BI KiP TRAC NGHIEM NHANH
MON TOAN

PHAN 1. HAM SO
SUDONG BIEN NGHICH BIEN CUA HAM SO
1. Pinh nghia
vV, z, € K,z <x,(K la khodng hodc doan hodc nita khoang).

f(xl) < f(z,) =y =f(x)déngbién trén Kdo thi di Ién ti trai sang phéi.

f(xl) > flz,) =y = f(x)nghich bién trén K d6 thi di xuéng ti trai sang phai.

Chii y: + Néu f(x)
+Néu f'(x)<0, Vxe(a;b)= hams f(z) nghich bién trén khoéng (a;b).
(=)

+ Néu f(:z:) dong bién trén khoang (a;b) = f'(m) >0, Vz € (a;b).
+ Néu f(:z:) nghich bién trén khoang (a;b) = f'(:z:) <0,Vz e (a;b).

2. Quy tic va cong thiic tinh dao ham
Quy tac tinh dao ham: Cho u = u(a:), v= v(x); C :la hang s6 .

!
Téng, hiéu: (u + v) =u +v.

Tich: (u.v)’ =uwv+vu :>(C.u), =Cu'.

Thuong: (E] = u.v—zv.u , (fu # 0):> [QJ :_C'g

v v [

Dao ham ham hop: Néu y = f(u), u= u(x) =y =y .

Bang cong thiic tinh dao ham:

>0, Vx e (a;b) = ham s6 f(x) déng bién trén khoang (a;b).

=0, Vz e (a;b) = ham s6 f(:v) khéng doi trén khoang (a;b).

Dao ham ctia ham so cép Dao ham ctia ham hop
(€) =0 (Clahingso). () = e
(xa )’ - wa—l (ua )' —u u“‘l o
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tanx) = 5 tanu) = 5
cos” cos” u
' 1 ' u’
cotz) =-— cotu) =——
sin” sin” u

1
In xz = — In u = —
o) =~ [+
log x‘), _! (log u‘), = u
‘ xlna ¢ u.lna
Cong thire tinh nhanh dao ham ham phéan thiie:
a bl , 5 a c b c
. , z + T+
(ax+bj_ ad —bc {ax2+bx+cj_d € d f e f
cr +d (C:B+d)2 da’ +ex + f (d:c2 +eac+f)2
Dao hamcap 2 :

+ Dinh nghia: f"(x)=| f (x)]
+ Y nghia co hoc: Gia t6c tiic thoi cia chuyén dong s = f (t) tai thoi diém ¢, la:
a(t,)=1"(t,)-
* Mot s6 chi y:
e Néuham sd f(l’) va g (x) cing dong bién (nghich bién) trén K thi ham sé
/(=) +9(z)
ciing déng bién (nghich bién) trén K. Tinh chét nay c6 thé khong ding d6i véi hiéu
f(w)=9(z).

e Néuhamsdf (:U) va g (a;) 14 cac ham s6 duong va cung déng bién (nghich bién) trén

K thi ham sé f (:v) g (m) ciing dong bién (nghich bién) trén K. Tinh chit nay c6 thé
khong ding khi cac ham sé f(x) . (az) khong 1a cac ham s duong trén K.
e Chohamsé u= u(m), x4c dinh véi z € (a;b) va u(az) € (c;d). Ham s6 f[u(x)}

ciing xac dinh v61 z € (a;b).

Quy tic xét tinh don diéu ctia ham sé.
Gid st ham s6 f c6 dao ham trén K

+ Néu f'(x) >0 véimoi z € K va f'(x) =0 chi tai mot s8 hitu han diém x €K thi
ham s6 f d6éngbién trén K .
+ Néu f'(:p) <0 v6imoi z € K va f'(m) =0 chi tai mét s6 hitu han diém z € K

thi ham sé f nghich bién trén K .
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Chu y:

PP R e o ar +b d < s
* P61 v6i ham phén thic htu t1 y = y [z #* ——J thi ddu " =" khi xét d&du dao
cr + c

ham 3’ khong xay ra.

Gia su y=f(x)zax3+bx2+c:c+d:>f'(x):3ax2+2bx+c.

Ham s6 dong bién trén R Ham s6 nghich bién trén R
I a>0 I a<0
{ASO {ASO
@f’(m)ZO;VzeRQ a=0 . @f’(m)ﬁO;‘v’meR@ a=0
b=0 b=0
c>0 c<0

Trudng hop 2 thi hé s6 ¢ khac 0 vikhi a=b=c = Othif(x) =d

(Pudng thing song song hodc tring véi truc Ox thi khong don diéu)

* V6i dang toan tim tham s6 m dé ham sé bac ba don diéu mot chiéu trén khoang cé do
dai bang | ta giai nhu sau:
+Buéc 1: Tinh ¢ = f’(:p;m) =ax’ + bz +c.

+Budc 2: Ham s6 don diéu trén (xl;xg) < ' =0 c¢6 2 nghiém phan biét
A>0
P *
{a =0 ( )
+Buéc 3: Ham s6 don diéu trén khoang cé do dai bang [

<::>‘ac1 —xZ‘ :l<::>(:1:1 +a:2)2 — 4z 7, =) 5§ -4P=P (* *)

+Budc 4: Giai (*) va giao véi (* *) dé suy ra gia tri m can tim.

CUC TRI HAM SO
1. Pinh nghia
Gia st ham s6 f xac dinh tréntap Kva z, € K.

+ x, la diém cyic tiéu chia ham s8 f néu ton tai mot khodng (a;b) chita z, sao cho
(a:b)cKva f(z)> f(=,), Vo e (a:b)\ {a:o}
Khi dé f(x,) dugc goi la gi tri ey tiéu ctia ham s5f .

+1, 1a diém cyc dai ca ham s§ f néu tdn tai mot khoang (a;b) chita z, sao cho
(s:b) cKva f(:n) <f(z,). vz e (a;b)\{mo}.
Khi d6 f(:z:o) dugc goi la gia tri cuc dai ctia ham o'/ .

+ Diém cuc dai va diém cuc tiéu goi chung 1a diém cuc tri.

+ Gi4 tri cuc dai va gia tri cuc tiéu goi chung 1 cuc tri.

+ Piém cuc dai va diém cuc tiéu dugde goi chung 1a diém cuc tri ciia ham s6'va diém
cuc tri phai la mot diém trong tap hop K.
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+ Gia tri cyc dai va gia tri cuc tiéu dude goi chung 1a gia tri cuc tri (hay cuc tri)
cua ham sé.
+ Néu x, la diém cuc tri ciia ham s& thi diém (xo; f(xo)) dugc goi 1a diém cuc tri
ctiia do thi hams6 f.
2. Piéu kién can dé ham s6 dat cuc tri
Dinh Ii 1: Gia st ham s6 y = f(x) dat cuc tri tai diém z,. Khi d6, néu y = f(x) c6 dao ham
tai diém z thi f'(z,)=0.
Chu y:
+ Dao ham f'(x) c6 thé bing 0 tai diém x, nhung ham s6 f khéng dat cuc tri tai
diém x, .
+ Ham s6 ¢6 thé dat cuc tri tai mot diém ma tai d6 ham s6 khéng c6 dao ham.
+ Ham s6 chi c6 thé dat cuc tri tai mot diém ma tai d6 dao ham ctia ham s6 bing 0
hoic tai d6 ham s6 khong c6 dao ham.
3. Piéu kién du dé€ ham s6 dat cuc tri
Dinh Ii 2: Gia st ham s§ f dat cuc tri tai diém z,. Khi d6, néu ham s§ f c6 dao ham tai
diém 7, thi f'(xo):O. Néu f’(x) > 0 trén khoang (xo — h; xo) Véf'(x) < 0 trén khoang
(:co;gzo + h) thi z, 1a mot diém cuc dai cia ham sé f(a:)
+ Néu f’(x) < 0 trén khoang (xo — h; xo) va f'(x) > (0 trén khoang (xo;x0 +h) thi
z, 1a mot diém cuc tiéu ciia ham so f(x)

Quy tic tim cuc tri
Quy tic 1:
+ Budc 1: Tim tap xac dinh. Tim f'(a:)

+ Bude 2: Tim céc diém z, (z =1; 2;...) ma tai 6 dao ham ctia ham s6 bing 0 hosc
ham s6 lién tuc nhung khéng cé dao ham.
+ Budc 3: Lap bang bién thién hoac bang xét dau f'(z). Néu f'(z) d6i dau khi di
qua z, thi ham s6 dat cyc tri tai =..
Pinh 1i 3: Gia st y = f(x) c6 dao ham cap 2 trong khoang (:co —h;m, + h) v6i h > 0.
+ Néu f'(xo) =0, f"(xo) <0 thihams6 f dat cuc dai tai z,.
+ Néu f’(xo) =0, f"(xo) >0 thi ham s f dat cuc tiéu tai T,
T dinh If trén, ta c6 mét quy tdc khéc dé tim cuc tri cia ham s6
Quy tic 2:
+ Budc 1: Tim tap xac dinh. Tim f'(x)
+ Budc 2: Tim cac nghiém z, (z =1 2;...) cua phuong trinh f'(:c) =0.
+ Budc 3: Tinh f”(x) va tinh f"(@)
*  Néu f"(xi) <0 thiham s6 f dat cuc dai tai diém T

x  Néu f"(xi) >0 thiham s6 [ dat cuc tiéu tai diém x..
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MOT SO DANG TOAN LIEN QUAN PEN CUC TRI HAM SO
I. CUC TRI CUA HAM PA THUC BAC BA:
1. Tim diéu kién dé ham sé cé cuc dai, cuc tiéu théa man hoanh dé cho trudéc

Bai toan toéng quat: Cho ham s§ y = f(x;m) = az® + bz’ + cx + d. Tim tham s6 m dé ham

N, . - R . ~ EN N pe
s0 ¢6 cuc dai, cuc tiéu tai z,, thoa man diéu kién K cho trude.

Phuong phap:
+ Buoc 1:

* Tapxac dinh: D =R.
+ DPaoham: v = 3az” + 202+ c= Ax> + Bz +C
+ Budc 2:
Ham s6 ¢6 cuc tri (hay c6 hai cuec tri, hai cuc tri phan biét hay c6 cuc dai va cuc tiéu)

< ' = 0 ¢6 hai nghiém phan biét vay' d6i ddu qua 2 nghiém d6
< phuong trinh 3’ = 0 ¢6 hai nghiém phan biét

A=3a#0 a#0 n
<~ <~ = .
A, =B —4AC =45 —12ac>0  |¥* =3ac>0

+ Buéc 3: Goi r,, 7, 1a hai nghiém cua phuong trinh 3" = 0.

B 2b
l’l + £U2 = —Z = —3—
Khi d6: a,
R P
1724 3a
Buéc 4: Bién dbi diéu kién K vé dang tong S va tich P. Tu d6 giai ra tim dugc

meD,.
Buéc 5: Két luan cac gia tri mthéa man: m = D ND,.
* Chi y: Ham s6 bacba: y = az® + b2’ + cx + d(a # 0).

Taco: y'=3ar’ +2bz +c.

Diéu kién Két luan
b —3ac<0 Ham s6 khong c6 cuc tri.
b> —3ac >0 Ham s6 ¢6 hai diém cuc tri.

> Diéu kién dé ham s6 c6 cuc tri cing dau, trai diu.
»  Ham sb c6 2 cuc tri trai ddu
< phuong trinh ¥’ = 0 c¢6 hai nghiém phan biét trai ddu < ac < 0.

» Ham s6 c6 hai cuc tri cung diau

A >0
Yy
< phuong trinh ¥’ = 0 c¢6 hai nghiém phan biét cing dau < C
=1z,.1, = Z >0
»  Ham s6 c6 hai cuc tri cung ddu duong
A >0

, . . . B
< phuong trinh 3’ = 0 c6 hai nghiém duong phan biét <> S =z +z, = _Z >0
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» Ham s6 ¢6 hai cuc tri cuing ddu Am

A >0
Y

. . . B
< phuong trinh 3" = 0 ¢6 hai nghiém am phan biét < S =z + 1, = Yl <0

C
P=x.x,=—>0
A
> Timdiéu kién dé ham s6 c6 hai cuc trj z,z, théa man:
T, <a<uz,
T, < T, <o
a < T, < z,
= Haicuctri z,z, théamén z <a <z,
=4 (:L‘l —a)(x2 —a) <0< .z, —a(:Jcl +m2)+a2 <0
= Haicuctri z,z, thbamin z, <z, <«

(azl —05)(:1:2 —a)>0
Py
x1+x2<2a x1+:v2<2a

2
T .z —a(:c +:1:)+a >0
- 1772 1 2

= Haicuctri z,z, théa mén o <z, <z,

(931 —a)(:v2 —a)>0
=
a:1+:v2>2a :U1+.’E2>20,’

2
Tz —a(:z: +:1:)+a >0
- 172 1 2

* Phuong trinh bac 3 c6 3 nghiém l4p thanh cap s cong

. . —b . L . . fd
khicé 1 nghiémlaz = 3—, c6 3 nghiém 1ap thanh cdp s6 nhan khicé 1 nghiémla z = —3/— .
a a

2. Tim diéu kién dé dé thi ham sé cé cac diém cuc dai, cuc tiéu nam cung phia,
khéc phia so véi mét duong thing

Vi tri tuwong déi givta 2 diém voi duong thiang:
Cho 2 diém A(a:A;yA), B(xB;yB) va dudng thang A:ax +by +c=0.

Néu (aa:A +by, + c)(axB +by, + c) <0 thihai diém A, B niam vé

hai phia so vdi ducng thiang A.
Néu (a:vA +by, + c)(amB +by, + c) > 0 thi hai diém A4, B nam cung

phia so véi duong thang A.
Mot sé truong hop dic biét:
+ Céc diém cuc tri cta db thi ndm cung vé 1 phia déi véi truc Oy
< ham s6 ¢6 2 cuc tri cung dau
< phuong trinh %' = 0 c6 hai nghiém phan biét cing dau

+ Céac diém cuc tri ctia d6 thi ndm cing vé 2 phia déi véi truc Oy
< ham sb ¢6 2 cuc tri trai dau
< phuong trinh ¢’ = 0 c6 hai nghiém trai dau

+ Céac diém cuc tri ctia d6 thi ndm cung vé 1 phia déi véi truc Ox
< phuong trinh ' = 0 c6 hai nghiém phan biét va y .y, >0
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Dac biét:

+ Céac diém cuc tri cua do thi ndm cung vé phia trén doi vdi truc Ox
Yoo Yer >0
+Yop >0

< phuong trinh 3" = 0 ¢6 hai nghiém phan biét va {
Yop

Céc diém cuc tri ctia d6 thi ndm cung vé phia dudi déi véi truc Ox
YopYor >0
+ Ypop < 0

< phuong trinh 3’ = 0 ¢6 hai nghiém phan biét va {
Yep

+ Céc diém cuc tri ciia d6 thi ndm vé 2 phia déi véi truc Ox

<0
(4p dung khi khéng nham duoc nghiém va viét duge phuong trinh duong thing di qua hai

< phuong trinh ' = 0 ¢6 hai nghiém phan biét va Yop-Yor

diém cuc tri cia do thi ham sé)
Hodc: Cac diém cuc tri cta db thi ndm vé 2 phia dé1 véi truc Ox
<> @b thi cdt truc Ox tai 3 diém phan biét

<> phuong trinh hoanh d6 giao diém f(a;) =0 co 3 nghiém phan biét (4p dung khi

nham duogc nghiém)

3. Phuong trinh duong thﬁng qua cac diém cuc tri

2 1 14 ! n
g(z)=(%—29ia]x+d—g—z hodc g(X)=9a]/—% hodc g(x):y_y'y

Khoang cach giita hai diém cuc tri ciia do thi ham sé bac 3 Ia

f 3 2
AB - 4e + 16e V6i€=b 3ac
a 9a

IL. CUC TRI CUA HAM BAC 4 TRUNG PHUONG ¥ = az’ + bz’ + ¢ (a ” 0)

MOT SO KET QUA CAN NHO
+Ham s6 ¢6 mot cuc tri <> ab > 0.
+Ham s6 ¢6 ba cuc tri <> ab < 0.
a>0

+Ham s6 c6 ddng mot cuc tri va cuc tri 1a cuc tiéu < {b 50"

a<0

+Ham s6 ¢6 ding mdt cuc tri va cyc tri 1a cuc dai < { b<0"

a>0

+Ham s6 ¢6 hai cuc tiéu va mot cuc dai < {b 0
<

a<0
b>0"

+Ham s6 ¢6 mot cuc tiéu va hai cuc dai < {

Gia st ham s6 y = ax’ +bx” + ¢ ¢6 3cuc tri: A(0;c), B —J—i;—ﬁ ,C ﬂ/—i;—ﬁ
2a  4a 2a  4a

tao thanh tam giac ABC'thdéa man di kién: ab < 0.
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MOT SO CONG THUC GIAI NHANH

at: BAC =« /A
2 a b A
TA" ~ . CO _ = —
ong quat 9 34 %\ .
) x
B C
Dir kién Cong thitc théa man ab < 0
Tam gidc ABC vudng can tai A B +8i = 0
Tam gidc ABC déu b+ 24a= 0
Tam gidc ABC'c6 diéntich S, . =5, 32a°(S)) +b" =0
Tam gidc ABC c6 dién tich max(S)) b’
S =.|-
’ 32a’

Tam giac ABCc6 ban kinh dwong tron ndi tiép

TAABC :TE)
4\ \[H 1}

Tam giac ABCc6 ban kinh duwong tron ngoai ti€p

_ R =

RAABC =R 8‘“‘1)
Tam gidc ABC c6 dd dai canh BC = m, am§ +2b=0
Tam giac ABC'c6 do dai AB=AC =n, 16a’n; —b' +8ab =0
Tam gidc ABC c6 cuctri B,C € Ox b’ = 4ac
Tam gidc ABC'c6 3 gbc nhon b(8a +b*) > 0
Tam gidc ABC c6 trong tam O b’ = 6ac
Tam gidc ABC c6 tryc tam O b +8a —4dac =0
Tam gidc ABC cung diém O tao thanh hinh thoi b? = 2ac
Tam gidc ABC c6 O 1a tam duong tron ndi tiép b — 8a — dabe =0
Tam gidc ABC c6 O la tdm duwong tron ngoai ti€p b —8a — 8abe =0
Tam giac ABC c¢6 canh BC = kAB = kAC bk —8a(k® —4) =0
Truc hoanh chia tam gidc ABC thanh 2
hai phéan c6 dién tich bang nhau b= 4xlr‘ac‘
Tam giac ABC ¢6 diém cuc tri cach déu truc hoanh b> = 8ac
D6 thi ham s6 (C) cy =ax' +bx’ +c cat truc Oz tai y 100

=—ac
4 diém phan biét lap thanh cip s6 cong 9
Pinh tham s6 @& hinh phéng giéi han bdéi d6 thi
(C) cy=azx' +bz’ +c va truc hoanh cé dién tich b? = ﬁac

5

phan trén va phan duéi biang nhau.

2 A 2 A
Phuong trinh dudng tron ngoai tiép AABC: 2° +y° —| = ——+c|ly+c|=——|=0
b 4da b 4da
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GIA TRI LON NHAT - GIA TRI NHO NHAT
I. Dinh nghia.
Cho ham s6 y = f(x) xac dinh trén tap D.

fle) < M,Yx e D

+ S6 M goila gia tri I6n nhat cia ham sé y = f(x) trén D néu: {3 Do f() =M
z, €D, f(z,)=

Ki higu: M =max f(x).

xeD

flx)>m,VYz e D

+ S6 m goila gia tri nho nhat cia hamsé y = f(x) trén D néu:
dz, e D, f(z,)=m

Ki hiéu: m = minf(z).
zeD

2. Phuong phap tim GTLN,GTNN
* Tim GTLN, GTNN ctia ham s6 bang cach khao sat truc tiép

+ Budc 1: Tinh f'(x) va tim cac diém T, T,,...,7 € D ma tai do f’(g;) =0 hoac ham s6

khéng c¢6 dao ham.

+ Budc 2: Lap bang bién thién va rdi suy ra gia tri 16n nhat, gia tri nhé nhat cia ham sé.
* Tim GTLN, GTNN ctia ham s6 trén mot doan

+ Budc 1:

* Ham s6 da cho y = f(:z:) xac dinh va lién tuc trén doan [a;b].

+Tim cac diém z,%,,...,z, trén khodng (a;b), tai do6 f’(x) =0 hodc f'(:p)
khong xac dinh.

+ Budc 2: Tinh f(a),f(xl),f(%),...,f(xn),f(b).

+ Budc 3: Khi do6:

< mae (o) =mar{ (). (5,) £ (2,). £ (a) 5 ()}

* ?:%}ﬁlf(x) = min{f(xl),f(%),...,f(xn),f(a),f(b)}.
* Tim GTLN, GTNN ctia ham s6 trén mot khoang

* Budc 1: Tinh dao ham f'(z).

