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CHUYEN DE 1. BIEN POI PONG NHAT

3,13 4 a3 L
Bai 1. Cho a + b + ¢ = 2009. Chiing minh rang: —; a J;b ch 380 _ 5009
a“+b°+c°-ab-ac-bc

Loi giai.
Ta c6 hdng dang thirc: a®+ b +¢* - 3abc=(a+b+c)(a? +b?+c? —ab—bc—ca)
34 hd 403 a+b+c)(a’*+b*+c*—ab—bc—ca
Do do: —, 2 +P"*c - 3ahe | 2)(2 : ) a+b+c=2009
a“+b°+c°-ab-ac-bc a‘+b°+c°—ab—-bc—ca

Bai 2. Giasu a, b, ¢, x, y, z 1a cac s thuc khéac 0 théa man: E+9+3=0 va
X y z

X2 yz
W2

X y z . Cos z°
242421, Chirng minh rang; = + =
a b ¢ g g a’ b 2

C
Léi giai.

+—=1

=w. Suy ra: ayz+byz+cxy =0 .
Xyz

y
2 2 2 2 2 2 2
Dodsrt=(Xe Lo 2] X g WM X L L M0

a c a> b* ¢ ab bc ca) a* b*> c Xyz
2 2 2
=X—2+y—2+z—+2.(i]
a- b° ¢ Xyz
. 2 y2 22
Vay—2+b—2+?:1 (dpcm)

Bai 3. Giasux,y, zlacac s6 thue duong thoa man diéu kién: x+y+z=xyz.
Chting minh rang:

X 2y 3z xyz(5x+4y+3z)
1+X?

+1+y2+1+22 (x+y)(y+2)(z+X)
Loi giai.
X Xyz Xyz Xyz Xyz

Ta co: = - _ _
1+x* yz+xxyz  yz+x(x+y+z) x*+xy+yz+zx (Xx+y)(z+x)

2y 2Xyz .37 3Xyz

T tu ta co: = , =
vong v 1+y?  (x+y)(y+z) 1+2° (y+z)(z+X)

Do do:
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X N 2y N 3z _ Xyz N 2Xyz N 3xyz
1+x* 1+y? 1+2% (x+y)(z+x) (x+y)(y+2z) (y+2z)(z+x)
_xyz(y+z+2x+2z2+3x+3y)  xyz(5x+4y+3z)

o (xxy)(y+2)(zex)  (x+y)(y+2)(z+X)

2y 3z xyz (5x+4y +32)
V =
il 1+ %2 1+y2+1+z2 (x+y)(y+2)(z+X)

Bai 4. Giasu X,y lanhiing sb thuc duong phan biét thoa man:

22 44 8
y +2y2+4y4+ 88y8=4
X+y X +Yy X +Yy X =Yy

Chirng minh rang: 5y = 4x

Loi giai.
Taco
y 2y 4yt 8y y 2y Ay (x-yt)+ey’
4= v, et At s s t2
X+y X*+y? x4yt xB—y? x4y XP+y? (x +y)(x4 )

vyt eyt oy 2P (X
- 2 2 4 4 2 2 2 2
x+y X4yt ox -yt oxay o (X4y?) (X -y?)
_y o2yt y(x=y)H2yt
x+y x -y (x+y)(x-y) x-y

Do dé:i=4<:>y=4x—4y<:>5y=4x
X—y

Vay 5y =4x (dpcm)

Bai 5. Cho 3 s thuc X, y, z thoa mai diéu Kién: x +y + z=0 va xyz # 0.

- . . ? X2 y2 ZZ
Tinh gia tri biéu thac: P=————+—————+————
Yo+2°-X" 74X -y" XT+y -z

Léi giai.

TacOh:x +y+z=0=y +z =—xo(y + z)2= (—x)2

'S

Suy ra: y*+z°— x*=-2yz. Do d6: =
yra.y y v+ x> -2yz

2 2 2 2

YA S S
2+x2—y? 2xz XP+yi-7t —2xy

3

Tuong tu ta co:
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Do do:
X2 y2 22 XZ y2 ZZ X3+y3+23
P= - -
Yy +2°-x° TR y’ N y> -7 -2yz T oxa —2xy —2Xyz
C(x+y+ z)3 =3(x+y)(y+z)(z+x) O—3.(—z).(—x).(—y) 3xyz _ 3
- —2Xyz - —2Xyz —2Xyz 2
Vay p=-3

Luwu y can nhé: Khia+b +c=0thi a® + b+ ¢* = 3abc
va nguoc lai khia® +b*+c®=3abcthia+b+c=0

Bai 6. Chox, Y, z la cac sb thuc duong thoa man:1+1:1=1va X+y+z=1
X y z

Chting minh rang: (x —1)(y—1)(z—-1) =0
Loi giai.
Ta co: 1_£+ 1.1 _ Xy +Yyz+72X
X y z Xyz
Do d6: (x —1)(y—1)(z—1) = xyz — (xy + yz + zX) + (x+y+z) -1 (*)
Thay xy + yz + zx =xyz vax +y + z =1 vao (*) ta dugc:
(xX=Dy-1(@Ez-1) =xyz—(xy +yz + zx) + (xty+2) -1
=(xy+yz+zx)—(xy +yz+2zx) +1-1=0 (dpcm)

Suy ra: xy+yz+zx=xyz

Bai 7. Cho x, y, z 361 mdt khac nhau thoa man: 1+1+1 =0
X y Z
yz ZX Xy

Tinh gia trj biéu thic: P=— +— -
X“+2yz Yy +22X 77 +2Xy

Lo giai.
11 1 XYy + YZ + zX

Taco0="+=+=-="2"2""" = xy+yz+2x=0
X y z Xyz

Do d6: x* + 2xy = X* + 2Xy — (XY + Yz + Xz) = (X* — X2) + (Xy — yz)
Suy ra: x>+ 2xy = (X-y)(x-2)

Do d6: Y- = Y2
y? +2zx  (x-y)(x-2)
Tuong tu ta co: X X S A Xy

y'+22x (y-x)(y-z) 22+2xy (z-x)(z-Y)
Do do:
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Y2 XXy yz ZX Xy
x242yz  y*+2x 2+2xy  (x-y)(x-2) (y-x)(y-2z) (z-x)(z-y)
_ —yz(y-z)-2x(z-x)—-xy(x-y) (x=y)(y-z)(z-x)

= =1
(x=y)(y-2)(z-x) (x=y)(y-2)(z-x)
Vay P = 1.
Bai 8. Cho X, v, z 1a s6 thuc thoa man xyz =1
Chiang minh: P = t -t 1
1+ x+xy 1+y+yz 1+z+2x
Loi giai.
Tacé:lzxzx;lzxyzzxy
1+y+yz X+xy+xyz 1+Xx+xy 1+zZ+2X Xy+Xyz+X.yz 1+ X+Xy
Do dé:
P 1 N 1 N 1 1 XN :1+X+Xy=1(dpcm)
1+x+xy 1+y+yz 1+z+zx 14+X+xy 1+X+Xxy 1+x+Xy 1+X+Xy
Bai9. Cho2 4+ 4, © _oChungminh:p=—2 4+ 2, ¢ _g
b-c c—a a-b (b-c)” (c-a)" (a-b)
Loi giai.
2 2
Taco 2 . b L C o b L C :b—ab+ac—c
b-c c-a a-b b-c a-c b-a (a-b)(c-a)
2 Q2
-_ 8 - b —ab+ac—c M
(b—c)* (a-b)(c-a)(b-c)
2 2 2 2
Tuong ty ta co: b _ c“—bc+ba-a ). c _ b*—ac+cb-b )

(c-a) (a-b)b—c)(c-a)  (a-b) (a-b)(b-c)(c-a)
cong (1), (2), (3) Vé theo vé ta dugc diéu phai chiing minh.
Bai 10. Cho a la nghiém cua phuong trinh: x2—3x+1=0 . Khong can tinh a hay tinh

2

-7 . -2 a

1 tri biéu thac: Q=—/——-5—
e O e

Loi giai.
Do a la nghiém ctua phuong trinh: x*-3x+1=0 néna*-3a+1=0=a’+1=3a.
2 2 2 2
SuyraQ=— & —-_& & _a. 1
a’+a +1 (a2+1) —a?> (3a) -a’ 8a" 8
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Bai 11. Cho cac sb thuc a, b, ¢ khac nhau doi mot théa man: a®+b° +c* =3abc va

, ab?® bc? ca’
abc=0 . Tinh: P= + +
a?+b*—c® b?>+c?’—-a’ c*+a’-b?

Léi giai.

Do a®+Db®+c® =3abc :>(a+b+c)(a2+b2+c2—ab—bc—ca)=0

Do a*+b?+c?—ab—bc—ca>0Vdi a, b, d6i mot khac nhau nén:a+b+c=0
Suyra:a+b+c=0
ab® ab? ab® b? b? b

Khi do: = - _ _ _0
1ao a’+b*-c* a’+(b-c)(b+c) a’+(b-c)(-a) a+c-b -b-b -2

Twone to: 26 _ €. c@ _a
& T b?+c’-a? -2  c*+a’l-b? -2

Cong theo vé cac dang thire trén ta dugc:

P= ab” + be’ + ca’ —£l+£i+jl——}(a+b+c)—0

a?+b*-c® b’+c?-a*® c*+a’-b* -2 -2 =2
Vay P = 0.
Bai 12. Cho a, b,c 1a cac s thuc théa man: a+b+c=6; t 11 g

a+b b+c c+a
Tinh gi4 tri bidu thac: p=—C 42 , P
a+b b+c c+a
Lai giai.
Ta co:
68:(a+b+®( 1 . 1 N 1 :a+b+c+a+b+c+a+b+c
a+b b+c c+a a+b b+c c+a

=1+ ¢ +1+ a +1+ b =3+ ¢ + a + b

a+b b+c a+c a+b b+c a+c
Vay: p=—S 4 2 . P _gg 3-39

a+b b+c c+a
.. a’ bt 1 R , . N
Bai 13. Cho —+—=—— va a’*+b’=1 . Chuing minh rang:
X Yy X+y

9 2 X2000 y2000 2

a) bx =ay b) 51000 + 1000 = (a+b)1000
Loi giai.



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

4 4 4 4 a’+b? ?
a) Tu CA A a’+b* =1suy ra: a—+b—=u
X Yy X4y Xy X+Yy
= (s y)(a'y ') =(x y) " 457) = ey b’ ~0=be ay”

b) T cau a) bx* = ay?

