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PHUONG TRINH NGHIEM NGUYEN VA KINH NGHIEM GIAI

(Tai ban Ian thir nhat, cé chinh i, b6 sung) Cla tac gia NGND. VO HO'U BINH
Sach day 224 trang, khé 17 x 24 cm, gia bia 42000 déng
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6i dung ctia séch trinh bay
cac phueng phap giai phuong
trinh véi nghiém nguyén, von
ot dé tai ly thu cuia S6 hoc va Dai s6,
tir cac hoc sinh nhd voi nhimg bai toan
nhu Tram trau tram co dén cac chuyén
gia toan hoc voi nhimg bai toan nhu dinh
Ii lon Fermat.
Sach gdm 5 chuong:
Chuong | gidi thiéu cac phuong phap
thutng dung dé giai phuong trinh nghiém
nguyern.
Chuong Il gioi thiéu nhimg phuong trinh
nghiém nguyén dugc sap xép theo ting
ngay.

Chuong Il giéi thiéu nhimg bai toan dua
vé gidi phuong frinh nghiém nguyén,
trong do c6 nhimg bai todn vui, bai toan
thue té.

Chuong IV gioi thiéu mot s6 phuong
trinh nghiém nguyén mang t&n cac nha
toan hoc nhu Pel, Pythagore, Fermat,
Diophants, ...

Chuong V gidi thiéu nhiing p-hu'gn trinh
nghiém nguyén chua dugt gig] va
nhimg butc tién cla Toan @ giai
nhing phuong trinh nguyén,
trong do co nhimg ds clia Andrew
Wiles chimg minpyI™ Iy 16n Fermat va

Gido su Ngé ? héu chimg minh B4
dé co ban t% huong trinh Langiands.

Ph h nghiém nguyén c6 s

ph rinh it hon s6 an nén doi hoi
gidi toan phai van dung kién thic
ng tao, vi thé phuong trinh nghiém

nguyén thuong co mét trong cac dé thi
hoc sinh gidi tir bac tiéu hoc, trung hoc co
s0 dén trung hoc phé théng. Cudn sach
danh mot phan thich dang néu nhing
kinh nghiém gidi toan vé phuong trinh
nghiém nguyén nhu cach phén tich bai
toan, cach suy ludn dé tim hudng giai,
cach phan chia bai foan thanh nhing bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quen’, cach lién hé
tinh huéng dang gidi quyét voi nhimg vén
dé méi, cach chon hudng di phi hop voi
timg bai toan dat ra ...tat ca nhimg diéu
do déu la nhimg ki nang ma méi ngudi
¢én c6 trong hoc tap, trong nghién cu va
trong cudc song.

Trong |&n tai ban nay, cudn sach bd sung
thém nhing kinh nghiém giai toan, bd
sung thém mat sé thi du, cap nhat them
mét s6 su kién lien quan dén tiéu st cac
nha toan hoc, bé sung thém mot s6 cach
giai.

Vi nhimg cau tho & dau méi chuong, véi
cach trinh bay rd rang, dé hiéu, tuoi mét,
v6i nhimg thdng tin c&p nhat, voi nhing
kinh nghiém thuc té trong béi dudng hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh s& dem dén cho ban
doc nhimg kién thic hé thdng va nhimg
kinh nghiém giai toan giup giai quyét mot
loai toan kho & béc phé théng.

Tin rang cuén sach khang chi hiu ich
cho hoc sinh va thay ¢ gido, ma con la
tai liéu tham khao tot cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Todn, ctng cac phu huynh
c6 nguyén vong gidp con em minh hoc
Todn tét hon.

Ban doc co thé dat mua an pham trén tai: Toa soan Tap chi TH&TT; Cac co 56 Buu dién; Céc Cong ty Séch - Thiét bj truong
hoc & céc dia phuong; Cac Cira hang sach clia NXB Gido duc Viét Nam; Siéu thj truc tuyén www.sachtoan24h.com (hotline:

0973472803, 0912920591).
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TRUNG HOC C6 S

Dinh nghia: Phuong trinh (PT) f(x)=0 xéc
dinh trén mién D dugc goi la co tinh dbi ximg
trén mién D néu VxeD thi —xeD va
f(=x)=f(x).

Nhdn xét. Néu x, 1a nghiém cua PT c6 tinh d6i
ximg f(x)=0 thi f(-x))=f(x)=0 suy ra
—xp cling 14 nghiém cha PT.

Vi vily dé gidi PT co tinh dbi ximg ta chi can
tim cac nghi¢m x =0 rdi fir nhdn xét trén ta suy
ra duge cdc nghiém x<0. Sau diy 1a mdt vai

thi dy.
Thi du 1. Giai phuong trinh
.- — 13 - 13 )
(V5+x-5-x) —=x+14+—x-14 |=4
V4 \ 4 o
Léi gidi. PT da cho tuong dwong véi: ,ﬁs

(@_Ja}[ﬂfﬁxﬂuifﬁkl
Va4 4

Mién xdc dinh ctia PT(*): D =[—N

S =({5+x-5- r]ﬂp}x*]4+ﬁ|{ijx |4} 4

Tathiy VxeD cd —xeD va
FE=

(q? JS;T][ L—x+14+\j-1§x 14 -4

(@—JT)[ \,f x— 14-3!173 +14 |-4

(572 -53) U_ 14+\/_x+14 i

= f(x).

. SUDUNGTINHBOIXUNG
o . TRONG GIAI PHUONG TRINH

VU HONG PHONG (GV THPT Tién Du 1, Béic Ninh)

Suy ra PT(*) c6 tinh d6i ximg. Do d6 ta xét

xe[0:5]. Khidé: 5+x—5-x25-5=0,
3 13 = Fhor
—x+14+} Tx—mza.fﬁw—m =0.

+ D@ thiy x = 4 1a nghiém PT(*).
+ Xét x e[0;4) ta thiy

J5+.x—J5—.x<J5+4fJ5-4=z;

\/E +14
4

Suyr&@{*)fiﬂl 4=,
4 xe(45}13thay

?x 14<3N3+14+313-1

"\Q,’S\J’“ﬂ+x—v’5—x>«fs+4—\!5—4=2;

\/? 1443 ljx 14>¥3+14+313-14 =2.

Suyra VT(*)>4-4=0.
Vay véi xe[0;5] thi x =4 la nghiém duy nhét
cia PT(*).

Theo tinh chit dbi xiémg cua PT(*) thi véi
xe[-50] c6 x=-4 1a nghidm duy nhét cia
PT(*).

Vay PT da cho co hai nghiém x =4 vax = —4.
Thi du 2. Gigi phuong trinh

l 2 I [ 2+]x | A
| == -~ 7 — | 4 = L.
1 +yx+vxi-1)

LV x—yx

Lai gidi, PT da cho tuong duong voi

(‘/x li\fwf] [ HJ ~2=0(%)

TOAN HOC
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Mién xac dinh cia PT 1a D = (—o0;—1]U[1;+0). { 3 ]" (x i 2}4 5
> i =

, > @
bat VT(*) 1a fix). x+2 3

Dé thé}-’ VxeD tacd —xeD va + Ap dung BDT Cauchy c6:

fl=x)=

4 4 4 4
| ) ()4 (5 o0
2*_|_J1 4 ; x+2 3 x+2 3

Nt st +[ 3 }_ Tir (4) va (5) suy ra VT(*)  VP(*).

4 Ping thirc xdy ra < x=1.
= 2 ] {“MJ Viy khi x e[l;400) thi PT(*) c6 nghiém x=1.
“f“‘”‘ : \/x‘“ = Suy ra khi xe(—o0;-1] thi PT(*) c6 nghiém
4

2 2+|‘r‘ 5 x=-1.
- ifx+Jﬁ+{/x—sz—-_1 A T PT da cho ¢o6 hai nghiém x=1;x=-L.

— (%) Chii . Vi mot s6 PT ta c6 thé ding phuong
+ Do tinh déi ximg cia PT(*) nén ta xét Phép dat an phy de dua vé gidi mot PT mai co
x €[l;+). Khi do tinh d6i xtmg. Sau diy 1 mot thi du.

N R sl |I'x2 ey Jx_z o Thi du 'i\%;mphmmg trinh

; ¢ 1 1
Ap dung BDT Cauchy cho ba so:

'iE l} 1"} 181 + 5 ]
x=vx?=1; 1; 1 tacé: Q\ ™

(1+I]H'

7
2
3 T —x =1+1+1
{/(x— X -1).1.1 T2 3 §Lﬁgﬁ&i PT di cho tuong duong vai
Q. 1 1 1 e
— + _+_
=>{¥x-vr2 -1 ‘”2—*——- % (1) 5x+1]” (?_J:+_2]8 [§,_g_t3] T
x+1 Ilk_1r+l x+1
do @5 = | 1 1
Tuong tw: 3x+ x— {_:x+2+ t & | a2y s ,
Tx+2 | (?x+2] [?_x+2+1j
Tir (1) va (2) suy ra x+1 x+1 x+1
{[—-\e‘xz—]+{/x+~q‘x2—l _Ls_%_%zg(*]
2 ¥ 4
‘:x+2—1i‘x2—1+x+2+ x* -1 2x+4 .
§ 3 3 Pat ?“1 —¢ thi PT(*) trér thanh
X+

3
3 1 1 1 o

2
= =
{/x—\sz——l+dx+¢x1—l x+2 (r—l}s+!_a+(t+l) ?_3—3—4—;5:0 (1)

Tir x=1 va(3)suyra

Mién xdc dinh cta PT(1): D=R\{0,£1}.

4
2 2+xY 1 1 1 i
= s = s e e
[Jx 2y el J { J 7@ (;_1)3+:*+(r+|)3 > 3 5

2 T?g?‘ug(éce S& 482(8-2017)
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Tathiy VreD thi —1eD va
1 1 | O

/ H}z(_;_us+(—;)3+[-r+1]* F F L

1 1 1 L. 1T 1
e

Nhu vdy PT(1) ¢6 tinh d6i ximg. Do d6 ta xét
t € (0;+20)\ {1}. Dé thiy ¢ = 3 1a nghiém PT(1).

+ Xeét te(0;1) tathdy —1<r-1<0

:>(]<[r—])3<l; 0<®<l: (t+1)*>0

::»-ﬂl—g:ﬂ; iﬂr}l; : =>4
(t-1) t (t+1)
| |
=”VT(1}>2'2_3“3E_F>0'

+Xét re(l;3) tathdy 0<r-1<2; 2<r+1<4
=0<@t-1)*<2% 0<f <35 2 <(r+])f < 4

S o s (s 90
=1y 2 £ ¥ s d

= VT(1)>0. \Q,

+ Xét re(3;+0) ta thﬁy t—1>2,1+1> /,%

_13 23,8 33. 13 43 i%
=@E-1)>2%¢ >3 (t+1) > *%

-1y P Pfad el sy
Do do VT(1) <0.

Viy vai e (0;49c)\ {1} thi r =3 12 nghidm duy
nhat ctia PT(1).
Theo tinh chét d6i ximg caa PT(1) suy ra véi
te(-2;0)\ {~1} c6 #=-3 la nghiém duy nht
ctia PT(1).
Vay PT(1) c6 hai nghiém ¢ =3 va r=-3.
Suy ra PT da cho c6 hai nghi¢m 1a

| 1

X=—— vVad Xx=—.
2 B

BAI TAP

Giai cdc phwong trinh sau:

1 440x% —40x+1 + {402 + 40x +1 = 4.
Yalex-Ya1-x 38
e ey

i*’/lix+l4+{{£x-l4
3.2 2 1, sk

2

S0+ +10-3r., < 3x°

4 4 o Sinds o
T@x+5+Yx-3)  (x+1F

g Mi+x+ 5—-x+ 2 _Xx

iy X dx+4+3Yx-4 g

6. 2x+D¥14x+13 +(2x-1D/14x-13 =10.

7. (%*,’7;: ~6+Y7x+20)(Y2x-2+2x+6)=8.

4
2+x 2 x 1
el B bl s it
4 32 B x

2d2—-x+242+x !
2+|x‘

42—-x+d2+x ; -x3 X 14
9, +3 =1 Il e

2+|+ 3N B s

4
2_[___.__._...__. N +_1___)
10, \7x-6+37x+20 Ydx+4) 1

4 12 "
(%17_x—6+€f?x+20+§j32x+32) R

1 ! 1 1

11. + + =2+ ;
Yox-1) U Yax+1y 940

1 J {(hw‘f 1P+ (25— -1)*‘]'I el

¥ 512

12. | x+

4

2 x2+2T=2

A
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NEONG BE THUCLIEN QUAN DENBA
DUGNE CAD TRONEG TAM GIAC

NGUYEN PUC HUAN (GV THCS Phan Béi Chau - Tit Ky - Hai Duong)

'Viéc tap hop nhitng bai todn c6 clng gia thiét
la viéc 1am v6 cing quan trong ddi voi mdi thay
¢d day todn, viée lam dé giup cho ngudi thay co
mét su téng hop kién thire day hoc sinh d& hiéu
va dé& nho, hoc sinh khong phai hoc nhidu ma
vin dat két qua cao, chiing han nhw bai toan sau:
Cho tam gidc nhon ABC, cadc duong cao AD,
BE, CF cét nhau tai H. Chirg minh rdng:

1) AB* + HC® = BC* + HA* =CA” + HB",

2) ABHC + BC.HA + AC.HB = 45 (voi S la
dien tich AABC)

(AEY _AF.EF

\4B) ~ACBC

4) BHBE + CH.CF + AHAD

=

a)

:S’ AC* + HB* = AH* + BC* 2)
(482 BC° 4 W Tix (1) va (2) suy ra
@ AB* + HC® = BC? + HA” = CA® + HB".
5) H la tém dwcng tron néi tiép ADEE ‘i$ i
6) AE.CD.BF = AF.BD.CE = DE.E % CELL s e e
HB.HC HAHC HAHB At S 0 HO= 28 =e | L
) ABAC T BABC  CACB Tuong tw, AB.HC = 25 — 28us “
DH EH FH AC.HB =28 — 28uc (5)
= — e ‘ £ .
AD  BE  cF TiE(3),(4), (5 tathiy
g HBHC  HAHC HAHB | ABHC+BCHA+ACHB
CUARAC  BABC) CACE | =S Nt B+ Beic) — 05— 25=45,
o A8 BE CF. TR NARE = 2 BT AR
HD HE HF AB  BC AC
HD HE HF 3 AEY AF.EF
) s Sl S, SRt = | =| = :
AH BH CH 2 AB)  ACBC

HA HB HC_ .

i PR —
BC AC .-18
S VT 3 A e
12) —2E (cos® 4+ cos® B +cos’ C).
18 . .
TOAN HOC

4 & c|'u61t_r;e Sé 482(8-2017)

13 5__”; 2 L SJ'.'.H-"' o S.”( -'; .
AN TN
Hudng din.

1) Ap dyng dinh Iy Pythagore co
ABXRYIC = AE* + BE* + HE' + EC*
= (AEROYIE®) + (BE* + ECY) = AHF + BC* (1)

minh twong tw co

4) Do ABDH en ABEC = BH.BE = BD.BC.
ACDH en ACFB = CH.CF=CD.CB
= BH.BE + CH.CF = BC(BD + CD) = BC* (1)



Tueng ty  AH.AD+ CH.CF=AC’ 2)
AHAD + BH.BE = AB’ (3)

Tir (1), (2), (3) suy ra hé thire cin chimg minh.

5) Tir giac BDHF ndi tiép nén DBH = HFD.

Tir gide BCEF néi tiép nén DBH = HFE, suy

ra HFD= HFE = FHla phan gidc DFE.

Tuong ty ¢6 EH 1a phn gidc DEF suy ra H 12

tam duomg tron ndi tiép ADEF.

6) Tir gidc BCEF ndi tiép nén AEF = ABC

:~MFFU:MBC:>A—E-=£ e
AB AC BC

CD _CE_DE BF BD DF
Tuong ty: — =—
MO BGT ANTRC AR AC

AE CD BF AF CE BD EF DE DF

AB AC'BC AC BC AB BC AB AC
= AE.CD.BF = AF.BD.CE = DE.EF.DF.
Chii §. Néu bai toan chi yéu cdu chimg minh
AE.CD.BF = AF.BD.CE thi ¢6 thé chimg minh
cach khac nhu sau:

T APBC i AD B s a8
B0 BA
Twong tr ot S2.-AC AE _ 4B ‘:.5
CEBC AF  ACRS

BF CD AE BC AC 4B

BD CE AF AB BC AC
HC HD
AB BD

HB DB
AC DA

= dpem.
7) Tac6d: ADHC o ADBA =

ADBH en ADAC =

HC HB _HD
=——. Tuong tu co
AB AC 4D

HAHC HE HAHB _ HF
BABC BE' CACB CF
HB.HC HAHC HAHB
= + +
ABAC Vi BABC: (AR
DH EH FH
= + + ;
AD BE CF

HC HB _HD _Sguc

8) Theo cau 7)tacd: —.—— =
_AB AC AD S.-!Bﬁ
Thoonti G b HAHC _ S wme ; HAHB i S iam
BABC S, CACB 8,5

ke HB.HC - HA.HC " HA.HB
AB.AC BABC CACB

S aric £ S ut5 =

SABC

Sumc
= Pane

s ABC

BH BF
Cdch khdc: Ta co; ABHF en ABAE = —=—.
AB BE

SABC

g BHCH _BFCH _Suc
ABAC BEAC S

CHAH _Spic AHBH _Spp

Tuong tu:
BC.BA HCHE N

SABC‘

HB. HC HA. HC HAHB
AB. 4 BA BC CACB

@ SHBL + Spac + Shap st

S ABC

AD THE - CP B

g‘&m HE BF S Sipl See
qb“

SAB( SAB-L

SAEC =1.
N
Nhin xét rang, véi x, y, z > 0 thi ta co BDT

+l+l} 29 (%
¥y

z

(x +y+z}[l
X

Ping thirc xay ra <> x =y =z Thét vy

{x+y+z](l+l+lJ

- A -
=3+[£+1]+(£+3J+[£+1]
y x z y

>3+2+2+2=9 Apdung (*)tacé

HD+HE+HF AD BE CF
AD BE (CF HD HE HF

AD BE+££>9

el
HD HE HF

TOAN HOC
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Ping thic xdy ra < L = @ =

AD BE CF
< AABC déu.

10) Dit Sypc= S; Supc = 51; Srac = 52; Sunc = Ss.

. HD §, HD S,
Tach —=—= =
AD-HD §-45,

AD 8§
HD S
= —= ;
HA §,+85,
ﬁ=___.32 : E‘E‘.z 5 . Viy
HB S, +8, HC §+5§5,
HD HE HE. § 5, A
e —— + + :
HA HB HC S, +8, §+8 §+85,
Nhin xét rs'mg, v a, b, ¢ > 0 thi ta co BDT:

a b c 3
+ + >—,
b+e c¢+a a+b 2
Tigesgy % sap.
b+c c+a a+b
=(i+1]+[ b +l]+[ > +1]—3
b+c¢ c+a a+h
={a+b+c}( 1 + e )—
b+c c+a a+bh
&
=%[[a+b}+(b+c}+(e+a}]x iﬁ%
[ Ty e J & 3
X + + —=—3==
b+ec c+a a+b 2 2
Ap dung BDT trén ta c6
HD HE HF
HA HB HC
- 3 B + & 1‘3~3—.
S+8, 5+5 5+8 2

Bing thirc xay ra <> 5

11) Pt BC=a; AC=b,AB=c,
AH=x,BH=y,CH=z.

Khi dé

Wy X HAHB HA.HC' HBHC

" CACB BABC ABAC

ab bc ac

TOAN HOC
& crmt!:é S6 482(8-2017)

=5,=5; & AABCdéu.

ab " 'be “ac

Pine thitc xay ra < -!E-E HC J_
: ! BC AC 4B 3

g HD E lc:> AABC déu.

(F . .AD\ BE. 3
12) Ap dung cong thirc

Smc= %AB.AC,sin T e ;—AE.AF.sinA

2
Sgr _ AF.AE _ AF AE [AE) _ad g
ABAC AC AB \ AB

Tuonfey —50F —cos’ B; Saw _oos? ¢ = dpem.

t* S e S.ac

Ta cé AMEH en ADBH

AH?

AE _AH _ AE® _
DH*

= b
DB DH DB

AF _4AH
cD CH

AAFH en ACDH =

AF 6 AT
= e e o
cD* CH
Chimg minh dugc AAEF ¢ ADEC e ADBF
(cung en A4BC). Do do

Sur _ AF® _AH® )
Sugan €D CHF
Sygp GBS AHP @
8oy A0 BHT
Tir (1) va (2) suy ra
SAEF B SDBF = SDEC :
AH* BH® CH”



THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN DHSP HA NOI
" NAM HQC 2017 - 2018

VONG 1
(Déanh cho moi thi sinh; Thai gian lam bai: 120 phuit)

Ciiu 1 (2 diém). Cho biéu thirc

b
GB_G_%_; {d”ﬂf +ab+ab b J

P= : 3 —
[1—4(—1+%J(a+ a+b] o b e

viia>0,b>0,axbatb#d.

1) Chimg minh P =g — h.

2)Tima, bbitting P=1vaa — b =17.

Cihu 2 (1 diém). Gia str x, v 13 hai s6 thyc phén biét

1 1 2
thod mén ——+——= . Hiy tinh
x+1 y+1 xp+l
2
S = 2l =+ 21 + i
X+l '+l xpt+l

Chu 3 (2 diém). Cho parabol (P): y = x* va dudng
thing (d): y = —2ax — 4a, v6i a la tham s6.
1) Tim toa d6¢ giao diém cia duong thing (d) va

parabel (P) khi a = _]E :

2) Tim tat ca cée gia tri cia a dé dudng thang (d) cit
parabol (P) tai hai dlem phéin biét ¢6 hoinh df x,. r‘
thoa mén x| + | =

Ciu 4 (1 diém). Anh }wam di xe dap tir 4 dén C.
quang duémg AB ban déu (B nim gitra A va Q

Nam di véi vin toc khong doi 1a @ (km/h) va thoi gian
ditird dén B1a1,5 gidr. Trén quang dudng BC con lai,
anh Nam di chdm dan déu véi vin tde tai thoi diém ¢
(tinh biing giér) ké tir B 12 v = —8¢ + a (km/h). Quang
dudng di dugc tir B dén thai diém 7 do 1a S = —47 + ar.
Tinh quing duémg AB biét ring dén C xe dimg hin va
quing dudng BC dai 16km.

Cau 5 (3 diém). Cho dudng tron (O) ban kinh R ngoai
tiép tam gidc ABC c6 ba goe nhon. Céc tiép tuyén clia
dudmg tron (O) tai céc diém B, C ciit nhau tai diém P.
Gioi D, E trong img 14 chin cac duong vudng goc ha tir
P xuéng cac dudmg thang 4B, AC va M la trung diém
canh BC.

1) Chiing minh MEF = MDP.

