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NHUNG CON PUONG SANG TAO TRONG

GIAI TOAN HINH HQC

(chia céc tac gia: PGS.TS. NGU'T Lé Quéc Han (chu bién), TS. Dinh Quang Minh, Th.S. Lé Thj Ngoc Thay)

4ch day 472 trang, kho 17 x 24cm, gid bia 80.000 dbng.

NGi dung cla sach trinh bay céc phuong phap giai nhirng

loai toan hinh hoc phé théng dién hinh vai gan 1000 bai

an hinh hoc tir Iép 7 dén I6p 12 theo chuong trinh B§ Gido duc

& Dio tac hién ban hanh. Ngoai ra sach con trinh bay ngudn goc

nhirng bai todn dy va cach thirc sang tac cac bai toan mai tir chung.

Cé 18 day 1a nét khac biét cha cudn sdch nay véi phan Ién cac sach
tham khao toan cung loai.

Sach gdm ba phan chinh. Phan Hinh hoc phang danh cho cac hg i

sinh kh gioi vé todn; trong do ¢6 nhiéu bai todn khong dé,
chon trong cac dé thi Olympic Toan Quéc té va Khu vuc.

Céng thuc Lebniz, Cong thic Euler, Bai todn To
Napoléon, Puirng thdng va dudng tron chi Euler, Budang
théng Simson, Diém Lemoine, ... Phan H @ﬁoc khéng gian chi
véu danh cho hoc sinh dai tra. Vi vay, nh cdc bai toan khé
danh diu * 13 nhitng bai todn chon tr¥ng cic dé thi Tuyén sinh
Dai hoc hay Tot nghiép THPT may ndm gan day. Ngoai phuong
phap chinh 13 suy luan légic, thinh thoang cac tac gia st dung
cdng cu vecto néu thdy that can thiét. Phan Méi lién hé gitra hinh
hoc vdi cdc phdn mén khde nhu Lirgng gidc, Dai sb; cac tac gia tap
trung vao phan Tam gidc lwgng véi nhiéu bai toan hay, va trong
phan Phurong phdp hinh hoc trong dai sé dé cap dén mot sé dang
toan hinh hoc giai tich phang thuéng gap trong cac ky thi Tuyén
sinh dai hoc hay Tét nghiép THPT.

li, Bai toan

Sach cd ging trinh bay dya trén sy két hgp hai hoa cla van
phong tuoi mat, déc ddo va sic sdo cha Polya véi sy gian di
dé& hiéu ma thadm trdm sdu sac cda Hira Thuin Phong. Co thé

PGS TS, LE QUOC HAN (Chil bisn)
T5. ENNH CLAMG MINH - ThE, LE THI RGOS THUY

NHUNG CON BUGNG SANG TAO
TRONG GIAI TOAN

HINH HOC

T L e : g
@ MHA XLAT BAN GIAOD DG WET BAM

xem day la nhirng suy nghiém sau sac
nhat cla nhom tac gia, dac biét la cha
NGUT L& Quéc Han, chu bién cudn
sach v&i 50 ndm hoc va gidi toan.

Tin rang cudn sach khéng chi hiru ich cho
hoc sinh va thdy cb gido yéu toan phd
théng, ma con |3 tai liéu tham khao tot
cho sinh vién va giang vién cdc trudng
Dai hoc va Cao dang nganh Toan, cling
cac phy huynh cd nguyén vong gitp
con em minh hoc tdt mén Hinh hoc vén
dugrc xem 13 khé nhung hap dan nay.
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PHUONG PHAPDONGBAC
TRONG CHING M BAT DANG THUC

MAI VAN NAM
(GV THCS Khdnh Héng, Yén Khanh, Ninh W

it déng thire (BDT) 13 dang todn hay va kho,

c6 rat nhidu phuong phép chimg minh nhu st

dung cdc BDT cd dién: Cauchy, Bunyakovsky,
Schur; phuong phép ham s6 ... Nhung néu chi y
dén bac cia céc bién trong BDT rdi tim cach cn
bing ta s& chimg minh dugc khong miy kho
khan. Sau diy 12 mét sé bai toan BDT duge
chimg minh béng cach dua vé cing béc.

Bai todn 1. Cho a.b.c la cdc sé thuc dwrong

thoa man a+b+ ¢ =3. Chimg minh rdang
te*)—(a +b"+c') =9 (1)

(Dé TS 10 THPT chuyén Vinh Phiic
ndam hoc 2016 —2017)
Léi gidgi. Dua céc s6 hang vé cung bic ba. Ta cg

4a®+ b

(1) & A +5 +F Na+b+o)-d +F +c‘)a[a+$@ VT(2)=

oa +b +J + 4 b+ be+Ca+ab +®m3)

A,
$+b+c') :

@ +8 + ¢ +3(db+ bre+Ca+ab +be® +ca’)+6abe.

Do do

Mit khac cé (a+b+c)’ =

() & a’b+bc+cla+ab® +be* +ea® > 6abe.

Ap dung BDT Cauchy ta ¢6 a’h+bc® > 2abc :

b'c+ca’ = 2abe ; a+ab® = 2abe .

Cong cac BDT nay ta co diéu phai chirmg minh.

Bai todn 2. Cho a, b, ¢ la cdc 56 thue dirong

thoa man a* +b* +¢* =3. Chiing minh
:{L+ > —+ 2{1_1 za+b+c (2)

at+b” b+cc c+a

(Dé TS lop 10 THPT chuyvén TP. Ha Noi
ndam hoc 2016 —2017)

Loi gidi

Nhin xét. Dép an cua dé thi sit dung BDT
Cauchy ngugc nhung néu chi v dén bac cia céc
bién ta ¢6 thé giai nhanh nhu sau. Ta co:

2 2 2
3 T 2 2
a+bL=a.1+b“£a ”+b2=a i +1.
2 2
2a° 4a° 4at
Suy ra = = 3.2 S
" a+h® a2 +20%+1 gt +24°B® + 4
2!:2 4kt
fuong tir ta co; =

& B e bt
) ‘\b\% 40
va e
té ct +2c%a® +¢*
@ ung BDT Schwarz ta co:
4 +b* +Y 43
(@ +b* +*) +d* + b b Pad

=3,

Mit khdc (a+b+¢)* <3(a* +b* +c*)=9
=a+b+c<3.Suyrma
- b 2c°

2 2h°
— + g 2za+b+c
a+bh” b+ c+a

7

Bai todn 3. Voi a.b,c la cde s6 thie théa man
a +b° +¢° =3, Chibng minh :'fi:?g::
atb+ec)+ b (c+a)+c(a+h)<6 (3)

Léi gidi. Nhin xét ring cac biéu thirc trong VT
cua (3) co bac la 4, do do ta dua VP vé biac 4. Tu
gia thiét ta c6 (a® +b° +¢*)* =9, do dé:

By @b+ c+ba+be+la+ c'b)
<2a’ + b + )
< 2a* +b* + e+ 4@D + 0+ Pat) -
B@brac+ba+be+la+ih)=0.
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Xét a* +b* +4a°b —3ab(a® +b*) =
=(a* + b)Y +24°0% - 3ab(a’ +b*)
= (a* +b*)(a® +b* - 3ab)+ 24’
—(a® +b))[(a—b)? - ab]+ 24’
—(a=b)(a’ +b*)—ab(a® +b7)+2a°D’
= (a—b)*(a* +b*) - ab(a b)Y
={a—b)2(a’1 +h*—ah)z0;
twong tw co: b + ¢t +ab P = 3be(b® + )=
=(b—c)(b* +c* —bec) 20,
1 at +4a°c? —3ac(a® + ) =
=(c—a)*(c’ +a’ —ac)20.
Cong céc BDT lai ta duge didu phai ching minh.
Bai todn 4. Cho x,v.z la cdc so thuc diwong
thoa mdn x+ v +z =3. Chitng minh rang:

15 27

F—Xyz = — (4)
47777 4
Léi gigi. Nhan xét VT cla (4) 1a bac 3 nén ta dua

VP 1én bic 3. Ta co

(4]<=>r3+_1—'3+23+£x):z3m %\
4 4 /,%
S 4 +y' +2))+150z i$§~

>4y +23+3(14ﬁ2)(2+-¥)
3 .3

ox +y' +z +3xyz

e ke TR
X \ =

Z xzy Yxiz4 _v:z o yzx + x4+ :2}’
o (x - :cgy —X'z+xz)+ (y3 r ylx— ys Z+Xyz)
+(z* -2 x - Zy+x2)=0
& x(x—y)x—z)+ y(y—z)(y—X)
+z{z=x)z—=»)z0 (¥)
Gia sir x> y 2z > 0 khi dé
x(x—yXx—z)z y(x—y)Ny—2)
= x(x—y)x—2)+ y(y-x)Ny—2) 20,
ma z(z—y)z—x) =0, néntacod
x(x—yMx—2)+y(y-xNy-2)+z(z-x}z-y) 20
(dpem).
Chai ¥ (*) chinh 1a mot dang cua BDT Schur.
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Bai toan 5. Cho x, v,z la cac 56 thue khong am

théa man x+ v+ z=23. Chimg minh rang.
X4y +z +xyz24 (5)

Loi gigi. Nhan xét VT cua (5) co béc cao nhat 1a
bdc 3, ta tim cich dua tit ca cac sb hang vé bac
3. Taco:

N %(x+y+ 2N+ +32]+27xyzz4(x+y+z)3

=500+ )y +2)+ 30z

¥ 2 2 il i 2
>3 y+xz+yx+yz+zxtzoy)
Mit khac ta ludn co:

Syt gz iyt y ez e Zx+z'y
(BDT Schur — bai 4), do do ta can chimg minh:
M+ +27)2 2 y+ x4y x+ Yz X+ 2% y)
e -xfy+y ¥+’ —yiz+2 -2'y)
(2 — x4+ x—x’z)=0

= (x'_$+ N+(y=2P(y+2)+(z-x)(z+2) 20
(dpeyfe

&uﬁn 6. (IMO 1984) Cho x,y.z la cdc sé
e duong thoaman x+y+z=1.

7 i
xy + yz+z2x—2x) ‘*?.Tﬁ (6)

Chiing minh:

Léi gidi. Dua ca hai vé vé cing bic 3 ta duge:
()= (xp+yz+zx)x+y+z)-2xyz

<7( +y+z)
e el U |} Z
27 *

S 27(FPy+xz+ Vix+yiz+ x4+ 22 9)+2Txyz
e i +2)+ 21 (x+ )y + 2Nz +x)
o703 +y +2°) +15xyz
>6(x y+x°z+ yg.t +yiz+22x+ zzy).
Mit khac co:
L+ +7 +3ge2x’ y+z+y x4z x4z 2y (*)
nén ta chi cin chimg minh:
Al 1y + D)2 Py s+ Y+ Yz x4y

& x --'}'}3 {x+p)+(y —z)’ (r+z)+(z— 2 (z+x)20.
BDT cudi ludn ding, suy ra dpem.
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Bai toan 7. Cho cac s6 diwomg a,b,c thoa man
o] ) 7 - » 4 _:'
a” +b" +c¢° =3. Clumg minh rang:

{ be ca
g3 Wit 1 23

(7)
iy a b

Loi giai. Nhin xét cac biéu thirc cia VT ¢6 bic
1, con VP ¢6 bac 0. Do do6 tim cach dua vé cing
bac. Binh phuong hai vé cua BDT (7) ta duge

223 2.3 ol
ah’ he ta
&t —+2a" + b+ )29
c” a b-
233 2.2 2.2
a b ahes ea
e L L B oY
& a b”
>3(a” +b* +¢%)
] . - 3
gl e B
= — — b ——2a +B% +e
et a* b..
329 5 i 3 9
a:b"  bc » a'bt cta*
Taelh — 4230 ¢ —egis — 504"
e a” & £5
cta” b 5
b-'

Cong cac y lai ta co dpem.

Bai todn 8. Cho cdc sé dwong a,b,c thoa mdn

a+h+e=3. Clhimg minh r ﬁ:.-:.;-: %
u'; (5 i { = /,%
= = i (&)
a+2b" . B+28® o+ zm.@‘
Léi gidi *@’
b @

e — b —+——=2=1 (8').

a b +2bct o +2a

2 2 Fu)
VT(8) > G S N
¢ +2a’b”+bc +etat)

Ta can ch: h:
(a2 +5 4 + B4+ 4+ 2(.:12,‘:2 +b°c +cia2)
a4k a+8 +e
& 3(a’ - i2{a+b+c)a +b +¢%)
(do a+h
a4 b (ab+dc+ba+be+ca+ch) 20,
Xét a* -a'b+ b —ab® =
=a'(a-h) ' (h-a)=(a-b)a - b))
=(a=-b)(a’ +h" +ab)z0.

3

Tuwong tu:

b* -ble+c* —b=(b-c)* (b +* +bc) 2 0;
' —atra' -de=(c-a)( +a* + ca)= 0.
Cong cac BDT lai ta co dpem.

Chii y: Ta ciing c6 thé 4p dung céch & bai 2 dua
ca tir va miu vé béc 2

Bai todn 9. Cho a.b.c la cac 50 thure dwong
thoa man a+b+c¢ =2 . Chung minh pﬁ.i.rll__g:

a b’ o

-+ u,;J } 1";" b

=

Fea+d

(9)

Lad | =2

Fhe+¢ : ¢ .
Léi gidgi. Nhin xét ring VT cia (9) ¢ée bidu thire
co bic 1, nén VP ta dua vé bic 1. Ta co:

3 3
a I o }a+b+c

: B
& +ab+b B +bo+d E +eard 3

9) <

N a b’ b
@ ..‘-"_ + 'J—__
% +h° 3 B rbe+c? 3

: »
B
N

3 4 2 2
T O AL R "f
a“+ab+b” 3 3la +ab+h)

£ a b +a3+b3—azbmab2
a®+ab+b*) 3a’ +ab+b?)

= ﬂ'rﬂb+ (ﬂtb}(a_b}: . Tuong ty co:
3 Ia +ab+b")

b’ _ﬁzb—c+(b+0)(b—c)2_
BPteb+c® 3 3 3B +be+c)
¢ ¢ c—a (c+a)c- a)’

Ehsaa 8. 4. Iptiautat)
Céng cac dang thire trén theo vé ta cé:
(a+b)a=b)'  (b+cfb-c)  (c+afe-a)®
Na® +ab+b®) B +be+ct) 3((.'2 +ca+ ag} i

(dpcm).

(Xem tiep trang 6)

3
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_ VAN DUNG Ti sO LUGNG GIAC CUA GOC NHON
DE CHUNG MINH MOT SO BAI TOAN HINH HOC PHANG

NGUYEN VAN HIEU

(GV THCS Vinh Hung, Phii Loc, Thita Thién Hug)

@é gitp hoc sinh biét van dyng ti s hrong giac cta

gde nhon vao viée chimg minh hai tam gidc vudng
dong dang, chiing ta nén cho hoc sinh khai théac chi y
& SGK Toan 9 tip | trang 74: “Néu hai goc nhon o va
B 6 sing = sinP (hofic cosu = cosp; tana = tanf;
cotar = cotf) thi o« = B. Vi ching 1& hai gdc nhon
firomg (g cua hai tam gide vudng dong dang.

Vay néu hai tam gidc vudng co sin, cos, tan, cot cua
mét cip goc nhon bing nhau thi ching dong dang véi
nhau. Néu biét cdch vén dung ti s6 lugng gidc ciia goc
nhon mét cach thich hop thi viée chimg minh mdt s6
tinh chat hinh hoc cia cc hinh 1a rit don gian va
ngén gon. Sau diy 14 mét vai thi du minh hoa.

Bai toan 1. Cho AABC co ba gic déu nhon, Ké cdc
duome cao BE va CD. Chimg minh J"c;n?g AADE en AACB.

Lévi gidi (h.1). Ta c6: cos 3=%=£; Achung

AC
A //@

X

Viy AADE en AACB (dpem).
Tiép theo ching ta thir

ap dyng ti s0 lugng gidc
cta goc nhon dé chimg
minh tam gidc sau déyo la
tam giac vudng, roi kiém

tra lai bang cich sit dung 5 c
dinh ly Pythagore. Hinh I

Bai todn 2. Cho AABC cd cdc géc B va C déu nhon,
ké dieong cao AH. Biét AH = 12cm; BH = 9em;
HC = 16cm. Chibnig minh rang AMMBC la tam giae vudng.
Loi gidi (h.2). Cdc goc

e A A 5 A
4, 4,,B,C déunhon. 2
1
Ta co: tan2=§£=-9-=-%; 12
AR 124 5 B o

L 16

b et e R

HC 16 4

Tix 3,+§; =E‘+;i;_ =90° = dpem.
Bai todn 3. Cho AABC €6 cdc géc B va C déu
nhon, ké dicemg cao AH. Biét AB = 15em; AC = 20cm;

TOANHOC
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‘\%x tanﬁ}:tanBL = A =B, 7

BH = 9cm. Chimg minh rang AABC la tam gidc vuéng.
Lai gidgi (h.3). Ap dung dinh
Iy Pythagore vao tam gidc
vudng ABH, ta co:

AH* = AB' - BH’

=152 - 9* =12" = AH = 12(cm)
Twong tu: HC = 16{cm), ta lai giai nhu & bai toan 2.
Bai todn 4. Cho hinh vuéng ABCD. Goi M, N lin #{;m
la trung diem cua BC va CD. Chimg minh rdng
AM 1 BN

Lt gigi (h.4). Ta co: A B

Hinh 3

CN
B BC

¥
i -~
@ vi B 13 hai gbc nhen,

r C
ST N

Tir d6 dé thay AM L BN (dpem). Hinh 4

Bai todn 5. Goi O la giao diém hai diomg chéo cua
hinh vuong ABCD. Goi M, N lan legt I trung diém

cia OB va CD. Chirng minh ring AMN =90" .

Lai gidi (h.5). 4 : B
Tit Nké NK L DB, ta co: 1
K
N LA
KM 2 D N c

— —

nén tan?i}:tanM, :.‘r:‘i: =M,. Hinh 3
Tirdé AMN =90".
Bai todn 6. (Bai tip 9 Sfin'f?U' - Todn 9) Che hinh
vuong ABCD. Goi [ la mat diém ném giita 4 va B. Tia
DI va CB cat nhau tai K. Ké dwong thang qua D vuing
gdc vai DI Pwong thang nay cat dicng thang BC tai
L. Chimg minh rang ADIL la tam gidc vuéng can.
Lii gidgi (h.6) Ta c6 D, = D; (cing phy véi D,).

= DA = D

cos D = i va cosDjza,



DA DC

By i —=—— 3|2

bt DL :
=DI=DL (viD4 = DQC). !
Viéy ADIL vudng cén L @ B2 K
tai D (dpem). Hinh 6

Bai toan 7. Cho A4BC vudng cdn tai dinh A. BD la
duong trung tuven. Qua A vé dwomg thang vudng goc
voi BD cat BC tqi E. Chimg minh rang EB = 2EC.
Lii giai (h.7) Trén tia o

doi coa tia CA lay diém
K sao cho C4 = CK. Kéo
ddi AH cét BK tai M
DitAB=12a

= AD=DC=a, CK = 2a, AK =4

B

M

Ta cd: Eﬂz?l (ctng phu vdi ﬁ)

tan ﬁ;:ﬁ;tan e 5 o

a MK
Bv & !

cy B L

=a=MK=DC=KM

= DC-NC=KM-NM 1

{(MBCN la hinh vudng) K

= DN=NK. Hinh 9

Vay ANDK vudng can tai N = NDK =45,
Bai toan 10. Cho -‘-'a-" 90°. Trén tia phdn gidc Oz

cia x( 3'1. ldy mét diém M cé dinh. Mot dieemg thing
qua M car Ox fai A va Ov tai B. Chimg minh hiéu

: | |
thie Q=——+— khdng doi khi dwdng thang AB

04 OB
tan E] :%=21=i;wnk‘::lq_3:& :l ludn fht{i'c'fr’ji_ ¥ )
a 2 AK  4a 2 L gidi (b.10) §
Suy ra tmﬁ?:tanﬁ:%:azfzz Ké MH 1 Ox, M
: dat MH—‘&E thiy !
= AMAK cin tai M, mad CAd = CK
i MH = =a O Io; —
= MC 1L AK = MC /{ AB = {?jz ME OM vudng cén). Hinh 10
=CK N tanA_@_HM:}QLi_ a1
= FE la trong tim cia A4BK = EB = 2EC (dpem \% ‘ “od B 04 od-a T
Bai toan 8. Cho A4BC ¢ ba goc déu nhon, W%a-: 0A.0B —a.0B=a.04 = 0O4.0B = a.(04 + OB).
duwomg cao BD va CE cdt nhaw tai H. Tréy}?dogn i OO 1 |
timg M T dd —= = +—— = dpem.

thang HB va HC lan luot ldy cdc diém @
va N sao cho 4?(_ = JTB =90" .
AAMN la tam gidc cdn.

& minh rang

~ AD A4F
cos A=—=—
AB  AC
= ADAC = AF AB
= AM? = AN
—» AM = AN. Viy AAMN cin tai 4.

Bai todn 9. Cho hinh :.".F:l;‘r nkq&r ABCD ci AB=a; BC=5b
(a > b). Trén canh AB ldy diém M sao cho BM=BC=b.
Tir M ké dwome thang vuong goc voi AB tai M edt CD
tai N. Tir B ké dwomg thang vuéng géc vai AC cdt MN
tai K. Chimg minh rang NDK =45".

Hinh 8

Léi gigi (h.9) D& thiy
4,=K, (cing phy véi B,)

a OAOB 04 OB

Bai todn 11. Cho AABC (AB = AC). M la trung diém
ciia BC. Ke MH 1 AC. Goi [ la trung diem cua MH.
Chiimg minh rang Al | BH.

Léi gidi (h.11)Ké BD | AC.

Ta cd ﬁC:@ (clng phu véi E],

Suy ra: cos C=cos A?z

bC_mH

BC AM

BIe o MET 5 H
2BC 2AM . T a
HC IM =

e e Hinh 11

BC AM

— AHCB o AIMA = B, =4
= Al L BH tai 8 (dpcm).

TOAN HOC
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Bai todn 12. Cho hinh vuing ABCD. Lay mdt diém M

thugc canh BC. Tia phén gide cia DAM eat canh CD

tai S. Ké MH 1 AS, MH kéo dei cdt AD tgi E. Chimg
minh ring AS < 2MS. 3 5% i
Lo gidi (h.12) X2

Tix Mha MK L AD.

Vi AH LME va 4, =4,

nén AAEM cin tai A, suy ra:

EM=2HM Ma MS=HM Hinh 12
— 2SM > 2HM = 25M > EM (1)
D& thiy Al M = cosA —co:-,M
4D MK
= AS = ME (vi AD = M| #
4.5' ME ( N @

Tir (1) va (2) suy ra: AS < 2MS (dpem).

Bai toan 13, Cho AABC co !.f_-ql_(' 90": AH 1L BC
(HeBC), Goi D, E fan hwot I hinh chiew ciia H trén

AB; AC, Chirng minh 1 Lm.g.

PHUONG PHAP PONG BAC.. //%

(Tiép t§ 1%;::” 3)
@*

BAI TAP TU LUY &:E_ '

Bai 1. Cho x,y,z la cdc sb thyc dwong thoa
man x + y+z = 1. Chimg minh ring;:

5(x% +y* +23)<6(x* +y* +2°) +1.

Bii 2. Vé&i a,b.c 1a cdc sb thue duong thoa man
a@+b+c=1. Chimg minh ring:

@+ b+ +Eabczl.

4 4

Bai 3.

a+b+c=3. Chimg minh rang:

Cho cic sé dwong a.h.cthéa man

-
e

a b* ¢’ 3

— S

a+d®  bect okat 2
TOAN HOC
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{ ABY BD :
AN b) AR
\AC) CE

HD.HE BC.

Lo gii (h.13) a) Ta co:

AB? =BH BC
AC*=CH.BC
2 ; B
:}[-’dﬁ] :ﬂ ? & Hinh 13
ic) cH
:}[ﬂ"_s.ﬁr BD.AB [ D
AC) CH* CE.AC E’
~ HD AE
b) Tact: cos Hyj=——=—— {
AH

cos E—ﬁ éE(w :‘E-—C}
AH BC

_ HDHE _AB. AC _AH.BC _
AH® & BC? BC?
= AHg HE.BC (dpem).

&

Bii 4. Cho x,y,z la cac s0

min x+ y+z=1. Chimg minh |

ong thoa

Txy+yz+2x)<2+9xyz.

Bai 5. Cho a,b,c 1a cac s6 khéng Am thoa min
a* +b* +¢* =3. Chimg minh ring:

a+b+za+bre.
Bii 6. Cho a,b.cla cic s6 duong théa man
a+b+c=3. Chimg minh ring: ab+bc+ca<3.
Bai 7. Cho a.bh,c la cac s thye duong thoa mén
a+b+c¢=2.Ching minh ring;

at+b* +ct vabezad + B .