:>X—2:y_2 _ X2 n yz _ 1 _ X_2 1000 :[LJlOOO . y_z 1000 :(LJIOOO
a b a+b a+b a a+b) 'l b a+b

.. XZOOO y2000 2
Do do: 51000 + 1000 = (a+b)1ooo
ax+by=c
Bai 14. Cho x, y 1a hai s6 thuc théa man: {bx+cy=a
cx+ay=»b
Chirng minh rang: a®+b®+¢® =3abc
Lot giai.
ax+hby=c
Ta co: {bx+cy=a . Cong theo vé cac phuong trinh cta hé ta duoc:
cx+ay=»b

(a+b+c)x+(a+b+c)y=a+b+c=(a+b+c)(x+y-1)=0

a+b+c=0
X+y=1

Véi a+b+c=0 thi: (a+b+c)(a’ +b?+c*—ab—bc—ca)=0<>a’+b°+c® =3abc (1)

Véi x +y = 1 thay vao gia thiét ta duoc: a=b = ¢ = a®+b* +c® =3abc (2)

Tu (1) va (2) suy ra dpcm.
Bai 15. Ching minh ring néu: x=2=2.,_b=¢c. _c-2a
a+b b+c c+a
Thi: 1+x)(1+y)(1+2)=(1-x)(1-y)(1-2)
Lai gial.
Ta co:
1+X:1+§:9:—giﬁl+y=1+9:2=—22ﬁ1+2=1+S:E:—%L
a+b a+b b+c b+c c+a Cc+a
8abc
1 1 1 = 1
= (L)L y)(+z) (a+b)(b+c)(c+a) @
Mait khac:
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a-b 2b b-c 2c c—a Z2a
1—X:1——:—’ — :——:—’1— =]-— =
a+b a+b b+c b+c c+a c+a

8abhc

1-x)(1- -2)= (2)

Tu (1) va (2) suy ra: (1+x)(1+y)(1+z)=(1-x)(1-y)(1-z)

ay—bx cx—az bz-cy

Bai 16. Cho a, b, ¢ |a ba s6 khdng &m thoa man: -
C a

Chung minh rang: (ax+by +cz)’ =(x2+y2+22)(a2+b2+c2)
Lai gial.
Pit ay —bx _Cx—az _ bz—cy:k ke cay — chy _ bcx — baz _ abz —acy

c b a c? b? a’

_cay —chbx+bcx —abz +abz —acy =0=ay—bx=cx—-az=
a’+b’+c?
= (ay—bx)" =(cx-az)’ = (bz—cy) =0

k bz—cy=0

:>(a2+b2+cz)(x2+y2+zz)—(ax+by+cz)2:O
Suy ra: (ax+by+cz)2:(x2+y2+22)(a2+b2+c2)
Bai 17. Cho ba so thyc a, b, ¢ théa man: b=c;a+b=c VA c? =2(ac+bc—ab)

, Ly a2+(a—c)2
Chtng minh rang: >

b®+(b-c)

_a-c
b-c
Loi giai.
Ta co:
a’ +(a—c)2 =a’+c?—c? +(a—c)2 =a’+c? —2(ac+bc—ab)+(a—c)2 =2(a—c)(a-c+h)
Tuong tu: b?+(b-c)’=2(b—c)(b—c+a)

2 _~)2 _ _ _
Do db: a’+(a-c) _2(a c)(a c+b)_a c

bt +(b—c)’ 2(b—c)(b-c+a) b-c (dpem)

Bai 18. Choa+ b+ ¢ = 0. Ching minh rang: a* +b* +o* = (a +b7 +<"
Lo gidi.

Tu:a+b+c=0 :>b+c:—a:>(b+c)2 =a’=b’+2bc+c’*=a’

—a’-bh*-c?= 2bc:>(a2 —b? —cz)2 = 4b%c? = a* +b* +¢* = 2a%h? + 2b%c? + 2¢%a’®

:>Z(a“+b“+c“):(a2-|rb2+cz)2
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Vay: a* +b* +c* =%(a2 +b? +c2)2

Bai 19. Chom= aij; n-<*d p= ac—bd Chtng minh rang: m+n+p=mn.p
a—-b c—d ad +bc

Lot giai.
Ta co:
a+b c+d ac-bd (a+b)(c—d)+(c+d)(a—-b) ac-bd
m+n+p= + + = +
a-b c—-d ad+bc (a—-b)(c—d) ad +bc
~ 2(ac-bd) +ac_bd_(ac—bd)(z(ad+bc)+(a—b)(c—d))
_(a—b)(c—d) ad +bc (a—b)(c—d)(ad +hc)

_(ac—hd)(a+b)(a+c)

“(a-b)(c—d)(adbc) P

Vay dang thirc dugc chang minh.
Bai 20. Cho cac sd duong x, y thoa min: 7x* —13xy—2y*> =0 )]

2X—-6y

Tinh gia tri biéu thic: A= .
X+4y

Loi gidi.
Tur (1) ta co: (7x+y)(x—2y)=0=x=2y (dox,y>0)

_2x—6y 4y-6y -2y -1
7x+4y 1l4y+4y 18y 9

Thay x =2y vao A ta dugc: A

2010 , _ 2010
Bai 21. Cho cac so thuc X, y thoa man: { x y (2)
X+2y=2335
Tinh gia tri bidu thac: B=2.
y
Lai giai.
pata=2220 290 49 >0,
X y
a+l=b a+l=b 5 7
= =>4+ ——=—
Tu (2) suy ra: %10+2'2010:2345 i%:% a a+l 6

o 7a’°-1la-6=0<a=2(doa>0)suyra:b=3.
b
a
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, 5x =3y = g z @
Bail 22. Cho so thuc X, y, z, t thoa man:

t
4o =— (2
x y z 10 @)
. ., Ly t2 t2 t2
Tinh gia tri bieu thuc: C=—+—+—.
Xy yz X
Lot gial.
Tu (1) ta co: y:%x,z:ZX.
5 N t t t 9
Thay y=>x,z=2x.vao (2) taduoC: ——— +—=—=t=x
yy3 @) ' x§+2x 0
3
2 2 2 2 2 2
Vithé: -t b b X ¥ X x xx x 331,17
XYy yz X Xy yz zx y yy z 5 52 2 5
_ — 2
Bai 23. Cho cac so thuc X, y, z théa man: (x yz)(“y) 22 (4)
4y° =5+712
Tinh gia tri biéu thic D =2x* +10y? — 23z
Lai giai.

22 -x*—y?* =0

4
4y* -77° =5. )

Ta co: (4) @{

Ta tim céc sb thuc a, b thoa man: a(z? —x2 —y2) +b(4y? —7z%) = 2x° +10y? — 237°
< ax’ +(4b-a)y’ —(7Tb+a)z? = 2x* +10y?* — 23z°
a=2
a=2
< 494b-a=10 <:>{
b=3
Tb+a=23
Vay D=2.0 + 3.5 =15.
Bai 24. Cho céac sb thuc X, y, z, t thoa man:
t —
X+2Yy+22
t
z-3X

t

(5). Tinh gia tri biéu thirc: E=————
X+8y+9z

1
2

Léi gidi.

10
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A B A L |
Taco: (5) <
z X,
t ot

Mt khac: é:%+8?y+9% . Gia sir a, b 1a cac sb thuc thoa man:

a[Lz.Lz.zjm(_s.mzj:Ls.Lg.z
t t t t t t t t

<:>(a—3b)%+2a.tl+(2a+b).%=%+8%+9%

a-3b=1
a=4 1

<< 2a=8 @{b :>E:4.1+1.2:6.

2a+b=9
Vay E=6
Bai 25. Choavablacacsdthoamin a>b>0va a*—a®b+ab*—6b*=0.

o .2 a*—4b*

Tinh gia tri cua biéu thic B=——.

gatl b*—4a*

Loi giai.

Tacod: a’—a’b+ab’-6b’ =0« (a—2b)(@*+ab+3b*)=0 (*)
Via>bh>0 =a’+ab+3b°>0 nénty (*)tacé a =2b
a'—4b* 16b* —4b* 120t 4

Biéu thiic B = - -
b*-4a* b*-64b*

Vay: B=——=—
i —-63p* 21

Bai 26. Cho basd x,y, z khac 0 va thoa man:

x+y+z—E

2
1 1 1 1
—2+—2+—2+—:4.
X° y° 7% Xxyz
l+£+£>O
X 'y z

Tinh gié tri clia biéu thirc: P = ((y2° 4+ 22002203 4 x?01 ) (x20% 4 y213)
Loi gisi.
Tu gia thiét suy ra:

11 1 1 1 1 1 2x+y+z) 1 1 1 1 1 1 1
d=—+—t+5+—=—+o+5+————"=—+++2| —+—+ =|—+
X° y 7zt xyz Xy oz Xyz X* Yy oz X

11
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Ma i+£+E>O suy ra 1+1+1:2 (1)
Xy z X y z

Mat khac x+y+z=% suy ra #:2 2

X+Y+2
Tur (1) va (2) suy ra £+£+1=# (3)
X Yy Z X+y+z

Bién doi ) & (x+y)(y+2z)(z+x)=0

2013 2013 2013 2013

X+y=0 X=-y X +y

-y
Slz+y=0s|y=-1c|y"*=-1"" < y2°°9+22°°9_0 nénP =0
X

2011 _ 2011 2011 2011 _

X+z=0 Z=—X Z 27+ X

Bai 27. Cho céc sd X, y, z khac 0 thoa mén dong thoi 1,11, va 2 1.4

X y z xy z°

Tinh gié tri ciia biéu thirc P = (x + 2y + z)**,
Loi giai.

+) Tacé 1+1+1:2:>[1 1+1J =4
X y 2 X y z

I
|
|

+

2
+)Dodé[1+i+1j 2 1t 1 1,2, 2. 2 2 1,

X Yy z xy 22 X Y2 22 Xy yI X xy z

1 2 1 1 2 1 1 1Y (1 1Y)
S|l S5+t—+=5 |+ 5+—+5 =0 =+=| +|=+=| =0
x> Xz z yooyz 2 X z y z
[1 1) 0 1
X Z X

2 1 -1
1 1 -
ol
Thayvélo1+1+1:2tac’fu’cycxzyz%;Z:%1

X y z

1 _1 2012
Khido P = +2 +— =122 =1
2 2 2

Bai 28. Cho a, b, ¢ 1a cac sb thuc thoa man a® + b®> + ¢ =a + 2b + 3c = 14.
Tinh gié tri caa biéu thuc T = abc.
L oi gii.

12
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Cla?+b*+ct=14 [a®+b*+ci=14
Taco =
a+2b+3c=14 2a+4b+6c=28
—a’+b*+c*-2a—4b-6¢c=-14
o @-1>2+b-2°+(c-3°=0<a=1;b=2;c=3
T =abc = 6.

Bai 29. Cho hai s duong a, b thea man: a*° +b”° =a™” +b™ =a'* +b'*
2010 +b2010

Tinh gia tri biéu thuc: P=a
Loi giai.

Ta co:
0=2al® +plo _ (alol n b101) — ql0t 4 plot _ (a102 n blOZ)
< a®(1-a)+b™(1-b)=a""(1-a)+b"™(1-b)
o a®. (1-a) +b.(1-b)’ =0

Do dé a=b=1 (do a, b duong)

Vay P= ™+ =1+1=2

Bai 30. Cho s6 X(x € R;x > 0) thoa man diéu kién: x> + iz =7
X
r 7 M r '7\ 4 . —_ 3 1 A —_— 5 l
Tinh gia tri cac bi€u thuc: A=x"+ = vaB=x"+ =
X X
Loi giai.

Tir gia thiét suy ra: (x +2)? =9 = x + + =3 (do x > 0)
X X

= 21=(x+2)0+ 1) =+ L)+ (x+1) = A=+ L =18
X X X X X

=718=(C+ 1)+ Ly = ¢+ L)+ (x+ 1)
X X X X

= B=x+1=718-3=123
X
Cau 31. Gia sir a,b 12 hai s6 thuc phan biét thoa man a2 +3a=b’+30=2
a) Chung minh rang a+b=-3
b) Ching minh rang a®+b° =-45
Loi giai.

