tat. Dang thitc xay ra khi vi chikhia=b=c=d = Z
3.20| Cho a, b, c > 0, Chiing minh réng:
a’ N b3 n c? > a4 b
a/ —
blc+a) cla+b) b+c— 2
Lai giai.
Ap dung bat ding thic AM-GM:
a’ n b c+a _ 3a
b(c+a) 2 4 — 2
b3 L +b _ 3b
cla+b) 2 4 — 2
c? b+c > e
b+c 4
Cong vé theo vé:
LU S O
c>—+—+c
blcta) cla+bd) bt+c 2 2 2
hay
a’ b c?

b
> e
b(c—l—a)+c(a+b)+b+0_a+2

Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢.O

3.21| Cho z,y, 2z > 0 théa man 2% + y? + 2% = 3. Tim gia tri nho nhat cia:

1 1 1 3
p_t 1 1, 3@ty+?)
r Yy z

2
Loi giai.
Tt gid thiét suy ra 0 < a,b,c < V3
Ta chitng minh bat ding thitc sau:
3 a’*+9
-+ -a=>

a 2 — 4

That vay, bat déng thitc trén tuong duong véi:
(a— 1) (4— a) > 0 (ditmg)

Tuong tu véi b va ¢, roi cong vé theo vé, ta co:
1 1 1 3x+y+z) _ a®+b2+2+27 15
polylylyderura), =
T Yy =z 2 4 2
Phép chitng minh hoan tat. Dang thitc x4y ra khi vi chi khi a = b= c¢ = 1.0

3.22] (Iran 1996) Cho a,b, ¢ > 0. Chting minh rang:

(ab+ be + ca) ! + ! + !
WP T bt 02 | (cta)?

| ©

Lai gidi.
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Dit a +b=z;b+ c =y;c+ a = z. Bat ding thic can ching minh tuong duong véi:
1 1 1
(2zy + 2yz + 222 — 22 — y* — 2?) (—2+—2+—2) >9
x z

Yy
hay
x x? Ty
QZsymE_Zsym?—f_stym;_lQZO
hay
2 1
2
Gia stt o > y > z. Thé thi:
2 1
2 >0
yz x
hay
2 1
)2 =—=)>0
(z—y) (yz m2>_
Lai co:
(y—2)y+z—2)=0
Suy ra;
x—zzg
rT—y  z
Mat khac:
2 1 2 1
— - = ——>0
o yr o zzty) @
Suy ra:

2 1 2 1 2% 1 2 1
RN BTN e B O B (e T
(e =) (Zl‘ y2)+<m v) (wy 22> 2E-9) (2393 2y 22)

Vay ta can chiing minh:

hay
Y3+ —ayz >0
hay
(y+2)(y —2)* +y2(y + 2 —x) > 0 (diing)
Phép chiing minh hoan tat. Ding thitc xay ra khi va chi khi a = b = ¢ hodc a = 0,b = ¢ va cac
hoéan vi.O

3.23| Cho a, b, c > 0. Chiing minh réng:
2 2 2
a n b n c S 1
b+ 2c c+2a a+2b) — 3
Ap dung bat déng thic 22 + y% + 22 (a+b+c)

1
2 3 2 2
a n 1 a n b n c
b+ 2c c+2a a+26 3 b+2c c+2a a+2b

Lai theo bat ding thitc Cauchy- Schwarz va bat ding thic (z +y + 2)? > 3(zy + yz + 22):
a b c a’ b? c? (a+ b+ c)? > 1

b—|—20+c—|—2a+a—|—2b_ ab+2ac+bc+2ab+ac+2bc_ 3(ab+ bc + ca) ~

Suy ra:
a 2+ b 2+ c 2>1 a . b n c 2>1
b+ 2¢ c+ 2a a+2b) T 3\b+2¢c c+2a a+2b) T 3

Phép chitng minh hoan tat. Dan thiic xay ra khi va chi khi a = b = ¢.O

Lai gidi.
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Cho a,b,¢,d > 0 thoa man (a+b+c+d) (é + % + é + é) = 20. Tim gi4 tri nhé nhat
clia:
e iveofiiaed)
Lot giai.
T gid thiét suy ra:

Ap dung hing ding thic:
(a+b+c—d?+(b+c+d—a)’+(ctd+a—>b*+(d+a+b—c)?=4(a*+b*+ * + d?)
Theo bat dang thitc Cauchy-Schwarz:

1 1 1 1 1 1
(@ 0+ &+ d).( +—2+—+—2):—.[Z(a+b+c—dﬂ. S5
b d 4 a
1 a+b+ec—d\?
> =, -
1 a+b+e 1,
_Z(Z—d —4) _1.12 =36
+ +
VayminA:36<:>a:c:3 2\/3.1):3 2\/g.d. O

Nhan zét:

Ta c6 hing dang thic dang chd ¥ sau:
(a+b+c—d?+(b+c+d—a)+(c+d+a—Db +(d+a+b—c)> =4(a®>+b*+ 2+ d?)
Tt d6 néu c6 tam s6 thuc duong a,b, ¢, d, x,y, z,t thi ap dung bat ddng thitc Cauchy-Schwarz va

hing diang thtc tréen:

(a+b+c+d)(z+y+z+t)—2(at +bx + cy + dz)]?
=la(z+y+z—t)+bly+z+t—a)+cz+t+z—y)+dit+z+y—2)?
<(@+P+E+P)|(z+y+z—t) +y+z+t—a)+z+t+r—y)?+y+az+y—2)7
=4(a® + 02+ A+ d?)(2® + 92 + 22+ 1?)

hay
(a+b+ct+d)(z+y+z+1t)—2(at +bx +cy+dz) < 2/(a® + 02+ 2 + d?) (2?2 + y2 + 22 + 1?)
1 1 1
Bai toan trén la truong hop rieng khia = -0 = —;c = —;d = —.
t T’ Yy’ z

3.25| Cho a, b, c > 0. Chiing minh réng:
64abc(a + b+ ¢)® < 27[(a + b)(b+ c)(c + a)]?

Loi giai.
Ta chitng minh bat dang thitc sau:
(a+b)(b+)c+a)> g(a b+ ¢)(ab + +be + ca)
That vay, sau khi khai trién, rat gon, ta dudce bat dang thic tuong duong sau:
cla—0)*+bla—c)*+a(b—c)* >0 (ding)

Ap dung bat déng thic tren:

27(a+B)(b+ ¢)(c + a)]? > 27.2—‘11.@ + b+ )2 (ab+ be + ca)?
hay

27[(a+ b)(b+ &) (c + a)]2 > %(a + b+ ¢)2(ab + be + ca)?
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Ap dung bét ding thiic (ab + be + ca)? > 3abc(a + b+ c):

4 4
6—(a~|— b+ ¢)*(ab + be + ca)® > %

3 (a+b+c)*3abc.(a+ b+ c) = 64abe.(a + b+ ¢)?

Suy ra:
64abc(a + b+ ¢)® < 27[(a +b)(b+ ¢)(c + a)]?
Phép chitng minh hoan tat. Dang thitc xay ra khi va chi khi a = b = ¢.O
13.26] Cho a,b, ¢ > 0 théa man a® + b* = ¢*. Chitng minh ring;:
a>+b*—c*>6(c—a)(c—0b)

Loi giai.
Dit o = g,y = Z—) Theo gia thiét thi 22 + 3> =1va 0 < z,y < 1.
Bat dazmgcthfrc c%n chiing minh tuong duong véi:
4+ +1>6(1—2)(1—1y)
Tit gia thiét v bat déng thic AM-GM cho ba s6 duong:
Per=01-2)1-y)Q+z+2)1+y+v*)>1—2)(1—-y).32.3y = (1 —2)(1 —y)9zy

Suy ra:
zy >3y/(1—2)(1—y

P4y —1=2*1—2)+y*1—y) >2zy/(1—x)(1—y) > 6(1 —z)(1 —y)
Diang thitc khong xay ra. Phép chiing minh hoan tat.O
3.27| Cho a,b,c > 0. Chiing minh réng:
(a+b+c)* > 16(ah* + b*c* + 2d?)

Do do:

Loi giai.
Khong mat tinh tong quét, gid st a = max {a, b, c}.
Ap dung bat ding thic AM-GM:
(a+b+ )t > 16a%(b + ¢)* = 16(ab* + a®c® + 2abc) > 16(a’b* + b*c? + a®c?)
Phép chiing mnh hoan tat, Dang thitc xay ra khi va chi khi @ = b,¢ = 0 v& céc hoan vi.O
13.28] Cho a,b, ¢ > 0. Chitng minh ring:

ava? + 3bc n bv b? + 3ac n cv e + 3ab

>a+b+c
b+c a+c a+b
Loi giai.
Theo bat déng thitc AM-GM:
> a(b* + 3bc) >3 2a(b> +3bc) 5 2a(a? 4 3bc)
(b+ )V +3bc ~ T 02 +3bc+ (b+c)>  “a®+ b+ + 5be

Xét hiéu sau:

> 2a(a? 4 3bc) . _Za(a2+bc—b2—c2) B Za(b—l—c)(cﬂ—l—bc—bQ—02)
a? + b2 + 2 + 5be S a2+ 5 (b4 c)(a? + b2 + ¢ + 5be)
_y a*(b+c) — a(b® + &)

(b+ c)(a? + b + ¢ 4 5be)
ab(a® — b*) + ac(a® — b?)

(b+ c)(a? + b + % 4 5be)
1 1

(b+c)(a?+ b0+ +5bc)  (a+c)(a+ b+ 2+ bac)

-5

— abY(a? - b?)[
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B ab(a® — b7)(a@ — b)(a= F b7 F & F bac + 5bc)
(a+c)(b+c)(a® +b? + 2+ 5bc)(a? + b? + 2 + bac) —

Do do:

av/a? + 3bc n bv/b? + 3ac n Ve + 3ab

>a+b+c
b+c a-+c a+b
Phép chiing minh hoan tat. Dang thitc xay ra khi va chi khi a = b = ¢.O

3.29| Cho z,y,z > 0 thodn man zyz = 1. Chting minh rang:
(a3 + 85 (0° + A) (P +a®) > 22024 Y 2%y3 + > a3)

Loi giai.

Dat 22 = a,y® = b, 23 = ¢. Thé thi abc = 1.

Bat dang thic can chitng minh tuong duong véi:
(a+b)(b+c)c+a)>2/22+ > ab+ Y a)

hay

(a+b)(b+c)(c+a)>2y/2(a+1)(b+1)(c+1)
hay

[(a+b)(b+c)c+a)>>8(a+1)(b+1)(c+1)
Theo bat dang thiic Holder thi:

2
(a+b)2(a+%> > (a+1)*
hay
a’(a+0)*(c+1)* > (a+1)*
Lap céac bat dang thitc tuong tu:
V’(b+c)*(a+1)2> (b+1)*
Ale+a)b+1)2>(c+1)4
Nhan vé theo vé ba bat ding thic tren:
a’b*c*(a+b)*(b+c)*(c+a)’(a+1)*(0+ 1)*(c +1)* = (a+1)* (0 + 1) (c + 1)
hay
[(a+0)(b+)(c+a)l* = (a+1)*(b+1)*(c+1)°
Lai theo bat ding thitc AM-GM:
(a+1)*(b+1)*(c+1)*

[(a+1)(b+1)(c+ D]l(a+1)(b+ 1)(c+1)]
Vabe[(a+1)(b+ 1)(c + 1)]
(a+1)(b+1)(c+1)

v

8
8

Do do6:
[(a+b)(b+c)(c+a)*>8a+1)(b+1)(c+1)
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi z =y = 2 = 1.0

3.30| Cho z,y, z > 0. Chting minh rang:

R SR
(@+1)*  (y+1)°  l+ay

i)
1 1 1 2

ii) Cho xyz = 1. Chting minh rang:

(x+1)2+(y—|—1)2+(z+1)2+(1+x)(1+y)(1+z) -

Loi giai.
i) Tién hanh quy dong, thu gon, ta dugc bat dang thitc tuong duong:
2y +ayd + 1> 2%y? + 2y
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hay
zy(z —y)* + (vy — 1)* > 0 (ding)

e ab be ca
11)/Da1j T= Y= =
Bat dang thic da cho tuong duong véi:
ct bt at 2a°b*c?

>1
@+ 22 (et 2 (et a2 | (ab+ @) e+ @) (cat+ i?) ~

Theo bat dang thitc Cauchy-Schwarz:
(ab+ *)* < (a® + 2).(b* + 2)

(ab+ ®)(be + a®)(ca + b*) < (a® + %) (b* + ) (c* + a?)

Do doé:
ct N bt N at N 2a2b*c?
(ab+c?)?  (ac+ %)% (bc+a?)? = (ab+ 2)(be+ a?)(ca + b?)

S ct(a® +0%) + b*(a® + ) + a*(® + %) + 2a°0°2 .

- (@ + )@ + &)+ ) -
Phép chitng minh hoan tat. Dang thitc xay ra khi v chi khi z =y = 2 = 1.0

3.31| Cho a, b, c > 0. Chiing minh réng:
av/a® 4 be + bV + ac + /2 +ab > V2(a+ b+ c)

Loi giai.
Ta chitng minh bo dé sau:
Cho z,y,z > 0. Khi do:
St tayz(z+y+z) >2) 2y
St dung bat dang thitc AM-GM, ta c6 bat déng thiic quen thuoc sau:
xyz > (x+y—2)y+z—2)(z+x—vy)
Suy ra:
ryz(r+y+2)>(r+y—2)y+z—z)(z+z—y)lz+y+=2)
Khai trién va chuyéen vé bat dang thic trén, ta c6 bo dé can ching minh.
Trg lai bai todn:
Binh phuong hai vé bat dang thitc can chiing minh:
Sat+abeya+2> aby/(a® +be) (b2 + ca) > 23 a?b* + dabe Y a
Ap dung bat ding thic Cauchy-Schwarz:
23" aby/(a% + be)(b2 + ca) > 23" ab(ab + cvab) = 23" a*b? + 2abe Y Vab

Ap dung bd dé tren:

Sat+abed a> 23" a’b?
25" a?0? + 2abe S Vab > 4abe Y a
Cong vé theo vé hai bat dang thiic trén, ta c6 bat dang thitc can chiing minh.
Phép chiitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢.O

3.32| Cho a, b, c > 0. Chiing minh réng:
ala+b)a+ec) bb+c)(b+a) clc+a)(c+b) - (a+b+c)?
(b+c)? (c+a) (a+0)>  — 6(ab+ bc+ ca)?

Loi giai.
Chuan héa ab + be + ca = 3.

Ta can chitng minh:
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ala=+3) _ ([atb+c)!
2 (b+c)? = 54

hay
a’ a (a+b+c)?

D) s i DY e RV
Ap dung bat déng thic Holder:
(b+c)3 —

ab+e) 2
3 a 4
>_ab+c)] Zm > (a+b+c)
(1+1+1)(Tava) > (Ta) > VEab(Xa)? = (Xava)' > (Ta)
Két hop cac bat dang thitc trén, ta c6 bat déng thiic can ching minh.
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢.O

3

> (Cava)

3.33| Cho a, b, c > 0. Chiing minh réng:
1 1 1 4

>

(b+ c)(b? + be + ?) i (a + b)(a® + ab + b?) i (a+ c)(a® + ac + ?)

(a+ 5o+ Acta)

Loi giai.
St dung bat dang thitc AM-GM:
1 ab + bc + ac 4(ab+ be + ac)

Gro@ bt @) Gbral bt @) abtbetad ~ G+ Platbic?
Tuong tu véi cac phan thitc con lai, tit d6 ta can ching minh: )
3 (a+0b)(a+c) > (a+b+c)
(b+c)? ab + be + ac
Theo bat déng thitc Cauchy-Schwarz:
2a 20 2¢ (a+b+c)?

b+c+a—|—c+a—|—b_ ab + bc + ac

Do d6 ta can chiing minh:
(a+b)(a+c)
(b+c)?

2a(b+ )

2 (b+c)?

>3
hay
(a —b)(a—c)
7>
2 (b+c¢)? —
Bét dang thic trén ding theo bat dang thiic Vonicur-Schur.
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = ¢.O

3.34| Cho a, b, c > 0. Chiing minh réng:
alb+c—a) blc+a—-0) c(a—l—b—c)>0
a? + 2bc b2 + 2ac 2+2ab

Lai giai.
Gidsta>b>c.
e Truong hgp 1: a < b+ c.
Bat dang thtc hién nhien ding.
e Truong hgp 2: a > b+ c.
Suy ra:
b a (a — b)(ab — ac — be)

P4+ac a®+be (02 + ac)(a® + 2bc)

Suy ra:
bla+c—b) a(b+c—a)> 2ac

>0
o b? + 2ac a?+2bc T a2+be
T do6 suy ra bat dang thitc can chiing minh.
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Phép chitng minh hoan tat. O

3.35| Cho a,b,c > 0 théa a + b+ ¢ = 3. Chiing minh ring:

av/ab + bv/bc + c/ca < 3
Loi giai.
Theo bat déng thitc AM-GM:
b = /o < 2aVabta 2a\/_ b+a
Tuong tu:
2b b
b e < \/_ -
ey < 2Yatc 20\/5 +c
Do d6 ta chi can chiing minh:
av/ab + bv/be + cy/ca < 3

hay
avab + b/be + ey/ea < (a + b+ ¢)?
Bién déi bat déng thic trén thanh bat dang thic tuong duong:
S (a—b—Vab — \/ca + 2v/bc)? > 0 (ding)

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khia =b=c= 1.0

3.36 | Cho a, b, ¢ 1a ba canh clia tam giac. Chiing minh rang:
b+c (a+b—c)b+c—a)(ict+a—0
sbe fatb=obte-alera=b
a abc

> 7

Loi giai.
Bét déng thic da cho tuong duong véi:
be(b+ ¢) N 2> ab(a+b) — Y a® — 2abc

>4
abe abce

hay
2> ab(a+b) > > a® + 9abe

Day chinh la bat ding thtc Schur theo cac bién a +b—c,b+c—a,c+a —b.

Phép chitng minh hoan tat. Dang thitc xay ra khi va chi khi @ = b = ¢.O

3.37| Cho a, b, c > 0. Chiing minh réng:

a2

3
>\ Fierar = V5

Loi giai.
Bat ding thtc can chiing minh tuong duong véi:

2 \/5(b2 T exa?) =

Stt dung bat dang thitc Cauchy-Schwarz:
[(0*+ (c+a)! =1 +DD*+ (c+a))] > [b+2(c+a)?

ol w

Suy ra:

Z\/ b2+ (c+a)?) — Zb+2(c+a)

Ta can chitng minh bat déng thlIC sau:

c
<
b+2(c+a) +c—|—2(a+b) a+2(b+c) —

ol w

hay
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0F 2ZC CF+ Za a—+2b 9

+ + > -

b+2(c+a) c+2a+bd) a+2b+c) 5

That vay:

1 a b+ 2c (b+ 2¢)? 9(a+b+c)? 9
o e > > -
2 b+2(c+a) b+2(c+a) (b4 2¢)(b+2c+ 2a) (b+2¢)(b+2c+2a) 5

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O

3.38| Cho a, b, c > 0. Chiing minh rang:
4@+ 0+ 9a+b)(b+c)(c+a)
>4 b
a? + b2 + 2 (a+b+c)? zda+bto)

Lai giai.

Stt dung bat dang thitc Cauchy-Schwarz:
(@®+0+c)a+b+c) > (a®+ b+ 2)?
Suy ra:

4(a® + b + ) S 4(a® + b + 2)
a?+b2+c2 T a+b+c
Lai c6:
8(a+ b+ c)(ab+ bc+ ca) = 8(a+b)(b+ c¢)(c+ a) + 8abc < 9(a+b)(b+ c)(c+ a)
Neén

4@+ b+ 9 a+b)(b+c)(c+a) S 4(a® +b* + ) 8(ab+ bc+ ca)

=4 b
a? + b + c? (a+b+c)? a+b+c * a+b+c (@+b+e)

Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O
3.39| Cho a, b, c > 0. Chiing minh réng:
asb N bic N Aa -
a*+a?? +bt 40P+t A4 cPa’+at T

Loi giai.
Theo bat dang thitc AM-GM;
a’b a’b a’

PSS —
Za4+a2b2+b4_22a3b+b4 z:2a3—i—b3

Ta can chiing minh:

a3

— <1
Z:2a3—|—b3 -
hay

a3

——>1
) 2 a3 +2¢3
That vay. Theo bat dang thitc Cauchy-Schwarz:

2
oo (=)
> > -
ad+2c3 = > ab+2> ] adb?
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khi a = b = ¢.O
3.40| Cho a, b, c > 0. Chiing minh réng:
3
(a+b+c) +alH—bc~|—caZQS
abc a? + 0%+ 2

Loi giai.
Ta c6 bat déng thic sau:
(a+b+c)>a®+ b+ ¢+ 24abe
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That vay. Sau khi khai trién va rat gon, ta dugc bat ding thic tuong duong:
> c(a —b)* > 0 (ding)

Ap dung bat ding thic trén, ta can ching minh:
(a+b+c)®  ab+bc+ca S a® + b3 + ¢ + 24abc  ab + be + ca

abc a?+b24+c2 abc +a2—|—b2—|—02_

hay

a®> ab+be+ ca
bc  a?+b>+c

2.

Ap dung bat ding thie Chebychep;
a’*  ab+bc+ ca S 3(a*+b*+c*)  ab+bc+ ca

ZE+G2+b2+62_ ab + bec + ca a? + b2 + ¢2

Ta can chitng minh:
3(a* +b* + ) N ab + be + ca
) ab + be + ca a2+ b+ c2
Bat dang thic nay dude tao bdi hai bat dang thic luon ding sau:
2 002 4 2
2(a® + 0"+ ¢%) 59
s ab+bc+ca —
a®+b°+c ab + be + ca L an
> 2 (theo bat dang thitic AM-GM
ab+bc+caj_a2+b2+02_ (theo bat dang thife )
Phép chitng minh hoan tat. Dang thic x4y ra khi va chi khi a = b = ¢.O

3.4 Bai 4.1 dén bai 4.40

4.1| Cho a,b,c > 0. Chitng minh rang:
S abe ]a—b|—|—]b;c|—|—|c—a\ > a+§+c

Lo gial,
Gia stt @ > b > c. Bat dang thiic can chiing minh tré thanh:
Sabe + 2a;20 S a+b+c

- 3
hay
—-b—3
\S/CLbC—F% ZO
Ta co: L1 )
3
f/(a)=§+§\/b_c$ >0

nén ham f(a) dong bién. Suy ra:
fla) > f(b) =Vbc—c>0
Phép chitng minh hoan tat. Dang thiic xay ra khi va chi khi a = b = ¢.O
Nhan zét:
Bai toan tong quét:
Vé6i moi aq,as, ...,a, > 0 thi

nyaias...a, + ZZ#J |ai — @j‘ > E?:l a;

4.2 | Cho a, b, c 1a ba canh ctia tam giac. Chitng minh réng:
(2% + 2¢% — a?)(2¢® + 2a® — b*)(2a® + 2b* — *) < (2a® + be) (20 + ca)(2¢® + ab)

Loi giai.
Do a, b, c la ba canh tam giac nén

(2a 4 be)? — (2a® + 2% — *)(2a® + 2 — b*) = [(b+¢)* —a®|(b—¢)* > 0
Suy ra:
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(2a% + bc)? > (2a% + 20* — ¢)(2a® + 2¢* — b?)

Tuong tu:

(20% + ca)? > (2% + 2¢% — a?)(20? + 2a® — ¢?)

(2¢% + ab)? > (2¢% + 2a® — b?)(2¢* + 2b* — a?)
Nhan vé theo vé ba bat dang thtc trén, ta c6 bat ding thic can ching minh.
Phép chiitng minh hoan tat. Dang thitc xay ra khi va chi khi a = b = ¢.O

4.3| Cho a,b,c > 0. Chiing minh rang:
ab n be n ca__ _ 1 n 4abc
(a+0)? (b+c)? (c+a)? "4 (a+b)(b+c)(c+a)

Loi giai.
Chuéan héa ¢ = 1. Ta can chitng minh:
(a — b)? 4ab a b
2 T = 2 T 2
4(a+0b)?2  (a+b)(a+1)(b+1) = (a+1)2 (b+1)

hay
(a — b)? 1 1 2ab a+b 4ab

Hath) Tar 1 11 @aDOED) = (a+1)b+1) (a+b)(a+1)b+1)

hay

(a — b)? N 4(a — b)? - 4(a — b)?
(a+b)?  (a+1)2(b+1)2 = (a+1)(b+1)(a+D)
Két qua nay hién nhién ding theo bat ding thitc AM-GM cho hai s6 duong.
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khi c¢6 hai bién bang nhau.O
4.4| Cho a,b,c > 0 thoéa a® + b* + ¢® + abc = 4. Chiing minh rang:

Zbc

a

> a2+ b2+

Loi giai.

b b
bat x = a—;y: —C;z: %.

c a b .
Theo gia thiét thi zy + yz + 22 + xyz = 4. Suy ra > o

x
Bat ding thitc can chiing minh tuong duong véi:
TH+Y+z>ay+yz+zx

Ap dung bat ding thic Cauchy-Schwarz:

(£55) Sol+alz o

T+ 2

Suy ra:
>a(r+2) > (2 +y+2)°
hay
rH+y+z>ry+yz+ 2o
Phép chiing minh hoan tat. Dang thic xay ra khi va chi khia =b=c= 1.0
14.5] Cho a,b, ¢ > 0 thoa a® + b*> = 2(a +b) + 1.
Tim gia tri nhé nhat, gia tri 16n nhat ctia P = a® 4+ b?
Loi giai.
it a® +b* =z > 0.
Theo gia thiét va bt ding thitc a + b < /2(a? + b?):
r=2(a+b)+1<2/2r+1
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Suy ra:
r—2V2x+1<0

Suy ra:

V2-1<z<14V2
Do do:

3-2V2<a<3+V2
Vay:

mm(a2+b2)—3—2\/§<:>a—b—\/;— 2

3
max(a® + ) =3+2V2 = a=b= §+\/§

4.6 | Cho a,b,c > 0 théa man a® + b* + ¢? = 3. Chiing minh rang:

f,/2613 +\3/ 203 +<,/ 203 <3
a?+ b2 b2+ 2 c2+a? —

a+b+c<\/3a®+b+c?) =3

8(x+y;rZ)(xy+yz + zx) < 9(x + y)(y +2)(z + )

— = 2a. .
a? 4 b? a.(a®+ %) (a® +b%)(a? + ?)
Stt dung cac ding thiic bat ddng thiic trén va bat dang thitc Holder:

s 2a® s 203 . 28 \° a? 2, 2
(¢&+¢2+VC?+§_%¢?7:§)fg}2@ﬂ+baml+§yiyﬁw§:w'+C>
=S = b;; P > (20).> (a* + )

=9a+b+c) <27

. 2 \/ 20° i/ 203 <3
a2+b2 b2+02 a2—

Phép chiitng minh hoan tat. Dang thitc cay ra khi va chi khi a = b = ¢.O

Lai gidi.

Ta cob:

Suy ra:

4.7| Cho a,b,c > 0 théa man abc = 1. Chitng minh rang:
3(a*d* + vict + ta?) 8a? N 8° N 8¢c3 6]
a4+ b + 2 (bc+a)®  (ac+b)3  (ba+c)3
Loi giai.
Ta co:
3(a'b* + bict + ta?) S 3P (a* +0* + ¢*) 3
a? + b+ 2 - a? + b + 2 -
Vi vay ta can chiing minh:
3 a’ S 3
(a+0bc)® — 8
hay
a® 3
> — (do abc =
2@y =5 doabe=1)
hay
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3
Z(xilv——lf‘ > 3 (véiz =a*,y=b* o= ayz=1)
Day la bat dang thic Vietnam TST 2005.

Ap dung bat ding thic AM-GM:
3 1
2.~ 4=
= { (r +y)° 8}

Do d6 ta chi can chiing minh:

3 x?
R (z +y)?

v

1'2 y2 2,2

@r9)? a2 (zta)p

3
> 2
!
Trude hét ta ching minh:

1 1 1
+ >
(x+1)?  (y+10? ay+1
That vay. Stt dung bat ding thiic Cauchy-Schwarz:
1 1

Yy
7 2 o
(x+1) (2 + 1) <§ N 1) (xy + 1) (z + )

1 1 Y T 1

+ > n _
(x+1)2  (y+1)?~ (zy+1)(xz+y) (ey+1D(z+y) ay+1
Cubi cling, ta can chting minh:

<

1 N 1 S 3
xy+1 (241)2 — 4
hay
z n 1 S 3
z+1 (2412 4
Bat ding thiic nay ding vi:
z 1 3 (2—1)2

=" >0
z+1+(z+1)2 4 4A(z+1)2

Phép chitng minh hoan tat. Dang thitc xay ra khi vi chi khia=b=c=1

Nhan zét: Bat ding thic
1 1 1

+ >
(x+1)> (y+10?  ay+1
rat thong dung trong viéc chiing minh bat déng thiic.
Hay lay vi du la bai bat dang thic trong China MO 2004:

V6i x,y, z,t > 0 thdoa man xyzt = 1. Chitng minh rang:
1 1 1 1

+ + + > 1
(x+1)*  (y+17? (z+1)7 ((+1)
St dung két qua trén, ta co ngay:
N O S
(z+1)2 " ay+1 2t+1

1. (do zyzt = 1)

O

4.8| Cho a,b,c > 0 théa man a? + b + ¢* = 3. Chitng minh rang:
1 1 1 4 4 4

>
a+b+b+c+c+a_a2—|—7+b2—|—7+02—|—7

Loi giai.
Ap dung bat ding thic Cauchy-Schwarz:
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a T (a+b+c)? 9
>
Za2+7+za+b_ 24 +2(a+b—|—c)
Dit a +b+c=x < /3(a® + b + ¢?) = 3. Ta chiing minh:
29 15
12 2z = 8

Bat dang thic nay tuong duong véi:

(x—3)<x—_3+—w> (x—_?’_—w) > 0 (diing, do z < 3)

2 2
Do doé: ) | (4t bt ey 0 5
a a+b+c
> >
Zc12+7+2a—|—b_ 24 +2(@—|—b+c)‘8
Suy ra:
1 15 a? 7 9
> 2 = _Z
Za+b_8 a’?+7 Za2+7 8
Ta can chiing minh:
5 79 N 4
a?+7 8 T a?+7
hay
1 3
> =
o o 2 a?+7 "8
Bat dang thic trén dung theo bat dang thitc Cauchy-Schwarz:
3 1 9 3

> =2
24+7 7 Y a?2+21 8
Phép chitng minh hoan tat. Dang thiic xay ra khi va chi khi a = b = ¢ = 1.0
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4.9|Cho z,y,z > 0 thoa man z + y + z = 1. Tim gia tri nhé nhét ctia biéu thiec:
r+y
M —
ryz
Loi giai.
Ta c6: ) )
m=rty_*t . 1
Tyz yz  xz
Ap dung céc bat déng thic Cauchy - Schwarz va AM - GM, ta duoc:
4 4 4
= - 72 7 = 16
YR arty) (‘z 3 +y>
2
. 1 1
VaymlnM:16(:)z:§;x:y:Z. O

4.10| Cho z, v, z 1a cac s6 thuc thoa man z* 4 y*+ 2* = 3. Tim gia tri 16n nhat ctia biéu thic:
N =2*(y+2)+9*(z+2)+2%(x +y)

Loi giai.
Ap dung bat ding thic Cauchy - Schwarz, ta co:
N2 < (2t +y' + 2Ny +2)° + (2 +2) + (2 +y)°] = 6(2° +y? + 22 + 2y +yz + 22)
Ta c6 mot két qua quen thuoc:
xy +yz + zx < 22+ y? + 22
Do do
N? <12(2% + y* + 22)
Lai 4p dung bat ding thiic Cauchy - Schwarz, ta co:
N* < 144.3(2* + y* + 2*) = 1296
Tu day suy ra N < 6.
Vay max N =6 &=y =2z=1.0
14.11] Cho z,y, z > 0. Chting minh ring;
16ayz2(a+y+2) <34/ e+ Yy + A +a).

Loi giai.
Loi giai 1.
Ap dung bat ding thic AM - GM, ta c6:

rx+y+z) xzet+ytz)  w@ty+z (x+y+2)°yz
ety ta) = TETYTD)  aletyta) , olaty )+yz24</< y+2)%y
3 3 3 27
y+z2>2\/yz
Nhan theo vé hai bat ding thiic trén, ta dugc:
B (r+y+2)3
(m+y)(y+z)(z+x)28</ < (279 )
t 4
&3y (x+y)(y+2)(z+2) > 16ayz(r +y+2)
Phép chitng minh hoan tat. Dau "=" xdy ra < 2 =y = 2.0

Loi giai 2.
Ta viét lai bat dang thiic can ching minh nhu sau:

@)+ et DY DA > 2yae by +2)

Truéec hét, ta sé chiing minh:

g(m )y +2)(z+2) > (@ +y+2) ey +yz + 22) (1)

Ta c6 dang thic (z +y)(y + 2)(z +2) = (v + y + 2)(zy + yz + 27) — 2Y2
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Do do, (1) & (x +y + 2)(xy + yz + zz) > zyz
Didu nay ding vi theo bat déng thitc AM - GM thi VT > 3 y/ayz.33/22y222 = VP.
Vay (1) duge ching minh.
Lai 4p dung bat ding thiic AM - GM, ta c6:

(@ +y+2)(zy +yz + 22) > 3(z +y + 2) /2222 (2)
T (1) va (2) ta suy ra:

g(:c +y)(y+2)(z+2x) > (x+y+ 2)y/x?y?22

Bay gio, ta chi can chitng minh dugc:

Vi +y)y+2)(z+2) > 2972

hay
(x+y)(y+ 2)(z +x) > 8xyz
Nhung diéu nay lai diing theo bat dang thitc AM - GM:
(z+y)(y+2)(z+x) >2/7y.2,/yz.2¢/20 = 8xyz

Do d6 phép chiing minh hoan tat. Dau "=" xdy ra & x = y = 2.0

4.12| Cho a, b, ¢ 1a do dai ba canh ciia tam giac. Chitng minh rang:
a b c

> 1
3a—b—|—c+3b—c—|—a+3c—a+b_

Loi giai.
Dé thay bat dang thiic trén tuong duong véi mdi bat ding thitc trong day sau:
4a
S AN IS R S
3a—b+c +3b—c+a +3c—a—i—b -
a+b—c b+c—a c+a—b>1

+ + >
. 3a—b+c 3b—c+a 3c—a+b
Bat dang thic cudi cing dung vi theo bat dang thic Cauchy - Schwarz:
at+b—c (a+b—c)? [X(a+b—0))? (a+b40)?

3a—b+c “(Ba—btc)atb—c) T BBa—-b+ec)atb—c) (a+b+c)?
Vay phép chiing minh hoan tat. Dau "=" xdy ra < a = b = .0

4.13| Cho a, b, c > 0. Chiing minh réng:
a(b+c¢) b(c+ a) cla+0b) S (a+b+c)?
(a+b)at+c) (b+c)b+a) (ct+a)lc+b) ~ 2(a®+ b2+ c?)

Lai gidi.

Bat ding thic tuong duong v6i mdi bat dang thic trong day sau:
a(b+c)* +blc+a)*+ cla+b)? S (a+b+c)?

@b Tcta) AR TRT )
A (02 b2 2
L+ abc Z1_|_2(ab—|—bc—|—ca) (a® + b + )
(a+b)(b+c)(c+a) 2(a? 4+ b + ¢?)
8abe(a® + b* + )
>2(ab+0b —(a®> + b2+
@t 0+ et a) ~ bt hetea) = (@b
Theo bat dang thitc Schur, ta co:
2(ab+bc+ca)—(a2+62+c2):4(ab+bc+ca)—(a+b—|—c)2Sga—bc
a+b+c

Bay gio ta chi can chiing minh duge:
8abc(a® + b* + ¢?) S 9abc
(a+b)(b+c)c+a) " a+b+c

Diéu nay tuong duong véi
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8(a+b+c)(a®+b*+c*) >9a+b)(b+c)(c+a)
hay
8(a® + b+ ) > a*(b+ ¢) + b*(c+ a) + ¢*(a + b) + 18abc
hay

8(a® + b + &) > ab(a + b) + be(b + ¢) + calc + a) + 18abe
Bat ding thic nay dang tit cac bat dang thic sau:
7(a® 4+ b% + ¢) > 21abe (Theo bat ding thiic AM - GM)
a® 4+ b® + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a) (Theo bat dang thite Schur)

n__

Vay phép chiing minh hoan tat. Dau "=" xdy ra < a = b = ¢.O

4.14| Cho a,b,c > 0. Chiing minh ring:

b+c c+a a+b (a® + 0> + *)(ab + bc + ca)
+ 4 >34
a b c abc(a+b+c)

L&i giai.

Bét déng thic trén tuong duong véi mdi bat ding thic trong day sau:
be(b+ ¢) + ca(c + a) + ab(a + b) + 3abe (a® + 0> + ¢*)(ab + bc + ca)

> 6+
abc abc(a+ b+ c)
(at+b+e)(abtbetca) (a®+b+c)(abtbetea)
abc abc(a+ b+ c) -
2(ab + bc + ca)? S
abc(a +b+c¢) —

(ab + be + ca)? > 3abc(a + b+ ¢)
Bat ding thtc cudi cling ding theo mot két qua quen thuoc:
(z+y+2)* > 3(zy + yz + 22)

n

Vay phép chiing minh hoan tat. Dau "=" xdy ra < a = b = ¢.O

minh rang:

4.15| Cho ba s6 thic duong a, b, ¢ thod man a+b+c = 6; ab+bc+ca = 9; a < b < ¢. Chiing

L3i giai.

Theo bat dang thitc AM - GM:

b)? — (6 = ¢)?
e(6—c)=cla+bh)—actbe—9—ab>9— 2tV _36-06-¢

2

"

Suy ra ¢ < 4. Dau "=" khong xay ra vi a < b. Do d6 ¢ < 4.
Taco: (b—a)(b—c) <0
T do suy ra
b> +9 < 2b(a+c) = 2b(6 — b)
hay
b—1)(b-3)<0
hay
1<b<3
Véi céch lam tuong ty, ta duge (a —1)(a —3) > 0 va (¢ —1)(c—3) > 0.
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Doc>b>1nénc> 3.
Doa<b<3néna<l.
Vaytaco 0<a<l<b<3<c<4.0O

4.16 | Cho a, b, c > 0. Chiing minh réng:
(a+b+c) - ab(a+b)  be(b+c¢)  calc+a)
3@ +b+c%) ~ a?+0b? b% + c? ¢ + a?

Lai gidi.

Bat ding thic tuong duong v6i mdi bat dang thic trong day sau:

3(a? + b* + *)ab(a + b) N 3(a® + b* + A)be(b + ¢) N 3(a* + b* + *)calc + a)

b 3>
(a+b+c) > a? + b2 R 2 i

3ctab b

Sa? + 35ab(a + b) + 6abe > 35ab(a + b) + 2%
a
cla+0b)
Ya? + 6abc > 6ab02m
Theo bat déng thitc Cauchy - Schwarz, ta cé:
cla+0b) cla+b) c
6abcy ———~- < 6abcy — Gabey
) T o T

Bay gio ta chi can chiing minh duge:

Ya? + 6abc > 6abct ¢

a+b

Diéu nay tuong duong véi
(Xa® + 6abe)(a + b) (b + ¢)(c + a) > 6abc[Xa® + La?(b + ¢) + 3abc]

hay
Ya*(a+ b)(b+ c)(c+ a) > 6abc[Xa’® + Xa?(b + ¢) + 3abc — (a + b)(b+ ¢)(c + a)]
hay
Ya(a+b)(b+c)(c+ a) > 6abe(Xa® + abe)
hay

Ya3[(a+ b)(b+ ¢)(c + a) — 6abc] > 6a?b*c?
Diéu nay ding theo bat déng thiic AM - GM:
Ya?[(a 4 b)(b + ¢)(c + a) — 6abc] > 3abe(2v/ab.2v/be.2y/ca — 6abe) = 6a2b>c?
Phép chiing minh hoan tat. Dau "=" xdy ra < a = b = ¢.O

4.17|Cho a,b,c > 0 thod man a + b+ ¢ = 1. Tim gié tri nho nhat ctia biéu thiic:
a?+b V+c F+a
pP=
btc cta a+b

Lai gidi.

Ta co:
a?+b b +c A +a
P+1 = +a+ +b+ +e
b+c c+a a+
am+b+d+b+bm+b+d+c cla+b+c)+a
c+a a+b

b+c
a+b b+c cHa

b+c c+a a-+b
Ap dung bat déng thic AM - GM, ta ¢6 ngay P+ 1 > 3, suy ra P > 2.
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Vay minP =2 a=b=c=

O

Wl

4.18| Cho a, b, c,d > 0 thod man a + b+ ¢ + d = 4. Chiing minh rang:
a’be + b*cd + *da + d*ab < 4

Loi gii.
Ap dung bat déng thic AM - GM lien tiép, ta co:

(ab+ ed)(ac + bd) = /(b T ed)(ac 1+ bd)’ < [“” Cd;“* bd} _ i.[(a +d)(b+ o)
(a+d) b+ = Vardb+o) < [““’%ﬂ 16

Tu day suy ra:

(ab + cd)(ac+ bd) < 4
Twong tu, ta chiing minh dugc:

(bc + da)(bd + ac) < 4
Ta ¢6 cac danh gia sau:

VT — (ab + cd)(ac + bd) = —bd(a — ¢)(b—d)
VT — (bc + da)(bd 4 ac) = ac(a — ¢)(b — d)
Dé thay trong 2 biéu thtc trén c6 mot biéu thitc khong duong nén
VT < max{(ab+ cd)(ac + bd), (bc + da)(bd + ac)} < 4

Phép chiing minh hoan tat. Dau "="xdyra < a=b=c=d = 1.0

4.19| Cho a, b, c > 0. Chiing minh réng:
a® + abe N b3 + abc N e + abe
BP+c3+abe  A+ad+abe a3+ b2+ abe —

Loi giai.
Do bat ding thitc 1a thuan nhat nén ta chuan hoa abc = 1. Ta cé thé viét lai bat dang thic can

chiing minh duédi dang:
a+1 b+1 c+1

b+c+1 c+a+1 c+a+1—
Ap dung bat ding thic Cauchy - Schwarz, ta co:

VT - (a+1)? (b+1)? (c+1)?
S (a+D)(b+c+1) b+1)(cta+l) (c+D(cta+1)
(a+b+c+3)?

>
~ 2(ab+bc+ca)+3(a+b+c)+3
Ta sé chiing minh:
(a+b+c+3)? <9
2(ab+bc+ca)+3(a+b+c)+3 —

Diéu nay tuong duong vdi:
>+ 0+ +2a+bc+ca)+6(a+b+c)+9>4(ab+bc+ca)+6(a+b+c)+6
hay
3> 2(ab+bc+ ca) — (a* + b* + %)

Theo bat dang thitc Schur, ta co:

b
2(ab 4+ be + ca) — (a? + > + ) = 4(ab + be + ca) — (a+ b+ ¢)? < dabe 9
a+b+c a+b+c

Vay ta chi can chting minh:
a+b+c™
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hay

3vabc < a+b+c
Diéu nay ding theo bat dang thitc AM - GM.
Phép chitng minh hoan tat. Dau "=" xdy ra < a = b = ¢.O

4.20| Cho a,b,c > 0. Chiing minh réng:

R R S N LR R
5a2 + (b + ¢)? 502 + (¢ + a)? 5¢2 + (a+0)? — 3

Loi giai.
Ap dung béat ding thic Cauchy - Schwarz, ta co:
a? b? c?
Lﬂ%g¢M+b+@[m2+@+@2+aﬂ+@+ay+5&+(a+m4
Ta sé chiing minh:

a? b? c?

5a2 + (b + c)? +562+(c+a)2 +502+(a+b)2

1
< —
-3
Ta c6:

5 a’ ol (3a)?
5a2+ (b+¢)2 79 a2+ b2 + 2 + 4a® + 2be
Lai ap dung bat déng thitc Cauchy - Schwarz, ta dugc:
2

2a>

(3a)? <y ( a? L a? ) _5 a?

a? + b2+ c? +4a? + 2bc — a? + b2 + 2 2a2—i—bc+2a2+bc
Do do:

—_

a? 1 a? 2a? 1 2a?
Y —— < - | X by = - Yi——
5a2+(b+c)2_9( a2+b2+02+ 2a2+bc) 9( * 2a2+bc)
Bay gio ta chi can chiing minh duge:

1 20 1
Lhge—2 ) <2
9('%2ﬁ+m)—3

Bat ding thic nay tuong duong véi mdi bat déng thitc trong day sau:

Y——— >
2a% + bc —
Bét dang thiic cudi ciing ding vi theo Cauchy - Schwarz thi:
be b>c? - (ab + be + ca)?
2a? + be 2a2bc + b2c? — Xa?b? + 2abc(a + b+ ¢)
Vay phép chiing minh hoan tat. Dau "=" xdy ra < a = b = .0

_'_
a? 4+ b2 + ¢2

Y
2a2 + be

4.21| Cho a,b,c > 0 thod man a + b + ¢ = 3. Chiing minh réng:
(a+c)(b+1) > abc(a®* + 0>+ >+ 1)

Lai gidi.

