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&6 15t cA 8 cudn, cho cac ldp 6, 7. 8, 9, mdi lép
| 2 tap: thp mit 1a Dai 8 {0 1dp 6 tapmw Ianb
hoe), tp hai la Hinh hoc. N§i dung trong mdi cudn
dé bém sét chuong trinh Todn & céc lop THCS.

M&i cudn ddu cb hai phin: phan Cdc chuyvén dé
co bdn (viét theo timg chuong clia SGK) va phédn
Mot 8 chuyén dé ndng cao. Phan diu trong moi
chuyén dé 1A tém tAt cac kign thie li thuyét cla
chuyén d¢ ma HS cin ndm vitng, tiép theo gidi
thiéu mdt <6 vi dy minh hoa va sau d6 1a cac bai tap
dé nghj dé HS luyén tap. Nhimg chuyén dé nang
cao nhim gilip HS hiéu sdu va rdng hon nhimg noi
dung b lién quan dén chuong trinh. Nhimg vi dy
va cac bai tap trinh bay trong séch duge cac tac gid &N 4P

chon lpc khé ki léng, trong d6 ¢6 nhidu vi dy, bai P - P
tap la nhithg bai thi hoc sinh gidi Todn Qude gia, W s
thi Olympic Todn, ... Béing viéc doc, gidi nhing vi

dy va bai thp nay, HS s& duge md rdng, dio sau
nhimg ki¢n thitc d& hoc, qua dé dugc rén huyén kha
nang tu duy Todin hoe. Cubi sich sé 1a phin Hudng -

dén gidi cho cée bai tip duge dua ra & cudi mbi waren—
chuyén dé. TDAN (*]

HINH HOC
Nhom tic gid cla b séch 1a nhitg thiy cb gido da 2
hodc dang gidng day & céc 16p chuvén Todn ciia cie
truing Dai hoc va e tnfing Trung hoe phé thong
€6 uy tin, 1a nhiing chuyén gia Toén & Tap chi Toan
hoc & Tudi tré va Nha sxusit bin Gido duyc Vié Nam,
ching han nhu: NGND. Vi Hinu Binh (chl bién),
NGUT Nguyén Tam Son, nha gido Bam Hiéu
Chién, PGS.TS. Vén Nhu Cuong, PGS.TS Dém

Vian Nhi, TS. Pham Thi Bach Ngl;lc. P{E%‘I‘&. Le
Quéc Hdn, TS. Trén Hiru Nam, .

Hi vong ring bo sich 2 1a mot tai
va b6 ich gitip céc em mﬁmﬁ%ﬁ

kién thmTo&nﬁhpc,ﬁ  phin vao v
cao chét h@gd&qmﬂ“mmm
Toén & c8p Trung hoc cosé. >
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Tir mdt bai todn don gidn, néu chju khé suy
nghi, tim t0i, xdu chudi cc bai todn lai v&i nhau
thi chiing ta s& c6 duge nhidu két qua thi vi.
Chiing ta ciing bt diu bing bai toén sau ddy:

Bal tedn 1. Cho tam gide ABC, dwimg phan
giac trong AD. Qua D ké dwimg thing song
song vai AC cdt canh AB tai E. Chimg, mink

™.

-
n.f.i r ™
"€ B AC AE

Léi gidi. Theo dinh li Thales ta c6:
AE_DC
DE JJAC = St (1).

Vi DE | AC= 4,=ADE (hai gbc so le trong),
, nén A =ADE >

=AEAD cén tai E

E = AE=ED.

Theo h¢ qué cla p

dinh 1i Thales ta

AE_DE _

o DE/ AC=> UAC AT BC
Te(l)va Q) suyra:
AE HE*T‘ B pde duin]

AB. 4G & ﬂﬂmﬁﬁﬂ
Nhin xét. « Néu cho BAC=120° thi suy ra
ﬁhﬂ- Mmﬁ%’f‘)‘ﬁ

D (5

{]

« Néu cho BAC=90" thi suy ra AADE vuong
éad =a£m%,m vilo hé thirc (*) ta duge:

« Néu cho BAC=60" thi suy ra AEAD cin 6
e AD [

=30"= AE="". Thay vio h¢ thic (*) ta
ARt Loy

. AW
Mg T8 AC 4D

Tir d6 ta c6 cdc bai todn quen thude sau:
Bai todn 1.1
BAC=120°, cheomg phén gidc trong AD.

mﬁr{i’ng 1 +L=-—-l-—

Cho tam gidgc ABC ¢o

Gnag AB AC AD
Bai todinm 1.2, Cho tam gidic ABC co
BAC =90", cheomg - phén gide trong AD.
1 2
Chumg minh —+
mi rdng B A AD

Bai toan 13, Cho tam gidc ABC cd
BAC=60°, ‘theong" phdn' gide trong AD.

AL TH )
Chimg m;rr&g

II'H‘ r.i-l
Bii todn alcm am Ac'“";’mc o
=6 BC=a,C mwm otlodob
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L
Lin gidi. Goi AD, BM, CN 1a céc dutmg phin
gifc trong cua y
AABC v k&
DE || AC(E€AC). o M
Theobditodn lta E
¢6 AADE cinvd |

i B* C
L LS D

AB AC AE 3 :
Ap dung bét ding thirc tam gidc vio A4DE ta

| 2
ct: AE+ED>AD=2AE> AD=>—<—— (2)
oo AE AD

Tir (1) v (2) suy ra:

1 Lhe 2 1 l 1 1
s L S W ———
AB AC AD AD 2 AB AC

i)
e AL

mvécmuwangmﬁcmmmm.
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Lol . a b.c
Bai todn 3. Cho tam gide ABC cdn tai A, mot
dheomg thdng d bat ki di qua trong tim G clia
tam gidc va cdr cdc canh AB, Ac‘f&ufmfm',u:
N irnth 3
Chimg m. r&ngmngmkﬁang

phu thuge vao vj tri cia domg théng d.

Lii gidi. Goi AD 13 duimg trung tuyén, ké
GEJ AC (E€4B).Vi
AARC cho trudc nén
G cb dinh, suy ra
duimg thiing GE (song

diém E cb dinh, do d6 4o dai doan thiing AF
1
khong doi

atk]mclheohm todn 1 ta co:

12,20 AT (khong déi).

AM AN
1,1 khéng phu thude vio vi tri
AM AN

ciia duimg thing d. : |
Nhgn xét. Ching ta ciing 6 thé chimg minh

Viy tong

: 1 1 2. :
ing ——+—— khong doi nhur sau:
%8 JM " AN

Ké GE /DK | AC (E.KedB), khi d6 theo béi |
todn 1 tach: ——

Xét AABC co

DK,FAC:;AK:%AE.

Theo djnh li Thales ta co:

AE _AG 2
GE j| DK = —=—=—
4 AK AD 3

3?,”‘21

Tir (1) va (2) ==»—-+__=_. m@m

Bai todn 4. c""‘“sﬁ‘?mﬁ-- i
fhlrr[rchgﬁn‘ﬂmm#"""' :
L]

.TB‘*E': k la

minh ring dieomg thing acima 2
diém o6 dinh sl
mﬂ 'JI- "
Ké tia phin gidc 4z cia goc ody. G
D=Az00BC, ké DE | Ax(EeAy) bai

OFE .
AB+E-E'K& hop vai gia

AE 1
e
4B a5

todn 1 ta cé:
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AB AC k

dinh nén dudmg thing DE cb dinh. Nhu viy
diém D la giao diém
ciia hai dudmg thing
¢6 dinh Az va DE nén
diém D cb dinh. Viy
duimg thing BC luén
di qua mgt diém cb
dinh D duge xic dinh
nhu trén.

Bai todn 5. Cho tam gide ABC, AD v AE ldn
heot la cdc dwomg phan gide trong va dimg
phdn gidc ngodi ctia tam gidc. Chimg minh

ta c6 AE=k=> diém E cb

. kil
dng ——+——=—r.
rang Cp'CE CB

L glit 72 98

E

B- ,D a ,,.,ﬁc
Tmmm myﬁémummmncm;

Tir (2) va (3) =D—E§=%mﬂf JEM (theo

dinh li Thales dao).
Kéo dai BI cit AC tai P, vi BP [/ EM nén theo

CE CM
— ACBP cin tai C nén dudmg phin gide CI
ciing chinh 13 duomg trung tuyén => [B=1P . Xé&t

ACBP ¢6 IB=IP;IK [/BC nén IK la duomg

dinh 1i Thales ta cb:

trung binh cia tam gide 46 =IK=—",ma
s e i
IK=CK n!nffﬁ’-——ﬂc @
; At nf il

§ Ry o
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MNB=180"—(NMB+ MBN)=180" -4.4CB (3).

Trong AABC c¢6 ABC+ACB+BAC=180" vi
A=2B=4C nén:
74CB=180"=s 180° -4 ACB=3ACB (4).

Tir (4) va (3) suy ra: MNB=3A4CB (5).

Tir (2) va (5) suy ra: MNB=NMB=ABMN cin
ta1 B = BM =B8N (6).

Xét hinh thang ABCM ¢6 ABC=MCB=2ACB

nén ABCM 1a hinh thang cin = MB=AC. Két

hop vai (6) suy ra NB=AC . Két hgp (1) véi
L o1

!
NB=AC.ti Bnc oo L
W B BC AC

Bai todn 7. Cho tam gidc ABC. Hai duong
thang m | n thay déi twomg img di qua B, C ma
m, n chi c6 mjt diém chung vdi tam gidc ABC.
Gopi M=mnAC, N=nrAB.Tim gid tri lom
nhdt clia n:mg L+—l—
MB NC
Léi giai.
Trén tia BC liy
diém D sao cho
BD=CN. Ggi E
1d giao diem cia
MD vén tia phin
gidc cia MBC,
ké EF song song
vai BC(FeBM),
khi d6 theo bii todn 1 ta cd:
Ilrl=1;l=l .
MB NC MB BD BF
Theo tinh chit cia duémg phin gide trong

ABDM tact: SN BDGED s

BM BM E.H
Vi BM [CN n&nﬂlnﬂhﬁqlﬂcﬁndiﬂlliﬁalm

SN VLA
CN' CAW
la e WA (3). Tir (2) va (3) suy ra:.

4 % 'S4 516 (6-2020)

B gD, .G

ED_CA_, 4g//CD (theo dinh If Thales dio)

EM MA
ma EF || BC nén ba diém 4, E, Fﬂ'lingm

Ké FH LBC (HeBC),taco: BF=FH (4).
Vi AF [/ BC nén FH chinh 14 khoang céch gifta
hai duémg thing song song cb dinh AF va BC,
do viy 0 dai FH khong d6i. Tir (1) va (4) suy

Lins (khong déi). Diu dﬁng thirc
MB NC FH
X4y ra e HaBesmlBC.

ra.

<mlBC.

i 1iElezl
Vay m[m’ﬂc}m

Bai todn 8. Cho géc xOy (xOy»180°), M la

mdt diém cé dinh ndm trong goc do, d la diromg

thing di qua M va cdt edc canh Ox, Oy lan len

tai A va B. Tim gid trj lom nhdt cia tong. . |
I 1

— e —

MA MB

Léi gidi.
Trén tia MO liy
diém C sao Hlﬂ
MC=MB, goi D 1a

MK [/ Oy (K'eOx, Euﬁj,ﬁo M

phﬂnmkmngmmm

ﬁﬂjﬁ:‘éﬁu"
mmdﬂ(}?su Ak

0K CD -
Tir (1) va (2) c6: i —ap=KD//OC (dinh 1

Thales dio), nén ba diém K, D, E thing hang,
Ké MH LKE (HeKE), ta c6: ME>MH (3).

=3 r—luhl.




"v’_i M ¢b dinh nén céc drdmg thing MK vi OM
cO dinh =duimg thing KE c6 dinh = MH
kh.img doi (MH 14 khodng cich gilta hai dudmg
thiing song song ¢6 dinh OM va KE).
Miit khic: Theo bai todn 1 ta c6:
1 1 1 1 |
4 = + =
MB MA MC MA ME
1 v 1 < 1
. MB MA MH
ding thirc xdyra < E=sH =>d LOM.

(4).

T (3) va (4) suy ra: . Déu

<d 1LOM.

s { 1 1 ) 1

Viy max + =
MB MA) MH

Bai todn 9: Tir diém A ndm ngodi dheomg fron

(O) v& hai tiép tuyén AB va-AC dén dwomg tron

(B, C la cdc .ﬂ'&_’p diém). Tia AO cét dwong tron

(O) tai M va N (M ndm giira A va N). Vé dudmg

kinh CE. AE cdt dhwomg tron (O) 1ai D, DB cdit

| I 1

AO tai I. Chimg minh rang T = FTV, + AN
Lai giai.
B E
K
i N
W, 0

C
Trén doan AB liy diém K sao cho AK=AM.

Goi P 14 giao diém ciia KN voi tia phin gidc cia
BAN . Ta c6: EBC:W” {g&cuﬁuﬁmhinnun

duémg trbn} =&BEJ.HC. mi "OALBC

= OAJ/ BE = BEA‘.‘?:;ﬁ,'.ﬁ.Talaind:
mm (-_- )

'l-h:w t.'.*:"‘l & _ 2

nén ABD=IAD. T d6 suy

AIAD~AIBA [g.g):?ﬂni.i&.ﬂ-l =IB.ID(1)

1B 1A

Ta dé chimg minh dugc IM.IN=ID.IB (2).
Tir (1) va (2) suy ra:
M .’-H’ IA+IM _AM AK

2 AT = 1)
IA*=IMIN === = = =N

Vi AP li duimg phin gidc cia AAKN nén

ﬂ_-f:_—i (4). T (3) va (4) suy ra:

AN
I4 KP

IN PN
nén theo bdi toén 1 ta cé:
I DpibepEeyiv 4y

L

= + == ¥ 0
Al AK AN AM AN

=PI [ AK (theo dinh li Thales dio)

BAI TAP
1. Cho hinh binh hanh ABCD, mjt dudmg thiing
di qua 4 ciit BD, CB, CD lin lugt 6 E, K, G.
T,
AE AK AG
3. Cho tam gidc déu ABC. Trén tia BA liy diém
E (A nim gitra B va E). Goi D 1a diém ddi ximg
véi E qua BC, CD ciit AB tai F. Chimg minh
TS b

BC Bﬂ BF’
3. Cho tam gide ABC c6 phén gidc AD, O 1a
diém bt ky trén AD (O khic A va D). Tia BO
cit canh AC tai E, mCGnﬁtmhABmF

Chimg minh ring

4. mnmm@ﬁgﬂw@m
(0; R), D 14 diém bit ki niim trén cung nho BC,

DA cit BC ti E. Goi H, I, ﬁﬁnﬁmﬁm
thiing BC, AB, AC.

maﬁaut!n:eﬁd-ﬁg




b

HUONG DAN GIAI PE THI TU vEN SINI

NAM HOC 2019 -

Bai L 1) PK: x20.

PT & l+u'.1:1+51.-_«..|'.r+5 +\."r.;

o (s (35 -1)-0% |
Két hop véi DK suy ra x=1, vi tip nghi¢m PT Ia
§={1.

x* +T=¢y‘? +4y
(x+y)(x+2y+1)=0
‘{x+1y+|20

8=0

x+y=0 x=-1
TH2: = - :
{3.:‘-4:-7:0 [

2) HPTﬂ{

- hé vo nghi¢m.

Bai IL 1) Vi a(a—1):2 nén P:2.
THI: Trong ba sb a,b,c c6 it nhit mjt s6 chia hét

cho 3 thi P33

TH2: Trong ba s6 a,b,¢ khdng c6 sd nio chia hét
cho3.

Vi a+b+c=2019'3 = cic sb a,b,c chia 3

ciing dur | hodic cling dur 2.
- Néu a,b,c chia3 cing du | =(a~1):3= P:3.

- Néu a,b,c chia3 cing du2 = (b+4)i3= P:3.
Ma UCLN (2;3) =1 nén Pi6. |
Z}Eit 1=yn+2,

Q=r+«.}.r“+r 2e JF-H- 2=0-1

= +1-2=0"-201+F= (20+1)1=0%+2
w;:g—a n+2= [Q’q-z]

20+1
Wﬂ.ﬂez=%ﬁizaw e?
.I"'F I
6 % S3 516 (6-2020)

[ VAO LGp 10, Th
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2020
=20~ 20+1
9 Z=0= 4=t=2>n=2
Vi 0>1 nén -ZE'_;']‘E
n=2 thoa man.
abz0,acz0

o (o i
2

Thir lgi thy
Bai 111 1) K 2—4bc vi

(a+2¢]
= j;:'z-?.b.lﬂa'z 4

A {l‘a}i 2-l. Viy K’zhl--
Vi (1-a) S1=~=— > , 5
< 2ab+ 4ac (vi ab<2ab; —4bc<0)

2
{a+b+2ﬂ) o 3
Ks24(b¥2c)s2—3— =5
1

i ==-l-'¢‘.'=l—'.

2) K

et i, .
=—_khi b=0; a=—C=-.
Viy max K 5 ﬂ; Lo S

Bai IV. 1) 4




Tathiy BQ L BP(Q la tdm dudmg tron bing tiép Tir (1) va (2) ta thiy ludn tdn tai mt tam gidc nira
AABC ) = ur gidc BCPQ nji tiép, déu la tam gidic dom sde vi cb canh hu}rén I:rﬂ.t'lg d.

BNQ = BCA=2BCQ =2BPQ = ABNP cin tai
N. Tuong tr cé ABND cin i N =

NP = NQ(= NB) (dpem).
3)

Buwdc 2: Cho d=1 vk d=2019 = cb hai tam
gidc nira déu, 13 tam gidc dom sdc va dong dang
theo ti 1& 1:2019.

Céch 2.

PC Eﬁ:l Bg lﬂ.l Rihi ba dI&l‘I‘I AM.R ﬁlﬂ.ﬂg Nﬁ;m XET. Tl!m. tai mdt hinh chit nhit c6 4 dinh
ciing mau. Thit viiy, xét mt ludi vudng 27 diém
_ gbm 3 hang va 9 cot. Mi cdt c6 2' =8 ciich o
Chimg minh K 4 trung diém /Q (chimg minh miu nén tdn tai bai cpt c6 cich 16 mau gidng
twomg tr A via M lin hugt 14 trung diém [P vi  phau. M3t khac trong mdi cdt c6 2 dinh cling méu
IR). Theo tinh chéit duimg trung binh, do tir gidc  nén tir 6 ta c6 mdt hinh chir nhit ¢6 4 dinh cling

KHEM ndi tiép nén tir gidc PORF ndi tiép, do mau.

hang. BP,CQ cit (O) ti diém thir hai H K.

46 bén diém P,O,R.F cing thupc mt duimg B Lol
tron : : “""II"*I"' .

Bai V. 1) Xét mjt tam gidc déu canh biing d. Theo 1

nguyén Ii Dirichlet, tbn tai hai dinh cia tam gidc g
ddcﬂaﬁngnﬂuvﬁcﬁkhcﬁngcéchbﬁngd. S i
2) Céch 1. Bude 1: Chimg minh tdn tai mjt tam A = D

gidc “nira déu” (tam gide ¢6 ba goc 30°,60°,90°), ¢ hinh chix nbjt ABCD c6 bén dinh cling miu
ﬂﬁmhhl)'énhﬁlgd vﬁ'litnmgiﬁcimm'n. nhuhinhvi.ﬂhfﬂﬂﬁltgﬂh AB, AD mzmg
G sir bai dinh ciing miu 13 A4,D —cing O mau 4y ping hau v tir d6 chia ABCD thinh

xanh, . e d&n A 2019° hinh chi¥ nhit nho bing nhau. Ta chi cin
o s e s rconr .00 S
e 7 kg  diah cing mau, khi 06 c6 mdt tam gidc vudng cd

THI Mo rong bn i B.CLELF i b, oy G i ot i cin o ch s
BEEEA o D& dlnh xach (1) ciing miu (1A mot nira cia ABCD) theo ti i
TH2. Bén dinh B,C,E,F déu c6 mau do. Ta ¢d 1 g (g 5 o o

ABCE i tam gidc nira déu c6 ba dinh 46 (2).

S§ 516 (6-2020)
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Bai 1. (2 diém) a) Cho bidu thitc
pf 3z T 1], _Vx+3
xvx +1 .t—\!";+l+1'r.¥+lj1"“"lr;+l

(vén x20). Rit gon biéu thirc P. Tim cdc gid trj

clia x dé PE%.

b) Cho phwong trinh x* +4x-m=0 (1) (m Ia
tham $0). Tim céc gid trj cha m A& phwong trinh
(1) c6 hai nghiém phén biét x,;x, thoa mén

el 3 oIy B
[1'1 +¥]{xl +.|:¢}=4{m+2].
Bai 2. (2 diém) a) Giai phuong trinh

2x" +3x-2=(2x-1)V2x* +x-3.