13



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

e R . X A CA ) - a2+3b=2
a) Gia su a,b 1a hai s6 thuc phan bi¢t thoa man
b*+3a=2
<a’-b’+3(a-b)=0«<(a-b)(a+b)+3(a-h)=0<(a—b)(a+b+3)=0
a—b=0(loai
- (loai)
a+b=-3
b)(a+b)’ =-27
<a’+b’+3ab(a+b)=-27<a’+b*-9ab=-27
Vi @®+3a+b*+3b=4 < (a+b) —2ab+3(a+b)=4<=ab=-2
vay a’+b®=-45
CAau 32. Véi a,b,cla cac sb thuc thoa man:
(3a+3b+3c)’ =24+ ((3a+b—-c)*+(@v+c—a)’+(3c+a—b)’
Chting minh rang: (a+2b)(b+2c)(c+2a) =1
Loi giai.
3a+b—-c=x
bat <3b+c—-a=y
c+a-b=z
Ta c0:
(3a+3b+3c)’=24+Ba+b-c)’+(@Bb+c-a)’+@Bc+a-b)’ < (x+y+2)°=24+x>+y*+7°
S(X+Yy+2)° =24+ (x+y+2)° -3(x+ Y)Y+ 2)(z+X) <= 24-3(x+y)(y+2)(z+X) =0
& 24-3(2a + 4b)(2b+ 4c)(2c +4a) = 0

& 24-24(a+2b)(b+2c)(c+2a)=0
< (a+2b)(b+2c)(c+2a)=1

Bai 33. Cho Céc sd thuc a, b, ¢ thoa man dong thoi 2 ding thic:
i) (a+b)(b+c)(c+a)=abc
i) (a°+b*)(b*+c*)(c*+a’) =a’b’c®. Chung minh: abc =0
Lo gidi.
Taco: (@° + b%)(b® + c*)(c® + a°) = a’v’c®
& (at+b)(b+c)(c+a)(a® — ab + b%)(b* — be + ¢?)(c? — ca +a°) = a’b’c®
Ma: (at+b)(b+c)(ct+a) = abc. Do do:
abc(a® — ab + b?)(b* — be + ¢?)(c? — ca +a%) = a’b’c®
& abc = 0 hoic (a° — ab + b?)(b? — be + ¢?)(c® — ca +a°) = a’b’c?

14
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* Néu abc # 0

Thi: a2 —ab + b%> |ab| ; b? — bc + ¢®> |bc]; ¢® — ca + a*=> |ca]

Suy ra: (a2 — ab + b?)(b? - bc + c?)(c? — ca +a%) > a’h?c?

Ma: (a® — ab + b%)(b? — bc + ¢?)(c* — ca +a?) = a’b’c?

Do d6 a=Db = c thay vao (i) = 7a> =0 = a = 0 = abc = 0 (mau thuin)

Vay: abc = 0 (dpcm)

Bai 34. Cho céc sb a, b thoa man 2a? +11ab—3b? =0, b # 2a, b = —2a. Tinh gia trj biéu

thuc: T = a-20 2a-3b
2a—b 2a+b
Loi gidi.
Taco
T a—2b . 2a-3b _(a-2b)(2a+b)+(2a-3b)(2a—b) _ 6a* —11ab +b?
2a—b  2a+b (2a—b)(2a +b) 4a® —b®

Tir gia thiét suy ra 11ab =—2a%+3b?, thay vao T ta duoc:
6a”—1lab+b*> 6a’+2a°-3b°+b®> 2(4a*-b?)
T= 2 2 = 2 w2 = 77 =2
4a°-b 4a” -b 4a°—b
Bai 35. Cho a va b 1a cac sd thuc thoa man cac diéu kién:
6a’+20a+15=0; 15b*+20b+6=0; ab=1.

. b 6
Ching minh rang: — 3= .
ab®-9(ab+1)" 2015
Loi giai.

Ta ky hiéu cac diéu kién nhu sau:

6a*+20a+15=0 (1); 15b°+20b+6=0 (2); ab=1 (3).
D& thiy cac phuong trinh (1) va (2) déu c6 hai nghiém phan biét.
Do (3) nén b khéc 0. Chia hai vé cuia (2) cho b? ta dugc

G(EJZ + 20(% +15=0 (4)
b b

. O ,
Tu (1), (3)va(4)suyra a va b 1a hai nghiém khac nhau cia phuong trinh

6x2 +20x+15=0  (5)
Theo dinh I Vi-ét: a+ 2 =-20. 3_3
b 3 b 2
15
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Turdo:

b’ -9(ab+1)’ 3 3
a (3a +1) :§—9(a+l) _5 9( 10) 2015
b b b 2

3

ab’—9(ab+1)° 2015

Suy ra , diéu phai chang minh.
X+y=a+b

3

Bai 36. Cho trudc a,b e R; goi X,y la hai s6 thuc thoa man s s s
X*+y =a’+b

2011

Chl'Ing minh rf:flng: X2011 + y aZOll + b2011 .
Loi gidi.
Cho truéc a,b e R; goi X,y la hai sé thuc thoa man

(1).Chtang minh rang: x®* + y* = g®* 4 p?4,

X+y=a+b
X +y =a’+b’

| X+y=a+b
( )Q{(x+ y)3—3xy(x+ y):(a+b)3—3ab(a+b)

X+y=a+b 1 .
= *)
xy(a+b)=ab(a+b) (2)
HN&Ja+b¢0ﬂﬂ(ﬂ<3{x+y:a+b
Xy =ab

=> X, y la 2 nghiém cua phuong trinh X*>—(a+b)X +ab=0

. [ X=b [x=a
Giai rata co ; => XM 4 yPH = @2t 4
y=a (y=b

+/Néu a+b=0=>a=-b.

. . X+y=0

Ta c0 hé phuong trinh S X=-Y.
3 3
X*+y =0
2011 2011

a”~ +b™" =0
= ot - => X2011 + y2011 — a.2011 + b2011

X +yT =0

2

2 2 2 . _ 2 _ 2
Bai37.Cho X1 2¥2_Y ==X _2 7% . Chtrng minh rang: a8 —bc_b'—ca_c —ab
a b c X y z

Goi y.
16
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Dit xz—yz:y2—zx:zz—xy:k:>a:x2—yz b:yz—zx C:zz—xy

a b C k k k

a’—bc b?’-ca c’-ab
X y z

Sau d6 tinh: a®—bc,b* —ca,c* —ab theo X, y,z, K tir d6 suy ra:

Bai 38. Phan tich da thirc thanh nhén ta: P = x* +2000x* +1999x + 2000.
Loi giai.

P = x*+2000x" +1999x + 2000 = x* + x* + X* +1999(X* + x+1) - (x* -1)

=% (X* 4 x+1)+1999(X* + X +1) = (x=1)(X* + x+1)

=(x2+x+1)(x2+1999—x+1)=(x2+x+1)(x2—x+2000)

a_ b _2(ab—2)
3.1 a®-1 a%®+3

Bai 39. Cho a, b # 0 théa médn a + b = 1. Ching minh: -
Loi giai.
a b a b

T w1 (b-1)(b* +b+1) " (a-1)(a*+a+1)

a b -1 -1

:—a(b2+b+1)+—b(a2+a+1) b2 +b+l alta+tl

(e art)- (0 +b+1) [(a+b)*~2ab+3]

(a2+a+1)(b2+b+1) ~ a®’+ab(a+h)+a’+b’+ab+2
2(ab-2) 2(ab-2)
a’h? +(a2 +2ab+b2)+2 T a?h?+3 =P

Vay bai toan dugc chitng minh.

Bai 40. Phan tich da thuc thanh nhéan ti: P=a*(b—c)+b*(c—a)+c’(a-b)
Loi gii.

Ta co:

P=a‘(b—c)+b*(c-a)+c*(a-b)=a‘(b—c)-b*[(a—b)+(b—c)]+c*(a—h)

=a'(b-c)-b*(a-b)-b*(b—c)+c*(a-b)=(a-b)(c'-b*)+(b—c)(a* ~b*)

=(a-b)(b—c)(c-a)(a’+b*+c”+ab+bc+ca)

:%(a_b)(b_c)(c_a)[(am)z+(b+c)2+(c+a)1

Bai 41. Véi a, b, ¢ 1a s6 thuc thoa man:

(3a+3b+3c)®=24+(Ba+b—-c)]*+@Bb+c—a)*+ (Bc+a—b) (¥

Chung minh rang: (a+2b)(b+2c)(c+2a) = 1

17
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Lai giai.

bat:3a+b-c=x;3b+c—-a=y;3c+a—-b=2z Taco:
(*) @ (xty+2)’ =24 + X+ y* + 7°
© 3(x+y)(y+2)(z+x) =24 & 24(a+2b)(b+2c)(c+2a) = 24
& (at2b)(b+2c)(ct+2a) =1 (dpcm)
Bai 42. Cho a, b, ¢ d6i mot khac nhau. Tinh gia tri biéu thuc:

a’ b? c?
(a_b)(a—c) (b—c)(b-a) (c—b)(c-a)

Huwéng dan.
b_ a’ . b? s c? _a’(c-b)+b*(a—c)+c’(b-a)
(a—b)(a—c) (b—c)(b—a) (c—b)(c-a) (a—b)(b—c)(c-a)

Bang cach tach: a—c=~[(c~b)+(b-a)] ta phan tich dugc:

_ a’(c-b)+b’(a-c)+c*(b-a) (a-b)(b-c)(c-a)

(a—b)(b—c)(c-a) (a—b)(b—c)(c-a)

Bai 43. Cho a, b, ¢ khac 0 théa man: —&—+—2_ S _1 Tinh gia trj biéu thuc:

b+c c+a a+b

P=

a’ b? c?

P= + +
b+c c+a a+b

Loi gii.
Tacé:a+b+c#0donéua+b+c=0thi:
a b c a b ¢
+ +

== 4 — 4+~ =-1-1-1=-3 (trai v4i gia thiét)
b+c c+a a+b -a -b -

Doddéa+b+c#0. Khi do:

2 2 2
a b ¢ j a (b+c)a+ b +(c+a)b+ c +(a+b)c

a+b+c=(a+b+®( + = +
b+c c+a a+b b+c b+c c+a c+a a+b a+b

a’ b? c?
+

=a+b+c+ +
b+c c+a a+b
2 2 2
=P= a + b + c .
b+c c+a a+b
.. z N , N a+b=c+d , .
Bai 44. Cho 450 a, b, ¢, d nguyén thoa man: balcd Chtng minh: ¢ = d.

Loi giai.
Tacé:a+b=c+dsuyraia=c+d-bthayvaoab +1=cd
Taco: (c+d—b)b+1=cd < b(d—b)+cd —cd +1=0=(d -b)(b—c)=-1

18



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Vib,c,dlasbnguyénnén:d—b=-b+c=1hoic-d+b=b-c=1
Vay c=d
a+b+c=1
Bai 45. Cho {a’+b?+c? =1 . Tinh gia trj biéu thirc: P =a®® + b 42
al+b®+ci=1
Loi giai.
Ta co:
(a+b+c) =a?+b?+c?+2(ab+bc+ca)=1
=1+2(ab+bc+ca)=1=ab+bc+ca=0
Mat khac:
a3+b3+c3—3abc:(a+b+c)(a2+b2+c2—ab—bc—ca)<:>1—3abc:1.(1—0)
= abc=0=>a=0vb=0vc=0
, . | b+c=1 2 2 = b=0
Xét a =0 thi 2+C2 =N b” +2be +c 1:>bc:0:>
b?+c? =1 b?+c?=1 c=0

Dodé:a=0,b=0,c=1hoaca=0,b=1,¢c=0

Khido: P=1
Lap luan twong tu vai cac truong hopb=0vac=0.
Vay P = 1.

