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MOT VAI KY NIEM VOI THAY PHAN BUC CHINH

Nghe tin thiy di quy tién, 51 bbi hoi
nhd lai mot vai ky niém véi thiy.

1) Thang 7 nam 1974 gifta lic chién
tranh dang khoc liét, lin déu tién Viét
Nam ctr mt dodn hoe sinh gdm 5 em do
thity Lé Hai Chdu 1am Truémg dodn va
thily Phan tec Chink 1am Phé trudmg
dodn tham du k¥ thi IMO tai Pong Pire.
Daéi tuyén Vist Nam Iap chién céng diu
v¢ vang danh duge 1 Huy chuong Vang
(HCV), 1 Huy chrong Bac (HCB) va
2 Huy chuong Déng (HCD). Thanh
tich nay coa ta lam cdc df1 ban ngac
nhién va dem vé tin vui lam nite long
cd nuwoc,

Khoa Todn DPHTH Ha Ngi ¢6 to chirc
mét budi cho sinh vién nghe thi“iy Chinh
néi chuyén vé ki thi IMO. Théi diém
dd t6i dang 14 mt sinh vién nam thir ba.
'Sau budi ndi chuyén cia tholy Cﬁfnh
niém hing thi vai Toén so cap von da
ngti quén trong t6i miy nam nay bong
thirc diy. TH1 quan 1dm toi Bai toan so
6, mét trong hai bai toan kho nhat cua
ky thi. Toi dd tim dwge mot céch giai
khdc ngin gon hon va tir do t-:mg quiit
hoa bai todn sé 6. Toi rit mudn khoe
két qua do vai thiy Chinh nhung chwa
biét lam thé nio tiép cin voi thiy vi
thdy Chinh khong day bon sinh vién
ching t6i. Bong tOi nhé ra cé ban gai
hoe cing ép Phan Thu Huwong, 1a em
rudt clia lhfay Toi bén nhé Huwong noi
gitp cho tUl xin gap thiy Chinh. Vio
mot budi téi theo lich hen ma Hirong
théng béo, toi dén nha thay Chinh & 36
10 phd DS Hanh. Toi ngdi
chér mit lue ¢ phong
khach thi thiy thiy
Chinh tir trén gic

di xudng. Toi dua
% thiy xem bai viét
¥ " cia minh. Thiy
bao tbi “Anh cir
dé ddy dé 16i xem.
Néu dwoc thi t6i
5¢é cho dang trén
Bao  Toan hoc
va Tudi tre”.
& Vil thing
‘ sau  tH
rat  vui
mung

PGS.TS Phan Buc Chinh (1936 - 2017)

khi thdy bai viét cia minh xuat hién
trén Bao Toan hoc va Tubi tré voi
nhan dé “Mc réng bai todn sé 6.
Piy la céng trinh Todn hogy ddu
tién trong doi cioa téi duoe g
2) Thang 3 nam 1976 theo | 1 cua
GS. Ta Quang Buu. Bg i
hoc va Trung hoc chu.
sir L. Schwariz, nha
tiéng, nguoi d

chié¢p, Gido
hoe Phép néi
1a1 thuomg Fields
nam 1950 da 1dm Viét Nam. Trong
vong mé , tai Truemg DPHBK Ha
Noi, Schwariz di trinh bay bai
gh Bé do Radon, Xéc sudt try,
oc khong gian Banach va cac
& dung. T61 khi do vira bio v¢ xong
ludn dn tot nghiép, khi biét tin d3 hao
hite dén nghe. Ngudi phién dich 1a thay
Phan thic Chinh. Co thé néi chuyéu
thim vid giang badi tai Vigt Nam cua
GS. L. Schwartz di ¢6 anh huong rit
lom véi to1, dinh ra huéng nghién ciu
sau nay cua to1. Toi ghi long tac da va
mii mai khéng quén GS. L. Schwariz.
GS. L. Schwarfz nay cing da qua don.
Trong cudn Hbi ky ciia minh , éng viét
“Ngwdai Viet Nam khong quén toi, Vigr
Nam ghi ddu an trong cuge doi 167", Ré
rang néu khéng cé su phién dich tri
chay, chinh xdc cua thiy Chinh toi da
khong thé ghi chép, tiép thu va hiéu
duge bai gidng cua GS. L. Schwariz.
Chi co ngudi thong thao tiéng Phap va
ndm vimg cac kién thirc vé Xdc sudt,
D do va Giai tich ham mai c6 thé dich
nhudn nhuyén nhu viy. Téi thiy minh
chiu em thay Phan e Chink rat nhiéu
trong vigc nay.

Pang Hung Thang

. Trwomg DHKHIN - DHOG Hea Nogi

3) Théng 7 nam 1994 lan déu tién thiy
Chinh duge By Gido duc va Bao tao
cir lam Triwdmg dodn tai ky thi IMO tai
Héng Kéng . T6i ciing lin dau duge
ctr lam Phé Truong doan. The 14 16i ¢o
dip o cing vdi tha} trong khich san
va lam viée vai tha}’ trong sudt ky thi.
Thiy ké cho téi rang minh da may man
“lot lwdi” khi duge di nghién ciru sinh
& Lién X6 vi thiy khong thudc thanh
phin céng néng, dng cy thin sinh ra
thiy 1a cong chirc cit (théd Phip). Nam
d6 danh diu thoi khic oanh ligt nhat
ctia AD (Chuyén Todn DHTH Ha Ni):
Trong 6 thanh vién trong ddi tuyén thi
¢d 5 em 14 hoc sinh AD. Poan Viét Nam
danh duge | HCV va 5 HCRB, em Pao
Hai Long (A0) dinh duge HCV voi
diém s 41/42, Nam sau, tai IMO &
Canada. em Long lai danh duge HCV
v diem so 40/42.

Vai dong hbi \re nay nhu mét nén hirong
twomg nhd toi thdy Phan ic Chinh.
Xin duge gui loi chia budn sau sic tdi
toan thé gia quyén cua thiy. Ciu mong
cho thiy duge vén nghi thanh than & cdi
vinh hing_

SO LUQC TIEU SU

PGS.TS. NGND. Phan £nic Chinh sinh
ngay 15/9/1936, mit ngay 26/8/2017.
Ong nguyén la giang vién cao cip Khoa
Toan-Co-Tin hoc Truémg BPHKHTN
- DPHOG Ha Néi. Giang day tai Khoa
tir ndm 1956. Nhin hoc vj Tién sV i
Pai hegc Lﬁ—mﬁ—nﬁ-xfnp (Nga) ndm
1965, Duge phong hoc ham Pho gido
sw ndm 1979, Ong di nhidu nim lam
Trudmg, Phé doan hoc sinh Viét Nam
di thi Olympic Todn hoe Quée té, 1a tac
gid cua nhiéu cuén sach Todn so cdp va
cao cip trong d6 ¢6 cudn sach viét bing
tiéng Nga. Ong con 13 Phé Chi tich Hi
dong Bé mon Toan Trung hoc cia B
Gido dyc va Dio tao. Ong thuomg xuyén
tham gia cdng tde vai Tap chi Todn hoc
va Tuoi tré va 1a Phd Tong bién tip Tap
chi. giai doan 1983-1984. Ong 43 co
nhiéu dé todn va bai viét ding trén Tap
chi Toan hoe v Tudi tré, f)ng da dugc
Pang va Nha nuoc ting thudng Hudn
chirong Lao ding hang Ba ndim 1999,
Hudn chiromg Lao déng hang Nhi ndm
2002 va nhiéu danh hi¢u cao quy khac.
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TRUNG III‘l{i O SO

rong khi gidi céc bai todn ¢6 chira diu can néu

ta biét khéo 1éo phan tich bai toan dé sir dung
nhén véi biéu thire lién hop mét cach hep i, sang
tao thi ta s€ tim duge 161 giai bai toan rit ngin gon,
dic dao va thi vi. Bai viét nay xin trinh bay mat so
thi du vé sir dung biéu thirc lién hop trong gial toan.
I. Sir dung biéu thire lién hop dé tinh gia tri cia
biéu thire
Thi du 1. Tirh gid tri ciia biéu thirc:

strm iU THOC LIEN m'

nfwum

PH$M TRUNG mN :
(GV THCS H6 Tang Mis, An Thi, Hung Yén)

Thi dy 3. Cho cdc 50 thiee x, v thoa mén

(242018427 |[ v+ 20184 7 ) = 2018,
Tinh gid tri ciia biéu thire
O =x"" + 5™ £2018(x+ y) +1.

Lid gidi. Vi [x+J2013+f)(y+J2018+y2]=2mg

suy ra

I M et N M U (J2018+x2—x}(x+\."2018+x2){}'+J2018+y2]
VI+vZ2 V2443 3444 V2017 + -}m?\
Lani gidi. Ta c6 = 2013[J2013+x2 -x]
S= ! + . + - + ..+ : ‘
VI+V2 2443 3444 V017 +2018 = v Q018+ )7 =V2018+x" —x (1)
2 B2 f V3, | J2018-V2017 kS et )
1 1 ” 1 K% x V2018407 = 2018+ )7 -y )
2018 -1 %\% Congtheovecua(l)va (2), ta duge: x+y =0
Thi du 2. Tinh gia tri ca biéu thirc: // :’x__r_y:}xzm‘.r:_yzm?:)xzm?_'_yzm:':o.
J 1
e Viy 0=1.
W2 W2 =

w"l 4*«3*%@
0259 3025 202442025

Léi gigi. Ta co:

: o S 3 £ *
k+DWk+kJE+1 i i+ &
That véy, v&i méi k nguyén duong, ta co:
1 (ke k1
(E’+l)ﬁ+k~.}k+{ [(kH]JE]Z—[k r—fc+]T
_ G+ DWk -kl 1 1
k(k+1) "k ksl
Ap dung déng thirc (*) lan luot véi k bing 1, 2, 3, 4,
oy 2024 ta durge:
P b 1, ol g 1 1
J 2R B 2024 2025
A 0 oje oL
V2025 45 45

1. Sir dyng biéu thirc lién hop dé giai phwong trinh
Thi du 4. Gigi phirong trinh:
J2018x—1+ \,"’i.\'

I=3x4+2+J2017x+4 (1)

Lo gidd. PK: xz%. Khi d6

(1) = 2018x—1—2017x+4 +J4x—3—Bx+2 =0
S x-5 i X5 4
V2018x—1+4/2017x+4  4x—3+3x+2

1 1
i S}EJzﬂiax—lwzoﬁxm ' J4x—3+J3x+2]_0

A

< x=5=0 (do 4 >0 vdi moi x?:%)

<> x =235 (thoa min PK),
Vay PT (1) c6 nghiém duy nhit x = 5.
Thi duy 5. Giai phieong trink:

2=+31 —S5x4l—x

NETS c+4 (1)
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GIAI PAP:
(Pé diing trén TH&TT 56 479, thing 5 nim 2017)
1. Phén tich sai lim.

« D¢ thiy ring néu A4(1;1;0), B(1;1;2) thi

HA+HB=1+322= 4B

Do d6 véi A(L1:0),B(1;1;2) thi ding thie & (1)
khong xay ra. Ban Toan khiing dinh “ding thic & (1)
xay ra khi ba diem H, 4, B thing hang hay
HA,HB cling phuong * 1a khong ding. Bing thic &
(1) xdy ra khi diém H thudc doan AB, nghia 13 hai
vecto HA, HB cing phueng, nguge hudmg. Tir dic

cung phuong thi HB=3HA., tic la khi
HA, HB cung phuong, cing hudng. Viy Lhuﬁ 0
ding thire & (1) khong xay ra.

+ Hon nita A, B 1a nhimg diém thay d@ luot trén
Ay, A, nén df dai doan 4B khong a hang sb. Vi

thé néu dang thirc & (1) xay ra thi ciing khong két luan
duge ring khi d6 HA + HB dat gia tri nho nhit.

2. Lovi gidi diing. Céch 1.

Goi A(l+a;1+ 2a;0) e A, B(-3-2b;-1-£52) e Ay,

Licndy HA+HB=54'+1+.5(b+27+924 (2).

Dang thirc & (2) xay ra khi a = 0, b = 2. Suy ra
A(L:1:0), B(1;1;2) . Vdy HA + HB dat gia tri nho nhét
bang 4 khi A(1;1;0), B(L;1:2).

Cdch 2. Goi H(l+a1+2a:0)e A, va
H,(-3-2b;—1-b:2)e A, lin luot 1a hinh chiéu
vudng goc cta H trén A, A,.Ta c6 u (1:2;0) la

VTCP ctia A,, u,(~2;-1;0) 13 VTCP ciia A,.

diém toa d6 cia HA, HBta thiy néu hai vecto nay Q’

Khi d6 EE;:E=0 <:>{<51+4;:;'=0'
A, =0 |-2(-4—25)-1(~2-b) =0
a=">0
— .
h=-2

Suy ra H,(1;1;0), H,(1;1;2). Vay véi moi AeA,,
Be A tacé: HA+HB> HH, + HH, =4.

Pang thire xay ra khi A, B tuong tng tring voi
H H,. Vayvoi A(1;1;0), B(1:1;2) thi HA + HB dat
gia tri nho nhét bing 4.

Nhgn xét. Chi co banf\-gw*e:n Trung Kién, 11 Toan 1, THPT

chuyén Quéc hoe Hué, Thira Thién Hué i phit hién diing
sai lim va dua ra 104 giai ding.

KIHIVI
THEM DAU HIEU: {r m}d
NHAN BIET HINH BiNH HANH 1 _.{,;'*'L,\
Bai todn tie gide ABCD ¢6

AB =R$va BAD = BCD . Chimg minh réng ABCD
] binh hanh.

2

Léi gigi Ha BH | AD tai H, DK L BC tai K. Vi
BAD = BCD nén H, K hodc tuong img thude cac doan
AD, BC hodc tuong tmg thudce tia dbi cia AD, CB.
Ta ¢6 AABH = ACDK (canh huyén - gée nhon)

Suy ra DK = BH va CK = AH.

Suy ra ABHD = ADKB (canh huyén-canh géc vudng).
Do do BK = DH. Tir d6 suy ra BC = AD.

Viy tir giac ABCD ¢6 AB=CDva AD=BCnénnd la
hinh binh hanh. 0

Nhur véy, ta d4 chimg minh duge diu hiéu nhin biét
madi cho hinh binh hanh: “Tir gide cé mét cap canh
doi bing nhau va mot edp goc doi bing rhau Ii hink
binh hanh™.

C

D

.....

NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha N
4 TOAN HQC
34850200+ crusire 477




https:/sites. google com/siteletrunglienmath

https-www_facebook. com/letrunglienmath

Ta co: [11. Sir dung biéu thire lién hop dé gidgi hé phuong
( 1 1 1 trinh
m“‘{m—g]—{m q] (x~2)=0  Thi dy 12. Gigi hé phuomg trink:
W2-Vx+2) 4 yma MR s il e ()
= - ~-(x-2)=0 3 —xp—-Tx+ ¥ +y-9=0 (@
3(Vr+241) 3(v22-3x+35) D] (e
: Lot gigi. DK x22, yz12.
—4(x-2)
- = Taco: (1 x-2—Jy-2 —yyy =0
S[{erze)rized) s Tl F ]
- i —(x-2)=0 J—QWT [‘F"J_)(”\r“):
(V22-3x+5)(V22-3x +4) _ _
Jx+4y
= (Vx- \('—( ———tx+ iy +y (=0
| el
& (x-2)| = = - T Sk A
3(Va+2+1)(Var+2+2)
e::;-ﬂ—ﬁ:ﬂ(do:ib(), vffimgix22;y22)
l
= - -1({=0 rx=7.
(vV22-3x+5)(V22-3x +4) i 3
’ Thay x = y vao PT (2) ta duoc: 3x° —6x-9=0
§=2=1D (do 5 p Eben, e d
3[¢x+2+])(\ﬁx+2+2) s (I+ )(x =R x=3 (thoAmin x> 2)
1 Vayh@ co nghlemduyrmat(x W=(3;3).
- -1 <0) B Ay
(V22-3x +5)(vV22-3x +4) TSI SE P

<> x =2 (thod man DK).
Vay PT (1) ¢6 tdp nghiém 14 § = { 2}

Thi du 11. Giai phuong o

F

Lévi giai. DPK: 0 <x < 1. Khi dé @.
e (1+x22)W1—x =2x+x)Wx

@x:(m—\f;}+(vfl—_x—2xv{;)=0

x(I Z.r} l-x—dx

\E+-\f_ m+2x\/_

x*(1-2x) {1—2:5)-(2;:‘+x+1):l0
vl—x+\f_ VI-x+2xx
x* 2x" +x+1
(-2
"’[ A3z ﬁ*+zfo
A

< 1-2x=0(do 4>0, véimoi D<x<1)

rXx= % ( thoa man BK).

Viy phuong trinh (1) c6 nghiém duy nhit x =

4’?

Ix 43444 —-y=4 (1)

e&
& J2r+3+f4-x=4 (2)
Lai gigi. DK: —%Ex;yidl.
Trir theo vé PT (1) cho PT (2), ta duoc:
(Vax+3- V2y+3)+(Ja=y-a-x)=0
2(x—») x—y
V2x+3+42y+3 a-x+ Ja-y
) | \
: =7 |=0
V2043 +2y+3  Jd-x+fd—y J
i

<>x—y=0(do4>0, vdi moi x, ythod min DK)

=]

c:»[x—}')[

X=y.
Thay x =y vao PT (1), ta duge: «2x+3+d—x=4
2V12+5x—2x* =94

x=9
—
12+ 5x-2x2)=81-18x+x°

1 x=9 x<9
= o =
2 9x* —38x+33=0 (x-3NOx-11)=0

TOAN HOC
* CTuéitre
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=3
11 (thoa min DK)
X=—

9
Viy hé PT (1) co hai nghiém (x; ) la:

11 11
(33 v [9 9]

Thi du 14. Giai hé phuong trinh:

=

[Vx+3+y—2=5 @

(2)

(D

| y+3+Jx—2=5
Liigigi. DK: x=2;, y212.
Trir theo vé céc PT (1) va (2) ta duge:
Jx+3-4x-2 =\i'_y+3—\i'y—2
- 5
-jx+3 +\j'x—2

5

- \J'y+3+\6’—
Sx+3+Vx=2=[y+3+ [y-2
-Néu x> y22=Vx+3+x-2>Jy+3+(y-2
- Néu }~>x22:~J_x+3+Jx-2{Jy+3+\/y—
Do d6 x = p. Thay vao (1) ta duoc:

Vi+3+4x=-2=5 & Jx+3=5-+x-2
= Vx—2 =2 x=6 (thoi min DK).
Viy hé phuong trinh (I) ¢6 nghiém duy nhét

(x: ¥) = (6: 6).

Thi du 15. Giai hé pfurrma: trinh:

&
@%
o
L
Laigidl. DK: x=2;y22.
Trir theo vé PT (1) cho PT (2) ta duoc:

\..1 2 401 = |
{ s 1))

3 |
U491 =x-2+2

3157 w31+ (252~ =0
Ay S ol
JX‘ +91+Jyz+91 m+m +Ha—y)x+y)=0
Xty 1
L A
ix Y)Lﬁ’x +91+Jyz+91 ”2+Jy—2 X }]

A
< x—y=0(doA>0,Vx,y22)

SHX=¥.
Thay x =y vao PT (1) ta duge: xf  +91 =x-2+x*
(Jx +91 m] ~(x*-9)=0

TOAN HOC
CCTugilre S8 4830-2017

4

x* -9 x=-3

Jx 201410 vr-2+1

—(x=3)(x+3)=0

3 1
< (x-3) = = —(x+3;.}=0
Lx2+91+1(} vx—=2+1
1 1
=B e ——— ||

4
< x—3=0 (dod<0,¥x=2)
<> x =3 (thoa min DK).
Vay HPT (I) c6 nghiém duy nhat (x; ) = (3; 3).
Thi du 16. Gidi hé phwong trinh sau:

'l 2 Ee 16xy

x+2y

=16 (1)
(I

+16 +%_\H+E1 2.\'+\"I.r:—r
Léi gidi. DK: x+2y > 0. Ta co:
He 2y][{:c+2y)2w4.9=]+lﬁxy=lﬁ(x+2y]

D[ (x+2))" =16~ dxy(xe+ 2y - 4)=0

[
@x*&y 4) 3 +4y +4[x+2y}] 0

% S x+2y—4=0

(vi x+2y>0 nén x° +4y> +4(x+2y)>0).
Thay x + 2y =4 vao PT (2) ta dugc:

Vi +16+5=2x 4V +7
e Vx? +16 -y +7=2x-5
Ta c6, véi moi x thi Vx* +16 > Vx> +7
D\fﬁ_ﬁ—m:»ﬂzﬁx—s:»ﬂ::«x}%.

(3

Khidé: (3) = Vx* +16—5=2x—6+x* +7 -4
-9 =9
Sl S R - o PO o e AN
Jx* +16+5 VP +7+4
x+3 x+3
C:)(I—?)][ S —ZJ;{]
J2 41645 JxP+7+4
x=3=0
= x+3 x+3 <l )

JPaleas el

2
- Voix =3 thay vao 2x + 3y=4 tacd T



Suy ra hé PT (1) c6 mdt nghigm (x; ) = [3;%}

- Gidi PT (4): Vi x> %:n:+3:» 0; vé&i moi x ta co

N 416455V +7+4 >0

x+3 x+3
e i
Va2 +16+5 ¥ 4+T7+4
SO T,
VX +16+5 X +7+4

Suy ra PT (4) vo nghiém. Vay hé¢ PT (I) c6 nghiém
: 2

duy nhat (x; v) = { 3;-5] :

IV. Sir dung biéu thic lién hop dé giai bt

phurong trinh

Thi du 17. Giai bit phuong trinh:

V2017

7—V”’ﬂl8r 55x-3 (1)

. Khi dé:

Lai giai. DK: x>
2018
3-x

(1) =x-3
V2017x-2 ++/2018x—5

|
= {x=-3 1+ =20
[ V2017x-2 +J2msx~s]

Sx-320=x23
Viéy nghiém cua BPT (1) 1a x= 3.
Thi du 18. Gidi bt phirong trink:

@ &

——— <x+21 (1)
(3-vo+2x) @"
L" ” BK {9'1‘2.]:20‘ [
oi gigl. BK: = 2
3I-J942x 20 e,
2
(3+J9+zx]
Khidi(ipest T aoiny

9+2x <:4<:>0£9+2x<16¢>—g£x£%.

Ket hop véi DK ta c6 BPT (1) c6 tip nghiém la

S={xeﬂ2

—E‘_:IE—T-;_K’?EO J
2 2

Thi dy 19. Giai bat phweong trink:
I 2
\.’ o o o q
2,‘J S e [ (1)
x+4 vxt +1

Loi gigi. DK: x> -4, Khi do

%xxm

X +x+1 .
— = 2

sl L ke, A5ia

x2+x+l+l ( x2+l+2)\l'xz+l

x+4
= ?:ixz—3) +2 =34+ X3 <0
VO +x+]) +x+4 \,'f+l(u'[f+1+2)

=¥ -3) : -t +1|<0

J{x+4]{x2 +x+i} +x+4 P +1[J?ﬁ +2]
A
< x* =320 (dod>0,Vx>-4)
~V3 < x <3 (thoa man PK),
Vay BP@(’) nghiém 13 —/3 s x</3.
V. ‘\u,ﬁ' g biéu thirc lién hgp dé tim gid trj lém

n ia tri nho nhit ciia biéu thire

du 20. ¢ arm cde 56 thure x, v thoa man diéu kién

Wy 1 ~1 .1'\;'.1'. Tim gid tri nho nhdt cia

biéu thirc §=x" +3xy—2)" -8y +5.
Leévi gigi, PK: x>1Ly2>1.
lNéLlJ,':}’ﬂIZPS:*I

e Xét x=2Ly>1vax=lhoficy=1.Tacod
imT-pfy =fy-T-2z
= (VeT=Jy=T)s(xfr-pyr)=0
o (B e es) 0

[J_ \{:1(}1(] (J;—V{;)(x+\i'§+y]=0

iR ()[ /%l

1+.J +X+J_ i

= Vx [y =0 (do 4>0,vx,y=1vax =1 hodcy #1)
Sx=p.

Khi d6,tacoé §=2x"-8x+5=2(x—2)* =32 -3,
§=-3khix=y=2 ViyminS=-3 khix=y=2.

TOAN HOC
 CTusitge S

Sé 483(9-2017)




“]I du 21. Cho cac \.3 thue x, vy thoa man diéu kién

{43 3 _

\-'l. YV = ¥ra

P=x>=2xy+4x—v" +2017.

. Tim gia iri ldm nhat ciia biéu
thre;
Loi giai, PK; x2-2;v2>-2.

e Néu x=y=-2= P=2001.

e Xét x=2-2;y=2-2 vi x#-2 hoiicy=-2.
Tacé: Vx+2-y° =Jy+2-x°

o (Vrrz-Jra2)+(¥ - ) =0

+(x= )2 +xp+37)=0

s 2 ol
Vx+ 24+ y+2

1 2 2
(x—Y)| —————+x" +xp+yv |=0
y[ X+2+4p+2 ]

A

Sx-y=0

(doAd>0,¥Vx=-2;y2-2 vix=-2hoicy#-2)
<> x=y.Khidd, taco
P=-2x"+4x+2017=2019-2(x—1)* <2019.

P=2019khix=y=1.
Viy maxP=2019khix=y=1.
BAI TAP TU LUYEN

4

Suyra P}%.V'{iy

| l I 1 9
- + o >=,

R SN CR  RTE  T J97+/99 " 4

Bai 3. Cho (x+J2011+x2}[y+J2011+y2):2011_

Tinh gid trj biéu thie 7 = x*'" + ™'

(Trich dé thi HSG Todn lop 9 tinh Phu Tho nam hoc
2010-2011)

Bai 4. Gidi cdc phuong trinh sau:

a) Vax—1++34x-3 =33x+2 +3x+4

b) V32 —Sx+1—yo? —2 =3 —x—1) Y’ ~3x+4

c) x=2+Jx-1=5

d) 3x+1-/6-x+3x" —14x-8=0

¢) [M—JIT)(\B« +7x+2+4) 4x-2

f) Va+3+/x+8+xF +3x-9=0
g) Y2x+2+2x+1=227 +324% +1

h) vzx;r*‘ gt

X+
Bai '@1 cac hé phurong trinh sau:
X 2+3+,J10—p =5 b) {\-'_t+]+ y—2=3

Jy+3+410-x =5 Jy+l+a/x-2=3

17

Bai 1. Tinh gia tri cia biéu thire sau: Qﬁ%\ Wit +5=2Jy-1+)
P ] + 1 + : + I + % 2 2
= I =2 = =
1445 J5+49 Jo+v13 134 e L et
+—-——]—+ . : J_+'~' -y=+3
V2005 + /2009 +42013 J‘+J%-x—(
Bai 2. Chirng minh ring: ;.5 By
1 1 1 1 9 Aokt =16
e b | b e e) .
N+ 47 o+l 974499~ 4 5
HD: Dit ot [y x+y=3x+\."x2+5
- D3 2
P 1 & 1 " 1 ¢ 1 Bai 6. Giai cac bat phuong trinh sau:
1% 59l S8 eald Jo7+4997  a) Vx-2-3x-5<2x-3

1 1 1 1
+ o L
B JT+do 43 J99 101

R suyra 2P> P+ P . Laico

Fl’:

Tacd P>

P+F = : + . - - -
SR O e T
1 1
T 0799 | J99 +4101
zﬁ—ﬁ+£—~f§+ +Jﬁ—@_ﬁ—ﬁ>
2 FE— & ==l

6 ng?lu:% S6 483(9-2017)

:
2

b) 9(x+1)' < (3x+7)(1—VBx+4)
c) V2 +2x+92 2 x* +2x +4/x -1 +1

Bai 7. Cho céc s thuc x, y thoa min

Vx+5-y =\/y+5-x". Tim GTNN ciia biéu thirc
P=dx?-3xp+ )y  +x+y+1.