Ta co:
(a —c)? (a —c)?

dac T 202+ 2+ (a+c)?

T do suy ra
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(a+c)? s 2@+ +2+1)

dac T 20242+ (a+c)?

hay
(a+ c)? S 2(a®> + 0+ + 1)
dac T 202 +2+ (a+c)?

hay

[20% +2 + (a+ ¢)?](a + ¢)?b

3 > abc(a® + 0> + 2 +1)

Bay gio ta chi can ching minh:

@it s B2t it

8

hay
8(b+1) =20 +2+ (a+¢)*|(a+c)b >0
Két hop v6i gia thiét a + b+ ¢ = 3, ta suy ra can phai chiing minh:
8(b+1) —[20* +2+ (3—0b)%[(3—b)b >0

hay
3 — 150% + 290? — 250+ 8 > 0
hay
(b—1)*(3b* — 90+ 8) > 0 (luon ding)
Phép chitng minh hoan tat. Dau "="xdy ra < a=b=c= 1.0

4.22| Cho z,y,z € [1;2]. Tim gia tri l6n nhat ctia biéu thic:

1 1 1
Q=(@+y+z2)(=-+-+-
r Yy

z

Lai gidi.

Ta cob:

z
Khong méat tinh téng quat, gia st « > y > 2. Khi d6 thi

(z—y)y—2)=0

xZ T z z
Q=3+-+-424 % 2 2
y z y

hay
Y +az<azy—+yz
hay
YiZciyZiw?lifcryt
Ty r oz oy
Vi vay
Q<s+2(2+2)
e/
DéthéylgE§2nén(x—2z)(x—z)§0hay£+z§§.
z z

T dé suy ra @ < 10.
Vay max @) =10 < x =y = 2;2 =1 hodic x = 2;y = z = 1 va céc hoan vi.O

4.23| Cho a,b,c > 0. Chﬁ.’ng minh réng

/ bc ca >9
c+a a+b a+b (b+c) (c+a)2_4

L3i gidi.
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Stt dung bat dang thitc Holder ciing v6i danh gia 3abe > 0, ta co:

a 5 a? - (a+b+c)?
b+c a’?(b+c¢) —\a?(b+c)+b*(c+a)+(a+Db)

>\/ (a+b+c)? __atb+ec
“\V(a+b+c)ab+bc+ca)  /ab+be+ ca
Ap dung bat ding thic Cauchy - Schwarz lien tiép, ta co:

Z(a ibb)Z > 22(a2a—li)_ = 5 (a+0)?* 3 - 4la+b+c)? 3 (a+b+c)?

3
4+ 4 8@+ +) 4 2@+ +c) 4
Cong theo vé hai bat ding thic tren, ta dugc:

a ab a+b+c (a+b+c)?
by + X > +
Vbo+c (a+b)2 = Vab+bc+ca 2(a*+ b+ c?)
Vay ta chi can chiing minh

3
4

a+b+c (a+b+c)? 3
Vab+bc+ca  2(a®+b0*+c?) 4
hay

Vv
> ©

a+b+c N a+b+c N (a+0b+c)?
2WVab+bc+ca 2Vab+bc+ca  2(a?+ 0>+ c2) —
Diéu nay ding theo bat déng thiic AM - GM:

VT > 38 (a+b+c)? Y (a+b+c) 4
—\ [2¢/2(ab + be + ca)(a® + b2+ c2)]2 | [2(ab+ b+ ca) + (a* + 0% + ¢?)]?
Phép chiing minh hoan tat. Dau "=" x4y ra < a = b;c = 0 va cac hoan vi.O

4.24| Cho a,b,c > 0. Chiing minh réng:
ab bc

ca 4abc 1
@+ T hr P T etral S asbbrcta) 1

Lai gidi.

Bat ding thtc nay tuong duong véi mdi bat déang thitc trong day sau:

—4ab n —4bc N —4ca S —16abc B
(a+0)?  (b+¢)? (c+a)? = (a+b)(b+c)(c+a)
—4ab g e g —4ca 14 16abc — 2(a + b)(b+ ¢)(c + a) 0
(a+b)? (b+¢)? (c+a)? (a+b)(b+c)c+a) -
(a—0)?* (b—1c)? N (c—a)® 2a(b—c)®+2b(c—a)*+2c(a—b)? _
(@+0)?  (b+¢)?  (cta) (@a+b)(b+c)(c+a)
b—c)?[ 1 2a

b+c |b+c (c+a)(a+Db) 20
E(b—c)2 (a—b)(a—c) 0
b+c (a+b)(b+c)(c+a)~
—(a—="0b)(b—c)(c—a)
b

b—rc

(a+b)(b+c)(c+a) b+cZO
a—"b)(b—c)(c—a) (a—b)(b—c)la—rc) >0
(a+b)(b+c)(c+a) (a+b)(b+c)(ct+a) —

(a—0)*(b—c)*(c —a)? L
>0 (1 d
@+ b2t o +ap = 0 uon ding)
Phép chitng minh hoan tat. Dau "=" xdy ra < a = b = ¢.O
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4.25] Cho a,b,c > 0. Chﬁ:ng minh réng
Loi giai.

\/ >(a+b+c)2
b+c c+a a+b a? + b + 2
Loi giai 1.

Ap dung bat ding thic AM - GM, ta c6:
2a(b+c) <b+c+2a

T do suy ra
2a 4a S 4a
b+c  2\/2a(b+c)  btc+2a

Twong tu, ta ching minh dugc:

2b S 4b
c+a " ct+a+2b
2c 4c

>

a+b " a+b+2c
Cong theo vé ba bat dang thiic trén, ta dugc:

VT > n 4b L 4e
“b4+c+2a cH+a+20 a+b+2c

Ta sé chiing minh
4a 4b 4 (a+b+c)?
+ + >

b+c+2a c+a+2b a+b+2c a2+ b+ ?

Ap dung bat ding thic Cauchy - Schwarz, ta co:
da 4a? - 4(a+b+c)? B 2(a+b+c)?
b+c+2a “ab+ac+2a® T 2(a? + b2+ c2) +2(ab+be+ca) a2+ b2+ 2+ ab+ be + ca

Bay gio ta chi can ching minh duge

2 1
>
A+ +E24+ab+bc+ca ~ a+ b2+ 2

hay
a’>+ b+ c2 > ab+ be+ ca
Day 1a mot két qua quen thuoc.

"xdyra < a=0=c.0O

Phép chiing minh hoan tat. Dau "=
Lai giai 2.

Ap dung bat ding thic Holder, ta co:

(\/bJrc \/c+a \/:> [ b+c+62(62+a)+62(a2+b) > (a+b+c)

2(a+b+c)?
a?(b+c) +b*(c+a)+ c(a+b)

hay
VT? >

Ta sé chiing minh
2(a+b+c)? S (a+b+c)?
a?(b+c)+b*(c+a)+a+b) ~ (a®>+ b+ ?)?
Bat ding thitc nay tuong duong véi
2a? + 0>+ 2?2 > (a+b+)[a?(b+ ¢) + b*(c+ a) + A(a + b))

hay

2(at + b + ) + 2(a?? + b2 + *a?) > ab(a® + b%) + be(b? + ¢2) + ca(c? + a?) + 2abc(a + b + ¢)
Ta c6 hai cach dé chiing minh bat déng thtic nay.

Céch 1: St dung bat dang thitc Schur, ta co:
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a® + 0% + ¢t + abc(a + b + ¢) > ab(a® + b?) + be(b? + ¢*) + ca(c? + a?)
Vay ta chi can chiing minh
at + bt + 4+ 2(a?b? + V*? + 2a?) > 3abe(a+ b+ ¢)

hay

(a® +b* + ¢*)? > 3abe(a + b+ c)
Ta c6 danh gia
(a+b+c)?

a?+b>+c2> 3

(a2 +b*+ )2 > M
- 9
Ta can chitng minh

4
latbtof > 3abe(a + b+ c)

hay

(a+ b+ c)® > 27abe
hay

a+b+c>3Vabe
Diéu nay dang theo bat ding thitc AM - GM.
Phép chiing minh hoan tat. Dau "=" xdy ra < a = b = c.
Céch 2: Stt dung bat dang thitc AM - GM, ta co:

(@ +0%)*  a' 40

2 12) < _ 272
ab(a® + b*) < 5 5 + a®b

Twong tu, ta ching minh duge
vt +

be(b* + ¢*) < + b*c?

ca(c® +a?) < 04—;—6# + c2a?
Cong theo vé ba bat dang thiic trén, ta dugc:
ab(a® + %) + be(V? + 2) + ca(c® + a?) < a* + bt + ¢t + a?b* + b*? + *a?
Ta can chitng minh
2abc(a+b+c) < a* 4+ b* + ¢t + a?b? + b** + Fa?
Diéu nay ding vi theo bat ding thitc AM - GM:
(a* + b2c?) + (b* + c2a®) + (¢* + a®b?) > 2a%be + 2b%ca + 2c¢%ab = 2abc(a + b + c)
Phép chitng minh hoan tat. Dau "=" xdy ra < a = b = ¢.O

4.26 | Cho a, b, ¢ € [0;1]. Chiing minh rang:
2(a® +b* + ) — (a®b + b*c+ c*a) < 3

Lai gidi.

Gia st ¢ = min{a, b, ¢} thi:
2¢3 < b’c+ Pa
hay
2¢% — (b*c+ c*a) <0
Bay gio ta chi can ching minh:
2(a® +0*) —a®b < 3
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Néua > b > 0, ta co:
2(a3 +b%) —a?b =23+ +b(0* —a®) <2+1+0=3
Néu b > a >0, ta co:
2@ +0°) —a*b=a*+20°+ a*(a—b) <24 1+0=3

Phép chitng minh hoan tat. Dau "=" xdy ra < a =b=c =1 hoic a = b= 1,c = 0 va cac hoan
vi.O
I? y? z > 0 ~ ., . 2 A 2 - 2 s
Cho . Tim gia tri nho nhat cia bieu thiec:

x > maz{y, z}

M=2121+Y 4390142
y 2z x

Ap dung bat ding thic AM - GM, ta c6:

Lai gidi.

T do ta suy ra:

Mzg”ﬂ'f/g*m\s/}%(g““%* \F) 1- ) 2+ puz-3vp

Lai ap dung bat déng thitc AM - GM, ta c6:

Tu gid thiét © > max{y, 2}, ta suy ra:

>
4
<
x
Do dé:
< 1)ZL‘>1 1
V2)y T V2

(332 - 3v2 > 332 - 3V2

(=}
m

Tu day ta suy ra:

M >—( +4</§+6\[> <1——)f+(3€/§—3\/§)§/§

7+1—E+3f—3f_1+2f+3f

VaymlnM—1+2\/§—l—3\3/§(:>x:y:z.D

4.28 | Cho a,b,c > 0. Chiing minh réng:
\3/ a+ba+b+c S a + vab + Vabe
a. .
2 3 - 3

L3i gidi.

Ap dung bat ding thic AM - GM, ta co:
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3a _ 3 a.a.a <a+ 2a . 3a 14 2a L 3a
J atbatbtc Saa+ba+b+c_a a+b a+btc a+b a+b+c
3vab . a./ab.b §g+2\/%+ 3b . 3b
5/, ath atbre aa+ba+b+c a a+b a+b+c a+b+c
2 3 * 2 * 3
3vabc abe a 2b 3c 2b 3c
J a+ba+tbtec aa+ba+b+c a a+b a+b+c a+b a+b+c
Cong theo vé ba bat déng thic trén, ta dugc:
3
3a n 3\/% n 3vabc <9
i/ a+ba+b+ec :\3/ a+ba+b+c {)/aa_%_a+b+c
a. ) a. ) 2 T3
2 3 2 3
hay

a+\/@—l—\3/abc< s/ a+ba+b+c
< 4/a. .

3

"xdy ra<a=0b=c.0O

Day chinh 13 diéu phai chiing minh. Dau "=

4.29| Cho a,b,c > 0. Chiing minh réng:
2V ab b b
<8+ \/a_>‘</a'a—|— 'a—k +023(a+\/%+\3/abc)

a—+b 2 3

Lai gidi.

Ap dung béat ding thic Holder, ta c6:

Jra  a ayfa Vab b\ (a b ¢\ _ atVab+ Vabe
3+ (34524 1) (5+3+9)

3+3+3

3+3+3

v

Bay gio ta chi can ching minh:

2V ab a+ba+b+c a a a a Vab b a b ¢
8 a2 >93 (— ¢ —) ST e LA I (i
<+a—|—b> \/a 2 3~ \3T373 <3+ 3 +3> <3+3+3>

2\/_ 3/a—|— 3a+\/%+b
a+b 3

Diéu nay ding vi theo bat ding thic AM - GM:

hay

8Jr2x/_ JJa+b 3+3+2(a+\/%+b) fatb o a+\/_+b).a+b
a—+b 2 a—+b a-+b 2

332
3/6L+ “f‘b
"

Phép chitng minh hoan tat. Dau "=" xdy ra < a = b = ¢.O

4.30| Cho a,b, ¢ > 0 thod man abc = 1. Chiing minh réng:
a? N v N c
44+20%(a+c)+c2  4+2320b+a)+a® 4+ 2a?*(c+b)+ b3

w

Vv
Wl =

Lai gidi.
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Ta c6 mot bo dé co ban:

Vdi m,n,p,x,y, 2 la cic s6 thuc duong bat ki, ta luon cé bat dang thic:
m?> nd p>_ (m+n+p)?
m g mAndp)
r oy oz 3x4+y+=z)
Diu "="zdyra &m=n=p,r =1y = 2.
B6 dé nay c6 thé chiing minh dé dang bang bat dang thitc Holder nhu sau:
RO T
(7+?+%) (z4+y+2)(1+1+1) > (m+n+p)?
Chia c4 hai vé cho 3(z + y + 2), ta ¢6 ngay diéu phai chiing minh.
Trd lai véi bai toan. Ap dung bd dé tren, ta co:
3
VT > (a+b+c)
3[12 4+ a® + b3 + 3+ 2b%(a + ¢) + 2¢2(b + a) + 2a*(c + b)]
Bay gio ta chi can ching minh:

(a+b+c)?
312+ a® + 03 + 3 + 2a%(c + b) + 2b%(a + ¢) + 2¢2(b + a))
Bét déng thic nay tuong duong v6i mdi bat ding thiic trong day sau:
(a+b+c)P>12+a®>+ b+ +20%(a+ c) + 2¢3(b + a) + 2a*(c + b)
a*(c+0b)+ b*(a+c)+ b+ a) + 6abc > 12
(a®b + a*c + b*a + b?c + c*a + ¢*b) + 6abe > 12

Bét déng thic cudi ciing ding vi theo bat ding thic AM - GM thi:

(a%b + a®c + b2a + b2c + 2a + 2b) + 6abe > 6v/aSH5¢5 + 6abe = 12abc = 12
Phép chitng minh hoan tat. Dau "="xdy ra < a=b=c= 1.0

1
>
-3

4.31| Cho a,b,c > 0 thod man a + b + ¢ = 3. Chiing minh rang:

1 1 1
8(—+—+—)+921O(a2+62+c2)
a b ¢

Lai gidi.

Gia st a = max{a, b, c}, dé thay a € [1;3).
Bat ding thic tuong duong véi

8 8 8
——1—5 + — +42a + 42b + 42¢ — 117 > 10a? + 10b* + 10c?
a c
hay
69 8 69 8 8
—100% +42b — — + — | + [ —10c? + 42c — — + = ) > 10a®? — 42a + 48 — —
2 b 2 ¢ a
hay
(2~ 1)*(16 —5b) | (2~ 1)*(16—5¢) _ (a —2)*(20a — 4)
b c - a
Ap dung bat dang thitc Cauchy - Schwarz, ta cé:
(1 —-20)*  (1-2¢)? 20 -b—-0)* 4(a — 2)?
e 16§5b ' ‘ - b . b €

16—5c  16_5p % 16-5b 16— 5c
Ta sé chiing minh:

(a—2)? - (a —2)*(5a — 1)
b + c - a
16 —5b 16 — be
Ta co:
b c b c 3—a

< —
16—5b+16—50_16—5a+16—5a 16 — 5a
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Do d6:

(a —2) (a —2)
b n c = 3—a
16 —5b 16 — be 16 — ba

Bay gio ta chi can ching minh:

(a—2)? _ (a—2)*(5a—1)
3—a Z a
16 — 5a

Diéu nay tuong duong vdi:
(a —2)*(16a — 5a?) > (a — 2)*(—5a® + 16a — 3)
hay
3(a — 2)?> > 0 (luon dung)
L1y o P
: —) va cac hoan vi.O

Phép chitng minh hoan tat. Dau "=" xdy ra < (a,b,c) = (2; 3’3

4.32| Cho a,b,c > 0. Chiing minh réng:

a® b3 I
ad + Zabc + b3 b3+ Zabc + 3 3+ Zabc + a3

Lai gidi.

Do bat déng thiic 1 thuan nhat nén ta chuan hoa abc = 1. Ta c6 thé viét lai bat déang thic can
ching minh duéi dang:

a b c
[t — + | —1— <2
atat b+-+c \ct+-+a

4 4
a n b n c <1
da +4b+1 V 4b+4c+1 4e+4a+1 —

Ap dung bat ding thic Cauchy - Schwarz, ta co:

VT2 =% (4da+4c+1)a
(da+4b+1)(4a + 4c+1)

hay

a
(da+4b+1)(4a + 4c+ 1)
(8a + 8b + 8¢+ 3)(8ab + 8bc + 8ca +a+ b+ ¢)

(da+4b+1)(4b + 4c+ 1)(4dc+ 4a + 1)

< [X(4a + 4c+ 1)] [E

Ta sé chiitng minh:
(8a +8b+8c+ 3)(8ab + 8bc+ 8ca+a+b+c) <1
(da+4b+1)(4b+4c+ 1)(4c+4a + 1) -

hay
(8a+ 8b+ 8¢+ 3)(8ab+8bc+8ca+a+b+c) < (da+4b+1)(4b+4c+ 1)(4dc+4a+1)
Ta ¢6 nhan xét:
VT =64(a+b+c)(ab+bc+ ca)+8(a+b+c)?+24(ab+bc+ ca) + 3(a+ b+ c)
= 64[(a +b)(b+ c)(c + a) + abc] + 8(a + b+ ¢)* + 24(ab + bc + ca) + 3(a + b + )
=64(a+b)(b+c)(c+a)+64+8(a+b+c)*+24(ab+ bc+ ca) + 3(a+ b+ ¢) (do abe = 1)
VP =64(a+Db)(b+c)(c+a)+16(a+b)(b+c)+16(a+Db)(c+a)+16(b+c)(c+ a)
+4(a+0)+4(b+c)+4(c+a)+1
= 64(a+ b)(b+ c)(c+ a) + 16(3ab + 3bc + 3ca + a* + b* + ) + 8(a + b+ c¢) + 1
=64(a+b)(b+c)(c+a)+16(a+b+c)? +16(ab+bc+ca) +8(a+b+c)+ 1
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VP —-VT =8(a+b+c)?+5(a+b+c)—8(ab+ bec+ ca) — 63

Bay gio ta chi can ching minh:
8(a+b+c)*+5(a+b+c)—8(ab+ bc+ ca) — 63 >0
hay
16(a+b+c)*+15(a+b+c) + 8[(a+ b+ c)? — 3(ab+ bec + ca)] > 189
Bét ding thic nay ding tit cac bat dang thitc sau:
16(a + b+ ¢)? > 16(3v/abc)? = 144 (Theo bat déng thiic AM - GM)
15(a + b+ ¢) > 45v/abc = 45 (Theo bat déng thiic AM - GM)
(a+b+c)* > 3(ab+ bc+ ca)

n

Vay phép chiing minh hoan tat. Dau "=" xdy ra & a = b = .0

4.33| Cho a, b, c 1a do dai ba canh ciia tam gidc. Chitng minh rang:
Vbrc—a+Veta—b+vVatb—c<Ja+Vb+ e

Lai giai.

Ap dung bat ding thic Holder, ta co:
(Ve+ta—b+vVa+b—c)* <(1+1)(1+1).2a =8a

Do dé

Veta—b+vVa+b—c<2¥a
Twong tu, ta ching minh duge
Ja+b—c+Ib+c—a<2Vb
Vb+c—a+vVet+a—b<2yc
Cong theo vé ba bat dang thiic trén, ta dudc:
2(WVb+c—a+veta—b+Va+b—c)<2a+ Vb+ /)

hay

Vb+c—a+Veta—b+Vatb—c< Ja+Vb+ e

Day chinh 14 diéu phai chiing minh. Dau "=" x4y ra < a = b = ¢.O

4.34| Cho a,b, ¢ > 0. Chitng minh rang:
(b+c—a)* (c+a—-0)?* (a+b—c)? 23
(b+c)?+a®> (c+a)?®*+b (a+b?*+c2 "5

Lai gidi.

Vi bat ding thitc 1a thuan nhat nén ta chuan héa a + b+ ¢ = 3. Khi Ay, bat dang thiic can chiing
minh tré thanh:
(3 — 2a)? (3 — 2b)? (3 —2c¢)? S 3
B—a)+a®? (3-02+0 (B-c2+c 5
Bét dang thitc nay tuong duong véi:
402 —12a+9 4b> —120+9 4 —12¢+9 S 3

%2 _6a+9 22 _6b19 | 22 _6c+9 =5

Ta c6 nh‘aIQl xét: , , ,
4o — 12 18z — 2 — 54 1 1 —1)%(2 1
x m+9+ 8z —23 36w 51:—|—8:_8.(x )(m+)207vx>0
222 —6x+9 25 25(222 —6x4+9) 25 222 —-6x+9
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Do do: 4x% — 12 9  23—-18
e — 120 + — 18z
> A 0
22— 6r+9 = 25 07
Stt dung nhan xét trén, ta c6 ngay:
4a* —12a + 9 N 40* —12b+9 N 4c* —12¢+9 S 69— 18a+b+c) 3
20 —6a+9  202—6b+9 = 2c2—6c+9 25 5
Phép chiing minh hoan tat. Dau "=" xdy ra < a = b = c.O
Loi gidi 2

Bat ding thtc tuong duong véi:

1 2a(b+c¢) 2b(c+a) N 2c¢(a +b) S 3

(b+c¢)?+a? (c+a)?+0? (a+0)?+c* 5
hay
a(b+ c) b(c+a) c(a+Db) < 6
(b+c)2+a? (c+a)?+b (a+b?2+c2 75
Ap dung bat ding thic AM - GM, ta c6:
3(b 2 b 2 3(b 2 3b+3c+4
T do6 suy ra:
a(b+c) < a(b+c) _ 4a
(b+c)2+a2 3b+3c+4a  3b+3c+4a
(b+ C)T
Ap dung bat ding thic Cauchy - Schwarz, ta co:
1 27 1 9 102 100
a a+b+c a at+b+tc a+9(a+b—|—0) 3b+ 3¢+ 4a
3 3
Do do6:
4a 4a 1 27 1 27a
3b+3c+4a — 100 \a a+b+c 25 25(a+b+c)

Vay tom lai, ta thu dugce:
a(b+c) < 1 27a

(b+c¢)?+a? — 2_5+ 25(a+b+c)
Tuong tu, ta cing chiing minh dugce:

b(c+a) < 1 N 27b
(c+a)>+b> 25 25(a+b+c)
c(a+b) < 1 27¢

(a+b)2+c2~ 25 N 25(a+b+c)
Cong theo vé ba bat dang thiic trén, ta dugc:
a(b+ c) b(c+ a) c(a+Db) < 27(a+b+c¢) 3 6
(b+c)3+a? (c+a)?+0? (a+b)24+c2~ 25(a+b+c) 25 5
Phép chitng minh hoan tat. Dau "=" xdy ra < a = b = c.O

I I I
Choabc>0thoamanb—+—+—b>1 Chiing minh rang:

ca

b
—+—+—>f
bc

Lai gidi.

1 1 1
Tu’glathletb—Jr——i-—b>1 ta suy ra:
a
a+b+c>abe

Ta c6 mot két qua quen thuoc:
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3(a*> + 0?4+ %) > (a+b+c)* > 3(ab+ be + ca)
Ap dung céc bat ding thic tren, ta co:
(a® 4+ b* 4+ *)? > (ab + bc + ca)? > 3(ab*c + bc*a + ca®b) = 3abc(a + b + ¢) > 3(abe)?
Diéu nay tuong duong vdi:
a? + b? + 2 > /3abe

hay
b
- 2
) ) bc  ca ab
Phép chiing minh hoan tat. Dau "=" xdy ra © a = b = ¢ = /3.0

4.36| Cho ,y, z,t 1a cac s6 thyc thod man |x +y + 2z — t| < 1 va cac hoan vi. Chitng minh

rang:

e e A |

Lai gidi.

Tu gid thiét |z +y + 2 — t| < 1, ta suy ra:
P4+t 2y +yt —at —yt — 2t) < 1
Tuong tu déi v6i cac hoan vi, ta ciing co:

22+ yt + 22+ 242y oyt ot —yr — 2z —tz) < 1
PP+ 2+ P+ 2ttt —zy —ty —ay) < 1
PR+ 2P 2AtrHty + oy —tr — a2 —y2) <1

Cong theo vé bén bat dang thiic trén, ta duge:
A2+ y 4+ 22+ 1%) < 4
hay
2y + 242 <1

Phép chiing minh hoan tat. Dau "="xdyra v =y=2=1t = j:§.D

4.37|Cho a,b,c € R. Tim gia tri nhd nhat ctia biéu thc:
4
P=(a+b*+(b+c)*+ (c+a)—=(a*+ b+ )

7
Loi giai.
. Yy+z—x Z+x—vy rT+y—z .
at a 9 ’ 9 701 5 1
P:z4+x4+y4—%[(y+z—x)4+(z+x—y)4+(a:+y—z)4]

DitQ=y+z—2)'+(z+x—y)'+(x+y—2)~
Ta c6 dang thic:
(u+v)*+ (u—v) = 2(u* + v* + 6u*v?)
Ta ap dung dang thiic trén nhu sau:
(z+y+2)t+(@+y—2)?*
(ztz—y)'+(z+y—a)
Cong theo vé hai dang thtc trén, ta dugc:
Q+@+y+2)?* =@+y+2)'+@@+y—2)'+Gz+r—y) '+ G+y—a)?
= 4[(z* + y* + 62%9%) + 21 + 32%(22% + 2?)]
=4[zt + y? + 2* + 6(2%y? + y?2? + 2%2?)]

2[(z +y)* 4 2* + 62%(z + y)?]
20z —y)* + 2 + 62%(z — y)?]
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Ta c6 mot két qua quen thuoc:
mn +np + pm < m? +n? + p?
Do do
Q< 28(a +y' +2%) — (v +y+2)" <2802 +y' +2Y)
Suy ra
P:%+ﬁ+¢—%@2ﬁ+¢+%—ﬁ+¢+%ﬁﬂ
VayminP=0&zrz=y=2=0haya=b=c=0.0

4.38| Cho a, b, c > 0. Chiing minh réng:

2 2 2 3 3 3
a_+b_+c_z<l/§'4 m‘1/a2+b2+02
b c a abe

Lai gidi.

Mii 4 hai vé, ta dugc:

f+f+f42a&+wwﬂW+w+éf
b c a abc
Ap dung bat ding thic Cauchy - Schwarz, ta co:
a> v 2 at bt ct (a® + b* + ¢?)?

b= b
b c a a?b  bic  c2a — a?b+ b2c+ c2a

Ta sé ching minh

a> B2\ 3(a® 4 b+ 3) (a2 + Ve + Ra)
el =
b a abc

a2 2\’
b c a
Vi z,y, 2 la cdc s6 thuc duong bat ki, ta luon cé bat ding thic:

(x+y+2)°>27(2% + 9 + 22 (zy + yz + 2x)?

Dau "="zay ra &=y = z.

hay
9(a® 4 b + )?(a?b + b*c + c*a)?
(abc)?

v

P 2 X
Ta c6 bo dé sau:

B6 dé nay c6 thé chiing minh dé dang bing AM - GM nhu sau:

{’/27(3:2 + 92+ 22)(zy +yz + zx)?2 = 3{’/(1:2 + 92+ 22)(zvy + yz + zx)?
<2+’ + 224 2(xy +yz + 2x)
= (z+y+2)°

Lap phuong hai vé, ta c6 ngay diéu phai chitng minh.

Trd lai véi bai toan. Ap dung bé dé tren, ta co:

a2 o 2\° a* b c4 ab Ve a\’
S+l (G5 5) (B2
b c a b2 c a b

Vay ta chi can chting minh:
o7 a’ N b_4 N ct\ [a?b N e ta\’ > 9(a® +b® + )2 (a®b + b*c + *a)?
(abc)?

c a b

b2 a?
hay

b2
Bat ding thic nay dung tit cac bat ding thic sau:

CL4 bt C4
3 ( t5t5 ) (a®0? + b3 + *a?)? > (a® + b® + )?(a®b + b?c + c*a)?
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4
(2—2 + 5+ 0—2) (@30 + b3c? + a?)(a®> + 0? + ) > (a® +b® + )3 (Theo Holder)
2 a

(a®0? + b3 + *a?)(a+ b+ ) > (a?b + b*c + c*a)? (Theo Cauchy - Schwarz)
3(a® + b+ 3) > (a® 4+ b* + *)(a+ b+ ¢) (Theo Chebychev)

n

Vay phép chiing minh hoan tat. Dau "=" xdy ra < a = b = c.O

4.39| Cho a, b, c,d > 0. Chting minh rang:

() Lo ) (i) 2 (o) () () (00)

Bat diang thtc ban dau tuong duong véi mdi bat dang thiic trong day sau:
[1(a* +1) > [I(ab +1)
& [[I(e* + 1) > [1(ab+ 1))
< [1@+1)*+1) > [](ab+1)?
Bét dang thic cudi ciing ding theo bat déng thic Cauchy - Schwarz.

L&i giai.

n_n

Do d6 phép chiing minh hoan tat. Dau "=" xdy ra < a=b=c = d.O

4.40| Cho a,b, ¢ > 0 thod man ab + bc + ca = 3. Chitng minh rang:
(a+ )b+ A)(c+a®) >8

Lai gidi.

Ap dung bat ding thic Cauchy - Schwarz, ta co:
(a+0*)(a+1) > (a+b)?
Twong tu, ta ching minh duge:
(b+c*)b+1) > (b+c)?
(c+a*)(c+1) > (c+a)?
Nhan theo vé ba bat dang thiic trén, ta dudc:
(a+b)(b+c)(c+a)(a+1)(b+1)(c+1) > [(a+b)(b+c)(c+a)f
Ta chi can chitng minh:
[(a+b)(b+ c)(c+ a)]?
i (a+1)(b+1)(c+1)
Ta c6 thé chiing minh bang cach chi ra:
(a+b)(b+c)(c+a)>8 (1)
(a+b)(b+c)(c+a)
(a+1)(b+1)(c+1)
Hai diéu nay c6 thé ching minh don gian nhu sau:
Tu gi& thiét ab + bc + ca = 3, ta dé dang suy ra:
(a+b+c)>>3(ab+bc+ca)=9haya+b+c>3
3 = ab + be + ca > 3v/a2b2c2 hay abe < 1 (Theo bat déng thitc AM - GM)
Ching minh (1):
(a+b)(b+c)(c+a)=(a+b+c)(ab+ bc+ ca) — abc = 3(a+ b+ c) —abc > 8
Chiing minh (2):

v

8

>1 (2)
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Ta co:
(a+b)(b+c)(c+a)—(a+1)(b+1)(c+1)

= 3(a+b+c)—abc— (a+b+c+ab+bc+ ca+ abc+ 1)
= 2(a+b+c)—2abc—4>0
Do do6
(a+b)(b+c)(cta)>(a+1)(b+1)(c+1)

hay
(a+b)(b+c)(c+a)

(a+1)(b+1)(c+1)
Vay phép chiing minh hoan tat. Dau "=" xdy ra < a=b=c = 1.0

> 1

3.5 Bai 5.1 dén bai 5.40

5.1| Cho a,b,c > 0 thod man khong c6 hai s6 nao dong thoi bang 0. Ching minh rang:
a(bc + ca — 2ab)  b(ca+ ab—2bc)  c(ab+ be — 2ca)

>0
(2a +b)? (2b+ ¢)? (2c¢+ a)? -
Loi giai.
Ta thay:
a(bc+ ca —2ab)  a[(20* 4 be) 4 (2ac + be) — 2(2ab + b?)]
(2a + b)2 B (2a + b)2
~ab(2b+ c) L8 _ 2ab
 (2a+b)?2  2a+b 2a+b
Do do¢:
a(bc+ca —2ab)  _ab(2b+ c) Ly 2ab
(2a + b)? T (2a+b)? 2a 4+ b 2a 4+ b
_ oab(2b+¢) N ab . 2ab
T (2a+b)2 2b+c T 2a+b
1 2 1
= Yab(2b —
ab(2b + ) [(2a+b)2 2a+D)2b+0)  (2b+e)?
1 1 \?
= Yab(2b — >0
ab( +C)<2a+b Qb—l—c) -
Phép chitng minh hoan tat. Dau "=" xay ra < a = b = ¢ hoiic (a, b, ¢) = (0;1;2) va céc hoan vi.O

5.2| Cho a,b,c > 0 thod man khong c6 hai s6 nao dong thoi bang 0. Ching minh rang:
a’+ 0% + 2 8abc
+ > 2
ab+bc+ca  (a+b)(b+c)(c+a)

Lai gidi.
Lai gidi 1.

Khong mat tinh téng quat, gia st a > b > ¢ > 0.
Ta c6 mot bo dé quen thuoc:

Vi x>y >0 wvaz>0 thi ta luon cé bat dc%ng thic:
T N T+ =z

y T ytz
Dau "=" zdy ra < x =1y hodc z = 0.
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B6 dé nay c6 thé chitng minh dé dang bing cach xét hieu nhu sau:
E_l’—l—Z:Z(:B—y) >0 (dox>y>0vaz>0)
y ytz yly+=)
Ap dung bd dé tren, ta co:
@+ +c b +2? a2
ab+bc+ca ~ +ab+bc+ca  (a+c)(b+c)
Bay gio ta chi can ching minh:
a? + b + 2c2 8abc
+ > 2
(a+c)b+c) (a+b)(b+c)(c+a)
Bat ding thtc nay tuong duong véi mdi bat déng thitc trong day sau:
(a® +b* + 2¢*)(a + b) + 8abc > 2(a + b)(b+ ¢)(c + a)
a® + a®b + ab® + b® + 2ac® 4 2bc?® + 8abe > 2a?b + 2b%¢ + 2c%a + 2ab® + 2bc? + 2ca’® + 4dabe
a® — a?b — ab® + b3 — 2ac? + 4abc — 2bc* > 0
(a+0b)(a—0)*—2c(a—b)*>>0
(a+b—2c)(a—0)*>0

Bat ding thic cubi cling ding do gid st a > b > c.

" x4y ra < a =b = c hoac a = b,c = 0 va cac hoan vi.O

Phép chiing minh hoan tat. Dau "=
Loi giai 2.
Khong mat tinh tong quat, gia st a > b > ¢ > 0.
Ta c6 hai déng thic sau:

a’>+ 0%+ —ab—bc—ca=%(a—"0b)(a—c)

(a+b)(b+c)(c+a) —8abc = X(b+ c¢)(a — b)(a —c)
Do d6 bat dang thiic can ching minh c6 thé viét lai nhu sau:
ab+bc+ca+X(a—b)a—c) (a+b)(b+c)ct+a)—X(b+c)(a—0b)(a—c)
+
ab + be + ca (a+b)(b+c)(c+a)

Bat dang thitc nay tuong duong vdi:

Y(a—b)(a—c) X(b+c)a—0b)(a—-c)

ab + be + ca (a+b)(b+c)(c+a)

> 2

hay
1 1

ab+bc+ca  (a+b)(a+c)

Ta dé thay ngay ring bat dang thiic sé ding theo bat dang thiic Vornicu Schur néu ta chi ra dugc:
1 1

—_ > —_
ab+bc+ca (a+0b)(a+c) ~ab+bc+ca (b+c)(b+a)
Diéu nay tuong duong vdi:

(a—b)la—c)>0

1 1
@ib)ato = rob+a)
hay
(b+c)b+a) < (a+b)(a+c)
hay

b < a (diung theo gia sit)

n_n

Vay phép chiing minh hoan tat. Dau xay ra < a = b = c hodc a = b,c = 0 va cac hoan vi.O

5.3| Cho z,y la cac s6 thyc. Tim gia tri 16n nhét clia biéu thic:
_ 42r+y)—13
(2 +5)(y* + 5)

Lai gidi.
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®

Ta thiy rang:
4 1
P=—&wr=4y=
max TR =3 1
Xayra@x:él;y:é.

4 .
nén ta sé ching minh P < o véi dau "="
That vay:

42x +y) — 13 < 4
(x24+5)(y2+5) — 21
Bat ding thic nay tuong duong véi:

168z + 84y — 273 < 4x?y* + 202% + 20y* + 100

hay

4(z%y? — dzy +4) + 1622 + 4y? + 289 + 162y — 1362 — 68y + 4(x* — 8z + 16) + 4(4y? — 4y + 1) >

hay

4(zy — 2)% + (4o + 2y — 17)* + 4(x — 4)* + 4(2y — 1)* > 0 (Iuon dang)

4
Va P=— =4,y =-.0
ay max 21<:>:13 Y 9

5.4| Cho a,b,c > 0 thoa man 12a® 4 3b% + 2¢*> = 20. Tim gia tri 16n nhat ctia bieu thic:

M= (a+b)(1+0)

Loi giai.
1 4 V5
batm=-—=n=—,p=2k=—.
NG 3
Ap dung bat ding thic Cauchy - Schwarz, ta co:

a2 B c?
M? < (m+n) <—+—> (1+0p) (1—|——> =N
m  n p
Ap dung bat ding thic AM - GM, ta c6:

o mAntp) (o BN (0 kSN (mAn)(itp) (af b
k m n P 4k m n
Theo cach dit m,n, p, k nhu trén, ta sé co:
2 b2 ]f2 2 b2 k 2 5
a7 g Re  nmpa” pmbT + kmne +k:\/_(12 2 4 302 4 2¢2)
m n P mnp 12

Cubi cling, ta thu duge:
(m+n)(1+p)

ke

+k+—

3

VB
3

+—=2V5

M?< N < T (2v/5)% = 45
T do suy ra:
) M <35
Vay max M =36 & a=— c=20
F
5.5 | Cho céac s6 thuc du’dng a,b,c. Chitng minh ring:
a? b? c? 1
+ <=
3a% + (b+ ¢)? 31)2 +(c+a)? 3+ (a+b)? 2
Loi giai.
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Ap dung bat ding thic cauchy-Schawrz, ta co:
a? a’ a? a? 1 a’
S < -z -
Z3a2+(b+c)2 Za2+b2+02—|—2a2+2l)c_Zélaz—l—élb?—l—élcz—i_z&ﬁ%—é%bc 4+28a2+8bc

Ta can chitng minh:

a2
<2 >1
a?+be —

a?+bec —

2.

aP>

Ta co :
be (ab+ bc + ca)?

>
a?+bc — a?b? + b2t + 2a? +abc(a+b+c) —

2

tuong duong
abc(a+b+c¢) >0 Ding
Phép chitng minh hoan tat.O

5.6 | Cho a, b, c 1a cic s6 thiyc duong thod man abe = 1. Chitng minh ring:

1 1 1 b b
5< Tt >+ +—+b—2_2(b2+ + )+a2+b2+c2+(a+b+0)2

Loi giai.

Bét dang thiic tuong du’dng Vi
1 1 1 b a b c 9 19 o
5 +b4—|— + = —l——+b—2_2 _+c_+ﬁ +2(a® +b° + ¢*) + 2(ab + bc + ca)

2 2
St dung bat dang thiic AM - GM cung véi zié thiét abc = 1, ta co:
é+bl4:b464+b4 > 22
Twong tu, ta ching minh dugc:
it
0—14 + % > 2b*

Cong theo vé ba bat dang thitc tréen, ta dugc:
1 1 1
2 (—+ it > > 2(a* + b* + ?)
hay

11 1
4( +ot o >24(a2+b2+02)

Tiép tuc 4p dung bat ding thitc AM - GM, ta c6:

1, 1 1\ L2 2 2
(g+c>+<b4+a>+<c—4—l—b) > St nt s
Cong theo vé hai bat déng thic trén, ta dugc:
5(1 —l—bl4+ 1) 23(a2+b2+02)+2(b2+ b + )
Bay gio ta chi can ching minh:
a?+ b+ + — +£—|—b—2>2(ab+bc—|—ca)
Lai ap dung AM - GM, ta co:
a? +b2 + be = a? +b + ab*c® > 3ca
Xay dung cac bat dang thitc tuong tu, ta duge:
b + % + ca > 3ab
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b
¢ + — +ab > 3bc
a
Cong theo vé ba bat dang thitc nay, ta dugce:

b
a+62+bc+b2+ + ca + c? +—+ab>3(ab+bc+ca)

hay
24 R 2+£>2( b+ bc+ ca)
@+ 3 2Tt 3 220a ¢+ ca
Day chinh 13 diéu phai chting minh.

n_n

Phép chitng minh hoan tat. Dau xXayra<a=b=c=1.0

5.7| Cho a,b,c > 0 thod man abc = 1. Chiing minh réng:

1
a?b+bc+ o+ —m———— >3+ —
Vad+ P +3 ~ V3

L&i giai.

Ta c¢6 mot bo dé quen thuoc:
Vdi x,y, 2 la cic so thuc duong bat ki, ta luon cé bat diang thic:

7
(x+y+2)7>> Z(ny +y2% + 22? + 2y2)
Dau "="zdy ra &1 =1y = 2.

Ap dung bd dé tren va két hop v6i gia thiét abe = 1, ta c6:

27 7
(a®b + b*c + c*a)® > Z(a2b502 + b2cPa? + AaPb? + a*b3cP) = Z(a3 + 0+ +1)

Tu day suy ra:

ad+b+c3+1

a?b + b*c + c*a > 3</

4
Ta sé chiing minh:
403 341 1 1
3§/a+ + 3+ i s34 L
4 Vs + 05 + & V3

Ap dung bat ding thic AM - GM, ta c6:

a3+bg+cg+1:3w+l>4¢<w)g
b .

3

3 3 3 3 3 3
Si/a +b Ic +1234/a +l;+c

Bay gio ta chi can ching minh:
JJad + b3 +c3 1

3
m—f

3131 3
[a®> +b° + ¢ L s .
Datt = % — 5 > Vabc = 1, bat dang thiic tré thanh:

1 1
33+ >3+ —
32 3

3315 — 3312 —124+1>0

Do d6:

Diéu nay tuong duong vdi:

hay
(t — 1)(3v/3t* 4 3v/3t% + 3v/3t% — ) 0 (luon ding vi t > 1).

n_n

Phép chitng minh hoan tat. Dau xdyra<s a=b=c=10
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5.8 | Cho z,y, 2 1a ba s6 thiyc duong théa man 2° + y° + 2° = 3. Chitng minh rang:

Loi giai.
Theo bat dang thitc Cauchy — Schwarz ta cé:

y3 23 xr3 I‘6y4 +y624 +Z6l’4 - $6y4 +y624 +Z6JI4

Vay nén ta can chting minh:

2Oyt 49024 4 202t < 3

(a+b+c)?

