LOI GIAI DE TOAN CHUYEN LGP 10/2018
THPT CHUYEN DHSP HA NOI

Vo Quoc B4 Can — Nguyén Lé Phudc — Nguyén Manh Linh

1. Dé thi

Bai 1. Cho cic so thie x, v khong dm thoa man diéu kién
(x+1D)y+1)=2
Tinh gid tri cia biéu thic

P = ‘/ﬂ + 2= 22+ 1)(y2 + 1)+ 2 + xy.

Bai 2. Cho cic s thyc khéng dm x, v, = thay d&i thoa man
x4y 422ty 4 it 20 =6
Tim gid tri 16n nhit va gid tri nho nhit cta bicu thie
Q=x+y+2z
Bai 3.

a) Cho a, b 1a hai 6 nguyén dudng phén biét. Xét biéu thic
3 (a + by’
- ad 4 ab?—a%h—p¥

Chitng minh ring M khong thé nhin gid tri nguyén.
b) Cho a. b la hai s6 nguyén duong, dit
A= (a+b)?—-2a% B=(a+b)P-20.
Chitng minh riing A va B khong dong thoi 1a s6 chinh phuong.

Bai 4. Cho tam gidc A BC c¢6 ba géc nhon, AB < AC viindi tiép dutng tron (O). Pudng tron
ngoai tiép tam gidc BOC ciit cic dudng thang A B va AC theo thi tf tai D va E. Trén duting
tron ngoai tiép tam gide BOC liy diém P sao cho AP vudng gic véi PC. Duing thang qua B
song song vdi OP cat PC tai Q. Ching minh ring

a) PR =P,
b) O la trye tim cia tam gidc ADE.

€) LPAO = ZQAC.



Bai 5. C6 45 nguisi tham gia mét cude hop. Quan sdt suf quen nhau giita ho, ngudi ta thiy ring:
néu hai ngudi c6 s6 ngudi quen bing nhau thi lai khong quen nhau. Goi S 1a s6 ciip ngudi quen
nhau trong cude hop (ciip ngudi quen nhau khong ké thit tr sip xép giilta hai nguisi trong cip).

a) Xay dung vidu dé S = 870.
b) Chitng minh riing § < 870.

2. Loi giai va binh ludn cac bai toan

Bai 1. Cho cic s6 thue x. v khéng idm thoa min diéu kién
(x+1)y+1)=2

Tinh gid tri cia bi¢u thic

P= ,/x! + 32 = V202 + 1)(y2 + 1) + 2+ xy.

L&i gidgi. PitS=x+vvaT =xy. Tugiathié, taco S + T = 1, suyra

4y = V2R DO+ ) +2=82-27 +2-2[(1- T)* + §?]

=5"=2(1-8)+2—2(52 + §?%)

. =

%

Tir dé ta co
P=5+T=1.

Viy gid tri ciia bidu thiic P ¢An tinh la 1. O
Bai 2. Cho cdc s6 thuc khéng dm x, y, z thay déi théa min
4y 22 x4yt 4 22 =6,
Tim gid tri Ién nhét vi gid tri nho nhit caa biéu thie

OQ=x+y+:z.

L&i gidi. Gia tri I6n nhat cia P: Sit dung bat ding thic AM-GM, ta ¢6
iyt =2xy, yE2E41=2yz, Z2xP4 1= 2zx.

Cong cic bit ding thiic trén lai theo vé&, sau d6 cong hai vé ciia bat diing thiic thu dude vdi
x2 4 y2 4+ 22, tadudc

Hy+ s+ R+ 43 =0

Tt do suy ra
Q=3

Miat khdc, dé thay diu diing thitc xay rakhi x = y = z = | nén ta ¢6 két luin max Q = 3.



Gia tri nhé nhét clia P: Tasé chiing minh Q > +/6 vdi diu diing thic xdy ra ching han khi
x = 6. y = z = 0. Sit dung bit ding thite AM-GM, ta ¢6

2xy+ 2yt <t P+ xyl s 2y 2+ iyt 922 4 22 =6,

tr do suy ra
xy = Wi

Chimng minh tdng ., ta cing co
yz =2, zx <2,
Do do, ta co
Q'=x2+ 2+ 22+ 2y + 2z 42z =2+ i 422+ 0%y 4yl 4 2207 =6,

hay

0 = V.
Viy min Q = V6. O

IV

Bai 3.
a) Cho a. b 1a hai s6 nguyén dudng phin biét. Xét biéu thic

" (a + b)?
T ad+ab?—a2b —b¥

M

Ching minh ring M khong thé nhin gid tri nguyén.
b) Cho a. b la hai s0 nguyén dudng, dat
A=la+by¥—2a* B=(a+b*-2b.
Ching minh riing A vi B khéng dong thisi 1i s6 chinh phudng,
Ldi giai. a) Taco bién déi
(a + b)?
(a —bia? + h2)

Gia sit M 1a sé nguyén, khi do tacé (a + b)? chia hétcho a® + b?. Suy ra 2ab chia hét
cho a2 + b2. Piéu nay vo Iy do

M=

O<2ab=a’*+b*=(a—-5b) <a®>+ b>.

