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B 1rmapn

0i dung cla sach trinh bay
cac phuong phap gidi phuong
trinh voi nghiém nguyén, vén
ot dé tai ly thu ciia S6 hoc va Dai s6,
tu cac hoc sinh nho véi nhiing béi toan
nhu Trdm trdu tram co dén cac chuyén
gia todn hoc voi nhimg bai toan nhu dinh
li Ion Fermat.

Sach gom 5 chuong:

Chuong | gidi thiéu cac phuong phap
thuong dung dé giai phuong trinh nghiém
nguyen.

Chuong Il giéi thiéu nhing phuong trinh
nghiém nguyén duoc sap xép theo ttmg
ngay.

Chuong 11l giéi thiéu nhiing bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do co nhiing bai toan vui, bai toan
thuc té.

Chuong IV gi¢i thiéu mot sé phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...:

Chuong V gidi thiéu nhiing phuong trinh
nghiém nguyén chua duoc giai quyét va
nhing budc tién cla Toan hoc dé giai
nhing phuong trinh nghiém nguyén,
trong do co nhing dong gdp cua Andrew
Wiles ching minh dinh ly lon Fermat va
Gido su Ngé Bdo Chau ching minh Bé
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén co s
phuong trinh it hon s6 &n nén doi hoi
nguoi giai toan phai van dung kién thiic
sang tao, vi thé phuong trinh nghiém
nguyén thuong cé mét trong cac dé thi
hoc sinh giéi tir bac tiéu hoc, trung hoc co
s6 dén trung hoc phé théng. Cudn sach
danh mét phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phén tich bai
toan, cach suy luan @é tim huéng giai,
cach phan chia bai toan thanh nhimg bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quer’, cach lién hé
tinh huéng dang giai quyét véi nhimg vén
dé mai, cach chon huéng di phu hop véi
tlmg bai toan dat ra ...tat ca nhing diéu
do déu la nhing ki ndng ma méi nguoi
can co trong hoc tap, trong nghién ciu va
trong cudc song.

Trong Ian tai ban nay, cudn séch bé sung
thém nhing kinh nghiém giai toan, bd
sung thém moét s6 thi du, cap nhat thém
mot s6 su kién lién quan dén tiéu su cac
nha toan hoc, b sung thém mot s cach
giai.

Vi nhing cau tho & dau méi chuong, voi
cach trinh bay ro rang, dé hiéu, tuoi mat,
voi nhimg thong tin cap nhat, véi nhing
kinh nghiém thuc té trong boi dudng hoc
sinh gidi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhiing kién thiic hé théng va nhing
kinh nghiém giai toan gitip giai quyét mot
loai toan kho & bac phé thong.

Tin rang cudn sach khong chi hiu ich
cho hoc sinh va thay cé gido, ma con la
tai liéu tham khao t6t cho sinh vién va
giang vién céc truong Pai hoc va Cao
déng nganh Toan, ciing cac phu huynh
cO nguyén vong gitip con em minh hoc
Toan tét hon.

Ban doc co thé dat mua an pham trén tai: Toa soan Tap chi TH&TT; Cac co sé Buu dién; Cac Céng ty Sach - Thiét bi truong
hoc ¢ cac dia phuong; Cac Clia hang sach ctia NXB Gido duc Viét Nam; Siéu thi truc tuyén www.sachtoan24h.com (hotline:

0973472803, 0912920591).

Moi chi tiét xin lién hé:
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Cac bai todn hinh hoc thuong duwoc gidi bang
phueong phdp hinh hoc thudn tiy. Tuy nhién ta
con ¢ thé vdn dung phwong phdp dai s6 dé giai
cdc bai todan néi trén. Trong bai viét nay, ching
10i xin gioi thiéu cach van dung phwong phdp
dai so vao giai mét sé dang todn hinh hoc.

1. Vén dung phuong phap dai s6 vao dang
bai tap tinh toan

Trong dang bai tap nay, chung ta thuc hién,cac
budc sau:

» Chon 4n, dat diéu kién cho an.

« Biéu dién cac dai lugng hinh hoc chua biét, da
biét thong qua 4n.

« Dya vao cac hé thire hinh hoc da biét dé lap
phuong trinh, hé phuong trinh.

« Giai PT, h¢ PT dé tim nghiém.

« Chon nghiém thich hop réi tra 1oi.

Thi du 1. Cho duong tron tam O, duong kinh
AB = 2R, C la mét diém chinh giita cung@.
Hai tiép tuyén véi duomg tron (O) tai A va C
cdt nhau ¢ D. Trén doan DC ldy diém E sao

1 ; ;
cho DE = 3 DC. Trén doan BC lay diéem F sao

cho EF = EA. Ke FG vudng goc vdi duong
thang DC (G € DC).Tinh d¢ dai doan thing
CG theo R (Trich dé thi tuyén sinh vao lép 10
THPT, nam hoc 2017 — c_G

2018, Tinh Phu Yén).
Léi gigi. T gia thiét
suy ra tur giac OADC 1a 4 0 B
hinh vudong va tam giac

CGF vuong cén tai G.

D _E

F

Pit CG =GF =x, v6i 0<x<R. Ap dung dinh
ly Pythagore vao cdc tam gidac vudng ADE,
EGF va két hop voi AE = EF ta c6:
ISP S & T
AE® =FEF" & R +?:(§R+XJ Fx

< 3x? +2Rx— R? =0<:>x=§

(loai nghiém x = —-R). Vay CG = —g

Thi du 2. Cho tam gidac ABC can tai A co
duong trung tuyén AM va duong phdn gidc BD
sao cho BD=2AM. Tinh sé do BAC.

Loi giai. Goi N la B

trung diém cia 4B thi
MN /| AC va MN cét
BD tai trung diém I ¥ M C
cia BD = ID =AM =t giac ADM] 1a hinh

thang cén ;mzmzmzéﬁ.

Khi d6, dit BAC =2x,v6i 0° < x <90 thi

e e —— — 0_
ABC=ACB=90" —x vi ABD=CBD =22 —*

Két hop véi tinh chit cia goc ngoai tam giac, ta
c6: ADB=CBD + ACB

0_
L x+90°—x<:>x=540.

= l.2x=
2

Vay BAC =2x54" =108".

Thi du 3. Cho AABCcé dién tich 1 m*. Trén
hai canh AB, AC lan lwot ldy hai diém M, N sao
cho AM = 3BM va AN = 4CN. Tinh dién tich
cac tam gidac AOB va AOC.
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Lai gidi. Dit S5 =x; S,0c=y, voi 0<x,y<1.

Vi AM=3BM, nén—ﬂz i
AB 4

P 3 3
St L i Y =—S5 =
SAOB 4 T AOM 4 AOB 4

—y

: LAl 4
Tuong ty, ta cling tinh dugc S,y = & V.
Két hop véi:

Sy =Sics +Saav =x+§y

4 4
va Sy =—S8 30 =—,
ABN 5 ABC 5
! 4 4
ta céd x+§y:g<:>5x+4y=4 (1)

Lép luédn twong ty, ta cling cé:

3 .3
S0+ Saom =Sacu &Y +Zx :Z

&5 S d=3 @)
Sx+4y=4

Tir (1) va (2), taco b PT 4~ 7 *)
3x+4y=3
1
X=—
Giai hé PT (*), ta duoc nghiém §
J’Zg

(thoa man).
Vay S 08 =lm27 S40c :émz_

2 8
2. Van dung phuong phap dai sé6 vao dang
bai tip chimg minh ho dwong thing di qua
diém c6 dinh
Kién thirc van dung
« Phuong trinh ho dudng thang (A,) c6 dang
m.f(x,y)+h(x,y)=0. Khi d6 ho dudng thing
(A,)luén di qua diém cé dinh c6 toa do 1a

S(x»)=0

nghiém cia hé PT .
h(x,y)=0

* Hai duong thang (d): y=ax+b,
(d):y=a'x+b" wvudbng goéc v&i nhau
< aa'=-1.

2 T?g?ug% S4 493(7-2018)

Thi dyu 1. Cho ééc vuéng xOy. Mot hinh chir
nhét OABC c6 chu vi khéng doi sao cho A, C la
hai diém thay doi thuéc tia Ox, Oy. Chitng minh
rang dwong thang di qua B va vuéng géc véi
AC luén di qua mot diém cé dinh.

Loi gidi. Gia st chu vi ¥/
hinh chit nhit OABC 1a ' /
2a (v6i a cb6 @6 dai
khong d6i). Ta lap hé ¢ B
toa do wvudbng goc cod
truc hoanh chira Ox va
tryc tung chira Oy. Khong mit tinh tong quat,
gia sir a = 1. Néu toa d6 diém A(m;0) thi toa do

—
X

cac diém C(0;1—m); B(m;1—m),véi m#=0 va
m=#1. Ta cé PT dudng thing (AC) c6 dang:

1——mx+1—m

=
m

= PT dudng thang (A, ) di qua B va vudng goc

véi duong thiang (4C) lﬁ:y:ix+ i
l—m l-m

Smx+y-2)+(1-y)=0, v& m#0 va

m#1.
T d6 ho dudng thang (A,,) di qua B va vudng

géc voi duong thing (4C) ludn di qua diém cb
dinh 7 ¢6 toa do la nghiém cia hé PT:

x+y-2=0 x=1
= f
1-y =0 y=1

Thi du 2. Cho géc vuéng xOy va hai diém A, B
chuyén dpng trén Ox, Oy sao cho OA+OB=a
(a la dé dai cho trudc). Chimg minh rang
duong trung truc cua doan AB luén di qua mét
diém cé dinh.

Loi gidi. Ta lap hé toa do
vudng goc ¢d truc hoanh
chira Ox va tryc tung chira 4

Oy. Khong mét tinh tdng %
e S z B
quat, gia str a = 1. Néu toa
do6 diém A(m;0) thi toa © /14 =



https://www.facebook.com/letrungkienmath

e
https://sites.google.com/site/letrungkienmath

do diém B(0;1-m), véi m=0.
Khi d6 PT duong trung truc (d,) cua doan
thiang AB cé dang:

(x=m)’ +(y—0) = (x=0) +(y—(1-m))>.
< 2m(x+y-1)+(1-2y)=0.

Vay ho dudng thing (d,) ludn di'qua diém cb
dinh K ¢6 toa d¢ 1a nghiém cua hé PT

x+y-1=0 I
Sx=y=—.
1-2y=0 - D
3. Van dung phwong phap dai s6 vao dang
bai tdp cuc tri hinh hoc
Kién thirc dugc vin dung trong dang bai tip
ndy la cac bat dang thirc Cauchy, Bunyakovsky,

Thi du 1. Cho hinh vuéng ABCD ¢é canh bing
a. Trén cdc canh AB, BC, CD, DA lan luot /(}:_1'
cac diém M, N, P, O sao cho AM = BN = CP =
DQ. Tim vi tri cua diém M sao cho tir gidc

MNPQ cé chu vi nho nhat.

Loi gigi. D& thdy tr 4 « m &
gidc MNPQ 1a hinh x
vuong, suy ra chu vi tir e
giac MNPQ co6 chu vi 7

nhé nhét khi va chi khi 8
MQ nhé nhit. Pit x
AM =x, voi O0<x<a. D P x C
Khido AQ=MB=a—x.

Ap dung dinh ly Pythagore vao tam gidc vudng
AMQ, ta co:

MQ* = AM? + 40" = x* +(a—-x)’

2
a

Zé[er(.a:mx)]2 = g

V2

= MQ > i‘{% (khong doi). Pang thirc xay ra

khi va chi khi x:a—x<:>x=§<:>.Mla‘l trung

diém cia AB. Vay khi M 1a trung diém cia AB

“thi chu vi t&r gidc MNPQ c6 gié tri nhé nhét 1a

2a:/2.
Thi du 2. ChoA ABC co cadc duong trung f.'n"c":n
BE va CF cdt nhau ¢ G. Goi D la mét diém trén
canh BC. Qua D ké duong thiang song song véi
CE, cét BE va BA theo thir tw ¢ T va M. Qua D
ké ducng thing song song véi BE, cat CF va
CA theo thir tw & K va N. Tim vi tri ciia diém D
trén canh BC dé tir gidc GIDK c¢6 dién tich lon
nhat.
Léi gidi. Dat
{BD —5d
= x+y=BC

CD=y

(voi O0<x,y < BC).

8 s 1 0= o
Tu gia thiét co Sgge =§S sc (khong doi) va

céc tam giac IBD, GBC, KDC ddng dang suy ra

2 2
Seipk =SGB — S _SKDC: _(_ﬂc_} _(L]
Seac Seac BC BC

. X+
(x+y)
; x2 + y2 .
T do S;p, 16n nhit < e nhd nhat.
(x+y)

Lai c6: 2(x* + y?) = (x+ »)* @Lyizl
(x+y) 2
Ping thirc xay ra khi va chi khi x=y
< BD=CD< D la trung diém ciua BC. Vay
khi D 14 trung diém cua BC thi dién tich tr giac
GIDK c6 gia tri 16n nhét bang ésm.

4. Van dung phwong phap dai s6 vao dang
bai tap quy tich

Kién thirc vdn dung: Cho hai diém A(x;y,),
B(x,;yy) va I(x;y) la trung diém cla doan

thing 4B thi

S8 493(7-2018)
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Thi du 1. Hai diém A, B di dong lan luot trén
hai canh Ox, Oy cua goc vuong xQOy, sao cho
OA+OB=2m (m la dé dai cho truoc). Tim
quy tich cdc trung diém M cua doan thing AB.
Léi gidi. Phan thudn. Ta lap hé toa d6 vudng
goc co truc hoanh chira Ox va truc tung chira
Oy. Theo d& bai thi ¢6: A(x,;0) B(0;y;) va
X +yp=2m. (VOi x,,y,20va x5+y;#0).
Goi M(x;y) 1a trung diém cia doan thing AB.
Khi do ta cé:

x:xA+0:x_A ¥ '
2 2
1|}:0+yB=y73 M,
) 21 2 B »
:>x+y=%:m o) M A X

& y=—x+m. Tl doé trung diém M thudc
duong thang (d): y=—x+m.

Gioi han. Khi B=0 thi M = M, thudc tia Ox
sao cho OM|, =m.

Khi 4=0 thi M =M, thudc tia Oy sao cho
OM, =m.

Do d6 trung diém M thudc doan thiang M, M,
ciia duong thing (d): y =—x+m.

Phén dao. Trén doan thing M, M, cua dudng
théng (d): y=-x+m ta lay bat ky mot diém
M'(x';y"). Dung dudong tron (M M'O) cit
Ox tai A'(x,;0), cit Oy tai B'(0;y,). Ta s&
chimg minh x, + y, =2m. Thit viy, tir cach
dung duong tron (M ", M'0). Suy ra M’'1a trung

diém cna 4’B’

TOAN HQOC :
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.

= 2 | Ké hop vo1 x+y'=m (do M'
. A
2

thude duong thﬁng (d): v=-x+m), ta suy ra:
Xp+yp=2m. Tacla OA'+ OB'=2m.

Két lugn. Quy tich cac trung diém M 1a doan
thing M,M,, v&i hai diém M,, M, lan lueot
trén hai canh Ox, Oy sao cho OM, = OM, =m.
Thi du 2. Cho A ABC nhon, M la diém chuyén
dong trén canh BC. Dung hinh chit nhat MNPQ
(N,PeAB, Qe AC). Khi diém M chuyén dong
trén canh BC thi tam cua hinh chit nhat MNPQ
chuyén dong trén dwong nao?

Léi gidgi. Phan thuan.

Lap hé toa do vubng goc r4
c6 hai diém 4, B nam c
trén truc hoanh Ox, Mﬁ Q

diém C nam trén truc .
tung Oy, sao cho cac B N |OKP 4 &
diém  A(a; 0), B(b; 0),
C(0; ¢). Gia st PT duong thang (MQ) c6 dang:
y=m, vé1 0<m<c. Khi do:

PT duong thing (4C) 1a: y = —§x+ .
PT duéng théng (BO)la: y= —%x +c.
Suy ra toa do cua cac diém M(% (c—m); m],
Q[%(0~m); m] :»P[j(c:—m); 0).

Goi I(x;y) la trung diém ciia doan thing MP, ta
co:

x:a+b Gt
2c c e
= p=— Ed=
_m a+b 2
&
Suy ra diém / thudc duomg thing
C
1 y=-— X+—-
@ y‘ a+b 2
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Gidi hgn. Khi M =B thi /=K (v6i Kla trung
diém cua AB). :
Khi M=C thi I=H (voi H la trung di€ém
cua OC).

Két lugn. Khi diém M chuyén dong trén canh
BC thi tam / cta hinh chir nhat MNPQ chuyén
dong trén doan thang HK (voi H, K lan luot 1a
trung diém ctia OC, AB).

5. Vin dung phwong phap dai sé vao dang
bai tip dung hinh ,

Thi du 1. Tir mét diém P 6 ngoai duong tron
(O;R), hdy dung mot cat tuyén PAB (A nam
gitta P va B) vdi duong tron sao cho PA= AB.
Loi giai. Phan tich. Gia
st da dung duoc cat
tuyén PAB sao cho
PA=A4B. Tua P dung
tiégp tuyén PC cua
duong tron (O;R), khi d6 PC=a (khong ddi).

Dit PA=AB=x. Tir két qua: PA.PB=PC?

2 2 a o,
0 s e aE , ta ¢o cach dung sau:

Cach dung
e Ti P dung tiép tuyén PC =a cuia dudng tron
(O;R).

: z ; =
* Dung doan trung binh nhén x cua a va B

« Dung cung tron tdm P béan kinh x cit dudng
tron (O;R) tai A4.

« NGi PA, kéo dai cat duong tron (O;R) tai B.
Nhu vay PAB la cat tuyén can dung.

Churng minh. Theo cach dung trén ta co

x= cr.g. Két hop voi PAPB=PC*=d’,

PA=x, tasuyra AB=x=PA

Bién luan.

* Vi cung tron tim P, ban kinh x c6 thé cit
duong tron (O;R) tai hai diém nén thong

thuwong bai toan co hai nghiém hinh.

« Khi cung tron " (P;x) tiép xtc voi dudng tron
(O; R)thi bai toan c6 mdt nghiém hinh va cat
tuyén can dyng di qua tam O ctia dudng tron.

* Khi cung tron (P;x) khong co diém chung vadi
duong tron (O; R) thi bai toan vo nghiém.

Thi du 2. Hay dung doan thing ¢é do dai bang

10
3
Loi giai. Phan tich. Dat .y
10 X 2 M
x=— thi —=—=—, suy
3 5 3 A Cc B x

ra x la sd hang chua biét trong ti 1é thirc chira
céc s 2; 3 va 5. Tir d6 ta co cach dung sau:
Cach dung

* Dung 2 tia Ox, Oy sao cho J@ khac goc bet.
Khong mét tinh téng quat, gia sir ;552 nhon.

* Trén tia Ax dung AB=5; AC=3 (don vi do
dai tuy y).

« Trén tia Ay dung doan thing AM =2.

« Qua B dung BN song song voi CM, cit Ay tai

N. Ta co szNz? chinh 1a d6 dai can

dung.
Chirng minh. Theo cach dung trén ta c6
BN [|CM, AB=5, AC=3, AM =2.
Ap dung dinh 1i Thales ta co:
AM AC AB.AM 52 10
AN AB AC 3 B
Bién lugn. (Danh cho ban doc).

Nhu vay phuong phéap dai s6 duge ching ta van

dung vao giai cac bai toan hinh hoc mét cach
kha hiéu qua. Trong khuén khd bai viét c6 han
nén ching t6i chi gidi thidu mot sé dang nhu da
trinh bay ¢ trén. Hy vong céac ban s€ vin dung
phuong phap nay that hiéu qua khi giai cac bai
toan hinh hoc, d?mg thoi phat hién ra cac dang
toan khac nira ma chung toi chua dé cap dén.

Chuc cac ban thanh cong!

TOAN HOC
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Trong tap chi TH&TT sb 484 (thang 10 - 2017)
tac gida Mai Van Nam da gidi thiéu phuong phap

ddng bic trong chimg minh bét ding thirc. Trong
bai viét nay toi xin dwa ra mdt wng dung nita cia
phuong phap nay trong viéc giai cac hé phuong
trinh.
Thi du 1. Giai hé phuong trinh:

[2)'3 —xt =1

‘_2\"‘ —_1‘3 =2y—x
Léi giai. Tl hé PT ,
=22 -y’ = 2y -x)(2p* - 57
&2 -y =4y3 —213;2 -2x%y+ x°
o +2x y+20% -5y =0 =)
* y=0=x=0 khong la nghiém cta hé PT.

» y#0 ta chia ca 2 vé ctia (*) cho »* ta dugc:

3 2
(i) +2{£] +2(£J—5—0
B.] Y Y
bat 1=X taco: £ 422 +2t-5=0
y

S - +3+5)=0t=12=1>x=y.
y

Véy hé trén c6 2 nghiém: (x; y) = (1;1) va (=1;-1).
Thi du 2. Giai hé phwong trinh:
[ +y* =1
l.\"\}' f 2_\‘)'7 +_r"‘ =2
2 2 kB
Loi gigi. Tk hé PT = x* + ° = ﬂ%;vi

®2x3+y3 w)czyfilxyz :0®(x2—y2)(2x—y):0

xz = }!2 y= st

p— = :
y=2% y=2x

* y=-x thi hé PT v6 nghiém.

