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Lo1 no1 dau

Nguon tai nguyén toan trén Internet 1a vo cling phong pha. Tai liéu vé
Bét dang thic trén Internet rat nhiéu va nhiéu chuyén dé trong s6 chiing
1a nhiing cong cu manh dé gidi bat dang thic. Viéc tap hop ching lai
thanh mot an ban 16n dé tién nghién citu au c6 1& ciing 1a nhu cau cia
nhiéu nguoi. Qua mot thai gian suu tam va chon loc cac tai lieu theo mot
vai "tieu chi", 4n ban 16n "Tuyén tap cac chuyen dé, ki thuat ching minh
Bat dang thitc " da hoan thanh. Vi dung lugng qué 16n ( khodng trén 2000
trang ) thé nén an ban dugc chia lam 3 tap. Dé cho cac bai viét duge thong
nhat theo mot khoéi chung, t6i budc phai can thiép, chinh stta mot chat tai
lieu goc, rat mong sy bd qua clia cac tac gia tai lieu tréen. Mot s6 phuong
phap kinh dién nhu MV, GLA, ABC, UCT ciing sé khong xuat hién trong
an ban nay, doc gid hay luong thit cho dieu d6. Hi vong an ban trén la
mot tap hop tuong doéi day du ve Bat déng thitc, mot linh vue luon co su
quyén rii, cudn hiat dén khong ngo.

Moi ¥ kién déng gép xin gui vé

Nguyén Minh Tuan

K62CLC Toan- Tin DHSPHN
Gmail : popeyenguyen94@gmail.com
Facebook : Popeye Nguyén

Tai lieu duge phat hanh trén dién dan : www.k2pi.net.vn. Moi hoat
dong st dung tai lieu vi muc dich thuong mai déu khong dude cho phép.
Xin chan thanh cam on

NGUYEN MINH TUAN (POPEYE)
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L&i néi dau

Quyén sach két hop nhitng két qua kinh dién vé bat ddng thic véi nhitng bai toan rat
mdi, mot s6 bai toan duge néu chi vai ngay trude day. Lam sao c¢é thé viét duge didu gi
daic biet khi da c6 qua nhiéu sach vé bat ding thic? Ching toi tin chic ring du dé tai
nay rat tong quat va thong dung, quyen sach ctia chiing toi van rat khac biet. Tat nhién
néi thi rat dé, vay ching t6i néu vai 1y 1é minh chitng. Quyén sach chita mot s6 1én bai
toan vé bat déng thiic, phan 16n 1a khé, cac cau héi ndi tiéng trong cac cudc thi tai vi do
kho6 va vé dep ciia chiing. Va quan trong hon, trong cuén sach ching t6i da sit dung nhitng
16i giai ctia chinh minh v dé xuat mot sé 16n bai toan doc dao mdi. Trong quyén séch
c6 nhing bai toan dang nhé va ca nhimg 16i gidi dang nhé. Vi thé quyén sach thich hop
v6i nhitng sinh vién st dung thanh thao bat ding thitc Cauchy-Schwarz va mudn cai tién
ky thuat va k nang dai s6 clia minh. Ho sé tim thay ¢ day nhitng bai toan kha héc bua,
nhitng két qua méi va cd nhitng van dé c6 thé nghién cttu tiép. Cac sinh vien chua say
mé trong linh virc nay c6 thé tim duge mot sé 16n bai toan, ¥ tudng, ki thuat loai vira va
dé dé chuan bi t6t cho cac ky thi toan. Mot s6 bai toan ching toi chon la da biét nhung
ching t6i dua ra nhing 16i giai méi dé ching t6 su da dang ctia nhitng ¥ tudng lien quan
dén bat ding thitc. Bat ky ai cling tim thay ¢ day viéc thit thach cho nhing ki ning ciia
minh. Néu ching toi chua thuyét phuc noéi ban, xin hay xem nhitng bai toan cudi ciing va
hy vong ban sé dong ¥ v6i ching toi.

Cubi cting nhung khong két thic, ching toi to long biét on sau sic nhiing nguoi dit
ra cac bai todn c6 trong quyén sach nay va xin 16i vi khong dua ra day di xuat xi du
chiing t6i da c6 gang hét sic. Ching to6i cling xin cdm on Marian Tetiva, Dung Tran Nam,
Constantin Tanasescu, Calin Popa va Valentin Vornicu vé nhitng bai toan dep ma ho néu
ra cing nhitng binh luan quy gia, cdm on Cristian Baba, George Lascu va Calin Popa vé
viec danh may ban thio va nhiéu nhan xét xac dang ctia ho.

Cac tac gia



Chuong 1. Cac bai toan



. Chitng minh réng bat ding thiic

\/a2+(1—b)2+\/b2+(1—c)2+\/02—&-(1—61)2232£.

ding véi cac s6 thuc a, b, ¢ bat k.
Komal

. [Dinu Serbanescu| Cho a, b, c € (0,1), chiing minh ring

Vabe + /(1 —a)(1 =b)(1 —¢) < 1.
Junior TST 2002, Romania

. [Mircea Lascu] Cho a, b, ¢ la cac s6 thuc duong théa man abc = 1. Ching minh rang

b+c c4+a a+b

NN AR > Va+Vb+ e+ 3.

Gazeta Matematia
. Néu phuong trinh o* +ax® 4222 +bxr+1 = 0 c6 it nhat mot nghiem thiye, thi a®+b* > 8.
Tournament of the Towns, 1993

. Tim gia tri 16n nhat ciia biéu thic o3 4+ y3 + 2% — 3oyz véi 22 + > + 22 = L va z,y, 2
la céc sb thue.

. Cho a,b,c,x,y, z 1a cac s6 thic duong théa man = + y + z = 1. Chiing minh rang

ar + by + cz + 2v/(vy + yz + 22)(ab + be +ca) < a+ b+ c.
Ukraine, 2001

. [Darij Grinberg| Néu a, b, ¢ 1a cac s6 thuc duong, thi

a . b L c - 9
(b+¢)? (c+a)? (a+b)? " 4la+b+c)

. [Hojoo Lee| Cho a,b,c > 0. Chitng minh réng

Vat + a2b2 + b4 + Vb + 522 + A+ Vet + a2 + ot >

> av2a2 + be + bV202 + ac + V22 + ab.



10.

11.

12.

13.

14.

Gazeta Matematia

Cho a, b, c 1a cac s6 thyc duong thoa man abe = 2, khi do6

A+ +E>avb+ce+b/e+a+ceva+b.

Khi nao ding thitc xay ra?
JBMO 2002 Shorlist

[Toan Tomescu] Cho x,y,x > 0. Chitng minh ring

xYz
(14 3z)(z+8y)(y +92)(2+ 6

1
ﬁ.

<
)
Khi nao ta c6 dang thic?
Gazeta Matematia
[Mihai Piticari, Dan Popescu] Chting minh rang

5(a® +b* + 2 <6(a® + b+ ) +1,

v6i moi a,b,c >0vaa+b+c=1.

[Mircea Lascu] Cho xy,x9,...,x, € R,n > 2 va a > 0 théa man
2

n—1

T4 T4 .+, =ava 22+ + . 422, <

N 2
Ching minh rang x; € [0, —a], v6i moi ¢ € {1,2,...,n}.
n

[Adrian Zahariuc] Chiing minh ring véi moi a, b, ¢ € (1,2) bat dang thitc sau day ding

byv/a cv/b ay/c
4bﬁ—0x/6+4c\/a—a\/5+4a\/6—b\/a =

Cho céc s6 thie duong a, b, ¢ théa man abe = 1, chiing minh rang

a

b ¢
+-+->a+b+c
b ¢ a



15.

16.

17.

18.

19.

20.

[Vasile Cirtoaje, Mircea Lascu] Cho a, b, ¢, z,y, z 1a cac s6 thuc sao cho a+x > b+y >
c+zvaa+b+c=x+y+ 2 Ching minh rang

ay + bxr > ac + xz.

[Vasile Cirtoaje, Mircea Lascu| Cho a,b,c la cac s6 thuc théa man abe = 1. Chiing
minh rang

3 6

1 > .
+cH—b—i—c ~— ab+ ac + be

Junior TST 2003, Romania

Cho a, b, ¢ 1a cac s6 thuyc duong. Chiing minh rang

JBMO 2002 Shorlist

n
Chiing minh rang néu n > 3 va 1, 9, ..., ¥, > 0 théa man [] x; = 1, thi
i=1

1 1 1 1

+ + ...+ + > 1.
1+ +x20 1429+ 2023 l+x2p, 1 +2p12, 14+2x,+ 11

Russia, 2004

[Marian Tetiva] Cho z,y, z 1a cac s6 thuc duong thda man dieu kien
Pyt 2 2y =1
Chitng minh rang

) < 1
a) rYyz et
Yz =~ 8,

b) z+y+z<

DO o

c) wy+axz+yz < - <2’ +y?+ 2%

DO = | W

d) zy +xz+yz < - + 2xyz.

[Marius Olteanu] Cho x1, g, x3, 24, x5 € R théa man x; + z + x5+ 24 + x5 = 0. Chiing
minh rang
| cos 1| + | cosxa| + | cosxs| + | coszy| + | cosas| > 1.



21.

22.

23.

24.

25.

26.

Gazeta Matematia

[Florina Carlan, Marian Tetiva] Chiing minh réng néu x,y, z > 0 théa man diéu kien
r+y+ 2z =1xyz th

wy+rz4+yz >3+ VR + 14+ V2 +14+V22 1

[Laurentiu Panaitopol] Chiing minh réng

1+ 22 1+ y? 1+ 22 -
I1+y+22 1+4+z+4+22 14+az+y?—

)

v6i moi s6 thuc z,y, z > —1.
JBMO, 2003

Cho a,b,c > 0 théa man a + b+ ¢ = 1. Chitng minh rang

a?+b b +c c2+a>2
b+c c+a a+b —

Cho a,b,c > 0 théa man a* + b* + ¢* < 2(a?* + bc* + ?a?). Chiing minh ring
a® +b* + ¢ < 2(ab + be + ca).
Kvant, 1988

Cho n > 2 v 21, T, ..., T, 1 cac s6 thyc thoa man

1 1 1 1
1 + 1998 * o + 1998 L T, +1998 1998

Chitng minh rang
VLt xl'“'l“x” > 1998,

n —_—
Vietnam, 1998
[Marian Tetiva] Cho cac s6 thuc duong z,y, z théa man 2% + y? + 22 = xyz. Chiing
minh cac bat dang thic sau

a) xyz > 27;
b) zy + xz +yz > 27;



27.

28.

29.

30.

31.

32.

c) x+y+2z2>09;
d) zy+zz4+yz>2(x+y+2)+09.

Cho z,y, z la cac s6 thie duong c6 tong bang 3. Chiing minh ring
VI+y+vVz >y +yz+ oz
Russia, 2002

[D.Olteanu] Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh ring

a+b a +b+c b +c+a c
b+c2a+b+c c+a2b+c+a a+b22c+a+bd

3
> —.
— 4
Gazeta Matematia

Cho a, b, ¢ 1a cac s6 thic duong, chitng minh rang bat ding thitc sau ding

a b ¢_c+a a+b biec
—4+-+-2> .
b ¢ a c+b a+c b+a

India, 2002

Cho a, b, c 1a cac s6 thyc duong. Chitng minh rang

a? N v N A 3(ab + be + ca)
b2—bc+c2 c2—ac+a? a?—ab+b2~  a+b+c

Dé cit cho ky thi Olympic Toan hoc viing Balkan
[Adrian Zahariuc] Xét cac s6 nguyén xy, Ta, ..., Ty, n > 0 doi mot khac nhau. Ching
minh rang
T+ 25+ .+ 32 > 2.2 + To Ty + o+ Tyt + 20— 3.
[Murray Klamkin] Tim gi& tri 16n nhat ciia biéu thitc
TiTy + w3 + .+ 223, + 227

VOi 1, g, ..., T, > 0 c6 tong bang 1 va n > 2.

Crux Mathematicorum



33.

34.

35.

36.

37.

38.

Tim gia tri 16n nhat ctia hiang s6 ¢ sao cho v6i moi z1, s, ..., Ty, ... > 0 thoéa man
Tpi1 > T1 + To + ... + 2 v6i moi k, bat déng thic

VT + Ty + T, <V g+,

ding v6i moi n.
IMO Shorlist, 1986

Cho cac s thyc duong a,b,c va z,y, 2 théa man a + . = b+y = ¢+ 2z = 1. Chiing
minh rang

1 1 1
(abc + zyz) <— +—+ —) > 3.
ay bz cx

Russia, 2002

[Viorel Vajaitu, Alexandru Zaharescu] Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh
rang

—

ab . be . ca <Xatbto
—(a c).
a+b+2c b+c+2a cH+a+2b " 4

Gazeta Matematia
Tim gia tri 16n nhat ctia biéu thiic
adb+c+d)+b*(c+d+a)+E(d+a+b)+d*(a+b+c)
Voi a, b, ¢, d 1a cac sd thue ma tong binh phuong ctia cac s6 bang 1.
[Walther Janous] Cho z,y, 2 1a cdc s6 thyc duong. Chiing minh ring

T z
<1

Yy
PR/ ey s SN o e BN e o B

Crux Mathematicorum

Gid stt a; < as < ... < a, 1a cac s thie, n > 2 1a mot s6 nguyén. Chitng minh rang
CL16L42 + a2a43 + ...+ ana41 > a2a41 + (13(142 + ..+ a1a4n.

Iran, 1999

10



39. [Mircea Lascu| Cho a, b, ¢ 1a céc s6 thyc duong. Chiing minh réng

b+c c+a a+b a b c
+ + >4 + + .
a b c b+c c+a a+b

40. Cho ay,as, ...,a, > 1 1a cic s6 nguyén duong. Chiing minh rang it nhat mot trong cac

80 4/ay, %/az, ..., "ny/as, %/a; nhé hon hodc bang /3.
Phong theo mot bai toan quen biét
41. [Mircea Lascu, Marian Tetiva] Cho x,y, z la cac s6 thuc duong théa man diéu kien
Yy + a2z +yz+ 2zyz = 1.

Chimg minh céc bat ding thic sau
) - 1
a) vyz < —;
Yz = 3

b) z+y+z>

1 1 1
¢) —+ -+ =->4(r+y+2);

r oy =z

111 (22— 1)?
d —+-+--—4 > - 7
)x+y+z (x+y+z)_z(22+1)7

DO o

Vi z = max{z,y, z}.
42. [Manlio Marangelli] Chting minh réng v6i moi s6 thyc duong z, vy, z,
3(x?y + 9?2 + 222) (xy? + y2 + 22?) > ayz(z +y + 2)>

43. [Gabriel Dospinescu| Chiing minh rang néu a, b, ¢ 1a cac s6 thuc sao cho max{a, b, c} —
min{a, b, ¢} <1, thi

14 a®+b® + & + 6abe > 3a®b + 3b%c + 3c2a.

44. [Gabriel Dospinescu] Chitng minh riang véi bat ky s6 thuc duong a, b, ¢ ta c6

2 b? 2 1 1 1
27+ (24— ) (24 =) (2+ ) >6(a+b+e)(=+-+-].
be ca ab a b ¢

1 2 . 1
45. Cho ag = 3 vVa a1 = ap + %. Chtng minh riang 1 — — < a, < 1.
n n

TST Singapore

11



46.

47.

48.

49.

50.

51.

52.

[Calin Popa] Cho a, b, ¢ 1a cac s6 thye duong, v6i a, b, ¢ € (0, 1) sao cho ab+bc+ca = 1.
Chitng minh rang

a b c 3/1—a® 1-0 1-—¢2
> + + .

1—a2+1—b2+1—62_1 a b c
[Titu Andreescu, Gabriel Dospinescu] Cho z,y,z < 1 va  + y + 2z = 1. Chting minh
rang
1 n 1 n 1 - 27
T+22 1+9y2 1422710

[Gabriel Dospinescu] Chimng minh rang néu /z 4+ /y + /z = 1, thi
(1= 2)*(1—y)*(1 = 2)* > 2%ay2(z +y)(y + 2)(z +2).
Cho z,y, z 1a cac s6 thyc duong théa man zyz = x + y + z + 2. Chiing minh ring
1) zy+yz+ze>2x+y+ 2);
2) Ve + Y+ vz < g\/w
Chitng minh rang néu x,y, z 1a cac s6 thuc sao cho 2% + y? + 2% = 2, thi
T+y+z<zyz+2
IMO Shorlist, 1987

[Titu Andreescu, Gabriel Dospinescu] Chitng minh rang véi moi zy, 9, ..., z, € (0,1)
va v6i moi phép hoan vi o ctia tap {1,2,...,n}, ta c6 bat dang thiic

3! e >t)

— 1—ux \ n / — I — 2o

. noo 1
Cho w1, x, ..., x, 1a cac so thuc duong sao cho )
iz 1+

n n 1
;@Z(n—l);ﬁ~

= 1. Chiing minh rang

Vojtech Jarnik

12



53.

54.

55.

56.

57.

58.

59.

60.

[Titu Andreescu] Cho n > 3 va ay, as, ..., a, 1a cac s6 thuc thda man a; +as+...+a, > n
va a? + a3 + ... + a2 > n?. Ching rang max{a, as, ..., a, } > 2.

USAMO, 1999

[Vasile Cirtoaje] Néu a, b, ¢,d la cac s6 thyc duong, thi

a—b+b—c+c—d+d—a>0
b+c c¢+d d+a a+b 7

Cho z va y la cac s6 thuc duong, chi ra rang a¥ + y* > 1.

France, 1996
Chiing minh rang néu a, b, ¢ > 0 c6 tich bang 1, thi

(a+b)b+c)(ct+a)>4(a+b+c—1).

MOSP, 2001

Chiing minh rang véi moi a,b, ¢ > 0,
(a®+b*+cA)(a+b—c)(b+c—a)(ct+a—b) <abe(ab+ be + ca).

[D.P.Mavlo] Cho a, b, ¢ > 0. Chiing minh ring

111 b Db+ 1)(c+1
3tatbretirliplypay by larbrlierl)
a b ¢ b ¢ a 1+ abe

Kvant, 1988

|Gabriel Dospinescu] Chitng minh rang v6i moi s6 thuc duong i, 2o, ..., 2, véi tich
bing 1 ta c6 bat dang thiic

n

n
n-.

(a) +1) > (Z:ﬂﬁ-Z%) .
i=1 i=1 """

Cho a,b,c,d > 0 théa man a + b + ¢ = 1. Chiing minh rang

=1

11 d
S+ 0+ +abed > min ¢ =, =+ — ¢
a” + 0° + ¢’ + abc _mln{4,9+27}

Kvant, 1993

13



61.

62.

63.

64.

65.

66.

67.

Chting minh riang véi moi s6 thuec a, b, ¢ ta c6 bat dang thiic
S (1+a) A+ a—0)*(b—c) = (1+a”)(1+ 1)1+ )(a—b)*(b—c*)(c—a?).
AMM

[Titu Andreescu, Mircea Lascu| Cho «,x,y, z la cac s6 thuc duong théoa man ryz = 1
va a > 1. Chiing minh rang

x® ye 24 3
+ + > -
y+z z4+zx x4y 2
Chiing minh rang véi moi s6 thuc x1, Ta, ..., Tp, Y1, Y2, ..., Yo thoa man i +z3+... 422 =

Vit ys+ .. +yi=1,taco
(212 — Toy1)? < 2 (1 — Z$kyk> .
=1

Korea, 2001

[Laurentiu Panaitopol] Cho ay, as, ..., a, 1a céc s6 nguyén duong doi mot khac nhau.
Chitng minh rang

2n+1

a%+a§+...—|—ai2 (a1 + as + ... + ay).

TST Romania

[Cawlin Popa] Cho a, b, ¢ 1a cac s6 thuc duong théa man a + b + ¢ = 1. Chiing minh
rang
by/c ca av'b < 3v/3

o3+ vab) | b(v3a+vbo) | (3o +vea) — 4

[Titu Andreescu, Gabriel Dospinescu] Cho a, b, ¢ 1a cac s6 thic thoa man

(14 a®)(1+b%)(1+c*)(1 + d*) = 16.
Chitng minh rang
-3 < ab+ bc+ cd + da + ac + bd — abed < 5.

Chitng minh ring
(a* 4+ 2)(0* +2)(c* 4+ 2) > 2(ab + be + ca)

v6i moi a, b, ¢ 1a cac s6 thue duong.

14



68.

69.

70.

71.

72.

73.

APMO, 2004

[Vasile Cirtoaje] Chiing minh ring néu 0 < x <y <zvaz +y+ 2z = zyz + 2, thi

a) (1 —ay)(1—yz)(1 —zz) >0

32
b) 22y < 1,252 < =,
)Iy_,my_27

[Titu Andreescu] Cho a,b,c la céc s6 thyc duong théa man a + b + ¢ > abe. Ching
minh ring c6 it nhat hai trong céc bat ding thiic

3 6

2
=+
a

ding.

3
b

6

2

—4+=->06,7+
C

b

C

2
+_Z67_+
a C

3 6

[Gabriel Dospinescu, Marian Tetiva] Cho x,y, z > 0 théa man

Chitng minh rang

T+y+z=u1xyz.

(z—1)(y—1)(z—1) < 6v3 — 10.

—4+—->6
a+b_ ’

TST 2001, USA

[Marian Tetiva] Chitng minh réng véi bat ky cac s6 thuc duong a, b, ¢ ta c6

a® — b

b3

3

— C

3

cCT—a

3

a+b

b+c

c+a

< (a—b)2+(b—c)2+(c—a)2.

4

Moldova TST, 2004

[Titu Andreescu] Cho a, b, c 1a cac s6 thie duong. Chiing minh riang

(a® —a*+3)(b° = b +3)(c° — 2 +3) > (a+b+c)

[Gabriel Dospinescu] Cho n > 2 va x4, xg, ..., £, > 0 thoa man

Chitng minh rang

()
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74.

75.

76.

7.

78.

79.

80.

[Gabriel Dospinescu, Mircea Lascu, Marian Tetiva] Chitng minh ring véi bat ky céc s6
thuc duong a, b, ¢, ta co

a® + b+ +2abe+3 > (1+a)(1+b)(1+c).

[Titu Andreescu, Zuming Feng| Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang

(2a+b+c)*  (2b+a+c)* (2c+a+b)? -3
202+ (b+¢)?2 202+ (a+¢)? 224 (a+b)? —

USAMO, 2003

Chitng minh rang véi moi s6 thye duong o,y va véi moi s6 nguyen duong m, n, ta c6
(n—1)(m—1) (™" +y™™) + (m+n—1)(a™y" +2"y™) > mn(a™"y 4y ).
Austrian-Polish Competition, 1995

Cho a,b,c,d 1a cac s6 thuc duong thdéa méan abed = 1. Chiing minh ring

a + abc b + bed ¢+ cde d + dea e+ eab
14+ab+abed 1+bc+bede 1+4+cd+cdea 1+ de+deab 1+ ea+ eabe

10
> —.
- 3

Crux Mathematicorum
[Titu Andreescu] Ching minh réng véi moi a, b, ¢ € (0, g) bat ding thiic sau ding

sina.sin(a — b).sin(a — ¢) sinb.sin(b — ¢).sin(b — a) sinc.sin(c — a).sin(c — b) -
sin(b + c¢) sin(c + a) sin(a + b) -

TST 2003, USA

Chiing minh rang néu a, b, ¢ 1a cac sd thyc duong, thi

Vat + b4+ A 4 Va2h? + b2 + c2a? > Vadb + b + cda + Vab3 + be3 4 cal.
KMO Summer Program Test, 2001

[Gabriel Dospinescu, Mircea Lascu] Cho n > 2, tim hing s6 k, nho nhat c6 tinh chat:
Néu ay, as, ..., a, > 0 c6 tich bang 1, thi

a1a2 G203 QAp G

T T+ <k,
(a2 + ag)(a3 4+ ay) (a2 + az)(a2 + ap) (a2 +ay)(a? +a,) —

16



81.

82.

83.

84.

85.

86.

87.

[Vasile Cirtoaje] Véi moi s6 thitc a, b, ¢, z,y, 2, chiitng minh ring bat dang thitc sau ding

2
ar + by + cz + /(a2 + b2 + ) (22 + y2 + 22) > §(a+b+c)(a:+y+z).
Kvant, 1989

[Vasile Cirtoaje] Chitng minh rang cac canh a, b, ¢ ctia mot tam giac théa man bat dang

thuce ) )
3(r42+S—1)>2(2+242).
b ¢ «a a b ¢

[Walther Janous| Cho n > 2 va 21, 2, ..., 2, > 0 ¢6 tong bang 1. Chitng minh ring

n 1 n n—;
1+—) > .
._1< +fCi> _E<1_5Ei>

(2

Crux Mathematicorum

[Vasile Cirtoaje, Gheorghe Eckstein] Xét cac s6 thuc duong zy,xs, ..., r, thdéa man
T1Ts...7, = 1. Chitng minh ring

1 1 1
+ + ..+ — < 1.
n—14+xr; n—1+x n—14uz,

TST 1999, Romania

[Titu Andreescu] Chitng minh réng v6i moi s6 thic khong am a, b, ¢ théa man a? + b +
c® + abc = 4, ta co
0 <ab+ bc+ ca— abe < 2.

USAMO, 2001

[Titu Andreescu] Chitng minh ring v6i moi sé thyc duong a, b, ¢, bat dang thitc sau
ding

TEIEE abe < max {(Va— VB, (Vo VO, (ve - va)'}.

TST 2000, USA

[Kiran Kedlaya] Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh riang

a+\/ab+\3/abc<3 a+ba+b+c
a. —
3 - 2 3

17



88.

89.

90.

91.

92.

93.

94.

Tim hang s6 k& 16n nhat sao cho v6i moi s6 nguyén duong n khong 1a mot sd chinh
phuong, ta co
(1 4+ v/n) sin(my/n)! > k.
Vietnamese IMO Training Camp, 1995

[Tran Nam Dung] Cho z,y, 2 > 0 thoa man (z+y+ 2)* = 322yz. Tim gia tri nhé nhat
va gid tri 16n nhat ctia bicu thiic

x4+y4+z4
(x+y+2)*

Vietnam, 2004
[George Tsintifa] Chitng minh rang véi moi a,b, ¢,d > 0,
(a+b)>*b+c)*(c+d)?(d+a)’ > 16a°b*c*d*(a + b+ c+ d)*.
Crux Mathematicorum

[Titu Andreescu, Gabriel Dospinescu] Tim gid tri 16n nhat ctia biéu thiic

(ab)"  (bc)" = (ca)"
1—ab+ 1—bc+ 1—-ca

v6i a, b, ¢ 1a cac s6 thie khong am c6 tong bang 1 va n 1a mot s6 nguyen duong.
Cho a, b, c 1a cac s6 thyc duong. Chitng minh rang

1 1 1 3

a(1+b)+b(1+0)+0(1+a) - Vabe(1 + Vabe)

[Tran Nam Dung] Chiing minh ring v6i moi s6 thuc a, b, ¢ théa man a? + b* + 2 = 9,
ta co
2(a+ b+ c) — abe < 10.
Vietnam, 2002

[Vasile Cirtoaje] Cho a, b, ¢ 1a cac s6 thuyc duong. Chiing minh rang

i) oot oo )

18



95. [Gabriel Dospinescu] Cho n la s6 nguyén 16n hon 2. Tim s6 thuyc m,, 16n nhat va s6
thuc M, nhé nhat sao cho véi moi s6 thuc duong w1, o, ..., 2, (Vi 1, = Tg, Tpi1 = T1),
ta co

my < < M,.
; Ti—1 + 2(TL — 1)331 + Ti+1

96. [Vasile Cirtoaje] Néu z,y, z 1a cac s6 thuc duong, thi

1 1 1
+ +
2+ry+y? yityz+22 0 22+ 2o+ 22

9
T (r+y+2)?

Gazeta Matematia

97. [Vasile Cirtoaje] Vi moi a,b,c,d > 0, chitng minh ring
2(a® +1)(0* + 1)(® + 1)(d* + 1) > (1 4+ abed) (1 + a®) (1 + 6*) (1 + *)(1 + d?).

Gazeta Matematia

98. Chitng minh rang v6i moi s6 thyc a, b, ¢, ta c6

(a* +b* 4+ ch).

SIS

(a+b)*+(b+c) +(c+a) >

Vietnam TST, 1996

99. Chitng minh rang néu a, b, ¢ 1a cac s6 thic duong théa man abe = 1, thi
1 . 1 L 1 1 1 1
l+a+b 1+b+c 1+4+c+a " 2+a 2+b 2+c
Bulgaria, 1997

100. [Tran Nam Dung] Tim gi4 tri nhé nhat ctia biéu thic
1 2 3

a b ¢
trong d6 a, b, ¢ 1a cac s6 thie duong théa man 21ab + 2bc + Sca < 12.
Vietnam, 2001

19



101. [Titu Andreescu, Gabriel Dospinescu] Chiing minh réng véi moi z,y, z,a,b, ¢ > 0 thoa
man vy +yz +z2x = 3, ta co

2 (y+2)+ b
Y c—+

T a(z+x)+

> 3.
a+b(x+y)_

102. Cho a,b,c 1a cac s6 thie duong. Chitng minh rang

(b+c—a)*  (a+c—=0)?* (a+b—c)?
(b+c)?+a*> (a+c)2+b (a+b2+c2

3
5
Japan, 1997

103. [Vasile Cirtoaje, Gabriel Dospinescu] Chiing minh rang néu ay, as, ..., a, > 0 thi

a;+as + ...+ ap_ "
al +ay + ...+ ar —najas...a, > (n—1) ( 1+ 2n+— 1+ L an>

trong dé a,, 1a s nhoé nhat trong cac s6 ai, as, ..., ay.
104. [Turkevici] Chiing minh rang v6i moi s6 thuc duong z,y, z, t, ta c6
oyt b2t 2oyzt > 2%y 4y 2 P P
Kvant

105. Chitng minh rang véi moi s6 thic ay, as, ..., a,, bat dang thiic sau ding

n 2 n ..
;(h) S Z Z,_i_zji,]_laiaj.

ig=1
106. Chitng minh rang néu ay, a, ..., ay, by, ..., b, 1a cac s6 thuc nam gitta 1001 va 2002, thoa
man
a2+ait .. tal=0+b+ ..+ b2,
thi ta c6 bat déng thic

ad  ad a? 17
S+ 24 4+ 2< —(al+aj+..+a))
bl b2 n 1

TST Singapore
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107.

108.

109.

110.

111.

112.

113.

[Titu Andreescu, Gabriel Dospinescu| Chitng minh rang néu a, b, ¢ 1a cac s thye duong
c6 tong bing 1, thi

(a® + %) (b* + ) (¢ + a®) > 8(a’b* + b*c? + c*a?).
[Vasile Cirtoaje] Néu a, b, ¢,d la cac s6 thuc duong théa man abed = 1, thi

1 1 1 1
> 1.
(ta? (102 " Ute? (xar~

Gazeta Matematia

[Vasile Cirtoaje] Cho a,b, ¢ la cac so thuc duong. Chitng minh rang

a? b? ? a b c

b2+02+02+a2+a+b2 _b+c+c+a+a+b'

Gazeta Matematia

[Gabriel Dospinescu| Cho ay, as, ..., a, 1a cac s6 thyc va S 1a mot tap con khéc rong
cia {1,2,...,n}. Chimg minh riang

2
(Zal) S Z (al—|—+a])2
€S 1<i<j<n

TST 2004, Romania

[Dung Tran Nam] Cho zy, 9, ..., Toes 12 cdc s6 thuc trong doan [—1,1] théa méan
3+ a3+ . 4 23, = 0. Tim gia tri 16n nhat cla z1 + xg... + Tag04-

[Gabriel Dospinescu, Calin Popa] Chiing minh ring néu n > 2 va ay, as, ..., a, 1a céc s6
thiie ¢6 tich bang 1, thi

2n

a?+a3+.. +a>—n>

1.\"/71 — (a1 +as + ... + a, — n).

[Vasile Cirtoaje] Néu a, b, ¢ 1a c4 s6 thiyc duong, thi

2a 2b 2c
+ + < 3.
a+b b+c c+a
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114.

115.

116.

117.

118.

119.

Gazeta Matematia

Ching minh ring bat déng thic sau ding v6i moi sb6 thuc duong z, v, 2

1 1 1 9
(zy +yz + o) <<x+y>2+ Gror <z+y>2> =

Iran, 1996

Chitng minh rang v6i moi x,y trong doan [0, 1],

VIita2+y/1+92+ /(1 —2)2+ (1—y)2 > (1+V5)(1 — zy).
[Suranyi] Chiing minh ring véi moi s6 thiyc duong ay, ay, ..., a,, bat ding thiic sau ding
(n—1)(a? + a3 + ... +a") + najas...an, > (ay +ag+ ... +a,) (@} +ad ™ + ... +a’ ).
Miklos Schweitzer Competition

Chitng minh rang véi moi zy, 2, ..., x,, c6 tich bang 1,

Z (z; — x5)* > ix? —n.
i=1

1<i<j<n
Dang téng quat ciia bat ding thic Turkevici
[Gabriel Dospinescu] Tim gia tri nhé nhat ctia biéu thiic

a1ay...as

1—(n—1)a;

Vol ay, ag, ..., a, < c6 tong bing 1 va n > 2 1a mot sé nguyen.

n —

[Vasile Cirtoaje] Cho ay, as, ...,a, < 1 1a céc s6 thyc khong am thoéa man

2 2 2
a:\/a1+a2+...+an zﬁ'
n 3

Chitng minh rang
aq + asg N Ay > na
Co1l—a2 T 1—a?*

2 2
1—a; 1-aj

22



120. [Vasile Cirtoaje, Mircea Lascu] Cho a,b, ¢, x,y, z 1a cac s6 thuc duong théa man
(a+b+co)(z+y+2) =@+ +A)*+y*+2°) =4
Chitng minh rang
1
abcryz < —.

36

121. [Gabriel Dospinescu] Cho n > 2, tim gi4 nho nhéat cta hing s6 k,, sao cho néu
T, To, ..., Ty > 0 c6 tich bang 1, thi

1 1 1
+ 4.+t ——=<n-1

Mathlinks Contest

122. [Vasile Cirtoaje, Gabriel Dospinescu] Cho n > 2, tim gia tri 16n nhat ctia hing s6 k,,,
sao cho v6i bat ky x1, 29, ..., 2, > 0 thdéa man 22 + 22 + ... + 22 = 1, ta c6 bat ding
thic

(1 —21)(1 = 22)...(1 — ) > kpq2a... 2.

23



Chuong 2. Cac 1oi giai
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1. Chiing minh ring bat déng thiic

&

Va2 + (1 =02+ /b + 1—c)2+\/02+(1—a)2237.

ding vé6i cac sd thuc a, b, ¢ bat ky.
Komal

Loi giai 1:
Ap dung bat ding thite Minkowski cho vé trai ta c6

Va2 + (1 =02+ +(1—-c2+yE+(1-a)2>(a+b+c)2+B—a—b—c)2
bat a4+ b+ c =z, khi d6
2 2 2, 99
(a+b+c)+(B—a—b—c)=2(x— =) +§Z§,
va, két luan duge ching minh.

Loi giai 2:
Ta c6 bat dang thic
Va2 + 1 =024+ /2 + (01— +/2+(1-a)2>

la|+1=b]  p[+[1—¢] e[+ [1—qd
> + +
V2 V2 V2

32

va bdi vi |z| + |1 — 2| > 1 v6i moi s6 thuc z, dai lugng cudi cling it nhat bang —
2. [Dinu Serbanescu] Cho a,b,c € (0,1), chiing minh ring
Vabe + /(1 —a)(1 =b)(1 —¢) < 1

Junior TST 2002, Romania

Loi giai 1:
~ z 1 1
D@ thay x2 < x5 v6i z € (0,1). Suy ra

abe < vV abe

VI —a)(1=b)(1—-¢c) < V(1 —a)(1-0b)(1—c).

25



Béi bat dang thitic AM-GM,
Vabe < abe < L?fﬂ

va

l—a)+(1-=0b)+(1—¢)

VI =a)1-b)(1-c)</(1-a)l-b)(1-0c)< 3 :

Cong hai bat dang thtec, ta duge

a+b+c+1—a—f—1—b+1—c_1

Vabe++/(1 —a)(1=b)(1—¢) < 2 :

diéu phai chiing minh.

Loi giai 2:
Ta c6

Vabe +/(1—a)(1—b(1—c) < Vby/e+vV1I—b/T—c<1,

bdi bat déang thitic Cauchy-Schwarz .
Loi giai 3:
m L e N
Dit a = sin? 2, b = siny, ¢ = sin® z, v6i z,y, z € (0, 5) Bat dang thic tré thanh
sinz.siny.sinz 4+ cosx.cosy.cosz < 1
va dudc suy ra tit cac bat ding thiic sau
sinz.siny. sin z + cos x. cos y. cos z < sinx siny + cos x. cosy = cos(x — y) < 1.

. [Mircea Lascu] Cho a, b, ¢ 1a cac s6 thuc duong théa man abc = 1. Ching minh rang

b+c c4+a a-+b

Va b TR

> Va+Vb+ e+ 3.

Gazeta Matematia

Lai giai:

26



Tit bat dang thic AM-GM, ta c6
b\4/—_c+c\—/&—_a a;—_b (\/@ \/E \/7>
(15 ) () ()
> 2(Va+Vb+e)

> a4+ Vb + e+ 3Vabe
=Va+Vb+c+3.

4. Néu phuong trinh * +az3 4222 +bxr+1 = 0 c6 it nhat mot nghiém thuyc, thi a?+b? > 8.
Tournament of the Towns, 1993

Loi giai:
Cho « 14 nghiém ctia phuong trinh. St dung bat dang thitc Cauchy-Schwarz dan dén

(x* + 222 + 1)?

2 . 12
a‘+b* >
- 22 + 28

> 8,

bdi vi bat dang thitc cudi cting tuong duong véi (22 — 1) > 0.

5. Tim gia tri 16n nhat ctia biéu thitc 2 + y3 + 2% — 3zyz véi 22 + 92 + 22 = 1 va 2,9, 2
14 céc sb thue.

Loi giai:
Dit t = xy + yz + zx. D& thay
(2® +9° + 2° = 3ay2)’ = (v +y + 2)*(1 — vy — yz — 22)* = (1 + 2¢)(1 — t)*.
Ta cling ¢ —% <t < 1. Suy ra, ta phai tim gid tri 16n nhat ctia biéu thiic (142t)(1—1)2,
véi —% <t < 1. Trong truong hgp nay ta co
(1+20)(1 - <133 -2t) >0,

vay |2% +y3 + 23 — 3zyz| < 1. Dau bing xay ra khi z = 1,y = z = 0 va gia tri l6n nhat
bang 1.

6. Cho a,b,c 1a cac s6 thyc duong théa man x + y + 2z = 1. Chitng minh rang

ax + by + cz + 2v/(zy + yz + 22)(ab + be + ca) < a+ b+ c.

27



Ukraine, 2001

Loi giai 1:
Ta sé st dung bat dang thiic Cauchy-Schwarz hai lan. Dau tién, ta viét

ax + by 4+ cz < Va + 02+ 2.\/22 + 2 + 22

va sau d6 ap dung bat dang thuc Cauchy-Schwarz lan nita ta dugc:

ar + by + cz + 2v/(zy + yz + zz)(ab + be + ca) <
< \/ZaQ.\/Zx2+\/2Zab.\/QZzy
< \/Zx2+22xy.\/2a2+22ab
=> a

Loi giai 2:
Bat ding thic thudn nhat véi a, b, ¢ ta ¢6 thé gid st a + b+ ¢ = 1. Ap dung bat ding
thitic AM-GM ta c¢6

az+by+cz+2v/(xy + yz + zx)(ab + be + ca) < ax+by+cz+ry+yz+ 22+ ab+-be+ca.

Béi
1—a?2—9y?> =22 1—a®>-0b*—-¢

xy +yz+ zx 4+ ab+ be+ ca = 5 + 5

<1l—ax—by—cz,

bat dang thiic cudi ciing tuong duong véi (z — a)? + (y — b)? + (z — ¢)? > 0.
. [Darij Grinberg] Néu a, b, ¢ 1a cac s6 thuc duong, thi

a . b . & - 9
(b+c)2 (c+a)? (a+b)?" 4la+b+c)

Loi giai 1:
Ta viét lai bat déng thiic

a b c 9
(a+b+e) ((b+c)2 Terart (a+b)2> =y

Ap dung bat ding thitc Cauchy-Schwarz ta c6

(a+b+c)a+b+c>a+b+cg
(b+¢)2? (c+a)? (a+b)?) " \b+c c+a a+bd)
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Cudi cting ta phai chiing minh

a . b . c >3
b+c¢ c4+a a+b 2

bat ding thiic nay chiing ta da biét.

Loi giai 2:
Khong mat tong quat ta co the gid st a + b+ ¢ = 1. Xét ham

f:(0,1—> (0,00),f(-T) = (1_1.)2'

Tinh dao ham ctia f ta thay f 1 ham 16i. Vay, ta c6 thé ap dung bat déang thiic Jensen
va, két luan duge ching minh.

. [Hojoo Lee| Cho a,b,c > 0. Chiing minh réng

Vat +a20? + b4+ Vo + B2 + ¢t + Vet + c2a? + at >

> av/2a2 + be + V202 + ac + V22 + ab.
Gazeta Matematia

Loi gidi:
Ta bat dau tit (a? — )2 > 0. Ta viét lai bat dang thiic nhu sau
da* + 4a*V* + 4b* > 3a* + 6ab* + 3b*,
suy ra
VT @ 2 L4 ).
Tu do6, dé thay rang

(Z a* + a?b? —|—b4>2 >3 (za2>2.

Ap dung bat ding thic Cauchy-Schwarz ta c6

(Cavaatie) < (Xa2) (e +10) <3(X )

va bat dang thic duge ching minh.

2
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9. Cho a,b, c 1a cac sd thiye duong théoa man abe = 2, khi do6

A+ +E>avb+e+bv/e+a+ceva+b.

Khi nao dang thiic xay ra?

JBMO 2002 Shorlist

Loi giai 1:

Ap dung bat déng thic Cauchy-Schwarz ta c6

(1) 3@+ 0+ > (a+b+c)

va

(2) (> + 0>+ *)? < (a+b+c)(a®+ b + ).

Két hgp hai bat dang thiic trén ta dugc

(a*>+b*+c*)(a+b+c)
3
(@>+ b0 +c*) (a+b)+ (b+c) + (c+a))
6
a\/b+c+b\/a+c+c\/a+b)2
- 6
Stt dung bat dang thic AM-GM ta c6

A+ +SE>

a\/b+c+b\/a+c+6\/a+b23€/abc\/(a+b)(b+c)(c+a)

(3) > 3\3/ abcV 8abe
> 3V/8
=0.

Vay

(4) (aVb+c+bv/a+c+cva+b)® >6(avb+c+bvVa+c+cva+b).

Diéu phai chitng minh duge suy ra tit bat dang thic (3) va (4).

Laoi giai 2:
Ta co

avVb+c+b/atct+eva+b< 2@+ +c2)(a+b+c).
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10.

11.

Stt dung bat dang thiic Chebyshev, ta cé
V2@ + 02+ c2)(a+b+c) < /6(a®+ b3+ c3)

va cudi cling ta chi can chiing minh a® + b® + ¢® > 3abe, diéu nay dang bdi bat ding
thitc AM-GM . Ta c¢6 déng thic néu a =b = ¢ = /2.

[Toan Tomescu] Cho z,y,x > 0. Ching minh rang

TYz
(1+3z)(x+8y)(y+92)(2+6

1
ﬁ.

<
)
Khi nao ta c6 dang thic?
Gazeta Matematia

Loi giai:
Dau tién, chiing ta viét lai bat dang thitc dudi dang

(1+ 3z) <1+i—y> <1+95> <1+g) > 7

Bét déng trén dugc suy ra tryc tiép tit bat déang thitc Huygens. Diang thiic xay ra khi

3
x:2,y:§,z:1.

[Mihai Piticari, Dan Popescu] Chiing minh rang
5(a? + 0% 4 ) < 6(a® + b° + ) + 1,
v6i moi a,b,c >0vaa+b+c=1.
Loi giai:
Via+b+c=1,tacod
a® 4+ 0 + ¢ = 3abc + a® + b* + ¢ — ab — bc — ca.
Bét dang thic trdé thanh

5(a® + b® + ¢*) < 18abe + 6(a® + b* + ¢*) — 6(ab + be + ca) + 1
& 18abc + 1 — 2(ab + be + ca) > 6(ab + be + ca)
< 8(ab+ be + ca) < 2+ 18abe
& 4(ab+ be + ca) < 1+ 9abe
< (1 —2a)(1 —2b)(1 —2¢) < abe
< (b+c—a)(ic+a—Db)(a+b—rc)<abe,

bat dang thiic cudi tuong duong véi bat déng thitc Schur.
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12.

13.

14.

[Mircea Lascu] Cho x1,xg,...,x, € R,n > 2 va a > 0 théa man

2

14+ a0+ +r,=ava 2+ 4.+, < —

N 2
Ching minh rang x; € [0, —a], voi moi i € {1,2,...,n}.
n
Loi giai:

Stt dung bat dang thiic Cauchy-Schwarz , ta c6

(a—z)* < (n—1)(x3+25+..+22) < (n—1) (na—jl—aﬁ).

Suy ra
2 2 2 2 2a
a® —2ary + 27 <a®— (n— 1] & o= — <0,
diéu phai chiing minh.
[Adrian Zahariuc] Chitng minh ring v6i moi a, b, ¢ € (1,2) bat dang thitc sau day ding

bv/a Vb ay/c
45\/5—0\/5+4c\/5—a\/l_7+4a\/5—b\/5 =

Loi giai:
Vi a,b,c € (1,2) nén cac mau s6 1a duong. Khi d6
byv/a - a
4by/c—c/a ~ a+b+c
ebla+b+c) > Va(dbyv/ec — ev/a)
S(a+b)(b+c) > 4bvac,

bat ding thic cudi suy ra tit a + b > 2v/ab va b+ ¢ > 2v/be. Viét hai bat déng thic
tuong tur va cong 3 bat dang thic lai ta duge didu phai chiing minh.

Cho céc s6 thie duong a, b, ¢ théa man abc = 1, chiing minh rang

a b ¢

—t+-+—-=>a+b+ec

b ¢ a

Lot gidi 1:

Néu ab + bc + ca < a + b+ c, thi bat ding thiic Cauchy-Schwarz gii xong bai toan:

(a+b+c)?
1+1+1
2 2 2 —+ -4+ -
a be_aerbateb, a b e saypye
b ¢ «a abe abe
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Ngudc lai, bat déing thic trén cho ta

(ab + bc + ca)?
Q+Q+E:a20+b2a+02b> at+b+ec S aibic
b ¢ a abc - abc -

(6 day ta st dung abc < 1).

Lai giai 2:

Thay thé a, b, ¢ béi ta, tb, tc v6i t = , khi d6 bao toan gi tri vé trai ctia bat déng

3
abc

thitc va tang gia tri vé phai ctia bat déng thic va c6 at.bt.ct = abet® = 1. Do d6 khong
mat tong quat chiing ta c6 thé gia st ring abc = 1. Khi d6 ton tai cac s6 thuc .7, 2
sao cho a = =,b = i,c: 2

x y 2
Bat ding thiic Rearrangement cho ta

2+ P+ 22 > 2Py + P+ 2P

Suy ra
a b+c_1‘3+y3+z3 >x2y+y2z+22x

=a+b+c
b ¢ a TYz TYZz

diéu phai chitng minh.

Li giai 3:
Stt dung bat dang thitic AM-GM , ching ta suy ra ring

2a b 3] a?
=42 >3¢— >3
b+c_3 bc_ga

2b 2 L s N -
Tuong tu, — + ¢ > 3b va e + % > 3c¢. Cong ba bat dang thtc trén ta c6 diéu phai
¢ a a
ching minh.

Loi giai 4:

[ab* [cat [bct
Dat z = ¢ Y= ¥ ﬁ,z: ¥ — Do do, a =y b= z22%c=yz? va oyz < 1.
c a

Vay, sit dung bat déng thiic Rearrangement, ta c6

2 2
i X gz sz et =Y
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15.

16.

[Vasile Cirtoaje, Mircea Lascu] Cho a, b, ¢, z,y, 2 1a cic s6 thuc duong sao cho a +z >
b+y>c+zvaa+b+c=x+y+ z Ching minh rang

ay + bx > ac + xz.

Loi giai:
Ta co

ay+br —ac—xz=aly —c)+z(b—z)

—ala+b—z—2)+alb—2)
— ala—x) + (a+ )b 2)

= Sa— 2+ @ =)+ (ata)b- 2)
:%(a—x)%r%(aﬂ)(a—fﬁ%—?z)
:%(afx)2+%(a+x)(bfc+yfz)20.

Déu bang xdy ra khi a = x,b = z,c =y va 20 > y + 2.

[Vasile Cirtoaje, Mircea Lascu| Cho a,b,c la cac s6 thyc théa man abe = 1. Chiing
minh rang
3 S 6
a+b+c ab+ac+bc
Junior TST 2003, Romania

1+

Loi giai:

1 . L e
Ta dat x = ,2 = — va dé thay zyz = 1. Bat dang thic tuong duong véi
c

Q|
S| =

Y =

3 6
1+ > :
Ty +yz+zr  r+y+z
T (2 +y + 2)* > 3(zy + yz + 22) ta o
3 9
—_— 2>l
xy +yz + zx (x +y+2)?
vay can phai chitng minh rang
9 6
> .
(x4+y+2)?2 " x4+y+z

1+

3

2
——— | > 0 va diéu nay két thic ching
r+y+z

Bét déng thic cudi tuong duong véi (1 -

minh.
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17. Cho a, b, c 1a cac s6 thyc duong. Chiing minh rang

a v A a? v P
+C—2+a—>—+—+—.

b2 27 b c a
JBMO 2002 Shorlist
Loi gidi 1:
Ta co
a’ _ d* 3, 13 2
" > ?—i-a—b(:)a +0°> > abla+b) < (a—b)*(a+b) >0,
diéu nay hién nhién ding. Viét cac bat ding thic tuong tu va cong lai
at b ad? b? c? a’> b 2
—+=+—5>—+a-b+—+b—c+—+c—a=—+—+ —.
b2 2 a? b c a b c  a

Loi giai 2:
Tit bat dang thitic Cauchy-Schwarz ta cé

a B A a2 2\
T T SO e S E A E
(a+b+c)<b2+cz+a2> > <b ++ a) :

vay ta chi phai chiing minh rang

a2 v A2
—+—+—>a+b+c
b c a

Nhung diéu nay suy ra tric tiép tit bat déng thiic Cauchy-Schwarz .

n
18. Chiing minh rang néu n > 3 va xy, o3, ..., 2, > 0 théa man [[ z; =1, thi
i=1

1 1 1 1

+ + ..+ + > 1.
14+ z+x120 14 29+ 2023 142, +2p_12n 1+x,+ 2,21

Russia, 2004

Loi giai:
p ~ 5 ; £ 2 .2 a2 as ay
Ta st dung mot dang tuong tu ctia phép the co dien 1 = —, 20 = —, ..., x, = —.
ax as G,

Trong trusng hop nay bat ding thiic tré thanh
a a an,
! + 2 o —
aj; + as + as a9 + as + ay Ay + a1 + ao

> 1

va diéu d6 1a hién nhién, béi vi n > 3 va a; + ajp1 + a0 < ay +ag + ... + a, v6i moi .
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19. [Marian Tetiva] Cho z,y, z 1a cac s6 thuc duong théa man diéu kien
2yt 2 2y =1
Chitng minh rang
a) xyz < L
<3

b) x+y+2z<

DO W

c) zy +az+yz < — <2+ y?+ 2%

d) zy+xz+yz < = + 2zyz.

DO = ] W

Lai giai:
a) Diéu nay rat don gian. Tt bat dang thitc AM-GM | ta c6

1
1= a2 4 y% + 2% 4 2ayz > 4/203y323 = 2%%2% < o — 2yz <

ol =

b) R6 rang, ta phai ¢6 z,y,z € (0,1). Néu diit s = z + y + 2z, tit hé thiic da cho ta c6

ngay
s —2s+1=2(1-2)(1-y)(1-2).

Sau do, lai béi bat ding thic AM-GM (1 — 2,1 —y,1 — z la cac s6 duong), ta dugc

l—z=1-y+1-2\° —s\°
32—25+1§2< ! 33” Z) _2<335).

Sau mot vai bude tinh ta duoc
25° + 95 — 27 <0 < (25 —3)(s +3)* <0
va két luan 1a 16 rang.

c¢) Cac bat dang thitc nay 1a cac he qua don gidn clia a) va b):

519 3
xy+xz+yz§7(x+y3+z) S?Z:Z
va
9 9 _ 1 3
Yy +z 1—2xy221—2.§:1
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d) Day la van dé té nhi hon, dau tieén ta chi § rang luon luon c6 hai trong ba s6 16n hon
) ... L T TN 1 1
(hoac nhé hon) 3" Béi tinh doi xiing, ta c6 the gid thiét rang, z,y < 3 hoac x,y > 5

va do do

DO =

2r—1)2y—1) >0 x+y—2zy <
Mit khéc,

1:x2+y2+z2+2xy2223:y+z2+2$yz
=2ry(1+2) <1—22
=2zy <1—z.

Bay gio ta chi viec nhan vé v6i vé cac bat déng thic & trén

1
x+y—2xy§§

z<1-—2xy

dé co duge két qua mong mudn:
1 1
rz+yz —2xyz < 3 —ay <=y +rz+yz < §+2xyz.
Du khong quan trong trong chiing minh, nhung ciing chi ¥ réang

1 1
a:—l—y—29:y-xy<;+§—2> > 0,

1 1 ..
béi vi ¢ hai sO — va — déu 16n hon 1.
€T Yy

Chi 5.

1) C6 thé thu duge mot vai bat dang thiic khéc, sit dung
z4+2zy <1

va hai bat dang thiic tuong tu

y+2xz<1l,x42yz<1.

Vi duy, nhan cac bat dang thitc nay lan lugt véi o, y, z va cong cac bat ding thiic méi,
ta co
24yt 4+ 22+ bryz <z +y+ 2z,
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20.

hoac
1+4dryz <z+y+ 2.

2) Néu ABC 1a mot tam giac bat ky, thi cac sd

T =sin —,y = sin —, 2 = sin —
2 2 2

thod man diéu kién ciia bai todn nay; ngudc lai, néu z,y, z > 0 thod man
2yt 4+ 2 2y =1

thi ¢6 mot tam giac ABC sao cho

T =sin —,y = sin —, z = sin —.

2 2 2

Theo nhan xét nay, cac cach chiing minh méi ¢6 thé dude dua ra cho cac bat déng thiic
trén.

[Marius Olteanu] Cho x1, 9, x3, 24, v5 € R théa man x; + x5 + 23+ 24 + x5 = 0. Chiing
minh rang
| cos 1| + | cos xa| + | cosxz| + | coszy| + | cosas| > 1.

Gazeta Matematia

Lai giai:
Dé dang chitng minh dudgc rang

|sin(z + y)| < min{|cosz| + | cosyl, | sinz| + | siny|}

| cos(z + y)| < min{|sinz| + | cosy|, | siny| + | cos z|}.

Vay, ta co

5 5
1 =cos sz> | < |cosxy|+|sin sz> | < |cosxy|+|coswza|+]| cos(zz+zs+x5)|.
i=1 i=2

Nhung bing cach tuong tiu ta c6 thé chiing minh
| cos(z3 + x4 + 5)| < | cosas| + | coszy| + | cos xs)

va ta c6 diéu phai chiing minh.

38



21. [Florina Carlan, Marian Tetiva] Chiing minh ring néu z,y, 2 > 0 thda man diéu kien
T+y+ 2z =uzyz th

wy+rz4+yz >3+ V2 1+ 2+ 14+ V22 +1.
Loi giai 1:
Ta c6
vyz = +y+z> 2Ty + 2 = 2(y2y): — 2\/7 — 2 > 0.
Béi vi nghiem duong ctia tam thic 2t? — 2t — 2 13
14+ V1422

Z )

tu do ta cb

1+vV1+4 22
Ty > u@z\/xyz 1+ V1+ 22
z

Hién nhién ta c6 hai bat déng thic tuong tu khac. Khi do,
TY+yz+ 20 > YR+ yVer + 2Ty > 3+ VR + 1+ + L+ V2 + 1,

va ta thu dugc chitng minh clia bat déng thic da cho, v mot sy cai thien nhé ctia né
Loi giai 2:
Mot su cai thien khac dude dua ra nhu sau. Bat dau tit
1 1 1 1 1 1
S . R O QS e )
2 y? 22 T xy  yz  zx
bat déng thic nay tuong duong véi

(zy +yz + 22)* > 2ayz(v +y + 2) + 2%y%2% = 3(z +y + 2)°

Hon nia,

(zy +yz + 22 — 3)* = (vy + yz + 22)® — 6(vy +yz + 22) + 9
>3(r+y+2)*—6(xy+yz+2z)+9
=3*+y*+2%)+9,

suy ra
xy+yz+ze >3+ /3@ +y2 4+ 22) + 9.
Nhung

V3@ + 2+ 22) 9> Va2 + 1+ )2+ 1+ V22 + 1

la mot hé qua ciia bat dang thitic Cauchy-Schwarz va ta c6 su cai thién thit hai va
chitng minh ctia bat dang thiic mong mudn:

zy+yz+ze>34+/3@2+ 124+ 2)+9>3+ Vel 142+ 1+V2 + L
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22. [Laurentiu Panaitopol] Chiing minh riang

1+ 22 1+ y? 1+ 22 -
I1+y+22 1+4+z+4+22 14+z+y?—

v6i moi s6 thue z,y, 2 > —1.
JBMO, 2003

Loi giai:
2

, |
Ta thiy y < — 2 va 14 y+22> 0, vay

14 a2 - 1422
L+y+22~ 14y

1422+

va c6 cac he thite tuong ti. Dat a = 1+ 2%,b =1+ y? ¢ = 1+ 22, chi can chitng minh
rang

a b c

(1) + + >1

2c+b 2a+c¢c 2b+a

v6i bat ky a,b,¢ > 0. Dat A =2c+b, B =2a+c,c = 2b+ a. Khi d6

C+4B—2Ab A+4C —-2B B+ 4A-2C
= = C =
9 ’ 9 ’ 9

a

va bat dang thitc (1) duge viét lai

A D (Pl ) sus
A B C A B C)~

Béi vi A, B,C > 0, tit bat dang thitc AM-GM ta c6

g_i_é_,_g 33gé§
A B C A'BC

Y

=3

+=23

= |
+
@ Q
Ql

va ta c6 diéu phai chiing minh.
Mot cach chitng minh khac cho (1) bdi sit dung bat ding thitic Cauchy-Schwarz :

)

LI b L_¢ __a N b? N c? (a+0b+c)?
2c+b 2a+c 2b+a 2ac+ab  2ab-+cb  2bc+ac ~ 3(ab+ b+ ca) T
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23. Cho a,b,c > 0 théa man a + b + ¢ = 1. Chting minh ring

a2+b bP+c A+a
_l_

+ > 2.
b+c c+a a+b —
Loi giai:
St dung bat ding thitc Cauchy-Schwarz ta c6
> +b (S a2 +1)

b+c ~ Y a?b+c)+> a4+ > ab
Vay ta chi can chiing minh rang

za2<bg>a++zli2+zab 22614 (X)) 22300+ + 23w

Bat ding thiic cudi cling c6 thé bién doi nhu sau
1+ (Zcﬁ)Q >2) a*(b+c)+2) ab
el+ (Za2)2 >2% -2 42 ab
o(Xe) 2 =Y

va diéu nay dung, bdi vi

2
Z a® > ZTQ( bat dang thitc Chebyshev )

(Z a2)2 < Z CI/2
Z T
24. Cho a,b,c > 0 théa man a* + b* + ¢* < 2(a?b? + b*c* + c*a?). Chiing minh ring
a® +b* + ¢ < 2(ab + be + ca).
Kvant, 1988
Loi giai:

Diéu kien

Za4 < 22a2b2
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25.

26.

tuong duong véi
(a+b+c)a+b—c)(b+c—a)(c+a—0b)>0.
Trong bat ky truong hop ndo ma a = b+ ¢ hoic b = ¢+ a hodc ¢ = a + b, thi bat dang
thic
<2y o
1 hién nhién. Vay, gia st a +b # ¢,b+ ¢ # a,c+ a # b. B6i vi nhiéu nhat mot trong

cacsob+c—a,c+a—b,a+b—claam va tich clia cac s6 1a khong am, nén tat ca
cac so 1a duong. Suy ra, ta c6 thé gia thiét ring

a’ < ab+ ac,b* < be + ba, ® < ca+ cb
va, két luan duge ching minh.

Cho n > 2 v 1, T, ..., T, & cac s6 thyc duong thoéa man

1 1 1 1
1 + 1998 * T2 4+ 1998 et T, + 1998 1998

Chitng minh ring
VoL T xl'xQ'l"x” > 1998.

/)’L J—
Vietnam, 1998
Loi giai:
1998

Dit ———— = a;. Bai toan quy vé chitng minh riang v6i moi s6 thuc duong aq, as, ..., a,
1998 + x;

théa man a; 4+ as + ... + a, = 1 ta c6 bat dang thic
1

——1)>(n-1D"

H( )z -

Bét dang thic nay c6 thé thu duge béi nhan cac bat dang thic

1=

a; a; n—1

a.:

7

1 ay + ...+ a1+ A1 +...+a, > (n _ 1) n\l/al...ai_laiﬂ...an.

[Marian Tetiva] Cho cic s6 thuc duong z,y, z thdéa man 2% + y? + 22 = zyz. Chiing
minh cac bat déng thic sau

a) xyz > 27;
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b) zy + xz +yz > 27;
c) x+y+z2>9;

d) zy+zz4+yz>2(x+y+2)+09.
Loi giai:

a), b), ¢) St dung céc bat ding thiic da biét, ching ta c6

ryz = 2%+ y* + 22 > 322222 = (zy2)® > 27(zy2)?,
diéu nay cho xyz > 27. Khi dé6

zy 4 xz + yz > 3/ (zy2)? > 3V272 = 27
va
T+y+z>3YTyz > 3V27=0.

d) Ta chi ¥y ring 2? < zyz = x < yz va cac hé thic tuong tu. Suy ra

Ty <yzazr=1<22=2>1.
Do dé ca ba sé déu 16n hon 1. Dat

a=r—1,b=y—1,c=2z2—1.
Tacéa>0,b>0,c>0va

r=a+1l,y=b+1,z=c+ 1.
Thay vao gia thiét da cho ta c6

diéu nay tuong duong véi

(a+1P2+B+1)2+(c+1)2*>(a+1)(b+1)(c+1),

A+ +E+a+b+c+2=abe+ ab+ ac + be.
Néu dat ¢ = ab + ac + be, ta c6

g<a*+VvV+cA\/3¢<a+b+c
va
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27.

Suy ra

g+/3q+2<a®+bv*+F+a+btc+2=abc+ab+ac+be<

(v3q)®
T

va dit ¢ = /3¢, ta co

3
x+2§%<:>(x—6)(x+3)220.

Cudi cung,
V3g=x>6= q=ab+ ac+ bc>12.

Bay gio, nhic laitanga =2 — 1,b=y — 1,c =z — 1, vay ta c6

@-Dy-D+@@-Dy-D+y-1(E-1)=12
= uazy+rz+yz>2x+y+2)+9;

va ta c6 dieéu phai chiimg minh.
Ta c6 thé chitng minh mot bat dang thitc manh hon

xyt+axz+yz>4(r+y+2)—9.

Hay thit dil

Cho z,v, z 1a cac s6 thuc duong c6 téng bang 3. Ching minh rang
VT+Vy+Vz > ay+yz+ .

Russia, 2002

Loi giai:
Viét lai bat dang thiic dusi dang

P22+ 2+ 2+ 2V > 2P+ P 4 22 4 2ay 4 2y + 22
= 22V P2y + 22 2V > 0.

Bay gio, tit bat dang thiic AM-GM | ta c6

22+ 2V =22 + x4+ Vx> 3Vara = 3z,
y: 42y = 3y, 27 + 2z > 3z,

suy ra
Pyt 22V Yy VZE) > 3@ty z) > 9.
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28. [D.Olteanu] Cho a, b, ¢ 1a cic s6 thyc duong. Chiing minh rang

a+b a +b+c b +c+a c
b+c2a+b+c c+a2b+c+a a+b22c+a+bd

3
> —.
4

Gazeta Matematia
Loi giai:
Dat 2 = a+b,y = b+c,z = a+ c va sau mot vai budc tinh toan ta thu duge bat dang
thic tuong duong dang

xr oy oz x Y z 9
S+ 4 + + > .
y 2z x x+y y+z z+x " 2

Nhung stt dung bat dang thitc Cauchy-Schwarz ,

TYLEL T Y % Z(:L’+y+z)2+ (:1:+y+§)2 —
y 2z T x+y y+z z4+x wxytyz+zr xytyzt+zr+ei+yc+=z
- 20 +y+2)*
2wy +yz + 2x)(zy +yz + 2+ a2+ y2 + 22)
- 8(z+y+2)*

(:cy+yz+zx+(:v+y+z)2)2
ta c6 diéu phai chiing minh.

29. Cho a, b, c 1a cac s6 thuc duong, chitng minh ring bat ding thiic sau ding

a b c¢c_c+a a+db b+c

-+ -+ -2 .

b ¢ a  c+b a+c b+a

India, 2002
Loi giai:
b N
Tadatg:m,—:y,gzz.Déthayréng
b c a

atc l+uzy 11—z

T+ .
b+c 1+y I+y

Thiét lap nhitng hé thiic tuong ti, bai toan quy vé chiing minh ring néu zyz = 1, thi

x—1+y—1+z—1>0

y+1 =2z+1 =x+17
=@ -+ D)+ -DE+D)+E-D(y+1)>0
—=ar?r 4 2yt ety 2 >y + 2+ 3.
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Nhung day la bat déng thic rat dé chimg minh. That vay, st dung bat dang thic
AM-GM ta co
vz 4 22y + vt > 3,

va chi con phéi chiing minh
2+t + 2>+ y+ 2,
didu nay dugc suy ra tit bat dang thiic

(r+y+2)?

2?42t > 3

>r+y+z

. Cho a,b,c la cac s6 thuc duong. Chitng minh rang

a? v 3 3(ab + bc + ca)
+ + >
b2—bc+c2 c2—ac+a? a?—ab+0b? a+b+c

Dé cit cho ky thi Olympic Toan hoc viing Balkan

Lai giai 1:

3(ab+b . .
Via+b+c> (a+—c+m)’ nén chi can ching minh rang:
a+b+c
a? b 3

> b .
b2—bc+62+c2—ca+a2+a2—ab+b2 zatbte

Tit bat dang thitc Cauchy-Schwarz |, ta cé

Z a3 S (Z a2)2
b2 —be+c?~ da(b?—be+c?)

Vay chiing ta phai chi ra rang
(a>+b*+cA? > (a+b+c). Za(bQ —bc+c?).
Bat dang thiic nay tuong duong véi
at +b* + ¢t +abe(a+ b+ c) > ab(a® + b?) + be(b? + ¢2) + ca( + a?),
day chinh la bat dang thiic Schur.

Ch .
Bét dang thic

> b
bQ—bc—i-cQ+02—ca+a2+a2—ab+b2 Zzatbte
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da dugc dé nghi bdi Vasile Caarrtoaje trong Gazeta Matematia nhu 1a mot truong
hop dac biet (n = 3) clia bat dang thiic tong quat
2" =" —c" 2" —c"—a" 2" —ad" ="
> 0.

b? — be + 2 + 2 — ca + a? + a?—ab+ b2 —

Loi giai 2:
Ta viét lai bat dang thiic

Z (b+c)a? - 3(ab + bc + ca)
B+ = a+btce

Nhung bat déng thic nay dude suy ra tit mot két qua tong quat:
Néu a,b,c,z,y,z > 0 thi

aly+2) _ 22y
Z b+c Z3Zx'

Bat dang thitc cudi cling 1a mot hé qua tric tiép (va yéu hon) clia két qua tir bai toan
101.

Loi giai 3:

Dét A= Z bz—i va

Vay ta co

diéu nay suy tit bat déng thitc Cauchy-Schwarz . Do dé

A > % <Z\/b+c)2—22a:Z\/a+b.\/b+c—2a.

Ta ki hiéu
B ab + be + ca
Vab+bc+ca+a®+a

A, =+vVec+avb+a—a
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31.

va, thiét 1ap cac hé thiic tuong tu véi A, and A.. Vay A > A, + A, + A.. Nhung béi vi
(Y a)® >3 (> ab) ta co

A, > ab 4 be + ca

b 2
\/wmua

ab + be + ca (a+b+c)?
=3 . +a?—a
(a+b+c)? 3

va cac bat déng thitc tuong ti ciing ding. Vay ching ta chi can chting minh

(a+b+c)? 1 a ’
_ > — — — >2
Z(\/ g tama)Zatbrees ) ot () 2

R 1 L e .
Xét ham 161 f(t) = 4/ 3 + t2. Sit dung bat dang thiic Jensen cudi cung ta suy ra

> Lo 2>2
3 a+b+c) —

Déu bang xay ra khi va chi khia =b = c.

[Adrian Zahariuc] Xét cac sd nguyén xy, xa, ..., T, n > 0 doi mot khac nhau. Ching
minh rang
x% + x% + ...+ 9;% > T1.09 + 0.3 + ... + Tp.x1 + 20 — 3.
Loi giai:
Bét dang thiic c6 thé viét lai nhu sau

n—1

z:(a:Z —zip1)? + (v, —11)2 > 2(2n - 3).

i=1

Dat z,, = min{wy, 1, ..., 2, } V& 23y = max{zy, vy, ..., 7, }. Khong mat tinh tong quat
ta co thé gia stt m < M. Dat

S1 = (2, — $m+1)2 + .ot (Tpo1 — $A1)2

Sy = (561 - 172)

_|_
. k 1/ o )
Bét dang thic > a? > z <Z ai) (suy ra tiu bat dang thic Cauchy-Schwarz ) dan
i=1 '

dén
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(Tm — )’

S > —
= n— (M —m)
Vay
Z(CUZ' —i41)° = S1+ 5y
1 1
> (xy — 2
_(xM $m) (M—ern—(M—m))
4
> (n—1)%=
> (n -1
4
=4n -8+ —
n
> 4n — 8.
Nhung
Z(% - Ii+1)2 = le — ;1 =0 mod 2.
i=1 i=1
Vay

n

Z(I’ — 1) > 4n — 6

i=1

va bai toan da dugc giai xong.
32. [Murray Klamkin] Tim gid tri 16n nhit ctia biéu thitc
xf:pQ + x%xg + ...+ mfhlxn + xiwl
VOi 1, Zg, ..., xn, > 0 cO tong bang 1 va n > 2.

Crux Mathematicorum

Loi giai:
X . 2 . N ., . - Z , £ N 4 9. ~ .« . N ~ 2
Dau tién, hién nhién la gia tri 16n nhat it nhat 1a 77 baéi vi gid tri nay c6 the dat duge
1 2 N .
voi 1 = g,mg = 5,13 = .. =z, = 0. Bay gio, ta sé chting minh bang quy nap bat

déng thiic

2 2 2 2
Ty +w5x3+ .+ X, Xy + a0 < o7

v6i moi 1, X9, ..., Tn_1, T, > 0 c6 tong bang 1. Dau tién ta chitng minh bude quy nap.
Gia sit bat dang thitc ding cho n va ta sé ching minh né ding cho n + 1. Ta cé thé
gid st rang wy = min{xy, Ta, ..., T, 11 }. Dicu ndy suy ra rang

2 2 2 2 2 2 2
1T + 2503 4 o+ T X1 + T 01 < (T F 22) T3+ o+ X T T (21 F T2).
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33.

T gia thiét quy nap ta c6

4
(w1 + m9)223 + 2204 + ..+ 222y + xflﬂ(xl +15) < 7

va buée quy nap dugde chitng minh. Vay, ta con phai chiing minh a?b + b?c + c?a < — o

néu a + b+ c = 1. Ta c6 thé gia sit ring a la s6 16n nhat trong céc s6 a, b, c. Trong

A c\?2 c .
truong hop nay bat dang thiic a?b + b*c + c?a < (a + 5) . (b + 5) truc tiép suy ra ti

CI,QC CL02

abc > bc, 5 2 > TR Bdi vi

c c i c\?
a+= a+z <b+ )( +—)
1=—24+ 24542 >3\J —

4 N ) N . . .
ta da ching minh duge a?b + b?c + c?a < o7 va diéu nay chi ra rang gia tri 16n nhat

4
bine —
ang 57

Tim gia tri 16n nhat ctia hing s6 ¢ sao cho v6i moi zy, Ty, ..., T, ... > 0 thdéa man
Tpi1 > T1 + To + ... + x v6i moi k, bat déng thic

VT + Ty + o+ T, < oVry Fao+ L+,

ding v6i moi n.
IMO Shorlist, 1986

Loi giai:

Dau tién, ta xem diéu gi xay ra néu x4, va 1 + Ty + ... + 2 gan nhau véi moi k. Vi
du, ta c6 thé lay z;, = 2¥, béi vi trong truong hop nay ta cd 2y + a9+ ... + 0 = Tpy1 — 2.
Vay, ta thay rang

n 1
Z f)n ‘W

/an \/5—1 V2n — \/5—1 1

v6i moi n. Lay gi6i han, ta duge ¢ > 1 + /2. Bay gio, ta ching minh ring 1 + /2 la
hing s6 can tim. Ta sé chitng minh bat dang thiic

VI + T+ oo+ Ve, < (14 \/5)\/:751 + 29+ ...+,
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34.

35.

biang quy nap. V4i n = 1 hoiic n = 2 bat déng thiic la hién nhien. Gia sit bat dang
thitc ding v6i n va ta sé chitng minh rang

VT 4+ T + oo+ T+ T < (1 F ﬁ)\/xl + 2o+ .+ Ty + Ty

Tat nhién, chi can chiing minh rang

Tt < (14+V2) (Va1 ¥ T2 + o F Tp + Tppt — VT + T2+ o+ )

bat déng thic nay tuong duong véi

VILF Ty + o ¥ Tp F g1 + VILF T2 + o F 20 < (14 V2)/Trgr-
Bat ding thiic trén ding béi vi
1+ Ty + ...+ 2, S Tn+1-

Cho céac s6 thuc duong a,b,c va z,y,z théa man a +x = b+y = ¢+ 2z = 1. Chiing
minh rang

1 1 1
(abc 4 xyz) (— +—+ —) > 3.
ay

bz  cx

Russia, 2002

Loi giai:
Chung ta thay rang abc + xyz = (1 — b)(1 — ¢) + ac + ab — a. Vay
1—c c abe + xyz
O ez
a + 1-0 a(l —b)

Stt dung cac dong nhat thitc nay ta tryc tiép suy ra

54 ( + abe) 1+1+1 a n b n c +1—c+1—a+1—b
xyz+abe) | —+ —4+ — | = .
4 ay bz cx l—¢c 1—a 1-0 a b c

Bay gio, ta chi con phai 4p dung bat déng thic AM-GM

[Viorel Vajaitu, Alexandru Zaharescu] Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh
rang

ab n be n ca <1( Fb+o)
“(a c).
a+b+2c b+c+2a c+a+2b " 4
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36.

Gazeta Matematia

Loi giai 1:
Ta c6 chudi bat dang thitc dudsi day

ab ab ab 1 1 a+b+c
_ = 7> _— g .
Za+b+20 Za+c+b+c_z4<a+c+b+c> 4
Loi giai 2:

B&i vi bat ding thic la thuan nhét, khong mat tinh tong quat ta c6 thé xem ring
a+0b+c=1vado dé bat ding thitc tuong duong véi

1 1
DL
a(a+1) — 4abe
, vay bat dang thic tuong duong véi
1 1 1
— < .
Za _Za+1+4abc
Bay gio ta sé ching minh sy xen vao gitta sau:

1<9+ 1 <Z 1 n 1
a4  dabe — a+1 4dabc

Bét ding thitc bén phai suy ra tit bat déng thitc Cauchy-Schwarz :

(ZaL) (>@+n) =9

va dong nhét thiic > (a + 1) = 4. Bat dang thitc bén trai c6 thé viét lai thanh > ab <
1 + 9abc
4

, n6 chinh xé4c la bat ding thic Schur.

Tim gia tri 16n nhat ctia biéu thic
ab+e+d)+b*(c+d+a)+E(d+a+b)+d(a+b+c)

V6i a, b, ¢, d 1a cac sd thyc ma tong binh phuong clia céc s6 bing 1.

Loi gidi:

Y tudng la

a*b+c+d)+b*(c+d+a)+(d+a+b)+d°(a+b+c)
=ab(a® + b*) + ac(a® + ¢*) + ad(a® + d*) + be(b* + ) + bd(b* + d?) + cd(c* + d?).
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37.

Bay gid, bdi vi biéu thiic ab(a? + b?) xuat hién khi viét (a — b)*, ta hay xem biéu thiic
ban dau cé thé viét lai nhu thé nao:

Zab(a2+62) :ZCL4+b4+6CLQb2— (a—b)4

4
_ 33 a* +6>a%b* — > (a—0b)*
4
_ 3—> (a—b)?
4
3
> —.
— 4

. 1
Gia tri 16n nhat dat dusc véia=b=c=d = 5
[Walther Janous] Cho z, ¥, z 1a cdc s6 thyc duong. Chiing minh ring

z z
<1

Yy
PR/ ey s SN o ey BN e o B

Crux Mathematicorum

Loi giai 1:
Ta co (z+y)(z+2) =2y + (22 + yz) + 22 > 2y + 22/y2 + vz = (JTy + V22)°.
Tu do

207 (@+y)(@+2) §2x+\/@+\/ﬁ
Nhung

D D Sl
T+ /Ty +/rz VT4 Y +z
va diéu nay da gidi quyét bai toan.
Loi giai 2:
Tit bat ding thitc Huygens ta c6 /(z +y)(z + 2) > = + /yz va st dung bat ding
thitc nay cho cac bat ding thiic tuong tiu ta c6

T z

Yy
r++/(r+y)(z+2) +y+\/(y+z)(y+x) +z—i—\/(z—l—azz)(z—i—y)

- x N y N 2
T 2r+ Yz 2y+rzr 224+ /Ty
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38.

39.

z T 2 2
Bay gio), ta ki hicu a = Y2 VY 4 bét déng thitc trd thanh
xr z

Y

NEL
b= ,C
Yy

1+1+1
24a 24b 2+c

<1

Tt ki hieu & trén ta c6 thé thay ring abc = 1, vay sau khi quy dong mau s6 bat ding
thitc cubi cling trd thanh ab + be + ca > 3, ma bat ding thiic nay suy ra tit bat ding
thic AM-GM .

Gid st a; < as < ... < a, 1a cac s6 thue, n > 2 1a mot s6 nguyén. Chitng minh rang
a1a42 + a2a43 + ...+ ana41 > a2a41 + a3a42 + ...+ a1a4n.
Iran, 1999
Loi giai:
Thoat nhin ta thay ngay ring sau khi chitng minh bat dang thiic cho n = 3, bat dang

thiic sé duge chiing minh bang quy nap cho n 16n hon. Vay, ta phai chitng minh rang
v6l moi a < b < ¢ ta cod

ab(b® — a®) + be(c® — b*) > ca(c® — a*)
<=(c* = b*)(ac — be) < (b* — a*)(ab — ac).

Béi vi a < b < ¢, bat dang thiic cudi cimg quy vé
a(b? + ab + a®) < e( + be + b?).
Va bat ding thiic cudi tuong duong véi
(c —a)(a® +b° + ¢ + ab + bc + ca) > 0,
bat dang thiic nay la hién nhién.
[Mircea Lascu] Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh ring

b+c+c+a+a+b24(a b ¢ )

a b c b+c+c+a+a+b

Loi giai:
- 1 n 1 ;

— + — tasuy ra
r+y 4o 4y Y

4a a a 4b b b _  4c
< -+ <-4 -va <

btc~ b catec a c a+b~

Stt dung bat dang thiic

SO

IS

Cong 3 bat ding thiic trén, ta c6 diéu phai chiing minh.
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40. Cho ay, as, ...,a, > 1 1a cac sd nguyén duong. Chitng minh rang it nhat mot trong cac

41.

s0 %/az, %/az, ..., m~/az, %/a; nhé hon hodc béng V/3.
Phéng theo mot bai toan quen biét

Loi giai:

1
Gia st ta c6 a;f, > 35 v6i moi i. Dau tién, ta sé chiing minh rang nw < 35 v6i moi
s6 tu nhién n. V6i n = 1,2, 3,4 diéu nay la hién nhien. Gia sit bat ding thiic ding cho
n > 3 va ta chitng minh né ding cho n + 1. Diéu nay suy ra tit he thic

n+1
n

1 1. . .
1+—g1+1<€/§:>3%=€/§.3§2 n=n4+1.
n

1
aq

> . , N 1 L P .. N
Vay, stt dung nhan xét trén, ta dudc a;{; > 33 > a*+1 = a;1, > a; v6i moi ¢, dieu
nay cé nghia la a1 < as < ...a,,_1 < a, < a;, mau thuan.

[Mircea Lascu, Marian Tetiva] Cho z,y, z 1a cac s6 thyc duong thoa man diéu kign
Yy + a2z +yz+ 2zyz = 1.

Chting minh cac bat déng thitc sau

) <1
a) ryz < —;
3/_87

DO W

b) z4+y+ 2>
1

1
+-+ - >4 +y+z);
Yy z

1
C);
11 1 (22 — 1)?
X

d) —+-+-—4z+y+2) >

6l z = .
i _2(22+1)7VIZ max{z,y, 2}

Loi giai:
a) Dit t* = xyz, theo bat dang thiic AM-GM ta c6

1 =ay+az+yz+2vyz > 3% + 26> <= (2t — 1)(t +1)* <0,
B | . 1
dodo2t—1<0<«<=1t< 37 dieu nay c6 nghia la zyz < 3
b) Ciing ki hieu s = x + y + 2; cac bat dang thitc sau déu quen biét

(x+y+2)? >3y + 22+ y2)
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(z+y+2)° > 2Twyz;
khi d6 ta c6 2s® > 5dayz = 27 — 27(xy + vz + yz) > 27 — 9s, nghia la

257 +9s* — 27> 0 < (25 — 3)(s + 3)* > 0,

3

tﬁd625—320<:>82§.

1
Hoac, béi vi p < 3’ ta co
& >3¢=301-2p)23(1-3) =1

néu ta dat ¢ = zy + 22 +yz,p = 1yz.
Bay gio, ta co thé thay bat ding thitc sau ciing ding

3
q::ry+xz+yz21.

c¢) Ba s z,y, z khong the tat cd nhé hon oL béi vi trong truong hop nay ta gap mau

thuan 5 )
Yy + 2z +yz+ 2xyz < 14—25 =1;
. . 1
do tinh doi xting ta c¢6 the gia st z > 7

Taco 1= (2z+ D)oy +z(x +y) > (22 + 1)ay + 22,/7y, ma ciing c6 the viét dudi dang
(2z+1)\/zy — 1) (Vzy + 1) < 0;

va diéu nay cho bat déng thic

1
< —
=122

(z +y)?
A

22+ 1)(z+y)—2)(z+y+2z) >0,

Tacing c6 1 = (2z+ Doy +2(z+y) < (22+ 1) +2(z+y), do do

bat ding thic nay cho ta

2
> —.
TV 29T
Bét dang thic can ching minh
1 1 1
—+ -+ -4z +y+2)
r oy oz
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c6 thé duge sip xép lai dudi dang

c+9) <m1y_4) 24zz—1 _ (22—1)2(224—1).

Tu nhitng tinh toan & trén ta suy ra rang

2(2z2—-1)(22+3)
2z +1

( +) (%—4) > 2211((%“)2—4):

(gid thiét z > 3 cho phép nhan vé véi vé cia céc bat dang thiic), va dieu nay c6 nghia
14 bai toan dugc gidi néu ta chitng minh duge

2(2:43)  2:+1

> =422 462> 422+ 42+ 1;
2z +1 z

L 1 R
nhung bat dang thic ding véi z > 2 va ta c6 dieu phai chiing minh.

2 . 7z 7z 7z z ]. 2z N
d) Hién nhién, néu z la s6 16n nhat trong cac s6 z,vy, z, thi z > o ta thay rang

Aoy = () <x—1y—4>

> 2z+1)*—4
2 =T =Y

222 —1)(22 4 3)

B 2z + 1

1 (22— 1)?

- \EET )

N z+z(2z+1)’

tit d6 ta c6 bat dang thiic cudi ciing

111 (22 — 1)?
STy > 2T
x+y+z (x+y+z)_z(22+l)

Hién nhién, trong vé phai z c¢6 thé dugc thay thé béi bat ky mot trong ba s6 ma 16n

hon hay béang 5 (hai s6 con lai ciing vay, chac chan phai c6 mot s6).

Ch .

Dé thay rang diéu kién da cho suy ra ton tai cac s6 duong a, b, ¢ sao cho x =
b c

cra T atb
Hay thit chiing minh d) sit dung sy thay thé nay.

a
b+ ¢’
. Va bay gio a), b) va c) truc tiép quy vé cac bat dang thiic quen biét!

y:
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42.

43.

44.

[Manlio Marangelli] Chting minh riang v6i moi s6 thyc duong z,y, 2,

3(z%y + yPz + 222) (vy? + y2 + 22?) > wyz(z +y + 2)°.

Loi giai:
Stt dung bat dang thiic AM-GM | ta c6
1 Y2z x> 3y /Tyz

L+ + >
3 Yzt rtaty  yRtzattay’ T Y3.(yPe + 227 + 2%y) (y2? + 222 + ay?)

va hai bat dang thiic tuong tu

1 22 yz? 3zryz

3 2 2 2, T2 3 2

3 yzHzr4axty  yrtzat+ oy \3/3.(y2z+22x+1;2y)(y22—|—zx2+xy2)
1 2y 2 3rTYyz

+ >
3yt zrtaty  yrtzattay® T Y3.(y2e + 227 + 2%y) (y2? + 222 + ay?)
Khi d6, cong ba bat dang thic lai, ta ¢6 chinh xac bat ddng thic can ching minh.

[Gabriel Dospinescu] Chiing minh réng néu a, b, ¢ 1a céc s6 thue sao cho max{a, b, c} —
min{a, b, ¢} <1, thi

14+ a®+ 0%+ & + 6abe > 3a®b + 3b%c + 3c%a.
Loi giai:
Hién nhién ta c6 thé gid sit @ = min{a, b, c} va ta c6 thé viét b = a + z,¢c = a + y, véi

z,y € [0,1]. D& thiy ring
a® 4+ b + & — 3abc = 3a(2® — vy +9°) + 2° +¢°

a®b + b?c + c*a — 3abe = a(2® — vy + y°) + 2%y.

Vay, bat ding thiic trd thanh 1 + 2% + y* > 322%y. Nhung didu nay suy ra tit he thitc
1+ 23+ 93 > 32y > 32%y, bdivi 0 < 2,y < 1.

[Gabriel Dospinescu] Chiing minh rang véi bat ky cac so thuc duong a, b, ¢ ta c6

2 b? 2 1 1 1
2+ (242 ) (24 =) (245 ) >6(a+bte) (=41 +-).
be ca ab a b ¢

Lot gidi:
Béi khai trién hai vé, bat dang thitc tuong duong véi
2abc(a® + b + ¢ + 3abc — a®b — a’c — b*a — b?c — cta — *b)+

+(@®V® + b°c + a® + 3a*b*? — a’b*c — a’be® — ab’? — ab’c® — a*bPc — a’bc’) > 0.

Nhung bat déng thiic nay ding nho ap dung bat ding thitc Schur véi a, b, ¢ va ab, be, ca.
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1 2 . 1
45. Cho ag = 3 Va Qi1 = ap + %. Chtng minh riang 1 — — < a, < 1.
n n

TST Singapore

Loi giai:
Ta c6
1 1
k41 B CTk a ag +n
va do do

n—1 n—1
1 1 1 1
<___>: <l=2-—<1l=a, <1
k=0 = ak+n an

Béi vi day so nay tang nén ta co
1 1 n
> .
ar+n n—+1

0
Tit bat dang thiic nay va bat dang thiic trude ta tric tiép suy ra két luan

1
1l——<a, <1
n

46. [Cilin Popa] Cho a, b, ¢ 1a cac s6 thuc duong, véi a, b, ¢ € (0,1) sao cho ab+bc+ca = 1.
Chitng minh rang
a b c 3/1—a®> 1-0* 1-¢
+ + .

_l’_

>
1—@2—'_1—62 1—c¢2 4 a b c

Loi giai:
. . . A B
Ta da biét v6i moi tam giac ABC' dong nhat thic > tan 3 tan 5= 1 diang va béi vi

T , C .
tan la toan anh tren [0, 5) ching ta c6 the dat a = tan 3 b = tan 29 C= tan 3 Dieu

kién a, b, c € (0,1) cho ta cac goc clia tam giac ABC' 1a goc nhon. V6i sy thay thé nay,
bat dang thic tré thanh

A , A
Z 2tan§ Z1—tam o)
2 >3 - 2
A~ A
1 — tan? = 2tan§

1
tan A >
<:>E an _SE P—
<= tan Atan B tan C(tan A + tan B 4 tan C') > 3(tan A tan B + tan B tan C' 4 tan C'tan A)

<= (tan A + tan B + tan C)* > 3(tan Atan B + tan B tan C + tan C'tan A),

diéu nay hién nhien ding bdi vi tan A, tan B, tan C' > 0.
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47. [Titu Andreescu, Gabriel Dospinescu] Cho z,y,z < 1 va  + y + z = 1. Ching minh

48.

rang
1 1 1 27

< —.
1+x2+1+y2+1+22 — 10

Loi giai:
Stt dung hé thite (4 — 3t)(1 — 3t)*> > 0,¢ < 1, ta thay ring
1 27
<o),
R

Viét hai bicu thitc tuong tiu cho y va z va cong chiing lai, ta c6 duge bat dang thiic can
ching minh.

Chnu y.
Di1 ¢6 vé quéa dé, bai toan nay gitp ching ta chiing minh bat ding thiic kho sau day

(b+c—a)* _ 3
sl

a?+ (b+c¢)?

Thue ra, bai toan nay tuong duong véi bai toan khé trén day. Hay thi chiing minh
dicu nay!

[Gabriel Dospinescu] Chimng minh rang néu /z 4+ /y + v/z = 1, thi
(1—2)*(1 —9)*(1 — 2)* > 2%2yz(z +y)(y + 2)(z + ).
L giai:
Dat a = /z,b= \/y va ¢ = /2. Khi d6
l-r=1-a*=(a+b+c)’—a*=(b+c)2a+0b+c).
Bay gio chting ta phai chitng minh rang
(@+0)(b+c)(c+a)(2a+b+c)(a+2b+c)(a+b+2¢)° >
> 2862022 (a® 4 b)) (b® + 2 (c® + a?).
Nhung bat déng thic nay ding vi né suy ra tit cac bat déng thic ding sau

(a+b)*

ab(a® + b?) < S

(bat déng thiic nay tuong duong véi (a — b)* > 0) va

(2a+b+c)(a+2b+c)(a+b+2c) > 8(b+c)(c+a)(a+D).
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49. Cho z,v, z 1a cac s6 thiyc duong théa man xyz = x + y + 2 + 2. Chiing minh ring
1) zy+yz+ze > 2 +y+ 2);
2) Vo + \fy+z< g\/w
Loi giai:
Diéu kign ban dau ryz = x4+ y + z + 2 ¢6 thé viét lai nhu sau

1 i 1 +1
1+ 1+y 1+2

Bay gio, gia su

1 1 1
:a fr— fr—
1+2x "14+y  T1+2z2
Khi do
l1—a b+c c+a a+b
"L‘: fr— ’y: 72’:
a a b c
(1) Ta c6

xy+yz+ze>2x+y+2)
b+cc+a c+aa+b a+bb+c b+c c+a a—+b
. + . + : >2 + +
b b c c a a b c
<=a’ + b + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)

<:>Za(a—b)(a—c) >0,

day chinh la bat dang thiic Schur.

(2) O day ta 6
3
VI+y+vz< S VT2

‘:*\/ a b +\/ b c . c a <§
b+cc+a c+aa+b a+bbt+ec— 2

Bat dang thiic nay c6 thé chiing minh béi cong bat dang thiic

a b b a 1 a b
\/ . =/ . < - + :
b+cc+ b+cc+a” 2\a+c b+c

v6i cac bat déng thic tuong tu.
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50.

51.

Chitng minh rang néu x,y, z 1a cac s6 thuc 22 + y? + 22 = 2, thi
T+y+z<zyz+2
IMO Shorlist, 1987
Loi giai 1:
Néu mot trong céc sb x,y, 2 1a am, chang han I x, thi
24ayz—ar—y—z=02—-y—2) —xz(1—yz) >0,

22+y2

5 < 1. Vay ta c6 thé gid sit ring

béi viy + 2 < \/2(y2+22) < 2vazy <
0<z<y<z Néuz<l1thi

24ayz—az—y—z=01-2)1—-2y)+(1—2a)(1—y)>0.

Bay gio, néu z > 1 thi ta c6

2+ (4y) V224 (x+y)?) =21 +ay <2+ ay <2+ ayz.
Diéu nay két thic chitng minh.

Lot giai 2:
Stt dung bat dang thitic Cauchy-Schwarz , ta thiy ring

c4y+z—ayz=a(l —y2) +y+2 < V(@2 + (y+ 2)2).(1+ (1 — y2)2).
Vay, ta chi can chitng minh rang vé phai khong 16n hon 2. Diéu nay tuong duong véi
(24 292)(2 -y + (42)?) < 4 = 2y2)® < 2y2)"
diéu nay hién nhién ding, béi vi 2 > y? + 22 > 2yz.

[Titu Andreescu, Gabriel Dospinescu| Chiing minh rang véi moi zy, g, ..., z, € (0,1)
va v6i moi phép hoan vi o ctia tap {1,2,...,n}, ta c6 bat ding thic

> e >t)

— 1—ux \ n / — 1 — 25240
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Loi giai:
1 1 1
> — 4+ —, tacd thé viét chudi

Sit dung bat déng thite AM-GM va hé thitc >
T+ x
bat ding thic dudi day
& 1
Z 1- T5-Yi Z xzz + yzg

=1

suy ra
n
Z Zl 11—z
-

n 1 Z:lxz n 1
> |1+ E

Zl—azi = + n L1 — g2
i=1 i=1 g

n i 1 n n 1

<~ > — i .

Z —xQ_n(Zm) < 1—332)

i=1 g i=1 i=1 4
, Tp) VA

1 1 1
1—a3'1—23"7"1-22)"

. noo1 N
52. Cho zy,za, ..., z, 1& cac s0 thuc duong sao cho > T = 1. Chiing minh rang
i=1 Z;

n n 1
;\/@>(”—1);\/—x—

Vojtech Jarnik
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Loi giai 1:
Dit

= a;, bat dang thic tré thanh

az n—lz l—al

+£L‘Z‘

Z\/azl—az 1—az

O (2%‘) (Z =)

Nhung bat dang thiic cudi ciing la hé qua ctia bat déang thitic Chebyshev cho cac bo
n s6 (a1, as, ..., a,) va

1 1 1

\/al(l — a1)7 \/ag(l — a2)7'.7 \/an(l — an).

Loi giai 2:
V6i cung ki hiéu trén, ta phai chitng minh

Q;
n—1 <
( );\/al+02+-~.+ai1+ai+1—‘r...—|—an_

n
a1+a2+...+ai,1+ai+1+...+an
<3y a |

i

Nhung sit dung bat ding thitc Cauchy-Schwarz va bat ding thiic AG-GM, ta suy
ra rang

Xn: \/a1 +ag+ ...+ a;—q +CLZ‘+1 +...+a,
Q;

- z":\/aJr V@2 + o UG + G+ O,
T a Vvn—1,/a;

B Vi (11 1 1 1
;\/nf«/— Tt m*m*"*m)
Z (n—1)vn—1/a;

Vai + /@ + .+ a1+ STt + e+ an

>

n

Q;
> —1
_Z(n )\/a1+02+...+ai_1+a¢+1+...+an
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53.

54.

va ta c6 diéu phai chiing minh.

[Titu Andreescu] Cho n > 3 va ay, as, ..., a, 1a cac s6 thyc thda man a; +as+...+a, > n
va a? + a3 + ... + a2 > n?. Ching rang max{a, as, ..., a, } > 2.

USAMO, 1999

Loi giai:
Y tudng tu nhien nhat la gid sit riing a; < 2 v6i moi i va thay thé z; = 2 — a; > 0. Khi

détacd Y (2—x;) >n= > x; <nvacing co
=1 i=1

n

n? < zn:a? :Z(Q—xi)Q :4n—4zn:xi+zn:xf.
i=1 i=1 i=1

i=1

n n 2

Bay gio, st dung gia thiét rang x; > 0, ta dude 27 < <Z :1:1> , két hop véi cac bat
i=1 i=1

dang thiic & trén ta cé

n

n n 2
n2<4n—42xi+<2xi> <4n+(n—4)2xi
i=1 i=1

i=1

(ta st dung hé thic > z; < n). Do do, ta cé (n —4) (Z x; — n> > 0, bat dang thiic
=1 =1

n

nay khong xéy ra vin > 4 va > x; < n. Vay, gia st cua ching ta la sai va do do
i=1

max{ay, ag, ..., a,} > 2.

[Vasile Cirtoaje] Néu a, b, ¢,d la cac s6 thuc duong, thi

a—b+b—c+c—d+d—a>0
b+c c+d d+a a+0b "
Loi giai:
Ta co
afb+bfc+cfd+dfa
b+c c¢c+d d+a a+b
_a+c+b+d+c+a+b+d_
b4+c c+d d+a a+b

—(a+0) <L+L) +(b+d) <L+ ! )-4.

b+c d+a c+d a+b
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56.

Tu

1 1 4
+ > ;
b+c d+a = (b+c¢)+(d+a)

1 1 4

>
c+d+a+b_ (c+d)+ (a+b)’

ta co
a—b_i_b—c_kc—d_kd—aZ 4(a+ c) 4(b+d) _a—o.
b+c c¢c+d d+a a+b = (b+c)+(d+a) (c+d)+(a+b)
Déu bang xdy ra khia = c va b = d.
Giai thuyét (Vasile Cirtoaje)
Néu a, b, c,d, e 1a cac s6 thyc duong, thi
a—b+b—c+c—d+d—e e—a>0
b+c c+d d+e e+a a+b
Cho z va y la cac s thuc duong, chi ra rang x¥ + y® > 1.
France, 1996

Loi giai:

. a
Ta sé chiing minh ring a® > ————
5 ga =5 +b—ab
thitic Bernoulli suy ra rang

A’ P=(14+a-1)""<14+(a-1)(1-b)=a+b—ab

va suy ra két luan. Bay gio, néu x hodic y 16n hon 1, ta ¢6 diéu phai chitng minh. Ngugc
lai, gia st 0 < z,y < 1. Trong trudng hop nay ta ap dung sy bat dang thiic & trén va

thay rang

x z Y €z Y
¥+t > + > + =1.
r+y—xy x+y—xy x+y x+Y
Chitng minh rang néu a, b,c > 0 c6 tich bang 1, thi
(a+b)b+c)(ct+a)>4(a+b+c—1).
MOSP, 2001
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Loi giai 1:
Stt dung dong nhat thic (a+b)(b+ ¢)(c+a) = (a+ b+ c¢)(ab+ be+ ca) — 1 ta quy bai
toan thanh

ab+bc+ca+—— >
a+b+c

Bay gio, ta c6 thé ap dung bat dang thic AM-GM cho dang sau

b+ be+ ca)?
ab+betcat — 5 > gaflebtbedca)
a+b+ec IYa+b+c)
Vay ta chi can chiing minh
(ab + be + ca)® > 9(a+b+c).

Nhung bat dang thitc nay dé&, bdi vi ta c6 ab + be + ca > 3 va (ab + be + ca)? >
3abc(a+b+c) =3(a+b+c).

Loi giai 2:

Ta sé st dung hé thic

Q| oo

(a+b)(b+c)c+a)>—(a+b+c)(ab+ bc+ ca).

N 2 P
Vay ta chi can chiing minh §(ab + bc + ca) + > 1. Stt dung bat dang thic

AM-GM | ta c6 thé viét

a+b+c

g( 1 S a3 (ab + bc + ca)?

b+b >1
glav c+ca)+a+b+c— 8l(a+b+c) — 7

bai vi
(ab + be + ca)* > 3abc(a + b+ c).
Chiing minh rang véi moi a,b, ¢ > 0,
(a®>+b*+*)a+b—c)(b+c—a)(c+a—b) < abe(ab + be + ca).

Loi giai:
R6 rang, néu mot trong cac thita s6 ¢ vé trai 1a am, ta c6 dieéu phai ching minh. Vay,
ta c6 thé gia thiét ring a, b, ¢ 1a cAc canh ctia tam giac ABC. Vé6i ki hiéu thong thuong
ctia mot tam giac, bat dang thitc tré thanh

2

(a® + b+ c?) < abc(ab + be + ca)

‘a+b+c
<=(a+b+c)(ab+ bc+ ca)R* > abe(a® + b* + ).
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59.

Nhung bat déng thtc trén suy ra tit he thic
(a4 b+ c)(ab+ be+ ca) > Yabe

va

0<OH?=9R>—da* -1 — .
[D.P.Mavlo] Cho a, b, ¢ > 0. Chiing minh ring

1 1 1 b 1)(b+1 1
3tatbrertplplya by ety Diet])
a b ¢ b ¢ a 1+ abc

Kvant, 1988
Loi giai:
Bét dang thic tuong duong véi bat dang thitc dusi day
1 a ab a
DEOIRON A
hoac
acha—&-Z%—i—Za%—i—Z% >2 (Za—i—Zab) .

Nhung bat déng thtic nay suy ra tit cac bat dang thic

b
a’be + = > 2ab, b*ca + < > 2be, Pab + % > 2ca
c a

va
1 1 1
a’c+ = > 2a,b%a + ~ ZQb,CQb‘Fg > 2c.
cC a

[Gabriel Dospinescu] Chitng minh réng v6i moi s6 thuc duong w1, o, ..., 2, v6i tich
bang 1 ta c6 bat ding thiic

Loi giai:
Stt dung bat dang thiic AM-GM | ta suy ra rang
xy xh xy 1 n
L2 >
1+ay  1+2% 14+ay , 1427 n N
T 2 TT(L 4 22)

s
Il
—
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61.

1 1 1 Tl n.T,

+ + ..+ +—=2 :
1427  1+28 1+27, 1427 ”ﬁ(l%—x”)
i=1 ’

Vay, ta phai c¢6

Hién nhien, bat déng thiic nay ciing ding cho cac bién khac, vay ta cé thé cong tat ca
cac bat dang thic lai dé thu dugc

day la bat ding thiic can ching minh.

Cho a,b,c,d > 0 théoa man a + b+ ¢ = 1. Chitng minh ring
11 d
S+ ++abed>mind —, — + — 5.

a” + 0” + ¢’ + abcd > min 4,9+27

Kvant, 1993
Loi giai:
. L s 1, ..
Gia st rang bat diang thic khong dung. Khi dé ta co, do abc < 77 bat dang thtc
1

1 . N 1
d(2—7 —abc) > a® + b + 3 — g Ta c6 the gia sit rang abe < 77 Bay gio, ta sé chi ra

N 1 . s . N
sit mau thudn bang chiing minh a® + 6% + ¢ + abed > 1 Ta chi can ching minh rang

a+ b+ — !
- D abe+a® + 1+ >
77 abc
Nhung bat ding thiic nay tuong duong véi 4 a® + 15abe > 1. Ta sit dung dong nhat
thitc " a® = 3abc +1 — 33" ab va quy bai toan vé chiing minh Y ab < L+ 9abe

4
la bat dang thiic Schur.

= =

, day

Chting minh ring véi moi s6 thiec a, b, ¢ ta c6 bat dang thiic

S (A+a®P(1+0)(a—)(b—0)* = (1+a”)(1+0°)(1+ ) (a—b)’(b—)(c—d).
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AMM
Loi giai:
(1+a*)(1+%)
(1+ 02)(a —b)?
gid thiét a,b, ¢ khac nhau). Bay gio, cong cic bat dang thiic
(1+a®)(1+b)  (1+b)(1+c?) -9 1+ 0
(14+c)(a—0b)2  (1+a?)(b—c)? ~ |a—bl|lc—1]

Bat déng thic c¢6 thé duge viét dudi dang > > 1 (tat nhién, ta co thé

(nhan duge bdi sit dung bat déng thitc AM-GM ) ta suy ra rang
(1+62 a—bQ_ |(b )]’
vay ta chi can chiing minh rang hé thitc cudi it nhat b?mg 1. Nhung diéu nay suy ra ti

1+ b? 1—|—b2 |
=1
Z!b—a _C’—IZ b—a)( I

va bai toan da giai xong.

. [Titu Andreescu, Mircea Lascu] Cho «a, z,y, z 1a cdc s6 thuc duong thdéa man zyz = 1
va a > 1. Chiing minh rang

(e} (e} le%

X v

Y 3
+ + > =
y+z z4+zx x4y 2
Loi giai 1:
Ta c6 thé gia st rang > y > 2. Khi dé ta c6
T > Y > z
y+z z4+xr  x+ty

va 2971 > ¢! > 2271 St dung bat ding thiic Chebyshev ta suy ra
¢ 1 T
> . ( a—l) . :

Bay gio, ta chi can dé ¥ rang két luan suy ra tit cdc bat dang thite >_ 297! > 3 (tit bat
dang thitc AM-GM ) va Y

y+z 2
Loi giai 2:
Theo bat dang thitc Cauchy-Schwarz , ta cé:

e% (e

Lo 2 ) (@ g )"

[2(y+2) +y(z+2) + 2(z + y)] <y+z+z+x+x+y

/0
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Vay ta can chi ra rang

1+a 1+« 2

1+a
(a:T +y T +22 ) > 3(zy +yz + 2x).

T (z +y + 2)* > 3(zy + yz + 2z), suy ra chi can chiing minh

1+«
T2 [+(1‘)]2_+2(:E)2—|—233
va tuong t,
1ga>1—a+1—|—a Lia 1l—«a 1+«
Y= o =T >
Suy ra
«a @ o 31—0& 1+Oé
ey —(rdyt2) > (2 )+ 5 (x+y+2)—(r+y+2)
a—1
=3 (x+y+2z-3)
—1
2a2 (3Yzyz — 3)
= 0.
Dau bang xay rakhiz =y =2z = 1.
Chnu y:
1 1 1 —
Thay f=a+1(f>2)var=—,y= 57 = —(abc = 1) bat dang thic tré thanh
a c
1 1 1

3
> —,
Pt Pleta)  Patb) "2

Cho 3 = 3, ta thu dugc bai toan IMO 1995 (duoc dé nghi béi Russia).

Chitng minh réng v6i moi s6 thuc 1, Ta, ..., T, Y1, Y2, -, Yo théa man 22 +23+... 422 =
vityi+..+yi=1taco

(21y2 — Toy1)? < 2 (1 — Z%%) :

k=1

Korea, 2001
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Loi giai:
Hién nhién ta c6 bat ding thiic

(1,92 — 22.91)* < Z (z3y; — x59:)°

1<i<j<n

£)(E) (5)
= 1- ;xy> (1 + ;xy> :

| n | . N
Béi vi ta cling ¢6 | > ziy; < 1, ta thay ngay rang
i=1

1- i:%%) (1 + i%‘?ﬁ) <2 1- i:%%)
=1 1=1 =1

va bai toan da giai xong.
[Laurentiu Panaitopol] Cho ay, as, ..., a, 1a cac s6 nguyén duong doi mot khéc nhau.
Chitng minh rang

2n+1
ai + a3+ .. +a; >

(a1 +as+ ...+ CLn).
TST Romania
Loi giai:

Khong mat tong quat, ta c6 thé gia st ring a; < ap < ... < a, va suy ra a; > i véi moi
i. Vay, ta c6 thé dat b; = a; — i > 0 v bat déng thic trd thanh

~ L oan4+1)2n+1) _ 2n+1 o n(n+1)(2n + 1)
S +2) b+ g > .;b,—+ .

, , 6
=1 =1

Bay gio, sit dung hé thiic a;.; > a; ta suy ra by < by < ... < b, va tit bat dang thiic
Chebyshev ta suy ra rang

23 i > (0 )Y b > Q"JIibi
i=1 i=1

i=1

va triyc tiép suy ra két luan. Va ciing tit cac hé thiic ¢ trén ta cé thé truc tiép suy ra
rang dau bang xay ra khi va chi khi ay, as, ..., a, 14 mot hoan bi cia céc s6 1,2, ..n.
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65. [Cawlin Popa] Cho a,b,c 1a cac s6 thyc duong théa man a + b + ¢ = 1. Chitng minh

rang
by/c N ca N av/b - 3v/3
a(v3c+Vab)  b(V3a+vVbe)  e(V3b+ \Jea) T 4
Loi giai:
Viét lai bat dang thic dusi dang
be
a S 33

Z /3ca N — 4
— +a
b
. - be ca ab ... . S
V6i sy thay the x = (/ —,y = ?,z = 4/ —, dieu kién a + b+ ¢ = 1 tré thanh
a c

xy +yz + zx = 1 va bat dang thitc tré thanh

V3y+yz — 4

Nhung, béi ap dung bat dang thitc Cauchy-Schwarz ta co

x? (> z)° 33 xy 3v/3
> > > =—,
V3zy + xyz — 3+ 3wyz 3+ 4

=
V3
¢ day ching ta sit dung cac bat dang thiic

(Zx)2 >3 (Z:L‘y) va xyz < %

66. [Titu Andreescu, Gabriel Dospinescu] Cho a, b, ¢ 1a cac s6 thyc théa man
(1+a®)(1+*)(1 + ) (1 +d*) = 16.
Chitng minh rang
—3<ab+bc+ cd+ da+ ac+ bd — abed < 5.
Lai giai:

Ta viét lai diéu kien da cho dudi dang 16 = [](i + a). [[(a — i). St dung cic tong doi
xiing, ta c¢6 thé viét lai bicu thitc trén dudi dang

16 = (1—iZa—Zab+iZabc+abcd) (1+i2a—2ab—i2abc+abcd).
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Vay ta c6 dong nhat thiic

2 2
16 = (1 — ZabJrabcd) + (Za— Zabc) .
Dieu nay c6 nghia la
| I
|1 —Zab+abcd| <4
va tit day ta c6 diéu phai chiing minh.

67. Ching minh rang
(a* 4+ 2)(b* +2)(c* 4+ 2) > 2(ab + be + ca)

véi moi a, b, ¢ 1a cac s6 thiie duong.

APMO, 2004
Loi gidi 1:
Ta sé& chitng minh bat dang thiic manh hon: (a® + 2)(b* + 2)(c* + 2) > 3(a + b + ¢)?.

Béi vi (a+b+c)? < (|a] + [b] + |c])?, ta co thé gid st ring a, b, ¢ 1a khong am. Ta sé sit
dung mot sy kien 1a néu z va y cung dau thi (1 +z)(1 +y) > 1+ +y. Vay, ta viét

bat déng thic dudi dang
2 _ 2
H a*—1 1) > (a+b+c)
3 9

va ta ¢6 cac truong hop
. PN a
i) Néu a, b, ¢ it nhat bang 1 thi [] (

2

+1>>1+Za23_1><29a>2_

ii) Néu c6 hai trong ba s6 it nhat bang 1, gid sit chung la a va b, khi d6 ta co

H a2—1+1 1+a2—1+b2—1 242
3 3 3 3

a2+ +1 12412+
3 ’ 3
> (a—H;—&-c)Q

v

bdi bat déng thitc Cauchy-Schwarz .
iii) Néu c4 ba s6 nhiéu nhat bing 1, thi bsi bat déng thiic Bernoulli ta c6

(55 )= s &

4



va hoan thanh chiing minh.

Loi giai 2:
Khai trién moi s6 hang, ta quy bai toan vé chitng minh
(abe)®+2) a’*+4> a*+8>9) ab.

Bai vi 33 a2 > 33 ab va 23 a%b? + 6 > 43 ab, ta con lai bat dang thitc (abc)? +
S a? 42> 23 ab. Tat nhien, ta co thé gia sit rang a, b, ¢ 1a cac s6 khong am va ta c6
thé viét a = 2%,b = 92, ¢ = 2. Trong truong hop nay

22@()—2(12:(a:+y+z)(x+y—z)(y—|—z—x)(z—&—x—y).

Hién nhién ring néu z, vy, » khong la do dai cac canh clia mot tam giac, thi bat ding
thitc 1a tam thuong. Ngugc lai, ta c6 thé dit 2 = u + v,y = v + w, z = w + u va bat
ding thic duge quy vé

[(u+v)(v4w)(w+ u)]* +2 > 16(u + v + w)uvw.

Ta ¢6 [(u+v)(v +w)(w +u)* + 1+ 1 > 3¢/ (u+v) (v + w)*(u+ w)* va ta chi con
phai chiing minh ring vé phai bat ding thitc cudi it nhat 1a 16(u + v + w)uvw. Dicu
nay dan dén

16
(u+v) (v +w)*(w +u)* > y(uvw)g(u + v+ w)?.
Nhung bat déng thiic nay suy ra tit cac bat ding thiic da biét
8
(u+v)(v+w)(w+u) > §(u + v+ w)(uv + vw + wu),

8
(uv + vw +wu)* > 3 (uwow)3,

u+v+w > 3Juow.

Loi giai 3:
Tuong tit nhu trong Loi giai 2, ta quy bai todn vé chiing minh ring

(abc)® +2 > QZab—ZaQ.

Bay gio, sit dung bat déng thiic Schur, ching ta suy ra ring

9abe
2 b— LR
Doab=) ' < —
va nhu 1a mot hé qua tryc tiép ctia bat ding thitc AM-GM ta c6

9abc .
— < 3¥(abc)2.
a+b+c_3 (abe)
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Diéu nay chi ra rang khi ta chiing minh

(abc)® + 2 > 3%/ (abe)?,

thi bai toan dugc giai xong. Nhung khéng dinh cudi ciing duge suy tit bat ding thic
AM-GM .

