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DANH MUC BO SACH LOP MOT

SACH HOC SINH

TIEI‘IQ Viet 1, tap mot
Tleng Viet 1, tap hai
Toan 1

Pao duc 1

Tu nhién va Xa hoi 1
Am nhac 1

M1 thuat 1

Hoat dong trai nghiém 1

Giao duc thé chét 1

0. Family and Friends 1 (National
Edition), Student book
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SACH GIAO VIEN

il Tleng Viét 1, tap mot - SGV

7, Tleng Viét 1, tap hai - SGV

3. Toan 1 - SGV

4. Pao duc 1 - SGV

5. U nhién va Xa hoi 1 - SGV

6. nhac 1 - SGV

7. Mi thuat 1 - SGV

8. Hoat dong tral nghiém 1 - SGV

9. Gido duc thé chit 1 - SGV

10. Family and Friends 1 (National
Edition), Teacher Guide
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I. GIOI THIEU SO LUQGC VE
MINKOWSKI

Hermann  Minkowski  (sinh
ngay 22 thang 6 nim 1864 tai
Kaunas, Litva — Mat ngay 12
thang 1 ndm 1909, tai
Gottingen) 13 mot nha todn
hoc Pirc goc Litva, nguoi da
phat trién hinh hoc cia cdc
sova da su dung phuong phap hinh hoc dé giai
cac bai todn kho trong Ly thuyét sé, Vit Iy
toan va Ly thuyét tuwong doi.

Hermann Minkowski hoc o Pai

S,
e P e e

hoc Berlin va Konigsberg, noi 6ng nhan hoc vi
tién si nam 1885 dudi su huéng dan
cua Ferdinand von Lindemann. Khi con 1a sinh

vién tai Koénigsberg, nam 1883 ong da duoc nhan
gial thuong toan hoc cua Vién Han 1am khoa hoc
Phap cho c4c cong trinh vé 1y thuyét cic dang
toan phuong.

Hermann Minkowski da day tai Pai hoc Bonn,
Gottingen, Konigsberg va Zurich. Tai Vién Bach
khoa Lién bang (Federal Polytechnic Institute),
nay 1a ETH Zurich, 6ng la m6t trong nhitng thay
giao cua Einstein.

I1. BAT PANG THUC MINKOWSKI
» Dang tong quat:
Cho dhall Do ¢SO, thUGe dliGud i@ JgVa

(b,,b,,...,b,) thitaludn co:
2 2
Jat +b Fial kb e

2 2
?-\/(01 R
Piang thuc xay ra khi ton tai € R sao cho
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af ‘-:I.b!. (i:1,2,...,}?) hoac bi = :“”:._”-

(vo1 b, #0).
* Dang cu thé:
- Cho hai b6 s6 thuc (a,b); (¢,d), ta cé:

Va? +b% £ + &2 2\/(a+c)2 +(b+d)’.
DPang thic xay ra khi ton tai keR sao cho

a=kb, ¢ = kd hoic %:3 (véi bd # 0).
- Cho hai b s6 thuc (a,b,c); (d,e, f), ta co:
Ja? + b2 4 + & R

2\/(a+c+e)2+(b+d+f)2,
Ding thiic xay ra khi ton tai »eR sao cho
a=rb,c=rd,e=rf hoic e (Vo1
S e

bdf #0).

Dé ching minh cic BDT trén ta c6 thé sir dung
BDT Bunyakovsky.

I1I. MOT SO UNG DUNG CUA BAT DANG
THUC MINKOWSKI
1. Giai phwong trinh

Thi du 1.1. Giai phuong trinh:

Vx? +12x+61 +4/x* ~14x+113 = \3358
x> +12x+61>0
x* —14x+113>0

Loi gidi. PK: -

(x+6)° +25>0 .
& < D=R.
(x=7) +6420

PT da cho twong duong vdi

\/(x+6)2 +5° +\/(7“x)2 =84 B3]

TOAN HOC
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Ap dung BDT Minkowski ta dugc:
VT =y(x+6)" +5% +/(7-x) +8
2\/(x+6+7—x)2 +(5+8)" =338 = VP.

Ping thirc xay ra khi :
(x+6).8=5(7T-x)=x=-1.
Do d6 x=-1 la nghiém duy nhit cta PT.

Thi du 1.2. Giai phirong trinh

V8x? —16x+10 +v2x% —dx +4 =7 — x? + 2x.
Loi giai.

r8x2—-16x+1020 r8(1?“'1)27‘"220
2x° —4x+4>0 <:>42(x—-1)2+2-20

k‘7-.?(.'2-1—2.1320 (x—-])zﬂg

.

DK

S1-2V2<x<14+2432.
PT da cho twong duong véi

\/(Zx—l)2 +(3 —2.15);I + \/(2 —x)z + x°
= \/8 —~(.7c—1)2 (*).

Ap dung BDT Minkowski ta duogc:
\/(23:— 1):1 +(3—— Z.x)2 + \/(2—@:)':I + x°

2\/(2x—-1+2—-x)2 +(3-—?_'x+):):(2

=V2x —4x+10 =\2(x~1)? +8 >3,
Két hop védi (*) ta co:
J8—(x-1) 28
<::>8—(x—-l)2 28@(1:—1)2 <0.
Ding thic Xay ra:
Jx—1=0
L(2_1:'—1)__}(;:(3—2.1')(2'—.1.')

(x=1

Qi?_xz —x=2x>-Tx+6 .
Vay x = 1 12 nghiém duy nhit ctia PT d3 cho,
2. Gii hé phwong trinh

Thi dy 2.1. Gig hé phuong trinh:

Y

fxz +xp+yt =12
h\/xz —x+7+\/_v2 -y+1=23
2 TOAN HOC
& e i -
CTués EQ S6 012(2-2020)

Loi gidi. Ap dung BPT Minkowski ta c4:

\(xz __x_}__l-_l_‘/;)z —-y+1

Piang thirc xay ra khi:

(1_£]£y=£x[1—1]@X+y = Xy, két

2) 2 2 &2
hop vo1 PT dau cua hé ta dugc x=y =2.
Vay nghiém ctia hé PT d4 cho 1a (x;y)=(2; 2).
Thi du 2.2. Giai hé phuong trinh

r\/x2+y2+\/1 4 =§—~\/_—%

x2 yZ 2

(X—\/y—2=2
Loi gigi. DK: x2>2, y> 2. Ap dung BDT
Minkowski ta c6:

2 2. |1 1 1 ’
\/x + y +\/—;—+——2—3_>_\/[x+——J +(y+—1—J
y : y) -

Vi x22,y>2 nén theo BDT Cauchy:

)

|
x+_=[x+i]_§_z_4_i=i- NEFS
X XJ) % 2 2,y y‘?Z_'
(L 1Y 2
Suy ra: \/(x+—x—) +(y+—l—) 2—5—‘/—5-
y 2 -
e b 1 52
Do do\/ y +\/x2 +'J-}-5-.>_"'"2—--. Béﬂg thire

xay ra khix=2, y=2.
Thay vio PT thit haj ta thdy thda man
Véy nghiém ctia hé PT d3 chq 1a (x; )= (2;2)

3. Chirng minh b4t dﬁng thire

Thi du 3.1.
hit dy 1. Cho x, Y,ze R, Chitng minh réng

2_ 7 —
Vx AP AN [N > /22

Loi gia"i. Ta coO:

+zx+,\f3.
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2
2 s s ;/__3_x [f__yT.
X —xy+)y = 5 5 ’

2 2
3 Z
y:—yz+z2° =[-{2-—z] +[y—-5J ,

AIl‘ dung BDT Minkowski ta dugc:

VT =

w(%]z‘*@’yf Wr[%]z*[”‘g

> [[ﬁx-l-—\/éz]z +(£—-ET = VP.

‘\ 2 2
Thi du 3.2 (Pé thi vao PH Quoc gia Ha Nai,
2000). Cho a,b,c>0 va ab+bc+ca=abc.

Chimg minh rang:
2 2 2 2 2 2
\jb +2a +\/c +2b +\fa +2c 2\/5
ab bc ca

Loi gidi. Ap dung BPT Minkowski ta cé:

1 2 1 2 1 2
VT = +—+ +— + +
A A rar

(LLL)Z(JE 2 ﬁ]z

>
\a b ¢ a b s
=\/§[—1-+-1—+1]=\/§=VP.
a b c

(vi a,b,c>0 va ab+bc+ca=abc nén

l+..1_+.1_=])_
a b c

Thi du 3.3 (D2 thi tuyén sinh vao PH khoi A,
‘ niam 2003). Cho x,y,z>0 va x+y+z<1.

Chimg minh rang:
| 1 1
i P.—_\/x2+—li~+\/y2+-—2+\/zz+——2—2\/ﬁ_
| X y A

Loi gidi. Ap dung BPT Minkowski ta dugc:

1 1
p_—_\/;2+—17+\]y2+—2—+\[zz+-7
x y z
2
» (1 1 1
+z) 4| —+—+—| .
z\ﬁxﬂ’ z) [I . Z]

e i ———

Mait khéc theo BDT Cauchy ta co:

: (1 1 1)2
(x+y+z) +| —+—+—

X y z
2
=81(x+y+z)2+(l+—l-+—l"] '80(35+y+z)2
X y z
11 1Y
>2, [81.(x+y+z) | —+—+—| —80282.
\ X y z

Vay

P=\j.1'cz+—1—+\/y2+—1—-—t-\[z2 +-—1—-2~\}82.
2 2 2
X y Z

1

Ping thirc xay ra khi x=y:z=§.

4. Tim gia tri nhé nhat (GTNN) va gi4 tri l6m
nhit (GTLN)
Thi du 4.1. Tim GTNN ciia biéu thirc
Y=2\/9x2 —6x+2 +3\/4Jr:2 +4x+ 2.
Loi gidi. Ta co:
Y = 289x% — 6%+ 2 + 3W4x? +4x+2
= J(2-6x) +2% +/(6x+3) + 3.

Stir dung BDT Minkowski, ta dugc:
Y =(2-6x) +2% +(6x+3) +32
> J(2—6x+6x+3)" +(2+3)" =542.

2—6x_6.x+3
2 3

Piang thitc xay ra khi

< x=0.
Vay minY = 5v2.

Thi du 4.2. Cho a,b,c la cdc sé thue bat o
Tim GTNN cua biéu thirc:

Pz\/"2 +(1-b) +\sz +(1-c)’ +\/~’—‘2 +(1-a)’.

Li gidi. St dung BDT Minkowski, ta duogc:

P:Jaz +(1—b)2 +\]bz -r(l——:::)?-l—\!c2 +(1-—a)2

Z\/(a+b+c)2+(3—a—b-_c ,

m]

Mait khac ta co:
(Xem Hérp trang 19)
TOARA
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Hwéng dan giai PE THI CHON HQC SINH GIO]
MON TOAN LOP 9 TINH BINH PINH
Nam hoc 2018 — 2019

Bai 1. 1) Taco: x=33+22 +33_22
c>x3:(3+2ﬁ)+(3_2,/§)+
33](3+2J5)(3—-2J§).(3j3+2ﬁ +{/3-2J5)
S x=6+3Y9-8 x & x*=6+ 3
y=N7+1242 +17-1202
<=>Jf3=(17+12\5)+(17—12@)+

3.:;[(17+12J5)(17—12J§).(%h7+125 +%/17—12J§)

&y =34+ 33289——288.}) <y’ =34+ 3y
Dod6é A=x"+y’ —3(x+ y)
=(6+3x)+(34+3y)—3(x + y) = 40.
Vay A = 40.
2) Ki hiéu PT : (x?‘ +m+n)(x2+nx+m)-—-0 (1).

W (e 3 P
Taco: —+—=— S 2(m+n)=m.n(m,n # 0)
M. Dingel

pr—

x> +mx+n=0 (a)
PT (1) &

_x1+nx+m:0 (b)

Vi phuong trinh (a) ta cé A ; =m’ —4n.
V&i phuong trinh (b) ta cé A , = n’ —4m.
Xét tong: A, + Ay = (m” — 4n) + (n” — 4m)

= (m”* + n’) — 4(m + n).
Thay 2(m + n) = mn vao ta co:

A+ A,=(m?+n?)-2mn=(m-n) 2 0.
Suy ra it nhat mot trong hai s6 A; = 0hodc Ay 2 0
boi vinéu A, <0va A, <0thi A +4, <0
mau thuan voi két qua trén. Do do it nhat mot
trong hai phuong trinh (a) hodc phuong trinh (b)
c¢6 nghiém. Vay phuong trinh (1) luén c6 nghiém.

X +g+y=1 O
Vx -3y +4x=5(2)

DK: x > 0. Tir phuong trinh (1) ta co:
(1) & @ -1)+yx+1)=0

4 T?g?-luzoc S§ 512(2-2020)

Bai 2. 1) Ki hiéu PT : -

r.l.':—l

S+ 1)x-1+y)=0 <=

Lyl

Vix > 0nénx=-1 (loai).
Do d6 y=1—x. Thay y =1 —x vao P1(2), ta c;

Jx-Y1-x+4x-5=0
o Jx-1+3Yx-1+4(x-1)=0 (3)

Patr= §x (¢t > 0) < x=1, PT(3) tro thanh:

e = +4(r6—l)=0 =

%/ﬂ.-gf(ﬂ -1)2 3P+ +4(r3 +1).{/(z3 —1)2 ) =

< 3/’ —-1=0 (thira s6 trong ddu méc vudng
[om hon 0)
< t=1,suyrax=1, khidoy=0.
Vay hé phuong trinh ¢c6 mét nghiém x = 1; y = 0.
2) Bién doi:
PT & 20  +x+y+1-x*—2)2—xp=0
<:>2y2(x—l)—y(x—1)—(x2—1)+x=0
& (- Dy @ - 1) =@+ 1] +x=0 (%)
Vix,y € Z néntlr (*)suyrax # 1vax: (x—1)
=>@E-1)+1: x-1) & 1 @=1)
Sx-1)e {-1;1} & xe {0:2)
» VGix =0, thay vao phuong trinh da cho, ta c6:
y+1=2° <2y —y-1=0
< -D2y+1)=0

< y=1(chon); y= —% (loar).

« V0ix= 2, thay vao phuong trinh di cho, ta cé:
4y2+y+2+1=4+2y2+2y

|

<:.‘>2y2-y—1=0¢—>y=1(chgn),y=—5

(loa1). Vay PT da cho c6 hai nghiém nguyén:
(x=0,y=1);(x=2,y=1).
Bai 3. 1) Vi s0 diém d cho 1a hitu han nén ton tai

hai diém, ching han 4, B c6 khoang cach 16n nhét
(AB = max). Trong cac diém con lai, goi C la diém




c6 khoang cich dén AB 16n nhat (CH = max). Nhu
vay trong cac tam gidc tao thanh, tam giac 4ABC c6
dién tich lén nhat va khong 1ém hon 1.

A/\{{B
F /\AD
Qua cic dinh cia A4BC, v€ cac duong thing
song song vGi cac canh doi dién cua tam giac,
chung cit nhau tai D, E, F nhu hinh v&. Khi do
cac canh cua A4ABC la cac dudng trung binh cua
ADEF nén ta duoc 4 tam giac bang nhau ciing c6

dién tich 16n nhat va khong 16n hon 1. RS rang
toan bd cac diém da cho déu nam bén trong hoic
trén canh cua ADEF bo1 vi néu ¢6 mot diém nam
bén ngoai ADEF thi s€ c6 mot tam giac co dign
tich 16n hon dién tich A4BC : Piéu nay trai voi gia
thiét. Ta c6 8073 : 4 = 2018 (du 1) nén theo
nguyén 1y Dirichlet ton tai 2019 diém nim bén
trong hoac nam trén canh cia mot trong bon tam
gitc EAB, ABC, DBC, FAC. Vay luén ton tai 2019
diém nam trong hoac trén canh cua mot tam glac
c6 dién tich khong 16m hon 1.

2) Ta c6: avb® +1+bVc +1+ca +1 <5

& Za\/b"" +1 +2b\/c3 +1 +2c\/a3 +1<10 (1).
Ap dung BDT Cauchy cho hai s0 khong am, ta co:

28 +1=2,(b+1)(8> ~b+1)

<(b+1)+(b* —b+1)=b+2.

Diau =" xay ra khi: b+1=b*-b+1 < b=0

hoic b= 2. Do d6 2av/b® +1 < a(b* +2). Tuong

tu, ta co: 2bx/;:'3 +1< b(c:2 + 2). Dau “=" xay ra

khic=0hodcc=2; 2(:\/a3-|-1 :"_lc(az +2). Dau
«= xay ra khi a = 0 hodc a = 2. Tu do, ta co:
2a\/b3 + 1 +2b\fc3 +1 +2c\/a3 + 1

< a(b®+2)+ b +2) +c(a’ +2)
—ab?+ bt +cd +6.

Vi vdy dé chimg minh BDT (1) ta chi can ching
minh: ab® + bc’ + ca® < 4 (2).
Khong mat tinh tong quat, ta gid su

a =max{a, b, c}.
X¢t hat truong hop:
+HYVéia 2 b 2 ¢ 2 0, khido ta co:
alc—-b)(b—-a) 2 0 < abe—a*c—ab* +a‘b=0
& abe+a’b>ab’ +a’c

& abe + a?b+ be? > ab® +a’c+ bc?
& ab? + a’c +be? < abc + a*b + bc?

<2abc+a’b+bc” = b(Zac Lag 1o ) =b(a+ c)’

& ab® +a’c+bc’ £4b.[a;ﬂc)[a—l—c]

2
Ap dung BDT Cauchy cho 3 sO khong am, ta coO :
(b S BTN
o aAEC .[a+c]£ 7 5)
2 2 3
\ y,
a+b+03
—( - ]=1(via+b+c:3).

Do d6: 45.[“”].["“] <41=4
2 >

& ab® + b + ca< 4.

‘abc =0
| poate c=0
Dau “=" xay ra khi: < 2 Sib=1 .
a+b+c=3 a=2
e <tb<'a :

+)Vdia 2 ¢ 2 b 2 0, khi d6:

bla—c)(c—b) 2 0 < abec —ab®> — be + b2e > 0
&> ab® + be” < abe + bPe

& ab® +bc’ + ca® < abe + be + cd

< 2abc + bzc i caz
& ab’+ b +cd’ < C(Zab+b2+az)=c(a+b)2

&> ab® + b + ca* < 4c[a+b][a+b]
2 D

Ap dung BPT Cauchy cho 3 sb khong 4m, ta ¢4

S§ 512(2-2020) T(?ﬁgrmgce 5



a+b

Cb[a+b}[a+b}£ G ) +__2_
2 2 3

\ J

g (a+b+0]3“l
S :

Do d6 c(a+b)* = 4{:.{a+b].[a+b] < 4.1 =4,

2 2
Vay ab® + b® + ca® < 4. Dali=t xay ra khi:
(abc =0
C=a+b b=0
3 2 <4c¢c=1. Tu d6 BPT (2) duoc
a+b+c=3 a=>
0<b<c<a t

ching minh, suy ra BDT(I) va BDT da cho duoc
chimg minh. Dé thay diu “=” trong BDT da cho

khong xay ra. Vay aVb® +1+b/c +1 +ova +1<5.

Bai 4. 1)

a) Vi AABC vudng cén tai 4 nén duong trung
tuyén AD cung la duong phan gidc, dudng cao.

Do do BAD=CAD =45° AD 1 BC. Ta cé tir
giac APMN c6 ba goc vubng va duong chéo AM1a
phéan giac nén la hinh vuéng.
Do d6 AN = AP = MN = MP. Mt khac, AB = AC,
ABC = ACB =45’ nén BN = CP, do d¢:

A BDN= A CDP (c.g.c), suyra BND =CPD (1)
Ta c6: T gidc BNMD néi tiép suy ra:

BND = BMD (=—;—Sd Eﬁ) (2). Go1 O la giao

diém hai dudng chéo hinh vuong APMN, vi NHP
= 90" nén céc diém 4, P, H, M, N cung thudc
duong tron tam O, ban kinh OA4, do d6

6 T?ﬂ#uggcé S6 512(2-2020)

3

MHA = 90° hay AH L MH (*). Ta .
C%:M (3) (cung bu vo1 goc M)nenm
(1), (2), (3) suyra Bﬁz‘M (4).

Vi AMH + DMH = 180° (5) (ké bu) nén i (4
(5) suy ra meMf — TR My

thing hang (**). Tu (*), (**) suyra 44 L BH.
b) Ta c6 IB // AD, AD L BCnénIB 1 BC. Ty

EEE* = 45“, [fﬁ = 9(" suy ra IEE = 450, do dg
BA la phan giac cua goc DBI . Ta ¢6 ABID
phan giac BA dong thoi la duong cao nén 1a tam
glac can tai B, do d6 BA 1a trung truc cua DI, Vi

N € BA nén ND = NI, suy ra ANID can tai N, cho
ta NID=NDI (1). Mit khéc, MN // ID (cing

vuong goc voi BA) nén MND = NDI (so le
trong) (2). Ta ¢c6 AMND = AMPD (c.cc) =
MND = MPD (3). Vi

| g
EdeH] (4). Nén tir (1),

m:m(=
(2), (3), (4) suy ra: NID = NDI = MND = WH
Vo1 ANID ta cd : NDI +NID+IND = 180" , do

d6 MNH + MND + IND = 180°. Vay ba diém H,
N, I thing hang.
2)

V€ duong kinh 4D cua dudng tron (O). Ké BE,
CF vudng gbc véi AD. Pat: 4B=c, 4c =}

(b, ¢ > 0). Trong tam gidc vuong ABH ta cé:
HB = AB.cos ABC =c.cosC. Trong tam giéc
vuong ACH ta c6 HC =

HB _c.cosB 1
HC  b.cosC (1)- Tacé: BE // cF (cung vudng

b.cosC. Do dé

goc véi AD) &




BE THI CHON HOC SINH GIOI LOP 9 TINH VINH PHUC
NAM HOC 2018 — 2019 (Thoi gian lam bai: 150 phiif)

1 (2 diéem). Rut gon biéu thirc:
D 2x++l6x+6 Nx-2 3
R R TR R e £ i

Céu 2 (2 diém). Chirng minh rang:

Cau

/i

| b | 1 |
— | i 2018/ 1+—+—+...1 |
ssbecindl ( 2 48 2017 2018)

chia hét cho 2019.
Cau 3 (2 diém). Trong mit phang véi hé toa do
Oxy, cho duong thang d c¢O phuong trinh
y=mx+m—1 (m la tham so thuc). Tim tat ca cac
gia tri cia m d¢ duodng thing d tao vdi céc truc
toa 30 Ox, Oy mét tam giac c6 dién tich bang 2.
Cau 4 (2 diém). Cho cac s a,b,c théa man:
ab+bc+ca=2019abc va 2019 (a+b+c)=l.