2) Gid sir B, C ¢b djnh va 4 chay trén duémg tron (O)
sao cho tam gidc ABC luén la tam giac c6 ba goc nhon,
Chimg minh duéng thing DE ludn di qua mot diém cd
dinh.

3) Khi
ADE :

(1 diém). Céc sb thye khéng dm x,, s, ...
{x, 3y et xg =10

] 4o+ 92, =18

Ching minh 1.19x; + 2.18x, +
thire xay ra khi nao?

ac ABC déu, hay tinh di¢n tich tam giac

. Xg thoa

o 4+2x,

o+ 9.11xg 2 270, diing

VONG 2

vén Todn va chuvén Tin; Thoi Q'un lam bai: 150 p;"m!l

(Danh cho !hf sinh f@
Ciéu 1 (1,5 diém). Cho cic s6 duongW b, ¢, d. Chimg
minh rﬁng trong 4 so
LSS e s L B R R
Fed & d a a
¢6 it nhédt mét sé khong nhé hon 3.
Chu 2 (1,5 diém). Giai phuong trinh:

*u'r[:z +20) +a(x+1)° —\r.:r2+(34:+l]2+{:r2 +x) =2017.
Chu 3 (3 diém).
1) Tim tét ca cac s6 nguyén duong a, b, ¢, d thoa min
a=0,=d vhia=d+98.
2) Tim tét ca cac s6 thue x sao cho trong 4 sb

J:—-JE; x2+2ﬁ; X

6 diing mot s khong phai 1a sé nguyén.

Chu 4 (3 diém). Cho dubng tron () bén kinh R va
d1ém M nim phia ngoai dwémg tron (0). Ké céc t1ép
tu}'f:n MA, MB t6i dudng tron (O) (4, B la céc tiép
diém). Trcn doan thing AB lay diém C (C khéc 4 va C

1 1
— X+—
X X

khac B). Gl‘)l LK lan lugt la trung diém cua Md, MC.
Dudéng thing KA ¢t dudmg tron (O) tai diém thir hai D.
1) Chimg minh KO? - KM = R’

2) Chimg minh tir giac BCDM la tir giac ndi tiép.

3) Goi E 14 giao diém thir hai cua dufmg thiing MD vd&i
dudmg tron (O) va N la trung dlcm cia KE. Puong
thing KE cit - dudmg tron (O) tai diém thir hai F. Chimg
minh ring bén diém /, 4, N, F "

cling ndm trén mot dufmg trom. /\

Céu 5 (1 diém). Xét hinh v&.
Ta viét cac s6 1,2, 3, ..., 9 vio
vi tri ciia 9 diém trong hinh v&
sao cho mdi s6 chi xudt hién Hy

ding mot lin va tong 3 sd trén  pL— EE—
mdi canh cua tam gidc bing 18.

Hai cich viet dugc goi 12 nhu nhau néu bd sb & cic
diém (4; B; C; D; E; F; G, H, K)cuamélcachlatrung
nhau. Hoi ¢6 bao nhiéu céch viét phin biét? Tai sao?

NGUYEN THANH HONG
(GV THPT chuyén, PHSP Ha Ngi) Gidi thigu.
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Hudng ddn giai iz BE THI TUYEN SINH VAO LOP 10 THPT
CHUYEN KHTN BHOG HA NOI NAM HOC 2017-2018

(Dé thi dang trén TH&TT S6 481, thang 7 nam 2017)
VONG 1

Chu 1. 1) Hé da cho twong duong voi:
+yt-m=1 O
{x.1+x2y=2y3 (2)

Tir (1) va (2) suy ra

(2 +3 - +xty=2y e -2y + it =0

Néu y = 0 = x = 0: khong thoa min hé.

3
Chia hai vé cho ' # 0 ta thu duge [f] g
¥ y
X R
Paitr="tacod: " +t-2=0
¥
- +1+2)=01=1.
Do d6 x =y va thu dugc
xX= xX=
{qyr‘ lg{g};@x:ytij@
I“+y‘—xy= X = g
2)PK: —1<x<1. ‘jﬁ
&

L Ju=vx+1 w+vi=2
bat =

=Jl-x |2 =(u+v)2-uv)
::>2u3=(u+v)(u2+v2—uv}=u3+v3<::>u=v
= Jx+1=41—-x < x=0 (théa min).
Cau 11. 1) Dang thirc da cho duoce viét lai
X +4y +4xy +11x% +11y° + 22xy = 4617
& (x+2y)Y +11(x+y)* =4617 (1)
Taco VT(1) =0,1,4,9,3,5 (mod 11)

ma 4617 =8 (mod 11) = khéng c6 sé nguyén
x, y ndo thoa man ding thirc di cho.
2) Theo BDT Bunyakovsky ta cé

TOAN HOC
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[@J§+Jf;y{3}2£(a3+b][%+b]

1
a+h a+b

a3+b a+b’

:-(a+b)2g(a3+b)e+b]:>

1
—+a
i b . Tirdo

Twong ty: 63

a
1
(a+h){a;+b b3+a] [ +—+a +b] 1+a_b

1 Il
i @[cﬁda b3+a]__ 1+T.b_;3_1'

&MM—lkhm b=1.
3 u IIL

1) Do BC /!l AD, BK /! ID va Al 1 trung trire clia
BDnén CBK =IDA=IBA.
2) Tir cdu 1) cha y tir gidc BJIL noi tiép nén
CBK =IBA=1JL=CJK . Tir 46 t& giac BCKJ
ndi tiép nén CKB =CJB=90".
3) Tir tir gide BCKJ ndi tiép ta cd

JCK = JBK = JBI = JLI

tir 46 tir gide CKIL noi tiép.
Céu IV. Ta chimg minh voi n > 4 (n la hUp
s6) khong ton tai mét cach sip xép

a,, dy,...,d, cua cac 6 1,2,...,n sao cho cac

SO a., 4>, aa,a;,...,44,...4, ¢O sO du phin



biét khi chia c‘r}o n.’Gié. str phan chimg co ton
tai mot cach sdp xép thoéa man suy ra chi cé
mot sé trong day sb a,, a,a,, aaa,,.... aa,..a,
chia hét cho ». Hién nhién 1a s6 cubi cing
aa,..a,=n! vacod a,=n (néu khong s& co
50 khac trong day chia hét cho »).

=(n-D)!.
n‘{n-—l)! That vay vi z 1a hop s6 16n hon 4 nén

Suy ra aa,.q Ta c6 két qua

.P’.-‘:a.b[2Eaﬂn—1,2£b£n—l,a+b£n—-])

= (n-1t(a+b)!

ma (a+b)!=(1.2..a)((a+1)...(a+b)):ab
= n|(n-1)!.
Suy ra @a,...a, , chia hét cho n (mau thuan).
V6i n = 4 ta c6 mét cach sip xép cua 1, 2,3, 4
1a 1,3, 2, 4. Khidécicsb 1,13,132,1324
co so dir 1, 3, 2, 0 khi chia cho 4.

Pdp s6 n=4.

UONG 2

Ciu 1. 1) Hé tuong duong vai (x + y=0)

{(x+ V) =x+3y

» =x+3y=3+xy(x-3)y-1)=0
(x+1) =3+x

x=3 x=3 i bl
. ; ==L 08 v6 nghiém
L+ +y=3 |y +3y+6=0 .

y=1 y=1 y=lx=1
] 0 & = . =
X +y +xy=3 |xX+x-2=0 |y=Lx=-2
2)s Cach I:Viab+a+b=1nén
a*+1=a’ +ab+a+b=(a+b)a+l);
b +1=b* +ab+a+b=(a+b)b+1). %
Ding thirc can chimg minh twrong du

2 + b =
(a+bXa+1) (a+b)b+])

a[b+1)+b(a+1)

(a+1)b+1)

1+ab

(a+b)(a+l}(b+l) (a+b)2Aa+1)b+1)
S (a+Db+1)=2(a+1)b+1)

(vi a(b+D)+bla+1)=ab+1)

< (a+)b+1)=2 < ba+a+b=1 (ding).

« Cdch 2: Ding thic cin chimg minh trong
duwong v
a(l+b’)+b(1+a’) 1+ ah

(A+a)1+8) o+ a? )1+ 5%

&

ma a(l+h*)+b(1+a”)=(a+b)(1+ab) nén

a+b

a5 f
& 2Aa+b) =(1+a”)1+b%)
o+ +4ab=1+a’h* & (a+b) =(1-ab)’.
Ping thirc cudi cung ding via + b= 1 - ab.
Cau II.‘ a) Néu p = g thi p—l—q -1
=0 hoficp=g=1,vo li.
X‘é g thi vi p, g nguyén to

|p—1va p|lg’ —1=3k,,k, € Z* saocho

p-1=kq.q" -1=kp.

Thay vao (*)tacod pkg=qgk,p=k =k,.
p-l=kq
q° —1=kp.
b) Thé p=1+kg vao ding thirc > — 1 = kp
tacd g* —1=k(kg+1) < ¢* —k*q-1-k=0.
Suyra A=k* +4k +4 14 s6 chinh phuong.
Taco k' <k* +4k+4<k® +4k*> +4=(k* +2)°
suy ra: k* +4k +4=(k*+1° =k* + 2k +1
& 2k* - 4k — 3 =0:khong c6 nghiém nguyén.
Hodc k* +4k+4=(k" +2)" =k* + 4k +4
ok=k =k=1=¢"—g-2=0=¢g=2=p=3.
Cac s6 p=3,4=2 thod man (*), 1a cic sb

Suyratontai ke Z* dé {

nguyén to can tim.
2)Tacd ab+bec+ca+abe=2
(l+a)l+h)1+e)=(1+a)+(1+b)+(1+¢)
1 1 1
L= -+ + =
(+a)1+b) (A+b)(1+c) (Q+c)l+a)

TOAN HOC
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= 2=
l+a 1+b l+c¢
a+1 b+1 c+1
+

(a+1)* +1 {b+1)3+1 (c+1)* +1

L ught odl
x y Eies B o o ¥0 5o B
i A T |

bat x= =xy+yz+zx=1.

Taco M=

— 2y
T

BT =) ]
X ¥ Z

o ¥ N ¥ 5 Z
(x+Wx+2) (y+zXy+x) (2+a)z+))

_x(y+2)+Mz+x)+2(x+y) 2

T (x+(y+2Xz+x) _(x+y){y+z}(z+_r)'

Mit khéac

O(x+ ¥y +z)Nz+x)28(x+y +z0xy + yz + 2x)

S y+ Yz ix+ 0 +y2t +2x’ > 61z
(dang vi theo BET Cauchy)

=M< £ = 2

E{x+y+z)(iy+yz+zx) tatyts

wal

—N (vi (x+y+2) 23(xy+yz+2x)=3).

< i
4

5
D—ﬂ\ﬂ'

‘

Vay maxM:% khi x=y==z=

1
E
o g b= p=43=1, ‘:.%%

*

Can 111. @.

Hinh 1

S6 482(8-2017)

Hinh 2
1) (h.1) Vi tir gidac PEQF ndi tiép, ta co:
EQF =180" — EPF = PEF + PFE = DEC + DFB
= (EAD + EDA) + (FAD + FDA) = BAC + EDF.

2) Khong mit tong quat ta gia st M nim giira
A, C con N nim trén tia d6i tia B4 nhu hinh 1
con cac truomg hop khéc lam twong ty. Ta cd
MNB =180" — NPF — PFN =180° — PEF — DFE
=180° ~ DEC— DEF = 180" ~ CEF = AEF = ACB.
Do do tx @ac NCMB néi tiép trong dudng
tron ( N

3) RV nhan xét: PAB=DAC. Tht vay, goi
7 lan luot 1a cac diém doi xfmg clua P > qua

AE, AF (h. 2) thi tir gia thiét PEC = DEF

@ suy ra DEY = DEX ma EX = EY nén DX =

DY. Tuong tu thi DX = DZ. Do d6 DX DY =
DZ, mi AY=AP = AZ do d6 DAZ —DAY, két
hop tinh ddi xtmg suy ra PAB=DAC.
Puong tron (PEM) cit ducmg trom (A EF) tai R
khéc E. Ta thdy RPN = REM = RFA do do tr
giac PRFN ndi tiép. Lai do tir glac BNCM m;n
tiép nén ABC=180° — NBC=180" —CMN = AMN.
Tir diy ta thu duoc

ARE = AFE = ABC = AMN =180° - PRE
nén 4, R, P thing hang.

Goi giao diém cia EF va AD 14 I, theo tinh chat
dudng trung binh thi / 14 trung diém cua AD.

Ta lai c¢o AEI = ARF , két hop nhin xét
PAB = DAC thi AAEI v» AARF (g.g).
Cung gép d6i hai canh A7 va AF thi hai tam gidc
AAED e AARB (c.g.c). Ta thu dugce

(Xem .'fc'-ll.': trang [3)



Nhé toan hoc Hy Lap Pythagoras limg lay

thoi ky trude Cong nguyén duge biét dén qua
viéc suu tdm, nghién ctru cha nhidu tic gia
trong céc tai liéu rai ric ¢ nhiéu noi, trong do
phai ké dén ngudn théng tin chinh [a:

1) Mot s6 sach vé cude doi clia Pythagoras cua
cac nha sir hoc famblichus (khoang tir nam 245
dén 325); Porphyry (khoang tir nam 234 dén
303); Laertius (khoang tir nim 200 dén 250).

2) Quyén Tom lwoc Eudemus cua nha binh ludn
lich sir toan Proclus (khoang tir nim 412 dén
485 ¢ Athens, Hy Lap). Tai liéu nay viét ngin
gon vé sur phat trién ctia S6 hoc, Hinh hoc & Hy
Lap tir thoi xa xwa dén Euclid (khoang tir nim
— 356 dén nam — 300) ma Proclus biét dén qua
cac tai liéu con luu trir duge. Tai lidu nay co
la Tém heoe Eudemus vi chi yéu dua va
céng trinh duge viét bai nha toan hoc
(khoang nam — 370 dén - 300) ¢
Lap. 1a hoc tro cia nha todn hogdiWEt hoc Hy
Lap Aristotle (khoang tir ndm 84 dén nim
— 322). Séch ciia nha triét hoc, toan hoc Plato
(khoang nam — 427 dén nam — 347), séch S
hoc cia nha toan hoc Nicomachus (khoang tir
nim 60 dén 120).

Khi néi vé Pythagoras ngudi ta van luén dat
cdu hoi: Liéu nhimg chi tiét vé cude déi cua
Pythagoras dugc viét boi nhitng ngudi song sau
hon 700 ndm chuén x4c dén mirc ndo?.

Nha toan hoc,
(TTvBayopac ,

es, Hy

triét hoc  Pyvthagoras
Pythagorer, tiéng  Phap
Pythagore doc 1a Pytago) sinh vao khoang nam
~ 580 (hodic — 570) tai dao Samos cua Hy Lap,
& phia dong bién Aecgea, ddo nim & phia tay
gan viing dat lonia cia Hy Lap (nay 1a vung bo
bién phia tay Thé Nhi Ky), me ong sbng &

=\ PYTHAGORAS
;) TATON PRAIPTTRAGORAS

NGUYEN VIET HAI (Ha Noi)

Samos la Pythais va cha la thuong gia
Mhnesarchus budn ngoc trai, dén tir Tyros (nay
thudc Libang). Thud nho Pythagoras hoe & qué
nha, r6i dén hoc & Syros (nay la Syri). Khoang
18 tudi Pythagoras dén thanh pho bién Miletus
thudc Hy Lap cb dai (nay la Milet thuéc Thé
Nhi Ky) hoc nha toan hoc, thién vin néi tiéng
Thales (song khoang tir nam — 624 dén niam
— 546) va hoc tro cua Thales 1a nha triét hoc,
khoa hoc tu nhién Anaximandros (khoang tir
nam — 610 dén nam - 546). Pythagoras di
nhiéu noi trong hing chuc nim & Ai Cip,
Babylon*ro,s, ., tim hiéu nén khoa hoc cia
nhiéu 0c va tro thanh nguoi uyén bac trong
n inh vire: todan hoc, thién van, dia ly, tnet

§ y hoc, &m nhac,... Gan 50 tudi ong trér vé
¥®¥ué huong thanh lip truomg hoc, nhung khong

ldu sau thi dao Samos bi chinh thé bao chia
thong tri nén éng di tan dén cang bién Crotone
& mién nam Italia (Crotone 1a thude dia cua Dai
Hy Lap luc do).

Vio khoang nam - 530 tai Crotone, Pythagoras
thanh lip mét trudng hoc gém hang trim mon
sinh, ca nam va nir vdi thoi gian hoc 5 nam,
gom 4 mén: S6 hoc, Hinh hoc, Thién vin hoc
va Am nhac. Sau d6 Ong thanh lap mot Hoi
huynh dé Crotone, cing goi la mon phm
Pythagoras, nghién ciu vé triét hoc, ton gido,
khoa hoe ty nhién, toan hoc, logic, thién vin,
dm nhac,... Cac hdi vién séng tudn theo nhimg
quy dinh riéng (trong d6 c6 nhiéu diéu mé tin),
tai san chung, an chay tap theé, sang tip thé duc,
hoe khoa hoc va triét hoe. Ho cling nhau hat bai
ca tyng thén Apollo (vi thin énh séng, chan ly
va ngh¢ thudt trong than thoai Hy Lap, tuong
ciia thin deo cung bac va dan lyre), ding dan
lyre (dan c6 khung hinh cung gin gifmg chir U,
thiri d6 ¢6 7 day cé dau diy & day chir U) va
ngam tho dé ting cudng tri nhd.

TOAN HOC
* CTusitre 1

S6 482(8-2017)




Pvthagoras va mon do
Nhitng phdt minh cia timg nguoi duge xem la
thanh qua chung nén ta khong biét dugc ai 14
tdc gia cua timg phat minh. Hoat dong cua Hoi
tudn theo nhimg nghi 1& va trong vong bi mat,
khéng con lai bat cir vén ban nao cia hoi vién.
Vai tro clia nam va nir trong Hoi 1a binh dang,
trong sO cac nir triét gia dd c6 ba Pythais 13 me
cua Pythagoras va ba Theano, 1a hoc trd tai
Crotone va la vo cia Pythagoras, ba Perictione,
me cuaa nha triét hoc, toan hoc Plaro (khoang
nim — 427 dén niam — 347), tiép theo c6 Myia,
con gai t cua Pythagoras. Pythagoras c6 mét

Céc hoi vién duge goi 1a mathematikoi (nhimg
ngudi nghién ciru khoa hoc, giang bai). Cac
sinh vién s(ing gi’m do dugce goi la akousmatikoi
(nhimg ngudi nghe).
Thuit ngit Todn hoc ¢d 18 xuit hién tir thi
Pythagoras, bt nguon tir tiéng Hy Lap pofnpo
(mathéma), nghia 1a sy hiéu biét, su hoc hoi, sy
nghién ciru, tiéng Anh 13 Mathematics, tiéng
Phip 1la Mathématique, tieng Nga la
MatemaTHKA.
Céac mon dd Pyrhagoras tin vao 1y thuyét luin
hdi cia tim hdn, ho thuong tién hanh nghi 18
nhiim tir lam trong sach ban than dé tién gin voi
Thuong dé Thoi thanh nién, Pythagoras da
dugc ong ndi mai nha triét hoc Pherecydes
(khoang nim — 580 dén ndm — 520) & Syros vé
day, nén chiu énh huéng cua éng vé thuyét luén
héi va vii tru hoc, thién vin, dia 1y. Dya theo
thuyét cua Pherecydes, cic mon db Pvthagoras
sir dung W tuong pentemychos (pentagram),
tire 1a sao ndm canh (khic trén hinh tron
bipd@fiong). gitta cac canh viét 5 chir cai
"I EL A (epsilon, gamma, iota, EI ¢ thé 1

con trai va ba con gdi, chong cla cd Myia 1a A0 %% theta, anpha) dé chimg to sttc manh ndi luc

vét, cdng tac tich cye vao vige xdy dung H
Ba Theano viét nhiéu tac phz:tm_ vé‘toén hogs, W
ly. ¥ hoc, tdm 1y hoc tré em, tiéc rang 141
liéu d6 déu that truyén.

Ban lyre

TOAN HOC
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va nhin ra nhau. Nam chir cai dugc cac nha
nghién ciu giai thich la: Nudc (Water), Trdi
Dit (Earth), Y tuong (Idea), Lira (Heat), Khi
(Air). Pythagoras la mt trong nhimg ngudi
dau tién khang dinh ring Trai Dat ¢6 dang hinh
cdu va 1a tim cia vil try, 6ng cho rang Mat troi,
Mt tring va cac vi sao cd chuyén déng riéng
biét, khac vdi cic ngdi sao dimg yén.




Thuyét luén hdi 1a mot thach thire cin ban ddi
véi tin ngudng truyén thong & Olympia, Hy Lap
vi viée dé cao linh hon con ngudi 1én tm bét tir
di ha thip gia tri cia cic vi thin trén dinh
Olympus cing nhu sy ton thd cia ngudi déin
déi v6i ho, dbng thdi nang cao tim quan trong
ciia viéc chim séc (thé cing, lam 1é, ...) cho
linh hén nguoi chét.

Do anh hudmg clia hoc thuyét Pythagoras va
khuynh hudng bao vé ngudi nd 1é cua Hoi din
trd thanh qué 16n nén céc thé lyc chda dét, quy
toc & mién nam Italia dd pha hiy toa nha cua
hoc vién va yéu ciu giai tin Hoi. Nguoi ta ké
rang Pythagoras d3 trén vé Metapontum (nay
thude Italia), mot thi trfin ven bién cach Crotone
gin 200 km vé phia dong bic va cé 1& ng gia
gin 80 tudi bj ngudi chéng déi hoc thuyét
Pythagoras giét chét vao khoang ndm - 495
(hodc — 500).

Huwdng dén giai Dé thi tuyén sinh vao lop 10...

&

(Thﬂn theo trang 10) >

Sau khi bi giai tan, Hoi Pythagoras con ton tai
khoang 200 nim sau.

Tugng ban than cua Pythagoras duge dat & bao
ting Rome, thu dé Italia, & Vatican, nhiéu noi
trén dit Hy Lap,.,.Hinh 6ng duoc duc trén dong
tién Hy Lap. Tai ddo Samos qué ong ¢6 thj trin
Pythagoreio, nha bao tang vé& Pythagoras, di
tich dén tho Pythagoras va nit thin Hera duoc
UNESCO cong nhan la di san vin hoa thé gidi
nam 1992.
Tén cha 6ng duge dit cho mot miéng nii lira ¢
phén nhin thiy ciia Mit tring.
“Ong ta duge kham phuc dén ndi cdc mén db
cua ong thuong duge goi 14 ‘nhimg nha tién tri
tuyén truyén y Chaa’...” Diogenes Laertius da
viét vé Pythagoras nhu thé.