Bai 46. Choa + b + ¢ +d = 0. Ching minh rang: a®+b®+c®+d* =3(c+d)(ab—cd)
Loi giai.
Tu:a+b+c+d=0
=a+b=—(c+d)=(a+b)’ =—(c+d)’ =a’+b’*+3ab(a+b)=-c*~d*~3cd(c+d)
=a’+b’+c’+d®=-3ab(a+b)—3cd (c+d)=a’+b’+c’+d*=3ab(c+d)—-3cd (c+d)
=a’+b’+c’+d*=3(c+d)(ab—cd)
Vay bai toan dugc ching minh.

Bai 47. Cho a® +b°+c® = 3abc . Tinh gia tri bidu thirc: A:[1+%j[1+9](1+3)

C a

Léi giai.
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a’+b®+c® =3abc

a+b)’—3ab(a+b)+b* =3abc

—3c(a+b)(a+b+c)=3abc+3ab(a+b)
c(a+b)(a+b+c)+3ab(a+h+c)

3
a+b+c

= (

= ( )
<:>(a+b+c)3
<Z>(3.+b+C)3 3(a+b+c)(ab+bc+ca)
= ( )
= ( )

a+b+c [(a+b+c) —3(ab+bc+ca)}:0

a+b+c (a +b?+c®—ab—bc— ca) 0

=~ (a+b+c)(a=b) +(b-c) +(c-a) | -0

a+b+c=0 a+b+c=0
= =
(a-b)* +(b-c)’ +(c—a)=0 a=b=c
Véi a+b+c=0thi: po2thctbatc_—c-a-b_
a b a a b a

Véia=b=c thi P=(1+1)(1+1)(1+1)=8
Bai 48. Cho a, b, ¢ d6i mot khéac nhau théa man: ab + bc +ca = 1. Tinh gié tri biéu
thurc:

(a+b)’(b+c)*(c+a)’ _ (8 +2bc-1)(b?+2ca-1)(c* +2ab-1)
D A= ) b (e ) ) B b o-of (c-a)
Lo gidi.
a) Taco:l+a’=ab+bc+ca+a’=(a+b)a+c)
Tuong ty: 1+ b*=(a+ b)(b + ) . 1+c”=(c+a)(b +c)
Do dé: A=(a+b)2(b+c)2(c+a)2 =(a+b)2(b+c)2(c+a)2 1

) Jae) (b (rey cray
b) Ta c6: a® + 2bc — 1 = a? + 2bc — ab — bc — ca = (a-b)(a-c)

Tuong tu: b® + 2ca—1 = (b —c)(b — a) : c’+2ab-1=(c—a)(c—bh)
Do db: Bz(a2+2bc—1)(b2+2ca 1)(c*+2ab-1) _(a-by (b_c)j(c_a)jzl
(a- b) (b- c) (c— a) (a b) (b—c) (c-a)
Bai49.cho t4tyl 0. Tinh gia tri biéu thic: P_ab bf af
a b c ¢ a® b
Goi y.
Ta dé dang ching minh dugc khi Ll omi %+%+%:i
a b c a~ b® ¢’ abc
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Do do: Pza—?+b—g+a—f=ab3c+abac+absc=abc[i3+i3+%j:abc.i=3

cc a° b C a b a b’ ¢ abc
.. o L - 2 L et . 1 1 2
Bai 50. Gia st X, y la hai so thuc phan biét thoa man +

x* +1 y2+l: xy +1
1 1 2
+ +

Tinh gia tri biu thic P = — >
X*+1 y"+1 xy+1

Loi giai.
1 1 2 1 1 1 1
X2+1+ 2 1 AR to -
y°+1 xy+1 x*+1 xy+1 vy +1 xy+1
Xy -y Xy —X* 2\( 2 2\(+2
=0 — 1 — 1)=0

(x2+1)(xy+1)+(y2+1)(xy+1) :>(xy y )(y ’ )+(xy " )(X ’ )
<:>(x—y)2(xy—1):0<:>xy:1(vi X#Yy)=>S=2

CHU DE 2. CAC BAI TOAN VE PA THUC
Bai 1.
Cho da thiuc P(x) =ax? +bx+c. Biét P(x) chia cho x + 1 du 3, P(x)chia cho x du 1 va
P(x)chia cho x — 1 du 5. Tim cac hé s6 a, b, c.
Lai giai.
Vi P(x) chia cho x + 1 du 3 nén P(x) — 3 chia hét cho x + 1.
= P(x) -3 =1f(x).(x + 1)
Thay x = —1 vao dang thuc trén ta co:
P(-1) -3 =f(-1).(-1 + 1) =0.

= P(-1)=3 (1)
Tuong tu, P(x) chia cho x du 1 nén P(0) =1 (2)
P(x) chiachox—1du5nénP(1)=5 3)

Tu (1), (2), (3) ta cd hé phuong trinh:

a(-)>+b(-)+c=3 [a—b+c=3 [(a=3
a0’+b.0+c=1 <dc=1 <ib=1
al’?’+bl+c=5 a+b+c=5 c=1

= P(x) = 3x* + X + 1. Thu lai ta thdy P(x) thoa man dé bai.

Vay P(x) = 3x° + x + 1.

Bai 2. Cho da thuc f(x)=x*—(a+3)x+a . Xac dinh a dé f(x) chia hét cho (x — 2).
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Loi giai.
Vi f(x)i(x-2) nén x = 2 la nghiém cua da thuc f(x) hay f(2) =0
Do d6: 2’ —(a+3).2+a=0<a=-2
Bal 3. Cho da thic f(x)=x*-2(a+1)x+b-1. Xac dinha, b dé f(x) chia hét cho
(x — 1) va va da thirc (X + 2).
Loi giai.
Taco: f(x)i(x-1);  f(x)i(x+2) nénx=1vax=-2 langhiém cua da thuc f(x)
hay f(1) = 0 va f(-2) = 0. Do do:
1’-2(a+1).1+b-1=0 2a—-b=-2 3
{(—2)2—2(a+1).(—2)+b—1=0®{4a+b=—7<:>a:_?b:_l
Bai 4. Cho da thirc bac 3 dang: f (x)=x*+ax?+bx+c chia hét cho (x — 2) va khi
chia cho (x* — 1) du 2x.
Loi giai.
Ta c6 f(x) chia hét cho (x — 2) nén x = 2 1a nghiém cia da thuc f(x) hay f(2) = 0.
Do d6: 2°+a.2’+b2+c=0<4a+2b+c=-8 (1)
Mt khéc: f(x) chia cho (x* — 1) du 2x nén g(x) = f(x) — 2x nhan (x* — 1) 12 nghiém
hay x =1 va x = -1 la nghiém cua g(x). Do do:
g(1)=0 l+a+b+c-2=0 (2)
{g(—l)zoc’{—1+a—b+c+2=0 3)

Tir (1), (2), (3) ta c6: az-%;bzxc:% .

Vay da thuc can tim la: f (x)= XS—%XZ +X+—

Bai 5. Cho da thuc f(x) c6 bac 2002 théa man didu kién: f (n) :% V6ix = 1: 2;

3;....;2001. Tinh gia tri caa f(2002)
Loi giai.
Taco: f (n):%nén f(n)—ﬁzové’i x=1;2;3;..2001. Suy ra: x = 1; 2; 3;....;2001

la nghiém cua phuong trinh: f(x)—%:O hay X'f(;()_1=

Xét phuong trinh: G(x)=x.f (x)-1 c6 nghi¢ém la x = 1; 2; 3;....;2001 va G(0) = -1.

0
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Do d6 G(x) c6 dang: G(x)=a(x—1)(x—2)(x—3)...(x—2001)

- = 1\ (-2)(- - =- 1 thé: :;
Suy ra: G(0) = a.(-1)(-2)(-3)....(-2001) = -1 Vi thé: a 153 2001
Do do:

1
G()()_1.2.3....2001(
ML .
1.2.3.....2001
(x—l)(x—2)(x—3)...(x—2001)+1.2.3...2001

1.2.3.....2001.x
2002—1).(2002—2)...(2002—1)+1.2.3...2001 2.1.2.3.....2001 1

o 1 (2002) - 21232000 1
1.2.3.4...2001.2002 1.2.3..2001.2002 1001

Bai 6. Cho da thirc: P(x)=x*+ax’+bx*+cx+d théa mén P(1)=3,P(3)=11P(5)=27.

x—1)(x—-2)(x—3)...(x—2001)

< xf(x)-1= x—-1)(x—2)(x—3)...(x—2001)

< f(x)=

Tinh gia tri cua: S =P(-2)+7.P(6).
Loi gidi.
Xét da thuc: f(x)=ax®+bx*+c thoa man: f(1)=3,f(3)=11, f (5)=27.

al’+b1°+c=3 a=1
Khi ddtacod: {a3?+b3+c=11<<b=0 Nén f(x):x2+2
a5’ +b5+c=27 c=2

Suy ra da thc Q(x)=P(x)- f (x) la da thirc bac 4 c6 h¢ s6 cao nhat 1 1 va nhan

1,3, 5 la nghiém,
Do dé6: Q(x)=(x—1)(x—3)(x—5)(x—m). Tir do ta tinh duoc:
P(-2)=Q(-2)+ f (-2)=216+105m
P(6)=7.Q(6)+ f(6)=896-105m
Vay: S =P(-2)+7.P(6)=216+105m+896—105m =1112.
. h(v2+7
Bai 7. Thi cac da thac g(x) va h(x) vai hé so nguyén sao cho: ﬂ:
9(V2+7)

Léi giai.

Dit u=+/2+7 ta can xac dinh cac da thuc h(x) va g(x) sao cho % =2 hay

n(u)-9()2 =0
Xét tich: (u—(ﬁ+ﬁ))(u—(\/§—\ﬁ)):u2 —2J7u+5.
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2
Do u la nghiém ctia phuong trinh u? —27u+5=0 nén u2+5 =7
u

2 2_
Mt khac: V2 —u—7 cu—Y 24 =5
2u 2u

Vay h(x)=u®-5;g(x)=2x

Th lai thay h(x) va g(x) thoa mai diéu kién bai toan.

3

1-3x+3x?
A= f [Lj+ f (i]++ f (@J+ f [%j
2012 2012 2012 2012
Lot giai.
Nhan xét. Néu x+y=1 thi f (x)+ f(y)=1.

Bai 8. Cho f(x)= . Hay tinh gia trj ctia biéu thirc sau:

= f(y)= f(l—x):ﬂ

Thatvay,taco f(x)=————
Ve () x*°‘+(1—x)3 x3+(1—x)3

3 vt
X +(1X)

3 3 3 3 =1.
X +(1-x)" x*+(1-x)

suyra f(x)+f(y)=f(x)+f(1-x)=

Vay, nhan xét dugc chiung minh. Tacé f (%) =

N -

Theo nhan xét trén ta co:
A:(f( L j+f(201ljj+(f(—2 j+f(—2010D+...+
2012 2012 2012 2012

. (1005} i (1007J i f (—1°O6j 1005+ f (lj —1005,5
2012 2012 2012 2

Bai 9. Tim da thirc P(X) bac 4 thoa mai cac diéu kién sau:
P(-1) =0 va P(x)-P(x-1)=x(x+1)(2x+1), vxeR.