JrJ+_pJ— =9
.tz+2_'r x+4\l'_

Bai 3. (3 diém) Cho tam gidc ABC nhon ndi tiép
duimg won (O) (AB< AC). Ké dudng cao
AH(H € BC) cla tam gidc ABC va ké duomg
kinh AD ciia duémg tron (0). |
a) Goi M B trung diém cia dogn thing DH. Chimg
minh OM 1 dimg tung tryre ciia dogn thiing BC.

b) Goi 5,7 [k cic giao diém ctia duimg trdn (O) voi
duimg tron tim A bén kinh AH; F 14 giso diém cia

b) Giai h¢ phuong trinh l

EFERRRRAANARRE O AR RAGEEBS IIII.I--'-I‘...ll'I'-.--"‘t!“?!',"*!‘.qim.ﬂ hrll’

T HUONG DAN GIAl ..

Gﬂ#_phinchimg,ﬂﬁzgt&nmihlnhchﬂ'nhﬂ"l
nhé ¢6 ba dinh cing mau. Goi mi canh cia mjt
hinh chir nhit nhé 13 mot dogn. Poan ¢6 hai diu
miit cling méu dirge goi 1a doan dom sdc. Do A, B
clng médu va 2019 Ia s6 1é nén trén AB tdn tai
mdt doan dom sic, ki hiu 14 4, Xé cic dogn
@28y, oy, theo thir ty tir trii sang phai ¢ hinh
chiéu vudng goc 1 a, trén AB. Tir gia thiét phan
chimg a,.a,,....a. déu don sic vi c6 mau xen
k& nhau theo thir e (1).

8 T?mqmﬂoc S§ 516 (6-2020)

10 THPT CHUYEN TRAN PHU, HAI PHONG
2019 — 2020 (Thai gian lam bai: 150 phiif)

sT v BC. Tir A ké duimg thiing vudng géc véi
pH i E. Chimg minh FB.FC= FH? vi by
diém F,E,A thing hang.
¢) Chimg minh dirémg tron ngogi tiép tam gide BCAf
u&pxﬁcvﬁ]dubﬂguﬁnmﬂ A bén kinh AH.
Bai 4. (1 diém) Cho x;y;2 la ba sb thyre duong
théa min x(x—z)+y(y—2)=0. Tim g trj nhé

nhit ciia biéu thirc
_ri .',.'3 +..'l.'1+__'l-"1 +4
P4zt P+ s A

Bai 5. (2 diém) ,
a) Tim cic s nguyén t6 p;g thoa min d&n; .
thi hai diéu ki¢n sau:

i) p'q+p chia hétcho p° +4.

ii) pg” +¢ chia hétcho ¢° — p.

b) Viét lén zmys&l..,.l X
) s 2'37°2018 ' 2019

Tﬁn&csﬁﬂ!ﬁﬁxﬁﬁ!sﬁhﬁtﬂ 5y l'l'i'll

nguyén). hépumthwmenummcuenmrd!u

khi trén bang chi con lai ding mdt s6. Hoi sb d6

bing bao nhiéu? :
Mmhmumrwmm

” - o AR T

'ﬂf |E‘-"'!.r|!l = ]

Twnr.mtr&n AD unﬂngm;mmdinm b dom
sfie, Xét céc dogn b“b,....r,bm- theo thir oy tr
dudi Ién trén, c6 hinh chiéu vuong goc 14
AD. Khi 46 b,b,,...,b,, 48 13 don sic
mau xen k& theo thirty (2.
Xét hinh chi nhit R c6 hinh chiéu vudng géc lén
AB,AD 14 a,,b. Tix (1) va (2) ta thily céc dinh
clia R khong cé cich 16 mau phit hgp. Mau thuin
nay din 1 diu phai chimg minh.

DUONG TU (Ha Noi) Gidi thigu



Nguyén ham, tich phin c6 mdt tinh chit rit don
gian, song khi ta két hop tinh chit ndy véi céc quy
tic tinh dao ham, bit diing thirc, phép déi bién thi
thu duge cic bdi todn kha thi vi ma khéng hé don
gidn. Trong bai viét ndy, ching t6i xy dyng céc
béi todn d6 nhim giip déc gid hiéu siu hon vé
nguyén ham, tich phiin. Trirdéc hét ta nhiic lai tinh
chit.

I. TINH CHAT

Cho him s6 y= f(x) c6 dao ham, lién tye trén

[a:b], khi 06 taed: [ f*(x)dv =1 (x)+C.

&

Tir 46 suy ra: If*{x}ix=f{b]—f[a],

Chiing minh. Tinh chit dwgc suy ra trye tiép ur
dinh nghia.

IL XAY DUNG MOT SO BAI TOAN

Bii todn 1. Cho ham 56 y = f(x) cd dao ham,
lien e trén khoing K. Biét f(x)=a va
u(x).f(x)+0'(x) S (x) = h(x). Tinh f(x,) voi
Y, x, ek.

Tllfh Lm-leﬁniuﬂ thir THPT :huyén Lé
ng Ngii I 2, nitm 2018) Cho ham

!5 y= I{I]'ku ham, lén tuc trén R. Biét

f{ﬂ}a-l va f(ﬁr}-f:e-::;‘{-l gk
[3} h-i'}‘ 81 O Tinn R e
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Lai gidgi. Taco: f'(x)= f(x)=x"¢" +1
e f(x)-efx)=2"+&*

= [e"‘.f{.:}] =x +e".
Liy nguyén hiim hai vé ta duge:
e’ f(x)= %.t“-a"‘ +C.
Vi f(0)=-1 nén C=0. Suy m

f[x]=';-ﬂ' _1.Dodé f(3)=9 1. Chon D.
Nhin xét. O livi gidi trén thay vi ldy nguyén ham
hai vé ta ¢ thé Iy tich phén tir 0 dén 3.

Bai todn tong quit. Cho ham so y = f(x) co
dao ham, lién we tréin K. Biét f(x)=a va
m(x) f'(x)+n(x) f(x)= I:[:.r} Tinh }'{rj} Vi
LK n{'j
Nhin xét. Dy doin gid ﬂﬂ&‘ o6 dang
(wf) =uf +u'f ﬁﬂn mkﬁ' ‘Mm
vhﬂh@ﬂn#mmmm )é tim lugng

a6 1 :a:[(:; :iﬂ Hmmmﬂ

X5y IJ,EK

[ lrlt.- e u!i!
S D e W
Eﬁ P T ﬂt{: n *“{‘}

 BaLtokn 2. Gha.him 4 .=,/ (x). <6 40 him
m@mmmn@ K. Biét f(x)=a va

TRENioC ©




" () L7@)] + 17 (1) 1(x) = £ (%)
(neN°). Tinh f*(x,) véi x, x, € K .

Thi II]I'I 2. Cho ham s6 y= f(x) lién an frén =

co dao ham dén cdp hai trén R wva thoa i
Fix)| 4 (x)) + f{x)./"(x)|=¢", VxEK

Slm

hiét flO)=0. Khi do tich phdan “‘ £ | x )

bang
25 G | 355In 2
A. ] sin2 | B ] = ——— |
2 ol
1., 25m*?2 | f 155102 )
A §ln 2 Il.ii_‘tj_"'ln'
5 2 | - 5
\ J 2
Leni giagi. Ta co:

P 70
S 4 (D)) # £4x). ()=

o[ (@] =<
Ldy nguyén him hai vé ta  duge
£(2)£(x)=¢+C. Vi £(0)=0 nén ¢ =-1.
Suyra: f*(x).f"(x)=¢" -1

= f’{:}=5{e’ -X+ E‘I].

Vi f(0)=0 néa C,=-1. Do 46
f*(x)=5(e* -x~1). Viy
Sl

: 2
| f’[:]drni(ﬂ—ﬁ? : wihi}ﬂhmm
0

Bai todn 3. Cho ham s6 y = f(x) cé dao ham,
lign we wén K, f(x)#0, vxeKk. Biet

f(x)=a vi m(x)f(x)+n(x)[£(x)] =o0.
Tinh f(:}) vai x, x, e K.
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rhi du 3. (Trich @€ thi thir ciia S& GD&py

Nam Dinh lin 2, pdm 2018) Cho him s6 f(x)

oo dgo hcamt Jign tac ren ['”';+'_I:;.J|I Biés

rle)+ (2x+4) 5 (x)=0  J (x)>0, Vx>0,

r(2)=-L. Tinh f£(1)+S(2)+F(3)
ST
7 1] e ¢ 7
; e LI T D_ —
A B. = -

L gidi. Ta co: f’[_r}+{2.r+4}f1{x}= 0

= f'(x) =2x+4 {3[}-{1;}-] =2x+4.

)

Liy nguyén him hai vé ta  duge

e B
ot dx+C. Vi f(2) = nén ta cb

1
C=3.Suyra f(#]=m

Thi dy 4. (Trich dé thi thie THPT Béng Thic
Hira, Ngh¢ An ndm 2018) Cho hdam 50 r [.r] ot

dao him xdc dinh, lién te'trén doan [0;1] déng

. Chon D.

thai thoa mdn cae dién. kign _.F'['I_'l}-—-l Vil

[.j"rl]?:_f-{_rj, 251 Tﬁf{l]—f{-ﬂ.]_ hay

chon khdng dink diing.
A. =25T <] B.-1sT<0
C.0<T <1 D. 1S <2
L gidgi. Ta cé: [,p""l[.nr’,l]:I = [*(x)

reor =)
o

Ly nguyén ham hai vé ta duge —— = v 4 .
f'(x)

e

Vi f(0)=-1 nén C=-1. Sy ra

f’{r}=:'£_—]i Viy T=f[']—f{ﬂ}=j’f'(-f)fﬁ




L i hai trén [0; o) va thoa man 4
*_—_it'-lﬂz'l-ﬂ.ﬁ'? ChonB. p il
A !J' (0)=0;/(0)= 5.  xe[0:4).
Bl todn 4. Cho ham s6 y=f(x) c6 dao ham lf*{_ﬂf{.r]—!{f‘{.t]]' +xf*(x)=0
dén cdp hai, lién tuc trén K, f(x)#0, VxeK.  7igh f(1). (Y e {2} T 2t 16
Biét f(x)=a W Rt % ¢dme),
3 | vl ol

@ @F - @O =0 e -
[nﬂl'] Tinh f{:‘,} néu n=1, tinh f*(x,) f-{,,}f{x) :[ﬁ(})‘ﬁ;g‘{_f}-u -

. néun22 vi x, x; K.

Thi dy 5. (Trich dé thi thir S¢ GD&DT Ha
Tinh, nim 2018) Cho ham so y= f(x) dong i
mﬁ@mﬁ@hmm{mﬂ Wi _f"{x]J’[x}-Ef{x_[f ["‘_}T_._xi_

; f ' A el
thia man [ ()] ~£(x).1(x)+ [/ ()] =0 : {x}]‘ |

1‘.{ || i |'|'|h'1j'

w b | |
Biét f(0)= 'I_."'[I}'-c Khi db f{l] bﬂﬂg :[“ﬁ{k) =-x. wmm Y&iﬁ
A 5 iy el
A, ﬂ: B. Ea E li l]'+ [ g Lo Lff_‘r! i1 ":'H'Fﬂ f' nlj'f‘ g* (
Lii gidi. Ta ¢6 y=f(x) dbng bién ﬁﬁm fl{*‘} uai ‘H.H-Ip*'l: RUx

..-',-q

[0:2] suy ra I{I}Ef{ﬂ]ﬁl?ﬂth{ﬂ;ZI Do s
3 [f{r}l‘,-f(x} x}+[r(xjj e f‘{x} zd‘ﬁ#

y oly @ tr"*‘rrl

iy
a

S L e




.

= | =1

5:: f(l)<3 B.3<f(l)<

-
i

A.

b

.q
C-Zf-f“]'f-é D.i{j'[\ljr:

-

L giai. Vi f(x)>0, f'(x)20 vxe[0;1] nén ta

c6: [‘r{x][ Gli =1+[ £ ()]

I:'f (x} ‘m

— EI[I]I{] =¢" & | JI+| Flx r=
e = DRIk

Liy nguyén him hai vé ta dugc:
[T =¢ +c.

Vi f(0)=1 nén C=v2-1=> f(1)=2,9. Chon A.
Biii todn 6. Cho him s6 y= f(x) ¢ dao ham,
f(x)=a va
f(x)>0, vxek.

lien tuc trém K'. Biét
m{;}f'{x}+ n(x) f(x)=0,
Tinh f{l})ﬂh‘ X Xy Ef.

Thi dy 8. Cho ham 56 y = f(x) lién tuc va nhdn

gid trj dieomg mén dogn’ -ﬂ;—{] T Sy
i o 4'. ? paws (&H
f‘{;}.—._ﬂn;f{.;jj:_e[ % yIA0) =1, Khi db

Iﬂﬂ!x.f{:}i:& hang .
As.TY
A. -‘-Ei B. f C. ln"T” D. 0
" Lﬂfﬁ Tlhi- f{x}-m}r{:)ﬂJ{;Jl

Ly nguyén ham  hai vé @ duge

12 90ARE_ ssomeamo

inf (x) = Infeos|+€ - Vi /(0)=1 nén c g

o f ()= VY

-l:l-—-..-.u

Bai todin 7. Cho ham s6 y = f(x) cd dao him,
frén K. Bfé} f{.l"}nﬂ' va

AL () - g(x),neN",0<a=],

lién tuc
/(=) S (x)a
Tinh f(x;) véi x,, x, € K.

Thi du 9. Cho ham sé y=f(x) cé dao ham
dieomg va lién e trén [ﬂ:m} va thoa man

f{1)=3, mf; :I+f(x] 2 2, Vx € (0;4).

Tinh. f(3).

Al B. 11 D.2+In3.

C.3+In2

Léi giai. Ta c6 tn——uu{x}-_-x’q,za
h—i-lnx’a;z J{; c,\_.(_l ’g”*"ﬂ‘l
& fx)f™ =2 s (,ftxi)' ;2‘.@!"4“ ]

Lﬁrnm:rﬁnhimhmvémam Jl*l,g'ﬂw
Vi/()=3= C=0= f(x)=2+2. ChonB.
Thi dy 10, éha him sé ,u-._,r[j.}’,{;t@ homi
muwmﬁ :

Mf [1]:;(1}.3*. 1 dog

i, f-lr__EﬁQ- tink T ?4121? liﬁ:--rzc*{, _
. RS 1
56 Belie ey

cosx.f {:}dr=%,ﬂvm B




Loi gidgi. Ta co: f{:}-d "'h;:

ﬁ[f{x}]’: I(:E 1-";::{:]

o fx Jﬂrl-lhl S(x)-2"(x)
¥l (7]

ﬁ[aﬁ'l"' 2] = ( - {x})

ﬂ‘rH =
=2 In2 {x}

Vi ln2/'(1)= f(1)=1 nén C, =0. Suyra: i

PYAL o TR0 S SpU 1T 2"{']‘*1&::”"!
e R e i

[ IH]'=I#WH‘_“:2+GN : I‘ =

Do 6 i')'di:ﬂ ‘m*-‘tﬁﬂjif
v 'Lé&‘:’!  ETh 1:1 ] 7(1‘#1} Bt grouts
;_;rgf‘{f‘([ﬁ%hi Eﬁ" alm s

;ﬁg“rim HP -'rg:& #E . Chon ﬁt’ﬂ_ T 3

Thidy 11. Cho ham 56 y = f(x) déng bién trén
dogn [1,3] va théa mdn fﬁ-}:e‘].

¥iz)

(3)=Yr(t) va j'f[x}gﬂ".# =2, Khing

dinh nae sau ddy dh'ng?

%
A (@) i)

CRELY
Cie)e (LL'I [0 PO
Etguaiind olE) g = 1+ (2o =lxjy 40

s {1}3%?‘ 'iﬂ" WEEI(I}P——@tLI

I(x)

mﬁ{&@ﬂ;ﬁ"{!ﬂ# aj(r:q{ 3«7!-)%:%

gl U0 21\ Gz tovi adh e

e (xlnf(x)+ =.ﬁnf(:]¢§ =P
wpes - P

Déu *=" xay ra khi h-f[‘}r‘?&ﬂﬂ - "l“vn.

ﬁ-a-:am-m--mg  nta €= ;,-" h

£ ¥
; Fi SR - g
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.'l'lfl{.‘n"_i+I:1t-1]f{.t]=.1f'[.t}—! vxeR1{0]
va f(1)==2. Tinh [ 7 (ck

. 1 3
A2 B. -3 ~In2
e g, =3 slnd:

2 2 2
Lan gidi. Ta c6: ° f* (x)+(2x=1) f (x) =x"(x) =1
= [#[:}Hf =x'(x)+ f(x).
Pit g(x)=/(x)+1 & g'(x) = of'(x) £.£(x):
Khi d6 {g{x}fug'{x]. Diy la bai todn 4, xin
nhutmg cho ban doc gidi iép. Chon A.
 BAITAPDENGH]
L. (Trich dé thi thit treomg THPT An Nhaw, Bink
Dinh ldn 2, nam 2018) Cho him s f (x) c6 dgo

o #‘.Fﬂt_‘-‘,‘- R M‘E; i i’mL

(++3) (=) + (+2)(1/(x)-¢" f k.

- 4 ¥y~ x
ﬂ_ﬂ}-ém.ﬁzw Y b o i "= 1
, i Ili‘ at ) o

-

M *

17__

8 14
22 #E’ ® s T n‘!"‘-—.
.La"-'j— B. 3 Cd 3 1"

4. (Trich dé thi thit truimg THPT Quang Xieomg |

M%@,;,mzufmmhhnuﬂ (3
xéc dinh, c6 dgo ham, lién tuc vi ddng bién ugy
(4] toa min ++25f (3)=[/ (I wxelta],

£(1)=3- Gidti f(4) bing

391 361 '(:,3_31.
e e T T

s-cmﬁwﬁwmﬁ;}ﬁ M‘*@y ' 4
Nghé An ldn 2, ndm 2018) Cho bam 5. (x) ¢
G0 bim, liéa e trén (5] v e i

1ol P

af (x)+ 5 (x) =" véi vxe[o:1].

H
H .‘_.‘I" il

#

=

Aiuy q.-l-i-.fh.‘-“t': ] L'.-.fi i ..:-
T f[x_]ﬁ. E S

- .
[ i 1
<= i, B ]
e N s
Loy b I o "
iy I
2 e _'_'_' ALEETY | 1€ 1
e A iy e [
L2 o T, St -
B. W= D= - : i+
e - T | = - by dLF - J gy G ¥
- e B S s
h - L ) o e A
Sy 5
] ¥ - i
ey [ e P Ll o '
- . £ 0 [ T A 5 v
T i W i i |'II i 1. iR '!;I '1 1i="
* i ar T i =y ¥ i Ir- s il
i
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N
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8. Cho ham s6 f(x) c6 dgo ham lién e trén
(O;40) va  f(x)=0 véi moi xe(0;+®),

3 +t

f(x)= f (x) va f{l}-—+. Biét
ring

1)+ f{1]+f{3}+..,+ £(2017)= %[Eq]

v % bi gidn. Téng a + b bing
A. 4070307 B. 4070308
C. 4066273 D. 40662241.

9. Cho ham sb f(x) cb dgo him lién tyc trén
[0:1] va théa mdn diéu kign f(0)=-1;
£'(x)-2018f(x)=x"* . Gidrj £(1) bing

B. "

Al eV

C.0 D. -1.
10. Cho ham s6 f(x) xdc dinh va cb dgo him
trén khodng (0;+50) dong thoi thoa mén diéu kién

fll)=l+e; f(x)=e* +xf'(x) ¥xe(0+x).
Gidtri f(2) biing
A 1+2e B.1++e
C.2+2Je D. 2+Je.
11. Cho ham s6 f(x) ¢6 dgo ham lién e trén
(0;40) v f(x)#0 voi moi xe(0;+),
£1(x)=(2x+1) f*(x) va 2/(1)=-1. Biét ring
Ig‘{:)mum%{mhen-} vii % i gidn.
Ménh dé nio dudi diy ding?
aLE::-I B.b-a=5C.a+h=5 D. ab=2018.

12. Cho ham sé y= f(x) ludn dwong va c6 dao

him lién te wén dogn [14] théa min

£(x)=e"1(x), ¥xe[;4] va £(1)=1. Tinh

dién tich hinh phiing gidi han boi 4d thi ham so
y=f'(x)+1, e hodnh vi hai dudmg thing

_'|_'=|.J:—4.

1 5 i o -
A. ez' +1 B. e’ +2 C., Ef‘+| D. & +2.