Sl
agte

ABR = ADE = DEC — DAE = PEF — PAE \*’ b) Gia sir ta c6 thé chia da giac 1di 2017 canh

= PEF - FER = PER = RMP. &%
: 5
Tur d6 tir gidc NMRB ndi tiép ha
(K). Lai co $~

ERM = EPM = EFP= EFR + RFP = RAE + RNM

am trén

véy hai dudmg tron ngoai tiép tam giac REF va
(K) tiép Xuc nhau tai R (dpem).
Ciu IV. a) Ky hi¢u da giac 2018 canh la
A4y Ayg.  Ke dudmg
AA AALAA,.., A dys. Khi do da gide nay
dugc chia thanh 672 ngil gidc 15i:

AlAzAaAaAS

A AsAg Ay Ay

cac chéo

AI A20]2A20I3A2I}I4A20l5
AIAZU]SA2'EII{1AQU[? AQD[E‘

ndy thanh 672 ngii gidc 16i boi cac dudmg chéo
clia nd. Goi p 1a sb giao diém cua cdc dudmg
chéo nam trong da gidc. Do méi dinh cia ngii
giac 10i 1 dinh cua da giac da cho hodc 1a mgt
trong p giao diém cna céc dudng chéo nén tfmg
s6 goc cia cac ngil gidc nay 1a

p.360° + (2017 -2)180° = (2 p + 2015)180°(1).
Mat khéc sb ngii gie 1a 672, mdi ngil gide ¢b
tong sd goc & cac dinh 1a 3.180° nén tong sb
goc cua cac ngi giac la 672.3.180° (2).

Ta (1) va(2) = 2p+2015=6?2.3:,‘-p=% (vO 1y).

Viy ta khong thé thuc hién dugc vai
n=2017, k= 672.
NGUYEN VU LUONG - PHAM VAN HUNG
(GV THPT chuyén KHTN, DHQOG Ha Néi) gidi thigu

TOAN HOC
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DE XUAT LO1 GIAI MGT CHO BAI TOAN
IGmOT GO
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s Chu Vi A, Hosi N, B D).

Bai toan tim GTLN, GTNN ciia mét biéu thirc
nhiéu bién c6 mét vi tri quan trong trong chuong
trinh todn hoc phé théng, ma phan nhiéu thi sinh
rat ‘ngai khi va cham. Bai toan nay ciing thuong
Xust hign trong céc ky thi chon hoc sinh gioi.
Hau hct cac bai todn dang ndy rét phong phu, co
yéu ciu cao vé tu duy, k¥ néng va thuong khong
theo quy tic hay khudén mau c6 sin. Chinh vi the
vigc tim toi nhung y tuéng mai, hop ly nhim
tlep cén va gial quyét dn.mfc bai toan 1a vd cling
céan thiét, Trong bai viét nay tic gia xin g6p mot
chut suy nghi dé tim thém mét gée nhin vé bai
todn nay.

Céc bai toan trinh bay dudi ddy duge néu ra hai
chch giai: Cdch thik nhat la ddp an ciia ky thi,
cach thir hai la cia tdc gia dé xudt. Phan nhan

xét duge dua ra nhim phdn tich nhimg diéu cén ® W — 2abc
chd y cua mdi 16i giai. \

Bai todn 1. Cho cde so thue duromg a,b,c

man  diéu kién: ab+bc+ca+ Z{H"J( —*%Tm?
| ]
GTNN ciia biéu thire: P=— .._ b+c).

ff)r thi chon HSG ndm Im{ "mﬁ- s Ar. Hu Noi)
Léi gigi. Cdch 1. Du doan gia trj nhn nhét cua

biéu thirc P1a 3 dat tai a-—-b=c=5. Viy ta s€

chirng minh BDT: le +% +1 —Na+b+e)=3.
a c

Tir gia thiét suy ra ton tai cic s6 x,y,z>0 sao
X ¥ Z
cho a= L h=——  ¢=
y+z Z+X x+y
BDT cin chimg minh trd thanh:

ytz z+x x+y ., R i) P M.
X ¥ z V+E X XY

TirBBT—l-+lE
m n m+n

(m,n>0) taco:

TOAN H
L R crum?;g
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y+z+z+x+x+y24 x L ? z .
X y z y+z z+x X+y
Nén BDT (1) sé& ding néu ta chimg minh duoc:

3

SR WL TR

Pz z+x xty 2

Pay chinh la bét dang thirc Nesbitt.

: 1

Véy min P = 3 dat dugc khi a=b=c=5.

Cach 2. Dat \Jbe =cos A, \Jea =cos B, \Jab =cosC

(4, B, C1a 3 gbc clia 1 tam giac nhon). Suy ra:
_cos BegC o cosCcos4  cosAcosB

(’ =g
cosB cosC

o
Ta¢§=w—2(a+b+w

abe

—2(a+b+c)=L—2(a+b+c)—2
. abc

abc

"~ cosAcosBcosC cos A
cosCcos A cosAcosB]
; + -2

i
cos B cosC

1 [cosBcosC
-2 -

1
* cos Acos BeosC
o cos® Beos® C+cos” Ceos® A+cos” Acos’ B o
cos Acos BeosC

]
cos Acos BeosC

2

2 2 2 ~\2
(cos A+cos” B+cos C)

3cos AcosBeosC
1 2{1—2m5AcnsBmsC}2
"~ cosAcosBcosC 3cos Acos BeosC -
1 M-%F -1 Bx 2

X Ix 3x33



(voix=cosdcosBcosC e [0,‘%} ).

Ta s& chimg minh: L_B_x>z (2).
) RIS

That vay: (2) < 1-8x%>Tx < (8x—I)}x+1)<0

(BDT nay dung vi xe[ ]) Do do: P>T+§—3

b | —

Déu ding thirc xay rakhi a=b=c=—

Viy min P =3 dat duoc khi a:b:c:%.

Nhin xér 1) Day 13 mét bai toan hay, gia thiét cia
bai toan va biéu thirc P ¢é hinh thirc gon, dep, nhin
thich mit. Piéu ta cin phan tich 1a cach tiép cén bai
toan theo céch giai 1, ddp n ctia ki thi. Trudc hét, ta
nhiin dang bai todn: Bién thirc P 14 bidu thisc ba bién
dbi ximg, do d6: P(a,b,c) = P(c,b,a)=P(b,a,c).
HS cin nim chéc va biét vin dung nhimg kién thirc
toi thiéu vé biéu thirc 3 bién dbi ximg, cu thé 1a:

- Céc bién c6 vai trd binh déing,

- Co thé sap xép cac blén theo mét trat fir tl.l}v‘ ¥.

- Vi da sb nhimg biéu thirc ba bién déi ximg thi
GTLN (vd GTNN) cia ching thudémg dat duoe khi
a=b=c hodic a=b5,¢=0,

Trong bai todn nay, dé dr dodn GTNN cua biéu thq“\*»
P ta thir chon a=b=-:'=-2!-r Nhung vi sao chm@

4
i %? Cau tra & tw nhién la: gia tri % m@n diéu
kién clia gia thiét ab + be + ca + 2abq,
2) Ta phan tich cich pgiai ®. Gia thiét
ab +be+ca+2abe=1 gpi v cho ta hinh thanh cich
dat: Jb_f::cusA, Jazcosﬁ', Jab =cosC véi A,
B, Cla3 gbée ciia 1 tam gide nhon.
Viée suy nghi ¢é hinh thanh phép dit trén khong mat
tinh fr nhién, béi ta dua theo hé thire lwong gide trong
tam gidc: cos® A+cos® B+cos’ C+2cos Acos BeosC=1,
tuong Ung voi hé thic nay phép dat trén phat huy
duge tic dung. Pay chinh 13 diém mau chdt cua qua
trinh kham phé bai todn. Di nhién ring., v&i nhimg bai
toan xuat hién trong céc k¥ thi chon HSG thi dé e
nhimg y tuong co y tuong nhu trén, HS phii c6 vén
kién thire nén tang nhat djnh.
Xin nhic lai mdt sé hé thirc lugng gidc, dong vai trd
nhu diém tyra, gitip ta ¢6 nhimg ¥ nghi diing huéng
Trong tam giac ABC, ta co:
1) cos® A+cos” B+cos” C+2cos Acos BeosC =1

2) sin® A+sin’ B+sin’ C =2(1+cos 4cos BeosC)

3)cosA+cos B +cosC =1+4sin§5in%sm—§-

4)ysin A +sin B+sinC = 4(:031;;(:05%(:05(—2:—

5)sin2A4 +sin2B +sin 2C = 4sin 4.sin B.sinC
6)cos2A+cos2B+cos2C =—-1-4cos AcosBeosC
Tycot dcot B+cot BeotC+cotCeoot 4 =1

8) cot—+c0l—+cm£ =cm£cm£cm£
2 2 2 2 2 2

9 Lané-tan£+tan£tan£+tan£tani=l
2 2 2 2 2 2

10) tan A+ tan B + tan C = tan A.tan B.tan C

(tam gide ABC khdng vuéng).
3) Hai cach giai hoan toan doc Iap nhau, giip ta cd
cach nhin va kinh nghiém ve su gin két giira kién
thirc da biét véi diéu can hudng toi.
Cach giai hai da phat hién duoc moi lién hé giita he
thirc dai s6 c¢6 trong gia thiét bai toan véi mot kién
thire lvong gide da biét, tir d6 hinh thanh phép dat
mang tinh quyét dinh va hiru ich. Diéu dang nhén
manh 14 ¥ @&mg cua cach giai nay gilp ta vén dyng
0 ai toan chir khﬁng chi dirng lai & bﬁi
cap. Hon nira cich giai thir hai giai quyet
p v6i yéu cu cia dé ra bang nhimg kién thirc
Gng quen thude chir khong phai qua BDT trung
Nesbitt. Vi goc nhin trén thi bai toan nay thude
dang bai “thdn thi¢n" va “dang véu".

Bai toan 2. Cho cdac so thuc a, b, ¢ thoa mdn dicu

kién: a+b+c=0. Tim GTNN cuia biéu thirc:
1"’"---[:(1 } ]l $ {J’f?'.l f !.] F e 3 |) + O~ 0.abe
(526 thi chon HSG ndm hoe 2016-2017, TP. | 16 Chi Minh)
Loi giai. Cdach 1. Theo nguyén ly Dirichlet,
trong 3 s0 @, b, ¢ ludn co hai 56 c6 tich khéng dm
va do vai trd cua a, b, ¢ trong bai toan la binh
dang nén ta co6 thé gia su ab = 0.

Néu ¢ 2 0 thi dé thay min P =3 .

Véi e <0, xét hiéu: P{a,b,c}—P[%‘?,E-;—b,cJ

=(a1 + 1)2 +(b2 +1J2 +[c:r2 + 1]1 +6v/6abe
—2[@“] (& +1) -—6JE£—‘—’—J~:-‘£L
3J6
2

:l a—bY| 7a® +10ab+ 7H> + 8- c|=20
]
(do ab>0,c<0).

TOAN HOC
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Dt ¢ =2

=21,
Taco: Pz 2(:‘2 - ]]2 +(4-r2 + l]2 + IZJgrg

5 2
=3+20(3+V6) 23.
Viy min P=3 dat dugc khi a=b=c=0 hoiic

V6 a0

a=hb=— vac=
3 3

Cich 2. Xét hai truomg hop
TH1: Cé mt trong ba sd a,b,c bing 0. Khéng
mit tinh tong quat, gia sit: a=0.

2 2
Khido: P=1+(8> +1) +(c* +1) 23.
Déu dang thirc xay rakhi a=b=c=0.
TH2: Céa ba sé hang a,b,c déukhac 0. Nhu vy
trong 3 s0 a,b,c s& ton tai 2 s6 cung déu. Khéng
mat tinh tong quat, ta gia sir:a, b>0,¢<0.
Tir gia thiét, ta c&: c=—(a+b). Suy ra

P=(@ +1Y +(® + 1 +[(a+8) +1] ~6/6.ab(a-+b)
z%(a? +5 +z)2 +[{a+b)2 +1f —m%.ﬁ‘fi)z (a+b)

I

2

> L b2 [(a+b)2+l:|
[2 } $§%%

2 2
[I 2‘1‘4} + (xp' + 1)2 3\[‘ QV
{vtﬁ— a+b>=0)

:gf 36 o 3L9x2[ 26

——J +3=3.
Tir cac trudmg hop da xét, ta ludén co P = 3.
Viy min P=3 dat dugc khi a=b=c=0 hoic
aapet g e ot
3 3
Nhgn xét. 1) Y tuomg 101 gidi o cdch 1 rit hay, bai vi
thay cho viéc tim minP bing cich xét

hiéu: P(a,b,c)— P[“‘;‘" “;b

b | —

,cJ va tir danh gia
: . b

hiéu khoéng am, ta tim min P[a;b,%,c]. Day
chinh 13 y tuémg “Dén bién”: chuyén tir ba bién a, b, ¢

ohing bl g 22

TOAN HOC
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2) Gia thiét bai toan chira dung ndi dung quen thudc,
thurGng gap.
Céch giai 2 da sir dyng nguyén ly Dirichlet:
Trong 3 50 a, b, ¢, ludn co hai 56 ¢6 tich khéng am.
Viéc khai thac gia thiét “ba si thyc a, b, ¢ thoa min
diéu kién: a+b+c=0" thudc ki ning co ban cia
HS, vén dé con lai 1a ky ning bién ddi, ddnh gid cac
dai lrong @’ +b*, a+ b, ab. Uu diém trong cach gidi
2 1a céch tiép cin bai todn “ty nhién”. Viéc dit
x=a+b gilp cic budc bién déi dugc dé dang,
nhanh chéng.
Bai todn 3. Cho cdc s6 thue dwong a, b, ¢ thoa
méan diéu kien: a+b+e=9. Tim GTLN cua
hiéu thc:

lif? be od

- tike 4 S e S e L | R
—’UJ +5¢ 3b+4c+ \c!

'Jr'._

Ic+4da+5b
l -
2¢)(b+2¢)
(Dé thi chon HSG nam hpe 2016-2017, tinh Ba
Loi gidi., (::tfdl' 1. Str dung cac BDT
TB die hoa <TB nhan = TB cfing, ta co:

o

* Nirft)

2ab
M)‘ b+ 5c ;,N 5(a+b+2c)+(a+3b)
Sab ab
<
36{Za+b+2(;+za+3b]‘

ahe ah.e

#Lgl(z o 5 ab]

Ta co; Z
arcath2e 4l e+ a e bke

1
=— b =
4(a+ +c)

ab 1 ab 3ab
a§ca+3bgﬁ[z—+z_{1

ab.e a ab.e

{Em ZBaJ-— a+b+c)=

ah,c abe

-h_l v=

abh Gt o
o il SR AL B L
Dods 23T se 18( 4 4] 4

ab.e
Miit khac theo BDT Cauchy, ta cd:

1 Z
Jab(a+2c)(b+2¢)  2,[(ab+2bc)(ab+2ca)
= 2 3 3
~ 2(ab+bc+ca) 3(ab+bec+ca)

Nk e WA
T{ambaele T2




T e e 7T

4. 27, 108

\faymaxTvﬂkhla b=c=13.
108

Cach 2. Theo BDT Schwarz, ta co
25 25 4 4 (5 54708
5(a+c} 5(b+¢) a+3b ba+8b+10¢
] 5 4 72
- B 2
b+c¢c a+3b 3a+4b+5c

ab | [Sab Sab 4ab ]

o< — - :
3a+4b+5¢ 72 b+ec a+3b

3a+b

a+3f) 4

a+c

a+c

Vi hai s6 a,b dwong ta lubn co:

3a+b

< = 16ab<3a’ +10ab+3b°

That vay:
a

& 3(a—-b)" 20 (luén ding). Tir d6 ta co:
ab | [ Sab  Sab 3a+b}
R i + .
3a+4b+5¢ T72\a+c b+c 4
Bién dbi tuong tir ta cé:

he 1( 5be 5Sbe 3b+c
—_— + +
3b+4d4c+5a T2\b+a c+a 4

b 4
ca EL[ Sca 4 Sca +3£+a \%
e+4a+5b T2\e+b a+b 4/

Do do ,%Q'
ab = be a3 Q’
3a+4b+5¢c 3b+4c+5a 3 +5h
[ 5&'5 She ] [ Sab  Sac
e rd +
T2\ a +c a+c b+c b+c

[Sbc SGCJ }
+ + +a+b+c

a+bh a+b

1
:E{Sb‘k5&+5{f+ﬂ+b+c:l=é(a+b+c]=% (l}

Ap dung BDT Cauchy, ta co:
Ha+b+c)=3a+3b+(a+2c)+(b+2¢)
2 44[9ab(a + 2c)(b+ 2¢)
= 9> 34/ab(a+2c)(b + 2¢)
& \Jab(a+2c)(h+2¢) <27
_l _1 [

N Jab(a+2c)(b+2¢) 7 @,

3o Bl gy
T (1), (2 rf———=—
€ (2 e 4. 27 108

Déu ding thire xay rakhi a=b=c=3.
Vay ma.xT=% khi a=b=c=3.

Nhdn xét. 1) Trong cach 1, ta thay biéu thirc T gém 2
phan doc lap vé y tuong tn:p cén:

ab - he . ca
3a+4b+5c 3b+dc+5a 3c+4a+5h
duge danh gia bﬁng cong cy quen thude: Van dung k¥
thudt tach, ghép cdc bién, két hop véi két qua tir
nhimg BDT trung gian.

Phin thir nhét

1
V{ab(a +2c)(b+2c)
lvgng ¢ mau vé tong a+b+c dé sir dung gia thiét
a+hb+c=9
2) Trong cach 2, cac bién a, b, ¢ Xuit hién trong tong

ab be ca
¥ +

Ja+4b+5¢c 3b+4c+5a 3c+4da+5h
nhu nhau, mit khic véi gia thiét a + b + ¢ = 9 da goi
at+b+c

Phén thir hai duoc bién doi dai

co val trd

doi A< va diu ding thirc xay

y cho ta

%’ b=c=3. Diém then chdt trong cach giai
¢ hién 16 & bude vin dung BPT Schwarz, hiéu
clia bude vin dung nay lam phong phu kha nang
dénh gid céc dai lugng.
Bii toan 4. Cho ba sé thuc dwong x, v,z
mdn diéu kién xvz =1. Tim GTLN cua biéu thirc:
P=— : = e I e : e
r+2y 43 9 23 - +3x+3
(Pé thi chon HSG ném hoc 2016-2017, tink Lang Som)
Léi gigi. Cdch I Ta co:
0 e

P
Z ,,”x P+l 2

thoa

Lx +2y +3




Theo BPT Schwarz, ta co:

|

S (x+y+z)

V42 X +y +28+6

X, )2

x4y vz +2(xy+ yz+2x)

P+ 422 +6

" W+ 37+ 22 +233(xz) iz

x2+y1+zz+5

T hai € trém ta duge: P < (141)=

b3 | —

Vay nlaxP-—-%datduqckhix:y:z:].
Céch 2. Ap dung BDT Cauchy, ta cé:
x2+y122xy, y2+122y.
Dodd: x> +2y° +122xp+2y
o ¥ +2y P +322xp+2y+2
1 |
= A o
X+2)8+3 2p+2p+2
1 1
< -
Y4228 +3 2yz+2z+2
1 1
=
22'+2x2+3 2zx+2x+2
Cong theo vé ba BDT trén, ta dwoc:

. Tuong ty, ta cé:

N
1 1 1 1
PEE 1+ 1+
xv+y+1 yz4z+ zxt@i

Do xyz =1nén
ety Xy o
yz+z+l xpyz+xpz+xy xy+y+l
! y y

Tuong ty: = - :
zx+x+1 yz+yx+y xp+y+l

Tur d6 suy ra:

Psl : O S | J =l
QLo +y+1 xy+y+l wp+y+l) 2

Véi x=y=z=1 thi dau ding thirc xdy ra.

1
Vay maxP=5 datdugc khi x=y=z=1.

- Cling v6i ¥ tudng trén, loi giai theo cach 2 co
the trinh bay nhu sau:
1 1 1

+ + =
xy+y+l yz+z+1 zx+x+1

Ta co:

S8 482(8-2017)

1 xy y
= + 3 +
xp+yv+l xyz4xz4xy OZHXY+Y
N COUTJRS - SSITEE: SRS R
xy+y+1l y+l+xy l+xy+y
Ap dung BDT Cauchy, ta c6:

,1c2+2y2+3=(,:vc2 +;|;2)v4—(y2 +1)+2

>2xy+2y+2=2(xy+y+1).
1 < 4 :
42743 2(xy+y+l)
Bién déi twrong tur ta co:
; : s l :
V422243 2(yz+z+1)
1 < 1
2 +2x3+3 7 2(zx+x+1)
Cong vé theo vé ba BDT trén, ta co:

Do d6:

1 1 1 1 Eid
P~ + 4 ==l=-,
Q0 p+y+l yz+z+l zxx+x+1) 20 2
- | thi déu déing thirc xay ra.
. i AT T
Vi &xf’—z dat dugc khi x=y=z=1.

xét. 1) Céch giai 1 da khai théc tinh chét cia

Vol x=

‘&aiéu thirc P qua phép hoén vi vong quanh céc bién, du

don dwge GTLN cia P va diéu kién dé xay ra diu
ding thire. Két hop véi diéu kién xyz = 1 va dang cdc
sb hang trong tong P dé danh gia tong P.
2) Cach giai 2 da vin dung diéu kién cua gia thiét
bidu thi quan hé cua cc bién dudi dang tich cac da
thire dom gian dé dua ra bude danh gia:
. p i 2 3 2 l v
a —ab+b —E(a+b) +£(a—b} zz(a+b] ;

Budc danh gia ndy co tinh quyét dinh gitp ta hinh
thanh bit ding thic P = @, trong d6 Q khong chira
can. Liic nay ta nhén dugce bai toan don gian hon: Tim
ming).
Bai toan 5. Cho thoa
liew kien a +b ¢ 3. Tim GTLN cua
{ £ ',":-.: |':."l ST mcam hox _'I.:-| G |H 7. f.'l'.'-'l.' J.'Ill'___r '.."'_:'__-;'I:',
Loi gidgi. Cich 1. Pt x=a’,y=b",z=c" thi
x+ y+z=3.Tas& chimg minh:

p:xy,%«l-}z.{/};*rzxﬁzﬁ??



Theo BPT Cauchy thi:

x+y+3

Yoy Y
X0z 2

_xy{x+y+x+y+z) 2xp(x+ y)+xyz
e 5 g0l 5
_2x+y+ z)(xy + yz + 2x) - 3xyz
e 3
_ 6(xy+yz+2x)-3xpz
= - .

Mt khac theo BPT Schur thi:
(x+y +z) +9xpz24(x+ y+z)(xp+ yz+zx)
o P+9xz = 43(xy+yz+2x)
< 9+3xz24(xy+ yz+2x). Suyra
6(xy+yz+zx)-3xz 5
3
6(xy+yz+zx)—4(xy+ yz+2x)49

| B2
n

Z(J:}'+yz+zx]+9
5 5
Viy max P=3 datdugc khi a=b=c=1.

o
i yzgu(}%z),z—pm

_6x[3—x]+%(3—x)2{2—x]
5

=%(—x3+3x+|8):3—%(x3—3x+2}

=3*%{1_1)3 (r3)€3,

Véi a=b=c=1 thi diu ding thirc xay ra.