Loi giai.
V6ix =0thi P(0)=P(-1)=0
Vi x = - 1thi P(-1)=P(-2)=0
Do d6 P(x) nhan -1, 0, -2 la nghiém.
bat P(x)=x(x+1)(x+2)(ax+b) v&a#0.
Véix=1thiP(1)=P(0)+6=6.Suyra:a+b=6(1)
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Vi x = 2 thi P(2) = P(1) + 30 = 36. Suy ra: 2a+b =§ @)
T (1) va(2)suyra: a=b :%

Vay P:%x(x+1)2(x+2)

Bai 10. Cho da thtrc P(X) thoa mén:

P(1)=1;P(Ej=i2P(x),VX¢O; P(X+X%,)=P(x)+P(X,),v%, X, €R.

X X
7

Taco:P(2)=P(1+1)=P(1)+P(1)=1+1=2.
Tuong tu: P(3) = 3; P(5) =5; P(7) = 7.

Tir do: P(%) i p(7):1,p[§j:p@j+p@:§
Tuong tu: P( j ( j ;
)=X

Bai 11. Cho da thic P(x

a) Tim s6 du trong phép chia Q(x) cho P(x)
b) Tim x dé Q(x):P(x)

P—x VA Q(X)=x"+x* +x¥ +x° + x+1.

Lo gidi.
a) Ta co: P(x)=x(x*-1); Q(x)=x(x* 1)+ x(x* =1)+x(x** =1) + x(x* =1) +5x +1
Vi cac da thirc x*° —1;x* —1;x® —1 déu chia hét cho x> -1 nén phép chia Q(x) cho P(x)
du 5x + 1.
b) Dé Q(x):P(x)thi 5x+1:0<:>x:—%
Bai 12. Cho da thic P(x)=ax? +bx+c thoa min diéu kién véi s6 nguyén x bat ki thi
P(x) 1 s6 chinh phuong. Chang minh rang a, b, ¢ 1a s6 nguyén va b 1a sé chan.

Lo gidi.

Do P(0)=cla s6 chinh phuong nén ¢c=m? véi m 1a s6 nguyén (hién nhién c la sb

nguyén).
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ViP(1)=a+b+c;P(-1) =a-b +clacac sé nguyén nén (a + b) va (a—b) la cac
s6 nguyén hay 2a va 2b 14 c4c s6 nguyén.

bat 2a=n;2b=p;P(4)=k*; n,p,keZ. Suy ra: k* - m’ =16a+4b

hay (k—m)(k+m)=2(4n+p).

Néu k, m khéc tinh chén I¢ thi (k — m)(k + m) 12 sb 1 v ly.

Do d6: (k+m)(k—m):4 . Do do6 (4n+p):2 hay p:2

Ma (a+b)eZ=aecZ .

bat P(2)=t*(teZz) . Taco: t*—m*=2(2a+b).

Lap luan twong tu suy ra b 1a s6 chan.

CHUONG I. CAC BAI TOAN VE CAN THUC

Bai 1. Tinh gia tri cua bidu thuc: A=+/6-25 +1/14-65
Loi giai.

Ta c6: A=+6— 25 +14—645 =\/(\/§—1)2 +\/(3—\/§)2 —J5-143-5=2

Bai 2. RUt gon A=+127 487 —\[127+487 .
Loi giai.

Ta co: A=1127-487 127 +48J7 =,/(8-37)" —\/(8+3\7)’

= 18-3J7|—|8+3J7|=8-3J7-8-3J7 =-67 (8>3J7)

Bai 3. Choa=\/11+ N +le1—6\/§. Chiing minh rang @ 1a mot s6 nguyén.
Loi giai.

a=11+612 + 11642 = /(3+2)? +1/3-+2)* =6

Turdéa lasonguyén.

. , 2 2J10+30-22-6 2
Bal 4. RUt gon biéu thic: A= :
goh biell T \/ 2J10-22 J3-1

Loi giai.
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.. [2410+4/30-22-6 . 2 _
Ta co: J NTEEN _\/§_1_

\/2&(%—1)+\/€(\/§—1) V3-1_ (243 3-1_ [4+2/3 V3-1_3+143-1 1
2 Vo4 - ' -

22(\5 -1) C 2 2 2 2 2 2
Bai 5. Tinh gié tri cua biéu thircN= Va+y3+ya-V3 +27-102
4+«/1_3
Loi giii.
Ta co0:
N= V243 +V4-3) +425-1042 +2
\f8+ 213

_ 2(J4++3+4-3) ey
V@ +3)+2\a+ VBB + (4+3)

_V2(4+\B+y4-\B) /—(5_ﬁ2:ﬁ(J4+ﬁ+J4—ﬁ)+‘5_ﬁ‘:ﬁ+5_ﬁ:5
JWa B +Ja—By NZENCENZENG

Bal 6. Khong st dung may tinh, hay thuc hién phép tinh:

a = V2B A + 10
J23-35

Loi gidi.
1/ Ta co:

N Bt m o V22 B e S IO
. [23-35 - N («/23—3@ )

42318215 + 245 _ \/(Jg—l)z +\/(J§—J§)2 +245
x/46—6\/§ (3\/5—1)2

V3-1+5-3+2J5 3J5-1
3J5 -1 351

=1
2++/3 2-43

iAo 223
27

Bai 7. Rt gon biéu thuc: B =
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Loi giai.
Ta cO:

B _ 2+\8 2-V8 _ _2+\3 2-8

2 2iar 2B 2—«/4 23 "3+ 3-8
B _(2+3)B-V3)+@3+V3)(2-\3)_3+y3+3-\3

2 3+3)(3-3) 6
B
— -1=B=2
NG
Bai 8. S0 sanh /20172 —1—+/20167 -1 va 2.2016
J2017% —1++/2016% -1

Léi gidi.
(V20177 —1-+/2016 —1)(\2017> —1 ++/2016% 1)
20172 —1++/2016% -1

Ta co: /20152 —1—+/2014% -1 =

_ (2015%-1)—(20142-1) 2017?2016’ _ (2017-2016)(2017 +2016)
V20172 —14++4/20162 =1 /20172 —1++/2016% -1 /20172 —1++/20162 -1
~ 2017 + 2016 N 2.2016
V20172 —1++/20162 -1 +/2017% —1++/2016% -1

2.2016

Vay V20172 —1-+/2016% -1>
20172 —1++/2016% -1

- , A, 2x -9  Yx+3 2x+1
Bal 9. Rut gon biéu thirc A = — _
8 X 5Vx16 Jx—2 3-Vx

Loi gidi.
20x-9  Jx+3 2Jx+1
x-5Jx+6 x-2 3-x

Rt gon biéu thirc A =

DKXD:x # 4:x# 9

2Jx -9 f+3 2f+1 20X —9—x+9+2x—3/x -2 X — X =2
(Eeg)g) o2 st (R (eg)(eg)
_ (xy)(¥x-2) xaa

(-2)(-3) -3
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N
Bai 7. Rt gon biéu thc: A=4i—<‘/__ J7 6 !

+ + :
g . \/1 [17) 4343
T = 7|47+ | =
Léi gidi.
Pat a=47=a'=7 va a> =47 ta co:

2 &7 6 7 1-2a° 13a2+7
A=——a- + +—= + =
a 1 az( 1) a a a’(a®+1)

a-- a+>
a a

_a*+a’-2a°-2a*+13a°+a’ 2a’(7-a‘) _
a’(a® +1) a’(a’+1)

Do a*=7
2
J4-345 2425425
Loi giai.
Pit b=45=b*=425,b° = 4125,b* =5,b° = 5b?,b° = 5p.
2
J4—-3b+ 202 - 3p°

Bai 6. RGt gon biéu thuc: B =

Tacod: B=

Mat khac:

1 . 1 _ (b°+30)+(20° +4)
b®—2b?+3b-4 (b®+3b)—(2b%+4) (b®+3b)* —(2b% +4)?
b*+3b+2b°+4  (b°+2b*+3b+4)(b*—3) b°+2b*—2b*-9b-12

—2b? -6 2(b* -9) 8
b’ —2b—1__(b+1j2
== |
2 Y 4 4
Vay B=2 =" = .
1y (b+1j b+1 45+1

Bai 7. Rt gon biéu thire: A= (\/x—ﬁ _Jx +J%)\/x +X? —50 véi x=+/B0
Loi gii.
a) Taco:
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:(«/x-\/S_O-x/x+\/%)2(x+ X2 50):>A2 ( J50 + x + /50 - 24/x? 50)(x+Jx 50)
:>A2:(2x-2 x2-50)(x+x/x2-50):>A2:2(x -X +50)
Vay: A*=100

Nhung do theo gia thiét ta thiy A= (\/x\/ﬁ -Jx +\/%)\/x ++/x2-50 <0

= A=-10

NN .(\/(1+ X)? +4/(1— x)3)

Bai 8. Rut gon biéu thire A= voi —1<x<1.

2—+/1-x?
Loi gidi.
11 (JTax+ ﬁ)(zﬂh— x2)

a) Taco: A=

2—\1-x

—m( T+ x+V1-x)

S PR e ) P PR )
B =i 2

Bai 9. Cho bidu thire M= &¥a=bvb___a

b
a-b  Ja+ib Jb-Va
Rut goi M va tinh gié tri biéu thitc M biét (1-a)(1-b)+2+ab =1

voia,b>0vaazb

Loi giai.

JJab
Ja-b
(1-a)(1-b)+2Jab=1<ab—a-b+1+2Jab=1

<:>ab:(x/a—«/5)2<:>(%)zzl<:> % =1

Rut gon M= voia, b>0vaa=b

+ Néu a>b>0

\/ab
=Ja>Jb=+a- «/_>O«/_b>0:>\/_ \/_

R I
Zab| Ja b Ja b

+ néu 0<a<b
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Jab
=Ja<Jb=+a- \/5<0\/_b>0:>f f

||
RN N N -

Bai 10. Chang minh biéu thirc sau khdng phu thudc vao gia tri caa x:

_ 6x—(x+6)Vx-3 3 1
2(Xx—4VX +3)(2=+/x) —2x+10Jx-12 3Jx-x-2

Pidukien x>0, x#4; x#9; x #1

Loi giai.
Ta co:
6x—(x+6)\/;—3 _ 3 _ 1
2(x-4x +3)2-X) -2x+10Vx -12 3Jx -x-2
O BX—(x+6VXx-3 3 ) 1
22-)Wx -9 -1) 26x-3)2-%)  2-x)x =)
Do x =20; x #1; X #4; X #9
_ 6x—(x+6)vx —3-3(x 1) - 2(/x -3)
2(vx —1)(Wx =3)(2—-+/x)
_ 6x—x/x—6Jx-3-3Jx+3-2/x +6
2(x —1)(/x =3)(2-+/X)
_ (2x=6v%)—2(/x =3) - x(vx -3) + Vx(vx -3)
2(x —1)(Vx -3)(2- \/_
_ (= =3)@2-x) _
(WX -DWX-3)(2-4x) 2

Bai 11. Cho a, b 1a sb hitu ti thoa mén (a2 +b? —2)(a+b)2+ (1—ab)® = —4ab

= PpPCM

Chting minh A+ab 14 sd hitu ti
Loi giai
Ta co:
GT)= [(a+ b)’ - 2(ab +1)}(a+ b)? +(1+ab)’ =0
& (a+b)' —2(a+b)*(1+ab)+(1+ab)* =0
o[(@arb) -+ ab)T — 0= (a-+b)’~(1+ab)=0
< (a+b)?=1+ab < |a+b|=1+ab e Q;vi:a;b e QKL
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Bai 12. Cho biéu thirc: P = &+\/§+\&_\/§ (HM)
1-Jxy  1+Jxy 1-xy

a) Rut gon biéu thic P.

