www.facebook.com/groups/TaiLieuOnThiDaiHocO1

TAI LIEU TOAN 12

TONG HOP LY THUYET

ON THI THPT QUOC GIA 2017

www.facebook.com/aroups/TaiLieuOnThiDaiHoc01


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01

www.facebook.com/groups/TaiLieuOnThiDaiHocO1

www.facebook.com/aroups/TaiLieuOnThiDaiHoc01


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01

www.facebook.com/groups/TaiLieuOnThiDaiHoc01

Phiin 1. Ung dung ctia dao ham

Phin 2. Ham s0 lity thira, mii, 16garit

Phin 3. Nguyén ham, tich phdn va iing dung
Phin 4. S6 phiic

Phin 5. Khéi da dién

Phin 6. Mdt nén, mdt tru, mdt ciu

Phin 7. Toa d6 khong gian Oxyz

_01_
_15_
21
_31_
_33_
45

_53_

Nguyén Vin Luc — Cin Tho
FB: www.facebook.com/VanLuc168

www.facebook.com/aroups/TaiLieuOnThiDaiHoc01


http://www.facebook.com/VanLuc168
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01

www.facebook.com/groups/TaiLieuOnThiDaiHocO1

www.facebook.com/aroups/TaiLieuOnThiDaiHoc01


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01

www.facebook.com/groups/TaiLieuOnThiDaiHoc01
Phiin 1. Ung dung ctia dao ham

I. UNG DUNG PAO HAM PE KHAO SAT HAM SO

1. SU PONG BIEN, NGHICH BIEN CUA HAM SO

Pinh ly 1: Cho ham s y = f(x) c6 dao ham trén K.
a) Néu ham s8 f(x) dong bién trén K thi f'(x)>0 véimoi x e K
b) Néu ham s8& f(x) nghich bién trén K thi f'(x) <0 véimoi x e K
e [f(x) dong bién trén K ] = [f'(x)>0 véimoi x e K]
e [f(x) nghichbiéntrén K] = [f'(x)<0 véimoi xeK]
[/'(x)=0 v6imoi xeK] = [f(x) khong ddi trén K |

Pinh 1y 2: Cho ham sd y = f(x) c6 dao ham trén K.
a) Néu f'(x)>0 véimoi x € K thi ham s3 f(x) dong bién trén K

b) Néu f'(x) <0 véimoi x € K thi ham s§ f(x) nghich bién trén K
o) Néu f'(x)=0 véimoi x e K thi ham s8 f(x) khong doi trén K
. [f'(x)>0 voimoi x e K] = [ f(x) dong bién trén K]
. [f'(x)< 0 véimoi x e K] = [ f(x) nghich bién trén K]

Pinh ly 3: (Pinh ly m6 rong) Cho ham s6 y = f(x) c¢b dao ham trén K.

a)Néu f'(x)=0 véimoi xeKva f '(x) =0 chi tai mot s6 diém htru han thudc K
thi ham s6 f(x) dong bién trén K .

b) Néu f'(x)<0 vdimoi x e Kva f'(x) =0 chi tai mot sO diém htru han thudc K

thi ham s6 f(x) nghich bién trén K.

Dinh 1y 4: Cho ham sd bacba y = f(x)=ax’ + bx* +cx+d(a #0), ta cd
f'(x)=3ax2 +2bx+c.

a)Héms@'yzf(x):ax3+bx2+cx+d (a;tO)
dong bién trén R < f'(x)=3ax2+2bx+020 VxeR
b)Hémsﬁy:f(x)zax3+bx2+cx+d (a;tO)

nghich bién trén R < f'(x) =3ax’ +2bx+c¢<0 VxeR
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Phiin 1. Ung dung ctia dao ham
NHAC LAI
Dinh ly: Cho tam thitc bac hai f(x)=ax’ +bx+c (a=0) ta co:
A<O0
a>0
A<O0
a<0

e f(x)>0 xeR & {

e f(x)<0 xeR & {

VAN DE 1: Xét chiéu bi€n thién ciia ham s&

DPé xét chiéu bién thién ciia ham s6 y = f(x) , ta thuc hién cdc budc nhu sau:
— Tim tdp xdc dinh ciia ham sé.
— Tinh y’ Tim cdc diém ma tai dé y' = 0 hodcy' khéng ton tai (goi la cdc diém tdi han)
— Lap bdng xét ddu y' (bdng bién thién). Tir dé két ludn cdc khodng dong bién, nghich

bién ciia ham sé.

VAN PE 2: Tim diéu kién d& ham s& luén dong bién hoic nghich bién

trén tap xdac dinh (hoic trén tirng khoang xac dinh)

Cho ham sé y = f(x,m), m la tham sé, cé tap xdc dinh D.
e Ham s6 f dong bién trén D < y' >0, Vx e D.
e Ham s6 f nghich biéntréen D < y' <0, VxeD.
Tir d6 suy ra diéu kién ciia m.

Chii y:

1) y' =0 chi xdy ra tai mot s6 hitu han diém.

2) Néu y' = ax® + bx + ¢ thi:

{azb:O {azb:O

> <

ey'>0,VxeR < ¢=0 ey'<0,VxeR< c<0
a>0 a<0
A<0 A<0

3) Dinh li vé ddu ciia tam thitc bdc hai g(x) = ax’> +bx+c:
e Néu A <O thi g(x) luén cung ddu véi a.
eNéu A =0 thi g(x) Iuén cung ddu véi a (triv x = —23)
a

e Néu A >0 thi g(x) c6 hai nghiém x;, x, va trong khodng hai nghiém thi g(x) khdc
ddu véi a, ngoai khodng hai nghiém thi g(x) cung ddu vdi a.

4) So sdnh cdc nghieém x,, x, cia tam thiic bdc hai g(x) = ax? + bx + ¢ vdi 56 0:

A>0 A>0
'x1<x2<0<:> P>0 'O<x1<x2<:> P>0 0x1<0<x2<:>P<0
S§$<0 S>0
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Phiin 1. Ung dung ctia dao ham

5) D& ham s6 y = ax> + bx* +cx+d c6 dé dai khodng déng bién (nghich bién) (xl; X, ) bang d

thi ta thuc hién cdc budc sau:

eTinh y'.
o Tim diéu kién dé ham sé cé khodng dong bién va nghich bién:
a#0
1
et 0)
N 2. _ N 2 42
e Bién doi ‘xl —xz‘ =d thanh (x; +x,)” —4x;x, =d (2)

o Sit dung dinh li Viet dua (2) thanh phuong trinh theo m.

e Gidi phuong trinh, so véi diéu kién (1) dé chon nghiém.

VAN DI 3: Ung dung tinh don diéu d& chitng minh bat ding thic

Pé chitng minh bdt ddng thiic ta thuc hién cdc budc sau:

o Chuyén bdt ddng thitc vé dang f(x) >0 (hodc <, >, <). Xét ham 6"y = f(x) trén tdp
xdc dinh do dé bai chi dinh.
o Xét ddu f'(x). Suy ra ham sé déng bién hay nghich bién.

e Dita vao dinh nghia su dong bién, nghich bién dé két ludn.
Chii y:

1) Trong truong hop ta chua xét dugc ddu cia f'(x) thi ta dat h(x) = f'(x) va quay lai
tiép tuc xét ddu h'(x) ... cho @én khi nao xét ddu duoc thi thoi.

2) Néu bat ddng thitc c6 hai bién thi ta dua bdt ddng thitc vé dang: f(a) < f(b).

Xét tinh don diéu ciia ham sé f(x) trong khodng (a; b).

VAN DI 4: Chitng minh phudng trinh c¢é nghiém duy nhat

Pé chitng minh phuong trinh f(x) = g(x) (*) c6 nghiém duy nhat, ta thuc hién cdc budc sau:
e Chon dugc nghiém x, ciia phuong trinh.
e Xét cdc ham s6 y = f(x) (Cl)v& y = g(x) (CZ). Ta can chitng minh mét ham s6 dong
bién va mot ham so" nghich bién. Khi dé (C,) va (C,) giao nhau tai mét diém duy nhdt c6
hoanh dj x. D6 chinh la nghi¢m duy nhdt ciia phuong trinh (*).

Chii ¥: Néu mot trong hai ham sé'la ham hdng y = C  thi két ludn trén van diing.
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2. CU’C TRI CUA HAM SO

Dinh ly 1: (diéu kién cidn d€ ham s6 co cuc tri)

Gia str ham s f dat cyc trj tai di€m x,. Khi d6 néu f c6 dao ham tai x, thi f'(x,)=0

Dinh Iy 2: (diéu kién du thit I d€ ham s8 c6 cuc tri). Quy tac 1

Gia st ham s y = f(x) lién tuc trén khoang (a;b) chita diém x, va c6 dao ham trén cac
khoang (a;x,) va (xy:b). Khi dé
a) Néu f'(x)<0 véimoi x e (a;xo) va f'(x)>0 voimoi x € (xo;b)
thi ham s6 f(x) dat cuc tiéu tai di€ém x,.
b) Néu f'(x)>0 v6imoi x & (a;x,) va f'(x)<0 véimoi x &(x,:b)

thi ham s& f(x) dat cuc dai tai diém x,.

Pinh 1y 3: (diéu kién da thit I d€ ham s8 ¢6 cuc tri). Quy tac 2

Gia st ham s6 f c6 dao ham trén khoang (a;b) chira diém x,, f'(x,) =0 va f c6 dao ham
cap hai khac khong tai diém x,. Khi d6

a) Néu f"(x,)<0 thihams8 f(x) dat cuc dai tai diém x,

b) Néu f"(x,)>0 thiham s§ f(x) dat cuc tiéu tai diém x,

Dinh Iy 4:

a) Hamso y = f(x) =ax® +bx? +ex+d (a # 0) c6 hai diém cuc tri
s f (x) =3ax? +2bx+c=0 ¢6 hai nghiém phan biét.
b) Hamsd y = f(x) =ax* +bx* + ¢ (a # 0) c6 ba diém cuc tri

& f'(x)=4ax’ +2bx =0 c6 ba nghi¢m phin biét.

VAN P 1: Tim cuc tri cia ham so’

Qui tic 1: Dung dinh Ii 1.

oTim f’(x).

e Tim cdc diém X, (i =12,.. ) ma tai dé dao ham béng 0 hodic khdng cé dao ham.

o Xét ddu f’(x). Néu f'(x) doi ddu khi x di qua x; thi ham s& dat cuc tri tai x;.
Qui tic 2: Dung dinh Ii 2.

o Tinh f’(x).

e Gidi phuong trinh f’(x) =0 tim cdc nghié¢m x, (i =1, 2, )

eTinh f"(x)va f"(x;) (i= 1 2, ...).

Néu f”(xl.) <0 thi ham s6’ dat cuc dai tai x,.
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Phiin 1. Ung dung ctia dao ham

Néu f”(xl.) >0 thi ham s6 dat cuc tiéu tqi x;.

VAN PE 2: Tim diéu kién d€ ham sé cé cuc tri

1. Néu ham 56 y = f(x) dat cuc tri tqi diém x, thi f’(xo) =0 hodc tai x, khong cé dao ham.
2. D& ham 56"y = f(x) dat cyc tri tai diém x, thi f’(x) doi ddu khi x di qua x,,.
Chi y:
e Ham s6 bdc ba y = ax> +bx* +cx+d ¢6 cuc tri < Phuong trinh y' =0 ¢6 hai nghiém
phan biét.
Khi dé néu xo la diém cuc tri thi ta cé thé tinh gid tri cyc tri y(xo) bang hai cdch:
+ y(xo) = ax03 +bx02 +exy +d
+y (xo) = Ax, + B, trong dé Ax+ B la phan du trong phép chiay cho y”.

2
ax“+bx+c _ P(.X) (aali()) co cuc tri <:>Phu’0’ng trinh y':O co hai
a'x+b' 0(x)

e Ham sé y =

!

o %
nghiém phdn biét khdac ——.
a

Khi dé néu xo la diém cuc tri thi ta cé thé tinh gid tri cyc tri y(xo ) bdng hai cdch:

(xo) . _P'xo
(o) ot y(xo)_Q'xo

. N [N A A 7 N A ’ . A . oA . A .
e Khi sit dung diéu kién can dé xét ham sé cé cuc tri can phadi kiém tra lai dé loai bo

o

y(x0) =

()

nghiém ngoai lai.
e Khi gidi cdc bai tdp loai nay thuong ta con sit dung cdc kién thitc khdc nita, nhdt la

dinh li Vi-et.

VAN PE 3: Pudng thing di qua hai di€m cuc tri

1) Ham s6’bdc ba y = f(x)=ax’ +bx> +cx+d.
e Chia f(x) cho f’(x) ta duoc: f(x) = Q(x).f'(x) + Ax + B.
e Khi dé, gid sit (xl;yl), (xz;yz) la cdc diém cuc tri thi: {;)12 z];;ll ::i);l;’_i
= Cdc diém (xl;yl), (xz;yz) ndam trén duong thing y = Ax + B.

P(x) ax? +bx +c¢

O(x) dx+e

P'(xo)

0'(x )

e Gid sit ham s c6 cuc dai va cyc tiéu thi phuong trinh duong thdng di qua hai diém cuc

P'(x) _ 2ax+b

tridyla: y= =

Q'(x) d

2) Ham s6 phén thitc y = f(x) =

o Gid st (xo;yo) la diém cuc tri thi Yo =

5
wwuw.facebook.com/Vanluc168 m www.TOANTUYENSINH.com

www.facebook.com/aroupns/TaiLieuOnThiDaiHoc01


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01

www.facebook.com/groups/TaiLieuOnThiDaiHoc01
Phiin 1. Ung dung ctia dao ham

3. GTLN, GTNN CUA HAM SO

VAN PE 1: Tim GTLN, GTNN ciia ham s& bing cich 1ap bang bién thién
Cdch 1: Thuong dung khi tim GTLN, GTNN ciia ham s6 trén mét khodng.
eTinh f ’(x).
e Xét ddu f'(x)va lap béng bién thién.

e Dita vao bdng bién thién dé két lugn.
Cdch 2: Thuong dung khi tim GTLN, GTNN ciia ham s6 lién tuc trén mét doan [a; b:|.

e Tinh f’(x).
e Gidi phuong trinh f'(x) = 0 tim dugc cdc nghiém x;, x,,..., X, trén [a; b] (néu co).

eTinh f(a), f(b). f(x;). F(x5)s s £(x,)-
e So sdnh cdc gid tri vita tinh va két ludn.

M = max f(x) = max {£(@), £(B), F(x)), f(xy)sner f ()]
m = min f(x) = min {£(a), f(B), £ (X)), f(Xy)serr [(x,)}

VAN P 2: Tim GTLN, GTNN ciia ham s bing cdch diung bt diang thic

Cdch nay dya tryc tiép vao dinh nghia GTLN, GTNN ctia ham sé.

e Chitng minh mot bat ddng thiic.

o Tim mot diém thudc D sao cho iing vdi gid tri 4y, bdt ddng thitc vica tim dugc tré thanh
ddng thitc.
Mot s6'kién thiic thuong ding:

2
1) f(x)=ax’>+bx+c=a x+£ 4
2a 4a

b) Bt dang thitc Co-si:
Véi hai s6'a, b khong dm (a,b > 0) ta luon c6: ; by Jab = a+b>2ab

Diu "=" xay rakhi a=b

a+b+c

V61 ba so'a, b, c khong dm (a,b,c > 0) ta ludn co: >3labc < a+b+c>33abe

2

Diu "=" xayrakhi a=b=c
¢) Mjt s6 bt ding thiic co ban thuong ding
2,42
a”+b

1) a®> +b*> >2ab < ab <

2
2) (a+b) > dab eab<9tD

2
3) (a+b? <2a+ %) e alep? > @D
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VAN PE 3: Tim GTLN, GTNN ciia ham s& biing cdch ding mién gia tri

Xét bai todn tim GTLN, GTNN ciia ham sé f(x) trén mét mién D cho trudc.
Goi y, la mot gid tri tuy ¥ ciia f(x) trén D, thi hé phuong trinh (dn x) sau cé nghiém:
fx) =y, )
xeD 2)
Tuy theo dang ciia hé trén ma ta cé cdc diéu kién tuong iing. Thong thuong diéu kién dy
(sau khi bién doi) c6 dang: m<y,<M (3)
Vi yo la mot gid tri bat ki ciia f (x) nén tw (3) ta suy ra duoc:
min f(x)=m; max f(x)=M
D D

VAN PI 4: St dung GTLN, GTNN ctia ham so trong PT, HPT, BPT

Gia s f(x) la mot ham sé'lién tuc trén mién D va c¢6 min f(x) =m; max f(x)=M . Khi do:
D D

1) Hé phuong trinh {f(x}): & 6 nghiém < m<a <M.
X€

2) Hé bat phiiong trinh {f(xi)z & ¢6 nghiem < M > a.
xe

3) Hé bdt phuong trinh {f(x)DS B c6 nghiem < m< .
xe

4) Bat phuong trinh f(x) > ding vdi moi x < m 2> .