Tt bat déng thitc quen thudc: > ab + bc + ca ta co:

2y’ + P2 + 2P <3

Suy ra:
15 > Z(a:5 + 32%9° + 217)

St dung bat dang thic AM — GM:

2% + 325y° + 210 > 5a5y?
Lam tuong tu véi céc bidu thic con lai ta duge:

15 > 5(a%" + y°2* + 2%2%)

hay
2Ot 902t + 2521 <3

Bat ding thic duge ching minh.
Dau déng thic xay ra khi va chi khi z =y = 2z = 1.0

5.9| Cho ba s6 thyc duong z, v, z théa man zy + yz + 2o < 3zyz. Chiing minh rang:

VP4 S+ VP> ot i+

Lai gidi.
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Tfrgiéthiétxy+yz+zx§3xyztacéé%—i—i—%§3
Ap dung bat ding thic AM — GM:
321+1+12 5 — xyz > 1
r oy oz Jryz

Dit a = /x,b = ¥y, a = /z (z,y,2 > 0)

Bét dang thitc can chiing minh tré thanh:
at+ b+t >ad’ + 0+ P

v6i a, b, ¢ 1a céc s6 duong sao cho abe > 1
Theo bat déng thiic Chebyshev ta co:

3(a* + bt + ) > (@ + 0+ ) a+b+c)
Lai ¢6 theo AM — GM:

a+b+c>3Vabe > 3

Két hop hai diéu trén cho ta diéu phai chiing minh.
Dau dang thitc xay ra khi vi chi khi z =y = 2z = 1.0

5.10| Cho a, b, ¢ 1a cac s thie doi mot khac nhau. Chitng minh ring:

a’t> +1 v’ +1 a’+1_ 3
+ + > =
(a—b)?2 (b—c)? (c—a)?* — 2

Lai gidi.

Ta chd ¥ t6i bién doi sau:

a?’+1 1 (1—ab)*+(1+ab)* 1 (1 — ab)? (1 + ab)?
Z(a—b)Q_aZ (a — b)? _5(2 (a —b)? +Z(a—b)2)

Dén day st dung 2 bat déng thitc quen thudc:

Pyt > 2y tyz )t P A > ey b yr 2w

1 (1 — ab)? (1+ab)?, _ 1 (1 —ab)(1 — be) (1 + ab)(1 + be)
T T ) 2 T g T e
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Bing phép quy dong va khai trién tryc tiép ta c6 2 ddng thic sau:
(1 —ab)(1 —=bc) (1—"0bc)(1—ca) N (1 —ca)(1l — ab)

@—0b-0 G-oc—a) T c—aa=b _

(I4+ab)(14+0bc) (1+bc)(1+ca) (14 ca)(l+ ab)

@000 G-oe-a | Eoaa-

Suy ra:
(1 —ab)(1 —bc) (14+ab)(1+bc), 3
ZZ @a—b)(b—9 2 @00 2

Phép chitng minh hoan tat.O

5.11| Cho a, b 14 céc s6 thyc duong. Chitng minh rang:

a+ b+ a?b? 54ab -
ab (a+b)ab+6ab+1 —

Loi giai 1.
St dung phuong phap doi bién p, q, 7.
1

—_

bite=—y=rz=aizty+z=paytyztzz=qayz=r=1
a

Bat ding thtc can chiing minh tuong duong véi:

54 S
Yy +yz+x2+6
< pq+6p > 9q

T+y+z+

Ta c6 bat déng thic quen thudc sau:
P*q + 3pr > 4q°
2 2
S piq+3p=>4q

-3+ \/9 + 16¢3

Sp2

o \/ 1
Mat khac véi ¢ > 3 dé thay: —o+ V2164

q+6
Nhu vay bat dang thiic dude ching IIllIlh.

Dau déng thitc xay ra khi va chi khia = b=c= 1.0

5.12| Chitng minh véi moi s6 thuc a, b, ¢ khong am ta cé bat dang thiic sau:

(a®> +6*)(1* + A)( +a®)(a+b+c) > 8(a’” + b*c® + *a®)?
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Loi giai.
Dat > = 2,0? = y,* = z(x,y,2 > 0).
Bat dang thic can chitng minh tré thanh:

T+ y)(y+2)(z+2) Vo +Vy+ Vz)? > 8(xy +yz + zx)°

Theo bat déng thic AM — GM:

22\/@22 dxy

r+y
Suy ra:
(\/5+\/§+\/Z)2=Zx+22\/@22x+zx4iyy

Mat khac ta lai co:
dxy 9 9
T+ + + T+ — ) —=8(xy+yz+ zx)" = zylx — >0
(@ +y)y+2)(z+2)> Zx—}-y> (zy +y = aylz—y) >

Vay bat dang thiic chitng minh xong.
Dau dang thitc xay ra khi va chi khi a = b = ¢.O

5.13 | Cho céc s thic duong z, %, z théa man x + y + z = xyz. Ching minh rang:

Y z x 3
+ + > =
/2 +1 yv22+1 0 2241 2
Loi giai 1.
o e ik 1 1 1
Tu gia thiet t +y+ 2z =zyz suyra — + — + — = 1.
Yy Yz 2w
1 1 1
bat — =a;— =b;— =ckhid6 ab+ bc+ ca = 1.
x Yy z
Bat ding thtc can ching minh tré thanh :
a . b . c >3
V140 1+ V1+a? 2
Theo bat dang thitc AM — GM va Cauchy — Schwarz ta cé:
a 2a 2(a+b+c)?
V1402 = > >
Z N Zw/(a+b)(b+c)_Z%—i—a—i-c_a2+bz+62+3(ab+bc+ca)
_y (a+0b+c)?
~ “(a+b+c)?+ (ab+ be + ca)
-9 (a+b+c)? 3
B (a+b+c)2+w 2
3
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Bét dang thitc chiing minh xong.
Dau déng thitc x4y ra khi v chi khi =y = 2 = /3. O
Loi giai 2.
Vi z,y, 2 14 cac s6 duong théa man z +y + z = zyz nén ta dit z = tanA;y = tanB; z = tanC véi
A, B,C la 3 géc ciia mot tam giac nhon va A+ B+ C = 7.
Bét dang thiic can chiing minh tréd thanh:
tanB tanC tanA
fan AP B 11 tanByian?0 11 | tanCviam A1~

cosAsinB n cosBsinC n cosC'sinA S 3
sinA sinB sinC = 2

3
2

St dung dinh 1i ham s6 Sine va Cosine dé dua vé 3 canh tam gidc ta duogc:

Zb2+c2—a2 >§
2ac -2

< a®+ 03+ A+ ab® + b + ca® > 3abe + a?b + b2+ Pa

Nhung bat déng thitc trén luon ding do ab? + be? + ca® > 3abe ( theo AM — GM )
va a® + 0% + ¢ > a’b + b?c + c2a ( theo bat dang thitc hoan vi ).

Bét dang thic chiing minh xong.

Dau déng thitc x4y ra khi v chi khi z =y = 2z = v/3.0

5.14| Cho a, b, c 1a cac s6 thuc thda man a,b,c > 1,a% + b* + ¢ = 4.Chitng minh:

1+1+1 9
a b 2(vVa? — 1+ Vb2 -1+ 1)

Lai giai.
Dit Va2 — 1 =2,V — 1 =y,/c2 — 1 = 2 ta viét lai gia thiét thanh: 2> + y> + 2> = 1. Bat dang

thiic can chiing minh tuong duong vdi:

1 1
+ +
Vaz+1l 2 +1 V2241
Theo bat déng thic Cauchy — Schwarz ta co:

T 32 3 x? x? 3
— < - < — —

(z+y+2)( ) <

| ©

y+z y+z
=3
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Bat ding thitc duge chiing minh.
Déng thitc xay ra khi vi chi khia =b=c =

=l

5.15| Cho x,y, z 1a cac s6 thuyc duong. Chitng ming rang:

1 1 1 9
+ + >
2ray+y?: VP tyz+22 P4zt (x+y+2)?

Loi giai.
Nhan ca 2 vé véi 22 + % + 22 + 2y + yz + z2 ta dudce:

sz+y2+zz+xy+yz+xz - 9(x® +y? + 22 + oy + yz + 12)
2?2 + vy +y? - (z+y+2)?

»,
D
RN
—
e
=
o]

Zx2+y2+22+xy+yz+:cz 54 Z (x+y+2)
z? + zy +y° 22 + a2y + 12

Nén bat dang thic can chiing minh tré thanh:

z >>9(x2+my+y2+yz+xz+z2)
vy +y? (z+y+2)?

34+ (z+y+2))

Theo bat dang thitc Cauchy — Schwarz ta co:

2 T Y (x+y+2)?
2 2 T 2 2 T 2 2Z 2 2 2 2 2 2
e+ ay+vy 22+ zy+vy rc+xz+Z zx + 2y® + vz 4+ 2y® +yxt + yz¢ + 3ryz
B (z+y+2)
(x+y+ 2)(xy +yz + 22)
. rxty+z
Ty +yz+az

Vay ta can chiing minh:

(z+y+2)? S 9(x? +y? + 22 + 2y + yz + x2)

3+ > 3
ry +yz + xz (x+y+2)

(x+y+2)? S I (x+y+2)?— (zy +yz +22))
xy+yz+axz (x+y+ 2)?

(z+y+2) S 3(2(a? + b* + ) + ab + bc + ca)
xy+yz+axz (x4+y+2)?

)
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& (a4 b+c)* > 3(ab+ be + ca)(2(a® + b* + %) + ab + be + ca)

Dé thay bat dang thiic trén ding theo bat dang thitc AM — GM cho 2 sb.

Phép chitng minh hoan tat.

Déng thtic xay ra khi va chi khi z =y = 2. O

Bét déng thiic trén ciing 14 mot hé qua trie tiép suy ra tit bat déng thiic Iran 1996. That vay, si
dung bat ding thiic AM — GM ta co:

VT:Z;>Z( 4(zy + yz + 2x) :Z<4(xy+yz+zx)

2?2+ oy +y? Y2+ yz+ 22+ xy + yz + zx)? y+ 2z +y+ 2)?

Nhu vay ta can chiing minh:

1 1 1 9
+ + >
(x+y)? (W+ao)? (2+2)* " 4oy +yz+ 2x)

Nhung day 1a bat dang thitc Iran 1996 quen thudc.

5.16 | Chitng minh v6i moi s6 thuc a, b, ¢ ta c6 bat ding thic sau:

2(1 + abe) + v/2(1 + a2)(L + b2)(1 + ) > (1 +a)(1 +b)(1 +c)

L&i giai. Bat dang thiic da cho tuong duong véi:

V20 + )1+ )1+ A) > (b+c)(1+a)+ (1—be)(a—1)

V(1 +a)2+(a—1)2)((b+c)2+ (1 =bc)2) > (14+a)b+c)+ (a—1)(be—1)

Két qua nay ding theo Cauchy — Schwarz.
Déng thiic xay rakhia =b=c=1. O
Ciing ¢6 thé ap dung Cauchy — Schwarz nhu sau:

2(1 + abe) + /2(a2 + 1) (02 + 1)(c2 + 1) = 2(1 + abc) + v/2[(ab + bc + ca — 1)2 + (a + b+ ¢ — abc)?]
> (ab+bc+ca—1)+ (a+ b+ c— abc) + 2(1 + abe)
=1+a)(1+b)(1+c¢)

Ta c6 dieu phai chiing minh.O
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5.17| Cho a, b, ¢ 1a cac sd thic duong théa méan a + b + ¢ = 3.Chiing minh:

1 1 1
m@~+g+—)z4m@+ﬁ+c%+21
a C

b
véi t € (0,1]
(a+ b)?*

. * 2 e e ? N A 2, A £ - a +
Loi giai. Gia st ¢ la so6 16n nhat trong 3 s0 a, b, c. Dat t =

Xét f(a,b,c) = VT — VP.Déthay f(a,b,c) > f(t,t,c) vi (a+ b)*ab < 1 <4.
Lai co:
f(t,t,c) =3(2t — ¥ ! +8+2t 30)
he= 32t t

Dé chitng minh f(¢,t,¢) > 0 ta sé di chitng minh: g(t) = 4t> — 26t> 4 45t — 24 < 0Vt € (0, 1]
Ta thay g(t) dong bién nen g(t) < g(1) = —1 < 0.

Tt day ta c6 diéu phai ching minh.

Dau ding thic xay ra khi va chi khi @ = b = 0.5, ¢ = 2 va cac hoan vi.O

5.18 | Cho ba s6 thitc duong a, b, c. Chting minh rang:
a(b+c) blc+a) cla+b) ab be ca
3>4
b2+02+02+a2+a2+b2+ ~ ab—l—c2+bc—|—a2+ca—|—62

Giai
Ap dung bat dang thic Cauchy-Schwarz , ta co:

4be 4be(b + c) (141)°
= = be(b+ c)
bec+a? (b4 c)(bc+ a?) b(c® + a?) + c(a® + 1?)
1 1 cb+c¢) bb+c)
< be(b =
< belb+¢) (b(02+a2)+c(a2+b2)) 24+a®>  a?+b?
P 4b b) , §bbte) bath) | ~eleta
C cl0+c +c a—+ clct+a
< =
Czy;bc+a2_czy202+a2+czy;a2+62 Czy;bQ%—c2 +czyc: b? + c?
B bla+b) clct+a)\ bla+b)+clc+a)) a(b+c)+b* + 2
—§<b2+02+b2+02 _; b+ c? _; b+ c?
(b+c) B a(b+c)
_Z;(V+@ >_@CW+§+3

Diang thitc xdy ra < a = b = .0
5.19 | Cho céc s6 duong a, b, ¢, z,y, z thod méan:

(a+b+e)z+y+2)=(@+0+)(2*+y* +2°) =4

Chting minh rang:

beys <
aocryz —
Y= 34

116



Xuctu.com®

Loi giai.

Stt dung bat dang thitc AM — GM ta cé:

4(ab+be+ ca)(wy +yz +2) = [(a+b+c)? — (@ + 0+ A)][(z +y+ 2)* — (22 + y* + 27)]
=20— (a+b+ o). (2*+y* +2°) — (@®+ >+ P)(z+y+ 2)°
<20-2v/(a+b+c)2 (a2 +y2+22).(a2+ 2+ )z +y+2)2=4

= (ab+bc + ca)(zy +yz +22) <1

Mat khac ta lai ¢6:
(ab+ be + ca)? > 3abe(a + b+ c); (xy + yz + 12)* > 3wyz(x +y + 2)

= (ab+ bc+ ca)®.(vy + yz + x2)? > Yabexyz(a + b+ c)(z +y + 2)

— abeayz < —
abcryz < —

V=36
Phép chitng minh hoan tat.

Déng thitc khong xay ra.O

5.20| Cho a, b, ¢ 1a cac s6 thiic duong thdéa man abec = 1. Chitng minh:
a+b+c S s/a? + b + c?
3 - 3
Loi giai.

Ta viét lai bat dang thic dudi dang thuan nhat:

(a+b+c)® > 8labc(a® + b* + ) (%)

R0 rang chi can ching minh bat dang thiic (*) véi moi a,b,c duong.
Khong mat tinh tong quat, gia sit ¢ = min(a, b, c).
Ta ¢6 cac danh gia sau:

8abc(a® 4 b?) < c(a + b)*

8abc® < 2¢*(a + b)?
Do vay, ta chi can chiing minh:
8(a+b+c)° > 8lec(a+ b)*(2¢® + (a+ b)) (1)
Dat a + b = 2t va chuan hod cho a + b+ ¢ = 3. Thay ¢ = 3 — 2t vao (1), ta dugc:
3> 1%(3 — 2t)((3 — 2t)* + 2t?)
S 4t® — 141 + 185 — 9P +1 >0
S (t—1)24t 62 +2t +1)>0

Bat dang thitc nay hién nhién ding vi t > 1 ( Do ¢ = min(a, b, c) ).
Phép chitng minh hoan tat.
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Ding thitc xay ra khi va chi khia =b=c=1.0

5.21| Cho a,b,c 1a cac s6 thic duong thdéa man ab + be + ca = 3. Chitng minh:

a?b? + b%c? + c2a?
3

a+b+02abc+2\/

Loi giai 1.
batz+y+z=pry+yz+ze=q,zyz=r.
Bét dang thitc can chiing minh tuong duong véi:

3(p—71)* > 4(9 — 2rp)

Theo bat dang thitc Schur bac 4 ta co:

4q — p°)(p* — q)
6p

7‘>(

Mat khac ham s6 f(p,r) = 3(p — r)? — 4(9 — 2rp) dong bién theo r nén ta co:

3(p—r)? > 3<p— (12—p2§p2 _3))2 —4(9—2p(12_p26);p2 —3)>

_ (p—3)p—1Dp+1)(p+3)(p*—12)? L
12p? =

Bat dang thtc nay ding vi p > 3.
Phép chitng minh hoan tat.
Déng thitc xay ra khi vi chi khia = b= c= 1.0
Loi giai 2.
Gia stt b 14 6 nam giita a va c. Khi d6, sit dung bat dang thiic don gidn 4ay < (z+%)?, ta sé quy
bai toan vé ching minh bat ding thic manh hon la:
a’b? + b*c? + *a?

ab(a + b) + be(b+ ¢) + ca(c +a) > 7

+ b(ab + be + ca)

Twong duong véi:
ca(a —b)(b—c)
b

>0

Nhung danh gia trén dang theo diéu gia siu.
Ta c6 dieu phai chiing minh.O

5.22| Cho 3 s6 thuc duong thay ddi a, b, ¢ sao cho:a + b+ ¢ = 3. Tim gia tri nhé nhét cta
biéu thiic:

1+ a?b + b?c+ c*a n 81
a’b + b*c + a (a+b)(b+c)(c+a)+abc

A:(a+b+c)2+(ab+bc+ca)(

118



Xuctu.com®

Loi giai.
St dung bat dang thitc AM — GM ta c6 cac danh gia sau:
(1)
3a®+ b+ ) =(a+b+c)(a® +b* + )
= Z(cf’ +Zab2 + Za%)
> 3(a®b + b*c + c*a)

=a’+ b+ >d’b+Ve+Ca

3
ape < LatbtoT
27
¥ 8 b 3
(a+b)(b+c)(c+a)§w:8
st 2 2 2 9—1
bat a* + b+ ¢ :tﬁab—i—bchca:T.
- 1
Xét f(t) :t+¥.(3+¥) v6i t > 3 Ta co:
2(t3 —2t2 — 9
=2 :

412

Giai phuong trinh f'(t) = 0 ta duge t = 3. = f(t) > f(3) = 13(4).
T (2),(3) va (4), suy ra MinA = 22
Ding thiic xay ra khi va chi khia =b=c=1.0

méan a? + b? + ¢? = 2. Chitng minh:

1—a? n 1 —b? n 1—¢2 <1
2+bc+c2 2+ca+a?  a?+ab+b%2 " 2

5.23 | Cho a, b, ¢ 1a cac s6 thuc khong am sao cho khong ton tai 2 s6 dong thoi bang 0 va thoa

Loi gii.
Tit gia thiét a® + b? 4+ ¢® = 2 ta viét lai bat ding thiic can chitng minh thanh:

a® + be n b? + ca n ® + ab
b24+bc+c?2 c24+cat+a? a?4+ab+0b2

Day 1a mot két qua quen thuoc, chitng minh né nhu sau:
Xét hiéu:
a’+bc 5 S (a® + be) (e + ca + a*)(c* + ca + a?)
b? + be + ¢? B [1(a? + ab + b?)
Yy ad Y d(b4c) =Y al (VP + ) — Y a’b?

[T(a® + ab + b?)
Dén day stt dung bat dang thitc AM — GM ta cé:

a’b + 3b%a > 4ab*
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Hoan toan tuong tu vdi s6 hang con lai 16i cong theo vé ta dudc:

= a’(b+c)+b0°(c+a) +c°(a+b) >a*(b? + )+ b a® + ) + c*(a* + bH)(1)
Mat khac dé thay rang:
a® + 0%+ > P + b3 + Pa?(2)
Tit 2 bat dang thitc (1) va (2) suy ra:

Stab+ > a%(b+c) =S at(b? + 2) - > aPv? >

[1(a? + ab + b?) 0

Phép chitng minh hoan tat.

Diéng thiic xay ra khi va chi khi a = b= 1,¢ = 0 va cac hoan vi.O

5.24 | Cho a, b, c 1a cac s6 thiyc khong am sao cho ab + be + ca > 0. Chitng minh réng:

a®+abc b +abc 4+ abe

> b
b% + c? M c? + a? * a® + b? Zathe
Loi giai.
Dé ¥ rang:
a® + abe a® + abc — ab® —ac®*  a(a—b)(a — ¢
_— — = =
b + 2 b + 2 b + 2

Vay nén bat dang thic can ching minh tuong duong:

ala—0b)(a—c) bb—c)b—a) clc—a)(c—0) >0
b2+ 2 2 1 a2 @2+ b2 <

Khong méat tinh tong quat, gia st a > b > ¢ khi d6 dé thay ring:

a S b S c
b2+c2 ~ c2+a? ~ a2+ b?

Nén theo bat déng thiic Vornicu — Schur ta cé diéu phai chiing minh.
Déng thiic xay ra khi va chi khi a = b = ¢.O

5.25| Cho a, b, ¢ 1a cac s6 thic khong am sao cho ab + be + ca > 0. Chiing minh rang:

2+ b(E+a?)  c(a® +b?)
222> a(
a”+0"+c = bt e + p + wih

Loi giai.
Bat ding thtc can ching minh tuong duong véi:
1 1 1

2 >2 — (2B
abc(b+c+c+a+a+b)_ (ab+ be + ca) — (a® + b* + )

Theo bat dang thitc Cauchy — Schwarz ta cé:

2abe( 1 n 1 n 1 ) > 9abe
abc
b+c c+a a+b T a+b+tc
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Vay ta can chiing minh:

9ab
Qb > 2(ab+ be + ca)
a

+b+c
Nhung day lai 1a bat déng thiic Schur dang phan thric.
Chitng minh hoan tat.

Diang thiic xay ra khi va chi khi @ = b = ¢ hoiic a = b, ¢ = 0 va cac hoan vi.O

(a—1)(b—=1)(c=1)(d—1) > abed

5.26 | Cho a, b, c,d la cac s6 duong théa man a? + b* + ¢® + d? = 1. Chiing minh:

Loi giai.
Khong méat tinh téng quat, gia st d > a > ¢ > b.
Stt dung bat dang thitc Cauchy — Schwarz dé thay:

2a+b) <a+b+c+d< JAa2+ b2+ 2+ d?) =2

=a+b<1

Xét 2 s6 a va b ta c6 danh gia sau:

1—a 1—b> V2 ) ’
a b T \Va2+p?

& (a—b)* (1 —a—0b)+2ab(y/2(a® +b%) —a—b) >0

Nhu vay chi can chiing minh bat dang thitc khi a = b = ¢ < d titc 1a chiing minh:
(1—a)(1—=0)>cd
< 2 —2a —2b+ 2ab > 2cd
Sa+b—-1>%+(c—d)?>0

Phép chiing minh hoan tat.
Diang thitc xay ra khi va chi khia =b=c=1.0

5.27 | Chiing minh véi cac s6 thuc duong x, vy, z ta c6 bat ddng thic sau:

ryz+ 2ty + 25> 3@+ y+2)

Loi giai 1.
St dung bat dang thic AM — GM ta cé:
9zyz

ryz + xyz + 1 > 3y/a?y?2? > JET

Mat khac theo Schur bac 2 dang phan thiic:

ryz 2 2 2
— > 2xy +yz +x2) —x° — —z
x+y+z_(y y ) y
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Nhu vay ta can phai chiing minh:

2 + P+ 2y dyzdwz) — 2 — P — 22+ 9>6(x+y+2)

S@+y+2?2+9>6(x+y+2)

Bat ding thiic trén ding theo AM — GM.O
Loi giai 2.

batr=a+1,y=b+1,2z=c+ 1(a,b,c > —1).
Bét dang thiic can chiing minh tréd thanh:

abc+ab+bc+ca+a>+b>+c2>0
Do (abc)? > 0, nén gia st ab > 0. Két hop véi ¢ > —1 ta co:
ab(c+1) > 0(1)

Lai co:

a2+b2+c2+bc+ca:(a+§)2+(b+—)2+—(2)

T (1) va (2) ta ¢6 diéu phai ching minh.O

Loi giai 3.

Ta stt dung phuong phap don bién.

Dat f(z,y,2) =abc+a* + 0>+ +5—3(a+b+c)
Khong mat tinh tdng quét, gid st ¢ = min{a, b, c}.

Ta co:

f(a,b,c)—f(\/%,@,@) = <\/_—\/5>2<a+b+2\/%—3>

2 9 - (2-¢)

a+b a—i—bc) (a —b)?
’ 4

f(av b? C) - f (
T day ta thay rang:
-Néu ¢ >1thi f(a,b,c) > f <\/%, \/@,c)
a+b a+b
2 2 ’c>
tic 1a ta chi can ching minh bai toin trong trudng hop c6 hai bién bang nhau.
Xét f(z,z,c) =2*(c+2) —6x+c*—3c+5H

-Néucﬁlthi f(a,b,c)2f<

Xem f(z,x,c) > 0 la mot bat phuong trinh bac hai an x, bat phuong trinh nay cé:

/

A =—(c—1%*c+1)<0

Nén suy ra f(z,z,¢) >0 Vz,c> 0 Phép chiing minh hoan tat.
Ding thitc xay ra khi va chi khia =b=c=1.0

5.28 | Cho a, b, ¢ 1a cac sd thie duong thod méan a + b + ¢ = 3. Chiing minh:

b 2 2 2
Y L sy
b ¢ a 3
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Lai giai 1.
Ditx+y+z2=p,ay+yz+ 20 =q,2yz =1, dé thay ¢ < 3
Theo bat dang thitc Cauchy — Schwarz ta cé:

a b c_(a+b+c)? 9
S o> =
b ¢ a ab+bc+ca q

Lai c6 a® + b? + ¢ = p? — 2¢. Vay ta can chitng minh:

2 _
92 i 2q+2
q 3
9 9 —2¢q
o (2 —-2)
G2z
B-a)O-29)+9) _,
3¢? -

Bét dang thiic trén ding do ¢ < 3.
Lai giai 2.
Nhan hai vé ctia bat dang thitc v6i a + b + ¢ ta duge:

a> a®> a®> ab b

C ca
T s e I i > 2 4 p2 4 2
b+b+b~|—c+a+b+a+b+c_\/3(a+b+c)+6

Dé dang chiing minh duge theo AM — GM:

Vay dé chiing minh bat dang thitc ban dau ta can ching minh:

2 b2 2
%‘f‘ +C—>\/3 (a2 + b2 + c2)

@Z(a——2a+b)2\/3(a2+b2+02)—(a+b+c)

a—b a—b
ey ey e

+02+A)+(a+b+c)

2l 1
& (a=b) (5 \/3(a2+b2+02)+(a+b+0))20

Bét dang thic trén hién nhién ding véi a, b, c > 0.0
Loi giai 3.
Truée hét ta c6 mot bé dé quen thude:

Ap dung bd dé tren ta chi cAn ching minh duge:

2 2 2 2 2 2
9(a® +b —|—c)> [a? + b2 + ¢ 4o
(a+b+c)? — 3
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Dat z = /<4< > 1 Bat déng thiic trd thanh:

322 >+ 2

S(x—-1)3Bx+2)>0

Chitng minh hoan tat.
Diang thitc xay ra khi vi chi khia = b=c = 1.0

5.29 | Chitng minh véi a, b, ¢ 1a cac s6 thuc duong ta c6 bat ding thic sau:

a? N b? N c? N 10abc S 9
b+c)? (c+a)? (a+b)? (a+bb+c)c+a)
Loi giai
b 2 7z 2
Dat ¢ _ x, =, 2 Khi d6 ta c6 chc dang thic va bat dang thic quen thuodc
b+c c+a a+b
sau:

zy +yz+zx 4+ 2xyz =1
x—l—y—i—zzg

Bat ding thitc can chiing minh tré thanh:
2 P+ 22+ 10zyz > 2

T diéu kien z 4y + 2 > 2 ta c6:

9xyz

P4 y? 4224 6ryz 4+ dryz > 4+ R+ A —
r+y—+z

+ 4xyz

Mat khéc theo Schur ta lai c6:

9xyz

2 2 2

r+yt+ 2t — > 2y +yz + 22
4 rt+y+z (ry +y )
= 27 +9° + 22 + 102yz > 2(zy + yz + 22) + dayz = 1

Phép chitng minh hoan tat.
Déng thitc xay ra khi va chi khi a = b = ¢.O

5.30 | Cho cac s6 thyc khong am a, b, ¢ théa man a + b+ ¢ = 1. Chiing minh:

= < e pib-fe—a) <

=

Loi gii.
RO rang bai toan sé duge chiing minh néu ta ching minh dugc:

V3
((a =) -c)lc-a)l < ¢

Ta ¢6 buée du doan nhu sau:
Bét déng thiic 14 d6i xiing nén ta du doan dang thiic xay ra khi c6 mot s6 bang 0, vi ¢ day khong

124



Xuctu.com®
thé xay ra truong hop c6 hai so bz”mg nhau duge vi khi d6 (a — b)(b — ¢)(c — a) = 0 va ta gid su
¢ = 0 dé thu dugc |—ab(a — b)| < ¥2 V3 +b=1. Gid he nay ta tim dugc a = 3+6‘/§, b= 3_6*/5,0 =0.
Va ta c6 101 gidi bang AM — GM nhu sau:

Gia st a > b > c. Khi dé st dung bat dang thic AM — GM ta cé:

[(a=b)(b—c)(c—a)|=(a—c)(b—c)(a—1D)
<(a+c)b(a+c—Db)

(\/_+1> (a+¢).b(v3—1)(a+c—b)

1

2

py [(V3+1) (a+¢)+b(V3—1)+ (a+c—b) ’
=5

3

r 3
1| VBatb+o| VB
2 3 18

Phép chitng minh hoan tat.
Diang thitc xay ra khi va chi khi a = 3+6‘/§, b= 3_6‘/5, ¢ =0 va cac hoan vi.O

5.31| Cho a, b, c 1a cac s6 duong thdéa man abc = 1. Chitng minh:

a’ b3 3

4+262(a+0)+c3+4+202(a+b)+a3+4+2a2(b+c)—|—b3

1
> -
— 3

Loi giai.
Ap dung bat ding thic Holder ta co:

Z a? (a+b+c)?
4420%(a+c)+c — 3(12 +2a?(b+c)+2b%(a+c) + 2c2(a+b) + a® + b3 + ¢3)
Nhu vay ta chi can ching minh bat déng thic sau:
(a4+b+c)* > 124+ 2a*(b+c) +2b*(a +¢) + 2¢%(a + b) +a® +b* + ¢
Diéu nay tuong duong vdi :
a*(b+c)+b*(a+c)+c*(a+b) >6

Nhung danh gia trén hién nhién ding theo AM — GM
Chitng minh hoan tat.
Déng thitc xay ra khi vi chi khia = b= c= 1.0

5.32| Cho a 1 s6 thyc théa man a® — a® + a — 2 = 0. Chiing minh:

16 12 78 124 12
a’+a”+ (a”+ 12a* + <\3/4_1

S —
al? +7a8 + Ta* + 12

Lai gidi.
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Tu gid thiét ta c6: 2 =a* —a*+1>0=a > 0.
St dung bat dang thitc AM — GM:

a+2=ad+a>2d
Do dau ding thitc xay ra khong thoa man phuong trinh trén nén suy ra a < v/2(1)
Bat ding thiic can chiing minh tuong duong :
a'® +a'? +7a% + 120" +12 < o' + 70" + 7a° + 120
& (a* —a*+1)(a? - 7a® +12) <0
Sa? -7 +12<0
Mat khéac do a # 1 ta lai ¢6 danh gia sau:

2(a® 4+ 1)
a

(a—1)?>0« >4e (@+1)(d*—a*+1)>4ed+1>4

Suy ra
a>V3(2)

T (1) va (2) ta ¢6 diéu phai ching minh.O

5.33| Cho a, b, c 1a cac s6 thyc duong thod man a + b+ ¢ > ab + ac + be. Chiing minh rang"

a

b

b ¢
+-+->a+b+c
c__a

Loi giai.
Ap dung true tiép bat déng thic Cauchy — Schwarz ta c6
a b ¢ a* V¥ a+b+c)? a+b+c)?
a bie_a | S L S
b ¢ a ab bc ca ~ ab+bc+ ca a+b+c

Déng thitc xay ra khi vi chi khia = b=c= 1.0

5.34 | Cho cac s6 thuc khong am a, b, ¢ théa man ab + be + ac = 1. Chitng minh rang :

b b 3v3
GFbtod gy > v3
b+c c+a a-+b 2

Loi giai.
Ta viét lai bat dang thic thanh:

b c a 3v3
b >
(a+ +C)(b+c+c+a+a+b)_ 2
Stt dung bat dang thitc Cauchy — Schwarz ta co:
b c a (a+b+c)?
b >
(a+ +C)(b+c+c+a+a+b)_a2—|—b2+02+ab—|—bc+ca
B (a2_|_b2_|_02+2)3
o\ (@2 0242+ 1)2
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Dit a® + b + ¢ =t.
Theo bat dang thitc AM — GM ta cé:

t+1  t+1 t+1 t+1
e N LS R B AN S A S NS

(t+1) (t+1) - (t+1)2 2

Phép chitng minh hoan tat.
Déng thitc x4y ra khi vi chi khia = b= c = 1.0

5.35| Cho céc s6 a, b, ¢ duong thod man abc = 1. Chiing minh rang:

a’ b3 c3 3
1+0)(+0 Uta(+d Ota(+b) 4

Loi giai.
Ap dung bat ding thic AM — GM ta c6:

a? +1—|—b+1+c>3a
1+0)(L+c) 8 8§ ~ 4
Hohn todn buong b ta ci ) b3 +1+c+1+a 3b . c3 +1+a
oan toan tuon a cing co: — va
& 8 A o ra) 8 8§ 4 "(+a(i+b) 8
1+0 _ 3a
S
8 — 4 o
Cong theo ve cac bat dang thic trén ta dugc:
a? v o 3+a+b+c _3a+b+c)
+ + + >
(14+b0)(14+¢) (1+a)(l+c¢) (1+4+a)(l+D) 4 4
3 3 3 — .33 —
N a n b N c Z2(a+b+c) 322 3Vabc—3 3
(1+0)(1+¢) (Q4+a)(l+c) (1+a)(l+Dd) 4 4 4

Chitng minh hoan tat.
Déng thitc xay ra khi vi chi khia = b= c = 1.0

B I 1T 2 .
Cho a, b, c 1a cac so duong va — + — = —. Ching minh rang:
a ¢

b
a—+b b+ c
>
2a—b+20—b_4

Lai gidi.

. ‘ . b b
Do a,b,c > 0, ta viet lai gia thiet thanh:— + - = 2. Ta ¢6 :
a c

b b b b b b
a+b+ b+ ¢ _1+a+1+2_1+5+1+5_l+l_’_é+£
2a=b 2c—=b , b , b D b b bbb

a C C a C a C a

127



Xuctu.com®

Lz x
St dung 2 bat dang thic quen thuoc: : + 2 > va — + J > 2 suy ra:
r Yy Tty y x

Qo
Q|+~
ol e ie
+
SIS WIS
AV
N}
+
)
I
W

Chting minh hoan tat.
Diang thitc xay ra khi va chi khia =b=c=1.0

5.37| Cho =z, vy, z la cac s6 thuc thuoc doan [0; 1] théa man zyz = (1 — z)(1 — y)(1 — 2). Tim

gia tri nhé nhat cua:

F=a"+y*+2°

Loi gidi 1.
Tt gid thiét suy ra:

ry+yz+zr=2zyz+(x+y+z)—1
Theo bat déng thic AM — GM ta co:

4yt + 22 = (v +y+2) =2y +yz + 27)
=(r4+y+2)? —dayz—2@x+y+2z)+2
4

Z—ﬁ.(:r+y+z)3+(x+y+z)2—2(:c+y+z)+2

bat t =x +y + 2;t € [0; 3] ta duge:

4
F=2’4+y "+ =——834+t2—2t+2

27
1 15 3.3
= —(2a-3)2(=—a)+°>"°
a=3 (g -2y
Vay MinP = %.
) 1
Déang thitc xay ra khi va chi khiz =y =2 = 3 O

Lai giai 2.
Dit a = sin’a, b = sin?j3, ¢ = sin?y.
Tir gid thiét zyz = (1 — 2)(1 — y)(1 — 2) suy ra cot?a.cot?B.cot?y = 1
Ta sé chiing minh:
4yt 42>
1 1 1
1 + cot?a)? T (14 cot?B)? (14 cot?y)?

+ =1 w

>

W] o

7
Dit cot?a = a, cot?3 = b, cot?y = ¢ thi xyz = 1.
St dung bat dang thic quen thuoc: {a +1x)2 + f jx)z > 1 +1xy ta dugc:
1 1 1 1 1
A+ar  Q+ar  (+22 - Tvay  (A+27
z 1
I T
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z n 1
z+1 (14 2)?
s (z-17%>0

Ta can ching minh:

Vv
A~ w

Chitng minh hoan tat.O

5.38| Cho x,y, z 1a cac s6 thuyc duong. Chitng minh rang:

Vo +y+ 2. Ve + vy + vz )23\/§

y+z x+z y+x 2

Loi giai.
Vi bat dang thic § dang thuan nhat nén ta chuan héa = +y + 2 = 3.
Bat ding thtc can ching minh tré thanh:

\/_ VYo f
35— 3_y 3

l\DIOJ

Theo AM — GM ta co:
22+ T+ T >3
& 2y > x(3 — 1)
\/E x
= > =
3— 2
Hoan toan tuong tu véi cac biéu thic con lai ta du’(jc:

\/E+ \/37+ \/sz+y+z:§
3—x 33—y 33—z 2 2

Chitng minh hoan tat.
Déang thtic xay ra khi va chi khi tam gidc 2 = y = 2.0

5.39| Cho a,b,c > 1 thda man a + b + ¢ + 2 = abc. Chitng minh ring:

beva? — 14 cavb? —1+abVe2 —1< %gabc

Loi giai 1.
. ) ., P 1 1
T gia thiet, chia ca 2 vé cho abc # 1 ta duge — + — —|— — —|— — =1
ab  be abc
Ta c6 nhan xét sau:
Néu ¢6 3 s6 x,y, z > 0 thda man 2% + y? + 2% + 2xyz = 1 thi khi d6 ton tai tam giac ABC nhon
sao cho x = cosA,y = cosB, z = cosC.
Theo nhan xét trén, ap dung vao bai toan ta thay ton tai tam gidc ABC nhon sao cho: e
c
1

cos?A; — = c0s’B; — = cos*C.

Z 2 Ca a/@
Bat dang thic ban dau lai tré thanh:

2 2 2 2 2 2
\/1_005 BcosC+\/1_cos CcosA+\/1_cos AcosB<3\/§

cos?A cos?B cos2C - 2
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St dung bat dang thic Cauchy — Schwarz ta cé:
cos2Bcos?C \/ cos?Bcos?C
<4/3(3 — _—
Z \/  cos?A ( Z cos?A

Mt khac, theo AM — GM dé thay:

c0s’Bcos?C cos*Ceos® A N cos®>Acos®B
cos? A cos?B cos2C

> 08’ A + cos’B + cos*C

Nhu vay, cudi cling ta chi can chiing minh:

9

sin®A + sin®B + sin®C < 1
Nhung bat déng thtc trén hién nhién dang.
Phép chiing minh hoan tat.
Déng thitc xay ra khi v chi khi a = b= ¢ = 2.0
Loi gidi 2.
Dat ¢ = & + 1 4+ £ T gla thiét ap dung AM — GM ta co:

_2 11 . L2 e 3
~abe  ab  be - 27T 3 -2

Bat dang thtc can chiing minh tuong duong:

aby/ (3¢ —3)(c+ 1) +bey/(3a — 3)(a+ 1) + car/(3b — 3)(b+ 1) < gabc.
Ciing theo AM — GM ta lai co:

Zab\/(?)c —3)(c+1) < Zab(?c — 1) = 6abc — Zab < gabc

(ding theo diéu kien (*))
Chitng minh hoan tat.O

5.40 | Cho céc s thyc duong x,y, z théa man = + y + 2z = 1.Chiing minh rang:

1 L 1 n 1 <27
l—2y 1—yz 1—2zxz — 8

Loi giai 1.
Bang phép quy dong va khai trién tryc tiép, bat dang thic can ching minh tuong duong:

19.2yz — 11(zy + yz + 2x) — 272%°2* +3 >0
Theo bat dang thitc AM — GM ta cé:
ryz = ayz.(z +y + 2)° > 27.0%y% 22
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= 19.2yz — 11(zy + yz + z2) — 2727y 2* + 3 > 192yz — 11(zy + yz + 22) — xyz + 3 > 0(1)
Khong mat tinh tong quat, ta gid st rang z = min(x;y;2) = z < %

r+y
2

(1) © 2y. (182 —11) — 11z.(x +y) + 3 > (

Nhu vay ta chi can chitng minh:

11—z

( )2(182 —11) — 112.(1 — 2) +3 >0

& (2241).(32-1)*>>0

Bat ding thic trén hién nhién ding do z > 0.
Phép chitng minh hoan tat.

Dau déng thitc x4y ra khi v chi khi z =y = 2z = .0

W —

Loi giai 2.

Bai toan nay c6 thé st dung phuong phap tiép tuyén.

Dt 2 — % y = g 2= % thi bai todn dudc viét lai thanh:

Cho cac s6 thuc duong a, b, c thoa man a + b + ¢ = 3.Chiing minh rang:

1 N 1 N 1
9—ab 9—bc 9—ca

[\
ool w

Theo bat déng thic AM — GM ta co:

T do suy ra:

<
9—ab ~ —c2+6¢c+ 27

Mat khac tit gia thiét dé thay a, b, ¢ € (0;3] nén ta c6 danh gia sau:

4 9-—c (c—1)*(c—3) <0
—24+6c+27 64 64(—c®+6c+27) ~

Suy ra:

1 4 9—c¢
< <
9—ab = —c2+6c+27 — 64

1 9—a_ 1

1
==.95 :
5 Suy 12

)2(182 — 11) — 112.(1 — 2) + 3

9-0
<

Xay dung cac bat ding thitc tuong tu ta ciing co:

Cong theo vé cac bat ding thic trén ta duge:

1 N 1 N 1 <27—(a+b+c)
9—ab 9—bc 9—ca 64

3
8

< )
9—bc~ 64 " 9—ca

64
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Phép chiing minh hoan tat.

Ngoai ra bai todn nay con c6 kha nhiéu cach gidi, vi du nhu sit dung ham bac nhat hodic st dung

danh gia sau:
1 . 1 i 1 < 3
l—zy 1-yz l—zz = | 2YTys+zr
3

3.6 Bai 6.1 dén bai 6.40

6.1 | Cho cac sb a, b, c khong am théa man: a® + b + ¢* = 2(ab + bc + ca). Chiing minh ring:

Yl 1 1 2 1

Loi giai.

Dau tien ta sé ching minh bé dé sau:

Néu zy khong am thi vV1+z+/1+y>1+/1+zx+y

Chitng minh béng cach binh phuong 2 vé, cudi ciing ta duge: xy > 0 (ding)

Khong mat tinh tong quat, gia st a < b < ¢.Ta c6:

A+ <cla+b)=c>clat+b)=c>a+b

b
Datx:bic;y:C+a;z:aL+bthi:vy+yz+zx+2xyz:1(1).

Ngoai ra, tit hé thitc dau bai ta cﬁng c6 duge x + y + z = 2 + 3zyz(2)
—222 4+ 62+ 2

322+22+41
Vito+/1+y>1+/1+a+y

Nhu vay, ta chi can chiing minh:

Tu (1) va (2) suyraxz +y = Ap dung bd dé tren, ta co:

Vito+y+vVi+z>2V2

[ 224+ 82+ 3
—— + 1 > 2
322+22+1+ Tz \/_()

Ta luon ¢6 (z — 1)® > 0 nén theo AM — GM

224+ 8243
Vo2 VT4 2 > T+2>2V2
T tVite _+\/ T 2> 2v2

Phép chitng minh hoan tat.

Hay:

Dau dang thitc xay ra khi va chi khi z = 0;y = 2 = 1 hay a = 0;b = ¢ va cac hoan vi.O

6.2 | Cho cac s6 a, b, ¢ duong théa man: a + b+ ¢ = 3. Chiing minh réng:

a b c

+ + > 1
V2 +b+c ViR +c+a VTa®+a+bd
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6.3| Cho xy > x5 > .... > x,, > 0 thda man >_ x; <400 va Y z? > 10%. Chitng minh rang:
V1 + /re > 10
L3i giai.
Diat ; = 25y; v6i moi i = 1, 2, ..., n. Khi d6 bai toan dudc chuyén vé ching minh:
VL + /Y2 =2

VOl Yy > yp > - >y > 0 théa man yy +yo + -+ + Y < 16 VA 47 + 13 + - +y2 > 16.
Néu y; > 4 thi bat déing thic hién nhien dung.
Xét truong hop y; < 4: Do y; < yo v6i moi 2 < ¢ < n nén

16 <yi+ys+-+y: <Yi+ys+yays+-+Yoyn =Y 9o +ys+ - +yn) <y +y2(16 —y1)

Tu day ta co:

1_2
y2>6fy1

T

Hon nita, tt danh gia trén ta ciing suy ra dugc y; > 1. That vay, do ys < y; < 4 nén
16 < yf 4+ 12(16 — 1) < yf + 5116 — y1) = 16y

va ta dé dang thu duge y; > 1.
Bay gio, stt dung bat dang thiic (*) thu dugc & trén, ta c6 thé dua bai toan vé chiing minh:

/16 —y7
N/ > 2
Y1+ 16—y, =

voi 1 <y < 4. That vay, ta dat /y1 = ¢, 1 < ¢ < 2. Bat déng thic trd thanh:

16 — ¢4
—>2—-t
16 — ¢2

16—t > (2 - 1)*(16 — t?)