* Budc 2: Tim tdt ca cac nghiém 1, € (a;b) ctia phuong trinh
J'(x) = 0 va tdt ca cac diém «, € (a;b) 1am cho f'(z) khong xéc dinh.

* Budc 3. Tinh A = lim f(z), B = lim f(z), f(z,), f(e,).

r—a* b ) )

* Budc4. So sanh cac gia tri tinh duge va két luan M = max flx), m= r(mbr)l flz).

Néu gia tri 16n nhat (nhé nhat) Ia A hodc B thi két luan khong cé gia tri I6n nhat (nhé nhat).

wmin f (+) = 1 (a)

[o2]

masc /() = 1 (b)
min f(z) = f(b)

]
max f(z) = f(a)

+ Néu y = f(m) dong bién trén [a;b] thi

+ Néu y = f(z) nghich bién trén [a;b] thi
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PUONG TIEM CAN CUA PO THI HAM SO
1. Puong tiém can ngang
Cho ham s6 y = f(z) xac dinh trén mot khodng vo han (la khoang dang

(a; +oo),(—oo;b) hodc (—oo; +oo)). Dudng théng y = y, 1& duong tiém cén ngang (hay tiém
cAn ngang) ciia do thi ham s6 y = f(x) néu it nhat mot trong cac diéu kién sau thoa man:
lim f(z) =y, lim f(z) =y,
2. Puong tiém can ding
Puong thing z = T, dugc goi 1a dudng tiém can ding (hay tiém can ding) cua do
thi ham s6 y = f(x) néu it nhdt mot trong cac diéu kién sau duge théa man:

lim f(z) = +o0, lim f(z) = —o0, lim f(x)=—o0, lim f(x)=-+o0

T, T,

ar+b

Luu y: V6i @6 thi ham phan thtc dang y = (c #0; ad —bc # 0) luén c6 tiém can

cr +d
N a .. A .
ngang la y = — va tiém can ding z = ——.
c

C

KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO
1.So d6 khao sat ham so
Cho ham s y = f(x)

* Tim tap xac dinh ctia ham sé.
* Sy bién thién
e Chiéu bién thién.
i. Tinh y'.
ii. Tim cac nghiém cta phuong trinh y' =0 va cac diém tai d6 y' khong
xac dinh.
iii. Xét ddu y' va suy ra ciac khoang bién thién ctia ham sé.
e Tim cuc tri (néu cé).
e Tim céc gidi vo cuc; cac giéi han tai +oo, — oo va tai cac diém ma ham sd
khong xac dinh.
e Tim cac dudng tiém can cia ham s6 (néu co).
e Lap bang bién thién.
* D6 thi.
o Liét ké cac diém dic biét ( diém cuc dai, diém cuc tiéu, tAm déi xing, ...
e Xac dinh giao diém cta (C) véi Ox, Oy (néu cd).
e V& d6 thi.
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2. KHAO SAT MOT SO HAM PA THUC VA PHAN THUC:
a) HAM SO BACBA y=az’ +bs* +cx+d (a;tO)

TRUONG HOP a>0 a<0
Phuong trinh 3/ =0 ¢6 y y
2 nghiém phan biét ! /1\
0 y
1
1 .
YA
Phuong trinh y/ =0 ¢6 VA Ay
nghiém kép )
1 A .
1 5 >
1 A .
° x
Phuong trinh y/ =0 vo yA yA
nghiém
1
o 1 >
1 x
1 -
[
b) HAM SO TRUNG PHUONG y = az' + bz’ +¢ (a #0)
TRUONG HQP a>0 a<0
Phuong trinh 4y =0 ¢6 yA vA

3 nghiém phan biét

@)

=
\
o
I
i /
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Phuong trinh 3/ =0 ¢6 YA vA

/I

ce T

1 nghiém.

"y

A

¢) HAM SG NHAT BIEN 5= 2+ (c#0, ad—bc#0)
cx+d
D=ad—bc>0 D =ad—-bc<0
¥ A YA
—-// I
1 (0] >
0 1 x‘; \ 1 x

MOT SO PHEP BIEN POI PO THI

Dang 1: T d6 thi (C) Dy = f(:c) suy ra do thi (C') ty = f(‘x‘) .
) ~ _ f(x) khi >0
Tacs = ()= {f(—x) khi 1 <0

va y = f(‘a;‘) 14 ham chdn nén d6 thi (C') nhan Oy lam truc d6i xting.

* Cach vé (C) i ((J):

+ Git nguyén phan d6 thi bén phai Oy cta do thi (C) cy = f(:v)

+ B4 phin d6 thi bén trai Oy ctia (C) , 14y dbi xting phan dé thi duoc giit qua Oy.

Vi du: Tt @6 thi (C):y = f(z) = 2" - 30 "
. 5 ! (C) cy=2" -3z
suy ra do thi (C') ty = ‘x‘ - 3‘m‘ 1 }

+ B4 phan db thi cia (C) bén trai

Bién d6i (C): / o
y

Oy, gilt nguyén (C’) bén phai Oy.
+ L&y @61 xting phan d6 thi dude
gitt qua Oy .
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Dang 2: Tu d6 thi (C) cy = f(:c) suy ra do thi (C ) ‘f(m)‘ .
R L [f(z) Kb f(z)z0
e b=

* Cach vé (") tit (C):

+ Gitf nguyén phan d6 thi phia trén Ox cta d6 thi (C):y = f(x) .

+ B6 phan db thi phia dusi Ox cta (C), 1ay d6i xting phan do thi bi bo qua Ox.

Vi du: Tt d6 thi (C):y=f(x)=2"-3x VA
. ‘ N C):y=x"—3x
suy ra d6 thi y = ‘:ﬁ —3:0‘. /(
1 >

Bién déi (C): N g
+ Bb phén d6 thi ctia (0) duéi / 1
Ox, giti nguyén (C’ ) phia trén Ox.
+ Lay d6i xting phan db thi bi bo
qua Oz. 2

=y

Chii ¥ v6i dang: y = ‘ f(‘x‘)‘ ta ln lugt bién ddi 2 dd thi y = f([s]) va y = |f (=)
Vi du: Tit db thi
(C') ty = f(x) =z’ — 3z suyra db thi

z| . Bign dsi (0) d8 duge db

thi (C') cy = ‘x‘s - 3‘30‘ . Bién d6i

"y

(C') Dy = ‘x‘s — 3‘m‘ ta dugc do6 thi

(©):0=

Dang 3: T do thi (C’)

=U

:13) v(a:) suy ra db thi (C') TS ‘u(a:)‘ 0 (;L“)

) khiu(z)>0

R R AL U o

* Cach vé (C') tit (C):

+ Giit nguyén phan d6 thi trén mién u(a;) >0 cta @6 thi (C’) Ty = f(:c)

+ B4 phan db thi trén mién u(x) < 0Octa (C') ,1ay déi xting phan do thi bi bé qua Ox.
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Zf(:v)z xil suy

Vi du
a) Tu do thi (C):y=f(a:)=2x3—3x2+1

suy ra do thi (C") cy = ‘x - 1‘(21‘2 - —1)

b) Tit d thi (0) Ly

° khi x € (1; +oo)

~ ) ~ f(x) khi x> 1
y—‘x—l‘(?x xl)_{—f(x) hi o <1

Db thi (C):

+ Gitt nguyén (C) v61 x>1.

+ Bo (C) véi = < 1. Lay déi xiing phan
do thi bi b6 qua Ox.

(©) YA

= Y

1
1
1
1

©) '.'

Do thi (C):

+ B0 phan do thi cua (C’) vl z <1,
gili nguyén (C’) voi x>1.

+ Lay d6i xting phan d6 thi bi bé qua
Oz.

YA

—_

Nhan xét: Trong qué trinh thuc hién phép
suy db thi nén 14y déi xting cac diém dic

Nhan xét: D61 v6i ham phan thiic thi nén
14y doi xiing cac duong tiém can dé thuc

hién phép suy do6 thi mot cach tuong doi

chinh xéc.

biét cua (C): giao diém véi Ox, Oy, CD, CT..
TIE

P TUYEN

1. Tiép tuyén : Cho hamsé y= f (X), c6 d6 thi (C). Ti€p tuyén cua
d6 thi (C) tai diém M, (xo;yo) € (C) c6 dang: .

y = y'(xo)(x—xO)erO

Trong d6: Diém M, (x,;y,) € (C) dude goila tiép diém. (voi y, = f(z, ))

k=f' (mo)la hé sé géc cua tiép tuyén.

2. Diéu kién ti€p xtc: Cho hai ham sé (C) ty = f(:v) va (C') tyY = g(az)
=g gj)

Db thi (C) va (C’) tiép xtic nhau khi c

TUONG GIAO PO THI

Cho ham s y = f(z) ¢6 do thi (C|

Phuong trinh hoanh d6 giao diém cta

la f(z) = g(z) (1) Khi do:

) va y = g(x) 6 @6 thi (C,).

()
I'(z)=9'(z)
y

hi khi hé phuong trinh: {

i A

¢6 nghiém.

(€)va (C,) o

14
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+S6 giao diém cia (C,) va (C,) bang véi s6 nghiém
cua phuong trinh (1).

+Nghiém 2z cta phudng trinh (1) chinh 1a
hoanh d¢ z, cua giao diém.

+DéE tinh tung do Y, cua giao diém, ta thay hoanh do T, vao
y = f(:z:) hoac y = g(:c)

+Diém M (X,;Y,) 1a giao diém cua (C,) va (C,).

2

PIEM DAC BIET CUA HQO PUONG CONG:
1. Bai toan tim diém c6 dinh ctia ho dudng cong
Xét ho duong cong (C ) c6 phuong trinh y = f(x,m), trong d6 f la ham da thic theo

bién 2 v6i m 1a tham s& sao cho bac cia m khong qua 2. Tim nhiing diém c6 dinh thudc ho
dudng cong khi m thay doi?
Phuong phap giai:

+ Budc 1: Dua phuong trinh y = f(x,m) vé dang phuong trinh
theo 4n m c6 dang sau: Am + B =0 hodc Am> + Bm+C =0.

+ Buéc 2: Cho cac hé s6 bang 0, ta thu duge hé phuong trinh va giai hé phuong trinh:

A=0
A=0
hoac < B =0.
B=0
Cc=0

+ Buéc 3: Két luan:
- Né&u hé v6 nghiém thi ho dudng cong (C ) khong c6 diém cd dinh.

- N&u hé ¢6 nghiém thi nghiém d6 1a diém c¢6 dinh cta (C ).
2. Bai toan tim diém c6 toa dé nguyén:
Cho duong cong (C) c6 phuong trinh y = f(z) (ham phan thic). Hay tim nhiing diém
c6 toa do nguyén cua duong cong?
Nhiing diém c6 toa do nguyén la nhing diém sao cho ca hoanh dé va tung dé cua
diém dé déu la s6 nguyén.
* Phuong phap giai:
+ Buéc 1: Thuc hién phép chia da thiic chia tii s6 cho mau sé.
+ Bude 2: Lap luan dé giai bai toan.
3. Bai toan tim diém c6 tinh chat d6i xing:
Cho dudng cong (C) c6 phuong trinhy = f(z). Tim nhiing diém d6i xing nhau qua mét
diém, qua duong thing.
Bai toan 1: Cho do thi (C) cy=Ax’ + Bx® + Cx + D trén do thi (C’) tim nhiing cap diém
doi xting nhau qua diémI(z,,y,) .
*  Phuong phap giai:
+ Goi M(a;Aa3 + Ba® + Ca + D), N(b;Ab3 + Bb® +Ch + D) 1a hai diém trén (C) déi

xting nhau qua diém I .
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T a+b=2x
+ Ta co . ; .
Ala’ +b“)+B(a2 +b2)+0(a+b)+2D:2yI

Giai hé phuong trinh tim duge a,b ti d6 tim dude toa do M, N.
Truong hop dédc biét : Cho dé thi (0) ty=Aa2" + Ba’ + Cx+ D. Trén dé thi (C) tim

nhiing cip diém do6i xing nhau qua goéc toa do.
*  Phuong phap giai:
+  Goi M(a,Aa3 + Ba® + Ca + D),N(b,Ab3 + Bb +Ch + D) la hai diém trén (C)

d61 xting nhau qua goc toa do.

la+b=0
+ Tacb A(a3+b3)+B(a2+b2)+0(a+b)+2D=0.

+ Giai hé phuong trinh tim dugc a,b ti d6 tim dugc toa @6 M, N .
Bai toan 3: Cho do thi (C) cy=Ax’ + Bx® + Cx + D trén do thi (C’) tim nhiing cdp diém
déi xting nhau qua dudong thing d : Y= 1411: +B,.
*  Phuong phap giai:

+ Goi M(a;Aa3+Ba2+Ca+D), N(b;Ab3+Bb2+Cb+D) 1a hai diém trén (C) doi

xting nhau qua dudng thing d .

led 1 -
+ Tacé: {—— - 1) (v6i | 1a trung diém cta MN va Ug 1a vectd chi phuong
MN.ua=0 (2)

ciia dudng thang d). Giai hé phuong trinh tim duge M, N.
4. Bai toan tim diém dac biét, khoang cach
< Ly thuyét:

+ Cho hai diém A(a:l;yl);B(a:2;y2) = AB = \/(xQ _x1)2 +(y2 —y1)2

Cho diém M (z,;y,) va dudng thing d: Ax+By+C=0, thi khodng cach tit M dén d la

Az + By +C
h(M;d)J \0/A2+392 ‘

+b .. . ) . ,
+ Cho ham phéan thtc: y = ar y tiép tuyén tai M cat TCD, TCN ¢ A va B thi M la trung
cx +

diém ctia AB.
0. 2
Dién tich tam giac /AB khong doi: S, = —Q‘ad — bc‘ )
c
%  Cac bai toan thuong gap:
ar +b

Bai toan 1: Cho ham s6 y = (c 20, ad —be # 0) ¢ dd thi (C). Hay tim trén (C)

cr +d
hai diém A va B thuéc hai nhanh dé thi ham s6 sao cho khoang cich AB ngédn nhat.
* Phuong phap giai:
+ (C’ ) co tiém can ding z = —— do tinh chat cua ham phan thiic, d6 thi nam vé hai phia
c
cua tiém can ding. Nén goi hai s6 «, 1a hai s6 duong.
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+ Néu A thugc nhanh trai: z, <—Q:xA =—g—a <_§; y, = flz,)-
c c c
. A 2 9 . d d d
+ Néu B thudcnhanh phai: 2, > —— =1, =——+B>——; y, = f(z,).
c c c
2 2 2 2
+ Sau d6 tinh: AB? =(:UB—33A) +(yB—yA) =[(a+,8)—(a—a)] +(yB—yA) .
+ Ap dung bat ddng thic Cauchy sé tim ra két qua.

Bai toan 2: Cho d6 thj ham s6 (C’) ¢6 phuong trinh y = f(x). Tim toa do diém M
thuoc (C) dé tong khoang cach tir M dén hai truc toa do nhé nhat.
*  Phuong phap giai:
+ Goi M(m;y)vé tong khoang cach tt M dén hai truc toa d61a d thi d = ‘x‘ + ‘y‘ .
+ Xét cac khoang cach tit M dén hai truc toa @6 khi M nam & cac vi tri dic biét:
Trén truc hoanh, trén truc tung.
+ Sau d6 xét tdng quat, nhitng diém M c6 hoanh do, hosc tung d6 16n hon hoanh d6
hoac tung d6 cia M khi ndm trén hai truc thi loai di khong xét dén.
+ Nhiing diém con lai ta dua vé tim gi4 tri nho nhat ctia d6 thi ham s6 dua vao dao
ham roi tim dudc gia tri nhé nhat cia d.
Bai toan 3: Cho dé thj (C) c6 phuong trinhy = f(x). Tim diém M trén (C) sao cho
khoang cach tir M dén Ox bang k Ian khoang cach tiw M dén trucOy .
*  Phuong phap giai:

Theo dau bai ta c6 ‘y‘ = k‘x‘ = B i ﬁalix = [;Ei; Z ]ia];x .

Bai toan 4: Cho d6 thi ham s6 (C) «¢6 phuong trinh
y=flx)=

nhat (véi I 1a giao diém hai tiém can).
*  Phuong phap giai:

+ 2 ol
s Z (c#0, ad—bc#0). Tim toa do diém M trén (C) sao cho do dai MI ngén
CX +

A -d .. a
+ Tiém can diing * = —; tiém ciAn ngang y = —.
c c

. R _d a 9 . 4
+ Ta tim dugc toa do giao diém [ (— ; —] cua hai tiém can.
c c

2 2
+ Goi M(xM;yM) 14 diém can tim. Khi d6: IM® = (xM + %j + (yM - %j = g(xM)

+ St dung phuong phap tim GTLN - GTNN cho ham s6 g dé thu dudc két qua.
Bai toan 5: Cho do thi ham s6 (C) c6 phuong trinh y = f(x) va duong thing
d: Az + By+C =0.Timdiém I trén (C) sao cho khoang cach tir I dén d la ngdn nhat.
* Phuong phap giai:
+ Goi I thuoc (C) = I(:po;yo); y, = f(z,).

0

+ Khoangcachtu [ dén d 1a g(z,) = h<['d) _ ‘Aaﬁo + By, + C‘
0o/ ) -
VA + B

+ Khao sat ham s6 y = g(z) dé tim ra diém / thdéa man yéu cau.
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PHAN II. MU VA LOGARIT

LUY THUA VA HAM SO LUY THUA.
1. KHAI NIEM LUY THUA.
+ Ly thira véi s6 mi nguyén.
Cho 7 12 mot s6 nguyén duong.
Véi a 1a s6 thuc tuy y, liiy thita bac n cta a la tich ciia n thiia sd a .

n

a" = a.a......a (n thia s6).
%/_/

n

Véi a # 0.
a/(]:]_ a = —

Ta goi a la co s6, m 1a mii s6. Vachiy 0” va 07" khong cé nghia.
+ Mét so6 tinh chat cua liy thira
e Gia thuyét raing mdi biéu thiic dugc xét déu c6 nghia:

o
a* - a’ =a*’, ¢ _ a“"; (a) =a*” ; (ab)* =a” - b
a

(-5

eNé&u a>1thi a” >a’ @ a>f;
Néu 0<a<1thia®>d’ oa<p.
eVéimoi O<a<b,tact: a”" <b" <&m>0; a">b"<=<>m<0
e Chuy:
+ Cac tinh chat trén ding trong truong hop s6 mii nguyén ho#c khong nguyén.
+ Khi xét lity thtia v6i s6 mi@t 0 va s6 mii nguyén Am thi co s6 a phaikhac 0.
+ Khi xét lity thtia v6i s6 miit khéng nguyén thi co s6 @ phai duong.
+ Phuong trinh z" =b.
Ta c6 két qua bién luan sé nghiém ctia phuong trinh x" =b nhu sau:
e Trucng hgp n 1é:
V6i moi s6 thuc b, phuong trinh c¢6 nghiém duy nhat.
e Truong hgp n chan:
+ Vi b <0, phuong trinh v6 nghiém.
+ Vi b =0, phuong trinh ¢6 mot nghiém z = 0.
+ Vi b > 0, phuong trinh ¢6 hai nghiém trai d4u, ki hiéu gia tri duong la % , con
gi tri am 1a —4b .

Mot s6 tinh chat ctia can bac n
o * z
Véi a,b € Ryn e N | ta co:

. QW N 2n+1fa2n+1 =a VCL-
—2<F'2ﬂVab>o; ab = o Yo, vab.
\/7 \"/_vb>0b;t0, +2“+\1/7 z:\/_‘v’a‘v’b;to
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L Na" = (" a) ,Va >0, n nguyén duong, m nguyén.

N x"’/% = ”’%,Va >0, n,mnguyén duong.

. Néu P_9 ih Ya? =%a’ ,Va > 0,m,nnguyén dusng p,q nguyén.
n o m
Dacbist: Yo = "Ya™ .