Bai 8. Cho céc sb thye x, v thda min

N2013x+ 1= (p+ 1y +1 = 2013y + 1 —(x+ D x +1,
y ¥ ¥ W
Tim GTLN cuia biéu thirc

O=x*-3xy+y* =3x+Ty+10.



BAI TOAN PAO CUA TRUC TAM TAM GIAC

THAI NHAT PHUQNG

(GV THCS Nguyén Vin Tréi - Cam Nghia - Cam Ranh - Khdnh Hod)

) : :
-/}ct AABC nhon, ba dudng cao

AD, BE, CF cit
nhau tai /. Khi d6 ta co6 cédc tinh chat sau:
1VAF . AB=AE . AC=AH . AD;
BF .BA=BD . BC=BH.BE,
CD.CB=CE.CA=CH.CF.
DB .DC=DH DA EC.EA=EH . EB;
F4 . FB=FH .FC,
3) ADF = ABE = ACF = ADE;
BED = BCF = BAD = BEF:CFE = CAD = CBE = CFD.

4) H la tam dudmg tron ndi Li-i-p ADEF,
SYHA .HD=HE . HE=HC . HF.
6) 4, B, C la tim cac dudng tron bang tiép ADEF

finh 1 F

Cac tinh chat trén quen thude, ban dt_:rr:=F ‘g minh.

Mot van dé dat ra 1a khi xét .-\.-rm@qm 6 AD, BE.
CF dong quy tai H (D, E, F lan lu¥ thudc cac canh

BC, CA, AB va khéng trung voi cac dinh A4BC) thi
vl diéu kién nido tir cde tinh chét trén, H s 14 truc
tam cua A4BC?

Ta c6 duoc céc ddu hidu cua tnre tim tam gidc sau ddy.
1. a) Néu AF . AB = AE . AC va BE hode CF la
dwang cao thi H la truc tdm A4BC.

b) Néu AF . AB = AH . AD va AD hogc CF la duing
cao thi H la true tdm AABC.

Thét vy (xem h.1) a) Tk AF . AB=AE . AC

:>£—i£‘ = AAEB en AAFC (c.p.c) = AEB = AFC.

AC AF
Do d6 néu mét trong hai dwong BE va CF la duémg
cao thi dudng con lai ciing 1a dudmg cao nén H la
trire tim AABC,

b) Twomg tu ADB = AFH. Do dé néu mot trong hai
dudmg AD va CF la dudmg cao thi dudmg con lai
ciing 12 dudng cao nén A 1a tnye tdim AABC.

2. Néu DB . DC = DH . DA va AD | BC thi H Ii
trire tam AABC.
Thét viy (xem h.2) tt DB . DC=DH . DA

D4 DB

= —=——= ADAB en ADCH (c.g.c)
DC DH

= DAB = DCH => DCH + DBA = DAB + DBA = 90"
= CF 1 AB, tirc 1a CF la dudmg cao thir hai nén H
la trre tim A4BC,
3. Néu ABE = ACF va AD 1 BC thi H la truc tam
AABC (AB # AC).

! ."nm

%% That vay, goi G la diém d6i ximg cia B qua D thi

AGH = ABH = ACH = tit gidgc AHGC nbi tiép

= HAC = HGD = HBD

= HAE + AHE = HBD + BHD = 90° = BE | AC,
tire 1a BE 1a dudmg cao thir hai nén H 1a tnre tim A4BC.
4. Néu H la tam duwomg tron ngi tiép ADEF thi H la
friee tam A4ABC.

Chiing minh (h.3)

Hinh 3
Qua H k& duémg thing song song v&i BC cit AB, AC,
DF, DE lan lugt tai M, N, 1, K. Theo dinh li Thales

HI _FH _MH _ . _CDMH .
¢ FC BC BC
HK _EH _HN _ .. BDHN ”
BD EB  BC BC
) TOAN HOC
S84830-207  © Cygifre /4




. MH AH HN
Ma —
B AD DC

Tir (1), (2), (3) suy ra HI = HK, md HDI = HDK
nén DH | IK = AD | BC. Tuong tu, BE 1| AC.

Viy H la tnge tim A4BC.

5. a) Néu HA . HD = HB . HE va AD hogc BE la
diedng cao thi H la tryc tdam AABC.

b) Néeu HA . HD = HB . HE = HC . HF thi H la truc
tam AABC.

Chitng nmunk (h.3)

— MH.DC=BD.HN (3)

HA _HE
HB HD

= AHEA en AHDB (c.g.c) = HEA = HDB.

Do dé néu mot trong hai dudmg AD va BE la dwimg
cao thi dudng con lai cing la duong cao nén H la
trre tim A4BC.

b) Tir gia thiét suy ra cdc tr gidc ABDE, BCEF,
CAFD ni tiép = ADE = ABE = ACF = ADF.

Tuwong ty BED = BEF. Do d6 H 14 tim duéng tron ndi
tiép ADEF. Theo déu hiéu 4 thi / 14 trre tim A4BC.

6. Néu A, B la tim duomg tron bang tiép ctia ADEF
thi H la trire tdm AABC.

Chimg minh. Vi A, B 14 tim dwong tron bang tiép
cua ADEF nén D4 va DB la phén gidc trong va phin
gidc ngodi cia EDF. Suy ra AD 1| BD. Tuong tu
BE 1 CE. Vay H la trirc tim A4BC.

7. Néu AF . AB = AE . AC: BF . BA =R
CD.CB= CE. CA thi H la truc tam AAB
Chimg minh. T gia thiét suy ra W BCEF,
CAFD, ABDE ndi tiép. Chimg minjag®ng tu diu
higu 5b ta duge H 14 trye tAm AABC.

8. Néu AF . AB = AH . AD; BD . BC = BH . BE;
CE.CA=CH. CF thi H la triec tam AABC.

Chung minh. Tit BD . BC = BH . BE = ti glac
DHEC noi tiép. Tuong tw CAFD, ABDE néi tiép.
Chimg minh trong ti dau hiéu 5b ta duge H 13 truc
tdm AABC.

9. Néu DB . DC = DH . DA; EC . EA = EH . EB;
FA.FB=FH.FC thi H I tryec tém AABC.

Chiing minh (h.4)

a)To HA. HD=HB . HE =

Hinh 4

TOANH
8 oC

* Cudifye  S6 483(9-2017)

>

Goi ] 14 diém d6i ximg ciia C qua D, K 1a diém doi ximg
cia C qua E. Taco DH. DA=DB . DC=DB . DI

= tir giac AHBI noi tiép. Tm:rng tr tir gide BHAK
ndi tiép. Do d6 4, B, H, I, K -:rung thude mot durdmg

tron = ABD = IK’C, ma IKC = DEC (DE /! IK)
nén ABD = DEC = tit gidc ABDE ni tiép.

Tuong tu cac tir gidc BCEF, CAFD nbi tiép.

Chirmg minh twong ty du hiéu 5b ta duoc H 1a tryc
tAm A4BC.

10. Néu ABE = ADF: BCF = BEF: CAD=CFD
(hodc ABE = ACF; BCF = BAD; CAD = CBE)
thi H la truc tam AABC.

Chirng minh, Tir gia Fhiét suy ra cac tir giac ABDE,
BCEF, CAFD ndi tiép. Chimg minh trong tuw du

hiéu 5b ¢6 H 14 trire tAim A4BC.
11. Néu ADF = ABE; BED=BCF; CFE =CAD
thi H la truee tam A4BC.

Chimg minh. Tl gia thiét cd céc tr gidc BDHF,
AFHE nﬁitiép =CD.CB=CH.CF=CE.CA
= T gidc ABDE ngi nép Tuong ty cac tr glac
BCEF, C néi tlép Chimg minh twong tuw déu
higu 5 oc H la true tim A4BC.

»® BAI TAP AP DUNG

an 1. Cho AABC. Pwong tron (N noi .r.l'gfp

C mp xtic véi BC, CA, AB lan lugt tai D, E, F.

f]zm*m{ th 1Gng VHORE goc voi ( Tt C :ur FD FE ."ur.'
luot tai P, Q. Chitg minh rang giao diém H ctia Cl
va DE ld triee tdm ciia AIPQ.
Loi gidgi (h.5)

Hinh 5
Vi DE I/ PQ va CA tiép xtc véi dudmg tron (/) nén
DPC = FDE = FEA = QEC < 90"
Tuong ty EQC = PDC < 90".

Do d6 ACDP en ACQE (g.g) = CD . CE=CP . CQ.
Ap dung hé thire lugng trong ACDI vuéng tai /, ta c6
CH.CI=CD*=CD.CE=CP.CQ.

Kéthop CI L PQ va IPC < DPC < 90",
JOC < EQC < 90°, nén theo déu hiéu 2 thi H Ia trye
tam AIPQ.

(Xem tiép rang 11)



FHuubng din gidi BE THI VAO LOP 10 TRUING THPT CHUYEN
DHSP HA NOI NAM HOC 2017-2018

VONG 1

Ciul.1)Tacd
at-a* -2ab-F [{:a2+a (a+b}
(a-Va+b)a+va+p) L (a+b)a- b)
" a* —(a+b) {(a +a}(a+b)
(a—va+b)a+va+s) L (a+b)a- D

_(az+a+b)(az=—a—b}‘a*+a+b

P:

=
=

=a-b.
& —a—b a-—b
a-b=1 a-h=1
2} Tacd G O = . x
-0 =7 |(a-bNa* +ab+b?)=7

a—b=1 a—h=1 a=2
— % = = .
a +ah+bh’ =7 ab=2 b=1
M.
xp+1

s -
Ciu2.Taco —+
x i+

@+ I+ D+ D) =202+ 1P+ 1)

<::>(x3+y3 Ty =J:“1'+_),-2+2,‘.r2y2

4::>(x‘; +y;—h)rk}i=x2+}'2—2xy

& (x=pr(l-x)=0.

Vixzynénl -xy=0<xy=1 SuyraS=J
F

el : g oo af. | .
Céu 3. 1) Khi a=—n2- thi (_d}.y—x@l'hoanh

d§ giao diém clia () va (P) 1a X = N2 = x, = -1
X =2=y;=1va y, = 4. Cic giao diém la A(-1; 1)
va B(2; 4).
2) Phirong trinh hoanh d§ giao diém cua (P) va (d):

X=2ax—4aex + 2ax +da=0 (1
(d) cit (P) tai hai diém phan biét < PT (1) ¢6 hai
nghiém phin biét, tic lAA' > 0 = a* —da >0

< a>4hodca<0 (2)

Theo Pinh li Viéte, x; +x; = —2a; x,.x; = 4a.

Khi d6 [x)| + x| =3 & x +13 +2|x.x,| =9

y2+l

4

< 4a° — Ba + 8la| =

eNéua>4tacd4a’=9
e % (loz_a.i)hnaca=—% (losdl:
«Néua<0thidd’ - 16a—9=0

ea= % (loai) hodc a = —% {thoa man).

&

Cdu 4. Thr gian anh Nam di hét quing duémg BC 1a

nghiém ciia phirong trinh —8t+a=0< ¢ =%.

Theo gia thiét ta c6 —4|\ ] +a—=16 <> g =16 (kim'h).

Viy quang duong 4B dal 5 16 =24 (km).

Cau 5.(h.1)
1) Vi PB=PC nén PM 1 BC.
Mit khac PD | 4B va
PE | AC nén ¢ac tir gidc
BMPD, CMPE néi tiép.
Suy ra ?_Ef»f = PCM z
PDM =S8 ,
mé&&z%, suy ra PEM = PDM.

[#

c6 BAC = BCP = PEM, ma
XAEM +PEM =90° = BAC + AEM =90°

= EM 1 AB = EM// PD. Tuong ty DM // PE.

Suy ra tlr gidc DMEP la hinh binh hanh, nén DE di
qua trung diém / cua PM c6 dinh,

3) (h.2) Do AM | BC, OM 1L BC, PM 1 BCnén 4, O,
M, P thing hang.

APDA = APEA => AD = AE, DAE = 60°

= ADAE déu = AM ==

:>AI=EAM=?—R
2 4
:}DE:gﬁR
2
P
1
Suy man,l- — EAIDE_zF]I—\FR- Hinh 2

Ciu 6. D& thay

9+ 10k-A20-K)=(k-1)k-D <0
véi k=19, nén k(20— k)= 9+ 10k, k=1,9.
Suyra 119 +2.18x,+ . +9.11x 2
Oy +at+..+xp)+ 10x + 20+ ...+ 9x) =
9.10+ 10.18 = 270.

Ding thitc xay rakhix, =x3= .. =x=0,5,=9, %= I.
: TOANH
SG 483(9-2017) ¢ ':I'um% 0




UONG 2

Ciu 1. Ap dung BDT Cauchy cho 3 s dwong ta cé
[al+l+lJ+(b1+~l—+lj+(c3+l+1]+[a’1+l+-l~]
bilg &b a4 ik ol

A S T e S i) il S |

=@ +=+— |+ At |+| == |+ d +=+=

- b b Gy d d
=z 12.
Tir d6 suy ra trong bon sd da cho c6 it nhat mét so
khong nho hom 3.
Ciu 2. Taco (¢ + 20 +4(x + 1P = + 2x +2)%
P+ 1P+ +x) = +x+ 1) Suyra,
PT & (¢ +2x +2) - (P +x+ 1) =2017 <> x=2016.
Céu 3. 1) Theo gia thiét «* = b, suy ra & chia hét cho
b*. Viy a chia hét cho b.
Viét a=xb thi b=x" v a=x" trong dé x 12 56 nguyén
duong. Tuong ty ¢ =" v d =" véi y nguyén duong.
Do a—d =98 nén (x — ¥)x° +xy +y)=98=27,

5 e v 3 5 - = = =
Vix—y<x +xp+) vax, ycling tinh chin 1€ nén

o

Suy ra AKMD e AKAM (c.g.c). Tir do
KMD = KAM = DBA.
Viy tir gidc BCDM ndi ti€p.
3)Tacé AED = ABD = DMC . Vay AE I/ MC.
Suy ra &ﬁ' _ AEF = MAF , nén tir gidc MAFK néi
tiép. Tird6 AKE = FMA ,ma FAM = AEK .
Viy AMEK e AFAM.

Hinh 4

x—y=2vax +xy+)y =49 Tirdé tinh dwpc x =5,  Mat khag tuong img 1a trung diém EK, AM.
¥y=3.Suyraa=12556=25c=81,d=27. Suy s AFAI (c.8.0).

= | 1 2 WH¥~ e e
Pt a=x—+2, b=x—, c=x+—, d=x 22 . ANE = AIF . Vay tir gidc ANFI no1 tiep.

X x

Ta c6 b va ¢ khong thé cing nguyén. Vi néu il Jg4 ¥
thib+e=2xe Z =xe (J,suyra a,dﬁZ&
1

5;, 80

gia thiét). Vay trong 2 sé b va ¢ c6 nhicu
nguyén, néna,de Z .Taco x=a+ V2

d=a’+2aV2+2+42=a"+2+

-JEEE.

Tir @6 phai cé a=—1 = x = /2 —1 $hi d6
b=-2,d=3,c= 2.
Ciu 4. (h.3)
. ]
5 a—‘?f/-j \ B
o Fod i ™
5 .____,1'!;-"'_ ______D '|I|I N,
— 2= -_///"l A \ |
M= — 4 PO |
— — 1 \ \"-.\ .'I
- = _\_K — _L\."—_\_ \_- '\.“. Il ;f
e R |Il /
-._\___:\ "1;_E | -
Y

1) Ta c6 AB L OM va IK la dudmg trung binh cua
AMAC, suy ra IK L MO.

VivKO — KM = 10"~ IM =107 - 14 = R*.

2) Ta co KD.KA = KOF - R = KM

l 0TCJﬁN HOC

‘ CTugilye SO 485(9-2017)

u 5. Goi cic s6 & dinh 1in luot lax,, ..., xx. Dit
X=xystXp X V=XpTxptaxpz=xg+xptig
Syyr‘dx +ptz s lhd+ ...+ 9 =45 Xét tong céc
50 trén 6 canh 4B, BC, CA, DE, EF, FD ta co

2x+3y+z=6x18=108.
Xét tﬁng cac sb trén 3 canh AB, BC, CA ta cd
Zx+y=3x18=>54

[2x+3y+2z=108 x=15
Viytacohé < 2x+y =54 o y=24.
x+v+z=45 z=6h

Toy=24<xp +xp +xp=24=T+8+9.
Suy ra (xp ; X ; x¢) 14 hodn vicia (7; 8 : 9).
Xétxp=9:
« Néu xg = 8 thi xp =7 = d& xéc dinh (duy nhét) cac
s0 con lat.
« Néu x; = 7 thi xr = 8 = d€ xéc dinh (duy nhat) cic
50 con lai.
Viay néu xp =9 thi ¢6 hai cach viét phin biét.
Do d6 ¢6 6 cach viét phin bigt.
NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Noi) Gigi thiéu.



DE THI TUYEN SINH VAO LGP 10 CHUYEN TRUNG HOC PHO THONG

TP. HO CHi MINH NAM HOC 2017 - 2018
(Thai gian lam bai: 150 phuit)

> diém)

Céu 1. (2
a) Cho céc s6 thue a, b,csaochoag+ b+ ¢ =3,
a +b +cF=29viabe=11. Tinh &’ + b+ ¢°.
b) Cho biéu thirc 4 = (m + n)* + 3m + n véi m, n I
cdc 56 nguyén duong. Chimg minh ring néu 4 la
mét 56 chinh phuong thi n + 1 chia hét cho m.

Cau 2. (2 diém)
a) Giai phuong trinh: 2(x +2)/3x—1=3x" - 7x - 3.
I

;e
b) Giai h¢ phuong trinh: y x
20y —xy—y =1

Cau 3. (1.5 digm)

Cho tam gidc ABC ¢ AB < AC < BC. Trén cic canh
BC, AC lin lugt liy cac diém M, N sao cho
AN = AB = BM. Céc duomng thing AM va BN cit
nhau tai K. Goi H 1a hinh chiéu cia K trén AB.
Chimg minh ring;

a) Téam duémg trdn ni tidp tam gide ABC ndim trén KH.

b) Cac dudng tron ndi tiép cac tam gide ACH v.é%
BCH tiép xtic véi nhau.

Chung minh rane H [ C 1 ciia ADEF
Lai gidi (h.6)
E'ﬂ:-- -
¥ l.\‘\. . -
Al :__f__-_ =
| H’\' =1y | -~
x| / \.\:f‘ |
[ f # [
Dif_i_ N c

Hinh 6

Dat AD=x, AE=y. Taco

Cau 4. (1.5 diéem)

Cho x, y 14 hai s6 thyc dwong. Tim gia tri nho nhét
95

cila bidu thire: p= 1V +0*

x+y xy

Cau 5. (2 diem)

Cho tam gide ABC ¢6 gbe ABC tir. Duémg tron (0)
ndi tiép tam gidc ABC tiép xlic véi cdc canh AB, CA,
BC lin lugt tai L, H, J.

a) Céc tia BO, CO cit LH ln lwgt tai M, N. Chimg
minh 4 diém B, C, M, N cing thujc mot duomg tron.
b) Goi d 1a dudng thing qua O va vudng goc voi AJ:
d ct AJ va dudng trung trye cua canh BC lan lugt
tai D va F. Chimg minh 4 diém B, D, F, C cing
thude mét dudmg tron.

Trén mét dwémg tron cé 9 diém phan biét, cac diém
nay dugc &4 nhau bdi cac doan thﬁng mau xanh
hodc ¥ Biét ring mdi tam giac tao bai 3 trong
9 dié it nhdt mét canh mau do. Chimg minh
; tai 4 diém sao cho 6 doan thang néi ching

NGUYEN BUC TAN - NGUYEN ANH HOANG
(TP. Hé Chi Minh) Gioi thi¢u

DE? +CF* =(AD + AE)’ + BC* + BF*

=(x+y) +27+)%
EF? +CD* = AF” + AE* + CD? = (x+y) +x* +*.
Do d6 DE* +CF* =EF*+CD* = CELDF (1)
Mat khac tir FDH — DFH = CEF - CED
:(90”-6‘1}1‘)]—[900—5&?):&?—&‘5
= CHF — CEF = CHD - CED = HFE = HDE (2)

Tir (1) va (2) suy ra H 1a tryc tim ADEF (theo diu
hiéu 3).

BAI TAP TU LUYEN
Cho AARC ¢d AB = 13cm, 5C= 2lem, CA = 20cm.
Trén duing cao AD lay diém H sao cho
AH =§cm. Chirng minh rf'mg H 14 tryc tim cua

A4BC.
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cHUAN Bj
CHO KY THI
TRUNG HOC
PHO THONG
qudc cia

rong ky thi quéc gia nim 2017, mot sb céu vin

dung cao co dé cap dén céc tinh chit cia ham
sb y = flx) duge suy ra tir 4 thi ham s6 y = f'(x).
Dé gitp hoc sinh c6 kién thirc va k§ ning khi giai
cic dang toén ndy, bai viét sau trinh bay mét s6 cich
tiép cdn dé giai quyét bai todn lién quan dén do th
ham s y = f'(x).
Thi du L. (Thi thir cua fruong THPT clugén Lam
Son, Thanh Hod) Cho cdc so thwe a, b, ¢, d thoa
man 0 <a<hb<c<d va ham sé »=f(x). Biét ham
56 y=F(x) ¢ dé thi nhir hinh vé.

lf | : ,,QQ'
| éﬁ

Goi M va m lan luot Ia gia tri lom nhat va nho nhet
Khing dinh ndo

cra ham fix) trén [U'.fé'=.

sau dev la khang dinh dimg?

50 ¥

4. M +m= f(0)+ f(c).
B. M+m=f(d)+ f(c)
C. M+m= f(b)+ f(a).

D. M+m= f(0)+ f(a)

Léi gidi. Tir d6 thi ham s6 y = /*(x) ta c6 bang bién

KHAI THAC MOT SO TINH CHAT
CUA PO THI HAM SO y = f'(x)

NGUYEN VAN CUONG (GV THPT My Diic A — Ha Noi)

Tir bang bién thién ta cé
M e {f(0). f(b). f(d)}: me{f(a),f(e)}
D6 thj cia ham sd y = /'(x) lién tuc trén cac doan
[0;a].[a;0],[Bie] [e:d]
Laicod f(x) 14 mdt nguyén ham cia f'(x).
Goi S, 1a dién tich hinh phang gi6i han boi do thi
y = f'(x), chc duomg thang x=0,x=a,y =0
Goi S, la dién tich hinh phing giGi ban boi do thi
y = f'(x), cac dudmg thing x=a,x=b,y =0
Goi S, 14 dién tich hinh phang gi6i han béi do thi
y:f’(x},cécduémgthﬁng x=bx=c,y=10
Goi S, .@m tich hinh phéng gioi han bai d6 thi
y= f@,cacducmgthmg x=c,x=d,y=0

Q;& $,>8 = If'(x)dr > _[,r (x)dx

| S
] &x < f(ﬂ)—f(a)>f(b)—f(a):> F(0)> f(B) (1)

S, >8, =- jf'(x}dx>jf (x)edx

< f(0)-, f(a]> Jd)-f(e)

= f(0) > f(d)+ f(a)— f(c) (2)
= [£ (@) > [ 1)

5 >5 =

<= f(B)—fle)> f(B)— fla) = fla) > f(c) (3)
T (), (2)yva(3taco M= f(0m= f(c).
Thi du 2. (Pé THPT OG, ndm 2017) Cho him 56
y=Fflx}- Do thi ciia ham s6 y = f"(x) nine hinh vé.

thién
x [0 a h &
¥ = 0 F 0 s [
A0y fib) Sd)
Aa) fic)

TOF‘IN HOC
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Bt g(x)=2f(x)~(x+1)". Ménh dé nao deoi diy dhing?
A g(3)>g(-3)>g(l) B g(-3)>g(3)>g(1)
Cg(l)>g(-3)>g(3) D g(1)>g(3)>g(-3)
Ldi gigi, Cdch 1. Taco
g'(x)=21"(x)-2(x+1)= ZEf*[x)—(xH)]_
V& duimg thing y = x+1, cit db thi tai ba diém
R-2nmakiza).
Goi §, la dién tich hinh phiing gi¢i han boi db thi
y=f"(x) vacicdothi: x=-3,x=1y=x+1.
Goi S, la dién tich hinh phing gi¢i han bai db thi
y=7f"(x) vacacdothi: x=1,x=3,y=x+1.
= _I[[f'(x)—[xﬂ]]dx >-][(x+].]—f'(x]]dx
-3

& 2]'[_{ )~ (x+1)]ax >23[[(.r+ 1)- £(x)]dx

=N [2_}’"{x} —(x+ 1}1‘]_3 > —[2f{x)—{x+ ]]1‘?

<g)-g(-3)>g)-20) = gB)>g(-3) (1)

()|

A. (G,).(C ).(C,). B. (G).(C;)(C).

GG LHCGNE) BG40 ).06:).
L gidgi. Do ham s6 y = f(x) lién tyc va ¢6 dao ham
cip hai trén R, nén néu diém M (x,; f(x,)) la diém
cye tri cta dd thi ham s6 thi hinh chiu ciia diém M
trén Ox tring voi giao diém cia do thi ham so
¥ =f'(x)véi Ox. Tir hinh v& ta thiy hinh chiéu cac
diem

o @SN 0
o5

, hinh chiéu cdc diém cyc trj cia (C,)trén

a (C;) trén Ox tring v&i giao diém

s 27(3
Laico S, = —[Zf (x)=(x+1) ]‘1 =g(1)-g(3)>0 \%’E)x tring Vi giao diém cua (C,)va Ox. Tirdé (G;)

= g)>g03) )
Tir (1) va (2) ta chon dép 4n D. a.@
Cich 2. Theo hinh v& (mdi & vudng c6 @ch béing

3 3
Dtace: [fi(x)de<6= [(x+1)dx
i 1

3 i
=2 [(x+1- f(x))dr = “2[(£')~(x+1))dx >0
< g(l)> g(3)

3 3
Theo hinh vétacd [ f'(x)dx > 6= [(x+1)dx
=3 1

3
=2 [[ /1) - (x+1)]dr> 0 g(3) > g(-3)
=3

Vay g(1) > g(3) > g(-3). Ta chon dap dn D.

Thi du 3. (Thi thir cua trudmg THPT Chu Vin An, Ha
Noi, nam 2017) Che ham s6 y = f(x) lién tuc va cé
dao ham cdp hai wén R. Dé thi ciia cdc ham sé
v=f(x). y=["(x) va y=f"(x) lin heot la cdc

dicomg cong ndo trong hinh vé sau’!