13. Cho hamsb f(x) va g(x) théa mén
£(1)=g()=17(2)2(2)=1()

1- f'(x)g'(x)= E(I][I’{xh%f’{x]]. wxz0

Tinh tich phin [ Jl_f{xl-g (x)dx.
)
<l - Gt |
Al 4+2Inl B. 4+2
3 1 g =ial
il = 21111 173

14. Gia it ham sb f(x) lién e, nhin gid tri
duong trén khodng (0;+oc), théa mdn 1{3]=%

vi f(x)=J(x+1) f(x) . Ménh @& nio sau diy

ding?
A. 2613 < f%(8) <2614

B. 2614 < £ (8) < 2615
C. 2616 < [*(8) <2617
D. 2618< f*(8)<2619.
15. Cho him s f(x) c6 dgo ham lién we trén

doing  (030)  f()=g
f{:]+{h+3}f’{:}-ﬂ'. f(x)>0, ¥x>0.
Tinh gid tri ciia
P=1+f(1)+ £(2)+..+ f(2017).
6059 6055
A0 B 038
. 6053 6047
C- 203 D. Z038
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Theo truyén lai thi tir thé ki VIII thanh phd
Baghdad (Bét-da) dii tr& thanh thu d6 cua
Virong qubc hdi gido Baghdad, cdc déi Quéc
vuong ciia Vuong qudc ndy di bién thanh phd
Baghdad thanh m{t thi d6 tri tué chéi loi cila
Phwong Bdng. Ho d4 sing lip & d6 truémg Pai
hoc 16m, thu vién 46 sé kiéu thu vién
Alexandria thué xua. Theo Lich sit ghi lai thi tr
thé ki IX dén thé ki XV dbi véi cic nha bic hoc
ving Trung A, Cin Péng, Bic Phi va ban dio
Iberia (tén khiac Pyrenees) ngdn ngir chung
dugc sir dung 13 tiéng A-riip. Nho d6 ma Vuong
quc Baghdad da thu hit rit nhiéu nha béc hoc
tai ba 16 lac dén lm viéc tai diy. Mot trong
nhimg nha bac hoc ndi tiéng duge méi lic do 14
Al-Khorezmi. Theo nha Khoa hoc Lich Sir
G.Sarton thi Al-Khorezmi 13 “nha todn hoc vi
dai nhdt trong thoi dai 6ng va néu tinh dén moi
1€ thi ong la mjt trong nhimg nhd khoa hoc vi
dai nhat moi thoi dai.” Tén A-rip ddy dia cia
Al-Khorezmi 1a Abu Jafar Muhammad ibn Musa
Al-Khwarizmi. |

1. Déi nét vé tiéu sir

Déng tiéc la nhimg thong tin vé Al-Khorezmi
con hru lgi vo cling it 6i. Ngudi ta chi biét ong
trudmg thanh & viing Khorezm, nay la thanh phé
Hiva cia Uzbekistan, Trung A. Theo truyén lai
thi khi bt diu thay cha i vi Vuong Quéc,
Qubc Vuong Al-Mamun (14 mdt nha thién vin
hoc) di cho xdy dyng Dai thién viin & Baghdad.
Cling véi d6 dng cho xdy dyng & Thi d6 toa 1du
dii goi 14 Phi Tri Tu¢, noi ma trong khodng
thoi gian tir thé ki IX dén thé ki XTI ¢6 chire

* CTusitpe

16

niing mt Vi

¢n Han lim Khoa hoc cia Viong
qubc Hoi gido Baghdad.

Vige du tién Ia Quéc virong yéu cau dich hiu
hit céc tic pham khoa hoc cua cdc nén khoa
hoc C6 Hy Lap va An D9, ... ra tiéng A-rip,
Ching han, ho dich (khong phai mdt lin) bd
“Cer 5o todn hoe” cia Euclid hay tic phim todn
hoc duge viét dudi dang tho gém hai muoi
quyén “Hoc thuyét Brahma hoan thign™ (628)
cia Brahmagupta (An D9 ), ... |

Nha béc hoc Al-Khorezmi duge Qudc vuong
giao trong triach quan ly thu vi¢n trong Pha Tri
Tué, noi luu gilr cd mit kho cic cong trinh khoa
hoc vé Todn hoc, Thién vin hoc va nhiéu nginh
khoa hoc khic. C6 18 nhér 46 ma nén viin minh
clia Xt 5o A-rfip d& sém trér thanh cdu ndi giia
cdc nén vin minh Phuong Pong vi Phuong
Tay. Tai noi ddy Al-Khorezmi i sing tao nén
cdc cong trinh toan hoc ndi tiéng thé gidi cia
minh.

v C'ﬁ_" tic phém todn hpe cuia .-lf-li' horezmi |
Céc cong trinh ndi tiéng nhét cia Al-Khorezmi
li céc chuyén luin “Vé edc 6 An D@ va *Sich
gidn yéu vé phép chuyén vé va phip riit gon”
(Kitap al - djebr val - mugabala), - 1
Chuyén luin “Vé cdc 56 An Dg* 1 mit tie
i s o Trone cong iy, i s
i 5 . i B i o
e g 8t s o
i g ﬂﬁmm dung rong i
Phép tinh cong, trir nhan e D ky e
hai b cic s An pg chia va khai can bic

ALY "il._
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Mic di ban gbe (tiéng A-rip) khong con nira
nhung nhir ban dich ta phim nay ra tieng
Latinh vao thé ki XII cén lai md céic nha bic
hoc Chéu Au lam quen diu tién véi céc phuong
phip tinh todn An D9 - A-rip. Va ciing tir 40
cic s6 An D6 (43 timg bj goi nhim 1a chir s0
“A-rdp”) di vinh vidn tro vé véi tén goi thud
ban diu cia nd: cic s6 An D§ va con s6 zero!
Khi djch ra tiéng Latinh, nhan d& “Vé cdc 50 An
D¢, tdac pham cia Al-Khorezmi™ clia ban tiéng
A-rip dugc dich thanh “Algorithmi de numero
Indirum™ trong d6 tén cla tic gia Al-Khorezmi
duge phién dm léch thanh Algorithmi (40 khi la
Algorithmus, Algorismi hay Algorismus) vil tén
(riéng!) cia tic gid 43 trd thanh mt danh tur
chung cia thudt todn (hay con goi 1a gidi thugt).
Théri trung 0 Chiu Au thufit nglr “thudt toan™
¢6 nghia la todn by hé théng sb hoc thip phén
theo vi tri. V& sau thufit ngir d6 bao ham y nghia
rong hon nhiéu.

Trong chuyén lugn “Vé cdc s6 An D" tic gid
viét riing “Khi t6i thay rd ring chi tir chin mdu
tw (chit s6) ngudi An D da viét duge bat cir 56
néo nhér cdch sdp xép ma ho da xdac ldp, t6i da
timg woc mong dugc ﬂnmﬂﬁpﬁirh&cﬁwfé
tie cdc maw tw d6 ciing thu dwge cdi cdn thiét
giup giam thiéu ndng né cho cac nha nghién
cis....”. Tiép 46 ong viét ra chin chir 6 An DY
va “mit vong tron nho hét nhue 0" dé thé ché
cho hang nao do ving mdt ciia 56", trong 46 tai
céic nude A-Rip sb zero duge goi la “sifr(=
rong).

Sy ra ddi cia chuyén ludn thir hai vé Dai s0
khong gifng chuyén lugn ddu tién. Nha khoa
hoc Lich sir Phap H.G.Zeuthen viét ring:

“Quéc Vieomg Hoi gido da yéu cau Al-Khorezmi
b:f:n soan mt cuon sach gian yéu vé cdc quy
tdc al - diebr va al - mugabala dé trinh bay mét
$6 kién thirc 161 can thiét vé sé hoe va img dung
the hanh... Do vy, ca hai thudt ngit [A-Rdp)
vita nhdic dén da phan nao quen thuge trute dé
va Al-Khwarizmi da khéng cdn Iy gidi gi thém
vé g dung ciia ching...™

Nguti ta cho ring viée Quic Vuong truyén
lénh mot cach cu thé nhur viy ciing chimg 10
riing tgi thiri diém d, ¢0 I8 tuygt phim “So hoc”
(thé ki TII) cia Diophantus d& duge bict dén &
Virong Quéc Baghdad va dd c6 anh hudng nhit
dinh nao do.

Tror 1én 1a bdi cinh ra doi (khodng 830) cua
chuyén lugn thir hai voi nhan dé “Kitab Al -
djebr van - Mugabala” (nghia la “Phép rut gon
va phép khic ¢ hai vé"). Tén sich ty nd cling
chimg t6 d6 1a chuyén ludn khoa hoc vé phueong
trink. Ban djch Latinh ciia tac phiam nay c6 anh
hudmg rit kim & Chiu Au. Ciing tr ddy thugt
ngit “al - djebr” dugc Latinh héa thanh
“algebra™ vi 44 biit dAu duge sir dyng nhu tir
dbng nghia véi toin by khoa hoc “Pai s0”
(algebra) ma trén thyc té cho dén gitra the ki
XIX Pai s6 khong gi khac hon la khoa hoc vé
phuong trinh.

Vi thori by gi ngudi ta chi thira nhin so duong
(nhur thivi Cé Hy Lap!) nén phép todn rit gon ¢6
¢ nghia hét sirc sdu xa, N6 cho phép ngudi ta
dat duge myc dich 12 ca hai vé cia phuong trinh
déu duong cho dit &n s6 nhén gia trj ndo. Do do,
thue chét caa hai phép todn ndi trén 1a: phép
chuyén cdc s6 hang ctia phieong trinh tir vé nay
sang vé kia va gian wéc cdc 56 hang dong dang.
[I{unnmnthéldhuﬂchni'phépuﬁnnhﬂ
duge Diophantus trinh biy trong tic phim “S6
Moi phuong trinh déu duge Al-Khorezmi dua vé

lyad =t Aad the=c

Da= S’ re=by
1 ;} h =.E-'1'r -JI -I.'I'_:IJ ﬁ}hﬁ:i‘ﬂ‘:m‘. .
trong d6 moi h¢ s6 déu duong v céc 0 hang
chi duge cong va he sb cla Wy thira bic hai la
ﬂﬂﬂ_ﬁngticphimuiaﬂngngu&imﬂﬁy
ba dang phuong trinh 4), 5) v 6) duge dng
Khdo sét ky cing va khio sét riéng biét do cic

Péi voi mdi dang phuong trinh chinh tic Al-
Khorezmi du chi 18 quy tic chung d¢ gidi v

TOAN |
&mﬂﬁﬂ
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ciic quy tic dé ﬂ'lu'l:rng duoe chumg minh h&ﬁg
cle vi du cy thé, ﬁng rit it khi st dyng dai
hrgmg vo ty vi dng viin xem chiing la “nghiém
diéc” (trude thé ki XIM & chau Au ngudi ta vin
g0i cic 5O v6 1y 1d nhimg “sd diéc” (Latinh:
surdus). Bdi véi cic phuong trinh dang 1) Ong
vil céc nha todn hoe khic (cho dén the ki XVII)
déu khong xét nghiém x = 0, |

Do liic biy gitr Al-Khorezmi chua c6 h¢ thong
ki hiéu vi phép tinh chir nén moi tinh todn cua
dng déu duge dién dat bing 1i, ké cd chimg
minh quy tic gidi vi gidi todn. Chiing han, quy
tc gidi va loi gidi cic phuong trinh & dang 5)
x* +¢ = hr duge trinh biy trong hai budc. Budc
diu tién dng thyc hién lién tiép céc phép tinh:

-

31[%1' g3

4“![%;—::; 5_]_-2- " Lbi]:_.cl

E“&fﬁépﬂwﬂﬁngxﬁc lip x=§._

ng; 2][2]:,-

F |
g-] -cla
nghi¢m ctia phwong trinh vi 6ng cling chimg to
h

2
ring x=§+ E] =¢ ciing 14 nghiém. Quy

tic d6 dugc OGng minh hoa trong vi dy
x* +21=10x, ...Phuong phdp gidi ciia éng chi
yéu la biing Dai sb. Néu 1o gidi khong dua
duge vé khai cin dom gian thi éng thuémg sir
dung phuong phép cia Dai s6 - Hinh hoc.
Biing céc phwong phip 86, Al-Khorezmi ¢6 thé
gidi bit cir phuong trinh bjc hai nio dé tim
ld bude tién khong 16 vé phia trude so véi Dai
s6 - Hinh hoc cia ngudi Hy Lap xua. Ong d3
Dl g
dai. - .
Mit khic, trong tic phim “Ngh¢ thudt vi dai
hay I edc quy tic dei 56" (1545) cia min,
chinh G. Cardano (1501-1576) d& ton
“Al-Khorezmi & vi tri th'- tdm trong h"’"ﬂﬂaﬂ
nhimg thién tai vi dai nhdt cia nhén loai™, Ca

. Tartaglia (1500-1557), nh
G.C ':.r-rffu{m :.fa ;":I:]?f; It:.:, ' '[dﬁ gﬂn i vmﬂ-:ﬁ
ngl.:'rff:l'ld}l":ﬂ ;i':;ngiai doan mdi (sau :-'Iulr-ﬁflmre;mﬂ
poie hat trién cla mdn Dai s6 (tim nghigm
ITHS:EHF;E wrinh bic ba dudi dang ciin thirct)
e ;—;.j Al-Khorezmi 13 ngudi sing 13p cia mon

: oA thén trung cO.

E::u::?;, t:@tiE qué hm cﬁuﬂ ,-!_I-H{:_nrﬂm;
Vién Hin 18m khoa hoc Lién l"if' e w-;ﬂ Hin
1im khoa hoc Uzbekistan dong i:::: r.:hm:: Héi nghi
khoa hoc Qubc t& vdi chu de: Ly.{hr{w-: hién dai
vé thugt todn va umg dung. Hl'll&!.l Ehu‘_v:rén gia
hiing diu thé gidi vé logic todan, ly I_hu:,r-.;-,; thugt
todn 43 dén dy. Trong bdo cdo “Fé sw nghigp
sang tao cua Af*-xﬁﬂﬂ?ﬁ'ﬂr', Gido sur ngufﬁ An
li Zemanek & phat biéu: “Chiing 16i muon bay
16 mi e vong ring mﬁr nghin ndm sau nhimg
ai ma phdr hign ra bt ctr nguwdi nao trong
chiing ta, ho & nhin nhdn cdi dege tao ra boi
chiing ta [bdy gic!] vai long tén kinh nh ngay
hém nay ching ta nhin vé Al-Khorezmi va cdc
déng nghiép ciia ong ¢ Phii Tri Tug...”.

Nguai A-Rip hét sire ty hao vé xir sér vi nén
viin héa cia minh, B¢ ld xir x&¢ cia nhimg
“Phién chg Ba Tw'™ huyén do, la xir s& véi
Thanh Baghdad hoa 18, qué huong ciia tuyét
phim “Mér nghin mot dém 1€, mit trong nhimg
di tich tuyét di¢u nhéit ciia séng téc truyén khiu
din gian... Pdng thdi voi 46, ddy ciing 1a kho
khoa hoc hoc ¢6 gid trj ciia ngudi A-Rip cing
zjtﬁlf phim khoa hoc Péng-Tay ma ho s
Phuong Dong, truyén bé sang Chiu Au vi

Al e e bib 1 v che 56 Ampey
i ¢h Bati®) cia Albers -’-.-’_"H’ﬁ'g..;
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Ta d biét cong thirc:

Gy
Trong cdng thirc trén chi sb dudi & vé trdi
khéng dobi, suy nghi tuong by ta thir ngugce lai
cho chi s6 trén khong doi thi thiy:

ﬂ. 'H:.z :CJ
Cl'+C%+C3I=C$

vOF =C,, (k,nel;lsk<n)

C+O+C .+ Cl=CE

G+C3=C
C§+Cz +Cq_ —C3

C1+C'2+{.‘4+ 4+C:=Chy.
Khéng kho dé chimg minh cdc két qud trén.
Tir 46 ta c6 dyr dodn:
G At Ot Clsai =ttt )
(nmell; nzl).
C6 thé chimg minh (*) biing cich cong lién ticp:
C'F"I'EH‘:CHH

CRi+Ca=Crly
C:+3+C u(:""""'i

C.:-r-m ¥ C:::r d.u-uu-iul
Viiy (*) duge chimg minh, &
Ung dung (*) gitp ta gidi mot s6 bai todn sau:
Bai todn 1. Tim s6 nghi¢m ngwén khong dm
ctig phecomg trinh:
Xxytotx,=m wii mnelN;nz2. (1)

Lﬂigf.ﬂ-.i. s Vi n=2 tach: Xj+xy=m.
Xét cac trudmg hop:

n=0=>x=m

n=1=x3=m-1

n=m=x=0.
S6 nghiém I3 Cpy-
« Vi n=3 tacd: x+xp+xy=m.
Xét cic tnudmg hop:
X =0=>x;+X3=m, €O CL.,, nghiém.

x =1=>x; +x3=m-1, 6 C! nghi¢m.

Xj=m=>x; +x3=0, c6 C| nghi¢m.
Viy sb nghiém 1a C} +CL +..+Cp, +Cpuy=Craa-
Tir d6 dy doén: phuong trinh (1) ¢6 s6 nghiém
la Cppy nghiém (2).
Thit viy, ta chimg minh (2) bing quy nap:
Véi n=2,3 tathiy (2) ding.
Gid sir (2) ding véi mneN, n=2, tire li:

X+ Xy ot X, =m €6 Crpyy nghiém.

Ta"c]:i&ng' minh phiromg trinh:

X+ Xy ot Ky +Egyy =m €6 Cpyy , nghi¢m.
Thit viy: xét céc tnuimg hop:
Xyt =0=5X) +3 kX, =, ¢0 Clroby nghiém

Ko =120+ 1+ x,=m=1, €6 Crl, ) nghiém

:Hm;ﬁ:ﬁ +x,=0, cb C:_l'l nghiém.
(Xem ﬁépm 22)
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CAC LOP THCS
Bai T1/516 (Lép 6). Cho

|
(n—=2)!n

—I--+I—+!—+,.,+
113 213 315
trong d6 m!=1.23.n vo1 neN via nz3 Chimg

e |
1o ring A<—.
0 ring --:2
BUI VAN TUYEN
(3308 Dheomg Ngoc Lam, Qugn Long Bién, TP.Ha
Noi)

Bai T2516 (Lép 7). Chimg minh ring sb
a=27.7"+2021 khing thé |a tich cia m sb ty
nhién lién tiép (meN.m=2) v&i moi s6 ty nhién »
chia hét cho 4.

NGUYEN BUC TAN

(TP. Hé Chi Mink)

Bai T3/516. Cho céc s6 dwong a,b,c.d théa min
l+-Ia-|-£-|-%n-n|-, Chimg minh

a b c

+ +:*"4#c’+d’ Jn"ﬂ:’
xﬂ-l-b-l-ﬂd}—'lzfz 'iyl "3 + 5

PHAM VAN TRUONG
(Sink vién lop BK79 - K52, DHBK Ha Ngi)

Bai T4/516. Cho A4BC nhon. Bén ngodi tam
gidc 46 v& AACE déu va AMBD cin cb
ABD=120". Chimg minh riing 4 diém B, C, trung
diém I ciia DE va giao diém F (F+E) cia DE vi

duémg tron ngogi tiép AACE cing thube mit

THAI NHAT PHUQNG
[EFM{EW%MLEMMCHHM
Khdnh Hoa)

llii'l‘ﬂﬁlﬁ,ﬂhﬂdallnh f(x)=x" +bx+c. Chimg
minh ring néu phuong tinh f(x)=x ¢& hai

20 "OMARS_ sssseamo

nghi¢m phin bi¢t vi b -Eﬁ:iadfr th1 phrang
trinh S/ (x)]=x €0 bén nghi¢m phén bigt.
TRAN MANH CUGNG
GV THCS Kim Xa. Vinh Twong, Vinh Phiic)
CAC LOP THPT
Bai T6/516. Cho da thirc /(¥) =3x" +8x+4. Tim
wrong khai trién thanh da thirc cia

(

hé sb cia x'
bicu thirc g[.t]=f{f[f{fl'xl]}}.