BN = 2019 b2019 2019

Caus (2 drem) Giai hé phuong trinh:

% -+ +y +xy+2x—5y

(x +2x)(x+y 3)==3y"

Cau 6 (2 diém). Cho hinh vuéng ABCD c6 canh
bang a. Trén canh BClay diém M, trén canh
CD lay diém N sao cho chu vi tam gidc CMN

-____---i—____

bing 2a.Ching minh ring s do géc MAN
khong doi.

Cau 7 (2 diém). Cho AABC, ¢6 BAC>90°, H

la chin duong vudong géc ha W A4,
CAH=3BAH, AH=6cm, BH=3cm. Tigh

dién tich AABC.
Céu 8 (2 diém). Cho duong tron (T) c6 tim O
va duong kinh 4B cb dinh. Goi M la diém di
dong trén duong tron (T) sa0 cho M khong
trung v6i 4 va B. Goi C la diém d6i ximg voi
diém O qua diém 4. Puong thing vudng goc
voi AB tai C cit AMtai N, duong thaing BM
cit duong thang CN tai diém F. Chimg minh
rang khi d6 dai doan thing NF ngan nhat thi 4
la trong tam cua ABNEF.
Cau 9 (2 diém). Cho cac s6 duong a,b,c. Chung
minh rang:

196 -a®> 19¢°-b> 19a° ¢

ab+5b* Ibc+5r: ca+5a*

Cau 10 (2 diém). Cho 1000 diém phan biét
M, M, ..My, trén mit phang. V& mot duong

tron (C) ban kinh R=1 tay y. Chimg minh rang

< 3(a+b+c).

ton tai diém S trén dudng tron (C ) sao cho
SM{+SM5 +...+8SMj 000 21000.

TRAN MANH CUONG

(GV THCS Kim Xd, Vinh Tuong, Vinh Phiic) Gidi thi¢u
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MC CF

& =

ABE = ADB (cung phu gbe DBE ),
ADB = ACB (g6¢ ndi tiép cung chin cung AB),
nén EEE = ZEB :

ACF - 4BC. Trong tam giac vudng ABE ta co:

lap luan tuong tu, ta co:

BE = AB.cos ABC =c.cosC. Trong tam giac
vuong ACF ta co: CF = AC.cos ACF = b.cos B.

B c.cosC
CE b cosD

Do do: (3). Tu (1), (2), (3) ta co:

HB MB c. cosB c.cosC ¢ cosB cosC

HC MC b. cosC b.cos B b[cosC cosB]

Vi cac goc B, C nhon nén: cosB >0, cosC > 0.

Ap dung BDT Cauchy cho hai s6 duong ta co:
cos B -5 cosB cosC &
cosC cosB  \cosC cosB

D& sy i 5, Cutig B
He e L s

Dani =t xay rakhi cosC =cosB < B - G
<~ AABC can tai 4.

| cosC
|

BUI VAN CHI
(21/2 Lé Hong Phong, TP. Quy Nhon, Binh Dinh)




Trong moi tam gidc bao gid ciing ton tai mot
dudng tron ngoai tiép va mot dudng tron nodi tiép.
Piéu d6 con dung khong vai voi ta giac? Trong
bai viet nay ching toi gidi thiéu nhimg t& gidc
nhu vdy. Sich gido khoa pho thong dé cap rat it
vé “Dudng tron tiép xdc voi bon canh cua tir glac”
ma ta thudng goi 1a duong tron noi tiép tir giac
hay tr gidc ngoai tiép dudng tron. Henri Pithot 13
k¥ su ngudi Phéap, nhiéu dinh 1y hinh hoc mang
tén 6ng, nam 1725 6ng cong bo tinh chat “Tu gide
l6i ABCD ngoai tiép duong tron khi va chi khi

AB + CD = BC + DA” c6 sach goi la Dinh ly
Pithot. Nam 1846 nha toan hoc Thuy Sy Jakob
Steiner cung da dua ra ndi dung trén va cach
chimg minh tuong tu. Ching ta chung minh tinh
chat nay.

Chirng minh. Gia sit t@ giac ABCD ngoai tiép
duong tron (), cac tiép diém tht tu v4i cac canh
AB,BC,CD,DAla M, N, P, O thi AM= AQ,
BM= BN, CN= CP, DP = DQ.

Cong cac vé laita c6 AB + CD = BC + DA.

Nguoc lai, xét AB + CD = BC + DA.

Giasu AB<AD ,do AB + CD=BC+ DA

=2BC <DL,
B

D o 'R C
Khi d6 ton tai O, P twong tng trén AD va DC sao
cho: AB = AQ va CB = CP = DP = DQ. Tt @4,
cac tam giac ABQ, CBP va DPQ la nhitng tam
glac can. Suy ra phan giac cua cac goc ¢ dinh A,
C, D la ba duong trung truc cia ABPQ, nén cac
duong ay dong quy tai /. Do d6 I c4ch déu cac
canh cia tir gidc ABCD, suy ra ton tai duong tron

TOAN HOC :
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tam / tiép xuc voi cac canh t giac. S:'-.tu .c‘}‘ﬁy Xin
oi6i thiéu mot so bai toan xung quanh tir gide d6,
Bai to4n 1. Cho tir gidc ABCD ngoai liép diong
tron (I). Goi M, N, P, O lan luot la cac tiép diem
cua (I) véi cac canh AB, BC, CD, DA. Chimng
minh AC, BD, MP, NQ déﬂg quy.

Loi giai.

Theo gia thiét M, N, P, 0 lan luot 1a cac tiép diém
cua (/) vo1 cac canh AB, BC, CD, DA nén
IM 1 AB, IP L CD, tt IM=IP = AIMP latam

glac can = IMP = IPM

= BMP = 90" — IMP = 90° — [PM = MPC. Tit C

ke dudmg thang song song véi 4B cit MP tai E thi
CEP=BMP = CPM. Do d6 A CPE 14 tam gidc

can = CP = CE. Gia st AC cit MP tai K, AB song

song vol CE nén theo dinh ly Thales:
AK AM AM

kC cE_ cp O Goi H 1a giao diém cuia AC

Vo1 NQO, AF song song BC. chimg minh twong tu
o AH _ 40
COF e

e —

HESCN
la cac tiep tuyén cua duong tron (7) nén AM = A0,

KC, HE

(2). Mat khac 4B, BC. CD, DA

KvaH

nam trén ACsuyrak=§

Tucmgﬁtl,.r ta chirng minh duoc BD, MP, NO dong
quy, nén AC, BD, MP, NO déng quy.

[
=4
A

P
-
g
_‘ﬂ
i e |



Bai toan 2. Cho tam giac ABC khong can, duong

’ ’ NQ NR
tron néi tiep tam I tiép xuc voi BC, CA, AB lan NJ=NE, BD=BF = QB_RB

tu Chfﬂlg minh du'(jc MC, [)J;J EF d%}ng quy, suy ra
PD 1a phan gidc géc BPC.

= O=R. Tuong
lvot tai D, E, F, goi P la hinh chiéu cia D trén

EF. Chung minh PD la phan giac cua goc BPC.
Loi giai. Cach 1.

Bai toan 3. Puong tron (O) tiép xiic véi cde canh
cge canh AB, BC, CD, DA cua tir giagc ABCD lan
lwot tai P, N, Q, M. Chung minh MN vuéng géc
voi PO khi va chi khi tir gidc ABCD néi tiép.

Lai gidi.

Goi H, K 1an luot 1a hinh chiéu cua B va C trén
EF, AC va AB la tiép tuyen dudng tron (/) nén

BFH=AFE=AEF=CEK.

BH BF BD HP
CK CE CD PK Theo gia thiét duong tron (O) tiép xuc voi céc
. ABHP <» ACKP — BPH = CPK canh 4B, BC, CD, DA lan luot tai P, N, O, M nén
OP, ON, OQ, OM lan lugt vuong goc voi 4B, BC,

Suy ra ABHF o» ACKE =

= BPD =90° — BPH =90" - CPK = CPD. CD. DA. AB, BC, CA, DA la céc tiép tuyén véi
= PD la phan gidc cua goc BPC. duong tron (0), theo tinh chat cua tiép tuyén voi
Cach 2. duong tron thi AM=AP va CN=CQ, ti giac
MPNOQ nbi tiép, suy ra
= 1 Zi) fpaaes
MQP=AMP:§(I 80° -MAP)=90” ~ D4B.
Tuong tu: Qrﬂv:‘@?é:%ﬂ —%EE‘B;
MN L PQ = MOP+QMN =90°
e TN et R
, | — MOP+0OMN =90 —=DAB+90° _1gch
Kéo dai DP cat duong tron (/) tai J, qua J dung 2 2
tiép tuyén véi (1) cat AB, AC lan yn;n tai M N. Tur _180° —1(M+ B?f)).
| cach dung tam giac /D la tam giac can tai /. Suy 2

| ra IDJ=LJD va BDJ=MJD. Tit B ké duong Df) d6 DAB+BCD=180" = ti gidc ABCD néi
! thing song song véi MN cht DJ tai H. Khi d6  fi¢p- Nguoc lai néu ti gidc 4BCD ndi tiep thi

BHD=MJD = BHD=BDH = BH =BD. DAB + BCD =180°

Gia st BN cit JD tai O theo dinh Ii Thales:  —MOP+OMN=90°—~DAB+90° _ L oo
, 2

no - Lt -ﬂ. Goi R la giao diém EF va BN, 2

OB BH . BD

Vf—
=180° ——(DAB+BCD)_
NE NR 2
BF RB’

chimg minh tuong tu ta co: do  vay MN L1 PO.

S§ 512(2-2020) P __QC
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Bai toan 4. Cho tir giac ABCD ngoai tiep duong

tron (). Goi M, N, P, O lan liot la cdc tiép diém

dwong tron (I) voi cdc canh AB, BC, CD, DA.

Chung minh r(%ng BD, MO, NP d{ing quy.

Loi giai.

Goi T 1a giao diém cua MQ va BD, ap dung dinh
ly Menelaus cho A4BD va cat tuyen QMT, ta co:
MA TB OD
MB TD QA
dudng tron thi AM = AQ, BM = BN, CN = CP,
DP = DQ

=1 (1). Theo tinh chat tiép tuyén voi

MATBQD TBDP
MBTD.QA BN.TD

TBDP.NC _TB.PD.NC _ BT.PDNC _
BNID.PC TD.PCNB TD.PC.NB
Theo dinh ly dao Menelaus thi P, N, T thiang hang.
Tu d6 BD, MQ, NP dong quy.

Thay vao (1) ta dugc ]

=

.

Bai toan 5. Cho AABC va I la tam duong tron noi
tiép tam gidc. Ducong tron qua B va tiép xic Al tai
I cat AB tai P, ducng tron qua C va tiép xic Al tai
I cat AC tai Q. Chimg minh PQ tiép xiic véi
duong tron (1).

Loi gidi.

Gia thiet duong tron qua B va tiép xic 47 tai / cat
4B tai P, dudng tron qua C va tiép xtc 47 tai / cat
AC tai O, theo hé thire lrong trong duong tron thi

) :
AP.AB=A] =40 4C= B P, 0, C cung nam

trén mot duong tron. Suy ra BPO=180" — 4CB-
gia thiet dudng tron (BIP) tiép xtic v&i AJ tai I nén

TOAN H
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B b o )
_ BPI=PAI+B =l(BA C+ABC)=90 4GB

2 2
——e e, 1 T 3
_ BPI=1P0=90" A CB. Tuong tu co:

@:@:900-—%1@: tir d6 dé dang suy ra|

[ tim duong tron bang ticp AAPQ. Do d6 Po
tiép xuc dudng tron (/).
Bii toan 6. Cho i giac ABCD ﬂgogf tiep duomg
tvon tam 1 dwuong chéo AC, BD cal nhau tqi E
Goi J la tam duong tron noi tiep A ABC, K [,
tam dwong tron bang tiép A AC"D ng voi goc D,
Chirng minh ba diem K, J, E thang hang.
Loi giat.

K

H A /i D
Goi P 1a tiép diém dudng tron (7) va BC thi IP
vuong goc BC va IP la ban kinh dudng tron tam
1, ke JO vudng goc BC, suy ra JO la ban kinh
duong tron noi tiép AABC, suy ra IP//JQ vaB,]

J thang hang, theo dinh li Thales: —-Iﬁ-—-—B—I
JOW B
IP-JO BI-B
JO BJ: «BJ:1 JQ i Bl JOBI

Dién tich AABC va t& gide ABCD ngoai tiép
dudng tron ban kinh JO va IP tuong ung la:

]
SABC‘ =E(AB+BC+CA)JQ 3

1
SABCD =—2—(AB +BC+CD+ DA)]P

2 S ABC __ (4B+BC+CA).JO
Sapcp (AB+BC+ CD+DA).IP
Dapa R BE ST SRE
Borer _ oL
SACD DE SABCD BD

Mat khac




e o e+ il e e L, W—

T s

-’i

(AB+BC+CA).JQ _ BE

:> —
(AB+BC+CD+DA).IP BD

= (AB+BC+CA).BD  IP ﬁ£+1
(AB+BC+CD+DA).BE JQ JB
(AB+BC+CA).BD JI

= |=—
(AB+BC+CD+DA).BE ~ JB

(AB+BC+CA).BD—(AB+BC+CD+DA)BE _JI
= .

(AB+BC+CD+DA)BE JB
:>(AB+BC+CA)DE—(CD+DA—CA)BE _11_ (1)
(AB+BC+CD+DA)BE JB

Ke KH | AD thi KH la ban kinh duong tron
.z 1
bang tlép AACD :)SACD :E(CD-FDA—CA)KH,

tr do suy ra:
Sipc (CD+DA-AC)KH @ DE
Sgcp (AB+BC+CD+DA)IL DB

. Tuong tu

nhu trén suy ra
Kl (AB+BC +AC)DE—(CD+DA—-AC)BE

KD (AB+BC+CD+DA)DE )
Chia (1) cho (2) dugc:
J KD _DE _ JI KD BE _,
Jgkas—pp - JB. 'Kl DE

Theo dinh 1y Menelaus dao cho ABID ta thay ba
diém K, J, E thang hang.

Bai todn 7. Cho tam giac nhon ABC, AA,, BB,
CC, la cac duong cao, duong fron bang tiép vmng
voi cac goc A, B, C tiep xtic véi canh BC, CA, AB
theo thir tw A, By, Cy. Chimg minh B\C\ tiép
xiic véi duomg tron néi tiép véi duong tron (I) thi
A, thuéc duong tron ( Ay B,C, ).

Loi gigi. Goi O la tam duong tron ngoal tiép
AABC va H la truc tam tam giac do, M la trung
diém BC. Goi 4’, B, C’ la cac tiép diém cua
duong tron (/) véi cac canh BC, CA, AB suy ra
MA = MA,, B, va B’ d6i xiig qua trung diém cua
AC. C, va C’ dbi ximg qua trung diém cua AB.
Theo gia thiét B,C; tiép xtc voi duong tron (/)

neén:

AABC <> AAC B, tu do suy ra: Dudng tron bang
tiép ung vo1 goc 4 tiép xtc canh BC, 4B tai A, va
E tuong ung duodng tron (/) ti€p xic vdi BC va
canh AB, dan dén ba diém B’, I, E thang hang,
IC' 1 AB, IB'1 AC nén tu giac AB’IC’ ndi tiép,

suy ra: Cﬁzﬁsz()M = AEIC' e ACOM
R (o ,

~ g =—— (*). Theo tinh chat duong tron nd1
CM OM

tiép va bang tiép MA,=MA = CA =B4,.

Ciing theo tinh chat tiép tuyén duong tron, ta co:
EC =EB+BC =BA,+BA
—CA +BA =BC=2CM.

22 = G —2_}OM=££I-
CM OM 2
= I, O, A, thing hing = OI=04, , C, 1a tiép
diém duong tron bang tiép vdi canh AB
= A,C, 1L AB, A,B, 1 AC. Vay to giac AC34,B;
nol1 tiép duong tron duong kinh AA4,, suy ra 4,
thudc duong tron (4,B8,C, ).

Luwu y. Bai toan nay vé hinh khong hé dé, chia

Tu dang thiac (*) co:

khoa dé vé hinh OM =——2—- dan dén ba diém I,

O, A, thang hang.
4 Tai lieu tham khao
I) Nguyén Ba Dang - Nhing Dinh li chon loc
trong hinh hoc phing NXBGD Viat Nam 2016,
2) Ki thi Olympic danh cho nir sinh chiu Au
(EGMO)
3) Ki th1 Olympic cia CHLB Nga mang tén
[.F. Sharygin.
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Trong kho tang bat ding thic toan hoc c¢6 mot bt
dang thic dep, manh, ung dung rong: Do 1a bat
dang thic hoan vi. Bai viét “Bat dang thire hodn

Vi va mét sé6 dp dung” cua tac gla Tran Hiru Nam
dang trén Tap chi TH&TT sb 455 thang 5 nam
2015 da cho chung ta thdy r5 diéu d6. Gin day
Tap chi TH&TT s6 508 thang 10 nim 2019 ¢6 bai
“Mot mo réng cua bat dang thirc hodn vi© cia tac
gia Nguyeén Pinh Diing. Ca hai bai viét vira din
déu hay, m&i va 1a tai liéu tham khao hitu ich cho
hoc sinh, sinh vién va gido vién nganh toan, Pé
minh hoa thém vé vé dep va ung dung manh cua
bat dang thirc hoan 1, tac gla bai viét nay X1in tran
trong gui to1 ban doc bai viét “Msr 56 hé qua cua
bat dang thirc hodn vi” ¢6 ndi dung nhu sau.

1. Bat ding thirc hoan vi

Cho day  so

nai

thuee hiru

han

a,a,,...,4a,,b,,b,,...b_ va (J:,,xz,...,:f”) la mot

hoan vi tuy y cua (bl,bz,... b )

’~n

a) Neu ay,a,,..,a, va

b,by,...b. sap thir tw
cung chiéu thi

ab, +ab, +...+a.b, 2 ax +a,x, +. IRa, 04
S New o, a5, 50 v B8]

nguoc chiéu thi

b sdp thir tr

ab +a,b, +...4a b Sax; +a,%+...+a x

nn-

Dau bang ¢ ca hai triong hop xay ra khi va chi
=..=b, .
D3 ¢6 nhieu tai lidu chimg minh bét dang thirc
hodn vi, bai viét nay xin phép khong nhic lai. Ban
doc c6 thé xem céc cach chimg minh bt dang

khi hodc a, = a, =...=a, hodc b =b,

ClA BAT mm; ﬂm'c Hﬁ

N GD V a
(T6 34, ph wong Haang D:eﬁ, di

.‘
< F
——

thite hoan vi ¢ trong hai bai bao da néu. T bat
dﬁng thirc hoan vi ta rit ra mot sO hé qua sau day
2. Mét s hé qua cia bat dang thirc hosn vj

Hé qua 1. Cho hai day s6 thuc khong dm hiru hap
g 300,05 5239 (X%

-9 _”'.l 2 J”j

b

a|=a21 ..,.I”) Iﬂ e

hoan vi tuy cua (bl,b 24780 ) va m,k > 0.

N

a) Néu ay,a,,..,a, va b,b,,...,b, sdap thir t
cung chiéu thi

: k k m __Kk ,{v
a"b +ayb; +...+a"b* > a"xk + a, Xy +..+a'x

b) Néu ay,a,,...,a, va b,b,,...b sdap thi ti
nguoc chiéu thi

m 1 k miyk my k m_k m_k k
a b +ay by +.+a"'b, <a

1 X +a5 X +...+al X,

Chirng minh. a) Vi a,0y,...,a, ,b,b,,....b 13 hai
day s6 thuc khong 4m sip tha cung chiéu va
m,k 20, nén hai day R sa b] b;, bJrr
cling sap thi ty cung chiéu. Hién nhién

(Ilﬂ'xZ?'"?xn) ld moét hoén Vi tly y cua

bk R o
(O,5),...,8). Theo bét dang thirc hoan vi ta co:

m _k
nOn 24X +al'x¥ +  +a

b) Chﬁ’l‘lg minh tu'o'ng tu nhu y a). Dau bang 0 ca
hati trut"img Xay ra < a=a,=,, = hoac
bl =) =

m+k )
al - a;ﬂ-#-j.,




Chirng minh. Khong mat tinh tong quat gia su

a 2&22...2.:1”203(:10 m,k 20 suyra
m n m \ k k
s al s ra 20 vaa 2452 .24, 2.

v
Mit khac (xlsz,...,xﬂ) ]a mot hoan vi tuy y cua

. ;‘If k k st A ~
(al,a?_,...,an) néen (xl,xz,...,xn) cung la mot

r . % r T k k k
hoan vi tuy y cua (ﬂ1 50555905 ) .