SR2+)A+)>2-t)(Ad -4 +1)

Bat dang thic trén ding do 4 +12 >4+t va2+t>3>3(2—1t) > (4 —1)(2 —t).
Phép chitng minh hoan tat.O

6.4 | Cho tam gidc ABC. Chitng minh rang:

1 1 1 3
A B > 9 —
cos A + cos +COSO+sinA+smB+smC_ \/§+2

Lai gidi.

1 1 1
Dat f(A, B,C) = cosA+ cosB + cosC + -

sinA  sinB  sinC

(2v/3 + g) trong d6 A, B,C' la
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do 16n 3 goc cta tam gidc ABC va A+ B+ C = .
Xét hiéu :
B+C B+C B+C 1 1 p
A B,C)— f(A — (cosB —9 —_
HAB,C) = (A == =5 ) = (cosB+ cosC = 2eos— =) + (Crm + 07 sz’nB%C)
B+C, B-C 1 1 p
= 2eos——(cos—— — D+ (55 sinc_sinB%C>

Mat khac chi ¥ riang sinB, sinC' 1a céc s6 duong cho nén theo bat dang thic AM — GM :

11 2 4 2 41— cos®5C)
sinB  sinC sinBTJ“C — sinB 4+ sinC sm% ~ sinB + sinC
Do dé6 ta c6 :
B+C B+C B-C 2 B+C
A B, C)— f(A >2(1 — —
. c c i
o1 - cosB — C’>'1 — smB;r .cosB';r .cosB2 >0
2 sinB + sinC

Vay nén f(A, B,C) > f(A,%,%)

Tiic 1a ta chi can chitng minh bat dang thitc trong trusng hop tam gidc ABC can tai A, khi d6
T A

B = 573 = cosB = cosC = 52’715, sinB = sinC = cosg.
faco: B+C B+C A3 1 2
A — (cosA+2sin’ — 2) + (—— + —— —2V/3
f(4, 2 2 ) = (cosA+ Yy 2) * (smA * cosé v3)
—(2sing —1)* 1+ 4sing —2v/3sinA
= + .
2 sinA

Dé thay rang:
A A A
1> sm(g + g) = 8Sin§ > 2v/3sinA + 43@'n2§

A A A A
=1+ 4sz'n§ — 2V/3sinA > 4sin2§ — 45m§ +1= (2sin§ —1)?

Vay ta dugc :

Chitng minh hoan tat.
Déng thitc x4y ra khi v chi khi A = B = C' = g.m

6.5| Cho tam gidc ABC khong vuong. Chitng minh rang:

3tan® Atan® Btan® B—5(tan* A+tan® B+tan*C) < 9+tan® Atan® B+tan® Btan*C+tan’Ctan® A

Loi giai.
Bat ding thtc can ching minh tuong duong véi:
4tan® Atan® Btan® B — 4(tan*A + tan® B + tan®*C) — 8 < (1 + tan*A)(1 + tan®*B)(1 + tan*C)

1 1 1
4 )4y — -3 -8 < =
< H(COSQA ) (Z cos?A ) ~ J[cos?A
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1 1

28
& = — <
[]cos?A (Z 0032A0052B) ~ J[cos?A

3

< c0s* A + cos’B + cos*C > 1
1 24 1 2B 3
+ cos " + cos b oeos?C > 2
2 2 4
& 2(cos2A + c0s2B) + 4cos’C +1 >0

& 2c0s(A — B)cos(A+ B) + 4cos*C +1 >0
& 4c0s*C — 4cos(A — B)cosC +1 >0
& (2c0sC — cos(A — B))? + sin*(A— B) > 0

Bét déng thiic trén hién nhién ding.
Chitng minh hoan tat.O

6.6 | Cho z € (0; ). Chitng minh:

L&i giai.

L ez R sinw
Bat dang thic can ching minh tuong duong: —— —x >0

J/cosx

sinx ™
Dit f(z) = ——— — 2 véi x € (0, =
i f(a) = S —a v o € (0.5)
Ta co:
cos x.{/cosx + sin® z. -
Flx) = cos’x 4
Vcos? x
o F) 3cos? x +sin? x — 3v/cost
€Tr) =
3V costx
, 2cos?x — 3v/cost x + 1
& flz) = ;
3V cost
(Vcos?x — 1)%(2v/cosz + 1)
& fl(x) = - >0
3V cost x
Khi d6 f(z) dong bién trong = € (0,5) = f(z) > f(0) =0
Phép chitng minh hoan tat. O

6.7| Cho z,y, z 1a cac s6 thuc duong, a,b,c 1a 3 canh va S 1a dién tich clia mot tam giac.
Chiing minh rang:

za® + yb® + 2 > 42y + yz + 228

Laoi giai.
Gia stt BC' 1a canh 16n nhat trong tam giac ABC. Goi H la chan duong cao ha tit A xuéng BC.

Ta co:
za® + yb® + zc* = xBC? + y(HC? + HA?) + z(HB? + HA?)

=2BC* + (y+ 2)AH?* + yHC? + zHB*(1)
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Ap dung bat dang thic CauchySchwarz ta co:

(yHC? + zHB?) (5 + é) > (HB + HC)? = d®

Suy ra:
2
yHC? + zHB? > L% (9)
y+z

T (1) va (2) suy ra:

(zy + yz + zx) a?
y+=z

>2Vxy+yz+zx.AH.a
=4y +yz + zxS

za® + yb2 + 2% >

+ (y + 2)AH?

Chitng minh hoan tat.
Diang thiic xay ra khi va chi khi tam giac ABC déu.O
Day 14 mot he qua ciia bat dang thitc Finsler — Hadwinger.

6.8 | Chitng minh ring trong tam giac ABC' ta luon co:
1/a(b®> + ¢ — a®) + b(c* + a® — b?) + c(a® + b* — ¢*) > 2abe

2/\/p<P—a++p—b+/p—c<+/3pvéip lania chu vi.

3/0,4 < e <0,5 véi a® + b < 2

4/a* + b* + ¢* > 16 biét Saapc =1

5/‘;—17 + %f + ¢ < 6R v6i lg, Iy, I 1a cac dudng phan giac tuong ing moi goc.

6/sinA.sinB + sinB.sinC + sinC.sinA > 9.(%)?

Loi giai.
1/ Chia c& 2 vé cho 2abc va 4p dung dinh 1y Cosine, ta c6 bat dang thiic tuong duong:
cos A+ cosB+cosC > 1

Mat khac, ta c¢6 ding thic quen thuoc sau:

A B C
cosA+cosB+cosC’:1+4sin§sin§sin§
B

= Z . A . . C’ N P2 i 2z ~ .

Dé thay sin 5, sin 5,sin 5 > 0 do A, B,C 1a 3 géc clia tam gidc nén suy ra:
cos A+ cosB+cosC > 1

Day chinh 14 diéu phai chtiing minh.

2/ Sit dung bat dng thitc /a + Vb + v/c > Va + b+ ¢ ta co:

VP=a+p—b+Vp—c>3p—(a+b+c)= b
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Lai ¢6 theo Cauchy — Schwarz:

(Wp—a+vVp—a++p—a) <3@Bp—(a+b+c)=3p

=vVp—atyvp—atyvp—a</3p

Bat ding thic duge ching minh.

3/ Ta co: ,
r c
S=pr=geh= =
D0a+b>cnéntadu’oc%<%
Mat khac ta lai c6:
A >a?+ b > (a+0)°
2
=a+b<cV2
T do ta duge:
T ©  —Va-1>04
h™ e(V2+1) 7

Chitng minh hoan tat.
4/ St dung cong thitc Heron ta co:

Saapc =pp—a)(p—b)(p—c) =1
Suy ra:
16=(a+b+c)a+b—c)la+c—b)(b+c—a)
= [(a+b)* =] [ = (a—b)*] < (a®+b"+2ab— ) .
Két hop véi AM — GM ta dudc:

16 <2a>.2+ 262 —c* < (a* + )+ (B + ) -t =at + b+

Chitng minh hoan tat.
5/ Theo cong thitc dudng phan giac, bat dang thiic can ching minh tuong duong véi:

ab  be ac . abe 3abe
l. 1, 1, — 48 28

Ll 1,13
al, bly «cl. — 28

b+c 3
@Za\/%\/(a—l—b—l—c)(bch—a) Sﬁ
@Z(bch)\/E\/(a—irb—c)(cH—c—b)

abe

<6

Ta sé chiitng minh:

(b+c)\/(a+b—c)(a+c—b) <2aVbe
<:>b—i-c< 2a
2vbe ~ \/(a+b—c)(a+c—b)
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b+ a? )
4bc ~a?—(b—c)?
sl ——— T <o

Suy ra:

(b+c)v/(a+b—c)a+c—b) < 2abe
Hoan toan tuong tu véi cac biéu thiic con lai ta c6 diéu phai ching minh.

6/ Theo dinh 1{ ham s6 Sine ta co:

b b
sin Asin B = 4a—R2;sinBsinC: 4—};;sinCsinA = 40—;2

Bét dang thic can chiing minh trd thanh:
ab + be + ca > 3612

(p—a)(p—"b)p—rc)

p
(p—a)(p—"b)p—c)
p

Tu hé thiic quen thuoc r? =

= 36r% = =9a+b—c)b+c—a)(c+a—0)

Mait khac theo bat dang thitc Schur thi:
9abc > 9(a+b—c)(b+c—a)(c+a—0b)
Cubi cling ta chi can chiing minh:
(a+ b+ c)(ab+ bc + ca) > 9abe
Diéu nay dang theo bat dang thitc AM — GM:
a+b+c>3Vabe

ab + be + ca > 3V a2h2c2

Chitng minh hoan tat.
Déng thitc x4y ra khi va chi khi tam giac ABC déu.O

6.9| Gia st a, b, ¢ 1a 3 s6 thyc phan biét. Ching minh rang

a+b b+c cHa
+ + > 1.
a—b b—c c—a

Loi giai.
b b
@t = +szc+athiab+bc+ca:1.

bat z = Y=,
a—1b b—c c—a
Khi d6 theo bat déng thiic C' — S ta co:

(z+y—+2)°>3@y+yz+zz)=3 Suyralr+y+z>vV3>1

6.10| Cho a, b, c 1a do dai 3 canh tam gidc thda man ab + bc + ca = 1. Chiing minh rang:
1 1 1 5
>

a+b+b+c+c—|—a ~“a+b+c+abe
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Loi giai.

bat p=a+b+ ¢, g = ab+ bbc + ca,r = abc.

Ta c6 p?> > 3¢ =3

Hon ntta a,b, ¢ 1a 3 canh tam giac nén a® + b* + ¢ < 2 (ab + bc + ca) = p* < 4q = 4
Bat ding thiic can chiing minh tuong duong véi p® + (p? +6)r > 4p

dpg—p® _dp—p’

A _93 9

p—Dp (1)

Theo bat dang thitc Schur ta cé : r >

Do d6 p? + (p? +6)r > p* + (p* +6)

)%%ﬂﬁ:—m09—4ﬂﬁ_3)ZOQ)T&ﬂ%@lm

Ma p3 + (p? + 6
ap’+ (p°+ 5 5

6.11| Cho ba a,b,c, x,y, z 1a 6 s6 duong théa man ax + by + cz = 1. Chiing minh réng:
r+y+z>Va+b+vVb+c+cta

Loi giai.
b
Tacéa::a——l———i—E £
yz z 0y Y
. a c a b
Tuong tu, c6y > —+ —, 2> — 4+ —
z y
b+c c+a a+bd
+ +
Y z
b+c c+a a+b
:>($~|—y+z)>a:+7+y—|- +2z+
Theo BDT AM-GM ta ¢6

b+c c+a a+b
T+ +y+ +z+

b
> -+
z

Suyrarz+y+z >

>0b+c+2v/c+a+2vVa+b
Yy z
Vayz+y+2>Vb+c++e+a++va+b. O

6.12 | Cho ba sb thiic duong a, b, c. Chiing minh réng:
4a*b** > (@ + ¥+ P +abe) (a+b—c)(b+c—a)(c+a—1b)

Loi giai.
Gid st a > b > c néu b+ c—a < 0 thi bat dang thitc hién nhién ding. Néu b + ¢ — a > 0 thi
a,b,cla 3 canh cua tam giac. Ta co:
a® 4+ b* + & + abe < B
a+b+c -
Khai trién [(a +0) 0C + (c+0) OA + (a+c) O?} i > 0 v6i O la tam dudng tron ngoai tiép tam

giac ta c6 bat dang thitc can chiing minh.O

6.13| Co a,b,c 1a 3 s6 thyc duong. Chiing minh réng:
A+ P+E A+ad 3+ 0+ P
+ + <
a+b b+c c+a a+b+c

Loi giai.

Bat ding thic tuong duong véi
(a+b+@(&+h2+w+”2+g*ﬁﬁ>§3uﬂ+§+m%
1 1

a-+b b+c c+a
1
<:>a2+b2+02+2abc< + + )Z2(ab+bc+ca)

a+b b+c cHa
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Mit khac theo bat dang thic Cauchy-Schwart thi
1 1 1 9

>
0L+b+ b—l—c+c—|—a “2(a+b+c)
Vay dé chiing minh bai toan ta chi can chiing minh dugc

9ab
a2+ b2+ + — > 2(ab+ be + ca)
a+b+c

Day chinh 14 bat ding thitc Schur dang phan thic. Bai toan duge chiing minh. Dang thiic xay ra

khi a = b = c hoac a = b,c = 0 va cac hoan vi.O

6.14 | Cho a; b; ¢ duong va a? + b? + ¢ = 3. Chiing minh réng:
8(2—a)(2—0)(2—c) > (a+bc)(b+ ca)(c+ ab)

Loi giai.

Tac62(2—a)=4—2a=0"+c*+ (a®* —2a+1) > b* +

Tuong tit ta c6 2(2 —b) > a?+c*,2(2—c¢) > a®> + V?

Suyra8(2—a)(2—10)(2—1c) > (a®> + b*) (b* + 2) (¢ + a?)

Cudi cling ta chi can ching minh (a? + %) (b* + ¢?) (2 + a®) > (a + be) (b + ca) (¢ + ab)
Chitng minh bat déng thiic nay khong khoé khan, xin danh cho ban doc.O

6.15| Cho a, b, cla cac s6 thic duong thdéa man a + b + ¢ = 1. Chitng minh ring:
1 1 1 3
2ta) POty &

>
(1+¢) ~ 4abe

Lai giai.
Ap dung bat ding thic Cauchy-Schwart ta co:

5 - be 5 b2 c? - (3 be)?

1+a) abc(14+a) = 4abc
Mit khéc dé thay (3 be)® > 3abe (a + b+ c)
be 3

a ——— > — Do do:

Vayza(l—l—a)_él 0o
1 i 1 n 1 S 3

a?(1+a) b2(1+b) (14c¢) ~ 4dabc

. 1
Dang thic xay rataia =b=c = §'D

6.16 | Cho a, b, ¢, 1a 3 s6 thie duong. Chitng minh ring:
2(a® 4+ 0%+ ) + 3V > (a+b+c)°

Laoi giai.
Bat ding thitc tuong duong a? + b% + ¢ + 3va2b%c® > 2 (ab + be + ca)

Ma 3va2b2c2 > 9a—bc
a+b+c

N 9ab
Do d6 ta chi can ching minh a? + b + ¢ + ave

a+b+c
Nhung day 1a BDT Schur dang phan thiic. Vay, bat ding thiic dau bai dugce chiing minh. Déng

thic xay ra tai a = b = ¢.0

> 2 (ab + bc + ca)

6.17| Cho a, b, c 1a cac s6 thuyc duong. Chitng minh ring:
a?? (a—b)° + 02 (b— )’ + 2a®(c—a)* > [(a—Db) (b—¢) (c — a)]?

140



Xuctu.com®

Lo gial.
Néu abc = 0 thi bat ding thiic hién nhién ding.
Xét abe > 0, bat dang thiic duge viét lai nhu sau

a—0b\> b—c\? c—a\’ a—b b—c c—a)\’
+ + > + +
c a b c a b

Ta c6 (Za;by:z(a;b>2+2za—b b—c

c a

Nhung
Za;b.b;c:_a(a—b)(a—c)+b(b—:l))c(b—a)+c(c—a)(c—b) <0

N@EZth?2Z(Za;b)%

Bat ding thtc duge chiing minh. Dang thic x4y ra tai a = b = ¢.O

6.18| Cho a, b, c 1a cac s6 thuc thda man a® + b? + ¢ = 1. Tim gia tri 16n nhat ctia biéu thitc
1
pP—
2 1—ab
Loi giai.
o P-3 1 1 1 1 1 1 ab ab
Xét =

= - - = <S5
2 2 — 2ab 2+2—ch 2+2—2ac 2 Z2a2—|—2b2—i-202—2ab_2202—|—CL2+b2
Mat khac Theo BDT Cauchy-Schwart ta c6

> ab 123 (a +b)? 1 ( a? b2 ):§‘

<
2c2 +a? + b2 — a2—1—02+b2+02

2+ +b+c T4 4
1
Do d6 GTLN cua P la gkhia:b:c: g.D

T Ty

Cho z,y, » Théa man = + — + ~2 = 1.
x Y Z
Tim GTLN cua

Lai gidi.

Ta dat %:a, %:b, ﬂ:c
V z \ v V 2

Ta cb z = ab,y = ac,z = bc va a® + b* + % = 1.

o 1 1
Khid6 A=t o b o 1

Theo bai trén thi GTLN cua A la g khiz=y=2= 3" O

6.20| Cho a,b,c > 0. CMR:
a® + b® + & + 6abc > Vabe (a + b+ ¢)’

Loi giai.
Ta xét hai truong hop
) b+b
Trudsng hgp 1: vabe < ab+betca
a+b+c
Khi dé theo BDT Schur c6
a® 4+ b + & + 6abe > (ab+ be + ca) (a+ b+ ¢) > Vabe (a + b+ )’
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b+b
Truong hop 2: abe > m.

a+b+c
Chuan héa a + b + ¢ = 3, bat ding thiic tuong duong véi 27 — 9 (ab + be + ca) + 9abe > 9v/ abe
Hay 3 + abc > v/abc + ab + be + ca.
Theo gia thiét 6 trén ta c6 3v/abc > ab + bc + ca. Vay ta chi can chiing minh 3 + abc > 4v/abe.
Dé thay véi abc < 1 thi bat déng thiic nay hién nhién dang.
Vay ta c6 dieu phai ching minh. Déng thic x4y ra tai a = b = ¢.O

6.21 | Cho 3 s6 thyc duong a, b, ¢ théa man a? + b + ¢ = 3. Chitng minh rang :

a 3
Zbc(

<
2+ +a” 14 2abe

Loi giai.
Bat ding thtc da cho tuong duong véi
2, 2
5 be (b° + ¢?) < Gabc
be (024 c?)+a — 1+ 2abe
b? + 2 6
h >
ay 2 abe (b2 + ) +a?> — 14 2abc
Khong méat tinh tong quat ta gid st a > b > c thi
b? + 2 §021+a2 < a?+ b

\ < < Ap dung BBDT Chebyshev ta c6
va abc (b2 4 c2) +a? ~ abe(c? +a?) + b2 ~ abe (a? + b2) + 2 p dung ebyshev ta c6

2 1 9
VT > = (a2 + b2 2 > 2. =VP
—3(a * +C)<Zabc(b2—|—02)+a2)_ 2abc (a? + 0% + ) +a® + b2 + 2
Bat dazmg thitc duge chiing minh, déng thitc xay ra khi a = b= c.O

6.22 | Cho a, b, ¢ 14 cac s6 thiye duong. Chitng minh ring:
S >

a+2b4+2c =5

Loi giai.
bat a+2b+2c=2,04+2c+2a =y,c+2b+ 2a =z

20+ 2z — 3z 20 + 22 — 3y 2 + 2y — 3z
Suyrag=-"“*—" ""p="" "2 ;=" "~ "~
o P =z y oy oz oz

Bat dang thic duge dua vé dang — + = + = + = + = + = > 6 Nhung bit ding thitc nay hién
y 2z x z x Yy

nhién ding theo BDT AM-GM. Dang thiic xy ra khia = b = ¢.O

6.23 | Cho a, b, ¢ duong, Chitng minh rang:
a® b A 4(a—b)?
et — = atbtod—— L
b c__a at+b+c

Loi gii.
foao 2 4(a —b)’
Bat dang thic tuong duong véi > (a_ — 2a + b) > Ala—b)

b a+b+c
(a—0)° _ 4(a—0b)
h >
2P b T a+b+c
Ap dung BDT Cauchy-Schwart ta c6:
b-0 (= (@-b’

c a T a+c
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—b)? —b)? 1 1 4(a —b)?
Do do, VT > (e —1b) + (a—b) = (a—b)2 -4 > (a—1b)
b a+tc b a++c a+b+c

Bét dang thitc duge chitng minh.O

6.24 | Cho a, b, c 1a 3 s6 thyc khong am théa man ab + be + ca = 1. Chiing minh rang:
1
— <1
> a?—bc+1 —
Lai giai.
L s . ab + bec + ca
Bat dang thic duge viét lai Y ——————
at dang ¢ dugce vié alZ(ﬂ—bc—kl <
ab + be + ca
& 1-2————— | >1
2 ( a?—bc+1 ) -
24 ab )
S —aaz%—_abc—:cic > 1 Ap dung BDT Cauchy-Schwart c6 3
a® + ab + ac a? (a+b+c)
a1 b > Mt khac véi ab + b -1
ZGQ_bC+1 (a+ +C)Za3—abc+a_2(a3—abc+a) a ac vol1 ab 4+ bc 4+ ca
(a+b+c)

thi dé thay

> (a3 — abe + a) -

Vay, bat ding thic duge chimg minh, ding thic xdy rakhia =b=c= =.0

W =

6.25| Cho 3 s6 a,b, ¢ > 0.Chitng minh ring:
a> V¥ 2 81 a’b 13
RN N P Iy My

b+c+a+4§:(2a+b)2_ Flatb+o)

Lai giai.
Theo bat dang thitc Cauchy-Schwart ta c6
5 a’b > (a+b—|—c)zz x?
(2a 4+ b) Z(2a+b) 51 + 4y
a> v

(v6iz=a+b+cvay=——+—+ —
b c a

N 81z? 13
Ta chi can chi inh _ > —
a chl can chung min y+4(5x+4y)_ 43:
2

81z
4 5 - >18
T ey —
Nhung bat dzzmg thitc nay hién nhién dtng theo bat déng thiic AM-GM. Déng thic xay ra

khia = b =c. O

6.26 | Cho céc s6 thuc duong a, b, ¢ thao mana + b + ¢ = 1.Chiing minh rang:
5@+ +) <6+ +3)+1

Loi giai.

Dong bac 2 vé ta c6

5@+ 4+ ) (a+btc) <6+ +)+(a+b+te)

Hay 2 (a® + % + ¢3) + 6abc > 2[2 (b% + ) + b (a® + 2) + c(a® + b?)]
Nhung day chinh 1a BDT Schur bac 3. Dang thitc xdy ra khi a = b = ¢.O
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6.27] Cho cac so thiic a, b, ¢ > 1.Chiing minh rang:
Va—1++vVb—1++ec—1</a(bc+1)

Loi giai.

Ta c6 bc > (\/b—1+\/c—1)2

Hay vVbe > Vb —1++/c— 1

Vay,va — 1vVb — 1 ++vc— 1 < Vbe + a—lg\/mﬂ

6. 28| Cho a, b, c 1a do dai 3 canh mot tam gidc. Chiing minh réng:

Z+> ?

/ 3. — V2
a2+€bc

Loi giai.
Ap dung bat ding thic Hoder ta c6

a a
a (5a® + 13bc) . R —— e —
2al )2 v/ba? + 13abc 2 v/ba? + 13abc

N 1
Nhu vay chi can ching minh (a + b+ ¢)® > 3 > a(5a* + 13bc)

> (a+b+c)’

Vi a,b,cla do dai 3 canh tam gidc nén ton ta x,y, z duong saochoa = +y,b=y+z,c=z+x
Thay vao va khai trién ta dudc

Py 42+ 3y >t (v +y) + v (e +2) + 22 (2 +y)

Nhung day chinh 13 bat ding thitc Schur nén ta c6 DPCM. Ding thiic xay ra khi a = b = ¢.O

6. 29| Cho cac s6 thuc khong am a, b, ¢ théa man a? + b + ¢ = a + b+ c¢. Chiing minh ring:
b 2
(u) > Va2b + b2c + c2a + Vab? + bc? + ca?
V2
Loi gii.
Ta co:

Va2b + b2c+ 2a + Vab? + be® + ca®? < \/2[ab (a + b) + be (b + ¢) + ca (c + a)]

Ta chi can chitng minh:

(a+b+c)* > 8ab(a+b) + 8be (b+ c) + 8ca(c + a)

S (a4+b+c) >8ab(a®+ b+ —c)+8cb(a>+ b+ — a) + 8ac (a> + b* + 2 — b)
& (a+b+ ) + 24abe > 4 (2ab + 2bc + 2ca) (a® + b + )

& (a2 + b + 2 — 2ab — 2bc — 2ca)’ + 24abe > 0.

Vay, bat ding thic duge ching minh, dang thic x4y ra khi a = b =c = 0.0

6. 30| Cho céc sb thuc a,b,c . CMR:
2(1+abe) +/2(1+a®)(1+0?)(1+c2) > (1+a)(1+b) (140

Loi giai.

Bat dang thtc da cho duge viét lai

V20 +a®)(1+02)(1+) > (b+e)(1+a)+(1—bc)(a—1)

& \/[(1+a)2+ (a — 1)2] [(b—l—c)Q—l— (1 —bc)z] >b+c)(l4+a)+(1—bc)(a—1)
Nhung bat déng thiic nay hién nhién ding theo BDT Cauchy-Schwart.O
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6. 31| Cho cac s6 thuc duong a, b, c,d . Tim gia tri nhé nhat ciia biéu thic:
b(a+c) N c(b+d) d(c+a) a(d+Db)
cla+b) db+c) alc+d)  b(d+a)

Loi giai.
Ta co:

A=lata) |t

cm+hy+d@+dﬂ**b+@ld@+cy+bu+aﬂ
a+c b
ac@tb)ctrd bdb+o(d+a)
1
b

= (abc + abd + acd + bed)
1 1

B 1+1+1+1 L N
“\a b ¢ d 1+1 1+1 1+1 1+1
a b/ \d ¢ c b/ \d a

Theo BDT AM-GM ta cé:

1 1 4<1+1)
a C > a &

1 1 1 1\ /1 1 1 2
a b)\d c (5+5+E+3)
1 1 1 1
Z 4= 4( -+ -

b d b+d)

do d6 A > 4.Vay gia tri nhé nhat cia Alad4khia=cvab=d..0

6. 32| Cho céc s6 thuc duong a, b, c . Chitng minh rang:
1
>

>
8a2 +bc — ab 4+ bc 4+ ca

Loi giai.
Ap dung BDT Cauchy-Schwart ta c6:
> 1 _y b2 c? S (ab + be + ca)®
8a2 +bc 8a2b2c® + b3c3 T 24a2b%c? + a3bd + b3c3 + a3
Do vay ta chi can chiing minh
(ab + be + ca)® 1 ,
> < ab b) (b = 8a2b%c2
24a2b?c® + a*b3 + b*c + ca® T ab+ be + ca abe(a+b)(b+c)(c+a) ave
Nhung bat dang thitc nay hién nhién ding theo BDT AM-GM.
Déng thitc xay ra khi a = b = ¢..O

6. 33| Cho cac sb thie duong a, b, ¢ théa man a + b + ¢ = 3. Chitng minh rang:
a’b n bc n c2a <1
20+b  2b4+c  2c+a —

Loi gii.
2h 2ab 2

a < ao + a (1>
2a +b 9
That vay, (1)< a® + ab® > 2ab( luon dung theo BDT AM-GM).

bie 2bc +b*  ca 2ac + c?

< : <

2b + c 9 2c+a 9 )
Cong 3 vé ctia 3 bat dang thic cling chiéu véi dieu kién a + b + ¢ = 3 ta dugc bat dang thic can

Nhan xét thay

Tuong tu, ta co
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ching minh.Dang thic ¢c6 khia =b=c=1.0

6. 34| Cho cac sb thyc duong a, b, ¢ théa man a® 4 b? + ¢ = 1. Tim gia tri nhé nhat ctia biéu
thiic:
P a n b n c
Rt @212 @24
Loi giai.
Via?+b*+c*=1néna,b,ce (0,1). Suyral—a?1—0b%1—c?lacac so duong.
Ta co:
(b2+02)2_ a® (1 - a?)? ~2a*(1—a®)(1—a?) < (20°+1—a*+1—a%) 4
a a* 2a* - 54a* 27a*
2

Suy ra bQicz > 3\/23(1 .
Chiing minh tuong tu ta co 2 _Ili " > 3\/2§b2 va s j_ 7 > 3\/2362.

. L o R . 3vV3
Cong vé 3 bat dang thiic cuing chiéu véi diéu kien a® +0*> +c? = 1 ta c6 P > T\/_
3

. 3v3
Vay, gia tri nho nhat cua P la T\/_, dat dusckhia=b=c=

6. 35| Cho cac sb thuc duong z, y théa man 22 +y? = 1. Tim gié tri nhé nhat ctia biéu thic:

A=(1+x) (a+$>+(1+y) (1+i)

Loi giai.
) 1 1 =z 11
Taco A=2+r+y+-—+-+-+2>4d+r+y+—+-
Ty oy Ty
Mat khac, co
1
T+ —>42
2z

1
y+—>2
2y

1(1+1)> 2 2 _ 5
2\z y) Tty /222 +y?)
Tfrdc’)suyraA24+3\/§

V2

Vay, GTNN ctia A la 44+ 3v2 khiz =y = -0

6. 36| Cho cac s6 thuc khong am z,y, z. Chiing minh rang:
1 1 1 4

>
(z—2)® " wytyztz

(x—y)?* (y—2)°

Lo gii.
Khong mat tinh tong quét, gid sit z = min {z,y, z}. Khi d6 ta ¢ cdc danh gia
(2 — ) = 2% + 2% — 222 < 2
(y—x) =12+ 22— 29z < o
Ty +yz+zr >y
1 1 1 4 1 1 1 4 (22 +y*—3zy)

+ + - > bt — = > 0.
> (=27 (z—a) wytyzrtzz T (z—y)? 22 Y2 wy x2y? (y — 22)
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\ +v5 .
Dang thic xay ra khi va chi khi o %, z = 0. Phép chiing minh hoan tat.O
Y
6. 37| Cho cac s thic duong a, b, c. Chiing minh réng:
a b c

>1
2b+c+20—|—a+2a—|—c_

Lo gii.
Ap dung BDT Cauchy-Schwart ta c6
a? b c? (a+b+c)
= + + > >
2ab+ac  2bc+ab  2ac+bc ~ 3(ab+ be+ ca)
Déang thuc xay ra khi a = b = ¢..O

6. 38| Cho cac sb thuc ,y, z théa man z2 + y? + 22 = 2. Tim GTLN ctia :
P =%+ 4 2% — 3uyz

Loi giai.
Taco P2 = (z+y+2)° (22 +y* + 22 — 2y — yz — 22)

= (2 + 9+ 22+ 20y + 2yz +2z2) (22 + P + 22 —xy —yzr — 2x) (P +y? + 22— ay —yz — zx)

< (:132+y2+z2)3 =8 = P <22
Vay,GTLN ctia P 1a 2/2 khi , y, 2 1a hoén vi ctia bo (0,0, /2).

|

) 1 .
Cho cac s0 thuc a, b, ¢, d thuoc {O, §| . Chiing minh rang:
(a+b+e+d)'1-a)Q=01—c)(1—a)>abed(4—a—b—c—d)’

L&i giai.

1
Nhéan xét: v6i 0 < a,b < 5 ta co:

G- Gr)= ()

That vay, dé thay bat dang thitc trén tuong duong véi (a — b)2 (1—a—10)>0.

“‘2”’, HTd, ta c6 DPCM.

Vay, ap dung tuong tu véi ¢, d va
Déng thitc c6 khia =b=c=4d..0

6. 40| Cho céc so thic khong am a, b, c. Chitng minh ring:
o2 b2 2

> 92
b2 —bc+ 2 + a? — ac 4+ c? + a? —ab+b: —
Loi giai.
Khong mat tinh tong quat, gia stt a > b > ¢. Khi d6
a? a?
b2 —bc+c? — b?
b? b?
2 —ac+a: " a?
2
>0
a? —ab+b* —
a? b
TuedosuyraVTl > —+ — > 2
b2 a?

Déng thitc ¢6 khi a = b, ¢ = 0 va cac hoan vi..O
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3.7 Bai 7.1 dén bai 7.40

7.1| Tim gia tri nhé nhat ciia biéu thic sau:

A=z 42000+ |z +y+4 +[22+y—6

Lai giai.
Ap dung bét ding thiic co ban: |a| 4 |b] + |¢| > |a+ b+ ¢|
Ta co:

A=|z+2000|+|z4+y+4+ |6 — 2z —y| > |(x +2000) + (x+y+4)+ (6 — 2z —y)| = 2010

r+2000 >0
Déng thitc xay ra khi { = + y+4 >0
6—2x—y >0
C6 vo s6 cap (z;y) thda man, vi du (1;1),(2;1)....0

7.2| Cho a,b, € [0,2]. Tim gia tri 16n nhit ctia biéu thic sau:
8+ 6(a+b)+ (a+0b)?
p—
4+2(a+b)+ab

Loi giai.
Trude hét, ta c6 thé du doan gid tri 16n nhat ctia P 1a 3 khi (a;b) = (2;0) hodc (0;2).
Do a € [0;2] nén a(a — 2) < 0 hay a® < 2a. Tuong ty ta c6 b? < 2b.

Vi vay,
P_8+6(a+b)+(a+b)2_8+6(a+b)+a2+b2+2ab
4+ 2(a+b)+ab 442(a+0b)+ab
<8+8(a+b)+2ab_ 4(a +b)
= 4+2(a+b)+ab 4+2(a+0b)+ab
4(a+0b)

<1 hay (a—2)(b—2) >
A+2(a+b)+ab— ay (a=2)(b=2)=0

Nhung bat ding thic trén hién nhien ding do a;b < 2.0

Ta can chitng minh

7.3 | Cho ba s6 thiic duong a, b, ¢ théa man a + b + ¢ = 3. Chitng minh rang:
be ca ab 3

+ + <:
Va?+3 VP +3 A 4+3 7 2

Loi giai.
Do (a+ b+ c)? > 3(ab+ bc + ca) nén ab + be + ca < 3.
. be be be 1, be be
Ta co: < = < —( + )
Va2 +3 7 Va2 +ab+bect+ca  \Jla+b)(at+c) 2 at+b c+a

Tuong ti véi cac biéu thiic con lai. Cong 3 vé bat ding thiic vita chiing minh, suy ra:
bc ca ab <8 +b+c 3

+ + < .
, Va2 +3 ViP+3 VA +3 2 2
Déng thitc xdy rakhia =b=c = 1. |
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M Cho hai s6 thuc a,b > 0 thdéa man a + b = 2. Chiing minh rang:
a’b® + 3ab < 4
Loi giai.
Ap dung bat ding thic AM — GM suy rong, ta co:
a a—+ b> awisbats

2, 12 ath a+l2) 2
Do x +y = 2 nén: @t > a2b? hay a®’ < (a b )2 =(2—ab)?
Vi vay, a®® + 3ab — 4 < (2 — ab)? + 3ab — 4 = ab(ab— 1) <0 viab < (a+b)2 =1

Ta c6 didu phai chiing minh. Déang thiic xay ra khi(a;b) = (1;1),(2;0), (0;2)..0

7.5 | Cho hai s6 thyc a > b > 0. Chiitng minh r?mg:

1 1
2a . 2b a
Loi giai.
L s . In(1+ 4° In(1+4°
Bat dang thtc can ching minh tuong duong n{l+4) < n( ;— )
. In(1+ 4"
Xét ham so f(x) = In{1 +47) voi z > 0
x
4%Ind* — (1 4+ 4%)In(1 + 4 .
Ta co: f'(x) = i (2(;_4_4) ;2( +4%) < 0, do d6 f(x) nghich bién trén khoang (0; + ).
€T T
. In(1+ 4° In(1+ 4°
Két hgp a > b > 0 nén n{l + )Sn(;_ )
a
Ding thitc xay ra khi a = b. o

7.6| Cho a; b; ¢ duong va abc = 1. Chitng minh bat dang thitc sau:
@+02? BP+2)P  (E+a?)

> 12
a3+b3 bS—I—CS C3+a3 -
Loi giai.
Loi giai 1:
1 1 1 s R
bat a=—-,0=—,c= —, ta c6 zyz = 1. Khi d6 bat dang thiic can chiing minh tuong duong:
T’ Y z
213
STV g hay "+ y) > 12
wiy?(® + y°) v?y*(x + y)ay(a® — zy +y?)
(2 + )’
Mat khéc, ta c6 zy(2? — 2y + y?) < o new

(2 +9%)° 2(x” + +
ZxQQ : y_ 2222 xx$y>zxy

v (z + y)ry(z? — vy + y?)
Z6§/(m+y)(y+z) z 4+ ) 263—83%:12

x4y4z4

Ta c6 diéu phai chitng minh. Dang thic xay ra khi a = b= c = 1.0

Lai giai 2:

149



Xuctu.com
, (2t + y*)?
Ta sé chitng minh nhan xét: Véi 2 sd x,y duong, e > 4ady3
That vay,
I6+ZE6 5(76+y6 176+y6
- ZE6 + y6 - LU6 + yﬁ Z 2Ty
2 b2 3
Lay = = \/a,y = v/b, khi d6 % > dabv/ab.
. (a® +b%)3
Tuong tu véi céc bieu thic con lai, ta c6 > e > 4> abvab > 12(AM — GM.)
a

Déang thiic xdy rakhia =b=c=1. O

7.7| Cho a, b, ¢ la céc s6 thuc duong va k € [0;2] Chitng minh rang
a? — be N b? — ac N 2 —ab S
B24+c24+ ka2 a?2+c2+Ekb2 a2+ 024+ k2 T

Lai giai.

N ) , (a* — bc)(b + c) (b* — ac)(a + c) (¢ —ab)(a + b)
: >
Can ching minh B2+ +ka?)(b+c) (@®++kb)(a+c) (®+b*+ke)(a+b) — 0

Khong mat tinh téng quat, gia st a > b, khi dé:

(a®> —be)(b+c) — (b* —ac)(a+c) = (ab+ *)(a —b) + c(a® = b*) >0
B>+ A+ ka*)(b+c) — (@ + A+ kb*)(a+c) = (b—a)(a* + b+ — (k—1)(ab+ bc + ca)) <0

Ta c6 cac bo s6 cung chiéu :
(a* —be)(b+ ¢); (b* — ac)(a + ¢); (¢* — ab)(a + b)

va
1 1 1

B+ 1 ka?)(b+o) (@ +E+ k) (ate) @@+ b2+ k) (a+b)

Ap dung bét déng thitc Chebychev véi chi § (a? —be)(b+c) + (02— ac)(a+c) + (¢ — ab)(a+b) = 0,
ta c6 dieu phai chiing minh.
Déng thtic xay ra khi a = b = ¢.O

7.8| Cho a, b, ¢, 1a 3 canh ciia mot tam gidc. Ching minh rang:
a+b—c b+c—a ct+a—>b

3b+c—a 3ct+a—b 3a+b—c—

Loi giai.
Do a, b, ¢ 1a 3 canh clia tam giac, dit a = v +1y,b =y + z,¢ = 2 + z, bat dang thitc trd thanh:
Y z x

+ + > 1
y+2z z+2x x+2y
Bét dang thiic trén c6 thé chiing minh don gidn bang Cauchy — Schwarz:
y_ Lz % (x+y+2)? B
y+22 2420 x+2y a4y + 22+ 2xy+ 2z + 220
Diéng thitc xay ra khi a = b = ¢.O
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7.9| Cho a, b, ¢ 1a céc s6 thyc khong am théa man a + b + ¢ > 0. Chiing minh rang:
a b c 1

4a+4b+c+4b+4c+a+4c+4a+b -3

Loi giai.
da(a+b+c) 3ac

7 Jatdbre “Tiardre
Bat dang thic can chitng minh tuong duong:

Ta co:

ac ab bc a+b+c
+ + <
da+4b+c 4b+4c+a  4dc+4da+b 9
Ap dung bat ding thic Cauchy — Schwarz dang Engel, ta co:
ca ca ca, 1 2
- < St )
da+4b+c (2b+¢)+22a+b) — 9 2b+c 2a+0D

Tuong ti, cong cac vé bat dang thiic ta co:
ca 1 2ca 1 ca 2ab | a+b+c

ca
= <z S =
s wre s 02 G ety T maa t S 9

Diang thitc xay ra khi a = b = ¢ hoiic a = 2b, ¢ = 0 v& céc hoan vi.O

7.10| Cho zyz = 1, x,y, z > 0. Tim gia tri 16n nhat ctia bicu thiic:
1 1 1

:x2—|—2y2+3+y2+222+3+z2+2x2+3

Li giai.
Ap dung 2 bat ding thic don gidn: 22 + y2 > 22y va y2 + 1 > 2y, ta co:
1 1

<
22 +29243 = 2xy+y+1)

. 1
Twong tu véi cac bieu thie con lai, suy ra: P < 5
Chi § dang thitc ), ————— =1 khi zyz = 1
(Chi § dang ny+y+1 yz=1)

Déang thiic xay ra khi z =y = z = 1.0

7.11| Cho z,y, z khong am théa man z? + y? + 2% + zyz = 4. Chiing minh ring:
0<zyt+yz+azz—ayz <2

L&i giai.

Chitng minh bt ding thic vé trai:
T gid thiét ta thay rang c6 it nhat mot trong 3 s6 x,y, 2z < 1. (Vi diéu nguoc lai vo 1y). Gia st
x < 1. Khi d6 ta co:
zy+yzt+az—ayz=x(y+z)+yz(l—2z)>0
Dang thitc xay ra khi (z,y, 2) = (2,0,0) va cac hoan vi.
Ching minh bat ding thic vé phai:
Theo nguyén 1i Dirichle, ton tai 2 s6 ciing ndm vé 1 bén so véi 1. Gia st 2 s6 do 1a y, z. Khi
do:(1 —y)(1 —2z) > 0.
Ta c6: 4 = 2% +y* + 22 + xyz > 2® + 2yz + 2yz hay yz(2+z) <4 — 2? hay yz <2 — .
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Vi vay ta co:

ryt+yz+axz—ayz <az(y+z)+ (2—2x) —zyz
=2—z(l+yz—y—2)=2—a(l —b)(1 —c¢)
<9

Déng thiic x4y khi (z,y,2) = (1,1,1); (0,v/2,v/2) va céc hoan vi.O

7.12| Cho a, b, c > 0. Chting minh rang:
2

a b? c? b? c? a?

+ + > + +
Vb+c et+a Va+b  Vb+c Jet+a Ja+b

Loi giai.

Giasta>b>c Khidé,a+b>a+c>b+ec.

Bat ding thic can ching minh chi 1a hé qua ciia bat dang thic hoan vi v6i 3 bo s6 c¢6 diéu kien
nhu trén:

a>b>c

1 1 1
> >
b+c " a+c a+b

Ta c6 diéu phai chitng minh. Dang thic xay ra khi ¢ = b = ¢.O

7.13| Cho 3 s6 thitc duong z,y,z > 1 thda man = + vy + z = zyz. Tim gia tri nhé nhat cla
biéu thiec:

Lai gidi.

Ta co

T_Z(y_22+é)_2l_ ((x_l)t(y—1)+l)_ 1

T

=Yl -+l -3

1 1

Mat khac : Y2~ > /33 — =+/3. Vivay, T > V3 -2
x xy

Déng thitc xay ra khi z =y = 2z = /3. .0

7.14| Cho a,b,c > 0,a + b+ ¢ = 1. Tim gia tri 16n nhat ctia biéu thic:
1+a* 140 14¢
pP= + +
140> 14+ 1+a?