NGUYEN TIEN TIEN

(GV THPT Gia Vién B, Ninh Binh)

Bai T7/516. Cho ab.c la ba so thyc diong

<. Satc. bb.. Scta
: + - 29,
Chimg minh ring o e ddD
NGO VAN THAI

(T6 34, pheomg Hoang Digu, TP. Thdi Binh)
Bai T8/516. Cho AABC ndi tiép dudmg tron tim
ﬂaﬁﬁl&mgtﬁnhcécduﬁngmgmyén
AA BB,,CC, lan lugt cit (O) gi 4;,B;,C;. Chimg
Ad, BB GG 4
GA GB GC,
PHAM DUY KHANH
(GV THPT Quy Chdu, Nghé An)

Bai T9/516. Gidi hé phuong trinh
N (I P ——— ::Jxl.+}’1'—%
'y —x' = M&Efym

NGUYEN THANH GIANG
TIEN TGO OLYMPIC TOAN

Bai T10/516. ﬂmdm&ms&nmtﬁp.ﬂﬂ“
cho p’+l13'+l q +l|3’+l

NGUYEN TUAN NGQC
(GV THPT chuyén Tién Giang)

fﬂ-ﬂllhﬁnm;n himaﬁhﬁnmf—

149)= (25 429ty .y

NGUYEN VAN XA
(GVTHPT Yén Phong 2, Bic Nink)

minh ring:




Bai T12/516. Cho hinh binh hinh ABCD c6 goc
BAD nhon. M{t duimg thing d thay d8i luén di
qua B, ciit dogn thing CD tgi M. Puémg thing AM
cit duimg thing BC tai N. BM, DN lin hegn cit
dudmg tron ngoai tiép tam gide CMN ti K, L khic
M, N. Liy cic diém P vi Q sao cho PN = PK,
PNLAD, OM = QL vdi OM L AB.Chimg minh
ring duimg thing PO ludn di qua mdt diém cb
dinh khi duémg thing o thay déi quanh B.
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHOG Ha Ngi)

Bii L1/516. Mt con lic 16 xo dao dgng diong
diéu hoa theo phuong thing dimg véi tin s goc
10 rad/s. Liy méc thé nding & vj tri cin bing cla
viit. Biét riing khi djng nang va thé niing bing

nhau thi 4§ Km cda lye din hdi va the 4 cla vit

lin Tuot 14 1,5 N va 252 cm. Biét 4 cimg cia
16 x0 k < 20 N/m vi g = 10 m/s”. Xéc dinh d§ lon

cure dai cita Iyc din hdi.
VIET CUONG (Ha Ngi)

Bii L2/516. Mot mdy bién dp co sb vong diy
cun thir cip gip 3 Hn cudn so clp. Khi djit vao
hai diu cudn so cip mt dién 4p xoay chiéu cd gid
iri hiéu dyng U thi dién dp hiéu dyng & diu cufn
thir cip & hor 1a 2,5U. Khi kiém tra thi phit hi¢n
c6 mit sb vong diy cufn thir clp bj quin nguge
chidu so v&i da sb cac vong diy cia né. Biét sb
vong diy cudn so clp 14 500 vong. Tinh s6 vong
diy quin nguge cia cudn thi cdp.

THANH LAM (Ha Ngi)




UNG DUNG ...
Viy s6 nghiém la
C:-l-! +*"+C:+ln-2 +c$_'n_1=(.“'m.

Vy sb nghiémcia (1)1 Ca.

(Tiép theo trang 19)

Tuong ti ta ¢6 bai todn

Bai todn 2. Tim 56 nghi¢m nguyén dieomg ciia
phuwemg  trinh XX+ AX=m vai
mneN, 2<n<m.

Bing lp ludn twong ty ta c6 s6 nghiém la

ol

Bii todn 3. (Bai todn chia keo) |

(4 bao nhiéu cach chia 12 cdi keo gidng nhau

cho 4 em bé ma em bé nao ciing c6 keo?
X)X+ X3 +x4=12.

22

problem T11/516. Find all continugys

O diy n=4;m=12.Theo bai toin 2 thi sb

nghiém 1d: Cj,=165.Viy c6 165 cich chia 12
cdi ko cho 4 em bé ma em bé nao ciing b keo.

Chis § ring: Ngoai cich trén c6 thé lam nhu sau:
Xép 12 cdi keo thanh hing ngang, gitra ching
¢6 11 khodng trong. Dt mot cach bét ky 3 vach
vio 3 trong s 11 khoing tréng d6, ta duge mdt
¢dch chia 12 céi keo d6 cho 4 em bé. Viy s6
cdch chia 1a: G\ =165,

Co m cdi keo dom chia cho n em bé

(mneN, 2<n<m), Hosi o bao nhiéu cach chia
S Dkl cimg "hin dege keo? |

L0 g, S8 cich chia keo chinh 1a s nghi¢m

nguyen duong ciia phirong
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Bai T1/512. Tim tat oG cdc 50 ne nhién N hiét
rdng tong tit ca cdc wore 50 ciia N bfiﬂg 2N va rich
rar ca cac were 56 ctia N f}r]"ng N

Léi gidi. Chii ¥ 1) Néu a 14 uée sb cia s0 nguyén
N>1mil<a<NthiN =abvi b cling Ia uoc so
ciaNmid 1 <b<N.

2) Néu @ > 1 1 wéc s6 nho nhét ciia s6 nguyén
N> | thi a I& s6 nguyén t6 vi néu a la hop so thi
a=hcviiudbesbbciaathbaminl <bh<avab
la wére 56 ciia N, tréi gia thiét

3) Khi néi dén 6 cic udc sé cia mét s ta phai
hiéu d6 I cic wic phin biét.

Trér lai bai todn. Ta khong xét sé N = 0.vi 50 0 cb
v han uéc sé. S6 N khic 1 vi thng tit ci ciic udre
sécia N =1 bing 1, khic 2N =2. X4 N> 1.

« Néu N c6 ding hai uéc sb thi uée sb nho hon N
ld 1 va N 14 s& nguyén tb, tich tit ci céc ude so
cia Nbing N = LN = N, suy a N = |, trdi gid
thiét N> 1.

« Néu N ¢6 ding ba u6c s6, goi a 1a uoc sb nho
nhit ciia N ma 1 < a < N thi a 1 s6 nguyén tb vi
N = ab, Do N chi ¢6 diing 3 wéc sb nén wie so
b=avaN =a. Tich tt ci cic uéce sb ciia N bing
@ =laN =N =g suymaa = |, trii gia thiét
a>l.

» Néu N c6 ding bén woe sb, goi a 14 ude sb nho
nhiit cia N'mia 1 < a < N thi a 1 s nguyén t6, N =

ab va b cling 14 uéc sb cia N'ma nhdé hon N(néu b

= a thi N c6 diing ba wée s6), lic d6 1 <a< b=
N. Tong tit cd clic udc s6 cia N bing | +a+b+
ab=1+a+b+N=2N=2ab mrm1+}a+ﬁ-

ab, nén ab - a— b+l-2,dntlﬁa[b 1)- ib—;l_

=2, dindén (a-1)(b—-1)=2,suyraa—1=1
b-1=2ticlia=2vab=3,licdo N =ab=6
vl tong tit cd cdc woc sb ciia Nbing 1 +2+ 3 +6

= 12 = 2.6, Tich tit ci cic uée sb cia N bing
1.2.3.6 = 36 = 6, thda miin yéu ciu dé bai.
« Néu N ¢6 nhiéu hom bén udc sb, goi a 1a wde 50
nhé nhét cia N (@=1) vé vi ¢ Ia wée sb 1ém nhit
ctia N (¢ = N)thi ton tai it nhit mit udc 50 b thoa
min 1 <a@a<b<ec<N.Tidbé N = ad, do a li woc
sé nhé nhit ciia N thi d 14 wée sé 1ém nhét cia N
nén d = ¢ va N = ac, Lic d6 tich tdt ci cdc udc sO
cia N bing a’c* = N = Lab..c.N = abcac =
a'c’b,suyrab = 1, réi gia thiét b> a> 1.
Viy bai todn c6 mit nghiém la N = 6.
Nhin xét. Nhiéu ban cho dép sb ding nhung Iip
ludn dé bii todn ¢ dimg mot nghiém thi chua chiit
ché, hojc qué dai (vi chua khai thic tinh chit udc sb
nho nhit, wée 6 1m nhit cia N). Céc ban sau ¢ I
gidi ding: Vinh Phie: Nguyén Huy Hodang Som,
6A2, THCS Yén Lac, Yén Lac; Ha Nji: Hoang
Tudn Anh, 6T, THPT Luong Thé Vinh; Quéng Trj:
Vé Neguyén Thang, 6A, THCS Trmg Vuong, TP.
Dong Ha; Séc Triing: Lé Ngpe Xudn Tho, 6A3,
THCS Ké An, Ké Sach,

NGUYEN VIET HAI

Bai T2/512. Cho a.b.c la cde 56 e nhién thoa
mdn U0 F Chimg minh rdng
20196 — 2020a
2019¢ — 20206
Léi gigi, Trude hét ta thiy khi a=b=c=0 thi

20194 — 2020a :
biéu thirc ~019¢ —20705 X1one xéc dinh, cho

nén bai toan cin thém diéu kién 1a a, b, ¢ 13 céc sb
nguyén duong. Sau diy I 1oi gidi cia nhiéu ban.

a b e .
—=—=—==k>0, khi dé ch
e 35557

> L

a=3k,b=Sk,c=Tk. Tacd:
2019 —2020a _ 2019.5k — 2020.3k
2019¢ — 20206  2019.7k — 2020.5k
_ 4035k _ 4035

. 4033k 4033
m oo ban sau diy co 1o gidi ding: Ha
Niji: Hoang Tudn Anh, 6T THCS Luong Thé Vinh,
Ngé Uyén Nhi, TAS, THCS Phuong Liét, Thanh

ssomeam "PGAEE 23
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Xudn, Didng Gla Khoa, 6M1. Truwdmg PT lién ciip L&
Quy Bédn, Q. Nam Tir Liém; HA Tinh: Trdn Minh
Hodng, TE, THCS Nguyén Trai, Nghi Xuén; Hung
Yén: Lé Tuan Nghia, 7C, THCS Poan Thi Biém,
Yén M9, Ngwvén Tudn Hai, 7B, THCS Nguyén Tit
Théanh, TP. Hung Yén; Ngh¢ An: Hé Pheomg Lé,
TA, THCS Hb Xuln Huomg, Quinh Ly, Ngwyén
Canh Nam Khdnh, Trin Nam Khdnh, Lé Vin Quang
Hiéu, Lé Van Hai Phi, Nguyén Hdng Nga, 7D,
Vinmg Viét Ligmg, Nguyén Van Manh, TA, Nguyén
Déng Quang, Nguvén Hai Triéu, 6B, THCS Ly Nhit
Quang, B6 Luong; Phi Thy: D6 Ngpe Tién, TA3,
THSC Lém Thao, Lim Thao; Qudng Ngii: Vo Him
Thanh Thdéo, 6B, THCS Pham Vin Bdng, Hinh
Phuwdc, Nghia Hinh; Séc Triing: Negwvén Anh Thi,
TA1, THCS K€ An, Ké Sich; Thai Nguyén: Ping
Hodng Minh Dao, 6A4, THCS Nguyén Du, Trin
Quang Khéi, 6A5, THCS Chu Vin An, TP. Théi
Nguyén; Thanh Héa: Nguyén Viét Quang Anh, TH,
THCS Trin Mai Ninh, TP. Thanh Hoéa, Nguyén
Hoding Long, TB, L& Phii Quang, 7D, THCS Nhit B4
$9, Bit Son, Hoing Héa; Vinh Phic: Ta Khde
Humg, Nguvén Duy Thanh, Hoamg Minh Hiéu,
Nguyén Huy Hodng Som, Nguyén Minh Huy, Phing
Thu Thily, Nguyén Mink Qudn, 6A2 THCS Yén Lac,
Yén Lac.

v BINH HOA

Bii T3/512. Gidi iné phicomg trink
X =2z-1
Yy =xz
£ =2y—1
X =2241=0
2y =20z =0 .
22 —4y+2=0
Cong theo vé céc phuong trinh, ta duge :
{xt_ln+:l)+2[)’l—1]'+|]+(f_11-_;.1}:“
ﬂ{x-1f+1{y_t}! +lz=1) =0
ox=y=z=L
Thi lgi, x=y=2=1 théa man hé phuong trink
ﬂ'ﬂhsiliu'hii. vﬂ'hﬁﬁmmmu
) .
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Nign xét. CO (hé gidi bii todn bing cich khic nhy

sau: Tir cc phuong trinh

at:=::_‘1:p-:gl_‘ },:‘:.I_‘
2 =2y-1 2 Z
két hop véi PT thir hai y=x=x>0.

Tach: 2z=x +122¥=22X
1_}"--::‘1 +1>2z=>y212,

suy ra }-E:Ex}ﬂ':‘*}"' > xz. Diu ding thir Xdy

ra khi vi chi khi x=y=z=l Do 46 phuong trink
thir bai trong h: ' =& x=y=2=1: thia
mdn h¢ phuwong trinh.

Mot sb ban gidi cich nay nhung khing chimg minh
x,y,z li cic sb duong nén Wr y =z > x suyra
' > %= 14 khong chiit ché. Céc ban sau dy c6 bii
gidi tor:
Quing Trj: Nguyén Anh Qudn, 8D, THCS Trin
Hung Dao, Cam L§; Ha Tinh: Trdn Mink Hodng,
7E, THCS Nguyén Trii, Nghi Xuin; Ngh§ An: Ho
Phiomg Lé, TA, THCS Ho Xuin Huomg, Quimh
Luu; Ha N§i: Lé Nepe Timg, 9A, THCS Nguyén
Tryc, Thanh Oai; Hung Yén: Lé Twin Nghia, 7C,
THCS Dodn Thj Biém, Yén M.
NGUYEN ANH DUNG
Bai T4/512. Cho tam gide nhon ABC, ké cdc
dwing cao CH, BK (H, K ldn hegt ném trén AB va
AC). Trén tia CH ldy diém P, trén tia BK ldy diém
¥ sao cho goc PAQ =90". Ké AM vudng goc vdi
PQ (M nim trén PO). Ching minh ring MB
vuong goc vai MC,
L gidi. Ta co: _
* AMP=AHP=90" nén tir gise AMHP Ia tir
mkﬁﬁlﬁép.mjm M‘fﬂ':,{.ﬂﬂ!ﬂ- (1).




Tir (1), (2) va (3) suy ra MHC = MKA , nén dén

ur gide HMKC 14 tir gidc ndi tiép.

Lai ¢6, BHC = BKC =90° nén tir gidc BCKH 1

wr gidc ndi tiép. Viy B, C, K, M, H thujc duimg

trn dudmg kinh BC.

Do d6 BMC =90°, hay BM L CM.

Nhin xét. 1) C6 thé chimg minh AAMC ~AQMB, tu

d6 suy ra BM L CM.

2) Cic bgn sau diy o6 J0n gidi toe

Phis Tho: Ngupén Pham Thanh Nga, 9A3, THCS Liam

Thao: Ha Njiz: Newoén Eric Mink, 8A, THFT chuyén

Hi Noi - Amsterdam; Lé Ngoe Timg, 9A, THCS

7Al, THCS K& An, Ké Sich; Ngh§ An: Pham Trung

Kién, 9A1, THCS Nghi Huong, Cim Lo; Quing Tri:

Niguyén Anh Qudn, 8D, THCS Trin Hung Dgo, Cam L§.
NGUYEN THANH HONG

Bii T5/512. Cho ba so cheomg a, b, ¢ théa mdn
ab + be + ca = 8. Tim gid trj nho nhat ciia biéu
2Na+b¥b+clc+a)
(@+btc)
Léi gidi. Tit ca cdc bit ding thic duge ding
trong bii todn nay 1 bit ding thirc Cauchy cho
hai 0 thyrc dwong. Ta c6:
o (a+b+clab+be+ca)=(a+b){b+c)c+a)+abe
— (a+ b)b +cNe + a)+abafbe.Jca

a=+h b+¢c c+a
P e

thire P=3d +b +J)+

<(a+bXb+clc+a)+

=§{a+b][b+c}[c+a}

=%a+b)b+cNo+a)=8(a+b+cNab+be+ca)

. =064(a+b+c).

oYd +b +c') o |

=d’ b +¢* +(a" +5) + (b +) (e +a')
>a +b +¢1+M+W{§q;#¢ﬂ: a
- T bt

23(ab+be+ca)=24. |

e

Sir dyng céc bt ding thirc trén ta nhiin dirges
L gty 2akb)b+eXe +a)
P=3a" +b +)+ (a+b+ey

T +3.{H{u—l;b+r}
E:‘{.ﬂ +h +L } {-E.I‘|"It-'l'+f'|b

192
Ya' +b +¢7)

>(a* +b +¢ )+16 +

P b e ) S tie
=T bt

. i 32.
3_3'2”|{|:: +b 4o }.“,H],ﬂ_1 +16=28 +16 =
P=11l&e u=b=r=—1—§£. Viy minP = 32.
Nhin xét. Dy 1 bii toin biit ding thirc dang co
bin, khong qué kho, cic ban hoc sinh sau c6 1 gidi
ding: Phi The: Phing Ddng Dwong, Lwong Minh
Hiéu. 9C, THCS Vin Lang, TP. Vi§t Tri; Vinh
Phiic: Ta Kim Nam Tudn, 8A2, THCS Yén Lge, Yén
Lac: Ha Noi: Lé Ngoc Ting, 9A, THCS Nguyén
Tryc, Thanh Oai; Hai Phong: Tran Trung Phic,
8A4, THCS Ngd Gia Ty, Hong Bang: Thanh Héa:
Nguyén Viét Quang Anh, TH, THCS Trin Mai Ninh,
TP. Thanh Hoéa; Ngh¢ An: Nguyén Cong Anm, 8C,
Pham Van Quyén, 9A, THCS Ly Nhjt Quang, DO
Luong, Pham Ngoe Trinh, 9B, THCS H& Xuin
Huromg, Qunh Luu; Quéng Trj: Nguyén Anh Qudn,
D, THCS Trin Humg Pao, Cam L§; Séc Tring:
Nauyén Anh Thie, TAI, THCS Ké An, Lé Ho Trong
Tin, 8A8, THCS Ké Sich, Ké Sich; Cin The:
Neuyén Duy Khang, 8AS, THCS An Hoa, Lién Trdn
Huy Hoang, 8A3, THCS Luong Thé Vinh, Thdn
Kiéu Trang, 9A3, THCS An Khanh. Ninh Kiéu,
Nguyén Phan Minh Tién, 8A2, THCS An Théi, Binh

y Eoasieil NGUYEN MINH BUC
Bai T6/512. Cho ba 56 thue dieomg %, . = thoa
man x =z, Tim gid trj nho nhat cua biéu thirc
T TS A e S

Fleese oy rirtaed
g S R et

Léi gidi. %ﬁ;‘ﬂ'l@ﬂnﬂﬂlﬁmmP

dugeviétthinh P=—2— + —E—4——+1.
B I, i
: = y = 4

ai:-:}’i_,-.-.m b (ab>0) hi T=ab viab> 1.

J.é-“l'i" SR et can ke WX 1w

e Pt ety 2l e

1+£+1+'a‘ 1+ab
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a b I
=| —— [ ——+1]- o)
144 ] |+;;1-’+-I+ﬂb
1 | I
= +.’:'I[ - ‘-a -1
(a +]|+a+1~:-b 1+ ab

Tir BBT (X —Y)' >0 va véi X > 0, ¥ > 0 dé
dang suy ra hai BDT sau:
o (X+Y)'
gl M) XY <A1 (*¥)
X Y X+Y © g 4 [
dau biing xay ra khi X = Y.
Ap dung BDT (*) va (**) ta cé:

4 I

+ - — |
a+b4+2 (a4 b)Yy
l+—~

2

P>(a+b+1).

_4{:+I}+ 4
14+2 44

va 1>2Jab =1‘/E >2 (vix=2).
=

Cédch 1. Nhin thiy
o U2 NPE, Sy S ()
1+2 44 .2 20420F +4)"

nhl{r+l]+ 4 }_‘{ .
(42 :‘+4“1m

—1 (1), rong 46 r=a + b

Tir (1) va (2) suy ra PE%.Binglhﬁcﬂymkhi
i=lvig=bsuyma=b=]ticli x=y=z

Viy mEnP=§.

v

Céch 2. Xét bam sb fay='T1, !
T R e
t 2

(t+27  (F+ay
_ =2V (" +2+4)

(r+2¥(F + 47
v6i moi £> 2 nén A1) ddng bién trén [2; + 00),

Viviy f(n) = fi:'21=-% nén Pad-.-; —1= %;

122, Tach: ['(1)=

2. i

5 5
.FT-E:—r = L. i = =
z#r 2. Viy min P T

Nhin xét. 1) Rt nhiéu ban tham gia gidi bii va déy
theo mdt trong hai cich trén. Tuy nhién, ¢6 trwmg

26 "ioge_sésuesm

hop céc bii ¢o bii gidi giong nhau thi khing duge
tinh diém. :
7) Tuyén duong cdic ban sau co Il
Ha N{i: Nguyén Xudn Ting, 10 Todan, THPT chuyén
KHTN, PHQG Ha Nji; Quang Tri: Nguyen .-hij;
Oudn, 8D, THCS Trin Humg Dao, Cam L&; Nguyén
Hiu Hodang Long. 10 Toan, THPT chuyén L& Quy
Pon; Séc Trang: Nauyén e The, 10AIT, Léim
Khdnh Hoa, 11A2T, THPT chuyén Nguyén Thj
Minh Khai: Cin The: Tran Kiéu Trang, 9A3, THCS
An Khinh, Ninh Kiéu, Phan Trung Dic, 11 Ay,
THPT chuyén Ly Ty Trong; Quing Binh: Lé Dy
Hanh, Lé Hong Anh, 10 Todn 2, THPT chuyén Vi
Nguyén Gidp; Ddng Thip: Nguyén Thién Ly, 10T},
THPT Nguyén Quang Diéu, Cao Linh; Bac Liéy:
Dé Vin Duomg, 12CA, THPT Trdn Vin Bay, Phude
Long: Ha Tinh: Lé Phan Vigi Cuwcng, 10T, THPT
chuyén Ha Tinh; Binh Djnh: Nguyén Huy Hodng,
10T, THPT chuyén Lé Quy Pdn.