5) Bdt phuong trinh f(x) < B diing vdi moi x < M < .
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4. PUONG TIEM CAN

1. Dinh nghia:
e budng thing x = x, duoc goi la dudng tiém can ding ctia d6 thi haim s& y = f(x) n€u
it nhat mot trong cdc diéu kién sau dudc thod man:

lim f(x)=+w; lim f(x)=-w; lim f(x)=+0; lim f(x)=-o
x—x," x—x," x—x, x—x,

e Budng thing y =y, duoc goi la dudng tiém cin ngang cla d6 thi ham s§ y = f(x)
né&u it nha't mot trong cdc diéu kién sau dugc thod man:
lim f(x)=y,; lim f(x)=y,
X—>—00

X—>+00
e Dudng thing y=ax+b,a#0 duoc goi la dudng tiém cin xién cda dd thi ham so

y = f(x) néu it nhat mot trong cdc diéu kién sau dudc thod man:
[f()=(ax+b)]=0;  lim [f(x)—(ax+b)]=0
X—>—0

lim
X—>+00
2. Chii §:

a) N&u y = f(x) = g EX) 12 ham 8 phan thic hitu tj.

X
e Néu Q(x) = 0c6 nghiém x, thi do thi c6 tiém cin ding x = x,.
e Né&u bic (P(x)) < bac (Q(x)) thi dd thi c6 tiém cin ngang.
e Néu bac (P(x))=bac (Q(x))+1 thi d thi c6 tiém can xién,
b) B€ x4c dinh cdc hé s§ a, b trong phuong trinh clia tiém cin xién, ta ¢ thé dp dung
céc cong thuc sau:

a= lim M; b= lim [f(x)—ax]
x—>+00 X X—>+0

hoic a= lim L& b= lim [f(x)—ax]
X—>—00 X X—>—00
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Phiin 1. Ung dung ctia dao ham

5. KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO

Cdc budc khdo sdt su bién thién va vé do thi ciia ham sé

e Tim tip xdc dinh cia ham sd.

e Xét su bi€n thién cia ham so:

+ Tinh y'.

+ Tim cdc di€m tai @6 dao ham y’ biing 0 hoic khong xdc dinh.

+ Tim cdc gi6i han tai v6 cuc, gidi han vd cuc va tim tiém cin (néu o).

+ Lap bang bi&n thién ghi rd didu clia dao ham, chiéu bi&€n thién, cyc tri ctia ham s6.

e V& 36 thi cia ham sd:

+ Vé cdc dudng tiém cin (néu cb) cia do thi.

+ Xdc dinh mot s6 diém dic biét cia d6 thi nhu giao diém clia dd thi vdi cic truc toa dod
(trong trudng hop dd thi khong cit cdc truc toa do hodc viéc tim toa d6 giao di€m phic tap thi
c6 thé bé qua). C6 thé tim thém mot sd di€m thudc dd thi dé c6 thé vé chinh x4c hon.

+ Nhan xét vé d6 thi: Chi ra truc d6i xitng, tAim ddi xing (néu c6) clia dd thi.
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Phiin 1. Ung dung ctia dgo ham

6. SU TWONG GIAO CUA PO THI HAM SO

Bai toan tong quat

. ] s e aq e .1 « [(C):y=f(x)
Trong mp(Oxy). Hay xét suw twong giao cta do thi hai ham so: 1
g mp(Oxy). Hay xét sy tuong g i {(Cz):y=g(x)
Y (C) Y (€)
M, |¥
ml X i / ,—\\ x
a a2 ; 0

(Cl)vé (Cz) khong c6 diém chung (Cl)vé (Cz) cat nhau (Cl)vé (Cz) ti€p xtic nhau

Phuong phap chung;:
* Thiét lap phuong trinh hoanh d¢ giao diém ctia d6 thi hai ham s6 da cho:
7(x)=s(x) (1)
* Tuy theo s6 nghiém cta phuong trinh (1) ma ta két luan vé s6 diém chung
ctia hai do thi (C,)va (C, ).
Luu y:
S6 nghiém cua phuong trinh (1) chinh 12 s6 giao di€m cua hai db thi (C,)va (C,).
Ghi nhé: S6 nghiém cua pt (1) bang s6 giao diém ctia hai d6 thi (C1 ) va (C2 )

Chay1:
* (1) vO nghiém = (C1 ) va (Cz) khong c6 diém diém chung
* (1) c6 n nghiém =3 (Cl)vz‘i (Cz) c6 n diém chung
Chay2:

* Nghiém x, cua phuong trinh (1) chinh 12 hoanh d¢ diém chung cua (C1 ) va (C2 )
Khi d6 tung do diém chung1a y, = f(x,) hodc y, = g(x,).

13
L
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7. TIEP TUYEN CUA PO THI HAM SO

Dang 1: Viét phwong trinh ti€p tuyén véi do thi
(C):y=f(x) tai diém M (xy;y,) e (C)

Phuong phap:

Phuong trinh ti€p tuyén véi (C ) tai M (xo; yo) c6 dang:
Y=y =k(x—xq) hay y=f"(x)(x—xy)+ f(x))
Trong d6:  x,: hoanh d¢ ti€p diém
Yo : tung dotiép di€mva y, = f (xo)

k:  hésd goc cua tiép tuyén va dugc tinh boi cong thic: k = f (xo)

Dang 2: Viét phwong trinh ti€p tuyén véi do thi
(C):y =f(x) biét tiép tuyén c6 hé s6 géc k cho trwéc

Phwong phap: Ta c6 thé tién hanh theo cac budc sau

Budc 1: Goi M(xy;y,) € (C) 1a ti€p diém ctia ti€p tuyén véi (C)

Bwdc 2: Tim x, bang cach giai phuong trinh : f ’(xo) =k, tedosuy ra y, = f(x,)="?
Buwédc 3: Thay cac yéu t6 tim duoc vao phwong trinh: y—y, =k (x - xo) ta sé duoc

phuong trinh tiép tuyén can tim.
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Chu y : D6i véi dang 2 nguoi ta ¢d thé cho hé s6 géc k dudi dang gian ti€p nhu : tiép
tuyén song songtiép tuyén vuong goc véi mot duong thang cho truedc .

"
I e
(©): y=1(¥ ulll Al ke
-\\H/ _}':Iflr+b \\\/
fffffx JJC-' i
&;fﬂ’f Ic:—;&

\ A:y=ax+b
Khi d6 ta cin phai st dung cac kién thic sau:
Dinh 1y 1: Néu duong thing (A) c6 phuwong trinh dang: y =ax+b thi hé s6 goc
cua (A) la:

ky=a
Pinh 1y 2: Trong mp(Oxy) cho hai duwong théng (A)) va (A,) . Khi do:

Dang 3: Viét phwong trinh ti€p tuyén véi (C) :y =f(x) biét

tiép tuyén di qua di€ém A(x A3Y A)

A

/ Ary—y,=klx—x,) S y=Mdx-—x)+y,

Phwong phap : Ta c6 thé tién hanh theo cac budc sau

Budc 1: Viét phuwong trinh ti€p tuyén (d) voi (C ) tai di€m M, (xo;yo) e (C)
(d):y=fx)x=x)+f(x) (%)
Budc 2: Dinh x, dé (d) di qua diém A(xA;yA)Ta cO:
(d) di qua diém A(xA;yA) Sy, = ) xy, —xp)+ fxg) (1)
Budc 3: Gidi phuong trinh (1) tim x,.Thay x, tim dwoc vao (*) ta sé duoc

phuong trinh tiép tuyén can tim.
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8. BIEN LUAN SO NGHIEM CUA PHUO'NG TRINH BANG PO THI

Co so cua phwong phap
Xét phuong trinh f(x) = g(x) 1)
Nghiém x, cua phwong tri (1)
Y

chinh 1 hoanh do giao diém cta (C,):y = f(x)
va (Cz):yzf(x)

()

><>< ()
L X
Xo

Bai toan: Bang d6 thi hay bién luin theo m s§ nghiém ctia phuwong trinh dang:
fx)=m (%)

Phuong phap:

Budc 1: Xem (*) la phuong trinh hoanh d¢ giao di€m ctia hai do6 thi:
¢ (C):y=f(x) :(C)la dd thi ¢ dinh

e (A):y=m : (A) 12 dudng thing di ddng cling phuong Ox

va cit Oy tai M(0;m)
Buéc 2: Ve (C) va (A) lén cing mot hé truc toa do

Budc 3: Bién ludn theo m s6 giao di€ém cua (A) va (C )
Tt d6 suy ra s6 nghiém cua phuong trinh (*)

(C€):y=f(x)

<

Minh hoa:

A\

VAN

Dang: f(x) = g(m) giai twong tu
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Phiin 1. Ung dung ctia dgo ham

9. TIM PIEM THUOC PO THI THOA PIEU KIEN CHO TRUO'C

Pinh nghia: Cho ham s6 y = f(x) xac dinh trén tap D.
Trong mat ph:fmg toa do (Oxy), tap hop (C) tat ca cac diém co toa do (x; f (x)) voi xeD

duoc goi 1a d6 thi cila ham sd y = f(x).

A

//\ /.,

Tt dinh nghia ta c6: (C) = {M /M (x;y) véix e Dvay = f(x)}

M(xy;v,)€(C)=x, €D va y, = f(x,)

Phuong phap chung
Dat M (x,,y,)€(C) v6i y, = f(x,) 1a diém can tim;
T diéu kién cho trredc ta tim mot phwong trinh chita x,;

Giai phwong trinh tim x, suy ra y, = f(xo) — M(xo;yo) .
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Phin 2. Ham s8 lity thira, mii, l6garit

IL. HAM SO LUY THUA - HAM SO MU
HAM SO LOGARIT

§1. LOY THUA

1. Dinh nghia luy thira
S6 mii « Cdsd a Luy thita o
a=neN* aeR a*=a" =a.a.....a(n thita sé a)
a=0 a#0 a*=a’ =1
|
a=-n (neN¥) a#0 a“=a" =—
a
m m
a:g(mEZ,nEN*) a>0 a®=a" =Xa" Wa=bob" =a)
a=limr (r €Q, neN¥) a>0 a® =lima"

2. Tinh chdt cua luy thita

e Véimoi a>0, b>0 taco:

a
- a a
a“a’ =a“’’ ; —=a"" ; (@)’ =a“"; (ab)* =a”b* ; (;) =—

. a>1: a®*>d’ sa>p; O<a<l: a*>d’ a<p

e VGi O0<a<b tacé:
a" <b" om>0; a" >b" om<0

Chii y: + Khi xét luy thita véi s6 mii 0 va s6 mii nguyén dm thi co s6 a phdi khdc 0.
+ Khi xét luy thita vdi s6 mii khong nguyén thi co s6 a phdi diong.

3. Dinh nghia va tinh chdt ciia cdn thiic

eCinbic n clda a 1asd b saocho b" =a.

eVGia, b>0, m, n e N* p ¢q€Z tacé:
n
Yab =Ya b ; q/%:%(z»m; Jar =(¥a) @>0);  Wa="a
b
Neu L =L g War <%0t (a>0): Bac biet Ya ="a"
n m

e Né&u n 1a s6 nguyén duong 1& va a < b thi Yo <b .
Néu n 1a sd nguyén duong chin va 0 <a < b thi Ya<p.

www.facebook.com/aroupns/TaiLieuOnThiDaiHoc01
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Chit y:
+ Khi n 1é, mbi s6 thuc a chi cé mot cin bac n. Ki hiéu (’/Z.
+ Khi n chdn, méi s6 thuc duong a c6 ding hai cin bdc n la hai s6 doi nhau.
4. Cong thiic ldi kép
Goi A 1a s6 tién gtti, r 13 1i sudt mdi ki, N 1a sd ki.

S& tién thu dudc (ca von 14n 13i) 1a: C=A0+r)N

§2. HAM SO LUY THUA

Pinh nghia
So mii « Ham sé y=x“ Tap x4c dinh D
a = n (n nguyén duong) y=x" D=R
a = n (n nguyén 4m hoic n=0) y=x" D=R\{O}
a 1a s6 thuc khong nguyén y=x“ D= (O; +00)
1
Chii y: Ham 56"y = x" khéng dong nhdt véi ham s6 y = e (n € N*).

Pao ham

o (xa )’ =ax®1 (x>0) (ua ), =aqu* ' u

Chii - ((‘/;)' _ 1 (vd’i x>0néun chcfnj. (,\1/;) __u

vdi x #0 néu n 1é

§3. LOGARIT

1. Dinh nghia
eVéia >0,a#1,b>0 tacs: |log,b=a <a“=b

>0
e [ogarit thap phén: lgb=logb=log,,b
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n
e Logarit tu nhién (logarit Nepe): |Inb=log, b| (v6i e= lim(l +l) ~2,718281)
n

2. Tinh chdt
e log 1=0; log, a=1; log,a”=b; a8’ = p (b>0)
e Cho a>0,a#1, b, c>0. Khi dé:
+N&u a>1 thi log b>log, c=b>c
+Né&u 0<a<1 thi log,b>log,c=b<c
3. Cdc qui tdc tinh logarit
Véia>0,a=1, b, c>0, taco:

e log,(bc)=log, b+log, c . loga(éjzlogab—logac o logaba =alog, b

4. Pdi co sé
Véia, b, c>0 va a, b#1, taco:

log. c=28aC 10 los blog, c=1
. Ogbc_log , hay log,b.log, c=log,c

a

1

log, a

e log, b= OIOgaac:llogac(a;tO)
a

§4. HAM SO MU. HAM SO LOGARIT

1.Hamsomii y=a* (a >0, a#1).
e Tap xdc dinh: D =R.
eTapgid tri: T = (0;+c0).
e Khi a >1 ham s6 dong bién, khi 0 < a <1 ham s& nghich bién.
e Nhin truc hoanh lam ti€m cdn ngang.

e Do thi:
y y
/ - I\
1
1 . X
a>1 O<a<1

2. Ham s0'logarit y=1log, x (a >0, a#1).
e Tap xdc dinh: D = (0;+400).
eTapgidatri: T=R.
e Khi @ >1 ham s& ddng bi€n, khi 0 < a < 1ham s& nghich bién.
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e Nhin truc tung lam ti€m cdn ding.
e P thi:

y=logax

y=logax
/ ‘|\1 *
M X O \

a>1 O<a<1

3. DPao ham

§5. PHUONG TRINH MU VA PHUONG TRINH
LOGARIT

PHUONG TRINH MU

1. Phuong trinh mii co ban:

V6ia>0,a#1: ax:bc{
x =log,b

2. Mt s0 phuong phdp gidi phuong trinh mii
a) Pua vé ciing co' so:

Véia>0,a#1: a’™ =a*Y o f(x)=g(x)
Chii y: Trong truong hop co s6 c6 chita dn s6'thi: o™ =d" < (a-1)(M -=N)=0
b) Logarit hod:
a’® =p" & f(x)= (loga b).g(x)
¢) Pdt dn phu:

_
eDgngl:  P(a’"™)=0 @{;;’ 0”>0, trong d6 P(r) 1a da thitc theo 7.
)=

e Dang 2: aa?f ™ +ﬂ(ab)f(x) +}/b2f(x) —0
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f(x)
Chia 2 v€& cho »*/™, rdi ddt 4n phu ¢ = (%j

. 1
eDang3: /@ +p/® = v6i ab=1.Dit t=a’/ =/ ==
t

d) St dung tinh don dié¢u ctia ham sé
Xét phuong trinh: f(x) = g(x) (1)
e Dodn nhin x; 1a mot nghiém ctia (1)
e Dya vao tinh déng bié€n, nghich bié€n clia f(x) va g(x) d€ k&t luan x, 1a

f(x) ddng bi€n va g(x) nghich bi€n (hoic dong bi€n nhung nghiém ngit).

hiém d hat: 3 y
nghiem duy nha [f(x) don diéu va g(x) = c hang s6

* Néu f(x) ddng bién (hoiic nghich bién) thi f(u)=f(v) < u=v

e) Pua vé phuong trinh cdc phuong trinh ddc biét
A=0

¢ Phuong trinh tich A.B=0< { B-0

e Phuong trinh A’+B* =0 A=0
B=0
f) Phuong phdp doi lap
Xét phuong trinh: f(x) = g(x) (1)

PRSI M Sy =M
Neéu ta chitng minh dudc: { <M thi (1)<:> gx)=M

PHUONG TRINH LOGARIT

1. Phuong trinh logarit ¢d ban
Véia>0,a#1: logax=b<:>x:a

b

2. Mot s6 phuong phap gidi phuong trinh logarit
a) Pua vé ciing co s6’

votazQazli o log Jl)=log, 80 S {ﬁg = & hode s> 0)
b) Mii hod
Véia>0,a%1:  log, f(x)=be a' %/ =4

¢) Pdt dn phu
d) St dung tinh don di¢u ctiia ham sé
e) Pua vé phuong trinh ddc biét
f) Phuong phdp doi lap
Chii y:
e Khi gidi phuong trinh logarit can chii ¥ diéu kién dé biéu thiic cé nghia.