[Vasile Cirtoaje] Chiing minh ring néu 0 < x <y < zva z+y+ 2z = zyz + 2, thi
a) (1 —ay)(1—yz)(1 —zz) >0

32
b) %y < 1,2%* < —.
) @y S L2ty < o
Loi giai:
a) Ta c6
(1 —ay) (1 —yz) =1 -2y —yz + ay’°z
=l-ay—yz+ylx+y+z-2)
:(y_l)ona

va tuong tu
(1—yz)(1—z22)=(1-2)2>0, (1-z2z)(1—ay)=(1-2)>>0.

Vay céc biéu thic 1 — 2y, 1 — yz, v 1 — 2z ¢6 cling dau.
b) Ta viét lai he thic
rT+y+z=ayz+2

nhu sau
(I-2)1-y)+ (1 -2)1—ay) =0

Néuz >1thiz>y>x>1vadods (1—2)(1—y)+(1—2)(1—=zy) >0, diéu nay
khong thé xay ra. Vay ta c6 < 1. Tiép theo ta phan biét hai trusng hop 1) zy < 1;
2) zy > 1.

. 32
1) zy < 1. Tacéxgygxglvax3y2§x§1<ﬁ.
2) zy > 1. Ty > /zy ta c6 y > 1. Tiép theo ta viét lai he thic v +y + 2z = vyz + 2

thanh z +y — 2 = (zy — 1)z. Bdi vi z > y cho ta
r+y—2>(y—l)yy= (y—1D2—x—2ay) >0,

vay 2 > x(1 + y). St dung bat dang thitic AM-GM | ta c6

1+y22\/§va1+y=1+g+%23,3/1%%.
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70.

Do do
3/y2

R . 32 .,
Diéu nay c6 nghia la 2%y < 1 va 2%y? < 77 Dang thic 2%y = 1 xdy rakhi . =y = 1
. 32
va dang thiic 23y? = > xay ra khi x = py=2= 2.
[Titu Andreescu] Cho a,b,c 1a céc s6 thuc duong théa man a + b + ¢ > abe. Chiing
minh ring c6 it nhat hai trong céc bat ding thic
2 3 6 2 3 6 2 3 6

ST S >6, o+ 26, + - >6
a b ¢ b ¢ a c a b

ding.
TST 2001, USA

Loi giai:

. 1 1 1

Y tuéng tu nhién la thay the — = z, ;=YL= Khi do, ta ¢6 z,y,z > 0 va
a c

xy 4+ yz + zo > 1 va ta phai chitng minh it nhat hai trong céc bat ding thic

20 +3y+62>6, 2y+32+6x>6, 22+3x+6y>6
ding. Gia st trusng hop nay khong xay ra. Khi dé ta ¢ thé gia st ring

2z 4+ 3y 4+ 62 < 6 va 22 4+ 3z + 6y < 6.
1—yz

Cong lai, ta duge 5z + 9y 4+ 82 < 12. Nhung ching ta ¢6 z > T
y+z

5 —dyz
+ z

. Suy ra 12 >

+ 9y + 8z, bat ding thiic nay chinh la

1204 2) > 5+ 92 + 822 + 12z = (22 — 1)* + 3y + 22 — 2)2 < 0,
Diéu nay hién nhién khong xay ra. Do d6 ta c6 diéu phai chitng minh.
[Gabriel Dospinescu, Marian Tetiva] Cho x,y, z > 0 théa man
T+y+z=u1ayz.

Chitng minh riang
(z—1)(y—1)(z—1) < 6v3 —10.

e



Loi giai 1:

Béi vi v < xyz = yz > 1 (va cac hé thic tuong tuy 2z > 1,2y > 1) nén c6 nhiéu nhat
mot trong trong ba sé nhé hon 1. Trong bat ki truong hop ndo (z < 1,y > 1,2 > 1
hodc cac truong hop tuong ty) bat ding thitc can chiing minh hién nhién ding. Con
duy nhat mot truong hgp ta phai phan tich lakhi 2 > 1,y > 1 va 2z > 1.

Trong truong hgp nay ta ki hiéu

r—1l=ay—1=bz—-1=c
Khi d6 a, b, ¢ 14 cac s6 thuc khong am, va bdi vi
r=a+1l,y=b+1,z=c+1
thoa méan
a+1+b+14+c+1=(a+1)(b+1)(c+1),

diéu nay c6 nghia la
abc 4+ ab + ac + bec = 2.
bat x = Yryz; ta co
ab + be + ca > 3vabbeca = 322,
khi d6 ta co
2+ 322 <2
= (r+1)(2*+22-2)<0
=@+ D)(@+1+V3)(z+1-+3)<0.

Do x > 0, diéu nay suy ra

Vabe =2 < V3 -1,

hoac, tuong duong

abe < (V3 —1)3,
bat ding thic trén chinh xéc 1a
(z—1)(y—1)(z—1) < 6v3 — 10.
Chting minh dugc hoan thanh.
Loi giai 2: |
Giéng nhu trong 15i gidi dau tien (va béi vi tinh doi xing) ta c6 thé gid st ring

x> 1,y > 1; tham chi ta c6 thé gia st o > 1,y > 1 (v6i = 1 bat dang thic 1a 1o
rang). Khi d6 ta c6 xy > 1 va tir diéu kien da cho ta c6

r+y
xy — 1
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He thic phai ching minh 1a

(z =1y —1)(z=1) <6V3-10
—2zyz — (vy + xz +yz) < 6v3 -9,

hodc, v6i biéu thiic trén day cta z,

+ +
Qxy.x y—xy—(aﬁ—y)x y§6\/§—9
zy — 1 zy —1

= (zy —x —y)* + (6vV3 — 10)zy < 6v3 -9,

sau mot vai bude tinh toan.
Bay gio, ta dit z = a + 1,y = b+ 1 v& bién d6i thanh

ab? + (633 — 10)(a + b + ab) — 2ab > 0.

Nhung
a+b>2vVab

va 64/3 — 10 > 0, vay ta chi can chi ra ring
a®b® + (6v/3 — 10)(2Vab + ab) — 2ab > 0.

Thay t = vab > 0, bat ding thiic tré thanh

4+ (633 —12)t% + 2(6V3 — 10)t > 0,
hoac

£+ (673 — 12)t +2(6v/3 — 10) > 0.
Dao ham ctia ham s6
F(t) =+ (6vV3 —12)t +2(6v/3 — 10),£ > 0

N

l1a

F =32 = (v3-1?)

va c6 duy nhat mot nghiem duong ctia phuong trinh f/(t) = 0. D6 1a /3 — 1 va dé thay
rang v/3 — 1 1a mot diém cyc tiéu ciia f trong khoang [0, 00). Do do

ft) = f(V3-1)=0,
va ta c6 diéu phai ching minh.
Nhan xét cudi cuing: thic ra ta co
)=t —V3+1)2(t+2v3—2),

diéu nay chi ra rang f(t) > 0 véi t > 0.

79



71. [Marian Tetiva] Chting minh rang v6i bat ky cac s6 thuc duong a, b, ¢ ta c6

|3_b3 b3_3 3 _ 53] —b2—|- b — 2+ _ 2
Ia N L ¢ alg(a )2+ (b—c)* + (c a).
a+b b+c cta 4

Moldova TST, 2004

Loi giai 1:
Dau tién, ta thay ring vé trai c6 thé duge bién doi thanh

Zazlf = (@ =) <a—1kb_a—1kc>+(b3_cg)<b—1kc_a—1kc>
(@ —b)(c—b)(a—c)(3ab)

(a+0b)(b+c)(c+ a)

)

vi vay ta phai chiing minh bat déng thic

|(a —b)(b——c)(c—a)l(ab+bc+ca) 1 9
(a+b)(b+c)(c+a) §§<Za —Zab).

Dé dang chitng minh rang
(a+b)(b+c)(c+a) > g(a + b+ c)(ab + be + ca)
do d6 ta con phai ching minh
S IPSUEDRES | (R0
Stt dung bat dang thitc AM-GM | ta can chiing minh bat dang thitc sau dé thu duge

bat ding thic tren . \
| |
27 (Za) > [a=b).

Bét ding thitc nay dé ching minh. Chi can dé ¥ ring ta cé thé gid st a > b > ¢ va
trong truong hop nay bat dang thic tré thanh

8
(a—b)(a—c)(b—rc) < 2—7(a +b+c)?
va bat dang thic nay suy ra tit bat ding thic AM-GM .

Loi giai 2 (bdi Marian Tetiva):
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Dé thay ring bat déng thitc khong chi tuan hoan ma con doéi xting. Vi thé ching ta c6
thé gia st ring a > b > ¢ > 0. Y tudng la sit dung bat ding thic

2 2
xr°+xy + T
Tty

Y
Z >
x+2_ 5

bat ding thiic ding néu x > y > 0. Chitng minh bat ding thiic d& va ta sé bd qua.
Bay gio, béi vi a > b > ¢ > 0, ta c6 ba bat ding thiic

b _ a®+ab+b? a c_ b +bc+c? b
- > >b+-b+->— - —— > —
Gty Zaxp =ittt s =6ty
va hién nhién
c _a’+ac+c?
a+—= 2> >c+ =
2 a+c 2
Do dé
a®— b3 a’?+ ab+ b? b% + be + 2 a’+ ac+ c?
Z =ae-b)—————+b—¢)—————(a—¢).—————
a+b a+b b+c a—+c

a b c
> (g — bl — 2) —(q — b
> (a b)(b+2)+(b 0) <c+2> (a c)(a+2)
-y
— Y
Bing cach tuong tu ta cé thé chiing minh ring
a® — b3 (a—0b)?
< Al
>y S

va ta c6 diéu phai ching minh.

[Titu Andreescu] Cho a, b, c la cac s6 thie duong. Chitng minh ring
(@ —a*+3)(b° —b*+3) ("~ +3) > (a+b+c)
USAMO, 2004

Loi giai:
Ta bat dau v6i bat dang thiic a® —a? +3 > a® + 2 <= (a* — 1)(a® — 1) > 0. Vay, con

phai chi ra rang
3
[T +2)= (3 q)
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Stt dung bat dang thic AM-GM | ta c6

a’ n 1 n 1 S 3a
ad4+2 B+2 A+2 7 Y[[(a+2)

Ta viét hai bat déng thiic tuong tu va cong cac bat dang thic lai. Ta thay ring

H(a3 +2) > (Za)g,

day 1a bat dang thitc mong mudn.

[Gabriel Dospinescu] Cho n > 2 va x4, xa, ..., £, > 0 thoa man

) (E0)

x
=1 "k

Chitng minh rang
2 2
> 4 .
) :ck> (E I%) R TR

Loi giai:

Trong bai toan nay, sy két hop gitta cac dong nhat thitc va bat déng thic Cauchy-

Schwarz la cach dé chitng minh. Vay, ta bat dau vé6i bieu thitc

2
O

1<i<j<n N7

Ta c6 thé thay ngay ring

2 2
> G- 2 G
1<i<j<n 1<i<j<n J
n 2 n 1 n n 1 2
- (S4) 0 ) (B L) e
-1 ' ' =1
Do d6 ta c6 thé suy ra tit bat dang thiic

2
3 <ﬂ+ﬁ—2> >0

1<i<j<n J
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(5) (1) 2
i=1 i=1 "t

Tiéc rang, dicu nay chua di dé két luan. Vay, ta hay c6 ging cuc tiéu hoa biéu thiic

T T 2
2 : i J
T T;
1<i<j<n J v

Diéu nay cé thé lam béi sit dung bat ding thiic Cauchy-Schwarz :

+ < —
Ty xT;

2
xX; €Z;
. (meen-o)
Z (ﬁ Ij ) > 1<i<j<n *j 7
1<i<j<n

xX; €Tj N
Béivi . (——f——]—):Ltasuyraréng

1<i<j<n \Tj T
2 ) >nfya4 —=
() (58] 2t ae 12

d6 1a diéu ta mudn ching minh. Tat nhién, ta can ching minh la déng thic khong xay
ra. Nhung dang thitc sé dan dén 21 = 25 = ... = z,,, n6 mau thudn véi gia thiét

(o) (552) -

[Gabriel Dospinescu, Mircea Lascu, Marian Tetiva] Chitng minh ring véi bat ky s6 cac
s6 thue duong a, b, ¢, ta c6

a? +b* 4+ +2abc+3 > (1+a)(1+b)(1+c).
Loi giai 1:
Dat f(a,b,¢) = a®>+b*+c*+abc+2—a—b—c—ab—bc— ca. Ta phai chiing minh ring
tat ca cac gia tri ctia f déu khong am. Néu a, b, ¢ > 3, thi ta c6 E—i— 3 + o< 1, dieu nay
c6 nghia 1a f(a,b,c) > a?> + b+ —a—b—c > 0. Vay, ta c6 the gid st ring a < 3 va

b . . N 3—a)(b—c)?
dat m = % Dé tinh toan de chi rarang f(a,b,c)— f(a,m,m) = (a)ic) >0
va chi con phai chiing minh f(a,m,m) > 0, diéu nay chinh 1a

(a+1)m*—2(a+1)m+a*—a+2>0.
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Béat dang thic nay hién nhien dang, bdi vi biét thic ctia phuong trinh bac hai la
—4(a+1)(a—1)*<0.

Loi giai 2:
Nhic lai bat déng thiic Turkevici
xt + y4 + 2t 4 2xyzt > x2y2 + y222 + 22 + 2 + 2?2+ y2t2

v6i moi s6 thuc x,y,2,t. Dat t = 1,a = 2%,b = y%, 2 = 2% va st dung hé thic
2vabc < abc + 1, ta c6 duge bat dang thitc can chitng minh.

. [Titu Andreescu, Zuming Feng] Cho a, b, ¢ 1a céc s6 thuc duong. Ching minh réng

(2a+b+c)?*  (2b+a+c)? (2c+a+b)2<8
262+ (b+¢)?2 202+ (a+¢)? 2+ (a+b)?2 —

USAMO, 2003
Loi giai 1:
Béi vi bat dang thic la thuan nhét, ta cé thé gid st a + b+ ¢ = 3. Khi dé

(2a + b+ c)? a*+6a+9

2a2+ (b+¢)2  3a%2—6a+9
1 4a + 3
= (142
3< + 2+(a—1)2>
1 4a + 3
<= (142
<5 (125

4a + 4
3

Suy ra

ZM> 12(4a+4):8.

2a2 + (b+¢)2 = 3
Loi giai 2:
b+c c+a a-+b

Ki hiéu x = 5 Sy = 2 2= . Ta phai chiing minh rang
c

(x4 2)? 2e+1 5 (x—1)2 _ 1
L <8 &= < — = _ > —,
P LR D Db s R R D

Nhung, tit bat déng thic Cauchy-Schwarz , ta cé

2242 T a4y + 2246
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e

Ta con phai chitng minh rang

22+ + 22+ 20y + 2z + 220 — 62 — 6y —624+9) > P+t + 22+ 6
<:>x2+y2+22+4(xy+yz+zx)—12(x+y+z)+12ZO.

Bay gio zy + yz + zx > 3/2%y%22 > 12 (bdi vi zyz > 8), vay ta van con phai ching
minh rang
(x+y+2)°+24—12x+y+2)+12>0,

Bat dang thitc nay tuong duong véi (z +y + 2 — 6)2 > 0, diéu nay hién nhien ding.

Chitng minh rang véi moi s6 thye duong o,y va véi moi s6 nguyen duong m, n, ta c6

(0= )= 1™ +5™) + (m+n = D@y + ") = ma(a™ "y + ).
Austrian-Polish Competition, 1995

Lai giai:
Ta bién ddi bat déng thic nhu sau:

mn(z —y) (@ =y > (mtn = 1)@ = y™) (" - ")
xm—&-n—l _ ym—i-n—l m ym " — yn

(m+n—1)(r—-y) ~ mx—y) nx—y)

(ta gia st rang x > y). Heé thiic cudi ciing c6 thé viét lai thanh

x x x

(z —y)/tm+”_2dt > /tm‘ldt./t”‘ldt

y y y
va bat dang thiic nay suy ra tit bat ding thitc Chebyshev cho tich phan.

Cho a,b,c,d, e la cac s6 thyc duong thdéa méan abede = 1. Chiing minh rang

a + abe b+ bed ¢+ cde d + dea e+ eab >E
14+ab+abed 1+bc+bede 1+cd+cdea 1+de+deab 1+ea+eabc ™~ 3°

Crux Mathematicorum

Loi giai:
Xét phép thé

85



78.

79.

voi z,y, 2z, t,u > 0. Ta cd

at+abc oyt
1 1 1
1+ ab+ abed LR
r oz u
PSP . N 1 1 1 1
Viet cac hé thic khac tuong tu, va ki hieu — = a1, — = a9, — = a3, — = a4, — = a3,
x Y z t U

a; > 0, ta co
Z Qo + a4 > E
a; + as + as 3
Stt dung bat dang thiic Cauchy-Schwarz , ta lam nho vé trai béi

452
252 — (CLQ -+ a4)2 — (a1 + a4)2 — (Clg + a5)2 — (GQ + a5)2 — ((11 + 6L3)27

5 2 N ~ Z
v6i S = 3" a;. Bdi ap dung bat dang thitic Cauchy-Schwarz mot 1an nita cho mau s6
i=1
ctia phan so, ta thu duge két luan.

[Titu Andreescu] Chitng minh réng véi moi a, b, ¢ € (0, g) bat dang thiic sau ding

sina.sin(a — b).sin(a — ¢) sinb.sin(b — ¢).sin(b —a) sinec.sin(c — a).sin(c — b) >0
sin(b + ¢) sin(c + a) sin(a + b) -

TST 2003, USA

Loi giai:
Dit o = sina,y = sinb, z = sinc. Khi dé ta c6 x,y, 2z > 0. Dé thay rang hé thiic sau 1a
ding:

sina.sin(a — b).sin(a — ¢).sin(a + b). sin(a + ¢) = z(2* — y?)(2? — 2?)

Stt dung nhiing hé thitc tuong tir cho nhitng sé6 hang khac, ta phai chiing minh ring:
Zx(xQ o y2)(1’2 N 22) > 0.

Véi st thay thé o = /u.y = /v, z = y/w bat dang thic trd thanh > \/u(u—v)(u—w) >
0. Nhung bat ding thiic nay suy ra tit bat ding thiic Schur.

Chiing minh rang néu a, b, ¢ 1a cac sd thye duong, thi

Vat + b 4 4 Va2b? + 02c2 + c2a? > Vadb + bdc+ cBa + Vabd + be3 + cad.
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80.

KMO Summer Program Test, 2001

Loi giai:
Hién nhién ta chi can ching minh cac bat dang thic

Za4+2a2b2 > Za?’b—i-Zabg
(Z a4) (Z CLQbQ) > (Z a3b) (Z ab3> .

Bét dang thic dau suy ra tit bat déng thic Schur

Za4+acha > Za?’b—&-Zabg
Z:aQb2 > acha.

Bét déng thic thi hai 1a mot hé qua don gidn clia bat ding thiic Cauchy-Schwarz

va hé thtc

(@b + bPc+ *a)® < (a®b® + b + *a®)(a* + b* + ¢*)
(ab® + bc® + ca®)? < (a®b? + b’ + Pa?)(a* + b* + ¢*).

|Gabriel Dospinescu, Mircea Lascu] Cho n > 2, tim hing s6 k, nh6 nhat c6 tinh chat:
Néu ay, as, ..., a, > 0 c6 tich bang 1, thi
aia s ana
2 : 22 + : d2 tot 12
(a? + ag)(a3 4+ a1) (a3 + a3)(ad + az) (a2 + a1)(a? + ay)

< k.

Lai giai:

Dautien tadit a; =as = ... = a1 = 2,0, = Ta suy ra

n—1 :

. 221 N n—2 - n—2
R A (R (e

véi moi x > 0. R6 rang, diéu nay suy ra k, > n — 2. Ta chiing minh rang n — 2 1a mot
hang s6 tot va bai toan sé dugce giai.

Dau tién, ta sé ching minh rang (2 + y)(y*> + z) > zy(1 + z)(1 + y). That vay, bat
dang thitc chinh 1 (z + y)(z — y)? > 0. Vay, chi can chitng minh ring

1 1 1

Ora)(tm) (xa)ita T O0xa)dte) =" %
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[N o x x N £ 2 - 2 ~ 2, N
Bay gio, ta dat a; = —1, ..., @, = — vA bat ding thic § trén tré thanh
L2 x1

= <1 _ Lp41T 42 )> 9
1 (@ + Tp1) (@1 + Tpga) )~

bat ding thiic nay ciing c¢6 thé duge viét dudi dang

n

2
Z Tk n Lht1 > 9.
Tt Terr (@ + Terr) (@1 + Trga)

R6 rang,

n

T T
L =1
Zxk;+xk+1 721’14‘1‘2—’-...4—1’”

k=1

Vay, ta phai chiing minh bat ding thiic

2
L1 > 1
(@ + Thg1) (Thg1 + Ty2)

Stt dung bat dang thitc Cauchy-Schwarz, ta suy ra ring

n 2
Tht1 > k=1

(@ 1) (i + arz) = o (T + Tpga) (Thg1 + Tpyo)
k=1

va ta chi can chiing minh riang
n 2 n n n
2
<E wk) > g x), + 2 g TpTh1 + E TpTht2-
k=1 k=1 k=1 k=1

Nhung bat déng thic nay tuong duong véi

n

n
2 Z Ty > 2 Z TpTp+1 + Z TpTgt2
k=1

1<i<j<n k=1
va diéu nay 13 hién nhién dung. Vay, k, = n — 2.

81. [Vasile Cirtoaje] Véi moi s6 thuc a, b, ¢, z,y, 2, chitng minh ring bat dang thitc sau ding

2(a+b+c)($+y+z).

ax+by+cz+\/(a2+62+02)(a€2+y2+z2)Zg

88



82.

Kvant, 1989

Ta k/ h.A t= 7‘7;2 y2 i Slif d 10 thay th[\ = tp = tll 8 =t d'; 8 y
1 nieu v = . ung s e xr = = va 2 = 1Ur 1€u Nna
. 5 : V 2 B2 2 mng sy Y )

R+ +E=p 4+
Bat dang thitc da cho trd thanh

2
ap+bg+cr +a* + 0>+ > §(a+b+c)(p+q+r),

Q| W~

(a+p’+0b+q?+(c+r)’=><la+b+o)p+q+r).

Tu
dla+b+c)ptagt+r)<[(a+b+c)+(p+q+r)7

suy ra chi can chiing minh rang

[(a+p)+ (b+q) + (c+7)

W =

(a+p)+ b+ +(c+r)*>

Bét dang thitc nay hién nhién la diang.

[Vasile Cirtoaje] Chitng minh ring cac canh a, b, ¢ ctia mot tam giac thoa man bat dang
thic ) )
3(r4+2+S—1)>2(2+542).
b ¢ a a b ¢

Ta c6 thé gid si rang ¢ 1a s6 nhd nhét trong cac s6 a,b,c. Khi d6 dit 2 = b —

Loi giai 1:
a—+c
5

Sau mot vai bude tinh toan, bat ding thitc tré thanh
(3a — 2¢)z” + (x—l—c—%) (a—c)*>0
<=(3a — 2¢)(2b — a — ¢)* + (4b + 2¢ — 3a)(a — ¢)* > 0.

Diéu nay trye tiép suy ra tit cac bat dang thiic 3a > 2¢, 4b+2c—3a = 3(b+c—a)+b—c >
0.

Loi giai 2:
Thite hién mot phép thay thé a =y + 2,b = 2 + x,¢ = o + y va quy dong mau s6. Bai

toan quy vé ching minh rang

2yt + 2 4205y + e + Pa) > 3(ay? + g2 4 2a?).
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Tat nhién ta c6 thé gia st rang = 1a s6 nhd nhat trong cac s6 z,y, z. Khi d6 ta c6 thé
viet y = x +m,z =z +n véi m va n cac so khong am. Mot sy tinh todn ngan chi ra
rang bat dang thic quy vé

22(m?® —mn +n*) +m® +n® + 2m*n — 3n*m > 0.
Ta chi con phai chiing minh rang
m?® 4+ n® + 2m’n > 3n*m <= (n —m)® — (n —m)m* + m* >0
va bat ding thitc nay truc tiép suy ra tit bat dang thitc 3 —¢+1 > 0, ding véi t > —1.

[Walther Janous| Cho n > 2 va 21, 29, ..., 2, > 0 ¢6 tong bang 1. Chitng minh ring

Crux Mathematicorum
Loi giai 1:
Y tudng tu nhien la st dung he thic
n—x; n—1

+ .
1—1’1' .’Z‘1+J,‘2—|—...+.I'7;,1+$i+1+...+$n

Vay ta co

n—ux; - 1
< 1
H(l-.ﬁm)_ H( * ”‘\1/331-332----%—1~$i+1-~-$n>

i i=1
va ta phai chiing minh bat dang thic

n

1 - 1
[I(1+2)=T1(1+ )
xZ; oy ”*\l/xl.$2....$i_1.xi+1...$n

i=1

Nhung bat ding thiic nay khong qua khé, béi vi bat dang thiic trén suy ra truc tiép
bdi phép nhan cac bat dang thiic

“ 1 T\""!
1 — > (1 n—1 —
[(1+)> (1 /115

thu dugc tit bat ding thic Huygens.
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Loi giai 2:
Ta sé chitng minh bat déng thitc manh hon la

”< 1> <n2—1>"" 1
H 1+ = > . .
€T; n - 1—x;

i=1 i=1

R6 rang la bat ding thitc nay manh hon bat ding thitc ban dau. Dau tien, ta chiing

minh rang
n

H1+xi2 n+1 .
1—I'i n—1

i=1

Bat ding thitc nay suy ra tit bat dang thitc Jensen v6i ham 16i f(z) = In(1 + z) —
In(1 — z). Vay, chi can chiing minh ring

@.ﬁ(l _ ) > (”2 - 1>n.

n

Z; i=1
i=1
Nhung ta thay ngay rang day chinh la bat ding thic duge chiing minh trong 1oi giai
ctia bai toan 121.

[Vasile Cirtoaje, Gheorghe Eckstein] Xét cac s6 thuc duong zy,xs, ..., , thdéa man
T12...7, = 1. Chitng minh rang
1 1 1
+ ot ————
n—1+x1 n—1+x n—1+uxz,

<1

TST 1999, Romania

Loi giai 1:
Gia stt bat dang thiic khong ding véi mot hé n s6 nao dé. Khi dé ta cé thé tim duge

mot so k> 1 va n so ¢6 tong bang 1, gia st cac so dé la a;, sao cho ———— = ka;.

n—1+ux;
Khi do ta co

2 1 B .
O day ta st dung hé thic a; < —7 Bay gio, ta viet 1 — (n — 1)a; = by va ta thay
n—

> b =1 va cing ¢6 (1 — bk> < (n —1)"by...b,. Nhung diéu ndy mau thuan véi sy
k=1 i=1
kién 1a v6i mdi j ta ¢

1— bj = bl + bg + ...+ bj—l + bj-i-l + ...+ bn > (n — 1) ni\l/bl...bj_lbj_,_l...bn.
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Loi giai 2:
Ta viét bat dang thitc viét dudi dang

n—1 n—1 n—1
- - S el S P
n—1+xz n—-1+x n—1+ux,
n—1 n—1 n—1
—=1-— l-—)+.. +l——)2>2n—-(n—-1
( n—1+:1:1)+( n—1+x2)+ + n—1+xn)_n (n—1)
L1 ) Ln
+—>1.

n—1+x1+n—1+x2+m n—1+ax,

Bat dang thiic cudi suy ra tit tong clia cac bat dang thiic dudi day

1

1—1 _1

xrq > " T Tn "
n—1+x = 1%  1-» =27 14, 1 - -3
T, "txy, "+ tan " "Xy "Hry Tty "

Bét dang thic dau tién trong cac bat ding thic trén tuong duong véi
1

1 1
1:1 "+, "t " >(n—1)z, "

duge suy tit bat ding thic AM-GM .

Chnu y.
) ) . N . 11 1 . ,
Thay thé cac s0 x1, 2o, ..., , lan lugt bang cac so —, —,...,—, bat dang thic tré
1 To T
thanh
1 1 1

> 1.
T (n—Dm 1+ (m=1Dm |

T D

[Titu Andreescu] Chitng minh réng v6i moi s6 thic khong am a, b, ¢ thda man a? + b +
c® + abc = 4, ta co
0 <ab+ bc+ ca— abe < 2.

USAMO, 2001

Loi giai 1 (bdi Richard Stong):

Can duéi khong kho. That vay, ta c6 ab + be + ca > 3v/a2b2c? va chi can chiing minh
rang abc < va2b2c?, Diéu nay suy ra tit hé thic abe < 4. Nguoc lai, can trén la kho.
Dau tién ta thay rang c6 hai trong ba s6 cting 16n hon hodic bang 1 ho#ic cting nho hon
ho#ic bang 1. Gia st hai s6 d6 1a b va ¢. Khi d6 ta c6

4> 2bc+a® +abe = (2 —a)(2+a) > be(2+a) = bc <2 —a.

Vay
ab + bec+ ca — abc < ab+ 2 — a+ ac — abe
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va chi can chting minh bat déng thic
ab+2—a+ac—abc<2<=b+c—bc<1<= (b—1)(c—1)>0,

bat déng thic nay ding do cach chon ciia ching ta.

Loi giai 2:

Ta khong chiing minh lai can dudi, vi day 1a mot bai toan dé. Ta tap trung vao can

tren. Gid stta > b > cvagia st a = v + y,b = x — y. Gia thiét tré thanh

?2+c)+y*2—c)=4-¢
va ta phai chitng minh rang

(2 —y*)(1 —¢) < 2(1 — zc).

22, bai toan yeu cau chiing minh bat ding thic

2
Béiviy2:2+c—2+c

42 — (4 — )

1—c¢) <2(1 —cx).
o (1—-2¢) (1 —cx)
Ro6 rang, ta cé ¢ < 1 va

2
0§92=2+c—2+c

= ?<2—c=z1r<V2-c¢
—c

(ta st dung sy kien la a > b=y > 0 and b > 0 = z > y > 0). Bay gio, xét ham s6

4a* — (4 — %)

Fi0V2=d =R, f(2) =2(1 = cr) - ———

(1 —oc).

1—
Ta c¢6 f'(z) = —2¢ — 83/;2

_Z <0, suy ra f la ham gidm va f(z) > f(v/2 —c). Vay, ta
phai chiing minh rang
f(V2=¢)>0
=21 —-cvV2-0¢)>(2-¢c)(1—0)
“=3>c+2V/2—¢
s (1— VT2 20

diéu nay hién nhién ding. Vay, bai toan da giai xong.

[Titu Andreescu] Chitng minh ring v6i moi s6 thyc duong a, b, ¢, bat ding thitc sau
ding

CEREE abe < max {(Va— VB, (Vo VO, (Ve — V)’ }.
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TST 2000, USA

Loi giai 1:
Mot ¥ tudng tu nhién 1a phai gid st ngude lai, diéu nay c6 nghia la

a+§+c—\3/abc>a+b—2\/%

Lb_’_c—\/gabc>b+c—2\/%

3
b .
%—vsabc>c+a—2\/ca.

Cong cac bat dang thic lai, ta thay ring

a+b+c—3Vabe > 2(a+b+c—Vab— Vbe — \/ea).
Bay gio, ta sé ching minh ring a + b + ¢ — 3vabe < 2(a + b + ¢ — Vab — Vbe — \/ca)
va bai toan sé duge gidi. Vi bat ddng thitc tren la thuan nhat, ta cé thé gia st ring
abc = 1. Khi d6, bat dang thic trd thanh

2vVab + 2vVbe + 2v/ca —a — b — ¢ < 3.

Bay gio, sit dung bat déng thitc Schur, ta thiy ring véi bat ki cac sd thuc duong
x,Y, 2, ta co

9zyz .
2y + 2z + 220 —a? —y? — 22 < 2T <33/ 2222,
y y y T r+y+z y

Ta chi con phai dit z = /a,y = Vb, z = /c trong bat déng thtic tren.

[Kiran Kedlaya] Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh riang

a+ Vab+ Vabe <ol atbatbte
3 - 2 3 '
Loi giai (bGi Anh Cudng):
Ta co

5/ b
a+\/£+v3abc§a+ \ aba;L + Vabe.

Bay gio ta sé chiing minh

a+ \3/abaT+b + Vabe < f/a.a;b.%m.
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Béi bat dang thitc AM-GM | ta c6

1+ 2a L 3a
dl2a 3¢ _ " "a+b atbte
‘at+ba+b+c— 3 ’
3b
2 [
5111 3b +a-|—b—|—c
Ta+b+c T 3 '
14 2b L 3c
\3/1 2b 3¢ < a+b a+b+c
at+ba+b+c” 3 .

Bay giv, chi can cong cac bat ding thiic lai, ta c6 bat dang thiic can chiing minh. Dau
bang xay ra khi a = b = c.

88. Tim hing sd k 16n nhat sao cho vdi moi s6 nguyén duong n khong 1a mot so6 chinh
phuong, ta co
|(1+ v/n) sin(my/n)| > k.
Vietnamese IMO Training Camp, 1995

Loi giai:
N s N 2,z 2 .2 . P
Ta sé ching minh rang 5 la hang so tot nhat. Hién nhién ta co

E<(1+Vi2+1)

sthﬁ+1w
v6i moi s6 nguyen duong i. Boi vi |sin(my/i2 + 1)| = sin %’ ta suy ra rang
1+ Vit +
T ) T k
; . = sin - . > . )
i+Vi2+1 i+Vi2+1l 1+Vi2+1

tu day suy ra k < g Bay gio ta chitng minh rang g la hing s6 tot. R6 rang, bat dang
thitc c6 thé viét -
sin(m{v/n}) > ———.

Ta ¢6 hai truong hgp
P 1 )
i) Truong hop thi nhat: khi {{/n} < 5 Hién nhieén,

1

(Vi) = Vi = Vi T = e
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e z? L
va bdi vi sme:U—gta thay rang

in(n{v/n}) > sin ——0—— > . : )
sin(m{v/n sin — | ] .
ST v T V14 vi) 6 \Va—1+ v
. . PN T . s
Ta chiing minh dang thic cudi cung it nhat bang —————. Diéu nay dan dén
g g g g 21 + Vi) y
2++n—+n—1 2

1++/n 3+ Va2

hogc 6(y/n++vn — 1)2+3(y/n++vn — 1) > 72(1+ /n) va didu nay la hién nhien ding.
1 1
ii) Trudng hop thi hai: khi {{/n} > 5 batz =1-{y/n} < 3 van = k*+p,1 <p <2k

va ta chi

1 o 1
Béi vi nt >—- =—p>k+1. Khi d6 dé thay rang x >
tvnp>35=r= S = Y VR 1 2k

can chiing minh ring

T T
sin > .
k+1+VE2+2k — 2(1+VE2+ k)

3
5 ~ N ~ P 2 ., . xz
St dung mot lan nita bat dang thic sinz > x — 5 ta suy ra

2\/k2+k—\/k2+2k—k+1> 2
1+ VE2 +k 3(14+k + VE2+2k)2

Nhung tit bat ding thitc Cauchy-Schwarz ta c6 2vk? + k — Vk? + 2k — k > 0. Béi
2

vi bat dang thitc 1+ &k + Vk2 + 2k)2 > % 1+ VK% + k) ding, trudng hgp nay ciing

duge giai quyét.

[Tran Nam Dung] Cho z, ¥, 2 > 0 théa man (z +y+ 2)* = 32zy2. Tim gid tri nho nhat
va gia tri 16n nhat ciia biéu thic

I4+y4+z4
(x +y+2)*

Vietnam, 2004

Loi giai 1 (bdi Tran Nam Dung):
Ta c6 thé gia st ring  +y + 2 = 4 vh xyz = 2. Suy ra, ta phai tim cac gia tri cu tri
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4 .4 L4
, Tty +z N )
cua +. Bay gio ta co

Pyttt = (@ P+ ) - 2) ay
2 2
= (16—22:103/) —2(ny) +dzyz(z +y + 2)
= 2a* — 64a + 288,

8 ...
—, dieu
x

2
véia=zy+yz+zr. B6iviy+z=4—12vayz= —, ta phdi c6 (4 —x)? >
x
nay suy ra rang 3 —+/5 < x < 2. Do tinh déi xiing, ta c6 z,y, z € [3 —+/5, 2]. Diéu nay
c6 nghia la (z —2)(y — 2)(z —2) <0 va
(r =3+ V5)(y—3+V5)(2—3+5) >0.

Hién nhién tit cac biéu thiic trong ngodc, ta suy ra ring

5 —1
c |:57\/_57:|
2
ot +yt+ 2t (a—16)* — 112
44 N 128

-1 .
a 383T§5\/57 1978’ dat dugc v6i cac bo ba so tuong tng <3—\/5,

, ta tim thay céc gia tri cuc tri ctia biéu

1+\/51+«/5>
A

Nhung béi vi

thic 1
(2,1,1).

Loi giai 2:

Nhu trong 15i giai trén, ta phai tim cac gia tri cyc tri clia 22 +y? + 22 khiz +y + 2 =

1, xyz = 39 bdi vi sau do cac gia tri cuc tri ctia biéu thic a* + y* + 2% ¢6 thé duge tim
b

thay tryc tiép. Ta st dung sy thay thé z = %, y=7= g, v6i abc = 1,a+b+2c = 4.
2 4 72 2

a® +b° +4c

% va do d6 ta phai tim cac gid tri cuc tri cua

2 N
a® + b* + 4c®. Bay gio, a® + b* + 4¢* = (4 — 2¢)* — = + 4¢® va bai todn quy vé tim
c

Khi d6 2% + 3? + 2% =

gia tri 16n nhat va gia tri nho nhat ctia 4 — 8¢ — — vdi a, b, ¢ 1a cac sd thyc duong
c

. . . 4
théa man abc = 1,a + b + 2¢ = 4. Hién nhién, diéu nay dan dén (4 — 2¢)? > —, hoic
c
33—V N N P 1
[T\/_, 1} Nhung diéu nay quy vé viec xét ham s6 f(z) = 42® — 8r — — xéc

x
-5
2

c

3 .
dinh trén [ , 1] , day la mot bai toan de.
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90. [George Tsintifa] Chiing minh rang véi moi a, b, c,d > 0,
(a+ b2+ c)(c+d)>*(d+a)® > 16a*b*c*d*(a + b+ c + d)*.
Crux Mathematicorum

Loi giai:
Ta ap dung bat dang thitc Mac-Laurin cho

x = abc,y = bed, z = cda,t = dab.

Ta sé thay rang

(Z abc) 3> STabebed.cda  a*V*Fd* Y a
- 4 4 '

4
Vay, ta chi can chiing minh bat dang thitc manh hon
(a+b)(b+c)(c+d)(d+a) > (a+b+c+d)(abe + bed + cda + dab).
Bay gio, ta nhan xét rang
(a+0)(b+c)(c+d)(d+ a) = (ac+ bd + ad + bc)(ac + bd + ab + cd)
= (ac +bd)’ + Y a*(be + bd + cd)
> 4abed + Z a*(be + bd + cd)
= (a+ b+ c+d)(abc + bed + cda + dab).
va bai toan da giai xong.
91. [Titu Andreescu, Gabriel Dospinescu] Tim gia tri 16n nhat ctia biéu thic

(ab)"  (bc)"  (ca)"
1l—ab 1—bc 1-—ca

V6i a, b, ¢ 1a cac s6 thue khong am ma c6 tong bang 1 va n 1a mot s6 nguyen duong.

L giai:
Dau tién, ta sé gidi quyét truong hop n > 1. Ta sé chiing minh gia tri 16n nhat 1a

—— Ro 1 < v 5
s R6 rang ab, be, ca < 1 Ve do do

(ab)™ (ab)™ (ab)™ 4

I —ab 1—ab 1-ab "3 <(ab)” + (bo)" + (ca)”),
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. 1 .
Suy ra, chung ta phéi ching minh rang (ab)" + (be)” + (ca)™ < L Gia stt a 1a s6 16n
nhat trong cac s6 a, b, c. Khi d6 ta c6

o >a"(1—a)" =a™(b+c)" > a™b" + a"c" + na™b" e > a"b" 4 b + c"a™.

Vay, ta chiing minh dugc rang trong truong hop nay gia tri 16n nhat nhiéu nhat bang

ST Nhung véia = b = 5 C= 0 gia tri nay dat duge va diéu nay chi ra rang gia tri

16n nhat 1a

véi n > 1. Bay gio, gid stt rang n = 1. Trong truong hop nay ta co

ab 1
Zl—abzzl—ab_g

Stt dung gia thiét a + b+ ¢ = 1, khong kh6 dé chiing minh ring
1 n 1 n I 3—> ab+ abe
l—ab 1—bc 1—ca 1-=Y ab+ abc— a2b%c®

ab
1—ab

3 4n71

Chiing ta sé ching minh rang 3 < 3 V6i sy nhan xét & trén, van dé nay quy

N

ve
Z ab < 3 — 27(abc)? + 19abc.
11
5 P . N 1+9abc . = ., .. ..
Nhung st dung bat dang thiic Schur ta suy ra rang ) ab < — vy du de chi
ra rang

9abe + 1 - 3 — 27(abc)* + 19abe
4 - 11

<= 108(abc)?® + 23abc < 1,

N 1 P 3
dieu nay dang béi vi abe < 77 Do do6 v6i n = 1, gia tri 16n nhat la 3 dat dugc véi
a=b=c.
Cho a, b, c 1a cac s6 thyc duong. Chiing minh rang
1 1 1 3
_|_

a(l+0) b(1+c)+c(1+a) - Vabe(1 + Vabe)

Loi giai:
Su quan sat sau day 1a cht yéu

1 1 1 1+ abc+a+ab
(1+ab6)<a(1+b) i+ +c(1+a)>+3:z a(1+b)

1+a b(c+1)
:Za(1+b)+z 16
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Bay gio stt dung hai lan bat dang thitc AM-GM ta dudc

1+a b(c+1) 3 5
> be.
2aian) P i 2 e TRV

Vay ta con lai v6i bat ding thiic

3
. + 3V abc — 3
v abe 3

>
1+ abe ~ Vabe(1 + Vabe)

thie té day la mot dong nhat thiic!

[Tran Nam Dung] Chitng minh réng véi moi s6 thuc a, b, ¢ thdéa man a® + b* + ¢ = 9,
ta co
2(a+b+c) —abc < 10.

Vietnam, 2002

Loi giai 1 (bdi Gheorghe Eckstein):
Bé6i vi max{a,b,c} < 3 va |abc| < 10, ta chi can xét cac truong hop khi a,b,¢ > 0
ho#c c6 ding mot trong ba s6 1a am. Dau tien, ta gia st rang a, b, ¢ 1a khong am. Néu
abc > 1, thi ta c6 diéu phai chiing minh, béi vi

2(a+b+c) —abc <24/3(a®+ b + ?) — 1 < 10.

Nguge lai, ta co thé gia st ring a < 1. Trong trusng hgp nay ta co
b’ + 2
20a+b+c)—abc <2(a+2 5 = 2a + 2v18 — 2a2 < 10.

Bay gio, gia sit rang chi c6 mot s6 am va gia sit ¢ < 0. Suy ra, bai toan quy vé chiing
minh ring véi moi z,y, z khong am c6 tong binh phuong bang 9, ta c6

Az +y—z)+2zyz < 20.
Nhung ta c6 thé viét nhu 1a
(x -2+ (y—2)*+ (2 — 1)* > 22yz — 62 — 2.
Bdéi vi

2ryz — 62 —2<w(y* +2%) —62—-2=—2*+32—-2=—(2 — 1)*(2 +2),
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bat déng thic ding.

Loi giai 2:
Hién nhien, ta c6 |al, |b],|c| < 3 va |a+ b+ ¢|, |abc| < 3+/3. Ta ciing c6 thé gid sit ring
a,b,c khac khong va a < b < c¢. Néu ¢ < 0 thi ta co

2(a+b+c) — abe < —abe < 3v/3 < 10.
Ciing vay, néu a < b < 0 < ¢ thi ta c6
2(a+b+c) <2c<6<10+ abe

béi vi abe > 0. Néu a < 0 < b < ¢, stt dung bat ding thic Cauchy-Schwarz ta dugc
2b+4+2c—a < 9. Suy ra

2a+b+c)=2b+2c—a+3a<9+3a

va chi con phai chitng minh rang 3a — 1 < abe. Nhung a < 0 va 2bc < 9 — a?, vay chi
can chiing minh

9 — a®

>3a—1<+= (a+1)*(a—2) <0,

bat déng thiic nay dang. Do dé, ta chi con truong hop 0 < a < b < ¢. Trong truong
hop nay 20+ 2c+a <9 va2(a+b+c) <9+ a. Vay, ta can chiing minh a < 1 + abe.
Bat dang thiic nay hién nhién ding néu a < 1 con néu a > 1 ta cé b,c > 1 va bat dang
thic van dung. Vay, bai toan da dugce gial xong.

[Vasile Cirtoaje] Cho a, b, ¢ 1a cac s6 thyc duong. Chiing minh riang

[ N [ e

Loi giai 1:

1 1 1 L s
Véicéckihiéux:a—i-g—l,y:b+——1,z:c+——1, bat dang thic tré thanh
c a

w

Yy +yz+ zx > 3.

Khong mat tinh tong quat ta gia st ring x = max{z,y, z}. Tit

1 11 1
1 1 1) = abc + — b S W
@+ DE+DE+ ac+abc+a+ +C+a+b+c
1 1 1
>24a+b+c+—+-+-
a b ¢

=54+z+y+2
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ta co
ryz +ay +yz + zx > 4,
(c—1)?

PR 1
véi dau bang xay ra khi v chi khi abc =1. Béiviy+2z=—-+b+ > 0 ta phan
a
biét hai trusng hop a) x > 0,yz2 < 0;b) z > 0,y > 0,z > 0.
a)x>0,y2<0.Tacozyz <0v ttayz+ay+zx>4tacoézy+yz+ze>4>3.
b) z >0,y >0,z > 0. Ta ki hiéu 2y + yz + 2z = 3d*> v6i d > 0. Tit cac bat dang thitc

trung binh, ta cé
xy + yz + zx > 3y 12y222,

tit d6 ta suy ra ring zyz < d°. Dua trén két qua co ban n y, tit bat dang thic
ryz + 2y + yz + zx > 4, ta dude

d®+3d*>>4,(d—1)(d+2)*>0,d > 1,

vay xy +yz + zx > 3. V6i dieu n y bat dang thitc da cho duge chitng minh. Ta c¢6 dau
bang xay ra trong truong hgp a = b =c = 1.

Loi giai 2:
batu=x+1Lv=y+1,w= 2+ 1. Khi dé ta co

1
uvw:u+v+w+abc+72u+v+w+2.
abe

Bay gio, xét h msb f(t) = 263+t*(u+v+w) —uvw. Béi vi Jim ft)=c0v f(1)<0,ta
—00

¢6 the tim duge mot s6 thye r > 1 sao cho f(r) = 0. Xét cac s6 m = u v

r r

7n: 7p:

Chung théa man mnp = m +n +p+ 2, tit b i toan 49 ta suy ra rang

mn +np 4+ pm > 2(m +n+ p) = uv + vw +wu > 2r(u+v +w) > 2(u+ v+ w).
Nhung béi viu = 2+ 1,v = y + 1,w = z + 1, tit dieu n y hé thiic cudi cing tuong
duong v6i bat dang thitc oy +yz + zo > 3, day 1 bat dang thiic mong mudn.

[Gabriel Dospinescu] Cho n 1 s6 nguyén 16n hon 2. Tim s6 thyc m, 16n nhat v s6
thuc M, nhd nhat sao cho véi moi s6 thyc duong 1, o, ..., 2, (V6i 1, = xg, i1 = 1),
ta co

my, < . < M,,.
o ; o1 +2(n — D)z + 241 —

Lai giai:
1

M =
20n—1)""""

Ta sé ching minh rang m, = . Dau tién, ching ta thay bat ding

N —

thic

n

> e 2 35
Tiq1 + 2(71 - 1)$Z + Ti+1 2(7’l — ].)

i=1
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n
la tam thuong, béi vi z;_1 +2(n — 1)x; + 241 < 2(n —1). > 2, v6i moi i. Diéu nay
k=1

. 1 o,
chi ra rang m,, > ———. Dit x; = 2*, biéu thic tré thanh
2(n—1)
1 N (n—2)x n Tl
r+a2" 't +2n—-1) 1+2(n—Dz+2?2 1+42(n—1)z" 1 4an2
. Lz 1 1
va lay giéi han khi x tién den 0, ta duge m,, < —— va suy ram,, = ———.
2(n—1) 2(n—1)

N 1 ° N P . NS sie .
Bay gio, ta sé chting minh rang M,, > 5 R6 rang, ta chi can chting minh rang v6i moi

X1, %2, ..., Ty > 0 ta co

S
im1 Ti—1 + 2(n — 1).’,1}'2 + Ti+1 - 2

Nhung ta c6

i1 Tiq1+ 2(77, - 1)1’1 + Ti+1 B il 2 Li—1Ti+1 + 2(71 - 1)xz
o Ti1T; '
=l — 14 Y
T
A/ L;i—1T; - . . N Z n N n 1
Dat VIILTHL a;, ta phai ching minh rang néu [[a; =1 thi ) —— <
T i=1 iZin—1+4a

L e 1
Nhung bat dang thiic nay da duge chiing minh trong bai toan 84. Vay M,, > 3 va béi

PN 1 .. ‘ .
vi cho 1 = 29 = ... = x,, ta ¢6 dau bang, ta suy ra M, = X dieu nay giai quyet bai
toan.
[Vasile Cirtoaje] Néu z,y, z 1a cac s6 thuc duong, thi
1 1 1 9
2 2 T3 3t 2 3 = 2
224+zy+y? Y +yz+22 224zt (x+y+2)

Gazeta Matematia

Loi giai:

Xét dang thiic

Praytyi=(+y+2)?—(oy+yz+zz)—(z+y+2)z,
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97.

ta co

(x4+y+2)? 1
x2+xy+y2_1_$y+yz+z§‘_ z
(z+y+2)° xtytz
hoac
(:r+y+z)2_ 1
2+ ay+y?  1—(ab+bc+ca)—c’
véi a = z b= J c = Bt déng thic co thé duge viét lai
rT+y+=z rT+y+=z rT+y+z
nhu sau 1 ! 1

>
ld—e 1 a_pt1-a-a=?

v6i a,b,c1 cac so thie duong thod mén a+b+c=1v d = ab+bc+ ca. Sau mot v i

buéc tinh toan bat dang thic tréd th nh
9d* — 6d° — 3d + 1 + 9abc > 0

hoac
d(3d — 1)* + (1 — 4d + 9abc) > 0.

day 1 Dbat ding thic Schur.

[Vasile Cirtoaje] V6i moi a, b, ¢, d > 0, chiing minh ring

2(a® + 1)(b° +1)(* + 1)(d® + 1) > (1 + abed)(1 + a®)(1 + b*) (1 + ) (1 + &%).

Loi giai:
Stt dung bat dang thic Huygens

[J@+a*) = 1+ abed),
chii ¥ riang ta chi can chi ra
2 T(@® + 1)* = JJ(1 + a*)(1 + a®)*.
Hién nhién, ta chi can chiing minh
2(a® +1)* > (a* + 1)(a® + 1)*
v6i moi s6 thic a. Nhung

(> + 1D* < (a+1)2*(a® +1)?
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98.

99.

va ta chi con phai chiing minh bat déng thiic

2(a®*+ 1) > (a +1)*(a* + 1)
«=2(a®—a+1)?>a" +1
“=(a—1)* >0,

diéu nay la hién nhien.
Chiing minh rang véi moi s6 thyc a, b, ¢, ta co

(a* +b* 4+ ch).

e

(a+b)*+(b+c) +(c+a)t>
Vietnam TST, 1996
Loi giai:

Ta thay thé a+b = 22,b+c = 22, c+a = 2y. bat dang thic tré thanh Y (y+z—1)* <
28 3" 2%, Bay gio ta c6 mot chudi dong nhat thiic sau

Z(Z/+Z—IE)4:Z<Zx2+2yz—2xy—2xz)2

= (Z x2>2 +4 (sz) (Z(yz—xy —:cz)) +4) (wy + 2z —y2)?
3(X ) 4 (Tw) () 4165 0%~ 4 (X o)
(@) v ()
<28 "o,

bai vi (3 22)° >33 24, S a?y? > 2t

Chitng minh rang néu a, b, ¢ 1a cac s6 thic duong théa méan abe = 1, thi

1 1 1 1 1 1
< .
1+a+b+1+b+c+1+c+a_ 2+a+2+b+2+c

Bulgaria, 1997
Lai giai:
Diat 2 = a+ b+ c vy = ab + bc + ca. Dé thay rang vé trai clia bat déng thic la

214 3 - 12+ 4 e
Tyt , trong khi vé phai la M Bay gio bat dang thic trd thanh
2?2+ 2x+y+ay 9+ 4dx + 2y

2242z +y+axy T 9+4x+2y 2 +2r+y+ay — 9+4x + 2y

2 _ —
x4+ 4 +y+3 1<12+4x+y_ — 20+ 3 —xy - 3—y
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V6i bat déng thitc cudi ciing, ching ta quy dong mau sb. Sau do sit dung cac bat ding
thitc @ > 3,y > 3,22 > 3y, ta co

5 x?
ngy > 522, Ty > % xy? > 9z, 5y > 15z, 2y > 3y v a2’y > 27.

Cong cac bat dang thiic n vy lai, ta dugce bat ding thic can chiing minh.
100. [Tran Nam Dung] Tim gia tri nhd nhat ctia biéu thiic

1 2 3
-+ -+ -,
a b ¢

trong d6 a,b,c1 cac s6 thic duong théa man 21ab + 2bc + 8ca < 12.
Vietnam, 2001

Loi giai 1: (bdi Tran Nam Diing):
1 2 = .2 N

bat — = =, 7= y,— = z. Khi d6 dé kiem tra dieu kién ctia b i toan tréd th nh
a c

2ayz > 2w+ 4y + 72V ta can tim gia tri nhé nhat ctia x + y + 2. Nhung

20y > 7
220y —7) > 20+ 4y = Z>2x+4y
T 22y —T7

Bay giv, ta bién doi biéu thitc dé sau khi ap dung bat dang thitc AM-GM tit s6 2zy —7
can triét tieu

2z + 4
rtytzzrt+y+ J
ey — 7
14
=T _ —
2x 4 20 22y -7

3+ —
. / 7 3 9
Nhung, chttng minh truyec tiep duge 24/1 + — > 5 Ly dodoz+y+z> §+x+— >
z T

L 5 R
Ch Ta c¢6 dau bang véi © = 3,y = 2 z = 2. Vay, cau tra 16i cho b i todn ban dau 1
15 1 4 3
—, dat dugc véia=—-,b=—-,c= —.
2 3 5 2
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Loi giai 2:
Ta sit dung sit thay thé tuong tir va quy bai todn vé tim gia tri nhé nhat clia o +y + 2
khi 2zyz > 22 4 4y + 7z. Ap dung béat déng thic AM-GM ta thiy ring

tytrm e | Qe Co Byt By e e | > (E)Ei s
sHytz =g | g Fr A3yt A3y b e e | 2 (5 s (=)
— 5'86 —_————
6 s6 4 56

Va cling c6

1
20+ 4y + 7z =I5 102+ ...+ 10x+ 12y + ... + 12y + 152 + ... + 152

P e z
3 s0 5 sb 7 sO
s
15,

5.y

=
W=
,_.l\]
S

>105.125.15 2
Diéu nay c6 nghia I3

(x+y+ 2?22 +4y+72) > 23—5.73312.
Vi2zxyz > 20 + 4y + 7z, ta sé co

225 15
@+y+@22jr:$m+y+zzag

DN | Ut

dau bang xdy ra véi z = 3,y = =, 2 = 2.

101. [Titu Andreescu, Gabriel Dospinescu] Chiing minh réng véi moi z,y, z,a, b, ¢ > 0 thoa
man xy + yz + zx = 3, ta co

a b c
= - >3
b+c(y+z)+c+a(z+:r)+CH_b(:L’er)_3

Loi giai:
Ta sé chiing minh bat déng thic

C

+b(a:+y) > \/3(xy+yz+zx)

a(+)+b
yrz c+

b+c a(z+$)+a

v6i moi a, b, ¢, z,y, . Béi vi bat ding thiic thuan nhét véi z, vy, z ta cé thé gid s ring
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T+ 1y 4+ z=1. Ap dung bat déng thitc Cauchy-Schwarz ta c6

ax by cz
3(
b+c+c+a+a+b+\/ (xy +yz + zx) <

S R SN, SN o

g\/z (%) + /s s
:¢§:<bic>?+;

Vay, ta con phai chiing minh bat ding thiic \/ > <

a
b+c

2
3 a p
— <Y —— . Nhung bat
) +2_Zb+c ne ba

) ab 3 P .

dang thttic n v tuong duong véi > ——— > — day 1 bat dang thic tam thuong.
g y tuong g Z(a%@®+w 1 day g g

Chu y

Mot bat dang thitc manh hon sau day:

(y+)+cbau+m

:c+y >Z\/x+y r42)— (v +y+2),

c6 thé thu duge béi 4p dung bat déng thic Cauchy-Schwarz , nhu sau

b+c

L( + 2)+ b (z+x)+ ‘ (x+y) =
b+cy c+a a+b 9=
y+z z+xr TH+Y
= b —2
(a+ +C)<b—i-c c+a a—i—b) (r+y+2)

1
23 T z+vVeto+vity) —2(@+y+2)
—Z\/x+y r+z)—(x+y+2).

Mot b i tap hay cho ngudi doc 1 : chiing minh rang

Z\/(:c—l—y)(x—i-z) >a+y+ 2+ /3wy +yz+o2x).

102. Cho a,b,c1 cac s6 thiye duong. Chitng minh rang

(b+c—a)* (a+c—0b)? (a+b—c)

>
(b+ce)+a® (a+c)?2+0 (a+b)?%+

3
5
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Japan, 1997

Loi giai 1:
b b
Dit 2 — +C’y:c+a’zza+

; . Bat déing thic c6 thé dugce viét thanh
a &

e
Z(m 1) Z%_
2+ 1 5

Stt dung bat dang thiic Cauchy-Schwarz , ta c6

Z(w—1)2>(w+y+z—3>2

w2+ 1 T ot 4yt 42243

va chi can chiing minh rang

(r4+y+2z—3)? >3<:> (Zm)2_1521+32xy+1820.

22+ +22+3 75

Tit bat dang thiic Schur, sau mot vai bude tinh toan, ta suy ra > ay > 23 x.
Vay ta c6

(Zx>2—152x+32xy+182 (Zx)2—9zx+18zo,

bat dang thiic cudi cting hién nhien ding vi >« > 6.

Loi giai 2:
Hién nhién, ta c6 thé dit a + b+ ¢ = 2. Bat dang thiic tré thanh

4(1 — a)? 3 1 27
L > e < —,
Z2+2(1—a)2—5 Z1+(1—a)2—10

Nhung véi sy thay thé 1 —a = 2,1 —b =1y, 1 — ¢ = z, bat ding thic dudc suy ra tit
bai toan 47.

103. [Vasile Cirtoaje, Gabriel Dospinescu] Chiing minh rang néu ay, as, ..., a, > 0 thi

a; +as ...+ ap_ "
a”f—&—a?—i—...—i—aﬁ—nalaQ...anz(n—l)< B 1—an> ,

n—1

trong dé a,, 1a s nhoé nhat trong cac s6 ai, as, ..., ay.
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Loi giai:
bat a; —ap, = x; > 0v6ii € {1,2,3,...,n— 1}. Bay gig, ta xem

nhu 1l mot da thic cta a = a,,. Thuc té 1

a’+ ) (a+x;)" — naH(a Fa)— (n—1) (:m + x2n+_...1+ zn_l) '

1 i=1

—_

n—

2

Ta sé chitng minh rang hé s6 ctia a* 1 khong am v6i moi k € {0,1,...,n — 1}, bdi vi
hién nhién 1 bac clia da thiic n y nhiéu nhat 1 n — 1. Véi k = 0, diéu n v suy ra tit
tinh 16i cia h m f(z) = 2"

V6i k > 0, hé s6 cia a* 1

n—1

n
§ n—=k E
(k’) X, —n Ly Ligeen g,y

i=1 1<y <ig<...<ip_p<n—1

Ta sé chiing minh day 1 s6 khong am. Tit bat dang thiic AM-GM ta c6

n E Tiy Loy Ly, <

1<i1<i2<...<tp_p<n—1

n _ _ _

< ? E Ty kmz kxfni

n_ _
1<i1<i2<.. . <lp_p<n—1

-5 ()

k n—1 n—1 R R 5 B
Ro r ng 1 (Z) STk < (Z) S a"7% Diéu n y chi ra ring mdi he sb clia da

n— i=1 i=1
thic 1 khong am, vay da thiic nhan gia tri khong am khi han ché trén tap nhing s6
khong am.

n—1
E n—k
T, .

=1
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104. [Turkevici] Chiing minh rang v6i moi s6 thuc duong z,y, z, t, ta co
oyt 2t 2nyat > 2%y P 4 P+ P+ 2R+
Kvant

Lai giai:
Hién nhién, ta chi can ching minh bat dang thic v6i zyzt = 1, do d6 bai toan dugc
xét véi gia thiét nay.
Néu a,b, c,d c6 tich bang 1, thi

>+ b+ +d*+2>ab+bc+ cd+ da+ ac + bd.
Gi4 sit d 1a s6 nhé nhét trong cac s6 a, b, ¢, d va dit m = /abe. Ta sé chimg minh
a®+ b+ +d*+2— (ab+be + cd + da + ac + bd) > d* + 3m* + 2 — (3m® + 3md),
Bat dang thic nay thuc té 1a

a2+ b0+ —ab—be—ca > dla+b+c—3Vabe).
Béi vi d < vabe, nén dé ching minh bat ding thitc dau tien ta can ching minh

a? 4+ 0%+ — ab — be — ca > Vabe(a + b+ ¢ — 3V abe).

a b c
-V, U = S w = S
vabe v abe v abe

W+ +3>u+ v+ w4 w + ow + wu,

bat u = St dung bai toan 74, ta ¢

bat déng thic nay chinh xéc 1a
a? + b +c* —ab—be — ca > Vabe(a + b+ ¢ — 3V abe).

Vay, ta chi con phai chiing minh ring d? +2 > 3md <= d*> +2 > 3v/d?, bat dang thic
nay hién nhién ding.

105. Chiing minh rang véi moi s6 thic ay, as, ..., a,, bat déng thiic sau ding

ij=1
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Loi giai:
Ta thay rang

n

Z z—i—] —¢ Z 10;.]0; /t”j_th

i,7=1 0
P n

- / > mi.jaj.t“ﬂl> dt
0 1,5=1

1 n 2
0 i=1

Bay gio, sit dung bat déng thiic Cauchy-Schwarz cho tich phan, ta cé

T, 2 T, 2 " 2
/ Zz’ai.t“> dt > / Zmi.t“> dt | = Za) :
0 =1 o =1 i=1

dieu n y két thic chitng minh.
106. Chting minh rang néu ay, as, ..., ay, by, ..., b, 1 céc sd thuc nam gitta 1001 v 2002, thoa
man
a2+aid . tal=0+b+ . b2,
thi ta c6 bat déng thic

al a3 ad 17
A4 2+t < (altad .+ dd).
by by n 1
TST Singapore
Loi giai:
Y £ 4 . .o . . 1 2 2
Y tudng then chot 1 Z € [2,2] v6i moi ¢ v véi moi x € [5, 2], ta c6 bat dang thic

5
?+1< §:c Do do, ta co6

5 a; 2
5.%21+Z—2(:> —aib; > a; + b7
v clng cb
5 n n n
i=1 i=1 i=1
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107.

w

a:

,
Lo a; ; £, a2 5
Bay gio, ta thay rang b—; = blb va bat dang thic 3

g ;04

va cong cac bat dang thic lai, ta dugc

@) I ED - ¥ 3
i=1 i=1 " i=1

~

+ aibi

ag CL3 CLS 17
L4242 (B tad+ .. +add),
by by w1

day la bat ding thic can ching minh.

[Titu Andreescu, Gabriel Dospinescu| Chitng minh ring néu a, b, ¢ 1a cac s thue duong
c6 tong bang 1, thi
(a® +0*) (b + )(c* + a*) > 8(a’b* + b*c® + c*a*)*.
Loi giai:
. 1 1 1 . 111 .
Dit ¢ = — y = —, z = —. Ta tim thay dang tuong duong néu — + — + — = 1 thi
a b c Ty oz
(2 + ) (?* + 25 (2% + 22) > 8(2® + y* + %)%
Ta sé chitng minh bat dang thiic sau
2 a2, vz oo (L 11 ’ 2, .2 22
(" +y7)(y° + 27) (2" + 2%) E+§+E > 8(x" +y” +27)7,

v6i moi s6 thuce duong x,y, 2. Viét 22 + y? = 2¢,y* + 2? = 2a, 2° + 2 = 2b. Khi d6 bat

ding thiic tré thanh
abc
N .
2\ ez e

Nhéc lai bat déng thiic Schur
Za4+abc(a+b+0) > Zas(b—kc) < abcla+b+c) > Zag(b—kc—a).
Bay gig, sit dung bat déng thiic Holder, ta co

Y dte—a)=3" <
(=)

3
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Két hgp hai bat dang thic trén, ta dugc

b
Yoz e

v bat déng thitc duge ching minh.
108. [Vasile Cirtoaje] Néu a,b,c,d 1 cac s6 thuc duong théa man abed = 1, thi

1 1 1 1
> 1.
(t+ar " aror T arer T agap =t

Gazeta Matematia
Loi giai:
Bat dang thic can ching minh duge suy ra béi tong cac bat dang thiic
1 1 1
+ > ,
(14+a)? (1402 1+ab
1 L 1 S 1
(14¢)? (1+d)? =~ 14+cd
Céc bat ding thiic n y suy ra tit

1 N L 1 ab(a® +V*) —a®V* —2ab+1
(14+a)2 (1402 1+ab  (14a)2(1+b)2(1+ ab)
ab(a — b)* + (ab —1)?

(14+a)2(1+b)2(1+ab) —
Dau bang xdy ranéua=b=c=d = 1.
109. [Vasile Cirtoaje] Cho a,b,c1 cac s6 thyc duong. Chiing minh rang

a? b? ? a b c

+ + > + +—
2+c?2 c24+a?2 ath? " b+c c+a a+bd

Gazeta Matematia
Loi giai:
Ta c6 cac dong nhat thiic sau

a? a  abla—b+acla—c)
B+c2 b+e  (b+o)(02+?)
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»» b be(b—c)+abb—a)
2+a2 c+a  (cta)(?+a?)
? c ac(c —a) + be(c — b)

2+ atb  (b+a)?+a)

Vay ta co
Z b? —1-02_2 b+c
B abla—b)  ab(a—b)
B3 [(b+ o)(?+¢)  (a+c)(a? +Cg)}

=@+ 0"+ +ab+bc+ca).y

ab(a — b)?
G+ At + @) =

110. [Gabriel Dospinescu] Cho ay,as, ..., a, la cdc s6 thuc va S 1a mot tap con khac rong
cia {1,2,...,n}. Chiing minh ring

2
(Zai> S Z (ai+...—i—aj)2.
i€s 1<i<j<n

TST 2004, Romania

Loi giai 1:
Kihiéu s, = a1 +as+ ... +a; véi k=1,...,n va s,.1 = 0. Bay gio dinh nghia

b 1 néu 1€8
o 0, ntu i¢S

St dung tong Abel ta co
Zai =a1by + agby + ... + ayb,
ies

:Sl(bl — bg) + Sg(bg — b3) + ...+ Sn—l(bn—l — bn) + Snbn =+ 3n+1(_b1)~

Bay gl@, dét b1 — bQ = Qfl,bg — b3 = X9, ...7bn,1 — bn = .’En,hbn = Tn,Lpt1 = _b1~ Vay
ta co

n+1
E a; = E €X;S;
€S i=1
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n+1
v x; € {—1,0,1}. Hién nhién, > x; = 0. Mat khéc, sit dung dong nhat thiic Lagrange
i=1

ta co

Z (ai+...+a] Zs + Z —sl

1<i<j<n 1<i<j<n

= Z (sj = si)°

1<i<j<n+1

n+1 n+1
=(n+1) Zs — (Zsl)

Vay ta can phai chiing minh rang
n+1 n+1 2 n+1 2
(nJrl)Zs?Z (Z‘Si%) + Zsi> .
i=1 i=1 i=1
Nhung ta c6
n+1 2 n+1 2 n+1
Z sixi) + Zsl> = Z s2(1422) +2 Z sisj(xiz; +1).
i=1 i=1 i=1 1<i<j<nt1

Bay gio, stt dung he thic 2s;s; < s? + 5 142w >0, taco thé viét

2 Z SiSj(.%‘iﬂfj + 1) < Z (812 + 53)(1 + .CL'Z'.’E]‘) =

1<i<j<n+1 1<i<j<n+1
2 2 2 2

=n(si + ... +s5) +sivi(za+ a3+ .+ x,) F o Ssira (T T+ o+ T)
22 2 2 2 2

= — 51T] — ... — o, +n(s] + ... + 55).

Vay

n+1 2 n+1 2 n+1 n+1 n+1
Zsixi> + Z‘Si> <Z$k (z7 +1) Z (n—xi):(n+1)25i
i=1

i=1
v ta c6 diéu phai chiing minh.
Loi giai 2 (bdi Andrei Negut):
Dau tién, ta chitng minh bo dé

B6 dé
V6i moi ay, as, ..., azg1 € R ta cé bat dang thiic

L 2
Z a2i+1> < Z (a; + ... + aj)Q.
i=0

1<i<j<2k+1
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Chimg minh ctia b6 dé. Dit s, = a1 + ... + ai. Ta ¢

k

E 2i41 = S1 + S3 — So + ... + Sop41 — Sog,
i=0

vay vé trai trong bo dé la

2%k+1
E s?+2 E 89i4182j4+1 + 2 g S9iS25 — 2 g 59i4152;
0<i<j<k 1<i<j<k 0<i<k
1<j<k
va vé phai 1a
2%k-+1
2 : 2 Z
(Zk + 1) S — 2 8;8;.
=1 1<i<j<2k+1
Do dé, ta can chiing minh rang
2%k+1
2k E S > 4 E 82i41525+1 +4 E 52i52;

0<i<j<k 1<i<j<k
va bat dang thic c6 duge bdi cong cac bat ding thic
2825118241 < Sgiﬂ + 8§j+17 25989 < ng‘ + ng-
Bay gio, ta quay lai 16i giai ctia bai toan. Ta c6 thé biéu dién S duéi dang sau
S = {ail, iy 41y ooey Qjgtky s Qigy Ajgt1y oovy Qijgphgy oovy Ajpy ovy air+kr}

v6i i+ kj < ij41 — 1. Do do, ta viét S nhu 1a mot day, theo sau la mot khoang trong,
theo sau 1a mot day, theo sau la mot khoang trong, van van. Bay gio ta dat

S1 = Q4 + ...+ iy +kyy S2 = Qi 4k +1 + ...+ Ajg—145 vy S2r—1 = A4, + ...+ (€7 P
Khi do
E 2
a; :(81 + S3 + ...+ Sgrfl)
€S
§ : 2

1<i<j<2r—1

< Z (ai+...—|—aj)2.

1<i<j<n
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111.

FS 2 - A N - 2 PN . . ~ 2 A 2, s . N A
Bat dang thic cudi cuing hién nhién dung, béi vi cac s6 hang G vé trai nam trong so
cac sO hang & vé phai.

Loi giai 3:

Ta sé chiing minh bat dang thitc bing quy nap. Véin = 2 v n = 3 bat ding thic dé
chitng minh. Giai st bat déng thic ding cho moi & < n v ta phai chitng minh bat
dang thitc ding cho n. Néu 1 ¢ S thi ching ta chi ap dung bude quy nap cho cac sb
s, ..., ap, bGi Vi vé phai khong gidm. Bay gio, gia st 1 € S. Néu 2 € S, thi ta ap dung
bude quy nap véi cac s6 ay + ag, as, ..., a,. Do d6, ta ¢ thé gia thiét ring 2 ¢ S. Dé

(a+b)?

thay rang (a + b+ c¢)* + ¢ > > 2ab v suy ra ta co

(1) ((11 +az+ ...+ ak)Q + (CLQ +as+ ...+ ak_1)2 > 2a1ak.

Ciing vay, budc quy nap cho as, ..., a, chi ra ring

Z a; | < Z (ai + ... +a;)>

ies\{1} 3<i<j<n

Vay chi can chiing minh ring
n

a? + 2a, Z a; < Z(al o ag)? + Z(az o4 a)?

i€S\{1} i=1 i=2

Nhung bat déng thiic n y 16 r ng vi a? xuat hién trong vé phai v bdi tong cic bat
dang thiic trong (1).

[Dung Tran Nam| Cho zy,x,...,T9004 1 cdc s6 thuc trong doan [—1,1] thda méan
x? + x% + ...+ x§004 = 0. Tim gia tri 16n nhat clia x, + xa... + Togos-

Lai giai:

Tadata; =2%v h msb f:[—1,1] — R, f(z) = 3. Dau tien ta sé ching minh nhing
tinh chat cta f:

L fle+y+1)+ f(=1)> f(x) + f(y) néu -1 <2,y < 0.

2. f1 1oi trén [—1,0] v 1om trén [0, 1].

3Neuz>0v y<O0v z+y<0th f()+ fly) < f(-1)+ f(zr+y+1) v néu
z+y>0th f(z)+ f(y) < flz+y)

Chitng minh cac két qua n y dé d ng. That vay, véi két qua dau tien ta dat o =
—a®,y = —b* v Dbat ding thiic tré th nh

1>a*+b +(1—a—0b)?
<=1>(a+b)(a®—ab+b*)+1—3(a+0b)+3(a+0b)?®—(a+b)?
<=3(a+b)(1—a)(1—0) >0,
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112.

bat dang thic nay ding. Két qua tht hai 1a hién nhién va két qua tht ba c6 thé dé
dang suy ra nhu trong cach ching minh ctia 1.
Tit lap luan trén ta suy ra rang néu (t1,to, ..., tagos) = t 1a diém ma ham s6

2004
g: A={ze[-1, 1]2004‘351 +ay+ .+, =0} =R, gay, .., 2004) = Zf(l"k)
k=1

dat gia tri 16n nhat (gia tri 16n nhat ton tai boi vi ham s6 xac dinh trén mot tap

compact) khi d6 ta c6 tat cd cdc thanh phan duong clia ¢ phai bing nhau va tat ca

cac thanh phan am bang —1. Vay gia sit ta c6 k thanh phan bang —1 va 2004 — k
k

thanh phan bang s6 a. Boi vi t; +to + ... +tooos = 0 ta c6 a =
k
2004 — k

— k, khi k trong tap {0,1,...,2004}. Bang cach dung dao

va gia tri

2004 — k

clia ¢ tai diém nay bang (2004 — k)¢ — k. Vay ta phai tim gi4 tri 16n nhat

k

2004 — k
ham ta thay rang gid tri 16n nhat dat duge khi & = 223 va gia tri 16n nhat bang

/22317182 — 223.

|Gabriel Dospinescu, Calin Popa] Chiing minh ring néu n > 2 va ay, ag, ..., a, 1a céc s6
thie ¢6 tich bang 1, thi

cua (2004 — k)¢

2n
a%—!—ag—l—...—ﬁ—ai—nzm.\"xn—1(a1—|—a2+...—|—an—n).

Loi giai:

Ta sé chiing minh bat ding thitc bing quy nap. Véi n = 2 bat déng thiic 1a tam thuong.
Bay gio gia st bat déng thic ding v6i n — 1 s6, ta chitng minh bat ding thic ding
cho n s6. Dau tién, dé thay ring ta chi can chiing minh cho ay, ...,a; > 0 (ngugc lai ta
c¢6 thé thay thé ay, ..., a, véi |ay], ..., |a,|, ma c6 tich biang 1, khi d6 vé phai tang). Bay
giv, gia sit a, 1a s6 16n nhat gitta cac s6 ay, as, ..., a, va gid sit G la trung binh nhan
clia ay, as, ..., a,_1. Dau tién, ta sé chiing minh rang

2n

2 2 2
ajt+ay+..+a,—n-—

_1.\"/n—1(a1+a2+...+an—n)
2n
n—1

>al+(n—-1)G*—n—

A/n—1(a,+ (n—1)G —n),

bat déng thic nay tuong duong véi

2 2 2 naf o2 2 2
ai+as+..+a; ;—(n—1) ai.as...a;

2n
Vn—1(a; +as+ ...+ a1 —(n—1)"Yaj.az...ap1) -

n—1
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Vi nyar g an g <1v a+ay+ ...+ a, 1 — (n—1)»/ar.az...a,—; > 0, nén dé

chitng minh bat dang thic trén ta sé ching minh bat ding thrc

2
1) @+ +a>,—(n—1)G> ”1 Un—1.G. (a1 + .+ an_y — (n— 1)G).
n —
Bay gio 4p dung gia thiét quy nap cho céc s6 %, . agl c6 tich bang 1 v ta suy ra

rang

a?+ ... +a? 2(n—1 oy
1 & "_1—n+12 (77:_2)'17/171_2(@14‘ G+a 1_n+1>7
vay dé chiing minh bat déng thiic (1) chi can chitng minh rang

2(n—1)
n—2

Y 2(a1+...+an_1—(n—1)G> > % vn—1 <a1+...+an_1—(n—1)G>,

1 Un—1
(n—2) "vn—2

o)

bat dang thic trén ding véi n > 4 vi

1 n(n—1)
1+ > 2
< " n<n—2>>

bat ddng thiic n y tuong duong véi 1+ > . Bat dang thiic tré th nh
n

e 1
< 1
n—2( +

n—2

< 2.
n—2 n— 2) n — 2)
Véin =3v n=4diéun ydékiém tra. Vay ta da chiing minh dugc ring

2n

a%—i—a%—l—...—i—ai—n—n 1.\"/n—1(a1+a2+...+an—n)
(2) 5
2n
> a? —1)G*—n-—
>a; +(n—1) n—

An—1(a,+(n—1)G—n).

1

bat x = el khi d6 vé phéi ciia bat dang thitc (2) tuong duong véi

x2("_1)+n_1—n— 2n Vn —1 x”_l—i—n—_l—n :
x? n—1 x
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113.

Dé két thic bude quy nap ta chi can ching minh rang

1:2(7“1)—%”_21—712 2n ”’n—1<$”1+n_1—n>
T n—1 T

v6i & > 1. Xét ham s6

-1 2 -1
f(w)ZwZ(”_l)—i—n - "n—l(:p”_l—i—n——n).
x

72 n—1
Ta co . D™ 4 1
x
bdi vi
nfl_'_ 1 nfl_’_ 1 + + ]‘ > n 1
T —=zx -—t > —.
x (n—1)x (n—1)z — (n— 1)1

Vay f 1a ham tang, do d6 f(x) > f(1) = 0. Diéu nay chiing minh bat dang thiec.

Loi ngudi dich: Cach chiing minh nay chua gidi duge bai toan, vi tac gia van chua
chiing minh duge bat dang thiic (2). Bsi vi, vé phai ctia bat dang thiic (1) khong lon
hon vé phai cia bat dang thitc (2) do G := »ar.az...a,_1 < 1.

[Vasile Cirtoaje] Néu a,b, ¢ 1a ca s6 thyc duong, thi

3.
\/a+b \/b+c \/c+a -

Gazeta Matematia

Loi giai 1:

Bang cach diat o = \/E, = \/E = \/7 bai toan quy vé chiing minh rang zyz = 1
suy ra ¢
s A A
1+ 22 1+y 1422~
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Tagidstoz <y<gzdicunysuyrazy<lv z>1 Taco

\/lfx2+\/1fy2>2 ( 1+y>

IA

2

(1 +22)( 1+y)

1—1’
1+xy

Vay

\/ 2 N 2 <2\/ 22
1+ 22 1492~ z+1
2z 2
2 < 3.
\/z+1+\/1+z2 -

v ta can chitng minh

Bai vi
2z 2
<
z+1 7 1+z2
nén ta chi can ching minh
2z n 2 <3
z4+1 142z~

Bat ding thitc n y tuong duong véi
1+32—2y/22(1+2) >0,(V2z —Vz + 1)
v ta c6 diéu phai chiing minh.

Loi giai 2:
Hién nhién, b i toan yéu cau ching minh rang néu zyz = 1 thi

[ 2
Z $+1§3

Ta c6 hai truong hop. Truong hop daul dé khi xy +yz+ 2z > z+y+ 2. Trong trudng
hop n y ching ta c6 thé ap dung bat dang thitc Cauchy-Schwarz dé c6

2 2
Z r+ = 3Zx+1'
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Nhung

1 3
> 75155
z+17 2
@ZQ(zy%—x—ky—kl)§3(2+x+y+z+xy+yz+zx)
—r+y+z<zy+yz+zr

va trong truong hop nay bat déang thic duge chitng minh.
Truong hop thi hai khi 2y + yz + 2z < v+ y + 2. Suy ra

(z—1Dy—-1)(z-1)=ac+y+z—ay—yz—zx >0,

do d6 c6 chinh x4c hai trong cac sd x,y,z nhé hon 1, gid st 1a 2 va y. Vay ta phai
chiing minh réang néu x va y nhé hon 1, thi

2 2 21y
+ + < 3.
r+1 y+1 zy +1
Stt dung bat dang thitc Cauchy-Schwarz, ta c6
2 2 2x 1 1 2x
\/ + \/ + \/ > 2\/ +—+ \/ !
r+1 y+1 zy +1 z+1 y+1 xy+1

va ta chi can ching minh rang s6 hang cudi ciing nhicéu nhat 1a 3. Diéu nay tuong
duong v6i

1 1 2
+—-1 R
9 z+1 y+1 < zy + 1
' 1 1 - 2oy
1+ +—— 1+ Y
r+1 y+1 Ty +1
. 1 . L s R .
Béi vi ta co + —— > 1, vé trai bat dang thtc trén nhiéu nhat la
r+1 y+1
1 n 1 - 1—xy
r+1 y+1 ~ (z+)(y+1)
Ta con phai chiing minh bat dang thic
1—ay 1—ay
(z+Dy+1) ~ 2xy
1)1
(zy+1) {1+ zy+1
2zy

—ay+ 1+ (zy+1) <zy+l4+z+y

zy+ 1

<z +y>\ry(ry+ 1),

bat déng thiic nay suy ra tit y/2zy(zy + 1) < 2./7y < = + y. Bai todn da gidi xong.
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114. Chiing minh rang bat déng thitc sau ding véi moi s6 thuc duong z, vy, 2

1 1 1 9
(e +yz+ =) ((acw)2 MCEIE (x+y)2> =7

Iran, 1996

Loi giai 1 (bdi Iurie Boreico)
V6i sut thay thé 2 +y = ¢,y + 2 = a, 2 + 2 = b, sau mot v i bude tinh toan bat ding
thic tré th nh

Gia st a > b > c. Néu 2¢2 > ab, mdi s6 hang trong bicu thitc & tren 1 duong v ta
c6 dieu phai chiing minh. Vay gid stt 2¢ < ab. Dau tién, ching ta chiing minh rang
20 > ac,2a® > be. Gid st 20* < ac. Khi d6 (b + ¢)? < 2(b* + ¢?) < a(b+ ¢), do d6
b+ ¢ < a, mau thuan. Hién nhién, ta c6 thé viét bat dang thitc nhu 1

(Z-5) -+ (p-m)0-or 2 (5-2) a-v2

Chiing ta c6 thé nhin thay ngay ring (a —¢)> > (a — b)> + (b—¢)? 1 ding v ta chi
can chitng minh rang

1 n: o L
Nhung ta c6 0 +—-———-——< <— — —) v ve phai ciia bat dang thiic nhicu nhat
c

2 ab ac
(a=0)*(b—c)

b%c?

1 . Ciing dé thay rang

2,2 1 11 1_(a=bp
ac be a2 b2 T ac be b2c2

(a—b)*(b—c)?

b2c?

di¢u n y chi ra rang vé trai it nhat biang v ching minh duge ho n

th nh.

Loi giai 2:

Vi bat déng thic 1 thuan nhét, ta co thé gia sit ring zy + yz + 2o = 3. Ta ciing ¢6
thé dat x +y+ 2z = 3a. Tt (v +y + 2)% > 3(zy +yz + 21), ta cé a > 1. Bay giv ta viét
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bat déng thic nhu sau

1 1 1 3
(3a — z)? + (3a — y)? + (3a — x)? = 4
=4 [(zy + 3a2)* + (yz + 3az)® + (22 + 3ay)’] > 3(9a — zyz)*,
<=4(27a* — 18a® + 3 + daxyz) > (9a — 2y2)?,
«=3(12a* — 1)(3a® — 4) + 2y2z(34a — vyz) > 0, (1)

«=12(3a*> — 1)* + 208a” > (17a — zyz)*. (2)

Ta ¢6 hai truong hop.
i) Truong hop 3a* —4 > 0. T

1
34a — xyz = 5[34(3: +y+ 2)(zy + yz + zz) — zyz| > 0,

suy ra bat dang thiic (1) ding.
ii) Truong hop 3a? — 4 < 0. Tit bat dang thitc Schur
(x+y+2)?°—4(xz+y+2)(2vy +yz + 22) + 9ryz > 0,
suy ra 3a® — 4a + xyz > 0. Vay
12(3a® — 1)? +208a* — (17a — xyz)* > 12(3a® — 1)? + 208a* — a*(3a* + 13)?
3(4 — 11a* + 10a* — 3a%)
3(1 — a®)*(4 — 3a*)? > 0.

115. Chitng minh ring véi moi z,y trong doan [0, 1],

Vit + 1+ +V/(0 =22+ (1 —y)2>(1+V5) (1 —ay).

Loi giai (bdi Faruk F. Abi-Khuzam va Roy Barbara - " A sharp inequality
and the iradius conjecture"):

Cho ham F: [0,1> 5 R, F(z,y) =V1+ 22+ /1+ 2+ /(1 —2)2+ (1 —y)2— (1 +
V5)(1 — xy). F la ham déi xing v6i o v y va tit tinh 16i cia ham 2 — /1 + 22 suy
ra F(z,0) > 0 v6i moi z. Bay gio ta ¢6 dinh y vd xem F nhu la mot ham ctia z. Dao
ham la

11—z

Va2 + 1 JI—2)2+(1—y)?

fll@) =1+ V5)y +

va

1 N (1—-y)?

() = -
V27 @ —op+ (0= gy
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116.

Vay, f1 hmldiv f'1 h m tiang. Bay gio dat

[
r=4/1 (1+\/5)2, = 1+/5.

Truong hop dau tién ta xét 1 y > i Dé thay rang trong truong hop n y cy >
1
NGETES
f/(0) > 0.Bé&i vi f/1 h m tang, ta ¢6 f'(x) > O nén f 1 h m tang véi f(0) =

F(0,y) = F(y,0) > 0. Vay, trong truong hop n y bat dang thitc duge chiing minh.
Tit truong hgp 1 v tinh déi xiing, ta chi con phai chiing minh bat dang thitc ding

T 1 1 1
trong céc truong hgp x € 071 yyelorlv z e "1 RIS m 1l

(dao h m ctia h m y — 3?c*(y*> — 2y +2) — 11 duong) v do do6

Trong truong hop dau tién ta co ngay

, T - 1—2
f(x)Sr(1+\/3)+\/1+x2 NEacEy

1 , 1 . R
Vay ta ¢o f/(Z) < 0,suyra f1 h m gidm trén [O, 1] Bdi vi tur truong hop dau
1 2
tien da xét, ta c6 f(Z) >0, suy ra F(z,y) = f(z) > 0 v6i moi diem (z,y) trong dé

1
T € [0, Z] .y €10,r].

. 1 1
Bay gio ta sé xét truong hop quan trong nhat, khi x € [r, ﬂ Y € [r, Z] . Cho cac

diéem O(0,0), A(1,0), B(1,1),C(0,1), M(1,%), N(z,1). Tam gidc OMN ¢6 chu vi

1
VIi+a22+/1+12+ /(1 —2)2+ (1 —y)?v dien tich
Nhung dé chi ra rang trong bat ki tam giac véi chu vi P v dién tich S, ta cé bat ding
2
thic S < ——. Vay ta ¢o

12v/3
VIt 4+ /1+92+ /(1 —2)2 + (1—y)2 > 1\/6V3y/1 -y > (1+V5)(1 - ay),

bat ding thiic n y suy ra tit hée thic zy > r2. Chitng minh duge ho n th nh.

[Suranyi] Chitng minh ring véi moi sé thuc duong ay, as, ..., a,, bat dang thiic sau ding

(n—1)(a? +al + ... +a") + najas...an, > (ay +ag+ ... +a,) (@ +ad ™ + ... +a' ).
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Miklos Schweitzer Competition

L giai:

Mot lan nita, ta sé stt dung quy nap dé chiing minh bat dang thitc nay, nhung ching
minh ctia bude quy nap thuc sy khong tam thuong. That vay, gia st bat déng thic
ding cho n s6 va chiing ta sé chiitng minh bat ding thic ding cho n + 1 sb.

Nho tinh dbi xtng va thuan nhat cia bat ding thic, nén ta chi can chiing minh bat
ding thitc dudi dicu kién a; > ag > ... > apqq VA a1 + ag + ... +a, = 1. Ta phai chiing
minh

n n n n
n+1 n+1 n n
nE ay +nan+1+nan+1.||ai+an+1||ai—(1+an+1)(g aiJranH)zO.
i=1 i=1 =1 =1

Nhung tit gia thiét quy nap ta c6
(n—1)(a' 4+ al + ... +a”) + naag...a, > at +ay "t + . Fa?
va tur do

n n n

n—1 n

N1 Hai > Uy E al” —(n—1)a, g ar.
i1 i1 i=1

Stt dung bat dang thiic cudi ciing, ta chi con phai chiing minh

n n n n
n+1 n n n—1
n g a; T — E a; | —ap41 | M E a; — E a; +
i=1 i=1 i=1 i=1

+ apy1 (H a;+ (n—1Lapy,, — aZﬁ) > 0.
i=1

Bay gio ching ta sé chia bat ding thiic nay thanh

(n1 (H a; + (n—1)ap, — aZﬁ) >0
i=1

n n n n
n+1 n n n—1
n E a,; — E a; —Apy1 | N E a; — E a; .
] i=1 i=1 i=1

=1

Ching ta chitng minh hai bat ding thiic nay. Bat ding thiic dau tien 1a rat ré rang

n n
Hai +(n = Dap iy —apyy = H(ai — ng1 F Apir) + (= Dagy, —ap
—1 =1
7 7 N
Zany + a1 Y (@i — ane) + (0= Dag,y —api =0
i=1
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117.

Bay gio ta chiing minh bat déng thtc thi hai. Bat ddng thitc n v c6 thé duge viét lai
1

n n . . 1 .
Béivind al— > al ' >0 (sit dung bat dang thiic Chebyshev) v a,.; < —, ta chi
i=1 =1 n
can chiing minh riang

n n
n E altt — g ay >
i=1 =1

S|

n n
n n—1
n E a; — E a,; .
i=1 i=1

. 1 S .
Nhung bat ding thit n y ding, vi na] " + Ea?_l > al' v6i moi <. Vay, buéc quy nap
dugc chiing minh.

Chiing minh rang véi moi 1, zs, ..., z, c6 tich bang 1,

Z (z; — x5)* > zn:x? —n.
i=1

1<i<j<n
Mot dang tong quat ctia bat dang thic Turkevici

Loi giai:
Hién nhién, bat dang thitc c6 thé duge viét dusi dang sau

n 2
n>—(mn-1) Zxk>+ ZM)
k=1

Ta sé chitng minh bat dang thiic bdi quy nap. Trusng hgp n = 21 tam thuong. Gia
stt bat déang thitc ding cho n — 1 v ta sé chiitng minh bat ding thiic ding véi n. Dat

flzy, 29, yxy) = —(n—1) Zxk>+ Zxk>
k=1

v dit G = "Yxar3...7,, khi ta dd chon z; = min{zy, 29, ..., x, }. D& thay rang bat
dang thitc f(z1,29,...,7,) < f(21,G, G, ..., G) tuong duong véi

(n— 1)21’% - (Zxk> > 21y Zxk —(n— 1)G> :
k=2 k=2 k=2
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118.

n
Hién nhién, ta c6 z; < G va Y. o > (n — 1)G, vay ta chi can chiing minh ring
k=2

(n—l)in— (Zxk> > 2G <Zxk—(n—1)G> .

Ta sé ching minh bat ddng thic nay ding cho moi s, ..., z, > 0. Bdi vi bat déng thiic
la thuan nhat, nén ta chi can chiing minh bat ding thiic khi G = 1. Trong trudng hop
nay, tir buée quy nap ta cé

n n 2
(n—Q)in%—n—l > <Zxk>
k=2 k=2

va ta chi can chiing minh rang

zn::ci—i—n—l 227132:%(:)2”:(@—1)2 >0,
k=2 k=2 k=2

diéu nay hién nhién ding.

Vay, ta da chiing minh duge rang f (21, 2o, ..., z,) < f(21,G, G, ..., G). Bay gio, dé hoan
thanh bude quy nap, ta sé chitng minh rang f(z1, G, G, ...,G) < n. Bdi vi, khang dinh
cudi ciing quy vé chiing minh rang

oy <(n_ 1>G2+g2<}m>> > ((n— G + Gj1>2

bat déng thic nay dan dén

G2n72 + 2 Gn72
va day la mot hé qua tryc tiép ctia bat dang thic AM-GM .

[Gabriel Dospinescu] Tim gia tri nhé nhat ctia biéu thitc
a1as...as

c6 tong bang 1 van > 2 1a mot s6 nguyen.

voi ay, ag, ..., G, <

Lai giai:
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Ta sé chitng minh gia tri nhé nhat 1

1 L
. That vay, st dung bat dang thic Suranyi,
A /nnf?)

ta thay rang

(n—1) Za? + najas...a, > Z a’ ! = najay...a, > Za?‘l (I—=(n—1)a;).

i=1 i=1 i=1

Bay gio, ta nhan thay

3
7 N
w
=)
>3
L
~__

w

Za (I1—(n—1ag) = !

v do dé, béi ap dung truc tiép bat déng thic Holder, ta c6

Za (1—(n—1)a) > <’§1ak>

Nhung véi n > 3, ta c6 thé 4p dung bat ding thiic Jensen dé suy ra ring

n—1

no a1 n 3
Lot [Ze)
k=1 . = _ b
n - \ n / n"3
Vay, két hop cac bat dang thiic, ta ching minh duge bat ding thic véi n > 3. Véi
n = 3 bat dang thiic quy vé chiing minh ring

abc
>
Z b—i—c—a_\/a7

bat ding thiic n y da dugc chiing minh trong 15i gidi ctia b i toan 107.

119. [Vasile Cirtoaje] Cho ay,as,...,a, <11 cac s6 thyc khong am théa méan

a\/a?—i—ag—i—...—i—ai V3

> Ve
n 3
Chitng minh rang

a as an, na

>
1—a1+1—a2+ +1—a2 1—a?
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Loi giai:
Ta chiing minh bang quy nap. Ro rang, bat ding thic la tam thuong véi n = 1. Bay
gio ta gia sit rang bat ding thic ding cho n = k — 1,k > 2 va sé chiing minh ring

ay as ay ka
>
+ + +1—ai —1—a?

2 2
1—a7 1-—a;

voi

2 2 2
a_\/a1+a2+...+ak >

N k
Khong mat tong quat ta gia st rang a; > ay > ... > a, do dé a > a;. Dt

. ai+a;+ .. 4ap ., [ka® —af
B k—1 Y k-1

tlt a > ay suy ra rang r > g Vay, bdi gia thiet quy nap, ta ¢6

V3
R

a a Ap— k—1x
Lo P ] _( ),
1—af 1-—a3 1—ai , 1 —a?

va ta con phai chi ra rang
a (k—1)x ka

1—ai+ 1—22 — 1—a?
e 2 2 'Imz_a% 2 a2—ai
SR T R S
ta ducc ( ’ )
a— ag)la+ ag
k—1)(z —a) =
(k~ 1)(z - a) = O
va
ar (k—1)x ka
1 7 T 2 2
— ay 1—=2 1l—a
a a x a
<1—ai 1—a2>+( )<1—x2 1—a2>
 —(a—ar)(I+aay) (k—1)(z—a)(l+ax)
- (1—ap)(1—a?) (1 —22)(1 —a?)
Ca—ap [—(14aar) (a+ap)(l+az)
T 1—a? 1—a? (1—22)(z+a)

(a —ag)(z — ag)[—1+ 2 + a} + zay + a(z + ai) + a® + aza,(x + a;) + a*zay]
(1-a*)(1 = ap)(1—2?)(z+a) '
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ka? — af k(a — :
Tit 22 — a2 = % = (a (Zk_)(il)+ (Ik)7 suy ra

k(a — a)*(a + a)
(k=1 (z+ay) —

(a —ap)(x —ag) =

v do d6 ta phai chi ra dudc rang
2+ a; + xay + alz + ap) + a® + avag(z + ay) + a*rap > 1.
Dé chi ra bat déng thic n y, ta can chd ¥ ring

ka®> + (k — 2)a? ka*
2 | 2 ke

+ — >
TG k—1 k—1

r+ap>/r2+a2>a L
- P -1

Do do6 ta co

2%+ ai + way + alz + ap) + a® + avag(z + ay) + a*ray
> (2% +a}) + a(x + ai) + a®

k k 9 5
+ 14—1 a® > 3a" =1,

>
- k-1 k—
v chiing minh duge ho n th nh. Dau bang x4y ra khi a; = ay = ... = a,,.
Chi §
1. T loi gidi cudi ciing, ta c¢6 thé dé nhin thay ring bat dang thitc vin ding cho diéu

kién rong hon
> 14—
a .
- n—1 n-1

Day 1 mién rong nhat cho a, boi vi cho a; = ay = ... =a, 1 =z v a, =0 ( khi d6
n—1 P 1
a = xy/———), tu bat dang thic da cho ta duge a >
n n n

3
2. Truong hgp dac bist n=3v a= % I mot b itoan tir Crux 2003.

120. [Vasile Cirtoaje, Mircea Lascu] Cho a,b,c,x,y,z 1 cac so thuc duong théa man

(a+b+co)(z+y+2)=(*+*+A)(2*+y*+2°) =4
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Chitng minh rang

b < !
aocryz —.
92= 36

Loi giai:
Stt dung bat dang thic AM-GM., ta c6
4(ab + be + ca)(xy + yz + zx)
=[a+b+c)? = (AP + >+ D)@ +y+2)*— (2®+1>+ 2%
=20 — (a+b+ )@+ 9y +24) — (A®+ b+ )z +y+ 2)?
<20 —2\/(a+b+c)2(@2+ 12+ 22) (a2 + b2 + ) (x +y + 2)2 = 4,

do dé
(1) (ab+ be + ca)(zy + yz + zz) < 1.
Bdi nhan cac bat déng thic da biét

(ab+ bc + ca)* > 3abc(a +b+c), (wy +yz+ zx)* > 3wyz(x +y + 2),

ta dugc

(ab+ be + ca)*(xy + yz + zz)* > Yaberyz(a + b+ c)(x +y + 2),
hoac
(2) (ab + be + ca)(zy + yz + zx) > 36abcryz.

Tu (1) va (2), ta két luan rang
1> (ab+ bec+ ca)(zy + yz + zx) > 36abcryz,

do d6 1 > 36abcryz.

Dé c6 1 = 36abcayz, cac dang thiic (ab+bc+ca)? = 36abe(a+b+c) va (zy+yz+2z)? =
36zyz(z + y + z) 14 can. Nhung tit cac dicu kien nay suy raa =b=cvax =y = z,
diéu nay mau thuin véi

(a+b+e)z+y+2)=(®+b+F)*+y*+27) =4
Vay, suy ra 1 > 36abcxyz.

121. [Gabriel Dospinescu] Cho n > 2, tim gia nho nhat ctia hang s6 k,, sao cho néu
T1,To, ..., Ty > 0 c6 tich bang 1, thi

1 1 1
+ +.. .+ ——<n-1

133



Mathlinks Contest
Loi giai:
B 2n—1
C (n—1)?

. Vay, ta con phéi chi ra rang

Ta sé chiing minh rang k, Ldy oy = 20 = ... = 2, = 1, ta dugc k, >
2n—1
(n—1)?
IS
2n—1 -

k=1 1 -
+ (n — 1)25Ek

néu ;.7,...z, = 1. Gia sit bat dang thiic n y khong ding cho hé n s6 véi tich bang 1,
T1,T,...,Tn > 0n o do. Vay, ta cé thé tim duge s6 M >n—1v cacsd a; >0m cb
tong bing 1, sao cho

1
:Mak.
1+ 2n—1
—
(n— 127
. 1 )
Vay ai, < v ta co
n—1

U5 G )] = () <Ua=a )

Bay gio, ki hieu 1 — (n— 1)ap = b, > 0v déyrang > b, = 1. V bat ding thiic trén
k=1

n n n 2
H HQ—bk (2n —1)" (Hl—bk> .
k= k=1 k=1

Béi vi tit bat dang thic AM-GM ta c6

H2_bk <2nn—1> ’

k=

tré th nh

tur gia thiét dan téi

n
1 2n
[ - T)ble...bn.
k=1
Vay, ta chi can chiing minh rang véi bat ky cac s6 duong ay, as, ..., a,, bat ding thiic
- n—1)2"
H(a1 +ag+ o ap g+ apg F ot ay)? > %alag...an(al +as+ ... +a,)"

k=1
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ding.
Bét déng thitc manh hon nay sé duge chiing minh bing quy nap. Véi n = 3, bat ding
thic suy ra ti sy kién la

8 2
(H(a+b))2 > <9'202bc~(zab) Z%(Za)s.

Gia sit bat ddng thiic diing cho hé gom n s6. Cho ay, as, ..., a,41 1 cac s6 thie duong. Béi
vi bat dang thiic 1a d6i xiing va thuan nhat, ta c6 thé gia thiét ring a; < as < ... < apqq

VA ay + as + ... + a, = 1. Ap dung gia thiét quy nap ta c6 bat ding thic

abc

n -1 2n
H(l —a;)? > %al.ag...an.
i=1

Dé chiig minh budc quy nap, ta phai chiing minh

n n2n+2 .
H(an+1 +1-— CLi)Z > Walag...ananHﬂ + an+1) +1.

i=1

Vay, ta sé chitng minh bat ding thitc manh hon

n

[T(1+ anin )’ > e (14 angr)" ™
Qy, ay, .
1—a;) = (n—1)(n4 1)+ i

i=1

Bay gio, sit dung bat dang thiic Huygens va bat déng thiic AM-GM, ta dugc

2n

n 2 2n
H <1+ An+1 ) > 114+ An+1 > <1+ nan+1>

; 1 —a n n—1
(/110 - a)

i=1

va do d6 con lai bat dang thiic

2n 3n+2
Nnay, n
(1 + —H> an+1(1 + an+1)"+1

v

n—1 (n—1)2".(n+ 1)+t

(1l + any1)

. Vay ta co6 thé dat
ay ta co the da 1

=1+x v6ix >0.

. 1
néu a,.; > max{a,as, ..., ap} > —
n

Bat dang thic tré thanh

2n
147 Zl—l—(n—i—lx-
n(zx +1) (x+1)nt
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122.

Stt dung bat dang thiic Bernoulli, ta dugce

2n
14 T 23x+1.
n(x +1) r+1

ngo ira (1+z)" ' >1+ (n—1)z v vivay chi can chiing minh

3r+1 - 1+ (n+ 1)z
r+1 ~14+(n—-1)z

bat ding thic n y 1 tam thuong.
Vay, ta gip mau thudn khi gia sit bat dang thitc khong ding cho hé n s6 n o dé c6 tich
2n —1

T (-1

bing 1, diéu n y chi ra ring thuc té bat dang thitc ding cho k, v day 1

gia tri da yeéu cau ctia b i toan.

Chau y.

Vé6i n = 3, ta tim thay mot bat déng thitc manh hon mét b i toan duge dua ra trong
Olympic Toan hoc Trung Qudc nam 2003. Ciing vay, truong hgp n = 31 b i toan
dugce dé nghi bdi Vasile Cartoaje trong Gazeta Matematia, Seria A.

[Vasile Cirtoaje, Gabriel Dospinescu] Cho n > 2, tim gia tri 16n nhat ctia hing s6 k,,
sao cho véi bat ky @1, za, ..., 2, > 0 thdéa man 2% + 23 + ... + 22 = 1, ching ta c6 bat
déing thiic

(1 —2)(1 = 29)...(1 — ) > kpaq2a... 2.
Loi giai:
Ching ta sé ching minh rang hing s6 ¢ day 1 (y/n — 1)". That vay, dit a; = z?. Ta
phai tim gi& tri nhé nhat cia biéu thic

i=1

[10 - va)

khi a; +as+...+a, = 1. Ta nhan thiy ring chitng minh gid tri nho nhat bang (v/n—1)"
quy vé chiimg minh ring

n

[T —a) > (n—1)" Hﬁ, H 1+ /a,).
i=1
Nhung tit két qué chiing minh trong 16i gidi clia bai toan 121, ta tim thay

ﬁ(l—ai)QZ ( (n=1) )nﬁaz

i=1
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Vay, chi can chitng minh

ﬁ(1+\/a7)2 (1+%>n.

3 n
i=1

Nhung day 1a mot bat ding thitc d&, bdi vi tit bat dang thitic AM-GM ta c6

IO+ va) = 1+i—i1;/a_i < <1+%>n,

i=1

bat dang thiic cudi cling 1a mot hé qua don gian clia bat déng thitc Cauchy-Schwarz.
Chu y.

Truong hop n = 4 da duge dé nghi béi Vasile Cartoaje trong Gazeta Matematia Annual
Contest, 2001.
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T dién thuat ngit

. Coéng thic tong Abel
Néu ay, as, ..., an, by, ba, ..., b, 1 céc s6 thuc hoac s6 phic, v

Si :a1+a2+...+a,—,i: 1,27...,71,
thi
n n—1
Zaibi = Z Sl(bl - bi—H) + Snbn
i=1 i=1

. Bat dang thitc AM-GM (Trung binh céng-Trung binh nhan)
Néu ay, as, ...,a, 1 cac so6 thyc khong am, thi

1 & 1
H;ai > (ayaz...an)",
i

dau bang xdy ra néu v chi néu a; = ay = ... = a,. Bat ding thitic n y 1 trudng
hop dic biét clia bat ding thiic trung binh luy thita.

. Bat dang thiic trung binh cong v trung binh diéu ho (AM-HM)
Néu ay,ap, ...,a, | cac s6 thyc duong, thi

1 — - 1
ﬁzaf—ﬁ
a nizln

dau bing xay ra néu v chi néu a; = ay = ... = a,. Bat ding thitic n y 1 trudng
hop dac biét clia bat déng thic trung binh Iuy thira.

. Bat ding thic Bernoulli
V6i moi 6 thuc z > —1v a>1taco (1+x)* > 1+ ax.

. Bat ding thic Cauchy-Schwarz
Vé6i moi s6 thuc aq, as, ..., a, v b1, by, ..., by,

(a2 +a3+ ... +a2)(b] + b5+ ... + b2) > (a1by + agby + ... + anby,)?,

dau bang xdy ranéu v chinéua; v b; cing tile, i =1,2,...,n.
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10.

Bit dang thic Cauchy-Schwarz cho tich phan
Néu a,b 1a cac s6 thuc, a < b, va f, g : [a,b] — R 1a cdc ham kha tich thi

/b F()g(x) 2g / s || [P

a

B4t ding thic Chebyshev
Néu a; < as < ... < a, va by, by, ....b, 1a cac s6 thuc, thi

B n 1 n n
= n i=1

i=1 i=1
B n 1 n n
2) Néeu b1 2 bQ Z 2 bn thi Zaibi S — <Z Cli) . (Z bz) 3
i=1 n \i=1 i=1
Béat ding thic Chebyshev cho tich phan
Néu a, b 1a cac s6 thuc, a < b, va f, g : [a,b] — R 1a cdc ham kha tich va cung don
diéu, thi

(b—a)/bf(x)g(x)dfc > /bf(w)dﬂf./bg(m)dﬂf

va néu mot ham la tang, trong khi dé6 ham khac giam thi bat dang thic ngugc lai
ding.
Ham 16i
Mot ham s6 nhan gia tri thyc trén mot doan s6 thyc I 1a 16i néu, véi moi z,y € 1
va v6i moi s6 thue khong am a, 8 ¢6 tong bang 1,

flaz + By) < af(x) + Bf(y).
Tinh 16i
Ham f(z) 1a 16m léen (xudng) trén [a,b] C R néu f(z) nam dudi (trén) dudng noi
((11, f(al)) va (b17 f(bl)) Vi mOl

a<a <x<b <b.

Ham g(x) 1a 1om lén (xuéng) trén mat phang Eculid néu né 1om len (xuéng) trén
mdi dudng thang trong mit phang, ¢ day, mot cach ty nhién, ta dong nhat dudng
thing véi R.
Ham s6 16m lén va 16m xudng lan lugt duge goi 1a 16i va 1om.
Néu ham f 1om lén trén mot doan [a,b] v A1, Ay, ..., A, 1a cdc 86 khong am c6 tong
bang 1, thi

v6i moi 21, Ty, ..., T, trong doan [a, b]. Néu ham 16m xudng thi bat dang thiic bi déo
nguge lai. Day la bat déng thiic Jensen.
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11. Tong tuan ho n
Giai stt n 1 mot so6 nguyen duong. Cho f1 mot h m n bién, dinh nghia téng tuan
ho n clia cac bién (xq, 2, ..., 2,) 1

Zf(xl,xg, @) = f(x1, 29, 0y )+

cye
+ f(zo, 3y oy Ty, )+
+ f(3, T4y oo Ty, T1, To)+
+ o4 f(@n, 1,29, ooy Ty 1)

12. Bat ding thic Holder

} ) 11 L
Neéur,sl cacso thuc duong sao cho —+— = 1, thi v6i moi so thuc aq, as, ..., a,, by, ba, ...
ros

o (5 (24

-1
S B
13. Bt ding thic Huygens
Néu p1, P2, oo, P, A1, Ao,y -y Ay, by, Doy .. by 1 céc s thue duong v6i py+pat...+p, = 1,

thi . . .
[>T+ I
=1 i=1 i=1

14. B4t ding thic Mac Laurin
Vé6i moi s6 thye duong x1, 2, ..., T, thi

S1 >8> ... > 5,

Ly Liy- Ty,
ko1<i)<iz<...<ip<n

S .

15. Bt ding thic Minkowski
Vé6i moi s6 thye r > 1 v moi s6 thue duong aq, as, ..., Gy, b1, ba, ..., by,

n

> (ai+bi) > < Za>;+ Zn:lﬁ);

i=1
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16.

17.

18.

19.

20.

21.

Bat dang thic trung binh luy thira

V6i moi s6 thuc aq, as, ..., a, ¢ tong bang 1, va véi moi s6 thuc duong 1, 2o, ..., Tp,
ta dinh nghia M, = (a127 + axa} + ... + ap,a”)7 néu r 1a mot s6 thie khéc khong
va My = af*x9?..af, My, = max{zy, Za,...,xn}, M_o = min{xy, 29, ..., 2, }. Khi d6
v6i moi s6 thue s < ttaco M_oo < My < M, < M.

B4t ding thic can trung binh binh phuong

Néu ay, ay, ..., a, 1a cac s6 thyc khong am, thi

- )

\/a?—kag—k...—kai > a1+ as+ ...+ a,
n n

dau bang xdy ra néu va chi néu a; = ap = ... = a,.

Bat ding thic Schur Véi moi s6 thuc duong z,y, z va véi moi r > 0

d(r—y)r—z)+y(y—2)y—z)+2"(z—z)(z —y) 2 0.

Truong hop pho bién nhat 1a r = 1, khi d6 bat dang thitc cé cac dang tuong duong
sau:

1) 22 +y3+ 2% + 3eyz > zy(e +y) + yz(y + 2) + 22(2 + 2);

zyz > (x+y—2)(y+z—x)(z+z—1y),;

) 149
3) néux+y+z:1thixy+yz+zx§¥.

Bat ding thic Suranyi
Vé6i moi s6 thyce khong am ay, as, ..., a,,

(n—l)Za}j—i—nHak > (Zak> ) (ZaZﬂ) :

k=1

Bat diang thic Turkevici
Vé6i moi s6 thyce duong x, vy, 2, t,

zt + y4 + 2t 4 2xyzt > x2y2 + y2z2 + 22 2 4 a4 y2t2.

Bat ding thic AM-GM c6 trong sb
Vé6i moi s6 thiye khong am ay, as, ..., a,, néu wy, ws, ..., w, la nhiing s6 thiyc khong
am (trong s6) c6 tong bang 1, thi

w1 W2

WA + Waly + ... + WpGpy = Gy 10y °...0

Wn
n

dau bang x4y ra néu va chi néu a; = ap = ... = a,.
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Introduction

Hello everyone, this file contain 100 problem in inequalities, generally at Pre-Olympiad level. Those
problems has been collected from MathLinks.ro at the topic called ”‘Inequalities Marathon”’. 1 decide to
make this work to be a good reference for young students who are interested in inequalities. This work
provides some of the nicest problems among international Olympiads, as well as some amazing problems by
the participants. Some of the problems contains more than one solution from the marathon and even outside
the marathon from other sources.

THE FILE DESCRIPTION:
I- The next page contain all the members that participate with URLs to their MathLinks.ro user-name
information and also that page contain some of the real names of the participants that like to have their real
names on this file.
I1I- Then there are some pages under the title of ”‘Important Definitions”’, this page contain some important
definition that you may see them in the problems so if you don’t know one of those definitions you can look
at it there.
ITI- Then the problems section comes each problem with its solution(s).

A- The problem format: ”‘Problem No. ‘Author’ (Proposer):”’
B- The solution format: ”‘Solution No. (Propser):”’ (Note that the proposer of the solution is not nec-

essary the one who make this solution)

I would like to all the participants of this marathon for making this work, also I would like to give a
special thank to Endrit Fejzullahu and Popa Alexandru for their contributing making this file.