» y=x b€ BT ¢6 nghism duy nbit 1a (LLJ

2

Y2732

6 TQ@',—“uggf, S6 493(7-2018)

*y =2x hé PT c6 nghiém duy nhat 13 ( .

3x—6y=0
Thi du 3. Gidi hé PT: ]|-‘ +y'x+3x-6y

|-

x“+xy=3
Loi giai. Ti hé PT suy ra ta co:
P+ x+x( +xy) - 29(x% +x) =0
<:>x3+y3-—x2y—xy2=0
y=x

y=-x

@(xz—yz)(x—y)=ow[

e y=x thi hé PT trén co6 hai nghiém la:

_; — Va —_— _L;_., — .
2°N2 2 2
= y=—x thi h¢ PT trén v6 nghiém
. ki & . [.\'3+1JZ:I
Thi du 4. Giai hé phuong trinh: 4 : :
1x3 +)*3 = |
Loi gidgi. Tk hé PT = (% + %)’ = (% +1°%)°
=g +y6 +3x%y (2 + ) =8 +y6 +2x3'y3
20000y 2D 3.3 7y =0
SIYx )=y S
3x* +3y7 —2xy =0
'THI:xzyZIOQ[x il
y=0= %=1
* TH2: 3% +3y? -2 =0 (x—y)> +2x% +2)7 =0
<> x =y =0 thi h¢ PT trén v6 nghiém.
Vay hé co da cho c6 2 nghiém (1;0) va (0;1).
BAI TAP TUONG TU
Giai cac hé phuong trinh sau:
1 X +2x7 +12y =0
T8+ =12

5 x +y =9
xy X y+x —18
8x3y3+27—18y
4x* y+6x= y
+y =1 ‘+xt=4
W e g S
xt +y -“1 x3+y3=8
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Hudng ddn giai DE THITUYEN SINH LGP 10
THPT CHUYEN VI THANH, HAU GIANG NAM HOC 2017-2018

Ciu 1. 1) Ta co
) 2
a;’z@@@zab va

(a+1)(b+1)264 < ab+a+b>63.

Suy ra

(a+b) a+b

2
+a+b263<:>[ +IJ 264 < a+b2=214.
Viy T, =14 la gia tri nho nhat khi a=b="7.

2)bat u, = l+—1—+-——

S 5 V01 n 1a s6 nguyén
n° (n+1)

duong. Ta ¢é

2
u, = [l— . +1J o et
n n+l n n+l

1 1 1 1 1 1
U =c=—+Lwy=—=—+Luy=———+1.;
1 2 2 3 T3 4
un:l— . +1:
n n+l
| 2
Suyra s=1- +n=n+l- s +2n
n+1 n+l n+l
3) Véi x; y nguyén duongva 2+ 4 =1
ESE
P9 tox= _p+ P 1 o nguyén
LI gt} y—q

duong nény—g¢ la udc duong cua pg. Suy ra

y=1l+q hodc y=p+g hoic y=2g9 hoic
=p(l+ =p+
y=g(l+p). Viy {x RS e {x ra
y=l+q y=p+q
x=2 =1+
hoac{)‘ phoéc ’ 4 .
y=2q y=4q(1+ p)
Cau2. 1)DPK:y#0. Tacod
2
2 X
X +xy=y —+x=1 x=—4
. y
3x2 - < , o 16-
T 2 el
: LY W S
)
28) x(4+x)-3=(x+Jx)Wax-3 =0. (1)
DK:xE*—s—.
4

(1) < 4x -3 - (x+Vx)Wax =3 + xJx =0
& (V4x-3 - x)(Wax -3 —/x)=0.

Xi=3
*Jdx -3 =\/;®4x—3=x<:>x=l.
Thir lai, ta ¢c6 x=1 hodc x =313 thoa min.
2b) BK: x#1. Ta co:

=1
'x/4xﬁ3:x:>x2—4x+3~0<:>[x :

2 2, 2 2
2 x x(x"-2x+1) X
X+—5——=3 + -3=0
K -2x+1 =2+l K -2x+1
Iz ’ )Cz
@(—J i, P O, )
x-1 x—1
x? x*
Giai (2), ta dwgc ——=—1 hodic —=3.
x—1 X
2 —_—
il =-l<x= 1+\/§ hoidc x = 1 \/5_
x—1 2 2

2

1 =3 x?-3x+3=0 (vé nghiém).
T

A x=3+3+45
3a) 2 +2\3x-45 =0 :
x=+3-43+45
3b)x* +23x—4/5 =0
= x2018 4 9 352017 _ 4.[5,2016 _
Tacd a®®® 4243427 — 455 =0 va

B8 12 352017 _ 4552016 _ g,
Suyra
Sa18 + 2V3 52017 — 45 53016 =0=> 53015 =4S - 23,
Ciu 3. 1) Vi duong thing d:y=2(m-1)x—4 di
qua A(1;6) nén ta suyra y =10x—4. Ta cd:
x=5-421
x:5+\/i‘
Toa d6 giao diém 1a P(5-+/21; 46-10y21) va
O(5 +~/21; 46 +104/21).
2) Phuong trinh hoanh d$ giao diém:
¥ =2m-Dx-4x*-2m-Dx+4=0 (*)
Ta c6: A'=m’ -2m—-3=(m+1)(m-3). d cit (P)
tai hai diém phén biét < A'>0< m<—1 hoic

¥ =10x-4 x> -10x+4=0

m> 3. Khi 86, {x‘ gl el
xx, =4
Ta co: (Xem tiép trang 9)
: TOAN HOQC
S04 493(7-2018) & crumt;.e 7

e
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PE THI TUYEN SINH

LOP

'HPT CHUYEN, DHSP HA NOI

VONG 1
(Danh cho tdt ca thi sinh; Thoi gian lam bai: 120 phir)

Caul(2 (jftjlfll). Cho biéu thire

e, (50|

B 2 e
DVl +Ge—IWx-1 1 1
Vx—1 x+1

Vo1 x>1.

1) Rut gon biéu thirc P.

2) Timx dé P=x-1.

Ciu 2 (2 diém). Mot nha may chuyén san xuét
mét loai san pham. Niam 2015, nha mdy san xudt
duoc 5000 san phim. Do &nh huéng cua thi
truong tiéu thy nén san luong ciia nha may trong
cac nam 2016 va 2017 déu giam. Cu thé: sé luong
san pham nha may san xudt duoc trong ndm 2016
giam x% so véi s6 lugng san phdm nha may san
xudt duge trong nam 2015, sé luong san pham
nhia mdy san xuat dugc trong ndm 2017 cling
giam x% so v6i s6 lugng san phdm nha may san
xuét duoc trong nam 2016. Biét réng ) lwong san
phdm nha may san xudt dwoc trong nam 2017
giam 51% so voi sb luong sin phdm nha may san
xuit duoc trong nam 2015. Tim x.

Céu 3 (2 diém). Cho phuong trinh x* —x—1=0.

Gid str x la mot nghiém ctia phuong trinh da cho.
1) Chitng minh x, > 0.
2) Tinh gi trj ctia biéu thirc

2

M=x0;1,!2x§+3x0+2.
X

0
Céu 4 (3 diém). Cho hinh chir nhat ABCD vdi
BC =a, AB=b. Goi M, N lan luot 14 trung diém
clia cac canh 4B, CD. Qua diém M dung duong
thang cit duong chéo AC cua hinh chir nhat
ABCD tai diém P va cét duong thing BC tai diém
O sao cho B nam giira C va ().
1) Khi MP | AC, hiy:
a) Tinh PQ theo a va b.
b) Chimg minh a.BP = b.PN.
2) Ching minh MNP = MNO (khong nhit thiét
MP va AC vudng géc vGi nhau).
Céu 5 (1 diém). Céc sb nguyén x, X|,X5,..., X thoa

man
A+ x)A+x5)..(1+x9) = (1 - x)(1 =Xy il ) =

Tinh P=zi0,.%.

(Danh cho thi sinh thi chuyén Todn; Thoi gian lam bai: 150 phui)

Ciu 1 (2 diém). Cho cac sb thyc x, y k}léng am
thoa mén (x +1)(y +1) = 2. Tinh gia tri biéu thirc:

P=yx? + 3% =2/ +1)(3% +1) + 2+ 2.

Ciu 2 (2 d@iém). Céc sb thuc x, y, z khéng am thoa

mén x? + y? + 22 + x%y? + 3222 + 22x2 = 6. Tim gia
tri 16n nhit va gid tri nho nhit cia bidu thirc
O=x+y+z
Cau 3 (2 diem).

(a+b)?
a +ab® —a*b b’
la hai s06 nguyén duong phan biét. Chirng minh
rang M khong thé nhan gia tri nguyén.
2) Cho a, b 1a hai s6 nguyén duong, dat

TOAN HOC
8 Tcusife

1) Cho biéu thirc M =

voia, b

S6 493(7-2018)

A=(a+b)* -2a% B=(a+b)?-2p*
Chimg minh ring 4 va B khong dong thoi 1a sb
chinh phuong,

Cau 4 (3 diém). Cho tam gidc ABC c¢6 3 gbc
nhon, AB<ACva ndi tiép dudng tron (O).
Duong tron ngoai tiép tam giac BOC cit duong
thang AB va AC theo thit tw tai D va E. Trén
dudng tron ngoai tiép tam giac BOC ly diém P
sa0 cho AP vudng goc véi PC. Pudng thang qua
B song song véi OP cit PC tai Q. Chimg minh

ring:
1) PB=PO.
2) O 1a tryc tdm cia tam gidc ADE. &
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@& 3) PAO=QAC.

Cau 5 (1 diém). C6 45 nguoi tham gia mét cudce
hop. Quan sat sy quen nhau giira hg, nguoi ta thz"ly
ring: néu hai nguoi cé sé ngudi quen bing nhau
thi lai khong quen nhau.

Goi S 1a sb cap ngudi quen nhau trong cuée hop
(cip ngudi quen nhau khong ké thir tu sip xép
gifra hai nguoi trong cap).
1) Xay dyng vi du dé § = 237.
2) Chimg minh § <870.
NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Ngi) gidi thi¢u

HUONG DAN GIAL..
(Tiép theo trang T)
P=ix+ &) ~Ma+a)nm v lmta)
—4x,x, —964 = 0.
< 8(m - 1)} —24(m—-1)+4(m—1)" —=16-964 =0
om-1=5&m=6.

Cau 4.

la) Ta c6 APDQ la hinh chir nhét nén c6 dién tich
1a S ppp = x(a—x). Hinh chir nhat APDQ c6 dién
tich 1én nhat khi APDQ la hinh vuéng. Khi dd, ta

2

cb AP=x= ;—’ Suyra S, :%_
Ib) Ta c06 FP=DP,DP=BP nén FP=BP.

Tuong ty FQ = CQ. Dé thay 5 diém 4; F; P; D; O
cung thugc dudng tron duong kinh PQ.

= APF = AQF va BPF = CQF.

= AFPB w» AFQC.

= PFQ = PFC + CFQ = PFC + BFP = BFC.

Do ADPQ = AFPQ = BFC = PFQ = PDQ = 90".
2) Dién tich luc giac déu canh 24 1a

5 = 6.%42\/5.20 = 6«/5(12.

Dién tich cua phan khong bi t6 den 1a

0 ,

1
5y = 6.ia n=2d"n.
360

Dién tich phan bi t6 den la
s=85 -5 = 6\/§a2 —2a*n= (6«./5— 27[)02.
Cau5.Taco

P=a’+b*+c* =(a+b+c)* —2ab+ac +bc)
=36-2(ab+ ac + be).

Vil<a<3;1<b<3;1<c<3 néntacod
(a=3)b-3)c-3)<0va (a-1)(b-1)c-1)=0.
Xét (a-3)b-3)c-3)<0

& abe—3(ab+ac+bc)+9a+b+c)-27<0

< abc <3(ab+ ac + bc)—27 (1)
Xét (a-D)(b-Dec-1=20

< abc—(ab+ac+bc)+(a+b+c)—120

< abc = (ab+ac+bc)-5 (2)
Tir (1) va (2), suy ra

(ab+ac+ bc)—5<abe £3(ab + ac+ be) - 27

=ab+ac+bcz1l.
P dat gia tri 16m nhit < ab+ac+bc =11.
Do d6 P,,, =14 khi ab+ac +bc =11. Ching han,
khi a=1L b=2;¢=3.

MAI HOAN HAO (Hdu Giang) gidi thi¢u

S6 493(7-2018)

TOAN HOC
' cTusitre 9
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Trong qua trinh hoc toan cé thé ban da giai dugc
rit nhiéu bai toan lién quan dén BPT va trong dé
chac han cling c6 nhimg bai tap rat kho. Trong
hoc tdp, ¢o khi nao ban nghi minh sé ty dat ra bai
toan vé BDT dé “d5” ban bé chua? Viéc cac ban
co théi quen lat di lat lai vén dé, suy nghi mé rong
dat ra mgt bai todn mdi s& gitp ban thu dugce
nhirng diéu quan trong hon 10i giai rat nhiéu. Piéu
d6 gitp ban thu nhan ra dau la k¥ thuat chinh dé
chimg minh BBT, qua doé giai thich duoc “vi sao
giai dwogc nhuwe vay”. Co rat nhiéu cach dé sdng tao
ra mot BPT méi tir BDT da cho trong dé co thé
noi don gian nhét 1a st dung phuong phap ddi
bién s6. Bai viét ndy s& chia sé voi cac ban 8 bai
BDT dugc sinh ra tir bai toan ban dau:
“Cho a, b, c>0, chung minh r&ng
(a+b)(b+c)c+a)=8abe,” bang phuong phap
déi bién.
Bai todn 1. Cho a, b, ¢ >0, chirng minh rfmg:
(a+b)b+c)c+a)zBabe. (1)

Bai toan nay ching ta c¢6 thé chimg minh mét
cach dé dang nhd BPT Cauchy nhur sau:
Do a, b, c>0 ap dung BDT Cauchy cho 2 sb
khong am ta co:

a+b>2\ab

b+c22/be < (a+b)b+cNc+d) 28 ab c* =8abe.

('+a22\/-a;

Ping thirc xay ra khi va chi khi a =5 =c. Tir bai
toan nay bay gid ta s& tao ra mot sé bai toan khéc:
Cdch 1: Tir gia thiét bai toan chia ca 2 vé cua
BDT (1) cho vé tréi ta duge BPT:

10 T?gyuggce S6 493(7-2018)

=i

it i i s
g Dao, Fffﬁ;:ﬁéi Drrong)
8abc . L E__ B
T (a+b)b+c)lc+a) b+c c+a a+b

Dé cho BDT tr¢ nén gon gang hon ta dat:

a b c
xX= , = ;z:
b+c c+a a+b
Khi do:
a+b+c a+b+c a+b+c
tl=————;y+l= VZtl=———-
b+c c+a a+b

Do do ta c¢6 hé¢ thirc lién hé gitra x, y, z nhu sau:

1 1 1
+ + =
x+1 y+1 z+1

Tir day ta thu dugc bai toan.
Bai toan 2. Cho x, v, z>0 thoa man diéu kién
| | 1

+——+——=2. Chung minh rang 8xyz <1
x+1 y+1 z+1

Tir bai toan nay néu lap di l3p lai nhiéu lin ta s&
c6 bai toan téng quat nhur sau:

Bai todn 3. Cho x|, x,,..., x, >0 thoa man diéu

= 1 i
kil(n —+——+.. . +——=n-1. Chung

minh rang: xx,..x, S ————.
(n—1)

Thoat nhin, ta thiy day khong phai la mot bai toan
dé nhung néu biét ngudn géc xuat phat cua no thi
viéc chirg minh s& dé dang hon.

a=x+y
Cdch 2: Tir bai toan ban déu ta dit {b=y+z,
c=z+Xx

khidoé x, vy, z>0 va
(x+y+z+p)y+z+x+z)(z+x+y+Xx)
Z8(x+ y)y+z)z+x).

pé
BE
(p

M:

Tu

Tu
Bi

ta
to:
B:

m

B:

b

tr
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Dé BDT bot cong kénh ta dat p=x+ y+z, thi
BET tré thanh:
(p+x)p+y)p+2)28(p—xNp-yNp-2) (*)
Mit khac, tir bai toén 1 ta co:
: (x+y)y+z)(z+x)=8xyz
S (p—-x)p-y)Np—2z)28xz
Tir (*) va (2) suy ra .
(p+x)Np+y)Np+z)28xz (3)

Tir (2) va (3) ta co bai toan 4 nhu sau:

2)

Bai toan 4. Cho x, v, z>0 thoa man diéu kién
x+y+z=p. Chung minh rang:
2 7 5 o1 2 7 9 9
(" —x"Up —yUp —z)z8%yz

SRR ) ¥ 4
hay: (-"—?——I H P i{l'?l ‘2 8.
, E

X .]'; -

Dé rut bot 4n p ta cho diéu kién p =1 va thu duogc
bai toan mdi nhu sau:

Bai toan 5. Cho x, v, z>0 théa man diéu kién
x+y+z21. Chimg minh rang:

1 "\(1 V1
st | PR
EREalE

Z

\l 1
-] ;_8

Ban thén bai toan 5 da 1a mét bai toan hay nhung
ta s& thdy n6 hay hon qua méi quan hé voi bai
toan dudi day:

Bai toan 6. (/MO - 2001) Cho a, b, ¢ >0, ching
b €

Je? +8ab

a
—

1.

v

minh rang: — :
Va“ +8bc  b" +8ca
Bai todn nay c6 thé giai nhu sau:

a
X =-—

9.2
a” +8bc

Lt 06 BT in-chibng il
Jb? +8ca
.

ke Vet +8ab

trg thanh: x+ y+z>1.Ta di tim méi lién hé gitra

o A2

M S R . e o R R AN 55 S e
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5. 1 8hc
= = =l+—

a” + 8bc X a

i b* 1 8
Ta thiy {)° = 5 =>—=1+ Cja
b" +8ca y b*

2

8ab
2= zc :>L2=1 i2

c“ +8ab z c

1 1 1 8bhc 8Bca 8Bab 3
= —=-1l|| =-1|| -1 |=—.—/.—=8".
[xz J(yz J(zz } R TS

Nhu viy, ta cdn chimg minh bai toén:
Bai toan 7. Cho x, y, z>0thoa mén diéu kién

1 e :
( iﬂ —1)( . —]1{21]281. Chung minh rang.

i 3

x+y+zzl.
R& rang, ddy chi 14 mét phat biéu theo dang
“nguoc” cua bai toan 5. Néu bay gio ta thay
X, ¥, z boi nghich ddo cua ching thi bai toan tro
thanh:
Bai to4an 8. Cho x, y, z>0 thoa man diéu kién

(x? —-i)()'2 -2 -1)28. Chimg minh .'-'céngt
xy+yz +zx 2 xyz.

Trén ddy la mot sé cach bién d6i dé dua ra BDT
méi tr mot BDT don gian ban déu. Cac ban co
thé suy nghi thém vé céc bai tap sau:

1. Cho a,b,c >0, chung minh r(jng:

(a+h)[~]~+]]24.
h

&
Huwéng dén. Pay 1a mot bai toan kha quen thudc
v6i nhidu ban. Cach chimg minh don gidn nhit
cho bai toan nay 14 sir dung BPT Cauchy cho 2 sb

khéng 4m. Ta co: a+b=2Jab va l%zz /l%
a

a
Do d6: (a+b) [l +%) > 4. Ping thirc xay ra khi
a

va chi khi a = b. Tir day ban doc hay nghi cach dé
dua ra cic bat ding thirc sau:

a) Cho a,b,c > 0, chimg minh r?mg:

TOANH
Pehuige 11

S6 493(7-2018)
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I

1
|

| 1 1 2 2
+ + > +
a+b b+c c+a 2a+b+c a+2b+c
2
+_..
a+b+2c

b) Cho a,b,c>0 théa min a+b+c=1. Chimg
minh ring:
1 1 1 p o} 2
+ + = + .
l-a 1-b 1-¢ 1l+a I1+4+b l+c
¢) Cho a,b,c >0, chimg minh réng:

1 1 1 a1 - 1
+ + <o —4+—+=
a+b+2c a+2b+c 2a+b+c 4\a b ¢
o i 40 .1 5
d) Cho a,b,c¢>0 thoa man —+E+——=4. Chung
a ¢
minhi ring:
1 1 1
+ |
a+b+2¢c a+2b+c 2a+b+c
e) Cho a,b,c >0, chirng minh r?mg: ;

<lI.