Vay max P =3 datdugckhi a=b=c=1.

Nhgn xét. 1) Dy dodn maxP = 3 dat duge khi
a=bh=c=1 1a khi rd. V& phép dit
x=a',y=b,z=c"bai toin dugc dra vé chimg
minh BET: xy{fﬂ + yz.{fry_z + zx.3zx <3. Ban chit
1o gidi cach | 14 chimg minh BDT nay.

2) Nhan thdy cic bién trong gia thiét bai toan cé

dang o', mat khic a®h® = a*h’.ab, didu nay goi ¥
cho ta chigw ab theo a’.b’. Két hop voi du doén
maxP at duoe khi a=b=c=1, cling c6 nghia

=¢’ =1, tir ddy xuét hién y nghi: dp dung
@ ding thirc Cauchy cho nam sb duong
b*,1,1,1. Liic nay khé khin cua bai toan da dwoc

Cdch 2. Dat: x = a V= b pecy =g ¥.2> \ giai quyct Diy chinh l4 cach tiép cin bai todn trong

Khéng mét tinh tong quat, gia sir x:mingf&
Tir gia thiét x+ y+z=3 suyra x<1. R

Ap dung BPT Cauchy ta co: ,FQQ’

@ +b +1+1+1253a’b’ =5a

5oy
R b

5 5
Bién dbi tuong i, ta nhin duoc:
b’ < L X x}yz o —(6 . y]zx ;
5 5
z)xy (ﬁ —x)yz ) (6—y)zx
2 5 5
6[1y+yz+zx] vz 6x(y+z)+3yz(2-x)

o {(as +& +3]ﬂ5b5 _(xy+3)w_(6-2)w
- i :

Do do: P<_£(6

3 5
6x(3—x)+%(y+z}2(2—x)
5

=

liri giai cdch 2.
Bai toan 6. Cho cdc 56 thuc a.b.c thoa man

dieu kien a+b+cz20.Tim GITNN cua biéu
Ve+a Na+b
e thi HSG {)’.‘r’r;i
Neam)

Loi giai. Cach 1. Chuan héa a+b+c=3. Ta s&

chimg minh ring 1, |f 5 L
3-a

Diéu nay twong duong véi a( 2 >0: hién

nhién ding. Tuwong tu: ﬁ
cta 3 a+b 3

Cong lai ta dugc: P>3 =12

a Hant i

20162017, tinh H

Viy min P=2 dat duoc khi trong ba sé a, b, c,
¢6 mdt s6 bang 0 va hai s6 khac khéng, bang
nhau.

(Xem tiep trang 23)

TOAN HOC
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TIENG ANH BUA CAC BAI TBAN

BAI SO 23

Problem: Let . E—R

and periodic function. Prove that:

be a differentiable

(i) f is bounded, ie. there exists M such that
Flx)y< M, Vx.

(il) [ is alse a periodic function.

Solution: Since f is periodic, there exists a
number T > 0 such that f{x) = fx+T) for all x. In
particular, the range of f is equal to f[0; T]).
Here, the notation f{[0; 7]) means the set {f{x)| x
belongs to [0; T]}. On the other hand, f is
continuous on [0; 77, it obtains its maximum
value on [0; T]. Hence (i) is done.

For part (ii), we use the definition of denvative.
In fact, for any x, we have

J(x) - f(x)
=X

£(x,)= lim

x—a-xo

0 é‘gﬁ’“

eRNQ, voi x, =x; -

Ta chon mét day s6 vo ty { x*

De thay x, 12 56 v6 ty vii moi n va X, = Xp. Hon nira, vai i du 1om thi x,

Bai toan. Hay xa
khang lién r;:a@m kv diém néo trén khoang do.

ngux% amsosau Fix)y= {

:qed‘gﬁ{'ﬂ. } thi f( n}‘

i e D e T s,
wTon T (x+T)= (% +T)
where the second equality is due to the fact that /
is periodic.

Remark: We can use the above properties to
show that a function is not periodic, e.g. you can
apply this approach to show that the functions

Ax) = siné?, flx) = COSX".... are not periodic.
TU VUNG

differentiable: co dao ham

periodic: tudn hoan

hounded: bi chan

range (of a function): tap gia tri (cua mdt ham 50)
NGUYEN PHI) HOANG LAN
' @ (Trwomg DHKHTN, PHOG Ha Néi)
: Q’S,
g mot ham 56 xdic dinh trén khoang (0, 1) nhung

néu xeQPm(0,1)
trong cdc trudng hop con lai

1

—e——

Jnt+1

(0, 1). Nhung véi céch xdy dung ham

sd nhr trén ta c6 flx,) = 0 va ddy sé {fx,)} khéng dan dén fixg) = 1.

Néuxy € (0, 1) vax, 12 S0 Vo ty thi f{xg) = 0. Gia sir xy = Oy ap...a..

. 14 khai trién thap phin ciia x,. Ta chon diy

sovoty {x,} eQ nhusaw x, =0,a,:x, =0,a,0,;x, =0,a,a,a;:....x, =0,4,a,..4,,.

Vi cach xay dyng ham s6 nhur trén thi f{x,) = 1 va ddy so {f{x,)} khong din dén f{x) = 0.

Do d6 ta da chi ra ham f{x) khéng lién tuc tai moi diém x, < (0, 1).

Cin héi: C6 thé xay dyng mét ham sb f(x) véi nhimg yéu cau nhu trén nhung ‘ f'(x)! la ham lién tyc trén (0, 1)

hay khéng?

Nhdn xét. Cic ban sau ¢é bai dich tét hon ca: Quang Nam: Ngwyén Lé Thanh Hang, 10/1, THPT chuyén Nguyén Binh
Khiém, TP. Tam Ky; Vinh Long: Lé Minh Qudn, Huynh Ly Van Anh 11T1, THPT chuyén Nguyén Binh Khiém, TP.
Vinh Long: Bén Tre: Lé Ngé Nhdt Huy, 10A1, THPT Lac Long Quén, TP. Bén Tre.

TOAN HOC
: cl'umh:e
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N\ YT THIOLYMPIC TOAN HOC QUGC TE (Mo

IMo 2017

IO DE WHEIRC - BRAZL

58t International
Mathermatical Olympiad

1. DOI NET TONG QUAN

IMO 14n thir 58 ndm 2017 (IMO 2017) dugce td
chirc tir ngay 13/7 dén ngay 23/7/2016, tai Rio
de Janeiro, Brazil. D thi IMO 2017 ¢6 615 hoc
sinh, trong dé ¢d 62 hoc sinh nit, thudc 111 Qubc
gia va Ving lanh thd trén toan thé gidi. Pay
ciing 12 ky thi IMO c6 quy mé 1ém nhét tir trudc
to1 nay. Poan Viét Nam gém 6 hoc sinh: Hoang
Hiu Quéc Huy (HS l6p 12, Truomg THPT
chuyén Lé Quy Don, Ba Ria — Viing Tau), Lé
Quang Diing (HS 16p 12, Trudng THPT chuyén
Lam Son, Thanh Ho4), Neuyén Canh Hoang
(HS lop 12, Truong THPT chuyén Phan Béi
Chéu, Nghé An), Phan Nhdgr Duy (HS lép 12,
Truomg THPT chuyén Ha Tinh, Ha Tinh), Pham
Nam Khanh (HS lop 11, Trudmg THPT chuyén
Ha Naéi —
(HS 16p 12, Truong THPT chuyén Vinh

Vinh Phiic). Poan do PGS. TS. Lé A h,

Pho Vién trudmg Vién Khoa hoc Gi : Viét
Nam, Bd GD&DT lam Truong d aTs Le
Bad Khanh Trinh, giang vién a Toan-Tin,

Truomg PHKHTN, PHQG TP. Hoé Chi Minh
lam Pho truamg doan; thay Nguyén Khdc Minh,
chuyén vién Cuc Khao thi va Kiém dinh CLGD,
Bo GD&DT tham gia Poan vai fir cach Quan sat
vien A (Quan sit vién di cing Truong doan).
Tham gia Poan véi tr cidch Quan sat vién C
(Quan sat vién di cing hoc sinh) cd: TS. Sdi
Céng Héng, Phé Cuc truong Cuc Quan 1y chat
lugng, B6 GD&PT, TS. Nguyén Duy Kha,
Truomg phong Khao thi, Cuc Quan 1y chat
lugng, BO GD&DT, thiy Chu Anh Tudn, Hiéu
truémg Truong THPT chuyén Lam Som, tinh
Thanh Hoa, thdy Ngé Xudn Ai, gido vién Truong
THPT chuyén Lam Son, tinh Thanh Hod, thay
H6 S7 Himg, gidgo vién Truong THPT chuyén
Phan Bi Chau, tinh Nghé An, thay Nguyén Duy

LAN THU 58 -

NAM 2017

LE ANH VINH
(Vién Khoa hoc Gido duc Viét Nam)

Lién, gido vién Truomg THPT chuyén Vinh
Phiic, tinh Vinh Phuc va nha bao Poan Xudn Ky,
Bdo Nhén Dén.

L& Khai mac IMO 2017 da duge tb chire vao hoi
15h00 ngay 17/7/2017, va I& B¢ mac IMO 2017
da duoc to chire vao hoi 16h00 ngay 22/7/2017,
tai Trung tdm Hoi nghi, Khach san Windsor
Oceanico, Rio de Janeiro.

1. DE THI

Pé thi coa IMO 2017 duge xdy dung theo
nguyén tic va phuong thirc nhu tai cic ki IMO
gan da ‘30 2013 — IMO 2016). Cy thé, tir cde
bai t hudc danh séch cdc bai todn duge de
i dung lam d& thi (do Ban 6 chirc IMO
dyng trén co s¢ céc bai toan dé xuit ciia cc

Amsterdam, Ha Néi) va D6 Van QH}% nuoc tham du IMO), Hoi dcmg cac Truong doan

tién hanh bau chon cho mdi phin mén Pai s0

Té hep, Hinh hoc va S6 hoc 1 bai dé va 1 bal
trung binh; tir 46, Hoi dong xdy dung cac t6 hop
4 bai toén gbm 2 bai ¢ mirc d6 dé, 2 bai & mirc
d¢ trung binh va co day di ca 4 phan mon, ro1
biéu quyét chon mét to hop trong s6 dé; tlep
theo, céin ctr 4 bai toan da dwoc chon, dé xuit va
biéu quyét chon ra mot cép bai kho cho dé thi.
Theo sy sap xep phén mén trong Danh sich bai
d& xudt va két qua binh chon ciia ch ddng cac
Trudmg dodn, trong 6 bai toan ciia Dé thi, Bai 1
14 bai d& thudc phan mén S6 hoc, Bai 2 la bai
trung binh thugc phén mén Dai s6, Bai 3 1a bai
kho thudc phian mén Té hop, Bai 4 1a bai dé
thugc phan mén Hinh hoc, Bai 5 la bai trung
binh thugc phin mon To hop va Bai 6 la bai kho
thudc phan mén S6 hoc. Céac bai toan trong dé
thi TIMO 2017 drge dé xuit twong img bai Nam
Phi, Albania, Ao, Luxembourg, Nga va My. Céc
tic gia cua cac bai toan la Stephan Wagner,
Dorlir Ahmeti, Gerhard Woeginger, Charles
Chelnokov va John Berman.

TOAN H
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Mt diém dang lwu v vé hai Bai 3 va Bai 6 cua dé
thi IMO nam nay 1a ca hai bai déu c6 nhimg ¥
twomg hién dai ciia Todn Cao cép. Ngoai ra, Bai 3
that sy 12 mot thie thach 16n ddi véi céc thi sinh
khi chi ¢6 hai ban dat dwoc diém tuyét d6i va
diém s trung binh ciia 615 thi sinh la 0.042. Day
ciing 14 bai todn voi diém s6 trung binh dat duge
clia céc thi sinh thép nhit trong 58 ki thi IMO.
Dudi diy la phuong én tiéng Viét cia D& thi
IMO 2017:
Neday thi thie nhdr, 18/7/2017

1ori wrian lam bai. 130" mai bai toi da 7 diém ]
Bai 1. V&i mbi sd nguyén ao > 1, xét diy sb
nguyén duong ag, a,, @z, ... xac dinh boi:

A J;" néu \/a—” la s6 nguyén duong

L a, +3 tron ¢ i
? g trudng hop ngugce lai
voi mdi s6 nguyén n > 0.
Hiy xac dinh tit ¢4 céc sO ap sao cho ton tai s6 A
ma a, = A véi vo han sb n.
Bai 2. Ki hiéu R 1a tép s6 thyc. Hay tim tit ca
cachimsé f:R — R sao cho v&i moi s6 thue x

vay, f(£(x)f(2))+ (x+3)=1(w)-

Neay thi thu J'*u: 19/7/2017

(Thai gian lam bai: 4305, méi bai toi da 7 dién)
Bai 4. Cho R va S 1a hai diém phan biét trén
duomg tron Q sao cho RS khong phai la duong
kinh. Cho # 14 tiép tuyén tai R cua Q. Liy diém
T sao cho S la trung diém cia doan thing RT.
Liy diém J trén cung nhd RS cia Q sao cho
dudmg tron ngoai tiép [ ciia tam giac JST cat £
tai hai diém phan biét. Goi 4 1a glao diém gin R
nhit cua T’ va /. Puong thfmg AJ cat lai Q tai K.
Chirng minh ring KT tiép xtc véi I'.
Bai 5. Cho s6 nguyén N = 2. C6 N(N + 1) cau
thi bong da, trong do6 khong cé hai ngudi nao co
cling chiéu cao, dimg thanh mot hang ngang.
Ngai Alex mudn dua NN — 1) ciu thi ra khoi
hang sao cho ¢ hang ngang mdi nhan dugc, gom
2N clu thi con lai, N didu kién sau duge dong
thdi thod man:
(1) khong 6 céu thi ndo dimg gitra hai ciu thi
cao nhat;
(2) khong®\Au thi nao dimg gitra cu thi cao
thir ba A thu cao thir tu;

S

ong co cdu thu nao dimg giita hai cau thu

Bai 3. Mot ¢6 thg san va mot con tho tang hin * ap nhit.

choi tro choi sau trén mat phang Blem

phat A, cia con thé va diém xuét phét B

thg sdn trimg nhau. Sau r— 1 luot ch%

& diém A, , va cd thy san ¢ diém O luot

choi thir #, ¢ ba diéu lan lugt )@'ﬁi theo thu

tu duai day:

(i) Con tho di chuyén mot cach khéng quan sat
dugc tGi diém A, sao cho khodng cach giita
A, va A, bing ding 1.

(i) M@t thiét bj dinh vi théng bio cho cd thy
san vé mét diém P,, dam bao khoang cach
gilra P, va A4, khéng lon hon 1.

(iii) CO thg sin di chuyén mot cich quan sat
dugc t&i diém B, sao cho khoang cach gifra
B, 1 va B, bing ding 1.

Hoi diéu sau diy sai hay ding: Cho du con tho

¢6 di chuyén nhur thé nao va cac diém dugc dinh

vi théng bdo ¢6 la nhimg diém ndo, ¢6 thg sin

luén c6 thé chon cho minh cich di chuyén sao

cho sau 107 lwot choi, ¢6 ta ¢6 thé khing dinh
chic chin ring khoang cach gita minh va con

tho khong vuoet qua 1007

T?ﬁN HOC

uditre S6 482(8-2017)

Chimg minh ring Ngai Alex luén c6 thé lam
duge diéu do.

Bai 6. Cip co thir tr cac so nguyén (x, ) dugc
goi la diém nguyeén thiy néu udc sn chung lon
nhét cta x va y bang 1. Cho tip S g—am hiru han
diém nguyén thuy. Chimg minh rang ton tai so
nguyen du:-:mg n va cac s0 nguyén a,, a4, ..., a,
sao cho véi moi diém (x, y) thuge S, ta co:

\+a7)."2_}*2+ Aa, X" +a\ =1

1L KET QUA

Cin cir két qua chdm thi va Quy ché IMO 2017,
Hoi déng Qubc té da bidu quyét thong qua
ngudmg diém cho céc loai Huy chuong nhu sau:

« Huy chuong Ving (HCV): Tir 25 dén 42 diém;
« Huy chuong Bac (HCB): Tir 19 dén 24 diém;

« Huy chuong Ddng (HCD): Tir 16 dén 18 diém.
Theo do, tai IMO 201? ¢d 291 hgce sinh duoc
trao Huy chuwong; gdm: 48 hoc sinh dwoc trao
HCV, trong d6 c6 3 hoc sinh dat diém cao nhit
35/42 14 Hoang Hitu Quéc Huy (Viét Nam),
Yuta Takaya (Nhét Ban) va Amirmojtava Sabour

agX" +ax



(Tran); 90 hoc sinh duge trao HCB va 153 hoc
sinh dugce trao HCD.

Vi ngudng diém cia cac loai Huy churong & mirc
thip nhét tir tnrdc (i nay, dé thi IMO 2017 duge
danh gid 1a mot trong nhimg dé thi IMO khé nhat
trong lich sir. Tuy nhién, ca 6 thi sinh cia Poan
Viét Nam déu d4 hoan thanh tt bai thi clia minh
va dat duoc két qua cao, trong do 4 em duogc trao
HCV, 1 em duogc trao HCB va 1 em dugc trao

HCD. Két qua chi tiét ctia cic hoc sinh Poan
Viét Nam nhu bang dudi.

Thém vao do, vai tong diém 155, Poan Viét
Nam dimg tht 3 trong Béng tong sip khong
chinh thirc cua IMO 2017, sau cac Poan: Han
Quéc (170 diém), Trung Qudc (159 diém). Cac
nuére dimg ngay tiép theo Poan Viét Nam la: M§
(148 diém), Iran (142 diém), Nhat Ban (134
diém),...

bBiém thi _
Stt Ho va Tén B!
' Bl | B2 | B3 | B4 |B5S | B6 | Ting

Hoang Hiw Quoc Hin 3 ang
Le (u Wi ] Vang

3 Norven ( Q Vi
4 Phan Nh 1 25 Vang
5 Pham Nam Khai ( 21 Bac
(& .l'.\".':_ Ve et & E}‘:.i“:*;

PE XUAT LOT GIAI MOT...

Cach 2. Xét hai truong hop:

THI: Trong 3 36 a,b,c coO mot s6 bi d
Khéng mat tinh tong quat, gia sir a = 0 4t do,

5

ap dung BPT Cauchy ta co: P= h@’ 7 = 2.

TH2: Ca 3 sb a,b,c dong thoi Mac 0. Ap dung
BDT Cauchy, ta cé:

b+c_

[b+e _ [b+c]1<_ﬂ_”+]_a+b+c
a e 2 2a
s J a > 2a
b+c a+b+e

Tuong tu, ta co: i = 2 % San £ ;
c+a a+b+c Va+b atb+c

L N
a+b+c a+b+c a+b+c
Trong ca hai truong hop da xét, ta déu c6: P> 2.
Véi a=0,b=c#0 thi ddu ding thirc xay ra.
Véy min P =2 dat duoc khi trong ba s6 a, b, ¢, c6
mdt sb bing 0 va hai s khac khong, bing nhau.

] xét. 1) Cach 1 da van dung viéc chuan hoa
2 h+c =3 tir 46 nhin duge

‘%"

¥

el E::r = a[:2a—3)1 =0.
3—a 3
Lai giai & cach 1 ngéin gon va dep. ;
2) Viéc phan chia treomg hop cho céc bién lam bai
toan chit ch&, mang tinh tong quat. ‘
Vin dung BDT Cauchy dé khir cac dau cin béc hai,
chuyén vé cac phan thic hiru ti 1a mau chét cia cich
gidi 2. Cach giai 2 khéng phai théng qua chuin hoa
cdc bién nén gn giii véi nhidu HS hon.

KET LUAN
O ciing mét bai toan, véi cing mot gia thiét,
twrong (mg voi moi y tudng kham pha khic
nhau, ta nhin dugc nhitng 1o gidi khidc nhau.
C6 nhimg v tudng tao ra loi giai that cong phu,
v6i nhimg phép bién ddi qua nhidu céng doan,
cfing ¢6 nhitng ¥ tuéng cho ta loi giai thit cd
dong, tri tué.
Diéu quan trong trong day va hoc toan 1a ty minh
rén luyén, kién tri tim y tuong cho mdi bai toan,
tao ra cho minh cai von va kinh nghiém, tir 6

hinh thanh dugc lod giai hay.
: TOAN HOC
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CAC LOP THCS
Bai T1/482 (Lap 6). Tiy theo gia tri ciia s6 tu
nhién #, hay tim chit s6 tin clng cua
e ar e o,
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)
Bai T2/482 (Lép 7). Cho tam gidc ABC vuéng
cfin tai B c6 O la trung diém AC. Liy diém J trén
doan OC sao cho 34J = 5JC. Goi N Ia trung diém
OB. Chimg minh AN L NJ.
TRAN MINH HIEN
(GV THPT chuyvén Ouang Trung, Binh Phirdc)
Bai T3/482. Giai hé phuong trinh

2y —x') = E_E
v

%

4(.’.‘2+y2)=ﬁ 1B W

v AR
BUNKAI QUANG
(GV THCS Vén Lang, TP. Viét Tri, Phii Tho)
Bai T4/482. Cho tam gidc ABC c6 BAC =120",
Giad sit trén canh BC c¢6 diém D sao cho
&?f) =90° va AB = DC = 1. Tinh 6 dai doan
thing BD.

NGUYEN KHANH NGUYEN
(3/29¢, Da Nang, Hai Phong)

Bii T5/482, Cho ba s6 duong a, b, ¢ thoa man

a+b+e=+/6051. Tim gia trj 1én nhét cia biéu

: 2a 2b 2c
thile Peea 0 1 Sl ity
V2 +2017 VB2 42017 < +2017
NGUYEN HAM THANH

(GV THCS Ly Nhat Quang,Dé Lurong, Nghé An)

TOAN HOC
24 * cTusire
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4

&

CAC LOP THPT
Bai T6/482. Giai phuong trinh:

1 1 1 | chws £
L = + vl x> —.
¥ Px+1 Y2x-1 Pax+2 2

VU VAN BAC

(GV THPT A Nghia Hung, Nam Binh)

Bai T7/482. Cho p, g, r 12 ba nghiém nguyén
phén biét cua da thirc véi hé sé nguyén:
x> +ax® +bx+c, trong 46 16a + ¢ = 0. Chimg

p+4 g+4 r+4

minh ring P e ciing 1& mét sb
nguyén.

LUU BA THANG

(GV Khoa Toan DHSP Ha Ngi)

Bai T8/482. Cho duong tron (O) ngoai tiép fam

gidc déu @ canh a. Trén cung BC khéng
chira di; lay diém P bit ky (P = B,P#C).
C@n AP va BC cit nhau tai Q. Chimg minh
S

® Q {_

23

CAO HAI VAN
(GV THPT Nguyén Chi Thanh, Pleiku, Gia Lai)

Bai T9/482. Cho a, b, ¢ l1a cic sé thuc duong.