Bai 8. Cho x,).z la cic so thuc duong thoa

min x+ y+ z =3. Ching minh rang:

2(x% + y* +2°) +3xyz £9.



laé THI TUYEN SINH VAO LGP 10 PHO THONG NANG KHIEU DAI HOC QUOC GIA|
| TP. HO CHI MINH NAM HOC 2017 - 2018

-~

VONG 1

(Dénh cho tdt ca cdc thi sinh:; Thoi gian fam bai: 120 phiir)

Céu 1. (1 efiém) Bi€t a va b 13 cdce s6 duong, a # b v

[tas 26?20 ] | (o2 + 8] ava b oYy
| a+h : a-b S
Tiahs= 1t 288

a® + B

Céu 2. (2 diém)

a) Giai phudng trinh [x’! —Br+ 5)(-."x—2—x+4}=0
[ — .

b) Gidi hé phudng trinh | ' (Vx+2y -3)- v
| By -y =6

Céu 3. (1.5 diénr) Cho phuting rinh (x+m) - S(x+m+6=0 (1)

a) Ching minh phudng trinh (1) luén c6 hai nghiém phin

bigt x;, 2 vodi moi s0 thuc m.

Tinh § = (x; + m)* + (o2 + m) + 50, + x5+ 2m).

b) Biét x, <Xy timmsaochox; <1 va .x,2 +2x, =2(m-1).

Ciu 4. (2 diem)

a) Nam k€ v Binh ring 6ng Nam c6 mdt minh dit hinh

vudng ABCD dude chia thinh bén phin; hai phin (gém cic

hinh vubng AMIQ va INCP véi M, N, P, O lin lugt thubc

AB, BC, CD, DA) d€ wdng cic loai rau sach, cdc phén con

lai tréng hoa. Dién tich phiin tréng rau sach 13 1200m” va

phiin d& tdng hoa 1a 1300m?, Binh ndi: “Chiic chdn ban bj

nhdm rdi!”, Nanr: “Ban nhanh thit! Minh di néi nhdm p

dién tich. Chinh xdc Ia phén trng rau sach cd dién tich
1300m’, con lai 1200m’ tdng hoa”, Hay tinh canh hinh
vuiing AMIQ (bi€t AM < MB) va gidi thich vi sao Binh lai
bi&t Nam bi nhim?

by Lép 9T ¢6 30 ban, mdi ban du dinh déng gép mdi thing
70 000 dbng vi sau 3 thing sé dii tién mua ting cho mdi em
& “Mai &m tinh thuong X ba g6i qui (gia tién cic mén qui
déu nhu nhau). Khi cic ban déng di s& tién nhy dy ol th
“Mai m tinh thuong X~ dd nhin chim séc thém 9 em va
gid tién cla mdi mén qua lai ting thém 5% nén chi Gng
duge mdi em hai géi qui. Hoi 6 bao nhiéu em cla “Mai
dm tinh thuong X dugc nhin qua?

Céu 5. (3 diém) Tam gidc ABC nOl Giép dubing tron (T) tim
O, bén kinh R: BAC - 120°, ABC - 45", H la tric tim. AH,

BH, CH lan It cit BC, CA, ABtai M, N, P.
a) Tinh AC theo R, Tinh 53 do HPN vA —“%.

J
b) Dung duiie kinh AD, HD cit (T) tai E (E khic D) va cil
BC tai F@g minh cic di€ém A, N, H, P, E ciing thudc
n va Fla trung diém ciia HD.
g minh AD L NP. Tia OF cit (T) tai /, chitng minh /
duiing trdn ngoai iép AHBC vi Al di qua trung diém

i
(Ddmh cho thi \mﬁ@m n Todn; Thai gian lam bai: 150 phait)
Ciiu 1. (2 diém) Cho phl.rdng trinh Ciéiu 4. (3,5 diém) Cho tam gide ABC nhon ndi ti€p duding

&?ﬁ tham s

hin bigt xj, xs.

- Xm+ I)x+2.m +4m+lw0(l
a) Tim m dé phu’Ung Jco 2 m

Chitng minh ring |~

b) Gid sif cdc nghiém x;. x; khic 0, chitng minh riing:

B o B

Jal =l
Ciéu 2. (2 diém) Cho x, v 14 hai s nguyén véix >y > 0.
a) Chitng minh riing néu x° — y* chia hét cho 3 thi x* - ¥
chia hét cho 9.
b) Chitng minh ring néu +° — y* chia hét cho x + ythix + y
khong 1 s nguyén 1é,
¢) Tim tit cd nhitng gid tri k nguyén duong sao cho e }‘R
chia hét cho 9 v moi x, y ma xv khong chia hét cho 3.
Céu 3. (1,5 diém)
a)Chobasda b, cx-2thébaming + 5 + ¢ + abe =0,
Ching minhriinga=b=c=0,
b) Trén mit phiing Oxy, cho ba diém A, B, C phén hiét vdi
OA = OB = OC = L. Biét ring «; +2 +a% + 6 a0, =0,

Chimg minh ring min{te xu X} < —% (ki hiéu xy 12
hoanh d clia diém M),

won () v@i tim 0. Goi D la mdt diém thay ddi trén canh
BC (D khiic B, C). Céc dubing tdn ngoai tiép cic tam gidc
ABD v ACD 1dn lugt cit AC vi AB tai £ va F (E, F khic A).
Goi K 1 giao diém cla BE va CF.

a) Chitng minh riing uf gidc AEKF ndi uép.

b) Goi H I trige tim tam gidc ABC. Chitg minh ring n€u A,
0, D thing hing thi HK song song vdi BC.

<) Ky higu § 14 dién tich tam gidc KBC. Chl’]‘ng minh r?mg

khi D thay ddi trén canh BC ta ludn c6 S <| ]

d) Goi [ 1a tim dubing tedn ngoai tép tam gidc AEF. Chﬁ'ng

minh rling BF.BA — CE.CA=BID — CD’ vaID 1 BC.

Céu 5. (1 diém) Ldp 9A cd 6 hoc sinh tham gia mdt k¥ thi

todn vi nhin dude 6 diém s6 khic nhau I3 cic s6 nguyén o

0 dén 20. Goi m la trung binh cing cic diém sé cla 6 hoo

sinh trén. Ta ndi riing hai hoc sinh (trong 6 hoc sinh wén)

lip thanh mét cip “hoan hio” né€u nhu trung binh cong

diém s& ciia hai em dé Ién hdn m.

a) Chitng minh ring khong thé chia 6 hoc sinh trén thinh 3

cip ma mdi cip déu “hoan hio™.

b} C6 thé c6 dugic nhiéu nhit 1 bao nhiéu ¢ip “hoin hio™,
NGUYEN BUC TAN - NGUYEN ANH HOANG

(TP. Ho Chi Mink) Gidi thign
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Hit6ng diin giciBE THI TUYEN SINH VAO LOP 10 CHUYEN
THPT TP. HO CHi MINH NAM HOC 2017-2018

Ciu 1.a) Taco: ab + be + ca = [JBx—|=x—2 {xzz
= —
Sxr-1=-3x-2 [3x-1=(x-2)
%[(a+b+c]2-—(¢12+bz +c2)i|:%l\9—29)=—10r * ik )
et (PT +3x—1=-3x-2 v0 nghi¢m)
B+ B+ =(ab+ be+ ca) — 2abe(a+ b+ ¢)
= (10 -2.11.3=34, o [¥22 o TV
H3+b3+c3_3abc= LI*_?I‘Q‘S:G 2
=(a+b+c)(a® +b* +c’ —ab—bc—ca) Viy nghiém cia PT da cho la: x = TJ’;@.
=3,29+10)=117.
S>a+b+=117+33=150 v
4 X ' b) y x (PK: xy# 0)
Dodo:a +b +c' = .2[}};2 —Xxy—y= 1

=(a + b + ) a* +b* +c?) :
@\?l_ﬂ xl+x+£=10
: v

~ (@ +ac +db + b +db + b))

g3 3. .3 - s e g
—(a"+bi+cg)(a2+b +c) § X:V+_b'+]=20y2 ,;_1_;_,_?_20
[ (B + B + CaP)a+b+o)-abe f+bc+e@
L(a o+ cala ¢)—abc(ab % : I 7 T s
=150.29 - [34.3-11.(-10)] 4 Ditv= —. H¢ PT tré thanh:

% s v+ =20

= 4350 - (102+110) = 4350 212 QS5. s B
b]Tacé:{m+nf‘:(m*-n)zﬂmﬁ{mwﬂ}{ & x+tv+6)(x+v-5)=0

véi mneN . Dodb: (m+nf<Ad<(m+n+2F. o = _6_xhoicv="5-x.

Ma A 14 6 chinh phuong nén: A = (m + n + 1) b
= A x4 x+x(-6-x)=10
=3m+tn=2m+m)+1=>m=n+1.
., = Jx=—2 _;(:—-2
THdo 7 +1=(n+ D —n+ D=mif—n+)im S [0=10 =2 _| I
lv=-6-x"" |v=—4 l—-_=~4 Rl
i 1 3 ¥ +
Ciu 2. a) BK: xEE . Taco: :
2 +2)3x-1 =3 -Tx-3 lv=5-x
& (x+2)% +2(x+ 2)V3x—1+3x—1=4x" sl e 24
P @{t’m:lﬂ < A e ! — 3
st e +2+43x-1=2 e :
<:>(x+2+u"3x—l) 4o’ r_x ‘ P 1v=-12 LT y=~3—
x+2+4Ix—1==2x L 3 LE 7 v Al

TOANHOC |
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Viy nghiém (x; y) ctia hé PT da cho la:
4 310

Bai toan phu: Cho dudmg tron (I) noi tiép tam

Ciu 3.

giac ABC. Dwong tron (1) r.r'c“;p xtic voi AB, AC,
BC lan leot tai D, E, F. Khi di i

AB+ AC-BC
e

AD =-

B F C
Ching minh. Theo tinh chit hai tiép tuyén cét
nhau, ta co6 AD = AE; BD=BF, CE=CF,

Dodo AB+AC-BC=

=(AD + DB) + (AE + EC)— (BF + FC)

= (BD — BF) + (CE — CF) + (AD + AE) = 24D.

AB+ AC-BC

Vay AD=
2

(dpcm).

Tro lai cau 3.

a) Goi / 2 tim dudmg tron ndi tiép A ABC. Ta claX

AB = AN, nén A ABN cin tai A. @}
Tir d6 Al la duomg phan 4 q{f

%
gidc ciling 1a dudmg cao e

cua AABN = Al 1 BK.
Ta cling c6 A ABM

cén tai B, nén BI o M «
la duong phin giac cing la dudng cao cua
AABM = BI1 AK. Suy ra I la tryc tim cia
AABK = KI1AB. Ma KH 1 AB, nén I nim
trén KH.

b) Goi L, T lan lugt 1a tiép diém cua cac duong
tron ndi tiép cac tam giac ACH, BCH v6i CH.
Ap dung bai toan phuy, ta c6:

I = AH+C’H—AC’ HT=£H_+CH-BC,
2 2
AH = AB+AC—B(J! BH = AB+BC—AC.

AH - BH + BC- AC

Do dé: HL-HT = ;
AB+AC-BC —M+BC—AC
. 2 2 =0

2
= HL.=HF =SL=T,
Viy céc dudmg tron ndi tiép cdc tam gide ACH,
BCH tiép xiic v&i nhau.
I6\jﬂ x4yt
-*—
X+y xy

Ciund.Taco P=

_164jxy 4yt

-8+
x+y xy

:_8(\11__\[;)2 +|:JC—_%")2 +10

Xty Xy

o(EeB) s
= \f’; W .
W

— 2410

+10

x+y

[ e (VE ) -8

xp(x+y)

+10.

Mé(x+y)(ﬂ+@]2 > 2,y Ay =8y

2| e+ Vx + 2—3 4
nén (V3 -3 ) | - }’(Ay’;xf)) 2 |20

Tir d6 P> 10. Pang thirc xay ra <> x = y.
Viy minP = 10 (dat duoc tai x = y).

Caiu 5.

a) Ta co: MOC = OBC + OCB

BAC

_ABC ACBngU_T:AE=A?;}E

2 2

— tir gide OHMC ndi tiép => OMC = OHC =90".

Tuong nr: Jﬁ;{gch@: wg—g—t—EN
; TOAN HOC
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— ti gidic BLNO néi tiép= ONB = OLB = 90°".

Ta ¢6 OMC = ONB =90,
néi tiép.

nén tr giac BCMN

P o T K

b) Goi P la giao diém cua OD va LH, I 1a giao
diém ciua O4 va LH, K 1a trung diém cua BC.

Tir AODA 2 AOIP (gg)

P = O1.0A=0D.OP.
ol OP
Vi A HOA vuong tai H, HI la duong cao nén:
OI. 04 = OH".

Do dé: OD.OP=0I.04=0H" =0J*
= AOQJP e AQODJ(c.gc)

ﬁ%

= OJP =0DJ =90, nén Pe BC. $§~

Taco BJN = JNO + JCO = .IBO CcO
A AR _ o 5

~ KMB + OMH = KMH.
Tir BJN = KMH = tir gidc MNJK noi tiép.

P
A PNJ w2 A PKM(g.g) :}ﬂ__‘;

PK PM
= PK.PJ=PN.PM.
Ta 6 tir giac KJDF noi tiép, nén PK.PJ = PD.PF.

Tir giac BCMN ndi tiép nén PM.PN = PB.PC.
Do dé: PD.PF = PB.PC.

Xét A PBD va A PFC co: BPD chung, e
PC FPF

1 n TOAN HOC
10 - cru,g,,tse S§ 484(10-2017)

&
Py

= APBD  APFC (c.gc) = PBD = PFC.

Viy tir gidge BCFD néi tiép. Do viy bon diém B,
D, F, C cing thudc mot dudng tron.

Cau 6. Xét hai truong hop

Trieomg hop I: C6 1 diém da cho la ddu mit cua

it nhét 4 doan thang mau xanh. Ma khéng 6 tam

gidc ndo ¢6 3 canh mau xanh. Do d6 4 diu mut

con lai tao thanh 4 diém ma 6 doan thiang ndi

chiing déu mau do.

Trieomg hop 2: Ca 9 diém déu la dau mut cia toi

da 3 doan thing mau xanh. Suy ra 9 diém déu 1a

du mit cha it nhét 5 doan thang mau do.

Gia st trong 9 diém, moi diém déu ké tir do ra

duge chi ding 5 doan thing mau do.

Goi A 1a tap hop cdc diu mit mau do. Do mdi

doan thing mau do co 2 ddu mut mau do nén 56

phin tir AP hop A 12 mét s6 chin. Nhung khi

d6 s6 tlr ciia tip hop A 1a 5. 9 =45 (vo Iy!).
c6 1 diém M trong 9 diém trén la ddu muat

it nhat 6 doan thang mau do.

Goi B 1a tip hop cac ddu mut con lai cia cac
doan thing mau d6 ndi véi M. Ta chimg minh
trong B ludn ¢6 mét tam giac c6 3 canh mau do.
That véy, xét 1 diém N tuy ¥ trong B, ¢6 it nhit 5
doan thing ndi véi N. Trong 5 doan thang niy c6
it nhat 3 doan thing cung mau.

e Trudng hop ¢6 3 doan thang mau do ndi véi
N, tam gidc tao boi 3 ddu mit con lai luén o
1 canh mau do, canh do nay cung véi 2 doan
thang ndi véi N tao thanh mét tam gide ¢6 3
canh mau do.

o Truong hop c6 3 doan thing mau xanh ndi
val N, tam gidc tao bai 3 dau mut con lai la
tam gidc cd 3 canh mau do.

Tam gidc nay cing véi diém M tao thanh hinh

c6 4 dinh ma 6 doan thing ndi ching déu c6

mau do.

NGUYEN DPUC TAN - NGUYEN ANH HOANG
(TP. HG Chi Minh) Gidi thi¢u



[HU SUC TRUOC Ki THI 2018
PESO1

(Thii gian lim bai: 90 phii)

Céu 1. C6 7 tdm bia ghi 7 chir “HIEN’, “TAI", “LA”,
“NGUYEN", “KHI","QUOC”, “GIA”. Mot ngudi
xép ngau nhién 7 tam bia canh nhau. Tinh xdc suit dé
khi xép céc tim bia dugc dong chir “HIEN TAI LA

NGUYEN KHI QUOC GIA™.
1 1 1 1
r&. E L B-r m ' Cu ﬂ 5 Dl E 2

Ciu 2. Cho phuong trinh

n (1 )
cos2| x+— +4cm| rJ:
3 .

Y
b
¢ |, phuong trinh da cho tro

-:hl.-l
Fa |

(m
Khi diat r=cos 5

thanh phuong trinh nao dudi day?

A 42 —8r+3=0. B. 412 8 -3=0.

C. 412 +8r-5=0. D. 412 —8r+5=0.

Ciu 3. Trong cdc ham s dudi day, ham nao khéng
nghich hién trén B.7

Ay=-x3+2x2-7x. B.y=—4x+cosx

1 fas VY gt
D.y= -
x"+l o L‘/r_"'\- £

Ciu 4. V& hai sé thye duromg (@&w y vd

C.y=

logy Slogs a

m—lcgﬁ h=2. Khing dinh nao dudi day
14 khiing dinh ding?

A. a=bhlogg 2. B. a =36b.

C. 2a+3b=0. D. a=hlogg 3.

Céu 5. Qua bong da duge ding
thi déu tai cdc giai bong da Viét
Nam t6 chirc co chu vi 68,5cm.
Qua bong duge ghép ndi bai cac
miéng da hinh luc gidc déu mau

Hoi
cén it nhit bao nhidu miéng da dé 1am qué bong trén?

trfing va den, mdi miéng ¢6 dién tich 49,83cm?.

A, = 40 (miéng da) B. = 20 (miéng da)

C. =35 (miéng da) D. = 30 (miéng da)

lb c6 do thi nhu hinh

dudi. Khang dinh nao dudi cTay la dang?

Ciu 6. Cho ham sb y=

-ll.l

of |, &
-\_‘___‘_‘—‘—-.___\_ -1 i
|
| |
1
|
A, hiﬂ(aQ B.0<h<a.
C. h{aé;‘\ D.0<a<h
Cau o0 hai ham sb f(x)= log, x, g(x)=2%Xé
C Enh dé sau:

‘Q’i]. Do thi hai ham s6 d6i xtmg nhau qua duong

&

thing v =ux,

(II). Tip xdc dinh cia hai ham s6 trén 1a B,

(T1T). D6 thi hai ham s6 ¢it nhau tai dang 1 diém.
(IV). Hai hiam s6 déu dong bién trén tap xac dinh
cua no.

C6 bao nhiéu ménh dé ding trong cic ménh dé trén?
A 2. B. 3. .1 D. 4.

Céiu 8. Cho hinh 1ip phuong cé canh biang 40cm va
mét hinh tru ¢6 hai ddy la hai hinh tron ngi tiép hai
mit d6i dién cua hinh lap phuong. Goi S), S, lin lugt
la dién tich toan phan cua hinh lap phwong va dién
tich toan phan cia hinh try. Tinh § =5, + 8§, (cm?).

A. § = 4(2400 + 7). B. S = 2400(4+ ).

C. § = 2400(4 + 3m). D. § = 4(2400 4 3m).

Ciu 9. Ki hi¢u z; 1a nghiém phirc co phfm thyre 4m va
phin a0 duong cua phuong trinh 22 + 2z +10=0.
Trén mat phing toa d6, diém nao dudi déy 1a diém

biéu dién s6 phire w=i""z,?

TOAN HOC
! CTugilye
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A M(3;, -1). B. M(3; 1).

C. M{(-3; 1. D. M(-3; 1)
Ciu 10. Tinh tong S cac nghiém cua phuong trinh
(2cos 2x+ 5)(sin? x—cos* x)+3=0 trong khoang

{0; 2m).

11n ?11:'

_AS_? B. S =4n C. 8 =5m

Cau 11. Trong khong gian véi hé truc toa d9 Oxyz,
cho OA=27 +2j+2k, B(=2; 2; 0), C(4; 1; —1).

Trén mét phing (Oxz) diém ndo dudi ddy cich déu
ba diém 4, B, C?

R .
A'M[I’ 0, 2] B.N[ 4,0, 7

C.P(%; 0; —12] D. Q[  0; %}

Cau 12. P6 thj ham sb y=x3 —=3x2 +2ax+hco
diém cuc tiéu A(2; —2). Tinh a +b.

A.a+b=4. B.a+b=2. 0
C.atb=—4 D.a+b=-2. N8

Céaun 13. Cho hinh chép 5.4BCD co OQ‘ CD la
hinh vudng canh a, hai mat bén va (84D)

cling vudng goc voi mat phing dAWIBiét goc gita hai
mat phing (SCD) va (ABCD) bang 45",
Vi,V5 lan luot I thé tich cac khéi chop S.AHK va
S.ACD véi Hva K lan lugt 1a trung diém cia
SCva SD. Tinh 6 dai duong cao h cua khéi chap

Gol

il
S.ABCD vatyso k =L-‘

2

A-“T=ﬂ>j€=1 B.h=a,k=%'

=

C.h=2a, k=r D, k=2 ke
k=g k=

Chu 14. Cho ham sé f(x)=mn2(x?-2x+4). Tim

cacgidtricia x dé f'(x)>0.

AL B.x=0. Coxsl, D.moi x.

TOAN HOC
& CFLIUIEQ S6 484(10-2017)
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Céu 15. Cho ham s6

e —1

khi x # 0
fx)= Lol a# 0. Tim gia tri cia
L thiz=0
2
a déhamsd f(x) lién tyc tai x, =0.
Aa=1. B.a-—-%- C.a=-1. D. a:—li-

Ciu 16. Cho him s6 v = f(x) xéc dinh, lién tuc trén
R {1} va co bang bién thién nhu dudi day:

| o 0 1 3 i
¥ + 0 + | - L] +
0 ||+ e
. 3 —___,——7
T i | z
o, %

Tim didu kién ctia m dé phuong trinh f(x)=m co6 ba
nghiém phan biét.
A.m< 0 B.m=0.

U@\ D. mb%

17. Trong khéng gian véi hé toa do Oxyz,cho
m.’ﬂ phing (P):2x— }+z—l{) 0 va duimg thing

x+2 S !
2 1
d 1an luot tai hai dlem M va N saocho A(l; 3; 2)

14 trung diém cta canh MN. Tinh d§ dai doan MN.
A. MN =433, B. MN =2,/26,5.

C. MN =4,{16,5. D. MN =2,/33.

Céiu 18. Tim s6 hang khéng chira x trong khai trién

d:

. Pudmg thing A cit (P) va

il i - i Th 2
cua [x\.fx +—4] , véi x > 0 néu biét ting C; -C, =44,
X

A.l65. B. 238. C. 485, D. 525.

Céu 19. Cho hai ham s6 F(x)=(x? +ax+b)e™ va
f(x)=(=x2 +3x+6)e"*. Tim a va b d& F(x) la

mot nguyén ham ctia ham sb f(x).

Aca=1Hh=-], B.a=-1,b=-7.

C.a=-1b6=7. D.a=1b="T.

Ciu 20. Cho lang tru ABC.A'B'C’ c¢6 day ABC la
Ja

tam gidc déu canh a, 44'= Biét hinh chiéu



vudng goc clia A' xudng mit phing (ABC) 14 trung
diém ciia BC. Tinh thé tich I cia khéi lang tru do.

3
AT B.V=2.
3ad f
gl 1 S D.V=a|=-
a2 i
_ 2
: 372 i<l
Ciu 21. Cho ham so f(x)= 1 :
~  khix21
X

Khang dinh nao dudi day 1a sai ?

A. Ham sb F(x) ligntuc tai x=1.

B. Ham s6 F(x) codaohamtai x=1.

C.Ham s6 #(x) lién tuc tai x=1 va haim s Fix)
cling co dao ham tai x=1.

D. Hamsd f(x) khéng cé dao ham tai x=1.

Céu 22. Biét duong thing y:-%x —--:-21:4- cit do thi

, y 3 : ’
ham sb v =% + IT_ 2% tai diém duy nhét; ki hiu
(xy5 ¥y) 14 toa d6 ctia diém do. Tim .

13 12

A. Yo = _” % B. ,1:1'1 =

£ J

1
Coypy=—=- D.y,=-2

7 3
Céu 23. Cho ciip s6 cong (u,) va gq@@tﬁng n
sO dau tién cia no. Biét S; =77 va W =

50 hang tong qudt u,, cta cip s cdng do.
Ay, =5+4n. B. u,, =3+2n
C.u,=2+3n. D.u, =44+5n
Cau 24. Trong khéng gian vai hé tryc toa do Oxyz,
cho ba diém A(l; 2; —4),B(; -3; 1),C(2; 2; 3).

192. Tim

Tinh dudmg kinh ! cia mit cdu (S) di qua ba diém

trén va co tim ndm trén mét phing (Oxy).

A.[=2J13. B./=2J41.
C.1=226. D./=211.