1 1 1 31 1 1
+ + —t—+—
a+3b+2c 2a+b+3¢ 3a+2b+c “16la b ¢
) Cho a,b,c > 0thoa man PK: ab + bc+ ca = abe.
Chimg minh rang:
1 " 1 5 1 gi.
a+3b+2c 2a+b+3¢ 3a+2b+c 16

2. Cho a,b,c >0, chung minh fﬁng:

((HLflJr(')(]—Jrl+l 29
Lu D B

Huwéng din. Day 1a mot bai toan kha quen thude
véi nhidu ban. Cach chimg minh don gian nhét
cho bai toan nay 1a st dung BDT Cauchy cho 3 sb
khong dm. Ta cé: a+b+c23Yabe va

lll

T, 1,441 1
a b o a b
J>3«4‘abc3 li

ab

Ding thirc xdy ra khi va chikhi a=b=c.

Do doé

r:'t—-

(a+b+c)(l l=9
a ¢

Tir déy ban hay nghi cach dé dua ra cac BDT sau:
a) Cho a,b,c >0, chimg minh ring:

a b c

+ + 3
b+ec c¢c+a a+b 2

b) Cho a,b,c >0 thdéa man abcﬁg- Chirng minh

12 T?@r‘uggce S& 493(7-2018)

réng:a+b+c2%-

¢) Cho a,b,c > 0thoa min 1 + . + : =2,
l+a 1+b l+c

Ching minh rang: a+b+c 2%-

3. Cho a,b,c>0. Chiing minh rang:

1 3 1 " 1 e B
a+b+abec B+ +abe & +a +abe  abe
Huwéng déin. Pay 1a mot bai toan kha quen thude
v6i nhidu ban. Cach chimg minh don gian nhit
cho bai toan nay 1a st dung phuong phap danh
gia. Ta cé:

@ +b2abla+b)=a’ +b’ +abc>abla+b+c).
Tuong tr ta c6: a® +c* + abe = ac(a+ b +c),
b+ +abezbe(a+b+o).
Do do:
1

+ +
Y
@ +b+abc b+ +abe & +a’ +abe

1 1 1 1 a+b+c |
| —+—+— < =—
ab be ca)a+b+c abcla+b+c) abe

Ding thirc xay ra khi va chi khi a =b=c.

Tir day ban doc hiy nghi cich dé dua ra cac bit
ding thirc sau:

a) Cho x,y,z>1 thdéa min

(x+y—z-Dx—y+z-D(—x+y+z-1)=8.

g ouiiin % I
Chimg minh rang: —+—+—=<1.

X QG

b) Cho x,y,z>1 théa min xy+ yz+zx =xyz.
Chimg minh rang:

x+y-z-Dx—y+z-D(-x+y+z-1)<8.
Co 18 qua vai vi du nho & trén, céc ban di hinh
dung ra cach dé “duwa ra mot bai toan moi”. Tix
bai toan 1 ¢ vé don gian nhung qua phuong phap
d6i bién da din téi nhing bai toan khong tam
thudng chut nao. Déi bién 1a mét k¥ thuét tinh té
ma bai viét trén chi chia sé nhiing y tuong don
gian nhét, diéu d6 c6 nghia 1a sing tao 1a vo cling
phong phu va didu dé phy thudc chu yéu vio
chinh cac ban!
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@ét phuong trinh

=y +2° (1)

Ta biét rang néu a 1a
canh huyén, b va c la cic
canh géc vudng clia mot

tam gidc vuong thi theo

dinh li Pythagore, ta c6: ~ Nha todn hoc ¢6 Hy Lap

Pythagore
(580 - 572 tr. CN)

a’ =b? + 2
Viay bd ba (a,b,c) d6 1a mdt nghiém cia
phuong trinh (1). Nhu vdy PT (1) duoc thoa
mén boi tit ca cac bd ba (a,b, c)trong do a la
canh huyén, b va ¢ 14 cdc canh goc vudng cua
mét tam gidc vudng.
Néu b va c la nhitng sé nguyén, thi a khong
nhit thiét 1a s6 nguyén. Ching han, néu b=2va
c=3, thi bB2+c2=22132=44+9=13, va khong
c6 s6 nguyén nao ma binh phwong bang 13. Khi
d6 a=+13 1a mot s6 vé ti.
Néu ta yéu ciu ring nghiém cua PT (1) gom
toan nhitng s6 nguyén, thi PT (1) dugc goi la
phuong trinh Pythagore.
Céc bo ba sb nguyén (a,b,c) la nghiém ctia PT
Pythagore duogc goi la cac b ba Pythagore va
cic sb a, b, ¢ duoc goi 1a cac sb nguyén
Pythagore.
Nha toan hoc c¢6 Hy Lap Platon (429 — 348
tr.CN) da xéc dinh c6 vd s bo ba Pythagore va
Euclid (330 — 275 tr. CN) di chi ra cach tim tat
ca cac bd ba do, qua viéc dua ra 1oi giai tong
quat cua PT Pythagore nhu sau:

x =k(m* +n?), y = k(m® —n?), z=2kmn
trong d6 k, m, n 1a nhitng s6 nguyén va m—n la
mot sb 1é.

Bang sau day liét ké cac by ba Pythagore
(a,b,c) sao cho a<100, b>cva b, c nguyén tb

cung nhau.
(5,4:3), S UBIRE PO TS {2524
(29,21,20) (37,35,12) (41,40,9)  (53,45,28)
(61,60,11) (65,56,33)  (65,63,16) (73,55,48)
(85,84,13) (85,77,36) (81,80,39)  (97,72,65)

Nha toan hoc Hy Lap Diophantus & Alexandria
(khoang 325 — 409) trong tac phidm Sé hoc cia
minh da nghién ciru phuong trinh Pythagore.
Trong bai toan 8 ciia sach, khi binh luén vé bai
todn nay, nhd toan hoc Phap Pierre Fermat
(1601 — 1665) viét nhitng suy nghi cia minh
xung quanh bai toan dé
vao 1& cudn sach nhu sau:
“Trdi lai, khéng thé chia
mot Igp phwong thanh
tong hai lgp phuong, mét
lity thira bdc 4 thanh tong
hai lity thua bde 4, mot
cach tong qudt, mot liiy
thita bat ky thanh téng
cua hai Iliy thia cing

Nha todn hoc Phép
Pierre Fermat

Ak o  Edn (1601 - 1665)
bdc. Téi da phat minh ra

mot phép chung minh tuyét diéu (cua dinh i
tong qudt nay), nhung 1é nay nhé qud khong thé
ghi ra dugc.”

S6 493(7-2018)
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Khing dinh trén day la noéi dung cua dinh li
duoc goi la dinh Ii Ion Fermat. Dinh 1i nay phat
biéu nhu sau: “Néu n la mét s6 nguyén Ién hon
hay b;ing 3, thi phuong trinh x"=y"+z"
khéng co nghiém (x, y, z) nao voi x, y, z la
nhitng s6 nguyén khac 0.”

Tu ngay Fermat dua ra dinh 1i do, hon 300 nam
sau, nhiéu nha toan hoc 15i lac da tim ra cach
chirng minh n6. Céc truong hop n=3 va n=4
da dugc ching minh béi Euler (1707 — 1783)
va Gauss (1777 — 1855), n=5 boi Legendre
(1752 — 1833) va Dirichlet (1805 — 1859),
n=14 boi Dirichlet, rdi nhiéu truomg hop khac
bai Dirichlet va Kronecker (1823 — 1891)...
Nam 1908, Wolfskehl dat ra mdt giai 100000
Mac dé thudng cho phép ching minh day di dau
tién cua dinh li lon Fermat. Trude dé, tir 1850,
Vién Han lam Khoa hoc Paris dit ra mdt giai
thuéng gébm mét huy chuong Vang va 300000
francs cho phép chimg minh dau tién cta dinh 1i
nay.

Nam 1976, dinh Ii Ién Fermat da duoc kiém
chtng vai tit ca cac sb ty nhién x, v, z nho hon
hay bang 25000 va v&i moi s6 nguyén té »n nho
hon 125000.

Nam 1983 Faltings nha
toan hoc nguoi Dirc, sinh
nam 1954 da chirng minh
rﬁng véi n=3 phuong

5 - Ay n - . S
trinh x" =" +2z" chi ¢6 Nha toan hoc Puc

Gred Faltings
28.07.1954

mot s6 hiru han 151 giai
nguyén thay.

Cudi cling, ngay 25/6/1993, nha toan hoc Anh la
Andrew Wiles, sinh nam 1953, tir 1982 1a

14 T?g}“uggg S6 493(7-2018)

Gido su Truong Dai hoc
Princeton (Hoa Ky), trinh
bay trudc mot cir toa gém
cac nha todn hoc O
Cambridge, 101 giai cua

cal ma cac nha chuyén

mén goi d6 1a “gia thuyét

Nha todn hoc Anh

Andrew John Wiles
11.04.1953

Taniyama — Shimura”, to

dé suy ra dinh li lon

Nha todan hoc Nhdt Ban — Npa todn hoc Nhét Ban
Yutaka Taniyama
(1927 - 1958)

Goro Shimura
(23.02.1930)

Fermat nhu mot hé ludn. Nhimg ngudi tham du
budi thuyét trinh do, tuyén bd ho da duogc séng
mét khoanh khic hanh phtic tuyét voi. Song mot
s6 nha bac hoc dat vin dé nghi ngd vé mot sd
suy dién cua Wiles. Wiles d3 xem xét lai va khic
phuc dugc nhitng thiéu sét trong ldp ludn cua
minh. Sau hon mdt naim tinh toan, Wiles da hoan
thanh cong trinh dai 200 trang ciia minh. Va dén
thang 10 nim 1994, céng trinh d6 da duge mot
tap thé chuyén gia do Simon Kochen lanh dao,
cong nhén la dung. Pjrh Ii lon Fermat da dugce
chirng minh hoan toan. Fermat da qua doi tir

329 nam trudec.
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PHUONG PHAP

GIXIT TOXR

“Chiing ta muén hiéu moi diéu phitc tap, con
todn hoc la bién nhitmg diéu phiec tap thanh cdc
cong thiee don gian”.

Ta xét bai toan sau: Cho hai day s6 {x,} va

{v,} dwoc xdc dinh theo céng thirc:

s n

=y =43, X, =x +Jl+x2, y . =—t
X=1=V3x,,=x, \/ e, Y

n

vo1 n=2. Chimg minh rang: x,y, €(2;3) véi

moinva lim y =0.

n—=y+o0

(Olympic sinh vién — 2009).
Loi gidgi. x,y,<(2;3) (ban thir giai xem tai

Khi do:
sin
Yo = JL = tan& =tang,,;.
1+cosq, p:

1 .
Nhu vay: o¢,,, :E(P"’(p] :g- Day so {op,} la

5 1
mot cép s6 nhan, voi cong bdi g =E- Vay:

n—1 n-l1
(1 (1
¢, = 3(2J 3V = tan {*3‘[5] } g

Trdotacéd: lim y, =0.

n—soo
Loi giai cua bai toan tro thanh hién nhién khi ta
str dung dugc phép thé luong gidc thich hop. Y
tuong ban_déu cua phuong phap lugng gidc hoa
chinh 13 & chd tat ca moi s6 déu cé mot ham sb

'LUONG XUAN VINH

(GV Dai hoc Kinh Té - Tai Chinh, TP. Hé Chi Minh)

lugng gidac twong Gng. Cac cong thic cia
nhitng ham s6 lugng gidc nay s& giup ching ta
bién dbi bai toan tré thanh don gian hon.
CAC PHEP BIEN POI LUQGNG GIAC

1. Néu nhu trong bai toan c6 diéu kién
x>+ y? =1 thi ta sir dung phép thé x=sina,
y=cosc. Phép thé nay to ra kha hiéu qua
trong nhiéu truong hop.

2. Khi a,b,ceR",ab+bc+ca=1. Khi d6 ta
. B
co thé dat a—tanﬁ,b:tanz,c::tan%, VOl

A, B, Cla ba goc ciia mt tam giac.

3. Khi a,b,ceR",a+b+c=abec. Khi d6 ta cé
thé dat a=tan A,b=tanB,c=tanC, voi A4, B,
Cla ba goc clia mot tam giac.

4. Tu diéu kién ab,ce[-11] va
a’+b* +c* +2abc=1. Khi d6 ta c6 thé dat
a=cos A,b=cosB,c=cosC hoic

a=sin£,b=sin£,c=sin£, voi A, B, C la
2 2 2

ba géc cua mot tam giac.

5. V&i nhitng bai toan xuat hién cung luc céc
dai lwgng y+z,z+x,x+y, thi ton tai mot
tam giac ABC c¢b6 d6 dai ba canh la
a=y+z,b=z+x,c=x+y Khidb ta co modt

s0 dang bién doi nhu sau:

vz _ [(p=b)(p=c)_. 4
=

(x+y)(x+z) : bc

S4& 493(7-2018) &
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x(x+y+z) _ |p(p-a) _ 4
ST

(x+y)(x+z) bc .

at+b+c

[trong.dé‘p ——.2—=x+y+z)-

- CAC AP DUNG CO BAN
1. Ap dung trong bat diing thirc
Cho a,b,ceR",ab+bc+ca=1.
4. b 3 i
1+a® 146 J1+c2

Loi giai. T diéu kién dé bai ta c6 thé dit

Thi du 1.

Chiumg minh rang:

A
a:tanm,b:tang,c:tang, voi A, B, C 1a
2 2 2

ba goc clia mdt tam gidc. Dé thdy bai toan cé
thé dua vé chimg minh BDT: ;

sin4+sinB < Zcos%v

That vay, ta co:
A-B

sinA+sinB=25inA+Bcos éZcos%-

Thi du 2. Cho cdc $é dwong x,y,z théa man:
xyz+x+y=z. Tim gia tri lom nhdt ciua biéu

2
thuc: P=———+ 23 - qz .
x“+1 y +1 z"+1

Lévi gidi. Tir gia thibt ta c6: xy+>+2 =1. Nhu
4 Z
viy ta co thé dat:
A 1 9
x=tan—,y=tan—,—=tan—,
2 2z 2
vo1 4, B, C'la 3 gbc trong mdt tam giac. Khi d6
bai toan try thanh tim gia tri 16n nhit cua biéu
thirc: P =2cos? B +3cos? e 2sin’ A
2 2 2

1 6 T?g?"ug% S6 493(7-2018)

. -, B
:cosA+cosC—3sm25+3. Ta cod

T P N o L B C B
2 2
2
LI R L (TN P L E L
2 3713

Nhu vdy gia tri 16n nbit cta biéu thic P la

10

F Ping thirc xay ra tai diém:

Lo
X=—,y="" z=42.
2 4

Thi du 3. (USAMO, 2001) Cho a,b,c 20, thoa
man: a’ +b* +c* + abc = 4. Chimg minh rang:
ab+bc+ca—abc<2.

Loi giai. Cdch 1. Bai toan nay c6 mét 101 giai

dai s0 kha dep nhu sau:
Néu a,b,c>1 khi do6 ta co: &+ +¢ +abc>4.

Néu a,b,c <1 khi d6 ta co: a*+b° +c* +abc<4.
Do d6 trong ba sb a, b, ¢ phai c6 hai sé nam vé
phia so véi s6 1, va sd con lai nam khac phia
dbi vai a, b, ¢ so voi sb 1. Gia st hai s6 do la a,
b. Khi @6 ta c6: (a-1)(b-1)20=12a+b-ab.
Tir gid thiét ta c6

—ab++J(4-a*)(4-b*

e R E P00 il g
2

o - o

N ab+./(4 2a 4-b )S

Biig? B
_8—(a+b)

—ab+

< <2—abh.

2
Do d6 ta co: c(a+b—ab)<(2—ab).1=2—ab,

suy ra: ab+bc+ca—abc<2.
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Tro lai voi cach gidi theo hudng lugng giac
hoa:

Cdch 2. Tir gia thiét va phép dbi bién 4 da trinh
bay ¢ trén ta c6 thé dat:

| a=2cos A,b=2cosB,c=2cosC,

Vi A4, B, C 1 ba géc trong tam giac. Ta viét lai
diéu phai chirng minh nhu sau:

D 4cos Acos B<8] JcosA+2
= 2200$A00s8£1+4HCOSA.

Hay: ZZ cos Acos B + 220052 HA<3,

Tacod: 2cos AcosB = \/sin 2Acot Asin2Bcot B

= sin2Acot B +sin2B cot A
< -

Do dé:

22005 AcosB < %[cot B(sin2A4 +5in 2C)
+cot A(sin2B +sin 2C)
+cotC(sin2 4 + sin ZB)]

2 c0s Acos B< cos Beos(A—C)+cos Acos(B—C)

+cosCcos(4 - B)

=% ZZcosAcosB < —(cos24 +cos 23+0052C)
=1+4cosA.cosB.cosC. [

Thi du 4. Cho cac 50 thuc x,,x,,...,x, thoa

n

man: —1 x5

n

<lva x +x+..+x =0,
o " 2 n

Chimg minh rang: x, +x, + ...+ x, < .

Loi giai. Dat: x;, =sina,. St dung cong thic
; " =y Lo s : .

goc nhén ba: sin” a, =Z(3s1na,. —sin(3a;)) va

diéu kién: x +x; +...+x] =0, ta cé:

= [ n
sina,; == » sin(3a,) < —- 0
2 321 (a) <3

Thi du 5. Chitng minh rdng véi moi x,y,z > |

P11 ” :
sao cho: —+—+—=72 thi ta co:
X y z

\/x+y+22\/.x~f+\/y—[ +z-1.

Lot gidgi. Ta dat: a=\/x—1,b=\/y—1,c:\/z—1,
khi @6 a,b,c>0. Tir diéu kién da cho ta c6 thé
bién @i thanh: a’b® +b*c? +c*a® +2a°b%c* =1.
Bat dang thirc cin chimg minh twong duong

vOi:

Ja? +b* +c* +3 2a+~b+c<:>ab+bc+ca$%

R& rang diéu ndy 1am ta lién tuong dén mot bat
dang thirc lwong giac quen thudc: Cho tam gidc

ABC, khi do: cos A+ cos B +cosC < %

Thit vay tir diéu kién:

a’b? + b’c? + c*a* + 2a*b*c? =1
s& ton tai mot tam giac ABC sao cho:
ab=cos A,bc=cosB,ca=cosC. i

Thi du 6. Cho cdc sé thuc a, b, ¢ =1 théa man:

a+b+c+2=abc. Chimg minh f'(frng:

-
D

beva® =1+ cab? =1+ abJe® -1 <

abc.

Lai gidi. Gia thiét da cho trong duong vdi:

] T e

Do 0< <1 nén ta dat:

s
Jab b ea

1 | 1
——=008A4,—=cosB,— =cosC.
Nbe “ea ~ab

(4, B, Cla ba goc cua A4ABC khong vudng).

BDT cén chimg minh tuong duong vai:
1 1 1 _33
l-——+ 1-—=+, /1-—<—

\x a \/ b’ \] gt 1

TOAN HOC
" cTugitge 17
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2
cos Acos B 3\/?_:
@Z\/l—( ] < S .

cosC

Ap dung BDT Bunyakovsky ta c6:
2 2
Z 1_(008/1(:053) <h 3_2{005140053]
080 cosC
Ap dung BPT X2+Y?+Z%> XY +YZ+ZX cb:

2
Acos B
Z[MJ > cos® A+ cos® B +cos® CZ%
T do:

cosC
2 2 2
Z‘jl__(oosAcosBJ S‘/3(3— cosAoosB} J
cosC cosC
= 3(3%]:@.

2 r
1. Ap dung trong giai phuong trinh

Thi du 7. Giai phuong trinh:

16x° —20x° +5x+2=0.
Loi gidi. » Néu |x|<1 thi c6 duy nhit mot s6
a€[0;n] sao cho x=cosa, phuong trinh da

cho tré thanh cosSo+2 =0 (phuong trinh nay
vO nghié¢m).

* Néu |x|>1 thi xét phuong trinh: x=%[f+l}
t

Taco: f(t)=£"-2xt+1=0 c6 A'=x*—1>0
nén PT nay c6 hai nghi¢ém phan biét 7,1z, .
fD=2-2x=21-x)<0: va
f(0)=1>0 nén 0<¢ <l<t,.

e Néu x<-1: f(-1)=2+2x=2(x+1)<0 va
JS(0)=1>0nén ¢, <-1<t, <0.

e Néu x>1:;

Tom lai néu |x|>1 thi chi c6 duy nhét mét sb

thuc 7 thoa man |f|>1 va x:—;—(t+l). T
t

TOAN HOC :
* CTudilye SO 495(7-2018)

18

*—_

xz-i—[tJr%) ta dé dang chimg minh dugc
15+—t15—-——2(16x5—20x3+5). Do 46 phuong

trinh da cho trér thanh: %(ﬁ +isj+2=o va
t

|¢| > 1. Giai phuong trinh nay ta thu duoc:

1| s 1
xzz[\FZg\E +5—ﬁ}

:%({/—2—\/5 +§/—2+\/§).
Viéy nghiém duy nhit cua phuong trinh da cho
Ia: xzé(éf—z—\/i +{/—2+J§)_

Thi du 8. Giai phwong trinh:
X 35
12

X+

= —
x“ =1

Huong ddn. Ta thiy ring: x>1 (céc ban nghi

xem tai sa0?). Tir d6 dit: x=——,0<a <~
sina 2
T 1 35
PT c6 thé viét lai thanh: — 1 - =—
sinoe cosa 12

Day la mét PT luong gidc co ban c6 thé giai
bang cach dat: #=sino+cosa véi 7> 0. Tap
nghiém cia PT nay la: §'= {%,%}
III. Ap dung trong cac diy truy hoi
Thi du 9. Cho day s6 {x,} duwgc cho béi diéu
R e
1= o1 =22
: \j——z—)ﬁ’—,w >1. DPar

kiégn: x =—,%x_,'=
. gt 1 2 “%“n+l
2

: . g | -
.. Chumg minh rang: lim S, £E+g.