2
b) Tinh gia tri ciaa P voi X = )
) st 2+3

a) PKXD: x>0;y>0;xy #1.
Mau thtrc chung la 1 — xy

P (VX + )@+ xy) + (Vx = Jy)a-/xy) A-Xy+X+y+2xy

1-xy 1-xy
:&+x\/§+\/§+y\/§+\/§—x\/’§—\/§+y«/§ 1-xy
1—xy 1+ X+Y+Xy

_2(x+yyx) _ 2dx@+y) _2Vx

1+ x)A+y)  1+X)(A+y) 14X
b) Ta co:

2 _22-3)_, Ry
x_2+\/§_ TR 2J3 +1=(/3-1)

(f3-17 =[B8-1=+3-1

2W3-1)  2f3-2
C1+(W3-1% 1+3-23+1

_2(3-1) _6y3+2

P =
5-23 13
.. 2 , Jx—1 X-+8 3Jx—1+1 1
Bal 13. Cho biéu thtc P = : —
© biet thue 3+\/x—1+10—x X—3x—1-1 +x-1

1) Rat gon P

e . 3+242  [3-242
2) Tinh ¢gia tri cua P khi x = 4 —4
) st \/3—2\/5 \/3+2J§

Loi giai.
PK 1<x=10
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1)P_3«/x—1+9_ 1 2yx—1+4

©10—x  |Wx—1 Jx-1-3

P__%J§:1+3)\A—4(Jx—1—3)

- 10—-x  2yx—-1+4

p_ WX —1(x—10)(vx—1—2) _ 3(x=2)
20— x)(x—1—4)  2(x-5)

322 322, > A o =
2)x_\/3_2\/§ \/3+2ﬁ_J(3+2J§) 4B—242)* =\3+ 22 —\3-22
=>x=1+V2-(2-)=2 vix>1
Vay P=0

Bai 14. Cho biéu thuc: P =(

x+2 . Jx 1 :\/__1.Véix20,x¢1.
XWX -1 x+Jx+1 1-x
a) Rat gon biéu thuc P.
b)TimxdéPzg.
7
Léi giai.
a) Ta co:

P_( x+2  x 1 ]_\/?—1_ x+2 W 1
Cxx =1 x+x+1 1-Jx ) 2 (\/;)3_1 X+x+1 x-1

_x+ 2+ X (XD - (x+ X +D) VX -1
(ﬁ—l)(x+ x+1) -2

o x=20x+1 2
_(ﬁ—l)(x+ x+1)'\/;—1
B 2

Cx+UX+1

b) V6ix > 0, x = 1. Taco:
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P:gcz——ji——:z¢>x+ X+1=7

7 X+4x+1
Sx+x-6=0 (X -2)(/x+3)=0
Vi VX +3>0nénx —2=0 < x=4(t/m)

VayP:%khix:4

x2-JIx 2x+ X , 2x-1)

Bai 15. Cho biéu thuc: P = - Xx>0,x # 1).
X+X +1 \/; \/;-1 ( )
1. Rt gon P.
2. Tim gia tri cia x dé P = 3.
Loi giai.
U Tacs: poYXOC -1 Vx@Vx+D)  2(/x-1(/x+1)
X+X +1 Jx Ix-1
:'\/;('\/;_1)()(4_\/;4_1)_2\&_1_’_2(&_'_1)
X+/X+1
=X—+X+1
2/ Taco: P=3 < X—JX+1=3 < x—/x-2=0
t=-1(L
Pat ﬁ:t,tZOtadugcpt t?’-t-2=0< (L)
t=2 (TM)

Tacot=2 taduoc VX =2 <> x =4 (thoa min PK).
Vay x=4thiP=3.

Bai 16. Cho biéu thirc: P =

X B y B Xy
Wx+YV)A-y) x+Ex+D)  (x+DA-\y)

1. Rut gon biéu thuc P.
2. Tim céc gia tri X, Y nguyén thoa man P = 2.
Loi giai.
1) Diéu kien dé Pxdcdinh1a: x>0;y>0;y#1;x+y=0 .
o XL+ %) = Y= Y) =y (VX JY) =y + (X yfy) =y (V)
N e R ¥y o oty
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L Y5 x Ty ) (R (2 s(

(e )e )=o) (14 )2 )
iy vy xS )Eedy) - (- )
(1= W) (1-)
R -7
2)P=2 o \/;+\/E—\/;:2Vé'isz;yzO;y;tl;x+y¢O
T (1)~ (5 + 1) =15 (V5 - 1)(1+5) =1

Tacé: 1+ Jy21l=Yx-1<1<0<x<4=x=0;1;2:3:4

Thay vao P ta c6 cac cap gid tri (4; 0) va (2 ; 2) thoa man

2Jx -9  2Jx+1 /x+3
x—5\/§+6+ Jx -3 " 2—/x
a. Tim gia tri cua x dé biéu thirc M c6 nghia va rit gon biéu thirc M
b. TimxdeM=5

Bai 17. Cho biéu thuc M =

Loi giai.
a/ PK x>0:x#4;x#9

, _ 2Jx=9-(Vx+3Jx =3+ [2vx +1fvx -2)
Rut gon M = (\&_21&_3)

L aa. [ —JIx=2
Bién doi ta co két qua: = (\/_X ;/x;\/_ 3)
X —2)Wx —

- (\/;+1X\/;—2): Ix+1

Wx-3JVx-2) Jx-3
Ix -1
Jx-3

Bai 18. Cho biéu thic: A=

b/ Tacd: M = 5= =5 =X =4=x=16(TM)

X 42 X +1 1

% -1 xtdx+1 1-vx

vol X>0, x#1

1) Rat gon A
2) Chimg t6 rang: A < %

Loi giai.
Ta co:
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X+2 \/;+1 1

(\/;—1)(x+ x+1)+x+ X+1 x-1

_x+2+x—1—x—\/;—1

1) A=

A (ﬁ—l)(x+ﬁ+l)
A= x=x

(\/;—1)(X+\/;+1)

W) R

A:(&—l)(x+&+1)zx+ X+1,V01 x>0, x=1

G101 (‘/;_1)2
2)Xet§—A—§—X+ x+1_3(x+\/;+1)
Dox>0, x =1

2
:(«K—l)z >0 vax+ﬁ+1:(&+%j +%>0

:>1—A>O<:> A<1
3 3
3X+/9x =3 Jx+1 Jx-2

Bai 19. Cho biéu thic P = _ _
X+Ux -2  Jx+2 Jx-1

a. Tim DKXD va rut gon P
b. Timx d&¢ P<0
Loi giai.
a) Tim dugc PKXD: x>0,x =1
Taco I HVOX=3_ x+1 Jx-2 _ 3x+3Vx-3 (X+DEX-D) (X-2Wx+2)
x+x-2  x+2 -1 (x+2Wx-1) (x+2x-)  (x+2Wx-1)
_3x+3«/§—3—x+1—x+4_ X+ 3% +2
W) (X2 -1)
C(Wx+)(x+D)  Vx+1
(Wx+2(Wx-1)  x-1
b)-Taco:P<0
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:\/;+1
Jx-1
=AX-1< O(doxﬁ+1> 0)

=X <1

<0

=x<1

- Két hop véi PKXD ta duoc: V6i 0<x<1 thi P<0.

B4 20. Cho biéu thite: P = —————>—+— 2
JXHL xfx+1 x-x+1

a) Rut gon P.

b) Ching minh P > 0.

Loi gidi.
a) bPKXD: x >0
1 3 2
P= - +
JX+1 xfx+1 x-Jx+1
1 3

2
T () (xede) xx oL
XX +1-3+2(Vx +1) X+ X 9

TR e e

b) VX >0

X-&+1:(«/_——j2+
N

X-+X+1

-

53
4

[}
Dlw

Do do: P=

Bai 21.Cho biéu thuc: P :{ MGix >0, x= 1.

X + 2 NM 1 ) Jx-1
+ + ;

XX -1 x+\/§+l 1—\/;

a) Rat gon biéu thuc P.

b) So sénh: P? va 2P.

Loi giai.

X+ 2 Jx 1 ]:&—1

a) Taco:P= + +
) (x x-1 X+x/;+1 1—\& 2
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x+2 _ Nx 1 |Ax-1
(\/;)3_1 X+x+1 Jx-1| 2

:x+2+wﬁRJ§—D—(x+J;+D_Jq—l_ X—2J§+1 2

(J;—1XX+ X+1) 2 (¢Q—1XX+ x+1yJ§—l

3 2
X+ X+1

Q) Vi X>0=> x+/x+1>1

<:>O<—2 <2
X+X+1

=0<P<L2

< P(P-2)<0

—P?-2P<0

« P?<2P

Dau “="xay rakhiP =2 <x=0

Vay P? < 2P

a+1+aJ§—1+a2—aJ§+¢E—l
Ja  a-+a Ja-aa

Bai 22. Cho biéu thirc: M = véia>0,a=1.

Chtng minh rang M > 4.
Loi giai.
a/ Ta co:
a\/a—l_(«/g—l)(a+«/a_+1)_a+ a+l
a-va  Ja(a-)  a
a’-aJa+Va-1_ (@a+)(a-)-va(@a-1) (a-D@-+a+l) -a+a-1
Ja-afa Ja(@-a) - Jag-a) Ve

:>M=a—+1+2

Ja
Do a>0; a=#1 nén: (\/a_—1)2>0 & a+l>2\/a_

2\a

=>M>—+2=4

N

Doa>0,a=1nén: va
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Bai 23. Cho biéu thac A :(

3x+\/9_x—3+ 1 1 )1
x+0x -2  Jx-1 x+2 x—1

1) Tim diéu kién cua x dé biéu thirc A c6 nghia.
2) Rat gon biéu thirc A.

3) Tim gié tri cita x dé % la s6 ty nhién.

Lo giai.
x>0
Xx=1

JHVx-3 1 1 )1
x+Ux =2  Jx=1 x+2 “x-1

S HX2 g (Vx+1)(Vx+2)
(Vx-1)(Vx+2) (Vx-1)(vx +2)

- (45

3) Vi diéu kién: {

1) biéu kién: {

2) Ta co: Az(

(F-1)( 5

x>0
Xx#1

Taco: A= (x/§+1)2

ViA-= (J}+1)221véi inXZOnénOS% <2
(Vx+1)
Dodé: 2=—2 _cNkhi (J}+1)2: 1 hoic (J}+1)2: 2

A (Vx+)
Ma /X +1> 0 nén /x +1 =1 hoiic /x +1 = /2
Do d6: x=0 hoic x:(\/f—l)z —3-22
Vay %Ia s6 tu nhién khi x =0hoic x=3—-22

o atl aﬁl a?—aa++a-1

Bai 24. Cho biéu thirc «/_ «/_ Ja-a\a vGia>0,a=1.

TS SR 6 L. .
V61 nhiing gia tri ndo cda a thi biéu thuc N = V] nhén gia tri nguyén?
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Lo giai.
Vi diéu kién a>0; a = 1thi:

a+1 (Va-1)(a+va+1) (Va-1)(Va+1)(a-a+1)

M = + -
EGE (e
2
v atl a+«/§+1 a—+a+1 (\/5+1)
N R S Y
KhidéNzﬁziaz>O.Tathéyvéi0<a¢1:a—J§+1>0
(Va+y)
©(£+1)2>3£©La2<2
(Va+y)
Do O<N<2
Pé N c6 gié tri nguyén thi N = 1.
PR CRR DU P,
a+2«/§+1

<:><\/5—2)2:3<:> Ja=43+2 - a=7+43 (thda man)
Ja=—3+2 |a=7-43 (thda man)
Vay a=T+443

a+l aJ_ 1 a—a\/a_+f L 6ia>0 asl.
& aVa  a-ala

PSS S 6
V61 nhitng gié tri nao cua a thi biéu thuc N = V] nhén gia tri nguyén?