Theo hé qua 1.a) ta duoc:

m _k m _k m _k m _k m_k m _k
a, a; +a, a, +..+a,a, >a; x| +ay Xy +.ta, X,

hay

m+k m+k m+k m _k m _k m _k
al’ phast g SR an 24 X i) X LR anik,
Déu bing xay ra < @, =a, =...=a, hodc m=0
hoactk ="

Hé qua 3. Cho hai day 56 thuee khong am hiru han

al,az,...,a”,bl,sz._.ﬂb”, (-Iw"fz:- x) la mot

l.: }T

e

hoan vi tuy y cua (blab}j:"-a A

b ) va meN .

a) Néu.- a8 suna vas b.h,,:. 50, sap thir tu

n H

cung chiéu thi

(CI]I +bl)”" -|-(.’,’}'2 +b2 )ﬁ': —I—...+(ﬂ” +bﬁ)m
m

> (a; +x, )f” +(a2 +x2)m +"'+(an +I”)

%

b) Néu a,,a,,....a, va b,by,...b, sap thir fu

% o=

nguoc Chfélf thi
(a, + b )" +(a, +b, )m +...+(a, +b, W

E(ﬂl + X, )m -!-(.f;r2 + X, )m —1—.,.+(aﬁ 0% )m
Chitng minh. a) Do a;,a,,...,a, Va BRDs D
12 hai ddy sap thu tu cung chiéu va (xl,xz,...,x")

1a mot hoan vi tuy y cta (b;,b,,...,b, ),me N" nén

volkeN,0<k<m thiafj_k,a?-k ,am_k va

b, b ,...,b" cling 14 hai day sép thir tu cing chiéu.
Cho k lan lugt chay tir 0 dén m ta dugc m + 1 cip
day twong Ung vo1 k cung sap thir tu cung chiéu.

Hién nhién (x;,x; ..., X5) 1a mo6t hodn vi iy y cua
(bf‘,bi‘,...,bj) voimoi k:0<k<m.

Theo hé qua 1.a) ta dugc:

m—ﬁ{‘ kK m—k .k m—Kk k
al bl +a2 62 +'"+HIT bn
=k 'K =k k -
Zar X +a5 "Xy +..+a, kx:;,‘v’m,keN,m},k

k m—k ik k _m—kik k m—kik
. Chal by + Coaisil &, v Ol di s

—k k | ~k m—k -
ECia{” x4+ C a x§+...+C’iaf e (@)

Vm, ke Nym=k.

Tir (*) cho k lan lugt bang 0,1,..., m s& duge m +1
BDT cung chiéu, sau d6 cong vé voi vé cia m +1
BDT nay lai roi 4ap dung nhi thirc Newton s& dugc
didu can phai chang minh, trc la

(al +bl)m +(a2 +b2)m +...—%—(afM +b”)m

>(a+x)" +(a+%)" (gl
b) Ching minh tuong tu. DAu bang ¢ ca hai
truong hop xdy ra & g =a, =...=4d, hoac
b =b, =...=bghoicm=i;
Hé qua 4. Cho ba day 56 thuce khong am hitu han

),y seees @y by, 0505 0,5 C15Co 505G (21,22,...,2”)

y ~ *
la mot hoan vi tuy y cua (CI,CE,...,C”) va me N .

a) Néu ay,dy,...,0,50,,05,...,0,5€1,€5,...,C, SAP thie

tw cung chiéu thi

(@ +b+q)" +(a+b+6)" +..+(a, +8, +¢, )

>(a+b+7)" +(a+b+2,)" +..+(a, +b,+2,) .

b) Néu a;, @, @, 0055 0. sosap: thik e cung

i i £ B8

chiéu, con c¢;,c,,...,c, sap thu tu nguoc chiéu thi

(al +bl +Cl )FH _|_(aE +b2 +C2 )?H +___+(ﬂ” +b” "I-C” )m

<(q+b+z) +(ay+b+2,)" +..+(a, +b,+2,)".
Chimng minh. a) Gia thiét cho ba day
41§ Qo @b b s bENG G el S A thd® far
cung chiéu va (zl,zz,...,zn) la mot hoan vi tuy y
clia (€;,¢55-56, ) . Khi 46 véi keN,0<k < m,

thi (a1 T, bl )m—k 3(32 i b2 )m—-k ,...,(ﬂn 0 bn )m—k &

A e s R
[ 5€2 5+ C, CUNg 1a hai day sap thit tu cung chidy

Cho k lan luot di tir 0 dén m s& duoc m + 1 cap
day twong ung véi k cling sip thi tw cung chiéu |
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|.a) s€ duoc:
m—k k

(a,+h )m_k cf +(ay +b, )’"‘k &k +...+(a, +b) "G

m-k k m=k _k

:_:'(a1+bl)m_kff+(“z+bz) 25+ +(ay+bs) s 2

o k(g +h )T +Culnth)" @

2 Cj; (*‘91 + by )m_k Zlk T Cfr (‘5’: T bz) )
A C.{' (ﬂ” L+ bﬁ)m-k Zf: (:!Hi:)

m
Tt (**) cho & lan luot bang 0, 1,..., m ta duogc
m + 1 BDT cung chiéu, sau d6 cong vé v4i vé cua
m + 1 BDT nay lai roi ap dung nhi thirc Newton

sé dugc diéu can chirng minh, tirc la

m

(@ +b +¢,)" +(ay +by +¢,)" +...+(a, +b, +c,)

m

>(a+h+z)" +(ay+b,+2,)" +..+(a,+b,+z,)" .
b) Chimg minh twong tr. Dau bang xay ra trong
ca har truong hop <a, +b =...=a,+b_ hodc
€, =¢C, =...=c, hoac m=1.
3. Ap dung hé qua cda bat ding thirc ho4n Vi
Bai 1. Cho ba s6 thuc duong a,b,c . Chirng minh
S s

BT e
bz + CE +;—2-2ﬂ3+b3 G

Loi gidi. Theo BDT Bunyakovsky thi

d
3

rang

[aﬂ bs C_‘S\l : -
S ab® +bct veat V>R ap3 0 3
B2 2 az)( C +cd )_(a +b’ +c ) (1)

Theo hé qua 2 ciia BPT hoan vi ta duoc:
3
a’ +b +c* > abh? +bc* + ca?.
‘ 5 5
Tu (1) suy ra E——+P——+-C—->
b2 CZ a2 o

Péng thic Xay ra < a=h=c

3
a4+ bhl i o

TOAN HOC

& Y. -
“Tuditge S s1262-2020)

5

5 b’ ¢ 9
B
Tt el 1) | abele +a) 2avbag
b)) e ™
S b’ ¢’ = Yabc
-+ == —
<:>g3+b3+b3+c3 6-3-1—(;73 2(G+b+c) (l)
Bay gio ta chung minh (1).
5 bs CS
- ) d AL :
DatP_a3+b3 {)3+C3 S +a
a’b’ b*c’ . c‘a’
Q_a3+b3 R

D& thdy P+Q=a’ +b° +c* (2).

Str dung BDT Cauchy cho hai so dé danh 214 cic

mau thirc cua Q ta dugc:
13 1 35
b*c’ cca’ a?b? +b2c? +c2g2
Q< + + =
3 2 3 )
2(ab)2  2(bc)2  2(ca)2

Mat khac theo hé qua 2 cua BDT hoan vi lai dugc

153 1.3 '3
a2b2 +b2c2 +¢2q2 <a*+b” + o>
Gt bitic
(B)):

VA <
y O 5

O 7D NS .
a +b” +c 2(ﬂ+b+f)
2 6
Theo BDT Cauchy cho ba sé thi

Tu (2), (3) suyra P>

27 abc
(a+b+c)

(a+b+c)3 227abc<:>(a+b C)z >

Qabc

Suyra P>
2(a+b+c)

s tre la:
a’ b> S

+ |
3 3 l >

4
a b 4

J!';'c(a3 +b3) . Ca(b3 +c3) % ab(c3 +a3) - 2(g+b+f§.
Dau dé’ing thite xay ra < 54— b=c

Bai 3. Cho x, Y,
Chirng minh réng

hay

¥ 2

__2 :
X -I—_xy_i_y

Loi gigj. Dt 3

2 la ba 56 thyc duong va a23.

.i 1
I I' ._'_
1_"!.'.'
-_-1
- I .




X y Z
P = - + 1
X“ +xy+ )y Vit Y2k 2 V4 +Zx+'f2
% =i =
4 xr;r 2y2 yﬂ’ - | Zil’ 2x2
O 2 il 1 O D s
e g s 0l ) e 2RSS
Ta ¢o:
=) o =
IH+IQ _yz yﬂ.‘ +ycr 222 EH+ZH 2x2
et o R >
X XY+ ¥ Vi Va2 Z e 20

St dung BDT Cauchy cho hai s6 ta duoc:
@2 (xz +y2) ya‘z (yz _I_Zz)

P+Q2 ; x2+y2 5 yE_I_ZZ
gy L i) ks 2__+22
z”_z(zz+x?‘)
+ 2
Z =X
z2 - x?
2

=, 2 a-—2 a—2 a—2
= 3‘(}5 - =+ Z ) (1)
Lai st dung BDT Cauchy cho hai s6 dé danh gia
cac mau thirc cua Q ta co:
a=2 2 a-2_2 a-2_2
0< L b LV« iy 75 %
3xy 3yz 3zx
1

= g(x”'g’y +y

Ma a = 3, theo hé qua 2 cua BDT hoan vi thi:

a-3

7o z””‘v’x).

a—2

(Ia':sy o Zﬂ_BI) 2L S
1 ! k!
Do dé: ng(x“' 24y 2428 )

1 a-— Q= a-—
TfI(l),(2)suyra:P2—(x s 2).

3
(74 (¥ 4 X
X Z

Vay > S i e
ek Xy sh ) L3y + V242 Z i ZX e
xr:r—Z +ya—2 _I_Zr:r+2

Z
3

Ping thirc xdyra < x=y = z.

Bai 4. Chimg minh rang

a’ b’ c' a" b* ¢
AR P i % T e T
ey a

voi Va,b,ce R",t2k>1.

Loi gidgi. e chimg minh bai toén d ra ta chimg
minh BDT tuong duong
ar ¥ akba‘—k br _bk C_r—f-: Cf A cka"“
4 +
b:‘—l IC."—-l ai‘—l
BPT (1) va (2) khong d6i khi hoan vl vong quanh
cac bien. Khong mat tinh tong quat gia s

k

>0 (2)

a:max{a,b,c}.
-Néu b 2c suyra:

i3t k t-k 2
b' —bfc 20:¢' =ctaT %<0

0{:03‘-—1 i:b!—] <a1—1

| m—

e b kucr—-k p! __bkcf—k
Khi do: i P (3)
ai’ g akbfﬁk a! L ﬂﬂ'bf—k
G b
' _ckar—k ! _Cka:—k
arul - br—l (5)-

Cong vé véi vé (3),(4),(5) ta cé:
(a’ +b' -r—c’)—(akb"_k thic +ckar_k)

bt—l

VT(2)>

- Néu b<c suyra:
al=a" "2 0%t e <0

0. <Bib<oll < oi5!

y,

f k1t—k t k1t—k
i @ =ash a —ab
Khi do: e > = (6)
&
bi’ _bkﬁf'—k b!’ _‘bkcf_k
t—1 = -1 (7)
G C
ar Ck a7k < ¢t — Ckar—k :
(-1 3 t—1 ( )
a C

Cong vé véi vé (6),(7),(8) ta co:

it (2)} (ﬂjr +b' +Jcr’)-—(.::.t’t‘bHf +b°c ™"+ a'_k)

~]
cf

Pén day (2) s& duoc chimg minh néu chimg minh
duoc

(a.f _I_bf +CI)_(aka—k +bkCI—k +Ckaf—k)2 0
Sa+b+c>a"p " +bkcik eeta s

Nhung BDT nay dung theo hé qua 2 cua BDT
hoan vi. Vay

So 512(2-2020) 99'u61t;e 1 5




Dang thic xayra <> @' =4 =¢'™ hoic 1=k
< a=0=c hoic t=F
Bai 5. Cho ba 56 thuc dirong a,b,c va k=>r=20.
Chumng minh rang

B* + of

a +b

e '+a® a +b
4 = = 4%
b +c

12 Lo  —
=g el e

PR

Loi gigi. BDT can ching minh tuong duong véi

b* + o e ey o b ok
r b-" bﬂ r 5 bf' r CA , ) r r aﬂ ! 20
a 3 +C C +a
k rik-r k r _k-r k r _k-=r
c —ab a —-bc b —-c' a
r r r r + r r 20 (1)
(a +b) (b +C) (c +a)

Bay gi¢ ta tien hanh ching minh (1). Do (1)
khong d6i khi hoan vi vong quanh céc bién q, b, ¢
nén khéng mat tinh tong quat gia su

a—= max{a,b,c}.

-Neéu b>c,kéthop véi k>r>0 Suy ra:

k k— e
ge=—bic >0 ck— g'pF <0
p,

b tel <"y of <ahaih’

k ry k—r % ryvk-r
3 c —ab —~
Do dé: S AT (RN
o 4D c"+a
bk 34 Crak—r bk o crakw-r (3)
Cvta. c"+a"
k 3 S
a’ ~beEt -k = bl ="
r r :z r r (4)'
b +c c +a

Cong ve véi vé (2),(3),(4) ta co:

k rik-r r _k-r Ly e

¢’ +a
-Neu b<c, kéthop véi k>r>0 suy ra
fi

k r ke -
Ja S e e Ty AP S AP

h0<br+cr£a"+b’:§c’+a’

Dods: & @bk grpkr
a +b" aran b’ (S)
bk __Crak-r g bk __c,-ak_,.
; o ixatot a S0y A (6)
a” —p"ckr a® — b’ ok-r
b" +¢" a + b (7).

Cong vé vai ve (5), (6); (7) lai dugc:
. _rak—r o brck*-;—

SRk e - A T
VT(1)2 a +b
Pén day dé chimg minh (1), ta phat chumg minh
bﬁ,__r = Crak—r = brck—r > 0

)

gbipte ~a
&S b+ 052 A bt c"a T B
Nhung BDT cudi dung theo hé qua 2 cua Bpyp
hoan vi. Vay

k
b h c" +Ck+a

G 2 a2 = a8 |
Bai 6 [IMO-1995]. Cho i b 2b > , £0i
(Cl,cz,.._,c’”) la mot hoan Vi tuy y ciuag

H

et/ ) Chirng minh rang

2

(@ —b) +(a, *bz)z +'”+(an _bn)2
<(a-q) +(a,-¢,)" +...+(a, —c, !
Loi giai. Vi (cl,cz,...,c”) la mot hoan vi tuy y

cua (b,b?_,...,b ) nén

n
2 2 2 2 2
b[ +b2 +"'+bH=Cl +C-.2 +..-+C§. '
Theo BDT hoan vi thi
a,b, + a, b, T...ta,b, 2a¢ +aye, +..55 acs




F

Bai 7, Cho 7 SO thuce duong
.1 } 3 Cr[ 4 .
B3 By Gk B E DN H 2 3) va a2 3 wng minh
X ﬂ’—'l -l r—]
\ dla aff i y +a_5_,_” L P o2
rang - +..+ 2 g
a+a 0 +h a, +a
A S a; as i S Rg,
Loi giai. Dat P = | P
a+a, a,ta, a, +a
a—1 a-1 a—l
Q:al G 93 A ¥ G 4
a&“+ig2 f%2"+493 ﬁh14-£ﬁ
Suy ra
= _1 _1
a +a; a a haa a +a, a
P+0O= | +...4
a, +a, a, +a, a, +a

St dung BDT Cauchy hai s6 dé d4nh gia cac mau
thirc cua Q ta dugc:

a-1 a-1 a1
a, \a s BT atia
ngg 1 2 } 2 3 +_" % 1 1
2Jaa, 2./a,a; 2\ a,a
(
g i g ] e e
Sy al 2as U, 2dk T al ca
2
S /

5 Sp e At
Mit khac gia thiét cho o 25 nén theo hé qua 2

cua BDT hoan vi ta co:
(; pidd¥ind 3 L ey Jgl
70 353 2

\ J
1

<a®'talt+..Halr

3 8\
2a

1 = %
Do do: Qﬂz(af"“a-ag 'ttal 1) (2).

by g _ e
Tu (1), (2) suy ra: Pza(af" '+=:1§Ir '+..+a, 1),

tac la
a a a a1 a1 a-1
a a a. =+ +...+a
LA SRy Gl L R 2
a+a, a,+a, a,+a 2
Dau dang thuc xayra<> a, =a, =...=a, .

Bai 8. Cho n so thuc khéng am a,a,,...,a,,
nke N,n23;1<k <n. Chung minh r&'ng

n n n
al +a2 +.-.+a"

n

n—k n—k n—k k
a +a +t..T4,

H

al +a; + .40

2

n 1

Loi gigi. Tu gia thiét, khong mat tinh tdng quat
giasu a,2a, 2...2a, 20, suy ra:

a{’*k _Zza;_k 2...2a2_k =0 af Eag E...Eaﬁ >0 .
Theo hé qua 2 cua BDT hoan vi ta dugc:

a’ta ot a2 a{’_ka’; +a§_ka§ +...+a;"kaf
a'+a, +..+a, 2 2t laiat fa + g
a'+a, +..+a, 2 a7 ok + a7 gl s A G
alta s PR SablarEaia I

Cong vé vai vé cua n BPT trén va rit gon ta duoc
n(a{’ +a, +..+ a;f')

n—KkK

. 2 k k
E(a{' B g el )(alk-l—az —|—...+a”)

n " n
Qs b s . ha,

=
7
iy = -k \( k k
L gt e “N af +ay +...+a,
\ £ J\ 4
DAu déng thuc xay ra < a; =...=a, hodck=n.
N = ﬂ- i
Bai 9. Cho 0<q, L, <5,}?EN,!?EI. Chung
minh rang
) S e R o
(sm a; + CcOoS az) +(sm @5, +COS 1 )., 2 2.

Loi gigi. Vi gia thiét da cho ta dugc

2

0 <sin® @ <sin a, <1

0< cos’ a, < cos” o <1
RO rang (cos2 (}fl,COSz az)lﬁ mot hoan vi cua
2 2 ~ iJ T F
(cos Q5 , COS cxl).Theo hé qua 3 cua BDT hoan
v1 thi
o) PR N 20 2/ AT
sin” ¢ +cos” @, | +(sin” &, +cos” «,

safl B\ . 2 > -
> (sin” & + cos al) +(Sln a, + cos az) =2.

Dau bang xdy ra <> a; =, hoicn=1.
Bai 10. Chox,,x,,....,x, >0, (rl,rgj._,f”) la mot

hoan vi tuy y cu ( ;
vi ty y cua xl,xz,‘..,:c”) va meN .
Chung minh rang

m m m
s el o I R

m F
) 9 ui il 2 n L
2
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' : A At +ih 16 uat
Loi giai. Tu gia thiet, khong mat tinh tong 9
a
ta gia sir x; 2 x, 2...2 %, >(0. Suyr
A i falay T L ot
EI 22&20! déthﬂy (_",'_‘:-"12] :
LT I”]
, Oy cud == m |
hoan vi tuy y cu < )
Theo hé qua 3 cua BDT hoan vi ta dugc:

s m x x m
X, % 7 i +...+(—”+i]
[2 R 2} J{ 2 2) R 6

ﬂ m m I” f” (4
> ‘1"_‘+f_1 - x3+fz] +...+( | J
1L O 9 2 2

m
hay"x" +x, +..+X

2 2 2

Dau dang thirc xdyra < x, =...=x, hodcm=1.

3. Bai tap
1. [IMO - 1964] Cho a, b, c‘lﬁ do dai ba canh cua
mot tam giac. Ching minh rang
a’ (b+£‘—&')+bz ({7+.«::;'—é?:»)+c2 (a+b—c)£3abc.
2. [IMO - 1995] Cho a, b, ¢ 1a cac sb thuc duong
thoa mén abc =1. Chitng minh rang
] 1 1 3
: +— + =
a (b+c) b (c+a) c’ (a+b) 2

3. [IMO - 1978] Cho a;,a,,..,a, 1la n sd nguyen
duong phan biét. Chimg minh ring

4. [T8/292-102001-TH&TT) Xét k s& khong am

xlsz-’_---,xku

a) Biét x; + x, +... + X, 2 k . Chirng minh rang

(#4 a
R SRS 2 s i
Vo180 thue @ >1

b) Biét x; + x5 totxl >k

. Chirng minh rang
d a
MER &by > xf + X2 st
Vo1 mo1 80 thue ab thoa mdn a>p > ()
5. Cho A 1 s6
h>a3,..,a, 1a n thue duong. Chimg
: : a, +q

Imnhrﬁng Ny 2+---+H,,<“af’+a§+...+a”

< n
n \ n '

6. [BPT Cauchy] Cho fi?pﬂg,-..,a”
khong am. Chung minh rang

P 4 =
at+a T =2 {/alaz...a
n

7. [BDT Chebyshev]
a) Cho a2a,2..2d, V& 5 2ph > o
N
Ching minh rang
,rf;e(ﬂlbI +a,b, +...+ anbn)

2({]’1 +a, -I-...+6?n)(bl o) +“'+bﬂ).

b). Cho' g, 2dy 2.:.2a, sVa b S.<b
Chung minh rang
n(ab, + ab, +...+a,b,)
<(a,+a,+..+a,)(b +b, +. By
8. Cho g,a,,...,a, la n so¥thire dugng o
n,peN,n23, p>2. Ching minh rang
2
alzp azp | aﬁp
2 2+ 2 O
a, taay+a;  ay +aa, +a;

|
se |

2 2
a +ﬂlfi'2 +a2
oo 2\P-1

("-'7"1 +a; +...+an)

3nP?

2. Cho ay,a,,...,a,,b,,b,,...,b, 1a hai diy s thue

>

khong am hiru han, (xl 3% e ) 1a mét hoan vi
thy y cua (&,b el ST ]

a) Néu a;,a,,...,a, Vva b,b,,....,b

1 . sap thu tu
cung chiéu thj

nguoc chiéu thj

(“1 “”1);l +(cf::2 +b2)':L +...+(an 4~;!;;J,_”)’1

S.(ﬂl + X )/1 +(a2 + X, )j' +...+(an +xn);'.