H—HX
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Hudng dén. Ta c6: x, =s-in£=sini2- Ta
12 e

chimg minh bang quy nap ring: x, =sin 1;”
(phdn nay danh cho céc ban ty ching minh).
Laicé: sinx<x,Vxe {O;gj. Khi doé:

n

S":Zx,:l+sini+...+sin LIV B LS

- 2." .42 32 2. 8
Dk, s, s 0
. n—>+a0 26

Thi du 10. Cho hai day so {u,},{v,} dwoc xdc

F

dinh nhiw sau:

Chirng minh rang: e R d e T

Léi gidi. Bing quy nap dé dang chimg minh
X 5 Y T 3

dugc ring: wu, =sin—-,v, =tan—- Khdo

2 Y
sat hai ham s6:
f(x)=sinx—x, g(x)=tanx—x trén (0;%}
thu duoc cac bat dfmg tire:

sinx<x<tanx;Vxe[0;%J. O

BAI TAP
1. Cho a,b,c la cac sb thue duong thoéa man:
a+b+c=1.Chimg minh ring:
a b
+
a+bc b+ca

abc <1+3\/§.

c+ab 4
2. Cho x,y,ze(0,1), xy+yz+2zx=1. Chimg

>3\B-

5 2 X
minh rang: -+ +
1

3. Cho a,b,c la ba canh cia mét tam gidc. Tim
gid tri 16n nhét va gia tri nho nhét cia biéu
thirc:

a b c
TP -F PR 2B+ -
thoa

4. Cho ba sb6 thuc duong x,y,z
x(x+ y+z)=3yz. Ching minh ring:

(x+ )P’ +(x+2) +3(x+ Y+ 2)(z+x) <5y +2).
5. Trong cac nghiém cta hé phuong trinh:

x*+y*=1
2+t =2
xt+yzz\/§

Hay tim nghiém sao cho y+¢ nho nhit.
6. Cho cic sb duong x,y,z théoa min
xy=1+z(x+ ). Tim gia tri 16n nhit cia biéu
2xy(1+ xy) el

thic: P= = ? 3
A+x)Y1+y") 1+z

7. Cho c4c sb duong a,b,c thoa man

a+b+c =abc. Chirng minh rang:

(@* =1)(B* =1)(* -1 < \/(az + D" +1)( +1).

8. Day sb {x,} duoc xic dinh bdi cong thirc:

x=2x,,=—-2",n=12,.. Chimg minh

rang:

a) {x,}#0 voimoi n.

b) Dy s6 nay khong tudn hoan.

9. Cho cac sb thuc x,y,z théa man diéu kién
xy + yz + zx =1. Chimg minh rang:

1 i) z 4xyz

-+ — .
I=x* 1=3% 1=z (<x*)1=y*)1=2%)

x+3y=4y’
10. Giai hé phuong trinh: { y+3z=42" .

z+3x=4x"

TOAN HOC
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TOAN HOC SO CAP

Dt vin dé. Trong thyc té nhidu khi ta phai tim
hiéu va dy dodn cac quy luit ciia sy viéce (gia dinh
la sy viéc ton tai quy ludt ndo d6). Theo quan
diém ham, cong viéc nay co thé 1a: Cin cu trén sy
viée da xay ra ta co lugng hitu han cac cdp quan
hé (x;; y;) ma x; e[a;b],Vi =1,n; dé dyu bao cap
quan hé (o;B) cho twong lai, ta cin xay dung ham

y=f(x) ma y=f(x)Vi=ln
B = f(a). Bai toan ta vira dat ra dugc goi la bai

ddng  thoi

toan ndi suy ham f(x) véi nmbc ndi suy
X, Xy,..., X, (V& mit hinh hoc, dy la bai toan dyng
du'g‘mg cong di qua » diém cho trudc cia mef}t
phang). N6i chung nghiém f(x) khoéng duy nhat
va nguoi ta di giai quyét hai khau: Lya chon cac
moc quan sat (moc ndi suy) (x; y;); tim ham da
thire P, (x) béc m sao cho d¢ sai léch gitta f(x)
va P,(x) trén doan [a;b] la it nhit, nghia 1a
max |#(x) = B, (x)| > min (*). Néu cé P, (x) thoa

man (¥) va P, (x)=y,Vi=lLn thi P (x) goi la
da thire x4p xi déu tot nhit cua f(x) trén doan
[a:b].

Sau diy bai viét gioi thiéu véi ban doc mot s6 két
qua vé xap xi déu f(x) bdi da thirc va g dung
trong gidi toan wac lugng cuc tri trén doan.

A. Xdp xi f(x) béng hing s6

Bai todn tong quat 1. Cho ham s6 f(x) lién tuc
[a;b]. thue A cho

max ‘_f':..r) - 1| —» min.
[a:b]

trén doan Tim so sao

Loi gidgi. Tir tinh lién tuc cua f(x) trén doan

[a;b] suy ra ton tai cac s6 L,m, M cho bdi:

L =max|/f(x) - 4], m=min f(x) = f(x),
[a;b] [a:b)

TOAN HOC
20 *cusige
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PHAM BAC PHO
(GV THPT chuyén Lé Hong Phong, Nam Dinh)

M=r[na}1)]cf(x):f(xz) vOi x;,x, €[a;b].

» Ta co: {LZV(XZ)“Al:]M_Al suy ra:

Lz|f(x)-A=|m-4"
2L=|M - A|+|A-m|2|M- A+ A—m|=M-m

:LZM—m

(1)

Diing thirc trong (1) xay ra khi va chi khi
(M — AY(A~m)=0

M-m=A=
2
M+m

2

|M - 4| =|m—4|=

* Nguoc lai, khi 4=

, Vxela;b] co:

M+m M+m

2
<:>}f(x)fA|£M;m-

Diu bing xay ra ching han khi x e {x;;x,}. Do d6
gl -4 "5

Vay r[n%)]q f(x)- 4| dat gi4 tri nho nhét khi va chi
a;

m Sf(x)—ASM—

khiA:M+m~

Nhén xét. Trong 101 giai trén, thuc chat ta da dung
hai mbc noi suy 1a X

Thi du 1. Tim s6 thuc a dé gid tri lom nhat cia
biéu thirc | x +1-x* —a| la nhé nhat.

Huong gigi. Dit f(x)=x+V1-%* thi f(x) lién
tuc trén tip xac dinh la doan [ 1].

+ Viéce tim GTLN, GTNN cua f(x)xin danh cho
ban doc, Kkét qua nhu sau:
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m=min f(x)= f(-1) =-
(-L1]

1
M = max /() ~f($J =2.

+ Sir dung két qua ctia Bai toan tong quat 1 ¢6 dap

¢ 2-1

s0 a=
' 2

B. Xép xi /(x) bing nhi thirc bic nhit
Bai toén tong quat 2. Cho ham sé6 f(x) lién tuc

trén doan [a;b]. Tim cdc 56 thuc o va B sao cho

l[ﬂ:’&‘ f(x)—(ox +B)l—~> min.

Néu f(x) la ham 4
tuyen tinh thi xap xi
déu t6t nhit cia
f(x) la chinh no.
Bay gid ta xét f(x)
tin{l,
la ham 161

khéng tuyén
f(x)
(hodc 16m) va c6 dao ham trén [a;b], c6 két qua
la duomg thing y = ax+p song song va cach déu
cac duong thing AB va A véi A 1a mot tiép
tuyén song song vé&i day cung AB cia dd thi (C):
y=f(x), &d6 A, B thudc @6 thi (C) c6 hoanh do
lan lugt laa, b.
Nhu viy a 1a hé s6 géc cua duong thing AB hay
_S)-f@)
b—a
¢ la nghiém trén doan [a;b] cua phuong trinh
(a)+ f(e)—(a+c)a
76y =a; p= L@/ Q= Gar e
Ta ¢6 thé md rong két qua trén cho truong hop )
thi (C) trén doan [a;h] ndm hoan todn vé mot

phia cua diy cung 4B, khi d6 ¢ 1a hoanh db tiép
diém tmg véi tiép tuyén c6 phuong 4B va & xa AB
nhét. Cac moe ndi suy dugce xét o day 1a a, c, b.

Thi du 2. Tim cdc 56 thue o va P sao cho

max | x> — (o + P) | dat gid tri nho nhat.
[0;1]

Phén tich. + Db thi (C) cia ham sé y = x* trén
doan [0;1]ndm bén dudi diy cung AB véi A(0; 0)
va B(1; 1).

+ Pudng thiang 4B c6 phuong trinh: y = x.

()" =1

dugc nghiém x=c=
0<x<l

<~

+ Giai BK: {

tiép tuyén song song véi AB trén cung AB 1a A:

y_x_i
BB

+ Pudng thing y = ox +p song song cach déu AB

va A nén tim dugc owc+]3zl X+ x—i
2 33

hay a =1, f=-

3J_

Sau déy ta trinh bay 1o giai so cap cho Thi du nay
1

—, 1.

NEY

Ham s6 F(x)=

trén [0;1]nén ton tai L = max | x° — (cx +B)|.
[0:1]

véi cdc moc ndi suy 1a 0,
Léi gidi. ¥ —(ax+P) lién tuc

L= |F(0)=|-8]

1 1 o
F|—=|=|——=-—=-B
(\EJ W3 3 Bi
L2fF(j=fi-a-p
Str dung BDT vé déu gia tri tuyét ddi suy ra:

23L> (ﬁ—l)F(O)I+J§‘F — [+|F ()

*Taco (L=

2((V3-1)(- B)+f[ oy J—+ﬁ]+1 a—B’

:>2J_L> s L (2)

33

Déu bang trong (2) xay ra khi va chi khi
I B\#?
g B‘ 55
i-a-pf= ﬁ

1

« Nguoc lai, ta chirakhi a =1, p=—-—= thi

33

a=1

L= max|F(x)|—L-

(0:1] 3\/_

That vy, F(x)=x(x* -1)+— J_ \/_ Vx e[0;1].

Lai co voi moi x €[0;1]thi:

| . |
Fix)t—==x"4+—+——=~—
(*) 33 3.3 33

A
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\] 3J3 33

T d6 suy ra Vx e[O;l]:WL <F(x)s

R
1

P Kmxe{ = }tm\f— ) - 3_\5.

Viy L= max|F(x)|

1
— va o=

33 3f
C. Sir dl_mg da thirc Chebysev
Djnh nghia. Cho so

T,(x) = cos(n.arccos x) V&1

tw nhién n, da thirc

xe[-11], goi la da
thirc Chebysev bac n.
C6 thé d& dang chi ra mdt sé truong hop ban dau
sau: T(x)=1, fix)=x H{x)=2-1,

Ty(x) = 4x> = 3x, Ty(x)=8x" -8x" +1,

T (%) =16x" 2027 + 5%, ...
Ngudi ta chirng minh duge mét so6 tinh chat sau:

Tinh chét 1. max | T.(x)|=1, hon nita khi n e N,
[-1:1]

gia trj lén nhat nay dat duoc tai n+1 diém

k _ !
f = ms‘—n (k=0,n) va T”(Ik):(fl)'k.
n
Tinh chit 2. Vi moi da thire P(x) bdc n c6 hé

5o cua x" bang 1, ta co:

T,(x) i

Z max =
gn- 1 ~an—1

[-5:1]
Duya trén hai tinh chat nay co thé gitp ta chi ra

an‘/’l\

duoc cac méc ndi suy can thiét trong bai todn va &
nhirng truong hgp don gian c6 thé chi dugc ngay
dap sb. Sau déy ta xét mot s6 thi dy minh hoa:

Thi du 3. Xét cdc 56 thuc a, b, ¢, d tiy ¥, hay tim

gid tri nho nhat cua biéu thire

max | x~
[-1:1]

+ax’ +bx" +cx+d|. Voi gia tri nao cua

a, b, ¢, d thi xay ra gid tri nho nhat do.

Phan tich. Theo tinh chét 2, ta c6 gia tri nho nhét
R vl O ;

can tim la r diéu nay xay ra khi

Ty(x)
8

Y rad +bx’ +ex+d=

2 2 T(PHCPUE% S8 493(7-2018)

hay a=c=0, b=-1, d=%.Cécmécn(}isuysfr

dyngla x;, = cos% (k =0,4).

Léi gigi. Dat F(x)=| x* +ax® +bx* +cx+d | va
vagoi L= fnax F(x).
-1;1]

» Ta co:
(L2 F(-1) —|1_a+b c+d| 3)
b c
=5 4
LEF[ J . 2J_ = J_+d (4)
<L2F(0= (5)
Wby,
> k4 6
¥ ( ] RN, A e R
L2F(1)=[l+a+b+c+d| (7)

Ta st dung bét dﬁng thirc chira déu gia tri tuyét
dbi dé tim gié tri nho nhét cia L.

Tu (3) va (7) cb
2Lz[l-a+b-c+d+1+a+b+c+d|
=Lz[l+b+d| (8)
Tir (4) va (6) co
1 a b ¢ | a b ¢
2Lz ———=+————=+d+—+—=+—+—=+d
g 00 1 47 4 243 3 &0
:>L2£+%+d 9)
Tir (), (8), (9) suy ra:
4L2|a’|+(1+b+d|+21+£+d
4 2
—d-1-b- d+ +b+2d|= )
2 2
Viy ¢6 Lzl.Déu bing xay ra khi va chi khi:
|d|=[1+b+d|= +b+d . (10)
2 8
[17a+b—c+d|:|1+a+b+c+d|
I
EAGR L . A
‘4 Szl 2 l
1 a b ¢
=|———=t (11
‘4 LN ‘ )
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Giai (10) ta duoc d=%,b:—1. Thay vao (11)
gididugc a=c=0.
o Thi lai, véi a=c=0, d=%,b=—1 thi

F(x]=é|178x2(17x2)|. Véi xe[-L1], ta dit
x=cost thi

F(x) = %‘I —8cos? 1(1—cos? t)|

=l'1-—8<;oszt.sin2t‘=]c_os_ﬂ
81 8
didu nay chimg to maxF(x)—max_|COS4t| s 1
YRHEREN YT e

‘Két luan: Gia tri nho nhit cua biéu thuc

@ 1 T
max‘x4 +ax® +bx? +cx+d’ la = dat duoc khi va
[-1:1]

chi khi (a;b;c;d)=(0;—];0;%} :
Thi du 4. Tim cdc s6 thuc a, b, ¢ sao cho biéu

thirc max | x* +ax” + bx +c| dat gid tri nhé nhat.
[0;1]

Phan tich. Dé sit dung hai tinh chit da néu coa
da thirc 7;(x) ta cin chuyén pham vi cua bién tir
doan [0;1] vé doan [-1;1]. Diéu nay c6 thé giai
quyét nhd phép thé y=2x-1. Khi d6 bai toan

max | x* +ax? + bx +c|—> minchuyén thanh bai
[0:1]

toan sau:

maxé|y3 +(2a+ 3)y2 +(da+4b+3)y
[-1:1]

+(14+2a+4b+8c)|— min.
Nhu vay c6 dap sb:
y? +(2a+3)y? +(4a+4b+3)y
+(1+2a+4b+8c)=T(y),

tir d6 tim ra (a;55¢) =(——;—,——J. Can lwu y
rang 1o giai khong nhét thiét phai trinh bay theo
phép thé trén, thuc té phép thé trén giup ta chi ra

. F4 s N k A w r
cac moc ndi suy la y, :cos?n(k =0,3) nén cac

moc ndi suy ing vdi bién x 1a 0;

;E;l-
4

EN

rong truc:mg hop tong quat, bai toan
: y £ 2x—a-b
max | F(x)|—> min qua phép the y=-—)-c~#
[a:b] b—-a
dua vé bai toan ?na)§|G(y)Ju-> min. Néu F(x) la
-1;1

da thirc bac » thi cac mébc ndi suy dugc chon 1a

X = bﬁacos[k;}rb-'-a (k=0,_n).

Trén day la mdt vai diéu quanh bai toan udc

lugng cuc tri dang r{ni}]( |F (x)| —» min, con nhiéu

van @ khéc do sy da dang cta ham F(x), rit
mong su tim toi :w‘l trao ddi thém cua ban doc.
Dudéi day 1a mot so bai tap tu luyén:

BAI TAP
1. Tim sb thuc m sao cho:

a) max — min.

R

+m

fdex?

x2+(m+1)x+l—m’ i
|——>mm.

b) max
[-1,0]

x-1

'(m—l)sinx~(m+l)cosx+3m+1

¢) max — min.
R

sinx—cosx+3
2. Tim céac s6 thuc a, b sao cho:

Vx* —4x+13 —ax—b’—)min.

AP ST
4 5+574+2 2

e

5% 1
5 +1

+2a+ b — min.

b) max

[-11]

c) 'max!sinx +ax+b| — min.
T

[o3]

d) rflaig[lnx+ax+b|—>min.
le

3. Tim céc so thuc a, b, ¢ sao cho:

a) x[na)i|x2 +ax+ b' — min.
-1;1

b) Fla)i|x3 +ax® +bx+ c| — min.
-1;1

c) fna)i|8x4 +ax® +b| — min.
)

4. Tim céc sb thuc a, b biét:

a) |2)c2 + ax+b’ <1,Vx e[—l;l]

b) )4x3 - ax+b1.é LvVxe [—1;1].

S48 493(7-2018)
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CAC LOP THCS

Bai T1/493 (Lép 6). Tim 2018 sb sao cho mdi sb
bang binh phuong cta tong cac s6 con lai.
NGUYEN DUC TAN(TP. Hé Chi Minh)
Bai T2/493 (Lép 7). Tinh tong:
S=(1+23+3.5+..+101.201)
+(P522 32 4 _ % 106%)
CAO NGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thita Thién Hué)
Bai T3/493. Tim cac cap sé nguyén duong (m, n)
théa man: n’ —5n+10=2".
NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic, Vinh Phiic)
Bai T4/493. Cho tam giac ABC (véi a=BC,

b=CA, c= AB)c6 3B+2C =180, Chimg minh
ring: b+c <£a
: <ga
NGUYEN KHANH NGUYEN

(3/29E, Pa Néng, Hai Phong)
Bai T5/493. Giai hé phuong trinh

-y efx—y+2=0 0
x+8y+4\[.;~—8\/;—4\/520 (2)
LAI QUANG THOQ

(Phong GD&DT Tam Duwong, Vinh Phic)
CAC LOP THPT
Bai T6/493. Cho a, b, ¢ 1a cac s6 thuc duong thoa
mén: a + b+ ¢ =3. Chirng minh ring

S 493(7-2018)

TOAN HOC
24 clusitge

i | 1 3
+ + =i
(atbF+e*  (broY +a4= lorar+d- 2

VO THANH VAN
(SV 09DT3, PH Bdch Khoa Da Néng)
Bai T7/493. Giai hé phuong trinh:

x—1=49+12y-6)"
y—1=39+12x-6x

NGUYEN VAN XA

(GV THPT Yén Phong s6 2, Yén Phong, Bic Ninh)

Bai T8/493. Cho ling tru tam gidc déu

ABC.A’B’C’. Goi o la goc giira dudng thing BC’

vda mit phing (4’BC). Ching minh ring
sina <2+/3 3.

NGUYEN QUANG NAM

(GV THPT Quy Hop 2, Nghé An)

Bai T9/493. Cho cic s6 duong a, b. Chimg minh

’ 2
ring: 2 l_mm(a,b) sb_a—lnb+lna
2 max(a,b) a

2
& 1| max(a,b) =
2| min(a,b)
VU TIEN VIET
(GV Khoa Cong nghé& An ninh Thong tin, Hoc vién
An ninh Nhan dén)
TIEN TOI OLYMPIC TOAN
Bai T10/493. Tim s6 duong k 16m nhét sao cho:

a® +b* +c? +k(a+b+c)=3+k(ab+bc+ca)
ding v&i moi sb duong a, b, ¢ thoa min abc =1.
Leonard Giugiuc and Daniel Sitaru (Romania)
Bai T11/493. Cho day sb (x,,) xdc dinh nhu sau:

Xy =x3 =1
{(n+1)(n—2)xn+l =7 - —nx, —(n—1)°x,; Vn23
Tim tt ca cac sd nguyén duong » sao cho x, la
sb nguyén.
LE XUAN DAI
(GV THPT chuyén Vinh Phuc, Vinh Phuc)
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Bai T12/493. Cho tir gide ndi ABCD. K 1a giao
didm ctia AC va BD. M, N, P, O theo tht tu 1a
hinh chiéu ciia K trén AB, BC, CD, DA. X, Y, Z,
T theo thit fr 1a hinh chiéu cta K trén MN, NP,
PQ, OM. Chimg minh ring dién tich cta hai tir

 gidc AXCZ va BYDT la bing nhau.