1a 5 thi ham s y = fix), (C,) 1a dd thi ham
s0y = f'(x), (C,) 1add thi ham s y = £"(x).

Thi du 4. (Thi thi cia | 74

truomg THPT chuyén Thai |
Bink) Cho ham sé v = f(x) |
| | /

| { i

| | I.,n' I'.I

e

co dothi v=f'(x) cdt truc

Ox tai ba diém co hodanh do \ / \

< ¢ nhir hinh vé a\ o /b cl x
Ménh dé nao duoi day la ding? ){/

A f(e)> fla}> f(b). B. filc)> fla)> f(b).
C. fla)= f(b) > f(c)
Lovi gidgi. P6 thi cia ham sé y = f'(x) lién tuc trén
céc doan [a;b] va [bic], lai cd f(x) 1a mdt nguyén
ham cia f'(x). Do dé dién tich ctia hinh phing gici
han béi cdc dudmg: y = f'(x),y=0,x=a,x=5 la:

u-’.l"\

D. f(b)=> fla)> flc).

gy = ])‘"Uﬂhﬁ = —‘]f'(x]lﬂfwc= —f(x)iz = f(a)-f(b).

Vi § >0 nén f(a)> f(b) (N

S5 483(9-2017)
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Tuong ty, dién tich cuia hinh phing giéi han bai cac

duémg y=f'(x),y=0x=b,x=c la

S, = [l lde= [1'@de= £ (x)f, = £(c)- £ ()
b b

Vi 8, >0 nén f(c)> f(b)

Mat khac, dua vao hinh vé ta co: §, < 5, nén

fla)-f(b)< f(c)-F(b)= f(a)< f(c)
Tir (1), (2) va (3) ta chon A.

(2)

(3)

Thi du 5. (Thi the coa 4
Sa GD&DT Long An N
(x) fuo ham .'I / \/
(x) thods =1 : &
Hinh v& bén la do thi cua 56 ) ( (i
khoang K. Phwone irinh [ (vieri
nhiéu nhat bao nhiéu nghiém trén khodng K ?
4.5 B2 C. D.
Léi gidgi. Tir dé thi ham sé y = f'(x) ta ¢6 bang bién
thién sau
x |=co | 0 2 -
¥ - 0 - 0 + 0 +
; 7
¥ \ ; $§,

A1)

Dua vio bang bién thién ta @lwng trinh
on B.

f(x)=m c6 nhidu nhét 2 nghigm.

Fhi du 6. (Thi thie cua trweomg THPT chuvén, DH
Vinh, lan 4 nam 2017) Cho ham 56 f(x) co dao ham
ixy. Dé 1 e

,,,,,, -'.'JI,’
¥
W, R
o ) i
\\.
Biet rang f0)+ f13)=f(2)+ F(5). Gig tri nho

what, gia tri lon mhdat cua f(x) trén dogn |05 ldin

lieort Lo

(5

A [(0), £1

TOAN HOC
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Lo gidgi. Tir 46 thi ham sé y = Sf'(x) tacdbing hién
thién sau

x |0
‘10
£0)

\ﬂz) /

Dua vao bang bién thién ta c6 min f(x) = f(2) va
£(3)>£(2) (do ham s6 déng bién trén khoang (2; 5)) (1)
Tacé: £(0)+ £(3)= £(2)+/(5)
< f(0)-£(5)=1(2)-£(3)<0= f(5)> F(0)(2)
Tir (1) va (2) w.chon D.

¥

g

I'hi du 7. Cho hdm ¥ !
i fix) co dao ham T f
F(x) trén khoang | N i
: e p I —I;.-"' \,, i -__/_"J his
g oty 0 2 x
ll- |I |'I.' L 'ul %u‘ I- L} I h) L j |.| o ] [4 ! / i -
0 Qb B. iy D.3

. Phuong trinh f'(x) =0 c6 ba nghiém la

“1, x=0, x=-2, nhung gi4 tri f'(x) chi déi
:&ﬁu (tr &m sang duong) khi di qua x=-1 nén ham
s& f(x) chicé 1 diém cyc tri1a x=-1 (la diém cyuc

tiéu ciia ham s6). Chon B. »i ) |
I'ha du 8. Che ham sa f(x) [ A |
X¢ Il: linh trén 1 I:: { " II| '_I ||
3 ’ 1 |",-\ |I
¥ ) ! G: T
41 B2 B .ny . |

Léi gigi. Phuong trinh  f'(x)=0 c¢6 bon nghwm
nhung gid tri f'(x) chi déi diu ba lin nén ham sb
£(x) c6badiém cyc tri. Chon C.

Thi du 9. (Thi thir cua tricemg THPT chuyvén H.:r hoc

Vink Nghé An lan 3 nam 2017) Ch s
(x) dao ham ['(x) lién tw .-'J'{-.-'.‘ R v do
hi cria ham s (x) trén doan E:ﬁ] mhe hink vé
¥
' 3
".
2 e
\ /;‘ \
\ 1 /-’
— - 1 - - -
-2 -INJ| L2 4 6 X
_]l



cac khang dinh sau.

J(2)

Pl - B -3
1 dung trong

. max f(x)=/(-2) B. max fi{x)

C max f(x)= f(6) D. ‘max fix)y= (-1

bién th]én

x | -2 =1 2 4 &

¥ + ] = 0 + 0+
S=1) fi6)

y ﬂ—Z)/ \ ﬂz}/

Tir bang bién thién ta c6 max f-:x)z_f(e) hodc

=f(~1).Taco

xe[-2:6]" ; |dr If ()

= f(-1)-£(2) =8, = f{-1)=5,+ f(2).
tﬂf'(x}ldr = ]-.f'(x)dx =f{ﬁ)_f(2} ot

= f(6)=8,+f(2).

Dua vio hinh v& ta thiy S, > S, = 7(6)> /(-1
Chon C.

I'hi du 10. (7¥

2007y Cho ham so

thir cua So GDEDT He Nai, thang 3

v=flx)=ax +bx" +ex+d(a, b, c, di
co dothi (C). Biet rang do i a?k 2
: | %l det ki
thi (C) tiép xic vai diomeg | *% f
'y 1 |
Y ! 3 | f
thang y=4 tai diém co I'. @ jll
g i et R g =11 |
hoanh do dam va do thi cua II, o ;'! x
¥ ¢ Iu
ham so y= ['|x) cho bai I". |
y . |
hinh vé. Tinh dién tich S cua "-\
hinh phdng aici han beai do Keoll i
thi (C) va truc hoanh. )
27 71

| e

LB Rl et B8
4 4 4

Léi gigi. Tir @6 thi cia y = f(x) qua cic diém
(=1:0),(:0),{0:-3) suyra f'(x)=3x*-3.

= [/ (x)dx = [(3x* -3)dv=x* -3x+C.
Do (C) tiép xiic voi dudmg thing y =4 tai diém co
hoinh 4§ x, dmnén f"(x,)=03x -3=0ex, =-1.
Vay f(-1)=4 néncéngay C=2.
Vay phurong trinh dudmg cong (C) la y=x' —3x+2,

%\}

Xét phrong trinh: x* —3x+2 =0<:>|:x=1-2.
X =
Dién tich hinh phing cin tim Ia
[L(¥ -3x+2)ar= iy
2 4
hie cua So GD&DT Ha
(x) fién tuc trén R,

Thi du 11. (Thi 1

20017 Che

Ndi, thang 3-

yham sa y= | o dgo

ham ['(x)=x(x-1) (x+1 jll Ham s6 déi cho ¢6
hao whiéu diem cue tri?

A. Ca 3 diém B. Khing co cuc tri.

( Co 2 ffu'lt-'.-'f.' cire il D. Chicol
Léi gidi. Ta c6 bang bién thién ctia ham s

f(x)=x(x-1)" (x+1)".

ciece fri

diem cure iy,

Phuron j {x) =0 co ba nghiém nhung gia tri
i d6i dau hai lin nén ham sé f(x) 6 hai

cuc tri. Chon C.,

1[]!] 12. Cho ham so

ax’ +hx* +ex+d (abeeB.az0)
o6 do 1l hi (C). Bie ét do thi (C) d Yi
qua goc toa dé vé do thi ham sé | | I.'I
1
v= f'lx) cho boi hinh vé. Gid | | /
LW vl 1 51 .'I
irr ria) .'F { | ] i II | |IlI
) _ 1 \
A24 B26 €28 . D30 \

Loi gidi. Nhan xét rang do thi | |
ham s6 y = f(x) nh@n trye tung HFE
lam true doi ximg nén ta co i \

Flz)=3a" 3z,

M= (=)=b=0.

Do db thi ham f'(x) qua (0;2)
v (1:5) nén ta cé

{f‘(ﬂ) =2

T T

J1y=3
= f(x) = [f'(@)de= [(3* +2)de=x" +2x+m

@{ i?ﬂf‘(_r)=3x2+2

Lai c6 (C) qua gdc toa dé nén m = 0.
Viy f(x)=x"+2x=> f(3)— f(1)=30. Chon D.
(Xem ti 5,': trang 34)

TOAN HOC
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TOAN HOC SC CAP

NHAP DE

S4 nguyén t ndm rai ric trong s céc sb tu nhién, do
do khong co gi ddng ngac nhién la trong nhiéu thé ky
céc nha toan hoc da cd ging hét sie dé cd duge mot
"eéng thire cho s6 nguyén 16", Nguoi ta c6 thé phat
hién céc cong thirc nhw viy bing nhiéu cach khac
nhau. Vi viy, diéu quan trong la phai xdc dinh nhimg
gi mi ta thire sy mong mudn.

R& rang, cong thirc don gian nhit cho s6 nguyén t6 o
dang p = p, trong dé py, 1a ky hidu s6 nguyén t6 thir n.
Tuy nhién cong thirc nay khong dat yéu céu bai vide
tinh todn vé phai cia no 1a vo cimg kho khin (vi du s6
Pam7). Nhung ching ta mudn co duge mot cong thire
turomg tyr duge mo ta hﬁng phurong phép tinh to4n don
gian nhit & vé phai (tuy nhién, nhw s& trinh bay dudi
déy, tinh don gian cia tinh todn khong phai 1a mét
khai niém rd rang).

¥
Nim 1947 W. H. Mills 4 chimg minh ring t@

mét hing sé A sao cho sé [A" i } I mér s6 n&en 16
da tinh

cia Mills
tinh toan kha

doi véi moi 56 tw nhién n. Géin day
duge gia o it nhét c6 thé cia hingd
bit du bing 1,3063778838. Do m&
rac 16i.
Nha toan hoc E. M. Wright cung da chimg minh durge
T“fmg ton tai mét s6 thuce u sao cho moi 56 c6 dang

#
{22 i —l déu lé 56 nguyén 14.

- |

Pa thire mil cia Julia Robinson
Pa thirc mil khic véi da thire thong thwong & chd sé
mil cia nd khéng nhat thiét phai la cac s0 tu nhién ma
nd cod [hé{ la m@} da thic tuyén tinh cia modt s6 bién
vii hé s6 14 s6 nr nhién, nre 14 da thirc co dang
X, +..+a,x, +b, trong 46 ay,....a,,b 14 cic sb
nguyén khéng am.
Vi du vé cac da thic mii don gian d6i voi bién tr
nhiénn: p=2"-1 (1)
va p=2"+1 (2)
R rang cong thirc (1) khong phai luon cho ta cc so
nguyén t&, vi du khi sé » 1a mét hop sé, ching han

1 6TOFIN HOC
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vE CONG THUC SO NCUYEN TO
\

N | N
BINH LY JULIA ROBINSON

HOANG PUC TAN (Ha Np’i)}

n=kl(k=1,1>1)thip luén chia hét cho 2" — 1 va
2/~ 1. Ngay c khi n 1a mot s6 nguyén t6 thi s nhan
duge tir cong thire (1) van cé thé la mét hop s, vi
dy: 2" —1=2047 = 23.89.

Céc s nguyén td nhin duoc tir céng thire (1) duge
g0i 14 cac sb Mersenne.

Tir nay vé sau ta luén gia thiét ring tat ca cde bién ma
ta gfip trong bai viét déu nhan céc gid tri nguyén duong.
Nam 1952 nha toan hoc My J. Robinson da cong bd
mét két qua ly thu sau:

Ton tai da gure mii R(x,.....x; ) sao cho:
L]
- Moi oS durong ciia no voi vai ede gid tri nguyén

dhro Cadl cde bién la so nguyén (o
: : ¢

so nguyén to bat ky deu co thé viét dige duedi
g R(xg.....%; ).

Két qua 13 ta nhian dugc mt “Céng thirc ciia cde 56
nguyén 16”: p = R(xy,....%; ) (3)
D6 13 mét cong thirc ndi trdi vé nhiéu mat. Thir nhat
trong cong thirc do chi cé cac s6 nguyén, vi vy khic
v cong cong thire cua Mills va Wright cong thie cia
J. Robinson c6 thé dugc viét ra mdt cach 1o rang. Thir
hai né cho ta tit ca cac s nguyén t6. Thir ba 1 cong
thirc (3) khong nhitmg chi cho ta céc gid tri nguyén t6
ma né con la phuong phép don gian nhit gitp ta loai
bo céc sO “thira” ma médi sé dé gia tri cua R khong
phai 14 s6 nguyén t6 véi cic gia tri nguyén duong cla
céic bién khong vugt qud 0. Céc diéu dé cho thiy uu
diém cia cong thirc Robinson ddi véi cac cong thire
(1), (2) hay cic cong thirc coa Mills va Wright.

Céch chirng minh cta J. Robinson ld khd so cp. Sau
day 1a phac thao céc y tudng chinh cta chimg minh
do (con viéc phat biéu va chirng minh mdt cach chit
ché xin ban doc ty hoan thién). TAt ca céc két qua
trung gian duoc phat biéu dudi dang 5 Bo dé, do 1a
cc két qua ma ta cén phi chimg minh. Nhu ching ta
s& thiy dudi day tir cic B6 dé d6 ta khong chi suy ra
duge sy ton tai cua da thie mit R ma ta con cd thé
thay duge dang tudng minh cia nd nira.



Nhitng nét chinh trong chimg minh Dinh K cia
Julia Robinson.

R rang dé chitng minh dinh 1y ciia J. Robinson ta cin
phai chi ra da thire mii R sao cho phuong trinh (3) 1a
gidi dugc trong cdc s ty nhién dbi véi cac bién
Xgs-rrs ¥, Khi va chi khi diéu kién sau 14 théa man:

p=mgt 56 nguyén to (4)
D6 1a mét vi du vé didu kién trén bién p. Ta xét thém
vai vi dy vé cdc diéu kién trén tip cdc bién

T T (4)
Néu ta yéu chu tip céc sb (4') thoa man hé phuong
trinh dang:

F, (3.2,

I SR

5) (4")
hoac dat ducrc md 1a bfing lén co dang sau: “Tét ca cde
A la edc s6 nguyén 16 hoic “A, la s6 nguyén 16, con
XgsXjsen X, la céic $6 chan™,... thi chinh 13 ta da tich
mét sb ph'ér} 1 cla tAp céc so (4') ra va dat didu kién
1én ching r6i.

,A,,,xa,xl,...,xk) =0 (i=1,2,...,

Chiing ta s& khong xac dinh xem cac loai diéu kién
ndo la cho phép. Céc vi du vé céc diéu ki¢én néu trén
1a @0 dé li giai cho cch tiép cén cia ching ta.

Tiép theo ta s& phan biét giira céc bién ma mot s
t:n:ung chiing dugre goi 1a céc tham sé, cho nén tdp cac

56 ndm trong so cac diéu kién. %\
Néu toan b vé trai ctia hé phuong trinh (4") a
thite mil d6i vai Ay, R e g, Ko Xpseees Xy &1

ctia hé d6 1a cac s6 nguyén duong thi
Diophantine mir, néu cdc ham Fila
thudmg thi hé phuong trinh (4") dw
don gian la Diophantine.

Phuong trinh (3) 12 mdt vi du vé phueng trinh
Diophantine mi ddi véi cac bién DVA Xy, X5 Xy

hé do la
a thirc thong
gol mdt cach

Ta sé noi r.:%ng hai hé diéu kién co cling mt s6 cde
tham 6 la teong dwong voi nhau déi véi cde tham sé
ay néu tgp gid wi ctia nhitng tham sé ciia mot frong
hai hé diéu kién dé 6 nghiém sé tring vdi tdp gia tri
ciia nhitg tham sé cia hé diéu kién con lai c6
nghi¢m (can luu ¥ ring dinh nghia nay khéng néi vé
mdi quan hé vé gid tri cia cac 4n sé ma déi v ching
ta myc ticu do 1a khéng quan trong, sir twong duong
theo céch hiéu clia ching ta noi chung céc hé dy co
thé khéng c6 céc n s6 chung).

Mot vi du vé diéu kién tuong dwong ddi véi tham s6 A
co thé thyuc hién boi bét ding thire 2" < 2 < 2! va
dang thire & = (2x, + 1),

R& riang mbi mét trcmg cac didu kién do s co nghi¢m
khi va chi khi tham s0 2 nim trong tap cdc s6 khong
phai 1 Iy thira nguyén cia s6 2.

Sir dyng thudt ngir trén myc dich ciia ta c6 thé duge
phat biéu lai nhu sau: Hay fim cdc da thirc mii
R(xy,....x, ) sao cho diéu kién (3) twong dwong véi
diéu kign (4) doi vdi tham s6 p.

Tuy nhiér_:l yéu ciu dé tham sb p dimg mot minh & \{é
trai cua ding thire (3) nhur chimg ta thay 13 qua han ché.
s Xy )

sao cho phuong trinh Diophantine mii (diéu kin trén

Gid sir ta tim duge mot da thie mil Q(p,.‘cl,...

o ) 0 Q{p,,\:],...,xk:lmﬂ (5)
a trong duong véi diéu kién (4).
Bt R(xgs-a 2 )= %o | 102 (%5507, ) | (6)

Bo dé 1. Néu cdc da thirc mii R va Q cé moi quan hé
(6) thi cdc phwemg trinh (3) va (5) la teomg dieomg doi
vori tham sé P

Ta chi can tim mot hé phuong trinh Diophantine ma
(thay vi tim phuong trinh mong mudn)

s e R )= 0

%\* Qﬂ(f’ Xyaees x&) 0

I:ucn dugc phén chia thanh cée cdc tham si va cac q%’&ﬂﬂg dwong véi diéu kién (4) ddi vdi p.

Bl) l'](, 2, \._;.' l’) ( 2. x;,

X = Z_U LP X )
thi hé (7) twong dwong vii phueong trinh (5).

Duéi day ta sé co gang tim kiém mot hé phuong
trinh Diophantine mil twong duong vai diéu kién (4).
Mt sb nguyén t6 la gi ?
bo la mét céu hoi gay bét ngo cho ngudi doc. Bai vi
ai ciing biét ring s nguyén 16 13 sé tw nhién 16n hon 1
chi chia hét cho 1 va chinh né. T4t nhién 13 nhu vy,
nhung vige sir dung dinh nghia nay khong phai la viéc
de dang ma rat vat vd, bai ta phai lin luot tim cac u'crc
s0 cua no rir 50 1 va chinh né. Viy sé la tot hon néu
ta ndi rang so p 1a so nguyén tb néu p =1 vap khong
chia hét cho bit ky sb nao nhé hon p va 16n hon 1.
D6i véi muc dich cia chiing ta thi dinh nghia sau dy

1a phil hop hom ca:

S6 p la mgt 56 nguyén 16 néu p > | va déi véi moi sé
g nho hon p, UCLMgq, p) = 1.

Trong dinh nghia dé khong han ché g # 1 va quan
trong hon né cho phép ta giam mot s6 lugng lém cic
bién diéu kién UCLN(1, p) =1, UCLN(2, p)=1,
UCLN(p - 1, p) = 1 xuong con duy nhét mjt d:eu
kién: UCLN((p— 1)\, p) =
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Do dé ching ta viét lai hé diéu kién giﬁu tién twong
duong v didu kién (4) doi voi tham so p thanh:

p=r+l (%)
e (N
UCLN{s,p)=1 (10)

Phuong trinh dau tién trong cac diéu kién do co dang
Diophantine mil can tim (hon nira n6 la Diophantine),
con phuong trinh thir 3 ta ¢6 the lam giam bat vige
tinh todn bing cach dua thém vao hai dn s6 moi:
Bé dé 3. Diéy kién (1Q0) feomg duwong diéu kién
natxsp=I (11)
doi viri cac tham s6 pvas.
Do phuomg trinh (11) 1a Diophantine mil nén ching ta
chi con phai tim h¢ phueng trinh Diophantine mil
twong dwong vai diéu kién (9) d6i véi tham s0 7 va s.
Tinh toin giai thira nhw thé nao ?
biéu kién (9) lién quan dén r!, 4o 1a mét “trd ngai”
cua chiing ta. Ta nho rang giai thira xuit hién trong
biéu thirc hé s6 cta nhi thirc Newton, véi ¢ = r:
. =1t —r ] Ht=1)..(t=-r+1

gr T P it

' i (24
Da thirc ndm & tir 6 ¢6 ¢du trie kha phire tap. Ta thir
thay nd bang mét da thire don gian hon, cy thé 1a da
thitc 7. Vi t = rta co:

" & =1}t —r+1)
G clt=t)all=

r+l) £
g &

= I+—e(il—-———-](l+f_j+4&.®“ 2)

-1 =
¢ =
(13)

Dé dang thay ring: r!= hmé— @0

Tuy nhién cach viét giai thira nhw vy s& khang cho ta
didu gi ¢4, béi vi ¢ trong twong lai s& 14 mot tham sé
trong hé phuong trinh cin tim s nhin cac s6 Ién tiy
v nhumg ¢6 gid tr] hitu han. Nhung ching ta s& khong
chuyén qua gidi han mi ta sé sir dung tinh nguyén cua
1, tir (12) va (13) ta suy ra ring véi r di 1om:

rl= &
(5

Bé aé 4. Cing thire (14) chi diing vei t = 207"
Bé dé 4 cho phép ta bién ddi diéu kién (9) thinh mot
hé tremg duong voi no;

(14)

rt2

l1=2r (15)
e=C (16)
" =s5c+(x-1) amn
{x=1)+x,=¢ (18)

187 TAbe  ssassio-zom

&

d6i véi cac tham s6 r va s (ban hay tr kiém tra xem!).
O day cac dicu kign (15), (17) va (18) c6 dang yéu
cau va ching ta chi con phai tim mét hé phwong trinh
Diophantine mii twong dwong véi diéu kién (16) doi
voi cac tham sd r, rva c.
Viy 14 chiing ta con phai tim cach “thodt khoi™ h¢ 50
cua nhj thirc Newton.
Hé s6 nhi thire — d6 12 mdt hé s cia nhij thic !
Ching ta chi méi sir dung hé s6 cia nhj thirc thong
qua giai thira, nhung hé s6 nhi thitc con ¢ cac dinh
nghia khic. By gior ta st dung: (w+1) =) Cu' (19)
=0
Cong thirc nay 1a dinh nghia cic hé s6 cia nhj thire
néu chiing ta xem nd nhu 1a mot dong nhat thirc doi
véi 2. Cai ching ta cin 13 4n s6 nhan chi mot gia tri
duy nhét trong méi nghiém cy thé ctia hé can tim. Ta

[}
nhan xét ring: C; £ C/

~(1+1) =2 (20)

i=0
Vi vy néay = 2" 2n
thi C'Q@WY...C! d6 la cac chir s6 & trong vige viet so

(1 @S’ theo vi tri trong hé dém co 56 u. Do d6 cic
@6 cua nhi thire dugc xdc dinh mt cach don tri
eo cdc diéu kién 1a dang thire (19) va bat ding thirc
(20), (21) dong thoi thoa man vai it nhit 1a mot gia
tri cua u.

Bb dé 5. Dicu kién (16) la teemg dwomg vii hé die uﬁm:

I” = 2" +1] (22)
[ xc=u+l (23)
| X = on ko (24)
Xa + Xy =1 (25)
CH+xy=u (26)

doi voi cdc tham 56 v, t va c. Trong do tat ca cde diéu
kién déu co dang ma ta can.

Nhu viy chiing ta da chimg minh dugc ring diéu kién
(4) la twong duong véi hé bao gobm cic phuong trinh
Diophanting mi (8), (11), (15), (17), (18), (22)-(26)
déi voi tham sé p. Dé o thé nhin duge da thirc mil ta
mong mudn thi ta cin phai doi tén cac bién r, 5, 1, ¢ va
u thanh x5, ;. X5, %3, X4, S0 dung Bé dé 2 két hop
tit ci cac phuong trinh vao mét phuong trinh don va
sir dung B6 dé 1 dé bién déi phuong trinh thinh dang
mong mudn (3) ma ta can phai tim.

{Xem tiép trang 23)



NOI TOAN HOC VA THIEN VAN HOC

I
LE QUOC HAN !
(Khoa Todn, Triong Dai hoc Vinh, Nghé An) /

1. Apollonius véi tic pham " Cic thiér dién cinic"

bat hi

Euclid, Archimedes, Apollonius duge xem 1a ba nha
toan hoe vi dai cia thé ky III truée cong nguyén. Do
dé s& khong cong bang néu ta biét Apollonius chi qua
vén ven mot quy tich mang tén ong: Gia s A, B la
hai diém co dinh va k hang s6 cho trude khde 1. Khi
do quy tich nhitmg diém M thoa main diéu kién
% =k la dwdng tron duong kinh 1J, trong do 1
vi J la cde diém chia trong va chia ngoéi AB theo
156 k.

Apollonius it hon Archimedes khoang 25 tudi, sinh o
Perga, mién nam Tiéu A quing nam 262 truce cong
nguy én. Ngudi ta biét rét it vé& cude doi ong. Chi biét
rang khi con la mot thanh nién 6ng da dén Alexandria
theo hoc nhimg ngudn ké tuc Euclid va o lai d6 mot

théi gian dai. Vé sau 6ng co dén tham Pergamu &

ving Tiéu A, tai d6 cé mot Trirdmg Bai hoc v

thu vign méi duge xdy dung theo mau & A ria.
Ong tro lai Alexandria va qua doi tai do % oang
nam 200 trude cong nguyén. #

Apollonius duge xem 13 mot trong g ngudri bic
nhip ciu dau tién gitrta todn hoc va thién van hoc.
Danh tiéng clia dng duge lru truyén cung hiu thé nho
tic phém Cdc thiét dién conic, mot cong trinh dic sdc
khién ngudi duong thoi phai goi ong la mot "nha hinh
hoc vi dai". Cdc thiét dién conic cla Apollonius gérm
8 quyén, c6 khoang 400 ménh dé, 1 mjt cing trinh
hoan chinh vé cic duong nay va trdi hon hin nhimg
cOng trinh trude dé cling nghién ciru cimg chu dé cua
Menaechmus, Aristaeus vi Euclid. Chi 6 7 quven
déu trong 8 quyen con gilt duge cho tdi ngiy nay, bén
guyen dﬁu bang tiéng Hy Lap va ba quyén sau la mot
ban dich A Riép ciia thé ky XIX. Ba quyén ddu duoc
xédy dumg tén co so mot cong trinh trude do cua
Euclid nm vé ly thuyét so cp tong quat vé conic, con
céic cudn sau chira nhitng nghién ciru séu hon.