Lai giai.
Lai giai 1.

Khong mat tinh tong quat, gia sit a =max{a, b, c}. Ta cé:
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2 20,2 20,2
G—H:a2+1_b(a—+1)§a2+1_w
b2+ 1 b2+ 1 2
Tuong tu véi cic s6 hang con lai, ta thu duge:

Peg?iidig COHYFECEHD) + A+

2
a’ +b* + 2 — (a*b* + b*c® + c*a?)
= 5 +3
< a2+b2+c2+22(ab+bc+ca) +3:;

Diang thitc xay ra khi = 1,b = 0,¢ = 0 va cac hoan vi.O

Loi giai 2.

, 7 C .
Cho a = 1,b = ¢ = 0. Khi do, gia tri 16n nhat dy doan la 3 Dua trén du doan do, ta co loi giai
nhu sau:
Gia stt ¢ = min{a,b,c}, ta c6

2+é+§_3_(9+g_2)+(é+£_2_9)_<a—b>2+<a—c><b—c> >0

b ¢ b ¢ a a ab ac

T do ta co:

L l4a® 140 142 (@Y (a® — A) (b — 2)
LR 14+ 14+a® T (14+a?)(14+0?2) 0 (T4+a?)(14c?)
(a* — )"

V6i gid sit ¢ ndm gitta a, b, ta duge (a? — c?)(b* —c?) < 0Osuyra P —3 <

(1+a?)(1+0%)
. . 7 N
Nhu vay, dé chiing minh gia tri 16n nhat 1a 3 Ta can ching minh:
(a® — b?)? 1
< = hay 2(a®? = b*)?2 < (1 (14 b2
ey ) =gy 2e —0<ra)i+b)
St dung gia thiét, ta suy ra 0 < a,b < 1, tit d6 suy ra bat déng thic trén ding vi:

2(a? — b?)? < 2max {a?, b*} < 2max {a? v’} <max {1 +a* 1+ 0} < (1+a?)(1+b?).

Bat ding thitc duge chiing minh..0

Nhan xét:

Bing cach ching minh tuong tu, ta c6 két qua tong quét sau:

V6i moi s6 thuc khong am a, b, ¢ ¢6 tong bang 1 va v6i moi k > 1, ta co:
1+a* 140 14 7

P = < L
1+b’f+1+ck+1+ak—2

Cho z,v, z duong théa man xy + yz + 3zz = 1. Tim gia tri nhé nhat cta 2% + y? + 22

Loi giai.
Nhitng bai dang nay, ching ta c6 thé giai bing phuong phap can bing hé s6 véi bat déng thic
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AM — GM, Cauchy — Schwarz hoac bat ding thitc Holder. 0 day sé dung bat ding thic AM —
GM . Cach con lai xin danh cho ban doc.

Ta cob:

1 1
2? +y* + 2* =(ax® + y)+(az+ y)+(1 a)r® + (1 —a)2?

>2\/7:Uy+2\/7yz—|—2 1—a)x

R a 1 .. . 2 2 5 < 2 .
Can tim a sao cho \/; = §(1 — a), ta tim dugc gia tri nhé nhat cta bieu thiic.O
Nhan xét:

Bay gio ta dua ra 2 bai toan dang tuong tu va ciing rat thia vi, va phan chitng minh sé danh cho

cac ban.

1: Cho céc s6 thitc khong am x1; xo; x3 théa man z; + x5 + 23 = a.(a 1a hing s6 da biét) Tim gia

tri 16n nhat cua:

[ = kizy + koyz + kszz (VOL ky; ko; k3 14 hing s6)
2: Cho 1;...;x, > 0;21 + ... + 2, = k(k 12 hing $6). Tim gid tri nhé nhat cia:

a2’ + asxyt + ...+ anT)

7.16 | cho a;b;c > 0,abc = 1. Tim gia tri 16n nhat ciia biéu thic:
ab be ca

:a+b+ab+b+c+bc+c+a+ca

Loi giai.
? N b 1
beé § v6i dieu kién abc = 1, ta co: a =
a+b+ab 1 1
- + 7 +1

Ap dung bat ding thitc quen thuoc z% + 33 > zy(x +y), ta duge:

zwzﬂf W)H— (iaei)

a

1+ +1 (\/’ \/’) ~ Vab+ Ve + ea

Lam tuong tu véi cac biéu thiic con lai, ta c6 T < 1.
Déng thitc x4y ra khi vi chi khia = b= c = 1.0

suy ra
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7.17| Cho a,b,c > 0 va a + b+ ¢ = 1. Tim gia tri nhoé nhat cua bieu thic:

Pl -G - D -

ac

Lai gidi.

1 1
bat a = —;b= —;c = —, khi d6 ta c6: 2y + yz + 22 = xyz va xyz > 27
x z

1 .
y Y
Ta sé chiing minh:

(7 =D~ Do~ 1) = (o~ D(yz — D(zz — 1) > 512

s 2P —ayz(e+y+2) oy +yz+ 2o — 1> 512

& 20%y% 2% — 2wyz(z +y + 2) + 2ryz > 2.513

& %227 + [(wy + yz + 22)* — 2oy2(x +y + 2)] + 2vyz > 1026
o 2?22 + 2%y 4 P2 4 222 + 2xyz > 1026

Mat khac, theo AM — GM, ta c6:
22y? + 222 + 222? > 3ttt > 243; w2yP2? > 729; va wyz > 27

Vay P > 8. Dang thic xdy rakhia=b=c= =.0

1
3

7.18 | Cho céc s6 duong a, b, ¢ c6 tich bang 1. Chitng minh bat déng thic sau:

a+b+c>1d&+h?+§
3 - 3

Loi giai.
Day 1a mot bai toan rat khé. Ta sé st dung bo dé sau:
Bé dé: Véi moi s6 thic duong a, b, ¢ thi:
(a+b+c)f > ?abc(a‘?’ + b3 + ¢ + 2abe)
Quay trd lai bai toan. T bo dé trén véi chi ¥ abe = 1, ta c6 :
a+b+c>LVﬁ+w?+é+2
o 3 - 5

Mat khac theo bat dang thiic AM — GM ta co:

&+ﬁﬁ+&+2:3£i%15£+1+125v

Ta c6 diéu phai chitng minh. Dang thic xay ra khia =b=c=1. .0

(a® +0° +c°)°
27

7.19| Cho z,y,z > 0 thod  +y + 2 = 1. Tim GTLN ctia biéu thtc:
P=x"y+y "2+ 2"z v6in € N*

Loi giai.
1
V6i n =1 thi maxP = 3
Véin > 1.
Khong mat tong quat, gid sit o = max {x,y, 2z}, thé thi:
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.
y<z=y'z <" lyz
2 <x=z2"r < zx"
anSZan_l
n—1 1 n—1 z
n>1= > — z > =
\ n 2 n 2
Ta co
n n n n n—1 ]' n ]' n
P=x"y+y"z+2"x <z2"y+zx yz+§.zw+§.zx
2n—1
n—1 <
<za"y+a" T yz + =z (x+z)<y—|—§)
"lw—l—z( )
rTrT T g4z n—1
=n" |—.—...—. " (y+ z) (1)
nn n
1

Theo bat dang thitc AM — GM thi:

—,—...—.I+z. (y—l— n 1.2) < L n+1 L
n
s TLl n
T d6 dem thé vao (1), ta duge:
nn
< -
~ (n+ 1)nt!
2 2 2 . n+1 N 2~ P .
Dang thic xay ra khi z =y = ,2 =0 va cac hoan vi.O
I N
Cho a, b, ¢ thoa man 3 < a; b; ¢ < 2.Chiing minh rang:
a n b n c 22
a+b b+c c+a_15
Loi giai.
a b c
Xét : b,c) = .
é :f(a,b,c) a9+b+b+c+c+a
Khong méat tinh tong quat gid st a = max{a, b, c} .Ta co:
lasbe) = fob, Vi) = (Vab— P Yy L
b+oeta) varvi
1
Dat \/%:xé(ﬁngQ),taco
2 2 2z 2 2(x — 1)(1 — 2?%)
= = / fd — et <
SR wruy sy St GOl B vl iy s Rl g ¥ T e A
P 22
Vay f(z) nghich bién = minf(z) = f(2) = T
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7.21| Cho a, b, ¢ duong va a + b+ ¢ = 1. Chiing minh réng:
Va2 + abe \/b2+abc+\/62+abc< 1
c+ab a+ be b+ac — 2v/abc

Lai gidi.

Ta co:

a* + abc = a(a+b)(a+c) va c+ab= (b+ c)(c+a)
Vi thé bat dang thitc can chitng minh c6 thé duge viét dusi dang:
Va(a+b)(a+c) o1

2 (b+c)(c+a) ~ 2Vabe
hay
ay/befa+b)(a+c) 1
D T o a1

Stt dung bat dang thitc AM-CGM ta dudgc:
bla+c)+cla+b) ab+ ac+ 2bc

Vbela+b)(a+c) < 5 = 5

Theo d6 ta chi can ching minh dugc:

>
Bat ding thitc nay tuong duong véi
> ala+b)(ab+ ac+2bc) < (a+b)(b+c)(c+a)(a+b+c).
Khai trién va rit gon ta dugc
Sad(b+c)+ > a?? +5 > a%be <> ad(b+c)+2> a%? + 45 a’be
hay a’b? + b2 + *a® > abe(a+ b+ c).
Bat diang thic nay hién nhién ding.

a(ab + ac + 2bc)
(b+c¢)(c+a)

|

) 1
Dang thitc xay ra khia =b=c = 3

7.22| Cho a, b, c duong thdéa man a + b + ¢ = 1. Chitng minh rang:

7
b+ b — 2abc < —
ab + oc + ca ac_27

Loi giai.
Viét lai bat dang thitc dudi dang: (ab + be + ca)(a + b+ ¢) — 2abe < 2—77
Dit a + b+ ¢ = k, st dung bat dang thic quen thuoc:
(a+b—c)(b+c—a)(c+a—0b) <abc
hay (k — 2a)(k — 2b)(k — 2¢) < abe.
Sau khi bién doéi tuong duong ta thu duge:

4k(ab + be + ca) < k* + 9abe

1 b
< (a+b+c)(ab+ be + ca) < 1t 920
Mat khac, theo AM — GM ta c6: abc < (%HC):S.
1 b
Vi vay (ab + be + ca)(a + b + ¢) — 2abe < ZJF% < 2—77
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Ta c6 diéu phai chiitng minh. Dang thitc xdy ra khia =b=c = %.D

7.23| Cho a,b,c > 0 va a + b+ ¢ = 1. Chitng minh rang:

ab be ac 3
>

ab+c+bc+a+ac+b_é_l

Loi giai.
Bat ding thtc can ching minh tuong duong véi:

V

ab 3
2 (c+a)(c+b) = 4
& 3(a+b)(b+c)(c+a) > 4> abla+Db)]

Dua vao 2 dang thic quen thuoc:

(a+b+c)(ab+bc+ ca) —abec = (a+b)(b+c)(c+a
(a4 b+ c)+ (ab+ bc + ca) = ab(a + b) + be(b + ¢) + ca(c + a) + 3abe

ta dua bat dang thic phia trén vé dang:

(ab+ bc + ca)(a + b+ c) > 9abc
1 1 1
< -—+-+-29
a b ¢

Nhung day lai 13 mot bat ding thic ding, doa+b+c=1

Wl =

Vay ta c6 diéu phai chiing minh. Dang thitc x4y ra khi a = b =

7.24| Cho a,b,c > 0 thoa a + b+ ¢ = 9. Chiing minh rang:

\/1+b72+b\/1+612+c\/1+7—>i(f+f+\f)

Lai gidi.

Ta co:

/ 7 / 7 7 Ta? 7H? 7
a 1—|—ﬁ+b 1+§+C\/1+¥—\/a2+b—2+\/b2+—+\/ +i

2\/(a+b+c) +7(b+b+ —)?

> V8l +79=12

V3 3 7TA3./3@+b+ 3 21 3
T\/_(\/E+\/5+\/E)+§§ v3 (6a C)+§:?+§=12

Ta c6 diéu phai chitng minh. Dang thitc xdy ra khi a = b = ¢ = 3.0
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7.25| Cho a,b,c duong théa man a + b + ¢ = abc. Ching minh rang:
ab n be n ca > 3v/3
c(l+ab)  a(l+bc) bl +ca) 4

Lai giai.

1 1 1
bat a=—b=—c=-=ayt+yz+zx=1

x Y z
hay * Y i > 3V3

+ + >
yz+1 zx+1 ay+1 4
Xét truong hop:z >y >z=yz+1>ze+1>ay+1

Stt dung bat dang thitc Chebyshev c6 :

x+y+z>1(++)(+1+1)

—(z z

yz+1 zx+1 x2y+1— 3 4 yz+1 zx+1 zy+1
3 3V3
Zz(x+y+z)2T\/_

Xét truong hop:x > z > y. Bat déng thitc duge chitng minh tuong tu.
) 1
Déang thic xdy rakhiz =y =2=—=haya=b=c = /3.0

V3
7.26| Cho a;b;¢ > 0 va a + b+ ¢ = v/3. Chiting minh ring:
1 1 1 3v3
+ + < V3
VeIl JEil JEris 2

L&i giai.

1<5\/§3

Stt dung phuong phap tiép tuyén, ta sé ching minh: < — —a(x*)
a? +1 8 8

That vay

(*) & V3(5 —V3a)Va? +1>8
< 9a* — 30V3a® + 84a% — 30v3a + 11 > 0

L 900 2
& (a— —=)(9a® — 24v/3a + 33) > 0
( \/§) ( )
Bat ding thic tren ding do a € (0,/3).
Tuong ti véi cac bat dang thitc con lai. Cong vé v6i vé ta c6 diéu phai ching minh.
) 1
Dang thiic xay ra khia =0=c= —=.0

V3

7.27| Cho a; b; ¢ > 0. Chting minh:
(a+b+c)Pla+b——c)b+c—a)lc+a—0b) <27a*V*c?

Loi giai.

Loi gidi 1.

Khong mat tinh téng quat ta gid st b > a > c.

Dé thay ta chi can chiing minh bat déng thiic thiic khi a, b, ¢ 1a do dai 3 canh cia 1 tam giac. Dat
2 vé clia bat dang thiic ban dau lan lugt 1a VT (vé trai) va VP (vé phai).

Ap dung bat déng thic AM — GM, ta dugc:
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VT =3a+b+c)at+b—c)c+a—0b) - (a+b+c)*(b+c—a)
3at+b+c)atb—c)cta—b)+(a+b+)b+c—a)]

- 2

Nhu vay ta can chitng minh:
3a+b+c)a+b—c)c+a—b)+(a+b+c)(b+c—a)
2

< 9abe.
Rt gon mot chit:
3la+b+c)atb—c)lc+a—>b)+(a+b+c)*(b+c—a)=2(a+b+c)(a* —b*— *+ 4bc)
Nhu vay, ta can chiing minh:
(a+b+c)(a? —b* — ¢® + 4bc) < 9abe
Do diéu gié si, ta c6 (a — ¢)(a —b) < 0 hay a® + be < a(b+ ¢). Suy ra:

(a+b+c)(a®—b" = +4bc) < (a+b+c) (ab+ be+ ca — b* — ¢ + 2bc)
= (a+b+c)(ab+be+ca)— (b—c)*(a+b+c)

Hon nita ta c6 déng thiic:
(a+ b+ c)(ab+ bc+ ca) — 9abe = a(b — ¢)* + b(c — a)* + c(a — b)?
Vi vay, ta can chi ra rang:
alb—c)* +blc—a)?+cla—0)*<(b—c)*(a+b+c)
Diéu nay ding do véi diéu gid st b > a > ¢ thi:
(b—¢)? = max {(a — b)*, (b—c)% (c— a)2}
Vay ta c6 diéu phai ching minh.

Loi giai 2.
bat: x=a+b—-—cy=a+c—bjz=b+c—a
Bat dang thic can chitng minh tuong duong:
27(x +y)*(y + 2)*(2 + 2)* = 6dayz(z + y + 2)°
Ma ta co:
8L(z +1)*(y + 2)*(z + 2)* 2 64(z +y + 2)*(xy +yz + 20)°
> 64.3(x +y + 2)°wyz
Day 1a diéu phai ching minh.
Loi giai 3.
Ta thay rang néu (b+c—a)(c+a—b)(a+b—c) < 0 thi bat ding thic hién nhién ding vi vé trai
clia n6 1a s6 am, trong khi vé phai lai 14 mot s6 duong.
T Iy luan nay suy ra, ta chi can xét truong hop (b+c—a)(c+a —b)(a+b—c) > 0 la du.
Khi d6 dé thay b+c—a >0, c+a—b>0, a+b—c > 0. Bay gio, ta nhan 27abc vao hai vé clia
bat ding thic va viét lai n6é nhu sau:
27abc(a+ b+ c)*(b+c—a)(c+a—b)(a+b—c) < 9PBa®b’c?
hay
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27 a(b+c—a)-blc+a—>b)-cla+b—c)](a+b+c)® <Pa’b?c.
Stt dung bat dang thitc AM — GM, ta c6:
27 -alb+c—a) -blc+a—>b)-cla+b—rc)<[alb+c—a)+blc+a—b)+cla+b—c)]’.
Do d6 ta chi can ching minh dudc:
(a+b+c)[2(ab+ bc+ ca) — a* — b* — ¢*] < 9abe.

hay

9ab
a?+ b2+ 2+ —— > 9(ab + be + ca)
a+b+c

Nhung day lai chinh 1a bat ding thic Schur quen thudc. Ta c6 diéu phai ching minh.
Loi giai 4.

Khong méat tinh tong quat, gia st a > b > c.

Ta viét bat ding thic lai nhu sau:

S (a+b+c)Plabc— (a+b—c)(b+c—a)(c+a—0b)]+ abc[27abc — (a+b+c)®* >0

& (a+b+c)[(a—b)*(a+b—c)+cla—c)(b—c)]—abela+b+c)[(a—b)*+(a—c)(b—c)] 20

& (a—b2 M+ (a—c)(b—c).N >0

vii M = (a+b+c)*(a+b—c)—abcla+b+c) vi N = (a+ b+ c)3c — abe(a + b + ¢).

Ta chi can chitng minh M, N déu khong am 1a duge. That vay, ta co:
M= (a+b+c)la+b—c)—abcla+b+c)=(a+b+c)[(a+b+c)*(a+b—c)— abc]

> (a+b+c)(a*.a — abc) > 0.

N=(a+b+c).c—abc(a+b+c)=cla+b+c)[(a+b+c) — ab]
=cla+b+c)[a®+ b+ +2(bc+ ca) + ab] > 0.

Phép chitng minh hoan tat.O

I 1

. I
Cho a, b, ¢ la céc s0 thyc duong thoa man — + - 2

1
+ +
Vba? + 2ab + 26> /5% + 2bc + 22 /52 + 2ca + 2a?

ol —|— — = 1. Tim gia tri 16n nhat cta:

Loi giai.
Ta c6 danh gia: 5a% + 2ab + 20> > (2a + b)?. (Bat ding thic tuong duong: (a — b)?)
Tu danh gia trén |, ta co:

1 1 1
P< 44
<> (Ct3+2)

1 9
i
2a—|—b 9Z -

Mat khac, ta co:

1 1 1 1 1 1
L4« 1) =
a+b+c_\/3(a2+ +CQ) V3
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. 1
Dang thiic xay ra khia =b=c= —=.0

V3

7.29 | Cho céc sb6 thuc a, b, c thda man a? + b? + ¢ = 6va ab + be + ac = —3. Tim gia tri 16n

nhét ctia bidu thiec:

P=a%+1°+ 8

Loi giai.

a+b+c=0
Tt gid thiét dé dang suy ra: < a?b® + b?c® + c*a® = (ab + bc + ca)? = 9

a* + bt +ct = (a? +0? + )2 —2(a®b? + VP + cta®) = 18
T do, ta co:

a® + b5 + & — 3a%b%c? = (a® + b + ) (a* + b* + ¢t — a®b® — b2c? — 2a?) = 54
Nhu vay, ta chi can tim cyc tri ctia P = a?b*c2.
Dé dang c¢6 P > 0. Dau bang xay ra khi a = 0,b = v/3,¢ = —/3.
Cong viéc con lai ta can tim gia tri 16n nhat cia P.
Ap dung Cauchy Schwarz, ta dugc:
6:a2+b2+c22a2+@:%ﬁ.
Suy ra —2 < a < 2. Bing cach tuong tiu ta ciing c6 —2 < b, ¢ < 2. Suy ra:
(a—2)(b—2)(c—2) <0va(a+2)(b+2)(c+2)>0

Khai trién va dua vao cac dang thitc da c6, ta duse —2 < abe < 2 suy ra a?b?c? < 4.
Dau bang xdy ra khia=2,b=c= —1hoaca = —-2,b=c= 1.
Dén day bai toan dudc gidi quyét.O
Nhan xét:

Ta ¢6 mot bai toan tuong tiy nhung thi vi hon nhu sau:

Cho a, b, ¢ 1a cac s6 thyc théa man dong thoi a + b+ ¢ = 0 va a® + b? + ¢ = 3. Chiing minh ring:
a’b+ bc+ cPa < -3

7.30 | Cho cac s6 khong am a, b, ¢ thod man a +b+c = 1. Tim gi4 tri nhé nhat ciia bicu thic:
1 1

TP ibci®i3a  Prcatd®i3b  tabiltide

Loi giai.

Stt dung gia thiét ta suy ra b> + bc+ ¢ +3a = (a +b)* + (a + b)(a + ¢) + (a + ¢)*.

Tt do dat v =a+ b,y =b+ ¢,z = ¢+ a, ta di tim gia tri nhé nhat ctia biéu thiic
1 1 1

+
2 +ay+y? oy +yz+ 22 + 22+ zx + 22
vl x +y+ 2= 2.
Trén thuc té ta c6 bat dfmg thitc rat quen thuoc sau va c6 1é ciing khong can phai chitng minh

lai:

1 1 1 9
+ + >
2?2+ay+y? Y Hyz+22 0 224z +a? T (v+y+2)?

. 1
. Dang thiic xdy ra khia =b=c= -.0

Vay ta co6 P > 3

>~ ©
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7.31 | Cho céc s6 thuc z;y; z > 0 thod méan zy + yz + 2o = 3.Chting minh bat ding thric:
4 3

1
e @iy iGia) 2

Lo giai.
Stt dung bat dang thitc AM — GM, ta c6:
S3=zy+yz+xz> 3W hay zyz <1
a:z+yz+xy+zx+zy+:cy)3 g
3

Va (xz +yz)(xy + zz)(2y + xy) < (

T 2 bat déng thitc trén, ta co:
1 4 1 1 4
+ -t —+
ryz  (z+y)y+2)(z+z) 2zyz 27y2z  (r+y)(y+2)(z+2)

v

2
! 2\/(902 +yz)(yx + zx)(zy + 2y)

v
(CTRGCIINC T

Bét dang thitc duge chiing minh. Déng thiic xay ra khi z =y = 2z = 1.0

boed >0
7.32] Cho a, b, ¢, d théa man: @06 0=
A+t +d2=1

Chiing minh rang : abed < (1 —a)(1 = b)(1 — ¢)(1 —d).

Loi giai.
Ta di chitng minh: (1—a)(1—=0)>cd

That vay, bat déng thic trén tuong duong véi:

l—a—b+ab>cd
s+ +E+d?>—2a—204+2ab—2cd+1>0
Sa+b—172+(c—d)?>0

Tuong ty, ta c6: (1 —c)(1 —d) > ab. Nhan 2 vé clia 2 bat dang thiic vita chiing minh, ta dugc két

luan. )
Déngthﬁ:cxéyrakhia:b:c:d:5. O
7.33| Cho a; b; ¢ > 0. Chiing minh réng:
a b c 10abc S
2
(b+c) +(c~|—a) +(a~|—b) i (a+b)(b+c)(c+a) —
Lo gidi.
2 2b 2
Dt r= iy = ==

) T bt cta’ a+b )
Tu dang thitc (a+b)(b+c¢)(c+a) = ab(a+b) + be(b+ ¢) + ca(c + a) + 2abe, ta c6 dang thiic sau :

4ab 4bc 4ea Sabc
b+t (cxaatd)  Groatd) @ rdlbrolta)
=4

TY + Yz + 2x + xYyz =

163



Xuctu.com®

Bat ding thic can ching minh tré thanh: 22 + y?> + 22 + bayz > 8.
Dén day néu danh gia 2% + y? + 2% > 2y + yz + zx thi tat nhien khong di t6i két qua. Vi vay, ta

nghi dén mdi quan he v6i xyz, tit d6 ta sé nghi dén bat dang thic Schur (chi ¥ dén dau = xady

ra ¢ 2 diém ) c6 dang:

9zyz
P L >2ay+yz+2x
y T2 (zy +y )
Mat khéac, ta co:
t2 t33
4=gy+uyz+zex+aoyz < — + —
oy YE=3 o7

o %((t) _3)(t4+6)2>0

=1t>3

voit=x+y+ 2.
T d6, ta viét lai vé trai bat ding thic can ching minh duéi dang:

9
x2+y2+22+5xyz:x2+y2+22+gxyz—l—%yz

9
2x2+y2+22+&+2x(yz
r+y+z

> 2(xy + yz + zx + zyz) = 8.

Déng thiic xay ra khi z =y = 2 = 1 hosic 2 = 0;y = 2z = 2 v& céc hoan vi .

Suy ra a = b = ¢ hoac a = 0;b = ¢ va cac hoan vi. O

7.34 | Chitng minh rang véi moi a,b,c > 0 ta déu co :
b 3
a3+b3+c3—3ab022( ;C—a)
Loi gidi.
b 3
Dat f(a,b,c) = a®+ b + ¢ — 3abe — 2 ¢ _a) . Taco:

b+c b+c 3(b—c)?*(b+c)  3a(b—c)?
— - ) = >
o) 7 (a5 25 Y
b b
Do 6. flabe) = f (55 05)
2
Mat khac f(a,bgc,b—gc>:3a(a—b;c) > 0.

Vay, ta c6 diéu phai chiing minh. Dang thiic x4y ra khi a = b = ¢.O

7.35| Cho a, b, ¢ 1a cac s6 duong thod: a + b+ ¢ = 3. Tim gia tri nhd nhat cia:
_ﬁ+@+@+& ¢’ 4 a°
__ab4+3  bc+3  ca+3

Li giai.
Ta c6 2 bat dang thic sau:
a+b+c)

(
MR

a b A
— — >
x z
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(a+0+c)

va ab 4+ bec + ca < =3

Ap dung bat déng thic tren, ta co:

a? v o v A a?
- (ab—|—3+bc+3+ca+3) * <ab+3+bc—|—3+ca+3>
2(a+b+c¢)?
(ab+ bc + ca+9)

. 3
Vi vay, gia tri nhé nhat cta F = 3
Nhan xét:
Tt bai toan trén, ta dua ra mot bat ding thic téng quét ¢ nhiéu ting dung:

Cho a; b;(i = 1;2;...; k) 1a céac s6 thyc du’Ong va s6 nguyen n > 2. Ta c6 bat déng thic sau:
ap al ay (a1 +az + ...+ ag)"
Ly k> A
by ba bk kn (bl +by+...+0b )

Bét dang thiic nay c6 thé chitng minh triyc tiép bing bat ding thiic Holder. Viéc chitng minh sé

dé lai cho ban doc.

7. 36| Cho cac s6 thuc duong a, b, c. Chting minh rang:
2>+ 1)+ 1) (A+1)>(abc+1)(a+1)(b+1)(c+1)

Lai giai.

Nhan xét véi mbi s6 thuc duong a ta 6 (a2 41)° > (a® + 1) (a + 1)*. Déng thiic ¢6 khi a = 1.
Chitng minh bat déng thiic nay kha don gidn, xin danh cho ban doc.

Ap dung cho b va c ta co

@ +1)° > @ +1)(b+1)°

(@ +1)°>(E+1)(c+1)°

Tudésuyra VI > (a+1)(b+1)(c+1) /(a®+1)(® + 1) (3 + 1)

Mat khéc theo BDT Hoder ta c6 {/(a + 1) (b3 + 1) (¢3 + 1) > abe + 1.

vay, ta c6 VT > VP. Dang thic c6 khia=b=c= 1.0

7.37| Cho cac s6 thuc a,b,c,z,y,z théoa man (a+b+c)(x+y+2) = 3 va
(a® + 0 + ) (2% + y* + 2?) = 4. Chitng minh réng:
ar +by+cz>0

Loi giai.
2 242
Datt = ¢ e+t thi:
:E2+y2+22
a? 4+ b> + ¢ = 2t?
4yt 42 = "
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Bét dang thitc can chiing minh tuong duong véi:

2
a 2 b c 2
<Z—|—t$) + g—i-ty —|—<Z+t2> >4

Nhung ta co:

(% +tx>2 + (% —|—ty)

2 2 _ 1fa+b+ !
+<§+tz) 2§[u+t(x+y+z)} 2§(a+b+c)(x+y+z)
4

Vay, bat déng thiic duge ching minh.O

7.38| Cho a, b, c 1a do dai 3 canh mot tam gidc. Chiing minh rang:
abc 2> a*(b+c¢) —2> a*+3abc] > (a+b+c)(b+c—a)(c+a—0b)(a+b—c)(ab+ bc+ ca)

Loi giai.

Ap dung hing ding thic:
(a+b—c)(c+a—=0b)(b+c—a)=>a*(b+c)—> a®— 2abc

Suy ra bat dang thic trén tuong duong véi

2abc [T (b+c—a) + 7a*b*c® > (a+ b+ ) [[(b+ ¢ — a) (ab+ bc + ca)
Tuy nhién, ta c6 mot s6 dang thic tam gidc sau day:

165 =(a+b+c)[[(b+c—a)

abc = 4SR

S =pr

T dé dé dang dua bat dang thiic vé dang:

AL 47> 4 sinAsin B

4> cosA+3> ) sinAsin B

& 4> cosAcos B <3

Nhung bat dang thitc trén hién nhien ding vi > cos A < g

Vay, ta c6 diéu phai chitng minh. Dang thic xay ra khi a = b = ¢.O

7.39| Cho a, b, ¢ 1a cac s6 nguyen khong am théa man (a + b) (b + ¢) (c + a) = 2. Chiing minh

rang:

(a® +bc) (b* + ca) (> +ab) <1

Loi giai.
Khong mat tinh tong quat ta co the gid st ¢ 1a s6 nam gitta a va b, Khi d6 (a —¢) (b —¢) < 0.
Ta co:
(a+b)*[(b+c)(c+a)* =4

tuong duong

(a+b)>2(AE+ab+ca+chb) =4
Hon nita,

(2 + ab+ be + ca) > 4 (c® + ab) (be + ca)

Do vay

(2 + ab) (bc + ca) (a +b)* < 1
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Twong duong
cla+b)*(F+ab) <1
Vay ta chi can chiing minh
(a® 4 be) (0% + ca) (¢ + ab) < ¢ (a+ b)® (¢ + ab)
tuong duong
ab[(a—c)(b—c) —2ac—2bc] <0
Vay ta c6 diéu phai ching minh. Dang thitc ¢6 khi va chi khi @ = 0,b = ¢ = 1 va cac hoan vi.O

7.40| Cho a, b, c 1a cac s6 thic duong. Chitng minh réng:

(@ +1)(B*+1)(c*+ 1) > %(aJr b+c+1)?

Loi giai.
Ap dung bat ding thic Cauchy-Schwarz ta co:
2
1 1
a+b+c+1)P=lal+—=V20b+c)+—=V2| <(@*+1)B3+2(0b+c)?.
( ) ( \/5\/_( )\/5\/_>_( )3 +2(b+¢)7]
Khi d6 ta can ching minh bat déng thic sau:
LB +20b4¢)? < (0> +1)(*+1)
Hay:
166%c2 + 6(b* + ) + 1 > 20ab.
Bét dang thic trén hién nhién ding theo bat dédng thic AM-GM:
16b%c* + 1 > 8bc, 6(b* + ¢*) > 12bc
1

Dau dang thitc x4y ra khi va chi khia =b=c = §'D
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3.8 Bai 8.1 dén bai 8.40

|8.1] Tim hiing s6 k t6t nhat (I6n nhat) dé bat ding thitc sau ding véi moi s6 thuc a, b, ¢
khong am:
2> a® +k(ab+bc+ca)(Doa) > abla+b) +be(b+c)+calct+a)+k(a®+b+)(a+b+c)
Loi gidi. Choc=0,a=b=t>0=43 + 2kt > 283 + 4kt3 = k < 1 = Ky = 1
Khi k = 1 ta can chitng minh:
23 a® + (a+b+c)(ab+ be+ ca) > abla +b) + be(b+ ¢) + ca(c+ a) + (a + b+ ¢)(a? + b* + ¢?)
tuong duong

a® +b® + ¢ + 3abc > ab(a + b) + be(b+ ¢) + ca(c+ a)
( Diing theo bat dang thiic Schur).O

8.2| Cho z,y, z > 0 théa man 22 + y? + 22 > 1.Chting minh:
B
L
y oz ox

Loi giai. Loi giai 1. Ap dung bat déng thitc Cauchy - Schwarz, ta co:
2 .2 1 .2)2
2oy s WAy HE)
4 z T orxy+tyz+zx
Mat khac, ta ciing c6 2+ + 22> oy +tyzr+ o2 VA~ +y2+22>1

theo diéu kién nén ta suy ra:

3 3 3
Tl
y oz

Phép chiing minh hoan tat. O

Lai giai 2. St dung bat ding thic AM-GM ta c6:
x> 28 ) )
—+—+y >3
P 2 y y/ P
Thiet lap 2 biéu thitc tuwong tu, sau dé cong ve theo ve, ta dugc:
3 3 3
2 <%+%+%) + a2 +yt 422 >3 (2 +y? + 2P

3 3 3
hay x—+y—+z—2x2+y2—l—2221
Yy z
2 p . o . 1
Bai toan dugce chiing minh.Dang thic xay ra khi va chi khi z =y =2 = —. O

V3

Lai giai 3. St dung bat déng thiic Holder ta co:

xS 3 23 xS 3
(—+yr+—>(—Afi+§>@?+£+ﬁ)zwﬁuﬂ+%f
Y z T Y z
Do dé: ; X ;
A L N
Y z T

Bai toan dugc chiing minh.Déng thitc x4y ra khi va chi khi 2 =y = 2 =

1
0O
V3

8.3| Cho a,b,c > 0 théa méan a® + b® + ¢ = 3. Chitng minh rang:
a b c
-—+-+-2a+b+c
c _a b
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Loi giai. Tt diéu kien suy ra 1 > abe.

Ta co:
2
2+9+223‘°’a—>3a
C
Tuong tu:
2+ S>3
a a C
coe b a
b b a—

Cong 3 bat dang thtc trén, ta cé diéu phai ching minh.O

8.4| Cho a, b, c 1a ba s6 thiyc khong am , chiing minh réng:
o2 2 2
<1
2a2—|—bc+ 262+ac+ 2¢2 +ab —
Loi gidi. Ta viét lai:
2a> N 2b* N 2c2 <9
202 +be 202 4+ac 22 +ab
tuong duong
2a? 2b* 2c?
-0 - - >
2(12—|—bc+ 2b2+ac+ 2c2+ab
tuong duong
be . ac N ab 1
202 +be 202 4+ac 22 +ab
Ma theo Cauchy—Schawrz, ta co:
be ac__ ab (be + ac + ab)? B
202 +bc 202 +ac  2c2+ab ~ a?b? 4 c2b? + a2c? + 2abc(a +b+c)

Phép chitng minh hoan tat.O

8.5| Cho z,y,z khong am théa man z + y + 2
P=x"y+y "2+ 2"z,n>2

1. Tim gia tri 16n nhat cla

Loi giai. Goi (a, b, ¢)la mot hoan vi ctia bo (z,y,z) saochoa > b > c = a" ! > b1 > " 1ab >

ac > be
Ta co:
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2y +ytz+ e =" Ty + oyt yr + 2"

<a" lab+b"tac+ " e

= b(a" + ach" % + ")
(@™ +a" e+ )
(a+0c)"
(a+0o)

nb(a + c)"

n(a+b+c)\"*
n+1

I IA IA
>~ o o

SI— 3|

RS

IA

nn

(n+ 1)n+1
n

. 1
Dau = x4 khi la h i cu ;——; 0.0
au = xay ra khi(z,y, z) 1a hoan vi cia (n—|—17n+2’ )

8.6 Cho a, b, cla cac s6 thiyc théa man 3a® + 2b> 4+ ¢ < 6. Tim GTLN va GTNN ciia biéu
thiic sau:

P=2(a+b+c)—abc

Lai giai. Ap dung bat déng thic Cauchy-Schwarz:
[2(a4b+¢) —abd® = [a(2 — be) + 2(b+ )] < (a2 +2) [(2 — be)? +2(b+ ¢)?] = (a® 4 2)(B? + 2)(2 + 2)

Lai theo bat ding thic
! 2b? 12
(% +2)(8* +2)(c* +2) = £(3a” + 6)(20 + 4)(c* + 2) < 6(&1+ ;w-+ > <36

tuong duong [2(a+b+¢) —abd]® <36 = —6 <2(a+b+c)—abc <6
a(b+c)=2—bc
36 +6=20"+4=c"4+2=6
a=0;b=1c=2
a=0;b=—-1;c= -2

Dau "=" xdy ra khi va chi khi:

tuong duong

Vay:
Min(2(a+b+c) —abc) = —6<a=0;b=—1;c= -2
Maz(2(a+b+c)—abc) =6 < a=0;b=1;c=2.0

8.7| Cho a,b,c > 0 thoa mén a+b —i— c=1. Chfmg minh rang:
1
> 2 22 + —
Vab \/ \/ + + abc

L&i giai. Nhan vabe cho mdi vé, ta duge bat ding thic tuong duong la:

Va+ Vb4 /e > 2Vabe + V22abe + 1.

Binh phuong hai vé, ta dugc bat dang thic tuong duong la

a+b+c+2@GR+WQ+¢a>zmmm+1+4¢mdmwo+m

Vi a+ b+ c=1nén bat ding thiic trén tuong duong véi
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Vab + Ve + v/ea > 13abe + 2+/abe(22abe + 1).
Ap dung AM-GM cho ba s6 duong a, b, ¢ ta c¢6 ngay diéu sau

3
abe < (GFoEFCy L
3 27

22 14 1/2
24/ abc(22abc + 1) < 24 jabc| =+ 1) = abe) 7.
Va2t 1) < 2y fabe (3 41) = Ustate)

Ta ciing ¢6 theo AM-GM

Nhu vay, ta cé

Vab+Vbe + e > 34/ Vab - Ve - e = 3(abe) /.

N6i cach khéc, ta can chi ra rang

14
3(abe)'’® > 13abe + —— (abe) .

3v3
Hay tuong duong véi (rit gon (abc)'/hai vé)
14
3 > 13(abe)*® + —=(abe)"®.
> 13(abe)* + - fabe)

Vi abe < 127nén bat ding thiic trén 1a mot bat ding thic ding, that vay, ta co

14 1/ 1\ 14 1)V
" (abe)f <13 ([ = — (=) =3
@ =1 (5) (s

Ta c6 diéu phai chitng minh. O

13(abe)*® +

8.8| (USA TST 2011)Cho a,b, c € [0,1] théa mén a + b,b+ ¢,c+ a > 1. ching minh:
2v/2abc

1<(1—a)P+1-0>2+(1-¢)?+ —m—m——n=
S U U

Lai giai. Viét lai bat dang thitc nhu sau:

2V 2ab
a2+b2+62+2+A22(a+b+c).
vaz+ b+ c?
Ap dung AM-GM, ta c6
b 2
2(a+b+c)§w+2

Nén ta chi can ching minh duge

2v/2abc S (a+b+c)

a’+b*+c* + :
vVaz+b2+c2 2
Hay
4v/2abc
— = >9%ab+be+ca)— (a®+b*+ ).
2 )~ ( )
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Bat ding thic da cho 1a thuan nhat, do dé ta c6 thé chuan hoa a® + b> + 2 = 2.
Bét déng thtc tré thanh:

4abe > 2(ab + be + ca) — 2
Hay
2abc+1 > ab+ be + ca
Gia sit ¢6 1 6 16n hon 1, chang han i a, ta c6 bat dang thic trén tuong duong:
4bc(a—1)+(a—b—2c)*>0
Xét truong hop nguge lai, bat dang thiic tuong duong:
(1—a)(1—bc)+a(l—=>b)(1—c)>0
Vay bat déng thitc duge chitng minh.O

8.9| Cho 3 s6 a,b, c théa méan dieu kién a + b + ¢ + abc = 0;a,b € [—1 1]. Chiing minh rang:

Va+1+Vb+1++/c+1<3

Lai giai. Khong mat tinh tong quat, ¢ thé gia sit ab > 0 theo nguyén li Dirichlet.
Khi do, tit gid thiét ta dugc:
(14+c¢)<(1+c¢)(1+ab)=(1—a)(l—0)
=V1+c< /(1 —a)(l—-0)
Ap dung bat ding thic Cauchy-Schwarz:
V0i—a)1-b+Vita+vV1I+b<\/(1—a+1l+a+1)(1—-b+1+1+b)=3
Bai toan dugc ching minh.O

8.10| Cho a, b, ¢ 14 cac s6 duong. Chiing minh:

2% b+ 2 9
\/GJ; +\/J;C+\/Cza2\/6+\/l3+\/€

L3i giai. Binh phuong hai vé, bat dang thitc can chiing minh tuong duong véi:
S/ (a+2b)(b+2¢) > 3> Vab
Ap dung bat ding thicCauchy-Schawrz, ta co:

V(@ +2b)(b+ 2¢) > \/(\/%Jrz\/%)? = Vab + 2Vbe

Lap cac bat dang thic tuong tu r6i cong vé theo vé, ta c6 bat dang thiic can ching minh.

8.11 | Cho céc s6 thyc duong z,y, z théa man zy + yz + zx = 3. Chiing minh rang:
1 4 3
>

e @ttt -2

Lai gidi.

Loi giai 1. Trude tien, ta dé dang c6 zyz < 1..Ap dung AM-GM lien tuc, ta sé c6
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1 4 1 1 4
+ = + +
ryz  (x+y)(y+2)(z+2x) 2xyz 2zyz - (x4 y)(y+ 2)(z+x)
Lo, 2v/2
T 2zyz o (Jayz(z+y)(y + 2)(2 + 2)
_ L 2V2
2zyz - \f(ay +x2) (y2 + yz) (22 + 2y)
>+ 2v2 -2
Ty t+rz+yz+yr+zr+zy 3
3
Ta c6 dieu phai chiing minh. O
Loi giai 2. Dé thay zyz < 1.5t dung AM-GM ta c6:
dxyz S dryz _xyz
(zy +22)(yz +yx) (22 +2y) ~ [(ay+xz+yz+yr+ 2+ 2y\° 2
3
Nhu vay chi can chiing minh:
1 ryz _ 3
Al Sy
TYZ 2 — 2

Nhung BDT nay dang vi:
1 1 TYZ
VT =
2xyz * ( * 2
Phép chiing minh hoan tat.O

8.12| Cho a, b, c > 0. Chiing minh réng:
a

2. > 2
b2—|—%+02
4

L&i giai. Bat dang thic tuong duong véi

b
c + + ‘ > 1
VA2 +be+ 42 VA2 4+ ca+ 4a? /4a? + ab + 4b?

Ap dung lien tiép bat déng thic Cauchy Schwarz, ta c6

3 a . (a+b+c) . (a+b+c)
VAR +be+4c2 T Y avAb? +be+ 42 T /(3. a) D a(4b? + be + 4c?)]

N6i tom lai, ta chi can chiing minh rang:

(a+b+c) > Zaz(élb2 + be + 4c?).

Khai trién ra, ta sé c6 ngay bat dang thiic

a® +b* + ¢ + 3abc > ab(a + b) + be(b + ¢) + ca(c + a).