NGUYEN MINH HA

(GV THPT chuyén PHSP Ha Néi)

Bai 1.1/493. Hai diém 4, B nim trén cing mot
duong thing di'qua mét ngudn am va & khac
phia so véi ngudn am. Biét mirc cuong do am

* tai 4 va tai trung diém clia 4B lan huot 13 60dB

va 55dB. Xac dinh mirc cudong d6 4m tai B.
THANH LAM (Ha Néi)

Bai 1.2/493. Poan mach dién 4B méc nbi tiép
theo thtr tu 14n luot gf‘)m cudn day thuan cam,
dién tro thudn R =60 Q va tu dién. Goi M va N
la diém nbi giita cudn cam vai dién tré va dién
tré v6i tu dién. it vao hai ddu doan mach AB
dién ap xoay chifu c¢6 biéu thic
u = U~N2 coswr (V) thi thdy dién ép & hai ddu
doan mach AN va dién &p & hai diu doan mach
MB bién thién theo thoi gian nhu do thi. Hé sb
cong suit cua mach
UV) A ' NG
AB lac d6 1 k = -23
Xac dinh dién dung
cua tu dién.
VIET CUONG (Ha Néi)

S6 493(7-2018)
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Bai T1/489. Tim tdt ca cdc cdp sé nguyén (x, y)
théa man x* +x=3"""% 41,

Lai giai. Ta xét ba truong hop sau voi x, y la
céc s6 nguyén.

« Néu y <0 thi x*+x lasd nguyén, con
3% 4 1 khéng 1a s6 nguyén (loai).

«Néu y=1thi 3" + 1 chia cho 3 du 1. Ta
thdy khi x = 3k hodc x =3k + 2 v4i s6 nguyén
k thi x*+ x = x(x + 1) chia cho 3 du 0, khi
x =3k + 1 thi x* + x = x(x + 1) chia cho 3 du 2.
Viy v6i y > 1 thi khong cé cip s6 nguyén
(x ; ») nao théa min dé bai.

e Néu y=0thh 2 +x=3%+1=2nén
x(x +: 1)e7.1.2 = (=2)(1) ma. x; <%+ -1 ‘nén
x =1va x = — 2 thoa man dé bai.

Viy ¢6 dung hai cip s6 nguyén (x; y) thoa méin
dé bai la (=2; 0) va (1; 0). o
» Nhdn xét. Mot s0 ban viét nhim sb hoac bién
doi dai dong. Céc ban sau giai dung, trinh bay
gon. Phi Tho: Nguyén Ngoc Diép, 6B, THCS
Déng Cuu, Thanh Son; Nghé An: Nguyén Bdo
Nhi, Vé Thi Thanh, Hé Trong Hiéu, Poan Thi
Huong Giang, Lé Quynh Anh, V& Thanh Nam,
Cao Thi Ngoc Khué, Tran Thanh Ngoc, Ngé
Khanh Linh, Ddau Nhdt Nam, Lé Thi Bich Thao,
6B, THCS Cao Xuén Huy, Dién Chau; Trdn Héng
Minh, Nguyén Céng An, Pham Viét Thinh, 6A,
Pham Xudn Binh Dwong, Nguyén Thi Ngan, Dang
Thanh Quy, Phan Thi Hoa, Bui Duy Huy Hoang,
Nguyén Céng Phiic, Nguyén Tat Ti, Thdi Huyén
Trang, 6B, Kiéu Pinh Nam, Pham Trong Toan,

2 6 T?gll'“uy‘ot;i S8 493(7-2018)

6C, THCS Ly Nhat Quang, D6 Luong; Ha Tinh:
Nguyén Hoang Diéu Thdo, Phan Nguyén Thdo
Hién, Nguyén Thi Huwong Minh, Nguyén Binh An
Pire, Tran Ngoc Anh, Nguyén Pirc Anh, Ding
Thanh Trung, Ddu Ba Tiép, 6A, THCS Xuén
Diéu, Can Loc.

VIET HAI
Bai T2/489. Cho tam giic ABC c6 B =45°,
C=30". BM la dwong trung tuyén cua tam gidc
ABC. Tinh 56 do géc AMB.
Loi giai. Ké AH L BC, xét AHAC cé

C=30° nén suy ra HAM =60°. Ma HM la
duong trung tuyén nén ”

AM = MH = MC y
= AHAM cin tai M. @\\
Do d6 AHAM déusuy 2 H c
ra AHM = 60°. Vay MHC =30". AHAB vudng

tai H c6 ABH =45 = AHAB can tai H
= BH = AH = BH = MH = AHBM can tai H.
Vi MHC 1 goc ngoai cua ABHC, do do
MBH = BMH =30°:2=15". Ta ¢6 AMB la
g6c ngodi cia AMBC = AMB = MBH +C =45,
m)

<Nhin xét. Cac ban c6 101 giai ding giri vé Toa
soan: Nghé An: Nguyén Dinh Thuy, Pham Vin
Quyén, Nguyén Vin Thanh Nam, Nguyén Phuong
Uyén, Nguyén Thi Khdnh Thi, 1A, Pao Pirc Chi
Hiéu, 7B, THCS Ly Nhit Quang, D6 Luong;
Nguyén Duy Thdi Viét, Nguyén Thanh Ting, Ngé
Thi Huyén Trang, Tran Thién Ngan, TA, THCS Cao
Xuén Huy, Dién Chau; Quang Ngdi: Pham Dinh
Tam, TA, Nguyén Trung Phi, THCS Pham Vin
Dong, Nghia Hanh; V6 Thi Hong Thu, 7B, THCS
Nghia My, Tu Nghia; Thanh Hoa: Trinh Dirc
Tudn, TA, THCS Nguyén Chich, Péng Son; Phi
Tho: V6 Hong Phiic, 7G, THCS Hing Vuong, TX.
Phi Tho; Phung Dang Dwong, 7C, THCS Vin
Lang, TP. Viét Tri; Ha Minh Ngoc, Lai Truong
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Giang, 7A, THCS Nguyén Quang Bich, Hwong
Non, Ta{n Noéng; Qudch Thach Thdo, 7A3, THCS
Lam Thao.

_ NGUYEN THI TRUONG
Bai T3/489. Cho x, y la cdc sé thuc théa man

0<x<l; 0<y<l. Tim gid tri nho nhdt ctia
bibu thitc F = x* +y? + 22 =X=y+1
4xy
Loi gidi. Trude hét ta chimg minh nhén xét sau:
Vé6i 0<x<1; 0<y<1 thi
Fayz—F *)
2xp—-x—y+i

That vay, do

2xy—x-y+1=(1-x)1-»)+xy>0

(Vi0<x<I; 0<y<1) nén tir (*) ta co:

(=0 (1=2) +))+29( +)*) =20
S1=x)1=p)x—p) +0[201—-x)1-y) +2 +)* =120
S1=xN1=yYx—p)* +p(1-x-y) 20 *
Vi 0<x<l; 0<y<1 thi bit ding thirc (**)
luén ding, nén bat dfmg thirc (*) dd dugc chimg
minh.

Tro lai bai toan, ap dung bat ding thirc (*) va
bét déng thirc Cauchy, ta c6

) E R
4xy
S xy +2xy—x~y+l
2xy—x—y+1 4xy
S IR e SR
2xy—x—y+1 4xy 4
Ding thirc xay ra khi va chi khi
(x-y)*=0
(I-x-y)* =0 <:::>x=y=l.
xy _2xy—x=yp+1
2xy—x—y+1 4xy

Vay gié trj nho nhét ciia F= 1 khix =y = %.m

» Nhdn xét. Bai toan c6 thé mo rong nhu sau:
Cho a, b, ¢ la cdc 56 thue théaman 0 <a<b < c.
Tim gid tri nhé nhdt ciia biéu thirc

. s

Fo 2ab—ab~ac+cz.

c? 4ab
Tuyén duong céc ban sau c6 1&i gidi dung: Bic
Ninh: Nguyén Hitu Tuin Nam, 9A1, THCS Thi
trdn Chd, Yén Phong; Binh Phwéc: Deng Dink
Vén, 8/11, THCS Tan Phu, Pdng Xoai; Cin Tho:
Tran Danh Nhdn, 8A5, THCS Doan Thi Diém,
Ninh Kiéu, TP. Cin Tho; Thanh Héa: DS Cao
Bdch Ting, 9B, THCS Tran Mai Ninh, TP. Thanh
Hoa; Quang Tri: Lé Vin Tudn Kiét, 9C, THCS

Phan Dinh Phiing, TP. Dong Hoi.
PHAM THI BACH NGQC
Bai T4/489. Cho duong tron tam O, duong
kinh AB. Trén duomg tron (0) ldy diém C (C
khdc voi A va B). Ké CH vuéng goc véi duong
kinh AB tai H. Ly diém M ném giita C va H,
ldy diém N ném gitta B va C sao cho MN song

song voi AB. Qua N ké dwong thang vuéng goc
véi BC, duong thing nay cét tia AM tai D. Trén
duomg thang DO ldy hai diém F va K sao cho O
la trung diém ciia doan thing FK. Cdc durong
thang AF va AK theo thik tw cét duong tron (O)
tai P va Q. Chirg minh rang ba diém D, P, Q
thing hang.

Loi gidi. Goi E la giao
diém th hai cia MA
voi duong tron (O). Ta
c6 MNC=ABC (ddng
vi); ABC=AEC (clng
chén cung 74'6‘).

Suy ra tir giac CMNE ndi tiép. Ta co

MEN =MCN=CAB (1)

TOAN HOC 2 7
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Hon nita, BED=BND=90"nén t gidc BDEN
ndi tiép, ta c6 DBN=NEM )
Tir (1).va (2) suy ra CBD=CAB, nén BD tiép
xtc véi (O) tai B. -

Néu F nim trén duong tron (O) thi hién nhién
F=PviaK=Qnén D,P,Q thing hang.

Gia su F, K nam trong dudmg tron (O) va F nim
gitra O, D. (trudong hop F, K ngoai (O) hoan toan
tuong o).

Do OF = OK va OA = OB nén AKBF 14 hinh binh
hanh. Suy ra FBO=AQB=90° = ABQ =FBD
(cing'phu v&i ABF) 3)

Ké tiép tuyén DI cia dudng tron (O) (I € (0),
I#B. Theo tinh chét hai tiép tuyén cét nhay,

— e~ e~ e -~

FDI=0DI=0BI=ABI=API=FPI.
Suy ra tir giac IDPF noi tiép, do d6
FID+FPD=180° 4)
Lai ¢6 7 va B d6i xtmg nhau qua OD, nén
FID=FBD (5)
Do ABO=APQO va tr (3), (4), (5) suy ra
FPO+FPD=180°, do d6 P, D, Q thing hang. O

<Nhgn xét. C6 hai ban cho 10i giai tot 14 Thanh
Héa: D6 Cao Bdch Timg, 9B, THCS Trin Mai Ninh,
TP. Thanh Héa, TP. H6 Chi Minh: Vii Phurong
Nam, 9A7, THPT chuyén Trin Pai Nghia, Quin
Binh Thanh.

NGUYEN THANH HONG
Bai T5/489. Gia sir da thirc f(x)=x"+a’ +bx+c
co ba nghiém thuc khéng dm. Tim 56 thuc a
Iém nhat théa man: f(x)=a(x—a)’,Vx=0.
Loi giai. Gia su cac nghiém cua f(x) thoa

min 0<x, <x,<x;. Taco

2 8 ng}quggcc S6 493(7-2018)

S =(x=x)(x=x)(x—x;) va

X+ + X =—
=Sx=a=X+x +%,+x 20 ¥x=20.

« TH1. Néu 0<x<x : Ap dung bit ding thirc
Cauchy cho ba s6 khong am, ta c6
1
= (%)= (% = x)05 —x)(% RIS g B
1 3 1 3
S—(x+x+x,+ =—(x—a
A e )
= f(W2-—-(-a)'
Diu ding thirc xay ra khi va chi khi
x=0; x =x, =x;.
« TH2.Néu x, <x<x,: Taco
1
JO)=(x—x)(x—x,)x—x,)=02 —E(x gl
« TH3. Néu B R Ap dung bét dang thirc
Cauchy cho ba s6 khong am, ta co
1
()= -x)x—x)05 —N) < (x=x —x +x,)°
<—(x+x1 +3 +3;)° :~—(x ay’
=2 f () 2 fﬁl_(xva)3
ST '
Dau ding thirc xay ra khi va chi khi
X3

X =x, =0; x:?-

« TH4. Néu x> %yi Lach
1

f(x)=(x4x1)(xvx2)(xﬁx3)ZOE—E(x—af.
Nhur vay trong moi trudng hop ta déu co

1 3

x)z2——(x—-a) Vxz0.
J(x) o (x—a)
Do d6 s6 thuc a théa min yéu cdu bai toan 1a
1

o=——" a
27
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»Nhdn xét. Trong 101 giai trén ta da s dung cac
kién thirc sau :

1. Pinh li- Viéte cho phuong trinh bac ba: Néu
phuong trinh x° + ax® +bx+¢=0 cb ba nghiém
thyc thi x +x, tx;=-a (ngoai ra con co
XXy + XX + X%, = b; x;x,%;, =—c). Ban doc dé
dang chimg minh cac hé thirc trén bang cach df")ng
nhét hé sé tir déing thirc

(x—x Nx—x)x—x3)= x* +ax? +bx+c.
2. Bit dang thirc Cauchy cho ba sé khong am:

a+b+c>3abc = abcsé(a+b+c)3.
Diu ding thirc xay ra khi va chi khi a=b=c.
Ban Ngé Quéc Bdo, 8/1, THCS M§ Héa, TP. Bén
Tre, Bén Tre c6 1o gii tot.

NGUYEN ANH DUNG
Bai T6/489. Giai phuwong trinh:
e 1 o =il
(1- J2sin x)(cos2x +sin2x) = ry

Loi gidgi. Nhdn xét. Néu

g 1 1
l+\/58mx=0<:>Sinx:————:>COSxxi—
2 ;)

= cos2x =cos’ x —sin® x =0: sin2x =71
. . 1
=5 (1—\551nx)(0052x+s1n2x)=¢2¢5-

Do do PT cua bai toan dang xét twong dwong
volt:
(1++/2sinx)(1— J2sin x)(cos2x +sin2x) =
1 .
== i V2 sinx) )

Taco

(1) <> 2(1 = 2sin® x)(cos 2x +sin 2x) =1 ++/2 sin x

<> 2cos2x(cos2x +sin2x) =1+ J2sinx

& (2cos? 2x —1) + 2c0s 2x.5in 2x = /2 sin x

@oos4x+sm4x:ﬁsinx <:>sin[4x+gj—sinx

4x+£=x+2kn
o 4 (k.1eZ)
4x+-;—t=TE*x+2th

n 2km
X=—— o SO
2 5 miem
3, 2
20 -+ 5
Chit y
n  2kn 1
s x=——+—,sinxz———=< (k-2){3.
19 -4 J2 =2
-x:—3—n+&,sinx¢—iuc>(lu4)25.

D 8 N

Nhu vay nghiém cua PT cua bai ton 1a

x:—%+3§ﬂ,kez,(k—2)z3

3n 2l ¥R
PR LIl D, AR

St o

» Nhdn xét. Phuong trinh lugng gidc trén thudc loai
co ban va hay. Cac ban hoc sinh sau c6 o1 giai
dung: Hung Yén: Nguyén Thanh Lam, 10T1, THPT
chuyén Hung Yén; Quéng Binh: Ho Anh, 11T,
THPT chuyén V& Nguyén Giap; Thira Thién Hué:
Tran Thi Kim Anh, Phan Phuéc Minh, 10T1, Lé Thj
Thu Swong, 10T2, THPT chuyén Quéc hoc Hué;
Vinh Long: Lé Nit Hoang Kim, Lé Van Nhan,
10T1, THPT chuyén Nguyén Binh Khiém.
NGUYEN MINH bUC

TOAN HOC
v$29
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Bai T7/489. Cho hé phuong trinh:

Eﬂy+z—x)=a
xX+y+z
:ﬂz+x—y)_h

X+ pta
xy(x+y-2z)

véi a, b, ¢ la cde tham sé duong.
a) Ching minh rdang hé luén cé nghiém duong.
b) Giai hé khia=2,b=35, c = 10.

x .z (0220
Loi gidi. D3 thiy {xy .
: x+y+z=0
yz=t+a
bit 1= 2z = (I) tro thanh <zx=7+56 (1)
x+y+z <
xy=t+c

2 1. 1 1 1 1 1
= —=—+—+—-= - +
t yz zx xy t+a t+b t+c

t t t
+ +
t+a t+b t+c

Ta co: f(0)=-2, }i]}lf(t)zlziae(();m)

-2=0.

& i

sao cho f(0)f(a)<0.

Vif(t)la ham déng bién va lién tuc trén
khoang (0;+cc) nén phuong trinh f(#)=0 cb
mot nghiém duong. Tir (1) suy ra:

(xp2)’ =(t+a)t+b)t+c)>0 (2) =

(x;y:z):[i\l[(t+b)(t+c)_+ exexiva) [(i+a)(r+b)J 3)

t+a T\ t+b t+e
Tu (1) va (3) ching té hé (I) luén cé6 mét
nghiém duong.
b)Khia=2,b=35,¢c=10thi PT f()=0 tr&

t t t
+ + -
t+2 t+5 t+10

< £ -80r—200=0

thanh: 2=0

3 0 T?g?ug% S5 493(7-2018)

& (1=10)(F +10¢+20)=0
t=10 (thbamain (2))

& | t=-5-/5 (thdamin(2))
t=-5+/5 (khongthoaman (2))

Két hop véi (1) va (3) suy ra hé dd cho c6 4
nghiém (x; y; 2) la: (5; 4; 3), (-5; —4; -3),

(\f—10+5\/§;\/2+2\f;—\/2+\/§),
i =10 55500 B0 BY, 0

»Nhin xét. Bai toan s& dai néu khong khéo trong
viéc chon hudng giai va bién dbi. C6 it ban tham da

gia giai bai nay. Mot sb ban giai sai va mot s6 ban
gidi con dai. Cac ban sau cé 1o giai ding: Vinh
Phiic: Chu Thi Thanh, 10A1, THPT chuyén Vinh
Phic. Quéang Binh: Dinh Doan Xudn Phiong, 10
Toan, THPT chuyén V& Nguyén Giap. Bén Tre:
Nguyén Vin Canh, 12A8, THPT An Théi, Mo Cay
Nam.
TRAN HU'U NAM
Bai T8/489. Vi a, b, ¢ la dj dai ba canh cua
tam gide, chimg minh rang
ab bc ca [ 2F
5 i e s T
a+b" b"+c¢ c"+a 2 R

»

trong do R, r lan leot la bdn kinh dwong tron

ngoai tiép va néi tiép tam gidc.

Lai giai. Goi S la dién tich cua tam giac da cho.
abc 28

Str dung cac cong thiuc R = i r= ;
48 a+b+c

S=%\/(a+b+c)(a+b~c)(b+c—a)(c+a—b),

ta thdy bat ding thic (BDT) cin chimg minh
tuong duong voi

ab N be L_ca
a+b b+t P +d
2_1_+ (a+b—-c)b+c—a)c+a->b)
2 abc
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(a+b) (b+c) (c+a)
az+b2 it e d?
) 2(a+b—c)(b+c—a)(c+a-—b)_
abc

Ap dung bat déng thirc Schwarz, ta thay:

(a+b) (b+c)
P B +c? S +ad

[(a+b)+(b+c)+(c+a))  2a+b+c)

(@ D)+ B+ (P +aD) 4B it

(c+a)

Ta di chimg minh BDT

(a+b+c)

>4 (a+b—-c)b+c—a)c+a-b)
a +b2+c :

abe

hay

’

(@ +b* +c*

(a+b+c)* 2 b:" )[Zabc+(a+bv-c)x
a

x(b+c—a)c+a—b)| (*)
Khong mit tinh tdng quat, gia sirring c<h<a.
Str dung BDT Cauchy, ta cé

VP(*)<— :

1 Iiaz o
AR _+
4

P 2abc+(a+b-c)(b+c—a)(c+ab)T
ca

Ta con phai chirng minh

2 2 2
2(a+b+c)2—q~+—b—+—c+

M 2abc+(a+b-c)b+c—a)c+a-b)
ca

< Aa+b+c)abe—(a* +b +c*)ac—
=b[2abc+(a+b-c)b+c-a)c+a—-b)]=0

Sab-de-ba-be+b-ca+atbe+

+ab’c+abc? —a*h? — b2t + b* 2 0.