/e N 1 1
oeVédia, b,c>0va a, b, c#1: a 8¢ =%
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§6. BAT PHUONG TRINH MU VA BAT

PHUONG TRINH LOGARIT

BAT PHU'O'NG TRINH MU

e Khi gidi cdc ba't phuong trinh mii ta cAn chi ¥ tinh don diéu cia hAm s mi.
a>1

O s 800 o {f (x) > g(x)
O<ax<l

J(x) < g(x)
e Ta ciing thudng st dung cdc phuong phdp gidi tuong tu nhuw d6i v6i phuong trinh mii:
— Pua vé cling co sd.
— DPit 4n phu.
Chii y: Trong truong hop co s6 a cé chita dn s6 thi:
a’' > a" < (a-1)(M-N)>0

BAT PHU'O'NG TRINH LOGARIT

e Khi gidi cdc ba't phuong trinh logarit ta can chd y tinh don diéu clia ham s6 logarit.

{a >1
log, f(x)>log, g(x) < f0> 8(x)>0
O<axl
{O <f(x)<g(x)
e Ta ciing thudng st dung cdc phuong phdp gidi tuong ty nhu d6i véi phuong trinh logarit:
— Pua vé cling co sd.
— DPit 4n phu.
Chii ¥: Trong truong hop co s6 a c6 chita dn s thi:
log, A
log

log, B>0< (a-1)(B-1)>0; >0 (A-1)(B-1)>0

a
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III. NGUYEN HAM - TICH PHAN VA UNG DUNG

§1. NGUYEN HAM

1. Khdi niém nguyén ham
e Choham s6 f xéc dinh trén K. Ham s6 F dugc goi la nguyén ham cta f trén K néu:
F'(x)=f(x),VxeK
e Né&u F(x) la mot nguyén ham cia f(x) trén K thi ho nguyén ham cua f(x)trén K la:
[f(x)dx=F(x)+C ,CeR.
e Moi ham s6 f(x) lién tuc trén K déu c6 nguyén ham trén K .
2. Tinh chat
o [fl)dx=fx)+C o [[fx)tgn)ldx=[ f(x)dx* [g(x)dx o [kf(x)dx=k[f(x)dx (k=0)

3. Nguyén ham ciia mot s6 ham so thuong gdp

o |0dx=C X
I * OJaxdx=a +C (0<a=#l)
. Idx=x+C Ina
° jcosxdx=sinx+C
a xa+1
° Ix dx:a+1+C, (a#-1) . jsinxdx=—c0sx+C
1 1
° _[—dx=1n|x|+C ° J—zdx:tanx+C
X cos” x
X _ X
.Ie de=e +C OJ;dx:—cotx+C
sin? x
o [cos(ax+bydx =sin(ax+b)+C (a#0) | o [¢*Pdx=Le™ 4C, (a0)
a a
° _[sin(ax+b)dx=—lcos(ax+b)+C (a#0) |o J.;dx:lln|ax+b|+c
a ax+b a

4. Phuong phdp tinh nguyén ham
a) Phuong phéap ddi bi€n s6
N&u [ f(uydu=Fu)+C va u=u(x) c6 dao ham lién tuc thi:

[ £luCo)]u'(x)dx = Fu(x)]+ €
b) Phuong phdp tinh nguyén ham tirng phan

Né&u u, v 12 hai hAm s6 c¢6 dao ham lién tuc trén K thi:

Iudv:uv—jvdu
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Phin 3. Nguyén ham, tich phdn va ving dung

VAN PE 1: Tinh nguyén ham biing cich sif dung bang nguyén ham

Bién doi biéu thicc ham s6 dé sit dung dugc bdang cdc nguyén ham co bdn.
Chii y: D& sit dung phuong phdp nay can phdi:
— Ndm vitng bdng cdc nguyén ham.

— Ndm viing phép tinh vi phan.

VAN PE 2: Tinh nguyén ham j f(x)dx bing phuong phap d6i bi€n so

e Dang 1: Néu f(x) co dang: f(x) = g[u(x)].u'(x) thitaddt t=u(x) = dt=u'(x)dx.
[ fodx = [ gy,

Chu y: Sau khi tinh jg(t)dt theo t, ta phdi thay lai t = u(x).

Khi do: trong do J g(tdt dé dang tim duoc.

e Dang 2: Thuong gdp 0 cdc truong hop sau:

f(x) cé chita Cdch doi bién
T V4
x=|a|sint, ——<t<—
a’ —x* 2 2
hodc x:|a|cost, 0<t<rx
x=|a|tant, ——<f<—
a’ +x°

VAN PE 3: Tinh nguyén ham biing phuong phap tinh nguyén ham titng phan

Voi P(x) la da thiic ciia x, ta thuong gdp cdc dang sau:

IP(x).exdx jP(x). cos xdx JP(x). sin xdx IP(x). In xdx
u Px) Px) P(x) Inx
dv e dx cos xdx sin xdx Px)

VAN DPE 4: Tinh nguyén ham biing phuong phap ding nguyén ham phu

P& xdc dinh nguyén ham ciia ham sé f(x), ta can tim mot ham g(x) sao cho nguyén ham cua
cdc ham s6 f(x) + g(x) dé xdc dinh hon so vdi f(x). Tw do suy ra nguyén ham ciia f(x).
Budc 1: Tim ham g(x).
Budc 2: Xdc dinh nguyén ham ciia cdc ham s6 (x) + g(x) , ke la:

{F(x) +G(x) = A(x)+C,

F(x)—G(x)=B(x)+C, )

Budc 3: T hé (*), ta suy ra F(x)= %[A(x) + B(x)] +C la nguyén ham ciia f(x).
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Phin 3. Nguyén ham, tich phdn va ving dung

VAN PE 5: Tinh nguyén ham ctia mot so ham sé thudong gip

P(x)
o(x)
— Néu bac ciia P(x) > bdc cida Q(x) thi ta thuc hién phép chia da thiic.

1. f(x) la ham hitu ti: f(x)=

— Néu bdc ciia P(x) < bdc cua Q(x) va Q(x) c6 dang tich nhiéu nhan tit thi ta

phan tich f (x) thanh téng ciia nhiéu phan thitc (bdng phuong phdp hé sé bdt dinh).

Chdng han: ! _4 + B
(x—a)x=b) x—a x-b
12 __A4 f“c V6iA=b? —dac <0
(x—m)(ax“+bx+c) X—M qax“+bx+c
1 A B C D
= + + +

(x—a)(x—b> *—a (x—ay X=b (x—b)
2. f(x) la ham vo ti

+f(x)=R(x,m’ax+bj _)dd”:max—i-b
cx+d cx+d

1
+ =R —ddt t=Nx+a+~Nx+b
f(x) («/(x+a)(x+b)] ¢ rraTNa

of (x) la ham luong gidc

Ta sit dung cdc phép bién ddi luong gidc thich hop dé dua vé cdc nguyén ham co
bdn. Chdng han:

1 1 sin[(x+a)—(x+D)] i dume 1 = S@=0)
sin(x +a).sin(x + b) B sin(a—b) sin(x +a).sin(x+b)’ gt sin(a—b)

1 1 sin[(x+a)-(x+b)] 7 dume 1= sin(a—b)j
cos(x+a).cos(x+b) - sin(a—b) cos(x+a).cos(x+b)’ et sin(a —b)

1 B 1 cos[(x+a)—(x+b)] i dune 1= cos(a—>b)
sin(x + a).cos(x + b) B cos(a—b) sin(x +a).cos(x+b)’ gt cos(a—>b)

+ Néu R(—sinx,cosx)=—R(sin x,cos x) thi ddt t = cosx
+ Néu R(sin x,—cos x) = —R(sin x,cos x) thi ddt t = sinx

+ Néu R(—sinx,—cosx)=—R(sin x,cos x) thi ddt t = tanx (hodc t = cotx )
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Phin 3. Nguyén ham, tich phin va iing dung

§2. TICH PHAN

1. Khdi niém tich phdn

e Choham s6 f liéntuc trén K va a, b K.N&u F 1a mdt nguyén ham ctia f trén K thi:

b
F(b)-F(a) dgl tich phanciia f tf a d&n b va ki higula [ f(x)dx.

a

b
[ £(x)dx = F(b) - F(a)

e D3i vdi bi€n s6 14y tich phan, ta c6 thé chon bat ki mdt chit khac thay cho x, tic la:

b b b
[ fCodx = [ f(t)dt = [ fwdu =...= F(b)— F(a)

e Y nghia hinh hoc: N&u ham s§ y = f(x) lién tuc va khong Am trén doan [a; b] thi dién tich

S cha hinh thang cong gidi han bdi do thi cla yzf(x), truc Ox va hai dudng thing

b
x=a,x=>bla: S = [ f(x)ydx

2. Tinh chét cua tich phan

0 b a b b

. Jf(x)dx:O . Jf(x)dx:—.ff(x)dx ° ka(x)dx:k‘[f(x)dx (k : const)
0 a b a a
b

b b b c b
o [[f)2goldx=[fxdx+[gx)dx o [ flx)dx=[fx)dx+ [ f(x)dx

a

b
e N&u f(x)20 trén [a; b] thi [ f(x)dx20

b b
e Néu f(x) > g(x)trén [a; b] thi Jf(x)dxzjg(x)dx

3. Phuong phdp tinh tich phan
a) Phuong phéap ddi bién s6

u(b)

b
[Flueo]w'eode = | fuydu

u(a)

trong d6: u = u(x) c6 dao ham lién tuc trén K, y = f(u) lién tuc va ham hgp
f[u(x)] xdc dinh trén K ,a, b e K.

b) Phuong phdp tich phan titng phan

b b
. C1s o . TR N N b
Néu u, v 1a hai ham s6 ¢6 dao ham lién tuc trén K ,a, b € K thi: judv = uv‘a —jvdu
a a
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Phin 3. Nguyén ham, tich phdn va ving dung

Chii y: — Can xem lai cdc phuwong phdp tim nguyén ham.

b b
— Trong phutong phdp tich phén titng phdn, ta cdn chon sao cho Jvdu dé tinh hon judv.

a a

VAN DE 1: Tinh tich phan biing cich si dung bing nguyén ham

Bién doi biéu thitc ham sé dé sit dung dugc bdng cdc nguyén ham co bdan. Tim nguyén
ham F(x)czia f(x) , rOi sit dung truc tiép dinh nghia tich phan:

b
[ f(x)dx = F(b) - F(a)

Chii ¥: D€ sit dung phuong phdp nay can phdi:

— Ndm vitng bdng cdc nguyén ham.

— Ndm vitng phép tinh vi phan.

VAN DK 2: Tinh tich phan biing phuong phap déi bién s&

b
Dang 1: Gid sit ta can tinh Ig(x)dx .

a

b u(b)
Néu viét duoc g(x) dudi dang: g(x)= f[u(x)] u'(x) thi Ig(x)dx = I f(u)du
a u(a)

B
Dang 2: Gid sit ta can tinh If(x)dx.

a

Dat xzx(t) (te K) va a, b e K thod man azx(a),ﬁ: x(b)

Vit b b
thi [ fCodx = [ fx®]x'(0)dt = [ g()dt (s = f[x®)]x'®)
o a a
Dang 2 thuong gdp 0 cdc truong hop sau:
f(x) ¢6 chita Cdch doi bién
. Vs V4
a2—x2 x:|a|s1nt, _EStSE
hodic x=|a|cost, 0<t<r
> > x:|a|tant, —£<t<Z
a +x 2 2
hodic x:|a|cott, O<t<rm
x=|,i|t, t{—%;%}\{o}
sin
x*—a? ldl -
hodc x= , te [0;72'] \ {—}
cost 2
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Phin 3. Nguyén ham, tich phdn va ving dung

VAN PE 3: Tinh tich phan biing phuong phap tich phan tirng phin

Voi P(x) la da thiic cia x, ta thuong gdp cdc dang sau:

b b b b
JP(x).exdx IP(x).cos xdx IP(x).sin xdx IP(x).lnxdx
a a a a

u P(x) P(x) P(x) Inx
dv e dx cos xdx sin xdx P(x)

VAN DPE 4: Tinh tich phan c4dc ham s6 ¢6 chita gi4 tri tuyét doi

DPé tinh tich phéan ciia ham sé f(x) c6 chita ddu GTTP, ta can xét ddu f(x) roi sit dung cong

thitc phdan doan dé tinh tich phdn trén tieng doan nhd.

VAN PE 5: Tinh tich phan cdc ham s& hitu i

Xem lai cdch tim nguyén ham ciia cdc ham sé hitu ti.

VAN DK 6: Tinh tich phan cdc ham s& vé i

Xem lai cdch tim nguyén ham ciia cdc ham s6 vo ti.

VAN PE 7: Tinh tich phan cdc ham sé lugng gidc

Xem lai cdch tim nguyén ham ciia cdc ham s6 luong gidc.

VAN PE 8: Tinh tich phan cdc ham s mii va logarit

Sit dung cdc phép todn vé luy thita va logarit. Xem lai cdc phuong phdp tim nguyén ham.

VAN PE 9: Mot s& tich phan dic biét

Dang 1. Tich phan ciia ham s6 chdn, ham s6'1é

a
o Néu ham sé f(x) lién tuc va la ham sé' 18 trén [—a; a} thi I f(x)dx=0
-a

a a
o Néu ham sé f(x) lién tuc va la ham sé chdn trén [—a; a:| thi I f(x)dx = ZI f(x)dx
—-a 0
Vi cdc tinh chdt nay khong cé trong phdn ly thuyét ciia SGK nén khi tinh cdc tich phédn cé
dang nay ta cé thé chitng minh nhu sau:

a 0 a 0 a
Budc 1: Phan tich 1= [ f(x)dx= | f(xdx+] f(x)dx (J= [ flx)dx; K = f(x)de
—a —-a 0

—a 0

0
Budc 2: Tinh tich phan J = I f(x)dx bdng phiwong phdp ddi bién. Pdt t = —x.

—a

— Néu f(x) la ham s6'1é thi J=-K=1=J+K=0

— Néu f(x) la ham s6'chdnthi J=K =1=J+K=2K
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Phin 3. Nguyén ham, tich phdn va ving dung

Dang 2. Néu f(x) lién tuc va la ham chdn trén R thi:
de If(x)dx (véi a e R**va a>0)
“ga +1
Pé chitng minh tinh chdt nay, ta ciing lam tuong tu nhu trén.

]_Ifu)l If() S iC I (J If(x)l k=[O,

+1 +1 oa +1 +1 pa +1

Pé tinh J ta ciing ddt: r=-x.

T

f(sin x)dx = I f(cosx)dx

Dang 3. Néu f(x) lién tuc trén {0;%} thi
0

o'—.mm

o 4 L v s . T
Dé chitng minh tinh chdt nay ta ddt: t = 2 X

Dang 4. Néu f(x) liéntucva f(a+b—x)=f(x) hodc f(a+b—x)=—f(x)
thiddat: t=a+b-x
DBdc biét, néua+b=rx thi ddt t=mw— x
néu a+b=2r thi ddt t=2r— x
Dang 5. Tinh tich phdn bang cdch sit dung nguyén ham phy
Pé xdc dinh nguyén ham ciia ham sé f(x) ta can tim mot ham g(x) sao cho nguyén
ham ciia cdc ham sé f(x) + g(x) dé xdc dinh hon so vdi f(x). Tw do suy ra nguyén ham cua
f (x) Ta thuc hién cdc budc nhu sau:
Buoc 1: Tim ham g(x).
Budc 2: Xdc dinh nguyén ham ciia cdc ham s6 f (x) + g(x) , ke la:
{F(x) +G(x) = A(x)+C,

F(x)—G(x)=B(x)+C, )

Budc 3: Tue hé (*), ta suy ra F(x)= %[A(x) +B(x)] +C la nguyén ham ciia f(x).

VAN DK 10: Thiét 1ap cong thiic truy hdi
b
Gid si can tinh tich phdan I = If(x,n)dx (n € N) phu thudc vao sé nguyén duong n. Ta thuong

a

gdp mdt s6 yéu cdu sau:
o Thiét lap mdt cong thitc truy hoi, titkc la biéu dién I, theo cdac I, _,(1<k<n).
e Chitng minh mét cong thitc truy hoi cho trudc.
o Tinh mot gid tri I, cu thé nao do.
0
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§3. UNG DUNG CUA TiCH PHAN

TRONG HINH HOC

1. Dién tich hinh phdng
e Dién tich S clia hinh phing gidi han bdi cdc dudng:
— Pd thi (C) cdahamsd y= f(x) lién tuc trén doan [a; b].
— Truc hoanh.