2. HAM SO LUY THUA.
+ Khai niém.
Xét ham s6 y = 2%, v6i a 1a s6 thuc cho trude.
Ham s6 y = 2%, v6i a € R, dude goi 12 ham s6 liy thua.
Chuy.
Tap xac dinh cta ham s6 lay thita y = 2% tiy thudc vao gia tri cia o . Cu thé.
e V61 a nguyén duong, tap xac dinh 1a R.
e V6i a nguyén am hoidc bang 0, tap xac dinh1a R\ {O}
e V61 a khong nguyén, tap xac dinh (0; +oo).
+ Khaio sat ham sé liy thira.
% Tap xac dinh cua ham s6 lily thita y = 2“ ludn chtia khoang (0; +oo)

v6i moi a € R. Trong trudng hop tong quat, ta khao sat ham s6 y = ° trén khoang nay.

y=z"a>0. y=z“a<0.
1. Tap xac dinh: (0; +oo). 1. Tap xac dinh: (0; +oo).
2. Su bién thién 2. Su bién thién
y'=az’' >0 Vz>0. y'=az’ <0 Vz>0.
Gi61i han dac biét: Gi6i han déc biét:
limz” =0, lim z” = +oo. limx% =+00, limx® =0.
20" T—>+0 x—0" x>+
Tiém can: khong cé. Tiém can:
3. Bang bién thién. Ox 1a tiém can ngang.
z |0 +00 Oy la tiém can ding.
y + 3. Bang bién thién.
y X 0 —+00
+O/ y -
y 400
0 \
0
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D6 thi ciia ham sé6.

yA
a>l
a:l
O<acl
1 a=()
§ a<() "
0 1 X
D4 thi ciia ham s6 Ity thita y = x* luén di qua diém | (1; 1).
< Khdo sat ham s6 ma y =a", (u >0,a# 1) )
y:a‘”,(a>1) y=a’“,(a<1)

1. Tap xac dinh: R.
2. Su bién thién.
y'=a'lna>0,Vx.

Gi61 han dac biét:

lim a” =0, lim a = +oo.
T—>—00 T—>+00
Tiém can:

Ox1a tiém cin ngang.
3. Bang bién thién.

X
—+00

1. Tap xac dinh: R.
2. Sy bién thién.

y'=a"lna <0,V

Gi61 han dac biét:
lim a" = +o0,

XT—>—00

lim a® = 0.

T—>+0
Tiém can:
Ox1a tiém cin ngang.
3. Bang bién thién.

—00 0 1
X

!
y - + +

—+00
!

Y - -

1
0
D6 thi nhu hinh sau.
-y y = a?
(a>1)
al---

_—%

Db thi nhu hinh sau.
Y

N 0 1

2 |lm—_———_ - - =

1 y=a" (0<a<l)
gl-=-=
X I %

1

Ed
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LOGARIT VA HAM SO LOGARIT
1. KHAI NIEM -TINH CHAT VA QUY TAT TINH LOGARIT.
+ Khai niém Logarit.
Cho hai 6 duong a,b v6i a#1.S6 « théa man ding thic o =b dugde goi 1a logarit co s6
a cua b va duge ki higu la log b.

a=log b<a“=b.

Khéng cé logarit ctia s6 4m va s6 0.
Bang tom tat cong thitc Mi-loarrit thuong gap:

J a0=1,(a¢0). o loga1=0,0<a¢1)
. (a)1=a . logaa=1,(0<a¢1)
. (a)—a _ 1 e log a” = a,(O <a# 1)
(a)a a"‘a_ﬂ . log, a=é,(0<a¢1)
° 5 (a) e log b"=a.log b,(a,b>0,a=1
()
a (\B [ \a+B e log b=l.log b
(o) o) (o) oh= 5.
. (a)a .(b)a = (a.b)a . Iogaﬂ b* = %.10{%[Z b
. (a)a _ ﬂ]a ,(b 2 O) e log b+log c=log (bc)
b)" \b
(( ;a ( ) ( ) e log b—log c=log éj
e (a)? =4(a)",(BeN ’ e
B ap o log b= 1
* (aa) - (a) S log, a '
. (a)a=b:>a=logab

2. BAT PHUONG TRiNH MU VA LOGARIT.
+ Bat phuong trinh mii co ban.
B4t phuong trinh mii cd ban c¢6 dang a” > b (hodc a* >b,a” <b,a* <b) vé6i a > 0,a # 1.
Ta xét b4t phuong trinh ¢6 dang a” > b.
e Néu b <0, tap nghiém ctia bat phuong trinh 1a R, vi a” > b,Vx € R..
e Né&u b > 0 thi bat phuong trinh tusng duong véi a” > a**".
Véi a > 1, nghiém cua bat phuong trinh 14 = > log, b.
Véi 0 < a <1, nghiém cua bat phuong trinh 14 = < log_b.
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Ta minh hoa bing d6 thi sau:
e Véi a >1,tacod ddb thi

(o= 1)
y="h

// I
1
0 I X

log, b

eVéi 0<a<1,tacoddthi

b y=b

T

I

: 1 QI C: l]
I

i ¥

&,

+ Bat phuong trinh logarit co ban.
Bat phuong trinh logarit cd ban c6 dang log, x > b (hodc log, x >b,log x <b,log x<b)

v6i a > 0,a # 1.
Xét bat phuong trinh log x > b. y

e Truong hgp a > 1,tacé: log z>b < x> a’.

e Truong hop 0 <a <1,tacé: log x>b<0<x<a’. y=log,b
R N (a = 1)
Ta minh hoa bang do thi nhu sau.

e Véi a > 1, ta c6 do thi sau. ol a X

I
i 1
eVé6i 0<a<1,taco dd thisau. bl y=bh

Quan sat do thi, ta thay rang: /
o Trudéng hgp a > 1: log, x>b
khi va chi khi z > a’.
e Truong hgp O<a<1:
log, > b khivachikhi 0 <z <a’.

y =log, b

0 =<a-=1)

1 |
I
y==h b N
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BAI TOAN LAI SUAT NGAN HANG
1. Lai don: 12 s6 tién 14i chi tinh trén s6 tién géc ma khong tinh trén s6 tién 1ai do s6 tién
gbc sinh ra, tic 1a tién 1ai cta ki han trudc khéng dude tinh vao von dé tinh 1ai cho ki han
ké tiép, cho du dén ki han ngudi gii khong dén gti tién ra.
a) Cong thic tinh: Khach hang gui vao ngan hang A déng véi lai don 7% /ki han thi sé
tién khach hang nhan dugc cd von 1an 1ldisau n kihan (n e N * ) la:

S =A+nAT:A(1+nr)

2. Lai kép: tién 14i cia ki han trudc néu ngusi gii khong rat ra thi dugde tinh vao vén dé
tinh 141 cho ki han sau.

a) Cong thic tinh: Khach hang gii vao ngan hang A dong véi 1ai kép 7% /ki han thi s6
tién khach hang nhan dugc ca von 1an ldisau n kihan (n e N * ) la:

S

n

= A(l + T)yl

—

S
n= log(m) [ /’{J

fS
T%:n n _1
A

A:

n

T

3. Tién gtii hang thang: M6i thang giii ding ciing mot s6 tién vao 1 thoi gian c¢6 dinh.

a) Cong thiic tinh: PAu mdi thang khach hang gti vao ngan hang s6 tién A déng véi lai
kép r% /thang thi sd tién khach hang nhan dudge ca von 1an 1ai sau n thang (ne N* ) (
nhan tién cudi thang, khi ngdn hang da tinh 14i) 1a S .

S .r
| n = log(m) A(1n+ T) +1
5,22 1)) = -
A= n
(1+ r)[(l ) -@

4. GUi ngan hang va rut tién gui hang thang:

a) Cong thic tinh: Gii ngan hang s6 tién 14 A dong véi 1ai suadt r% /thang. Mdi thang vao
ngay ngan hang tinh 1ai, rit ra s tién 14 X dong. Tinh sd tién con lai sau n thang la bao
nhiéu?

(1+7) -1

r

n r
— =) -
(1 + 7’) -1
5. Vay von tra gép: Vay ngan hang s tién 1a A déng véi 1ai suat 7% /thang. Sau ding mot
thang ké tit ngay vay, bit ddu hoan ng; hai l4n hoan ng cach nhau ding mot thang, mbi
hoan ng s6 tién 1a X ddng va tra hét tién ng sau ding n thang.

S :A(1+r)n—X

n

a) Cong thic tinh: Cach tinh s& tién con lai sau n thang giong hoan toan cong thic tinh
glii ngan hang va rit tién hang thang nén ta c6
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(1+7) -1

S = A(1+T)n -X
”
Dé sau dung n thang tra hét ng thi S =0 nén
Aft+r) —X%=O
r
v A(l + 7‘)n r
(1+7) -1

6. Bai toan tiang luong: Mot ngusi duge 1anh luong khéi diém 1a A ddng/thang. Ci sau n
thang thi luong ngusi d6 duge tang thém 7% /thang. Hoi sau kn thang nguci dé linh dudc
tat ca 1a bao nhiéu tién?

(1+r) -1

Cong thiic tinh: Téng s6 tién nhan dude sau kn thang la S =Ak

r

7. Bai toan tang trudng din so6:
Coéng thitc tinh tang trudng dan s6

X =X (1 + r)m_n ,(m,n el ,m 2 n)

Trong d6:
r% la tilé ting dan s6 ti ndm n dén ndm m
X dansénam m

X dan s6 nam n

. X
Tu d6 ta c6 cong thiic tinh ti 1é tang dan s6'1a |r% = mn/ X’” -1

8. Laiképlién tuc:
Gui vao ngdn hang A dong véi 1ai kép 7% mam thi s6 tién nhan dugce ca von 1an 1ai sau

n nam (n 5 N*) la: S = A(l + r)n. Gia st ta chia mdi ndm thanh m ki han dé tinh

R TR T N NEDVIRUN < N
1ai va 1ai suat méi ki han1a — % thi s6 tién thu dude sau n nam la:

m
S =A(1+LJ
m

Khi ting s6 ki han cia méi nam 1én vo cuc, tiic 14 m — +o0 , goi 1a hinh thtc 14i kép tién
tuc thi nguoi ta chting minh dugc s6 tién nhan dudc ca goc 1an 1ai 1a:

( cong thic tang trudng mit)
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PHAN III.

NGUYEN HAM - TICH PHAN - UNG DUNG TiCH PHAN
I. NGUYEN HAM
1. Nguyén ham
Dinh nghia: Cho ham s6 f(:z:) x4c dinh trén K (K 1a khoang, doan hay ntia khoang).

Ham s6 F(x) dudgc goi 12 nguyén ham ctia ham sé f(:z:) trén K néu F'(x) = f(a:) v61 moi
r € K .Kihiéu: If(x)dx :F(x)JrC.
Pinh Ii:

1) Néu F(a:) la mot nguyén ham cﬁaf(:v) trén K thi v6i mdi hiang s6 C', ham s6

G(z)=F(z)+C cingla mot nguyén ham ctia f(z) trén K .
2) Néu F(x) 14 mot nguyén ham cta ham sé f(:z:) trén K thi moi nguyén ham cta

f(z) trén K déu cé dang F(g;) +C,v6i C 1a mot hing s6.
Do d6 F(m) +C,C e R 1a ho t4t ci cAc nguyén ham cia f(:z:) trén K .
2. Tinh chAt ctia nguyén ham

([ 1(e)ia) = s(a) v [7(2)i = 1 (o)1 {1 ()x) = 1 ()

e Néu F(x) ¢6 dao ham thi: [d(F(z)) = F(z) +C

. jkf(g;)dx = kjf(x)dx v6i k 1a hing s6 khac 0.

+ J[0(e) % afe)]e = [ (s} = o)t

« Céong thite d8i bién s6: Cho y = f(u) va u = g(z).

Néu [ f(w)dz = F(z)+C thi [ f(g(2))g'(x)dw = [ f(w)du = F(u)+C

3. Su ton tai ctia nguyén ham

DPinh Ii: Moi ham s6 f(:z:) lién tuc trén K déu 6 nguyén ham trén K .

Bang nguyén ham cac ham sé thudng gap

1. Ide=C 2. Ida;=a:+0
P T a 1(az+b)"
. = -1 =
3 jiﬂ dx 1" +C(0‘¢ ) 16. I(ax+b) dx-;(a+1j +e,a# -1
4. [dr=-24cC 17. j?””z‘ﬁ*%dx
x x X
. Ildx:ln‘x‘+0 18. j d)jb =lln|ax+b|+c
x ax a
6. J.e"”da: =e" +(C 19. je““bdx - lemb +C
a
2 kx+b
7. J.a“'dxza—wLC’ 20. J-ak“bdmzla +C
Ina k Ina
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8. Icosxda: =sinz +C

1 .
21. Icos(ax+b)dx = ;sm(aerb)JrC

9. Isinxdx =—cosx+C

: __1
22. J.sm(a:p + b)dx = acos(aw +b) +C

10. Itanm.da: —In|cosz | +C

23. Itan(ax +b)dx = —11n|cos(ax + b)| +c

a

11. Icotx.dx: In|sinz | +C

24. 'fcotg(a:v +b)dx = l11r1|sin(ag: + b)| +c
a

1 1 1
12. jcosgxdx=tanx+0 25. ImdeEtan(ax+b)+C’
1 1 1
13.J'Sin2xd$=—cot$+c 26. jmdx:—gcot(ax+b)+0

14. I(l + tan’ m)dx =tanz +C

27. I(l + tan® (a:v + b))d$ = ltam(oz:z: + b) +C

a

15. I(1+cot2 :L‘)dl‘ =—cotz+C

28.!(14—00132 (ax+b))dx = —lcot(ax +b)+C

a

Bang nguyén ham md rong

dx 1 x
j = —arctg—+c

. T . X [ 2 2
J-aI'CSII’l—dX:J;aI'CSH’l—‘i‘ a —x +c

a a

a+zt a a

dx 1 a+z
I —— =—1n +c
a -z 20 la—=x

T T 9 2
Iarccos —dx =zrarccos——+va  —x” +c¢
a a

dx
Iﬁ=ln(x+xlx2+a2)+c
V7’ +a

a a

T Tz a
J-arctan—dx = grarctan — ——lm(a2 + xQ) +c

dx . T
I— =arcsin— +c¢
\Ja* — 1’ |a|

T Tz a
Iarccot—dx = :I:arccot—Jr—ln(a2 +172)+C

a a

J.L=larccos—+c Jd—X=lln tgax_'_b
Nzt —a® @ a sin(az +b) a

J- dx z_llna+\/x2+a2 J- dx =lln‘tanax+b
Nz + a? a T sin(az +b) a 2

jln(aaz +b)dx = (eréjln(aa: +b)—£E+C
a

¢ (g cosbz + bsinbz)

J'e‘” cosbrdx = - S
a” +b

wNa' —2°  a’
2

I o -2t dx =

. X
+5arcsm— +c

e™ (a sinbx — b cos bx) N

a J‘e‘” sinbxdx = —
a +b

Thdy Pham Quéc Vieong- PT: 0985.368.767

26




CAC PHUONG PHAP TINH NGUYEN HAM

1. PHUONG PHAP POI BIEN
a. Doi bién dang 1:

Néu : jf(:l?) =F(z)+C vavéi u = gp(t)lé ham s6 ¢6 dao ham thi: If(u)du =

PHUONG PHAP CHUNG

e Budc 2: LAy vi phan hai v€: dx = Q'(t)dt

e Budc 3: Bién d6i: f(z)do = f[qp(t)](p'(t)dt = g(t)dt
e Budc4: Khidé tinh: [ f(z)dz = [ g(t)dt = G(t) + C.

e Budc 1: Chon z = (p(t) , trong do gp(t) 12 ham s6 ma ta chon thich hop .

* Cac dau hiéu doi bién thudng gap :

DAu hiéu

Cach chon

bat z = ‘a‘ sint;vol t e {—5;5}.hoac T = ‘a‘ cost ; v6i

S [0;72’:'.

Détx:‘é—‘,;véite{—g;g}\{ }hoacx_ ‘ ‘

sint cost

Vi t € [0;7[] \ {%}

—
—

bat z = ‘a‘tant;vc’ii te (—Z;Zj.hoéc T = ‘a‘cottvéi te (0;7[).
2 2

Ja A . hoéc “- bat x = acos2t
(a: b x) Dit z =a+ (b —a)sin’t
bat x =atant ;véi t € [—z,zj.
o+ 2°2
b. P6i bién dang 2:

Né&u ham s6 f(x) lién tuc thi dit z = (p(t) . Trong d6 (p(t) cung v6i dao ham cia né

((/)'(t) 14 nhiing ham s6 lién tuc) thi ta dugc :

[ Fa)de = If[qo(t)]go'(t)dt = [g(ydt =G(t)+ C.
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PHUONG PHAP CHUNG.

. Buée 1: Chon t=g0(:z:). Trong d6 gp(:z:) 12 ham s8 ma ta chon thich hgp .
. Budc 2: Tinh vi phan hai v& : dt = go'(t) dt .

. Budc 3: Biéu thi: f(z)dz = f[(p(t)} go'(t)dt = g(t)dt .
. Buéc 4: Khi d6 : I = [ f(z)dz = [ g(t)dt = G(t) + C

* Cac dau hiéu d6i bién thudng gap :

DAu hiéu Cach chon
Ham s6 mAu so ¢6 t 12 mau s6
Ham s6 : f(:):;1 /(p(:r)) t= go(x)
Ham f(x) _ a.-smx—#b.cos:z: ‘o tanz;[cosf . 0]

c.sinx+d.cosx+e 2 2
1 Véi: z+a>0vaz+b>0.
Hém f(:L‘) _ 1. X a va T
(v+a)(z+b) Dit: t =z +a +Nz+b

Véiz+a<0vaz+b<O.
bat: t:\ilx—a+\/—x—b

2. NGUYEN HAM TUNG PHAN
Néu u(x) , v(x) 1a hai ham s6 c6 dao ham lién tuc trén K:

Iu v'(x)dr = u(z).v(z) - jv(m).u'(a:)dx
Hay Iudv = uv —Ivdu (v6l du=u (m)dx, dv = v’(x)dx )
PHUONG PHAP CHUNG

e  Budc 1: Ta bién ddi tich phan ban dau vé dang :

1= [ fz)dz = [ f(2).,(x)d

u = f(z) N du = f' (z)dx
dv = f(z) U=J-f2 (x)dx

e Bubec 3: Khidéo: Iu.dv = Uv— Iv.du

e Buée 2: Dat : {

sinx
Dangl: [-= IP(m) cosz ¢.dx

T

e

u = P(x) u'.du = P'(x)dz
, —Ccos T —Ccos T
sin z —Cos T _ _
Dit = ) Vay I =P(x)<{sinx ;- J- sinz  .P'(z)dx
dv =<cosx;.dx v=<sinz ) )
. ., 6.1/ 61,
e’ e’
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Dangll: | ] = IP(a:).ln xdx

u=Inx g 1d
Pit I

. Vay I=Inx.Q) - [Q(x). L
dv = P(z)dx v= [ Pa)dz = Q(x) v

sin
DangIIl [ = Ie{ }dx
COS T

u=ce" du = e"dx
) |—cosx —cosx|
Dat sin x = —cosz| Vayl= e"< | - J- . ‘dx
dv = dx V=1 . sinx sinz
CoS T sin x

— COS

. x
Béang phuong phap tudng tu ta tinh dugc j{ }e“d:z; sau d6 thay vao I

sinx

TICH PHAN

1. Cong thidc tinh tich phan

[ fa)dz = Fla)

=F(b)-Fl(a).

b
a

b b
* Nhan xét: Tich phan cia ham s6 f tit a dén b c6 thé ki hiéu béi J.f(:v)dx hay J-f(t)dt. Tich

phan d6 chi phu thudc vao f va cac can a, b ma khong phu thudc vao cach ghi bién sé.
2. Tinh chat caa tich phan
Gia st cho hai ham s6 f(x) va g(x) lién tuc trén K, a,b,c 1a ba s6 bat ky thudc K. Khi dé ta cé :

6. Néu f(x) > 0Vz e [a;b] thi : _b[f(x)dx >0Vz e [a;b]

b b
7.Néu Vz e [a;b:l cf(z) = g(x) = J.f(x)dx > Ig@)dx . (BAt d4ng thiic trong tich phan )

8. Néu Vz e [a;b] Néu M < f(z) < N thi M(b—a) < j-f(m)dx < N(b—a).

a
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PHUONG PHAP TINH TIiCH PHAN
L. pOI BIEN
a. Phuong phap doi bién s6 dang 1.
Pinhli .Néu 1)Ham z = u(t) c¢6 dao ham lién tuc trén doan [a; ﬂ} ,

2) Ham hgp f(u(t)) duge xac dinh trén [a; ﬂ} ,
3) wla)=a, u(f) =b,

b B
Khi dé: T = [ f(z)de = [ f(u(t))u'(t)dt .