If you have another solution to any of those problem or a suggestion or even if you find any mistake of
any type on this file please PM me at my MathLinks.ro user or e-mail me at hasan4444@gawab.com.

Editor
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Participant sorted alphabetically by thier Mathlink username:
Agr 94 Math
alex2008
apratimdefermat
beautifulliar
bokagadha
Brut3Forc3

can hang2007
dgreenb801
Dimitris X
enndb0x
Evariste-Galois
FantasyLover
geniusbliss

great math
hasan4444
keyreelO
Mateescu Constantin
mathinequs
Maths Mechanic
Mircea Lascu
Pain rinnegan
peine

Potla

R.Maths

Rofler

saif

socrates

Virgil Nicula
Zhero

List of names:

Name Mathlink User
Apratim De apratimdefermat
Aravind Srinivas Agr 94 Math
Dimitris Charisis Dimitris X
Endrit Fejzullahu enndb0x
Hassan Al-Sibyani hasan4444
Hoang Quoc Viet great math

Mateescu Constantin | Mateescu Constantin
Mharchi Abdelmalek Evariste-Galois

Mircea Lascu Mircea Lascu
Mohamed El-Alami peine
Raghav Grover Maths Mechanic
Toang Huc Khein Pain Rinnegan
Popa Alexandru alex2008
Redwane Khyaoui R.Maths
Sayan Mukherjee Potla
Virgil Nicula Virgil Nicula
Vo Quoc Ba Can can hang2007
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Important Definitions

Abel Summation Formula
Let a1,as, -+ ,a, and by, by, -+ , b, be two finite sequances of number. Then

aibi+agbo+...+anb, = (a1—a2)bi+(az—a3)(b1+b2)+- - -+(an—1—an) (b1+ba+- - -+bp_1)+an(b1+bo+- - -+by)

AM-GM (Arithmetic Mean-Geometric Mean) Inequality
If a1, a9, - ,a, are nonnegative real numbers, then

aj,az + -+ an
——=——" > Yajay - a,

n
with equality if and only if a1 = a2 = -+ = a,,.
Cauchy-Schwarz Inequality
For any real numbers aq,as, - ,a, and by, ba, -+ b,

(@2 +a3+--+a2)O?+ 03+ +b2) > (arby + agby + -+ + anby)?

with equality if and only if a; and b; are proportional, i = 1,2,--- ,n.

Chebyshev’s Inequality
If (a1,as2, -+ ,an,) and (by,ba, - ,b,) are two sequences of real numbers arranged in the same order then :

n(aiby + agby + ... + anby) > (a1 +az + ... + an)(by + ba + ... + by)

Cyclic Sum
Let n be a positive integer. Given a function f of n variables, define the cyclic sum of variables (a1, ag, - - , ay)
as

Z flar,az,a3,...an) = fla1,a2,a3,...an)+f(a2, a3, aa; ... an,a1)+ f(as, aa, ... an, a1, a2)+. . .+ f(an, a1, a2, ... an—_1)

cyc

QM-AM-GM-HM (General Mean) Inequality

If a1, a9, -+ ,a, are nonnegative real numbers, then
ai+ad+--+al _a,ax+--+a, n
z zmazan 2 T3 T
" " atat o ta
with equality if and only if a1 = a2 = -+ = a,,.
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GM-HM (Geometric Mean-Harmonic Mean) Inequality

If a1, a9, -+, a, are nonnegative real numbers, then
ay a2 Qan
with equality if and only if a1 = ag =+ = a,.

Hlawka’s Inequality
Let 21, 29, z3 be three complex numbers. Then:

‘21 +ZQ| + |ZQ +23‘ + ‘23 +Zl| S |Zl| + |ZQ| + |Zd| + |Zl +22 +Z3|

Holder’s Inequality
Given mn (m,n € N) positive real numbers (z;;)(¢1,m , j1,n) , then :

1
m m m n m .
[T\ 2= ) =2 (15
Jjl j

il i1 \i1

Jensen’s Inequality
Let F' be a convex function of one real variable. Let zy,...,2, € R and let ay,...,a, > 0 satisfy
ay + -+ a, = 1. Then:

Flaiz) + -+ anzn) < arF(x) + - + an F(xy)

Karamata’s Inequality
Given that F(z) is a convex function in z, and that the sequence {z1,...,z,} majorizes the sequence
{y1,-..,Yn}, the theorem states that

Flz) +- 4 Fan) 2 F(y1) + -+ Flyn)

The inequality is reversed if F'(x) is concave, since in this case the function —F(z) is convex.

Lagrange’s Identity
The identity:

(i akbk> = (i ai) <i bi) - Z (axb; — a;by,)?
k=1 k=1 k=1

1<k<j<n

applies to any two sets {a1,az2, -+ ,a,} and {b1,ba,- - ,b,} of real or complex numbers.
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Minkowski’s Inequality
For any real number r > 1 and any positive real numbers a1, as, -+ ,a, and by, b, -+ ,b,. Then

(a1 4 b1)" + (az +b2)" + -+ (an +ba)")7 < (a] +ah+---+al)” + (b + b5 +---+b7)

Muirhead’s Inequality

If a sequence A majorizes a sequence B, then given a set of positive reals z1, 29, -+ , 2,
E 1Myt > E z1P1apb2 o,
sym sym

QM-AM (Quadratic Mean-Arithmetic Mean) Inequality
Also called root-mean-square and state that if aq,as, - - ,a, are nonnegative real numbers, then

a?+ad+--+a2 _aj,az+-+a,

>
n n

with equality if and only if a; = as = --- = a,,.The Rearrangement Inequality

Let a1 < ag < -+ <ay, and by < by < --- < b, be real numbers. For any permutation (af,a},--- ,al,
(a1,az,- -+ ,a,), we have

arby + agby + -+ + apby, < ajby +ajbe + - +al by,
S anbl + anfle +- 4+ albn
with equality if and only if (a},d), - ,al) is equal to (a1,az, - ,a,) or (an,an—1,--- ,a1) respectively.

Schur’s Inequality
For all non-negative a,b,c € R and r > 0:

a"(a—=b)(a—c)+ b (b—a)(b—c)+c"(c—a)(c—b) >0
The four equality cases occur when a = b = ¢ or when two of a, b, ¢ are equal and the third is 0.

CoMMON CASES

The r = 1 case yields the well-known inequality:a® 4+ b3 + ¢® 4 3abc > a2b + a®c + b%a + b%c + c?a + c%b

When r = 2, an equivalent form is: a* +b* + ¢* + abe(a + b+ ¢) > a®b+ a3c + bPa + b3c+ 3a + A3b

‘Weighted AM-GM Inequality

) of

For any nonnegative real numbers ay,as, - ,an if wy,ws, - ,w, are nonnegative real numbers (weights)
with sum 1, then
wia1 + Waag + - - + Wpay, > aytay? - ap”

with equality if and only if a1 = as =--- = a,.
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Problem 1 ‘India 2002’ (Hassan Al-Sibyani): For any positive real numbers a, b, ¢ show that the following

inequality holds
a b ¢ _c+a a+b b+ec
-+ -+ —-=
b ¢ a c+b a+c b+a

First Solution (Popa Alexandru): Ok. After not so many computations i got that:

a b ¢ a+b b4+c cHa
7+7 IR — —
b ¢ a c+a a+bdb b+c
_ abe @ P g a b ¢
T (atb)bto)cta)\bB2 2 a2 b ¢ a
+ abe L
(a+b)(b+c)(c+a) \ 2 a® b2

. . . a2 v 2 a b ¢ ab bec ca
So in order to prove the above inequality we need to prove —+ -+ — > -+-+—and -+ —5+ -5 >3
22 a b ¢ a 2 a?

b2
The second inequality is obvious by AM-GM , and the for the first we have:
@R AN (@ B2\ (o b ey
2 2 a?) ~ 2 2 a?) " \b ¢ a

where i used AM-GM and the inequality 3(22 + y? + 22) > (z + y + 2)? for z = -
So the inequality is proved.

. . a b

Second Solution (Raghav Grover): Substitute 3 =57

c

substitution becomes
22+ y?r+ 2+ + P+ 2> +y+2+3
222 +y?x + 2%z > 3 So now it is left to prove that 2% + y? + 2> > = + y + 2 which is easy.

=, € _ z So zyz = 1. The inequality after
a

Third Solution (Popa Alexandru): Bashing out it gives
atc? +b1a® + MV + a30® + b33 4 PP > abe(ab® + be? + ca® + 3abe)
which is true because AM-GM gives :
@3B + B3P + a3 > 3a2b2c2

and by Muirhead :
a*® + b4a? + ¢*b? > abe(ab? + +bc? + ca?)
Fourth Solution (Popa Alezandru): Observe that the inequality is equivalent with:

2
Z a” + bc >3
a(a +b)

cyc
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Now use AM-GM:
a? + be s T1(a? + bc)
E >3
a(a + b) abe[](a+ b)

cyc
So it remains to prove:

1_[((12 + be) > abe H(a +0b)
Now we prove

(a2 + be)(b% + ca) > ab(c+a)(b+¢) < a® + 0% > ab® + a’b < (a+b)(a —b)2 >0

Multiplying the similars we are done.

Problem 2 ‘Mazim Bogdan’ (Popa Alexandru): Let a,b,c,d > 0 such that a < b < ¢ < d and abed =1 .
Then show that:

3
(a+1)(d+1)23+47d3

1
Solution (Mateescu Constantin):From the condition a < b < ¢ < d we get that a > B
1
= (a+1)(d+1) > <$+1) (d+1)
1 3
Now let’s prove that (1 + ﬁ) (d+1)>3+ VP
3
This is equivalent with: (d® + 1)(d + 1) > 3d3 + i
3
= [dd-1)P?-[dd-1)]+1> 1= ldd-1 - 1% >0
+/3

1 1
—andd(dfl)f§=0<:>d:

Equality holds for a = B

2

Problem 3 ‘Darij Grinberg’ (Hassan Al-Sibyani): If a, b, ¢ are three positive real numbers, then

a n b n c S 9
b+c)?  (c+a)? (a+b)?  4(a+d+o)

First Solution (Dimitris Charisis):

Z a? - (a+b+c)?
ab? + ac? + 2abe ~ >7 . a?b+ 6abe

So we only have to prove that:

d(a +b+c)? > QZazb + 5dabe == 4(a® + b® + &) + 122a2b + 24abc > 92(1217 + 5dabc <=

sym sym sym
da®+ b +3)+3 Z a®b > 30abe
sym
But Z a?b > 6abc and a® + b3 + ¢ > 3abe
sym
So 4(a® + b3 +c*) +3 Z a®b > 30abe

sym
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Second Solution (Popa Alezandru): Use Cauchy-Schwartz and Nesbitt:

b

c

b

C

(a+b+c)<

7(ab+ be + ca) < 2 + 9abe

First Solution (Popa Alezandru):

Homogenize to

2(a+ b+ c)® + 9abe > 7(ab + be + ca)(a + b+ c)

Expanding it becomes :

So we just need to show:

which is obvious by

Za3 +62a2b+21abc > 7Za2b+ 21abc

sym sym

a3 + a® + b® > 3a2b and similars.

sym

i of P erar @i oe

2
> a + + — >
“\b+c c+a a+b) —

Problem 4 ‘United Kingdom 1999’ (Dimitris Charisis): For a,b,c > 0 and a + b + ¢

sym

ZaBZZa%

sym

=)

1 prove that

Second Solution (Popa Alezandru): Schur gives 1+ 9abe > 4(ab + be + ca) and use also 3(ab + be + ca) <
(a +b+c)? =1 Suming is done .

Problem 5 ‘Gheorghe Szollosy, Gazeta Matematica’ (Popa Alexandru): Let z,y,z € R. Prove that:

\/m(y+1)+\/y(z+1)+\/z(:r+1) <

2

Solution (Endrit Fejzullahu): Dividing with the square root on the RHS we have :

T y z 3
+ + <=
\/(x+1)(z+1) \/(x+1)(y+1) \/(y+1)(z+1)*2
By AM-GM
=z 1z +;)
(x+1)(z+1) ~2\z+1 y+1
Y 1( y 1
<z +
\/($+1)(y+1)_2<y+1 7c+1)
;d( z +;)
(y+1)(z+1) ~2\z+1 y+1
Summing we obtain
1 T 1 Y 1 z 1
LHS < -
_2<<x+1+:c+1)+(:’/+1 y+1>+(z+l z+1
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Problem 6 ‘Romanian Regional Mathematic Olympiad 2006’ (Endrit Fejzullahu): Let a,b, ¢ be positive
numbers , then prove that

1 1 4a 4b 4c

1
s >
+b+ _2a2+b2+c2+a2+2b2+02+a2+b2+202

First Solution (Mateescu Constantin): By AM — GM we have 2a® + b® + ¢ > 4av/be
4a 4a 1

_— < E—
262+ 02+~ davbe Ve

1

1
Addind the similar inequalities = RHS < —+ —+ — (1
d ~ Vab \/% vea (1)
Using Cauchy-Sch h (1+1+1)2<(1+1+1)2
sing Cauchy-Schwarz we have | —= + —= 4+ — —+ -+
& v Vab  Vbe ea) “\a b ¢
g 1+1+1 1+1+1(2)
0 —— 4+
Vab | Vbe e~ ¢
From (1), (2) we obtain the deslred result .
Second Solution (Popa Alexandru): By Cauchy-Schwatz :
4a a a

<
2a2 + b2 +c? ~ a? + b2 +(L2+C2

Then we have

a+b 2 11
RHS<Z <§:a+b<§(2a+2b)=LHs

Third Solution (Popa Alezandru): Since 2a? + b% + ¢ > a® + ab + bc + ca = (a + b)(c + a). There we

have:
4a 8(ab+ be + ca) 1 1 1

LHS <Y e ta) ~ @it acia a5 e

cyc

The last one is equivalent with (a + b)(b+ ¢)(c+ a) > 8abe .

Problem 7 ‘Pham Kim Hung’ (Mateescu Constantin): Let a,b,c,d, e be non-negative real numbers such
that a+b+c+d+e=>5. Prove that:

abe + bed + ede + dea + eab < 5

Solution (Popa Alexandru): Assume e < min{a,b,c,d}. Then AM-GM gives :

e(5—e)? n (5 — 2e)?
4 27

e(c+a)(b+d)+bc(a+d—e) <

the last one being equivalent with:
(e—=1%*e+8)>0

153



Problem 8 ‘Popa Alezandru’ (Popa Alexandru): Let a,b, ¢ be real numbers such that 0 < a < b < c.
Prove that:
(a+b)(c+a)* > 6abe

First Solution (Popa Alexandru): Let
b=za,c=yb=zya=2,y>1

Then:
(a+0b)(a+c)?
3
< (x4 1) (zy +1)? - a® > 62%ya®
& (z+ 1) (zy +1)% > 622y
& (z+1)(4zy + (zy — 1)%) > 627y
sdry+ (xy—1)% 2+ (2y — 1) =222y >0

> 2abe

We have that:
dey + (zy — 1) -z + (zy — 1)° — 22%y >

> day + 2(zy — 1)2 — 222y( because x > 1)
=2z%y2 +2 - 222y = 2xy(y — 1) +2 >0
done.
Second Solution (Endrit Fejzullahu): Let b=a+z,c=b+y=a+ z + y,sure z,y > 0

Inequality becomes
(2a + z)(z +y + 2a)? —6a(a+z)(a+z+y) >0

But
(2a + z)(z 4 y + 2a)? — 6a(a + z)(a + = + y) = 2a° + 2a%y + 2azy + 2ay* + 2 + 2%y + xy?

which is clearly positive.

Problem 9 ‘Nesbitt’ (Raghav Grover): Prove for positive reals

a b c d

>2
b+c+c+d+d+a+a+b*

Solution (Dimitris Charisis):
(a+b+c+d)?
Z ab + (ac + bd)

sym
So we only need to prove that:

From andreescu LHS >

(a+b+c+d)? 222@b+2(ac+bd) = (a—c)*+(b—d)?*>0..

sym
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Problem 10 ‘Vasile Cartoaje’ (Dimitris Charisis): Let a, b, ¢, d be REAL numbers such that a2 +b2+c?+d? =
4 Prove that:
A+ +E+dP <8

Solution (Popa Alexandru): Just observe that

S+ +E+ B <2+ +E+dY) =8

because a,b,c,d < 2

Problem 11 ‘Mircea Lascu’ (Endrit Fejzullahu): Let a,b, ¢ be positive real numbers such that abe = 1
.Prove that

Solution (Popa Alezandru): Using AM-GM we have :

1 1
= <
LHS %;(a2+b2)+(b2+1)+2*Z2ab+2b+2

cyc

1 1

1
7§Zab+b+l T2
cyc

because
1 -~ 1 1 1 _ ab
bc+c+1 be+c+abe ¢ ab+b+1  ab+b+1
and
I
ca+a+1_%+a+1_ab+b+1
S0

ab+b+1 ab+b+1 ab+b+1  ab+b+1

cyc

Problem 12 ‘Popa Alezandru’ (Popa Alexandru): Let a,b, ¢ > 0 such that a + b+ ¢ = 1. Prove that:

1+a+b 14+b+c 14+c+a 15
2+c 2+a 2406 — 7

First Solution (Dimitris Charisis):

1+a+b 15 3+(a+b+c) _ 36 4 36
— 41> — — - V> = > =
2oare HET RIS T 2T T 2
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92 (2+2+2)? 36
But > = —
11§:2+c_2+2+2+a+b+c 7

Second Solution (Endrit Fejzullahu): Let a > b > ¢ then by Chebyshev’s inequality we have
1 1 5 1
LHSZ§(1+1+1+2(a+b+c))E *7{%0

<2+a 34<2+a
By Titu’s LemmazL > 4 then LHS > 15
cy62+a_7' -7

Problem 13 ‘Titu Andreescu, IMO 2000’ (Dimitris Charisis): Let a, b, ¢ be positive so that abe =1

1 1 1
(aflJrf) (bflJrf) (cflJrf) <1
b c a
Solution (Endrit Fejzullahu,):

1 1 1
(a,1+,) (b,1+,) ((:flJrf) <1
b c a
Y

T
Substitute a = —,b = =
z

)
Inequality is equivalent with

(LHE) (L-1+5) (214 D) <
Yy Yy z z x x

= (z+z-y)ly-2+z)(z -z +y) <ayz

WLOG ,Let © >y >z, then z + z > y,x +y > z.If y + z < z, then we are done because
(z+z—y)ly—z+2z)(z—x+y) <0and zyz >0

Otherwise if y + z > x , then z,y, z are side lengths of a triangle ,and then we can make the substitution
r=m+ny=n+tand z=t+m

Inequality is equivalent with

8mnt < (m +n)(n+t)(t +m), this is true by AM-GM

m+n > 2y/mn,n+1t> 2v/nt and t +m > 2v/tm, multiply and we’re done.

Problem 14 ‘Korea 1998 (Endrit Fejzullahu): Let a,b,¢ > 0 and a + b + ¢ = abe. Prove that:

1 1 1
+ +
Va?2+1 Vi2+1 Ve +1

3
<2
-2

1 1 1
First Solution (Dimitris Charisis): Setting a = —,b = —,¢ = — the condition becomes zy + yz + zax = 1,
x y z
and the inequality:
x
<2
Z /g2 +1 — 2
But = =
Z\/x2+l Z\/ﬁ—&—l‘y—&-mz—i—zy Z rTtyr+z
x x

+

But e e Sx—&-y vz
r+yxr+z 2
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) i Y o

T z
+ + + + + 3
Soz T T <x+y z+y z+x z4+r y+z z+y 9
rt+yr+z 2 2

Second Solution (Raghav Grover):

Substitute a = tanx,b = tany and ¢ = tanz where x +y+z =7
And we are left to prove

cosx 4+ cosy + cosz < %

Which i think is very well known..

Third Solution (Endrit Fejzullahu): By AM-GM we have a + b + ¢ > 3V/abc and since a + b+ ¢ = abc =
(abc)? > 27

We rewrite the given inequality as

l ( 1 4 1 n 1 ) < l

3\a®2+1 b»+1 241/ 72

Since function f(a) =

is concave ,we apply Jensen’s inequality
a?+1

%f(a) + %f(b) + %f(c) <f (Lﬂc) =f (a—bc) S S < % <« (abe)? > 27,QED

3 3 /(agg:)2 +1

Problem 15 “—’ (Dimitris Charisis):
If a,b,c € R and a? + b + ¢ = 3. Find the minimum value of A = ab+ bec + ca — 3(a + b+ ¢).

Solution (Endrit Fejzullahu):
(a+b+c)?—a?-b2-c® (a+b+c)?-3

ab+bc+ca = 5 = 5
Let a+ b+ ¢c=1z
T 3
Then A= — — 3z — =
en 5 3z 2
. - . z? 3
We consider the second degree fuction f(z) = — — 3z — —

We obtain minimum for f (;—j) = f(3)

Then A,,;, = —6 ,it is attained fora =b=c=1

—6

Problem 16 ‘Cezar Lupu’ (Endrit Fejzullahu): If a, b, ¢ are positive real numbers such that a+b+c = 1.Prove

that
a n b n c >\/§
Vb+e eta a+b V2

*
First Solution (keyree10): Let f(x) = —. f"(x) >0
ution (keyree10): Let f(x) = —L—. f"(x)
a+b+ec 1 .
,where s = ———— = — by jensen’s.

a 3s
T > 22
vVi—a = J1-—s 3 3
a b

— + I >\/§ H d
—. ence prove
Vb+e Ve+ta Va+b V2 P

Therefore, Z
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Second Solution (geniusbliss):
By holders’ inequality,

2 vt | | 2 rar) | 2 cbra | zlarbeey?

T T
cyclic (b + C) 2 cyclic 2 cyclic
thus,
us ,
Z a < (a+b+c)? >3(ab+bc+ca)_§
cottc (b+c)z | ~ 2(ab+bc+ca) ~ 2(ab+ be+ ca) T2
or,

a b c 3

+ + >VC
Vb+ce Veta Va+b o V2
Third Solution (Redwane Khyaoui):

a b c 1 1 1 1
+ + > (a+b+ + +
Vb+e Veta \/a+b_3(a c)(\/b+c Ve+a \/a+b)

fz) = % is a convex function, so jensen’s inequality gives:

1 3
P S :\ﬁ
2(a+b+c) 2

3

LHS >

Wl =

Problem 17 ‘Adapted after IMO 1987 Shortlist’ (keyreel0): If a, b, c are REALS such that a? + b2 +¢% = 1
Prove that
a+b+c—2abc < V2

Solution (Popa Alezandru,):
Use Cauchy-Schwartz:

LHS = a(1 —2bc) + (b+¢) < /(a2 + (b+¢)2)((1 — 2bc)2 + 1)
So it’ll be enough to prove that :
(@®>4 (b4 ) ((1 —2bc)*> +1) <2 (14 2be)(1 — be+20%c?) <1 < 4b%P < 1

which is true because
1>0% 4> 2

done

Problem 18 ‘Russia 2000’ (Popa Alexandru): Let x,y, z > 0 such that zyz = 1 . Show that:

24y 22ty + 2> 20y + yz + 2x)
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First Solution (Hoang Quoc Viet): To solve the problem of alex, we need Schur and Cauchy inequality
as demonstrated as follow

9ab
a+b+c>3Vabe = {/(abc)? > % > 2(ab+ be + ca) — (a® + % + c?)
a c

Note that we possess the another form of Schur such as
(a® 402 + ) (a+ b+ c) + 9abe > 2(ab+ be + ca)(a+ b+ ¢)
Therefore, needless to say, we complete our proof here.
Second Solution (Popa Alezandru): Observe that :
2wy +yz+2w) = (@ +y7 +27) = (VE+ I+ VIWVE + VI = VAWVE = VY + VA (VI + Vi +V7)
SVEEz(Wz+ Y+ V) =vVe+ i+ Ve<az+y+z

so the conclusion follows .

Third Solution (Mohamed El-Alami): Let put p = x +y + 2z and ¢ = zy + yz + 2z , so then we can
3

rewrite our inequality as p? + p > 2¢ . Using Schur’s inequality we have that 4¢ < % , so it’ll be enough

to prove that p® + 9 < p3 4+ p? < p? > 9, which is true by AM - GM .

Problem 19 ‘Hoang Quoc Viet’ (Hoang Quoc Viet): Let a, b, ¢ be positive reals satisfying a® + b? + c? = 3.
Prove that
(abe)?(a® + 03 +¢*) < 3

First Solution (Hoang Quoc Viet): Let

A = (abe)*(a® 4+ b + )
Therefore, we only need to maximize the following expression

A3 = (abe)8(a® + b3 + )3

Using Cauchy inequality as follows, we get

2 2 2 9
¥ = 5 (30%) (30%) (31°0) (39°0) (3%0) (36%) (a* + 17 + %) < (3<a TP ><a+b+c>)

9

It is fairly straightforward that
a+b+c<+3@+b2+c2)=3

Therefore,
A3 <3

which leads to A < 3 as desired. The equality case happens < a=b=c=1

159



Second Solution (FantasyLover):
For the sake of convenience, let us introduce the new unknowns u, v, w as follows:

u=a+b+c
v =ab+bc+ ca
w = abc

a2
Now note that u? — 2v = 3 and a3+b3+c3:u(u2—3v):u(9 2u )

—u?

9
We are to prove that w? (u + 3w) <3.

b 3
By AM-GM, we have Vabc < % = w< 1;—3

—u2 ug
— <37
3 Tp =

2 1 p2 1 o2 bic
However, by QM-AM we have \/a * 3 te > a+3+c = u<3
Tu®(9 — u?) —0

Since a, b, ¢ are positive, u cannot be 0, and the only possible value for w is 3.
Since u < 3, the above inequality is true.

9
Hence, it suffices to prove that u” -

differentiating, u achieves its maximum when

Problem 20 ‘Murray Klamkin, IMO 1983’ (Hassan Al-Sibyani): Let a,b,c be the lengths of the sides
of a triangle. Prove that:
a®b(a — b) 4+ bc(b —¢) + a(c —a) > 0

First Solution (Popa Alexandru): Use Ravi substitution a = z4+vy , b = y+ 2, ¢ = z+ x then the
inequality becomes :

[

2

x ¥z
— >r+y+z,
z

y x
true by Cauchy-Schwartz.

Second Solution (geniusbliss): we know from triangle inequality that b > (a — ¢) and ¢ > (b — a) and
a>(c—0b)

therefore,

a%b(a —b) +b%c(b—c) + ca(c—a) > a®’(a—c)(a—b) + b*(b—a)(b—c) + 2(c—b)(c—a) >0

and the last one is schur’s inequality for » = 2 so proved with the equality holding when a = b = ¢ or for
and equilateral triangle

Third Solution (Popa Alezandru): The inequality is equivalent with :

%((afb)2(a+bfc)(b+cfa)+(bfc)2(b+cfa)(a+cfb)+(cfa)2(a+cfb)(a+bfc)) >0
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12
Problem 21 ‘Popa Alezandru’ (Popa Alexandru): Let x,y,z € [5, 5} . Show that :

2
1> Jzyz+ 3(

T+y+2)

First Solution (Endrit Fejzullahu,):
By Am-Gm = +y + z > 3¢/xyz ,then

2
———— + Jayz < —Jryz + Jayz
3z +y+e2) yE= vy Y

12 1 2
Since x,y, z € {g, §:| ;then 3 < Yryz < 3

2 1 2

Let a = ¢xyz ,then a + % <1 <= 92-9a+2<0 < 9 (a - 5) (a - 5) < 0 ,we’re done since
a

1 2

Z<g< 2
3=9=3

Second Solution (Popa Alexandru): Let s = a + b+ ¢ . By AM-GM it is enough to prove that :

S 2
1-2_2> —1)(2—s) >
3 35*0{1)(8 )(2—-5)>0
. . 12
The last one is true since z,y, z € 33

Problem 22 ‘Endrit Fejzullahu’ (Endrit Fejzullahu): Let a, b, ¢ be side lengths of a triangle,and § is the
angle between a and c.Prove that
B2+ 2y3csinf —a
a? b+c

Solution (Endrit Fejzullahu): According to the Weitzenbock’s inequality we have
A+ 4+ >4v35 and S = acs;nﬂ
Then
b2 + 2 > 2v/3ac sin 8 — a? ,dividing by a? , we have
b2+ _ 2v3esinf —a
a? =

b2 4 2 S 2\/§csin5—a N 2\/§csinﬂ—a

Sincea <b+c¢ =
a? a b+c

Problem 23 ‘Dinu Serbanescu, Junior TST 2002, Romania’ (Hassan Al-Sibyani): If a,b,c € (0,1) Prove
that:

Vabe + /(1 —a)(1=b)(1—¢) <1
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First Solution (FantasyLover):
Since a, b, ¢ € (0,1), let us have a = sin® A, b = sin® B, ¢ = sin? C' where A, B,C € (07 g)
Then, we are to prove that sin Asin Bsin C' + cos Acos BcosC < 1.

Now noting that sin C, cos C' < 1, we have sin A sin B sin C' 4 cos A cos B cos C' < sin Asin B + cos Acos B =
cos(A-B)<1. 1

Second Solution (Popa Alexandru): Cauchy-Schwartz and AM-GM works fine :

Vabe+ /(1 —a)(1=b) (1 —¢) = vVavbe+ V1 —a/1=b) (1 —¢) <
Va+r (A —a)Voie+(1-b(1—c)=be+(1-b)(1-¢)<1

Third Solution (Redwane Khyaoui):

Vabe + /(1 —a)(1—b)(1—c) < “;bc+1—a+(12—b)(1—c)
a+bc+l—a+(1_b)(1_c) -1

So we only need to prove that 2 <

1 1
& 3 + = > 2 which is true since a,b € [0, 1]
c

Problem 24 ‘Hojoo Lee’ (FantasyLover): For all positive real numbers a, b, ¢, prove the following:

1

>

Q=
| =
LW =

+14

0=

1 1 1
a+1 + b+1 + c+1

First Solution (Popa Alezandru): Using p,q,r substitution (p =a+b+c¢, g =ab+ bc+ ca , r = abe) the
inequality becomes :

3(p+q+r+1) - 9+ 3r
2p+q+r
which is true because is well-known that pg > 97 and ¢ > 3pr

& pg+2¢% > 6pr + 9r

Second Solution (Endrit Fejzullahu): After expanding the inequality is equivalent with :

1 " 1 n 1 >1 l+1+1 1 n 1 n 1
ala+1)  bb+1) cle+1) =" 3\a b c¢/\a+1 b+1 c+1

This is true by Chebyshev’s inequality , so we’re done .

Problem 25 ‘Mihai Opincariu’ (Popa Alexandru): Let a,b,c > 0 such that abc =1 . Prove that :

ab be ca

<1
a2+b2+ﬁ+b2+cz+ﬁ+cz+a2+\/57
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First Solution (FantasyLover):
Wehavea2+b2+\/522ab+\/éz %4_\/5
1

Hence, it suffices to prove that Z 5 a

1
-S e st
po 24+ Va cyc2+a\/6

Reducing to a common denominator, we prove that

Z 1 _ 4(av/a + bVb + c\/c) + abvab + bevbe + cav/ca + 12
2+ava  4(av/a+bvVb+ c/e) + 2(abvab + bevbe + car/ea) +9 T

cyc

Rearranging, it remains to prove that abv/ab + bevbe + cav/ca > 3.
Applying AM-GM, we have abvab + bevbe + cav/ca > 3V a2b2c2vVa2b?c2 = 3, and we are done. B

Second Solution (Popa Alezandru,):

ab 1 1
LHS < = = < RH
S_§2ab+\/5 §2+c\/5 §2+%_R s

Problem 26 ‘Korea 2006 First Ezamination’ (FantasyLover): z,y, z are real numbers satisfying the condi-
tion 3z + 2y + z = 1. Find the maximum value of
1 n 1 n 1
T+z]  1+yl 14|z

Solution (dgreenb801):

We can assume x,y, and z are all positive, because if one was negative we could just make it positive, which
would allow us to lessen the other two variables, making the whole sum larger.

Let 3z =a, 2y =b, 2 = ¢, then a + b+ ¢ =1 and we have to maximize

at3 br2 e
Note that

3 n 1 _ a’c+ ac? + 6ac + 6¢ 0
a+c+3 a+3 c+1) (a+3)(c+)(a+c+3)~
So for fixed a + ¢, the sum is maximized when ¢ = 0.
We can apply the same reasoning to show the sum is maximized when b = 0.

1
So the maximum occurs when a =1, b =0, ¢ = 0, and the sum is T

Problem 27 ‘Balkan Mathematical Olympiad 2006’ (dgreenb801):

1 1 1 3
>
al+0) b1lto Tdlra) " I+ abe

for all positive reals.
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First Solution (Popa Alexandru,):
AM-GM works :

(1+abc)LHS+3:ZI+abc+a+ab Zl+a Zb(c+1)> 3 L 3Yabe> 6

a—+ab ab+a b+1 — Habe

cyc

Second Solution (Popa Alexandru): Expanding it is equivalent with :
ab(b + 1)(ca — 1)? + be(c + 1)(ab — 1)* + ca(a + 1) (be — 1) > 0

Problem 28 ‘Junior TST 2007, Romania’ (Popa Alexandru): Let a,b,c > 0 such that ab + bc + ca = 3.

Show that :
1 1 1 1

<
1+a2(b+c)+1+b2(c+a)+l+c2(a+b) ~ abe

First Solution (Endrit Fejzullahu): Since ab+ bc+ ca =3 = abc < 1
Then 1+ 3a — abc > 3a
Then

1 1/1 1 1 ab + be + ca 1
D T il e ) e TS
1+ 3a — abc b ¢ 3abc abc

Second Solution (Popa Alerandru}: Using abc < 1 and the condition we have :

1 1 1
%EWS%@ZW 1@21—&-&1 B 1©Zl+a

cyc b cyc abc

Problem 29 ‘Lithuania 1987’ (Endrit Fejzullahu): Let a, b, ¢ be positive real numbers .Prove that

a® n b3 n c? >a+b+c
a2+ab+0b2  b24+bc+cz2 A+cata? T 3

First Solution (dgreenb801): By Cauchy,
i

Z a _Z a S (CL +b2+C)

a?+ab+0b2 a3 4 a2b+ab? = a3 + b3 + 3 4 a2b + ab? + b2c + bc? + c2a + ca?
.. a+b+c .

This is > —— if

(a* +b* + ) +2(a?? + 022 + Pa?) > (@®b + aPc + bPa+ e+ Ba + b)) 4 (abe + ab’c + abc?)

This is equivalent to
(@® + 02+ ) (@® + b+ —ab—bc—ca) >0
Which is true as a® + b +¢c2 —ab—bc—ca>0 < (a—b)2+(b—c)? +(c—a)® >0

Second Solution (Popa Alezandru,):
Since :
(L3 _ b3

L S &
a? + ab + b2 .
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and similars we get :

D
Cyca2+ab+b2_Eyca2+ab+b2_26y6a2+ab+b2’

Now it remains to prove :
1 a’ + b3 a+b
2 a?+ab+b2 "~ 6

which is trivial .

Third Solution (Popa Alexandru): We have :

D DP DD
a?+ab+0b2 a?+ab+b2 2 a? + ab + b2
cyc cyc cyc

Then we need to prove :

Z a® + b3 a+b+c
2 a2+ab+b2_ 3

We have :

lz a’® +b? a+b+cilz a’® + b? a+b\
26(.’12+“l’+b2 3 72610 a? + ab + b? 3 B

72301 +3b® — a® — a?b — ab® — b — a*b —ab® 2(a — b)? a+b)>0
2 3(a® + ab+ v?) 2 3a2+ab+b2) =

Fourth Solution (Mohamed El-Alami): We have :
Z CL3 _ Z b3 _ l Z lI3 + b3
p a2+ab+b2 p a24ab+1b2 " 2 pov a?+ ab+ b2

Since 2(a? + ab + b?) < 3(a? + b%) we have :

a® +0° a4+ atbte
LHS = > >
§Q(a2+ab+b2) *§3(a2+b2) - 3

Problem 30 ‘—’ (dgreenb801): Given ab + bc + ca = 1 Show that:

V3aZ +02 32+ 2 V32 +a?
+ +
ab be ca

> 6v3

Solution (Hoang Quoc Viet):
Let’s make use of Cauchy-Schwarz as demonstrated as follows

(3a2+0%)(3+1) - 3a+b
2ab ~ 2ab
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Thus, we have the following estimations

v 3a? 2 1 1 1
ZMEQ 44z
v ab a b ¢

Finally, we got to prove that

1
> =33
a
cyc
However, from the given condition, we derive
1
abc < —=
T3V
and
1 1
S o>3¢- >33
a abc

cyc

Problem 31 ‘Komal Magazine’ (Hoang Quoc Viet): Let a,b,c¢ be real numbers. Prove that the follow-
ing inequality holds
(a® +2)(b* +2)(c* +2) > 3(a+b+c)?

Solution (Popa Alexandru): Cauchy-Schwartz gives :
1 3
(a® +2)(b* +2) = (a®> + 1)(1 +b*) +a® +b* +3 > (a+b)2+§(a+b)2+3: 5((a+b)2+2)
And Cauchy-Schwartz again
(V2(a+b) +V2¢)* = RHS

(@®+2)(0* +2)(* +2) > S((a+b)* +2)(2+¢*) >

| o
N o

Problem 32 ‘mateforum.ro’ (Popa Alexandru): Let a,b,¢ > 0 and a+b+c=1. Prove that :

a + b 4 c > 1
VB2 +3¢c VeZ+3a Va2 +3b ~ V14 3abe

Solution (Endrit Fejzullahu):
Using Holder’s inequality
2

(Zﬁ) -Za(b2+3c)2(a+b+c)3:1

cyc cyce
It is enough to prove that

1+ 3abc > Z a(b® + 3c)
cyc

Homogenise (a +b+c¢)> =1,
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Also after Homogenising Z a(b® + 3¢) = a®b + b*c + ®a + Yabc + 3 Z a’b
cyc sym
(a+b+e)? :a3+b3+c3+6abc+32a2b
sym
It is enough to prove that
a® + 0%+ > a’b+ b2 + Pa
By AM-GM
a® 4+ a® +b° > 34
b2 4+ b + & > 3pc
A+ A +a® >33
Then a® + b® 4+ ¢ > a®b + b?c + c%a ,done

Problem 33 ‘Apartim De’ (Apartim De): If a,b, ¢, d be positive reals then prove that:

a?+b P+ A+d? 54a

3

ab+b%  be+c2  ed+d? T\ (a+4d)

Solution (Aravind Srinivas):

a\2
82 +1
Write the LHS as (%) + two other similar termsfeel lazy to write them down. This is a beautiful appli-

(3)+1
, : : 241 (=1
cation of Jensen’s as the function for positve real ¢ such that f(t) = 1 is convex since 1 >0
( a_d\?2
()
Thus, we get that LHS > ~——7——
b a T3
I would like to write % + -+ 2 = K for my convenience with latexing.
c
K\2 9
) +1 K+ = 6
sowehave(3) ): 52 3
K+3 1+ % 1+ 5

This is from K + % >6 by AM GM.
1
a d d\?
Now K = ———-2>3|—-) by AM GM.
o Z b a”— (a) v

1 1 1
3 3 3
Thus, we have l—f > Gas > 3as = ( 5da )

Problem 34 ‘—’ (Raghav Grover): If a and b are non negative real numbers such that a > b. Prove

that
1

- >
a+b(a—b) 3

First Solution (Dimitris Charisis):
If a > 3 the problem is obviously true.
Now for a < 3 we have :
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a’b—ab® —3ab+3b% +1> 0 <= ba? — (b2 +3b)a+ 362 +1>0
It suffices to prove that D < 0 <= b* + 6b% + 9b% — 120 — 4b <= b(b — 1)%(b — 4) < 0 which is true.

Second Solution (dgreenb801):

1

Third Solution (geniusbliss):
since a > b we have § > 1/b(a — b) square this and substitute in this denominator we get,

4
2+ 24 5 >3 by AM-GM so done,
2 2 a?

— . >3by AM-GM
ba—b) =™ G

Problem 35 ‘Vasile Cirtoaje’ (Dimitris Charisis):

(a® —be)Vb+c+ (b2 —ca)Ve+a+ (2 —ab)Va+b>0

First Solution (Popa Alexandru): Denote % =22, ..., then the inequality becomes :
D ay(a® +17) 2> 2t +y)
cyc cyc

which is equivalent with :

Y aylz+y)(@—y)* >0

cyc

Second Solution (Popa Alexandru): Set A = +/b+ ¢ and similars . Therefore the inequality rewrites to

A(a® — be) + B(b? — ca) + C(c2 —ab) >0
We have that :

2> A(a® —be) = > Alla—b)(a+c)+ (a—c)(a+b)] =

cyc cyc

=Y Ala=b)a+c)+ Y Blb—a)(b+c)=Y (a—b)JA(a+c)—B(b+c) =
_ A%(a+c)? — B*(b+c)® (a—b)2(a+c)(b+c)
= ) T T BO T o —Xy; Alate) 1 Blb+e) ="

cyc

Problem 36 ‘Cezar Lupu’ (Popa Alexandru): Let a,b,c > 0 such that % + % + % = Vabc. Prove that:

abc > /3(a+b+c)
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Solution (Endrit Fejzullahu,):

%4—%—}—%:\/@ < ab+ bc + ca = abevabe
By Am-Gm

(ab + be + ca)? > 3abe(a + b+ c)

Since ab + be + ca = abe \/@7 wehave

(abc) 3 > 3abc(a +b+c) = abc > /3(a+b+c)

Problem 37 ‘Pham Kim Hung’ (Endrit Fejzullahu): Let a,b,c,d be positive real numbers satisfying
a+ b+ c+ d=4.Prove that
1 1 1 1

<
11+a2+11+b2+11+c2+11+d2 -

1
3

First Solution (Apartim De):

/11 /11
Thus within the interval ( 3 3) , the quadratic polynomial is negative
. 1" . - 11 11
thereby making f”(z) < 0, and thus f(z) is concave within | — V3]

Let a<b<c<d.Ifallofabcde <U7 131> R
: 4 1
Then by Jensen, f(a) + f(b) + f(c) + f(d) < 4f (W) =4f(1) = B=3
fl(z) = % < 0 (for all positive z)
(11 +22)° P

At most 2 of a,b, ¢, d(namely c& d) can be greater than \/g

In that case,

fla) + f0) + fle) + f(d) < fla=1) + f(0—1) + fc—3) + f(d = 3) < 4f (
QED

Second Solution (Popa Alexandru): Rewrite the inequality in the following form

> (e 1) 20
11+a? 12) ~

Z(lfa) a+1 >0

2111

a+b+c+d—8)
4

or equivalently
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Notice that if (a, b, ¢,d) is arranged in an increasing order then

a+1 b+1 c+1 d+1
a?+11 — b2 +11 — 2411 — d2+11

The desired results follows immediately from the Chebyshev inequality.

Problem 38 ‘Cruz Mathematicorum’ (Apartim De): Let R, r, s be the circumradius, inradius, and
semiperimeter, respectively, of an acute-angled triangle. Prove or disprove that

s* > 2R* + 8Rr + 3r*
When does equality occur?
Solution (Virgil Nicula):
a2+b2+62:2-(p277"274Rr) (1)
45 = (b +c* —a?) -tan A (2)
Proof. I”1l use the remarkable linear-angled identities . There-
sin24 +sin2B +sin2C = 23 (3)

cosA+cosB+cosC=1+5 (4)

fore,
2 2
E : 2 Z 2, .2 2y @ Z cos A Z cos® 4 C.B.S. (3 cosA)” @AM (1 + E)
= — = . = . > = = . =
a (b T —a ) 45 sin A 85 sin24 T 85 > sin24 85 %—%

= 4(R4r)? = ‘ a2+ 0% +c2 > 4(R+r)? ‘ EOR 2-(p? —r? — 4Rr) > 4(R41)? = ‘p2 > 2R? + 8Rr + 312 ‘

Problem 39 ‘Russia 1978’ (Endrit Fejzullahu): Let 0 < a < b and ; € [a, b].Prove that

1 1 1 2(a+b)?
(T1 422+t an) [ —+ — + o+ — < Mlatb)
Trr T2 Tn 4ab
Solution (Popa Alezandru):
We will prove that if a1, a9, ..., ay, € [a,b](0 < a < b) then
1 1 1 +b)?
(a1 4az+-Fa) | —+—++— g(a S 2
ap  az ap 4ab

1 1 1 a a a c c c
P:(a1+a2+~~-+an)(—+—+-~~+—):(%+—2+-~~+—”) (—+—+-~~+—)§

a a2 Qp C c c ay a2 Qp
2
1 /a c as an c
<-{—-—+—+—=+——+-4+—+—
4\ ¢ a c 9 c an
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Function f(¢) = - + have its maximum on [a, b] in a or b. We will choose ¢ such that f(a) = f(b),c = vab.

Then f(t) < \/7 \/7 Then

e (o) 5ot

Problem 40 ‘Vasile Cartoaje’ (keyreelQ): a,b,c are non-negative reals. Prove that

8labc - (a®> + b+ ) < (a+b+c)®

Solution (Popa Alezandru):

(ab+ be + ca)?

8labc(a? + b* + %) < 27
a+b+c

(@ 4+ +cH) < (a+b+c)
By p, q,r the last one is equivalent with :

P —27¢°p® +54¢° > 0= (p> —3¢)> >0

Problem 41 ‘mateforum.ro’ (Popa Alexandru): Let a,b,c > 0 such that a® + b® + 3c = 5 . Prove that :

b b 1
\/a—}— \/ +c \/c—i—a 7+ +7

Solution (Sayan Mukherjee):
P +1+1+03+1+1+3c=9>3a+3b+3c = a+b+c<3AM-GM)
Also abe < % — 1(AM-GM)

Applying CS on the LHS;
a + 1
b -
) @riro (L7)

1
It is left to prove that Z - > Z a
a

1
But this = » = >3
a
Which is perfextly true, as from AM-GM on the LHS;

Zl z3f/i > 3[. abe < 1]
a abe
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2+1 2

Problem 42 ‘Sayan Mukherjee’ (Sayan Mukherjee): Let a,b,¢ > 0 PT: If a,b, ¢ satisfy Z

Then we always have:
E - ! < !
ad+2 73

Solution (Endrit Fejzullahu,):

. . 1 1 1 1
3 3 2 3 3 2

1> 3> = 1+3>3d+3 — > = - >
a*+a®+1>3a a®+a®+1+3>3a%+ @D AE D) 3,5

Problem 43 ‘Russia 2002’ (Endrit Fejzullahu): Let a,b,c be positive real numbers with sum 3.Prove
that
\/5+\/E+ﬁ2ab+bc+ca

Solution (Sayan Mukherjee):
2(ab + be + ca) = 9 — (a® + %+ c?)
as a + b+ c=29. Hence the inequality
= 2) Va>9-(a’+b*+¢?)
= > (a®+Va+a)>9
Perfectly true from AGM as :

a® +va++a>3a

Problem 44 ‘India 2002’ (Raghav Grover): For any natural number n prove that

1 1 1
—_—t .+ ——< = —
n2+1+n2+2+ +n2+n_2+2n

1
- <
5 <

Solution (Sayan Mukherjee):
Z k Z k2 Sk 3(n? +n)

= > =
Pt n?+k = n?k+k> T n2Y ) k+>,_ k*  2(3n?+2n+1)

As it is equivalent to :3n> +3n > 3n> +2n4+1 = n > 1
For the 2nd part;

k 2 1 1
Z i Z 1— nzLHC =n—n? Z pOS and then use AM-HM for Z TE So we get the desired

>1
2

result.
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Problem 45 “—’ (Sayan Mukherjee): For a,b,c > 0;a? + b? + ¢? = 1 find Py, if:

Solution (Endrit Fejzullahu,):

a be ca
Let x = —,y = —andz = B

c a
Then Obviously By Am-Gm
P24+ >ay+yz+ze=a’>+b*+c2 =1 then P =1

Problem 46 ‘Pham Kim Hung’ (Endrit Fejzullahu): Let a, b, ¢ be positive real numbers such that a+b+c =3
.Prove that
a? b? 2

a + 2b2 +b+2(32 +c+2a2 -

Solution (Popa Alezandru): We start with a nice use of AM-GM :

a? a? +2ab? — 2ab®>  a(a + 20?) 2ab? 25—
= = - >a— -Va?b?
a+ 202 a + 2b? a+2b? a+2b% ~ 3

Suming the similars we need to prove :
Va2b? + Vb2 + V2a? < 3

By AM-GM :

Va2b? < 2ab+1:1 2 ab+3| <3< ab+bc+ca <3< 3(ab+be+ca)<(a+b+c)?
3 3

cyc cyc cyc

Problem 47 ‘mateforum.ro’ (Popa Alexandru): Let a,b,c¢ > 0 such that a + b+ ¢ < % . Prove that

a 4 b n c a n b N c
b+c c+a a+b” (b+c¢)? (c+a)? (a+b)?

Solution:

WLOG a>b>c¢

Then By Chebyshev’s inequality we have

RH521~LHSA< ! + ! + ! )
3 a+b b+c cHa

It is enough to show that

>3

+ +
a+b b+c c+a
By Cauchy Schwartz
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1 1 1 9 3
> >3 <= b <-,d
a+b+b+c+c+(1,_2(a+b+c)_3 atbhesy, done

Problem 48 ‘USAMO 2003’ (Hassan Al-Sibyani): Let a,b, ¢ be positive real numbers. Prove that:

(2a+b+¢c)?  (2b+a+c)? (2c+a+b)2<8
202+ (b+c¢)?2 202+ (a+¢)? 22+ (a+b)?

Solution (Popa Alexandru):
Suppose a +b+c=3
The inequality is equivalent with :

(a+3)? (b+3)? (c+3)?
2a2+(3—a)? 202+ (3-0)2 22+ (3—¢)2

For this we prove :

(a+ 3)? 4 4 9
0T < Cut s e 34a+3)(a—1)2> 0
S+ (3_ap = 3073 F3Uarda—1)7=

done.

Problem 49 ‘Marius Mainea’ (Popa Alexandru): Let z,y,z > 0 such that z + y + z = zyz. Prove

that :
T4y y+z z4+x - 27

1+22  1+22 1+4+y2 = 2ayz

Solution (socrates): Using Cauchy-Schwarz and AM-GM inequality we have:

sty yt+z ztx _ (z+y)? (y+2)? (z+2? (@49 +@+a)+(+2)°
1422 1422 149y? z4+y+(@+y)2? y+z+@W+2)22 z+z+E+2)y2 ~ 2@4+y+2)+> 22y +2)
4z 4y + 2)? Az +y+2)? 27 1 27
( y2) _A@+y )24(w+y+z)2,7 -
2eyz+ 3 a2 (y+2) [z +y) 8 (x+y+2)°  2wyz

Problem 50 ‘—’ (socrates): Let a,b,c > 0 such that ab+ bc+ ca =1 . Prove that :

abe(a+ Va2 +1)(b+ Vb2 + e+ V2 +1)<1

Solution (dgreenb801): Note that va2 + 1 = v/a2 + ab+ bc + ca = /(a + b)(a + c)

Also, by Cauchy, (a++/(a +b)(a+¢))? < (a+ (a+b))(a+ (a+c)) = (2a+b)(2a + c)

So after squaring both sides of the inequality, we have to show

1 = (ab+ bc+ ca)® > a?b*c?(2a + b)(2a + ¢)(2b + a)(2b + ¢)(2c + a)(2c + b) =
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(2ac + be)(2ab + be)(2be + ac)(2ab + ac)(2¢b + ab)(2ca + ab)
which is true by AM-GM.

Problem 51 ‘Asian Pacific Mathematics Olympiad 2005’ (dgreenb801): Let a,b,c > 0 such that abc = 8.
Prove that:
a? b? c?

VI + a1 +b3) * VA +B)(1+c3) * VA + (1 +ad)

4
> =
-3

Solution (Popa Alezandru): By AM-GM :

2
- 2
\/(13+1§a2+ .

Then we have : )

CL2 a
Z NCESICERE 42 (a®+2) (2 1 2)

2

Za7>l
v (a2+2)(b*+2) ~ 3

So we need to prove

which is equivalent with :
a®b? + 02 4 2a? + 2(a® + b2 4 2) > 72.
, true by AM-GM

Problem 52 ‘Lucian Petrescu’ (Popa Alexandru): Prove that in any acute-angled triangle ABC we have :

a+b b4+c c+a
>4
cosC  cosA cosB — (a+bte)

First Solution (socrates): The inequality can be rewritten as

ab(a + b) be(b+c) ca(c+ a)
>2 b
P+  Rrl—a2  Ztral_p = (@+b+c)
or
b2 2
Za(a2+b2_02+C2+a2_b2)22(a+b+c)

cyclic

Applying Cauchy Schwarz inequality we get

b2 c? (b+c)?
>
Z a(a2+b2702 +02+a27b2) _za((z2+b2762)+(02+a27l)2)

cyclic

or

b? c? (b+c)?
> RS
St E Lyl

cyclic
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So, it is enough to prove that

> (b;ac)2 >2(a+b+c)

which is just CS as above.

Second Solution (Mateescu Constantin):
From the law of cosinus we have a = bcosC + ccos Band ¢ = bcos A+ acos B .

b(cos A
ate a+c+ bleos A+ cos ) =a+c+ 2Rtan B(cos A+ cosC) . Then:
cgs_B cos B
Z Gl 2(a+b+c)+ QRZ tan B - (cos A + cos C') and the inequality becomes:
cos B

2RZtanB(cosA+cosC) > 22& = 4RZSinA

— ZtanBcosA + ZtanBcosC > 2ZsinA = QZtanAcosA
Wlog assume that A < B < C . Then cos A > cos B > cosC and tan A < tan B < tan C, so
Z tan Acos A < Z tan Bcos A and Y tan Acos A < >~ tan B cos C, according to rearrangement inequality

Adding up these 2 inequalities yields the conclusion.

Third Solution (Popa Alexandru,):

(2(a+b+c)?
2 =
LHS_(a+b)cosC+(b+c)cosA+(c+a)cosB Hatb+to)

n

Problem 53 “—’ (socrates): Given xy, 23, ..,z, > 0 such that le =1, prove that
i=1

n
Z$i+7l STL2
—~ 1+ x5
=1 v

=

Solution (Hoang Quoc Viet):
Without loss of generality, we may assume that
T2 X220 2Ty
Therefore, we have
nry—1>nreg—1>--->nx, —1
and " " "
1 > 2 > > n
22417 23+1 7 T a2+l
Hence, by Chebyshev inequality, we get
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Problem 54 ‘Hoang Quoc Viet’ (Hoang Quoc Viet): Let a, b, ¢ be positive reals satisfying a? + b* + ¢ = 3.

Prove that .
a3 B 3

c
>1
2b2+c2+202+a2+2a2+b2 -

Solution (Hoang Quoc Viet):
Using Cauchy Schwartz, we get

3

Z a S (CL2 -+ b2 -+ C2)2
202 +¢2 — 2 chc ab? + chc ac?

cyc

Hence, it suffices to prove that
ab?® 4+ be? + ca? < 3

and
a’b+b%c+cfa <3

However, applying Cauchy Schwartz again, we obtain

a(ab) + b(be) + ¢(ca) < /(a2 + b2 + ¢2) ((ab)2 + (be)2 + (ca)?)
In addition to that, we have
(a% +b% + c%)?

(ab)? + (bc)? + (ca)? < 3

Hence, we complete our proof.

Problem 55 ‘Iran 1998’ (saif): Let z,y, z > 1 such that % + % + % = 2 prove that:

VityFtz>vVe—1+vVr—1+vz-1

First Solution (beautifulliar):

Note that you can substitute vz — 1 = a,/y — 1 = b,y/2 — 1 = c then you need to prove that v/a? + b2 + 2 + 3 >
1

P + 3 1 +3 e 2 or equivalently a?b? + b%c? 4 c?a® + 2a%b%c? = 1. next,
substitute ab = cos x, bc = cosy, ca = cos z where x,y, z are angles of triangle. since you need to prove that

3
Va? + b+ ¢ + 3 > a+b+cthen you only need to prove that 3 > 2(ab+bc+ca) or cosz+cos B+cos C' < 3

which is trivial.

a+ b+ ¢ while you have

Second Solution (Sayan Mukherjee):
1 1 1 z—1

— - —=92 = =1
e y * Z @

Hence (1+y+z)z%_l > (Z Vo — 1)2(Fr0m CS)
= Vrty+z>» Vo1
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Problem 56 ‘IMO 1998’ (saif): Let a1, as, ..., a, > 0 such that ay + as + ... + a,, < 1. prove that

a1.az2...an(1 — a1 —az — ... — ay) 1
(a1 +az+ ... +an)(1 —a1)(1 —az2)...(1 —a,) ~— n»t

Solution (beautifulliar):

. 102 ... ApGpi1 1 .
Let a =1—-—a; —ay — -+ — a, the we arrive at < it should be
o e (I—a)(l—az)...(1—a,) — TR
nntl right?) which follows from am-gm ay + as + -+ + a, > najasz...an,a2 +az + -+ + apy1 >

n/axas ... Gnt1, a1 + a3+ -+ any1 > NYa1as ... ant1, and so on... you will find it easy.

Problem 57 ‘—’ (beautifulliar): Let n be a positive integer. If z1,z9,...,2, are real numbers such
that 1 + 22 + -+ - + 2, = 0 and also y = max{z,22,...,2,} and also z = min{z1, z2,...,z,}, prove that

il bnyz <0

Solution (socrates):
n

(i —y)(z; —2) <0Vi=1,2,..,ns0 Z(:Iff +yz) < Z(y + z)z; = 0 and the conclusion follows.
i—1 i—1

Problem 58 ‘Pham Kim Hung’ (Endrit Fejzullahu): Suppose that z,y,z are positive real numbers and
2° 4+ y° + 2° = 3.Prove that

Solution (Popa Alezandru,):
By a nice use of AM-GM we have :

4 4

1
10(5 4% 42 1305 4y 4+ 25)2 > 19( Val00 4 /5100 4 /3100
R

So it remains to prove :
3+ 19( /2100 19/yy100 4 1\9/2100) > 20(w5+y5+z5)
which is true by AM-GM .

Problem 59 ‘China 2003’ (bokagadha): x,y, and z are positive real numbers such that z + y + z = zyz.
Find the minimum value of:
2 (yz — 1) +y (w2 — 1) + 2" (zy — 1)
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Solution (Popa Alexandru,):
By AM-GM and the condition you get

zyz > 3V3
Also observe that the condition is equivalent with
yz —1= ytz
T

So the
LHS =25y +2) + 1%z + 2) + 25(z + y) > 6 &/x14y14214 > 216V/3

Problem 60 ‘Austria 1990 (Rofler):

21/34/4v/../N < 3— — — VN € N2

Solution (Brut3Forc3): We prove the generalization \/m\/ (m+1V...vV/N < m+1, for m + 2. For

m = N, this is equivalent to VN < N + 1, which is clearly true. We now induct from m = N down.

Assume that \/(k +1)4/(k+2).../N < k + 2. Multiplying by k and taking the square root gives

\/k:\/ (k+1V...vVN < /k(k +2) < k+ 1, completing the induction.

Problem 61 ‘Tran Quoc Anh’ (Sayan Mukherjee): Given a,b,c > 0 Prove that:

Z a+b N 3
pvs b2 +4bc+c 7 Va+b+ec

Solution (Hoang Quoc Viet): Using Cauchy inequality, we get

[ a+b 2(a+0) . 8
Lzy; b2 + 4bc + 2 2%; V 3(b+c¢) Zg;g\/W(aer)(bJrc)(cha)

However, we have

8(a+b+c)d

(a+b)(b+c)(c+a)< o7

Hence, we complete our proof here.
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Problem 62 ‘Popa Alezandru’ (Popa Alexandru): Let a,b,¢ > 0 such that a + b+ ¢ = 1 . Show that

a’?+ab V2 +bc AH+ca
1—a? 1-102 1—¢2

3
> 2
—4

First Solution (Endrit Fejzullahu): Let a+ b=z, b+c=1vy, ¢+ a = z ,given inequality becomes

T T 9
Z§+Zx+y2§

Then By Cauchy Schwartz

8 )
Qay + (x)?)?

LHS =243 7 > o)
Yy r+y ~ CCry)ry + > 2?)

cyc cyc

>

9
> 2
-2

Second Solution (Hoang Quoc Viet): Without too many technical terms, we have

z+y x z
(Z 5 +Z,Hy) 2%;\523

cyc cye "

Therefore, it is sufficient to check that

T
>, 23

cyc

which is Cauchy inequality for 3 positive reals.

Problem 63 ‘India 2007’ (Sayan Mukherjee): For positive reals a,b, c. Prove that:

(a+b+c)(ab+be+ ca)? < 3(a® + ab+ b%) (D + be + ) (c* + ac + a?)

First Solution (Endrit Fejzullahu): T've got an SOS representation of :

RHS—LHS = %((J:+y+z)2(:c2y2+y2z2+z2fc2f;vyz(a:+y+z))+(xy+yz+z;v)(ac2+y2+z2facyfyzfza:))
So I may assume that the inequality is true for reals

Second Solution (Popa Alezandru): Since

a>+ab+bv>(a—b?e (a—b)*>0

o

It’ll be enough to prove that :
81

64
The last one is famous and very easy by AM-GM.

(a+b)%(b+c)*(c+a)? > (a+b+c)*(ab + be + ca)?
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Problem 64 ‘Popa Alexandru’ (Endrit Fejzullahu): Let a,b,¢ > 0 such that (a + b)(b+ ¢)(c+a) = 1
. Show that :

3
—— >a+b+c>

3
16abc 2

> 12abc

(a+h)b+c)eta) 1
8 - 8 3 7 3

First Solution (Apartim De): By AM-GM,
AM-GM,
(a+b)+(b+c)+(c+a)>3

< (a+b ) > = > =
(at+bte)=5>3

Lemma:We have for any positive reals z,y, z and vectors M A, M §, M (2
N 2
<.’I:MA +yMB + zMa> >0

& (+y+2)(aMA® + yMB? + 2MC?) > (vyAB? + y2BC? + zzC A?)

Now taking x =y = z = 1 and M to be the circumcenter of the triangle with sides p, g, such that pgr =1
, and the area of the triangle=A, we have by the above lemma,

IR >+ > +12 > 3(pgr)? =3 3R*> 1 16A% < 3

S @tatr)pta-—r)g+r—p(r+p—q) <3

Now plugging in the famous Ravi substitution i.e,

p=(a+b)qg=(b+chr=(c+a)

b+c¢) <
& (et +p)_16abc

Second Solution (Popa Alezandru): Remember that 8(a + b + ¢)(ab + be + ca) < 9(a + b)(b + ¢)(c + a)

and a + b+ c > /3(ab+ bc+ ca) So

> (a4 b+ c)(ab+ be+ ca) > (ab+ be + ca)\/3(ab + be + ca)

| ©

1
@% > 3(ab+ be+ ca)® < ab+ be + ca <

W~ w

Now we use :

9 :»i>a+b+c

< P<—
3abc(a + b +c¢) < (ab+ be+ ca)® < 16 16abc —

For the second recall for :
(a+b+e)P>a®+3++3(a+b)(b+c)(c+a)

So
(a+b+e)P>a®+03+c2+3

Now Muirhead shows that :

ool w

8(a® + 02+ %) >3(a+b)(b+c)(cta)=ad+b°+3>

There we have :

(a+b+e)P>-4+3ca+btc>

o] w
NSRRI

For the last one by AM-GM we have :
(a+b)(b+c)(c+ a) > 8abc = 8abc < 1

and the conclusion follows , done.
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Problem 65 ‘IMO 1988 shortlist’ (Apartim De): In the plane of the acute angled triangle AABC, L
is a line such that u,v,w are the lengths of the perpendiculars from A, B, C respectively to L. Prove that

u?tan A + v? tan B + w? tan C' > 2A

where A is the area of the triangle.

Solution (Hassan Al-Sibyani): Consider a Cartesian system with the z-axis on the line BC' and origin at
the foot of the perpendicular from A to BC, so that A lies on the y-axis. Let A be (0,«), B(—/,0),C(v,0),
where a, 3,7 > 0 (because ABC is acute-angled). Then

«

tan B = —

5
tanC = —

’ (B+7)

_ _a(B+9)
tan A = —tan(B + C) = e
here tan A > 0,50 o > 7. Let L have equation x cosf + ysinf +p =0
Then
u?tan A + v? tan B + w? tan C
- %—Fﬁfg(asmg +p)* + %(ﬁBCOSH +p)° + g(’ycos@ +p)?
= a?sin? 6 + 2apsinf +p2)% +a(f+7)cos? 0 + 04(557::7)1)2
= %(oﬂgﬂ + 2apfysinf + a2[j,y sin2 0 + ﬁ,y(OCQ — B cos? 0)
a(p + .

N %[(% + Bysin6)® + By(a® — By)] = a(B +7) = 2A

with equality when ap+ Bysinf = 0, i.e., if and only if L passes through (0, 3v/c), which is the orthocenter
of the triangle.

Problem 66 ‘—’ (Hassan Al-Sibyani): For positive real number a, b, ¢ such that abe < 1, Prove that:

a b ¢
—+-+->a+b+c
b ¢ a

Solution (Endrit Fejzullahu): It is easy to prove that

a b c¢c_a+b+c
b C a abc

and since abc < 1 then ¢ + % + £ 2>a+b+c,as desired .

Problem 67 ‘Endrit Fejzullahu’ (Endrit Fejzullahu): Let a,b,c¢,d be positive real numbers such that
a+ b+ c+ d=4.Find the minimal value of :
4

Z b+ 1)(c+1)(d+1)

cyc

182



Solution (Sayan Mukherjee): From AM-GM,

a* b+1 c¢+1 d+1 4a
P:Z{(b+1)(c+1)(d+1)+ 6 16 16 }zZ[ﬂ

cyc cyc

at } a+bt+ct+d 3

3
*igg{@+1ﬂc+lxd+1) B ﬂ§ +b+c+d)_4_ﬁ

at 4 6 3 1
"'ZC[(b+1)(c+1)(d+1)} 371727273

cy

So szn =

Problem 68 ‘Sayan Mukherjee’ (Sayan Mukherjee): Prove that

T 1
< WI>a,y,2>0
Z7+z3+y3*3 =Y,z =

cyc

Solution (Toang Huc Khein):

T T z 1 :
< <Y ————— = because 2’ + 3>+ 2° +6 >3 &
Z7+y3+z3 *Zﬁ+m3+y3+zg *23(x+y+z) g pecase T YA 2 A0 2 (@+y+2)

d@-1)>x+2)>0

Problem 69 ‘Marius Mainea’ (Toang Huc Khein): Let z,y,z > 0 with 2 +y+ 2 =1 . Then :

2 _ 2 _ 2 _ ..
T¢—yz Yy —zx 2 1y<0

2+ Y24y 224z -

First Solution (Endrit Fejzullahu):

Inequality is equivalent with :

T+yz 1 Yz
Zx2+x7;x+l+2x2+x
cyc cyc cyc

By Cauchy-Schwarz inequality
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And

2 2
Z 3
2yz > (zyz—&- Yz +22:1:) _ (xy 4+ yz + zx) >3 (2 + y2 + 22)2 > 3ayz
i +x = 2?yz 4+ yirz + 2%xy + 3xyz dxyz 4

This is true since z +y + 2z = 1 and (xy + yz + 22)? > 3wyz(x +y + 2)

Second Solution (Endrit Fejzullahu): Let us observe that by Cauchy-Schwartz we have :

Zx+y2_zx($+y+z)+yz_z (z+y)(x+2) 1 >(1+1+1)2_9_
22+ z(z+1) (x+y+;t+z = 4 -

cyc

Then we can conclude that :

22+ T+ yz
LHS_%;z2+x—Z$2+I_ -3=0

Problem 70 ‘Claudiuv Mandrila’ (Endrit Fejzullahu): Let a, b, ¢ > 0 such that abc = 1. Prove that :

al0 plo 10 a? b? 7

>
b+c+c+a+a+b - b7+c7+c7+a7+a7+b7

Solution (Sayan Mukherjee): Since abc = 1 so, we have:

7

a'? a’ a
g = E > E
b+c b3c3b+c) — HZO+0)%-(b+c)

So we are only required to prove that: (b+ )7 < 2667 4 26¢7
But, from Holder;
(b" +¢)7(1+1)7 > b+ c Hence we are done

Problem 71 ‘Hojoo Lee, Cruz Mathematicorum’ (Sayan Mukherjee): Let a,b,c € R*;Prove that:

2
9Ya+b+c) > 33

2
b3 3
@t )+a2+b2+02*

abc

First Solution (Endrit Fejzullahu): Inequality is equivalent with :

((a+b+c)(a®+b*+c*) —9abe) ((a—b)2+ (b—c)* + (c—a)?) >0

Second Solution (Popa Alezandru,):

a2 2 18abc
_ (£, 2,5 _ >
LHS = RHS (bc+ca+ab 3) (2 (a+b+c)(a2+b2+c2)> 20
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Problem 72 ‘Cezar Lupu’ (Endrit Fejzullahu): Let a, b, ¢ be positive real numbers such that a + b+ ¢ >
b+ % + £. Show that :

ade n ba n b >§
blc+a) cla+bd) alb+c) 2

First Solution (Sayan Mukherjee): Observe that a +b+c¢ > ¢+ % 4+ ¢ > 3 (1) from AM-GM. Also
from rearrangement inequality:

a; b;c a;b;c a b ¢ b
11| 2 || = sttt -2+ -+
e a ey b a ¢ a b
- (2)
Hence we rewrite LHS of the inequality in the form:
2 2 .
Z Zb b_ (a+b+c) Pz(a—i-b—&-i) 2((L—‘,—b—&-c)2§
cyc b(a+c cyc a chCC+ZCyCi QchcE 2 2
(From (1) (2))

QED.

Second Solution (Popa Alezandru): Holder gives :

b ¢ 3
-+ -] > o
E b a+b+c)( +c+a),(a+b+c)

cyc

Therefore we have :

N W

Z (a+b+c) <
o 2 Tarb (4T >

Third Solution (Popa Alezandru): We have that :

By Cauchy-Schwartz we get :

(s1() (z:;,(?fi)%(;if

So:
a2 a a
Z (E) > (chc (If) (chc Z)
I/l 1)< i
i (+3) 2> eye ab
It’ll be enough to prove that :
a5 b
b~ ab
cyc cyc
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a 1
By contradiction method we assume that g 7 < E prs which is equivalent with E ab® < E a. Suming
b ab
cyce cyc

yc i cyc cyc
this with the condition 2 Z a>2 Z %, we will have that
cyce cyce
2 2 2
3 ¥+ )b+ = e
Za>a( +b)+ (( +C)+c(a +-
cyc
, , 2, 1 1 J 11
But using AM-GM as z° + — = 2 + — + — > 34/22-—-— = 3, we get 3(a+b+¢) > 3(a+b+ ),
x T T T
contradiction .

Problem 73 ‘Popa Alezandru’ (Sayan Mukherjee): For z,y,z > 0 and z + y 4+ z = 1 Find Py, if :

1,3 y3 ZS

Pt a—yr T

Solution (Zhero):
3

1
Bz —12>0 «— z 5 > T — 1 Adding these up yields that the RHS is > 1 — % =|=

(1—x)

Problem 74 ‘Hlawka’ (Zhero): Let z,y, and z be vectors in R"™. Show that

|z +y+z+lzl+lyl+ 12 = [z +yl+ ]y + 2+ ]2+ 2

First Solution (Dimitris Charisis): 1 will solve this inequality for z,y, z € C.

First observe that |z +y + 22 + |z + |y + |22 = |z + y]2 + |y + 2> + |2 + z\z

To prove this just use the well-known identity |2|? = z - 2.

Then our inequality is:

2ty +2+1?+ |yl + 2 +2(lz +y + 2D (2] + |yl + 2D + |2yl + vzl +oz]l > Zle+yP+2 3 [z +y || y+2]
From we only need to prove that:

(lz +y + 2) (| + |yl + [2]) + |zyl + |yz] + |xz] = 3|z + ylly + 2|

But [(z +y)(y +2)| = [y(z +y + 2) + 22| < |y(z +y + 2)| + |yz].

Cyclic we have the result

Second Solution (Popa Alezandru): Use Hlawka’s identity :
(la| + bl +[c| = [b+c| = e+ a| = |a+b| 4 |a+b+c|) - (la] + [b] + |c| +[a +b+c|) =

= (|b|+|c|—|b+c|)-(|a]—|bo+c|+|at+b+c|)+(e|+]|a|—|c+al)-(|b] = |ct+a|+|a+b+-c|)+(|a]+|b] —|a+b])- (| c|—|a+b|+|a+b+c|) > 0

and the conclusion follows .
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Problem 75 ‘Greek Mathematical Olympiad’ (Dimitris Charisis): If x,y,2 € R so that 22 4 2y% + 2% =

%az, a > 0,prove that

lt—y+2<a

Solution (Popa Alezandru): The inequality is equivalent with :
a® > 2t +y? + 22— 29z — 2ay + 2z
Since the condition this rewrites to :
gz2+5y2+222 >a? 4+ y? + 2% — 2z — 2zy + 22z

which is equivalent with :

(r*y)2+<\%+y\/§)2+(%+y\/§)2zo

Problem 76 ‘Vasile Cirtoaje and Mircea Lascu, Junior TST 2003, Romania’ (Hassan Al-Sibyani): Let
a, b, c be positive real numbers so that abc = 1. Prove that:

n 3 N 6
a+b+c~ ab+ac+be

First Solution (Endrit Fejzullahu): Given inequality is equivalent with :

6 b 36 b 2
ab+bc+cazm . (ab+bc+ca)22M
a+b+c+3 (a+b+c+3)2

By the AM-GM inequality we know that :
(ab + be + ca)® > 3abc(a +b+c¢) =3(a+b+c)
It is enough to prove that

)2
S(atbtc)> 36(a+b+c)

_m = (a+b+c—3)220

1 1
Second Solution (Dimitris Charisis): Setting a = —,b = —, ¢ = — we have to prove that:
x z
3 6
>
.’L‘y+y§+Z[L’ $+y§z

!
y7
1+

But >
zyt+yz+zz ~ (x+y+2)?
So we have to prove that:

6

1+

> .
(z+y+2)?2 " z+y+=z
Now setting = + y + z = k, the inequality becomes:
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(k — 3)%2 > 0 which is true.
Third Solution (Popa Alexandru): We have

(ab+ be + ca)? > 3abe(a+b+c) =3(a+b+c)
Then

3 9 6

1 >1 >
+a+b+c_ + (ab+ ac+bc)?2 ~ ab+ ac+ be

Problem 77 ‘Vasile Pop, Romania 2007 Shortlist’ (Endrit Fejzullahu): Let a,b,c¢ € [0,1] . Show that

a " b " c ab <5
abe < =
1+bc 1+ca 1+ab -2

Solution (Dimitris Charisis):
be < abe
go L _ @
14+bc = 1+ abc b
cyclic we have that Z 1 _:_l b < %
So our problem reduces to:
b 5
quabcg 5 But a+b+c <abc+ 2

1+ abe
Because:

(I—ab)(1=¢)>0<=1—-c—ab+abc>0<= 2+ abc>ab+c+ 1.

So we have to prove that ab+c+1>a+b+c¢

But (a—1)(b—1)>0<«<=ab—a—-b+1>0<=ab+1>a+b<=ab+c+1>a+b+c
a+b+c _ abc+2 1

S =1
© 1+4+abc — abc+1 +achrl
Finally our inequality reduces to:
be < —.
abc + 1 tabes 2

Setting abc = x < 1 we have:

+1+x§g<:>2:r2—x—1§0<:>(:r—1)(2;r+1)SOWhichistrue.
x

Problem 78 ‘Greek 2004’ (Dimitris Charisis): Find the best constant M so that the inequality:
ot oyt 2 fayz(e oy 4 2) > M(zy 4 yz 4 2x)?

for all z,y,z € R.

Solution (Endrit Fejzullahu,):

2 2
Setting z =y = z = 1 ,we see that M < 3 .We prove that the inequality is true for M = 3

(zy +yz + zz)?

Wl N

syt gz Fy42) >
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After squaring (zy + yz + 22)? on the RHS ,Inequality is equivalent with :
oyt 4t 2 (x4 +yt 2t — (2y)? - (y2)? - (z2)%) > ayz(z +y + 2)
It is obvious that z* + y* + 2% > (2y)? + (y2)? + (22)? ,s0 it is enough to prove that :
gt oyt 2t > ayz(e Fy+2)

oyt 2t > (ey)? + (y2)? + (22)? > 2yz + ays +ays? = ayz(z +y + 2)

The last one is true ,setting xy = a,yz = b, zx = ¢ ,it becomes a? + b% + c? > ab + bc + ca ,which is trivial

Problem 79 ‘Dragoi Marius and Bogdan Posa’ (Endrit Fejzullahu): Let a,b,¢ > 0 auch that abc = 1,
Prove that :
a?(0° + ) + 03 (@® + P) + AV +a®) > 2(a+ b+ o)

Solution (Sayan Mukherjee):

Lemma:

Note that

a® +a®+a® +b° + b > 3a3?

a’® +a® 4+ b° 4+ b° + b° > 3a?b°

Summing up;

a® +b° > a’b*(a +b)

So LHS = ZaQ(b5 +¢) > a0’ cE(c+b) = 2(a+ b+ ¢) from abc = 1 and our lemma above.

Problem 80 ‘Russia 1995’ (Sayan Mukherjee): For positive x,y prove that:

z y

> 4+ 2
Tttty 2?4yt

1
zy

Solution (FantasyLover):
By AM-GM, we have z* + y? > 222y and 22 + y* > 229>
Y €z Y

Hence a + <
nee. —— 4 I
Tt ty? o a? oyt T 207y

5 = —, and we are done. W
2zy Ty

Problem 81 ‘Adapted after an IMO problem’ (FantasyLover): Let a,b,c be the side lengths of a trian-
gle with semiperimeter of 1. Prove that
28

1 b+b —abe < —
< ab+ bc+ ca ac_27

Solution (Sayan Mukherjee): Since a,b,c — sides of a triangle; write:
a=x+y;b=y+z;c=z+zsothat r+y+2=1
The inequality is equivalent to :
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28 28 .
1<Z(1—w)(1—y)—H(x+y)§2—7 = 1<3—22x+xyz:1+zyz§2—781ncexyz>OSothe

3
1
%) = — hence the right side is proved

left side is proved. And, since z +y + 2z = 1 and zyz < ( 5

1 N 1 N 1 N 1
14a* 146 14¢*  14a*

Problem 82 ‘Latvia 2002’ (Sayan Mukherjee): Let a,b,c,d > 0;

Prove that:
abed > 3

First Solution (Zhero):
1 1 1 1

= = — dz=—.
1+a4’x 1+b4’y 1+c4’anz 1+ dt

Thena:14/1—1,6:{1/1—1,0:{‘/1—1, andd:{l/l—l.
w z y z

1
Let f(n) = —In(y o 1). It is easy to verify that f has exactly one inflection point. Since we see seek to

minimize f(w)+ f(z) + f(y) + f(2), by the inflection point theorem, it suffices to minimize it in the case

in which w = 2 = y. In other words, in our original inequality, it suffices to minimize this in the case that

a=b=c. 1

Let p=a' g =10b%r =" and s = d*. Then we want to show that pgrs > 81 when Z T1a = 1. But we
cyc p

only need to check this in the case in which p = ¢ = r, that is, when s = I% In other words, we want to

3

show that 5 >81 <= 3p® >8Ip—162 < 3(z —3)%(z +6) > 0, as desired.

Second Solution (Sayan Mukherjee):
4
A R P 3 (AM-GM)

4 - 1 1=
L+d 1+d a,b,c l+a \3/ Ha,b,c(l + a4)

Similarly we get three ther relations and multiplying we get:

a*b*ctd* 34
>
Ha,b,c,d(l + a4) B Ha,b,c,d(l + a4)

= abed > 3

Problem 83 ‘Vasile Cartoaje and Mircea Lascu’ (Zhero): Let a,b,c,z,y, and z be positive real numbers
such that a + x > b+ vy > ¢+ zanda + b+ ¢ = x + y + z. Show that

ay +bx > ac+ xz.

Solution (mathinequs):
aly—c)+z(b—2)=ala—x)+ (a+z)(b— 2)
Now i used :

(a — )% +a® — 22

ala—z) = 3
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So i got that :
(a—2)2+ (a+z)(a—z+2(b-2))

ala—z)+ (a+z)(b—2) = 5
So i have to prove that : (a+z)(a —z+2(b—2)) >0
but a + z is greater or equal than 0 and a — x4+ 2(b— z) = b+ y — ¢ — z which is greater or equal than 0.

Problem 84 ‘Nicolae Paun’ (mathinequs): Let a,b,c,z,y,z reals with a +b+c = 22 + 9% + 22 = 1.
To prove:
a(z+b)+b(y+c)+celz+a)<1

Solution (Mharchi Abdelmalek): Using AM-GM inequality we have: a?4x2+b%+3%+c2+22 > 2az+2by+2cz
Hence we have :

b2 ta?r? 422 1
1:(a+ +0) J;x ty e =3 Z(a2+aﬂ2) +ab+bc+ca > axr+by+ cz+ ab+ be+ ca =

=a(z+0b)+bly+c)+c(z+a)

cyc

Problem 85 ‘Asian Pacific Mathematics Olympiad’ (Mharchi Abdelmalek): Let z,y, z, be a positive real

numbers . Prove that: )
(EH) (La1) (2o1) z2s 2tut)
y z xr ‘3/l'y2

Solution (mathinequs):
Bashing the left hand side we need to prove :

x Yy 2@x+y+2)
= LAk S v
SRS SEELE
But this is AM-GM as :
x

r Yy
2—4+=2>

y oz ¥ryz
Done.

Problem 86 ‘mateforum.ro’ (mathinequs): Let z,y, z > 0 such that xy + yz 4+ zx = 1. Show:

1 1 1 9Iv3
5+ 5+ 32i
T+ y+y z+z 4

Solution (Apartim De):

The condition xzy + yz + zx = 1 accomodates the substitution

x =cot A,y = cot B, z = cot C, where A, B, C are the angles of AABC.
We obtain the equivalent inequality

1 9v3
e 2 -
© Z cot A(1 + cot? A) 4

cyc
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9v/3
& ZtanAsinzA > T\f

cyc

Let f(z) = tanzsin

o f'(x) = 2sin®z + tan® z > 0,Vz & f() is increasing
> 0,Vx € (0,7/2)

} <0,Vx € (m/2,7)

> 0,Vx € (m,37/2)
If the AABC be acute , by Jensen,

S sz ar(3) - 28

cyc

If the AABC be obtuse-angled(at A) ,
JA)+ FB)+ 1O = f(A+Z) +F(B-k) + [ (C— (5 - k)
(A+5)+ Bk +(C~ (;‘@)) ~ar (%)
3

1
f"(z) =2sinz |:2COS.’L‘+ 3
cos®

>3
! 3

for some suitablek < min{B, C'}

Problem 87 ‘—’ (Apartim De): a,b, ¢ are sides of a triangle.Prove that

a N b n c >3
V22 +2c2 — a2 22 +2a2 — b2 V2aZ +202— 2

First Solution (Endrit Fejzullahu): According to the Holder’s inequality we have :
2
a
—_— a20® +22 —a®) | > (a+b+¢)?
(; 2b2+262a2> (; ( = )

We only need to prove that
(a+b+c) > 32:(1(%2 +2¢% — a?)

cyc

It can be rewritten :
3(abe— (a+c—b)(b+c—a)(a+b—c))+2(a®+b>+c* —3abc) >0
By Schur abe > (a +c¢ —b)(b+c —a)(a+ b — c) and by AM-GM a? + b% + ¢ > 3abc ,s0 we're done !

Second Solution (geniusbliss):

2 2 _ 2
3v/3a(2b +201 a)23z V3a —3/3
(a+b+¢)3 a+b+ec

a a
Y ——t ) +)
— \/20% +2¢? — a? —~ V202 +2¢2 —a? —
cyclic cyclic cyclic cyclic

and finish off the problem
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Problem 88 ‘Pavel Novotn, Slovakia’ (Endrit Fejzullahu): Let a,b,c,d be positive real numbers such that

b d
abcdzlanda+b+c+d>g+7+5+7.Provethat
b ¢ d a
b ¢ d a
atb+etd<—+-+-—+-
a b ¢ d

First Solution (mathinequs): It's AM-GM !

+ % > 4a Suming the other and with condition :
Batb+e+d)+i+e+2+2>3(¢+0+ +

byetdipe>datb+ce+td
Second Solution (socrates): The second condition implies that

b d_ a> B2 & (at+b+c+d)?
b d> - >t 4+ >
atbtet b+ +d+ ab+bc+cd+da_ab+bc+cd+da

so ab+ bc+ cd+da > a+ b+ ¢+ d. Now, it is

LA Y R )

b ¢ d abc® ' bed? cda? ' dab® < % ¢ %
b d + d b)? b d)?
(be + cd + da + ab) (a+ +c+):a+b+c+d
%4_%4_54,_% a+b+c+d
completing the proof.
Problem 89 ‘—’ (geniusbliss): Let a1,as,as..., a, and by, ba, bs, ..., b, be real numbers such that - a; >
al—i-ag > a1+a2+a3 22 a1+a2+a3+...+an 7b1 Z bl-;bg 2 b1+l)32+b3 ZZ bl +b2+b3++bn
n n

5 2
, then prove that -

S

a1by + aghs + agbs + ... + apb, > — (a1 +as+as+ ...+ an) (b1 +ba + b3+ ... + by)

Solution (geniusbliss): For each k1,2, ...,n,to we denote Sy = ay + az + ag + ... + ar and b1 =0
Then by Abel s Formulae, we have

Zazb _Z(b —bi+1)S; _Z (bi—bm)%

i=1
Accordlng to Abel’s Formulae,

Zaibif(Sl—é)(bl—bg) (%—%)(bl-‘rbg—ng)-‘r ........ Z (Tl—l)b»,, Zal Zbl

S1 S S,
By Hypothesis, we have 72 > —2 > > =% 50 its enough to prove that
n

Zbi > kbg41

fhis one comes directly from the hypothesis
k+1

kZb >Zb
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Problem 90 ‘mateforum.ro’ (mathinequs): Let a, b, ¢ positives with > = 2. Show :

1+a?

o | ot

abe(a + b+ ¢ — abe) <

Solution (socrates): Multiplying out we get 2a2b%c? + a?b? + bv2c? + c2a? = 1.

Moreover,
1 1 1
abe(a+b+c—abe) = 3 (2abe(a + b+ ¢) — 2a%b*c?) = 5 (2abe(a + b+ ¢) + a®b® + b*? + Pa® — 1) = 5 ((ab+be + ca)® — 1)
o 3
S0 it is enough to prove that ab+ bc + ca < 3
Now put a? = v b= L] = i , «,y,z > 0. Then
y+z T+ z T +y
1
ab = i <= ( a + Y ) and similarly
(y+2)(xz+z) ~2\z+z y+z
2\z+2z x+y
1

(z+2)(x+y)
)

z X z
ac = <z +
Vw+2)(z+y 2<x+y y+z)

Adding these, we are done.

Problem 91 ‘Komal’ (Hassan Al-Sibyani): For arbitrary real numbers a, b, c. Prove that:

2

Va2 +(1=02+ VB2 + (1 -2+ /2 +(1-a)? > %
First Solution (Dimitris Charisis): By Minkowski’s inequality we have:
LHS >\/(a+b+c)2+(a+b+c—3)2
Setting a + b + ¢ = x our inequality becomes:

2
3v2 9 9 3
224+ (z—3)2 > Tf@?x276x+§20(:)x273x+1 >0« (xfi) >0

,which is true....

Second Solution (Mharchi Abdelmalek): we have the flowing well-know inequality for all real numbers a, b :
1—
pER AR et |

Simarly for the other numbers.Hence we have
la—=b+1+b—c+1|+]c—a+1] < la—b+b—ct+c—a+3] 3V2

LHS > 2ve
N V2 - V2 2
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Problem 92 ‘Asian Pacific Mathematics Olympiad 1996’ (Dimitris Charisis): For a,b, ¢ sides of a tri-
angle prove that:

Vatb—c+Va—b+c+vV—-a+tb+ec<Va+Vb+/c

First Solution (geniusbliss): substitute a = x +y,b =y + z,¢ = z + 2 we have to prove then,
VIt y+Vy+z+Vz+x>V2x+ /2y + V22 which is true because squaring both sides,

we have to prove Z V(T +y)(y+ 2) > 27y + 2\/yz + 2v/zx which is true by Cauchy - (z +y)(y + 2) >

cyc

(VTG + /72)? and

similarly for others ,equality holds for x =y = 2

Second Solution (Redwane Khyaoui): First of all , we set a = ;vQﬂ and b= 2

the inequality become into : V2(vz + 7+ vV2) < VT +y+Vy+z+Vzta

1
then we use the well-known inequality : 5(\/§ +1/4)? < x + y which means \/2(z +y) > vz + /¥
and then summing the three inequalities , gives inequality desired .

ztx

and ¢ = %5

Problem 93 ‘geniusbliss’ (geniusbliss): Prove that for z,y,z positive reals such as xz > y? oy > 22

the follwing inequality holds-
27
(0% = y2)? > F oz = )y - %)

Solution (geniusbliss): this obviously implies the LHS is also positive.

. s T z
make this substitution - a = —,b = y,c =-,
z x

the inequality gets transformed into

8(a—c)? > 27(a—b)(b—c) or

2((a—¢)?)% > 3((a—b)(b— )3 we have a > b > ¢,

multiply both sides by (a — c)%7 and we get,

2(a—c¢) > 3((a—b)(b—c)(a—c))5 but this is just AM-GM if we write the LHS as 2(a—¢) = a—b+b—c+a—c
so we are done and the inequality is true with equality holding when a = b = ¢

Problem 94 ‘Kvant 1988’ (Mharchi Abdelmalek): Let a, b, ¢ > 0 such that a*+b*+c* < 2(a?b?+b%c? +c2a?)
Prove that :
a® +b% + % < 2(ab+ be + ca)

Solution (Hassan Al-Sibyani): The condition

Za4 < 22(12172
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is equivalent to
(a+b+c)a+b—c)(b+c—a)>0

In any of the cases a = b+ ¢,b = c+ a,c = a + b, the inequality

S <2y a
is clear. So, suppose a # b+c, b # c+a, c # a+b. Because at most one of the numbers b+c—a, c+a—b, a+b—c
is negative and their products is non-negative, all of them are positive. Thus, we may assume that:

a? < ab+ ac,b? < be+ ba, ® < ca +ch

and the conclusion follows.

Problem 95 ‘Junior Balkan Mathematical Olympiad 2002 Shortlist’ (Hassan Al-Sibyani): Let a,b,c¢ be
positive real numbers. Prove that

First Solution (Redwane Khyaoui): If a > b > ¢ then we put a = tb and b = t'c so a = tt'c with ¢,/ > 1
th inequality become into t2¢3 + /5.2 4+ 1 > t4¢/3 + t"4.42 -t/

and we consider the fonction f(t) = 53 + ¢"°.42 + 1 — t4/3 + t4.42 + tt'

so f(t) = 5t — 433 + 2t (¢ — ") — ' + 1

then , since we know that ¢,#' > 1 so f’(t) > 0 which means f is increasing function ,

t>1— ft) > f() =t -t —t' +1

setting again g(t') = /> — #"* — ¢/ + 1 s0 ¢'(t) = 5t"* — 4¢* — 1 > 0 because t' > 1

whic means that g is increasing fonction , so ¢ > 1 — g(t) > ¢g(1) =0

and finally t > 1 — f(t) > f(1) =t ¢4 -t +1>0

Second Solution (Mharchi Abdelmalek):

a®  2a? a?
LHS-RHS >0 3 (15— - +a)+d (5 —20+b)>0e

cyc

Which is Obviously true!

Problem 96 ‘Hojoo Lee’ (Redwane Khyaoui): If a + b+ ¢ = 1 then prouve that

b vab 3v3
4 | Yabe ) 3V3
a+bc b+ac cHab 4

b b
Solution (Endrit Fejzullahu): Let z = Ua—,y = 1/—672 = %.Wc see that zy + yz + zz = 1 ,and
c a V

a=zr,b=ay and ¢ = yz
Then we can write : (A,B,C are angles of an acute angled triangle)

A B B c c
r = tan — tan —,y = tan — tan —, 2 = tan — tan —
2 2 2 2 2 2
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A B C
Then a = tan? = tan — tan —, and so on ...

After making the substitutions ,and using trigonometric transformations formulas ,the given inequality be-
comes :

A
1 1 L tang 3V3 3V3

+ +—— <= cosC +cosB+sinA < —
1+tan2% 1+tan2g 1+tan2§7 4 -2

3v3

C
cosC + cos B +sinC < sinE +sinC < - — 1222 < 27 + 162*

C
where x = sin B

Problem 97 ‘—’ (Endrit Fejzullahu): If a4, as, ..., a,, are positive real numbers such that a1 +as+...+a, =

1.Prove that
- a; n
D 5-g 2
y 2 — a; 2n—1
i=1

Solution (Mharchi Abdelmalek): Using The Cauchy Shwarz inequality
we have

n n 2

—~ 2 —aj 2a; —a? ~ 2(a1 + as... +ap) — Y a? 272%2*27% 2n — 1

i=1 i

Problem 98 ‘MOSP 2001’ (Mharchi Abdelmalek): Prove that if a,b, ¢ > 0 have product 1 then :

(a+b)(b+c)(c+a)>4(a+b+c—1)

Solution (Endrit Fejzullahu): Since abe = 1
Then

(a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—1>4(a+b+c—1) — ab+bc+ca+m2

By the Am-Gm inequality

3 ab+be+ ca 3 < 4/ 3(ab+ be + ca)?
3 a+b+c™ 27(a+b+c)

It is enough to prove that

3(ab+ bc+ ca)® > 27(a + b+ c)or(ab + be + ca)® > 9(a+b+c)

By AM-GM ,we know that (ab+bc+ca)? > 3abc(a+b+c) = 3(a+b-+c) , so it suffices to prove ab+bc+ca > 3
,which is obvious .
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Problem 99 ‘—’ (Endrit Fejzullahu): Let m,n be natural numbers .Prove that

mnn'n,
(m + n)m+n

sin?™ z - cos™y <

Solution (socrates): Use AM-GM (or weighted AM-GM) to get

2 2

.2 9 sin“ x cos“ x
l=sin“x+cos“c=m-——+n- =
m
sin®z  sin’z sinz  cos?z  cosiz cos?x
+ + >
m m m n n n
m times n times

> (m+mn) ™Y

(sin2 x )m(cos2 T )n
m n

etc...

Problem 100 ‘Mircea Lascu’ (Mircea Lascu): Let a,b, ¢ > 0. Prove that

a
b+c

c b
=+ +->2
a c

Solution (Vo Quoc Ba Can): Write the inequality as

c a +b+c>
a b+c c

3

In this form, we can see immediately that it is a direct consequence of the AM-GM Inequality.
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Introduction

The aim of this work is to provide solutions to problems on inequalities proposed
in various countries of the world in the years 1990-2005.

In the summer of 2006, after reading Hoojoo Lee’s nice book, Topics in
Inequalities - Theorem and Techniques, I developed the idea of demonstrating
all the inequalities proposed in chapter 5, subsequently reprinted in the article
Inequalities Through Problems by the same author. After a hard and tiresome
work lasting over two months, thanks also to the help I mustered from specialised
literature and from the http://www.mathlinks.ro website, I finally managed to
bring this ambitious project to an end.

To many inequalities I have offered more than one solution and I have always
provided the source and the name of the author. In the contents I have also
marked with an asterisk all the solutions which have been devised by myself.
Furthermore I corrected the text of the problems 5, 11, 32, 79, 125, 140, 159
which seems to contain some typos (I think !).

I would greatly appreciate hearing comments and corrections from my read-
ers. You may email me at

Ercole Suppa
ercsuppa@gmail.com

To Readers

This book is addressed to challenging high schools students who take part in
mathematical competitions and to all those who are interested in inequalities
and would like improve their skills in nonroutine problems. I heartily encourage
readers to send me their own alternative solutions of the proposed inequalities:
these will be published in the definitive version of this book. Enjoy!

Acknowledgement
I'm indebted to Hojoo Lee, Vasile Cirtoaje, Massimo Gobbino, Darij

Grinberg and many other contributors of Mathlinks Forum for their nice solu-
tions. Without their valuable help this work would not have been possible.
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Inequalities From Around the World 1995-2005

Solutions to 'Inequalities through problems’ by Hojoo Lee

Mathlink Members
27 March 2011

1 Years 2001 ~ 2005

1. (BMO 2005, Proposed by Dusan Djukié, Serbia and Montenegro)
(a,b,c > 0)

a? b 2 4(a — b)?

S atbrer—

b c a a+b+c

First Solution. (Andrei, Chang Woo-JIn - ML Forum)
Rewrite the initial inequality to:
(a — b)? n (b—c)? N (c—a)? > 4(a — b)?
b c a a+b+c

This is equivalent to

(=02, (b=cf  (c=ap

(a+b+c)( ; >Z4(a—b)2

c a
Using Cauchy one can prove

(=" -0, (c—a)

b c a

(a+b+c) 2

] > 4 [max (a,b,c) — min (a, b, ¢)]

In fact

(a+b+c) <(a—bb)2 + (b—c)*

N2
- )L aa) >z(ya—b+|b—c\+|c—ay)2

WLOG! assume |c — a| = max(|a — b, |b — c|, |c — a|). Then, we get

la—0b]+1[b—¢c| > |c—a

IWithout loss of generality.
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So
la — b+ |b—c|+|c—al >2|c—a

Therefore,

(@a+b+c) <(a_bb)2 Ut

RV
- + (e aa) > 24max(]a—b|,|b—c|,]c—a|)2

Equality hold if and only if one of two cases occur : a = b = c or ¢ = wb, a = wc,
where w = @ O

Second Solution. (Ciprian - ML Forum) With Lagrange theorem (for 3 num-
bers) we have

a2 b 2 1 (ac — 62)2 N (bc—a2)2 N (ab — 02)2

?+?+E_(a+b+c):a+b+c. be ab ac

So we have to prove that

(ac — b2)2 n (bc — a2)2 n (ab — 02)2
be ab ac -

(ab—c2)2

ac

But

>0 and

(ac—b2)2 (bc—a2)2 (ac —b? —bc—i—aQ)2 (a—b)*(a+b+c)

> =
be + ab - b(a+c) b(a+c)

By AM-GM we have

(a+b+c)? (a—b)*(a+b+c) 5
< —" >4 (a—
b(a+c) < 1 bt o >4(a—Db)
Then we get
a? v 2 4(a —b)?
4 Zatbtet —
b c  a a+b+c

Remark. The Binet-Cauchy identity

(Z aici> (Z bzdz> — (Z azdz> (Z bzcl> = Z (aibj — ajbi) (Cidj — dei)

1<i<j<n
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by letting ¢; = a; and d; = b; gives the Lagrange’s identity:
n n n 2
(Z ) (Z bi) i (Z b) = 3 (b —aghe)’
k=1 k=1 k=1 1<k<j<n

It implies the Cauchy-Schwarz inequality

(Erem) < () (2 )

Equality holds if and only if arb; = a;b, for all 1 <k,j <n

2. (Romania 2005, Cezar Lupu) (a,b,c > 0)

b+c¢c c+a a-+bd 1 1 1
+ + >

a? b? 2 Ta b ¢

Solution. (Ercole Suppa) By using the Cauchy-Schwarz inequality we have

(Letely = (D L)

cyc

b+c 1 1 1
< <Z a2 ) <b+c+ a+c+ a+b> < (Cauchy-Schwarz)

cyc

(ZbJrc) < 2+1>
(%) (Beied)

Therefore

3. (Romania 2005, Traian Tamaian) (a,b,c > 0)

a b c d
b+2c+d+c+2d+a+d+2a+b+a+2b—l—c -
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First Solution. (Ercole Suppa) From the Cauchy-Schwartz inequality we have

a

(a+btetd® <>
cyc cyc
Thus in order to prove the requested inequality is enough to show that

(a+b+c+d)?
chca(b+20+d) -

The last inequality is equivalent to

(@a+btc+d)’—=> alb+2c+d) >0 —
cyc
a’?+ b2+ +d?>—2ac—2bd >0 IS i
(a—c)’+(b—d)?>0
which is true. O

Second Solution. (Ramanujan - ML Forum) We set S =a+b+c+d. It is

a . b . c n d _
b+2c+d c+2d+a d+2a+b a+2b+c
a b c d
S _(a—0) S—(=d) S+a-0 "S5t -a
but a c (a+c)S+(a—c)* _a+c
S—(a—0) " St(a=0 SF—(a-¢? - S (1)
and b d b+d
S—(h-d) S+ > S @
Now from (1) and (2) we get the result. O

4. (Romania 2005, Cezar Lupu) (a+b+c>2+3+1 abc>0)

3
at+b+c>—
abc
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Solution. (FErcole Suppa)
From the well-known inequality (x + y + )% > 3(xy + y2z + zx) it follows that

1 1 1)\?
(a+b+c)22(a+b+) >

c

>3 i+l+i —
- ab  be  ca)
_ 3(a+b+o)

abc

Dividing by a + b 4 ¢ we have the desidered inequality. O

5. (Romania 2005, Cezar Lupu) (1 = (a+b)(b+¢)(c+a), a,b,c > 0)

3
ab+ bc+ ca < 1

Solution. (FErcole Suppa) From the identity
(a+0b)(b+c¢)(c+a)=(a+b+c)(ab+ bc+ ca) — abc

we have

1
ab + be + ca = 290 (1)
a+b+c

From AM-GM inequality we have

1= (a+b)(b+c)(c+a)>2Vab-2Vbc - 2y/ca = 8abe = abc< = (2)

|

and

a+b+c  (a+b)+ (b+c)+ (c+a)

2 3 = 3 > (a+b)(b+e)(cta)=1 =

(3)

From (1),(2),(3) it follows that

b+b = < = -
ab + oc + ca atbto = % 1
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6. (Romania 2005, Robert Szasz - Romanian JBMO TST) (a+b+c=
3, a,b,c>0)
a®b?c® > (3 —2a)(3 — 2b)(3 — 2¢)

First Solution. (Thaznl - ML Forum) The inequality is equivalent to

(a+b+c)P(—a+b+e)a—b+c)a+b—c)<27a*b*c?

Let z=—a+b+c,y=a—b+c, z=a+b— c and note that at most one of z,
y, z can be negative (since the sum of any two is positive). Assume z,y,z > 0
if not the inequality will be obvious. Denote z +y+z=a+ b+ c,x +y = 2c,
etc. so our inequality becomes

64zyz(z +y + 2)° < 27(x + y)*(y + 2)*(z + 2)?

Note that
e +y)y+2)(z+x) = 8(x+y+2)(ey +yz+2x)
and
(zy 4+ yz + 22)? > 3zyz(z + y + 2)
Combining these completes our proof! O

Second Solution. (Fuzzylogic - Mathlink Forum) As noted in the first solution,
we may assume a, b, ¢ are the sides of a triangle. Multiplying LHS by a + b+ ¢
and RHS by 3, the inequality becomes

16A? < 3a%b%?

since A = abe

where A is the area of the triangle. That is equivalent to R? > %

AR
where R is the circumradius. But this is true since
_ a+b+c
2(sin A + sin B +sin C)
and
sinA+sinB+sinC < 3\2/3
by Jensen. O
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Third Solution. (Harazi - Mathlink Forum) Obviously, we may assume that
a, b, c are sides of a triangle. Write Schur inequality in the form

a—|9—abbj—c >ab+c—a)+blc+a—b)+cla+b—c)
and apply AM-GM for the RHS. The conclusion follows. O

7. (Romania 2005) (abc > 1, a,b,c > 0)

1 1 1
1+a+b+1+b+c+1+c—|—a -

First Solution. (Virgil Nicula - ML Forum)
The inequality is equivalent with the relation

Za2(b—|—c)—|—2abcz2(a—|—b+c)+2 (1)

But
2abc > 2 (2)

and
3+> a’(b+c)=> (a®b+a’ct+1)>
23}23@?]27?2
>3y a-Vabe >

Z3Za:
=2> a+y a>
>2) a+3Vabe >

22§:a+3

Thus we have

Za2(b+c)222a (3)

From the sum of the relations (2) and (3) we obtain (1). O

Second Solution. (Gibbenergy - ML Forum)
Clear the denominator, the inequality is equivalent to:

a*(b+c) +b*(c+a) +c*(a+b) +2abc > 2+ 2(a+b+c)
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Since abc > 1 so a+ b+ ¢ > 3 and 2abc > 2. It remains to prove that
a’(b+c)+b*(a+c)+c(a+b) >2(a+b+c)
It isn’t hard since
D (@b+a’c+1)-3>> 3Valbe—3 >
> 3Vad -3 =
=3) a-3>

>2(a+b+c)+(a+b+c—3)>
>2(a+b+c)

O

Third Solution. (Sung-yoon Kim - ML Forum)
Let be abc = k? with k > 1. Now put a = k3, b = ky?, ¢ = k23, and we get
zyz = 1. So

1 1
_— = Y
Zl+a+b Zl+k(x3+y3)—

1
< —_— <

1
< =
- Z xyz + 22y + xy?
1 1

:cy':r-l—y—l-z

1 1 1 1
=l—"+—+ =) =
zy Yz z2zx)x+y+=z

1

TYz
and we are done. O

Remark 1. The problem was proposed in Romania at IMAR Test 2005, Juniors
Problem 1. The same inequality with abc = 1, was proposed in Tournament of
the Town 1997 and can be proved in the following way:

Solution. (See [66], pag. 161)
By AM-GM inequality

a+b+c>3Vabe>3 and ab+bec+ ca>3Vab-bc-ca> 3

Hence
(a+b+c)(ab+bc+ca—2)>3

212



which implies
2(a+b+c) <ab(a+b)+bc(b+c)+ ca(c+a)

Therefore

1 1 1
TYatb 14bte T1teta =
2+2a+2b+2c—(a+b)(b+c)(cta)
 (+a+b)(l+b+ce)(l+c+a)
~ 2a+2b+2c—ab(a+b) —bc(b+c)—ca(c+a)
N (1+a+b)(1+b+c)(l+c+a)

<0

Remark 2. A similar problem was proposed in USAMO 1997 (problem 5)
Prove that, for all positive real numbers a, b, c we have
1 n 1 n 1 < 1
ad + b3 +abc b3+ +abc 3+ a®+abe T abe

The inequality can be proved with the same technique employed in the third
solution (see problem 87).

8. (Romania 2005, Unused) (abc =1, a,b,c > 0)

a n b n c
b2 (c+1)  c(a+1) a?(b+1)

3
> 2
-2

First Solution. (Argady - ML Forum) Let a = £, b= ¥ and ¢ = =, where

x>0,y > 0and z > 0. Hence, using the Cauchy-Schwarz inequality in the
Engel form, we have

a $3
;zﬂ(cm e

cyc
4

- Z xyz(y + 2) =

cyc
T 2zyz(x +y+ z)

Id est, remain to prove that

(2% 4+ y? + 22)?
2eyz(x +y+ 2)

3
> 2
-2
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which follows easily from Muirhead theorem. In fact

2 2 2\2
(2% 4+ y* + 2%) >3

oryz(x+y+z) — 2 —
2Zx4+42x2y2262x2yz =
cyc cyc cyc
Zx4 + 22x2y2 > 3Z$2yz
sym sym sym

and

Zx4 > Zmzyz , ZnyQ > ZmQyz

sym sym sym sym

Second Solution. (Travinhphuctkl4 - ML Forum) Let a = %, b = £ and
c= 5, where x > 0, y > 0 and z > 0. We need prove

a x3 3
= > —
Czy;bQ(c—i-l) Zyz(y—i—z) -2

cyc

We have 22 +y> > ay(z + y), ..., etc. Thus the desidered inequality follows
from Nesbit inequality:

23 y? 5 3 y? 5

> + +
yz(y + 2) +acz(:r:—kz) Jr:1:y(x+y) Tyt 423 B4t 23+ yP

3 3

3
> 2
-2

9. (Romania 2005, Unused) (a+b+c>%+24+ < a,b,c>0)

a’

asc . bia . c3b S 3
b(c+a) cla+d) alb+ec) ~ 2

Solution. (Zhaobin - ML Forum) First use Holder or the generalized Cauchy
inequality. We have:

( a’c b3a b

b(a+c)+c(a+b)+a(b+c) b

b

)(2a—|—26—|—20)( +g—|—§)2(a—|—b—|—c)3
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SO:

a’c b3a c3b a+b+c
+ + >
bla+c) cla+b) alb+c) 2

but we also have:
b
atbte> 424523
b ¢ «a

so the proof is over. O

10. (Romania 2005, Unused) (a +b+c =1, a,b,c > 0)

a . b . c >\/§
Vb+e Vet+a Va+b o V2

First Solution. (Ercole Suppa) By Cauchy-Schwarz inequality we have

l=(a+b+c¢)’ = < 4;/i0¢a\4/b+c> <

cyc

. ( a ) (Vi e+ baFe+evas)

vb+c

Therefore

a 1
(Z‘/m>2a\/5+c+b\/a+c+c\/m (1)

cyc

Since a + b+ ¢ = 1 we have

avb+c+bJ/a+tc+ceva+b= (Zﬁ\/ﬁ) <

cyc

< Va+b+cv2ab+ 2bc + 2ca = (Cauchy-Schwarz)

2
= \/;\/?mb—l— 3bc 4 3ac <

S\/g\/(a—i—b—i-c)Z:\/g

and from (1) we get the result.
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Second Solution. (Ercole Suppa) Since a + b+ ¢ = 1 we must prove that:

a n b N c >\/§
Vi—a V1=b +J1—c V2

The function f(z) = 7= Is convex on interval [0, 1] because

)= (-0 FE-2) 20, Yee 1

Thus, from Jensen inequality, follows that

> e r @0+ @ 23 () —ar (3) =3

cyc

11. (Romania 2005, Unused) (ab+ bc + ca + 2abc =1, a,b,c > 0)

Vab + Vbe + caﬁg

Solution. (See [1], pag. 10, problem 19)
Set & = Vab, y = Vbe, z = \/ca, s = x + y + z. The given relation become

2+ + 224+ 2zyz =1
and, by AM-GM inequality, we have

P —2s+1=(r4+y+2°—-2@+y+2)+1=
=1—-2xyz+2(xy+axz+yz)—2(x+y+z) +1=
=2(xy+rztyz—ayz—x—y—z+1)=
=2(1-2)(1—-y)(1—2) < (AM-GM)

3 3
<9 l—z+1—-y+1—2 _ 9 3—s
3 3

26 +952 —27<0 & (25—3)(s+3)’<0 & s<

Therefore

N

and we are done. O
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12. (Chzech and Slovak 2005) (abc =1, a,b,c > 0)

a b c
CED RS R CE)

3
> 2
!

Solution. (Ercole Suppa) The given inequality is equivalent to
4(ab+bc+ca)+4(a+b+c) > 3(abc+ab+bc+ca+a+b+c+1)
that is, since abc = 1, to
ab+bc+cat+a+b+c>6
The latter inequality is obtained summing the inequalities
a+b+c>3Vabe=3

ab + be + ca > 3V a2b2c2 = 3
which are true by AM-GM inequality. ]

13. (Japan 2005) (a+b+c=1, a,b,c>0)

Wl
Wl

a(l+b—c)F +b(1+c—a)¥ +c(l+a—b)3 <1

First Solution. (Darij Grinberg - ML Forum) The numbers 1+b—c, 1+c—a
and 1 4+ a — b are positive, since a +b+c=1yieldsa < 1, b < 1 and ¢ < 1.
Now use the weighted Jensen inequality for the function f (x) = /x, which is
concave on the positive halfaxis, and for the numbers 1 +b—¢, 1 + ¢ — a and
1+ a — b with the respective weights a, b and ¢ to get

avV1l+b—c+byl+c—a+cyVl+a—0> <
a+b+c -
vau+b—@+ba+c—@+cu+a—w

<
- a+b+c

Since a 4+ b+ ¢ = 1, this simplifies to

avV1i+b—c+b¥l1+c—a+ceVl+a—-0<
<fa(l+b—c)+b(1+c—a)+c(l+a—b)

But
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Za(l—l—b—c):(a—l—ab—ca)+(b+bc—ab)+(c+ca—bc):a+b+c:1

cyc

and thus

a\3/1+b—c+b\3/1+c—a+cx3/1+a—b§{5/1:1

and the inequality is proven.

O
Second Solution. (Kunny - ML Forum) Using A.M-G.M.
141 1+b— b—
Vidb—c=3/1-1-(1+b—-c) < i +(3+ C):1+ 30
Therefore by a + b+ ¢ = 1 we have
avVl+b—c+bd/1+c—a+ceVi+a—->0<
b—c c—a a—b
< 1+ — bll1+ —— 14— ) =1
e RO (s R (e
O

Third Solution. (Soarer - ML Forum) By Holder with p = % and ¢ = 3 we
have

Za(l—i—b—c)% :Za% [a(l—i—b—c)]% <

cyc cyc
1

() Iz
() ()

wlh

L
Za(l—i—b—c)] =

cyc
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14. (Germany 2005) (a +b+c=1, a,b,c>0)

a b ¢ 14a 1+b 1+4c
20 -+-+-]>
<b+c+a)_1—a 1-b 1-c¢

First Solution. (Arqady - ML Forum)

l1+a 14+b 1+c¢ a b ¢
+ + <2<++> =

l—-a 1-b 1—c— b ¢ a
2a 2a
S -1 >
Z(b b+c >O <

Z(Qa‘lc2 — 2a%b*c?) + Z(a3b3 —a*b’c —a*c*b+a*c?) >0

cyc cyc

which is obviously true.