C‘hungmmhrang—+ +E Nabe
b ¢ a a+h-‘-c

HOANG NGOQC MINH
(GV THPT chuyén KHTN, PHOG Ha Néi)

TIEN TOI OLYMPIC TOAN
Bai T10/482. Vi mdi s6 nguyén n > 2, goi u,
1a sd cac chir s6 0 dimg tin cing cia n! viét trong
hé co s6 . Tim gia tri 16m nhat cta biéu thirc

NGUYEN TUAN NGOC

(GV THPT chuyén Tién Giang, TP. My Tho,
Tién Giang)



Bai T11/482. Cho thap giac 16i 4 4,...4,A,. Ta
thyuc hi¢n phép toan t6 mau cac canh va dudng
chéo cha thiap gidc bdi 5 mau khac nhau theo quy
H-;.C Sdll
a) Mdi canh hoic dudng chéo duge to nhiéu nhat
1 méu.
b) Céc canh va cac dudng chéo duge 6 mau
khéng c6 dinh chung va khéng cit nhau (khéng
ké phin kéo dai ciia chung).
Héi 6 thé thue hién duoc bao nhiéu cich 6 méu
khac nhau?

DANG THANH HAI - TRAN TUYET THANH

(GV Todn Hoc vign PKKQ, Son Tay, Ha Noi)

Bai T12/482. Cho tam giac ABC vudng tai A
ngoai tiép dudmg tron ({, r). Pudng tron (1, r)
tip xtic v&i AB, BC, CA lan lugt tai P, O, R. Goi
K 1a trung diém AC, duiémg thing JK cat AB tai
M. Poan thing PO cit dudmg cao AH cua tam

gidc ABC tai N. Chimg minh N 1a truc tdm tam
giac MOR.

CAO MINH THAI

(B26, Phieac Binh, Phueoe Tinh, Long Dién,

Ba Ria - Viing Tau)

Bii 1.1/482. Cho doan mach ¢6 R, L méc nbi tiép,

dién tré R = 10002, cudn cam thuan c6 dé tr cam

V3

L=-""(H). Gia sir dién ap giira hai ddu doan
T

mach 13 u=400cos’ (50mt +m) (V). Xac dinh
cuding do dong dién hiéu dung qua doan mach.
THANH LAM (Ha Néi)
Bii 12/482. Hai diém M, N nam trén mot
phuong truyén song, ciach nhau mét khoang bang

-

- ' A 5 .2 "
m@t phan ba bude song i Biét song truyén di

véi bién dé khong doi. Tai thoi diém r nao do,
khi 1i dé dao déng tai M 14 1y, = 3cm thi li d6 dao
dong tai "'\%u_\-: 2cm. Xac dinh bién do.

VIET CUONG (Ha Ngi)

Q&b

om.ms\aﬁ THIS ISSUE

FOR SECONDARY SLHOOL
Problem T1/482 (For 6™ grade).

natural number #», find the last dig@
S, =1"+2"+3"+4%

Problem T2/482 (For 7" grade). Suppose that
ABC is an isosceles right triangle with B is the
right angle. Let O be the midpoint of 4C. Choose
J on the segment OC such that 34J = 5JC. Let N
be the midpoint of OB. Prove that AN L NJ,

Problem T3/482. Solve the system of equations

cach

14 13

Nyt ohma s
¥

4x*+y )—E+£
Xl

Problem T4/482. Given a triangle ABC with
BAC =120°, Suppose that on the side BC there

exists a point D such that BAD=90° and
AB = DC = 1. Find the length of BD.

Problem T5/482. Given three positive numbers
a, b, and ¢ such that ath+c=6051.

Find the maximum value of the expression

2a 2b 210
e 4+ + i
NG 42017 B2 +2017 Ve +2017
FOR HIGHSCHOOL
Problem T6/482. Solve the equation
1 1 | 1
A Hn — +
P Px+1 Y2x—1 Yax+2
assuming that x > % :
(Xem tiép trang 34)
TOAN HOC
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y =, ¥
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) i ] L ] e 1
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21 I | 1 W

A" Ny rrusce|
’ I" 1 1 A _"_J_ !, b

Bai T1/478. Tim 1at ca cdc sé chinh phuong ¢o
hon chir s6 ma khi viét theo thir tw newoe lai ta
ciing duwge s6 chinh phiwong (50 chinh phiong la
bivih phieong cua 56 tir nhién).

Léi gidi. Goi sb chinh phong ¢6 bén chir so 1a
¥ =abed véi a + 0. Theo gia thiét thi y* = dcha.
Dé thay 32 <x<99va0 <y <99 Tird6
e

1000a + 1005 + 10¢ + d+ 1000d+ 100c + 105+ a
=1001(a+d) + 110(b +c)

= 11.91(a + d) + 11.10(h + ¢) chia hét cho 11.
Patx = 11k+rvéi0<r <10 thi X

X=1lk+r=11k(11k+2A) + ¥ =1 /g’;v
trong d6 k, r, h, s déu 14 céc sb nguyén & am
véisbang0,1,4,9,5,3. R
Twong ty * = 11u + v véi vbanﬁ'l,::, 9,5,3.
T déx*+y* = 11(h+u) +s+vchiahét cho 11,
suy ra s + v chia hét cho 11, diéu nay xdy ra chi
khis=v =0, ticlax = 11mvay = 11n. Nhu thé
x thude tap s6 {33, 44, 55, 66, 77, 88, 99}. Kiém
tra thdy chi c6 hai s6 thoa man dé bai la
337 =1089 va 99° = 9801. 0
»Nhidn xét. Chi c6 mdt ban giai ding bai nay la
Hoang Lé Bich Ngoe, 6A, THCS Thai Thinh, Ding
Da, Ha Nji.

VIET HAI
Bai T2/478. Cho tam gidc ABC can tai A.
Trén nira mdt phang bo BC khéng chita diém

A lay diem D sao cho BAD=2ADC va

TOAN HOC
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( _1!) : 2.-‘1";-‘_')!}. Chimg minh rdng  tan giae
CBD ean tai D

Loi gidi. Trén tia di cua tia AD iy diém E sao
cho AE = AB. Tac6 AE = AB=AC E

it
£il

nén AABE, AACE céntai 4 £\

b

/

~ FAD-2AEB.CAD-24EC. |

Mat khéc W Lkl x\ 4
Fb=2iDC,Cib=22D8 |/
dod6 BEA=ADCAEC-4DB  \ | /

= ABDE = ACED (g.c.g) D

= BE =CD. Goi H 1a giao diém cia AD va BC.
Ta c6 AHBE = AHCD(g.c.g)= BH = HC.

Xét AABC cén tai 4 c6 AH la duomg trung
tuyén né 14 dudng trung tryc cia BC
= DENSDC. Vay ACBD can tai D. O
; xét. Bai toan nay khong khé nhung khéng cd
nao tham gia giai.
NGUYEN HIEP

rang voi moi so fy

Bai T3/478. Chimg minh
nhién n ta luon cé (10° =1) 13"

Loi gidi. Ta s& chimg minh bai toan trén bing
phuong phap quy nap.

-Xétn=0.Taco: 107 -1=9:3 =9,

Bai toan dung vai n = 0.

- Gia sir bai toan dung voi n = k (keN,k21),
tre 14 10% =132 Ta s& chimg minh bai todn
ding véin=k+ 1, ticla 10°" -1 347,

That vy, ta co:

10" —1=10"3 —1=(1ﬁ3‘ )3 =l

= (10" —1)[(103‘ ) +10° +:}.



Tacod: 10=1(mod3)=>10" =1 (mod3).

Suy ra: [I(}f )'+]U”+ +1=3=0 (mod3)
hay (103* ) +10% +1:3.
~1:3*? nén

10" —1=(10-‘* —1){(103* )2 +10" +1]53**3.3=3**3_

Viy baitoan ding voin=k+ 1.

Theo gia thiét quy nap 10"

Theo nguyén ly quy nap, bai toan dung vai moi
s6 tu nhién n. O

»Nhin xét. Cic ban tham gia déu ding phuong phép
quy nap dé giai va déu giai ding bai nay. Cic ban sau
c6 i giai tot: Ha Nois Nguyén Ha Nam Khdnh, 8A2,
Truomg Hanoi Acadamy, Q. Tay Hb, Nguyén Pdng
Nhdt Minh, 8C2, THCS Archimedes Acadamy, Lé
Tuan Ti, 9T, THPT Dén ldp Luong Thé Vinh;
Thanh Héa: Nguvén Trong Thugn, Thiéu Dinh Minh
Himg, 8C, THCS Nhir Ba Sy, H. Hoing Hoa, Pé Cao
Bich Ting, 8B, THCS Tran Mai Ninh, TP. Thanh
Héa; Vinh Long: Nguyen Vé Thuan, 9A1, THCS Thi
tran Tam Binh. X

Bai T4/478. Cho h
co AB < CD. P, [

L'Flln't’-'J 4C va BD s

hinh thang Jr‘f(}’:&(m
) lan lwot thuy %"L ducng

cho PO kiNFig song
vai AB. Tia QP cat BC tgi M, tia P {_) cat AD tai

L) Sonhe

N, goi O la giao diém cua AC va BD. Gia su
MP = PQ = ON. Ching minh rdng

t'h"’ U()

0A U‘i

Lai giai. Ap dung Dinh ly Menelaus cho tam
gidic ANP véi cit tuyén DQO, ta c6

OP DN
04 DA’

OP DA ON _
OA DN QP
00 CM

Turom ta —_—=—
BBy

00 _CM _
OB CB
CM _Senu Scwa

Tacd b= = , —==
CB SCBA SC'DA

OP DN _

At — = ——

04 DA

AN
AD

=l-a

(1)

Ha MH | ACvaNK 1L AC, taco

MHMP

dinh ly Thales
= ( y ).

NP2
MH 1
Suy ra L
SC'\'A

Ta(l)va(2)tacod
» ;& Sepa _1 CD
l—r.'% VA Scpa 2'4B

éﬂ a 1 CD
toan twong tytacdp —=—.—
v, 1-b 2 AR

(2)

(3)

N Tir (3) va (4) su
yra
TRAN HU z&u%

b
2 =2 o (a-ba+b-1)=0.
T (a—b)a J=

Theo gid thiét PQ khdng song song véi AB nén

a—b#0.Suyraa+h=1(dpcm). O

»Nhdn xét. Chi cé hai ban £ Cao Bdch Timg, 8B,
THCS Trin Mai Ninh, va Thiéu Dinh Minh Himg, 8C,
THCS Nhir Ba S§. Hoing Ho4, Thanh Hoa cho 1&i
giai ding.

NGUYEN THANH HONG

Bai T5/478. Cho ba 56 th we dwong a, b, ¢ sao cho

\.lf.' + 4 h ++e =1. Tim gidg tri Ion nhat cua P

— | | ! r

Vil e—m—m——— e [
L (a+bYa+c) \ (h+cXb+a) \{s } JL"]|LL - cﬂ

Lei gidi. Cach 1. Ap dung Bét diing thirc Cauchy
cho hai sé duong, ta co

TOAN HOC
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a+b22ﬁ;b+022&;£+ﬁ22%, 1 1 1 _\/}‘_Z(}*+z
2 2 2 2 g ._4.10»’2‘
Jabe o Jabe :if},? \/(x +y Hx" +27) 2xyz 23z 4x)

&

nen =
.,f{a +b)a+e) J2Jab2Jac 2 Chimg minh twong ty ta c6
{v@%f; : 1 £x+z; 1 £x+y.
- M [P +207+2) W2 [P+ oz
Diéng thirc xdy ra khi va chi khia=b=c. Suy ra
Chirng minh tuong tu, ta c6 [y+z X+z Xty ] 1
P<xyz + + = Xz =—
abc <JE+JE @ dxyz 4xyz 4xz 2xyz 2
Jo+ob+a) 4 T p——
be b+
dbe __ Nbta (3)  Viy maxP= X, dat duoc khi va chi khi
Jc+b)c+a) 4 2
Tir (1), (2), (3) va két hop véi gié thiét {—"IJ’” s, g gl
JasfB+de=1,tuch A ’

po b e oo haya-bgg=:.O
Jla+bya+e) |J(b+cXb+a) J(c+bXc+a) §§§ j _ )
> Nhgw¥vt. Da s6 cic ban g bai déu gidi theo mot

bie Jerda Vardh Jarbrle_ .1&2

__}_. i cich trén.Tuyén duong cdc ban sau co loi
4 4 4 2 2 88t Ha Noi: Newén Dang Nht Minh, 8C2,

Piéng thirc xay ra khi va chi khi % THCS Achimedes Academy; Lé Tudn T, 9T, THPT
e ,ﬁi din ldp Luong Thé Vinh; Vinh Phic: Neuyén Anh
== cra=b-c=JQY>  Minh 9A, THCS Tuin Chinh, Vish Tuomg; Thanh
Va+b++ec =1 28 Hoa: D3 Cao Bich Timg, 8B, THCS Tran Mai Ninh;

$ Ha Tinh: Hodng Qudc Khdnh, 9A, THCS Dong

l 3 Lang, Birc Tho; Vinh Long: Lé Ni# Hodng Kim, 9/1,
9 THCS Nguyén Truémg T¢, TP. Vinh Long; Bén Tre:
5 Quéc Béo, 7/ § Hoa, TP, Bén Tre.
Chch' 2, D 2= \rG; yz-JE; z=~.irE o Ngé Quoc Bao, 7/1, THCS My Hoa, n Tre
: : PHAM THI BACH NGOC
cac s0 duong), tacox+y +z=1va - DEEE

V@ygiéuilénnhﬁtcﬁaPlﬁ% khia=b=c=

Bai T6/478. Giai bién ludgn phwong trinh theo
1

+ tham s6 m: ff(x))=x, voi f(x)=x*+2x+m.
\/{x2 +y2)(;vc2 -+ zz)

P= xyz[
Léi gidgi. (Theo da s cic ban)

+ L + 1 bat f(x)=y, tathu dugc hé phuong trinh
JOr +2)02 45 @+ + )

, Ao ‘ Bk xXt4+2x+m=y (1)
Ap dung ’L':lat dang thiuc Cauchy cho hai so P2y rm=x 2)
duong, ta co

Tir (1) va(2) suy ra

V{(IE + y° ) +2%) = \[2xp.2xz = 2x,[yz nén

TOAN HOC .
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y=x
y=-3—-x

(x—y}(x+y+3]=0<:>{

+ Xét truomg hgp y = x, ta thu duge phuong trinh
()

2+x+m=0

Taco A=1-4m. Suyra

-Voi m> % thi (3) v0 nghiém.
) Lioat. AL 1
- Vi m=1 thi (3) co nghiém kép x = =

-Vo m <% thi (3) ¢6 hai nghiém

—1x+/1-4m
LA R

A=
« Xét truomg hop v = —x — 3, ta thu dugc phuong
trinh x> +3x+m+3=0 (4)

Taco A=-3 —4m. Suyra

-Vaoi m> —% thi PT(4) v6 nghiém.

-Véi m=- 2 thi PT(4) c6 nghiém kép x =—§~
4 o
X

-Véi m< ——-z— thi PT(4) c0 hai nghif@.

—3F-3- 4mi

2

4=
Két lugn:

-Véi m< —% thi phuong trinh ¢6 bon nghigm

; =3F-3-4m
Np=—————— VA Xy =

3.4 —

2 2
- 5 S : . i
- Véi m= & thi phuong trinh c6 ba nghiém:

1=k

3 ; 1-
hai nghigm don: x, = i

va mot
>

nghiém kép x = - %

- Vai, mE[——};%J thi phuong trinh c6 hai
; —1+41-4
nghigm x,; = 2 =

-V m =% thi phuong trinh ¢6 nghiém kép

X,
d

-Voi m> % thi phurong trinh v6 nghiém. O

»Nhgn xét. Cac ban hoc sinh sau c6 10 gidi dung:
Bén Tre: Lé Ngé Nhdt Huy, 10A1, THPT Lac Long
Quan; Binh Dinh: Nguyén Cong Kha, 10T, THPT
Tiy Son; Binh Phwéc: Trinh Hoang Hiép, 11A,
THPT chuyén Quang Trung; Ha Néi: Hoang Timg,
11T, THPT chuyén KHTN, BPHKHTN, BHQG Ha
Noi; Thira Thién Hué: Ngé Nguvén Quynh Mo,
11T2, NV Thi Phuomg Nhi, 11T1, THPT chuyén
Qube ué; Hung Yén: Hoang Vin Thdi, 11A3,
i ong Quang Ham, Van Giang; Long An: Lé

hii, 11T1, THPT chuyén Long An; Nghé An:

\%xggch Quang Hiéu, 11A1, THPT Cira Lo, Trdn Tién

Manh, 11A1, THPT chuyén BPH Vinh; Quéang Nam:
Phan Van Chinh, Nguyén Lé Thanh Hing, 10/1,
THPT chuyén Nguyén Binh Khiém; Thanh Hoé:
Thiéu Pinh Minh Hing, Nguyén Trong Thudn, 8C,
THCS Nhir Ba Sy, Hoing Hod; Tién Giang: Lé
Hoéng Bao, 11T, THPT chuyén Tién Giang.

NGUYEN VAN MAU
Bai T7/478. Cho a, b, ¢ la do dai ba canh cua
tam gidc. Xét biéu thire F(a,b,c)=
a +b' +c¢' +3abc—abla+b)-be(b+c)—calc+a).
Chimg minh rang F (a.b,c)=

r v

: . o gm0 F 4
mm{ Flatbb+ec+a)dabe | = .
| \a b'c)|
Léi gidgi. Khong mit tinh tong quat ta gia sir
cza;czbh Tacd Flx,y,2) =

=0+ +23 + 3z —w(x+y)—yz(y+z)-2x(2+x)

TOAN HOC
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=(x+ )3 + 2xyz — X2y — 2x? — 2 — y3z)
+{chz—.=:2_1:—yz2 +z3)

=(x+y—z)(x-—_v)2+z(x-z)(y-z).

+ Ta chimg minh duge:

F(a+bb+c,c+a)zF(b+c,cta,a+h).
Ma F(b+c,c+a,a+b)-F(a,b,c)

=(b+c+c+a—a—b](b+c—c~a}2
+(a+b]{b+c-—a—-b}(c+a—a—b)
~(a+b—c)(a-b)’ —c(a—c)(b-c)
=(3c-a-b)(a-b)’ +(a+b—c)(c—a)(c-b)20(1)
(do cza,czb va a,b,c 1a do dai ba canh cua
mot tam giac) nén
F{a+b,b+c,c+a]2F(a,b,c},

lll

+) da*b’c EF[
ﬂ' C

] F(a,b,c)

! el L [l l_l} 1_1 2 _“_ ngr Taco ketqua sau:
a b cla b c a c B

i —{a+b-c)(a b] [a Cw

=a—£x:, trong d6 éﬁﬁ’
G=4c(be+ca—ab)(a-b)’ +4ak* (a—c)(b—c)
~abe(a+b—c)(a-b) —abc? (a—c)(b—c)
=c(4c2a+abe? ~ab—ab? —3abc)(a—b)’
+ab(4ab—c?)(a—c)(b—c)
2(4c’a+4bc® — abe —ab’c —3abe? ) (a - b)z
+ab[4ab—(a+b)2](a—c}(b-c)
=[4c’a+4bc® - a’bc - ab’c - 3abc?
—ab(ab—bc-ca+c2)](a—b)2
=(4¢%a+4bc® - a*b? —4abc? ) (a-b)’ 2

(do 4c’a>4dabc?, be? > a’h?) 2

TOAN HOC
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T (1) va(2) ta suy ra khﬁng dinh cia bai todn,
Ping thitc xay ra khi va chi khi a= b = ¢, tirc 1a
tam gidc da cho 1 tam giac déu. O

» Nhdn xét. Dy 12 bai toan bat ding thirc c6 bién dbi
hay méc di kha phirc tap. Céc ban hoc sinh sau c6 16i
giai ding: Ha Néi: Hoang Tiing, 11T, THPT chuyén
KHTN, BPHKHTN, BPHQG Ha Noi; Thanh Hoa: Lé
Tién Pat, 10A1, THPT Néng Cdng 1, Néng Céng;
Nghé An: Tran Tién Manh, 11A1, THPT chuyén DH
Vinh; Thira Thién — Hué: Triwong Xudn Nhr Ngoc,
11T2, THPT chuyén Quéc hoc Hué: Lam Bﬁng: Va
Minh Qudn, 10T, THPT chuyén Thing Long; Long
An: Lé Tri Phu, 11T1, THPT chuyén Long An.

NGUYEN MINH DUC

Bai T8/478. Cho ABC la tam gide nhon. Goi a

fan fwot la do dai cac an hBC, CA, . |.f-‘;>,' r. I d
ldn hegt la ban kink diong tron ngoal tiep va noi

BC. Chimme n

1R rang.

‘2\

——-Hll’]— sin—.sin — 1
2 2 2 ()

25»!3('
a+b+c

2 abc
2R{a +b +c}

Thét viy r =

_ 8R'sindsinBsinC  2Rsin AsinBsinC
= : — =
4R’ (sin A+sinB+sinC) g.msg_msg

= 4Rsin£.sin£.sin E,

hé thire (1) duge chimg minh.

Trdr lai bai T8/478, r6 rang c6 BDT:

b +¢* —2bc.cos A2 +c* — (b +c* Jcos 4
e (I;'2 +c:2](1 ~cos A)

=a’2 2(.’)2 +cf )Sin2 g

Tuong tu co



b 22(d’ +c2)sin1E; ¢t > z(a2 + ff)sim2
2
Do dd a’b’c’ =

8(::2 +bz}[b2 +02](c2 +a2)si112§,sinzg.sin2§ (2)

Tir (1) va (2) suy ra

e abe
ik \/Z{az +b2](h2 +c? }(cl + az)

Ping thirc xay ra khi va chi khi tam gidc ABC
déu. O

»Nhin xét. Co it ban tham gia giai bai todn nay. Céc
ban sau co léi giai tot: Ha Néi: Hoang Timg, 11
Toan, THPT chuyén KHTN, BPHQG Ha Noi; Lao
Cai: Vi Lé Mai, 10 Toan, THPT chuyén Lao Cai:
Vinh Phic: Nguyén Anh Minh, 9A, THCS Tuan
Chinh, Vinh Tuwdéng; Thanh Hoa: Lé Tién Par, 10A1,
THPT Néng Cong 1, Nong Cong; Nghé An: Trin
Tién Manh, 11A1, THPT chuyén DH Vinh, TP. Vinh;
Quang Tri: V6 Thanh Long, THPT chuyén Lé Quy
Pén: Thira Thién Hué: Nguyé-n Trung Kién, 11 Toan

(dpcm).

2, THPT chuyén Qubc hoc Hué; Binh Phuﬂc@"

Nguyén Tdn Tai, 11A; THPT chuyén Quang T
Tién Giang: Lé Hoang Bdo, 11 Toan, THPT

.2 .
Tién Giang. i$
HO wc VINH
i';dl |947R { |.." 1 5 a .I' -'l=.4 Cac 50 TR .'r'lfr.;.' -:r
0<a=l va phione trinh
| - L
a’ ——= ZCOoS|ox) (1)
a
2017 nghiém thue phdn biét. Hoi phiromg

(L -5 £ 3 T
2cos{bx)+ 4 (2)co bao nhiéu

-

hiém thir p han hiér?