Day chinh 1& bat ding thic Schur. Ta c6 diéu phai chiing minh. O
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8.13| Cho 3 s6 khong am a, b, ¢ théa man a + b + ¢ = 1. Chitng minh rang:
a’> + b+ 4+ V12abc < 1

Loi giai. Lai giai 1. Bat dang thic tuong duong
(a+b+c)* —2(ab + be + ca) + V12abe < 1

tuong duong ab + bc + ca > /3abc
tuong duong (ab + be + ca)® > 3abe(a + b+ ¢)
tuong duong (ab — be)? + (be — ca)® 4 (ca — ab)® > 0 Diing

/b / |ab
Loi giai 2. Dat z = Cy— ,R =

Khid6éa=yz,b=zx,c=2xy va a:y+yz+zx— 1
Bat ding thtc tuong duong
22 422 4 22 2By < L& x+y+ 2 > V3(%)
T diéu kién ta thay ton tai tam gidc ABC nhon sao cho :
:c—tan— Y —tan— z —tang
(%) <:>tan5+tan5 —|—tan5 > \/_
Bat dang thtc trén hién nhién ding, ta c6 diéu phai ching minh.O

8.14| Cho a, b, c 14 3 s6 thyc khong dong thoi bang 0. Chitng minh rang:
3a+b
=

a? + 2b% 4 ¢2

Loi giai. Ap dung Cauchy Schwarz, ta c6 ngay

a? +2b% + ¢? a?+202 42 |’
Tiép tuc diing Cauchy Schwarz, ta sé ngay diéu phai chitng minh

(3a + b)? 9a? b?
Za2+2b2+02_z 1R P

a? 4 2b% + ¢2

3(2(3a—+b)2> <+V3.12=6.

a? + 2b2% 4 ¢2

O

8.15] (IRan 2011)Tim s6 thuc & nhé nhét sao cho v6i moi s6 thuc z, y, z khong am ta c6 bat
déng thic:

Y+ yvz+ 2T < k(4 y)(y + 2)(z + 2)

. 3v2 A
Loi giai. Cho x = y = z ta c¢6 gid tri nhd nhat cia k 1a T\/_.Ta di ching minh gia tri d6 cta k
la ding

174



Xuctu.com®

St dung bat dang thic Cauchy Schwarz :
VT? = (Vo /oy + VY Jyz + V2 /z2)? < (x +y + 2)(zy + yz + 2x)
Ta chi can di chiing minh
8(z+y+2)(ry+yz+zx) <9I x+y)(y+ 2)(z+ x)True
Ta c6 dicu phai chiitng minh .Dang thitc x4y ra khi va chi khi v =y = 2.0

8.16| Cho a;b;c > 0 théa mén a + b+ ¢ = 1. Tim gia tri 16n nhét ctia biéu thec:
[ ab n [ be n ca
ab+c bc+a ca+b
Loi giai. Ap dung bat déng thitc AM-GM, Ta co:

| ab ab B ab <1(a+b)
ab+c Vab+cla+b+e) \(c+a)(c+b) ~ 2cta atc

Suy ra:
ab . be n ca <1( a N b n a n c . b . c )_§
Vab+c  Vbe+a ca+b~2¢c+a c+b b4+a b+c a+b b+c 2

8.17| Cho a,b, c 1a cac s6 thuyc khong am théa méan a + b+ ¢ = 1. Tim gia tri 16n nhat cia
biéu thiic

_l—l—a2 14+ 14
140 142 14 a?

Loi giai. Trude hét tir gia thiét, ta suy ra 0 < a,b,c < 1, tit d6 c6 a?,b?, ® < 1.
Ta viét lai biéu thic P nhu sau:

2

1
P:ZI-I—CL?—'—Zﬁ’

tur d6 két hop v6i hai danh gia sau:

L 14l-a® 2-a
a2 =~ 14+a2+1—-a2 2
2
a
< 2
1+b2—a’

ta suy ra

2 —a? 9 1 9
PSZT—FZQ :34—52&.

Mit khac, dé y rang do a,b,c € [0,1] nén a®> +b* + 2 <a+b+c =1, do vay ma

N |~

1
P<3+-=
< +2

Cudi cting v6i a = b =0 va ¢ = 1 (tho&d man diéu kién) thi P =

nhat ctia bidu thiic P.

N~

. 7 o
nén ta ket luan 5 la gia tri 16n

Bai toan két thic.O

8.18| Cho a, b, ¢ la cac s6 thuc duong théa man a + v/b + /c = 3. Chiing minh ring
A=1+a*+(@—b2+/1+02+(b—c)2++/1+c+(c—a)2>3/2
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Loi giai 1. Ap dung bat ding thie Minkowski, ta c6

A> \/(\/1+a4—|—\/1+b2+\/1+c)2—|—(|a—b|+|b—c|+|c—a|)22 \/9+(a2+b+\/5)2
Dén day ta st dung danh gia co ban sau v6i moi ba s6 thie duong z, v, 2

(z+y+2)?°

224yt 422> 3

(%)

AZ\/9+<G+\/59+\%)4 — V919 =3V2

Phép chitng minh hoan tat.O

L&i giai 2. Tu biéu dién cia A ta suy ra

A>V1i+ar +V1+02+V1+e

Dén day ta sit dung danh gia co ban sau v6i moi hai s6 thuc duong z, y

2
24y’ > (z+y)
2
dé co
A 1+a2+1+b+1+\/523+a2+b+\/5'
V2 V2 V2 V2
Tiép tuc sit dung danh gia (x) ¢ trén, ta suy ra
5 (et Vb+ o)
A> 3 —3V2.
B V2

Phép chitng minh hoan tat.O

8.19| Cho a, b, c,d 1a cac s6 thyc khong am. Chiing minh ring
a—i—bl—c—f—d > \/ab—i—ac—kad;bc—i—bd—kcd > {)/abc—i—abd?:acd—kbcd > W

L&i giai.

1. Ching minh

a+b+c+d> \/ab+ac+ad+bc—|—bd+cd
4 = 6 '

Dé ¥ ring ta c6 dang thic sau:

2(ab+ ac+ ad + be+bd + cd) = (a +b)(c+d) + (a+¢)(b+d) + (a+ d)(b+ c).

2
(z+y) dé cé

Tu day ta ap dung danh gia co ban xy <

3a+b+c+d)?
4 )

2(ab + ac + ad + bc 4 bd + cd) <
va do do6 ta c6 bat dang thic can ching minh.
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2. Chtng minh i/a bc + abd Z aca + bed > vabed.

St dung bat dang thitc AM-GM, ta c6 ngay diéu phai chiing minh:

> \ Va3h33d3 = vabed.

i/ abe 4+ abd + acd + bed
4

ab + ac + ad + be + bd + cd - §,/abc+abd+cwd+bcd

. Ch inh
3. Chtng min \/ 5 > 1

Bét dang thic can chiing minh tuong duong véi

2(ab + ac + ad + bc + bd + cd)?

(abc + bed + cda + dab)? < 5

Bat ding thiic nay mang tinh ddi xing gitta cac bién, nén khong mat tinh tdng quat, ta gia

stt a > b > ¢ > d. Véi dieu kien do6, ap dung bat dang thic Cauchy-Schwarz, ta cé

(abc + bed + cda + dab)® < (ab + be + cd + da)(abc® + bed? + cda® + dab®)
= (ab + bc + cd + da)[ac(bc + da) + bd(ab + cd)]. (%)

Mat khac, ttta > b > ¢ > d ta suy ra ac > bd va
be+da — (ab+cd) = (a—¢)(b—d) > 0,
hay bc + da > ab + cd. Do vay theo bat ding thic Chebyshev, ta cé
ac(bc + da) + bd(ad + cd) < %(ac + bd)(bc + da + ab + cd). (xx)
Két hop hai danh gia (x) va (*x*), ta dugc

(abc + bed + cda + dab)® < = (ac + bd)(be + da + ab + cd)?

A~ = o) e

2(ac + bd)(be + da + ab + cd)(be + da + ab + cd).

Dén day ta ap dung bat déng thic AM-GM dé cé

3
(abc + bed + eda + dab)? < % 2(ac +bd) + 2(a§ + bc + cd + da)
2(ab + ac + ad + be + bd + cd)?

27

Phép chiing minh hoan tat.O

8.20 | Cho a, b, c 1a do dai ba canh ciia mot tam gidc. Chiing minh rang
a b c 9
>

+ +
Va2 +3be /b2 +3ca R +3ab 4

L&i giai. Trude hét, do bat dang thic can ching minh mang tinh déi xing gitta céc bién, nén
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khong mat tinh tdng quat, ta gid st ¢ = max{a, b, c}.

Ap dung bat ding thic Cauchy - Schwarz, ta c6

a N b N c S (a+b+c)?
VaZz +3bc V2 +3ca A+ 3ab ~ ava? + 3bc + b2 + 3ca + ¢/ + 3ab

Mit khéac ciing theo bat ddng thitc Cauchy - Schwarz thi

ava? + 3bc + bVb? + 3ca + eV + 3ab = /avad + 3abe + VbV + 3abe + /e B + 3abe
< V(a+b+c)(a®+ b3+ 3 + 9abe),

do do ta suy ra

a N b N c - (a+b+c)?
Vaz+3bc  VB2+3ca VA +3ab  \/(a+b+c)(ad+ b3+ 3+ 9abe)

Nhu vay dé két thic chiing minh, ta can chi ra rang

(a+b+c)? >9
a3 + b3+ c3 4 9abe — 4

Thuyc hién phép bién ddi tuong duong ta thu duge
12[ab(a + b) + be(b + ¢) + ca(c+ a)] > 5(a® + b* + ¢*) + 5Tabe.
Dé ¥ ring theo bat dang thic AM-GM thi a® + b® + ¢® > 3abe, do vay
6(a® + b* + ¢* + 9abe) > 5(a® +b* + ¢*) + 5Tabe.
Do vay ta chi can chiing minh
2[ab(a + b) + be(b + ¢) + ca(c+ a)] > a® 4+ b* + ¢* + 9abe,

hay (3c—a—b)(a—b)*+(a+b—c)(c—a)(c—b) > 0. Tuy nhieén danh gia nay dang do ¢ = maz{a, b, c}

va do a,b, c 1a do dai ba canh ctia mot tam giac. Do vay bat dang thitc ban dau duge chiing minh.

Bai toan két thic.O

8.21| Cho a, b, ¢ 1a cac s6 thic duong thod man a? + b* + ¢ = 3. Chiing minh réng
a b c
—+—=+—=2a+b+c
Vb Ve \a

Loi giai. Ap dung bat ding thic Cauchy - Schwarz, ta c6

b c o (a+b+c)?

Vb Ve Ve T abrbyetoa

Nhu vay dé két thic ching minh, ta can chi ra ring

a\/g—i—b\/E—i—c\/aSaqu—I—c.
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Binh phuong hai vé va cht ¥ rang theo bat déng thiic Cauchy - Schwarz:

(aVb + by/c + cv/a)? < (ab+ be + ca)(a + b+ c),
ta can chiing minh
a+b+c>ab+ be+ ca.

Tiép tuc binh phuong hai vé va dé y t6i danh gid co ban (a + b+ ¢)? > 3(ab + bc + ca), ta can
phéi kiém tra danh gia sau

ab + be + ca < 3.
Tuy nhién danh gia trén ding do ab + be + ca < a® + b? + ¢ = 3. Do vay bat déng thiic ban dau
duge chiing minh xong.

Bai toan két thiuc.O

8.22| Cho z,y la céac s6 thic duong thod man zy + = +y = 3. Tim gia tri 16n nhét clia biéu

thiic
3z 3y Ty

= + +
y+1 x+1 x4y

g g2

. 3 - . Cz o
Loi giai. Tu gia thiet, ta suy ra z = Tﬁ Theé vao P, khai trién va rat gon, ta dugc
Y

b=y 2 1127 4 My +19)  — =3y [y D' +6+1) (4 +3)]
4(y+1) (2 +3) 4y +1)° (12 +3) |

Tit d6, ta sit dung danh gia hién nhien (y — 1)* > 0 dé c6

c—W=3)yb6y+HE* +3) _3 {—y(y—?))}
B 4(y+1)° (y2 +3) 2 y+1 |

Dén day chd y rang

_ _ _ _ 2
yy=3) _-=1"
y+1 y+1

- =Y,

do vay ta suy ra P <

[\CRGV]

w

Cudi cing véi x = 1 va y = 1 (thod mén dieu kién) thi P = — nén ta suy ra 3 12 gia tri 16n nhat

[\

clia biéu thic P.

Bai toan két thic.O

8.23| Cho a, b, ¢ 1a céc s thuc thay ddi trong doan [0, 1]. Tim gia tri 16n nhat ctia biéu thic
a b c
P

:1+bc+1+ac+1+ab

Loi gidi. Chu y rang tir gid thiét ta c6 abc > 0 va

a a 2a
< < ,
1+bc — 14+ abec — 2+ abe
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do vay ta suy ra
< 2(a+b+c)
~— 2+4abe

Dén day trir 2 vao moi ve dé co

P_o< 2(a+b+c—abc—2) :_2[(1—a)(l—b)+(1—c)(1—ab)]’
2 + abc 2 + abc

nhung dé ¥ rang (1 —a)(1 —b) + (1 —¢)(1 —ab) > 0 do a,b,c € [0,1]. Do vay ta suy ra
P—2<0,
hay P < 2.

Cudi cing v6i a = b =1 va ¢ = 0 (thod man diéu kién) thi P = 2 nén ta két luan 2 1a gia tri lon
nhat ctia biéu thic P.

Bai toan két thic.O

8.24 | Cho a, b, ¢ 1a céc s6 thuc thay doi bat ki. Chitng minh ring
(a®>+1D)(* +1)(A+1) > (ab+ be + ca — 1)*

Lai giai. Dé ¥ ring ta c6 dang thiic sau
B +1)(F+1) > (b+c)*+ (be— 1),

do vay (a®>+1)(0* +1)(2+1) = (a®> + 1)[(b+ ¢)*> + (bc — 1)?]. Dén day ta ap dung bat dang thiic

Cauchy - Schwarz dé c6
(a®> + 1)(b* + 1)(* + 1) > [a(b +¢) + bc — 1]* = (ab + bc + ca — 1)2.

Phép chitng minh hoan tat.O

8.25| Cho z,y, z 1a cac s6 thuce thay ddi trong khoang (0;1]. Chitng minh ring
1 1 1 5)

+ + <
l4+zy 14yz 14z 24+y+=z

L&i giai. Bat dang thitc can ching minh mang tinh déi xtng gitta cac bién, do dé khong mat tinh
tong quat, ta gia st 0 < z <y < o < 1. Khi dé:

14+yz<14zx<1+uay.
Do vay ta c¢6 danh gia

1 1 1 r+y+z
+ + < .
l+2y 1+yz 1422 1+yz

Mat khac dé ¥ rang
r+y+z z—1—(y—1)(z—1)—yz
- +2,
149z 149z
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nén tit gia thiét ta suy ra — 2~ < 2. Nhu vay
14+ yz
1 1 1

<2 (%)

1+:vy+ 1—|—yz+ 142z
Hon nita, ta cling c6 dang thitc

(1_ “y)+<l_ y“)+(1_ Z”) _(-—a)-y) (1=pi-2) (=2)(1-a)

14+ 2y 149z 14 zx 1+ 2y 149z 14 z2x

tit day ta két hop véi gia thiét dé co

Tr+y Y+ z zZ+x <3 (**)
142y 14yz 142z

Cong vé theo vé hai danh gia (%) va (xx), ta dugc

r+y+z T+y+z TH+y+z
+ +
14+ 2y 149z 1422

<5,

va do do6 ta thu duge bat dang thic ban dau.

Phép chitng minh hoan tat.O

8.26 | Cho z,y la cac s6 thuc duong thod man x +y > 4. Tim gia tri nhé nhat ctia biéu thic
322 + 4 N 2+ 93
4x y?

P =

Loi giai.
Ta viét lai biéu thic P nhu sau:

P =

202 + (z° +4) 2+ (P +y° +8)
+ .
4x 492
Tt day ta ap dung bat dang thitc AM-GM dé c6 2% +4 > 4z va y° + ¢ + 8 > 612, do vay

2 3 2
P22x +4x+2y + 6y :x+y+§.
4x 492 2 2
4 ~ 2 .2 4L 2 9
bén day ta st dung gia thiet z +y > 4 dé duge P > 3
L N 2, ~ ? ~ o X N ~ 9 ~ £ ~ 9 N ., . 9
Cudi cung, v6i x = 2 va y = 2 (thod man diéu kién) thi P = 5 hen ta két luan 3 la gia tri nhé
nhét ctia biéu thic P.
Bai toan két thuc.O
Cho a, b, c 1a cac s6 thye duong thod man — ! ! L = 2. Chitng minh rang
1 RN
+ + <1
Va+3b Jb+3c e
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Loi giai. Ap dung bat déng thic Cauchy - Schwarz, ta c6
9 27 3 9 9
3 .
tr do suy ra vVa+ 3b > ——— va + v . Thiet lap hai danh gia tuong tu va cong lai, ta duge
1 1 1 2 2 2

\/a+3b+\/b+3c+\/c+3a§\/54—3\/1_)—’_\/5—1—3\/(_9—’_\/5—1—3\/5' )

Lai 4p dung bat dang thitc Cauchy - Schwarz, ta c6 danh gia

1 N 1 N 1 L1 1 16
Va VBB VBT Vatavh
1 3 16
hay — + — Cong danh gia nay véi hai danh gia tuong tu khéac, ta suy ra
y Ja = \/5—|—3\/5 g g y g g y
1 1 1 1 1 1
—_— —+ — ] (%)
Vat Bt et Vit3vh  Vbi3ye Jetsva

Két hop hai danh gia (%) va (xx*) cho ta

1+1+11{LL_]_1
Va+3b  Vb+3c Ve+3a NV R

Phép chitng minh hoan tat.O

8.28| Cho z,y, z 1a cac s6 thuc khong am thay doi bat ki. Ching minh ring véi moi s6 thuc
a,b, c thay doi thoa man 0 < a < b < ¢, ta ludn co

r oy oz (a+c)?
b TLY LA
(ax + y+cz)(a+b+c)_ Toc

(z+y+2)?

Lai giai. Bat dang thic can chiing minh tuong duong véi
4(ax + by + cz)(cx + Ty +az) > [(a+c)(z+y+2)

Ap dung danh gia co ban 4uv < (u +v)?, ta 6

4(ax + by + cz)(cx + %—Faz) < (a:L‘—irby—l—cz—i—ca:—i—a—Zy + az)?.

Nhu vay dé két thic chiing minh, ta can chi ra ring

ax—i—by—l—cz—kcx—i—%—kazg(a+c)(x+y+z).

Thue hién phép bién doéi tuong duong, ta thu duge y(c — b)(b— a) > 0. Tuy nhién day la danh gia
ding do 0 < a < b < ¢. Do vay bat dang thiic ban dau dude ching minh.

Bai toan két thic.O
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8.29| Cho a, b, ¢ Ia cac so thuc duong thay doi bat ki. Chiing minh ring
a® b? c? 3

@+ rap (4P -1

b L an N
Loi giai. bat x = —,y = %, z=-.Khidoz,y,z >0, xzyz = 1 va bat dang thitc can chiing minh

C

1 2+ 1 2+ 1 2>3
1+ l+y 1+2/) — 4
Dé ¥ rang ta c6 dang thitc sau
( 1 >2+( 1 )2 1 ayle—y)?+ (1 —ay)?
14z L+y)  lday  (1+22)(1+y?)(1+ay)

tit d6 ta stt dung gia thiét cta z,y, z dé co

I 1? 1 2
+ > = .
1+x I+y) — 14+axy =2+1

Nhu vay dé két thic chiing minh, ta can chi ra ring

z+ 1 >3
z+1 (1422~ 4

ST

tuong duong véi

Thuec hién phép bién déi tuong duong, ta thu duge mot danh gia hién nhien ding
(z—1)2>0,
do vay bat dang thic ban dau dude ching minh.

Bai toan két thic.O

8.30| Cho z,y, 2 1a cac s6 thyc duong thod man zyz = 1. Chitng minh rang
1 3

1 1
+ + g
(I+2)3 (A+4y)? (1423 8

Lai giai 1. Trude hét ta sé chiing minh bat ding thic sau:

(S SRR S 5 oL )
(14232 (A+y)3 (1423 (z+Dy+1)(z+1) —

1 1 1
b= o= ;m
rz+1 y+1 z+1
tur gid thiét zyz = 1, ta suy ra

Dat a =

=x+y+z;n=2xy+yz+ zzx. Khi dé a,b,c,m,n >0 va

abc = (1 —a)(1 =0)(1-c),
hay 2abc = n —m + 1. Bén canh d6 dé y ring ta ciing c6 dang thiic sau:
a® + b + ¢ — 3abc = m® — 3mn.

Trd lai viée chitng minh bat dang thitc (%), ta thay rang né tuong duong véi mdi bat ding thitc
trong day sau:
a® + b + & + 5abe > 1,
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m? —3mn +4(n—m+1) > 1,
m?® —4m + 3 > n(3m — 4). (xx)

Dé chiing minh danh gia (*x), ta xét cac truong hgp ctia m nhu sau:

Trudng hop 1. m < 1.

Khi d6 m®* —4m +3=(1—m)(3—m—m?) > 0> n(3m —4).

4
Trudng hop 2. 1 <m < 3

Khi d6 dé y rang do 2abc =n —m +1nénn >m —1 > 0, do vay
m® —dm +3 —n(Bm —4) >m® —4dm + 3+ (4 —3m)(m — 1) = (m — 1)* > 0.

4
Trudng hop 3. m > 3

Khi do tur danh gia co ban
(z+y+2)* > 3(zy +yz + 22),

ta suy ra m? > 3n. Do vay

2 _ _9)2
m3—4m+3—(3m—4)n2m3—4m+3—m<37;L 4):(2m3 3) > 0.

Toém lai, trong moi trudng hgp, danh gia (**) luon ding. T d6 bat dang thitc (x) duge chiing

minh xong.

Dén day ta st dung danh gia (v + y)(y + 2)(z + x) > 8xyz = 8 dé ¢

(R S S
(I+2)  (1+y)P (1+2)? 8

> 1,

va do vay ta da ching minh dugc bat ding thic ban dau.

Bai toan két thic.O

Loi giai 2. Ap dung bat ding thic Holder, ta c6

31+1+1r>[1+1+13
(1+2)° 1+’ (C+2°] ~ l0+2)” (1+y)° (Q+2)°]

Mit khéc theo mot két qua da chiing minh & bai thi

1 n 1 n 1 >3
(1+2)? (1+y)?® (142?74

do vay ta suy ra
o[ 1 . 1 N 1 ]? 2T
(1+2)° (1+y)° (1427 64
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tuong duong

1 . 1 . 1
(1+2)?® (1+9y)?° (Q+2)°

3
> —.
-8

Phép chitng minh hoan tat.O

8.31| Cho x,y, 2 1a cac s6 thuc thod man 222 + y? + oy > 1. Tim gia tri nhé nhat clia biéu
thic

P = 2%+ ¢?

Loi giai. Trude hét ta dat
% 4 y2

@= 202 +y2 +ay’

1 1
Véiy:Othinﬁ, tﬁdéP:Q(2x2+y2+xy)2§.

V6i y # 0, ta chia ca tit va mau ctia bicu thitc Q cho y? dé c6

2
x
— 1
Q- <y) + B 2 +1
B z\? =z 224t 41
21— +—+1
Y )

trong d6 ¢ = <. Tit day ta thuc hien phép bién déi twong duong dé thu duge
y

Q- +Qt+Q—-1=0.
Xem biéu thiic trén 1a phuong trinh theo an ¢. Dé phuong trinh nay c6 nghiém, ta can cé

A=—-Q*+12Q —4>0,

tfrdésuyra#§ << w Do vay
P=Q@a®+y +uy) > ﬂ
So sanh % va ﬂ, ta suy ra P > ﬂ
Cubi cling, véi x = 1 ﬁf VA Yy = # (thod man diéu kien) thi P = w nen ta

P -2 P s
két luan T\/_ la gia tri nhé nhat cta bieu thic P.

Bai toan két thic.O

8.32| Cho a, b, ¢ la cac s thue duong thay doi bat ki. Chitng minh ring
1 1 1 < a+b+c

a2+bc+b2—|—ac+02+ab_ 2abc
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Lai giai. Ap dung bat dang thitc AM-GM, ta c6

a® + be > 2aV/be.

1 1 . 4L 32
Nhu va, < . Thiet lap hai bat dang thiic tuong tu va cong lai, ta dugce
LS S| 1 1 1 Vbe + /ca + vab
a2+bc b*4ac c+ab 2a\/_ 21)\/@ 2evab 2abe '

Cubi cuing, ta chi can chitng minh
Ve +vea+Vab < a+b+ec,
tuy nhién day lai la mot danh gia co ban.

Phép chiing minh hoan tat.O

) 3 .
Cho a, b, c 1a cac s6 thuc duong thod man a? + b* + ¢ < T Tim gia tri nhé nhat cia

biéu thitc
1 1
+ =

P:(a—irb)(b—l—c)(c—ira)—i—i =

a2+b_2

Loi giai. Ap dung bat déng thitc AM-GM, ta c6

1 4
— +4=>-
a’
o s 1 _4 . e (o oax . )
tu d6 ta suy ra — > — — 4. Cong danh gid nay voi hai danh gia tuong tu khac, dong thoi luu y
a a

rang ta c6 danh gia co ban sau:
(a+b)(b+c)(c+ a) > 8abe,

ta dudce

4 4 4 1 1 1 7 (1 1 1
> S r o+ —12= S IO (e
P_8abc—|—a+b+c 12 <8abc—|— +2b+20>+2(a+b+c)

Dén day ta ap dung bat déng thic AM-GM, ta c6

111
Sabc+ — 4+ — + — > 4.
abet o T oy T 2

1 1 9

N 1
Dong thai ta ci 6 ddnh gid —+ -+ - > ———— Tu da
ong 1 ta cung co dan glaa+b+c_a+b—l—c ay
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P 1 N .
Cudi cing v6ia = b =c = 5 (thod mén dieu kién) thi P = 25 nén ta két luan 25 1a gia tri nho

nhét ctia bidu thic P.

Bai toan két thic.O

8.34| Cho a, b, ¢ a cac s thuc duong thay doi bat ki. Chitng minh ring
(a—b—c)? (b—c—a)? (c—a—b)? o1
202+ (b+¢)?> 202+ (c+a)®? 22+ (a+b)? — 2

Lai giai 1. Bat ding thitc can chitng minh mang tinh thuan nhat nén ta chuan héa a+b+c = 3.
Khi dé bat ding thic duge viét lai thanh

(3 — 2a)? N (3 — 2b)? (3 — 2¢)?
362 —6a+9 32—6b+9 3c2—6¢c+9

1
>
-2

Theo nguyén li Dirichlet, trong ba s6 a,b, ¢ luon c¢6 hai s6 nam cling phia so v6i 1 trén truc so.
Gia st hai s6 d6 1a b va c. Thé thi
(b—1)(c—1) >0,

ttdosuyrab®>+c* <14+ (b+c—1>*=1+(2—a) (%)

Mat khac theo bat dang thitc Cauchy-Schwarz ta cé

(3 — 2b)? (320 (6 — 2b — 2¢)? 4a?

37— Ghb+9 32649 3P+ E_2—2046) 3+rciiza) Y

Két hop hai danh gia (%) va (xx), ta suy ra

(3 — 2b)? (3 —2c)? - 4a? 4a®

32—-60+9 3c2—6c+9 ~ 3[1+(2—a)?+2a] 3(a®>—2a+5)

Nhu vay, dé két thic ching minh, ta can chi ra ring

(3 -2 4a?
3a2 —6a+9  3(a®—2a+5)

1
> —.
2
Thuc hién phép bién déi tuong duong, ta thu dudge danh gia ding sau:
(a —1)*(13a® — 18a + 45) > 0.
Phép chitng minh hoan tat.O
L&i giai 2. Day bat ding thic sau la tuong duong véi bat déng thitc can ching minh:

—1] > -

?

a?+ (b+¢)” = 2a(b+¢)
Z 202 4 (b + ¢)?

DO | Ut

Za(a—l—Qb—i—Zc) <§
202+ (b+¢)®> ~ 2
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Chu y rang theo bat dang thic Cauchy - Schwarz, ta co

(26> + (b +c)*)(2+4) > 4(a+ b+ c).

Do dé6 ta suy ra

Za(a+26+20) < §Za(a+26—l—20) 3(a+b+c)’ +2(ab+ be + ca)
— 2 (a+b+c) 2 (a+b+c) '

202 + (b + ¢)” B
Cubi cling, can phai chi ra rang
(a+b+¢)* +2(ab+ be + ca)
(a+b+c)

5
< —.
-3
Tuy nhién bat ding thic nay tuong duong véi mot danh gia co ban:
(a+b+c)* > 3(ab + be + ca),
do vay bat dang thitc ban dau duge chiing minh xong.

Bai toan két thuc.O

Lai giai 3. St dung danh gia co ban (b + ¢)? < 2(b? + ¢?), ta suy ra
<2

2a° + (b + c)?
(a—0b—c)? (a—b—c)?
202+ (b+¢)? ~ 2(a®> + b+ ?)
(a—b—c)? (b—c—a)? (c—a—b)? (a—b—c)*+(b—c—a)*+(c—a—"b)?
202+ (b+c¢)?2 202+ (c+a)? 224 (a+b)? — 2(a®> + 0%+ ¢?) '

(a® +b* + ).

Nhu vay . Thiét lap hai danh gia tuong ti, ta suy ra

>

Cubi cling, ta can chi ra rang
(a—b—c)P’+(b—c—a)+(c—a—0b)*>a’+b"+c,

hay a? + b? + ¢® > ab + bc + ca. Day 1a mot danh gia ding, do vay bat dang thitc ban dau dugc

chiing minh xong.

Phép chiing minh hoan tat.O

8.35| Cho a, b, ¢ 1a cac s6 thuc duong thod man a? + b* + ¢ = 3. Chiing minh réng

Ve Ve e =
<
a2—|—b—|—c+ 62+c+a+ cc+a+b—

Loi giai. Ap dung bat ding thitc Cauchy-Schwarz, ta c6

(a>+b+c)(1+b+c) > (a+b+c)

2 Vv1+0b .
tr do ta ¢o ¢ < GVotoF € Thiét lap hai danh gia tuong tu, ta suy ra
a’?+b+c a+b+c

\/ a’ \/ b? \/ c? <a\/1+b+c—|—b\/1+c+a—|—cx/1+a+b

a2+b+cJr b2+c+aJr Ac4+a+b— a+b+c

Mait khéac ciing theo bat dang thitc Cauchy - Schwarz thi

188



Xuctu.com®

avli+b+c+bvl+c+a+cvl+a—+ :\/a\/aqLab—i—ac—i—\/5\/b+bc+ba+\/5\/c+ca+cb

<V(a+b+c)a+b+c+2(ab+ be+ ca)],

do vay ta suy ra

avV1+b+c+b/I+c+a+evi+a+b< V(a+b+c)la+b+c+2(ab+ be + ca)]
B a+b+c

\/ 2(ab + bc + ca)
— /1 .
a+b+c

Nhu vay, dé két thic ching minh, ta can chi ra ring
ab+bc+ca<a-+b+ec
Binh phuong hai vé va dé ¥ t6i danh gid co ban (a + b+ ¢)? > 3(ab + be + ca), ta dugde
ab + bec + ca < 3.

Tuy nhién danh gia trén ding do ab + be + ca < a® + b? + ¢ = 3. Do vay bat déng thiic ban dau
duge chiing minh xong.

Bai toan két thic.O

8.36 | Cho a, b, ¢ 14 céc s6 thyc duong thod man abe = 1. Chitng minh rang
A?+0P+F>a+b+c

Loi giai. Ap dung bat déng thitc AM-GM, ta c6
a+1+1> 3a.
Thiét 1ap hai danh gia tuong tu cho b va ¢ va cong lai, ta duge
A+ 0>+ +6>3(a+b+c).
Mat khéc, cling theo bat déng thitc AM-GM thi a + b+ ¢ > 3v/abe = 3, do vay
A+ ++6>a+b+c+6.
Rit gon 6 ¢ hai vé ta thu dudc bat dang thic can ching minh.

Bai toan két thic.O

8.37| Cho a, b, c 14 cic s6 thiyc khong am thod man a? + b? + ¢ = 1. Chiing minh réng

1 1 1 1 1 1
9

>
1—a2+1—62+1—02+1—bc+1—ca+1—ab_

L&i giai. Bat dang thic can chitng minh tuong duong véi

a? b? c? be ca ab

> 3.
1—a2+1—b2+1—02+1—bc+1—ca+1—ab_3
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Ap dung bat dang thitc Cauchy - Schwarz, ta c6

Z a2 Z be (Za2+2b0)2 _ (Za2+2b0)2
1—a? 1_bC_Za2(1—a2)+Zbc(1—bc) ZaQ(bQ—FcQ)—I—Zbc(aQ—ka—i—CQ—bc).

Nhu vay, dé két thic ching minh, ta can chi ra ring

(Za2 +Zbc)2 > BZaQ(bZ +¢?) +32bc(a2+b2 + % — be).

Khai trién va rat gon, ta thu dugc

a*(a —b)(a—c) +b*(b—a)(b—c)+c*(c—a)(c—Db) >0.

Tuy nhién day chinh 1a bat dédng thitc Schur bac bén nén dé la mot danh gia ding. Do vay bat
ding thiic ban dau dugc chitng minh xong.

Bai toan két thic.O

8.38| Cho a, b, ¢ 1a céc s6 thuc thay doi bat ki. Chitng minh ring
@ bF | (b-cF | (c-a)

242 4+E>ab+b
a“+0°+c* > ab+ bc—+ ca—+ 2% G 2009

Loi giai. Day bat dang thic sau la tuong duong véi bat ding thic can chiing minh:

(a—b)? (b—c)* 2(c—a)?
33 2000
(@a—0)* (b—c)* 2(c—a)?
13 * 3 * 2009
12(a —b)? N 2(b—c)*  2007(c —a)? >0.
13 3 2009

Danh gia cudi ciing hién nhién ding cho moi s6 thuc a, b, ¢, do vay bat dang thic ban dau duge

2(a® + b* + ¢*) > 2ab + 2bc + 2ac +

(a—0)*+ (b—c)+(c—a) >

chiing minh xong.

Bai toan két thic.O

8.39| Cho a, b, ¢ 1a cac s6 thyc thod man dong thoia < b < c,a+b+c =6 vaab+bc+ca =9.
Chiing minh rang

OD<a<l<b<3<e<4

Loi giai. Trude hét, tit gid thiét ta co
2 2 2 2 _r2 _
a’+b"+c"=(a+b+c)° —2(ab+bc+ ca) =6 —9.2 =18,

Dau tién, ta chiing minh a, b, ¢ 1a cac s6 thuc duong, nho st dung danh gia

(b+c)?

9=ab+bc+ca<alb+c)+ 1
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Danh gia nay tuong duong véi

2

3
%—3a<0,

tir d6 ta suy ra 0 < a < 4, do vay 0 < a < b < ¢. Khi d6 ta ciing ¢6
18=a>+b*+c* <ac+bc+c? =cla+b+c) =6,
hay ¢ > 3.

Bay gio ta sé chitng minh ¢ < 4 bang phan chiing. Gia st rang ¢ > 4, khi d6 ¢ > 4c. Tit day ta
suy ra

18=a>+0*+c > + 4c = 0

(a+0b)?
2

tuong duong
2

c

— —2c <0,
2

hay 0 < ¢ < 4, trai véi diéu gid stt. Mau thuan nay ching té dieu gid st 1a sai, do vay ¢ < 4, ciling

conghia a <b<c<4.

Ta tiép tuc chimg minh a < 1 cling bang phan ching. Gia st ring 1 < a < b < ¢ < 4, khi do6 ta

c6 cac danh gia

(a—1)(a—4) <0,
(b—1)(b—4) <0,
(c—1)(c—4) <0

Cong vé theo vé cac danh gia trén, ta sé dugc
2, 12 2
a*+b"+c <5a+b+c)—12,

tit d6 két hop véi dicu kien dé c6 18 < 5.6 — 12 = 18. Diéu vo li nay chitng t6 didu gia sit 1a sai,
do vay a < 1.

Tia<lvac<4, tasuyrab=6—a—c>6—4—1=1. Nhu vay, dé két thic chitng minh, ta
chi con phéai chi ra rang b > 3. Gia st ngudgc lai, tiic 1a b > 3, khi d6 ta co

(b—3)(c—3) >0,

tuong duong
bc>3(b+¢)—9=36—-0a)—9=9—3a.

Tu day ta suy ra
9=ab+bc+ca=alb+c)+bc>alb+c)+ 9 — 3a,

hay
a(b+c¢—3)<0.

Tuy nhién d6 lai 1a mot danh gia sai, do vay diéu gid st ban dau clia ching ta 1a sai, nén b < 3.
Tém lai, ta da chitng minh dugec 0 < a <1 < b < 3 < ¢ < 4, do vay bai toan két thic.O
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8.40| Cho a, b, ¢ 1a cac s6 thuc duong thay doi bat ki. Chitng minh rang
. a ) c
+ + > 2
b+ c a+c a—+b

Lai giai. Dat a = 23,b = y®,c = 2%, Khi d6 z,y,2 > 0 va bat dang thiic can chiing minh tré

thanh
[ 3 3 3
3 x 3 Y 3 Z
——= + + > 2.
y3 t 28 \/23 T3 \/xf” Ty

Trude hét ta sé ching minh rang

3 2
5/ x
\/y3 F \/y2 + 22 (*)

That vay, bat déng thic nay tuong duong véi mdi bat dang thic trong day sau

x° ol

>
(ys —1—23)2 (yQ +22)37

(y2 4 Z2)3 > (y3 4 23)27
3y222(1% + 2%) > 2028
Tuy nhién danh gia cudi ciing ding theo bat dang thitc AM-GM:
3y222(y2 4 22) Z 6y323 > 2y3z3
do vay bat dang thiic () duge chitng minh.

T do ta suy ra

3 3 3 2 2 2

s @ sl Y s % x y 2
S - > —_ ok
\/y3+z3+\/z3+x3+\/x3+y3 \/y2+22+\/22—|—x2+\/x2+y2 ()

Mat khéc, theo bat ding thitic AM-GM, ta suy ra

x? B x? S 222
y2+22_ x2(y2—|-z2)_l’2+y2+22'

Két hop (%) v6i (% % x) vA hai danh gid tuong tu khéc, ta suy ra

2(x2+y2—|—z2) B
y+z3 z3+x3 a:3—|—y 24y 22

Phép chiing minh hoan tat.O

( * %)
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3.9 Bai 9.1 dén bai 9.40

9.1| Cho z,y, z 1 cac s6 thuc thay déi trong khoang [0, 1]. Chiing minh ring
2% + y° + 2%) — (2Py + %2 + 2%2) <3

Loi giai. Stt dung gia thiét, ta suy ra
(1—a2*)(1—-y) >0,
hay 1 + 2%y > 2% +y. Cong danh gid nay v6i hai danh gia tuong tu khéc, ta suy ra
342ty +yiz+ e >t i+ Aoty +oz (%)
Mt khac, cling tir gid thiét ta co
z(l1+2z)(1—x) >0,
hay x2 4+ 2 > 22%. Thiét lap hai bat ding thiic tuong tu va cong lai, ta duge
Py eyt >2 +yt + 20, (%)
Két hop (*) va (xx), ta suy ra
3+ 2%y + 9Pz + 22 > 22 + P 4 2P,
tit d6 ta thu duge bat dang thiic can chiing minh.

Bai toan két thuc.O

7z 2 1 . N
Cho a, b, ¢ 1a cac so thiyc thay doi trong doan b, 1J . Ching minh rang

a+b b+c c+a
2 < <3
_1+c+1+a+1+b_

3 . .
Loigiai. bat r =a+1,y=b+1,z=c+ 1. Khi d6 z,y, 2 € [572} va ta can ching minh

2§x+y_2+y+z_2+z+x_2§

z x Y

3.

Truée hét ta sé chiing minh bat dang thitc ¢ vé trai. Ta viét lai bat dang thic dé nhu sau

11 1
(ac+y+z—2)<—+—+—)25.
x Yy oz
bat s = x + y + z, khi d6 theo mot danh gia quen thuoc, ta c6

1 1 1_9
-+ —-F+-=-.
r Yy z S

Nhu vay, ta can chiing minh
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) s .
hay s > 7 Tuy nhién day la mot danh gia ding vi theo dieu kién, ta c6

3
s=rx+y+z2>5+

3 3
2 2

N 9
2 2

do vay bat dang thitc can ching minh.
Bay gio ta sé chiing minh bat ding thic ¢ vé phai. Bat dang thic nay tuong duong véi
x z z T 2 2 2
(_+g)+(g+_>+(_+_>§3+_+_+_
y x z oy r oz r oy 2

A 2 2 2 3 . 2 2 X
Khong mat tinh tong quat, ta gia su 3 <z <y<z<2 Khidédeyrang

g+g_(g+§):(?—W@”—%)<Q

Yy T 2 2xy -
LTy T 2 L
dodo —+ =< 5 + —. Hoan toan tuong ti, ta ciing c6
x x
z 2
Yeicdy 2
2oy 2 0y
va
z x _x 2
- <o+
Tz 2

Ty Yy oz z 4 y 2
—+=+({=+- +(—+—)§a¢+—+——|——.
Yy o z oy r oz r 2y
Cubi cuing, ta can chi ra rang
4 y 2 2 2 2
r+—-—+-+-<3+—-+-+-,
r 2 vy r Yy =z
tuong duong
2y 2
r+ -+ <3+
xr 2 z
Day la mot danh gia dang vi 1& hé qua ctua hai danh gia sau

(x —1)(z—2) <0

Y

2
r+—-—-3=
x

<1<

3
2
z

N =<

Do vay bat dang thiic ban dau dude chiing minh xong.

Tém lai cd hai bat déng thitc da déu dugce chiing minh hoan tat. Bai toan két thic.O

9.3| Cho a,b, ¢ 14 do dai ba canh ctia mot tam gidc. Chiing minh ring
Va+tb—c+\Vbfc—a+Veta—b<a+Vb+./c
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Loi giai. St dung danh gia co ban (z + y)? < 2(2? + y?), ta duge

(Va+b—c+vVbtc—a)?<2a+b—c+b+c—a)=4b,

tit d6 suy ra vVa+ b — ¢+ Vb + ¢ — a < 2v/b. Cong bat ding thic trén véi hai danh gia tuong tu
khac, ta thu duge bat ding thitc can chiing minh.

Bai toan két thic.O

9.4| Cho a, b, c 1a cac s6 thuc thay doi trong khoang [1,2]. Chting minh ring
a® +b® + & < 5abe

L&i giai 1. Bat dang thiic can chiing minh mang tinh déi xing gitta cac bién, do dé khong mat
tinh tong quat, ta gid st 2 >a>b>c > 1.

bat f(a,b,c) = a® 4+ b* + ¢ — babe. Xét hieu sau
fla,b,¢) — f(a,b,1) = ¢® — 5abc — 1 + 5ab = (¢ — 1)(1 + ¢+ ¢* — bab).
Dé y ring ¢ — 1 > 0 va
l+c+c?—5ab<1+c—4c® = —4(c—1)*—-3c+1<0,
do vay (¢ —1)(1 4+ ¢+ ¢® — bab) < 0 hay f(a,b,c) < f(a,b,1).
Tiép tuc xét hicu sau:
f(a,b,1) — f(a,1,1) = (b — 1)(1 + b* + b — 5a),

va véichu y (140> +b—5a) < 1—4b+0* = (b—1)(b—2)—b—1 < 0, tasuy ra f(a,b,1) < f(a,1,1).
Nhu vay
fla,b,¢) < fa,1,1) =a®> = 5a+2 = (a — 2)(a® + 2a — 1),

tir d6 ta suy ra f(a,b,c) <0, hay a® + b3 + ¢3 < 5abe.

Bai toan két thuc.O

Lai giai 2. Bat ding thic can chiing minh mang tinh déi xiing giita cac bién, do dé khong mat
tinh tdng quét, ta gid st 2 > a > b > ¢ > 1. Khi d6 dé thay

(b—a)(b—c) <0,
hay b* < b(a + ¢) — ac. Tt day ta suy ra

b> < blbla+c) —ac] = b*(a+ c) — abe
< [b(a+¢) — ac] (a + ¢) — abe = b(a + ¢)* — ac(a + ¢) — abe.
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Nhu vay, dé két thic ching minh, ta can chi ra ring
a® 4+ 4+ b(a+ c)? — ac(a + ¢) — abe < Sabe,

hay
(a—c)*(a+c)+bla+c)? < 6abe.
Luu ¥ ring do a,b,c € [1,2] nén a < 2 < 2¢ < b+ ¢, tit d6 dan dén
0<a—c<hb.
Va nhu vay ta da ching minh duge danh gia trén vi

(a—c)*(a+c)+bla+c)? <bla—-c)(a+c)+blatc)? = 2abla+c) < 2ab(2c+ c) = 6abe.