Trude Apollonius, ngudi Hy lap da dat duge cac thiét
di¢n conic tir ba loai hinh nén tron xoay tiy theo géc
& dinh cua hinh nén 14 nho hon, bang hay lon hon mot

gée vudng. Bing cach cit ba hinh non do béi mét mit
phing vudng goc véi mit dudmg sinh cia hinh nén, ta
s duge thiét dién 12 mdt hinh elip, parabol hay
hypepol. Tuy nhién chi mdt nhinh dwong hypepol
duoc quan tam nghién ctu. Chinh Apollonius la
ngudi déu tign thu duge ca ba loai thiét dién nay bing
phuong phip ngay nay rat quen thude 1a tir mot hinh
nén tron kép thing hodc xién. Ong 14 ngudi déu tién
dua ra cac thuit ngit elip, parabol hay hypepol cho
cdc thiét dién do, duge muoyn tir thuat ngir cua 7' rieong
phdi todn hoc Pythagore xa xwa khi 4p dung tinh cde
dién tich. Ngay nay ta biét rit ro rang, trong hé truc toa
da Dcsca{t%mong gée xOy , tip hop nhimg diém
P(x,, ;@ a mot elip, parabol hay hvpepol thoa man
[} X 2
% Vi = pxp+ %
Bal bd phén noi dung cia hinh hoc cdc thiét dién
conic Apollonius dé trinh bay twong duong hinh hoc
duge suy ra tir cc phul:mg trinh Descartes nay. Vi
viy ngudt dot sau cho ]'dl'lj: Hinh hoc giai tich la mit
phat minh cuoa ngudi Hy Lap, ma ngu-f“}n gc’ic chu yéu
fir tdc pham Cac thiér dién ednic clia Apollonius.

PXp— .1';1, = px;p hay

Quyén Il ndi vé tinh chit cua cac dudmg tiém céin va
cla céc hypepol lién hop, cach dung cac ticp tuyén.
quen 111 ban vé céc tinh chit didu hoa cua cac cuc
didm va cye tuyen nhimg dinh ly noi vé tich cdc
secming cua cic ddy cung tuong giao (ching han c6
mot dinh Iy ma ngay nay duge goi 1a Pinh i Newton:
"Néu hai ddy AB va MN song song véi hai hiecmg
PO.OQ I
O.0ON

cho frede va cdr nhaw tai O thi midl

héng 56 dpc ldp voi vi i diém O"). Nhimg tinh chét
tiéu diém cua cac cénic co tim dwge dé cip cudi
quyén II1. Quyén IV trinh bay chimg minh ménh dé
dao cia mt s6 ménh dé trong quyén 111 Quyén V 1a
quyén doc ddo va dang chi v nhét trong cdc cudn hién
cd, trong dé cic phap tuyén duoe xem 13 cic doan
thing cue dai va cyc tiéu v& tir mét diém dén dwomg
cong. Quyén VI trinh bay cac dinh 1y va cdc bai todn
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dyng hinh vé cac conic bﬁng nhau hay dong dang.
Quyén VII chia dung mdt sé dinh Iy néi vé céc
dudmg kinh lién hop, ching han dinh 1y néi vé tinh
khéng dbi cua dién tich mét hinh binh hanh tao bai
céc tiép tuyén clia conic co tim tai hai diu cia mot
cdp dudmg kinh lLién hgp.

Ngoai téc pham Cdc thiét di¢n conic, Apollonius con
d¢ lai cho hau thé 6 cong trinh sing gid khac. Do la
Vé thiét dién 1y 1¢ (181 ménh &), Ve thiét dign khong
gian (124 ménh d&). Tiém cdn (125 ménh dé), Cdc
qui tich phang (147 ménh dé), Tiép xiic (124 ménh
de), Vé thiét dién xde dinh (83 ménh d&). Trong Tiép
xiic, Apollonius d& cip dén bai toan ding mét dudmg
tron tiép xtc voi ba dudng tron cho trude (trong dé
cac dudmg tron cho trude duge phép suy bién thanh
doan thing hay diém). Ngay nay n6 duge goi 14 Bai
toan Apollonius, va di timg thu hat sy chu y coa
nhidu nha toan hoe danh tiéng doi sau nhu Viéte,
Euler, Newton, Gergonne. Trung, Cac guy tich phang
¢6 hai két qua quen thude dén voi hoe sinh pho thong:

1) Néu A,B la hai diém cé dinh va k Imr.rg 56 cho thi

- s = i o llrfi &
gquv tich nhitmg diém thoa mdn diéu kien — =k la
MB

mot dwomg tron hé u k#1 vala mot dicemg thang né u

k=1
2) Néu

A(i=12,..,

A (i=1L2,...n) la n diém cé dinh va

tich nhing M théa mdn diéu kién Z.«' ‘vﬂ g la

mot dwomg tron,
2 .
Ngay nay, dutmg tron néi trong 1) 11@3: 1a Pucng

tron Apollonius.

2. Hypparchus va Claudius Ptolemy, hai nhjp ciu
thiét }'éu tiép theo

Cho dén ngay nay, ngudn gbc cua Lugng gide hoc
viin chua duge xédc dinh rd rang. Co mot so bai toan
trong céc ban co chi Rhid thoi Acap c6 dai con luu
giir duge dé cap dén cotang cia goc nhi dién & day
mot hinh chop, con trong ban ném Babylon Plimpton
322 chit yéu la mdt bang cic secan. Céc nha thién vin
hoc Babylon ciia thé ky TV va V truée cong nguyén
di thu thap duge mét khoi lwgng déng ké cac dir kién
quan sit, vi ngdy nay ngudi ta biét duoc ring phin
1ém céc dit kién d6 da duoc chuyén qua tay ngudri Hy
Lap. Chinh thién vin xa xua da khai sinh ra Lirong
gidc hoc cau.

Hlpparchu:, duge xem la nha thién viin hoc xudt sic
nhit thér ¢b dai. Ong wng vao khoang the ky 11 trudc
cong nguyén. Mic dau nhimg quan sat vé xuén phin
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n); a la cdc hdang 50 cho trudgc thi q@

cua ong duge ghi lai & Alexandria vao nam 146 trude
cing nguyén, song nhimg quan sit quan trong nhit lai
duoc thue hién ¢ dai quan sat noi tiéng cua trung tim
thwrong mai Rhodes. Ong 1a mét nha quan sét cuc ky
cdn thin va trong thién vin, nhiéu ky tich da thuge vé
ang nhnr viée xdc dinh théi gian cia moét thang dm
lich trung binh chi sai khac 1" so véi gia tri hién nay
duoc chép thudn, viée tinh todn dé nghiéng cia hoang
dao, viéc kham pha va danh gid tiéng dong hang nam
cua céc phan diém. Ngoai ra éng da tinh todn thi sai
clia mat trang, xac dinh can diém va chuyén déng
trung binh ciua mat tring va dd ghi vio danh muc
duoce 850 cac dinh tinh.

Tuy nhién diéu ching ta quan tdm & ddy la nhimg
dong gop cua dng vao su phit trién cla Luong gidc
hoc. (f)ng dé lai cho hdu thé médt tic pha‘im gém 12
quyén ban vé viéc xay dung mét bang cdc ddy cung.
Mot bang ma sau nay Claudius Ptolemy da lam theo
dé cho chiéu dai cia cdc ddy cung truong tat ca céc
goc & tdm cua mét hinh trén cho tnede theo khoang
nira 46 mot, tir 0,5° dén 180", Thue ra bang nay lap

duge nh@é thirc sina =0 rong d6 AB 14 diy
Sﬁn _ZR
triy o co goe ¢ thm bang o va R 1a ban kinh
tron. Chinh céch giai thich trong sang sau nay
Claudius Ptolemy da gitip ching ta hiéu vi sao
Hipparchus lap duge bang edce ddy cung chinh xac va
chi tiét nhu véy.
Mot cong trinh thién van hoc khac co anh hudng to
Ién dén sy phét trién todn hoc Hy Lap thé ky 1T trude
cong nguyén duoc viét boi Claudius Ptolemy o
Alexandria vao khoang 150 sau cong nguyén. Téc
phdm nay mang tén Syntaxis mathematica hay “Suu
tdp todn hoc", dira trén nhimg bai viét ciia Hipparchus
va dwge ghi nhin 1a 1a diy sic tich va my 16, Vé sau
cée nha dich thudt Arip goi né 12 Almagest. Tac phim
nay gdm 13 quyén. Quyén I bén canh mdt sb tai lidu
md diu vé thién vin hoc 14 bang diy cung néi & trén
cimg vai mét giai thich ng.'fm viéc nd duge ra doi tir
mot ménh dé ma ngay nay goi la Binh Iy Prou’emy
"Trong mot ti gide noi tiép, tich cde dwomg chéo bang
16ng cdc tich etia hai cdp canh doi di¢n". Tir dinh ly
nay dng rit ra cac hé qua sau déy:

1) Néu a va b (voi azb) la cde ddy cia mgr ducng

% . " i % . a | 3 b | 3
tron co ban kinh don vi thi s = Fy Vad—h" + = 4-a°
- e
ol R A
2 2

d= Vi-d ) la ddy cua .ffilng (hiéu)

hai cung do.



2) Néu t la ddy ctia mét cung cua dieong tron co bdan trén 30 lin. Vi kinh vién vong do, ong quan sat cdc
: vét den mdt trdi, nii non trén mit tréng, cdc pha cla
Sao Kim va cdc vanh cuia Sao Tho va bén vé tinh cua

kinh dom vi thi p=v2-4-1* 4 ddy ctia nira

cung do. : sang cia Sao Mdc. Quan sit cac vét den clia mat tréi
Duya vio cdc két qua nay ong xdy dung bing céc day khong hé co khuyét tit va quan sat cdc vé tinh cua
cung véi khoang cach 0,5 . Sao Méc di lam vimg thém Ly thuyét Copemnic vé

hé théng mit troi. Nhimg khdm phd nay budc Gido
héi Vaticang lén tiéng phin d6i va cudi ciing vao
ndm 1633, mgt ndm sau khi 4n hanh cuén séch ung
hé 1y thuyét nhit tdm cia Copernic, Galileo phai
trinh di¢n trude Toa di gido va bi bat phai tuyén b
hity bo cac kham pha vé khoa hoc ciia minh xung
quanh d¢ tai nay.
177 : Nher co Galileo ma lodi ngudi bude sang ky nguyén
chir sé ciia 7 (m="— hay n=23,1416). Cic quyén  nghién ciru mdt khoa hoc theo tinh thin hién dai : kés
) hap hai hda gitta thire nghiém va ly thuyét, Galileo
cling 14 ngu diu tién thiy diroe hinh déng parabol
cua dan dgo va suy dodn cdc ludt moment. Ong da
sang ché kinh hién vi diu tién thuge loai hign dai va
chiéc coma ty 1 dd c6 mot thoi rit pho bién. Diém
3. G. Galileo (1564 - 1643) - ngwdi khai séng dang cha ¥ vé mt lich sir 1a qua nhimg 161 phat biéu
nghién ciru thién viin hoe theo tinh thin hién dai cua Galileo chimg 0 dng nam riit vimg khai mcm
Galileo i con trai ciia mét nha quy toc Florence da  twong dir itta cac lye lugng vo han, mot véin dé
hét thovi, sinh & Pisa ndm 1564. Sau bude diu la sinh €9 ba 1§ thuyCt tap hop thé ky XIX cuia Cantor
vién trudmg y ong da duge phép cha me cho theo hoe = TAX huyét co nhiéu dnh huong nhét ddi voi s
vé khoa hoc va todn hoc 14 nhimmg linh vie 6ng co @mn cua toan hoc hién dai. Nhimg y kién phat
nhiéu tai nang ty nhién. Trong khi con la mot smh niy cung nhu nhitng quan ni¢m cua Galileo vé

o
vién trutmg y ¢ trudmg dai hoc Pisa, Galileo d g dong lyc hoc c6 thé tim thiy trong tic phim
mot nhin xét ndi tiéng vé mit lich sir, ring ngo Discorsi e dimostrazioni matematiche intorno a due

chu Mouve scienze cla ong duge an hanh & Leyden vio

Quyén Il néi vé cac hién tgng tiy thuge vio tinh
hinh cau cia trdi dat. Cac quyén 111, IV, V phat trién
hé thong dia tam cua thién viin bing cdc epmycilc
Trong quyén VI c6 loi giai bai toan ba diém trong tric
dja: xédc dinh diém dé nir d6 cac ciip ba diém cho truge
duoc nhin dudi cde goe cho trude. Trong quyén VII
trinh bay 1y thuyét céc thién thye va dua ra gid tri bén

VII va VIII trinh bay danh muc cia 1028 cac dinh
tinh. Céac quyén con lai néi vé cac hanh tinh. Cé thé
néi ring Almagest la mot cong trinh mAu muc vé
thién viin hoc tinh dén thei Copernicus va Kepler.

-

treo 16n cta nha tho da dao dong qua lai theg 2
ky doc lap vai kich thude cia cung dao dg ¢sau nam 1638. ‘ :
ong cho biét ring chu ky cia mot qué ting djc ~ Galileo qua doi nam 1643 d¢ lai sy tiec thuong cia

ldp voi trong luong cua qua lic &Luc 25 tubi  bao nguoi.

Galileo da duge chi dinh lam gido suvodn hoc & Pisa 4. . I\cpler (1571 - 1630) - Cha dé ba Djnh lujt
d do da cd nhimg thir nghiém v& thap nghiéng cho |5 tiéng v chuyén dong ciia hinh tinh trong
thiy rang, tréi v6i nhimg didu Aristotle da day, céc

thién vin hoc
vt thé ning khéng roi nhanh hon céc vit thé nhe. RS e i i ;
Joh gin 1571 h
Ong rit ra mét dinh ludt noi ring khoang cach mét vienn Rapet ol 0 Msgae o e

e e e G : Dai hoc Tubingen véi khuynh hirng ban diu 13 mudn
b I G RO R ity £y Tm il tro thanh mt muc su dao tin lanh treomg phai Luther.
mdt cong thirc quen thudc s= 2 . Vi ¢ nhimg Vi qué say mé thién van hoc nén éng da thay d6i muc

2 tiéu, vi nim 1594 khi moi vao tudi hai muoi, ong
chép nhin chire vi gidng vién cia Pai hoc Gratz & Ao.
Nam 1599 dng lam phu td cho cho nha thién van hoc
ndi tiéng Tycho Brahe ngudi Pan Mach. Ching bao
liu sau, ndm 1601, Tycho Brahe dot ngdt qua doi va

cugc ludn chién cuc bo ma Galileo da tir chéi chire vy
gido su dai hoc cia minh vao ndm 1591 va niim sau
4 chap nhin ham gido su toan hoc tai Padua, & do co
béu khéng khi hiru nghi hon dé trao déi cic muyc tiéu
khoa hoc. Tai day, trong gan 18 ndm, Galileo tiép tuc : ! ] e 1
lam cac thi nghiém va gidng day va da trd nén rat ndi Rgler dé'ttha l;n.rcng RS Y ]an_ ,mm !::D T “’E
tiéng. Tai Padua, vio khodng 1607, khi nghe tin mgr  Phong phi va rat chinh xdc cdc dir kién thién van vé
tho mai Johann Lippershein nguwdi Ha'l Lan Johann Su chuyén ddng cia cdc hanh tinh do tl‘qﬁy minh dé ]a},
Lippershein phat minh ra mgt kinh vién vong, Galileo Vi tinh gan 1y khic tjhuirng,)sau nhiéu tinh todn vat
du kién 1am ra mét s6 dung cy twong i Vi ky diéu va: md mam va sai lam, r_:uﬁ»i cung Kepler da phat
thay da lam ra dugc mdt kinh vién vong khéch dai  biéu duge hai dinh lujt diu tién cua éng vio nam
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1609, vi mudi nam sau 1619, dinh ludt thir ba vé
chuyén dong ciia hanh tinh:

1. Cde hanh tinh quay xung guanh mat trdi theo cdc
quy dao hinh elip ma mdt troi la mpt tiéu diém.

1. Vector ban kinh noi hanh tinh véi mat tréi sé quét
cde dign tich bf‘}?ug nhau trong cdac khoang thoi gian
bing nhau.

IT1. Binh phwong thei gian cua todn b met lan quay
ctia hanh tinh theo qui dgo cua nd thi bﬁng lap
phicong ciia mia truc chinh cia quy dao do.

That tht vi, 1800 nam sau khi ngudi Hy lap phat trién
Ly thuyét vé cde thiét dign cénic da c6 mot img dung
16m lim séng to Iy thuyét do.

Kepler 14 mdt nguai di tién phong trong khao sit phép
tinh vi tich phan. Pé tinh dugc dién tich n6i dén trong
dinh luat thi hai coa éng vé chuyén déng hanh tinh,
ong da phai dua vao mét dang thdé so clia phép tinh
tich phén. Trong cu én Stereometria doliorum vinorum
(Hinh hoc khoi cde thing regu vang) clia minh, ng
ciing da dp dung cach ldy tich phan cua thd so dé tim
thé tich ciia 93 hinh khéi bing cich xoay tron cic
phin cua cic thiét dién conic quanh mét truc trong
cdc mit phing cna chiing. Trong s6 céc hinh khéi nay
¢é hinh xuyén v hai hinh khoi khac ong goi 12 hinh
tréi tdo va hink qua chank nhin duge bing cach lan

lrrot cho quay mdét cung 1on va mét cung nho coa mg‘

vong tron quanh diy trwong cd cung do lam t
Kepler quan tim dén van dé niy khi nhin thiy
phuong phép ding dé tinh do luimg TuQu,
d6 qua thd so. Rit co thé Cavalieri kb .
phwong phép tinh vi cho phép tin in goi 1a
phiemg phdp cde cai khong chia ﬁ di chiu dnh
huwéng cia cong trinh nay cia Kepler.

Kepler di c6 nhitng dong gop dang ké vé chu dé cac
hinh da dién. Dwong nhu éng 13 nguéi diu tién nhan
ra mot d@oi ldng tru (co duge tir mdt mdt hinh ling try
bﬁng cach cho quay day trén trong mit phﬁng clia no
sao cho cdc dinh ciia nd twong (mg vai cac canh day
dudi rdi néi ziczic cac dinh hai ddy véi nhau). Ong
ciing phat hién ra khéi da dién néi tiép hinh lap
phuong, hinh khdi 12 mit dang thoi, va khéi 24 mit
dang thoi. Khéi da dién thir hai trong céc khoi trén
trimg giéng nhur mot tinh thé granat trong thién nhién.
Trong sd bon khdi da dién hinh sao déu c6 thé co thi
hai do Kepler phit hién con hai do Louis Poinsot
(1777 - 1839), mdt ngudi di trnede trong linh vie co
hoe hinh hoe, tim ra vio ndm 1809. Cac da dién hinh
sao Kepler - Poinsot ld cac mé hinh khing gian cua
cac da gigc hinh sao déu trong mit phﬁng. Kepler con
quan tim dén bai todn phu dy mit phang biing céc da

TOﬁNH C
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gidc déu (khong nhét thiét tt ca phai giong nhau) va
phu diy khéng gian bing cic da dién déu.
Kepler di giai bai todn xac dinh loai conic duge xdc
dinh bai mot dinh cho trirde, truc di qua dinh do va
mét tiép tuyén tiy y cing tiép diém cua no, va ong
ciing giéi thiéu tir tiéu diém (focus) vao hinh hoc cdc
conic. Ong da tinh chu vi mdt elip ¢6 ¢éc nira truc la a
va b bing cich ding cong thirc n(a+b). Ong ciing
& ra cii goi la nguvén Iy xap xi lién tuc ‘mic du thira
nhiin ring & vo cyc trong mit phing ton tai nhimg
diém 1y tuong nhat dinh va mot dudng thing 1y tuong
¢é nhidu tinh chit hon cia cac diém va duomg thang
théng thudmg. Vi viy ong giai thich riing mét dumg
thing cé thé xem nhu déng tai vo cue, hai dudmg
thing song song ¢ thé xem nhur ¢t nhau tai vo cure,
va mét parabol la mét truémg hop tién t&i gidi han cua
mot elip hay mdt hypebol trong d6 mdt trong cac tiéu
diém da tién ra vo tan. Quan diém niay di duge mo
rong vao nam 1822 bai nha hinh hoc Phap Poncelet
vii 1 co sé cia v twong hinh thanh Hinh hoc xa anh
sau nay.
Cong trinkadya Kepler thudng 1a mot sy pha trfn gitra
nhimg & dodn huyén bi va day twdmg twong voi
hén thye s séu sic vé chan 1y khoa hoc.
a dri vao nam 1630 khi trén duémg di linh s6
cong tra cho cong viée dai ngay ma ong di lam.
Newton (1642 - 1727) - nha thién vin hoe ding
trén vai nhirmg ngwéi khéng 16

Issac Newton sinh ¢ Woolsthorpe ndm 1642 tring
vao ngiy Thién Chia giang sinh. Cha ong von 1a mét
néng dan va da mit trude khi dng qua doi. Vi vy ong
song & nong thon voi me va mai dén nam 18 tuoi méi
duge vao hoe Truong Ba ngdi tai Cambridge. I‘al day
ong doc Ngwvén Iy cua Euclid va thay moi vin dé
duoc trinh bay trong d6 quéa hién nhién. Sau d6 6ng
doc La géomerrie cta Descartes thi thay cé cai gi d6
kho hiéu. Ong con doc Clavis ciia Oughtred, céc cong
trinh cia Kepler va Viete, Arthmetica infinitorum cia
Wallis. Tir viéc doc toan hoc éng chuyén sang tim tai
nd va luc 23 m-:‘»i ong chimg minh thanh céng cong
thire nhi thic tong quat va phit minh ra phép toan vi
phan. Ong con quan tim dén nhiéu van dé vé vit Iy
hoe, quang hoc va phét minh ra cdc nguyén ly co bin
ciia 1y thuyét déng lyc.

Do nhimg thanh kién ctia gidi khoa hoe quy toc Anh,
nhiéu cong trinh quan trong ciia dng chi duge cong bd
nhigu nam ké tir khi tac gia kham pha ra ching. D6 la
mot thigt thoi khéng nhitng cho ban thin 6ng ma con
cho nén toan hoc Anh duong thoi. Tuy nhién ong
ciing dwge dat vio nhimg vi ti ximg dang vl tai
néing va sir cong hién khéng biét mét moi cia éng.



Nam 1696, éng duge chi dinh lam Hiéu truéng
Trudmg dai hoc Mint va nim 1699 duge phong danh
hiéu Master (bic thiy) cia truomg dai hoe y. Nam
1703 éng dwoc biu lam Cho tich Hoi (Khoa hoc)
Hoang gia (Anh) va giir cwong vi d6 cho tdi lic qua
doi. Nam 1705 dng dugc phong tude hau va thi hai
dirgre mai ting tai nha thé Westminaster,

Diéu muén nhin manh & diy la ding nhu Newton
di timg tAm tAm sw: "So dF t6i cao hon Descartes
la vi t6i biét dimg trén vai ctia cde nguoi khong
16", Xin néu hai vi du: Galileo da dat nén mong cho
bé mén co hoe cde vt thé roi tu do va dong Tee
hoc noi chung, trén nén mong trén do Newton da
xdy dyng hoan thi¢n mdén khoa hoc nay. Nhiing
dinh ludt vé chuyén ddng hanh tinh cua Kepler la
cde moc lich sir trong thién viin hoc va todan hoc ma

DINH LY JULIA ROBINSON...

(Tiép theo rang 18)

Cic buére tiép theo
R& ring cong thire (3) khong cho ta biét thir tr cia sb
nguyén t& nhan duge i no. Phuong phap xdy dumg da
thite mii R duge mo ta & trén khéng cho ta phuong
phap truc tiép dwa vio chi sb (sb thir tw) cua sé
nguyén 16 trong cong thic (3). Bing cach sir dung cac
k¥ thuit phic tap hon nhidu cic tic gia Mar
Davies, Hilary Putnam va Julia Robinson nim

da chimg minh duge mét dinh 1y rdt manh,
nhu sau:

J qua
F
CohgeE g N
H¢ qua. Ton tai da thiee mil P[.\'I;$ 1) sao cho
vai sie co dinh gia tri etia tham 56 n W voi cde gia tri
tuy ¥ cua cde bién con lgi thi da thire P sé nhan diing
mgt gid tri diwomg va gid tvi do chinh la so nguvén to
thie n,
Niam 1970 Yu. V. Matijasevic (nha todn hoc Nga)
bing cich st dung mdt ket qua khac coa Julia
Robinson dd xdy dyng dwge phuong trinh
Diophantine M (a,b,¢,z....,z, ) =0 (27)

ma n6 14 giai duge khi va chi khi cdc tham sb a, b va ¢
6 mdi quan hé @ = b°. Két qua nay cho phép ta bo di
trong phat bicu dinh 1y & trén tir “mi”, tic 1a né cho
phép ta xdy dyng duge mdt da thire ma né s& cho ta
cde s6 nguyén t6. Céc dic gid quan tim téi cha dé nay
¢6 thé xem bai viét “Tap Diophanting” cla
Matijasevic cong bb trén Uspekhi Mat. Nauk 27
(1972), no. 5 [English translation in Russian Math.
Surveys].,

Isac Newton di dua trén d6 dé xdy dung mon co
hoc thién thé hién dai.
Sau Newton, nhiéu nha bic hoc da bic thém nhiing
chiée ciu vi dai dé néi Thién vin hoc va Toan hoc,
ma dinh cao 1a A. Estein (1879 - 1955). Nhung d6 lai
12 mot cdu chuyén thi vi s& ké trong mot dip khac.
6. Thay cho 1o két
" Moi Iy .Ehuyé'.' déu la mau xeim, chi cay dot mai mai
xanh neor” (Gotte). Céc nha todn hoc Hy Lap hiéu rit
6 nguyén ly ndy, do do ngay tir khi khai sinh ra Todn
hoc suy I, ho ludn tim cach gin né vao thye tién, ma
Thién vdn hoc 1a mit trong nhimg manh dat mau ma
d4u tién. Céc nha todn hoe va thién van hoc sau nay
da tiép tuc xudt sic tinh than d6 cho dén ngay nay.
Thanh Vinh, cudi Thu 2016

" — o — [ [] - L] L] L

Céc bai todn dé nghj
I. Chimg minh ring trong cic cp sb cong 3,7, 11,...
va3, 11, 17,... chira v6 s s6 nguyén to.
2. Binh Iy Wilson cho rang néu p la 56 nguyén to

thi s 1)! + 1 s& chia hét cho p. Két qua nay
sé stir dung nhu the nao dé lam giam di so
: 0 trong da thite m@it # cho ta cac $0 nguyén

¥
38’. Hiy xdy dyng da thirc mil §(x;,....x; ) mano sé
cho ta tdp mot nira cdc s6 nguyén td sinh doi, tire
& néu  S(xp..x)>0 thi c& hai sb
8(xgse Xy ) =1 vA S(xg,...,x, )+ 1 déu I cc sb
nguyén tb va nguoe laindus— 1 vas = 1 1a cdc sb
nguyén t6 thi S(Xg..,x, )=5 VG chc xq.....x,
nio do.
4. Hay xdy dung da thic mi T(g,x.,...x,) sao
cho: ' ) : : )
- Néu g la s0 nguyén to thi ton tai cdc sb
sao cho T(q,x,...,x, )>0.