PHUGNG PHAP CHUNG

e Buéc 1:Dat x = u(t)

~
Il
R ™

- 9. z
e Budc 2: Tinh vi phdn hai vé: = =u(t) = dz = u'(t)dt Doi can: ‘ =
T

e Budc 3: Chuyén tich phan da cho sang tich phan theo bién t

b B B
Vay: 1 = [ ftayie = [ 1 [ut)]w0at = ooyt = 60" = cp) - (@)

(04

b. Phuong phap déi bién dang 2
Pinh Ii: Néu ham s6 u = u(x)don diéu va c6 dao ham lién tuc trén doan [a;b} sao cho

b u(b)
f(z)dx = g(u(x))u'(:v)dx = g(u)du thi: I = _[f(x)da; = J. g(u)du .
a u(a)
PHUONG PHAP CHUNG

o Budc 1:Pat u = u(z) = du = u (v)dx
b
a

, u = u(b)
e Budc 2: Doican:
u = u(a)

T
T

e Budc 3: Chuyén tich phan da cho sang tich phan theo bién u

b b
Vay: I = If(:c)dx = Ig[u(x)]u'(x)dx = I g(u)du
a a u(a)
II. TICH PHAN TUNG PHAN
Dinh 1i . Néu u(x) va v(x) 1a cac ham s6 c¢6 dao ham lién tuc trén [a;b] thi:
b

a

b

ju(m)v(m)dx = (u(x)v(:c))

a

a

b b b b
- Iv(m)u(az)d:z: Hay J.udv =wv —I vdu

a

PHUGNG PHAP CHUNG

e Budc 1: Viét f(x)dx dusi dang udv = uv'dz bing cach chon mot phan thich hop
cua f(x) lam u(x) va phan con lai dv = v'(z)dx

e Bu@c2: Tinh du=u'de va v= jdv:jv‘(x)da:

b

b
e Budc 3: Tinh jvu'(z‘)d{v va v
a
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*Cach dat u va dv trong phuong phap tich phan titng phan.

Dat u theo thi tu uu | & . p b Lo
tien: J. P(x)e"dx j P(z)Inzdzx j P(z)cos zdx J. e” cos xdx
Léc-da-mii-lugng ‘
u Pkx) Inx P(x) e’
dv e“dx P(x)dx cosxdx cosxdx

Chu y: Nén chon u la phin cta f(x) ma khi 18y dao ham thi don gian, chon dv = vdz 14 phan
cua f(x)dx 1a vi phan mot ham s6 da biét hoéc c¢6 nguyén ham dé tim.

TiCH PHAN CAC HAM SO SO CAP CO BAN

1. Tich phan ham hiru ti
B

B B
Dang1: 1= | de 17 _ade _ lha\ow: +b| . (véiaz0)
ar+b asar+b a .
B B
Chu y: Néul= Id—x = lJ.(aa: +b)".ade = L (az + )™ |”
Y(az +b)" @ a(l—k) “
dz

Dang 2: [ = I (a;t()) (ax2+bx+c¢0V(’jimgime[a;ﬂ})

ax’ +bx + ¢
Xét A:b2—4ac.

_—b+«/Z_x NN
"2 U 20

+ Néu A>0:

1 1 1 1 L)
= = - 1:
ar’ +br+c  alz-z)(z-x,) alz, -z,)\ r-z, z-u

o1 4 1), 1 1 |z-1 |
1= a(w, —x2)£[:13—x1 - :c—:lsjdx - a(z, _%)[ln‘x—xl‘—ln‘x—%u f_a(xl —xz)ln‘x—:ﬂi j
+Néu A=0: —; L = L [xoz_—bJ

ar’ +bx+c  alz-xz,) 2a
thil= f———j L s
- > aT +br+c a ($—$o)a
1 dx
+Néu A <Othi I = I :I

ar’ +br + ¢ b 2 F2
allz+— | +| ] —
2a 4q°

bat as+i = itamzf = dx :1‘/2(1+tan2t)dt
2a 4a’ 2\ o’

Dang 3: I:jaxmf;_xn+c T, (a;tO).

(trong d6 f(x) = MEXN_ Jien tuc trén doan [a;ﬂ])

ax’ +bx +c
+) Bang phuong phap déng nhat hé s6, ta tim A va B sao cho:
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me +n _A(ax2+bx+c)'+ B A2az +b) N B

ar’ +bxr +c az’ +bxr +c ar’ +br+c axr’ +br+c ar’ +br+c
B B B
+ A(2azx +b) B
DTacsls [ I g, ] ACwih) , f B,
©oar’ +br+ec * ar’ +br+c ax” +br +c
(2az +b s
Tich phin J. L)dx = Aln‘a:p2 +bx+c
> oar’ +br+ec a
dx R
Tich phan I— thudc dang 2.

s ar” +br+c

Tinh tich phan [ = I

o) dx v6i P(x) va Q(x) 1a da thirc cua x.
x
e N&u béc ctia P(x) 16n hon hoic bang bac ctia Q(x) thi diing phép chia da thiic.
e N&u bac ctia P(x) nhd hon bac cta Q(x) thi c6 thé xét cac trudng hop:
+ Khi Q(x) chi ¢6 nghiém don «,,a,,...,a thi dit

Py A A A,

+o+ :
Qz) z-a z-a, r—a

+ Khi Q(x) ¢6 nghiém don va vo nghiém

Qz) = (z—a)(2* + po+q),A = p* —4q < O thi dat
Pl) A N Bx +C
Q) z-a +pr+q

+ Khi Q(x) ¢6 nghiém b
Q(z) = (x — a)(z — B)° véia = B thi dat
P A B c
+ +

Q(z) = (z —a)’(x — B)* v6ia = p thi dat
P(z) A B C D E
= + + + +

(z-af@-p) (@-af (@-a) @-p) @-p) z-p

2. Tich ph4n ham vé ti

IR(m, f(x))dx Trong d6 R(x, f(x)) c6 dang:

a+x

+) R(:z:,x/a2 —a:Q)Dét T = ‘a‘ sint hoéc x = ‘a‘cost

IR x"ax+b Dit t_n,aaﬁtb
Nez+d ' cr+d
+) R(a:, f(x)) = L Véi (axQ + fzr + 7/), = k(ax +b)

(az +b)W\aa® + Bz +y
biat t = «/axQ + Bz +y ,hoac Pat t =

+) R[ﬂ% a—x} bat z = acos2t, te[o;g]

ar +b
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+) R(z,x/cﬁ +x ) Patx= ‘ ‘tant te{—;[,;[}
+) R(z,x/:z:2 —a2) bat z = ﬂ, te[O;ﬂ}\{g}

CoS T
+) R(%,%,,%) Goi k = BSCNN(nlg N5 e n]) Dat ¢z =¢"

“ 1

i.\/ax2+bx+c

a.Tich phan dang: [ = dz (a * O)

2 T+—=u
Tu: f(x)=az’ +bz+c=a :L"Jri —AZ = 2a & du=dx
2a 4a ﬂ—[{

2a
Khi d6 taco :

-Néu A<0,a>0= f(z) = a(u2 +k2> < (f(z) = \/;.\IUQ +EK ()

a>0

-Néu: A=0= f(x )—a£x+—j \/— \/g
-Néu: A>0.
+Véia>0: f(x) = (a: a:)( —x @ﬁzﬁ.\/x—x x—x (3)
+Véia<0: f(x):—a(xl )(:L" —a:) \jz \I:J :c —x (4)

Cén cti vao phan tich trén , ta c6 mot sd cach gidi sau :
= Phuong phap:

* Truong hop: A <0,a > 0= f(z) = a(u2 +k’2) < |f(z) = \/;.\/UQ + K
Khi d6 dat : Vaz® +bz +c¢ =t—\/c;.x
' —c

9
tdt
{bx+ct2—2\/_:1: b+2\/_ (b+2f)
= =

r=a—>t=t,x=p>t=4 \/— . \/—t—c
a.r = —_
b+2\F

x+_‘ Jalu @

a>0

*Truﬁinghcjp:A=0:>f()—a{x+_j / \/g

x+_‘ Jalu

1 In| x + b Tx+ b >0
‘ A 1 14 1 \j; 2a )| 2a
Khido: [ =I—dx =—I—dx =
" Ja Jai 1 b \|B b
a|r+ _— T+ — ——=In|z+— 4+ —<0
2a 2a NA 2a ||o 2a

* Truong hdp: A > 0,a >0

-bat: \/axg +br+c = \/a(x —xl)(g;—x2) = {(x_xl)t
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* Truong hop: A > 0,a <0

- Dit : Jaz’ + bz + ¢ =\/a(asl —:v)(xQ —x) =Hz:z;i
b.Tichphéndang:I=T MR dr (a=0)

vNaz® +bx + ¢

= Phuong phap:

e+ m A.d(\/axg +bx+c) B
= = + 1
) Naz® + bz +c Naz® +bx +c Naz® +bx +c ( )

+Budc 2: Quy ddng mau s6 , sau d6 dong nha't hé s6 hai ti s6 dé suy ra hé hai 4n s6 A,B
+Budc 3: Giai hé tim A,B thay vao (1)
B
1

+Budc4 : Tinh 1 =2A(\/a:v2 + b + c) p + BI—dﬁL’ (2)
a zNax® +bxr+c

dz (a #* 0) da biét cach tinh & trén

+Budc 1: Phan tich f(z

ﬂ 1

!\/aa:2+b:c+c

Trong d6

B
1
a.Tich phan dang: [ = dr (a#0
'c[(mx+n)\/a:c2 +bzr +c ( )
= Phuong phap:
1 1
+Budc 1: Phén tich : = (1)
(mx+n)\/aw2+bx+c m x+£ /ax2+bx+c
m
1
Y= t=2 —>dy =— L dx
1 n T+t m T+
+Budc2: bat: — =+ — = 9
m
i x:l—tjaaj2+bx+c=c{l—tj +b(l—t)+c
( ( (
B dy

+Buéc 3: Thay tadt ca vao (1) thilcédang: [ = i_[ .
oLy + My + N

B B
d. Tich phandang: [ = !:R(x;y) dz :£R£:1:; m’ j{/z i ?de

Trong d6 R (:U; y) : 12 ham s6 hitu ty d6i v6i hai bién s6 x,y va @, 5,7, 1a cac hang s6 da biét

w Phuong phap :

+
+Budc 1: Bat: t =mn ar+ p
yr+0

+Budc 2: Tinh xtheo t: Bang cach nang lily thita bac m hai vé ta ¢6 dang = = (p(t)

+Budc 3: Tinh vi phan hai vé : dx = @' (t)dt va ddi can

+Budc 4: Tinh : fRLx;m/axi'ngx = ?‘R((P(t)ét)(ﬁ'(t)dt
o rT a'
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3. Tich phan ham lugng giac

Mot s6 cong thiic lugng giac
a. Cong thic cong:
cos(a £ b) = cosa.cosb sina.sinb

sin(a £ b) = sina.cosb * sinb.cosa

tana *+ tanb

tan(a £ b) =
( ) 1F tana.tand

b. Cong thic nhan:

) ) 1—tan®a
COSQ(I=COSQCL*SIHQ(I=2COSQ(I*1=1*2SIDQCL=—2
1+ tan”a
. . 2tana 2tana
81112a=2sma.cosaz—2 ; tanQaz—2
1+ tan“a 1-tan"a

cos3a =4cos’ a —3cosa ; sin3a = 3sina —4sin’ o

c. Cong thic ha bac:

. 9 1—cos2a 9 1+ cos2a 9 1—cos2a
simng=———; coS a=— ; tan"'a = ———

2 2 1+ cos2a
. 3 Jsina — sin 3« 3 cos3a + 3cosa
sin” a = 1 ; cos’ o = ,

d. Cong thic tinh theot: = tang

2t 1-¢ 2t
5 cosa = 5 tana = 5
1+1 1+1 1-1
e.Céng thiic bi€n déi tich thanh téng:
1
cosa.cos ff = E[cos(a + f) + cos(a — ﬂ)]
. . 1
sina.sin f = E[Cos(a — p) —cos(a + ,B)]

1
sina.cos f = E[sin(a + f) + sin(a — ,B)]
f. Cong thitc bié€n d6i tong thanh tich:

sina =

+ - Hé qua:
Cosa+cos,8:2czosa2ﬁ.cosa2ﬂ medqua
: V4 . T
n _ cosa+sma:\/5(:08(0{——}:\/531n[a+—j
cosa—cosﬁz—ZsinaQ’B.sinaQﬁ 4 4
. V4 ) T
sina+sinﬂ:2sina+ﬂ.cosa_’8 COSO!—SIHCK—\/ECOS a+Z ——\/5511& a—z
2 2
sing —sin B = 2cos ZL in =8 Céng thitc thuong dung:
i 2 2 Coséloc+sin405—M
tana+tanﬂzw 4
cos o cos ff 6 . 5+ 3cosda
sin(a — ) cos @ +sin @ = ———
tana —tan f = ——= 8
cos & cos B
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Mot s6 dang tich phin lugng giac

b
e Neéugap szf(sinx).cosxdx ta dat t=sinx.

b
Néu gép dang I =If(cosx).sinxdx ta dat t=cosx.

b
Néu gép dang I =Jf(tanx) ta dat t=tanx.

cos® x

ta dat t=cotx.

Néu gdp dang = J.f cotx >
sm X

I.Dang1: [, = I(sinx) dx ; IZJ'(cosx)n dx

2. Phuong phap

2.1. Néu n chén thi st dung cong thtc ha bac

2.2, Néu n = 3 thi st dung cong thiic ha bac hoic bién d6i theo 2.3.
2.3.Néu 3 <n 18 (n=2p +1) thi thuc hién bién d6i:

I = I(sinx)n dx = J.(Sinx)zpﬂ dx = j(sin :U)Zp sin xdx = —J.(l — cos’ a:)p d(cos x)

- —I[Cs - C’; cos’x +...+ (—1)k C’f (cos? x)k o +(=) cr (cos? x)p}d(cos z)

k » 7
:{CU Cosx_lo cos’ T +. +( D C’k (cos x)%l ( D C”’( )21}“]"0
' 3 2k +1 2p+

I, = I(Cosx)n dx = I(COSX)ZM dx = j(cos )" coszdz = J-(l —sin’z)" d(sinz)
= I[Cg ~C sin® z+ ...+ (-1)' c (sin?z) +...+ (1) cr (sin’ x)p}d(sin z)

k
= C’Osinx—lelsin3x+...+( ) C’k(s )2k+1+... (1) C'p(811r13[:)2p+1
v 3 7 2k +1 2p +1

II. Dang 2: | = Isinmx cos"xdx (m, neN)

1. Phuong phap:

1.1. Truong hgp 1: m, n la cac s6 nguyén

a. Néu m chin, n chin thi st dung céng thic ha bac, bién d8i tich thanh tdng.
b. Néu m chén, n 1é (n =2p +1) thi bién ddi:

| = I(sinx)m (COSX)2p+1 dx = I(sin x)m (COS :E)Qp cos xdx = I(sin :E)m (1 —gin® x)p d(sin x)
= I(sin x)m [C’;’ - C’; sin®x +...+ (—1)k C]f (sin2 x)k +.. 4+ (—1)1) C’;’ (sin2 a:)p}d(sin x) =

(Sinz)erl (Sinx)m+3 L ‘ (Sinx)2k+l+m ) (Sinx)2p+1+m
CO——CI—+...+(—1) C"’—+...+(_1) cr2>""" L0
"om+1 " m+3 P2k+1+m P 2p+1+m

c. Néu m chén, n 18 (n =2p +1) thi bién d6i:
| = I(Sinx)zpﬂ (COSX)n dx = J.(cos x)n (sin x)Qp sin xdx = —I(COS az)n (1 — cos® x)p d(cos :l:)

- —I(cos x)n [C’S - C’; cos’x +...+ (—1)k C:f (cos2 :C)k +.. 4+ (—l)p sz (cos2 x)p}d(cos r) =
n+l n+3 2k+1+n 2p+1+n
_{CE (cosz) o (cosz) - (_1)k o (cosz) - (—l)p o (cosz) }+ o

n+1 ’ n+3 ' P Qk+14+n " 2p+1+n
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d. Néu m 1, n 1é thi st dung bién d6i 1.2. hoic 1.3. cho s6 mii 18 bé hon.
1.2. Néu m, n la cac s6 hitu ti thi bién déi va dit u = sinx ta cé:

n—1 m—1

B = J.sin'"’ zcos" zdx = I(sin a:)m (0052 ar:)7 cos zdxr = Ium (1 —u? )T du (*)

. m+1 -1 +k
* Tich phan (¥) tinh duge < 1 trong 3 s0 m2 ; n ; mn

14 s6 nguyén

2
III. Dang 3: [ = _[(tan x)n dx; I, = J.(cotx)n dx (neN). Céng thiic sit dung:
. j(l + tan® :z:)dx = I df = jd(tan:z:) =tanz +c¢
cos” T
. j(1+ cot? x)dx = —j _df = —Id(cotx) =—cotz+C
sin® z
sin z d(cosx)
. J.tanxdxzj. dx:—.[—:—ln|cosx|+0
CcoS T CoS T
. Icotzdx = J-Césxdx = IM = Inlsinzl + C
sin sinz

UNG DUNG TICH PHAN
1. Dién tich hinh phing
a) Dién tich hinh phéng giéi han béi db thi ham s6 y = f(z) lién tuc trén doan [a;b] ,

b
truc hoanh va hai dudng thing « = a, z = b dudc x4c dinh: S = Hf(x)‘dx

YA

f(x)

(H) S = :Uf(x)‘dx

Q|

= R <2<
n
S Q O

b) Dién tich hinh phing giéi han béi db thi ham s6 y = f(z), v = g(x) lién tuc trén doan

[a;b] va hai duong thing = = a, = = b dudc xac dinh: S = j.‘f(x) - g(a;)‘ dx

Y )

C):y=fi(%)
(H) (C)):y=f(x)

xX=a

x=b

S = [|f(@) - ()| dw

b b
- Néu trén doan [a;b/, ham s6 f(z) khong d6i dau thi: ”f(:z:)‘ dr = If(x)dx

- Ndm viing cach tinh tich phan ctia ham s6 ¢6 chiia gia tri tuyét doi
- Dién tich cia hinh phing gi6i han béi cac duong = = g(y), = = h(y) va hai duong

d
thdng v = ¢, y = d dugc xac dinh: S = Hg(y) - h(y)‘dy
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2. Thé tich vat thé va thé tich khoi tron xoay
a) Thé tich vat thé:
Goi B 1a phén vat thé giéi han bdi hai mét phdng vudng goc véi truc Ox tai cac diém
ava b; S(z) 1a dién tich thiét dién ctia vat thé bi cit bdi mit phing vuéng géc véi truc Ox

tai diém z, (a < 2 <b).Gia st S(z) 1a ham s& lién tuc trén doan [a;b/.

b
_ B I IS W =
.. ,b—67 Vv j S(x)dx
/]
S(x) / /
b) Thé tich khéi tron xoay:

Thé tich khéi tron xoay duge sinh ra khi quay hinh phéng giéi han béi cac dudng
y = f(x), truc hoanh va hai duong thing = = a, = = b quanh truc Ox:

O©):y=f(x)

(Ox):y=0 ot 2
s vx_n![f(x)] dx
x=b

- Thé tich khéi tron xoay dudc sinh ra khi quay hinh phing gi6i han bdi cac dudng
x = ¢(y), truc hoénl} )f\é hai dudng thing vy = ¢, y = d quanh truc Oy:

czzz3d—s (C):x=g®)
\ ) d
(Oy) x=0 2
\ _ v, ==[[g(y)] dy
| y=c c
E_:_:_:_C_ & _ y — d
4 se . ,'x . 2 .« e 9. . 4 N
- Thé tich khoi tron xogy dudc sinh ra khi quay hinh phang gi61 han bdi cac duong

y = f(z), y = g(x) va hai duong thing z = a, z = b quanh truc Ox:

V= ﬂ.i-‘fZ(x) — gQ(x)‘dx
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PHAN IV. SO PHUC

1.SO PHUC
1. Khai niém sé phiic

+ S6 phiic (dang dai sd) : z = a + bi; (a,b € ]R) . Trong d6 : a 1a phan thuc,

b 14 phan ao, i 1a don vi ao, i° = —1.

+ Tap hop s6 phtc ki hiéu: C.

+ z 14 s6 thuc < phan ao ctia z bang 0 (b = O).

+ z 1a s6 2o (hay con goi 1a thuin ao) <> phéan thuc bang 0 (a = O) .

S6 0 vira la s thuc vira 1a s6 ao.
2. Hai s6 phiic bang nhau
Hai s6 phtic z = a + bi (a, be ]R) va z, = c+di (c, de ]R) bang nhau khi phan thyc va
phan ao cta ching tuong duong bang nhau.
a=c

Khi d6 ta viét z = z, <:>a+bi:c+di<:>{b_d
3. Biéu dién hinh hoc sé phiic

S6 phtic z = a + bi (a, be ]R) duge bidu didn béi diém M(a;b) )

9, - o 2 p 2, A A M 1b
hay boi u = (a;b) trong mat phang phtc véi hé toa d6 Ozy . @b

"y

4.S6 phic lién hop ©
S6 phiic lién hop ctia z = a + bi (a, be R) laz=a—bi.

Mot s6 tinh chat:

+

|

- - — = (z) =
— 2 2
=z; zxz'=z+%2'"; z.z'=z.z';(1J=jl; 2z =a" +b".
Z
2
+zlasdthuc < 2=7; z1asda0 z=-2.
5. Modun cua s6 phic

D6 dai ctia vectd OM dugc goi 1a moédun ctia s6 phitc 2 va ki hidu 1a ‘z‘ .

Vay ‘z‘ = ‘074‘ hay ‘z‘ = ‘a +bz" = ‘OM‘ = \/a2 +0°.