Bai 25. Cho biéu thuc: M =

Loi giai.
Taco 0<N= % <% do d6 N chi c6 thé nhan duoc mot gia tri nguyén 1a 1

Ma N=1 @izlca—AﬁH:O@(\/a_—Z)z =3
a+1+2\/5

<> a=2+43 hay JJa =2-+/3 (pht hop)
Vay, N nguyén <a=(2++3)
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N .2 , —5VX 25—x VX+3 Jx-=5
Bai 26. Cho biéu thic A = | X “1]: -
! [ J {x+2\/x—15 \/x+5+\/x—3J

X—25
1. Rut gon A
2. Tim s nguyén x dé A nguyén
Loi giai.
1) Piéu kién x>0,x % 25,x =9
Ruat gon A= \/;5+3
Jx+3=1 (loai)

2) X e Z =>./x +3 lau(s) =>
JX+3=5=>x=4

Jx )_(\/;+3+\/;+2 X +2
Jx+1

Bai 27.Cho M =(1- ;
( N 3—J§+x—5J§+6)

1) Rat gon M

2) Tim gia tri nguyén cua x dé biéu thirc M nhan gia trj 13 s6 nguyén
Loi giai.

a) DPKXD: x>0;x=4;x=9 (*)

1) Rut gon M: Voix=0;x=4;x#9

Ix -2

Jx+1

Vx-2_Jx+1-3_Jx+1 3 _, 3
\/;+1 \/;+1 \/;+1 \/;+1 \/;+1

Biéu thirc M ¢6 gia tri nguyén khi va chi khi: 3ivVx+1< Jx+1eU(3)
UB)e 143 | Vi x>0=/x+1>0=/x+1>1

Nénx +1e {3 }

Xay ra cac truong hop sau:

 x+1=1=x=0<x=0 (TMPK (*))
Ax+l=3cJx=2<x=4

(khong TMDK (*) loai )

Vay x = 0 thi M nhan gié tri nguyén.

Rut gon ta dugc: M = (Vo1 x=0;x = 4;x=9) (*)

2)M =

Bai 28. Cho biéu thuc P=X_2‘/J;Jr Vx+1 +1+2X—2x/;
XWX -1 xx+x+x  x2-Jx
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Tim tat ¢4 cac gia tri cia x sao cho gia tri cia P 1a mot s6 nguyén.

Lai gial.
Piéu kién: x>0, x=1. Khi d6 ta co
Rt gon biéu thirc ta duge P = x+2
X+ X+1

Ta c6 Px+(P-1)\Vx+P-2=0, ta coi ddy la phuong trinh bac hai cua x. Néu
P=0=—Jx-2=0 vd Ii, suy ra P=0 nén dé ton tai x thi phuong trinh trén c6

A=(P-1)-4P(P-2)>0

& -3P?+6P+120 P2—2P+1sg<:>(P—1)2§

w| b

Do P nguyén nén (P-1) bang 0 hoic 1
+) Néu (P-1)° =0 P =1 x=1 khong théa man.

P=2
= P =2 2x+/x =0< x=0 khong théa min

+) Néu (P-1)’ =1@{
Vay khong c6 gia tri nao ctuia x théa man.

2Jx-9  2J/x+1 Jx+3
x—5\/;+6Jr Jx -3 ’ 2-Jx
a.Tim gia tri cua x dé biéu thirc M c¢6 nghia va rat gon biéu thae M
b. Timx e ZdéM e Z

Bai 29. Cho biéu thuc M =

Loi giai.
a/ PK x>0;x#4:x#9

, _2Jx=9-(Vx +3JVx -3+ [2vx +1Vx -2
Ratgon M = (&_21&_3)

A 2. ‘ —Jx =2
Bién do1 ta co két qua: = ( \/_X ;/X;\/— 3)
X =2 VX -

- (\/;+1X\/;—2):\/;+1

Vx-3[Vx-2) Jx-3
Ix -1
Jx -3

Bai 30. Cho biéu thirc A = [

=5 =x=4=x=16(TM)

x=5Jx _, 25-x___ Jx+3 Vx-5
x—25 X+2Jx-15 /x+5 /x-3

b/ TacdH: M = 5<
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1. R4t gon A
A(x +16)

2. V&ix>0, X 25, X 9 tim gi4 tri nho nhat cta biéu thirc: B = -

Loi giai.

1)Piéu kién x> 0,x = 25,x # 9

., 5
Rut gon A=
&6 Jx+3
2) Taco:
A(X+16) 5(x+16) x+16 _ 25 25
B= = = =X =3+ —F—=—=X+3+ -6
5 5(vx+3 Jx+3 W JXx+3 Jx+3
=>B>4=>minB=4 &x=4
2
. o —2x 1 1 1
Bai 30. Cho biéu thac A== +=. +
x4+l 2 (1+»\/x+2 1—\/x+2)
a) Tim diéu kién cua x dé biéu thirc A c6 nghia
b)RUt gon biéu thirc A
¢)Tim gia tri nho nhat caa A.
Loi giai.
X+2>0
a) Diéu kién cua x dé biéu thirc A co nghia :{x° +120 < X=-
X#-1
Jx+2 #1
b) Rt gon biéu thic A
x*-2x 1 1 1 X(x —2) 1 2
A= +—. + = +—.
X4l 2 1+ x+2 1-x+2" (X+D(XP—x+1) 2 1-(x+2)
O X(x-2) 1 x(x =2)—(xX*-x+1)
XD —x+1) x+1 (x+D)(X2—x+1)

3 —(x+1) -1
C(X+D(C=x+1D)  xP-x+1

¢) Tim gia tri nho nhat cuaa A.
-1 -1

Taco A=—; =
X —X+1 (

X_l)2 +§
2 4

Ta ¢ A nho nhit khi (x_%)z +% dat gi4 trj nho nhit
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Vay: Gi4 tri nho nhit cia 13 A 1a ‘?4 khi x—% =0e x:%

Bai 31. C4c sb thuc x , y thoa méan dang thic :

(x+w/1+x2 Xy+w/1+ y? ):1,
Chang minh x+y=0

Loi giai.
Taco:
(x+\/1+71y+\/1+y2 Xx—\/1+x2 ):(x—\/m)
<:>—(y+W)=(x—\/m}1)

Tuong tu —(x+,/l+ X’ )z(y—,/1+ y? XZ)

Cong (1) va (2) Tacd

Y =LY =X =ALE X = XA LE X+ Y =l Y S -y X=X+

< X+y=0

Bai 32. Cho x, y, z déu khéc 0 théa mi diéu kién:a+b +c=0.

Ching minh: L+t 2t |t 1.1

Xy 7P |x y z

Léi giai.

1 1 1 1 1 1Y 1 1 1
Sttt =-t—+=| 2| —+—+—
Xy oz X y z Xy yz ox

2 2
:J(Luj _2(x+y+z]:J(1+i+;J L0 1,11
X y z Xyz X y z Xyz |x y z
Vay: i2+%+i2=1+1+l
x> y2 P x y 12
\ s A \ \ £ P , ~.1 1 1
Bai 33. Cho a, b 1a s6 duong va c la so khac 0 thoa man: =+=+==0 .
X y z

Chuang minh: (x+y =Vx+z+\y+z (¥
Lo giai.
1 1+1: Xy + Yz + zX

Taco: 0==+=
Xy z Xyz

= xy+Yyz+2x=0.Do do6: ab +bc +ca =0
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(*) ©x+y=(x+2)+(y+2)+2{(x+2)(y+2).

S 22+2\/xy+xz+yz+zz=O(:>(—c):\/xy+xz+yz+z2

S22 =Xy +XzZ+yzZ+ z?

& xy + yz + zx =0 ( dung) = (dpcm

Bai 34. Chtig minh dang thic: Q=ﬁ+ﬁ+£+ﬁ+4=l+«/§.
N2 +3+4/4

Léi giai.

Ta co:

Q:x/§+«/§+m+\/ﬁ+2\/4_:(ﬁ+ﬁ+ﬁ)+ﬁ(ﬁ+ﬁ+ﬁ) 142

V2443444 V2+43+44 |

Bai 35. Ching minh dang thic sau
1 1 1

1
N 7N T N FON /B o B

Léi giai.

=Jn-1.

1 Jk+1-Jk T

«/E+x/k+l_(\m+ﬁ)(\/ﬁ—ﬁ)_ﬁ .

Do do: A=(\E—ﬁ)+(ﬁ—ﬁ)+(ﬁ—ﬁ)+...+(ﬁ—m)=\ﬁ—1

Bai 36. Chirg minh dang thuc:

A= ! + L + ! +..+ ! :g
2J1+1J2 3J2+23 4y3+3V4 100499 +994100 10

Léi giai.

Ta co:

i 1 i FT1- K
(k+D)k ko (k). (Ve vkrt) (k1) (VR ) (Vi - k)

k+1-+vk 1 1

k(k+1) k ksl

Do dé: A—(}—ij+(i—ij+(i—ij+ +( L 1 j=1_ L _, 1.9
' 1 V2) V2 B) B 4) 7 (P9 100 J100 T 9 10
Bai 45. Tinh gié tri ctia biéu thuc P
P =3x®"%+ 5x**' 1+ 2006 Vi x=\/6+2\/§.\/3—\/\/§+2\/§+\/18—8\/_ -3
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Loi gidi.
Taco x:\/6+2\/§.\/3—\/\/§+2\/§+m.—\/§
CO18-8V2 = /(4—2)? =[a-V2|=4-+2
VW2 +2V3+4-12 =23 +4 = (3 +1)? =3 +1
X =6+ 2v2/3— 3 +1 = {6+ 242423 = /6+24—23 -3
x=6+2J(3-1)7 —V3=1/6+2J3-1-V3=14+23 -3
x=y(3+D)? ~3=[3+1-3=13+1-13=1

Vo1 x=1.Tacd P=3.1"2+5.121 1+ 2006 = 3+ 5+ 2006 = 2014
Vay voi x =1 thi P=2014

Bai 46. Tinh gia tri cua da thirc f(x) =(x* —=3x+1)* " tai x=9-

1 1
9 " 9
SN N SFIN
\/ 4 \/ 4"
Loi giai.

Ta co: x:9—\/[ﬁ]z +\/[ﬁ]z

2 2 _9_2\/§+4—2\/§+4

:9_\/5—2+\/§+2_ (Jg)z_zz

f(x)= (1) =1

=9-8=1

Bai 47. Cho céc s6 duong x, y, z thoa méan diéu kién xyz = 100. Tinh gia tri cua biéu
thuac:

104z

A= ﬁ + \/y +
By +x+10 0 fyz+\y+1  Jxz +104z +10
Loi giai.

Vi X, Y, z la cac s6 duong nén tir xyz = 100 =>/xyz =10
Thay vao biéu thirc di cho ta duoc:

A= VX + \ﬁ + nyz.\E
xy +x +xyz  Jyz iy 1 Ixz - xyzz +\xyz
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I SN A
\/;(\/;/+1+\/E) \/y_z+\/)7+1 \/E(1+\/y_z+\/y)
I S 7
\/§+1+\/y7 Jy7+ﬁ+l 1+ yz+\/§
:1+\/3_/+\/y_z::L

1+\/3_/+\/y7

Bai 48. Cho a, b, ¢ thoa min Ja+vb+vJc=7 ; a+b+c=23; Jabc =3

er e R 1 1 1
Tinh gia tr1 bi€u thirc H= + +
s Jeb+c—6 ' Joc+a—6 ea+b—6
Loi gidi.

