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Cubn sich 9 CHUYEN BE DAl SO TRUNG HOC CU SO gidp cic em
hoc sinh cac 1dp 6, 7, 8, 9 thi hoc sinh gidi va thi vao ldp 10 chuyén Toan.

Trong rat nhiéu chuyén dé vé Dai s6' & Trung hoc cd s, ching téi chon
nhiing chuyén dé thuong gap nhat trong cac ki thi néi trén, hé théng cac
phuong phép gidi véi cac vi du minh hoa va cac bai luyén tap dugc phan
chia theo ting dang toan. Vdi cac chuyén dé khac vé Pai s6 khong dugc dé
cap dén trong cubn sach nay, cac em c6 thé tham khdo trong cac cudn sich
Néng cao va phat trién Todn cic Iop 6, 7, 8, 9; Phuong trinh nghi¢m
nguyén va kinh nghiém giai cda cung tac gia.

Cic bai toan dudc chon loc trong cubn séch nay ¢6 nhing ddc diém sau:

~ La nhiing bai todn mdi, chang it xudt hién hodc chua xuat hién trong

cac cuén sach da duoc xuat ban.

- C6 d§ khd vita di phuc vu cho yéu cau chon hoc sinh giéi va chon

hoc sinh vao ldp 10 chuyén Toan.

— C6 nhiéu tinh huéng doi hdi cac em phdi van dung kién thic mét
cach thich hop, sdng tao dé€ gidi quyét.

~ Loi gidi dugc chon loc dé vita ro rang dé hiéu, viia ngdn gon cé dong.
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Trong sach c¢6 nhing bai tap kho, nhung cach giai chang déu hop Ii voi
mach tu duy sang sua, diéu dé giup cac em rén luyén phuong phap va trau
doi ts duy. Voi méi bai toan trong cudn sach nay, cac em nén danh thoi
gian tim hiéu vi sao da giai dugc (hodc khéng gidi dugc) bai toan &y, tu do
rat ra nhang kinh nghiém vé phuong phéap gidi quyét van dé, diéu do khong
chi ¢é ich trong hoc Toan ma con can thiét trong hoc tap, trong nghién ciu
va trong cudc séng.

Céc bai toan trong cuén sach nay nhu nhang dinh cao trong hoc Todan.
Cac em hdy tap chinh phuc nhing dinh cao dy dé sau nay chinh phuc dugc
nhiang dinh cao khac, cao hon.

Cudn sach cang la mot tai liéu thiét thuc cho cac thay c¢é gido boi duong
hoc sinh giéi mén Toan, cac can b chi dao mén Toan va cac bac cha me

hoc sinh quan tam dén viéc boi dudng nang Iuc toan hoc cho con em.

Tac gid cam on ban doc da s dung cuén sach nay va mong nhan duoc
nhing gop y cda ban doc cho cudn sach.

Téc gia mong mubn rang
Chin chuyén dé Pai sé
Gitp tu duy trau doi,
Cung cap cho ban doc

Thém hanh trang vao doi.

Tac gia
vU HUU BINH
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Chuyén dé 1
BIEN POI PONG NHAT BIEU THUC PAI SO

W

TONG QUAN VE CHUYEN DE
Céc bai todn trong chuyén dé nay bao gom céc ndi dung:
— Cic phép tinh vé da thic. Phan tich da thic thanh nhan .
— Rt gon phan thitc dai s6. Cdc phép tinh vé phan thic. Gid tri cua phan thic.
— Céc phép tinh vé can bac hai, can bac ba.

Trong cdc bién déi déng nhat bicu thic dai s6, cdc hing dang thic c6 mot vai
ird quan trong. Ngodi céc hing dang thic ddng nhé trong Sich gido khoa, can biét
thém cdc hang dang thirc sau:

1) Binh phuong ctia mot da thic :

(a+b+c)y=a’ +b® + % + 2ab + 2ac + 2bc.
2) Lap phuong ctia mot 1dng ba s6, 1dng cic lap phuong cia ba s6 :

(a+b+c)3=a‘3+b3+c"' + 3(a + b)(b + ¢)(c + a).

' a3+b3+c3-3abc=(a+b+c)(a2+bz+c2—ab-bc—ca).

3) Liiy thita bac bon, bac nam clia mét nhi thic :

(a+b)y=a+ 4a°b + 6a’b* + 4ab’ + b’

(a+b)’=a"+5a’b + 10a°b” + 10a’b’ + 5ab* + b”.
4) Vi sO nguyén duong n, ta co :

a"—b"=(a-b}a" ' +a" b+a" b +... + ab? % 4 5]y,
5)Vé6isolén, taco:

A"+b"=(@+b)@" ' -a"2b+a"3p?-... —ab"" b))
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Bai toan thuc té

Ti LE KHI PHA TRON

Ta duge giao mot nhiém vu nhu sau : Pha mdt lugng
dung dich ¢6 néng d6 5% mudi véi mot luong dung dich ¢6
néng do 30% mudi dé dugc hén hop c6 ndéng do 20% mudi.

Ta can pha hai dung dich trén véi ti 1&é nao ? Ban hay
giup Tu giai quyét bai todn.

Gidi

Goi lugng dung dich ¢6 nong dé mudi 5% va 30% theo
thir tu la x va y (gam) (x, y > 0).

Thich e oy = i )
100 1000 100 7

& 5x + 30y = 20(x + y) < (30 - 20)y = (20 — 5)x

X 2
& —=—=—,
3

Ti 1€ khoi lugng dung dich ¢6 noéng dd mudi 5% va 30% céan pha véi nhau la -
Trong thuc hanh, ta thudng viét theo so do sau :
.30-20=10
20 <
-20-5=15
Téng quadt, ti 1¢ khoi lugng cédc dung dich ¢6 néng do a% va b% céin pha véi

nhau dé duoc hén hgp ¢6 néng 4o ¢% la —— | I (c#a,c#b).
cC-—a
I. DA THUC
Vidu 1. Cho X+y=a+b (1)
x}+y =a’+b’ (2)

Chimg minh ring  x°+y>=a’ + b’
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Giai
Tu(Dsuyra(x+y)P’=(a+b’ = x> +y*+2xy=a’+b*+2ab.  (3)
Ta ¢6 hing déng thitc
(x+y) ' =x>+y' +3xy(x + y)
(a+b)’ =a’ + b® + 3ab(a + b).
K&t hop v6i (1) va (2) suy ra 3xy = 3ab hay xy = ab. (4)
Tir (3) va (4) suy ra x> + y’=a?+ b
Vi du 2. Phén tich thanh nhan ti :
a)x* +4x>+ 16 ;
b) (:.»1|+h+4:)‘1’—{a3 +b3+c3j.
Giai
a) x* +4x% + 16 = x* + 8x% + 16 — 4x>
= (x2 + 4}2 - (2:~;)2 — (Xz +4 + 2):)(:(2 + 4 - 2x).
b) Cach 1.
Ap dung nhiéu ldn cong thic (x +y)’ = x> + y + 3xy(x +y)tacé:
(a +b+c)“—(as+ b3’+c‘])= [(a«l-la)+<:]:"—a3-—b?'—c3
=[a+b)3+c3+3c(a+b)(a+b+c)—a3—b3—-63
=a3+b3+3ab(a+b)+c3+3c(a+b)(a+b+c)—a3—b3—c3
= 3(a + b)(ab + ac + be + ¢?)
=3(a+b)[a(b+c)+c(b+c)] =3(a+b)b+c)c+ a).
Cdch 2. (phuong phap xét gid tri riéng)
bat A ={a+b+c)3—(a3+b3+c3).

Véia+b=0thi a3+b3=0nénA=c3-—c3=O. suy ra A chira nhan tira + b.
Do vai tro binh déng cua a, b, ¢ nén A chita nhan tir (a + b)(b + c)(c + a).

Do moi hang tir cia A déu c6 bac 3 nén

A =Kk(a + b)(b + c)(c + a) véi k 12 hing s6.

Taco véimoia,b,c:
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(a+b+c)’ —(a+ b +c’)=k(a+b)(b +c)c +a). (1)
Thaya=b=1vac=0vao (l)dugc 2’ -2=k2.1.1 = k=3.
Vay A =3(a+ b)(b + c)(c + a).
Vi du 3. Phan tich da thitc sau thanh nhan tlr bing phuong phdp xét gid tri riéng :
A:(a-b)5+(b—-c)5+(c—a)5.
Giai
" Thay a bai b thi A =0 nén A chita nhan tra — b.

Do A khong déi khi hodn vi vong quanh a — b — ¢ — a nén A chia nhan
(a—b)(b—c)(c —a) va cé dang

A = B(a - b)(b - ¢)(¢c - a). (1)

Do moi hang tir chia A déu ¢6 bac 5 nén moi hang tr cia B déu ¢6 béc 2, do
doé B ¢6 dang

B = m(a® + b® + ¢%) + n(ab + bc + ca). (2)
Tu(l)va(2) tacé6véimoia,b,c:
(@a-b)>+(b-c) +(c-a)’
= (a=-b)(b-c)(c —a)[m(a’ + b* + c®) + n(ab + bc +ca)]  (3)
Thaya=0,b=1, c =2 vao (3) dugc
-1=-1+32=(=1)(-1).2.(5m + 2n) hay 15 = 5m + 2n. (4)
Thaya=-1,b=0,c =1 vao (3) dugc

-1-1+32=(=1)(-1).2.(2m -=n) hay 15=2m - n. (5)
Tir (4) va (5) suy ra
Sm+ 2n=15 m=J
=
2Zm -n=15 n=-5

Thay m = 5, n = =5 vao (3) duogc
A=5(@-b)b-c)c- .'a)(:«a2 +b*+c’—ab-bc - ca).



Il. PHAN THUC PAI SO

Vi du 4. Rt gon phén thic
3 a’ - be b% - ac ¢ - ab

-(a+b)(a+c)+(b+a){b+c)+(c+a)(c+b)‘

Giai

Xét a? - be _az+ac—ac—bc_a(a+c)—c(a+b)
(a + b)a + ¢) (a + b)(a + ¢) (a + b)a + ¢)
a c

a+b a+c¢

Tuong tu,

b’ — ac b ¢ ¢t - ab _ ¢ b
(b+a)b+c) b+a b+c (c+a)c+b) c¢+a c+b
B e s

a+b a+c b+a b+c¢c ¢c+a <c¢c+b

a+b_b+c=l_l_0'
a+b b+c

Vi du 5. Ching minh ring t6ng cdc binh phuong cla ba s6 hiu ti

l. l la binh phuong clia mét s6 hitu ti.
X Yy X=Y%
Giai
- 2 . o2
Cdc'h!.A=L2+—];+ l 2=x;2y + : 3
x>y (x-y) X7y ol

_ P+ ) - y)? + Xy
x2y2(x — y)?
Ta s& chimg minh tir 12 binh phuong clia mot s6 hiru ti.

Pat tlr bing B ta ¢6 :
B=(x - y)’[(x = y)* + 2xy] + x’y’



=(x - y)4 + 2xy(x — y)2 + xzyz =[(x - y)2 4+ xy]z*

(x — )a')2 + xy]h

Vay A =
Xy(x —y)

Cdch 2. Truée hét ta chilng minh bé dé : Néu a + b + ¢ = 0 thi
L1 1 (1 1 1Y
oy + e + - == + — 4 — .
- b
That vay, ta cé

a~ b~ ¢ abc a~ b
Trg lai bai todn, ta viét A duéi dang

+--I;+—-—'-—,, + I,,+ =
¥° =y = =Y y=xr

—_—
—_— —

A=

(]

-
=
Ap dung b6 dé trén véia=x,b=-y,c=y—x thia+b+c=0nén
A= ..I--[-L-j- l =—I——~]—— I .

X =y y-x X y Xx-y

Vidu 6. Cho cdc s6 a, b, ¢ khdc 0 va khdc nhau doi mot thoa man

a+-:;=b+—|» =c+l=k. Chimg minh ring k = | hoac k = —1.
c a

Giai

-1
Tira+l=ksuyraa=k—l=bk
b b b

Tirb+l=ksuyrac=—l—.
i k-b

. I b
Két hop vdi ¢ + — = k duoc + =
LS “k=b B =1




= bk — 1 + bk = b> = k(k — b)(bk - 1)

— bk - 1 + bk — b2 = bk’ — k? — b’k? + bk
= -1 + bk — b% = k’(bk - 1 = b%)

= (k*- 1)(bk = 1 =b%) =0.

b')‘
Néubk-1-b>=0thi k = =b+

:

b‘

Kéthogpvoi k =b + LS suy ra b = c, trdi véi gia thi¢t b # c.
c

Vayk’-1=0,uiclak==%1.

Liuuy

k = 1 khi, ching han,a=2,b=-1, ¢ = %:

k = -1 khi, ching han,a=-2,b=1,¢c = —-%.

I

2

Vi du 7. Cé bao nhi¢u s6 nguyén duong n < 1000 sao cho phan s6 >
n® +

phan s0 16i gian ?

Giai
n+4 . ., W ET o n® = 16423 . ..
= 101 glan < 101 glan & 101 glan
n- + 7 n+4 n+ 4
3 101 gian.
n+4 5

Trude hél ta tim xem ¢6 bao nhiéu gid tri ctia n (1 < n < 1000) dé phan s6
ol

khong 16i gian.

n+4
23 — .
" khong t6i gian <> n + 4 € {23 ;46 ; 69 ; ... ; 989}, tap gom
n
g + 1 = 43 (s0).

23

11



) +
Viy ¢6 1000 - 43 = 957 (s6) lam cho 5 X
n® +7

14 phan so 161 gian.

Vi du 8. Tinh gi4 tri cua bié¢u thic

O ) R () |
R G R I R

Nhén bicu thirc trong méi dau ngoic véi 4 ta duoc

Giai

4.1 + D@.3* + D..(4.157 + 1)

A= ;
(4.2% + 1)4.4% + 1)...(4.16* + 1)

Tac64n*+1 =2n° + 1> = 2n)’ =2n° + 1 = 2n)(2n® + 1 + 2n)
=[(n=1)>+n’][n’ + (n + 1)’| nén

0F + P)1%2 +2%) 22 +35)32 +4%) (142 + 155)(15% + 16%)

A - g 2 g | . = ¥ 9 9 . RS Y ¥ 2 9
(" +2)2°+37) 3 +47°)4” + 5) (15 + 167°)(16° + 17°)

0% +1° I

16 +17° 545

Il. CAN THUC
Vi du 9. Rit gon biéu thirc véia> 0

A=\ i B o) e 1)

Gidi
Pat 2(\/3 )(a +l—l)=thhi
= [d +l—(a+l}.1 +l+a]

2
=a2+l+2a—2(a+l) a2+l+(a2+l)=(a+l- a2+l).

12



Doa}OnénB=a+l—\,‘u2+l.
VayA=\fa3+l+(a+l—\}a3+l)=a+l.

Vi du 10. Tim cdc s0 hiru ti a vad b sao cho 1 + J3 1a nghiém cua phuong

trinh x> +ax>+bx+1=0.

Giai
Thay x =1 + J3 vio phuong trinh, ta duoc
(1 +3)P° +all + V3?2 +b(l++3)+1=0.

Rut gon duge (2a + b +6)3+@a+b+11)=0. (1)

Vi (1) phii diing v&i moi a va b nén {2a A Rl o BN
4da+b+11=0 b=-1.
Vi du 11. Cho a(a’-3b%)=9 (1)
b(b® - 3a%) = 13. (2)
Tim gi4 tri cta biéu thic a® + b”.
Giai
Tu (1) suy ra a’(a’ - 6a’b” + 9b*) = 81.
Tir (2) suy ra b’(b* - 6a’b” + 9a*) = 169.
Cong theo v& hai déng thirc trén ta duge
28 + 3a%b? + 3a%b” + b® = 250 = (a2 + b%)* =250 = a? + b® = 3250 = 532.
Vi du 12
a) Lap mot phuong trinh bac ba véi hé s6 nguyén, ¢6 nghi¢m la

J1+V2 + -2,

byDat m = Y1 + 2 + Y1 — /2. Tinh gid tri cita biéu thic (m® + 3m - 1)'*.

Gidi
a}Goim=§/l+ﬁ+{fl—Jf.

13



Pat Yl +v2 =avadl - V2 =bthia’+b’=2 (1)

ab = (1 + V2)(1 - V2) = -1. )
Tir hang déng thirc

(a+b)y’=a’+b’+3abla+b)taco6m’=2-3mnénm’® +3m-2=0.
Phuong trinh 1ap duoe 13 x* + 3x =2 =0.
by Tircauasuyram?+3m-2=0nénm’+3m—-1=1.

Do dé (m’ +3m—-1)'® = |.

BAI TAP

Pa thuac
1. Chimg minh hing dang thirc
(a® - ¢*)(b* = d?) = (ab — cd)® - (ad - be)’.

2. Choa+b+c=0vaal+b’+c’=14. Tinha*+b*+¢ .

3. Tinht6ng cic chir s6 cha n’, biét n = M .
50 chir 6
4. Phan tich thanh nhan ur :
a)x¥+x+1; b) a’(b? - ¢?) + b(c? — a%) + *@* - b)) ;
c)(x+y)5-x5-ys: d)a+b) -a’ -b.

5. Phan tich thanh nhan tr bang phuong phap xét gid tri riéng :
(a+b+c)—a"-b -

6. Choa’+b’=c’+d’ =1 vaac+bd = 0. Chimg minh ring
a+c’=b’+d’=1vaab+cd=0.

7. Cho(ad +bc)(ac+bd)=cdvaa+b=1.
Chimg minh rang a = 0, hoic b = 0 hodc ¢ = d.

8. Cho xz—y;c:a: y’-xz=b ; zz-xy=c.

Chimg minh ring ax + by + cz=(a+ b+ c)(x +y + z).

14



9. Tim bon s6 khong am sao cho médi s6 bang binh phuong cta tong ba so

con lai.

Phan thuc dai s6

10. Ching minh déng thirc

12.

13.

14.

b-c¢ " c—a " a—-b
(@a-b)a-c¢) (b-c)b-a) (c-a)c-Db)
2 2 2

— + - ;
a—-b b-c¢ c—-a

Cho cdc s0 a, b, ¢ khdc 0 thoa mdn a + b + ¢ = 0. Tinh gid tri cla biéu thirc

1 | |

A=— = =+ + ;
’) 2

a~ +b° —c¢* b2+c2—a' c2+az—b"

Cho ax +by=c¢ : bx+cz=a ; cz+ax=bvaa+b+c#0. Tinh gid tn
cua bi¢u thic
1 1 1
+ + ;
x+1 y+1 z+1]

; 2 2 2
Choabc=ivéi.,+—bz—+_cz. =b_+

b- ¢ a a
Chimg minh ring trong ba s6 a, b, c 16n tai mot s6 bang binh phuong cia mot
trong hai s6 con lai.

Tinh gid tri cia cédc biéu thic :

a) A=]|1- l l—-—l— |l - :
1 +2 1+2+3 1+2+3+4
] - l :
1 +2+..+ 100 |

2.3 99 \(1 2 98
B=|st+>+.+t——]-+—+..+—]|-
3 4 100 {2 3 99

. 29 Y2 3 98
=+ =+ +t— =+ =+ ..+
2 2 100 \3 4 99

15



Can thuc

15. Chom 2 0. Tinh x va y theo m, biét ring

16.

17.

18.

16

VX +y - =J;+J:—\/E.

; o a
Chodaysba,, a,, ...,a,thoaman a;, =v2 -1, a = L

\l{’ji n = ]; 2. 3--- Tinh a"‘p

Cho a, b, ¢ 1a cdc s6 duong thoa mén ab + be + ca = 1. Rt gon biéu thiic

2 2 2 2 £ z "
A=aJ(b + 1)(c +l)+b\/(c + 1)(a +i)+CJ(d + 1)(b +l).

>
a” + 1 b2+l c2+l

Cho m = V2 + 3. Lap mot phuong trinh bac 6 véi hé s6 nguyén, nhan m
lam mét nghiém.



Chuyén dé 2
PHUONG TRINH BAC NHAT, BAC HAI

W

T1ONG QUAN VE CHUYEN DE

Chuyén dé nay di sau vao hai loai phuong trinh gin giii v6i ching ta la
phuong trinh bac nhét va phuong trinh béc hai, bao gom :

— Phuong trinh bac nhat mot 4n, trong d6 cé cac phuong trinh dua duge vé
phuong trinh bac nhat mot 4n nhu phuong trinh chita an ¢ mau thic, phuong trinh
chira an trong d4u gid tri tuyét doi.

— Phuong trinh bac hai mot 4n, diéu kién dé phuong trinh ¢6 nghiém, h¢ thic
Vi-€t.

- Quan h¢ giira dudng thang va parabol thé hién quan h¢ gita ham s6 bac
nhét va ham s6 bac hai.

Bai toan co

BONG SEN TREN HO

Bai toan cua Bat-xca-ra (Bhaskara),
nha todn hoc An Do (1114 — khoang 1178)

Canh sen nhé moc trong hé nudc

Bong sen tron nira thude nho lén.

Béng dau gi6 thdi sang bén

Bong hoa dat xuéng nam trén mat ho

Cich canh cii dugc vira hai thude

(Ci st theo mat nudec ma do).

Nhe ai thao tinh gitp cho

Ho sau may thudc, 1i do thé nao ?

17



Gidi. (h.1)

Goi d6 sau ctia ho 1a BC = x (thudc), phan cay sen
nho lén mat ho l1a AB = 0,5 thudc.

Khi bong sen dat xuéng dén vi tri D, ta ¢6
CD =AC=x+0,5 (thudc).

Tam gidc CBD vuong tai B nén BC? + BD? = CD?.
Do dé x* +2% = (x + 0,5)%.

Giai phuong trinh trén, ta duogc x = 3,75.

Ho6 nude sau 3,75 thudc.

. PHUONG TRINH BAC NHAT MOT AN

Hinh |

Cén chi y dén cdc dang phuong trinh dua duge vé phuong trinh bic nhat mot 4n :

1. Phuong trinh chira an & mau thirc

O dang nay, gid tri tim dugc cuia 4n phai thoa man diéu kién 1am cho miu

thirc khdc O (diéu kién cia phuong trinh).
Vi du 13. Giai phuong trinh (a, b 1a tham s6) :

ax—l+ b _a(x2+l)
x=1 x+1 x*-}1

Giai

(1)

Diéu kién xédc dinh (DKXD) ctia phuong trinh 1a x # + 1.
Véi diéu kien dé thi (1) & (ax — I)(x + 1) +b(x = 1) =a(x> + 1)

>(@+b-I)x=a+b+1.

(2)

Ninas b | fre b s mav b ivinon
a+b-1
(a+ b+ 1
]
+ —
}° <a+b#0.
a+b+1
a+b-1

18

2.9 CHUYEN DE pS.B



Néu a + b =1 thi (2) trd thanh Ox = 2, v6 nghiém.
Két luan :

VGia+b# 1 vaa+b#0, phuong trinh c6 mot nghiém x = %.
a+b-
Con lai vé nghiém.
2. Phuong trinh chira an trong dau gia tri tuyét doi
O dang nay, ta thuong khir ddu gia tri tuyét d6i theo dinh nghia
AvoiA20
A = .
-A vl A <O.

Vi du 14. Mot hoc sinh giai phuong trinh |x + 1| + 3x = =5 (1) nhu sau :

3
X+1==3x-5 4x = -6 =—-=
() & xk+1|=-3x-5 & " X o o |* 2
X+1=3x+3 -2x =4 Fatars

Ciéch giai trén ¢6 ding khong ?
Gigi
Gidtri X = —-g— khong théa man (1) nén loai.

Céch giai ding nhu sau :
Cdch 1. Véi diéu kién =3x = 520 (2) thi

+1=-3x-5
K+1|==3x-5 e | .

X+1=3x+5
: " TR L gn-
Giai nhu trén, loai x*-—-é- vi trdi véi (2), chon x = =2 vi thoéa man (2).

Cdach 2.

Xéx2-lthi()@x+1+3x=-5 & x =--§-, khong théa man x 2 -1.

Xétx<=lthi(l)&—x-1+4+3x=-5 x=-2, théa man x <-1.
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Két luan : x = -2.

f(x)= £g(x)

Lwu y : |f(x)|=

Vi du 15. Tim gid tri cta tham s6 a dé phuong trinh [2x — a| = x + 1 (1) ¢6
nghiém duy nhat.

Giai
xzi
3 2 (I)
2x —a=x +1
() &
xsi
< 2 (IT)
_d—2x:x+1
X=a+1
(I) & a a+l2—oaz2-2
X 2 —
2
a-1
g -1 a
al) & 2 Bl ie¥ s
a 3 2
X € —
2
) g |
Pé (1) ¢6 nghiém duy nhat thi T 3 o a=-2
az2-2

IIl. PHUONG TRINH BAC HAI MOT AN
Cin chi ¥ dén cdc kién thitc sau :
1) Diéu kién dé phuong trinh bac hai c6 nghiém la A 2 0.
2) Hé thitc Vi-ét : Néu phuong trinh ax® + bx + ¢ = 0 (a # 0) ¢6 cdc nghiém X,
C

] - b -
vaXx, thi X, + X, = —— va x|X; = —.
a a
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3) Cho phuong trinh ax’+bx+c=0c6a#0.
~ Néua + b + ¢ = 0 thi phuong trinh ¢6 hai nghiém x, = 1 va x, = —.
a

— Né¢u a — b + ¢ =0 thi phuong trinh ¢6 hai nghiém x, = -1 va x, = il
a

Vi du 16. Cho phuong trinh x> = 2(m + 1)x + (m” + 2m) = 0.

Tim gid tri cta m dé cdc nghiém x,, X, cia phuong trinh thoa mén |x|3 - xg‘ = 8.

Giai

Phuong trinh da cho ¢6 nghiém véi moi m vi

A'=(m+ 1)’ =(m*+2m)=1>0.

Theo hé thic Vi-ét, X, + X, = 2m + 2, X,X, = m* + 2m.

Ta ¢6 (X, — X,)" = (X, + X,)? = 4x,X, = (2m + 2)’ - 4(m’ + 2m) = 4 nén
X = X = 2.

Ta lai c6 xlz + XXy + x% = (X, + X,)" = XX, = (2m + 2)? = (m? + 2m)

=3m’ + 6m + 4> 0.

Do dé |xf - x;| = 2(3m* + 6m + 4).

Giai phuong trinh 2(3m” + 6m + 4) = 8 duge m” + 2m =0

S mim+2)=0 m=0hoicm=-2.

Pdp so:me {0;-2}.

Vi du 17. Cho phuong trinh x> + mx + 1 = 0. Tim gid tri ciia m d€ c4c nghiém
X, X, cta phuong trinh thoa man xf + xg = 2.

Giai

Diéu kién dé phuong trinh x> + mx + 1 =0 c6 nghiém A A20 & m> =420

&m’24. (1)

Theo hé thire Vi-€t: x; + X, =-mvax,x, = L.
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Taco x,z + x% = (X, + X)? = 2X,X, = (-m)?* =2 = m® - 2 nén

2
xi‘ + xg = (xf + x%) - 2x|2x§ =m’-2)*-2=m"-4m’ + 2.

Gidi phuong trinh x}' + X3 = 2@ m*-4m’ +2=2 & m’(m’ - 4) = 0.

Loai m? = 0 vi tréi vé6i (1), ta dugce m’=4¢>m=x+2,

Dadp s6': m =12,
Vi du 18. Cho cidc phuong trinh
x2+mx-5=0 (1)
va  Sx’-mx-1=0 (2)

a) Chitng minh rang cdc phuong trinh trén ¢é nghiém.
b) Goi x, la nghiém duong cua (1), x, la nghiém duong cia (2). Chimg minh

rang X, + X, 2 2,

Gidi
a) Cic phuong trinh (1) va (2) déu ¢6 ac < 0 nén déu ¢6 hai nghiém trdi dau.
3

b) Do x, la nghiém cua (1) nén xf' +mx; -5=0=1+ m.«-l— -—=0
1 i l 1

. 5[—] - m.— -1 =0 = — langhiém duong cua (2)
X X X

= Xy = — 2XX,=1

Do x,, X, duong nén x; + X5 2 2\/x;x, = 2.

Vi du 19. Cho cic phuong trinh
X>+x+a=0 (1)

va x> +4x+b=0 (2).

Tim giad tri cha a va b sao cho cdc nghiém x,, X, cua phuong trinh (1) va cdc

nghiém X;, X, cua phuong trinh (2) théa man
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Gidi
Diéu kién d¢ (1) va (2) c6 nghiém la

1-4a20 aS—l-
4-b20 = i
- b<4
bDat N8B Rokm xz=kx],x3=kx3=kzx,.x4=kx3=k3x,.
Theo hé thirc Vi-¢t :
X, +X,==1=2x, +kx,==1=2x(1 +k)=-1 (3)
X3+ X3 = -4 = kX, +kK’x, =—4 = Kx (1 +k) = - 4. (4)
Tu (3) va (4) suy ra k>=4nénk=1%2.
1 2 4 8
-Xétk=2.thayvaio(3)dugc X, =——, Xy ===, X3 =——, X4 =——.
prRRItiE STgRg =g T g

Suyraa = XXy = 3 b =x3x4 = 12-, théa man a < 2 vab<4.
e 9 4
- Xét k = =2, thay vdo (3) dugc x, = 1, X, = -2, X3 =4, X, =-8.
Suy raa = XX, = -2, b= x3;x, =-32, thbaman a < i- vab<4.

Ddp s6': a = % b= 3—;— hoic a =-2, b=-32.

IIl. QUAN HE GIUA PARABOL VA DUGNG THANG

Cho parabol y = ax’ (a # 0) va duong thing y = mx + n. Hoanh do giao diém
cua parabol va duomg thing 1a nghiém cua phuong trinh ax> = mx + n hay
ax’ —mx —n =0. (1

Néu phuong trinh (1) ¢6 hai nghiém phan biét thi dudng thing cat parabol.

Néu phuong trinh (1) ¢6 nghiém kép thi dudng thing 1iép xuc véi parabol.

Néu phuong trinh (1) vo nghiém thi duong thiang khéng giao véi parabol.
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Vi du 20. Cho parabol y = x*. Goi A va B 14 hai diém thuoc parabol ¢6 hoanh
do theo thir tr 1a a va b. Goi C la diém thudc parabol ¢6 hoanh do bing a + b.
Chimg minh ring OC song song véi AB.
Gidi. (h.2)

Ké AE, BF, CK vubéng géc véi Ox, B
ké AH L BF. (bib)

Tacé Aa ; a%), B(b : b), C(a+ b, (a + b)?).

Dudng thang AB ¢6 hé s6 goc 1a

7.

BH b2 -a’
ms= = =b+a.
AH b-a C

Dudmng thing OC ¢6 hé s6 goc la A

p.
n= CK =(d+h) =a+b. [
OK a+b E O

Do m =nnén AB// OC. Hinh 2

XZ

Vi du 21. Cho parabol y = — 7 v d
va dudng thing d ¢é phuong trinh
y = X + 4. Tim t0a do cédc diém A va
B sao cho A thudc parabol, B thudc
duong thing d va do dai AB nho nhat.

Gidi. (h.3)

Goi d’ 1a dudng thing c6 phuong
trinhy =x + k thid’ //d.

Diéu kién dé d’ tiép xiic parabol
2
la phuong trinh —"T = x + k., tic Id

x* + 4x + 4k = 0 (1) ¢6 nghiém kép.
A'=0=4-4k=0k=1.

linh 5
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Duong thiang d’ song song vdi d va tiép xiic parabol ¢6 phuong trinh y = x + 1.
Tiép diém cia d’ va parabol 1a A(-2 ; =1).

Ta lap phuong trinh dudng thang d, di qua A va vuong goc vdi d.

Goi phuong trinh ciad, lay = mx + n.

Dod, Ldnénm.l =-1,dod6 m=-1.

Do duomg thing y = -X + ndi qua A(-2 ; =1)nén =1 ==(=2) + n=n=-3.
Duong thang d, ¢6 phuong trinh y = —x = 3.

Giai phuong trinh x + 4 =—=x = 3duogc x =-3,5: khidéy=x+4=-35+4=0,5.
Toa d¢ giao diém Beuad vad, 1a(-3,5;0,5).

Diém A(-2 : —1) thuoc parabol, diém B(=3,5 ; 0,5) thudc dudng thang d va do

dai AB nho nhat.

BAI TAP

Phuong trinh bac nhat mot dn

19. Giai cic phuong trinh :

20.

21.

X-b-¢ Xx=-cCc-2a x—-a-b
a) + + = 3:
a b C
b)x_d+x_b+x—('=2 ~l-+l+l
bc ac ab a b ¢
c)x_a+x-b=2.

X-b x-a
Giai cac phuong trinh :
a)|x+ 1|+ |x+2|+|x+3|+|x+4|=4;
b)[x = 3|+ |x = 1|+ |x+ 1] +|x + 3| +|x + 5| = 12.
Tim gid tri ctia a dé phuong trinh sau ¢6 nghiém duy nhat :
|x —a|-|2x — 4| = 1.
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Phuong trinh bac hai mét an

22. Cho phuong trinh

24.

25.

26.

27,

- - . . L o ® o ¥ - " - 2
I'im gid tri cua m d¢ hai nghiém x,, x, cta phuong trinh théa méan 'x, - X5

x2—2(m+ Dx+(m-=1)(m+3)=0.
a) Chig minh rang phwong trinh ¢6 hai nghiém x,, x, phan biét.

b) Tim gid tri cham dé -2 <x, <x, < 3.

. Cho cic phuong trinh

xX>+ax+b= 0 (1)
va x?+a’x —ab=0. (2)
Tim gid tri cua a va b dé phuong trinh (1) ¢6 cdc nghiém x, va x,, phuong
trinh (2) ¢6 cdc nghiém x, - I va x, - 1.
(,ho phuong trinh x* + ax — 1 = 0 ¢6 céc nghiém X, va x,. phuong trinh

x>+ bx + 1 =06 cdc nghi¢m x, va x;. Chimg minh ring (x, = X,)(x, — X3) = ab.

Cho phuong trinh (m - )X’ + (m+ 1)x +2=0v6im # 1.

2 = 3.

Cho phuong trinh x* + (m + 1)x + 2 = 0.

Tim gid tri cha m dé hai nghiém x,, x, cia phuong trinh théa min x,z + x%
nho nhat.

Cho phuong trinh X 2m + 1)x - (m2 +N=0,

X, + X
Iim gid tri nho nhét va gid tri I6n nhatcua A = =—=2

X1X2

(X}, X5 la cdc nghiém cta phuong trinh).

Cho bon phuong trinh véi a, b, ¢ khdc nhau doi mot :
XX+ax+1=0 (1) xX>+bx+c=0 (2)
xXX+cx+b=0 (3) xX>+x+a=0 (4)

Bi¢t cdc phuong trinh (1) va (2) ¢6 nghi¢m chung la m, cdc phuong trinh (3)
va (4) ¢6 nghiém chung la n.

a) Tinh m va n.

b) Tinh tdng a + b + ¢.



Quan hé¢ giira parabol va duong thang

29,

Cho parabol y = x” va dudng thing d c6 phuong trinh y = mx + 3.
a) Chimg minh ring dudng thang d ludn cit parabol tai hai diém A, B phan bict.
b) Tim gid tri cia m dé do dai AB nho nhat.

4

Cho parabol y = % va duong thing d ¢6 phuong trinh y = mx + 2.

a) Chimg minh riang dudng thing d luén cat parabol tai hai diém A, B phan biét.
b) Tim gid tri ciia m d¢ tam gidc OAB c6 dién tich bang 24/5.

5

. Cho parabol y = % va dudmng thiang d ¢6 phuong trinh y = x + 4.

a) Ching minh ring dudng thing d luon cit parabol tai hai diém A, B
phan biét.

b) Tim toa do diém C thudc cung AB cla parabol sao cho tam gidc ABC ¢6
dié¢n tich 16n nhat.

. Cho parabol y = x” va dudng thing d c6 phuong trinh y = X + n.
P

a) Tim gid tri cha n dé dudng thing d cdt parabol tai hai di¢m A, B phan biét.

b) Goi I 1a trung di¢m cia AB. Ching minh rang véi moi gid tri cia n thoa
man diéu Kién cla cau a thi diém I chuyén dong trén mot dudng thing
¢O dinh.

33. Cho parabol y = x>. Goi M va N la céc diém thugc parabol c6 hoanh do theo

thit tr 1a =1 va 1. Goi A va C la cic diém thudc parabol ¢6 hoanh d6 theo thi
la -2 va —%. Vé cic day AB va CD cua parabol di qua diém I(0 ; 1). Goi
giao diém cua AC va BD véi MN theo thir e la P va Q.

a) Tim toa do cua cdc diém B va D.

b) Tim toa do cta cdc diém P va Q.

¢) Chimg minh ring IP = 1Q.



Chuyén dé 3
HE PHUONG TRINH

TONG QUAN VE CHUYEN DE

No6i dung vé h¢ phuong trinh trong chuyén dé nay bao gém :

— Hé phuong trinh bac nhat hai an.

— Hé phuong trinh béc cao hai an.

— Hé phuong trinh ba an, bén an.

Cac phuong phip thuong dung dé giai ciac hé phuong trinh trén la :
— Phuong phdp thé.

- Phuong phdp cong.

— Phuong phdp dat an phu.

— Phuong phdp dung bat dang thic.

Pai s6 va So hoc
CACH GIAI PAI SO GIUP TiM RA CACH CIAI SO HOC

Bai todan
Anh Viét di tir A va da dén B gap ban T et b
ding gi hen. Anh néi vdi ban rang : . =
— Néu 10i di véi van 16¢ it hon van 16¢
da di 6 km/h thi s¢ dén B sau gid hen 2 gid,
con néu 16i di vdi van t6¢ nhiéu hon van
toc da di 10 km/h thi sé dén B trudc gio

3 .
hen 2 gid. ( ﬂf“ A\
Ban hdy tinh thoi gian anh Viét da di _ '

quang duong AB.
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Giai bai toan bang cach lap hé phuong trinh

Goi van toc anh Viét da di quang dudong AB la v (km/h), thoi gian da di quang
duong AB la t (gi0).