...,a,,,bl,bz,...,bmc],cz,_,.,c,, [a ba

day s thuc khong

am hiru han, (yl,yz,...,}’n) l

mot hoan vj tuy v cua (b] ,bza___,b”) ’(zl,zz,...,zn)




[a mot hoan vi tuy y cua(cl,cz,...,c”), meN’.
Ching minh rang:

H) Néu ﬂl,ﬂz,.-.,ﬂ”,bl,bz,...,b”, C]&CE-;---,C
thir tu cung chiéu thi

L

(ﬂ[ +b| + G )fn +(ﬂz +E5‘3 +C.'1) +...+(.;::.=” +b” _l_C”)r;:

/ i

m n
>(a, + +2;) +(ay + s +2, ) +...+(a, +y, +z,)
b) Néu trong ba day a,a,,....a,,b,b,,....5,,
CpsCa sy €, €O MOt dAy s@p thur tr nguoce chiéu voi
hai day con lai thi

(a+8 +¢ )" +(a, +b, +¢,) +...+(a, +b, +c,)"

E(al + W +:-:1)

(Hién tai tac gia van chwa giai dwoc hai bai todn
9,{'0. Tdac gia rat vui khi nhan duwoc nhitng trao
doi tir ban doc).
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[1] Nguyén Vin Mau, 2006, Bat deang thicc dinh Ii
va ap dung, Nha xuat ban Gido duc.
[2] Vi DBinh Hoa, 2007, Mot cau chuyén dai ve
mot bat dang thirc noi tiéng, Tap chi TH&TT.
(3] Tran Hiru Nam, 2015, Bat dang thitc hodn vi
va mot sé ap dung, Tap chi TH&TT
[4] Nguyén Dinh Diing, 2019, Mét mo rong cua
bat déng thirc hodn vi, Tap chi TH&TT.,
(5] Pham Van Thuan, L& Vi, 2007, Bat dang thirc
suy lugn va kham pha, Nha xuat ban PHQG HN.
[6] Tap chi Todn hoc va Tuéi tré, Viét Nam.

*t***************************************************************************#*****

BAT PANG THUC MINKOWSKL...
(Tiep theo trang 3)

aibre)+(3—a-b-c)

—2(a+b+c)* —6(a+b+c)+9

2
=2(a+b+c—1] -I-EBE.
2 2D

Pang thic xay ra khi a=b=c=%. Vay

32

min P=——.
2

Thi du 4.3 (Trich dé thi tuyén sinh vao 16p
10, Ha Tinh nim hoc 2018 — 2019). Cho a,b
25

la cac sé thuc thoa man (a + 2)(b 4 2) = -74—

Tim GTNN cua biéu thiec:

F=xlsa* #1+b*,

Loi gigi. St dung BPT Minkowski, ta co:
F=\1+a* +V1+b* =\/1+(.'::.-2)2 +\ﬁ+(b2)2
.332\/(?[+1)2 +(ﬂ'2 +b2)2 =\/(.‘::!2 +.£:f‘1)2 +4,

xay ra khi a=b=§-. Vay min F = ——.

Theo gia thiét ta co:

(a+z)(b+z)=§¢:>z(a+b)+ab=§.
Tu d6 ta xét cac BDT:
g I 2 1 2
20l a— | +2[b——| 20
ﬁ 2 2
2 7.
abia +b
{ 2
r2(a+b)£2(a2+b2)+1
Lot 2 2
e +b
! 2
Cong theo vé hai BDT trén voi nhau, ta dugc:
9
—=2(a+b)+ab<_‘-i£(a2+b2)+1<::>a2+b22-1—
4 2 2

J17

=>F=\/l+ﬂ4 +\/1+b4 ET Bﬁngthfrc

! Ji7

2
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CAC LOP THCS

Bai T1/512 (L6p 6). Tim tat ca céc so tu nhién N

biét rang tong tat ca cac udc s6 ctia N bang 2N va
tich tAt ca cdc udc s cua N bang N-.

TRUONG QUANG AN

(Xa Nghia Thang, huyén Tw Nghia, Quang Ngai)

Bai T2/512 (Lép 7). Cho a, b, ¢ 1a cac SO tu nhién
a b

thoa man e 7(71 Chirng minh rang

201956 -2020a

> |
2019¢ — 202056

LE MINH HOA
(GV THCS Kha Cieu, Thanh Son, Phi Tho)
Bai T3/512. Giai hé phuong trinh
b2 07
dy* =xz
Lzz =2y—1

| PHAM NHU HIEN
(50 nha 50/07, ngd 115, 16 10, phuong Ky Bi, TP. Théi Binh)
Bai T4/512. Cho tam gi4c nhon ABC, ké cac
duong cao CH, BK (H, K lan luot ndm trén 4B va
AC). Trén tia CH lay diém P, trén tia BK lay diém
O sa0 cho géc PAQ = 90°. Ké AN vuong gée voi
PO (M nam trén PQ). Chim

) g minh ran
vuong goc vai MC. 8 MB

DAO CHI THANK
(GV THPT ch ’
Bai T5/512. Cho ba g4 Ve iRl

27(a+ b)(b + c)(c+ cﬂ
f(a + b+ 6)3

BUI HAI QUANG

16/512. Cho ba s0 thie duong X, ¥, z tho
Bai .

min x =2z, 11m gia trl nho nhat cua biéu thirc
XZ yz i xX+2z |
o y tyz oLV ANz
DUONG VAN SON

(GV THPT Ha Huy Tap; TP. Vinh, Nghé 4n)
Bai T7/512. Tim nghiem nguyén duong cia

37 RO
phuong trinh: tan 4sin=— =/x.
X X

PANG THANH HAI
(GV Hoc Vién Phong khong - Khong quan, Son Tay, Ha Noi)
Bai T8/512. Cho tam gidc ABC ndi tiep duong
tron (O), ngoai tiép dudng tron (7). Goi M 1a trung
diém canh BC, X la diém chinh giita cung BAC
cua duong tron (O), P, O lan luot 1a hinh chiéu
vuodng goc cua M trén CI, BI. Chirng minh rﬁng
XI 1 PO.

NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)

Bai T9/512. Cho tam gidc ABC c6 dién tich S va

cac canh BC=a,CA=b 4B = o Giai hé phuong

; 2
trinh (an x, y, 2): {a X+b'y+ciz =48
XY+ yvz+zx =1 ‘

: 3 LE QUANG NAM
(Khoa Todn Tin, DHKHTN, DHQOG TP. Ho Chi Minh)

TIEN TGl OLYMP]C TOAN
Bai T10/512. Ching minh rang
nguyén duong 7 thi ta
SO nguyén to cung nha

vl moi SO
luén ¢6 » va 22" 41 1a hai

™

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
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Bai T11/512. Cho céc day s0 (x,),(»,)xéc dinh

x, =3,x, =17,x,,, =6x,,, =X, Ay
=24 _

bo1 «
Vi =4,, =24,,., =6Y,.1 =V,

.

Ching minh rang khong co sO hang nao cua céc

day s6 (x),(y,) la lap phuong cua mot SO
nguyen.

TRAN XUAN PANG

(5/7/136 Phan Dinh Phung, TP. Nam Dinh)

Bai T12/512. Cho tam gidc ABC vuong tai 4 ndi

tiép duomg tron (0). A' doi xung voi 4 qua O. P
[a hinh chiéu vudng géc cua A4’ trén duong trung
truc cia BC. Goi H,, Hy, H, 1an lugt la truc tm
cac tam giac APA',BPA',CPA’. Chimg minh rang
dudng tron (H,H,H,) tiép xtic vdi (O).

NGUYEN VAN LINH (Ha Noi)

Ak
rJ

Bai L.1/512. Trén miat nude c6 hai ngudn két hop
dit tai hai diém 4 va B, dao dong cung pha theo
phuong thang dirmg, phat ra hai séng cé budc song
. Trén doan AB ¢6 9 vi tri ma & d6 cac phan tu
nudc dao ddong véi bién dd cuc dai. C va D la hai
diém trén mat nudc sao cho ABCD la hinh vudng.
M 1a mét diém thudéc canh CD va nam trén van
cuc dai giao thoa bac nhat. Biét phé.n te M dao
dong nguoc pha véi cac nguon. Hay xac dinh do
dai doan AB theo budc song A.

VIET CUONG (Ha Noi)

Bai 1.2/512. Cho doan mach dién xoay chiéu chi
chira cudén cam thuan c6 hé sO tu cam

L =-l (H). bat dién ap xoay chiéu c6 tan s6 50
il

Hz vao hai diu doan mach. Tai thoi diém dién ap

hai diu mach c6 gia tri 100+/3 V thi cuong do

dong dién trong mach la 1 A. Xac dinh dién ap

hiéu dung gitra hai dau cuén cam.

THANH LAM (Ha N¢i)




KY TRUGC

Bai T1/508 (Lép 6). Cho
A=11.13.15+13.15.17+...491.93.95+93.95.97.
Hoi A c¢6 chia hét cho 5 khong?
Loi giai. Ta chimg minh két luan manh hon:
Chitng minh rang sé A chia hét cho 180 =4.5.9.
Modi sd hang cua téng A co dang:
a, = (2n + 1)(2n + 3)(2n + 5), trong d6 n 1ay cac
gia tri 14 c4c s6 nguyén lién tiép tir 5 dén 46, tirc 14
c6 42 s6 hang.
Cdch 1. Ta thay:
8a, = 82n+ 1)(2n+3)(2n +5)
=2n+1D@2n+3)2n+5)2n+7—2n—1)]
= 2n+ 1D)2n+3)2n+5) 2n+7)
S 2 ) @n ollhi(2n + 3)(2n £5).
Cho 7 lay gia tri cac s6 nguyén lién tiép tir 5 dén
46 ta duoc
84 =11.13.15(17-9) + 13.15.17(19 — 11)
+15.17.19(21 — 13) + ...+ 91.93.95(97 — 89)
+ 93.95.97(99 — 91)
= (LB IS5 17— 91 A315)+ (13.151719
=~ 111395 17)+ (15:1719.21 — 13.15.17.19)
+ ...+ (91.93.95.97 — 89.91.93.95) + (93.95.97.99
—91.93.95.97)=93.959799-9. 11.13.15
=09.5(93.19.97-13.3)=11.9.5.171360
=11.9.25.4.8.1071 = 8. 900.11781, suy ra
A =900.11781 = 180.58905, tirc 14 s6 4 chia hét
cho 180.
Céch 2. « Tong A ¢6 42 s6 hang. Téng hai s6 hang
lién tiép cua 4 1a: a, + a, .
= (2n+ 1)2n+3)2n+5)+2n+3)2n+ 5)2n+7)
= 2n+3)2n+5)((2n+1+2n+7)

TOAN HOC :
22 * CTuditre___ S8 5122-2020)

= 4(n+2)(2n+3)(2n T 5), Chi:il i Ch.o :’;mé A4 ¢
21 tng hai s hang lién tiép 0én 4 ﬁchla St cho g
. Chia 42 s6 hang cua 4 thanh 9 bo, ,8 b? d?u moj
iép, bo thr 9 €O hai s6 hang
tiép cua moi bd (trong 8 bg)

a, .4 trong do n = Sk vgi

bo ¢6 5 so hang lien t
Xét nam so hang lien
14 a, , Ap+1,> Gn+2 5 In+3:
kbingl,2,..., 8, thibaso
déu chira thua Bt S5=23
5. c4c thira sb d6 1a 15, 25,

hang dﬁu An > An+1, Ap 49
(2k + 1) chia hét cho
., 85, do do cac sb

hang nay déu chia hét cho 5. |
Tong hai 56 hang con lal @y+3 + An+4 la
2n+7)2n+9)@2n+11)+ (2n+9)2n+ 11)en+13)
— 2n+9)@2n+1D[@n+ N+ Cn+ 1))
— 2n+9)(2n+ 11)(@n + 20) cling chia hét cho 5
i dn + 20 = 4.5k + 20 = 5.4(k + 1). Con lai bg
tht 9 c6 hai so hang cubdi cung 91.93.95 va
903.95.97 déu chia hét cho 5. Do d6 s6 A chia hét
cho 5.
. Chia 42 sb hang cua A thanh 14 bd ba s6 hang
lién tiép dang a, , a, +1 , a, +2 , trong d6 moi $6
hang déu chtra thira s6 2n + 5, ma 2n + 5 chia hét
cho 3, twong ung voi n bé:ing 5,8, 11,..., 44 %cac
thira s0 d6 1a 15, 21, 27,..., 93. Xét tdng ctia ba sb
hang li€én tiép clia moi bo cua 4 la:
ap t a1t a,
=(@n+1)2n+3)2n+5)+ (2n+3)2n+5)2n+17)
+(2n+5)2n+7)2n+9)
=4(n+2)2n + 3)(2n + 5)

+(2n+5)2n + 7)(2n + 9)
=(2n+5)[@n+ 8)2n + 3) +(2n + 7)(2n + 9)]
= (2n+5)(12n° + 60n + 87)

=3@2n+5)(4n"+ 201 + 29) chia hét cho 9 do
?_n +':5 chia hét cho 3. M3; tong cta ba sb hang
[ién ti€p cua 4 chia hét cho 9 nén téng cua 14 bd

bar sc’? hang lién tiép cua A4 cung chia hét cho 9, do
do sO A4 chia hét cho 9.

S? A chia hét Ch(,) 4, 5,9 ma ba 58 nay nguyén to
cung nhau nén s§ 4 chia hét cho tich 4.5.9 = 180.
Nhan xét. Cac ban say cg 13 giai dung. Ha Noi:

Hoang Xuan Ty, e THCS T6 Hoang, Q. Déng



Pa; Nghé An: Pham Ngoc Trinh, 6B, THCS Ho

Xuan Huong, Quynh Luu, Nngyen Van Vieét,
Ncruyen Thai Hoang Anh, Thai Thi My Hanh, Thdai

Minh Qudn, Lé Van 74 hang, Hoang Van Khanh,

Pao Phwong Anh, Nguyen Pang Quang, 6B,
Nguyén Hang Nga, Lé Van Quang Hiéu, 6D,
THCS Ly Nhat Quang, D6 Luong; Quang Tri:
Vo Nguyén Thang, 6A, THCS ;Trlmg Vuong, TP.
Pong Ha; Pha Yén: Pham Dac Bao Khang, 6H,
THCS Tran Hung Pao, Péng Hoa; Quing Ngai:
Vo Hiru Thanh Thao, Cao Ba Duy Minh, 6B, Vo
Triwong Minh Huy, 6C, THCS Pham Vin Pong,
Nghia Hanh.

NGUYEN VIET HAI

Bai T2/508 (Lép 7). Tim 2019 s6 ma méi s6 c6
gid tri tuyét doi khéng lon hon 0,5 va réng cua ba
56 bat ky la mét s6 nguyén.

Loi gidi. Goi cac s6 can tim 1a: x,,x,,..., X,06.
Theo d€ bai ta c6: —0,5< x,,x,,..., X,0;0 < 0,5.

Gia sur trong 2019 s6 nay c6 it nhat hai s6 khac
nhau. Khéng mat tinh tong quat, goi hai sé d6 la
Xis X x> ) Taicos-X - Xy X sty 26001
cac sO nguyén nén:

F
A

(x, +x, +;|n:4)—(:t:2+Jln¢3+1c,4)=;n:]—-.::r:2 la  so

nguyén. Ma 0<x, —x, <1 nén x, —x, =1. Do d6
x, =0,5 x,=-0,5. Talaico: x,+x, +x,=x, 1a
s6 nguyén. Ma —0,5 < X =055 nen =10
Tuong tu x,+x,+x,=x, 12 sO nguyén nén
x,=0. Khi d6 ta xét thay: X %X F %505
khong 1a s6 nguyén (mau thuan voi dé bai).

Vayeeiasittrenda satiSuy ta s X, =, = .., = X;p10¢
Ma -1,5<x +x, B 5" va 3 = o, 4

la sO nguyén, do do:

Bias 3 |
Viay x, = X, =...= X5 = 0 hoac
b 1
= = 2019 =_5 hodc x, =x, =...=x,,4 =§

Nhdn xét. Mot s6 ban nam duoc cach 1am va hiduy
dé, tuy nhién két qua van con thiéu nghiém. Céc
ban sau c6 két qua ding: Hung Yén: Lé Tuan
Nghia, 7C, THCS Poan Thi Diém, Yén M¥: Séc
Triang: Nguyén Anh Thuw, 7A1, THCS Ké An, Ké
Sach; Nghé An: Lé Vian Quang Hiéu, Nguyén
Hang Nga, 7D, Nguyén Céng Phiic, 8C, THCS Ly
Nhat Quang, D6 Luong.
NGUYEN THI THUY LINH
Bai T3/508. Cho x, y, z la cdc sé thuc dwong, tim
gid tri nho nhat cua biéu thiec
P=x*+y*+2*+
+ 2x3 Tt 2})3 4 z -—-Z(,r+y+z)
X +y " Yz z X . 0

Loi gigi. Nhan thay x° + y* > 2xp > 0 nén

Ly 28]

, dau “=" xay rakhix =y . Do do:

bta e Ol
iy cOR) )it o SV e 3
_Jr:ery2 % .:c2+y2 2xy
3
X y ‘
=S o= (1)
X, Sy 2
Tuong tu ta co:
3 3
LA e s
T Dia 5 O
Cong theo vé cua (1), (2), (3) ta co:
3 3 3
X z
2, W :::y R
XSy o0 2 2hN
Sorie) y_£+z_£_x+y+z.
2 2 2 2
Do do:
eV iy e ]
P2 Xt yiizt 4 ’zv 8 6(x+y+z)

2
=x’ +y2 + z° —§(x+y+z)

N Pi\* 2
=(x——) +(y-——J -{-(z—lj _1_}_____1__
3 3 3 38 .8

1
¥
Vay min P =

I ¥

-
4
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B . c6 ta glac ACBH qa:
, , ikl At 3), Lat ¢O t 2lgk i
Nhadn xét. Da s6 cac ban gui bai déu tim ra két qua ¢ DHB = DEB (3) | \
va cich 1am tuong tu nhu trén. Nhiéu ban 1ap 1uan iép nén DHB = ACB (4). T (3) va (4) ta oq
con dai dong. Tuyén duong cac ban sau cO loi glal N R R . oisc BCKE 1noi ta b e
t6t: Hung Yén: Lé Tudn Nghia, 7C, THCS Poan  DEB =KCB , SUy 1% B g;a e
Thi Piém, Yén M¥; Vinh Phic: Ta Kim Nam Tuan, EEE _180°— @ =90 Vay DE L AC.
SN B N A oc Tire 8 Nhdn xét. Chi co ba ban sau cho 101 gial d___llﬂg:
THCS Nguyén Truc, Thanh Oai; Pha Tho: Bul Th Fegl x
Hﬁng Thu, Pao Quang Huy, Pham 1T hi Minh Chau, y
Triéu Hoang Anh Duwong, 8A3, THCS Lam Thao; =
Neghé An: Truong Dinh Khai, Nguyén Cong Phuc,

: huvén Pai hoc Vinh. ;
8C. Peing Hitu Thanh, 9A, THCS Ly Nhat Quang, ™Y NGUYEN THANH HONG
b6 Luong; Séc¢ Trang: Nngygf? Anh Thu, TALl.

THCS Ké An, Ké Sach; Quang Tri: Nguyén Anh Shod s 7
Quan, 8D, THCS Tran Hung Pao, TTr. Cam LO. Bai T5/508. Giai phuong 1 inh
PHAM THI BACH NGOC L2010 _9011x5 +4/2010 = 0.

_ _ Loi giagi. bate=x°", t20, phuong trinh g
Bai T4/508. Cho tam gidc ABC c¢6 ABC va ACB

; 4 _ 3 a
la cdc goc nhon. Goi M la trung diém canh AB. thanh: ¢~ —20117 + \/2010 0
Trén tia doi cua tia BC ldy diém D sao cho c:»z‘(t?‘ _2010)_(3_\/2010)=0

DAB=BCM. Qua B ke duong thang vuong goc

v&i CD, duong thang nay cat duong trung truc < f(f = \/2010)(1‘ i \/2010) e (f = \/2010) =0
cua doan thang 43 o E. Chung minh duong thang = (f g \/2010)(1(2 T 1) _0
DE va duong thang AC vuéng goc voi nhau.

Loi gidi.

Néu 1 —+/2010 =0 ta dwoc:

x*" =2010 < x =+34/2010 .
Néu #* ++/2010/—1=0 ta dugc:

. _=V2010 +/2014
> .

Goi H la giao diém cua CM va AD: K 13 giao Vit=x°">0nén

570 _ —/2010 ++/2014
=

2 i

diém ctia DE va AC. Tix gia thiét BAH = BCH nén

tir gidc ACBH ndi tiép, suy ra Eﬁézﬁ (L),

ﬂij/—xfzolo +2014

$ 2
Mat khac, EM la dudng trung truc cia 4B nén Vay phuong trinh ¢4 tap hop nghiém la:
theo tinh chat duong trung truc ta co: ,

i

g
-

AEM =BEM =90° -EBM =4BC (2). Ty | >

: Nh 7 4 r i ) "'l

Ve e el = B glac #1t xet. Cdc ban tham khao thém cach gial sau:
S ST e A e e D3

AHEM 101 tiep, dan dén AHE = AME =90°. p, at

_.1%;134%; _ﬁ?# ~2010+y2014 md —2010 +Jﬁ‘:
; 2

a=2010>0=2011=g? +1 phuong
— —— . r -, tr-inh 11_'; © ‘
EHD = EBD = 90" nén tit gidc BDHE nj tiép, ta A o i)

670 2
<= x" q _a__x2010+x570___0

, 5 TOANHOC
24 - clusitge__ S8 si2e-2020)




Coi day la phuong trinh bac hai an a, giai ra ta

a=x° =+2010
duoc: 1340 . Tu do6 tim duoc x.
a= : :7{3 —4/2010
2 X

Nhén xét. Céc ban sau day c6 bai giai tot:

Phii Tho: Neuyén Pham Thanh Nga, 9A3, THCS
[Am Thao, Lam Thao, Lai Truong Giang, 9A,
THCS Nguyén Quang Bich, Tam Nong; Séc Trang:
Neuyén Anh Thu, 7A1, THCS Ké An, K¢ Sich; Ha
Noi: Lé Ngoc Ting, 9A, THCS Nguyén Truc,
Thanh Oai; Nghé An: Truwong Dinh Khai, 3C,
THCS Ly Nhat Quang, D6 Luong, Pham Ngoc
Trinh, 6B, THCS H6 Xuan Huong, Quynh Luu;
Thanh Héa: Lé Minh Huy, 8E, THCS Tran Mai
Ninh, TP. Thanh Hoa.