Viy M khong thé la s6 nguyén.

b) Gia st ton tai cdc s6 nguyén duong @, b saocho (¢ + b)2 — 2a%va(a + b)? = 2h?
déu la s6 chinh phudng. Trong cic cip s6 nguyén dudng (a, b) nhu viy, ta xét ciip sao cho
a nho nhit. Pit

(a + b)* = 2a* =x%. (a+ b}z —2h% = }-‘2



vdi x, y nguyén dudng. Ta co
(a + bh)* — x* = 24°

nén ¢ + b va x cing tinh chan 1&, suy ra (a + b)* — x? chia hét cho 4. Tir d6 ta ¢6 2a?
chia hét cho 4, suy ra @ chia hét cho 2,

Chitng minh tucng ty, ta ciing co b chia hét cho 2, suy ra x, v chin, Tir do, ta c6

a b\? a2 X2 a bY* b2 y 4 2
e —_ S e = | = ; _ prits e TN = | =
(z"'z) (3] =(3) (z"’z) (2) (z)
déu 1a s6 chinh phuong. Do d6 ciip s6 (£, £) ciing théa man yéu ciu. Diéu niy mau thuin

vdi cach chon cdp (a, b). Viy vdi moi a. b nguyén dudng, cic s6 A, B khong thé dong
thifi 1a s6 chinh phuong. |

Bai 4. Cho tam gidic A B C ¢6 ba géc nhon, AB < AC va ndi tiép duting tron (0.
Puiing tron ngoai tiép tam gidgc B O C ¢t cic duding thang A B via A C theo thif w tai D
vit E. Trén duting tron ngoai tiép tam gidc B O C liy diém P sao cho A P vudng goc vii
P C. Budng thang qua B song song vdi OP cit P C tai Q. Chimg minh ring

a) PE= FQ.
b) O latryc tim cta tam giac A DE .
c) ZPAO = LQAC.

L& gidi. a) Taco ZBPQ = ZBOCvaZPQB = ZOPQ = Z/0BC nén cic tam gidc
PBQ va OCB dong dang (g-g). Ma OB = OC néntaco PE = PQ.

.
.......
..........



b) Taco LZOBE = LOCE = Z0AC, ma Z0BA = ZOAB nén ZEAB = ZEBA. Tit d6
suyra EA = EB. Laicé OA = OB nén OF 1L AB.

Ching minh tudng wr, ta cung ¢6 OD L AC nén O la truc tim cua tam gidac ADE.
c) Goi T la giao diém thai hai ciia CP va (0). Ta ¢é LBPC = £BOC = 2£BTC nén
PT = PB.Ma PB = PQnén PT = PQ.Ma ZAPQ = %° nén
LPAQ = ZPAT = 90° = LZATP =90° — ZABC = N° — %iA{}C = LOAC.
Tit do, taco £LPAO = LQAC, O

Bai 5. Co 45 ngudi tham gia mét cude hop. Quan sit s quen nhau gitta ho, ngudi ta
thay ring: néu hai ngudi c6 s6 ngudi quen bing nhau thi lai khong quen nhau. Goi § la
50 cip ngudi quen nhau trong cude hop (cip ngudi quen nhau khong ké thit ty sip xép
gitta hai ngudi trong cip).

a) Xiydung vidudé § = 870.

b) Chiing minh ring § < 870.

Lai gidi. a) Chia 45 ngudi thanh 9 nhom, nhom thi i ¢6 i nguéi (1 < § < 9). Ta xét vi du
khi m&i ngudi ¢ mét nhom déu quen it cd moi ngudi & nhom khic, nhung khéng quen ai 6 chinh
nhém minh. N6i cich khic, mdi ngudi & nhém i quen ding 45 — § nguii khic. Khi dé

:
S=5(1-44+2-43+...+9.36) = 870.

b) Goi a; 1a s6 nguii quen ding i ngudi khic (1 < i < 44). Néu mit ngudi P quen i nguii
thi anh ta khéng quen ai trong a; ngudi niy, nghia la P quen nhiéu nhat 45 — a; ngudi, hay
i =45 —a;.suyraa; <45 —i.Tacoay + ---+ aq4 =45 va

I
E[a. +2as + -+ 44a44)

I
= E[Eﬁa. + 36az + .-+ 36a36 + 3Tazr + -+ 44a44)

5

I
= 5{35{E| +ﬂ1+"‘+ﬂqd;|+ﬂ3?+2ﬂ33+"'+g&44]

1
5(36-45+ 18+ 2T+ 48-1)

= 870.
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Khang dinh dudc chitng minh. O