Trong truong hop thit nhat, van t6c 1a v — 6 (km/h), thoi gian la t + 2 (gi0).
Ta ¢6 phuong trinh : (v = 6)(t + 2) = vt
Trong trudng hop thit hai, van t6¢ 1a v + 10 (km/h), thoi gian la t - 2 (gi0).
Ta c6 phuong trinh : (v + 10)(1 = 2) = vt
Giai h¢ phuong trinh

(v=6)(1+2)=w Vi+2v—=-61-12=w

{(v + 10)(t = 2) = vl < {vt - 2v+ 10t -20=w1

2v — 61 =12 4t = 32 v =30
= =
=2v + 10t = 20 v=3t=6 t =8.

Thoi gian anh Viét di quang duong AB 1a 8 gio.

Tim cach giai sé hoc cho bai toan

Pé tim ra cdch giai bai todn trén bang phuong phdp s6 hoc, ta thuc hién cac
bién déi dai s6 khdc véi céch giai trén doi chut.

Céch giai dai so Cach giai so hoc
Goi van t6c anh Viét da di doan AB 1a | Gia sir ¢6 xe 1 va xe 2 cung di tr A
v (km/h), v6i thoi gian bang thoi gian anh Viét

thoi gian anh Viét da di AB lat (giv). | 9d i doan AB.
Goi van t6c va thoi gian di trong truong
hop thit nhat la v, vat,.

Goi van téc va thoi gian da di trong
truong hop thit hai la v, vat,.

Tacé vt=v i, = v,y V=V, =6, Xe 1 di cham hon anh Viét 6 km/h,
v, =v=10. Xe 2 di nhanh hon anh Viét 10 km/h.
L=t=2,t-t,=2. A cC B Db

- i —

vi,=vi=>v(t+2)=W

= vt+2v, =V (1) Khi anh Viét di doan AB thi
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5

Cach giai dai so

Cach giai so hoc

Vol == vy(l=2)=w

= Vol = 2v, = L,

(2)

xe 1 di doan AC (chua dén B),
xe 2 di doan AD (di qué B).

Xe 1 di ti€p doan CB cén 2 gid,
xe 2 di doan BD trong 2 gio.

b=

Ta co

!

Do véan 16¢ xe 2 16n hon vén t6¢ xe
V=V =(V=V)+(v=-Vv)=10+6=16 L
10 + 6 = 16 (km/h)
nén 2(v, - v,) =2.16 = 32. (3) :
nén doan BD dai hon doan CB la :
16.2 = 32 (km).
'Tu(l)suyra:2v,=(v-v)t=6t. (4) | Giasucing v6i thoi gian anh Viét di
. doan AB, c6 xe 3 di doan CB, xe 4
' Tu (2) suyra: 2vy = (v, =)t = 10t. (5)

di doan BD thi
van t6c xe 3 bang 6 km/h,
van 16c xe 4 bang 10 km/h.

Tir(4) va (5)suyra:
2v, = 2v, = 10t - 6t
= 2(\"2 = VI) = 41, (6)

Vian t6¢ xe 4 (di BD) 16n hon van t6¢
xe3(diCB)la:

10 -6 =4 (km/h).

T (3) va (6) suy ra :

4l=32=-1=£=8.
4

Vay thoi gian xe 3 di CB (cung la
thoi gian xe 4 di BD, cing la thoi
gian anh Viét di AB) la :

32: 4 =8 (giv).

Thoi gian anh Viét da di doan AB la 8 gio.

D¢ tim ra cdch gidi s6 hoc, cdn tao ra cdc dai luong twong ing véi cdc biéu
thirc dai s6 va sir dung phuong phép gia thiét tam :

— Tao ra xe 1 va xe 2 ¢6 van t6c tuong tmg véi trudng hop 1 va trudng hop 2,
nhung di véi thoi gian bang thoi gian t ma anh Viét di doan AB.

= C6 su wong img AB = v, AC = vit, AD = v,t, CB = 2v,, BD = 2v,,

BD - CB = 2(v, - v)).
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- Tao ra xe 3 di doan CB, xe 4 di doan BD ciing véi thoi gian t n6i trén. Tu
d6, tinh thoi gian t bang cdch lay hiéu quiang dudng BD va CB ma xe 4 va xe 3 da
di (1a 32 km) chia cho hi¢u van 16¢ cua hai xe d6 (1a 10 = 6 = 4 km/h).

— Trong bién doi dai s6, can giam bdt cac bién doi trung gian va gitr lai nhimg
bi¢u thirc lién quan dén cdc s6 licu trong dé bai dé dé tao ra su twong mg véi cich
giai so hoc.

. HE PHUONG TRINH BAC NHAT HAI AN

Vi du 22. Cho h¢é phuong trinh
{x +my = | (1
2mx + m(m = )y =3 (2)
Tim gid tri cia m dé hé phuong trinh :
a) ¢6 nghiém duy nhat ; b) v6 nghiém.
Gidi
a) Véi m =0 thi (2) 1a Ox + Oy = 3, v6 nghiém.

2m & m(m - 1)
m

Véi m # 0, diéu Kién dé hé ¢6 nghiém duy nhat la

S2m#Em-16&mz-l.
Vay gi4 tri cia m dé hé ¢6 nghiém duy nhat A m # 0 vam # —1.
b) Vi m = 0 thi hé phuong trinh v6 nghiém.

Vi m %0, diéu kién dé hé v6 nghiem I 2;“ LG B %
m

aZm:m—l#%am:——l.

Vay gi4 tri clia m dé hé vo nghiém 1a m = 0 hodac m = —1.

Luwu y. C6 thé giai bang cdch rat x tir (1) réi thay vao (2) va rit gon duge
m(m + 1)y =2m = 3.

Vaéim # 0 vam # -1 thi hé ¢6 nghiém duy nhat.

V&1 m =0 hoac m = -1 thi hé vo nghi¢m.



Vi du 23. Cho h¢ phuong trinh

2X + y = 3m (1)
mx —(m+ 1)y =2m + 2 (2)

Tim gid tri cha m dé hé¢ phuong trinh ¢6 nghi¢ém (x : y) duy nhat thoa man
tich xy nho nhat.

Gidi

Rut y tir (1) duge y = 3m = 2x. Thay vao (2) duoc
mx —(m+ 1)(3m = 2x) =2m + 2

eSmx-3m(m+ 1)+ 2m+2)x =2m + 2

&S GBm+2)X=2m+2+3m*+3m

S Bm+2)x=Cm+2)(m+ 1).

: 2 ) , C|x=m+1
Néu m # — = thi h¢ phuong trinh c6 nghiém duy nhat
3 y=m-—2

' : IV 9. 9
Kh.d’ = +l —2: T — —2: — — - — 2 = —,
1do Xy =(m )(m )=m -m [m 2] r e

9 | ’ 2
min(xy) = — — tai m = — (thoa man m #——).
(xy) 2 2{ 3)

II. HE PHUONG TRINH BAC CAO HAI AN

Hé phuong trinh bac cao hai 4n khong duge hoc chinh thic trong chuong
trinh Dai s6 9, nhung véi kién thic vé hé phuong trinh (bac nhat hai 4n) va phuong
trinh bac hai mot an, ta ¢6 thé giai duoc hé phuong trinh bac cao hai dn.

Cic phuong phdp thuong ding dé giai h¢ phuong trinh bic cao hai an la
phuong phédp thé, phuong phédp cong, phuong phap dat dn phu, phuong phdp dung
bat ddng thiic.

1. Phuong phap thé

Trong phuong phdp thé, tir mot phuong trinh ta biéu thi mot dn theo 4n kia
(hodc tim gid tri cia mot an) réi thay thé vao phuong trinh con lai.

2
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Vi du 24. Giai h¢ phuong trinh

Xy —3x —y =1 (1
x> - y3 - xyz - xzy =0 (2)
Giai
(E)m(x—y)txz +y3)=0 @[x -
x=y=0.

Loai x =y = 0 vi khong thoa man (1).

'Ihayy=xv€to(l)duqcx3—4x— =0 ¢ x =2 +5.

Ddp s’ Nghiém (x : y)cliahé 1a (2 + V5: 2 + V5). (2 - V5:2 - V/5).
Vi du 25. Giai h¢ phuong trinh

X+y=1 (1)
x4—y4=7x—_y (2)
Giai

Thay x +y =1 vao (2) dugc (x—y)(x2+y2)-—-73—-y
SX=-y)l =-2xy)=7x -y
5 x=0
S 2X(y ' —xy-3)=0 & | ,
y  —-xy-3=0 (3)

VGix=0thiy=1.
: X =2
Véi x # 0, thay y bai 1 — x vao (3) duoc 2x*-3x-2=0 < I

X ===

2

Ddp so': Nghiém (x ;y)cuahé la (0; 1), (25 =1), (—% : g—]

2. Phuong phap cong

Trong phuong phdp cong, ta cong hoic trir timg vé& hai phwong trinh dé khir
mot an hoac dé tim mot quan hé giira hai an.
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Vi du 26. Giai hé phuong trinh

X' - 1= 2y (1)
y? -1 =2x. 2)
Giai

Lay (1) trir (2) duoc xs-y3=2(y-x)ﬁ(x-y)(x2+xy+y3+2)=0.
2 3 2

Dox2+xy+y2+2=(x +%J +%+2>0 nén x =y.

Thayy:xvﬂo(l)duqcx3—1=2x

mx3+l—2x—2=0@(x+l}(xz-x-—~l)=0

X=-=]

x+1=0 J-
= = +
x2 -x-1=0 x=l-25

Ddp s6': Nghiém (x ; y) cia hé 1a (-1 ; =1),

[1+J§:1+J§].{I—J§:l—\5]_

2 2 2 2
Liau y. Trong hé¢ phuong trinh trén, khi thay x béi y, thay y bdi x thi phuong

trinh (1) thanh phuong trinh (2), phuong trinh (2) thanh phuong trinh (1). Ta £0i
h¢ phuong trinh trén 1a hé doi ximg loai 11,

D¢ giai h¢ phuong trinh d6i xing loai II, ta thudng trir timg v€ hai phuong

trinh va nhan duge phuong trinh tich.

3. Phuong phap dit an phu

34

X+y—xy=-=2
Vidu 27. Giai h¢ phuong trinh {

x* +y? =20,
Giai
Datx+y=a;xy=b.Tacé
(X +y)—-xy=-2 a-b=-2 (D
2 1.2
(x +y) =2xy =20 a- -2b =20 (2)
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Tir(!)v:‘a[Z}suyra:a2—2(3+2}=20ﬁa2-—2a-24=0ﬁ[:if4

e V&ia=61thib=8. Tacéx vay langhiém cua phuong trinh
X>-6X+8=0nénXe€e {2:4}. Khidé(x:y)la(2:4),(4:2).

e V@&ia=-4thib=-2.Tacéx vay langhiém cta phuong trinh
X2+4X-2=0nén X = -2 + 6. Khid6 (x: y) 1
(-2 + 6 : -2 - J6), (-2 - V6 : =2 +6).

Ddp s6': Nghiém (x ; y) 1 (25 4), (45 2). (-2 + 6 : =2 - J6),

(=2 - J6 : -2 + J6).

L1 ¥. Trong hé phuong trinh trén, khi thay x bdi y, thay y bai x thi méi phuong
trinh cta hé déu khong ddi. Ta goi h¢ phuong trinh trén 1a hé doi ximg loai 1.

D¢ giai hé phuong trinh doi ximg loai [, ta thuong dat inphux +y=ava
Xy = b (gilta a va b ¢6 quan h¢ a’ 2 4b).

ik . 2 +y:=1

Vi du 28. Giai h¢ phuong trinh .
X" +y =1
Giai
Cich l.Patx+y=a,xy=b.Tacé
x2+y =1 (x +y)P -2xy=1 aZ-2b=1 (1)
= g -,

x“+y3=l (x +y) =3xy(x+y)=1 a’ - 3ab=1 (2)

Y

Tu(l)cé b = E:z;l-. Thay vao (2) duge

a(a® — a=-2
a’ -3"&5—'1: 1 @a"—3a+2=0c:»(a+2}(a—l)2=0¢=>[
-

e Vgia=1thib=0.Tacox vay langhi¢m cia phuong trinh

X=0

X-X=0 & Khidé (x;y)1a(0; 1), (1:0).
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e Véia=-2thi % = % Ta c6 x va y 1a nghiém cua phuong trinh

; 3
X* 42X % % = 0, vOo nghi¢m (¢6 th¢ loai a = -2, b = ; vi khong thoa

min a’ > 4b).
Ddp 50" : Nghiém (x ; y) 1a (0: 1), (1;0).
Cdch 2. Trir timg vé& hai phuong trinh da cho, 1a duoc

xs-x3+y"—-y3=0mx3(x-l)+y3{y—H=0. (3)

Dux2+y2= I nén x” < I.suyrax < 1. Tuong tu, y < 1.
Suy ra x’(x — 1) <0 va y'(y - 1) <0.
Két hop véi (3) suy ra x*(x — 1) = yz(y -1)=0.
Vayx=0.y=1hoacx=1,y=0.

i1 1.3
Vidu 29. Gidi h¢ phuong trinh y  x 12
x + ),2 = I.
Giai
1 1 5 -
—-—== |22 (1)
y x 12 & { xy 1
x2+y2=l (x—y)3+2xy—l (2)

‘ 5. >
Datxy=a, tr(l)taco x -y = 15—;. Thay vao (2) duoc [l—g-) +2a=

12
=252’ +288a-144=0 & |* ~ 25
a=-12
ﬁ
. Vdia=£thix—y='—.—l—-2-=l.
25 12 .25 5

'I'acé(x+y)2=x2+y3+2xy=l+23=l+—=——-= %]

24 49
25 23



7 4
‘(+)=g N=;‘
T < © laduoc < i
— v
s e
3
X+y=-—— X=-=
Ir ¢ la dugc 4 3
4
. Rl i Y o,
D
e Véia=-12thi(x+y) =x"+y +2xy=1-24<0, loai.

Ddp so': Nghiém (x 1 y) la: [-di : 2] [-E P - i)

:, 5 3

Vi du 30. Giai hé phuong trinh

x> - xy +y> =3 (1)
2x% - xy + 3y® =12 (2)

Giai
Nhan (1) v6i 4 r6i trir di (2) theo timg vé& ta duge

4(x2—xy+yz)—(2x2—xy+3y2}=0:2x2-3xy+y2=0 3)

2
Chia hai v& ctia (3) cho y2 # 0 duoc 2[i] o, a0
y

Dati=k tadugc 2k* -3k +1=0 &

e Véi k =1 thiy = x. Thay vao (1) dugc x* — x

y
k=1

|
k =—
y 2
24 x*=3=x*=3

c=>x=i\/§.

Khi d6 (x ; y) 12 (V3 3 V3).(—V3 : - V3).

Vai kzélhiy=2x.Thayw‘io(l)duqcx2—2x3+4x2=3§x2=l

Sx=%1.
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Khi dé (x; y) 1a (1 ;2), (-1 ; =2).
Dap s6': Nghiem (x; y) 1a (V3 : V3). (V3 5 = V3). (1:2).(-1;-2).

Liae y. Trong hé phuong trinh trén, méi phuong trinh déu ¢6 vé tréi 1a cdc hang
tr bac hai, v€ phai la hing s6. Ta goi h¢ phuong trinh trén 1a hé ddng cap bac hai.
bé giai hé phuong trinh déng cdp bac hai, ta thudng khir hing sé réi chia hai

vé clia phuong trinh cho y* # 0 va dat 4n phu ok Cing ¢6 thé bién doi (3)
¥
thanh (x — y)}2x - y) =0.

4. Phuong phap ding bat ding thirc
Vi du 31. Giai h¢ phuong trinh véi x, y khong am.
x>+ xy(x +y)=3 )
y2+x+y-6xy=—3. (2)
Giai
Cong (1) v6i (2) duge x> + y> + xy(x + y) + (x + y) — 6xy = 0
& (X +y)" + (X + y}xy + 1) = 8xy
(X +yMUx+y+xy+1)=8xy
& (X +y)x + 1)y + 1) = 8xy. (3)
Do x, y khéng am nén x + y 22Jx_}l. x + 12 2Vx, y+1 22\/;
nén (X + y)(x + 1)(y + I) 2 8xy. (4)
Do (3) nén & (4) phai xay ra dau ddng thirc, tic la x =y = 1.
Nghi¢m (x ; y) la (1 ; 1).
IIl. HE PHUONG TRINH BA AN
Vi du 32. Giai hé¢ phuong trinh

xz=2x-y
y' =2y -z
2 =2z - x.
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Giai

x2=2x -y r(x—1)2=1—}’
4y2=2y—z ¢:>4(y—l)2=l—2
22 =2z - X z-1)*=1-x

batl-x=a,l-y=b,1-2z=c,tacé
a’=b
b =c néna®=b*=c’=a, dodéas—a=0ﬁa(a7-ll=0@|:

c2=a

.-

Viya=b=c=0hodca=b=c=1.
Nghiéem(x;y;2)1a(0;0;0),(1;1; ).

Vi du 33. Giai hé phuong trinh

[(x +y)2 =4z -1 )
¢(y+z)2=4x—l (2)
(z +x)> =4y -1 (3)

Giai
; " 1 1 I
Tu(l)suyrad4z—120nén z 2;. Tuong tu, x 2 2 vay 2 4

Do x,y,z2 :11— nén tir h¢ da cho tacé

[x +y=4z -1
<y+z=,)4x-—l
Z+X=.4y -1

Cong timg vé& cac phuong trinh, ta dugc
2X+2y+2z=Jdz -1 + J4x - 1 + Jdy - |

@,4x+4y+4z—2\/4z—1—2,}4:{.—1-—2 4y -1=0

a
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eS(l-yix-1)Y+0-Jay-1>+1-J4z-1)’=0
& (Jax - =J4y—-l=\{4z-l=l

S X=y=z=

28
4

P
Vi du 34. Giai hé phuong trinh

Nghiém (x;y:2)la [—l- o l]

[2x% = y(x? + 1) (1)
12y% = z(y* + 1) (2)
27% = x(z:2 + 1) (3)

Giai

Cach 1. Tu cdc phuong trinh da cho, ta thdy x, y, z 2 0. Néu mot trong ba so
X, ¥, z bang 0 thi hai s6 kia bang 0. Xét trudng hop x, y, z déu duong.

2
(l)ax:1=3ﬁl+iz-3=0 4)
X y X Yy
| 2
Tuong tu (2):l+-?--=0 (5)
y Z
(3)1:14-%—2:0 (6)
zZ X
l 1Y B
Tir (4), (5), (6) suy ra [l——J2 + l——) +[l —-) =0
X y Z
al-l=1-1=l—l=0ﬁx=y=z=l
X y zZ

Thir vao hé thay thoa man.
Vay nghiém (x ;y:2)1a(0;0:0), (1;1;1).
Cach 2. Tu cac phuong trinh da cho, ta thay x, y, z 2 0.

Néu mot trong ba s6 x, y, z bang 0 thi hai s6 kia bang 0. Xét trudmg hop X, y, z
déu duong. Nhan (1), (2), (3) theo timg v€ ta dugc

40



8."&2)!222 = x)ﬁz(x2 + l)(yz + l)(:c2 +) e+ l)(y2 + 1)(Z* + 1) = 8xyz

Ta lai c6 x2+122x>0

y2 +122y>0

2122250
nén (x* + l)(:.,'2 + 1)(2° + 1) 2 8xyz (5)
Tu(4)va(5)suyrax =y =z= | (thoa man h¢).
Nghiem (x;y;2)12a(0:0:0),(1:1:1).
Vi du 35. Cho hé phuong trinh

x> =33.'2 -3y +1 (1)
1y’ =32% -3z +1 (2)
22 =3x? -3x +1 (3)

Chimg minh rang :
a) X, y, z déu duong ;
b)x=y=z=1.
Gidi

a) Tir (1) ¢6 x> = 3y> = 3y + 1 =3[y-%-)2 +i>0

=x'>0=x>0.

Tuong tu, tir (2) va (3)suyray>0,z2>0.

b) Cong (1), (2), (3) theo v¢& ta dugc
x-1'+(@y-1’+@-11°=0 4)

. Gi&sﬁx<lthix3<l-_—>3y2-3y+1<1=>3y(y—- 1)<0.
Doy>0nény-1<0=>y<l.
Doy<lnény3<l=>322-—3z+1<l=>32(z— 1)<0.

Doz>0nénz<l.
Dox<1,y<1,z<1 nén (4) khong xay ra, loai.

(4)
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e Giasirx>l.Tacling suyray> 1, z> 1 nén (4) khong xay ra, loai.
e Vaiyx=1LTu(l)suyray=1.Tu(3)suyraz=1.
Dodéx=y=z=1.

BAI TAP

H¢ phuong trinh bac nhat hai an
34. Cho hé phuong trinh

X+ (m-1y=2
m+I)xX-y=m+1

Fim gia tri ca m d¢ nghiém (x ; y) cua hé phuong trinh thoa man x — 2y cé
gid tri 1on nhat.

35. Mot ngudi mang mot so tién di mua tdo. Néu gia tdo giam di 2 nghin dong
mot qua thi s6 tdo mua tang thém duge 6 qua. Néu gid tdo tang thém 2 nghin
doéng mot qua thi s6 tdo mua giam di 4 qua. Tinh gid mét qua tdo.

Hé phuong trinh bac cao hai an

36. Giai cic h¢ phuong trinh :

Yy=-x—-y=-]
812 2

X“+3xy-y*“=3
b) {xy +x-y=17

Xy(x —y)=6

37. Giai cdc h¢ phuong trinh :

2 2 -
a)ix +y +x=3
X+2y+2xy=35

3 2
- 2x°y + 3y =
i3l Xy +3y=0

2xy - y* =3
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38. Giai cic hé phuong trinh :

. x> =3y =2
Py - =2
y =K.

. ¢
X =3xy+2y =0
b) | i

x2 + 2xy = 12
39. Giai cac h¢ phuong trinh :

(x + 1}2()' +1)7 = 24xy
a) 1

L(xz + l,‘;(y2 + 1) = 8xy

x+y+l+l=6
X Y
L 1 1
X*+y + 5 +—5=16
¥ ¥

40. Tim gid tri cia m d¢ h¢ phuong trinh ¢6 nghiém duy nhat :

2Xx + 2y + Xy =m

2

a) « )
X +y =m

X y’ + my
3

b) < .
y* =X + mx

41. Tim gi4 tri cia m d¢ hé phuong trinh ¢6 nghiém :

a)4x2+y2+x+y=2
Xy(x + I)(y + 1) =m

. Xy(x + 2)0(y + 2) = m

) <
x2+y2+2(x+y)=m+l

42. Cho h¢ phuong trinh
X+y+Xy=m
xzy + xyz =m - |

Tim gié tri ciia m dé hé phuong trinh ¢6 nghiém (x ; y) thoaman x <0,y < 0.
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H¢ phuong trinh ba an, bén an
43. Giai cac h¢ phuong trinh :
X+y+xy=35

a)sy+z+yz=9
Z+ X +xz=14

44. Giai cdc hé phuong trinh :

2) 2x? + y? + 2% = 21
X+xy+w=1}

45. Tim cdc s0 duong x, y, z sao cho
X+y+2z=3
L LT -
X

LI
Y A

46. Giai cic hé phuong trinh :

x2=4y—l
a)4y2=4z-—1
2> = 4x - |

44

b) 1

b)

b) <

x2+4:4y
y3+4=4z
2> + 4 = 4

2 2 2
X“+y +2" =]

3 3
X"+y +2z2 =1

x3=6y2-12y+8
y’ =622 - 12z + 8
3=612 -12t +8

[ =6x* - 12x + 8



Chuyén dé 4
PHUONG TRINH BAC BA, BAC BON
PHUONG TRINH DANG PHAN THUC

TANG QUAN VE CHUYEN DE

Cic bai todn trong chuyén dé nay bao gom cdc ndi dung sau :

— Phuong trinh bac ba mot an.

— Phuong trinh bac bon mot an.

— Phuong trinh dang phén thiec.

Cic phuong phdp thudng dung d¢ giai cac phuong trinh trén la

— Phan tich da thic thanh nhan wr, trong d6 chi y dén viée phat hién nghi¢m
cha mot da thirc dé dua vé phuong trinh tich.

— Dat an phu.

~ Pua phuong trinh vé dang A” = B,

Vai nét lich sua
CUOC THI GIAI PHUONG TRINH BAC BA
O L.TA-LI-A THE Ki XVI

C6 1& chua & dau trén thé gidi ¢é mot cudce thi nhu cude thi da dién ra o I-ta-li-a
vao ngay 22-2-1535.

Cidc nha todn hoc va nhimg ngudi ham mo khong chi ¢ I-ta-li-a ma con ¢
nhi¢u nudc chau Au di kéo dén hoi truong ¢ thanh phd Mi-lan chat kin ca bén
trong va bén ngoai.

Bén thach dau 1a cdc hoc trd cua nha todn hoc Fe-ro (Ferro), con bén Kia la
nha todn hoc Tac-ta-li-a (Fartaglia, 1500 — 1557). Méi bén ra cho déi phuong
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P Hq.‘-:q-- T — ]

30 d¢ todn giai phuong trinh bac ba, lam trong hai Si-- wra -
gidr. VA két qua that khé tin : Tac-ta-li-a da thing véi = g
ti 50 30 — 0, wrc la ong dd lam hét ca 30 bai todn ma
doi phuong dua ra, con doi phuong thi khong giai
duge mot bai todn nao cua ong.

So di Tac-ta-li-a da gianh chién thang tuyét déi
vi, ral may cho ong. chi 8 ngay trudge khi dién ra tran
sO 1ai. Oong da tim ra cdch giai phuong trinh bic ba
dang x* + ax + b =0 véi a va b bat ki, trong khi céc
hoc tro cua Fe-ro chi maéi biét giai phuong trinh
X'+ ax = b vdi a va b 1a cdc s6 duong.

Tac-ta-li-a

Lt ¥. Phuong trinh bac ba ndo ciing dé ding dua vé dang y* + my” + ny + ¢ =0,

sau d6 bang cidchdat y = x - ? dua vé dang x* + ax + b= 0.

Ching han, v6i phuong trinh y* + 6y2 +8y—315=0, bang cichdaty = x - 2
ta dugc phuong trinh x* - 4x - 315 = 0.

Ban doc mudn tim hiéu thém vé vian dé nay, xem cudn Ndng cao va phdt
trién Todn 9 1dp hai trong bai doc thém Phuong trinh dai 56" bdc cao.

I. PHUONG TRINH BAC BA MOT AN

D¢ giai phuong trinh bac ba mot an, ta thudng phan tich da. thic bac ba thanh
tich cia mot nhin wr bac nhat via moét nhan tr bac hai (néu ¢6 the).

Céan nhd cdc cach phat hién nghi¢m cua mot da thic :

1) Né&u 10ng cdc hé s0 cua da thie bang 0 thi | la mét nghiém cua da thic.

2) Néu tong cic hé s6 cha hang tr bac chin bang 10ng cic hé s6 cua hang ur
bac I¢ thi =1 1a mot nghiém cua da thirc.

3) Néu da thice co cic hé so nguyén thi :

— Nghiém nguyén cta da thie (néu cé) la ude cua hé s6 wr do.

— Nghiém hitu ti cua da thic (néu ¢d) ¢6 dang P trong dé p la udc cua hé s
e do. q la udc duong cia hé s6 cao nhat (chang han da thic I - 25K #2006

nghié¢m hiu ti la %}.
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Vi du 36. Giai cic phuong trinh :

a)x°—12x +16=0; b)x* - 12x+9=0.
Giai

)X = 12x+16=0x"-8-12x+24=0

S (x=2)0x*+2x +4)- 12(x-2)=0

& (x-2)x*+2x-8)=0

Sx-2x+4)=0 ﬁ{x
X =-4.

b)x* = 12x+9=0ex*-27-12x +36 =0
SX=-3)x>+3x+9)-12(x-3)=0
Sx-3Hx*+3x-3)=0

x-3=0 s
@[x3+3x—3=0 = x=ﬂ2—l—.
=12
Vi du 37. Tim cdc gid tri cia a va b d¢ phuong trinh sau ¢6 nghiém duy nhat :
(x—a)’-(x-b)’ =b -a’. (1)
Gidi

(1)< x}-3xta+3axi-a’-xP+3xb-3xb2+bP=b>-2a°
> (3b- Ba)xz 4 (3a2 - 3b2)x =0
< x(b-a)x=b=a)=0.
Nghiém duy nhat cia phuong trinh l[a x =0 véi didu kicna#bvaa+b 0.
Vi du 38. Giai phuong trinh véi a, b la tham s6
(a+h+x)3—4{a3+b"+x‘)=l?abx. (1)
Hueong dan : Dita+b=m,a-b=n.
Giai

Tacéddab=(a + b)"' —(a- I:))2 =m’ - n’
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2 _ 2
a’ + b’ = (a + b)[(a - b)? + ab] = m[n2 + u]

]

- 2 3
m- + 3n m~ + 3mn

4 4
(e m+x) —4@° +b)—4x’ = 12abx =0

3 2 2 3 3 2 3
Sm o +3mx+3mx +Xx -—m —3mn - 4x -3m2x+3n2x=0

= xztx -m) - n:{x -m)=0

X=m x=a+bh
Sx-m+nx-nN=0|x=-n & |x=b-a
X=n _x=a—b..

II. PHUONG TRINH BAC BON MOT AN

Ngoai cich dua vé phuong trinh tring phuong, céch phan tich da thic thanh

nhan tir dé dua vé phuong trinh tich, can chi y dén cic phuong phap sau :

1. Phuong phap 1. bat an phu dé dua vé phuong trinh triing phuong

Dang la.

; b
Vi phuong trinh (x + ay' +(x+b)'=c,datdnphu y = x + s ; 3
Dang 1b.
V@i phuong trinh x* +4x? + ax® + bx + ¢ = 0 trong d6 b = 2a — 8, dat 4n phu
y=x+1.
Dang Ic.

V6i phuong trinh x* = 4x® + ax® + bx + ¢ = 0 trong dé b = 8 — 2a, dat 4n phu
P g g P

y=x-1
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Vi du 39. Giai phuong trinh

3t dx? # 3xt = Pxw12=0, (1)
Giai
Daty=x+1thix=y-1.Tacé

(He(y- 1]4+4(y— l)"+3(y— 1}2—2()!- 1)-12=0.



Rit gon duge y* - 3y* = 10=0 <«

Ddpsé: x=-1% NG

2. Phuong phap 2. Dit an phu la mét da thirc bac hai

Dang 2a.

Véi phuong trinh (ax’> +bx +c)ax’+bx +d)=m, tadaty = ax’ + bx
c+d

).

2
(hoac y = ax” + bx +

Dang 2b (trudng hgp dac biét cua dang 2a).
Véi phuong trinh (x + a)(x + b)(x + ¢)(x +d) =m, trongdéa+d=b +c,
ta tinh (x + a)(x + d) va (x + b)(x + ¢) r6i dua vé dang 2a.
Vi du 40. Giai phuong trinh :
2(8x + 7)*(4x +3)(x + 1) =7.
Giai
Nhén hai vé cua phuong trinh véi 8, ta dugc
(8x + 7)%(8x + 6)(8x + 8) = 56.
Dat8x +7=ytacoy(y-)y+1)=56 = y* -y’ =56 =0

o ﬁy:iZ\E.
yz = =7, loai
Do dé x =j‘_%ﬁ-

3. Phuong phap 3. Dat an phu sau khi chia hai vé cia phuong trinh

cho x
Dang 3a.
Véi phuong trinh d6i xing ax? + bx> + cx® + bx + a = 0, ta chia hai v& cho

i 1
x” réi dat y=Xx+ —.
X
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Dang 3b.
V6i phuong trinh ax* + bx® + cx’ — bx + a = 0, ta chia hai v& cho x’ réi dat

y =X — —.
X
Dang 3c.
Véi phuong trinh héi quy x* + ax? + bx? + akx + k? = 0, ta chia hai v¢& cho x*
réidaty = x + 5
X
Dang 3d.

V6i phuong trinh (ax? + bx + c)(ax® + dx + ¢) = mx?, 1a chia hai v& cho x,
tir d6 xudt hién cdch dat dn phu.

Dang 3e (irudng hop dac biét cha dang 3d).

Véi phuong trinh (x + a)(x + b)(x + ¢)(x +d) = mx’, trong d6 ad = bc, ta tinh
(x +a)(x +d) va (x + b)(x + ¢) réi dua vé dang 3d.

Vi du 41. Giai phuong trinh
xt+xP-6x1-2x+4=0. (1)
Giai
2 2 4
Dox#0nén(l) & x +x-6——+—2=0.
X X
q[x2+iz]+[x—gJ—6=0. (2)
X X
D{llx-g=y thi x? +-i2=y2 + 4. Taco
X X

y ]

Qe +4)+y-6=0y+y-2=0 ﬁ[

. =-1
Vc?l}f:l.tacéx—g-zlcrxz—x—2=0@[x
X X=2

Véiy=—2,lac6x—£=—2 &x’+2x-2=0x=-11+ 3.
X

Pdp s6°: B6n nghiém -1 ;2 ; =1 + /3.
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Vi du 42. Giai phuong trinh
(2x3—7x+6)(2x3+x—2)=9(x-—I)z. (1)
Gidi
patx — | =y thi x =y + 1. Thay vao (1) réi rit gon dugc
(2y” - 3y + 2y’ + Sy + 1) = 9y?.
Chia hai v¢ cho y* # 0 duge

2y? - .
2y 3y+l.2y +5Y+|=9@2},_3+l 2y+5+l =0,
y y y )

bat 2y + L+l=a tacé (a—4)a+4)=9¢a=1%5.

y
+

Véia=S5thi 2y+l+ 1=5e2yY-4y+1=0y= : __2\/5.

4
Dodo x = 5 \E

2

Véia= -5 thi 2y+l+ l==-52y+6y+1=0 & y:.":;_iz.‘/i.

Y .
Dodé x = .‘.Lji

+ -1+

Bdap s¢": Phuong trinh ¢6 bon nghiém . _2\5 ' : ; ﬁ

4. Phuong phap 4. Thém cung mot biéu thic vao hai vé& dé dua
phuong trinh vé dang A? = B?

Vi du 43. Giai phuong trinh
x*'=2x"-8x + 3.

Giai

Cong 2x% + 1 vao hai v€ duge

Jnc"+2x2+1=4:n<2—8;\c4-441|»o{x2+l)2={2x—2)2

51



[x3+l=2x-2 [x2—2x+3=0(l)
& =

x2+1=2-2x 2 +2x-1=0 (2)

(1) vo nghiém ; (2) ¢6 nghiém —1 + /2.

Pdap s6': Hai nghiém -1 £ J2.

Il. PHUONG TRINH DANG PHAN THUC

Mot s6 cach thuong dung khi giai phuong trinh dang phan thuc :
— Nhan hai v€ véi mau thitc chung réi dua vé phuong trinh tich.
— Chia ca tir va miu ctia phan thirc cho x réi dat an phu.

— Pua phuong trinh vé dang A’ = B%.

— Pat hai an phu réi giai hé phuong trinh.

Vi du 44. Giai phuong trinh

X2

2-—-3—4}(. (1)
(x +1)

Giai

Cdch 1. DKXD : x # —1. Véi diéu kién d6 thi

(1) & x>=x+1)*3-4x)
=ax’+6x2-2x-3=0

¢2x2(2x +3)-2x+3)=0

3
x:—._
oS 2x+3)2x°-1) & 2 \héa man DKXD.
J2
X = —
| 2
Pdp s6°: Ba nghiém : i s :tﬁ.
2 2
2
Cdch2. () & x> +2x +1~2x + 2=x2—4x+4
(x+ 1D
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S[x+1-— = (x - 2)°
s X + 1
X+1- K =X =2 x:—é-
X + 1 74
[ I
X+ 1 - . =7 =-X x:iﬂ.
! X + 1 2

Vi du 45. Giai phuong trinh

x2—2x—2_x2—4x—2_

. - 2. (1)
X5 =3k =2 X*=35x=2
Gidi
Chia tr va médu cua moi phan thie cho x # 0.
x—"—-g x—4—-g
(1) < o X=2
t—"r-g -5-g
3 X
Danx—3=y.nac6"2—y"4=2. 2)
X y-3 y-3§

Vaiy#3.y#5thi
(2) @ (Y=-2Xy-5-(y=-3Ny-4)=2(y=-3)y-5)

o (y- =0 y =4, thoa man.

T x —3-:4. laduqcx2-4x-2=0*:=>x=2:t\fg.
X

Ddp so': Hai nghiém : 2 + J6.
Vi du 46. Giai phuong trinh

Giai
DKXD:x#20vax#4.
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it 4 — x = y. Ta ¢6 hé phuong trinh

X+y=4 X+y=4
I I 1 &4x2+y?
T i x:zy =l
X Y 2 Xy 2

Datxy=a#0,tacé

2
+y)° - =g
& Y)z 2a=—l~n¢n32—4a=a2ﬁa2+4a-32=0@ "
a 2 a=-8.

V@i xy = 4 thi x, y la nghi¢m cta phuong trinh
X' -4X+4=0(X-2’=0X=2.

V& xy = =8 thi x, y la nghiém cua phuong trinh
X?-4X-8=0 e X =21 23,

Ddp s6: Banghiém : 2 ; 2 + 24/3.