NGUYEN ANH DUNG
Bai T6/508. Cho a, b, c la ba sé thuc khéng am va

khéng co hai sé nao cung bang 0. Chitng minh
rang voi moi s6 nguyén duwong n thi

I -;IJ i 2”
biec s ¢ ta ¢ atb. b

- - _I_ ~n o I AN o 1L :_> + + y
aater b Ya. bt atec bta ctb

Gl

Loi gigi. Truge hét ta nhan xét bat dang thuc da
cho trong truong hop n =1
¢’ +a’

a’+b*° b*+c’

2 Z }a+b+b+ﬁ+c+a *)
S gl ALt A e bia cewh
la khong dung vdi a = 50, b =49 va ¢ = 0 (vol

cac gi4 tri trén, hiéu vé trai trir vé phai ta thu dugc

hiéu s6 1a s6 4m gan bang —0.00382482).

Tuy nhién, bat dang thic (*) van ding trong

tredng hop ¢ hai trong ba sd g, b, ¢ bang nhau.
Chang han gia sit a=b. Nhu vay, (*) tr¢ thanh :
a2+ﬂ2 ul‘.'."u'z*'l—tf.?2 cz+a2 a+a atc

o 72 L i
c+ta a+c a+a c+a

(6 (7

at+ct @+

2a’ +.f:ar2+::r2 £ 23

2a*

va qui dong mau s6, ta can ching minh :

[Za 24° +(d +c?) ](a+c)l:4a +(a+c) :Ir:r(a2 +c”)
24° (@ +c* N a+c)

{I'I-C
a+c 2a

<>

. Chuyé
a* 4 o2 Y, nve

2(

Cudi cung chi can chimg minh
[2(12.2&'2 +(a’ +c*) ] (a+c)—
—[4&2 +(a+t c)zils:;r(a2 +¢*)>0.

Khai trién trong ngoic ta co:
[2a2.2a2 +(:t:1r2 +c'2)2:|(r,:r-l—»cr)—[ﬁhf:z2 +(r.:zf~i~;.':)Z]f:;'(.ar2 +c%)
=(5a" +2d°c +c*Na+c)—(5a° +2a’c+ac’)(a” +c°)
=(5a’ +5atc+2a’ct +2a°c +ac +c°)

—(5a’ +5a°c* +2a'c+2a’c +a'c’ +act)
—3g'c—4a’c* +¢ =c(Ba’ —4a’c+c”)
25[3(:*34 —a’c)—(a’c—c’ ):I

=c(a—°c) 3¢’ —c(a® +ac+c’ )]

= c(a—0)[ (@ —-a’c)+(a’ ~ac’) +@-¢c))|

=c(a—c)’ [az +a(a+c)+(a” +ac +02)J > (.
Bay gio ta chirng minh bang quy nap khi a=>5 thi

AT p B g2l 28 2R G LD e e g
+ n n + n n } I =

£ bz +a2 CE +bz b+a c+b

That vdy, bat dang thuc ding cho truong hop

n = 1 theo chimg minh trén. Gia st bat dang thic

a G 25l

dtng cho n. Khi d6 ta c6 b2 =a*" do b=a. Ap
dung (*) cho cac s6b> =a* , tacd
L) Dl REND D 2PND DEND
@) +@7) | @F iR Rt
n 2!‘1‘ i i n F
@Y+ GTRERR R
aZ" _I_bZ" bE" +CE" C_Z" +a2" r
2~ y . Ap dung (*¥)
ak e b tarMe v bh |
va gia thi€t quy nap, ta co
+b2n+1 bznﬂ + Czn+l czu-il i azm.]
zn-rl 2n+l + 2n+l 2n+1 : 2n+l 2n+l
(R b +a c” +b
>a+b Fbtc Wec Ha
arc bTa c+bh

Nhén xét. DAay 1a mot bat dang thuc dé lai cho
cac ban nhiéu bai hoc. Trudc mot bai toan cac ban
can xem xét ky tinh dung dan cua nd. C6 thé nhan
thay 1a néu bat dang thirc (*) ding cho moi g, b, ¢

cho mot 16p T cac gia tri dac biét va ¢ p?"

va
ZH A ~ rF
¢” ludn thudc 16p 7' thi
2" EH 2” n | o
A HhE bt et LT

a

2.7 g T nzﬂ+b+b+c+c+a
ki S B gt S e

duoc thoa man cho mo1 n. Cac ban cé thé tim to1
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thém xem lop nhiing gia tr1 a, b, ¢ thoa man bat
dang thirc da cho nhé. Pay s& la mot bai toan rat
tha vi va dac biét kho.
VU PINH HOA
Bai T7/508. Tim tap gid tri ciia biéy thire
f(A,B,C) =sinA+sin B +sinC —sin Asin Bsin C
voi A, B, C la 3 goc cua tam gidc.
Loi giagi. « Truéc hét ta ching minh
0<7(4,B,C)<2" véi moi A, B, C la 3 gic cua
tam giac. That vay:
f(4,B,C) =s1n 4 +sin B+ sin C(1 — sin Asin B) > 0.
Goi A 12 géc nhd nhat trong 3 goc 4, B, C, suy ra
0° < 4<60°. Tas& chimg minh:
f(A,B,C)=s1n A+sinB +sinC —sin Asin Bsin C
, A

A
{SmA-’rZCOSE—SIHACOS ; (1).

That vay: (1) & sin B+ sinC —sin Asin Bsin C

< 2cosé —sin A cos’ a
2 2
A 2 A A
s B+sinC -—2005-5<511'1A sin BsinC'—cos ;
<:>2cos£(cos St —1]
2 2

I
EESIHA[COS(B—C)—COS(B+ C)—1-cos 4]

f *1

A B—
< 2cos—|1—cos e —l—smA[l cos(B — C)]

2k 2 : 2
B-C 1
z—smi[
2 2 2

Vi 00<A£600 nén sinéil, do do:

e

1-cos(B-C)] (2).

| | B-C
VP(2) < —[1=cos(B - O)]= —sin?
jilseos(B C)]= —sin®
o O wB—C
: 2ci:.rs -

= 2
=1'“CQSB C 1 I_COSB—C

2 ) 7
B-C

2

<l-cos

=VT(2),

TOﬂN H
26 %M

A A
Vay f(A,B,C) <sinA —}-2003—2— —sin Acos’ % 2(A)

voi 0° < 4<60°. Ta co:
2! g
g(A):2cos—§+sinAsmz—2—

:2005~é+sinA : ICOSA].
2 D)

—2¢0S 4 | 1 sinA——-isinZA

20

S (A)_—sm£+—(cosA cos2A)

D)
—smé(sinﬁ—lJ<O

2 2
= g giam trén (0°,60°] = g(4)<g(0%)=2
=ST(A:BC)<
- Bay gid ta chiung minh véi a.e(0;2) thi ton tai

tam giac dé

Ays By, Cott 128 oo C A
f(4y,By,Cy)=a. That vay: chon

B=C=1800 _A, ta co:

2
f(4,B,C)=g(A)véi 0°<A<180°.Ta c6 bang
bién thién cta g(4):
A | 0° Ay 180°
2

0

Nhin vao bang bién thién ta thdy ton tai
34, €(0”;180°) dé g(4,) = a

= f(dy, By, Co) = v6i B, =C, =90° -0
2

Vay tap gia tri cua f(4,B,C) 1a (0; 2).

Nhan xét. Pa khong c6 ban nao giai duoc bai nay.
TRAN HUU NAM

Bai T8/508. Cho nr dién OABC ¢é6 04, OB, OC

doi mot vuéng goc véi nhau va OA = a, OB = b,

OC = c. Goi r la ban kinh cua mdit cau noi tié}? 173

dién OABC. Chimg minh rang

1 \/§+1[1 l 1}
> Fog]
7o 3 Nah a




Loi giat.

abcuil
Vousc w3 h.S 4pc; trdo
278 N8 abc
Y= ~
SGAB +SUBC +SDCA +S4.BC 2(S(.HB' +SUBC +S{1.e! +SABC )
3V
ab-tberca+ 2| —2X¢
Ad Bt i BB
ro abc a b ¢ h

Ap dung BDT Bunyakovsky ta dugc:

i (e 1[1 1 1)2
= ke e =l =t s
ar. .Diic

anbii A

Pang thic xay ra khi va chi khi a=b=c, hay

OABC la tir dién vudng cén tai O.

Nhdn xét. Cac ban sau c6 loi giai tot: Ha NOoi:
Nguyén Xuan Tiung, 10 Toan, THPT chuyén KHTN,
PHQG Ha Noi; Hung Yén: Cao Trung Hiéu, 11A1,
THPT Duong Quang Ham, Vin Giang; Quang
Binh: Lé My Duyén, 11 Toan 1, THPT chuyén V0
Nguyén Gidp, TP. Pong Héi ; Quéang Tri: Hoang
Van Chuong, 11A8, THPT Cam L6, Cam Lo6: Pong
Thip: Nguyén Nhdt Hao, 12T, THPT chuyén
Nguyén Quang Diéu; Sé¢ Tring: Dau Pire Quan,
I 1A2T, THPT chuyén Nguyén Thi Minh Khai, TP.
Soc Trang; Long An: V6 Hoang Phiic Khang, 11T1,
THPT chuyén Long An.

HO QUANG VINH

Bai T9/508. Cho a, b, ¢, d la cdc sé thuc dwong
va theo thu tw do tao thanh cc}};: 50 cong tang,
céng sai m. Chimg minh rang

2 5 2 2 2
e’ (4m* +2ma+1)+e” 2ma+e° (2m" +2ma)<e” .
Loi giai. Tu gia thiét ta suy ra:

b=m+ac=b+md=c+m (meR)=>c=a+2m

BDT can dugc ching minh <>

2

2 2 2
2m [(21’” + a).e”z +ae’ +(m+a).e ] <l = of
2

ﬂl 2 2 dl
& 2m(c.€ +ae’ +b.e )< e’ —e’ (D).

r . ’

Xét  ham® 56 @ filx) e Lol gshas  Heo
2 ’ 2 SUF i 4 E

£'(x)=2x.¢" la ham so dong bien (vi x vae*,

x> 014 cac ham so duong, dong bién). Ap dung

dinh 1y Lagrange ta c6: 0<x<y, Ix<i<y ma

£ - f@) = £'().(y—x)=2te" (y-x)
> 2x.e" (y —x).

Do do :
& —& = f(d)-f@=[f(d)—fO)+[ [~ 1)
[ f(0)- f(@)] > 2m(c.e"2 +be +ad” ) ).

Chuy:

2 . 2 2 b.’! 2
ce thel e —-(c.e" +ae’ +b.e )

=(c — b),e"z + (b — a).ebl —(c — a).e”l

Sleah)e” %(bra)e® —(c vael =04 (B
(do ¢>b>a>0). T (2) va (3) suy ra bat dang
thue (1). Vay BDT dugc chiung minh.
Nhan xeét. Day la bai toan ung dung cua dao ham
trong chimg minh BDT, chi c6 ban Nguyén Xudn
Tung, 10T, THPT chuyén KHTN, PHQG Ha Noi da
c6 101 giai dung.

NGUYEN MINH PUC

Bai T10/508. Chimg minh rang véi moi SO tir
nhién n21, phuong trinh x*™' =x+] (1) co mé:r
nghiém thuc duy nhat ky hiéu la x |
lim x .

=4

va tim
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Loi gidi. (Cua ban Nguyén Thi Bao Ngoc, 11 Toan
I, THPT chuyén Qudc hoc Hué, Thira Thién

Hué) Ta co: (1) & x(x™" -1)=1(2).
-V6i x<-1thi x"-1>0= VT(2)<0, viy (2)

khong c6 nghiém x < -1.
VOl e < Othid S £ 15 00 < QRGP 'd6
—1 <x <0khong lﬁ nghiém cua (1).
= VolE S0l xS ihils P ) <0l 0inen
VT(2) <0, vay (2) khong c6 nghiém 0 < x < 1.
Do d6 PT(1) néu ¢6 nghiém x thi x> 1.
Bat £ o) =x"%=x" 1 hi

S () =2n+Dx™" =1>0, Vx 21, dods £ (x)
(1;+00). Lai cO
D ==1<40: 3 (2) =03 >.0rnén Ta(Ge)lico
nghiém duy nhit trén (1;2). Ki hiéu nghiém duy
nhat trén day la X3 T'aco:

Tl =x " x> X% — 1]
=) =0 1 (%)

Dodow > x> 1. Diy (x,) la day giam va bi

dong bién trén

chan dudi nén tén tai lim x,=az21.Giasg a>1,

n—»+0

khi d6 ton tai k£ du 16m sao cho a**' >3, Vay

a2 >3 v X <2=>2x +1<3
= x, +1<x*". Licnay:
0= /() =x""~(x,+1)>0 (mau thuin).
Vay a=1. Do @6 PT x*"*' = x+1 cé mot nghiém

thuc x duynhatva lim x =1.

Nhén xét. Bai nay khong c6 nhiéu ban tham gia

giai. Mot s6 ban cho két qua dung lim x, =1 tuy

N—»+00
nhién 1ap luan con thiéu chinh x4c.

Dé chirng minh lim x, =1ta c6 thé 1am theo céch

n—+a0

khac nhu sau (theo ban Lé Chi Cuong, 11AS,
THPT Cam L§, Quang Tri):

=]

flalie: "o =~y —I:(xn—l)(xf”+...+xﬂ+1).

Suy ra O<x —1= n 2

xsn-l-...-l-x” + 1 <:2.!1'+1
28

do

TOAN HQC

*CTusitge SS si2e-200

x, € (1;2) qua gi61 han, st dung nguyeén ly kep ta

dugc lim(x, —1)=0 hay lIm x, =1.

Ngoai ban Ngoc va ban Cvong cac ban sau cg 1oi
gial tot: Bf:ing Thap: Ngzgfgn Nhat Hao, 12T,
THPT chuyén Nguyén Quang Diéu; Long An: V5
Hoang Phuc Khang, 11T1, THPT chuyén Long
An; Soc Trang: Dau Duc Quan, 11A2T, THPT
chuyén Nguyén Thi Minh Khai; Can Tho: Phan
Trung Dirc, 11A1, THPT chuyén Ly Tu Trong;
Quang Binh: Lé My Duyén, 11 Toan 1, THPT
chuyén V6 Nguyén Giap. |
PANG HUNG THANG
Bai T11/508. Tim tat ca cdc ham o0 f:R>R

thoa man.

JCU D)+ + )= )+ () + f () +x+y+],
vx,yeR (1).

Loi gidi. (Theo da so céc ban) Thé (x, ¥)=(0,0)

vao (1), ta thu duoc:

/(0)=1
f(0)=-1
Xet truong hop f(0)=1. Thé y=0 vao (1), ta
thu dugc ham s6 f(x)=x+1 khong thoa man (1).
Vaynén f(0)#1. Dodé £(0)=-1.
Thé (x, ¥)=(,~1) vao (1), ta thu duoec:

JDFED+10)=f(-D-f D)+ f£(=1)+1
S Fi)=2
| A(-D)=-1
e Khif(1)=2, thé y=1 vao (1), ta thu duoc:
f§x+1)=3x+2 hay f(x)=3x-1.

Ham s6 nay thoa man ()
o Khi 7(=1)==1. the Yy =-1vao (1), ta thu dugec:
f(X)f(*1)+f(x—1)=xf(—1)*f(X)+f('—X)+x
< [(x=D= f(-x), VxeR (2).
Vay nén f(-2)=f(1). Thé (%,)=(1,-2) vao (1)
va sir dung hé thic e = (1), ta thu duoc:

[f(DP=1e| S Dmmd
()=

J0)£(0)+f(0)=£(0)+1=

S DO=-2][f(-D)+1]=0=




o Khi f(1)= 1, the y = 1 vao (1), ta thu duoc:
f(x+1)=3f(x)+2 hay

f(x)= 3f(x—1)+2,Vx € R (3).
Tu (2) va (3) suy ra:

f)=3FEx)52; Wx e RI(4)

= f(x)=3f(x)+2,vxeR (5). Thay (5) vao
(4) ta co:

f@)=3[3f(x)+2]+2= f(x)=-1VxeR.
Ham nay thoa man (1).

. Khi f(1)=1, thé y=1 vao (1), ta thu dugc:
flcrl)= (o) =+ 2x 52, - Nx € IRE(6) Thay == x
boi x+1 trong (1) va su dung (6), ta thu duge:

fl+y+D)+ f(x+)f()=x+D)f(»)+yf (x+1)
+ f(x+D)y)+x+y+2,Vx,yeR

S fx+y)+2(x+y)+2+[f(x)+2x+2] 1 ()
=(x+D )+ f () +2x+2]+ (g +y)+x+y+2,
Vx,yeR (7).

Tu (1) va (7) ta thu dugc:

2x+1) f(»)+ f(xp)
=f(xy+y)+2xy—2x—1,‘v’x,y6R (8)

]
Trong (8) thay y=— véi x #0, ta thu duoc:
%

(2x+1)f(l]+f(l)=f[l+l]+2—2x—l, Vx # 0.
X X

X

<:>(2x+l)f(—l-]+1=f[l]+g+2+2—2x—l,‘0’xi0
X X

3

X

2
<::>2xf( ):—-+2-—2x, W =0
X

1 ]
“;"f(—]=-—2+——1, Vx # 0, hay

X X X

fO=t+t-1, V¢#0 (7). Vi £(0)=—1 nén

(7) ding v&imoi ¢ € R. Thir lai, ta thdy ham nay
thoa man (1).

Két luan. Bai toan c6 ba nghiém 13 cic ham sé:
i) =—1L f(x) =3x=1
fx)=x’+x~1, VxR

Nhin xét. C6 nhidu 16 giai giti dén Toa soan con
thibu nghiém f(x)= x> +x—1. Mot s6 ban da
khong kiém tra lai (1) nén vén de nghiém la ham so
f(x)=x+1, khong thoa man diéu kién bai ra. Dé

y rang, neu dat an phu f(x)=g(x)—1, ta s& thu
duoc phuong inh ham dang quen biet
g(x+y)+g@)g(y)=(+Dgn) +(r+ 1)g(x)-
Cac ban sau day c6 101 giai ding: Bac I?Iinh: Nguyén
Ngoc Khanh, 12T, THPT chuyén Bac Ninh; Ha
Tinh: Nguyén Dinh Gia Minh, 10T, THPT chuyén
Ha Tinh; Thira Thién Hué: Nguyen Thi Bao ng’c,
|1T1. Hé Ngoc Himng, 1172, THPT chuyén Quoc
hoc Hué; Phu Yén: Neuyén Thanh Phuc, 11T1,
THPT chuyén Luong Van Chanh; Quéang Binh: Lé
Dirc Hanh, 10T2, Lé My Duyén, 1Pl HEPE
chuyén Vo Nguyén Gidp; Soc Triang: Lam Khdnh
Hoa, 12A2T, THPT chuyén Neuyén Thi Minh Khai.

Bai T12/508. Cho tir gidc diéu hoa ABCD (tir
gidc néi tiép cé tich cdc cdp canh doi bang {?/?au),
(0) la dwong tron ngoai tiep. M la trung diém cua
AC. X. Y. Z T theo thir tir la hinh chiéu cua M trén
4B, BC. CD, DA;E=ABNCD,F=ADNCB,

P=ACNBD,0=XZNYI. Chung minh rang
PQ di qua trung diém cua EF.

Loi gigi. Ta can c6 ba bo de.

B6 dé 1. Cho A4BC . M, N la hai diém ding giac

cua tam giac, / la trung diém cua MN. X, Y, Z theo

thir tw 1a hinh chiéu cia M trén BC, CA, AB. X,

Y’ Z’ theo thi tu 13 hinh chiéu cia N trén BC,

CA,AB.Kh1do X, Y, Z, X', Y’, Z" cung thudc mot

duong tron co tim 1a I Bo dé 1 rat quen thudc,

khong trinh bay cach chung minh ¢ day.

Bo dé 2. Cho tt giac diéu hoa ABCD, M, N theo

thir tw 13 trung diém cta AC, BD, I 1a trung diém
cua MN. X, Y, Z, T theo thir tu 14 hinh chiéu cua M
trén AB, BC, CD, DA. X’, Y’, Z’, T’ theo thit tu 13
hinh chiéu cua N trén AB, BC, CD, DA. Khi dé} X,
Y,Z, T, X', Y', Z', T" cung thugc mot duomg tron
co tam la /.

Chimg minh. Vi tir giac ABCD diéu hoa va M, N
theo thtr tr 13 trung diém AC, BD nén AM. AN 1

hai dudng dang gidc d6i véi goc DAB.



Do dé6, theo b dé
IS % X cung
thuéc mot duong
tron. T do, cha y
rang IT = IT’; IX =
LXSuv TP X
X' cung thuoc mot
duong tron co tdm
la I. Tuong tu cac
b bon diém (X, X,
EENR QRN 27 s (Z 2 o L )icingthuoc mot ; 2
dudme tron c6 tim 1A I Vay X, Y. Z, T.X°, v, >, (MF)-Kethop voi(l), suyra

T" cung thudc mot duong tron co tam la L. QQ,(W = _Q'}@E =0Y.OT = g)Qf(MF)
Bo dé 3. Néu O, H theo thi tu 1 tim dudng tron  Két hop véi MH la truc ding phuong cua (ME),

ngoai tiép va truc tam cuaA4ABC thi 40, AH la (MF), suy ra Q€ MH. Theo dinh li Brocard,
hai duong dang giac dbi voi goc BAC. OP L EF. Vay MO=MH//OP (2). T (1).