AT a
- Néu ¢ 12 50 nguyén t va T(g,x,....x,,) > 0

m

thi 7(g,%,....x,)>0 1a s6 nguyén t6 tiép
sau s g. : ,

- Néu g khéng phai 1a s6 nguyén to thi ta ludn
€6 T(g, %, %y ) S 0.

Céc ham mil da thite d6 s& cho “Céng thire ciia cdc 56
HEUVEN 10 tiep thea”.

Céc ban than mén ! Bai béo két thic ¢ ddy. Toa soan
hy vong s& nhén duge chimg minh dﬁy du, chat cha
dinh ly Robinson tir cc ban yéu toan,

TOAN HOC
* CTudifre
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CAC LOP THCS
Bai T1/483 (an 6). Tim tat ca cac chit sé a, b,

¢ sao cho cac sb abc, acb bac , bca cab ,

cha déula cac sb nguyén 6.

NGUYEN ANH VU
(GV THPT Nguyén Binh Khiém, Hoéi An, Binh Dinh)
Bai T2/483 (Lép 7). Cho tam gidc XYZ vudng
tai X (XY < XZ), ké XU vubng goc vai YZ. Goi
P 12 trung diém cua YU. Lay diém K thudc nira
mat phang bo YZ khéng chira diém X sao cho
KZ wvudng goc voi XZ va XY = 2KZ. Qua Y ke
duémg thing d song song véi XU, d cit duong
thing KP tai V. T la giao diém cta duong thing
XP vi duémg thing d. Chimg minh ring

VTK = XKZ +VXY.

TRAN AN
(GV THCS Hai Hiu, Ly ] éﬁ Nam)
ong An:

Bai T3/483. C6 ba ngudi t61 mua c
1

Nguoi thir nhét doi mua — 50 dan ctru cia ong,
a

P L X . W) 1 ;\ k1 Y 2 -
ngudi thir hai doi mua % so dan clru cha dng,

e e L ey
ngudi thir ba doi mua — s6 dan clru cua ong, sao
e

cho thoa man dong thai 3 yéu t6 sau:
D abeceN vaa<b<g
2) $6 con ciru ma mdi ngudi mua duge phai la
mot s6 nguyén;
3) Sau khi ban xong, éng An con dur lai 1 con ciru.
Hoi dan ciru cua 6ng An cé thé cé may con? (tim
tat ca cac dap an co thé).
HOANG THE TOI
(GV THPT Tan Pa, Thanh Thiy, Phii Tho, Phii The)

TOFIN H
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2013
. ai T7/483. Gia st x =
\% 2015

Bai T4/483. Cho duimg tron (O) dudmg kinh
AB. Trén (O) lay didm C sao cho CA < CB.
Trén doan OB liy diém E (E khic O, E khéc B).
CE cat lai dudng tron (O) tai D. Qua A ke
dudng thing song song v BD, cat duing
thﬁng BC tai I. Duong thang OF va dudng thang
CE cat nhau tai F. Chimg minh FA la tiép tuyén
cua dudmg tron (O).
BUI VAN CHI
(GV THCS Lé Loi, TP. Quy Nhon, Binh Dinh)
Bai T5/483. Cho céc s6 thuc a, b, ¢ théa min
didu kién a+b+c=3 va abc2-4. Ching
minh ring 3(abc +4) = 5(ab + be + ca).
NGUYEN VAN HUYEN
(SV BH Giao théng Vin tai TP. Ho Chi Minh)
CAC LOP THPT
Bai T6/483. Giai va bién luan (theo tham s6 a)
hé phuong trinh:
?.x(yz +a’)=y(y* +9a%)
2y(z2 +a*) = z(2* + 9a%) .
% (x +a*) = x(x* +94%)

& NGUYEN DUY THAI SON
Q (GV khoa Todn DHSP Da Néng, TP. Da Néang)

1a mot nghiém cua

dathic f(x)=a,+ax+ a,x* +..+ax" e Zx].
Hoi téng cic hé sb cua flx) c6 thé bing 2017
duoc khong?
\ DO CAO TRi

(Huvén Long Dién, tinh Ba Ria - Viing Tau)
Bai T8/483. Cho ba duomg tron (O;:R),
(0,:R,),(Oy;R) 461 mét tiép xtc ngoai vai
nhau tai ba diém A4, B, C. Goi r la ban kinh
dwdmg tron ndi tiép tam gide 4BC. Chimg minh
R +R, + R

63
CAO HAI VAN
(GV THPT Nguyén Chi Thanh, Pleiku, Gia Lai)

Bai T9/483. Cho cic sb thuc duong x, y, z thoa
man x> +y> —2z° +2xp+yz+2x 0. Tim gia
tri nho nhét cua biéu thire
i pt st Pt
24 x4 y4
LE BA VIET HUNG
(Phong GDTrH, S¢ GD&DT Phii Tho)

ring r <

P=




TIEN TOI OLYMPIC TOAN
Bai T10/483. Tim gia tri 16n nhét cia biéu thirc
a+b[a+c +b+d]
c+d\a+d b+c

=

trong d6 a, b, ¢, d 1a cac so thuc trong doan E : ‘_;j

DUONG CHAU DINH
(GV THPT chuyén Lé Quy Pan, Quang Tri)
Bai T11/483. Cho R(z) 1a da thirc c6 bac 2017.
Chimg minh ring tén tai vo sb cac da thire P(x)
thoa mén diéu kién
P((R™ ())+ R())+1y’ -2)=P* (R?-“‘*.;r)+R(r)+1}—2
Hiy tim mot hé thirc 1én hé giita cic da thire
P(x) dé.
NGUYEN THANH NHAN
(GV THPT chuyén Himg Vieomg, Binh Duong)
Bai T12/483. Cho tam glac ABC. Pudng tron (I)
néi tiép tam giac ABC, tiép xuc véi 4B, BC va
CA thir ty tai K, L va M. Duomg thang tdi qua B
khéc véi AB va BC cit cac dudng th{mg MK va
ML thir tr tai R va §. Chirng minh goc RIS nhon,
LE VIET AN
(Nha 15, xom 2, thon Ngoc Anh, Phit Thuomg, Thira
Thién Hue

Pnom.w

FOR SECONDARY SCHOQJ
Problem T1/483 (For 6" grade). F&l single
digit numbers a, b, and ¢ such e numbers
abc, ach, bac, bca, cab, and cha are prime
numbers.

Problem T2/483 (For 7" grade). Given a right
triangle X¥Z with the right angle X (XY < X7). Draw
AU perpendicular to ¥Z. Let P be the midpoint of
YU. Choose K on the half plane determined by ¥Z
which does not contain X such that K7 is
perpendicular to X2 and XY = 2K7. The line 4 which
passes through ¥ and is parallel to XU intersects KP
at V. Let T be the intersection of XP and & Prove
that FTK = XKZ + VXY

Problem T3/483. There are 3 people wanting to
buy sheeps from Mr. An.

Bl 6 oie wanks 10 buy - of the herd.the
[}

second one wants to buy % of the herd, and the

Bai 1.1/483. Trén mit chat long c6 hai ngudn
song két hop dao déng dong pha, phat déng thoi
song co budc song bang 1,2 cm. Hai diém C va
D thuge cuing mit elip trén mat chit long nhan A,
B 14 hai tiéu diém. Biét hiéu sb khoang cach tir
hai nguon t6i C va D lan lugt la
AC—-BC=48cm va AD-BD=0,4cm. Coi
bién d6 song do mdi ngudn giri dén mdi diém
trén elip néi trén déu bing nhau. Tai thoi diém t
nao dé, 1i d6 cua diém € 1a 1,5 mm thi li d6 cua
diém D 4 bao nhiéu?
VIET CUONG (Ha Noi
Bai L.2/483. Pat dién dp u = U2 cosof (V)
(trong d6 U khéng d6i, @ c6 thé thay dbi dugc)
vao hai ddu mot doan mach AB gf:nm dién tro
thudn R, cudn cam thuin c6 dé tr cam L va tu
dién c6 dién dung C, mic ndi tiép. Cho biét
= CR®. Thay déi tin sb goc cua dién ap
nguoi ta tim duge hai gia tri la o; = 50 (rad/s)
vi @, = 801 (radfs) tmg vdi hé sO cong sudt cua
doan ma gi4 tri bang nhau. Véi hai gid tri
béng 6 hiy xdc dinh hé sb cOng suat cia

&
THIS ISSUE

third one wants to buy - of the herd and it
c

THANH LAM (Ha Néi)

happens that

1) a,b,ecN anda<b<c;

2) the numbers of sheeps each person wants to buy
are positive integers;

3) after shelling, Mr. 4n still has exactly one
sheep left.

What are the possibile numbers of sheeps Mr. An
has?

Problem T4/483. Given a circle (O) with a
diameter 4A8. On (0) choose a point C such that
CA4 < CB. On the open line segment OB choose £.
CE intersect () at D. The line which goes through
A and is parallel to BD intersects BC at I. The lines
Of and CE meet at F. Prove that F4 is a tangent to
the circle ().

Problem T5/483. Given real numbers a, b, ¢
satisfving a+b+c¢=3 and abc=-4. Prove that

Habe+4) = 5(ab+ be + ca).
- : (Xem tiép trang 38)
g TOAN HOC
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Bai T1/479. Scé.r r:J'! cde s6 tir | dén
dirong f.rm;' sao cho rong cua hai 56 lién ké I mét 56
HEUYéN 10.

Léi gidi. Goi tong hai sb lidnkéthy Y a, blaa + b=
¢ thi ¢ < 40. Theo cach lap Sang Eratosthenes vin it
hon 40 s6 thi ta chi cin chon sb nguyén td ¢ sao cho
¢ khéng la bdi ciia cac sd nguyeén 16 2, 3, 5 la du, vi
52 <40 < 7. Turdé suy ra cach chon a va b nhu sau:

20 vao wu!

* Trong hai s& @ va b phai c6 mdt sé chin vi mot sd

1é (dé thng a + b khong 12 boi cua 2);

'Téng hai 56 @ va b khéng cé tin cing la 5 (dé tong

a + b khong la bdi cla 5);

* Téng céc chit s6 cia a va b khong 12 boi 3 (dé tong

a + b khong 14 bdi cia 3).

Cé nhiéu cach chon nhu the. Ching han, Cdch 1

tdc gl ra dé :

9—20—ll—18—13—16—15—14—l?—]@—
10—1—23856?4%

Cech 2 cua ban Tudn: %

3-20-11-18-19-12-17-14-¥5-16-13 -
0-9-8-5-6-7-4-1-2-3.0

»Nhgn xét. Ban Trinh Duc Tudn, 6A, THCS Nguyén
Chich, Pong Son, Thanh Héa ¢ dap an ding.

VIET HAI

Bai T2/479. Cho tam gidc ABC vudng tai A,

r’f-:.'Ff_(_-_ < 45",

!.f;rﬁjng AB ¢o chira diém C !cft' cac diem D va F sao

. cho: BD = BA va DBA=90"; EBC =CBA va ED

Irén nwra mat phiang ba la duong

vudng goe vei BD. Chimg minh rang: BE = AC + DE.
TOAN HOC .
& ats 2 =
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Léi gidi. Tir B ké duomg thing vudng goc voi BC cit
duomg thing DE tai F. Chi y ring véi gia thidt
ABC < 45" thi ABC < ABE < ABD =90" < ABF .
Do do thit tr cic tia B4, BC, BD, BF xic dinh nhu
trén hinh v& D nam gira £ va F. Khi do
ABC = DBF {cang phy véi CBD ).

Suy ra A4ABC = ADBF (canh goe vubng — goc nhon).
Tir d6 ¢6 AC = DF (1) va ACB = DFB ()
Lai co AC // BD (cing vudng goc véi 4AB) nén
ACB=CBD =CBE+EBD . Ma EBC = ABC = DBF
nén ACE = DBF + EBD = EBF (3)
Tir (2) v& (3) suy ra EFB = EBF , tam gidc EBF cin
tail E. SuyraBE=EF=ED + DF =DE + AC. 0
F Nhin xét. Héu hét cac ban déu ké thém hinh phu nhdm tao
ra mit doan thing ¢6 do dai bang tong AC va DE, i chiing

minh doan thing do bing BE. Tuy nhién, chi duy nhat 1o giai
ciia ban A4 Lé Trung, 6A4, THCS Quang Trung, Thanh Héa

c6 chi ¥ dén gia thiét ABC < 45" dé 1ap ludn vé vi tri cua
cic tia BA, BC, BD, BF. Néu bo qua gia thiét nay, cic bién

ddi cong gd g dé dii vi két ludn cia bai toan co thé

khing co, ;
O NGUYEN THI QUYNH ANH
B/1479. Cho x va v Ia hai 56 thiee théa man diéu

2xy+ 2y =1. Tim gid tri lom nhat va gid

tri nha nhét cia bién thiee P=x* + 1% + (x+ J'}J.
Ldi giai. Ta co
P=x'+y*+(x+y)

=x* 1yt 4 (¢ +Ay+ 627y +Axy 1Y)
=20x* +¥*y? + y* + 27y + 2% + 2x%)%)
=2(x* + xy+ 3:3}3.

Béy gior ta tim gid tri nho nht va gia tri 1on nhét ciia

0 =x*+xy+ " nhu sau:

Cich 1. Do x* +2xy+2y° =1 nén

(F+ 29+ 48 142 1
= . A 2_ 1
0 1 x=0 x=0
=_<:> @ )
2 X +2xp+2y° =1 y=i%
2 : Yoo 3
Lai o6 0= S0+ 2+ (" +dxy +4y7)
2
- R
2 2



x=xﬁ'y=—£

3 x+2y=0 » 3

9 S = N o
2 X +2xy+2y =1 e
x=- 2;}'=T

T (1) va(2)tacd %EQS%, suy ra

2 2
2(l] EPEZ{E] = -]-EP*EE,
2 2 2 2

Véy gia tri nho nhét cua P la -;- khix=0,y= i—%;
gid tri 16m nhit cua P 1a % khi xzﬁ;yz—lg_z-

hoic x=—ﬁ;y=%.

Cdch 2. Néu y = 0 thi tir gia thiét x* + 2xy+2,% =1
suyra x* =1,nén 0 =1.
Néuy#0,dat 1== thi

¥

2+ xp+ y2

x4 2xy+2y°

% ra-1

T

& (O-D +(20-Dit+20-1=0
Néu Q=1this=—1.

Néu O #1 thi (*) 1a phuong trinh béc hai (4n ¢

(*) co nghiém thi A = (20-1)° —HO- 1) ﬁ‘]i‘ﬂ

‘

< 20-1)3-20)20< — <Q$

=_<:>;:U; :'—c:>f=—2.
¢ 2 Y 2

Tir dé ta ciling tim duge gid tri nho nhét va lén nhét
cia Pnhucach 1. 0
> Nhin xét. Da 56 cac ban gii bai déu giai theo mét trong
hai cach trén. Tuyén duong cdc ban sau ¢d 1o giai tot: Ha
Noi: Lé Tudn T, 9T, THPT din lip Lwong Thé Vinh:
Thanh Héa: Pham Anh Pic, Pé Cao Bdch Timg , 8B,
THCS Trin Mai Ninh; Ha Tinh: Hoang Qudc Khdrh, 94,
THCS Péng Lang, Piic Tho; Vinh Long: Ngwyén Vo
Thudn, 9A1, THCS Thi trdn Tam Binh; Phi Yén: Dam
Ngoc Hiéu, 9H, THCS Trin Hung Dao, DPéng Hoa;
Quing Ngiii: Lé Tuan Ki¢r, 8C, THCS Pham Vin Dong,
Nghia Hanh.

PHAM THI BACH NGQC
Bai T4/479. Cho tam gidc ABC cd AB < AC vé ngoai
.ra'r:l.-: dwong tron (). Canh BC .f.":'-;;rJ xuc dwong tron
() & D. Ké OF vudng gde vii doan thang AD tai 1.

Tia {0 cdar dwong trung true cua doan thding BC o K.
Chieng minh tir gige BIKC la e gidgc ngi tiép.

Lavi gidi.

Goi E, F lan lugt 1a tiép diém cia duong tron (0) va
CA, AB. Dé thay 4, E, O, I, Fcung thude ducmg tron

dudng kinh A0, ta ¢co AIF = AEF = AFE = AIE .

Suy ra /4 14 phan gidc EIF.

Qua B, C ké cac dudmg thing song song véi AD,
turong g cat cac tia IF, [E tai P, 0. Goi L 1a giao
digm cua AD va PQ. Taco

P LP _BD BF BF EA_BP 41 _BP

10 LQ CDO GE FAEC AL €0 CO
Mi BAOWPIA = AIE = EQC,

iIB_BF_ DB

¥
@!PBmMQC (c.g.c). Suy ra ~—
K. o oc
(* R 2,

Do dé BID = CID . Suy ra xIB = CIK , trong @6 tia
Ix 14 tia d6i coa tia IK.

Goi K' la giao diém thir hai cia 1O véi durdmg tron
(BIC). Taco K'BC=K'IC=xIB=K'CB.

Suy ra KBC=K'CB nén K' thudc trung truc cia
BC.Dod6 K'=K . Viy tir gidc BIKC néi tiép. O
3 Nhin xét. Tét ci cic ban tham gia gidi bai todn nay déu cho
10 gidi khong tot.

NGUYEN THANH HONG
Bai T5/479, Gia r,u-furwrg frinh

Vx? +28x +4 x+4
- -+ 8 =——+2x (1)
x+2 dax—1

Lai gigi. DK: x> [,
Cach 1. Ta co:

x-145 Vx© +28x+4
(1){:} '_I__l +2I——x-:'5——"8=0
1
5[Jx-l—2+m)+2[x—2v'x—l]+
{2_7&%2&”}:9
x+2
TOAN H
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2
= 5[«.."‘" x—1 ——#_;l___i} +2('Jx—1 —]]2 +
s Hx=-2) -0

(x+2)[2(x+2}+\fx2+281+4}

Jx=1-1=0
e d¥x-1-

x=2=0

=0 < xr=2 (thoa man PK).

|
Hx-1

Viy PT(1) c6 nghiém duy nhét x = 2.

Cich 2. Ap dung BDT Cauchy ta co:

_2(x+4) ol
X

x+4
>
VI

=2+§+2x22+2J-§.2x=10 (2)
x x

JA(x+2)? —3(x—2)? o
x+2
.
e e i (3)
x+2
Viy dé (1) xay ra thi déu ding thirc trong (2) va (3)

+2x

VT(1) =

cling xay ra < x = 2 (théa min BK). X
Na

N

Vay PT(1) c6 nghiém duy nhat x =2. 0
»Nhin xét. Cich 1 ding bién déi twong duong du
dang céc tong binh phuong dé tim nghiém. Cach

BDT Cauchy dénh gid hai vé, 6 101 gidl tuong 4%

ban tham gia déu giai bai nay theo cich 2. C cO Lo giai
tét 1a: Bdic Ninh: Nouyén Hitu Tudn Nw&\, THCS Thj
trin Chér, Yén Phong; Ha Nji: Lé Tudn To, 9T, THPT dén
lip Luong Thé Vinh; Thanh Héa: Pham Anh e, D6 Cao
Bdch Timg, 8B, THCS Trin Mai Ninh, TP. Thanh Hoa:
Nghé An: Nguyén Dire Pht, 9A1, THCS Nghi Huong, Cira
Lo; Nguyén Thi Linh Dan, 8D, THCS Ly Nhét Quang, Do
Lucng. Vinh Long: Nguvén V6 Thudn, 9A1, THCS Thi
trin Tam Binh; Ddng Thép: Ngwvén Phic Tang, 9A10,
THCS Kim Héng, TP. Cao Lanh,

TRAN HUU NAM
Bai T6/479. Cho cdc sé thue khéng dm a, b, ¢ théa
man ab + bc+ca = 1. Chimg minh rang

J3< \frlvu: +\."m+\."ll+c': —a-b-c=2,
Loi gigi. Trong tam gidc ta c6 ding thirc quen thudc
cot A.cot B+cotB.cotC+cotC.cot 4=1. Nhu viy
néu chon 4, B la cic géc nhon théa min
a=cotd,b=cotB thi e=cotC v4i C=n—-(4+B).
Ta co:

P:'J]+G‘2 +\.-"]+b2 +v{1+.t‘2 —a—-h-¢

TORAN HOC
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=/1+00t2 A+ 1+ cot? B + y1+cot> C ~cot A—cot B—cotC

1
e _I +——-—cotd—cotB—cotC
sind sinB sinC
L I+tanZE l+tan2£
b A2+ 32 ¥ CZ
2tan 2tan— 2tan —
2 2 2
l—tanzi l—tanzg l—taarl2£
i P 2 2
Ztam£ 2t::mE Ztang

A B C
= tan —+ tan — + tan —.
2 2
Sir dung déng thire quen thudc
tanitan£+ tanrj?-tan£+ tanEtani =]1. Tacd
) 2 2 2 2 2

.l

2 [ A B C]'
P* =| tan—+tan—+ tan—
2 2 2

[' B e '8 A] 4
23t n—+tan—.tan—+tan—.tan— |=3
“@'Q ‘Tl e i e

VHE &2\1@
i
| A b e
thic xay rakhi a =b=c=—. Mat khéc
V3

B =[tani+lan£+ tanEJ
2 2 2
=tan2£+tan2£+tan"‘£+2£}’+2
2 2 2

do tand,lan?—,tang*_f]. Chuyén vé, ta co
Z 2 2 5

(P+1)(P-2)<0= P<2. Ding thirc chi xay ra khi
trong lang,tang,tan% i it i i 1 At

mot gid trj 0 I diéu khong dat téi. O

» Nhin xét. Bai toan nay ¢6 kha nhidu ban gin 1oi giai va
c6 nhiéu 1&1 gidi khac nhau, Mot s6 ban ding céng cu lwong
gidc quén bién ludn tai sao minh co thé chon cic goc cla
midt tam gidce sao cho gid tri lwgng gidc ctand i a b, ¢

Céc ban sau day c6 161 giai to: Long An: Phan Ouy Lic,
lép 10T1, THPT chuyén Long An; Vinh Long: Chédu Minh
Khenh, 11T1, THPT chuyén Nguyén Binh Khiém TP. Vinh
Long; Bén Tre: Lé Ngé Nhdr Huy, 10 A1, THPT Lac Long
Quan TP. Bén Tre, Phan Thanh Dai Duomng, 10 Todn,
THPT chuyén Bén Tre; Tién Giang: [é Hoang Bdo, 11
Toén, THPT chuyén Tién Giang ; Quéng Tri: V& Thank
Long, 10T THPT chuyén Lé Quy Dbn; Thanh Hoba: Lé
Tién Par, 11A1, THPT Nong Céng 1; Hué: Lé Cém Thanh



Ha, 11 Toan 2, THPT chuyén Quéc hoc Hué; Quéang Binh:
Hdé Anh, 10 Toan, THPT chuyén V& Nguyén Gidp; Nam
Dinh: Neuyén Himg Son, 10 A2, THPT Lé Quy Dén, Truc
Ninh ; Ngh¢ An: Tran Tién Manh, 11A1, THPT chuyén
PH Vinh,

VU DINH HOA
Bai T7/479. Giai hé phwong trinh
(x® =21y+13
Wi 5 s (x+ 1'._\:‘ :
nv+1nx+s)~L;¢L

Lai gigi. Phuong trinh thir hai trong hé tuong duong véi

3l 7.2 ST A (I+J’}22
{x+_v) (Jf —xy+y ) (x +y ) —— =

2|3 0
x+y=0 (1)
= 3 s (x>
[xz —.1}'+}«'2] (x-l +}__4} = ( 2]-8) [2]
«THI. x+y=0.

Thay y=-x vao phuong trinh thit nhét trong déu
bai, ta duge: x° +21x-13=0

e::f[ix: +x—I}(.rr' —-x" + 20" =327 + 537 -8 +13J =0
Ta co:

x*—x® +2x* -3 + 527 —Bx+13

=x (1: —x+|}+r (x —3x+3)+2x —Sx+13® (x;y)=

(vi 2 —x+1>0 x* —3x+3:=-l] 2x° —~8x&>0)
nén phuong trinh twong dwong véi ‘:.

—14
x2+x—l=0¢:>x=—i$

Ta duge {_‘—;y}z[_l_\l'lg‘l+v@]‘[—}+sf§_1_\5]-

s B T
« TH2. Xét phuong trinh (2). Ta co:
4{x2 —1y+y3)—{x+y)2 = 3(::—}’]3 20

(x+)’
:;xz_'{v.‘.}szz;
4
3 [r+y:|°
:;-{x‘—xy+_v‘}2 56 (3)

Mit khac, 4p dung bit ding thirc quen thugc
isads (a+b)
2

, ta dugce
(2407) _ (xey)’
Ia+yd'2 > = ,V]
2 g

o (#ey) 2 B2 @
Tl 9
263 BT ST (x“*_y]z?
(x xp+y )(r +y ) 2—215 (5)

Dau ding thirc xay rakhi x =y .
Phwrong trinh (2) twong dwong voi diu ding thirc
trong (5) xayra. Nghiala (2) = x=1y.
Thay vio phuong trinh thir nhat trong déu bai, ta dwge
2 -21x-13=0
= (x2 —x— I)(x"’ a2 0 £ 5 B 13] ={.
Ta cé:
s gl Sl e s S R
=x (12 +I+l)+.¥2 (xz +31+3]+2x2 +8x+13>0
(Vi X4+x+1>0; ¥ +3x+3>0; 2x" +8x+13>0)
nén phuong trinh twong dwong vai

: 145

). —x=1=0&=x=
2

Tad %\x 7 [1—(1—;*’»],[|+2J§;|+2«EJ‘

hé phuong trinh trong du bai ¢6 bbn nghiém 1a

{5 145 (—1+¢’§_1—J§

g S Pl gt b P
1—-.5_]—0'3 I+~f§_l+~f§ A
R ity B )

= Nhin xér. Mot s6 ban chimg minh

)2 (xly}

(¥ + y3)] (J;" +y (6) va cho ring phuong
trinth thit hai trong hé twong duong véi x =y (thiéu truémg
hop x+y=0).

Luu ¥, bit dang thite (6) chi ding khi x+ y = 0 . Céc ban tyr
két ludn bét ding thire trong truomg hop x+ y <0

Khi gidi cic phuong trinh «* +21x—13=0; +* -21x—13=0,
mdt 6 ban sir dyng ménh dé :

Mgt hém s6 lién tuc F(x) ma pheong trinh [*(x)=0 co
nghigm duy nhat thi pheomg trinh [ (x)=0 cd khong qud 2
nghigm. Tuy nhién viéc chi ra hai nghigm cua phaong trinh
I khéng t nhién.