PHAM TH] BACH NGOC

Bai T7/512. Tim nghi¢m nguyén dinong ctia

S S e (1)
1 X
Lai giai. (Cia ban Ngé Van Minh Thing, 12 Todn
L, THPT chuyén Nguyén Hué, Ha Ngi) Ta cé:

gidi tot:

2
(1) = [um 3TW+ 4sin§1] =X x50
- o

P B L I . 2nY ir
sin +4W‘5—-5in—1 = - P\
- 3 % xcos = (2).

Bé cho gon, djit -E-=r. Tacé: 2VT(2)=

= 21sin’3r 4 8sin3cos 3 sin 21+ 16cos? rsin 2
= (1-c086¢) + 8sin 6rsin 2 +8(1+- cos 61)(1— cos4)
=(1-c0s6¢)+4(cosds m&}+s{l+un&]{l—ﬁér

*28inzeos8r + 2sincos100)

i el i g bl o



*——

il T o - GOk el N R T

Lol B B

)

1 ) : : . :
. ————(sin3r —=sinf 4 sin 5¢ — sin 3 +sin
2sinf
— %in 5¢ + sin 9 — sin 7t + sinl 1f — s 97)

sinllr |

| D
== sinllf—smnf)= - =. Vi
:,-.im{ } 2sint 2 3
13}¢:L}+I!m¢m—25“3“1+2--—.r[l+msﬁr}

s

& (11— x)cos’ = =
i

sin —

x

Nhjn xét: x =11 14 nghi¢m clia (3).

¥ ét him s Jl'rl.'Jrlt=t£mEE +4si:1!—:~—--,,lr,;,
v
Ir =

pé mngg et nghia thi === =+ kx (k €2)
X

e xxdb [du.rEN'}.
Xét ciic tnrimg hop:
) =1: V(1) = tan3r +dsin 2z =0.< J1 = VP(D).

1]1:3:W[l}=tm:r+4ﬂ?1-1—:=1ﬁ} 3 =VP(l).

Viy (1) khéng c6 nghiém nguyén 0 < x < 3.
Lk X

Néu >4 thi 0<—<—. Suyra 0<—=<—.
x 4 xS ol

In gx 2x 1
e —— " — —— - {ﬂ-
A R

X
Him s§ y= f(x)nghich bien chjit khi x=4.
Ching 15 phucng frioh () =0 <0 duy. shi
w ;ﬁt_l-n Cky ‘:. E ek,
Wi i) ol SR
3= I

vii nhiéu diing thirc thi vi khdc c6 thé xem trong

[1] Victor H. Moll, An elemgtary trigonometry
equation, The College Mathematics Journal, Vol. 39,
No. 5 (Nov., 2008), pp. 395-399,

Feal g (g ot =

2) Ngodi ban Thing, .,;H,, ban sau Ldﬁ:.' ch lin g
ding: Binh Dinh: Nguyén Huy Hoang, 10T, TH.I:T
chuyén L& Quy pén; Hung Yén: Cao ﬁwng Hiéu,
11A], THPT Duong Quang Ham, Vin Giang.

TA DUY PHUQNG

Bii T8/512. Cho fam gide ABC nol tiép dinimg
from (O), ngogt tiep dwimg ton (). Goi M la
trung diém canh BC, X la diém chinh gitta cung
HT:’. g dheeng tron (0), P, { ldn hegrt 1a hinh
chidu vuomg goc cua M trén Cl, Bl. Chimg minh
rdng XT L PE.

Léni gigi.  Goi H, K theo thir ty 14 hinh chiéu cia

s e 1]
Ytrén BI, CI. Tacd MKC =M!'C=EB.4C (1)

Mt khic KIB = IBC +ICB
=l[m+ﬁ)=w“-lﬁ ).
2 2
Tir (1) va (2) suy ra:
MKC + KIB=90"
=Bl 1 MK, mai
BILMQ nén ba
diém M, Q. K thing
twong ty cé ba diém B
M, P, H thing hang.
Khi d6 KPQ=KHQ = KHI = KXI
(do cédc tir gide POKH, XKIH 1a tir gidc ndi tiép).
Tir 46 d& suy ra X7 L PQ.
Nhin xét, Cling c6 thé giai bi toén nay theo huémg:
Goi D, E ldn hegt 1 giao diém ciia BI véri AC, CI vii
AB. Chi ra PQ / DE, sau 6 chimg 16 ring X1 la
dhaimg trung tryc ciia dogn thing DE. Céc ban sau
¢ lin gidi gon hon ca: {2
Vinh Phie: Trin Ank Dieomg, 10A1, THPT chuyén
Vinh Phic; Biie Ninh: Nguyén Tdr Dat, 10Al,
THPT Yén Phong sb 1, Yén Phong, Ha Tinh:
Neuvén Thi Ha Chi, 10 Tonl, THPT chuyén Ha
Tinh, TP, Ha Tinh; Quang Binh: £Xing Hoang Duy,
10 Todn 1, THPT chuyén VO Nguyén Giap, TP.
Ding Héi; Quing Tri; Nguyén Anh Qudn, 8D,
THCS Trin Hung Dgo, Cam L3, Nguyén Hir
Hoang Long, Ngé Hoang Thanh Dgt, 10 Todn,

ssomosm Vs 27




THPT chuyén Lé Quy Pon, TP. Pong Hi; Pong
Thip: Nguyén Tric Nhue Binh, 11T, THPT chuyén
Nguyén Quang Diéu; Binh Djnh: Nguyén Huy
Hodng, 10T, THPT chuyén Lé Quy Don; Phi Yén:
Ngwwén Thanh Phic, 11 Todn 1, THPT chuyén
Luong Vin Chénh; Séc Triing: Lim Khdinh Hoa,
| LA2T, THPT chuyén Nguyén Thj Minh Khai; Cn
The: Phan Trung Diec, 11A1, THPT chuyén Ly Ty
Trong, TP. Cin Tho; TP. H& Chi Minh: Nguyén
Phiic Thinh, 11CT1, THPT chuyén Lé Hong Phong.

HO QUANG VINH
Bai T9/512. Cho tam gidc ABC co dign tich S va
cdc canh BC=a, CA=b, AB=c. Gidi ne

phuromg trink a'x+b'y+elz=4§ (1)

xy+ 4= (2)
Lén gidi. (Theo da sd cdc ban)
T2 acd:z(x+y)=1-xy,suyrax+y#0.
45 —a'x— by
. & = 1 [3]
Viét lai ¢ dudi dang ] 3 :
~xy
z= 4
X+y S
Tir (3) vi. (4) sy ra: 45 —a'x—b'y !H.ty
Fos x4y

@ @S—ax—by)x+y)=c'(1-x)
Sax 4@ +b - )y— 45k

+b'y 48y +¢* =0 ().

Sir dyng cong thirc e s
@ +b —¢' =2abeosC=cotCx2absinC=4ScotC..
mxétm:hﬁilh:gphtmguﬁhbﬁlﬁihﬁr”
a‘f+ﬁ[ymﬂ-l}.t+b’f—4.ﬁ:+c’ =0 (6)
¢d nghiém nén e |
A’ =4S (yeotC— 1y’ - a’{bif-dﬂﬁc’}}ﬂ
wfn’b’ 457 cot’ ) +(857 cotC — 4a’$)y
L edte —48% <0 (7).
'I‘heudinhﬁhﬂms&amﬂﬁhlﬂ

a’t’ - 43' #ﬂt.f-"i:—*ﬁ’ﬂﬂﬁﬂFw

 welelrtl
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1.1 _ 451 —_—-—45 —45* =45" cot” B,
sin” B

35" Eﬂlf-"dﬂ'g = 45{‘35{3(}({-—- ﬂ"}
a +h -
/4

— —85% cot B.
Thé céc gid trj trén vio (7) ta thu duge:
45%y* —8yS° cot B+ 45 cot” B<0

:._43 —ﬂ:]=—15{ﬂ:+-ﬂ': __'bl}

& 45% (v —cotB) <0.
Suy ra y=cotB. Hodn vj vai tro x, y, z, ta thy
duge x=cotd v z=cotC.

Thir lai, @ thiy nghiém
(x, ¥,2) = (cot A,cot B,cot C) thoa méin,
Két lugn. Bai todn c6  nghiém duy nhit

(x,¥,2) = (cot A,cot B,cotC).

Nhin xét. C6 nhiéu 161 gidi gii dén tda sogn d4 sir
dung cic BDT cb dién AM-GM (BDT Cauchy) vi
BDT Schwarz. Tuy nhién, céc ban chira xét chi tié
diéu kién nromg {mg dé diu diing thirc xdy ra nén két
. b podi= -
h"ﬁn ¢m . s === L] ﬂ
it (5,0~ e, | g
diing. Céc ban sau dily 6 10 gidi ding: Pgng Duy
Hu, 11A1, THPT Duong Quing Ham, Humg Yén ;
Ngé Quic Bao, 109, THPT Nguyén Dinh Chiéu,
Bén Tre.
Hﬁuvﬁuvﬁ.ﬂuw
Bal TI0/512. Chimg minh ring véi moi sd

ngnyencﬁmrrgn thi ta luén ¢ n vg 2° +1 !&W

56 nguyén 16 clng nhau,

Trute hét ta chimg minh nhin xét sau. cﬁ;}f’
6 nguyén 16. Néu p|2% 11 g =1(mod2*).
Thét viy p|2 +1suyraplé. Tacé: e

2¥ +| = 0(mod p)=2%'= ~|(mod p)
:’1 E’]{IMPJ. bl s

Goi h=ord_ P2ttt bz g —<nih
Gia sy ac:u-H:bﬁ]E':pz"El{mndﬁhm
2* =L (004 2k 230 (msod p s g ""“

o A




thuln. Viy s =n+ 1 tic la h= 2**! Lai ¢ theo
dinh ly Fermat nhd thi 2° ' =1 {mod p). Suy ra
h|p—1=+p=l(modh)=p=I (mod2™"").
Trér lai bdi todn, gid st p|2* +1. Theo nhin x&t
win p=1 (mod2"")nén p=2"""k+1 (keN).
Do 46 p=2""k+1>2"">(1+1) 21+n>n.
Viy p khong 14 uic cia n. Bai todn dugc gidi
xOng.
Nhin xét. Cic ban tham gia gidi déu cd 1o gidi
dungw{ncicc:&chgmkhhnhau.ﬂéchanmucﬁ
\ori gidi tot: Vinh Phiic: Trdn Anh Diomg, 10A1,
THPT chuyén Vinh Phiic; Ha Tinh: Phan Thanh
Tin, Luu Ngdn Ha , 10 Toanl, THPT chuyén Hi
Tinh, TP. Ha Tinh; Quing Binh: Ddng Hoang
Duy, 10 Todn 1, THPT chuyén V3 Nguyén Gidp,
TP. Déng Héi; Thira Thién Hué: Nguyén Duy
Phec, 11 Todin 1, THPT chuyén Quéc hoc Hué,
TP. Hué; Ba Rja - Viing Tau: Phan Trung Kién,
10T1, THPT chuyén L& Quy Ddn, TP. Viing Tiu.
PANG HUNG THANG

Bl T11/512. Cho cde day 5o (x,),(v,) dinge xdc
dinh heit L =3x, =17, =4y, =24
Eysa s OFest = Saidous =6y,,, — V. (n=1).
M minh réing khing co so Im.rré, nao il Cac
ddy so (x ) (v )a lgp pheomg ctia  mil 30
nguyeén.
Lai gigi. Cich 1. B&nsphﬂmlsphﬁpwnw!ﬂ
chimg minh duge: x, _;_lac.icsﬁng'uy&n. X, Hl
sOle, x. >x >3y, >y 24 ‘li"nEH' C'EII_F,
bing phuong phip quy nap a chimg minh dug:
By =35, 4 2 Yoy = 4%, 4 3y, V0 E{% £
Suy ra: Z-’E:..: }":..: =‘2¥: yz‘#’nEH m'ﬁﬁ
2x} -y =2,¥neN.
-Gﬂﬁ#t&llﬂiﬁwmnﬂ'ﬁmﬂ

ssocho y, =a’. Suyraa22vh
2} -a' =2. Dndﬁaliaéqﬁ_avnﬁnm

ﬂnmﬂnbmmﬂ.mﬁg 7
I] 32&‘-]:}{;.._ rﬂu‘ﬁ

ﬂ"'-!..l

Tacé: (x, —kx, +1)=2.

THI:TﬁntaicécﬁﬁnguyEﬂduungc.dsnuchu:
x_-1=zc‘:x_+l=16d'¢-1ﬁd‘mzc‘=.,

=&d" —c" -—l==-{1dj-c:]{4d"+2f=d=+c'}=l.

dity 14 didu vo 1y.
TH2: Tén tai chc sO nguyén duong d sao cho:

x, —1=16¢",x, +1=2d"=2d" ~16c" =2
= d® = 8c" =1
o (d® —20Wd + 280 4 4ct) =1.diy 12 didu
vd 1. Vay khang 6 s6 hang nio clia day s0 (¥,)

li 1ip phuong cda m:ilt 50 nguyén.
o Gid sir thn tai 6 nguyén duong m vi s6 nguyén

k sao cho " =K' =>k>2va k la 86 & Do 46
2k —2=y.. Suyra ¥, 14 s& chiin. vy ton tai s6
nguyén h sao cho ¥, =2h. Vi y, 24 nén h=2.
Ta cd: 24t — 2=yl =4 & k* —=1=2h
& (B =)k + & +D =2k
Goi ¢ 1d uéc chung 1ém nhit cua k*—1 va
B 4+ k' 41 thi r=1holicr=3.
TH1: £= 1. Khi d6 tn tai cdc sb nguyén dwong p,
gsaocho K —1=2p", k' +&° +1=g" hojc ton
mmﬁngnyhdangmqmdmk‘*l—p’-
K+ K +1=24". | |
ﬂéut*;t—p’mitnp){k p}—l vo Iy.
Nﬁlfi+k*+luq thi
(k’+t+1]{k"k+1] =4

wP+t+1 vd K —k+1 wﬁm.ﬁm
n&tﬂnqi"ﬁﬁ'ﬁﬁgﬁi‘hdmngr.:mﬂhﬂ
B ak+1=r, F n-+1-;1 sug.rm

':'“ 3=@k+14200r - 2% 1), V1.

TH2: (=3, Khi 06 thn tai céc s6 nguyén duong p,
g sao cho k¥ —1=6p, k' +k*+1=3¢". Suyra
(K +k+ 1)K —k+D=3q". _

Vi k* +k+1 va k* —k+1 nguyén t6 ciing nhau
nén tdn tgi cdc s& nguyén duomg r, 5 sao cho

-..um: 29




K =k +1=3r k* +k+1=5 hojic thn tgi cic
86 nguyén dwomg r, s sa0 cho
B —k+1=r B +k+1=35

Néu k* +k +1= 5 thi
(25 + 2k +IN2s — 2k - 1) =13, vO ly.
Néu k* —k+1=+" thi
(2r+2k=1)2r=2k+1)=3, vily.
Viy khong cd s6 hang ndo ciia diy so (x,)1a lip
phurong ciia mdt s6 nguyén.
Két lugn: Khong c6 sb hang ndo cla cic diy sb
(x,),(»,) 14 lip phwong ciia mt s6 nguyén.
Cdch 2. Xé1 diy sb (x), tacé:
+ X

ra-]'

X

II-: =ﬁ'r-|+| = x. - =ﬁ

. H_.+J.'_=1._E+.r__.
'Iqlil ‘l'l
Koy~ = =R — X =8,
Thay x,,, = fix, , —x, vio két qui trén ta dugc:
{ﬁx.tl_x-.’x:"-‘fu=3
“’-‘:ﬂ'-mﬂi'l'x:"'s:u (1)

RS ring (x,) 1& diy s nguyén véi moi #> 1 nén
PT(1) dn x,,, phai c6 nghi¢m nguyén hay biét s
A’ phai 4 s& chinh phuong, tirc 1a:

A=92 —(Z+8)=F (1) keZ"
Tathdy VT(1): 8= k*:8= k! 4. Dtk =4/ véil
nguyén duong = x7 —1=2" (2),/eZ* ,n>1.

E"&W"‘i’ﬁ“ﬁ%'—'ﬂ‘ (€= ly..,m) v6i

ala s6 nguyén duong. Thay vio (2) ta c6:
"“lhzﬂmafEE*

‘Bdly gib ta chi cin minh

nghiém nguyén. ﬂmf'l{;}mz

ﬂﬂ%m}&mrﬁfﬂ.ﬁgw; :

Sl —I=F#{ﬂ*—'—]ﬁ’-ﬂﬂ-§ﬁ cinge

08 o trimg hov: - % 5

=&IH_.I' —.r:H =X,

="l Ls 43

a-=1=2 a=l=l

J =1=1
EH:&H‘* @ 1=1 @ 4 1=2

Ta thiy cdc b wén khong c6 nghiém nguye,
(a, I Viy moi sb hang cia day (x.)
khong la 1ap phurom ciia mt sO ngu:rlf‘cn
[im twong 4y, ta cing thiy moi 0 hang cia day
(y,)ciing khong 14 1gp phuong cua mjt gf
.
:’il;f.rﬁ. Dy la bai todn hay vii kho. Chi b duy
nhdt ban Ldm Khdnh Hoa, 11A2T, THPT chuygy
Nguyén Thj Minh Khai, Séc Tring cd 101 gidi ding
Lo gidi & céch | 14 coa ban Trdn Xudn Ddng, tic gig
4% todn va & cich 2 14 cia ban Lam Khdnh Hoa.
TRAN HUU NAM

Bii T12/512. Cho tam gige ABC vuong tai A njj

ticp dwomg tron (0). A déi xieng véri A qua O, p

16 hinh chiéw viedng goc ctia .--I‘r trén duwomg #Hng

triee clia BC. Goi H, Hy, H. lan hept la triee tim

cdc tam gide APA',BPA',CPA".  Chimg minh

rdng dheomg tron (HHWH) tiép xtic vai (0),

Léi gidi. Ta cin c6 mjt bd aé. !

B& a&. Néu (TA,TB) = (CA,CT)+(DT,DB)(modn)

thi cdc dwomg tron (TAC), (TBD) tiép xic vii

nhau tai T, '

Phépﬂhwsmnhh&déuhrﬁidmmwﬂqgrg

trinh by & diy, .

Tra lai gidi bai todn T12. A

o e it i e 4P 3 (O DI
e T giao diém cia P, va A0, ABac .

(P) 1 duimg tron tim P ban kinh PB = pC: JL'

heo thi 1y 1 iao diém this hai i (P) v che

mmM{@Q}. 1l ke

DE thiy: BE = B4 | py. *

durong

g PR o = B el B =1

B . N .



r——-—_

H,PLBA;BA' L BAHBLA'PAPL AH,. Do do EH, — SP,EPIIH,S. Tuomg W
FH. = RP;FFferﬂ.
Viy, chi ¥ ring SP=RP, suy T
EH, = FH_EPI/ HS;FPl! H_R (8).
'ri:{3]ﬁ[4],=hﬁ§rringa.ﬂmmmmamlunh
4bi ximg cia C, CH, qua OP, suy ra
(EH,,EF)= (EH,,EP)= (BH,,BFP)
=(CP,CH ) (mod )

E[FF'.FHJEIFE.FHL.]E—[.FHH.FEHHDGE} (9).
Tir (8) vi (9) suy ra E, F, H, Hc la bén dinh cla
mot hinh thang cin (EF//H,H, = H,S) (10).
Tw () va  (10), chd ¥ ring
BE=AB 1 A'B;BH, L A'P, suyrma
(H,H,.H,P)= (PE,PH,)= (BE,BH,)

E{A'B,A'P}E-{A'P.A‘B]{mdﬂ (11).
Tir (6) va (11) suy ra cic tam gidc PHyH,, A'BC
déng dang nguge hudng (12). DE thiy

AE=AB L A'B;AH, L A'P;A'PI | BC,
AA' L PD=EH ;AC L AB=EA.
Do d6 (AE,AH,)=(A'B, A'P)=(BA',BC)
=(A4A" AC)=(EH,, EA)(mod ).