Mot s6 tinh chat:

+|z|:\/a2+b2:\/z__=|074|; _:‘z‘

V4

+ld>0,vzeC =0 2=0.

1
* ‘21'22‘ =‘Z1HZ2‘; = — 21—5.
22 ZQ ZQ ‘Z‘
2

— <ly +21<
AR AR AR A
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II. PHEP CONG TRU NHAN CHIA SO PHUC
1. Phép cong va phép trir sé phiic
Cho hai s¢ phitc 2, = a+bi (a, beR) va 2, =c+di (c, d € R). Khi do:
+ 2tz :(a+c)i(b+d>i
+ 86 doicua sé phiic z =a+bi 1A —2 =—a —b3.
+ Téng ctia mdt s6 phiic v6i s6 phiic lién hgp cia né bing hai 14n phan thuc cta s6 thuc
do: z:a+bi,z+;:2a.
2. Phép nhan s6 phitic
+ Cho hai sg phitc 2, = a+bi (a, beR) va 2, =c+di (¢, d e R). Khido

2z, = (a + bi)(c + di) :(ac - bd) + (ad + bc)i.
+ V61 moi s6 thuc k& va moi s6 phtic z =a + bi (a, be ]R) , ta co
k.2 = k.(a+bi) = ka + kbi.

Dic biét: 0.z = 0 v6i moi s6 phiic z.
~ N . .0 1 . 2 .3 2 . .
+Laythwvacaa i: ¢ =1, ¢ =4, i =-1, i"=i4=—
-4 An+1 . An+2 49 .
i =1, =4, " =-1 (" =— VneN.

3. Chia hai sé phiic

. . s , e 1 _
S6 phitic nghich dao ctia z khac 0 lasd 27 = —Z
z

) . z!
Phép chia haisé phiic z'va z#01a — ==z
z

C a2

yA = = —

III. TAP HOP PIEM BIEU DIEN SO PHUC

Mbét s6 tap hop diém biéu dién s phiic z thusng gip:
+ az + by + ¢ = 0 =tap hop diém 14 duong thing
+ 2 =0 = tap hop diém la truc tung Oy
+ 1 = 0 = tap hop diém 1a truc hoanh Ox

+(z—a) +(y—b) < R* = taphop diém 1 hinh tron tam I(a;b),ban kinh R

(31:—0,)2+(y—b)2 =R
2’ +y° —2ax —2by +c=0

+ = tap hop diém 1a duong tron cé
A - . 2 2
tam I(a;b),bankmh R=+Na +0"—c
+ x>0= tap hop diém 1a mién bén phai truc tung
+ 1 < 0 = tap hop diém 1a mién phia duéi truc hoanh
+ 2 < 0= tap hop diém 1a mién bén trai truc tung
+ y >0 = tap hop diém la phia trén truc hoanh

+ y=ax’ +br +c = tap hop diém 1a dudng Parabol
2 2

+ 4 32_2 =1 =tap hdp diém la ducng Elip
a
A T

+ = - = 1 = tap hop diém 1a dudng Hyperbol
a
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IV. PHUONG TRINH BAC HAI VOI HE SO THUC

a. Can bac hai ctia s6 thuc Am
+ Cho s6 z, néu c6 s6 phiic z, sao cho 212 = ~ thita n6i z 1a mot cén bac haicta z.
+ Moi s6 phtic z # 0 déu c6 hai cin bac hai.

+ Can bac hai ctia s6 thuc z4am 1a +i, Mz‘ :

Téng quat, cac can bac hai clia s6 thuc a am 1a +i, Ma‘ .

b. Phuong trinh bac hai vé6i hé s6 thuc
Cho phuong trinh bac hai az” + bz + ¢ =0,Va,b,c € R,a # 0. Xét biét s6 A = b* — 4ac cla
phuong trinh. Ta thay:

. . b
+ Khi A =0, phudng trinh ¢6 mdt nghiém thuc z = —2—.
a

b+JA

+ Khi A > 0, phuong trinh ¢6 hai nghiém thuc phan biét z , = 5
’ a

NN

+ Khi A <0, phuong trinh ¢6 hai nghiém phtic z , = 5
’ a

BAI TOAN LIEN QUAN PEN MAX - MIN MO PUN SO PHUC

Z r
max‘z‘ =2+ —
al e
+ Cho s6 phtic z thoa man ‘zl.z+z2‘ =7, (r >0)
2
mm‘z‘ =% -—
al s
+ Cho s6 phtic z thda man ‘zl.z—zz‘ :rl,(rl >0).
Z r ) 2 r
max P = |2~ z,|+— va min P = || -2 — z,| -
a a |

+ Cho s6 phtic 2z théa man ‘zl.z + 22‘ + ‘zl.z - 22‘ =k, (k > 0).

Wf? —4‘z2‘2

2]

max‘z‘ =0

va min‘z‘ =
25,
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PHAN V. KHOI DA DIEN

I- KHAI NIEM VE HINH PA DIEN VA KHOI PA DIEN:
1. Khai niém vé hinh da dién:
e Hinh da dién (goi tit 1a da dién) la hinh duoc tao bdi mot s6 hiru han cac da giac thoa
man hai tinh chat:
a) Hai da giac phan biét chi c6 thé hodc khong c6 diém chung, hoac chi c6 mot dinh
chung, hoac chi cé mét canh chung.
b) Mbi canh ctia da giac nao ciing la canh chung ctia dting hai da giac.
e Mbi da gidc goi la mot mat cua hinh da dién. Cac dinh, canh cua cac da giac ay theo tht
tw duoc goi la cac dinh, canh cta hinh da dién.

T bim \

k\ Cont

/ Mit
2. Khai niém veé khéi da dién:

 Khéi da dién la phan khong gian duwoc giéi han boi mot hinh da dién, ké ca hinh da
dién do.

e Nhitng diém khong thudc khoi da dién duoc goi 1a di€m ngoai cua khoi da dién.
Nhiing diém thudc khoi da dién nhung khong thudc hinh da dién dé duwoc goi la di€ém trong cua
khoi da dién. Tap hop cac diém trong dugc goi la mién trong, tdp hop nhiing diém ngoai duoc
goi la mién ngoai ctia khdi da dién.

e Mbi hinh da dién chia cac diém con lai cia khong gian thanh hai mién khéng giao nhau
la mién trong va mién ngoai ctia hinh da dién, trong d6 chi c6 mién ngoai la chita hoan toan mot
duong thang nao do.

T R

Mién ngoai .
Piém trong

Piém ngoai

.

I1I- HAI DA DIEN BANG NHAU:
1. Phép doi hinh trong khong gian:

Trong khoéng gian, quy tac dit twong ing moi diém M véi diém M' xac dinh duy nhat
duoc goi la mot phép bién hinh trong khong gian.

Phép bién hinh trong khong gian dwoc goi la phép doi hinh néu né bao toan khoang cach
gitta hai diém tuy y.

* Mgt s0' phép doi hinh trong khong gian:

a) Phép tinh tién theo vecto v:

La phép bién hinh bién mdi difm M thanh M' sao cho M
MM'=73. /

M
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b) Phép ddi xirng qua mat phéng(P) :

La phép bién hinh bién méi diém thuoc (P) thanh chinh no, T

bién mdi diém M khong thudc (P) thanh diém M sao cho (P)
la mit phang trung truc cia MM . A

Néu phép di ximg qua mét phéng (P) bién hinh (H ) thanh 1

chinh no6 thi (P) duoc goi la mit phing ddi xtiing ctia (H)

) Phép d6i xitng qua tim O:

La phép bién hinh bién diém O thanh chinh né, bién mdi
diém M khac O thanh diém M' sao cho O la trung diém

MM, M/

Néu phép ddi xtimg tam O bién hinh (H ) thanh chinh né thi

O duoc goi la tam d6i xang cua (H )

d) Phép d6i xiing qua dwong thing A (phép déi xiing truc A):

La phép bién hinh bién moi diém thudc duwong thang A thanh
chinh né, bién mdi diém M khong thudc A thanh diém M' sao
cho A la duwong trung truc cua MM'.

Néu phép ddi xing truc A bién hinh (H ) thanh chinh n6 thi A

M
duoc goi la truc d6i xting cua (H )

* Nhan xét:
e Thuee hién lién tiép cic phép doi hinh sé dwoc mot phép doi hinh.
e Phép doi hinh biéh da dién (H) thanh da dién (H '), biéi dinh, canh, mét ciia (H) thanh
dinh, canh, mat twong tng ciia (H ').
2. Hai hinh bang nhau:
Hai hinh duoc goi la bing nhau néu c6 mdt phép doi hinh bién hinh nay thanh hinh kia.
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KHOI DA DIEN LOI

I. Khéi da dién 16i

Khoi da dién dwoc goi 1a khéi da dién 16i néu véi bat ki hai diém A va B nao ctia né thi
moi diém cta doan AB cling thudc khoi do.

E

o

F

Khoi da dién 16

II. Khoida dién déu

Khéi da dién khong 16i

1. Dinh nghia: Khoi da dién déu la mot khoi da dién 161 co hai tinh chéat sau day:
+ Cac mdt la nhiing da giac déu n canh.

+ MOi dinh 1a dinh chung ctia ding p canh.

Khoi da dién déu nhw vay goi la khéi da dién déu loai {n, p} .

2. Bang tém tit ciia nam loai khéi da dién déu

Khéi da dién déu Sé'dinh | S6canh | S6'mit | Logi |S6’MPDX

Tir dién déu 4 6 4 {3; 3} 6

Khoi lap phwong 8 12 6 {4; 3} 9
Bit dién déu 6 12 8 {3; 4} 9

Mudi hai mit déu 20 30 12| (53 | 15

Hai muwoi mdt déu 12 30 20 {3; 5} 15

Khoi da dién déu loai {n, p} c6 D dinh, C canh va M mat: |pD =2C = nM|.
Thdy Pham Quéc Vieong- PT: 0985.368.767 44




THE TICH KHOI DA DIEN

4 ' ’ 1
The tich khéi chép: |V =-S5, .h
3 Y

+ S i Dién tich mat day.
dy
+ h:DJ daichiéu cao khoi chdp.

V. 1

S.ABCD g (gf(ABCD))' ABCD

Thé tich khéi lang tra: |V =5, A

+ S s, Dién tich mdt day.
ay
+  h: Chiéu cao ctia khéi chop.
Luu y: Lang tru dung cd chiéu cao chinh la canh bén.

A c A C
A c’ A" fal
Bf BF
Thé tich khéi hop chit nhat:
Thé tich khdi 1ap phuong;:
A D
E 4 D
Bz . C : L
o r B ! ,’I C
_‘f’A' 1 D A:}———:;/ ——————— ey ) U
J’J{’ c a];{f v
/ : ;ff” b
B' C’ B’ C’

* Chi y:

o Duwong chéo ciia hinh vuéng canh a la a\/g

o Duwong chéo ciia hinh 1dp phwong canh a la: a\E

o Duong chéo ciia hinh hdp chit nhdt c6 3 kich thwéc a,b,c la : Ja + b + ¢

a3
2

Duwong cao ciia tam gidc déu canh a la:
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Ti s6 thé tich:

Vouwe _ SA'.SB"SC'
Vipe SA SB SC
Hinh chép cut ABC.A'B'C’

V=§(B+B'+ BB')

V6i B, B',hla dién tich hai ddy va chiéu cao.

CAC CONG THUC HINH PHANG

1. Hé thirc lwong trong tam giac
a) Cho AABC vuodng tai A, duong cao AH.

A
B q C
e« AB'+AC® = BC" e AB’ = BH.BC
e AC* =CH.BC e AH.BC = ABAC
e AH*® = BH.HC S

+
AH* AB* AC?
e AB=BC.sinC =BC.cosB=AC.tanC = AC.cot B

ngoqi tiép R; ban kinh dwong tron ngi tiép r nira chu vi p.
e Dinh li ham s0 cosin:
@’ =b"+c -2bc.cosA; b =c* +a” —2ca.cosB; ¢ =a’ +b” —2ab.cosC

a b c

sinA sinB sinC

e Dinh li ham s0 sin:

2 2 2 2 2 2 2 2 2
e D0 dai trung tuyén: m2:b e —a—;mgzc Ta —b—;m?:a e
‘ 2 4 2 4 ¢ 2 4
2. Cac cong thirc tinh dién tich
a) Tam giac:
1 1 1 1 1 1
e S=—ah =-bh =—ch e S==bcsinA=—-casinB==-absinC
2 * 2 2 ¢ 2 2 2
abc
e S=— e S=pr
iR i

e CT He-ron: § = \/p(p—a)(p—b)(p—c)
ABAC BC.AH
2 2

*\3

4

o AABCouéng tai A: S =

e AABC déu, canh a: AH:%, S =

b) Cho AABC ¢6 d6 daiba canh la: a, b, cd§ dai cdc trung tuyén la m_,m,,m_bdn kinh dwong tron
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b) Hinh vuéng: S = a’ (a: canh hinh vuong)
¢) Hinh chir nhat: S =ab (a, b: hai kich thwdc)

d) Hinh binh hanh: S =diy xmo = AB.AD.sin BAD

e) Hinh thoi: S =AB.AD.sin BAD = %AC.BD
f) Hinh thang: S = %(a + b) h  (a, b: hai day, h: chiéu cao)

g) Tk giac c6 hai dwong chéo vuong goc: S = %A C.BD

MOT SO CONG THUC TINH NHANH THE TiCH KHOI CHOP THUONG GAP

TINH CHAT

HINH VE

Cho hinh chép SABC véi céc mit phing (SAB) , (SBC) (s4C)
vuong goc voi nhau titng doi mot, dién tich cdc tam gidc

SAB,SBC,SAC Tanluwotla S,,S,,S,.

17727

«/25.8 .S
Khidé:V,, =~4~——1 235

S.ABC — 3

A

Cho hinh chép S.ABC ¢6 SA vudng goc voi (ABC), hai mat
phéng (SAB) va (SBC) vuong goc voi nhau,

BSC =a,ASB = f3.

B®.sin 2a.
Khidé:V,, = S sm12a tan g

Cho hinh chép déu S.ABC c6 day ABC la tam giac déu canh bang a4,

canh bén bang b .
2 2 2
Khide: V, ,, = 2V~

S.ABC 12

Cho hinh chép tam giac déu S.ABC c6 canh ddy bang a va mat bén
tao v6i mat phang ddy goéc « .

a’ tan a
Khi d6: V., =—
S.ABC 24
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Cho hinh chép tam giac déu S.ABC cé céc canh bén bang b va canh
bén tao v6i mat phang day goc £.
3 o1 2
Khi do: 1V _ «/gb .sin fcos”

S.ABC 4

Cho hinh chép tam gidc déu S.ABC ¢ cac canh day bang a, canh
bén tao v6i mit phing day goc f.

3
Khido: V, . = %

Cho hinh chép t& giac déu S.ABCD c6 day ABCD la hinh vudng
canh bf?mga, va SA=SB=5C=8D=b.

2 2 2
Khidé: V. _ aN4b” —2a"

S.ABC 6

Cho hinh chép ti gidc déu S.ABCD c6 canh day bang a, goc tao
bdi mat bén va mit phang day la « .

3
. s a’.tana
Khl dOI VS.ABCD = T

Cho hinh chép ti gidc déu S.ABCD c6 canh day banga, SAB = «,

. T T
voia €| —;—

3{ 2
Khi d6: V. _ ¢ Ntan a—1

S.ABCD 6

Cho hinh chép ti gidc déu S.ABCD c6 cac canh bén bang a, gc tao
T
boi mat bén va mat day la o voi a € [O; EJ

4a® tan a

3\/(2 + tan’ a)3

Khi do: V. =

S.ABCD

Thdy Pham Quéc Vieong- PT: 0985.368.767

48




Cho hinh chép tam gidc déu S.ABC c6 canh déy bing a. Goi (P) 1a
mat phang di qua A song song véi BC va vudng goc véi (SBC’) ,

géc giita (P) véimat phing day la @ . Khi d6: V,

a® cot
S.ABCD 24

Khoi tam mat déu cé dinh la tam cac mat cta hinh lap phuwong

canh a.

Khido: V = —
6

3
a

Cho khoi tdm mat déu canh a. N&i tdm cta cdc mat bén ta dwoc

2a° «/5

khoi lap phuong.

Khido: V =

27

CAC CONG THUC PAC BIET THE TiCH TU DIEN (DTD):

PIEU KIEN TU DIEN

CONG THUC

SA=a,5B=0,5C=c
ASB =a,BSC = ,CSA=¢

abc\/ 5 > .
sanc = g 1—cos” @ —cos™ ff —cos” @ + 2cos a cos ffcos ¢

Cong thirc tinh khi biét 3 canh, 3 g6c ¢ dinh 1 tir dién

AB=a,CD =0
d(AB,CD)=d,(AB,CD) = a
S =58 610 =5,,54=a

((SAB),(SA 0)) e

Viser = %abdsina
Cong thirc tinh khi biét 2 canh doi, khoang cich va goc 2 canh do6
255, sina
SABC 3a

Cong thirc tinh khi biét mgt canh, dién tich va goc giita 2 mat ké

SA=a,SB=05C=c
((SAB),(SAC)) -«
ASB = B,ASC = ¢

abc . .
Veine = ?Smasmﬂsmgo

Cong thirc tinh khi biét 3 canh, 2 goc ¢ dinh va 1 goc nhi dién

Tit dién déu
tat ca cac canh bang a

_ a2

ABCD 12

AB=CD =a
Tt dign gin déuy AC = BD =)
AD=BC =c¢

ABCD

:Tf\/( 2 4+ p —62)(b2 +c —a2)(a2 +c —b2>
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MAT NON - MAT TRU - MAT CAU
I. MAT NON TRON XOAY VA KHOI NON
1) Madt noén tron xoay.
Puong thing d,A catnhau tai O va tao thanh géc B véi

0° < B<90°, mp(P) chta d,A. (P) quay quanh truc
Avéigde f khong doi
= madt non tron xoay dinh O.

+ A goila truc.

+d dwoc goi la duong sinh.

+Goc 2 goila goc o dinh.

2) Khoinén

+ La phan khong gian duoc giéi han boi mot hinh nén 0
tron xoay k€ ca hinh nén d6. Nhing diém khong thudc
khoinén goi la nhitng di€ém ngoai ctia khéinon.

+ Nhiing diém thudc kh6i nén nhung khong thudc

hinh nén tuong tng goi la nhitng diém trong ctia khoi
nén. Dinh, mdt ddy, duong sinh cia mot hinh nén cling
la dinh, mdt day, duwong sinh cuia khdindn twong tng.

Cho hinh nén cd chiéu cao h, duong sinh I va ban kinh dayr.

+ Dién tich xung quanh: ciia hinh non: qu = 7rl).

+  Din tich day (hinh tron): |S, = r?l.

oA , ~ A 2 \ 7 2
+ Dién tich toan phdan: ctia hinh nén: Stp =7xrl+ 7r°|.

+ Thé tich khéinén: |V = %mﬂh.

3) Thiét dién khi cit béi mdt phing

Cat mat nén tron xoay béi mp (Q) di qua dinh caa mat noén.

mp(Q) cat mit nén theo 2 dwong sinh. Thiét dién la tam gidc can.

mp(Q) ti€p xtc véi mit nén theo mdt duong sinh. (Q) 1a mét phang tiép dién ctia hinh nén.

+Cat mat non tron xoay béi mp (@) khong di qua dinh ctia mit nén.

mp(Q)) vudng gdc voi truc hinh non. Giao tuyén la 1 dwong parabol.

mp(Q) song song voi 2 du&yng sinh hinh ndén. Giao tuyéh la2 nhanh cta 1 hYPEbOI

mp(Q)) song song vdi 1 duong sinh hinh nén. Giao tuyén 1a mot duong tron.
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II. MAT TRU TRON XOAY
1. Mat tru:

Trong mit phang ( P) cho hai duong thang A va [ song song véi nhau,
cach nhau mot khoang bang . Khi quay mit phang ( P) xung quanh A

thi duong théng [ sinh ra mot mat tron xoay duwoc goi la mat tru tron
xoay, goi tit 12 mat tru.
e Puong thang A goi Ia truc.

o Duong thang [ 1a duong sinh. -k

e 7 la ban kinh ctia mat tru do.

2. Hinh try tron xoay va kh@i tru tron xoay:

a) Ta xét hinh ch@* nhat ABCD . Khi quay hinh chit nhat ABCD
xung quanh duong thang chita mot canh nao d6, chang han canh AB
thi duong gdp khuc ADCB sé tao thanh mot hinh goi 1a hinh tru tron
xoay, hay goi tat 1a hinh try.

+ Khi quay quanh AB, hai canh AD va BC s€ vach ra hai hinh
tron bang nhau goi 1a hai ddy cta hinh try, ban kinh ctia chiing goi 1a
ban kinh cta hinh tru.