— Hai dudng thing x =a, x = b.

b
1a: S = [|f(x)ldx (1)

e Dién tich S clia hinh phing gidi han bdi cdc dudng:
— Db thi clda cdc ham s y = f(x), y= g(x) lién tuc trén doan [a; b].

b
— Hai dudng thazlng x=a,x=bla:|S =_[|f(x)—g(x)|dx (2)
a

Chii y:

b b
o Néu trén doan [a; b] yham sé f (x) khéng doi déu thi: _”f(x)|dx = If(x)dx
a a

e Trong cdc cong thiic tinh dién tich & trén, cdn khit ddu gid tri tuyét doi ciia ham sé dudi
ddu tich phan. Ta c6 thé lam nhu sau:

Budc 1: Gidi phuong trinh: f(x) =0 hodc f(x)—g(x) =0 trén doan [a; b].
Gid su tim dugc 2 nghiém c, d (c < d).

Budc 2: St dung cong thitc phdn doan:

b c d b
I|f(x)|dx = I|f(x)|dx + I|f(x)|dx + I|f(x)|dx
a a c d
c d b
= |[ O]+ |[ f Coxdx|+| [ f (x)dx
a c d

(vi trén cdc doan [a; c], [c; d], [d; b] ham sé f(x) khéng déi ddu)
e Di¢n tich S ciia hinh phdng gidi han bdi cdc duong:
— Pé thi cila x = g(y), X = h(y) (g va h la hai ham s6'lién tuc trén doan [c; d])

— Hai duong thing x=c, x =d.

d
S = [[g()—h(x)ldy
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Phin 3. Nguyén ham, tich phdn va ving dung

2. Thé tich vdt thé
e Goi B 13 phin vat thé gigi han bdi hai mit phing vudng géc vdi truc Ox tai cdc diém
cic diém a va b.
S(x) 12 dién tich thi€t dién cda vat thé bi cit bdi mit phing vudng géc vdi truc Ox tai

diém c6 hoanh dd x (a < x <b). Gia st S(x) lién tuc trén doan [a; b].

b
Thé tich ctia B 1a: V = [S(x)dx
a

e Thé tich ctia khdi tron xoay:
Thé tich ctia khdi tron xoay do hinh phing gidi han bdi cic dudng:
(C):y = f(x), truc hoanh, x =a, x=b (a< b)

sinh ra khi quay quanh truc Ox :

b
V=7z.[f2(x)dx

Chii ¥: Thé tich ciia khéi tron xoay sinh ra do hinh phdng gidi han béi cdc duong sau
quay xung quanh truc Oy :

(C): X = g(y), truc tung, y=c, y=d

d
la: V=r[g*(y)dy
C
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IV. SO PHUC

1. SO PHU’C & CAC PHEP TOAN

1. S6 phiic 1a mot biéu thire dang a + bi, trong d6 a, b 1a cac s6 thue va s6 i thoa man

i =-1.Kihiéu z=a-+bi.
e i: don vi do, e a: phin thuc, e b: phin do.
Chu y:
. z=a+0i=a duoc goila sd thuc (a € R CC)
. z=0+bi = bi duoc goila s6 ao (hay s6 thuan ao)
. 0 =0+ 0i vira la sO thuc vira la s ao y
b .

2. Biéu dién hinh hoc ciia s6 phic.
. M (a;b) biéu dién cho s8 phitc z <z =a+bi

3. Hai sé phiic bzing nhau. Cho hai s6 phtic z=a+bi va z'=a'+b'i v6i a,b,a'\b'e R

1=7'& a=a
b=b'
4. Cong va trir s6 phiic. Cho hai sd phttc z=a+bi va z'=a'+b'i v6i a,b,a',b'eR

z+z'=(a+a')+(b+b')i

z—z'z(a—a')Jr(b—b')i
5. Nhin hai s6 phiic. Cho hai s6 phttcc z=a+bi va z'=a'+b'i v6i a,b,a',b'e R
zz'=(aa'—bb")+(ab'+ a'b)i
k(a + bi) = ka + kbi (k € R)
6. Modun ca s6 phikc z = a+ bi

e SOthuc |z|=Va®+b* = ‘W‘ goi la modul cua sd phiic z=a + bi.

2l =a® +b* =2z =|oM] voi M (a;b) la di€ém biéu dién s& phulc z.
IzZ1>0,VzeC,lzl=0=2=0.

o lzzl=lzllz1,

:E'
EAN
o ||z|—|z'||£|ziz'|S|z|+|z'|'
7. 86 phifc lién hop ctia s6 phitc z=a+bi 1a

) zZ=z ° zxz'=zxZ2'

z
_.

z

° ‘Z‘=|Z| L] zz'=zz'

31
wwuw.facebook.com/Vanluc168 m www.TOANTUYENSINH.com

www.facebook.com/aroupns/TaiLieuOnThiDaiHoc01


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01
https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01

www.facebook.com/groups/TaiLieuOnThiDaiHoc01
Phin 4. S6 phiic

- z Z
o z+z=2a o (—1j:?1
2 Zy

- 2 2 2
. zz=a +b =|Z|

8. Chia hai s6 phiic.
Cho hai s6 phttc z=a+bi va z'=a'+b'i v6i a,b,a',b'e R

, ) z' z'z z'z ac+bd ad-bc.
Thuong cua z’ chiachoz (z#0): | —=—==——F=—F—5+——751
z  zz |z| a+b> a +b

9. Can bac hai cua s6 phu'c.
e yz —a
w=x+ yi la can bac hai cua s& phifc z=a+bi khivachikhi W’ =z < .
2xy=>b
S6 0 co mot can bac haila's6 w =0.
S6 z # 0 co hai can bac hai ddéi nhau la' w va — w.
Hai cin bac hai ctia s8 thuc a > 0 1a +a .
Hai can bac hai cua so thuc a <0 la tiv-a .
10. Liy thira don vi do i

i’=1, i'=i, i=-1, i’ =i"i=-i,..., bang quy nap ta dugc:

.4 -4n+1 . 4n+2 .4n+3 .
=1, " =i, " ==1 " =-, VneN’

Do d¢: i" e {-L;1;—i;i}, Vn e N*

2. PHUONG TRINH BAC NHAT, BAC HAI TREN TAP SO PHU'C

1. Cin bdc hai ciia s6 phiic

o z=0 c6d moOt can bachaila 0

o  z=a lasd'thic dwong co 2 can bac 2 la +Ja

o z=a lastthic im c6 2 cin bac haila +,/la|.i

2. Phuong trinh bdc nhdt ax+b =0 (a, b la sd'phitc cho trude, a #0).
Giai tuwong tu phuwong trinh bac nhat véi hé s6 thue

3. Phuong trinh bdc hai ax? + bx + ¢=0 (a, b, ¢ la s6'thuc cho trudc, a # 0).

Tinh A =b? —4ac
—b+A

2a
—b+i \A\
2a

o | A>0:Phuong trinh c6 hai nghiém phan biét thuc x,,, =

o | A<0:Phwong trinh c6 hai nghiém phan biét phic x,,, =

o | A=0:Phuong trinh c6 1 nghiém kép la x = _Zi
a
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Phin 5. Khéi da dién

V. KHOI PA DIEN

@ CHUAN BI KIEN THU'C:
I- MOT SO CONG THUC HINH HQC PHANG THUONG SU DUNG:

Trong tim G cida
tam gidc 12 giao di€m

Truc tim H cha

Tam O dudng tron

Tam [ chta dudng

. tam gidc ABC la e s N .

ba  dudng trung | . o . ngoai ti€p tam gidc 1a | tron ndi ti€p tam gidc
- giao di€ém ba dudng | . 2 N N . .2

tuyén, a0 giao diém ba dudng |1a giao diém ba

2 : P A .,
VAAG =2 AM | trung tryc. dudng phan gidc

3 trong.

1. Tam gidc vuong ABC vuodng tai A :
e Hé thirc lugng: 4
A
B o B — + C

. A AB
sina =—— cosqx =——
BC BC

AC AB

tana =—— cota =——
AB AC

e Dinh li Pitago: BC? = AB> + AC?
e Dién tich: S = %AB.AC

e Nghich ddo dudng cao binh phuong:
1 1 1

= +
AH?> AB* AC*?

e D0 dai dudng trung tuyén AM = %BC

e Cong thitc khac:

AB.AC = AH.BC BA”> =BH.BCCA*>= CH.CB

2. Cdc cong thiic ddc biét:

. 2
e Dién tich tam gidc deu: S = (canh) XT

NG

A . X 3
e Chiéu cao tam gidc déu: h = canh XT

e B§ dai dudng chéo hinh vudng: [ = canh x V2
3. H¢ thiic luong trong tam gidc:

e Pinh 1i Cosin:

a’> = b% + ¢ —2bccosA

b = a*> + ¢® —2accosB

2 = a® +b* - 2abcosC

e Dinh 1i sin:

a b c

wwuw.facebook.com/Vanluc168
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Phin 5. Khéi da dién
4. Cdc cong thiic tinh dién tich tam gidic ABC :
Cho tam gidc ABC c6 d0 dai cdc canh tuong tng 1a a, b, c; chiéu cao tuong Ung vdi
cdc géc A, B, Clah,, hy, h; r, R 1an Iugt 12 ban kinh dudng tron ndi ti€p, ngoai ti€p AABC;
Goi S 1a dién tich AABC':

o S:lah =lbhb=lch o S:lbcsinA:lacsinleabsinC
2 4 2 2 ¢ 2 2 2
abc . a+b+c
$ 5= *S=pr e S=\p(p-a(p-hp-c) (i p="—-")
5. Dién tich cdc hinh ddc biét khdc:
e Hinh vudng: S = canh x canh
e Hinh thoi: S :% (chéo dai x chéo ngin)
e Hinh chit nhat: S =dai x rong
e Hinh thang: S :% (ddy 16n + ddy bé) x chiéu cao
e Hinh tron: S = 7R>
e Hinh binh hanh: S =ddy x chiéu cao
6. Hai tam gidc dong dang va dinh Ii Talet:
B 4
/\ 4 N N\ / N
4 c P
e AABC ~ AMNPnéu chiing c6 hai géc tuong iing B ¢
bing nhau. AM AN _MN
. AB AC BC
e Néu AABC ~ AMNP thi ﬁzﬂ
AC MP
11I- MOT SO HINH HINH HQC KHONG GIAN THUONG SU DUNG:
N Hinh chép c6 ) N
Hinh chép tit gidc déu mp(SAB) n (ABC) Hinh chép tazn gidc déu
S
A B A ¢
C
B
c
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Phin 5. Khéi da dién

Hinh chép S.ABC ¢6 canh

bén vudng géc mit day.
S

Hinh chép S.ABC c¢6 ba canh
bén tao véi ddy mot géc 90°.

-
a

B

Léang try thudng

A C’

B

Léang tru ding

A C'

n

B

* Chii y: Lang tru déu la
hinh ldng tru ditng co dady la
da gidc déu.

Hinh hop chit nhat

B C'

A D
* Chu y: Hinh ldp phuong la
hinh hop co 6 mdt la hinh
vuong.

- MOT SO KIEN THUC THUONG SU DUNG:

1. Mot s6 phuong phap chitng minh trong hinh hoc khéng gian:

e Chitng minh dudng thing vudng géc véi mit phing:

Phuong phép:
P& chiing minh dudng thing A vudng géc mp(P)ta chitng
minh A vudng géc v6i hai dudng thing a, b cit nhau nim
trong mp(P).

==

Trinh bay bai

) {ALac(P)
Ta cé:
ALbc(P)

= A L(P)

e Chitng minh hai dudng thing vuéng géc:

Phuong phap:
DPé€ chitng minh dudng thing A vudng géc véi dudng thing
d ta chitng minh A vudng géc v6i mp(P) chia d.

=

Trinh bay bai

Ta co:
AJ.(P):d:>AJ_d

wwuw.facebook.com/Vanluc168
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Phin 5. Khéi da dién

o Chitng minh hai miit phiing vuéng géc:

Phuong phap:

mot dudng thing A vudng géc mp(P).
o/

bé chiing minh mp(Q) L mp(P) ta chitng minh mp(Q) chita

Trinh bay bai

.. |AL(P)
Ta cs: {AC(Q):(Q)L(P)

2. Hai dinh li vé quan hé vudng géc:

e Dinh li 1: Néu mp(P) va mp(Q) cung vudng
géc véi mp(a) thi giao tuyén (néu cd) cia

ching vudng géc mp(a).

\
J

e Dinh li 2: Cho mp(P) vudng géc mp(Q).
Mot dudng thing d nim trong mp(P)Vuéng
gbéc véi giao tuyén A clia (P) va (Q)th‘l d

vudng géc mp(Q).
4

3. Goc:

Géc giita duong thing va mit phing:

Géc gilta dudng thing A va mp(a) 1a géc

a
gitta A va hinh chi€u A' clia n6 trén mp(a).

<
AT

= Trinh bay bai
e Tac6é A' 1a hinh chi€u clia 4 trén mp(a)

e Suy ra: (A,(a)) = (A,A') =

Géc giita hai miit phiang:
Géc giita hai mit phing (a) va (,B) 1a

gbc gitta hai dudng thang 1an lugt nim trong
hai mit phing (a), (ﬂ) va cung vudng gbc

v6i giao tuyén.

= Trinh bay bai
(P)n(Q)=4
eTacos (P)od L A
(Q)>od'L A

e Suy ra: ((P),(Q))= d,d)=¢
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Phin 5. Khéi da dién

4. Khoang cich:

Khodng cich giita dudng thing va miit

Khodng cdch giita hai dudng thing chéo

phing song song:
Khoang cich giita dudng thing A va

mp(a) song song v4i n6 la khoang cach tir

mot diém M trén A dén mp(a).

A M
/ H\I
= Trinh bay bai
d(A, (a)) = d(M,(a)) =

nhau:

Khoang cich giita hai dudng thing A va
A' chéo nhau la do dai doan vudng gbéc chung
cda A va A' va bang v6i khodng cach gitta A
va mp(a) chtta A' va song song véi A.

A A M

- v 17
o
/ o
= Trinh bay bai
d(A,A') = d(A, (a)) = d(A, (a)) = AH

5. Pinh li ba dudng vudng goc, cong thite dién tich hinh chi¢u:

N

. /\/

Goi d' 1a hinh chi€u cda d tren

Ald'ALld

&
AN

Ta co:

A
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Phin 5. Khoi da dién

§1. KHAI NIEM VE KHOI PA DIEN

I- KHOI LANG TRU VA KHOI CHOP:

e Khoi ling tru (chép) 12 phan khong gian dugc gi6i han bdi mot hinh ling tru (chép) ké

ca hinh ling tru (chép) Ay. Khdi chép cut 13 phan khong gian dugc gidi han bdi mot hinh chép
cut k€ ca hinh chép cut 4y.

e Diém khong thudc khdi ling tru (khdi chép, khdi chép cut) dude goi 12 diém ngoai clia
khdi ling tru (khdi chép, khdi chép cut). Piém thudc khdi ling tru nhung khong thudc hinh
ling tru ¥ng véi khoi ling tru (khdi chép, khdi chép cut) d6 dugc goi 1a diém trong ciia khoi
ling tru (kh&i chép, khdi chép cut).

... hai diém M, N khong
phdi la diém trong cila
khéi chop.

.. hinh la phan
vé  boc  bén
ngodi. Khéi gom
phdn vé  bén
ngodi va phdn

II- KHAI NIEM Vi HINH DA DIEN VA KHOI DA DIEN:
1. Kh4i ni¢m vé hinh da dién:
e Hinh da dién (goi tdt 12 da dién) 1a hinh dugc tao bdi mot s& hitu han cdc da gidc
thda min hai tinh chat:
a) Hai da gidc phan biét chi c6 thé hoic khong cé di€m chung, hoic chi c6 mot dinh
chung, hodc chi ¢6 mot canh chung.
b) Mdi canh clia da gidc nao ciing 1a canh chung clia diing hai da gidc.
e Mdi da gidc goi 1a mot mit clia hinh da dién. Cdc dinh, canh cia cdc da gidc 4y theo
tha ty duge goi la cdc dinh, canh ctia hinh da dién.

|
' [
i |
— ! |
fommmm - H————- s
// / / )
/ Mit '/ /

2. Khai ni¢m vé khéi da dién:
e Khoi da dién 1a phdn khong gian dugc gidi han bdi mot hinh da dién, k€ ca hinh da
dién do6.
e Nhirng diém khong thudc khoi da dién duge goi la diém ngoai clia khoi da dién.
Nhirng di€ém thudc khoi da dién nhung khong thudc hinh da di€n d6 dudc goi la diém trong clia
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Phin 5. Khéi da dién
khdi da dién. Tap hdp cac diém trong dugc goi 1a mién trong, tip hdp nhitng di€ém ngoai dudgc
2oi 12 mién ngoai ctia khdi da dién.
e Mbi hinh da dién chia cdc di€m con lai ciia khong gian thanh hai mién khong giao
nhau 12 mién trong va mién ngoai clia hinh da dién, trong d6 chi c6 mién ngoai 1 chita hoan
toan mot dudng thing nao day.