Second Solution. (Darij Grinberg - ML Forum) The inequality

1+a+1+b+1+c<2(9+5+9)
l-a 1-b 1—c~ ‘a b c

can be transformed to

3+ a n b n c <a+c+b
2 b+ec c¢c+a at+b " c b a

or equivalently to

ab . be . ca
cb+c) alc+a) bla+bd)

We will prove the last inequality by rearrangement. Since the number arrays

ab be ca
¢’ al b

111
a+b b+c c+a

are oppositely sorted (in fact, e. g., if ¢ > a > b, we have %b < % < ¢ and

1 1 1
at+db < btec > C+a)7 we have

53
-2

and

ab 1 be 1 ca 1 ab 1 be 1 ca 1

. . > . . .
b+c+a c+a+b a+b~ ¢ a+b+a b+c+b c+a




i.e.

ab n be n ca S ab n be n ca
clb+c¢) a(c+a) bla+b) ~cla+bd) alb+c) b(c+a)

Hence, in order to prove the inequality

ab . be n ca
c(b+c) a(c+a) blat+bd) —
it will be enough to show that

| W

ab L be i ca S
cla+b) alb+c) blct+a)

But this inequality can be rewritten as

N W

ab n be . ca
ca+bc ab+ca  bc+ ab
which follows from Nesbitt.

3
> =
-2

Third Solution. (Hardsoul and Darij Grinberg - ML Forum) The inequality

1+a 14+b 1+c¢ b ¢ a
<2(—+ -+ -
l-a 1—-b 1—¢— (a+b+c)
can be transformed to
3 a b c a ¢ b
< 4 -2

§+b+c+c+a+a+b_c b a

or equivalently to

ab 4 be n ca §
cb+c) alc+a) bla+d) ~ 2

ab be ca
cb+¢c)"\ alc+a)”\ b(a+b)

(\/b+c,\/a+c,\/a+b)

2
LHS - (2a+ 2b+ 2¢) > <\/Zb+\/l;c+\/f)
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we have



To establish the inequality LHS > % it will be enough to show that

([[[)<>

Defining \/% =z, /5 =y, ab — > we have

C

oo [T
b c b ¢

and similarly zx = b and xy = ¢, so that the inequality in question,
b b ’
c ca a
(\/—i—ﬂ-ﬁ-ﬂ) >3(a+b+c)
a b c

(z+y+2)°>3(yz+ 2z + ay)

takes the form

what is trivial because

—_

(2+y+2)° =3z +zm+ay) =5 (4-2"+ -2 +@-y)7)
g

Fourth Solution. (Behzad - ML Forum) With computation we get that the
inequality is equivalent to:

Z(Z a®b® + Z a*b?) > 6a*b*c? + Z a*b*c + a®bc?
which is obvious with Muirhead and AM-GM.

15. (Vietnam 2005) (a,b,c > 0)
a 3+ b 3+ c 3>§
a+b b+c ct+a) T8

Solution. (Ercole Suppa) In order to prove the inequality we begin with the
following Lemma

LEMMA. Given three real numbers z,y, z > 0 such that zyz = 1 we have

L SR SR
(14+2)° (1+y)? (Q+2)7° 4
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Proor. WLOG we can assume that zy > 1, 2 < 1. The problems 17 yields

(S SUNPRUE BN
e 4y Lray =+l

Thus it is easy to show that

1 n 1 n 1 S A n 1 S §

(1+2)"  (1+y° (1+2)7 " 2+1 (1427 4
and the lemma is proved. ]

The power mean inequality implies
i/a3+b3+c3 < \/a2+b2+c2
3 - 3
1

R e (RN LR M (1)

V3

Thus setting = = g, y= ¢, 2= %, using (1) and the Lemma we have:

a 3 b 3 ‘ 3
o= (223 () + ()
+b b+c c+a

a

1 [ a 2 b 2 c 21/
>
VA a+b> +<b+c> +<c—|—a> -

- 3/2

1 1 1 1 />
TV |+ (1+y)? (A+2)?] T

1 /3\*? 3
> (= ==
=5 (1) -3

0

Remark. The lemma can be proved also by means of problem 17 with a = x,
b=y, c=2z2d=1.

16. (China 2005) (a+b+c=1, a,b,c>0)

10(a® +b* +¢*) —9(a® + b° +c°) > 1
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Solution. (Ercole Suppa) We must show that for all a, b, ¢ > 0 with a+b+c =1

results:
Z (1Oa3 — 9a5) >1

cyc

The function f(z) = 1023 — 925 is convex on [0, 1] because
f"(z) =30z (2—-32%) >0, Vzel0,1]

Therefore, since f (%) = z, the Jensen inequality implies

1
3

f<a>+f<b>+f<c>23f(“+§+c> zg.f(;> 1

17. (China 2005) (abed =1, a,b,c,d > 0)

1 1 1 1
> 1
(ta? U302 Tax02 " a5a2 "~

First Solution. (Lagrangia - ML Forum) The source is Old and New Inequal-
ities [4]. The one that made this inequality is Vasile Cartoaje.
I will post a solution from there:

The inequality obviously follows from:

1 n 1 S 1
(14a)?2 (1402 " 14ab

and

1 1 1
>
T+rof T+rdP- (1tecd
Only the first inequality we are going to prove as the other one is done in the
same manner: it’s same as 1+ ab(a? + b?) > a2b? + 2ab which is true as

1+ ab(a® + b?) — a?b* — 2ab > 1 + 2a%b* — a®b* — 2ab = (ab — 1)?
This is another explanation:

1 N 1 1 abla—b)*+ (ab—1)2
(14+a)2  (14+b)2 1+ab  (1+a)2(1+b)2ab)
Then, the given expression is greater than

1/1+ab)+1/(1+ecd) =1

with equality if a=b=c=d = 1.
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Second Solution. (Iandrei - ML Forum) I've found a solution based on an
idea from the hardest inequality I've ever seen (it really is impossible, in my
opinon!). First, I'll post the original inequality by Vasc, from which I have taken
the idea.

Let a,b,c,d > 0 be real numbers for which a? + b? + ¢ + d?> = 1. Prove that
the following inequality holds:

(I1-a)(1=0b)(1—c)(1—d) > abed

T'll leave its proof to the readers. A little historical note on this problem: it
was proposed in some Gazeta Matematica Contest in the last years and while
I was still in high-school and training for mathematical olympiads, I tried to
solve it on a very large number of occasions, but failed. So I think I will always
remember its difficult and smart solution, which I'll leave to the readers.

Now, let us get back to our original problem:

Let a,b,c,d > 0 with abed = 1. Prove that:

1 1 1 1
> 1
(+a? 0302 "xe2 " Uxa2~

Although this inequality also belongs to Vasc (he published it in the Gazeta
Matematica), it surprisingly made the China 2005 TSTs, thus confirming (in
my opinion) its beauty and difficulty. Now, on to the solution:

Let

1 1 1 ; 1
xr = = —\ 2 = —
1+a /" 140 1+¢’ 1+d
Then
l—2 1—y 1—2 1—1¢
abed =1 = T v. c. =1=1-2)1-y)(1—2)(1—t) = zyzt

x Y z t

We have to prove that z2 +y2 + 22 +t2 > 1. We will prove this by contradiction.
Assume that 22 +y? + 22 + 2 < 1.

Keeping in mind that 22 +y?+ 22 +1% < 1, let us assume that (1—x)(1—y) < 2t
and prove that it is not true (I'm talking about the last inequality here, which
we assumed to be true). Upon multiplication with 2 and expanding, this gives:

1 -2 +y)+ 1420y < 22t
This implies that
2t > a4+ + 22+ 12 2@ +y) + 1+ 22y
So, 2zt > (z+vy)? —2(z+y) +1+ 2% +t2, which implies (2 —#)?+ (x+y—1)? < 0,

a contradiction. Therefore, our original assumption implies (1 —z)(1 —y) > zt.
In a similar manner, it is easy to prove that (1 — z)(1 —¢) > zy. Multiplying
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the two, we get that (1—2)(1 —y)(1—z)(1 —t) > zyzt, which is a contradiction
with the original condition abcd = 1 rewritten in terms of z,y, 2, t.
Therefore, our original assumption was false and we indeed have

x2+y2+22+t221

18. (China 2005) (ab+bc+ ca = %, a,b,c > 0)

_

1 1
<3
a2—bc+1+b2—ca+1+02—ab+1_

First Solution. (Cuong - ML Forum) Our inequality is equivalent to:
1

a
> 3
Z3a(a—|—b—|—c)—|—2 “a+b+c

Since ab + bc + ca = %, by Cauchy we have:
(a+b+c)?
LHS 2 @+ P+ ) 1 2(atbta)
a+b+c _
S 3(a2+ 2+ 2)+2(a+b+e)
a+b+c
3(a? + b% + ¢ + 2ab + 2ac + 2bc)
at+b+c 3
3(a+b+c)? a+b+tc

Second Solution. (Billzhao - ML Forum) Homogenizing, the inequality is
equivalent to

1 1
<
;a(a+b+c)+2(ab+bc+ca) ~ ab+bc+ ca

Multiply both sides by 2(ab + bc + ca) we have

Z 2(ab + be + ca) <
“a(a+b+c)+2(ab+bc+ca) ~
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Subtracting from 3, the above inequality is equivalent to

Z ala+b+c) > 1
g ala+b+c)+2(ab+ bc+ ca) —
Now by Cauchy we have:

CL2

>
(a+b+c)+2a(ab+bc+ca) —

LHS:(a+b+c)Za2
cyc

> (a+b+c)
T Yeye 0% (a+b+c) + 2a(ab + be + ca)]

=1

19. (Poland 2005) (0 < a,b,c<1)

a . b . c <
bc+1 ca+1 ab+17—

2

First Solution. (See [25] pag. 204 problem 95) WLOG we can assume that
0<a<b<c<1. Since 0 <(1—a)(l—b)we have
a+b<1l4+ab<14+2ab =
a+b+c<a+b+1<2(1+ab)

Therefore

a+b+c<a+b+c<a+b+c<2
1+bc 14ac 1+ab~ 1+ab 14+ab 14+ab~ 1+ab —

g

Second Solution. (Ercole Suppa) We denote the LHS with f(a,b,c). The
function f is defined and continuous on the cube C' = [0,1] x [0,1] x [0, 1] so,
by Wierstrass theorem, f assumes its maximum and minimum on C. Since f
is convex with respect to all variables we obtain that f take maximum value in
one of vertices of the cube. Since f is symmetric in a, b, ¢ it is enough compute
the values f(0,0,0), f(0,0,1), £(0,1,1), f(1,1,1). It’s easy verify that f take
maximum value in (0,1,1) and f(0,1,1) = 2. The convexity of f with respect
to variable a follows from the fact that

T b c
f(z,b,¢) = bc—i—1+cx+1 +ba:—i—l

is the sum of three convex functions. Similarly we can prove the convexity with
respect to b and c. O
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20. (Poland 2005) (ab+ bc+ ca =3, a,b,c > 0)

a®+ b+ ¢+ 6abe > 9

Solution. (Ercole Suppa) Since ab + bc + ca = 1 by Mac Laurin inequality we

have:
a+§—i—cZ /ab—&-l;)c—l—cazl (1)

By Schur inequality we have
Za(a—b)(a—c) >0 =
cyc

a3—|—b3+c3+3abCZZa2b

sym

and, from (1), it follows that

a® + b2 + ¢ + 6abe > a®b + a’c + abe + b%a + b’c + abe + 2a + b + abe =
=(a+b+c)(ab+ bc+ ca) =
=3(a+b+c)>9

21. (Baltic Way 2005) (abc =1, a,b,c > 0)

a b c

>
a2+2+62+2+02+2_

1

Solution. (Sailor - ML Forum) We have

a a
Za2—|—2§22a+1

We shall prove that > 5% <1 or

2a 1
Z2a+1S2 — Z2a+121

Clearing the denominator we have to prove that:

2Zaz6

wich is true by AM-GM. d
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22. (Serbia and Montenegro 2005) (a,b,c > 0)

o b s Patbro
Vbte Veta Va+b V2

Solution. (Ercole Suppa) Putting

a b c

T axbre Y= a¥o+e T atbtec

the proposed inequality is exctly that of problem 10.

23. (Serbia and Montenegro 2005) (a +b+c¢ =3, a,b,c > 0)

Va+Vb+ /e >ab+be+ ca

Solution. (Suat Namly - ML Forum) From AM-GM inequality we have

a®> ++va++va>3a

By the same reasoning we obtain

b2 +Vb+ Vb > 3b

4+ e+e>3e

Adding these three inequalities, we obtain

a2+b2+c2+2(\/&+\/5+\/6) >3(a+b+c)=

=(a+b+¢) =
=a® +b%+c* +2(ab + be + ca)

from which we get the required result.

24. (Bosnia and Hercegovina 2005) (a +b+c=1,a,b,c > 0)

1
aVb+ byc+ eva < 7
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Solution. (FErcole Suppa) From the Cauchy-Schwarz inequality we have

(a\fb+bﬁ+c\/&)2 - <Z\/&x/cﬁ>2 <

cyc
cyc cyc
= (ab+bc+ ca) <
1 1
< g(a—i-b—i—c)Q: 3

Extracting the square root yields the required inequality. O

25. (Iran 2005) (a,b,c > 0)

e by e 2>( TN .
b ¢ a =\ ¢ a b ¢

the inequality become

(x+y+2)°?>4rtytetaytaztyz <—
Pyt taytaztyz >3+ tytz

where zyz = 1. From AM-GM inequality we have
xy+xz+yz23W:3 (1)
On the other hand we have
1\’ 1\? 1\?
(r3) () +(5) 20 =
x2+y2+222x+y+z+%2x+y+z (2)

Adding (1) and (2) yields the required result. O

26. (Austria 2005) (a,b,c,d > 0)

1 1 1 1 a+b+c+d
T e E L L L
a3 T c3 + d3 — abed
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Solution. (Ercole Suppa) WLOG we can assume that a > b > ¢ > d so

25 2=-2

ol

IS

Q|
(SN

Since the RHS can be written as

atbresd 111 1
abed "~ bed  acd  abd  abe

from the rearrangement (applied two times) we obtain

Lol 1 11111 avbiesd
as 3 d3 ~ bed  aed  abd @ abe abed

27. (Moldova 2005) (a* +b* +c* =3, a,b,c > 0)

1 . 1 n 1 <1
4—ab 4—bc 4—ca

First Solution. (Anto - ML Forum) It is easy to prove that :

1 1 a*+5
Z4—ab§24—a2 Sz 18

The first inequality follows from :

2 < 1 n 1
4—ab~ 4—a?2 4—0b?

The second :
1 < a*+5
4—a2 — 18

is equivalent to :
0<4a*+2—a°—-5a%> <= 0<(a®-1)32-d?
which is true since a* < 3 and as a result a2 < 2.

Thus
1

1 4 4 4 4
2{: < 2{: a*+5 _ a*+b*+c*+15 _ 3+15 _
4 —ab 18 18 18

cyc cyc
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Second Solution. (Treegoner - ML Forum) By applying AM-GM inequality,
we obtain

1 1
LHS < Z a*4b4 - Z 3—c*
4=/ 4=/ 5

Denote
_3—04 _3—04 _3—04
u=— , V= , W=
Then 0 < u,v,w < 2 and u+v+w = 3. Let f( ):4—1\/6' Then
1
")) —
F) = ma =
=3 3 1
" __u4(1_1 2)
)= Ayt —uit)3

Hence f"”(u) < 0 for every 0 < u < % By apply Karamata ’s inequality for the
function that is concave down, we obtain the result. O

28. (APMO 2005) (abc =8, a,b,c > 0)
a? b? c?

V(I +a3)(1+63) * VI +3)(1+3) * VI +3)(1+ad)

4
> =
-3

First Solution. (Valiowk, Billzhao - ML Forum) Note that

a2_|_2: (a2_a+1)+(a+1) >\/(a2

5 5 —a+1)(a+1)=+Va3+1

with equality when a = 2. Hence it suffices to prove

a2 b2 2
@122 +2)  PE@+2) (@ +2)@12)

1
>
-3
and this is easily verified. In fact clearing the denominator, we have

3) a*(?+2) > (a® +2)(0° + 2)(c” +2)

cyc

Expanding, we have

6a + 6b° + 6¢ + 3a2b? + 3b%c? + 3c%a® >
> a?b2¢? + 24202 + 20%¢? + 2¢2a® + 4a? + 4b% + 4% + 8
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Recalling that abc = 8, the above is equivalent to
2a% +2b% + 2¢% + a?b? + b?c? + c*a? > 72

But 2a? +2b% +2¢% > 24 and a?b? + b%c? + c?a? > 48 through AM-GM. Adding
gives the result.
O

Second Solution. (Official solution) Observe that

1 2
>
V1i+ad — 2+a2

In fact, this is equivalent to (2 + 22)? > 4(1 + 23), or z?(x — 2)? > 0. Notice
that equality holds if and only if if x = 2. Then

a? b2 c?
+ + >
VA+a@)([1+0%) O+ A+ VA +A)(1+ad)
S 4a? n 4b2 . 4¢2 S
T 2+a2)2+0) " 2+4)2+)  2+A)2+3) T
2-S(a,b,c)
~ 36+ S(a,b,c)
B 2
L+ S(zi?),c)

where
S(a,b,¢) =2 (a® + b* + ) + (ab)® + (be)* + (ca)®

By AM-GM inequality, we have

a? + b+ > 3¢/ (abe)® = 12

(ab)® + (be)® + (ca)® > 34/ (abe)* = 48

The above inequalities yield
S(a,b,¢) =2 (a® + % + %) + (ab)® + (be)® + (ca)® > 72

Therefore
2 2 4

> - —
36 - 36
L+ S(a,b,c) L+ 72 3

which is the required inequality. Note that the equalitiy hold if and only if
a=b=c=2. O
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29. (IMO 2005) (zyz > 1,z,y,z > 0)

25— 22 y5 — 42 45 52

>
PPt Pt tal B raiay

First Solution. (See [32], pag. 26) It’s equivalent to the following inequality
22— b y? — ¢ 52 _ 55
— +1 —_— +1 — +1) <3
($5+y2+22+>+<y5+22+$2+)+(25+$2+y2+>_

2242422 a4yt 422 2?4y 422
4yt 422 yPv 42242 S at+4y? T
With the Cauchy-Schwarz inequality and the fact that xyz > 1, we have

or

v+t +20 _yrty’ 4

5 2 2 2 2 2 2 2\2
@y +2) Y24y +27) 2 @Oy ) or e S

Taking the cyclic sum and 22 + y? + 22 > zy + yz + 2z give us

224+ y?+ 22 22+ yP 422 2?4y 4 22 TY +yz +zw
<24 —F
x5+y2+22 y5+z2_~_$2 Z5_‘_$2+y2* $2+y2+z2*

Second Solution. (by an IMO 2005 contestant Iurie Boreico from Moldova,
see [32] pag. 28). We establish that

.’E5—.’E2 £C5—ZC2

> .
254+ y2+ 22 T 2322 4 y? + 22)

It follows immediately from the identity

$5 _ iE2 CL’S _ 3:2 - (333 _ 1)21'2(3/2 + 22)
b +y? 422 2322 +y?+22) 232 +y? 4 22)(ad +y? 4 22)

Taking the cyclic sum and using xyz > 1, we have

z° — 22 1 , 1 1 5
Zx5+y2+z22x5+y2+222 e 2x5+y2+222(x —yz) 2 0.

cyc cyc cyc

O

30. (Poland 2004) (a +b+c¢=0,a,b,c € R)

b2c? + ?a® + a®b® + 3 > 6abe
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First Solution. (Ercole Suppa) Since a + b+ ¢ = 0 from the identity
(ab+ be + ca)® = a®b? + b2 + Pa® + 2abe(a + b + )

follows that
a?b® + b2 + a® = (ab+ be + ca)®

Then, from the AM-GM inequality we have
a?b? + b2 + a® >3- (W)z
By putting abc = P we have
a’b® + b°? + 2a® + 3 — 6abe >
>9 (abc)% + 3 — 6abc =

=9pP* — 6P +3 =

2
1
=3 (P2—1)2+2P2<P—> +gp2 >0

2

Second Solution. (Darij Grinberg - ML Forum)
For any three real numbers a, b, ¢, we have

(b2c2 + 2a® + a®V? +3) — 6abc =
=+ (c+1)+(c+D*(@a+1)°+(a+1)° (b+1)
—2(a+b+c)(a+b+c+bc+ca+ ab+2)

so that, in the particular case when a + b+ ¢ = 0, we have
(b*c? + a® + a®b® + 3) — 6abc =
=0+ (c+ 1)’ +(c+ 1) (a+ 1)+ (a+1)% (b+1)°
and thus

b2c? 4+ ?a® + a®b? + 3 > 6abe
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Third Solution. (Nguyenquockhanh, Ercole Suppa - ML Forum)
WLOG we can assume that a > 0 e b > 0. Thus, since ¢ = —a — b, we have

a’b? + b2 + c*a® + 3 — 6abc =
= a?b? + (a® + %) (a +b)* + 3+ 6ab (a + b) >
> (a® + %) (a® + ab+b%) + ab (a® + b*) + a®b* + 3+ 6ab (a + b) >
> 3ab (a® + b*) + 3 (a®0* + 1) + 6ab (a + b) =
> 3ab (a® + b*) + 6ab + 6ab (a + b) =
= 3ab (a® +b2+2—|—2a+2b)
[

= 3ab | (a + 1) b+1)} 0

31. (Baltic Way 2004) (abc = 1,a,b,¢ > 0,n € N)

1 1 1
<1
a"+b”+1+b"+cn+1+cn—|—a"—|—l -

Solution. (FErcole Suppa) By setting a™ = x, b" = y e ¢" = z, we must prove

that
1 1 1

+ +
l+z+y 1+y+2z 1+z+zx
where xyz = 1. The above inequality is proven in the problem 7. ]

32. (Junior Balkan 2004) ((x,y) € R? — {(0,0)})

2V/2 S x4y
Var4y? T 2t —ay+y?

First Solution. (Ercole Suppa) By using the two inequalities
Ty < V202 +y?) 2y <202 —ay + o)

we have:

x+y)\/x2+y2<\/2(:c2+y \/a:2+y
2 —zy+y? 2?2 —zy+y?
< V2(z? + y?) <
T —ay+y?
2 _ 2
(% — 2y +y?)

235



Second Solution. (Darij Grinberg - ML Forum) You can also prove the in-
equality by squaring it (in fact, the right hand side of the inequality is obviously
> 0; if the left hand side is < 0, then the inequality is trivial, so it is enough to
consider the case when it is > 0 as well, and then we can square the inequality);
this leads to

(x+y)? _ 8
($2_$y+y2)2 — $2+y2

This is obviously equivalent to

(z + )2 (2? + y?) < 8(2? — 2y + ¢°)?

But actually, an easy calculation shows that
8(z® —ay +9%)* — (z +y)°(@® +¢?) = (z — y)* [2(x — y)* + 52 + 5y°] >0

so everything is proven.

g

33. (IMO Short List 2004) (ab+ bc+ca =1, a,b,c > 0)
1 1 1 1
i’/—l—6b—|—§’/—|—6c—|—§/+6a§ —

a b c abc

First Solution. (Ercole Suppa) The function f(z) = &z is concave on (0, +00).
Thus from Jensen inequality we have:

1 1 1
Zf<;+6b>§3f<a+b+6+36a+6b+60> (1)

cyc

From the well-know inequality 3(xy + yz + z2) < (z + y + 2)? we have

3abc(a+b+c) = 3(ab-ac+ab-bc+ac-bc) < (ab+bc+ca)*> =1 =

2
< — 2
6(a+b+c)_abc (2)
The AM-GM inequality and (2) yields
1 1 1 b+ 2 3
N RN EN [P . R (3)
a b ¢ abc abc  abc

Since f(z) is increasing from (1) and (3) we get

f<1+6b>+f<1+60>+f(1+6a> <3-f<1>: s L
a b c abe Sabe ~ abe
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where in the last step we used the AM-GM inequality

3 34/(abe)® _ 3Vab-be-ca _ 3. bt
Vabe abc abc - abc abe

Second Solution. (Official solution) By the power mean inequality

1 1
g(u+v+w)é §/3(u3+v3+w3)

the left-hand side does not exceed

3 4/1 1 1 3 s/ab+bc+ ca
= +6b+ — +6c+ -+ 6a = ————— +6(a+b
33\/a+ +4 +6c+ — +6a 7 e +6(a+b+c) (¥

The condition ab + bc + ca = 1 enables us to write

1—ab  ab— (ab)?

c abe

_be— (be)? et T (ca)?

a+b= , b+c

abe abe
Hence

ab + be + ca

o +6(a+b—i—c):£+3[(a+b)+(b+c)+(c+a)]:

4 — 3[(ab)2 + (be)? + (ca)ﬂ

abce

Now, we have
3((ab)? + (be)® + (ca)®) > (ab+ be+ ca)® =1

by the well-known inequality 3(u? +v? +w?) > (u + v +w)2. Hence an up-
per bound for the right-hand side of () is 3/Vabc. So it suffices to check
3/V/abc < 1/(abc), which is equivalent to (abc)? < 1/27. This follows from the
AM-GM inequality, in view of ab + bc 4+ ca = 1 again:

(abe)? = (ab)(be)(ca) < <ab+l’;+“‘>3 _ <1>3 .

Clearly, equality occurs if and only if a = b= c = 1//3. O

Third Solution. (Official solution)

Given the conditions a, b, c > 0 and ab+ bc+ ca = 1, the following more general
result holds true for all ¢1,t5,t35 > 0:

2
3abe(ty + to + t3) < 3+ at$ + bt + cts. (1)
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The original inequality follows from (2) by setting

=Ll e t—li/q t—l\s/q
LT3V Ty TRe BTy T

In turn, (1) is obtained by adding up the three inequalities
1 1 1 1 1 1
3abety < o+ gbc +at}, 3abcty < g tgeat bts, 3abectz < gt gab + ct3.

By symmetry, it suffices to prove the first one of them. Since 1 — be = a(b+ ¢),
the AM-GM inequality gives

at$ t3 5 t5
(1—bc)+b:a<b+c+b)23a bc-b—:3at1.
C C C

Hence 3abct; < be(1 — be) + at3, and one more application of the AM-GM in-
equality completes the proof:

2 1
3abet; < be(1 — be) + at? = be <3 - bc> + gbc—}— at?

2
be + (2 — be) 1 11
< <;> —|—§bc—|—at3 =57 gbc+at§’.

34. (APMO 2004) (a,b,c > 0)

(a® 4 2)(b* +2)(c* +2) > 9(ab + be + ca)

First Solution. (See [32], pag. 14) Choose A, B,C € (0, g) with @ = v/2tan A,

b =+/2tan B, and ¢ = v/2tan C. Using the well-known trigonometric identity

29 _ 1 o
1+ tan“ 6 = cos7g> one may rewrite it as

4
g > cos A cos B cos C (cos Asin Bsin C + sin A cos B sin C' + sin A sin Bcos C) .

One may easily check the following trigonometric identity

cos(A+B+C) =

= cos Acos BcosC — cos Asin BsinC — sin A cos Bsin C' — sin Asin B cos C.

Then, the above trigonometric inequality takes the form

4
9 > cos A cos B cos C (cos Acos BcosC —cos(A+ B+ C)).
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Let 0 = AJF'%JFC. Applying the AM-GM inequality and Jensen’s inequality, we

have

cos Acos BcosC < ( 3

COSA+COSB—|—COSC>3 < cos 6.

We now need to show that
g > cos® f(cos® § — cos 36).
Using the trigonometric identity
cos30 = 4cos®H —3cosf or cos36 — cos30 = 3cosh — 3cos® b,
it becomes

4 4 2
2—72008 9(1 cos 9),

which follows from the AM-GM inequality

1
cos? cos?0 o \° _ 1 [cos*0 cos®0 5 1
< 5 g -(1—cos 9)> §3( 2 + 5 +(1—cos 0))—3.
One find that the equality holds if and only if tan A = tan B = tanC' = % if
and only ifa =b=c= 1. O

Second Solution. (See [32], pag. 34) After expanding, it becomes
8 + (abc)? +22a262 +4Za2 > QZab.
cyc cyc cyc
From the inequality (ab — 1) + (bc — 1)% + (ca — 1) > 0, we obtain
6+2> a’*>4> ab.
cyc cyc

Hence, it will be enough to show that

2+(abc)2+42a2 Z5Zab.

cyc cyc

Since 3(a? + b* + ¢*) > 3(ab + bc + ca), it will be enough to show that

2+(abc)2—|—2a2 ZQZab,

cyc cyc

which is proved in [32], pag.33.
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Third Solution. (Darij Grinberg - ML Forum)
First we prove the auxiliary inequality
1+ 2abc + a® + b* + ¢* > 2bc + 2ca + 2ab

According to the pigeonhole principle, among the three numbers a — 1, b — 1,
c — 1 at least two have the same sign; WLOG, say that the numbers b — 1 and
¢ — 1 have the same sign so that (b — 1)(c — 1) > 0. Then according to the
inequality x2 + y? > 2zy for any two reals = and y, we have

b—12+(c-12>20b-1)(c—1)> —-2(a—1)(b—1)(c—1)
Thus
(1+ 2abe + a® + b+ 02) — (2bc + 2ca + 2ab) =

=(a—1)24+b-1)*+(c—1D?+2a@—-1)b—-1)(c—-1) >
> (a—1)2>0

and the lemma is proved. Now, the given inequality can be proved in the
following way:

(a® 4+ 2)(b* +2)(c®* +2) — 9(ab + be + ca) =

= 2 (b= 0+ (= a)*+ (a— 1)) +2((be — 1 + (ca—1)” + (ab—1)?) +

+ (abe — 1)* + ((1 + 2abc + a* 4+ b* + ¢*) — (2bc + 2ca + 2ab)) > 0

Fourth Solution. (Official solution.)
Let z=a+b+ ¢, y=ab+ bc+ ca, z = abc. Then

AP+ =22
a?b? + b2 + ?a? = y? — 2z
a2b22 = 52
so the inequality to be proved becomes

z2+2(y2—2xz)+4(1:2—2y)—|—829y

or
22427 —drz+ 422 — 1Ty +8>0

Now from a? + b + ¢? > ab + bc + ca = y, we get

22 =a? 4+ ++2y >3y
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Also

a®b? + b2c? + a*c? = (ab)? + (be)* + (ca)? >
> ab-acHbc-ab+ac-bc=
=(a+b+c)abc = zz

and thus
y2a2b2 + 0% +a%c? + 222 > 3x2
Hence
22427 —dxz +42% — 1Ty + 8 =
_ (z—§>2+g(y—3)2+§(y2—3mz) +%(x2—3y) >0

as required.

35. (USA 2004) (a,b,c > 0)

(a®—a®>+3)(b° —b*+3)(" —~c2+3)>(a+b+c)

Solution. (See [11] pag. 19) For any positive number z, the quantities 22 — 1
and 23 — 1 have the same sign. Thus, we have

0<(@®-1)@a2*-1)=a—23—2°+1 = 2°—-224+3>234+2
It follows that
(a® —a® +3)(b° — b +3)(c® — 2 +3) > (a® +2)(b* +2)(c* +2)
It suffices to show that
(@ +2)(b° +2)(¢* +2) > (a+b+¢)° (%)
Expanding both sides of inequality (x) and cancelling like terms gives

a*b®c® +3(a® + b + ) +2(a*b® + b33 + 2a®) +8 >
> 3(a®b+ b%a + bc + b+ c*a + a’c) + 6abe

By AM-GM inequality, we have a®+a3b% +1 > 3a%b. Combining similar results,
the desidered inequality reduces to

P+ ++E+1+1> 6abe

which is evident by AM-GM inequality. O
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36. (Junior BMO 2003) (z,y,z > —1)

1+ 22 1492 1+ 22 S5
1+y+22 1+z+22 1+z+9y?2 "~

Solution. (Arne - ML Forum) As x < # we have
2 2

Tty+2 =2 (l+y?)+20+2)
Denoting 1 + 22 = a and so on we have to prove that

a
Zb+2621

but Cauchy tells us

St Yoz (Ya)

and as
(Za>2 > 3(ab+bc+ca) = Za(2b+ c)

we have the result. O

37. (USA 2003) (a,b,c>0)

(2a + b+ c)? (2b+ ¢+ a)? (2¢ + a + b)? <3
2024+ (b+¢)2 202+ (c+a)? 22+ (a+b)? —

First Solution. (See [10] pag. 21) By multipliyng a, b and ¢ by a suitable
factor, we reduce the problem to the case when a + b 4+ ¢ = 3. The desidered
inequality read

(a+3)* (b+3) (c+3)° <8
22+ (3—a)” 22+ (3-b)° 22+(3-¢)" "
Set ( )2
S G )
flx) = 222 1 (3— 1)
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It suffices to prove that f(a)+ f(b) + f(c) < 8. Note that

2?2 +62+9

:1(1Jr 8z +6 ):

3 2 —2x+3

:1(1+ 8z + 6 )
3 (x—-1)2+2) ~

1 8xr + 6 1
< -1 =—(4 4
_3(+ 5 ) 3(x+)

A

Hence )
fla)+ f(b)+ f(c) < 5(4a+4—|—4b+4—|—4c+4):8

as desidered, with equality if and only if a = b = c. O

Second Solution. (See [10]) We can assume, WLOG, a+b+c¢ = 1. Then the
first term of LHS is equal to

a+1)? a?+2a+1
fla) = 2( ) 2 7 2.2
2a% + (1 —a) 3a? —2a+1

(When a = b = c = , there is equality. A simple sketch of f(z) on [0,1] shows

the curve is below the tangent line at x = %, which has the equation y = %)
So we claim that

1
3
a’+2a+1 < 12a + 4
3a2—-2a+1~ 3
for a < 0 < 1. This inequality is equivalent to

36a® — 15a® —2a+ 1= (3a —1)*(4a+1)>0 , 0<a<1

hence is true. Adding the similar inequalities for b and ¢ we get the desidered
inequality. O

38. (Russia 2002) (z+y+ 2 =3, z,y,2 > 0)

VI +\y+vz> ey +yz+ e

Solution. (Ercole Suppa) See Problem 23. O
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39. (Latvia 2002) (1+1a4 + 1+1b4 + 1+104 + 1+1d4 =1, a,b,c,d > 0)

abed > 3

First Solution. (Ercole Suppa) We first prove a lemma:

LEMMA. For any real positive numbers x, y with zy > 1 we have
1 n 1 < 2
2+1 9241 ay+1

PROOF. The required inequality follows from the identity

1 n 12 (x—y)* (zy —1)
?+1 y?*+1 ay+1l (@ +1) (@ +1)(zy+1)

the proof of which is immediate. O

In order to prove the required inequality we observe at first that

1 1
<1l = dad¥*'>1 = da*’*>1
1—}—a4+1+b4_ “v = “ -

Thus by previous lemma we have

1 n 1 S 2
14+a* 1404 a202+1

and similarly

1 4 1 S 2 (2)
1+c¢t 1+dt~ 2d?2+1

Since ab > 1 e cd > 1 we can add (1) and (2) and we can apply again the lemma:

1 1 1 1

p— >
1—|—a4+1+b4+1+c4+1+d4 -

1 1
> 2 >
- <a2b2+1 +02d2+1) -
4
>
~ abdc+1

Thus abed + 1 > 4 so abed > 3. O

1
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Second Solution. (See [32], pag. 14) We can write a® = tan 4, b?> = tan B,
2 =tanC, d?> = tan D, where A, B,C,D € (0, g) Then, the algebraic identity
becomes the following trigonometric identity

cos? A+ cos? B + cos®> C' +cos’ D = 1.
Applying the AM-GM inequality, we obtain
sin? A =1 — cos® A = cos® B + cos® C + cos®> D > 3 (cosBcochosD)% .

Similarly, we obtain

Wl

sin? B >3 (cosC’cosDcosA)% ,sin? C' > 3 (cos D cos A cos B)

and )
sin® D > 3 (cos Acos BcosC)® .

Multiplying these four inequalities, we get the result! O

40. (Albania 2002) (a,b,c > 0)

1+3
3v3

11 1
(a2+b2+02)<a+b—|—c>2a+b+c+ a? + b% + ¢?

Solution. (FErcole Suppa) From AM-GM inequality we have

a b ¢ abc abc Jabe
From AM-QM inequality we have

2 b2 2
a+b+c§3\/% 2)

From (1) and (2) we get

1 1 1 ab+bc+ca>3\/3a26202_ 3

at+btetVal TR+ _ sVal+0 4+ Va2 + 57+ ¢

< <
(@+02+e2) (F+ 14+ 1) (a? + %+ c?) 52=

_ 3+ V3 Va2 + 07+ A Vabe _
=T/3 3@+t -
<3+\/§\/m\/7“+§"+02:
T 3V3 a? + b% + ¢?
V31

- 3V3
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Therefore

14++3
3v3

11 1
(a2+b2+c2)(a+b+c)>a+b+c+ a? +b% + 2

41. (Belarus 2002) (a,b,c,d > 0)

2|ad — bc|
Vie+e)2+(b+d)

Va+e)?2+ (b+d)2+ = > Va2 + P+ + P> (o + 0 + (b+d)?

Solution. (Sung-Yoon Kim, BoesFX) Let A(0,0), B(a,b), C(—c,—d) and let
D be the foot of perpendicular from A to BC'. Since

1 0O 0 1 1
[ABC|=—|det| a b 1 = — |ad — bc|
2 2
—c —-d 1
we have that
_ 2[ABC] lad — be]

AH

BC \/(a+c)2+(b+d)2

So the inequality becomes:
BC+2-AH > AB+ AC > BC

ZA is obtuse, since A(0,0), B is in quadran I, and C' is in the third quadrant.
Since ZA is obtuse, BD + DC must be BC. By triangle inequality,

AB + AC > BC, BD + AD > AB, DC + AD > AC

So, AB+ AC < BD + DC +2AD = BC + 2AD and the inequality is proven.
O

42. (Canada 2002) (a,b,c > 0)

a® b c?
—+ —+—=2>a+b+c
be  ca ab
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First Solution. (Massimo Gobbino - Winter Campus 2006) We can assume
WLOG that a > b > ¢. Then from the rearrangement inequality we have

3.3 3 1 1 1 a2 v 2 a3
2>, —>—>—= = —+—+—< —+—+—
be ~ ac T ab b c a c ac ab
and
1 1 1 2 2 2
a? >0 >, == > = atbte< T + 24+ &
c b~ a b c a
Therefore

a® ¥ A3
atbt+c< —+—+ —
bc  ac ab

O
Second Solution. (Shobber - ML Forum) By AM-GM, we have
3
.
be
Sum up and done. O

Third Solution. (Puvthuan - ML Forum) The inequality is simple applications
of 22 +y? + 22 > xy + yz + zx for a?,b?, ¢ and ab, be, ca,. We have

a* +b* + c* > a?b® + b2 + 2a® > abe(a 4+ b+ c)

O
Fourth Solution. (Davron - ML Forum) The inequality
a* +b* + ¢t > a®b? + v + Fa? > abe(a + b+ ¢
can be proved by Muirheads Theorem. O

43. (Vietnam 2002, Dung Tran Nam) (a? +b%> +c¢* =9, a,b,c € R)

2(a+b+c)—abc <10
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First Solution. (Nttu - ML Forum) We can suppose, WLOG, that

laf < bl <] = >3 = 2ab<d®+b*°<6

We have
[2(a4b+c¢) —abd” = [2(a+b) +c(2—ab)]’ < (Cauchy-Schwarz)
<|(a+b)?+ cﬂ [22 +(2- ab)z} -
= 100 + (ab+2)* (2ab—7) < 100
Thus
2(a+b+c)—abc <10
0
Second Solution. (See [1], pag. 88, problem 93) O

44. (Bosnia and Hercegovina 2002) (a? + b* + ¢ = 1,a,b,c € R)

<
1+2bc+1+20a+1+2ab_

a? b2 c? §
5

Solution. (Arne - ML Forum) From Cauchy-Schwartz inequality we have

1= (a2+b2+02)2§ (Zl+2bc> (Za 1—|—2bc) (1)

From GM-AM-QM inequality we have:

<Za +2bc>:a2+b2+02+2abc(a+b+c)§

cyc
2 2 2\ 3 2 2 2
§1+2\/<a+b3+6> .3,/%: @)

_ 2 2 2 22_§
—1+3(a + 0% + %) =3

The required inequality follows from (1) and (2). O

45. (Junior BMO 2002) (a,b,c > 0)

1 L 1 n 1 > 27
bla+b) clb+c) alc+a) = 2(a+b+c)?
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Solution. (Silouan, Michael Lipnowski - ML Forum) From AM-GM inequality

we have
1 1 1 3
>

bla +0b) +c(b+c) +a(c+a) - XY

where X = V/abc and Y = {/(a +b)(b+ c)(c + a). By AM-GM again we have
that

¥ < at+b+ec
- 3
and 2 2b + 2
y < 2a+ 20+ 2c
- 3
So
3 27
>
XY ~ 2(a+b+c)?
and the result follows. O

46. (Greece 2002) (a®> +b*>+c* =1, a,b,c > 0)

a b c 3 2
Fi T It T ZZ(CL\/&—H)\/B—FC\E)

Solution. (Massimo Gobbino - Winter Campus 2006) From Cauchy-Schwarz
inequality, a® + b? + ¢? = 1 and the well-knon inequality

1
@V 0P 4P’ < S (a2 48+ )
we have
2 \f 2
a
ava + bVb + ¢ c) < <
(ava = (3 bw) <

(Z ab® + a2> =

cyc

(
(=+5)
) (Z bzil) (1+a%* + 0% + ) <
(=o5)
4
3

IN

1

1+§(a2+b2+02)] =



Hence

(Z%) > z (a\/&+b\/5+cﬁ)2

cyc

47. (Greece 2002) (bc # 0,17 >0, a,b,c € R)

10(a® 4 b* 4 ¢* — bc®) > 2ab + 5ac

Solution. (Ercole Suppa) At first we observe that % > 0 if and only if
be (1 —¢?) > 0. Thus:

10 (a2 +b02 42 —bcg) — 2ab — bac =
5 13
:5(b—c)2+g(a—c)2—|—(a—b)2+1Obc(1—02) +4b2+502+?a2 >0
O

48. (Taiwan 2002) (a,b,c,d € (0,3])

abed - a* + b+t + d?
I-a)(1-b1—-c)(1=-d) ~ (1—a) 4+ (1-0*4+(1—-c)*+(1—-d)*

Solution. ( Liu Janxin - ML Forum) We first prove two auxiliary inequalities:

LEMMA 1. If a,b € [0, %[ we have

a?+b _ (1—a)*+(1-10)?
b = (-a)(1-0)

PROOF. Since 1 —a —b > 0 (bacause 0 < a,b < 3) we get

a? + b? B (1—a)*+(1-b)* (1—a—b)(a—0b)? -0
ab (1—a)(1—-b)  ab(l—a)(l—0b) ~
LEMMA 2. If a,b,c,d € [O,%[ we have

(>-8)" _  (1-a?-(1-1?
abed T (1—a)(1=0b)(1-¢)(1—-4d)
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PROOF. Since 0 < ¢,d < % we get

(1-0¢)(1—-4d)

cd =1 (1)

Since 0 < a,b < % we get

(@-11)" (-a?-(0-0)" @-p'0-a-b)
ab (I1—-a)(1-0) ab(l—a)(1—-0b) ~

Therefore

(a2=12)* _ ((1—a)?—(1-1b)?)"
b = (I-a)-0) @)

Multiplying (1) and (2) we have

(28" (1-a?-(1-1)?
abcd T (1—a)(1-b)(1—-c)(1—-d)

and the LEMMA 2 is proven. O

Now we can prove the required inequality. By LEMMA 2, we have

a4+b4_|_c4+d4_(a2+b2)(b2+62) B

abed abcd
(@) (@) (=) (P
2abcd -
(-0 — (=) + (-0~ (1= + (12— (1 - )"+ (1=~ (1-d?)° _
= 2(1—a)(1—b)(1 —¢)(1 —d)
_(1-a)'+(A-b0)'+(A-0'+(1-d) (1=a)®+(1-0)?2) (1-0c)?+(1-d)?
(1-a)1=b)(1-¢)(1—-d) (1-a)1-b)(1-c)(1—d)

By LEMMA 1, we have

(a2 + b2) (b2 + 02) S ((1 —a)?+(1- b)2) ( 1—c)?+(1- d)2)
abed - (I-a)(1-=0b)(1—-0¢c)(1—d)

Thus, addingthe last two inequalities, we get

a4+w4w%+d4>(1—af+(r—®*+u—cﬁ+(y—@4
abcd - I-a)(1-0b)(1—-c)(1—-4d)

and the desidered inequality follows:

abed - at + vt 4+t +dt
A—a)(1-0)(1-c(1-d) ~ (1-a)+(1—-b*+(1—c)*+(1—d)*

251



49. (APMO 2002) (3 +, +; =1, z,y,2 > 0)
Ve tyz+Vy+ze+ V2t ay > Jryz + Vo +Jy+ V2

Solution. (Suat Namly) Multiplying by /zyz, we have

N T T
VayE = ot )

So it is enough to prove that

\/z—ka:yZ\/E—&—\/ﬁ
z

By squaring, this is equivalent to

z+:ry22+%+2\/97y —
z+:cy>z+a:y<1—glc—;>+2\/17y —
r+y>2xy =
(Vo —vy)’ 20

50. (Ireland 2001) (z +y =2, z,y > 0)
nyQ(IZ _|_y2) < 2.

First Solution. (Soarer - ML Forum)

:vy+2—:vy)2:2

:EQyQ(:U2 + y2) = x2y2(4 —2zy) = 2m2y2(2 —xy) < 2(1) ( )

O

Second Solution. (Pierre Bornzstein - ML Forum) WLOG, we may assume
that = <y so that x € [0, 1]. Now

2y (a? +y?) = 2°(2 - 2)*(a® + (2 - 2)?) = f(2)
Straighforward computations leads to
f(z) =421 —2)(2 —2)(22% — 62 +4) >0

Thus f is increasing on [0;1]. Since f(1) = 2, the result follows. Note that
equality occurs if and only if z =y = 1.
O
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Third Solution. (Kunny - ML Forum) We can set
x =2cos’ 6,y = 2sin® 0

so we have
22y (2% +y?) =2 —2cos* 20 £ 2

U
51. (BMO 2001) (a+ b+ c > abc, a,b,c>0)
a? +b% 4+ 2 > V3abe
First Solution. (Fuzzylogic - ML Forum) From the well-know inequality
(z+y+2)*>3(zy +yz + 22)
by putting = = bc,y = ca, z = ab we get
ab + be+ ca > +/3abe(a + b+ c)
Then
a® + % +c2 > ab + be + ca > /3abc(a + b+ c) > abeV'3
0

Second Solution. (Cezar Lupu - ML Forum) Let’s assume by contradiction
that

a® + b+ < abeV3

By applying Cauchy-Schwarz inequality, 3(a? + b2 + ¢?) > (a + b+ ¢)? and the
hipothesys a + b + ¢ > abc we get

abe < 3v/3
On the other hand , by AM-GM we have

abeV/3 > a? + b2 + ¢ > 3V a2b2¢2
We get from here abc > 31/3, a contradiction.
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Third Solution. (Cezar Lupu - ML Forum) We have

1 1 1
at+b+c>abcs —+ —+ —>1
ab  bc  ca
We shall prove a stronger inequality

1 1 1
ab+bc+ca2abcx/§<:>f—|—g+72\/§
a c

Now, let us denote x = %, Yy = %, z = % and the problems becomes:

If z,y, 2z are three nonnegative real numbers such that zy + yz + zz > 1, then
the following holds:

T4y+z2>V3

But, this last problem follows immediately from this inequality

(z+y+2)*>3(zy +yz + 22)

52. (USA 2001) (a® +b? + ¢®> + abc =4, a,b,c > 0)

0<ab+bc+ ca—abc <2

First Solution. (Richard Stong, see [9] pag. 22) From the given condition, at
least one of a, b, ¢ does not exceed 1, say a < 1. Then

ab+ bc+ ca —abc =a(b+c) +bc(l —a) >0
It is easy to prove that the equality holds if and only if (a,b,c) is one of the
triples (2,0,0), (0,2,0) or (0,0,2).
To prove the upper bound we first note that some two of three numbers a, b, ¢

are both greater than or equal to 1 or less than or equal to 1. WLOG assume
that the numbers with this property are b and c. Then we have

(1=b)(1—c) >0 (1)
The given equality a? 4 b% + c? 4 abc = 4 and the inequality b? + ¢? > 2bc imply
a® +2bc+abc <4 < be(2+ a) <4-a°
Dividing both sides of the last inequality by 2 + a yelds

bce<2—a (2)
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Combining (1) and (2) gives

ab+bc+ac—abc <ab+2—a+ac(l —b) =
=2—a(l+bc—b—c)=
=2—-a(l-0b)(1-¢)<2

as desidered. The last equality holds if and only if b = ¢ and a(1—b)(1 —¢) = 0.
Hence, equality for upper bound holds if and only if (a, b, ¢) is one of the triples

(1,1,1), (0,v2,v/2), (v/2,0,4/2) and (v/2,v/2,0). O

Second Solution. (See [62]) Assume WLOG a > b > ¢. If ¢ > 1, then
a?+b> +c2+abc >1+1+1+1 = 4, contradiction. So ¢ < 1. Hence
ab + bec + ca > ab > abe.

Put a =u+ v, b =u — v, so that u,v = 0. Then the equation given becomes

2+c)ul+ (2 -+ =4

So if we keep c fixed and reduce v to nil, then we must increase u. But ab+ bc+
ca—abe = (u?—v?)(1—c)+2cu, so decreasing v and increasing u has the effect of
increasing ab+bc+ca—abc. Hence ab+bc+ca—abce takes its maximum value when
a = b. But if a = b, then the equation gives a = b = /2 — ¢. So to establish that
ab+bc+ ca — abe < 2 it is sufficient to show that 2—c+2¢v/2 —c=2+¢(2—¢).
Evidently we have equality if ¢ = 0. If ¢ is non-zero, then the relation is
equivalent to 2¢/2 —c < 3—cor (c— 1)2 > 0. Hence the relation is true and we
have equality only for ¢ = 0 or ¢ = 1. O

53. (Columbia 2001) (z,y € R)

3(x+y+1)%+1>3xy

Solution. (FErcole Suppa) After setting x = y we have

320 +1)2+1-322>0 <= (3x+2)%*>0 (1)
where the equality holds if x = — % This suggest the following change of variable

3r+2=a , 3y+2==5

Now for all z,y € R we have:
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2
3(x+y+1)2+1—3a;y—3<a+13)_4+1> +1—3(a_2)9(b_2)—
_ (a+b—1)° L @—20-2%+4
3 3
_a?+ b +ab
===
40+ (a+b)’
- - -
(Bz+2)° + By +2)°+[B(z+y)+4°

6 2

54. (KMO Winter Program Test 2001) (a,b,c > 0)

V/(a2b + b2¢ + c2a) (ab? + be? + ca?) > abe+ ¥/ (a® + abe) (b3 + abe) (c3 + abe)

First Solution. (See [32], pag. 38) Dividing by abe, it becomes

2 2 2
3+9+9 E+9+9 > abe+ P (= +1 b—+1 < 41).
c a b a b ¢ be ca ab

%, z = ¢, we obtain the constraint ryz = 1.

After the substitution x = ¢, y =
It takes the form

T Y

\/(:c—l—y—i—z)(xy—i—yz—i—zx)Zl—i-i/(j—i—l) (3+1) <Z+1>.

From the constraint xyz = 1, we find two identities

(Z+1) (L+1) (y ; 1) _ ( * ) (yi) (;y) = () (o) (y+2),

(z+y+2) (zy +yz + 22) = (2+y)(y+2)(z+2) +ayz = (z+y)(y+2) (2 +2)+1.

Letting p = ¢/(z +y)(y + 2)(z + x), the inequality now becomes \/p? +1 >

14p. Applying the AM-GM inequality, we have p > 6/2. /TY - 2./YZ - 2+/zx = 2.
It follows that (p* +1) — (1 +p)> =p(p+ 1)(p—2) > 0. O
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Second Solution. (Based on work by an winter program participant, see [32]
pag. 43).

O

55. (IMO 2001) (a,b,c > 0)

a b c -1

+ + >
Va2 +8bc Vb2 +8ca 2 + 8ab

Solution. (Massimo Gobbino - Winter Campus 2006) Let T is the left hand
side of the inequality. We have

(a+b+c)’ = ( Vaya? + 860) (Cauchy-Schwarz)

S

cyc

T (ZNm) _

cyc

T- (Z Vavava? + 8bc> < (Cauchy-Schwarz)

cyc

N[

§T-(a—|—b—|—c)§< a3+8abc> =

cyc

[SIES

:T~(a+b+c)% (a® +b* + ¢ + 24abc)

Hence

(a+b+ c)%
(a3 + b3 + ¢3 + 24abc)

T > > 1

1
2
where in the last step we used the inequality

(a+b+c)®>a®+ b+ &+ 24abe
which is true by BUNCHING, since
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(a+b+0) > a® +b° + ¢ + 24abe

3 (Z a2b> + 6abe > 24abe

sym

Z a’b > 6abc

sym

ZCLQb > Zabc

Sym sym
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2  Years 1996 ~ 2000

56. (IMO 2000, Titu Andreescu) (abc =1, a,b,c > 0)
1 1 1
(Y o) e )
b c a

Solution. (See [32], pag. 3) Since abc = 1, we make the substitution a = £

y7

b=1Y% c= 2 forx,y, 2> 0. We rewrite the given inequality in the terms of x,

2z

Y, 2
(m—1+z> -1+ -1+ <1 -
y y) \z z/) \x x
ryz > (y+z—x)(z+z—y)(r+y—2)
This is true by Schur inequality. ]
Remark. Alternative solutions are in [32], pag. 18, 19.

57. (Czech and Slovakia 2000) (a,b > 0)
1 1 a b
3. 9 LT T B AT 3\/>
\/ (a+0) el IRV s Vi

First Solution. (Massimo Gobbino - Winter Campus 2006) After setting a =
23 a b =13 the required inequality become

Ty 3 1 1
A DN - Iy Y i
y—i—x_\/(m +y)<$3+y3>

N
IN
N

which is true by Power Mean inequality. The equality holds if z = y, i.e. if
a=b. d
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Second Solution. (Official solution.) Elevating to the third power both mem-
bers of the given inequality we get the equivalent inequality

, b b b
a+33a+3V+24+2a+2
b b a a b a

L SQ+V@
b a b a

The AM-GM inequality applied to the numbers ¢,1,1 implies

a a
—4+1+1>33
b+ + 12> \/;
b b
+1+123vk
a a

Adding the two last inequalities we get the required result. O

that is

Similarly we have

58. (Hong Kong 2000) (abc =1, a,b,c > 0)

1+ab2+1—|—bcz+1+ca2 18
c3 a3 B T ad+b+c3

First Solution. (Official solution) Apply Cauchy-Scwarz Inequality, we have

2
2 2 2
C+d)+LMC+1+m>@%wiwﬂz<23ﬂ+mﬁ

c3 as b3

cyc

It remain to prove

> Vi+ab? > V18

cyc

The proof goes as follows

V14ab? +v14b+ 1+ ca? >

2
> \/(1 +141)2+ (\/ ab® + vVbc? + v ca2> > (Minkowski Ineq)

2
> 9+@¢@Q - (AM-GM Ineq)
=18
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Second Solution. (Ercole Suppa) From AM-HM inequality we have

1 + 1 n 1 S 9 (1)
P R R N
and
ab®> b ca® s/a3b3c3 9 9
— t -+ =3 = > (2)
A ad b adbdc®  3Ya33c3 T at+ b3+ 3
Adding (1) and (2) we get the required inequality. O

59. (Czech Republic 2000) (m,n € N, z € [0,1])

l-z")"4+1-(1—-2)™)">1

Solution. (See [61] pag. 83) The given inequality follow from the following
most general result:

Let x1,...,z, and y1,...,yn be nonnegative real numbers such that x; +y; = 1
for each i =1,2,...,n. Prove that

(I—zzg-z)" + (1= (1 —yg") - (1 —y) >1

We use the following probabilistic model suggested by the circumstance that
x; +y; = 1. Let n unfair coins. Let x; be the probability that a toss of the i—th
coin is a head (i = 1,2,...,n). Then the probability that a toss of this coin is
a tail equals 1 — z; = y;.

The probability of n heads in tossing all the coins once is x1 x5 - - - ,,, because the
events are independent. Hence 1 — x5 - - - x,, is the probability of at least one
tail. Consequently, the probability of at least one tail in each of m consecutive
tosses af all the coins equals

(1 —z129 -+ )™

With probability ¥}, each of m consecutive tosses of the i-th coin is a tail; with
probability 1 — /", we have at least one head. Therefore the probability that
after m tosses of all coins each coin has been a head at least once equals

(I=y") (A —y3") - (1 —yy")

Denote the events given above in italics by A and B, respectively. It is easy
to observe that at leat one of them must occur as a result of m tosses. Indeed,
suppose A has not occurred. This means that the outcome of some toss has
been n heads, which implies that B has occurred. Now we need a line more to
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finish the proof. Since one of the events A and B occurs as a result of m tosses,
the sum of their probabilities is greater than or equal to 1, that is

(I—zzg-xp)" + (1 —y")L—y3")---Q—yy) =1

O
Remark. Murray Klamkin - Problem 68-1 (SIAM Review 11(1969)402-406).

60. (Macedonia 2000) (z,y,z > 0)

224+ 92 + 22 > V2 (xy + y2)

Solution. (FErcole Suppa) By AM-GM inequality we have

1 1
m2+y2+22::p2+§y2+§y2+222

Yy Yy
>2r—+4+2—F—z=
TUV2 V2

= \/Exy—k \@yz =
= V2 (ay +y2)

61. (Russia 1999) (a,b,c > 0)

a®>+2bc  b>+2ca c?+2ab
b2 + 2 2 +a? a? + b2

>3

First Solution. (Anh Cuong - ML Forum)

First let f(a,b, c) = 95528¢ 4 Ut2ac 4 ci2ab We will prove that:

2bc b ¢
be)> — + 24+ =
fabe)zmrm+ oty

Suppose that: b > ¢ > a. Since

a® + 2bc 2bc
B2+ c2 022

we just need to prove that:

2 2
b® + 2ac c—|—2ab>§+
a? + ¢2 a?+b ¢

SO
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We have:

b2 +2ac  c®+2ab b
a? + 2 a2+ ¢

_ b3 + 2abc — ¢ — ca® ¢ + 2abc — b® — ba?

N b(c? + a?) + c(b? + a?) -

b3 — 3 c—b

SN+ A A
(be — a?) (b — ¢)? (b* 4 be + ¢2)

B be (a2 + b2) (a2 + c2) =

_ e
;=

Hence: . )
C c
be)> " 4+ 24 Z
fa, 7C)_bz—i-cszc—Fb
But o )
¢ ¢ 2,12 2
m+g+623©(b—0) (b + ¢ —bc) > 0.
So we have done now. 0

Second Solution. (Charlie- ML Forum)
Brute force proof: Denote T'(x,y, z) = Zsym a®b¥c*. Expanding and simplifying
yields

% -T(6,0,0) +T(4,1,1) +2-T(3,2,1) + T(3,3,0) > 2-T(4,2,0) + % .T(2,2,2)
which is true since
% .T(6,0,0) + % T(,1,1) > T(5,1,0)
by Schur’s inequality, and
T(5,1,0) + T/(3,3,0) > 2 - T(4,2,0)
by AM-GM (a®b + a®b® > 2a*b?), and
2.7(3,2,1) >2-T(2,2,2) > %-T(2,2,2)

by bunching. O

Third Solution. (Darij Grinberg - ML Forum)
Using the chc notation for cyclic sums, the inequality in question rewrites as

a? + 2be

b2 4 c2 >3

cyc
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But

a? + 2bc a? + 2bc
S iy () -

cyc cyc
N P =
b2 42 b2 + 2
cyc cyc

Thus, we have to show that
2 bh— 2
P ED I
b2 + ¢2 b% + ¢?

cyc cyc

Now, by the Cauchy-Schwarz inequality in the Engel form, we have

a? (a?)’
Zb2+02 :Za2b2—|—02a2 =z

cyc cyc

S (a2 +b%+ 62)2 B
= (a2b? + c2a2) + (b2c2 + a2b?) + (c2a? + b2c2)
B (a2 +b% + 02)2

-~ 2(b%c? + c2a? + a2b?)

Hence, it remains to prove that

(a2+b2+62)2 >Z (b—c)?

2 (b2c? + c2a? + a?b?) " b2 + 2
i. e. that
2 2 2\2 2 2 2 2 2,2 (b—c)2
(a +b +c) >2(bc + c%a +ab)§b2+02
Now,

(b—¢)? 2 (b*c* + 2a® + a?b?) 5
2 (b*c® + c*a® + a®b?) Z P Z R (b—c) =

cyc cyc
2b2 2
B <b2 +CC2 * 2a2> b=

The HM-GM inequality, applied to the numbers b? and c?, yields

2022

m S b2C2 = bec
C
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thus,

2 2.2
— 2
2 (*c® + c®a® + a*b?) g (b=0) = g ( be + 2a2> (b—e)®<
cyc

b2 + 2 b2 + 2

< Z (be +2a%) (b— ¢)?

cyc

cyc

Hence, instead of proving

(b—o)’
b2 4 c2

(a2 +b% + 02)2 > 2 (b202 +c2a® + a2b2) Z
cyc
it will be enough to show the stronger inequality
(a® + 0% + 02)2 > Z (be+2a%) (b— 0)?
cyc

With a bit of calculation, this is straightforward; here is a longer way to show
it without great algebra:

Z (be +242) (b —¢)* =

=Y (ala+b+c)—(c—a)(a—b) (b—0)* =

:Za(a+b+c)(b—0)2—Z(c—a)(a—b)(b—c)2:

=(@+b+0)Y alb—c)’—(b—c)(c—a)(a—b)) (b—c) =
cyc cyc

=0

:(a+b+c)Za(b—c)2:

=(a+b+0)> a((b—c)(b—a)+ (c—a)(c—b)) =
=(a+b+c) (Za(b—c)(b—a)—i—Za(c—a)(c—b)) =
=(a+b+c) (Zc(a—b)(a—c)+Zb(a—b)(a—c)> =
=(@+b+0)) (b+c)(a—b)(a—c)

Thus, in order to prove that (a? + b* + 62)2 > eye (be +2a?) (b— )%, we will
show the equivalent inequality

(a2+b2+c2)2>(a+b+c)Z(b+c)(a—b)(a—c)

cyc
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In fact, we will even show the stronger inequality

(a2+b2+c2)2>Zaz(a—b)(a—c)+(a+b+c)2(b+c)(a—b)(a—c)

cyc cyc

which is indeed stronger since »_ . a®(a —b) (a — ¢) > 0 by the Schur inequal-
ity.
Now, this stronger inequality can be established as follows:

Y a®a—b(a—c)+(a+b+c)> (b+c)(a—b)(a—c)=

cyc

=> (@®+(a+b+c)(b+c) (a—b)(a—c)=
:Z((a2+b2—|—02)+(bc+ca+ab)+bc) (@a—0b)(a—rc)=

= ((a® +b* + ¢*) + (bc + ca + ab)) Z(a—b)(a—c) —|—Zbc (a=b)(a—c) <

oye cye =a2+bc—ca—ab<2a?+bc

:(a2+b2+¢:2;r—(bc+ca+ab)
< ((a* + >+ %) + (b + ca+ ab)) ((a® + b* + ¢*) — (be + ca + ab)) + Zbc (2a® + be) =

cyc
- <(a2 +b? + 02)2 — (be + ca+ab)2) + (be + ca + ab)? = (a® + b? +02)2

and the inequality is proven.

62. (Belarus 1999) (a? + b* +¢* =3, a,b,c > 0)

1 n 1 n 1
1+ab 1+4+bc 1+ca

>3
-2
Solution. (FErcole Suppa) From Cauchy-Schwartz inequality we have

9= (a®+b*+*)’ < (Z 1jbc> (Za2(1+bc)> (1)

cyc

From GM-AM-QM inequality we have:

(Za2(1+bc)> =+ 0+ Fabc(a+b+c) <

cyc
2 4 p2 2\ 3 2 4 p2 2
§3+\/<a+3+6).3/a +3+c: (2)

:3+%(a2+b2+02)2:3+3:6

The required inequality follows from (1) and (2). O
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63. (Czech-Slovak Match 1999) (a,b,c > 0)

a . b n c > 1
b+2¢c c¢c+2a a+2b"

Solution. (Ercole Suppa) Using Cauchy-Schwartz inequality and the well-know
(a+b+c)* > 3(ab + be + ca)

we have

(a+b+c)* < Z a . Z a(b+ 2c) = (Cauchy-Schwarz)

cyc

frg . <
Zb—i—ZC 3(ab+ bc+ ca) <
a

C'(a-l—b—i—c)2

Dividing for (a + b+ ¢)? we get the result. O

64. (Moldova 1999) (a,b,c > 0)

ab . be n ca_  _a . b . c
clc+a) ala+b) bb+c)  cH+a b+a c+b

First Solution. (Ghang Hwan, Bodom - ML Forum)
After the substitution = = c/a, y = a/b, z = b/c we get zyz = 1 and the
inequality becomes
z n x n y_ - 1 n 1 n 1
s+l g+l 241 147 14y 142z

Taking into account that xyz = 1, this inequality can be rewritten as

z—1 -1 y-—1
+ >0 <=
z+1 y+1 2z+1

vt o v P2 >ty +3 (%)

The inequality (*) is obtained summing the well-know inequality

P+t y+z

and
yz? + za? 4+ zy? > 33/ x3y323 = 3zyz = 3
which follows from the AM-GM inequality. d
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Second Solution. (Gibbenergy - ML Forum) We have

abe|($+%+%-3)+(L+G+5%) - (E+e+9)]

L-f= (a+b)(b+c)(c+a)

>0

because
ab bc ac

atate 320

by AM-GM inequality and

b2+£+a2 B
b2 c a b))~

by the well-know inequality 22 + y? + 22 >z +y + 2.

65. (United Kingdom 1999) (p+¢+r =1, p,q,r > 0)
7(pqg + qr +rp) < 2+ Ipgr

First Solution. (Ercole Suppa) From Schur inequality we have
(p+a+7)° +9pgr > 4(p+q+7)(pg+ qr +rp)
Therefore, since p 4+ g + r = 1, we obtain
1+ 9pgr = 4(pg + qr +rp)
Hence
24 9pqr — 7(pq + qr +rp) > 2+ 4(pq + qr +rp) — 1 = 7(pq + qr +rp) =
=1-3(pg+qr+rp) =

(p+q+1)*>—3(pg+qr+rp) =
1

=5 [0 +(g=1)"+(=p?] >0

and the inequality is proven.

Second Solution. (See [¢] pag. 189)
Because p + ¢ + r = 1 the inequality is equivalent to

T(pg + qr +rp)(p+q+7r) <2(p+q+71) + 9Ipgr —
7> (PPa+pa® +par) < 9pqr+ > (20° +6p>q + 6pg® + 4pgr) =
cyc cyc
2p? + ¢ P + 2q°
DY pP <Y W= T+ )
cyc cyc cyc cyc cyc

This last inequality is true by weighted AM-GM inequality.
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66. (Canada 1999) (v +y+z2=1, z,y,2 > 0)

4
2 2 2
Ty Yy z z T o7

First Solution. (See [8] pag. 42)
Assume WLOG that x = maz(z,y,2). If x >y > z, then

Py+yte+ e <Pyttt et zfay+(z—y) (y—2) =

9 1 1 1 1 4
= — 4 _ — = - — — < —
(@+y)y <2 595 3¥)y=s5
where the last inequality follows from AM-GM inequality. Equality occurs if
and only if z = 0 (from the first inequality) and y = §, in which case (z,y,z) =
2 1
(5:5:0)-
If If x >y > z, then
Py+yiz+ e <2zt y+yir—(z-2)(z—y)(z—y) <
4
< 2 2 2. o *
<zz+zy+y'xrz< 57
where the second inequality is true from the result we proved for z > y > z
(except with y and z reversed. Equality holds in the first inequality only when
two of x, y, z are equal, and in the second inequality only when (z,z,y) =
(%, %, ) Because these conditions can’t both be true, the inequality is actually
strict in this case.
Therefore the inequality is indeed true, and the equality olds when (z,y,z)

cauas (3.5.0). (3.0.3) or (0.3.). 2

Second Solution. (CMO Committee - Crux Mathematicorum 1999, pag. 400)
Let f(x,y,2) = 2%y + y*2 + 222z. We wish to determine where f is maximal.
Since f is cyclic WLOG we may assume that = maz(z,y, z). Since

f(z,y,2) — f(2,2,9) = 2%y + vz + 220 — 2%2 — 22y — 9?2 =
=@y —2)(=—-y)(=—2)
we may also assume y > z. Then
f@+2,9,0) = f(z,y,2) = (x4 2)°y — 2®y — y?2 — 220 =
=2y +yz(z—y)+az(y—2) 20
so we may now assume z = 0. The rest follows from AM-GM inequality

222y < 1 <x+x+2y>3_ 4

Equality occurs when x = 2y, hence when (z,y, z) equals (%, %, 0), (7 0, 7) or
(0,2, 1). 0
1393
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Third Solution. (CMO Committee - Cruz Mathematicorum 1999, pag. 400)
With f as above, and x = maz(z,y, z) we have

2Lz O Y
Fle4iw+35.0) ~flay) =yza—y+ 5 (@—2+ 7+
so we may assume that z = 0. The rest follows as for second solution. ]
Fourth Solution. (See [1] pag. 46, problem 32)
Assume WLOG that x = maz(x,y,z). We have
2\ 2 z
22y + Pz + 22w < <x+ 5) <y+ 5) (1)

2

because xyz > y%z and 0”22 > =

Then by AM-GM inequality and (1) we have

r+s x+3
1= 2+ 2+<y+%>2

2
z 22
> 3¢ (y+2)f«“+2)

2 2 2
Z3§/$ y+y4z+z T

from which follows the desidered inequality z2y + 3%z + 222 < %. O

67. (Proposed for 1999 USAMO, [AB, pp.25]) (z,y,z > 1)

m3c2+2yz y2+22xzz'2+2xy > ( )my+yz+zx

Y TYz

First Solution. (See [15] pag. 67)
The required inequality is equivalent to

(x2 + 2yz) log x + (y2 + 2:62) logy + (22 + ny) log z >
> (xy +yz + o + zx) (logz + log y + log 2)

that is
(z —y)(z—z)logz + (y — 2)(y — ) logy + (2 — x)(z —y)logz = 0

We observe that logx,logy,logz > 0 because x,y,z > 1. Furthermore, since
the last inequality is symmetric, we can assume WLOG that = > y > z. Thus

(z—x)(z—y)logz =20 (1)
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and, since the function log x is increasing on = > 0, we get

(z —y)(@ —2)logz > (y — z)(z —y) logy (2)
because each factor of LHS is greater or equal of a different factor of RHS. The
required inequality follows from (1) and (2). O

Second Solution. (Soarer - ML Forum)
The required equality is equivalent to

2 i 2 i 2 U
:L,x +yz—xy mzyy +rz—xyYy yzZz +ry—xrz—yYz Z 1

pE=v@=2)y (y=2)(y=2) , (z=2)(z=y) >

) @TE g

By symmetry we can assume WLOG tath « > y > z. Therefore (x) is verifyied.
O

68. (Turkey, 1999) (c>b>a>0)
(a+ 3b)(b+ 4c)(c + 2a) > 60abc

First Solution. (ML Forum) By AM-GM inequality we have
(a+3b) (b+4c) (¢ + 2a) > 4V ab3 - 5Vbct - 3V ca? =

— 60 <aia%> (b%b%) (C%C%) —

1

11 19
— 60ai2 b0 1

&5

[V
&
v

= 60abc - a " 12b 20 cT5 >
> 60abc - T TIe Wels —
= 60abc

where the last inequality is true because ¢ > b > a > 0 and the function
f(z) =z (with a < 0) is decreasing. O

Second Solution. (See [3] pag. 176) By the AM-GM inequality we have a +
b+ b > 3vab?. Multiplying this inequality and the analogous inequalities for
b+ 2c and ¢+ 2a yields (a + 2b)(b + 2¢)(c + 2a) > 27abe. Then

(a+2b)(b+ 2¢)(c+ 2a) >

1 8 2 10
<a+3a+3b> <b+3b+3c> (c+2a) =

Y

20
E(a + 2b)(b+ 2¢)(c + 2a) > 60abc
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69. (Macedonia 1999) (a2 +b*> +c®> =1, a,b,c > 0)

1
a+b+c+—>4V3
abe

First Solution. (Frengo, Leepakhin - ML Forum) By AM-GM, we have
1
1=a®+b*+c® >33 (abc)? = (abe)? < 77
Thus, by AM-GM
1

1 1
_ >
Gtbtet ——=atbtot ot o b e >

1
>12% —— >
- \/ 99(abc)® —
S/ 1 4v/3
- 99(2%)4

Equality holds if and only if a = b= ¢ = ﬁ ora=b=c=

-

Second Solution. (Ercole Suppa) The required inequality is equivalent to
abe (a+b+c—4v3) +1>0

From Schur inequality we have

(a+b+c)® +9abe > 4(a+ b+ ¢)(ab+ be + ca)

Since
ab—l—bc+ca:%[(a+b+c)2— (a®> +b* + ¢?)] :%[(a—&—b—i-c)z—l]
we get

1
abe > g [((a+b+c)®—2(a+b+c)]
After setting S = a + b + ¢ from Cauchy-Schwarz inequality follows that
S=a+b+tc<VI+1+1Va2+02+c2=V3

and, consequently

v

abe (a+b+c—4vV3) +1> 5 (52— 29) (S -4v3) +1=
(52— 29) (5—4v3) +9] =

[(\/ﬁ—s)4+205 (f—s)] >0

I
O = O = O =
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Third Solution. (Ercole Suppa)

After setting S = a+b+c, Q = ab+bc+ ca, from the constraint a® +b%+c? =1
we have S? = 1+2Q > 1. Then S > 1 and, by Cauchy-Schwarz inequality we
get

S=a+b+tc<VI+1l+1Va2+2+c2=v3
From the well-know inequality (ab + bc + ca)? > 3abc(a + b + ¢) follows that

ab > %‘2 Thus, to establish the required inequality is enough to show that
S+@z4\/§ — 4(5—4@@)@ +128>0

Sine 1 < S < /3 we have
1(5-4v3) @ +125 = (5 - 4v3) (82— 1)" + 125 =

V3 8) (5% +3VES" £ 1182 4+-3V35 — 1) >

= 8) (8" +35% + 1157 352 — 4) >

)

—5) (25" + 1452~ 4) 212 (V3- 8) 2 0

Fourth Solution. (Ercole Suppa) Since a? + b* + ¢ = 1, the inequality
abe (a+b+e—4v3) +120
can be tranformed into a homogeneous one in the following way
abe (a + b+ c) — 4v/3abey/ a2 + b2 + 2 + (a2+b2+02)2 >0

Squaring and expanding the expression we get

%Zas+4Za6b2+Za6bc+22a5b2c+32a4b4+

sym sym sym sym sym
13
413 412 2 472 2
—i—Zabc—F?Zabc 224Zabc
sym sym sym

The last inequality can be obtained addind the following inequalities which are
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true by Muirhead theorem:

%ZaB > %Za4b2c2 (1)

sym sym
43 a®p® > 4) a'v?e (2)
sym sym
Z aSbc > Z a*b?c? (3)
sym sym
22a5b2c > 22a4b202 (4)
sym sym
3Za4b4 > 32a46202 (5)
sym sym
Za4b3c > 4Za4b202 (6)
sym sym
13 13
5 Z a*b?c? > 5 Z a*b?c? (7)
sym sym
]

Fifth Solution. (Tiks - ML Forum)

1
a+b+c+—>4V3
abe

(a® + b% + c%)?
abe

24121 62)2 _ 30h b
<:>(a + +c)abc3a cla+ +c)24( 3@ +b2+c2) —(a+b+c))

212 1 2\2 212 4 a2y _ 2
— (a® 4+ b+ ¢*)* — 3abc(a +b+c) 243((1 +bv°+c*)—(a+b+c)
abe V3@ ++c)+a+b+ec
+b)? + 3¢? 4
— b2a—
2. (= 2abe =2 (@ \/3(a2+62+02)+a+b+c

but we have that \/3(a? 4 b2 4 ¢?) +a+b+c > 2(a+ b+ c) so we have to prove
that

—a+b+c+ > 4+/3(a? + b2 + ¢?)

5 (a+ )2+ 3c? 5 2
— RS — =
Z(a b) 2abc - Z(a b) a+b+c

<:>Z(a_b)2[(a+b)2+3c2_ 2 } > 0

2abc a+b+c

We have that

(a+b+c)[(a+b)*+3c®] > c(a+b)® > dabe
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hence
(a+b)% +3c2 2

>0
2abe a+b+c ™

So the inequality is done.

70. (Poland 1999) (a+b+c=1, a,b,c>0)

a? 4+ b% + ¢ +2V3abe < 1

Solution. (Ercole Suppa) From the well-know inequality
(z+y+2)% > 3(zy +yz + x2)
by putting x = ab, y = bc e z = ca we have
(ab+ be + ca)? > 3abe(a+b+c¢) =  ab+bc+ ca > V3abe
From the constraint a + b+ ¢ = 1 follows that
1—a> -V~ =(a+b+c)?—a®—b>—c* =2ab+ 2ac+ 2ca
(1) and (2) implies

1—a?—b% — % — 2v3abe = 2ab + 2bc + 2ca — 2v/3abe > 0

71. (Canada 1999) (r+y+z2=1,2,y,2 > 0)

4
2 2 2
< —

Solution. (Ercole Suppa) See: problem n.66.

72. (Iran 1998) (% +lilo oy 2> 1)

Vitytz>2Ve—14+/y—1+vVz—-1
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Solution. (Massimo Gobbino - Winter Campus 2006)

ve—1
Vi—1+yy—14+vVz—-1= (Z fﬁ ﬁ) <
cyc
z—1\° 1
< ( ) (x+y+2)°= (Cauchy-Schwarz)
cyc z
11 1)\?
— (3= ViTyTa=
x Yy =z
=Vrtytz
O
73. (Belarus 1998, I. Gorodnin) (a,b,c > 0)
b b b
G 2y at2 0FC
b ¢ a b+c a+bd
Solution. (FErcole Suppa) The required inequality is equivalent to
a®b® + ab? + a3 + b3 + b*° > a®b?c + 2ab®c + 2ab* P (%)
From AM-GM inequality we have
a®b® + b3c? > 2V a2b8¢? = 2ab’c (1)
Loy 1 3o a'blc? 272
- - > 9 = 2
2ab+2ac_\/ 1 a“b e (2)
1 1
5@174 + §a3c2 + b2 > a?bc + b2 = 2V a2bict = 2ab*c? (3)
The (x) is obtained adding (1),(2) and (3). O

74. (APMO 1998) (a,b,c > 0)

() () 02220 55)
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Solution. (See [7] pag. 174) We have

(15) (1+2) (+5) =
gy by a b e
& a & a

b b
a a a b b b c ¢ c
=(-+ -4 - B -4 -4+ -)=1>
<b+c+a>+<c+a+b)+(a+b+c> -
>3< L >—1—
o Vabe  Vabe v abe
a+b+c a+b+c
=2l ——— )+ | —)—-1>
< vabe ) ( abe )
a+b+c
>2| ——— | +3—-1=
o < \s/abc>
a+b+ec
=21+ ———
< vabe )
by two applications of AM-GM inequality. (]

75. (Poland 1998) (a+b+c+d+e+ f =1, ace + bdf > 145 a,b,c,d,e, f > 0)

1
abc + bed + cde + def + efa+ fab < %

Solution. (Manlio - ML Forum) Put A = ace + bdf and B = abc+ bed + cde +
def + efa+ fab.By AM-GM inequality we have

A+B=(a+d)b+e)(c+ f)<(((a+d)+(b+e)+ (c+ [)/3)>=1/27

SO
B<1/27T— A<1/27—1/108 = 1/36

g

Remark. (Arqady) This is a private case of Walther Janous’s inequality: If
x1 + 22 + ... + x, = 1 where x; are non-negative real numbers and 2 < k <
n,k € N, then

1
T1X2... T + ToT3... Ta1 + oo + TpT1. T 1 < max{ﬁ, W}
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76. (Korea 1998) (z +y+ z = zyz, x,y,z > 0)

1 1 1
+ +
Vida?  J1+y2 V1422

3
< Z
-2

First Solution. (See [32], pag. 14)
We can write x = tan A, y = tan B, z = tan C, where A, B,C € (0, g) Using

the fact that 1 + tan?6 = ( 1 )2, we rewrite it in the terms of A, B, C' :

cos 0

COSA—}—COSB—{—COSC’g; (%)

It follows from tan(r —C) = —z = % =tan(A+ B) and from 71— C, A+ B €
(0,7) that T —C=A+Bor A+ B+C =m.

Since cos z is concave on (0, g), (%) a direct consequence of Jensen’s inequality
and we are done. ]

Second Solution. (See [32], pag. 17)
The starting point is letting a = %, b= %, c= % We find that a + b+ ¢ = abc
is equivalent to 1 = zy + yz + zx. The inequality becomes

T Y z 3
+ + <z
Ve +1 2 +1 V22417 2
or
T Y z 3
+ + <z
Ve taytyz+zz R toytyztze /22 taytyztze 2
or
T Y z 3
- + <5
VEt+y)e+z) Jy+)y+o) JE+ro)(z+y) ~ 2

By the AM-GM inequality, we have

x z\/(x+y)(z+ 2)

(x +y)(x+ 2) (x+y)(z+2)
Lz[(z +y) + (v + 2)]
(z+y)(z+2)

x @ x
()
T+ z x+z

IN

N = DN

In a like manner, we obtain

y §1< vy )
(y+2)y+z)  2\y+z y+wx
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and

z 1 ( z z >
<z | —+
z+z)(z+y)  2\z+x 24y
Adding these three yields the required result. O

77. (Hong Kong 1998) (a,b,c > 1)
Va—1+vVb—1++vVec—1<+/c(ab+1)

First Solution. (FErcole Suppa) After setting z = va—1,y = Vvb—1, z =
ve—1, with z,y,2z > 0, by easy calculations the required inequality in trans-
formed in

sty < IFATA U+ 4] <
(:B—l—y+z)2§(1—|—22)(:E2y2—|—x2+y2+2) =
(x2y2+x2+y2—|—1) 22 =2z +y)z+aiy? —22y+2>0 (%)

The (%) is true for all z,y, z € R because:

A
Z:(x+y)2—(x2y2+x2+y2+1) (z%y* — 22y +2) =
2

=(z+y)’—[2*+(@+y)® —2zy+1] [(ay—1)°+1] =
=(@+y)?—[(ey =1+ (z+y)?] [(ay - 1) +1] =

= —(zy =D = (zy = 1)* = (x +y)*(xzy - 1)* =
=—(2y—1)? (2+2% +y* +2%°) <0

Second Solution. (Sung-Yoon Kim - ML Forum) Use

Ve—1+y-1<yay = 2(/(@-1y-1)<(z-1)y—1)+1
Then

Va—1+vVb—1++Ve—1<Vab+Ve—1</clab+1)
O

Remark. The inequality used in the second solution can be generalized in the
following way (see [25], pag. 183, n.51): given threee real positive numbers a,
b, c con a > ¢, b > ¢ we have

Vela—c)++/elb—c) < Vab

The inequality, squaring twice, is transformed in (ab — ac — bc)®> > 0. The
equality holds if ¢ = ab/(a +b).
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78. (IMO Short List 1998) (zyz =1, z,y,z > 0)

$3 y3 2’3

(19(+2) (12042  (+a(+y)

>3
— 4

First Solution. (IMO Short List Project Group - ML Forum)
The inequality is equivalent to the following one:

3
2yt Pt 2> 1@+ D+ Dz +1).
In fact, a stronger inequality holds true, namely

1

vyttt 0 > @+ )T+ (1) + (2 1)),

(It is indeed stronger, since u® + v3 4+ w3 > 3uvw for any positive numbers u, v
and w.) To represent the difference between the left- and the right-hand sides,
put

ft)=t* 413 - %(t + 13, g(t) = (t+1)(4* + 3t +1).

We have f(t) = 1(t —1)g(t). Also, g is a strictly increasing function on (0, c0),
taking on positive values for ¢ > 0. Since

s+ +yt oyt 2t 42— %[(:ﬁ+1)3+(y+1)3+(z+1)3]
=f(z) + f(y) + f(2)
1

1 1
=@ =Dg(@) + 7y = g(y) + 7(z = 1)g(2),
4 4 4
it suffices to show that the last expression is nonnegative.
Assume that x > y > z; then g(z) > ¢g(y) > g(z) > 0. Since zyz = 1, we have
x> 1and z < 1. Hence (x—1)g(z) > (x—1)g(y) and (z—1)g(y) < (z—1)g(2).
So,

1@ = D) + 1= Dgly) + 3z — Vgl
2%[(93 —D+y—1)+(z—1)g(y)
:i(a: +y+2z—3)g(y)
> (3% — 3)o(y) =0,

because xyz = 1. This completes the proof. Clearly, the equality occurs if and
onlyifr=y=2=1. O
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Second Solution. (IMO Short List Project Group - ML Forum)
Assume x < y < z so that
1 1 1
< < .
1+y)1+2) ~ Q+2)(1+2) = Q1+z)(1+vy)

Then Chebyshev’s inequality gives that

3 y3 23

+ +
I+y)(1+2) (QA+2)10+2z) (QA+2)(1+4+y)
1 1 1
+ +
I+y)(1+2) (QA+2)0+2) (QA+2)(1+y)
1, 4 3 3 3+ (z+y+2)
= (2 +y° + :
3@ ) T A )+ o)
Now, setting (z+y+2)/3 = a for convenience, we have by the AM-GM inequality

> (@ + P+ 2°)

Wl =

1
§($3 Jry3 +2,3) > a37

Tt+y+z2>3Yryz =3,

(I4+z)+(1+y) +(1+2)]°

3 = (14 a).

(1+z)(1+y)1+2) <

It follows that
3 3 23 3 3+3

+ - >a’ .
A+t (Qra0+e) Ora(+y — " Ttrap
So, it suffices to show that

6a> S 3.

(14+a)® = 4’
or, 8a® > (1 + a)3. This is true, because a > 1. Clearly, the equality occurs if
and only if x = y = z = 1. The proof is complete. O

Third Solution. (Grobber - ML Forum)
Amplify the first, second and third fraction by x, y, z respectively. The LHS
becomes

Z x? S (;v2—|—y2+z2)2 S (x2+y2+22)2 >§
z(14+y)(14+2) " z+y+z+2@@y+yz+ze)+3 ~ 4(22+y?+22) 4
I used the inequalities
P +yP+ 22 > aytyr+ oz
oyt +22>3
2
m2+y2—|—222(x+%+z)2x+y+z

d
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Fourth Solution. (MysticTerminator - ML Forum) First, note that

a3 (x2 + y2 + 22)2
) (1+y)(1+2) = c(1+y)1+2)+ A +a)y(l+2)+ 1A +z)(1+y)z

cyc

by Cauchy, so we need to prove:

4@+ 12+ 22" > 3@+ ) (1 +2) + 1+ 2)y(1+2) + (1 +2)(1 +1)2)
Well, let x = a3, y = b%, 2 = ¢® (with abc = 1), and homogenize it to find that

we have to prove:
> (40" +8a%°) > > (3a°0°c® + 6a°bc? + 3a’bic?)
cyc cyc

which is perfectly Muirhead. O

Remark. None of the solutions 1 and 2 above actually uses the condition xyz =
1. They both work, provided that = + y + z > 3. Moreover, the alternative
solution also shows that the inequality still holds if the exponent 3 is replaced
by any number greater than or equal to 3.

79. (Belarus 1997) (a,z,y,z > 0)

a+y +a—i—z +01,—1—37 S eyt >a+z +a,—i—a: +a+yz
z z>x z z
a+z a+xy at+y Y T a+tz a+yy a+z

First Solution. (Soarer - ML Forum) First one
a+z a+z
S =Yarea(S55)
a+z
= - —3) <
T+y+=z a(za+x >_

<z+y+z

Second one

Zxa+y >aty+z
a—+z

y_ZxZO
a-+z

Ty Tz
<~ Za—i—z ZZa—l—z
1 1
MR R Bprre

which is rearrangement. O
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Second Solution. (Darij Grinberg- ML Forum)
Let’s start with the first inequality:

a—+z a+x a+
T+ + Y

Yy z2<x+y+z
a+x a+y a+z

It is clearly equivalent to

(a+z a+x +a+yz

— <0
a+xx+a+yy a+z> (w+y+z2) <

But

a+z a+zx a+y
x + Y+ z)—(x+y+z) =
a+x a—+y a+z

- (“+z—1>x+<“+x—1>y+<a+y—1>z:
a+t+zx a+tvy a—+z

Z—X T — —Z z
R e e e e P

a+x a+y a+z a+x a+y a+z

(e wata) (ot vy + (e )
=|=z - + |z -y + 1y -z =
a+x a+x a+y a+y a+z a+z

T + Y + z z n Y n z
= |z T — |z z

a+x a+y ya+z a+x ya+y a+z

thus, it is enough to prove the inequality

T Y z T Y z
z +x +y il +y + z <0
a+x a—+vy a+z at+zx a+vy a+z

This inequality is clearly equivalent to

z Y z T Y z
z +x +y <z +y +z
a+x a+y a+z a+x a+y a+z

And this follows from the rearrangement inequality, applied to the equally sorted

number arrays (x; y; z) and <afiw; ayTy? o+ ) (proving that these arrays are

equally sorted is very easy: if, for instance, * < y, then 2 > %, so that

atzr __ a a _ a+ty x Yy
T—E—FlZg—Fl—T,SOtha)ﬁ a+x§a+y)'

Now we will show the second inequality:

a+y a+z a+x
T+ Y+ z
a+z a+zx a+y

r+y+z<

It is equivalent to

0<<a+yx+a+z +a+x

“\a+z a+my a+y%_%m+y+@
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Since

a—+vy +a+z +a+:1: (@ +y+2)
x z | —(x =
a+z a—l—xy a+y Y

_ <“+y—1>x+(“+z —1>y+(“+x—1>2:
a+z a+x a+vy
Yy—z zZ—x rT—y B 1

a+zx+a+xy a—i—yz_(xy Zx)a—kz

1 1 1 1 1 1
=|zy — 2T + | yz —xy + | 2z —yz =
a+z a+z atx at+x a+y a+y

1 i 1 4 1 1 n 1 n 1
=\ z T — | 2T T z
ya—i—z ya+a: a+y a+z ya—i—a: ya—i—y

thus, it is enough to verify the inequality

1
+ (yz — zy) P + (zz — y2)

1 1 1 1 1 1
0< {2y +yz + zx — | 2z + zy +yz
a+z a+x a+y a+z a+x a+y
This inequality is equivalent to

1 1 1 1 1 1
zZT + zy +yz <uzy +yz + 2z
a+z a+x a+ty a+z a+x a+y

But this follows from the rearrangement inequality, applied to the equally sorted
1.1 .. 1
a+t+x?’ E;Z’ a+t+z
are equally sorted is almost trivial: if, for instance, x < y, then y > = and

yz > zx, while on the other hand a + = < a 4+ y and thus Lo > 1 ).

number arrays (yz; zz; zy) and ) (proving that these arrays

at+xr — a+
This completes the proof of your two inequalities. !
O
80. (Ireland 1997) (a + b+ ¢ > abe, a,b,c > 0)
a’® + b% + 2 > abe
Solution. (Ercole Suppa) See problem 51. O

81. (Iran 1997) (z1zox324 = 1,21, 22, 23,24 > 0)

3 3 3 3 1 1 1 1
ri+axy+x3+ay > max |1+ 22+ T3 +T4,— + — +—+ —
X1 X9 T3 Iq
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Solution. (See [15] pag. 69)
4
After setting A = Y 22, A; = A — 22, from AM-GM inequality we have
i=1
1 3/,.3.3.3 1
§A1 > \/T5T3Ty = ToT3T4 = 9371

Similarly can be proved that %Ai > % for all i = 2,3,4. Therefore

4
(in the last step we used AM-GM inequality: > x; > ¢/x1z3x0324 = 1). Thus
i=1

and the inequality is proven. O

82. (Hong Kong 1997) (z,y,z > 0)

3+\/§>:L‘yz(:c—l—y+z+\/x2+y2+z2)

9 T (@2+y?+22)(vy +yz + 2x)

Solution. (Ercole Suppa) From QM-AM-GM inequality we have

T4 y+2z>V3/a? +y? + 22 (1)
2y +yz + zax > 34/ (xyz)? (2)
Va2 +y?+ 22 > V3yayz (3)
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Therefore

ryz(z 4y 4 2+ /22 + 42 + 22) _ oVt g+ 2 (V3+1) -
(@2 +y2+22)(ry +yz +22) (2242 +22)3/(ay2)2
TYZ (\/g + 1)
T 3Va? +yr 4 22 (zy2)? T
TYZ (\/§+ 1) B
~ 3VByayE Y/ (aye)?
V341 3443
=55 " s

Remark. See: Crux Mathematicorum 1988, pag. 203, problem 1067.
83. (Belarus 1997) (a,b,c > 0)

b b b
g+7+52a—|— +c c+a
b ¢ a " c¢ct+a a+b b+c

First Solution. (Ghang Hwan - ML Forum, Siutz - ML Contest 1st Ed. 1R)
The inequality is equivalent with

1+2 14¢ 142
<

_|_
1+ 14+¢ 1487

_l’_

oo

Sl s
QIO

Let = a/b, y = ¢/a, z = b/c and note that xyz = 1. After some boring
calculation we see that the inequality become

(x2+y2—|—22—x—y—z)+(:172z+y2x+22y—3) >0

This inequality is true. In fact the first and second term are not negative because

$2+92+222($+y+2)%2$+y+z (by CS and AM-GM)
and
222+ yir + 22y > 3/ a3y323 =3 (by AM-GM)

d
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Second Solution. (See [1], pag. 43, problem 29) Let us take x = a/b, y = ¢/a,
z = b/c and note that zyz = 1. Observe that

a+c 14+zy 1—=z
= = X
b+c 1+y 1+y

Using similar relations, the problem reduces to proving that if xyz = 1, then

r—1ly—-1 z-1
+ >0 <=
y+1lz4+1 x+1

(2=1)(z+D)+ (-1 @@+ +(*-1)(y+1)> =
Za;gz—FZ:r 22954—3

But this inequality is very easy. Indeed, using the AM-GM inequality we have
S~ 2%z > 3 and so it remains to prove that >_ 2 > 3"z, which follows from the

inequalities
2
2o ()
E x° > TE x

Third Solution. (Darij Grinberg, ML Forum) We first prove a lemma:

LEMMA. Let a, b, ¢ be three reals; let x, y, z, u, v, w be six nonnegative reals.
Assume that the number arrays (a; b; ¢) and (z;y; 2) are equally sorted, and

ula—b)+vb—c)+w(c—a)>0

Then,
zu(a—b)+yv(b—c)+zw(c—a) >0

PROOF Since the statement of Lemma is invariant under cyclic permutations
(of course, when these are performed for the number arrays (a;b;c), (z;y;2)
and (u;v;w) simultaneously), we can WLOG assume that b is the "medium
one” among the numbers a, b, ¢; in other words, we have either a > b > ¢,
or a < b < ¢. Then, since the number arrays (a;b;c) and (x;y;z) are equally
sorted, we get either x > y > z, or ¢ < y < z, respectively. What is important
is that (x — z) (a — b) > 0 (since the numbers  — z and a —b have the same sign:
either both > 0, or both < 0), and that (y — z) (b —¢) > 0 (since the numbers
y — z and b — ¢ have the same sign: either both > 0, or both < 0). Now,

zu(a—=b)+yv(b—c)+z2w(c—a)=
=u(x—2)(a—b)+v(y—2)(b—c)+z(u(a—b)+v(b—c)+w(c—a))>0

~~

20 20 20
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and the Lemma is proven. [J

Proof of inequality. The inequality

a b c¢c_a+b b4+c c+Ha
-t -+-=-2=
b ¢ a " c+a a+b b+ec

can be written as

c+a a a c+a
Zc+b§25 — ZB_ cxp =Y

But

a c+a a c+a 1 c
Zb_Z(H—b_Z(b_c—i—b)_ b—i—clg.(a_b)

So it remains to prove that

1 c
2 (a—=2>)>
Zb+c p (a0 20

In fact, denote u = ¢/b; v = a/c; w = b/a. Then,

Sula-t) =3 ta-0=3 (T -c) =D T Y=
_ S ca? — Y %ab LY (ca—ab)®

= >0
abc abe -

Now, denote
1 1 1

= N = N z =
TThyre Y a+b

c+a ’
Then, the number arrays (a; b;¢) and (x;y; z) are equally sorted (in fact, e. g.,
if a > b, then ¢ +a > b+ ¢, so that —— > or, equivalently, x > y); thus,

. bt+c = cta?
according to the Lemma, the inequality

Zu(a—b)ZO

implies

Z zu(a—15b) >0
In other words, ﬁ - %+ (a—"0) > 0. And the problem is solved. O
84. (Bulgaria 1997) (abc =1, a,b,c > 0)

1 1 1 1 1 1
<
1+a+b+1+b+c+1+c+a‘2+a+2+b+2+c

2388



Solution. (Official solution) Let = a+ b+ c and y = ab+ bc + ca. It follows
from CS inequality that x > 3 and y > 3. Since both sides of the given inequality
are symmetric functions of a, b and ¢, we transform the expression as a function
of x, y. Taking into account that abc = 1, after simple calculations we get

3+4x +y+ 22 < 1244z +y
2+ y+a?+ay — 9+4x 42y

which is equivalent to
322y + xy® + 62y — 5a® —y? — 242 — 3y — 27> 0
Write the last inequality in the form

5 2 2 4
<3m2y — 5x2> + (a:;/ - y2) + <mg — Sy) + <33:2y — 12x> +

zy3
+ ?—3%‘ + (Bzy — 9x) + (Bxy —27) >0

When = > 3, y > 3, all terms in the left hand side are nonnegative and the
inequality is true. Equality holds when = = 3,y = 3, which implies a =b=c =
1. O

Remark. 1 The inequality can be proved by the general result: if [[z; = 1

then .
S s
n—14x;

PROOF. f(z1,22,...,Tn) =Y. #M.As [[z: =1 we may assume z1 > 1,29 <
1. We shall prove that f(z1,z2,...,25) < f(1,z129,...,2,). And this is true
because after a little computation we obtain (1—x1)(xe—1)(z122+(n—1)%) > 0
which is obviously true. So we have f(x1,x2,...,2,) < f(1, 2129, ...,25) < ... <

f(,..,1)=1. O

Remark 2. (Darij Grinberg) I want to mention the appearance of the inequality
with solution in two sources:

1. Titu Andreescu, Vasile Cirtoaje, Gabriel Dospinescu, Mircea Lascu, Old
and New Inequalities, Zalau: GIL 2004, problem 99.

2. American Mathematics Competitions: Mathematical Olympiads 1997-
1998: Olympiad Problems from Around the World, Bulgaria 21, p. 23.

Both solutions are almost the same: Brute force. The inequality doesn’t seem
to have a better proof.
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85. (Romania 1997) (zyz =1, z,y,z > 0)

9 4 .9 9., .9 9 4 9
7ty n Yy +z n z7t+x > 9
o8+ a3y 90 S+ B3 £ 26 26 4 2323 4 4f

Solution. (Ercole Suppa) By setting a = 23, b = y3, ¢ = 23 we have abc = 1.
From the know inequality a3 + b3 > ab(a + b) follows that

a® + b a® + b3 +2 (a® + b°)
a>+ab+ 0> 3(@@+ab+b?)
a® + b +2ab(a+b)
3(a? + ab+b?)
(a+b) (a* + ab+b?)
T 3(a®t+ab+b?)
_a+b
3

Similarly can be proved the following inequalities:

b3+ 3 b+c A +ad >c+a
b2+bc+c2— 3 " 24+ca+a? T 3

Then, by AM-GM inequality we have:

¥ +y° y? + 2° 2420
o8+ a3y + 90 S F B3 £ 26 26 4 2323 4 af
a® +b° b+ ¢ +a?

a2+ ab+ b2 +b2+bc+02 +C2+CCL—|—6L2
a+b b+c c+a
5 T3 T3 =

_ 2(a+b+c) S
— s =

3
> 2-33\/abc _ 9

86. (Romania 1997) (a,b,c > 0)

a? n b? n c? -1> be n ca n ab
a?2+4+2bc  b2+4+2ca  2+2ab T T a242bc b2 +2ca 2+ 2ab
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Solution. (Pipi - ML Forum) Let

a? b? c? be ca ab

J =
a2+2bc+b2+20a+c2+2ab ’ a2+2bc+b2+20a+02+2ab

I =

We wish to show that I > 1 > J. Since 22 + y? > 2xy we have

a® a®

>
a2 +2bc ~ a2+ b2 42

Similarly,
b2 b2 c? c?
> , >
b2 +2ca ~ a? +b% 42 c2+2ab ~ a2+ b%2 42

Then it is clear that I > 1. Next, note that I +2J =3 orI =3—-2J. By I > 1,
it is easy to see that J < 1. O

87. (USA 1997) (a,b,c > 0)

1 1 1 1
< —.
a3—|—b3+abc+b3+c3—|—abc+c3+a3+abc_abc

Solution. (ML Forum) By Muirhead (or by factoring) we have
a® + b > ab® + ab
so we get that:

abe abe c
T N N 0
Za3—i-b3—i—abc_Zab(ab—H)—i-c) Za+b+c

cyc cyc cyc

88. (Japan 1997) (a,b,c > 0)

(b+c—a)? (c+a—1b)? (a+b—rc)? >§
(b+c¢)2+a? (c+a)?+b> (a+b2+c2 5

Solution. (See [10])
WLOG we can assume that a+b-+c¢ = 1. Then the first term on the left become

(1-2a _, 2

(1-a)2+a? 1+ (1—2a)?
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Next, let 1 =1 —2a, 290 = 1—2b, x3 = 1 — 2¢, then 1 + 25 + x3 = 1, but
—1 < z1,z9,x3 < 1. In terms of x1, x2, x3, the desidered inequality is

1 n 1 n 1 <277
1422 1423 1+23 10

We consider the equation of the tangent line to f(z) = H% at x = 1/3 which
isy= %(—x—i— 2). We have f(z) < g—g(—x +2) for —1 < 2 < 1 because

27 1 (3x —1)%(4 — 3x)

L A pr 5022 +1) -
Then o7
flan) + flz2) + flzs) < 55
and the desidered inequality follows. O

89. (Estonia 1997) (z,y € R)

2+ 41> a2+ 1+ yV22 +1

Solution. (Ercole Suppa) We have:
(e -V +1)+ (y-Var+1) 20

and, consequently,

Pty 1> a2+ 1+ yVa? + 1
The equality holds if and only if x = /92 + 1 and y = V2% + 1, i.e.
PP =2y’ 42

Since this last equality is impossible, the result is proven. O

90. (APMC 1996) (z+y+z2z+t=0,22+y?> + 22 +t>=1,2,9,2,t €R)

—1<2y4+yz+2t+tx <0
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Solution. (FErcole Suppa) After setting A = xy + yz + 2zt + tx we have
1
O=(r+y+z+t)?=14+24+2@2+yt) = A= —5 —zz -yt

The required inequality is equivalent to

N | —

1
§xz+yt§§<:> |zz 4+ yt] <

| —

1
—lg—i—xz—ytg() = =

and can be proved by means of Cauchy-Schwarz and AM-GM inequalities

]mz+yt|§\/x2+y2-\/t2+z2: (CS)
= V(@2 +92) (2 +22) < (AM-GM)
< Py +P 2 1
- 2 2

91. (Spain 1996) (a,b,c > 0)

a® 4+ b* 4+ c* —ab—be — ca > 3(a—b)(b—c)

Solution. (Ercole Suppa) We have:

a® +b*+c? —ab—bc —ca—3(a—b)(b—c) = a® + 4b* + ¢* — 4ab — 4bc + 2ac =
=(a—2b+¢c)*>0

92. (IMO Short List 1996) (abc =1, a,b,c > 0)

ab L be . ca <1
a® 4+ +ab WO+ +be BH4a®+ca T

Solution. (by IMO Shortlist Project Group - ML Forum,)
We have

a®+b° = (a+0b) (a* — a®b+a®b® —ab® +b?) =
= (a+b)[(a—0b)* (a® + ab+b*) + a’b*] >
> a®b*(a +b)
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with equality if and only if @ = b. Hence

ab < ab _
a®+ b +ab ~ abla+0b)+1
J— 1 J—
abla+b+c)
B c
Catbtec

Taking into account the other two analogous inequalities we have

Z ab < c n a . b _1
ad+b+ab " a+b+c a+b+c a+b+c

and the required inequality is established. Equality holds if and only if a = b =
c=1. ]

93. (Poland 1996) (a+b+c=1, a,b,c > —3)

a i b i c
a?2+1 b2+1 c2+1

<2
— 10

Solution. (Ercole Suppa) The equality holds if a = b = ¢ = 1/3. The line
tangent to the graph of f(z) = 3% in the point with abscissa 2 = 1/3 has
equation y = é—gx + % and the graph of f(x), per z > —3/4, if entirely below
that line, i.e.

T < 18 n 30 Vi > 3
S gt it > —2
241~ 25 50 4
because
18 30 x 3
== B S — —1)2%(4 > -z
253;+50 o Bz —1)*(4x+3)>0 , Vo> 1
Therefore

Y ot S f@+ )+ S0 =

cyc

Remark. It is possible to show that the inequality

> F TS
a?2+1~ 10

cyc

is true for all a, b, c € R such that a + b+ ¢ = 1. See ML Forum.
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94. (Hungary 1996) (a +b=1, a,b > 0)
a? b?
a+1+b+1

W =

>

Solution. (See [32], pag. 30) Using the condition a + b = 1, we can reduce the
given inequality to homogeneous one, i. e.,

a? b2

ct (et (atd) @ b+ (atd)

1
gg( or a2b—|—ab2§a3—|—b3,

which follows from (a® + %) — (a?b + ab?) = (a — b)%(a + b) > 0. The equality
holds if and only if a = b =

1
5

O
95. (Vietnam 1996) (a,b,c € R)

(a4 +v* + 04)

ENTITS

(a+ b+ b+c)* +(c+a)t >

First Solution. (Namdung - ML Forum) Let

4
fla,bc) = (a+b)*+ (b+c)" + (c+a)' — - (a* +b* + ).
We will show that f(a,b,c) > 0 for all a, b, c. Among a, b, ¢, there exist at
least one number which has the same sign as a + b+ ¢, say a. By long, but easy
computation, we have

b+c b+ec
2 7 2

) = 3a(atbe) (b—c)>+ = (76 + 10be + 7c?) (h—c)® > 0

f(a'v b7 C)_f(av 56

So, it sufficient (and necessary) to show that f(a,t,t) >= 0 for all a, t. Is
equivalent to f(0,¢,¢t) > 0 and f(1,t,£) > 0 (due homogeneousness). The first
is trivial, the second because

f(1,t,t) = 59t* + 283 + 421% + 28t + 5 =

= E(20t+7)2 + <\/@t2 L 1>2 >0
59 V59 V59
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Remark. To find the identity

b+c b+c
f(a7 b7 C)_f<a7 9 7 9

we can use the following well-known approach. Let
b+c b+c
2 72
The first thing we must have is h(0,b,¢) > 0. h(0,b, ¢) is symmetric homogenus
polynomial of b, ¢ and it’s easily to find that

3
) = 3a(a+b+c)(b—c)2+% (7% + 10bc + 7¢?) (b—c)* > 0

h(a,b,c) = f(a,b,c) — f(a, ) >0

h(0,b,c) = % (7% + 10bc + 7c?) (b — ¢)?
Now, take h(a,b,c) — h(0,b,c) and factor, we will get
h(a,b,c) — h(0,b,c) = 3a(a+ b+ c)(b—c)?

Second Solution. (Iandrei - ML Forum)
Let f(a,b,c) = (a+b)*+ (b+c)* + (c+a)* — 2 (a® +b? + ¢?). It’s clear that
£(0,0,0) = 0. We prove that f(a,b,c) > 0. We have
_ 10 4 2, 12 272
f(a,b,c)—72a —|—4Zab(a —i—b)—l—GZab >0 <—
5 4 2, 12 272
?Za +2) ab(a®+07) +3) b’ >0 =
53 a*+ 14> ab(a®+b%) +21) a’b’ >0

We prove that

5
3 (a* +b") + 14ab (a® + b*) + 21a*b* > 0 (%)
Let 2 = ab , y = a® + b%. Thus
5 5
3 (y* —22%) + Moy +212° >0 < 162% + lday + §y2 >0

If x # 0, we want prove that
2
2+28% 45(2) >0
x x

If y/x = t with |[t| > 2 , we must prove 32 + 28t + 5t > 0. The latter second
degree function has roots

—28 412 —28 — 12
= — = —1 = —_— = —4.
" 10 0 10
It’s clear that |t| > 2 implies 32 + 28t + 5t* > 0. If z = 0 then a =0 or b = 0
and (%) is obviously verified. O
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Remark. A different solution is given in [1], pag. 92, problem 98.

96. (Belarus 1996) (z +y + 2z = \/7yz, x,y,2 > 0)

xy+yz+ze>9(x+y+z)

First Solution. (Ercole Suppa)
From the well-know inwquality (zy + yz + 22)% > 3zyz(z +y + z) and AM-GM
inequality we have

(zy +yz + 22)® > 3wyz(z +y + 2) =
=3z +y+2)?>> (AM-GM)

> 3(3¢/zyz)° =
= 8layz = 81(x +y + 2)?

The required inequality follows extracting the square root. O

Second Solution. (Cezar Lupu - ML Forum)
We know that x +y + 2z = \/Tyz or (v +y + 2)? = wyz. The inequality is
equivalent with this one:

1 1 1
xyz(—+—4+-) > 9z +y+ 2),
r oy =z

or
1 1 1
(24 -+-)>9 .
@ty + 25+ o+ 2) 20+t 2)
Finally, our inequality is equivalent with this well-known one:

1 1 1
(r+y+2)(=+-+-)>09.
x Y z

97. (Iran 1996) (a,b,c > 0)

1 1 1 9
(ab+ bc + ca) ((a+b)2 + CEEE + (c+a)2> Z 7
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First Solution. (lurie Boreico, see [1], pag. 108, problem 114) With the sub-
stitution y + z = a, 2+ x = b, x + y = c the inequality becomes after some easy

computations
2 1
2 <ab—cz) (a—b"

Assume LOG that a > b > c. If 2¢ > ab, each term in the above expression is
positive and we are done. So, suppose 2¢? < ab. First, we prove that 2b% > ac,
2a? > be. Suppose that 2% < ac. Then (b+ ¢)? < 2(b* + ¢?) < a(b+ ¢) and so
b+ ¢ < a, false. Clearly, we can write the inequality like that

(Z-5)a-or+ (p-g)o-02= (5-2) @

We can immediately see that the inequality (a —¢)? > (a — b)? + (b — ¢)? holds
and thus it suffices to prove that

2 2 1 1 1 1 2 2
Sy b—e)?> (=422 2 ) (a—p)?
<ac+ bc  a? b2>( oz <b2 TE W ac) (a—1)

But is clear that
Lo1o2y (1 1 2
b2 2 ab b ¢

and so the right hand side is at most

(a=B2(b—
b2c2

Also, it is easy to see that
2+2 1 1.1 1>(a—b)2
ac bec a? b2 T ac  be b2c?
which show that the left hand side is at least
(a—0)*(b—c)?
b2c?

and this ends the solution. O

Second Solution. (Cezar Lupu - ML Forum) We take x = p—a,y = p—0b,z =
p — ¢ so the inequality becomes:

(p—a)(p—b)+(p—b)(p—0)+(p—0)(p—a)-(%+b%+c%)2% —

(p> — 16Rr 4+ 5r%) [(AR + ) (p* — 16Rr + 5r*) + 4r BR(5R —r) + r(R — 2r))] +
+4R3(R—2r)2 >0
But using Gerrestein’s inequality p? > 16 Rr —5r? and Euler’s inequality R > 2r

we are done. Hope I did not make any stupid mistakes in my calculations. [J
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Remark. Gerrestein’s inequality.
In the triangle ABC we have p? + 5r% > 16Rr.

Puwta=z+y,b=y+z2,c=z2+z,2,y,2 > 0. The inital inequality becomes
(x+y+2)?° >4z +y)(y+2)(z + ) — Sayz
This one is homogenous so consider x + y + z = 1. So we only must prove that
1>4(1—-2z)(1 —y)(1 —2) —bayz & 1+ 9zyz > 4(xy + yz + 2x)
which is true by Shur . Anyway this one is weak , it also follows from
s2 > 2R? + 8Rr + 3r?

which is little bit stronger.
Third Solution. (payman_pm - ML Forum)

(xy +yz + zx)( ! + ! + ! =
Y @+y? W+2? (zta)?
(x4+y)2(y+2)2+y+2)>2z+2)2+(z+2)(z+y)?

(z +y)?(y +2)*(z + 2)?

= (zy +yz + x2)(

but we have
(zy+yz+z22) (2 + )W+ 22+ W+ 2)2z+2)°+ (2 +2)%(x +y)?) =
5
Z(:p5y + 2242 + §x4yz + 132322 + 42%y?2?)
and

5
(x+y)(y+2)>%(z+2)* = Z(az4y2 + ztyz + 2%y + 623y% 2 + §x2y222)
and by some algebra

2(4:1:53/ —zty? — 3239 + atyz — 22372 + 2%%2%) > 0

and by using Sschur inequality we have Y (23 — 222y + zyz) > 0 and if multiply
this inequality to xyz :

Z(a:4yz —22%y%2 + 2%y%2%) > 0 (1)

and by usingAM — GM inequality we have
D ((@Py —2'y®) +3(2"y — 2%y?)) > 0 (2)
and by using (1), (2) the problem is solved. O
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Fourth Solution. (Darij Grinberg - ML Forum) I have just found another
proof of the inequality which seems to be a bit less ugly than the familiar ones.
We first prove a lemma:

Lemma 1. If a, b, ¢, x, y, 2z are six nonnegative reals such that a > b > ¢ and
r <y <z then

z(b—c)? (3bc+ca+ab—a2)+y(c—a)2 (3ca + ab+ be — b*) +
+z(a—b)° (3ab + be + ca — ¢*) > 0.