Céc ban sau diy c6 bai gial t6t: Quéng Binh: Hé Anh, 10
Todn, THPT chuyén V& Nguyén Gidp; Quéing Tri: Vo
Thanh Long, THPT chuyén L& Quy Dén; Nghé An: Trdn

Tién Manh, 11Al, THPT chuyén Dai Hoc Vinh; Séc
. TOAN HOC
S§ 485(9-2017) ¢ cl'ufiitgézg




Trang: Ldm Qyﬁc' Bao, 11A7, THPT Hoang Diéu, TP. Séc
Trang; Vinh Long: Chdu Minh Khdnh, 11T1, THPT
chuyén Nguyén Binh Khiém; Binh Phude: Nguvén Hodng
P, 11A, THPT chuyén Quang Trung; Long An: Newyén
Thi Ngdn True, 11T1, THPT chuyén Long An; Bén Tre:
Phan Thanh Bai Dwong, 10 Todn, THPT chuyén Bén Tre;
Ha Nji: Hoang Timg, 11 Toan, THPT chuyén KHTN,
DHQG Ha Ngi; Nam Binh: Nguvén Himg Som, 10A2,
THPT Lé Quy Bdn, Trge Ninh; Thanh Héa: Lé Tién Pat,
11A1, THPT Néng Cdng I, Nong Cong.

NGUYEN ANH DUNG

Bai T8/479. Cho tam gidge ABC va diém P ndm trong
tam gide. £, F theo thir tr la giao diém cua BP, CP va
AC, AB. K la giao diém cua AP va EF. H la hinh
chiéu vuong goc cua K trén BC. Diem M thudc dogan
AF. N la giao diém cia MK va PE. Chimg
KHM = KHN. :

Lot gigi, Gia sit R = BK m AC. Xét hai truomg hop:
Triecmg hop 1. MN // BC.

Vi AP, BR, EF dong quy tai K, nén (AERC) = -1
(I’Eﬁng diém diéu hoa co bc’ip] = B(AERC) = -1, tir do
két hop vai MN // BC ta thay K la trung diém cua MN.
Lai do HK L MN, suy ra AHMN cén tai H. Do dé
KHM = KHN.

Treong hop 2. MN khong song song voi BC (hinh vE)

minh rdang

Goi @ 1a giao diém ciaa MN v&i BC. Tt (AERC) = —1
= B(AERC) = —1. Xét phép chiéu xuyén tim B 1én
dudmg thing MO ta dugc (MNKQ) = -1, dan dén
HMNKO) = —1, két hop véi HK L HQ, suy ra HK,
HO wrong (mg 14 dudmg phan gide trong va dudng
phdn giac ngoai cua EHT“\-, do viy KHM = KHN
(dpem). O

»Nhin xét. Hau hét cac 11 giai giri vé Toa soan déu sir
dung sinh chér ctia chimm didu hoa dé giai bai todn nay. Sau
dhy 1a danh sdch cdc ban c6 1é1 gial tot: Lao Cai: Trdn Thu
Nga, 10 Todn, THPT chuyén Lio Cai; Ha Ni: Hoang
Timg, 11 Toan, THPT chuyén KHTN, PHQG Ha Néi;
Vinh Phiic: £ Trung Phwong, 11A1, THPT chuyén Vinh
Phic; Bac Ninh: Nguvén Ngoe Khdnh, 10 Todn, THPT
chuyén Bac Ninh; Nam Binh: Pham Neoc Anh, 10A1, Tran
Minh Hiéu, 11T2, Nguvén Thanh Huyén, 12 Toén 2, THPT
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chuyén L& Hong Phong; Nghé An: Tran Tién Manh, 11A1,
THPT chuyén ®H Vinh, TP. Vinh; Quing Binh: Hi Ank,
10 Toan, THPT chuyén Vi Nguyén Gidap; Thira Thién
Hué: Phan Hodng Minh #iic, 11 Toan 2, THPT chuyén
Qude hoe Hué; Quang Nam: Héng Thi Tra My, Dam Thi
Xudn ¥, 100, Truong Nhdt Nguyén Bao, 11/1, THPT
chuyén Nguyén Binh Khiém, TP, Tam Ky, Lé Ha Khiénm,
10T, THPT chuyén Lé Thanh Tdéng, TP. H§i An; Séc
Tring: Hupnh (Gia Bao, 1 1Al THPT chuyén Nguyén Thi
Minh Khai; Binh Phwdc: Trinh Hoang Hiép, 11A; THPT
chuyén Quang Trung; An Giang: Ngwvén Minh Uvén,
10T1, THPT chuyén Thoai Ngoc Hiu; Bén Tre: Dweng Lé
Hoang Higp, Phan Thanh Dgi Dwong, 10 Todn, THPT
chuyén Bén Tre; Long An: Phan Quy Lge, 10T1, THPT
chuyén Long An; Vinh Long: Chan Minh Khanh, 11T1,
THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO QUANG VINH

Bai T9479, Voi f: M — [N la mgt song anh. Chung

uven dwong a, b, ¢, d sao

f _fl,ru",l = fib) + flc).

Léi gidi. Vi sd nguyén duong # bat ki ta ki hidu
m = g(n) la o nguyén duong nho nhit thoa man
* 1, 2,..., n (t0n tai sd nguyén duong m
la todn anh).

s nguyén duong bat ki, b = g(a), ¢ = g(b).

0 fla) < Ab) <fc). Suy ra fib) + flc) — Aa) = fic).

minh rang ton igi cdac 50 ng

choa<b<c<dva {r.-,l

@ Lai do /12 toan énh, ton tai del ma

Aid)y=fb) + fic) - Aa).

Chay fldh = fic)yvac=g(b) = d=>c.

Nhuviytacoa<b<c<dva fla)+fd=Ab)+Ac). 0
#Nhdn xét. Trong chimg minh trén chi ¢6 gia thiét £1a todn
dnh duge sir dung. Hoan nghénh cac ban hoc sinh sau co loi
gidgi ding: Vinh Phie: £6 Trung Phweong, 11A1, THPT
chuyén Vinh Phic; Nam Binh: Nouyén Himg Som, 10A2,
THPT Lé Quy Dén, Tryc Ninh; Trdn Mink Hiéu, 11T2,
THPT chuyén Lé Hong Phong; Quang Binh: Hi Anh, 10T,
THPT chuyén V& Nguyén Gidp; Thira Thién Hué: Truong
Minh Tué, 12T1, THPT chuyén Quéc hoc Hué: Phi Yén:
Lé Thanh Léam, 11T1, THPT chuyén Lwomg Vin Chanh;

Soc Tring: Lam QH&C Bao, 11A1, THPT Hodng Digu.
NGUYEN MINH bUC
Bai T10/479. () cac

Cho ddy 54 mguven diong

thoamin 0<u_, —u, —u, <2voimoi mnzl.

Chimg minh rang ton tai hai 50 thiee diromg a,, a, sao
] 1 1

cho [:.r,ni | [c.':».Fi'. -

n<2017.

- = 1 s
€, < ELu;Jr] t [L'.'?rr|+l vai mod



(O day ki hiéu [x] fa 5o nguvén lon nhdt khing virot
g x).
Léi gigi. (Cta ban DG Trung Phuong, 11A1, THPT
chuyén Vinh Phiic)
Truée hét ta ching minh véi moi m,n e M thi

Mty =< Aty + 2) (1)
Climg minh bing quy nap theo m + n.
Vaim +n=2, khidém=n=1, (1) tré thianh
uy <, + 2, ta thiy (1) diing.

Giast (Dding véimoim+nmal2 <m+n<k Ta
chimg minh (1) dang v&i m + »n = k. Thit viy

o« Néum=nthi (1) < mu,, < m(n,, + 2), BDT ding.
o Néum > n: Xét cap s0 (m — n, n) ta co
m—-ntn=m<m+n=k

Do do theo gia thiét quy nap (m — iy, < /g, + 2).
Mat khdc tir diu kién dé bai u, + 11, , < u,,
= 1ty T tyn) = nldy. T do

(1 — ey, + nluy, + tgy) < Bt + 2) + nu,,
<> mu, < #lu, + 2).
o Néu m < n: Xét cip s6 (m, n—m)taco

m+tn-m=n<m+tn=k Dnd{&lhc{)giéw uy
nap it p, < (1 — )i, + 2). 3

Mat khéc, tir didu kién dé bai u, < u, *&Qﬂ )
= it € mltty m + iy, + 2). Thanh ll‘;@

Mty + Mk, < (1 — 82, + 2) + My + ty, + 2)
<> miy, < Ay, T 2). Viy (1) duge chimg minh.

-2 +
Trer lai bai togn. Tl (1) suy ra o B Jimne M

n m

. u L
Pat K= max (i— 1=—’—- :
1=ns2017) g el

#

['31”+2_1J=H,€,+2_L

n

L= min

1=p£2M7

U, w42
Do(l)co — < ——
P q

=50

Do w, = 1 nén Kz%—]zﬂ. Viy0<K<lL.

Chonm=1vaa e (K L), a, e K
Vaimoi | £n <2017, ta co:

H,o+2
. aznfif_.n‘_i["—

—1]n=uH+2—n, Suy A
n

[ayn] <u, —n+1. Dodo

[an]+[an]-1=n-1+[an]<n-1+u, —n+l=u,.

. aln}anfﬁ— )n-——un—n = [ayn]2u, —n
"

(dou, —neiZ vian>u,—n). Viy

[@.n])+[an]+1=n+1+[an] 2 n+14u, ~n=u, +1>u,.

Bii todn da duge ching minh xong. O

#Nhdn xét. Chi ¢d hai ban tham gia giai bai toan nay va chi
duy nhit ban Phuong cé 1o giai ding va hodn chinh.

DANG HUNG THANG
Bai TI1AR. Tim tdt cd cac ham sé | xae dinh va
."g’{_‘J.'T h@%_{ Ili-;"i‘flf”.'-‘_gr (_:{J J ﬁ: 40 ) Kol Jl',lr:

‘ < {x+2017
&Jﬂlh}:.ﬁ
o) Lx+2018

‘%\%K

2 L ANZT v ¥
LXH 4033x + 4066271 5 <2016
v+ 2018
Lai gidi. Viét lai biéu thirc cia gia thiét da cho:
N
j.{ﬂzmﬁ):f[ﬂzm?J

x+ 2018
+r2+4033_>c+2(}|6.201?—1
x+2018
Pat r=x+2016 v&d x>-2016, khi 46 ¢+ > 0 va

ta co:

f(r}zf.[:+1]+:2+:—1:f.[:+l]_r+l -

t+2 1+2 t+2) t+2

ﬁf(;]—t:_f[r—ﬂ]—r—ﬂ,v: 50 @)

(+2) t+2
t+1 t+1 r+1
b g{r):f[i‘]“f:'g[f+2]=f[r+2]_f+2‘
] b 1+1
Tir (1) ta co: g(f}:g[.ﬁ],wem;ﬂo)-
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Chon @ >0 tiy ¥, ta xdy dyng day s6 (x, ) nhu sau:
o=

i
BT twsl il
2

R
"

Khidé g(a)=g(x)=g(x)=...

Trude tién ta chimg minh day s6 trén cé gioi han.
That vay, gid sit b > 0 thoa min

=g(x,)=...

b=b+1:}b:—1+£.
b+2 2
Vib>0,x,>0,¥n=1273, ... néntacé:
x +1 b+]f ‘ x —b ‘
D_ _bz L - - M
Sheil s b+2| |(x,+2)(b+2),

1 1y 1Y
<—|x, =Bl <| = | |xp0 =B S| =] |x -8
4 4 4

Theo ﬁl.ﬂh l.):' k@p SUuy ra I'im|xn+| _b| =0= ]jlﬂI” =b.
LB

Vi ham fx) lién tyuc trén (-2016;+00) nén ham

g(r) lién tuc trén (0;+0). Tacd

—I+\."§

gla)=lim g(a) = Iimg{xﬂ}:g(lim x,,) = g[
Nhu vy, véi mei g = 0 ta luén co

—1+J§]

4
= g(t)=e, vt E{D;w

&
Thir lai, ta thay ham sé cin tim 13 f(x)=x+c,
¥x € (~2016;+x), c 12 hing sé tuy y. O

Siﬂ]=8{ >

= f(f)=1+c, ¥1 €(0;+).

»Nhin xét. 1) Dé bai cin sira: / xdc dinh va lién tuc trén

(0; +0) thanh £ xéc dinh va lién tue trén (—2016; +0) (vi néu

-1+ \E
2

x & (0; +=0) thi £ > 2016 va g khong xdc dinh 1ai )

2) Bién ddi vé dang thire (1) 14 méu chdt 161 giai ciia bai toan.
Trong cic bai gii vé& ¢ mot ban gidi sai, mdt ban 6 164 giai
khéng chat che. Céc ban co 1o1 giai tuong dbi it 1a: Quing
Binh: Hi Anh, 10 Toan, THPT chuyén V& Nguyén Gidp;
Nam Bjnh: Trdn Minh Hiéu, 11T2, THPT chuyén Lé Hing
Phong, TP. Nam Dinh; Binh Phwéc: Neuyén Lé Phi Long,
11T3, THPT chuyén Binh Long — Binh Phuréce.

NHU HOANG
Bai T12/479. Che diwcne trin (O) va hai diém B, C
co dinh trén (0). Mgt diém A thay doi wén (0) sao
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cho tam giac ABC la tam gidc nhon va co AB < AC.
D la mor diém trén canh AC sao cho AB = AD. BD
cét duwong tron (0) lgi diem E khac B. Hinh chiéu
vuong goe cuia E trén AC la H, hinh chiéu vuong goc
cua D trén AE la M. Pudnyg tron ngoai .f.rl;'p fam gidc
AMH cdit dwong tron (O) tai diém K. Diém N la hinh
chiéu vidng goc cua diem K trén dwong thang AB.

a) Chitng mink rang MN di qua trung diém I ciia BD.
b) Purdng tron ngoai J‘.":“E.':' tam gigc BCD va dwomg
fron ngogi H'f_jp tam gige AMH cdt nhau tai P va Q.
Chimg minh rang trung diém doan thang PQ luén
thue mét ducng thang co dinh khi A thay doi trén
duong tron ()

Léi gidgi. Ta ciin c6 mot bo dé.

Bo deé. Cho tam gige ABC, (OQ) la dwong tron
ngogi tiép. Diém P thuée (0). H, K, L theo thir tu
1a hinh chiéu ciia P trén BC, CA, AB. Khi dé H, K,
L thing hang.

Bd dé trén rt quen thude, khong trinh bay cich ching
minh & ddy. Trd lai giai bai toan T12/479.

a) Goi K ' NS diém cia DM va EH.

Vi :‘f' DM 1 AE;AH = AC 1 K'E

=LE 1 AK' va K thugc duong tron ngoai
tam gidc AMH.

2 ]
&Vi AB=AD vi BD=EB L AK' vi chi ¥ ring

AC L EH = EK' néntacéd
(AB,AK") = (4K, AC) = (EB, EK "Y(mod 7).

Do d6 K thude dudmg tron ngoai tiép tam gidc ABE.

N&i cach khae K thuge (). Vay K trung K.

Vi AB=AD va BD=EB | AK nén
Ki=KA 1 BD =BE,

Tir 46, chi § ting KN | BA; KM | AE, theo bd dé

trén, MN di qua .




b) Goi L 14 trung diém ciia AK. Vi AMK = AHK = 90°
nén L la tim dwomg tron ngogi tiép tam gidc AMH, ki
kigula(L). Vi AB = AD va BD 1 AK nén

(EK,ED)=(EK. EB) =(AK.AB) =(AC, AK) =(EC, EK)(mod ).

Két hop v&i EK L DC, suy ra EK 1a trung truc ciia
DC. Tir 46, chi v ring AK 4 trung tryc cia BD, Suy
ra K la tim dudmg tron ngoai tiép tam gide BCD, ki
hiéu 14 (K).

Dé thiy AK, BC, PQ theo thit tir I tryc déing phuong
cua cae cap dudmg tron (L), (0); (0), (K); (K), (L).

Do d6 4K, BC, PQ déng quy (tai 5). Tir d6, chi ¥
ring AK = LK, suy ra S Ia trung diém cua PQO. O

» Nhin xét. 1) Bii todn nay dé, sé ban tham gia giai kha
nhiéu, tuy nhién vin ¢ ban gidi sai. 2) Xin néu én 4t ca
céc ban giai ding: Lae Cai: Nguyén Thi Minh Negoe, 10T,
Nguyén Minh Hi¢u, 11T, THPT chuyén Lao Cai, TP. Lao
Cai; Nam Dijnh: Tran Minh Hiéu, 11T2, THPT chuyén Lé
Héng Phong, TP. Nam Dinh; Thanh Heéa: Lé Tién Dat,
I1Al, THPT Néng Cong; Ngh¢ An: Trdn Tién Manh,
11A1, THPT chuyén BH Vinh, TP. Vinh; Quéng Binh: /6
Anh, THPT chuyén Vo Nguyén Gidp, TP. Déng Héi; Thira
Thién - Hué: Neupén mfng Kién, 11T2, THPT chuyén
Quéc Hoc Hué, TP. Hué; Quing Nam: Trwomg Nhd
Nguyén Bdo, 11/1, THPT chuyén Nguyén Binh Khiémg
Ha Khiém, 10T, Tran Thién Thu Uyén, 10/1, THPT
Lé Thanh Téng, TP. Hoi An; Pha Yén: N,
Phueong Trang, 10T1, THPT Lucng Van C
Hoa; Binh Phwdée: Trinh Hodng Hiép, | PT chuyén
Quang Trung, TP. Béng Xodi; Long han Quy Lie,
10T1, THPT chuyén Long An; Bén Tre: Phan Thanh Dai
Duemg, 10T, THPT chuyén Bén Tre, TP. Bén Tre; An
Giang: Neuyén Mink Uyén, 10T2, THPT chuyén Thoai
Ngoc Hiu,

Kim
. Tay

NGUYEN MINH HA

Bai L1/479. Cho doan mach nhu hinh vé, Trong do
Ry = 30 Q, cugn cam thuan. Ddt vao hai ddiu doan
mach AB mét dién dp xoay chiéu cé gid trj hiéu dung
U =150 V va tan 56 f = 50 Hz thi cong sudt tiéu thu
trong mach bang 500 W. Noi hai dau cuén cam thudn
béing mét déy déan cé dién tré khéng déang ké. Khi do
dién ap hiéu dung trén cac doan AM va MO béng
nhau va f)f}"ng 5043 V. Xadc dinh dé tw cam L cua

cudn day.

R & Jis L
AT MGV 9 0 s

Léi gidi. Sau khi ndi tit cudn cam thudn, ta co gidn
db vecto nhur hinh vé.

Uk,

A

T~
Tf:gianaétacé:sinﬁ—— V3
R 2
:>|3=Evéu.=ﬁ,
3 3

Tl el s T =l Ry T2 B = 30D

= R, =Zyp cus,%:]s Q) ; Z. =153 (@)

Khi chwra néi it cudn cam thudn thi:

500 m
A
Q‘,l‘ 1,].!::+R2 Ty e
@% z——_45 (Q) . Mt khc :
"4

Z-= J{Rl +&,) +(2, -2,
=452 =452 +(2,-Z. ) > 2, =2, =153 ().

33

Suym: L=— (H). O
y 20::[}

»Nhdn xér: Chic mimg hai ban di c6 161 giai dung dé ra
ki ndy: Newvén Thanh Huyén, 11 Toan 2, triremg. THPT
chuyén Lé Héng Phong, Nam Binh: con mét bai giai
dang nira, nhung ban d6 lai khéng ghi ho tén va dija chi
nén toa soan khéng c thong tin dé viét tén ban 1én tap chi
khen ngen duge.

DINH THI THAI QUYNH

Bai L2/479. Nguoi ta bo tri hé nhie hinh
vé: Lo xo nhe L du dai, cé dp cung &, deiu
rén gin vao gid co dinh con dau dudi
treo N vt nho danh so theo thir e tir trén
N-1, N(vsi N=3). 1
Cdc vt cé khoi heong lin heor 1o W2

xuonglal, 2, ...,
My My, My My Gilka cde vt néi vai

nhau bang cac doan ddv nhe khéng co

TOAN HOC
! Clugilre
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ny dao dong
Léi giai. Mudn thoa min diéu kign bai ra thi cic day
noi gitta cdc vit phai luén cing. Sau khi dbt day lan 1,

bién d6 dao déng cia cc vt con lai la: 4 = ”’;3

my M, e m &
Ll
k

Diéu kién cén thoa man: 4, <

KHAI THAC...

Tuong tyr cho ldn dét day thir 2:
M Sy +nn+.tm, (2)

Dén lan dt day thir N— 2 thi didu kién la:
my =yt my

(N-2)

Vi 16 x0 ¢d thé nén nén ta khong cin diéu kién cho lin
dét thir N — 1.
Tir (1), 2)...., (N — 2) ta c6 diéu kién khdi lugng cac

vt can thoa man:

My = Hy + My my

b) Ta co:

<2(my+my)3m, 2" (m +my)

MAax #ty, = My + iy, = 2y, max my, = 2(m +m, ) = 4m,
Do dd bién d6 dao dong khi chi con m 1a:

m, +maxmy +maxm,;  Tmyg 3

A=
i % T

» Nhn xét. Rit tiéc khong c6 ban nao gii 161 gidi cho bai

Vit 1y nay
S

NGUYEN XUAN QUANG

_______________ _é‘«_____________

hi thir cua THPT

ki ‘gkwén Lao Cai) Cho ham I-I '
\ e i sO y=f(x) cb &6 thi | ,’;J
2 ikl o UL"'\."i d {f y=f'(x) cit truc Ox tai
1. Cho d6 thj cia ba ham s.fm=F TU¥Yy ba didm c6  hotmh 43 \
y=f'(x), y=f"(x) dugc v& A 0 hinh g<b<e¢ nhu hinh v ‘11\__(__3 /b t'7,i x
dudi day. Hoi dd thi cac ham so y=f(x), Ménh déndo dudi ddy la

y=f(x) v y=f"(x) theo thir ty, lin hrot
tuong rng voi dudng cong nao 7

¥
( }
RO\©
. ,’ :\. ,. I.'
(Cl!z, // 4 Fi ;".I | |
= e ) bt W W
—— —___‘ S / 4 \ | | .3
ERALT \ |I |

A (GG R(C). B. (G (G )i(G).

C. (GG R(G). D. (C(G ().

TOAN HOC
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dung?

A (f(B)-f(@)(f(B)-f(c))<0
B. f(c)> f(b)> f(a).

C. fle)+ fla)=2/(b)>0.

D. f(a)> f(b)> f(e).

3.Choham 6 y = f(x) c6 dao ham

F(x)=(x= 1){ ](x —4].
S6 diém cyc tri ciaham s y = f(x) la
A. 3.
4

B. 2.
1 S



GJJU ‘BJ{?

DOT MOT
Bai 1. HINH VUONG VA TAM GIAC VUONG VOI 2017
a) Tim hai hinh vudng voi s6 do cde canh la s6 REUyEn
sao cho 1ong dign tich hai hinh vuéng dé béng 2017.
Hav Idp lugn dé Ioi giai can it phép thie nhd.
b) Hay tim cde tam gide vuéng 6 s6 do cde canh déu Ia
56 nguvén sao cho 6 do mot canh héng 2017,
Li gidi. a) Goi 50 do hai canh hinh vuéng 13 m, n vd m
< Tw2017=m"+n" cbd W <2017<2n’ suyra32<n
< 44, Ta ¢6 thé han ché sd ln thir déi véi » nhu sau; Xeét
s6 du khi chia cho 10. Chir s6 tén ciing ciia mét sb chinh
phuong chi cé thé 1a 0, 1, 4, 5, 6, 9 ma téng hai sé chinh
phuong (biing 2017) cé tin clng 1a 7 nén m” va #* chi ¢d

PO VUI NGAY HE 2017

Bai 2. TAM GIAC NGUYEN !

Tam gide nguyén la tam gide co dg dai cdac canh la cde
56 nguyén. Khing tinh dén dom vi do, hdy tim tdt ca cde
tam gide nguyén co chu vi bang di¢n tich.

L gigi. Goi a, b, ¢ 1a d§ dii 3 canh tam gidc nguyén

cintim (a.b,ceZ'), va gid st a<b=c. Tigid thiét ta

a+h+e

c6: \[p(p—aXp—b)p—c)=2p (1) véi p=

Pat x:\&mg_a:ﬂ, y=p—b= “;_‘5 =0,

at+b-c

>0=x+y+z=p,xzy2zz

thé c6 chir sé tin cing 1a 1 va 6, do d6 chir s6 tin cligg ¥ Khi d6 (1) trés thanh:

ciasbnchicothélal, 4,6,9 Thvdi n bing
39, 41, 44 (chi ¢in 5 phép thir) tim duge n%
nhit 14 2017 = 9+ 44°, R

b) Gia sir 2017 1a canh huyén va m, rg i canh goc

vudng clia mot tam gidc vadng.
Do (#° +m’) = (n* - m’) + 4m* n* nén
2017° = (447 + 9= (44 - 9 + 4.44°9°
= 1855" + 792",
Viy ton tai tam giac vudng c6 ba canh 14 792, 1855 vi
2017. Gia sir 2017 1a canh goc vudng cia mdt tam gidce
vudng co canh huyén la # va canh goc vudng 1a m thi cé
2017 =n’—m’ = (n— m)(n+ m). Do 2017 1 sb nguyén
t6 thi chi xay ra n—m=1va n+m=2017" = 4068289,
nén p=2034145va m=2034144  tlr d6 b
2017°+2034144° = 2034145,
Nhu viy ton tai tam gidc vuéng cd ba canh la 2017,
2034144 va 2034145,

DAN QUYNH (Ha Noi)

Jx+y+mz =2x+y+2) e nz=4x+y+2) (2).
Néu x, y, z khong nguyén thi VT(2) khéng nguyén,
VP(2) nguyén, (2) khéng xay ra. Viy x, y, z phai la cic
50 nguyén duong. T (2)tacd xyz=4(x + y +z) £ 12x
nénz <yz<12,dodd z< 3. Xét ba trudng hop:
1)z=1, thay vao (2) duge xy=4x +4y + 4
= (x— 4)(y—4)=20.Do(y -4V s (x — 4¥y —4)=20
nén y — 4 <4, Taconghiédm (x;y:z)la:

(24;5; 1), (14:6; 1), (9; 8 1).
2)z =2, thay vao (2) duoc xp=2x + 2y + 4
=(x—-2y-2)=8 Do(y— 2y s(x— 2}y— 2)=8
nén y — 2<2 Taconghiém (x;y;z) 14

(10;3;2), (6:4;2).

3) z = 3, thay vao (2) duge 3xy =4x + 4y +12 < 8x + 12
=y -8 <xy-8<12= 3 -8y-12<0

TOAN HOC 35
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4+4/52
3

(2) thi x khéng nguyén. Viy cé 5 tam gidc thoa man dé
bai, trong do c6 2 tam gidc vudng:

=lgy= <4. Doz=3<ynény=3, thay vio

X ¥ £ Xtz =p @ b 4
24 5 1 30 4] 25 29
14 6 1 21 T 15 20
9 8 1 18 9 10 17
10 3 2 15 5 12 13
f - 2 12 6 8 10

Thur lai ta thé.y Cac gid i @, b, ¢ tim duge thoa man bai
toan.

NHU HOANG (Ha Ngi)
Bai 3. PHAN CHIA MOT TAM GIAC BEU
Cho tam gidc déu ABC. Hay vé doan thing DE véi diém
D thuge canh AB va diém E thuéc canh AC sao cho doan
thang DE ngdn nhdt v chia tam gige ABC thanh hai

phan cd dién tich bang nhau.