Bo dé 4. Cho tir gi ~ : | tié
0 de 4. Cho tua giac ABCD. theo bo d@é 2, suy ra / 1a tdm duong tron ngoai tiep

E = ABNCD;F = g |
, B O e alkbene can XTZ) Dod86 JOUXY {-{ZF |8):
diem cua AC, BD, EF cung thudéc mot duong .

thang.

Piéu d6 c6 nghia 1a tir gidac XYZT no1 tiép.
Theor * daiiih L fll . St tchune ==y -x Sian o

XAT +YCZ=BAD + BCD=180°, ta co:

XT = AM sin XAT = CM sin YCZ =YZ.
Vay XYZT la hinh thang can (XN Z

Dé thdy M, E, X, Z, H cung thudc duong tron
duong kinh ME, ki hiéu la (ME), va M, F, ¥, T, H
cung thudc duong tron duong kinh MF, ki hiéu la

Cac bo dé 3, 4 rat quen thuoc, khong trinh bay
cach ching minh ¢ day. Puong thing néi trong bo
dé 4 duoc goi 1a duwong thang Gauss cua tir giac
ABCD. Tro lai giai bai toan T12. Go1 A la hinh
chiéu cua M trén EF; N la trung diém cua BD, I 1a
trung diém cua MN; R la giao diém cua BD va
MQ: S, S’, U, V, W theo thtr ty 1a giao diém cua
PO, MN, PO, BD, AC va EF (hinh 2).

D@ thay cac tir giac ABCD, AXMT, BYMX ndi tiép
va BP la dudng doi trung cia AABC .

Ta co:
(XY, XT) = (XY, XM)+ (XM, XT) _
— (BY,BM) +(AM,AT) (mod m) d
(XY, XT) = (XY, XM)+(XM, XT) Vi BAM =BYM =90° nén BM di qua tim
— (BY, BM)+(AM, AT)(mod) d}rfmg tron ngoat ti€p tam giac BXY. Tix d6, chi ¥
— (BC. BM)+(AC, AD) rang BM, BD la hai duong ding gidc déi voi goc
= (BP, BA)+(BC, BD)(mod ) XBY, theo b6 d¢ 3, suy ra BD | Yy Két hop

=(BD, BA)+(BC,BD)=(BC,BA)(modm). ~ v6i (3), suyra IQ//BD = NR. Ty do, chu y rang
Tuong tuw (ZY,ZT )=(DC,DA)(mod ). [ 1a trung diém cya MN, suy ra O 1a trung diém
Vay, cha y rang tir giac ABCD noi tiép, ta ¢ cua MR (4). Tu (2) va (4) Suy ra :
(XY, XT)=(ZY,ZT)(mod 1), WVSU)=Pwvsu) = P(MRQO)=-1 (5).

TOAN HOC
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Dé thay EF la du(mg doi cuc cua P déi vg; (0)
(6). T (6), chu y rang ABCD 1a ti giac didu hoa
diéu hoa, suy ra WB, WD tiép xtic véi (0). Do d6

WeON Két hop véi (6), suy ra E)T]W——gm
Vay cac ta giac MPNO, MUWO theo thir tur nai
tiep cdc dudng tron duong kinh PO, PW. Do d6
(MN,MP) =(ON,OP) = (OW,0U)

= (MW ,MU)(mod ).
T d6, chi y raing MV =MO L MW, suy ra
WVS'U)=MWVS'U)= M(WVNU) =-1 (7).
Ta (5) va (7) suy ra (WVS'U)=WVSU). Piéu
d6 c6 nghia 1a S trang véi S”. Theo bd dé 4. S’ 1
trung diém cua EF. Vay S la trung diém cua EF
(dpcm).
Néu X', Y, Z', T’ theo thit tr 1a hinh chiéu cua N
wenHBERC CDMAva O'=X"'Z\A V' T thi'P,
0, O’ thang hang.
Nhan xét. Bai toan nay kho, chi mét ban tham gia

gial: Lam Khanh Hoa, THPT chuyén Nguyén Thi
Minh Khai, Séc¢ Tring.

NGUYEN MINH HA
Bai L1/508. Mot chat diém c6 khoi luwong
= 300g dong thoi thuc hién hai dao dong
diéu hoa ciing phuong, cing tan sé. O thoi diém
t bat ki li @6 cia dao déng thanh phan luén
thoa man 16.):12 +9x22 =25 (x1, x, tinh bang cm).
Biét luc phuc héi cuc dai téc dung lén chat diém
frong qua trinh dao dong la F,, = 04N. Xac
dinh tan s6 géc ciia dao dong.

Loi gidi. Theo dé bai: 16x7 +9x? =25

ERERN

2
X X
= e -+ 2 —
[1,25] . oo

N B,
Suy ra hai dao dong nay vuong pha véi nhau, vOi
cac bién do dao dong thanh phin: A, = 0,8cm;
A = 0,6 cm. Bi€n d dao dong téng hop:

Nhdn xét. Rat tiéc khong ¢6 ban nag ¢4 ké
tot cho bai nay.

2
5 295
A:\/Alz‘f'A; :\/1,2524-(5} :12

Mat khac: Foox = mo” A

:w_\/Fmax o | 04
mA NBOO.IO'E fzs 102

= (0,8 rad/s.

Nhan xét. Rat tiéc khong c6 ban nao c6 két qua
tot cho bai nay.
PINH THI THAI QUYNH

Bai L2/508. Dt dap chiéu

dién xoay

u = 200+/2 cos(1007z + g) (V) véo hai dau doan

mach AMNB. Poan AM chira cuon day co do tu
cam L va dién tro r = 50Q hoat dong; doan mach
MN chi chira béng dén day téc P c6 cong suat
dinh mirc 200 W, biét den sdng binh thuong, doan
mach NB chi chira tu dién co dien dung C tat ca
dioc ghép noi tiép véi nhau. Hay xdc dinh biéu
thirc cua cuong do dong dién trong mach.

Loi gigi. Ta c6: Ulcosp=1"r+200, trong d6
hé s6 cong suat cos® thoaman O0<cosp<]1.

Thay U= 200(V) vao ta duoc
507> —200cos@.J + 200 = 0
D¢ dén sang binh thudng thi cudng do dong dién
qua den chi c6 mot gia tri bﬁng gia tr1 dinh mirc,
do do phuong trinh trén chi ¢6 duy nhét 1 nghiém,
hay:
A= (200 COS qo)z —4.50.200 =0 = cos p=1
=0 (A,

Vay biéu thirc cuong do dong dién trong mach 1a:

I "2\/5003(100?3'2‘-{- J(A)

ét qua

NGUYEN XUAN QUANG

S6 512(2-2020)
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Phuong phap Horner 1a mot thuit toan dé bién
doi da thiic. Phuong phap dugc dit tén theo nha
toan hoc nguoi Anh William George Horner
(thé ky 19), mac du phuong phap nay da duoc
biét dén trudc d6 boi Paolo Ruffini va 600 nim
trudc bo1 nha toan hoc Trung Quéc Tan Ciru
Thién. C6t 16i cua phuong phap Horner la dua
trén viéc phan tich da thirc thanh dang tinh toan
dd phirc tap hon nhiéu so v&i cich tinh toan
thong thuong.
1. Khai niém chung
1.1. Da thirc binh thwong
Cho da thic bac n, n > 0:
Fx)=ax’+ta _x" +...+a,,a 0" 1),
0 day a,i=1,2,..,n 13 cic hing sb thuc hay
phirc.
Cach tinh théng thuong 1a tinh P(x) bac n
theo trinh tir pho bién: nhan chia truoc, cong trur
n’ +3n
2
Horner phén tich da thirc (1) nhu sau:

sau, thi s6 phép tinh 1én t6i phép.

P(x).= (...(aﬂx +a,_ )x+...+ a, )x+ a, (2).

Khi d6 s phép tinh cia cich nay chi 1a 27
phép.
Chéng han véi

P(X)=ax’ +bx* +cx+d, a0 (3)

binh thuong thi cin 1am 9 phép tinh, con theo
Horner, chi can 6 phép tinh.

Bac cua da thie cang I¢n thi y nghia “kinh té”
cﬁ? phuong phip Horner cang duoc thdy o
chang han, v6i bac 100, binh thudng mat 5150

3 ’. TOAN HOQC

‘ CTugilpe S8 s12(2-2020)

MOT VAI UNG DUNG
CUA THUAT TOAN HORNER

PHAM DANG LONG

(Khoa Todn - Co - Tin hoc, PHKHTN, PHOG Ha Noi)

phép tinh, con theo Horner, chi phai thuc hién
200 phép tinh.
Chinh vi vdy, phuong phdp Horner duoc sir
dung dé tinh cac da thic trong cac Phﬁn mem
lién quan, nhu cic phan mém can dén tinh gi4
tr1 da thuc.
Vo1 cac da thirc bac 1on, hay rat 1om, dung cac
ngdébn ngir lap trinh si dung phuong phap
Horner s& cho dd phuc tap rat nho va tat nhién
[a tiét kiém duge thoi gian chay chuong trinh!
Thuét todn dé tinh gia tri da thtc (1) nhu sau
(theafcod @ s
float P=0; int i ;
f{)r(f:n;f>=0;f—-—)P=P*x+af;
Con voi da thiuc bac thap, ta dung luoc dd
Horner la cach don gian dua phuong phap
Horner vao thue hanh rat hiéu qua.
Chang han, véi da thirc bac ba (3), ta lam nhu
sau:

a b C d

x | P=a P=Px+p P=Px+c P=Px+d

Trong thuc hanh, ta khong can viét p ra, ma
tinh truc tiép ludn.

C6 thé ding may tinh Vinacal 570ES PLUS II
hodc Casio FX570MS, duoc phép dung trong
céc ky thi quoc gia ta1 Viét Nam.

Sau day 1a vai vi du thuc (4
Thi du 1. Xét xem s6 2 ¢6 la nghiém cia
phuong trinh P(x)=4x* —5x* +3x+1=0 hay

khong?



Hudng dan. Ta tinh P(2) xem cg bﬁng 0
khong. V€ luge dé Horner:

¥ e -5 3 T
O 3 9 195

e —

Két qua: P(2) =19 # 0 nén 2 khong 1a nghjem
Cﬁa phu[‘fng tﬁnh dﬁ Chﬂ. |

Viée tinh todn v6i céc O nguyén nho nhy tren
that dé dang. Nhung véi cac sé thue 1€ hozc [0n,
khong nham duoc thi dung may tinh Casio hay
Vinacal s€ phu hop hon.

Thi du 2. Tinh P(x) biét
P(x)=—4,13x" —5,31x% +3,11x +1 123,

Hudng dan. Van theo thuat ton Horner. nhung
khong ve€ lugc d6 ma ta thuc hién cac bude lap
nhu mau sau:

P=a; P=Px+b; P=Px+c; P=Px+d
Cu thé trén may tinh:
Buéc 1.Bam —4.13=  Tuc 1a cho

Ans =413
Buwdc 2. Bam x7+531=  Tic 1 cho
Ans = Ansxz + 5,31 =-7,664777659
Buge 3. Bam x7+3.11=  Tic la cho

Ans = Ansxz +3.11=-20.96960919
Buéc 4. Bam x7w+1.123= Titc 1a cho
Ans = Ansxz +1.123 =—64,75497016719

Ta thu dugc két qua mong mubn 12
—64,75497016719.

Nhu vay, véi nhitng da thic "binh thuong" véi
hé s6 nguyén hay thuc, trong thuc té, dung thuat
todn Horner ta nhanh chong tinh dugc gia tri
cua n6, du déi sb cua né 1a sé tuy y.
1.2. Pa thire "kéo dai"
Tuy nhién, ciing c6 khi ta phai tinh gid trj’ cﬂ?
nhitng da thirc "kéo dai" thém phan c6 doi so
mu am
O(x)=a x"+a_x"" +..+4a,

+bx! +b,x " +..+b,x",b, # 0.

Giai phap d€ tranh tinh toan nhiéu véi cac sé 1é
do mi 4m sinh ra, ma van st dung dugc phuong
phap Horner, la

Budc 1. Nhan Q(x) véi x” ta dugc da thirc
P(x) bac n+m.

Budrc 2. Dung thuat toan Horner tinh P(x) .
Budc 3. Chia két qua ciia P(x) cho x” .

Thi du 3. Xét xem 56 2 ¢ la nghiém cua
phuong trinh G(x)=x" +x-10+x"' —2x2 =0
hay khong?

Hudng dan. Ta tinh O(2) xem c6 bang 0 hay
khong. Nhung Q(x) khéng phai 12 da thic binh
thuong, nén nhan né véi x* ta duoc da thirc
RO =27 0 —10x2+Ex—2x"

Dung lugc @6 Horner cho E()Rvois x=2.

1 0 L. =104 Ao d. =2
2 1 2 5 0 1 0

Két qua P(2)=0, va tir 46 O(2)=0 nén 2 1a
nghiém cua phuong trinh da cho.

Theo thi du trén, ta thay c6 thé rit ngin viéc
tinh O(x) bang cich van lam lugc @6 Horner
vGi bo tat ca cac hé sb cua P(x) 16i chia két
qua trung gian thu dugc cho x” .

2. Doi s0 tir h¢ dém khac thap phan sang hé
thap phan

2.1. Poi 50 tir h¢ nhi phan (BIN) sang hé thap
phan (DEC)

a) §0 nhi phan da cho la s6 nguyén:
(0,0,4-40y), =5,2" +b 2" 4 + b,,b, #0, &
day b, (k=1,2,...,n) 1a cic chit s nhi phan, tirc
la 0 hoic 1.

Thi dy 4. Doi N =(111100101), ¢ hé nhi phan
sang hé thap phan.

Hudng dan. Dung luge do Horner

1 1 T O T ol

a3 T 1530 1 60| 127 {24% 485

Dadp s06: 485.
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b) Sé nhi phén la so thuc khong nguyén:
(bb ..bcc,.c),=b2"+b 2" +..+b

+¢2'+¢,2%+...+¢,2",b #0,c, #0
o day b (i=12,..,n),c (j=12,.,m) la cac

chir s0 nhi phan, tic 12 0 hoic 1.

Thi du 5. Déi N =(111100.101), (s6 c6 Ié) ¢
hé nhi phan sang hé thap phan.

Huwéng dan. Ta dich chuyén dau phay (.) sang
phai 3 vi tri dé dugc s6 tu nhién (tic 1a ta da
tang s6 N 1én 10’ lan & hé BIN hay 8 1an & hé
DEC, va doi nhu & Thi du 1, duoc 485. Cubi

cung ta chia 485 cho 8 thi dugc két qua 60.625.
Dap s6: 60.625.

2.2. Doi so tir hé¢ bat phan (OCT) sang hé
thap phan (DEC)

a) o bdt phan la s6 nguyén:

(BiB LBy —BR" 1B 8"+ 4B B +0,

o didy B, (k=1,2,...,n) 1a cac chir sO bat phan,
tucla®: 1.2, . 7.

Thi du 6. D6i N =(423174), ¢ hé bdt phan

(OCT) sang hé thap phan (DEC).
Huwéng din. Theo quy tac doi ta co:

N =(423174),=4-8° +2-8* +3.8°
+1-8°+7-8' +4-8° =140924.

Nhung s6 phép tinh ¢ day kha nhiéu, nén ta

dung lugc d6 Homer s& nhanh gon hon vi it

phép tinh hon!

4 2 3 ] 7 1

8 4 34 | 2275 | 2201
Ddp s6: 140924,

b) S6 bdt phan khong la sé nguyén:

17615 | 140924

(8.B,,..B,CC,..C.), =B 8" + B, 8" +..+B,

HC8 £ EIRA C.8",B,#0,C_ #0,
0 day B, (i=1,2,...,n), C. (J=L2,...m) 1a cac
chit 56 bt phan, tirc 140, 1. 2 1L

TOAN HQC
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Thi du 7. Poi N =(423.174), (cd lé) o hé bat
phan (OCT) sang hé thap phan (DEC).

Huwoéng dan. Theo quy tac doi ta co:

N =(423.174),=4-8" +2-8 +3.8’

+1-87 4 7-87 + 4187 ,=0759 421876

Nhung ta van co thé SlI dung hrt;{c d6 Horner
bang cach: Bo dau phay (.) di dé duoc s6 tu
nhién, dung lugc d6 Horner nhu & Thi du 1,
thu duoc mot so tu nhién 140924, Nhung do bo
dAu phdy, sb N da bi ting 1én10;1an ¢ h¢ OCT
hay 8 1in & hé DEC. Nhu vay, phai giam két
trung gian di 8 hay 512 lan dé duoc két qua
cudi cung!
Ddp sé: 275.2421875.
2.3. Pbi sb tir hé thiap luc phan (HEX) sang
h¢ thap phan (DEC)
a) So6 luc thap phan la so nguyén:
(hh_ .h).=h16"+h _16"" +..+h,h #0,
o diy h (k=1,2,...,n) la cac chir s6 luc thap
phan, tirc 1a: 0, 1, ...; 9, 4, B G DEHIBESs
voi hé thap phan thi 4 = 10, B = 11, C = 12,
D'=13E=14,F=15.
Thi du 8. B6i N =(1F016B),, ¢ hé thap luc
phan (HEX) sang hé thap phéan (DEC).
Huwéng dan. Theo quy tic khai trién, ta co:
N =(1F016B),, =1-16° +15-16* +0-.16>

+1-167 +6-16' +11-16° = 2031979,
Nhung‘ S0 phép tinh ddy nhiéu, nén ta dung
luwge d6 Horner s& nhanh gon hon!
1 IS0 =1
1611 131 [496 [ 7937
Dap s6: 2031979

6 11
126998 | 2031979

b) 86 thap luc phan khong nguyén:
(hnhn—l

= h 2 p oLt

—_—

__ i U=12,...m) 1a cic

> la 1a cac chir s
thap phén, tirc 13 ¢, e cok so RS

AR D.BE




rhi du 9- Poi N =(1F0.16B)

ﬂ )is (c6 16) ¢ he
thap luc phan (HEX) sang hé ¢

; thap phan (DEC).
Huong dan. Theo quy tac doi ta cod

N=(1F0.168), =1-16° +15.16' +0-16° +1.16

+6:16~ +11-16™ =496 08862304688
Nhung ta van cd thé sir dung luoc dd Horner

bang cach: Bo dau phay () di dé duoc mot s6
ghién, dung luoc d6 Horner nhu ¢ Thy du 1, thu

duoc mot s6 tu nhién 2031979 Nhung do bg
dau phay, so N da bi tang 1én 10“3 lan ¢ hé HEX

hay 16" 1an & hé DEC. Nhu vay, phai giam két

trung gian di 16° hay 4096 1an dé duoc két qua
cudi cung.
Pap s6: 496.08862304688.

Tom la1 nho phuong phap hay thuit toan
Horner, viéc tinh gia tr1 da thuc trd nén thuan
tien, don gian va nhanh chéng hon nhiéu so véi
cich tinh truyén thong: Nhan chia trudc, cong
trir sau, tinh timg Ity thua riéng biét.

3. D6i so tir hé dém thap phin sang hé khac
Cung theo cach viét da thirc ciia Horner, nguoi
ta tim ra cach doi mot so tir hé thap phan sang
cic hé dém khac. Sau diy la mot vai vi du cu
thé.

a) Doi sé6 nguyén tic hé thap phan sang so nhi

phan
Thi du 10. Ddi s6 twe nhien N=13 & hé thap
phan sang hé nhi phan.

Huéng dan. Chu y la N<16=2" nén 13 khi
sang hé nhi phan ¢o khong qua 4 chu S0

(b,b,b,b,), , va khai trién ra thanh
13=5,(10%), +b,(10%), +5,(10"), + b,
13=52>+b,2* +52+5.
13=(5,2" +b22+b1)2+bﬂ.

Nhu vay, b, chinh 2

Lap luan tuong tu vO1 biéu thuc trong ngoac

don, c6 gia tri la 6, b, chinh la <6 du khi chia 6

cho 2,... Tiép tuc qua trinh d6 ta thu dugc tat ca
cac chit 6 by,b,,b, va b, .

Trong sach giao khoa Pai s6 10, bai doc thém
da néu ra cach ddi nay, nhu so do sau:

13 2
du 1 Shg
du O gD
du 1 b )

dirtl ()

Ghép cac so du tir dudi ngugc 1én trén ta duoc
két quala 1102,.

b) Péi sé tir hé thap phan khéng phdi so
nguyén sang so nhi phan

Mot s6 thuc duong nho hon 1 chuyén thanh so
nhi phan c6 dang: r=c, 27 +¢,27 +... (4).

Pé tinh ¢, tanhan r vdi 2, tach phan nguyén do6
ra, ta lai co sO 1é va tiép tuc 12 nhu vay ... Qua
trinh d6 c6 thé rat dai.

Thi du 11. Péi s6 tw nhién R=0,3 o hé thap
phan sang hé nhi phan.

Huwéng dan. S6 nhi phan nay ciing 1a so ¢,
twong ung nhu dang (4). Lan luot thuc hién céc
ViEC Sau:

Buwée 1. Nhan r voi 2 duge 0,6, tich phan
nguyén la 0 ra.

Bude 2. Nhan phan 1é véi 2 duoc 1,2, tach 1
ra.

Budc 3. Nhan phan 18 v6i 2 dugc 0,4, tach 0
ra.

Budée 4. Nhan phan 1é v6i 2 duoc 0,8, tach 0
ra.

Bude 5. Nhan phan 1é véi 2 duoc 1,6, tach 1

ra.
Bude 6. Nhan phan 1é vai 2 ...
pén day ta thay c6 su lap lai, mai mai!

Pap s6: 0,3=0.(01001),.