Do 46 H P/ | AB;H B/ AH,.
vi AH, L BC vi O li tim dwimg tron (ABC) nén
{AH,AH,}‘:'HG.AL"}E[.J'l..-l'”dC}{n‘lDd?r'].

D thiy EP=H P L AASAB//A'C L AC.
Viy (H,P,H,B)=(4B, AH )= (AA', AC)
= (EP,EB)(mod ).

Do d6 Hy, P, B, E cing thujc mjt duimg tron (2} :
Tir (1) v (2) suy fa H, B, P, O, E ciing thudc mit Két hop v6i AE = AB L AC, suyra H.E=H_ A

duimg tron (3). (13). Tir (10) v (13) suy ra H.H, =H_H_ (14).
Tuong tw H,, C, P, 0, F cing thuje mot dudmg T (12) v~ (14, chi y ring
tron (4). DE thiy BH, L A'P;CH_ L A'P. PH._ I/ H,H,; PB=PC;A'Pl/ PC, suy ra tip hop
Do &6 BH, /CH.. Tir 46, chis § dén (3) va (4), SFPHML U{H,} va AA'BCU{P} 1 anh cia
suy 1a ~ hau qua mdt phép ddng dang nguve hutng (15).
(OH,,0H.)= (OH,QOP)+(QP,QH. )(mod) -??F-'}'-.’?ﬂf;: oy
= (BH,,BP)+(CP.CH,)=(PC, PB)(modr) (., ) =—(PB,PC)=(PC.FB)(smd) 16)
(PH,,PH,)=(PH,,PQ) +(PQ.PH) i W OmUonyn |

B0 ECac M Mepe O ST TN
=(C0, BQ)= (CA', BA"Y=—(A'B, A'C) (mod ) (6). Néi cach khac Q, H,, H,, H. cing thuje mdt
DE thiy EB=ABLA'B;H,PLA'B. Do db dumg rdn (17). Tir (3) VA (19), chi  ring

bl e Wy, E % -

EB//H,P (7). Tix (7) suy ra B, P, Hy, E la bén e o '
dink cta RS SPILL e (QB,QH,)=(BP,BH,) g .

mdt hinh thaog cn (EBMHLP). " =(BP,H,H,)+(
b o b P oD ERG Se AT H H,Y+(H Hy, BH,) (mod )
. hgp | =3P, sﬂ!'fua .:&ﬂF-.ﬂ" EIEP'H.'-'H&};(FHHE-.HJ F -

|
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=(BP,H_H,)+(A'B,PB)=(A'B,H_H,)(mod™)

=(A'B,A'Q)+(H,0.H H,)
= (CB,CQ) +(H 0. H_H, Ymodx) (18).
Tir (17) va (18), theo bd dé trén, suy ra dudmg tron
(HLHLH,) tiép xtc véi (O) tai Q.
Nhén xét. 1) Bi todn nay khé, chi cé 4 ban tham
gia gidi: HA N§i: Lé Hodi An, 10T1, THPT
chuyén KHTN, PHQG Ha Nji, Newpén burc
Minh, 8A, THPT chuyén Ha N§i - Amsterdam;
Thira Thién Hué: Newén Duy Phude, 11T1,
THPT chuyén Quic Hoc Hué: Binh Pjinh:
Nguyén Huy Hodng, 10T, THPT chuyén Lé Quy
Bon.
2) Vi khong sir dyng géc dinh hudng hojic vi sir
dung goc dinh huémg chua thanh thao nén loi gidi
cia cic ban Lé Hodi An, Nguyén Dirc Minh,
Nguyén Duy Phudc khing khiic phuc duge tinh
trang phép chimg minh phy thuje hinh va,
3) Ban Nguwyén Huy Hodng cho I&i gidi bing
phuong phép toa 4§, sau khi chimg minh mét bd
dé kho (dinh 1i Ptolemy md rong - dinh li Purser).
NGUYEN MINH HA

Bai L1/512. Trénm mdt medc ¢6 hai nguin két hop
a4t tai hai diém A va B, dao djng cimg pha theo
plwomg thing dimg, phét ra hai song c6 bude
sdng i Trén dogn AB ¢6 9 vi tri méa ¢ do cde
pﬁ&rp&mﬁrda&tﬁiﬂg_bﬁbﬁndﬁcwﬁmﬂu&
D Ia hai diém trén mdt meic sao cho ABCD la
hink vudng. M la mot diém thupe canh CD vé ndm
trén vdn cye dai giao thoa béc nhdt. Biét phdn ni
M dao djng nguge pha vai cic nguén. Hay xdc
dinh d¢ dei dogn AB theo bugc sdng i..

mﬂ“”“m@sﬁmhﬂwpﬁa
véi ngun, nén ta c6:

d, —d, =n)\

Lf. +dy=m "
voi n 1d 56 nguyén 16, m 14
s6 nguyén chiin. Theo dé bai 4~
n= 1, nén:

B O

41 < AB <32
Tir (1) vé (2) suy ra:
ﬂr 'ff..:}l- {H.l:j*j"\'
) T3 =
d +d,= 100 [d; =454

55N —AB" +{45'\' —4B" = 4B
= AR =4,376749A.

Nhin xét. Chic ml.mg cic ban ¢6 101 gidi ding
cho dé ra ki ndy: Pé Van Dicong, 12CA, THPT
Trin Vin Bay, Phudc Long, Bac Liéu; Tran Thi
Kim Hoang, 12A2, THPT Nguyén Viét Hong, Q.
Ninh Kiéu. TP. Cin Tho, Cin Tho; Cao Trung
Hiéu, 11A1, THPT Duong Quang Ham, Humg
Yén.

PINH TH] THAI QUYNH

Bai L2/512. Cho doan mach di¢n xeay chiéu chi

chira cupn cam thudn c6 h¢ s6 ne cam

L=~ (H). Bt dién dp xoay chiéu cé tdn s6 50
b

Hz vao hai dau doan mach. Tai thai diém dign dp

hai dau mach ¢é gid tri 10053V thi cuong di

dong dién trong mach la |- A. Xdc dinﬁdi’##
hi¢u dyung gitra hai dau cugn cam.

Lai gidi. Cuimg 9 dong dién qua cudn ﬂ:uinruim
ré pha hon dién 4p —1-_.(31&'51‘1 HzU‘Fm my

ra i=lcos(wr —7/2) = I sinw,

ik [l“‘ﬁ.“‘#mﬁﬁ%ﬁ-

i, va r=._t=.._1_ LA
Ly 2L

ot ﬁub&,mﬂhﬁ&




PHUOMNG PHAP

I_a:zi::nﬂ::r TOINEL

ol

Viéc giai bdi todn tim nghi¢m phueong trinh ham
4di hoi nhimg k¥ niing rat da dang. Ddc biét khi
gidi quyét cdc bii toan kiém djnh tinh vé nghi¢m
ciia phuong him cin ¢6 nhung k§ néng riéng. Bai
viét ndy dua ra mot s6 cich chimg minh phwong
h;‘m.hﬁtphuungn:inhhﬂmvﬁnghjﬁmmﬁﬂg
nhimg thi dy cy thé @& ban doc c6 thém kinh
nghiém khi gidi logi toén niy.
Trutrc tién, ta dua ra cach tim nghiém va kiém tra
lai diéu kién dé din dén miu thuin tir gid thiét
phin chimg thong qua bai todn sau
Bai todn 1 (Olimpiad Ao — Balan 1997), Chimg
minh rang khédng ton tai ham f:Z — & thoa man
flx# £ = fx)=» (), Vx,y €L
Léi gidi. Gid sir ton tai ham £ thoa min bai todn,
Cho x=0 tacod:
U= 0=y, Vel (2).

Tir ddy, dé thiy f 1a song dnh trén Z . Thit viy,
rubc tién flA4 toan 4anh vi VyeZ thi
SUS©@-y)=y. Gid sit f(1)=[() thi
SO =n=SUON=T(0)- Yz, SR Ny Td2s
il e V. 1 sgmg b pin 2
Tir (2) cho y=0 ta cé: £(f(0)) = f(0). Do ,{j 1.&

w*m it m\"l‘-"'l ke
Suy %1/ =ye Muf y 18 godo Sh
rén Z nén voimei y Wntgi aeZ dé y = f(a)

Khi d6 f(3)=f(f(a))=~a. Tir ddy, véi moi
x,yelZ tach: '

q 1

[+ 3) =[x+ f(@) = f(x)~a JﬁL 1)
Theo phuong trinh Cauchy ta ¢6: R

:nf..,“e_'u..rl_'lrl

mﬂm Jhph
PTG TN B

.‘f ~ '!'l:j 1

-t bﬁ*ﬁﬂr’ B
- UYEN J-__.

4#'1-:#

I THET Newny

_'._I:‘_ SRl E s el e i . nifts i I' -

f(x)=cx,YxeZ, suym ¢’ ==1 (v Iy).
Viy khong tén tgi ham [ thoa min dé bai.
Nhgn xét 1. - vmmhmmk&qmphmguhm

Cauchy va diéu ki¢n d& bai ¢4 din dén mdu thudn
nhir mong mudn.

- Néu f1a don iénh va néu x;x,;%; phin bift ma ta
chimg minh duge f(x ) f(x:). S (x;)khong phin

biét thi ta ciing khing dinh dugc khong ton tai ham
56 £ Dé rd hom viin dé ta c6 bii todn sau.

Baii todn 2. (IMO-1997, Shortlist). Tan fai hay
khong cdc_ham 56 [f(x),g(x) xde dinh frén R
thod médn cde diéu kign

FlgE) =2 glf ()= xeR (1)?

Léi gidi. Gia sir 10n tai cac ham f(x),g(x) thoa
man bii toan, Tir g(f(x))=x" suy ra f(x) la
f{x.}= fx;)=> 5 =0 =X = X4
Do d6 f(1).f(-1),f(0) 1a 3 gid tr} phh biét.
Nhmg ta I ¢6 [/ =/@U/ (=G
nén. f(‘?}‘ﬂl)sf(-ﬂ 143 ngmqm ciia phuong

trinh ¢* =¢, mu thudn 'lﬂ f{ﬂ},fﬂ},ﬂwla} u 3

gid tri phéin bit. .
vnmﬂnmmﬂmﬁgmmmm

Nitjn xét 2. - Trong cich gidi nay ta c6 thé chi chon
mua&+1.nl dé nhim tao ra miu thudn ciia
F(0), f(), f(=1).

- Néu chimg minh duge £ 1d don dnh ta c6 thé tip
trung 190 ra méu wiwdpbhmmqam
uﬂsﬂﬁwﬁnmﬂwmﬁhﬁnrﬁmw




H:HI [nﬂ" ..,l {]31{}-]'}“?]' L.Ii”i.':l'i':l,: HH_r,l,JI' l:,'.llll.l.l'.'ll,: [

tai ham s6 f:N =N thoa mdn
S (M) =n+1987 (1), vneN

L gidi. Gia it ton tai him f thoa min bii todn.
DE thily f 14 don dnh vi néu f(n)= f(m)thi
SUAn)) = fF(f(m)), suy ra n=m. Gid sir f(n)
khong nhiin k gi trj phin biét c,,cy,....c; trong
N.Khid6 f(f(n)) khong nhin 2k gi4 trj phin
bift c.05,....¢; V@ f(c)f(c;),.... fle,) trong N .
Vi f li don dnh nén cic gid trj f(c,) 14 khic
nhau. Biy giér néu

WE [ Cyuenn 6y S }-f[f-‘; b J{C2 )}
thi ton tgi m e N sao cho f(m)=w. Dodé ciing
ton tai meN sao cho f(ny=m. Khi 46
S(f(n))=w diéu nay chi ra ring f(f(n)) khéng
chi nhin 2k gid tf 0y i CascnCy VA
Sle) flez), fc;) mi con nhin moi gid trj
khic. Nlumg khi n thay d6i tén N thi
JSUf(n))=n+1987 chi khong thé nhin 1987 gi4
trj la 0,1,..,1986 vi 2k = 1987 do d6 miu thuln.
Viiy khong ton tai ham f thoa min bai todn.
Nhgn xét 3, - Ta ¢6 thé nhjn thiy may thuln & chd
s6 phan tir khong thé nhin duge cia f1a 36 chin nén
ta cb thé thay sb 1987 thanh mdt sb ty nhién lé va
bai todn gidi theo y tromg ndy.
- D1 khi chimg minh phuong trinh ham vé nghiém
ta cd thé chii ¥ céc phin tir khong nim trong tip gid

tri. Nhr didu ndy ta ¢ thé tgo ra miu thudn. Dé 15
hon vén 3 ta c6 bai todn sauy

Bii todn 4. Ton tai hay khing cde him sé
S 2 (Os40) > (040) thod man

E )@ =P S+ 1) ),
vai mgi I.J"'?[“«"‘EJ? 2ol -

i P .

Lo gidi. Gi sir t9n ti bam s§ £ thod man @&
bii. Gid sit /(a) = /(3), tin huot thay x béi
vi x bdib,ach: ‘

@+ ) fOf@)=a ST @)+ ONYy>G,
b+ ) OfB) =0 T EN+ TNy >0,

. aty b+y vy >0

dﬁa e Tl : L]

H1 b

o ab? + yb? =a‘b+ya’ Ny>0

o= ab(b-a)=y(@ "), %y >0

o (b-a)|ab+ y(a+b)|=0,¥y>0 r
sa=b

nén f 14 don dnh.
5 I+J§ va ¥ b l}mcﬁ

Thay x b&n 5
I+2-4"§ ]] + ﬂl}]

Al

ﬂrﬁﬁ}q[mfi]mu

2 2
= f(1) = 0 &(0;420) (mdu thudn).

Viy khéng ton tai ham s6 ndo thoi man dé bai,
Nhdn xét 4. - O diy, gid trj cia ham s tai bién cia

tip dich I 0 lam cho ching ta ¢6 thé dinh huing
duge. wl

-N!uupmnhnﬂlmimmwﬁip&nmm:uﬂ
chil ¥ viio cc phin tir 46 dé gidi quyét bai todn.

B todn 5. (APMO-2015). Cho § = N"\ {1} Hdi

co ton tai ham 56 £S5 8 thoa man diéu kién

@) [®)= [@F) ) Vabe S.awbkhingd

Phin tich: Quan sit thp § = N"\ {1} a c6 thch

gang chimg minh v, | £(x,) =1 dé din 164 miu.
MY L

%

S m e ——— —

L

i
4 5

i £ o [ ; :
J ) = @) ey £@) 1) f(e) @)




fa* ) f(b)f (c) = f(b*)f(a)f(c)
_ @) _ 1@
flay  f(b)
Do d6 ton tai ke Q' sao cho f(a*) =Kk (a) (4).
Thay vao (1) ta dugc:

f(ab) = ﬂ”—lﬁ{ﬂ,"n"a,beia 2b (5).
Tir (1), (4) va (5) ta cd:

fla)f(a) = (@) =m1ftn,_".i

_ fa)f(a)f(a®) _ fla)f(a)f(a®)
k* k 3

Suyma f(a)=k,Vaes. Thaya=2,b=3vao(l)
a duge k= 1. Tuy nhién 1¢S. Viy khong ton tgi
him sé f thod méin yéu cdu bii todn.
Nhin xét 5. - Trong céch gidi bai todn, dé din tGi
miu thulin ta c6 thé thay a = 2, b = 3 bai cic gié tri
khdc.
- Ta o6 thé dua vio tip gid tri va két hop voi diéu
kién lién tpc cia bai todn tao ra miu thuln. D& rd
hom ta ¢ bid todn sau

Bai todn ﬁ._ﬁmll.r.i:f cd-cdc ham 36 [:RR
thod mdn .:l:irrg thdi hai tinh chat sau:
{lién tuc trén R va
.il"tx+m1[ﬂ:}+s-';+_l]=—im+11~‘“’#ER .
vi- I 56 nguyén dheomg cho triedr.
Lét gidi. Gi sit tbn tgi ham 6 f thod miin diéu
kién d& bdi. Vi m I3 sb nguyén duong nén
m+2>0.Gok A I thp g ti cia him 50. Suy 13
1090w T v6i moi xR VA S
i e nén chi xdy r mdt trong 3 rumg hep

sauw:

Treomg hop I ..-ld:{—-m;-.mi :I.l.'.'.hi do:

i o s i s

flx +ml[.r'l:x}+ Jm+1 ]_:-u >—(m+2),9xeR.
m "’P-P-h 4 :[ﬂiﬂf m—ﬂi.u'k‘ gdin?

vtes) el k. ohy niio s

Jm+l<f(x+m)<0 :rif[.r+m)]~r:ﬁ.
Suy ra:
e m( £ o)+ 1) <m+1<ms2,VreR
Trwecmg hop 3: .-l::{ﬂ;m}, khi d6:

_.l"{::+m}(f{x}+dm+l}:n[|;--[m-ri},‘f.rslt.
Viiy khong tbn tai him s0 f thoa miin d& bai.
HHHﬂE.'ﬁdﬁ}’,mﬂﬁ}f néu thay i m+1 va
m+2 ph&hupﬂﬁuéﬂmnmhéilnénwﬂﬁnﬂc&ch
gidi viin ding.
-Tmngphmgtﬂnhhhmmr!rﬁtsékyihlﬂtmlﬁr
khi chimg minh v0 nghi¢m. Bat phuong him ciing
e&ms&c&chgmiquyét.ﬂémhmmmbﬁmﬁn
sau

Bai todn 7 (Iran MO-2009). Co ton tai hay
khéng hai him so f.g:R R thoa mdn diéu
kign L) = fO)| +[a) -~ |31 (D) vt mod
nyeRx#y?

Li gidi. Gia six thn tgi hai ham /,g thod min
y&ucﬁubﬁiansEnhfmgnﬁnhtinlailaﬁ
thyre x, sao cho

/@)= 10| S 53 8020 S5
Khi d6 méu thuin véi diéu kién béi todn.

Ta o R=|J -‘-:ﬂ] v xét  tap
=l 2
F;;{:EI!LIJ[:]E %%]}. suy - Ta

R=|JF .Dotip R la tip khong dém duge va
TR '

7 1 tiip dém duge nén thn i z, € Z sao cho F,

i khong dém  dugc. Vo mdi
& ﬁ. =g(x)eR= U[%,lel] Xét che thp




va E 1h mdt tip dém duge nén thn tai z, € Z sao0
cho G_,=
xyeG, =>x,yeF, . T cich xic dinh F, va
G, tach:

ld mdt tdp khong dém duge. Ldy

b

ftx}-f[y}E[ 55

%‘53*-] g[:}.g[r]E[

s
Suy 'I.fl'xl'—f{yH+IE{x}-EU=}IEE+ESI
(méu thulin). Viy khong ton tai hai ham sb f,g
thod miin yéu céu bdi todn.

Nhin xét 7. - O diiy, néu thay 1 thanh mdt sb
ne N thita ct bdi todn mdi véi chch gidi wong ty.

Bai todn 8 (USA MO-2000). Chung minh rung
khéng ton tgi ham 56 f B — R thod mdn diéu

ﬂﬂ H}}

J~,Lr—11~w1c?{|1
m;hiﬁmsﬁﬁnmuhammfﬂmmdé
bai, Tit (1) thay x bdi Y va thay ybéi

3x+ x+3y
A wd e
, 1a ¢l 4 5 [ 4

Ef[ﬂ]+l|x-y|. vr,yeR
=f['1‘“") f["”") z;(%]ﬂx-ﬂ

vx,yeR (2).
Biy gids, thay y béi ii"—'-’i vio (1) ta duge:

I[x}*‘.f[-'* ] ,_[31+_v)+_§, ,ivxyei 3).
Tumglmudhaﬁ! &

!(HP] I{J'] r‘*3ﬂ+ —l' :1.‘#-}&1{4]-

i ¥ ‘2|
Tir (2),(3) va (4), 1a cb:

Tir (5), dénh gid trong tr va sir dung quy ngp ta
ol AT,

x+3y

M I{I:‘}}E"i_x ¥.vx,yeR,neN (6).

Trong (6) ta thay x=Ly=0 tachd:
M-IG—]EE‘,HEN (7).

2
Vi n 1a sb ty nphién dd Im thi
ﬂ'l'_?’.{.,“l*;[%]{z"neu (7) khong thé xiy

ra. Viy khong ton tai him s6 f thoa min de bai.
Nhdn xét 8. - O diy, néu thay 2 & (1) thanh 55 4
ta ¢ lon gidi twong ty.