Proof of Lemma 1. Since a > b, we have ab > b, and since b > ¢, we have
bc > c%. Thus, the terms 3ca + ab + bc — b? and 3ab + be + ca — ¢ must be
nonnegative. The important question is whether the term 3bc + ca + ab — a? is
nonnegative or not. If it is, then we have nothing to prove, since the whole sum

z(b—c)? (3bc+ca+ab—a2)+y(c—a)2 (3ca + ab+ be — b%) +
+z(a—b)° (3ab + be + ca — ¢?)

is trivially nonnegative, as a sum of nonnegative expressions. So we will only
consider the case when it is not; i. e., we will consider the case when 3bc + ca +
ab — a® < 0. Then, since (b —¢)* > 0, we get (b— ) (3bc + ca + ab — a?) <0,
and this, together with = < y, implies that

z(b—c)? (3bc + ca + ab — a?) >y (b—c) (3bc + ca + ab — a?)

On the other hand, since 3ab + bc + ca — ¢ > 0 and (a —b)* > 0, we have
(a—b)? (3ab + bc + ca — ¢?) > 0, which combined with y < z, yields

z(a—b)? (3ab + be + ca — ¢?) >y (a—b) (3ab + be + ca — ¢?)

Hence,

2 (b—¢)? (3be + ca+ ab— a?)+y (c — a)® (3ca + ab + be — b%) 42 (a — b)? (3ab + be + ca — ¢?)
>y (b—c)? (3bc + ca + ab — a®)+y (c — a)’ (3ca + ab + be — b*)+y (a — b)” (3ab + be + ca — ¢?)
=y ((6—0)2 (3bc + ca + ab — a®) + (¢ — a)? (3ca + ab + be — b?) + (a — b)* (3ab+bc+ca—c2)>
But

(b—c)? (3bc+ ca+ab — a?) + (c — a)? (3ca + ab + be — b?) + (a — b)* (3ab + be + ca — ¢?)

> (b—c)? (=bc+ ca+ab— a®) + (¢ —a)® (—ca+ab+be—b*) + (a —b)? (—ab+bc+ ca — ¢?)
(since squares of real numbers are always nonnegative)

=(b-—c’(c—a)(a—=b)+(c—a)’(@a—=Db)(b—c)+(a—b)>(b—c)(c—a)

=0b—-c)(c—a)(a=Db)[(b—c)+(c—a)+(a—b) | =0

=0
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thus,
z(b—c)’ (3bc + ca + ab — a?) +y(c—a)’ (3ca + ab + be — b*) +
+z(a—b)° (3ab+bc+ca—c*) >0
and Lemma 1 is proven.
Now to the proof of the Iran 1996 inequality:

We first rewrite the inequality using the ) notation as follows:

1
> v 2 1o
(b+c) 4 (bc + ca + ab)

Upon multiplication with 4(bc + ca + ab), this becomes

>9

4 (bc + ca + ab)
2 (b+c)?

Subtracting 9, we get

Z4(bc+ca—l—ab)

2 _9>0
(b+c)

which is equivalent to

4 (bc + ca + ab)
Z( (b+c)’ _3>20

But

4 (be + ca + ab) 3o (Bb+c)(a=b) (3c+b)(c—a)
(b+c)? (b+0c) (b+c)

Hence, it remains to prove

5 ((3b+c)(a—b) - (3c+b)(c—a)> -

(b+c)? (b+c)?
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But

(Bb+c)(a—b) (3c+Db)(c—a) _
Z( (b+c)2 2 )

(b+c¢)
S R
R T M
(S eice).

Z (a—b)? 3ab+bc+ca—c2)
B (b+0c)*(c+a)

Thus, the inequality in question is equivalent to

(a —b)? (3ab + be + ca — c?)
2 (b+¢) (c+a)’

Upon multiplication with (b + ¢)” (¢ + a)” (a + b)*, this becomes

>0

Z(a+b)2(a—b)2 (3ab+bc+ca—c*) >0
In other words, we have to prove the inequality
(b+c)? (b—c)? (3bc+ca+ab—a?) + (c+a)? (c — a)® (3ca + ab + be — b?) +
+ (a+b) (a—b)* (3ab+be+ca—c?) >0

But now it’s clear how we prove this - we WLOG assume that a > b > ¢, and
define z = (b4 ¢)*, y = (¢ + a)® and z = (a + b)?; then, the required inequality
follows from Lemma 1 after showing that x <y < z (what is really easy: since
a>b>c wehave (a+b+c)—a < (a+b+c)—b < (a+b+c)—c, what
rewrites as b+ ¢ < c+a < a+b, and thus (b+¢)* < (c+a)® < (a +b)?, or, in
other words, x <y < z).

This completes the proof of the Iran 1996 inequality. Feel free to comment or
to look for mistakes (you know, chances are not too low that applying a new
method one can make a number of mistakes). O

Remark. For different solutions proof see: [19], pag.306; [65], pag.163; Crux
Mathematicorum [1994:108; 1995:205; 1996:321; 1997:170,367].

98. (Vietnam 1996) (2(ab + ac + ad + bc + bd + cd) + abc + bed + cda + dab =
16, a,b,¢c,d > 0)

a+bt+c+d> 3(ab+ac+ad+bc+bd+cd)
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Solution. (Mohammed Aassila - Cruz Mathematicorum 2000, pag.332)
We first prove a lemma:

LEMMA If z, y, z are real positive numbers such that  +y + z + xyz = 4, then
r4+y+z>xy+yz+ zx
PROOF. Suppose that 4y + 2z < 2y +yz + z2. From Schur inequality we have
Iryz > 4z +y+ 2)(vy +yz +20) — (x +y +2)° >
>d(z+y+2)?—(z+y+2)?=
=@+y+2)’d-(@+y+2)=
=ayz(z+y+2)2

Thus
(z+y+2?2<9 = 24+y+z<3

and AM-GM implies
3
ey < <9«“+§/+Z> _1

Hence x +y+ z 4+ xyz < 4 and this is impossible. Therefore we have x +y+ 2z >
xy + yz + zx and the lemma is proved. 0

Now, the given inequality can be proved in the following way. Put
S1 :Za , S :Zab , 53 :Zabc.
Let
P(z) = (z — a)(z — b)(z — ¢)(x — d) = 2* — S12° + So2® — Szx + abed.
Rolle’s theorem says that P’(x) has 3 positive roots u, v, w. Thus
P(z) = 4(z—u)(z—v)(z—w) = 42° — 4(u+v+w)z? +4(uv+vw+wu)z — duvw
Since P'(x) = 42® — 35122 + 2522 — S3 we have:

4
81:§(u+v+w) , Sy =2(w+ovw+wu) , S;=4duvw (1)

From (1) we have

2(ab+ ac+ ad + bc + bd + cd) 4+ abc + bed + cda + dab = 16 <=
255+ 53 =16 <= 4(uv +vw+wu) + duvw =16 <~
uw +vw + wu + ww =4 (2)

From the Lemma and (1) follows that

3 1 2
u+v+w>uw+ow v = 1312552 — Sl>§52

ie. a+b+c+d>2(ab+ ac+ ad+ be+ bd + cd) and we are done. O

Remark. A different solution is given in [(] pag. 98.
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3 Years 1990 ~ 1995

99. (Baltic Way 1995) (a,b,c,d > 0)

a+c b+d+c+a d+b
a+b b+c c+d d+a

Solution. (Ercole Suppa) From HM-AM inequality we have

1 1 4
—+-2> . Vz,y € Ry,
T Yy Tty

Therefore:

1 1 1 1
LHS = o i -
S (a+c)(a+b+c+d>+(b+d)<a+b+c+d>
1 1
_ IS I HM-AM
(a+b+c+d)(a+c)<a+b+c+d>_ ( )
4

100. (Canada 1995) (a,b,c > 0)

a+b+c
a®h’c® > abe 3

First Solution. (Ercole Suppa) From Weighted AM-GM inequality applied to
the numbers %, %, % with weights p; = a+‘;+c, po = a+g+c, p3 = m we have

1 1 1 1 p1 1 P2 1 ps3
OO O
a b c a b c
3 S 1
a+b+c R/ gapbec

Thus, the AM-GM inequality yields:

a+b+c

a C b
WV aabbee > % > Vabe = a®’c > abe 3
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Second Solution. (See [56]pag. 15)
We can assume WLOG that a < b < ¢. Then

loga <logb <logc
and, from Chebyshev inequality we get

a+b+c loga-+logb+logc < aloga+blogb+ cloge
3 3 - 3

Therefore

b
aloga +blogh+ cloge > #(loga—&—logb—&—logc) =

a+b+c
a®bc® > abe 3

g

Third Solution. (Official solution - Cruz Mathematicorum 1995, pag. 224)
We prove equivalently that

CL3ab3bc3c Z (abc)a+b+c

Due to complete symmetry in a, b and ¢, we may assume WLOG that a > b >
¢>0. Thena—b>0,b—c>0,a—c>0and a/b>1,b/c>1, a/c > 1.

Therefore N b e )
(Zbc)a+0b+c:(%> <c> (z) =1

101. (IMO 1995, Nazar Agakhanov) (abc =1, a,b,c > 0)
1 n 1 4 1 3
al(b+c) b (c+a) Ala+b) — 2

First Solution. (See [32], pag. 17)
After the substitution a = %, b= %, c =1 we get zyz = 1. The inequality

PR
takes the form
2 y? 52

y+z z4+zxT zTHY
It follows from the Cauchy-Schwarz inequality that

3
> —.
-2

1,2 y2 22

+ +
y+z z+4+zxT THY

[(y+z)+(z+x)+(a:+y)]( >2(a:+y+z)2

so that, by the AM-GM inequality,

x? y? 22 >w+y+z>3(xyz)%:3

y+z+z+x+m+y_ 2 - 2 2
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Second Solution. (See [32], pag. 36)
It’s equivalent to

1 1 1 3
> .
a3(b+c) * b3(c+a) - Ala+b) = 2(abe)?/3

Set a = 23,b =43, c = 23 with x,y, z > 0. Then, it becomes

> i 2 m,
x9(y3 +23) - 2x4y4z4'

cyc
Clearing denominators, this becomes

Zx12 12+2Z$12y923+2$9y926>3Z$11y Py —|—6$8 8 8

sym sym sym sym

or

(wa 2§y 5) +2<wa R e 5)

sym sym sym sym
(E x9 9 6 E :368 8 8>
sym sym

and every term on the left hand side is nonnegative by Muirhead’s theorem. [

102. (Russia 1995) (z,y > 0)

1 . T n Y
vy — wt+y? oyt +a?

Solution. (Ercole Suppa) From AM-GM inequality we have:

€z + Yy < x + Yy _
vt +y? o ytta? T oo /aty? 222yt
1 1 1

2zy 22y wxy

103. (Macedonia 1995) (a,b,c > 0)

a b c
2y + > 2
b+c c+a a+b
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Solution. (Manlio Marangelli - ML Forum)
After setting A =1, B = 3% the HM-AM yields

2
3

a 2 2a
> pu—
btec 142 atbdte

Similar inequalities are true also for the other two radicals. Therefore

a b c 2a 2b 2c
iy + > + + =2
b+ c c+a a+b " a+b+c a+b+c a+b+c

VAB >

s

SO

104. (APMC 1995) (m,n € N, z,y > 0)

(n=1)(m=1) (=" " +y" ")+ (ntm—1)(z"y" +a™y") = nm(a" T yay T

Solution. (See [5] pag. 147)
We rewrite the given inequality in the form

mn(z —y) (" y T > (ndm - 1) (@ — ") (@™~ y™)
and divide both sides by (z — y)? to get the equivalent form

nm (xn+m—2 4 xn+m—3y 4 yn+m—2) Z

>n+m—1) (" '+ 4y ) (@ 4y )
We now will prove a more general result. Suppose
P(z,y) = agz® + - +a_qy?

is a homogeneous polynomial of degree d with the following properties

(a) Fori=1,...,d, a; = a_; (equivalently P(z,y) = P(y,x))

d
(b) > aq =0, (equivalently P(z,z) = 0)
i=—d

(¢) Fori=0,...,d—1, a4+ -+ aq—; > 0.
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Then P(x,y) > 0 for all z,y > 0. (The properties are easily verified for P(z,y)
equal to the difference of the two sides in our desidered inequality. The third
property follows from the fact that in this case, ag > ag—1 > --- > ag). We
prove the general result by induction on d, as it is obvious for d = 0. Suppose
P has the desidered properties, and let

Q(z,y) = (ag + ag—1) 2 + ag_oz® 2y + -

+a_grory? 4 (a_g+a_g11)yt?
Then @ has smaller degree and satisfies the required properties, so by the in-
duction hypotesis Q(z,y) > 0. Moreover,

P(z,y) — Q(z,y) = aq (2 — 291y — a2y +¢%) =

= ag(z —y) (" —y*) >0

since ag > 0 and the sign of  — y is the same as the sign of ¢ — y¢. Adding
these two inequalities give P(x,y) > 0, as desidered. O

105. (Hong Kong 1994) (zy +yz + zx =1, x,y,z > 0)

S
@Q'
w

o(1—y?)(1 2% +y(l - 2*)(1 - 2?) +2(1 - 2*)(1 - y*) <

First Solution. (Grobber - ML Forum)
What we must prove is

4v/3
r+y+z+ayz(zy +yz + 2z) < \9[ +ay(z+y) +yz(y+ 2) + zz(z + ).
By adding 3zyz to both sides we get (we can eliminate xy + yz + zz since it’s
equal to 1)
4v/3
T4y +z+doyzr < \9[+x+y+z.

By subtracting x 4+ y + z from both sides and dividing by 4 we are left with
ryz < @, which is true by AM-GM applied to zy, yz, zx. 0

Second Solution. (Murray Klamkin - Cruz Mathematicorum 1998, pag.394)
We first convert the inequality to the following equivalent homogeneous one:

T (T2 — y2) (T2 — 22) + yzr (T2 — 22) (T2 — :L'2) + z (Tg - xQ) (T2 — y2) <

43 5
5 (T2)

N

<
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where Ty = xy + yz + zx, and for subsequent use 71 = = + y + z, T3 = xyz.
Expanding out, we get

o

4
T3 — Ty (y> +2°) + Tols < \gf(Tz)

or

4
T\T; — To (ThTy — 3T3) + ToTs = AToT5 < \9/> (1)

Njot

Squaring, we get one of the know Maclaurin inequalities for symmetric functions:

s T
3

ST <

There is equality if and only if x =y = 2. g

106. (IMO Short List 1993) (a,b,c,d > 0)

b d 2
S o > 2
b+2c+3d c+2d+3a d+2a+3b a+2b+3c 3

Solution. (Massimo Gobbino - Winter Campus 2006) From Cauchy-Schwarz
inequality we have:

2
(a+b+c+d)? \/7\/&\/1)+20+3d> <

b+ 2c+ 3d
(Z ab + 2ac + 3ad> =
cyc
sym

§<Zb—|—20—|—3d>3(a+b+c+d> (1)

>
(Siew)
(o)

b+20+3d

The inequality of the last step can be proved by BUNCHING principle (Muir-
head Theorem) in the following way:
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> ab< g(a—l—b—i—c—i-d)z

Zabg chﬂ—&-zZab

sym cyc sym

From (1) follows that

107. (APMC 1993) (a,b > 0)

2 3
<¢a+\/z3> _a+ Y@+ VaP+b _atvab+b J <W+ \/172>
2 - 4 - 3 - 2

Solution. (Tsaossoglou - Crux Mathematicorum 1997, pag. 73)
Let A= &a, B = v/b. The first inequality

2
<\/a+\/5> _a+ Va4 Vab? +b
2 = 1

is equivalent to
(Va+vh) < (Va2 + 97 (a + 0)
— (4%+ B% < (A'+ BY) (4% + BY)

which holds by the Cauchy inequality.
The second inequality

a+ vVaZb+ Vab? + b - a+vVab+b
4 3
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is equivalent to
3(a+b)+3%(€/&+%)§4<a+\/@+b)
— a+3m+3m+b§2(a+\/%+b>
= (va+ ) <2(va+vh)
<A2+B2>3< <A3+B3)2
2 = 2

which holds by the power mean inequality.
The third inequality

3
a+\/ab+b< (\3/a2+\/3b2>
3 - 2

is equivalent to

AS + A3B3 + BS 2< At 4 BH\°
3 - 2
For this it is enough to prove that

(A4 +B4>3 - <A6 +APB® + B6>2 -
2 3 -
or

9 (A'+ BY)® —8 (A% + A*B? + B%)? =

(A— B)Y(A® 4+ 4A"B +10A°B? + 4A°B® — 2A*B*+
+4A3B°% +10A2BS + 4AB” + B®) >

(A—B)* (A* —24'B* + B®) =

(A—B)*(4* -~ BY)’ >0

v

108. (Poland 1993) (z,y,u,v > 0)

:ry—|—acv—|—uy—|—uv> xy n uv
z+y+u+v T rz4+y u+twv
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Solution. (FErcole Suppa)
Is enough to note that

Ty + xv + uy + uv Ty Uv
r+ytut+v 7:c+y+u+v
_(e+u)(y+v) wy 4w
r+ytut+v rT+y u+tv
_ (v — uy)? =0
(z4+y)(utv)z+y+u+v) —

109. (IMO Short List 1993) (a+b+c+d=1, a,b,c,d > 0)

1 176
< — -
abc + bed + cda + dab < o7 + o abed

Solution. (See [23] pag. 580)
Put f(a,b,c,d) = abc+ bed 4 eda + dab — %abcd and note that f is symmetric
with respect to the four variables a, b, ¢, d. We can write

1
f(a,b,c,d) = ab(c+d) + cd(a+b— 2L76ab)

Ifa+b-— %ab < 0, then using AM-GM for a, b, ¢ + d, we have

1
< -
f(a,b,e,d) < ab(c+d) 57

Ifa+b— 12—776ab > 0 by AM-GM inequality applied to ¢, d we get

1 1
f(a,b,c,d) §ab(c—|—d)—|—1(c—|—d)2 <a—|—b— 2776ab> =f <a,b,c—’2_d,c—|2—d)

Consider now the following fourtplets:

c+d c+d a+b a+b c+d c+d

PO(a7b7cvd) ) Pl <a7b7 2 ) 2 > ) P2< 2 ) 2 ) 2 ) 2 >
1 a+b c+d 1 1111
py(-, a2 erae TN (s
3<47 2 ) 2 74> ) 4<4747474>

From the above considerations we deduce that for i = 0,1,2,3 either f(F;) =
1/27 or f(P;) < f(P;41). Since f(Py) =1/27, in every case we are led to

1

b,c,d) = f(Py) = —

f(aa e ) f( 0) 27
Equality occurs only in the cases (O, %, %, %) (with permutations) and (%, i, i, %)
O
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110. (Italy 1993) (0 <a,b,c<1)
a>+ b+ c? <a*b+bc+ctat1

First Solution. (Ercole Suppa) The given inequality is equivalent to
a?(1—=b)+b*(1—c)+c(1—a)<1
The function
fla,byc)=a*(1—=b)+b*(1—¢c)+c* (1 —a)

after setting b, ¢ is convex with respect to the variable a so take its maximum
value in @ = 0 or in @ = 1. A similar reasoning is true if we fix a, ¢ or a, b.
Thus is enough to compute f(a,b,c) when a,b,c € {0,1}. Since f is symmetric
(with respect to a, b, ¢) and:

f(07070):07 f(07071):17 f(07171):17 f<17171):O

the result is proven. O

Second Solution. (Ercole Suppa) We have

a?(1=b)+(1—-c)+ct(1—-a)<a(l-b)+b(l—c)+c(l—a)=
=a+b+c— (ab+bc+ ca) =
=1-(1-a)(1-0b)(1—=¢c)—abc<1

111. (Poland 1992) (a,b,c € R)
(a+b—c)(b+c—a)*(c+a—0b)*>(a® +b* - *)(b* + 2 —a?)(® +a* - b?)

Solution. (Harazi - ML Forum) It can be proved observing that
(a+b—c)*(c+a—b)?>(a®+b*—c*) (P +a® —b?)
which is true because:
(a+c—b2*b+a—c)=(a®>—b-c)*)?=a*—2d*b—c)* +(b—c)*
But (a? +c® —b?)(b% +a? — ¢2) = a* — (b? — ¢?)2. So, it is enough to prove that
(b* =) +(b—c)! > 2a*(b—c)® <= (b+c)*+(b—c)® > 2a® < b*+c*—a® >0

We can assume that b2 +c? —a?2 >0, 2 +a?> —b02>0,a®>+0>—-c*2>0 (only
one of them could be negative and then it’s trivial), so these inequalities hold.
Multiply them and the required inequality is proved. O
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112. (Vietnam 1991) (x >y >z > 0)

ZQCC

Y

2 2
X z
A

x

z

First Solution. (Gabriel - ML Forum) Since = > y > z > 0 we have that,

2
x
2%y |

Y2z . 2z a4 PR+ 2
x y Yz
3003 1 3 ( 2 a2 1 52
S @Ay )@ty 42T
3(zyz)
Bwyz(a? +y* +2%)
3(zyz)
=2% 4 y2 + 22

z

by Chebyshev’s inequality O

Second Solution. (Murray Klamkin - Crux Mathematicorum 1996, pag.111)
Let z=a,y=a+0b, x =a+ b+ c where a > 0 and b, c > 0. Substituting back
in the inequality, multiplying by the least common denominator, we get

2ty Ytz L2
z x y
1
= CEICE RS (a®b* + 3a*b® + 3ab* + b° + abe + 6a*b*c + 8abc+
ala a c

+ 3b%c + a®c® + 3abc? + 6ab’? + 3032 + abd® + b2 >0

and the inequality is proved. O

Third Solution. (ductrung - ML Forum) First, note that

Z abla—b)  (a—b)(a—c)(b—c)(ab+ bc+ ca) -0
c - abe -
Hence
a?b ab
SEED L
c c
and so

It remains to show that



or equivalently
Z a®b*(a + b) > 2abc(a® + b* + ¢?)
But

Za2b2(a +b) — 2abc(a® +b* + ) = ZCS(G —b)?2>0
Remark. Different solutions are given in Cruz Mathematicorum 1994, pag.43.

113. (Poland 1991) (2% + 4>+ 22 =2, x,9,2 € R)

r+y+z<2+zy2

First Solution. (See [1], pag. 57, problem 50)
Using the Cauchy-Schwarz inequality, we find that

wy+z—ayz=a(l—y2)+ (y+2) < V2 + (y+2)2 1+ (1 - y2)?]

So, it is enough to prove that this last quantity is at most 2, which is equivalent
to
(242y2) [2—2yz 4+ (y2)?] <4 = (2y2)° < (2y2)°

which is clearly true because 2yz < 3% 4 22 < 2. O

Second Solution. (Cruz Mathematicorum 1989, pag. 106)
Put S=x+y+ 2z, P=uxzyz. Itis enough to show that

E=4—-(S-P)?>0
Now using 2 + y? + 22 = 2 we have
4F =2° — 2% (5% —2) + 2(45P) — 4P* =
=23 — 222wy + 2yz + 22x) + 2 (4w2yz +dxy’z + 4a:yz2) — 82%y?2% +4P?
= (2 - 2zy)(2 — 2y2)(2 — 222) + 4P?
Since
2 — 22y =22 + (z — y)?
2 —2yz = 2% + (z — 2)?
2 — 2z =y? + (2 — x)?

the above quantities are nonnegative. Thus, so also is £/, completing the proof.
O
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Third Solution. (Cruz Mathematicorum 1989, pag. 106)
Lagrange multipliers provide a straighforward solution. Here the Lagrangian is

L=z+y+z—ayz— (2> +y°+2°—2)

Now setting the partial derivatives equal to zero we obtain

1—yz=2\x
1—xz2z=2\y
1—zy=2X\z

On subtraction, we get
(—y)(z =20 =0=(y—2)(z —2})

Thus the critical points are x =y = z and x = y, z = (1 — x2) /x and any
cyclic permutation. The maximum value corresponds to the critical point x = v,
z = (1 — :1;2) /x. Since 2% + y? + 22 = 2 this leads to

(32 —1) (2 —1) =0

Finally, the critical point (1,1,0) and permutations of it give the maximum
value of ¢ 4+ y + z — zyz to be 2. a

Fourth Solution. (See [1] pag. 155)
If one of z, y, z is nagative, for example z < 0 then

24ayz—zr—y—z2=02—-z—y)—z1—2y) >0

since z +y < /2 (22 +y2) < 2 and 22y < 22 + y? < 2. Thus, WLOG, we can
suppose 0 < x <y < z. If z <1 then

24ayz—r—y—z=1-2)(1-y +(1-2)1-2y) >0

If, on the contrary z > 1 then by Cauchy-Schwartz inequality we have

c+y+2< V2@ +y)2+22] =2y +1<ay+2<ayz+2
O
Remark 1. This inequality was proposted in IMO shortlist 1987 by United
Kingdom.

Remark 2. The inequality admit the following generalization: Given real
numbers x, v, z such that 2 + y? + 22 = k, k > 0, prove the inequality

2 2
%wyz—v2k§x+y+z§ Ewyz+v2k

When k = 2, see problem 113.
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114. (Mongolia 1991) (a® +b% +c? =2, a,b,c € R)

la® + b + & — abe| < 2V2

Solution. (ThAzN1 - ML Forum) It suffices to prove
(a® 4+ b* + c® — abe)? <8 = (a® + b + 2)>.
This is equivalent to
(a® + 0% + )% — (a® + b® + )% + 2abc(a® + b 4 ) — a?b*c® > 0
Z(i’)(flb2 + 3a%b* — 2a%%) + 2abc(a® + b® + ) + 5a*b*c? > 0

Z(a4b2 +a?b* + a®b*(a — b)? + a*(b + ¢)?) + 5a*b*c* > 0

115. (IMO Short List 1990) (ab+ bc + cd + da =1, a,b,c,d > 0)

a? b3 3 a3

1
>
b+c+d+c+d+a+d+a+b+a+b+c -3

First Solution. (See [23] pag. 540)
Let A, B, C, D denote b+c+d, a+c+d, a+b+d, a+ b+ c respectively.
Since ab + bc + ¢d + da = 1 the numbers A, B, C, D are all positive. By
Cauchy-Schwarz inequality we have

P+ +E+dE>ab+be+ced+da=1

We’ll prove the required inequality under a weaker condition that A, B, C,
D are all positive and a? + b? 4+ ¢? +d?> > 1. We may assume, WLOG, that
a>b>c>d>0. Hencea® 20> > >d*>0and 3 > 5> & > 5 > 0.
Using Chebyshev inequality and Cauchy inequality we obtain

—_

_|._
U:J\%

a3 1 11 1
7>7 3 b3 3 d3 - - - >
+5 4( + 0%+ + d°) iTgctp) 2
_|_

1 11 1
d)(a+b+c+d)<A+BC+>=

—|— Q‘Qc,o

Y

&\HS\HM%
/—\
l\?
_|_
@‘

11 1
(a® + 0%+ ¢ +d2)(A+B+C+D)< ++>2

This complete the proof. O
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Second Solution. (Demetres Christofides - J. Sholes WEB site)
Put

S=a+b+c+d

a?® b3 3 a3

S—a S—bTS5—cT5-d

B=a*+b+c+d>
C=a(S—a)+b(S—0b)+c(S—c)+d(S—d) =2+ 2ac+ 2bd

A=

By Cauchy-Scwarz we have

AC > B?
We also have

(a=b24+0b-c)+(c—d?*+(d-a)?>0 —
B>ab+bc+cd+da=1

and
(a—c)*+(b—d)?>0 = B>2ac+2bd

If 2ac + 2bd < 1 then C' < 3, so by (1) and (2) we have
B2 1
= >
c —C
If 2ac + 2bd > 1 then C' > 3, so by (1), (2), and (3) we have

A> >

Wl =

B2 B _ 2ac+2bd_ C—2 2
Z > > > =1-=>
cC — C— C - C C

A>

W =

This complete the proof.

Third Solution. (Campos - ML Forum) By Holder we have that

(X iitra) (avtera) (1) = (X0 —
CLS a C 4
§:b+c+dZ]éQ§;Z+:fZ»

but it’s easy to verify from the condition that
(a+b+c+d)?>4a+c)b+d) =4

and
Blat+b+c+d?®>4> alb+c+d)
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because

Ba+b+ctd?®—4> alb+ctd) =
=3(a+b+c+d)? —8(ab+ ac+ ad + be + bd + cd) =
=3 (a® + b + ¢ + d*) — 2(ab+ ac + ad + bc + bd + cd) =
=4 (®+V++d*) —(a+b+c+d)? >0 (by Cauchy-Schwarz)

This complete the proof. O
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4 Supplementary Problems

116. (Lithuania 1987) (x,y,z > 0)

z’ y? 2 L rty+z

:E2—|—:17y—|—y2+y2—|—yz—|—z2+22—|—zx—|—x2_ 3

Solution. (Gibbenergy - ML Forum) Since 3zy < 2% 4+ xy + y? we have

x3 _ wy(z+y) >x_:1:+y

el ANV
22 + xy + 12 2 +xy+y? 3

Then doing this for all other fractions and summing we obtain the inequality

we want to prove. O

Remark. This inequality was proposed in Tournament of the Towns 1998.

117. (Yugoslavia 1987) (a,b > 0)

1 1
Sla+b)?+ 2 (a+0b) > aVb+bva

First Solution. (Ercole Suppa)
From AM-GM inequality follows that “T‘H’ > v/ab. Therefore

5@+ + (atb)—avh—bva=
= S+ + 3+ )~ Vab (vVa +VE) >
2%(a+b)2+i(a+b)—a;b<\/6+x/5> =
a+b

=3 [a+b+;—f—\[b]_

(f—;>2+ <\/5—;>2] >0

a+b
2
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Second Solution. (Arne- ML Forum)
The left-hand side equals

a2+b2+b+a+b
o yabr o Z
2 2 4 4

Now note that, by AM-GM inequality

a® ab a b JJa? ab a b

>4 == == = b

s tgtstezdVg 7559
Similarly

b2 ab a b %2 ab a b

R T AN ol A

s otttz g g sThve

Adding these inequalities gives the result.

118. (Yugoslavia 1984) (a,b,c,d > 0)

a b c d

> 2
b—l—c+c~l—d+d+a+a—|—b_

Solution. (See [65] pag. 127)
From Cauchy-Schwarz inequality we have

2 a
(a+b+c+d) gégdb+@2;b+c_
:(ab+2ac+bc+2bd+cd+ad).Zbic

cyc

Then, to establish the required inequality it will be enough to show that

(ab + 2ac + be + 2bd + cd + ad) < ~(a+b + ¢+ d)*

N | —

This inequality it is true because

1
§(a+b+c+d)2—(ab—|—2ac—|—bc—|—2bd—|—cd—|—ad):

:f(a—c)z—l—%(b—dfzo

The equality holds if and only if a = c e b = d.
119. (IMO 1984) (z+y+2=1, z,y,2 > 0)

7
0<zy+yz+zr—2zyz < 77

321



First Solution. (See [32], pag. 23)

Let f(z,y,2) = xy + yz + zx — 2zyz. We may assume that 0 < z < y <
z < 1. Since  +y + 2z = 1, we find that z < % It follows that f(z,y,z) =
(1 —3z)yz + xyz + zz + vy > 0. Applying the AM-GM inequality, we obtain

yz < (%j)? = (%)2 Since 1 — 2z > 0, this implies that

2
1-— —223 241
f”) (1-20) = 224D

F(e,9,2) = aly+)+y=(1-22) < x(l—x)+(

Our job is now to maximize F(z) = §(—22% 4+ 22 + 1), where z € [0, 1]. Since

F'(z) = 3z (3 —2) > 0 on [0, 5], we conclude that F(z) < F(3) = 5 for all

z e [0,3]. O

Second Solution. (See [32], pag. 31)
Using the condition z+y+2 = 1, we reduce the given inequality to homogeneous
one, i. e.,

7
0<(zxy+yz+zx)(r+y+z)—2zyz < 2—7(az—|—y+z)3.
The left hand side inequality is trivial because it’s equivalent to

0<azyz+ Zx2y.

sym
The right hand side inequality simplifies to
72303 + 15zyz — 62x2y > 0.
cyc sym
In the view of
72 r3+152y2—6 Z 22y = (2 Zx?’ — Z x2y> +5 <3myz =+ ZLL’S — Z x2y> ,
cyc sym cyc sym cyc sym
it’s enough to show that
221)3 > Zx2y and 3zyz + 23:3 > Zx2y.
cyc Sym cyc sym
We note that
2) ot @ty =) (@)=Y (@Pytray’) =) (@ —aPy—ay®) > 0.
cyc Sym cyc cyc cyc
The second inequality can be rewritten as
Zx(m —y)(x—z) >0,
cyc

which is a particular case of Schur’s theorem. O
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120. (USA 1980) (a,b,c € [0,1))

a n b n c
b+c+1 c¢c+a+1 a+b+1

+(1—-a)(1-0)(1—-¢c) <1

Solution. (See [13] pag. 82)
The function

a b c

1—a)(1l—b)1—
brerl Teraritazrrr Um0

fla,b,c) =

is convex in each of the three variables a, b, ¢, so f takes its maximum value in
one of eight vertices of the cube 0 <a <1,0<b<1,0<¢<1. Since f(a,b,c)
takes value 1 in each of these points, the required inequality is proven. O

121. (USA 1979) (v +y+2=1, z,y,2>0)

1
23 %+ 22 + 6ayz > 7
Solution. (FErcole Suppa) The required inequality is equivalent to

4(m3+y3+z3)+24xyzz(x+y+z)3 =
3(x3+y3+23) + 18zyz > 3Zx2y =

sym
YDEEE) PSS
sym
which is true for all z,y, z > 0 by Schur inequality. O
122. (IMO 1974) (a,b,c,d > 0)
a b c d

1< 2

<
a+b+d+b+c+a+b+c+d+a+c+d

Solution. (FErcole Suppa) We have

a b c d

<
a+b+d+b+c+a+b+c+d+a+c+d

a b c d 5

<a+b+b+a+c+d+c+d:
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and

a b c d

a+b+d+b+c+a+b+c+d+a+c+d -
b c d

a
=1
= a+b—|—c—|—d+a+b—|—c+d+a—|—b—|—c—|—d+a+b—|—c—|—d

g

Remark. In the problem 5 of IMO 1974 is requested to find all possible values

of

B a . b i c i d

a+b+d btct+ta btc+d a+c+d
for arbitrary positive reals a, b, ¢, d. A detailed solution is given in [59], pag.
203.

123. (IMO 1968) (z1,z2 > 0,91, Y2, 21,22 € R, z1y1 > 212,m2y2 > 222)
1 1 S 8
vy — 212 wayp — 2?2 T (21 22)(y1 ) — (21 + 22)?

Solution. ([23]pag. 369)
Define u1 = \/T1y1+ 21, u2 = \/T2y2+ 22, v1 = \/T1y1 — 21 and vy = \/Tays — 22.

By expanding both sides we can easily verify

(21 + 22) (y1 + y2) — (21 + 22)° = (ur +u2) (v + v2) + (VZ1y2 — NCZIT N

Thus
2
(:L‘l + $2) (y1 + y2> — (21 + 22) Z (Ul + ’LLQ) (Ul + U2)
Since x;y; — Z¢2 = u,v; for ¢ = 1,2, it suffices to prove
8 1 1
(u1 + UQ) (7)1 + 1}2) T ouvy UoV2

<  Buiugvive < (ug + ug) (v1 + v2) (urv1 + ugve)

which trivially follows from the AM-GM inequalities

2\/U1u2 S Ul + U2 y 2\/111112 S V1 + V2 N 2\/U11)1u21)2 S U101 + UV2

Equality holds if and only if z1ys = x2y1, u1 = us and vy = v, i.e. if and only
if z1 = @9, y1 = y2 and 21 = 29. O
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124. (Nesbitt’s inequality) (a,b,c > 0)

a n b n c < 3
b+c c+a a+b™ 2
Solution. (See [32], pag. 18) After the substitution xt =b+c¢, y =c+a, z =

a + b, it becomes

S s

cyc cyc

which follows from the AM-GM inequality as following;:

T T z

)

cyc

Remark. In [32], are given many other proofs of this famous inequality.

125. (Polya’s inequality) (a # b,a,b > 0)
1 _
3 (2\/@ +2 ;L b) s _azb

Ina—1Inb

Solution. (Kee-Wai Lau - Crux Mathematicorum 1999, pag.253)

1
+z z z x z z T x 6
Zy :y+++++y>6(y.....y> = 0.
Ty z xT x Yy Yy z

We can assume WLOG that a > b. The required inequality is equivalent to

—_— a
lng

or, dividing both members by b :

b+2

After setting = = \/% we must show that

| 3 (x2 — 1) >0 Ve > 1
R +4x+1 "~ VT2
By putting
3 (mz — 1)
= 1 _—_——
flz)=Inz 2 +4x+1
a direct calculation show that
x—1)*
R

x (22 + 4z + 1)

Thus f'(z) > 0 for all x > 1 (i.e. f(z) is increasing for all z > 1).

f(1) =0, we have f(z) > 0 for all x > 1 and the the result is proven.
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126. (Klamkin’s inequality) (-1 < z,y,z < 1)

1 1
T o002 a0 )it -
Solution. (Ercole Suppa)
From AM-GM inequality we have
1 + 1 > 2 > 2
(I-2)1-y)(1-2) I+2)1+y)A+2) " J1-22)(1—-y2)[1-22)

g

127. (Carlson’s inequality) (a,b,c > 0)

i/(a—kb)(b—l-c)(c—l-a) S \/ab+bc+ca
8 - 3

First Solution. (P. E. Tsaoussoglou - Cruz Mathematicorum 1995, pag. 336)
It is enough to prove that for all positive real numbers a, b, ¢ the following
inequality holds

64(ab + be + ca)® < 27(a + b)%(b + ¢)*(c + a)?

64 - 3(ab + be + ca)(ab + be + ca)? < 81 [(a + b)(b + ¢)(c + a)]?

It is know that 3(ab + bc + ca) < (a + b+ ¢)?. Thus, it is enough to prove one

of the following equivalent inequalities

8(a+ b+ c)(ab+ bc+ ca) < 9(a+b)(b+c)(c+a)
8(a+b)(b+c)(c+a)+ 8abc < 9(a+b)(b+c)(c+ a)
8abe < (a+b)(b+¢)(c+a)

The last inequality is well-know and this complete the proof. O

Second Solution. (See [19] pag. 141)
It is enough to prove that for all positive real numbers a, b, ¢ the following
inequality holds

64(ab + be + ca)® < 27(a + b)*(b+ ¢)*(c + a)?
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Write s = a+b+c, u = ab+bc+ca, v = abe. Since a®+b%+c? > ab+bc+ca =u
we have

s=vVa2+b2+c+2u>V3u
By AM-GM inequality

s>3Vabe , u> 3/ (ab)(bc)(ca) = 3Vv?
and hence su > 9v. Consequently,

(a+b)(b+c)cta)=(s—a)(s—b)(s—c)=5+su—v>

1 8 8
> su — §SU = §5u > §u\/3u =
8v3
= ;f\/ (ab + bc + ca)?
and raising both sides to the second power we obtain the asserted inequality.
Equality holds if and only if a = b = c. O

Remark. The problem was proposed in Austrian-Polish Competition 1992,
problem 6.

128. (See [1], Vasile Cirtoaje) (a,b,c > 0)
(a+ —1) <b+1—1>+<b—|—1—1> <c+1—1>+<c+1—1> (a—i—l—l) >3
c & a a b

Solution. (See [1], pag. 89, problem 94) Assume WLOG that x = max{z,y, z}.
Then

S =

1 1 1 1 1 1
> — = - —+b4+ - -—3|>=-2+24+2-3)=1
x_3(x+y+z) 3<a+a+ et >_3( +2+ )
On the other hand,
(e +1)(y+1)(:+1) =abe+ o +a+btet=+1+->
x z =abc+ — +a c+—+-4+-
4 abc a b ¢~
1 1 1
>2+atbtet -+ +-=b+rty+e
and hence
zyz +axy+yz+zx >4
Since

(c—1)° >0

1
y+z=—-+b+
a

two cases are possible.
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(a) Case yz < 0. We have zyz < 0, and from zy + yz + zx > 4 it follows that
xy+yz+zx>4>3.

(b) Casey,z > 0. Let d =

\/@, We have to show that d > 1. By AM-

GM we have zyz < d. Thus zyz + 2y + yz + zx > 4 implies d> + 3d? > 4,
(d—1)(d+2)? >0, d> 1. Equality occurs fora =b=c=1.

g

129. ([ONI], Vasile Cirtoaje) (a,b,c,d > 0)

a—b+
b+c

b—c+
c+d

c—d+
d+a

d—a
>0
a+b

Solution. (See [1], pag. 60, n. 54)
By AM-HM inequality we have

a—>b

b—c¢c c¢c—d d-—a

b+c
_a+c

a+b
d+b

c+d
b+d

d+a

c+a 4—

" b+te

c+d d+a a—|—b_

0+ 9 (st 7 ) O+ (Gt oyg) 42

4(a+c)

d+a c+d

A(b+ d)

b+c a+b

—4=0

“(b+c)+(d+a)

(c+d)+ (a+D)
O

130. (Elemente der Mathematik, Problem 1207, Sefket Arslanagic)

(z,y,2>0)

r+y+=z
Yryz

x Yy =z
Syl
y 2z

Solution. (Ercole Suppa) The required inequality is equivalent to

222+ P+ 22y > (v +y + 2) Y (2yz)?

The above inequality is obtained by adding the following

1 1 1
5:1022 + ngZ + §:I:y2 > x+/(vyz)?
1 1 1
533312 + gfcyz + gy22 > yV/ (vyz)?
1

1 1
53/22 + gyz2 + ga:Qz > 2/ (zyz)?

which follows from AM-GM inequality. d
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131. (VWURZEL, Walther Janous) (z+y+z2 =1, x,y,z > 0)

(I+2)1+yA+2)>0-2*)2+1-y")+(1-2°)7

First Solution. (Ercole Suppa) By setting A = zy + yz + zz, B = xyz, since

T+y+z=1, we get

24P+ =(4y+2)? —2ay+yr+ez)=1-24

The required inequality is equivalent to
1+x+y+z+xy+yz+zx+xyz2x4+y4+z4—2(m2+y2+22)—|-3
2+ A+B>2A%—-4A+4B+1—-2(1-24)+3
A>2A7+3B
zy +yz + zx > 2(xy + yz + 2x)? + 3zyz
(x+y 4 2)%(xy + yz + z2) > 2(xy + yz + 22)? + 3zyz(z +y + 2)
(2% +9y° + 2%) (zy + yz + zx) > 3zyz(z +y + 2)

The inequality () follows from Muirhead theorem since

(ZE2 + 9?2 +z2) (xy+yz+zx) >3zyz(z +y+2) —

By 43z +ayd + oyl + a2 4y > 2%y + 222 + 22y —

Satyz ety

sym sym
Alternatively is enough to observe that for all z,y,z > 0 we get

(:1:2 +y? +z2) (xy +yz+z2x) —3zyz(z +y+2) >

>(xy +yz+zx)? —3xyz(z +y+2) =
1

=5 [xz(y — 22+ iz —2)? + 2Pz — y)Q] >0
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Second Solution. (Yimin Ge - ML Forum) Homogenizing gives
@+y+2)Qrt+y+a)(z+2+2)(@+y+22) > (y+2) 2z +y+2)’
By using the Ravi-substitution, we obtain
(a+b+c)a+b)(b+e)cta)>2) (ad+0)’
which is equivalent to

Z a’b > Z a’b?

sym sym

which is true. O

Remark. This inequality was proposed in Austrian-Polish Competition 2000,
problem 6.

132. (VWURZEL, Heinz-Jiirgen Seiffert) (zy > 0,2,y € R)

2z 2 + 92
Y + Y
T+y 2

T +
z\/:vy+Ty

Solution. (Campos - ML Forum)

We have
2xy N /x2+y2>r+x—|—y o
x —_—
r+y 2 - 4 2

x2 +y? r+y  2xy
Z 9 >
2 e Ty T r

(z—y)?_ (@—y)? [ |22+
2 Z2(x+y)'< 2 +\/@> <

$2+ 2
Tty > 2y + Ty =

and this is AM-GM. O

330



133. (VWURZEL, Sefket Arslanagié¢) (a,b,c > 0)

Solution. (FErcole Suppa) First we prove the following lemma:

LEMMA. If a1, -+ ,ay,b1,-+ ,by,c1, -+ ,cp are real positive numbers, the fol-
lowing inequality holds

(Be0e) < (85 () (5

PRrROOF. By Holder and Cauchy-Schwarz inequalities we have

Zaibici < (Z a?)é <Z(bzcz)g)§ <
< (Za)' |(Z#)
= ()" (20) - (X4)

N
g
)
<o
N——
D=

In order to show the required inequality we put
_(a b ¢
(a1,a2,a3) = 37\/57 T\/ya f’iﬁ
(bla b2a b3) = (\3/57 \?/ga {5/2)

(Cla 62703) = (17 11 1)

and we use the LEMMA:
3
(a + b + 0)3 = (Z aibic,) S
SNDWHWE

a> b3
= (++> (x+y+2)(1+1+1)
r Yy oz
Finally, dividing by (x 4+ y + z) we have

3 b3
_1_7

a’ a+b+c)’
T )

+ S
z ~ 3(x+y+=2)
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134. (VWURZEL, Sefket Arslanagié¢) (abc = 1,a,b,c > 0)

1 1 1
a?(b+c) +62(c+a) +02(a+b)

3
> —.
-2

Solution. (FErcole Suppa) After setting a = %, b= %, c= % we have zyz = 1

and the required inequality is equivalent to
T z
+ 24
y+z x+z x4y

3
> 2
-2

which is the well-know Nesbitt inequality (see Problem 124). O

135. (VWURZEL, Peter Starek, Donauw6rth) (abc = 1,a,b,¢ > 0)

1 1 1 1
$+bf3+cf32§(a+b)(c+a)(b+c)—1.

Solution. (FErcole Suppa) After setting a = %, b= %, c= % we have zyz = 1

and the required inequality is equivalent to

x3+y3+2321'm+y.y+z.z+xi

1 «—
2 zy Yz 2T

22 +y*+2°) > 2Py +?r+ay’ + e+ 2 Yyt =
Sy
sym sym

The above inequality follows from Muirhead theorem or can be obtained adding
the three inequalities

:1:3—|—y3 2:r2y+a:y2, y3—1—23 2y22+y22, P 2z2w+zx2

136. (VWURZEL, Peter Starek, Donauwérth) (z+y+2z = 3, 22 +y>+22 =

7, x,y,z>0)
6 1 /x z
1+2(+y+)
zyz ~ 3 \z x vy
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Solution. (FErcole Suppa)
From the constraints x + y + z = 3, 22 + y? + 22 = 7 follows that

9= (z+y+2>=74+2@y+yz+22) — aytyztzr=1
The required inequality is equivalent to

3xyz 4+ 18 > 2%y +yz + 22
3xyz + 6(x +y + ) (wy +yz + 2z) > 22y + vz + 22
2lzyz + 5 (x2y + 2z + z2x) +6 (mzz + xy? + yzz) >0

>
<~
which is true for all z,y, z > 0. 0

137. (VWURZEL, Sefket Arslanagié) (a,b,c > 0)

o . b c >3(a+b+c)
b+1 c¢c+1 a+1 a+b+c+3

Solution. (Ercole Suppa)
We can assume WLOG that a4+ b+ ¢ = 1. The required inequality is equivalent
to
a . b n c o 3 %)
b+1 c¢c+1 a+1" 4
From Cauchy-Scwarz inequality we have

a 4 b . c
b+1 c¢c+1 a+1

1—(a+b+c)2§( )[a(b+1)+b(c+1)+c(a+1)]

Thus, by using the well-know inequality (a + b+ ¢)? > 3(ab + bc + ca), we get

b 1
S ——> =
b+1 c¢c+1 a+1 ab+bc+ca+a+b+c
= 1 >
ab+bc+ca+1—
1 3
21 = =
3+1 4
and (%) is proven. O

138. ([ONI], Gabriel Dospinescu, Mircea Lascu, Marian Tetiva) (a,b, c >
0)
a® +b%+c®+2abc+3 > (1+a)(1+b)(1+c)
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Solution. (See [1], pag. 75, problem 74)
Let f(a,b,c) = a® +b% +c® +2abc+ 3 — (1 +a)(1 +b)(1 +¢). We have to prove
that all values of f are nonnegative. If a, b, c > 3, then we have

1 1

1
4+ 4+4-<1 — ab+bc+ca < abe
a b ¢

hence
fla,bc) =a*+b*+c2+abc+2—a—b—c—ab—bc—ca>
>a*+ b+ +2—a—-b—c>0

b;c. Easy computations show that

So, we may assume that a < 3 and let m =

(3—a)(b—rc)? >0

f(aab,c)—f(a,m,m): 1

and so it remains to prove that
fla,m,m) >0 <<= (a+1)m?—-2a+1)m+a®>—a+2>0
This is cleary true, because the discriminant of the quadratic equation is

A=—4(a+1)(a—1)><0

139. (Gazeta Matematica) (a,b,c > 0)
Va* + a2b? + bA4/bt 4+ b2c2 + cA/ct + 2a? + a* > ay/2a2 + betby/2b2 + catc/2¢2 + ab

Solution. (See [32], pag. 43) We obtain the chain of equalities and inequalities
44 2p2 4 ph 4, 20 ., b
Vat +a2b? + bt = 2
Z a*+a?b? +b Z (a + ) <b + 5 ) >
cyc cyc
1 2p2 2p2
> 7 Czy; (\/a4 + % + \/b4 + ab) = (Cauchy-Schwarz)
1 a?b? \/ a’c?
- 4 4 >
\/chy; (\/a + - Hyat = ) >
a?b? a?c?
> V2 o at 4 > AM-GM
>V2) <a +— )(a +— >_ (AM-GM)

2
> \fQZ \/at + aTbc = (Cauchy-Schwarz)

= Z V 2a* + a?be

cyc
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140. (C?2362, Mohammed Aassila) (a,b,c > 0)

1 L 1 n 1 N 3
a(l+0b) b(l+c) c¢(l14+a) ~ 1+abe

Solution. (Cruz Mathematicorum 1999, pag. 375, n.2362) We use the well-
know inequality ¢t + 1/t > 2 for t > 0. Equality occurs if and only if ¢ = 1. Note
that

1+ abe 1+a b(1+c¢)

a1+b) all+d) 1+
1+ abe 1+b c(l+a)

bt bito) 1+
1 + abe 1+c¢ a(l+b)

c(l+a) c(l+a) 1+a

Then
1+ abc 1+ abc 1+ abc

al+b) Thite Telra)
by the above inequality. Equality holds when

>2+2+2-3=3

I+a  1+b  1+4+c
a(l1+b)  b(l+ec) c(l+a)
that is, when a = b=c=1. O

141. (C2580) (a,b,c > 0)
1 1 1 b+c c+a a+b

b+g_a2+bc b24+ca c2+ab

Solution. (Cruz Mathematicorum 2001, pag. 541, n.2580)
Let D = abe (a2 + bc) (b2 + ac) (02 + ab). Clearly D > 0 and

1 1 1 b+c c+a a+b

a 5+2_a2+bc_ 2 +ac  E+ab
a*b* + bt + fat — a*b?c? — brcta? — fa?b? B

D

B (a262 — b202)2 + (b2c2 — 02a2)2 + (c2a2 — a2b2)2 >0
N 2D -

which shows that the given inequality is true. Equality holds if and only if
a=b=c O

2CRUX with MAYHEM
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142. (C2581) (a,b,c > 0)

a?+bc b2+ ca 2 b
n +c +a
b+c c+a a+b

>a+b+c

Solution. (Cruxz Mathematicorum 2001, pag. 541, n.2581)
Let D = (a+0b)(b+c)(c+a). Clearly D > 0. We show that the difference between
the left-hand side and the right-hand side of the inequality is nonnegative.

a2+bc_ +bz+ca_b cz+ab_

b+c “ c+a a+b -
_a2—|—bc—ab—ac b? + ac + ab — bc c2+ab—ac—bc_
- b+c a+c a-+b
(a—b)(a—c) (b—a)b—c) (c—a)(c—0D)
= + + =
b+c a+c a+b
(a2 —b2) (a2 —02) + (b2 —a2) (b2 —02) + (62 —a2) (02 —b2) B
a D
_a4—|—b4—|—c4 — b2 — 2a? — a?b? _
— 5 —
(a2 —b2)2+ (b2 —02)2+ (02 —a2)
= >0
2D -
Equality holds if and only if a = b = c. O

143. (C2532) (a? +b*> +c*> =1, a,b,c > 0)

11 1 2(a® + b3 + ¢?)
>34 7
a2+62+62_ + abc

Solution. (Cruxz Mathematicorum 2001, pag. 221, n.2532)
We have

1 1 1 2(a® +b° 4 ¢%)
— 4+ — 7_3_
a2 b2 2 abc
R T R A T R S 20
= -3-2|—+—+—] =
a? b2 c? bc ca ab

_ 2 l+i +b2 i+l +2 i+i ) £+E+£ _
-4 b2 2 a? 2 ¢ a? b2 be  ca  ab)
1 1)\? 1 1\° 1 1\°
b ¢ c a a b

Equality holds if and only if a = b = c. O
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144. (C3032, Vasile Cirtoaje) (a®> +b>+c? =1, a,b,c > 0)

1 . 1 n 1
l1—ab 1—bc 1-—ca

9
< Z
-2

Solution. (Cruz Mathematicorum 2006, pag. 190, problem 3032)
Note first that the given inequality is equivalent to
3 — 5(ab + bc + ca) + Tabc(a + b+ ¢) — 9a?b*c? > 0
3 —5(ab+ bc + ca) + 6abe(a + b+ ¢) + abc(a + b+ c—9abe) >0 (1)

By the AM-GM inequality we have

a+b+c—9abc=(a+b+c)(a®+b* +c?) — abe >
> 3V abc - 3Va2b2c? — 9abe = 0 (2)

On the other hand,

3 —5(ab+ bc+ ca) + 6abe(a+b+¢) =
=3 (a® + 0% + ) = 5(ab + be + ca) (a® + b + ¢*) + 6abe(a+ b+ ¢) =
=3 (a* +b* +¢*) + 6 (a’0* + b’ + *a®) + abc(a + b+ c)

—5 [ab (a2 + 62) + be (b2 -|-02) + ca (02 +a2)] =
= [2) a6 e~ 4 ab(a® +0%)| +

+ [a* +b* + ¢ + abe(a+ b+ ¢) — ab (a® + b*) —be (b* + ¢*) — ca (¢ + a®)] =
=[(a=b)*'+0b-0c)'+(c—a)']+

+a*(a—b)(a—c)+b*(b—a)b—c)+c*(c—a)(c—b) >0 (3)
since

(a=b)*+b-c)'+(c—a)*>0

and
a*(a—b)(a—c)+b*(b—a)b—c)+c*(c—a)(c—b) >0

is the well-knom Schur’s inequality. Now (1) follows from (2) and (3). The
equality holds if and only if a = b = ¢ = v/3/3. O

145. (C2645) (a,b,c > 0)

2@+ b3+  9(a+b+c)? - 33
abc (a® +b2+c%) —
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First Solution. (Darij Grinberg - ML Forum,)
Equivalently transform our inequality:

2@+ +c)  9(a+b+c)

> 33 <—
abc a? +b2+c2 ~
2 (a®+ b+ ¢ 9(atb+c)’
(a C)_6 + M_27 > ()
abc a? 4 b% + ¢2

3 4 0% 4 ¢ — 3ab b+c)” —3(a+ b2+
a’>+b°+c 3ac+9(a+ c) (a® + C)ZO

2
abe a? + b2 + ¢2

Now, it is well-known that
a® +b> +¢® — 3abe = (a+ b+ c) (a® + b* + ¢ — be — ca — ab)
and
(a+b+c)2—3(a2+b2+c2) =-2(a®+b*+c®—bc—ca—ab),

so the inequality above becomes

2(a—|—b+c) (a2+b2+02—bc—ca—ab)+9—2(a2+b2—|—c2—bc—ca—ab)

>0
abc a? + b2 4 ¢? =

Now, according to the well-known inequality a? + b> + ¢ > be + ca + ab, we
have a? + b? 4 ¢ — bc — ca — ab > 0, so that we can divide this inequality by
a? 4+ b2 + ¢ — bc — ca — ab to obtain
a+b+c -2
2 9 >0
abc + a?+b%+c2 —
a+b+c 2-9
— >0
abc a’?+b>+c2 —
a+b+c 9
abc T a?+b%+c?

<~ (a+b+c)(a®+b°+c*) > 9abe

2

But this is evident, since AM-GM yields a + b+ ¢ > 3v/abc and a? + b? + ¢ >
3Va?b2c?, so that (a+ b+ c) (a? + b + ¢?) > 3V abc - 3V a?bc? = 9abe.

Proof complete. O

Second Solution. (Cruz Mathematicorum 2002, pag. 279, n.2645)
On multiplying by the common denominator and performing the necessary cal-
culations, we have that the given inequality is equivalent to

2 (a® +b° + %) (a® + 0> + ¢*) + 9abc(a + b+ ¢)* — 33abe (a® + b° + ¢*) > 0
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The left side of this is the product of
a®+b*+c* —ab—bc—ca (1)
and
2 (a® +b° + & + a®b+ a’c+ ba + b?c + Ca + ¢*b — Yabe) (2)
The product of (1) and (2) is nonnegative because

_ )2 2 )2
a2+62—|—02—ab—bc—ca:(a b+ 20) +(c—a) >0

and (by AM-GM)
2 (a3 + 034+ +ad’b+d’c+bla+bPe+ Pa+ A — 9abc) >

>2 <9\/9 a9bh9¢9 — 9abc> =0

Equality holds if and only if a = b = c. O

Remark. In order to prove that (2) is positive we can use also the S.0.S
method (=sum of squares):

2 (a® +b° + & 4+ a®b+ a’c + b*a+ b*c+ *a+ b — abe) =
=(a—b)*(a+b+3c)+ (b—c)*(b+c+3a)+ (c—a)*(c+a+3b) >0

0
146. (z,y € R)
1 _@ty-=zy _1
27 (14221 +y?) — 2
First Solution. (Ercole Suppa) The required inequality is equivalent to
—(1+2Y) (1+9°) <2 +y)(l—ay) < (1+2%) (1+y?) <
—(z+y) — A —ay)’ <2e+y)(1 —2y) < (z+y)* + (1 - 2y)?
which is true by the well-know inequalitie a? + b% & 2ab > 0. ]

Second Solution. (See [25], pag. 185, n.79)

Let
L 2r 1 — a2 - 1—y? 2y
T\ 12 R RN EF VR A R

Then it is easy to verify that |@| = [b] = 1. The Cauchy-Schwarz |- b| < |a@] - |b|
inequality implies that

a5= 2. r(1-y) +y(1-a?)| _ ‘2_ (z +y)(1 — zy)
(1+22) (1+y?) (1+2%) (1+y?)| ~
Dividing by 2, we get the result. O
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147. (0<z,y<1)
a2/ +yt >1

Solution. (See [25], pag. 198, n. 66) First we prove the following lemma:

LEMMA. If u, z are real numbers such that v > 0, 0 < x < 1, we have
(14+u)* <1l+ux

PRrROOF. Let f(u) =14 zu— (1+u)*. We have f(0) = 0 and f is increasing in
the interval |0, 1[ because

1
Thus f(u) > 0 for all z € R and the lemma is proved. O

Now, the given inequality can be proved in the following way:

1

Let x = H%’ Yy = u > 0, v > 0. Then, by the LEMMA, we have

1+v?
. L1 1+
X7 = =
I+uwy 1+4+uy l14uitvw
eo L1 1w
Y (1+v)* " 14+vzx 1+u+tv
Hhus 1+ 1+ 1
2V +y" > LR T >1
l+u+v 1+u+tvw 1+u+wv
and the inequality is proven. O
148. (z,y,z > 0)
W+|x—y|+!y;z!+|z—x\Zm+g+z

Solution. (FErcole Suppa)
We can assume WLOG that x < y < z. Let a, b, ¢ be three real numbers such
that t =a,y=a4+0b, z=a+b+ccona>0,0b,¢c>0. The required inequality
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is equivalent to:

b+c+b+ec S 3a+2b+c
3 - 3

ala+b)(a+b+c)+

33/ala+b)(a+b+c)>3a—c <=
54a%b + 5da’c + 27ab® + 2Tabe — 9ac® + ¢ >0 <—

54a%b + 27ab® + 27abe + (54a20 +3— 9a02) >0
The above inequality is satisfied for all a > 0, b, ¢ > 0 since AM-GM inequality

yields
54a%c + ¢ > 2v54a2c¢t = 6vV6ac? > 9ac?

149. (a,b,c,x,y,z > 0)

(a+2)(b+y)(c+2) > Vabe + Yzyz

Solution. (Massimo Gobbino - Winter Campus 2006) By generalized Holder
inequality we have

S (5 (£4) (£)
=1 =1 i=1 =1

which is true for all p,q,r7 € R such that % + % + % = 1. After setting a; =
a%,bl = b%,cl =c5e ay = m%,bg = y%,CQ =25 we get:
Vabe + Jryz = Z a;bic; <
<(Sat) (20) (Z4)' -

= (a+z)(b+y)(c+2)
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150. (z,y,z > 0)

x z

Y 1
x4+ (r+y)(x+2) +y—|—\/(y+z)(y—|—x) +z+\/(z+x)(z+y) =

Solution. (Walther Janous, see [1], pag. 49, problem 37)
We have

(z+y)(z+2)=zy+ (2® +yz) + 22 > 2y + 22/yz + 22 = (VoY + \/avz)2

Hence

DDy e e D D Fav. A

_ Ve
_Zﬁ+¢§+ﬁ :

and the inequality is proved.

151. (z+y+2=1, z,y,2 > 0)

T Y z 3
PR
Vi—-z VV1i—-y V1-—z 2

First Solution. (Ercole Suppa)

The function f(t) = \/1tTt is convex on ]0, 1[ because
4—t
") = — >0
76 A(1—t)3 ~

Then by Jensen inequality

1)+ 1)+ 1) 23 (T2 —ar (3) =

x Y z 3
+ + >\[
Vi—-z J1—-y V1I—z V2
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Second Solution. (Ercole Suppa) After setting a = /1 —z, b = /1 —y,
c=+/1— 2z, wehave 0 < a,b,c < 1, a®> +b*+ ¢? = 2 and the required inequality

is equivalent to:
1—a® 1-02 1-—1b? VE
+ + >[5 =
a b c 2

1 1 1 3
T T Y
a+b+c_\/;+a+b+c (%)

From Cauchy-Schwarz inequality we have

2
3
2:a2+b2+622(a‘|_%‘i‘0) — a+b+c§2\/; (1)

From AM-HM inequality we have

L1109 >9¢3_3¢3 @
a b ¢ a+bt+ec - 2V3 2

By adding (1) and (2) we get (%) and the result is proven. O

Third Solution. (Campos - ML Forum) Assume WLOG that x > y > =.

Then
1 1

1
> >
Vi—z  J1—-y = V1-=z

and, from Chebyshev and Cauchy-Schwarz inequalities, we have

T PEEDD 11,3,j
Zm— 3
1 1
:g.z — =
1 9
= . >
3 Y Vl—a
> 3 =
- V3 xl-o
_3 _ /3
_\/6_ 5

Remark.
The inequality can be generalized in the following way (India MO 1995):

343



If x1, %9, ..., T, are n real positive numbers such that x1 +x2 +x3+ ... +x, =1
the following inequality holds

I T2 In n

+ +ii 2>
VIi—x1  J1—12o Vi—z, " \Vn-1

152. (a,b,c € R)

¢a2+(1—b>2+¢62+<1—c)2+¢c2+(1—a)223\—f

2
2

Solution. (Ercole Suppa) After setting a + b + ¢ = ¢, from the Minkowski
inequality we have:

Va2 + (1 =02+ +(1-c2+/2+(1-a)2>
>V(a+b+c)2+(B-a-b—c)2=

PGP s 22

The last step is true since

32
\/t2+(3—t)32\2[ — 24+(B-1)?2>

(2t —3)2>0

!

153. (a,b,c>0)

Va2 —ab+ b2+ /b2 —be+ ¢ > Va2 + ac+ 2

First Solution. (FErcole Suppa)
We have:

Va2 —ab+ 02+ Vb2 —bc+ > Va2 +ac+ @ =
a? —ab4+ 02+ 0% —be+c+2/(a2 —ab+b2) (b2 —bc+c2) > a4 ac+ P =
2¢/(a2 — ab+ b2) (b2 — be + 2) > ab + be + ac — 2b*
4(a® — ab+ b)) (V> — be+ 2) > (ab+ be+ ac — 2%)°
3(ab — ac + bc)* >0

and we are done. O
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Second Solution. (Albanian Eagle - ML Forum)
This inequality has a nice geometric interpretation:
let O, A, B, C be four points such that ZAOB = ZBOC = 60° and OA = qa,
OB = b, OC = ¢ then our inequality is just the triangle inequality for AABC.

Remark. The idea of second solution can be used to show the following in-
equality (given in a Singapore TST competition):
Let a, b, ¢ be real positive numbers. Show that

Va2 —ab—+ b2 +ay/b? — be+ 2 > bv/a2? + ac + c2

PROOF. By using the same notations of second solution, the required inequality
is exactly the Tolomeo inequality applied to the quadrilateral OABC. ]

Third Solution. (Lovasz - ML Forum)

We have
2 V3 2 2 V3 2

Va2 —ab+ b2+\/b2 —be+ ¢ = (g—b) + 22 4+ (b—f) + [ 2

2 2 2 2
In Cartesian Coordinate, let the two vectors (% — b, 172—3> and (b— 55 5‘2/3)
Then

- a—c’ (a+c)V3 ‘

2 2

Now use |la|| + [|b]| > ||a + b||, we get:
_ )2 2
\/az—ab+b2—|—\/b2—bc—|—c22\/(a 46) +3<a1—6) _
=+va%+ac+c?
O
154. (zy+yz+z2x=1, x,y,z2 > 0)
T Y P 2z(1—2%)  2y(1—y?) 2z2(1—22)

>
1+x2+1+y2+1+z2_ (14 22)2 (1+y?)? (14 22)2
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Solution. (See [25], pag.185, n.89)
After setting x = tan /2, y = tan /2, z = tan~y/2, by constraint zy+yz+zx =
1 follows that

A 7] 1—tan%tan§ 1
tan—: = = =
2 z+y tan%tang tano‘TJrﬂ
a+f T a+pf

=cot —— =tan | — —
2 2 2

Thus o+ S+ v = 7, so we can assume that «, 3, v are the angles of a triangle.
The required inequality is equivalent to

sen « + sen 3 + seny
2
sen2a + sen2f + sen2y < sen o + sen 3 + seny (1)

cos asen a + cos Ssen B + cosyseny <

By sine law, using the common notations, we have

a+b—|—c_§_ﬁ_i @)
2R 2R  Rr rR

If z, y, z are the distances of circumcenter O fromi BC, C' A, AB we have

sena +sen B 4 seny =

sen2a + sen 2 + sen 27y = 2 (sen v cos o + sen 5 cos 5 + sen -y cosy) =
acosa+bcosfB+ccosy
7 =
a-5+b-%4+c- 5 28
e —_ — 3
R R? ®)

From (2), (3) and Euler inequality R > 2r we get

=l

sena+senff+seny R >1
sen2a +sen2f +sen2y  2r —

and (1) is proven. O

155. (z,y,2>0)

ryz > (y+z—2)(z+z—y)(z+y—2)

Solution. (See [32], pag. 2)
The inequality follows from Schur’s inequality because

ryz — (y+z—a)z+z—y)lz+y—2) =
=z(r—y)(r—2)+yly—2)(y—z)+z2(z —2)(2 —y) >0

The equality hols if and only if x = y = 2z or z = y and z = 0 and cyclic
permutations. O
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156. (a,b,c > 0)

Vab(a+b) 4+ /be(b + ¢) + \/calc + a) > \/4abe + (a + b)(b+ ¢)(c + a)

Solution. (Ercole Suppa) Squaring both members with easy computations we
get that the required inequality is equivalent to:

av/be(a+b)(a + ¢) + by/ac(b+ a)(b+ ¢) + cy/ab(c + a)(c + b) > 3abe

which is true by AM-GM inequality:

av/be(a+b)(a + ¢) + by/ac(b + a)(b+ ¢) + cv/ab(c + a)(c + b) >
>33/(abc)2(a+b)(b+c)(c+a) >
>3+/8(abc)? = 6abe > 3abc

157. (Darij Grinberg) (z,y,z > 0)

(Vely+ 2+ VyGra) + Velty))vaTyrz22/(y+2) G +a) (@ +y)

First Solution. (Darij Grinberg - ML Forum)
Consider the triangle with sides @ = y+z, b = z+x, ¢ = x+y and semiperimeter
s = %b*'c = 2 + y + z. Then, our inequality becomes

(Vi =aa+ Vis=0b+ s —c)c) Vs = 2abe

\/S(Sb;a)+\/5(80;b)+\/3(5a;0)22

If we call A, B, C the angles of our triangle, then this simplifies to

or

B
cos;—l—cos;—i—cos;ZQ

sin (90o — ?) + sin (90O — I;) + sin <90° — g) > 2

But 90° — %, 90° — g and 90° — % are the angles of an acute triangle (as one
can easily see); hence, we must show that if A, B, C are the angles of an acute
triangle, then

sinA+sinB +sinC > 2
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(Actually, for any non-degenerate triangle, sinA+ sinB + sinC > 2, but I don’t
want to exclude degenerate cases.) Here is an elegant proof of this inequality

by Arthur Engel: Since triangle ABC is acute, we have A — B < C, and

cos A_TB > cos %, so that

sinA+sinB:2sinA;BcosA;B =
A-B

>
B) =

C
:2 —_
coszcos
C
22cos25 =1+cosC

and
sinA+sinB+sinC>14+cosC +sinC > 2

Hereby, we have used the very simple inequality cos C'+sin C' > 1 for any acute
angle C.

(I admit that I did not find the proof while trying to solve the problem, but I
rather constructed the problem while searching for a reasonable application of
the sin A + sin B 4 sin C' > 2 inequality, but this doesn’t matter afterwards...)

O

Second Solution. (Harazi - ML Forum)

Take = + y + z = 1. Square the inequality

Yo Vel —w)z2-/(1-a)(1-y)(1-2)
and reduce it to
ny —2zyz < Z Vay(y + 2)(z + )
But
Z:cy —2zyz < Zazy
and
Z\/:I:y(:v—i-z)(y—l—z) > ny—l—z,z /Ty

]

Third Solution. (Zhaobin, Darij Grinberg - ML Forum)
We have

\/x<y+z><x+y+z> L sy +) @ ty+2)
(2 G+ @ty = y+2) G+ @ty
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then we get:

3 z(y+2)(z+y+2) Z y+z (x+y+2z)
(y+2)(z+2z)(z+y) (y+2)(z4x)(r+y)

(y+Z)(z+l’)(m+y)+xyz

=2

(y+2)(z+2)(z+y)

158. (Darij Grinberg) (z,y,z > 0)

+ z z+x T+ d(zr+y+z
Vytz  Veta Yty (z+y+2)

x y 2 TVt ra) @ty

Solution. (See [51], pag. 18)

By Cauchy, we have \/(a + b)(a + ¢) > a + Vbc. Now,

Z\/b—FcZ 4(a+b+c)
a V{a+0)(b+c)(c +a)

Zbl_c«/(a—l—b)(a—i—c)24(a+b+c)

Substituting our result from Cauchy, it would suffice to show

Z(b+c)@22(a+b+c)

a

Assume WLOG a > b > ¢, implying b+c < c+a < a+b and \{FC <
Hence, by Chebyshev and AM-GM,

> 2

c
b

¢ <

(2(a+ b+ ¢)) (e 4 Voo 4 Vab
Z(b+c)\/%2 ( : >22(a+b+c)
a
as desidered.
159. (Darij Grinberg) (a,b,c > 0)
a?(b+c) b2 (c+a) 2 (a+0)

(02 +¢2) (2a+b+c) * (24 a?) (20 +c+a) + (a2 4+ %) (2c+a+0)
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Solution. (Zhaobin - ML Forum)
Just notice

(b+ c)(a® + be) = ba® + ca® + bPc + bc? = b(a® + ¢2) + c(a® + b?)

then let x = a (b2 + 02), Y azicz’ z = azibQ. The given inequality is equiva-
lent to the well-know Nesbitt inequality.
T z 3
+ 24 > 2
y+z x4+z2z xz+y 2
O
160. (Darij Grinberg) (a,b,c > 0)
a? b? c?

+ + <
2024+ (b+¢)®> 22+ (c+a)® 2+ (a+b)> 3

Solution. (Darij Grinberg - ML Forum) The inequality in question,

3 e 2
2a2 4+ (b+¢)®> 3
rewrites as )
2 a
— = — >0
3 Z 2a2 + (b +¢)®
But
2

2 a
3 Z2(L2—i-(b—i-c)2 B
2 a a?

=3 athie e

2 a a?
:Z<3'a+b+02a2 +(b+ ) )Z
alb+c—a)l+alb+c)(b+c—a)
Z a+b+c)<2a2 (b—i—c))
a(b+c—a) alb+c)(b+c—a)

:ZS(a+b+c) (2a2+(b+c)2) +Z3(a+b+c) (2a2+(b+c)2)

Now, it is obvious that

a(b+c—a)’

3(a+b+e) <2a2+(b+c)2> =Y
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What remains to be proven is the inequality

alb+c)(b+c—a)

3(a+b+ec) <2a2+(b+c)2> =Y

which simplifies to

alb+c)(b+c—a)
Z 202 + (b+ ¢)” =0

Now,

Za(b+c)(b+c—a):Zab(b+c—a)+ca(b+c—a):
22 + (b+c)? 2a2 + (b +c)’
ab(b+c—a) ca(b+c—a)
_Z 2 Jrz 2 2 =
2a2 + (b + ¢)* 2a%2 4+ (b+¢)

bc(c+a—b) be(a+b—c)
Z 2 +Z 2 2 =
2b 22+ (a+b)

c+a

c+a—>b a+b—c
_Z <2b2 + (c+a)? +202+(a+b)2>:
) a((a+b+c)2+a2+260> +(b+c)(b—c)
‘ (262 + (c+a)2) (202 + (a+b)2>

>0

161. (Vasile Cirtoaje) (a,b,c € R)

(a® 4+ b* + c*)? > 3(a®b + bPc + c*a)

Solution. (Darij Grinberg - ML Forum)
Vasile Cartoaje established his inequality

(a2 +v% + 02)2 >3 (a3b + b3+ c3a)
using the identity
4 ((a® 4+ 1%+ ¢*) — (bc + ca + ab)) ((a2 +b% + 02)2 —3(a’b+bPc+ cga)) =

= ((a3 +03 4+ 03) -5 (a26—1— b%c + c2a) +4 (62a + b+ a2c))2 +
+3((a®+ 8% + &) — (a®b+ b2c+ Pa) — 2 (bPa + b+ a>¢) + 6abe)’
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Actually, this may look a miracle, but there is a very natural way to find this
identity. In fact, we consider the function

g(a,bc) = (a* + b+ 62)2 —3(a’b+b%c+ a)

over all triples (a,b,c) € R3. We want to show that this function satisfies
g (a,b,c) > 0 for any three reals a, b, c. Well, fix a triple (a, b, c¢) and translate it
by some real number d; in other words, consider the triple (a+d, b+d, c+d). For
which d € R will the value g (a + d,b+ d, ¢+ d) be minimal? Well, minimizing
g(a+d,b+d,c+ d)is equivalent to minimizing g (a + d,b + d,c + d)—g (a, b, ¢)
(since (a, b, c) is fixed), but

gla+d,b+d,c+d)—g(a,bc)=
=d* ((a® +b* + ¢®) — (bc + ca + ab)) +
+d((a3+b3+c3) —5(a2b—|—b20—|—02a) —|—4(b2a+02b—|—a20))

so that we have to minimize a quadratic function, what is canonical, and it
comes out that the minimum is achieved for

(a3 + 0%+ 03) -5 (a2b +b%c+ c2a) +4 (b2a +c?b+ a2c)

d=—
2 ((a® 4+ b2+ ¢2) — (bc + ca + ab))

So this is the value of d such that g (a + d,b + d, ¢+ d) is minimal. Hence, for
this value of d, we have g (a,b,¢) > g (a + d,b+ d,c+ d). Thus, in order to prove
that g (a, b, ¢) > 0, it will be enough to show that g (a + d,b+ d,c+ d) > 0. But,
armed with the formula

(a® +b* + ) =5 (a*b+ b*c+ a) + 4 (b?a + c*b + a’c)

d=- 2((a2 + b2 + 2) — (bc + ca + ab))

and with a computer algebra system or a sufficient patience, we find that
glat+db+dc+d) =

3 ((a3 + b+ 03) — (aQb +b2c+ 02a) -2 (b2a + b+ CLQC) + 6abc)2
4((a® +b% + c?) — (bc + ca + ab))

what is incontestably > 0. So we have proven the inequality. Now, writing
g(a,b,c) :g(a+d7b+dac+d) - (g(a+dvb+d7c+d) —g(a,b,c))

and performing the necessary calculations, we arrive at Vasc’s mystic identity.

d
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A Classical Inequalities

Theorem 1. (AM-GM inequality)
Let aq,--- ,a, be positive real numbers. Then, we have

a +--+a
#Z "/al...an.

n

Theorem 2. (Weighted AM-GM inequality)
Let Ay, -, A\, real positive numbers with Ay +---+ X, = 1. Forallzy,--- ,x, >
0, we have

ALc@r o A > M

Theorem 3. (GM-HM inequality)
Let aq,- - ,a, be positive real numbers. Then, we have

n
nal...an>
- 1 1 1

Qn

Theorem 4. (QM-AM inequality)
Let aq,- - ,ay be positive real numbers. Then, we have

\/a%—l—a%—l—'”-i-a% Sattan

n n

Theorem 5. (Power Mean inequality)
Let x1,--- ;2 > 0. The power mean of order p is defined by

MO (.Tl,.’lfg,---,fl?n) = ’\n/xl"'xn7

o)+ P\
My (1,22, n) = (n (b #0).

Then the function M, (z1,22,...,2,) : R = R is continuous and monotone
InCcreasing.

Theorem 6. (Rearrangement inequality)
Let x1 > -+ > xy and y1 > -+ > Yy, be real numbers. For any permutation o

of {1,...,n}, we have
n n n
Z$iyi = Zﬂﬁiya(i) > Z$iyn+1—i~
i=1 i=1 i=1
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Theorem 7. (The Cauchy?®-Schwarz*-Bunyakovsky® inequality)
Let ay, -+ ,an,b1,- -+, b, be real numbers. Then,

(a12 bt an2)(b12 Lt bn2) > (a1by + -+ anbn)2-

Remark. This inequality apparently was firstly mentioned in a work of A.L.
Cauchy in 1821. The integral form was obtained in 1859 by V.Y. Bunyakovsky.
The corresponding version for inner-product spaces obtained by H.A. Schwartz
in 1885 is mainly known as Schwarz’s inequality. In light of the clear historical
precedence of Bunyakovsky’s work over that of Schwartz, the common practice
of referring to this inequality as CS-inequality may seem unfair. Nevertheless
in a lot of modern books the inequality is named CSB-inequality so that both
Bunyakovsky and Schwartz appear in the name of this fundamental inequality.

By setting a; = \;’i and b; = ,/y; the CSB inequality takes the following form

Theorem 8. (Cauchy’s inequality in Engel’s form)

Let x1, -+ ,Xpn,y1, - ,Yn be positive real numbers. Then,
2 2 2 o . 2
ﬁ+ﬂ+...+&2(1’1+x2+ —I—J}n)
Y1 Y2 Un Y1+ Y2+ + Yn

Theorem 9. (Chebyshev’s inequality®)
Letxy > --- >z, and y1 > - -+ > Yy, be real numbers. We have

Ty + -+ TpYn > <x1++xn> <y1++yn>

n - n n

Theorem 10. (Hélder’s inequality”)
Let 1, ,xp, Y1, ,Yn be positive real numbers. Suppose that p > 1 and
q > 1 satisfy % + % = 1. Then, we have

1

(5]

3Louis Augustin Cauchy (1789-1857), french mathematician
4Hermann Amandus Schwarz (1843-1921), german mathematician
5Viktor Yakovlevich Bunyakovsky (1804-1889), russian mathematician
6Pafnuty Lvovich Chebyshev (1821-1894), russian mathematician.
7Otto Ludwig Holder (1859-1937), german mathematician

3=

n n
Z iy < <Z sz‘p>
i—1 i—1
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Theorem 11. (Minkowski’s inequality®)
Ifx1,- - ,xp, Y1, ,yn >0 and p > 1, then

(inp> ! + (Zy¢p>p > (Z ($i+yi)p> ”

=1

Definition 1. (Convex functions.)
We say that a function f(x) is convex on a segment [a,b] if for all 1,25 € [a, b

f <J?142—932> < f(xl);f(@)

Theorem 12. (Jensen’s inequality®)
Letn > 2 and Ay, ..., A\, be nonnegative real numbers such that A\ +-- -+, = 1.
If f(x) is convex on [a,b] then

fazr+ -+ Xzn) < ANf(z)+ -+ Az

for all xy,...,z, € [a,b].

Definition 2. (Majorization relation for finite sequences)

Let a = (a1, a2,...,a,) and b = (by,ba,...,b,) be two (finite) sequences of real
numbers such that a1 > as > -+ > a, and by > by > --- > b,. We say that the
sequence a majorizes the sequence b and we write

a>=b or b<a

if the following two conditions are satisfyied
(i) ar+as+---4ap>by+ba+---+bg, forallk, 1 <k<n-—1;

(i) a1 +ag+--+a,=b; +by+ - +by.

Theorem 13. (Majorization inequality | Karamata’s inequality'”)
Let f : [a,b] — R be a convex function. Suppose that (zq,--- ,xz,) majorizes
(Y1, ,Yn), where 1, ,Tpn, Y1, -+ ,Yn € [a,b]. Then, we obtain

flx) + 4 f(zn) = flyr) + -+ f(yn)-

8Hermann Minkowski (1864-1909), german mathematician.
9Johan Ludwig William Valdemar Jensen (1859-1925), danish mathematician.
10 Jovan Karamata (1902-2967), serbian mathematician.
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Theorem 14. (Muirhead’s inequality!! | Bunching Principle )
If a = (a1,a9,...,ay,) and b = (by,ba,...,b,) are two nonincreasing sequences
of nonnegative real numbers such that a magjorizes b, then we have

al a bl b
g xl l'nnz E Il ...xn’”f
sym sym

where the sums are taken over all n! permutations of variables x1,xs, ..., T,.

Theorem 15. (Schur’s inequality'? )
Let z,y, z be nonnegative real numbers. For any r > 0, we have

Zxr(m —y)(xr—2)>0.

cyc

Remark. The case r = 1 of Schur’s inequality is

Z (:U3 — 29:23/ + :Eyz) >0

sym

By espanding both the sides and rearranging terms, each of following inequalities
is equivalent to the r = 1 case of Schur’s inequality

o 22+ 13+ 23+ 3xyz > ay(r +y) +yz(y + 2) + 22(2 + 2)
o zyr > (z+y—2)(y+z—z)(2+x—y)
o (z+y+2)>3+92yz >4z +y+2)(zy +yz + 27)

Theorem 16. (Bernoulli’s inequality'?)
For allr > 1 and x > —1, we have

1+2z)">1+re.

Definition 3. (Symmetric Means)

For given arbitrary real numbers x1,--- ,,, the coefficient of t"~* in the poly-
nomial (t + x1) -+ - (t + ) is called the i-th elementary symmetric function o;.
This means that

(t+z1)-(t+a,) =0t +ot" P4 o1t + o

HRobert Muirhead (1860-1941), english matematician.

127gsai Schur (1875-1941), was Jewish a mathematician who worked in Germany for most
of his life. He considered himself German rather than Jewish, even though he had been born
in the Russian Empire in what is now Belarus, and brought up partly in Latvia.

13 Jacob Bernouilli (1654-1705), swiss mathematician founded this inequality in 1689. How-
ever the same result was exploited in 1670 by the english mathematician Isaac Barrow.
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Forie{0,1,---,n}, the i-th elementary symmetric mean S; is defined by

Theorem 17. (Newton’s inequality'?)
Let x1,...,x, > 0. Forie {1,--- ,n}, we have

5¢2 > Si—1 - Sit1

Theorem 18. (Maclaurin’s inequality'®)
Let x1,...,x, > 0. Forie€ {1,--- ,n}, we have

S1> /Sy > /S5 >---> /S,

14Sir Isaac Newton (1643-1727), was the greatest English mathematician of his generation.
He laid the foundation for differential and integral calculus. His work on optics and gravitation
make him one of the greatest scientists the world has known.

15Colin Maclaurin (1698-1746), Scottish mathematican.
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Chapter 1

Problems

Pro 1. (Vietnamese National Olympiad 2008) Let x,y, z be distinct non-negative real
numbers. Prove that
1 1 n 1 S 4
(x—y)? (y—2? (-2 aytyz+

\Y

Pro 2. (Iranian National Olympiad (3rd Round) 2008). Find the smallest real K
such that for each z,y,z € RT:

ey +yVz+ VT < Ky (z+y)(y+2)(z + )
\Y
Pro 3. (Iranian National Olympiad (3rd Round) 2008). Let x,y,z € RT and
x + 1y + 2z =3. Prove that:
3 3 3 9

s> C(aytartyr)
P18 By8 Big—9  or 4

—

\Y
Pro 4. (Iran TST 2008.) Let a,b,c > 0 and ab+ ac+ be = 1. Prove that:
Va3 +a+ VB 1o+ VA +e>2vatbte

\Y

Pro 5. (Macedonian Mathematical Olympiad 2008.) Positive numbers a, b, ¢ are
such that (a + b) (b+ ¢) (¢ + a) = 8. Prove the inequality

atbtc  xfad+b3+c
3 - 3

\Y
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Pro 6. (Mongolian TST 2008) Find the mazimum number C such that for any non-
negative x,y, z the inequality

By 4+ B+ Claey? +y2? + 22%) > (C 4 1) (2Py + 922 + 22x).
holds.
\%

Pro 7. (Federation of Bosnia, 1. Grades 2008.) For arbitrary reals x, y and z prove
the following inequality:

(z—y)* 3(y—2)* %y—ZV}

3
2 2 2

— — — >
" +y +z Ty — Yz zwfmax{ 1 , 1 , 1

\Y

Pro 8. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals such
that a® + b*> + ¢ = 1 prove the inequality:

&+ﬁ_+ﬁ+é4_&+&
abla+b)  be(b+c¢)  cala+b)

\Y

> 3(ab+ bc+ ca) — 2

Pro 9. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals prove
inequality:

4a 4b 4c
1 14+ —)(1 2
( +b+c)( +a+c)( +a+b)> g
\Y

Pro 10. (Croatian Team Selection Test 2008) Let x, y, z be positive numbers. Find
the minimum value of:

(@ 2 +y° + 27
a Z g 7
Ty + Yz
) 22 +y? + 222
Ty + Yz

\%

Pro 11. (Moldova 2008 IMO-BMO Second TST Problem 2) Let aq,...,ay, be pos-
itive reals so that a1 +az + ...+ ap < §. Find the minimal value of

1 1 1
AZ\/G%+2+\/G%+2+...+ a%‘i‘?
as as aj

\Y

Pro 12. (RMO 2008, Grade 8, Problem 8) Let a,b € [0,1]. Prove that
1 a+b ab

- <
l1+a+b— 2 +3
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\Y

Pro 13. (Romanian TST 2 2008, Problem 1) Letn > 3 be an odd integer. Determine
the maximum value of

ViIer —zol + ]z — a3 + . 4 V]wao1 — @a| + V]wn — a1],
where x; are positive real numbers from the interval [0,1]

\%
Pro 14. (Romania Junior TST Day 8 Problem 2 2008) Let a,b,c be positive reals
with ab 4+ bc 4+ ca = 3. Prove that:

1 1 1 1
<
1+a2(b+c) +1—0—b2(a+c) +1+02(b—0—a) -

abe’
v

Pro 15. (Romanian Junior TST Day 4 Problem 4 2008) Determine the mazimum
possible real value of the number k, such that

1 1 1
(a+b+c) + + —k) >k
a+b c+b a-+c

for all real numbers a,b,c > 0 with a + b+ ¢ = ab+ bc + ca.
\Y%

Pro 16. (2008 Romanian Clock-Tower School Junior Competition) For any real
numbers a,b,c > 0, with abc = 8, prove

a—2+b—2+c—2<0
a+1 b+1 c+1 "~

\Y
Pro 17. (Serbian National Olympiad 2008) Let a, b, ¢ be positive real numbers such
that x +vy + z = 1. Prove inequality:

1 n 1 n 1 <27
yz+az+1 JJZ—i—y—i—% zy+z+1 7 31

\Y

Pro 18. (Canadian Mathematical Olympiad 2008) Let a, b, ¢ be positive real numbers
for which a 4+ b+ ¢ = 1. Prove that

+ <
a+bc b4+ca cH+ab ™

\Y

a—bc b—ca c—ab 3
+ 3
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Pro 19. (German DEMO 2008) Find the smallest constant C such that for all real z,y
I+ (z+y)°<C-(1+2%) - (1+y°)
holds.
A%

Pro 20. (Irish Mathematical Olympiad 2008) For positive real numbers a, b, ¢ and d
such that a® + b> + ¢ + d?> = 1 prove that

a’b*cd + +ab*cid + abc*d* + a*bed® + a*be*d + ab*ed? < 3/32,
and determine the cases of equality.

\Y

Pro 21. (Greek national mathematical olympiad 2008, P1) For the positive integers

ai,as, ..., a, prove that
kn

PN S
(Zzﬂ:l CL’L ) 2 H a;
Zi:1 a; i=1
where k = max {a1,as, ...,an} and t = min{ay,az, ...,an}. When does the equality hold?
\Y

Pro 22. (Greek national mathematical olympiad 2008, P2)
If .y, 2 are positive real numbers with x,y,z < 2 and x> + y> + 2> = 3 prove that

1—|—y2 1+22+1—|—x2
r+2 Y+ 2 z+2

\Y

<3

2 <
2

Pro 23. (Moldova National Olympiad 2008) Positive real numbers a,b,c satisfy in-
equality a + b+ ¢ < % . Find the smallest possible value for:

1
S =abc+ —
abc

\Y

Pro 24. (British MO 2008) Find the minimum of x> + y* + 2% where x,y,z € R and
satisfy x3 +y3 + 23 — 3wyz =1

\Y

Pro 25. (Zhautykov Olympiad, Kazakhstan 2008, Question 6) Let a,b, ¢ be positive
integers for which abc = 1. Prove that

1 3
Zb(a—l—b) 25'
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\Y

Pro 26. (Ukraine National Olympiad 2008, P1) Let x, y and z are non-negative
numbers such that % + y*> + 2% = 3. Prove that:

x y z
+ + <V3
Veltyt+z Vrtryrdz oyt 22

\Y4
Pro 27. (Ukraine National Olympiad 2008, P2) For positive a,b,c,d prove that
(a+b)(b+ c)(c+d)(d+ a)(1 + Vabed)* > 16abed(1 + a)(1 + b)(1 4 ¢)(1 + d)
v

Pro 28. (Polish MO 2008, Pro 5) Show that for all nonnegative real values an inequality
occurs:

4(Va3b® + V33 + Veda3) < 4 + (a + b)>.
\Y%

Pro 29. (Brazilian Math Olympiad 2008, Problem 3). Let x,y, z real numbers such
that x +y + z = xy + yz + zz. Find the minimum value of

T + y + z
w2+l oyl 2241

\Y

Pro 30. (Kiev 2008, Problem 1). Let a,b,c > 0. Prove that

2 2 2
% > min((a = b2, (b= ¢)?, (c — a)?)
v

Pro 31. (Kiev 2008, Problem 2). Let x1,x9, -+ ,x, > 0,n >3 and x1+x2+- -+, =2
Find the minimum value of

T2 n T3 T T
1+22 1+23 7 142

n

\Y

Pro 32. (Hong Kong TST1 2009, Problem 1). Let 01,0s,... 02005 be real numbers.
Find the mazimum value of

sin 61 cos 65 + sin 05 cos O3 + . . . + sin Oogg7 cos Oagps + sin Hangs cos 1

\Y
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Pro 33. (Hong Kong TST1 2009, Problem 5). Let a, b, ¢ be the three sides of a
triangle. Determine all possible values of
a? 4+ b? + c?
ab + be + ca
\Y

Pro 34. (Indonesia National Science Olympiad 2008). Prove that for x and y
positive reals,

1 1 2
+ > .
14+vx)?2 (1+9)?  z+y+2
v

Pro 35. (Baltic Way 2008). Prove that if the real numbers a, b and c satisfy a®>+b>+c* =
3 then
a? (@a+b+c)?
SRS .
24+b+c? 12

When does the inequality hold?
\Y

Pro 36. (Turkey NMO 2008 Problem 3). Let a.b.c be positive reals such that their
sum is 1. Prove that

a’b? n v2c? n a?c? S 3
(a2 —ab+b2)  ad(b2—be+c?) b (a?—ac+c?) T ab+be+ac
\Y
Pro 37. (China Western Mathematical Olympiad 2008). Given z,y,z € (0,1)

satisfying that
1-2z 1-— 1-=2
+ Y +4/ =2.
Yz xz xy

Find the mazimum value of xyz.

\Y

Pro 38. (Chinese TST 2008 P5). For two given positive integers m,n > 1, let a;;(i =
1,2,---,n,j = 1,2,--- ,m) be nonnegative real numbers, not all zero, find the maximum
and the minimum values of f, where

n i (5 aig)® +m T (0 aij)?

f =
(i 2oy ag)* +mn 37 300 az'2j
\%
Pro 39. (Chinese TST 2008 P6) Find the mazimal constant M, such that for arbi-
trary integer n > 3, there exist two sequences of positive real number ay,as,--- ,an, and

b1,ba, -+, by, satisfying
(1)22:1 bk = 172bk 2 bk—l + bk-i-la k= 233, e, N — ]-,
(2):a} <1+ 30 aibik=1,2,3, ,n,a, = M.

\Y
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Chapter 2

Solutions

Problem 1. (Vietnamese National Olympiad 2008) Let x,y, z be distinct non-negative
real numbers. Prove that

LR S SR 4
(x—y)? (y—2? (-2 wy+yz+zz

Proof. (Posted by Vo Thanh Van). Assuming z = min{z,y, z}. We have
(=2 +(y—2°=(x -y’ +2@@—2)(y—2)

So by the AM-GM inequality, we get

1 N 1 N 11 N (z —y)? N 2
(z-9y)? —2? (-2? @-y? E-22E-2? @-2)(—2
S 2 N 2 _ 4
- (:v—zi(y—z) (z—-2)(y—2) (2-2)(y-2)
T axytyz+zz
Q.E.D. O

Proof. (Posted by Altheman). Let f(x,y,z) denote the LHS minus the RHS. Then
f(x+d,y+d,z+d) is increasing in d so we can set the least of © 4+ d,y + d, z + d equal to
zero (WLOG z = 0). Then we have

1 1 1 4 (2% +y% - 3ay)?

(x—y)? 22 9?2 ay 2y%(x — y)?

\Y

Problem 2. (Iranian National Olympiad (3rd Round) 2008). Find the smallest
real K such that for each x,y,z € RY:

oY+ vz + 2V < K\ (x +y)(y + 2)(2 + )
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Proof. (Posted by nayel). By the Cauchy-Schwarz inequality, we have

LHS =z \/ry + Y\ /yz + Vz2/zx < \/(x+y+z)(my+yz+zx)
(= +y)(y+2)(z+ )

2f

where the last inequality follows from
8(z +y + 2)(zy +yz + 2x) <Yz +y)(y + 2)(z + 2)
which is well known. ]

Proof. (Posted by rofler). We want to find the smallest K. I claim
K = ——. The inequality is equivalent to

2v/2
8(x/y +yvz + 2vx)? < 9(x +y)(y + 2)(2 + )

— 822y + 8y’z + 821 + 162y /yz + 16yzy/zx + 1622/7y < 9 Z %y + 18xyz

sym
— 162y\/yz + 16yzv/zz + 16227y < 22y + y°2 + 2% 4+ 9%z + 92%y + 9222 + 18zy2
By the AM-GM inequality, we have

220+ 9y%a 4 6zyz > 16 N/ 220 - y18a9 - 26626 = 162y\/x2

Sum up cyclically. We can get equality when z =y = 2z = 1, so we know that K cannot be
any smaller. O

Proof. (Posted by FelixD). We want to find the smallest K such that

(/g +yvz + 2vx)? < KX x +y)(y + 2)(2 + )

But

@y +yvz+2va)? = 2%y +20)  ay/iz)

cyc cyc

I pE ke

cyc cyc

=(x+y(y+2)(z+2x)+zyz

ettt

S(a:+y)(y+z)(z+$)+8

= Sty +2)(E )

Therefore,

B

K*>

oo\u:
N
Y

S

with equality holds if and only if x =y = 2. O

\Y
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Problem 3. (Iranian National Olympiad (3rd Round) 2008). Let x,y,z € RT and

x+y+ 2z =3. Prove that:
LA L 2 2y + 2z +y2)
- x xrz z
B8 B8 Biso9  ar Y

Proof. (Posted by rofier). By the AM-GM inequality, we have

3 +y+2 vy —2y+4 .z
(y+2)(y? — 2y +4) 27 27 -3
Summing up cyclically, we have
3 3 3 2 2 2
x z Tyt —(r+y+z)+6x3
LA A - y (z+y+2)
Yy +8 2z2+8 x°48 27
1 1 2?49?2422
>1>-4+- - 17 7
- _3+9 27

Hence it suffices to show that

1 2?2+y?4+22 2
- >
3 o > 27(:(:y+xz+yz)

=9 — (22 +y* +22%) > 2wy + xz +y2)
= 9>@+y+2)?2=9

Q.E.D. O
\%
Problem 4. (Iran TST 2008.) Let a,b,c >0 and ab+ ac+ bc = 1. Prove that:
Va3 +a+ VB +b+ VS +e>2Va+bte

Proof. (Posted by Albanian Eagle). 1t is equivalent to:

a+ b+ c)(ab+ be+ ca)

%C:m \/ (a+b)(b+c)(c+a)

Using the Jensen inequality, on f(z) = \}E’ we get
Z a+b+c
cye \/a btc) > ym @°0
a+b+c

So we need to prove that

(a+b+ C)Q(Z a®b + 2abc) > 4(ab + be + ca)(z a’b)

sym sym

Now let ¢ be the smallest number among a, b, ¢ and we see we can rewrite the above as

(a—b)2(ab + b?a + a’c + b?c — ac® — bP) 4+ E(a+ b)(c —a)(c—b) >0
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Proof. (Posted by Campos). The inequality is equivalent to

Z\/a(a+b)(a+c) > 2v/(a + b+ c)(ab+ be + ca)

After squaring both sides and canceling some terms we have that it is equivalent to

Zag + abe + 2(b+ ¢)y/be(a + b)(a+¢) > Z 3a%b + 3a’c + 4abe

From the Schur’s inequality we have that it is enough to prove that

Z(b +¢)v/(ab + b2)(ac + ¢2) > Zazb + a?c + 2abe

From the Cauchy-Schwarz inequality we have

V(ab+0?)(ac+ ¢2) > avbe + be

SO

Z(b + ¢)v/(ab + b2)(ac + ¢2) > Z a(b+ c)Vbe+be(b + ¢) > Z a®b + a’c + 2abc
as we wanted to prove. ]

Proof. (Posted by anas). Squaring the both sides , our inequality is equivalent to:

> a® =3 ab(a+b) —9abc+ 2 Va(a+b)(a+c)V/bb+c)(b+a) >0

But, by the AM-GM inequality, we have:

ala+b)(a+c)-bb+c)(b+a)
= (a3 + a%c 4 a®b + abc)(ab® + b%c + b3 + abe)
> (a%b + abc + ab® + abe)?

So we need to prove that:
a® 4+ b3 + & — ab(a+ b) — ac(a+ ¢) — be(b+ ¢) + 3abe > 0
which is clearly true by the Schur inequality O

\Y

Problem 5. Macedonian Mathematical Olympiad 2008. Positive numbers a, b, c
are such that (a + b) (b+ ¢) (¢ + a) = 8. Prove the inequality

a+b+C> arfad + b3+ 3
3 - 3

Proof. (Posted by argady). By the AM-GM inequality, we have

(a+b+e)P =+ + +24=a3 4+ + S +3+--+3>9Y (a3 +3+c3) 38

Q.E.D. O
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Proof. (Posted by kunny). The inequality is equivalent to
(@+b+¢)?" >3%(a + 0%+ %) - [4]

Let a+b=2x, b+ c =2y, ¢+ a = 2z, we have that
(a+b)(b+c)(ct+a)=8<=zyz=1

and
2a+b+c)=20@+y+z2)<=a+b+c=x+y+=z

(a+b+c)P =a®+3++3@+b)b+c)(ct+a) =+ +S=(@+y+2)>-24

Therefore
[¥] <= (x +y+2)* >32%{(x +y+2)° — 24}.

Let t = (x +y + 2)3, by AM-GM inequality, we have that
T+y+z223Yryz<=xr+y+22>3

yielding ¢t > 27.
Since y = t” is an increasing and concave up function for ¢ > 0, the tangent line of y = t°
at t = 3 is y = 3%6(¢ — 27) + 32" We can obtain

9> 3%(t — 27) + 377
yielding 7 > 326(t — 24), which completes the proof. O
Proof. (Posted by kunny). The inequality is equivalent to

(@+b+c)? > 326
ad+b 4+ T

Let 2 = (a + b+ ¢)3, by the AM-GM inequality, we have:

2a+b 3
8=(a+b)(b+c)(c+a)< <(a—|—3+c)>
so a + b+ ¢ > 3 The left side of the above inequality

af ;o 8a®(x—27)
_$*24:>f(x)_

Rl VAN
(x —24)? =0

flz):
We have f(z) > f(27) = 3%. O
\%

Problem 6. (Mongolian TST 2008) Find the mazimum number C such that for any
nonnegative x,y, z the inequality

2P+ B3+ Cay? +y2? + 22%) > (C 4 1) (2Py + 922 + 22x).

holds.
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Proof. (Posted by hungkhtn). Applying CID (Cyclic Inequality of Degree 3) ! theorem,
we can let ¢ = 0 in the inequality. It becomes

22+ P 4+ ey > (e + Day?.
Thus, we have to find the minimal value of

_y3—y2—|—1_ 1

1) v -y _y+y(y—1)

when y > 1. It is easy to find that
Fly)=0e2y-1=@y-)P ey —2°+y" -2y +1=0.

Solving this symmetric equation gives us:

1+vV2+V2v2 -1
2

1

Thus we found the best value of C is
1 _1+¢§+\/2\/§—1+ 1

Y+ R 2.4844

\Y

Problem 7. (Federation of Bosnia, 1. Grades 2008.) For arbitrary reals x, y and z
prove the following inequality:

(z—y)? 3(y—2)* 3(y— 2)2}
4 0 4 4

3
22 +y? 4+ 22— xy — yz — 2z > max{

(z —y)?

3
Proof. (Posted by delegat). Assume that is max. The inequality is equivalent to

42? + 4y? + 42% > dzy + dyz + 4oz + 32% — 62y + 3y°
(:)x2+2xy+y2+z2 > dyz +4dxz
s@+y—22)2%>0
so we are done. O

\Y

Problem 8. (Federation of Bosnia, 1. Grades 2008.) If a, b and ¢ are positive reals
such that a® + b*> + ¢ = 1 prove the inequality:

> b+ b -2
ab(a+b)+bc(b—|—c) +ca(a+b) = 3(ab+be+ ca)

You can see here: http://www.mathlinks.ro/viewtopic.php?p=1130901
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Proof. (Posted by Athinaios). Firstly, we have
(a+b)(a—Db)2(a®+ab+b*) >0

SO
a® +b° > a*b*(a +b).
Applying the above inequality, we have
LHS > ab+ bc+ ca
So we need to prove that
ab + be+ ca+ 2 > 3(ab+ be + ca)
or
2(a? + b + %) > 2(ab + be + ca)
Which is clearly true. O]

5

Proof. (Posted by kunny). Since y = z° is an increasing and downwards convex function

for x > 0, by the Jensen inequality we have

5 5 5 5 5 4 2
a’+b > a+b a’+b 2i.(a—i-b) :i(a+b)2'(a+b)
2 2 ab(a+b) ~ 16 ab 16 ab
1 2
> —(a+b)”-4

6

1
(because (a + b)? > 4ab for a > 0, b > 0)
Thus for a >0, b >0, ¢> 0,

abla+b)  be(b+c¢)  calc+a)

> @b +(b+ef + (c+a)’}

1
:§(a2+b2+02+ab+bc+ca)

> ab+ bec+ ca

Then we are to prove
ab+ be+ ca > 3(ab+be+ ca) — 2

which can be proved by

ab+bc+ca23(ab+bc+ca)—2<:)1zab—i—bc—i—ca(:)aQ—i—bz—}—cQzab+bc—0—ca

Q.ED. O

Comment
We can prove the stronger inequality:

a® 4+ b° b+ P c®+a®

>6—>5(ab+b .
ab(a+b)+bc(b+c)+ca(a—|—c) 2 6= 5(ab+be+ca)
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Proof. (Posted by HTA ). It is equivalent to
a’ +b° 1 5 5 9
2 bty 2zl )= (Xta o)

202 +ab+ 202 5
E : 2
— - ) >
(a = 0) 2ab 2) =

S 20

which is true. ]

| Ot

\Y

Problem 9. (Federation of Bosnia, 1. Grades 2008.) If a, b and ¢ are positive reals
prove inequality:
4a 4b 4c

)(1+ )(1+

1
( +b+c a+c a+b

) > 25

Proof. (Posted by polskimisiek). After multiplying everything out, it is equivalent to:

4(2 a®) + 23abc > 4(2 a*(b+c))

cyc cyc

which is obvious, because by the Schur inequality, we have:

(> d®) +3abe =Y a’(b+ )

cyc cyc

So finally we have:

4(2 a®) + 23abc > 4(2 a®) + 12abc > 42 a?(b+ c)

cyc cyc cyc

Q.ED O
\%

Problem 10. (Croatian Team Selection Test 2008) Let x, y, z be positive numbers.
Find the minimum value of:

(@ x2+y2+22
Y + Yz

) 2 +y? + 222
Ty + Yz

Proof. (Posted by nsato).
(a) The minimum value is v/2. Expanding

2 2
() ()
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we get 22 4+ 9% + 22 — V2zxy — V2yz > 0, so

2., .2 .2
Y E S s

Equality occurs, for example, if z =1, y = /2, and z = 1.
(b) The minimum value is 1/8/3. Expanding

2
2 1 2
Y s Sy - 6) >0,
<x 3y> + 3 (y V62 =
we get o2 + 9% + 222 — \/8/3zy — \/8/3yz > 0, so

2, .2 .2
x+y+z> 8

zy+yz V3
Equality occurs, for example, if x = 2, y = v/6, and z = 1. O
\Y

Problem 11. (Moldova 2008 IMO-BMO Second TST Problem 2) Let ay,...,an
be positive reals so that a1 +az + ...+ ap < 5. Find the minimal value of

1 1 1
A:\/a%+2+\/a§+2+...+ ap + —
ay ajs ay

Proof. (Posted by NguyenDungTN). Using Minkowski and Cauchy-Schwarz inequal-

ities we get
, (11 1\?
A>qf(ar+as+ ... +an)?’+ | —+—...+—
ar  as n

n4

(a1+a2+...+an)2

2\/(a1+a2+...+an)2+

By the AM-GM inequality:

4
3) o

2
... +ta -
(a1 +ag+...+ap) +(a1+a2+...+an)2 5

Because a; + a2+ ... +a, < 5 so

We obtain
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Proof. (Posted by silouan). Using Minkowski and Cauchy-Schwarz inequalities we get

) 11 1\?
A>y[(a1+az+... +an)?+ P b P
1

ag n

n4

(a1 +ag+ ...+ an)?

2\/(a1+a2—|—...—|—an)2—|—

Let a; + ... + a, = s . Consider the function f(s) = s + ’;—;
This function is decreasing for s € (07 %] So it attains its minimum at s = § and we are
done . O

Proof. (Posted by ddlam). By the AM-GM inequality, we have
a2—|—i*a2—|—i—|— +i>1717a7%
a2 1662 T T 1662 T (16a2)16
S0

n 2
a?
AZ\/17E Ky 16167132 (@41 = ar)
i=1 Bit1
By the AM-GM inequality again:

n 2
34 ai > n

Z 16,32 = n ; 34n

P 16 agyq (Hi:l 16167L$?0)

But n
n 2n
So
A> Vitn
2
O
\Y
Problem 12. (RMO 2008, Grade 8, Problem 3) Let a,b € [0,1]. Prove that
1 a+b ab
— <1- —.
l+a+0— 2 + 3
Proof. (Posted by Dr Sonnhard Graubner). The given inequality is equivalent to
31—a)(1-0)(a+b)+ab(l—a+1—-5b)>0
which is true because of 0 <a<land 0 <b < 1. ]
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Proof. (Posted by HTA ). Let

a+b+a7b 1
2 3 1+a+bd

f(a’7 b) =1-
Consider the difference between f(a,b) and f(1,b) we see that

C1(b—1)(a+2a(b+ 1)+ 3b+2b(b + 1)) — 3a
f(a’b)_f(l’b)_é (1+a+b)(2+0) 20

it is left to prove that f(1,b) > 0 which is equivalent to

“1hb-1) _
6 240 —

Which is true . O

\Y

Problem 13. (Romanian TST 2 2008, Problem 1) Let n > 3 be an odd integer.
Determine the maximum value of

ViIer — o] + Vs — 23| + ..+ Va1 — 2| + V]zn — a1,
where x; are positive real numbers from the interval [0, 1]

Proof. (Posted by Myth). We have a continuous function on a compact set [0,1]™, hence
there is an optimal point (z1,...,zy,). Note now that

1. impossible to have x;_1 = x; = x;11;
2. if z; < x;—1 and x; < w41, then z; = 0;

3. if ¢y > x;—1 and x; > w41, then x; = 1;

4. ifwip <y <xjq or wimg < x; < iy, then x; = %
It follows that (z1,...,zy) looks like
1 2 ko —1 2 1 1 1
(077777'”717 2 7"'77,77077a"'77)7
k1 Kk ko ko' ko k3 ki
where k1, ko, ..., k; are natural numbers, ki1 4+ ko + ... + k; = n, [ is even clearly. Then the

function is this point equals

S = ki + V2 + ..V E.

Using the fact that [ is even and VEk < vk —1+1 we conclude that maximal possible value
of Sisn—2+vV2(=n—1,k =ky=..=k_; =1, k=2 in this case). O
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Proof. (Posted by Umut Varolgunes). Since n is odd, there must be an 4 such that both
x; and x;41 are both belong to [0, %] or [%, 1]. without loss of generality let 1 < z9 and 7,
2 belong to [0,4]. We can prove that

)
VI —x1 + Il‘g—l‘g[é\@
If 23 > @9, /T — &1 + /T3 — 32 < 2/ B5E < /2

else x1, z9, x3 are all belong to [0, %]

Hence, /19 — 21 + V113 — 121 < \/g—l— \/g Also all of the other terms of the sum are less
then or equal to 1. summing them gives the desired result.

1
Example is (0, 2 1,0,1,...,1)
Note: all the indices are considered in modulo n ]

\Y

Problem 14. (Romania Junior TST Day 3 Problem 2 2008) Let a,b,c be positive
reals with ab + bc + ca = 3. Prove that:

1 1 1 1
<

1+a2(b+c)+1+b2(a—|—c)+1—|—c2(b+a) abe’
b+ b
Proof. (Posted by silouan). Using the AM-GM inequality, we derive # >
¢/ (abc)?. Then abe < 1. Now
1 1 1 1
T - -
Z1—|—a2(b—i—c) _Zabc+a2(b+c) ZSa abc
0

\Y

Problem 15. (Romanian Junior TST Day 4 Problem 4 2008) Determine the max-
mmum possible real value of the number k, such that

1 1 1
(a+b+c) + + —k) >k
a+b c+b a+tec

for all real numbers a,b,c > 0 with a + b+ ¢ = ab + bc + ca.

Proof. (Original solution). Observe that the numbers a = b = 2, ¢ = 0 fulfill the condition
a+b+c = ab+bc+ca. Plugging into the givent inequality, we derive that 4 (% + % + % — k) >
k hence k£ < 1.

We claim that the inequality hold for k = 1, proving that the maximum value of k is 1. To
this end, rewrite the inequality as follows

1 1 1
(ab + be + ca) + + -1)>1
a+b c+b a+c

@Zab—l—bc—l—ca

>ab+bc+ca+1
a+b
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ab -1

b
®Z%+C2ab+bc+ca+1®2a+b*

+b

Notice that a“—fb > #&C, since a, b, ¢ > 0. Summing over a cyclic permutation of a, b, c we
get

Z ab ZZ ab :ab+bc+ca:
a+b a+b+c at+b+c

as needed. ]

Proof. (Alternative solution). The inequality is equivalent to the following

a+b+c 1 1 1
S = + +
at+b+c+1\a+b c+b a+c

Using the given condition, we get

L S _ @+ +c?+3(ab+ be + ca)
a+b c+b a+c (a+b)(b+c)(c+a)
a?+ b+ +2(ab+be+ ca) + (a+ b+ c)
(a+b)(b+c)(c+a)

_(a+b+c)la+b+c+1)
(a+b+c)?2—abe

hence
(a+b+c)?