Muz‘éé 35




Dén day ta c6 thé rut ra kinh n 1 e

mot so thap phan co phan I
phan, lay m chit <6 sau ddu phay,

clia O vUa
v6i 27 va chuyen d‘i’l phan nguyen

nhan duge nhu mot sO nguyén nhu trons thi du
10. Cudi cung dich chuyén dau phay sang trai

m Vi tri.

Thi du 12. Déi s6 e nhién R=12,3 0 hé thap
phan sang hé nhi phan, lay 3 chir s6 nhi phan
sau dau phay.

Huwéng dén. Nhan 12,3 voi 2°, duge 98,4, lay
phan nguyén la 98 d6i sang nhi phan duoc

1100110, . Cudi cing lui ddu phdy sang trai 3
vi tri, duoc két qua 1100.110, .
Pdp so: 1100.110, .
¢) Poi so thap phan nguyén sang hé bdt phan
Tuong tu nhu trong phﬁn a), thay s6 chia 2
thanh 8.
d) Poi so thap phan cé 1é sang hé bat phan
lay m chir s6 bat phan: Trudc hét nhan s6 can
d6i v6i 8”, bo phan 1é di, d6i phan nguyén sang
hé bat phan, roi dich chuyén dau phéy sang trai
m V1 tri.
e) Poi so thap phén nguyén sang hé thap luc
phan: Tuong tu nhu trong phﬁn a), thay s6 chia
2 thanh 16. Nhung céc s6 du 1a 10,....15 ta
chuyén thanh chir s6 thap phan twong g 14 A,
PR
) Poi so thap phin 6 1é sang hé thap luc
phin lay m chir s6 thap luc phan: Truge hét
nhan s6 can doi voi 167, b phan 1¢ di, d;
phan nguyén sang hé thap luc phan, rdi dich
dau phay sang trai m vi tri.

Thuc hién xong thuét toan horper du la 1am
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theo lwgc do hay lap trinh, ta cing th, dugg
khong nhing oi4 tri cua da thirc taj x = &ty
ja s6 du khi chia da thic P(x) cho nhj g
(x—Q) (theo dinh ly B'zout), ma con th, T
bo he <4 ctia da thuae thuong O(x).
Xin nhac lai mot chut vé dinh ly B'zoyt:

P(x) =Q0(x)(x—a)+R
Tac 1a khi chia da thuc P(x) cho nh the
(x— ) thi duoc da thirc thuong O(x), bae g, i
hon mot don vi, va du la mot sO R Khi 4y,
JA(8) =i
Pay chinh 1a no1 dung cua dinh 1y B'zout.
Vay nho thuat toan Horner, ta s¢ nhanh chong
c6 duoc R . Con rat may 13, cling tir thuat todn
Horner d6, ma ta thu dugc luén da thirc thuong!
Hay xét mot thi du sau day:
Thi du 13. Chia da thirc x° +x° =12 cho x+2
bang loc do Horner.
Huwong din. Ta co:
1 1 0
=2 1 — ] 2

S 12
—16

Két qua P(-2)=-16, 1a s6 du trong phép chia
da thire P(x) cho x+2. Chay, & day a=-2.
Con b6 s0 (1,-1,2) chinh 1a bd hé sb cua da
thirc thuong O(x). Tuc 1a

3
X +x° ~12= (2 ~x+2)(x 2 2) =16

MOt cach tong quat, gia sir ¢6 da thirc (1) véi bd

SS A 7 7 A r
(2 o) 1) , k€t qua cua thuat toan

Horner: p, =a,b =b, a+a, k=n-1n-2,.,10

s€ 1a bo hé sé cua da thirc thuong

Q(x) = b x"! 7 (214 oo +...+ b khi chia P(X)
cho nhi thize X—q.
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Trong lich su loai nguoi, ¢ mot con s6 khi bi mat
da lam say fne rat nhiéu ngudi. Qua nhidy the he,
tr co xua dén hién dai, nhiéu bd d¢ phi thuong d3
tim cach tinh ra con s6 d6 dé rd; nguoi ta thay chj
¢6 thé tinh ra mot con sé gan ding ma thé;.

Con s6 ndy khong thé viét thanh mot con so
nguyén htru han (finite integer), mot phan s6
(fraction) hay mot s vo ty (irrational) dugc. Dén
nay, moi nguoi da chip nhan d6 1a mét con sé

siéu viét (transcendent). Con s0 4y 13 s6 7.

So 7 la gi?

n =3,141592653589793238462643383279....

n la tén cua chir thtr 16 cia mau tu Hy Lap. S6
n duoc dinh nghia nhu mét hang s, la ty so giita
chu vi duong tron voi duwong kinh cua no. S6 7 1a
con o quan trong bac nhat trong toan hoc. Vi vay,
o bt ky noi nao ¢6 hinh tron hodc dudng cong, s
T ciing xuat hién. Ban khong thé giai quyét bai
todn hinh hoc, luong gidc, giai tich hay cac nhéanh
khac ciia toan hoc ma khong sir dung den m. Tén
“pi” do chit peripheria (perijeria) c¢6 nghia la chu
vi clia dudmg tron. Nhung no khong co ten chinh
Xéc, thuong ngudi ta goi lap, ¢, haym. Chir 7
duoc ding vao khoang gitra thé ky thir 18, sau
khi L. Euler xuit ban cudn chuyén ludn phan tich

Nim 1748 Y dinh ding ky hiéu m la de tuong

e i - g

nhé dén nhitng nha toan hoc Hy Lap la nhiing

ngudi tim ra dau tién con s gan dung cua “pi”.

Xét vai tro 12 mot con s6, © cing hap dan nhirng

nguoi yéu toan hoc. No la mot s6 vO ty, c6 nghia
khong thé duoc viét dudi dang phan so6 cua hai SO
nguyén. Néi cach khéc, w14 s6 thap phan vo han
khong tuan hoan. Pic biét hon, 7 thuoc nhém céc
s0 ddc biét goi 1a s6 siéu viét. N6 duoc dinh nghia
la s6 khong phai nghiém cua bat ky phuong trinh

dai s6 nao vadi hé so la cac so nguyén.
Lich sw phat hién ra so =«

n duoc phat hién gan 4.000 nam trudc boi nguol
Babylon c6 dai. Mot ban khac & Babylon c6 nién
dai khoang 1900 — 1680 trudc cong nguyén cho
thay gié tri cia n6 duoc tinh 1a 3,125.

Cudn "Rhind Papyrus" khoang nam 1650 trudc
cong nguyen cling md ra cai nhin sau sic vé toan
hoc ctia Ai Cap c6 dai. Ngudi Ai Cap da tinh dién
tich hinh tron bang mot cong thire cho gia tri cla

la 3,1605.

Archimedes (287 — 212
trudc cong nguyen), mot
trong nhitng nha toan hoc
vi dai nhat thoi Hy Lap
co dai, gép cong 16n

trong vi€c tim ra gia tri
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cua s6 7. Ong tim dién tich cua hai da gidc do ,Ié
da gidc ngoai tiep dudng tron va da giac ndi tiep
duong tron. Archimedes biét rang dién tich cua
hinh tron 1a mot gia tri nam ¢ khoang gitia dien
tich cua da gidc ngoai tiép va da gidc noi tiép cla

no tur do ta gidi han duge khoang gia tri cua dién

tich hinh tron. Tuy khong tim ra con sO cu the,

1 10

ong tinh duoc 7 1a mot s6 nam giua 3? va 3+7—I .

Nha toan hoc 76 Xung Chi
(429 — 501), mot nha toan
hoc va thién van hoc xXudt
nguol  Trung
Quoéc. Ong di tinh gia tri

ching

ty 1€ gitta chu vi cua mot

duong tron vo1 duong

kinh cua no 1a %z3,14159 ..... . Ong da thue

hién cdc phép tinh dai lién quan dén hang traim
can bac hai cho ra két qua dén 9 chir sé thap
phan. Tuy nhién, vi cudn sach cia ong bi that lac,
viéc 6ng lam thé nao d@é tim ra T van chua duoc
giai dap can ke,
Ki hiéu © & diu ra

Theo nha todn hoc déng thoi cung la mot su
g1a Florian Cafori (1859 — 1930) thi nguodi dau
tién dung ky hi¢u chir s Hy Lap trong hinh hoc
la William Qughtred (1575 — 1660). Pé chi chu

Vi, tiéng Anh 3 “periphery”. ong ding ch Hy

sach Synopsis Palmariorum Matheseos @3 diing
[uon chix © (P1) dé chi ty so chu vi chia cho

duong kinh hinh ivon. Phai chd dén nha toan hoc

danh tiéng la 1 eonard Euler, ngudi Thuy Si, th;
ky hidu 7 (Pi) méi dugc dung mot cach rong raj
va duoc tAt ca moi nguoi cong nhan va dung nhy
la ty s6 chu vi chia cho duong kinh mot hinh tron,
Pé 14 nim 1748 khi Leonard Euler viét trong

cudn sach Introductio in analysin infinitorum.

Cach tinh so 7 ctia nhan loai
Phuong phap c6 xua nhat, vé mot duong tron ban
kinh 12 1 don vi va hai da giac déu noi tiép va
ngoai tiép cta duong tron. Néu da gidc déu dé 1a
hinh vudng thi tri so chu vi hinh tron s& & giira chu
vi hinh vudng noi tiép va ngoai tiép, nghia 1a tri s6
cia Pi s& nam trong khoang 22 T <4
—2,828...<m<4. Tang s6 canh lén 6 ta cé két
qué kha hon (Boi vi canh hinh luc gidc déu bing

ban kinh dudng tron) va 2Y° =3,461... Lic nay,

tri sO cia Pi s& nim trong khoang 3 < 7[*‘(2\/5
= 3 <7 <3,461...Khi tinh chu vi cic da glac co
hang ngan canh, va chia két qua cho duong kinh

cua duong tron, ta tim duoc gia tri xap xi chinh

xdc nhit cua rla 15—5m3_.,14159... Ngudi

1813

; 1
ching mw=3+ = ~3,125... Archimede dung mot

da gidc c¢6 96 canh va d3 tinh dugc s6 phong

chimg nho hon (inférieur)

: [0 :
1a n=3+ﬁm3,1408... va so phong chung lon



]
T=3 +?m3:1429_“

1.1408..< ® < 3,1429.. P dinh St oo -

ngudi ta co the thir V& mét dia trop vy mot hinh

’
hon Nghia 3

quong ¢6 cung dién tich bang cach dung thuge va
compa. Va cung dung thudce vi Ccompa ta v& doan
thang 0 chiéu dai 1a 7 1oj Suy ra tri so chinh x.zéc
cia so nay. Nhung cach v& nay khong thé c¢
duoc. Nam 1837, Pierre Wantze] chitng minh
rang nguoi ta chi cé thé v& cac doan thﬁng bﬁng
thuge va compa khi chieu dai 1a mot sé dai sb
nghia la mot nghiém cua mot phuong trinh dai s6
ma hé s (coefficient) 13 nhimg s6 nguyén. Va
1882, Ferdinand

chimg minh rang s6 m khong phai la sb dai sé.

nam von  Lindermann

Y nghia SO T trong doi sfmg

Con s0 7 tém tat mét lich st vé todn hoc b xua
hon 4000 nam bao trum Hinh hoc, Giai tich va
Pai s6. Cac nha toan hoc di him md no tur thoi
Vin minh C6 dai va dic biét 12 nhitng nguoi Hy
Lap trong van dé hinh hoc. Gia tri xua nhat vé
con s6 m© ma con ngudi di dung va da duoc
chimg nhan tir mét tam bang.

Truée thé ky 17, so6 m chi dugc dung trong cac
bai toan vé dudng tron. Pén thé ky 17, nguoi ta
nhin ra rang © clng cO thé dugc dung dé tinh
dién tich, chu vi cua cac duong cong khac nhu
chiéu dai cung tron, hypocycloid (duong cong
duoc tao thanh boi mot diém co dinh trong mot
dwong tron nho khi duong tron nho d6 quay tron
bén trong mot duong tron khac c6 ban kinh lon
hon né nhiéu lan). Pén thé ky 20, s6 m dugc dung
trong nhidu ¢mg dung da dang céc linh vuc nhu
Xac sudt, c4c ly thuyét toan hoc khac. Ngoai toan
hoc cic nganh khoa hoc khdc cung st dung

& ' bao gom
T trong mot sb cong thuc quan troneg, &

cac nganh théng ké. nhiét dong luc hoc, co hoc,
vil tru hoc, ly thuyét s6 va dién tur hoc.
Vi du khi ta do géc phai chon mot don vi bang

Al

cach xac dinh mot vong 1 360" thi don vi "do" sé

c6 s6 do la —1— vong. Néu ta dung tri sO mot
360

vong bang 27 thi don vi do luong s& dugc got la

r 3 1 - r -
radian va co tri sO bang pia vong. Po goc bang
T

radian ¢6 nhiéu loi thé hon. Vi du chiéu dai mot
phan cua vong tron dugc gi¢i han boi goc & s€
bang R. khi ta do goc bang radian, nhung néu

2R

Tuong tu, ft1 SO
360

do bang “do” s€ bang

SINn X

tién tai 1 khi x tién toi 0 néu ta tinh cac goc
X

@ néu ta tinh
TC

bang radian, nhung s€ tién to1

goc bang “d6”. Cach dung radian dé do goc suy ra
dugc nhiéu dic tinh cua s6 m. Vi du theo dinh ly
Euler thi ¢*™ =1. Va ciing tr két qua viéc dung
radian dé tinh gbc, ngudi ta tim thay s6 © 0
nhirng nol bat ngd. Vi du ¢ tong vo han (day s6

JE= e
] ——+ L 5 =£,Tich

[eibniz):

1

J‘ dx
2

U1+x

phuong trinh f(x)= ;

nghia la dién tich dudi duong cong cua

dx

X

> gira 0 va 1 ciing

3 ‘I[ ; o ri S ;
bang i SO0 7 cung xuat hién trong gia tri cua

: ] T
tang l+—+c=ti 5~

= I - S0 T dwoc s dung dé

tinh gia tr1 cua ham luong gidc nhu sin, cOsin
b |

dudong tiep tuyen..., tir d6 do van téc chuyén dong
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tron ctia nhitng thir nhu banh xe téi, truc dong €0,
banh ring, ...
Nguoi ta ciing dung nd dé kiém tra toc do, do
chinh xéc ctia may tinh, phat hién cac 16i phan
mém hoic phan cimg.
Trong tu nhién, s m c6 thé tng dung dé do
nhtng thtr nhu séng 4nh sang, song am, song bién,
khuyu séng (phan khiic khuyu cua con song),...
S6 m duoc cac nha thién van hoc sir dung tu som
dé nghién ciu Trai DAt trong viéc tinh chu vi,
quan sat chuyén dong va vé quy dao cua nd. Tuy
viéc tinh todn gia tri cia © kh4 khé khin nhung
m la mot con s6 siéu hiéu qua trong cac phép tinh
can dén né. Vi du, néu ban lam tron s6 © 1én t&i 9
chit s6 sau dau thap phan va diung né dé tinh chu
vi Trai Dat, ban s& thu dugc nhitng két qua rt
chinh xac. V&1 moi 40000 km, s6 m chi sai
khoang 0,62 cm.
N6 thdm chi con 1a yéu td quan trong giip tim
kim cac hanh tinh méi va biu khi quyén cua
chung bén ngoai hé Mit Troi. Nhd nguoi
ta tinh dugc mat d6 cua mot hanh tinh, tir d6 hidu
vé ban chit cua no, chéng han duoc tao thanh chu
yéu tir da hay khi. NASA sir dung © dé tinh toan
quy dao tau vii tru, do dac miéng nui [tra, tim hiéu
ve thanh phan cac tiéu hanh tinh, Gip day n dugc
dung @é tinh toan luong hydro trong dai duong
bén dudi bé mit ve tinh Europa cia Sao Mdc.
S0 T con sé cua sw bi an va niém dam mé trinh
Phuc sir bi 4n d6 ciig nhan loai

Archimede tinh dugc s6 m=3 412 vG1 d0 chinh

Khoang nim 1450, A/'Kashi tinh con sO T véi 14
chit s6 phan thdp phan nho phuong phap da gisc
cua Archimede. Do la lan dau tién trong lich sg
nhan loai da tim dugc con s0 @ V6i trén 10 chit s6
phan thap phan.

Nam 1609, Ludolph von Ceulen nho phuong phap
cua Archimede, da tinh dugc con sO 7 v&i 34 chir
s phan thap phan ma khi ong mit nguoi ta d
khic s6 nay trén bia mo cua ong.

Trong toan hoc, s m 1a mot so siéu viét. Cuoi thé
ky 18, hai nha toan hoc Johann Heinrich Lambert
(1728 — 1777) va Adrien — Marie Legendre (1752 .
— 1833) da chimg minh dwoc rang pi 1a s6 vo ti vi
khong thé tinh dugc tan cua 7w bang lién phan sb
(continued fraction), dong nghia vdi viéc khong
thé tinh 7 bang phan sb.

Theé ky thit 19, Lindemann chimg minh rang sd 7
khong thé 1a mot nghiém s6 cua mot phuong trinh
dai sO v6i hé sb 13 sé nguyeén (vi du
ax’ +bx+c=0 ma a, b, c 1a s6 nguyén). Ké tiép
Ludolph von Ceulen, nh nhitng c6ng trinh
nghién ciru mi€t mai cua cic nha toan hoc Newton
(1643 — 1727), Leibniz (1646 — 1716), Grégory
(1638 — 1675), Euler (1707 — 1783), Gauss (1777
— 1855), Machin (1686 — 1'751), Viete (1504 —
1603),...tim kiém nhiing cong thirc dé tinh tri 55
xap xi cua m cho chinh x4c. V3 cong thic gian di

nhat dwoc Leibniz tim

ra nam 1674 1a
| [ 1+ s N1 _
. - g m 1874, Carl Louis

Ferdinand von Lindemann (1852 - 1939),

Srinivasa Aiyangar Ramanujan (1887 — 1920),



illiams Shanks (1812 — 1882) d i hvsioon
1

chit 80 phan thap phan.

phi doi dén the ky thir 18 va diu thé kg g o
thi 5.:3; n _dﬁ dugc tinh véi d6 chinh Xac 1a 1000
chit s0 phan thap phan.

Nam 1995, Hyroyuki Gory di chiém ky luc thé
gidi tim ra 42195 chit s6 phan thap phan. Ciing
trong nam nay, Y ves Martin da dung may vi tinh
xich tay hiu EPSON, van toc 10 MHz, cho chay
chuong trinh PIF.EXE viét bﬁng ngon ngir Pascal,
chay trong 1 216 28 phut 33 gidy dé cho ra 130000
chir s6 phan thap phan cua sd 7 .

Ngay 19 thang 9 nam 1995, lic 0 gi¥ 29 phit gic
dia phuong GMT — 04, nha Toan hoc Gia N3 Pai
Simon Plouffe cung v&i su hop tac cua Peter
Borwein va David Bailey da kham pha mét cong
thire tinh con s6 m da lam dao 16n mét s6 y kién
vé sO m duge tinh tr trude dén nay. Cong thuc
nay dugc dat tén 1a Cong thiac BBP cho phép tinh
cac so lé cua m doc lap v&1 nhau, ma moi nguoi
hic biy gio tuong 1a khong thé tinh cac s6 1é mot
cach dgc lap duoc.

Ngay 22 thiang 9 nam 1997, Fabrice Bellard da
lap ky luc tim chir s6 phan thap phén thir 1000 ti
cia s6 7t nho cong thirc BBP cua Plouffe va nho
tr nghién ciru ra c4ch tinh nhanh hon.

Colin Percival trong dy an tinh todn phan bo
PiHex sir dung cong thirc Bellard (mgt ban chinh
sira cuia thuét toan BBP), vao thang 2 nam 1999 da
pht hién chir s6 thap phan (bit) thir 40000 ti 1a 5
0va ngay 11 thang 9 ndm 2000 phét hi¢n chir so
phan thap phan (bit) thir mot triéu ti 1a 50 0 (mot

trigu ti = 10").

Thang 9 nam 2010 mot nhan vién cua Yahoo! Da
sir dung g dung Hadoop cua cong ty trén mot
ngan may tinh trong mét thoi gian la 23 ngay dé
tinh toin 256 bit cia 7 & vi tri bit 2 tri¢u ti
(2x10"7).
Bay gid véi méy tinh chay nhanh hon gip may
ngan lan, nhung sém chi dugc tinh xap xi ma thoi
boi vi day chir s6 4y van chua dimg lai va luon
duoc pha ki luc lién tuc hang nam.
Va cho gan day nhat ngay 14 thang 03 nam 2019,
nhd cdng nghé dién toan dam may, /wao nir nhan
vién Google dung dén 170 terabyte dir liéu va 25
may 4o, mat tong cong 121 ngay dé hoan thanh
phép tinh toan s6 m tdi 31 nghin ti chir so thap
phan vuot xa két qua gan nhat 1a 22 nghin ti chir
s6 thap phan va lap ki luc moi.