Mién ngoai

Piém trong — ]

|
Diém ngoai -~ , F /
\
V
ITI- HAI PA DIEN BANG NHAU:
1. Phép ddi hinh trong khéng gian:

Trong khong gian, quy tic dit tuong tng mdi di€ém M vé6i diém M' xdc dinh duy nhat
dudc goi 1a mdt phép bi€n hinh trong khong gian.

Phép bié€n hinh trong khdng gian dugc goi 1a phép ddi hinh néu né bio toan khodng
cach giita hai diém tuy y.

* Mot s6 phép doi hinh trong khong gian:

a) Phép tinh tié€n theo vectd v :

La phép bi€n hinh bi€n mdi di€m M thanh M' sao cho B o
MM = /

b) Phép ddi xitng qua mit phing (P) :

La phép bi€n hinh bi€n mdi di€m thuoc (P) thanh chinh

nd, bi€n mdi di€m M khong thudc (P) thanh di€m M' sao !
N
cho (P) 12 mit phing trung tryc cia MM ', / /

Né&u phép ddi xitng qua mit phing (P) bi&€n hinh (H)

thanh chinh né thi (P) dudc goi 1a mit phing ddi xiing clia

(#).

¢) Phép doi xiing qua tim O:

LA phép bi€n hinh bi€n di€m O thanh chinh né, bi€n mdi

di€ém M khdc O thanh di€m M' sao cho O la trung di€ém /M‘
MM'. u 0

Né&u phép d6i xitng tim O bi€n hinh (H) thanh chinh né

thi O dugc goi 1a tAm doi xing cla (H)
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Phin 5. Khéi da dién

d) Phép doi xitng qua dudng thing A (phép déi xing truc A):

La phép bi€n hinh bi€n moi di€m thudc dudng thing A A
thanh chinh né, bi€n mdi di€ém M khong thudc A thanh di€m
M ' sao cho A la dudng trung truc cia MM '.

Né&u phép d6i xing truc A bié€n hinh (H ) thanh chinh né 1 v

thi A dugc goi la truc d6i xing clia (H)

* Nhan xét:
e Thuc hién lién ti€p cdc phép ddi hinh s& dugc modt phép ddi hinh.
e Phép dvi hinh bi€n da di¢n (H) thanh da dién (H'), bi€n dinh, canh, mit ciia
(H) thanh dinh, canh, mat tuong Gng ctia (H ').
2. Hai hinh biing nhau:
Hai hinh dudc goi 1a bing nhau n€u c6 mot phép doi hinh bi€n hinh nay thanh hinh kia.
Vi du: Thyc hién lién ti€p hai phép ddi hinh: phép tinh ti€n theo vectd v va phép ddi
xitng tim O hinh (H ) bién thanh hinh (H"). Ta c6: hinh (H ) bling hinh (H").

IV- PHAN CHIA VA LAP GHEP CAC KHOI PA DIEN:

N&u khéi da dign (H) la hop clia hai
khéi da dien (H, ), (H,) sao cho (H,) va

(Hz) khong c6 chung diém trong nao thi . N

ta n6i c6 thé chia dugc khdi da dién (H)

thanh hai khéi da dién (H,) va (H,), hay

c6 thé 1dp ghép hai khdi da dién (H,) va 7
(H,) v6i nhau d€ dugc khéi da dién (H).

Vi du: Ta c6 thé chia kh&i hop chir
nhit thanh hai khoi ling truc ding.
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Phin 5. Khoi da dién

§2. KHOI PA DIEN LOI VA KHOI PA DIEN PEU

I- KHOI PA DIEN LOI:
Khi da dién (H) dudc goi la khdi da dién 16i néu doan thing néi hai di€m bat ki cia
(H) luon thude (H ). Khi d6 da dién xdc dinh (H ) dudc goi la da dién 16i.
* Chii ¥: Mot khoi da dién 12 khdi da dién 18i khi va chi khi mién trong clia né ludn nim
vé& mot phia d6i vdi mdi mit phing chira mdt mit cla né.

11- KHOI PA DIEN PEU:
Dinh nghia: Khoi da dién déu 1a khoi da dién 16i c6 tinh chi't sau day:
a) Mdi mit clia né 1a mot da gidc déu p canh.
b) Méi dinh clia n6 1a dinh chung clia ding g mit.
Khdi da dién déu nhu vy dugc goi la khdi da dign déu loai {p; g}.

Pinh li: Chi ¢6 nim loai khdi da dién déu. D6 1a:

Loai Tén goi S6 S6 S6
dinh canh mat
{3:3) | Tuadién déu 4 6 4
{4;3} Lap phuong 8 12 6
{3:4) | Bitdién déu 6 12 8
{5; 3} Mudi hai mit déu 20 30 12
{3;5]} Hai mudi mit déu 12 30 20

J S — _———

&
N
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Phin 5. Khoi da dién

§3. KHAI NIEM VE THE TiCH CUA KHOI PA DIEN

I- KHAI NIEM Vi THE TiCH KHOI DA DIEN:
C6 thé dit tudng ng cho mdi khdi da dién (H) mot so duong duy nhat V,, théa man
tinh chat sau:
a) N&u (H) 1a khoi 1ap phuong c6 canh bing 1 thi Vi, = 1.
b) N&u hai khéi da dién (H, ) va (H, ) bing nhau thi ¥, =V, .
c) N&u khdi da dién (H) dugc phan chia thanh hai khéi da dién (H,) va (H,) thi
Vi, =V Vi -
SG duong V,,,, n6i trén dugc goi la thé tich khdi da dién (H) hay thé tich cia hinh da
dién gidi han khdi da dién (H) .
Kh&i 1ap phuong c6 canh bing 1 dugc goi 1a khdi 14p phuong don vi.

II- THEF TICH KHOI LANG TRU VA KHOI HOP CHU NHAT:

THE TICH KHOI LANG TRU:
V=Bh
voi B: dién tich day
h: chiéu cao

Ag
. e if rlH
D
Vaecasc = Sasc x h Vascp.asep =Sascp x h
Thé tich khéi hdp chit nhit:
V= abc
VOi a,b,c la ba kich thudc
Thé tich khoi ldp phuong: .

V=d a /,
véi a la do dai canh

II- THE TiCH KHOI CHOP:

v=Lpn
3

voi B:dién tich day
h : chiéu cao

Vs.agcp = ESABCD xh
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Phin 5. Khéi da dién
III- THE TiCH KHOI CHOP CUT:

Vzﬁ(B+B'+ BB') '

3 ‘.
. {B, B': dién tich hai ddy

VvO1

h: chiéu cao A N/ )

V- CONG THUC Ti SO THE TiCH POI VOI HINH CHOP TAM GIAC:

Cho hinh chép S.ABC. Trén cidc doan thing
SA, SB, SC 1an lugt 14y ba diém A', B', C' khic vdi S.
Ta c6 ti s0 thé tich:

VS.A'B'C' = SA' . SB' %{
Veape SA SB'S

Vsapc _ SB'.SC'
SB SC

* Pc biét: Néu A'= A ta c6:
S.ABC

Chi y:
1/ Puong chéo cuia hinh vudng canh a la d = a\/a ,

Duong chéo cua hinh lap phuwong canh a la d = a3,

Puodng chéo ctia hinh hop chir nhat c6 3 kich thude a, b, ¢ 1a d =Va* +b* +c*,

2/ Puong cao ctia tam gidc déu canh a la 4=

a3
2

3/ Hinh chép déu 1a hinh chép c6 day 1a da gidc déu va cac canh bén déu bang
nhau ( hodc c6 day la da giac déu, hinh chiéu ctia dinh trung véi tam cta day).

4/ Lang tru déu la lang tru ding c6 day 1a da giac déu.
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VI. MAT NON, MAT TRU, MAT CAU

@« CHUAN BI KIEN THUC:

1. Duong tron:

e Tit cd cdc di€ém A nhin doan thing BC
duéi mot géc vudng déu nim trén dudng tron

dudng kinh BC.

e budng tron (C) ban kinh r cé:

Chu vi: C =27xr.
Dién tich: S =277,

2. Dién tich xung quanh va
thé tich cda hinh tru:

-~
~

N

-
-~

é _r_)
N

Hinh tru c¢6 bdn kinh dudng
tron ddy r va chiéu cao h c6
dién tich va thé tich dugc tinh
theo cong thitc:
S g = 27rh

X

|
|
Ih
|
|
-
|
L

V =2r’h

3. Dién tich xung quanh va
thé tich hinh nén:

Hinh nén c6 ban kinh dudng
tron ddy r, do dai dudng sinh
[ va chi€u cao h c6 dién tich
va thé tich dudc tinh theo
cong thuc:

_ )
qu—m"l V—gﬂ'}” h

4. Dién tich mit cau va
thé tich hinh ciu:

Mit ciu ban kinh r cé
dién tich va thé€ tich hinh cau
tuong ung dudc tinh theo
cong thuc:

S = 4nr?

V==—nr

5. Dién tich toan phan:

e Dién tich toan phan ctia mdt hinh da dién 13 tdng dién tich clia tdt ci cdc mit da dién do.
e Dién tich toan phan ctia hinh tru 1 tdng dién tich xung quanh va dién tich hai day.
e Dién tich toan phan ciia hinh nén 13 tong dién tich xung quanh va dién tich mit day.
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§1. KHAI NIEM VE MAT TRON XOAY

I- SU TAO THANH MAT TRON XOAY:
Trong khong gian cho mp(P ) chtra A

Pudng sinh

duong thing A va dudng cong . Khi quay
mp(P) quanh A mot géc 360° thi mdi diém

M trén [ vach ra mdt dudng tron cd tim
thuéc A va nim trén mit phing vudng géc
véi A. Nhu vay khi quay mit phing (P)

quanh dudng thing A thi dudng [ sé tao nén
mot hinh dugc goi la mét tron xoay.

e budng [ dugc goi la dudng sinh cua
mdt tron xoay.

e Dudng thing A dudc goi 13 truc cda
mdt tron xoay.

II- MAT NON TRON XOAY:
1. Pinh nghia:
Trong mit phing (P) cho hai dudng thing

d va A cdtnhau va tao thAnh mot géc B véi
0° < B <90°. Khi quay mit phing (P) xung

quanh A thi dudng thing d sinh ra mot mit
tron xoay dudc goi 1a mit nén tron xoay dinh
O, goi tit 1a mit nén.

e Pudng thing A goi la truc.

e Dudng thing d goila dudng sinh.

e Goc 2/ goila goc § dinh ctia mét non.

2. Hinh nén tron xoay va khéi nén tron xoay:

a) Cho tam gidc OIM vubdng tai I. Khi quay tam gidc d6 xung quanh canh géc vudng
Ol thi dudng gap khiic OMI tao thanh mdt hinh dugc goi I1a hinh nén tron xoay, goi tit 1a hinh
non.
e Hinh tron tdm 7 sinh b3i cdc diém thudc canh IM khi IM quay quanh truc OI dugc goi la
mit ddy cta hinh nén.
e Piém O goi la dinh clia hinh nén.
e D¢ dai doan OI goi la chiéu cao ctia hinh nén (OI bang khodng cdch tit O d&€n mit day).
e D) dai doan OM goi la d6 dai dudng sinh ctia hinh nén.
e Phin mit tron xoay dudc sinh ra bdi cdc diém trén canh OM khi quay quanh truc OI goi la
mat xung quanh ctia hinh nén do.
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b) Khdi nén tron xoay hay khdi nén 13 phan khong gian 0
dudc gidi han bdi mdt hinh nén tron xoay ké ci hinh nén dé.
Nhitng diém khong thudc khdi nén goi 12 nhitng di€m ngoai
cia khoi nén. Nhitng di€m thudc khdi nén nhung khong thude
hinh nén tuong Gng goi 1 nhitng di€m trong ctia khdi nén.
Pinh, mit ddy, dudng sinh cia mot hinh nén ciing la dinh, mat
day, dudng sinh clia khdi nén tuong ¥ng.
¢) Dién tich xung quanh cda hinh nén va thé tich khi nén:
Goi S;, S, V lan lugt 12 dién tich hinh tron ddy, dién tich

N R . 2 ~ 2 2
xung quanh va thé tich cua hinh nén cé:

e Chiéu cao: h Sxq = Tl
e B4n kinh hinh tron ddy: r 1 1

= — h= - 2
o D6 dai dudng sinh: / V= gSaxh=amth

III- MAT TRU TRON XOAY:
1. Pinh nghia:
Trong mit phing (P) cho hai dudng thing A va [ song song vdi

nhau, cdch nhau mdt khodng biing r. Khi quay mit phing (P) xung quanh

I
I

) I
A thi dudng thang [ sinh ra m0t mat tron xoay dugc goi la mét tru tron :
xo0ay, goi tit 12 mit tru. I
I

I

e Pudng thing A goila trge. | __d__

i
/
e Pudng thing [ 1a dudng sinh. F\r W
|

e r 1a bdn kinh ctia mét tru dé. A
2. Hinh tru tron xoay va khdéi tru tron xoay:

a) Ta xét hinh chit nhat ABCD . Khi quay hinh chit nhat ABCD xung quanh dudng
thing chita mdt canh ndo d6, ching han canh AB thi dudng gip khic ADCB sé& tao thinh mot
hinh goi 1 hinh tru tron xoay, hay goi tit 1a hinh tru.

e Khi quay quanh AB, hai canh AD va BC sé& vach ra hai hinh tron biing
nhau goi 1a hai ddy cda hinh try, ban kinh ctia ching goi 1a ban kinh ctia hinh try.

e b6 dai doan CD goi la @6 dai dudng sinh cua hinh tru.

e Phin mit tron xoay dudc sinh ra bdi cic di€m trén canh CD khi r
quay xung quanh AB goi la mit xung quanh cida hinh tru.

e Khodng cdch AB giita hai mit phing song song chifa hai ddy 1a
chiéu cao ctia hinh tru.

b) Khdi try tron xoay hay khdi tru 13 phan khong gian dudc gidi han bdi mot | 1
hinh tru tron xoay k€ ca hinh tru tron xoay dé. Nhitng di€m khong thudc khdi
tru goi 1a nhitng diém ngoai clia khdi tru. Nhitng di€m thudc khdi tru nhung |/
khong thudc hinh tru twong @ng goi 1a nhitng di€m trong cta khdi tru. Mit day, w o
chiéu cao, dudng sinh, ban kinh cia mdt hinh tru cling 1a mat ddy, chiéu cao, Ck‘l(/
dudng sinh, ban kinh clia khdi tru tuong ng. A

¢) Dién tich xung quanh cda hinh tru va thé tich ctia khdi tru:
Goi S, S,,. V lin lugt la dién tich hinh tron ddy, dién tich | Sy, = 277

xung quanh va thé€ tich cua hinh try c6: V=S5, h = 1rih

e Chiéu cao: h; eBdnkinh: r e D0 dai dudng sinh: [
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§2. MAT CAU

I- MAT CAU VA CAC KHAI NIEM LIEN QUAN PEN MAT CAU:
1. Miit cau:

Tap hdp nhitng di€m M trong khong gian cich
di€m O cd dinh mot khodng khong d6i bing r

(r > 0) dudc goi 1a mit cAdu tim O bdn kinh r.

e Mitcautim O, bdn kinh r dudc ki hiéu:
S(0; r) hay vi€ttitla (S).

eTacs: | S(0;r)={M|OM =r}

N g v o A
Hinh biéu dién ciia mdt cdu

e Néu hai diém CD nim trén mit ciu day cume
S(O;r) thi doan thing CD dugc goi 1a day cung -

ctia mit cau dé.

e Diy cung AB diqua tam O dugc goi la mot
dudng kinh cda mit cau. Khi d6 d6 dai dudng kinh
bing 2r.

o R 5 N Y N - A
2. Diém nam trong va nam ngoai mit cau:

Cho mit cau § (O;r) va mot diém A bat ki trong khong iém it romg diémim neodi
gian. ' '
e N&u OA = r thi ta néi di€ém A nim trén mit cau S(O;r)
e Néu OA<r thi ta néi di€fm A nim trong mit cau
S(0;r)

e Néu OA>r thi ta néi difm A nim ngoai mit ciu
S(0sr)

Tap hgp cédc di€m thudc mit ciu S(O;r) cling vdi cdc

il X A
diém nam trén .-

di€m nim trong mit cau d6 dugc goi l1a khdi cAu hoic hinh
cdutim O bdn kinh r.
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Phién 6. Mdt nén, mdt tru, mdt ciu

3. Puong kinh tuyé&n va vi tuy&n ciia mit ciu:

dudng kinh cia nia dudng tron do.

tuyé&n clia mit cau.

goi 12 hai cuc clia mit ciu

Ta c6 thé xem mit ciu 12 mdt mit tron xoay
tao nén bdi nira dudng tron quay quanh truc chita

e Giao tuyé€n clia mit cau vdi nra mit phing
c6 bd 1a truc clia mit cAu dude goi 12 kinh tuyén.

e Giao tuyén (néu c6) clia mit cau vdi cic
mit phing vudng géc vdi truc dude goi 1a vi

e Hai giao diém cta mit cau vdi truc dugc

Vi tuy&n

I - GIAO CUA MAT CAU VA MAT PHANG:
Cho mit cau (S) tAm O, ban kinh r v mit phing (P) Ta c6:

Mt cdu (S) va mp (P) khong cé diém

-
=]

P

(P)nS(0; r)=g = d(0, (P))>r

Mt cdu (S) va mp(P) c6 1 diém chung

(mdt phdng (P) tiép xiic véi mdt cdu (S))

-

H

P

(P)ns(0; r)={H} = d(0, (P))=r

Khi do: (P) goi la tiép dién ciia mdt cdu

(S). H goi tiép diém

Mt phdng (P) cdt mdt cdu (S) theo giao
tuyén la duong tron (C) tam H, bdn kinh

r

(P)ns(0: r)=C(H.r) = d(o, (P))<r

e Tam H I hinh chi€u ciia O trén mp(P)

e Binkinh r'= \/r2 ~[d(0,(P))I?