Ching minh hoan tatO

L&i giai 3. Bat ding thiic can chiing minh tuong duong véi

a2 e
LT s
bc + ab

Bat diang thic nay mang tinh déi xting gitta cac bién, do d6 khong mat tinh tong quat, ta gia st
1 <a<b<ce<2 Khidb ta cod danh gia

(a=b)(b* =) >0,

tu day suy ra b® < ab® + bc® — c2a hay
B b ¢ ¢
ca " c a b

Mat khac ta cling co

[\
IA

SE
N

Sk

va

[

@|m
S
[\
®|L\:>
S
VAN

Tt cac danh gia trén, ta thu duge
a2+b2+c < b_l_c +<a+c>
be ab b c  a
2b 1
\ﬁbgchnén—21Vé£21>§.D0Vay

C

b 5 )
hay + - 2 g 3 Hoan toan tuong ty, ta ciing c6 — + < 3 T hai danh gia nay, ta dugce
a? b b ¢ a ¢
<o+ +<—+—>§5.
be ab b c a
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Phép chitng minh hoan tat.O

9.5| Cho a, b, c 1 cac s6 thyc khong am thay doi bat ki. Chitng minh ring
1 2 (e ) (1 ) s 0s
b+c a-+c b+a

Loi giai. Day bat dang thic sau la tuong duong v6i bat ding thic can chiing minh

(da+b+c)(4b+c+a)(dc+a+b) > 25(a+b)(b+ c)(c+ a),

a® +b* + ¢ + Tabe > ab(a + b) + be(b + ¢) + ca(c + a).

Danh gi4 cudi ciing ding do abc > 0 va bat dang thiic Schur bac ba, do vay bat déng thiic ban
dau duge chiing minh xong.

Bai toan két thic.O

9.6 | Cho a, b, c 1 cac s6 thuyc duong thod man a? + b? + ¢ = 3. Chiing minh réng
ab® + bc? + ca®? < 2 + abe

Loi giai. Bat ding thic ban dau mang tinh hoan vi gitta cac bién nén khong mat tinh tdng quat,

ta gid st b ndm gitta a va c. Tt d6 ta c6 danh gia
a(b—c)(b—a) <0,
hay ab® + ca®? < a®b + abe. Nhu vay, dé két thic ching minh, ta can chi ra ring
a’b + bc? < 2.
Thay a? + ¢® béi 3 — b2, ddng thai thyce hién bién doi tuong duong, ta duge danh gia
b* +2 > 3b.

Day la mot danh gia dung béi theo AM-GM, b® + 1 4 1 > 3v/b% = 3b. Do vay bat ding thitc ban
dau duge chiing minh xong.

Bai toan két thic.O

9.7| Cho a, b, c 1 cac s6 thuc duong thay déi bat ki. Chitng minh ring
(2a+b+¢)?>  (a+2b+c)?®  (a+b+2c)? <3
202+ (b+c¢)? 202+ (c+a)® 224 (a+b)?* —

LaJi giai 1. Bat dédng thitc ban dau mang tinh thuan nhat nén ta chuan héa a + b + ¢ = 3. Khi
dé6 bat ding thic can ching minh tré thanh

a’>+6a+9 b?> +6b+9 2 +6c+9
+ + < 8.
362 —6a+9 32 —-6b+9 3c2—6c+9
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Dé ¥ rang ta c6 danh gia sau

3¢2—6a+9 3

a*+6a+9 1 . 2(4a + 3) <4(a+1)
2+ (a—12] — 3

Thiét lap hai danh gia tuong tu va cong lai, ta dude

a?+6a+9  V*+6b+9 02+60+9<4(a+b+c+3)

= 8.
3a2—6a—|—9+3b2—65-‘r—9+362—66+9_ 3
Phép chitng minh hoan tat.O
Loi giai 2. Cha ¥ rang
~ @a+bd+e)?  20b+c—a)
202+ (b+¢)2 2424 (b+c)?’
do d6 ta can phai ching minh
(b+c—a)? (c+a—10)? (a+b—c)? 21
202+ (b+c¢)?2 202+ (c+a)? 22+ (a+0b)2 — 2
Tuy nhién day 1a mot két qua da duge ching minh & bai [8.18]. O
b b e N .
Lo giai 3. Dtz = o C = © Z @ = %% Khidé bat déng thic cn chitng minh tr6 thanh
— a c
(@+2)? (W+2° (2427
r? +2 y* + 2 2+2 ~ 7
hay

(-1 w-=17° (z-1)
r? + 2 y:+2 22+ 2

1
> —.
-2
Ap dung bt ding thiec Cauchy-Schwarz, ta co:

(x —1)? (y—1)2+(2—1)2 - (x+y+2—3)?
x?+2 Y2+ 2 2242 T a2+ y?+ 2246

Nhu vay, dé két thic ching minh, ta can chi ra ring
2 +y+2z—-3)°>2>+y*+ 2246,

hay (x +y + 2 — 6)? + 2(zy + yz + 22 — 12) > 0. Tuy nhién day 134 mot danh gid ding nho danh
gi& sau:

(x+y+2-6)>>0
va danh gia c6 duge theo bat ding thiic AM-GM:

(b+c)(cta) (b+c)(cta) (b+c)(cta)
ab * ab + ab

Zg\n,/[(a+b)(b+c)(c+a) S

Ty +yz+zxr =

abc -
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do vay bat dang thitc ban dau duge chiing minh xong.

Bai toan két thuc.O

9.8| Cho z,y, 2 1a cac s6 thyc duong thod man 13z + 5y + 122z = 9. Tim gia tri 16n nhat cia

biéu thic
xy 3yz 6z

P= + +
204y 2y+z x+z

Lai giai. Ta viét lai bicu thitc P nhu sau:

1 1 1
+ Tt 1T 1

" Z ITT,
3r 3y 3x 6z

-2 1
_+_
y e

Dé ¥ ring ta c¢6 danh gia co ban sau

a+b+c 1
=1 1 1
) e
b ¢

tir d6 ta ap dung dé c6

P 1.

< 2y+x+06z+3y+ 120+ 6z 132+ 5y + 12z
- 9 B 9 B

. 3 R .
Cudi cling, véiz =y = 2z = 10 (thod man dieu kién) thi P = 1 nén ta két luan 1 1a gia tri 16n

nhat ctia biéu thic P.

Bai toan két thic.O

9.9| Cho a, b, ¢ 1a cac s6 thuyc khong am thod man a + b + ¢ = 1. Chitng minh ring
10(@®+ 0¥+ —9(@®+0°+ %) >1

Loi giai. Day bat dang thic sau la tuong duong véi bat ding thic can chiing minh:
(10a® — 9a° — a) + (106> — 9b° — b) + (10> — 9¢” — ¢) > 0,

a(l —a?)(9a* — 1) > 0.
Dé ¥ ring ta c6 danh gia sau

(1+@®&—¢y—§@a—nzl.

2
— >
3 3 (3a+5)(3a—1)* >0,

ti d6 ta dua bai toan vé viéc chiing minh
a(l—a)(3a—1)+b(1—=0)(3b—1)+c(1 —¢)(3c—1) >0,

hay 4(a® + b* + ¢?) — 3(a® + b + ¢*) > 1. Sit dung gia thiét ta thu dugce bat ding thiic
4@+ + ) a+b+c) =3 +b+c*) > (a+b+c)
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Thuec hién phép bién déi tuong duong, ta thu duge danh gid co ban sau
ab(a + b) + be(b + ¢) + ca(c + a) > 6abe.
Do vay bat dang thiic ban dau duge chiing minh xong.

Bai toan két thic.O

9.10| Cho a, b, ¢ 1a cac s6 thuc trong khoang [1;2]. Chitng minh rang
1 1 1
b - +-4+-)<10
(a+bd+e)(-+o+-)<
Loi giai 1. Trude hét ta co
1 1 1 a b b ¢ ¢ a
bte)—4+-4)=34+24204248,6,2
(a+ +c)(a+b+c) ty ot ottt

Bét dang thiic ban dau mang tinh déi xiing giita cac bién nén khong mét tinh tong quét, ta gia
st2>a>b>c>1. Tuday ta c6 cac danh gia sau

N IR

- () o)

Nhu vay ta suy ra

1 1 1 a c
b 4+ )<H42(= 4=
(a + +c)(a+b+c)_ + (C+a),
va do dé dé két thic chitng minh, ta can chi ra ring
a+c<5
c a2

hay (2a — ¢)(a — 2¢) < 0. Tuy nhién day la danh gia ding do 2a > ¢ vi a < 2 < 2¢, nén bat dang
thitc ban dau duge ching minh xong.

Bai toan két thic. 0
Nhan xét: Khi cac bién a, b, ¢ thuoc doan[m,n] nao do, ta thuong hay danh gia

(a—m)(b—m)(c—m) >0 hodc (a —n)(b—n)(c—b) <0 dé tim ra cdc mbi lien hé khac. Danh
gia trén c6 thé duge xem la "dd manh" (khong phai tat ca trusng hgp déu dung duge), vi dau
bang xay ra khi mot bién bing m hodc n. (c6 hiéu qua khi chitng minh bat dang thitc ddi xing

ma dau bang dat tai bien).

Lai giai 2. Bat déng thitc ban dau mang tinh ddi xiing giita cic bién nén khong mat tinh tong
quat, tagiast 1 <a<b<c<2.

Dé thay bat dang thic ban dau tuong duong véi mdi bat dang thic trong day sau:
(a+b+c)(ab+ bc + ca) < 10abe,
ab(a + b) + be(b + ¢) + ca(c + a) < Tabe,
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(a—=0b)(b—c)(c+a)+b2a—c)(2¢c—a)>0.

Tuy nhién danh gia cudi ciing ding do a < b < ¢, dong thoi ¢ < 2 < 2a va a < 2 < 2¢. Tt d6 ta
suy ra bat ding thic ban dau duge chiing minh xong.

Bai toan két thic.O

9.11|Cho z, v, z 1a cac s6 thue duong.Chiing minh véi moi 0 < a < b < ¢, ta co:

xr oy oz (a+ c)?
b Ty E et
(ax + y—i—cz)(a—i- +C)_ tae

) (z+y+x)

Lai gidi.

Ap dung bat ding thic AM-GM ta co:

2
dac(ax + by + cz)(g + % + %) < ((aa: +by+cz) + ac(g + % + %))
Khi d6 ta can chitng minh:
)

T 2
ax+by~|—cz+ac(a+g+z)S(a+c)(:v+y~|—z)

Tuong duong véi:
ay—l—cyZby—i—%@y(a—b)(b—c) >0

9.12 | Cho ba s6 thic khong am a, b, ¢ théa man ab + be + ca = 1. Chitng minh rang:
A +b0*+c*+3 S5

a+b+c—abec — 2

Lai giai.

Bién d6i nhu sau:

A+ +E+3=a>+0*+*+3(ab+bc+ca)=(a+b)(b+c)+ (b+c)(c+a)+ (c+a)(a+D)
a+b+c—abc=(a+b+c)(ab+bc+ ca) —abc = (a+b)(b+c¢)(c+ a)
Ta dua bat dang thitc vé dang:
1 n 1 N 1 >5

. a+b b+c c+a " 2
Khong méat tinh tong quat, gia st ¢ = maz {a; b; c}
Khi do:(a +b)? < 2c(a+b) <2 = a+b< 2. Bay gio dé y:
1 b 2 b b) 1 b b
ct+a a’*+1 a?+1 2 b+c 2

Ta quy vé ching minh:— +z(4 —2) >5véia+b==x
T
Tuwong duong:(x — 1)*(z — 2) < 0 (dung)
Ta c6 diéu phai chitng minh. Dang thitc x4y ra chi khi ¢ = 1;a = 1;b = 0 va cac hoan vi.O

9.13| Cho ba sb thitc duong a, b, ¢ théa man a? + b* + ¢? < 3. Chitng minh réng;
a’ + 0%+ + 3abec < 2(a+ b+ ¢)

Loi giai.
Dau tién ta xét truong hop a? + b* + 2 =3
Khi d6, ta cé: 3(a> +0* +c?) > (a+b+c)?>a®>+0?+c2=3>a+b+c>+/3
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Bét dang thitc can chiing minh tuong duong véi:
a+b+c—3abc>3— (a+b+c) Hay 5(a+b+c)(a® +b* + ¢?) — 3abc > 3 — (a+ b+ c)
a®+ b+ —3abe  (a+b+c)(a®+ b+ —ab—bc—ca)

Ta c6: %(a+b+c) (a*+b*+c*)—3abc > 3 3

Va3 — (a+b4c) = 3(a*+ 0+ ) — (a+b+c)? _ 2(a*> + 0?4+ % — ab — bc — ca)
3+a+b+c 3+a+b+c

Nhu vay ta chi can ching minh: (a +b+c¢)(a+b+c+3) > 6

Diéu nay hién nhien ding do v3(v/3 + 3) > 6

Dau bang chi xdy rakhia=b=c=1

Néu a? + b? + ¢® < 3 thi ton tai k > 1 sao cho: (ka)? + (kb)? + (kc)* = 3

Theo trén, ta co: k%*(a? + b* + ¢2) + 3k3abe < 2k(a + b+ ¢)

hay k(a? 4+ b* + ¢) + 3k*abc > 2(a+ b+ ¢)

Ma k > 1 nén a? + b* + ¢® + 3abe < k(a® 4+ b* + ¢*) + 3k*abc

Vay ta c6 diéu phai chiing minh.O

9.14| Cho ba s6 thuc a, b, c € [0;1]. Chiting minh rang:

a N b n c
1+bc 1+ac 1-+ab

5
be < =
+ac_2

Loi giai.
Ta c6 cac bat dang thitc sau: (1 —a)(1 —be) + (1 —=b)(1 —¢c) >0 abc+2>a+b+c

Z a a

<
1+bc_zl+abc

. 2 5
Nhu vay ta chi can ching minh: x—j——l +z < 3 v6i x = abc
x

Tuong duong: (x — 1)(2x + 1) < 0 Dang thitc chi x4y ra khia = b =c = 1.0

9.15 | Cho céc s6 thuc khong am a; b; ¢ théa man a + b+ ¢ = 1. Tim gié tri 16n nhat ctia biéu

thic:
C1+ae® 140 1+

a 1+b2+1—|—02+1+a2

Lot giai.
Ditx=a’>+1,y=0+1,2=c*+1
T gid thiét ta co: a,b,c € [0,1] = x,y,z € [1,2]

Tim Max: M = 2+ 4 4 2
y z

Khong mat tinh téng quat:

GiéSﬁ’nyZzi(y—x)(y—z)§O<:>£—|——Sz—i—l
Yy ooz z
r z _5b . 5 7
Dox,y,ze[1,2]<:>(2x—7:)(2z—w)20©—+—§§dodo:M§§+1:§,D
z X

9.16 | Cho céc s6 thyc duong a; b; ¢ théa man abe = 1.Chting minh rang:
1 1 1

a+b2+c3+b+02+a3

+

<1
c+a?2+b —

Li giai.

p 4. a2 1

Ap dung bat dang thic Cauchy—Schwarz, ta c6: (a +b* +c)(a+1+ =) > (a+ b+ c)?
c
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Do do6

141
Z;<Z(GJr To o _2atyabds Vi abc=1

a+b2+c3 " (g+b+c) (a+b+c)

cyc cyc

Bay gio chiing ta chi can ching minh:

le(a+b+c)®>a+b+ce+ab+be+ca+3

ZZ(@+Zab+3 <

a+b+c)?

cyc

Tuong duong a? + b? + ¢ + ab + be + ca > a + b + ¢ + 3 Bat dang thiic cudi ding vi:

b+c)? _ 3Vab b
a2—|—b2—|—022<a+3+c) 23 ac(a3—|— +C>:a—|—b—|—c va  ab+ be + ca > 3va2b2c® = 3.

Déang thitc x4y ra khi vi chi khia = b= c = 1.0

Cau héi mé:Cac ban c6 thé giai quyét bai nay theo cach trén duge khong? Vi sao?
Cho cac s6 thuc duong a; b; ¢ thda man abc = 1.Chitng minh rang:
a

c
- - <
a+b*+c3 b+c2+a c+at+b T

1

9.17| Cho céc s thuc khong am a; b; ¢ théa man a? + b + ¢ = 1. Chiing minh rang:

1 n 1 n 1 <9
1—a?2 1-02 1—¢%2— 2

Loi giai.
Chung ta dua bat déng thic vé :
ab be ca

1—ab+1—bc+1—ca
Ap dung bat ding thic Cauchy Schwaz:
ab 2ab o 2ab 1 (a+0b)? 1( a? N b?
l—ab (1+A)+(a—0)2 " 14+~ 2 (2 +a?)+(2+b2) ~ 2 +a® 2+

IN

3
2

IA

)

ab 3
Tuong tu ta co : <-.0
ng tu ta co Zl—ab_2
9.18 | Cho céc so6 thyc duong a; b; ¢ théa man a® + b + ¢ = 3. Chiing minh rang:
1 1 1
4(—+5+—)+5(a2+b2+02) > 27
a c

Loi giai.
Ta c¢6 danh gia sau:

I S (a=1)(4+a-2)

>0
¢ a4 1 4 1
Bét déng thiic trén ding do a < /3 nén 4+a—2a? = a? (ﬁ + P 2) > a? (% + e 2) > 0.
4
Do do6 ta co: —+5a%>2a®+ 7.
a
4 4
Tuong t ta cé: 5+ 502 > 20 + 7, — + 52 > 23 + 7.
c

Cong cac bat dang thic tren lai, ta dugc:

1 1 1
4<—+g+—)+5(a2+b2+02) > 2(a® +b° 4 %) + 21 = 27.
a c
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Ta c6 dieu phai chiing minh. Dang thitc x4y ra khi vi chi khia =b=c= 1. O

9.19| Cho céac s6 thuc duong a;b; ¢ théa man a + b+ ¢ < 6. Tim gia tri 16n nhat cta biéu

thite:
ab be ac

a+3b+2c+b+3c+2a+c+3a+2b

Loi giai.
Stt dung bat dang thic Cauchy-Schwarz ta cé:
9 o (T+1+1)2 P 1 +1
a+3b+2 btc+c+a+2b " b+c cH+a 2
Do dé ab <1 ab N ab +ab
o dé: 7 <z @
a+3b+2c 9\b+c cH+a 2b

Xay dung cac bat ding thitc tuong tu, 161 cong lai ta duogc:

1/ ab ab a+b+c
ALY =
_29(b+c+c—|—a)+ 18
. . ab ab B
MatkhaC.Z(b+c+C+a) =a+b+c
b
nén AS%Sl

Nhu vay, gia tri 16n nhat cia A =1khia=b=c= 2.0
9.20 | Cho cac sb thiyc duong a; b; c. Chiing minh réng:
a b c

3
+ + <=
Ve PP+ e+ T /2

Lai gidi.

Dit o = a?,y = b*, z = 2. Khi d6 ta can chitng minh:

x Y z 3
+ + < —
x4y y+z z4+x T V2
Ap dung bat ding thic Cauchy Schwarz:
2
x
< rT+z
(2\55) =Cean (2
Vay ta chi can chting minh:
8(x+y+2)(zy+yz+x2) <Yz +y)(y+2)(z+ 2)
Day la bat dang thitc quen thudc . Vay ta c6 diéu phai chitng minh. O
9.21 | Cho cac sb thuyc duong z;y; zc théa man abc = 1. Chitng minh rang:

341 v+ 1 2 +1
+ + > 2y +yz + zx
Vitty+z Jyttztar JRrta+y

x >:4(x+y+z)(xy—|—yz+xz)
r+y)(r+2) (@+y)y+2(z+2)

Loi giai.
Dé y ring z* + y + 2z = z [2% 4+ yz(y + 2)] Ap dung bat ddng thiic AM-GM, ta c6:
5 2+ 1 _ 5 2+ 1
am 2Ty + 2y tyz+zr osam2- /B4 yz(y+2) a2y + 2) + xyz
3+ 1
> 2 2
sm T3+ yz(y+ 2) + 22y + 2) + xyz
2+ 1 %+ zyz T N
= = = ————— = 1.Diéu phai chin
ST ryTe) @ eyt srtys P ¢
minh. O
9.22 | Cho cac sb thiyc duong a; b; ¢ . Chiing minh réng:
at bt ct
> 48
G-1F " e—17 " a-12 "
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Loi giai.
Ap dung bat déng thie Cauchy-swachz, ta co:
a b ct 1 a2\’
>
G—17 =12 (a—12 "3 (Zb—l
1 a? \° a?
Ta ching minh: 5248(217—1 @26_1212
v+ b? a? a?
Ta cé: < -1 < — >4.—
a o b< b =7 = 1= 52

— > 12 (bing theo AM-GMO

9.23 | Cho cac sb thiyc duong a; b; ¢ thda man:a + b + ¢ = 3. Chitng minh rang:
a b c

b2+1+62+1+a2+1

3
2

Loi giai.
Ap dung ki thuat Cauchy ngugc dau ta co:
a ab? ab? ab

- 4 S0 — g =
A T e R
Tuong tuy véi 2 bat dang thic con lai, ta co:

a n b N c S atbat ab+bc—|—ca>3

a c——mMM > —

) 1+62 1+ 1+a%2— 2 -2
Déang thiic xay ra khi va chi khia=b=c=1. O

9.24 | Cho cac sb thuc duong a; b; ¢ thda man a + b + ¢ = 3 . Chiing minh réng:

a+3 b+3 c+3
>3
\/a+bc+\/b~|—ac+\/c+ab 2 3V2
Lai giai.

Ta 6. [2(a + 3) \/ a+b a+c)>\/a—|—b +\/a—|—c

“a+be a2+bc a?+bc) — \V a?2+be a? + bc
Nhu vay vé trai khong nhoé hon:

o 1
Lieye Va+b (\/a+bc+\/b+ca>
1 N 1 >\/ 8 _ 2v/2

Va+bc Vb+ca Vat+bet+b+ca (c+1)(a+D)
Nhu vay chi can ching minh:

Ma

s>
Ve+1 7 V2
Bat diang thic nay dude suy ra tit 2 bat dang thic:
1

Z\/c+1 Vet 1+vVhb+1++vVa+1
Va Vat T+ vVb+1+vVe+1</3a+b+c+3)=3V2
Déng thitc xay ra chi khia =b=c= 1.0
NHAN XET: Bt ding thic téng quat sau ciing ding véi cung diéu kien va k > 0

a+1\" /b+1\" [e+1)F
+ + >3
a+ bc b+ ca c+ab
Ching minh trudng hdp tong quat:
St dung bat dang thic cosi cho 3 s6, ta chi can chting minh:
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(a+1)(b+1)(c+1) > (a+bc)(b+ ac)(c+ ab)

Stt dung bat dang thiic co si cho 2 s6 :

(a+1)(b+c) = (ab+c)+ (ac+b) > 2/(ab+ c)(ac + b)

(b+1)(a+c) = (ab+c) + (be+ a) > 24/ (ab+ c)(bc + a)

(c+ 1)(a+b) = (ac+b) + (be + a) > 24/ (ac + b)(bc + a)
Nhan vé theo vé ta chi can chiing minh:

(a+b)(b+c)(c+a) <8

Vay bat déang thiic duge chiing minh.Dang thitc xdy ra khia = b= c = 1.0

9.25 | Cho céac s6 thyc khong am z;y; zc théa man = + y + 2 = 3.Tim gi4 tri 16n nhat cia
biéu thic:

>+ +2y+ 32

Loi giai.
Taco:a? +ax+2y+32<a?+z2+3@y+z)=2(r—-2)+9<3.(3-2)+9=12
Dau bang x4y ra khi va chi khi z = 3;y = 2 = 0. O

9.26 | Cho cac sb thiyc duong a; b; ¢ . Chiing minh réng:
2
(b+c)+b(at+e)+A(a+b) < g(a2 + b+ *)?

Lai giai.

Bat ding thtc can ching minh tuong duong véi:
2(a + bt + ) + 4(a®b? + b*c? + 2a?) > 3ab(a? + b*) + 3be(V? + ) + 3ca(c® + a?)
Ta tach ra dé chiing minh don gidn véi 2 bién nhu sau
a* + b* + 4a*b* > 3ab(a* +V?) & (a — b)* +abla — b)* > 0
Tuong tu ta ciing co: a* + ¢* + 4a’c? > 3ac(a® + ) va b* + ¢ + 4b*c* > 3bc(b? + ¢?)
Vay bat dang thiic duge chitng minh.Dang thitc xay ra khi va chi khi a = b = ¢.O

9.27 | Cho cac sb thuyc duong a; b; ¢ . Chiing minh réng:
a?—ab+0> bV —bc+c? A —ca+ad® S 3v2

+ +
Vot+ A Vet +at Vit T2

L&i giai.

Ap dung bat ding thic AM-GM ta co:
VT > 38 (a® — ab + b*)(b* — bc + c2)(c* — ca + a?)
B Vet +at)(b + ) (et + at)

Nén ta chi can ching minh:

8[(a? — ab+ b*)(b* — be + ¢*)(¢* — ca + a®)]* > (c* + a*)(b* + ¢*)(c* + a?)
Ta c6 bat dang thic: 2(a* — ab+ b*)? > a* + bv* & (a — b)* > 0
Nhan 3 bat dang thitc nay lai ta duge:

8[(a? — ab+ b%)(b* — bc + *)(c* — ca + a®)]* > (c* + a*)(b* + ¢*)(c* + a?)
Phép chitng minh hoan tat.O
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9.28 | Cho cac sb thuc duong a; b; ¢ . Chitng minh rang:

32ab a
15 % 6/ <18
¢@a+@@a+3@+_ Ba+3b

Loi giai.
Ap dung AM-GM ta c6:

4a 8b 8a
VT < 13+ ——-+2
3010 sar3 T Baty
Bay gio ta chiing minh:
4a 8(a+0b)

<3

+
3a+0b ba-+3b
Tic 1a 8(a + b)(3a+ b) < (5a + 3b)2 < (a — b)2 > 0. (Luon ding)0

9.29 | Cho hai s6 thiyc duong a;b thda man a® + b° = 2. Chitng minh ring:
2 b2
il
b a

Lai gidi.

Bét dang thitc can chiing minh tuong duong véi:
a® + b0 > 2ab & 3(a® + 0*)* > 8.3a%0*(a® + %)
Twong duong
3(a + %)t > 8((a® + b°)® — a® — b°)
Twong duong
3(a® 4+ b3 + 16 > 8(a® + b*)3
Diing theo C6 si 4 s6).Déng thitc xay ra khi v& chi khi a = b = 1.0

9.30| Cho hai s6 thic duong a;b . Chiitng minh rang:

1 1
(\/a+\/[_)>(\/a+3b+ Vb +3a

) <2

Loi giai.
Ap dung bat ding thic AM-GM, ta co:
2v/a o a+b

< +
Va+asb a+b a+3b
2vb 1 2b

< -+
Va+3b 2 a+3b

\/5+\/l_7<§+ a
Va+3b 4 2a+b)

Cong lai ta dugc:

Lam tuong tu cong lai c6 ngay:

1 1
Var VO =g+ ) =2

9.31| Cho ba s6 thuc khong am a; b; ¢ théa man a? 4+ b*> 4+ ¢ + (a + b + ¢)? < 4. Ching minh

rang:
ab+1

Tl

L&i giai.

Ta co:
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4ab + 4 4ab+a* + 0+ A+ (a+ b+ c)? (cFa)ybFc)

— > =2y —————2> 46
2 lavopE = (a+b) D PR
Nhu vay chi can chiing minh:

(a+b)(b+c)
~— 7 >3
2 (c+a)? —

Bét dang thiic cudi ding theo AM-GM.
Déng thitc xay ra khi vi chi khia =b=c = g.ﬂ

9.32| Cho ba s6 thuc a; b; ¢ doi mot khac nhau. Chitng minh rang:

a+b, ,b+c, ,ct+a,
—)>1
<a—c) +(b—a) +<c—b) —
Lai giai.
Dit & — a+b;y: b+c;Z: c+a
a—c b—a c—b ( Db+ o) )
a+ +c)lc+ta

Khi do: =x—1Dy—-1)(z—1) =
Suy ra: ry+yzr+ze=c+y+z—1

Tut bat dang thic: (z +y + 2z — 1)* > 0, ta dugdc:

P+ + 22 >2r+y+z—ay—yz—zz)—1
Hay Pyt +22>1
Phép ching minh hoan tat. O

9.33| Cho hai s6 thuc duong a;b; c théa man a + b + ¢ = 2. Tim gia tri 16n nhat ctia biéu
thic:
ab be ca
p= + +
Vab+2c  \bc+2a  J/ca+2b
Loi giai.
Theo bat déng thic AM-GM:
ab ab ab ab ab

_ - < +
Vab+2c  Jab+cla+b+c) /(b+c)cta)  200+c) 2(c+a)
La tuong tu cho cac biéu thic con lai, véi chi §:

ab ca a

2(b+c) * 2(b+c) 2
Ta tim duge max cia P = 1 dat duge khi va chi khi ¢ = b = ¢.O

. I T 1 .
Cho hai so thuc duong a; b; cthéa man — + 5 + — =1 . Chiing minh rang:
a c
a? N b? N c? S atbte
at+bc bdca cHab” 4

Loi giai.
Tt gid thiét ta co:
ab + bc + ca = abc

3 3

a a
VIi= —— =
ZOLQ—Fabc Z(a—l—b)(a—kc)
a? a+b b+c_ 3
Ta co: > — b
aco G haro s T g Zi@tbttd
2 b2 2 b
Do doé ta co: a + + ¢ _a+ +e
a+bc b+ca c+ab 4
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Phép chitng minh hoan tat.O
9.35 | Cho ba s6 thuc duong a; b; ¢ théa mana + b+ ¢ = 3. Chitng minh rang:
5 1 > 9
1+ab ™ 2(y/a+vVb+ /)

Loi giai.
Bat ding thic da cho tuong duong véi:
ab 9
2. <3-
1+ab 2(va+ vb+ /e
Ap dung bat ding thic AM-GM, ta c6:
b 1
S < =3 Vab

ab
1+ab— 2. 2ab 2
Bay gio ta chi can ching minh:

9
S Vab + <6
Va+Vb+ /e
Dé don gian ta dit © = /a;y = Vb; 2 = y/c.Khi d6: 22 + 9 + 2% = 3 va:
9
zy+yz+ze+ ——<6
r+y+=z
(22 +y2 + 2%)/3(z® + y® + 22)
rT+y+z

(Dem thuan nhat bat ding thitc). Do bat dang thitc thuan nhat nén chuan héa a + b+ c = 1.

Twong duong xy + yz + zx + < 2(2? + 42 + 22)

1 2
Dat zy +yz + zx = A. TaCéi$2+y2+z2:1—2A,A§§<g

Bat dang thic duge viét lai:

4 (1=24)\/3(1—24) <201 - 24)

Tuwong duong 3(1 — 2A4)3 < (2 — 5A)? tuong duong 0 < (1 —3A4)(1 + A — 8A4?)
Bét dang thic cudi ding vi1 — 34> 0;1+ A —84%2>1—-9A42>0
Déng thitc xay ra khi va chi khia = b= c= 1.0

9.36 | Cho hai s6 thic x;y théa man zy # 0 va zy(z +vy) = 22 — 2y + y. Tim gia tri 16n nhat
ctia biéu threc:

A=—+
By

1 1
3

L&i giai.
Véi chi :

1 1 224y (r+y)(2? -2y +y?) 1 1)\°
A= — 4+ — = = ==+ =
23 g3 233 233 Tz oy
1. .
bat a = —, b = —.Dieu kién cua bai toan c6 the viéet lai nhu sau :
T Yy

a+b=a%—ab+b? va ta can tim gia tri nhd nhat clia biéu thiic :A = (a + b)? véi danh gia:

1 1
aQ—ab+b2:Z(a—f—b)Q—l—%(a—b)QZ Z(a—i—b)2

1
Ta thu duoc :a—l—bzz(a—kb)QhaylaOSa—i—bgél

O

N | —

Tu do6 suy ra A < 16. Vay gia tri nho nhat ctia A 1416 dat dugc khi a = b hay 2z =y =
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9.37 | Cho bai s6 thuc duong x;y; zc théa manzy + yz + zx = xyz . Chung minh ring:
1 1 3 3 3
2 gt ET
Loi giai.
1 1 1
bata=-,b=—-,c=—-thia+b+c=1
T Y z

Bat dang thic da cho tuong duong véi:

a’+ 0%+ > 3(a*b + bPc + c*a)

&S (@ + v+ (a+b+c) > 3(a*b+ b*c+ c*a) (doa+b+c=1).

& (a®+ab?) + (B3 +bc?) + (¢ + ca?) > 2a*b+2b*c+ 2c¢%a(ding theo bdt Cauchy cho 2 s6 duong).0

9.38 | Cho hai s6 thyc duong a;b; ¢ . Chitng minh réng:
1 N 1 N 1 N 1 >(a+b+c+&d@2
a+b b+c c+a 2Vabc ~ (a+b)(b+c)(c+a)

Loi giai.
Ap dung bat ding thic cauchy-Schawrz, ta co:

1 N 1 N 1 N 1 _y c? +\3/abc2>(a+b+c+\3/abc)2.
a+b b+c c+a 2¥abe (a+0b)  2abc ~ (a+b)(b+c)(c+a)
Phép chitng minh hoan tat.O

9.39 | Cho hai s6 thuc a; b; ¢ théa man Va2 + b2 + c2 = v/ab + bc + ac . Chitng minh rang:
atbtc<+3

Loi giai.
Dé thay ab+ bc + ca < a* + b? + 2
Tu doé ta co:

Var+ b+ 2 <Va?+ b+ 2
tuong duong véi
(a% + b2+ ?)3 < (a® + b* + 2)?
tuong duong
a?+0?+c*<1
tuong duong
(a+b+c)?

1>a?+0>+ 2> 3

hay a + b+ c < /3.0

. I 1T 1
Cho ba so thuc duong a; b; ¢ cing 16n hon 2 va thdo mén — + — + — = 1. Ching minh
r oy oz
rang;

ryz +9>4.(x+y+2)

Loi giai.

Trong 3 s6 x,y, z phai c6 2 s6 cting 16n hon hodic ciing nhoé hon so véi 3, gid sit do 1a z vay.
Khidé (z—3)(y—3) 20 2y+9>3(x+y)

Mt khac tit gid thiét suy ra zyz = 2y + 2 + 2x
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Do vay ta c6 zyz +9 > z(x +y) + 3(x + y)

Ta can ching minh z(z +y) +3(x +y) > 4(z +y + 2)
Tty

r+y—4
Gia st ngugce lai z <

Hay 2z >

~TTY hi khi do:
r+y—4

1 1 1 1 1 z+y—4 4 r+y—4
l=—4+-+->-+-+ > +
T Yy z T Yy Tr+y ] Tty

Do vay ta c6 diéu phai chiing minh.O

= 1(vo 1y)

3.10 Bai 10.1 dén bai 10.40

10.1| Cho ba s6 thic khong am a; b; ¢ . Chitng minh rang:
a’? 4+ b? + 2 4abc
ab+bc+ca  a’b+b*c+ c*a+ abe —

Loi giai.
Khong mat tinh tong quat, gia st b 1a s6 ndm gitta a va c¢. Khi dé ta co:

a’b + b*c+ ca+abc = b(c+ a)* + c(a — b)(c —b) < blc+ a)?
Ta can chitng minh bat dang thiic:

a?+ 0%+ 4ca
+ > 2
ab+bc+ca  (c+a)?
a® + b + ¢? - 2(c* + a?)
ab+bc+ca — (c+a)?
a2+b2+02>2(ab+bc+ca
A2+a> —  (cHa)?
- b? +a2+02 2
c2+a? (c+a)?~ c+a
& (ab+bc—a* —c*)? >0

Bat ding thtc nay hién nhién ding . Dang thiic chi xay ra khi @ = b = ¢.O

M Cho hai s6 thyc duong x;y théa manz + y = 2. Chitng minh réng:
@+ 16+ ) < o
L1 giai.
Céch gia 1:
(z* + y*) (2% + y?) 20y = é(m‘l + y")(23y + 2y®)h. (22%9°)% < %—((x 28y>4)8 = 32 (Theo ¢ si 8
s0)

Céch giai 2
Bat dang thiic trén thuyc chat 1a he qua clia 2 bat dang thiic sau: 1) 2%y (x* + ¢*) < 2
2) wy(a® +y*) <2

2 2 2 2
Chiing minh 2): Ta co:zy(z? + y?) < (z° +y* + 2zy) _

2
8

211



Xuctu.com®
eyl + Ry e T y)t
8 8 -

Chiing minh 1): Ta c6:25¢y°%(z* + y*) <
Tt d6 ta c6 diéu phai ching minh.
Déng thitc chi xay ra khi z =y = 1.0

10.3 | Cho ba s6 thiec khong am a, b, ¢ thda man
a’+0*+c* = 3.
Chiing minh rang:

a’b? + b3 + Aa? < 3

Loi giai.
Goi (z;y; z) la mot hoan vi cta (a;b;¢) sao cho z >y > z.
Khi dé theo bat dang thiic hoan vi ta co:
BB+ B + Ba? < 23y? + a2y2? + Py
do 2 day z;y; z va x%y?; 2222, y?2% don diéu cung chiéu.
Nhu vay ta sé ching minh:
23y? +ya?? + 2B3y? <3
Ap dung bat ding thic AM-GM:
20%y* < y(at + 2%y?)
22%y* <y(2* + 2%y?)
Chi con can chitng minh (véi cht § 22 + y? + 22 = a® + b + % = 3):
y(x* +2%y?) +y(2* + 2%y?) + 2y2°2* <6
Sy’ +22) (@ +y*+2°) <6
sSyB-y*) <2
e y-1*y+2)>0
Bat ding thtc cudi luon ding, nén ta cé didu phai chiing minh.

Déng thitc xay ra khi vi chi khiz =y =zhaya=b=c= 1.0

10.4| Cho ba s6 thuc duong a, b, ¢ thoa man a + b+ ¢ = 1. Tim gia tri 16n nhat cia
[ ab n [ bc n ca_ 3
c+ab a+ be b+ca ~ 2

Loi giai.

V6i gia thiét a + b+ c =1 thi:

\/ ab \/ ab B ab B ab
ctab V1—a—-b+ab V(1 —-a)(1-0b) V\ (b+c)(c+a)
Theo bat déng thitc AM-GM ta co:

ab ab <1 a n b
Vetab  V(b+c)c+a) = 2\c+a b+c
Tuwong tu ta ciing co:

be 1 b c ca 1 c a
<5 + ; <5 +
at+bc ~2\a+b cH+a b+ca ~2\b+c a-+b

Cong vé v6i vé clia 3 bat dang thiic trén ta dugc:

\/ab+\/bc+ca<1 a+b+b+c+c+a_3
c+ab a + be b+ca —2\c+a b+c b+a c+b c+a a+b) 2

D6 chinh la diéu can ching minh.
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1
g.D

Diang thitc xay ra khi va chi khia =b=c

10.5| Cho ba s6 thyc duong a, b, c. Chitng minh rang:
(a® + b* + *)? > 3(a®b+ bPc + Pa)

Li giai.
Loi gidi 1.
Bét dang thitc can chiing minh tuong duong véi:
2(a*> +0* + *)? — 6(ab + bPc+ c*a) > 0
& Y (a2 —2ab+be — 2 +ca)’ >0
Diéu nay hién nhién dang. Bat dang thitc duge chiing minh.

Dau dang thitc xay ra khi a = b = ¢ hodc trong bo 3 s6 sau va cac hoan vi (a,b,c)
fa24m 3221 3.2
k (sm =, sin”“ <7, sin 7).D

Loi giai 2.
Ta da biét véi moi s6 thyc z,y, z thi
(x+y+2)?>3(xy +yz+ 2x)
chon
r=a*+bc—ab, y="0>+ca—bc, z=c*+ab— ca
ta thu ducc
[S(a? + be — ab)]® > 357 (a — be — ab) (b + ca — be)
Mit khéc, ta thay rang
S~ (a? + be — ab) = a® + b + 2

S (a? — be — ab)(b* + ca — be) = a®b+ b*c + Ba

Nén ta co
(@* + %+ *)? > 3(a®b + bPc + cPa).

Phép chitng minh hoan tat.
Dau dang thitc xdy ra khi @ = b = c¢ hodc trong bo 3 s6 sau va cac hoan vi (a,b,c)
k (sin®4, sin*22 sin®Z).00
Loi giai 3.
Bing cach xét hieu hai vé ctia bat dang thic, ta dugc

(Za2> —SZaQb
1, (3 5 V5 Vi 1\ ., (3 5 TV ANNE
= 5@-(14‘7)&(74—70@4—(7—1)() +<Z—T>bc—<1+7>cl

_ _1 9 1 V15 V15 V15 1 9 1 v 15 1 v 15
= g.a —<§+T> .ab+T.ca+<T—6 b7+ E_T .be — 8+T
- [ 1 9 3 V29 V29 V29 1 9 3 V29 1
= L—La — <§+Tab) +T.C(I+ (T—g b+ g—T be — g

Tt d6 suy ra dieéu phai chiing minh.
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Dau ding thitc xay ra khi @ = b = ¢ hoac trong bo 3 s6 sau va cac hoan vi (a,b,c) =

cn24m 0221 .27
k (sin®%, sin®ZF sin®Z).0

10.6 | Cho ba s6 thiic duong z,y, z théa man
Yy +yz 4+ zx = 3.
Chiing minh rang:

L 4 .3
vyz  (r+y)y+2)(z4+x) ~ 2
Lo giai.
Theo Béat dang thic AM-GM ta cé:
1 4 1 1 4
+ = + +
vyz  (r+y)(ly+2)(z+x) 2xyz 2xyz  (z+y)(y+2)(z+2)
2v/2

> + :
2eyz  \faeyz(r +y)(y + 2) (= + @)
Mait khéc, ciing theo Bat dang thitc AM-GM ta thay ring:

xy+yz+zx)3_1

rYyz = Jryyz.zx < \/( 3

va
zyz(z +y)(y +2)(z + ) = (xz2 +yz)(yz + 22)(2y + 2y)
< TZ+ Yz +yr+ zx + 2y + 1y 3
- 3
Tw do /3
1 4 1 2v/2
+ > + )
vyz  (e+y)y+2)(z+a) " 22yz Jaya(z+y)(y+2)(z +2)
1 2v2
3
=5

Bai toan dugc chiing minh xong.
Déng thtic xay ra khi va chi khi z =y = z = 1.0

10.7| Cho ba s6 thuyc duong x,y, z thda man
r+y+z<

Tim gia tri nho nhat cta:
1 4 / 1 4 1 4
P = 11724-?—'—;—1‘ y2+§+?+ Z2+F+?
Loi giai.

St dung lan lugt bat ding thic Mincopski, Cauchy-Schwarz, AM-GM va két hgp véi gia thiét, ta
cO:
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fﬁ?¢@+y+zﬁ+(i+§+%)%+(§+§+§)2
) 81 324
> J(x4+y+2)°"+

_'_
(z+y—+2)° (t+y+2)°

B [(x+y+z)2+ 81 } 6399
16(x+y+2)°]  16(x+y+2)°
5 9 6399.4
- 4 16.9
27
-3 1
Déang thiic xay ra khi va chi khiz =y = 2z = 7
. 27 1
Vay gia tri nho nhat ctia P la 5l khiz=y=2= E'D
10.8 | Cho ba s6 thie duong a, b, ¢
Chiing minh rang:
ab be ca a+b+c
+ + <
a+9b+6¢c  b+9c+6a c+9a—+ 6D 16
Loi giai.
St dung bat dang thic Cauchy-Schwarz, ta cé:
16 (1+ 3)2 < 1 3

a+9+6c (3c+a)+3Bb+c) 3c~|—a+3b+c'
T do ta suy ra

ab < 1 ab N 3ab
a+9b+6¢c — 16 \3c+a 3b+c
Chitng minh tuong tu véi 2 biéu thic con lai, sau dé cong vé véi vé, ta co:

ab be ca
a1 O+ 6¢ bt9ct6a  ct9at6h
<i< ab +3ab+ be N 3bc N ca N 30a>
~ 16 \3c+a 3b+c 3a+b 3c+a 3b+c 3a+Db
_atb+tc

16

Bai toan dugce chiing minh xong.
Dang thitc x4y ra khi va chi khi a = b = ¢.O

10.9| Cho a; b; ¢ duong va a + b + ¢ = 3. Chiing minh rang

2 2 2
\/2a2+—+b4+\/2b2+—+c4+\/202—1———1—&426
a+1 b+1 ct+1

Loi giai.
Stt dung bat dang thitc Minkowski, két hop v6i bat dang thitc AM-GM va gia thiét, ta dugc
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2 2 2
\/2a2+—+b4 \/2b2+—+c4+\/202+—+a4
b+1 c+1

\/a—i-l Vb+1 e+l

QQ

2
- 1 N 1 )
\/a+1 Vb+1 Ve+1

2

3
+1)(b+1)(c+1)
18
Yla+1)(b+1)(c+1)

2742

v
_

27 +

>\/ 54
a+1+b+1+c+1

Nhu vay ta c6 dleu phai ching minh.
Ding thitc xay ra khi va chi khia =b=c=1.0

1 1 1\’ )
2(a+b+c)’ + + +(a+b+c)

10.10| Cho tam gidc ABC nhon. Chitng minh réng

c+a

cos(—A_B>+cos(B_O>+cos(—C A> \/5( ath + bte +
2 2 2 Vaz £ 02 VB2t 2

V2 + a?