Loi ket
Vi chiing ta khong bao gi¢ ¢6 thé tinh dugc gia tri
chinh xdc cua m nén c6 lé ching ta cing khong
bao gior ¢6 thé tim dugc dién tich hay chu vi chinh
xac cua mot dudng tron. Chiing ta chi ¢4 thé tién
gﬁn hon to1 anh sang cua Thuong Dé ma théi. Hi
vong mot tuong lai khdng xa con ngudi s& kham
pha va lam sang to nhiéu bi mat hon vé con s6 ma

Thuong Dé di ban tang cho loai nguoi.
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PROBLEMS (Tiép theo trang 21) ~ Show that no term in these SCGUENCes (x), ), &

- mber.
Problem T9/512. Given a triangle ABC with area  a cube nu | e
S and BC = a, C4 = b, AB = c. Solve the system Problem T12/512. Given gle 4pc

of equations (variables x, y, z) with the right angle 4, inscribed in a cirgle (0),
a’x+b2y+clz =4S The point 4’ is the reflection point of 4 over o
W)z 2 =1

The point P is the perpendicular projection of 4
on the perpendicular bisector of BC. Let / H,,

H, respectively be the orthocenter
C

APA', BPA',CPA'. Show that the circle (HH,H)

Towards Mathematical Olympiad
Problem T10/512. For any positive integer »

show that # and 22" +1 are coprime.
Problem T11/512. The sequences (x, ),(y,) are

determined as follows is tangent to the circle (O).
—IME= ey o= gninily Translated by NGUYEN PHU HOANG LAN
xl TR R Y n+2 n+l A (n 2 1,” = N) - T Nﬂﬁﬂﬂﬂl’ UHEVEFSI'{}J H. :
»1=4,y,=24,y,,=6y. —y (College of Science — Viemam gy
LR SRS T N yh T U Vs n

L oo ol als sl als uLe ofs ’;‘;'f}'q";-r.‘?E?‘:‘fi**************
;'cﬂr‘k****'ﬁ:‘k':Tr-.!:':‘:‘f**L“‘a"i'%“ﬁc*i':i"*:"‘-#ﬁ*:*:f::ﬁ::*:ﬁ ek hdhddhddddddidddrdbt bt ddbtdy

XUAN CANH TY - 2020

(Hoa bai Tam tinh véi chugt va ngdm vé nghé nha gido cia tdc gia Dao Tam dang o 50 511, T1.2020)

Nhan phan leai chudt ban vé chir “cung” Xuan Canh Ti Xem Chuét Canh
Cau thanh ngit “chuét chay cing sao” Chu chudt nho con :’:/?:;'{1' hét sao
~ T -4 T i Vo S . ey FLE 3 1 7
Chang biét ra doi tw thuo nao? Khi chuea c¢o chu séng noi nao .

Chan ly “vdt cing” thi “tdc bién” Mau long trang bac t6 thanh bach

Lé doi phan thap hay vieon cao. Sac mat den hong o thap cao

Chuot chu chuot cong tanh héi qud Duoc ngam say siwa lodi chudt ay

Chuot bach chuét lang quy hod sao! ROI quén vat va é¢ vang sao ?

Rieng chi mot lodi can luyéet diet:
Chudt tham nhiing — Ty thang tay vao!

NGUYEN KHAC PHI (Hg Noi)

Nhan nguoi thich thi dauy » goai nieoc

Loi triede hai say che nhap vao!

NGUYEN HUU DU
(xom 3, Quynh Lién, thi xa Hoang Mai tinh Nghé An)

*************$**¢$*********$$**$**********$$$**$$*$
Dinh chinh. Trong TH&TTs6 51 1, T1.2020:

- T:rang 31, cot phai, dong 4 (tir trén xuong) in Tap hop céc vecty V, tap hop cac sé thue R.
thiéu ;m(jt doan sau: ...tron (f{BK), (ACK) theo tht _ Bo hinh v g ndi dung bai to4n 7 (trar;g 35)
tu bi€n thanh f:a’,c duong thang B*K* (g va: % Trang 43: d3 viée. . 3
B, CK* tiép xitc voi (4B*C*) (vi (1)) dudmg ‘ <010 =R R0 ERER
thang 4B bién thanh duong than

tiép xiic véi (AB*C*) (vi AP//BC); duong thing
KP bién. ..

>Et=!<=$=<****Dk}k*=k:+::k:{::{::g:{:=}::;;*:{¢*$$*$*****#

- Trang 33, cot trai, in thi€u mét s6 ki higu sau:

g AP* vy 4px SUala: 1142019 = 2095 — 452
Thanh that xin 151 ban doc

Moi cdc ban dat mua Dén

) ng ap Tap chi 0dn hoc vy
2019. Khé sich: 19 x 26,5 cm- Gig bia

‘ 00 don
Toan quéc hogc lign hé truc tiép véi T n th

TOAN HOC
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T T R B

TIENG ANH QUA CAC BAI TOAN
BAI SO 53

problem: In an probability experiment, we have p4 1 By= P(4) + P(B) -P(A U B):

Mo events A and B with

P(d)=1,
3
|

) e ; . { ? — 3 .
P(B) = y and P(A’'N B’) = = . Find P(4 n B).

Remark. A’ 18 the complement of the event A

Solution: We have P(4 U B) =1 — P((4 U BY)

=1-P@’'nB)=1-2 =2
SRS

Since P(4 U B) = P(4) + P(B) — P(4 N B),

with

Therefore:

P(AﬁB):_+l-_2-=l__2., gensqe I
Tl T ) 5y (o 60 60

TU VUNG

probability xdc sudt

experiment phép thir

evenl bién co

complement phan bi, doi

Translated by NGUYEN PHU HOAN G LAN
(College of Science — Vietnam National University, Hanoi)

do e o e vk ok kX K ks
S e s 9 3k sk ok o s o o ko e ok o ok ok e ke ok ok ok ok ok ke ke ok ok o ook ok ok o ok o ok ok ok o o ke e ok ke o e e ke ksl sk skl sk sl

Bai todn. Cho diem M(1;2) trén mdt phang toa
ds. Tim toa do cua hai diém P va Q trén duong
ron (0, OM) (O la goc toa do) sao cho POM la
mot tam giac déu.

Loi gigi. Ta sé sir dung céc tinh chat sau day cua
6 phirc dé giai bai toan nay. Vi hai so phuc z
va @ ta co:

20| = |2| |

ﬂrg(z.w) = arg (z) + arg (a)),

arg(iJ=arg(z)—arg(a)) (@#0).

(),
Gié st z 1a s6 phirc biéu difn boi diém M.
z=1+72i. Pé st dung cac tinh chat trén, ta can

im mot s phiuc @ c6 moédun bang 1 va

Tgument bﬁng -2—13 va sau do diem tuong ung VOl

b Z e i P~ P :h. Sy r : A
20 va — sé thoa mén yéu cau bai todn. D€ dang

0,
j=efg

tinh dugc @ = | ;. Khi do:
. .0
;
zm=(l+2i){—l+£fJ= 1 \/5 | =14 \6]:
g ) 2 o 2
A [
2 _ | )
va 5=(1+21)[ - \/2517 =——1—+ 34| =1 S i
) 2 \ i 280)
Do do
| 3 4 )
Pl —- 3;,—1+£ va Q -—l+ 3:—1 \E
\ y,

Nhdn xét. Cac ban sau c6 bai dich tot, giri bai vé
Toa soan som: Ha Nam: Phan Thé Anh, 11 Toéan,
THPT chuyén Bién Hoa, TP. Phu Ly; Thira
Thiénﬂ Hué: Nguyén Thi My Lé, 10 Todn .
Nguyén Xzf&n Thanh Dat, 11 Toan 2. THPT
chuyén Quodc hoc Hué, TP. Hué.

HO HAI (Ha Noi)

Mugt;e 43



3 _.-3 : M:lSM‘_a\/E—-

J 1a trung diém cua

SM thi K 1a trung diém cyg

a6 .
— KM =—— Ap dung dinh |i
JM. Suy ra KD=KM 1

cosin cho A KDH, ta dugc:
2 P 2 \/g
HD* +HK“—KD |
R D 3
Cich 2. Nhan xét. Cho mat phang (P),(0),(R)
thoa man (P)r"\(Q)ﬁ(R)=ﬁ, (P)L(Q). Goi
a, lan luot 13 goc tao boi cac mat phang (P)

BAI TOAN 33. Cho hinh chép S.ABCD cé day
ABCD la hinh thang vuéng tai A va D,

AB=2a, AD=DC=a,SA=a~/2, SAL(ABCD). va(R) ,(Q) va(R). Khi do, a+p=90°.
S

Tinh césin cua goc giita hai mat phang (SBC) va
(SCD).
Cach 1. Goi M=BCnNAD. Khi d6

Goi K 1a hinh chiéu vudng géc ciia D trén AC thi
K la trung diém cia AC va DK 1(SAC),ké
DH 1 SCthi goc gilta mat phang (SCD) va mit

((SBC),(SCD))=((SCM),(SCD)). Chimng minh
dugc ASCBvuéng tai C. Goi H la hinh chiéu cua | Zi
D len SC, ké HK /I MC (KeSM). Ta co, Phang(S4C)la DHK. Ta c6 (SAC)L(SBM), ap

((SCM),(SCD))=KHD=a.. Xét ASCD vubng 94ngnhan xét trén ta dugc:

tal1 D, ta co: a\/i
et 71 p: i) b Lot cos((SCD), (SBC'))-—stHK—DK 2 —-\/E
DS S DEMSDE28 25 g2 3,2 PR el
’ 2
- DH__Q\ZE : Hc_l?g(é‘ fil Cdch 3 (Dua vao dinh nghia goc gilra hai mit
S 2 phing). D& dang ¢c6 BC L(S4C). Do tam giac

\ 5AC vudng can tai 4 nén goi H 13 trung diém cua
S
7 '.

Do HK // MCma 213 .
SC 4

T
44 OAN HOC
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cthi AH1SC va 4g=ler_
D 5 C“G:’AHL(SBC)_

pung AKLSD thi AK 1(SDC) vy 4x 96
=

A AHK vudng tai K nén
COS@BC):(SCm=COS(AH ,AK)

i
_cosKam -AH _J6
g

Cach 4 (Su dung phuong phap toa do). Chon hé

truc toa dO nhu hinh v&:
A(0;0;0),D(a;0;0), B(0;2;0),E(0;a;0),C (a;a;0)

$(0:0;a7/2).

S‘Ez(a;a;—-a\/ 2);SB:=(O;2a;—a~/§);_SB=(a;0;—a 2)
Vecto phap tuyén cua mat phﬁng( SBC) la

;;=—ﬂ2\/—2_(1;1;x/§ ).
Vecto phap tuyén cua mat phang (SCD) la
n, =—a” (J2;01;).
Goi @ 1a goc giira mat phing (SBC) va (SCD) thi

JE

-__-'

"1 ”z

Cdch 5 (st dung cong thuc dién tich hinh chiéu).

Goi M=ADNCB, I J lan luot 13 trung diém

cua SM va MC.

T 1 AC)MSW):(DJJ)L(SM). Goi H 1a

| (DLI)//(SAC)
hinh chiéu vuong goc cua D trén I/ thi A la trung

: s S
diém cua IJ (vi ID=DJ _a\Z/_) va H la hinh

chiéu vudng goc cua D trén (SMC). Ta cO:

2
1 J3
SASDC =%SD.DC=5.Q\/§.H— & 2 )

1
SASMC =—;‘-SC.MC-'=§.2G.Q\/§=JZ \[2_

| azx/-Z-

SASHC =ESMMC = )

Goi ¢la géc giita mat phang (SBC) va (SCD), ap
dung cong thirc dién tich hinh chiéu ta co:

COS P = Spse i—g
ASDC 3
NGUYEN QUANG NAM

(GV THPT Quy Hop, Nghé An)
Nhan xet. Mot sé ban cho két qua khong chinh

Xac: cos@ = ——\/3—8— (!). Ngoai S cach giai cua thay
Nguyén Quang Nam, ngudi dé xuat bai toan, Toa
soan Tap chi TH & TT con nhan dugc mot SO
cach giai tot tr cac ban: Quang Binh: Lé My
Duyén, 11 Toan 1, THPT chuyén V& Nguyén
Giap, TP. Pong Héi; Thira Thién Hué: Nguyén
Thi Bao Ngoc, 11 Toan 1, THPT chuyén Quoc
hoc Hué.

LE MAI (Ha Néi)
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1 TOAN 32
L }I F

| ownT ot .‘,""'!=.' n"Eh‘ g
j n e &) " 2

d ' _".'; ._.1. h.,_'r

S6 512(2-2020) OQS.NI.I.l&.IlgCé 4 5




Dud day la lon giai bai toan dugc dua ra trong
phan bai tap dé nghi & TH&TT sb 5010, T12.2019.
BAI 41 (Mathematiccal Excalibur, vol. 10. No 3).

Voi moi 56 nguyén n 26, chunmg minh rang

n—k 21 5

Loi giagi. Ta chimg minh (1) bang quy nap.

Dat a”=z
2

Vo1 n () [ (o)

. <—.
n—leorl 5

——=—_ Gia s rang (1) dung véi
6—k 21 5 gl dung

Vay (1) dung véi n + 1. Theo nguyén ly quy nap,
BDT(1) dung vé1 moi » > 6. Viy BPT(1) duoc
ching minh véi moi s6 nguyén n > 6.
Nhan xét. Rat tiéc 1a khong c6 ban nao giai duoc
bai nay.

NHU HOANG (Ha Ngi)

Sau ddy la bai tap dé nghi. Ban doc hay giri 1oi
giai vé Toa soan TH&TT trudce ngay 3
* T T w+' ' Al fﬁ"

H i e A Ee=
L A
. .t . L 'r__}
1.r - =3 ,:.:.r o it o .»5:'.-'-94"'
P i i
uwong 1r
[ T Ay

31.3.2020.

AT 0 T s s
1 han kKinn
= Lt F B '.’.'.':_.'-'_.-'-_.;__.i':jr 3l

¥ - - ..-‘ BN B _-'I._.. ¥ x .‘!.J_._r-.._.-.‘l. o .-u :":l. ..,;,a-,ﬂlq-l __.J
dac ApC. Cnung minn

GIAI PAP PO VUI T6.2019
La qué nhi: 64 =65?
Dé bair Cho hinh vuéng a) voi kich thuoc 8 x g,
Bay gio ta chia hinh vuong do thanh 2 tam gige
uuging va 2 hinh thang vuong nhu hmf? b). ghép
cdc tam gide vuong vd hinh thang vuong m?' lai
' dwoc hinh chit nhat ¢). Hinh vuong ban dau cg
dien ;f'ch: R x 8§ = 64. Hinh chir nhat c) co dién
tich: 5 x 13 = 65. Nhu vdy: 64 = 65!

]
| _JI _,_ r-_;4-_d Qs
I T1 4 B L N
8 | H'_ | [ :
i *'T'—_‘J_ 5
FHH | |
] B 0 el A BT
3 3 2
a) b)

Ban cho biét lap lu@n trén sai tir ddu nhé ?

Loi giai. Ta thay ngay lap luan trong bai sai sé& &
dau do. Nghich 1y nay c6 thé giai thich dua vao hé
sO goc cua duong thing. O hinh c), hai tam giic
vuong co hai canh 1a 3 va 8 cho ta canh huyén cO hé

M aEvean o3 :
sO goc la e Canh cta hai hinh thang dudng nhu
trung v&i canh huyén cua hai tam glac vudng, nhung
hé s6 gbc cua hai canh nay la -—-%. Va ta d€ cam giac

nhitng canh nay tring nhau vi hé sb gbc cua chung
A & 3
gan bang nhau ( & i =(),375: ——% =-0,4).

Hinh duéi v& minh hoa mOt hinh binh hanh nhé thuc

F
i~

t¢ ¢6 trong hinh c). D& thdy hinh binh hanh nay cé
dién tich 1a 1 don vi va nghich ly duoc giai thich.




GIAI PAP: SAI O PAU |
(Dé diing trén TH&TT 56 508, thing 10 nim 2019)

Phén tich. Ba 16i giai trén déu sai, saj ¢ cach xac
dinh loai phuong trinh, phuong trinh (1) khong 1a
phuong trinh mi va ciing khong 1a phuong trinh
lﬁ]ff ﬂlfr:':i. (;liéi phuong trinh (1) ta dya trén nhimg
hiéu biét vé iy thira sau:

Néu » nguyen duong thi " xac dinh véi mol a.

Néu 7 = 0 hodc nguyén am thi @™ xéc dinh khi
1

_n'

d

az0,cuthé a’ =1,4" =

Néu 7 khong 13 s6 nguyén thi a" xac dinh khi
a>0.

Néua=1thi a® =1 =1Va.

Sau day la 11 giai dung cho PT (1).

Loi giai dung.

TH1: x* +3x la sb nguyén lé.

Taco )=>x-2=1=x=3.

Vi x = 3, x* +3x=18 khong la s6 nguyén lé.
Vay PT(1) v nghiém.

TH2: x* +3x 1 sé nguyén chan. Khi do:

) (x=3
x=2==x]
_x=l
)| [x-220 <« 0
(x* +3x=0 = 3

- % i 2 H
Kiém tra lai tit ca déu thoa man X +3x 14 sd
nguyén chin. Vay truomg hop nay PT(1) c6 4
nghiém.

TH3: x* +3x khéng la s6 nguyén.
x—2=1

W= 0<x-2#1x=3.

4

L__.:q:z +3x=0

Kiém tra lai, véi x = 3 thi x* +3x 1a sé nguyén.
Vay PT(1) khong cé nghiém.

Két lugn: PT(1) c6 4 nghiém. Chon D.

Nhén xét. Mot sb ban ban tham gia bai nay nhung
khong phét hién ding sai 1im.

PUNG HAY SAI ?

Bai toin. Cho 2 s6 thuc x, y théa man

2x—y—2=0. Tim gid tri nho nhdt ciia biéu thirc:

Fz\jx?' +y2+2y+1+\/x2+y2—6y+9.

Sau ddy la loi gidi cua ban Toan lop 12A5:
T 2x—y—2=0suyra y=2x—2.Do d6

F:Jx2+y2+2y+l+\/x2+y2 —6y+9=i;r|+‘;|

voi u = (x;2x— 1),:.; = (x;2x—5). Ap dung bét

ding thirc IEI + H > ‘z_} +v| ta co:

F=‘§l+];|3_>|§+3[=\/20x2—48x+36 26—\5

5

(vi 20x* —48x+36> ESE,Vx e R, ding thirc xay

. 6 . .

ra khi x=—§). Vay m1nF=—3:SE, dat duoc khi
6 2

X=—,y=2x-2=—,
577 5

Em hdy cho biét I6i gidi ciia ban Todn diing hay
sai, néu sai thi loi gidi ciia em thé nao!

NGUYEN VAN XA

(GV THPT Yén Phong s6 2, Béc Ninh)

TOAN HOC
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BAN CO VAN KHOA HOC

GS. TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chui tich Hoi dong Thanh vién
NXBGD Viét Nam
NGUYEN DUC THAI
Téng Giam déc NXBGD Viét Nam
HOANG LE BACH
Phé Téng Gidm déc kiém Téng bién tap
NXBGD Viét Nam

PHAN XUAN THANH

HOI PONG BIEN TAP

Tong bién tdp : TS. TRAN HUU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, 7. NGUYEN MINH BUC, 7S. NGUYEN MINH HA,
TS. NGUYEN VIET HAIL, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

w Danh cho Trung hoc Co s¢
For Lower Secondary School

Bui Minh Trung — Bat dang thic Minkowski va
mot s6 Ung dung trong gidi toan Trung hoc co
SO.

Huéng dan giai dé thi chon hoc sinh gi01 mon
Toén 16p 9 tinh Binh Binh

Dé thi chon hoc sinh gi6i 16p 9 tinh Vinh Phuic
nam hoc 2018 — 2019.

ﬂ Ban doc tim toi
Nguyén Bd Pang — Pudng tron nbi tiép tir giac.
Phwong phap giai toan

Ngé Van Thdi — Mot s6 hé qua cua bét ding thirc
hoan 1.

Dé ra ki nay
T1/512, ..., T12/512, L1/512, L.2/512.

Problems in This Issye

Bién tip: LE MAL, THUY LINH
T'ri s, phdt hanh: THUY LINH, NGUYEN THI THU HUYEN

*‘ " e L

€2 Giai bai ki truée
T1/507, ..., T12/507, L1/507, L2/507

Solutions to Previous Problems

Ban c¢6 biét

Pham Ddng Long — M{t vai ing dung cua
thudt toan Horner.

'3 Lich sir toan hoc

Phing Chi Ty — S6 = con s6 cua su bi 4n va
niém dam mé chinh phuc cua nhan loai.

.9 Tiéng Anh qua cac bai toan — Bai s§ 53

Bai dich sb 50.

%/ Nhiéu cich gidi cho mt bai todn

&) Sailim ¢ day?

Mt thudt. QUOC HIZP, THANH LONG
Thiét ke, ché bdn: THUTY LINH
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KET NOI TRI THUC
VOl cubc SONG

_ BOSACHGIAOKHOA
KET NOI TRI THU'C VGI1 CUOC SONG

o E.!; S —— T
GIAC DL
THECH A.T 1

L NHIEN
i KA Hm‘i

0..NH MUC BO SACH LOP MOT
SACH HOC SINH

Tiéng Viét 1, tap mot
Tiéng Viét 1, tap hai
Toan 1, tap mot

Toan 1, tap hai

Tu nhién va Xa hoi 1
Pao duc 1

Am nhac 1

Mi thuat 1

9. Hoat dong trai nghiém 1
10. Gido duc thé chat 1
11. Tiéng Anh 1

® MO U A WN e

SACH GIAO VIEN

Tiéng Viét 1, tap mét - SGV
Tiéng Viét 1, tap hai - SGV
Toan 1 - SGV

Tu nhién va Xa hoi 1 - SGV
Dao duac 1 - SGV

Am nhac 1 - SGV

Mi thuat 1 - SGV

Hoat dong trai nghiém 1 - SGV
Gi4o duc thé chat 1 - SGV

10 Tiéng Anh 1 - SGV

L]
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Nam 2010

Kho 19x26,5

Gia bia: 99.000 dong
Nam 2011

Khé 19x26,5

Gia bia: 126.000 dong
Nam 2012

Kho 19 x 26,5

Gia bia: 152.000 dong
Nam 2013

Kho 19 x 26,5

Gia bia: 175.000 dong
Nam 2014

Kho 19 x 26,5

Gia bia: 185.000 dong
Nam 2015

Kho 19 x 26,5

Gia bia: 199.000 dong
Nam 2016

Khd 19 x 26,5 ,

Gia bia: 199.000 dong
Nam 201?

Kho 19 x 26,5

Gia bia: 199.000 dong
Nam 2018

Kho 19x26,5

Gia bia; 199.000 dong
Nam 2019

Kho 19 x 26,5 :

Gia bia: 199.000 dong
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