Vi du 47. Giai phuong trinh

1 I 5
- . - (1)
x> (x+1)* 4
Giai
DKXD:x#0vax#-1.
(Uﬁ-!i--z.-!-. l + : _’+2,l, ! -_—2
X X x+1 (x+1) X x+1 4
{ 2
= ‘!'_ l +2. I —Ezo
| X X +1 x(x+1) 4
r 2
~ : + 2. l _§=0_
| x(x + 1) x(x+1 4
[ 1
ba =ylacoy? +2y -2 =04y’ +8y-5=0 2
F G+ 1) y y y a y y = y__;ﬁ
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l thix(x+ )=2ex*+x-2=0&

Vai
& P X==2

]

Vai y

Pdp so': Hai nghiém | va =2,

BAI TAP
Phuong trinh bac ba
47. Giai cac phuong trinh :
a)x'=39x+70=0: b)x'-9x +28=0:
Oxl-x-V2=0 dx -3 +3x+7=0;

¢) x'+6x7 - 12x+8=0.
48. Giai phuong trinh
x’=3abx+ (@’ +b")=0

vdi a. b laciac tham so.a#b.

Phuong trinh bac bén
49. Giai cac phuong trinh :
a)x’—4x*-3x"+14x +6=0;
b)(x+ D(2x + D3x+ IN6x -1 =120
xt-x*-14x-3x+9=0;
d) (x% + 3x + 2)(x” + 9x + 18) = 168x°.
50. Giai cac phuong trinh :
a)(xz—x+ l)4+4x"‘=5x?(xz-x+ 1)3:
b}x3+[x+ ])3+{x+2)*=2:
c)x*-2x*-64x-255=0;
d)x*+ (x=-2)x*-2x+4)=0.

5 - ;
-—thix(x + 1) = ?2 & 5x? + 5% + 2 =0, vo nghiém.
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51. Cho phuong trinh 2x* — 4x? + 1 = 0. Khong tim nghiém cu thé, hay :

a) Ching minh rang phuong trinh ¢6 bon nghi¢m phéan biét.
b) Tinh t6ng binh phuong cic nghiém cia phuong trinh.
Phuong trinh dang phan thuc
52. Giai cdc phuong trinh :

X _x2~2x+l‘

x2—3x+l x2+x+l

a)

2
Ox . i
(x - 3)

& 1 ¥ 1

{xz—;\c+l}2 (x.z—x+2)2

b) x% +

£

2x + 1

x4+l

d) =x’ -1,

53. Giai cdc phuong trinh :

8) ——— = 3x% - 16x + 8 ;
(x + 1)°

b)—l,-+ : 2

X© (X + l)l2 i (2x + 1)2'
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Chuyén dé 5
PHUONG TRINH CHUA CAN THUC BAC HAI

W’

TONG QUAN VE CHUYEN BE

Ta goi phuong trinh chia can thic bac hai 1a phuong trinh chita dn trong dau
can bac hai. Day 12 dang todn thudng gap trong céc Ki thi hoc sinh gioi vi né doi
hoi su thanh thao va sdng tao cua hoc sinh.

Chuyén dé nay gi6i thi¢u nhimg phuong phép thuong dung dé giai phuong trinh
chira can thuc bac hai nhu :

— Binh phuong hai vé cua phuong trinh.
~ Pua phuong trinh vé dang A’ =B

— Pua phuong trinh vé dang A® + B* = 0.
— Pat nhan tur chung.

— Dung biéu thirc lién hop.

- Duing bat déng thic.

Bai toan co
BAI TOAN CUA BAT-XCA-RA

Tim cdc canh géc vuong cla mot tam gide vuong, biét rang s6 do canh huyén
vi 56 do dién tich bic¢u thi boi cung mot so.

Giai
Goi x va y 1a do dai cic canh géc vuong thi do dai canh huyén bang

Jx? + y2 va dién tich bang % Ta ¢6 phuong trinh

% = \}xz + yz & Xy = 2\x% + yz
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c&xzyz=4{x3+y2)¢=>x3(y3—4)=4y2ﬁxz= 24)! ;
y- -4

T Saa g 2y G
Bai todn ¢6 vo sO ddp s0 1A - vai y tuy vy Ion hon 2.
P [UE Y] yiluyy

Ching han véi y = V6, 1acé x = 2V/3.

1. BINH PHUONG HAI VE CUA PHUONG TRINH

Binh phuong hai v& clta phuong trinh gidp khir ddu cin bic hai. Phép binh
phuong hai v¢ cba phuong trinh 1a tvong duong néu cé thém diéu kién hai v€ cung
khong am (hoic cung khong duong).

Vi du 48. Giai phuong trinh

7

X" =X =2=2J16x + 1. (1)
Giai
DKXD: x 2 —-i%. Thém diéu kién x> -x =220  (2) thi

(he(x?-x-2=4(16x+ 1)
e xt=2x'-3x’-60x =0
& x(x - 5Kx>+3x+12)=0.
e x =0 loai vi trdi vé6i (2).
e x =5thoamin (1) va (2).
e x%+3x+ 12 =0 vo nghiém.
Bip so': Phuong trinh ¢6 mot nghiém x = 5.
L y. Cich giai khac, xem Vi du 53.
Vi du 49. Giai phuong trinh

x2 + 5x + 6 =2/3x + 4. (1)
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Giai

PDKXD: x 2 - —. Théemdiukicn x> +5x +620  (2) thi

ot | s

(l)@(x3+ 5x +6)° =4(3x + 4)
& (X + 177 +8x +20) = 0.
e x =-| thoa man (1) va (2).
e x*+ 8x + 20 = 0 vo nghi¢m.
Ddp so': Mot nghiém x = -1.

Liu v. Cic cich giai khiac, xem cic vi du 55, 65, 74.

Il. DUA PHUONG TRINH VE DANG A? = B? (tirc 1a A2 - B? = 0)

Vi du 50. Giai phuong trinh

4x* + 8x = \[2x + 6. (1
Gigi

DKXD : x 2-3. Cong 2x + 6% vao hai vé¢ thi

“)@412‘1"!0.’('?'6-3-:2;4-64. ;2x+6+%

ﬁ(2x+-§f =(%+J2x_+6]3.

Xél 23+-‘2=%+\/2x+6 m2x+2=,/21+6

xa=] .
! " e x = 3N e min DKXD,
2x* +3x ~-1=0 4
Xél2x+§=—é——,f2x+6 & 2x+3=-J2x+6
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60

x <-1,5 WP
& & Xx=—

4x2 +10x +3=0 4

—3+Jl_7.—5—\/ﬁ
y : ;

4

., thoa man DKXD.

Ddp s6': Hai nghiém :
Vi du 51. Giai cdc phuong trinh :

a) x> = 10x = 12 = 4\/2x + 3 ;

b) 2x* + x -—3=2Jm.

Gidi

a)bDKXD: x 2 - % Cong 8x + 13 vao hai v¢ dugc

X2 = Ix4d =4(2x+3)+4\/2x+3+l

o (x =17 =+ 22x + 3)%.

X2
Xétx-l=l+2,f2x+3 S Xx-2=2J2x+3 &

2

X —12x-8=0
& x =6 + 2411, théoa man DKXD.
Xtx-1==-1-2J2x +3 @x=—21{2x+3

x<0
S & X = 4 — 24/7. thoa man DKXD.
X“=-8x=-12=0

Ddp s6': Hai nghiem : 6 + 2V11 : 4 — 2J7.
b) DKXD: x =2 - g- Nhan hai v¢ ciua phuong trinh véi 2 duge

4x> +2x -6 = 4./2x + 3.

Cong 2x + 7vao hai vé, 1ac64x* +4x+ 1 =2x + 3+ 4 J2x + 3 + 4

& 2x + 1) = (2 + 2x + 3)%.



X612x+l=2+\/2x+3 mZx-—l=\/2x+3

|
X
=3 2 & X = 3+4Jﬁ.1h6a man DKXD.
%% = Ix=1=0
X12x +1==2-y2x +3 & 2x+3=-2x + 3
3
E= -
= y & X = ——, thoa man bDKXD.
2x> +5x +3=0
Pap s6': Hai nghi¢m : 2 +4Jl_7 - %

Vi du 52. Giai phuong trinh

4x +1-x2=22x + 1. (1)
Giai

DKXD: x 2 -

0| -

e x?-4x-1==22x + 1.
Cong 2x + 2 vao hai vé¢€ duoc X2=2x+1=2x+1-2y2x +1 +1
<:=>(x—l)2 =(l - 2x+l)2.

Xétx—l=l—\f2x+l ¢=>x—2=—,}2x+l

x <2 .
=9, &S X =3- Jg thoa man DKXD.
X =-6x+3=0

x 20
Xélx—l=«.f2x+l-lﬁx=\}2x+l:r 5 -
x“-2x-1=0
& x = | + 2, théa man DKXD.
Pdp s6': Hai nghiém : 3 - J6 14+ 4/2.
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Vi du 53. Giai Vi du 48 bing cich dua vé dang A* = B*:
x - x-2=2/16x + I.

Gidi

DKXD: x 2 - —l% Nhan hai v& cua phuong trinh véi 4 duge
4x* - 4x -8 = 8,/16x + .

Cong 16x + 17 vao hai v€ dugc 4x” + 12X +9 = 16x + | + 8J16x + 1 + 16

& (2x+ 37 =@ + J16x + 1)

Xé12x +3 =4 + JI6x + | ¢&2x—l=‘/!ﬁx+l

|
X 2 —
= 2 ¢ X = 5, thoa man DKXD.
4x2 - 20x = 0
Xét2x +3==-4 - JI6x + | & 2x +?=~—J16x+l
X <=-35
— vo nghiém.

X2 +3x+12=0

Ddp s6': MOt nghiém x = 5.

Vi du 54. Giai phuong trinh

2x2 = 3x + 2 = xf3x - 2.

Giai

bKXD: x 2

20 -3x+2=x3x — 2 & 2x> =3x - 2 + x[3x - 2.

', —

2 2
Cong 54— vao hai vé duoc 2x% + —'&- =3X -2 +X3x-2 + %—-

~(3) 6]

2
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Duxz%nén%=%+\f3x—2 mx=\/3x—2

x=20 -x = ] )
= ' thoa man PKXD.
x a

x2 -3 +2=0

Ddap so': Hai nghiém : 1 va 2.
Liu y. Cich giai khdc, xem Vi du 59.

Ill. DUA PHUONG TRINH VE DANG A2 + B2 =0

Vi du 55. Giai Vi du 49 bing cich dua vé dang A’ + B> =0 :

X2 +5x + 6 =2J3x + 4.

Giai
x> + 5x +6=2J3x+4

S X +2X+1+3x+4-2L3x+4+1=0
ﬁ[x+l)3+(l— 3x+4)2=0

x+1=0
] S x=-1.
J3x +4 =1

Ddp so : Mot nghiém x = -1.

IV. DAT NHAN TU CHUNG

Vi du 56. Giai phuong trinh
\hz—u+wbﬁ4~u=2n (1)

Giai
DKXD : x 20.

1) & ,.fx(x -2) + \/2x{x o+ 2)=2%
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Ta thdy x =0 thoa man phuong trinh.

Xét x # 0. Chia hai v¢ cua phuong trinh cho Jx duoc
Jx =2 + f2(x +2) = 2Jx.

Binh phuong hai v¢, ta duoc
3 + 2 + 22(x + 2)(x — 2) = 4x

& 2\2(x +2)(x —2) =x = 2. (2)
Ta thiy x = 2 thdéa man (2).
Xét x # 2. Chia hai v€ clia (2) cho /x — 2 duge

2J2x +4 = x -2 & x = ——g. khong thoa man x 2 0.
Pdp so': Hai nghiém : 0 va 2.
V. DAT AN PHU

Vi du 57. Giai phuong trinh

\/ L[]
X+, (X +=—+ (x+— =2,
2 4

Giai
PKXD: x > -~
4

. I § 2 1
bat \[x + —=y20thix=y° ——.Tacé

4 4
g 1 B 2 1
- =+ =t ymI Y —=FYh==
y 4 \/Y 4 y b 4 Y 2
@4y2+4y—7=0¢y=¥.

242 - 1

.Tadé x =2 - 2.

Doy=20tachon y = 5

Ddp s6': Mot nghiém x = 2 - J2.
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Vi du 58. Giai phuong trinh
5x2-2x+ 1 = (4x — )yx? + L. (1)
Giai
ba m =a>0thia?=x*+1.Tacé
e x2+)-@x-Dyx®+1+4x* -2x=0

& at-(@x-Da+2x2x-1)=0. (2)

Xét phuong trinh (2) véi dn a, tich hai nghiém béng 2x(2x — 1), téng hai
nghi¢m bang 4x — 1 néna = 2x hoaca=2x - 1.

' ~ x20
Véia=2xthi yx° +1 = 2x <=>{ @x=£.

X =1 3
x>.l.. 4
Véia=2x-1thiyx> +1=2x-1{ ~ 2 ox=z
x3x - 4)=0
Ddp so': Hai nghiém : 73 va -;—:-

Vi du 59. Giai Vi du 54 bang céch dat 4n phu :

2%% - 3x + 2 =x,/3x - 2.

Giai

DKXD: x 2

W | M9

Pat f3x -2 =a 20 thi3x-2=a".Tacé

2x% - 3x - 2) = x\f?:x -2

& a‘+xa-2x=0. (1)

Xét phuong trinh (1) véi 4n a, tich hai nghiém bang —2x.x, téng hai nghi¢m
bang —x nén a = x hodc a = -2x.

5.9 CHUYEN DF DS-A 65



Via=xthi {/3x -2 =x

x20 x=]
9, =3 thoa man DKXD.
X =-3x+2=0 X

Xéta=-2x,do x 2 % nén a < 0, loai.
Ddp s6": Hai nghiém : | va 2.
Vi du 60. Giai phuong trinh

3 g

10yx” + 1 =3(x° + 2). (1)

Gidi
DKXD:x2-1.
bat yx +1 =a 20, 1}2{2 -Xx+1=b>0,tacéd
a®+b*=x+1+x =x+1=x"+2 Khidé

(1) <> 10ab = 3(a’ + b%) & (a - 3b)(3a - b) = 0.
V6ia=3bthi X + 1 =3x% - x + 1 < 9x*— 10x + 8 = 0, vo nghi¢m.
Véida=bthi 3yx + 1 = sz -Xx+1ox'-10x-8=0

& X = 5 + /33, thoa man DKXD.
Ddp s6': Hai nghiém 5 + /33.
Vi du 61. Giai phuong trinh

(2x = DY10 - 4x% =5 - 2x. (1)
Gidi
5
PKXD: x° € —,
2
Dat 2x — 1 =a, 10 - 4x> = b 2 0 thi
a?+bP=4x2—4x + 1 +10-4x2= 11 - 4x. 2)
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Tacé ab =5 - 2x. (3)
T (2)va(3)suyra a’+b*=2ab=11-4x - 2(5-2x) = 1

=(a-bl=1=a-b=*1.

Véia-b=1thi2x - 1 - 10 - 4x? = |
x21
=>2x—2=\/10-4x2 @{

4x* - 4x -3 =0

oox = % thoa man DKXD.

Véia-b=-1thi 2x - 1 = /10 - 4x% = —|

x20
& 2x = 410 - 4’ o { ey = % thoa man DKXD.

4x% =5

3 5

Ddp s6': Hai nghiém : = va —.

Vi du 62. Giai phuong trinh
V2x =1 = Jx + 1 = 2x - 4.

Giai

DKXD: x >

1
2
a-b=2x-4
bDat \/2x—l=320. X+1=b20, tacé 5 2
a“-b°=x-2
Suyraa—b=2(a’-b’>) = @-b)2a+2b-1)=0.
Via=bthi2x -1 =x+ 1 & x =2, thoéa man DKXD.
VGi2a+2b=1thi 2\2x -1 +2Jx +1 =1.

Phuong trinh v6 nghiém vi véi x 2—21- thi 2y2x =120 va 2yx +1 > 1,

vé€ trdi 16n hon 1.

Padp s6': Mot nghiém x = 2.
Liwu y. Céich giai khic, xem Vi du 66.
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Vi du 63. Giai phuong trinh

J2x2 =3 + 10+ 2x2 - Sx + 4 = x + 3.

Giai
DKXD:2x*-3x+1020,2x2-5x +4 > 0.

Dat y2x2 = 3x + 10 =a 20, \2x2 = 5x + 4 = b 2 0.

a+b=x+3

Taco { |

a’-b>=2x+6
Suyraaz—b2=2(a+b)ﬁ[a+b}[a-b—2)=0.
Vaia+b=0thia=b=0vax=-3, khong thoa man DKXD.

Véia—b=2thi y2x - 3x + 10 = 2 + {2x? - 5x + 4.
Binh phuong hai v¢ réi rit gon duoc
X 2-1 K=

2J2xz—5x+4=x+lﬁ . < 15
X°=22x +15=0 X

Ddap so': Hai nghiém : 1 va g

Liwu y. Céach giai khac, xem Vidu 67.
Vi du 64. Giai phuong trinh
1

1.3
x 12

l—:r.2

Gigi
PKXP:x’<1.x#0.

Pat 1 -x* =y>0thil-x>=y

LIPS
Taco ¢y X 12
x2+y‘=l



4 ,
Giai hé phuong trinh trén véi y > 0 ta duge x = 3 (xem Vidu 29).

Pdap so': Mot nghiém x = %

V1. DUNG BIEU THUC LIEN HOP

Phuong phdp dung bi¢u thic lién hop con duge goi la phuong phédp khir can
thirc ¢ tr, thuong dung hon ca la

A-B
JX_I:m (1),
\/K'FJ_"T-T (2)

Trong cdc cong thic (1) va (2), khi nhan va chia vé trdi véi biéu thic lién hop
cta nd, 1a dugc v€ phai. Muc dich cta viéc khir can thirc ¢ tr nham lam xuat hién
nhéan wr chung.

Vi du 65. Giai Vi du 49 bang cich dung biéu thitc lién hop :
x? +5x + 6 = 2\/3x + 4. ()
Giai

bKXD: x =2 - % Véi nhan xét =1 12 mot nghiém, ta bién doi

(DDex+Dx+4)+2 =2J3x+4

S+ Dx+4) =2(\/3x +4 -1)
23x+4-1)
SX+DX+4)=
:;3x+4 + ]

6(x + 1)

@(X+l)(x+4)=m.

RO rang x = —1 thoa man phuong trinh.
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Vaix#-1tacé x + 4 = g : (2)
1+ 3x + 4

VG6i x > —1 thi (2) ¢6 vé trdi 16n hon 3, v€ phai nho hon 3, vo nghiém.
. 4 x .
Véi % < X < =1 thi(2) c6 v€ trdi nho hon 3, vé€ phai 16n hon 3, vo nghiém.

Ddp s6': Mot nghiém x = =1.
Luu y. Cich giai khic, xem Vi du 74.

Vi du 66. Giai Vi du 62 bang cich dung biéu thic lién hop :

V2x =1 = Jx +1 = 2x - 4. (1)

Giai
PbKXD : x 2 % V6i nhan xét 2 la mot nghiém cua (1), ta nhan va chia vé
trdi cia (1) véi biéu thirc lién hop duoc
2x = 1) - -
(2x )—(x+1) X — 2 = By =72,

=2(x =2
;;2x+l+\/x+l & )-ﬁ\/2x+l+\]x+l

X = 2 thoa man (1).

1
Véix #21aco =2 (2)
\/Zx + 1+ Jx+1

Do x 2 % nén /x + 1 > 1. Phuong trinh (2) ¢6 v€ trdi nho hon 1, v€ phai

bing 2 nén v6 nghiém.
Ddp s6 : M6t nghiém x = 2.

Vi du 67. Giai Vi du 63 bang cich dung biéu thirc lién hop :

VX2 =3 +10 + (2x2 = Sx + 4 =x + 3. (1)

Gidi
PKXD :2x*-3x+ 1020, 2x* - 5x + 4 2 0.
Nhén va chia v€ trdi cta (1) véi biéu thitc lién hgp duge
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(2)(2 - 3x + 10)—(2x2 -5x +4)
J2x3—33+10-J2x3—5x+4
=%£~(+3j — =X+ 3

- J2x2-3x+10-J2x2-;x+4
2

= = - =] (vix+320)
J2x2 = 3x + 10 - 2x% - 5x + 4

o 22 =3 +10 - y2x2 - 5x + 4 =2

= x + 3 (diéu kién : x # -3)

<=>\/2x2 —-3x+l0=2+\/2x3—5x+4.
Binh phuong hai vé réi rit gon dugc

x =]

Xx2-1
22x2-5x+4=x+lﬁ &
2
Ix* =22x +15=0 X =

15

Ddp so': Hai nghiém : | va i

Luwu y. Khi nhan va chia v€ trdi cua (1) vi biéu thic lién hgp cia vé trdi, ta

nhéan va chia vai \ﬁxz -3x + 10 - J2x2 - 5x + 4, phai c6 diéu kién khac 0,

e la2x +6#0, hay x + 3#0.

Vi du 68. Giai phuong trinh

Jx+2-B-x=x*-6x+9. (1)
Gidi
PKXD : -2 <x < 3.
Véi nhan xét 2 1a mét nghiém cua (1), 1a bién doi
) e (\/x_+3 -+ (1-3-x)=x*-6x+8.
Nhan va chia biéu thic trong d4u ngoac véi bic¢u thic lién hop ta duoc

(x+2)-4 1-(3-Xx)

+ =(x-2)(x—-4)
:;x+2+2 1+:23-x
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| 1
i DN Y i i . e
g )[2+\/x+2+l+,/3-x

Do-2<x<3nén4- x>0, dodé biéu thirc trong ddu ngoac thit hai duong.

+4-x|=0.

Viy x =2 =0 < x =2, théa man DPKXD.
Pdp s6': Mot nghiém x = 2.
Vi du 69. Giai phuong trinh

J_-Jx—l=\/x+8—\{x+3. (h

Giai

DKXD :x 2 1.

Nhén va chia méi v€ véi biéu thic lién hop duge

X~X=1) E+8-x+3) 5

|
x+x=1 (x+8+x+3 ﬁJ;+Jx—l—Jx+8+Jx+3
ﬁSJ;+5Jx- =Jx +8 + x + 3. (2)

Cong (1) véi (2) theo v€& dugc
6vx +4Jx —1=2/x + 8

— 3\/; + 2\/:( -1= \fx + 8. (3)

Dox 2 1nén \/x +8 < Jx +8x =+9x =3Vx.

. 8 = 8x
bé xay ra (3) thi { S & x = 1, thoa man (1).
X - 4

Ddp s6': Mot nghiém x = 1.
Vidu 70. Giai phuong trinh

(\/l+x —1)(Jl—x+l)=2x. (1)

Giai
DKXD:-1<sx<1.



Nhan va chia /1 + x — 1 véi biéu thic lién hop dugc

(1 + x) o x(Jl—x+1}
m”‘ Sl i e T

Hién nhién x = 0 thoa man (1).

T I Lk Bl NP

Jl+x+l

bat Jl1+x=a20, Jl-x=b20,taco

b+l=2 a =-1, loai
a+1 =5a%+4a-1=0=> 1
2 2 =
a“ +b" =2 5

Véi a = ?l'; thil + x = —l- nén x = ——2?— thoa man PKXD.

Ddp s6': Hai nghiém : 0 va —%

Vi du 71. Giai phuong trinh

S ex-xt-3=ax?-x-2-2:2 +1. (1)

Gidi
PKXD:x?+x20,x>23,2x*-x-220.
Nhan va chia méi v€ véi biéu thiic lién hop duge

(x + X) — —3) (2x —x——2)—-(2x + 1)

x2+x+\fx =3 ;in —x—2+I2x + 1
& (x +3) 1 + l —
;}x2+x+:ix2—3 Jl’_xé—x—2+\/2x2+i

Biéu thirc trong ddu ngoac thi hai duong nén x + 3 = 0 <> x = =3, thoa man
DKXD.
Pdp 56 : Mot nghiém x = -3.

= 0.
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L y.

Phuong trinh (1) ¢6 dang Ja - VB = JC - VD, trongdo A-B=D-C.

Vil. DUNG BAT DANG THUC
Vidu 72. Giai phuong trinh
X-3+J7T-x=6x-7-x> (1)
Giai
BICxE I Ex S 7.
Goi v€ trdi cua (1) 1a A, v& phii cua (1) la B.

'l'acth\3=(\/x—3+\/?—x)3 =x=34+7=x+2J(x =3X7 - x)

=4+2J(x -3(7-x)24ntnA22.

Matkhic, B=6x -7-x’=2-(x’-6x+9)=2-(x-3)*< 2.
PhaiicOA=B=2. XayraB=2vGi x=3,khid6 A = 2.
Ddp 56 : MOt nghiém x = 3. '

Vi du 73. Giai phuong trinh

Vx=3+5-x =x? -8x +18. (1)

Giai

DEXD:3Sx<5.

Goi v€ trdi cua (1) 1a A, v& phai cua (1) 1a B.

Ap dung bat dang thic (a + b)’ < 2(a’ + b%), 1a c6

A’S 2(x-3+5-x)=4nén A S2.

Laic6 B=x"-8x + 18 = (x —4) +222.
Phiic6A=B=2.XayraB=2vdi x =4, khidé A = 2.
Ddp s6': MOt nghiém x = 4.

Vi du 74. Giai Vi du 49 bing cich dung bat ding thirc :

x? +5x +6 =23 + 4. (1)

74



Giai
4
PKXD: x 2 —-—.
3
Goi v€ trdi cua (1) 1a A, v€ phai coa (1) la B.
Tac6 B=23x +4 =21.3x +4) s 1+ (3x +4)=3x+5;

A=x3+5x+6={x+l)2+3x+523x+5.

- 3x +4=1 ]
PhaiicocA=B=3x+5 & : &> x = -1, thoa man DKXD.
X = —

Ddp so : Mot nghiém x = —1.
Vi du 75. Giai phuong trinh
3Jx + 1 +3Jx =1 =4x + 1. (1)
Giai
Cdch 1. (dung bat ding thic)
DKXb:x21.
Goi v& trdi cta (1) la A, v€ phai cua (1) 1a B. Taco

A=3 x+l+3\/x—

—21/(:( l)—+321}(x-l)—s[ +l+-]+3(x-l+ ] =4x+1=B.

2
A=B & 4 T ax=%.théamﬁnDK)(D.
4

Pdp s6': Mot nghiém x = :::-
Cdch 2. (dung biéu thic lién hop)

{l)¢3\/x+l—%+3 x-l—%=4x-5
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X = % thoa man (1).

Véi x # 2 thi 3 + 2 = (2)

X+ 1+ = X=-1+—
TERENEY

Goi vé€ trdi cba (2) la A. Phuong trinh (2) v6 nghiém vi :

-Néux>—g*lhiA< + = =4,

= 4.

2
1
3
+ —
1

Wlw W|w

—Né’ux«:%thi!\}

Pap s6': Mot nghiém x = -Z—

Cdch 3. (dua vé dang A’+B*=0)

Dat Jx +1=a,x =1 =b thia?+ b’ =2x vaa’- b’ =2.
Tacé 3a+3b=2(>+b%) + 1
&2a%-32+2b2-3b+1=0

{
P 32—3a+%]+3{b2—-b+%]+az—b2-2=0

\

( 2 2
ﬁa-—i + 3 b-—l =
L 2 2




3 3
4 = E \}X + 1= E 5
= | = 3 | = X = z
b=-— X —-1==
2 2
G ; 5
Pap so : MOt nghiém x = iy
Vi du 76. Giai phuong trinh
X + 1

= -3, (1

(X - 3x +1)-4x - 3)
X -3

Giai
PDKXD : x £-1 hoac x > 3.

e Xétx>3.Khido (x - 3) x+_:=J(x-3)(x+l).
\Jx—.

Pat Jix =3)(x +1) =y 20thi

3 =1
tl):y--ay+3=0m["

y=-
, [x=1+5
Véiy =1 thi ﬁ3—21-3=1ﬁx'—2x—4=0¢ s
_x=l-\/§.logi
.1 - =|+Jl_§
Véiy=3thiJaxl - 2x -3 =3 @x’-%-12=0e |
hx=l-—~ﬁ§.loai

e Xétx<-1.Khidé (x - 3) m+;=—\/(x-3)(x+ 1.

Pat J(x = 3)x + 1) =y 20 thi

? )’=—|.|Oi_ii
{l)my‘+4y+3=0¢v .
y = =3, loal.

Dap s+ Hai nghiem : 1 + /5. 1+ V13,

i



Vi du 77. Giai phuong trinh

\/x(x -2) + Jx(x -7) = Jx(x - 23). (1)

Gidi

DKXD : x 223 hoac x £0.

X¢t timg khoang gid tri cua x.

~ Xét x 2 23, chia hai v€ cia (1) cho Vx duge
VX =2 +x =7 =x-23

& X+ 14 + 2J{x - 2)(x = 7) =0, vo nghiém (vi x 2 23).

- Xét x =0, thoa man (1).
— X¢t x <0, chia hai vé& cua (1) cho J: duoc
V2-x+7-x =23 -x

< 3x’-64x - 140 & 70

Ddp so : Hai nghiém : 0 va -2,

BAI TAP
Giai cac phuong trinh (tir bai 54 dén bai 66) :
54. a) x>+ fx+7=7; by x>+ x +1=1;
O xP+x+12Jx+1=36; d) x> —6x -2=22x + 5 ;
cJB\[S.Jc_—fi=x2-2x;|-3: g)l+8x-8x2=,f2—7x:
hy 3x +1=-4x2 +13x - 5 ; i) 8x2 - 1 = 2x\/2x + 3.

§5. a) x2 —6x +26 =6 2x + | :

b)4\/x+S-Jx+l=x+9.

78



56.

7.

59.

61.

a}\fxl+2:c—|5-\/xz—3x=,}x-3:

b y2x2 = 3x =2 + 30X + 2 =3J2x + | + x? - 4 ;

c)sz—-.li-i-sz-i-x-i-%=l(213+xz+2x+l).

2

a}xz—5x+4=(2x—l}Jx2—3x+4:

b) 2y(x + 2)° = 6x + 3x> - x*:

} x>+3 x*+7
¢ - .
X 20x + 1)

.u}x=(~/;+2)(l—\[l—\/x_)3:

h)(x—l)3+x1fx—l=2:
X

cJJI+x+J3—3x=\l'4x3+I:
d)J" :'656+,/x—8=
a}x3+2x+4=3\fx3+4x:

b) 4(x + 1)? = J2x* + x2 + ).
a)3,}x— —‘}x+5=2x-8:

b}J4x2+2x+3—2 x* +1=4x -2

oc | =

a)Jx+l+J3—x-J{x+l)(3—x)=l:

h}1lx—l-1’l-l=x—l.
X X X
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62.

63.

65.

66.

67.

80

a)\{x2+16-\/x2+7=3x—8:
b) yx> +10 = x> + 5 = 2x + 3:

C}Jx2—1+\/2x2+4x+3=2x+1.

a)\/;+\)2x+?=—3x2+2x+5:

b)\/ = +\j = = 4,

3-x 5-x

) Jx =3+ 5-x+2x-T=22%-9x+7;
b)(,;‘23+l—,/x+2](\/2x3+5x+2+4)=2x—2:

c)\/x2+3x+l—\{xz+2x+3=\fx2+4—\/x2+3x—2.

a)2x2—x+3=2J(x3+2)(x2—x+l)‘.

b) y2x2 +4x + 6 + x - 2x +2 =2 - 2x - x?;

-
c)\}x“+x-—l+\/x——x2+l=x2-x+2;

d)J3x3+3x+Jx—x2=2x+l.
a) JXx(x + 1) + x(x + 2) =Jx(x+3):
b)\/xz-—l+\/x1+x-—2=\}xz—x.

Giai hé phuong trinh

x+y=,/4z—l
~y+z=.,f4x—1
z+x=,f4y—l.




Chuyén dé 6
PHUONG TRINH CHUA CAN THUC
BAC BA, BAC BON

TONG QUAN VE CHUYEN DE

Noi dung ctia chuyén dé nay bao gém :
— Phuong trinh chifa 4n trong d4u can bac ba.

— Phuong trinh chifa dn trong ddu cin bic bon.

Ching ta sé thiy nhimg diém giong nhau va nhimg diém khic nhau trong
céch giai cdc phuong trinh trén so véi phuong trinh chita can thic bac hai &
Chuyén dé 5.

Thu tri thong minh

Vi SAO THUA NGHIEM ?

Ban Thu phai giai phuong trinh

IPx -3+ Yx -2 =1. (1)

Ban da giai nhu sau :
Lap phuong hai v€ cua (1) dugc

M) o @x -3+ x-2)+3x-22x-3).(Yx -3+ -2)=1 @

Thay {{5{——3 +{[x—2 bai 1 vao (2) duge

(2) & 3x -5+ 3Y(x -2)2x - 3) =1 (3)

&3x-22x-3)=6-3% & Jx-2)2x-3) =2-x
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Sx-2)(2x-3)=2-x)'=x-2(x-1)'=0 m[x =;
X =

Nhung thay x = 1 vio (1) lai duge -2 = 1 (!)
Thu khong hiéu 1ai sao lai nhu vay, ban hay giai thich gidp.

Giai

Tat ca cdc phép bi€n déi trén déu twong duong, trir phép bién ddi (2) < (3).

Ta chi ¢6 (2) = (3). Khi thay {’/Zx -3+ %/x — 2 bai 1, da xuat hién nghi¢m
ngoai lai x = 1.

Do d6, sau khi tim dugc x = | va x = 2, phai thir vao (1) dé chon x = 2 va loai
x = |. Phuong trinh (1) ¢6 moét nghiém la x = 2.

I. PHUONG TRINH CHUA CAN THUC BAC BA

Mot s6 phuong phdp thuong dung dé giai phuong trinh chifa can thirc bac ba :

- Lap phuong hai vé€ ciia phuong trinh.

— Dat an phu.

— Dung biéu thic lién hop, tic 1a khir can thitc & tir bing cdch nhan va chia
vGi biéu thire lién hop :

TS PSRN SR
* Ya? - YAB + IB?

JA - B = i .
5A2+J3AB+ B2

— Dung bat déng thifc.

Vi du 78. Giai phuong trinh 3/2x = 3 + 3/x = 2 = 1 (1) bing céc céch khic,
ngoai cdch lap phuong hai v€ cua phuong trinh.

Giai
Ngoai cdch giai n6i trén, con c¢6 mot s6 cich khic.

Cdch2.Dat Y2x -3 =a, Ix -2 =b. Tacé
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a+b=1 a=|
3 = Tuedx=21
a’ -2b° =1 b=0.

Cdch 3. Ta thay x = 2 la nghiém cua phuong trinh (1).

Vi x > 2 thi Y2x =3 > 1va Jx = 2 > 0 nén vé& trdi cta (1) 16n hon 1, do
d6 x > 2 khong thoa man (1).

Véi x <2thi 32x =3 <1 va x — 2 <0 nén vé€ trdi cua (1) nhé hon 1, do
d6 x < 2 khong thoa man (1).
Vay x = 2 la nghiém duy nhat cua (1).

Vi du 79. Giai phuong trinh

x> —-1=232x +1.

Giai
3
-1=2
Dat J2x + 1 =y tacé 3 4
y3 -1=2x

~ 1+ 45
Giai hé phuong trinh trén (xem Vidu 26) taduge x =~ va x = 5
Dap 56 : Ba nghiém : -1 ; : 12\6.

Vi du 80. Giai phuong trinh

Yix - 20 + Pa? - 4 = 23(x + 2)%.

Giai

Pat Ix -2 =a, Yx+2=btaco
a’+ab-2b’=0¢ (a-b)a+2b)=0.
Véia=bthix-2=x+2,v0nghi¢m.
Véia=-2bthi Ix -2 = -23x +2

ﬁx—2=-8x-I6¢=>x=—l—;1.
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Ddp 56 : Mot nghiém x = - %

Vi du 81. Giai phuong trinh

Y2x +1 = Y3x =2 =(2x = 6)y/x - 1. (1)

Gidi

DKXD:x21.
V6i nhan xét 3 1a mot nghiém cia (1), ta nhan va chia v€ trdi cua (1) véi biéu
thire lién hop dugc :

o 2x +1)-3x -2) o =2(x—3)r_x-l

Jox + 1) + Y2x + DB3x - 2) + YBx - 2)?

o = 2= X -2(x—3)\fx-lvéna- 2x + 1, b=g3x -2
a’ + ab + a’

Ta thdy x = 3 thoa méan (1). Véi x # 3tacé

|
a> +ab + b°

+2yx-1=0. (2)

Vi (2) ¢6 vé€ trdi duong nén vo nghiém.
Ddp 56 : MOt nghiém x = 3.
Il. PHUONG TRINH CHUA CAN THUC BAC BON

Vi du 82. Giai phuong trinh

#x +21 + Y61 - x =4,

Giai
DKXD :-21 £ x<61.
4
Dat Yx + 21 =a, Y61 —x = b, tacé a’ + b" =82 (D
a+b=4 (2)

Thay b =4 - a vao (1) dugc
a4+{4-a)"=82c&a‘+(a-4)4=82.
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Data-2=ytacé(y+2) +(y-2)"=82

2

=1
oy +2y-25=0e |7
y- = - 25, loai
Véiy=1lthia=31acéx+ 21 =3" e x=60.
Vgiy=-lthia=l.1acox+21 =1 & x =-20.

Ddap so : Hai nghiém : =20 va 60.
Vi du 83. Giai phuong trinh

N-2x+ P+ 2x + Y1 - ax? =3,

Giai

PKXD: -+ <x < 1,
2 2

bat /1 -2x =a20, J1+2x =b20, tac6é va + Vb + Jab = 3.
Ta sé ching minh Va + Vb + Vab < 3.
'mau-gy.lacéﬁsa;'. JEsb;l. Ja_bsa;bnen

Ja + Vb +Jab<a+b+l. (1)

Talaic6 a =l -2x=1. I-ZKS]—tlz_—zx=l—x:

b=l + 2x =l.,fl+23£%+—gi=l+x

néna+b<2 suyraa+b+1<3. (2)

Tir (1) va (2) suy ra va + Vb + Vab < 3. (3)
Theo dé bai. phai xay ra ddu bang ¢ (3), ic la

| - 2x =1

1 +2x =

;' l‘ ' < x =0, thoa man DKXD.

A=

b=1
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BAI TAP

Giai cac phuong trinh (tir bai 68 dén bai 70):

68. a) x> +2=333x -2 :

b)zx’*-l:#”';
2

C)Q/x+8+\/l—x=3:

dDYx+6+ Jx-1=x*-1.