Ciu 25. P) thi ham s6 f(x) =

1
Jx2 —4x —fx2 —3x
¢ bao nhiéu dudng tiém cin ngang?

A. 3. B. 1. C. 4. D. 2.

13 %Q\

Ciiu 26. Trong mit phing toa d9 Oxy, cho hai dudng
tron (C'): x2 + 32 +2(m-2)y—6x+12+m2 =0 va
(C):(x+m)2 +(y—2)2 =5. Vecto v nao dudi diy
la vecto cia phép tinh tién bién (€) thanh (C")?

Av=(2 1) B.v=(-2; 1)

C.v=(-1:2). D. v =(2;-1).

Ciu 27. Ngudi thy gia céng cia mit co s chat huong
cao X cit m{t miéng ton hinh tron véi ban kinh 60cm
thanh ba mién hinh quat bing nhau. Sau dé ngudi tho
dy quan va han ba miéng t6n d6 dé dugc ba cii phéu
hinh nén. Hoi thé tich ¥ cia mdi cai phéu dé bang

bao nhiéu?

- w [ Wevplpe. 1"50;’% Tt

Chu 28. Cho ham $6 f(x)=x> —6x2 +9x+1 co db
thi (C). Cé bao nhiéu tiép tuyén cia dd thi (C) tai
diém thuge db thi (C) c6 tung dé la nghiém phurong
trinh 217(x) - x.f"(x) -6 =07

Al B. 4. C. 2. D. 3.

Céu 29. Ong An mudn xay mét cai bé chira nude lén
dang mot khéi hop chir nhit khang nip cd thé tich
bing 288m3, Pay bé 1a hinh chir nhat cé chiéu dai
gdp doi chiéu rong, gid thué nhin cong dé xiy bé 1
500000 déng /m2, Néu ng An biét xée dinh céc kich
thude ciia bé hop 1i thi chi phi thué nhén céng s& thip
nhét. Hoi éng An tra chi phi thip nhat dé xay dung bé
do 13 bao nhiéu?

B. 54 trigu dong.

D. 90 triéu dong.

TOAN H
: crucsi?n;cé 13

A. 108 trigu déng.
C. 168 triu dong.
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Ciu 30, Trong khong gian v&i hé toa dd Oxyz. Cho

duérngthéngd:xl_l='vl_2=2;

Goi H(a; b; ¢)1a diém thudc d sao cho 4H ¢6 do dai

nhd nhat. Tinh T =a +5% + 3.

L a2 1; 4).

A.T=8. B.T=62. C.T=13. D.T=45.
Cau 31, Cho ham sb f(x)=5%82% Khing dinh

nao sau diy la khing dinh sai?
A.f(x) <1< xlog, 5+2x3 <0.
B.f(x)<1¢> x+6x3logs 220,
C.f(x)<1< xlog, 5+3x° <0.
D. f(x) <1< xlog, 5 +3x3 0.

Ciu 32. Cho hinh ling tru tam gidc déu ABC.A'B'C’

¢6 cdc canh déu bing @ Tinh dién tich § cua mit
ciu di qua 6 dinh cta hinh ling try d6.

PO Ll Rageit
144 3

2 2

ol L B g =

3 144

Céau 33. C6 bao nhiéu gia tri nguyén cia m dé hg
F(x)=2x3 —6x% —m+1 co chc gia trj cyc trid@gdau?

C. 3. *QQCD 7.

Ciu 34. Cho ham s6 f(x) lién

A, 2, B. 9.

trén B va co

1 3 I
[Ftxde=2; [fx)dv=6. Tinh 1= [ f(|2x~1])dx.
0 ] 1

2 i L. h
A..’:E. B.I=4 C.!_-z_ D.I=6

Ciu 35. Cho hinh chép tam gidc déu S.ABC ¢6 do
dai canh ddy bing @, canh bén béng ay3. Goi O la
tim ciia diy ABC, d; 1a khoang cach tir 4 dén mit
phing (SBC) va d, la khoang cach tir @ dén mat
phing (SBC). Tinh d =dy +d>.

20T 20T
Ad=22 B.d=222.
paeitt, o o2
3 il
TOAN HOQC |
14 - CTugifre S8 4841102017

Ciu 36. Goi x, y 14 cac s6 thuc duong thoa mén diéu

kién loggx=logg y=logy(x+y) va iz_a;“@, Vi

a, b 14 hai s nguyén duong. Tinh a+b.

A.a+b=6. B.a+b=11.
C.a+b=4. D, a+b=8.
Céu 37. Tinh dién tich § cia hinh phing (H) gidi
han béi dwomg cong y=—-x3 +12x va y=—x2.
343 793

= B.S5=—"
i 12 4
c.s=27. D.s=22T.

C#u 38, Tim tit ca cac gia tri thye cia tham sb m dé
him s& y=sin® x-3cos? x—msinx—1 dong bién
trén doan [0; iﬂ

A.m>-3 B.m=<0. D. m = 0.

N
E@Goi M va m lan luot 1a gia tri 1én nhét va
Jx? -1
2

C.m=<-3.

,s& tri nho nhét cua ham s6 y =- trén tap hop
.3 e .
D=(-m; —1]ul|l; 7| Tinh gia tri T coa m.M.
1 3 ; 3
.T==- B.T==- C.T=0 D.T=—-
o 9 2 2
Ciu 40. Cho tam giac SAB  §,
vuong tai A, ABS =60,
dutmg phin gidc trong cua :
ABS cit S4 tai diém 1. V&~
nira dudmg tron tim [/ ban A
kinh /4 (nhu hinh vé). Cho | \
ASAB va nira dudng tron I %
trén cing quay quanh 5S4 \\\‘){J‘\ \
tao nén cdc khi tron xoay co ® s, 3
5 P 07 \
thé tich tromg tmg 17, V5. Py il e

Khing dinh nao diéi day diing?

A. 4V, =9V, B. 9¥, =4¥,.
C. ¥ =3l;. D. 2V, =3F,.

Ciu 41. Tim tt ca cac gid tri thue cua tham s6 k dé

Jrx+1-1

k
co [(2x—1)dx =4 lim
x—0

1 X



k=2 k=-2' k=-2'

[k=1 k=1
A{ B.[ o

c.[kz"l D.P‘“‘I

Céu 42. C6 bao nhidu gia tri thuc cia tham sé m dé
db thi ham sé v=x* —2mx2 + m—1 ¢6 ba diém cyc
tr] tao thi‘a.nh mot _tam gide co ban kinh dudng tron
ngoai tiép ching bang 1 7
ALl B. 2.

£ D. 4.

Ciu 43. Mot hinh vudng ABCD c6 canh AB=a,
dién tich §,. N&i 4 trung diém 4, B,,C;, D theo thir
tir ctia 4 canh AB, BC, CD, DA ta duge hinh vudng
thar hai 12 4B\ D) ¢6 dign tich S,. Tiep tuc nhw
thé, ta duge hinh vudng thit ba 1a 4, B,C, D5 ¢6 dign
tich Sy va et tip tuc nhu thé, ta duge dién tich
S4s 5550 Tinh §= 8 +85 + 83+ +8)49.

2100 _j a(2100 1)
A.s_—ﬁ;—:-- B.S=-——————-—299 -
- 1,_,1{2]00 =1} — ai(z‘lg -1)
C'S_ZT- DrS'—-T'

Chu 44. Tim tat cd cdc gia tri thie cia tham sb m dé

Céu 47. Biét x;, x, 13 hai nghiém ctia phuong trinh

log+ [iff_‘zj;{*_ﬂ +4x2 +1=6x

vd x+2x =%(a+ JB) véi a, b 1a hai sb nguyén
duong. Tinh a+ 5.
A.a+b=16.
C.at+th=14

Ciu 48. Trong khong gian vdi hé truc toa dd Oxyz.

B.a+b=11.
D.a+b=13,

Cho mit cdu (S):x2+32 +22 +ax+bhy+cz+d =0

x=5+1
c6 ban kinh R =419, duimg thing d:{y=-2—-4¢
z=-1-4

vd mit phing (P):3x—y-3z-1=0. Trong cic sb

{a; b d} theo thi tr dudi day, 56 ndo théa man

a+b+c+d=43, dong thoi tam / cia (S) thudc

durdmg lhfp‘i va (§) tiép xtic mét phang (F)?

A. 2, —14; 75,  B. i6; 10; 20; 71.
o LB )

W0 4 2; 47}. BARE 6 200

)

bit phwong trinh lognm{logg{}‘f+I}}>Ioggm n@xcﬁu 49. it f(n)=(n*+n+1)2 +1. Xét diy sd

co nghig¢m véi moi x € (—o0; 0). 3

4
&Zl,

A.m>9, B.m<2 C.0=m=<l.

Ciu 45. Trong khong gian vai hé to
diém M(3: 2 1). Mat ph'fmg (P) di
ciit cac truc toa dd Or, Oy, Oz lédn lwot tai cac diém
A, B, € khéng tring véi diém gbe toa do sao cho
M i trye tim tam giac ABC. Trong cac mit phing
sau, tim mat phiing song song vdi mit phang (P).

A Jx+2y+z+14=0, B. 2x+ y+3z+9=0,

C.lx+2y+z=14=0. D 2x+y+z-9=0.

Ciu 46. Cho sb phic z=a+bi (a,bcR). Biét tip
hop cae diém A biéu dién hinh hoc sé phic z 1a
dudmg tron (C) co tim [(4; 3) va ban kinh R =3,
Dat A7 1a gia trj 16n nhat, m 13 gid tri nho nhét coa
F=4a+3b-1. Tinh ma tr] M + m.

Ao M+m=063. B. M +m =48,

C. M +m=50. D. M+m=41.

&

: _SW)SB)SS).. 2n=1)
(tn) sa0 cho 1y == ) £(6). @)

Tinh limn,fu, .
A limnJu, =2.

B. Iimn@ = %
.

X |imnﬁ =.J3. D, limﬁ: Jf

Ciiu 50. Cho f(x) 14 ham lién tyc trén doan [0; a]

. [ la-x)=1 T d&  ba
e i {f(x}}{),‘ﬁ‘xei_ﬂ; 2 i 7w i
trong d6 h,c la hai sé nguyén duong va 2 1a phén

c
s0 101 gian. Khi d6 h+c c6 gia tri thude khoang nao
dudi day?
A. (11; 22).
C.(7: 21

B. (0 9).
D. (2017; 2020).

PHAM TRONG THU
(GV THPT chuyén Neuvén Quang Diéu, PongThdp)
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PHUONG PHAP

GIAT TOARN

Khi lam xong hay doc xong mét Ioi gidi cha mdt bai
BDT dep c6 ai tu hoi tac gia bai 6 liy v twomg tir
dau, lam sao lai c6 duge 1oi gidi dep nhu vay? Trong
khi lam viée voi BDT toi thay c6 kha nhién bai toan
hay c6 thé ¥ tuong bit ngudn tir cac dang thirc don
gidn, tir cdc dﬁng thirc ban diu ta c6 thé tao ra nhiéu
BDT khac. Bai viét nay i xin gi¢i thiéu mot vai
ding thic don gian ding dé chimg minh BDT. Déi
v nhitng ban mdi lam quen BDT, t6i nghi bai viet
nay s& gip ich rit nhiéu cho cic ban trong qua trinh
lam toin BDT sau nay.
1. MOT SO PANG THUC
1. Diing thire 1
a’+ab+bc+ca=(a+b)(a+c) g

b +ab+be+eca= b+{, b-z—@

c+ab+be+eca= (c+a®

2. Ping thirc 2
(a+b)b+e)c+a)=(a+b+ec)ab+be+ca)—abe
Dang thire nay c6 mot s6 dang khic nhu sau
(a+b)b+cle+a)=(a+b+cXab+be+ca)—abe (2.1)
(a+b)b+c)e+a)

=a (b+c)+h (c+ .r:f)-l—c2 (a+b)+2abc (2.2)
{a+b)b+c)c+a)

=ab(a+b)+bc(b+c)+ca(c+a)+2abe (2.3)

ab 2 he . ca
(a+c)b+c) (b+a)(c+a) (c+b){a+h)
2abc
=1(24
+(u+b](b+c}(e+a] v

ool

TOAN HOC
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é\ab()(}

\%3 Diing thirc 3
D

sU DUNG DANG THUC
aiumcmnlmﬁucnm

NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)

pé dang (2.4), ching ta thay déi voi mot s bai
toan ma dau bai cho la: cho x,y,z >0 thoa man

xp+yz+zx+2xpz=1 thi ching ta cb thé dat

(.r,_v,:]=[ o 1

byc c+a a+b

] val a,be>0;

néu ddu bai cho la: cho x,y,z>0 thoa man

T ,%r 2xyz =1 thi chiing ta c6 thé diit

abh—-J he J‘ ca ]
(a+cXb+c) '\ (b+a)(c+a) \(c+b){a+b)

(v

a +ab+b'+ah+bc+cra=(a+b}(a+b+c)
b+£‘}(ﬂl--’?+1_.)

¢’ +ca+a’ +ab+bc+ca=(c+a)(a+b+c)

b +be+c’ +ab+be+eca=

4. Péng thire 4 {d‘img thirc tuong duong)
1 1 1

+ -

b+2

ab+bc+ca+abe=4<=

a+2 c+2

tir do ta co BDT twong duong

1
ab+ be +ca+abe £4 & : + - ! &1

a+2 b+2 elld
véi a,b,c>0. Dang ding thirc twong dwong trén
v dang sau co ban 13 gidng nhau:
1 |

—+—+—-]--w=2c:>ab+bc+ca+2abc=l.
a+l b+l ¢+l

Viée chimg minh ding thirc tvong dwong hét sirc
don gian, chi bing bién d6i trong duong.
5. Piing thire 5

[a+b+c)3 —a’ +b +c +3a+b)(b+c)(c+a)

Hai dang twrong duong voi dang trén



(a+h+c) =a* +b +¢ +3(a+b+c)(ab+be+ca)-3abe
(a+b+c) =d® +b +¢°
+3[a‘b(a +b)+be(b+c)+ca(c+ a}] + babe

6. Mt s6 ding thire khic
e Cho a,b,c 14 ba s6 khac nhau timg doi mot, ta ¢o
1 1 1 1 1 1
. + : 4 :
a-b b-c b-cc-a c-aa-bh

=0 (6.1)

Chung minh: Ta ¢o
| 1 | | | 1
+

. . + ;
a—-b b—¢ b—c c—a c—a a—-b

=0

Sce—a+a—b+bh—ec=0: ding.
 Cho a,b,c 1a ba sb khic nhau timg doi mot, ta c6
at+b b+c b+c cta cta a+hb

=-1 (6.2)

a—-b b-¢c b—c c—a c—-a a-b

Chirng nunh: Dat I=ﬂ+b.}|=b+t',z:C+H‘
' a-b h—e c—a
Taco(x+ 1)yp+1)z+ 1) =(x-Dy—-1}z-1)

= xy + yz + zx =—1. Suy ra dpcm.

® Cho a,b,c >0 thoaman abc=1, tacd

Tuong tir ta cling co:

b I( b b C I ¢ c
— = + D — <= +
bF+7 8\b+tc b+a) c+7 8let+a c+b

Cong vé vai vé ba BPT trén ta dugc

a b £
+— +—
QAT AT 2 ET
1( a a b b c ¢ ] 3
== + = + + + =—.
8lae+d ag+e¢ b+a b+c¢ c+a c+b) 8§

Ding thirc xay ranéu a=b=c=1. 0

Nhin xét. Diy la bai toan don gian, d& nhin ra cach [am
nhur trén, Trong danh gia cudi, tic gia da "cd ¥" dya vao
S st gihe i, e B 10 EYE g

a+b b+e c+a

Bai 2. Cho ba so khong am thoa man

(a+b)(b+c)(c+a)=2. Ching minh rang
(u: + J’Jt'J(h: + ('E{]{L': -.—cif}] <l
sua“>b“>c>0 Tacod

ca)(c* +ab) <(a” +be)(b* +ca)(be+ab)

Léi giat. |

a‘+z@

ﬁﬂ’:e) . (b"+ca+br+ab]

ab+b+l+bc+c-+1 1I-i:?|:z+.::;+] i %@ s(a3 +bc.‘).l.(b+c.']2(a?;|+.r:}2
4

1 I 1
g ) P
Chiing minh: Do abe = | nén %
R
1 abe ) y
betc+l bo+c+abe 1
AR Nl b

cata+l catatabe boretl botctabe abibil

Tir ddy suy ra dpem.

II. MQT SO BAI TOAN AP DUNG

Trong khudn khd bai viét, toi chi dua ra mét sb

bai toan ap dyng. Téi hy vong cac ban s& tim toi

nghién ciru thém dé e thé vin dung linh hoat cdc

dang thire do.

Bai 1. Cho ba s6 ab,c>0 thod man ab+be+ca=3.

Chimg minh rang —-f - j?— t ﬁ(I <=
e +'? h‘—:? c+7 8

Léi gigi. Ap dung ding thirc 1 va BDT Cauchy ta

& a B a
a+7 & +ab+bctreca+d (a+ba+c)+4

co

g_ﬂ___._gl[_ﬁ_Jr_L]_
4 (a+b)a+c) 8la+b a+c

2 2 .
e +bc2 (b+a) (b+c]2 s +bz :
da+c) (a+c¢)
Ta s& chitng minh £ * = <1. Thit viy

(a+e)

a® +be
{a+c)

<lea’ +he<a® +2ac+¢t

< be<2ac+c’ (dingdo: a=h2c20),

Viy ta c6 didu phai chimg minh. Dang thire xay ra
khi a=b=1,¢=0 vi cic hodn vj cia n6. O

Nhin xet. Day la mot bai toan kha hay va chit, cac ban
o thé tham khao 1éd giai khac trong quyén sach “Phdn
loai va phieomg phdp gidi todn Bat déng thirc” (Vasile —
V& Quic Ba Cin — Trin Quic Anh).

Bai 3. Cho ba 56 dwong a, b, ¢ thoa man abe = 1.
Chiing minh rc"i-:z_g (a+b)b+cXe+a)z(a+1Xb+1)c+1).

Loi giii. Ap dyng dang thirc 2 va BDT Cauchy ta
cod (a+d)b+c)e+a)=(a+b+clab+bec+cd)—abe

OA
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ab+bc+ca+a+b+c

={a+b+c) {ab + bc + ca)
+]§(a+b+c}[ab+bc+m}—abc
if 3.2 2 3
2(a+b+c).ﬂ+{ab+bc+ca)3 ;ch

+%3v’3 abe 33 a’ b et -1

1
=a+b+c+ab+brz+ca+§.3.3—l

=g+h+c+ab+be+eca+2

=a+b+ec+ab+be+ca+abe+1=(a+1)b+1)c+1)
Ding thirc xdy ranéu a=b=c=1.0
Bai 4. Cho ba 56 duomg a,b,c . Chimg minh rang
lI'-'r?\--I'I";' t .".-‘l'\.'-n';?i' +cavea
< abc+—i| —
2 abe
L gigi. Ap dung BDT Bunyakovsky ta co

abJab + bc«f& +cavca
< \/{azb +b%c+ t:'za)[ab2 +bet +ea® )

rea) (¢ —a.rh)_l

ca)

abe

Taco (1) <= [£+£+£)(f+i‘+_
b raen by

lij(a +bc) (6% +

<abc+—
2

[%]
'y T
EH
—
e

2 2 2
Z\\vh a c b a8
ab

bat [,r,y,z):(E,;,E]:bx,y,zr»l] va xyz=1.

BDT (2) tré thinh J(x +y+z)(xy+yz +2x)

£1+%%j[x+y)2[y+z}z[z+x]z 3)

TOAN HOC
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Ap dung dang thire 2 ta ¢6
(x+y+z](:c}'+}z+zr)=(x+y](y+z}[z+x)+x}z

=(x+y)(y+z)(z+x)+1 =[@‘{x+y)(_v+z}{z+x]]3 +1
=[;j[x+y;.[y+z){z+x)+qx

x[s{x+y}2[y+z z+x) Jx+y )or+2)( z+x}+1}

e O T TR I UoR ot
sla’{ xrp)y+z) 2+ H+ﬁ'|:x+_;{l‘[ ytz| (24 —e{{x+ itz 2+ +1

2

l:]+ Ly )y (y+z]:[z+x}3T.

Tir ddy suy ra (3). Péng thiic xay ranéu a=b=c.0
Bii 5. Cho a,b,c > 0. Chitng minh rang
a b & .

— T — —_——

| ) q I 5 - | 3
Vb _'JR}‘% et +eca+a Na +ab+b

Jab+bc +ca

ﬁ di 1. Ap dung BDT Cauchy va diang thirc 3 ta
Ta s& chimg minh J_a'b+bzc+¢ a [ab +he” +ca§\%

(a’ +ab+b‘)(ab +bc+m)£%(a+ b}'(a+b+c}

c >2\f'ab+hc+ca e
Jod vab+p?  (a+b+c) a+h

Lam tuong tu roi cong cac BDT clng chiéu va sir
dung BDT Schwarz ta ¢é

pae

“Zb-: c }2m "Z;“ a
ape ‘Jﬂz+ab+bz {a+b+‘7) e b+e
_2Jab+bc+ca “i’r a*

(a+b+c) S ab+ac
, Wab+bc+ca (a+b+c) a+b+c

'2(ab+bc+ca) 3 Jab+bc+ca

Ping thirc xay rakhi a=b=¢. 0

(a+b+c)

Léi gidgi 2. Taco: (a+b+c)(ab+be +ca)

a.b.e ab.e

= a’ (b+¢)+3abc = Z c;r(.{';2 +bc+cz].
ope e
Theo BDT Holder ta co:



ab.e a abe a
- x
[§ Jb +be+ct ][%: N/ +bc+cz]

ab.c
><|:Z a(bz +bc+cr2)]2(a+b+r:)3

ove
ahbe = 3
B, Z a g (a+b+c)
e '\sz +b|‘3+£‘2 (G+b+(‘}(ﬂb+b€+€ﬂ}
_(a+b+ c)l

ab+bc+ca
Ding thic xdy rakhi a=b=¢. 0

Bii 6. Cho a. b, ¢ la cdc 56 khong am thoa mdn

ab + be + ca + abe =4 . Chirng minh rang

Va' +8+vb* +8+Vc* +8<a+b+c+6
Lai gigi. Ap dung dang thirc 4 ta co:
| |
+ + =1.
a+d. bl ekl

ab+bc+ca+abc=4<

o E:
Ta ciing co: 2 +a-2=2 +8.
a+2 a+?2
¢ 2 a2 i
12 +b—2=b 'S, 12 gl le +8‘
b+2 h+2 c+2 c+2

Do do ap dung BDT Schwarz ta co:

’ #
IEL 1 + : + l ]+a+b+c—6 Q{
a+2 b+2 c+2 ‘:.

a, J
2 [2
:uz+3 b2+8+r:2+8}( a’+8+@+ £ +8)

i
a+2  h+2

c+2 a+b+e+6

Suy ra .:J'+b+::*+6.32\J‘a':+8+\.(lﬁ=2 +8+\{cz+8.
Ding thirc xay rakhi a=b=c¢=1.0
Nhgn xét. O 1oi giai trén di dénh gid khéo 1éo nhur sau:

Xeét +a—2= , twong tir:
a+ a+
2 5 2 =
I ) e e SO
h+2 h+2 c4+2 c+2

Gia st chon duogc sé o sao cho
a+a—-4>0 +a-4>0,c" +a—-4,

khi d6 ap dung BDT Schwarz ta c¢d

1 |
a( + 4 +a+h+c-6
a+2 b+2 c+2
a+a—4 b +a-4 F+o-4
a+2 h+2

c+2

%K
>

>

2
(Jaz+a—4+v{bz+u-4+v{c2+u—4]
a+b+c+6 )

Ta chon @ sao cho

u[ . + : + : ]+a+b+c—6=a+b+c+6
a+2 b+2 e+2

tadugc o =12 (thoamin &* +a—4>0, b +a—4>0,
c+a-4),

Bai 7. Cho a, b, ¢ la cdc 56 the diromg thoa mdn

a” +b" +¢” +abe=4. Chimg minh rang

a+b+eczadbe +bJea

Léi gidgi. Taco 4= +b +¢ +abc=ab+be+cataie
Ap dung BDT tuong duong trong ding thirc 4, ta

evab.

co: 4z ab+be+ca+abe < i L21,
a+2 b+2 e+2
b b
suy ra + + <1.
a+2 b+2 c+2
Su dung@Schwm ta co:
Q’ b c a b ¢

=

L

T it ——5 g +
b+2 c¢+2 a+2a b +2b o +2
(a+b+c)

Cd+b 4+ +2(a+b+e)

=a+b+czab+be+ca.