(a+b+c)? — abc

It is now clear that S > 1, and equality hold iff abc = 0. Consequently, k = 1 is the
maximum value. 0

\Y

Problem 16. (2008 Romanian Clock-Tower School Junior Competition) For any
real numbers a,b,c > 0, with abc = 8, prove

a—2+b—2+c—2<0
a+1 b+1 c¢+17

Proof. (Original solution). We have:

a—2 b—2 c¢—2 1
<0&3-3 —<0&1L
a+1+b—|—1+c—l—1_ ZcH—l_ -

1

a+1

We can take a = 2E,b = 2y,c = 2E to have
Y z T

1 2 2
S L e
a+1 2ey + 4% T 2?4+ 2+ 22 + 2(xvy + yz + 22)
(by the Cauchy-Schwarz inequality) as needed. O

\Y
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Problem 17. (Serbian National Olympiad 2008) Let a, b, ¢ be positive real numbers
such that © +y + z = 1. Prove inequality:

1 1 1 27
T+ T+ 1§ﬁ'
yztx+o w2yt rytztg

Proof. (Posted by canhang2007). Setting xz =
equivalent to

;2 = 5. The inequality is

wle
<
Il
Wl

DIISUSR
3a? + abe +27 — 31

cyc

By the Schur Inequality, we get 3abc > 4(ab+ be + ca) — 9. It suffices to prove that

Z 3a <i
9a? + 4(ab+bc+ ca) + 72 ~ 31

3la(a+ b+ c)
1— >
©Z< 9a? + 4(ab + bc + ca) + 72 20

o Z (7Ta + 8¢+ 10b)(c — a) — (7a + 8b + 10¢)(a — b)

a’?+s =0
(where 5 = 4(ab + bcg— ca) + 72 )
o Z(a _p? 8a? + 8b2(:2 1_5?;(—;21_?_02;1 +0b)+s >0
which is true. O
\Y

Problem 18. (Canadian Mathematical Olympiad 2008) Let a, b, ¢ be positive real
numbers for which a + b+ ¢ = 1. Prove that

a—bc+b—ca+c—ab < 3

a+bc b+ca c+ab 2
Proof. (Posted by Altheman). We have a + bc = (a + b)(a + ¢), so apply that, etc. The
inequality is

Z(b +¢)(a® + ab+ ac —be) < =(a+b)(b+ c)(c+ a)

[\CR V]

< Z a’b + b’a > 6abe

cyc

which is obvious by the AM-GM inequality. O

\Y
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Problem 19. (German DEMO 2008) Find the smallest constant C such that for all
real x,y
1+ (x+y)?<C-(1+2%) -1+

holds.

Proof. (Posted by JBL). The inequality is equivalent to

2 2
ey +2zy+1 <c
$2+y2+x2y2+1 —

The greatest value of LHS helps us find C' in which all real numbers x,y satisfies the
inequality.
Let A =22+ 142, so

A+ 2zy+1 <c

A+ 2292 +1 —

To maximize the LHS, A needs to be minimized, but note that

2+ y2 > 2xy.
a2
So let us set 22 + y? = 2zy = a = 2%y? = ”
So the inequality becomes
_ Ba+4
~ (a+2)2
dL —8a+8
dr  (a+2)3 “
4
It follows that maxz(L) = C = 3 O
\Y

Problem 20. (Irish Mathematical Olympiad 2008) For positive real numbers a, b, ¢
and d such that a®> + b* + ¢ + d?> =1 prove that

a?b?ed + +ab*c?d + abc?d? + a®bed? + a?bctd + ab’ed? < 3/32,
and determine the cases of equality.
Proof. (Posted by argady). We have
a’b?cd + ab*cd 4 abc’d? + a*bed? + a*b?d + ab®cd® = abed(ab + ac + ad + be + bd + cd)
By the AM-GM inequality,
a® + b + * +d* > 4Vabed

and

e i e i i i i i R L
2

> (ab+ ac+ ad + be + bd + cd)
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3
SoabcdgEandab—i—ac—i—ad—kbc—l—bd—kcdgi
Multiplying we get
272 2 2 2 12 2y 12 2; 2 2 52 L3 3
a“b’cd + ab“c“d + abc*d” 4+ a“bed” + a*bcd + abcd” < — - — = —
16 2 32
The equality occurs when a =b=c=d = —. O

\Y

Problem 21. (Greek national mathematical olympiad 2008, P1) For the positive
integers ay,as, ..., an prove that

T2\ "
<lnl . ) > H@i
Dim1 i .
where k = max {a1, a9, ...,a,} and t = min{ay, az, ...,an}. When does the equality hold?

Proof. (Posted by rofler). By the AM-GM and Cauchy-Schwarz inequalities, we easily
get that

i/zT%Zzai

> ai> (X ai)?

n

2
Now, 24 >1
> ai
So therefore since % >1
2 .. 2
(Zaz‘ )kT 2 (Zaz )n
doa > a

Now, the direct application of AM-GM required that all terms are equal for equality to
occur, and indeed, equality holds when all a; are equal.

O
\Y

Problem 22. (Greek national mathematical olympiad 2008, P2)
If .y, 2 are positive real numbers with x,y,z < 2 and x> + y> + 22 = 3 prove that

3 1432 1422 1422
§<

<3
T+ 2 y+2+z—|—2
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Proof. (Posted by tchebytchev). From x < 2,y < 2 and z < 2 we find

1+y2 1422 1422 149> 1422 1422 3

c+2 yt2 a2 1 TR

and from x > 0,y > 0 and z > 0 we have

1+ 1422 1422 1492 1422 1422

=3.
T2 y+2 242 2 2 2

O

Proof. (Posted by canhang2007). Since with 22+ y? + 22 = 3, then we can easily get that
x,y, 2 < V3 < 2. Also, we can even prove that

2
Zx +122
z4+2

Indeed, by the AM-GM and Cauchy Schwarz inequalities, we have

Zx2+1 2+ 1 Zx2+1>2(x2+y2+z2+3)2 72

c+2 T ZH 9 L2457 S+ 1)(2+5) > a%y?+33

72 72

2 = :2
1@ 492 +22)2+33  3+33

\Y

Problem 23. (Moldova National Olympiad 2008) Positive real numbers a, b, ¢ satisfy
inequality a + b+ ¢ < % . Find the smallest possible value for:

S = abc + i
abc

Proof. (Posted by NguyenDungTN). By the AM-GM inequality, we have

3

§2a+b+cz3\/3abc

so abe < %. By the AM-GM inequality again,
1 1 63 1 63 1 63 65
= —_— > . > — _— = —
§=abet o = abet e T 6aabe = 2V ¢ 6aabe Totae =178 T 8

\Y

Problem 24. (British MO 2008) Find the minimum of x* + y? + 2* where z,y,z € R
and satisfy x3 + > + 23 — 3xyz = 1
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Proof. (Posted by delegat). Condition of problem may be rewritten as:
(x+y+2)(a® +y?*+ 22—y —yz—22)=1

and since second bracket on LH S is nonnegative we have x +y + z > 0.
Notice that from last equation we have:

1+(my+yz+zx)(m+y+z) 1
72 +y + 2 = +zy t+yz+ zx
rT+y+z rT+y+=z
and since ) ) ) )
xy+yz+zm:(x+y+z) ;x I ——
The last equation implies:
3(a? +y? +2%) 1 (z+y+2)?
= +
2 r+y+z 2
1 1 z+y+2)?
_ n Lty te)
2@4+y+z2) 2@x+y+2) 2
3
>
-2

This inequality follows from AM > GM so 2% +y? + z? > 1 so minimum of 22 4 y? + 2?2 is
1 and triple (1,0, 0) shows that this value can be achieved. O

Proof. (Original solution). Let 22 4 32 + 22 = r2. The volume of the parallelpiped in R3
with one vertex at (0,0,0) and adjacent vertices at (z,, 2), (v, 2, ), (z,z,y) is |2° + y3 +
23 — 3zyz| = 1 by expanding a determinant. But the volume of a parallelpiped all of whose
edges have length r is clearly at most r® (actually the volume is 73 cos § sin ¢ where 6 and
¢ are geometrically significant angles). So 1 < 73 with equality if, and only if, the edges of
the parallepiped are perpendicular, where r = 1. O

Proof. (Original solution). Here is an algebraic version of the above solution.
= (2" +y° +2° 39392)2 = ( (22 —y2) +y(y* — 22) + 2(2* — wy))”

< (2 +y* +2%) ((«? +(y* = z2)” + (2° —ay)?)

= (z +y2+z)(x + oyt 4 2 4 2% 4 22?22 —2zyz(z +y + 2))

= (z +y2+z)((x + 32 +z) (nyrszrzx))

<( )’

x+y+z

\Y

Problem 25. (Zhautykov Olympiad, Kazakhstan 2008, Question 6) Let a,b,c be
positive integers for which abc = 1. Prove that

1 3
Zba—l—b =92
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Proof. (Posted by nayel). Letting a = —,b = g, c=2 implies
z T

< |8

LHS—Z x? - (2% 4+ y? + 22)?
B 224 ay T a2y +y?? 4 222+ ady+ Pz + 2

cyc

Now it remains to prove that

2(2? + 9y + 252 > 323:23/2 + SZx?’y

cyc cyc
Which follows by adding the two inequalities

Pyt > Py + P+ P

> (@t aty?) > Y 2aty

cyc cyc

\Y

Problem 26. (Ukraine National Olympiad 2008, P1) Let x, y and z are non-negative
numbers such that x> 4+ y? + 2> = 3. Prove that:

x y z
+ + <V3
Veldy+z Vetyi+z oty +22

Proof. (Posted by nayel). By Cauchy Schwarz we have
(@ +y+2)1+y+2)>(@+y+2)?

so we have to prove that

1 1 1
e /T+y+z+y/l1+o+z2+2/ Tty _
r+y—+z

But again by the Cauchy Schwarz inequality we have

x\/1+y+z+y\/1+:c+z+z\/l+x—l—y:Z\/:f\/:v—ﬁ—xy—i—xz

<V@+y+2)(e+y+z+20@y+yz+ 2m)

and also

VE+y+z)(z+y+z+ 2wy +yz + 22)

<V(x+y+2) (a2 + 2+ 22+ 20y + 2yz 4 222) = sv/s
where s = z + y + 2z so we have to prove that /s < v/3 which is trivially true so QED [
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Proof. (Posted by argady). We have

=2 - <>
cyc Trt+ytz cyc 2 z2+y2 422 cyc \/ + (y + Z) x+y+z
2+ (y +2) .

X

Thus, it remains to prove that

° < V3.
o i+ (o) P

Let z + y + z = 3. Hence,

x 1 T
<\/§<:> <—>ZO<:>
c%c: \/ +(y + 2) B %C: V3 Va?-z+3

O C e R v KL

cyc

PN Z (x — 1)%(252% + 352 + 3) -0
&2 (B + )Va? —w +3+6V32)Va? —x +3

\v
Problem 27. (Ukraine National Olympiad 2008, P2) For positive a,b, c,d prove that
(a+b)(b+c)(c+d)(d+ a)(1 + Vabed)* > 16abed(1 + a)(1 + b)(1 + ¢)(1 + d)

Proof. (Posted by Yulia). Let’s rewrite our inequality in the form

(a+b)(b+c)(c+d)(d+a) - 16abed
(I1+a)(1+b)(1+c)(1+d) ~ (1+ vabed)4

We will use the following obvious lemma

z+y S 2\/@
(I+z)(1+y) — (1+/y)?

By lemma and Cauchy-Schwarz

a+b c+d 4v/abed(vVab 4 V/ed)? 16abced

Traarnaroarg )= Gy ve? - 1+ Vabedy
Last one also by lemma for z = Vab,y = Ved O

Proof. (Posted by argady). The inequality equivalent to
(a+0b)(b+c)(c+d)(d+ a) — 16abed+

+4+/abed (( b)(b+c)(c+d)(d+a)—4Va333d3(a+ b+ c+ d)) +
+2v/abed (3(a +0)(b+ ¢)(c+ d)(d+ a) — 8vabed(ab + ac + ad + be + bd + cd)>
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+4Va3b3c3d3((a + b) (b + ¢)(c + d)(d + a) — 4V/abed(abe 4 abd + acd + bed)) > 0

which obvious because
(a+b)(b+c)(c+ d)(d+ a) — 16abcd > 0
is true by AM-GM;
(a+b)(b+c)(c+d)(d+a) — AVa3bB3Ad3 (a+b+c+d) >0
is true since,
(a+b)(b+ c)(c+d)(d+a) > (abe + abd + acd + bed)(a + b+ ¢+ d) < (ac — bd)? >0

and
abe + abd + acd + bed > 4V a3b3c3d3

is true by AM-GM;
(a4 b)(b+c)(c+d)(d+a) > 4Vabed(abe + abd + acd + bed)

is true because
a+b+c+d>4vVabed

is true by AM-GM;

3(a+b)(b+ ¢)(c+ d)(d + a) > 8V abed(ab + ac + ad + be + bd + cd)
follows from three inequalities:

(a+b)(b+c)(c+d)(d+ a) > (abc + abd + acd + bed)(a + b + ¢ + d);

by Maclaren we obtain:

Y]

a+b+c+d vMb+ac+M+ad+hi+w

and

@\H

Q=
+
(S
|4
Q=
+
Ul

1 1 1 1 1
>¢ ac T ad T o T hd T
- 6 )

which equivalent to

oo

abc + abd + acd + bed \/ (ab+ ac + bc + ad 4 bd + cd)abed.

OO

\Y

Problem 28. (Polish MO 2008, Pro 5) Show that for all nonnegative real values an
inequality occurs:

AV a3 + VB33 + V3a3) < 4¢3 + (a + b)>.
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Proof. (Posted by NguyenDungTN). We have:
2
RHS — LHS = (@+@—2@)2+3ab(\f—ﬁ) >0
Thus we are done. Equality occurs for a =b=cor a = 0,b = V/4c or a = V/4¢,b =0 O

\Y

Problem 29. (Brazilian Math Olympiad 2008, Problem 3). Let x,y, z real numbers
such that © +y + z = zy + yz + zx. Find the minimum value of

xT + Yy + z
2+1 0 yP4+1 0 2241

1
Proof. (Posted by crazyfehmy). We will prove that this minimum value is —5 If we take

1
r=y=—1,2z=1, the value is —5
Let’s prove that
T Y z 1

- >
1—|—x2+1—|—y2+1+z2+2_0

We have

Ty oz 1 (1+z)?  y oy Lz
T+a2  1+y2 1422 2 24222 1+4y2 14227 1+y2  1+22

y e

I+y? 1422
then (y + 2z)(yz + 1) < 0 and by similar way (z + 2)(zz+ 1) <0 and (y+ 2)(yz+1) <0
Let all of x , y , z are different from 0.

<0

e Allof z+y,y+2z,2+2is>0Thenx+y+2>0and zy +yz+ 22z < —-3.It’'s a
contradiction.

e Exactly one of the (z+y) ,y+2,x+ 2z1is <O.
W.L.O.G, Assuming y + z < 0.
Because x +z > 0and z+y > 0so z > 0.
xz+1<0and zy +1 < 0 hence y and z are < 0.
_ab+a+bd

Let y = — d z = —b.
et y a and z x P ——

Soxz >1and ab > 1.

: ab+a+b ab+a+b
Otherwise because of x > a and x > b hence aT > a and T > b.

So b > a? and a > b%. So ab < 1. It’s a contradiction.

1 1
and x >a>—andx >b> —.
T T

e Exactly two of them (z + y),(y + 2),(z + 2) are < 0.
W.L.O.G, Assuming y + z and x + z are < 0.
Because x +y > 0 so z < 0. Because zy < 0 we can assume z < 0 and y > 0.
Let x = —a and z = —c and because zz+1 >0 and zy +1 < 0so ¢ < i anda>%.
Becausey+z<0andx+y>0hencea<y<candso%<a<y<c<i. It’s a
contradiction.
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e All of them are < 0 .Soz+y+ 2 <0 and zy + yz +xz > 0 . It’s a contradiction.

e Someofz,y,zare =0
W.L.O.G, Assuming x =0. Soy+ 2z =yz = K and

Y z K>+ K 1 9
= > —— <= 4K“4+1>0
1+y2+1+22 2K?2 -2K+1~ 2 th=

which is obviously true.

The proof is ended. O
\Y%

Problem 30. (Kiev 2008, Problem 1). Let a,b,c > 0. Prove that

a’? 4+ b> 42
5
Proof. (Posted by canhang2007). Assume that a > b > ¢, then

> min((a —b)?, (b—c)?, (c — a)?)

min {(a — b)%, (b — ¢)?, (c — a)*} = min{(a — b)?, (b — ¢)*}
If a + ¢ > 2b, then (b — ¢)? = min{(a — b)%, (b — ¢)?}, we have to prove
a? + b2+ >50b—c)?
which is true because
A+ 0+ —50b—c)? > (2b—c) + >+ —5(b—c)* =3c(2b—c) >0
If a + ¢ < 2b, then (a — b)? = min{(a — b)?, (b — ¢)?}, we have to prove
a? + b2+ > 5(a—b)?
which is true because
a? +b* —5(a —b)* =2(2a — b)(2b —a) > 0
This ends the proof. O
\Y

Problem 31. (Kiev 2008, Problem 2). Let 1,29, - ,2n > 0,n > 3 and 1 + x2 +
-+ xn = 2 Find the minimum value of

T2 T3 T
—

+ ...+ —
1+2?  1+23 +1+x%
Proof. (Posted by canhang2007). By AM-GM Inequality, we have that

To $%LL‘2 S 1
=2 — > Ty — FT1T2
a3+ 1 z3+1 2
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Apply this for the similar terms and adding them up to obtain
LHS > 2 — %(1‘1.732 + xox3+ -+ TpT1)
Moreover, we can easily show that
x1xp + ow3 + -+ a1 < wp(z1 4 F Ty F Xy + -+ x,) <1
for k is a number such that x; = max{z1,z9,...,z,}. Hence

1 3
LHS >2— - =—
- 2 2

\Y

Problem 32. (Hong Kong TST1 2009, Problem 1)Let 01,05, ... 02008 be real num-
bers. Find the maximum value of

sin 01 cos Oy + sin 05 cos O3 + . . . + sin Oygg7 cos Oagps + sin Bopps cos 1

Proof. (Posted by brianchung11). By the AM-GM Inequality, we have
1
sin 61 cos fo+sin B cos O3+. . .+sin Bogg7 cos Oagog+sin Ooggg cos 61 < 3 z:(sim2 0;+cos> ;1) = 1004
Equality holds when 6; is constant. O
\Y

Problem 33. (Hong Kong TST1 2009, Problem 5). Let a, b, ¢ be the three sides of
a triangle. Determine all possible values of

a? + %+ 2
ab+ bc + ca
Proof. (Posted by Hong Quy). We have

a?+ b2+ > ab+be+ ca

and |a — b| < c then a® + b? — ¢? < 2ab.

Thus,
a® + b 4 ¢ < 2(ab + be + ca)
2,22 .2
S it
ab + bc + ca
O
\%

Problem 34. (Indonesia National Science Olympiad 2008) Prove that for x and y

positive reals,
1 1 2

(1+\/5)2+(1+\/§)2 2x+y+2'
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Proof. (Posted by Dr Sonnhard Graubner). This inequality is equivalent to
24+ 22+ 2y + 22 + 2 — 2y — 20/y + 222 + 2% — 8y/z/5 > 0
We observe that the following inequalities hold
Lo z+y>2/zy
2. z+y? > 2y
3. y+ 2> 22,y
4. 24 2y2 4227 > 6,/7.
Adding (1), (2), (3) and (4) we get the desired result. O

Proof. (Posted by limes123). We have

1 S 1 Y
1+2)? " 1+zy xz+y

1+ zy)(1 + g) >(1+1)? =

and analogously
1 1 x

> .
(14+y)?2 " 1+zy z+vy
as desired. ]

\Y

Problem 35. (Baltic Way 2008). Prove that if the real numbers a, b and c satisfy
a’? +b> 4 c? =3 then
a? (@a+b+c)?
E > .
24+b+c? 12

When does the inequality hold?
Proof. (Posted by Raja Oktovin). By the Cauchy-Schwarz Inequality, we have

a? n b? n c? < (a+b+c)?
24b+c2 24c+a? 24+a+b2 T 64+a+btct+at+b2+c2

So it suffices to prove that
6+a+b+c+a’+b>+2 <12
Note that a? 4+ b? + ¢ = 3, then we only need to prove that
at+b+c<3
But
(a+b+e)? = a?+b%+c*+2(ab+be+tca) < a? +b* +c* +2(a* +b* +c?) = 3(a® +b*+c%) = 9.
Hence a + b + ¢ < 3 which completes the proof. O

\Y
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Problem 36. (Turkey NMO 2008 Problem 3). Let a.b.c be positive reals such that
their sum is 1. Prove that

a’b? n b2c? n a’c? S 3
ABa?—ab+b%)  a?(b2—bc+c?) ¥ (a?—ac+c?) T ab+bec+ac

Proof. (Posted by canhang2007). The inequality is equivalent to

Z a’b? S 3a+b+c)
c3(a? —ab+b%) ~ ab+ be+ ca
Put x = 2, Yy = %7 = %, then the above inequality becomes
Z 23 S 3(zy + yz + 2x)
»2—ay+y: -  xt+ytz
This is a very known inequality. O

Proof. (Posted by mehdi cherif). The inequality is equivalent to :

Z (ab)? - 3(a+b+c)

c3(a? —ab+b2) ~ ab+ac+ bc
3(abe)3(a+b+c)

<:>Z:a?—ab+bQ_ ab + ac + be

But
3(abe)®(a+b+c) = 3abc(z a)(abc)? Z ab)?(abe)*(AM — GM)

Hence it suffices to prove that :

> s 2_ab+b2_ (abe)*(D  ab)

— 202 ab+b2)—zab

= 262 a2 ab+b2 +> ela+b)>3> ab
= Xy 2T

On the other hands,

Z(ab)3+(b0)3+(ca) 5 glab)° + (ac)® +

+ (be)®
c2(a? — ab + b?) 2> (ab)? —abe(d a

)
It suffices to prove that :
3 3 3
(ab)® + (ac)® + (be) > 35 b
23 (ab)? — abce(> a)
Denote that x = ab,y = ac and z = bc
23+ oy + 23
3 >
222 +y2 +22) —zy+yz + 2z Zrry+z
= > 2P+ 3ayz > ay(z +y)

which is Schur inequality ,and we have done. O
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\Y

Problem 37. (China Western Mathematical Olympiad 2008). Given x,y,z € (0,1)

satisfying that
1—x 1-— 1—2z
+ Yy J—E=2
Yz xz xy

Find the maximum value of xyz.

Proof. (Posted by Erken). Let’s make the following substitution: # = sin? @ and so on...
It follows that
2sinasin Ssiny = Zcosasina

But it means that a + 8 + v = m, then obviously

27
. . . 2 - 20
(sinasin fsiny)” < o
O]
Proof. (Posted by turcas.). We have that
1 1 x+3(1—2x)
2\/xyz = — V(3 —3z) < — =
V2= >Vl )< /3 > D)
_3V3 1y
2 V3
So 2 xyzﬁ%—%ng #—\/@Wﬂcyz.
If we denote p = §zyz we get that 2p> < %ﬁ — v/3p%. This is equivalent to
4p® +2v3p* —3vV3 < 0= (2p — V3)(2p* +2V3p +3) <0,
then p < @ So xyz < g. The equality holds for x =y = z = %. O

\Y

Problem 38. (Chinese TST 2008 P5) For two given positive integers m,n > 1, let
aij(i = 1,2,---,n,j = 1,2,--- ,m) be nonnegative real numbers, not all zero, find the
mazimum and the minimum values of f, where

B ny (0 aj)? +m i (i aij)?
(i 2o ag)* +mn 37l 300 azzj

Proof. (Posted by tanpham). We will prove that the maximum value of f is 1.

f

e For n =m = 2. Setting a11 = a,a21 = b,a12 = x,a91 = y. We have

fo 2((a+b)°+ (x+y)?+ (a+2)°+ (b +y)?) <1

(a4 b+x+y)* +4 (a2 + b2+ 22 +42)

e=(x+b—a—y)*>0

as needed.
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e For n =2, m = 3. Using the similar substitution:
(:'U’ y? Z)7 (a/7 b7 C)
We have

20@+b+c)+2@+y+2)>+3@+2)’+30b+y)?+3(c+2)’
6(a2+b2+c2+a2+y2+22)+ (a+b+ctaty+2)

/=

<1

SEtb—y—a)l+(@t+c—z—a)l+y+tc—b—2>>0

as needed.

e For n =3,m = 4. With
(z,9,2,t),(a,b,c,d), (k,l,m,n)
The inequality becomes
(z+b—a—y)’+@+c—a—2 +(@+d—a—t)+(@+1—k—y)’+

Tp@4n—k—t)P+y+c—b—2 +(y+d—b—1)>+
+4+m—Il—2 +y+n—1—t)>+--->0

+@+m—k—2)

as needed.
By induction, the inequality is true for every integer numbers m,n > 1
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Chapter 3

The inequality from IMO 2008

In this chapter, we will introduce 11 solutions for the inequality from IMO 2008.
Problem.
(7). If z,y and z are three real numbers, all different from 1 , such that xyz = 1, then
prove that
2 2 2
x Yy z
+ + >1
2 2 2 =
(-1)7" (y-17 (2—1)

With the sign ) for cyclic summation, this inequality could be rewritten as

Z(x—n?zl

(7). Prove that equality is achieved for infinitely many triples of rational numbers
x,y and z.
Solution.

Proof. (Posted by vothanhvan). We have

SO () () () O e (e

cyc

We conclude that

SR -1 -1 - D - e e — P 5y
pv (x—-1)7" (y-1)" (z-1)
Q.E.D O
\Y%
Proof. (Posted by TTsphn). Let
T 2
azl—x’bzlgy’czl—z
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Then we have :

1
be=(a+1)(b+1)(c+1) = RSN T Y s abt+ac+bct+a+b+c+1=0

Therefore :
a?+b*+c* = a®+b*+*+2(ab+ac+be)+2(a+b+c)+2 & a>+b*+¢* = (a+bt+c+1)°+1 > 1

So problem a claim .
The equality hold if and only if a +b+c¢+ 1= 0.
This is equivalent to

Yy +2x+ 20 =3

From z = yiz we have

1 1
- dyz=322 —yBz—1)+2=0
Y

A=32-1)%-42° = ( — 1)*(1 — 42)

We only chose z = ,|m| > 0 then the equation has rational solution y. Because

1 . .
T = — so 1t also a rational .
z

Problem claim . m
\Y
Proof. (Posted by Darij Grinberg). We have
x? y? 22 (yz + 2 + 2y — 3)°
5 T 5+ 2 T 2 2 2
(-1 -1~ (-1 (@-1)7"(@y-1)7 (-1

For part (i7) you are looking for rational z, y, z with xyz =1 and « +y + z = 3.
In other words, you are looking for rational x and y with z + y + é = 3. This

rewrites as y? + (x — 3) y + % = 0, what is a quadratic equation in y. So for a given
x, it has a rational solution y if and only if its determinant (x —3)* — 4 - i is a
square. But (z —3)*—4. 1= (p— 1), so this is equivalent to 24 heing a square.
Parametrize... 0

\%
Proof. (Posted by Erken). Let a =1 — 1 and so on... Then our inequality becomes:
a’b? + b2 + Pa® > a?h??

while (1 —a)(1 =b)(1 —¢) = 1.
Second condition gives us that:

a’b* + b*c® + *a® = a®b* + (a + b+ ¢)? > a’b*
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\%

Proof. (Posted by Sung-yoon Kim). First letting x = =~y = —, z = ]2,. We have

T I
ESHI
<

to show that )

RERUSE

(r—q)?

Define f(t) to be

(t+q)° _ L g @
2 _q)2—<2 _q)g)t+2(z _q)2)t+z _q>2—At+2Bt+C

(p (p (p (p

This is a quadratic function of ¢ and we know that this has minimum at ¢y such that
Ato+ B =0.
Hence,
AC — B?
f(t) > f(to) = At} + 2Bty + C = Bty + C = —

Since

2 _ 1 ¢’ B q 2
AC-B = 2 (p—Q)2) 2 (P—Q)Q)

(p—q)?
and we have

(a® + b+ ) (d” + € + f7) = (ad + be + cf)* =Y _(ae — bd)?,

We obtain .

r—q
AC — B* = S SR - A
Z((p— q9)(q —7")) 2 (» —q)?
This makes f(t) > 1, as desired.
The second part is trivial, since we can find (p, ¢, r) with fixed p — ¢ and any various
g — r, which would give different (z,y, z) satisfying the equality. O]

\Y

Proof. (Posted by Ji Chen). We have

1'2 y2 22

+ + —1
(-1" (y-1° (-1
a® be
+ + -
(a3 —abe)® (0% —abe)® (¢ — abe)”
(be + ca + ab)? (b2 + 2a® + a®b* — a2be — b ca — c2ab)’

= 2 2 2 >0
(a® —bc)” (b2 — ca)” (¢* — ab)

b
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Proof. (Posted by kunny). By xyz = 1, we have

X Yy z Ty Yyz zr
=1 y—1 "2 {<:c—1><y1>+<y—1><z—1>+<z—1><x—1>}
2y =DE-D+y-De-D+z2@ -1y -1 —2y(z—1) —yz(z - 1) — zz(y — 1)

(z =Dy —-1D(-1)
_zy—DiE-1-2)+ylz-D@-1-)+zz@y—1-y)
(z—Dy—-1(z-1)
:x+y+z—(a:y—l—yz+zx)
(=D —-1(=-1)
Crxtytz—(zytyr+ew) ayz—1
(x=Dy—-1(-1)

_@-DE-1E-1

(=D -1)(x—1)
(Because x # 1, y # 1, z #1).)
Therefore

.’172 y2 ZZ

<x—1>2+<y—1>2+<z—1>;
=($f1+y31+zf1) ‘2{<x—1§?y—1>*@—1?@—1)*@—5@—1)}
() (e )

2
=< GEEI. A 21—1> +1>1

=1

r—1 y—1 z-—

The equality holds when

Proof. (Posted by kunny). Let x +y+z=a, xy+yz+zx =0, zyz =1, 2z, y, =
are the roots of the cubic equation :

tP—at? +bt—1=0
If t =1 is the roots of the equation, then we have

P—a-1°+b-1-1=0<=a—-5b=0
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Therefore t #1 <= a — b # 0.

Thus the cubic equation with the roots a = -5, 8 = ﬁ, v= s

3
¢ t ¢
(t—l) _a<t—1>+b't—1_1_0

= (a—bt'—(a—20+3)*—(b—3)t—-1=0 ---[4]

Let a—b=p+#0, b—3 = q, we can rerwite the equation as

ptP—(p— @t —qt —1=0
By Vieta’s formula, we have

atf+y=""0 =12 apt py+aa=-1
p p p

Therefore

z? ?JQ 22 2 2 2
@12 o1 o * Tt

=(a+B8+7)°—2(af+ py+10q)
(=)
p p
- (q> +1>1,
p

The equality holds when % = (0 <= q¢ = 0 <= b = 3, which completes the proof. [

\Y

Proof. (Posted by kunny). Since x, y, z aren’t equal to 1, we can set z = a+1, y =

b+1, z=c+1 (abc #0).

2 2 2 12 b 12 12
: y 2 _ (@41 pr1? (e+])

-1 -1 T Go1p T @ = >

b
2(ab+ bc+ca)  (ab+ be + ca)? — 2abc(a + b+ c)

11 1\ 1 1 1
=342(-+-+-)+5+5+5
a C a C

:3+ _'_ e ee |k

abc (abc)?

Let
a+b+c=p, ab+bc+ca=q, abc=r #0

we have xyz =1 <= p+q+r =0, since r # 0, we have

2 ¢ —2r 2 2
r r r r r
2 2 + 2
=3+ L4 (4) 42l = (D) 44l 45
r r r r r

q 2
:(7+2) +1>1.
.
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The equality holds when ¢ = —2r and p+q+r=0(r >0) <= p:q:r=1:(-2): 1.
O.E.D. 0

\%

Proof. (Posted by Allnames). The inequality can be rewritten in this form
1
- >
PR

Y (-l -b*= (1-a)(l-b)(1—c)’

or

1
where r = — and abc = 1.

a
We set a + b+ ¢ = p,ab+ bc + ca = q,abc = r = 1. So the above inequality is
equivalent to

(p—3)7>0

which is clearly true. []

\%

Proof. (Posted by tchebytchev). Let x = Ly =7 and z = 1. We have

IL'Q y2 22

TR PR RN CRETE

R S S
(I—a)?® (1=0? (L-c)

_ 1 . 1 n 1 }_2[ 1 n 1 L 1

[(1—=a) (1-=b) (-0 (1-a)(1=b) (A=b(1-c) (I-c)(1-a)

:_3—2(a+b+c)+ab+bc+car—[ 3—(a+b+c) ]
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Inequalities from 2008 Mathematical Competition * ok * Kk

Glossary

1. AM-GM inequality

For all non-negative real number aq, as, - - - ,a, then
a+ag+ -+ a, 2 nYaaz---ay

2. Cauchy-Schwarz inequality
For all real numbers aq, as, - ,a, and by, by, --- , b, then

(af+a3+-+a2) (B +b3+-+n2) > (arby + asby + - -+ + ayby)

3. Jensen Inequality
If f is convex on I then for all a1, as,--- ,a, € I we have

o)+ o)+ J) 2 0 (
4. Schur Inequality
For all non-negative real numbers a, b, ¢ and positive real number numbers r
a(a=b)(a—c)+b (b—a)(b—c)+c (c—a)(c—b) >0

Moreover, if a,b, ¢ are positive real numbers then the above results still holds
for all real number r

5. The extension of Schur Inequality (We often call *Vornicu-Schur in-

equality’)
For x >y > z and a > b > ¢ then

a(z—y)(x—2)+bly—2)(y—2)+c(z—2)(2—y) >0
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Foreword

The International Mathematical Olympiad is the largest and most prestigious
mathematics competition in the world. It is held each July, and the host city
changes from year to year. It has existed since 1959.

Originally it was a competition between students from a small group of commu-
nist countries, but by the late 1960s, social-democratic nations were starting to send
teams. Over the years the enthusiasm for this competition has built up so much
that very soon (I write in 2008) there will be an IMO with students participating
from over 100 countries. In recent years, the format has become stable. Each nation
can send a team of up to six students. The students compete as individuals, and
must try to solve 6 problems in 9 hours of examination time, spread over two days.

The nations which do consistently well at this competition must have at least
one (and probably at least two) of the following attributes:

(a) A large population.
(b) A significant proportion of its population in receipt of a good education.
¢) A well-organized training infrastructure to support mathematics competi-
tions.
(d) A culture which values intellectual achievement.

Alternatively, you need a cloning facility and a relaxed regulatory framework.

Mathematics competitions began in the Austro-Hungarian Empire in the 19
century, and the IMO has stimulated people into organizing many other related
regional and world competitions. Thus there are quite a few opportunities to take
part in international mathematics competitions other than the IMO.

The issue arises as to where talented students can get help while they prepare
themselves for these competitions. In some countries the students are lucky, and
there is a well-developed training regime. Leaving aside the coaching, one of the
most important features of these regimes is that they put talented young math-
ematicians together. This is very important, not just because of the resulting
exchanges of ideas, but also for mutual encouragment in a world where interest in
mathematics is not always widely understood. There are some very good books
available, and a wealth of resources on the internet, including this excellent book
Infinity.

The principal author of Infinity is Hojoo Lee of Korea. He is the creator of many
beautiful problems, and IMO juries have found his style most alluring. Since 2001
they have chosen 8 of his problems for IMO papers. He has some way to go to catch
up with the sage of Scotland, David Monk, who has had 14 problems on IMO papers.
These two gentlemen are reciprocal Nemeses, dragging themselves out of bed every
morning to face the possibility that the other has just had a good idea. What they
each need is a framed picture of the other, hung in their respective studies. I will
organize this.
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The other authors of Infinity are the young mathematicians Tom Lovering of the
United Kingdom and Cosmin Pohoata of Romania. Tom is an alumnus of the UK
IMO team, and is now starting to read mathematics at Newton’s outfit, Trinity
College Cambridge. Cosmin has a formidable internet presence, and is a PEN ac-
tivist (Problems in Elementary Number theory).

One might wonder why anyone would spend their time doing mathematics, when
there are so many other options, many of which are superficially more attractive.
There are a whole range of opportunities for an enthusiastic Sybarite, ranging from
full scale debauchery down to gentle dissipation. While not wishing to belittle these
interesting hobbies, mathematics can be more intoxicating.

There is danger here. Many brilliant young minds are accelerated through ed-
ucation, sometimes graduating from university while still under 20. I can think
of people for whom this has worked out well, but usually it does not. It is not
sensible to deprive teenagers of the company of their own kind. Being a teenager
is very stressful; you have to cope with hormonal poisoning, meagre income, social
incompetance and the tyranny of adults. If you find yourself with an excellent
mathematical mind, it just gets worse, because you have to endure the approval of
teachers.

Olympiad mathematics is the sensible alternative to accelerated education. Why
do lots of easy courses designed for older people, when instead you can do math-
ematics which is off the contemporary mathematics syllabus because it is too in-
teresting and too hard? Euclidean and projective geometry and the theory of
inequalities (laced with some number theory and combinatorics) will keep a bright
young mathematician intellectually engaged, off the streets, and able to go school
discos with other people in the same unfortunate teenaged state.

The authors of Infinity are very enthusiastic about MathLinks, a remarkable in-
ternet site. While this is a fantastic resource, in my opinion the atmosphere of
the Olympiad areas is such that newcomers might feel a little overwhelmed by the
extraordinary knowledge and abilities of many of the people posting. There is a
kinder, gentler alternative in the form of the nRich site based at the University of
Cambridge. In particular the Onwards and Upwards section of their Ask a Mathe-
matician service is MathLinks for herbivores. While still on the theme of material
for students at the beginning of their maths competition careers, my accountant
would not forgive me if I did not mention A Mathematical Olympiad Primer available
on the internet from the United Kingdom Mathematics Trust, and also through the
Australian Mathematics Trust.

Returning to this excellent weblished document, Infinity is an wonderful training
resource, and is brim full of charming problems and exercises. The mathematics
competition community owes the authors a great debt of gratitude.

Dr. Geoff Smith (Dept. of Mathematical Sciences, Univ. of Bath, UK)
UK IMO team leader & Chair of the British Mathematical Olympiad
October 2008
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Overture

It was a dark decade until MathLinks was born. However, after Valentin Vornicu
founded MathLinks, everything has changed. As the best on-line community, Math-
Links helps young students around the worlds to develop problem-solving strategies
and broaden their mathematical backgrounds. Nowadays, students, as young math-
ematicians, use the LaTeX typesetting system to upload recent olympiad problems
or their own problems and enjoy mathematical friendship by sharing their creative
solutions with each other. In other words, MathLinks encourages and challenges
young people in all countries, foster friendships between young mathematicians
around the world. Yes, it exactly coincides with the aim of the IMO. Actually,
MathLinks is even better than IMO. Simply, it is because everyone can join Math-
Links!

In this never-ending project, which bears the name Infinity, we offer a delightful
playground for young mathematicians and try to continue the beautiful spirit of
IMO and MathLinks. Infinity begins with a chapter on elementary number theory
and mainly covers Euclidean geometry and inequalities. We re-visit beautiful well-
known theorems and present heuristics for elegant problem-solving. Our aim in this
weblication is not just to deliver must-know techniques in problem-solving. Young
readers should keep in mind that our aim in this project is to present the beautiful
aspects of Mathematics. Eventually, Infinity will admit bridges between Olympiads
Mathematics and undergraduate Mathematics.

Here goes the reason why we focus on the algebraic and trigonometric methods
in geometry. It is a cliché that, in the IMOs, some students from hard-training
countries used to employ the brute-force algebraic techniques, such as employing
trigonometric methods, to attack hard problems from classical triangle geometry or
to trivialize easy problems. Though MathLinks already has been contributed to the
distribution of the power of algebraic methods, it seems that still many people do
not feel the importance of such techniques. Here, we try to destroy such situations
and to deliver a friendly introduction on algebraic and trigonometric methods in
geometry.

We have to confess that many materials in the first chapter are stolen from PEN
(Problems in Elementary Number theory). Also, the lecture note on inequalities is
a continuation of the weblication TIN (Topic in INequalities). We are indebted to
Orlando Dohring and Darij Grinberg for providing us with TeX files including collec-
tions of interesting problems. We owe great debts to Stanley Rabinowitz who kindly
sent us his paper. We'd also like to thank Marian Muresan for his excellent collec-
tion of problems. We are pleased that Cao Minh Quang sent us various Vietnam
problems and nice proofs of Nesbitt’s Inequality.

Infinity is a joint work of three coauthors: Hojoo Lee (Korea), Tom Lovering

(United Kingdom), and Cosmin Pohoatd (Romania). We would greatly appreciate
hearing about comments and corrections from our readers. Have fun!
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1. NUMBER THEORY

Why are numbers beautiful? It's like asking why is Beethoven's
Ninth Symphony beautiful. If you don’t see why, someone can't
tell you. | know numbers are beautiful. If they aren't beautiful,
nothing is.

- P. Erdés

1.1. Fundamental Theorem of Arithmetic. In this chapter, we meet various in-
equalities and estimations which appears in number theory. Throughout this sec-
tion, we denote N, Z, Q the set of positive integers, integers, rational numbers,
respectively. For integers a and b, we write a | b if there exists an integer k such
that b = ka. Our starting point In this section is the cornerstone theorem that
every positive integer n # 1 admits a unique factorization of prime numbers.

Theorem 1.1. (The Fundamental Theorem of Arithmetic in N) Let n # 1 be a
positive integer. Then, n is a product of primes. If we ignore the order of prime
factors, the factorization is unique. Collecting primes from the factorization, we
obtain a standard factorization of n:

€l

n=p---p
The distinct prime numbers py, - -- ,p; and the integers e, --- ,e; > 0 are uniquely
determined by n.

We define ord,(n), the order of n € N at a prime p,! by the nonnegative integer
k such that p* | n but p**1 fn. Then, the standard factorization of positive integer
n can be rewritten as the form

n= H pordp(n) )
1%

: prime

One immediately has the following simple and useful criterion on divisibility.

Proposition 1.1. Let A and B be positive integers. Then, A is a multiple of B if
and only if the inequality
ordy, (A) > ord, (B)

holds for all primes p.

Epsilon 1. [NS] Let a and b be positive integers such that
ok | b

for all positive integers k. Show that b is divisible by a.

We now employ a formula for the prime factorization of n!. Let |x| denote the
largest integer smaller than or equal to the real number x.

Delta 1. (De Polignac's Formula) Let p be a prime and let n be a nonnegative
integer. Then, the largest exponent e of n! such that p° | n! is given by

ord, (n!) = i HJ .

k=1 p

1Here7 we do not assume that n # 1.
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Example 1. Let ay,--- ,a, be nonnegative integers. Then, (a1 + -+ ay,)! is di-
visible by a1!-- - a,!.

Proof. Let p be a prime. Our job is to establish the inequality
ordy (a1 + -+ ap)!) > ord, (ar!) + - - ordy (an!) .

e p ([ 3]
ler 4w ] 2 2] 4 2]

k=1 k=1
holds for all real numbers z1,--- , . O

or

However, the inequality

Epsilon 2. [IMO 1972/3 UNK] Let m and n be arbitrary non-negative integers. Prove
that
(2m)!(2n)!
minl(m + n)!
is an integer.

Epsilon 3. Let n € N. Show that L, = lem(1,2,--- ,2n) is divisible by K,, =
(Qn) _ (2n)!

n) = (ah)?"

Delta 2. (Canada 1987) Show that, for all positive integer n,
lWVn+vVn+1]=[Vin+1] = [Vin + 2| = |Vdn + 3.
Delta 3. (Iran 1996) Prove that, for all positive integer n,

lVn+vVn+1+vVn+2]=[VIn+3].
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1.2. Fermat’s Infinite Descent. In this section, we learn Fermat’s trick, which
bears the name method of infinite descent. It is extremely useful for attacking
many Diophantine equations. We first present a proof of Fermat’s Last Theorem
for n = 4.

Theorem 1.2. (The Fermat-Wiles Theorem) Let n > 3 be a positive integer. The
equation
has no solution in positive integers.

Lemma 1.1. Let o be a positive integer. If we have o factorization o> = AB for
some relatively integers A and B, then the both factors A and B are also squares.
There exist positive integers a and b such that

o=ab, A=a* B="0b* gcd(a,b)=1.
Proof. Use The Fundamental Theorem of Arithmetic. a

Lemma 1.2. (Primitive Pythagoras Triangles) Let z,y,z € N with 22 + 3? = 22,
ged(z,y) = 1, and = 0 (mod 2) Then, there exists positive integers p and ¢ such
that ged(p,q) =1 and

(2, y, 2) = (2pq, p* — ¢*, P>+ %)

Proof. The key observation is that the equation can be rewritten as

(x)2 _(zty zZ—y

2/ 2 2 )

Reading the equation 22 4+ y? = 22 modulo 2, we see that both y and z are odd.
Hence, Z‘gy, ¥, and § are positive integers. We also find that Z‘gy and %5 are
relatively prime. Indeed, if Z;y and ¥ admits a common prime divisor p, then

p also divides both y = Z;y — =% and (%)2 = (zgy) (Z;y), which means that
the prime p divides both z and y. This is a contradiction for ged(z,y) = 1. Now,

applying the above lemma, we obtain

r z4+y z—Uy
<27 9 9 ) = (pqa p27 q2)

for some positive integers p and ¢ such that ged(p,q) = 1. (]
Theorem 1.3. The equation 2* + y* = 2% has no solution in positive integers.

Proof. Assume to the contrary that there exists a bad triple (z,y, z) of positive
integers such that x* + y* = 22. Pick a bad triple (4, B,C) € D so that A* +
B* = C?. Letting d denote the greatest common divisor of A and B, we see that
C? = A* + B* is divisible by d*, so that C is divisible by d?. In the view of
(%)4 + (§)4 = (d%)2, we find that (a,b,¢) = (%, %, d%) is also in D, that is,
at + bt =2

Furthermore, since d is the greatest common divisor of A and B, we have ged(a,b) =
ged (4,2) = 1. Now, we do the parity argument. If both a and b are odd, we find
that ¢ = a* + b* = 1+ 1 = 2 (mod 4), which is impossible. By symmetry, we may
assume that a is even and that b is odd. Combining results, we see that a? and b?
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are relatively prime and that a? is even. Now, in the view of (a2)2 + (b2)2 = 2,
we obtain

(a®, 0%, ¢) = (2pg, P> — &%, P>+ ¢°) -
for some positive integers p and ¢ such that ged(p,q) = 1. It is clear that p and ¢
are of opposite parity. We observe that

P+ =P
Since b is odd, reading it modulo 4 yields that ¢ is even and that p is odd. If ¢ and
b admit a common prime divisor, then p? = g% + b? guarantees that p also has the
prime, which contradicts for ged(p,¢q) = 1. Combining the results, we see that ¢
and b are relatively prime and that ¢ is even. In the view of ¢? +b? = p?, we obtain

(¢, b, p) = (2mn7 m? —n?%, m? + n2) .
for some positive integers m and n such that ged(m,n) = 1. Now, recall that
a? = 2pq. Since p and q are relatively prime and since ¢ is even, it guarantees the

existence of the pair (P, Q) of positive integers such that
a=2PQ, p=P? q¢=2Q° ged(P,Q) = 1.

It follows that 2Q? = 2¢ = 2mn so that Q = mn. Since ged(m,n) = 1, this
guarantees the existence of the pair (M, N) of positive integers such that

Q=MN, m=M? n=N? gcd(M,N)=1.

Combining the results, we find that P? = p = m?+n? = M*+N* so that (M, N, P)
is a bad triple. Recall the starting equation A* + B* = C?. Now, let’s summarize
up the results what we did. The bad triple (A, B,C) produces a new bad triple
(M, N, P). However, we need to check that it is indeed new. We observe that
P < C. Indeed, we deduce

C
P§P2:p<p2+q2:c:E§C.

In words, from a solution of z* + y* = 22, we are able to find another solution

with smaller positive integer z. The key point is that this reducing process can be
repeated. Hence, it produces to an infinite sequence of strictly decreasing positive
integers. However, it is clearly impossible. We therefore conclude that there exists
no bad triple. O

Corollary 1.1. The equation x* 4+ y* = z* has no solution in positive integers.

2

Proof. Letting w = 22, we obtain z* + y* = w?. O

We now include a recent problem from IMO as another working example.
Example 2. [IMO 2007/5 IRN] Let a and b be positive integers. Show that if 4ab — 1
divides (4(12 - 1)2, then a = b.

First Solution. (by NZL at IMO 2007) When 4ab — 1 divides (4a? — 1)2 for two
distinct positive integers a and b, we say that (a,b) is a bad pair. We want to show

that there is no bad pair. Suppose that 4ab — 1 divides (4a* — 1)2. Then, 4ab — 1
also divides

b(4a® —1)° — a(dab—1) (40> = 1) = (a — b) (40> —1).
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The converse also holds as ged(b,4ab — 1) = 1. Similarly, 4ab — 1 divides (a —
b) (4a? — 1)2 if and only if 4ab — 1 divides (a — b)>. So, the original condition is
equivalent to the condition
dab—1| (a—b)>.

This condition is symmetric in a and b, so (a,b) is a bad pair if and only if (b,a)
is a bad pair. Thus, we may assume without loss of generality that a > b and that
our bad pair of this type has been chosen with the smallest possible vales of its first
element. Write (a — b)? = m(4ab — 1), where m is a positive integer, and treat this
as a quadratic in a:

a® + (—2b — 4ma)a + (b* + m) = 0.
Since this quadratic has an integer root, its discriminant
(2b+ 4mb)® — 4 (b* +m) = 4 (4mb? + 4m>b* — m)
must be a perfect square, so 4mb? + 4m?b?> — m is a perfect square. Let his be the
square of 2mb + t and note that 0 < ¢ < b. Let s = b — t. Rearranging again gives:
4mb? + 4m>b* —m = (2mb + t)°
m (4% — 4bt — 1) = ¢
m (46* — 4b(b — s) — 1) = (b— s)*
m(4bs —1) = (b — s)2.
Therefore, (b, s) is a bad pair with a smaller first element, and we have a contra-
diction. 0

Second Solution. (by UNK at IMO 2007) This solution is inspired by the solution of
NZL7 and Atanasov’s special prize solution at IMO 1988 in Canberra. We begin
by copying the argument of NZL7. A counter-example (a,b) is called a bad pair.
Consider a bad pair (a,b) so 4ab — 1| (4a® — 1)2. Notice that b (4a? — 1) — (4ab —
1)a = a — b so working modulo 4ab — 1 we have b* (4a® — 1) = (a — b)*. Now, b* an
4ab—1 are coprime so 4ab—1 divides (4a® — 1)2 if and only if 4ab—1 divides (a—b)?.
This condition is symmetric in a and b, so we learn that (a,b) is a bad pair if and
only if (b,a) is a bad pair. Thus, we may assume that a > b and we may as well
choose a to be minimal among all bad pairs where the first component is larger than
the second. Next, we deviate from NZL7’s solution. Write (a — b)? = m(4ab — 1)
and treat it as a quadratic so a is a root of

z® + (—2b— 4mb)z + (b* + m) = 0.
The other root must be an integer ¢ since a + ¢ = 2b + 4mb is an integer. Also,
ac = b*+m > 0 so ¢ is positive. We will show that ¢ < b, and then the pair (b, c)
will violate the minimality of (a,b). It suffices to show that 2b + 4mb < a + b, i.e.,
4mb < a — b. Now,
4b(a — b)* = 4mb(4ab — 1)
so it suffices to show that 4b(a — b) < 4ab — 1 or rather 1 < 4b% which is true. O

Delta 4. [IMO 1988/6 FRG] Let a and b be positive integers such that ab+ 1 divides
a® +b2. Show that

a® + b2

ab+1

is the square of an integer.

416



Delta 5. (Canada 1998) Let m be a positive integer. Define the sequence {an }n>0
by
— _ 2
ap=0, a1 =m, apy1 =M ap — CQp_1.

Prove that an ordered pair (a,b) of non-negative integers, with a < b, gives a
solution to the equation

a? +v? o

ab+1
if and only if (a,b) is of the form (ay,a,41) for some n > 0.

Delta 6. Let x and y be positive integers such that xy divides > +y> + 1. Show

that
x2+y2+1 B

zy
Delta 7. Find all triple (z,y,z) of integers such that

3.

22 +y? + 2% = 2y
Delta 8. (APMO 1989) Prove that the equation
6 (6a” + 3b> 4 ¢*) = bn”

has no solutions in integers except a =b=c=n = 0.
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1.3. Monotone Multiplicative Functions. In this section, we study when multi-
plicative functions has the monotonicity.

Example 3. (Canada 1969) Let N = {1,2,3,- - - } denote the set of positive integers.
Find all functions f : N — N such that for all m, n € N: f(2) = 2, f(mn) =
fm)f(n), f(n+1) > f(n).

First Solution. We first evaluate f(n) for small n. It follows from f(1-1) =
f(1)- f£(1) that f(1) = 1. By the multiplicity, we get f(4) = f(2)? = 4. It follows
from the inequality 2 = f(2) < f(3) < f(4) = 4 that f(3) = 3. Also, we compute
f(6) = f(2)f(3) =6. Since 4 = f(4) < f(5) < f(6) =6, we get f(5) = 5. We prove
by induction that f(n) = n for all n € N. It holds for n = 1,2,3. Now, let n > 2
and suppose that f(k) =k for all k € {1,--- ,n}. We show that f(n+1) =n+ 1.

Case 1. n + 1 is composite. One may write n + 1 = ab for some positive inte-
gers a and b with 2 < a < b < n. By the inductive hypothesis, we have f(a) = a
and f(b) = b. It follows that f(n+1) = f(a)f(b) =ab=n+1.

Case 2. n + 1 is prime. In this case, n + 2 is even. Write n + 2 = 2k for
some positive integer k. Since n > 2, we get 2k = n+2 > 4 or k > 2. Since
k = "7” < n, by the inductive hypothesis, we have f(k) = k. It follows that
f(n+2) = f(2k) = f(2)f(k) = 2k = n + 2. From the inequality

n=fn) < fn+1) < fln+2)=n+2

we conclude that f(n + 1) = n+ 1. By induction, f(n) = n holds for all positive
integers n. O

Second Solution. As in the previous solution, we get f(1) = 1. We find that
f(2n) = f(2)f(n) = 2f(n)
for all positive integers n. This implies that, for all positive integers k,
£y =2
Let £ € N. From the assumption, we obtain the inequality
P =F02F) <@ +1) << f (M 1) < f (2 =28
In other words, the increasing sequence of 2¥ + 1 positive integers

f(Zk),f(Qk—i-l),-”,f(2k+1—1),f(2k+1)

lies in the set of 2% + 1 consecutive integers {2% 2F +1,...  2F+1 — 1 2k+11 This
means that f(n) = n for all 28 < n < 281, Since this holds for all positive integers
k, we conclude that f(n) =n for all n > 2. O

The conditions in the problem are too restrictive. Let’s throw out the condition
f(2)=2.
Epsilon 4. Let f: N — RT be a function satisfying the conditions:

(a) f(mn) = f(m)f(n) for all positive integers m and n, and

(b) f(n+1) > f(n) for all positive integers n.
Then, there is a constant o € R such that f(n) = n® for alln € N.

We can weaken the assumption that f is completely multiplicative, but we bring
back the condition f(2) = 2.
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Epsilon 5. (Putnam 1963/A2) Let f : N — N be a strictly increasing function
satisfying that f(2) = 2 and f(mn) = f(m)f(n) for all relatively prime m and n.
Then, f is the identity function on N.

In fact, we can completely drop the constraint f(2) = 2. In 1946, P. Erd&s
proved the following result in [PE]:

Theorem 1.4. Let f: N — R be a function satisfying the conditions:
(a) f(mn) = f(m)+ f(n) for all relatively prime m and n, and
(b) f(n+1) > f(n) for all positive integers n.
Then, there exists a constant o € R such that f(n) = alnn for all n € N,

This implies the following multiplicative result.

Theorem 1.5. Let f : N — R* be a function satisfying the conditions:
(a) f(mn) = f(m)f(n) for all relatively prime m and n, and
(b) f(n+1) > f(n) for all positive integers n.

Then, there is a constant o € R such that f(n) =n® for alln € N.

Proof. 2 Tt is enough to show that the function f is completely multiplicative:
f(mn) = f(m)f(n) for all m and n. We split the proof in three steps.

Step 1. Let a > 2 be a positive integer and let Q, = {z € N | ged(z,a) = 1}.
Then, we find that

L= e ETD
€N, f(ac)

and

for all positive integers k.

Proof of Step 1. Since f is monotone increasing, it is clear that L > 1. Now,
we notice that f(k+ a) > Lf(k) whenever k € Q,. Let m be a positive integer.
We take a sufficiently large integer 2o > ma with ged (zg,a) = ged (20,2) = 1 to
obtain

f2)f (zo) = f (20) > f (zo +ma) > Lf (xo + (m —1)a) > --- > L™ f (z0)

or
f(2)>L".

Since m is arbitrary, this and L > 1 force to L = 1. Whenever z € €,, we obtain

f (@) f(z)  f(a*Tz)  f (a"Tlz+aP)

f (ak) - f (a’f) = f (ak) =flaz+1) < f (a:z: + a2)
. (@) f@)
- < f@ieta)
fata) | fa)
fx) = fla)f (a¥)

2We present a slightly modified proof in [EH]. For another short proof, see [MJ].
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It follows that

o f@ta) (@)
S R o N (Y AC)
so that
£ (a*) < £ (a¥) f(a),
as desired.

Step 2. Similarly, we have

U := sup 1)

AV —
TEN, f($+a)

and
f (@) > £ (a*) f(a)

for all positive integers k.

Proof of Step 2. The first result immediately follows from Step 1.
1
oy ) _

TEN, f(x + a) inszQa f(fm(j:)a) B

Whenever z € 2, and z > a, we have

¥ (ak+1) F(z) f (ak“x) S f (ak+1x — ak) =flax—1)>f (ax - a2)

fla¥)  — flak) = f(ak)
> 7 (@) f(@)
e 2 I =),
It therefore follows that
. fl@) fle—a) _ f(a")
PR et a) aen®el f@ S F@f (@)

as desired.

Step 3. From the two previous results, whenever a > 2, we have

fa™) = 1 (d*) f(a).
Then, the straightforward induction gives that
k

f(a*) = f(a)
for all positive integers a and k. Since f is multiplicative, whenever

n=p* .. .ph
gives the standard factorization of n, we obtain

k k
fn)=f (™) fF ™) =f)™ - fo)™.

We therefore conclude that f is completely multiplicative.
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1.4. There are Infinitely Many Primes. The purpose of this subsection is to offer
various proofs of Euclid’s Theorem.

Theorem 1.6. (Euclid's Theorem) The number of primes is infinite.

Proof. Assume to the contrary {p; = 2,ps = 3,--- ,p,} is the set of all primes.
Consider the positive integer

P:pl"'p71+1-

Since P > 1, P must admit a prime divisor p; for some i € {1,--- ,n}. Since both
P and p; - - - p, are divisible by p;, we find that 1 = P — py -- - p, is also divisible
by p;, which is a contradiction. O

In fact, more is true. We now present four proofs of Euler’s Theorem that the
sum of the reciprocals of all prime numbers diverges.

Theorem 1.7. (Euler's Theorem, PEN E24) Let p,, denote the nth prime number.
The infinite series

diverges.

First Proof. [NZM, pp.21-23] We first prepare a lemma. Let go(n) denote the set of
prime divisors of n. Let S,,(N) denote the set of positive integers i < N satisfying

that Q(Z) - {pla e apn}-
Lemma 1.3. We have |S,(N)| < 2"V/N.

Proof of Lemma. It is because every positive integer ¢ € S, (N) has a unique
factorization i = st?, where s is a divisor of p; - - - p, and t < v/N. In other words,
i (s,t) is an injective map from S,,(N) to T,,(N) = { (s,t) | s|p1-- - Pn, t < VN},
which means that |S,,(N)| < |T.(N)| < 2"V/N.

Now, assume to the contrary that the infinite series p% + p% + --+ converges.
Then we can take a sufficiently large positive integer n satisfying that
1 1 1 1
- > Z ~ = 4 F...
27 Pi Patt o Pot2

Take a sufficiently large positive integer N so that N > 4"t!. By its definition of
Sn(N), we see that each element i in {1,--- , N} — S,(N) is divisible by at least
one prime p; for some j > n. Since the number of multiples of p; not exceeding N
is {ﬂJ, we have

pj

RN EE

ji>n Pj
or
N N N
CIE S EA R oL
j>n pj j>npj 2
or N
Eglsn(N)l-
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It follows from this and from the lemma that % < 92"y/N so that N < 47+1,
However, it is a contradiction for the choice of V. O

Second Proof. We employ an auxiliary inequality without a proof.
Lemma 1.4. The inequality 1 +t < e holds for all t € R.

Let n > 1. Since each positive integer i < n has a unique factorization i = st2,
where s is square free and ¢t < /i, we obtain

Together with the estimation

o0 1 o0 oo
Yoy h (i)

we conclude that

| 1
Sz I (1+3) <2 I] &
k ‘ D :
k=1 p:prime, p:prime
p<n p<n
or
1 1 -1
> Len(33h).
p:prime k=1
p<n
Since the divergence of the harmonic series 1 + % + % + .- is well-known, by
COMPARISON TEST, the series diverges. |

Third Proof. [NZM, pp.21-23] We exploit an auxiliary inequality without a proof.
Lemma 1.5. The inequality %_t < ettt holds for allt < [O, %}

Let | € N. By The Fundamental Theorem of Arithmetic, each positive integer
i < p; has a unique factorization i = p;** ---p;® for some ey, - ,e € Z>q. It
follows that

P 1 (1 Lo Ayt
DD B pencial § AP0y Bl | Epmenl § G

1, ,e1€L>0

so that

> 1 ! ! 1 L1 1 1
S Y s o o) = dm () -
Pl TEUHD N\ g+ = n+1
we conclude that
l V4
1 1
()
=P -1
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Since the harmonic series 1 + % + % + -+ diverges, by The Comparison Test, we
get the result. O

Fourth Proof. [DB, p.334] It is a consequence of The Prime Number Theorem.
Let m(x) denote the prime counting function. Since The Prime Number Theorem
says that 7(z) — = as ¢ — oo, we can find a constant A > 0 satisfying that

Inz
m(x) > Mg for all sufficiently large positive real numbers x. This means that
n > Agke- when n is sufficiently large. Since A > Vx for all sufficiently large

x > 0, we also have

Pn
n> A >/
Inp, Pn
or
n? > Pn

for all sufficiently large n. We conclude that, when n is sufficiently large,
Pn Dn

A
"= lnp, In (n?)’

or equivalently,
1 A

pn 2nlnn’

] 1
n=2 nlnn

Since we have > = 00, The Comparison Test yields the desired result. [
We close this subsection with a striking result establish by Viggo Brun.

Theorem 1.8. (Brun's Theorem) The sum of the reciprocals of the twin primes
converges:

B_ Z 14_# — 14'_1 + 14'_1 + i_ﬁ’_i + . <0
B _\p p+2) 3 5 5 7 11 13
p, p+2: prime
The constant B = 1.90216 - - - is called Brun’s Constant.
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1.5. Towards $1 Million Prize Inequalities. In this section, we follow [JL]. We
consider two conjectures.

Open Problem 1.1. (J. C. Lagarias) Given a positive integer n, let H,, denote the
n-th harmonic number
"1 1
= -_—= 1 DEEEY J—
Ho, ; e
and let o(n) denote the sum of positive divisors of n. Prove that that the inequality
o(n) < Hy+ e InH,
holds for all positive integers n.

Open Problem 1.2. Let w denote the prime counting function, that is, w(x) counts
the number of primes p with 1 < p < x. Let € > 0. Prove that that there exists a
positive constant Ce such that the inequality

z 1 I+e
- —dt| < C.x*®
(@) /2 Int ’ = bet

holds for all real numbers x > 2.

These two unseemingly problems are, in fact, equivalent. Furthermore, more
strikingly, they are equivalent to The Riemann Hypothesis from complex analysis.
In 2000, The Clay Mathematics Institute of Cambridge, Massachusetts (CMI) has
named seven prize problems. If you knock them down, you earn at least $1 Million.3
For more info, visit the CMI website at

http://www.claymath.org/millennium

Wir miissen wissen. Wir werden wissen.
- D. Hilbert

3Hovvevelr7 in that case, be aware that Mafias can knock you down and take money from you :]
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2. SYMMETRIES

Each problem that | solved became a rule, which served after-
wards to solve other problems.
- R. Descartes

2.1. Exploiting Symmetry. We begin with the following example.

Example 4. Let a,b, c be positive real numbers. Prove the inequality
4 4 34 4, 4 4 4
a*+b b+ ¢ c+a 3 3 3
>a b c.
a+b+b—|—c+c+a_ Tt
First Solution. After brute-force computation, i.e, clearing denominators, we reach
2

a’b+ aPc+bPc+ba+ cPa+ b > adbPe+ aPbe? + b3cPa + b3ca® + Aa’b + Cab®.

Now, we deduce

a®b+a’c+ e+ ba+cPa+ b

a(b5+cs) +b(05+a5) —|—c(a5+bs)

a (b?’c2 + bzcg) +b (c3a2 + 02b3) +c (c3a2 + c2b3)

a®b?c + a®bc® + b3cPa + b3ca® + a’b + ab’.

Y

Here, we used the the auxiliary inequality
2° +y° > 2% + 22,
where z,y > 0. Indeed, we obtain the equality
2® +of — ay? — ot = (xS _ ys) (m2 _ yz) '
It is clear that the final term (az3 - y3) (1:2 - yz) is always non-negative. O

Here goes a more economical solution without the brute-force computation.

Second Solution. The trick is to observe that the right hand side admits a nice decompo-
sition:

3 3 3 3 3 3
a’+b b
I +c I c’+a .
2 2 2
We then see that the inequality has the symmetric face:

a* +b* n b+t n A +at > a® + b n b+ P n 03—|—a3.
a+b b+c c+a 2 2 2
Now, the symmetry of this expression gives the right approach. We check that, for z,y > 0,
ot gyt N o3+
z+y — 2

a®+p+c =

However, we obtain the identity
2@ +y") — (@ +0)) @ty =2t +y' -2y —wy’ = (2" —’) (e — ).
It is clear that the final term (2° — ¢®) (z — y) is always non-negative. O
Delta 9. [LL 1967 POL] Prove that, for all a,b,c > 0,
8 . 18, .8
e a7t
Delta 10. [LL 1970 AUT] Prove that, for all a,b,c > 0,

a+b+ec be ca ab
>
2 *b+c+c+a+a+b

1
+ =
C
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Delta 11. [SL 1995 UKR] Let n be an integer, n > 3. Let a1,--- ,an be real numbers
such that 2 < a; <3 fori=1,--- ,n. If s=a1 + -+ an, prove that

2 2 2 2 2 2 2 2 2
a1” + a2 as az” +as a4 +.“+an + a1 a2 < 25— on.
a1 + az + as a2 + a3+ aa an + a1 + a2
Delta 12. [SL 2006 ] Let ai,- - ,an be positive real numbers. Prove the inequality
n Z a;a;
o> Y S
2(a1 +az+ -+ an) < et

Epsilon 6. Let a,b,c be positive real numbers. Prove the inequality
(1+ a2) (1+ b2) (1+ 62) >(a+b)(b+c)(c+a).
Show that the equality holds if and only if (a,b,c) = (1,1,1).

Epsilon 7. (Poland 2006) Let a, b, ¢ be positive real numbers with ab+bc+ca = abe. Prove
that 4, g4 4, 4 4, 4
a“+b n b* +c¢ + c+a >
ab(a® +b3)  be(b3+c3)  ca(c® +a3)
Epsilon 8. (APMO 1996) Let a, b, ¢ be the lengths of the sides of a triangle. Prove that

Vatb—c+Vbtc—a+vVeta—b<+a+Vb+e
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2.2. Breaking Symmetry. We now learn how to break the symmetry. Let’s attack the
following problem.

Example 5. Let a,b, c be non-negative real numbers. Show the inequality
4
a' +b* + ' +3(abe)z > 2 (aQb2 +b7 + czaz) .
There are many ways to prove this inequality. In fact, it can be proved either with

Schur’s Inequality or with Popoviciu’s Inequality. Here, we try to give another proof. One
natural starting point is to apply The AM-GM Inequality to obtain the estimations

4
3

1
& +3 (abc)% >4 (64 . (abc)% . (abc)% - (abc) ) ! = dabc?
and
at + v > 2a%b2.
Adding these two inequalities, we obtain
at + b+ +3 (abc)% > 240 + 4abc’.
Hence, it now remains to show that
2a%b? + dabc? >2 (a2b2 +b%2 + 02a2)
or equivalently
0> 2c%(a —b)?,
which is clearly untrue in general. It is reversed! However, we can exploit the above
idea to finsh the proof.

Proof. Using the symmetry of the inequality, we break the symmetry. Since the inequality
is symmetric, we may consider the case a,b > c only. Since The AM-GM Inequality implies
4
the inequality ¢* + 3 (abc)® > 4abc®, we obtain the estimation
at+ v+t +3 (abc)% -2 (a2b2 + 0% + cQaQ)

> (a4 +b* - 2a2b2) + dabc? — 2 (b2c2 + c2a2)

= (a® - b2)2 —2¢% (a—b)?

= (a—b)? ((a+ b)? — 262> .
Since we have a,b > ¢, the last term is clearly non-negative. O

Epsilon 9. Let a, b, ¢ be the lengths of a triangle. Show that
a n b n c <o
b+c cH+a a+bd
Epsilon 10. (USA 1980) Prove that, for all real numbers a, b, c € [0, 1],
a b c
b+c+1 + c+a+1 + a+b+1
Epsilon 11. [AE, p. 186] Show that, for all a, b, c € [0, 1],
a b c
1—|—bc+ 1+ ca + 1+ ab s

Epsilon 12. [SL 2006 KOR] Let a,b,c be the lengths of the sides of a triangle. Prove the

inequality
Vvb+c—a n ve+a—b " va+b—c <3
Vo+e—va  e+rya—Vb o Ja+Vb—e T

Epsilon 13. Let f(x,y) = zy (x3 +y3) for x,y > 0 with x +y = 2. Prove the inequality

f(x,y)éf(H%,lf%)=f(1f%,1+%).

+1-a)1-b(1-0c) <1
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Epsilon 14. Let a,b > 0 with a + b = 1. Prove that

vaz+b++vVa+b++V1+ab<3.
Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).
Epsilon 15. (USA 1981) Let ABC be a triangle. Prove that

sin3A +sin3B +sin3C' < #

The above examples say that, in general, symmetric problems does not admit
symmetric solutions. We now introduce an extremely useful inequality when we make
the ordering assmption.

Epsilon 16. (Chebyshev's Inequality) Let 1, -+ ,zn and y1,- - yn be two monotone in-
creasing sequences of real numbers:
21 < STy Y1 S S Yne

Then, we have the estimation

Sz (5 (5e)

Corollary 2.1. (The AM-HM Inequality) Let z1,--- ,z, > 0. Then, we have

or

The equality holds if and only if 21, = -+ = x,.

Proof. Since the inequality is symmetric, we may assume that 1 < --- < x,,. We have
1 1
<
1 ITn

Chebyshev’s Inequality shows that

o (- D) (- 1) s R (- ) e (£ 1))

O
Remark 2.1. In Chebyshev’s Inequality, we do not require that the variables are positive.
It also implies that if xt1 < -+ < xp andy1 > - -+ > yn, then we have the reverse estimation
n 1 n n
ziyi < — Zi i -

Epsilon 17. (United Kingdom 2002) For all a,b,c € (0,1), show that

a n b n c > 3\3/abc.
1—a 1-b 1—c 17\3/041)6

Epsilon 18. [IMO 1995/2 RUS] Let a,b, ¢ be positive numbers such that abc = 1. Prove

that

L SR S
at(b+c)  b¥(c+a) cAla+b) T 2

Epsilon 19. (Iran 1996) Let z,y, z be positive real numbers. Prove that

1 1 1 9
““y”m)(wy)? Tt (z+x>2) =
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We now present three different proofs of Nesbitt’s Inequality:

Proposition 2.1. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+ c+a+ a+b ™ 2
Proof 1. We denote L the left hand side. Since the inequality is symmetric in the three
variables, we may assume that a > b > c. Since lerc > cj_a > a%_b, Chebyshev’s Inequality

yields that

L

\Y

(a+b+c)( ! + ! + L )
b+c c+a a+b
a+b+c a+b+c a+b+ec
( b+c c+a a+b >

W= W=

a b c
= 3(1l+——+1+—+1
( +b+c+ +c+a+ +a+b>

(3+2L),

W=

so that L > %, as desired.

Proof 2. We now break the symmetry by a suitable normalization. Since the inequality is
symmetric in the three variables, we may assume that a > b > c. After the substitution
rT=%,y= %, we have x >y > 1. It becomes

a b
< - 1 3
c + c + > =
b a b =
41 Tl 24272
or
T Y 3 1

+ > 5 - .
y+1 x+4+1 2 z+y
We first apply The AM-GM Inequality to deduce
z+1  y+1 .

y+1 x+1—
or
i Y 5ot 1
y+1 r+1— y+1 r+1
It is now enough to show that
v ot 31
y+1 z+1 72 z+4+y
or 1 1 1 1
- > _
2 y+1 -~ z+1 x4y
or

y—1 o y—1
20+y) ~ (x+D(z+y)
Howewver, the last inequality clearly holds for x >y > 1.

Proof 3. As in the previous proof, we may assume a > b > 1= c. We present a proof of
a b 1 3
b+1+a+1+a+b_§'
Let A=a+b and B = ab. What we want to prove is

A+ +a+b 1
(a+D(b+1) " a+b

\Y
| W

or )
A*—2B+ A 1
+A

—_ >
A+B+1 A~

N W
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. 24 — A2 — A+2> B(TA-2).

Since TA —2>2(a+b—1) >0 and A% = (a + b)? > 4ab = 4B, it’s enough to show that
4(24° - A —A4+2) > A*(TA-2) & A’ —24° —4A+8>0.

However, it’s easy to check that A® —2A% —4A +8 = (A —2)%(A+2) > 0.
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2.3. Symmetrizations. We now attack non-symmetrical inequalities by transforming them
into symmetric ones.

Example 6. Let x,y, z be positive real numbers. Show the cyclic inequality
2 2 2
x z x z
e s
y2 22 22Ty oz oz
First Solution. We break the homogeneity. After the substitution a = 5, b=Yc=2it
becomes
A+ +>a+b+e

‘We now obtain

a®+b 4> (a—&—b—i—c)zZ(a—i—b—&—c)(abc)% =a+b+ec

Wl =

d

Epsilon 20. (APMO 1991) Let ai,- - ,an,b1, -+ ,b, be positive real numbers such that
ai+-+an =0y +---+ b,. Show that

a® P an’ S ot dan
a1 + bl an + bn 2
Epsilon 21. Let z,y, z be positive real numbers. Show the cyclic inequality

x y z
<
2c+vy + 2y+z + 2z +x —
Epsilon 22. Let z,y,z be positive real numbers with x + y + z = 3. Show the cyclic
inequality

1:3 yd Z&

>1
22 4+ zy + y? + y2 +yz + 22 + 22+ ze+ 2%
Epsilon 23. [SL 1985 CAN] Let z,y, z be positive real numbers. Show the cyclic inequality

2 2 2
T Y z

2 +yz Y242z zZ—I—xyS
Epsilon 24. [SL 1990 THA] Let a,b,c,d > 0 with ab+ bc + ¢d + da = 1. show that
a® n b® n e n d? >1'
b+c+d c+d+a d+a+b a+b+c 3

Delta 13. [SL 1998 MNG] Let a1, - - - , an be positive real numbers such that a1+ - -+an <
1. Prove that

ar-ran(l—a1— - —an) < 1
(a1 4+ +an)(l—a1) - (1 —ap) = nntl’

Don't just read it; fight it! Ask your own questions, look for your own examples, discover
your own proofs. Is the hypothesis necessary? Is the converse true? What happens in the
classical special case? What about the degenerate cases? Where does the proof use the
hypothesis?

- P. Halmos, | Want to be a Mathematician
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3. GEOMETRIC INEQUALITIES

Geometry is the science of correct reasoning on incorrect figures.
- G. Pdlya

3.1. Triangle Inequalities. Many inequalities are simplified by some suitable substitutions.
We begin with a classical inequality in triangle geometry. What is the first* nontrivial
geometric inequality?

Theorem 3.1. (Chapple 1746, Euler 1765) Let R and r denote the radii of the circumcircle
and incircle of the triangle ABC. Then, we have R > 2r and the equality holds if and
only if ABC' is equilateral.

Proof. Let BC =a, CA=b, AB=c¢, s = %”“ and S = [ABC].> We now recall the
well-known identities:

__abc B 2 B B _
S = iR S=rs, S"=s(s—a)(s—b)(s—c).

Hence, the inequality R > 2r is equivalent to

abe .S

45 s
or )

abc > 85—

s
or
abc > 8(s —a)(s — b)(s — ¢).

We need to prove the following. g

Theorem 3.2. (A. Padoa) Let a, b, ¢ be the lengths of a triangle. Then, we have
abc > 8(s —a)(s —b)(s—c¢)
or
abc> (b+c—a)(c+a—>b)(a+b—c)
Here, the equality holds if and only if a = b = c.
Proof. We exploit The Ravi Substitution. Since a, b, ¢ are the lengths of a triangle, there

are positive reals z, y, z such that a =y + 2, b =2+, ¢ = x +y. (Why?) Then, the
inequality is (y + 2)(z + z)(z + y) > 8xyz for z, y, z > 0. However, we get

(y+2)(z +a)(e+y) - 8ryz = z(y — 2)° +y(z —2)* +2(z —y)* 2 0.
g

Does the above inequality hold for arbitrary positive reals a, b, ¢? Yes ! It’s possible
to prove the inequality without the additional condition that a, b, ¢ are the lengths of a
triangle :

Theorem 3.3. Whenever x, y, z > 0, we have
wyz 2 (y+z-a)(ztz—y)(z+y—2).
Here, the equality holds if and only if xt =y = 2.

4The first geometric inequality is the Triangle Inequality: AB + BC > AC
5In this book, [P] stands for the area of the polygon P.
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Proof. Since the inequality is symmetric in the variables, without loss of generality, we
may assume that x > y > z. Then, we have x +y > zand 2+ > y. f y+ 2 > =z,
then z, y, z are the lengths of the sides of a triangle. In this case, by the previous
theorem, we get the result. Now, we may assume that y + z < x. Then, it is clear that
zyz>0> (y+z—z)z+z—y)(z+y—2). O

The above inequality holds when some of x, y, z are zeros:

Theorem 3.4. Let z, y, z > 0. Then, we have zyz > (y+z—z)(z+z —y)(z +y — 2).

Proof. Since z,y,z > 0, we can find strictly positive sequences {z,}, {yn}, {2n} for which
lim z, =z, lim y, =y, lim 2, = z.
n—r00 n—00 n—oo

The above theorem says that

Now, taking the limits to both sides, we get the result.
a

We now notice that, when z, y, z > 0, the equality zyz = (y+z—z)(z+z—y)(z+y—2)
does not guarantee that x = y = z. In fact, for z,y,z > 0, the equality zyz = (y + z —
z)(z+x —y)(z + y — z) implies that

r=y=zo0or x=yY2=0o0r y=z,2=0 or z=2x2,y=0.
(Verify this!) It’s straightforward to verify the equality
ryz—(y+z-a)(z+tz—y)(r+y—2) =z(@—y)(z—-2)+y(y—2)(y—2) +2(z2 —z)(z —y).
Hence, it is a particular case of Schur’s Inequality.

Epsilon 25. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
<a—1+1) (b—1—|—1> (c—l—i—l) <1.
b c a

Delta 14. Let R andr denote the radii of the circumcircle and incircle of the right triangle
ABC, resepectively. Show that

R>(1+V2)r.
When does the equality hold ?

Delta 15. [LL 1988 ESP] Let ABC be a triangle with inradius v and circumradius R.

Show that
5 r

sinésing—|—sin§sing—b—singsiné < - 4 —.
2 2 2 2 2 2 =8 4R
In 1965, W. J. Blundon|WJB] found the best possible inequalities of the form
A(R,r) < s> < B(R,T),
where A(z,y) and B(z,y) are real quadratic forms az? 4 Bzy + vy

Delta 16. Let R and r denote the radii of the circumcircle and incircle of the triangle
ABC. Let s be the semiperimeter of ABC. Show that

16Rr — 5% < s < 4R? + 4Rr + 3r°.

Delta 17. [WJB2, RS] Let R and r denote the radii of the circumcircle and incircle of the
triangle ABC'. Let s be the semiperimeter of ABC. Show that

5> 2R+ (3V3 — 4)r.
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Delta 18. With the usual notation for a triangle, show the inequality®
4R + 1 > V/3s.

The Ravi Substitution is useful for inequalities for the lengths a, b, ¢ of a triangle.
After The Ravi Substitution, we can remove the condition that they are the lengths of
the sides of a triangle.

Epsilon 26. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that
a’b(a — b) 4+ b*c(b — ¢) + alc — a) > 0.

Delta 19. (Darij Grinberg) Let a, b, ¢ be the lengths of a triangle. Show the inequalities
a® +b® + ¢ + 3abe — 2b%a — 2¢%b — 2a%¢ > 0,
and
3a%b + 3b%c + 3c%a — 3abc — 2b%a — 2¢%b — 24%¢ > 0.
Delta 20. [LL 1983 UNK] Show that if the sides a,b,c of a triangle satisfy the equation
2 (ab2 +bc® + ca2) = a?b + b%c + a + 3abe
then the triangle is equilateral. Show also that the equation can be satisfied by positive real
numbers that are not the sides of a triangle.
Delta 21. [IMO 1991/1 USS] Prove for each triangle ABC' the inequality
1 IA-IB-IC 8
—l < —,
4 la-lp-lc — 27
where I is the incenter and la,lp,lc are the lengths of the angle bisectors of ABC'.

We now discuss Weitzenbock’s Inequality and related theorems.

Epsilon 27. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a® +b% + % > 4V/38.

Epsilon 28. (The Hadwiger-Finsler Inequality) For any triangle ABC with sides a, b, ¢ and
area I, the following inequality holds:

A4+ +E>AVBF 4 (a—b)* 4 (b—c)* + (¢ — a)?
or

2ab + 2bc 4 2ca — (a® + b + ¢*) > 4V/3F.

Here is a simultaneous generalization of Weitzenbock’s Inequality and Nesbitt’s In-
equality.

Epsilon 29. (Tsintsifas) Let p, g, be positive real numbers and let a, b, ¢ denote the sides
of a triangle with area F. Then, we have

p 2 q ;2 T2
a® + b+ & > 2V3F.
q+r r+p p+qg

Epsilon 30. (The Neuberg-Pedoe Inequality) Let a1, b1, c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let a2, b2, c2 denote the sides of the triangle A; BoCs with area F.
Then, we have

(112(b22 + e — a22) + b12(022 +as® — 522) + 012((122 +by? — 022) > 16F1 F>.

Notice that it’s a generalization of Weitzenbdck’s Inequality. Carlitz observed that The
Neuberg-Pedoe Inequality can be deduced from Aczél’s Inequality.

61t is equivalent to The Hadwiger-Finsler Inequality.
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Epsilon 31. (Aczél's Inequality) If a1, -+ ,an,b1,- - ,b, > 0 satisfies the inequality
a® > a2’ + -4 a,” and b’ > b’ 4+ 0,7
then the following inequality holds.

aiby — (agbz + -+ 4 anbn) > \/(&12 — (@22 4 - 4+ an?)) (1)12 - (b22 +F bnz))
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3.2. Conway Substitution. As we saw earlier, transforming geometric inequalities to alge-
braic ones (and vice-versa), in order to solve them, may prove to be very useful. Besides
the Ravi Substitution, we remind another technique, known to the authors as the Conway
Substitution Theorem.

Theorem 3.5. (Conway) Let u, v, w be three reals such that the numbers v + w, w + u,
u + v and vw + wu + uv are all nonnegative. Then, there exists a triangle XY 7 with
sidelengths * = YZ = Vv4+w, y = ZX = Vyw+u, 2z = XY = y/u+v. This triangle
satisfies y2 + 22 — 22 = 2u, 22 + 22 —y?® = 20, 22 + 3% — 2% = 2w. The area T of this
triangle equals T = 1vow +wu+ w. If X = LZZXY,Y = ZXYZ,Z = /Y ZX are the

angles of this triangle, then cot X = 5z, cotY = 5% and cot Z = 5.

Proof. Since the numbers v 4+ w, w + u, u + v are nonnegative, their square roots /v + w,
Vw4 u, u + v exist, and, of course, are nonnegative as well. A straightforward compu-
tation shows that v/w +u + vu+v > v+ w. Similarly, Vu+v+ v +w > Jw+u

and /v + w + v/w + u > /u + v. Thus, there exists a triangle XYZ with sidelengths
c=YZ=vVvt+w, y=2ZX =vVw+u, z=XY =vu+o.

It follows that
y2 +22 2% = (\/w + u)2 + (x/u + v)z - (\/v + w)2 = 2u.
Similarly, 2% + #? — * = 2v and 2 + y* — 2? = 2w. According now to the fact that

2?4y — 22

tZ = ,
co AT
we deduce that so that cot Z = %, and similarly cot X = 5= and cotY = gx. The
well-known trigonometric identity
cotY -cot Z+cot Z-cot X +cot X -cotY =1,
now becomes
Low L w o w v vy
2T 2T 2T 2T 2T 2T
or
vw + wu + wv = 477,
or
1 1
T = 5\/4T2 = §s/vw + wu + uv.
g

Note that the positive real numbers m, n, p satisfy the above conditions, and therefore,

there exists a triangle with sidelengths m = v/n 4+ p, n = /p + m, p = v/m + n. However,
we will further see that there are such cases when we need the version in which the numbers
m, n, p are not all necessarily nonnegative.

Delta 22. (Turkey 2006) If z, y, z are positive numbers with zy + yz + zz = 1, show that

%7(93+y)(y+z)(z+x)z(\/x+y+\/y+z+\/z+x)226\/5.

We continue with an interesting inequality discussed on the MathLinks Forum.

Proposition 3.1. If x, y, z are three reals such that the numbers y + z, z 4+ x, * +y and
yz + zx + xy are all nonnegative, then

Z\/(erx)(ery)2x+y+z+\/§-\/yz+zm+xy.
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Proof. (Darij Grinberg) Applying the Conway substitution theorem to the reals z, y, z,

we see that, since the numbers y + 2z, z + x, * + y and yz 4+ zx + zy are all nonnegative,

we can conclude that there exists a triangle ABC with sidelengths a = BC = /y + z,

b=CA=+z+x,c=AB = ./r+y and area S = %\/yz + zx + xy. Now, we have
Z\/(z+x)(x+y) :Z\/era:-\/er :Zb«c:bc+ca+ab,

1

ﬂc+y+z=%((\/y+z)2+(\/2+x)2+(\/m)2) =5 (@ +0"+c),

and
\/g«\/yz+zx+xy:2\/§~%\/yz+zm+xy:2\/§-s.

Hence, the inequality in question becomes
1
bc+ ca + ab > 3 (a2+b2—|—02) +2v3.5,
which is equivalent with

A+ +E>4V3-5+b—c) +(c—a) + (a—b)°.

But this is the well-known refinement of the Weintzenbock Inequality, discovered by Finsler
and Hadwiger in 1937. See [FiHa]. O

Five years later, Pedoe [DP2] proved a magnificent generalization of the same Weitzenbock
Inequality. In Mitrinovic, Pecaric, and Volenecs’ classic Recent Advances in Geometric
Inequalities, this generalization is referred to as the Neuberg-Pedoe Inequality. See also
[DP1], [DP2], [DP3], [DP5] and [JN].

Proposition 3.2. (Neuberg-Pedoe) Let a, b, ¢, and z, y, z be the side lengths of two given
triangles ABC, XY Z with areas S, and T, respectively. Then,

a® (y2 + 2% - a:Q) + b (z2 +z? - y2) + ¢ (w2 +y% = z2) > 1657,
with equality if and only if the triangles ABC and XY Z are similar.

Proof. (Darij Grinberg) First note that the inequality is homogeneous in the sidelengths
z, y, z of the triangle XY Z (in fact, these sidelengths occur in the power 2 on the left
hand side, and on the right hand side they occur in the power 2 as well, since the area
of a triangle is quadratically dependant from its sidelengths). Hence, this inequality is
invariant under any similitude transformation executed on triangle XY Z. In other words,
we can move, reflect, rotate and stretch the triangle XY Z as we wish, but the inequality
remains equivalent. But, of course, by applying similitude transformations to triangle
XY Z, we can always achieve a situation when Y = B and Z = C and the point X lies in
the same half-plane with respect to the line BC' as the point A. Hence, in order to prove
the Neuberg-Pedoe Inequality for any two triangles ABC and XY Z, it is enough to prove
it for two triangles ABC and XY Z in this special situation.

So, assume that the triangles ABC' and XY Z are in this special situation, i. e. that
we have Y = B and Z = C and the point X lies in the same half-plane with respect to
the line BC' as the point A. We, thus, have to prove the inequality

a® (y2 + 2% — 332) + b (22 +az? - y2) + ¢ (332 +y? = 22) > 165T.
Well, by the cosine law in triangle ABX, we have
AX? =AB* + XB®>-2-AB-XB - cos ZABX.

Let’s figure out now what this equation means. At first, AB = c¢. Then, since B =
Y, we have XB = XY = 2. Finally, we have either ZABX = LZABC — ZXBC or
ZABX = /XBC — ZABC (depending on the arrangement of the points), but in both
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cases cos ZABX = cos(LABC — ZXBC). Since B =Y and C = Z, we can rewrite the
angle ZXBC as ZXY Z. Thus,

cos LZABX = cos (LABC — £LXY Z) = cos LZABC cos XY Z + sin ZABC'sin ZXY Z.
By the Cosine Law in triangles ABC and XY Z, we have

2+ a2 — b2 224 a? g2

cos LZABC = , and cosZXYZ =

2ca 2zx

Also, since

sin ZABC = E, and sin/ZXYZ = E,
ca zx

we have that

cos LZABX
cos LZABC cos LXY Z +sin LZABC'sin ZXY Z
AA+a®-b> 224+22—9y* 25 22T

2ca 2zx ca zx

This makes the equation
AX? = AB*+ XB>-2-AB-XB -cos ZABX

transform into

2 2 32 2 2 .2 T
AX2202+Z2—2-C-,2~<C ta b FAe oy +§-2—>,

2ca 2zx ca zx
which immediately simplifies to

AX2—02+222<(62+G2_b2) (22"'952_3/2) +45T),
dax ar

and since YZ = BC,
(a2 (y2 + 22— 332) + b2 (22 +22 - y2) + 2 (332 +9y% — 22)) —16ST
2ax '
Thus, according to the (obvious) fact that AX? > 0, we conclude that
a’ (y2 +2% = m2) +b? (22 +2% - yz) + (m2 +y° - 22) > 16ST,
which proves the Neuberg-Pedoe Inequality. The equality holds if and only if the points
A and X coincide, i. e. if the triangles ABC and XY Z are congruent. Now, of course,
since the triangle XY Z we are dealing with is not the initial triangle XY Z, but just

its image under a similitude transformation, the general equality condition is that the
triangles ABC and XY Z are similar (not necessarily being congruent). |

AX? =

Delta 23. (Bottema [BK]) Let a, b, ¢, and z, y, z be the side lengths of two given triangles
ABC, XY Z with areas S, and T, respectively. If P is an arbitrary point in the plane of
triangle ABC, then we have the inequality

CLQ(yQ—FZQ—332)+b2(22+.’132—y2)+02($2+y2—2’2)
2

x-AP+y-BP+z-CP > \/ + 8ST.

Epsilon 32. If A, B, C, X, Y, Z denote the magnitudes of the corresponding angles of
triangles ABC, and XY Z, respectively, then

cot AcotY + cot Acot Z + cot Bceot Z + cot Bcot X + cot Ccot X +cotCcotY > 2.
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Epsilon 33. (Vasile Cartoaje) Let a, b, ¢, z, y, z be nonnegative reals. Prove the inequality
(ay + az + bz + bz + cx 4 cy)® > 4 (be + ca + ab) (yz + 2z + zy)
with equality if and only ifa:x =b:y=c: z.

Delta 24. (The Extended Tsintsifas Inequality) Let p,q,r be positive real numbers such
that the terms q+r, r+p, p+q are all positive, and let a,b, ¢ denote the sides of a triangle
with area F'. Then, we have

p 2 q ;2 T2
a® + b + 2 > 2V3F
q+r r+p p+q

Epsilon 34. (Walter Janous, Crux Mathematicorum) If u, v, w, z, y, z are six reals such
that the terms y+z, z+z, x+vy, v+w, w+u, u+v, and vw+wu~+uwv are all nonnegative,

then
x Yy z
v+ w)+ —— - (w+u)+ —— - (u+v) >3 (vw+ wu+ uw).

y+z zZ+x r+y

Note that the Neuberg-Pedoe Inequality is a generalization (actually the better word is
parametrization) of the Weitzenbock Inequality. How about deducing Hadwiger-Finsler’s
Inequality from it? Apparently this is not possible. However, the Conway Substitution
Theorem will change our mind.

Lemma 3.1. Let ABC be a triangle with side lengths a, b, ¢, and area S, and let u, v,
w be three reals such that the numbers v + w, w + u, u + v and vw + wu + wv are all

nonnegative. Then,
ua® 4+ vb* + we® > 4v/ow + wu + wv - S.

Proof. According to the Conway Substitution Theorem, we can construct a triangle with
sidelenghts z = Vv + w, y = Vw + u, 2z = Vu+ v and area T = vow + wu + uv/2. Let
this triangle be XY Z. In this case, by the Neuberg-Pedoe Inequality, applied for the

triangles ABC and XY Z, we get that
a’ (y2 +22 = x2) +b° (22 +2° — y2) + (x2 + y2 - 22) > 16ST.
By the formulas given in the Conway Substitution Theorem, this becomes equivalent with

a2~2u+b2-2v+02~2w21654%\/Uw+wu+uv

which simplifies to ua® + vb? + we® > 4/ow + wu + wv - S. g

Proposition 3.3. (Cosmin Pohoatd) Let ABC be a triangle with side lengths a, b, ¢, and
area S and let x, y, z be three positive real numbers. Then,

9 2 _ 2 2
a® + b2+ > 4v35 + (x Y2 a2y Y Zw-b2+ﬂ-c2>.
r+y+z x Y z

Proof. Let m = zyz(z +y + 2) — 2yz(z? — yz), n = zyz(z + y + 2) — 2zz(y* — 2z), and
p = zyz(xz +y + 2z) — 2zy(2* — 2y). The three terms n + p, p + m, and m + n are all
positive, and since
mn + np + pm = 3x2y2z2(x +y+ z)2 >0,
by Lemma 3.1, we get that
Z [zyz(z + y + 2) — 2yz(2® — y2)]a® > dayz(z + y + 2)V/3S.

cyc
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This rewrites as
2

Z{(w—l—y—l—z)—l%} a* > 4(x +y + 2)V35,
cyc

and, thus,

2 2 2 _ 2
a> +b° 4+ > 4V3S + (m Y= 2+ Y m-b2+ﬂ-c2)
r+y+z x Y z

Obviously, for x = a, y = b, z = ¢, and following the fact that
a® +b® + & — 3abe = %(a—i—b—i—c) [(a—b)Q—&—(b—c)Q—&—(c—a)z} ,

Proposition 3.3 becomes equivalent with the Hadwiger-Finsler Inequality. Note also that
for © = y = z, Proposition 3.3 turns out to be the Weintzenbock Inequality. Therefore,
by using only Conway’s Substitution Theorem, we’ve transformed a result which strictly
generalizes the Weintzebock Inequality (the Neuberg-Pedoe Inequality) into one which
generalizes both the Weintzenbock Inequality and, surprisingly or not, the Hadwiger-
Finsler Inequality.
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3.3. Hadwiger-Finsler Revisited. The Hadwiger-Finsler inequality is known in literature
as a refinement of Weitzenbock’s Inequality. Due to its great importance and beautiful
aspect, many proofs for this inequality are now known. For example, in [AE] one can find
eleven proofs. Is the Hadwiger-Inequality the best we can do? The answer is indeed no.
Here, we shall enlighten a few of its sharpening.

We begin with an interesting ”phenomenon”. Most of you might know that according
to the formulas ab + bc + ca = s* + 72 + 4Rr, and a® + b + ¢® = 2(s®> — r> — 4Rr), the
Hadwiger-Finsler Inequality rewrites as

AR+ 71 > sV/3,

where s is the semiperimeter of the triangle. However, by using this last equivalent form
in a trickier way, we may obtain a slightly sharper result:

Proposition 3.4. (Cezar Lupu, Cosmin Pohoat3) In any triangle ABC with sidelengths a,
b, ¢, circumradius R, inradius r, and area .S, we have that

a® +0*+ ¢ >25V3+2r(4R+7) + (a — b)* + (b—¢)* + (¢ — a)*.
Proof. As announced, we start with
4R + 1 > sV3.
By multiplying with 2 and adding 27(4R + r) to both terms, we obtain that
16Rr + 47> > 25V3 + 2r(4R + 7).

According now to the fact that ab+bc+ca = s> +r24+4Rr, and a®>+b%+c? = 2(s>—r>—4Rr),
this rewrites as

2(ab + be + ca) — (a® + b + ¢*) > 25V3 + 2r(4R + 7).
Therefore, we obtain
A+ +>25V34+2r(AR+ 1) + (a —b)* + (b—¢)*> + (¢ — a)®.
O

This might seem strange, but wait until you see how does the geometric version of
Schur’s Inequality look like (of course, since we expect to run through another refinement
of the Hadwiger-Finsler Inequality, we obviously refer to the third degree case of Schur’s
Inequality).

Proposition 3.5. (Cezar Lupu, Cosmin Pohoatd [LuPo]) In any triangle ABC with side-
lengths a, b, ¢, circumradius R, inradius 7, and area S, we have that

4(R —2r)
2 2, 2 / N2 N2 a2
a”+b"+c¢ >454/3+ AR+ r +@=-b"+0b-0c)+(c—a)

Proof. The third degree case of Schur’s Inequality says that for any three nonnegative real
numbers m, n, p, we have that

m® +n® + p* + 3mnp > m*(n + p) + n*(p+ m) + p*(m + n).

Note that this can be rewritten as

9mnp
9 2 2 2)
(np+pm+mn) — (m”~+n +p)*7m+n+p7
and by plugging in the substitutions x = %7 y = %7 and z = %, we obtain that
z  zr X Izyz
vz 2L L >2(z+y+2).

x Yy z yz +zxr+xy
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So far so good, but let’s take this now geometrically. Using the Ravi Substitution (i. e.
1 1 1
mzi(b—l—c—a), yzi(c—i—a—b)7 andp:§(a+b—c),
where a, b, ¢ are the sidelengths of triangle ABC), we get that the above inequality
rewrites as
Z(b+cfa)(c+afb) 9b+c—a)(c+a—b)(a+b—c)
(a+b—2c) Sb+c—a)(c+a—0)

>2(a+b+c).

cyc
Since ab + b + ca = s + 1% + 4Rr and a® +b® + ¢ = 2(s*> — r? — 4Rr), it follows that
Z(b+c—a)(c+a—b) =4r(4R+r).
cyc

Thus, according to Heron’s area formula that

S=/s(s—a)(s—b)(s o),

we obtain

(b+c—a)(c+a—0b) 18sr
> 4s.
Z (a+b—2c) Jr4R—|—7’_ s
This is now equivalent to

Z (s—a)(s—0) 9sr 9s,

>
P (s—c¢) +4R+T_
and so ) 3
Z(s—a)Q(s—b)Q—l— 491;—:7“ > 2577

cyc

By the identity

Z(s —a)’(s—b)? = (Z (s—a)(s— b)) — 25772,

cyc cyc
we have
’ 2 2 9s°r® 2 2
— —b -2 — >2
;(s a)(s —b) s°r +4R+r_ s°r,

and since

D> (s—a)(s—b) =r(dR+1),

cyc

we deduce that

9827’3 >4 2 2

4R+r —

AR +1\> 9r
>4
( s )+4R+7‘_

According again to ab + bc + ca = s> + 1% + 4Rr and a® + b* + ¢? = 2(s* — % — 4Rr), we
have

r?(AR+1r)? +

<

This finally rewrites as

2(ab + be + ca) — (a® + b* + ¢?) 2>4_ 9r
48 - AR+’

Therefore,

4(R —2r)

AR+ r +(@a—b*+(b-0c)+(c—a)

a® + b+ >45(/3+
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Epsilon 35. (Tran Quang Hung) In any triangle ABC with sidelengths a, b, ¢, circumradius
R, inradius 7, and area S, we have

A B C
2,02, .25 N2 N2 N2 24 B s
a®+b°+¢ > 45V3+(a—b)> +(b—c)’+(c—a) +16RT(E cos” 3 E cos - cos 2)

Delta 25. Let a, b, ¢ be the lengths of a triangle with area S.
(a) (Cosmin Pohoatd) Prove that

a2+b2+0224Sx/§+%(\a—b|+\b—c|+|c—a|)2.

(b) Show that, for all positive integers n,

2n 2n 2n 4)”1 2n 2n 2n
a"+b" 4+ >3 — +a@a—-b"+b—-—c)"+(c—a)™".
>3 () @0 00"+ -
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3.4. Trigonometry Rocks! Trigonometry is an extremely powerful tool in geometry. We
begin with Fagnano’s theorem that among all inscribed triangles in a given acute-angled
triangle, the feet of its altitudes are the vertices of the one with the least perimeter. Despite
of its apparent simplicity, the problem proved itself really challenging and attractive to
many mathematicians of the twentieth century. Several proofs are presented at [Fag].
Theorem 3.6. (Fagnano’'s Theorem) Let ABC be any triangle, with sidelengths a, b, c,
and area S. If XY Z is inscribed in ABC, then
85”

XY+YZ+72X > —.
abc

Equality holds if and only if ABC is acute-angled, and then only if XY Z is its orthic
triangle.

Proof. (Finbarr Holland [FH]) Let XY Z be a triangle inscribed in ABC. Let z = BX,
y=CY,and z = AZ. Then0 <z <a,0<y<b 0<z<c By applying the Cosine
Law in the triangle ZBX, we have

ZX? = (c—2)*+a2®—2x(c—2)cos B
= (c—2)*+2°+2xc—2)cos(A+O)
= (zcosA+ (c—2z)cosC)? + (xsin A — (c — z)sinC)>.

Hence, we have
ZX > |zrcos A+ (c— z)cosCl,

with equality if and only if zsin A = (¢ — z)sin C or az + cz = ¢?, Similarly, we obtain
XY > |ycos B+ (a — z)cos Al
with equality if and only if az + by = a®. And
YZ > |zcosC + (b—y)cos B|,
with equality if and only if by + cz = b*>. Thus, we get
XY+YZ+ZX

> |ycos B+ (a—z)cos Al + |zcosC + (b —y) cos B| + |z cos A + (¢ — z) cos C|
> |ycosB+ (a—x)cos A+ zcosC+ (b—y)cos B+ zcosA+ (c— z)cosC|
> |acos A+ bcos B+ ccosC|
Q20 + 2 — a?) + 02 (2 + 0 — b2) + E(a? + b — )
2abc
s
abc’

Note that we have equality here if and only if
aa:—!—cz:CQ, aa:+by:a2, and by+cz:b2,
and moreover the expressions
u=xzcosA+ (c—2z)cosC, v=ycosB+ (a—x)cosA, w=zcosC+ (b—y)cosB,

are either all negative or all nonnegative. Now it is easy to very that the system of

equations
2

am+cz:02, ax + by = a”, by—&—cz:b2
has an unique solution given by
x=ccosB, y=acosC, and z =bcos A,

in which case
u=>bcosC, v=ccosC, and w = acos A.
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Thus, in this case, at most one of u, v, w can be negative. But, if one of u, v, w is zero,
then one of x, y, z must be zero, which is not possible. It follows that

8S?
XY+YZ+ZX > —,
abc
unless ABC is acute-angled, and XY Z is its orthic triangle. If ABC is acute-angled, then
2
i‘ie is the perimeter of its orthic triangle, in which case we recover Fagnano’s theorem. [

We continue with Morley’s miracle. We first prepare two well-known trigonometric
identities.

Epsilon 36. For all § € R, we have
. . L (T . 27
sin (30) = 4sin @ sin (§ + 0) sin (? + 9) .
Epsilon 37. For all A, B,C € R with A+ B+ C = 27, we have

cos® A + cos® B + cos? C + 2cos Acos BeosC = 1.

Theorem 3.7. (Morley’'s Theorem) The three points of intersections of the adjacent internal
angle trisectors of a triangle forms an equilateral triangle.

Proof. We want to show that the triangle Ey E2E3 is equilateral.
Let R denote the circumradius of A;A2As. Setting LA; = 360; for i = 1,2,3, we get
01+ 02 + 03 = g We now apply The Sine Law twice to deduce

sin 65 sin 65 . . . . (T
AEy= 072 g p, = 2 op = T 10;).
1By = = (7 — 6, —62) 1z = = (2; 03) sin (303) = 8R sin #5 sin O3 sin (3 93)

By symmetry, we also have
A1 Ey = 8R sin 03 sin 05 sin (g + 92) .
Now, we present two different ways to complete the proof. The first method is more direct
and the second one gives more information.
First Method. One of the most natural approaches to crack this is to compute the lengths
of E1E2FEs. We apply The Cosine Law to obtain
E1Ey®
= AE3* 4+ AE>* —2cos (LE3A1E>) - AE; - AE;
= 64R?sin® 0 sin’ 0y [sin® (§ + 05 ) +sin® (5 +02) — 2cos O sin (T + 05 ) sin (5 +62)]
To avoid long computation, here, we employ a trick. In the view of the equality
e+ (50 (5-0) ==,
we have
cos? (m— 491)—|—cos2 (% — 92)—1—(3052 (% — 93)—&-2 cos (m — 61) cos (% — 02) cos (% — 93) =1
or
cos? 0, + sin? (% + 02) + sin? (% + 93) — 2cos b, (% + 6’2) cos (g + 03) =1
or
sin? (g + 02) + sin? (g + 93) — 2cos 6y sin (g + 02) sin (g + 93) — sin? 0.

We therefore find that
E1Ey? = 64R? sin” 0; sin” 0, sin” 03
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so that

F1FE> = 8R sin 0, sin 02 sin 03
Remarkably, the length of EiF> is symmetric in the angles! By symmetry, we therefore
conclude that F4 E>F3 is an equilateral triangle with the length 8 R sin 64 sin 05 sin 03.

Second Method. We find the angles in the picture explicitly. Look at the triangle F3A; Fs.
The equality
ﬂ' s
‘91"' (§ +92) + (g"’gd) =T
allows us to invite a ghost triangle ABC having the angles

T m
A=60,, B=—+6,, C=— +65.
1, 3 + 62, 3 + 03
Observe that two triangles BAC and FEsAiFE> are similar. Indeed, we have ZBAC =
ZE3A1E2 and

AiE;  8Rsinfasinfzsin (5 +63) sin(5+603) sinC  AB

A1E>  8Rsin 65 sin 6 sin (g + 92) sin (% + 02) T sinB  AC
It therefore follows that
T T
(ZA1E3E2, ZA1E2E3) = (* +4 92, — 4+ 03) .
3 3
Similarly, we also have

(LAsE\Es, ZAsEsE)) = (E 165, T +01).

3 3
and

(LAsE2Ey, LAsE Ey) = (g 161, §+92).

An angle computation yields

/EVEsEs = 2w — (ZA1E2E3 + ZFE1E>As + ZAgEQAl)
™ s
= 2= [(GHo)+(F+0)+-b-0)]
)
= 3

Similarly, we also have /EsEsFEq = % = /LFE3F1 FEs. It follows that Ey E>Es is equilateral.

Furthermore, we apply The Sine Law to reach
ExE; = 817?701 A1 Ej3
sin (g + 03)
= SO g in6ysinbssin (3 +63)
sin (% + 93) 3
= 8RR sin6; sin 6 sin O3.

Hence, we find that the triangle E; E2FEs has the length 8R sin 61 sin 05 sin 63. |

We pass now to another 'miracle’: the Steiner-Lehmus theorem.

Theorem 3.8. (The Steiner-Lehmus Theorem) If the internal angle-bisectors of two angles
of a triangle are congruent, then the triangle is isosceles.

Proof. [MH] Let BB’ and CC’ be the respective internal angle bisectors of angles B and
C' in triangle ABC, and let a, b, and ¢ denote the sidelengths of the triangle. We set

/B=28, /C=2y, u=AB',U=B'C,v=AC", V =C'B.

We shall see that the assumptions BB’ = CC’ and C > B (and hence ¢ > b) lead to the
contradiction that )

-2
u

SH e
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Geometrically, this means that the line B’C’ intersects both rays BC and CB. On the
one hand, we have

b c u+U v+4+V u Vv a a
R - =21 ==2_2c<0
u v u v u v b
or
b c
- < -.
u v

On the other hand, we use the identity sin 2w = 2sinw cosw to obtain

Q v sin B v

c u sinC u

2cosfBsinf8 w
2c05fysin'y'ﬂ
cos 8 sinpf v

cos 7y U sin vy
cosB sinA CC’
cos 7y BB’ sinA
cos 3
cos7y’

It thus follows that % > 2. We meet a contradiction. O

The next inequality is probably the most beautiful ‘'modern’ geometric inequality in
triangle geometry.

Theorem 3.9. (The Erd8s-Mordell Theorem) If from a point P inside a given triangle ABC
perpendiculars PHy, PH>, PH3 are drawn to its sides, then

PA+ PB+ PC > 2(PH; + PHy + PH).

This was conjectured by Paul Erdés in 1935, and first proved by Mordell in the same
year. Several proofs of this inequality have been given, using Ptolemy’s Theorem by André
Avez, angular computations with similar triangles by Leon Bankoff, area inequality by V.
Komornik, or using trigonometry by Mordell and Barrow.

Proof. [MB] We transform it to a trigonometric inequality. Let hy = PH;, ho = PH and
hs = PHj.
Apply the Since Law and the Cosine Law to obtain

PA sinA = H2H3 = \/h22 + h32 — 2h2h3 COS(TF — A),
PBsinB = H:H, = \/h32 + h1? — 2h3hy cos(m — B),
PCSiHC:H1H2 = \/h12+h22—2h1h2COS(ﬂ'—C).

So, we need to prove that

1 2 2
_ _ > .
E SnA \/hQ + hs3 2hohg cos(m — A) > 2(h1 + ha + h3)

cyclic

The main trouble is that the left hand side has too heavy terms with square root expres-
sions. Our strategy is to find a lower bound without square roots. To this end, we express
the terms inside the square root as the sum of two squares.

HyH3® = ho® + hs® — 2hahs cos(m — A)
= he® 4 hs® — 2hahs cos(B + C)
ha® 4 h3® — 2hahs(cos B cos C' — sin Bsin C).
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Using cos® B + sin? B = 1 and cos? C + sin? C' = 1, one finds that
HyH3? = (hysin C + ha sin B)® + (hg cos C — hg cos B)? .

Since (hacosC' — hzcos B) is clearly nonnegative, we get HoHs > hosin C + hysin B.
Hence,

3 V/h2? + h3? — 2hahy cos(m — A) 3 hasin C' + hz sin B
cyclic sin A B cyclic sin A
_ Z sin B + sin C' h
o oraTie sinC  sinB !
> sinB sinC

; sinC sin B !
cyclic
= 2hy + 2ho + 2hs.
d

Epsilon 38. [SL 2005 KOR] In an acute triangle ABC, let D, E, F, P, Q, R be the feet
of perpendiculars from A, B, C, A, B, C to BC, CA, AB, EF, FD, DE, respectively.
Prove that

P(ABC)p(PQR) > p(DEFY’,
where p(T) denotes the perimeter of triangle T .
Epsilon 39. [IMO 2001/1 KOR] Let ABC be an acute-angled triangle with O as its
circumcenter. Let P on line BC' be the foot of the altitude from A. Assume that /BCA >
ZABC + 30°. Prove that ZCAB + ZCOP < 90°.

Epsilon 40. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? + b+ > 44/38.

Epsilon 41. (The Neuberg-Pedoe Inequality) Let a1, b1, c1 denote the sides of the triangle
A1 B;C1 with area Fi. Let az, b2, c2 denote the sides of the triangle A; BoC2 with area F.
Then, we have

a12(b22 + e’ — a22) + 512(622 +a2® — 522) + 612(022 + by — 622) > 16F1 Fs.

We close this subsection with Barrows’ Inequality stronger than The Erdos-Mordell
Theorem. We need the following trigonometric inequality:

Proposition 3.6. (Wolstenholme's Inequality) Let z,y, 2,01, 62,03 be real numbers with
01 + 02 + 03 = w. Then, the following inequality holds:

224y + 22> 2(yz cos 01 + zx cos B2 + zy cos 3).
Proof. Using 03 = m — (61 + 02), we have the identity
22+ y2 + 22— 2(yz cos 01 + zx cos B2 + zy cos O3)
= [z—(xcosfz +ycosb)]> + [zsinhy — ysinb; |*.
|

Corollary 3.1. Let p, q, and r be positive real numbers. Let 01, 02, and 03 be real numbers
satisfying 01 + 02 + 03 = w. Then, the following inequality holds.

1
pcosby + qcosfz + rcosfs < — (ﬂ + P + m) .
2\ p q r

Proof. Take (z,y,z) = (, /%, \ /%p, \/ %) and apply the above proposition. a
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Delta 26. (Cosmin Pohoat3) Let a, b, ¢ be the sidelengths of a given triangle ABC with
circumradius R, and let x, y, z be three arbitrary real numbers. Then, we have that

R(E + [Z 4 2 > v

Epsilon 42. (Barrow's Inequality) Let P be an interior point of a triangle ABC and let
U, V, W be the points where the bisectors of angles BPC, CPA, APB cut the sides
BC,C A,AB respectively. Then, we have

PA+ PB+ PC > 2(PU + PV + PW).

Epsilon 43. [AK] Let x1, -+ ,x4 be positive real numbers. Let 01, - - , 04 be real numbers
such that 61 + --- + 64 = w. Then, we have

1008 01 4 3 €08 O 43 €08 B3 4 14 08 O < \/(1:1952 + x324)(T123 + T2xa) (X124 + T2T3) ‘

X1X2X3%4

Delta 27. [RS] Let R,r,s > 0. Show that a necessary and sufficient condition for the
existence of a triangle with circumradius R, inradius r, and semiperimeter s is

2(2R* + 10Rr — r*)s* + r(4R+7)* < 0.
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3.5. Erdos, Brocard, and Weitzenbock. In this section, we touch Brocard geometry. We
begin with a consequence of The Erdés-Mordell Theorem.