69. a) Y1+ Jx + Yo - Vx =4
b)Yx -1+ 3Yx+4=3x+3;
OWx+1+P-x+YPx+2=Yx+5;
) Y5+ %2 +2Y5 - 02 = 3325 - 2.
70. a) 420 - x + Yx -3 =3;

D ¥x-1+Yd-x-Yx-1)4d-x)=1;

c)ﬂsx-l+ﬂ9x+l=3'\'f;.
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Chuyén dé 7
BAT PANG THUC
VA CUC TRI DANG PA THUC

1®NG QUAN VE CHUYEN DE

Bat ddng thic va todn cuc tri 12 mot ndi dung quan trong va hip dén. Cac bai
todn trong chuyén dé nay bao gém :

— Bat ding thic dang da thitc, cic cich chimg minh mot bat dang thic, cic
bt ding thic thong dung, trong dé c¢6 bdt ding thic Co-si va bit ding thic
Bu-nhi-a-cop-xki.

— Tim gid tri nho nhat, gid tri 16n nhét cba cic biéu thitc ¢6 dang da thic vai
mot bién hoa¢ nhiéu bién.

Vai nét lich su
CO-SI YA BU-NHI-A-COP-XKI

Co-si (Augustin Lowis Cauchy, 1789 -
1857) 1a nha todn hoc Phdp, Vién si Vién Han
lam Khoa hoc Pa-ri.

Ong c6 trén 800 cong trinh vé nhiéu linh
vuc nhu S6 hoc, Dai 6, Giai tich, Co hoc, Quang
hoc, Thién van hoc. Ong da xay dung nhiéu van
dé 1i thuyét mot cach chat ché, khoa hoc, giip
cho Todn hoc ¢6 nhimg bude tién déng ké.

Bit dang thic vé trung binh cong va trung
binh nhan cta n s6 khong am la

a +a,+a;+..+a
I 2 3 n
. 2 Q/a,aza3...an.

n
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Bat ddng thic trén ciing duge goi la bar dang thire Co-si vi Co-si di dua ra
mot cach chimg minh doc ddo, mac du 6ng khong phai la ngudi ddu tién dé xudt
bat dang thic nay.

o
- »

Bu-nhi-a-cOp-xki (Viktor Bunyakovsky, 1804 — 1889) Ress
la nha todn hoc Nga, Phé Chi tich Vién Han 1am khoa hoc %
Pé-tec-bua. Ong hoc Todn tai Pa-ri va 1a hoc tro cua Co-si.

Ong c6 128 cong trinh vé Li thuyét s6, Li thuyél xdc
sudl, Giai tich, Hinh hoc va Dai s6. Ong ¢6 nhiéu déng gép
ndng cao trinh d¢ khoa hoc trong giang day todn hoc ¢ cic
truong dai hoc va trung hoc. D€ ghi nhé cong lao cua ong
vai nén gido duc Nga, nam 1875 mot giai thuong mang tén
ong da dugc lap ra dé trao cho nhimg sang tao vé Todn.

Bu-nhi-a-cop-xki

Bat ddng thic Bu-nhi-a-c6p-xki véi hai bo n s6 (a,, a,,..., a,) va (b, b,..., b))
a (al + a% R aﬁ){b,2 + b§ LB bﬁ) 2 (a,b; + a,b, + ...+ a“b“)z.

Bat ddng thic trén con dugce goi la bdt dang thite Cé-si — Bu-nhi-a-cop-xki -
Svac, vi Co-si di dé xuat bat dang thic d6, Bu-nhi-a-cop-xki dd mo rong két qua
cho tich phan, con Svac (Schwarz, nha todn hoc bic, 1843 — 1921) mo rong két
qua trén cho khong gian vec-10.

Bai toan thuc té
KHU DAT NHOT GIA SUC

Bic Tam cé moOt cudn ludi
sit dai 60 m, bic muén diung
lugi cang thanh ba doan thing
AB, BC, CD cung véi birc tudng
¢6 san lam thanh mot hinh chir
nhat ABCD dé nhét gia stic.

Hay tinh d¢ dai AB d¢ khu
dat hinh chix nhat ABCD ¢6 dién
tich 16n nhat.
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Giai
Pat AB = CD = x (mét) thi BC = 60 - 2x.
Dién tich S cha hinh chit nhat ABCD bing
S = x(60 - 2x) = =2x’ + 60x = =2(x* - 30x)
= —2(x2 = 30x + 225) + 450 = =2(x — 15)* + 450 < 450.

maxS =450 & x = 15.
Do dai AB = 15m, khi d6 khu dat ¢6 dién tich Ion nhat la 450m’,

. BAT DANG THUC DANG DA THUC

1. Ta goi hé thiic dang a > b (hoac a < b, a 2 b, a < b) 1a mot bét ding thic.

2. D€ chimg minh bat ding thic, ta thudng dung céc cich sau :

— Ding dinh nghia : D¢ chimg minh a > b, ta chimg minha - b > 0.

- Ding bién d6i wong duong : Chimg 16 bdt ding thic phai chimg minh
twong duong véi mot bit déng thic ding.

~ Diing tinh chat cua bat déng thic : Tir cdc bat dang thirc d biét, suy ra bat
ding thirc phai chimg minh.

— Dung phuong phép phén chimg : D€ chimg minh a 2 b, ta chimg t6 a < b 1a sai.

3. Cin nhd mot s6 bat ding thic thong dung sau :

a) Lién hé giira trung binh cong va trung binh nhan (bat ding thic Co-si) :

i“—;—bz\/ﬁvma.bzo. (1)
Xay ra ding thic khi va chi khia=b.
b) Lién hé giira 16ng cdc binh phuong va binh phuong cua tng :
2(a’ + b%) 2 (a + b)’ (2)

3(&2 +b2+ c3) >(a+b+ c)2 3)"

"Tacon co (a+b+c¢) 23ab + be + ca).
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Tong qudt ctia cdc bat dang thic (2) va (3), ta ¢6 bat déng thic Bu-nhi-a-cop-xki :

(@° + b2)(x% + y%) 2 (ax + by)’ (4)
(a2 +b2+ c:z){;w:2 + yz + zz) 2 (ax + by + c:z)2 (5)
Xay ra dang thic khi va chi khi L (xyz#0),
X ¥ 2
Bét dang thic (2) 1a trudng hop dac biét cha bat ding thic (4) véix =y = 1.
Bat déng thic (3) 1a trudng hop dac biét cha bdt ding thic (5) véix =y=z= 1.
Khi a, b, ¢, x, y, z khong am thi cdc bat déng thic (4) va (5) con duge viét

dudi dang
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(a + b)(x + y) 2 (Vax + {Jby)?

{a+b+c)(x+y+z}2(\/a_x+ﬁ+\/a)2.
Vi du 84. Chimg minh bat ding thiic

(a® = b%)(c? - d?) < (ac - bd)%. (1)
Gidi
(1) & a’c® - a’d® - b%c? + b’d’ < a¢? - 2abed + b2d?
& 0 <a’d® + b’c? - 2abed < 0 < (ad - be)>. 3)

Bit dang thirc (3) ding. Vay bat dang thic (1) ding.

Dang thic xay ra khi va chi khi ad = be.

Vi du 85. Chimg minh bét dang thifc sau véi x, y khong am :
(x + y)(x“ + ys) > (x* + yz)z.

Giai

Cach 1. Xét hic¢u hai vé :

(x + y)(x3 + y‘}) - [x2 + yz)z

=x*+ xy3+x3y +y4-x"—2x2y2—y4

= xy(y2 +x° - 2Xy) = xy(x - y]z 20.

Vay (x + y)(x* + y") > (x> + yz)z_

Diéng thitc xay ra khi va chi khi x = 0, hoac y = 0, hodc x = y.

Cdch 2. Véia, b, x, y 20, theo bat dang thic Bu-nhi-a-cp-xki

(@ + b)(x + y) 2 (Vax + Jby)?



Véia=x' b=y’ 1acé

2
(x3 + y3)(x il 5 (\/x3.x + Jy"‘.y) = (xz + yz)z.

Vi du 86. Chimg minh bat dang thic
x+ysxy+lvwixzl, yel.
Gidi
Dox21lvay2lnén(x=1)y-=1)20
= Xy-x-y+120=2x+ysxy+1l.
Déng thic xay ra khi va chi khi x = 1 hoac y = 1.
Vi du 87. Cho a + b > 2. Chimg minh bat ding thirc a’ + b’ 2a” + b, (1)
Giai
Cdch 1.
()ea’-a’+b’-b220 & a’(a-1)+bi(b-1)20. (2)
Data=1+xvab=1+y.Doa+b22nénx+y=20.Tacéd
2) (1 +x)°x+(1 +y)’y20
ox+y+2X2+y)+(x}+yY)20. (3)
Taco x> +y’20vadox+y20nenx’ +y’ = (x + (x> = xy +y) 20
Suy ra (3) diing. Vay (1) ding.
Piéng thirc xay ra khivachikhia=1,b=1.
Cdch2.Doa+b22néna+b-220.Déchimg minh a’ + b’ —a’ = b* 20,
ta s€ chimg minh
a+b’-a’-b’2a+b-2. (3)
B)ea’+b’-a’-b -a-b+220
oa’-a-a+1+6°-b-b+120
e@-1)@+a+ D+b-1D2B+b+1)20. (4)
Do (4) ding nén (3) ding. Vay (1) ding.
Vi du 88. Cho céc s6 a va b khong am thda méan a’ + b’ = 1. Chimg minh céc bat
déng thic :

a)a3+b3£l; b)a‘1+b33_>—l-.

V2
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Giai

2 2 " s 3 2.5 1.3 2
a)Doa+b =Inénas<lvaib<l.Suyraa.<a“vab <b".
Dodéa’+b’<a’+b’ = 1.
Ding thic xay ra khi vachikhia=b= 1.
b) Ta chimg minh duoc :
(@ + b)a' +b') 2 (@’ + b)) (xem Vi du 85)

(a° + b?)? W |

= L l
a+b a+b [)

::va"-i-b“a

Talaicé (a+ b’ <2’ +b)=2=a+b<2. (2

. 1
Tu(l)va(2)suyra T Y
V2

V2
=

Pang thirc xay ra khi va chikhi a = b =

Il. CUC TRi DANG DA THUC

Vi du 8Y. Tim gid tri nho nhit (min) cta biéu thirc A = x* = 3x + 3 véi :

a) x bat ki ; b)x22.
Giai
v A { -
u)zﬂ\::«t'—.'*h¢+-‘1+§=x-—E +12§.
4 4 2 4 4

*

19| W

. R
mnA = — lai X =
4

b)Cach I.Dox22twadatx=2+yvoiy=20.Taco
:\=(2+y)2—3(2+y)+3=}r3+y+ 121(doy=20).
mnA=ley=0x=2,

Céch 2. Tacé A2) =27 = 3.2 + 3 = 1. Ta s& chimg minh véi x 22 thi A > |.

'l'acéf\—l=xz-3x+2=(x—l)(x—2).



VGix22thix-1>0,x-220nénA-120,dodo A2 1.

minA = | tai x = 2.

Ltae ¥. Khi bién x nhan gid tri tay y thi tam thitc bac hai ax> +bx +c(a#0)
b

dat cuc tri tai X = — —.
2a

Khi bi¢n x nhan gia tri han ch¢ khong chira -% thi tam thic bac hai dat cuc
Iri tai gia tri bién cua bién.

Vi du 90. Tim gia tri nho nhat cua:

a)A=x"——48xv6ix20:

b) B=x" - 32x.

Giai

a)A=x"—48x = x* + 8x> - 8x* — 64x + 16x + 128 — 128

= (x> - 8x + 16)(x + 8) — 128 = (x - 4)*(x + 8) — 128 2 -128.

Vay minA =-128tai x = 4.

b) B=x*-32x =x*+ 16 - 8x? + 8x” + 32 - 32x — 48

=(x*-4)’ +8(x - 2)* — 48 2 —48.

Vay minB = —-48 tai x = 2.

Vi du 91. Tim gia tri nho nhat cia
A=x2(x+4)vﬁix22.
Giai
Dox>2tadatx=2+yvoiy20.Tacé
A =(2+y)2[6+y)=y3+ 10y2+28y+24
= y(y? + 10y + 25) + 3y + 24 = y(y + 5)° + 3y + 24 2 24
Vay minA =24 taiy =0, tic la x = 2.

93



Vi du 92. Cho céc s6 x, y khong 4m théa man x> + y = 2. Tim gid tri I6n

nhat (max) cua :

aA)A=x+y; b) B=x?+y%.

Giai

a)'fac62=x"+y“=(x+y)(:~:2—xy+y2)=(x2—xy+y2).A (1)
xz—xy+y2=(x+y)2—3xy=A2—3xy (2)
4xy5(x+y)2=A2=>-3xy2—%A2 (3)
Tir (2) va (3) suy ra x° = Xy + y > A - %Az = ':- 4)

f.
Tir (1) va (4) suy ra 2 > %-.A::»A-"ss:msz.

X +yl =2

maxA=2ﬁ{ x=y=l.

b) Véi x, y khong am ta ¢6
(x + )(x* +y’) 2 (x* + y?)? (theo bat ding thitc Bu-nhi-a-cdp-xki hodc theo

Vidu85)nén A2>B> = B’<2A<22=4.
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ViymaxB=2 & x=y=1.

Vidu 93. Cho x >4 va x + y > 6. Tim gié tri nh6 nhdt ciia A = x> + y°.
Giai

Chon x nho nhat la 4. Khi x = 4 thi y 2 2. Xét biéu thitc 4x + 2y.

Theo bat dang thic Bu-nhi-a-cop-xki

4%+ 2)(x% + y3) 2 (4x + 2y)>. (1)
Do 2x 2 8 va 2x + 2y 2 12 nén 4x + 2y 2 20. (2)
Tir (1) va (2) suy ra 20A >20° = A > 20.
x_y
42 Yl
minA =20 & ix =4 <=>{
y = 2.
X+y=6




Vi du 94. Cho cic s6 duong a, bthéamiana+ b= 1.
Tim gid tri 16n nhdt cia A = ab(a’ + b?).

Gidi

Ap dung bt ding thic Co-si, ta cé

f_ZA & Jzab(az . bg) < 2ab + (a2 +b2) =(a+b)2 =_]-
2 2 2

:ZAS%:AS

maxA=l¢ba=b=-l-.
8 2

Vi du 95. Cho cdc s6 duong a, b, ¢ thoa man (a + b)(a + ¢) = 8. Tim gi4 tri
I6n nhat cua A = abc(a + b + ¢).

Gigi

(a+b)a+c)=8=a(a+c)+ab+bc=38

=a(a+b+c)+bc=8. (1)

Ap dung bat déng thitc Co-si vado (1) ta c6

JK=Ja(a+b+c).bcsa‘“b;“’+bc=-g-=4=>A<_:|6.

A=l6=aa+b+c)=bc=4.

el ks e #
maxA = i, chang han =
* a+2=\/§ a=2\[2_—2.

Vi du 96. Tim gid tri 16n nhat cia A =a’ + b> + ¢’ bidt -1 Sa,b,c <3 va:
a)a+b+c=5; b)a+b+c=4.

Giai

a)Do-1<a<3nén(a+l)a-3)<0=a’<2a+3.

Tuong tu, b> < 2b + 3, c* < 2c + 3 nén

A<2(a+b+c)+9=25+9=19.
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maxA = 19 < trong ba s6 a, b, ¢ ¢6 hai s6 bing 3, mot s6 bing —1.
b)Do—-1<a,b,c<3nén

@+ 1)b+1)c+1)+(3-a)3-b)(3-¢c)=20

= (a+ 1)bc+b+c+ l)+(3-.a)(9-3b—3c+bc)20

= 4(ab+bc+ac)—8a+b+c)+2820

= 4(ab+bc+ac)-84+2820

= 2(ab + bc + ac) 2 2. (1)
Tac6A=az+b2+c2=(a+b+c)2—2(ab+bc+ca)
=16 - 2(ab + bc + ca). (2)

T (1) va(2) suyra A < 14,
maxA = 14 ¢ trong a, b, ¢ ¢6 mot s6 bang 3, mot s6 bang 2, mot s6 bang —1.

Liu y. Ciach giai ¢ cau a gon vi ta gap thuén lgi : cuc tri xay ra khi a, b, ¢ chi

nhdn cdc gid tri 1a 3 va -1, tc la nhdn cdc gid tri ¢ bién cla cac bién.

Céch giai ¢ cau a khong van dung duge cho cau b vi & cau b cuc tri xay ra khi

¢6 mot s6 bang 2, khong phai la gid tri ¢ bién cta bién a, b, ¢. Nhu vay cich giai ¢
cdu b 16ng quat hon.

Vi du 97. Tim gi4 tri nho nhat va gid tri 16n nhat cta d, biét ring cic s6 a, b,
i+b+c+d=3

¢, d thoa man
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a> + b* + ¢t +dF =7,
Giadi
Tacba+b+c=5-d
al+b’+ct=7-d%
Ap dung bit ding thic 3@’ + b’ +c%) 2 (a+b+c) duoc
3(7-d)2(5-d)* & 2d°-5d+2<0

Sd-2)(2d-1)s0& —-<sd <2

B | —

o —

.
¥

B | W

Vay mind=-% tata=>b

maxd=2taia=b=c=1.



Vi du 98. Cho cic s6 a, b, ¢, d khong am ¢6 16ng béng 2. Tim gid tri l6n nhat
cua A = ab + be + ¢d.

Giai

A=ab+bc+cd<ab+bc+cd+ad=(a+c)b+d). (1)
Talaicétl(a+c)(b+d)£(a+c+b+d)2=22=4
nén(a+c)b+d)=<1. (2)
Tu(l)va(2)suyraAs 1.

=b+d=1
maxA =1 & i khichﬁnghana=0.b=d=l.
ad =0 >

el

BAI TAP

Bat dang thuc dang da thuc
71. Chimg minh céc bat ding thirc:
a)a'+bt+c*2alb+bc+clavdiazbc;
b)3abc(a+b+c)< 1 viiab+bc+ca=l.
72. Cho céc s6 a va b nho hon 2 théa méan ab < 2. Chimg minh rang a + b < 3.
73. Cho ab > 1. Chimg minh ring a’ + b>2a+b.
74. Chimg minh ring néu a, b, ¢ la do dai ba canh cha mét tam giéc thi
{az + B cz}(a +b+c¢c)> 2(.13 +b’+ c:").
75. Cho céc s6 a, b, ¢ théa man =1 <a, b,c < | va a + b + ¢ = 0. Chimg minh rang
a’+b’+ct<2
76. Chig minh bt ding thic
3a+b+c)’ < (@ +2)b° +2)(c’ +2).
77. Choa<b<c<dvax=(a+b)c+d);y=(a+c)b+d);z=(a+d)b+c).
I, Chimg minh ring x <y < z.

78. Cho 9 s6 c6 t16ng bang 8, trong d6 téng cla bon s6 bét ki déu nho hon 4.
Chimg minh ring moi s6 da cho déu duong.
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Cuc tri dang da thuc

79.

Tim gid tri 6n nhat cua :
a)A=l+x-x2vdixba'iki;
b)B=1+x-x’v6ix<-2;

c}C=x2-—xv<&i0£x£2.

80. Tim gid tri nho nhat cua :

a) A = 2x* - 2x* - x%;
b) B=(x - 2)* + (x = 4)* + 6(x - 2)%(x - 4)% ;
¢)C=(x+ 1)x + 3)%(x + 5).

81. Tim gi4 tri nho nhat cua

A=|x+ 1+ [x+3|+[x+5+[x+7|+|x+9|

82. Tim gid tri nho nhat cia

83.

87.
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A=xl+yl=xy-y.
Tim gid tri 16n nhat cta tich xy, biét X’ + y> = x +y.
Tim gid tri nho nhat, gid tri 16n nhat cua :
a)A=2x+3ybictx’ +y*=52;
b) B = x* + y* biét x2+y2=xy+4.
Tim gid tri nho nhit cua :
a)A=x2+y2v6ix22v&x+y23;

b)B=x4+y4+z"véix+y+z=3.

Cho cic s6 duong x va y thoéa min 2 + = 1. Tim gid tri nho nhit cia :
L

a)A=xy; b)B=x+y.

Tim giad tri 16n nhat cua :

a)A=a3+b3+c3.bi6105c5b5a52v5a+b+c=3;

b)B:a(bz+c2)+b(cz+a2)+c(az+b2)bi¢'t32b2c20véa+b+c=l.

7.9 CHUYEN D€ DS-B



89.

Tim gia tri nho nhat, gid tri |on nhit cua
A=(a+b+c)—(ab+bc+ca)bi¢t0<ab,c<I.
Tim gid tri nho nhdt, gid tri 16n nhét cha a, biét :

[a+b+c=5
a)1a2+b2+c2=ll: b){
a+b+c+d=1

C) ¢
al+b2+ct+d2=1.

Tim gid tri nho nhat cia A = (a + b)(a + b + ¢), biét
a+b+c+d=4
<abcd = l

4

2 b.ec.d>0.

a+b+c=4
ab+bc+ca=35;



Chuyén dé 8
BAT PANG THUC VA CUC TRI
DANG PHAN THUC

TONG QUAN VE CHUYEN BE

Chuyén dé nay bao gém hai n6i dung :
— Bat dang thiic dang phan thiic, trong dé c6 bat ding thic vé cOng mau so.
= Tim gid tri nho nhat, gid tri 16n nhat cua cic biéu thitc ¢6 dang phan thiic,

trong d6 ¢6 bai todn tim cuc tri ma bi¢n ndm trong mot khoang nhat dinh, khi dé
can du dodn gid tri cua bién dé xay ra cuc tri.

Tinh nham va doi s6ng
CHIA NHANH

Ban Vinh can lam phép
chia 1 : 1,03 va lam tron dén
hang phan tram. Vinh dang
loay hoay tinh todn vi khong
¢6 may tinh bo tdi trong 1ay.
Ha néi vdi Vinh :

— Ban chi can lay 1 trir di
0,03 1a duge ! (0,03 1a phdn
hon cia s6 chia so véi 1).

Vinh rdt ngac nhién khi
sau d6 ki€m tra lai bing may tinh :

1:1,03=09708... =0,97 (= 1 - 0,03).
Vinh thir mét vai trudng hop khdc ciing thay diing :
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1:1,04=09615... =0,96.

1:1,07=09345... =0,93.

a) Ban hay giai thich diéu dé.

b) C6 phai két qua tinh theo cdch trén luén nho hon két qua ding hay khong ?

Giai
a) Gia sur can n'nhl trong d6 a rat nho so vai 1.
+ a
_ a2
Khidé1=1-a’nén : --»l e =i
|l + a ]l +a
i
b)Dol>1-a’nén l > = =]-=8.

l+a l +a

Vay két qua tinh dugc theo céch trén luén nho hon két qua diing.

. BAT DANG THUC DANG PHAN THUC

Ngodi cdc bat déng thic vé lién hé giita trung binh cong va trung binh nhan
(bat déng thic Co-si), lién hé giira tong cic binh phuong va binh phuong clia 1ong
(bt déng thic Bu-nhi-a-c6p-xki) dugc néu & Chuyén dé 7, cdn nhé céc bat déing
thirc vé lién hé giira tdng céc s6 va 1dng cdc nghich dao cua ching :

vGix,y>0 (1)

L4
X
| 1
—_—f — —
X y zZ X+y+z

Ban doc ciing nén biét céc bat ding thic téng quét clia cdc bat ddng thic trén
va céch chimg minh ching dé khi cén, c6 thé sir dung ching nhu nhimg bd dé :

Xty

’

+ o 2
Y.

1 :

vGi X, y,z> 0. (2)

+
v

3 a8 2
B s B oy 3)
X y X+y

2 .2 2 2
LSO S L) B EOEE (4)

X y z X+y+z

Bat diing thitc (1) la trudng hop dac biét ciia bt déng thic (3) khia=b=1.
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Bt déng thiic (2) 1 trudng hop dic biét clia bat dang thic (4) khia=b=c = 1.
Ta goi cdc bt dang thiic trén la cdc bat ding thic vé cong méu s6.
Vi du 99. Chimg minh cdc bat déng thirc (3) va (4) néi trén.

Giai

Chimg minh bt ding thic (3) nhu sau :

2 2 2 2 2 2
a +b_2(a+b) ‘:ay+bx>(a+b)

X y X+y Xy  X+y
1= (azy + bzx)(x +y)=2 xy(a2 + 2ab + bz)
y +b%x%2 2abxy < (ay — bx)? >0, ding.
Xy ra ding thic khi va chi khi 2 = 2.
. Xy
Chitng minh bat ddng thic (4) nhu sau ;'

Cdch 1. Ap dung bat ding thitc (3) hai l4n, ta cé
[:—12 Ef_]+ (a+b) (a+b+c)
Z

Xy xX+y z  x+y+z

Cdch 2. Ap dung bat ding thitc Bu-nhi-a-c6p-xki, ta c6

[75]2 ' [Tb?] ' (%]2 () + () + (=) |2 @+ b+ o2

Z

Xy

2 2
=:‘a__!_b_ c_>(a+b+c).
X y z X+y+z

2
==v[a—+h—+c:—](::c+y+z)2(a+b+c:)2
Y A

Xay ra ding thic khi va chi khi & = L = -,
X y z

Vi du 100. Ching minh bét déng thic

—12—+i22 vl X va y duong.

y: o (x +y)?
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Giai
Theo bat ding thirc Co-si, ta ¢
(x +y)’ 24xy>0 (1)

+i222.l.l>o )
v xy

Nhan (1) vé6i (2) theo timg vé dugc

2
2

1 1 1 8
(x+y)‘1—2+L2 28 == +—=2 5
X : X ) (x +y)

Xay ra déng thic khi va chi khi x = y.

a’ b2
Vidu 101. Cho A = —e
b a

o ®
»|o

Chimg minh rang :
a)A22; b) A 2 B.
Gidi

a) Dat

®|o

=X, — =y thixy=1

o |

A=x"+y 22|xy|=2nénA22. (

b)Tac6x2+'122x‘y2+l22ynen
xX+y +222x+y)=A+222B.

Tu(l)suyraA+A2A+2.

Ké&t hop véi (2) c6 2A 22Bnén A 2 B.

2 . 2
b
Vidul02. ChoA=2 + 2+ S B=242+
' | ¥ ¢ a° ¢

o |

Ching minh réng :
a)A23; b) A 2 B.

® |0

(2)
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104

z=£lhixyz=l.
a

b
'y=-|
C

XétA+1=(x+y)+ (2 +1)22xy| + 2]z = 4 xyz| =4

=A23. (D
b)Tac6x2+l22x,y2+122y,22+1222nén

X +y' +22+322(x +y+2) = A+322B. ()

Tu(l)suyraA+A2A+3nén2A2A+3.
Két hop véi (2) ¢6 2A 22B nén A 2 B.

St 03 Bl s e, T B
a—->b b-c c—a

Ching minh rang :
a)xy+yz+zx=-1; b)x2+y2+2222.
Giai
a)Tacé%{+l= +b+l= - . Turdé

a-b>b a-b
x+1)(y+1)z+1) = e B (1)
' a-bb-cc-a
Ttk Wl i et TER

a-b>b a-b

2b 2 2a

(x=Iy-D@z-1)= (2)

a-bb-cc-a
Tir (1) va (2) suy ra

(x+ 1)y +1)z+1)=(x-1)y-1)z-1).
Nhan va rit gon dugce Xy + yz + zx = 1.

)Taco X2+ y2 + 2= (x+y+ 2’ —2xy + yz+2x) = (x +y +2)° + 2

(theo cau a).
Vay x> +y* + 22 2.



Vi du 104. Chimg minh bat dang thic
a b c
+

+ ngdiazbzc:bo.
a+b b+c c+a

Giai

Goi vé trdi la A, tacod

3 a | b | c 1
A-=—=|——-—|+ - = |+ - =
2 [a+b 2] [b+c 2] [c+a 2]

a—->b b-c c—-a
— + +
2a+b) 2(b+c¢) 2(c +a)

a-b +(b-a)+(a—c)+ c—a

=2(a+b) 2(b + ¢) 2(c + a)

_Ba=Db 1 1 LA=e T
2 la+b b+c 2 |b+c c+a
a—>b c—a a-—c¢ a—-b

g °(a+b)(b+c)+ 2 (b+c)c+a)

={a—b)(a---::}_ 1 " 1
2(b + ¢) a+b c+a

_ (a—b)a-c)b-c)
2(a + b)(b + ¢)(c + a)

Xay ra déng thic khi va chi khi trong a, b, ¢ ¢6 it nhat hai s6 bang nhau.

> 0. VayA;’%.

Vi du 105. Ching minh bat déng thitc
3

a“+l:'u3j b3'+c:3 ¢ +a
+ +

>a+ b+ c véia,b, c duong.
2ab 2bc 2ca

Giai
Doa,b,c>0néna'+b'=(a+b)@®—ab+b’)2(a+b)ab

3 3
a+bza+b.TBd6
2ab 2
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a+b' P+ F+al_a+b b+c c+a
Y i > ¥ + =a+b+c.
2ab 2bc 2ca 2 2 2
Xay ra ddng thic khi va chi khia=b=c.
Vi du 106. Chimg minh bat ding thic ——+ 2 4 2+ ¢ o £ 3

véia, b, cduong vaa + b +c =ab + be + ca.

Gidi
Ta c6 (a + b)? < 2(a® + b?).

Do a va b duong nén §+bzs < :
a“+b a+b

Tu dé

al+b2 bl+ct c2+a

A= +

+
a2 +b b +c? P +a
Ap dung bat déing thic
l.,._].q.lg_g_vdix,y,z)ﬂlacé
X Yy 2 Xx+y+z
1 I I y

+ + = .
a+b b+c¢c c+a 2a+b+c)

—r
a+b+c

Tu(l)va(2)suyra A <

Cén ching minh __9_ < 3 hay 9 < 3(a+ b +c)

a+b b+c & c+3252[ | i | |

a+b+c a+b+c ab+bc+ca

(via+ b +c=ab+bc + ca).

(3) & (a+ b +c)” 2 3(ab + be + ca)

& a’ + b+ ¢+ 2(ab + be + ca) > 3(ab + be + ca)
e a’+b2+c’2ab+ be + ca.

D¢ thay bat déng thic cudi la diing.

* Vay bat dang thirc da cho duge chimg minh.
Xay ra dang thic khi vachi khia=b=c.

106

. (1
a+b b+c c+a]()

(2)

(3)



Vi du 107. Cho céc s6 duong a, b, ¢ théa man a < b, a < ¢ va abc = 1. Chimg
minh bat dang thic

Giai
Tac6a<bvia<cnéna’ <abc=1,dodé6as<]l.

Bat déng thic phai chimg minh tuong duong véi

M=a—l+b2+c2—%+-!2- 2 0. (1)
a b C
2_
Talcéa—i:a1 l=(az—l)bc(v‘ll=bc)
a a a

2 2
vab2+c2-b :; =(b2+c2)[1—%J
: b“c b“c

= (b + )1 — a%) (vi ?1—2 = a?)
C

nén M = (az— 1)bc + (b2 +c2)(l —az)

= (1 - a®)(b? + ¢ = be) = (1 + a)(1 — a)(b® + c* = be).
Doa,b,c>0vaa<inénl+a>0,1-2a20,b>+c’—bc>0suyraM=20.
Bat ding thic da cho dugc chimg minh.
Xay ra déng thirc khi vichikhia=b=c=1.

Vi du 108. Ching minh bat déng thic 2} + 21 > . véi xy 2 1.
x*+1 y*+1 xy+l

Giai

Cdch 1. Bat dang thic phai ching minh tuong duong véi
x2+1+y 41 2
2+ Dy2+1) xy+l

o xE+y + 2y + D226y + X2+ y2 + 1)

:rxy(x2+yz)+x2+y2+2xy+2-2x2y2-—2x2-2y2—~220
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< ng(x2 + y2 - 2xy) - (x* + yz- 2xy) 20

(X - y)z(xy— 1)20.

Bt ddng thirc cudi ding vi xy 2 1.

Bt dang thirc dd cho duge chimg minh.

Xay ra dang thic khi va chi khi x = y hoac xy = 1.

2 2
Cich2.VEwki A= — + ———=—_ X *¥ *+2
X“+1 ¥y +1 XY +x*+y +1
(x2+y2+l+x2y2}+(l~xzy2) l--ztcz)f2
» - S iy (1
XY +X5 +y %] XY £ 5 4y ¥
Taco X’y + X’ +y' + 1 2x’y’ + 2xy + | = (xy + 1)’
| 1
= 2 2 y. 2 S > *
XY +x°+y +1 (xy+1)°
Nhan hai v& véi 1 - x’y? (do xy 2 1 nén 1 - x’y” < 0) duge
T feal? 5
2.2 zxyz = xl"2= <. @
XY +x°+y" +1 (xy+1) Xy + 1
Tir(l)vh(Z)suyraA21+l-xy= 2 :
xy+1 xy+1
Il. CYC TRI DANG PHAN THUC
2
B TR = o e iy - iille it
Vidu 109. Tim gid tri nho nhat cia A = vai :
X
a)O(xS%; b)x 2 2.
Giai
a) V6i du dodn xay ra cuc tritai x = %.tt‘rc la x* = % ta bién déi nhu sau :
x2+l+-§- xz-»-l 3
A= . T - (1)
X X 4x
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2 | |
X° +—- 2x.—
Do x > 0 nén 45 __ 24| (2)
X X
U<xsl=:»122=:--—3—23. (3)
2 X 4x 2

Tu(1),(2),(3)suyra A 2 1 +%= »min A =%a X =—,

2
b) Vi du dodn xay ra cuc tri tai x = 2, tic 1a x” = 4, ta bién d6i nhu sau :

x2+4—3__x2+4 3

| W

A= - =, (4)
X X X
2
Dox}(}lnfknx +42232=4 (5)
X X
x22=>l£-l—=-_—32:§. (6)
X 2 X 2
" . ) 5
Tu(4),(5),(6)suyra A 24 - === ;mnA ==& x=2
2 2 2
y x2 + 1
Vi du 110. Tim gid tri nho nhét cua A = vai :
X
a)O(xSi: b) x 2 3.
Giadi

a) Vi du dodn xay racuc trital X = -‘-11— e 1a x? = Ilg ta bién déi nhu sau :

X ot — X — 15
A 16 16 _ 16 . . (1)
X X 16x
xz +—l- 2X.— !
Do x > 0 nén 16 > 4 - _, (2)
X X 2
1 15 15

0<xs—3=>—24=>——2 : (3)

X 16x T
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| 15 17 . 17 |
'I‘i" I)1 2 L] 3 -ﬁ A 2_ +_ = —_— ; A = — = —
(1), (2),(3) suyra 5 Z 1 min x X .

b) Vi du dodn xdy ra cuc tri tai x = 3, tic 1a x> = 9, ta bién di nhu sau

_xz+9—8_x2+9_8

A - (4)
X X X
2
Do x > 0 nén ;W s 2 = = 6, (5)
X X
xz3=:lsl=>_—82_—8. (6)

X 3 X 3
Tu (4), (5).(6) suyra A 26-§=% . min A =% o x=3.

Luu y : Xé1 biéu thic A=x+1.
X

e VGix22thi minA=2% (Vidu 109b).
Véi x 2 3 thi minA=3§ (Vidu 110b).

Téng qudt, véi x 2 n thi minA =n L (hén s06).
n

e Vai0<x< ; thi minA=2% (Vi du 109a).

VGi0<x< 1'- i minA =4i (Vi du 110a).

Téng quat, vd1 0 <x < L thi minA = n-l~ (hén s6).
n n

Vidu 111. Tim gid tri nh6 nhat cta

x2 + y?

Xy

A= vai x, y duong thoa mén x 2 2y.

Giai
V6i du dodn xay ra cuc tri khi x = 2y, tic la x* = 4y, ta bién ddi nhu sau :
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2 2 2 2 2 2
- 4 -
A=x By . & Ay 3y _X + 4y _}_:_,'F. (1)

Xy Xy Xy X
x* + 4;,'2 2x.2y
Do x, y > 0 nén 2 = 4, (2)
Xy Xy
y 1 y -3
x22y>0 =2~ —-=5 —2>— 3
5 X 2 x 2 &)

Tir (1), (2),(3)suyra A 24—%=;— g minA=§ﬁx=2y.

Vi du 112. Tim gi4 tri nh6 nhat cia

2 2
A=2 =D + zab 5 VGi a, b duong.
ab a +b
Giai
3 ol X Yy xz+5f2
Cach l.Data®+b°=x,ab=y.Tac6 A ==+ = = :
y X Xy
Doa2+b222abnénx22y.
’ )c2+y2 5
Pua vé tim gid tri nho nhat cla véi X 2 2y > 0 duge minA=§
Xy

& x =2y (xem Vidu 111). Do d6 min A =§ma=b.

2+b2

Cach 2. Dat - = x. Doa’ + b2 2 2abnén x 2 2.

ab

DPua vé tim gid tri nho nhat cia x + l véi X 2 2, dugc min A = % ox=2
X

(xem Vidu 109b).
Dodé minA = ; <a=b.

Vi du 113. Cho céc s6 duong x va y thoa man x> + —12— = 1. Tim gid tri nho
| y

nhdtcua A = i.
X

*-clx
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Tim hudng gidi

Vai x, y duong ta c6 I A4 2, nhung ding thic xay ra khi x = y = |, tréi

y X
vGi gia thiét x* + iz = 1. Ta tim huéng giai khdc bang cdch khai thac gia thiét
¥
I = x° +L222x.l.
y Yy
Giai
Tri=xl+—22t=2% ncs X<l
y y y y 2
V6i du dodn xay ra cuc tri khi LB ?12— tic 1a y* = 4x°, ta bién déi nhu sau :
y

2

_ X +y2_4x2+y2-3x2 4x2+y2 _,3_x

A = (1)
Xy Xy Xy y
2 2
Do x, y >0 nén s 22.21.y=4' (2)
Xy Xy
0<isl=>:352_—3. (3)
y 2 y 2
" -
Tu(l),(2),(3)suyra A24-=—=—,
2 I
mmA=Eﬁ x2+%=]ﬁ 2
y y = 2.