Mt phding (P) di qua tdm O ciia mdt cdu

dudng tron 16n

- ———

Khi dé giao tuyén ctia mp(P) va S(O; r)
la dudng tron C(O; r) goi la dudng tron
16n.
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Phién 6. Mdt nén, mdt tru, mdt ciu

Il - GIAO CUA MAT CAU V61 PUONG THANG, TIEP TUYEN CUA MAT CAU:
Cho miit ciu (S) tAm O, ban kinh r va dudng thing A. Ta c6:

DPuong thing A khong cdt mdt cdu (S ) Puong thdng A cdt mdt cdu (S ) tai 2
diém

AmS(O; r):¢<:>d(0,A)>r AmS(O; r):{M,N}@d(O,A)<r

Duong thdng A tiép xiic mdt cdu (S) tai H

Khi d6: A goi 12 ti€p tuyén clia mit cau (S), H goi la ti€p diém.

* Nhdn xét:

N

A R ™ A = A A Prd kS < o A

Qua mdt diem A nam trén mit cau Qua mdt diem A ndm ngoai mit cau

S(O; r) c6 vO sO ti€p tuyén clia mit cau. S(O; r) c6 vo sO ti€p tuy&n véi mit cau.

Tat cd cdc ti€p tuyén nay déu vudng goc v6i | C4c ti€p tuyén nay tao thinh mit nén dinh

bdn kinh OA clia mit cdu tai A va déundm | A. Khi d6 do dai cdc doan thing ké tir A
trén ti€p dién clia mit ciu tai A. dén cic ti€p di€m déu bing nhau.

* Mt cAu ndi tiép, ngoai tiép hinh da dién:

Mt cau ndi ti€p hinh da dién n&u mit e
cau d6 ti€p xtc vdi tit cd cdc mit clia hinh EFARS \
da dién. Con néi hinh da dién ngoai ti€p mit ' /:,’l_ -
N - N

cau. { . 3
N | _
N~u___H-7,
\
! \/L\\_——I— ;/—7
I\ 7 4
[A—— |- —

'
'
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Mit ciu ngoai ti€p hinh da dién néu tt ca
cdc dinh clia hinh da dién déu nim trén mit
cau. Con néi hinh da dién ndi ti€p mit cau.

Mt cdu tdm O bdn kinh r ngoqi tiép
hinh chép S.ABCD khi va chi khi
OA=0B=0C=0D=0S=r

IV- CONG THUC TINH DIEN TICH MAT CAU VA THE TiCH KHOI CAU:

Cho mit cAu (S) c6 ban kinh r, ta cé:

e Dién tich mit cAu: S = 477>

e Thé tich khdi cAu: V = %72’1’3

% Chil y:
e Dién tich S clia mit cau ban kinh r bing bon 1an dién tich hinh tron 16n clia mit ciu dé.
e Thé tich V clia khdi cAu ban kinh r bing thé tich kh&i chép cé dién tich ddy bing dién tich
mit cAu va c6 chiéu cao biing ban kinh ctia khdi cau d6.
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VII. TOA PO KHONG GIAN OXYZ

1. KIEN THUC TQA PO PIEM - TQA PO VECTO

1. H¢ truc toa do trong khong gian
Trong khong gian, xét ba truc toa d0 Ox, Oy, Oz vudng goc vdi nhau tung d61 mot va
chung mot diém gbc 0. Goi i, j, k 1a cac vecto don vi, twong Ung trén céc truc

Ox, Oy, Oz.Hg¢ ba truc nhu vay goi 1a h¢é truc toa dé vuong goc trong khong gian.
-2 -2

. : 72 T T T
Chu y: i =] =k =1 va ij=ik=kj=0. -

~.

X

Quy wdc : Khong gian ma trong d6 c6 chon hé truc toa d¢ Dé-Cac vudng goéc Oxyz
dwoc goi la khong gian Oxyz va ky hiéu la: kg(Oxyz).
2. Toa d§ cia vecto

a) Pinh nghia: u = (x; y; 2) Su=xi+yj+zk

b) Tinh chét: Cho a=(a,;a,;a;), b=(b;b,;b,), k € R
o G+bh=(a,+b;a,+bh,; a,+bh,)
® ka = (ka; ka,; ka,)

_/
,——j/ 7(0:1.0)

a=b e
— — b | //
e a=b<a,=b .
a, :b3 . z(i;U;b]
® 0=(0;0;0), 7 = (1;0;0), j = (0;1,0), k = (0;051)
e o cung phuong b(b#0) < a=kb (keR)
a, =kb,
= a2=kb2 ©&=&=&, (bl,bz,b3¢0)
b b, b
a, = kb,
e Gb=ab +a,b,+a,b, ealb < ab +ab +ab, =0
®i’=al+a+a; o lal=\/a' +a}+a]
e cos(d, b) = ab @b+ ab, +ab, (véi d,b#0)

@bl Jad +a2+a> \Jb} + b2+
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3. Toa dj ciia diém
a) Dinh nghia: M (x; y; z) © OM = xi+ yj+zk (x:hoanhds, y: tungdf, z: cao dp)
Chiy: eMe(Oxy)ez=0Mec(Oyz)=x=0;Me(Oxz)<y=0
oeMecOxe y=z2=00MecOyox=2z2=00McOzx=y=0.
b) Tinh chat: Cho A(x,; v,; z,), B(Xy; v4; z,)

® ZEZ(XB—XA;yB_yA;ZB_ZA)
e AB = \/(xB_xA)2+(y3_yA)2+(ZB_ZA)2

e Toa d6 trung diém M cua doan thfmg AB: M (

xA+xB.yA+yB.ZA+ZBj
2 7 2 7 2
e Toa do trong tdim G cua tam giac ABC :
G(XA+XB+xC.yA+yB+yC.ZA+ZB+ZCJ
3 ’ 3 ’ 3
e Toa d¢ trong tam G cua tu dién ABCD :
G(XA+XB+XC+XD.yA+yB+yC+yD.ZA+ZB+ZC+ZCJ

9 b

4 4 4
II1. Sy cung phwong cia hai véc to:
Nhic lai
. Hai véc to cling phurong 1a hai véc to ndm trén cing mot duong thang hodc
nam trén hai duong thang song song .
e  Dinhly vé su cung phwong ctia hai véc to:
+ Pinhly 3: Cho hai vécto a va b véi b#0

a cung phuong b < 3JkeR saocho a=kb

Néu a =0 thisS k trong truong hop nay duoc xac dinh nhu sau:
k>0 khi a cung huéng b
k <0 khi a ngeoc huéng b
4
=
G
+ Dinhly4: |A,B,C thing hang < AB cing phuong AC
+ Pinh 1y 5: Cho hai véc to a =(a,;a,;a;) va b=(b;by;by) ta cd :

a cing phuong b~ < a,=kb, < a;:ay,:a3;=>b:b,:bs

IV. Tich v6 hwéng cua hai véc to:
Nhac lai:

ab= ‘a‘.‘z‘.cos(a,l;)

-2
@ =|d

+ Dinh 1y 6: Cho hai véc to a=(ay;ay;a,) v b=(b;;by;b;) tacod:
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#  Pinh 1y 7: Cho hai véc toa:(al;az;%) tacod:
Zl‘:\/a12+a22+a32

»Dinh 1y 8: Néu A(x,;y,524) va B(xg;yp;25) thi
AB:\/(xB—xA)Z+(yB—yA)2+(zB—zA)2

+Pinh 1§ 9: Cho hai véc to a=(a;;a,;a;) va b=(b;b,;b;) tacd:

# Dinh ly 10: Cho hai véc to a=(a;ay;ay) va b=(b;:by:b;) taco:
a. ab, +a,b, + asb;

b —_—
‘a"‘b‘ \/6112 +a22 +Cl32 .\/b12 +b22 +b32

COS(Zl,Z)) =

V. Diém chia doan thing theo ty s6'k:
Pinh nghia : Diém M dwgc goi la chia doan AB theo ty sd k (k # l)né'u nhu :

MA = k.MB
J J J
A M B
Pinh Iy 11: N&u A(x,:,:2,) » B(xgivgizg) va MA=kMB (k#1) thi
Xy =—A4—=
M-k
_Ya—kyg
Ym —l—k
ZA_k.ZB
Ly =
M-k
X, +x
Xy = A2 B
S TAE . . o _ YAtV
Dacbiét: M latrung diém cua AB S Wy = 5
4 +2
2y = A2 B

Pinh ly 12: Cho tam giac ABC biét A(x,;y4524) » B(Xg:¥5325), C(Xes¥es2c)
X4+ Xp+ Xc
X, =—424_"5_"¢
“ 3
+vyp+
G la trong tam tam gidc ABC < |{yg =W
ZA +ZB +ZC
G I

VI. Tich cé huong cua hai véc to:
1. Pinh nghia: Tich c6 huéng ctia hai véc to a =(a;;ay;a;) va b=(b;by;b;) 12 mot véc to

duoc ky hiéu : | a;b | c6 toa do la:
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[zz;z;]:[

a, as
b, by

as  q
by b

a a
b b,

b

b

2. Tinh chat:
. [&;B}Lavé [Zt;l;]il;
A

* Saapc :%‘[ER]‘ BA C

— D C D'
. S1aBcp = ‘[AB; AD]‘ P 5 A‘ C'
- 5
° \% = “:A_B.,EJAT y C
B

ABCD.ABCD D
1 r— — ——
. VABCDZE.‘[AB;AC].AD‘ ) c
B

o a cung phuong b < [Zz,l;] =0

. a,b,c ddng phing < [Zz,l;} c=0

o A, B, C, D dong ph:fmg < AB,AC,AD dong phéng = [@,TC]E =0

VAN P 1: Cic phép todn vé toa do ciia vectd va clia diém

— Sit dung cdc céng thiic vé toa do ciia vecto va ciia diém trong khong gian.
— Sit dung cdc phép todn vé vecto trong khong gian.

VAN BE 2: Xdc dinh di€m trong khéong gian. Chitng minh tinh chat hinh hoc.
Dién tich — Thé tich.
— Sit dung cdc coéng thitc vé toa dé ciia vecto va ciia diém trong khong gian.
— Sit dung cdc phép todn vé vecto trong khong gian.
— Cong thitc xdc dinh toa dé ciia cdc diém ddc biét.
— Tinh chdt hinh hoc ciia cdc diém ddc biét:
o A, B, C thing hang < AB,AC cing phitong < AB = k AC < | AB,AC |=0
e ABCD la hinh binh hanh <> AB = DC
e Cho AABC c6 cdc chin E, F ciia cdc duong phdn gidc trong va ngodi ctia géc A
cita AABC trén BC. Ta c6: eB=-Bpc,  r-2Brc
AC AC

e A B, C, D khéng dong phing < E,E,E khéng dong phing < [XE’, XE] AD %0
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VAN PI 3: Phuong trinh mit cAu

DPé viét phuong trinh mdt cdu (S), ta cdn xdc dinh tdm I va bdn kinh R ciia mdt cdu.

Dang 1: (S) c6 tam /(a; b; c) va bankinh R:

(8): (x=a) +(y=b)’ +(z=c)* =R
Dang 2: (S) c6 tAm I(a; b; c) va di qua diém A:
Khi do bdn kinh R = IA.
Dang 3: (S) nhan doan thing AB cho trudc 1am dudng kinh:
—~Tam I la trung diém ciia doan thdng AB :
xlZXA;xB;ylzyA;yB;Z[=ZA;ZB_

— Bdn kinh R=IA=%.

Dang 4: (S) di qua bon diém A, B, C, D (mdt cdu ngoai tiép ut di¢n ABCD ):
— Gid sit phuong trinh mdt cau (S) co dang:
x? er2 +72 +2ax+2by+2cz+d =0 (*)
— Thay lan luot toa do ciia cdc diém A, B, C, D vao (*), ta dugc 4 phuong trinh.
— Gidi hé phuong trinh do, ta tim duoc a, b, ¢, d = Phuong trinh mdt cdu (S)
Dang 5: (S) di qua ba di€ém A, B, C va c¢6 tAm I nim trén mit phiang (P) cho trudc:
Gidi tuong tu nhu dang 4.
Dang 6: (S) c6 tim I va ti€p xidc vdi mit cau (T) cho trudc:
— Xdc dinh tém J va bdn kinh R' ciia mdt cdu (T)
— Sit dung diéu kién tiép xiic ciia hai mdt cau dé tinh bdn kinh R ciia mdt cau (S)

(Xét hai truong hop tiép xiic trong va tiép xiic ngoai)

Chit y: Vi phutong trinh mt cdu (S):

x2+y2+z2+2ax+2by+2cz+d=O Véi a’+b*+c?—d>0

thi (S) c6 tdm I(—a;—b;—c) va bankinh R = N+ +c —d .

VAN DI 4: Vi tri tuong déi giita hai miit cAu méit cau

Cho hai mdt cdu S, (I}, R) va S, (I, R,).

01112<‘R1—R2‘ <:>( ) ( )trong nhau

o I,l,>R +R, = (Sl), (S )ngoal nhau

o1, :‘Rl _Rz‘ & (Sl), (Sz) tiép xiic trong

eI, =R +R, & (Sl), (Sz)tzep xuc ngoai

o ‘Rl _Rz‘ <L, <R +R, = (Sl), (Sz) dt nhau theo mot duwong tron.
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VAN PE 5: Tap hgp di€m la mit cAu — Tap hgp tim mit cAu
1. Tép hop diém la mdt cdu
Gid sit tim tdp hop diém M thod tinh chdt (P) nao do.
— Tim hé thitc giita cdc toa do x, y, 7 ciia diém M. Chdng han c6 dang:
(x—a)* +(y—b)* +(z—c)* =R?
hodc:  x* er2 +72 +2ax+2by+2cz+d =0

— Tim gidi han qui tich (néu co).
2. Tim tdp hop tém mdt cdu

x=f(1)
— Tim toa do ciia tdm I, chdng han: 1y = g(t) (*)
z=h(t)

— Khit t trong (*) ta cé phiong trinh tdp hop diém.

— Tim gidi han qui tich (néu co).
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2. MAT PHANG TRONG KHONG GIAN

I. Cac dinh nghia:
1. Véc to chi phwong (VTCP) ctia dwong thang:

, 7 a la # 0
ala VTCP ctia dudng thing (A) < 4 -
a c6 gid song song hodc trung vdi (A)

a
—_
a

(4)

Chuay:
J Mot dwong thang c6 v s8 VTCP, cac véc to nay cling phuong véi nhau.
e Mot duong thang (A)hoan toan dugc xac dinh khi biét mot di€m thude no
va moOt VTCP cua no.

2. Cip VTCP ctia mit phing:
il

Pilewisi2l

Cho mit phing & xac dinh boi hai dwong thang cit nhau a va b. Goi a 1a VTCP ctia
duwong thing a va b 1a VTVP ctia duong thang b. Khi d6 :
Cap (a,b) duoc goila cap VICP ctia mat phéng a

Chuy:
. Mot mat phéng a hoan toan dwoc xac dinh khi biét mot diém thudc nod va
mot cdp VTCP ctia no. Il
3. Véc to phap tuyén ( VTPT) ctia mit phang : =
L
A{/ /
. L a |n %0
n la VIPT ctia mdt phang o < < _
n ¢6 gid vudng géc véi mpa
Chay:
J Mot mit phang c6 vo s6 VIPT, cac véc to nay ciing phuiong véi nhau.
. Mot mat phéng hoan toan dwoc xac dinh khi biét mot diém thudc nd va mot
cap VTPT cua no.
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4. Cach tim toa d6 mot VTPT ctia mit phang khi biét cép VTCP cuta noé:

Dinh ly: Gia st mat phang « c6 cap VICP la {

ﬁ:[&;ﬂ:[

a, a3
b, by

14 G
b
by b

a  a
b
by by

|

II. Phuong trinh ctia mit phang :

Dinh 1y 1: Trong Kg(Oxyz). Phuong trinh mat phang «
di qua diém M (x;¥:2) va cé mdt VIPT n =(A;B;C) la:

A(x=x) +B(y=y9)+C(z2-29) =0

Iﬁ =(A;B;C)

I

H (x:, VpiZ

Dinh 1y 2: Trong Kg(Oxyz). Phuong trinh dang :

b=(b;;b,;b3)

thi mpa c6 mot VIPT 1a :

|7 =[a.b]

Ax+By+Cz+D =0 véi A>+B*+C? %0

la phweong trinh t8ng quat ctia mot mit phang .