Epsilon 44. [IMO 1991/5 FRA] Let ABC be a triangle and P an interior point in ABC.
Show that at least one of the angles ZPAB, Z/PBC, ZPCA is less than or equal to 30°.

As an immediate consequence, one may consider the following symmetric situation:

Proposition 3.7. Let ABC be a triangle. If there exists an interior point P in ABC
satisfying that

/PAB =/PBC = /ZPCA=w
for some positive real number w. Then, we have the inequality w < %.

We omit the geometrical proof of the existence and the uniqueness of such point in an
arbitrary triangle.(Prove it!)

Delta 28. Let ABC be a triangle. There exists a unique interior point 21, which bear the
name the first Brocard point of ABC, such that

LOWAB = ZOWBC = LQ1CA = w
for some w1, the first Brocard angle.
By symmetry, we also include
Delta 29. Let ABC be a triangle. There exists a unique interior point Qo with
LQ2BA = /0:CB = L2 AC = wo

for some w2, the second Brocard angle. The point Q2 is called the second Brocard point of

ABC.

Delta 30. If a triangle ABC has an interior point P such that /PAB = /PBC =
/PCA = 30°, then it is equilateral.

Epsilon 45. Any triangle has the same Brocard angles.

As a historical remark, we state that H. Brocard (1845-1922) was not the first one who
discovered the Brocard points. They were also known to A. Crelle (1780-1855), C. Jacobi
(1804-1851), and others some 60 years earlier. However, their results in this area were
soon forgotten [RH]. Our next job is to evaluate the Brocard angle quite explicitly.

Epsilon 46. The Brocard angle w of the triangle ABC' satisfies

cotw = cot A + cot B+ cot C.
Proposition 3.8. The Brocard angle w of the triangle with sides a,b,c and area S satisfies
a® + b2+ ¢

tw =
cotw 45

Proof. We have

2bccos A 2cacos B 2abcosC

2bcsin A + 2ca sin B + 2absin C

P+ —a? PF+a?-12 P +b -
15 1S T4

a? +b% + 2
45 ’

cot A+ cot B+cotC =

d

We revisit Weitzenbock’s Inequality. It is a corollary of The Erdés-Mordell Theorem!
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Proposition 3.9. [IMO 1961/2 POL] (Weitzenbdck's Inequality) Let a, b, ¢ be the lengths
of a triangle with area S. Show that

a? +b% + % > 4V38.

Third Proof. Letting w denote its Brocard angle, by combining results we proved, we

obtain 5 ) 5
% = cotw > cot (%) =3.

We present interesting theorems from Brocard geometry.

Delta 31. [RH] Let ©; and Q2 denote the Brocard points of a triangle ABC with the
circumcenter O. Let the circumcircle of OQ1Q3, called the Brocard circle of ABC, meet
the line AQq, BQq, CQ1 at R, P, @, respectively, again. The triangle PQR bears the
name the first Brocard triangle of ABC.

(a) OQl = OQQ
(b) Two triangles PQR and ABC are similar.
(¢) Two triangles PQR and ABC have the same centroid.

(d) Let U, V, W denote the midpoints of QR, RP, PQ, respectively. Let U,,, V,,, W,
denote the feet of the perpendiculars from U, V, W respectively. Then, the three lines
vuvu,, VU,, WW, meet at the nine point circle of triangle ABC.

The story is not over. We establish an inequality which implies the problem [IMO
1991/5 FRA].

Epsilon 47. (The Trigonometric Versions of Ceva's Theorem) For an interior point P of a
triangle A; Az As, we write

LA3A1As = an, LPA1As =9, LPA1As = 64,

4A1A2A3 = 2, 4PA2A3 = 1927 ZPA2A1 = 02,

LA2A3A1 = as, LPA3A1 =93, LPA3As = 03.
Then, we find a hidden symmetry:

sind; sinda sinds

sin 01 " sin 6o " sin 03
or equivalently,
1
sin ap sin ae sin arg
Epsilon 48. Let P be an interior point of a triangle ABC'. Show that
cot (LPAB) + cot (/PBC) + cot (/PCA) > 3V/3.

Proposition 3.10. [IMO 1991/5 FRA] Let ABC be a triangle and P an interior point in
ABC. Show that at least one of the angles /PAB, /PBC, Z/PCA is less than or equal
to 30°.

= [cot Y1 — cot a1] [cot Y2 — cot aa] [cot V3 — cot az] .

Second Solution. The above inequality implies
maz{ cot (/PAB), cot (£LPBC), cot (/PCA)} > /3= cot30°.

Since the cotangent function is strictly decreasing on (0, ), we get the result. g
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3.6. From Incenter to Centroid. We begin with an inequality regarding the incenter. In
fact, the geometric inequality is equivalent to an algebraic one, Schur’s Inequality!

Example 7. (Korea 1998) Let I be the incenter of a triangle ABC'. Prove that
BC? + CA® + AB®
3 .

Proof. Let BC = a, CA=b, AB =c¢, and s = ‘”é’“. Letting r denote the inradius of
AABC, we have
2 (s—a)(s=b)(s—¢)

r° =
S

By The Pythagoras Theorem, the inequality is equivalent to

1A% + IB* + IC? >

(s—a)2+7“2+(s—b)2+r2+(s—c)2+r22%(aQ—&—bQ—i—cQ).
(8—&)2+(S—b)2+(5—0)2+S(S_G)(ss_b)(s_C) Zé(ag—l—bQ—l—cQ).

After The Ravi Substitution x = s —a, y =s — b, z = s — ¢, it becomes

Bryz (@49’ +@+2)"+ (2 +2)°

2 2, .2

x+y+z+m+y+Z, 3
or

3(a® +y°+2°) (e +y+2) +92yz > (x+y+2) ((x+9)° + (y+2)° + (2 +2)°)
or
Jzyz > (x+y+ 2) (2wy+2yz+22m—x2—y2 —z2)
or
Yxryz > xzy + a2’z + yzz + yzx + 2%z + 22y + 6zyz — - y3 -2

or

2+’ 4+ 2%+ 3ayz > 2y + 2) + Pz + ) + 2@+ y).
This is a particular case of Schur’s Inequality. O

Now, one may ask more questions. Can we replace the incenter by other classical points
in triangle geometry? The answer is yes. We first take the centroid.

Example 8. Let G denote the centroid of the triangle ABC. Then, we have the geometric
identity

BC? + CA? + AB?
3 .
Proof. Let M denote the midpoint of BC'. The Pappus Theorem implies that

GB? + GC? ) BC\? GA\? BC\?
oM +<7> *<T> +(7>
—GA? + 2GB* + 2GC* = BC?

Similarly, 2GA% — GB? + 2GC? = CA? and 2GA? +2GB? — 2GC? = AB?. Adding these
three equalities, we get the identity. (]

GA® + GB* + GC? =

or

Before we take other classical points, we need to rethink this unexpected situation. We
have an equality, instead of an inequality. According to this equality, we find that the
previous inequality can be rewritten as

IA*> +IB* +1C° > GA®> + GB® + GC*.
Now, it is quite reasonable to make a conjecture which states that, given a triangle ABC),

the minimum value of PA? + PB? + PC? is attained when P is the centroid of AABC.
This guess is true!
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Theorem 3.10. Let A1 A2As be a triangle with the centroid G. For any point P, we have
PA® + PAS® + PAs® > GA® + GB? + GC?.

Proof. Just toss the picture on the real plane R? so that
rT1tretw +y2 +
P(p,q), Ai(z1,y1), A2 (22,y2), As(zs,ys), G( LT T T y3)~

3 ’ 3
What we need to do is to compute
(PA12 + PAy® + PAs®) — (BC? + CA® + AB?)

3
T1+ T2+ 2 +y2 + 2
= SZ — )’ q—yi)Q—Z(%—xi) +(W—yi)

i=1

3 3 3
32(1)_% Z(ml+m2+m5—xi)2+32(q—yz Z(yl+y2+yd_yi)2.
i=1 i i

i=1 i= =1

A moment’s thought shows that the quadratic polynomials are squares.

SZ@—wﬂg—i(W—xi)z_g(p_W)i

3;((]—311')2_23:(%4'%2'%?!3_yi)g_g(q_w)z

i=1
Hence, the quantity 3 (PA12 + PAs2% + PA32) — (302 +CA% + AB2) is clearly non-
negative. Furthermore, we notice that the above proof of the geometric inequality dis-
covers a geometric identity:

(PA? + PB? + PC?) — (GA® + GB® + GC?) = 9GP”.
It is clear that the equality in the above inequality holds only when GP =0or P =G. O

After removing the special condition that P is the incenter, we get a more general
inequality, even without using a heavy machine, like Schur’s Inequality. Sometimes, gen-
eralizations are more easy! Taking the point P as the circumcenter, we have

Proposition 3.11. Let ABC be a triangle with circumradius R. Then, we have
AB® + BC? + CA® < 9R”.
Proof. Let O and G denote its circumcenter and centroid, respectively. It reads
9GO’ + (AB? + BC? + CA®) =3 (0A® + OB® + 0C?) = 9R>.
a

The readers can rediscover many geometric inequalities by taking other classical points
from triangle geometry.(Do it!) Here goes another inequality regarding the incenter.

Example 9. Let I be the incenter of the triangle ABC with BC =a, CA =0 and AB = c.
Prove that, for all points X,

aXA® +bXB? + cXC? > abe.
First Solution. It turns out that the non-negative quantity
aXA® +bXB? + cXC? — abe

has a geometric meaning. This geometric inequality follows from the following geometric
identity:
aXA® +bXB?* +¢cXC? = (a+b+c)XI? +abe. 7

7 [SL 1988 SGP]
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There are many ways to establish this identity. To euler® it, we toss the picture on the
real plane R? with the coordinates

A(ccos B,csin B), B(0,0), C(a,0).
Let r denote the inradius of AABC'. Setting s = %b“, we get I(s—b,r). It is well-known

that
2 _(s—a)(s—b)(s—¢)

r° =
S

Set X (p,q). On the one hand, we obtain
aXA? +bXB? 4+ cXC?
= a [(p — ccosB)2 + (g — csinB)z} +b (p2 + q2) +c [(p — a)2 + q2]
= (a+b+c)p® —2acp(1+ cos B) + (a+ b+ c)g° — 2acqsin B + ac® + a’c

2 2 _ 12 NAB
= 25p2 — 2acp (1 + w) + 25q2 — 2acq% +ac® +d’c
2ac 5ac

= 2sp° —pla+c+b)(a+c—Db)+ 2s¢° — 4¢[AABC] + ac® + a’c
= 2sp° — p(2s) (25 — 2b) + 25¢° — 4qsr + ac® + a’c
= 2sp® —4s(s —b)p+ 2sq° — 4rsq + ac® + a’c.
On the other hand, we obtain
(a+b+c)XT? + abe
= 2s[(p—(s= )"+ (¢ —7)]
= 2s [p2 —2(s—bp+(s—b)>+¢° —2qr—|—r2}
= 2sp® —4s(s—b) p+ 2s(s — b)*> + 2s¢° — 4rsq + 2sr> + abe.
It thus follows that
aXA®> 4+ bXB* 4+ ¢XC? — (a+b+c)XI? — abe
= ac®+a’c—2s(s —b)? — 2sr® — abe
= aca+c)—2s(s —b)> —2(s —a)(s — b)(s — ¢) — abe
= ac(a+c—b)—2s(s—b)> —2(s —a)(s —b)(s —¢)
= 2ac(s —b) —2s(s — b)> —2(s — a)(s — b)(s — ¢)
2(s —b)Jac—s(s —b) —2(s —a)(s — ¢)] .
However, we compute ac — s(s —b) —2(s —a)(s —c¢) = =25 + (a + b+ c)s = 0. O
Now, throw out the special condition that I is the incenter! Then, the essence appears:

Delta 32. (The Leibniz Theorem) Let w1, w2, ws be real numbers such that w1 +wa+ws # 0.

We characterize the generalized centroid G, = G, wy,ws) DY
3
— i —
XG,=> — _XA.
w1 + w2 + w3

Then G, is well-defined in the sense that it doesn’t depend on the choice of X. For all
points P, we have

WiWi+1

el A A
w1 +ws Fws a

3 3
ZWiPAi2 = (w1 + w2 + WS)PGw2 + Z
i=1 i=1

We show that the geometric identity aX A% +bX B2 +¢cXC? = (a + b+ c)XI? 4 abc is
a straightforward consequence of The Leibniz Theorem.

Seuler v. (in Mathematics) transform the geometric identity in triangle geometry to trigono-
metric or algebraic identity.
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Second Solution. Let BC = a,CA = b,AB = c. With the weights (a,b,c), we have
I =G(ap,). Hence,

be 5 ca 2 ab 2
a+b+ca ++a+b+cb + a+b+cc

= (a+b+c)XI? + abe.

aXA* +bXB* 4+ c¢XC?® = (a+b+o)XI°+

O

Epsilon 49. [IMO 1961/2 POL] (Weitzenbock's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? + b+ > 44/38.

Epsilon 50. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let as, ba, c2 denote the sides of the triangle A2 BoCs with area Fs.
Then, we have

a12(b22 +e? — a22) + 512(022 +as® — 522) + 012(a22 +by? — 622) > 16F71 Fy.
Delta 33. [SL 1988 UNK] The triangle ABC is acute-angled. Let L be any line in

the plane of the triangle and let u,v,w be lengths of the perpendiculars from A, B,C
respectively to L. Prove that

u?tan A + v tan B + w’ tan C > 2A,
where A is the area of the triangle, and determine the lines L for which equality holds.

Delta 34. [KWL] Let G and I be the centroid and incenter of the triangle ABC with
inradius r, semiperimeter s, circumradius R. Show that

IG* = % (s> + 57> — 16Rr) .

Inspiration is needed in geometry, just as much as in poetry. - A. Pushkin
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4. GEOMETRY REVISITED

It gives me the same pleasure when someone else proves a good
theorem as when | do it myself.
- E. Landau

4.1. Areal Co-ordinates. In this section we aim to briefly introduce develop the theory of
areal (or ’'barycentric’) co-ordinate methods with a view to making them accessible to a
reader as a means for solving problems in plane geometry. Areal co-ordinate methods are
particularly useful and important for solving problems based upon a triangle, because,
unlike Cartesian co-ordinates, they exploit the natural symmetries of the triangle and
many of its key points in a very beautiful and useful way.

4.1.1. Setting up the co-ordinate system. If we are going to solve a problem using areal co-
ordinates, the first thing we must do is choose a triangle ABC, which we call the triangle
of reference, and which plays a similar role to the axes in a cartesian co-ordinate system.
Once this triangle is chosen, we can assign to each point P in the plane a unique triple
(z,y,2) fixed such that = + y + z = 1, which we call the areal co-ordinates of P. The
way these numbers are assigned can be thought of in three different ways, all of which
are useful in different circumstances. We leave the proofs that these three conditions are
equivalent, along with a proof of the uniqueness of areal co-ordinate representation, for
the reader. The first definition we shall see is probably the most intuitive and most useful
for working with. It also explains why they are known as ‘areal’ co-ordinates.

1st Definition: A point P internal to the triangle ABC has areal co-ordinates

[PBC] [PCA] [PAB]
( [ABC]’ [ABC]’ [ABC] )

If a sign convention is adopted, such that a triangle whose vertices are labelled clockwise
has negative area, this definition applies for all P in the plane.

2nd Definition: If z,y, z are the masses we must place at the vertices A, B, C respec-
tively such that the resulting system has centre of mass P, then (z,y,z) are the areal
co-ordinates of P (hence the alternative name ‘barycentric’)

3rd Definition: If we take a system of vectors with arbitrary origin (not on the sides of
triangle ABC') and let a, b, ¢, p be the position vectors of A, B, C, P respectively, then
p = za + yb + zc for some triple (z,y, z) such that z + y + z = 1. We define this triple
as the areal co-ordinates of P.

There are some remarks immediately worth making:

e The vertices A, B, C of the triangle of reference have co-ordinates (1, 0, 0), (0,1, 0),
(0,0, 1) respectively.

e All the co-ordinates of a point are positive if and only if the point lies within the
triangle of reference, and if any of the co-ordinates are zero, the point lies on one
of the sides (or extensions of the sides) of ABC.
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4.1.2. The Equation of a Line. A line is a geometrical object such that any pair of non-
parallel lines meet at one and only one point. We would therefore expect the equation of
a line to be linear, such that any pair of simultaneous line equations, together with the
condition z + y + z = 1, can be solved for a unique triple (z,y, z) corresponding to the
areal co-ordinates of the point of intersection of the two lines. Indeed, it follows (using
the equation = + y + z = 1 to eliminate any constant terms) that the general equation of
a line is of the form

lx+my+nz=0

where I, m,n are constants and not all zero. Clearly there exists a unique line (up to
multiplication by a constant) containing any two given points P(zp, Yp, 2p), Q@(Zq, Yq, 2q)-
This line can be written explicitly as

(Ypzq — Yq2p)T + (2pTq — 2qTp)Y + (TpYq — Tqyp)z =0
This equation is perhaps more neatly expressed in the determinant® form:

T Tp Xq
Det{ v wyp yq | =0.
Z Zp Zq

While the above form is useful, it is often quicker to just spot the line automatically.
For example try to spot the equation of the line BC, containing the points B(0,1,0) and
C(0,0,1), without using the above equation.

Of particular interest (and simplicity) are Cevian lines, which pass through the vertices
of the triangle of reference. We define a Cevian through A as a line whose equation is
of the form my = nz. Clearly any line containing A must have this form, because setting
y =z =0,z =1 any equation with a nonzero x coefficient would not vanish. It is easy to
see that any point on this line therefore has form (z,y, z) = (1 —mt —nt, nt, mt) where t is
a parameter. In particular, it will intersect the side BC' with equation x = 0 at the point
U(0, =2, ™). Note that from definition 1 (or 3) of areal co-ordinates, this implies that

' m+n’ m+n

. BU _ [ABU] _ m
the ratio g = ﬁ =m

4.1.3. Example: Ceva’s Theorem. We are now in a position to start using areal co-
ordinates to prove useful theorems. In this section we shall state and prove (one direction
of) an important result of Euclidean geometry known as Ceva’s Theorem. The author

recommends a keen reader only reads the statement of Ceva’s theorem initially and tries
to prove it for themselves using the ideas introduced above, before reading the proof given.

9The Determinant of a 3 x 3 Matrix. Matrix determinants play an important role in areal
co-ordinate methods. We define the determinant of a 3 by 3 square matrix A as

ay br cz

Det(A) =Det | ay by ¢y | =az(byc: —bzey) + ay(bzce — bxez) + az(bocy — bycz).

This can be thought of as (as the above equation suggests) multiplying each element of the first
column by the determinants of 2x2 matrices formed in the 2nd and 3rd columns and the rows not
containing the element of the first column. Alternatively, if you think of the matrix as wrapping
around (so b, is in some sense directly beneath b, in the above matrix) you can simply take the
sum of the products of diagonals running from top-left to bottom-right and subtract from it the
sum of the products of diagonals running from bottom-left to top-right (so think of the above
RHS as (azbyc: +aybzcy +azbzcy) — (azbyce +azbzcy +aybgcz)). In any case, it is worth making
sure you are able to quickly evaluate these determinants if you are to be successful with areal
co-ordinates.
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Theorem 4.1. (Ceva's Theorem) Let ABC be a triangle and let L, M, N be points on
the sides BC, C A, AB respectively. Then the cevians AL, BM, CN are concurrent at a
point P if and only if

BL CM AN _

LC MA NB

Proof. Suppose first that the cevians are concurrent at a point P, and let P have areal
co-ordinates (p,q,r). Then AL has equation gz = ry (following the discussion of Cevian

lines above), so L (0, qq?, q_,%), which implies f—é = §~ Similarly, fﬁ{ = %,% = %,
Taking their product we get % . % . % = 1, proving one direction of the theorem. We
leave the converse to the reader. (|

The above proof was very typical of many areal co-ordinate proofs. We only had to
go through the details for one of the three cevians, and then could say ‘similarly’ and
obtain ratios for the other two by symmetry. This is one of the great advantages of the
areal co-ordinate system in solving problems where such symmetries do exist (particularly
problems symmetric in a triangle ABC'": such that relabelling the triangle vertices would
result in the same problem).

4.1.4. Areas and Parallel Lines. One might expect there to be an elegant formula for the
area of a triangle in areal co-ordinates, given they are a system constructed on areas. In-
deed, there is. If PQR is an arbitrary triangle with P (zp, yp, 2p) , Q (24, Yq, 24) , R (Tr, Yr, 2r)
then

[PQR] Tpo Ta o Tr
= D r
[ABC} et yP yq y

Zp  Zq Zr

An astute reader might notice that this seems like a plausible formula, because if P, Q, R
are collinear, it tells us that the triangle PQR has area zero, by the line formula already
mentioned. It should be noted that the area comes out as negative if the vertices PQR
are labelled in the opposite direction to ABC.

It is now fairly obvious what the general equation for a line parallel to a given line pass-
ing through two points (x1,y1, 21), (22, y2, 22) should be, because the area of the triangle
formed by any point on such a line and these two points must be constant, having a
constant base and constant height. Therefore this line has equation

X X1 i)
Det | v w1 w2 =k=k(z+y+2),
z 21 22

where k € R is a constant.

Delta 35. (United Kingdom 2007) Given a triangle ABC and an arbitrary point P internal
to it, let the line through P parallel to BC meet AC at M, and similarly let the lines
through P parallel to CA,AB meet AB,BC at N,L respectively. Show that

BL CM AN _1
LC MA NB ~— 8
Delta 36. (Nikolaos Dergiades) Let DEF be the medial triangle of ABC, and P a point

with cevian triangle XY Z (with respect to ABC). Find P such that the lines DX, EY,
FZ are parallel to the internal bisectors of angles A, B, C, respectively.
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4.1.5. To infinity and beyond. Before we start looking at some more definite specific useful
tools (like the positions of various interesting points in the triangle), we round off the
general theory with a device that, with practice, greatly simplifies areal manipulations.
Until now we have been acting subject to the constraint that x+y-+ 2z = 1. In reality, if we
are just intersecting lines with lines or lines with conics, and not trying to calculate any
ratios, it is legitimate to ignore this constraint and to just consider the points (z,y, z) and
(kx, ky, kz) as being the same point for all k£ # 0. This is because areal co-ordinates are a
special case of a more general class of co-ordinates called projective homogeneous co-
ordinates!®, where here the projective line at infinity is taken to be the line x4y +2 = 0.
This system only works if one makes all equations homogeneous (of the same degree in
x,y, z), so, for example, z+y = 1 and z°+y = z are not homogeneous, whereas z+y—z = 0
and a?yz + b%zz + 2zy = 0 are homogeneous. We can therefore, once all our line and
conic equations are happily in this form, no longer insist on z +y + z = 1, meaning points
like the incentre (a+‘g+c, a+l,;+c, a+‘;+c) can just be written (a, b, c). Such represenataions
are called unnormalised areal co-ordinates and usually provide a significant advantage for
the practical purposes of doing manipulations. However, if any ratios or areas are to be
calculated, it is imperative that the co-ordinates are normalised again to make z+y+z = 1.
This process is easy: just apply the map

SR T

r+y+zaty+z eyt

4.1.6. Significant areal points and formulae in the triangle. We have seen that the vertices
are given by A(1,0,0), B(0,1,0), C(0,0,1), and the sides by z = 0,y = 0,z = 0. In the
section on the equation of a line we examined the equation of a cevian, and this theory
can, together with other knowledge of the triangle, be used to give areal expressions for
familiar points in Euclidean triangle geometry. We invite the reader to prove some of the
facts below as exercises.

Triangle centroid: G(1,1,1).*

Centre of the inscribed circle: I(a,b,c
Centres of escribed circles: Io(—a,b,c), Iy(a,—b,c), I.(a,b,—c).
Symmedian point: K (a?,b?,c?).

Circumcentre: O(sin2A, sin 2B, sin 2C).

Orthocentre: H (tan A,tan B, tan C).

e The isogonal conjugate of P(zx,y, z): P* (%2, %, %)

)'12

e The isotomic conjugate of P(x,vy,z): P* (l 1 l).

z?y?z
It should be noted that the rather nasty trigonometric forms of O and H mean that

they should be approached using areals with caution, preferably only if the calculations
will be relatively simple.

Delta 37. Let D,E be the feet of the altitudes from A and B respectively, and P,Q
the meets of the angle bisectors AI,BI with BC,C' A respectively. Show that D,I,E are
collinear if and only if P,0,Q are.

10The author regrets that, in the interests of concision, he is unable to deal with these co-
ordinates in this document, but strongly recommends Christopher Bradley’s The Algebra of Ge-
ometry, published by Highperception, as a good modern reference also with a more detailed ac-
count of areals and a plethora of applications of the methods touched on in this document. Even
better, though only for projectives and lacking in the wealth of fascinating modern examples, is
E.A.Maxwell’s The methods of plane projective geometry based on the use of general homogeneous
coordinates, recommended to the present author by the author of the first book.

' The midpoints of the sides BC, CA, AB are given by (0,1,1),(1,0,1) and (1, 1,0) respectively.

12Hint: use the angle bisector theorem.

459



4.1.7. Distances and circles. We finally quickly outline some slightly more advanced the-
ory, which is occasionally quite useful in some problems, We show how to manipulate
conics (with an emphasis on circles) in areal co-ordinates, and how to find the distance
between two points in areal co-ordinates. These are placed in the same section because the
formulae look quite similar and the underlying theory is quite closely related. Derivations
can be found in [Bral].

Firstly, the general equation of a conic in areal co-ordinates is, since a conic is a gen-
eral equation of the second degree, and areals are a homogeneous system, given by

pr® + qy® + 12 + 2dyz + 2eza + 2fzy = 0

Since multiplication by a nonzero constant gives the same equation, we have five indepen-
dent degrees of freedom, and so may choose the coefficients uniquely (up to multiplication
by a constant) in such a way as to ensure five given points lie on such a conic.

In Euclidean geometry, the conic we most often have to work with is the circle. The
most important circle in areal co-ordinates is the circumcircle of the reference triangle,
which has the equation (with a, b, c equal to BC,C A, AB respectively)

a2yz + b2z + CQxy =0

In fact, sharing two infinite points'® with the above, a general circle is just a variation on
this theme, being of the form

a’yz + b2 zx + Cay + (x4 y + 2)(uz + vy + wz) =0

We can, given three points, solve the above equation for u, v, w substituting in the three
desired points to obtain the equation for the unique circle passing through them.

Now, the areal distance formula looks very similar to the circumcircle equation. If we
have a pair of points P(z1,y1,21) and Q(x2,y2, 22), which must be normalised, we may
define the displacement PQ : (x2 — x1,y2 — y1, 22 — 21) = (u,v,w), and it is this we shall
measure the distance of. So the distance of a displacement PQ(u,v,w),u + v +w =0 is
given by

PQ? = —d*vw — b*wu — Cuv
Since u+v+w = 0 this is, despite the negative signs, always positive unless u = v = w = 0.

Delta 38. Use the vector definition of areal co-ordinates to prove the areal distance formula
and the circumcircle formula.

4.1.8. Miscellaneous Fxercises. Here we attach a selection of problems compiled by Tim
Hennock, largely from UK IMO activities in 2007 and 2008. None of them are trivial, and
some are quite difficult. Good luck!

Delta 39. (UK Pre-IMO training 2007) Let ABC' be a triangle. Let D, E, F' be the reflec-
tions of A, B,C in BC, AC, AB respectively. Show that D, F, F' are collinear if and only
if OH = 2R.

Delta 40. (Balkan MO 2005) Let ABC be an acute-angled triangle whose inscribed circle
touches AB and AC at D and F respectively. Let X and Y be the points of intersection of
the bisectors of the angles ZACB and ZABC with the line DE and let Z be the midpoint
of BC. Prove that the triangle XY Z is equilateral if and only if ZA = 60°

I3All circles have two (imaginary) points in common on the line at infinity. It follows that if
a conic is a circle, its behaviour at the line at infinity « 4+ y + z = 0 must be the same as that of
the circumcircle, hence the equation given.
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Delta 41. (United Kingdom 2007) Triangle ABC has circumcentre O and centroid M.
The lines OM and AM are perpendicular. Let AM meet the circumcircle of ABC' again
at A’. Lines CA’ and AB intersect at D and BA’ and AC intersect at E. Prove that the
circumcentre of triangle ADFE lies on the circumcircle of ABC.

Delta 42. [IMO 2007/4] In triangle ABC the bisector of ZBCA intersects the circum-
circle again at R, the perpendicular bisector of BC at P, and the perpendicular bisector
of AC at Q. The midpoint of BC is K and the midpoint of AC is L. Prove that the
triangles RPK and RQL have the same area.

Delta 43. (RMM 2008) Let ABC be an equilateral triangle. P is a variable point internal
to the triangle, and its perpendicular distances to the sides are denoted by a?,b* and ¢?
for positive real numbers a,b and c. Find the locus of points P such that a,b and ¢ can
be the side lengths of a non-degenerate triangle.

Delta 44. [SL 2006] Let ABC be a triangle such that ZC < LA < T. Let D be on AC
such that BD = BA. The incircle of ABC touches AB at K and AC at L. Let J be the
incentre of triangle BCD. Prove that KL bisects AJ.

Delta 45. (United Kingdom 2007) The excircle of a triangle ABC touches the side AB
and the extensions of the sides BC and C'A at points M, N and P, respectively, and the
other excircle touches the side AC' and the extensions of the sides AB and BC' at points
S, Q and R, respectively. If X is the intersection point of the lines PN and RQ, and Y
the intersection point of RS and M N, prove that the points X, A and Y are collinear.

Delta 46. (Sharygin GMO 2008) Let ABC be a triangle and let the excircle opposite A
be tangent to the side BC' at A;. N is the Nagel point of ABC, and P is the point on
AA; such that AP = NA;. Prove that P lies on the incircle of ABC.

Delta 47. (United Kingdom 2007) Let ABC be a triangle with ZB # ZC'. The incircle I of
ABC touches the sides BC, C'A, AB at the points D, E, F', respectively. Let AD intersect
I at D and P. Let @ be the intersection of the lines EFF and the line passing through
P and perpendicular to AD, and let X,Y be intersections of the line AQ and DE, DF,
respectively. Show that the point A is the midpoint of XY

Delta 48. (Sharygin GMO 2008) Given a triangle ABC. Point A; is chosen on the ray
BA so that the segments BA; and BC' are equal. Point Az is chosen on the ray C'A so
that the segments C Az and BC are equal. Points B, Bs and C;, (3 are chosen similarly.
Prove that the lines A1 A2, B1 B2 and C1Cs are parallel.

4.2. Concurrencies around Ceva’s Theorem. In this section, we shall present some corol-
laries and applications of Ceva’s theorem.

Theorem 4.2. Let AABC be a given triangle and let A1, B1, C1 be three points on lying
on its sides BC', CA and AB, respectively. Then, the three lines AA; ,BB1, CC1 concur
if and only if

A'B B'C C'A

A'C B'A C'B
Proof. We shall resume to proving only the direct implication. After reading the following
proof, you will understand why. Denote by P the intersection of the lines AA1, BBy, CC;.
The parallel to BC' through P meets CA at B, and AB at C,. The parallel to C' A through
P meets AB at C, and BC at Ap. The parallel to AB through P meets BC' at A. and
CA at B.. As segments on parallels, we get gig = £Bc  On the other hand, we get

PA."
B.P PB; PA. PA
= and = .
AB BB, AB AA
It follows that
B.P PA. PB, PA,

AB ' AB =~ BB B AA
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so that
B.P PB, PA

PA.  BB:  AA;

Consequently, we obtain
CiA _PB; PA

C1B ~ BB;  AA;’

L A1B _ PCy . PB; B1C _ PA, . PCy
Similarly, we deduce that 40 = 06y | BB and BrA = AAy GOy

AB B'C C'A_ (PG PB\ (PA PCi\ (PBi PA\_,
AC B'A C'B \CC, BBi) \AA, CCi) \ BB, AA;)

which proves Ceva’s theorem. (]

. Now

Corollary 4.1. (The Trigonometric Version of Ceva’s Theorem) In the configuration de-
scribed above, the lines AA;, BBy, C'C; are concurrent if and only if
sin A1AB sinCiCA sin B1BC .
sin A1 AC sinChCB sin BiBA
Proof. By the Sine Law, applied in the triangles A1 AB and A1 AC, we have

AB _ AB g MC _ AC
sin M AB  smAA B Y SnAAC T sinAAC

1.

Hence,
AlB _ AB SiIlAlAB
A1C  AC sin A ACT
s B;C _ BC _sin By BC C1A _ AC  sinCi;CA
Similarly, BA = AL  sn B BA and GiB = BC  smCiCB- Thus, we conclude that

sin A1AB sinC1CA sin B1BC
sin AyAC sinC1CB sin B1BA

_ (ABACY (GiA BOY (BC AB
o AC AB CiB AC BiA BC

1.

We begin now with a result, which most of you might know it as Jacobi’s theorem.

Proposition 4.1. (Jacobi’s Theorem) Let ABC' be a triangle, and let X, Y, Z be three
points in its plane such that /Y AC = /BAZ, /ZBA = ZCBX and ZXCB = LACY.
Then, the lines AX, BY, CZ are concurrent.

Proof. We use directed angles taken modulo 180°. Denote by A, B, C, z, y, 2 the mag-
nitudes of the angles ZCAB, ZABC, /BCA, LYAC, Z/ZBA, and ZXC B, respectively.
Since the lines AX, BX, CX are (obviously) concurrent (at X), the trigonometric version
of Ceva’s theorem yields

sinCAX sin ABX sinBCX

SmXAB smXBC smXCA -

‘We now notice that
/ABX = /ABC+ /CBX =B+y, /XBC=-/CBX = —y,
/BCX =—/XCB=—-2z, / XCA=/XCB+/BCA=z+C.

Hence, we get
sinCAX sin(B+y) sin(-z) _
sin XAB  sin(-y) sin(C+2)

Similarly, we can find

sin ABY sin(C'+2) sin(—z)
sinYBC  sin(—z) sin(A+z)
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sin BCZ sin(A+z) sin(—y)
sinZCA  sin(—z) sin(B+y)
Multiplying all these three equations and canceling the same terms, we get
sinCAX sin ABY sinBCZ
sin XAB sinYBC sinZCA
According to the trigonometric version of Ceva’s theorem, the lines AX, BY, CZ are
concurrent. O

1.

We will see that Jacobi’s theorem has many interesting applications. We start with the
well-known Karyia theorem.

Theorem 4.3. (Kariya's Theorem) Let I be the incenter of a given triangle ABC, and let
D, E, F be the points where the incircle of ABC' touches the sides BC, CA, AB. Now,
let X, Y, Z be three points on the lines I D, I E, I F such that the directed segments X,
1Y, IZ are congruent. Then, the lines AX, BY, CZ are concurrent.

Proof. (Darij Grinberg) Being the points of tangency of the incircle of triangle ABC' with
the sides AB and BC, the points F' and D are symmetric to each other with respect to
the angle bisector of the angle ABC, i. e. with respect to the line BI. Thus, the triangles
BFI and BDI are inversely congruent. Now, the points Z and X are corresponding points
in these two inversely congruent triangles, since they lie on the (corresponding) sides I'F'
and ID of these two triangles and satisfy /Z = IX. Corresponding points in inversely
congruent triangles form oppositely equal angles, i.e. /ZBF = —/X BD. In other words,
LZBA = ZCBX. Similarly, we have that ZXCB = ZACY and LY AC = ZBAZ. Note
that the points X, Y, Z satisfy the condition from Jacobi’s theorem, and therefore, we
conclude that the lines AX, BY, CZ are concurrent. g

Another such corollary is the Kiepert theorem, which generalizes the existence of the
Fermat points.

Delta 49. (Kiepert's Theorem) Let ABC be a triangle, and let BXC, CY A, AZB be
three directly similar isosceles triangles erected on its sides BC, C' A, and AB, respectively.
Then, the lines AX, BY, CZ concur at one point.

Delta 50. (Floor van Lamoen) Let A’, B’, C’ be three points in the plane of a triangle
ABC such that Z/B'AC = Z/BAC', Z/C'"BA = ZCBA" and ZA'CB = ZACB'. Let X, Y,
Z be the feet of the perpendiculars from the points A’, B’, C’ to the lines BC, CA, AB.
Then, the lines AX, BY, CZ are concurrent.

Delta 51. (Cosmin Pohoatd) Let ABC be a given triangle in plane. From each of its
vertices we draw two arbitrary isogonals. Then, these six isogonals determine a hexagon
with concurrent diagonals.

Epsilon 51. (USA 2003) Let ABC be a triangle. A circle passing through A and B
intersects the segments AC' and BC at D and E, respectively. Lines AB and DFE intersect
at I, while lines BD and CF intersect at M. Prove that MF = MC if and only if
MB-MD = MC?.

Delta 52. (Romanian jBMO 2007 Team Selection Test) Let ABC be a right triangle with
ZA =90°, and let D be a point lying on the side AC. Denote by E reflection of A into
the line BD, and by F the intersection point of C'E with the perpendicular in D to the
line BC. Prove that AF, DE and BC' are concurrent.

Delta 53. Denote by AA;, BBy, CC1 the altitudes of an acute triangle ABC, where A1,
Bi, C1 lie on the sides BC, C A, and AB, respectively. A circle passing through A; and
Bj touches the arc AB of its circumcircle at C>. The points Ag, By are defined similarly.
1. (Tuymaada Olympiad 2007) Prove that the lines AAs, BB2, CC> are concurrent.
2. (Cosmin Pohoatd, MathLinks Contest 2008, Round 1) Prove that the lines A;As,
B1 B3, C1Cy are concurrent on the Euler line of ABC'.
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4.3. Tossing onto Complex Plane. Here, we discuss some applications of complex numbers
to geometric inequality. Every complex number corresponds to a unique point in the
complex plane. The standard symbol for the set of all complex numbers is C, and we
also refer to the complex plane as C. We can identify the points in the real plane R? as
numbers in C. The main tool is the following fundamental inequality.

Theorem 4.4. (Triangle Inequality) If z1,- -+ , 2z, € C, then |z1|+---+]|zn| > |21+ -+ 2zn].
Proof. Induction on n. O

Theorem 4.5. (Ptolemy’s Inequality) For any points A, B, C, D in the plane, we have
AB-CD+ BC-DA> AC - BD.

Proof. Let a, b, ¢ and 0 be complex numbers that correspond to A, B, C, D in the complex
plane C. It then becomes

la =b|-c| +[b—c|-|a| = [a—c|-[b].
Applying the Triangle Inequality to the identity (a — b)c + (b — ¢)a = (a — ¢)b, we get the
result. g

Remark 4.1. Investigate the equality case in Ptolemy’s Inequality.
Delta 54. [SL 1997 RUS] Let ABCDEF be a convex hezagon such that AB = BC,
CD =DE, EF = FA. Prove that
BC  DE | FA 3
BE DA  FC — 2
When does the equality occur?

Epsilon 52. [TD] Let P be an arbitrary point in the plane of a triangle ABC with the
centroid GG. Show the following inequalities
(1) BC-PB-PC+AB-PA-PB+CA-PC-PA>BC-CA-AB,
(2) PA* . BC + PB*-CA+ PC?- AB > 3PG-BC-CA- AB.
Delta 55. Let H denote the orthocenter of an acute triangle ABC'. Prove the geometric
identity
BC-HB-HC+AB-HA-HB+CA-HC-HA=BC -CA-AB.

Epsilon 53. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let as, ba, c2 denote the sides of the triangle Az BoCs with area Fs.
Then, we have

a12(b22 + e — a22) + 512(022 + a2’ — 522) + 012(a22 +by? — 022) > 16F1 Fo.

Epsilon 54. [SL 2002 KOR] Let ABC be a triangle for which there exists an interior point
F such that ZAFB = /BFC = ZCFA. Let the lines BF and CF meet the sides AC
and AB at D and E, respectively. Prove that AB + AC > 4DE.
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4.4. Generalize Ptolemy’s Theorem! The story begins with three trigonometric proofs of
Ptolemy’s Theorem.

Theorem 4.6. (Ptolemy’s Theorem) Let ABCD be a convex quadrilateral. If ABCD is
cyclic, then we have
AB-CD+ BC-DA = AC - BD.

First Proof. Set AB = a, BC =b,CD = ¢, DA = d. One natural approach is to compute
BD =z and AC = y in terms of a, b, ¢ and d. We apply the Cosine Law to obtain
z? =a®> +d*> — 2ad cos A
and
22 =b% + % — 2bccos D = b* + ¢ + 2bc cos A.
Equating two equations, we meet
a® +d* — 2adcos A = b + ¢* + 2bccos A

or
s VAL
o 2(ad + bc)

It follows that

2 2 2 2
x2:a2+d2—2adcosA:a2—|—d2—2ad(a +td —b c>:(ac+bd)(ab+cd).

2(ad + bc) ad + be
Similarly, we also obtain
o (ac+ bd)(ad + bc)
vo= ab+ cd '
Multiplying these two, we obtain z2y? = (ac+ bd)2 or xy = ac + bd, as desired. O

Second Proof. (Hojoo Lee) As in the classical proof via the inversion, we rewrite it as

AB__BC ___AC
DA-DB ' DB-DC _ DA-DC’

We now trigonometrize each term. Letting R denote the circumradius of ABCD and
noticing that sin(ZADB) = sin (£/DBA+ ZDAB) in triangle DAB, we obtain

AB _ 2R sin(£LADB)
DA-DB _  2Rsin(ZDBA)-2Rsin(ZDAB)

_ sinZDBAcos ZDAB + cos ZDBAsin ZDAB

N 2R sin(£DBA)sin(£DAB)

= % (cot LZDAB + cot ZDBA).
Likewise, we have

BC 1

DBE-DC - 3R (cot ZDBC + cot ZDCB)

and

AC (cot LDAC + cot LDCA) .

DA-DC ~ 2R
Hence, the geometric identity in Ptolemy’s Theorem is equivalent to the cotangent identity

(cot LZDAB + cot ZDBA) + (cot LZDBC + cot ZDCB) = (cot ZDAC + cot ZDCA) .
However, since the convex quadrilateral ABC'D admits a circumcircle, it is clear that
ZDAB+ £/DCB =7, ZDBA = /ZDCA, ZDBC = ZDAC
so that
cot LZDAB + cot ZDCB =0, cot LZDBA = cot LDCA, cot LZDBC = cot LDAC.
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Third Proof. We exploit the Sine Law to convert the geometric identity to the trigono-
metric identity. Let R denote the circumradius of ABCD. We set

ZAOB = 20y, ZBOC = 205, ZCOD = 203, ZDOA = 20,

where O is the center of the circumcircle of ABCD. It’s clear that 61 + 02 + 63 + 04 = 7.
It follows that AB = 2Rsinf;, BC = 2Rsinfz, CD = 2Rsinf3, DA = 2Rsinf,,
AC = 2R sin (01 + 02), AB = 2R sin (02 + 03). Our job is to establish

AB-CD+ BC-DA = AC-BD
or
(2R sin61) (2R sin03) + (2R sinbz) (2R sinfy) = (2R sin (01 + 02)) (2R sin (02 + 63))
or equivalently

sin 61 sin 03 + sin 02 sin 04 = sin (61 + 02) sin (02 + 03) .

We use the well-known identity sin asin 3 = 1 [cos(a — ) — cos(a + ()] to rewrite it as
cos(fy — 03) — cos(61 + 03) n cos(f2 — 04) — cos(f2 + 64)
2 2
_cos(f1 — 03) — cos(61 + 262 + 63)
- 2

or equivalently
—cos(01 + 03) + cos(f2 — 04) — cos(02 + 04) = — cos(01 + 202 + 03).
Since 01 + 62 + 03 + 64 = 7 or since cos(f + 03) + cos(f2 + 04) = 0, it is equivalent to
cos(02 — 04) = — cos(01 + 202 + 03).
However, we employ 61 + 02 + 03 = m — 64 to deduce
cos(01 + 202 + 03) = cos(f2 + 7 — 04) = — cos(02 — 64).
O

When the second author of this weblication was a high school student, one day, he
was trying to device a coordinate proof of Ptolemy’s Theorem. However, we immediately
realize that the direct approach using only the distance formula is hopeless. The geometric
identity reads, in coordinates,

\/{(m —22)? 4+ (1 — v2)?} {(x3 — 24)® + (y3 — ya)°}

@2 = 23) + (92— 9)°} {(2a — 21)° + (s — 1)*}
= \/{(971 —23)? + (g —ys)*} {(m2 — 2)* + (2 —a)* }.

What he realized was that the key point is to find a natural coordinate condition. First,
forget about the destination AB-CD + BC - DA = AC - BD and, instead, find out what
the initial condition that ABCD is cyclic says in coordinates.

Lemma 4.1. Let ABCD be a convex quadrilateral. We toss ABCD on the real plane R?
with the coordinates A (a1, a2), B (bi,b2), C(c1,¢2), D (d1,d2). Then, the necessary and
sufficient condition that ABCD is cyclic is that the following equality holds.

a1? + a2? — (a1b1 + agbe + aic1 + asca — bicy — baca)
biaz + aice + ciba — a1ba — cr1a2 — bica

d1? + d2? — (dib1 + daba + dray + deaz — biar — baas)
b1d2 + d10«2 + a1b2 — d1b2 — aldg — b1a2
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Proof. The quadrilateral ABCD is cyclic if and only if ZBAC = ZBDC, or equivalently
cot (LBAC) = cot (£BDC). It is equivalent to

cos (LBAC) cos(£BDC)

sin (/BAC) ~ sin (£BDC)

or
BA%24AC?-CB? BD?*4+DC?-CB?
2BA-AC _ 2BD-DC
2[ABC] - 2[DBC]
BA-AC BD-DC
or
BA*+ AC®* - CB*>  BD?+ DC?-CB?
2[ABC)| B 2[DBC]

or in coordinates,
a1® + ax® — (a1by + azba + arcr + azca — bicy — baca)
biaz + aica + c1b2 — a1ba — ciaz — bica
di? + d2® — (diby + dobs + dia1 + d2az — bray — baaz)
bids + dias + arbs — dibs — a1d2 — bras '

|

The coordinate condition and its proof is natural. However, something weird happens
here. It does not look like being cyclic in the coordinates . Indeed, when ABCD is a
cyclic quadrilateral, we notice that the same quadrilateral BCDA, CDAB, DABC are
also trivially cyclic. It turns out that the coordinate condition indeed admits a certain
symmetry. Now, it is time to consider the destination

AB-CD+ BC-DA=AC - BD.

As we see above, the direct application of the distance formula gives us a monster identity
with square roots. What we need is a reformulation without square roots. We recall
that Ptolemy’s Theorem is trivialized by the inversive geometry. As in the proof via the
inversion, we rewrite it in the symmetric form
AB BC AC
DA DB " DB-DC ~ DA DC’
Now, we reach the key step. Let R denote the circumcircle of ABCD. The formulas

AB-DA-DB BC-DB-DC CA-DC-DA
allows us to realize that it is equivalent to the geometric identity.
[DAB] [DBC] [DAC]

DA2.DB? ' DB?-DC?  DA?.DC?
or
DC?[DAB] + DA’[DBC) = DB*[DAC].

Summarizing up the result, we have

Lemma 4.2. Let ABCD be a conver and cyclic quadrilateral. Then the following two
geometric identities are equivalent.

(1) AB-CD+ BC-DA=AC-BD.

(2) DC?[DAB)+ DA*[DBC] = DB?*[DAC].

It is awesome. Why? It is because we can express the second condition in the coordi-
nates without the horrible square root! After a long, very long computation by hand, we
can check that

a1” 4 a2® — (a1b1 + a2bs + arcy + azez — bicy — baca)
biaz + ai1c2 + c1ba — ai1ba — craz — bica

di? + d2® — (diby + d2bs + dia1 + d2az — bray — baaz)
bids + dias + arbs — dibs — a1de — bras '
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indeed implies the coordinate condition of the reformulation (2). The brute-force com-
putation will be simplified if we take D (di,d2) = (0,0). However, it is not the end of
the story. Actually, he found a symmetry in the coordinate computation. It leads him to
rediscover The Feuerbach-Luchterhand Theorem, which generalize Ptolemy’s Theorem.

Theorem 4.7. (The Feuerbach-Luchterhand Theorem) Let ABC'D be a convex and cyclic
quadrilateral. For any point O in the plane, we have

0OA?.BC-CD-DB—-0OB?.CD-DA-AB+0OC?.-DA-AB-BD—0D?-AB-BC-CD = 0.

Proof. We toss the picture on the real plane R? with the coordinates
O(Oa 0)5 A (aha‘?) P B (b17 b2) s C (61762) ) D (dla d2) )
Letting R denote the circumcircle of ABC D, it can be rewritten as

, [BCD] ., [CDA] o [DAB] ., [DBC|
OA iR OB ) + OC iR oD iR =0

or
OA?-[BCD] - OB? - [CDA] 4+ OC? - [DAB] — OD* - [ABC] = 0.
We can rewrite this in the coordinates without square roots. Now, after long computation,

we can check, by hand, that it is equivalent to the coordinate condition that ABCD is
cyclic:

a1” 4 a2 — (a1b1 + a2bs + arcy + azez — bici — baca)
biaz + aic2 4+ c1ba — ai1ba — craz — bica

di? + d2? — (diby + d2bs + dia1 + d2az — bray — baaz)
bids + dias + arbs — dibs — a1de — bras '

|

The end? Not yet. It turns out that after throwing out the essential condition that the
quadrilateral is cyclic, we can extend the theorem to arbitrary quadrilaterals!

Theorem 4.8. (Hojoo Lee) For an arbitrary point P in the plane of the convex quadrilateral
A1A2 A3 A4, we obtain

PA?[AA3A3AL] — PAS®[AA3A4AL] + PA3®[AAL AL Ag] — PALS[AAL A A3
_— — _— —
= AjAY - ALAS [ANAA3 AL — AgAy - AgAS [AAL A2 A

After removing the convexity of A; A2A3A4, we get the same result regarding the signed
area of triangle.

Outline of Proof. We toss the figure on the real plane R? and write P(0,0) and A; =
(zi,y:), where 1 <4 < 4. Our task is to check that two matrices

PA?2 PA®2 PA3? PA,?

I = 1 T2 X3 T4
Y1 Y2 Y3 Y4
1 1 1 1
and
A1As - A1As 0 0 AsAy - AsAs
R— 1 T2 T3 T4
Y1 Y2 Y3 Ya
1 1 1 1
have the same determinant. We now invite the readers to find a neat proof, of course
without the brute force expansion of the determinants! O
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Is it a re-discovery again? Is this the end of the story? No. There is no end of
generalizations in Mathematics. The lesson we want to deliver here is simple: Even the
brute-force coordinate proofs offer good motivations. There is no bad proof. We now
present some applications of the The Feuerbach-Luchterhand Theorem.

Corollary 4.2. Let ABCD be a rectangle. For any point P, we have
PA® -~ PB® + PC* - PD* = 0.

Now, let’s see what happens if we apply The Feuerbach-Luchterhand Theorem to a
geometric situation from the triangle geometry. Let ABC' be a triangle with the incenter
I and the circumcenter O. Let BC = a, CA=b, AB =c, s = “*2*¢_ Let R and r denote
the circumradius and inradius, respectively. Let P and @ denote the feet of perpendiculars
from I to the sides CA and CB, respectively. Since ZIPC = 90° = ZIQC, we find that
IQCP is cyclic.

We then apply The Feuerbach-Luchterhand Theorem to the pair (O, IQCP) to deduce
the geometric identity

0=0I°QC -CP-PQ—O0Q>CP-PI-IC+OC?*PI-1Q-QP - OP*IQ-QC-CI.
What does it mean? We observe that, in the isosceles triangles COA and BOC,

OP>=R*— AP.-PC=R’>—(s—a)(s—c),

0Q*=R>-—BQ-QC=R>—(s—b)(s—c).

Now, it becomes

0 = OI*(s—c)? (CI%)—[RQ—(S—I))(S—C)] (s—c)r-IC
+ R*»? (CI%) — [RQ —(s—a)(s—¢)]r(s—c)-CI
0 = 012(5—0)2'ﬁ—[RZ—(S—b)(S—C)} (s=o)r
+ R27‘2~%— [RQ—(s—a)(s—c)] r(s—c).
OI*(s —¢)*- ﬁ =- R; ¥ [2R2 —c(s—0o)](s=c)r
0712:_ Rr? 4R?r o 4Rr(s —c¢) —rc _op
R (sfc)2+c(sfc) ="~ (s —c)%¢ 2

Now, we apply Ptolemy’s Theorem and The Pythagoras Theorem to deduce
2r(s — c) :(JP-JQ+P1.IQ:PQ.CI:CIQ§ = [(s— o) +7%] =

2R
or
4Rr(s—c) =c((s —c)* +7r?)
or
4Rr(s —c) —r’c = (s — ¢)’c
or

4Rr(s —c¢) —rc
(s —¢)2c
It therefore follows that
OI’ = R* - 2rR.
It is the theorem proved first by L. Euler. There are lots of way to establish this. Device

your own proofs! Find other corollaries of The Feuerbach-Luchterhand Theorem. Another
possible generalization of Ptolemy’s relation is Casey’s theorem:
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Theorem 4.9. (Casey’s Theorem) Given four circles C;, i = 1, 2, 3, 4, let t;; be the length
of a common tangent between C; and C;. The four circles are tangent to a fifth circle (or
line) if and only if for an appropriate choice of signs, we have that

t12t34 £ t13tae £ t1ataz = 0.

The most common proof for this result is by making use of inversion. See [RJ]. We
shall omit it here. We now work on the Feuerbach’s celebrated theorem (actually its first
version).

Theorem 4.10. (Feuerbach’s Theorem) The incircle and nine-point circle of a triangle are
tangent to one another.

Why first version? Of course, most of you might know that the nine-point circle is also
tangent to the three excircles of the triangle. Most of the geometry textbooks include this
last remark in the theorem’s statement as well, but this is mostly for sake of completeness,
since the proof is similar with the incenter case.

Proof. Let the sides BC, CA, AB of triangle ABC have midpoints D, E, F respectively,
and let T be the incircle of the triangle. Let a, b, ¢ be the sidelengths of ABC, and let s
be its semiperimeter. We now consider the 4-tuple of circles (D, E, F, T'). Here is what
we find:

tpe = %, tpr = g, ter = g,
tor =5 - -] = 15
tErf‘g—(s—c) :’a;c ,
ter =[5 - (e -a] =[5
We need to check whether, for some combination of +, — signs, we have

+(c(b—a)£a(b—c)£bla—c)=0.

But this is immediate! According to Casey’s theorem there exists a circle what touches
each of D, E, F and T'. Since the circle passing through D, E, F' is the ninepoint circle
of the triangle, it follows that I' and the nine-point circle are tangent to each other. [

We shall see now an interesting particular case of Thebault’s theorem.

Proposition 4.2. (IMO Longlist 1991, proposed by India) Circles I'; and I's are externally
tangent at a point I, and both are enclosed by and tangent to a third circle I'. One
common tangent to 'y and I's meets I' in B and C, while the common tangent at I meets
I'in A on the same side of BC as I. Then, we have that [ is the incenter of triangle ABC'

Proof. Let X, Y be the tangency points of BC' with the circles I'1, and I'e, respectively,
and let x, y be the lengths of the tangents from B and C to I'y and I';. Denote by D
the intersection of Al with the line BC, and let z = AI, u = ID. According to Casey’s
theorem, applied for the two 4-tuples of circles (4, I'1, B, C) and (A, I's, C, B), we
obtain az +bx = c(2u+y) and az + cy = b(2u+ ). Subtracting the second equation from
the first, we obtain that bz — cy = u(c — b), and therefore “+Z = ¢, that is LD _ AB

y+ » DC AC»
which implies that AI bisects ZBAC, and that BD = ;%%.. Adding the two equations
mentioned before, we finally obtain that az = u(b+ c), which rewrites as £ = 48 This
implies that BI bisects ZABC'. Thus, I is the incenter of triangle ABC. g

But can we prove Thebault’s theorem using Casey? S. Gueron [SG] says yes!
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Delta 56. (Thebault [VT]) Through the vertex A of a triangle ABC, a straight line AD
is drawn, cutting the side BC' at D. I is the incenter of triangle ABC, and let P be the
center of the circle which touches DC, DA, and (internally) the circumcircle of ABC, and
let @ be the center of the circle which touches DB, DA, and (internally) the circumcircle
of ABC. Then, the points P, I, QQ are collinear.

Delta 57. (Jean-Pierre Ehrmann and Cosmin Pohoatd, MathLinks Contest 2008) Let P be
an arbitrary point on the side BC' of a given triangle ABC with circumcircle T'. Let 72
be the circle tangent to AP, PB, and internally to I', and let 74 be the circle tangent to

AP, PC, and internally to I. Then, the circles 73 and T are congruent if and only if
AP passes through the Nagel point of triangle ABC.

Delta 58. (Lev Emelyanov [LE]) Let P be a point in the interior of a given triangle ABC.
Denote by Ai, Bi, C1 the intersections of AP, BP, C' P with the sidelines BC', C A, and
AB, respectively (in other words, the triangle A1 B;1C1 is the cevian triangle of P with
respect to ABC'). Construct the three circles (O1), (O2) and (O3) outside the triangle
which are tangent to the sides of ABC at A1, B1, C1, and also tangent to the circumcircle
of ABC'. Then, the circle tangent externally to these three circles is also tangent to teh
incircle of triangle ABC.

It is impossible to be a mathematician without being a poet in soul. - S. Kovalevskaya
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5. THREE TERRIFIC TECHNIQUES (EAT)

A long time ago an older and well-known number theorist made
some disparaging remarks about Paul Erdés's work. You admire
Erdds's contributions to mathematics as much as | do, and |
felt annoyed when the older mathematician flatly and definitively
stated that all of Erd6s’s work could be "reduced” to a few tricks
which Erdés repeatedly relied on in his proofs. What the num-
ber theorist did not realize is that other mathematicians, even
the very best, also rely on a few tricks which they use over and
over. Take Hilbert. The second volume of Hilbert's collected
papers contains Hilbert's papers in invariant theory. | have made
a point of reading some of these papers with care. It is sad
to note that some of Hilbert’s beautiful results have been com-
pletely forgotten. But on reading the proofs of Hilbert's striking
and deep theorems in invariant theory, it was surprising to verify
that Hilbert's proofs relied on the same few tricks. Even Hilbert
had only a few tricks!

- G-C Rota, Ten Lessons | Wish | Had Been Taught

5.1. "T’rigonometric Substitutions. If you are faced with an integral that contains square
root expressions such as

/\/17%2 dx, /\/1+y2 dy, /\/zzfldz
then trigonometric substitutions such as x = sint, y = tant, z = sect are very useful. We
will learn that making a suitable trigonometric substitution simplifies the given inequality.
Epsilon 55. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® 4+ 2)(b° + 2)(¢® +2) > 9(ab + be + ca).

Epsilon 56. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

1 N 1 N 1 N 1 _
14+a*  14b* 14c¢r 14d4

Prove that abed > 3.

Epsilon 57. (Korea 1998) Let z, y, z be the positive reals with z + y + z = xyz. Show
that

1 1 1 3

+ + <5

Vita? T+ y2 V14227 2
. . _ 1 . + ’
Since the function f(t) = i is not concave on R™, we cannot apply Jensen’s

Inequality directly. However, the function f(tan@) is concave on (O7 g) !
Proposition 5.1. In any acute triangle ABC, we have cos A+ cos B + cosC < %
Proof. Since cos x is concave on (O, g), it’s a direct consequence of Jensen’s Inequality. [

We note that the function cosz is not concave on (0,). In fact, it’s convex on (%, ).
One may think that the inequality cos A+cos B+cos C < % doesn’t hold for any triangles.
However, it’s known that it holds for all triangles.

Proposition 5.2. In any triangle ABC, we have

N o

cos A+ cos B + cosC <
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First Proof. It follows from m — C = A + B that
cosC = —cos(A+ B) = —cos Acos B + sin Asin B
or
3 — 2(cos A + cos B + cos C') = (sin A — sin B)® + (cos A + cos B — 1) > 0.
(|

Second Proof. Let BC' = a, CA =0b, AB = c. Use The Cosine Law to rewrite the given
inequality in the terms of a, b, ¢ :
b2+ —a? cz+a2—b2+a2+b2—02<§
2bc 2ca 2ab -2
Clearing denominators, this becomes
3abe > a(b® + & — a®) + b(c® + a® = b*) + c(a® +b* — &),

which is equivalent to abc > (b+c—a)(c+a —b)(a+b—c). O

We remind that the geometric inequality R > 2r is equivalent to the algebraic inequality
abc > (b+c—a)(c+a—>b)(a+b—c). We now find that, in the proof of the above theorem,
abc > (b+c—a)(c+ a—0b)(a+b— c) is equivalent to the trigonometric inequality
cos A+ cos B+ cosC < % One may ask that

in any triangles ABC), is there a natural relation between cos A+ cos B+
cos C' and ?, where R and r are the radii of the circumcircle and incircle
of ABC?

Theorem 5.1. Let R and r denote the radii of the circumcircle and incircle of the triangle
ABC'. Then, we have

cos A + cos B + cosC = 1+%.

Proof. Use the algebraic identity
a(b® + ¢ —a®) + b +a® —b°) + c(a® +b° — ) = 2abc+ (b+c—a)(c+a—b)(a+b—c).
We leave the details for the readers. g

Delta 59. (China 2004) Let ABC be a triangle with BC' = a,CA = b, AB = c. Prove
that, for all x > 0,

1
a” cos A+ b*cos B+ c” cosC < i(ax—kb‘”—i—c‘”).

Delta 60. (a) Let p,q,r be the positive real numbers such that p* + ¢* + 12 4 2pgr = 1.
Show that there exists an acute triangle ABC' such that p = cos A, ¢ = cos B, r = cos C.

(b) Let p,q,7 > 0 with p> + ¢*> + 72 + 2pgr = 1. Show that there are A, B,C € [0, g] with
p=cosA,qgq=cosB,r=cosC, and A+ B+ C =m.

Epsilon 58. (USA 2001) Let a, b, and ¢ be nonnegative real numbers such that a® +b% +
c® 4+ abc = 4. Prove that 0 < ab + bc + ca — abe < 2.

Life is good for only two things, discovering mathematics and teaching mathematics.

- S. Poisson
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5.2. 'A’lgebraic Substitutions. We know that some inequalities in triangle geometry can
be treated by the Ravi substitution and trigonometric substitutions. We can also transform
the given inequalities into easier ones through some clever algebraic substitutions.
Epsilon 59. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a n b n c >1

VaZ+8bc Vb2 +8ca V2 + 8ab
Epsilon 60. [IMO 1995/2 RUS] Let a,b, ¢ be positive numbers such that abc = 1. Prove
that

Lo, 1,1 3
a*(b+c) b (ct+a) cAla+b) ~ 2

Epsilon 61. (Korea 1998) Let z, y, z be the positive reals with  + y + z = zyz. Show
that

1 1 1
+ +
Vita?r  J1+y2 V1422

We now prove a classical theorem in various ways.

<2
-2

Proposition 5.3. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a—|—b -2
Proof 4. After the substitution x =b+c, y=c+a, z=a+ b, it becomes
y+z—xz _ 3 Y+ z
27252 IS
Z_ 2x -2 or Z Tz = 6,
cyclic cyclic

which follows from The AM-GM Inequality as following:

+ z z z x x zZ z T x
Zy—:3+7+7+7+7+y26(g- fffff -74) =6.
T x T Yy Yy 1 z r r Yy y 2z z

ol

cyclic

Proof 5. We make the substitution
a b c

b VT v F T ary
It follows that
a
= S
Z f@) Z a+b+c ’
cyclic cyclic
where f(t) = %th Since f is concave on (0,00), Jensen’s Inequality shows that
1 1 1 T+y+ z)
o < DL e
f(z) 3 3C%Cf(x)—f( 3
Since f is monotone increasing, it implies that
1 <z +y+z
2~ 3

or

N W

a
> bre Ttyutzz

cyclic

Proof 6. As in the previous proof, it suffices to show that

rT+y+z 1
T =—2—">_
3 -2’
where we have
> =1
< 1+
cyclic
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or equivalently,
1 =2zyz+ 2y +yz + 2x.

We apply The AM-GM Inequality to deduce

1=2xyz+axy+yz+ 2z < 27 + 377
It follows that

27°% +37% —1>0
so that
(2T —1)(T+1)*>>0
or
T

IV
N =

Epsilon 62. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
<a—1+l) (b—l—l—l) (C—1+1> <1
b c a

Epsilon 63. Let a, b, ¢ be positive real numbers satisfying a +b+ c = 1. Show that

a b +\/abc<1+3\/§.

a+bc b+ca c+ab— 4
Epsilon 64. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that
1 1 1 1

=1.
1+a4+1+b4+1+c4+1+d4

Prove that abed > 3.

Delta 61. [SL 1993 USA] Prove that
a b c d
bt2c13d  ct2dt3a  dt2a+3b  at2bt3e
for all positive real numbers a, b, c, d.

Epsilon 65. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—&-i-{-% =
2,

5 2
-3

VZtytz>2Ve—1+y—1+vz— 1
Epsilon 66. (Belarus 1998) Prove that, for all a,b,c > 0,
a b ¢ _a+b b+c
24245
b+c+a*b+c+c+a

Delta 62. [IMO 1969 USS] Under the conditions x1,x2 > 0, x1y1 > 212, and Tayz > 22°,
prove the inequality

+1

8 1 1
7 < 5+ 5
(z1+22) (Y1 + y2) — (21 + 22) Ty — 217 T2y — 22
Epsilon 67. [SL 2001 ]| Let z1,- -,z be arbitrary real numbers. Prove the inequality.
x1 Z2 Ln
1+x12+1+x12+x22+ +1+x12+---+xn2<\/ﬁ’

Delta 63. [LL 1987 FRA] Given n real numbers 0 < t; <ty < .- <t, <1, prove that

(1—t2)( h o, W +~~~+L)<1
"IN A= 02)? (1 —te3)? 1—t,n )2 ’
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5.3. 'E’stablishing New Bounds. The following examples give a nice description of the
title of this subsection.

Example 10. Let x,y, z be positive real numbers. Show the cyclic inequality

N

2 2
T y z

+2+

RS

8
< |8
8w

Second Solution. We first use the auxiliary inequality t> > 2t — 1 to deduce
2 2 2

§5+97+57>2771+2g71+2771

Yy

22 x?
It now remains to check that

2 1492¥ 14922 1>T Y2
y z T y oz

or equivalently
Z+¥+izs
y z
However, The AM-GM Inequality shows that

1

3
£+g+323<£.g.3) _3.
y z

Proposition 5.4. (Nesbitt) For all positive real numbers a, b, ¢, we have

a " b n c >§
b+c c+a a+b 2

2
Proof 7. From ( @ — %) > 0, we deduce that

b+c
8a _ q
a >1_b+c _ 8a—b—rc
bte™4 3 +1 4dla+bto)

It follows that

or Z(a%+b§+ %) > 3a %(bJrc)

The AM-GM inequality gives a? +b3 +b2 > azb and a® +cb +c? > 3aZc . Adding

3 a
these two inequalities yields 2 (a% + b2 + c%) > 3a%(b + ¢), as desired. Therefore, we
have
3
a 3 az 3
> — = —
b C72Za%+b%+c% 2

cyclic cyclic

Epsilon 68. Let a, b, ¢ be the lengths of a triangle. Show that

a b c

2.
b+c+c+a+a+b <
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Some cyclic inequalities can be established by finding some clever bounds. Suppose
that we want to establish that
Z F(z,y,2) > C
cyclic
for some given constant C' € R. Whenever we have a function G such that, for all
x,y,z >0,
F(z,y,2) > G(2,y,2)
and
Z G(z,y,z) =C,
cyclic

we then deduce that

Z F(x,y,z) > Z G(z,y,z) =C.

cyclic cyclic

For instance, if a function F' satisfies the inequality

i
F%JZ*
(z,y,2) PR

for all z,y,z > 0, then F obeys the inequality
Z F(z,y,z) > 1.
cyclic
Epsilon 69. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + >1
VaZ +8bc Vb2 +8ca 2+ 8ab

Epsilon 70. [IMO 2005/3 KOR] Let z, y, and z be positive numbers such that xyz > 1.
Prove that

25— 2 ¥ —y? S5 2 -
l‘5+y2+22 y5+22+x2 25+$2+y2_
Epsilon 71. (KMO Weekend Program 2007) Prove that, for all a,b, ¢, x,y,z > 0,

axr_ by L <(a+b+c)(m+y+z)
a+x b+y c+z " a+btctazty+z

Epsilon 72. (USAMO Summer Program 2002) Let a, b, ¢ be positive real numbers. Prove

that
2 \3 2% \3 2 \3
> 3.
(b+c) +(c—i—a) Jr(a—&-b) =3

Epsilon 73. (APMO 2005) Let a, b, ¢ be positive real numbers with abc = 8. Prove that
a? n b2 i A 4
VU+ad) A+ A+ +E) O+ +dd) 3

Delta 64. [SL 1996 SVN] Let a, b, and c be positive real numbers such that abc = 1. Prove
that

ab n be n ca <1
ad+b+ab V5+S+bec S+ad+ca T
Delta 65. [SL 1971 YUG] Prove the inequality

ar+a3z  az+as  az+ax a4+a2>4
ar+a2 az+az az+as  ast+ar

where a1, a2, as,as > 0.

There is a simple way to find new bounds for given differentiable functions. We begin
to show that every supporting lines are tangent lines in the following sense.
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Proposition 5.5. (The Characterization of Supporting Lines) Let f be a real valued function.
Let m,n € R. Suppose that
f(a) = ma + n for some o € R,

( )
(2) f(z) > mz 4+ n for all z in some interval (e, €2) including «, and
(3) f is differentiable at a.

Then, the supporting line y = max + n of f is the tangent line of f at x = a.

Proof. Let us define a function F : (e1,e2) — R by F(z) = f(z) — ma — n for all
x € (e1,€2). Then, F is differentiable at o and we obtain F'(a) = f'(a) — m. By the
assumption (1) and (2), we see that F' has a local minimum at «. So, the first derivative
theorem for local extreme values implies that 0 = F'(a) = f'(a)—m so that m = f’'(a) and
that n = f(a) —ma = f(a)— f'(a)a. It follows that y = mz+n = f'(a)(z—a)+f(a). O

Proposition 5.6. (Nesbitt) For all positive real numbers a, b, ¢, we have
a n b c S §
b+c c+a a+b— 2

Proof 9. We may normalize to a + b+ ¢ = 1. Note that 0 < a,b,c < 1. The problem is
now to prove

3
> —
> f@)=3
cyclic
or
F@+ 10 + ) | (1)
3 3
where where f(x) = $%=. The equation of the tangent line of f at x = % is given by
Yy = %. We claim that the inequality
9z — 1
>
f) = 2

holds for all x € (0,1). However, it immediately follows from the equality

9r—1  (3z—1)°
F@) === =Ja="

Now, we conclude that

9a —1 3
Z1ia22a 4Z T4

cyclic cyclic cyclic

The above argument can be generalized. If a function f has a supporting line at some
point on the graph of f, then f satisfies Jensen’s Inequality in the following sense.

Theorem 5.2. (Supporting Line Inequality) Let f : [a,b] — R be a function. Suppose that
a € [a,b] and m € R satisfy

fl@)>m(z—a)+ f(a)

for all z € [a,b]. Let wy,- -+ ,wp > 0 with wy +---+w, = 1. Then, the following inequality
holds
wlf(xl) + - +an(xn) > f(a)
for all z1,--- ,zn € [a,b] such that & = wy1z1 + -+ - + wpy. In particular, we obtain
fla)+ 4 flzn) (%),
n n
where z1,- -+ ,z, € [a,b] with 1 + -+ - + x,, = s for some s € [na, nb].
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Proof.

Wlf(xl) + 4+ an(xn)

wim(z1 —a) + fla)] + -+ +wilm(zn — o) + fa)]
= fla).

Y

d

We can apply the supporting line inequality to deduce Jensen’s inequality for differen-
tiable functions.

Lemma 5.1. Let f : (a,b) — R be a convex function which is differentiable twice on (a,b).
Let y = lo(x) be the tangent line at o € (a,b). Then, f(z) > lo(z) for all z € (a,b). So,
the convex function f admits the supporting lines.

Proof. Let o € (a,b). We want to show that the tangent line y = lo(z) = f'(a)(z —
a) + f(a) is the supporting line of f at * = « such that f(z) > lo(z) for all z € (a,b).
However, by Taylor’s Theorem, we can find a real number 6, between « and x such that

"
0z
f#) = @) + /(@) —0) + TP - a)? > f(0) 4 /(@) — 0).
O
Theorem 5.3. (The Weighted Jensen's Inequality) Let f : [a,b] — R be a continuous
convex function which is differentiable twice on (a,b). Let wi, -+ ,wn > 0 with wi +-- -+
wn = 1. For all 1, ,z, € [a,b],

Wlf(xl)+"'+wnf($n)2f(w1 x1+ -+ wn xn).

First Proof. By the continuity of f, we may assume that zi,---,z, € (a,b). Now, let
Uw=wi 1+ -+ wpn Tn. Then, p € (a,b). By the above lemma, f has the tangent line
y=1.(z) = f'(u)(x—p)+ f(p) at x = p satisfying f(x) > I, (z) for all z € (a,b). Hence,
the supporting line inequality shows that
wif(@) + - +wnf(@n) Zwrf(p) + -+ wnf(p) = fp) = flwr 21+ + wn o).
a

Non-convex functions can be convex locally and have supporting lines at some points.
This means that the supporting line inequality is a powerful tool because we can also
produce Jensen-type inequalities for non-convex functions.

Epsilon 74. (Titu Andreescu, Gabriel Dospinescu) Let z, y, and z be real numbers such
that z,y,2 <1 and z + y + z = 1. Prove that
LS S SR
1+22  1+4+9y2 1422~ 10

Epsilon 75. (Japan 1997) Let a, b, and ¢ be positive real numbers. Prove that
(b+c—a)? (c+ a—b)? (a+b—c)? 3
(b+c)2+a®  (c+a)2+b>  (a+b2+c2~ 5

Any good idea can be stated in fifty words or less. - S. Ulam

479



6. HOMOGENIZATIONS AND NORMALIZATIONS

Mathematicians do not study objects, but relations between ob-
jects.
- H. Poincaré

6.1. Homogenizations. Many inequality problems come with constraints such as ab = 1,
zyz = 1, z +y+ z = 1. A non-homogeneous symmetric inequality can be transformed
into a homogeneous one. Then we apply two powerful theorems: Schur’s Inequality and
Muirhead’s Theorem. We begin with a simple example.

Example 11. (Hungary, 1996) Let a and b be positive real numbers with a +b = 1. Prove
that ) ,
a LA
a+1 b+173

Solution. Using the condition a+b = 1, we can reduce the given inequality to homogeneous

one:
2 62

BRCEDICESCED)]

a+b)(a+ (a+b)

1

- <

37 (
or

a’b+ab® < a® + b37
which follows from
(a® +b%) — (a®b + ab®) = (a — b)*(a + b) > 0.

The equality holds if and only if a = b = % O
Theorem 6.1. Let ai1,az,b1,bs be positive real numbers such that a1 + az = b1 + b2 and

mazx (a1, a2) > max(by,bz). Let x and y be nonnegative real numbers. Then, we have

b1

malyag +xa2ya1 > ybz +.Z‘b2yb1.

Proof. Without loss of generality, we can assume that a1 > a2,b1 > b2,a1 > b1. If x or
y is zero, then it clearly holds. So, we assume that both = and y are nonzero. It follows
from a1 + a2 = b1 + b2 that a1 — a2z = (b1 — a2) + (b2 — a2). It’s easy to check
l‘alya2 + x‘”y‘” _ 1,171 ybz _ :Eb2yb1
_ xa2ya2 (ma1*a2 + ya1*a2 _ mb1*a2y52*a2 _ xb2fa2yb1*a2)
_ an yag (xbl—ag _ ybl—a2> (be—G,Q _ be—GQ)
1

= o (xbl — ybl) (xb2 - be) > 0.
Yy

Remark 6.1. When does the equality hold in the above theorem?

We now introduce two summation notations. Let P(z,y, z) be a three variables function
of x, y, z. Let us define

Z P(x,y, 2:) = P(x,y, Z) + P(y7 Z,:C) + P(Z,:C,y)

cyclic
and
S P(@,y,2) = Pla,y,2) + Pla, 2,y) + Ply 2, 2) + Py, 2,3) + Pz, 0,y) + Plz,y,0).
sym
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Here, we have some examples:

Z 2y =2y + Pz + 2P, Zx?’ =2(z® +¢* + %),
cyclic sym
Z I2y = m2y + 2z + y22 + y2x + 2’z + zzy, Z ryz = 6xyz
sym sym
Example 12. Let x,y, z be positive real numbers. Show the cyclic inequality
2 2 2
T z x z
*2+y*2+*22*+g+*.
y z x y oz T

Third Solution. We break the homogeneity. After the substitution a = %, b=%c=2Zit
becomes
A+ +>a+b+e
Using the constraint abc = 1, we now impose the homogeneity to this as follows:
a4+ > (abc)% (a+b+c).
After setting a = 23,b = 3%, ¢ = 2% with z,y, z > 0, it then becomes
2% + y6 +2° > x4yz + my4z + myz4.
We now deduce

Zx6: Z 1,6;_y62 ZM: Zm4<y2;Z2)2 21‘4’!/2.

cyclic cyclic cyclic cyclic cyclic

d
Epsilon 76. [IMO 1984 /1 FRG] Let x,y, z be nonnegative real numbers such that x+y—+z =

1. Prove that

0<2y+yz+zx —2zyz < 2—77

Epsilon 77. [LL 1992 UNK] (Iran 1998) Prove that, for all ,y, z > 1 such that 1+ 141 =
2,

Vity+tz>Ve—1+y—1+vz— 1
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6.2. Schur and Muirhead.
Theorem 6.2. (Schur’s Inequality) Let x,y, z be nonnegative real numbers. For any r > 0,
we have

Z ' (z—y)(lx—z)>0.

cyclic

Proof. Since the inequality is symmetric in the three variables, we may assume without
loss of generality that x > y > z. Then the given inequality may be rewritten as

(@—yl"(z—2) -y y—2)]+2"(@—2)(y—2) 20,
and every term on the left-hand side is clearly nonnegative. O
Remark 6.2. When does the equality hold in Schur’s Inequality?
Delta 66. Disprove the following proposition: for all a,b,c,d > 0 and r > 0, we have
a”"(a—b)(a—c)(a—d)+b" (b—c)(b—d)(b—a)+c" (c—a)(c—c)(a—d)+d" (d—a)(d—b)(d—c) > 0.
Delta 67. [LL 1971 HUN] Let a,b,c,d, e be real numbers. Prove the expression
(a=b)(a—c)(a—d)(a—e)+(b—a)(b—c)(b—d)(b—¢)
+ (c—a)(c=b)(c—d)(c—e)+(d—a)(d—>b)(d—c)(a—e)
+ (e—a)(e=b)(e—c)(e—d)
18 nonnegative.

The following special case of Schur’s Inequality is useful:
Z z(z—y)(zr—2) >0 & 3zyz+ Z z® > Zny & nyz—i—ZxS > Qszy.
cyclic cyclic sym sym sym sym
Epsilon 78. Let z,y, z be nonnegative real numbers. Then, we have

3
2

Sayz+a +yP +2°2>2 ((my)% + (yz)% + (z7) ) .
Epsilon 79. Lett € (0,3]. For all a,b,c > 0, we have
B—t)+tabo) + > a®>2 " ab.

cyclic cyclic

Epsilon 80. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® 4+ 2)(b° + 2)(¢® +2) > 9(ab + be + ca).
Epsilon 81. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
(a—l—&-l) <b—1—|—1> (c—l—i—l) <1
b c a

Epsilon 82. (Tournament of Towns 1997) Let a, b, ¢ be positive numbers such that abc = 1.

Prove that
1 n 1 n 1 <1
a+b+1 b+c+1 c+a+1—

Delta 68. [TZ, p.142] Prove that for any acute triangle ABC,
cot® A + cot® B 4 cot® C + 6 cot A cot Bcot C' > cot A+ cot B + cot C.

Delta 69. [IN, p.103] Let a, b, ¢ be the lengths of a triangle. Prove that
a®b+ a’c+ b2c+ b2a + Fa+ b > a® + b° + A + 2abe.
Delta 70. (Surdnyi's Inequality) Show that, for all z1,--- ,2, > 0,
(n—1)(x1" 4 x,") + n1 -z > (x1 + -+ T5) (xln_l _A'_...xn"_l)_
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Epsilon 83. (Muirhead's Theorem) Let a1, az, as, b1, bz, bs be non-negative real numbers
such that

a1 > a2 > as, by > b2 > b3, a1 > b1, a1 + a2 > b1 +ba, a1 + a2+ a3z = by + bz + bs.

(In this case, we say that the vector a = (a1, a2, asz) majorizes the vector b = (b1, ba, b3)
and write a > b.) For all positive real numbers z,y, z, we have

by, ba b
E xalytleaBZE aP1yb2 23,
sym sym

Remark 6.3. The equality holds if and only if x = y = z. However, if we allow z = 0
ory =0 or z = 0, then one may easily check that the equality holds (after assuming
ai,az2,a3 >0 and bi,b2,bz > 0) if and only if

r=y=zo0r =y, 2=0o0r y=z, =0 o0r z=2, y=0.
We can apply Muirhead’s Theorem to establish Nesbitt’s Inequality.
Proposition 6.1. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a+b -2
Proof 10. Clearing the denominators of the inequality, it becomes

2> ala+b)(a+c)>3(a+b)(b+c)(cta)

cyclic

or

ZaS > Zazb.

sym sym

Epsilon 84. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove

that
1 1 1 3

> —.
B+ Blera)  Batbh) =2
Epsilon 85. (Iran 1996) Let z,y, z be positive real numbers. Prove that

1 1 1 9
wutvet o (et et ) 24

Epsilon 86. Let z,y, z be nonnegative real numbers with xy + yz + zz = 1. Prove that
1 1 1 > §
r+y y+z z+x 2

Epsilon 87. [SC] If ma,ms,m. are medians and 74,7s,r the exradii of a triangle, prove
that

> 3.
MaMp mMpMe McMa

TaTh TvTe Tcla
+ +

We now offer a criterion for the homogeneous symmetric polynomial inequalities with
degree 3. It is a direct consequence of Schur’s Inequality and Muirhead’s Theorem.

Epsilon 88. Let P(u,v,w) € Rlu, v, w] be a homogeneous symmetric polynomial with degree
3. Then the following two statements are equivalent.

(a) P(1,1,1), P(1,1,0), P(1,0,0) > 0.
(b) P(z,y,z) >0 for all x,y,z > 0.

Example 13. [IMO 1984/1 FRG] Let x,y,z be nonnegative real numbers such that x +
y+ z = 1. Prove that

0<zy+yz+z2zx—2zyz < 2—77
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Solution. Using x 4+ y + z = 1, we convert the given inequality to the equivalent form:

7
0< (zy+yz+za)(z+y+2)—22yz < —(z+y+2)>

27(
Let us define L£(u,v,w), R(u,v,w) € Rlu, v, w] by
L(u,v,w) = (vv + vw + wu)(u + v + w) — 2uvw,

277(u—|—v—|—w) — (wv +vw + wu)(u + v+ w) + 2uvw.

However, one may easily check that

£(1,1,1) =7, £(1,1,0) =2, £(1,0,0) =0,
i
27"

R(u,v,w) =

R(1,1,1) =0, R(1,1,0) = R(1,0,0) =

ﬁ7
a
In other words, we don’t need to employ Schur’s Inequality and Muirhead’s Theorem

to get a straightforward result.

Delta 71. (M. S. Klamkin) Determine the maximum and minimum values of
22+ y% + 2% + Azyz
where x +y +2 =1, x,y,2 > 0, and A is a given constant.

Delta 72. (W. Janous) Let z,y,z > 0 with  + y + z = 1. For fixed real numbers a > 0
and b, determine the maximum ¢ = ¢(a, b) such that

a+bzyz > c(zvy + yz + zz).
As a corollary of the above criterion, we obtain the following proposition for homoge-

neous symmetric polynomial inequalities for the triangles :

Theorem 6.3. (K. B. Stolarsky) Let P(u,v,w) be a real symmetric form of degree 3. If
we have

P(1,1,1), P(1,1,0), P(2,1,1) >0,
then P(a,b,c) > 0, where a,b, ¢ are the lengths of the sides of a triangle.

Proof. Employ The Ravi Substitution together with the above crieterion. We leave the
details for the readers. For an alternative proof, see [KS]. d

Delta 73. (China 2007) Let a, b, ¢ be the lengths of a triangle with a+b+c¢ = 3. Determine

the minimum value of
4abc

A+ + 7+

As noted in [KS], applying Stolarsky’s Cr1eter10n, we obtain various cubic inequalities
in triangle geometry.

Example 14. Let a, b, c be the lengths of the sides of a triangle. Let s be the semiperimeter
of the triangle. Then, the following inequalities holds.

(a) 4(ab+ be + ca) > (a+b+c)*> > 3(ab+ be + ca)

(b) [DM] a® + % +c* > 32 (s* + %)

(c) [AP] abc > 8(s —a)(s —b)(s —¢)

(d) [EC] 8abe > (a+b)(b+ ¢)(c+ a)

(e) [AP] 8(a® +b° + ¢* )2 3(a+b)(b+o)cta)

(f) [MC] 2(a + b+ ¢)(a® +b2+c)>3(a + 0% + ¢® + 3abc)
() §abc>a(S—a)+b2(s—b)+c(s—c)>abc
E};)b )+ca(c+ )+ab(a+b)248(sfa)(sfb)(sfc)
1 s— b+ c—?

(0) [AN, MP]2>M+CL+& 523
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9 s+a s+b s+c 15
(k)§> b+c+c+a+a+bzr

(1) [SR1] 5[ab(a + b) + be(b + ¢) + calc + a)] — 3abe > (a + b+ c)®

Proof. We only check the left hand side inequality in (j). One may easily check that it is
equivalent to the cubic inequality T (a,b,c) > 0, where

b+c c+a a+b

Since 7(1,1,1) = 4, 7(1,1,0) = 0, and T (2,1,1) = 6, the result follows from Stolarsky’s
Criterion. For alternative proofs, see [BDJMV]. g

T(a,b,c):2(a+b)(b+c)(c+a)—(a+b)(b+c)(c+a)( @, b 4 c )
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6.3. Normalizations. In the previous subsections, we transformed non-homogeneous in-
equalities into homogeneous ones. On the other hand, homogeneous inequalities also can
be normalized in various ways. We offer two alternative solutions of the problem 8 by
normalizations :
Epsilon 89. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + =z
Va2 +8bc Vb2 +8ca V2 + 8ab
Epsilon 90. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that

a’b(a —b) 4+ b*c(b — ¢) + Ca(c — a) > 0.
Epsilon 91. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,
V(a2b+ b2c + c2a) (ab? + be2 + ca?) > abe + ¥/ (a® + abe) (b3 + abe) (¢3 + abe)

Epsilon 92. [IMO 1999/2 POL] Let n be an integer with n > 2. (a) Determine the least
constant C' such that the inequality

Z zixy(xf +:vj) <C Z T

1<i<j<n 1<i<n

4

holds for all real numbers x1,--- ,xn > 0.
(b) For this constant C, determine when equality holds.

Delta 74. [SL 1991 POL] Let n be a given integer with n > 2. Find the mazimum value
of
Z zizj(z; + x5),
1<i<j<n
where x1, -+ ,xn >0 and x1 +---+x, = 1.

We close this subsection with another proofs of Nesbitt’s Inequality.

Proposition 6.2. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+a+b -2
Proof 11. We may normalize to a + b+ ¢ = 1. Note that 0 < a,b,c < 1. The problem is
now to prove

= Z fla) > g, where f(z) = lfx’

cycllc cyclic

Since f is convez on (0, 1), Jensen’s Inequality shows that
1 a+b+c 1 3
ng(a)Zf<73 )If(*)zf or Zf 5
cyclic cyclic

Proof 12. (Cao Minh Quang) Assume that a + b+ ¢ = 1. Note that ab + bc + ca <
fa+b+c)? = % More strongly, we establish that

a b c 9

> Z

b+c+c+a+a+b_3 2

< a +9a(b+c)>+( b +9b(c+a)>+( c +9c(a+b)>23,

b+c 4 c+a 4 a+b 4
The AM-GM inequality shows that

9 b+ b—|—
Zb+c+ “t Z b+c . Z3a—3

cyclic cyclic cyclic

(ab + bc + ca)

or
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6.4. Cauchy-Schwarz and Holder. We begin with the following famous theorem:

Theorem 6.4. (The Cauchy-Schwarz Inequality) Whenever ay,- - ,an, b1, ,bn € R, we
have

(CL12 + -+ an2)(b12 + -+ bn2) 2 (albl + -+ anbn)2~

First Proof. Let A = Vai2+-- 4+ an2 and B = /b2 +---+b,2. In the case when
A =0, we get a1 = --- = an, = 0. Thus, the given inequality clearly holds. From now on,
we assume that A, B > 0. Since the inequality is homogeneous, we may normalize to

l=a’ 4+ 4an” =b" +-- +b,°
‘We now need to to show that
laibr + -+ + anbn| < 1.

Indeed, we deduce

2 2 2 2
b n b’rL
@by - nba] < Jasba| o+ lanba] € ET o BT
O
Second Proof. It immediately follows from The Lagrange Identity:
n n n 2
(Z#) (Zbi2> - (Z aibi) = > (aibj—a;b)’.
i=1 i=1 i=1 1<i<j<n
O

Delta 75. [IMO 2003/5 IRL] Let n be a positive integer and let ©1 < -+ < z, be real
numbers. Prove that

2
2(n?-1
> fws -yl S% > (wi—a)?.
1<i,5<n 1<i,5<n

Show that the equality holds if and only if x1,--- ,x, is an arithmetic progression.

Delta 76. (Darij Grinberg) Suppose that 0 < a1 <--- < an and 0 < by < --- < by, be real
numbers. Show that

HEe) (2] - (50 (5) - (5)

Delta 77. [LL 1971 AUT] Let a,b, c be positive real numbers, 0 < a < b < c. Prove that
for any z,y,z > 0 the following inequality holds:

(a+c)? 2 T Yy oz
a2re > S4d4 ).
Toc (x+y+2) _(ax+by+cz)(a+b+c)

Delta 78. [LL 1987 AUS] Let a1, a2, as,bi, bz, bs be positive real numbers. Prove that
(a1b2 + a1bs + az2b1 + a2bs + aszbs + a3b2)2 >4 (a1a2 + azas + aza1) (biba + babs + bsb1)

and show that the two sides of the inequality are equal if and only if % = Z—; = Z—z’

Delta 79. [PF] Let a1, -+ ,an,b1, -+ ,bn, € R. Suppose that z € [0,1]. Show that

2

<zn: (Li2 +2xZaiaj) <Zn:bz2 +2$szb]> > Zn:azbz —&—xZaibj
i=1 i=1 i=1

i<j i<j i<j
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Delta 80. Let ai, - ,an,b1, - ,b, be positive real numbers. Show that

()\/(a1+ +an)(b1+ bn) > Vaibi + -+ + Vanbn,
(2) 5 B TR S .
(3) % b“ _m(§;+m+‘;—:) :
o

Delta 81. [SL 1993 USA] Prove that

b d 2
¢ 4 T > 2

b+2c+3d c+2d+3a d+2a+3b a+2b+3c 3
for all positive real numbers a, b, c, d.

Epsilon 93. (APMO 1991) Let a1, ,Gn, b1, - ,bn be positive real numbers such that
ar+--+an=0by +---+b,. Show that

2 2
ai an ai+ -+ an
> .
a1+b1+ +an+bn_ 2
Epsilon 94. Let a,b > 0 with a +b = 1. Prove that
vVaz+b++vVa+b++vV1+ab<3.

Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).

Epsilon 95. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that + + =
2,

VIty+z2Ve—1+y—1+vz— 1
We now apply The Cauchy-Schwarz Inequality to prove Nesbitt’s Inequality.
Proposition 6.3. (Nesbitt) For all positive real numbers a, b, ¢, we have
a b c 3
> —.
b+c+c+a+ a+b— 2
Proof 13. Applying The Cauchy-Schwarz Inequality, we have

((b+c)+(c+a)+(a+b))<bic+cia+aib> > 32,

It follows that

at+b+c a+b+c a—|—b—|—c> 9

b+c c+a a+b T2
or
3
Xty

Proof 14. The Cauchy-Schwarz Inequality yields

> Y abtaz (Y

cycllc cychc cyclic

or

Z +b—|—c)2 >§
b+c = ab+bc+ca) =2

cyclic

Epsilon 96. (Gazeta Matematic3) Prove that, for all a,b,c > 0,
\/a4 + a?b? + b4+\/b4 + b2¢2 + c4+\/c4 + c2a? 4+ a* > a\/2a2 + bc—l—b\/Zb2 + ca+0\/202 + ab.
Epsilon 97. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,

V(a2b 4 b2c + c2a) (ab? + be2 + ca?) > abe + ¥/(a® + abe) (b3 + abe) (¢3 + abe)
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Epsilon 98. (Andrei Ciupan) Let a, b, ¢ be positive real numbers such that
1 1 1
>1
a+b+1 + b+c+1 + ct+a+1~

Show that a + b+ ¢ > ab + bc + ca.

We now illustrate normalization techniques to establish classical theorems. Using the
same idea in the proof of The Cauchy-Schwarz Inequality, we find a natural generalization

Theorem 6.5. Let aij(i,j =1, - ,n) be positive real numbers. Then, we have

(a1 + -+ an") (@t Fann’) > (@11021 - ap1 + 0+ A1nG2n - Qnn)"

Proof. The inequality is homogeneous. We make the normalizations:

3=

(@an™+--+am™)» =1

or
an” 4+ +amn” =1,
for all i = 1,--- ,n. Then, the inequality takes the form

(11021 Anl + -+ A1nG2n  Gnn < 1

or
n
Zail"'ain <1
i=1
Hence, it suffices to show that, for all i =1,--- ,n,

1
ai1 - Gin < —
n

where a;1™ + -+ -+ ain” = 1. To finish the proof, it remains to show the following homo-
geneous inequality. O

Theorem 6.6. (The AM-GM Inequality) Let a1, - ,an be positive real numbers. Then,
we have
ar+---+an
n

> Yai---an.

Proof. Since it’s homogeneous, we may rescale ai,---,a, so that a;---a, = 1. * We
want to show that

ar-rapn=1 = a1+---+an >n.
The proof is by induction on n. If n = 1, it’s trivial. If n = 2, then we get a1 +a2—2 = a1+
az —2y/araz = (Va1 — \/CTQ)2 > 0. Now, we assume that it holds for some positive integer
n > 2. And let a1, -+, an+1 be positive numbers such that a1 ---anan+1=1. We may
assume that a1 > 1 > az. (Why?) It follows that a1a2+1—a1 —a2 = (a1 —1)(a2—1) <0
so that aiaz +1 < a1 + a2. Since (a1a2)as---a, = 1, by the induction hypothesis, we
have

aiaz +az+ -+ any1 2 n.
It follows that a1 + a2 —14+as+ -+ ant1 > n. O

14Get 2, = —%  (i=1,---,n). Then, we get x1 - - -z, = 1 and it becomes x1+- - -+zp >
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We now make simple observation. Let a,b > 0 and m,n € N. Take x1 =--- =z, =a
and Tm+1 = -+ = Zz,,,, = b. Applying the AM-GM inequality to x1,--- , Tm+n > 0, we
obtain

Mz(ambn)ﬁ or — 2 a4 p>antnbmin,
m-+n m-+n m-+n
Hence, for all positive rational numbers w1 and w2 with wi + w2 =1, we get

wia+wsb>a“th 2.
We now immediately have

Theorem 6.7. Let w1, w2 > 0 with w1 + w2 = 1. For all xz, y > 0, we have

w1 THwry >T Yy 2,
Proof. We can choose a sequence a1, az,as, -+ € (0,1) of rational numbers such that
lim a, = w1.
n— oo
Set b; = 1 — a;, where ¢ € N. Then, b1,b2,b3,--- € (0, 1) is a sequence of rational numbers

with

lim b, = w>.
n— o0

From the previous observation, we have an & + b, y > z%y’". By taking the limits to
both sides, we get the result. O

We can extend the above arguments to the n-variables.

Theorem 6.8. (The Weighted AM-GM Inequality) Let w1, - -+ ,wyn > 0 with wi+- - -+wn = 1.
For all z1,--- ,z, > 0, we have

1, wn

w
w1 T1 4t wn Tn > 21 © T

Since we now get the weighted version of The AM-GM Inequality, we establish weighted
version of The Cauchy-Schwarz Inequality.

Epsilon 99. (Hdlder's Inequality) Let z;; (i = 1,--- ,m,j = 1,---n) be positive real num-
bers. Suppose that wi,--- ,w, are positive real numbers satisfying wi + -+ + w, = 1.
Then, we have
n m wj m n
[(3) =3 (11 )
j=1 \i=1 i=1 \j=1

My brain is open. - P. Erdés
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7. CONVEXITY AND ITS APPLICATIONS

The art of doing mathematics consists in finding that special case
which contains all the germs of generality.
- D. Hilbert

7.1. Jensen’s Inequality. In the previous section, we deduced the weighted AM-GM in-
equality from The AM-GM Inequality. We use the same idea to study the following
functional inequalities.

Epsilon 100. Let f : [a,b] — R be a continuous function. Then, the followings are
equivalent.

(1) For all n € N, the following inequality holds.
wif(z1) + -+ wnf(zn) > flwrz1 4+ + wn xn)

forallzi, -+ ,zn € [a,b] and w1, -+ ,wn >0 with w1 + -+ - +wp = 1.
(2) For all n € N, the following inequality holds.

rif(x) 4+ 4 rafl@n) > frizi+- -+ 70 zn)

for all z1,--- ,xn € [a,b] and 71, ;70 € QT with 71 + -+ + 7, = L.
(3) For all N € N, the following inequality holds.

f(yl)Jr']'\}Jrf(yN) 2f(yl+“]\']+ yN)
for all yi,--- ,yn € [a,b].
(4) For all k € {0,1,2,---}, the following inequality holds.
flyn) + -+ f(yor) Y+t Yok
w2 ()

fO’I" ally17”' 7y2 [
(5) We have % f(z) +
(6) We have )\f( )+
and X € (0,1).

% fy) > f(EY) for all z,y € [a,b].
(1=Nfy) = f Qe+ (1= N)y) for all z,y € [a,b]

Definition 7.1. A real valued function f : [a,b] — R is said to be convez if the inequality
AM(@)+ (1 =XNf(y) = fz+ (1= N)y)
holds for all x,y € [a,b] and X € (0,1).
The above proposition says that

Corollary 7.1. (Jensen's Inequality) If f : [a,b] — R is a continuous convex function, then
for all z1,--- ,zn € [a,b], we have

fla) -t fan) o

Delta 82. [SL 1998 AUS] Let r1,--- ,rn be real numbers greater than or equal to 1. Prove
that

(m1+...

n+xn>’

1 1

ri+1 rn+1 m—&-l

Corollary 7.2. (The Weighted Jensen's Inequality) Let f : [a,b] — R be a continuous
convex function. Let w1, ,wn, > 0 with wi + -+ + w, = 1. For all z1,--+ ,z, € [a,b],
we have

wif(x1)+ -t wnf(zn) > flwr 14+ +wn Tn).
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In fact, we can almost drop the continuity of f. As an exercise, show that every convex
function on [a, b] is continuous on (a, b). Hence, every convex function on R is continuous
on R.

Corollary 7.3. (The Convexity Criterion ) If a continuous function f : [a,b] — R satisfies
the midpoint convexity

f(@) + f(y) T+y
>
2 = ( 2 )
for all z,y € [a, ], then the function f is convex on [a, b].

Delta 83. (The Convexity Criterion Il) Let f : [a,b] — R be a continuous function which
are differentiable twice in (a,b). Show that (1) f”(z) > 0 for all = € (a,b) if and only if
(2) f is convex on (a,b).

We now present an inductive proof of The Weighted Jensen’s Inequality. It turns out
that we can completely drop the continuity of f.

Third Proof. It clearly holds for n = 1,2. We now assume that it holds for some n € N.
Let x1, -+ ,Zn,Tnt1 € [a,b] and w1, -+ ,wny1 > 0 with w1 4+ -+ + wpy1 = 1. Since we

have the equality
w1 Wn

—t it — =1,
1 — Wn+1 1—wn+1
by the induction hypothesis, we obtain
wlf($1)+"'+wn+1f(mn+l)
= (A —wnn) (oo f@) + o = f (@) )+ wnif (@)
- n+1 17(4.),14,1 1 17(4.),14,1 n n+1 n+1
w1 wn,
> (1—w, L ey ; .
> w+1)f<1_Wn+1x1+ +1_wn+lm)+w +1f(®nt1)

Y

w Wn
f ((1 — Wnt1) {;xl 4+ 4+ 7334 + wn+1xn+1)
1 — Wnt1 1 —wpt1

= flwiz1+ -+ wnt1Tnt1)-

492



7.2. Power Mean Inequality. The notion of convexity is one of the most important con-
cepts in analysis. Jensen’s Inequality is the most powerful tool in theory of inequalities.
We begin with a convexity proof of The Weighted AM-GM Inequality.

Theorem 7.1. (The Weighted AM-GM Inequality) Let wi, -+ ,wn > 0withwi+-- 4w, = 1.
For all 21, ,z, > 0, we have

1 Wn,

w
w11+t wn Ty > X1 o Tn

Proof. 1t is a straightforward consequence of the concavity of Inx. Indeed, The Weighted
Jensen’s Inequality shows that

In(wi z1 4+ wn Tn) > wiln(z1) + - + wp In(zn) = In(z1 “* - 2y 7).

d

The Power Mean Inequality can be proved by exploiting Jensen’s inequality in two
ways. We begin with two simple lemmas.

Lemma 7.1. Let a, b, and c be positive real numbers. Let
f(z) = In (M)
3
for all x € R. Then, we obtain f(0) =In Vabc.

Proof. We compute

f/(x) _a”lna+b"Inb+c"Inc
o a® + b* 4 ¢ '
It follows that
f/(O) _ lna+h;b+lnc — 10 Vabe.

d

Lemma 7.2. Let f : R — R be a continuous function. Suppose that f is monotone
increasing on (0,00) and monotone increasing on (—oo,0). Then, the function f is mono-
tone increasing on R.

Proof. We first show that f is monotone increasing on [0,00). By the hypothesis, it
remains to show that f(z) > f(0) for all z > 0. For all € € (0,z), we have f(z) > f(e).
Since f is continuous at 0, we obtain

f(a) > lim () = F(0).

Similarly, we find that f is monotone increasing on (—oo,0]. We now show that f is
monotone increasing on R. Let x and y be real numbers with > y. We want to show
that f(z) > f(y). In case 0 € (z,y), we get the result by the hypothesis. In case x > 0 > y,
it follows that f(x) > f(0) > f(y). O

Theorem 7.2. (Power Mean inequality for Three Variables) Let a, b, and ¢ be positive real
numbers. We define a function M4,y : R — R by

1
7‘+b7‘+ ' ;
Map.e)(0) = Vabe, Mg pe(r) = <%> (r #0).

Then, M43, is a monotone increasing continuous function.
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First Proof. Write M(r) = Mq,p,c)(r). We first establish that the function M is continu-
ous. Since M is continuous at r for all r # 0, it’s enough to show that

lim M (r) = Vabe.
r—0
Let f(z) =In (W), where z € R. Since f(0) = 0, the above lemma implies that

tim 77 _ gy £ = F(0) = f/(0) = In Vabc.

r—0 7r r—0 r — 0

Since e” is a continuous function, this means that

. . f(r) 37
lim M(r) = lime » =e™ V% = Jabe.
r—0 r—0

Now, we show that the function M is monotone increasing. It will be enough to establish
that M is monotone increasing on (0,00) and monotone increasing on (—oo,0). We first
show that M is monotone increasing on (0,00). Let > y > 0. We want to show that

a® +b" +¢* i> a’ +bY + v v
3 - 3 '

After the substitution v = a¥, v = a¥, w = a*, it becomes
1

u% —l—v% +w% @ > (u—}-v—&—w)%
3 - 3 ’

Since it is homogeneous, we may normalize to u + v + w = 3. We are now required to
show that
G(u) + G(v) + G(w)
3
where G(t) = tv, where t > 0. Since =1, we find that G is convex. Jensen’s inequality
shows that

2> 1,

Gl +G(0) + Glw) g (W 04wy )y
3 3
Similarly, we may deduce that M is monotone increasing on (—o0,0). g

We’ve learned that the convexity of f(z) = z* (A > 1) implies the monotonicity of

the power means. Now, we shall show that the convexity of zInz also implies The Power
Mean Inequality.

Second Proof of the Monotonicity. Write f(x) = Mq,c)(x). We use the increasing func-
tion theorem. It’s enough to show that f/(x) > 0 for all x # 0. Let = € R — {0}. We
compute

f'(=)
f(@)

d 1 a® + b+ 1 (@ na+b"Inb+c"Inc)
i s =y (TGS ) LA

or

2’ f'(z) i a® +b" +¢* n a®Ina”+b"Ind* + ¢*Inc”
flz) 3 a* + b* 4 c* '
To establish f’(z) > 0, we now need to establish that
a”Ina” +b"Ind” + " Inc” > (a” + 0" + ") In (%) .
Let us introduce a function f : (0,00) — R by f(t) = ¢Int, where ¢ > 0. After the
substitution p = a*, ¢ = a¥, r = a®, it becomes
p+aqg+ 7‘)

f0) + £+ £(r) = 3f (P

Since f is convex on (0, 00), it follows immediately from Jensen’s Inequality. g
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In particular, we deduce The RMS-AM-GM-HM Inequality for three variables.

Corollary 7.4. For all positive real numbers a, b, and ¢, we have

2 2 2 .
la +l; +c 2(H—;H—c2 Yabe> — 5

+i+

Q=
o= O
o=

Proof. The Power Mean Inequality implies that
Miap,e)(2) 2 Miap.e)(1) 2 Map,e)(0) 2 M(ap.e)(—1)-

Delta 84. [SL 2004 THA] Let a,b,c > 0 and ab+ bc+ ca = 1. Prove the inequality

§/1+6b+ i/l +6c+§/1+6a§ €
a b c abc

Delta 85. [SL 1998 RUS] Let z,y, and z be positive real numbers such that zyz = 1.
Prove that

.’L'3 y3 23
+9i+2  (t20+2)  0+)(0+y)

Delta 86. [LL 1992 POL] For positive real numbers a,b, c, define

A:%ZH—C7 G = Vabe, H = T

A\* 1 3 A
>+
G 44 H

>3
— 4

Jr

SNV

Q=

Prove that

Using the convexity of zInz or the convexity of * (X > 1), we can also establish the
monotonicity of the power means for n positive real numbers.

Theorem 7.3. (The Power Mean Inequality) Let z1,- - ,z, be positive real numbers. The
power mean of order r is defined by
1

TR A
My, 2n)(0) = Va1 Tn, My, a,)(r) = (17) (r#0).

n

Then, the function M, ... »,) : R — R is continuous and monotone increasing.

Corollary 7.5. (The Geometric Mean as a Limit) Let z1,--- ,z» > 0. Then,
1
EEr = lim (M) ,
r—0 n
Theorem 7.4. (The RMS-AM-GM-HM Inequality) For all z1,--- ,z, > 0, we have
24 ... 2 -
T1 4+ Tn _x1+ +x"2"x1---xn2%.
Delta 87. [SL 2004 IRL] Let ai,--- ,an be positive real numbers, n > 1. Denote by gn
their geometric mean, and by A1,--- , Ay, the sequence of arithmetic means defined by
A, = Lk“’«k k=1, .n
Let G, be the geometric mean of Ai1,--- , A,. Prove the inequality

Grn | 9n
1> p/=n 4 2
n+12> A, + G,

and establish the cases of equality.

495



7.3. Hardy-Littlewood-Pdlya Inequality. We first meet a famous inequality established by
the Romanian mathematician T. Popoviciu.

Theorem 7.5. (Popoviciu's Inequality) Let f : [a,b] — R be a convex function. For all
z,y, z € [a,b], we have

@)+ 1)+ () + 37 (FEEE) zop (T2 wop (L12) w27 ().

Proof. We break the symmetry. Since the inequality is symmetric, we may assume that
z<y<z.

Case 1. y > %: The key idea is to make the following geometric observation:
Zz+xr T+y [1’ x+y+z]
2 72 ’ 3 '
It guarantees the existence of two positive weights A1, A2 € [0, 1] satisfying that
Z;QC = (1 — Al)xﬂ-)\lz%ﬂ,
oy (1 - ) g 4 A 2EEEE

)\1—|—>\2=g.

Now, Jensen’s inequality shows that

f(x+y)+f(y+z>+f(z+:c>

2 2
+y+ + +y+
< (=) fla) 4 daf (PFUEEY G TWHTE () gy o (B
3 2 3
1 3,.,/(x+y+=z
< = Sr(—==).
< SU@+FW+FE)+ 57 (FEE)
The proof of the second case uses the same idea.
Case 2. y < #: We make the following geometric observation:
zt+x y+z r+y+z
3 0 2 © [ 3 Z] '
It guarantees the existence of two positive weights 1, u2 € [0, 1] satisfying that
z-;z‘ (1 _ M1)2’+,u1 z+y+z
M= (1 o)+ e
w1+ pe = %
Jensen’s inequality implies that
T +y Y+ z (z +x
157+ (7)o (55)
T)+ T+y+z T+y+z
< TDXIO 4 (1) 5 i (FFEEE) 1= ) 1)y (FHEEE)
1 3,.,/(x+y+=z
< 5y ~ — N
< FU@+FW+FE)+5f (FE)

Epsilon 101. Let x,y, z be nonnegative real numbers. Then, we have
) . . 3 3 3
sayz +2° +y +2° > 2 ((ay)f + (w2} + () ?).
Extending the proof of Popoviciu’s Inequality, we can establish a majorization inequal-
ity.

Definition 7.2. We say that a vector x = (x1, - ,%n) € R™ majorizes a vector y =
(y17 e 7yn) eR" wae have
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(1) x1 > 2 Tp, y1 > - > yYn,
(2) 14tz >+ +ys foralll <k<n-—1,
(3)z1i+ +zn=y1+ " +Yn.

In this case, we write x > y.

Theorem 7.6. (The Hardy-Littlewood-Pdlya Inequality) Let f : [a,b] — R be a convex
function. Suppose that (z1, - ,x,) majorizes (y1,- - ,Yn), Where T1, -+ ,Tn, Y1, ,Yn €
[a,b]. Then, we obtain

f@) 44 fen) 2 fyr) + -+ fyn)-
Epsilon 102. Let ABC be an acute triangle. Show that
cos A+ cosB+cosC > 1.
Epsilon 103. Let ABC be a triangle. Show that

tan 2 (%) +tan? (g) +tan? (%) <1.

Epsilon 104. Use The Hardy-Littlewood-Pdélya Inequality to deduce Popoviciu’s Inequality.

Epsilon 105. [IMO 1999/2 POL] Let n be an integer with n > 2. (a) Determine the least
constant C' such that the inequality

4
Z zixj(x; +23) < C Z Zi
1<i<j<n 1<isn
holds for all real numbers xi,--- ,x, > 0.

(b) For this constant C, determine when equality holds.

It's not that I'm so smart, it's just that | stay with problems longer. - A. Einstein
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8. EPSILONS

God has a transfinite book with all the theorems and their best

proofs
- P. Erdés

Epsilon 1. [NS] Let a and b be positive integers such that
ak | bk+1

for all positive integers k. Show that b is divisible by a.
Solution. Let p be a prime. Our job is to establish the equality
ordy (b) > ordy (a) .
According to the condition that b*** is divisibly by a”, we find that the inequality
(k + 1)ord, (b) = ordy (bk"'l) > ord, (ak) =k ordp (a)

or
ordy (b) S ko
ordp (a) — k+1
holds for all positive integers k. Letting k£ — co, we have the estimation
ord, (b)

—= > 1.
ordy (a) — !
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Epsilon 2. [IMO 1972/3 UNK] Let m and n be arbitrary non-negative integers. Prove

that
(2m)!(2n)!

min!(m + n)!
is an integer.
Solution. We want to show that £ = (2m)!(2n)! is divisible by R = m!n!(m + n)! Let p
be a prime. Our job is to establish the inequality
ord, (L) > ordy (R).

E(21-12)- £33+ =)

It is an easy job to check the auxiliary inequality
[22] + [2y] > [=] + [y] + [z +y]

holds for all real numbers z and y. O

or
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Epsilon 3. Letn € N. Show that L, :=lem(1,2,--- ,2n) is divisible by R, := (2") =

Solution. Let p be a prime. We want to show the inequality
ord, (Ky) < ordp (Lr) -
Now, we first compute ord, (KC,,).
ord, (Kyn) = ordy ( g:)); ) =ordy ((2n)!) —2ord, (n!) = ; ( LQ?—ZJ -2 L%J ) .
The key observation is that both 2—2 and plk vanish for all sufficiently large integer k. Let
N denote the the largest integer N > 0 such that p¥ < 2n. The maximality of the
exponent N = ord, (L) guarantees that, whenever k > N, both =% and ﬁ are smaller

2
P
than 1, so that the term Li—}jj — QLﬁJ vanishes. It follows that

=52 |2

Since |2z | — 2 |z] is either 0 or 1 for all € R, this gives the estimation

N
ordy, (Kn) <> 1=N.
k=1

However, since L, is the least common multiple of 1,-- - ,2n, we see that ord, (L) is the
largest integer N > 0 such that p”¥ < 2n O
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Epsilon 4. Let f: N — R™ be a function satisfying the conditions:
(a) f(mn) = f(m)f(n) for all positive integers m and n, and
(b) f(n+1) > f(n) for all positive integers n.

Then, there is a constant o € R such that f(n) = n® for alln € N.