St dung BDT Cauchy ta co:

a+b+c2ab+be+ca>avbe + bJea + cab
(dpcm). Pang thire xay rakhi a=b=c=1.0

Bai 8. Chimg minh rang véi moi sé thire a, b, ¢ ta
luon co (.::" +5 +¢ - .'ﬁc:."}:']_l < [.n‘? b A n"‘jl.
Léi gidi. Ap dung dang thitc 5: (a+b+c)’ =

=a’ +b' +¢’ +3(a+b+c)(ab+ be+ca)-3abe,

2

ta co: (a3+b3+c3—3abc‘}

=[a+b+c]2(a2 +b +¢f —ab—-bc—ca}z

=(az +b* +¢* + 2ab + 2be +2ca)x
x(a2+bz+cl—ab—bc—ca]2

Pit x=a’ +b* +c*,y=ab+bc+ca=>x20,x2 y.

Ta cén chimg minh BBT (x +2y)(x-y)’ <x*.

TOAN HOC
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Xét hai truong hop:
*THI1: x =0, BDT luén ding.
* TH2: x =0, khi dé:

2

(x+2y)(x-—y)2£x3b(l+2£][l—§] <1.

pit 1 =2 <1, BDT da cho trd thanh:
X

(1+20)(1-1)" <1 &£ (21 -3) 0.

BDT nay ding do 7<1. Dang thirc xdy ra khi
a=b=c=0 hoic ab+bc+eca=0.01
Bai 9. Cho a. b, ¢ la cac so dwong théa man

abe = # . Chimg minh rang

(albrz}[

Léi gigi. Ap dung dang thic 5, BPT Cauchy va

] - ‘I +——]——J?9_
a +1 "4

ding gia thiét ahc =é , a co:

(a+b -i-a:.'}'i =a’ +b +c +3(a+b)(b+c)(c+a)

35;3+b3+c7‘+3=(a3+1}+(b3+1}+(93+1j

:>{a+b+c)3[ 31

1 1 ]
4 =
e TS B

f_’[(a’ + I]"’("’J +l)+(03 +1ﬂ[ﬁ +bl+1‘3ﬁ 9.

: s : 1
Dangthire xayrakhi a=b=c=—

Bai 10. Cho a, b, ¢ la cdc 56 thuc thoa man abe = 1.
Chiing minh rang

1 1 1
—_— - <
at+20* 13 B +2c-n c"+2a3+3'
Loi giai. Khi furong
img ta thy abe =|a||bl.Je|=1 va vé tréi cta BDT

pd | —

bl,|c

khong thay déi nén ta chi can chimg minh trong
trwomg hop a.bc =0 la di. Xét a,b,c>0. Ap
dung BDT Cauchy va dang thirc (6.3) ta co:

a.b.e 1 a,b r 1

e 243 ( +b?+1+2

a,b.b 1 1

S —z; '
Pl +3b+2 2 b b+l 3

Dang thirc xdy ra néu (u.b,c):(l,l,l] hodc
(a,b,c)=(-1,-1,1) vacic hoan vi ciian6.Q

2 OTOHN HOC
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Bai 11. Cho a, b, ¢ la cdc 56 thiee khdac nhau timg
ddi mat, chimg minh rang

5yl g g 3 3
a —b b -c ¢ —a 9
-+ =

o =l s SR
(a-b) (b-c)’ (c-a) 4
L@igf&iTaca“_b3+‘Bg_”3 c-a >3

(a-b) (b-c) (c-a) 4

@ +ab+b* B +be+c? C+ca+a 2

(a-b) (b-c)’ (c-a) 4
& b B +et i et +d
(a-bf (b=c)' (c-a)’

ab be ca 9

+ 24‘ .2+ z_z.

(a—b} (b-c) {c—a}

Bétx—a+b _b=e EorEd
i _a—b’y b=¢ c¢-ua

Ap dyng ding thirc (6.2) ta ¢6 xy+yz +zx=-1.
Do dé (x+y+z]2 =52+ 3" 42" +2(p+yz+ )

’ iy 5 M O
+y +z —220=>x +y +z 22

PR R

\ Mat khaic [ b}z +[b+c]z +[c+a]2 2,
% a-b b—c T b

abe 2 abef 2
o S SR o, ]2_,
~ & -2ab+F oo \ & —2ab+b
ab be ca
o + + oL

(a—b}z (.FJ—(:}3 ;

(c-a)
2 2 . 2
(a+h) +(b+c'] +[c +a] s
a—b b—¢c c—d
:ibC- 2 a,bo X 2
oy 4+ 2ab+ b 2©2a+2ab+bq+13_’
S ad -2ab+b S\ & -2ab+ b
i AN
(c—a) 2
P+l Peel eta
T o 2
(a=b)  (b-c) (c-a)
i ab g bc . }?_
(a=b) (b-cf (c-a) 4
at+bh b+e

C+a
+
a-b b-c

El

| —

=
b +c’

To—ey

at + b
e 3
(a-2)

Tir d6 suy ra

Déng thirc xay ra khi =0.04

c—a



Bai 12. (VMO, 2008) Cho ba 56 thue ﬁ'hdfgg dm a,
b, ¢ khdc nhau timg déi mét, chung minh rang
I By I 5 1 =5 4 :
(a=b) (I.: -c) (c-a) ab + be +ca
Léi gigi 1. Gia st a>b>c20. Ap dung ding
thite (6.1) va BBT (x+ 1)’ = 4xy ta co:

)

(a_lbf +(b_lc)3 +(C—la)2 :[aib+blc+ciaJ-

i P T Lo e
a-b\b—c c-a) (a—c)(b-c) ab+bc+ea

.....

1 1 | }
3 s 2
(a=b)" (b-c) (c-a)

9

2 ot
:zab[ e =ab( il
\[u—b]' b" a \(a-B) ab |

—b)’ +2ab —b)’
| o et o Ui =2+.ab.,+{a Fal
(a-b) ab (a-B) @

MOQT SO BAI TAP TU LUYEN

Bai 1. Cho ba sb duong a, b, ¢ thoa mina + b + ¢ =3,
Chirng minh rang K

(ab+be+ ca)(

b ¢ 8 a s L Qﬁ%\

+

a
—_—t—t—t ]z = ——+
b+c¢ c¢+a a

be ea ab 3
Bai 2. Cho ba s0 duong a, b, ¢ thoa manQe¥® + ¢ =3.
be rw ab 3
+ =<,
V@ +3 B +3 et +3 2
Bai 3. Cho cac s6 dwomg a, b, ¢. Chimg minh ring
Na+D)b+eXe+a)z8la+b+e)ab+be+ca).
Bai 4. (APMO, 1998) Cho céc sb duong a, b, c.
Chirng minh ring; [I+E}[I+EJ[I+£)22[I+GJ{TC :
b\ ch a Jabe
Bai 5. Cho ba s6 dwong a, b, ¢ thoa min:
a’ +b* +¢* +abe = 4. Chimg minh ring

Chirng minh rang

TR AN Y
e a b

a)a+b+e<3,
2 2 2

c) ["—-5—---] +[-———Ej-—-] +[-—L ] 21.

2a+ be 2b+ca 2e+ab 3

Bai 6. Cho ba sb duong a, b, ¢ thoa man:
ab + be + ca + abe = 4 . Chimg minh ring

a) a+b+cz3 (Romania JBTST, 2014).

b) l+l+li_>a-+b+c,

el e
c) a+b+ezab+be+ca (Indian IMO, 1998),
(Viét Nam IMO, 1996), (India, 1996).

Bai 7. (India, 2002) Cho ba sé duong a, b, c.
Y A Latb b+c c+ta
T N S " s @ Bir Big orb
Bai 8. Cho a, b, ¢ = 0 thoa min ab+be+ca+abe=4.

Chimg minh ring

g( Gl N el ]ﬁ+ 4
3la+l b+l c+1) (a+1)(b+1)(c+1
Bai 9. Cho a, b, ¢ = 0 thoa man ab+bc+ca+abe=4.
Chimng minh ring

(a+1)J(b+D)(c+1)+(b+1)J(c+1)(a+1)+

+(c+1)yf(a+1)(b+1)2a+b+c+9.
Bai 10.Cho a, b, ¢ = 0 thoa man
a’ + b +¢* + gbe = 4. Chirng minh réng

be ca ab
—t—t—za +b +P.

K [&
Bii l@ a, b, ¢ 1a cdc 56 thuc khong am thoa
mj bc + ca+ abc =4 . Chimg minh rang
a+8]+\/b{b+8}+\/c(c+8)£a+b+c+6,
ai 12. Cho a, b, ¢ la cac s6 duong théa min
ab + be + ca + 2abe =1 . Chimg minh rang
1 | 1 6
3 3 + 3 i3 3 S<-
4a’ +4b’ +3c  4a’ +4b’+3c 4’ +4b'+3c S
Bai 13. Cho ba s6 duong a, b, . Chimg minh rang
(b & c‘)(b?‘ + (.'a) (c-l-a]({:: + ab)
+ +

];22

b +bc+c? ¢t +ca+a’
+(a+b)[a2 +-E'C) iy 4(ab+ bc +ca)
at+ab+bh* a+b+e

Bai 14. Cho a,b,c €[1;3] thoa mdn a+b+c=6.
Chimg minh ring 3(ab+bc+ca+1)za +b +¢ .
Bai 15. (JBMO TST,2016). Cho a, b, ¢ 1a céc so
thyc théa man a = b =12 ¢ = 0. Chimg minh ring
a) 2<ab+bc+ca=3.
24 25

L R et S >14,

a +b +¢° ab+bc+ca
Bii 16. Cho a, b, ¢ 14 cic s0 thue khac nhau timg
d6i mot, chimg minh rang:

Bl Skl e U
(a-b) (b-c)

A
o 21
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=N nim 1937 tai Matxcova, ong vict hon ba
muoi cudn sich cho hoc sinh, dic biét vé hinh
hoc. Cuén déu tién 6ng viét naim 1981. Nam
1984 ng 1a Tong bién tip Tap chi Todn hoc
trong triwdng cua Lién X6 cl. Sau ndm 1991
ngoai viét sich 6ng con dau tranh cho su phat
trién tién bd vé gido duc & Nga. Ong qua doi
ngay 12 thang 3 nim 2004,
Ngay nam d6, dé danh gia cong lao theo dé nghi
cdc nha gido duc su pham, cic nha toan hoc
nude Nga, Bé Gido duc va Khoa hoc CHLB
Nga da t6 chirc ky thi cho hoc sinh trung hoc tir
lop 8 dén I6p 10, mang tén Sharvgin Geometry
Olympiad.

Ban dau, ki thi nay chi danh cho cac hoc smh
Nga tham dw dén nam 2007, véi stc hit cu@
cde hoc sinh nude ngoai cling mong mu

du ki thi nay va ban t6 chice da ta@ klen
cho ho. Ki thi ndy gdm 2 vong #Qs¥ loai va

chung két.

Nhé toan hoc Fedorovich Sharygin sinh

Vong so loai: Thi sinh cin phai giai 8-16 bai
cho khdi 16p ctia minh, c6 tit ca 3 khéi 16p 1a 8,
9, 10. Céc thi sinh & xa co thé giai va gui bai qua
e-mail cho ban 16 chirc (khoang cudi thang 3
hang nam) ban t6 chirc s& chim va chon ra
khoang 30-40 ban hoc sinh cao diém nhét & mdi
khéi vao vong chung két.
Vong chung két: Céc thi sinh sé thi truc tiép 2
ngay thi mdi ngay 4 cAu ciu hoi, thoi gian moi
ngay thi 13 4 gio. Dé thi gbm 8§ ciu hoi vé hinh
hoc phéng thuan tiy, hinh t& hop, hinh hoc tinh
todn (bét ding thirc hinh hoc, lugmg gidc,...).
Hoc sinh 1am bai viét bang Tleng Anh, sau do
thi sinh s& phai thuyel trinh tryc tiép bang tleng
Anh cho giam khao vé bai lam cia minh dé ho
cham diém.

TOAN H
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IY T OLYNIPIC RINK HOC SHARYGIN
(SHARVGIN GEOMETRY OLYIMPIAD)

NGUYEN BA DANG (Ha N&i)

Nam nay Ban td chire k¥ thi da chon 4 em doan
Viét Nam tham du vong chung két Sharygin:
Trwomg Tuan Nghia (16p 8, Truomg Ha Noi-
Amsterdam), Nguyén D6 Minh Khéi (16p 11,
THPT chuyén Lé Hong Phong TP. Ho Chi
Minh), Nguyén Birc Thinh (l16p 10, THPT
chuyén Nguyén Thi Minh Khai, Séc Tring),
Nguvén Thién Nhan (1op 9, PTNK TP. H Chi
Minh), ky thi dién ra trong hai ngay cudi thang 7
ndm 2017. Két qua: Truong Tudn Nghia dugc
giai Nhét; Newyén Thién Nhdn dugc gidi Khuyén
khich @ldp 9: Nguyén Pirc Thinh, giai
Khuy ch khdi 16p 10. Do hé théng Gido
ga ¢6 11 nam, nén hoe sinh Viét Nam

ap 9 ¢ thé du thi IGp 8 hay hoc sinh 16p

ﬁduth: lop 10.

Xin gi6i thi¢u mét s6 bai thi tir nhimg nam 2004
dén nam 2016 dé cac ban tham khdo.

Bai 1. (Lop B) Cho tam gidc ABC vuodng Itai A,

ABC =50". trén canh AC J'Ir'!il' cdc diém M va N

thoa mdn l;};_‘pf — (h’-'\ =10

Tinh 1t .\rj £
M

Li gidi. (h.1)

Tacod AC = AB.tan50°; A

ABN = ABC - CBN = 40"

= AM = AB.tan10",

AN = AB.tan 40°

Hinh |

—CN=AC-AN = As[tanso" —tan 40"].
tan 50° — tan 40°
tan10"

sin®0®
cos 40" sin 40"

CN »
AM

e cos10” &
cos 40" cos 50"

Viy




Bai 2. (Lap 9) Cho nir gide ABCD ngi m.*p durong

tron (O). Chirng minh .fcmg néu B-}{) = IJ 1( thi
duong chéo AC vuong goc vai duong chéo BD.

Léi gidgi. (h.2) Cich 1. Tam giac AOB cén tai O
a@:%(lso‘l-?é‘.éjﬂoﬂ-i&“ﬂ (1)
Tt giac ABCD noi tiép .t
dudmg tron (O) nén 4 \
DAC = DBC @ [/

Tu (1) va (2) suy ra

u = _
DBC + ACB \L )/
=DAC+90" -BA0=90" <%
=]l B, Hinh 2
Cich 2. AO cit duéng tron (O) tai E. Khi d6
ABE =90° va AEB= ACB (1)
BAO = DAC = DBC 2)

Tir (1) va (2) = DBC + ACB = BAE + AEB =90°
= AC L BD.
Bai 3. (Lop
trén dwong tron do, dung diomg tron tam (0) cdt
dwong tron (A) tai P va Q, C la diém tén ducy
(A), demg thiang CP, CQ cdt dwomg tron tam

10} Cho dwong tron (A) va diém O

lan heot tai A va B. Chimg minh rang AB =
Lai gidgi, (h.3) T P ké duong thémg
v6i OP cit dudmg tron (A) tai D th]
kinh dudng tron (A) = DP va
tuyén ctia duéng tron (0).

g goc
a duong
la cac tiep

Hinh 3

&“P:@+E¢YJ=%[Q‘E}E+E&)=%Q&?};

AQB = AQP+POB =" (AOP+ PGB):%E'“B;

BQP: BAP (cung chian cung BP cia duong
tron (O)).

DP la tiép tuyén duong tron (O) nén

AQP = APx=DPC (1
DQ 1 tiép tuyén duomg tron (O) nén

DQB = 4B @)
Mat khac D, O, P, C cling nim trén dudmg tron
() nén DPC = DOC = DQB (3)

Tir (1), 2), (3) = Q4B = AQP = QAP = A0B
= QOP=AOB = AOPQ =

= PO—A5.

Bai 4. (Lop 10) Cho tam giac déu ABC. Goi D,
E, F la chdn cdc dwong cao cua tam gide ABC
ké tir A, B, C. Tir E, F va D Iin heot ké ba duang
shfm{g song song voi nhau cdt I :"mf M, DE iai
N va EF tqi P. Ching minh rang cdc
IF.'qu BM CN PA
duomg (ron ngogi rwp tam gicec ABC.

Loi giai@§M) Goi K 1 giao diém cua BM va
CN. 'Iﬁiéc DFN va tam giac DCN c¢o
DC, FDN = NDC = 60", DN chung
X¥, ADFN = ADCN (c.g.c) = DFN = DCN
— EFN = 60° — DFN =60° — DCN = NCE.

K
i el Il,n"ll F — \E
‘\-\‘-__‘_ fl X N, \
oy \
B D (&

Hinh 4

Tuong ty ¢6 ADBM = ADEM = DBM = DEM
= MBF = MEF.
Tir gia thiét FN // ME = MEF = EFN
= MBF = ECN => KBA = KCA
— K thudc duong tron ngoai tiép A4BC.
AP va BM cit nhau tai G, hoan toél} chimg minh
nhu trén ta co tr gidc BGAC ndi ticp = G tring
voi K = BM, CN, PA déng quy tai diém K trén
dudmg tron ngoai tiép tam giac ABC.

(Xem tiép trang 36)
TOAN HOC
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CAC LOP THCS
Bai T1/484 (L&p 6). Tinh téng
A=3+4+6+9+13+18+..

+4953
(cdc sb hang trong tong A duge xac dinh theo
cong thirc a,,, =a, +n véi neN').
NGUYEN HAM THANH

(GV THPT Ly Nhdt Quang , P6 Luong, Nghé An)
Bii T2/484 (Lép 7). Tim c4c s6 ty nhién x, y thoa
mén phuong trinh

(I+xDI+yD=(x+y)!

trong d6 ky hiéu n!=1.2...n.

LE XUAN
(GV THPT chuyén l”l‘n

Bai T3/484. Trong mét & cia ban c&r %x 80

vuong duge dat mot sO vién soi 0 6 cac

vién s0i trong cac & cimg hang hOC cung cot la

s6 chiin. Chimg minh ring tong s6 cac vién soi
trén cdc 6 den ctia ban cér 1a s6 chin.

VU BINH HOA

(GV Khoa Céng nghé thong tin, Trwomg DHSP

He Ngi)

i T4/484. Cho hinh chitr nhit ABCD co

AB=BC2. M 13 mét diém trén canh CD (M

khiac D). Ké BI L AM tai I. Goi giao diém cua

CI va DI voi AB Van luot 1a E va F. Chitng minh

ring AE, BF va AB 1a do dai ba canh ctia mét

tam giac vuong.

THAI NHAT PHUONG

(GV THCS Nguyén Van Troi, Cam nghia, Cam Ranh,

Khanh Hoa)

TOAN HOC
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Bai T5/484. Gidi phuong trinh
2ot —8x* +60x7 —~104x—-240=0.

NGUYEN THANH HAI
(GV THCS Nam Cudng, Nam Triee, Nam Dinh)

CAC LOP THPT
Bai T6/484. Giai phuong trinh sau trén tap hop
s thue

3 +37 —2x—dp+5+256% + 57 +10x+50y +130

+/5x7 + 5% —30x +45

= 102x* +102y7 — 204x + 204y +1360.

HOANG SY LUYEN

{Can hoe 19, Pai hpe Vinh)

Bai T7/484. Chimg minh ring véi moi sb
nguyén duong n, ta ludn co:

! 1 1 1 n+l
<—+=—+..+—<log,—.
% 2.3 n 2
2 »
suy ra lim ]+I+ +l\l o
y n—+a| 3 HJ

NGUYEN VIET HUNG

(GV THPT chuvén KHTN, PHQG Ha Ngi)

Bai T8/484. Gia st dudng tron tam [ ndi tiép

tam gidc ABC tiép xtic véi cdc canh BC, CA va

AB theo thir t tai D, E va F. Ké DG vudng goc

voi EF (G thude EF), goi J la trung diém cia

doan DG. Pudmg thing EJ cat lai dudmg tron (/)

tai /. Goi K la tim dudmg tron ngoai tiép tam
gidc FGH. Chimg minh /K // BH.

HO QUANG VINH

(Tap chi Todn hoc & Tudi ré)

Bai T9/484. Cho cac s6 thuc dwong x, y, z thoa

] [T | | 16 y e : :
min —+—+—= . Tim gia tri nho nhat
g o RS U
ciabiduthie P=X+24 2,
gy

TRAN QUOC LUAT

(GV THPT chuyén Lé Hong Phong,
TP. Hé Chi Minh)



TIEN TOI OLYMPIC TOAN

Bai T10/484. V&i mdi sé nguyén dlmfng n, ky
higu An) 14 tong binh phuong cac ude s0 nguyén
dwong clia ». Hiy tim tat ca cac sb nguyén

10m* +15n% +2n
24 ,
TRAN QUANG VINH
(SV k27C khoa Todn DHSP TP. Hé Chi Minh)
Bai T11/484. Cho day s6 (x,) thoa man:

duong » sao cho Zf(k) 2

k=1

x=1x =%

-2 - i Ol
X ax, =x- +4" viinelN

Tinh lim(3-5)" x".

NGUYEN LAI
(GV THPT chuyén Livong Viin Chdnh, Tuy Hoa,
Phii ¥Yén)

Bai T12/484. Cho tam gidc ABC. Goi (0), I theo
thir wr 1a dudmg tron ngoai tiép va tdim dudng
tron ndi ti€p A4ABC. AJ cat BC tai A4 va cit lai
(O) tai 4,. Tuongtutacéd BB, va C,C,. BC,
va B,C, cdt nhau tai 4;; AC, va 4,C,

nhau tai B,; AB, vi A4,B, cit nhau m@

%
4
PRO
FOR SECONDARY S

Problem T1/484 (For 6" grade). Compute
A=3+4+6+9+13+18+...+ 4953

(where the terms are determinéd. :

5

OO0L

a,,=a,+n, neN').
Problem T2/484 (For 7"
natural numbers x, y such that

(I+xD1+yh)=

where n!=1.2...n.

Problem T3/484. In each square in a 8 x 8

chess board we place some small stones such
that the sum of the stones in any row or any
column is even. Prove that the sum of the stones
in the black squares is even.

Chimg minh 4,,B,,C, cing thuc mdt duomg
thing vubng goc véi OI.
NGUYEN MINH HA
(GV THPT chuyén BHSP Ha Ngi)
Bai 1.1/484. Mot hon ¢4 nho duge ném tir mit
dit véi van tée ban diu Ia v, theo phuong hop
voi phutmg ngang mot goc a. Mot con chim bay
véi van téc khong doi la vy theo ding quy dao
ciia hon d4. Tim gia tc clia con chim tai diém c6
do cao bing nira dd cao cue dai cia hon da. Bo
qua lyc can cua khong khi.
VU THANH KHIET (Ha Ngi)

Bai L2/484. Dit dién ép u = U2 coswr (V)
(trong d6 U khéng déi, @ c6 thé thay ddi dugc)
vio hai ddu mot doan mach AB gbdm dién tré
thuan R, cuén cam thuén cé dé tu cam L va tu
dién c6 dién dung C, mic ndi tiép. Cho biét
= CRa Thay ddi tin sb goc cua dién ap
ngudi dugc hai gd tri 1a o, = 50n (rad/s)
v Q¥ 80 (rad/s) img vai hé s6 cong sudt cua
mach c6 gid tri bing nhau. Véi hai gia tri
ng nhau d6 hay x4c dinh hé sb cong sudt cua
doan mach.
THANH LAM (Ha Ngi)

Problem T4/484. Let ABCD be a rectangle with

AB = BC+2. Choose some point M on the line
segment CD such that M is different from D.
Draw BI¢AM Ie AM ). Assume that C! and

and F respectively. Prove

%ﬁﬂfqu—z.qo:o.
Find the real roots of the

32 £ ) —2x—Ay+ 542557 4552 +10x+ 50y +130

+/52% + 5% —30x+45

= 1022 +102)* = 204x + 204y + 1360,
(Xem tiép trang 36)
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Bai T1/480. Tim cac 56 nguyén dwong x, v, z sao cho

X+y+z =105

Lai gigi. Nhdn xét. Néu (x; y; 2) = (a; b; ¢) 1a mit
nghiém cia phwrong trinh trén thi cic b 0 hoan vi
vong quanh (b; ¢; a) va (c; b; a) ciing la nghiém cua
phuong trinh nay.

Tir nhan xét trén cd thé gia st ring s6 nho nhét trong
basdx,y,zlax tiiclal<x<yval<sx<zthiti
X+ 3+ 25 =105 (1) ¢6 32" < 105, hay la x* < 35, suy
ral <x<3.

Xét ba truémg hop sau.

a) Véi x = | thay vao (1) duge 7 + 2= 104 (2).