& (a-b)c*b—(a-b)c* +(a—b)b*c—(a—b)ca’
—(a-b)b* +(a-b)a’b=0
S (a-b)c*(b-c)-b*(b-c)+a*(b-c)]=0

< (a=-b)(b-c)a*-b*+¢*)20. BDPT nay
luén ding (vi ¢<b<a), do d6 BDT (*) dung,
ta ¢6 diéu cin ching minh. D& kiém tra déng
thirc xay ra khi va chi khi AABC déu. a
»Nhdn xét. S6 bai gui vé Toa soan khong nhiéu.
Cac ban sau c6 1o gidi tot: Ha Noi: Hoang Timg,
12T, THPT chuyén KHTN, PHQG Ha Néi; Vinh
Phic: Ta Nam Khdnh, 10A1, THPT chuyén Vinh
Phic; Hung Yén: Doan Phi Thanh, 10 Toan 1,
THPT chuyén Hung Yén; Quéng Binh: Hoang
Kim Ca, Pinh Poan Xudn Phuong, 10 Toan, Ho
Anh, 11 Toan, THPT chuyén V3 Nguyén Giép, TP.
Déng Héi; Pha Yén: Pdng Hai Péng, 10A6,
THPT Ngb Gia Ty, Tuy Hoa; Bén Tre: Nguyén
Vin Canh, 12A8, THPT An Théi, Mé Cay Nam,
Lé Ngé Nhat Huy, 11A1, THPT Lac Long Quén,
TP. Bén Tre.

HO QUANG VINH
Bai T9/489. Cho biéu thirc

voi n la 56 tu nhién, n 2 4. Chirng minh rang

(24n* +24n)f 2 a2
k feas el § P [

Loi gidi.
eDo n=4 nén

o n\)/_>(n "\yi 3(n l)n(n+])

1
—Dn(n+l
) 3( n(n+1) _3Q’

Suyra P>334 3
1 R 1
g (n=Dn(n+1)

_1f5-3 6-4  (m+D-(n-1)
20345 456 (n—D)n(n+1)

0=

TOAN H
* q'uéigcé 31
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1fcd 1 1 1 1 |
== ———t— ..+ -
2(34 45 45 56 (n=Dn n(n+l)
| ENERCEN | _ n+n-12

1
N 2(371 n(nH)'J " 24n% +24n

n*+n-12

Suy ra P 230 = 32 = Gty
e Taco: InP=In(Y3.%9a. .. " Yn_1)
=nPB+n'Y4+.. + 0 Yn-1

S NG SO e
345 45.6 (n=Dn(n+1)

(n-1).

Xét ham sb yzln(x—l)—xT_l véi x24. Taco

r 1 1 3"‘x 7
y'= -—== <0.
=1 2 Ble—i)

Suy ra ham sb y=1n(x—1)—§ nghich bién
trén nura khoang [4;+c0). Do do

x—1 3
—)———=<In3—=<0
In(x—1) 5 Pl

= ln(xl)<x7—1 (1) v&i x> 4.

Ap dung BT (1) ta c6

s T (i ] ool
(n—=Dn(n+1) (n—=Dn(n+1) 2
1
Gl gty o
Ap dung BPT (2) ta c6

lnP:J-h13+im4+. L+

i
35 A5E (n=1)

|
N PR
(n—-Dr(n+1)

i 1l 1 1
<—|—t+—+.. .+ .
2(.4.5 5.6 n(n+l)}

Mat khac ta co

TOAN HOC
* Cludilre
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1

Suy ra: 1nP<é:> P<e§=§/c_z<§/§. m]

»Nhdn xét. Co thé chimg minh P < 43 bing cach
quy nap theo n. Céc ban sau cd 101 giai dung: Vinh
Phiic: Phan Thanh Diing, Tran Hong Quy, Ta Nam
Khanh, Lé Anh Ding, 10A1, THPT chuyén Vinh
Phioc. Ha Noi: Hoang Tiung, 12T, THPT chuyén
KHTN, PHQG Ha Noi. Bén Tre: Nguyén Vin
Canh, 12A8, THPT An Théi, M& Cay Nam; Lé Ngé
Nhdt Huy, 11A1, THPT Lac Long Quan, TP. Bén
Tre. Quang Binh: Ho Anh, 11 Toan, THPT chuyén
V& Nguyén Gidp.

NHU HOANG
Bai T10/489. Tim so tw nhién n sao cho
4™ +2" +29 khong thé la sé chinh phuong véi
moi 6 tu nhién m.
Loi gidgi. (Theo 101 giai cia da sé cac ban, sir
dung phuong phap liét ké).
Nhan xét ring s6 chinh phuong a” khi chia cho 8
chi nhén sb du 12 0, 1 hodc 4 va khi chia cho 3 chi
c6 thé nhan s6 dur 14 0 hodc 1.

Xét A(m,n)=4" +2" +29.

*V&i n=0 thi A(m,0)=30+4"

Khi m=0 thi 4(0,0)=31 khong la sé chinh
phuong.

Khi m=1 thi A(1,0)=34 khéng 1a sb chinh
phuong.
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Khi m>2 thi A(m,0)=6 (mod8) nén A(m,0)
khéng la sb chinh phuong.
*VGi n=2 thi 4(2,2)=49 1asb chinh phuong,

«Véi n=1 thi A(m,1)=31+4", Khi m=0 thi
A(0,1) =32 khodng 14 s6 chinh phuong,

Khi m=1 thi A(1,1)=35 khéng 13 sb chinh
phuong,

Khi m>2 thi A(m,1)=7(mod 8)nén A(m,1)
khéng 1 s6 chinh phuong.

e Vi n23 thi 2" chia hét cho 8.
"Khi m=0 thi 4(0,n)=6 (mod 8) nén A(0,m)
khéng 1 sb chinh phuong.

Khi m=>2 thi 4" chia hé cho 8§ nén
A(m,n)=5 (mod 8) nén A(m,n) rkhﬁng 1a sé
chinh phuong.

Khi m=1 thi A(l,n)=33+2". Khi d6 A(l,n)
la s6 chinh phuong khi va chi khi n=4 hoic
n==8. That vay, néu A(L,n)=33+2"=a* 1a sb
chinh phuong thi «&*=0(mod3) hoic
] (mod 3) nén » chin. Pat n=2k thi
33=(a-2")a+2") nén

a-2"=1 o |a-2%=3
; hoac .

a+2" =33 a+2" =11
Giai hé trén ta thu dugc k=4 va k=2, tic
n=8 va n=4.
Két lugn. V6i moi ne{2,4,8 thi cic sb
A(m,n) khong thé 1a sé chinh phuong véi moi
meN.
»Nhdn xét. Nhicu ban giri 161 giai dén Toa soan,
da sb giai theo cach liét ké céc truong hop tng
voi mdi n. Céc ban sau ddy c6 1o giai ding: Bén
Tre: Nguyén Vin Canh, 12A8, THPT An Théi,
Mo Cay Nam; Da Ning: Nguyén Dic Toan,
Pham Hiéu, 10A1, THPT chuyén Lé Quy Dén,
TP. Da Ning; Hung Yén: Neuyén Thanh Ldm,

Chu Ngoc Chién, 10T1, THPT chuyén Hung Yén:
Nghé An: Pham Dai Phic, 10A1, THPT chuyén
Phan Boi Chau, TP. Vinh; Phi Yén: Ddng Hai
Ddng, 10A6, THPT Ngé Gia Ty, Tuy Hoa;
Thanh Héa: PS5 Cao Bdich Ting, 9B, THCS Trin

Mai Ninh, TP. Thanh Héa; Vinh Phuc: Chu Thi

Thanh, Ta Nam Khdnh, Lé Anh Diing, Pham
Thanh Ding, Tran Hong Quy, Vuwong Ting
Duong, P6 Minh Hiép, 11A1, THPT chuyén
Vinh Phic.

NGUYEN VAN MAU
Bai T11/489. Cho day 56 (a,) xdc dinh nhu

sau:

| (a,—1)°
=

n

voimoi n=1,2,...

a) Hay tim gioi han cua day (a,)khi n dan t6i

dwong vé cuec.

: s+t 2
b) Chirng minh rang £Il—+f'iLa~121ﬁ§
n

voimoi n=1,2,...
Loi gidgi. a) Trude tién ta d& dang nhan xét thdy
a, €[0,1] bang quy nap, vi néu a, €[0,1] thi

-1’ - _ 1
H+1:M20 va a‘n+]=(an ) <— =]
2-a, 2-a, 2-1
Véi a, €[0,1] ta co:
L _2=42|_|@,-1 _2-\7]
Wik — g D=, 2|

_[2a2 -2 +V2)a, + 2V2-2)|
K 22-6.) |

_——2(2—an)[2a” (2++/2)a, + 232 - 2]

S (an—z_f)(a,,—\/i)

2—-a,

Sdea BBl Desld
= ol B :

2—a, || " 2 N2 2

Tir do suy ra

Sé 493(7-2018)
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Do d6'lima, = 2_2f/5 =1—-‘§.

(x— 1)
2—

b) bat f(x)=

voi xe[0;1]. Ta co

£(x) 1a ham lién tuc v f'(x)z(i_zlwg 0

=X
Vx €[0,1]. Tir d6 suy dé dang

1 T .
0<a,<q=f(0)=— Tu a, =-(——’L~L ta co
2 —-a,
| . : !
—l=1-a, vado do
a +aml
n- Zak —Zﬂ a=3 -
k=1 K +aA+]
2 e
= = —n= E —-nz
Z(a"" +a,) Qi — G +Zzak
k=1 k=1

o)

n
n
3,
k=1
2

n <
% . n X 4.
Dat x = 2 a, tacod n—x=——n. Bién doi
k=1 2x

P

=TIV EE, )

tuwong duong ta co

2x* —dnx+n* <0 n[l +€]2x2n[1—%}

n

o

J2

vi dollf Ao B
n 2

Lieu y: Mot s6 ban sir dung phuong phap khac

gidi bai toan nay. Pé giai a) cac ban di chimng
minh day

34 T?gll\-‘ugl% S& 495(7-2018)

bing cach quy nap. Gi6i han cua hai ddy con nay
c6 thé tinh dugc bing cach giai phuong trinh

e o W2

a 1-—=. Pé chimg minh b), dé
) 2—x 2
kiém tra la
Ay + iy, = : = : =2 l—ﬂ .
2-a, 2_(1_\5} 2

2
Xét hai truomg hop » chan va n 1é, ta c6 bét ding

Y B
thire E > l—ﬁ. 0
n 2

> Nhdn xét. Co it ban giai dugc bai toan nay. Céac
ban sau day c6 10i giai ding giri vé Tap chi: Vinh
Phic: D6 Minh Hiép, Vieong Ting Duwong, Lé
Anh Dimg, 11A1, THPT chuyén Vinh Phuc;
Quiéng Binh: Hoang Kim Ca, Pinh Poan Xudn
Phuong, 10 Toan, H6 Anh, 11 Toan, THPT
chuyén V6 Nguyén Giap; Nam Dinh: Lé Phuong
Thanh, 11T2, THPT chuyén Lé Hdéng Phong;
Khanh Hoa: Nguyén Quang Pat, 12T, THPT
chuyén L& Quy Don; Bén Tre: Nguyén Van
Canh, 12A8, THPT An Thdi, Mo Cay Nam; Ha
Noi: Mai Dirc Thai, 10A2, THPT chuyén KHTN
DPHQG Ha Noi.

VU PINH HOA
Bai T12/489. Cho tam gidc ABC néi tiép ducng
tron (O). Diém P chay trén (O) va khac A, B,C.
M, N theo thir tw nam trén PB, PC sao cho tir
giac AMPN la hinh binh hanh.
a) Chung minh rc‘ing ton tai mot diém co dinh
cdch déu hai diém M va N.
b) Chiing minh rang dwong thang Euler cia tam

giac AMN luén di qua mot diém co dinh.
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g E

Léi gidgi. a) Goi D la giao diém cta AP va MN:
1

(O1) 1a anh cua (O) qua phép vi tu V2; E la
giao diém thu hai cia (Oy) va trung truc cia
MN. Vi P thudc'(O) va AM /| PC nén
(AM, AP)=(PC,PA)=(BC, BA) =—(BA, BC)(mod);
(PA, PM) = (PA, PB)=(CA,CB) =—(CB,CA) (mod ).
Do d6 tam gidc MAP dong dang ngugc huong
voi tam giac ABC. Tl @6, chu y rang D 14 trung
diém chung cua AP va MN, suy ra tam giac
AMN c¢6 hinh dang va huéng khéng dbi. Két
hop véi DE L MN, suy ra tdn tai s6 « sao cho
(DE,DA)=o(modn). Tir d6, chii y ring D
thudce (O)), suy ra

(O,E,0,4) = 2(DE, DA) = 2a.(mod ).
Diéu d6 ¢6 nghia 1 £ cb dinh. Néi cach khac M
va N ludn cich déu mét diém cé dinh, diém E.
b)

Goi G 1a trong tdm cia tam giac AMN; (0,) 1a
1
anh cua (O) qua phép vi tw ¥3; S1a tim duong

tron ngoai tiép tam gidc AMN: F 1a giao diém
thir hai cua (O,) va GS cua tam gidc AMN.
Tuong tu nhu phﬁn a, ton tai s6 B sao cho

(GS,GA) = B(mod ).

T do, chuy réng G thudc (0,), suy ra
(O,F,0,4) =2(GF,GA) = 2(GS, GA) = 2B (mod ).
Diéu do6 co6 nghia 14 F ¢d dinh. Noéi cach khac
dudng thing Euler cta tam giac AMN ludn di
qua mot diém cb dinh, diém F. )
»Nhdn xét. 1) Bai toan nay khong khé nhung chi
cO 4 ban tham gia giai va loi gidi chua dep.
Nguyén nhin cua sy viéc nay la: khéng c6 kién
thitc vé cac phép bién hinh va khéng co kién thirc
vé goc dinh hudng.
2) Xin néu tén ca 4 ban: Lao Cai: Nguyén Minh
Hiéu, 12T, THPT chuyén Lao Cai, TP. Lao Cai:
Da Ning: Nguyén Pic Toan, 10A1, THPT
chuyén L& Quy Dén, TP. Pa Néng; Lam Péng:
Vo Minh Quan, 11T, THPT chuyén Thiang Long,
TP. Da Lat; Bic Ninh: Nguyén Ngoc Khdnh,
THPT chuyén Béc Ninh, TP. Bic Ninh.
NGUYEN MINH HA
Bai 1.1/489. Trén mdt meoc cé hai ngudﬁ SOng
A, B cach nhau 28cm dao dong dong pha véi tan
s6 S0Hz. Toc do truvén séng trén mdt nude la
3m/s. Trén mat nuoc xét dwong tron tam A, ban
kinh AB. Diém M trén dwong tron dao dong voi
bién do cuc dai cdch dwong rhéng qua A, B mot

doan bang bao nhiéu?
Loi gidgi. )= % =6cm; AB=4A+4 ching to:

M thudc cuc dai thir tu, suy ra
MA—-MB=AB—-MB=4\ = MB =4 cm.
Do d6 AAMB cén tai A.

= MC:—A/?-

AHMB o> ACAB (g.2) N\
MB  MH

I>ﬁ i —
AB  AC 4 H B

2
:>MH:A—4§ AB%MB
AB

=~ 3,99 cm. 0

TOAN HOC
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>Nhén xét. Rat tiéc, mot sé ban ¢: Thira Thién
Hué: Hupnh Hong Thao, Chdu Thi Tuyét Chi,
Nguyén Da Nhir Nhung, Pham Nhat Tién, 11 Li 2,
THPT chuyén Quéc hoc Hué da c6 huéng giai
ding nhung chua dua ra duoc két luan cudi cling
cho dé ra ki nay.

' " DINH THI THAI QUYNH
Bai 1.2/489. Mach dién gom tai Z, néi véi dién
tré' R roi néi vao nguén dién xoay chiéu cé dién
ap hiéu dung U,. Khi do, dién dp hiéu dung va

hé 56 cong sudt trén tai la U, va cosg, = 0,6,
.o , g s Uz T e
dién ap hai dau R la AU = T; hé s6 cong suat

toan mach la cosq, =0,8. Bang cdch diéu
chinh tai Z, va dién dp nguén, nguoi'ta lam
cho céng sudt tiéu thu trén hé sé R giam 100
lan con cong sudt tiéu thu P, va cosg, trén tdi
khéng doi. Khi do, dién dp dau nguén phdi ting

bao nhiéu lan?

Léi gidgi. Ban ddu: U, =AU + U,

3 6T9g'll'qutl;|lgce S& 493 (7-2018)

= U, cos@, =AU + U, cos o, =%U2 +U, cos @,

=U = U, (0,25+cosquz):_llU2
cos @, 16

Cong suét trén R gidm 100 lan, A" = :15670)
ﬁf‘ziZ}AU',:»‘A—U-:_%.

Laico:
P, =U,Icosg, =U,I'cosp, = U, =10U,
Mt khac : U) = AU'+ U

U +AU™ -U?
VAU’

= —CcosQ, =

a1 =U2J102 +4—(1)2+2.0,6.10.% ~10,015U,

LU 10018U; g 4re (tam). a)
U, 1,0625U,

> Nhdn xét. Rit tiéc khong c6 ban nao giri 1o giai

cho bai Vit ly nay.

NGUYEN XUAN QUANG
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Problem. Find the coefficient of X in the

expansion of. (1+x+ 3x2 +4x )10.
Solution. We have

.¥5 = x.x.x.x.x = x.x.x.x2 = x.x.x3 = x.x2 ..7C2 = )C2 .JC3.
That means to form x°, we can choose 5 among
10 factors (1+x +3x? +4x3) ’s to use x; or we can
choose 3 among 10 factors (1+x+3x2 ~+-4x3) ’s to
use x and then we choose 1 among 7 remaining

factors (1+x+3x%+4x°)’s to use x°; and so

C120 x 4Cé (notice that number 4 is for 4x° ).
The number of the terms of the form x.x2 x>

C110x32C§ (notice that number 3* is for

1S

3x2 x3x2 ).
The number of the terms of the form xZ.x° is

3% CIIO x 4C£1) (notice that number 3 is for 3x* and

number 4 is for 4x3). Add all of these numbers
we get the answer is 8532.

on... TU VUNG
The number of the terms of the form x.x.xxx is
GSO' The number of the terms of the form x.x.x.x> Coefficient : hé 6
: . . Expansio - khai trién
is C’IZ’0 ><3C%, (notice that number 3 is for 3x2). xpansion ;
Factor : thira s0

The number of the terms of the form x.x.x° is
Translated by NGUYEN PHU HOANG LAN

(College of Science = Vietnam National Uni versity, Hanof)
Bai todn. Gia s f:R—> R la ham so lién tuc thoa man dieu kién
Sx+y)= f(x)+ f(»), Vx,y e R. Chitng minh rang f(x) = ax, véiala
hc%ng $6 nao do. )
Loi gigi. Taco f(2)=f()+ f(1)= f(1)x2 va tiép theo
S =f@)+ fD)=f()x3,... Tk dd, cb f(n)=an, véi moi sb nguyén
% duong n (a = f(1)). Mt khac 7(0)= f(0+0)=27(0), vi viy f(0)=0.
Tir day két hop véi dang thirc f[n+(-n)] = f(m)+ f(-n) suyra f(n)=an, véi moi sd nguyén n.

Tacé f(I)= f[;+ %j - 2_f[%] va f(éj . f(l).f(;—] = a(%) Twong ty trén, ta ¢6 f[%} - a[ﬂ

v&i moi s nguyén n khéc 0. Ta ¢6 thé chi ra f(ﬂ) - a[ﬂJ v6i moi s6 nguyén m, n (n khéc 0) (vi du
n n

12 (1 5 amoan i . 3 -
f (J = [5] + f [;] = qu[%J =] a(%],...). Nhu véy dé dang chimg minh dugc ring f(r) = ar, Vi
moi 0 hitu ty r.

Xét ham s6 g(x) = f(x)—ax. Khi d6 g(x) 12 ham s lién tuc va bing 0 tai moi diém hitu ty. St dung
dinh nghia vé tinh lién tuc ciia ham sé va két qué: bét ky sb vo ty nao déu 1a gi¢i han ciia mot day sé
hitu ty, ta duge g(x) =0, Vx e R. N6i cach khdc f(x) = a.x, véi moi sb thuc x (a = £(1)). m|
> Nhén xét. Céc ban sau co bai dich twong dbi tét, giri bai vé Toa soan sém hon ca: Hung Yén: Poan Phii
Thanh, Tran Thi Phwong Linh, 10 Toan 1, THPT chuyén Hung Yén.

HO HAI (Ha Ngi)

S& 493 (7-2018)

TOAN H
: Cl'uéigcé 37

O ——————S,




https.://’www. facebook.com/letrungkienmath

https.//sites. coogle.com/site/letrungkienmath

Chung ta cling nhin lai bai toan cé sau:
Vira ga vica cho
Bo lai cho tron
Bt o vom
Mot tram chén chan.

Hoi ¢é bao nhiéu con ga, bao nhiéu con ché?