Léi gidi. (Cia ban Vit Thanh Théo, 11 Toan, THPT Son
Tay, Ha N§i)
AABC déunén 4B = BC = CA. Theo gia thiét, ta ¢ :

1

1
Spr=—8Spe & -ADAEsinA=

L5
2 2 Z32

< ADAE = %ABz. Ap dung dinh i Cf;%%’fho
AADE va sir dung BBT Cauchy ta cé: .FQQ’
DE* = AD® + AE* =2AD.AE.cos A

=AD’ + AE® - AD.AE

224D AE — AD.AE = AD AE = -;-AB’

= DE 2 “'—23. Ding thic xay ra khi

A

iD= AT DA A&
V2

Véy ta vé doan thing DE // BC e

sao cho AD:AE:E thi DE co d§ dai ngan nhat va

chia tam gidc déu ABC canh @ thanh hai phén c6 dién
tich bang nhau.
VIET HAI (Ha Nji)

3 6 T?gll"_iug%(c Sé 4e5(9-2017)

POT HAI
Bai 1. CAT GHEP HINH VUONG
Ba tam bia hinh vudng co carh twong wng la 4 cm, 13
cm va 16 cm voi mdr trén mau xanh, mdt dudi mdu
trang. Ban tim dwge bao nhiéu cdch cdt ba tam bia do
thanh cdac da giae voi hai conh chung dinh vudng goc
viri nhau dé ghép lgi dwge mot hinh vudng mau xanh
canh la 21 cm sao cho s6 da gidc bi céit ra la it nhdt ?
Biét r&ng hai kiéu cdt ghep coi la nhie nhau néu méi da
gide bi cdt ra ciia kiéu nay chong khit lén mét da gide
citng mau ciia kiéu kia.
tht ca cdc da gide bi cit ra ma khong chém 1én nhau. S6
da giac it nhét bj cit ra dé ghép 1a 6.

Cac hinh 2, 3, 4, 5 dudi day (twong img véi 4 cach cit
ghép) chi ra cdch cit ghép cic da gidc bi cit ra thinh
hinh vuéng canh 21 e¢m, trong d6 goi hinh vudng canh 4
cm la a, hirih yuong canh 13 ¢cm 14 b, hinh vudng canh

16 cm 14 ¢ XN cic hinh 2, 3, 4, 5 ¢6 thé thay déi vi i

cac higl nhit bang nhau, nhung van chi la mot cach.
« & "

Ng d6i xtmg cua cac hinh 3, 4, 5 qua dudmg trung

cua canh day hinh vudng 21 cm ta duge thém 3 cach

AB ACsin 4 ‘\%ﬁ't ghép khac. Néu ta chia hinh vuéng canh a thanh 2

phén, hinh vudng canh b thanh 3 phin thi c¢6 thém céc
cach khiéc.

a4 4 |
—1 > C4 a | a C3
s
oy
€3 b b
Hinh 2 Hinh 3
=] a
1 c 1
3  He, Cy —
& G
0-1 C-I
b b
Hinh 4 Hinh 5
VIET HAT (Hi Noi)



Bai 2. THANG 6 NAM 2017

Trén bang ta viét tat ca cde 56 tir | dén 2017. Héi xéa
ngdu nhién nhiéu nhdt bao nhiéu sé dé trén bing chéc
chdn ton tqi 6 56 va tong ctia ching ?

Lavi gidi. X6a nglu nhign 332 sb, ta goi cic s6 con lai

trénb'cing: A< <a< ... S

Vi ml 1= 1. vee g 1685, ta co: dyeps — & = 1685 —i

= 20172 ayges 2 a,+1685—i = g, < 332+,

Dodd: aj+a;+a;+ a, < 1338< a3 —as

=S=a+m+tatatas < ape.
Ta ¢6 2 ddy nam trong khoang tir 1 dén 2017
dg<dar<...

=685

s —S<aus—8< ... <ayges— S

Ca 2 diy cd 1680 + 342 = 2022 s6. Céc sb ndy nim
trong khoéng tir 1 dén 2017 nén khéng thé khac nhau
timg d6i mot. Suy ra ton tai 2 sé thude 2 day sao cho
@, = dy, — 8. Do do trén bang tn tai 6 sb:

qitat atagtasta,=a,.

Miit khéc néu x6a di 333 sd nho nhét thi tong 6 s6 bm ki ,&

trong cdc sb con lai 1én hon hoac bang

334 + 335+ 336 + 337 + 338 + 339 =2019 v 30
I6n nhét con lai trén bang. Viy xéa ngi
nhét 332 s6 dé trén bang chiic chin tf")rhé.sf; va tong

nhiéu

cua ching,
NGUYEN HIEP (Ha Noi)
Bai 3. xOA NHUNG CHI 80 NAO!

Cho 56 A = 1234567891011...
cdc 56 viét lién tuc tir 1,2, 3, ...,
102 chit 56 trong 56 A dé dupe s6:

100101102 (gom tdp hop
dén 102). Héy xba bo

a) ¢ gid tri lom nhat:

b) ed gid tri nho nh.

Lévi gidi. S6 da cho ¢6 198 chir s6, s6 ¢6 dwoc sau khi
gach bo di 102 chit 86, 1a s6 gbm 96 chit s6.

a) Cic chit s6 diu cia s6 ma ching ta quan tim phii ¢6
gid trj Iém nhét. Chiing ta ¢6 thé x6a b6 102 chir sb trong
s0 ¢6 198 chir s6 da cho sao cho 96 chir sé con lai tao

thanh s duge bit diu véi 5 chit 6 9, 5 chir sé 9 ndy co
thé Iy tir céc 56 9, 19, 29, 39, 49 bing cich loai bé

8+19+19+19+19 =84 chir sb.

Ching ta khéng thé thiét 1ap chir s6 tiép theo 1a 9 vi chir
s6 9 gin nhét chira trong s6 59 va ching ta phai xoa bo
thém 19 chir 56, khi d6 da x6a bo di 84 + 19 = 102 chix
s0. Chir s ta thiét ldp tiép theo 1a chit sé 8 chira trong sb
58, khi d6 ta s& xda b thém 17 chir sb nira, tdng cong
da xda bo 84 + 17 = 101 chit s, va ta duoc sé:
999998596061...101102.

Ta chi phai x6a | chit s6 nixa 14 s6 5 trong sé 59 dé duoc
chir s6 phai tim 13: 99999896061...101102.

b) Mt chir s n (khac 0) s& vin la chinh né néu ta vié
thém thy y céc chir 56 0 & bén trdi cia n. Nén dinh hudng
trude tién cia ta 1 cAn xéa bo thé nao do dé chir sb cin
tim ¢ nhiéu chir 6 0 nhét & bén trai. Chiing ta c6 thé ¢o
dugc sb phai tim, sau khi xéa bo 86 chir s dé dugc sb
bit ddu voi 5 chir s6 0: nhimg chit s6 0 nay chita trong
céc s 10, 20, 30, 40, 50; sb cac chit sé sd loai bo Ia:

i

@+ 19+ 19+ 19 + 19 = 86 chit sb.

duge sé: 000005152...6061...102,

&f) tiep theo 5 chir sé 0 vira thiét lip khong thé 1a
hir 56 0 chira trong s6 60 vi khi d6 ta s¢ loai bo di 86 +
19 > 102 chir s6. Ta loai bo chir sé 5 trong s6 51 dé duge
chir sé tiép theo 1a | va durgc sb -

000001525354, .606162...102.

Chir s6 tiép theo khong thé 12 0 trong s6 60 (vi khi do céc
chir s6 loai bo s& > 102), nén ta loai bo chir s6 5 {trong s
52) @& duoe chit sb tiép theo 14 2. Pén day ta di loai bo
8R chir s dé duoe sé:
0000012535455...606162...102.

Chit 56 tiép theo khong thé 13 0 trong sé 60, nén ta loai

b0 56 5 trong sb 53 dé duge chit 6 3 tiép theo. Pén day

ta d4 loai bo 89 chir s6 dé duge sb:
000001235455, . 606162...102.

Dén day ta thiy c6 thé thiét lap chit sé tiép theo 1a 0

trong s6 60, va di logi bo di 89 + 13 =102 chir sb dé

duge sé 0000012306162...102.

Bo di 5 chit s6 0 dimg & dau, ta duogc sb cin tim la:

12306162...102 (gbm 91 chit sé).
NHU HOANG (Ha Nii)
) TOAN HQC
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1. Cheiu Minh Kheinh, 12T1, THPT chuyén Nguyén Binh Khiém, Vinh Long.

¢ Giai Nhit {1 gidi)

# Giai Nhi (2 giai)

1. Hodng Minh Ding, Té SA, Té dan phd 2, Phuéng Dong Son, TP, Pong Héi, Quang Binh.
2. Vit Thanh Thao, 11 Toan, THPT Som Tay, TX. Son Téy, Ha Nji.

“r Gidi Ba (3 gidi)

1. Cao Ngge Todn, Gido vién THPT Tam Giang, Phong Dién, Thira Thién Hué.

2. Lé Tri Phii, 11T1, THPT chuyén Long An, Long An.

3. Nguyén Van Ban, Doi 4, Pom Lét, H. Dién Bién, Dién Bién,

# Giai Khuyén khich (3 gidi)

1. Nguyén Hiong Giang, 11A13, THPT Nggc Tao, Phic The, Ha N§i.
2, Lé Ngé Nhgt Huy, 10A1, THPT Lac long Quén, TP. Bén tre, Bén tre.
3. Ham Ngoc Hiéu, 9H, THCS Tran Humg Dao, Dong Hoa, Phi Yén.
Giai thwong caa Tap chi
Giai Nhat: Gidy Chimg nhin + Cudn dong tap Tap chi TH&TT nam 2016 + Tién thuémg,

Giai Nhi: Gidy Chimg nhan + Cudn déng tip Tap chi TH&TT nidm 2016 + T
Giai Ba: Gidy Chimg nhin + Cudn dong tap Tap chi TH&TT nam 2016 +
Ciiai ]{huyen Khich: Gidy Ching nhin + Cudn déng tip Tap chi TH&

1 gap dia chi méi cia minh vé Toa soan dé nhin ¢

ban doat § 'J 1 U

PROBLEM...

Fian thea tran
Liep theo trang

FOR MIGHSCHOOI %”

Problem T6/483. Solve the followmw%m of

equations (a is a parameter)
2.1:(}'1 +a’)= y{y3 +9ui§

2}1{32 +a*)=z(z* +94d).
2z(x* +a’)= x(xj +9a%)
2013

Suppose that x=—— is a
e 2015

Problem T7/483.
solution of the polynomial
. 2
f(x)=ay+ax+ax +..+ax"eZx]

Can the sum of the coefficients of fx) be 20177
T8/483. Given three
(O R), (O;R,), (Oy:Ry)  which are pairwise
externally tangent to each other at 4, B, C. Let » be
the radius of the incircle of ABC. Prove that

R +R, + R,

63

Problem circles
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thrdmg.
uimg,
2016.

himg nhan va Ting pham cta Tap chi.

¢%’f’mhlvm T9/483. Given positive numbers x, ), z

satisfying x* +y* -2z + 2xy+ yz+2zx < 0. Find the
minimum value of the expression
gy
A P _}’4
TOWARDS MATHEMATICAL OLYPIAD
Problem T10/483. Find the maximum value of the
a+b(a+c +b+d]
C+der+a' b+

4 4
U +z0 oz +x
P 2 +

expression 7' =

where a, b, ¢, d belong to [%, %}

Problem T11/483. Let R(f) be a polynomial of degree
2017. Prove that there exist infinitely many
polynomials P(x) such that

P((R" ())+ R())+1) ~2) = P* (R (1) + Rty +1)

Find a relation between those poynomials P(x).

Problem TI12/483. Given a triangle ABC. The
incircle () of ABC is tangent to 4B, BC and CA at
K, L and M. The line ¢ which passes through B and is
different from A8 and BC intersects MK at ML

respectively at R and §. Prove that RIS is an acute
angle.
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KHAI THAC MOT BAI TOAN HAY TU 6 7o
OLYMPIC HINH HOC SHARVGIN NAM 2017

NGUYEN VAN LINH
(SV Khoa Todn, Tridng PHSP Ha Noi)

%@c thi Olympic hinh hoc Sharygin ldy tén tr nha

su pham néi tiéng I.F. Sharygin. Péy 14 mdt cude thi
do Nga 16 chirc v m& réng ra quéc té. Nhimg nim
gan day, nhidu hoc sinh Viét Nam da lot vdao vong
chung két va dat dwoc mét sd thanh tich déng ké.
Dién hinh 1a Nguyén Huy Hoéng timg doat Huy
chuong Bac IMO nam 2015 1a thi sinh Viét Nam déu
tién gidnh dugc Huy chwong Bong Olympic Sharygin
nim 2013,

Nim nay vong chung két cuée thi Olympic hinh hoc
Sharygin dién ra tai Moscow trong hai ngay 31/7 va
1/8. Trong do ngay thi thi hai ¢6 mdt bai toan cia
khéi 9 kha thii vi nhu sau.

(U vor BC. Chung minh rang BP = CO. //%
Sau diy ching ta s& dua ra loi gidi cho @iﬂ nay
va tim cach khai thic mo rong no. Q.

Lai gidi. (h.1) Goi (J) la dudmg tron (4EF), S 1a giao
cua hai tiep tuyén chung trong cua (4EF) va (I,);
(1).(K) lan lugt la duong tron ndi tiép tam gidc
ABC, SPQ; (I).(K),(I,) lan lugt tiép xiic véi BC tai
D, D', T, L ladiém dbi ximg véi T qua J,

TacdJ4 // L,Lva § 14 tim vij ty trong cla (J) va
(7,) nénbadiém 4, S, L thing hang.

Lai c6 A4 12 tim vi fu ngoai cua (/) va (I,) dong
thvi 1D // I,L nén A, D, L thing hing. Do d6 bon diém
A, S, D, L thing hang.

Mat khic, § la tdm vi tr ngoai cva (K) va (1,)
déng thid KD' /f IL nén S, [, L thing hang. Suy ra
D'=D. Tird6tacd DP=TQ. Ma DB=TC nén
BP = CQ.
C6 thé thi
kién

trong 1o gidi bai todn 1 chi sir dung dén dir
C , do do tamé rong bai todn 1 nhur sau.

xe:
SR>

] /
TNE el =
Ae— _/_>(- ® ?"

" ._ i Q/

NI ]/

Y .-': "I'?fl{’. i
N, A4
N/

Co thé. giai hoan toan twong ty bai toan 1 véi hru ¢
ring néu goi J 1a tim cia (AEF) va AH 1a duong
cao cla tam gide AEF thi 4J va AH dang gidc trong
BAC . Déng thoi EF déi song vi BCnén AJ | BC.

Néu thay duémg tron bang tiép (7,) bing duéng tron
ndi tiép (/) ta thu duge bai todn trong tu bii 2.

o ).

ngogi Hep dwong 1

Bai 3. Cho tant gidc ABC

Mot dicang tran bt ki gua B, € cdt AC, AB lan i

TOAN HOC
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tai E. F. Tiép u-*_v:sfn chung ngoai ciia (AEF) va (1)
cit BC tai P, Q. Chimg minh ring BP = CQ.

Qua khai théc, ta phat hi¢n mét tinh chat kha dep lién
quan tdi hinh v& cha bai todn 1, dé 1a dudng tron
dudng kinh PO tiép xtc voi (AEF) va (0).

Ta s& phat biéu tinh chat nay trong truéng hop tong quat.
Bai 4. Cho tam gide ABC ngi tiép dwong tron (0),
ngoai tiep dwcng tron (). Mot dieong tron tdm J bat
ki gua B, C cat AC, AB lan heot tai E, F. Tiép tuyén
chung ngoadi cua dwong tron (AEF) va duong tron (1)
ciit BC tai P, Q. Chimg minh rang dwong tron (J, JP)
tiép xiic voi (O) va (AEF).

Léi gigi. (h.3) Goi K, M lan luot 13 giao diém cia
phén gidc BAC voi (AEF) va (0); L li tim cia
(AEF).Ta ¢é K la diém chinh gitta cung EF ctia
(L) nén L, K, J thing hing. Theo bai 2, ta c6
AL I BC . Chimg minh tuong ty 40 L EF nén
ALJO 1a hinh binh hanh.

Do d6 JK =LJ-LK = AO- AL =0OM -OJ = JM.
Nhu vy (J.JM) tiép xtic véi (Q) va (L).

Lai theo bai 1, BP=CQ nén JP=JQ . Viy ta chi
cén chimg minh tir giac PKOM nii tiép.

Do MP=MQ nén ta can chimg minh KM la phan
gide cla ﬁf{j

Goi X, § lan lugt 13 tiép diém cua tiép tuyén chung
qua P cua (L),(f) v&i (L),(0); ¥ la tiép diém cla

S6 483(9-2017)
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tiép tuyén chung qua Q cua (L),(I) véi (L) . Gia sir
dudmg tron (1) tiép xic véi BC tai D.

Ta ¢6 IS // LX, ID // LA nén ALX +SID =180 . Suy
ra ﬁb%ﬁ = 180° hay PID = XAL.

Tir 46 AX // IP. Ta thu duge PIK = XAK = PXK hay
tir gide PXTK ndi tiép.

Tuong ty ta ¢ tir giac QYIK ndi tiép.

Suy ra PKM = PXI = IYQ = MKQ (do PX va QY
dbi xing nhau qua L7). Ta ¢6 dpem.

Nhin xét: Ta lai thay duémg tron ndi ticp (/) thanh
dudng tron bang tiep (/) voi P', O'la giao cia tiép
I:uyén chung trong cua (AEF) va (I,) vai BC thi
(J,JP') van tiép xic voi (0),(AEF) lan luot tai M,
K. Dodo P'=P 0 = Q. Tathu dugce bai toan sau.
Bai 5. Cho tam gide ABC ngoai tiép dieomg tron (1),
voi (1,) la dwomg tron bang tiép géc A . Mot duimg
tron bt ki qua B, C cdt AC, AB lan luot tgi E, F. Mgt
tiép tuyvéin QMg ngodi ciia (AEF) va (I) cdt BC tai

Hinh 4
Sau day ta phat biéu bai 4 dudi dang khac dep hon
nhr sau.

Bai 6. Cho n gide ABCD ndi tiép diomg tron (0).
AC giao BD tai P. Goi (I),(J) ldn luot la dieing
tron ngi tiép cdc tam giac PCD, PAB. Hai tiép tuyén
chung trong ciia () va (PAB) cat CD tai E, F. Hai
tiép tuyén chung trong ciia (J) va (PCD) cdt AB tai
K, L. Chiimg minh r&ng R LK m‘tr:fg thude mot
dwomg tron fam O va dwdng tron nay liép xie voi hat
dwamg tran (PAB), (PCD) (h.5).

Tét nhién 4 diém L, K, E, F nim trén cac tiép tuyén
chung ngoai cua cdc cdp duong tron (PCD) va
dudng tron bang tiép goc P cia tam gide PAB,



dudmg tron (PAB) va duéng tron bang tiép goc P
cla tam gidc PCD.

Hinh 5

By gi6 ta tim diéu kign dé cap tiép tuyén chung trong
cia mdt dudng trom (J) di qua 4 va dudmg tron ndi
tiép tam gidc ABC cét BC tai hai diém P, © thoa man
BP = CQ . Ta thu dugc két qua sau.

Bai 7. Cho tam gide ABC ngogi tiép dieomg tron (1),
vdi dwomg tron (1) bang tiép goc A. (1) tiép xic vdi
BC tai T. Dueimg trung truc cuia AT cdr 1,T tai K. J k

diém bat ki wén AK sao cho diromg tron (J, J4) \@
i)

chung trong cua (1) va (J, J4) véi BC. C} minh

ngoai nhau. Goi P, Q la edc giao diém ciia I."{ssaq
rang BP = CQ.

Hinh 6

Léi gidi. (h.6) Goi S 14 giao diém cua hai tiép tuyén
chung trong cua (J) va (7). Dyng dudmg trén
(K, KA) thi (K,KA) tiép xiic v6i (J) tai 4 va tiép
xtic vai (7,) tai T .

Ap dung dinh 1y Monge-D'Alembert cho ba duémg
tron (1),(K),(J,) ta thu dugc tim vi tr trong cla
(1) va (K) nim trén AT,
Lai 4p dung dinh Iy dinh Iy Monge-D'Alembert cho
ba duong tron (J), (/). (:K) ta thu dwge tim vi tr
trong cua (/) vd (K) nam trén 4S. Suyra 4, S, T
thing hang.
Goi D la tiép diém cua () véi BC, R 1a didm déi
ximg voi D qua . Tacd 4 1a tdm vi tr ngoai cua
(7) va (1,) nén 4, R, T thing hang. Suyra S, R, T
thing hang. Tir 46 T 1a tiép diém cia duemg tron
bang tiep gbc § cia tam gidc SPQ véi PO. Suy ra
DP=TQ .M DB=TC nén BP=CQ.
Khai thac cAu hinh cia bai toan 7, tic gia tim ra bai
toan sau.
Bai 8. Cho tam gidc ABC néi tiép dwomg tron (0),
ngoai 1iép domg tron (IN. M la diém chinh giiva
cung BAC ciia (0). Goi E, F I hai diém bt ki trén
BC sao choqBE = CF . Tir E, F ké tiép tuyén d,d,
fhac B 1) . Ching minh rang ton tai mgt diwong
rondMYdi qua A va tiép xic véi dp,d. ,(MEF).
xét, Ngugc lai néu cho mét diém P chuyén
ng trén (®). Tir P keé hai tiép tuyén t6i (7) cit
BCai K, L thi (PKL) tiép xiic v6i hai duomg tron ¢b
dinh, trong d6 mot duémg tron 13 (MEF) , mét dutmg
tron di qua giao diém cta hai tiép tuyén chung ngodi
cua (f) va(w)véi BC vatiep xic véi (o).
Dé két thiic bai viét, moi ban doc thir chimg minh mét
tridmg hop dic biét cia bai todn 4.
Bai 9. Cho tam gidc ABC ngogi tiép dweomg tron (1)
va (1,) la duong tron bang tiép géc A. Goi P, Q lin
hegt la tiép diém cua (1) va (1) véi BC, M la
trung diém cua 1l o AH la dwong cao cia tam gige
ABC. Chimg minh ring ducmg tron (PMQ) tiép xic
Vi duwemg tron duomg kinh AH.,

Tii ligu tham khio

[1] Sharygin Geometry Olympiad 2017.
http://geometry.ru/olimp/2017.php

[2] AoPS topic Mixtilinear incircles and somehow
Poncelet’s porvism,

https://artofproblemsolving.com/community/c6h1861
17p1022749
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TIENG ANH BUA BAE BAI TBAN

BAI SO 24

Problem: Prove or disprove the statement: “The

Junctions f(x)=sinx" is periodic”

Remark: For this problem, we will use the following
facts about periodic functions which were given in the
same section of the previous issue.

Let f:E—R be a differentiable and periodic

function. Then

(1) / is bounded, i.e.
|f(x)| = M, vx,

(ii) /" is also a periodic function.

there exists M such that

Solution: We will show that f(x)=sin x* is not
periodic. Assume that it is periodic. By (ii), its
% is periodic. And then, by

is bounded. But

derivative f'(x)=2xcosx

@ fY(x)=2xcosx" the later

]

y==3;y=2;a

Hem can:

4

Rorang 1a lim f

J.—l-l--(.

Theo dinh nghia, d6 thi ham s6 ¢6 hai du

Lai giai, Chung ta xdy d@m s6: fx)=
®

statement fails. We can see this by choosing the
sequence x, =+/2nm, the corresponding sequence

Flx,)=22nncos(2nm)=22nx  is  clearly
unbounded.  Therefore the given  function
f(x)=sinx” is not periodic.
TU VUNG
disprove bac bé
statement phét biéu (ménh d&)
section mue, chuyén mue
issue . 56 bao
unhounded : khong bi chin

NGUYEN PHU HOANG LAN
(Trucmg DHKHTN, PHOG Ha Noi)

Bai toan. HHdy xday dung mor ham \.‘\$ cho dd thi ctia né co 4 (va chi ) durcing
x =0 vaj

i 2 nfux=1

=3I nfux=0
. trong cdc truomg hop con lai.

=2 va lim f(x)=-3.

r——a

¢m cdn ngang la y = -3 va y = 2. Biy gid ta tdp trung vao “cdc

dwemg fiém cgn dung”. Ta s sir dun gk&o luong gidac v =tanx, —? <X :: = vidd thi ctia ham 50 ndy co cac

dutmg tiém cin dimg x= -E vl x=— tuong tu nhir yéu ciu cia dé bai. Ching ta can chuyén dbi tir khoang

2
TR
22

[——;—} thanh khoang (0; 1). Pé lam duge didu do ta thay ham s6 y = tanx boi ham s v=tanm(x—10,5). Ta

nhén v&i mt dé diéu chinh chu ki tir © vé 1 va trir di 0,5 dé tinh tién dé thi sang phai 0,5 dom vi. Do do ham s0:
2 néux =1

flx)=7-73

néux =<0

tanm(x —0,5), trong cac trudng hop con lai

s& thod mén véu cau cia bai toan.

Céu héi: Co thé xdy dung mdt ham s6 f{x) sao cho dd thi ciia ham sé do trén doan [0; 1] ¢6 vd sé duomg tiém

can dimg hay khong?

Nhiin xé. Cic ban sau co bai dich tét hon cd: Yén Bai: Ng&{vén Khanh Linh, 11 A1, THPT Hoang Vin Thu, Luc Yén; Hung
Yén: Hoang Vén Thdi, 11A3, THPT Duong Quing Ham, Vin Giang; Thira Thién Hué: Nguvén Ngoe Thanh, 12T1, THPT
chuyén Qudc hoc Hué; Quang Nam: Nguyén Thanh Himg, Hujnh Dinh Ngoe Trde, 10/1, THPT chuyén Nguyén Binh
Khiém, TP. Tam Kj; Pong Nai: Pham Hiru Danh, GV THPT chuyén Luong Thé Vinh, TP, Bién Hoa; Vinh Long: Lé Minh
Qudn, 11T1, Chdu Minh Khdnh, 12T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long; Bén Tre: Lé Nzé Nhet Huy,
10A1, THPT Lac Long Quén, TP. Bén Tre béng Thép: Lé Vit Lam Hién, 10A1, THPT Thép Mudi.
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CHO MOT BAI TOAN

© BAI TOAN 3. Tim aid tri lom nhat va eid i nho

Xt 2_'.'. frong dao x, ¥ la hai

nhat cua biéu thie F !
80 thiee thda mdn dieu kienx™+ " =x +y (1)
Loi gidi

DPINH HUONG 1. Thay x = F — 2y vio (1) dugc
phuong trinh (PT) bac hai &n y véi tham s6 F 16 xét
cdc gia tri cia F dé PT nay cd nghiém.