+ D0 dai doan CD goila do dai duong sinh cua hinh tru.
+ Phan mat tron xoay duoc sinh ra boi cac diém trén canh CD khi

quay xung quanh AB goi la mit xung quanh ctia hinh tru. Wcii_/
+ Khoang cach AB giita hai mgt phang song song chtta hai day A
la chiéu cao cua hinh truy.

b) Khdi tru tron xoay hay khéi tru la phan khong gian duwoc giéi han bdi mot hinh tru
tron xoay k€& ca hinh tru tron xoay dé. Nhiing diém khong thudc khéi tru goi la nhiing
diém ngoai cuia khoi tru. Nhiing diém thudc khoi tru nhung khong thudc hinh tru twong
ung goi la nhitng diém trong cuia khai tru. Mat ddy, chiéu cao, duwong sinh, ban kinh cta
mot hinh tru ciing la mat ddy, chiéu cao, duwong sinh, ban kinh cta khoi tru twong ting.

Hinh tru c6 chiéu cao h, dwong sinh [ va ban kinh day r.

+  Dién tich xung quanh: |S = 27xrl|.
zq

+  Dign tich todn phén: |S, = 27rl + 271 |

+  Thétich: [V = zr°h).

III. MAT CAU - KHOI CAU
1. Mait ciu
Cho diém I c¢6 dinh va mét s6 thuc duwong R.
Tap hop tat ca nhiing di€m M trong khong gian
cach I mot khoang R dwoc goi 1a mat cau tam [
ban kinh R.
Ki hiéu: S ([; R).Khi dé:

S(I;R) = {M\IM = R}
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2. Vi tri tuong ddi gitta mat ciu va mit phing
Cho mat cau §(/;R) va mit phang (P). Goi H Ia hinh chiéu vudng goc ctia I1én
(P) = d =IH 1alkhoangcach tir I dén mat phang (P). Khi dé:
d>R d=R d<R
Mt cau va mat phang | Mat phang tiép xtic mat cau: | Mat phang cat mit cau
khong c6 diém chung,. ( P) % mit phing tiép dién theo thiét dién la duong
tron c6 tam

I' va ban kinh

r=\R'-IH’

clia mdt cau va H: tiép diém.

M; |

-

ELR

1
— 1 -
\ 7 /
1
1
1

3 #
- M o~

P
o

5 H -

Luu y: Khi mat phéng (P ) di qua tam I cua mat cau thi mat phéng (P ) dwoc goi

la mit phang kinh va thiét dién lic d6 duoc goi la duong tron 16n.
3. Vi tri tuong d6i gitta mat cdu va duong thang

Cho mat cau S (I ; R) va duong thang A . Goi H 1a hinh chiéu ctia I1én A . Khi do:

IH >R IH =R IH < R
A khong cat mat cau. A tiép xtic véi mat cau. A7 A cat mit cau tai hai diém
Tiép tuyén cta (S ) va H: phan biét.

ti€p diém.

d(I;A) = IH

A cét () tai2 diém A, B thi ban kinh R ctia (): BT
R =NIH* + AH* = |IH’ +(Tj
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4. Puong kinh tuyén va vi tuyén ctia mit ciu:
+ Giao tuyén ctia mdt cdu vdi nira mdt  viwen

phfmg 6 bo la truc cia mat cau duoc goi la
kinh tuyén.

+ Giao tuyén (néu co) ctia mat cau voi
cac mat phing vudng goc véi truc duoc goi
1a vi tuyén cua mat cau.

+ Hai giao diém cta mdt cau voi truc
dwoc goi 1a hai ciec cia mat cau

Kinh tuy&n .-

* Mat ciu ngi tiép, ngoai tiép hinh da dién:

Mt cau noi ti€p hinh da dién néu mat cau /]
dé tiép xuic voi tat ca cac mat cua hinh da dién. LA N
\ 7o 1N “ A .. v A \
Con noéi hinh da dién ngoai ti€p mat cau. : K ,:,” e N
7~

{ . h
S o h ] _-
NS Fag

Mat cau ngoai ti€p hinh da dién néu tat ca cac
dinh ctia hinh da dién déu nam trén mat cau.
Con noéi hinh da dién noi ti€p mat cau.

Mat ciu tdm O bdn kinh r ngogi tiép hinh chop
S.ABCD khi va chi khi:
OA=0B=0C=0D=0S=r

Cho mit cau S(I; R)

+ Dién tich mdt cau: .

+ Thé'tich khoi cau: |V = §HR3 )
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MOT SO DANG TOAN VA CONG THUC GIAI BAI TOAN MAT NON

Dang 1. Thiét dién ctia hinh nén cit béi mét mdit phing

Thiét di¢n qua truc ciia hinh nén la tam gidc cin.

Thiét dién qua dinh ciia hinh nén la nhirng tam gidc cin c6 hai 5
canh bén la hai dwong sinh cua
hinh non.

Thiét dién vuéng géc véi truc cia hinh nén la nhirng dwong 5

tron c6 tdm nam trén truc cia
hinh non.

Dang 2. Bdi todn lién quan dén thiét dién qua dinh ciia hinh nén
Cho hinh nén c6 chiéu cao la h, ban kinh day r va duong sinh [.
Mot thiét dién di qua dinh ctia hinh nén cé khoang cach tir tim ctia ddy dén mat phang chita
thiét dién la d.
Goi M la trung diém cua AC. Khi d6:
+ AC L(SMr)

+ Géc giita (SAC) va (ABC) 1a goc SMI.
+ Géc giita (SAC) va ST 1a géc MSI.
+ d(],(SAC)) = IH =d.

Dién tich thiét dién:

St

4~ Pasac

2 72 2 72
S :%SM.ACz%\/SIQ+IM2.2\/AIQ—IM2=\/r2—hhd .\/h2+ hd

Dang 3. Bdi todn hinh nén ngoai tiép vd ngi tiép hinh chop

Hinh nén ndi tiép hinh chép S.ABCD déu la hinh | Hinh chép t& gidc déu S.ABCD
noén ¢é dinh la S, day la duong tron ndi tiép hinh

vudbng ABCD.
Khi d6 hinh noén c6:
AB
+ Ban kinh déy r=IM = 7,

+Puong cao h = SI, duong sinh | = SM.
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Hinh nén ngogi tiép hinh chép S.ABCD déu la Hinh chép tt giac déu S.ABCD
hinh nén ¢é dinh 1a S, day la duwong tron ngoai ti€p
hinh vuong ABCD.
Khi d6 hinh nén c6:

+ Ban kinh day: r = IA :% = AB;/;

+ Chiéu cao: h = SI.

+ DPuongsinh: [ = SA.
Hinh nén ngi tiép hinh chép S.ABC déu la hinh Hinh chép tam gidc déu S.ABC
non c6 dinh la §, day la duong tron noi ti€p tam S
giac ABC.
Khi d6 hinh nén c6

+ Ban kinh day: r:IM:A—M :AB—\@.

3 6 A c
+ Chiéu cao: h = SI.
+ Duongsinh: [ = SM. M
B

Hinh nén ngoai tiép hinh chép S.ABC déu la hinh Hinh ch6p tam giac déu S.ABC
noén c6 dinh 1a S, day 1a duwong tron ngoai ti€p tam S
giac ABC.
Khi d6 hinh nén c¢:

+ Bankinhday: r=1A= 212M = AB;:/g

+ Chiéu cao: h = SI.

+ Duongsinh: [ = SA

Dagng 4. Bai todn hinh non cut

Khi cit hinh nén béi mot mit phéng song song véi day thi phan mat phéng nim trong hinh nén la
mot hinh tron. Phian hinh nén nam gitta hai mat phang néi trén dwoc goi 1a hinh nén cut.

+ Khi cat hinh nén cut boi mot mit phing song song voi 5

day thi dwoc mat ct 1a mot hinh tron.

+ Khi cat hinh nén cut béi mdt mat phang song song véi
truc thi dwoc mit ct 13 moét hinh thang can.

Cho hinh nén cut c6
R, r, h Tan luot 1a ban

kinh d4y 16n, ban kinh

Dién tich xung quanh cta hinh nén cut: |S = ﬂl(R + 7’) .

déay nho va chiéu cao. o . S, =nr’
Dién tich day (hinh tron): {Sd v IR = ZSM = 7[(7’2 + RQ).
day2
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C 5 Dién tich toan phin cta hinh nén cut:

Thé'tich khoinodn cut: |V = éﬁh(}f +7 4 Rr).

S =7zl(R+r)+7rr2+7rR2.

tp

Dang 5. Bai todn hinh nén tao béi phiin con lai ctia hinh tron sau khi cdt bé di hinh quat

Tir hinh tron (O;R) cét bo di
hinh quat AmB. D6 dai cung
AnB bang z. Phan con lai ctia
hinh tron ghép lai dwoc mot hinh
nén. Tim badn kinh, chiéu cao va
do dai duong sinh cta hinh nén
do.

n (@)
R
O
A A=B
m

Hinh nén dwoc tao thanh co
=R

27
2rr=x =>1r=—.

h=NP-7°

MOT SO DANG TOAN VA CONG THUC GIAI BAI TOAN MAT TRU
Dang 1. Thiét dién ctia hinh try cdt béi mot mit phrﬁng
+ Thiét dién vudéng goéc truc la mot duong tron ban

kinh R.

+ Thiét dién chita truc la mot hinh ch nhat ABCD
trong 46 AB =2R va AD = h. Néu thiét dién qua truc

l1a mét hinh vudéng thi h =2R.

+ Thiét dién song song vdi truc va khong chita truc la
hinh chtt nhat BGHC' c6 khoang cach tdi truc la:

d(OO';(BGHC)) - OM

Dang 2. Thé tich khoi ti dién c6 2 canh la duong kinh 2 ddy
Néunhw AB va CD la hai duong kinh bat ky trén hai

day cta hinh tru thi:

1% :lAB.CD.OO'.sin(AB,C’D)
6

ABCD

*Piacbiét: Néu AB va CD vudng goc nhau thi:

V = %AB.C’D.OO'.

ABCD
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Dang 3. Xdc dinh goc khoang cdch
+Goc gitta AB va truc 00":

(AB;OO'):A‘AB.

+ Khoang cach gitta AB va truc O0O":
d(AB;00") = OM .

+ Néu ABCD la mot hinh vudng noi ti€p trong hinh
tru thi duong chéo ctia hinh vudng cling bang duong
chéo cua hinh tru.

Nghia la canh hinh vuéng: AB\/_ =V4R* + 1’ .

Dang 4. Xdc dinh moi lién hé giita dién tich xung quanh, toan phin va thé'tich khoi tru trong bai
todn t6i uu
Mot khoi tru c6 thé tich V khong doi.
+ Tim ban kinh day va chiéu cao hinh tru d€ dién
tich toan phéan nho nhat:

r=yY

S:,p min < 2
b= 3/ﬂ
V4

+ Tim ban kinh day va chiéu cao hinh tru dé€ dién
tich xung quanh cng véi dién tich 1 ddy va nho nhat:

3

R:3K \1‘/
S min < T N
I
T

Dang 5. Hinh tru ngoai tiép, ndi tiép mot hinh ling tru diing
+ Cho hinh ling tru tam gidc déu ndi tiép trong mot hinh tru. Thé'tich khoi ling tru la V thi
, ) 4V
thé tich Khdi try 10 V) = ——
+ Cho hinh lang tru tt gidgc déu ABCD.A'B'C"' D' ngogi tiép trong mgt hinh tru. Dién

28
tich xung quanh hinh try la S thi dién tich xung quanh cua hinh lang trula S = —
zq T
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MOT SO DANG TOAN VA CONG THUC GIAI
BAI TOAN MAT CAU
I. Mit ciu ngoai ti€p khdi da dién

1/ Cac khai niém co ban

+ Truc cha da gidc day: 1a duong thing di qua tdm duwong tron ngoai tiép ctia da gidc day va
vudng goc v6i mit phang chira da giac day = Bat ki mot diém nao nam trén truc ctia da
giac thi cach déu cac dinh cta da giac do.

+ Puong trung truc cia doan thang: 1a duong thang di qua trung diém ctia doan thing va
vudng goc véi doan thang d6 = Bat ki mot diém nao nam trén dweong trung truc thi cach
déu hai dau mut ctia doan thang.

+ Mat trung trec cia doan thing: 1a mit phang di qua trung diém ctia doan thang va vuong
goc voi doan th:fmg dé = Bat ki moOt diém nao nadm trén mit trung tryec thi cach déu hai
dau mut ctia doan thang,

2/ TAm va ban kinh mat ciu ngoai ti€p hinh chép

+ TAm mit ciu ngoai ti€p hinh chop: 1a diém cdch déu cac dinh cta hinh chép. Hay noi cach
khac, né chinh 1a giao diém 1 ctia truc dwong tron ngoai tiép mit phing ddy va mat phang
trung trwc cua mot canh bén hinh chop.

+ Ban kinh: 1a khoang cach tix I dén cac dinh ctia hinh chép.

3/ Cach xac dinh tim va ban kinh mit cAu cia mét s6 hinh da dién

a/ Hinh hdp chit nhat, hinh lap phwong.

- Tam: trung véi tam d6i xting ctia hinh hop chit nhat (hinh 1ap phwong) = Tamla I la
trung diém caa AC'".
- Ban kinh: bang ntra d6 dai duwong chéo hinh hop chi nhat (hinh lap phuong).

!
:>Bénkinh:R=ATC. A B

LN C
S
b/ Hinh ling tru ding c6 day ndi ti€p dwong tron. //- ----- \-\\-- R
Xét hinh lang tru dimg AAA,...A AAA..A, D’/ e A,

ACl
trong d6 c6 2 day A A,A,...A va A AA,... A ni tiép dudng tron (O) 1\
va (0'). Lie d¢,

mat cau ndi ti€p hinh lang tru ding coé:

- Tam: [ véi I la trung diém cua OO'.

-Bankinh: R=1A =IA =..=IA .

¢/ Hinh chép c6 cac dinh nhin doan thang néi 2 dinh

con lai dwéi 1 géc vudng.

- Hinh chép S.ABC ¢6 SAC = SBC =90".
+ Tam: [ 1a trung diém cua SC'.

+ Bénkinh:R=%=IA=IB=IC’. A
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- Hinh chép S.ABCD c6

SAC = SBC = SDC =90".

+ Tam: [ la trung diém cta SC'.

+ Ban kinh: R:%:IA:IB:]C:[D.

d/ Hinh chdp déu.
Cho hinh chép déu S.ABC...
- Goi Ola tam cua day = SO1la truc cua ddy.
- Trong mat phéng xac dinh boi SO va mot canh bén,
chang han nhu mp (SA O) , ta vé duong trung truec ctia canh SA

1a A cit SA tai M va cit SO tai I = I 1a tAm ctia mit cau.
- Ban kinh:

Ta cd: ASMI ~ ASOA = S—M = ﬂ = Ban kinh la:
SO SA
2
R=IS=SM'SA: 54 =JA=IB=IC=...
SO 250

e/ Hinh chép c6 canh bén vudng géc véi mit phing day.
Cho hinh chép S.ABC... c6 canh bén SA L ddy (ABC...) va ddy ABC... ndi tiép duoc
trong duong tron tam O . Tam va ban kinh mdt cau ngoai ti€p hinh chop S.ABC... dugc
xac dinh nhu sau:

- Tk tam O ngoai ti€p cua duong tron

day, ta vé duong thang d vudng goc véi mp (ABC...) tai O.

- Trong mp (d, SA), ta dung duong trung

truc Actia canh SA, cdt SAtai M, cét dtai [ = I 13 tAm mit

cau ngoai ti€p hinh chép
vabankinh R=IA=IB=1C=1S=...
- Tim ban kinh:

Ta c6: MIOBla hinh ch@ nhat.
Xét AMAI vudng tai M co:

2
R=AI = \NMI? + MA? = ’A02+(%j )

f/ Hinh chép khac.
- Dung truc A cua day.

- Dyng mat ph:fmg trung truec (a) cua mot canh bén bat ki.
- (a’) N A =1 = I latam mat cau ngoai ti€p hinh chop.

- Ban kinh: khoang cach tit / dén cac dinh cua hinh chop.
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g/ Duong tron ngoai ti€p mot s6 da gidc thwong gap.

Khi xac dinh tam mit cau, ta can xac dinh truc ctia mit phang ddy, d6 chinh la duong

thang vuong goc véi mit phang day tai tim O ctia drong tron ngoai tiép ddy.

N S

N

Hinh vuéng: O la giao Hinh chit nhat: O la giao A déu: O la giao diém cua 2
diém 2 duwong chéo. diém cta hai dwong chéo.  duwong trung tuyén (trong tam).

@

Il e}
Avudng: O la trung diém Athuong: O 1a giao diém cua hai
cta canh huyén. dwong trung triee ctia hai canh A.

II. KY THUAT XAC PINH MAT CAU NGOAI TIEP CHOP

Cho hinh chép S.A 4,...A (thoa man diéu kién ton tai mat cau ngoai ti€p). Thong thuwong, dé’xic

dinh mdt ciu ngoqi tiép hinh chop ta thiec hién theo hai budc:
Budc 1: Xac dinh tam cua duong tron ngoai ti€p da
gidc ddy. Dung A: truc duwong tron ngoai ti€p da giac day.

Buoc 2: Lap mat phsfmg trung truc () cua mot canh bén.
Licdé: -Tam O cta mdtcau: ANmp(a) = {O}
- Ban kinh: R = S’A(= SO). Tuy vao ting

treong hop.
Luwu y: Kij nang xdc dinh truc dwong tron ngoqi tiép da gidc day.
1. Truc duong tron ngoai tiép da gidc day: 1a duong
thang di qua tdm duong tron ngoai tiép day va vudng gdéc
v6i mat phang ddy.
Tinh chdt: VM € A: MA=MB=MC
Suyra: MA=MB=MC < MeA
2. Cac buodc xac dinh truc:
- Budc 1: Xac dinh tam H cta dwong tron ngoai ti€p da giac day.
- Budc 2: Qua H dung A vudng g véi mat phang ddy.
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Mot s truomg hop dic biét

MA =MB =MC

M, 5 {SAzSB = SC

Tam gidc vudng Tam giac déu Tam giac bat ki
A A A
B
B / H / C B 2 QC
H
A A A
S
3. Ky ning tam giac dong dang
M
ASMO dong dang voi ASIA = 50 _ S— N
SA  SI o
4. Nhan xét:
I A

= SM 1a truc duong tron ngoai ti€p AABC'.

* KY THUAT SU DUNG HAI TRUC XAC PINH TAM MAT CAU NGOAI TIEP DA DIEN
Cho hinh chép S.AA,...A (thda man diéu kién ton tai mat cau ngoai ti€p). Thong thuong,

dé xac dinh mat ciu ngoai tiép hinh choép ta thuc hién theo hai buéc:
Budc 1: Xac dinh tdm cua duong tron ngoai ti€p da giac day. Dung A: truc duong tron

ngoai ti€p da giac day.

Budc 2: Xac dinh truc d ctia dwdng tron ngoai ti€p mot mat bén (dé xic dinh) ctia khdi chop.

Liic do:

+ Tam [ ctia mat caw: A Nd = {I}

+ Ban kinh: R =TJA(=IS). Tuj vio timng

trieong hop.

A
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TONG KET CAC DANG TiM TAM VA BAN KiNH MAT CAU (PTD)

Loai 1: Canh bén SA vuong goc véi ddy va ABC = 90" khidé |R = % va tam la trung

diém SC'.

Loai 2: Canh bén SA vudng goc day va bat ké day la hinh gj,

chi can tim dwoc ban kinh dwong tron ngoai tiép cua day la R,

SA?

khido: |R* = R +

abc

afolr=a) (=)o)

+ Néu A ABC vudngtai A thi: R = i(ABQ +AC + AS%)|.

+RD

(p: ntra chu vi).

2 s s o .
+ bDay la hinh vudng canh o thi R, = %, néu day la tam giac déu canh a thi

D
aN3
R = :
P
Loai 3: Chép c6 cac canh bén bang nhau:
2
SA=SB=SC=5D:|r=4]
250

+ ABCD 1a hinh vuéng, hinh ch nhét, khi d6 O la
giao hai duong chéo.

+ AABC vubdng, khi dé O la trung diém canh huyén.

+ AABC déu, khi dé O la trong tam, truc tam.

Loai 4: Hai mat phang (SAB) va (ABC) vuong goc voi

nhau va c6 giao tuyén AB.Khi dé tagoi R, R, lan luot la

S
H

ban kinh duwong tron ngoai tiép cac tam giac SAB va ABC.
Ban kinh médt cau ngoai tiép:

AB <

R =R+ R’ -

Loai5: Chép S.ABCD c6 duong cao SH , tam duong tron ngoai tiép day la O . Khi d6 ta giai

2
phuong trinh: (SH - x) +OH* =2 + R} . Véigia tri © tim duocta cd:|R’ = 2° + R} |.