Véi von kién thirc dai sb cua 16p 8 va 16p 9, ai
ciing biét giai bai toan trén bing hai cach: Cich
I 1a: lap phuong trinh bac nhit mét 4n va Céch
2 1a: 1ap hé hai phuong trinh bac nhét hai 4n,
tim dugc s6 con ga 1 22, sb con ché 13 14.

Véi y thirc tim toi, sang tao, ta hdy tim thém
cac cach giai mdi cho bai toan. Thuc té, co
nhitng lic con ché chi di dimg bing hai chan
sau, con hai chan truéc khong tiép dat nén co
ban dé xuét:

Cach 3. Gia sir tat ca cic con ga va ché déu di
dimg dung bing hai chén.

Khi d6 s6 chan ga va chan ché tiép dét la
36x2 =72 nén sb chan ché khong tiép dit 1a
100 — 72 = 28. Vay sb con ché 1a: 28 : 2 = 14,
s6 con ga la: 36 — 14 =22.

38 TOAN HOC
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Ap dung meo trén, nhung manh dan hon, ta co:
Cach 4. Ta tudng tugng mdi con ga ciing co 4
chan va tit ca cic con ga va ché déu di dung
ding bing 4 chan, thi sé chan ga va ché la:
36 x 4 = 144,

Viy s6 chan du ra 1a 144 — 100 = 44. Do d6 sé
con ga la 44: 2 = 22, sb con chd 1A
36 -22=14.

Tr cach 3 va céch 4 ta c6 thé tuong trong ga va
ché 13 dong vat di dimg bang 3 chan? Khi thuc
té ga c6 dang 2 chan, ché co dung 4 chan!
Tuong tuong, gia thiét tam 1a mdt sdng tao,
muc tiéu la giai dugce bai toan! Ta c6:

Cach 5. Gia sir mdi con ga ““mwgn thém’’ mot
chan, mdi con ché ““cho di>> modt chan, khi doé
mdi con ga va con ché cd ding 3 chan. Vay 36
con ¢6 s6 chan 1a 36x3 = 108, nhiéu hon so v&i
thyc té 1a 108 — 100 = 8 chan. Nén sé chan
“muwgn thém” nhiéu hon s6 chan “ cho di>’ 12 8
chén, hay s6 ga nhiéu hon sb ché 1a 8 con. Sé
con ché 1a (36 — 8) : 2 = 14. Sé con ga la
36— 14=22,

Tu duy twong tu nhu thé, nhung phi hop voi
thue té hon ta c6:

Ciach 6. Vi téng s6 con ga va con ché 13 mot sé
chin: 36 con. Ta hiy xép ddi: 1 con ga va 1 con
ché cho dén hét, néu sd con chd va sb con ga
khong bing nhau thi s& c6 mét sé doi: gavoiga
hoic: chd véi cho.

(Xem tiép trang 42)

Vi
ly.
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Robert Phelan Langland.s
(sinh ngay 6.10. 1936)

Vai nha Toan hoc duge nhd mii boi mot dinh
ly, mét sb khac bai mot gia thuyét. Nhung
Robert Langlands 1a mdt nha Toan hoc vi dai
dugc nhé dén vi chuong trinh mang tén 6ng,
chuong trinh Langlands. Robert
Langlands, 81 tudi, d nhin giai Abel 2018,
mot trong cac giai thudng uy tin nhit trong
Toan hoc, vi nhitng cong hién cia éng ma ngay
nay dugc goi la chuong trinh Langlands, d6 1a
mot du an tham vong thuong duge goi 12 mot
"Iy thuyét lom vé s thong nhat ciia Todn hoc".
Gial thuong duge trao bdi Vién Han lam va
Khoa hoc Na Uy, né tri gié 6 triéu krone (tién
Na Uy, tuwong duong 550.000 bang Anh). No
dugc danh gia twong duong voi giai Nobel cia
Toan hoc (trong Toan hoc khdéng co giai
Nobel).

Tiéu sir cia Robert Langlands

Vao thang 1 ndm 1967, Robert Langlands, mjt
gido su lién két 30 tudi tai Princeton, di viét
mot biic thu cho nha Toan hoc nbi tiéng ngu(‘)‘i
Phap André Weil, 60 tudi, dé phac thao mot sb
hiéu biét madi sdu sic cua 6ng vé Toan hoc.
Nguyén vin khong dich nhu sau: "If you are
willing to read it as pure speculation I would
appreciate that", he wrote: "If not - I am sure
vou have a waste basket handv Trong 17 trang
thu ciia ng da gidi thiéu vé mot 1y thuyét ma

se GIAI ABEL 20138

ALEX BELLOS

sau do tao ra mdt phuong hudng hoan toan moi
ciia viéc suy nghi vé Todn hoc: né dé ra mot
lién két sau sic giira hai linh vuc: Iy thuyét sé
va gidi tich diéu hoa, ma trude d6 nguoi ta nghi
rang d6 1 hai linh vic hoan toan tach biét. Ong
dé nghi két ndi nhimg nganh Toan hoc v&i nhau
va trong 13 thu d6 ong bat dau mét chuong
trinh, chwong trinh Langlands, mdt chuong
trinh da 161 kéo hang trim nha Todn hoc hang
dau trong nira thé ki tro lai day. Khong c6 mot
du an nao khac trong Toan hoc hién dai c6 anh
hwéng rong 16n, dia ra rat nhidu két qua sau sic
va cb rit nhiéu nguoi lam viéc voi nd nhu
chwong trinh Langlands. Vi tinh sdu sic va anh
hudng réng 1én cua n6 ma nd dugce coi 1a ly
thuyét thoéng nhdt ctia Toan hoc. Robert
Langlands sinh ra tai New Westminster,
Greater Vancouver, Canada vao nam 1936. Khi
9 tudi, 6ng chuyén dén mét thi trin nho g:?m
bién gi¢Gt M¥ noi ma cha me 6ng da md mot
cirta hang cung cép vét lidu xay dung. Ong
khong hé c¢é ¥ dinh vao dai hoc cho dén khi mot
gido vién cua 6ng ndi voi Ong ngay trudc mit
cac ban cung l6p rang d6 1a mot sy phan boi
cua Ong trudc tai nang dugc Chua ban cho.
Langlands ghi danh vao truong Pai hoc British
Columbia & tudi 16. Ong hoan thanh chuong
trinh C& nhan Todn hoc vao ndm 1957, va
chuong trinh Thac s sau d6. Sau d6 éng chuyén
dén Pai hoc Yale, hoan thanh ludn 4n Tién si tai
day véi dé tai Semi-group and representation of
Lie groups (mita nhom va biéu dién ciia cdc
nhém Lie) trong nam déu tai day. Trong nam
thtr hai 6ng bat dau nghién clru céc cong trinh
cua nha Toan hoc nguoi Na Uy, Atle Selberg,
ma sau do tré thanh linh vuc nghién clru chinh
cua ong.

TORN HOC
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Vao nam 1960, Langlands dén Dai hoc

Princeton véi vai tro giang vién, noi ma ong vai
ké vai cung Selberg, ciing nhu André Weil va
Harish-Chandra, nhimg ngudi & gin Vién
Nghién ctru Cao ¢ép. C)ng dac biét bi anh
huong bai cong trinh cua Harish-Chandra vé
cac dang tu dﬁmg céu, Langlands cling da hoc
cac Iy thuyét khac ctia Toan hoc, nhu ly thuyét
truong cic 16p, mot linh vure 6ng dé bi cudn vao
boi nguoi dong nghiép Salomon Bochner. Nam
1962 Langlands d3 dwogc bd nhiém 1a thanh
vién cua truong Toan cua Vién Nghién ctru Cao
cip. Trong ki nghi ‘giang sinh ndm 1966,
Langlands bat dau véi y tufmg co ban cua
jw?c!orzaln‘y mot co Lhe dé lién két cac y
tudng trong ly thuyét sé vdi cac dang tu dang
céu. Ong da gip Weil & hanh lang Vién Nghién
ciru Cao cip trong nhitng ngay dau thang &iéng
nim 1967 va bt ddu giai thich cho Weil céc
kham pha cta ong. Weil gm y ring 6ng nén viét
cic y tuong d6 ra gidy rdi gii cho Weil.
Langlands nhanh chéng viét mét birc thu dai
bang tay. Weil 3 cho danh may va buc thu da
dugc pho bién rong rdi cho cic nha Toan hoc.
Noi dung birc thu di dua ra rat nhidu didu moi,
sdu sic va cic vin dé thu vi. Va ngay cang co
nhiéu ngudi tham gia dy an dé ching minh cac
gia thuyét cua oOng, dugc biét dén nhu la
chuong trinh Langlands. "Cé mét vai diém mdéi
da ding ma lam t6i ngac nhién dén tan bay
gio", Langlands néi vé bic thu cua éng, "C6
mot diéu hién nhién rang cic L— ham la 16t
nhung chiing sé cé nhitng hé qua cho Iy thuyét
56 dai 56 bdi nhitng ¥ nghia khéng chéc chin’.
Trong hai nam 1967-1968 Langlands lam
viéc tai Dai hoc Ki thuat Trung DPoéng tai
Ankara. Ong néi thanh thao tiéng Thd Nhi Ky,
mét ngdn ngit cdn sy kién nhin, dng cling néi
dugc tiéng Pic va Nga. Langlands quay lai
Yale noi ong xdy dung cic y tudng cia Ong vé
"functoriality" va su tuong giao, sau d6 cong bd
chung trong Problems in Theory of
Automorphic Forms (cdc van dé vé Iy thuyét
cdc dang t c_i’éng cau) vao nim 1970,

4() T?g'r“ugot;; S§ 495 (7-2018)

Nim 1972 6ng quay lai Princeton véi tu cach
gido su tai Vién Nghién ciru Cao cdp, va & dé
cho dén nay.

Trong nhiing nam 1970, Langlands tiép tuc lam
viéc véi cac y tudng vé chuong trinh cia dng.
Gifra nhitng nim 1980, éng chuyén sy chi y
dén vit 1y 1y thuyét. Trong nhitng ndm gin day
ong da tim cach quay trd lai cdc y tudng ma
ong da tién phong, mot trong sb do la
"endoscopy".

Langlands &3 timg gianh rit nhiéu giai thuong,
bao gém giai thuéng cia Vién Khoa hoc Québc
gia My v& Toan trong nadm 1988 cho nhimg
"tam nhin rong lon cua éng". Ong ddng nhan
gial Wolf 1996 v&i Andrew Wiles. Cac giai
thuéng khic gém giai 2005 - American
Mathematical Society Steele prize,
2006 Nemmbers prize in Mathematics va giai
Shaw 2007 cung Richard Taylor.

Trong thoi gian & Pai hoc British Columbia,
lic 19 tudi dng két hon voi Charlotte Lorraine
Cheverie. Ho ¢6 bbén ngudi con va mét vai
nguoi chau. O tudi 81, 6ng tiép tuc lam viée tai
Vién Nghién ctru Cao cép, noi ma hién tai 6ng
la gido su danh duy, va tai ddy ong sir dung vin
phong ma Albert Einstein da tmg dung.

MGt cai nhin thoing qua vé cc cong trinh cia
Robert Langland

Trich dan cho Robert Langlands khi nhan giai
Abel bit ddu boi: Chuong trinh langlands dir
dodn sy ton tai ciia nhiing moi lién hé chet ché
gifta cdc dang wr dang cau va cdc nhém
Galois.

D¢ hiéu vé tim quan trong cua chuong trinh
langlands ching ta cdn xem xét lich sir Toan
hoc vé ca hai khai niém: céac dang tu df’mg clu
va cac nhom Galois.

Giai tich diéu hoa

Céc dang ty dang cdu xuét phat tir linh vuc
trong Toan hoc mang tén gidi tich diéu hoa,
theo mdt cach nao dé cé thé nghi la cac xdp xi
va céc sb hang tong quat, nhu cac ham sdéng
tudn hoan. Séng tudn hoan t6t nhét 1a song sine.
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Viée ding tir “diéu hoa” & diy xuét phat tir cac
ung dung cua séng sine dén vét Iy am thanh.
Mot ndt vé am nhac, vi du C, choi b:ing violin,
c6 thé hiéu 12 su chdng chit cua rit nhiéu song
sine, mdi trong chung dao dong dai dién mét
"diéu hoa" cua C. Cac dang ty ding cdu 1a y
twéng mé rong cla cic song tuan hoan, bicu
dién boi viéc s dung mot ngon ngir hinh hoc
tinh vi hon nhiéu lan.

Ly thuyét s6

Nhém Galois 1a khai niém xuét phat tir 1y thuyét
s6, nghién ciru.vé tinh chit cua cac sb. Mot
trong cac chii dé quan trong trong ly thuyét s
14 lam thé nao giai duoc cac phuong trinh da
thoe. Vi du lam thé nao dé giai phuong
trinh x* +x+1=0. Phuong trinh nay la mot
phuong trinh bac hai va hai nghiém cta nd cé
thé tinh bing céng thirc ma hau hét hoc sinh
phd théng da duge hoc. Cic nghidém cia né
la ;1+E, ;1__\/:_3_ Cac nghiém cua no
2 2 2 2

nhin c6 vé twong ty nhau: phan thir nhit gidng

s T _?2_1 , phin thir hai hodc 1a + hodc 1a —

cua T ndéi mot cach khac thi chung thé

hién ra mot sy d6i Xung.

Trong nhitng nam déau tién cta thé ki 19, nha
Toan hoc ngudi Phap Evariste Galois nghién
ciru sy d6i xung gita cac nghiém clia mot
phuong trinh da thirc. Bang cic quan hé ddi
x(rng nay by gid ta goi la nhom Galois.

Moi lién hé

Chuong trinh Langlands 1a mdt tham vong to
16n dé két noi giai tich diéu hoa va 1y thuyét sb,
bing cach chiing minh céc két ndi séu sic gifta
cac dang tu dang cdu va cac nhom Galois. Gidi
tich diéu hoa va Iy thuyét s6 1 hai linh vuc tach
biét, chung cé cac khai niém riéng, ki thudt va

thudt ngit riéng, chuong trinh thé hién mbi
tuong quan manh mé giira chiing.

Mot khai niém co ban quan trong trong cac y
twong cua Langlands la 56 hoc modular, mot
cach thuc hién sé hoc véi mét tap cd dinh cac
s& lién tiép sao cho khi ta dém xa hon vé phia
trén thi ta s& bat dau lai tir 0. Mot vi du cia sb
hoc modular & déng hod 12s6, néu dang
la 11 gio, ban cong thém 5 gio, ban co6 16 gio.
Nhung khéng c6 sb 16 trén ddng ho 12 sb, tat
ca chimg ta bidt rang 11 gio cong 5 tiéng
1a 4 gid, vi ban da trir di 12!

Trong luén van S6 hoc ctua minh (1801), nha
Toan hoc nguoi Pic Carl Friedrich Gauss da
thiét 14p 1y thuyét s6 hoc modular va trinh bay
né nhu mét dinh 1y co ban ludt thudn nghich
binh phuong, v& tinh giai dugc ctia cic phuong
trinh bic hai sir dung s6 hoc modular. Nhin lai
lin nita phuong trinh x’ +x+1=0. Néu ching
ta xét s6 hoc modular véi module 3, tirc 1a ta
chi s dyng ba $6 0, 1, 2, thi phuong trinh nay
co6 mdt nghiém x = 1 vi 1* +1+1=3=0(mod3).
Tir Gauss, nhiéu nha Toan hoc da ¢6 cam himg
quan tam dén tinh giai duge cua mot ) dang
phuong trinh phu thudc vao module va lam thé
nao dé lién hé giita nhém Galois véi cic
phuong trinh nay.

Mot truomg hop diac biét cia chuong trinh
Langlands, két ndi Iy thuyét s6 va giai tich diéu
hoa 1a ¢6 thé nhin nhan bing cac xét cac dang
phuong trinh da thic goi la cac "duong cong
elliptic". Néu ban 1dy mét duong cong elliptic
va tim s nghiém n6 ¢ cho moi module nguyén
sé (tire 1a cac sé nguyén duong 2,3,5,7,11,...,
céc sb chi chia hét cho I va chinh no), ban sé
tao ra mot diy cac sb. Diy sb nay, tuy nhién,
cling ¢6 thé tao ra bing mot dang doi tugng
Toan hoc khac (gin déng) twong tu nhu cic
song tudn hoan va c6 thé dugc nghién ciru bang
céc cOng cu cia giai tich diéu hoa.

TOAN HOC
" cTusiige 4 1
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Trong blc thu g André Weil ndm 1967 va
Problems in the Theory of Automorphic Forms
nam 1970, Langlands di dua ra cac gia thuyét
rong 16m két ndi Iy thuvér sé va giai tich diéu
hoa, diéu ma rat nhidu cic chuyén gia tin la
ding nhung rat nhiéu trong sb cac gia thuyét do
chua dugc chimg minh. Thim chi, n6 1a mot
trong cdc linh vuc nghién ciru phong phii nhét.
Trong nam 2002 va 2010, mot s6 nha Toan hoc
da duoc trao giai Fields vi chirng minh mot )
gia thuyét cia Langlands (trong do c6 GS. Ngé
Bao Chau vé Bé dé co ban cua chuong trinh
Langlands).

Chuong trinh Langlands 1a déng luc cho cac
nha Toan hoc vi né 1a cdu ndi gifta cac linh vuce
tich biét, nd cho thdy mét cdu tric nén tang

sdu sic cia cac linh vic Toan hoc cung cép
nhitng cich méi dé giai quyét nhitng van dé con
ton dong va nd cd mot sy mé hoac dac biét bai
ban chit ty nhién cta su két ndi: 1y thuyét sb 1a
noi cic con s6 thuong xuét hién mot cach khoé
c6 thé dy doan va cac dang tu dfmg céu la cac
dudng cong min day dii, hinh miu chinh quy va
c6 sy dbi xtng rét dep.

Thém mot cau néi hay vé Langlands: “He never
got a Fields medal. But many people have got
Fields Medals for settling special cases of his
conjectures, relying on his tools to start off > -
Peter C. Sarnak.

Dua theo béan dich ctia Pham Khoa B&ng trén
diendantoanhoc.net, cé d6i chiéu véi ban gbe
trén trang web: theguardian.com. TH&TT

r

TAP SANG TAO

(Tiép theo trang 38)
Ro rang néu sb con ga va sb con chd bing nhau
thi phai c¢6 sb chan 1a: (36 : 2) x 6 = 108 > 100
diéu nay trai véi dé bai. Sé chan nhiéu hon thuc
té 12 8 nén s con ga nhidu hon sb con chd, c6 4
doi ga voi ga, do d6 s6 ga nhiéu hon sé chd 1a 8
con, suy ra sé con ché 1a (36 — 8):2 =14, sb
congalal36—14=22,

Manh dan hon nira, mé rdng ta c¢6 bai toan mai:
Vira ga vira cho
Bo lai cho tron
Mot trdm chén chan.
Hoi co bao nhiéu con ga? bao nhiéu con cho?
Khoéng phai suy nghi lau, ta ¢ phuong trinh
2x+4y =100, trong d6 x 1a sé con ga, y 1a sb
con ché vai diéu kién x,y e N;x <50; y <25, tir

do co x=50-2y. Vay c6 bang nghiém sau:

b 0 1 ¥ 14 15 16 17 23 24 25
x=50-2y | 50 48 46 22 20 18 16 4 2 0
x+y 50 49 48 36 35 34 33 27 26 25

Nhu thé ta dugc du nghiém va nhiéu bai ton méi,
vui hon. Bai toan c¢6 chi 1a mot truong hop. Mot
chit sédng tao, mot niém vui nho. Ta thém hiéu,
thém nha:

Ménh dé A kéo theo B

La quy tdc ludn say mé & doi

Hoc mot van dung hon muoi

Quy luat nhan qud mim cuoi vai ai.

Sy

Mnh dé
Mé¢nh dé B
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By gio, chiic cac ban giai thanh cong bang nhiéu
cach sang tao bai toan quen thudc:

Quyt cam mueoi bdy qua tuoi
Dem chia cho mét tram nguoi cung vui
Chia ba méi qua quyt roi

Con cam méi qua chia mudi vira xinh
Tram nguweoi tram miéng
ngot lanh

Quyt cam méi logi tinh

ranh la bao?
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Sau khi doc cach giai m{t bai toan trong Tap
chi TH&TT sb 487, toi xin dugc néu thém mét
cach giai khac déi véi hoc sinh THCS bing
cach ap dung tinh chit déng bién va nghich
bién cua ham sb bac nhét y=ax+bh dé ban doc
tham khao.

Bai T5/483. Cho cdc sé thue a, b, ¢ théa man
diéu kién a+b+c=3 va abc>-4. Chimg
minh rang:

3(abc + 4) = 5(ab + be + ca).

Loi gidgi khdc. Do a+b+c=3 nén trong ba s6
a, b, ¢ ¢6 it nhit mot s duwong.