<3, Véiy = 1, thay vao (2) duge z = 103, tlma,

o 1= 5 .?: —
Véiy = 2, thay vio (2) duge 27 +z= 104, i@

ma 2%+ 6=70<104<2"= 128nenvon§$&

Vi y = 3, thay véo (2) duge 3 +z=
ma 3*+ 4 =85 < 104 < 3°= 243, nén vo nghiém.
e Néul<z<y tir(2)céz +z< 104 <4'=256 nén
z< 3. Véiz = 1, thay vao (2) duge y = 103, thoa min.
Véi z = 2, thay vao (2) duge 3 = 102 nén vé nghiém.
Vai z = 3, thay vao (2) duoc _}'3 = 101 nén vé nghigm.
b} Vi x = 2 thay vao (1) duge 2 + 7 + 2 = 105 (3).
e Néu2<y<ztir(3)c62 +y +)»*<105<4*=256
nén y < 3. Véi y = 2, thay vao (3) duge 2° + 27 = 101,
ma 2°4+ 6°= 100 < 101 < 2" = 128 nén khéng c6 z thoa
min. Véi y = 3, thay vio (3) duge 3 + 2° = 97 ma
3*+4% =97, nén z = 4 théa min.
sNéu2<z<y tir(3)co 2+ + 2 < 105 < 4%=256
nén z < 3. Véi z = 2, thay vao (3) duge 2 + 7 = 101
ma 2°+ 6°= 100 < 101 <2"= 128 nén v6 nghiém. Vi
z = 3, thay vao (3) duoc 2’ + ' = 96 va y chin, ma
2+ 4= 80 < 96 < 6° = 216 nén vd nghiém.
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«Néul<y _b,m(z)céf‘wg104<4‘=25$®

¢) Vi x = 3 thay vao (1) duge 3 + )7 + 2° = 105 (4).
T3 =143>105nén3<y<4

e Néuy=3tir(4)co ¥+2’=T8vazle,

ma 3°+ 3% = 54 < 78 < 5° = 125 nén v6 nghiém.

* Néu y=4 tir (4) c6 4+ 2’ = 24 vi z chin,

mé 47+ 2° = 24, nén z =2 théa man.

Str dung Nhgn xét trén, bai todn co cac nghiém (x; 3; z)
1 (1; 1; 103), (1; 103; 1), (103; 1; 1), (2; 3: 4), (3: 4, 2),
(4:2; 3.0

¥ Nhin xét. 1) Tir nhan xét riing b nghiém ctia PT (1) co
thé hoan vi vong quanh, rit nhiéu ban di dua ra nhin dinh
sai 1im 13 vai rd cia x, y, z nhu nhau din dén gia sir
xSy<zhoficz=y<x Chay ring néu vai trd cla x, y, 2
nhir nhau thi cé 6 b nghidm, chit khéng chi cé 3 bd
nghiém nhu khi hodn vi vong quanh! Ching han, gia sir
ring z €y < x, khichoz =2 s&bo mit nghi¢m y = 4, x = 3.

2) Ban Bgng Khoi Nguyén, SE, TH Khiomg Mai, Q. Thanh
Xuan, Ha Nji, da gidi cach khac khi goi x 1a sb 16n nhét
trong ba sb x, ¥, = . Do 3.3° = 81 < 105 nén x = 4. Xét hai
truémg hop:

. Viix = tir (1) cd p € 2 vi z < 2, dén t6i nghiém
(v 52 $ 11,
=4 thi tir (1) ¢6 ¥ < 3 vd z < 3, din t&i nghiém
1a (4; 2; 3).
in vi vong quanh cdc nghiém trén duce két qua.

VIET HAI
Bai T2/480. Cho tam gidc ABC vudng can tai A,
BC = a2 . Trén cdc canh BC, AB va AC lan hept
lay cde diem M, D, E tiy y. Tim gid tri nho nhat cia
tong MD + ME.
Lot gidgi. Theo dinh 1i
Pythagore ta cé:

AB + AC* = BC*
Ma AB = AC nén B M &
24B* =BC* =24’ nénAB=a.
V& MH | AB, MK L AC .Khido MH // AC, MK /l AB.
Suy ra MK = AH (tinh chét doan chén song song).
Lai 6 tam giac HMB vudng can tai H nén MH = BH.
Ta ¢o MD = MH, ME = MK (quan hé¢ gilta dudng
vudng goc va dudmg xién). Do do
MD+MEzMH+MK =BH+AH =AB=a.

Ding thircxayrakhi D=H va E=K.
Véy gid tri nho nhit cia téng MD + ME bing a khi D,
E lan hugt 14 chin dudmg vudng goc cia M trén 4B,
A4c¢.0




¥ Nhin xét. iy i mot bai todn cye trj hinh hoe st dung méi
quan hé giita duimg vudng gée va duimg xién. Pa sd cac ban
giri bai dén toa soan déu co 1 giai ding. Céc ban say diy ¢6
I giai t5t: Vinh Phie: Ta Kim Nam Tudn, 6A2, THCS Yén
Lac, Nghé An: Lé Féin Quang Trung, 7B, THCS Ly Nhit
Quang, P6 Luong; Quang Negii: Newyén Trung Phii, Cao
Thi Ngoc Trdam, Pham Binh Tam, Va Bam Huwong Giang, Lé

Tudn Kigt, Pham Thi Thu Nhung, Vin Quang Tué, TA, Pi

Pham Thiyy Trang, 7C, Nguvén Thi Yén Nhi, 7D, THCS
Pham Vin Déng, Nghia Hanh; Binh Phuéc: Pdng Dinh Vin,
711, THCS Tén Pha, D;ﬁng Xoal

NGUYEN THI Qm ANH

Bai T3/480. Giai hé phuong trinh

2 3 :
R 1
LA

| 3 1
AP e =
\ N X
| -
> L S
| %2 L =
I ¥ v

Loi gidi. Didu kién: x>0,y > 0,z > 0.
2
Cdach 1. Dat —= : =¢,vilia > 0,
" i i &

b =10, c=0. Khi dé HPT di cho trér thanh

[4]
|——b+£‘=1
s l-agb+ca=a

2
g—n-+a=2 (D& <2—-bc+ab=

3-ca+bh
T é‘
i

Cdng theo vé ba phuong trinh cua hé (1) ta duge

ey *)

Céng theo vé ba phurong trinh cia hé (11) ta duoc

a+2b+3c=6 ().
Ap dung bt dang thirc Cauchy cho hai s duong ta ¢6
E+b}2 E+£‘=‘-‘.2 et
b a g b #& c

démg thii két hop vai (%) va (**) suy ra

J6= (-1—+2+ ][a+2b+3c}
a b

~14+2(“ b]+6[-+ ]u{c "]
b a i A ic

214+22+62+32=36.

e&‘

L. T BT RN S |
Dﬂdﬂbacbac eab=1
a+2b+3c=6 ]

x—1

Tirdo tim duge 4 vy =4.

z=9

Viy HPT c6 nghiém duy nhét (x; y; 2) = (1; 4 ; 9).
Cich 2. Cong theo vé hai phucmg trinh déu cua HPT

da cho, ta duoc J—+ P —

o|dzrpl [‘r*f-] ”

Ap dung bt dang thirc Cauchy vai hai s6 duong, ta

J_
6

6 s <3=>/y<2 (1)

&

=~ 2 nén tr phuong trinh thir hai cia hé suy ra

co :r+—-3-2 —=4 suyra

J_+T:_>(>—> Vz23J/x 2)

Tir phrong trinh thir ba cua hé, két hop vai (1) va (2),

ot r—— tisi=s dr 3T 1<0
Jx

SHWr-DEVr+) <0 Jx <1 3)

Tir phuong trinh diu cia HPT, két hop véi (1) va (3),
taco

J_+—fzo=>z\f-:3vf?g3. 2=6=z<3(4)
Tir (1), (3) va (4) suy ra x + [y +/z <6.
Mt khic, cong theo vé ba phwong trinh ciia HPT, ta

duoe JE+V{;+\E=G.

Do d6 dang thirc & (1), (3) va (4) xay ra ddng thoi.
Tir d6 tim duge nghiém (x; 3 z)=(1;4;9).0

» Nhdn xét. Diy 14 bii todn giai hé phong trinh ba in co
chita cin, ta cd thé dit 4n phu dé dua vé giai hé phurong
trinh khéng chita can va st dung bét déng thirc ma danh gia.
Pa s cac ban giri bai déu giai theo mit trong hai céch trén.
Tuyén dwong céc ban sau 6 1o gidi tit: Thanh Hoéa: DS
Cao Bach Timg, 8B, THCS Trin Mai Ninh: Phi Yén: Pam
Ngoe Hfétf, 9H, THCS Trin Hung Dao; Vinh Long:
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Nguyén Vo Thudn, 9A1, THCS TTr. Tam Binh; Binh
Phurtve: Dang Dinh Van, 7/11, THCS Tan Pht, Dong Xoai.

PHAM THI BACH NGOC
Bai T4/480. Cho hai dwcng tron (O); R)) va (O, Ra)
cdt nhau tai A va B. Pudng thang d tiép xiic voi
(Oy: R)) va (O Ry) lan wot tai C va D. Goi Rs, Ry
theo thir tw fa ban kinh dwdng tron ngoai tiep tam
gide ACD va BCD. Chimg minh ring Ry.R, = Ry.Ra.

Lai gigi. Goi E la diém ddi ximg voi B qua dudmg
thang CD. Theo tinh chit d6i ximg ta co

CBD = CED (1)
Mt khée, theo tinh chét géc tao béi tia tiép tuyén va
diy cung, ta co ACD = HC‘ : ADC = ABD

Tir (1) va (2), ta c6 CAD +CED = CAD + CBD &
p

=EE{+,@=§D+H§+E"' 0°.
Do 6 t gide ACED n'ﬁi tiép *%ﬁ’ (3)
Lai ¢, theo tinh chat doi ximg, ta co =ACED(4)
T (3) va (4)suyra
Ry = R(ACD) = R(CDE) = R(CBD) = R. (5)

bé ¥ rang O, va 0;0, tuong (mg 14 trung truc cua
ACvaAD, taco

c0,0, =%E’(’)TA =;1"Eb=12;4030= 0,0, .
Tuong tu, DO,0; = 0,0,C , do 46
AHORC e AO(OLD. Suy 1a
GC TOL o B s e (6)
Op oD R & :
Tir (5) va(6)suyra R.R, =R,.8,. O
»Nhin xét, 1) Tir chimg minh trén dan dén
AACD en ACO 0 = £=£!—.m0ngur B_C= E‘-
AD R, BD R
TOAN HOC .
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Do d6 phan gide trong cia hai goc CAD, CBD it nhau
tai mét diém thude CD. Ban Nguyén Hitu Nam, 9C, THCS
Trin Mai Ninh, TP, Thanh Hod dua ra nhin xét trén
nhung khong chimg minh.
2) Khéng nhiéu ban tham gia giii bai todn trén. Ngoai ban
Nam, cac ban sau ciing cho 161 giai ding. Quang Ngai: Lé
Tudn Kiér, 8C, THCS Pham Vin Bong; Thanh Hod: £ Cao
Bach Timg, Pham Anh Pric, 8B, THCS Tran Mai Ninh; Nghé
An: Trdn Arnh Quic, 9A, THCS Ding Thai Mai, TP. Vinh.
NGUYEN THANH HONG
Bai T5/480. Cho a, b, ¢ la ba 56 thue diomg vé
e, B, & 2 2. Chitng minh

a b c 4 (a—b)

@ e T

b+e c+a a+db 2 alb+c)c+a)
[b—c'): (c'—a}:_

B = :
Ble+a)a+b) la+ bY(h+c)

L gidi, Goi vé trai BPT cn chimg minh la M. Ta

a—b_a—bz (G_h)z-—zﬂ

+a (b+c)e+a)

e, ved
&

a -‘.'.'—G_

co:
b+c

—-20;

a+b (c+afa+bh)

2
s ollE AL gy
a+b b+e (a+b)b+c)

Cong timg vé cac déng thire trén ta duoc:

sxdity . il (b—c)’ (c-a)’
(b+clc+a) (c+ala+b) (a+b)b+c)
TR i (b—e)’ (c=af

2 2Absoleta) Ae+ala+bh) Aa+b)b+c)
Theo gia thiét a, B, » = 2, do do:
3, (ab (b—c’ (c—a)’
2 ab+c)cta) PleraNa+b) Ma+bXb+c)
Déu“="xayrakhia=b=choica=p=1=2.0

»Nhin xé. 1) Bai ton di cho thye chit lm “chdr” hon
BDT Nesbitt: Vi ba 56 diomg a, b, ¢ ta luén co:

=

vl =

2) Bién d6i vé diing thire (*) 1a mAu chot 16i giai cua bai todn,
da sb cdc ban déu lim theo hudng nay. MGt s ban gidi bng
cach dimg én phu, hofic bién déi roi ding BDT Cauchy, tuy
nhién 167 gidi theo nhimg cach niy ciing vim di.

Céc ban co 1o giai 161 13: Bic Ninh: Nguyén Ngoe Khanh,
9A1, THCS Nguyén Dang Dao, TP. Bac Ninh. Phi The:
Lé Na, 9A, THCS Thi Trin 2, H. Yén Lip. Ha Niji:
Nguvén Ding Nhat Minh, 9C3, THCS Archimedes



Acadamy; Lé Tudn Tu, 9T, THPT din lip Luong Thé
Vinh. Thanh Héa: D& Cao Bdch Ting, Pham Anh hic,
8B, THCS Tran Mai Ninh, TP. Thanh Héa. HA Tinh:
Hodng Quoc Khednh, 9A, THCS Dng Lang, Pic Tho.
Quiing Ngdi: Lé Tudn Kiét, 8C, THCS Pham Van Déng,
H. Nghia Hanh. Vinh Long: D6 Thién An, 9/2, THCS Lé
Quy Pén, Nguyén ¥ Thudn, 9A1, THCS Thj Trin Tam
Binh, H. Tam Binh.

NHU HOANG
Bai T6/480. Giai phirong trinh

4x’ —24x* +45x-26=-x" +4x-3.
Loi gigi. Didu kién dé phuong trinh ¢ nghia 1a
—x” +4x—32 0 tuong duong véi 1< x < 3.
Bién di phwong trinh da cho vé dang
4(x-2)° -3(x=-2)=J1-(x—2).

bat t=x-2,-1=t<1, ta thu dugc phuong trinh

trong duong la 48 —3r=+1-r%. (*
Do ~1<¢<1, ¢6 thé dit =cosa (ae[0,n]), ta
thu duge phwong trinh 4cos® o—3coso =+1—cos” o

: T
<> cos 3 =sinc < cos3a —cua(——a]

Phuong trinh cudi cho ta 30:———& +2km %&

%

da=- ——a]+2kr|: Ta cf b
[\ L}ughlen@kg 5

hodc o = —£+ k. Do o [0, x], cho nén

(1=£+k£ voi & = 0 hofic k= 1, hodc u=—£+!m:
8 2 4

véi k= 1. Ta thu dugc 3 nghiém CLE{E E,iE .
|18 8 "4
Thay x=r+2=cosc+2, ta thu duge 3 nghiém cua

I

s
phuong trinh d4 cho la ?+ms§ 2+¢m.§ J2+cos— T

Lirw y: Phwong trinh (*) ciing c6 thé giai bang cach

\ o
dat didu kién 4° -3t =0 = rz“—j hofic 02/2—Y>.

Binh phuong hai vé va chuyén vé, phén tich thanh
thira s6 dé dugc phuong trinh

)
LY 2, 4 4

Ta thu duoc f2=—-,f = G 1=

2
Két hop véi diéu kign diu bai va diéu kién khi binh

|22+~f2'h oo a—d
e 4

: £}
phuong 2 vé phuong trinh sau {]2:’2% hoac

02!2—%}, ta thu dwge 3 nghiém ¢ la

J2 Y242 V242
Iz_T"I;T’ va I='-T. Tuong

img v&i 3 nghiém nay la 3 nghiém cia x Ia

NG J2+J_ 2205
2 2

)

x=2-—— x=2+ va x=2-
#Nhin xét. Bii todn ndy c6 khi nhidu ban giri loi gidi,
nhung c6 mét s6 khi déng ban giai sai. Pa sb cc ban giai
biing cich binh phueng hai vé cia phwong trinh nhung quén
dat diéu kién phy dé c6 phuong trinh twong duong. Mét sb
ban tuy quén it didu kién phy, nhung ¢6 thir lai tnue tiép dé
¢6 nghiém ding. Céc ban sau ddy 6 d4p s6 ding va léi giai
dimg (c6 2 ban quén khéng ghi tén va dia chi):

Long AnN®n Owy Léc, 10 T1, Lé Tri Phii, 11T1, THPT
Chuyé g An; Tién Giang: Lé Hodng Bao, 12 Toan,
chuyén Tién Giang; Hai Phéng: Bii Anh Ding,
, THPT An Duong, TP. Hai Phong; Quing Ngii: Lé
an Kigr, 8C, THCS Pham Vin Ddéng, Nghia Hanh,

Q, Nguyén Lé Minh Triét, 12T1, THPT chuyén Lé Khiét, TP.

Quang Ngii; Bén Tre: [é Ngdi Nhat Huy, 10A1, THPT Lac
Long Quin, TP. Bén Tre; Nghé An: Bach Quang Higu,
11A1, THPT Cita Lo; Quéng Tri: Vd Thanh Long, 10T,
THPT chuyén L& Quy Pon; Thira Thién Hué: Phan
Hodng Mink Dike, 11 Todn2, Hodng Vii Nam Tdn, 11T1,
THPT chuyén Quée hoc Hué, TP. Hué; Vinh Phic: Kim
Thi Hong Linh, Nguyén Lé Son, 11A1, THPT chuyén Vinh
Phiic; Da Niing: Pham Hiéu, 10A, THPT chuyén L& Quy
Ban, TP. Da Ning; Nam Dinh: Nguvén Himg Sem, 10A2,
THPT Lé Quy Bon, Trwc Ninh, Lé Phuong Thanh, 11
Toan2, THPT chuyén Lé Héng Phong; Hung Yén: Hodng
Vein Thai, 11A3, THPT Duong Quéng Ham, Vin Giang,
Dodan Phii Thanh, Trdn Thi Phuwong Linh, 10 Toanl, THPT
chuyén Hung Yén; Thanh Héa: Lé Tién Dgr, 11B2, THPT
Néng Cong 1, D6 Cao Bich Ting, 8B, Nguvén Hiru Nam
9G, THCS Tran Mai Ninh, TP. Thanh Héa; Vinh Long: Lé
Phurong Thanh, 12A2, Nguvén Ngoc Khdnh Vv, 11H, Chdu
Minh Khanh, 11T1, THPT chuyén Nguyén Binh Khiém; Ha
Noiz Doan Thi Mink Hing, 11A1, THPT Ba Vi, Hodng
Timg, 11 Toan, THPT chuyén KHTN, BHQG Ha Néi; Thai
Binh: Trdn Lé Phweng Thio, 10T1, THPT chuyén Thai
Binh; Binh Phwie: Ddng Hiru Trung Hicu, Luw Tri Cuedmg
10T4, Nguyén Dinh Thinh, Nguyén Trung Nam, Newyén Lé
Phi Lang, 11T3, THPT chuyén Binh Long: Quing Nam:
Dim Thi Xudn ¥, Nguyén Lé Thanh Héng, 10/1 THPT
chuyén Nguyén Binh Khigm, Pham Ly Nhdt Dung, Bink
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Nguyé“'n Khanh, 10/1, Lé Ha Khiém, 11T, THPT chuyén Lé
Thénh Téng TP. Hi An.

vU DINH HOA
la hai nghiem cua phwong

Bai T7/480. Goi x,.x,

trinh: x~ =2ax-=1=0 pong do a ld 56 nguyén.

—_— 5 : L. 3 I 4n 3o g
Chieng minh rang: =" Wy —x)" la tich
o ] x 1 2 |

ctia ba so h nhién lién ti ' voi i la so fu nhién thy v
Lot gigi. Do x, x, 1a hai nghiém cta phuong trinh

x*—2ax—1=0 nén theo dinh ly Viéte ta cé:

X +x, =2a; xx, =-1. Khidd:

1 n " 1 H 2n
g{xl —a N - )‘g(-’ﬁz S P 2"

=%[{xﬁ" Y -4 ](" +23") (do xx, =-1)

2 2 2 o
T S R T L +2

2 HURE ! 2

Ta s& chimg minh: §, =x"+x" la s6 nguyén
duong chin véi moi ne N (¥). Thét vay:

-Véi n=0 thi S, =2 lasd nguyén duong chin.

-Véi n=1 thi §=x +x =(x+%) -2xx, = 4a+2\§,

NS

4 56 nguyén duong chin (do a e 7). P

Gia sir ménh de (*) ding dén n, nghia 14 co
§,.S, 14 céc s6 nguyén duong chin. T@? chimg

minh S, , 14 s6 nguyén dwong chin. T@

mn+l

20n+l) _2(n+1)
8 =X Tl

:["lz +x§)[-‘ﬁ2n +x§”] ok [:cf‘""” +x§[”'”]
BN .

14 56 nguyén dwong chin.

Theo nguyén ly quy nap, S, la s6 nguyén durong

chin voi YneN. Do x™ +x3" 14 s6 nguyén duong
o +:4r2 -2 xl ~|-_x72rr x]“"

= +1"+2
chin nén = %

2 z 2

ba sb tir nhién lién tiép. Viy ta co didu phai chimg
minh. O3

#Nhdn xét. Co khi déng cic ban tham gia giai bai ndy, da
s0 cac 1o giai déu giai dimg vé céch giai twong ty nhu loi giai
trén. Mat sb ban trinh bay con dai déng. Cac ban sau co loi
gidi ngdn gon: Vinh Phiic: Newyén Lé Somn, 11A1, THPT
chuyén Vinh Phic, TP. Vinh Yén. Ha N@i: Neguyén Minh

TOAN H
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Hiéu, 12 Toan 1, THPT chuyén BHSP Ha N§i. Nam
Dinh: Nguyén Himg Som, 10A2, THPT Lé Quy Déan, True
Ninh. Thanh Héa: Thiéu £inh Mink Hing, 8C, THCS
Nhit Bi S, Hoing Hoa. Nghé An: Tran Tién Manh,
11ALl, THPT chuyén, Pai hoc Vinh. Thira Thién Hué:
Hodng Vit Nam Tdn, 11 Todn 1, Ngé Nguyén Owinh Mo,
11 Toan 2, THPT chuyén Quéc hoc Hué. Quing Nam:
Tran Thign Thu Uvén, Pham Ly Nhat Duy, 10/1, Lé Ha
Khiém, 11T, THPT chuyén Lé Thanh Téng, TP. H§i An.
Quing Ngai: D3 Thi My Lan, 11T2, Lé Minh Triét, 12T1,
THPT chuyén Lé Khiét, TP. Quing Ngii. Binh Phuwe:
Nguvén Hoang Dike, 11A, THPT chuyén Quang Trung.
Vinh Long: Trdn Linh, 11T1, THPT chuyén Nguyén Binh
Khiém. Long An: Nguyén Thi Negdn Tric, 11T1, THPT
chuyén Long An. Laém Bdng: V6 Minh Qudn, 10 Toan,
THPT chuyén Thang long, TP. B4 Lat.

TRAN HUU NAM

Bai T8MB0. Ducng tron tam I nii mp tam giac ABC
tiép xtic véi cde canh BC, CA va AB theo thir i tgi D,
Eva F. Gig sie X la giao diém cua cde dwong thang
DE va AB, Y la giao diém cua duing thang CF va

dwomg thang DE. Ching minh r.'"rf."s: ' 8
, -
a giao diem thir hai ciia CF va dudng

Lo giai.,
tron %& do do Cﬁ = CT.EE:' {clng chin F?} nén
N

EF CF
F <2 ACZE !
(g.g) = ZZ CE (1)
Tuong ty c6 ACDF ©» ACZD
DF _CF

(2)

Laivi CD=CE,
nén tir (1) va (2) ta co
EF _DF

EZ DZ

Hay EF.DZ = EZ.DF,
suy ra tir giac ndi tiep DFEZ la
tir gide diéu hod. Tir d6 cc tiép tuyén
viri dudmg tron () tai F, Z va dudng th%ng Dx? phai
dong quy tai mot diém. Nghia 1a X7 14 tiép tuyén cia
duémg trom (7).