- Néu diéu kién biii todn bién ddi thanh tam thic
bic hai thi ta c6 thé vin dyng tinh chit vé diu cia
tam thirc bic hai.

Bii todn 9 (Iran MO-2015). Clumg minh !'t";ﬂg
khong ton tai cde ham 50 f.g'R—R thoa man
dién kién

fix*4 g{_rﬂ—f{.l’z}+g{_‘|‘]—§{.‘:‘]fl_1‘.":-".1.',_1.'1’: R
vi f(x)zx,¥xeR

Lai gidi. Gid six tdn tai cie ham s& f, g thod min
cdc yéu cdu bai todn. Khi d6

2y f(& +200) - F(x) + 2(») - g(x)
2( +20) — £() +g() - g(x). Vx y .
Suy ra {g(»))’ +{:'_\-2 +1}3l‘.1'}+-'=" -g(x)- f(x*)-2y<0

Vx,yeR (3).
Ta xét (3) 12 mét tam thirc bic hai theo gy, c&
bift thirc:

gy —

A=+ -4(x* — g1 - f(xY)- 2y)

=4x* +4g(x)+4/(x")+8y +1.
Vi mdi x ¢b dinh thi
‘;”l%[l.t‘ +4g[.r]+4f[:’]+3y+]}=ﬁm.
Do d6 khi Iy y di nhé thi A <0, din i
{301)1+(1‘=+|]3{P}+x" .'-g'{'.t] f(*)-2y>0

(méu thulin V& (3)). Viy khong tén tai cdc him sb
thod miin yéu ciu bai todn, iz




Nhin xét 9. - O ddy, néu ta thay ddi 2y & (1) phi
hop thi ta tgo ra mdt 16p b todn mdi
. Néu ham s6 ting hofic gidm thi véi cich chon giai

58 phi hop o€ din 161 viée giai quyée b toin bit
phuong trinh him. Xét bii todn sau

Bai todn 10. Tim it ca cde ham s6
£ 1 (0;40) = (0;+0) thod man dong thdi hai tinh
chdt sau

1)/ I hém 56 dong bién trén (0;+20);

2) I[H f: }]z 2 (¥} 4> 0,

Lo gidi. Gia sit tn tai him s fmumﬁh
mﬂﬁ. vﬁ:mﬁa x>0, xét dy {x,}ﬂmm

1 |
"I;f=
T T Y

-‘ﬁ‘-‘-l’.ﬂ -“s"“

E iy ‘.‘ft"“} N ot -"'ﬂ:‘-i&r'ﬁ g
By (R

S .ur* 3] e
T‘:&* j‘:t;n-: ﬁ-I'fo. Z j,{q‘},} f(x,) '

= f(a)> lim[27 ()| =+ Dibu Y YO . !

Viy khong tdn tai ham sb f thoa didu kién @&
béi.

xam-dméuhhmunﬁucuhdnﬂd
ﬂﬂyu&ﬂmnmmﬁn mqu;&w
todn.
~thdﬁﬁiuh§ﬂ{2}¢ﬁaﬁlﬁnphﬁhph

mmhhtninnﬂt.

-Tacﬁﬂlédtmviﬂﬁnhhnhhdid!nd&lmm
{hufin. Ta co bii todn sau
Bai toin 11. Tdnmf.&:llyﬂﬁdnghbnsﬁ
s (0:+0) —= R thod mdn

f.." 1., ﬂ,-ﬂ: HHH il 1 v L § b g

az‘lmawmm 2 i ok 08 i




f khéng bj chin trén {umi], den diy ta gip
i

méu thudn. Viy khong tdn tai ham s6 f thod min
dicu kién bai todn.
Nhn xét 11, - Khi dya vio tinh bj chiin cia him sb
ta ciin chd ¥ thp ngudn cta him sb.
- C6 khi ta ciin viin dyng ¥ nghia ciia giéi han dé lam
cor sir cho viée lip lufin. Ta c6 bai todn sau.
Bai todn 12. (Olympic Sinh vién Todn quoc-
2001) Chipte minh rang khing ton tai ham- 50
f:R—=R rhoa mdn Jomnge thai I >0 va
flx+y)z fix)+ 3w (fix)) ()Y ye(l+x),
Léi gidi. Gia sir tdn tai tai him s6 f :R - R théa
min dbng thoi (1) vd f(0)>0. Néu nhu
f(f(x)N<0,¥xeR thivdibatky y<0 tacé:
Slx+y)z F(x)+y (f(x)) z f(x).
Nhr thé f 1 him giam. Ti d6 do
fO)>02 f(fi(x)) suy m f(x)>0VxeR
(miu thuiin). Nén thn tai xeR sao cho
f(f(x)>0. Cb dinh x vi cho y—»+o trong
(1) ta dugc: _l;-fmﬂxwl-vm.dﬂﬂﬁ:

ﬂf&l=m,§1fuu}l=W-
Vi thé, tén tai @ >0 va b>0 saocho

a+l
fla)z0,f(f(x)>1b2 f[f{x}}-l'
.fU"lﬂ +b+1))20.
Khi do, ta c6:

fla+b)2 fa)+bf(f(a) 2 a+b+] v nhu thé:

Siflas b= fla+b+1+[fla+tb)—(a+b +1)])
Eﬂn+b+1‘j+[,l"{a+b}=—{a+b-_t-I}}J’U{n+b+!})

> f((a+b)+1)2 fla+b)+ f(f(a+b))

2 fla)+bf(fla)+ f(fla+b) > f(f(a+b))
(mfu thufn). Viy khong ton tai him / thod min
chic didu kién noi trén,

Nhin xét 12. - O diy, @ dya vio ¥ nghla cia gidi
han dé thiy tdn ti @, b ddy 1 co s& 1ip ludn tao ra

méu thudn

- Trong qua trinh bién déi ta co ging tao ra sao cho
mét bén 1i hitu han vi mt bén 1a vo han, tir 46 ¢6
thé 1p ludn diéu vo 1y trong truomg hop hiru han. Ta
co bai todn sau
Bai todn 13 (Bulgaria-2007). Tim fdt cd cdc ham
so R — R thoa mdn déng thai f(0)=0 va
flx+v)sx+ (X)) ()¥x,veR
Léi gidi. Trong (1) thay x b&i 0 va y bén f(x),
ta duge: f(f(x)SS(F(0) (2).VxeR.
Tur (1) v (2) suy ra:
flx+y)sx+ f(f(0) (B),VxyeR
Trong (3), thay x béi y— f(f(0)) vi thay y bon
14 f(f(0) -y, aduge: f(DSy (4)Vyek
D& thiy (4) khong ding. Ching han khi chon
y=f(I)-3. Viy khong t0n tai ham s0 f nao
thoa min dé bai.
RO ring nim dugc k¥ ning chimg minh bi todn
phuong trinh him, bit phucmg trinh him vo
nghi¢m 14 rit cdn thiét. Qua cdc bai todn da néu
trén ciing phin ndo ndi lén diéu ndy. V&i quan
diém tim thém nhiéu cich chimg minh céc bai
todn vé phuong trinh him, bit phrong trinh ham
vb nghiém, chiing t6i mong mudn ban doc thiy
himg thi hon khi tim hiéu vin dé nay. Cudi cling
méi ban doc tham khio mit s6 bai tip rén luyén
S,
1. (taly-2000) Chimg minh ring, véi 1<ne N,
khong tdn tai him don diu f:R——R thod
min f(x+ f(¥))=f(x)+y", Vx,yeZ .
2. Tim tht ci cic ham s6 1 :(0; +00) ——(0; 40)
thoa min ddng thési hai tinh chét sau
a) £ 1a ham sb déng bién trén (0;+0)
s LS2008)". .
b) 'f[" +}-'f;]')3mf{x}.‘¢x}ﬂ.
3. (Olympic w.?ﬂm} Chimg minh ring
@ min ,

S(x+3)2 F) + 3 (f(x)),Vx, y e (0;40).

— o ————— o = B




rONG CHUOI CAC BINH PHUONG
NGHICH PAO
Trong lich sir todn hoc, €6 rit nhiéu truémg hop,
mot bi todn xudt hién va né khéng c6 101 gidi
wong hing chyc nim, thim chi 1 hing thé ky.
Thong thwdmg, trong qui trinh gidl nhimg bai
shu viy dén i xudt hién nhimg nganh todn hoc
mdi.
Trong ni dung béi bdo ndy, chiing ta s& ¢ cip
11 bai todn ¢6 lich sit nhir vity. D6 chinh la b
wén Basel (bdi todn tim tong cia chudi cic
nghich dao binh phwong, tén goi Basel xuit
phat tir tén cia mit thanh phd ciia Thuy Si). N6
duucn&umm&cc&cuhﬁlﬂhhmchﬁuﬂuﬂn
nim 1644, va khong c6 1o gidi twong img cho
i nim 1734, khi Leonard Euler cong bb cong
winh cita minh, Sau ddy ching ta s& thdy, loi
gili ctia Euler 14 mt phat minh vi dgi, méc d
himh:qngmﬁnhocﬂ:ﬁahnngnﬁkhﬂngwm
mmuﬁahgcm&pv!amsﬁ
BAI TOAN BESEL

Bai todn Besel duge phit biéu rit don gidn:
Tim gid trj chinh xde ctia tong v6 han sai:

| i
| --+-r-+ =
F in

Clng giéng nhy mei chudi v6 han khic, xudt
hién mot cau hoi: chudi c6 i ty vé mot gid tri
U thé khong? Trén thye 1é, méc di cic sb hang
¢la n6 tién 1i vb ciing bé, nhumg cling khdng 1a

didu kién di dé dam bédo tinh hdi tp. Vi du,
chudi sau

=%

cﬁl&nglivﬁhm,t&cléphﬂnkir,nﬂcdﬂcﬂcsﬁ
hang cia ching la cdc gid trj vo ciing bé khi
n— 4o (ddy 14 chudi diéu hoa, ta s& chimg
minh chudi phin ky sau).

Sau d6, ngudi ta dd chimg minh duge ring:
chudi 14 hoi ty 161 mot s6 nhé hon hai, con cu
thé sé d6 1a sé nao thi vin 12 ciu hoi mé.

Hai d6i thit va thiy gido cia ho déu khong
thanh cong.

Ciic nha ton hoc thm ¢ thé gi6i ddu tién thir
gidi bai toan Basel 1a hai anh em ngudi Thyy Si:
nhi todin hoc Jacob Bernoulli (1654 — 1705),
nha todn hoc Johann Bernoulli (1667 — 1784).
Luu ¢ 12 bii todn mang tén Basel vi ddy chinh
la thanh phé qué huong cia hai nhi todn hoc
ndy. Anh em nhd Bernoulli 14 nhimg ngudi ddu
tién dp diing phép tinh vi phan dé gidi n6 (ho da
hoc cong cu vi phin tr chinh Gonfried Leibniz
(1646 - 1716)). Dén nam 1690, hai anh em nha
Bernulli da trG thinh nhing nh todn hoc hing
dhu Chau Au. Rét déng tiéc, 14 théi diém nay
hai anh em da tr& thinh hai d6i tha kinh dich,
vi mau thudn dén dd mudn trir khir nhau: ho c6
ihé 1am tht cic néi ddi, dn clip, sao chép ban
quyén chi & chimg 16 1a ngudi niy hon ngudi

Ly
|

I“'\-JII—I
Hl_l—
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kia. Sy d6i khang vi thi nghich thim chi con
khong chim hét ngay ca khi Jacob chét di:
ngudi em Johann con mudn cong bd nhimg
cong trinh ma ngudi anh chua kip cong bé va
noi 1 cia minh; Johann ciing tir choi gitp 43
viéc cong bb cong trinh cia Jacob vé 1y thuyét
xdc suit vi lo sg: diéu do6 sé ndng uy tin cua anh
trai minh. Rét c6 thé, Johann chi don thudn 13
con ngudn khéng tot: khi con trai riéng ciia ong
la Daniel gianh dugc giai thudmg todn hoc
(chinh Johann ciing tranh cir gidi nay), 6ng da
dubi Daniel ra khoi nhi va tréic quyén thira ké
clia con trai minh.

Trong nhiéu nam lién, anh em nha Bermulli b
ging gidi bdi todn tinh ting ciia chudi cic binh
phuong nghich déo, cd I& mét trong nhimg ding
lyc dé ho dua tranh nhau 13 mudn chimg t6 hon
nguii kia. Thé nhumg ho khing thu duge két
qui. Leibniz ciing di tim 1&i gidi trong nhiéu
nim lién, nhumg ciing khéng thu duge bét ky
két qua ndo.

EULER THAM GIA VAQ CUQC DUA
Leonard Euler (1707 — 1786) ciing sinh ra &
Basel. Diéu thi vj 1a bé ciia ong biét Johann
Bernulli. Khi Euler 14 tudi, ong m&i Johann
day con minh todn hoc. Johann dong y mét
cich bit dic di, nhung sau dé nhanh chéng
nhiin ra ring: hoc trdo méi cia éng vugt tri hon
50 véi tht ci nhitg ngui khac. Rét nhanh sau
46, vai trd duge tréo dbi: Johann phii hoc chinh
Euler. Johann khuyén cha cia Euler t& bo ¥
dinh nudi dudmg Euler thanh b truémg, va thay
viio do la trd thanh nhitgig hoc. Va ciing nhar
uy tin ciia Ong ma ngudi chadd déngy.
Sau mot vai nim, Euler gitt chirc sic trong Vién
Hin lim Saint-Peterburg, nudc Nga, Chinh tai
noi diy, vio nim 1734, Euler tim ra loi gidi bai

40 TOMEOC s sisesom

todn Basel. Két qua 1a ngay ldp tic, ong dugce
coi 14 nha todn hoc hang déu cia Chau Au.
LOT GIAI

Phu tién ta xem xét phuong trinh dai s6 v6i so
mil dwge gid dinh I3 bing bon nhir sau

x* +axd +ax® +agx+ay,=0.
Gia sir riing, nghiém cia né 1a b,¢,d va e. Khi
d6, ta co thé phdn tich da thirc thanh cdc nhén tr
tuyén tinh nhur sau:

(b=xMe—-xNd —xXe—x)=0.

Néu khéng c6 nghiém nido bing khong, ta c6
thé viét lai dudi dang sau
(b=xMec—xKd —xNe—x)

e

Tiép theo, chiing ta c¢6 da thirc v&i biic vo clng
nhur sau:

ITI

SIS X o e e,
1 5 T

Nhimg chudi diic bigt nhu trén duge cong bd
bai Newton, ta cling 6 thé dé dang thu duge
khai trién trén bing cong cu gidi tich. O déy, ta
¢ coi n6 la mic nhién ding. Ching ta 43 biét
ring, him sin x ¢6 cic nghiém 13 0, +, +27 ... r
Y témg diu tién ca Ewler 14: ta c6 thé khai
trién thanh nhin tr ddi véi da thic c6 bic vo
clng

S22
- x-[lﬁ%][H%}"f_

Pé ¥ ring m3i cip nhan tir c6 thé rit gon lai
#ﬂhﬁﬂsﬂiﬂsthﬁudingnhﬁ:

© (@barb)=d' -,

BUF .0



Vi thé ta co thé vidt lai

sin X 4 ¥
-2
X b\ ol 4-”,1

riep do, Euler col rﬁng: lﬁng v han biing tich
v6 han!? (Hiy chd ¥ 141 cic miu s6 trong tich
ién: ching chira binh phuong cla cic sb wr
phién v cho ta lién tudmg tGi tong cdc binh
phuong nghich dao).
wisc di tich chira v6 han cac nhfn tir, nhumg ta
vin 6 thé 1am rd dwoc hé s6 ndo dimg trude
méi 1y thira cia x. Ta cd thé xem xét qua vi du
cu thé 1 tich hitu han san

(a+b)c+d e+ f)=ace+acf +ade+adf

+bee+bef + bde+bdf,

Mai so hang trong tong thu duge sau khi pha
ngodic: vi dy nhur ace biing tich cdc s6 hang
dimg bén trdi trong mdi ddu ngofic. Va Euler
phit hién ra ring: trong tich vd han trén, s0
hang chira x* béng

pasgin Y=

Th&nvﬁndﬁ,ﬂchvﬁhaﬂhingtﬁngvﬁhancﬂn
slfx nén hé sb cia 1A 1—-3 Cho hai

bidu thirc ciia hé sé bing nhau ya cling nhin vdi
-x ta thu durge:

11 " |
l- T Wy ey . g' H'Elll
+2‘+3=+ = 1,644934066

Nhir viy sau 90, niim, bii todn duge gidi va nb
li mt trong nhimg két qua ky la va rit dbi ngac
ahién cia todn hoe. Ching ta lién hé s6 7 vOi
duimg tron, thé nhung trong hﬁ:mﬁnﬂasﬁlthi

li véi chudi céc binh phuong nghich dao. C6 1&

d'l"}'t:ﬁng A mdt trong nhimg 1y do lam ham
sinx khic bigt trong lwgng gidc? Khi Johan

Bernulli nhin thiy 101 gidi cua Euler, Ong da
phai thot lén “Gid ma anh trai 16i con song dé
diege chiém ngwomg né”. CO 1§ 1am hon
Johann 43 nhe nhdm di nhiéu ciing nam thang.
Khéng chi dimg lgi & ddy, trong cong trinh lich
sir ciia minh, biing phuong phip tuong 0, Euler
di chi ra ring;

B | n’
| + o =y -
Xt 90
I I ‘rrl'u
==t =—.
vl o 045

Mot cau hoi t nhién xuét hign: Thé con doi voi
cdc bdc lé etia cdc 56 e nhién thi sao?

Phuong phdp noi trén khong thé dp dung dwge
déi véi cdc bic 1é. Trong sudt cuje doi minh
Euler di nhiu 18n thir tim téng cba céc chudi
ndy, nhumg khong di dén két qua ndo. Cudi
ciing, dng chi ndi “bai todn kho™ Khi ma Euler
dd néi la bai todn khé, thi cdc nha toin hoc
thﬂmgthuﬁngcﬁlinﬂngkhﬁngnmbéum.ﬁ
viéc di tim 1o gidi ca nd. Vi tit nhién, cho téi
ngdy hom nay, hom 200 niim trdi qua, céc tong
ndy viin chua dwge tim ra.