Lévi gidi. (Cta ban Ngé Nguyén Quimh Mo, 11 Toan
2, THPT chuyén Quéc hoc Hué, Thira Thién Hué).

Néu x, 12 mét nghiém ctia PT(1) thi

a" ———= 2cos(bx,)

2
:>(a'r° —an] = 4cos’(bx,)

a

- +_,21__2 _ 4 1+cos(2br,)
a’ 2

= @™ +——= 2cos(2bx,) +4.

Do d6 2x, cling 1a mdt nghiém cua PT(2).
Mit khac néu x, 12 mot nghiém cua PT(2) thi

a® +—l-= 2cos(bx,) +4
ﬂ'

e q ™ +—1--= 2cos[b(-x,)] +4
a
= —x, ciing 14 m{t nghiém cuia PT(2).

Ta ciing thiy néu x, 14 mét nghiém cta PT(1) thi
—Xg khon%héi la nghi¢m cua PT(1).

That 1a st —x, ciing 1a nghiém cia PT(1)

[

‘ | 1

@cﬁ: a e —— a® _F
o

aaq ™

1
o] (ﬂ‘rﬂ —ﬂ'_xo)(l-l- s ]:U‘{:#arﬂza_xn
=x,=0 (do O<a=1): v6 ly vi 0 khéng la
nghiém cua PT(1).
Tir cac két qua trén ta thay néu PT(1) co 2017
nghi¢m thye phén biét thi PT(2) ¢6 2.2017 = 4034
nghiém thuc phén biét. O
#Nhin xét. Ngoai ban Me, ban Trirong Nhdt Newvén
Bdo, 11/1, THPT chuyén Nguyén Binh Khiém, Quing
Nam ciing c6 1 giai tot.
NHU HOANG

Bai T10/478. Trone mot dat nwde cac thanh pho
'.|'rL"'{J'I'

cig moi con dwong nho hon

noi veri nhau bang cdac con dwong. Do dai

100km, va fir thanh

pho nay co thé di toi thanh pho khdac theo cde

con duong vai chiéu dai tong cong nho hon
LO0km. Khi mot cac

:;"lt: YO |','.=’.i."f..' ,-"."l.‘-' fa

con dwemg phai cam di lai

an ¢o the di lai nr thanh pho

TOAN HOC
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nay (6i thanh phi khde trén cdc con duimg con
lai. Chirng minh réang khi do co thé chon cdc con
dwong nay sao cho do dai tong céng nho hon
300km.

Loi gidi. Gia sir nguoc lai 1a ton tai mot canh
e= AB sao cho khi bo ¢ di thi d6 thi G—e cb
hai dinh X,Y sao cho con duong ¢ nbi XY c6
d6 dai nho nhét 1ém hon 300km. Khi d6, véi moi
thanh phé M trén £, dudmg di ngin nhét trong
G—e tir Mtéi X va ¥ ciing s& 1a duong di doc
theo ¢ . Do do dai cia ¢ dai hon 300km va do
dai méi con duong nho hon 100km, cho nén tén
tai thanh phd M trén ¢ ma con dudmg ngin nhit
ndi M véi X va Y trong G—e déu dai hon
100km. Trong dé thi G tdn tai theo gia thiét dau
bai dwomg di £, tr Mté1 X va ¢, tr M té1 T,
mdi con duomg déu ¢ do dai nhé hon 100 km.
Do trong G —e nhimg con dudng ngin nhat tir
X va ¥ dén M déu dai hon 100km, cho nén ¢, va
¢, déu phai di qua e=AB ca. DE kiém tra la

f,U#, —e lamot hé thong chira mot con duo‘nax

ndi X voi Y trong G—e voi tong chidu dai
hon 200 km, méu thuin véi gia thiét vé g?a Y.
D B
¥ Nhdn xét. Bai todn nay chi co hai déy giri lon
giai: Pha Yén: Lé Thanh Lam, 11T¥, THPT chuyén
Lirong Van Chénh, TP. Tuy Hoa; Nghé An: Neguyén
Hiru Thing, 10A1, THPT chuyén Phan Boi Chau,
TP. Vinh.

v DINH HOA
Biai T11/478. Chirng minh ring:

BCNN(1.2,...,2n) chia hét cho C;,
nguyén dirong n.

Léi gidgi. Cho sb nguyén x va p 1a mét sb
nguyén té bit ki, ta ki hiéu v,(x) 1a s6 mil cao
nhat ciia p ma chia hét x.

bat M =BCNN(1,2,...,2n). Ta cin chimg minh

v,(M)zv, (C;n ) vé&i moi sé nguyén t p.

TOAN HOC
& crmt;e S6 482(8-2017)

vai moi 30

Ap dung cong thic "p(”l)=i[£;} va
-1 P

Gy =(2n)1 ta duoc

“t nlnl

wlen)-E|% -5 5]

Pat m=v,(Cj, ). Khi dé ta c6 p” < 2n.

That vay, gia sir ngugce lai, p™ > 2n. Khi do

p" }nﬂ{i?}z{%J:ﬁ,Vizm.ieZ.
rlLp

Sl E)

V-:n &% bit ky thi ta co:
= 20— {2x} =2([x]+{x})-{2x}

2[x]+2{x}-{2x} < 2[x]+2{x} x}<2[x]+2
=[2x]-2[x] <1 (do [2x]-2[x] 1a sO nguyén).
Do dé, tir (*) suy ra m < m — 1 (mau thuén).
Viy p" < 2n. (")
Miit khic, vi M= BCNN(1,2,...,2#) nén v,(M) =k,
v6i k 1a s6 nguyén 16m nhat sao cho p* < 2n.
Do tinh 16n nhét cta k nén tir (**) suy ra k 2 m.
Tir d6 ta ¢ dpem. O
» Nhdn xét. Céc ban sau ddy c6 1oi giai tot:
Vinh Phiic: Pdo Trung Phuwong, 11A1, THPT
chuyén Vinh Phic; Ngh¢ An: Neuyén Hitu Thang.
11A1, THPT chuyén Phan Bi Chéau, Trdn Tién
Manh, 11A1, THPT chuyén BH Vinh, TP. Vinh;
Binh Phwéc: Neuvén Hoang Dirc, Trinh Hoang
Hiép, 11A, THPT chuyén Quang Trung; Vinh

Long: Chdu Minh Khdanh, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long.

PANG HUNG THANG



Bai T12/478. Cho tam giac ABC vai AB < AC
va M la trung diém BC. H la hinh chiéu ciia B
trén AM. Lay diem O wrén tia doi cua tia AM sao
cho AQ = 4MH. AC cat BQ tai D. Chiing minh
rt'}n‘,g tam duong tron ngoai .'a'-cfﬁ tam gigc ADQ
ném trén dirame tron ngogi rs's'fp tam gidge DBEC.
Lévi gidi. Goi I la tAm ciia dudmg tron ngoai tiép
tam gidc ADQ; N, K theo thir tr 1 hinh chiéu ctia
I, C trén AM.

s

Hinh 1
Dé thiy AMBH =AMCK (g.c.g); NA=NQ.

Tir d6, chi y ring AQ=4MH;NA=NQ, suy‘x%x
N

BH =CK:;NH = AK;Q0H =NK. @

L
Do d6 ABNH =ACAK;ABQH = ACN{%Q{

Didu d6 c6 nghia 1a N, = A4;; @]@’& (1)
Tir (1) suy ra
ﬁ?zg+@}=§;+ﬁ;=ﬁ+ﬁ=m (2)

Tir (1) va (2), chi ¥ ting ID=1I4;IN 1 QA, suy

ra §._Dj’=§56+fb?=ﬁc+90°-%5ﬂ

=N+ N, +90°-0 =N, +90°=BNl  (3)

Tir (2) va (3) suy ra cac tir giac DBCN va DBIN
néi tidp. Véy tir gide DBCI néi tiép (dpem). O
>Nhan xét. 1) Loi giai wén cua cac ban DG Thily
Nga, D6 Hai Ding, 10T, Nguyén Minh Hiéu, 11T,
THPT chuyén Lao Cai, TP. Lao Cai, Lao Cai; Lé Ha
Khiém, 10T, THPT chuyén L& Thanh Téng, TP. Héi
An, Quang Nam.

2) Céc ban sau day ciing co 101 giai ding: Vinh Phic:
Lé Anh Dimg, 10A1, D6 Trung Phiong, 11A1, THPT
chuyén Vinh Phtc, TP. Vinh Yén; Thanh Hod: Lé
Tién Pat, 10A1, THPT Nong Cong 1; Ngh¢ An:
Bach Quang Higu, 11A1, THPT Cira Lo, Nguyén
Hiru Thing, 11A1, THPT chuyén Phan Bgi Chéu, TP.
Vinh; Thira Thién Hué: Neuyén Trung Kién, 1172,
THPT chuyén Qudc Hoc Hué; TP. Hué; Phi Yén:
Pham Minh Chién, 10T1, THPT chuyén Luong Vin
Chanh, TP. Tuy Hoa.

NGUYEN MINH HA
Bai 1.1/478. Cho mach dién nhuw hinh vé.

U, =200V U; =400V
Vi
4 L
X
\
‘\Q U= 500V
Cac ) ‘bné' la Ii tirong. Hay chimg to rang cugn

hong thuan cam va xdc dinh hé 36 cong
it ciia mach dien.

Loi gidi. Theo dé bai
o U?=500% U} +U; =200° +400°

Suy ra cuén ddy khong thudn cam, vi néu cudn
diy thuan cam (r=0) thiu=w +u;

va U=U2+ U],
e Goi @y =@30y, =0

M= Ugpg; U= Upp= UR, Ugp = U= th T Uy

Ta co gidn do6 vecto:

) v

Tir gian dd vecto, 4p dyung dinh i ham s6 ¢ sin
ta c6: U2 =U? +U? —2UU, cos@

TOAN HOC
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U+ Ui U}

= COs5(p=
¢ 20U,
2 2 _900°
S coap SN A0S 00
2.500.400

Hé s6 cong sudt cua mach dién 1a:
cosp=10,925.0

» Nhin xét. Chiic mimg ban da c6 1oi giai dung dé
ra ki nay: Nguyén Ddng Khoa, 12D4, truomg THPT
Nguyén Khuyén, TP. Ho Chi Minh.

PINH THI THAI QUYNH
Bai L2/478. Mdat var nho dién tich dione truot

50 3 . T . : 5 y " :
dinft mat phang nghiens co do cao h va e

neim ngang. Tai diém
. Fan i

P T
Xac dinh v

i . Fal e bt angaley
5 $i_ 1 g & L )
o dinn dien tich
an 1oc cua

0. Bié)

3 158 tepr A A i” il
newu dal gl A dien f(ch

PROBLEMS...

{?}'cfp theo trang 25)
Problem T7/482. Suppose that p, ¢, and r
three distinct integral roots of the equa
x' +ax® +bx+c where g, b, c are inte

16a + ¢ = 0. Prove that : Q+4w; is an
p—4.q s

integer.

Problem T8/482. Let (O) be the circumcircle of
the equilateral triangle ABC whose sides are
equal to a. On the arc BC which does not
contain 4 choose an arbitrary point P
(P=B,P#C). Suppose that AP intersects BC

at (J. Prove that PO <

J‘

Problem T9/482. Let g, b, and ¢ be positive
numbers. Prove that E+ & +— = + A abc
b ¢ a a+b+{:
TOWARDS MATHEMATICAL
OLYMPIAD

Problem 7T10/482. For each natural number
n>2, let u, be the number of 0’s at the end in

TOAN HOC
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. &-ammum value of the expression P =

Lai gidi. Cong cua lyc ma sat trong qua trinh vt
chuyén dong tir dinh dén chin mat phing

nghiéng la: A4, = kmgScosa = kmgﬁ

Céng cua luc dién trong qua trinh do khi & A dit
dién tich O va —Q tuong img la A4 va —AA, ap
dung dinh ludt bao toan nang luong cho hai
truomg hop ta co:

]

my,
mgh = —> + kmg — AA,
2 tan o
2

mgh = _n% + kmg

+ AA.
tano

Tir hai phuong trinh trén rit ra:

U‘——J:g—q-gh{]—ﬁ] 0

»Nhdn xét. Rit tiéc khong co ban nao o 1o giai

cho bai v@y.
NGUYEN XUAN QUANG

th@se n representation of n!. Find the

—l
Problem T11/482. Given a convex decagon
A A,..AgAyy. We color its sides and its
diagonals by 5 different colors as follows:

a) Each side or each diagonal is colored by at
most 1 color.

b) The sides and the diagonals which are colored
have no common vertex and do not intersect
(notice that the sides and the diagonals here are
line segments, not the whole lines passing
though them),

In how many ways can we color by the above
rule?

Problem T12/482. Given a right triangle ABC
with the right angle 4. A circle (Z, r) is tangent to
the line segments 4B, BC, and CA at P, O, and R
respectively. Let K be the midpoint of 4C. The
line /K intersects AB at M. The line segment PQ
intersect the altitude A (of ABC) at N. Prove
that NV is the orthocenter of MOR.
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GIAT TOKF

% ur héip din cia toan hoc nim trong s hai long,
~ théa man sau khi ching ta tim ra 1&d gidi cho
m@t bai toan khé. Bai todn dém trong Té hop la
mdt trong nhimg bai toan hay va kho, co nhiéu img
dung vao thyc tién. Trong bai vidt nay, tic gia xin
phép duge tp trung trinh bay vé mét nguyén 1y co
ban cia bai toan dém d6 1a “Nguvén Iy bir trir” va
tim hiéu mét s6 (mg dung ciia nguyén 1y ny trong
cdc bai todn duge sip xép theo thir tir tir don gian
dén phtrc tap

I. Mt sb nguyén I¥ co ban cho cic bai todn dém
Néu A 1a mét tap hop hiru han thi ta ki hi¢u |4| 1a
s phén tir coa tip hop 4 .

1. Nguyén Iy cong: Cho 4, 4,,...,
hiru han timg d6i mét roi nhau. Khi do ta co: %\

é&
2. Nguyén Iy nhin: Néu A, A, &? cac tip
hiru han thi |4, x 4, x..x 4, | =| A4

|4 vdu.w4 |—

3. Nguyén ly trir: Néu Y la mot tdp con clia mot
tip hiuhan X thi |X\Y|=|X]|-|¥].

4. Nguyén Iy bus trir:

« Cdng thire tinh lye hrgmg ciia tip hop

—Cho hai tdp 4, B taco

|4 B|=|4|+|B|-|4 B
—Chobatip 4.B,C taco
|4uBUC|=|4|+|B|+|C|-
~|4nB|-|BnC|-|Cn A4|+|AnBNC]|
- Téng quit: Cho A,,4,,...,
ta dat

A, 1 cac tdp hiru han

g .HEUHENLHBUTHH

A la cac tip &mg k t.ﬁp sl

S

LA MQT:"{" e DUNfoj

mMImTHUHIEN |

g

N.=i|fn!;~2= Y |44

f=1 I<i< j<m

N, = Z

iy <iy =i, <R

N, =|4n4,0n..n4,

Khido: [4u4u. ud|=3(-)"N .

i=1

Ching minh. V&i mbi a EUAJ , ta chimg minh

a duiedn so lin nhu nhau & ca hai vé cia cong
thfrx ¥ Vi a thudc it nhat mdt trong céc tip
,» khéng miit tong quét gia sit a thude

.4, trong cac tip da cho. Ta
thay trong VT(1), a duoe dém 1 1an. Theo VP(1),

a ciing duge dém: C! lan trong Z|A?|, C}! lin

i=l

trong Y |4,nA],... Do dé & vé phii cita cdng

I=i< j2mm

thire (1), a duge dém s6 1dn 1a

Cl-C+C-..+(-1)"Cl=C] -

_(Uj GG -C 1) cf]z

1-(1-1)' =1.

R ring, voi mdi a | J 4 , & cd VT va VP ciia (1)

i=]
s6 lan a dugc dém 12 0 lin. Nhu vay, vii moi phﬁn
tir @, s0 1dn @ dugc dém & VT(1) va VP(1) la nhu
nhau. Do d6 ta c6 diéu phai chimg minh.
« Nguyén Iy bil trir (Cong thire Sieve)
Gidsir 4, 4,,..., 4, 14 cic tip con cla mdt tip hiru

han X , ki hiéu 4 la phin bd cia 4, trong X,

(i=12....m)thi
. TOAN HOC
S6 482(8-2017)
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‘Emzﬁ,..ﬁ;ﬂ:';{l VAU,

=X+ 20 B 4

18§ <y <.l Sm

- x|+ 3w

i=1

Chiimg minh. Theo cong thirc De Morgan ta co

‘EHZF‘L.J‘\A—J';lAI U4, u...uAm‘,

Theo nguyén ly trir ta cd

v u.ud|=|X]-[4u4 U..UA4,|

I1. Ung dung nguyén I¥ bii trir gidi mjt s0 bai todn
trung hoc pho thing

. Bai toin mé rong gian dé Ven phé thing bing
nguyén Iy bi trir

Thi du 1.1, Mdt s dién thogi dd,d.dd.d.d. dugc
goi la dé nho néu :,flc?_r dd.d, gi(f}:g d,d.d, hogc
dyd.d, . Méi d, la mgt rong cac gid i 0,1,....9.
Hay tinh cdc 56 dién thoai dé nho.

Léi gidgi. Ki hidu 4 1a tap cdc sb dién thoai dé
ma dd,d, giong dd,d; va B la tap cic 50
thoai d& nhé ma d,d,d, giong d.dd. i do
AUB 1 tip tht ca céc sb dién tho%@ui con
AnB 1a tip cic sb dién @1 thoa min
d=d,=d,=d,=d,=d,=d,.

Taco |4UB =|4+B-4nB=10"110+10"10.1-10
=19990 .

Thi du L.2. Dé thi hoc sinh giol todan ctia mgt trieomg
trung hoc Ir:fr.ri' thang .s;:im ¢6 ba bai: hinh hoc, dai 0,
16 hop. Co 100 hoc sinh tham gia ki thi. Két qua cham
thi cho theay: 80 em giai dwge bai hinh hoc, 70 em giai
dieoe bai dai 5o, 50 em giai dwoc bai t6 hop, 60 em
giai dwope ca bai hinh hope va dai sa, 50 em giai dupe
ca hai hinh hoc va bai t6 hop, 40 em giai dirge ca bai
dai 56 va bai to hop va 30 em giai dwge ca ba bat
Hoi co bao nhidu em g.fci'f diroe it f?»f?d:.f mot bai thi,

Lavi giai. Ki hiéu A 14 tp hop cac hoc sinh gidi duge
bai hinh hoc, 4, 1a tip hop cic hoc sinh giai duge bai
dai sb, A, 14 tap hop céc hoc sinh giai duge bai t

TOAN HOC
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hop. Khi d6 tip hop hoc sinh giai duoc it nhit mot bai
Ia 4ud,ud,  Taco
|4 040 A =[]+ | 4]+ ||| 4 ]| 4 4] -
~|A, N A|+|4 N4, A
= 80+ 70+ 50— 60—50—40+30 = &§0.
2. Pém sb phén tir trong tdp hop X khéng théa
mdn tinh chédt o, (k=12....., n) nao cd.
Thi dy 2.1. Cho 50 nguyén dwong n . Tinh so cdc 56
nguyén dwong khong lom hom n(n+1)(n+2) ma
khdng chia hét cho ¢é ba s6 non+1.n+2.
Léi gigi. Ki higu X 1a tip cac sb nguyén duong
khong lén hon n(n+1)(n+2). Gia sit 4,4, 4,
twong {mg 14 cdc tap con cia X gdm céc s6 chia hét
cho mn+ln+2. Khi d6 A=X\(4wd,Ud)la
tip cdc sb nguyén du-ong thoa man yéu cau bai todn.

Dé thiy [/& =n(n+2),

,‘L|-n+2 Tuong ty |4, NA|=n

=n(n+1).

keX|k n(n+1)}. Do dé

. Ta con

] &éitinh|A3ﬁA1|.|AtﬁAzﬁA3|.Xct2m:0nghgp

TH1: n 1& Khi &6 n,n+2 nguyén to cung nhau, do
d6 |4, N A|=n+1|4 N4, NA4|=1.

TH2: n chin. Khi 46 (nn+2)=2, do d6

|4, 4|=2
Theo nguyén 1y bu trir ta co
|4 w4, UA|=3n(n+1) néu n 1&

vi |4 ud,4)|=n(3n+2) néu n chin.

Tirdo [4|=n’—n néu n 1&va |4 =n’ néu n chin.

Thi dy 2.2. Cho 56 1122334567. Hoi ¢co bao nhiéu
cdch sdp xép cde chir 6 ctia 56 trén sao cho khing co
hai chit 56 _s_‘{:'f}'ng nhau nao dieng canh nhau ?

Léi gigi. Goi X,, X,, X, lan luot 13 cic tip hop cac
s sau khi sip xép co hai chit 56 1, hai chir s6 2, hai
chit sé 3 dimg canh nhau. Ta di tinh |X,| nhu sau:
Coi hai chir s 1 dimg canh nhau tao thanh mét phan
tir. Khi d6 ta ¢6 s6 hoan vi cla 9 phan tir la 9!, tuy
nhién hoén vi hai chit s6 2 khong lam thay d6i s6 do,



9!

hoén vi hai chit 6 3 ciing nhu vay. Dodé|X,|=— Y

8!
AR Aop AR A8 ARE- 3

|X, X, nX| =7,

10!

A 5 L3 £ n PR e T x
50 céch sap xép cac chir s0 da cho la TETETh

Theo nguyén Iy bi trir 6 cich sip xép cdc chir s6 trén
sao cho khéng c6 hai chir so gibng nhau nao dimg
canh nhau la
10!
212121

!
B
2121 2!

=236880..

Thi du 2.3 (China Mathematical Competition
1994). Gig

ctng nhau

sw tal cd cde 86 nguVENn dirong nguvén o
vei 103

duge xép thanh day sé tang

x0T O] B 1 B SR

Lii  gidi. Dt a S={.2,..n} va

,={keS|kii},i=357. Vi 105=35.7 nén k

ooy = -

nguyén t6 ciing nhau vai 105 khi va chi khi k khg
chia hét cho 3,5 va 7. Theo nguyén ly bi tru

1000 =4, "4, ~ 4} $§~
S

+Mﬁ&%&ﬁ%ﬁﬂ

~SHEHEHGE e el
Ap dung BDT: a-1<[a|<a,suyra

+hﬁ}@14F14+£_q_";

=|]~|4,| | 4| -| 4,

o M
1mm<n_[f_1+f_1+£_q [11 I .ﬁq_[_ﬂ__q.r
3 R g )RS 5P a9 35T
21782 < n<2194— .
4 16

nguyén t6 ciing nhau nén » nhén mét trong cac gia
tri: 2179, 2182, 2183, 2186, 2188, 2189, 2192, 2194,
Thir truc tiép cac sb nay vao (*) ta duge n=2186
thoa man. Viy a,,, = 2186.

mmm—[i
3

r do ta co Vi n va 105

Thi du 2.4. D so fal thu dwoe nr ddy cde s

nguyén dwong 11.2,3,...} bang cdch xda di cdc 5o la

boi cita 3 hodc 4, nlumg khong la boi cia 5. Tinh 5o

hang a,., .