Tiép theo xét cuc — doi cuc ddi véi dudmg tron (7).
Theo dinh li La Hire:

Ta thiy ¥ thudc FZ la duémg d6i cuc cioa diém X nén
duomg d6i cuc cia diém ¥ phai di qua X. (3)



Mit khac ¥ thuge DE 1a duomg déi cye cia diém C
nén duong doi cuc cia diém Y phai di qua €. (4)

Tir (3) va (4) suy ra CX la duomg déi cuc cua diém Y
doi vai duomg tron (7). Theo tinh chét vé cue — dbi
cyc ta thiy ngay Y | CX (dpem). 03

»Nhin xét. S6 1oi gidi giri vé Toa soan khi dong theo cdc
hwémg: Sir dung dink Ii Brocard, tinh char it gidc didu hod;
hang diém, chimm diéy hod, cuc — dai cwe. Céc ban sau co
1o gii tot: Ha Ni: Hodng Timg, 11 Todn, THPT chuyén
KHTN, BPHQG Ha N§i, Vi Thanh Thao, 11 Todn, THPT
Son Tdy; Lao Cai: Nguyén Minh Higu, 12 Toan, THPT
chuyén Lao Cai; Vinh Phiic: D6 Trung Phuong, Nouyén Lé
Som, Kim Thi Hong Linh, 11A1, THPT chuyén Vinh Phiic;
Nam Binh: Tidn Minh Hiéu, Lé Phuong Thanh, 11 Toan2,
Nguyén Thanh Huyén, 12 Toin2, THPT chuyén Lé Héng
Phong; Thanh Hoa: Hdng Quang Anh, 10T, THPT chuyén
Lam Son, Lé Tién Dat, 11A1, THPT Nong Céng I: Ngh¢
An: Trdn Ank Quéc, 9A, THCS Ding Thai Mai, Trdn Tin
Manh, 11A1, THPT chuyén BH Vinh, TP. Vinh, Bach
Quang Higu, 11A1, THPT Cira Lo, Nguyen Thi Khdnh Hoa,
10A1, THPT Quy Hop 1; Ha Tinh: Hodng Oudc Khdnh,
10A1, THPT Diic The; Quang Binh: Hé Anh, 10 Todn,
THPT chuyén V& Nguyén Gidp; Thira Thién Hué: Hodng
Vit Nam Tan, 11T1, Nguvén Trung Kién, 11 Toan 2, THPT
chuyén Quoc hoe Hué; Quéng Nam: Nguyén Thanh Himg,
Huymh Dinh Ngoc Trde, 11/1, THPT chuyén Nguyén Binh
Khiém, TP, Tam Ky, Pham Ly Nhdt Duy, 10/1, Bi
Negwyén Khdnh, Lé Ha Khiém, 11T1, THPT chu}*
Thénh Téng, TP. Hji An; Quing ‘\lgﬂ.l. Ng uyen fn
Triét, 12T2, THPT chuyén Lé Khiét; Binh DiphY Puha.r
Sinh, 11A2, THPT S6 2 An Nhon; Déng # Neuyén
Phiic Tang, 10 Toan, THPT chuyén N
Pha Yén: Pham Minh Chién, Nguvén K thmng Trang,
10T1, THPT chuyén Luong Van Chanh; 'iflc Trang: Huynh
Gia Bao, 11A1, THPT chuyén Nguyén Thi Minh Khai; An
Giang: Nguyén Minh Uvén, 10T1, THPT chuyén Thoai
Ngoc Haw; Long An: Neuyén Thi Mgdn Tric, 11T1, THPT
chuyén Long An; Binh Phwée: Ngwyén Hoing Diic,
Nguyén Tdn Tai, Trinh Hoang Hi¢p, 11A; THPT chuyén
Quang Trung: Vinh Long: Chdu Minh Khdnh, 11T1, THPT
chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO QUANG VINH
Bai T9/480. Gia sir a, b la cdc 56 duong théa mén
diéu kién 24ab + 44be + 33ca < 1.
e

; g . 1
nhat cia biey thie P=—+ -4+ _,
g b e

uang Diéu,

Tim gia tri nho

Léi gidi. (Theo da sb cic ban).

b='—v,c=i
10 1

Pit9a=x, 10b=y, llc=zthi a=

ND|'e:
o

9 10
Fi y
Tiép theo, ap dung bat ding thire Cauchy cho 15 sb, ta

6 152 4xy+6yz +5zx 2 155x" 02"

Suy rax’y'z! < 1. (1)

va ta tm duge P=— +u vadxy + bz +5zx < 15,

Tiép tyc ap dung bit ding thirc Cauchy va sir dung
(1), ta thu dure

2. 10 11 1 il | 1
Pt —— =4 A=t =t F—F—F . —
Al DA R Ty yog 7

9 =4 hang 10 565 hang L1 50 hang

1
= 3030/ ———— = 30.
£y

Déu dang thirc xay ra khi va chi khi x = y
a =l,b = i,c =i. Viéy gid tri nho nhét cua biéu
9" 107 11

=z=1 hay

thire P-—i+ ] +l 1a 30 khi a—l b_L,cz—l—, a
a, b 9 10 11

i ¢ 5
%ﬁy la dang todn co bin vé bét ding thire

> Nhin
Cauch ¢ rt nhiéu ban giai trye tiép theo cich trinh bay
0 6t 50 ban sir dung hat dang thire Cauchy-Schwarz va

ng thirc Holder ciing cho két qua ding. Céc ban sau diy
o giai ding: Bén Tre: Lé Ned Nkt Huy, 10A1, THPT
Lac Long Quan; Binh Phwée: Ngwvén Tén Tai, Trinh Hodng
Higp, Nguyén Hoang Pric, 11A, THPT chuyén Quang Trung;
Ha Néi: Nguyén Minh Hiéu, 12T1, THPT chuyén DHSP Ha
Noi, Hoang Timg. 11T, THPT chuyén KHTN, PHQG Ha
Noi; Ha Tinh: Hodng Quic Khdnh, 10A1, THPT BPire Tho:
Thira Thién Hué: Phan Hoing Minh Dic, 11T2, THPT
chuyén Quéc hoc Hué; Lim Pong: V5 Mink Oudn, 10T,
THPT chuyén Thang Long: Long An: Bi Khinh Phong,
Lé Tri Phu, 11T1, Pham Qu' Léc, 10T1, THPT chuyén
Long An; Nam Binh: Nguyén Himg Son, 10A2, THPT Lé
Quy Dén, Truc Ninh; Tran Mink Hidw, 11T2, THPT chuyén
Lé Hing Phong; \ghé An: Trdn Tién Manh, 11A1, THPT
chuyén BH Vinh, Tran Anh Quée, 9A, THCS Ding Thai
Mai, TP. Vinh: Quéng Binh: £ Anh, 11T, THPT chuyén
Vo Nguyén Gidp; Quing Nam: Pham Thi Hong My, 10/1,
THPT chuyén Nguyén Binh Khiém, Tran Vin Tinh, Pham
Ly Nhdt Huy, 1011, THPT chuyén Lé Théinh Téng; Quang
Triz Vo Thanh Long, 10T, THPT chuyén Lé Quy Dén;
Thanh Hod: Diang Quang Anh, 10T, THPT chuyén Lam
Som, Bd Cao Béch Timg, Pham Anh $hic, 8B, THCS Trin
Mai Ninh, Lé Tién Pat, 11A1, THPT Néng Céng 1; Tién
Giang: Lé Hodng Bao, 11T, THPT chuyén Tién Giang;
Vinh Long: Chdu Minh Khanh, 11T1, THPT chuyén
Nguyén Binh Khiém; Vinh Phic: Pd Trumg Phuong,
Neuyén Lé Som, 11A1, THPT chuyén Vinh Phic.

NGUYEN VAN MAU

TOAN HOC
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Bai T10/480. Tim mr ca cdc bo Uum 19 56 nguvén
Lf:mr.rc' ;uzrnr ."m:‘ co ::m,s.{ erg 2017 va tong cac chir
56 ctia moi s6 déu humz nhai.

Léi gidi. (Cua ban Nguyén Minh Hiéu, 11 Toén 1,
THPT chuyén DHSP Ha Néi).

Goi 1936 d6 12 ay,...,a, vOi g, > a, >...> a.

Ki hiéu 5(a) 1a téng cac chir sbcnasd ae N,
Dé thiy a = 5(a) (mod 9) (n
&y ..+ Gy = 2017 2
Theo gid thiét { e o !
S(a))=8(a)=..=5(ay)=reN

Néu ay, = 99 thi a +.tay >9+100+..4+117 > 2017
Viy a3 <99, khidor<9+9=18.

19
Do(l)tacé ¥ (a —S(a;)) =2017-19¢:9.
i=l
Kéthop véit< 18 tasuyrare {1, 10}.
D& thdy £ > 1, nén ¢= 10. Viy ; c6 it nhit hai chir s6.
Ta liét ké day s0 (theo thir ty ting) ¢o tong cac chi sé
1a 10. Dudi day la 22 s6 diu tién:
19, 28, 37, 46, 55, 64, 73, 82,91, 109, 118, 127, 136,
145, 154, 163, 172, 181, 190, 208, 217, 226.

19
Tacd ) a,>19+28+...+181=1800.

i=2

ﬁ%

Suyraa; <217 Viy a, € {190, 208, 217},
i) Ncum =
(58,

217 thi (2) xay ra khi
.y ) =(181,172,16 %
ii) Néu @, = 208. Khi do
a Fay ot a2 208+19+28+...+172=1827.
Suy raa- = 190, Viy a, {181, 190}.

i 19
Néua; = 181 thi Y @ =19+..+172+181+208 = 2017.

i=l

19
Néu a, = 190 thi ) g, =19+..4+172+190+208 = 2017
i=l
(thoa mén).
19
iii) Néu @, = 190 thi g, =19+28+...+190=1990 %2017,
=l
Viy ¢o hai bd thod man diéu kién diu bai la:
{19,28,37,46, 55, 64, 73, 82,91, 109, 118, 127, 136,
145, 154, 172, 181, 217
va {19, 28, 37, 46, 55, 64, 73, 82, 91, 109, 118, 127,
136, 145, 154, 172, 190, 208}. O

TOAN HOC
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%\% Gy =

#Nhdn xét. 1) Cic ban sau ddy c6 161 giai tot: Binh Phurde:
Nguyén Tan Tai, 11A, THPT chuyén Quang Trung; Quing
Nam: Bagng Thi Tra My, 101, Phan Tam Li Na, 1171,
THPT chuyén Nguyén Binh Khiém; Nam Binh: Trdn Mink
Hiéu, 11 Toan 2, THPT chuyén L& Héng Phong; Thanh
Hod: Déng Quang Anh, 10T, THPT chuyén Lam Son.

2) C6 tuomg dbi it ban tham gia gidi bai nay, trong 56 do
co mot sb o 1o gidi chwra duge tron ven (chi tim duge

mit bd sé).

PANG HUNG THANG
Bai T11/480. Cho day so (a,),(n=0,12,.) dwoc
xdc dinh béi a, =610,a, =89 va a,_,=7a,.,—4a

L2,

2a,,,a, —3 lality thica bdc bon ciia mot s6 nguyen.

vai M= Tim tat ca cde gia tri cia n dé
Léi gidgi, Ta 6 a,=7.a —a,=789-610=13,a, =2,
a, =l,a, =5 vi bang quy nap theo »

a,=l<a;=5<a, <.. laday cac 56 nguyén duong.

Cting tir gia thiét tasuy ra a,,, +a, =7a,.;, ¥n=0.

=(a,

= ?an—lan = (]'” '?du,.l =

374 +4 i {arﬁl a3, )

=a ,‘&:]b: sl a, vn=1l.

[ +1%0-1 ~ Yn s
i
L.
viimoi nelM.a, .a,—a,, =
z

= Gyl —a; =13.610-89% =9.
Bai \-'a}ﬁ ﬂ;+] = (?au —a, l}an-rl

=Ta.a

nintl

=Ta,.d,,—a, .4,

L

[af; +9]

=aa 1=(%] ding véimoin>1 (1)

n-n+l

Tacod 2.a.a,—3=289.610—3=108577,

18* < 108577 <19*.

Xétnz1: 2a,a,,-3=y" (yeN’)

o2 -1=y" x= L;a" e N’ (theo (1)).

Ta s& chimg minh phuong trinh 2x* -1=)* ¢6
nghiém nguyén dwong duy nhat x=y=1 (suy ra
n=73 la sé tu nhién duy nhat thoa man bai toan).
Phan chimg, gia st phuong trinh 2x° —1=3* co
nghiém nguyén duong x>Ly>1(x>1= y=1).
Ta thdy y la sd nguyén duong 1é lém hom |
=12 =2a+1 (aelN")



= 2" =(2a+1)" +1 —x* =2a" +2a+1=(a+1) +d".
Chay y* =2a+1=(a+1)’ -2

Ta s& chimg minh khéng ton tai cdc sd nguyén

S P =
duong p, g, x, y thod médn ¢~ (2)
=y =¥

Phan ching, ta xét cdc sé nguyén duong p, ¢, x, v
thoa man (2) ma p® +¢° nho nhit. Suy ra (p, ¢) = |
va tir (2) ta ¢d x > y 1 hai s cing tinh chén, I&.

|

Ciing tir (2) tasuy ra p* = E(xz +y ] =m’ +n’ (3)

X+ y
trongdém:x 2

= x_;_y_ I cdc sb nguyén duong,

(m,n)=1vinéu mid,nid thisuyra x=m+nid,
y=m-nid,p’ =m* +n*id" = pid=qid (deN")
=d=1ldo(p,g)=1

Tur (3), theo phuong trinh Pythagore, ton tai cac so
m=u —v.n=2uv

nguvén duong w, v thoa min PR
m=2uv,n=u —v

Bai T12/480. Cho tam gidc ABC khing cdn va khong
vudng tai A. BE, CF ld cde dwing cao. Cac dwing
tron (0,).(0,) cimg di qua A va theo thir tir tiép xiic
veri BC tgi B, C. D la giao diém thir hai ctia (0)) va
(0,). M. N theo thir tr la giao diém thir hai ctia BA,
BD va (). P, O theo thir e la giao diém thir hai
ciia CA, CD vé (0,). R la giao diém ciia AD va EF. S
la giao diém ciia MP va NQ. Chimg minh RS | BC.
Bé dé. Cho tam gide ABC, BE, CF la cde durding eao.
Cac duong tron (0)), (Oy) ciing di qua A va theo thir
tte tiép xiic véi BC tai B, C. D la giao diém thir hai
ciia () va (1), R la giao diém cua AD va EF. X la
giao diém cua BD va AC. Y la giao diém cia CD va
AB. Khi di

1) R thuoe XY.

2) XY /[l BC va RX=RY.

Chiing minh
1) Goi tAm cua tam giac ABC; I, W theo thir
tyla 16m cua AD, EF vai BC (h.1).

&

== o= (x=y)(x+y)=dmn= Sm*(uz —v@x

=q° =4uv(u2 - 1'3) = g chan. //%
Pitg=2z (zeN)= 7’ =uv(u2 —v:_’@’
Chuy(mm=1= G, v)=1 ﬁ(ﬁéu,v,u—u
u + v d6i mot nguyén té cling nhau

= Ik lrseN u=klv=Lu+v=ru-v=s

B+l =r 3l
= 5 g , » trong khi do
- =1 =5

4P =utv<du(u-vu+v)=q" < p*+q°.
Mau thun vai (p, g, x, ) 1a cdc s6 nguyén duong
thoa mén (2) va p* +¢° nho nhit,

Vay n =13 la s6 tu nhién duy nhéit thoa man bai todn. O
» Nhin xét. Diy 1a bii toan dai sd, sb hoc khé va rit phirc
tap nhung cé nhidu ly luin hay. Trong cée ban giri 160 giai
1 tod soan chi c6 mot ban ¢d 161 gial ding: Quing Nam:

Pham Ly Nhgt Duy, 10/1, THPT chuyén Lé Thénh Tong,
TP. Hji An,

NGUYEN MINH PUC

Hinh 1
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Vi BE | CE;BF LCF nén bon diém B, C, E, F
cung thude mot duomg tron. Dé thﬁy

(DB, DC) = (DB, BC)+(BC.,DC)

= (4D, AB)+(AC, AD) =(AC, AB) =(HB, HC)(mod ).
Do dé bén didm B, C, D, H cing thudc mjt duong
tron. Vay (DH, DAY= (DH,DB)+(DB, D4)

= (CH,CB)+(BC,BA)= (CH,BA) = g

Tir d6, chiy y ring HE L AE; HF L AF, suy ra ndm
diém A, H, D, E, F cing thuéc mdt duong tron.

Vi BC, HD, EF theo thir ty 1a truc dang phuong cua
cic cip dudng tron (BCEF), (BCDH), (BCDH),
(AHDEF); (AHDEF), (BCEF) nén BC, EF, DH déng
quy. Néi cach khéc D, H, W thang hang.

Viy (4ADRIN=W(ADRI) =W (AHEB)=-1.
Do d6 B(YXRC) = B(ADRI)

= (ADRI) = (DARI) = C(DARI) = C(YXRB).
Didu d6 c6 nghia 1a R, X, ¥ thiing hang.
2) D& thdy /B =+I4.ID =IC. Do d6, theo dinh li

_ XC YA IB XC YA
Ceva, — —— ==—,—.—=-1.
X4 ¥YB IC XA ¥B .

.3 XC
Diéudé conghiala === = YX//BC. @&
X4 ¥4 @

S

Tir dinh 1i Thales, % = £ =-1 @& trung diém

1B

cua XY,
Tra Iai giai bai todn T12/480.
Goi X 1a giao diém cta BD va AC, Y la giao diem cia
CDva AB (h.2).
D& thiy (PB,PQ)=(DB,DC)= (DB, BC)+(BC,DC)
=(AD, AB)+(AC,AD)=(AC, AB)
= (AP, AB) = (QP.0QB) = ~(QB,0P) (mod ).
Do d6 tam gidic BPQ can tai B. Két hop véi BC tiép
xue vl (Oy), suy ra PO/ BC.
Twong tu tam gide CNM cin tai Cva NM// BC.
D& thiy (BP,CN) = (BP, AP)+(AC,NC)

= (BD, AD)+(AD, ND)=(BD, ND) = 0(mod ).
Do d6 BP // CN. Tuong tu BQ // CM.
Vay NM I/ PQ; MC /! PQ, MC /| OB // CN /] BP.

3 4TOFIN HOC
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oy &

Hinh 2

Do d6 cic tam gidac CMN, BPQ hodc la anh cua nhau
qua mdt phép vi tw hofic 1a anh cia nhau qua mot
phép tinh tién.
BP_PB__ PO _ QP _SP
Vay ':":===—"—..==:—_Q=—"—g—_=—.
NC NM NM SM
Do dé S // CM. Tuong tw, chi riing BP // CN, ta c6
SY /i BP / CN. Theo bd dé trén, chii y ring MN // BC,
ta ¢6 XY // BC // MN. Viy cac tam gidc SXY, CMN
déng dang (ctng hudéng). Tir d6, chi ¥ ring tam gidc
CMN can tai C, suy ra tam gidc SXY can tai § (1)
Theo bo dé trén, RX = RY 2)
Tir (1) v (2), chi y ting XY // BC, suyra SR L BC. O
» Nhdn xét. 1) Diy Ia bai toan hay va kho, sb ban tham gia
pidi khimg nhiéu, da 56 101 gidi phy thudce hinh ve.
2) Livi giai trén dya véo ¥ trong cia ban Vo Mink Oudn,
10T, THPT chuyén Thing Long, TP. Da Lat, Lim Déng,
3) Xin néu tén tit ca cac ban: Vinh Phiic: Do Trung
Phicomg, 11A1, THPT chuyén Vinh Phic, TP. Vinh Yén;
Nam Dinh: Trdn Minh Hiéu, 11T2, THPT chuyén Lé Hong
Phong, TP. Nam Pinh; Thanh Héa: Ddng Quang Anh.
10T, THPT chuyén Lam Son; Thira Thién Hué: Newyén




Trung Kién, 1112, Huimh Hitu Nhdr, 12T1, THPT chuyén
Quéc hoe Hué, TP. Hué; Quang Nam: L& Ha Khiém, 11T,
Binh Nguyvén Khdanh, 10T, Pham Li Nhat Duy, 10/1, THPT
chuyén Lé Thanh Téng, TP. Hoi An; Quing Negdi: Neuyén
Lé Minh Triér, 12T1, THPT L& Khiét, TP. Quang Ngi.

NGUYEN MINH HA
P

Bai L1/480. N

‘e ta mdic
hai diém bét ki cua vong
deay dean Ll'rfJ:”E: chat, tiet
dién déu, tam O ban kinh a
hai dav dan thang rat dai
hrine theo phieong ben
kinh cia ving ddv. Hai
dau ctia hei diy déin thang
diroc noi vao Hf__’!'!’{ji;' dién o

xa. Tinh cam wme tir tai

tam vong ddy. o
Lai gidi. Ap dung nguyén li chong chét tir trudmg:

Bo = B + B2 + Baup + Bavo.

Vi cam tng tr tai mt

diém nam trén phuong cia / el N |
mdt day din bing 0, do d6 |[” o’ p,"! i
ta co: \ A J

Ba=0= Bo =5 +Ba. \“---,_

Goi [y, I; lan lugt la d6 dai N
e - Q’ I\
cua cic doan diy (1), (2) =r$ %
(hinh bén). @‘ Ny
Bi:co phuong vudng goc voi mat phfmg dudng tron
tim (; chiéu huémg ngoai vao trong; Bé lon:
L g S 1
almna a

] .
B2 : ¢ phuong vudng goc v6i mit phing dudng tron
tAm (: chiéu hwdémg tir trong ra ngoai; Do lon:
O LL  I0TER
almna a

B, =
Vi B1. B> ciing phuong ngirge chiéu

=
= By =|B, - B,| = =

Ju

Goi Ry, R, lan luot 13 dién tro cia cac doan day (1),
(2). ViR // Ry = IR = 1,R,
Vong day la dong chat tiét dién déu nén:

.R'| “'!:]',Rg "’!2:3‘ 1111 =fzf2 = Bﬂ =0.0

»Nhin xét, Chic mimg hai ban d3 c6 1o giai ding dé ra
ki nay: Lao Cai: Ly Nhdt Linh, 11 Toan, THPT chuyén
Lio Cai, TP. Lao Cai; Thira Thién Hué: Ngo Nguyén
Quinh Mo, 11 Toan 2, THPT chuyén Qudc hoc Hué.

DINH THI THAI QUYNH

Bai L.2/480. Mach dién gim tai 7, noi vai dién o R

roi noi vao ngudn dién xoay chiéu co dién dp higu

dung U,. Khi do, dién dp hi¢u dung va hé s cing

suar rén tai la U, va cosg, = 0,6; dién ap hai dan

& f_ - £ A 5 - , .
R la AU=—: hé 50 cong sudat toan mach la
4 !

cos, = 0.8, Bang cach diéu chinh 1ai Z, va dién ap

nguon, ngudi ta lam cho cong suat tiéu thy rén R

giam 100 lan con cong . suat fiéu thu 27 va hé 56

cosp, trén tai khong doi. Khi do, dién dp dau nguon

phai hu.g hao nhiéu lan?

Ld‘r@an ddu U, = AU +U, suyra

%\% cos@, = AU+ U, coso, —lL' +U, cosg,
Coa) LN :
L &

U,
~ cos@,

hay

(0,25+cosq, )= :ZUq (h

sudt giam 100 lan:

AP = AP I =S e ey ar =S o B (2)
10 10 40

=U3I"cosp, = U = 10U, (3)

Cong toa nhiét tén R

Laicé: B, =U,/cos,

Mat khic U] =0} + AU’ suyra

2 12 il
-cosp, =—2— "1 Ml 4
T YT

Tir cac biéu thire trén ta tim duoe:

1 1
U'=U, 10 +—+2.0,6.10.— =10,015L, (5
L=k 40° 40 2 ©)

U r
Tir (1) va (5) ta tinh duoc: _{,-IL ~9,43. 0
1
¥ Nhiin xét. Rit tiéc khéng cé ban nao giri 1o giai cho bai
Vit Iy nay.

NGUYEN XUAN QUANG

TOAN HOC ax
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PROBLEM...
(Tiép theo trang 25)
FOR HIGHSCHOOL
Problem T7/484. Prove that the
inequalities hold for every positive integer n
nit b alent 1

o —is e e
3 Tatgi g eade s

following

n+1

H—+x

And hence deduce that 1im [%+%+...+l}= +o0,
Mol e

Problem T8/484. Assume that the incircle /. of ﬂle

triangle ABC is tangent to BC, Cd4 and AB
respectively at D, E and F. Draw DG pmpendiculm“

to EF (G belongs to EF). Let J be the midpoint of
DG. The line EJ intersects the circle (/) at H. Let K

be the circumcenter of the triangle FGH. Prove that
IK /! BH. :
Problem T9/484. Given positive numbers x, », 2
satisfying _1_+l+l = L)

roopes

X+y+z

Find the minimum value of the expression

e

P=—+—+-.

JPiga
L)

K¥ THI OLYMPIC...

(Tiép theo i 23)
Bm 5. (Lop B) (Tran Quang Himg, Vi Cho
hinh vuéng ABCD, P la diém bat kv o e nho

DC cria dudme tron ngoai tiep hinh f@. 4, PB ci
duomg chéo BD va AC tai K va L. G¥WM, N la hinh
chidu ctia K, L trén canh CD, Q la giao diém KN va
LM. Chiing minh ring PQ di qua trung diém AB.

Bb dé. Cho tam gidc vudng ABC vudng tai A, hai
dwomg thang BP, CQ vudng géc voi BC thoa man
BP = AB va CQ = CA (P va Q khong cung phia voi 4
doi v b BC), B la giao diem BQ va CP, Mva N la
giao diém AP va AQ voi egnh BC. Khi do AE di qua
trung diém MN.