N 3V
Loai 6: Ban kinh médt cau noi tiép: |[r = —|.

tp
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TONG HOP CAC CONG THUC PAC BIET VE KHOI TRON XOAY

Chom cau:

qu =27Rh = 72'(7’2 + hQ)

V = zh? (R—gj = %h(h2 +3r°)

= 7z'R(h1 + hQ) ’
Hinh tru cut: ! hoah I,
(phién tru) V= ;Z-RZ{ 1 : QJ Iy
\ n . 2
Hinh ném loai 1: V==-Rtana A
3 ) ]

Hinh ném loai 2:

3
!
S >bl:éRh; R I £
parabo 3 S h

{5
Parabol bac hai. g w
Parabol tron 1 1
xoay. V=—nRh==V,
2 2 "
Dién tich Elip va S,y = 7ab ,
Thé tich khéi 4 5 a a
\ . = —rmab
tron xoay sinh soay quank 26 g ,
boi Elip _ 4 2a’h
zoay quanh 2b 3
Dién tich hinh vanh

Hinh xuyén

khan S = 7Z'(R2 — 7"2)
Thé tich hinh xuyén (phao)

V =27 R+r|R-r ’
2 2
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PHAN VIL HE TRUC TOA PO TRONG KHONG GIAN OXYZ
A. HE TOA PO KHONG GIAN

Géc toa do O, truc hoanh Ox, truc tung Oy, truc cao Oz, cac mét toa @6 Oxy, Oyz,Ozx

1. Trong khong gian cho ba truc Ox, Oy, Oz phan biét va vuéng goc tting d61 mot.
1, 7,k 1a cac vecto don vi

-2 -2 -2

2
Chuy: a

ij =ik = jk =0

Toa do véc to: {L:(x;y;z) @&(x;y;z) =i+ y}+zl¥;
Toa d6 diém: M(xz;y;2) < OM = zi + y; "
Cac cong thiic toa dé can nhé: Cho ;L:(a;b;c), ;:(a';b';c’)

a=a
D u=vo b=t

c=c¢
b) Zci%z(aia';bib';cic’)

¢) ku = (ka; kb ke)
d) Z&E:‘ZL o cos(up

v|.cos(u,w) = aa’ +bb" + cc’

_wv _aad +bb +cc
A
- -2 2 2 2

f)‘u‘:\/u =Na* +b’ +¢

g ulvesuv=0

e) cos(u,)

[

v

B) AB = (, 5y, =57, —2,)

i) ABz‘A—B‘z\/(:BB—xA)Q+(yB—yA)2+(zB—zA)2

Chu y: gbéc cua 2 véce to (u,v) 1a goc hinh hoc (nhd) gitia 2 tia mang vects c6 gia tri

trong doan I:O;ﬂ']. sin(&,;}) = |1 —cos’ (’l_l:,;)) >0
6. Chia ti 16 doan thing: M chia AB theo ti s& k nghia 1a MA = kMB
T, - ka
11—k
Yy ~ kyB

1-k
zA—sz

1-k

'Z‘M

Cong thiic toa do cua M 1a : 1y, =

“u
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T,+T
Ty = A2 :
. il Y, + U,
M Ia trung diém AB: MA+ MB =0 = yM:T
Z,+2
2, = A2 B
7. Glatrong tam tam giac ABC:
T,+T,+T
T, = ?f
— = —— - +y, +
GA+GB+GC=0={y ="~ y; L
Z,+2,+2
Z, = ;
8. Glatrong tam t dién ABCD:
T, T, +T, T,
T, = 1
— = — — = +y, +y, +
GA+GB+GC+GD=0= |y, = y34y0 “p
ZA+ZB+ZC+ZD
z, = 1

9. Tich c6 hudng 2 véc to: Cho 2 véc to u = (a;b;c) va ;) = (a"b" ') ta dinh nghia tich

c6 huéng cua 2 véc to d6 1a mot véc to, ki hiéu [u v} hay u A veo toa do:

)|

10. Tinh chat tich c6 huéng 2 véc to:

b ¢
b

a b

a b

c a

’ ’
a

)

] = (bc’ —b'c;ea’ —ac;ab’ — ba')

a. || u,v| vubng gbc v6i u va v

b. || u,v

sm(u v)

c. |u,v|=0< u,v cung phuong

11. Ung dung tich c6 huéng 2 véc to:
a. Dién tich hinh binh hanh ABCD: § = ‘[A—B, E]

b. Dién tich tam gide ABC: § = %.‘[E, R}‘

c. Bavécto u,v,w dong phing: [u, v} aw=0

d. Thé tich khéi hop c6 day hinh binh hanh ABCD va canh bén AA*
V= ‘[E,E}.ﬂ

e. Thé tich khéi ti dién S.ABC: V = % ‘[AB AC SA‘
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MOT SO DANG TOAN THUONG GAP

VAN DE 1: Cac phép toan vé toa do ctia vecto va ciia diém
— Str dung cic cong thirc vé tog dg ciia vecto va cua diém trong khong gian.
— S dung cic phép toin vé vecto trong khong gian.

VAN DE 2: X4c dinh diém trong khong gian. Chitng minh tinh chat hinh hoc. Dién tich -
Thé tich.
— Str dung cic cong thirc vé tog dg ciia vecto va cua diém trong
khong gian.
— S dung cic phép toin vé vecto trong khong gian.
— Cong thirc xic dinh tog dg cia cdc diém dic bigt.
— Tinh chdt hinh hoc ctia cic diém dic biét:

e A B, C thinghing < TB,R’ cung phwong
& AB=kAC < [TB,R]zG

o ABCD li hinh binh hinh <> AB = DC
o Cho AABC ¢6 cic chin E, F cia cic dwong phin gidc trong va ngoai cia géc A cua
AABC trén BC.

Ta co: E—Bz—ﬂ.E—C, Ezﬁﬁ
AC AC

e A B, C, D khong dong phing < E, R,E khong dong phing
| ABAC].AD # 0

VAN DE 3: Phwong trinh mit ciu
Dé'viét phwrong trinh mdt diu (S),ta cin xdc dinh tdm I va ban kinh R ciia mdt cdu.
Dang 1: (S) co tam I(a; b; c) va ban kinh R :
(S):(x—a) +(y—b+(z-c) =R’

Dang 2: (S) co tam I(a; b; c) va di qua diém A:

Khi d6 ban kinh R = IA.
Dang 3: (S) nhan doan thang AB cho triedc lam duwong kinh:

~Tam I la trung diéin ciia doan thang AB :

— Bdn kinh R=IA:%.

Dang 4: (S) di qua bon diém A, B, C, D (mgt ciu ngoai tiép tiv dien ABCD ):
— Gia sir phwong trinh mdt ciu (S) c6 dang:

P+t + 2 +2ar+2by +2cz+d =0 (*)
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— Thay lin luot tog d6 ciia cic diém A, B, C, D vio (*) ta duoc 4 phirong trinh.
— Gidi h¢ phwong trinh dé, ta tim dwoc a, b, ¢, d = Phwong trinh mdt ciu (S)
Dang 5: (S ) di qua ba di€ém A, B, C va cé tdm I ndm trén mit phang (P) cho trudce: Gidi
twong tw nhw dang 4.
Dang 6: (S ) c6 tam I va tiép xtic voi mat cau (T) cho trudc:
— Xdc dinh tdm J va ban kinh R' ciia mdt ciu (T)
— Str dung diéu kién tiép xiic cua hai mdt ciu dé’tinh bin kinh R cia mdt ciu (S)
(Xét hai trieong hop tiép xiic trong va tiép xiic ngoai)
Chiy: Vi phueong trink mgt ciu () :

Y+ 42+ 2y +2c2+d=0 voéid+b+c—d>0

thi () c6 tam I(~a;~b;—c) vabankinh R =a* + " +¢* ~d.

VAN DE 4: Vi tri twong doi gitra hai mt ciu mit cau

Cho haimgt ciu S, (I,, R,) vi S, (I,, R,).
e 11, <|R -R) & (S,), (8, )trong nhau
eIl >R +R < (S,), (8, )ngoai nhau
eII,=|R -R)| < (S,), (8S,) tiep xiic trong
eIl =R +R, < (S,), (8, )tiép xiic ngoai
e|R —-R|<II, <R +R, < (S,), (S, )cdt nhau theo mdt dwomg tron.

VAN DE 5: Tap hop diém 1a mit ciu - Tap hop tim mit ciu
1. Tap hop diém la mit ciu

Gid st tim tap hop diéin M thod tinh chit (P) nao do.

— Tim h¢ thikc giita cic tog d§ x, y, 2 cia diém M.

(z—a) +(y—-b+(z—-c) =R’

hoic:  °+y’ + 2" +2ax +2by +2cz+d =0

— Tim gioi han qui tich (néu cd).

2. Tim tdp hop tdm mdit ciu

z = f(t)
— Tim tog d6 ctia tim 1, chang han: Jy = g(t) (*)
z = h(t)

— Khir t trong (*) ta ¢ phwong trinh tdp hop diém.

— Tim gi6i han qui tich (néu c6).
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MAT PHANG

n khac 6 va co gid vuong goc mp(P) duoc goi la véc to phap tuyén cua (P).

—_

2. Néu n I vécto phap tuyén cua (P) thi kn (k # 0) cting 1a véc to phép tuyén cua (P).

3. Phuong trinh tong quat cia mp(P): qua_M(z;y,;2,) 6 véc to phap tuyén n = (4; B;C) la:

Alr—z)+ By —y,)+C(z—2,)=0
4. Khai trién ctia phwong trinh tong quat:
Ax+By+Cz+D =0
(A,B,C khong dong thoi bang 0)
5. Nhitng trudng hop riéng ctia phwong trinh tdng quat:

* (P) qua goc toa d6 < D=0

* (P) song song hodc trung (Oxy) <> A=B=0

* (P) song song hodc trung (Oyz) <> B=C=0

* (P) song song hodc trung (Ozx) <> A=C=0

* (P) song song hodc chira Ox <> A=0

* (P) song song hoac chira Oy < B=0

* (P) song song hoac chita Oz < C=0

= (P) cat Ox tai A(,0,0), cat Oy tai B(0;b;0) va cat Oz tai C(0;0;c)

< (P) c6 phuong trinh £+%+£=1
a c

6. Khoing cach tir 1 diém dén mit phing:

) = ‘Aa:o + By, + (%, +D‘

VA + B? + 7

Cho M(xo;yo;zo)vé (P): Az +By+Cz+ D =0; d(M,(P)

8. Chum mjt phang
e Tap hop tat ca cc mit phang qua giao tuyén ctia hai

mat phang (a) va () duoc goila mot chuim mdt phang / \

e Goi (d) la giao tuyén ctia hai mit phang d
(0{):A1:C+Bly+C'lz+D1 =0 va (,B):Azx+Bzy+C'22+D2 =0.

Khi d6 néu (P) la mét phéng chta (d) thi mat phang (P) 6

dang
(P) :m.(Az+By+Cz+D)+n(Az+By+Cpz+D,)=0, m*>+n’ =0

CAC DANG TOAN THUONG GAP

VAN DE 1: Viét phuong trinh mit phing

DElap phivong trinh mit phing (a) ta din xdc dinh mot diém thudc (a) va mot VTPT cila né.
Dang 1: () di qua diém M(mo;yo;zo) c6 VTIPT n = (4; B;C):

(«): A(z—=,)+B(y-y,)+C(2-2)=0
Dang?2: (a) di qua diém M (z,;y,:2,) c6 cap VICP G, ;

Khi d6 mgt VTPT ciia (e) 1a i = [6,b ].

Dang 3: (a) di qua diém M(azo;yo;zo) va song song v6i mit phang
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(ﬂ):A:z:JrBerCz + D = 0:
(a): A(a:—a:o)+B(y—y0)+C’<z—z0): 0
Dang 4: (a) di qua 3 diém khong thang hang A, B,C
Khi 6 ta o6 the'xic dinh mt VIPT ciia () a: 7 = AB,AC]
Dang 5: (a) di qua mot diém M va mot dwong thang (d) khong chita M :
~ Trén (d) Ly diéin A va VICP ii.
~ M§t VIPT cia (a) li: i = | AM,i]
Dang 6: (a) di qua mot diém M, vudng gdc véi duong thang (d) :
VTCP i ciia dwong thing (d) la mot VTPT cua (a).
Dang 7: (a) di qua 2 duong thing cit nhau d,, d, :
— Xdc dinh cic VICP b ciia cic dwong thing d, d,..
~ Mgt VIPT cia (et) la: i = [ b |.
— Lay mot diéin M thuge di hogc d, = M € (a).
Dang 8: (a) chtta dwong thang d, va song song vdi duong thang d,( d, d,chéonhau):
— Xdc dinh cic VICP @,b ciia cdc dwong thing d, d,.
— Mgt VTPT cia (et) la: i = [ b ].
— Lay mgt diéin M thuge d, = M < (a).
Dang 9: (a) di qua diém M va song song véi hai dudng thang chéonhau d,, d, :
— Xdc dinh cic VICP @,b ciia cdc dwong thing d, d,.
— Mgt VTPT cia (et) la: i = [ b .
Dang 10: (a) di qua mot dueong thang (d) va vudng goc véi mot mit phing (,B) :
~ Xdc dinh VICP i cia (d) va VIPT ii,, ciia ( B).
~ MGt VIPT ciia (o) la: 7i = [ﬁ ﬁﬂ]
— Lay mét digm M thuéc d = M e (a)
Dang 11: (a) di qua diém M va vuong géc véi hai mat phang cat nhau (ﬂ), (;/) :
— Xdc dinh cic VTPT ﬁﬁ,ﬁy clia (ﬂ) va (}/)
~ Mgt VTPT ciia (a) la: i = [ﬁﬂ,ﬁy].
Dang 12: (a) di qua duong thang (d) cho trude va cach diém M cho trudc mot khoang &
cho trudc:

— Gid st (&) ¢6 phwong trinh: Az + By + Cz+D =0 (A2 + B+ C* = O).

- Lay 2 diém A, B e (d) = A Be (a) (ta dwoc hai phwong trinh (1), (2))
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— Tir diéu kign khodng cich d(M,(a)) = k, ta dwoc phucong trinh (3).
— Gidti hé phuong trinh (1) (2) (3) (biing cich cho gid tri mot &n, tim aic dn con lgi).
Dang 13: (a) 1a tiép xtic voi mat cau (S) tai diém H :

— Gid str mt cfu (s) c6 tam I v bin kinh R.

~ Mt VTPT cia (@) Ii: 7 = IH

VAN DE 2: Vi tri tuong ddi ciia hai mit phing
Cho hai mat phing (P): Ax+By+Cz+D=0 va (P'): Ax+By+C'z+D' =0.

Khidé:(P) c:;it(P') < A:B:C2A:B:C.

, A B C D
A B C D

(P)E(P’) @z—g—a—ﬁ.
(P) L(P’) <:>171(P) J_ﬁ(P,) o ﬁ(P)ﬁ(P,) =0< AA'+ BB +CC'=0.

VAN DE 3: Khoang cach tir mot di€ém dén mot mit phing.
Khoang cach gitta hai mgt phang song song.

Hinh chiéu ctia mot diém trén mat phang .

Diém d6i xting ctia mdt diém qua mit phang.

e Khoing cich ti diéin M, (x5 yy; 2,) dénmat phing (): Aw+By+Cz+D=0

_ ‘Axa + By, +Cz, + D‘

Ay @) ===t

e Khodng cich giita hai mdt phing song song biang khodng cich tir mot diéin bat ki trén mdt

phing nay dén mdt phing kia.
Chii y: Néi hai mdt phdng khong song song thi khodng cich giita chiing bang 0.

MH, 7i h
eDiéin H la hinh chiéu ciia diém M trén (P) PN {H ;(Z)cung phuong
€

e Digin M doi xitng vi diéin M qua (P) <> MM’ = 2MH

VAN DE 4: Géc giita hai mit phang

Cho hai mgt phing (&), (B) c6 phwong trinh:
(oz):A1a;+Bly+Clz+D1 =0 (,8):AszrBzerCQHD2 =0
Gée giita (), () bing hoic bit v6i goc gitta hai VTPT i, .
a4 a4 +BB Q)
i 7| v B oz 4B A C

Chiy: 0° < ((a),(ﬂ)) <90°; (a)L(B)<=AA +BB,+CC,=0

cos((@),(8))
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VAN DE 5: Vi tri tuong d6i giita mit phing va mit cau.
Phuong trinh mit phang ti€p xic véi mit ciu

Cho mgt phang (a) Az + By +Cz+ D =0 vamitciu (S) (x—a) +(@y-b'+(z—-cf =R
. (a) va (S) khong cé diém chung < d(I,(a)) > R
e () tigp xiic vdi () edI(@)=R () ltipdin
Dé'tim tog dg tiép diém ta cd thé thiec hién nhw sau:
— Viét phwong trinh dwong thing d di qua tdm I ciia (S) vd vuong goc voi (a).
— Tim tog d giao diéin H ciia d vi (). H I tiéh diéin cia (S) véi (a).
. (a) cit (S) theo mot dwong tron < d(I,(a)) < R
Déxdc dinh tim H va ban kinh r cia dwong tron giao tuyén ta cd thé thwce hién nhw sau:

— Viét phwong trinh dwong thing d di qua tdm I ciia (S) va vudng goc voi (a).
— Tim tog d¢ giao diém H cia d va (a).
H la tam cua dwong tron giao tuyén ciia (S) v0i (a) .

Bén kinh r ciia dwong tron giao tuyén: r = \R® — IH”

DUONG THANG
I. Phuwong trinh ctia duong thang;
1) Vect chi phwong ctia duong thang;
Dinh nghia: Cho duong thang d . Néu vecto a # 0 va cé gid song song hodc trung véi
duong phang d thi vect a duoc goi la vecto chi phurong ctia dwong phang d . Ki hiéu:
i = (a;;0,;a,)
@ Chuy:
1) a 1a VTCP ctia d thi k.a (k # 0) cingla VTCP cuta d
2) Néu d di qua hai diém A, B thi AB la mot VICP cua d
3) Truc Oz cb vecto chi phwong a =i = (1;0;0)
4) Truc Oy c6 vecto chi phwong a = j = (0;1;0)
5) Truc Oz ¢ vecto chi phwong a =k = (0;0;1)
2.Phuong trinh tham s8 ctia dwong thang:

Phuong trinh tham s§ ctia dudng thang (A) di qua diém M, (z,;9,;2,) vanhan a = (a;;a,;a,)

lam VTCP la : yA 3
am a _a_ -
(A)
M, o y.2) x=x0+ta1
] Vi) oy (A): y =1y, +ta, (teR)
© z =2z, +ta,
X

3. Phuong trinh chinh tic cia dwong thing:
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Phuong trinh chinh tic ctia dwong thang (A) di qua diém M o(@,59,52,) vanhan a = (a;a,;a,
lam VTCP la :

IL. Vi tri twong d6i cia dwong thing va mit phang:
1.Vi tri twong d6i ctia dwong thing va mit phang :
PP HINH HOC

M a (a
N
h
A ; a @

x =, + at
Pinh ly: Trong Kg(OcL’yz)Cho: duong thang (A): 4y =y, + a,t (2) 6 VICP o = (a,;a,;a,)
z=z +apt (3)
va qua M (,:9,;2,) vamat phing (a): Az+By+Cz+D =0 c6VTPT n= (4;B;0)
Khi do:
(A) cat (a) <an#0 < Aa,+ Ba,+Ca, #0
an =0 Aa, + Ba, +Ca, =0
A o 1 2 3
(4) /7 () {Moeé(P) {AxO+ByO+CzO+D¢O
ﬁ_ﬁ:() Aa +Ba, +Ca, =0
A) c (a) <1 e TR
M, € (P) Az, + By, +Cz, + D =

Q)
=]

bicbiet: (A) L (a)& avan cung phuong

& a,ca,:a,=A:B:C /{ = =
a

Af , pt(A
PP DAI SO: Mu6n tim giao diém M ctua (A) va (a) ta giai hé phuwong tr‘mh:{ tE 3 tim z,v, 2.
plla

Suy ra: M (z,y,2)
Thé (1),(2),(3) vao phuong trinh mp(P)va rit gon dua vé dang: at +b =0 (¥)
o d cht mp(P) tai mot diém < Pt (*) c6 mdt nghiém ¢ .
e d songsongvoi (P) < Pt (*) vo nghiém.
e d ndmtrong (P) < Pt (*) c6 vbs§nghiém ¢ .
» d vuéng géc (P) < a va n ciing phuong

2. Vi tri twong d6i ctia hai dwong thang:
PP HINH HOC
Vi tri twong d0i ctia hai dwong thiang trong khong gian

Cho hai dwong thang: A, di qua M va cé mdt vecto chi phuong 1, .
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A, diqua N va c6 mdt vecto chi phuwong 1i,.
+ A=A, o[, ]=|#,MN]|=0.