Vi du 114. Tim gid tri |6n nhat coa

A=x+lv6‘ileSl.
X "
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i:——x—-l-x+x <0 = x +15§-x=>x+——52. (1)
2 2 2
=,>—‘—51. (2)

. ] 3 5
Cong (1) véi (2)duge x + — S —+ 1 = —.
x 2 2

maxA =—& X =

|
* NI_

Vi du 115. Tim gi4 tri nho nhat, gid tri 16n nhat cia

2

A=T————véi:
xX“=-x+1

a) x batki; b)%—S.xSI.

Giai

a)-Dox"ZOthz-x+l=(x--%]z+%>0nenA20.

minA=0&x=0.
—Véix=0thi A=0.Véix=0thi A lén nhat < i- nho nhat.

x* o x4 1 1 1
= =l——+—-—2—
X X
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Ta s& chimg minh % SA<I.

x2

2

-TacéAzlﬁ
7 X° = x+1

2%@6121-1(—120

& 2x+1)3x-1)20. (1)

Do gia thiét x 2 % nén (1) ding.

VayAZ%; minA =

“TacbASl & —2 _ claxed—xi]=x<gl.
X“=-x+1

Dogiélhié'tés X<1lntnA<l.

maxA=1&x=1.
Vi du 116. Tim gid tri nho nhét cia
2
A=24 2y vai X, y duong.

y x2_.|_y2

Giai

2
Tac6x2+y222véx,yduongn¢n 12 22x 5 ™ 22x 5
y X Y Yy x“"+y

2 2 2
+225" St o 225’ =2.

A_x
Yy X +y2—zlc2+y2 X +y2

mnA=2¢&x =Y.

Vi du 117. Cho céc s6 duong x va y thoa man x + y < 1. Tim gid tri nho
nhét cua :

1
a)A=[x+-—Iy+l]; b)B= 21 2+i

Y X
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Giai

a)A=xy+L+2.
Xy

e b 4

Tacd 0 < Jxy < S%nén(){xySi.

B:  Lagves gohg ey 1 &
Pat xy = a. Pua vé tim gid tri nho nhat cia a + — véi 0<asz,latm1

a
; 1 7 - | g
duoc min|a + — |= — tai a = — (xem Vidu 110a).
a 4 4
17 25 1

Dodé minA=—+2=—&Xx=y=—.
4 4 2

1 1 1
b) B = + + ' 1
) [xz + y? 2xy] 2xy ()

vdi a, b duong ta cé

Ap dung bat ding thic Ly 2

a b a+b
4
212+122 5 = 4224.(2)
X“ +y 2Xy X" +y" +2xy (x+y)
x+y |1 1 1 1
0 < xy < S—=20<xySs—=—24=—22. (3)
2 Xy 2xy

Tu (1), (2),(3)suyraB24+2=6.

minB=6¢x=y=l.

2
Vi du 118. Tim gid tri nho nhat cta
A= l + : véi X, y duong va xy = 4.
l1+x 1+y
Giai
_ X+y+2 _ x+y+d _x+y+2__l_ J
A+x)1+y) l1l+x+y+xy Xx+y+35 x+y+5'
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Tac6x+y22Jx_=4=>x+y+529
1 l =3 -}

X+y+5 9 X+y+35 3

VayAT—_’l—-l—=3.
3 3

—

min A =§—ﬁx=y=2.

Vi du 119. Cho céc s6 duong x, y thda man x* + y* =

nhat cua ;
. 3 3
Y b £ g .
Xy Xy
Giai

a)Dox,y}OnénA=x+y22J}{_y= ;
Xy Xy Jx}‘

: 1 |
Talaicod 2xy <x2+y’=1 => xy € — = Jxy <
d Yy ¥ Y 7 y f:z

Taf:TzzJ_

T (1) va (2) suy ra A > 2/2.

x =
minA=2\E=r{ 4 ¢x=y=%.

2 2
b)B=(K+y)(K =y =Xy Al -xy). (@)
Xy |
1

Talaic62xy<x’+y’ =1 :xys-;-:l—xyzg.

Tir (3), (4), (S) suy ra B 2 2\/5.-;- = 2.
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minB=\Eﬁx=y=§.

Vi du 120. Tim gid tri nho nhat cla

A= A e viix>2vay>2.
y-2 x-2

Giai
Patx-2=a>0vay-2=b>0.

a + 2)° 2
_@+2® (b+2)7 4a2 4b2 =8[a b]:_,lﬁ_

—..+_
b .a b a a

A

mnA=16=a=b=2x=y=4.
Vidu 121. Tim gid tri nho nhat, gi4 tri 16n nhat cha

A=(x+)’)[l+l]vdrii5x52v& ISys2.
L
Giai

X Y

mnA=4ex=yval <x<2.
Tim gid tri I6n nhat cia A :

Taco (x + y)[i + 1]2 4 v4i moi x, y duong nén

Dol<x<2nén(x-1)(x-2)S0=x>-3x+2<0 = x +ZS3.
X

'I‘uongu_r.y+3£3. Suy ra (x+y)+[2—+3]£ 6. (1)
y . T |

Ta lai ¢6 (x + y}+[g+3]2 ZJ(x +y][£+g]=2\/2f\. (2)
L

-

9
Tir (1) va(2)suyra 2V2A <6 = J2A <3 >2A<9 = A 55.

maxA:Eﬁ[x=l'y=2
2 X ;
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Vi du 122. Tim gia tri nho nhét coa :

a}u’n=£la+lwfri0~-.'.:-1sl
a 4

b)B=-—4L+i+zv6ix,yduong.

(:lt+y)2 y X
Giai

a) Véi du dodn xay ra cuc tri tai a = % tic 1a 4a’ = % ta bién ddi nhu sau :

3 2 1
2 da’ + —+> 42’ +-=
A=4a 1 = 4 _ 4+i ()
a a a 4a
did gL 28ad
Doa > 0 nén 4> 2-2
a a
0<a£-l-=3124=:»—-3—23 (3)
4 a 4a

Tu(l),(2),(3)suyraA22+3=35.
minA =5 m-a:-l-.
4
2 2
b) B = 4xy2+x + ¥
(x+y) Xy

2, .2 2
4xy2+x+)' o G 43)’2+(K+)’)_
(x +y) Xy (x +y) Xy

=B+2=

Dﬁth=a>OthiB+2:4a+-l-,
(x +y) a

. S

trong d6 a < i vi 5
(x+y)y 4

TheocAuatac6B+225nénB23.
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PR S

1
minB=3wa=l = ==
4 (x+y© 4

ex=y.

Vi du 123. Tim gid tri 16n nhat cia

ab bc ca
+ +
c+]l a+1 b+l

A= vdia,b,cduongvaa+b+c=1.

Giai

Ap dung bat déng thic LI £
X Yy X+Yy

4 4 4 & 1 1

= = < + "
¢c+1 c+a+b+c (c+a)+(c+b) c+a c+b

Nhan hai v& véi s6 duong ab duoc

4ab " ab " ab Do dé

c+l c+a c+b

voi X, yduongvaa+b+c+1,1acéd

4ab 4bc 4ca ab ab bc bc ca ca
4A = + + < + + + + +
c+1 a+l b+l c¢+a c+b a+b a+c b+c b+a
=>4Asab+bc+ab+ca+bc+ca=b+a+c=1‘
c+a c+b a+b
maxh=lﬁa=b=c=—l—.
4 3
Vi du 124. Tim gid tri nho nhét cua :
a)A=l+3v6ix.ydwngw‘lx+y=l:
X Yy
R T T
b)B=—+ =+ — vdix,y,zduongvax+y+z=1.
x y Z

Giai
a) Ap dung bét déng thic vé cong méu s6

X ¥ X+Yy

- 2
SR 4. véi x, y >0 (xem Vidu 99):
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2
i = (J_) (I+J_) =(1+V2)% =3+ 242,

x y X+y
= = -]
n1in:¢!';=:’$+2\/5w<ly K\E < . Ji
x+)’=l y=2—J§.

b) Ap dung bét ding thitc vé cong méu s6

2 2 2 2

a—-+-b—+c—2 i ) vai X, y,z>0 (xem Vidu 99):
X y z X+y+2z

2 2
B=l+(ﬁ)+2_2(l+ﬁ+2) (3+\/—)_3+ﬁ_
X y z X+y+2 3+\/-_

1

minB=3+ 2 & _=T_; <4y V2
X+y+z=3+42 = 2.

—

sy

(3% ]
Il

Vi du 125. Tim gid tri nho nhat cua

a’ b? c?
A= + + véia,b,cduongvaa+b+c=3.
a+2b b+2c c+2a

Gidi

Cach 1. Xét

a’ a+2b a> a+2b 2a
+ el : = —
a+2b 9 a+2b 9 3
2 3
2 2 a+2b_5a 2 10 s
a+2b 3 3 9
a’ b? ¢! ,5a-2b Sb-2c Sc-2a_a+b+c

= - + + =
a+2b b+2c c+2a 9 9 9 3

=
. "

minA=1&a=b=c=1,
Cdch 2. Ap dung bét ding thic vé cOng méu s6 :

2 2
a_+P_ c_z(a+b+c)
X Yy z X+y+z

véi x, y, 2> 0 (xem Vidu 99).
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>(a+b+c)2 _a+b+c
~ 3(a+ b+c¢) 3

mnA=1lea=b=c=1.

a’ a+2b
+
a+2b

& cach | nhu sau :

L y. Giai thich viéc xét

V6i du dodn xay ra cuc tri khia =b =c = 1, ta cin chon s6 k sao cho

a’ a + 2b | 142

= ure la — ,dodok=09.
a+2b k 1+ 2 k
a’ a’ a+2b ..
Cic céach xét khac nhu xét + (a + 2b) hoic + déu
a+2b a+2b 4

khong hiéu qua.
Vi du 126. Cho céc s6 duong a, b,cthbamana+b+c< 1.
1 I 1
+ + :
a+l b+l c+1

a) Tim gid tri nho nhit coa A =

a b c
+

b) Tim gia tri I6n nhat cua B = :
a+l b+l c+l

Giai

a) Ap dung bat dang thiic & + A + L 2 . véi X, ¥, z duong, ta cé
£ ¥ T XFEYHE

1 e B B a0

— + 2 2
a+l b+l c+]1 a+b+c+3 4

minA=2¢:a=b=c=l.
4 3

a+l-1 b+l-1 c+1-1
+ +
a+l b+ 1 c+1

(-l )

b) B =
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=3 - 1 + : + l =3—As3—2=3.
a+1l b+l c+1 4 4

maxB=-:i¢:>a=b=c=l.
4 3
Luu y. Cau b c6 céch giai gon trong trudng hopa, b,c>0via+b+c <3
nhu sau :
Tir bt ddng thic 4a < (a + 1), véia> 0 ta cé

a Sa-+-l'l:‘,“'._}dé’BSa+l_*_t:u+l+c-1e-l=a—|-b-+-¢:-t-3

a+l 4 4 4 4 4

53;
2

maxB=§ﬁa=b=c=l.

Vi du-127. Tim gia tri nh6 nhat cla

a b C

A== + = e véia,b,cduangvﬁa+b+c.=3.
b"+1 ¢ +1 a°+1
Giai
a a + ab? - ab? ab® ab? ab
Ta cé = =3 - i T B
b +1 b% + 1 b + 1 2b 2
Do dé6

P b PR 2'*aaa—a—b+l::—5+c—E
b +1 ¢ +1 al+1 2 2 2

ab + bc + ca 3_ab—l-t::4z:+|r:.1;|

=>A2(a+b+c)- = 1
( c) > > (1)
2
Talgicéab+bc+cas(a+b+c) =3
ab + bc + ca 3
= - 2 - —, 2
> 5 (2)

Tu(l)va(2)suyra A 2 3—-3:%; minA-:-;- Sa=b=c=)

122



Vi du 128. Cho biéu thic

_a3+b3+c3
abc

A voil<as<b<c<2.

a) Ching minh ring A SE+£+3+—.
e b

- e

b) Tim gid tri 16n nhat cha A.
Giai

2 2 2
a) Ta co A=%C— +b—+:‘:—.DolsasbScnén(a—b)(bz-cl)ZO

ac ab

— ab?—ac’— b' + bc? 2 0 = b < ab® + be? — ac’.

2
Chia hai v€ cho s6 duong abc dugc o < L TR = (H
ac ¢ a b
2 2
Dol<asbnan <2 =2 2
bc ac ¢
¢ 2 2
Dol<a<cnén — £ — < —. (3)
ab ab b
CQng(l},(Z).(3)duqcASE+5—E+E+-?£=E+£+£+£.
c a b c b ¢ b ¢ a

Xay ra ding thic khia=b=1vac=2.

b)Tac6l1 £b<c<2nén E 2 %
c

Dal2=xlhileSl.
c .

TheoVidt_nlM,vc‘ri-l—SxSI thi max x+l =—§-taix=-!-.
2 X 2 2

Do d6 max '—J-+E- =—5-@
¢ b 2
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o a ¢ 5 a |1
fuong tuy, max|—+ - |[== & — == <a=1,
(c a] 2 ¢ 2
SuyramaxA=5&a=b=1vac=2.
BAI TAP

Bat dang thuc dang phan thuc

91. Chimg minh cédc bat ding thic sau ma khong dung bat dang thirc Co-si :

92.

9.

124

i 5 R b
b a
a b ¢ y
b)—+—+—-23vdia,b,c>0.
¢ a

Ching minh cdc bat déng thiec:
a
a’+2

a) S%véia:-();

a+l+b+l
b+1 a+1

b) —+—2 voia, b>0.

b

a, b
d

. Chimg minh céc bt ding thic sau véia, b,c >0 :
1)
P

1 1+1<1(1++

a) - < l
2a+b 2b+c¢ 2c+a 3la b
1 1 1

(1
-+

b) .
4

2a+b+c a+2b+c a+b+ 2

2 2 2 2 2 2

a“ —-c¢ b —a cc-b
c) + + 2 0.

b+c c+a a+b

Chirng minh cic bat dang thitc sau véia, b,c>0:

3 3 3
a b C
a) —+ —+ —2ab + bc +ca;
b £ a

3 3 3
b)a+b+c

: : 2d+b+C:
a~ + b° -

ka

b

]
+

6| —

)



3
a b? c?

a+b+c
> -

C) - + — ;3 =
a2 +bl+ab b +c’+bc ¢’ +a’+ca 3
95. Chimg minh bat déng thic
1 1 " "
5 ¥ = < vi0<x<lval0<sy<l.
x“+1 y +1 xy+|I
96. Ching minh bat dang thic
2 2 2
- g b 5 + . zzivdia.b.c>0vaa+b+c=3.
a+b° b+c° c+a° 2
97. Cho a = — , b= z , C= : va xyz = .
x -1 y -1 z -1
Chimg minh ring :
a)(a—1)(b—1)(c—1)=abc; b)a’+ b’ +c’2 1.
Cuc tri dang phan thuc
98. Tim gid tri nho nhatcua A = x+l|.
X
99. Tim gi4 tri nho nhat, gid tri 16n nhét cua :
2
a)A:-ziil——; b)B=2’2‘+l.
X“+x+1 X“+1
. x2 4+ x+1
100. Cho biéu thic A = i
x+1)
a) Tim gi4 tri nho nhét cha A.
b) Tim gid tri 16n nhat cia A véi x 2 0.
101. Tim gi4 tri nho nhét cla :
2 4 2
a) A=x"-3x+-—-vax>0; b)B=x“-x+—v6ix>0;

X

X
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c)C= viix21; d)D=x + voix 20 ;
2x X+ 2
2 1 P .
e)E=x"+ —; g) G=x*+ 2 véix 22
X“+2 X
R —— e mx + n N S R e 8
102. Tim cdc s6 m va n dé biéu thic A = - nhan gid tri nho nhat bang -4,
X +
gid tri 16n nhat bing 1.
103. Tim gid tri nho nhat cua ;
2 2
a)A=——-x +y2;
(x =y
4 :
b) B=x + véi x>y >0.

(x = y)y + 1)?
104. Tim gid tri nho nhat, gid tri 16n nhat cia :

g =
X“ +y X ' +y +6

10S. Cho cédc s6 duong x va y théa médn x + y = 1. Tim gid tri nho nhat cha cic

biéu thic :
a)Az—l—; b)B=l+l;
Xy X |y
2 . 2 | |
c)C=x"+y"; d)D=-5+—?;
X y
11 'Y ’
JEsos=ma— g)G=(“_J +[y+_]'
Xy X y X ¥

106. Tim gid tri nho nhat cla

A=x+2y+§+§-vc‘ri:
X Yy
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a) X va y la céc so duong ;
b) x va y 1a cdc s6 duong thoa mdn x +y 2 6.
107. Tim gid tri nho nhat cua :

a)A=£+zv6ix,y>0véx+

LY
y X | y

.
]

W

b)B=x+y+gv6ix.y>0véx+2y28;
X

¢) C = xy véi 2x* +L2+y2 = 4,
X

108. Tim gid tri lén nhat cla

1
A= vaix,y>0vaxy21.
x? + yz +2xy2

109. Tim gi4 tri nho nhat, gia tri 16n nhét cua :

a) A = — XY wilsx<2valsSys<2;
X° =Xy +y

b) B = Lol voi 4x* + y' = 1.
2x +y+ 2

110. Goi s6 nho nhat trong ba s6 duong X, Y, L + c 1a m. Tim gid tri 16n nhat
X Yy

cua m.
111. Tim gid tri 16n nhat cta

A=a+b+c

a2+1 b2+l c2+1

112. Tim gid tri nho nhat cua
A= s + b - . ]
2b+2c-a 2c+2a-b 2a+2b-c

113. Cho cdc s6 duong a, b, ¢ c6 a + b + ¢ = 1. Tim gid tri nho nhét cua :

1
a)A=£+ b =
a c

i
b
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b)B=a’+b’+¢’;
1
v’

1Y 1Y 1
d)D=(a+-—] +{b+—) +[c+—JI.
a b c
114. Cho cdc s6 duong a, b, c c6a + b + ¢ £ 3. Tim gid tri nho nhat cua :
1 | |
+ + :
ab+1 bc+1 ca+l

1 l
)L+ g
a c

a) A=

l 1 1
= + + .
(a+ 2b)a+ 2c) (b+ 2a)b+ 2¢) (c + 2a)(c + 2b)

b) B

115. Cho cdc s6 duong a, b, ¢ c6 a + b + ¢= 3. Tim gi4 tri nho nhat cla :

A 2 2 2
a)A=(d+b) +(b+C) +(c+a) ‘

]

c a b
b)B= 2' - 21 + 21 g
a“+2bc b +2ca ¢ + 2ab
c}C=a2+l+t;+l c2+l:
b*+1 ¢ +1 a“+1 .
i e a b . -

+ *
ba + b%) c(b+c?) a(c + a?)

116. Tim gid tri nho nhat cua :
2 b2 2

a) A= d + - ¢ vdia,b.c>0v&Jab+ch+Jca=l;
a+b b+c c+a
a’ b3 c3 ;
b)B=T3-+—+—-véia,b.c>0vhab+bc+ca=3.
c a

117. Tim gié trj 16n nhat cua

ab+c bc+a ca+b
= - +
c+1 a+l b+1

A

vgia,b,c>0vaa+b+c=1.
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118. Cho cic s0 duong a, b, c céa + b + ¢ = 1. Tim gid tri 16n nhat cia :

ab + bc + ca

a) A= :
(a + b)b + ¢)c + a)
g b
b) B = —— + M.
a+bc b+ac c+ab

119. Dung bit ding thirc Bu-nhi-a-cop-xKki, tim gid tri 16n nhat cua :
1 1 :
: - + véia,b,c>0vaa+b+c=3;

H)Az "y L) 9
a~+b+c b "+c+a c¢c“+a+b
| | | "
e ke ey s e vaia,b,c>0va
a“+b°+1 b °+c "+l c"+a"+1
ab+ bc +ca=3.
120. Tim gid tri 16n nhat cua
- + b ¥ véi0<a,b.csS1.

A=
l+b+ac

121.Cho0O <a,b.¢c <£2.

&
l+c+ab l+a+bec

a) Tim gid tn 16n nhdt cua A = - J—_— s
bc+8 ca+8 ab+8
I | I

b) Tim gid tri nho nhat cua B = ~ + > + =
(a=-b)y (b-c¢) (c—a)

122. Tim gid tri nho nhdt cua :

b2+C2 ) 1 | a 3 3 3
a) A= — +a°|— +— |Vvia,bc>0vaa 2b +c’;
B b= er
l l l . b ] ;] bl
b) B = = + = + ~viia +b'+c'=3;
(a + 1) (b + 1) (c+ 1)
o S 2 gaas vGia,b,c>0;
a+2b b+2¢c c+2a
d) D= ‘l + ‘l - ‘I véia.b.c>0vaa’+b*+¢>=3.
a"+2 b +2 ¢ +2

123. Cho cic s0 duong a, b, ¢ ¢c6 a + b + ¢ = abc. Tim gid tri nho nhat cua :

I b-2 ¢-2 a-2

a) A=—+—+—; b) B = + + .
a b ¢ ) az l;)2 c2
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Chuyén dé 9
BAT PANG THUC VA CUC TRI

DANG CAN THUC
S e o o . D S O

TONG QUAN VE CHUYEN DE

Chuyén dé nay bao gém hai noi dung :
— Bét ding thic dang can thirc.
— Cuc tr1 dang can thirc.

Cac bai todn v¢ cyc tri dang can thitc thudng khé, do d6 ngoai cic dang don
gian, trong chuyén dé da phan loai cdc dang sau :

— Dang \}fz(x} + \}gl(x) trong do6 f(x) + g(x) = m.

— Dang \/f(x] - Jg(x) trong do f(x) = g(x) =m > 0.

— Dang a/f(x) + by/g(x) trong dé f(x) + g(x) = m.

- Dang f(x) + Jg(x}.
- Dang f(x) + x,/g(x).

- Dang /f(x).g(x) + yh(x).k(x) trong dé f(x) + h(x) va g(x) + k(x) déu la

hang s6.

- Dang 1,/I'(x).g(x) - Jh(x).k(x) trong d6 f(x) — h(x) va g(x) — k(x) déu la

héng s6.

— Dang \ffz +g% + \/h2 + k? trong d6 f + h va g + k déu la hing s6.

~ Dang \/f? + g2 — \h? + k? trong d6 f - h va g - k déu Ia hing s6.
— Dang chira phan thirc.

9.9 CHUYEN DE DS-8
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Pai s6 va Hinh hoc

CHUNG MINH BAT PANG THUC BANG HINH HOC

Xuan do6 Mai chimg minh bat
dang thic sau bang hinh hoc :

Ja -1+ b-15ab.

Mai chua tim ra cach lam. Ban
hay gidp cho Mai.

Giai

K¢ dudng vuong goc CH = 1
va cac duong xién CA = Va,
CB = Vb (H nam giita A va B,
h.4).

Khid6 HA = Ja - 1. HB=Jo - L. :
Ta ¢6 AB.CH = 25, < CA.CB AN
= (a-1+yb=1).0<Vayb
3
= Ja-1+b-15 Jab. A Vi1 H Vo1 B
Hinh 4

I. BAT DANG THUC DANG CAN THUC

Vi du 129. Ching minh bat ding thic

Ja-1+Jo-15ub. (1)

Giai
Cdch 1. (dat dn phu va bién déi twong duong)
Pata-1=x,b-1=y.Tacé

e Vx +Jy s Jx+ iy + 1)

SO X+Yy+2Yxy Sxy+x+y+1
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<> 2\/xy S xy + 1
& (yxy = )7 20, ding. Vay (1) ding.

Xay ra diang thic khi va chi khi xy = 1 <> a + b = ab.
Cdch 2. (dung bat ding thic Co-si)

) o ,}"' it Jb" < 1. Goi v€trdi 1a A ta ¢6
ab ab
2,\_2{ ‘b_ll [ ]+[b__l+l]=2
a b a

nén A £ 1. Vay (1) ding.
Cdch 3. (dung bat dang thic Bu-nhi-a-cop-xki)

(Jd——l+Jb_——) (J‘?Il+l\/—) <a-1+D){l+b-=1)=al
mﬁ+m5\/.’5.

Cdach 4. (dung hinh hoc)
Xem cdch giai & phin Téng quan vé chuvén de.
Vi du 130. Cho cdc s6 duong a, b, ¢ thoa man ab + be + ca = 1. Chimg minh

bat ding thic

\/1+al"+\/|+b3+ 1+ ¢2 <2a+b+c)

Giai

'I'acél+a2=ab+bc+ca+a3=(a+b}{a+c)nén

d+e? = Jutaros iy tase =a+b;"c.'1‘t:d6

2
V1+a’ +\/1+b‘ 1+¢* a+ i ¥lE+=4 c+a+b
2 2 2
=2(a+b+c).

Xay ra dang thic khi vachikhia=b=c¢ = %



Vi du 131. Ching minh bat diang thic

(x+y)"+x+}’2x y+y\/;.

2 4
Giai
= ,{x+y)3 X+Yy X+
I'a cé - = +y+ =2 X + - 1
5 ° ; (x y ] \/_[ y+2] (1)
Ta s¢ ching minh xy[x+y+%]2x y +y~.&. (2)

(2)<=>J;)T[x+y+%-\/_-\/;]20
@J_[[ ‘__) [\/—-%ﬂzadﬂng.

Tu (1) va (2) suy ra di¢u phai chimg minh.

Xay ra dang thic khi vachikhix=y=0hoac x = y = %

Vi du 132. Chimg minh bat ding thitc
a b 2c
+

+

=22vdia,b,c>0.
b+c¢c c¢c+a a+b

Gidi
Goi vé trai la A. Ta ¢cé
[ 2c 26 2¢ 4c ‘
— = > ()
Va+b J2c(a+b} 2c+a+b 2c+a+b
2

Ap dung bat ding thirc S o
X Yy X+Y

el
#] Ja # 1
b+c c+a

| " | 24(a+b+c)‘
b+c¢c c+a 2c+a+b

voi X,y > 01acé

=(a+b+c)[ (2)
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Tir (1) va (2) suy ra

4a+ b+c)+ 4c
2c+a+b

A+22 =4 =2A22

Xay ra déng thirc khi vachikhia=b=c.

H. CYC TRi DANG CAN THUC

1. Dang Jf 2(Jut) K \f gz{x) trong do f(x) + g(x) =m
D¢ tim gid tri nhé nhat cla dang trén, ¢6 hai cich :

— Dua vé bat dang thuc |f(x)| + |g(x)| 2 f(x) + g(x) =m
— Xét binh phuong cua biéu thic.

Vi du 133. Tim gid tri nho nhat cta

A=Jx+\f2x——l+\/x-\/2x_—f

Gidi
BRXD: x5 2.

2

Céch 1.Dit 2x— 1 =y. Tac6

AVZ = 2x + 22x — 1 + 2x - 22x — |
=Jy+l+2\[§+\/y+l—2\@

y+l J;+l+|!-\/—| J;+l+l— y=2
=>A2\E.

min A = 2 eoy=lex=l.
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Cich2.Taco A% = x+v2x —1+x —v2x — 1 +24x% = (2x - 1)
=2x+2[1-x|22x+2(1-x)=2.
minA=\/§ e x=1.

2. Dang Jf(x) ~ Jg(x) trong do f(x) —g(x)=m>0
Dé tim gid tri 16n nhét cha dang trén, ta ding bat ding thic

Jix) - Jex) < JIx) - g(x) = Vm.

Xay ra déng thirc khi va chi khi g(x) = 0 hoic f(x) = g(x).
Vi du 134. Tim gia tri 16n nhat cha biéu thirc

A=\fx2—x+3—\/xz-—x—6.

Giai
DKXD : x £-2 hoac x 2 3.

Ap dung bat ding thirc Va - b < Ja = b tacé

AS\/(x‘?—x+3)—(xz-x-—6)=J§=3.

X=3
X =-=2.

x2-x-6=0
max A = 3 & 4 -
X =X +3mx® -x=~6

3. Dang a\[f(x) + b\/g(x) trong dé fix) + g(x) = m

D¢ tim gid tri 16n nhét cha dang trén, ta dung bat ding thitc Bu-nhi-a-c6p-xki
(a\/f+b\/§)2 s(a2 +b2)+(f+g)=az + b® + m.

Trong mot s6 trudng hop, c6 thé xét (a f + ng )2 roi dung bat déing thitc

Co-si.

Trong mot s6 trudng hop, ¢6 thé tim duge gid tri nho nhat cha dang trén biang
cdch xét binh phuong cua biéu thiec.

135



Vi dang /f(x) + \/g(x) trong d6 f(x) + g(x) = m, ta ¢6 thé tim duoc gid tri
nho nhét bang cich xét binh phuong cua bi¢u thitc hoac dung bat dang thic
Ji(x) + Jg{x) > Ji(x) + g(x) = Vm.

Vi du 135. Cho bicu thitc A = 3vx + /10 - x.

a) Tim gid tri nho nhat cua A.

b) Tim gid tri In nhat cua A.
Giai
DKXD:0<x £ 10.

a) A* = 9x + (10 - x) + 6,/x(10 - x)

=8x + 10 + 6/x(10 = x) 210 (dox =20)

minA=J51= i e x =0,
x(10 -x)=0

b) Theo bat dang thic Bu-nhi-a-cop-xki ta ¢6

2
A = (3JI +1.,/10 - x) < (3% + 12)(x + 10 - x) = 100.
Jx
max A = 10¢—=\f10—x &S Xx=09,

3
Luu y. C6 thé giai cau b) bang cich dung bat dang thirc Co-si :
2A = 249x + 2\/1.(10 = x) £ (9 + x) + (1 + 10 - x) = 20.

S=2 (1)
=
1=10-x (2)

—_—

maxA=10c=>{

(Ta gap may méan vi x = 9 & (1) thoéa min (2)).
Vi du 136. Tim gid tri I6n nhat cua

A =3Jx + 21 - ax.
Gidi
DKXD:Ost%.
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2A =6Jx + 41 - 4x =3Jax + 4/l - 4x.
Theo bat ding thic Bu-nhi-a-cop-xKki ta ¢6

(2A)° =(3 4x + 4 1-4x)' <32 +4%)4x + 1 - 4x) = 25

-

s
:rZASS:»ASE.

maxA=§@
2

Lie y. Cling c6 the viét A dudi dang A = 3Jx + 4 == X roi dung bat

25

dang thirc Bu-nhi-a-cop-xki duoc : A< (3 + 42)(x + % - x] - o

5
= A <€ —.
2

Vi du 137. Cho cédc s6 duong a, b, ¢ théa man a + b + ¢ = 3. Tim gid tri I6n
nhat cua :

Giai

a) Ap dung bat ding thic Co-si :

l+(2—a) 3=
2

2 Tudé

V2-a=12-a)<

2AS3-a)+3-b)+(3-¢)=9-(a+b+¢c)=9-3=6=>A<3.

l1=2-a
maxA =3 <1=2-b> &a=b=c=1,
=2-cC
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b) Ap dung bat déng thirc Co-si :

WL -
e “=92“.'mdé

2/5-a =45 -2) <

dB=9-a)+(9-b)+(9-c)=27-(a+b+c)=27-3=24= B<6.

4=5~-a
maxB=6&{4=5-b Sa=b=c=],
4=5-¢

Luu ¥. O cau a) ta viét 2 —a = J1.(2 = a), biéu thic trong ddu can nhan
vai k, = 1.

O cau b) ta viét 2,/5 — a = \/4(5 — a), biéu thic trong ddu can nhan véi k, = 4.

X +y

C6 su khic nhau néi trén vi ¢ bat dang thic \/E < . dang thic xay ra

lai X =y, nén ta phai chon k, vak, saochok, =2-avak,=5-a.

O ca hai cau a va b do vai trd binh dang cla a, b, ¢ ta du dodn cuc tri xay ra
khia=b=c=1,dodék,=2-a=2-1=1vak,=5-a=5-1=4.

4. Dang f(x) + /g(x)

D¢ tim gid tri 16n nhét cta dang trén, tiy timg trudng hop ma ta sir dung bat
ding thitc Co-si hay Bu-nhi-a-cop-xki. Can chi ¥ nhimg dang co ban sau :

a) Dang A = mx + Jax + b trong d6 m + % = 0. Ding bat ding thic

Co-sita cod
S p eitlrax

2

=&ASmx+l+b+—iai:l+b
2 2 2

b) Dang B = mx + ny/a — x2. Ding béit ding thic Bu-nhi-a-c6p-xki ta ¢6

2
B2 = (mx + n\}a - xz) < (m2 + nz)(xz +a - x2}=a(m2 + nz).



Vidu 138. Tim gid tri I6n nhat cua

A=x+ I - 2x.

Gidi
DKXD: x < %
Cach 1. Ap dung bat dang thic Co-si :

A=x+\}l.(l—2x)5x+]+“7.-2”=l.

maxA=1ol=1-2x=ox=0.

g

l -y

Cach 2. Da (1 = 2x =y thi x = . Tacod

I-—y‘?

A= +y=2A=1-y +2y=2-(y=-1) <2

maxA=leoy=1e&x=0.

Vi du 139. Tim gid tri I6n nhat cua

A=x+J-x3-Zx+3.
Gidi
DKXD :=-3sx s 1.

Cachl. A =x+ 4 -(x + 1% Ditx+1=ytacé

As—14y+J4 -y

Ap dung bat ding thic Bu-nhi-a-cop-xki ta ¢

2
(l.y+l.\/4—y"') SP+1P)y* +4-y*) =8
Sy+yd-y S8 2A<-1+8=242-1.
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MaxA=2J2 -1 & y= 4—y2<=>y==\5 @x=v2-1.

Cach 2. Goi a la gid tri cua bicu thic A. Ta ¢6

a=x+J—x3—2.\:+3

Sa-x=y=x?-2x+3 (1)Véia2xithi

(Do a’+x> - 2ax=—x?=2x + 3

m2x3—2(a— 1)x + (a®-3)=0.

D¢ 16n tai x, phai c6 A’ 20 = a’ +2a-7<0
-:.>{a+l)353:>a£2\/§— }.

maxA =2V2 - 1 & x = V2 - 1. khidé a = 22 - I, théaman x S a.

Vidu 140. Tim gia tri 16n nhat cua

A=x+\/l—2x—-2x3.
Giai
DKXD: 1 -2x -2x220.
C6 thé gidi hai cdch nhu & Vi du 139. Cich giai dung bat ding thic Bu-nhi-a-

cOp-xki nhu sau :

140

2

| 2 3 |
o 2. ]—=-x - = +\5.——x+—.
4 Z - x - x = \L ( 2]

Pat x +



——
max A = | @y=—¥4— = y=%¢:>x=0.1h6amﬁnl-2x—2x220.

[ ¥. C6 thé giai bai trén biang cdch dung bat dang thic Co-si :

[l = B e 0%)
2

]

=]l-=-x*< 1.

A=x+qld-2x-2x%) s

x =0
maxA =1 & & x=0.

| =1-2x - 2x*
(Ta gap may méin khi x = 0 théa man 1 = | = 2x = 2x°).
5. Dang f(x) + x../g(x)

Dung bat ding thic Co-si hoac Bu-nhi-a-cop-xki. Can chd ¥ nhimg dang co
ban sau :

a)Dang A = xy\Ja - x°
x> + (a - x°)

Dung bat déing thic Co-si : |A| Jtn)d -x2 g = %.

by Dang B = mx + xya - X

Trude hét xét
m + a - \/;\/l;+l\jd—‘l J(m+l)(m+a—x2).

Sau d6 dua vé dang trén.
Vi du 141. Tim gid tri nho nhat, gid tri 16n nhat cua

A=3x+x\[5—x:.

Giai
DKXD : -5 < x < V5.
A= ‘(3 + \|S - KE).

Ap dung bit dang thic Bu-nhi-a-cdp-xKki ta ¢6
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2 2
(3+ l.\}.ﬁ*xz) =(J§.J§+ l.\{S—xZ) S(3+l)(3+5—x2)
= 4(8 - x%)

= 3+ 5—x3sz\/8—x3
| :»|m|'£2|x|~~;‘$-~x2 < x2+(8-x%)=8.

80 JE=1
7§r=\/5-x

X" =8 - X

A = 8 & e x=%2.

MNA=-8&x==-2:maxA=8=x=2.

6. Dang \/f(x).g(x) + Jh(x).k(X) trong do f(x) + h(x) va g(x) + k(x)

déu la hdng so

Vidy 142. Cho A = \/5x — x? + /18 + 3x - x°.

a) Tim gid tri 16n nhét cua A.
b) Tim gid tri nho nhat cua A.

Giqgi

A ,}xlS -X) + \/(6 - X}X + 3).
0<x<5

DKXD:{ > &0<x<S.
-3<x <6

a) Do 0 £ x £5nén co the viét

A-—-J;.\/S—x +J6—x.Jx+3.

Ap dung bat ding thirc Bu-nhi-a-cop-xki ta ¢6

A2=(\/;.JS—3+J6—x.\/x+3)25(x+6-x](5—x+x+3]=48

::;AS-‘%JS.
maxA=4J§~=> . =6_xﬁx=l—5-.
5-x x+3 T
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b)A=J5x-.‘(2 +J(5x—x2)+(!8—2x). (1)

Do0<x<5nén8<18-2x<18. (2)

DoSx—x"20néntir(l)va(2)suyra

A2 J18-2x 2 V8 =22.

minA =2J2 & x=5.

Luu ¥. Mic du A’ < 48 nhung khong thé két luan ring min A = - J48 vita
luén co A 2 0.

7. Dang Jf(x).g(x} - Jh(x).k(x) trong dé f(x) — h(x) va g(x) — k(x)
déu la hdang so
Vi du 143. Tim gid tri nho nhat cua
A= \ﬁ? -x)x +1) - \/x(4 - X).
Giai

Do 0 € x €4 nén ta c6 thé viél

A= 7-x.Jx+l—\/;.\/4—x.