Chay:

A=A B0

oM,

e Néu (a):Ax+By+Cz+D =0 thi (a) cé mdt VIPT 1a n=(A;B;C)

Cac trwong hop dac biét:

1. Cac truong hgp riéng

(Oxy)
Céc hé so Phudng trinh miit Tinh chit mit phing (o)
phéng (o)

D=0 Ax+By+Cz=0 a)di qua gdc toa do O
A=0 By+Cz+D=0 a) I/ Ox hoic (a)> Ox
B=0 Ax+Cz+D =0 a) Il Oy hoac( )DOy
C=0 Ax+By+D =0 /I Oy hoac( )
A=B=0 Cz+D=0 a) I/ (Oxy) hoidc (a)s( y)
A=C=0 By+D=0 (Oxz) hodc (a)s( )
B=C=0 Ax+D =0 (Oyz) hodc (a)E( )
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2. Phuong trinh mit phing theo doan chan:
A(a;0;0)
Phwong trinh mat ph:fmg cit cac truc Ox, Oy, Oz tai { B(0;b;0) (a,b,c # 0)
C(0;0;¢)
la: R A | A
a b ¢

II1. Vi tri twong d6i caa hai mat phang :
1. M6t s6 quy wéc va ky hiéu:

az = tbz

. A A (a ’a ""’a ) . \ 2 A 7. A 4 A
Hai b0 n so: b2 "~ duoc goi la ty 1 véi nhau néu ¢ s6 10 sao cho
(by,b,,...,b,)
a, =tb

a, a a
Ky hiéu: a:a,:...;a =b :by:...:h hodc g2 =
Yy hie 1- n =010y n : b b b

2. Vi tri twong d6i ctia hai mat phang;
DPinh ly: Trong Kg(Oxyz) cho hai mit phang «, 8 xac dinh béi phwong trinh :

(@): Ax+By+Ciz+D, =0 ¢6 VTPT n, =(A;B;C,)
(B): Ayx+B,y+Coz+D, =0 ¢6 VTPT n, = (A,;B,;C,)

: .

ot
A

ﬂ;tﬂhodcQ # L)

(@) cit(B) < A;:B:C, #A,:B,:C, (hay: —#—Lhod
A, B, B, G y A
@B < ﬁ:i:ﬂ;ﬁﬂ
A, B, G D,
A, B C, D
(@) = (B) & “L="t=—l-—l
A, B G D,
Pac biet:
alp < AA+BB,+CC,=0
I11. Khodng cdch tic diém M, (xo; Yos ZO) dén mdt phdang (a) :Ax+By+Cz+ D=0
Ax,+ By, +Cz,+ D
d(MO,(a)):‘ o+ B+ C5 + D)
2 . p2 ., 2
A“+B +C
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IV. Chum mat phing 7 ) i

% Tap hop tat ca cac mat phang qua giao tuyen cua hai mat phang
(a) va (B) duoc goi 1a mot chum mit phang

% Goi (d ) 1a giao tuyén cua hai mit phang

(a) :Ax+By+Cz+D; =0 va (/3’) tAyx+B,y+Cyz+ D, =0.

Khi d6 néu (P) la mat phing chira (&) thi phuong trinh mit phang (P)
c6 dang

(P):m.(Ax+By+Cz+D)+n(Ayx+Byy+Cyz+D,))=0, m* +n° #0

VAN BE 1: Viét phuong trinh mat phiang

P& ldp phuong trinh mdt phdng (a) ta cdn xdc dinh mot diém thudc (a) va méot VTPT ciia né.
Dang 1: () di qua diém M (x,,y,:z,) ¢6 VIPT n=(4;B,C):
(@): A(x—x,)+B(y—v,)+C(z=2)=0
Dang 2: (a) di qua diém M (x,,y,;z,) ¢6 cip VICP a,b:
Khi d6 mét VIPT cita (a) la 7i=[a.b).
Dang 3:
(oc) di qua di€m M (x,, y,,z,) va song song véi mit phing (ﬂ) :Ax+By+Cz + D = 0:
(@): A(x=x,)+B(y—v,)+C(z=2)=0
Dang 4: (a) di qua 3 diém khong thing hang A, B, C:
Khi d6 ta c6 thé xdc dinh mot VIPT ciia (a) la: 7i =| AB,AC |
Dang 5: (a) di qua mot di€ém M va mot dudng thing (d) khong chita M :
— Trén (d) ldy diém A va VICP ii.
— M4t VTPT cita () la: 7i=| AM,ii ]
Dang 6: (a) di qua mot di€ém M va vudng géc véi mot dudng thing (d):
VICP ii ciia duong thing (d) la mt VIPT ciia ().
Dang 7: (a) di qua 2 dudng thing cit nhau d, d,:
— Xdc dinh cdc VICP @,b ciia cdc duong thdng d,, d,..
~ M§t VIPT ciia (a) la: 7i=[a.b].
— Ldy mot diém M thudc di hodic dy = M € (a).
Dang 8: (a) chita dudng thing d, va song song véi dudng thing d,( d,, d,chéo nhau):
— Xdc dinh cde VICP @,b ciia cdc duong thidng d,, d,.
— M§t VIPT ciia (a) la: 7i=[a.b].
— Ldy mot diém M thudc d; = M € (a).

Dang 9: (a) di qua di€m M va song song v&i hai dudng thing chéo nhau d;, d,:

— Xdc dinh cdc VICP @,b ciia cdc duong thdng d,, d,.
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~ M§t VIPT ciia (a) la: 7i=[a.b].

Dang 10: (a) di qua mot dudng thing (d) va vudng géc véi mot mit phing (ﬁ) :
— Xdc dinh VICP ii ciia (d) va VIPT jig ciia (B).
— Mot VIPT ciia () la: ii=|ii.iiy |-
— Ldy mt diém M thugc d = M € (a).

Dang 11: (a) di qua di€m M va vudng géc v6i hai mit phing cit nhau (ﬂ), (7) :
— Xdc dinh cdc VTPT jig,ji, ciia (B) va (7).
— M6t VIPT ciia (@) la: ii=[ g, |.

Dang 12: (a) di qua dudng thing (d) cho tru6c va cach diém M cho truSc mot khodng k

cho trudc:

— Gid sit (@) c6 phuong trinh: Ax+ By +Cz+D =0 (A2 +B*+C* 0).

— Ldy2diém A, Be (d) = A, Be (a) (ta dvoc hai phuong trinh (1), (2)).

— Tix diéu kién khodng cdch d(M (o)) =k, ta dugc phwong trinh (3)

— Gidi hé phuong trinh (1), (2), (3) (bing cdch cho gid tri mét dn, tim cdc dn
con lai).

Dang 13: (a) 12 ti€p xtic vdi mit cau (S)tai diém H :
— Gid sit mt cdu (S) cd tam I va bdn kinh R.
— Mt VTPT cita (a) la: 7i=IH

Chii y: DE viét phuong trinh mdt phdng can ndm vitng cdc cdch xdc dinh mdt phdng da
hoc ¢ lop 11.

VAN PI 2: Vi tri twong d6i ciia hai mit phiang

VAN DI 3: Khoang cach tif mot di€ém d&€n mét mit phing.
Khoang céch giita hai mat phiang song song.
Hinh chiéu ctia mét di€m trén mit phiang .

Piém d6i xitng ctia mot di€m qua mit phing.

e Khodng cdch tir diém M, (xo; Yos Zo) dén mdt phing (a): Ax+By+Cz+D =0

B ‘Axo + By, +Cz, +D‘

AR v

e Khodng cdch giita hai mdt phdng song song bdng khodng cdch tic mét diém bdt ki trén
mdt phdng nay dén mdt phdng kia.
Chii ¥: Néu hai mdt phdng khong song song thi khodng cdch giita chiing bing 0.

e Diém H la hinh chiéu ciia diém M trén (P) o {AHlH,(Z)cang phuong
€

e Diém M' d6i xing véi diém M qua (P) < MM’ = 2MH
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VAN PE 4: Géc giita hai mit phing

Cho hai mdt phéng (a), (B) cd phuong trinh: (a): Ax+By+Cz+D; =0
(B): Ayx+Byy+Cyz+ D, =0

Géc giita (), () bing hodc bit vdi gbc giita hai VIPT iy, ii,.

|AA, + BB, + C,C,|

cos((@).(8) = l'ﬁf‘ =
|- \/Af +B} +C} .\/Az2 +B; +C;

Chii y: o 0° < ((@),(8)) < 90" e (@) L(B) o AA,+BB, +C,C, =0

VAN DPE 5: Vi tri tuong déi giita mat phing va mit ciu.

Phuong trinh méit phiang ti€p xidc véi mit cAu

Cho mdt phdng (a):Ax+By+Cz+D =0 va mdt cdu (S):()c—a)2 +(y—b)2 +(Z—c)2 = R?
o (a) va (S) khong cé diém chung < d(I,(a)) > R
e () tiép xic véi (S) < d,(a))=R (a) la tiep di¢n
DPé tim toa do tiép diém ta co thé thuc hién nhy sau:
— Viét phuong trinh duong thdang d di qua tam 1 clia (S) va vuong goc voi (a).

— Tim tog dé giao diém H ciia d va (a).
H la tiép diém ciia (S) voi ().
o (a) cdt (S) theo mot duong tron < d(I,(a)) < R
Pé xdc dinh tdm H va bdn kinh r ciia dwong tron giao tuyén ta cé thé thuc hién nhu sau:
— Viét phuong trinh duong thing d di qua taém I ciia (S) va vuong goc voi (a).
— Tim toa do giao diém H ciia d va (a).
H la tdm cia duong tron giao tuyén ciia (S) vJi (a).

Bdn kinh r ciia duong tron giao tuyén: r = R*—IH?
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3. PUONG THANG TRONG KHONG GIAN

I. Phuong trinh ctia dwong thang: )
1) Vecto chi phwong ciia dwong phang:
Pinh nghia: Cho duong phang d . Néu vecto a#0 vach gia song song hoac trung
v6i duong phang d thi vecto a duoc goi 1a vecto phap tuyén cua duong phang d . Ki
hi¢u: a = (a;;a,;a,)
< Chay:
1) @ 1a VTCP clia d thi k.a (k #0) ciing 1a VTCP cua d
2) Néu d di qua hai diém A, B thi AB 14 mot VTCP cua d
3) Truc Ox co vecto chi phuong a=i= (1;0;0)
4) Truc Oy c6 vecto chi phuong a= ; =(0;1;0)
5) Truc Oz c6 vecto chi phuong a=k= (0;0;1)
2 Phuwong trinh tham sé ctia duong thing:
DPinh ly: Trong Kg (Oxyz). Phuong trinh tham s6 cia duong thang (4) di qua diém

M (x4595%,) vanhan c;z:(al;az;%) lam VTCP la :

£ a4~ X =X, +1a
(A) (A):qy =y, +1a, (t € R)
M, M(x,y,z) v 1=1z) tlag

//

X

3. Phuwong trinh chinh tic ctia duwong thing:
Dinh ly: Trong Kg (Oxyz). Phuong trinh chinh tic ctia duong thang (A) di qua

didm M, (x,;y,:7,) va nhan a = (a;a,;a,) lam VTCP la ;

X — X y—=y —Z
(A) 0 _ 0 _ 0
a ) )

IL. Vi tri teong d6i ctia dwong thang va mit phang :
1.Vi tri twong d6i ctia duong thing va mit phang :
PP HINH HOC

Ny

M

1N

(A)

n

S|

& T a L=
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Phin 7. Toa d6 khéng gian Oxyz

x=x,+at (1)
Dinh ly: Trong Kg(Oxyz) cho: duong théng (A):qy =y, +a,t (2) c6 VICP a= (a;;05503)

2=z, +ta,t (3)

va qua M, (xy:Yo:2) va mit phang (a): Ax+By+Cz+D=0 c6 VIPT n=(A;B;C)

Khi do:

(A) cdt (@) <an#0 < Aa, +Ba,+Ca, %0

21.71:0 Aa, + Ba, +Ca, =0

M, @E(P)C> {A.x0 +By,+Cz,+D#0

an=0 Aa, +Ba, +Ca, =0

M, e(P)<:> {Axo +By,+Cz,+D =0

A) Il (a) =4 {

A) c (o) <:>{

[

S)

Pacbiét: | (A) L (o)< avan cung phuong

< aiayia3=A:B:C n ¥
a
SO VR 7 \ 1 L PHA)
PP DAI SO: Mudn tim giao diém M cua (A) va (a) ta giai hé phuong trinh: ) tim
pt(a

x,y,z. Suy ra: M(x,y,z)

The (1)(2)(3) vao phuong trinh mp(P)Vé rit gon dua vé dang: ar+b =0 (¥)

d cét mp(P) tai mot diém < Pt (*) c6 mdt nghi¢m 7.

d song song voi (P) & Pt (*) v nghiém.

d nam trong (P) & Pt (*) ¢6 vo s6 nghiém 7.

d vuodng goc (P) Savan cung phuong

2. Vi tri twong d4i ctia hai duwong thing:

PP HINH HOC
Dinh ly: Trong Kg (Oxyz) cho hai duong thang:

(A)): Yo y_byo -4 c6 VTCP ;t=(a;b;c) va qua M (xy3¥0520)
a c

(Ay): =20 = y;,yo =272 6 VTCP u =(a;b';c) va qua My(xy: voizy)
a C

—_—

o (A)Vva(A,) ddong phing < [u,u}.MOM;):O
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wd | M M. =0
o e o,

a:b:c#a b :c

(A)) ct (A,)

(A 11 (A,) SN a:b:c=a':b':c';t(x;)—xo):(y'o—yo);(z'o_zo)

A) = (4A) & a:b:c:a':b':c'=(x;)—x0):(y;)—y0):(z(')—z0)

—

(A) va (A,)) chéonhau < [;,u}.MOM;);to

- —

A) L (A,) Suu'=0

x t(A
PP DAI SO: Mudn tim giao diém M ctia (A,) va (A,) ta giai hé phwong trinh :{ptEAI))
P A,

tim x,y,z Suy ra: M(x,y,z)

3) Vi tri twong doi giira dwong thing va mit ciu:
x=x5+at (1)

Cho duong thang d: {y =y, +a,t (2) va mit cau (S) S(x—a)’ + (y- b)? +(z—¢)* =R? ¢
2=25t a3t (3)

tam I(a;b;c), ban kinh R.

PP HINH HOC

B1. Tinh khoang cach tir tAm / cta mit ciu (S ) dén duong thang d 1a
[
2

B2. So sanh d(I,d) vabankinh R cta mat cau:

h=d(l,d)=

e Néu d(1,d)> R thi d khong cit (S)
® Néu d(I,d) =R thi d tiép xuac (S)

e Néu d(I,d)<R thi d cét (S)tai hai diém phan biét M, N vi MN vudng gbc voi
duong kinh (ban kinh) mit cau

PP DAI SO: Thé (1) (2) (3) vao phuong trinh (S )Vé rt gon dua vé phuong trinh béc
hai theo ¢ (*)

e Néu phuong trinh (*) vO nghiém thi d khong cat (S)
e Néu phuong trinh (*) c6 mot nghiém thi d tiép xuc (S)
e Néu phuong trinh (*) c6 hai nghiém thi d cit (S) tai hai diém phan biét M, N

Chii y: Dé tim toa d0 M, N ta thay gia tri ¢ vao phuong trinh dudng thing d
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ITI. Géc trong khong gian:
1. Goc giita hai mit phang:
Dinh ly: Trong Kg(Oxyz) cho hai mit phang «, 8 xac dinh béi phwrong trinh :
n — A .B .
(@): Apx+By+Ciz+D, =0 =BG
(B):Ayx+Byy+Cyz+ D, =0 n, =(4,;B,;C,)
Goi ¢ la goc gitra hai mat phfmg () & (p) ta co cong thirc:

h
|4,4, + BB, + C,C,| a /\

0 0
\/A12+BIZ+C12.\/A22+B§+C22 0" <p=<90

cosQ =

2. Goc giita duong thang va mit phang:

Pinh ly: Trong Kg(Oxyz) cho duong thang (A): %
a

va mit phang (@): Ax+By+Cz+D =0
Goi ¢ 1a gdc gitta hai mat phang (A) & (@) ta c6 cong thiic:

|da+ Bb+Cc| A(

N+ B +C* N +b +
3.Goc giita hai duong thang :

sing =

Pinh ly: Trong Kg(Oxyz) cho hai duwong théng :

A
(A): 220 Y=Y _27% ‘
1 a b C A2 B
By R T TR e
a b C . .
0" <p<90

Goi ¢ 1a gdc giita hai mat phang (A,) & (A,)ta c6 cong thirc:

‘aa' +bb +cc"

\/a2 +b* +cz.\/a'2 +b%+c?

cosp =

I'V. Khoang cach:
1. Khoang cach tir mot diém dén mot mit phang:
Dinh ly: Trong Kg (Oxyz) cho mit phang (@) : Ax + By + Cz+ D = 0 va diém M, (xy;yp;2)

Khoang cach tir diém M, dén mit phing (a) dwoc tinh boi cong thic:
M, (x4:¥0520)

_|Axy + By, +Czy + D|

dMy;A) =
h 0 [ 42 2 2
A( H A“+B°+C

2. Khoang cach tir mét diém dén mot dwong thing:

Dinh ly: Trong Kg(Oxyz) cho duong thing (A) di qua diém M, (x,;yy;2,) va c6 VICP
u=(a;b;c). Khi dé khoang cach ttr diem M1 dén (A) duoc tinh boi cong thirc:

M, dM ,A)zw
A W i

M (x05v0520) H
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Phin 7. Toa d6 khéng gian Oxyz

3. Khoang cach giita hai dwong thing chéo nhau:
Dinh ly: Trong Kg (Oxyz) cho hai duong thang chéo nhau :
(A)) c6 VTCP u=(a;b;c) va qua M (x03¥0320)
(A,) ¢6 VTCP i = (a;b;c) va qua My(xy;Yo:2)
Khi d6 khodng cach gitta (A;) va (A,) dugc tinh boi cong thikc

VAN P 1: Lap phuong trinh dudng thing

D& ldp phuong trinh duong thdng d ta cdn xdc dinh mot diém thuéc d va mét VICP ciia né.
Dang 1: d di qua diém M (x459529) va ¢6 VTCP d =(q;;a,;a):

x=x,+at
(d):qy=y,+ayt (teR)
z=z0+a3t

Dang 2: d di qua hai di€m A, B:
Mot VICP ciia d la AB.