B o 4
Gia st a >0, tir gid thiét abc 2 -4= bcz——-
a

Taco: be <

2 N2
——————(b it} nén be < 7(3 al
4 4

(do a+b+c=3).
Xét A= 3abc+4)-5(ab+ bc +ca). Dt bc=t
ta co:
fl)=3at+12—5t—5a(3—a)
=(3a-5)¢-15a+5a* +12,
4, 6=0

vol — <t <
a

5
* Xét 3a—5=0 hay azg thi luc nay

2
5 5 8
N=-15—+5|—| +12==>0.
r=aistas(2f -t
« Xét 3a—5#0 khi do /()12 ham sé bic nhét
(B-a)
4

doi voi ¢ va <t< nén dé chung
a

minh  f(#)>0 ta cn chimg minh f[jj >0
a
va f((3 a) J> 0. That viy, ta co:

f(_—4)=~—4(3a—5)w15a+5a2 12
a

a

= l(sa3
a

—154* +20)

=§(a:+1)(a—2)2 > 0;
a

f((%a)z

= 2
J:(&:—S).QL)—15a+5a2 )
4 4

gt Ry
4

=%(g+])(a—1)2 >0 (doa>0).

Suyra f(£)=0 voi — <z‘<

{B=a)

4
Do vai tro a, b, ¢ trong bléu thirc A4 1 binh dang
nén A=>0< 3(abc+4)z5(ab+ be +ca).

PHAN THI BACH HUONG
(GV THCS Cao Xudn Huy, Dién Chdu, Nghé An)

“What is 777

A mathematician: “m is the ratio of the

circumference of a circle to its diameter.”

A computer programmer: “m is 3.141592653589

in double precision”.
A physicist:  “
0.000005™.

An engineer: “n is about 22/7”.

n is 3.14159 plus or minus

A nutritionist: “Pie is a healthy and delicious

dessert!”

TOAN HOC
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BAI TOAN 14. Cho hinh chép S. ABCD, ddy
ABCD la hinh thang. (AD [ BC)va AD =2BC.
Goi M, N lan luot la trung diém cia SA va SB,
P la giao diém cua SC véi mp(MND).

.

Tinh ti 56

r

Phdn tich. Pé tinh %, trude tién ta xac dinh

giao diém P. Pé tim giao diém P néu khong nhin
thiy su‘tc;)n tai mot dudng thang thudc (MND) co
giao diém voi SC thi thong thudng ta xac dinh
mot mp(Q) (mat phang phu) chira SC va c6 giao
tuyén voi (MND), giao diém cua giao tuyén dé
voi SC chinh 1a P. Viéc xac dinh mp(Q) c6 y

Br s ’ 5 2 ACOP :
nghia nhit dinh trong viéc tinh ti s6 — . Néu
cS

khéng tao thém mit phing chira SC thi hién tai, tir
gia thiét, ta xac dinh dwgc ba mit phing (SBC),
(SCD) va (SAC) chita SC vi cé giao tuyén véi
mp(MND). Néu chon (Q) 1a mp(SBC) thi ta ¢6
cich giai tht nhit nhu
sau:
Cdach giai 1. Trong
mp(ABCD) tr D dung
duong thing song song
vGi AB cit duong BC tai
E. Khi d6 ABCE la hinh
binh hanh va C 1a trung
diém cuia BE. Ta co:

MN /| AB = DE /| MN = DE = (MND)
= (MND)(SBC) = NE.
Khi d6 P 1 giao diém cioa NE va SC. Vi C 1a
trung diém ctia BE va N 1a trung diém cia SB nén

CE: .1

P la trong tAm cia tam gidc SBE=> ——=—.
Gy 3

(&4
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Néu chon (Q) 12 mat phing (SCD) thi ta cé cach
gial thi hai.

Cdch gidi 2. Goi H la
giao diém cia AB va CD.
Trong mp(SAB) goi K 1a
giao diém ctia MN va SH.
Khi do
(SCD)N(MND)=DK = P
la giao diém cua SC va
DK. Tir gia thiét suy ra K
1a trung diém cia SH. Tix
gia thiét BC va AD 13 hai
day cia hinh thang va 4D = 2BC ta suy ra C la
trung diém ctia DH. Do d6 P 13 trong tim cia tam

giac SDH = % = ~;— Néu chon (Q) 14 mit phing

(SAC) thi ta c6 cach giai thir ba.

Cich gidi 3. Goi O la giao diém ctia AC va BD,
khi d6 trong mp(SBD) ta c6 SO va DN cit nhau
tai 7 = (SAC) N (MND)= MT = P la giao diém
clia SC va MT. Trong tam giac SBD voi gia thiét
OB _BC 1

OD 4D 2
dung dinh 1y Menelaus cho ASBO va cat tuyén
NTD ta tinh dugc
T—S=3. Goi 7 1a giao
TO 2

diém cia MP va AC. Khi
do trong tam giac SAI ta
c6 M la trung diém cuna

N 1a trung diém cua SB va

SA va T—S:i st dung
oo ik
dinh 1y Menelaus cho ASAQ véi cat tuyén MTI

ta tinh dugc A l, ma O nén C la trung
) or 2 04 2
diém cia 4/1. Do dé P la trong tdm cia tam giac
oy 3 .

Nhin xét. D6i voi cach

gidi 3 viéc xdc dinh diém  MAL_|\,

P khong khd, tuy nhién r

o el P e o

viéc tinh ti s6 — da g ¢ i
cs

gip kho khan hon réat nhidu. Ta c6 thé tao mp(Q)
chtra SC va chita mdt duong song song vdi MN
nhu sau:

Ci
AL
hir
gia
tar

thi
my

SC
Ti




h
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Cdch gidgi 4. Goi J la
trung diém cua AD. Do
AD = 2BC nén ABCJ 1a
hinh binh. hanh
= JC /) AB. Goi F la
giag diém cua SJ véi MD
= F la trong tim cla
tam gidc SAD. Tu gia
thiét suy ra MN J JC, do dé giao tuyén cla
mp(MND) v6i (SJC) la duéng thang di d qua F va
song song v&i JC, suy ra P la giao diém cua d va
SC. Trong tam gidc SJC c6 L
s .4 o

Tiép theo, ta c6 thé tao ra mat phang mai chira SC
va chira mot dudng song song véi MN nhu sau:
Cdch giai 5. Goi H 1a S
trung di{ém cua BD, E la
trung diém cua 4B; K la
giao diém cua SH v
ND. Khi d6 K 1a trong
tdim cua tam giac SBD

HK 1

HS 3
Do 4D =2BC nén ta co
BCHE 1a hinh binh hanh
= HC /[ MN, do d6 giao tuyén cia mp(MND)
v6i (SHC) 1a dudng thing d* di qua K va song
song v&i HC, suy ra P 1a giao diém cia & va SC.

Khi do, trong tam giac SHC c6 ar :E l

¢y HY 3
Ta c6 thé tao ra mit phang chira SC va mot duong
song song v&i MD nhu sau:
Cdch gidi 6. Goi E 1a diém d6i ximg v6i A qua D,
khi d6 SE j/ MD. Trong mp(4BCD), goi K 1a giao
diém cua EC va 4B. Trong mp(S4K), goi Q la
giao diém cia MN va SK. Luc nay, O 1a mét diém
chung cua (SEC) va S
(MND); giao tuyén d M
cua chung di qua Q
song song voi SE, d
cit SC tai P va cit EK
tai H.
Do M, N lan lrot la
trung diém SA4 va SB nén O 1a trung diém cia SK
va H la trung diém cta EK. Mt khac

AD = ZBC:>BC=ZAE:>KC—4KE:>C

la trung diém cua KH. Tix O 14 trung diém cua SK,

C 12 trung diém ctua KH, suy ra P 1a trong tim cua
cP 1

tam giac SKH = —=—-
GSiv 3

Ta c6 thé tao ra mit phing chira SC va mot duong
thang song song v&i ND nhir sau:

Cich gigi 7. Goi E la diém d6i ximg voi B qua D,
khi d6 SE // DN. Trong mp(ABCD), goi K la
giao diém ciia EC va AB.
Trong mp(SAB), goi O
1a giao diém cua MN
va SK, O 1a trung diém
cua SK. Lic nay Q la
mot diém chung cua
(MND) va (SEC) va
giao tuyén d cta ching
di qua Q va song song
v6i SE, d cat SC tai P va EK tai F, F 1a trung diém
ciia KE. Kéo dai 4D cat EK tai [, khi d6 H la
trung diém ctia CE. Pén déy, ta chimg minh duoc
C 1a trung diém cta KF, suy ra P 1a trong tim cia

cP 1

ASKF = —=—.
cs 3

i NGUYEN ANH VU
(GV THPT Nguyén Binh Khiém, Hoai An, Binh Dinh)

Nhin xét. Viéc chon mit phéng phu chira SC
trong bai toan dé xac dinh vi tri diém P da gop

phan quan trong d¢ tinh dugc ti s6 % . Céch giai

4 va cach giai 5 luu y vai ching ta ring khéong
nén dya vao cai c6 sin, ddi lic cdi co sin gay tro
ngai cho cng viéc va kim ham su sang tao, cheamg
han nhu cach giai 3. Ngoai 7 cach giai cla tac gia
Nguyén Anh Vii, Toa soan khong nhin dugc thém
céch gidi nao khic ctia cac ban doc giri vé.

LE MAI(Ha Noi)

S6 493(7-2018)
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Trong bai ky nay 13 10 giai bai toan dwoc dwa ra
trong phan bai tip dé nghi & TH&TT s6 489,
T3.2018.

Bai 22 (Putnam 1988). Chirng minh rding voi
moi 6 thue a, phirong trinh

X+ +xi+al= ,\“‘.t‘l_\gﬁ FEX T AL A B X,

co mot nghiém (x,,x,,x,,X,) ma x,,X,,X,,x, la
cdc so nguyén déu lém hon a.
Léi gigi. Chi y rang phuong trinh c6 mot
nghiém tam thudng 1 (1; 1; 1; 1). Pay chinh 1a
phin tir (nghiém) sinh ra cac nghiém khac cta
phuong trinh. Ching ta s& tim mét dang nghiém
khéc theo cic bién khac voi x, dé gia tri méi
clia x; van théa man phuong trinh. Pé lam dwoc
diéu nay ta tich cac bién va viét phuong trinh
da cho thanh dang bac hai theo x;:
X = (X + X%, +X,X,)x + 52+ 02 + 22 —x,x,x, =0(1)
Khi d6 néu nghiém cua (1) (dbi véi x;) 1a r,, 7
thi theo dinh ly Viéte ta cé:

Bty =0 g XXy XX 2)
Gia  su

LX) =000 1a . miot

nghiém cta phuong trinh di cho. Khéng mét

tinh tong quat ta c6 the gia sir: r, <s, <t, <
0 (2) nén
(15 Xy X5, X )=S0 + 5,0 +2u —1, 81, 4, W)

cling I1a nghiém cua phuong trinh.
Chu y rang

Xy =S Ayt —n>u 24 25 2 =x,.
Nhu véy gié tri méi x| 16n hon gié tri ban dau
x,. Lip lai qua trinh nay cho dén khi ta duoc

gid tri madi 16n hon a va 4p dung qua trinh trén

46 T?g-lr\'ug% S 493(7-2018)

Al d}g‘qm CACBATTOAN HA%

cho céc bién x,, x;, x,ta s& ludn tim dugc céc
gia tri moi, cic gia tri nay tién t&i +oo va do dé
s€ cd cac gid tri x,,x,,x;,x, thoa min bai toan,
1om hon a.

Nhin xét. Loi giai trong bai toan trén di s

dung phuong phap “budc nhay Viete”,
phuong phéap thuong dugc dung trong cac bai
toan s6 hoc lién quan dén phuong trinh
Diophant (ban doc ¢6 thé tham khéo rd hon vé
phuong phap nay trong Tap chi TH&TT sé6 478
(T4.2017).

mot

NHU HOANG (Ha Noi)

The math professor’s six-year-old son knocks at
the door of his father’s study.

“Daddy,”
problem I couldn’t do at school.”

he says. “I need help with a math

“Sure,” the father says and smiles. “Just tell me
what’s bothering you.”

“Well, it's a really hard problem: There are four
ducks swimming in a pond when two more ducks
come and join them. How many ducks are now
swimming in the pond?” .

The professor stares at his son in disbelief. “You
couldn’t do that?! All you need to know is that
4+2=6!"

“Do you think, I'm stupid?! Of course I know that
4 + 2 = 6. But what does this have to do with
ducks!?”
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GIAI DAP: .

BAT PHUONG TRINH VO NGHIEM!
(Pé ding trén TH&TT sé 489, thing 3 nim 2018)
Phan tich. Loi giai da cho mic sai 1dm & chd dat
diéu kién: w2.10g2 y=0&log,y=>0 la chua
chinh xic vi khi x = 0 thi khéng cdn biét déu cia
log, y (chi can log, ¥ c6 nghia) thi didu kién van
ding. Do d6 cAn xét thém trudmg hop x = 0.

Loi gidi dang

3 s y>0
biéu kién:

1). Xét hai truong hop:
2log, y 2 0 1) g hop

o« TH1: x=0.BPT tr¢ thanh:
|

10g2y+150@10g2y§714:>0<y55.

y=>0 "
e TH2: x#0. PK(1) < &y >1.Voi

log,y =0

2

DK nay BPT tuong duong vii

\/37)2 +2\/m—2.,/10g2 Tt (,/log2 y)2 i)
2
\/E—F,flogz y) +1<0.

2
Vi y > 1 nén (\/ﬂ?-i- logzy) +1> 0. Do d6 BPT

A d

da cho vd nghiém.
=10

Vay nghi¢m cta BPT da cho la 1.z
O<y< 5

Nhén xét. Cac ban giri vé dédu tim dung sai 1im va dua ra
cach giai ding. Sau day 1a danh sach cac ban do:

Ha Noi: Hoang Ting, 12T, THPT chuyén KHTN, PHQG
Ha Noi. Hung Yén: Podan Phi Thanh, Chu Ngoc Chién, 10
Toan 1, THPT chuyén Hung Yén. Thira Thién Hué: Lé Thi
Thu Swong, 10 Toan 2, THPT chuyén Quéc hoc Hué. Bén

Tre: Lé Ngé Nhdt Huy, 11A1, THPT Lac Long Quén, TP.
Bén Tre.

KIHIVI

Bai toan. Gidi phwong trinh

o’ ~ 822 + 2z +2P° -6z=0 (1).
M@t hoc sinh giai nhu sau: PK: x =z -2. Khi d6
(1) & z* — 32° — 6z +16 = 16 — 2z + 2)’

o (-2 —g_g = L2oDE+6+Na+2)

x+242

= 2
A4 5
$2_$_8:_2{$+6+2\II+2) @)

NT+2+2
T+64+2yr+2 _3]

Nr+2+42
r—AT+2

2)er’—1-2=-2

et —r—2=-2
r+2+42
P et
N A ) Az i)
(Nz+2 +2)(z + vz +2)
—z-2=0 (3)

=

Nz +2+2(z+z+2)=-2 (4)

(3) coHnghiémx=—-1,x=2.

Giai (4). Pat Vz +2 =t > 0=z =t —2.Khi d6
(4) trd thanh: (£ + ¢ —2)(t +2) = -2

e (t+DE+2-2)=0&t=—14v3 (do t >0).
Vai t = —1+\/§ suyra x = 2(1—\6).

Vay PT(1) ¢6 ba nghiém: x = -1, x=2, z =21 —\/5)
Theo ban loi gidi trén cé ding khéng? Néu sai, hiy
swra cho ding!

NGUYEN NGOQC TU
(GV THPT chuyén Ha Giang)

TOAN H
* crumg;g 47
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CHJU TRACH NHIEM XUAT BAN
Ch tich Hoi déng Thanh vién
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NGUYEN bUC THAT
Téng Gidm déc NXBGD Viét Nam
HOANG LE BACH
Phé Téng Gidm déc kiem Téng bién tap
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PHAN XUAN THANH
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Thu ki Toa soan : ThS. HO QUANG VINH
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TRONG SO NAY

o Danh cho Trung hoc Co s¢

For Lower Secondary School
Bé Quang Minh — Phuong phdp dai s6 trong 16i
gidi cdc bai toan hinh hoc.

o Ditong Vén Duy — Phuong phédp déng bac gidi hé
phuong trinh.

o Hudng dan giai dé thi tuyén sinh 16p 10 trudng
THPT chuyén Vi Thanh, Hau Giang ndm hoc
2017-2018.

© b i wyén sinh vao 16p 10 THPT chuyen
DHSP Ha Noi, nam hoc 2018 - 2019.

@ Dién dan day — hoc toian

Bui Trung Hiéu — K thuat déi bién dé thiét lap
BDT mai tir cic BDT thuong gap.

@ Lich st toan hoce

Ngé Thiic Lanh — Tir phuong trinh Pythagore dén
dinh 1i 16n Fermat.

@ Phuong phap giai toan

Litong Xudn Vinh — Phuong phdp luong giac hda
trong chitng minh.

€ Tim hiéu sau THCS

Pham Bdc Phii — Ung dung phuong phip x4p xi
déu m6t ham s& bdi ham da thife trong bai todn
ude lugng cuc tri trén doan.

@ Dé ra ky nay

Pr_oblems in This Issue
T1/493, ..., T12/493, 1L1/493, 1L2/493.

€D cisi bai ki truee
Solutions to Previous Problems
@) Tiéng Anh qua cac bai todn - Bai 5534,
Bai dich 56°31 - Tiéng Anh qua céc bai todn.
@ Giai tri toan hoc
Nguyén Xucan Phan - Tap sing tao.
@ Tin titc
Alex Bellos - Giai Abel 2018.
@ Ban doc trao doi
@ Nniéu cach gidi cho mot bai todn
@ Du lich thé gidi qua cdc bai toan hay
@ saitim 6 dau?
Nguyén Ngoc T — Ping hay sai?
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ON THI VAO LOP 10 THEO DINH HUONG TiCH HOP V.
PHAT TRIEN NANG LUC

clia cac tac gia: TRAN DUC HUYEN va NGUYEN DANG TRI TiN
Sach day 236 trang, kh6 17 x 24 cm, gid bia:

PE R

E——— L

) | ap 10
ON THI V: A(
iCH HOP
THEO BINH HUONGT
VA PHAT TRIEN NANG Luc

~TOAN

him gitp cho cac em
hoc sinh ¢6 thé tu on
luyén va hd trg quy
ay Co co6 thém tai liéu én
thi vao lép 10, Nha Xuat ban
Giao duc Viét Nam td chirc bién
soan cuén “ON THI VAO LOP
10 THEO DINH HUONG
TiCH HQP VA PHAT TRIEN
NANG LUC”

Ngoai viéc luyén thi vao 16p 10,
cudn sach nay ciing dap Ung yéu
cau cho viéc ddi moi day - hoc,
dap tmg yéu cau dugc cac tiéu
chi cua by sach gido khoa méi,

bia chi phat hanh:

NHA XUAT BAN GIAO DUC VIET NAM

theo dinh hudéng tich hgp céc
mén hoc, va phat trién nang luc
cua hoc sinh ctia Bo Giao duc va
DPao tao.

Sach gom 4 chwong:

CHUONG 1. NHUNG CHU
PE CO BAN

Bao goni 12 chu dé cin ban cta
chwong trinh todn 16p 9 hién
hanh: M01 chi dé déu cé phan
tom tat 1¥ thuyet dé toan co
huéng din va dé toan tu giai rat
ti¢n cho céc em hoc sinh ty 6n tép
va rén luyén.

CHUONG 2. NHUNG CHU
DE TOAN UNG DUNG

Chii dé 13: Nhiing bai toan tich
hop lién mén Ly - Hoéa - Sinh.
Chii dé 14: Nhirng bai toan ti 1&
phan trim trong tai chinh.

Chu dé 15: Nhing bai toan thuc
te do dac hinh hoc — Céac bai toan
vé dia i,

CHUONG 3. NHUNG CHU
PE NANG CAO

Chii dé 16: Vin dung md hinh

toan hoc dé giai quyét cac van dé
thue té.

69.000d6ng

Chii dé 17: Toan dai s6 tong hop.
Chii dé 18: Toan hinh h
hop.

CHUONG 4. PE MAU
TUYEN SINH VAO LOP

G6m 6 dé thi miu duge bién soan
theo ding hudng dan cau trac va
ma tran dé minh hoa ctia S& Gido
duc va DPao tao TP. Ho Chi Minh,
trong d6 mot s6 dé c6 huéng din
gidi va cac dé con lai cac em hoc
sinh s& tur lam.

Dé sir dung tai lidu mot cach co
hi¢u qua cdc em hoc sinh can hoc
day du cac kién thire co ban trong
sach gido khoa, tich cyc rén luyén
cach suy nghi, tu duy, phan tich,
phan bién, dong thoi tim méi lién
hé voi thye & ddi véi kién thic
da hoc.

Chung t6i hi vong tai liéu nay sé
gitp ich cho quy thiy c6 va céac
em hoc sinh trong viéc 6n tép,
luyén thi vao 16p 10 theo ciu
tric dé mai va rat mong nhéan
dugc nhiéu y kién déng gop xay
dung dé nhitng lan tai ban sau
tai li¢u s& dugc ngay cang hoan
thién hon.
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