Xét(7-x)(x+1)-x(4=x)=2x+7>0(dox20)nén A>0.

Ap dung bat dang thic (ab - cd)? 2 (::12 - t:z}u(b2 =" (xay ra ding thic tai
ad = be) va viét lai A du6i dang

A=JT-xJx+1-J4-xx, 1acé
A2 ((T-x)- @ -x)LIx+1)-x]=3.
DoA>0nén A 2\/5.

minA = ﬁ S(T-x)x=x+1N4-x)=x=1.

8. Dang \ffz + g2 + \/hz + k? trong dé f+ h va g + k déu la hdng sé

Vi du 144.
a) Chimg minh bat ding thic
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Ji2 + g2 + Jh? + k2 2 {(f + h)® + (g + k2. (1)

b) Tim gid tri nho nhat cia

:\=\/xz+4+\fx3+8x+l?.

Giai
d)

() & P2 +g? +h2+k2+2J(F2 +g2)(h? +k2) 2 {2 +h? +2fh+g? + k* +2gk

e (2 + g2)h? + k?) > fh + gk

& °h? + 0k + g’h? + g%k 2 °h? + g’k + 2fhgk
& (fk - gh)’ 20, ding.

Xay ra dang thic khi va chi khi fk = gh.

b) Ap dung bat déng thirc & cau a ta ¢é
A=yd+22 +Jd-xP+12Jx+4-x2+Q@+ 12 =5

mnAs5exl=2M4-x)e x = 3

9. Dang \/fz + g2 - \/hz + k2 trong dé [ — h va g — k déu la hdng so

Vidu 145
a) Ching minh bat dang thic

Ji2 g - n? + &

b) Tim gid tri [6n nhat cua

SYf-hP+@=-k2. (I

A=Jx"‘+4x+13—\/x3+2x+5.
Giai
a)

(1) e P42 +h? + K2 =212 +2)(h? +k?) < 2 +h? —2fh+g? +k? - 2gk

& th+ gk € (12 + g2)h? + K2). 2)
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Néu fh + gk < 0 thi (2) ding.
Néu fh + gk = 0 thi
(2) & 2h% + g°k* + 2fhgi < °h? + Pk + g°h? + gk?
<0< (k- gh)z, ding.
Xay ra diing thitc khi va chi khi {"‘ =gh
fh + gk =2 0.

b) Ap dung bt déng thic ¢ cau a ta ¢é

A = |\/o{x+2)2+32 — J(x+1) +22i < Jx+2-x-1)2 + 3-2)? = 2.

max|A|=\Eﬁ ek F 2l =Hx & D o x=1.
X+2)x+1)+3220

Véix=1thi A =32 - 22 = V2.

Viy max A = V2 ox=1.
10. Dang chira phan thirc
Vi du 146. Tim gia tri nho nhat cla

P; o K 1 .

:;x -4

Giai
DKXD: x> 4.
Pat Jx -4 =y>0thix=y*+4.Tacé

&
A=2 +5=y+222’y.§=2\/§.
y y ¥

minA=2J§ﬁy=—5-ﬁy2=5=bx=9.
¥

Vi du 147. Tim gid tri nho nhat cia

P X+ 35 '
9 — x?

Gidi
DKXD:-3<x<3.DodéA>0.
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Goi a la gia tri cta biéu thirc A. Ta ¢6

a= J"_.i; & (@2 + 1)x2 + 10x + (25 — 9a2) = 0.
9 - x

- 4
D¢ t6n 1ai x, phai c6 A’ 20 <> a’(9a’ - 16) 20 & a > 3

minA=§mx=——.

BAI TAP

Bat dang thic dang can thuc
124. Chimg minh céc bat déng thic:

a) Ja2+b2+ c2+d22\/(a-<:)2+(b-d)z:
b) x\/y-—l +y,/x—l£x}';

c)x2+y3+ Jxy
Ky X'i"}’

l+a+b+c Jl 1

22,5veix,y>0;:

d) > +—+l+lv6ia,b,c>0vhabc=l:
2 g b T

ﬁ)L+—-b—+—c—>2v6ia b.c>0vaa’+b’+c¢’=1
\}l - \}l—bz \}l .

Cuc tri dang can thuc

125. Tim gid tri nho nhat cua :

a)A=Jx3—4x+4+\/x2-8x+16:

b)B=\/x?‘-2x+l+J4x2+12x+9+\/9x2-24x+16.

126. Tim gid tri [6n nhét cia A = \2x + 3 = |/2x - 5.
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127. Tim gi4 tri nho nhat, gid tri 16n nhat cua :

A)A=x -4 +V6-x:
b) B = 4Jx + 31 - x.

128. Tim gid tri 16n nhat cua :

a)A=J2.t+4+J2—x:

b)B=y2a+1+2b+1+2c+1véiabc>0vaa’+b’+c?=3;

c}C=,/a-—l +yb—-1véiaz2l,b=21vaab=4;

d) D= ij-i- 1 +Jy3+ I vdix.y>0\'€1x2+y3=8.

129. Tim gia tri l6n nhat cua :

a)A=—2x+\}9—x2:

b) B=x + —x2 +2x + 3 ;

c}C=2x+J—x2—8x—ll.

130. Tim gid tri nho nhat, gid tri I6n nhat cia A = xy/1 - 4x2.

131. Tim gid tri nho nhat, gid tri 16n nhat cia A = 2x - x® + \{2x - x2 + 3.
132. Tim gia tri nho nhat cia :

a) A = x(3 - x —J{2—x)(x—1):

) W= 16 = {x =20 = |fl ~22,

133. Tim gid tri nho nhat clia A = X2 + X + 1 + Jx% = x + L.

134. Tim gid tri |6n nhat cua :

X =3 b)B=Jx-4.

X ' X + 1

a) A=
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LOI GIAl, CHi DAN, PAP SO

Chuyén dé 1
BIEN POI PONG NHAT BIEU THUC DPAI SO

Ban doc wy.giai.

Doa®+ b’ + ¢’ = 14 nén at + b+t + 2@ + bi? + cfa®) =196, (1)
Doa+b+c=0néna2+b2+c2+2(ab+bc+ca)=0.l@ic<’)
a®+b’+cl= 14 nén ab + bc + ca =-7.

Suy ra (ab + bc + ca)’ = 49

= a’b” + b’c? + c%a’ + 2abc(a + b + ¢) = 49,

lai c6 a + b + ¢ = 0 nén a’b® + bc? + c%a’ = 49. (2)
Tu(l)va(2)suyraa® +b* +c* =196 -2.49=98.

Tac6n2=(n— D(n+1)+1

; e
49 chir x0 9 49 chir s69 49 chit 56 0

= 99.9 810°+1= 99.9 8 00.0 I.

Tong cdc chir s6 cla n” bing 9.49 + 8 + 1 = 9.50 = 450.

X +x+1 =X+ +x+ D= =-D+(xE+x+ 1)
Dapso: (X2 +x+ D= +x' =x¥+ 1),

b) a’(b? - ¢?) + b*(c? - a%) + ¢’ (a2 - b?)

=a’(b? - ) = b’[(b? - ¢?) + (2% - b)) + (a® - bD)

= (b’ - ?)(@’ - b’) - (a> = b)(b - ).

Pdp s6': (a—b)(b = c¢)(a - c)(ab + bc + ca).

c)(x + y)“i - ys = Sx"y + 10x3y2 + lt)xzy3 + 5xy’

= 5xy(x’ + 2x2y + 2xy2 4 y3).



Phén tich da thic trong dau ngoac dugc
x>+ y3 +2xy(x +y)=(X + y)(,w;2 + Xy + yz).
Dap so': Sxy(x + y)(x‘? + Xy + Y.
d) (a+b) —a’ — b’ = Tab(a® + 3a’b + 52°b’ + 5a’b’ + 3ab* + b").
Goi bi¢u thirc trong dau ngoac la A, ta cé
A =(a’ +b’) + 3ab(a’ + b’) + 5a°b’(a + b)

= (a + b)a’ — a’b + a’b® — ab’ + b* + 3ab(a’ — ab + b?) + 5a’b’).
Goi bi¢u thirc trong dau ngoac vuong la B, rit gon ta duoc
B =a'+2a’+ 3a’b’ + 2ab’ + b*

=a*+ 2a°b” + b* + 2ab(a’ + b’) + a’b’

= (a” + b’ + ab)”.
Viy (a + b)’ —a’ - b’ = Tab(a + b)(a’ + b® + ab)’.
DatA=(a+b+ ey -a=-b=c’. Hay lap luan dé ¢6
@w+b+cy-a*-b'=¢’
=(a+b)b+c)c+ a\)[ml[a2 + b’ +¢?) + n(ab + be + ca)).
Thay a=0.b=c¢ =1 vao,tadugc 30 = 1.2.1(2Zm + n) nén 2m + n = 15.
Thay a=0,b= 1, ¢ =2 vao. tadugc 240 = 2.2.2(3m + 3n) nén m + n = 10.
Tudém=n=5.
Ddp 56" A = 5(a + b)(b + ¢)(c + a)a” + b’ + ¢’ + ab + be + ca).
bat A =(a2 +b*= 1:-2 + {c3 + 3% = lf + 2(ac + bd)z.
Do gia thi¢t nén A = 0.
bat B = (@2 + 2= 1)+ (b2 +d” = 1)> + 2(ab + cd)’. Ta s& chimg minh B = 0.
X¢ét hicu A = B, hidy chimg minh A - B=0d¢é suyraB=0.
T (ad + be)(ac + bd) = cd suy ra
a’cd + abd® + abc” + b’ed = cd
=vcd(a3+ b3)+ ab(c2+d2)=cd. (1)

i 9 2
Doa+b=1néna +b =1-2ab.
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Thay vao (1) réi nit gon duoc ab(c - d)? = 0.
Tu d6 suy ra a = 0 hoac b = 0 hoic ¢ = d.

8. T gia thiét suy raa+b+c=xz+y2+z2—xy—yz—zx. (1)
Ciing tir gia thiét ta ¢6
ax + by + ¢z = x(x* - yz) + y(yz— xz) + 2(2° - Xy)
=x"+ y“+z"-3xyz
=(X+y+ 2)(x* + yz +2° - Xy = yz — zx) (thco mot hiing dang thiic).
Kéthop vai (1) suyraax + by + cz=(x +y + z)(a + b + ¢).

9.  Goi bon s6 phai tim la a, b, ¢, d. Ta ¢6
a=(b+c+d)2\ra‘ab=(a+c+d)2 nén
b-a=(a+c+d)’-(b+c+d) =(a-b)a+b+2c+2d)
=(a-b)a+b+2c+2d+1)=0.

Doa,b.c,d20néna=>b. Tuong tirtadugca=b=c=d.

a=0
Suyraa=(a+a+a)3=aa{9a—l)=0=> 1
d—g.
Ddp s6': Méi s6 bang 0 hoac bing é
10. bat A = e + = ST ..
(@a-b)a-c) (b=-c)b-a) (c-a)c-b)
Ta c6 b-c =(a-c};—{a—b)= ] _ ] e
(a = b)a = ¢) (a - b)a - ¢) a-b a-c
PR e TR, . ey Ry

a-b a-¢c b-¢c b-a c¢c-a c¢c-b

2 2 2
- .

p— # 2 g 2
1. Tacba+b+c=0=a+b=-c=a " +2ab+b =c¢"-

?
=a’+bl-¢?= —2ab.
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12.

13.

14.

Tuong w b’ + o — a? = —2bc, a? + ¢ — b% = “2ac.

Suyra A = l + : + : =c+a+b=0'
-2ab -2bc -—2ac —2abc
Tir gia thi¢t suy raa + b + ¢ = 2(ax + by + ¢z) = 2(¢c + ¢2)

=2c(z+ 1) nén : = £8 :
z + 1 a+b+c

- 1 2a 1 2b
T'uong tu, = , = :
x+1 a+b+c y+1 a+b+c
Sy 1 & 1 4 1 =23+2b+26=2‘
x+1 y+1 z+1 a+b+c
. . 2
n](..Ogl.dlhlLl-dT —t);+iz-=l)-—+"—+§—-. (1)
b* i @ a b ¢
a b c
Dit ==X, 5 =Y, 5 z thi (1) trd thanh
b~ c" a
x+y+{=l+l+l_yz+xz+xy (2)
X v 2 Xyz
a b c 1
Doabc=1nén xyz = .. =—=1. 3
d b2 ¢ a® abc =
Tu(2) va (3)suy rax +y + z= Xy + yZ + XZ . (4)

Ta cdn chimg minh trong ba s6 X, y, Z t6n tai mot s6 bang 1 bang cdch ching
minh (x = I)(y = 1)z—=1)=0.
Hay chimg minh (x - D(y = D(z-1)=(xyz= D+ (X +y+Z=Xy—yz~ Xz)
roi str dung (3) va (4).

| 2

a)Tacol - =]-
1+2+..+n nn + 1)

2 — —
_n"+n 2 _(n l](n+2).Dod6

nin +1) n(n + 1)

A_1_4_ 25 99.102 _ 12....99 45....102 _ 1 102 adl
23°3.4 777100.101  2.3....100 34....101 10003 50
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15,

16.

17.

b)DalE+é+...+-9—8=xlhi
3 4 99
B= x-i-ﬂ l+;n{ - l+x+£ x. Ruit gon biéu thic duge B = —.
100 | 2 o) 100 200
OTac 1-—— = Ea-1C@+I) 4 0
2n+ 1) 2n+1)
C——l-'—f—’» _3_1 91,401 L3 o 8T 3 w10l _ 1 101 101
32°52° 7" 992  35...99°35..99 99 3 297
o . @n+DP+nd Gn+DI@n+ 12 = n@n+ 1)+ n?)
d) Ta co - — = 3
(n+1) - n 3n“ + 3n + 1
2
___(3n+l)(3n +3n+l)=3n+l.Dod6

3n® + 3n + |

9

D=@1+D+@2+D)+...+3.20+1)=3(1 +2 + ... + 20) + 20 = 650.

Dicukién:x20,y20,x +y 2 m.

Taco

JX +y - =\/;+J_—Jam\fx+y—m+\/;=\f;+\@.

Binh phuong hai vé ta dugc :

x+y-m+m+2Jm(x+y—m) =x+y+2\f§

Z-xy=0

ﬁJm(x+y—-m)=JE S mx +my-—m
< (X-m)(m-y)=0.

Vayx=mvay20hoacy=mvax20.

Tatinhduogc ay =1 - V2, a3 ==(1 +v2), a; =1+ 2, ag =2 - 1.

Suyraa, =as=ag=... = iy
a=ag=a;;=... =ay. Vay 3,99 = 1 + V2.
Tac6b2+l=b2+ab+bc+ca=(b+c)(b+aj.

Tuong tu, >+ 1 =(c+a)c+b); a’+1=(a+b)a+c).



18.

19.

(b” + I)(e” + 1) _ (b +c)b + a)c + a)c + b)
a® + | (a + b)a + ¢)

Suy ra

Dodé A =a(b+c¢) + b(c +a) +c(a+b)=2(ab + bec +ca) = 2.
Tacé m - \2 = 3.
L.ap phuong hai v¢ roi rit gon duge
m® + 6m - 3 = J2(3m’ + 2).
Binh phuong hai v¢ roi rit gon duge
m® - 6m* - 6m’ + 12m* - 36m + 1 = 0.
Phuong trinh lap duogc la

x0—6x*-6x>+12x>-36x+1=0.

Chuyén dé 2
PHUONG TRINH BAC NI‘[AT, BAC HAI

a) Trir | vao méi phan thirc & vé trdi, trir 3 vao vé phai.

Rut gon duge (x — a — b—c)[l+-l-+—l—]=(l

a b ¢
; I " . : . .
Néul+B—+l:tOthlphucngtrmhcongh:{:mduynhﬂlx=a+b+c.
a g
Néu -1-+-t-l)—+i=0lhi phuong trinh ¢6 nghiém la s6 thuc bat ki.
a c
X X X a b g 2 .2 2
b)) —+—+—=—+ —+ —+ —+ — + —
bc a ab bc ac ab a b ¢

a+b+c a’+ b’ +c?+2bc+ 2ac + 2ab
 abe abc

— X

ﬁ(a+b+c}x=(a+b+c}3.
Néua +b+c#0(vaa,b, ¢ +#0) thi phuong trinh ¢6 nghi¢m duy nhat

x=a+b+c.

=(b + c}z.
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Néua+b+c=0(vaa,b,c#0)thi phuong trinh ¢é nghiém I s& thuc bat ki.
) DKXD:x#a. x#b.
Datx—a=y#0,datx-b=2z#0.Tacoé

LpSmd oSy+72=2yra(y-2"=0y=2
%x 3
Tacox—a=x-be=0x=a-b.
N¢u a = b thi phuong trinh ¢6 nghiém 1a s6 thue bat ki khéc a.
N¢u a # b thi phuong trinh vo nghiém.
20, a)|x + 1|+ |x+2|+|x + 3|+ |x +4|=4. (1)

Xt x+ 1|+ |x+3|=]x=1]+|x+3|2=x=1+x+3=2;

o ek B
x+1[+[x+3]|=2 o-3<xs-1. )
320
Xéll"+2|+Ix+4|=|_3_2|+]K+4|2—X-—2+x+-‘|-=2;
-x =220
K+2+x+d=2 1 o
x+420

V¢ trdi cia (1) 1dn hon hodc bang 4. Do d6

o0 B R
() < S>-3Sxs-2
-4 xS =2
by[x =3|+|x=1]+|x+ 1|+ |x + 3| +|x + 5] = 12. (1

Hay chimg minh
[x=3|+|x+35|28 :xayradau =" -5Sx<3;
x=H+[x+3|24:xdayraddu =" -3<x<1:
|x +1] 20 : xay ra ddu "=" & x = -1,
V& trdi cta (1) 16n hon hoac bing 12.
~3ExS3
Dodé (1) &= {-3<x<1 & X

X=-=]

I
I
—
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21, |x-a|-[2x-4|=1. (1)
X¢t bon trudng hop:
a)x2avax22.
(Hhex-a-2x-4)=1ex=3-a.

{3-323 {a‘_:l.ﬁ
=

=asl. 2
3—-az=22 acsl <)

b)x2avaxs2.

a+ 5
(o x-a+2x-4)=1 & x = =
d+§2d
3 ax25
’ : i <asl. (3)
d.'!'_sz d_l
3
e)xSavax22l
a+3
(l}ma—x—(Qx-—-l):lc:ax:d
d+}5d )
3 azl)b
) 3 i WP a2l 4)
d+.22 423
3

dyx<avax<2.

(HDea-x+2x-4)=1e=x=5-a

S-ac<a a .
=
S—-a<g?2 a

s 3. (5)
T (2). (3). (4), (5) suy ra : D¢ (1) ¢6 nghiém duy nhat thi

v v
N

a<l a>3
hoac a+5 hodc{a +3
3=a= 2 3 =5-a

wre lda= 1 hoaca=3.
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22. ) A’ =(m+ 1)) =(m’> +2m -3)=4> 0 nén phuong trinh ¢6é hai nghiém
phan biét.
b) Giai phuong trinhdugc X, =m+ 1 -2=m-1,x,=m+ 1 +2=m+ 3.
] oy

Tu ta duge -1 <m <0,
m+ 3<3

23. Theo hé thirc Vi-ét :

.‘Cl + xz = —d

K|X1 = b

J i 9
(X; = ) + (x5 = 1) = —a’
(X, = ”(X_a_ -1)=-ab

a=-]

'1‘crdéaz—a—2=0a[
X =g

: 1
Dap so:a=-1,b < x hoica=2,b=-1.

24. Theo hé thic Vi-et :

x|+x3=-a . XI""K_‘:-b '
va
X\ X> = -1 XXy =1
(X} = X)(X; = X3) = [(X, + X5) = 2%, ][(X, + X3) — 2X3]
= (X + X2)(X) + X3) = 2X5(X; + X5) — 2X5(X; + X3) + 4X,X;
= (_ﬂ)(-b} — 2)(,.‘{3 = szxj - 2.‘{].‘(3 = 2:‘(2.‘;3 + -lx:,x_‘
= ab - 2X,X; — 2X;X; =ab - 2.1 = 2(-1) = ab.
2

m-1

25. VG6im # | thi phuong trinh da cho ¢6 hai nghiém x, = -1, x, =

Ddp s6:m=0,m=2,
26. TacoA20 (Mm+ 1) -820 (m+ l)zl_’&

XEU X7 + X3 = (x, +X;)" = 2x,x,=(m+ 1)’ -428-4=4.

min(xf + x§)= 4 m+1) =8 & m=-14+2/2



27.

28.

'I'acé&=81n3+4m+9:(m+2)2+?m2+5>0,
X, + ! 2m +
bat B mﬂ, ! = a ta dugc am’+2m+(2a+1)=0
X1X> —-(m~ + 2)

Vora=0thi m =—l.
2

Véia # 0. dé (2) ¢6 nghiém phai c6 A" 20

S2+a-150e -1 Easé.
a=-lom=1.
1
a=—&&m=-2.
2
S . L o
Ddp s6 : minA =-1taim=1; maxA = 5 tai m=-2.

a) m la nghiém chung cua (1) va (2) nén
m’>+am+1=0 (5)
m’+bm+c=0 (6)

Lay (5) trir (6) theo tirng vé dugc

(a-b)m+l-—c=0.Doa;¢bnénm=C_:). (7)
a-—

Do n la nghiém chung cua (3) va (4) nén

n®+cn+b=0. (8)
n’+n+a=0. 9)

Lay (8) trir (9) theo timg vé dugc (c— I)n+b—-a=0.
Tathdy ¢ # I, vinéuc = | thi tr (7) ¢6 m = 0, trdi véi (5).

a->b
e=1

Dod6 n = (M)

Tu(7)va(l0)suyra n = -I—- Thay vao (9) dugc
m

(2)
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29.
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[_L] +i+a=0=>l+m+am2=0- (1)
m m

Lay (11) trir (5) duoe am’+m-m>—am=0
= m@m+l-m-a)=0
=am+]1-m-a=0(dom=0)
=(a-1D(m-=-1)=0.
Néua=1thi(h)lax>+x+1=0,vo nghiém. Viy a # 1.
Khidbm=1van=1.

b) Thay m = I vao (5) duoc a = -2,

Thay m =1 vao (6) duoc b + ¢ = 1.
Viya+b+c=-3.

(h.5)

a) Hoanh do giao diém cua dudng thing d va
parabol y = x> 1 nghiém cua phuong trinh
X’ —mx -3=0. (1)

B

Do ac = -3 < 0 nén phuong trinh ¢6 hai nghiém
trdi dau, do dé d luon cdt parabol tai hai diém
A. B phan bict.

e ——— o e e — —

- v

b) Goi toa do cia A, Bla (X, : y,), (X5 ¥3)- 0 I
Do x, va x, la nghiém cua (1) nén x, + X, =m ainte

VA XX, = =3.

Do A va Bthugc d nény, = mx, + 3 vay, =mx, + 3.

Tacé AB® = (X = X,)* + (y, - 3.@)2 -

(X) = X9)% = (X, + X9)* - 4x,X,=m’+ 12 ;

(¥, = ¥»)" = (mx, = mx,)* = m’(x, - X,)* = m*(m* + 12)

nén AB> = (m? + 12) + m*(m® + 12) = (m? + 12)(m® + 1) = 12.

minAB = V12 = 23 tai m = 0, khi d6 dudng thang d ¢6 phuong trinh y = 3.



30. (h.6)

a) Hoanh d¢ giao di¢m cuia duong - B
thing y = mx + 2 va parabol

y = LI nghi¢ém cua phuong

trinh x>-2mx-4=0. (1)

Do ac = =4 < 0 nén (1) ¢6 hai 2
nghiém trdi diu, do dé d cit

parabol tai hai diém A, B phan E
biét. AT

b) Goi x,, X, 1a hoanh d6 clia A, B 7 X
(x; < 0 < x,). K¢ AE, BF vuong '
goc vai Oy.

Fa 4

o
-

Hinh 6

Goi K la giao diém cua d va Oy, ta ¢6 K(0 ; 2).

OK OK
Saos = Sosk + Soak = T-BF + T-AE

_ OK
2
Dung cong thitc nghiém hoac dung hé thirc

(BF + AE) = %(XZ — xl) =Xy — X

(X, - X)) = (x, + xz}z — 4XX,, ta tinh duogc

Xy — X| = 2\/m2 + 4. SuyraS,gg=X,—-X, = 2~../m2 + 4.
Do ?_\Jrn2 +4=2/5nenm==1.

31. (h.7)
a) Hoanh do giao diém cua d va parabol 1a nghiém cia phuong trinh
X’-2x-8=0
X ==2;x,=4.
b) S.sc 16n nhit < khoang cach tr C dén AB I6n nhat

¢ C la tiép diém cha dudng thing d’ (song song véi d) va parabol.
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Hoanh do 1tiép diém cia d’ va gl et Ars ciong 13
parabol la nghiém kép cua phuong 'd
trinh i
|
.‘(2 1
'?—=x+mhayx"—2x-2m=0. :
& |
y l
Ta tim dugc m = - %. duong i
|
; | Ay ] . :
thang d’ la y = x = —, toa do cua I I
2 ! ¢ l
l 2] Pl :
CIE{[I'-—} - 8 T
. i R ) VART D
2 2
MaXSye = Sasoe = Saain: = Spap Hinh 7
_8+2)6 (24033 (B+0,53 _ 135
2 2 o
32. (h.8)
. A) A
a) Hoanh do6 giao diém cuia d va parabol la
nghi¢m cua phuong trinh
x*-x-n=0. (1) ’
Dicu kién d¢ (1) ¢6 hai nghiém phan biét la
a>0ﬁl+4n>0an>—%. /'
b) Goi hoanh do6 cua A va B theo thit tu la A |
xl va Xz. >
Theo h¢ thite Vi-ét, x, + x, = 1. of [L 1
Goi x; la hoanh do cua diém I thi
Hinh X

" _xl+x2_l
Al = ——
2 -

Vay I chuyén dong trén dudng thing vuong géc véi truc hoanh tai diém cé
hoanh do l
2
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33. (h.9)

a) Dudng thang di qua 1(0 ; 1) ¢6

phuong trinh y = kx + 1. pm————— D
Giao diém cua né véi parabol |
y = x’ ¢6 hoanh do 1a nghiém cua |
phuong trinh :
xP=kx=1=0. :
Do x,x, = -1 nén I
I
.‘Cl\.xn-—l.xc.x[)—-—l. l A I 3 :
Bi€t x, = =2 va xo = - 3 ta tinh : :
1 | |
dugc xp = — vaxp=3. I |
A S | |
l 1 i b1 I () N '
i . |
Vay B| =i = |. D(3:9). 0 / :
e 4 -2 O 3 3
b) Dudng thing di qua A(-2 ; 4)
va C " : L théa man S
39
“l+2 = T_4.t|‘zd6y=—zx-3.
-—+2 —==4 3
3 9
y=l —
l'oa do cua P 12 nghiém cta hé 7 2&{" 7 7
= —_——X - —
T3N3 ly=1
1 1
: 1 ST
Duong thang di qua B|—=:— | va D(3 ; 9) théa man —_—,
2 1 1
3-=— 9--—
2 4

~ d- - ? 3
wdo y = EX -” E.
y =1 <
Toa do cia Q la nghiém cua hé 7 5
T e by

5 3

¢)Do xp = —% nén IP =$. Do xq = = nén IQ = % Vay IP = 1Q.

11.9 CHUYEN D€ DS-A
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Chuyén dé 3
HE PHUONG TRINH

34. Ritytr(m+I)x-y=m+ 1 duocy=(m+ 1)x = (m + 1).
Thay vao x + (m = 1).y =2 dugc x + (m* = 1)x = (m* = 1) =2
Smx=m’+ 1. (1)

Véim =0 thi (1) vo nghiém.

2

Véim#0thi x = — :1,y=m-;].Khid6
m m
" mP41l-2m+1) m?-2m-1 2 1
X_zy'-' 5 = 3 =l-‘—-_.,.
m- m m m-~

Dati=z thix-2y=1-2z2-72"=2-(z+1)*<2.
m

max(x - 2y)=2&z==-1 & m=-1.
35. Goi s6 tdo la x (qua), gid mot qua tdo la y (nghin dong).

(X + 6)(y — 2) = Xy ﬁ{x=24

Ta c6 hé phuong trinh
(X = 4)y + 2) = xy y =10

Gid tdo la 10 nghin dong mot qua.

36. a)Tacoxy-x-y+1=0=x-1)(y-1)=0 @[x =l
y =A

Ddp so:(1:1),(1:2),(-4;1).

byDatx-y=a,xy=b.

a+b=7 =]
= hoac
¢ b=6

a=6
b=]

ab=6

'Facé{
Ddp s6: (3;2), (=2;-3), 3 + V10 ; =3 + V10), 3 - V10 : -3 - V10).
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37, a) X~ +y +x=3 (N
X+ 2y +2xy=5 (2)

Cong (1) vai (2) duge (x+y)2+2(x+y)—8 = 0.
Ta duge x + y =2 hodc x +y = -4,

x=1
'[‘ha}'y=2—xv£10{l}duqc2x2—3x+ 1=0&

1
X ==
P

Thay y = =x = 4 vao (1) duoc 2x% + 9x + 13 = 0, vo nghiém.

Pap so': (15 1), (-;- ¥ %]

b}{x]-2x2y~f3y -0 (1)

2xy - y> =3 (2)

Thay 3¢ (1) boi 2xy — y* 1a dugc x’ - 2x2y + y(2xy - yz} =0
& X - 2x3y + nyz - y’ =0. (3)

Do (2) nén y # 0. Chia hai vé& ciia (3) cho y* duoc

3 2
[i]-zi + 3,0,
y y y

bat X —aTacéa’-2a2+2a-1=0@-1)@'-a+1)=0=a=1.
y

Suy ra x = y. Thay vao (2) duge X = +3.
Dap so': (\ﬁ i \6) (—\/5 y - \E)
38. a) bay la h¢ phuong trinh doi xing loai IL
T'rir ting v¢ hai phuong trinh duge (x - y)(x2 + Xy + ),2 +3)=0&=x=Y.
Thay vao moét phuong trinh dugc X’ =3x-2=0=x+ 1)’ (x=-2)=0.

Ddp so': (-1 :-1), (2 2).
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39. a

164

b) Day la h¢ phuong trinh dang cap bac hai.
Ta thdy y = 0 khong thoéa man hé phuong trinh.

Chia hai vé cla x? - 3xy + 2y* cho y* # 0 réi dat ~ = k,
b 4

k=1

taduock’-3k+2=0 &
k=2

Véik = 1,tacé x =y vaduoc x* = 4.
Véik =2, 1a c¢6 x =2y va duge x* = 6.

Ddp 56 (2;2), (=2 ; -2), (JE ; %] [-—JE ; Zzﬁ]

, (x + ) (y+ 1)* = 24xy (1)
(x* + I)N(y? + 1) = 8xy (2)

x = 0 hoac y = 0 déu khong thoa man (2).
Chia hai vé cua (1) va (2) cho xy # 0 duoc

2 2 I
X+1 O+l s x+l+2][y+l+2]=24

X

123{. 5 y ¢=?4; 4

X" +1ly +l=8 x+lJy+l -3
X y [\ & y

D:_itx+-l-=a, y+l=btac6
X 4

b 2 = = — 4
(@a+2)b+2)=24 i a=2 Hiosdc a
ab =38 b=4

Véia=2,b=4tadugcx =1, y = 2 +./3.
Véia=4,b=2tadugc x =2 ++/3, y= 1.

Dips6:(1;2+3), 1;2-v3), 2+V3:1). -3 :D.



40.

x+y+l+-l-=6
LI
o] 1 1
x2+y2+-—?+—2=16
=y
| 1 o 1 2 2 i =45
batx+—=a, y+—=bthix*+5=a"-2,y +—=b" -2
X Y X y
a+b=6 a=2 a=
1804 , . nén hoac
a +b” =20 = b=2

Via=2,b=4tadugcx=1, y = 2 +/3.
Véia=4,b=2tadugc x =2 ++/3, y=1.
Dapsé: (1:2+3), 1:2-Y3).2+3:1, 2-3;D).

a) Diéu kién can. Gia st (x, ; ¥,) 1a nghiém cua hé phuong trinh thi (y, ; X,)
cing la nghiém cuia hé.
Do hé ¢6 nghiém duy nhét nén x = y. Khi d6é hé phuong trinh la

4x + x> =m E
Tird6 x = 0 hoac x = 4. Suy ram =0 hodc m = 32.

2
2x° =m
Diéu kién du. .

2 2

. 2Xx + 2y + xy =0 =0
e Vim=0tacéd =
x“+y" =0 y

. 2x + 2y + xy = 32
*V6im=321acéq , .
X“ +y° =32

2a+b=32 {a:g
5 nén
a“ - 2b =32

Dalx+y=a.xy=bladuqc{

Vgia=8,b=16tadugc x=y =4.
Loai a =—-12, b = 56 vi trdi v6i a° 2 4b.
Pdp 56 : m = 0 hoac m = 32.
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41.

x> =y’ +m
b) ) y
yz = x? + mx
Cing lap luan d¢ ¢6 x = y. Khi d6 X>=x>+mx & x(x>=x+m)=0.

Do x = 0 la mdt nghiém cha phuong trinh trén nén (0 ; 0) 1a mot nghiém cua
phuong trinh.

Dé nghiém d6 1a duy nhat thi phuong trinh X’ = x + m = 0 vo nghiém, tic la

m>—.

o x2+y2+x+y=2
Xy(x + Iy + 1) =m

2 2. o 3 1 | _la+b=2
Datx"+x=ay"+y=b,diéukibna=2-— b2-—. Tacod
4 4 ab=m
a, b 1a nghiém ctia phuong trinh X* - 2X + m = 0.

: . : . I L o
Diéu kién dé¢ phuong trinh ¢6 nghiém X, X, thoaman X, 2> - 7’ Xy 2 - 3 la

A'=20

(
l }'{2-|~l 20 & 9
\ 4 -+ me-——,

4 l 1
X, +=|+|X,+=120
\ 4 4

Két ludn : e em=1l.
16

L
+
|

2

{xy(x +2Xy+2)=m {{x2 + 2!{3!()?2 + 2y)=m
b) X =
X“+y +2(x+y)=m+1

(x2+2x)+(y2+2y)=m+l
batx?+2x=a,y’+2y=b,1acé
a=(x+1Y2-12-1,b=(y+17?-12-1.

X=1

a, b 1a nghiém cla phuong trinh X’ - (m+ DX +m=0 & [X
=m
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42.

43.

44.

45.

Péaz-1vab2-1phaicém=2-1.
Két lugn : m=—1.

Patx+y=a,xy=b,1acé

r+b=m _F=1 ﬁr=m-1
nén hoac

ab=m -1 b=m-1

Loai truomg hgpa=1,vikhidé x +y =1, rdi v6i x < 0, y < 0.

=m — |
Véi {i _ :l'n thi x, y la nghiém cua phuong trinh X =(m-DX+1=0.

Ta tim duoc diéu kién dé hai nghiém cung 4m lam < -1.
(x+1)(y+1)=6
a)Puavé <(y + I)(z+1) =10
(z+Dx+1=15
Nhin timg vé cdac phuong trinh.
Pdapsé:(2;1;4),(-4:-3;-6).
b) Pua vé (x —2)* + (y = 2)* + (z- 2)* = 0.
Pdpsé:(2:2;2).
2t +y2+ 22 =21 ()
4x + 2xy + 6z = 34 (2)

a)

Lay (1) trir (2) rdi dua vé (x — 2)* + (x — y)* + (z - 3)* = 0.
Pdp s6':(2;2:3).

b) Giai tuong tu ciach 2 cua Vi du 28.

Pdap s6:(1:;0;0),0:;1:;0),0:;0;1).

+l+l]=9.
y z

)29 vGi X, y,2>0.

| —

Nhan timg vé& hai phuong trinh duge (x + y + z)[

+ =+

Ap dung bat déng thic (x + y + z)[l LI
X y z

Banso(li)il)
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46. a)x2=4y—l=>4y-120=>yzi.Tuongtuzzl.le,
4 4 4
Ta sé ching minh x =y =z,
Giasux2y=4dy-124z-1=>y2z=y’ 27
=4dz-124x-1=z2x.Tux2y2z2xsuyrax=y=z

Pipss: 2+3:2+3;2+3), 2-V3:2-3:2-3)

b) Trudc hét ching minh x, y, z, t déu duong.
Cong timg vé& cdc phuong trinh duoc
x=2+(y-2+@2-2+@-2’°=0.
Giai twong tu Vidu 35. Pdp s6': (2:2:2;2).

Chuyén dé 4
PHUONG TRINH BAC BA, BAC BON
PHUONG TRINH DANG PHAN THUC

47. a)(x - 2)(x*+2x - 35)=0. Ba nghiém:2;5;-7.
b) (x + 4)(x* - 4x + 7) = 0. Mot nghiém : —4.
c) x(x* = 1) =2 suy ra x°(x> - 1)* = 2. Dat x’ =y=20.
Taco y(y - l)2=24:>(y—2}(}'2+ N=0ey=2.
Suyra x = +/2. Thir, ta chon x = V2.
d) Trir 8 vao hai v&. Pua vé (x - 1)° = (-2)°. Mot nghiém: —1.

c)2x3=x3—6x2+12x-84=- x€5=x—-2 & X= 23 ;
1-32

48. Tacé x> +a’ +b®-3abx = 0. (1)

Ap dung hing ding thic

2

x3+y3+23-3xyz=(x+y+z)(x2+y2+z - Xy — Yz - ZX)
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lacé(l)ﬁ(x+a+b)[(x—a)2+(a—b}2+(b—x)2]=0

==(@a+0b)

%
A :
X =a = b, loai.

Ddap s6": MOt nghi¢m : —(a + b).