Chirmg minh. (h.5) Tam gidc BAP cin nén RAP= BPA
Mit khic MAC =90" — BAP, AMC = BMP =" — BPA

— MAC = AMC => ACAM cin
= 4 = CM= €0, tuong ty ¢ B4 = BN = BP.
Goi K, G lan huot 1a giao diem cua AP va AQ vdi
dudmg thang qua F song song voi BC, H 13 hinh chiéu
ciia E trén BC thi - = S 2 izl
CM PC BQ CQ

= EK = EH. Tuong ty 6 EH = EG

36 T?grﬂuggg S3 484(10-2017)

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/484. For each positive integer n, let
fin) be the sum of the squares of the positive divisors
of n. Find all positive integers # such that

L 10n° +150% +2
Y fllyz———=
- 24

Problem T11/484. Given the sequencc (x,) as

*

. ;.‘.:h+2x =x:.+l+4—n, HEN
nd

1m{3 J'}x"

Prohlem TIZMM Given a triangle ABC. Let (0) and
I respectively be the circumcircle and the incenter of
ABC. Assume that A/ intersects BC at 4, and

intersects () at another point 4,. Similarly we get
the pumts B.B, and C,,C,. Suppose that B,C
intersects at 4,; AC, intersects 4,C, at By;

4.5:1 "&ects 4,8, at C;. Prove that 4,,B,.C;
bc@ung to a line which is perpendicular to O

— AE 13 trung tuyén cia AAKG
— AE di qua trung diém MN.
Trd lai bai toan 5 (h.6). Do
KM vuing goc voi CD

— KMD =90,

APD = 45" = Ma tim f
duomg tron ngoai tiép H
APKD = MK = MP.
Twong tr ¢ LN = PN

= MPN =90" = AMPN vuéng tai P.

Ap dung bb dé trén ta suy ra diéu can chimg minh.

Hinh 6



TIENG ANH BUA EAE BAI TBAN

BAI SO 25
Problem. Given a polyvnomial with non-negative We can easily find the octal representation of
. 36945

integer coefficients  f(x)=a,+ax+..+a,x

Suppose that f(1)=06, f(8)=36945. Compute 36945=8"+8" +8% +2.8+1.

a,—a+a, —..+(-1)"a,. Therefore f(x)=1+2x+x"+x*+ x° and hence

Solution: Since [f(1)=6 and the coefficients ay—a;+a, —...+(-1)"a, =0

a, are natural numbers, we have 0=<g <6.
TU VUNG

From this and f(8)=a,+a,.8+...+a,8 =36945
fon s and Ffimdy “ polynomial : da thire

we see that a, +a,.8+4...+a_ 8" is the (unique ; o A :
! ! % ( 4 ) ocial representanion . biéu dién trong ht? co so 8

octal representation of 36945.

o

%

Bai toan. Cho S la tcp hop tat ca cac so phiec thoa man |z —2+311=2 (1).

Tint gia tri nho nhat vé gid i E@W’M. ctia bicu thire

}_| T . (2}

. &
Goi A(-3; 1) va O(2; -3) lan luot 1a céc dw@u dién cho sb phirc -3 +iva 2 —3i. Goi M(a; b) 1a
diém biéu dién cho s6 phic z. VA

Tir (1) ta thdy khoang cach MQ I|¢ang 2 khi M thay doi, ]
nghia 1a tap hop cdc diém M én s0 phirc z (z € §) la

dudng tron (O, 2). Bai toan troWhanh tim khoang céch nhé nhit
va 16n nhat cua do dai doan thing AM khi M thay déi trén
dudng tron (0, 2).

\ \L Loi giai. Ching ta %‘ﬁl todn ndy bang phuong phép hinh hoc.

Gia sir duong thang qua 4 va Q cit dudng tron (O, 2) tai B va
C, trong d6 B gin A hon C (xem hinh v&). D& thiy AM dat gia
tri nho nhét (16n nhét) khi M & vi tri B (twong (mg M & vj tri C).

Do d6 gié tri nho nhit cia P(z)=|z+3—i|,ze S 12 AB va bing A0 0B =/41-2.

Tuong ty, gid trj 16n nht cia biéu thire P(z)=|z+3-i,ze S 14 AC va bing 40+0C =41 +2.

Nhin xét. Hoan nghénh céc ban sau di ¢6 bai dich tt, giri bai dén Toa soan som: Hii Dwong: Neuyén Ding
Son, 12A, THPT Nam Sich; Quing Nam: Nguyén Lé Thanh Héng, 10/1, Triwong Nhdt Nguyén Bado, 11/1,
THPT chuyén Nguyén Binh Khiém, TP. Tam Ky; Dong Thap: Lé Vii Lam Hién, 10A1, THPT Thip Mudi,
Thap Muéi; Vinh Long: Lé Minh Qudn, 11T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO HAI (Ha Ngi)

TOAN HOC
37

56484102017  ‘ CTuGilye




~
BAN DOC

{5\ y 0@, TiM

TOI

36 nguyén t6 1a mot ddi tuong co ban clia so
hoc ma bat ky mot h-:_:c sinh cap THCS nio ciing
biét. Cac bai toan s6 hoc trong cac k¥ thi hoc
sinh gioi cling thuong ¢6 lién quan dcn cac dang
vé s6 nguyén t6. Trong pham vi bai viét nho nay,
chimg 41 xin trinh bay mot tinh chét dep va hiru
dung ciia s6 nguyén t.

1. Mgt sé tinh chét cia s6 nguyén to dang
4k+3

Tinh chét 1. Cho P e moi 56 HEUVER 16 ¢6 dang
4k + 3 va a, b la ede sé nguvén duong. Khi do,
néu a* +b° chia hét cho p thi a va b déu chia
i';t:..f cha p.

Chiing minh. Néu a chia hét cho p thi suy ra
b ciing chia hét cho p va nguoc lai . Néua va b

cung nhau vai p. Khi do, ap dung dinh ly ]
nho, ta co

a”" =1(mod p) hay i E@p)‘
Tuong tu, taco H* ™ =1(mod p).
Suyra a**? +5%*? =2(mod p).
Mat khac
dke2 | pAkel i -
a1 p* = () + (0] i(a 07 )ip

: _ (méu thudn).
Tinh chit 2. Moi so nguyén dwong co dang
dm + 3 déu cé woe nguvén 1o dang 4k + 3.
Chikng minh. Moi u6c cia s6 nguyén 4m+3
ddu ¢6 dang 4k +1 hodc 4k+3. Néu 4m+3
khong co uée nguyén tb dang 4k + 3, tirc 1a chi
6 ude nguyén 16 dang 4k +1 thi khi do 4m+3
chia 4 s& ¢6 du 1, didu nay 1a v Iy.

Nhu viy, dé mg dung duge céc tinh chat trén dé
giai todn ta phai ¢6 gang lam xuat hién tong binh
phurong cua hai dai luong nguyén, hodc ciing co

TOAN HOC
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. K S\
déu khong chia hét cho p thi a,b nguyén .

vE MOTTINH CHAT DEP
v CUA SONGUYENTO

CAO MINH QUANG (GV THPT chuyén Nguyén Binh Khiém, Vinh Long)
NGUYEN HUU NGHIA (GV Pai hoc Xay Dung Mién Tay, Vinh Long)

thé chimg minh su ton tai cta bicu thirc dang
4m+ 3 trong cac bai toan. Sau day la mét so bai

toan minh hoa.

2. Mt so bai toan

Bai toan 1. (HOMC 2008, Junior) Giai phuwong

trinh x* +v* =3(x+y) trén tdp cdi s6 nguyén duong.

Léi gidi. Ta c6 x* + y* chia hét cho 3 nén x,y

cing chia hét cho 3. Dt x=3m,y=3n, trong

do m,n la cac s6 nguyén duong. Khi do ta co

PT: m +@m

Vi me¥ =1 nén m+ntzm+n. Dang thire
3 ivachikhi m=n=1 hay x=y=3.

: nghiém nguyén duong duy nhat 14 (3; 3).
ai toan 2. Cho n f{.- mr;.r 50 HL’H';[H EIII{”H” Sao0

cho n 2 4(modl11). Ching minh ring

n’ +3n+5 khéng chia hét cho 11.
Loi gidi. Phan chimg, gia sit A=n’ +3n+5
chia hét cho 11. Khi d6 24 ciling chia hét cho
11.Tacd 24=2n* +6n+10=(n+7)" +(n—4)" - 55.
Vi 11 1a s6 nguyén t6 c6 cl?ng 4k + 3 nén suy ra
n+7 vi n—4 cing chiahétcho 11 (mau thuan).
Bai todn 3. (HSG Dong Thap, 2013) Giai plurong
trinh nghiém nguyen ( x + ') +2=2x+2013y.
Léi gigi. PT trén twong duong véi

(x+y)° —2(x+p)+1+1=2011y

<:::»{;rc+y--~1]2 +1=2011y.

Tirdé suy ra (x+y—1)" +1 chia hét cho 2011.
Vi 2011 la s6 nguyén t6 c6 dang 4k +3 nén PT
trén vo nghid¢m.
Bai todn 4. [Phwong trinh Euler] Chimg minh
rang phuwong frinh 4xy—-x—y z° khong co

nghiém nguven duong.



Lai gidi. PT trén twong duong vaoi

(4x-1)(4y-1)=(2z)" +1*. Vi
phueng trinh ¢6 chira thira s6 dang 4m+3 nén
no ¢6 ude nguyén 16 dang p=4k+3.Suyra p
ld woc cua 1 (v6 ly). PT khéng cé nghiém
nguyén duong.
Bai toan 5.

vé frai cua

(Phuong trinh Lebesgue) Giai

phutomg trinh x* - y* =7 trong tdp hop cdc s6
fir nhién. L

Lgi gigi. Néu y 1a so chan, tirc 14 y=2k thi
> =8k’ +7 chia 8 du 7 la didu khéng thé.
Viy y phailasd1é Tacd

Xal=y ¢85 2 +l:(_v+2)[y3—2y+4].
Néu y chia 4 du 1 thi y+2 c6dang 4k +3.
Néu y chia 4 du 3 thi > -2y+4 c6 dang
4k +3. Vi viy. trong moi trudng hop, vé trai
déu co ude dang 4k +3 va do dé c6 ude nguyén
t6 dang 4k +3, didu ndy mau thudn. PT da cho
khéng cé nghiém ty nhién.

Bai toin 6. -I-rw-L Mathematical
Excalibur, Hong Kong) Tim 56 nguyén deong n

(Problem

sao cho vei 1 ."}" 50 R, FrHJ' |'{H '\U }TUH'II'CH m ﬁf‘\

%Lm gigi. Gia st M=p'p.p".

2" —1 la wée ciasé6 m™ +289 .

Léi gigi. Truée hét n=1 1a mot gia g g’n
duge. Véi n>1, ta co 2" —153{% nén

2" 1 ¢6 udre 56 nguyén & p = = Suy ra p
1a wée coa m’® +17%, va do d6 p 1a wée sé coa
17,vd ly. Vay n=1 la gia tr duy nhat can tim.
Bai todn 7. Ton tqi hay khing sé nguvén 16 P
sao cho 3 +19( p—1) la s hinh phirong?

Loi gigi. Gia sir ton tai s& nguyén o p sao cho
3 +19(p-1)=n, tong d6 »n 12 mét sé
nguyén duong. Néu p=2 thi n’ =28 (vo Iy).
Néu p>2, thivi p 13 s6 nguyén td nén p co
dang 4k +1 hoac 4k +3.

Néu p=4k+1 thi 3 +19(p-
hay n* =3(mod4) (vé ly).

Néu p=4k+3 thitaco ¥ +19(p—1)=-16(mod p).

1)=3(mod4)

suy ra n” +16=0(mod p), do d6 p la ude cia

4 (v6 ly). Vay khong ton tai s6 nguyén té p thoa
mén dé bai.
Bai todn 8. (HSG Ha Tinh, 2013) Chung minh

—1
uffi'f vert H’]‘f'.f ‘n") H"-’H‘ur.f} fr) P J’.J‘H .‘I} 17

khing phai la tich cua hai 5o tw nhién lién tiép.

Léi gidi. Néup =2 thi p* + pT-I khéng nguyén.
Néu p=4k+1 thi p° +‘DT_I:{4IC+I)3 +2k

4 -1 HE T . 1
la so lé, nén p° b khéng thé 1a tich cua hai

& i, . w k
50 tw nhién lién tiép.

=x(x+1)

; . —1
Néu p=4k+3. Gia s p3+p2

< 2p2p" +D=2x+1)* +1 vdi xe N .
Suyra (2x+1)’ +1ip vo Iy vi p=4k+3.
Tucacmmmghgplren taoodleuphal chimg minh.
Bai to4

vl ,W@
I8 1. Chimng minh rang M la mét lity thiva

¥io n la mot 56 nguyén u’mmd han

nguyén duong co dung n® wdc dirong

4 ctia mot s6 nguyén,

S6 woe
duong cia M 1a o M)=(n +1)(n, +1)..(n +1).

Suy ra #* +1=(n +1)(n, +1).(m +1) (vi M
¢6 diing #° ude duong 16n hon 1),

Do n la s6 chan nén cac gia tri #;,n,,...,n. déu
chan. Khi d6 méi s6 n; s& c6 dang 4k; hoiic 4k; + 2.
Gia sit ton tai gid i n =4k +2. Khi d6
n+1=4k +3 s& c6 uwdc nguyén td dang
p=4k+3.Suyra p lawéc cia n® +1, diéu nay
la khong thé. Do d6 mdi sd n, chi c6 _dang 4k
hay M 1a mét liy thira bic 4 ctia mot sé nguyén.
Bai toan 10. Tim gid tri nho nhdt cia biéu thie
A=x*+y*, trong do x. v la nhitng s6 nguyén
dwong thoa man diéu kién A chia hét cho 2010. '

Loi giai. Ta c6 20{[}:]0,3;6? - Vi 4 chia hét
cho 3 va 67 ma 3,67 la cac so nguyén to c6 dang
4k+3 nén theo bd dé ta co x chia hét cho 3 va 67.
Vi(3,67)= 1 nén x:201. Suy ra x*:201° = 40401 .

Tuong tr ¥~ 140401, suy ra 4:40401.
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Ta cé 4110 va (10,40401)=1 nén A4:404010,

suy ra 4 2404010. Chu ¥ ring 10=1" +3% nén
ta c6 thé tim dugc x=201,y=603 dé
A=404010 . Vay min A =404010.

Bai toan 11. (C hun PT Phé thong Nang khiéu,
2013) Cho day sé (u,) théa man u, =2013,

3 2 v . w1 - .
w,,, =u, —u, +5u, voimol ne N . Tim tat ca

nt
cdc 6 nguyén to p théa man dong thoi cdc diéu
kién sau: p=3(mod4) vap lawde cua i, +2009.
Léi gidi. Ta c6

3 2 2
U, —2=u -4} +5u,-2=(u, ~1)" (u, —2)-

Do d6 u""_zz(u”—l)z.Ttdésuyra
u —2

Upy—2 Upq—2 U, —2 uy—2

w -2 =2 U =2 w2

(=1 (1 =1)

Do d6 iy, + 2009

=(u - 2](“2013 "1}2 : (“2:112 _1)‘ i (“1

~1)° +2011

=201 1[(“2013 "‘1)2 (13012 _1)2 (1 _1)2 +I‘§x@u

Vi p 1a ude cia uyg,, +2009 nén @

&
20“{(“1013 _1) '(”zulz ) ( @ ]
chia hét cho p. “%ﬁ.
-{u] -~l]2 +1
chia hét cho p nén 2011 chia hét cho p. Vay
p=2011.

Bai toan 12. Tim tdr ca cdc sO nguyén x, y sao

Ta khong thé 6 (1 1) (1)

X T

la mét 56 nguyén dirong.
=3

cho

Léi gidi. Gia st ton tai céc sb nguyén x,y sao
2

cho [2 mét sb nguyén duong hay x” +1

y =5
chia hét cho y® —5>0. Vi mdt sb chinh phwong
khi chia cho 4 chi ¢ dula 0 hoac 1 nén y* -5
chia 4 dula 0 hodc 3.

Néu > —5=0(mod4) thi x*+1=0(mod4)
hay x* =3(mod4) (v ly).

TOAN H
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Néu y* —5=3(mod4) thi y*—5 s& cd it nhat
mét wéc nguyén & p dang 4k+3, suy 1

¥} +1 & co wée nguyén to dang 4k +3, diéu
nay la khéng thé xay ra. Véy khong ton tai cic

s& nguyén thoa man yéu cau bai toan.
Bai toan 13. Giai phwong trinh nghiém nguyén

l:em‘{ ,2002 2()01_[:-111‘,{ +y }

Laoi gidgi, Trude hét ta nhin thiy 2003 1a mot qo
nguyén t c6 dang 4k +3. Vi 2003 1a udc 50

E 2

ciia xuuuz+y-on2 :(xmm} +(}1um] nén suy ra

2003 x'™ va 2003 y'™ hay 2003|x va

2003|y. Bay gio dat x=2003x, va

y=2003y, . Thay vao PT ban dau, ta c
20032002( 2002 +ylzm2) 20033[”L'(.r,3+)-'|]]

= xf s b y,zm =2003* (x: + Jf }

Bing ly
2003 |

QU0 200377 (1377 7)<z

uin twong tu nhu trén, ta cling co
2003| y, . Tiép tuc qua trinh nhu

¥ rang cac gia tri x,,); déu la céc nguyén
nén 2003 (xg'm + p% ] >x+ 16"

Péng thirc chi xay ra khi va chi khi x, =y, =0
nén suy ra PT ban ddu cé nghiém nguyén duy
nhit 1a (0,0).

Bai toan 14. (lon Cucurezeanu) Cho n la mot 56

lé lém hon . Chimg minh rang phwong trinh

x" +2"" = y* khéng cé nghiém x, y déu la cdc

6 nguvén duong le.

Léi gidi. Phan chimg. Gia sit PT co nghiém x, y

déu 1a cdc sb nguyén duong l-:': PT da cho duge

viét lai dudi dang x" +2" =* +27 5

Vix 1a mot so lé nén x=4m + 1 hoacx 4m+3.

Néu x=4m+3 thi x"+2" c6 dang 41+3 nén

¥ +2" 6 udc nguyén t dang 4k +3.

Néu x=4m+1 thi x"+2" chia hét cho

x+2=4m+3 (vin 1a 56 18), suy ra x" +2" c6

wée nguyén to dang 4k +3.

Do do trong rpgi trudmg hop thi x" +2" ludn ¢

uée nguyén to p dang 4k + 3, suy ra p la wdc cua
2 27! vadodoplaude cia 2" (vO 1y).



Bai todn 15, (Ton Cucurezeanu) Chiung minh

rang phuong trinh x’ —x* +8= V' khong ¢6
nghiém nguyén.

Lai gigi. Vi x* —x* =x"(x~1) la s6 chiin nén
¥ 1a sb chén.

Véi x 1a s6 16 Goi d =(x,

xva ynéntrPT,suyra d lawdccia 8. Vi x

v).Vid laudc cia
lé nén & 1¢ suy ra d=1. Ta viét PT lai duéi
dang (x+ 2)(3«:2 —2x+—4)=1«:2 +y2,
Néu x=4m+1 thi x+2=4m+3.

Néu x= 4.! +3 thi »* —2x+4 c6 dang 4m+3.
Do d6 vé trai cia PT ludn cé uée nguyén td p

dang 4k +3. Do d6 x va y déu chia hét cho p.
Nhung diéu niy khong thé xay ra vi (x,y)=1.

V6i x chin, ta dat x=2u va y=2v,
Tacé PT &'

uvet.
— 4’ +8=47" hay 2’ —iF +2=1".
Néu u 1& thi 2u’ —u® +2=3(mod4); néu u
chan thi 2w —u®+2=2(mod4). Nh
v* =0,1(mod4), suy ra PT khong c6 ng

nguyén.
Bai todn 16. C p‘m pla $6 nguy én to m
Chimg minh rang khong ton tai

p — 1 56 nguvén dwong lién tiép sa¥ cho X c6 thé
dirgre phdn hn‘gch thanh f’mif tap con, trong do tich
far ca cdc phan tir trong moi tdp la bang nhau.
L giai. Gid sir tom tai tip hop X thoa man bai
toan. Goi x+Lx+2,...,x+ p—1 la cic phin tir
ciia X . Ta thdy céc phén tr nay khong chia hét
cho p. Tir @2 bai ta suy ra tich cac phan tr cua
X 14 56 chinh phuong. Tirc 1a ton tai s nguyén
n sao cho (x+1)(x+2)...(x+ p—1)=r’
Mat khac, s dung dinh ly Wilson, ta thu duoge
(x+1)(x+2)..(x+ p-1)=-1(mod p)

Suy ra n° +1 chia hét cho p, diéu nay la vé ly
vi p la sd nguyén tb c6 dang 4k + 3. Bai toan
duge chirng minh.,

BAI TAP
1. Gial phuong trinh nghiém nguyén duong
x4yt = 2003(x+y).

2. Chimg minh ring phuong trinh x* + 5=y’
khéng co nghiém nguyén.

3. Giai phuong trinh nghi¢m nguyén duong

a=b"-5.

4. Chimg minh ring néu p la s6 nguyén t6 thi
Tp+3°
5. Cho T:{{x_,y]pc, yeN0<2r<y<I00,x* +)*i49} .

— 4 khong thé 1a sb chinh phwong,

Tinh |7].
6. Cho p 12 mét s6 nguyén t6 co dang 4k +3 va
x,y,z,¢ la cac s nguyén duong sao cho

o STl Y o

Chimg minh ring it nhit mét trong cic sb

X, W, 2t c}i}ia hétcho p.
i r -
7. Cho % mot sO nguyén to co dang 4k +3.

Titr%“ céc s6 nguyén duong x,y sao cho
3 2
& yr=x—px.

X3 Cho p la sé nguyén t6, n la sO nguyén

duong. Chimg minh ring phuong trinh sau
khéng ¢6 nghiém nguyén duong
x(x+1)=p*y(y+1).
9. Tim tit ca nghiém cua phuong trinh
»*=x"+(x+4) trong tap hop cac sé nguyén.
10. Ching minh ring néu ¢ la sé nguyén duong
¢ thi phuong trinh x* — y* =(2¢)’ —1 khong co
nghi¢m nguyén duong.
11. Cho day s6 (a,) duge xac dinh bai g =5
va a,, =a,—2a’+2 voi moi neN". Gia s
p 1a mt s6 nguyén t& théa mian diéu kién
p=3(mod4) va p|(ay, +1). Chimg minh
ring p=3.
12. [Titu Andreescu] Chimg minh ring khong
ton tai s6 nguyén n sao cho ' +7 1a mot so
chinh phuong.
13. [Balkan MO, 1998] Giai phuong trinh
nghiém nguyén x° —4=y*.

TOANH
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CHOMOT BAI TOAN

O BAI TOAN 5. Cho hinh chir nhat ABCD. Goi H

lir hink chiéu vuong goc ciia B lén trén AC. M va N

lan ot la trung diem cia AH, CD. Chimg minh
"mc BM vuding goc vai MN

Cdch giai 1. Ti N dung dudmg thﬁng song song vai

BC cit AB tai P thi P 1a trung diém cia 4B va BCNP

1a hinh chir nhit. Goi giao diém cua BN va CP la f,

Nedd/B=IC=IN=IP (1)

Ma MP L AC = IC=IP=IM (2)

T () va(2) = IB=IN=IM = BM | MN.

A D
M F—

x‘ ___,_,_,-'—'-"”_F'_ﬂ; 7 —

-—-._________::- // |
3 i
Hinh 1 #%Q.

Cach giai 2. Tir M ké duomg thang g song véi BH
cit AB tai P. Tir N ké dudmg thang vudng goc vii AC
tai 0 (h.2).

A oD

W~
H i

/
g x
P Tf"#/-h \ i
[ T Sy
j}y R“"ﬂ-«_g %)
B = &
Hinh 2
AAMP = ACON nén
BH

AM = MH = QC, PMJ/ ON ==~

BM? + MN? = BH? + MH? + NQ* + MQ?

AH?

- BH* + + MP* + HC?

TOAN HOC
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2 2
= a2+ HC? + 22 +%
e+ gt L onFdo N = 423)

=BN® = BM 1 MN.

Cach gidi 3.
ABHA ¢n ACHB (g.g) = BB e e
AH BH
M
T DLW L
BH 2MQ ~ BH OM

= ABMH ¢n AOPM —=> MBH = MOP
Ma MBH = BMP, MOP = NMO
i%:f\%ﬁé@z?ﬂﬂnﬁMLW,
Céich gidi 4.
4@.E=[ﬁ+ﬁ),[m}+m)
_-BAMD BAMC + BH.MD (do BH.MC = 0)

ﬁ:ﬁi@+dﬂ]+&i (MB+BL]+BH {WF+ LD}

W+EAE@+%E§
AL — ¥ oy
[/ _H_-_“”"--=\.><’f NN

| ‘\"\\

(do BA.AD = BA.BC = BH.MC =0)
= BAMA + BAMB + BH BA (do CD = BA)
=ﬁ.ﬁ+§ﬁ.(ﬁ+@)=ﬁ.ﬁ+ﬂﬁ
= BAMA+BA(-MA)=0= BM L MN.