Loi  gigl., Dat  a,, va

=m,. == {1,2,...,!:}
={keS|kii},i=345.

Nhr vdy tip hop cic sO khong bi xoa la

[Zﬁﬁ:m:{_s)u,ds,Thennguyénlj?bﬁm‘rtacé

2009 =4 " A, 0 A ) A| =[4 A2 A 4|4

i3l X

Sl EISIDIE
j~%E+{;]+{;}+[ﬂ-[3,:.s] 4

3
==n+3 (1)
5” (1)

zam>n_£_£+@1_q+fﬁn4}{:1_qm:L
3 4 (34 35 \ 4.5 3.4.5

=§n—3 {2).

|Aa ﬁAji_|A3 N4, ﬁ1{5|+|A5|

u~1<:[0t]$a,5uyra

Tir (1) va (2) suy ra 3343% <n< 3353%.

Mit khic, n khéng nim trong ddy {a,} nén n nhin
gid tri trong cdc gia tri: 3345, 3346, 3347, 3349, 3350,
3353, Thay truc tiép cac gia tri vio phuong trinh (*)
ta dugc n=3347 1a gid trj cin tim.

Viy ayy, =3347.

3. Bai todn dém s6 bé nghiém nguyén ctia phwong
trinh nghiém nguyén

Nhéc lai bai toan chia keo: “Cé m cdi keo giéng
nhau chia cho n dita tré. Hoi cd tdt cd bao nhiéu
cdch chia keo 7. Bii todn chia keo tuong duong voi
bai toan 3.1 sau day.

TOAN HOC
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Bai todn 3.1, Tim so nghiém nguyén khing am cua

phuwemg trinh x, +x, +...+x =m voi mnel .,

Léi gigi. Gia sw bd (x,x,,...x,) 1& mbt nghiém
nguyén trinh
X +%+..+x,=m. Ta co tuong (mg I-1 mdi

nghiém ndy véi by 1..101...10..01..1 gém m s6 1
X x x

khéng 4m coa  phuong

va n—-1 sb 0. Sb nghiém cia phuong trinh bing s6
cach chon n—1 vi tri dé dt chix sb 0 trong m+n—1
vi tri va cée vi tri con lai dat s 1. Suy ra sd cach chia
keola ¢

widn—-1 "

Bai toan 3.2. Cho n s6 tw nhién a ,a,.,....a, . Timso

nghicm i nhien chia phicong frinh

x+x+.+x =m thia man x . 2a vii moi
3 B

Lai gidi, D3t y, =x,-a,ic{l.2..n} va $=> a,.

(]

=1

Khidotaco: y,+y, +..+y, =m—8 (¥)
Bai todn trés thanh tim s6 nghiém nguyén khéng dm
ctia phuong trinh (*).
-Néu m < § phuong trinh (*) vo nghiém.
; 4
- a -— 1 * A 0 16

Néu m=S§ phuong trinh (*) c6 mdt ngh;f;@
-Néu m> S phuong trinh (*) ¢6 C;';[I_‘@Ltljém.
Bai todn 3.3. Tim s6 nghiém nguy
bit phuong trinh + ~ v + ..+«

hong dm cua

<m v mnel .

Loi gigi. Dt x,,=m—(x+x,+..+x,). Ta co

X tx+..+x +x,, =m vd x €N Nhrviy bai
ton trér thanh d&m sd nghiém nguyén khéng am cia

phuong trinh x, +x, +...+x, +x,,, =m.
Viytaco C], nghiém.

Ap dung bai toan chia keo trén va nguyén Iy bil trir
chiing ta s& giai quyét dvge mot s bai toan dém sb
nghiém nguyén cia phuong trinh nghiém nguyén
nhiéu an thoa mén cdc diéu kién cho trudc.

Thi dy 3.1. Tim 7] nghiém nguvén cua phwong trinh

X +x+x+x =30 w5z £10, i=14.

TOAN HOC
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Léi gidgi. Pt y,=x,-5=0<y <5,i=1,4. Tacod

phueng trinh v, + v, +y, +y, =10 (*).

Goi X la tdp cac nghiém nguyén khong dm cua

phuang trinh (*), ta ¢6 [X|=C), .

Goi A 14 tap nghiém nguyén khéng dm cua (*) thoa

min y, =26. Dat ¥ =y -6, phuong trinh (*) tré

thanh: ¥, + y, + y; + ¥4, =4. Theo bai toan 3.1 ta c6

|[4|=C;. Tuong ty goi B,C,D lin lugt 1a tip

nghiém nguyén khéng dm cua (*) thoa man

¥, 26.y,26,y,26. Taco |B|=|C|=|D|=C;.

D& thiy

|An B|=|AnC|=|AnD|=|B~C|=|BD|=|CAD|=0

|[AnBNC|=|AnBAD|=|4dnCAD|=|BACAD|=0

|AnBNCAD|=0.

Theo n,  bil trir ta c6 sb nghiém béng

x| | JROYB| - || - | D +] A Bl +| 4~ €| +| 4~ D+
: 1+ BAD+|CAD|-|AnBAC—|AnBAD -

MANCAD|-|BACND|+|AnBNCD|

=C,; —4C; =146.

Thi du 3.2. Cho 56 nguvén dwomg n chia hét cho 6.

Goi a, la s6 cde b gém ba thanh phan la cde sé

nguvén khong dm doi mdt khae nhau co tong khong

vot gua n . Hay xac dinh biéu thiee cua a_ theo n .

Lavi giai, Dat A :{(x,y.:{)eiﬂ x,y,z'l_"ﬂ,'x+_v+:‘£n},
Theo bai toan bai toan 3.3 ta co
(n+1)(n+2)(n+3)

- i

Pit A4, 4,, A, lan lugt 1 céc tip con cia A4 gdm cdc

l4=C..; =

bd (x,y.z)théamin x=y;y=z;z2=x.

Néu (x,p,z)e4 thi x+y=2x 1a mdt sb chin, do

do né cod ménhéinméttmng g+1 gidtri 0,2,...n.

Néu 2x =2k véi nsks—;- thi z ¢6 n-2k+1

cach chon.



: 2
Viy |4]= 3 (n-2e+1) =
k=i 4
Do wvai wd A4.4,,4 nhu nhan nén

. Talaico

- 4 _(rH-Z]I
=14 =4l -

|E=|A,mAmA3|=§+1

Tirdé ta c: a, =[4)(4, U4, U4)

+I.43 ﬁ;{]|—|;‘i‘] I'F"Azﬁf‘!}|
2 )
ML R
6 4 3 3
n(}ln: +3n —6)
Tl

4. Bai toan Bernoulli — Euler va bai todn Lucas

Bai toan 4.1 (Bai toan Bernoulli — Euler). Co n ld

thie va n , wig hi ohi _‘-.i:.l.i dia che. Bo .l:'_rfg_i-.w nhién ccl
i thee vao phong bi

aY Hoi xde sudt 48 xav r
nao ho dung dia chi la bao nhuéu?
b) Haoi xac sudt de diing r
i (T, %//
Loigiai. a) Goi X la tap tit ca cic cac}@ 1T VAo
phong bi. Ta cé |X|

Goi A4, (1<i<n),la tap tit ca céc cach bo thur sao
cho 1 thu thir / ding dia chi. Taco |4 =(n—1)!.
DE thiy |4, n 4 | =(n-2)!,

|4, 04, Ao |=(n-k), (154 <. <, <n).

Theo nguyén ly bu trit ta ¢6 s6 cach bo thu dé khong
mot 1 thu nao ding dia chi la

=Ix|-3l4l+ ¥

i= i jtn

+H-1)'|4 Ay n..nd

=nl-C, (n-1)!+C} (n-2)1-..+(- ) 1
] S e e !
-n.[} l!+2! } ng k' :

la ther dung dia chi | n}@\% |S|

l.‘.'J."i'rH.’ e cua

&
ot (=1
Suy ra xac sudt can tinh la Z—(-——;}-—
k=0

Sb D, —-nfz

ki)

r 3 A ¥ v r 7
chinh 14 s6 cac hodn vi o cia

tip {1.2,...n} théa min o(i)=iVie{l2, .1}, né

duoe goi la 56 mat trat tu.
b) Sb cach bo thu dé ding # 14 thur diing dia chi 14
= C;.(n—r]-’(l—l+i—

G
T +(n—r‘)!]

' A e
| LT g
¥l 1t 2! (n—r)!
Do d6 xdc suit dé ding r 13 thar ding dia chi la

= 1—i+i—..,+ (1) :
el 3 (n—r)!
I'hi du 4.2. (o cach _\.'f:';-' _'.:'ll.'f nocap ver

L Goi § 1atp tit c4 cac hoan viclla n cip

o

LH.'-'.' 4

sae cho khone co anh

Lhong khi xep thanh moét hang ngang. Ta co
Zn)T. .Goi 4, latip tit ¢4 cac hoan vi n cip vo

chdng khi xép thanh mot hang ngang ma cip vg

chéng thir i ngdi ké nhau.

Theo nguyén ly bil trir ta ¢6 sd cach xép thoa min yéu

cau dé bai la

ﬂf‘ =|s1- Zlf‘tl*r 2 |4f‘“‘|‘

l=i< j=n

=(2n)1-C'.2.(2n- l)'+C'2.[2n—2]I—...

+(—1) Cr2  (2n-k)+..+(=1) CI.2"n!
= (Zn)!+tzil:(—1)*

Thi dy 4.3. Cho tdp A=\|a a,,...4a,|

Ct 2% (2n—k)L

edm n phdn
i l.f-':i' 1 biét (1 2 _J' Co bao nhiéu cach \r.n”} T ”‘ de
1 sao cho a,_

khéng ném ngay sau

A = L Lo |

TOAN HOC
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Lovi gigi. Gia st A 1a tdp tit ca cdc cach sip xép cic

phin tir cia 4 sao cho @, nim ngay sau a, . Ta co
50 cach sip xép thoa min dé bai 4
M, =ni-|4udu.u4 |

V& D#{ii.ai}c{l2,..n-1} ta cb

A N4 N4, ‘ 14 tap tit ca cic cach sip xép cic
phin tir cia A ma véi mdi j=12,..r , phan ti
a, ,, nim ngay sau phin tir a, , ta coi hai phén tir
ding lién nhau niy tao thanh mét khoi. Ching han,
khi i =2, =3,i,=5i,=6,i;=7,i, =10 ta s& thu
dugc céc khi la (ay.0:.a,).(a5.95.a,.05) (3.4, ) -
RS ring, |4, N4, M..N A4, | bing sb cich sip xép
céc khdi va cdc phan tr con lai cia 4. Néu co b
khéi thi c6 b+ r phin tir cia 4 tham gia vao céc
khéi do, do d6 cac phain tir con lai cia 4 khong tham
gia cic khéi d6 14 n—bh—r . Suy ra

|4, 04, o4 |=(b+n=b-r)!=(n-r)!

Nhur viy

|4 v, u..u4, |=

.

&

Tir d6 ta cod Q’{
M, =m—-|4ud0..u4,| :n!—"z"l:(—l]"l%%&r)!

F I =T
i

=§[_1)f O in=rji={n-1}|

Bai todn 4.4 (Bai toidn Lucas). Cd mdr ban tron,

Lo

xung quanh cé 2n ghé. Can sdp xép cho ngoi cho n
oap Vo .r".'ri'.'r,gr sac cho cde ong .h‘_sru::' xen ké cdc ba va
khong cd cdp vor chéng ndo gt i canh nhan. Hoi co
bao nhiéu cach .*.'{f}) ?

Léi gigi. Trude tién ta hiéu hai cich xép chd ngdi
ducre coi 14 khac nhau néu c6 it nhit mot ghé duge
ngoi bai hai ngudi khic nhau trong hai cach xép do.

* Xép chd cho cic ba trude theo nguyén tic giita hai
ba dé mot ghé tréng (danh cho cac ong).

+ Néu cac ba ngoi ghé 1é thi co n! cach sip xép.

+ Néu cac ba ngdi ghé chin thi cé n! cich sip xép.

Viy thng cong & 2n! cach xép cdc ba.

TOAN HOC
* Clugilre

S§ 482(8-2017)

(1) Ci(n-r)L. &

86 cach sip xép can tinh 1a M, =2n's voi s lasd
cach sép xép n Ong chéng VA0 ghé con lai thoa min
diéu kién khong éng nao ngdi canh v minh.

+ Danh sé cac ba (da xép) theo thit tir tir 1 dén » theo
trit tw vong tron, danh sb cdc dng twong img véi cac
ba (6ng i la chong ba i ), danh so céc ghé tréng theo
quy tic: ghé sb i la ghé gittaba i va ba i+1 (quy
woc n+l=1) Viéc xép ghé cho cac 6ng la mot song
dnh F tir tip cdc ghé vao tip cic dng vdi quy udc
F(i)=j tircla ghé i duge xép cho dng .

« Tacan tim s 13 s6 song 4nh di tir tip {1.2.....n} vio
chinh né thoa man diéu kién F (i) =i F(i) =i+ voi
moi i=1,2,..n. Goi P, latinhchat F(i)=i, O la
tinh cht F(i)=i+1.

Khi d6 ta c6 s=n/-N,+N,—..+(-1)"N,, vai
N, la tng tit ca céc song anh thoa man & tinh chét
lay tir 2 ‘* chiit dang xét.
Dé > 0, hoic P,,,Q. khong dong thoi duge
‘iﬁn. Vi thé ta cin liy ra & tinh chét trong 2n
h chit dang xét sao cho P,Q, hoic P, .0, khéng
dong thoi duge thoa min. Véi mdi cach ldy & tinh
chat nhu vay, (k<n) ta lai c6 (n—k)! song anh
thoa man. Ta xép céc tinh chit dang xét trén mgt vong
tron B,Q,.R.Q,.... B,,.0,, .Ta di tim s cich ldy ra
k phan tir trong 2n phin tir duge xép trén mot vong
tron sao cho khéng cé hai phin tir ké nhau nio dugc
chon. Ta xét hai bai toan sau:
Bii fodn I: Co bao nhiéu cach la’iy ra k phén fir trong
m phan tir xép trén duomg thing sao cho khéng c6
hai phan tir lién nhau nao duoe chon?
Khi ta ldy ra k phin tir, con lai m—k phdn tir. Gitra
m—k phin tir 46 ¢c6 m—k+1 khoing tréng (ké ca
khoang trong & hai dau). Mdi cach lay ra & khoang tir
m—k+1 khoing nay trong img v&i mdt cich chon
k ph.";in tir thoa man dé bai, do d6 sd cin tim la
G
Bii todn 2: Giéng nhu bai toan 1, nhung m phan tir
xép trén mot vong trom.



Cb dinh phén tir @ trong m phin tir . Chia céc cach
léy thanh hai lop

1. Céc cach ma @ dugc chon, khi d6 2 phin tir ké a
khéng dwoc chon. Nhir vy ta chon k—1 phan tir
trong m—3 phan tir. Cac phén tir nay duge xem nhu
Cﬁ- 1

nam trén duéng thing gidng bai toan 1, ta cd CF!
cach chon,

2. Céc cach ma @ khong dugc chon, khi dé ta bo a
di, ta chon k phén tir trong m—1 phin tr duge xem
nhur xép trén duémg thang, doda co C* , .

Do d46 sO cich chon & bai toan 2 1A

m
k-1 1 &
Cm—i—l o Cm--ﬁ 2 e CM'—R o

Nhu vay s6 cach la'iy ma k phfin fir trong 2n phé"m tir
duge xép trén mét vong tron sao cho khéng cé hai
2n
n—k
o) e

r do j = _-'—" A T o :
Tirdotacd s=n ;{ ) (n—k) Zn—kcz""!‘

=31 (r- k)=t

e 2n-k

phfm tir ké nhau nao duge chon 14

&
Cﬁn—* X

N
- k 2n %%
M, =2nls=2n ) (-1} (n—k)!
= " 2n-
Thi du 4.5. Dire vua Avthur cho moi f;f_@r.'.i{p st la

doi thu cria nhau dén an tai iai cuny

gia co bao nhiéu cach dé xép ho ngoi quanh maot han

fran sao cho khong co hai hiép s nao la déi thi ciia
nheau 1 r.s__r(j.l' canh nhau ?

Léi gidgi. Trude tién ta hiéu hai cach xép chd ngdi
duoc coi 1a khdc nhau néu co it nhat mot ghé duge
ngoi bi hai ngudi khac nhau trong hai cich xép do.
Gia sir M, 1a tong s6 céch xép chd ngdi cho céc hiép
si thoa mén yéu cdu dé bai.

Taco M, =(2n)!-|4 U4, U..UA,

V&i mdi tip & =i byyend, } ={1,2,...n} ta cb
AJIﬁA,!r‘\...ﬁAJ_| 4 tép tat ca cac cach sdp xép sao

cho ¢6 r cip higp si ngi::‘:i canh nhau. Hai chd ngﬁi
lién ké dé xép cho cip hiép si thir nhdt ¢6 2n céch
chon, ta coi r—1 ciip hidp si con lai 1a #—1 phén tir,

con lan 2n-2r
r=1+2n-2r=2n-r-1

(2n—2r—1)! cich xép chd cho 2n—2r—1 phin tir

hiégp si. Nhe viy ta co

phin tr. Ta ¢6

nay. Hon nira, trong méi cich xép r cap hiép si, ta ¢6
thé déi chd hai hiép sT cho nhau nén ta co

|4, N4, AN 4, |=2"2n(2n-2r-1)!
=2""n(2n-2r-1)L.

Do d6 |4 w4, u...u4]=i(—l}"]C:Z“'n(ZH-Zr—l)!
r=l

Vay M, ={2n)!—i(—1)“' C1 2 n(2n-2r -1)!

r=l

= i(~|)’ C, 2" n(2n-2r-1)L
r=0

Chil §: Néu ta coi hai cach xép chd ngdi ma cich xép
nay thu duge tir cich xép kia bing cich quay theo
vong tron 1a nhu nhau thi s6 céch xép 1a
i Ll
Q@;"’" =Y (1) C;2 (2n-r-1)\.
& n r=0

i tip dé nghi

: ; : 9. Trong tip {1,2....,2016! ¢ bao nhiéu sé khén
Viy s0 cich xép thoa man dé bai 14 ‘% e tip | } k

chia hét cho 2,3,5,7.

2. Tim s6 nghiém nguyén khong 4m ciia phuong trinh
X+x+x+x, =17 véi 3<x <5, i=14 .

3. Co6 bao nhiéu céich hoan vi cée chit cai M, A, T, H,
I, 8, F, U, N sao cho cac tir MATH, IS va FUN khéng
dugc xudt hién (ching han hoan vi INUMATHSF
khong durgre tinh).

4. Mgt cira hang ¢6 » loai hang héa khic nhau. Mot
nguér khach mudn mua k san phim, (k = n ) sao cho
mbi loai hang hoéa cd it nhit mot san pham. Hoi ngrdi
do ¢d bao nhiéu sir lra chon.,

5. C6 bao nhiéu céch xép n ciip vo chdng ngdi vio
mdt ban dai gém hai day ghé song song sao cho tit ca
céc ong ngdi vé mot phia va khong ai ngbi dbi dién
véi vor ciia minh.

6. Gid sit 1= r <n, co bao nhiéu cach sé.p Kép cac
phén tir cia tip A= {a.a,,...a,} sao cho véi mbi
i=1,2,..,r phin tir a_, khong nim ngay sau phin
ur a, .

TOAN HOC
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#BAI TOAN 4. (IMO 1995) Cho ba s6 thie

duong a, b, ¢ théa man abc=1. Chimg minh

P 1 1 |
rang — —t =+

@ (b+c) b (c+a) c(a+b) 2

Nhdn xét 1. Bai toan nay khi tiép can, ching ta thiy
vé trai ciia BDT c6 dang phén sb, bic ciia miu s6 lén
hon bic cia tir s6. Diéu do giup ching ta nghi t&i
BT Schwarz. Dén diy néu ap dung tryc tiép lubn,

ching ta co:
1 1 1
+ +
a'(b+e) blc+a) c(a+b)
(1+1+1)?

T @ b+o)+b(c+a)+c(a+h)

dé y mot chitt chiing ta thay ring +
1 s
1 il
ab+c) alb+e)’

Schwarz dang phén thirc mang lai hiéu qua rd rét.

Loi gidi 1. Ta c6:

1 1 1

lic nay wviéc ap dung BDT

VI(1) =

o angaly il
ALl b 5 ¢
alb+c) blc+a) cla+b)

—+—+

1, lT
s\a b ¢ __{ab+bc+ca)2

+ +
a(b+c) Blc+a) c(a+h)

" 2ab+bc+ca) 2ab+be+ca)

TOAN HOC

& cl'uélt;e 56 482(8-2017)

o ab+bc+ca
Vay VT()z————.

Ap dung BBT Cauchy, ta c:

3312 2
VT(]);ab+E;c+ca23 azbc =%:VP(1).

Ping thirc xay rakhi vachikhi a=b=c=1.

Lo gigi 2. D3t x=ab,y=bc,z=ca thix, y,z1a

ba s6 thure dwong thoa man xyz =1.
BDT da cho dugc viet lai:
1 1 | g 3

+ + 2 —,
az(ab+ac] bztbc+ba) Cz(ca+cb] 2

Chiing ta c6

1 1 1
F +
& (ab+ ac} b* [bc+ba} o’ (Ca+cb)

7 z o
= 4 -
xﬁ +z) xp(x+y) yz(y+2)

&IEJF 2+Zz

y+z Xx+z Xx+y

Q:&
% Ap dung BDT Schwarz ta c6

Khi d6 bai toan tro nén phire tap hon, va chy
gap khé khin trong vige gidi quyét bai tospg® Vi vé

2 2 2
X z
ol
pdz btz At

(x+y+2] _x+y+z 3nz 3

2['c+y+z) 2 2 E

Ping thirc xay ra khi va chi khi x=y=z=1
hay a=b=c=1.