J

. a)baty=x-1.bDuavéy' -9’ +14=0 &

L]

e
nou
~ N

Pdp s6': Bon nghiem : 1+ 2 ;1 + V7.
b) (6x% + 5% — 1)(6x> + 5x + 1) = 120.
Dal6x2+5x:aduqc(a— Ia+1)=120=a=%11.

Dap s6': Hai nghiém : 1 ; —ITS!-_

¢) Chia hai vé& cho x> # 0 duoc

x"'—x—-l4—1+—?,,-=0 @[x2+iJ—[x+iJ-—l4=0

X X~ xz X

Dalx+g=yduqcy=—4v&y=5.
X

5 +V13
-

d) (x + (X + 2)(Xx + 3)(x + 6) = 168x* < l{x2 +5X +6)(x% + Tx + 6) = 168x°.

Ddp s6': Bon nghiém : -1 : -3 ;

bat xz+6x+6=y.tacé(y—x)(y+x}= 168x> < y==%]3x.

-19 /337

Ddp s6': Bon nghiém : 1:6; 5

. a) bat x’-x+1=a,tacé
a'+axt=5x% o (a+x)a-x)a+2x)a-2x)=0.

3+5

Ddap s6': Ba nghiém : 1 ; 5
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51.

52.

170

byDatx +2=ythix=y-2.Tacé
(=2 +(y-1D+y'=2@-Dy+ D +y-1)=0.

-5+
Ddp so': Bon nghiém : =1 ; -3 ; 2 ;Jg

o) xt+2x2 + 1 =4x% + 64x + 256 < (X2 + 1)2 = (2x + 16)2.

Ddp so': Hai nghiém : 5 ; 3.
d)x*+(x=-2)x'-2(x-2)] =0 x* + (x - 2)x* - 2(x - 2)? = 0.
Do x = 2 khong 12 nghiém, chia hai v& cho (x — 2)° duoc

x* %

(,1n'.-2)|2 X -2

B

bat

=yduqcy2+y-2=0a[y

x —_—
Ddp s6: Hai nghiém : —1 +/5.
a)Datx3=y20,lac62y2—4y+l=0. (1)
Phuong trinh (1) c6é hai nghiém duong y, va y, nén phuong trinh da cho cé
bon nghiém i'\fy_l va £./y,.

b) Dat K1=\/;. x2=_J;1 K3=\/)’_2. X4=—J)"—2

thi X7 + x3 + x5 +x3 =2(y, +y,)=22=4.

a) Do x # 0, chia tir va méu ctia méi phan thirc cho x duoc

| x—2+l
= x_

zn:--3+l x+l+-l-
X X

- =1
Da}tx+l=y.lac6 : =3 ZQ}'
X y-3 y+lI y=35

Véiy=1thi x + - 1, v nghiém.
X



. @)

VGiy=5thix+—=5 & x =-
X 2
+
Pdap so': Hai nghiém : : —zm.
b) Thém va bot 2x. '?dmx
X = 2
-~ 2
5 2 @ 1 2
i | i Bl | B G
x =3 x-—3 X -3 X=-3
bat A =yduqcy"—6y—16=0¢>[y=
X=-3 y=-2

Ddp s6': Hai nghiem : —1 +7.

SO 2 o) 1 5
DX =X+ ]l=alaco -+ = -
a© (a+1) 4

Ta duoc a = | hoac a = -2 (xem Vidu 47).
" . 2 lx=0
Vma=llhIX'—x+l=|<:>K(X—l)=0¢=?[ l
X =
Véia=-2thix>—x+ 1 =-2 & x* = x + 3 =0, vo nghi¢m.

Ddp so': Hai nghiém : 0 va 1.

A+ -DH=2x+1ox -2 +x+1)=0.
1Y 1Y 1
Tacox*+x+1= xz—— +|x+—=| +—=>0.
2 % 2

BDap s6: Mot nghiém : 2.

XE

(x +1)

= 3x% - 16x + 8.

2

Cong (x + 1)? + 2x vao hai v& dugc

2
+x+1D)2+2x=4x*-12x +9

(x + 1)°
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)

¢=>[ s +x+lJ = (2x - 3)%.

X + 1
-1+
£dp 56": Bon nghiém : 2 +2/2 : 1 ;ﬁ
1 1 8
b) —c 5 = =
X~ (x+1)” 2x + 1)
Cong —]—,— vao hai vé duoc -]3_- + l = + ] 5 = 2 5
(2x + 1)° x (x+1)X (=2x-1 2x + 1)

'I‘acébédé:Né’ua+b+c:01hi._l"_+_]1.+l’

5

[1 1 1]*
==+ =+ =
a b ¢

B b~ C
(xem chimg minh b6 dé & cich 2 cha Vidu 5).
Theo bo dé. 1a c6
2 2
| | | 3
— 4 + — .
X X + 1 =2x - 1 2x + 1
] 1 | 3
Truomg hop — + - = , vO nghiém.
gqpx X+1 2x+1 2x+1 Cao
. 1 I I 3 ~3+3
['ruong hop — + - = duge x = i
X x+1 2x+1 2x+1
-3 +.3

Ddp so': Hai nghiém : e

Chuyén dé 5
PHUONG TRINH CHUA CAN THUC BAC HAI
54. a)Dua vé [x + %]- — [\fx + 7 - %]ﬁ
1 ~<J29
.

Ddp s6': Hai nghiém : 2 ;

2 2
b) Dua vé (x+%] =[,fx+l—%).
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58,

56.

Ddp 36 : Banghiém:0; -1 ;

s )8
==

c)Puavé (x +1)% = (Vx +1 - 6)2.
Ddp s6": Mot nghiém x = 3.

d) Pua vé (x - 2)2 =(J2x + 5 + 1)2.
Pdp s6': Hai nghiém : 4 + 23/3 ;2 - 24/2.

2

2
¢) PDua vé [,fﬁx—3+% (x-ﬁ%].

+
Ddp s¢ : Hai nghiém : 2 _2Jﬁ.
g) Dua vé (8x - 5)% = (4\{2 -
5 - 21

Ddp 6 : Hai nghiém : 1 ; T

2 2
h) Pua vé [,Bx + ] = %] =[2x - EJ .

Ddp so': Hai nghiém :

i) Dua vé (3x)> = (x + 2x +3)°%
3 1-V13

Pdap so6: Hai nghiém : == ;
e il

a)Duavé (x — 4)> + (J2x + 1 = 3)? = 0.
Ddp s6': Mot nghiém x = 4.

8

b)yDuavé (x +5 -2 + Jx +1 = 0.
Ddp s6': Mot nghiém x = -1.
a) DKXD : x 2 3.

x =3 la nghiém.

15- V97 11 - 73
i .
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Xét x > 3. chia hai vétho \x — 3 duge Jx + 5 = Vx + 1. duge x = 4.

Ddp s¢': Hai nghiém : 3 va 4.

b) J2x + I)(x = 2) = yx* =4 =3/2x +1 = 3/x + 2.

PDKXD : x 2 2.

(l)me—Z(J2x+l—\/x+2)—3(\f2x+ —\/x+2)=0

& (Jx - g 3)(\/2:( +1 = Jx + 2) = (.

Pdp so': Mot nghiém x = 11,

}rg 1 \{2 L

X" ——+ X"+ X+— =
4 4

2) —2x"+x3+2x+l).
L\‘ 2(

Goi v¢ trdi la A, vé phai 1a B. Ta ¢é

(1)

B= %(Ex - I){x:" + 1) = [x + %](xz + 1). (1)

DoBZOnénx+%20. (2)
fo 1% 49 LT
A" =|x+—=-||x-—-|+ [x+;].l)o(2)ncn
\ 2)\ 2)\ =
] MR W S
A=lx+=-lIx=-=|+]|Xx+=|=|X+=||X +—
. 2 2 2
=>A='<+%. (3)
I 1
T ~ l l 2 ‘+—=0 X=-—
fc(hva@)suyrax +—=|x+—=|(x"+1) < 2 2
2 2 -.
X* +1=1 x=0

Ddp s6': Hai nghiém : 0 va —%.

—

57. a) bat sz -3x+4=a20, duavé
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38.

-]
2X.

az—(2x—l)a—2x=0 &

a
a

Dap 56" : Mot nghiém :—3:6—\/-5-——1
b)Pat yx +2 =a 20, dua vé x> =3a’x +22° = 0 & (x - a)’(x + 2a) = 0.

Ddp s6': Hai nghiem : 2 ; 2 - 24/3.

5

)DKXD:x>0.D8t > =y >0 +3=xy%. (1)
X
2 y=2
; Xy® + 4 >
Taco y = Xy -2+ Dy+4=0 &
X

vaiy=2thi(|)|ax3-4x+3=o4:[ 5
X =

. 2
Véiy==thi(Hlax’+3x-4=0=(x-Dx*+x+4)=0=x=1.
X

Ddp so': Hai nghiém : 1 ; 3.
) DKXD:0<x<1.Pat 1 - Jx =y 20. Tacé
y =3
(1 —y2)2=(3—y2)(l —y)z = [ )
Y +y=1=0,
Vaiy = 1 duge x = 0.

nén x =

Véiy’+y-1=0vay20dugc y =

3-45

Dap so': Hai nghiém : 0 ; "Bk

J§ = ] S L
2 2

b)DKXD:x#O.x—lBD.Tacéxl-2x+l+x,’x—l—2=0
X X
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ﬁx—2+l+,fx—l—3=0 @x—l+1{x-l—2=0
X X X X X
l 2 y -

Dat (Jx —-—=y20,tacéy’+y-2=0 &
X = -2, loai.

1 +5
2

V&iy=llhix—l=laxz—x—l=0=bx= , thoa man DKXD.

X
1 %45
o

Ddp s6': Hai nghiém :
) J1+x+ 31 -x) = dx? + 1. (1)
PDKXD:-1<x<1.

Binh phuong hai vé& chia (1) réi rit gon duoc 3 — 2x + 2\}3(1 - xz) = 4x°,

al \/3(1 - xz) =y20 lh]3-3x2=y2.Tac6

(3—3x2)—xz—2x+2y=0¢=>(y+x)(y-x)+2(y-x)=0
S(y-x)Ny+x+2)=0.

. 3
Ddp so : Mot nghiém x = o

d\!\;+‘56 f_"___szi. )

8
DKXD : x 28. Dat \/x - 8 = 4y (y20) thi x = 16y? + 8. Ta ¢6

2
(l)m\/l—?—)’—i;—m+4y=2y2+l

/y +4+4y-2y +]1&Sy+2= 2y + 1
y -]

1:}2)!2—)’—1=0<=> VR [
2

Ddp s6": Mot nghiém x = 24.



59. a)Dat yx® + 4 =a >0, ¥x = b 2 0. Puavé (a-b)(a-2b)=0.
Pap s6': Mot nghiém x = 2.

b) 4(x + 1)? = J2(x + x + D(x? = x + ).

Dal\/x2+x+l=a>0. \,xz—x+l=b>0thi

a2=x2+x+l.b2=x2—x+lnén

622 -2b2=4x> +8x + 4 =4(x + 1)2.
Ta c6 6a2 — 2b% = \/2.ab. Chia hai v& cho b* dugc

2 s
6|2 -V2.2-2=0.PatZ=y>01acé
b b b

Gyz—ﬁy—2=0duqcy=%.

-3 ++5

Ddp s6': Hai nghiém : B

60. a) \J9x — 27 — x + 5 = 2x - 8.
PKXD:x23.Dbat \9x —27 =220, yx+5=b20thi
a’-b’=8x-32.Tacba-b=2x-8

a=>b

nenaz—b2=4(a—b) =
a+b=4,

Ddp s6: Hai nghiém : 4 ; Eﬁ

b) Jax2 + 2x + 3 — \J4x2 + 4 = 4x - 2.
Dat 4x2 + 2x +3 =220, y4x> + 4 = b > 0 thi

a’-b*=2x - l.Tacéa-b=4x—2néna—b=2(a2-bz) ﬁ[

a=>b
2a + 2b = 1.

Pdp s6: Mot nghiém x = %
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61. a) Cdch I. (dat hai 4n phu)
ba yx +1 =a 20, y3-x=b20, tacé
a+b-ab=1] a+b-ab=1
2 . 42 i 2
a® +b*> =4 (a+b)? —2ab =4

PData+b=S,ab=Ptatimdugc S =1 + /3, P = \/3.
Suyraa=1hoic a = v3. Ddp s¢': Hai nghiém : 0 ; 2.
Cdch 2. (dat mot an phu)

Pat Jx +1 + 3-x =a 20 thi

x+l-+»3—x+2\/(mc+l)(3—-—x)=a2 nén

5

2 -4
s

Jx + D3 -x) =2

a -4
=1 @ a=1%++3. Chona=1+ 3.

Tacod a —

Tuwdétimduge x =0, x =2

b),/x-——

DKXD : x 21 hoiac-1<x<0.
Ta thay x = 1 thoa man phuong trinh.

Xét x> 1 hoac -1 £x <0, dat ,’x—l =az20, 1’1-1 =b >0 thi
X X

a’ -b?=x-1

x -1 nNéna+b=x.
a-b=
X
a+b=x |
Ta c6 ] nén2a=x-—+1=a’+1.
a-b=1-- X
X
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1++5

. 2 a
Ilr2a=a"+1dugca=1nén x =

l+\/3
—

Ddp so': Hai nghiém : 1 ;

62. a) Jx2+16 —»\fx2+7=3x-8 (1)
ﬁ(_\}x"'+16-5)—(\/x3+7—4)=3x—-9
(x2 +16)—25 (x24+7)-16

= - - - =3x-9
;ix'+16+5 ;}x‘+?+4

x¢ -9 x2—9

5+Jx3+l6 4+ x> +7

= }x - 3).

D¢ thay x = 3 thoa man phuong trinh. Véi x # 3 ta ¢6
X+ 3 X3
X : X +’ -3 2)

5+ \Jx~ + 16 4+\fx'+?

Xét(1):Do x> +16>x>+7nén3x>8,dodé x + 3> 0.
Xé1(2) : Do x + 3> 0 nén v€ trdi cda (2) am, suy ra (2) vo nghiém.
Ddp s6': Mot nghiém x = 3.

b) \fx3+10—\}x3+5=2x+3. (1)

bKXD : x* > -5.
Ta thay x = —1 thoa man (1).
Xét x # —1. Nhén va chia v& trdi cia (1) vé&i biéu thire lién hop duogc

x* +10) - x* + 5) 5

— =2 3 =2 3. @
V410 + x} + 5 e @F+IO+J:¢3+5 a

Néu x > ~1 thi (2) ¢6 v€ trdi nho hon 1, v€ phai I6n hon 1, vo nghiém.
Néu x < -1 thi (2) ¢6 v€ trdi I6n hon 1, v€ phai nho hon 1, vo nghiém.

Ddp s6': Mot nghiém x = —1.
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c)\/xz—l+\/2x2+4x+3=2x+l. (1)
DKXD:x 2 1.

() & 2x+1) = 262 +dx + 3 = Jx? - 1. (2)

Nhan va chia v€ trdi cta (2) véi biéu thic lién hop duogc

- R
2x + 1) (2x +4x+3)___ ’xz—l

2x + 1 + 2x2+4x+3

2-
] 2(x ———]) = Jx® =1

2x+l+\f2x2+4x+3

<=>\fx2—l. 2""‘2—1 — - ] |= 0.

2x+l+\/2x2+4x+3

Giatrix =1thoaman (1). Véi x> ltacé

2(x2 = 1 = 2x + 1 + \2x% + dx + 3. 3)
Phuong trinh (3) v6 nghiém.
Ddp s6': Hai nghiém : x = £ 1.

63. a) J;+\}2x+?=—-3x2 +2x+ 5. (1)
PDKXD:x 20.

M Wx-D+2x+7-3)=-3x2+2x+1
x -1 2x +7)-9
+ —

Q\/x+l \}2x+7+3

x -1 2(x = 1)
= + m— = (X = 1)(=3x-=1).
Jx +1 3+J2x+7 LR

Dé thay x =1 thdéa man phuong trinh. V6i x # 1 ta ¢6

I 2
+
Vx +1 3+ f2x+7

=(X—=1)-3x-1)

+3x+1=0. (2)
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Do x =0 nén vé trdi cua (2) duong, suy ra (2) vo nghiém.
Pdp so': Mot nghiém x = 1.

10 N 18 i )
3-x 5-x

DKXD : x 3.

u)@[ L -2]4-[ 18 ~2J=0
3-x 5-x

10 _4 18 _4
3-x 5-x
ot =

10 + 2 L + 2
3-x 5-x
l 1
< (4x - 2) + ] = (). (2)

10 18
3 - 2 + 5 - 2+
( J“[ 3—x] ( x)[ 5-x

Do x < 3 nén biéu thic trong dau ngoac vudng cua (2) duong.

b)

Vay4x—2=0cx=-;—.

Pdp so : Mot nghiém x = %

64. a) yx =3 + S - X + 2x =T =2x*-9x + 7. (1)

bKXD : ESX(S

Do (x-3-D+ 5-x-D+2x-T-1)=2x*-9x+4
@(x—3)—l+(5—x)-l+(2x—7)—l
Jx =3 +1 Js-x+1 J2x -7 +1

X -4
0 T T T T AT - A

=2x-1)(x—-4)
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Ta thay x = 4 thoa man (1).
Véix #4,taco
1 2 1

= 2x - 1. 2
1+Jx-3+1+J2x—7 l+,25-—x+x s

Do x 2 % nén (2) ¢6 vé& phai Ién hon 2.-;— — 1, tire 1a 16n hon 6, con vé trdi

nho hon 3, suy ra (2) vé6 nghiém.
Dap so': Mot nghiém x = 4.

b) (V2x + 1 = x +2)(J2x + Dix +2) + 4)=2x-2. ()

bKXD: x 2 --%—.

Vé6i nhén xét 1 1a mot nghiém cta phuong trinh, ta ¢6
2x + 1) = (x + 2)
V2X + 1+ Jx + 2

c>(x——l)(J2x+l.Jx+2+4) =2{x—1}(,12x+l +,fx+2)
o x-D{2x+Lx+2+4-22x+1-2/x+2)=0.

Hién nhién x = 1 thoaman (1). Véi x # 1 ta ¢é

VX +1(Jx +2 -2) - 2(Jx +2-2) =
S(JX+2=-2)(Jy2x+1-2)=0 &

(1) & (Vex + Dix +2) +4) =2x- 1)

-~
i

=
]
B B2

Ddp s6": Banghiém : 1;2;

c)Jx3+3x+l—\/x2+2x+3=\/x2+4—\/x2+3x—2. (1)
DKXD : x>+ 3x -2 20.

(x + M+ D~ +2x %3 it +3'<-7J

;;x +3x+l+\/_+2x+3 «-Jx +4+\/x + 3x =2
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X =2 -3(x - 2)

ﬁ — — —_— e .
Jx2+3x+l+\[x3+2x+3 VX2 + 4+ x2 +3x =2
Ro rang x = 2 thoa man (1). Vi x #2 taco
1 3

+ =0. (2)
.\7:2‘+3x+l+\/:?+2x+3 ;;x2+4+;}x2+3x—2

V¢ trii cua (2) duong nén (2) vo nghiém.

Dap s6: Mot nghiém x = 2.

. a) 2x° —x+3=2\/(.‘(2 +2)(x% - x + ). (1)
Goi v€ trdi cha (1) la A, v€ phai cua (1) la B. Hay ching minh B £ A.
Ddp s6': Mot nghiém x = —1.

b) y2x + 12 + 4 + Y2 =12 +1 =3-(x-D12. (1)
Goi vé& trdi cta (1) 12 A, v€ phai cua (1) la B. Hay ching minh A 23 vaB< 3.

Pdp 56 : Mot nghiém x = —1.

c)\fxz+x-l+-,[x—x2+i=x2—x+2. (1)

Goi vé& trdi cua (1) 1a A, v& phai cta (1) 1a B.
TacOB=(x-1V+x+12x+1.

x2+x—l+l+x-x2+l+l

2 2

A=Jxd+x-D1+Jx=-x2+D.1s

x2+x+x—x3+2
=5 A S 5 = x 9],

SuyraA=x+1=B.
Ddp so': Mot nghiém x = 1.

d) y/3x2 +3x+\/x—-x: =2x + 1. (1)

Cach 1. J3(x2 + X) + Jx - %
=2.1P(x2 + X) + 2.1#1(:{ - xz) 53 +x2 +x+ l+ X - x> =2x+1.
4 4 4 4
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66.

184

x2 + x

Xay ra ddu bang tai ¢ & x=

.S
=

hJ

- nlw

X=X

Cdch 2. Dung bat déng thic Bu-nhi-a-c6p-xki.
DKXD:0<x<1.
Goi v€ trdi cta (1) 1a A, vé€ phai cua (1) 1a B.

(JSx{x +1) + Jx(l - x))z SEXx+x)(x+1+1-x)=8x

= A2<8x = A < 22x. (2)

B=2x+122V2x.1 = 2\2x. 3)

T (2) va(3) suy ra A=2J2_=B @3—’(: it - X =—1-.
X 1 -x A

thoa man DKXD.

Ddp s6: MOt nghiém x = ?lg-

a) Jx(x + 1) + Jx(x +2) = Jx(x + 3). (1)

bKXD : x 20 hoac x € -3.
Xét x = 0 thoéa man phuong trinh.

Xét x > 0. Chia hai vé ctia (1) cho vx duge

VX + 1+ Jx +2 = Jx +3 nénx=—_—6—-t32—ﬁ.

Xét x < =3. Chia hai v& ctia (1) cho v=x dugc

VX =1+ J-x-2=[x-3.

Phuong trinh nay vo nghiém vi v€ trdi 16n hon v€ phai (do —x - 1 > —x - 3).

Ddp s6': Mot nghiém x = 0.

b) J(x + D(x = 1) + J(x = (x +2) = Jx(x - I). (1)




67.

PKXD : x 2 1 hoac x < -2.
Binh phuong hai vé& cta (1) duge

X+ Dx=-1D+x=-1)(x+2)+ 2[x - lN{x + (X + 2) =x(x=1).

x = 1 théa man phuong trinh (1).

Véi x > 1 thi |x = 1| = x — 1, chia hai v& cho x — 1 dugc

X+D+(x+2)+2J(x+Dx+2)=x

&S Xx+3+ 2\/{;: + 1)(x + 2) = 0, vo nghiém (vi v¢ trdi duong).

V6i x £ -2 thi |x = 1| = =(x = 1), chia hai v& cta (2) cho x - 1 dugc

X+D+(x+2)-2J(x+D(x +2)=x

x2-3

3x2 +6x - 1=0.

mx+3=2\f(x+l}(x+2) ﬁ{

3423

2 ﬂdéxg_

, chon x = 2.

-3 = 33

Pap sé': Hai nghiém : 1 ; 3

2x+2y=2\/4z—l
12y + 2z = 2\J4x -1
2z + 2x = 24y - |

Cong timg vé& ba phuong trinh dugc

(4x =2J4x = 1) + (4y - 2\J4y - 1) + (4z - 2\/42 -1)=0
osd-Jax-D2+0-Jy-12+0-Jaz-1)Y =0

4x -1 =1 i
Sdy-l=lex=y=z2=—.
4z -1 =1

(2)

185



Chuyén dé 6

PHUONG TRINH CHUA CAN THUC BAC BA, BAC BON

68.

186

a) x> + 2 = 333x - 2.

bat m=y laco {xj Wewy nén x3—y3+3(x—yj=0
, Yy +2=73%x

@(x—y){x2+xy+y2+3)=0.

Dox3+xy+y2+3>0nénx=y. Khi d6

x'=3x+2=0 (x- 1)} (x+2)=0.

Ddp s6': Hai nghiém : | ; =2.

f f 2x’ - 1=y
b)2x3—l=3x:I.Dalix;I=y.lac6{‘ )

2}'3-l=x

nén 2(x° - y"’) +(x-y)=0

ﬁ(x—y)IZ{x3+:~cy+y3)+ 1]=0=x=y.
Khid62x' - x=1=0e (x- )2’ +2x+ 1)=0¢>x = I.
Ddp s6': Mot nghiém x = 1.

c)Yx +8 + Jl—x =3. DPKXP:x< 1.

bat Ix +8=a, JI-x=b20,1ac6

a+hbh=3

: 3 duoc a(a + 3)(a-2)=0.

a”+b°=9
Ddp s6': Ba nghiém : -8 ; =35 ; 0.
Y +6+ x-1=x*-1. (1)
DKXD: x 21.

V6i nhan xét 2 1a mot nghiém. taco (Yx + 6 - 2) + (Jx =1 - 1) = x* - 4



69.

(x +6) -8 +(x—l)-l

o - =(x - 2)(x + 2).
{/{x+6)“+23x+6+4 JX=1 1

x=2thoaman (l). Véix #21aco
1 1
+
%/(x+6}2 +2fx+6+4 1Hqx-]

Hay chimg minh do x 2 | nén v¢& trdi nho hon 2, con v¢ phai 16n hon hay bang
3. suy ra (2) vo nghiém.

=X + 2. (2)

PDdp 56" : Mot nghiém x = 2.

a) Lap phuong hai vé cua phuong trinh.
Dipsd:x = 1.

b) Cach I. Lap phuong hai vé cua (1) duge

(x-l)+(x+4)+3{/(x—l){x+4).(-\‘/x—l+;"/:<+4)=2x+3.

Thay 3x - 1 + 3x + 4 boi I2x + 3 duoc

2X + 3+ 3Yx = I(x +H2x +3) =2x +3

-
I

ﬁ{f(x—l)(x+4)(2x+3}=0@ x=-4

Cac gid tri trén thoa man (1).
’;

Dap so': Banghiém: 1 ;-4 ; - E

Cach2.Dat Yx =1 =a. Yx +4 =b thia'+b' =2x + 3.

Taco(l) @a+b= \3,‘.33 + b’ iita@13-|:!)3+3al:>(a1-b)=:;1‘1‘-1-l:o3

a=0
< 3abla+b)=0 &= |b=0
a+b=0

187



70.

188

2

OYx+1+2-x+Yx+2=Y2x+5.

Dat2x+1=a’2-x=bx+2=c’thi2x+5=a’+b> +¢’.

Tudo x € {l:—f-l;—-:-,’-}.

3 3

Tacba+b+c=3a+b° +c¢

S@+b+e)y=a+b+¢3
<> 3(a+b)b+c)c+a)=0.

Ddp s6': Hai nghiém : =3 ; -1.

d) Y5 + %2 + 235 - x)? = 325 - x2. (1)

Ta thdy 5 va =5 déu khong 12 nghiém cta (1).

i3 f fS-
Vi x # + 5, chia hai v& cta (1) cho /25 - . dugce 3:+ 2 +235 X =3
- X + X

fﬁ =1
Da|3_+x=yta;c6y+g—3=0 @[y
=X y y=2

Ddp s6': Hai nghiém : 0 ; 3;—5

a) DKXD :3<x<20.
bat 20-x=a20, x -3 =b201acé

4 4 _
i _”duqca:Zhoaca=l.
a+b=3

Ddap s6': Hai nghiém : 4 ; 19.
b) DKXD:1<x <4.
bDatx -1=a20, ¥4 -x =b20, tacé

o -
{" r O el Mo Fiosaneil,

a+b-ab=1

Ddp s6': Mot nghiém x = 2.



71.

72.

T

c) VY8x -1+ ¥9x +1 = 3{/;. bKXD : x 2—;-.

Chia hai vé€ cho \4./; duoc -}JS-l + 41}9+ l = 3.
X X
f 1 f 1
bat 8 - —=a 20, 9+ —-=b20tacd
X X

{a+b=3

A d dugc a=2hoaca= 1.
a“+b =17

Ddp s6': Mot nghiém x = %

Chuyén dé 7

BAT PANG THUC VA CUC TRI DANG PA THUC
a) Xét hiéu (a4+b4+c"}—(a3b+b3c+c3a)
— a3(a -b) + b3(b -C)+ c3(c -a)
=aj(a—b)—b3[(a—b)+(c—a)}+c3(c-a)
=a3(a-—b}-b3(a—b)+b3(a—c)-c3(a—c)
=(a-b)a'-b")+(@-c)b'-c’)20.
Xay ra ding thic khi va chikhia=b=c.
b)Patab=x,bc=y,ca=zthix+y+z=1.
Tacé3ab-c(a+b+c)=3(xy+yz+zx)5(x+y+z)2=l.

i ) - o 1
Xay ra dang thic khi vachikhia=b=c¢c = ﬁ
Doa<2vab<2nén(a-2)b-2)>0.Suyra
2a+2b<ab+4<2+4=6.Viya+b<3.
Xét hicu (@® + b*) — (a+ b)=a(a— 1)+ b(b - 1). (1)
Pata=1+x,b=1+ythi
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5

76.

190

a@-1+bb=-D=(l+x)x+(1+y)y=x+x>+y+y?

=(x+y+xy)+(x2—xy+y3). (2)
Doab21nén(l+x)(1+y)21=x+y+xy20. (3)
2
2 > y Y 3)’
X"=Xy+y =|x - = 2 0. 4)
or=(s-2] 2 (

Tu(1),(2).(3). @) suyraa’+b>>a+b.

Xay ra dang thic khi vachikhix =y =0, uiclaa=b= 1.

Tac6 (a® + b’ + cz}(a +b+c)
=a2(a+h+c)+b2(a+b+c}+c3(a+b+'c)>a2(a+a)+b2(b+b)+::2(c+c)
=2(a’ + b' + &%)

Do a + b+ ¢ =0 nén trong ba s6 a, b. ¢ ¢é hai s6 cuing ddu, gia sir 1a a, b va
a20,b20.Khidéc<0.

Do -1 Sa.b.c'-_i!nénuz+b3+c4S|a|+[b|+|c|=a+b—c=-—2c=2|c|‘_i2.

Theo bat dang thitc Bu-nhi-a-cop-xki ta ¢é

b+ ¢ (b + ¢)°
a+b+c) =al + V2. <@%+2 e S
(a+Db+c) (d \/— \@] (a +)[ > }

=:~3(a+b+c)<(d +")[ ﬂgt—)]

2
Chi can chimg minh 3 + é(bz;c}a_ < (b2 K 2)(0.':2 + 2). (1)

3{1:!2 + ¢+ 2bc)

()< b +2b% +¢2)+4 -3 - >0

r 20 |
& b*e” +

& bic® - 2bc + 1 + ~bc>20

c:»(bc—l)2+

Xay ra dang thic khi vichikhia=b=c= 1.



77.

78.

9,

80.

81.

Hiy chimg minh:y—x=(a-d)(b-¢)>0:
z-y=(a=-b)(c—-d)>0.

Giasra, 2a, 2 ... 2 ay. Theo gia thiét, ta cé

a, +a,+ay+a,<ag+ag+ap+ag+ay. (1)

Theo gia thiét trén ta ¢6

as+ag+a,+ags a, +a,+ay+a, (2)
Tu(l)va(2)suyraa, +a,+ ... +ag<a; +a,+ ... +a9g = 29> 0.
Vay moi s6 déu duong.

Giai tuong tu Vi du 89.

: 1
a) maxAzzlgux=——.

b) maxB = -5 tai x = -2,
¢)C=x"-xv6i0<x<2.Tac6 C(0)=0:C2)=2.

Ta s¢ ching minh x* = x € 2. - (1)
(Dexl-x-220e (x+ 1)(x-2)<0. (2)
(2)ding vi0<x <2. VaymaxC=2 & x = 2.
a)A=(x4—-2x2+ l}+(x4-2x3+x2)—l

=(x2— l)2+(xz—x)‘?-12-l :minA=-ltaix=1.
byPatx-3=y, lacéBz{y+l)4+(y-l)4+6(y+ l)z(y— 1)
Rt gon dugc B=8y" + 8> 8 ; minB=8 tai x = 3.
c)Patx+3=y,taco
C=yXy-2)y+2)=y'-4y’=(y’-2)*-42-4.
minC=—41tai y = ++2,khid6 x = -3 +2.

A=|x+ 1|+ |x+3|+|x+5]+|x+7|+|x +9|. Tacod

A=x+1|+]x+9=-x=1]+|x+9|2-x-1+x+9=8;
-x=120
X490
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82.

83.

84.

192

A X +3|+|x+7|=|-x=3|+|x+7|2=x=-3+x+7=4,;

-x=-320
A2=4<:> & -71<x<-3.
x+720
A=A +A,+|x+5|28+4+0=12.
-9<x -1
mnA =12 ©<-7<x<-3 &x=-5.
X==5
s 3
A=x2+y2—xy-y=x2—xy+y—+L-y
4 4
o B % - BY
=[x-2 +—-—y2——y+-— -
2) 4" 37 9) 3

2 2
(

=x_i +..3_y_3 _12_1
2) "4l 3] 3" 3

1

X=-

minA = —— & A 3

_2

_y 3

Patx+y=x"+y’=a20,tac62xy=(x +y)’ = (xX’ +y) =a’-a.
Talaic62xy< x’+y’néna’-a<a=a’<2a=a<2(via20).
Ta c4n tim gid tri 16n nhat cla A = a’ - a v6i diéu kien 0 < a < 2.
Ta tim dugc maxA = 2 tai a = 2 (xem bai 79c¢).

Vay max(xy)=1taix=y=1.

a) Ap dung bat déng thitc Bu-nhi-a-c6p-xki, ta c6

A% = (2x + 3y)’ € (22 + 3)(x* + y?) = 13.52 = 26°

A=+2% e 2=
3 3

min.f-’u=-2fi41»{3x:2y ﬁ{x=_4

2X + 3y =-26 y=-6



85.

86.

Wit 8 2
mnB=—-&x=-y=%t— &
3 A -

maxA=26<=>{3x=2y @{x=4

2x + 3y = 26
b) — Tim gid tri 16n nhat :

2 2

2+)>’2=x)’+45x ;y +4 =>BS%+4=>B$8-

Ta cé x

maxB=8 & x=y=12.
- Tim gia tri nho nhat :
T.&u:«:'nty+4=:v:2+y2

=$3xy+4=(x+y)220=>xy2—%.

Suy ra B = x* + y° —xy+4>—%+4-—

X

X , Y

Sl sl @l
<
]

Sl Sl

a) Giai twong ty Vidu 93 ; minA=5e&x=2,y=1.

b) Ta c6 bd dé x* > 4x — 3. That vay, x* - (dx - 3) = (x* - 1)+ 2 (x - 1)* 2 0.
Tux*24x-3,y'24y-3,2'24z-3suyra

B=x'+y*+2'24(x +y+2)-9=43-9=3.

minB=3&x=y=z=1.

a) Tur A + — = |, theo bét dang thitc Co-si ta c6

I=E+222 32:2\/6:#\/_ 2Jt-3=>xy>24
L |

Xy xy

minA = 24 §=Z=l¢:x=6,y=4
X Y
b) Tur L + L 1, theo bat déng thiic Bu-nhi-a-c6p-xki ta c6
L
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87.

194

X+y=1l(x+y) = [% + %J(x +vy)2 [J%x + Ey]

=(J§+J§)2=S+2Jg;min3=5+2\f6 ﬁ{x=3+\/g
y=2+ J6.

a)A=a"'+b3+c3533+[b3+c3+3bc(b+c)]=a3+(b+c)j

=a’+(3-a)=9@"-3a+3)=9[1 +(a- l)a-2)). (1)

Do3=a+b+c<3anéna=1l.Talaic6a<2

nén(a—1)a-2)<0. (2)

Tu()va(2)suyraA<9; maxA=9<a=2.b=1,c=0.

b) B =ab(a + b) + bc(b + ¢) + ca(c + a)

=ab(l =c¢) + be(l — a) + ca(l — b) = (ab + bc + ca) - 3abc

=ab — 3abc + ac + bc = ab(l = 3¢) + c(l = ¢). (1)

@+b’ _(d-¢f
-~

Tu(l)va(2)suyrad4B<(1 -2c+c’)(1 -3¢c)+c(l -c¢)

Taco ab < (2)

=-3c+3c?-c+1 =—3c[(:2 - +%J+ E,
Lilce20 c? —¢ + -;-::-OnénétBs L.

rn.a:lc‘r'.’o=l ﬁa=b=lv€1c=0.
4 2

TacoA=(a+b+c)—(ab+bc+ca)=a(l =b)+b(l —=¢c)+c(l -a)=20

(doO<a,b,c<1).

minA=0¢a=b=c=0hoica=b=c=1.

e Doa,b,c<Inén(l-a)l-b)l-¢)20
=(@a+b+c)-(ab+bc+ca)<l-abc<.

maxA = | < trong a. b, ¢ ¢6 mot s6 bing 1, mot s6 bang 0.

13.9 CHUYEN DE DS-B



89. a) Turgiathiétsuyrab+c=5-ava b°+c’=11-2a%

Do bat ding thic 2{1::3 +c2)2(b+ c)z nén 2(11 - az) >2(5- :el.}o2

=32 - 10a+3<0 & —<a <3

mna=—-&b=c==—:maxa=3=b=c=1.

w | ~J W | —

:
3
b) Giai tuong tu cau a duoc 3a’-8a+4<0
@-2)3a-2)<0 & %‘Sa R

. 2 a
mma=—<=>b=c=; rmaxa=2&b=c=1.

¢) Giai twong tu Vidu 97.

mina=-; c::h=c=d=2.
maxa=l&b=c=d=0.

90. Ap dung bat ding thic (x + y)’ 2 4xy, 1a c6
(@ + b)’ = 4ab
{a+b+<:}2 > 4c(a+ b)
(@a+b+c+d)’ 2 4d(a+b+c).

Suy ra Alla+b+c+ df 2> 6dabcd(a+b)}a+b +¢)

= 16A% > 64.%,‘\ = A22.

mnA =2 & a =b=%,c=l.d=2.

Chuyén dé 8
BAT PANG THUC VA CUC TRI DANG PHAN THUC
; al 2 _ 9 g Bk
9l.a]i+2—2=d+b 2dh=(d b) 2 0.
b a ab ab
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£+E=2@a=b

b a

b)£+P_+E_ =(E+E_2J+[E E_E_l]
Cc a a C a a

_a2+b2—2ab+ab+c2—bc—ac
ab ac

_@-b’> @-cob-0
ab ac
Do a, b, ¢ ¢6 tinh chat hodn vi vong quanh, ta gia sir ¢ 1a s6 nho nhat

(aEc,bEt_:).Khidé
E+E+E——320.lﬁcléi+2+£23-
b ¢ a b ¢ a

Xay ra dang thic khi va chikhia=b=c.

a | 1 a
T
a>+2 3 3 a’+2

& (a- 1)2(a+2)20.dﬁngdoa>0.