Cich gidi 1. Thay x = F 2y vao (1) duge PT bic
hai an y sau: (F - 2y) + 1P - F+2p—y=0

S5 - @F-1)y+F-F=0 (2)
PT (1) cé nghiém y khi biét s A= 0

SEF-1P-20(F-F)20<4F - 12F-1<0

A v
e 4 F--z.img]-mso@fﬂi 3
\ pE 2 ]

\

w N
hewbi V10 _ g 34410 %
2 2 %
Dang thire xay ra khi A= 0. Q’ﬁ
Thay F - 3—’“;% vio (2) tinh au@y
5+2410 5+4/10
y=——vax= ’
10 10
thay F = 3-;’5 vao (2) tinh duoc
5201l | 1 1 524f10
p=——vix= :
10 10
Véy, max F = 3+;jﬁ VA min F=@.D

C6 thé lam twong tw nhu trén khi xét PT béc hai 4n
x, hofic PT béc hai 5nz=y— %ﬁ

DINH HUONG 2. Xét vj tri tuong ddi cia ho
ducmg tl1angx + 2y — F = 0 vdi tham s F va duomg
tron ¥ +3% —x — y=0.

Cich gidi 2. Bién d6i (1) thanh dang

x_LH _1]2 i
iy S i R
Béy 14 PT dudmg tron tim T[%,;] vai ban kinh

1 . ;
R=—. F =10 cat

V2
duong tron (7) khi khoang cich d (T,A) tir tim
dudmg tron dén duong thang A khong 16m hon R,

Ho duimg thing A: x + 2y —

;+Z%—F i
e ldTAje R e = Lol
iFgod| T4
@JE_F5@®3_\'{_ £3+m-
2 2 2 5
Viy, max F=3+;II_6 lehi % + 2y = 3+\r’P W)
GiéihéhaiP’I‘n&yduocx=5+m;}325+2m‘
10 10
e Q— khix+25- 3410 i)

@ehmP’Fnéyﬁ‘m:rc 1:-5 J_ =5*2J1_U. a

10 10
INH HUONG 3. Bién ddi (1) thanh

(x_i]2+[ ad T g

3] el 2J 2’

Néu viét F———x+2y=(x—l\t+2 y-—ij+E thi co
2) 273

thé dp dung durge BDT Bunyakovsky.
Cich giai 3. Ap dung BDT Bunyakovsky ta co:

Ui s Kl

5
x+21—— —
[ i
Tir do co —££x+2y—§££
2 232
<= 3_\m£x+2}’53+;ﬁ.

Tir day ta cling nhin duoc két qua nhu cich giai 1 va
cach giai 2.
DINH HUONG 4. Bién déi (1) thanh dang

[\5 —%} +[J§_v—“f] = 3)

TOAN HOC
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Tir (3) ta biéu dién x, y thanh dang luong gidc rdi tim
cyce tri cua ham lugng gidec F =x + 2.

Cich gidi 4. Dit sz—‘—? =cosaL va \Ey—§=sina

vii 0< o< 2 x thi x vay thoa man PT (3).

Tix cach dat trén co x=1+—2msu Vi y=1+—25ino:,
2 2

con F=x+2}==l+£cosu+2 l+£sirmc
. 5 Ja

3 V2 _
==+——(coso+sina).
z2 2
Ta xét cue tri cia ham lugng gidc E = cosa + 2sino..
Biattangp=2 vai —-;Empc:g— thi
Feosp= cosacosq+ sinasin o= cos(a—@)=<1,
suy ra E‘Zcosztps leoE<l+tan'p=1+2"=5,
hay 13 =5 < E <4/5.
3 ‘\f_ 3-410 <F< 3+4/10

TiF=2+ 32 pes
2 2 5 2

Ding thirc xay ra khi a= ¢, tirc 1a khi cos’a = é v

’ 4 gy : L
sin’or = = Do tan g > 0 nén cos o va sin o cling da

Khicasa=£thisinu=£,taco Q’{
5 5 4

5+4/10 5+2410 -FQQ’
T YT T @

3+Jﬁ 3+Jﬁ
5 .max F = N

245
5

2

F=x+2y=

: B 3
Khi cosa=— -5—th1 sina=— —— , tacd

po 310 5-24i10

- \,réI

7 10
R Ty 3-J10
2 2

F=x+2y= ,min f' = .0

DINH HUONG 5. Ta nhén thiy x* + 3° = x + y
khong co so hang ty do khic khéng nén ¢é the bicu
dién x va y qua mdt bié:n mdi, roi chuy%n viée xét
F'=x + 2y tir hdm hai bién vé ham mdt bien.
Cach gidi 5. Dat v = xr thi

x2+yz=xz+xzi'2 vaix+y=x-+uxt
Tudbéecd* +x°F=x+xt

TOAN H
44 - CTu&i?r;cé

(4)

S6 483(9-2017)

&

*Néux=0thiy=0vaF=x+2y=0.
* Néu x khéc 0 thi tir (4) ¢6

T Wi, Tt
2 2
TirdéF=x+2y=lH+2(2+r )= 1+3z+221 .
L1+t T£

Dé xét cyc trj ctia ham F(f) ¢6 thé 1am nhu cach giai
1, tirc 14 coi F 14 tham s6 cia PT béc hai an 7 dang
Fl+A=1+3t+2 S (F-DF-3+F-1=0
rdi xét céc gia tri cua F dé PT nay c6 nghiém.

PT trén ¢6 nghiém ¢ khi biét sb A= 0

SO F-2)(F-1)20c4F - 12F - 1<0.

Ta tiép tuc lam nhu Céch giai 1, din dén két luan
sau khi so sanh véi gid tri F=0.0

» Nhin xét. 1) Téc gia ra d& Trdn Van Hanh, GV PH
Pham Vin Dong, Quing Ngii di dua ra 4 cich giai déu
tién. Céc ban giri bai giai ciing néu ra 4 céch gii nhu thé
la: Nguyén Van Xd, GV THPT Yén Phong 2, Yén Phong,
Bac Ninh; Nguyen Anh Vi, GV THPT Nguyén Binh
Khiém, Hodi An, Binh Dinh; Trwomg Quang An, GV, xi

Nghia Thiga®v Nghia, Quing Ngai. 2) Ban Nguvén Ank
Vi dang cich giai 5 va chi y rang hoc sinh lop 12 cé
thé giaj cach khao sat ham phin thic nhér iy dao ham

cl * so. Ban Nguyén Anh Vi ciing néu rd: Sir dung
giai | ta gial duge bai todn tong quét hon khi xét cye
Wcua bigu thirc F = mx + ny + v véi diéu kién
ac+bf=cx+dy+e
3) Ban N_;;p-‘_rén Vin Xd néu cach giai tuong tw nhur cich giai
2 khi bién d6i F = 2* + " + p 16i xét giao diém cua hai

2 g
duémg trén: Pudmg tron x—l +(}=_l] =l tim T
3y iEla kT

ban kinh R va dwdng tron xz+[y—%] =-:1;+F tam ()
ban kinh r. C4ch ndy phirc tap hon cich gidi 2 mét chit khi

phai xét diéu kién F + % >0va|R-r|<TQ <R+,

4) C6 ban néu Ioi giai bing cich sir dung BDT vé tich v
hwrémg cta hai vecto | v |<|u|.|v|, tuy nhién vé thyc chét
diy cling 14 cich sir duyng BDT Bunyakovsky.
NGUYEN VIET HAI (Ha Ngi)
Moi cac ban giri Bai toan 6 sau ddy vé Toa soan
TH&TT trude ngay 31.10.2017.
Bai todn 6. Cho mia dwong tron tam O duong kinh
AB va dav cung CD khing la dwong kinh. Goi H la
giao diém cua cdc dwong thang AC va BD. Puong
thing qua H vuéng géc véi HO cat AD, BC lan hegt
tai E, F. Chimg minh: HE = HF.
PAU CONG NHO
(GV THCS Cao Xudn Huy, Dién Chdu, Nehé An)



Trong bai ky nay 1a loi giai cac bai todn duo'c

dua ra trong phan bai tap dé nghj & TH&TT sb

481, T7.2017.

Bai 3. (Ki thi lan thir 50 vé dich Czech va

Slovak, ndm 2000, bai 4, vong 1).
i

3]

Sinx+cos y=4/2
Giai bat phuwrong trinh: J siny+cosz> 2.
sinz+cosx>+/2
Loi giai. Cdach 1. Cong theo vé cic BPT ta c6-:
(sin x+cosx)+(sin y+cosy)
. '
+(sin x+cosx)=3vV2 (1)

Mat khic voi méi s6 thye 7 ta ludn co:

sinf+cosr=\5[f2—sinr+—icosr‘ /,%
—v’_(cos mm‘+@os!j

231n[:+ }:\f_

Cong theo vé cic BDT tuong (mg véi r=x,y,z
ta nhén dugc;

(sin x+cosx)+(sin y+cosy)+(sin x+onsx)£3ﬁ (2)
T (1) va (2) suy ra ta phai c6 ding thirc
(sin x+c0os.x)+(sin y+cosy)+(sin x+cosx)=32,
Tir d6 suy ra phai co

. [ ' T : n
Sinf x+— |=sm| y+— |=sin| z+— |=1
[ 4J [ 4] [ 4]

:>I=E+2kl-]t, y:E+2k2K, Z=£+2kqﬂ.
4 4 T

Cdch 2. Cong theo vé cc bét ding thirc ta c6:

_J

QUA CAC BAI TOAN HAY &

(sin x +cosx)+ (sin y+ cos y)

+ (sin x+cosx]23ﬁ (1)

Ta co: sinx+cosx <|sinx|+|cosx|

= 2
<2 1'5111 JC-;—COS x:ﬁ_

Tuong tu: sin y +cos y <[sin y|+ | cos y |< V2

sinz+cosz €| sinz|+|cosz|< J2.
Céng th;@é cac BDT trén ta co:
(sin x)+(sin y+cos y)+(sin x+cosx) <32 2).
) va (2) suy ra phai ¢6 dang thic tai céc
T trén va ta co:
SInX=Ccosx =§in y=cos y=sinz=cosz.
Tir d6 ta lai c6 nghiém:
T s T
x=—+2kmny=—+2kx z=—+2kn.
- 4 : 4
Cdch 3. Tlr h¢ phuong trinh da cho chuyén vé va
binh phurong hai vé ta c¢6 hé
sin® x22-2cos y + cos’ y
sin® y22-2cosz+cos’ z .

sin®z=2-2cosx+cos’ x

Cong theo vé cac BDT va bién déi ta thu duoc:

02 (1-+2cosx)* +(1- V2 cos y)?

+ (1-v2cos2)>.
Tur do, két hop véi sinx >0,sin y = 0,sinz > 0,
ta co nghiém:
:r=£+ 2k,:rt.y=£+ 2k,m, z= —T-t—+ 2k,m.
4 4 4

Cich 4. Binh phuong céc vé cua hé

TOAN HOC
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sin® x + cos” y + 2sinxcos y > 2
sin® y + cos® z+ 2sin ycosz>2 .

sin® z 4+ cos® x+ 2sinzcosx > 2
Cong theo vé cac bit ding thirc, ta thu duoc:
2sinxcos v+ 2sin ycosz 4+ 2sinzcosx 2 3.
Tuy nhién, ta co
2sinxcos ¥+ 2sin ycosz + 2sinzcosx
< (sin® x + cos® y) +(sin® y +cos” z)
+ (sin® z +cos’ x) =3
cho nén céc BT trén tré thanh dang thire va ta
dé dang thu duoc nghiém:
s T T
x=—+2km,y=—+2km, z=—+2k,m.
4 4 4
Bai 4. (Ki thi lan thir 27
2001, bai 1, vong 1),

. it I r | / 1
Cho biet Nx —— =]y ——=+z -
¥ Zz X

va dich Serbia, ndam

Hay chimg minh rang x=y=z.
»

Loi giai. Cdch 1.
&
F

T&J_—1=J}~i ta cb
y z
*
N
Nl e .
VR

Z Zy
. x—=y zZ—y
Viy: = i 1
) e (1)
== 1, ol
Tuong fy: = = (2)
\/';—I— N ox '
2—X F=x

Jzidx  ox 52
Dit A=(x-y¥)(y-2z}z-x) va nhan theo vé
cua (1), (2) va (3) ta thu dugc:
A A

e D o) s

TOAN HOC
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1

1
(Ve o)+ )z k) 77

Viy A=0, do d6 phai c6 2 trong 3 s6 x,y,z

= A =0.

bing nhau, va khi thay vao hé ban déu ta thu
dugec x=y==z

Cdch 2. Ciing bién déi nhu trén dé thu dugc ba
ding thire (1), (2) va (3). Xét cac truomg hop:
THl: y>z. Khidotir (1) suyra y>x. Tu (3)
suy ra tir z>x. Nhumg tir (2) suy ra z> y:
mAu thuan.

TH2: y < z. Khi d6 tir (1) suy ra y<x. Tir (3)
suy ra tir z<x. Nhung tir (2) suy ra z<y:
méu thuin.

T doé suy ra y =z va tuong tu ta co:

& v PINH HOA

‘\QGV khoa Cong nghé Thong tin, DHSP Ha Ngi)

b

K% xér. Mot s6 ban guri bii ¢6 dua ra mot b céch

hinh thire trinh bay e¢d vé khac nhimg cach giai da
trinh bay trén nhumg thuc chit vin 1a nhimng cach giai
d6. Xin néu tén hai ban ¢ 1o giai tot: Quang Binh:
Hoang Minh Diing, t6 din phé 2, phuong Déng Son,
TP. Dong Héi; Quéing Ngii: Truwong Quang An,
thén An Hoa Nam, xi Nghia Thing, huyén Tu Nghia.

NHU HOANG

BAI TAP DE NGHI
Bai 9. Goi a, b, ¢ 1a do dai ba canh cilia mdt tam
gidc cé dién tich 13 5. Chimg minh ring
@ +b +2438.
Bai 10. Cho x, y . z 12 ba s6 thue dwong. Chimg
minh ring
x ¥ z
+ 1.
sz +8yz Jyz + 8zx 1)22 + 8xy
NGO VAN THAI
(GV THPT Pham Quang Tham, Vii Thw, Théi Bink)
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GIAIDAP:  BAITOAN CUC TR] !

(Pé ding trén TH&TT 56 479, thdng 5 nam 2017)
1. Phén tich sai lim.

DE thiy rang néu A(1;1:0), B(1:1;2) thi

HA+HB=14322= 4B,

Do d6 véi A(L;1;0), B(1:1;2) thi ding thie & (1)
khong xay ra. Ban Toan khiing dinh “déng thire & (1)
xdy ra khi ba diém H, A, B thing hang hay
HA, HB ciing phuong " la khong ding. Dang thite &
(1) xay ra khi diém A thudc doan 4B, nghia 14 hai
vecto HA, ﬁcﬁng phuong, ngwoe hudng. Tir dic
diém toa d6 cia HA,HB ta thiy néu hai vecto nay

cung phuong thi HB=3HA, tic

i ¢ la khi §
HA,HB cung phuong, cing hudng. Viy Lh

dang thire & (1) khéng xay ra.

« Hon nita 4, B 1 nhimg diém thay |I.I0'1. trén

A, A, nén do dai doan AB khong
thé néu déng thire & (1) xay ra thi ciing khong két luan
duge rang khi &6 HA + HRB dat gia trj nho nhit.

4 hing s6. Vi

2, Lo gidi diimg. Cach 1.
Goi A(l+a;1+2g;0)e A, B(-3-2b;—1-b;2) e A,

Licndy HA+HB=5a"+1+:/5(b+27 1924 (2).

Ding thic & (2) xdy rakhi @ =0, b= -2. Suy ra
A(L;1;0), B(1;1;2) . Vay HA + HB dat gi4 tri nho nhit
bang 4 khi A(1;1;0), B(1;1;2).

Cich 2. Goi H (1+a;1+2a:0)e A, va
H,(-3-2b;-1-b:2)e A, lan luot la hinh chiéu
vudng goc cia H trén A, A,.Ta co u,(1;2;0) 1a

VTCP clia A,, 4,(~2;-1;0) 1a VTCP ciia A,.

HH y, 0 {a+4a=0
=
HH, .u =0 —2(-4-20)-1(-2-b)=0

a=0
= :
b=-2

Suy ra H (1:1;0), H,(1;1
BeA,taco: HA+ HB= HH + HH, = 4.

Khi do{

:2). Vay voi moi Ae A,

Ding thire xdy ra khi A, B twong ong trung voi
H,,H,. Vay véi A(1;1;0), B(1;1;2) thi HA + HB dat
gid trj nho nhat bang 4.
Nhgn xét. Chi co ban Nguyén Trung Kién, 11 Todn 1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué 13 phat hién ding
sai lam va dua ra 1o giai dang.

KIHIVI

THEM DAU HIEU:
NHAN BIET HINH BINH HANH ! ;*}.ﬁ,ﬁ
"5

| W N
“/

Bai toa tir gidc ABCD ¢6
AB =R va BAD = BCD . Chitng minh réng ABCD

@ hinh héanh.

Vi

Loi gigi. Ha BH L AD ta H, DK 1 BC tai K Vi

BAD = BCD nén H, K hodc twong tmg thudc cic doan

AD, BC hoic tuong (g thudc tia dbi cia AD, CB.

Ta c6 AdBH = ACDK (canh huyén - géc nhon)

Suy ra DK = BH va CK = AH.

Suy ra ABHD = ADKB (canh huyén-canh géc vudng).

Do d6 BK = DH. Tit d6 suy ra BC = AD.

Viy tr gidc ABCD ¢ AB = CD va AD = BC nén nd la

hinh binh hanh. O

Nhu vdy, ta dd chimg minh duge diu hidu nhan biét

ma&i cho hinh binh hanh: “Tir gide cé mor cdp canh

doi bang nhau v mét edp goe dii biang nhau la hinh

binh hanh”.

Theo cdc ban, loi gidi trén ding hay sai ? Tai sao?

NGUYEN THANH HONG

(GV THPT chuyén BDHSF Ha Noi)

TOAN HOC
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TS. NGUYEN VAN VONG
GS. DOAN QUYNH
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CHIU TRACH NHIEM XUAT BAN
Chil tich Hoi déng Thinh vién

NXB Gido duc Viét Nam

NGUYEN BUC THAI
Phé Téng Gidm dic phu trich NXBGD Viét Nam
HOANG LE BACH
Pho Téng Gidm doc kiém Téng bién tip
NXB Gido duc Viét Nam
TS. PHAN XUAN THANH

HOI PONG BIEN TAP

Tdng bién tdp : TS. TRAN HOU NAM

7. TRAN DINH CHAU, ThS. NGUYEN ANH DOUNG, T5. TRAN NAM DUNG, 75. NGUYEN MINH BUC, 75. NGUYEN MINH HA,
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KIM THUY, PGS. T5. VO DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NI&Q

o Danh cho Trung hoe Cd sé

Pham Trung Kién — St dung biéu thae lig

%%K

For Lower Secondary School

hap dé€ gial toan.
Y
Thdi Nhdt Phatong — Bai toén ddo i@m&:

ta 14c.

am tam giac *ﬁb
Huéng dan gidi Dé thi va 10 THPT
chuyén DHSP Ha Néi, nam hoc 2017-2018.

@) Dé thi vio 16p 10 chuyén THPT TP. Hg Chi

o

Minh, nam hoc 2017-2018.
Chudn bi cho ki thi THPT Quéc gia

Nguyén Vin Cuong — Khai thac mot s6
tinh chét ciia d8 thi ham s&y = f'(x).

Tim hiéu siu thém toan hoc so cip

Hoang thic Tan — Binh 1y Julia Robinson
vé cong thite s nguyén td.

Lich sif toan hoc

Lé Quéc Han — Nhiing nhip cdu ndi toan
hoe va thién van hoc.

Thu ki Toa soan : ThS. HO QUANG VINH

¥ Pé ra ky nay

% Problems in This Issue

T1/483, ..., T12/483, 1.1/483, 1.2/483.

€D Giai bai ky truse

Solutions to Previous Problems
€ Giai dap d6 vui ngay he 2017
@ Ban doc tim toi

Nguyén Vin Linh — Khai thac mét bai
toain hay tit dé thi Olympic hinh hoc
Sharygin ndm 2017.

¢ Tiéng Anh qua céc bai toan - Bai s6'24.
Bai dich s6 21 - Tiéng Anh qua cac bai toan,
@ Nhiéu cach gidi cho mét bai toan

€D Du lich thé gidi qua cac bai toan hay

@) sailim é dau?
Giai dap: Dap an nao?

Nguyén Thanh Héng — Thém dau hidu
nhéan biét hinh binh hanh!




Gmi tri toan hoc 24

NHA THO PUSKIN QuA 614U
TUONG TUONG ...

Puskin la nha tho Nga
vi dai, cO nhimg bai
tho lam rung dong trai
tim hang triéu ngudi
trén thé gidi tir thé ky
nay sang thé ky khac.
Diéu do khong ai phu
nhén, nhung nhiéu khi
vi Puskin d& tam hon

| T s clia ong co u chi
A. S. Pushkin (1799 -1837) e

tiét mé;@ thi thay
gud hao hing, nhung binh tam doc ki, i chiéu léi

tho véi hién thue thi thay qua vé Iy dén Bon cudi,. ...

Thure vay, cdc ban hay doc bii tho “Chang hiép sT keo kiét
" trong truyén co tich bfmg tho cia Puskin:

“ Truyén xiea chép rdng:
Mat hém nha Vua truyén cho qudn sT:
Méi ngiedi bbe mdt ndm ddt xép thanh dong cao
Dé ding lén ngon doi kiéu hdnh ",

Va nha vua c6 thé ngyr trén dinh d6i vui vé ngam nhin:

“Cad thung liing da} dde léu trai rmg xoa
Ca bién khoi tap ndp chién thuyén .

Hung trang va dep qucl ! Nha Vua dimg trén dinh ddi cao,
ching kiém nheo mit nhin doan quin chién thang dudi
thung ling & chin dbi va trén cic chién thuyen ken day
dac ngoai bién khoi. ..

Nhirng nha Vua dig trén ddi nao nhi?

Chinh 1a cai ddi duwoc tao thanh béi “maéi ngweoi bée mot
nam dar” dap nén.

“mo theo trdang va
van cing may" |
Diéu) nén trogee Tho

nhét 15 w'vgm ngudi = 100,000 ngudi. M3 nguoi
1 ax
bic mot nam dét khodng 5 dm’, vy thé tich dﬁrz 1

: V:%,IU-GDG():ZO.UOO dm’ =20 m’.
Trute hét ta thiy d6 déc 1on nhét cia dbi 12 45, vi néu do
déc 1ém hon thi dat chudi xudng, khéng bao dam an toan
cho nha Vua; 20 m? dip thinh mét hinh nén c6 46 déc t@i'
da 1a 45 do. Khi do dé thiy h< R (h, R thit tu I3 duémg
cao, ban kinh dy cda hinh non). Lay mt=3,14 va chiéu
cao h I&n nhat bang R, ta co:

S
3 3

3.14xh’

= 20:%x3+14xh3 = h=2Tm.

Ngon doi chi cao ¢6 2,7 mét ma nha Vua lai 6 thé ngyr
Irc',n ngon doi kiéu h@nh do nhin xa thay “/éu trai trang
xda” ”mp ndp chién thuyén”, vo Iy qua.

Tri twéng tuong cua nha tho vi dai Puskin o thé néi la
at, nhung 8 rang |a khong thyc té chit naol

ngudi yéu tho Puskin néi : Bai tho co 6T tho
ng tugng ta bay hnngﬁ gy cho ta nhiéu cam xtic
la tot roi. Khun;, c6 ai cam thy tho theo céi kiéu
10¢ nhur viy. Chi co cic nha I‘oan hoc dé hot mon doc
o theo cdi kiéu “Dui duc chidm mim cay” nhu vay!

PHAN THANH QUANG (TP Ha Chi Mink) sieu tam

v

1 puAN viDU!

Sau khi hoc xong cdc déu hiéu chia hét, ban Chi, hoc lép
6, hoi chi minh la Phirong, hoc Iép 9:

Cdc 56 tw nhién cd téng cdc chi¥ s8 chia hét cho 37 (n=>3)
cé chia hét cho 37 khéng?
Suy nght mot lat, Phirong bao: Co thé la khéng. Vi du: s6
9819c6 9+ 8+ 1+9=27 nhung 9819?2?.
Chi & 1&n ngac nhién nhung '_.*fin mudn chi minh dua ra
phin vi du cho truéng hop tong quat. Phirong hoi ling
tung! Ban co thé giip Phuong khong?
LE QUANG NAM
{Khoa Todn Tin, BH KHTN, BPHOG TP, Hi Chi Mink)



NEA UAT BAN @A DUS VIEF NAM

CAC KI THI TOAN QUOC TE DANH CHO TIEU HOC
VA TRUNG HOC CO'SO

au bé sach Cdc ki thi Todn Quéc té danh cho hoc sinh THCS va THPT da duoc cac gido vién va

céc ban hoc sinh hao hiing dén nhan, chuing toi gidi thiéu tiép bd sach tuong tu danh cho lta tudi

nho han, b sach Céc ki thi Todn Quéc té danh cho hoc sinh Tiéu hoc va THCS. Du kién bon tap
u cla b sach nay nhu sau:

Tap 1. International Kangaroo Mathematics Contest (IKMC) - Ki thi Toan Quéc té Kangaroo.
Tap 2. Bebras Computational Thinking Challenge (BCTC) - Thach thuc tu duy tinh toan Bebras.
Tap 3. International Mathematical Assessment for Schools (IMAS) - Ki thi danh gia nang luc Toan hoc Quéc té.

Tap 4. Math Olympiads for Elementary and Middle Schools (MOEMS) - Ki thi hoc sinh giéi Toan Hoa Ki
danh cho hoc sinh Tiéu hoc va THCS.

Viéc tiép can vai cac ki thi qudc té, cac dang toan moi la va hap gag sé co tac dong tich cuc dén phong trao
hoc tap noi chung. Bén canh do, day cling sé la mét tai liéu th@o hau ich gitp cac em hoc sinh chuén bi
tot hon trong cac ki thi hoc sinh gici ma cac em co co héi, u. BO sach duac thuc hién dudi su chi bién
clia PGS.TS. L& Anh Vinh cung cac tac gia cd nhiéu ki 1?Eiém trong viéc béi dudng cang nhu dan doan
hoc sinh gidi cua Viét Nam tham du céc ki thi Tcrénw~ & va khu vuc.

Tép 1 cuabé sach gisi thiéuKithi Toénc&c té Kangaroo

(International Kangaroo Mathemat ¢Contest — IKMC)
duoe 18 chire 1dn ddu tién tai Phogs, ¥ao nam 1991, Day
lé&t ki thi Toan hoc co6 sé lu@i sinh tham du lén
nhdt trén thé giséi, thu hat trér® 000 000 thi sinh dén ti
khodang 50 quéc gia méi nam. Ki thi lad mét hoat déng
phi loi nhuén, nham thuac déy phong trao day vé hoc
Todn theo xu huéng héi nhap quéc té€, tao ra mét san
choi mé cho cac em hoc sinh Tiéu hoc va Trung hoc co
s&. Trung tam Nghién ctu vat Ung dung khoa hoc Gido
duc (CERA), Truéng Pai hoec Gidgo duc, Pai hoc Quéc

gia Ha Néi la don vi duoc Uy ban Kangaroo quéc té chi Sl
dinh la diéu phéi quéc gia tai Vit Nam, dai dién phéi b

hop cung Trung tadm Phat trién Tu duy va Ky nang IEG I P A
t6 chire Ki thi Todan Quéc t€ Kangaroo tai Viét Nam. 5
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