HE QUA

Nhimg ngudi ¢6 t tuéng thyc té co thé dua ra
ciu hoi: phai chiing bao nhiéu cong sirc d6 ra dé
gi&i.cénhﬁlnﬁntrénnhungtaikhﬁmadmﬁh
{mg dyng thyc € nao? Cau trd 1&i don gidn li:
Bai todn trén xudt hién trong Iy thuyét so va
trong 1y thuyét ndy nhimg cdu hoi twong ty
khong hé xuét hién. Ciu trd 151 it khiem nhd
hon ¢6 thé 1a; Ly thuyét s6 d6i khi cling c6 con
duimg riéng trong thé giGi thye. Mt vi dy tét
¢6 thé 4y 1a dinh 1y Fermat (dugc dira ra nim
1640) v duge biét dén véi cd tén: Dinh Iy
Ferma nho. Dya trén két qua cia dinh 1y niy

ml-n:41



Ngudi ta xdy dyng thuft todn ma hoa théng tin
va duge dp dung trong Internet dé truyén thing
tin mit: vi dy nhu s6 ciia thé dién ur. Khong c6
thudt todn niy thi khéng thé ¢6 thwong mai dién
tir,

Quay lai bdi toin vé téng binh phuong céc
nghich ddo: sau niy n6 c6 mbi lién hé mit thiét
Vi gid thuyét Rimann - cho t6i ngay hém nay
né vin la mot trong nhimg gidg thuyét quan
trong mi chua dwge gidi ddp. Gid thuyét nay
duge dua ra viio ndm 1859. N6 duge coi la ding
nhung vén chua c6 ai c6 thé chimg minh duge,
Ching ta cdn mjt Leonard Euler méi,

PHU CHUONG. TINH PHAN KY
CUA CHUOI BIEU HOA
Nhur ching ta d3 néi & trén, chudi diéu hoa 14

1 4 =)

chodi 1+=424 =V2

: +5! 3 gu

Jacob Bernulli da chimg minh duge ring: diy

la tong vé han. Jacob nhin thiy ring ¢6 thé tich
chudi diéu hda thanh cdc nhém nhir sau:

= st et B 5 et 1
ZE'”’*[E*E+FJ*[§*E*E*“‘*‘§*’]*"‘
Gia trj cia tong trong m&i ddu ngodic déu Iém
hon hofic bing mét. Va nhr vy c¢6 nghia 14
tong ciia chudi didu hoa 12 vo cing 16n, vi n6
béing tdng clia vé han cdc sé déu 16m hon hodc
bang mt (sd cc ddu ngodc va vé ciing lém). Dé
chimg minh riing tong trong mdi ddu ngodic déu
16n hon hofc biing mét, ta xét riéng mot truémg
hl;lp . 11 i

S S g
kX1 EH2 R -F5 O .
6 cic s6 hang trong nhom rén 14 '~ va b
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TEErl k42, K43 b

Thém ca hai vé vio i— ta thu duge két qua cin
chimg minh.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 57

problem.  Find  the locus of the poinis So the locus of the points rﬁprﬂﬂmi—ﬂg the
esenting the complex numbers = satisfving  complex numbers z satisfying |z +1 + 1> [z — 2/
| ] > = is the open half plane determined by the
Solution. We know that |z + 1 + f| = |z — (~1- /)] perpendicular bisector to the line segment
is the distance from the point representing z to  connecting (~1; 1) and (0; 2) which contains
the point representing —1 —i which is (—1; ~1).  the point (0; 2).

similarly |z — 2i] is the distance from the point TU VUNG
representing 2 to the point representing 2i which
is (0; 2). locus o

represent - bi¢w dién

perpendicular bisector © diromg frung Iryre

half plane s mea mgt pﬁring xac
dink bai mit diromg
line segment - doan thing

.]V 0
¢l Translated by NGUYEN PHU HOANG LAN
(College of Sclence — Vietnam National University. Hanoi)

e AP T TT T 1Tt . Lt e LT T A TR EE R LR R L LA L Lt A bbb Lt

y di&n sé phirc z dén diém biéu dién 2, diém nay
BAl D'CH Sﬁ_54 ¢ toadd(2; 0). Vi vily quy tich nhimg diém
Bii todn, Tim quy tich nhitng diém biéu dién 50 pidy din s6 phirc z thoa min

phirc z théa man |z=1+i|=j==2} |z=1+i|=|z=2| 1a dudmg trung tryc cia doan
L gii. thing ndi hai diém (1; ~1) va (2; 0).
i (Ban ¢6 thé viét phuong trinh ciia duémg thing
2 d6 khong?).
|

Nhin xét. Cic ban sau ¢o bai dich tét, giri bii
vé Toa soan sém: Tran Trung Phiic,8A4, THCS

A x
\ Ngd Gia Ty, Hong Bang, Hai Phong; P4 Ngoc
g | Tién, 7A3, THCS Lim Thao, Lam Thao, Phd
e | | The; Lé My Duyén, 11Todn 1, THPT chuyén

001 XERSUEREN Quing Dol iyl T
bidt eing |s—1+il=lz—(1—)| d khoang Bdo Ngoc, 11Toén 1, HG Ngoc Himg, 11Toén 2,
tir diém biéu dién s phirc z dén diém Hué; Vo Hoing Khoi Nguyén, 10T1, THPT

dién 56 phirc 1 - i, diém ndy c6 19add 1 (1;-1).  chuyén Nguyén Quang Diéu, Pong Thip.
Tuomg ty |z—2| 1 khodng céch tir diém biéu HO HAI (Ha Noi)




BAI TOAN 37. Gidi phwong trinh sau:

VE +x+ 1+ —x+1=2 (1).
LA gidi, Do {xf+x+l}ﬂ

: VxR nén Xac
X =x+1>0 té'p

dinh cia phuong trinh A R .
Cédch 1. Binh phwong hai vé cia (1) ta duoc:
1{:1 +]}+ EJ(.‘:: +.a:+'|][,x? -X +]] =4

(x4 1)+ [[x‘ + I}+:ﬁ(:’ +l]nx] =2
-:Jr{x’ +I]+m-1

Toin x’-!-lzl;.‘u"l,telt
X+ +12EveR

nén [x’ +I}+-J.r' +x' +122. Diu "="xdy ra

khi va chi khi x=0.Viy PT dd cho c6 nghi¢m
duy nhitla x=0.

Cidch 2. Sir dyng hiing diing thirc:

@ +b'=(a-b) +2abiVabeR
\'ﬁﬂ""ﬂﬂz‘l’:.‘f' _ﬁFﬁ.‘t’z—;-I-. 1 ta ch: .
\’Til},-[#:’ +x+] -#x’-.rﬂ' +;#z“ +X° +1 H

Céch 3. Tacd

1.“]'ri:xl + X+ I:I{.r: 2
= \/I:{I: + I]+x][{x= +1]~x] =yx'+x ¥121,

.t+|} |

1
_I':-—I+I-E'_r'#'
-.,,l',r+r+] ,

CIl:h;l |

Tir do6 suy ra:

X +x+l

Do d6: VT(1)2Vx' +x+1 +T=

Déu "=" xa;.r ra khi va chi I-;hl

x° +J:+I

N =m

Viy PT di cho ¢6 nghiém duy nhdt 1a x=0..

Cich 4. Ap dung BDT Cauchy cho hai sé khong
dm ta cb:

I s x4 144r - ,:.'+IEJ.JJ[.'¢‘=+.I.‘+]"I‘-— ) -

224 (7 +1)+x ][ +1)-x] =24 4P +122.
Déu " =" xdy ra khi va chi khi
N +x+]=yxd = x 4]
[muﬂ

vﬁyﬁﬂmn:ﬁnghﬂmduynhﬁlﬁ.r:g._; A
Cich 5. DUt f(x)=\x' + x 41+ —x+1, a
thay f(=x)=f{x)=>f(x) 1 him sb chin trén B.
Ta xét ham s
f{x}=*~fx"‘+.t+l+Jx’—x+l*'u’xe[ﬂ;+m) @;
2x+1 -

I \(*"}‘:m ﬁzﬂ;‘n’xe[ﬂ;m} y

o x=(




If'l_t}E 2;“1E[ﬂ;+ﬂl};f{x:|:1¢¢.x,—_ﬂ_
viy PTda cho ¢ nghiém duy nhit 14 x=0.
Cich 6. Taco: VX x4 +NP —x+]

A 3T

pT(1) c6 thé viét lai thanh:

wlf{:!ﬂ: [gl “f(”*%]: (3] 2o

Trong hé truc 19a 4§ Descartes vudng goc Oy ta
chon chc diém d[-!- -"':} [-* -ﬁ] M(x0).

e g g

2
Khi d6: AM =J(J:-l] +1:
2) 4

LTS
BM=|lx+—| +—; AB=2.
2 4

Do d6, PT(2) 12 AM + BM = AB= A;B; M la ba
diém thing hang. D& thiy PT dudng thing AB ¢6
dmg,.ﬁx-y:[l.ﬂu ..!;B;Mlhing hing nén ta
¢6 x=0. Viy PT c6 nghiém duy nhit x=0.

Cich 7. Trong mét phing toa 4o Oxy, chon hai

i (1 g] [Hi M)

Ta cb: fu] = ‘[-—

1"+°\=1ma&mz}m&uaam

A

Viy PT c6 nghiém duy nhit x=0.

Cdch 8. Dt f(x)= Jid #x+1+4x —x+1 ta
thiy f{—.r}_—-f{x}:-f[x} la him so chiin trén K.
Ta xét ham sb

f[_r]=~J'F+ ,r+l+-.rxz-.x+];‘ﬂ'xt.—:[ﬂ;+a:=}.
Trén tia Ox
liy diém A,
trén  tia  ddi
cita tia Ox liy
diém B sao
cho O4=0B=1,Trén tia Or tao véi tia Ox mit
gbc biing 60° ta ly diém M va diit OM = x. Ap
dyng dinh 1y him sb cosin trong AOAM vi
AOBM tacd: MA' =x' Fx+EME =x —x+1.
Do d6. PT(1) 1a AM + BM = AB. Di¢u niy chi

xay rakhi M = O, tirc A x=0.
Viy PT c6 nghi¢m duy nhit x=0.

BUI TRUNG HIEU,

(GV THPT Trin Himg Dao, Tir Ky, Hai Dieomg)
Nhin xét. Ngoai 8 cich gidi clia ban Bui Trung
Hiéu, Tda soan xin hoan nghénh céc ban sau cling
déng goép nhidu cdch gidi cho bai todn nay: Ha
Ni: Lé Ngoc Timg, 9A, THCS Nguyén Tryc,
Thanh Oai, Trdn Quoc Hpi, GV THCS Ty Lip,
Mé Linh: Nghé An: Trdn Ngpc Cwomg, GV
THPT Muémg Qua, Con Cudng: Gia Lai: Cao
Hai Vén, GV THPT Nguyén Chi Thanh, Pleiku;

LE MAI (Ha Néi)

v




i : Lé Ngoc Ting, 9A

i hoc Hué; Ha NOi . .
'?13.;:5 '[‘?;uyéﬂ Trye, Thanh Oai. Ping Thip;
Pham Hitu Dang, 10T1, THPT chuyén Nguyén

Quang Diéu.

NHU HOANG (Ha Ngi)

Dudi day Ia loi gidi bai tokn duge dua ra trong
phin bai tip d& nghi & TH&TT sé 514, T4.2020.

Bai 45 (x in the sky, issue 20, 2017), Cho x, ¥,
z la cdc 56 thue thda mdn
Ix+y+2z223 vi —x+2p+4:25.
Tim gid trj nho what cia Tx+5y+10=
Léi gigi. Vi A, B 12 hai s6 thye duong, ta co:
AQBx +y+2z)+ B(—x+2y+4z)234+58

S (3A-B)x+(A+2B)y+(24+4B8)z 234458,

34-B=7 _,.;EI_E
Néu {4+28=5 <{ [ thibit ding thir fot
AP =10 ' |B=2 | 42

Irhl:ﬁlﬁin&du&l dang Tx +5y+10z 2 ?

mgﬁu;nhanhémh 7.r+5y+mzm Al

Nhgn xét. Nhimg mm;hpﬁbmﬂwﬁ
cich gidi tuong ty nhur 16 gidi trén. Xin hoan
nghénh cdc ban gidi ding bdi ndy: Thanh Hoa:
Nguyén Dgi Duong, 10T2, THPT chuyén Lam
mmmuﬁwmmwm
THCS Nhi Bé Si, th-_’vh;
Til;ﬁumﬂw chuy ];;




W
W\,

clAl DAP: DUNG HAY SAI?
(Dé dang trén TH&TT 56 512, théng 2 nam 2020)

Phin tich. D& F=%dﬂ&dhaibé:ding

e [+l 5] Vo 20086228

cing phdi tré thinh ding thirc. Ping thirc &

:ﬁ;=_43;+35z% xiy ra khi “‘E-- Ding

thirc & iﬁ|+‘v|21u +v| xdy ra khi

huong. Ma @i =(x2x— 1},9-{.1'1: 5), nén

7.7 cing huéng khi va chi khi 2x—1=2x~3

(v6 nghiém). Do 46 F>= mnwﬁ
'-I.ﬁ!-f-.-’ KT 5

"—J—- mﬂwﬁlﬂ.ﬂmﬂﬁ!ﬁm

. "*P

S

Lﬂi;ﬁﬁm Tir E-Jti_r-I mﬁ“;.ﬁm_

- S s S
ﬂ[ﬁx--ﬁ]j:Zﬁ-ﬁxmx-j:y 3

) g 2
Viy min F = 245, dat dugce khi .t=?y=—-i.
Nhiin xét. Hoan nghénh ban Ngé Ven Mink Thing, 12

Todnl, THPT chuyén Nguyén Hué, Ha Nji di phit
hién duge sai im va dwa ra 1 gidi dang,

Trong tiét i s6 & 16p 12A, Thiy gido ra dé bai:
quanh truc mng cia hinh phing gioi han bi
duomg cong (C):y’ —x* —y* =0trong  mién
x = 0, truc tung va dheomg thing y = 2.

mmna:mmmmmwhm
nhu sau:

Tach: y* —x -;’-nﬂx =y “f "
Gidi phuong trinh tung 9 giao diém gitra (C) véi
tryc tung: »’ —y* =0 ﬂdhsﬁnwh?;ﬂ

diém 4y = 0 viy = 1. Vay thé tich khdi o xoay
m:ﬂiw«ﬁm ’j;;;'“ !
WMH{W%HQ

sl JiAs N HMen obe ¥ 1 peoRT SAT B
2 ubein s il e aut iy




\ Tap chi TOAN HOC va TUOI TRE
[ ——

XUAT BAN TU 1964
i s S
Tia sopn : 1678,
121807, BT - Fax Phil haab, Tri 5y : 02435121608
T Bida tho: 02435 Emalt

BAN €O VAN KHOA HOC
GS. TSKH. TRAN VAN NHUNG
TS, NGUYEN VAN VONG
GS. DPOAN QUYNH
PGS, T5. TRAN VAN HAO

HOI DONG BIEN TAP

Tidng bidnm tdp : TS. TRAN HUU NAM

TS, TRAN DINH CHAU, TAS. NGUYEN ANH DONG. 75. TRAN NAM DONG, 75, NGUYEN MINH DUC, 75. NGUYEN MINH HA,
VIET HAL PGS. 75. LE QUOC HAN, TAS. PHAM VAN HUNG, PGS 75. VO THANH KHIET,
VAN MAU, Ong NGUYEN KHAC MINH, 75. PHAM TH] BACH NGOC, PGS TS5, TA DUY FPHUONG,
ThS. NGUYEN THE THACH. GS. TSKH. DANG HING THANG, AGS. TS, PHAN DOAN THOAL TAS. VI KIM THOY, PGS.T5.v0

TS
G5 TSKH.

DUONG THUY, G5. TSKH. NGO VIET TRUNG.

TRONG SG NAY

.' Danh cho Trung hoc Co sd
For Lower Secondary School
Nguyén Amk Tudn — Mt bdi todn co bin cé
nhidu img dyng.

© tHiuomg din gidi 4k thi tuydn sinb vio Iop 10
Trung hoc phd thing chuyén Ha Ni, nlim hoc
2019 - 2020.

© % ihi twyén sink vio 16p 10 Trung hoe phé
thong chuyén Trin Phi, Hai Phong, nim hoe
2019 — 2020,

© Chuin bi cho ky thi THPT Quée gia
Lé Thé Théng ~ Khai thdc mft tinh chit don
giin cia nguyén him, tich phin,

@ vLichsitoinnge :
Nguyén Thity Thanh ~ Al-Khorezmi, nha todn
hoe 15i lac thoi trung cb’ '

' Ban doc tim t6i
hopy -+ SE ey e, iy

@ virawymy st
L TUS16, L TIZSI6 LUSIE LSS, L

Problem in This lssue P

CHIU TRACH NHIEM XUAT BAN

Chii tich Hoi déng Thinh vién
NXBGD Viét Nam
NGUYEN BUC THAI
Téng Gidm déc NXBGD Vigt Nam
HOANG LEBACH
Pho Téng Gidm a6 kitm Tdng bién up
NXBGD Vigt Nam
PHAN XUAN THANH

Thae ki Toa soan : ThS. HO QUANG VINH

) Giai vai ki trwoe -

TV511, ... TIZS1LLL1/S1), L2/S1]. "'d E
Selutions to Previows Problems o

@ Phuong phip giai todn
Negupén Thé Anh ~ Mot sb chch gidi quyét bai
v6 nghi¢m. '

-

A B et A S e s b e e  omm e el

Doumcinie o
Hodng Ngw Hudn —Téng céc binh phuong
nghich dio (Bai todn Basel), ¥ _J j
oﬁimﬂlﬂrhﬂtﬂ._gﬁ.ﬁﬂ g
B dich 56 54, 5
@ Nhibucich giii cho mi bi o :
|
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qu thjm . .'.’rﬂ;‘ o
(J_kip théi nhu cau tim va Iu'a ... ﬁm
khoa Iﬂp 1 ma&i cla cic nha quin ly, gidao ﬁﬁn
erén ca nurde, Nha xudt ban Gido dyc Viét Nam
(NXBGDVN) d3 céng b phién ban dién tir cla 4
bo sach gido khoa I&p 1 (gdm K&t ndi tri thurc voi
cuéc s6ng, Chén trod sdng tao, Cung hoc dé phat
trién ndng lure, Vi syr binh dang va ddn chi trong
gido duc). Day cling la ngudn tu liéu hiru ich gidp
cac bac phyu huynh va cac em hoc sinh tham khao,
lam quen v&i ndi dung sach mdi, chuan bj tam thé
san sang budc vao ndm hoc dau tién thyc hién
chuong trinh va sach gido khoa mai.

Nén tang sach dién tlr cia NXBGDVN co tén goi
Hanh trang 56 dugc xay dyng vdi cic tinh nang:
Cung cip phién ban sach dién tlr véi nhirng cong
cy trai nghiém sach online nham ho trg tich cyc
viéc day va hoc, qua dé phat huy toan dién tiém
ning clia cic bd SGK; Cung cdp kho hoc liéu va
bai tip b trg phyc vy viéc tyr hoc cla hoc sinhva
soan gido 4n, bai gidng cla gido vién; Cung cdp méd
hinh Iép hoc trye tuyén phuc vy viéc quan trj iop
hoc, khai théc t6i wu nhirmg thé manh cla viéc ap
dung céng nghé thong tin trong d6i méi phurong
phip day hoc, quan trj lép hoc va danh gia nang
lire hoc sinh. Dé tiép cin voi sach giao khoa dign
tlr clia NXBGDVN, ban doc cd thé truy cip theo
dia chi: http://nxbgd.vn/sachdientu hogc http://
hanhtrangso.nxbgd.vn dé chon b sach, tén sach
can doc.

Song hanh cling nén tang sich dién tr Hanh trang
$8, NXBGDVN d3 xdy dyng nén tang Tap hudn, bao
gOm céc phién ban dién tir cia SGK, SGV; cac tai
liéu thuyét minh SGK; cdc slide va video bai gidng
tﬁn hudn gido vién cla tic gid sich; cic video

 minh hoa; gidi dip cic cau héi thuding

4”"-” r[ .,| -1' s THLT

' E-'ip;  bai tip dé gido vien ty ki€m tra, danh

Bid két qui tap hudn; phan huéng dan sir dung,

al. thc cdc tai ligu trén trang Hanh trang s6 va

NXBGDVN. Nﬂlﬂi ra, ngudi dung
 thé tham kién, kinh nghiém
! C tdp theo ﬂt cdu hoi va

"-u'. |.-_=

M0 ( @N@VA @é@ﬂ (GIAD MOAM@H

cau trd 1o tl  nhir nﬁﬁitfnmﬁ
m ) Hraltlﬂ:ngu'ﬁnﬁinguﬂnhﬂ'ulch
b'én.mﬁibandocwardpﬁiachi http://nxbad.
vn/taphuan.

Vé&i cdc cau hoi can gidi dap va gop ¥ lién quan
dén SGK mdi clia NXBGDVN, gido vién co thé guri
e-mail theo dja chi: hoidapsgk@nxbgd.vn.

NXBGDVN dang ti€p tuc hoan thién cac ndi dung
trén trang Hanh trang s6 va Tap hudn, nham tao
ra nhirng san pham hd trg tich cyc va higu qua
nhit, dong hanh clng gido vién va cac em hoc
sinh trong nam hoc 2020-2021 va nhirng chdng
duwéng tiép theo.

B ome e r mm—




Bo dong tap B e
TAP CHI TOAN HOC VA TUOI TRE HANG NAM

TAP CHI TAP CHI

TOAN HOC [l TOAN HOC

Esthermanecy o Vit Mgeironn Mathamatics s Youth =

Ném 2011 Nim 2012

g rmatas e Ttk Waga s
Mim 2013

Nam 2010

TAP CHI
Khd 19 x 26,5 -

TAP CHI

Gia bia: 99,000 déng AAS
Nam 2011 uocbre .

Khé 19 x 26,5

Gia bia: 126.000 ¢dng T
Nam 2012 Mam 2015

Khd 19 x 26.5

Gia bia: 152.000 d6ng
Nim 2013

Khé 19 x 26.5

Gia bia: 175.000 ddng
Nam 2014

Khd 19x 265

Gia bla: 185.000 d4ng
Nam 2015

Knd 19 x 265

Gid bia: 199.000 P
Nam 2016 o ey (S oy

Khd-19x 26 5 A" . By ®,

Gi bia- 199,000 C ' &
Ném 2017 %ng

Khd) 19 %\ 26,5 W rthamntir s el ¥ st Wagurey Bathamaticy ind Touth Magazing

i bla: 1
"igzgﬁ 949 000 ddng MNim 2017 Nim 2018

Kho 18 x.26,5

Gia bia; 498 000'abng
Nam 2019

Khé 18 x 26.5

Gia bla; 199.000 dbng

Marhamut aid Viagth Magasea
Nim 2016

Warhavmasini shd Voowth Magares -
Nim 2019 |

i

A— . —

Moi chi tiét xin lién hig:

TAP CHi TOAN HQC VA TUOI TRE

| _ Bja chi: 187B Giang V6, Ha Nai
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