>0 e a’+2-3a20.

92. a)

b) Ta c6
_:_1_+Eza+l+b+lﬁi+3_22a+l+b+l_2. )
b a b+l a+1I b a b+1 a+1
2 2 e e
Tacéi+i—2=x Ll 2xy=(x y) nén
y X Xy Xy
— 2 —
R C b’ | [@+1) (b + DP
ab (@a+ )b+ 1)

o @-b’ @-b?

2 , ding.
ab @+ 1)b+1)

93. a) Ap dung bat ding thirc

1 EL vl x,y,z>0

L
X y z X+y+z

196



9.

tacod 9 = 9 Sl-i-l-i-l:_z_.}.l.

2a+b a+a+b a a b a b
Tuong t, ST R 8
2b+c b ¢ 2c+a a

c
Suy ra 2 + 4 + 2 531+l+l.
2a+b 2b+c¢c 2c+a a b c

Suy ra diéu phai chimg minh.
Xay ra dang thic khi va chikhia=b=c.
b) Ap dung bat ding thic
l+l2
X y X+Y

+ 1 1 1 <b+c

1
tacf ————— < — + 5 —
2a+b+c 2a b+c b+c 4bc 4b

voix,y>0

4 1 1 1
nén ———— < — + — + —.
2a+b+c 2a 4b 4c

Ban doc tu giai ti€p.
B R Bl
+ +
b+c c+a a+b

c) A=

a2 -b2+b2-c2 b-a? c%-b
+ +
b+c c+a a+b

= el 1 1 - a 1
(a )[b+c c+a el c)b+c a+b

(a + b)a — b)? ( -c?)a - c)

(b + ¢c)(c + a) (b +c)a + b)
Do a, b, ¢ ¢6 tinh chat hodn vi vong quanh ta gia sur ¢ 1a s6 nho nhat, khi d6
A20.XayraA=0&a=b=c.

a) Cdch 1. Dé chimg minh a’ + b’ > ab(a + b)

3
néna’>aba+b)-b* = %aa’- + ab - b2,
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». | 3 C3

Tfrdéd—+-—+—2(az+ab—-b2}+(b2+bc—c3)+(c3+ac—az)

c a
. =ab + bc + ca. Xay ra déng thirc khi va chi khia=b=c.
Cach 2.

33 33 2
Xét F +ab 22 TJ—.ab = 2a~. Tu dé

a® b ! >
-—t-)-+—+—-+-0{al:;+b(:+ca¢}22qaz+h“+t:")322(a|3'"|3'C‘H-'HJI
c a .
2 3 3
=>d—-+b—+f:—-‘zab+bc+ca.
c a
b) Ta c6
a’ 3(32 + bz) - ab® ab? ab? b
P 3 . 13 a e ey 2 R S
a +b a® + b° a‘ +b 2ab 2

Ban doc tu giai tiép.
¢) Dé chimg minh a’ + b® > ab(a + b) nén a* 2 a’b + ab® — b’
= 3a’ > 2a’ + a’b + ab’ - b’ = (2a — b)(a? + b’ + ab).

Suy ra 5 Ba:' 2 2a - b.
a“ + b° + ab
Ban doc tu giai tiép.
9S. Xét hiéu hai v€. Giai tuong tr Vi du 108.
2 b2 2

96. bat A = = + e Z.Tacé

i ]
a+ b b + ¢ cC+a

A?Eﬁ:;—f\ﬂ-% <|i|r(a+b+o:}|—ﬂx£2
2 2 2

a2 b? C
& |a- 5 [+]b - 5 |+|€- 5
a+b b+c C+a

ab? be? ca’ 3
= . + 25—.
a+b b+c¢ 2

(%}

—
IA

N w
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97.

98.

99,

2 2 2
Dat B = ab2+ b°2+ caz.c&‘nchﬁngminhBS}-.
a+b b+c c+a 2

ab®>  _ ab® Vab>  2.abb cab+b
B

Xét > S = Tu dé

a+b ZJabz 2 4
4B<(ab+b)+(bc+c)+(ca+a)=(a+b+c)+ (ab+ bc +ca)
=3 + (ab + bc + ca). : (1)

Talz;icé(a+b+c)z=az+b2+cz+2(ab+bc+ca)23(ab+bc+ca)
=:r3(ab+bc+ca)£(a+b+c)2=32=9

= ab + bc + ca < 3. (2)
Tu(l)va(2)suyradB<3+3=6 =B < g—
Dodo A 2%.

Xay ra ding thic khi vachikhia=b=c=1.

a}(a—l)(b—-l){c—l)=[ S S S ][ . -1]
X-1 y~-1 z—-1

] 1 1 XyZz

=x-1'y-1'z-1=(x—-l)(y—1)(z—1)=ab° (1)
b) Tacé a’ + b’ +¢? = (a + b + ¢)? - 2(ab + bc + ca). ()
Tur (1) suyraabc + (a+b+c)—(ab+ bc +ca)— 1 =abc

= —(ab+bc+ca)=1-(a+b+c). (3)

Tr@2)va(3)suyraa’ +b*+c’=(@a+b+c)’—2(a+b+c)+2

=(a+b+c—-12+121.

x+i{=[x2+ll=x2+122'
X l X l x|

mnA=2& x|=1&x=% 1.

Tacod A =

a) Goi a 12 gid tri cua biéu thic A. Ta cé

ax2+ax+a=x2+la:(a-l)x2+ax+(a-l)=0. (1)



Xéta=1thix=0.
Xét a # 1 thi (1) 1a phuong trinh bac hai. Dé t6n tai x thi A2 0

4:»3a2—8a+4S0@(a—2)(3a—2)50 =) % Sasd

min A =§@x=l:maxﬁt=2¢x=—l.

b) Goi a la gid tri cia biéu thic B.
Ta co ax2—2x+(a— 1)=0.

Dung phuong phdp mién gid tri nhu cdu a ta dugc b= <ac<s : +2J§.
minB:'“‘G@x:."l'_‘E’
2 -
maxB=l+J§¢}x=L\/§_
2
1 1 1
lﬂO.a)Datx+l=y.DuavéA=1———+—2.Dal-=z.
Yy 'y y
: 3
minA =— & x=1.
4
x*+2x +1-x X
b) A = ; =] - 5 S1(vix20).
x+1 (x+1)

maxA=1x=0.

_ a2
u-zl'll ‘minA=0& x=2.
X

101.2) A = (x — 2)® +
(x - 1)?
X

¢) Vé6i du dodn xay ra cuc tri khi x = 1 tic la x> = 1, ta bién déi nhu sau :
6x>+1 _6(x*+1)-5 3x*+1). 5 _32x 5 7

b) B =(x -1)? + +121:minB=1&x=1.

e —

T Bt SR o PO

2x 2x X or X 2 9

m'inC=—;—4:x=l.
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d) Cdch 1. Véi du dodn xay ra cuc tri khi x =0, khi dé D = % ta bién doi

nhu sau :
D_x2+2x+l _212+4x+2 _(x+2)+(2x2+3x)
X+ 2 2(x + 2) 2(x + 2)
=-l-+igh—+32=_>l(v‘;xEO):minD=l=x=0.
2 2(x + 2) 2 %

Cich2. Patx+2=y.Dox20nény22.Tac6D= y+-1-——2.

y
Véi y 2 2 thi min(y+l]=2% (xem Vi du 109b) nén min D = % oSy=2
¥
= x=0.

c)minE=% & X =0 (xem cau d).

g) Véi du dodn xay ra cuc tri khi x = J2, khidé x*=4,nén x* = -‘-‘ﬁ
X
ta bién ddi nhu sau :
G=x4+i=x“+4‘5—4(‘5_”. (1)
X X X
4 3
Tacé x* + w2 =915 M2 _ aWx32 2 4,/(&) J2=8 (2
X X
11 il
R T P N £ e T Y 3
L s . (3)
T (1), 2), 3)suyra G 28 — 22(¥2 - 1) = 4 + 23/2.
minG = 4 + 242 & x = V2.
102. Goi a la gi4 tri cia A, dan dén ax’-mx +(@a-n)=0. (1)
Xét a # 0, tim diéu kién A 2 0 dé (1) c6 nghiém, ta dugc
4a’ - 4na-m* <0. (2)
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(2)@»4&12—4%-1-n25m2+n2

3 2 2
< 2a-n)"<m°+n°

9 2
@—\fm“+n“s2a—ns\fm2+n2
b 7
@n—\}m”+n‘s2a£n+\/m2+n2.

Do-4<a<|nén-8<2a<?2.

n-+ym?+n®=-8 {m=i4
=

Suy ra
n+ym?+n® =2 R = =3,
2 2 2 o il 2
TG e Lo Lo RS UL
2(x = y)* 2(x = y) 2x —y)y 2

min A =%ﬁx=—y¢0.
byPatx—-y=a>0vay+1=b>0thia+b=x+1.

B=a+—4—2+-b—l.Tac6a+i222 —42-=inén
ab ab ’Jb b

= y =
_ 2
104. a) Cdch 1. A =9-’2‘—L;-12-1 .minA =1 & y=2x#0.
X +y
2
A=4-“‘T+-2%54 . maxA =4 & x = -2y #0.
X +y

Cach 2. Xéty=0thi A =3.

Xét y # 0, chia tir vd miu cho y* dugc
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A= Lﬁ Y pul=zmia=2""%
[x}' y A o
-1 +1

y

bat gid tri cha A la a, dua vé (a — 3)22 +4z+a=0.

Tu A’ 2 0ta duge =1 < a < 4. Ban doc v giai tiép.

b)Tacox* +122x% y*+12 2y’ nén

x4+y4+622x2+2y2+4=(x +y)z+(x—y)1+4-2(x—y)2+4. (1)
Talaic6 (x —y)’ +42 2|x = yl.2=4|x - y|. (2)
Tu(l)va2ysuyrax’ +y' +624|x —y|.

Do d6 [B = 4|"_4’1 $h s it
x"+y' +6 4 4 4
: I 1
mnB=-—-—x=-l,y=1;maxB=—-ox=1,y=-1.
4 4
2
058 e e AR P g v vl Rl espengen B,
Xy Xy
b)B:i l:u_ l _[x+y)-:_>4
Xy Xy Xy Xy
minB=4 & x=y=2,
2
c)C=x2+y22(x—+yL=l;minC=—l-¢=>x=y=-l—.
P 2 . 2
2 2 2
d} Pmspanal FX & 8 o5 8 on Q¥ uniay,
X~y X7y Xy Xy XY
minD=8¢:&x=y=%.
c}E-—L__L_-l__l“(xz+y2)_(x+y)2—{x3+y3)_2xy
xy2  x2 y? x2y? x2y? x2y?

203



2
I, et L

Xy Xy

LY 1Y L1
B)G=[X+—] +[3’+—) =(x2+y2)+["§'+—2]+4.
X y X ¥y

1
y2

22.4=B;minE=8ﬁx=y=%.

Tacé x* + y2 > l((’:au.: c), -—12-— - > 8 (caud)
2 X

nén02—21—+8+4=12.5;minG=12.5ﬁx=y=

l 1 1 1 1
hH=|l-=jl-—=|=l+as-—-—.
[ X2 ][ sz x2y?  x? y?

1 1 1

Tacéﬂ——z——ZZS(cauc)nénHBQ.

Xy X y

L]
=

minH=9ﬁx=y=%.

106. a) A =[x +§]+ 2[}'-!-1}
X ¥y
X + 3 2 ZJ:L.E = 4\2.
X X
y+§22 iy.-—3-=2\/§.
. :

Suyra A 2 4\/5 + 2.2\/_ = 4(\5 + Jg).
minA = 4(v2 + V3) & x =242, y = 3.

b)A=x+§+2y+E= Xal 3i+3 I el |
2 x 2y 2

X |
221F.§+3.2 1.E+E=4+6+3=13.
2 X 2y 2

mnA=13&x=4,y=2.

204



lU?.a)Tac632x+lE2x.l=>-l-2\/£=>isl.
3 y \ly 3 Yy vy 9

Véi du dodn xay ra cuc tri khi y = 9x, tic la y? = 81x?, ta bién déi nhu sau :

- SO 2 2
Y _8Ix" +y _80x22.9x.y_80'_l_=8_2.
Xy Xy y Xy 9 9
minA=g¢x=%,y=3.
b)Tac6é x +2y =8 (1)

x+ 22 ZJx._i = 4, 2)
X X

Cong (1) vai (2) dugc Z[x +y+ 3]2 12 =>2B212=B2=6.
X

mnB=6&x=2,y=3.

¢) Tir gia thiét 2x* + -1—2 +y =4 suyra
X

[xz+L2—2)+(x2+y2+2xy)-—2xy=2
X

=>2xy=[x—-!-)2+(x+y)2—22-2 = xy-l.
X

. x=Ly=-1
min(xy) =-1 <
x=-lLy=1.

1

x* + y2 + 2xy

108. A =

~. Tacé x* +y’ 22x’y >0 nén

T 1 é 1 1 0

x* +y? +2xy? ~ 2x%y + 2xy? T 2xy(x +y)

'I‘acé(x+y)z24xy24=>x+y22.Talz_1ic6xy21

nén 2xy(x +y) 24 = 1 < - (2)

|
2xy(x +y) 4
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109.

206

|
rmaxA=—ox=y=1.

Tu(l)va(2)suyra A < L :
4 4

(Xx-1)(x-2)50 x? € 3x - 2
a) Tir gid thiét suy ra {(y = Iy =2) <0 = {y* <3y -2
(x-2Xy-2)20 -Xxy €4 -2x - 2y

2 L)
Suyrax"—xy+y Sx+y.

Do x* = xy +y* >0 nén — a2y =2 1.
X~ =Xy +y
x=Ly=2
mnA=1l&|(x=2y=1
X=y=2
e Tim gid tri I6n nhat cua A :
+ . +
e T BT BT o
X" =Xxy+y (X = y)' +Xxy Xy X Y

max A=2&x=y=1,
b) Goi a la gid tri cia B, ta ¢é

2x + 3y
e ;—+—2 =a =>2x(a- 1)+ y(a-3)=-2a.

Ap dung bat ding thic Bu-nhi-a-cop-xki ta ¢6
(-2a)’ = [2x(a = 1) + v(a - 3)]3 <@x’+ y:'}[(a— 1)’ + (a— 3)3]
A <@-1) +@-37=2a"-8a+10

sas<S-ao@+ia-1)s0e-5<a<l.

rminB s e st g,
10 5

maxB=1&x=0.y=1.



110. Gid s x Sythi — 2 L.
Ha
(1)
2)

A IA

m
Ta cod m

IA

- <

(3)

g
m J—
X

:
y

Néu x > 2 thi - < V2. Tw(3)suyra m < 42, (4)

X
Néu x < \E thitr (1) suyra m < \E (5)
.'<=J2_. 2»5
T (4) va (5) suy ra maxm = Ji . y
\caﬁ.y=\/§
A ) a |
1. Tac62a<a™ + 1 = — < -
a-+1 2
T dé A = —— +2b WSS I e .|
a+1 bo+1 ¢ +1 2 2 2 2
3
maxA-—.Ef::}a:b:c:l.
112. A = £ + > + - 3
2b+2c-a 2c+2a-b 2a+2b-c
Ta déi bién dé mau la don thir.
Dat2b+2c—a=x (N
2c+2a-b=y (2)
2a+2b-c=12 (3)
Cong (1), (2). (3) theové dugc J(a+b+c)=Xx+y+7
ﬁ2a+2b+2c=2(x +1y+ z)' (4)
Lay (4) trir (1) duoc
3a=2(x+3y+z}_x=2y+§z—x
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113.

208

= 9a _2y+22—x oY L2
2b+ 2c - a X X X
Suyra 9A =2 Z+£+i+_+5 >4 . 222+2+2)-
X X ¥ S
=A2l.
mnA=1&x=y=z&a=b=c.
a) Ap dung bat ding thic
L l1——1—2-——--9—wfria,b,o::>-0!'.aun:c§'AEL:Q.
a b ¢ a+b+c a+b+c

MnA=9&a=b=c= -l—
b) Ap dung bat ding thic 3(a> + b> +¢%) 2 (a+ b +¢)’,
tac63B=2(a+b+c)’ =

ﬁa=b=c=l.

minB = -l-
3 3

¢) Ap dung bat ding thitc 3(x> + y* +2°) 2 (X + y + 2)’

2

taco 3 —-1——+L+i 2 l+l+l = 3C2 A%
a? b 2 a b ¢

Theo cau a ta c6 A2 > 81 nén 3C > 81.

minC=27&a=b=c.

17 1Y 1Y
d)D={a+—] +[b+—) +[c+—]
a b C

= (a® + b% +¢? )+[-—l—+i+—-l—]+6

a’ b:  ¢?

Theo cidu bvactacéd D2%+ 27 + 6 = 33-;:.

minD=33% sa=h=r

3=9



ll&a)ipdungba'tdéngth&cl+i+12———9—véix.y,z>0tac6
X ¥y 2 x+y+z

| | | 9
= + + > :
ab+1 bc+1 ca+1 3+ab+ bc+ca

\"

(1)

'I‘algicé(a+b+c)3=az+bz+c2+2(ab+bc+ca)
ma ab + bc + ca <a’ + b® + ¢? m‘bnf!ﬁ(ab+l::w::+|::::1)£(.?¢+t:t+o::)2£32
= ab+bc+ca<3. (2)

9
3+3

Tu(l)va(2)suyra A 2 =%.

minA:%ﬁa:b:c:l.

b) Ap dung bat ding thic e > véix,y>0tacé

2

XY (x+y)

l 2 : = l L Y
(@a+2b)a+2c) (a+2b+2)? (@+b+cP 3 9°
SuymBZl+~l—+l=l.

9 9 9 3
minB=%@a=b=c=1.

2 2
115, ayxe 2X0 4c22J(a+ B) = s by= a3 o) =18 =dc
C C

2

Sk (a + b)
-

A236-8a+b+c)=36-83=12.

minA=12&a=b=c=1.

212 - 8c.Tudé

b)ﬁpdungbﬁtdﬁnglhﬁcl+l+la—-9—v6ix.y.z>0tac6
X Y Z x+y+2

B=- : L : t3 l 25— 3 2
a“+2bc b“+2ca c¢“+2ab a‘+ b+ c“ + 2(ab + bc + ca)
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= DBe& . 2=12
@+ b +c¢) 3

=1.

minB = | khi chinghana=b=c=1.

2 2
¢) Xét zl =]- zb gl_b__;__ll
b- + 1 b® + 1 2b 2
a+ | b b ab
2@+|l-=|=a-=+1-—
b> + ( )[ 2] . 2
oy SOHD) o 5 b b, Tidh

b +1
2C22(a+b+c)-(b+c+a)+6—-(ab+bc+ca)=9-(ab + bc + ca). (1)
Ta lai c6 (a + b +c)? = a® + b% + ¢? + 2(ab + bc + ca) 2 3(ab + be + ca)
=>3(ab+bc+ca}£(a+b+c)z=3z=9
= ab + bc +ca<3. @)
Tu(l)va(2)suyra2C29-3=6=C2>3.

mnC=3&a=b=c=1.

d) Xét a 2 =a+b 2b
b(a + b*®) b(a + b*)
el @ gl B 8 8§ i
b El+b2 b 2‘}31)2 b 2\/;
'l'al:si.u::t:')L=l"/zsl -l- (batdanglhuc Co-si)
Ja - E a
i | [ 2)
ﬂ; 4 a
Tiur (1) va (2) suy ra zl-——i- Tirdé
ba+b®) b 4 4da

D2 _l..+_l..|.l ..._.3___1. 1+i+.l_ :.:_3. l+..l.+l _E_ (3)
b ¢ a 4 4{(a b ¢ 4la b ¢ 4

14.9 CHUYEN DE ps-B



'l':tla_tic:{')[nl—+u]+[l+b]+[l+c]22+2+2=6
a b "

::;l-i-l+l +(a+b+c)26=&l+—l—+£23. 4)
a b ¢ a b ¢

3 3 3
Te3)vad)suyraD2 -3 - —=—,
4 4 2

3
mnD==—&a=b=c=1.
2
, a’ a® + ab — ab ab ab Jab
116. a) X¢t = =4 - =3 - —,
a+b a+b Jb 2

Tirdo A =Pt 2 -5 Sta4b+c)= Jab + Vbe + Vea
a+b b+c¢c c+a 2

l
—~(d+b+L)'—;.

Talaicoa+b+c2 Jab+Vbc++vJca=1nén A 2

ml-—

minA = &Sa=b=c=

1D | ==
I‘J]_

b) Trude hét chimg minh B 2 ab + be + ca (xem bai 94a).

mnB=3&ea=b=c=1.

2 2
117. Ta ¢6 mﬂ-::!ii_‘?)__ P | ¢’ +4c _(c+1)
4 4 4
nén db“s?t-- TudodA<a+b+c+3=4,maxA=]1a=b= c:—l
c+1 4 3

118. Xéturab + bc + ca=(ab + bc +ca)(a+ b +c).
Bién déi thanh (a + b)(b + ¢)(c¢ + a) + abc.

abc

Dodo A=1+ :
(a + bYXb + c)(c + a)

Hay chimg minh (a + b)(b + ¢)(c + a) 2 8abc.
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ma:w’x=E ﬁa=b=c=l.
8 3
b)Xéta+bc=a.l +bc=a(a+b+c)+bc=(a+b)a+c)
a b C
+ -
(@a+b)a+c) (b+c)b+a) (c+a)c+b)

Tudo B =

o a(b+c)+ b(c +a)+c(a+Db) . 2(ab + bc + ca) =2A (theo ciu a).
(@ + b)b + c)(c + a) (@ + b)b + c)(c + a)

maxB=2 <=:ra=b=c=l.
4 3

119. a) Theo bat ding thitc Bu-nhi-a-cp-xki ta cé

@+b+c)l+b+c)>(@a+b+c)

e 1+b+c2.TUd6

a* + b+ ¢ (@a+b+c)

c3t+t2@+b+c) 3+23
i (::1+I:>+c)2 9

A

maxA=]1&a=b=c=1.
b) Theo bat ding thic Bu-nhi-a-cop-xki ta cé
@+b2+)(1+1+cH)2@+b+c)’

2
- . gt PE_ s

z:nz+_bz+lm(:a+b+c)2

a?+b2+c2+6

B < 5
(@a+ b+ c¢)

a2 + b%+ c? + 2(ab + be + ca) _(a+b+c)2_l
{a+b+c)2 (a+b+c)2 '

maxB=1&a=b=c=1].
120 Doa<1,b<1lnén(l-a)l-b)20=1+ab=a+b
b < b E
l+c+ab a+b+c

= ]l+c+ab2a+b+c =
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TﬂdéASM= l 2 mizA=]l S a=b=c=].
a+b+c

121.a) Dob<2,¢<2nén(b-2)(2-¢c)£0=2b+2c <bc + 4.
Talaic62a<4nén2(a+b+c)<bc+8. (1)
Xéta+b+c=0thia=b=c=0nén A =0.

Xéta+b+c#0,ur(l)co = < = ‘
bc+8 2@+b+c)

Tudé A < A D¥E =l;maxA=-l-ﬁa=b=c=2.
2a+b+c) 2 2
b) Ta c6 bat ding thic
—12—+L222.l.l= 8 2 2 5 nén
X y Xy 4y (x+y)
1 8 8

s : 7 2 gle g
(a = b) (b-c¢) (a—b+b-c) (a-c)

Suy ra : 5 + l T 122 92=.‘rB3_> 92. (D)
@a-b)* (b-¢) (c-a)y (a-c) (@a-c)
Talaicéja—c|<2(do0<a,c<2)nén ! 22-1—. (2)

(@a-c) 4

Te(l)va(2)suyra B 2

& |

min B =1:- < (a;b:c)bing (2;1;0)hoac cic hodn vi.

2 2
O B T e +a2[l+—l—}

a’ b: 2

Ap dung bat ding thiic el
X y X+y

o grs B HEE i b’ +c*  a? 3a’
tacO A 2 5 - 5 5 = + 4 5
a b“ + ¢ b

voix,y>0
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214

2

I'a co b'tc‘ﬁ_ 1a' > 22 v ,33-,23.
a- b” + ¢ b= + ¢~
mnA=5&eb=c¢= s
] 42
) 2 bl 2 I
b)Tacé(a+ 1) <2 +1) = >

(u+l}i2 a2+l.

507 - L SRR G LN

2 rl
a~+1 b°+1 c°+1

fip dung bal ding thic —l-+l+ L 2 -———9—\'6i Xy 22>
X Yy z2 X+y+z

Ban doc tu giai tiép duoc minB = % Sa=b=c=1.

¢)C= 2 + b + . :
a+2b b+2c c¢+2a

Nhan wr va mau cia méi phan thic véi wr, ta duoc
9 2 2
a” b~ g
Cs— +— +— ;
a“+2ab b +2bc ¢+ 2ca

2z b2 2 "2
Ap dung bt ding thiic vé cong miu s6 2 + — + < > (a+b+c)

X y Z 8 bR
(xem Vi du 99), ta duge C 2 — el Jnd L S

a’ + b + ¢ + 2ab + 2bc + 2ca
mnC=]l&a=b=c.

: 2—--]—az+l. (1)

d) Trudc hét ta chimg minh b6 dé —
a~ +2 6 2

(he 6+a%a’+2)-3(a'+2)20ea’ 32" - 2a720.
e a’-3a+220(a-1)°(a+2)20,ding doa> 0.

Xay ra dang thifc taia = 1.

Tir b6 dé suy ra



DE-%{a3+b3+c3}+%.3=l mnD=1&a=b=c=1.

Luu ¥. Ban doc ¢6 thé dat cau hoi: Vi sao tim duge cic hé sO —-:g va -;— trong

bé dé trén ? C6 thé giai thich duge v6i kién thicc vé dao ham hoc & Trung hoc
phé thong. Ki hiéu dao ham cta ham s6 f(x) 1a f(x), taco :

— Dao ham ctia ham luy thira x" 1 nx"" .

— Pao ham cua héng so6 bang 0.

o i i i AR = s
v vz

Ta thudng tim m va n tr h¢ phuong trinh
U -
- =ma“ +n (2)

a +2 3a2
W oy ¥ =

P
[%l )=(ma2+n)’ 3) (a”+2)
\a” +2

= 2am (4)

Véi du dodn cuc tri xay ra tai a = 1, thay vao (4) dugc m = —%.

Thay vao (2) dugc n = -;- Tir d6 ta di chimg minh b3 dé

l
at+2
C6 thé dién dat 10i giai bai todn trén nhu sau (thye chat ciing 12 sir dung b6 dé trén):

1 - 1
2 -—a"+—vaia>0.

Taco za Sl véi a > 0 (xem bai 92a)
a + 3
3 2 iy i o
=:’j‘zi—a 2ga+2)2a 32 _12_?_
a” +2 3 a’ +2 3 a’ +2 3
iy
= : zl—f—.
a’+2 2 6
N e g
T e ”;*"' =] :minD=1ea=b=c=1.
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123. a) Ap dung bat déng thic (x + y + z)* > 3(xy + yz + 2X)
(ban doc tu ching minh), ta c6

"
Al belalaatd L. 14 BEEbEE .
a b ¢ ab bc ca abc

minA=\/_c>a=b=c=\6.
b - 2 1 b—2+a_(a—l)+(b—l)_a—l+b—l

b) Xét +—= = = ,
a’ a a’ a’ a’ a’
Tir dé
I 1 1 a-1] b-1 b-1 ¢-1 ¢c-1 a-1
B+|—-+—+-|= + + + + +
a b ¢ a’ a’ b* b’ c? ¢’

1 1 l 1 1 1
T | = b= D e e =Dl = ¥ =
(a )(32 ¥ C2]+( )(az ¥ b‘2)+(c: )[b2 + ch

2 (a - l).i + (b - 1).3 + (¢ - 1).i

ac ab bc
s 2 .2 2 2 2
=— - — = - — - - —
¢ a b bc a ab
il oll SVl o U s
a b ¢ ab bc ca
'Ialdlco——+—+l =E+_bi.£=1_ (2)
ab bc abc

Tt‘:(l)va(Z)suyraB+A22A—2=>BEA—2.
Theo cau a ta co AZJE nén BEJ_—Z.
minB=J-—2 :ra=b=c=-\f§.

Chuyén deé 9
BAT PANG THUC VA CUC TRI DANG CAN THUC

124. a) Ban doc tu chimg minh.

b)TacéJy—lz\/l.(y~!}$—H+-l %::x y—ls’;".

I
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Tuong 1y, y\/x -15 xz_y
Suy ra x\Jy — 1 + yyx =1 <

Xay ra déng thic khi va chikhix =y =2.
2 2

c)
Xy X+y
ﬁ[xz_-fy_zqz]_*_[ﬁ_l]zo
Xy x+y 2
2
x-y?  (Vx-y)
= - 2
Xy 2(x +y)
(J_+J_] l
(J_-J_) 2 e (1)

Goi A la biéu thirc trong ddu ngodc vuodng, ta ¢

(Vx + \E)z S 4fxy _ 4 8
Xy T Xy Jx_ 2J_ X + y -
g . b B
X+y 2x+y) 2x+Yy)
Vay (1) dugc chimg minh. Xay ra ddng thic khi va chi khix = y.
d) Do abc = | nén

A2

l+a+b+c\) | | ]
2l +—-—+=+-

4 a b c
l+a+b+c

(=3 2Jl+ab+bc+ca.

.

Tacé(l+a};(b+c)a\/(l+a)(b+c) =Jb+c+ab+ac.

Do d6 chi cdn chimg minh b +c 2 1 + bc.

2L



Do abc = 1 nén trong ba s6 a, b, ¢ 16n tai mot s0 16n hon hay bing 1 va mot s6
nho hon hay bang 1, ching han hai s d6 lab vac. Khidé (b= 1)c=1)<0
=b+c21+b.

¢) Tur gia thictsuyraO<a. b.c < 1.

Ta cé Zu\}l—az Sa2+(l—az}=l = \/1_22221
' 1 -a

) a b c 2 2 2
Do do = + + 22(a° +b° +c°)=2.
;]1 =y \}1 - b ..h - ¢

Xay ra ding thitc khivachikhia=b=c¢ = % trdivéia’ + b’ +c¢’ = 1.

Vayﬁ;+71%h—z+ﬁ>2.

125 a) A= x=2|+ M -x|2(x=-2)+ (4 -x)=2.
mMnA=2&2<x<4.

b)B=|x-1|+2x+3|+|4-3x|2x-1+2x+3+4-3x=6.

mnB=6 & 1 <£x <

W | &

126. A = 2x +3 - \2x - 5 < \J2x +3) - (2x - 5) = 8.

maxA=2\/§ @:\t:—g.

127. a) D€ tim gid tri nhé nhat, 1a xét A’ hoac dung bat ding thirc Co-si.
— x=4
Ddap s6: minA = NI [
x =6.
Dé tim gid tri 16n nhét, c6 nhiéu cich :

— Cdch 1 (dung bt déng thic Bu-nhi-a-cop-xki)



‘f'(\"-‘-4+Jﬁ—x)lﬁtl:'+I3)(x—4+6—x}=4.

maxA=2eox=5.

" # - 2 o - " - # - s
= Cdch 2 (xé1 A7 roi dung bat dang thic Co-si)

.-\:=x—4+6—x+2\f(x—4)[6—x}

=2+2J{x—4](6—x)£7+(x-—4+6—-x)=4.
MaXA =2 x-4=6-xe=>x=35.

— Cdch 3 (xét A’ roi dat an phu)

5

AT =2+ 2J(x - 4)6 - x). Ditx-5=y1hi

AT =24+2Jy+ Il -y) =2+2\/l -y < 4.
maxA=2ey=0ex=35.

by DKXD:0<x <.

B = (4Vx +3Jx = 1) =9+ 7x + 24Jx(1 - x) 2 9.

x =0
mmnB=3 < 4 & x=0.
x(l = x)=0

D¢ tim gid tri 16n nhat coa B. dung bat déng thic Bu-nhi-a-cop-xki :
B = (4.Vx + 3l - x) s +3F)x +1-x) =25,
J_ J—

maxB=5% &
25

128. a) A° = (ﬁumu,/ x)<(2+l]u+ o) w5y = 12,

maxA = 243 & x =

wlw

b) Ap dung bat dang thirc (x + y + 2y S3(x7+ },z +2°)1a ¢
B2<3Qa+1+2b+1+2c+1)=3[2(a+b+c)+3] (N
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Talaicé(a+b+c)’<3@+b’+c?)=33=9=a+b+c<3. (2)
Tt‘:(l)w‘i(z)suyraBzSN: max B = 3\6 Sa=b=c=].

¢) Giai tuvong tu Vidu 129. PDdp so- max C=2<<>a=b=2.

d) Ta cé

W+l =2yx + DO = x+ DS+ D+ (2 =x +1) =x2+2.

Suyra2D=2yx> + 1 + 2y’ + 1 S x> +y? + 4 =8 +4 =12

=>D<6;maxD=6 &@x=y=2.
2
129. 2) A2 = (—Zx i 9—x2) <[(<2) + I2)(x® + 9 — x2) = 4.

NG

maxA=3J§ ﬁ-%= 9 — x2 ﬁx=—;——.

b) B =1+1(x=1) + Ly-x2+2x+3 < 1+(12 +12)[(x = ) +(~x2 +2x+3]

=1+ 8.

max B = 1 + 242 ﬁx-l=\/-x2+2x+3 e x=1+42.
¢) Cach giai bang bat déng thirc Co-si :

2J1(~x2 = 8x — 11) €1 + (=x? = 8x — 11) = —x*— 8 - 10.

2C = 4x + 2-x2 = 8x — 11 S 4x — x2 - 8x — 10 =~(x +2)2 - 6 < —6.

X==2
maxC=-3 & . & X ==-2,
-Xx“-8x-11=1

130. Taco 2A = Zx\/l - X"

2 2
= A = x|/l - ax? < E* ;‘ ). .;. = |A| < lli

V2 1 V2
4

tmaxA=—&& x = —.
4 4

minA=-l¢rx=—
4
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131. Do 2x - x> 20 nén

A=\/2x—x2+\/2x—x2+32\f§.

x=0

minA=\/§ﬁ2x-x’=O¢[ ;
X = 2.

e Do0<x<2nén A =Jx(2—x) +J(3—x)(x+l)

=V 2 -x + B fxF1SJx+3-0)2 -x+x+1) =3,

maxA=3¢& x=1.
132. a) Viét A dudi dang A = {/x(3 = x) - J(x - 1)(2 - x).

Gidi twvong ty Vidu 143. Pdp sé :min A=1 & x = %

b) Viét Bdu6i dang B = /(2 + x)(6 — x) — /(1 + x)(I — x).

Giai twong tu Vi du 143. Ddp s6': minB = 5 o x= —%.
v 2 2
133. A = x-i-l +£ + l—x +—\/j .
2 2 P 2
Giai twong ty Vidu 144. Pdp s6  min A=2 < x =0,

134.2) A = “th.Dat \/x- =y=201taco

X

y y 1 _¥3
A= < -
y2 +3 2y.\/§ 243 6.

maxA=?3¢y2=3mx=6.

b) B = “x_4.Dal\fx—4=y.

X + 1

Giai tuong tu cau a. Ddp s6': maxB = —lg & x=9.
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Lot noi dau

Chuvén dé 1.

Chuvén dé 2.
Chuyén dé 3.

Chuyen deé 4.

Chuyén dé 5.

Chuyén dé 6.

Chuyén dé 7.

Chuvén dé 8.

Chuyén dé 9.
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MUC LUC

Blf‘;’N POl PONG NHAT
BIEU THUC PAI SO

PHUONG TRINH BAC NHAT, BAC HAI
HE PHUONG TRINH

PHUONG TRINH BAC BA, BAC BON.
PHUONG TRINH DANG PHAN THUC

PHUONG TRINH CHUA CAN THUC BAC
HAI

PHUONG TRINH CHUA CAN THUC BAC
BA, BAC BON

BAT DANG THUC VA CUC TRI DANG
PA THUC

BAT DANG THUC VA CUC TRI DANG
PHAN THUC

BAT DANG THUC VA CUC TRI DANG
CAN THUC

Trang
Pé bai Lot
giai,
chi
dan,
dap so
3
5 148
17 153
28 162
45 168
57 172
81 186
87 189
100 195
130 216



Chiu trach nhiém xudt ban :
Chu tich Hoi déng Thanh vien NGUT NGO TRAN Al
Tong Gidm doc kiém 'T'éng bién tap GS.TS VU VAN HUNG

T6 chire ban thao va chiu trach nhiém noi dung :
Ph6 Tong bién tap PHAN XUAN THANH
Tong Gidm doc CTCP Pdu we va Phat trién Gido duc Ha Noi VU BA KHANH

Bién tap néi dung :
NGUYEN XUAN BINH
T'rinh bav bia :
PINH THUY LINH
Ché ban :

THAI MY DUNG

Stea ban in :
NGUYEN XUAN BINH



Cong ty C6 phan Dau tu va Phat trién Gido duc Ha Noi -
Nha xuat ban Gido duc Viét Nam giir quyén cong bd tdc phdm

9 CHUYEN DE PAI SO TRUNG HOC CO SO

e Dung boi duong hoc sinh gioi cic 16p 6,7, 8, 9
e Giup on thi vao 16p 10 chuyén Toan

Maso : C2T08A4-DTH
S6 PKKH xuit ban: 518-2014/CXB/9-337/GD

In 3.000 ban (QD68TK), khd 17 x 24 cm.
In tai Céng ty c¢8 phan In Pha Tho. S8 in: 163.
In xong va ndp Iuu chiéu thang 10 nm 2014,
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