Proof. We have f(1) = 1. Our job is to show that the function
In f(n)

Inn
is constant when n > 1. Assume to the contrary that

n f(m) _ Inf(n)

Inm Inn

for some positive integers m,n > 1. Writing f(m) = m” and f(n) = nY, we have z > y or
Inn Inn y
Inm ™~ Inm =z

So, we can pick a positive rational number %, where A, B € N, so that

Inn A Inn y

Inm~ B~ lnm =z

Hence, m* < n® and m“® > n®Y. One the one hand, since f is monotone increasing,

the first inequality m*? < n® means that f (mA) <f (nB). On the other hand, since
f (mA) = f(m)A =m* and f (nB) = f(n)B = nPY, the second inequality m“® > n5Y

means that
f (mA) — AT s By = f (nB)

This is a contradiction. O
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Epsilon 5. (Putnam 1963/A2) Let f : N — N be a strictly increasing function satisfying
that f(2) = 2 and f(mn) = f(m)f(n) for all relatively prime m and n. Then, f is the
identity function on N.

Proof. Since f is strictly increasing, we find that f(n + 1) > f(n) + 1 for all positive
integers n. It follows that f(n + k) > f(n) + k for all positive integers n and k. We now
determine p = f(3). On the one hand, we obtain

F8) > f(15) +3> f(3)f(5) +3 > f(3)(f(3) +2) +3=p" +2p + 3.
On the other hand, we obtain
SF(A8) = f(2)£(9) <2(f(10)=1) = 2f(2)f(5)—2 < 4(f(6)—1)—2 = 4f(2)f(3) -6 = 8p—6.
Combining these two, we deduce p*> +2p +3 < 8p — 6 or (p — 3)> < 0. So, we have
fB)=p=3.

We now prove that f (2l +1) = 2! 4+ 1 for all positive integers I. Since f(3) = 3, it
clearly holds for | = 1. Assuming that f (2l + 1) = 2! + 1 for some positive integer [, we
obtain

f (2’*1 + 2) = f2)f (2’ n 1) —2 (2’ n 1) — 9t o
Since f is strictly increasing, this means that f (2l +k) = 2 4k forallk € {1, ,2' +2}.
In particular, we get f (27! + 1) = 2"*! + 1, as desired.

Now, we find that f(n) = n for all positive integers n. It clearly holds for n = 1,2.
Let I be a fixed positive integer. We have f (21 + 1) =2'4+1and f (21+1 + 1) =2 41,
Since f is strictly increasing, this means that f (2l —+ k) =2 4kforallk e {1, --,2'+1}.
Since it holds for all positive integers I, we conclude that f(n) = n for all n > 3. This
completes the proof. O
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Epsilon 6. Let a,b,c be positive real numbers. Prove the inequality

(1+a®) (1+6°) (1+%) > (a+b)(b+c)(c+a).
Show that the equality holds if and only if (a,b,c) = (1,1,1).
Solution. The inequality has the symmetric face:

(1+a®) (1+6%) - (1+6°) (1+¢%) - (1+¢°) (1+d%) > (a+b)*(b+c)*(c+a).
Now, the symmetry of this expression gives the right approach. We check that, for z,y > 0,
(1+2%) (1+9°) 2 (e +y)*
with the equality condition xy = 1. However, it immediately follows from the identity

(1+2") (149" - (z+y)* = (1 —ay)*.

It is easy to check that the equality in the original inequalty occurs only when a = b =
c=1. O
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Epsilon 7. (Poland 2006) Let a, b, ¢ be positive real numbers with ab+bc+ca = abe. Prove

that
at 4+t bt 4t A+ at

ab(a® +03)  be(+c3)  ca(cd+ad) —
Solution. We first notice that the constraint can be written as
1 1 1
-+-+-=1
a b ¢
It is now enough to establish the auxiliary inequality

4 4
Byt (1,1
zy(z3+y®) ~ 2 \z y

or
2@ +¢") > (= +9°) (= +v),
where x,y > 0. However, we obtain
2@ +9") - (@ +°) w+y) =2t +y' -2y —wy’ = (2 ) (@ —y) > 0.
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Epsilon 8. (APMO 1996) Let a, b, ¢ be the lengths of the sides of a triangle. Prove that
Vatb—ct+Vbte—a+vVeta—b<Vat+Vo+ e

Proof. The left hand side admits the following decomposition

veta—-b++vVa+b—c Va+b—c+Vb+c—a Vb+c—a++Vet+a—b
2 + 2 + 2 '

We now use the inequality % < % to deduce

Veta—b++vVa+b—c < a,

2
\/a+bfc;\/b+cfa§\/l;’
\/b+cfa72L\/c+abe\/E.

Adding these three inequalities, we get the result.
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Epsilon 9. Let a, b, ¢ be the lengths of a triangle. Show that
a + b + c <2
b+c c+a a-+b '

Proof. Since the inequality is symmetric in the three variables, we may assume that a <
b < c. We obtain

a a b b c
b+c~a+b c+a " a+b a+b '
Adding these three inequalities, we get the result. O
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Epsilon 10. (USA 1980) Prove that, for all positive real numbers a, b, ¢ € [0, 1],

a b c
1—a)(1-b)(1—c) <1
b¥etl ctatl tarosr T NA-os
Solution. Since the inequality is symmetric in the three variables, we may assume that

0<a<b<c<1. Our first step is to bring the estimation
a + b + c < a + b + c _a+b+c.
b+c+1 c¢c+a+1 a+b+1 " a+b+1 a+db+1 a+b+1 " a+b+1

It now remains to check that

a+b+c

aroTce - — —o<1.

e S Gl Gl Gl
or 1

— C
_ _ o< - %

e Py i |

or

1-a)(1-0b)(a+b+1)<1.
We indeed obtain the estimation
(I-a)(1=b)(a+b+1)<(1—a)1-b)(1+a)(l+b)=(1-a®)(1-b") <1
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Epsilon 11. [AE, p. 186] Show that, for all a,b,c € [0,1],
a b c
< 2.
1+bc+ 1+ca+ 1+ab —
Proof. Since the inequality is symmetric in the three variables, we may begin with the
assumption 0 < a > b > ¢ < 1. We first give term-by-term estimation:
a . _a ’ b < b 7 c - 1 .
1+bc = 14+ab” 14+ca~ 1+ab 14+ab~ 1+abd
Summing up these three, we reach
a n b n c < a+b+1 .
1+bc 14ca 14ab 1+ab
We now want to show the inequality

a+b+1
1+ab —
or
a+b+1<2+42ab
or

a+b<1+4 2ab.
However, it is immediate that 1+2ab—a—b = ab+(1—a)(1—0) is clearly non-negative. [
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Epsilon 12. [SL 2006 KOR] Let a,b,c be the lengths of the sides of a triangle. Prove the

inequality
vVb+c—a + ve+a—»b + va+b—c 3
Vot+e—va  Verva—vbh o Ja+vVb—ye T
Solution. Since the inequality is symmetric in the three variables, we may assume that
a > b > c. We claim that

Vva+b—c <1
Va+vVb—yc ™

and

vVb+c—a " vVet+a—b <9
Vh+ye—va  Jeta—vh T

It is clear that the denominators are positive. So, the first inequality is equivalent to

Va+Vb>Va+b—c++/e
. (Vat+vb) > (Vatb—e+ve)
” Vab > e@ar =0

ab>cla+b—c),
which immediately follows from (a — ¢)(b — ¢) > 0. Now, we prove the second inequality.
Setting p = v/a++v/b and ¢ = v/a— /b, we obtain a —b = pq and p > 2y/c. It now becomes
VvEe—Pq + ve+pg <9
ve—q  Vetq T
We now apply The Cauchy-Schwartz Inequality to deduce
(\/c—pq+\/c—i-pq)2 < (c—pq+c+pq)( 1 N 1 )
Ve—q = Vetq Ve—q Vetq)\Ve—q Veta
2(cve—pg®) 2/c
c—q? c—q?
L & Ve
(c—q?)”
c? — 2¢q?
(c—q?)”
2 5.2, 4
< 4 c 2cq +2 q
(c—¢)
< 4
We find that the equality holds if and only if a = b = c. g

IN
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Epsilon 13. Let f(x,y) = zy (as3 + y3) for x,y > 0 with x +y = 2. Prove the inequality

fan < s (1+

1+ o).

First Solution. We write (z,y) = (1 +¢€,1 — ¢€) for some € € (—1,1). It follows that

f(xvy) =

l+e)(1—e) ((1+e)’+(1-

(
(1—¢?) (6* +2)

Second Solution. The AM-GM Inequality gives

) = (e +) (@ )° = 30) = 20500~ ) < 5 (
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3zy + (4 — 3zy

))2_

3"

2
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Epsilon 14. Let a,b > 0 with a + b = 1. Prove that
vaz+b+vVa+b+v1+ab<3.
Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).
First Solution. We may begin with the assumption a > % > b. The AM-GM Inequality
yields
245> 1+ (14ab) > 2V1 + ab
with the equality b = 0. We next show that

34+a>4va?2—-a+1

(3—|—a)2216(a2—a—|—1)

or

or
(15a = 7)(1 —a) > 0.
Since we have a € [%, 1], the inequality clearly holds with the equality a = 1. Since we
have
a“4+b=d’-a+l=a+(1-a)’=a+b
we conclude that

2Va? +b+2Va+ b2 +2VT+ab<3+a+ (2+b) =6.
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Epsilon 15. (USA 1981) Let ABC be a triangle. Prove that

sin3A +sin3B +sin3C < i

Solution. We observe that the sine function is not cocave on [0, 37] and that it is negative
on (m,2m). Since the inequality is symmetric in the three variables, we may assume that
A < B <C. Observe that A+ B+ C = 7 and that 34,3B,3C € [0,3x]. It is clear that
A< $ <0

We see that either 3B € [2m,3m) or 3C € (0,) is impossible. In the case when 3B €
[, 27), we obtain the estimation

sin3A +sin3B+sin3C <14+0+1=2< i

So, we may assume that 3B € (0, 7). Similarly, in the case when 3C € [m, 27|, we obtain

3

sin3A +4sin3B +sin3C <1+140=2< i

Hence, we also assume 3C € (27,37). Now, our assmptions become A< B< %77 and
%71' < C. After the substitution § = C' — %ﬂ', the trigonometric inequality becomes

sin3A +sin3B +sin 30 < i

Since 34, 3B, 30 € (0, 7) and since the sine function is concave on [0, 7|, Jensen’s Inequality
gives

sin 3A-+sin 3B-+sin 30 < 3sin (W) — 3sin (3A—|—3B +3C — 27r> _ 3sin (g) .

3 3
Under the assumption A < B < C, the equality occurs only when (A, B,C) = (éw, %Tl', gﬂ').
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Epsilon 16. (Chebyshev's Inequality) Let z1,--- ,z, and y1,- -y, be two monotone in-
creasing sequences of real numbers:

mlS“‘SIEn, y1§§yn

Then, we have the estimation

n 1 n n
=1 i=1 i=1
Proof. We observe that two sequences are similarly ordered in the sense that

(zi — ;) (yi —y;) >0

for all 1 < 4,5 < n. Now, the given inequality is an immediate consequence of the identity

%Zm,yz - % (Z%) % <Zyl) = % > (=) (i~ ).

i= i 1<i,j<n
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Epsilon 17. (United Kingdom 2002) For all a,b, ¢ € (0, 1), show that
a n b " c > 3\3/abc.
1—a 1-0b 1—c¢ 1—\3/abc
First Solution. Since the inequality is symmetric in the three variables, we may assume
that @ > b > ¢. Then, we have &~ > - > L By Chebyshev’s Inequality, The

l-a = 1-b = 1—c’
AM-HM Inequality and The AM-GM Inequality, we obtain

a b c 1 1 1 1
> = b

—eTiopti=c = 3lt +C)(1—a+1—b+1—c)

1 9

> —(a+b+c
> jero+ o (T eras)
_ 1 a+b+c
"~ 3\3—-(a+b+o)
> 1 3V abe
~ 3 3-3Vabc
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Epsilon 18. [IMO 1995/2 RUS] Let a, b, ¢ be positive numbers such that abc = 1. Prove
that

1 n 1 n 1 > 3
at(b+c)  b¥(c+a) Ala+b) T 2
First Solution. After the substitution a = %, b= %, c= é, we get xyz = 1. The inequality
takes the form
22 y? 52

3
+ >
y+z z4+ax x4y 2
Since the inequality is symmetric in the three variables, we may assume that x > y > z.
Observe that 22 > 3? > 22 and yiz > Ziw > Ziy Chebyshev’s Inequality and The
AM-HM Inequality offer the estimation
2 2 2

1 1 1 1
e (m2+y2+22)< + + >

y+z z+x xT+Y Y+ z z+xr xT+yY

.x2+y2+z2
r+y+z
Finally, we have 2 + y* + 2> > 1z +y+2)° > (s +y+2) yJayz =z + y + 2. a

5
1. 2 2 2 9

> 56+ ) (e Te )
3
>
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Epsilon 19. (Iran 1996) Let z,y, z be positive real numbers. Prove that
(m—|—z—|—zx)< t 1, 1 )>9
iy @ry)? Wt Gra?) T4
First Solution. [MEK1] We assume that x >y > 2z > 0 and y > 0 (not excluding z = 0).
Let F' denote the left hand side of the inequality. We define
A= (22 42y — 2)(z — 2)(y — 2) + (2 + )%,
B = tz(x+y—22)(11lz + 11y + 2z),
C=(z+y)lz+2)(y+2),
D=(z+y+z)(e+y—22) +aly—2) +ylz—2)+ (@ -y
E=3i(z+y)z(z+y+22)°(x+y—22)°
It can be verified that

C*(4F = 9) = (¢ —y)*[(z +y)(A+ B+ C) + %(w+ 2)(y+2)DI+E.

The right hand side is clearly nonnegative. It becomes an equality only for x = y = z and
forzr=y>0,2z=0. O
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Epsilon 20. (APMO 1991) Let ai,- - ,an, b1, -+, b, be positive real numbers such that

a1+ +ap=0b; +---+ b,. Show that
2 2
al an a+---+an
>
a1+b1+ +an+bn7 2

First Solution. The key observation is the following identity:

a; + b; 721.:1 a; +b; ’

=1

which is equivalent to

~ af :Zn: biZ
— a; +b; a; +b;’

* i=1

k3

which immediately follows from

1

n n

ai2 bi2 n ai27bi2 n n n
Zai-i-bi_zai-&-bi:; a; +b; :Z(ai_bi):;ai_;biza

=1 =1 1= =1

Our strategy is to establish the following symmetric inequality

liai2+bi2 S mtdan bbb
2 =1 a; + b 4
It now remains to check the the auxiliary inequality
2 32
a®+b N + b7
a+b — 2
where a,b > 0. Indeed, we have 2 (a2 + b2) —(a+ b)2 = (a— b)2 > 0. O
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Epsilon 21. Let z,y, z be positive real numbers. Show the cyclic inequality

x Y z
<1.
2 +vy + 2y+z + 2z+x
Solution. We first break the homogeneity. The original inequality can be rewritten as
1 1 1

<1
PRI

The key idea is to employ the substitution

It follows that abc = 1. It now admits the symmetry in the variables:
1 1 1
<1
2+a+ 2+b+2+c -

Clearing denominators, it becomes
24+a)2+b)+2+0)2+c)+2+c)2+a)<(24+a)(2+b)(2+¢)

or

12+4(a+b+c)+ab+bc+ca<8+4(a+b+c)+2(ab+bc+ca)+ 1

or
3 < ab+ bc+ ca.

Applying The AM-GM Inequality, we obtain ab + bc + ca > 3 (abc)% =3.
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Epsilon 22. Let x,y,z be positive real numbers with x + y + z = 3. Show the cyclic
inequality
23 v 53
2 2t 3 :t 3 2 =
e+ Ty +y y*+yz+z 2°+zx +x
Proof. We begin with the observation

23—y ¥ — 23 P R

902—&-063/—&-342erz—i-yz—|—z2 22 + zx + 22

or
3 3 3 3 3 3

T " Y + z _ y i z " x
22 ay+y? Yl 4yz+22 24zt a2tay+y? y24yz+22 224w 4a?’
Our strategy is to establish the following symmetric inequality
3 + . vt 2B J R
?24+ry+y? Yy Hyz+22 224zt ax? T
It now remains to check the the auxiliary inequality
@ +b°  _ath
a?+ab+b> — 3
where a,b > 0. Indeed, we obtain the equality
3 (a3 + b3) — (a+Db) (a2 +ab+ b2) =2(a+b)(a —b)*
We now conclude that
3 3 3 3 3 3
T +y Yy~ +z 2+ >m+y+y+z+z+x72
22 4xy+y? P2 H4yzrt+22 224zt T 3 3 3 '

)
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$2 2

y 22

Epsilon 23. [SL 1985 CAN] Let z,y, z be positive real numbers. Show the cyclic inequality
2 +yz + y2 + zw +

<2
22 +ay —
First Solution. We first break the homogeneity. The original inequality can be rewritten
. 1 1 1
y <2
I+5 143 1+9
The key idea is to employ the substitution
2
RSN S o
x? y? xy
It then follows that abc = 1. It now admits the symmetry in the variables:
1 n 1 n 1
14+a

1+b 1+¢

Since it is symmetric in the three variables, we may break the symmetry. Let’s assume
a < b, c. Since it is obvious that 14%1 < 1, it is enough to check the estimation

1 1
140 * 1+c st
or equivalently
24+b+c
1+b+c+bc —
or equivalently

be > 1.
However, it follows from abc = 1 and from a < b, ¢ that a < 1 and so that bc > 1.
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Epsilon 24. [SL 1990 THA] Let a,b,c,d > 0 with ab+ bc + ¢d + da = 1. show that
a® + b + A n d? S 1
b+c+d c+d+a d+a+b a+b+c 3
Solution. Since the constraint ab+ bc+ cd + da = 1 is not symmetric in the variables, we

cannot consider the case when a > b > ¢ > d only. We first make the observation that
2 2 2 2 2 2 2 2
R+ +E+d2=2 ;b +b ;rc + & ;d +d ;a > ab+ be + cd + da = 1.
Our strategy is to establish the following result. It is symmetric.
Let a,b, ¢, d > 0 with a? + b% 4+ ¢ + d® > 1. Then, we obtain
a? n b3 n 3 n &3 S 1
b+c+d c+d+a d+a+b a+bt+c 3
We now exploit the symmetry! Since everything is symmetric in the variables, we may as-
sume that a > b > ¢ > d. Two applications of Chebyshev’s Inequality and one application
of The AM-GM Inequality yield
a® + b3 + o + &3
b+c+d c+d+a dH+a+b a+b+ec

1.3 3, 3, 23 1 1 1 1

> —

= 4(a +b"+c +d)(b+c+d+c+d+a+d+a+b+a+b+c>
1.3 .3, 3, 3 42

> - +b"+c +d

> ;e ¢ )(b+c—|—d)+(c—|—d—|—a)—|—(d+a+b)+(a+b+c)
1,92 2, 2, 2 42

> = b d b d)or—7——

> —(a®+bv+c+d)(a+btc+ )3(a+b+c+d)

Wl =
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Epsilon 25. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
1 1 1
<a—1+7) (b—l—l—f) (c—1+7> <1
b c a
First Solution. Since abc = 1, we can make the substitution a = %, =% ¢ = Z for some

positive real numbers z, y, 2.1°> Then, it becomes a well-known symmetric inequality:
(5—1+f) (L-1+2)(E-1+8) <1
Y Y z z/ \x T

zyz > (Yy+z—z)(z+z—y)(r+y—2).

or

2~

I5For example, take z = 1, y = %7 z=
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Epsilon 26. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that
a’b(a — b) 4+ b*c(b — ¢) + alc — a) > 0.

First Solution. After setting a =y+ 2, b=z2+1x,c=x+y for x,y,z > 0, it becomes
3z + ygx + z3y > zzyz + :):y22 + xyz2

or
2 2 2

x
ernyr*Zererz.
Y z T
However, an application of The Cauchy-Schwarz Inequality gives
2 2 2

(y+2z+x) <x——|—yf+zf> > (z+y+2)°%
y oz x
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Epsilon 27. [IMO 1961/2 POL] (Weitzenbdck’s Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a® +b% +c® > 4V38.
First Solution. Writea =y +2,b=z+4+x, c=x+ y for z,y,z > 0. It’s equivalent to
((y+2)* + (z + 2)° + (x +y)*)* > 48(z +y + 2)zy>,
which can be obtained as following :
(y+2)"+ (z+2)" + (@ +9)*)* > 16(yz + 2w + 2y)” > 16 - 3(xy - yz + yz - 2z + 2y - y2).
Here, we used the well-known inequalities p*+q¢> > 2pg and (p+q+7)? > 3(pg+qr+rp). O

524



Epsilon 28. (Hadwiger-Finsler Inequality) For any triangle ABC with sides a, b, ¢ and area
F, the following inequality holds.

2ab + 2bc 4 2ca — (a® + b + &%) > 4V/3F.
First Proof. After the substitution a =y + 2, b=z +x, ¢ = x + y, where z,y,z > 0, it

becomes
zy +yz + zx > /3zyz(z +y + 2),

which follows from the identity

(zy —y2)* + (yz — z2)” + (22 — ay)”
5 .

(xy + yz + z)* — 3zyz(z +y + 2) =

g
Second Proof. We now present a convexity proof. It is easy to deduce
A B C  2ab+ 2bc+ 2ca — (a® + b + ¢
tan — + tan — + tan — = .
an2+an2+an2 G
Since the function tan z is convex on (O, g), Jensen’s Inequality implies that
TR B A B, C
2ab + 2bc + 2ca — (a®* +b° + ¢ > 3tan 5 +t5+5 — 3
4F 3
|
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Epsilon 29. (Tsintsifas) Let p, g, 7 be positive real numbers and let a, b, ¢ denote the sides
of a triangle with area F'. Then, we have

p 2 q ;2 T 2
a’® + b + ¢ > 2V/3F.
q+r r+p p+qg

Proof. (V. Pambuccian) By Hadwiger-Finsler Inequality, it suffices to show that

p 2 q 2 r 2 1 2 2 2 2
a” + b” + c“>=-(a+b+c) —(a”"+b"+c¢
q+r r+p p+q _2( ) ( )

or
pratry o (ptatr),o (prtgtr) > 1 2
< e )a +( T+ p >b +< Py )c 2§(a+b+c)
or
((Q+T)+(r+p)+(p+q))( Ly L 02>>(a+b+c)2.
g+r  r+p ptq )~
However, this is a straightforward consequence of The Cauchy-Schwarz Inequality. ]
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Epsilon 30. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let as, ba, c2 denote the sides of the triangle A2 BoCs with area Fs.
Then, we have

a12(b22 +e? — a22) + 512(022 +as® — 522) + 012((122 +by? — 022) > 16F1 Fy.
First Proof. ([LC1], Carlitz) We begin with the following lemma.
Lemma 8.1. We have
a12(a22 +by? — 022) + b12(b22 +e? — a22) + 012(022 +ax? — b22) > 0.
Proof. Observe that it’s equivalent to
(a1® + 017 + e17)(a2” + b2” + 2°) > 2(a1’a2” + b1°ba” + ¢1%¢2?).
From Heron’s Formula, we find that, for i = 1, 2,
16F;% = (ai2+bi2+ci2)2—2(ai4+bi4+ci4) >0 or a;>+b+c?> 2(a;4 + bt + cat) .
The Cauchy-Schwarz Inequality implies that

(a12+b12+c12)(a22+b22+022) > 2\/(a14 + b1t 4 c1%)(azt + bot + c24) > 2(a12a22+b12522+612622)-

g
By the lemma, we obtain
L=a?(bo® + c2® — a2®) + b1°(c2® + a2® — b2°) + e1(a2” + b2® — 2%) > 0,
Hence, we need to show that
L? — (16F1%) (16 F»?) > 0.
One may easily check the following identity
L? — (161 °) (16 F2?) = —4(UV + VW + WU),
where
U= 612022 — b22012, V = 012a22 — 022a12 and W = a12b22 — a22b12.
Using the identity
a’U+b’V+e®W =0 or W= ng — %V,
c1 c1
one may also deduce that
UV A+ VW + WU = f%j (U Sk 7;111227 ik V)2 SRR 51211220—1512 —b) e
It follows that
UV +VW +WU = _Zle (U - “2_;3;_”12&/)2 - 426;5;22 vZ<o.
|

Second Proof. ([LC2], Carlitz) We rewrite it in terms of a1, b1, c1, az, bz, ca:

(al2 +b1% + c12)(a22 + by + 022) — 2(a12a22 +b1%by? + 012622)

> \/((a12 +0i2 4 a?)’ = 2wt + bt et) (022 + 00+ 22) - 2t + bt + eat)).
We employ the following substitutions

s1=ai® +b12 + e =vV2a1?, 23 = V2% ms = V2012,

Y1 = a2” +ba” + e’ y2 = V2a2, ys = V2bo Py = V27
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‘We now observe
21? > 2% +ys® +2a® and yi® >y’ +ys” +yd’
We now apply Aczél’s inequality to get the inequality

T1Y1 — T2Y2 — T3Y3 — Talya > \/($12 — (222 + y32 + 24?)) (Y12 — (y22 + y32 + y4?2)).
O
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Epsilon 31. (Aczél's Inequality) If a1, -+ ,an,b1,- - ,b, > 0 satisfies the inequality
a® > a2’ + -4 a,” and b’ > b’ 4+ 0,7
then the following inequality holds.

aiby — (agbz + -+ 4 anbn) > \/(&12 — (@22 4 - 4+ an?)) (1)12 - (b22 +F bnz))

Proof. [MV] The Cauchy-Schwarz Inequality shows that

aib; > \/((122 +o A an2) (b2 -+ b)) > asbs + -+ anbn.
Then, the above inequality is equivalent to
(a1b1 — (agb2 + -+ + anbn))2 > (012 — (CL22 4+ 4+ an2)> (b12 — (1722 + -4 bn2)) .

In case a;® — (a2® + -+ - 4+ a,?) = 0, it’s trivial. Hence, we now assume that a1? — (a2? +
R an2) > 0. The main trick is to think of the following quadratic polynomial

n

P(SL‘) = (a1x—b1)2—Z(am—bi)2 = <a12 - Zai2> 1’2+2 <a1b1 — Zaﬂh) T+ <b12 — Zbﬂ) .
1=2 1=2 1=2

() -Ee ()"

Since P (%) < 0 and since the coefficient of z? in the quadratic polynomial P is positive,

‘P should have at least one real root. Therefore, P has nonnegative discriminant. It follows

that )
(2 (albl — Zaﬁ,)) — 4 <a12 — Zaﬁ) <b12 — Zbﬁ) 2 0.
1=2 1=2 1=2

‘We now observe that
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Epsilon 32. If A, B, C, X, Y, Z denote the magnitudes of the corresponding angles of
triangles ABC, and XY Z, respectively, then

cot AcotY + cot Acot Z + cot B cot Z + cot Bcot X + cot Ccot X 4+ cot C'cotY > 2.

Proof. By the Cosine Law in triangle ABC, we have cos A = (b + ¢® — a?)/2bc. On the
other hand, since sin A = 25/bc, we deduce that
2. 2_,2 9 2, 2 2
cot A=cosA:sinA = b—i_;Ta : b—f = b—i_zisa.
Analogously, we have that cot B = (¢* + a® — b*)/4S, and so,
+c?—a®  E+add-bv 27
t A+ cot B = < _<
cotAco 15 43 15 28
Now since cot Z = (z? 4 3> — 2%) /4T, it follows that

cot Acot Z 4 cot Bcot Z = (cot A + cot B) - cot Z

R . g

25 4T
B o2 (x2 Ty? - Zz)
B 85T '

Similarly, we obtain
2 2 2 2
a (y +z°—x )
t B cot X tCcot X = ———F«—=
co Cco + co co RST ,
and
b2 (z2 +2? = yz)

tC cotY t AcotY =
[¢e} co + co co RST

Hence, we conclude that

cot AcotY + cot Acot Z + cot B cot Z + cot Bcot X + cot C cot X + cot C cotY
= (cot Bcot X + cot C cot X) + (cotC cotY + cot

(12 (y2 + 22 32'2) b2 (22 + ZBQ yQ) C2 (ZE
= + +
85T 85T
(12 (y2+252—1'2)+b2 (2’2+I2 _y2)+02 (12
85T

From the Neuberg-Pedoe Inequality, we have
a® (y2 + 22— a:2) + b (z2 +z? - y2) + ¢ (ac2 +y2— 22) > 1657,
and so
cot AcotY + cot A cot Z + cot B cot Z + cot Bcot X + cot C cot X +cotCcotY > 2,
with equality if and only if the triangles ABC and XY Z are similar. |
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Epsilon 33. (Vasile Cartoaje) Let a, b, ¢, z, y, z be nonnegative reals. Prove the inequality
(ay + az + bz + bz + cx 4 cy)® > 4 (be + ca + ab) (yz + 2z + zy)
with equality if and only ifa:z =b:y =c: 2.

Proof. According to the Conway substitution theorem, since a, b, ¢ are nonnegative reals,
there exists a triangle ABC with area S = %\/chr ca+ ab and with its angles A, B,
C satisfying cot A = 55, cot B = %, cotC = 5% (note that we cannot denote the
sidelengths of triangle ABC by a, b, ¢ here, since a, b, ¢ already stand for something
different). Similarly, since z, y, z are nonnegative reals, there exists a triangle XY Z with
area T = %\/m and with its angles X, Y, Z satisfying cot X = 5%, cotY = 2%,
cot Z = 5. Now, by Epsilon 32, we have

cot AcotY + cot A cot Z + cot B cot Z + cot Bcot X + cot C cot X +cotCcotY > 2,

which rewrites as
a y a z b =z b
+— =t 5 =t 5

X C
28 arTas ar Tas ar Tag ar

T
L. r >
55 a1 " 22

‘.Y
2T 2T
and thus,
ay+az+ bz +bxr + cx + cy
2-25.2T

1 1
= 2-2-§\/bc+ca+ab~2-5\/yz+z1’+1:y

= 2¢/(bc+ ca + ab) (yz + zz + xy).
Upon squaring, this becomes

(ay + az + bz + bz + cx + cy)® > 4 (be + ca + ab) (yz + 2z + zy) .

v
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Epsilon 34. (Walter Janous, Crux Mathematicorum) If u, v, w, z, y, z are six reals such
that the terms y+z, z+z, x+vy, v+w, w+u, u+v, and vw+wu~+uwv are all nonnegative,
then
a -(U—i—w)—l—L-(w—&—u)—i—i-(u—i—v) > /3 (vw + wu + uv).
y+z z+x r+vy -

Proof. According to the Conway substitution theorem, since the reals v + w, w + u, u+ v
and vw + wu + wv are all nonnegative, there exists a triangle ABC with sidelengths
a=+Vvtw b=+ Vwtu, c=+u+v and area S = 2y/vw + wu + uv. Applying the
Extended Tsintsifas Inequality to this triangle ABC and to the reals z, y, z satisfying the
condition that the reals y + z, z + x, © + y are all positive, we obtain

T o 2e Yy 222> 938,

y+z zZ+x x+y

which rewrites as

T (Worw)+ L Vwru)+
y+z zZ+x

and thus,

1
. (\/u+v)2 > 2V3- gx/vw—l—wu—&—uu

x+y

(u+v) > /3 (vw + wu + ww).

T Y
St w) = (Wt u) + ——
P (v + w) P (w4 u) Tty
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Epsilon 35. (Tran Quang Hung) In any triangle ABC with sidelengths a, b, ¢, circumradius
R, inradius r, and area S, we have that

A B C
2,02, .25 N2 N2 N2 24 B s
a®+b°+¢ > 45V3+(a—b)> +(b—c)’+(c—a) +16RT(E cos” 3 E cos - cos 2)

Proof. We know that Hadwiger-Finsler’s Inequality states that

P4y 4+ 22 ATV > (z—y)° + (y—2)* + (2 — ),
for any triangle XY Z with sidelengths z, y, z, and area T. Let us apply this for the
triangle XY Z = I, Iy1., where X = 1,, Y = I, Z = I. are the excenters of ABC. In this
case, it is well-known that

A B
r = 4R cos o5 y:4Rcos§, z:4Rcos%, T = 2sR,

where s is the semiperimeter of triangle ABC. Therefore,

A B
16 R? (6082 3 + cos? 5 + cos? %) — 853

A B\? B c\? c AN?
S 2 24 2 b 2 b 20 20 2 A
> 16R |:(cos o) cos > ) + (cos > cos 5 + ( cos 5 cos 5 ,

which according to the well-known formulas

cos = = s(s—a) COSE* s(s —b) cosg* s(s =)
2 be 2 ca 2 ab

easily reduces to

A B C
232, 2 N2 N2 PRy 2 A b “y
A+ 4+ > 48V3+(a—b)’ 4+ (b—c)* +(c—a) +16Rr(§ cos” 3 E cos - cos 2)

d
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Epsilon 36. For all 6 € R, we have
. . . (T . 2T
sin (30) = 4sin @ sin (g + 0) sin (? + 9) .
Proof. 1t follows that
sin(3) = 3sinf —4sin’0
= sinf (3 cos® 0 — sin® 0)

= 4sinf (?cos@—k %sin@) (?cos@— %sin@)

= 4sinfsin (g —1—9) sin (2?” +0) .
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Epsilon 37. For all A, B,C € R with A+ B + C = 27, we have
cos® A + cos® B + cos® C + 2cos Acos BeosC = 1.

Proof. Our job is to show that the quadratic eqaution
t* + (2cos BecosC)t +cos” B+ cos’C —1=0
has a root t = cos A. We find that it admits roots
—2cos BcosC & /4 cos?2 Beos2 C — 4 (cos? B + cos2 C — 1)
2
—cos Beos C £ /(1 — cos? B) (1 — cos2 C)
—cos BcosC + |sin BsinC|.

t =

Since we have
—cosBcosC +sinBsinC = —cos(B + C) = —cos (m — A) = cos A,

we find that ¢t = cos A satisfies the quadratic equation, as desired.
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Epsilon 38. [SL 2005 KOR] In an acute triangle ABC, let D, E, F', P, Q, R be the feet
of perpendiculars from A, B, C, A, B, C to BC, CA, AB, EF, FD, DE, respectively.
Prove that

p(ABC)p(PQR) > p(DEF)’,

where p(T') denotes the perimeter of triangle T .

Solution. Let’s euler this problem. Let p be the circumradius of the triangle ABC. It’s
easy to show that BC' = 2psin A and EF = 2psin A cos A. Since DQ = 2psin C cos B cos A,
DR =2psin BcosC cos A, and ZFDE = m — 2A, the Cosine Law gives us
QR®> = DQ?+ DR®—2DQ - DRcos(m — 2A)
= 4p’cos’ A [(sin C cos B)? + (sin B cos C)? + 2sin C cos Bsin B cos C cos(24)]

or
QR =2pcos AN/ f(A, B,C),
where
f(A, B,C) = (sin C cos B)? 4 (sin B cos C)? + 2sin C cos Bsin B cos C cos(2A).

So, what we need to attack is the following inequality:
2

Z 2psin A Z 2pcos A\ f(A,B,C) | > Z 2psin A cos A
cyclic cyclic cyclic

or
2

Z sin A Z cos A/ f(A,B,C) | > Z sin Acos A
cyclic cyclic cyclic
Our job is now to find a reasonable lower bound of 1/ f(A, B,C). Once again, we express
f(A, B,C) as the sum of two squares. We observe that
f(A, B, C) (sin C cos B)? + (sin B cos C)? + 2sin C cos B sin B cos C cos(2A)
(sin C cos B + sin B cos C)* 4 2sin C cos Bsin B cos C' [—1 4 cos(24)]
sin2(C’ + B) — 2sinC cos Bsin BeosC - 2sin® A
= sin® A[l — 4sin Bsin C cos B cos C] .

So, we shall express 1 — 4sin Bsin C cos B cos C' as the sum of two squares. The trick is
to replace 1 with (sin2 B + cos? B) (sin2 C + cos® C). Indeed, we get
1 —4sinBsinCcosBeosC = (sin® B + cos” B) (sin® C' + cos® C') — 4sin B'sin C cos B cos C
= (sin BcosC —sinCcos B)? + (cos B cos C' — sin Bsin C)?
= sin®(B — C) + cos*(B + O)
= sin®(B —C) +cos® A.
It therefore follows that
f(A, B,C) = sin® A [sin®(B — C) + cos” A] > sin® Acos® 4
so that

Z cos A\/ f(A,B,C) > Z sin A cos® A.

cyclic cyclic
So, we can complete the proof if we establish that
2

Z sin A Z sinAcos® A | > Z sin A cos A

cyclic cyclic cyclic
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Indeed, one sees that it’s a direct consequence of The Cauchy-Schwarz Inequality

(p+a+r)(z+y+2) > (VT +V/ay +Vrz)?,

where p,q,r, x,y and z are positive real numbers.

Remark 8.1. Alternatively, one may obtain another lower bound of f(A, B,C):
f(A,B,C) = (sinC cosB)?+ (sin Bcos C)? + 2sin C cos Bsin B cos C cos(2A)
(sin C cos B — sin B cos C')* 4 2sin C cos Bsin B cos C [1 4 cos(24)]
sin(2B) sin(2C)
2 2
> cos’ Asin(2B)sin(2C).
Then, we can use this to offer a lower bound of the perimeter of triangle PQR:

p(PQR) = Z 2pcos A\/ f(A,B,C) > Z 2p cos® AV/sin 2B sin 2C

cyclic cyclic

= sin®(B-0C)+2 -2cos” A

So, one may consider the following inequality:

p(ABC) Z 2p cos® AV/sin 2B sin 2C > p(DEF)?

cyclic
or
2
2p Z sin A Z 2pcos® AVsin2Bsin2C | > [ 2p Z sin A cos A
cyclic cyclic cyclic
or

2

Z sin A Z cos® AVsin2Bsin2C | > Z sin Acos A

cyclic cyclic cyclic

Howewver, it turned out that this doesn’t hold. Disprove this!
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Epsilon 39. [IMO 2001/1 KOR] Let ABC be an acute-angled triangle with O as its
circumcenter. Let P on line BC be the foot of the altitude from A. Assume that ZBCA >
ZABC + 30°. Prove that ZCAB + ZCOP < 90°.

Solution. The angle inequality ZCAB+/ZCOP < 90° can be written as ZOCOP < ZPCO.
This can be shown if we establish the length inequality OP > PC. Since the power of
P with respect to the circumcircle of ABC is OP? = R? — BP - PC, where R is the
circumradius of the triangle ABC, it becomes R? — BP - PC > PC? or R*> > BC - PC.
We euler this. It’s an easy job to get BC' = 2Rsin A and PC = 2Rsin BcosC. Hence,
we show the inequality R? > 2Rsin A - 2Rsin Bcos C or sin Asin BcosC < i. Since
sin A < 1, it suffices to show that sin A sin BcosC < i. Finally, we use the angle condition

/C > /B + 30° to obtain the trigonometric inequality
sin(B + C) —sin(C' — B) < 1 —sin(C — B) < 1—-sin30° 1

2 2 - 2 4’

sin BcosC' =
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Epsilon 40. [IMO 1961/2 POL] (Weitzenbdck's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? +b% + % > 4V38.

Second Proof. [AE, p.171] Let ABC be a triangle with sides BC = a, CA =band AB = c.
After taking the point P on the same side of BC as the vertex A so that APBC is
equilateral, we use The Cosine Law to deduce the geometric identity

AP? = b? 4 ? — 2bccos ’C — %

322 _r
= b +ec¢ 2bc cos (C 6)
= b>+c® —becosC — V3besin C

2, 2 _ 2
— b2+02_b+cfa_2\/§}{

which implies the geometric inequality
b2 4 ¢ — g2
b+ — % > 23K

or equivalently
a? +b% + % > 4/38.
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Epsilon 41. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let as, ba, c2 denote the sides of the triangle A2 BoCs with area Fs.
Then, we have

a12(b22 +e? — a22) + 512(022 +ap® — 522) + 012(a22 +by? — 022) > 16F1 Fy.
Third Proof. [DP2] We take the point P on the same side of B1C4 as the vertex A1 so that
APB1C1 ~ AA2B3Cs. Now, we use The Cosine Law to deduce the geometric identity
a22A1P2
= a22b12 4+ ba2a1? — 2a1a2b1bs cos |Cy — Oy

= a22b12 + 11221112 — 2a1a2b1bs cos (01 — 02)

= a2’b 2+ bola? — % (2a1b1 cos C1) (2a2b2 cos Ca) — 8 (%albl sin Cl> (%azbg sin Cg)

1
= a’bi® +blar® — 3 (a1® +b1% — 1) (a1” + b1° — 1) — 8F1 P,

which implies the geometric inequality

1
as’bi® + bolar® — 3 (a12 +b°% — 012) (a12 +b° — 012) > 8F1F3

or equivalently
a12(b22 +e? — 6122) + 512(622 +ax? — 522) + 612(6122 + by — 022) > 16F1 Fs.
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Epsilon 42. (Barrow's Inequality) Let P be an interior point of a triangle ABC and let
U, V, W be the points where the bisectors of angles BPC, CPA, APB cut the sides
BC,CA,AB respectively. Then, we have

PA+ PB+ PC > 2(PU + PV + PW).

Proof. ([MB] and [AK]) Let di = PA, d» = PB, ds = PC, I\ = PU, lo = PV, ls = PW,
201 = /BPC, 20, = ZCPA, and 2035 = ZAPB. We need to show that di + d2 + ds >
2(l1 + Iz + 13). It’s easy to deduce the following identities

2d2d3 2d3d1 2d1d2

= 01, lo = (% d I3 =
cos b1, la bt ds cosf2, and I3 i+ d

cos 03,

It now follows that
l1 + 12 + 13 < Vdads cos 01 + Vdsdy cos 02 + Vdids cos O3 < % (dl +ds + d3) .
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Epsilon 43. ([AK], Abi-Khuzam) Let 1, -- ,z4 be positive real numbers. Let 61, 04
be real numbers such that 6; + --- + 64 = w. Then, we have

\/(w1x2 + x324) (2123 + T2wa) (X124 + T2T3)
L1234 ’

x1 cos 01 + x5 cos O2 + x3 cos O3 + x4 cos 0y <

Proof. Let p = ”21'1*';222 + z‘éi:j:z q = ft2drate and )\ = \/g, In the view of 61 + 02 +
(93 +t94) =mand 03 + 04 + (91 +92) =, we have
z1 cos 01 + x2 cos 02 + Acos(bs + 04) < pA = /pq,

and
23 o803 + x4 cos 04 + Acos(br + 62) < % = /pq.

Since cos(fs + 04) + cos(61 + 02) = 0, adding these two above inequalities yields

T122 + T324) (2123 + T224) (T124 + T223)
12,374 ’

21 oS 0143 cos O3+x3 cos Os+x4 cos by < 2./pqg = \/(
a
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Epsilon 44. [IMO 1991/5 FRA] Let ABC be a triangle and P an interior point in ABC.
Show that at least one of the angles /PAB, /PBC, /ZPCA is less than or equal to 30°.

First Proof. Set A1 = A, A, = B, A3 = C, Ay = A and write ZPA;A;11 = 0;. Let
Hi, Ha, H3 denote the feet of perpendiculars from P to the sides BC, CA, AB, respec-
tively. Now, we assume to the contrary that 61,602,035 > . Since the angle sum of a
triangle is 180°, it is immediate that 61, 02,03 < %’V Hence,
PH;
PAit1
for all i =1,2,3. We now find that
2(PH1 + PH> +PH3) > PAs + PAs +PA1,

which contradicts for The Erdés-Mordell Theorem. O

1
=si 92 =
S >

543



Epsilon 45. Any triangle has the same Brocard angles.

Proof. More strongly, we show that the isogonal conjugate of the first Brocard point
is the second Brocard point. Let 1, Q2 denote the Brocard points of a triangle ABC),
respectively. Let w1, ws be the corresponding Brocard angles. Take the isogonal conjugate
point Q of Q1. Then, by the definition of isogonal conjugate point, we find that

ZQBA = ZQQCB = LQQAC = W1i.

Hence, we see that the interior point €2 is the the second Brocard point of ABC. By the
uniqueness of the second Brocard point of ABC, we see that Q = Q2 and that w1 = ws. O
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Epsilon 46. The Brocard angle w of the triangle ABC' satisfies
cotw = cot A + cot B 4 cot C.

Proof. Let Q denote the first Brocard point of ABC. We only prove it in the case when
ABC is acute. Let AH, PQ denote the altitude from A, @, respectively. Both angles
/B and ZC are acute, the point H lies on the interior side of BC. Let P # Q be the
intersubsection point of the circumcircle of triangle QC' A with ray Bf). Since LZAPB =
LAPQ = LZACQ = w = LOBC = £ZPBC, we find that AP is parallel to BC' so that
AH = PQ. Since ZA is acute or since /PCB = /PBA+ /C = /B + /ZC = 180° — ZA
is obtuse, we see that the point H lies on the outside of side BC. Since the four points

B, H,C, Q are collinear in this order, we have BQ = BH + HC' + C(Q. It thus follows that
BQ BH _HC  CQ

cotw = PO —ﬁ—&—ﬁ—i—%:cotA—i—cotB—&—cotC.
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Epsilon 47. (The Trigonometric Version of Ceva's Theorem) For an interior point P of a
triangle A; A2 Az, we write

4A3A1A2 aq, LPA1 Ay = 191, lPA1A3 = 01,

LA1A2As = an, LPA3A3 =92, LPA3A; = 03,

LA2A3A1 = ag, LPA3A; =193, LPA3As = 03.
Then, we find a hidden symmetry:

sin; sinde sinds

sin 01 " sin 0o " sin 05 -
or equivalently
1

- . - = [cot 91 — cot ai] [cot ¥2 — cot az] [cot I3 — cot ag] .
sin a1 sin oz sin az

Proof. Applying The Sine Law, we have
sinﬂl _ PA2 sin192 _ PA3 Sin’l93 o PAl
sin91 - PAl7 Sin@z o PAQ7 Sil’l93 - PA3‘

It follows that
sin 191 sin 192 sin 193 PAQ PAg PA1

. . = . . =1.
sin 91 sin 92 sin 93 PA1 PA2 PA3
We now observe that, for ¢ = 1,2, 3,
cost¥;  COSqy sin (a; — % sin 6;
cot¥; —cotay = —— — —— = = ( : 1): - .
sin ¥ sin oy sin «y; sin 19 sin oy sin 9;

It therefore follows that

[cot 91 — cot 1] [cot P2 — cot az] [cot I3 — cot as]
sin 01 sin 02 sin 03

sinag sin;  sinagsinds  sin ag sin Y3
1 sinf; sinfs sin0O3

sinag sinas sinag  sind;  sinds  sinds
1

sin a1 sin aig sinas
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Epsilon 48. Let P be an interior point of a triangle ABC. Show that
cot (LPAB) + cot (/PBC) + cot (/PCA) > 3V/3.
PTOOf. Set A1 = A, AQ = B, A3 = C, A4 = A and write ZAZ = Q4 and ZPAZAhLl = ’191
for i = 1,2,3. Our job is to establish the inequality
cot Y1 + cot ¥ + cot ¥z > 3V/3.
We begin with The Trigonometric Version of Ceva’s Theorem
1

sin aq sin ae sin arg

We first apply The AM-GM Inequality and Jensen’s Inequality to deduce

sina1+sina2+sina3>3 . 3(01+az+ a3 V3 :
3 < sin® (S =

= [cot Y1 — cot ai] [cot Y2 — cot az] [cot V3 — cot as] .

sin a1 sin ae sin ag < (

or

9\ 3
(ﬁ) < [cot ¥y — cot an] [cot P2 — cot az] [cot ¥s — cot az] .
Since 9; € (0, ), the monotonicity of the cotangent function shows that cot a; — cot 9,
is positive. Hence, by The AM-GM Inequality, the above inequality guarantees that

2

7 < YJeot 91 — cot an] [cot Y2 — cot arz] [cot I3 — cot az)
< [cot ¥1 — cot ar] + [cot P2 — cot az] + [cot I3 — cot as]
- 3
_ [cotd1 + cot ¥z + cot ¥3] — [cot a1 + cot aa + cot as]
B 3
or
cot 91 + cot ¥ + cot ¥z > cot a; + cot ae + cot ag + 2V/3.
Since we know cot a 4 cot ag + cot iz > /3, we get the desired inequality. g
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Epsilon 49. [IMO 1961/2 POL] (Weitzenbdck's Inequality) Let a, b, ¢ be the lengths of a
triangle with area S. Show that

a? +b% + % > 4V38.

Fourth Proof. ([RW], R. Weitzenbdck) Let ABC' be a triangle with sides a, b, and ¢. To
euler it, we toss the picture on the real plane R? with the coordinates A(a, ), B (—%, 0)
and C (%,O). Now, we obtain

2 2
(a® + 0% +*)° — (4\/§S) = (ng + (o - 52)) +16a’% > 0.
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Epsilon 50. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let as, ba, c2 denote the sides of the triangle A2 BoCs with area Fs.
Then, we have

a12(b22 +e? — a22) + 512(022 +ap® — 522) + 012(a22 +by? — 022) > 16F1 Fy.
Fourth Proof. (By a participant from KMO'® summer program.) We toss AA;B1Cy and
A A3 B2C5 onto the real plane R2:
A1(0,p1), Bi(pz2,0), Ci(ps,0), A2(0,q1), B2(gz,0), and C2(gs,0).
It therefore follows from the inequality z* + 3* > 2|zy| that
a12(b22 +c® — a22) + 512(622 +a2® — 522) + 012(1122 + bo® — 022)
= (s —p2)* (20" +2q102) + (11” + ps”) (202" — 20243) + (01 + p2") (205" — 2q203)
2(ps — p2)’01” + 2(g3 — 42)’p1” + 2(p3qz — p2gs)”
2((ps — p2)q1)” + 2((g3 — g2)p1)*

4l(ps — p2)q1] - 1(gs — q2)p1]
16F; F5 .

(\VARY

16Korean Mathematical Olympiads
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Epsilon 51. (USA 2003) Let ABC be a triangle. A circle passing through A and B
intersects the segments AC and BC at D and E, respectively. Lines AB and DFE intersect
at F', while lines BD and CF intersect at M. Prove that MF = MC if and only if
MB-MD = MC>.

Solution. (Darij Grinberg) By Ceva’s theorem, applied to the triangle BC'F and the con-
current cevians BM, CA and FE (in fact, these cevians concur at the point D), we

have
MF EC AB _

MC EB AF
Hence, M5 = 4£ . BB — 48 . EC Thus, MF = MC holds if and only if 45 = £¢.
But by Thales’ theorem, ﬁ—g = g—g is equivalent to AE|FC, and obviously we have

AE|FC if and only if ZEAC = LZACF. Now, since the points A, B, D and E lie on
one circle, we have that /EAD = ZEBD, what rewrites as ZEAC = ZCBM. On other
hand, we trivially have that ZACF = ZDCM. Thus, ZEAC = ZACF if and only if
ZCBM = ZDCM. Now, as it is clear that ZCM B = ZDMC, we have ZCBM = £/DCM
if and only if the triangles CM B and DMC' are similar. But, the triangles CM B and
DMC are similar if and only if 122 = 24€  This is finally equivalent to M B-MD = MC?,
and so, by combining all these equivalences, the conclusion follows. O
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Epsilon 52. [TD] Let P be an arbitrary point in the plane of a triangle ABC with the
centroid G. Show the following inequalities

(1) BC-PB-PC+AB-PA-PB+CA-PC-PA>BC-CA-AB and

(2) PA’ - BC +PB° - CA+PC"-AB > 3PG-BC -CA - AB.
Solution. We only check the first inequality. We regard A, B, C, P as complex numbers
and assume that P corresponds to 0. We're required to prove that

|(B—C)BC|+ |(A— B)AB|+ |(C — A)CA| > |(B—C)(C — A)(A — B)|.
It remains to apply The Triangle Inequality to the algebraic identity

(B-C)BC+(A—B)AB+ (C—-A)CA=—-(B-C)(C—-A)(A-B).
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Epsilon 53. (The Neuberg-Pedoe Inequality) Let a1,b1,c1 denote the sides of the triangle
A1 B1C1 with area Fy. Let as, ba, c2 denote the sides of the triangle A2 BoCs with area Fs.
Then, we have

a12(b22 +e? — a22) + 512(022 +ap® — 522) + 012(a22 +by? — 022) > 16F1 Fy.
Fifth Proof. (|[GC], G. Chang) We regard A, B,C, A’, B',C’ as complex numbers and as-

sume that C corresponds to 0. Rewriting the both sides in the inequality in terms of
complex numbers, we get

a12(b22 + 022 — CL22) + b12(022 + a22 — b22) + 612((122 + b22 — 622)
- 2 (|A’\2\B|2 + |A\2\B’|2) — (AB+4B) (A'B’ + A'B)
and - - -
16F\F, =+ (AB— AB) (A'B'+ A'B'),
where the sign begin chose to make the right hand positive. According to whether the
triangle ABC and the triangle A’B’C’ have the same orientation or not, we obtain either

a1’ (ba® +c2” — as®) + 017 (c2” + a2’ —b2%) +e1* (a2 + b2 —2%) — 16 Fy = 2| AB' — A'B|?
or

a12(b22 +eo? —a22)+b12(022 +a? —b22)+cl2(a22+b22 —022) —16F1 5 = 2|AF — WB!Q.
This completes the proof. O
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Epsilon 54. [SL 2002 KOR] Let ABC be a triangle for which there exists an interior point
F such that ZAFB = ZBFC = LCOFA. Let the lines BF and CF meet the sides AC
and AB at D and E, respectively. Prove that AB + AC > 4DE.

Solution. Let AF = x, BF = y,CF = z and let w = cos %’T + isin %’T We can toss the

pictures on C so that the points F', A, B, C, D, and E are represented by the complex

numbers 0, z, yw, zw?, d, and e. It’s an easy exercise to establish that DF = ;:_zz and
EF = 2L This means that d = —-22w and e = — 2L w. We’re now required to prove
z+y z+z Tty
that
2 —zx Ty o
r—yw|+ 2w —z| 24| ——w+ —— .
o ol + |z0” — ] 2 4| o+ 2L
Since |w| = 1 and w® = 1, we have |zw? — 2| = |w(zw? — x)| = |z — 2w|. Therefore, we
need to prove
dzx dxy
|z — yw| + |z — 2w| > | —— — wl.
z+x T+y
dzx dxy

e *Tﬂ,w’ or |p— qu| >

|r — sw|, wherep=z+z, ¢g=y+=z,r= :ﬁc and s = ?Tyy. It’s clear that p > r > 0 and
q > s > 0. It follows that

More strongly, we establish that |(z — yw) + (2 — zw)| >

[p = qul*~|r — swl* = (p—qw)(p — qw) = (r—sw)(r — sw) = (p*~r*)+(pg—rs)+(g*~s") > 0.
It’s easy to check that the equality holds if and only if AABC is equilateral. O

553



Epsilon 55. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® +2)(b° 4+ 2)(c* + 2) > 9(ab + be + ca).
First Solution. Choose A,B,C € (07 g) with @ = v2tan A, b = v/2tan B, and ¢ =

Vv2tan C. Using the trigonometric identity 1+ tan®8 = one may rewrite it as

1
cos20?
g > cos A cos B cos C (cos Asin Bsin C' + sin A cos Bsin C' + sin Asin Bcos C') .

One may easily check the following trigonometric identity
cos(A+B+C) = cos Acos B cos C' —cos Asin B sin C' —sin A cos B sin C' —sin A sin B cos C.

Then, the above trigonometric inequality takes the form
g > cos A cos B cos C (cos Acos BcosC — cos(A+ B+ C)).

Let 0 = %. Applying The AM-GM Inequality and Jesen’s Inequality, we have

3
cosA—l—cozs))B—i—cosC’) < cos® 0.

cos Acos BcosC < (

We now need to show that
g > cos® B(cos® 6 — cos 36).
Using the trigonometric identity
cos30 = 4cos®d —3cosh or cos®6 — cos30 = 3cosb — 3cos’ b,
it becomes 4 \ ,
> > cos 0(1—(:05 9),
which follows from The AM-GM Inequality

2 2 3 2 2
cos”“ 0 cos® 0 9 3 1 (cos“f cos“6 9 1
. (1= < Z — ==,
( 5 5 (1 cos 0)) <3 ( 5 + 5 + (1 cos 0)) 3
One find that the equality holds if and only if tan A = tan B = tanC = % if and only if
a=b=c=1. O
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Epsilon 56. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

1 N 1 N 1 N 1 _
1+at 1464 14c¢* 144+

Prove that abed > 3.

First Solution. We can write a®> = tan A, b = tan B, ¢ = tanC, d®> = tan D, where
A B,C,D € (O, g) Then, the algebraic identity becomes the following trigonometric
identity :
cos® A+ cos® B 4 cos®> C + cos® D = 1.
Applying The AM-GM Inequality, we obtain
sin® A =1 — cos® A = cos® B + cos” C 4 cos®> D > 3(CosBcochosD)% .
Similarly, we obtain

sin® B > 3(cochosDcosA)% ,sin” C' > 3(cosDcosAcosB)% , and sin® D > 3(cosAcosBcosC)% .

Multiplying these four inequalities, we get the result! O
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Epsilon 57. (Korea 1998) Let z, y, z be the positive reals with  + y + z = zyz. Show

that
1 1 1 3

+ + <5
Vita?r 1492 V14227 2
First Solution. We give a convexity proof. We can write x = tan A, y = tan B, z = tan C,

where A, B,C € (0,%). Using the fact that 1+ tan®¢ = (ﬁ){ we rewrite it in the
terms of A, B, C' :

cos A+ cosB+cosC < g

It follows from tan(m — C) = —z = £tL = tan(A + B) and from 7 — C,A+ B € (0, )

zy

that m — C = A+ B or A+ B+ C = 7. Hence, it suffices to show the following. g
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Epsilon 58. (USA 2001) Let a, b, and ¢ be nonnegative real numbers such that a® +b% +
¢® 4 abc = 4. Prove that 0 < ab + be + ca — abe < 2.

Solution. Notice that a,b, ¢ > 1 implies that a® +b* + ¢+ abc > 4. If a < 1, then we have
ab + bc+ ca — abe > (1 — a)be > 0. We now prove that ab 4 be + ca — abe < 2. Letting
a=2p, b=2q c=2r, we get p?> +¢> + 1> + 2pgr = 1. By the above exercise, we can
write

a=2cosA, b=2cosB, ¢c=2cosC for some A, B,C € [0, g] with A+ B+ C =m.
We are required to prove

cos Acos B + cos BcosC + cosC cos A — 2cos Acos BeosC <

N[ =

One may assume that A > % or 1 —2cos A > 0. Note that
cos A cos B+cos B cos C+cos C cos A—2 cos A cos B cos C' = cos A(cos B+cos C)+cos B cos C(1—-2cos A).

We apply Jensen’s Inequality to deduce cos B+cos C' < %—cos A. Note that 2 cos BcosC =
cos(B — C) +cos(B+ C) <1—cosA. These imply that

3 1—cosA
cos A(cos B+cos C)4-cos B cos C(1—2cos A) < cos A 5 ~cos A+ — (1-2cos A).

However, it’s easy to verify that cos A (£ — cos A) + (:=222) (1 — 2cos A) = 1. d
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Epsilon 59. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + >1
VaZ +8bc Vb2 +8ca V2 +8ab T
First Solution. To remove the square roots, we make the following substitution :
a b c

= Y= 2=
va? + 8bc Y Vb?% + 8ca V2 + 8ab

Clearly, z,y,z € (0,1). Our aim is to show that x + y + z > 1. We notice that

@ _ & v _y ¢ L 1 _( v’ 2
8c 1—x2" 8ac 1—y2’ 8ab 1-—22 512 \1—-22) \1—-92/\1-22)"

Hence, we need to show that

r4+y+z>1, where 0 < z,y,z < 1and (1 — 2°)(1 — y*)(1 — 2%) = 512(zyz2)°.
However, 1 > = + y + z implies that, by The AM-GM Inequality,
(1=2*)(1=y*)(1=2%) > ((z+y+2)* =) (e+y+2)" —y") (e+y+2)*~2") = (r+aty+2)(y+2)

1
2

(zt+y+y+2)(z+z)(x+y+z+2) (z+y) > 4(a:2yz)%~2(yz)% -4(y22m)%~2(zw)% -4(22wy)i-2(wy)
= 512(zyz)?. This is a contradiction ! O
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Epsilon 60. [IMO 1995/2 RUS] Let a, b, c be positive numbers such that abc = 1. Prove
that

1 " 1 n 1 > §
at(b+c)  b¥(c+a) Ala+b) T 2
Second Solution. After the substitution a = %, b = %, c = %, we get xyz = 1. The
inequality takes the form
z2 y? 22 > 3
y+z z4+zx x+y 2

It follows from The Cauchy-Schwarz Inequality that

2 2 2

2+ G+ (S5 + S+ o5 ) 2@ty

so that, by The AM-GM Inequality,

z? y? 22 >x—|—y+z>3(1’yz)%_3

y+z+z+:c+m+y_ 2 = 2 2°
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Epsilon 61. (Korea 1998) Let z, y, z be the positive reals with  + y + z = zyz. Show

that
1 1 1 3

+ + <t
VIita?  T+y2 V14227 2

Second Solution. The starting point is letting a = %, b = %7 c = % We find that

a + b+ ¢ = abe is equivalent to 1 = zy + yz + zx. The inequality becomes

LN S ——
Va4l 2P+l V221 2
or
T " Y " z §§
\/m2+my+yz+zm \/y2+xy+yz+zx \/22+xy+yz+zx 2
or

T Y z

+ +
Ve+y)e+2) Vy+2)y+a) (+a)(z+y)
By the AM-GM inequality, we have

x @ (w+y)(w+z)<1x[(w+y)+(w+z>]:1( x @ )
> .

<2
-2

G+ryatz) (@+y@+z) —2 @+y(wte2)

In a like manner, we obtain

IS I R S VS
+2)y+z) ~2\y+tz ytz (z+2)(z+y) ~ 2\ztz 24y
Adding these three yields the required result. 0
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Epsilon 62. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
<a—1+l) (b—l-l—l) (c—l—i—l) <1.
b c a

Second Solution. ([IV], llan Vardi) Since abc = 1, we may assume that a > 1 > b. 7 It
follows that

1—(a—1+%> (b—1+%) (c—l—l-%):(c—&-%—Q) <a+%—1)+%jl_b). 18

|

Third Solution. As in the first solution, after the substitution a = %, b=1Y c= 2 for z,
y, z > 0, we can rewrite it as zyz > (y+ z — z)(z + = — y)(x + y — z). Without loss of
generality, we can assume that z >y > . Set y —x =p and z — z = q with p,g > 0. It’s

straightforward to verify that

wyz— (y+z—a)z+z—y)(@+y—2) =0 —pe+ )z + 0’ + ¢ —p’a—pg?).
Since p* — pg+¢* > (p — q)> > 0 and p* + ¢* — p*q — pg®> = (p — ¢)*(p + q) > 0, we get
the result. O

Fourth Solution. (From the IMO 2000 Short List) Using the condition abc = 1, it’s straight-
forward to verify the equalities

2:1<a—1—&-1>—|—c(b—1—|—1)7

a b c

2:1(b—1+1>+a<c—1+1>,
b c a

2:1(6—1+1>+b<a—1+1).
c a c

In particular, they show that at most one of the numbers u =a — 1+ %, v=b—-1+ %,
w=c—1+ i is negative. If there is such a number, we have

<a—1+1) (b—1—|—1> (c—1+1>:uvw<0<1.
b c a

And if u,v,w > 0, The AM-GM Inequality yields

1 1 1 /
2=-u+cv>2 Euv7 2=-v+4+aw > 2 ng, 2=~-w+aw > 2 éwu.
a a b b c c

a b ¢

Thus, uv < 2, vw < &, wu < &, s0 (wow)? < 2.82.¢ = 1. Since u,v,w > 0, this
c a b c a b
completes the proof. O

"Why? Note that the inequality is not symmetric in the three variables. Check it!
18For a verification of the identity, see [IV].
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Epsilon 63. Let a, b, ¢ be positive real numbers satisfying a + b+ c = 1. Show that

a + b Vabe < 3v3

1+ —.
a+bc b+ca c+ab~ + 4
Solution. We want to establish that
ab

1 1 3 3v3
+ + <14 —.
I+2  1+9% 1+%2 4

Set © = %,y:w/%,z:w/%’). We need to prove that
1 1 2 3v3
<14+ —
1+m2+1+y2+1+22* Tt

where z,y,z > 0 and zy + yz + zz = 1. It’s not hard to show that there exists A, B,C €
(0, 7) with

x:tané,y:tané,z:tang, and A+ B+C =m.

2 2 2
The inequality becomes
1 1 tan < 3V/3
3 = + o <1+ —[
1+ (tan 5) 1+ (tan 5) 1+ (tan 5)
or
1+%(cosA+cosB+sinC) < 1+¥
or
cosA+cosB+sinC < %

|

Note that cos A + cos B = 2 cos (A;B) cos AgB). Since |A;B | < %, this means that

cos A + cos B < 2 cos (A;LB> = 2cos (%) .
It will be enough to show that

2 cos (%) +sinC < %,

where C € (0, 7). This is a one-variable inequality.'® It’s left as an exercise for the reader.

19 Differentiate! Shiing-Shen Chern
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Epsilon 64. (Latvia 2002) Let a, b, ¢, d be the positive real numbers such that

1 N 1 N 1 N 1 _
1+at 1464 14c¢* 144+

Prove that abed > 3.

Second Solution. (given by Jeong Soo Sim at the KMO Weekend Program 2007) We need

to prove the inequality a*b*c*d* > 81. After making the substitution

1 1 1 1
1+at’ 1+b4’C 1+’ 1+d4’
we obtain
a4*1_A b471_B 0471_0 d471_D
A - B’ ToCc - D

The constraint becomes A + B 4+ C' 4+ D =1 and the inequality can be written as

1—A.1—B.1—C.1—D
A B C D

B+C+D C+D+A D+A+B A+B+C
A B c D =

> 81.

or

or

(B+C+D)(C+D+A)(D+A+B)(A+ B+ C)>8lABCD.
However, this is an immediate consequence of The AM-GM Inequality:

(B+C+D)(C+D+A)(D+A+B)(A+B+C) > 3(BCD)3 -3 (CDA)3 -3 (DAB)3 -3 (ABC)
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Epsilon 65. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—&-%-{-% =
2,

Vitytz>2Ve—1+y—1+vz—1.
First Solution. We begin with the algebraic substitution ¢ = vz — 1, b = \/y — 1, ¢ =
vz — 1. Then, the condition becomes
1 1 1
1+ a? + 1402 + 1+4¢2
and the inequality is equivalent to

Vat+b2+c2+3>a+b+c & ab—l—bc—i—cagg.

Let p = be, ¢ = ca, 7 = ab. Our job is to prove that p+q+r < % where p? +¢% +r% 4+ 2pqr =
1. Now, we can make the trigonometric substitution

p=-cosA, g=cosB, r=cosC for some A, B,C € (O,W) with A+ B+ C =m.

=2 & a®2+b2P +Pa® +2d%°F =1

2
What we need to show is now that cos A + cos B + cos C' < % It follows from Jensen’s
Inequality. (]
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Epsilon 66. (Belarus 1998) Prove that, for all a,b,c > 0,
a b c¢c_a+b b+ec

248>
+c+a_ b+c+c+a

and y = 7, we get

+1

e o

Solution. After writing = =
c_y a+b_=x+1 btc 14y

a z b+tc 1+y cta ytax
One may rewrite the inequality as
x3y2 + a2 —|—x+y3 +y2 > xzy + 2zy + 2my2.
Apply The AM-GM Inequality to obtain
3,2 3,2 3 3
ST N ”;y TV S on? 2 442 > 20

Adding these three inequalities, we get the result. The equality holds if and only if
a

zr=y=1lora=b=c.
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Epsilon 67. [SL 2001 | Let x1,--- ,x, be arbitrary real numbers. Prove the inequality.

Tl T2 Tn
+ - < V/n.
1+x12+1+m12+$22 +1+$12+--~+$n2 vn
First Solution. We only consider the case when z1,--- ,z, are all nonnegative real num-

be]rs.(VVhy’.’)20 Let o = 1. After the substitution y; = 2024 +x;2 for all i = 0,---,n,
we obtain x; = \/y; — yi—1. We need to prove the following inequality

Zvyl y21<f

=0
Since y; > y;—1 for all i = 1,---  n, we have an upper bound of the left hand side:
i\/yz Yi— <Z'\/yz Yi—1 o
ylyl 1 Yi—1

=0
We now apply the Cauchy—Schwarz inequality to give an upper bound of the last term:

" a 1 1 1
BN EGE D )
o Yi—1 Yi o Yi—1 Yi Yo Yn

Since yo = 1 and y,, > 0, this yields the desired upper bound +/n.

d
Second Solution. We may assume that x1,--- ,z, are all nonnegative real numbers. Let
xo = 0. We make the following algebraic substitution
t; = L = 1 and s; = b
for all ¢ = 0,--- ,n. It’s an easy exercise to show that wo2+$77+xl2 = ¢o---c;8;. Since

si =1 —¢;? , the desired inequality becomes

coc1V/' 1 —c12 +cocicav/1 —ca2 4+ -+ coct - cnV/ 1 — cn2 < /.

Since 0 < ¢; <1foralli=1,---,n, we have
n n
ZCO"'Ci\/l—CiQSZCO"'Ci—l\/l—CiQ Z\/ ci—1)? = (co -+ cim10i)%
i=1 i=1

Since ¢p = 1, by The Cauchy-Schwarz Inequality, we obtaln

Z \/(Co e Ci71)2 — (Co . ~ci,1ci)2 S TLZ cCi— 1 (Co B -ciflci)2] = n [1 — (Co B 'Cn)2].

20 ac12+

o T < \1\2+ |z2] s+ |Zn

1+r12+ Fan? = 14z 14a12+xo [EETEERN

T2
1+z12+x2
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Epsilon 68. Let a, b, c be the lengths of a triangle. Show that

a + b + c <2
b+c c+a a+bd ’

Solution. We don’t employ The Ravi Substitution! It follows from the triangle inequality

that a a
< =2
Zb—i—c Z La+b+c)

cyclic cyclic 2
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Epsilon 69. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + >1
VaZ +8bc Vb2 +8ca V2 +8ab T
Second Solution. Let’s try to find a new lower bound of (z 4 y + z)? where z,y,z > 0.
There are well-known lower bounds such as 3(zy + yz + zz) and 9(xyz)% Here, we break
the symmetry. We notice that
(z4+y+2)> =2+ + 22 42y +ay+yz+yz + 2z + zz.
We apply The AM-GM Inequality to the right hand side except the term z2:

y2+22+xy+xy+yz+yz+zm+zx28x%y%z%.

).

It follows that

3
4

oo

(z+y+2)° 2x2+8m%y%z% - (x% +8yiz

We proved the estimation, for z,y,z > 0,

r+y+z2> \/:r% (x% +8y%z%).

It follows that

wle

(0]
N

x x
S oty -1
cyclic x% + Yy z% cyclic T+ y +z

After the substitution x = a%7y =b %, it now becomes the inequality

XIS

,and z = ¢

> >
va? +8bc ~

cyclic
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Epsilon 70. [IMO 2005/3 KOR] Let z, y, and z be positive numbers such that xyz > 1.
Prove that
PR ¥ — o L5 52

>0
x5+y2+z2+y5+z2+x2+z5+x2+y2 —

First Solution. It’s equivalent to the following inequality
2 5 2 5 2 5
- Yy —y 25—z
—_— +1 ——+1 —+1 ] <3
(w5+y2+z2 i )+ (y5+z2+x2 i ) i (z5+x2+y2 i ) =

TR R S ST I B Y. S
$5+y2+22 y5+22+x2 25+w2+y2—
With The Cauchy-Schwarz Inequality and the fact that xyz > 1, we have

or

@ +y*+ 2z +y° +2%) > (2 +y? +2%)°

or

x2+y2+z2 <yz+y2+z2
x5+y2+22 7$2+y2+22'
Taking the cyclic sum, we reach
m2+y2+z2 ;1:2—|—y2+z2 x2—|—y2+z2<2 Y + Yz + 2T
x5+y2+22 y5+22+l'2 Z5+$2+y2_ $2+y2+22 —

Second Solution. The main idea is to think of 1 as follows :

ZL’5 y5 2’5 $2 y2 22

>1> .
l‘5+y2+Z2+y5+22+1'2+25+1‘2+y2 - - l‘5+y2+22+y5+22+l‘2+25+1‘2+y2

We first show the left-hand. Tt follows from y* 4 2* > %2 + y2® = yz(y? + 2?) that

5 $5 m4

4 4 2 2 2 2 z
) zmyEy ) 2V S o e e Y i e A A

Taking the cyclic sum, we have the required inequality. It remains to show the right-hand.
As in the first solution, The Cauchy-Schwarz Inequality and xyz > 1 imply that

x2(y2+y2+22) 12

5, 2, 2 2 2 2, 2, 2\2
> .
(" +y +27)(yz+y +27) > (2" +y +27)" or (@2 +y2+22)2 — 25+ y2 + 22

Taking the cyclic sum, we have
2 2 2 2
Sy
cyclic cyclic
Our job is now to establish the following homogeneous inequality
2 2 2
= (yz+y° +2°) 2, 2, . 2\2 2 2 2 4 2

cyclic cyclic cyclic cyclic cyclic

However, by The AM-GM Inequality, we obtain

Zx4: Z x4—2ky4 > szyzz sz <y2;z2) > Zmzyz.

cyclic cyclic cyclic cyclic cyclic
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Remark 8.2. Here is an alternative way to reach the right hand side inequality. We claim
that

20t 4yt + 2t + d2?y? + 42222 z?
4($2+y2+22)2 7x5+y2+z2'
We do this by proving
20t + yt + 2t + 42?y? 4 42222 > z2yz
4($2 +y2+22)2 - x4+y32+yz3
because xyz > 1 implies that
z2yz _ z? > x>
x4 + 3z + y23 - Z—5+y2+22 = b4y 422
TYZz

Hence, we need to show the homogeneous inequality
(2z* +y* + 2t + 427y + 42227 (2 + P2 + y2®) > 42y (2 + o7 + 22
However, this is a straightforward consequence of The AM-GM Inequality.
2z + oy 4 2t + 42y + 42227 (2 4+ P2 + y2P) — daPyz(a® + 7 + 2P)?
= (@Bt atyt aty +aS 4yTP) + (2f et 4 2%2 4 8 4y 4y
+2(z%y® + 2°2%) — 62*y®z — 62 y2® — 22592

> 6€/x8 cxtyt - xby? . xby2 . yTz - 325 + 6§/$8 cxlzt @622 3622 .y . YB3
z0y? - 2622 — 62ty z — 6ztyz® — 22%y2
= 0.
Taking the cyclic sum, we obtain
4 4 4 2,2 2,2 2
=2, a2 POt

Third Solution. (by an IMO 2005 contestant Iurie Boreico?! from Moldova) We establish

that s ) s )
° —x ° —x

75 + y2 + 22 Z 3(2? + 2 + 22)
It follows immediately from the identity
25— 22 - R B (2% — 1)222(y? + 22)
2422 2322492 +22) a3 +y2+ 22) (25 + y? + 22)
Taking the cyclic sum and using zyz > 1, we have
5 2
Z x59_3|—y23—3’—22 > m5+yl2+22 Z ($27%) = m Z (m2fyz) > 0.

cyclic cyclic cyclic

d

21He received the special prize for this solution.
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Epsilon 71. (KMO Weekend Program 2007) Prove that, for all a, b, ¢,z,y,z > 0,
ar_ by 4 e <(a+b+c)(x+y+z)
a+xz b+y ct+z " at+btctztytz’

Solution. (by Sanghoon at the KMO Weekend Program 2007) We need the following
lemma:

Lemma 8.2. For all p,q,w1,ws > 0, we have
pe_ _ wi’ptuw’q
P+q = (w1 +w)?

Proof. After expanding, it becomes
(P + ) (w1’p + w2’q) — (w1 + w2)” pg > 0.

However, it can be written as
(wip — w2q)® > 0.

O
Now, taking (p, ¢,w1,w2) = (a,z,z+y + z,a + b+ ¢) in the lemma, we get
az <(x+y+z)2a+(a+b+c)2a:
at+z =  (z+y4+z+atbte)?
Similarly, we obtain
by _ (x+y+2)°b+(atbto)’y
b+y - (z+y+ztat+b+te)’
and
cz <(m+y+z)20+(a+b+c)22
c+z~ (z+y+zH+at+b+ce)?
Adding the above three inequalities, we get
axr_ by 4 <(w+y+z)2(a+b—|—c)+(a+b+c)2(x+y+z)
atx bty c+z” (z+y+z+at+bte) '
or
axr_ by 4 <(a+b+c)(m+y+z)
a+x b+y ct+z at+btctr+yt+z’
as desired.
[

571



Epsilon 72. (USAMO Summer Program 2002) Let a, b, ¢ be positive real numbers. Prove

that
2 \ 3 2% \i 2 \ 3
> 3.
(b+c> +(c+a) +(a+b) 23

Proof. Establish the inequality

2
2a \Pogf e )
b+c - a+b+c
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Epsilon 73. (APMO 2005) Let a, b, ¢ be positive real numbers with abc = 8. Prove that
a? b2 2
+ +
VI+a3)1+6)  JO+83)1+3) 1+ B3)(1+ad)

Proof. Use the auxiliary inequality

S 4
-3

1 2
> .
V1i+xd T 2+ 22
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Epsilon 74. (Titu Andreescu, Gabriel Dospinescu) Let z, y, and z be real numbers such
that z,y,2 <1 and z + y + z = 1. Prove that
L SRS SR
14+ 22 1492 1422 —10°

Solution. Employ the following inequality
27
< 2Lt—2
1+t~ 50 ( )

where ¢t < 1. O
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Epsilon 75. (Japan 1997) Let a, b, and ¢ be positive real numbers. Prove that
(b+c—a)? (c+a—0b)? (a+b—c)? 3

(b+c)2+a?  (c+a)?+b  (a+b2+c "5
Solution. Because of the homogeneity of the inequality, we may normalize to a+b+c = 1.
It takes the form

(1 — 2a)? (1—20)2 (1 —2¢)? 23
I-a)?24+a®> (1-0)240> (Q-0¢)2+c2 "5
or
1 P S 1 220
2a2 —2a+1 22 —-2b+1 2c2—2c+1~ 5
We find that the equation of the tangent line of f(z) = rlhﬂ at x = % is given by
oo
25 25

and that

54 27 2(3z — 1)%(6z + 1)
N ) == < 0.
/(@) <25”’ 25> 25227 — 20+ 1) ="
for all x > 0. It follows that
54 27 27
< -— _— = —.
> flays ) %t "5

cyclic cyclic
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Epsilon 76. [IMO 1984 /1 FRG] Let x,y, z be nonnegative real numbers such that z+y—+z =
1. Prove that 0 < xy + yz + za — 2xyz < 2—77 .

First Solution. Using the constraint z+y+2z = 1, we reduce the inequality to homogeneous

one:

7
0< (zy+yz+zz)(z+y+z)—2zyz < ﬁ(az+y+z)3.

The left hand side inequality is trivial because it’s equivalent to

0 <zyz+ ZmQy.

sym

The right hand side inequality simplifies to
7 Z 4+ 152yz — GZny > 0.

cyclic sym

In the view of

7Zm3+15xyz—62a:2y: 22x3—2m2y +5 3xyz+21:3—2932y s

cyclic sym cyclic sym cyclic sym

223&3223523;

cyclic sym

3zyz + Z > Zm2y.

cyclic sym

it’s enough to show that
and

The first inequality follows from
2Y 2= 2y => @ +y) - Y @ytay)= Y (@ 4+’ -2ty —ay’) >0
cyclic sym cyclic cyclic cyclic
The second inequality can be rewritten as
> al@—y)x—2) >0,
cyclic

which is a particular case of Schur’s Theorem. g
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Epsilon 77. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—&-%-{-% =
2,

Vitytz>2Ve—1+y—1+vz—1.

1 1

Second Solution. After the algebraic substitution a = %, b= y» ¢ =3, weare required to

1 1 1 1—a 1-5 1—c¢

-+ -+-2= + + ,

a b ¢ a b c
where a,b,c € (0,1) and a + b+ ¢ = 2. Using the constraint a + b + ¢ = 2, we obtain a
homogeneous inequality

1 1 1 1 a+b+c —a a+b+c —b a+b+c —c
— — _ _ > 2 2 2
\/2(a+b+c)<a+b+c>\/ a +\/ b + c
1 1 1 — - —
@tbto)(teiyl 2\/b—i—c a+\/c+a b+\/a+b c7
a b ¢ a b c

which immediately follows from The Cauchy-Schwarz Inequality

\/[(b+ca)+(c+ab)+(a+bc)] (%+%+%)Z\/b+2—a+\/c+2_b+\/a+i_c'
O

prove that

or
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Epsilon 78. Let x,y, z be nonnegative real numbers. Then, we have
3ayz +2° +y +2° > 2 ((ay)f + (w2} + () ?)).
First Solution. By Schur’s Inequality and The AM-GM Inequality, we have

3zyz + Z z® > Z 2’y +ay® > Z 2(3531)%

cyclic cyclic cyclic
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Epsilon 79. Let t € (0,3]. For all a,b,c > 0, we have
(3—1) +t(abc)% + Z a®>2 Z ab.

cyclic cyclic
. 2 2 2 .
Proof. After setting x = a3, y = b3, z = ¢3, it becomes

3—t+t(xyz)% + Z 2’ >2 Z(my)%

cyclic cyclic

By the previous epsilon, it will be enough to show that
3—t+ t(myz)% > 3xyz,
which is a straightforward consequence of the weighted AM-GM inequality :
3—-t

t
35 -1+ %(myz)% > 1% ((zyz)%>3 = 3zyz.

One may check that the equality holds if and only if a =b=c=1.
Remark 8.3. In particular, we obtain non-homogeneous inequalities
5 1

2%3

2+ (abe)® + a® + b° + ¢ > 2(ab + be + ca),

1+ 2abc + a® + b + & > 2(ab + be + ca).

(abe)* 4+ a® + b° 4 ¢ > 2(ab + be + ca),
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Epsilon 80. (APMO 2004/5) Prove that, for all positive real numbers a, b, c,
(a® +2)(b° 4+ 2)(c* + 2) > 9(ab + be + ca).
Second Solution. After expanding, it becomes

8 + (abc)® + 2 Z a’b’ + 4 Z a®>>9 Z ab.

cyclic cyclic cyclic
From the inequality (ab — 1)% + (bc — 1)® + (ca — 1)? > 0, we obtain
6+2> a’b?>4>  ab
cyelic cyelic
Hence, it will be enough to show that
2+ (abe)® + 4 Z a®>>5 Z ab.
cyclic cyclic
Since 3(a? + b? + ¢?) > 3(ab + be + ca), it will be enough to show that
2 + (abe)® + Z a®>2 Z ab,
cyclic cyclic

which is a particular case of the previous epsilon.
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Epsilon 81. [IMO 2000/2 USA] Let a,b, c be positive numbers such that abc = 1. Prove

that
<a—1+l) (b—l—l—l) (c—l—f—l) <1
b c a

Second Solution. It is equivalent to the following homogeneous inequality:

(a — (abe)'? + %) (b — (abe)'’? + @) (c — (abe)'’? + %) < abe.

After the substitution a = z2,b = y3, ¢ = 2% with z,y, z > 0, it becomes

2 2 2
<x3 —ayr + (fﬂz;) > <y3 —ryz 4 (zy2) ) <z3 —zyr + (mij) ) < 23y323,

23

which simplifies to

(x2y — sz + z21:) (y2z -2’z + ny) (2250 - m2y + y2z) < m3y323

or

3x3y3z3 + Z m6y3 > Z x4y4z+ Z x5y2z2

cyclic cyclic cyclic

or

3@?y)(y°2) () + Y (2y)? = ) (a%y)?(y72)

cyclic sym

which is a special case of Schur’s Inequality. g
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Epsilon 82. (Tournament of Towns 1997) Let a, b, ¢ be positive numbers such that abc = 1.

Prove that
1 1 1

a+b+1 + b+c+1 + c+a+1 s L
Solution. We can rewrite the given inequality as following :
1 1 1 1
+ + < .
a+b+ (abc)t/3  b+c+ (abc)l/3  c+a+ (abe)t/3 = (abe)l/3
We make the substitution a = 2,b = 33, ¢ = 2 with z,y, 2 > 0. Then, it becomes
1 n 1 n 1 < 1
B +ydt+ayz Yy +z284xyz 2+ +ayz T ozyz
which is equivalent to

ayz Y (2 + " +ay2)(’ + 20+ ayz) < (@0 + 0% +ay) (0 + 20+ ay2) (20 + 2 + ayz)
cyclic
or
ZxGyB > Zx5y222 !
sym sym
We now obtain
1’6y3 _ Z $6y3 +y6x3
sym cyclic
2 Z $5y4 + y51'4
cyclic
T
cyclic
Z Z xS(yQZQ + yQZQ)
cyclic

5 2 2
= Ty 2 .

sym
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Epsilon 83. (Muirhead’s Theorem) Let a1, a2, as, b1, ba, bs be real numbers such that
a1 > a2 > az > 0,b1 > b2 > b3 >0,a1 > b1,a1 + a2 > by + b2,a1 + a2 + a3z = b1 + bz + bs.
Let z,y, z be positive real numbers. Then, we have

Zx‘“ya?z“f‘ > Zazbl b2 5bs,

sym sym

Solution. We distinguish two cases.

Case 1. b1 > ag: It follows from a1 > a1+a2—b1 and from a1 > by that a1 > maz(ai1+az—
b1, b1) so that max (a1, az2) = a1 > max(ai1+a2—bi,b1). From a1+a2—b1 > bi+as—b1 = as
and a1 + a2 — b1 > by > bz, we have max(a1 + a2 — b1, as) > maz(ba, b3). It follows that

Zxﬂl az a3 _ Z 3 (2 y"2 4 22y

sym cyclic

by b b b
§ 2‘13( ajtaz— 1y1+m1 ay1+az— 1)

cyclic

_ by, a1taz—b1 293 as ja1taz— b1
= > a2y +y )
cyclic

> Z m171( b bs +yb3 b2)

cyclic

z:bbb
— 21972 2%8

sym
Case 2. b1 < as : It follows from 3b; > by + by +b3 = a1 +az +az > by +az + as
that by > a2 + as — b1 and that a1 > az > b1 > as + as — by. Therefore, we have
maz(az,as3) > maz(bi,az + az — b1) and maz(ai, a2 + az — b1) > max(bz, bs). It follows

A%

that
al a2 a _ al as _a a ag
> @ o= Yty 4y ")
sym cyclic
b —-b —b1 b
> § xal(y 1za2+a3 1+ya2+a3 1, 1)
cyclic
b —-b —-b
— § yl(xalza2+a3 1_|_:Ca2+a3 1Za1)
cyclic
b ba _b. b3 _b:
> E yl( 2,08 4 g%, 2)
cyclic
by, ba b
— E xl 2,03
sym
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Epsilon 84. [IMO 1995/2 RUS] Let a,b, ¢ be positive numbers such that abc = 1. Prove

that
1 1 1

a?(b+c) + b3(c+ a) * c3(a+b)
Third Solution. It’s equivalent to
1 n 1 n 1 > 3
ad(b+c) b (c+a) cEla+b) = 2(abe)t/3”

Set a = 23, b =y3 ¢ = 2% with z,y, 2 > 0. Then, it becomes

>3
-2

> oo
(Y8 + 23) T 2wyt

cyclic

Clearing denominators, this can be rewritten as
Z 2y'% 4 2 Z o24°2% + Z 20y°2° > 3 Z oMy 2% 4 608y 0

sym sym sym sym
or
(Z 2212 _ x11y825> 19 < o122 — x11y825>+< 22°25 — xsyszs) >0,
sym sym sym sym sym sym
By Muirhead’s Theorem, every term on the left hand side is nonnegative. g
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Epsilon 85. (Iran 1996) Let x,y, z be positive real numbers. Prove that
1 1 1 9
vt o) (b et g ae) 2 1

Second Solution. It’s equivalent to

4Zx5y + 2 Z x4yz + 6x2y222 - Zx4y2 -6 Z x3y3 - QZ.TngZ > 0.

sym cyclic sym cyclic sym

We rewrite this as following

(Z m5y — x4y2) +3 <Z :c5y - x3y3> +2xyz | 3xyz + Z z - ZmQy > 0.
sym sym

sym sym cyclic sym

By Muirhead’s Theorem and Schur’s Inequality, it’s a sum of three nonnegative terms. [
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Epsilon 86. Let x,y, z be nonnegative real numbers with ry + yz + zx = 1. Prove that
1 1 1 5
+ + > 5.
r+y y+z z4zx 2

Solution. Using zy + yz + zzx = 1, we homogenize the given inequality as following :

(zy + yz + zx) 1+1+12>§2
vy r+y y+z z+4+zx —\2

or
4 Z xsy + Z m4yz + 14 Z m3y2z + 38x2y2z2 > Z x4y2 +3 Z xSyS
sym sym sym sym sym
or
(Z m5y - x4y2) +3 <Z x5y - x3y3> +xyz <Z 2+ 142 :c2y + 38myz) > 0.
sym sym sym sym sym sym

By Muirhead’s Theorem, we get the result. In the above inequality, without the condition
xy + yz + zx = 1, the equality holds if and only if x = y,2 =0 or y = z,z =
0 or z = xz,y = 0. Since zy + yz + zx = 1, the equality occurs when (z,y,2) =
(1,1,0),(1,0,1),(0,1,1). g
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Epsilon 87. [SC] If ma,ms,m. are medians and 74,7s,r the exradii of a triangle, prove

that
TaTb + TpTc + Tcla 2 3.
MaTMp MpTmc McMq

Solution. Set 2s = a + b+ c. Using the well-known identities
ro = w’ Ma = 1‘ /262 + 9¢2 — a2, ete.
s—a 2
we obtain

Z TeTe Z 4s(s — a)
o e V(22 242 —2)(2a2 + 2% — )

Applying the AM-GM inequality, we obtain

Z TbTe >Z 8s(s —a) _ZQ(a—i—b—i—c)(b—i—c—a)

ol e T Lt (2¢2 + 2a2 — b?) + (2a2 + 202 — c2) 4a? + b% + ¢? '
Thus, it will be enough to show that

Z 2a+b+c)(b+c—a) >3

4a2 + b2 + 2 =

cyclic

cyclic
After expanding the above inequality, we see that it becomes
2> a®+4 ) a'be+20) a’bPe+68 Y a’b’+16 Y a’b >276a%0°c*+27 H o',
cyclic cyclic sym cyclic cyclic cyclic
We note that this cannot be proven by just applying Muirhead’s Theorem. Since a, b,
c are the sides of a triangle, we can make The Ravi Substitution a = y 4+ z, b = z 4+ «,

¢ =z +y, where z,y,z > 0. After some brute-force algebra, we can rewrite the above
inequality as

25 2% 4230 2Py +115) 2"y’ +10) 2%y’ +80) a'yz

sym sym sym sym sym
>336) a’y’z 4124 2%yPsl
sym sym
Now, by Muirhead’s Theorem, we get the result ! O
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Epsilon 88. Let P(u,v,w) € Rlu, v, w] be a homogeneous symmetric polynomial with degree
3. Then the following two statements are equivalent.

(a) P(1,1,1), P(1,1,0), P(1,0,0) > 0.
(b) P(z,y,z) >0 for all x,y,z > 0.
Proof. [SR1] We only prove that (a) implies (b). Let
P(u,v,w) = A Z u® + BZu% + Cuvw.
cyclic sym
Letting p = P(1,1,1) =3A+ 6B+ C, ¢ = P(1,1,0) = A+ B, and r = P(1,0,0) = A, we
have A=r, B=q—r,C =p—6qg+3r, and p,q,r > 0. For x,y,z > 0, we have

P(z,y,2) = r Y a®+(qg—71)>_ 2y+ (p—6q+3r)zyz
cyclic sym
= r Zm3+3myz—2x2y +q<2m2y—2xyz>+pxyz
cyclic sym sym sym
> 0

Remark 8.4. Here is an alternative way to prove the inequality P(x,y,z) > 0.
Case 1. ¢ > r : We compute

P(z,y,2) = g (Z z® — nyz) +(q—r) <Z iy — nyz) + pryz.

sym sym sym sym

Every term on the right hand side is nonnegative.

Case 2. ¢ <71 : We compute

P(z,y,z) = g <Za:3 - nyz) +(r—gq) Z z° + 3zyz — szy + pryz.

sym sym cyclic sym

Every term on the right hand side is nonnegative.
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Epsilon 89. [IMO 2001/2 KOR] Let a, b, ¢ be positive real numbers. Prove that
a b c
+ + >1
Va2 +8bc Vb2 +8ca V2 +8ab

Third Solution. We offer a convexity proof. We make the substitution

a b c

T a+b+c’ vy=

atbte T atbte

The inequality becomes
af (@ + 8yz) + yf(y* + 8zx) + 2f (2 + 8zy) > 1,
where f(t) = %.22 Since f is convex on Rt and = +y + z = 1, we apply (the weighted)
Jensen’s Inequality to obtain
of (2° +8y2) +yf (y° +82x) + 2f(2° + 8xy) > f(a(a” +8yz) +y(y° +8zx) + 2(2” + 8ay)).
Note that f(1) = 1. Since the function f is strictly decreasing, it suffices to show that
1> z(z® + 8yz) + y(y* + 82x) + 2(2° + 8xy).
Using « +y + z = 1, we homogenize it as
(x+y+2)° > x(z® + 8yz) + y(y® + 8zz) + 2(2° + 8xy).
However, it is easily seen from

(z+y+2)° —2(2® +8yz) —y(y* +822) —2(2* +8zy) = 3[z(y—2)" +y(z—x)*+2(xz—y)*] > 0.

Fourth Solution. We begin with the substitution

be ca ab
xr =

VT E i e
Then, we get xyz = 1 and the inequality becomes
1 1 1
+ + >1
Vi4+8 V1+8y 148z~

which is equivalent to

> V(I +82)(1+8y) > /(1 +8x)(1+ 8y)(1 + 82).

cyclic

After squaring both sides, it’s equivalent to

8(z+y+2) +2/(1+82)(1+8y)(1+82) Y VI+38z>510.

cyclic

Recall that zyz = 1. The AM-GM Inequality gives us x +y + z > 3,

(1+82) (14+8y)(1482) > 925-9y5-025 =720 and > VIt 82> > V925 > 9(ayz)?

cyclic cyclic

Using these three inequalities, we get the result. O

a
22Dividing by a + b + ¢ gives the equivalent inequality chclic = atbie > 1.
a 8be
\/<a+b+c)2 T latota?
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Epsilon 90. [IMO 1983/6 USA] Let a, b, ¢ be the lengths of the sides of a triangle. Prove
that
a’b(a — b) 4+ b*c(b — ¢) + alc — a) > 0.

Second Solution. We present a convexity proof. After settinga =y+2,b=z2+x,c= x4y
for x,y,z > 0, it becomes
3z + y3x + z3y > xzyz + xyzz + myz2

or 2 2 2
xT
N YT
Yy z oz

Since it’s homogeneous, we can restrict our attention to the case x +y + z = 1. Then, it

becomes
ot (2) e () 2er () 21

where f(t) = t>. Since f is convex on R, we apply (the weighted) Jensen’s Inequality to

obtain
o (2)4ar () ror (3) 2z s (v-2as Y aa2) = =1
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Epsilon 91. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,
V(a2b+ b2c + 2a) (ab? + be2 + ca?) > abe + ¥/ (a® + abe) (b3 + abe) (¢3 + abe)

First Solution. Dividing by abc, it becomes

2 2 2
E+Q+E E+g+9 >14 ¢ ai_i_l bi_i_l i_|_1_
c a b a b ¢ be ca ab
b

After the substitution x = ¢, y = 2, z = £, we obtain the constraint zyz = 1. It takes
the form

\/(a:+y+z)(xy+yz+za:)21+ i/(j—i—l) (%—1—1) (2—1—1).

From the constraint xyz = 1, we obtain the identity

Ee o) (5en)= (2 () (55) = vmte v 2

Hence, we are required to prove that

VE+y+2)(ay+tyz+ez) > 1+ (@+y)(y+2)(z+2).

Now, we offer two ways to finish the proof.

First Method. Observe that
(z+y+2)(zyt+yz+zz)=(z+y)(y+2)(c+2z)+tazyz=(x+y)(y+2)(z+z)+ 1

Letting p = Q/(x +y)(y + 2)(z + x), the inequality we want to prove now becomes

VPR +1>1+p.

Applying The AM-GM Inequality yields

p> f/Q,/xy < 2/yz - 2/zx = 2.

It follows that
@ +1)—(1+p)?=pp+1)(p—2) >0,
as desired.

Second Method. More strongly, we establish that, for all x,y,z > 0,

1 /y+2z z+zx x4y
>14+ = .
V(@ +y+2) (xy +yz+ 2z) > +3(\/y7+\/ﬁ \/:Ty>

However, an application of The Cauchy-Schwarz Inequality yields

[+ (y+2)] vz +z(y + 2)] > (W-% Ji(y+z)2)2: <1+y—|—z)2

VYz
or N
y+z
r+y+z)(rvy+yz+zx) > 1+ .
VA ) ( ) N
Similarly, we also have
Ve Tyt z) ey fyzt+ze) 21+ Z\/’;f
and n
x
\/(:U+y+z)(asy+yz+zm)21+ xj
Adding these three, we get the desired inequality. O
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Epsilon 92. [IMO 1999/2 POL] Let n be an integer with n > 2.

(a) Determine the least constant C' such that the inequality
4

Z wx](wz+w])<0 sz

1<i<j<n 1<i<n

holds for all real numbers x1,--- ,xn > 0.
(b) For this constant C, determine when equality holds.

First Solution. (Marcin E. Kuczma23) For 1 = --- = x, = 0, it holds for any C > 0.
Hence, we consider the case when x1 + - - -4z, > 0. Since the inequality is homogeneous,
we may normalize to x1 + - - - + x, = 1. From the assumption x1 + --- 4+ z,, = 1, we have

Flan, - an) = Y ww; (2] +17)

1<i<j<n

3 3
= E Ti Tj+ E TiT;

1<i<j<n 1<i<j<n

D >

1<i<n G

= Z 1'7;3(1 —mi)

1<i<n

= § 331 i _331

We claim that C' = It suffices to show that F(z1, - ,zn) <

1

8"

Lemma 8.3. 0 <z <y < I implies 2° — 2® < y* —y°.
1,

Proof. Since m—l—y we get x+y > (ac—|—y)2 > 22 + zy + y%. Since y — x > 0, this
3 3

implies that y? — z? > ¢ — 23 or y? — y® > 2% — 23, as desired. g

Casel. ;> >z > > Tp:

Sot=0 5 () - () -3

Case 2. z1 > % >xe > - > Letxn =rzandy=1—x =22+ -+ x,. Since
nyBQ,"' y T,y

F(ra, - an) =a y+zxz 2 —z’) <=z y+zwzy —-y") =2y + (v’ — ).

=2
Since 23y + y(y? — y*) = 23y + 4> (1 — y) = zy(x® + y?), it remains to show that
zy(a® +¢°) < 3
Using x +y = 1, we homogenize the above inequality as following.

1
wy(a® +y%) < glo+ )"

However, we immediately find that (z + y)* — 8zy(z® + v*) = (z —y)* > 0.

231 slightly modified his solution in [AS].
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Epsilon 93. (APMO 1991) Let ai,- - ,an, b1, -+, b, be positive real numbers such that
ar+--+an=0by +---+ b,. Show that
2 2
ai Gn ar+ - +an
>
a1+b1+ +an+bn7 2

Second Solution. By The Cauchy-Schwarz Inequality, we have

(Beee) (i) = (5]

i ai’ > (Z?:I)Q _ -

1
ai+bi 3 ai+ 3 b 2

or

=1
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Epsilon 94. Let a,b > 0 with a + b = 1. Prove that

va?z+b++va+b++vV1+ab<3.

Show that the equality holds if and only if (a,b) = (1,0) or (a,b) = (0,1).

Second Solution. The Cauchy-Schwarz Inequality shows that

vaz+b++vVa+b++V1+ab
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V3 (@2 +b+a+b2+1+ab)

V3@ +ab+b2+a+b+1)

V3((a+b)2+a+b+1)
3.




Epsilon 95. [LL 1992 UNK] (Iran 1998) Prove that, for all z,y, z > 1 such that %—&-%-{-% =

2,

Vitytz>2Ve—1+y—1+vz—1.

Third Solution. We first note that
-1 -1 -1
T y n z _1
T y z

Apply The Cauchy-Schwarz Inequality to deduce

-1, y-1, 2-1
\/WZ\/(x-i-y-‘rz)(mw +Z +ZZ )2\/:5—1+\/y—1+\/z—1.
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Epsilon 96. (Gazeta Matematic3) Prove that, for all a,b,c > 0,
\/a4 + a?b? + b4+\/b4 + b2c? + c4+\/c4 + c2a? 4+ a* > a\/2a2 + bc+b\/2b2 + ca+cx/202 + ab.

Solution. We obtain the chain of equalities and inequalities

b2 a2b2
4 202 Lt — b
> v = 2y )*( )

(forr
B WZ W

@4( )

cyclic

V2 Z {/a? (Cauchy — Schwarz)

cyclic

= Z v 2a* + a?be .

cyclic

\%

Ly

cyclic

\/ ) (Cauchy — Schwarz)
\/ a202>
(o4

) (AM — GM)

Y

\Y]
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Epsilon 97. (KMO Winter Program Test 2001) Prove that, for all a,b,c > 0,
V(a2b+ b2c + 2a) (ab? + be2 + ca?) > abe + ¥/ (a® + abe) (b3 + abe) (¢3 + abe)

Second Solution. (based on work by an winter program participant) We obtain

V(a2b+ b2c + a) (ab? + be? + ca?)

= %\/[b(a2 + be) + (b + ca) + a(c? + ab)] [e(a? + be) + a(b? + ca) + b(c? + ab)]

> %(\/(;(aQ—f—bc)—f—\/@(bQ—&-ca)—i-\/%(02—1—116)) (Cauchy — Schwarz)
> 23/ Vbe(a® + be) - vaa(b? + ca) - Vab(c? + ab) (AM — GM)
1

= 3 ¥/ (a3 + abe) (b3 + abe) (¢ + abe) + ¥/ (a3 + abe) (b3 + abe) (¢ + abe)

> % 3/2\/(13 ~abc - 2Vb3 - abe - 2Ve3 - abe 4 {/(a® + abe) (b3 + abe) (c3 + abe)  (AM — GM)

= abc+ /(a3 + abe) (b3 + abe) (c3 + abe).
O
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Epsilon 98. (Andrei Ciupan, Romanian Junior Balkan MO 2007 Team Selection Tests) Let
a, b, ¢ be positive real numbers such that
1 1 1
>1
a+b+1 + b+c+1 + ct+a+17—
Show that a + b+ ¢ > ab + bc + ca.

First Solution. By applying The Cauchy-Schwarz Inequality, we obtain
(a+b+1)(a+b+c) > (a+b+c)

or
1 < A4+a+b
atb+1- (atbto2
Now by summing cyclically, we obtain

L S 1 <a2+b2+c2+2(a+b+c)
a+b+1 b+c+1 c+a+1— (a+b+c)?

But from the condition, we can see that

4+ +E+2a+b+c)> (a+b+e)?

and therefore
a+b+c>ab+ bc+ ca.

We see that the equality occurs if and only if a =b=c=1. O
Second Solution. (Cezar Lupu) We first observe that

a+b (a+b)?
2>Z( _m) ;Cmfzm-

cyclic cyclic

Apply The Cauchy-Schwarz Inequality to get

(a +b)?
22 2 Grrrats

cyclic

(chclic a+ b) :
© oo t0F tath
4 cyetic a’+8 2 cyelic @b
2 chclic a®+2 Ecyclic ab+2 chclic a

or
a+b+c>ab+ bec+ ca.
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Epsilon 99. (Holder's Inequality) Let z;; (i = 1,--- ,m,j = 1,---n) be positive real num-

bers. Suppose that wi, -+ ,w, are positive real numbers satisfying w1 + -+ + wn, = 1.
Then, we have
n m wj m n
j=1 \i=1 i=1 \j=1
Proof. Because of the homogeneity of the inequality, we may rescale x1;,- - ,Zm; so that

215+ -+ xm; = 1 for each j € {1,--- ,n}. Then, we need to show that

n m n m n
lej 2 ZHwijwj or 1 Z anijwj.
j=1

i=1j=1 i=1j=1

The Weighted AM-GM Inequality provides that

n n m n m n
ijxij > Hxijwj (’L € {17--- ,m}) — Zzwjl'ij > anijwj.
j=1 j=1 i=1j=1 i=1j=1

However, we immediately have

m n n m n m n
E E W;Tij = E E W;iTij = E Wy E Tij = E Wy = 1.
j=1 i=1 j=1

i=1 j=1 j=1i=1
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Epsilon 100. Let f : [a,b] — R be a continuous function. Then, the followings are
equivalent.

(1) For all n € N, the following inequality holds.
wif(@) 4+ Fwnf(@a) > flwr T+ +wn Tn)

forallxzi, - ,zn € [a,b] and w1, -+ ,wn >0 with w1 + -+ +wp = 1.
(2) For all n € N, the following inequality holds.

rif(z) + -+ raf(zn) > fria+ -+ 70 xn)

forallzi, - ,zn € [a,b] and r1, - ,7p ceQt withri+---+mrp, = 1.
(3) For all N € N, the following inequality holds.

fyr) +---+ flyn) y1+---+ yn
N > ()

for all yi,--- ,yn € [a,b].
(4) For all k € {0,1,2,---}, the following inequality holds.

1)+ + k 1+ Yok
f(y) = f(yQ)Zf(y - y2)

(5) We have %f(x) + %f(y) > f (%‘H’) for all z,y € [a,b].
(6) We have Af(z) + (1~ N f(y) > f Oz + (1 — Ny) for all 2,y € [a, ]
and X € (0,1).

Solution. (1) = (2) = (3) = (4) = (5) is obvious.

(2) = (1) : Let 1, ,zn € [a,b] and w1, -+ ,wn > 0 with w1 + -+ +wn, = 1. One
may see that there exist positive rational sequences {ri(1)}ren, - -+, {re(n) tren satisfying

lim ri(j) =w; 1<j<n) and rx(1)+---+7rx(n)=1 for all k€N.

k—oo

By the hypothesis in (2), we obtain 7, (1) f(z1) + -+ + re(n) f(xn) > fOre(1) z1+ -+ +
re(n) zn). Since f is continuous, taking k — oo to both sides yields the inequality

wlf($1)+~~~+wnf(xn)2f(w1 x1+ -+ wn zn).

(3)=(2) : Let 21,--- ,2, € [a,b] and 71, - ,7, € QT with r; +--- 47, = 1. We can
find a positive integer N € N so that Nrq, -+, Nr, € N. For each i € {1,--- ,n}, we can
write 7; = &b, where p; € N. It follows from 7y 4 -+ 47, = 1 that N = p1 + -+ + pn.
Then, (3) implies that

rlf(xl) + M +Tnf(xn)

p1 terms Pn terms
_ S+ A )+ F )+ @)
N
p1 terms Pn terms

—_— —_—~—
T4t Tt Tt T
/ N

Y]

flrizi+ - +rn zn).
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(4) = (3) : Let y1,---,yn € [a,b]. Take a large k € N so that 2 > N. Let
a =Yt AUN Then, (4) implies that

so that

Fy)+ -+ fyn) = Nf(a) = N (

fly) +--+ flyw) + (2 = n) f(a)
2k

(2% — N) terms

fy) +---+ flyn) + fla) +--- + f(a)
2k
(2% — N) terms

—_——~
yut+--+yn+ a+---+a

v
~

y1+"'+yN)
—N )

(5) = (4) : We use induction on k. In case k = 0, 1,2, it clearly holds. Suppose that (4)
holds for some k > 2. Let y1,- - ,ysk+1 € [a,b]. By the induction hypothesis, we obtain

\%

Y]

f(y1)+---+f(y2k)+f(y2k+1)+---+f(y2k+1)
2kf(y1+"'+ y2k)+2kf<y2k+1+“'+ y2k+1)

2k 2k
Y1+t Yok Yok 1T Ygk+1
=)+t (="
ok+1 2 2
2
i+t Yok Yok 1Tt Yok+1
k+1 2k + ok
25T f 3

Rl (Y1t -t Yokt
20 (M)

Hence, (4) holds for k 4+ 1. This completes the induction.
So far, we've established that (1), (2), (3), (4), (5) are all equivalent. Since (1) =
(6) = (5) is obvious, this completes the proof. O
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Epsilon 101. Let x,y, z be nonnegative real numbers. Then, we have
3ayz +2° +y +2° > 2 ((ay)f + (w2} + () ?)).

Second Solution. After employing the substitution

whs

a r
r=e3,y=e3, z=e3,

the inequality becomes
p+g+T

atr r+p ptq
3e

+ep+eq+er22<e T e ? +e 2

It is a straightforward consequence of Popoviciu’s Inequality.
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Epsilon 102. Let ABC be an acute triangle. Show that
cos A+ cosB +cosC > 1.

Proof. Observe that (3, %,0) majorize (A, B,C). Since —cosz is convex on (0, %), The

Hardy-Littlewood-Pdlya Inequality implies that
cos A + cos B + cos C > cos (g) + cos (g) +cos0 = 1.
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Epsilon 103. Let ABC be a triangle. Show that

tan 2 (é) —&—t:ahn2 (g) + tan? (%) <1.

Proof. Observe that (m,0,0) majorizes (A, B,C). The convexity of tan? (%) on [0, ]
yields the estimation:

o (30 (8 () ) o
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Epsilon 104. Use The Hardy-Littlewood-Pdélya Inequality to deduce Popoviciu’s Inequality.
Proof. [NP, p.33] Since the inequality is symmetric, we may assume that x > y > 2. We
consider the two cases. In the case when x > % >y > z, the majorization
(xx+y+z r+y+z r+y+=z )}(ﬂc+y r+y 2+ z+x y+=z y+z)
) 3 ) 3 ) 3 ) ) 2 ) 2 ) 2 ) 2 ) 2 ) 2
yields Popoviciu’s Inequality. In the case when z > y > % > z, the majorization
( r+y+z r+y+z rx+y+z )}(m—{—y r+y 2+ z+x y+=z y—|—z)
) ) 3 ) 3 ) 3 ) 2 ) 2 ) 2 ) 2 ) 2 ) 2
yields Popoviciu’s Inequality.

d
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Epsilon 105. [IMO 1999/2 POL] Let n be an integer with n > 2.

Determine the least constant C' such that the inequality

4
Z ziz; (2 +25) < C Z T

1<i<j<n 1<i<n

holds for all real numbers x1,--- ,xn, > 0.

Second Solution. (Kin Y. Li?*) According to the homogenity of the inequality, we may
normalize to z1 + -+ - + z,, = 1. Our job is to maximize

Floy, - mn) = Y aay (2] +23)

1<i<j<n

3 3
E T T + E Tk

1<i<j<n 1<i<j<n

- Y ey

1<i<n G

1<i<n

where f(t) = t* —t" is a convex function on [0

,%] Since the inequality is symmetric,
we can restrict our attention to the case z1 > x2 > --- > x,. If % > x1, then we see
that (1, 4,0, --0) majorizes (z1,- -+ ,an). Since z1,--+ , @2, -+, @, € [0, 1] and since f is
convex on [0, 1], by The Hardy-Littlewood-Pélya Inequality, the convexity of f on [0, 1]
implies that

- 1 1 1
S s <s(5)+s(5)+r0+ 40 =g
i=1
We now consider the case when 1 > % We find that (1 — z1,0, - - - 0) majorizes (2, - ,Zn).
Since 1 —x1,x2, -+ ,Tn € [O, %] and since f is convex on [O, %}, by The Hardy-Littlewood-

Pélya Inequality,
D S@) (U =za)+ fO) 4o+ f(0) = f(1— ).

Setting x1 = % + € for some € € [O, %], we obtain

j::lf(xi) < fla)+ fF(1—x)
_ =zl -z’ + (1 -21)’]
- ()
- ()
< L
- 8

241 slightly modified his solution in [KL].
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9.2. IMO Code.
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CZs
ECU
FRA
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MKD
MRT
MNG
MOz
NIC
PAK
PER
POR
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SEN
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TWN
TTO
NCY
UAE
URY
VEN

from http://www.imo-official.org
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CIS
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Islamic Republic of Iran
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PRK
Kyrgyzstan
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MKD
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Russian Federation
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Trinidad and Tobago
NCY
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Uruguay

Venezuela
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CHN

CIS
FRG
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MKD
NCY
PRK
uSss

ALB
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AZE
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BOL
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CRI
CYP
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GEO
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HKG
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JPN
KOR
LVA
LUX
MAS
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NGA
PAN
PHI
PRI
SLV
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SVK
ESP
SuUl
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TKM
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uSssS
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Cameroon
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Denmark
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Republic of Korea
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United Kingdom

uss
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Bosnia and Herzegovina

ALG
AUS
BAH
BEL
BIH
BGR
CAN
CcoL
HRV
CZE
DOM
FIN
GDR
GTM
HUN
IDN
ISR
KAZ
KWT
LIE
MAC
MLT
MDA
MAR
NZL
NOR
PAR
POL
ROU
SAU
SCG
SVN
LKA
SYR
THA
TUR
UKR
USA
uzB
YUG

People’s Republic of China

Commonwealth of Independent States

Federal Republic of Germany

German Democratic Republic

Turkish Republic of Northern Cyprus
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Democratic People’s Republic of Korea

Union of the Soviet Socialist Republics

Algeria
Australia
Bahrain
Belgium
BIH
Bulgaria
Canada
Colombia
Croatia
Czech Republic
Dominican Republic
Finland
GDR
Guatemala
Hungary
Indonesia
Israel
Kazakhstan
Kuwait
Liechtenstein
Macau
Malta
Republic of Moldova
Morocco
New Zealand
Norway
Paraguay
Poland
Romania
Saudi Arabia
Serbia and Montenegro
Slovenia
Sri Lanka
Syria
Thailand
Turkey
Ukraine
United States of America
Uzbekistan

Yugoslavia

The Former Yugoslav Republic of Macedonia