Dang 3: d di qua di€m M (x,;,:7,) va song song v6i dudng thing A cho trudc:
Vi d/ /A nén VICP ciia A ciing la VTCP cua d .

Dang 4: d di qua di€m M (x,;y,:7,) va vudng géc v6i mit phing (P) cho trudc:
Vi d L(P) nén VIPT ciia (P) ciing la VICP ciia d .

Dang 5: d 1a giao tuyé&n cdia hai mit phing (P), (Q) :

e Cdch 1: Tim mot diém va mot VICP.

— Tim toa do mot diém A ed: bdng cdch gidi hé phuong trinh {(P) (voi viéc

Q)

chon gid tri cho mét dn)
— Timm¢t VICP ciia d : = iip, iy |

e Cdch 2: Tim hai diém A, B thudc d , réi viét phuong trinh duong thding di qua hai diém dé.
Dang 6: d di qua di€m M,(x,;y,;2,) va vudng goc v6i hai dudng thing d,,d, :
Vid Lld,, dLdynénmot VICP ciia d la: d=|a,.d, |
Dang 7: d di qua di€m M (x,;,:7,), vudng goc va cit dudng thing A.
e Cdch 1: Goi H la hinh chiéu vudéng géc clia M, trén duong thing A.
{H €A
MyH L Uy

Khi dé duong thing d la duong thdng di qua M,, H.
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Phin 7. Toa d6 khéng gian Oxyz

e Cdch 2: Goi (P) la mdt phdng di qua A va vudéng géc véi d ; (Q) la mdt phdng di
qua A va chita d. Khidé d =(P)n(Q)
Dang 8: d di qua di€m M (x,;,:2,) va cit hai dudng thing d,,d, :
e Cdich I: Goi M, ed|, M, ed,. Tu diéu kién M, M, M, thdng hang ta tim dugc
M, M,. Tit do suy ra phiiong trinh duong thing d .
e Cich 2: Goi (P)=(My,d,), (Q)=(M,,d,). Khi d6 d =(P)(Q). Do dé, mgt VICP
ciiad c6 thé chon la @=| fip,iiy |.
Dang 9: d nim trong mit phing (P) va cdt cd hai dudng thing d,,d, :
Tim cdc giao diém A = d, N (P) , B=d, N (P) Khi dé d chinh la dwong thiang AB.
Dang 10: d song song v6i A va cit ci hai dudng thing d,d,:
Viét phuong trinh mdt phdng (P) chita A va d|, mdt phdng (Q)chb’fa Ava d,.
Khids d =(P)n(Q).
Dang 11: d 13 dudng vudng géc chung cla hai dudng thing d;, d, chéo nhau:

MN 1d
U ta tim duoc M, N.

.Cafch ] GOZ Ml Edl’ M2 EdZ' TI:{'dlé\I/l klén {MNJ_dz

Khi do, d la dwong thang MN.
e Cdch 2:
~Vid Ld, va d Ldy nénmgt VICP ciia d c6 thé la: G =|d, .d, |-
1 2
— Ldp phuong trinh mdt phdng (P) chitad va d,, bdng cdch:
+ Ldy mot diém A trén d,.
+ Mot VIPT cua (P) coéthela: ny = [a,adl]
— Tuong tw ldp phuong trinh mdt phdng (Q) chitad va d,.
Khids d =(P)n(Q).
Dang 12: d 13 hinh chi€u clia dudng thing A 1én mit phing (P) :
e Lap phuong trinh mdt phdng (Q) chita A va vudéng géc véi mdt phdng (P) béing cdch:
—Ldy M eA.
-Vi (Q) chita A va vuong goc voi (P) nén ﬁQ :[ZZA,ﬁP]
Khidé d =(P)n(Q).
Dang 13: d di qua diém M, vudng géc vdi d,va cit d,:
e Cdch 1: Goi N la giao diém ciiad va d,. Tir dieu kiéen MN L d,, ta tim dugc N.

Khi dé, d la duong thdng MN.
e Cdch 2:
— Viét phuong trinh mdt phdng (P) qua M va vubng géc vdi d,.

— Viét phuong trinh mdt phdng (Q) chita M va d,.
Khidé d =(P)n(Q).
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VAN PE 2: Vi tri tuong déi giita hai dudng thing

P& xét VITD gifta hai duong thdng, ta cé thé sit dung mot trong cdc phuong phdp sau:
e Phuong phdp hinh hoc: Dya vao mdi quan hé giita cdc VICP va cdc diém thudc cdc
duong thdng.
e Phutong phdp dai s6: Dya vao sé nghiém ciia hé phuong trinh cdc duong thdng.

VAN DI 3: Vi tri tuong déi giita dudng thing va mit phing

Pé xét VITP giita duong thdng va mdt phdng, ta cé thé sit dung mot trong cdc phuong phdp
sau:
e Phitong phdp hinh hoc: Dua vao méi quan hé giita VICP cliia duong thdng va VTPT
ciia mdt phdng.
e Phuong phdp dai sé: Dua vao s6 nghiém ciia hé phuong trinh duong thdng va mdt
phdng.

VAN DI 4: Vi tri tuong déi giita dudng thing va mit ciu

P& xét VTTD gita duong thdng va mdt cdu ta cé thé sit dung cdc phuong phdp sau:
e Phuong phdp hinh hoc: Dua vao khodng cdch tiv tim mdt cau dén duong thdng va bdn
kinh.
e Phuiong phdp dai s6: Dwa vao s6 nghiém ciia hé phuong trinh duong thdng va mdt cdu.

VAN BE 5: Khoang ciach

1.  Khodng cdch tit diém M dén duong thing d
e Cdch 1: Cho duong thingd di qua M, va cé VICP a.

‘[MOM 5]‘
dM,d)==———F—
l
e Cdch 2: — Tim hinh chiéu vuéng géc H ciia M trén dwong thding d.
—d(M,d)=MH.
e Cdch 3: - Goi N(x; v; z) ed. Tinh MN*theo t (ttham sé trong phuong trinh

duong thdng d).
—Tim t dé MN? nhé nhat.
— Khidé N = H.Do dé d(M,d) = MH.

2. Khodng cdch giita hai duong thing chéo nhau
Cho hai duong thdng chéo nhau dyva d,.

d, di qua diém Mj va ¢6 VTCP a,, d, di qua diém M, va c6 VICP a,

XA

[61,52]‘

Chii ¥: Khodng cdch giita hai duong thdng chéo nhau d,, d, bang khodng cdch giita

d(d,,d,)=

d,vdi mdt phdng (a) chita d, va song song vdi d,.
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3. Khodng cdch giita hai duong thdng song song
bang khodng cdch tit mot diém thudc duong thdng nay dén duong thdng kia.
4. Khodng cdch giita mét duong thdng va mét mdt phdng song song
Khodng cdch giita duong thdng d véi mdt phdng (a) song song vdi né bang khodng cdch

tix mot diém M bat ki trénd dén mdt phdng (a) .

VAN P 6: Géc

1.  Goc giita hai duong thing
Cho hai duong thdng d, d, lan lugt c6 cdc VTCP a,,d,.

Géc gita d,, d, bang hodc bi vdi géc giita a,,d, .
., |
|-
2. Géc giita mot duong thdng va mét mdt phdng
Cho duong thang d ¢é VICP a =(ay;a,;ay) va mdt phdng (a) c6 VTPT i =(A;B;C).

cos(al,az) =

Géc giita duong thdng d va mdt phdng (a) bdng goc gika duong thdng d véi hinh chiéu

d'ciia no trén (a) .

) e cal
Sm(d’(a)>_ \/A2 +32+C2.\/012+a§+a32
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4. MAT CAU TRONG KHONG GIAN

I. Phuong trinh mit cau:
1. Phuong trinh chinh tic:

Pinh ly: Trong Kg(Oxyz). Phuong trinh ciia mat cau (S) tam / (a; b;c), ban kinh R 1a:

z
(S):(x—a) +(y-b)’ +(z—)" =R* (1)
M 2 Phuong trinh (1) duoc goi la phuong trinh
0 ¥ chinh tic ctia mit cau
X Picbiét: Khi7=0 thi (C):x*+y*+72 =R?

2. Phuong trinh tong quat:
Pinh ly : Trong Kg(Oxyz). Phuong trinh :
x? +y2 +72 —2ax —2by—2cz+d =0

v6i a® +b* +c* —d >0 la phuong trinh ctia mat cau () c6

tam I(a;b;c), ban kinh R = \/az b+t —d.
II. Giao ctia mit ciu va mit phing:
Dinh Iy: Trong Kg(Oxyz) cho mit phiang (o) va mt cau () 6 phuong trinh :
():Ax+By+Cz+ D=0
($): (=)’ +(y=b)’ +(z=¢)* =R
Goi d(I;c) 1a khoang cach tir tim mét cau (S) dén mit phang o

Ta co:
1. (&) cit mit cau (S) < dLa)<R
2. (a) ti€p xiic mit cau (S) < dIa) =R
(s) 13- (@) khong citmitciu(S) <« d;a)>R
)
1
R
M
/{ i
a
Cha §:

Khi & cit mt cau (S) thi s cat theo mt dudng tron (C). Puong tron (C) nay cé:

e Tam la hinh chiéu vudng goc ctia tam mat cau trén mat phang «o
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e Béinkinh r=yR>-d*(,a)
bé viét phuong trinh mat cau (S ), ta can xac dinh tAm / va ban kinh R cta mat cau.

Dang 1: (S) ¢ tam I(a;b;c) vabankinh R: (S):(x—a)’ +(y—b)’ +(z—c)’ =R’
Dang 2: (S) c6 tam I (a;b;c) va di qua diém A4:
Phuwong phdp:

e Khidobankinh R=14.
Dang 3: (S) nhan doan thing 4B cho trudc lam duong kinh:
Phuong phap:

Yot Xp . _Yat Ve, _ZitZg

e Tam I 1a trung diém ctia doan théng AB: x, = 5V, ) ! >

e Ban kinh R:IA:%.

Dang 4: (S ) di qua bon diém 4, B,C,D (mat cau ngoai ti€p t& dién ABCD):
Phuong phap:
e  Gia st phuong trinh mit cau () c6 dang:
X4V 42 +2ax+2by+2cz+d =0 (*)
e  Thay lan lwot toa d6 cua cac diém 4,B,C,D vao (*), ta duoc 4 phuwong trinh.
e  Giai hé phuong trinh d96, ta tim duwoc a,b,¢,d = Phuong trinh mit cau ().
Dang 5: (S) di quaba diém 4,B,C vacédtam / ndm trén mat phang (P) cho trudc:
Phuong phap: Giai teong ti nhue dang 4.
Dang 6: (S) c6 tam I va tiép xtic v6i mét cau (7') cho trude:
Phuwong phap:
e Xacdinhtam 7/ vabinkinh R' ctia mét cau (7).
e  Str dung diéu kién ti€p xtc ctia hai mt cau d€ tinh bdn kinh R ctia mt cau ().
(Xét hai treong hop ti€p xtc trong va ti€p xtc ngoai)
Chu y: Véi phuong trinh mat cau (S):x° +y° +2° + 2ax+2by +2cz+d =0 véi

a’+b*+c*—d >0 thi (S) cod tam I(—a;—b;—c)vébén kinh R:\/a2+b2+c2—d.
Cho hai mat cau Sl(ll, Rl)vé S, (12, R2).

o /], < |R1 —R2| = (Sl), (Sz) trong nhau

e [I,>R +R, = (Sl), (Sz)ngoal nhau

o I, =|R —R,| = (Sl), (Sz)tié'p xuc trong

e [I,=R +R, =3 (Sl), (Sz)tié'p xuc ngoai

. |R1 —R2| <Il, <R +R, = (S1 ), (Sz)cét nhau theo mot dwong tron (duong

tron giao tuyén).
Dang 7: Viét phuong trinh mét cau (S) c6 tam 1(a;b;¢), tiép xtc véi mat phang (P) cho
truoc.
Phuwong phdp:
e Ta c6 ban kinh mét cau R = d(];(P))
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e Két luan phuong trinh mdt cau.
Dang 8: Viét phuong trinh mat cau (S) c6 tam I(a;b;c), cat mat phang (P) cho trude
theo giao tuyén la mot dwong tron thoa diéu kién .
a. Duong tron cé dién tich cho trudce.
b. Duong tron c6 chu vi cho trudce.
c. buong tron c6 ban kinh cho trudec.
Phuong phdp:
e Tu cdng thirc dién tich duong tron S = 77 hodc chu vi dudng tron P =27r ta tim
duoc ban kinh duong tron giao tuyén r.
e Tinh d=d(I,(P))
e Tinh ban kinh mit cdu R=+d* +r*
e Két luan phuong trinh mdt cau.
Dang 8: Viét phuong trinh mat cau (S) c6 tam 7(a;b;c), cat mat phang (P) cho truedce
theo giao tuyén la mot dwong tron thoa diéu kién .
Phuong phap:
e Ta c6 ban kinh mét cau R = a’(];(P))
e Két luan phuong trinh mdt cau.
Dang 9: Viét phuong trinh mat cau (S) c6 tam I(a;b;c), cat mat phang (P) cho trude
theo giao tuyén la mot dwong tron thoa diéu kién .
a. Duong tron cé dién tich cho trudce.
b. Duong tron c6 chu vi cho trudce.
c. buong tron c6 ban kinh cho trude.
Phuwong phdp:
e Tu cdng thirc dién tich duong tron S = 77 hodc chu vi dudng tron P =27r ta tim
duoc ban kinh dwong tron giao tuyén r.
e Tinh d=d(I,(P))
e Tinh ban kinh m3t cau R =/d* +7*
e Két luan phuong trinh mdt cau.
Dang 10: Viét phuong trinh mat cau (§) tiép xtic véi mot duong thang A cho trudce va cé
tam I (a;b;c) cho trude.
Phuong phdp
Puong thang A tiép xtic véi mat cau (S) taco R=d(1,A).
Dang 11: Viét phuong trinh mét cau (S) tiép xtic v6i mot dwong thang A tai tiép diém

M(x,,y,,2,) thudc A va cé tdam I thudc dwong thang d cho trudc.

Phuong phap
e Viét phuong trinh mit phang (P) di qua diém M va vudng goc v6i dudong thang
A.

e Toaddotam I= (P) N A la nghiém cua phwong trinh.
e Ban kinh mit cau R=IM =d(1,A).

e Kétluan vé phuong trinh mét cau ()
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Dang 12: Viét phuong trinh mat cau (S ) co tam [ (a;b;c) va cit duong théng A tai hai
diém 4,B thoa man diéu kién:

a. Do dai 4B 1a mot hang s6.

b. Tam gidc /4B la tam gidc vudng.

c. Tam gidc /4B la tam giac déu.

Phwong phap

14 . \ A . A AB
Xéc dinh d(1,A)=1H, vi AIAB céntai [ nén HB = -~

a. Ban kinh mat cAu R =VIH? + HB?

b. Ban kinh mat cau R = "
sin 45°

c. Ban kinh mat cau R = IH
sin 60°
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