(4,1, ]=0
[, MN |20

+ A /A,

i, i, ] 0
+ A A, & [ uZ]l :
[ id,,1i, |.MN =0

+ A, va A, chéonhau @[ﬁl,ﬁz]mio.

x t(A
PP DAI SO: Mudn tim giao diém M ctia (A,) va (A,)ta giai hé phuwong trinh :{ptEAI)) tim
puA,
Z,y,%z.Suy ra: M(x, y,z)
3) Vi tri twong doi giita dwong thang va mit cau:
r=x,+at (1)
Cho duodng thing d: <y =y, + a,t (2) va midtcau (S) (x—a) +(@y—-b’+(z—cf =R b
z =2z, +a;t (3)
tam I(a;b;c), ban kinh R.
PP HINH HQC

[

a

BI. Tinh khoang céch tir tim [ ctia mit cau (S ) dén dudng thing d lah = d(I,d) =

B2.So sanh d(I,d) véiban kinh R ctia mat cau:
o Néu d(I,d) > R thi d khongcat (S)
e Néu d(I,d) = R thi d tiép xtc (S)
e Néu d(I,d) < R thi d cat (S’)tai hai diém phanbiét M, N va MN vudng gboc voi
duwong kinh (ban kinh) mat cau
PP DAI SO: Thé (1), (2), (3) vao phwong trinh (S)Vé rut gon dua vé phuong trinh bac
hai theo ¢ (*)
e Néu phuong trinh (*) vO nghiém thi d khong cat (S )
e Néu phuong trinh (*) c6 mot nghiém thi d ti€p xc (S’ )
e Néu phuong trinh (*) c6 hai nghiém thi d cat (S ) tai hai di€m phan biét M, N
Chii ij: D& tim toa 40 M, N tathay gia tri ¢ vao phuong trinh duong thang d
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ITI. GOc trong khong gian:
1. Géc giita hai mat phang:
DPinh ly: Trong Kg (Oxyz) cho hai mat
phing a, f xdc dinh boi phwong trinh: |\
(a): Az+By+Cz+D =0 /\ "
(B):Ar+By+Cyz+D, =0
Goi ¢ la goc gitra hai mat phang («) & () ta c6 cong thuic:

n, = (A:L’ Bl;Cl)

n, :(Az;Bz;Cz)

‘AlA2 + BB, + 0102‘

JA+ B +C A+ B+ O

cos @ =

2. Goc giita dwong thang va mat phang:

Cho duong thang (A):x_%=y_by0:2_z0 /{/ h
a c
. a
va mat phang () : Az +By+Cz+D =0 . .
Goi ¢ 1a goc gitta hai mat phang (A) & () ta c6 cong thic: 0" <p=<90
|[Aa+ Bb+Cf
sing =
JA? + B+ C° N> + b + ¢
3.GOc gitra hai du(‘n}g thing :
Cho hai dwong thang : a, = (a;b;c)
(A): T=% _Y~Y% _*F7%
! a b c A
(A): T7L _Y~7Y% _F7%
2/ ' v v
0°<p<90°

Goi ¢ la gbc gitta hai mit phang (A)) & (A,)ta c6 cong thire:

‘aa' +bb + cc"

cos @ =

\/&2 +b°+¢° .«/an +b% +c?
IV. Khoang cach:
1. Khoang cach tit mot diém dén mot mat phang:
Cho mit phang () : Az + By + Cz + D = Ova diém M (z,;y,;%,)
Khoéng cach tir diém M, dén mit phang (@) duoc tinh boi :
MO(XO; yO’ZO)
~ ‘Axo + By, + Cz, + D‘

d(M ;A) =
|_||_| ’ NA? + B + 7
a
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2. Khoang cach tir mot diém dén mot dwong thing:
Cho duong thang (A) di qua diém M (z;y,:%,) va c6 VICP u = (a;b;c). Khi d6 khoang céch
tr diém M1 dén (A) duoc tinh boi cong thikc:

M, |
/L o (A4 A) = ‘[MO‘#‘WJ

M, (%; Yo 20) H ,
3. Khodng cach giita hai dwong thang chéo nhau:

DPinh ly: Trong Kg (Oa:yz) cho hai duong thang chéo nhau :

(A)) co VTCP u= (a;b5¢) va qua M (z;y,;%,)
(A,) co VTCP v =(a;b;c) va qua M (z;y,;2,)

wu| .MUM(')‘

Khi d6 khoang cach gita (A,) va (A,) dugc tinh boi cong thitcd(A ,A,) = =——=—=—"
. !

\ ]

CAC DANG THUONG GAP

VAN PE 1: Lap phuong trinh duong thang

Déldp phwong trinh dwong thing d ta cin xdc dinh mot diéin thudc d va mét VICP ciia né.
Dang1: d di qua diém M (z,;¥,;2,) va co VICP a = (a,;a,;a,):

177727
r=x +al
(d):jy =y, +ayt (teR)
2=z +at

Dang 2: d diquahaidiém A, B: Mgt VICP ciia d 1a AB.

Dang 3: d di qua diém M (z;y,;2,) va song song v6i dudng thang A cho truée: Vi d / /A
nén VICP cua A ciing la VTCP ciia d .

Dang 4: d di qua diém M, (z;y,;7,) va vudng goc v6i mit phing (P) cho trede: Vid L (P)

nén VIPT ciia (P) ciing la VTCP ctia d .
Dang5: d la giao tuyén ctia hai mat phang (P), (Q) :
e Cich 1: Tim mot diéim va mét VTCP.

. P
— Tim tog d§ mot diém A € d : bang cich giai hé phwong trinh {( ) (vdi viéc chon gid

(@)
tri cho mot dn)
— Tim mot VTCP cua d : a = [ﬁp,ﬁQ]
o Cich 2: Tim hai diém A, B thudc d, roi viét phwong trinh dwong thing di qua hai diéin do.
Dang6: d di qua diém M (z,;y,;2,) va vudng goc voi hai dudong thing d,,d, :

17772
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VidLld, dLd,nénmftVICP cia d li:d =|a,.d, |
Dang7: d diqua diém M (z,;,;7,), vudng goc va cit dudng thing A.

e Cich 1: Goi H la hinh chiéu vudng goc cua M trén duwong thang A.
HeA
MH 1 u,

Khi d6 dwong thing d la dwong thang di qua M, H.

o Cich 2: Goi (P) Lo mat phing di qua A va vudng goc véi d ; (Q) la mgt phang di qua A va chita d.
Knids d =(P)(Q)
Dang 8: d di qua di€m M, (z,;y,:%,) va cat hai duong thang d,,d, :
eCich 1: Goi M| e d,, M, €d,. Tir diéukien M, M, M, thing hang ta tim dirgc M, M,.
Tir d6 suy ra phuwong trinh dwong thang d.
e Cich 2: Goi (P) =(M,,d), (Q) =(M,,d,). Kni do d =(P)m(Q). Do d6, mét VTCP
cuad co thé'chon la a = [ﬁp,ﬁQ].
Dang 9: d ndm trong mat phing (P) va cat ca hai duong thang dy,d, : Tim cdc giao diém
A=d, ~(P), B=d,(P). Knidéd chinh la duing thing AB.
Dang 10: d songsong vdi A va cit ca hai dudng thing d,,d, :

Viét phuwong trinh mgt phing (P) chita A wva d, mdt phing (Q)chb’m A va d,. Khi do

d=(P)n (Q)
Dang 11: d 1a dudng vudng géc chung cta hai dudng thing d;, d, chéo nhau:
. MN 1d
eCich1:Goi M. ed, M, ed. . Tir dicu kién  ta tim dwoc M, N. Khidé6, d la
P T E MN 1 d,
dwong thang MN.
e Cich 2:
~Vid Ld, vid L d, nénmot VICP cia dcd théla: @ =| ., |-

— Ldp phwong trinh mdt phing (P) chitad va d, bing cdch:
+ Lay mot diem A trén d,.
+ Mgt VIPT ciia (P) cd théla: 7i,, = d,a, |.
— Twong tw ldp phwong trinh mdt phing (Q) chitad va d,.
Khi d6 d = (P) m(Q).
Dang 12: d1a hinh chiéu ctia duong thang A 1én mit phang (P) :
o Lip phuong trinh mdt phiang (Q) chita A v vudng géc véi mat phing (P) bang cich:
-Lay M e A.

-V (Q) chita A va vudng géc véi (P) nén 1, = [&A,ﬁ ]
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Knidé d =(P)(Q).
Dang13: d di qua diém M, vudng géc véi d, va cat d, :
o Cich 1: Goi N la giao diéim cliad va d,. Tir diéu kien MN L d,, ta tim dwoc N. Khi dd, d la
dwong thing MN.
e Cich 2:
— Viét phwong trinh mdt phang (P) qua M va vudéng goc vdi d,.
— Viét phwong trinh mgt phang (Q) chita M va d,.

Knidé d =(P)(Q).

VAN DE 2: Vi tri tuong déi giita hai duong thing

Dé xét VTTD giita hai dwong thiang, ta c6 the sie dung mot trong cic phwong phdp sau:
e Phuong phdp hinh hoc: Dia vao méi quan hé giita cic VICP va dic diéin thudc cic dwong
thing.
e Phurong phdp dai s6° Dya vio s6 nghigm ciia hé phuwong trinh cic duong thang.

VAN DE 3: Vi tri twong doi gitta dwong thing va mit phang

D& xét VTTD giira dwong thing va mit phing, ta cé thé st dung mot trong cic phwong phip sau:
e Phurong phdp hinh hoc: Dya vao mdi quan hé giita VTCP ciia dwong thing va VTPT ciia mit
phing.
o Phurong phdp dai s6° Dua vao s6 nghiém ctia hé phwong trinh dwong thang va mdt phdng.

VAN DE 4: Vi tri twong déi giita duong thing va mit ciu

D& xét VTTD giita dwong thing va mdt diu ta c6 thé'sie dung cic phwong phdp sau:
o Phurong phdp hinh hoc: Dua vao khodng cdch tie tim mdt chu dén dwong thang va bin kinh.
o Phurong phdp dai s6° Dua vao s6 nghiém ctia hé phwong trinh dwong thing va mét ciu.

VAN BE 5: Khoang cach

1.  Khoadng cich tirdiém M dén duong thing d
o Cich 1: Cho dwong thing d di qua M, vac6 VICP a.

[Mp.4]
d(M,d) = =—=—=
il
o Cich 2: — Tim hinh chiéu vudng géc H ciia M trén dwong thing d.
- d(M,d) = MH.
e Cich 3: - Goi N(m; s z) € d. Tinh MN?theo t (t tham sb'trong phwong trinh dwong

thing d).
— Tim t d& MN? nhé nhat.
_Khidé N = H.Do dé d(M,d) = MH.
2. Khodng cdch giita hai duwong thing chéo nhau
Cho hai dwong thing chéo nhau d,va d,. Biét d, di qua diéin Miva c6 VICP a,, d, di qua diéin M,
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va c6 VICP dQ d(dl,dQ) B ‘ ‘[61762]‘

Chii y: Khodng cdch giita hai dwong thing chéo nhau d,, d, bang khoing cich giita d, v6i mdt phing

(a) chita d, va song song voi d,.

3. Khodng cdch giita hai duwong thing song song

Khoing cich giita hai dwong thing song song bang khodng cich tie mot diém thudc dwong thing nay
déin dwong thing kia.

4.  Khodng cdich gita mot duong thang va mot mdt phdng song song

Khodng cich giita dwong thing d véi mét phing (a) song song vdi né bang khodng cch tir mot

diéin M bat ki trénd déi mit phing (c).

VAN DE 6: Géc

1. Goc giita hai dwong thing
Cho hai dwong thing d,, d, lin luot c6 aic VTCP G, d,.

Géc giita d,, d, bang hodc bii véi goc giita d,,a,.

cos((il,dQ) = ‘C‘;Ta;“
112
2. Goc giita mot duong thing va mét mit phing

Cho dwong thing dcé VICP d = (a;a,;0,) vi mat phing (a) c6 VIPT 7 = (A;B;C).Géc giita
dwong thing d va mdt phing (a) bing goc gitta dwong thang d vdi hinh chiéu d' ctia né trén (a) :
‘Aal + Ba, + Cazi‘

\jA2 + B? +C’2.\Ila12 +c122 +a§

sin(d, (a)) =

MAT CAU
I. Phwong trinh mat cau:
1. Phuong trinh chinh tac:

Phuong trinh ctia mat cau (S) tam I(a; b; c), ban kinh R
1a:(S): (z—a) +(y—b) +(z—cf = R (1)
Phuong trinh (1) duoc goi la phuong trinh chinh tac ctia mit cau
Dicbiet: KhiI=O0thi (O):2° +y° +2° =R’
2. Phuong trinh tong quat:
Phuong trinh : 2° + y° + 2° —2az —2by —2cz2+d =0 véi a® +b” +c* —d > 0 la phuong

trinh cia mat cau (S) c6 tam I(a;b;c), ban kinh R = \/@2 +bV+c" —d.
II. Giao ctia mat cAu va mit phang:
Cho mit phang () va mat cau (S) c6 phuong trinh :

(a): Az+By+Cz+D =0

(S):(x—a) +(y—-b+(z—c) =R
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Goi d(I;@) 1a khoang cach tir tim mét cau (§) dén mit phing @
Cho mat cau S(I ;R) va mjt phéing (P) Goi H 1a hinh chiéu vudéng goc cua I lén

(P)=>d=IH=4(1,(P)).

d>R d=R d<R

Mit phang tiép xtic mat cau.
( p) 1a mit phing tiép dién | Mat phang cat mat cau theo
thiét dién la duwong tron c6
tam [' va ban kinh

r =R - IH’

Mat cau va mat phang khong o wy s
cua mat cau va

c6 diém chung. e ae
& H: tiép diém.

Dang 1: (S) c6 tam I(a;b;c) va ban kinh R: (S) c(z—a)l +(y—-b+(z—c) =R
Dang 2: (S) c6 tam I(a;b;c) va di qua diém A:

Phuong phdp: Khi d6 ban kinh R = IA.

Dang 3: (S) nhan doan théng AB cho trudc lam duong kinh:

Phuong phap:
e Tam [ la trung diém ctia doan thang
. T+, Y, T Yy Z, +z
AB: z, = A2B,yI:A2B,zI: 23.

o Bénkl’nhR:]A=%.

Dang 4: (S ) di qua bdn diém A, B,C,D (mjt cau ngoai tiép t& dién)
Phuong phap:
e Giasu (S) cé dang: 7° + 3y’ +2° +2az +2by +2cz +d =0 (*)
e  Thay lan lwot toa dd cua cac diém A, B,C, D vao (*), ta dugc 4 phwong trinh.
e  Giai hé phuong trinh d6, ta tim duoc a,b,c,d = Phwong trinh mat cau (S ) .
Dang 5: (S) di qua ba diém A, B,C' va cé tam I nam trén mat phang (P) cho truedc:
Phuong phdp: Gidi teong ti nhw dang 4.
Dang 6: (S ) c6 tam I va ti€p xdc voi mat cau (T) cho trudc:
Phuong phap:
e Xicdinhtam [ vaban kinh R' ctia mat cau (T)
. Str dung diéu kién ti€p xtic ctia hai mat cau d€ tinh ban kinh R

ctla mdt cau (S’ ) . (Xét hai treong hop ti€p xtc trong va ngoai)
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Chua y: V6i phwrong trinh mét cau (S) 2+ + 2 +2ax +2by +2cz+d =0

véi a® +b° +c& —d >0 thi (S) c6 tam I (—a;—b;—c)va ban kinh R = a2+ + ¢ —d.
Cho hai mat cau §| (Il, Rl)vé S, (]2, Rz)'

« II,<|R - R) < (S,), (8,) trongnhau

«[I,>R +R, < (8,), (8,)ngoai nhau

«II,=|R -R) < (S,), (8, )teép xic trong

e II,=R +R, & (S,), (S,)tiép xc ngoai

«|R -R|<II,<R+R,  <(S), (,)cdt nhau theo mot duwong tron

Phuong phép: Bén kinh mit cau R = d([; P))

Dang 8: Viét phuwong trinh mdt cau (S) c6 tam ](a;b;c), cat mat phang (P) cho trudc theo

giao tuyén la mot duwong tron thoa diéu kién .
a. Buong tron c6 dién tich cho trudc.
b. BPwong tron c6 chu vi cho trudce.
c. buong tron ¢ ban kinh cho trudc.
Phuong phap:
e Tl cong thiic dién tich duong tron S = 7z7r° hodc chu vi duong tron P =277 ta tim
duoc ban kinh duwong tron giao tuyén 7.

e Tinhd = d([,(P))
e Tinh ban kinh mit cau R = Vd’ + 7’
e Kétluan phuong trinh mat cau.
Dang 8: Viét phuong trinh mdt cau (S) co tam ](a;b;c), cat mat phang (P) cho trude theo

giao tuyén la mot dwong tron thoa diéu kién.
Phuong phdp:

e Tacédban kinh matcau R = d([;(P))
e Két luan phwong trinh mat cau.
Dang 10: Viét phuong trinh mat cau (S ) tiép xtic véi mot duong thang A cho trwede va cé tm
I(a;b;c) cho trwdc.
Phuong phdp
Duong thang A tiép xtc véi mit cau (S) taco R = d(], A) .
Dang 11: Viét phuong trinh mat cau (S ) tiép xtic véi mot duong thang A tai ti€p diém
M (xo, v, zo) thudc A va c6 tim I thudc duong thang d cho trude.
Phuong phdp
¢ Viét phuong trinh mét phang (P ) di qua diém M va vudng gdc v6i duong thang A.

e Toadotam I = (P) M A la nghiém ctia phurong trinh.
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e Bankinh mitcau R = IM = d(I,A).
e K&t lugn vé phuong trinh mt cau ()
Dang 12: Viét phuong trinh mat cau (S) cé tam I(a;b;c) va cat duong thang A tai hai diém
A, B thoa man diéu kién:
a. Do dai AB 1a mot hing sé.
b. Tam giac /AB la tam gidc vuong.
c. Tam giac IAB la tam giac déu.
Phuong phdp

Xac dinh d(I,A) =IH,vi AIAB cantai I nén HB :%

a. Ban kinh mat cau R =\ IH® + HB?

b. Ban kinh mat cau R = il
sin 45°
c. Ban kinh méat cau R = il
) sin 60°
MOT SO DANG GIAI NHANH CUC TRI KHONG GIAN
Cho (P) va hai diém A, B. + N&u A va B trai phia so véi (P)
Tim M e (P)dé (MA+MB) ? = M, A, B thing hang= M = AB ~(P)
+ Néu A va B cung phia so véi (P)
Tim B' 14 d6i xtng cia B qua (P)
— M, A B' thing haing = M = AB'n (P)
Cho (P) va hai diém A, B. + N&u A va B cung phia so véi (P)
Tim M e (P)dé |MA-MB| 2 = M, A, B thing hang = M = AB ~(P)

+ N&u A va B trai phia so véi (P)
Tim B' 14 d61 xting cua B qua (P)

:»\MA—MB'\:AB'

Cho diém M(xM;yM;zM) khong thuoc

cac truc va mat phang toa do. Viét (P) . ad + y + Z 1
N . g . 3x 3y 3z

phuong trinh (P) qua M va cat 3 tia M M M

Ozx,0y,0z lan ludt tai A, B,C sao cho
Vv nho6 nhat?

0.ABC
Viét phuong trinh mét phing (P ) chta b QuaAed

duong thing d, sao cho khoang cach tit ' ﬁ(P) = |:|:Z[,d, EJ,:@J
diém M ¢ d dén (P) la16n nhat?

Viét phuong trinh mét phing (P ) (P) ' {E)uaA -

qua A vacach M mot khang 16n nhat n(r) = AM
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Viét phuong trinh méit phing (P ) chia
duong thing d, sao cho (P) tao véi A

(Akhong song song v6i d ) mot géc 16n
nhat 14 16n nhat ?

QuaAed

) iy =[]

Cho A / /(P). Viét phuong trinh

Lay A € A goi A'la hinh chiéu vuong géc cua

duong thang d song song véi A va A trén (P) d: 9“‘“{
cach A mot khoang nho nhat ? Ud = Un
Viét phuong trinh dudng thing d di QuaAed
diém A cho trudc vi nim t d:4- [~ —
qI{a i rn cho tr C\fa niam trong ” =[n(p),AM}
mat phang (P ) cho truée sao cho
khoang cach tit diém M cho trude dén
d 12 16n nhat (AM khong vudng goc
véi (P))?
Viét phuong trinh duong théng d di QuaAed

qua diém A cho truée va ndm trong
mit phéng (P ) cho truéce sao cho
khoang cach tit diém M cho trudc dén
d 12 nh6 nhat (AM khong vudng goc
véi (P))?

Viét phuong trinh dudng thing d di
qua diémA e (P) cho truée , sao cho

dnam trong (P)vé tao v6i dudng

thdng A mot géc nhé nhat véi A cét
nhung khong vuong géc véi (P) ?
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