)

Loi giai.
Bing 1 s6 phép bién doéi lugng gidc trong tam giac, ta co:

A—-B A+ B
A_B _cos 5 cos 5
cos 5 = —C
sin —
2

cos A + cos B

5 /1 —cosC
2

¥+ —a? >+
2bc i 2ac
- a4+ b? — 2
9 2ab
2

(a+b)( = (a—b)*)
_ abc
2 —(a—0b)?
ab

Ta sé ching minh
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(a0~ (@=b" i

2cv/ab T V2(a?+b?)
2abc? > 0?4
2—(a—0b)""
2ab(a — b)?
2 —(a—0b)7 " (a =)

s a+ > A
Bét déng thic cudi luon ding do ABC la tam gidc nhon.

(A—B) a+b
cos < —
2 2(a? + 1?)

Thiét lap 2 biéu thitc tuong tu va cong vé véi vé, ta co:
(A—B>+ (B—C>+ (C—A><\/§( atb . bte c+a)
cos cos cos —— .
2 2 2 )7 2 \Wa2+0? VPP+c VA +a?
D6 chinh 14 diéu ma ta can ching minh.O

Vay:

10.11 | Cho ba s6 thuc duong a, b, c.

Chiing minh rang:
a> ¥
?—l-——l—— > Va2 —ab+ b2+ Vb2 —be+ 2+ +a? —ac
c a

Li giai.
Cach 1:
St dung Bat déng thitc AM-GM ta co:
a? —ab+ b?

2 +b>2va? — ab+ b?

Tuong tu ta ciing c6

) 2 ————s

c

2 2

cc—ca+ta

— 4+ a > 2V —ca+ a?
a

Cong vé v6i vé ba bat dang thiic trén, ta dugc:

2 2 =2
%—1———1—6—22(\/a2—ab+62+\/b2—bc+02—|—\/c2+a2—ac)—a—b—c
¢ a

Lai c6 theo Bat dang thitc Mikowsyki, ta c6:

b ’ 3
\/(12_ab—i—b2_|_\/b2_bc—i—c?_|_\/c2_|_a2_acz\/(a—§+b—g+c—%) +Z(a+b+6)2
=a+b+c.
Tt d6 ta c6 diéu phai ching minh.
Déang thtic xay ra khi va chi khi @ = b = ¢.O
Cach 2:

Ta viét bat ding thic can ching minh lai nhu sau:

a® b A
2(—+—+—) >2 (Va2 —ab+ b+ Vb —bc+ 2+ V2 —ca+ a?)
c a

b
Stt dung bat dang thitc Cauchy-Schwarz, ta cé:
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a? v aF+bFc
) b c a at+b+c
Vay dé ching minh bai toan ta can ching minh bat dang thitc manh hon sau day :
27 2 2
a—+—+C—+a+b+cz2(\/a2—ab+b2+\/b2—bc+62+\/02—ca+a2)
c  a

b
a® — ab+b? b? — be + 2 ? —ca+a®
L Il e L

> 2 (\/a2 —ab+ b+ Vb —bc+ 2+ V2 —ca+a2>
Bét dang thitc cudi cting hién hién ding theo bat dang thitc AM-GM nén ta c6 diéu phai chiing

=a+b+c

hay la:

minh.
Déng thitc xay ra khi va chi khi a = b = ¢.O

10.12| Cho ba s6 thyc a,b,c € (0;1).
Chting minh rang:

(a—a®)(b—0*)(c—c*) > (a—bc)(b—ca)(c— ab)

Loi giai.
Ta co:
(a—a*)(b—b*)(c— ) = abc — abc® + abe.(ab + be + ca) — abe.(a+ b+ ¢)
va:
(a —bc)(b — ca)(c — ab) = abc — abc* + abe.(a? + b + ) — (a®b? + b? + ?a?)
Khi dé6, bat dang thic tuong duong véi:
& abe.(a® + 0> + ) — (@ + b’ + 2a®) < abe.(a+ b+ c¢) —abe.(a+ b+ c)
& abe.(a® + b* + ) — abe.(ab + be + ca) < (a®b* + b*c® + c*a®) — abe.(a + b+ c)
& abef(a—b)?+ (b—c)*+ (c—a)’] <. (c—a)* + . (a—b)?+a*(b—c)?
& S,.(b—c)* + Sp.(c—a)* + S..(a—b)* >0 (1).
Véi: S, = a® — abe; Sy, = b — abe; S. = ¢ — abe.
Ma:
Sa+ Sy + S = a2 + 0% + 2 — 3a2b22 > 3.(abc)3 — 3(abe)? > 0.(do: abe € (0,1)).
Va:
Sa.Sy+ Sp.Se + 5.5, =3 a*b? + 3a*b*c? — 2abe.(ab + be + ca) > 0.
(vi: a®V? + a?b*c® > 2a*b%c; b + b c? > 2b%cPa; c*a® + a*bc? > 2c%a’h)
Nén theo dinh 1f S.0.S ta c6 Bat dang thic (1) ding.
Do d6 ta c6 diéu phai ching minh.
Déng thitc xay ra khi va chi khi a = b = ¢.O

10.13 | Cho ba s6 thuyc duong a, b, c.
Tim gia tri nho nhat cia:
a+b b+c c+a
+ +
at+tb+c b4+c+4a cH+a—+16b

L&i giai.
bat
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— U7 _ dy+z—0x
a+b+c==x “= 3 a+b—4 15
z— —
b+c+da=y =4 b= z bte=—+ Y
c+a-+16b=z 6_211x—5y—z . 16z — =2
T T
Khi do ta co:
oy +4x z 16z 4
| S 3z 3y 15z 15z 5
Stt dung bat dang thitc AM-GM, ta c6:
y 4 1y 4 4
7 = _(_ _) >
3r 3y 3z Y 3
va
z +16$_ 1(z+16x)> 8
152 152 15z =z '~ 15
Do doé:
4 8 4 16
P>-+———-=—.
53b 155 5 15
Déngthﬁcxéyra<:>4x:2y:z<:>a:E:;.
. 16
Vay gia tri nho nhat ctia P 1a E'D
10.14 | Cho ba s6 thuc duong a, b, ¢ théa man abe = 1
Chiing minh rang:
a b c 3
+ + > =
VB +3  VE+3  Va2+3 2
Loi giai.
Loi giai 1.
Theo bat dang thitic AM-GM ta cé: ab + be + ca > 3
Mait khéc, ciing theo bat ding thitc AM-GM thi
a a a 2a

> = >
V2 +3 7 b2+ ab+ be + ca \/(b—l—a)(b—i—c)_a—l—%—i-c

Thiét lap 2 biéu thitc tuong tu, 16i cong vé véi vé, ta co:
a b c S 2a 2b 2c

+ - + +
Vi2+3 V2+3 Va?+3 a+2b+c b+2c+a c+2a+b
Ma theo bat ding thiic Cauchy-Schwarz ta co:
2a 2b 2¢ 2(a+b+c)2

>
a+2b+c+b+2c+a+c+2a+b_ a? + b2+ 2+ 3 (ab + be + ca)
2a+b+c)
(a4 b+ c)* + (ab+ be + ca)

Do d6 ta c6 diéu phai chitng minh.
Déang thtic xay ra khi va chi khia =b=c=1.0

Loi giai 2.
219 9 ~ . 2 . 0 [T 2 Y
Vi a*b*c* = 1 nén ta c6 the thay bo (a,b,c) bdi (—, =, —> )
y' a2
Khi dé ta dua bat ding thic vé dang dong bac 1a
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T ] z 3
+ + > =
V3ry +yz  3yz+zx  3zx+ay T 2

St dung bat dang thic Holder, ta c6

(= m) X ooy + 7)) 2 (& +y+ o)

Vay, ta can chitng minh dugc
27
(@ +y+2)° = (2% +y°z + 2% + 2y2)
Gia st z 1& s6 nam gitta 3 s6 x,y, 2. Khi do ta co:
z(z—2x)(z—y) <0

s+ ygx zZ+xyz
St dung danh gia trén va két hop véi bat ding thic AM-GM, ta dugc:

2 2 2 < < -
y+yiz+ e tayz < z(x+y) < o 5 57
Bai toan dugce chiing minh xong.

Diang thitc xay ra khi va chi khia =b=c=1.0

e CE YA ST

10.15 | Cho ba s6 thuyc duong a, b, c.
Chiing minh rang:
2@+ 0+ ) 9(a+b+c)?
abc a? + b+ —

33

Loi giai.
L&i giai 1. Bat ding thic can ching minh tuong duong véi:

2(a® +0® + ¢* — 3abe) 32 +0*4+ ) — (a+b+c)

>9
abc - a? + b + 2
o . 19 9 a+b+c 9

& (a*+b"+c —ab—bc—ca)( e Aipie >0

& (@ + 0+ —ab—be—ca) [(a+b+c)(a® + b + ) — 9abe] >0

Day la 1 dicéu hién nhién ding theo AM-GM, do d6 phép chitng minh ctia ta hoan tat.

Dang thitc xay ra khi va chi khi a = b = ¢.O
Loi giai 2. Dat p=a+b+c¢,q = ab+ bc+ ac,r = abc
Bat ding thitc can chiing minh tuong duong véi:

3_3 3 2

oV T OPAHTST g P g9
r p? —2q
2_3 2

e P30 g P gy
r P —2q

Ta cor < % nén:

2_3 2 2_3 2
PP =30) g PP q+9(1+ — )
q P —2q
Ta sé chiitng minh

2_3 9
187729 L9 (14 21 ) > 07
p? —2q
2
p D
& —+
qg p*—2q

s (P —3¢)° >0
Bat ding thic cubi ding, vay ta c6 diéu phai ching minh.

>4
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Ding thiic xay ra khi va chi khi a = b= c.O

10.16 | Cho ba s6 thuyc duong a, b, c.

Chiing minh rang:
a+b+c 8abc >4

Jae | (a4t lcta) ~

Loi giai.
Bat ding thtc c6 thé viét lai nhu sau
a-+b b+c c+a Sabc
3 + = + = + >4
i 2vabe  2Vabe 2V abe (a+0)(b+c)(c+a)
Hién nhién dang theo bat dang thic AM-GM.
Déng thiic xay ra khi va chi khi a = b= ¢.O

10.17 | Cho ba s6 thuc duong z, ¥, 2.
Chiing minh rang:

r+y+z dxyz >4
YTyz 22y +y?z + 2o+ xyz

Loi giai.
Gia st z 1& s6 nam gitta 3 s6 x,y, z. Khi do ta co:
z(z—2)(z—y) <0
o 22 + 2%y < 2z + ryz
St dung danh gia trén va két hop véi bat ding thic AM-GM, ta dugc:

AM-GM 4 3y 3
2y+ Pz + 2+ ayz < z(z+y)? < —(z+2.x+y> :m.

- 27 2 27
St dung két qua trén, va theo bat dang thiic AM-GM, ta co:
av—i—yjtz+ dxyz >3x+y+z 27Txyz AM;GM4
VTYZ 2y +yle+ 2oy T 3yayz (x+y+ 2)3 ’

Bai toan dugce chiing minh xong.
Dang thitc xay ra khi va chi khi z = y = 2.0

10.18 | Cho ba s6 thiyc khong am a, b, ¢ théa man a +b+ ¢ = 3.

Chiing minh rang:
a+1 b+1 c+1 < 25

b+1 c¢+1 a+17 3V4ab+ 4bc + 4ca

Loi giai.
Stt dung bat dang thitc AM-GM., ta c6
33/4(ab + be + ca) < 242+ (ab+bc+ca) < abe+ab+be+ca+a+b+c+1 = (a+1)(b+1)(c+1).

Vay, ta can chiing minh dugc
a+1 b+1 c+1 < 25

b+1 c¢+1 a+17 (a+1)(b+1)(c+1)

Hay la
(a+12*c+1)+0b+1D)*a+1)+ (c+1)*(b+1) <25

& ab® +bc® +ca®+ (a+b+e)*+3(a+b+c)+3<25

= ab? + b+ ca® <4
Bay gio ta gia st b 14 s6 nam gitta 3 s6 a, b, c. Khi dé ta co:
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alb—a)(b—1c) <0
& ab® + a’c < abe + a*b
St dung danh gia trén, két hop véi bat ding thic AM-GM, ta dugc:
ab® + bc® + ca® < a’b+ be® + abe = b(a® + ac + ¢?)

< b(a+c)’

4 a—l—c3
< —|b4+2.
< 7(+ 2)

B 4(a+b+c)’
N 27

\)

=4.
Phép chitng minh hoan tat.
Dang thitc x4y ra khi (a, b, ¢) 1a mot hoan vi ctia (0, 1,2).0

10.19| Cho ba s6 thuc a, b, ¢ thda man a? + b? + ¢ = 2.
Chiing minh rang:

la® + b° + ¢ — abe| < 2V/2

Dit ¢ = ab thi ta ¢6 ¢ = ab; |t] < -QF <@ +2 +
St dung bat dang thic Cauchy-Schwarz ta cé:
[a® +0° + ¢( —ab)]” < |

(a+0b)
—2(1+1) [(c2 —ab) e+ (2—c— abﬂ
=2(1+1) (2¢* 4 2a°0* + 4 — 4¢® — 4ab)
=4(1+1t) [P =2t +2+ (- 2)]
<A4t+1)(# -2t +2)

Do d6 ta chi can chiing minh
t+DH(E2-2t+2)<2&t*(t—1)<0

Bét déng thic cudi luon ding, phép ching minh hoan tat.

Déng thtic xay ra khi va chi khia =b=0,¢c = +/2.0

10.20 | Cho ba s6 thuc duong a, b, c.

Chiing minh rang:
a' + b+t 3abc
ab+bc+ca a+b+c

2
> 5((12 +0+ 02)

Loi giai.
Trude hét, ta c6 2 bat dang thic phu sau:
Ta co: 5B s )
a’+0b°+c
-+ —(ab+bc+ca) > Z(a® +D*+ 2
a+b+c 3( )2 3( )

& 3(a® + b + )+ (a+b+c)(ab+be + ca) > 2(a+ b+ c)(a® +b* + )

& a® + b + ¢ + 3abe > ab(a + b) + be(b+ ¢) + ca(c + a)
Ludn diang theo Schur bac 3.
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Ta cling co:
LA 9
eruEe + Z(ab+ bc+ ca) > a® + b* +
ab+bc+ca 3

& 3(a* + b+ ) + 2(ab + be + ca)® > 3(a® + b? + ) (ab + be + ca)

& a* + b+t +abe(a+ b+ c) > ab(a® + b*) + be(b* + &) + ca(c® + a?)
Bat dang thiic cudi ding do st dung Schur bac 4 va vi a* + b* + 2a%0* = (a? + 1?)? > 2ab(a® + b?).
Tré lai bai toan, bat déng thitc clia bai toan ma ta can ching minh tuong duong véi
at+vt+ct A+ +E A+ +AE—3abe 2, , 5,
+ > + ()
ab + bc + ca a+b+c a+b+c 3
at+ bttt B+
+
. ab+bc+ca a+b+c .
That vat bat dang thic nay ding sau khi cong vé theo vé clia 2 bat dang thic phu ma ta da

5
+ab + bc+ ca > g(a2+b2+02)

chiing minh & trén.
Phép chitng minh hoan tat.
Déang thtic xay ra khi va chi khi @ = b = ¢.O

10.21 | Cho ba s6 thuc khong am a, b, ¢, d, e.
Chiing minh rang:
a®b + b°c + *d + d% + e®a > abede(a® + b* + 2 + d* + €%)

Loi giai.
Néu abede = 0 thi bat dang thiic hién nhién ding.
V6i abede # 0 ta c6 bat dang thiic tuong duong véi
a5 b5 C5 d5 65 b2 d2
- Eﬁ‘@‘i‘ﬁ‘i‘@‘i—@_aﬁ- + 2+ d? + e
St dung bat dang thic AM-GM, ta co

b b \/
- 4 d? > 54 —.—.c2.d?%.e%2 = 5a?
cde—i_cde—i_c+ +e cde cdec c “

Thuc hién tuong tiy cho cac hang tit con lai, sau d6 cong vé theo vé ta c6 diéu phai chiing minh.
Dang thitc x4y ra khi v chi khia = b =c=d. O
10.22 | Cho ba s6 thuc duong a, b, c.

Chiing minh rang:

a b c 3la+b+c)
+ + <
a’?+bc +ac  +ab ~ 2(ab+ bc+ ca)

Loi gii.
Bét dang thitc can chiing minh tuong duong véi:
2(b b? 2 b 1 3 b
a*(b+c) (c+a) cla+ )+abcz < (a+b+c)
o at+be b’ tca 2+ ab T a?+be 2
Ta nhan thay rang bat dang thiic nay duge suy truc tiep tir 2 két qua sau:
1)a?(b +¢) b c+a) Ala+d)
a? + be b2 + ca c2+ab
%) 2 n 2 . 2 < 1 n 1 n 1
a?+bc bV +ca cE4+ab T ab  bc  ca
Chtng minh 1):
Dat (z;y;2) = (a7 b7 ¢71) | ta chuyén bat ding thiic thanh:
Tty y+z z+x 1 1 1
+ <=4+ 4-
2Z24xy 22 +yz oy +zx T xr oy 2z
Khong mat tinh tong quat, gia st v < y < z, khi d6 ta cé:

<a+b+c
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(I TFy I z+x 1_ Y+ 2z
VE-VT = (z z2—|—xy) + (x y2+zx) * <y x2+yz>
_ -9y -2y —2)( +yz - ay)
23 + xyz xy(2? + yz)(y? + zx)

> 0.
Nhu vay, bat dang thiic 1) duge chiing minh.
Ching minh 2):

Ap dung bat ding thic AM-GM:
4 2 1 1

a2—|—bc \/_ ac

Cong vé theo vé cac bat ding thiic tuong tu ta c6 bat dang thu’c 2) duge chiing minh.

Phép chitng minh hoan tat.
Diang thiic xay ra khi va chi khi a = b = ¢.O

10.23 | Cho ba s6 thuc duong a, b, ¢ théa man a 4+ b + ¢ = 3.

Chiing minh rang:
111 ,
—+b2+—>a + b +

Lai giai.
Céch 1. St dung hing ding thiic quen thuoc
(a+b+c)*=a*+ b+ c?+2(ab+ bc + ca)

Ta dua bat dang thic vé dang
1 1 1
2tpta >+ 2(ab+be+ca) > (a+ b+ c)?

Theo bat dang thiic AM- GM va gia thlet ta co
1 1 1
-+ 72 + 5 +2(ab + be + ca) >

1 1
— 42
) bc+ + 24/3abc(a + b+ ¢)

=3 <% +\/abc+\/abc>

>9=(a+b+c)’
Phép chiing minh hoan tat.
Dang thitc xay ra khi vi chi khia = b=c= 1.0

Cach 2. St dung bat déng thitc AM-GM ta c6

Lol 1 1 1 1 atbte 3
a2 b2 2~ ab bc ca  abc  abc

Vi thé ta can phai chiing minh

3

— > a4+ b0+ 2

abc —

Hay
abe(a? + b* + ¢?) < 3

Dén day ta c6 hai huéng tan cong.
Huéng 1. Don bién

Gia st ¢ = min{a,b,c} thi 3=a+ b+ ¢ > 3¢, tiic ¢ < 1 dan dén ath > 1
bat

f(a,b,c) = abe(a® + b* + ¢2)
Ta co
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flabe)—f (a;", “"2“’,(;) :c{ {ab(auzﬁ) - %] + {abc2 - MH

Ma theo bat ding thitic AM-GM thi
(a+b)* = (a® + b* + 2ab)? > 8ab(a® + V?)
(be + ca)? > 4bc.ca = 4abc?

nén ta co

Flave <
cudi cung ta chi con chitng minh
f<a+b7a+b7c> <3

2 2

. a+b  eme vz ., )
dat x = 5 > 1, tur giai thiet ta rut ra duge ¢ = 3 — 2z. Xét
a+b a+b

/ :
2 2
Tt d6 suy ra diéu phai chiing minh.O
Huéng 2. Diing bat déng thic c¢6 dién

a+b a+bd
c
2 7 27

,c) —3=—(42® —Ma' +82> - 922 — 1) = —(x — 1)*2z(z — )2z — 1)+ 1] <0

Ta viét bat ding thic can chiing minh lai nhu sau
27 > 3.abc(a+ b+ c)(a® + b* + ¢2)
St dung bat dang thic quen thuoc
(ab + bc + ca)* > 3abc(a + b+ ¢)
Ta dua bat dang thiic vé ching minh
27 > (a* + b* + ¢*)(ab + be + ca)?
That vay, theo bat dang thitc AM-GM thi

2 2 2 3
(@ + 1 + ) (ab+ be + ca)® < (a +b0* +c +ab+bc+ca+ab+bc+ca> e

3
Chitng minh hoan tat.
Déng thitc xay ra khi v chi khia =b=c = 1. O
Cach 3. Dat = ab + be + ca. Khi d6 stt dung cac bat ding thic quen thuoc
(a+b+c)* > 3(ab+bc+ca), (ab+bc+ ca)?> > 3abc(a+ b+ c)
Ta co
22
0<$§3Vaabc§§

1+1+1_1+1+1221+1+1_a:2 6
az v 2 \a b ¢ ab  be  ca)  a?b2®  abc

Ta sé ching minh

Vi thé

2?2 — 6abc > (9 — 2z)a?b?c?

That vay
222 2%(9—2z) 2*(x —3)*(2x + 3)
VI —VP>z*— = — = =0
=73 81 81 =

Bai toan dugce chitng minh hoan toan.

Déng thiic xay ra khi va chi khia =b=c=1.0
10.24 | Cho ba s6 thuc duong a, b, ¢ théa man a? + b* + ¢ = 3.
Chiing minh rang:

a+b+c>a’b? + b + 2a?

L&i giai.
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Céch 1. Dat z = a?, y = b%, 2 = thl v + y + 2z = 3 vA bat déng thtic tré thanh
Ve+y+vz>ay+yz+ oz

Twong duong véi
2(Va+U+V2) +22+ P+ 22> (2 +y+2)?
Theo bat dang thitc AM-GM thi
B+ I+ 22> 3

Vi thé ma

VI >3z +y+2)=(x+y+2)?
Bai toan dugce chiing minh xong.
Diang thitc xay ra khi va chi khia =b=c=1.0
Céch 2. Stt dung bat dang thitc Holder, ta c6

(VT4 T+V2) (@24 +22) > (4 y+2)3 =27

Vay ta chi can chiing minh dugc

(2?2 + %+ 2%).(vy + yz + 22)? < 27
That vay, theo bat dang thitc AM-GM thi

x2—|—y2+22+my+yz+zx+a7y+yz+zm>3 _ o7
3

(2 )y g 0 <
Chitng minh hoan tat.
Déng thitc xay ra khi vi chi khia =b=c = 1. O
10.25 | Cho ba s6 thuyc duong a, b, c.
Chiing minh rang:

a® + b* 4+ + 2abc + 1 > 2(ab + be + ca)

Lo gii.
Trong 3 s6 a, b, ¢ thi luon ton tai 2 s6 nam cung phia so véi 1.
Gia stt 2 s6 do 1a a va b.
Khi do6 ta co:
cla—1)(b—-1)>0

Mt khéc, ta thay rang:

a?+ 0%+ + 2abc+ 1 —2ab — 2bc — 2ca = (a — b)* + (c — 1)* + 2c(a — 1)(b— 1) > 0.
D6 chinh 13 diéu ta can chiing minh.
Diang thiic xay ra khi va chi khia =b=c=1.0

10.26 | Cho ba s6 thuc a, b, c.
Chting minh rang:

(2+a*)(2+0*)(2+c*) > 9(ab+ be + ca)

Loi giai.
Ta c6: (24 a?)(2+ 0?)(2 + ) = 4 (a® + b* + ) + 2 (a®b? + b2 + 2a?) + 8 + a?b*c?
Dé ¥ ring ta co cac bat dang thic sau:

(a® +0° + ) + a®V*P +2 > (a® + b + ) + 3V a2b%?
9abc

2 2 2
Z(a +b +c)—|——a+b+c

Schur
> 2(ab+bc+ca).
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3(a® +b* +c*) > 3 (ab+ be+ ca).
2 (a?b* + b2 + *a® 4+ 3) > 2(2ab + 2bc + 2ca).
Cong vé theo vé cac bat ding thiic trén ta thu ngay di¢u phai chiing minh.
Déng thitc xay ra khi va chi khi a = b = ¢.O

10.27 | Cho ba s6 thuyc duong x,y, z théa man x +y + 2 = 1.

Chiing minh rang:
T Y Z 9
+ + < —
14+22 149y?> 1422710

Loi giai.
Cach 1:
St dung bat dang thitc AM-GM ta cé:

L +1+1+1+1+1+1+1+1+1 1010/1‘ 10533
x? = z? — —=
9 9 9 9 9 9 9 9 9~ 99 3°

Thiét lap 2 biéu thic tuong tu, sau do cong vé theo vé, ta duge:

G 3(¢3x-+¢3y + /@7,

L+a?  1+4y? 1+22§10
Mat khéc, ciing theo bat dang thitc AM-GM, ta nhan thay riang:
3r+3x+3x+3z+1>5/(3x)%
Twong tu véi y,z, vachu ¥y x +y + 2 = 1, ta suy ra:
/By 4+ Y/ By) + /(82)F <3

Tu do:
x n Y n < 9
1422 149*> 1422710
Bai toan dugc chiing minh xong.

Déng thiic xay ra khi va chi khiz =y =2 = =.0

Cach 2:
Ta co:

ool»—l

T 2x 3
<42
? I+a% ~ 100 ' 50
That vay, bat dang thiic trén tuong duong véi 1 bat dang thitc luon diang (véi moi x duong) sau:
—(4z +3)(3x —1)2<0

Tuong tu véi y, z, sau d6 cong vé véi vé, ta co:

G A 2 (x+y+2)+ 29
222 T4 1121000 TY 5 10°
Phép chitng minh hoan tat.
. , 1
Déang thiic xay ra khi va chi khiz =y =2 = 3" O

10.28 | Cho ba s6 thuc khong am a, b, ¢ thda man a? + b* + c? = 1.

Chiing minh rang:
a b

1+bc+1+c&+1+a

;S V2

Loi giai.
Ta sé chiing minh réng:
(a+b+c)* <2(1+be)
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That vay, két hop véi gia thiét a? + b? + ¢Z = 1 thi bat ding thiic trén sé tuong duong véi:
2(ab+ be + ca) < 1+ 4be + 2b°c?

& 2a(b+c) < a®+ (b + c)* + 202
S (b+c—a)+20°* >0
Bat dang thtc cudi luon ding.

T do ta suy ra:
a a\/§

<
) 14+bc a+b+c
Tuong tu 2 bieu thiic con lai va cong vé theo vé ta dugc:

a b c 2 bv/2 2

. . . a\/_ . \/— . C\/_ _
l1+bc 14+ca 1+4+ab ™~ a+b+c a+b+c a+btc

Déang thtic xay ra khi va chi khi a = b = —, ¢ = 0 hoiic cic hoan vi tuong iing.

V2

10.29 | Cho a, b, c 1a do dai 3 canh ctia 1 tam giéc.
Chiing minh rang:

abce abe abe
+ + > ab+ bc+ ca
at+b—c b+c—a c+a—>

Loi giai.
Loi gidi 1.
Datz=b+c—a,y=c+a—b,z=a-+b—c, bat ding thitc khi d6 tuong duong véi
NEnrEEEs (Ll )suryse

5 VARV RN

Binh phuong hai vé va quy dong, ta dugc
(x+y)(y +2)(z +2) (VTG + iz + Vz)” > Bayz(e +y + 2)*
Dat tiép m = /z,n = /y,p = /z, bat dang thic trd thanh
(m2+n2)(n2 +p2)(p2+m2) - < m2—|—n2—|—p2 )2
8m?2n2p? “\mn+np+pm)

Dé ¥ ring ta c6 nhan xét sau:
Véix >y >0vaz>0thitaco

x
§ y+z
T nhan xét suy ra
m2+n2>m2+n2—|—p2
2mn  — 2mn + p?
mQ—I—pQ>mQ—|—nQ—HD2
2mp  — 2mp +n?
p2+n2>m2+n2+p2
2pn — 2pn+m?

Vay ta chi can chiing minh
(m? +n* +p*)(mn +mp +np)* > (m* + 2np)(n® + 2mp)(p* + 2mn)
& (m—n)*(m —p)*(n—p)* 2 0
Bat ding thtc cudi luon ding, vay ta cé diéu phai ching minh.
Diang thitc xay ra khi v chi khi a = b = c.O
Loi giai 2.
Theo Bat ding thiic Schur bac 4, ta cé
abc(a+b+c)>> (a+b—c)c?
Mait khéc, theo Bat dang thitc Holder ta cé:
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S (atho o) =3 c3 S (a+b+c) :
- Vi) o)
Két hgp 2 dieu trén, ta suy ra
abe(a+b+c)> > (a+bl+c)3 _
(=)

abe abe abe
G| ———+ 4 ———— 4+ ———>a+b+c
a+b—c b+c—a c+a—2>

D6 chinh 1a diéu can ching minh.
Déng thitc x4y ra khi v& chi khi a = b = ¢.O

10.30| Cho k£ > 1.

Chiing minh rang:
k,k Z (k’ + l)kfl

Loi gii.
Vi k = 1 thi bat ddng thtic tré thanh dang thitc nén ta chi can xét k > 1
Lay Logarit Nepe hai vé, ta dugc
kink > (k— 1) In(k + 1),

Hay viét lai dudi dang

Ink - In(k+1)

7 1= &

Dén day c6 the thay ngay 1a ta can chitng minh ham sau nghich bién

Inz
= iz > 1.
f(z) —— Voiz

Lay dao ham f(z) ta c6

1
1———Inzx

fla) = —t g = I

e R
Lay dao ham g(z), ta c6
1 1

/ = —_—— -
g (x) = 55 < 0.
Suy ra
g(xz) < lim g(z) = 0.
z—1+
Suy ra

f'(x) <0.
Tu do ta c6 ngay ham f(x) nghich bién trén (1;+00).
Tt d6 suy ra dieéu phai chiing minh. 0.

10.31| Cho a, b, ¢ 1a cac s6 thyc duong théa man abe = 1.

Chiing minh rang:
1 1 1

a(a+b) +b(b+c) +c(c—|—a)

>

N

Loi giai.
Viét bat ding thic lai thanh
be ca ab
+ +
a+b b+c cH+a

3
> —.
-2
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Diuing bat ding thic hoan vi, ta c6
(hodc ciing c¢6 thé chiing minh bing phan tich dang M(a — b)? + N(a — ¢)(b—¢) > 0)
be ca ab S ab be ca

- - > + + .
a+b b+c c+a " a+b bd+c cHa
Nhu vay (buée cudi duing AM-GM)

be . ca n ab >1 be n ca n ab +1 ab n be n ca
a+b b+c c+a  2\a+b b4+c cH+a 2\a+b b+c c+a
1[b(c+a) cla+b) alb+c)
= + +
2| a+bd b+c c+a
>§‘\3/b(c+a)_c(a+b).a(b+c)_§
) a+b b+c c+a 2

Ta c6 dieu phai chiing minh.
Diang thitc xay ra khi va chi khia =b=c=1.0

10.32| Cho a, b, ¢ 1a céc s6 thuc duong théa man

1 1 1
>
a+b+1+b+c+1+c+a+1 -

Chting minh rang:
a+b+c>ab+bc+ca

Loi giai.

Cach 1:

St dung bat dang thic Cauchy-Schwarz ta cé:
(a+b+1)(a+b+c?*) > (a+b+c)?

1 a+b+c?
S T S X o
S (a+b+e)’<2a+b+c)+a®+0°+c
Sab+becteca<a+b+ece
hay ta c6 diéu phai chitng minh.
Déng thitc xay ra khi vi chi khia = b=c= 1.0
Cach 2:
St dung bat dang thitc Cauchy-Schwarz ta cé:

1 a+b
2> 11— — ) = - -
22 0= ) = 2

. (a+b+b+c+cta)
“(a+b)(a+b+ 1)+ (b+c)b+c+ 1)+ (c+a)(c+a+1)
S+ P+ +abtbetcatatbre>(a+b+e)
Sab+becteca<a+b+ec
hay ta c6 diéu phai chitng minh.
Déng thitc xay ra khi va chi khia =b=c = 1. O
Cach 3:

Gia st ton tai cac so6 duong a,b,c sao cho:

Suy ra:
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1
—— >1va3 .
Za—i—b—i—l_ vaa-+b+c<ab+be+ca
Khi do ta co:
ab + be + ca
1 _ a+b+c B ab + be + ca
a+b+1 a+b+c+ab—l—bc+ca (a+b)(a+b+c)+ ab+bc+ ca
at+b+c

Suy ra:

Z ab + bc+ ca o1
(a+b)(a+b+c)+ab+bc+ ca
2(ab + be + ca)
1 11—
< >Z{ (a+b)(a+b+c)+ab+bc+ ca
a® + ab + b?
1
< >Z(a+b)(a+b+c)+ab~l—bc+ca

w

(a+b)°
=3
4 (a+b)(a+b+c)+ab+bc+ ca
- 3(a+b+c)
~ Y lla+b)(a+b+c)+ ab+ be+ cal
3(a+b+c) .

2 +b+¢)* +3(ab+be+ ca)
Diéu cudi cuing 1a vo 1i, do d6 bai toan clia ta dung.

Phép chitng minh hoan tat.
Déng thitc xay ra khi va chi khia =b=c = 1.

10.33 | Cho a, b, ¢ 1a cac s6 thyc duong.
Chiing minh rang:
a+b+c _(a=b2+b—c)P+(c—a)} ,
> Vab
3 ~ 12(a+b+c) - Vabe

Loi giai.
Cach 1:
Ta c6 bat dang thiic can chiing minh tuong duong véi
2a+b+c)* @+ +c*—ab—bc—ca .

— b
6(a+b+c) 6(a+b+c) = vave

Hay:
(a+b+c)? 4 3(ab + be + ca) > 6v/abc(a + b+ ¢)
Chuan hoéa cho a + b + ¢ = 3, bat dang thiic tré thanh
3+ ab+ be + ca > 6¥/abe
St danh gia

ab + be + ca > \/3abc(a + b+ ¢) = 3V abe
ta dua bai toan vé ching minh
1+ Vabe > 2V/abe
Dit t = Vabe < 1, ta ¢6 bat ding thic trén tuong duong véi
3+ 1> 2t
hay la
1-t)1+z—2*)>0
Bai toan dugc chiing minh xong.
Cach 2:

231



Xuctu.com®

Nhan 12(a + b + ¢) cho hai vé, ta sé duge bat ding thiic tuong duong la
a? +b* + 2 + 5(ab + be + ca) > 6V abc(a + b+ c).

Hay viét lai 1a
(a+b+c)?+3(ab+ be + ca) > 6V abe(a+ b+ c).
Ap dung AM-GM hai lan ta s& ¢6 ngay diéu phai ching minh
(a+b+4c)? +3ab+be+ca) > 2(a+b+c)y/3(ab+ be + ca)
> 6V abc(a + b+ c).
Diang thitc xay ra khi va chi khia = b = c. O
10.34 | Cho cac s6 thyc duong z;y; z théa man zy + yz + zx = 3.
Chiing minh rang:

T+ 2y Y+ 2z z+ 2z <
2v + 4y + 322 2y+4z+ 322 2z+4w+ 3y —

Lai giai.
Vi
T+ 2y 1 22
2v +4y +322 3 3(2x + 4y + 322)
Nén bat ding thiic trén tuong duong véi
2 2 2
x N Yy N z
244z 4322 2z+4x+3y? 2z 4+ 4y + 322
St dung bat dang thic Cauchy-Schwarz, ta cé

P (V& + Vi + V)

>
20 +4y + 322 7 323+ y3 + 23) + 6(vy + yz + 21)

1
> -
-3

2

Vay, ta can chi ra ring
(V& + P+ V)

3(x® +y2 + 23) + 6(xy + yz + 2x)

v/ (zy)? + \/(yz)3 + \/(zx)3 > xy +yz + 2x

That vay, st dung bat dang thitic AM-GM, ta c6:
Va?® w2 + 1/ (z2)°
= (Ve +vam) + (Voor « viz) + (Ve + i) - (v + iz + v
> 2(zy 4+ yz + 22) — (VTY + Yz + VzT)

> (vy +yz +22) + (vy +yz + 22) — /3 (2y +yz + 22)
xy+yz+zr)+3—3

1
>
— 3
hay 1a

= (

= (zy + yz + zx)

Bai toan dugc chiing minh xong.

Dang thitc xay ra khi va chi khi z =y = 2 = 1. O
10.35 | Cho cac s6 thue duong a, b, c.

Chting minh rang:

a? b? c?
<1
\/4a2 + ab + 412 + \/4b2 + be + 4c? + \/402 + ca + 4a® —

Loi giai.
Cach 1:
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St dung bat dang thic Cauchy-Schwarz, ta c6 :
a? a2
< 2 2
2 \/4a2 ap e S [ e FacHdd) [Z (a2 + ab + 4%)(4a + ac + CZ)}

Do dé ta di ching minh:

> (4a” + ac + 4c) {Z (402 + ab + 4b?)(4a? + ac + 62)} =

Diéu nay tuong duong vdi:
(83 a?+ > ab) 8 a®V? + abc(a + b+ ¢)] < [] (4a® + ab + 41?)

Hay:

66a%b?c? < 8abc(a® 4 b* + ) + 8(a®b® + b*c® + *a?) + 3abe [a?(b + ¢) + b*(a + ¢) + A(a + b))
Diéu nay dang theo AM-GM.
Vay bai toan dudc ching minh xong.
Déng thitc xay ra khi va chi khi z =y = 2 = 1. O
Cach 2:
Dé ¥ rang:

(z+ 1242 +2+4) —4(@2+2+ 1) =2z -12>0

Nén ta co:
1 <1 r+1
. Va2 +z+4 = 2 22+x+1
Thiét lap 2 biéu thiic tuong ti, roi cong vé theo vé, ta dudc:
1 N 1 N 1 <1< x+1 y+1 z+1 )
Vaz?+z+4 Ay +y+4 VA2 +z+4 7 2\ +o+1 yPHy+l 22 Hz+l

Nhu vay ta can chiing minh
r+1 y+1 z+1

2?24+x+1 y’+y+1 2242417

Tuong duong véi
22 y? 52
+ + > 1
224+rx+1 y+y+1 22+241
Bat ding thitc nay luon ding theo Vasile Cirtoaje.

Bai toan dugce chiing minh xong.
Déng thitc xay ra khi va chi khi z =y = 2 = 1. O

10.36 | Cho a, b, ¢ 1a céc s6 thuc khong am théa man a? + b + ¢ = 3.
Chiing minh rang:

(a—b)(b—c)(c—a)+2>

Lol Do

(ab + be + ca).

Loi giai.
Ta sé chiing minh bat dang thic manh hon la nhu sau
- ;(ab +be+ca) > |(a—b)(b—c)(c—a)l.
Dén day, ta c6 thé gia st a >b> ¢ > 0.
Dé ¥ ring
(a—b)2+(b—0c)’+(c—a)
3

2
2 — g(ab+bc+ca) =
Nén ta can ching minh
(a—0)°+(b—c)+(c—a)
3
Ap dung bat ding thic AM-GM, ta c6

> [(a—=b)(b—c)(c—a)l.
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@—0"+0—c)’+(c—a
3

2
S s a0’ a).
Nhu vay ta can chi ra ring
{’/(a —b)*(b—c)(c—a) >|(a—b)(b—c)(c—a)l.
Hay tiic 1a (sau khi da xét truong hgp hai bién bang nhau)
12> [(a—=b)(b—c)(c—a)l
Bét dang thiic nay ding vi theo AM-GM va diéu gia sit ta co

(@ =b)(b=¢)(c—a)l = (a=b)(a—c)(b=0)
< abla—0b) = \/ab-ab- (a—b)?

) J (ab—l—ab+(a—b)2>3
= 3
ey

<1

Nhu vay, ta c6 diéu phai chiing minh. O

10.37| Cho a, b, ¢ 1a cac s6 thuyc duong.
Chiing minh rang:

(a®+0°+ )2 — (a’ + b + ¢*)(ab + be + ca)

Loi giai.
Ta c6 ding thic
(a®+ 0%+ )2 — (a* + b+ ) (ab + be + ca) = % Sla® = *)* + ct(a—b)*>0
Tu dé suy ra diéu phai chiing minh.
Déang thtic xay ra khi va chi khi a = b = c. O
10.38 | Cho a, b, ¢, d 1a cac s6 thiyc duong.
Chting minh rang:

4 10 32a(a+b)(a+b+c) Jril/ 24bed <
' 3a+b+c+d)3 (a+b)(a+b+c)a+b+c+d) —
LJi giai.

St dung bat dang thic AM-GM ta cé:

16, 16 32a(a+b)(a+b+c)
N Ba+b+e+a)p

_ 161 2 3(a+Db) 3(a+b) 4a+b+c) 4la+b+c) 4a+b+c)

TV a+b2a+bte)2a+btc)3atbt+ct+d) 3a+b+c+d) 3a+b+ctd)
2a 3(a+b) 4(a+b+c)

< +2. .

“a+b 2(a+b+c) 3(a+b+c+d)
2a 3(a+b) 4la+b+c)

= 10. (1
a+b+a+b—|—c+a+b+c—l—d+ 0. (1)

Mat khéc, ciing theo bat ding thitc AM-GM thi:

+ 10

234



Xuctu.com®

L4 24bcd .y \/ 2b 3c Ad
N(@+ba+b+c)at+b+c+d Va+ba+tb+c at+tbt+ct+d
2b 3¢ 4d

< + + +1.
a+b a+b+c a+b+c+d
Cong vé theo vé (1) va (2) suy ra diéu phai ching minh.

Déng thitc xay ra khi va chi khia =b=c=d. O
10.39| Cho z,9, z,t 1a cac s6 thuyc khong am.
Chiing minh rang:

(2)

3@+ P+ 22+t +4Vryt > (x+y + 2+ t)?

Loi giai.
Ta chitng minh bat déng thic tuong duong (Tukervici):
ot oyt 2t 4 2oyat > 2%y? 4 P2 4 22 2 R 4 2P
Khong mat tinh tong quat, gid st t = min {z;y; 2;t}
Néu ¢t = 0 thi ta co:
ot oyt 2t > 2%y oy 4 222
(@2 — 2P+ (22?2 >0
Néu t > 0 ,chuan hoa t = 1. Ta can chtitng minh:
Pyt 4 4 2Ty 41> a2 4 22 4 2202 2 4 R + 22
Mat khéc, ta c6 bat dang thiic v6i 3 bién duong:
22+ P+ 22+ 2ryz + 1 > 2(xy + yz + 2x)
nén ta can chi ra rang
ot oyt + 2t — oty — %2 = 222 > 2(0? + 2 4+ 22— ay — Yz — 20)
& @—y?lle+y)? -2+ -2y +2)° -2+ (=-2)?(z+2)? -2/ 20
Nhu vay, phép chiing minh hoan tat.
C6 2 truong hop clia dang thitc :x =y =2 =t hoicx =y = 2z;¢t = 0.0

10.40| Cho a, b, ¢ 1a cac s6 thuyc duong.
Chiing minh rang:

1 1 1
(a+b+c) (—+—+—) >9+8.
a b ¢

(a—b)*>+(b—c)*+ (c—a)?
(a+b+c)?

Loi giai.
Bét dang thic can chiing minh tuong duong véi:

(b—c)2+(c—a)2+(a—b)2 (a—=b)?+(b—c)*+(c—a)?

> 8.
ca ab (a+b+c)?

bc
& 2:(1)—0)2 [a(a+b—|—c)2 — 8abc] >0
Khong méat tinh téng quat gia st a > b > ¢

Ta co:
Sy + S, = (a+b)(a+b+c)* — 16abc > 4c(a + b)* — 16abe > 0

Sy 4+ S. = (b+c)(a+b+c)* — 16abc > 4a(b + c)* — 16abc > 0

QSbZSb+SCZOZ>SbZO
Nén theo dinh 1i S.0.S ta c¢6 diéu phai ching minh.
Diang thitc x4y ra khi v& chi khi a = b = ¢.O
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