Nhén xét 2. Quan sit diéu kién, ching ta thiy
abe =1. Ma tir sb ciia méi phén s6 trong biéu thirc
bing 1. Viy dé tin dung gia thiét ching ta s& thay s6

2p2 2 pulgeer!
b R s o G, OO o
a'(b+c) a'(b+c) alb+c)

gt

Tuong ty

Blard) Matd) Slath)  oa+th)

Nhu viy BDT cin chimg minh twong duong véi



a:bz
cla+h)

2.2
Bl L. ca

=
a(b+e) bla+c) *7

Pén déy ta c6 nhidu hdng d& giai bai toan.
Léi gigi 3. Ap dung BDT Schwarz va BDT
Cauchy ta co

212 2.2 U
VI(l) = ab M hc ik M
cla+b) alb+c) bla+c)
}(ab+bc+ca]2_ab+bc+ca
~ 2(ab + be + ca) 2
3f 222 32
JRWab'e” 3 sy
2 2

Ping thirc xay ra khi va chikhi a=b=c=1.
Léi giagi 4. Ap dung BDT Bunyakovsky, ta c6
[a(b+c)+b(c+a)+c(a+b)]

ca’ a'b’

( be 0 .
a(b+c] b{c+a)

c(a+ b)

ab B¢ Fd | abtbe+ea
c{a+b) a(h+c) b{a+c] 2
Ap dung bat dang thirc Cauchy, ta c6: %

.I' B
ab+b.-:+ca Wa*b’ec 3%&}(1)

Jz[bc+ca+ab}2.

Do do:

VT()2

Diang thirc xay ra khi va chi khi ﬁ?} =1

St dung huéng chon diém roi trong BDT
Cauchy ta c6 1o giai 5. Y tuong cho 161 giai nay
xudit phat tir viéc ching ta d& dang du doan ddu
déng thire xay ra khi @=b=c=1. Do d6 ching
ta chimg minh nhu sau

a’b’ L Cla+ b)
cla+b) -

2 2 3.1
bc +a{b+c)25c, coa +b(c+a)26
alb+c) 4 bic+a) 4

>ab,

Loi gigi 5. Ta c6

Ciong cac BDT lai theo vé, ta duge

a’h’ bt c’a’ , ab+bc+ca
cla+b) a{h+ c) ba +-::‘) 2

o 1,2
> + k ;
&\/ﬂ{b+c) b(c+a) c(a+b)

‘%\%vé

Ap dung BDT Cauchy, ta co:

’ 3 2.2 2
VT(I);ab+bzc+ca;3 azbc =%=VP(1).

Piéng thirc xay ra khi va chikhi a=b=c=1.
Str dyng tich v hudng cia hai vecto, ching ta
6 1o gidi 6.

Lai gidi 6. Trong khong gian véi hé trye toa d

Oxyz xét hai vecto

=(Vab+c);Jblc + ) Je(a+ b)),

OF = R . " .
\/a(b +c) } Jb{c+ a) i \fc(aer)

Goi a voi 0<a<m la géc giita hai vecto

m,O_B..Tacé

‘OA} :§W+bc +ca)

)
bc ’a?

a b

0A.OB = |E§HO_B-‘ cosSc < ‘ﬁﬁH(TB‘

bt ca ab’
+ + y
alb+c) blc+a) cla+bh)

Sﬁf2(0b+hc+ca).\(

Mt khac OA.OB = ab + bc +ca , tir d6:

ab+be+ca<

ST X 212
vl(ab+bc+ca}. e 15 a P 2
a(b+c) b(c+a) cla+b)

a’b’ b’ ca’ . ab+bc+ca

o + 2
cla+bh) alb+c) bla+c) 2

Ap dung BDT Cauchy, ta cé:

a‘!’3+bc+c¢:}':}3\.!'3az.-ﬁ'za::2 3
2 Tgar g

== = VP(l).
5= VR0

VT()z

Ding thirc xéy ra khi va chikhi a=b=c=1.

TOAN H
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Bai toan 1' (7ong quat hoa BOT IMO 1995).
Cho ba 56 thurc diong a, b, ¢ thoa man abc =1

va 50 A 22 . Ching minh rang

1 1 | 3

. ; S =z—.
a’ [.’}-Fr' ) b (c+ rJ) ot (u . IJJ 2
Lot gidi. Pt a_l b:l,czl thi
S i

1 1 1
+ +
a*(b+c) b"(c+a) c*(a+b)
-1 k=1 -1
ol o
y+z z+x

x+y'

Vi BDT dbi xtmg nén chiing ta gia sit x> y2z.
Khi do

x}‘_zzyj‘_zzz:"z, 1 > 1 > 1
Y2 ZHY XEY
A-2 -2 =2
X
va me— g
¥tz Z+x -ty
Str dung BDT hoén vi, ta co:
A1 Al i A-2 A2 2
¥ z X
+y + 2z, +x.
»rz 2+% T Ey y+z z+x
Ll A2 A2 2
e L P .
y+z z+x x+y ~ y+z ZW X+y

Cong hai BDT nay lai theo vé, taﬁc
P Al a1
X gt o s l[ ;-—1)
¥+z zx xty A2

3 p 3
5 3'|le_1)}"_221_2 PRy

2 2
Ding thirc xay rakhi vachikhi x=y=z=1.

+)’

Viy BDT téng quit duge chimg minh. Ding
thirc xay rakhi vichikhi a=b=c=1.
Nhign xét. Véi 1 =3 ta duge BDT IMO 1995 va day
ciing la loi gidi 7 cho BDT nay.
HOANG MINH QUAN
(GV THPT Ngoc Tdo, Phuc The, Ha Néi)
e

44 T?g?uggcc S3 482(8-2017)

m:’ﬂ' Khai thac va

phdt trién mét bai
e o toan hinh hoc hay
# ﬁ trong TH&TT so 481
thang 7 nam 2017 &
b }t phan cudi, & trang 13,
cot phai, bit dau tr
dong 10, duéi lén: Khi dyng tam giac déu ACH,
tac gia d4 mic nhién céng nhén C, H, B thing
hang. Piéu nay chua thit chat ché, ching t6i xin
dura ra 18p ludn chit ché nhur sau:
Trén nira mat phing b 4C chira diém B, trén tia
CB liy diém H sao cho CH = AC = AE.
Tacdé CE=ADva

BN B?j.?mo M

HCE =BCE = 180" — BEC — EBC
= 180" — 2(72°+ 4x)= 36" — 8x =CAD,

do d6 AHCE=A CAD (c.g.c)= CHE=ACD = 5x.
Tir do F{% HEC — AEC = CDA - AEC

=@- CAD — ACD — AEC
180° — (36" — 8x)— 5x — (72° + 4x)
12—

%’%ﬁt khic do C4 = CH nén

Jﬁ“ 2 AHC=180°~180° — ACH =180" — ACB

=180%- (36" + 7x + 5x) = 144° — 12x
nén AHC=72" - 6x,suyra
AHE = AHC + CHE
=72° - 6x+5x =72 —x = HEA.
Tir d6 ¢6 AH = AE = AC = CH nén AAHC déu,
dodo: 72° - 6x=AHC=60°, suyra x =2°
HOANG NGUYEN (Nghé An)

7 Mo cdc ban giri 16i gidi bai todn 5 sau ddy
vé tod soan TH&TT truée ngay 30.9.2017.
. Cho hinh chir nhat ABCD. Goi H la

hinh chiéu viong goc cua B lén trén AC, Mva N

Bai toan 5

lan heot la trung diém ciia AH, CD. Chitng minh
rang: BM vuéng géc véi MN.

CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thita Thién Hué)
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Tap chi TH&TT s6 482, thang 8/2017 gidi
thiéu vdi cdc ban hai bai todn, mdt bai nim
trong ki thi Olympic chau A Thai Binh Duong
niam 1998, mot bai nam trong ki thi Vé dich
Qudc gia cia Iran nam 1999, cing véi céc i
gidi ciia ching.

Bai 5. (APMO 1998, bai 3).

Chitng minh rdng véi moi sé6 neuyén diong
a, b, s6 (36a + b)a +36b) khaong the la mot luy
thira cuia 2.

Loi gidgi. Cach 1. Gia sir nguoc lai, ton tai hai
s6 nguyén duong a, b dé (36a + b)(a + 36b) la
mdt liy thira cia 2. Suy ra a # b va 36a + b va
a + 36b 1a cac liy thira cia 2.

Pit

36a+b=2"=p, a+36b=2" =q;m@‘i

Khidé m=n va &

Mg gm0 L
g 36

Tuong ty: 36— p=1295b>0= £ <36.
q

Do d6: — <27 <36,
36 ¢ ;

Suyra: -6<m—-n<6 (1).
Mat khac
4"(4"" -1)= p* —¢* =35.37.(a* - b?),

do do: 4™ " =1(mod37) (2).

Nhung (2) khong thé xdy ra véi cac sb nguyén
m—n {m#n) thoa man (1).

Do d6 gia sir trén 1a sai. Viy vai moi sd nguyén
duong a, b, s6 (36a + b)(a +36b) khong thé 1a
mot luy thira cia 2.

Cdch 2. Gia sit ngugc lai, ton tai cip sb nguyén
duong (a; b) sao cho (36a + b)(a + 36b) 1a mot
liy thira cua 2. Trong céce cdp nhu vay got (m;n)
14 cap cb téng m + n bé nhit.

Vi (36 Ym+36m)=2" véi k>10 nén

(365,& vi (m + 36n) phai 14 cc sb chin. Do
£

a n déu la cac so chan.

‘\% at m=2x,n=2y véi x,yeN". Tacod

P

(36m+n)(m+36n)=(T2x+2y)2x+72y)= i
< (36x+ y)(x+36y) =22

Nhu viy cép (x; y) cling théa man tich

(36x + ¥)(x + 36y) 1la mbt liy thira cioa 2.
Nhung ta lai cé

n
<m+n.

m+
X+y=

Diéu nay mau thuin v&i gia thiét chon cap
(m; n) 6 tong bé nhit. Mau thudn nay chimg to
vai moi sé nguyén duong a, b, s6

(36a + b)(a +36b) khéng thé 14 mot luy thira
cua 2.

Nhin xét. Céach giai thir nhat kha ky thuit,
nhung cach giai thir hai thyc sy ngan gon va
dep, trong do da sir dung nguyén ly cuc han:

TOAN HOC
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Moi tdp hop khdc réng cde sé tw nhién luén cd
phan tie nho nhat.

Bai 6. (Cong hoa Iran, 1999, Vong 2, Bai 3)
Gia sir n(r) la sé tat ca cdc diém nguyén trén

mot ducong tron co bdn kinh r = 1. Chung minh
J"(j.']"&{ n(r) < {1\. .

Léi giai. Xét duomg tron ban kinh r ¢6 chira n
diém c6 toa do nguyén trén d6. Ta cin chimg
minh # <6, Vir>1va 63w’ >8nén ta
cd thé gia st n > 8. Goi n diém co toa do
nguyén néi trén 12 M, M,,...,M, va dugc xép

theo thir tw nguoc chidu kim dong hd. Vi
sdM M, +sdM,M, +...+sdM M, =4n

nén ton tai chi so ie{l2,..,n} sao cho

sdM M , khong mét tinh tong quat ta

r+" i

gia sir d6 14 cung M, M,. Xét tam gidc ABC ndi

Vi tam gidc M,M,M, ndi tiép trong cung

4rr:

(1).

Vi M, M,, M, c6 toa d§ nguyén nén theo

dinh ly Pick ta c6 minS,, ,, . =%.

M\M; néntacd Sy, <Spe <

Do do:

,suyra: n< 275%? <63,

Nhin xét. Trong chung minh trén da sur dung
két qua: sinx<x,Vx>0 va dinh ly Pick. Noi
dung dinh Iy Pick nhv sau: Cho da giac (P)
khéng ne cat nhau trong mdt phdng toa dé co

Vay n° <81

cac dinh c6 toa dé nguvén. Ky hiéu B la $6 cdc
diém co toa dé nguyén nam trén bién ciia (P), I
la $6 cde diém cé toa d nguyén nam bén trong
cia (P). é‘ do dién tich Sp cua da gidc (P) la:

1
SP:E+2I—].

&

tiép trong cung M M. /M. Dién tich tam gidc AB%’&IO‘I cdc ban tim thém nhimg l&i giai khic cho

1ém nhét khi hai diém 4 va C tring véi ha@l hai b

miit cung M M, va B la giao diém @mng

tric cua AC voi M1M3 (khi dwg cach tir

B dén dudng thang AC 14 16n nha). Ta cé:

@:ﬁ':ugﬂ vi ABC =2n-2a.
H
Goi ba canh cua tam giac ABC c¢6 d6 dai la a, b,
¢, khi do ta co:

abe  2rsin A 2rsin B. 2rsinC
S,w(‘ = 4 =
¥ 4r

* 2rsina. 2rsin 2o, 2rsina
4r

Zr,F.Zr.ZTF,Zr. f
[l f

4’

TOAN HOC
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41 todn trén.

Sau day la hai bai tap dé nghi. Cac ban hay thu
strc giai chung véi nhidu 161 giai nhit c6 thé va
el 1o giai vé Toa soan TH&TT trude ngay
30.9.2017.
BAI TAP DE NGHI
Bai 7. Ton tai hay khong diy vo han céc s6
thye a,a,4,...
e+l +
voi moi sd nguyén duong m ?
Bai 8. Cho tam giac nhon ABC ¢6 D, E, F lin
lugt 14 hinh chiéu vuéng goc clia A4, B, C trén
cac canh BC, CA, AB va H 1a truc tim. Ching
minh ring
ABBC+ BC.CA+ CA.AB <3
AH.AD+BH BE + CHCF

TRAN HU'U NAM (Ha Ngi)

théa man




qﬁ*‘”q-
"

GIAI PAP: CHQN PAP AN NAO ?

(Pé ding trén TH&TT s6 478, thing 4 nam 2017)
Phiin tich. Sai 1am & trong 161 giai & chd: Sau hai
ldn &p dung BDT Cauchy thi ddu déng thirc xay
L = 2. { ye 4x
2x ye

x=y
x=y

khong thoa man diéu kién x + y > 3.

9

ra < ax=y=0;

Loi gidgi diing. Cach I (Cua ban Neuvén Thi Thu
Trang, 11A1, THPT Duong Quang Ham, Vin
Giang, Hung Yén).
Ap dung BPT Schwarz, ta cé:
1 2 1 4

S=x+y+—+—=x+y+—+—

2x v 2x 2y
LA+ 2) 2)° _
2x +2 y

>

2(x+y)'

r
Xéths‘imséf{r)=r+% Vi t=x+y 338
R 2.5 “@.
Taco: f'(H=1-—=—— t23.
f'(@ T
Do d6 ham s6 f{7) dong bién trén [3;+).
, Sl |
Suyra min f(f)= f(3)=3+—=—=4_,
y [3;m,f(3' f3) g i
Do d6 ta chon dap an E.

Cach 2. (Cha ban Lé Tri Phi, 11T1, THPT
chuyén Long An, Long An). Theo BET Cauchy,
ta co:

§ gy PR [£+i)+ b )
Tr yik2" 2x) Ay 2

>2,F1 Lt B 4.
2 2x 2y22

Dédu “=" xay ra <

i | T b
Vay mmS=4-2- khi {

Do d6 ta chon dép éan E.

Nhdgn xéi. Ngoii ban Trang va ban Phu ké trén, ban

Hoang Van Phai, 11A3, THPT Duong Quang Ham,

Vin Giang, Hung ¥én; Lé Céim Thanh Ha, 11 Toén 2,

THPT chuyén Quoc hoc Hué, Thira Thién Hué ciing

d3 phat hién diing sai lim va dua ra 1oi giai tét.
KIHIVI

NGHIEM NAO ?

i

pé bd@ phwong trinh
Q" P2x+6+Y9-x=3x-11.

day 14 lod giai cua ban An:

%\%» Tir phuong trinh, 1ap phwrong hai vé, ta dwgc:

2x+64+9—x+3Y2x+63J9—x(32x+6+Y9-x)
=3x-11.

Tir day két hop véi phwong trinh da cho ta thu
dugc:

2x+6+9-x+32x+639-x3Bx-11=3x-11
<= 3Y2x+6349—x3x—11=2x-26
< 27(2x +6)(9 - x)(3x —-11) = (2x - 26)
< 85x" —939x” +1623x-796=10
T=il
1)?(85x—769) =0 < 769
85

> (x-

Vay phuong trinh ¢6 hai nghiém x=1, x -%
Ban tim dwgc mdy nghi¢gm ciia phuwong trinh niy?
NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Béc Ninh)
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XUAT BAN TU 1964

Tllp chi TOAN HOCva Wﬂl 1 T son: o 1210 D it

{ 80 1, Hoano Bao Thiy, Ha Nai
D7 Bién tdp: 024.35121607, BT - Fax Phat hanh, Tri sy : 024.35121806
i fﬁ' Mﬂ'hemﬂhﬁ und Yo“h Mugume Email: teanhocluoitrevistnam@amail.com
BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
i Chi tich Hoi d6ng Thiinh vién
GS. TSKH. TR:!\.N VAN NHUNG NXB Gido dyc Viét Nam
TS. NGUYEN VAN VONG NGUYEN BIC THAI
GS. POAN QUYNH Phé Tong Gidm déc phu trich NXBGD Viét Nam

HOANG LE BACH
Phé Téng Gidm doc kiem Téng bién tap
NXB Gido duc Viét Nam
TS. PHAN XUAN THANH

PGS. TS TRAN VAN HAQ

HOI PONG BIEN TAP

Tong bién tdp : TS. TRAN HUU NAM Thu ki Téa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS, NGUYEN ANH DUNG, TS, TRAN NAM DUNG, TS. NGUYEN MINH BUC, TS, NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. 75, LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS5, PHAM THI BACH NGOC, PGS, TS, NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS, NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. T5. PHAN DOAN THOAL Ths. v
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO N/
UM

_ : ; % thi Olympic Toan hoc Quéc t& (IMO) lan
For {.ﬂf{.‘t’.r‘ Secondary School t\ thii 58 — nam 2017.
Vi Héng Phong — St dung tinh déi xing %

o Déanh cho Trung hoc Co sé

trong giai phuong trinh. ¥ Pé ra ky nay
o Nguyén Die Hudn - Nhiing hé thitc Iy \ Problems in This Issue
quars din ire g das Eronig dae 31 T1/482, ..., T12/482, L1/482, L2/482.

Pé thi tuyén sinh vao lép 10
chuyén DHSP Ha Néi nam hocé zms

o Hudng din giai Dé thi tu@nh vao lép
10 THPT chuyén KEHTN DHQG Ha Nai

Giai bai ky trudc
Solutions to Previous Problems
Phuong phap giai toan

Pham Thi Thu Hién — Nguyén 1y bi trit
vi mit vai dng dung.

niam hoc 2017 - 2018.

Lich st Toan hoce

Nguyén Viét Hdi — Pythagoras vi mén
phai Pythagoras.

Dién dan day hoc toan

Hujnh Duy Thiiy — Dé xudt 16i gidai méi
cho bai todn tim gia tri 16n nhit, gia tri
nhé nhét trong ki thi chon hoc sinh gioi
cac tinh, thanh phé ndm hoc 2016 — 2017.

Nhiéu cach giai cho mét bai toan
Ban doc trao déi

Du lich Thé giéi qua cac Bai toan hay

6060 6 O

Sai ldim & dau?

€) Tiéng Anh qua cac bai toan - Bai 623, Gidi ddip: Chon d4p &n nao?
Bai dich s5 20 - Tiéng Anh qua céc bai toan. Nguyén Vin Xd — Nghiém nio?

Anh bia 1: Ti trai qua phai: Thiy Lé Anh Vinh (Trudng doan), em Lé Quang Diing, em Phan Nhdt
Duy, em D6 Van Quyét, em Pham Nam Khdnh, em Hoang Hitu Quie Huy, em Nguyén Canh Hodang,
Thay Lé Bd Khdanh Trinh (Pho doan)

 Biéentap: LEMAL | 2 s  Mithugt: QUOC HIEP, THANH LONG
 Trisu, phe 'M’NGUY@N mmm&a,mmﬁ:«lmmumﬁw Thiét ké, ché ban: MAI ANH



: Gic‘.i tri toén hoc

_CHIEU €M VA ANY

Co mab chidw anh den bén em
&‘fnfbmmdo dai. cha anh hanv phiic
Em la (ia la nGityén ﬁmq la theee

HAnh ngu ngo f-hang, hist tap chinby hint.

Ca mat chidw em dén bén anky

Hai dita Mng« f:zﬁming,- he tién dé can thiéu
DBa sung div cha nhaw 1éi chat hiéw
t)ﬂ%ﬁﬂg» gian yeéir bur mat: tha g ngip xanf.

Raéi mat chiéw anhe den ben em %

Dé duee nai b yétw !,hf,mr;, than b"! $

Déi mét em tron xoe Cithg Leecer &
Rai quay di gidan dean cd dnh %

Vi néw mét chiéuw andy ;zfz,d.f’ Xl e

“Pao .fflmmg nha ngty bén nhaw tich CJL'_E;?-
Anky tich phan n 1ang emv dieng tién mat
And tim em phueang trink sang ddn xa.

Ank faﬂgf t;"wzgz qua nﬂﬂnﬁ;» cham didw hoa
Dao ham éng hiet wing en & da

Em dai, env che ngﬁwmngmix lai ddw cé
Cadn b tim Lien tue nhé khan nguai.

Ao wée baa ngay nay béng chia phai
Vv cude dei divw nhié phucong thiee tink
i anb héng ton tai chi em théi.

,89

HAnb tim em bdng da thie dae tueng

Anby ki uang ﬂ(mg/ hinke em xuat hién

Dé anby viét v tinky andy bat bisn

‘Khang gian xank yéw daw ciia ching mink.

Dé cuge dei em mai maic tiong ank
Ve chicw nay anhy bén em déng nhat
Vhee nw héan déw fa;‘ltdug- bao gicy tatb
Ve m‘-'ui'n{j chiéw ta mai & bén nhaw.
NGUT. PAO QUANG DIEN

(Cuen sinh vién Khoa Toan DHSP Ha Noi, 1969 - 1973)
& Tdn Tién, huyén Van Giang, tinh Himg Yén.

&
‘gb
ﬁvm

F A

e

VAD TIEM CAT T0C

A, B, C vao tiém cét téc. Sau khi cat t6c xong
cho A, anh thg cét téc néi: “Cdu hay xem trong
ngdn kéo c¢6 bao nhiéu tién thi cdu dat vao do
bdy nhiéu tién céng réi Idy di 20.000 déng tién
thira” B va C cling tra tién cong nhu thé. Sau
khi ba ngudi ra khoi tiém cat toc thi trong ngan
kéo chdng con déng nao ca. Hoi trudic khi A tra
tién cong, trong ngan kéo cuia anh tho cat toc

cé bao nhiéu tién?
: : : NGU‘I'EI_I VAN HIEU
(S8 80 cheimg Xudn 68, TP. Hué, Thira Thién Hué)
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Tir dién Tean minh hga Tit dién Toan minh hoa Tir dién Vat i minh hoa
{dung cho hoc sink Tidu hoc) (diing cho hoe sinh THCS) Bang Van S0 (dich)
Nguyén Chi Thanh... (dich) Nguyén Chi Thanh... [d|¢h 17x24 cm, 272 trang
1724 cm, 272 trang 17424 cm, 272 trang 160.000d

160.000d 160.000d +
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Tit dién Hoa hoc minh hoa Ti dién Sinh hoc minh hoa

Mg Tuén Cuéng... (dich) Nguyén Vigt Linh (dich)

17x24 cm, 258 trang 17%24 cm, 272 trang

160,000d 160.000d
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