Cdch gigi 5. Chon hé truc toa d6 nhw hinh 3 véi B(0;

g

0Y, A(0; @), C(b; 0). Suy ra D(b; a), N[ b;% J

AC:§+-—}—'-=1<::>AC:ax+b_v—ab=ﬂ

a
BH :bx—ay=0.
YA
A(0;) DX inc)
M/
H P 1
il
Nl[b,z]
B=0(0:0) o) *

Hinh 3
Toa do cua H la nghiém cia hé phuong trinh:



i a'h
+hy—ab=0 AT 2
ar+by—a i a +b e _a%i"__,_?L
bx—ay=0 ab’ &+ ad+b
V=
U T
2 3 =2
Tudé M f‘b 3 ;a ;LZm‘:; . Dén dén
Ha~+57) 2a” +b°)
2 3 5 i
BM = ‘ff’? ;a.+12crb ;
2(a* +57) 2(a’ +17)
L W
2(0' +b‘] 2(:1' + b'}
e Agld 2,4 432 | 5 274
BN =2 b .2ab: 8 sj': . mr!;uz "
4{a3+b3) 4[a3+}:3]
= BM | MN.
CAO NGOC TOAN

(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)

Cich gigi 6. Khong mét tinh téng quét ¢ thé gia sir

BAd=1vaBC=a. Taco
BH = ”w‘if': w— - AH = AE: - ,_l &
_’1( \lfa" +1 .4(, \.'a‘j' +1%%\
¥ ’ 2 Tk &
it pipta it AL i@ (1)
4{({' +IJ Q.
&
BN? =BC*+CN* =4* +£ $ (2)
2a° +1

CM = AC-AM =

Wa+1
Ap dung dinh i ¢osin cho AMCN ta ¢6
MN? = CM? + CN? —2CM .CN.cos ACD

_{2"—1'+1]_+l_2 L
da*+1) 4 ol 2 Va4
da*~1 1

o (3)
4(a*+1) 4

T (1), (2), (3) suy ra
4l Aat-1 ]

BM? + MN? =

A1) 4a+1) 4

4a’ (a® +1
e ( ]+_!_=ql+i=8.-'\"2 = BM 1 MN.

ala+1) 4
Cich gidi 7. (h.4)
A ——— 4B
_-f"'f--)- /
e L’f
M \NEH ;‘f‘\\
\ . T \
\ A
D — G

Hinh 4

Goi 7 1a trung diém coa BH. Khi do MI 1a duong trung
binh ctia tam gidc fHAB, suy ra M1 [/ AB va

1
2
AB it CD va AB = CD. Tir d6 MI // NC va Ml = NC,
diin dén MNCI 1a hinh binh hanh = MN // IC (1)

Ta théy BC, BI 1L MC suy ra [ la truc thm
ABM T 1 BM 2
R @)

QWi (2) suy ra BM | MN.

an xét: Tac gia Cao Nepe Toan, ngudi ra dé d3 dua ta
nam cach gidi ddu tién bing cic phuemg phip thng hop,
phuong phip vecto, phuong phip toa dé. Ban Chdu Minh
Kheinh, 12T1, THPT chuyén Nguyén Binh Khiém, Vinh
Long ciing dira ra mit cach giai theo phuong phip vecto
fromg tir cach thir . Cach giai thir sau duge dua ra bai ban
Lé Neuvén Huyén Chdu, 12 Toén 2, THPT chuyén Québc
hoc Hué, Thira Thién Hué. Ban Chdu ciing dua ra mot
cach giai bing phurong phip toa df twong ty cach thir ndm
cua ban Todn. Cach giai thir bay kha ngén gon duge dé xuit
boi ban Dodn Phii Theanh, 10 Todn 1, THPT chuyén Hung
Yén vi ban Truomg Quang An, Nghia Thing, Tu Nghia,
Quéng Negii. Xin hoan nghénh tit ca cic ban.

Ml =—A4B. Lai do ABCD la hinh chir nhdt nén

R-r

cos B = cos B = ET;—r LE MAI (Ha Noi)

Mai cdc ban giri léi giai bai toan 7 sau ddy vé Toa
soan TH&TT trude ngay 30.11.2017.
Bai todn 7. Cho tam gidc ABC (BC = a, AC = b,

AB = ¢) thoa man mg.@:-%?ﬁ (trong d6 R. r lin

lurgt 12 ban kinh duémg tron ngoai tiép va noi tiép tam

gidc). Tim h thirc lién hé gitta céc canh a, b, c.
NGUYEN DE (Hdi Phong)
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Tap chi TH&TT sb 484, thang 10/2017 gioi thiu
voi chc ban hai bai toan, mdt bai nam trong ki thi
Putnam ndm 2010, mét bai nim trong ki thi MO cua
Canada niam 2013, ciing vdi cac 1&i giai cla ching.
Bai 7. (Putnam mathematical Competition, 2010)
vo han cdc s6 thue

Ton tai hay khong day

a,.a,,a,,... saocho a" +ay +a; +.=m

vé&i moi 56 nguyén dieong m 7
Léi gigi. Cich 1. Khéng ton tai mot ddy nao nhu

vy, Boi vi néu ton tai day a,,a,,a,,... thod man

bai toan thi theo BDT Bunyakovsky ta co:

Diédu nay 1a vo 1y. @
Cich 2. Gia sir tdn tai mot day (Jl,ﬂ-ﬁ%}
viy. Néu a] €[0;1] voimoi ke *&

al <a’ véimoi ke Z’. Viviy:

d=a'+al +..<a +a, +..=2: voly.

Vi viy ton tai k € Z" sao cho a; >1. Khi d6 véim
di lom thi i > 2m. Do do
@ + " +..>2m: mau thufn,

Viy khong ton tai day nao théa man bai toan.

Cdch 3. Tit Y a; =2 suy ravéimoi keZ' tacod
k=1

al <2, vaviviy a <2a; (1). Ding thic trong
(1) xdy ra khi o’ €{0;2}. Vi viy dé ) a; =4
k=1

phai ton tai mot chi sd k sao cho a; =2 vanhimg

44 ng?ug% 56 484(10-2017)

8=(a? +a’ +.Xa' +a} +.)2(a +a, +..)" =.§’s,

b (UA CAC BAI TOAN HAY &

s6 hang o’ con lai phdi bang 0. Khi do

2 2 _ o™ 2+ 2m véi moi sO nguyén m > 2. Mau
thudn ndy chimg o khong tbn tai diy s6 nio thoa
min bai toan.

Bai 8. (Canada MO, 2015).

Cho tam giac nhon ABC ¢o D, E, F lan heot la
hinh chig@yuong goc cia A, B, C trén cdc canh
BC, va H la truc tam. Chimg minh rang

X . e
& AB.BC + BCCA+CAAB__, 0

AH.AD+ BH .BE + CH.CF

Léi gigi. Ky hiéu BC=a, CA=b,AB=c.
A

H

B D .

Cach 1. Tacd: AH.AD = AF.AB=AE.AC
nén 2AH.AD = AF AB+ AE AC.
Tuong ty: 2BH.BE = BF .BA+ BD.RC;
2CH.CF =CE.CA+CD.CB.
Cong cac dang thire trén ta thu duge:
2(AH.AD + BH BE + CH.CF)
_ AB(AF + BF)+ AC(AE + CE)+ BC(CD + BD).

at+b + ¢
- :

hay 2(4H.AD+ BH.BE+CH.CF)=



Do do (1) tro thanh: Miit khae, ap dung BDT Cauchy ta co

ab+bc+eca 5 e R

ﬁ£2c>a°+b"+c’22ab+bc+ca ab+fjc+(_‘gf_fa +b + - =

a +b +¢ 2 2
3

F

@%[(a—b)l+(b—c}l+(c—a]12{).

=a’ +b +c’.
ab+bct+ca 2ab+be+ca) Ha +b" +ct) =
aF+b+d¢ A +BP+E T AP+
2

BDT cudi luén ding nén (1) ding. Pang thirc xdy
ra<ra=bh=c< AABC déu.

Cich 2. Trong tam gifc wvudng ACF co Dogthicxayraca=b=c« A4BCden.
AF = ACcos A. Vi BFHD la t gidc néi tiép nén Nhgn xét. 1) C6 thé khai quat &4 giai 2 cia Bai todn 7
A e R e A e 101 két qua: Khong ton tai day vé han cdc s6 phike
§ e an B a,,a,.a,,...théa man diéu ki¢n di cho trong trong

uong tu: BE=accos B ; CHCF =abcosC. . ;
hop chudi a +af +al +... hoi tu tupét doi.

Do do _
2) Lo giai cach 1 va cach 3 cua Béi todn 8 cd thé coi la
il e ab + bc +ca <2 @ b . ) o
T S e s mot mac di mot s6 ki thudt duoe sir dung trong 1o giai
. ) ) clia hai cich ¢6 khic nhau, Khen ngoi em Chdu Minh
TRE TP nin 1 Kheinh, 13§ THPT chuyén Nguyén Binh Khiém, TP,
abcosC + becos A + cacos B Vinh l? inh Vinh Long di dua ra cich gidi 3 cia
2 pt ot e B 7 i B
=ab.a + o G +o—a +(.‘a_{ +a —b % - i
2ab 2bhe 2ca :S’ TRAN HU'U NAM (Ha Noi)
a+b+¢ ‘\
= g Q M cac ban tim thém nhimg 1o giai khédc cho hai
4 bai toan trén.

o *+b +ctzab+be+c L
Doy )= FEFE 2 0=l t oy Sau ddy I3 hai bai tap dé nghj. Cc ban hdy thi

* L o . s =i 5 £t ge A x

3 l[(a—b}z S __@2 0. :,uc gfslu cht}ng‘vm‘nhleu loi giai nhat ¢6 thé ‘.va

2 giri loi giai vé Toa soan TH&TT trude ngay
30.11.2017.

BDT cudi luon ding nén (1) ding. Ding thirc xay
ra<>a=h=c e AABC déu.

Cdch 3. Do ABDH vi ABEC déng dang nén BAI TAP DE NGH]
BH .BE = BD.BC; ACDH va ACFB ding dang
nén CH.CF =CD.CB Bai 11. Tim tit ca cac cip sO nguyén duong (x; v)

= BH.BE+CHCF=BC(BD+CD)=a" (3) 5% cho ¥’ =y %,

Bai 12. Cho 9 diém
S i
Twong ty, AH.AD + CH.CF =b @ g Chitng

trong 9 diém do I&S

mot hinh vuéng
n ton tai 3 diém

AH.AD + BH.BE = ¢* (5) clia mot tam gidc co

o SRS
Cong (3).(4),(5) va rit gon cho 2 ta dugc difn toh SHINE R o

e e HO HAI (Ha Ngi
AHAT A R BE4 CRCE -39 FE ( )
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| TERE
| & :@‘CE #

| G
Glm tri tor.;r;'h_o(
VE CHUOI VO HAN

Diéu nguy bién trong bai nay co thé 13 kho dbi vcn
mét 50 ban. Céu tra o1 ciing kha tmh 1€ va o thé nam
ngodi pham vi kién thic ciia mét s6 ban & céc lép pho
thong. Do do, dé ban doc tigén theo doi, trudc tién
chiing t6i s& nhic lai khai niém chudi héi tu. Cho day
sévéhan (u,) .. tong vd han duge goi la chudi s,

ky hiéu la an: u, goi la s6 hang thir n cia chudi,

=1

tbng S, =u, +u, +u; +...+u, dugc goi la tong

]

rigng thr n cia chudi, day (S,) ..

meld

goi 1a day cac

tbng riéng ctia chudi. Chudi ) u, duoc goi la hoi ‘Q"

mw]
néu gidi han cia diy céc tong riéng t6n ta
han: 11.m S, =5, khi dé § duge goi la ton hudi.
Néu gidi han cua day cac tong rié éﬁg ton tai
hoic bang o thi chudi duge goi la p v. Bay gidr ta
x¢ét thi du sau:
Cho §=1-1+1-1+1-1+1-1+...

=(1-1+{0-1+{1-D+(1=1)+..
=0+0+0+0+...=0.

Tuy nhién, néu chiing ta nhém céc sé hang theo cach
khéc ching ta s€ nhin duge:
S=1-1+1-14+1-14+1-1+...

B T A e o T T
=1-0<0=0=0-.,.
=1.

Nhur véy ta co: S=0va §=1. Vay 1 = 0! Diéu gi sai
o 1ap ludn trong thi du nay ?

Néu didu nay chua du d& ban bdi rdi thi hay xem lép
ludn trong thi du tiép theo:

TOAN H
46 nane
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Cho S=1+2+4+8+16+32+64+ .. (1)
Ro rang S la sd duong.
Taciing co: §-1=24+448+16+32+644. .. (2)
Nhén c4 hai vé cua (1) vai 2 ta nhin duoc:

28 =2+4+8+16+32+64+ ... (3

T (2) va (3) ta duge: 25=5-1, tir diy suy ma
S =—1. Dén day ta két luan rﬁng —1 la sb dwong vi
chiing ta da biét ring § 14 s6 duong.
Cac ban sé néi gi vé két qua ky la nay? Li¢u co 16i
nio xdy ra & diy khong?
Thét ra sai lim & diy lién quan dén tinh hoi tu cia
chudi so. Dé Ié‘up rd diéu nguy bién trong hai thi du
vira xét, ta ¢d thé so sdnh cong thire ding trong thi du
sau day ciia mdt chudi hoi tu:

LTl il

ChnS=I+l+——-+-—+——+—+_
2 4 8 16 32

Khi ddé ta co: 25:2+l+l+l+l+~l—-+~]—+_.
E 16 32

+§ va §=2,diéunay la ding.
S ¢ nhau cua ba thi du chinh 1a tinh chéat chudi
va chudi ta vira xét 1a chudi hoi ty. Nlmmg dicu
ting ta 3 lam v6i hai chudi phan k¥ & hai thi du
dau tién 1a khong duge phép (vi néu lam nhw thé sé

i

Viy

\iﬁ%ﬂ dén dén nhimg két qua sai).

KHANH HU'U (Ha Noi)

Gidi ddp bai: VAO TIEM CAT TOC
(Dé ding trén TH&TT 56 482, thing 8/2017)

Goi 6 tién ban déu anh the ¢6 1a x (nghin déng, x = 0).
Do A dit vio d6 ding s tién cong, lic 46 sb tién anh
the ¢o 14: 2x (nghin dong). 4 lay di 20 000 dong tién
thtranénsaukh;Ad],sét:EnanhthUconlmla 2x—20
(nghin déng).
Tuong ty, sau khi B di, anh thy con lai:

2(2¢~20) — 20 = 4x ~ 60 (nghin déng).
Sau khi anh C di, anhthgclm lai:

2(4x — 60) — 20 = 8 — 140 (nghin dong).
Do trong ngan kéo khong con dong nio nén ta co
phuong trinh 8x— 140=0=x= 17,5,
Vay ban dAu anh thg ¢6 17 500 dong.

Nhirn xét: Hoan nghénh ban Poan Phii Thanh, 10
Todn |, THPT chuyén Hung Yén cé 1o giai tot.
LE BICH (Ha Noi)




GIAIDAP: BAITOANLUY THUA!
(Dé dang trén TH&TT sé 480, thdng 6 nam 2017)

Phan tich. L giai cua ban Tdn sai o chd:
b

vi néu o, holic f khéng 13 s nguyén thi (a*) = a*# khi
@ > 0. O diy ban Tan da dp dung tinh chit nay khi chua

4

s g L
bi¢t 13 —y3 6 duomg hay khéng ?

.....

T S N
:y[x.!_}:}] L_v.‘. —J(_IJ :iy

Nhgn xét. Chi co mét ban sai, cac ban con lai déu phat hién
duge sai lim va dua ra cich giai ding. Cac ban duoe khen ki
nay l&: Humg Yén: Hodng Vian Thei, 11A3, THPT Duong
Quing Ham, Vinh Phiic: Nguyén Lé Som, 11A1, THPT
chuyén Vinh Phic, Vinh Yén. Thira Thién Hué:
Ding Thu, 11T2, Newvén Ngpe Thanh, 12T1, Lé Cim Huvén,
12 Ly. THPT chuyén Quéc hoc Hué. Bén Tre: [é Ngé Nhgr
Huy. 10A1, THPT Ly Long Quan, TP. Bén Tre. Vinh Long:
Lé Minkh Qudn, 11T1. THPT chuyén Nguyén Binh Khiém,
TP. Vinh long, Lim Bdng: V5 Mink Oudn, 10 Toan, THPT
chuyén Thing Long.

Dirong

KIHIVI

THMCUCTR]
CUA HAM DA THUC !

Trong gidr chira bai tdp tim cyc trj caa ham sd & 1op 124,
Théy gido dua ra bii tip sau:
Tim cdc gid tri ciia m dé ham s6
Ffx)y==x*+(m? —4dx2 +{m+2)x-3m+5

dat ciee dai tai x, =,
Sau diy 14 loi giai cia ban Mink va ban Hodng.
Loi gidi ciia Minh: TXD: D=L

Fiix)y=—4x +2(m> - 4)x> +m+2;
Frx)=—12x% +4(m? -d)x,

Ham s6 dat cuc dai tai T

¢ 0y =0 - m+2=0
% Fliy<0 m: =4 <0

& -liaeme

2 '_'1-' 1o % Lai giai ciia Hodng: TXD: D=R

FxX)==dx+2(m> -4 4+ m+2;

Ham s6 dat cyc dai tai x, =0=> f(0)=0
om+2=0=m=-2.

Véi m=-2= f(x)=—x*+11

f(xy=-4x% f(x)=0&x=0.
Ta ¢6 bang bién thién:
I x —0 0 o0
i + 0 =

F / \

Tir bang bién thién, ta ¢6 him s dat cyc dai tai X =0

Vay m=-2 lagia trj cdn tim.
Theo ban, It gidi ciia ban ndo ding, ban nao sai, tai
san! Loi giai ciia ban thé nio!
LY MINH PHUONG
(GV THPT Phude Thién, Nhon Trach, Péng Nai)
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BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
& ; Chi tich Hot déng Thanh vién
GRINRH. TR AN NN NXB Gido duc Viét Nam
TS NGUYEN VAN VONG NGUYEN DU THAL
GS. DOAN QUYNH Téng Giam doc NXBGD Viét Nam

HOANG LE BACH
Phé Téng Gidm déc kiém Tong bién tap
NXB Gido duc Viét Nam
PHAN XUAN THANH

PGS, TS. TRAN VAN HAO

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HUU NAM Thu ki Toa soan : ThS. HO QUANG VINH

75, TRAN DINH CHAU, ThS. NGUYEN ANH DING, T5. TRAN NAM DUNG, T5. NGUYEN MINH DU, 75. NGUYEN MINH HF-\:
TS NGUYEN VIET HAIL PGS. TS. LE QUOC HAN, ThS. PHAM VAN HONG, PGS. 75, vO THANH KHIH,
5. TSKH. NGUYEN VAN MAL, Ong NGI.J"{FN KHAC MINH, TS. PHAM THI BACH NGQC, PGS. T5. NGUYEN DANG PHAT,
PGS, TS, TA DUY PHUGING, ThS. NGUY EN THE THACH, GS. TSKH. DANG HUNG THAN(J,F(,:; TS, PHAN DOAN THOAIL Ths. VO
KIM THUY. PGS.TS. VO DUONG THUY, GS. TSKH. NGO VIET TRUNG.
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For Lower Secondary School 4%" Problems in This Issue
Mgi Van Ném — Phudng phip ﬂﬁﬂﬂ@ T1/484, ..., T12/484, L1/484, L2/484.

trong chiing minh bt dang thuc. fo .
. Giai bai ky trudc

Nguyén Van Hiéu — Van d.* 80 ludng Solutions to Previous Problems
gide clia goc nhon dé chy inh mot sd . —
b toin hink hoe phing: Tiéng Anh qua cac bai toan - Bai so 25.
Dé thi tuyén sinh vio 1dp 10 phé thong ning Bai dich o522 - Ting Anh qua céc bal ton.
khiéu Dai hoc Quéc gia TP. Hé Chi Minh,
nam hoe 2017-2018.

Ban doc tim toi

Cao Minh Quang, Nguyén Hitu Nghia — Vé

Hutding din gidi D& thi tuyén sinh vio 1dp 10 mot tinh chét dep clia s6 nguyén to.

chuyén THPT TP. Ho Chi Minh, nim hoc
2017-2018.

Nhiéu céch gidi cho mt bai toan

Du lich thé& gidgi qua cac bai toan hay
Thit sitc trude ki thi 2018 - Dé s& 1.
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Giai tri toan hoe
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Phudng phap giai toan ; () gy

Khdnh Hitu — Mat nguy bién vé ddy vo han.
Nguyén Ngoc Ti = Sit dyng ding thitc dé Gidi ddp: Vao tiém ciit toe.
chitng minh bt dang thite.
y @ Sai lAm ¢ dau?
@ Nguyén Bd Pang - Ky thi Olympic hinh
Gidi ddp: Bai toan lay thiial

hoe Sharygin (Sharygin Geometry

Olympiad). Ly Minh Phung — 'Tim cyc tri cua ham da thiic!
Bién tip: LE MAIL NGUYEN NGOC DAI Mi thugt: QUOC HIEP, THANH LONG

Tri su, phit hanh: . NGUYEN KHOA BIEM, NGUYEN THI THUHUYEN ~ Thiét ké, ché ban: MAI ANH
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Gidi thisw b3 sach

Bd sach “Ta; fiéu chuyén Toan” I6p 10, 11, 12 c6 tat ca 12 cudn, mbi lop co 4 cubn goém 2 cuébn li
thuyét (Pai s6 - Giai tich va Hinh hoc) va 2 cubn bai tap. Ngi dung trong méi cudn déu bam sat tchuong
tnnh'cho hoc sinh cac tru*crng THPT chuyén ma Bo Gido duc va Dao tao da ban hanh. O méi cudn li
thuyet gioi thiéu cac chuyén dé bat budc cla chuweong trinh chuyén duorc trinh bay kha séu va chat ché,
c6 kha nhiéu cac vi duy, bai tap Ia nhirng bai thi cua khoi chuyenToan thi hoc sinh gidi Toan Québc gia, thi
Toan Qubc te Trong mbi cudn bai tp, ngoai huéng dan gidi kha day du cac baitap trr.:-ng cuon li thuyet
~ concé mdtsd baitap bd sung dé hoc sinh tham khdo. Céc tac gid clia bo sach la céc thay gido ¢6 nhiéu
. kinh nghiém trong viéc boi dwdng hoc sinh gidi Toan, déu da hoadc dang truc tiép gidng day tai cac
_trrong THPT chuyeén, khéi chuyén Toan, céc trwérng Bai hoc, Vién nghién ciry, . . . trén khap ca nudc,
hie.: GS. Boan Quynh, GS.TS. Van Nhw Cuong, PGS. TS. Nguyén Déng Phat, PGS TSKH Vi binh Hoa,
~ BS.TSKH Ha Huy Khodi, TS. Nguyén Minh Ha, GS.TSKH Bang Hung Thang, PGS.TS. Nguyén Vi Luong,
: ThS D06.Thanh Son, TS. Tran Nam Ddng, TS. Lé B4 Khanh Trinh, ThS. Nguyén Trong Tuén, ..

Hiveng rang bd sach sé dap (rng dwoc phan Ién yéu céu hoc > clia hoe sinh, viéc gidng day cua giao
vién {5’ cactruo‘ng THPT chuyén; cling nhw nhu cau dgc ¢tz ¢ Wbng nguedri yéu thich Toan.

Tal LEEU CHUYEN TOAN

B - e LY TAP HiNH HO‘C
TAI LIEU CHUYEN TOAN TAILIEU CHUYEN TOAN
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DAISO va GIAI TICH 4

Dia chi lién hé: - Phong kinh doanh CTCPBJt:h w,l Xuat ban Giao duc Ha Néi
Dia chi: Tang 4, téa nha Diamond Flower, s6 1 Hoang Bao Thiy, Thanh Xuan, Ha Néi
Tel: 02435121974 - Fax: 02435121973
- Cac cira hang Sach Giao duc clia Nha xuat ban Giao duc Viét Nam trén ca nwéc




TAP CHI i TAP CHI

TOAN HOC TOAN HOC

Mathematics and Youth Magazine Mathematics and Youth Magazine

Nam 2011 Nam 2012

Khé 19 x 26,5 Kho 19 x 26,5 Kh619x265
Gia bia: 99.000 déng Gia bia: 126.00 qsi; Gia bia: 152.000 ddng

Mathematics and Youth

Nam 2015

Nam 2013
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Khé 19 x 26,5 Khd 19 x 26,5 Khd 19 x 26,5 Khé 19 x 26,5
' Gia bia: 175.000 déng Gia bia: 185.000 dong Gia bia: 199.000 déng Gia bia: 199.000 déng

Ban dgﬁiz c6 thé dit mua cac cuon Déng tap nay tai cac co sé BUU DIEN trén toan
quéc hodc dit mua tai Toa soan.
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