Taco (\/5+\/5+\/E)2:a+b+c+2(\/£+ﬂ+ ca)

ma Ja++b+Jc=7: a+b+c=23 nén Jab ++/bc ++/ca =13
Tacd Ja+vb+Jc=7=Jc-6=—Va-b+1
nén ab+JE—6=@—J5—JB+1=(JE—1)(JE—1)

Tuong tu \EJr a—6=(\E—l)(ﬁ—l);ﬁ+\5—6=(\5—1)(%—1)

Vay H=

1 1 1
+ +
\/abﬂ/E—G «/bc+\/5—6 «/ca+x/5—6
1 1 1

R T (E g

_ Ne-1+ya-1++vb-1
(Va-1)(o-1)(Ve-1)

N i
_@+(JE+JB+JE)—(M+M+JEa)—1_3+7—13—1_

(Jﬁ + 2)%/17«/5 38

2015

Bai 49. Vi x = . Tinh gié tri cua bieu thuc: B = (3x° +8x* -2)
J5+\14-645
Loi giai.
Taco o WB72) (B+2) (B-2)(B+2) 1
V5 +4/(3-5)* VB+3-5 3

Ttr tinh duoc B = - 1.

47



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Bai 50. Cho x, y, z thod man: xy + yz + xz= 1.

Tinh gi4 trj bidu thirc: A = x [EHYIU+Z) o J@+2)AEX) , [A+x)A+yT)
(L+x%) 1+ y?) (1+2%)

Loi giai.
Cho x, y, z thod man: xy + yz + xz = 1.

Hay tinh: A = X\/(1+ y3)(L+7%) +y\/(1+ %)(1+x) +Z\/(1+ X*)(L+y?)

(1+x?) (1+y?) (1+2%)
Goiy:ixy+yz+xz=1 e 1+X= xy+yz+xz+x>=y(X+2) +X(X +2) = (X +
Z)(X +y)

Bai 51. Cho ham s : f(x) = (x* + 12x — 31)*"“. Tinh f(a) tai a =

16 -85 + 316 +85

Loi giai.

Tir a=316-85 +3/16+ 85
—a’ =32+3§/(16—8\/§)(16+8\/§)[%/16+8\/§+$/16—8\/§]:32—12a nén a® + 12a = 32.

Viay f(a) =1
Bai 52. Cho x=31+65 - JV65-1. Tinh Q=x3+12x+2009.
Loi giai.

Q=x3+12x+2009, V&i x=1++/65 — 365 -1:
Taco: x3 :(%”/1+E —3’/@—1)3
=1+ \/%)—(J@—l)—sg»/(uﬁ)(\/%—l)(§/1+\/@—i*/\/%—l)

- 2—12(%/1+J%—%/%—1) —2-12x.

Do do: Q = 2-12x +12x + 2009 = 2011.
Bal 53. Cho x, y thda man 0<x <I,0 <y <1 va

AR A |

1-x 1-y

Tinh gi4 tri clia biu thitc P =x+y+x? —xy+y?
Loi giai.

Taco.
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XY s 2(x+y)=1+3xy

1-x 1-y
1+ 3xy

SX+y= 5

Thay x+ y=1+§Xy Taco
P=X+y+X*—xy+y* =x+ y+1f(x+ y)* —3xy

2 2
:1+3nyr £1+3xyj _3)(y:1+3nyr (1—3xyj
2 2 2 2

_1+43xy +‘1—3xy|
2 2 |

Néu xy>1/3 ThiP =2
Néu xy < 1/3n thi P = 3xy

[1 \/12+41T \/12—\/13_5}.

Bal 54. Cho X=_

3 3 3

Tinh M = (9% ~9x% - 3)’

L&i giai.
T“’X_s[l \/12+F\/ f}
| S
3 3

3 3

<:>(3><—1)3=£§/12+JE +§/12‘J13_5T

= (3x-1)"=8+3(3x-1)

<9x°-9x°-2=0

=M =(-1)'=1

Bai 55. Cho cac sb thuc duong a, b ; a = b.Chting minh rang

(a-h)’
a_by ~byb +2ava 3a+3m_0
aJa —byb b-a
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Lai giai.
(a—by’
(«/_ J_S b%+2af 3a+3\/£
ava-bvb b-a
Wa-vb)’.(Vat+ib) | & L. 2
Waby bR R E )

(Va—+b)(@+ab +b) (Va—vb)(a++b)
_aa+3avb+3bVa+bvb+2aa  3Va

~ (a-vb)a+vab+b)  Ja-+b

_ 3av/a +3avb +3by/a —3aa —3avb —3bia

) (Ja—+b)(a++/ab +b)

= 0(DPCM)

Bai 56. Tim X, y nguyén sao cho /x +.fy =18

Loi giai.
Taco :\x+\/y =+/18(x>0;y > 0)
Ptviét: Vx +fy =3v2()(0 <x <3J2;0< [y <32)
Pt viét:

=32y 20<=> (x)* = (3V2 - \[y)* <=> 6,2y = y — x +18

y—X+18
= 2y =221 ¢Q
6
a’eN(Vi2yeZ vaa>0)

2y:aeQ<:>2y:a2eQ<:>{ _
a:2

a=2m(me N)
=>2y =(2m)? <=> y =2m? <=> [y =mJ2TT = Jx =ny2
Pt (1) viét: "2 + M2 =3¥2 <=>m+n=3(m:ne N)

[(n=0 x=0
=>

m=3 y=18

n=1 X=2
=>

m=2 y=8

n=2 X=8
=>

m=1 y=2

n=3 x=18
=>

| (m=0 y=0

. Xx=0 [x=2 [x=8 [x=18
Vay Pt da cho c6 4 nghiém ; ; ;
y=18 |y=8 |y=2 |y=0
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Bai 57. Cho hai sb thuc a, b théa man a + b = 3, ab = 1. Tinh gié tri cua biéu thirc

(Va-+b)(a*-b?)

aa +byb
Lo giai.
 (Ya-vb)(a*-b*) (Va-‘b)(@a-b)a+h)
Taco: P= = 3 3
() ()
_(Ya-vb)(a-+b)(a+vb)@+b) (a+b-2/ab)(@+b)
- («/5+\/5)(a+b—«/£) - a+b—+fab
Thay a+b =3, ab =1 ta duoc:
I:)_(3—2.1).3_3
To3-1 2

Bai 58. 1) Choa—b =+/29+12y5 —2/5 . Tinh gi4 tri cia biéu thiic:
A=a’(a+1)—b?*(b—1)—11ab+ 2015

2) Cho X,y 1a hai sé thuc thoa man xy+4/(1+ x*)(1+y?) =1.
Chuang minh rang x\f1+ y? +yy1+x2 =0.

Loi giai.
1) a-b=120+12y5 25 = [(3+2V5) ~2J5=3
A=a’>-b®+a’+b’-1lab+2015
=(a—b)(a® +b*+ab)+a* +b*-11ab + 2015
=3(a’ +b*+ab)+a’ +b*—11ab + 2015
=4(a® —2ab+b?) + 2015 = 4(a—b)? + 2015 = 2051

2) xy+y@+x°)1+Yy°) =1 @+ x)°(1+y)* =1-xy
= 1+ x*)(1+y?*) =(1-xy)’
1+ X2+ Y2+ x2y? =1-2xy + x2y?

SX+Y +2xy=0 (X+y)’ =0 y=—X

- x,,/1+ Y2+ yVl+ X2 = xy1+ X2 —xy/1+ X% =0

@2y t-ty
Bai 59. Cho biéuthie P=—D_8 "8 D ygia50b5>0,a#b.

a b _a.b

b> a* b a

1. Chung minh P =i
ab

o1
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2. Giastra, b thay ddi sao cho 4a+b-++/ab =1. Tim gia tri nhé nhét cua P.
Lo gii.
Ta co:

(§+E+1)(1_1)2 (a72+b72+a7b)(a7_b)2

p__b a a b” __ "ab ab ab” ab
aiJrﬁ_(ngQ) a’ . b* _(a3b . ab3)
b> a* b a’ a%®® a’m* ‘a’h® a’h’
a’+b’+ab, (a—b)*> (a’-b%*(a-b)
_( ab ) a’h® _ a’h’ _1
a’ +b*—a’n—ab’ (@®*-b*)(a-b) ab
a’b’ a’b?
1
Vay P=—.
ay b

2.Ap dung BDT Cb6-si cho hai s6 duong 4a va b ta co:
4a+b>2J4ab = 4Jab =>1=4a+b++/ab >5ab

<=>4/ab £1<=>0<ab§i
5 5

:>P:i225
ab

a_l
C s b=4a>0 b=4a>0 10
Dau bang xay ra khi <=> g <=> 10
da+b++fab =1 10a=1 bzg
5

1

a=—

VayminP=25 =) 10

2

b==

5

Bai 60. Chiing minh rang:

A= 1+i+i+ £+i+i+ +\/£+ 1 +L+\/£+ 1 +L
12 22 32 \N12 3 42 77 N1 1998% 19992 12 1999% 2000°

La sb hitu ty.

Loi giai.
Xét ke N,k>2. Taco:
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1 1Y 1 1 2 2 2
1+ ——-=| =1+ s+ — - ——
k—1 K (k-1 Kk k-1 (k-1)k k
1 1 2 2 2 2

—— St —————
(k-1 K* k-1 k-1 k k

11 1 1Y [t 1 1 1 1

=1+ st—=l+———| = [F+t— S+t =1l+———

(k-1)" Kk k-1 k (k-1 Kk k-1 k
Chok=3,4,5,...,1999,2000. Ta co:

A= 1+1—1 + 1+1—1 +...+ 1+L—L + 1+L—L .
2 3 3 4 1998 1999 1999 2000
A=1998+ = - ——
2 2000

Do d6 A 1a sb hitu ty

Chi @é 3. PHUONG TRINH, HE PHUONG TRINH PAI SO
Bai 1. Giai phuong trinh: X’ —X*+3x-10=0
Loi giai.

X} —x*+3x-10=0 < x* - 2x* + x> = 2x+5x-10=0
<:>xz.(x—2)+x.(x—2)+5.(x—2)=0c>(x—2)(x2+x+5):0
S X=2
Do x> +X+5>0 VX
Vay phuong trinh ¢6 nghiém X = 2,

Bai 2. Giai phuong trinh: x%(2x + 3) =2(3x — 2) (1)
Loi giai.

(1) © 2x° +3x* —6x+4 =0 < 4x° +6x* ~12x+8=0

< 5x° :x3—6x2+12x—8<:>(§/’”§.x)3 :(x—2)3

S 3B x=x-2x=

-1
A - , s R )
Vay nghiém cuaa phuong trinh la: x=—"—
ay ngnie p g X Bt
Bai 3. Giai phuwong trinh: x* + 2x* —4x*> —5x—6=0
Loi giai.

Taco: x* +2x°—4x* —5x—6=0
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<= X' =23 +4x°-8x* +4x* -8x + 3x-6=0
<=> X*(X=2)+4x° (x=2)+4x(x-2)+3(x-2)=0

<= (x=2)(x*+4x* +4x+3)=0

<= (x=2)(x +3¢ +X* +3x+x+3) =0

<= (x- 2)[x2 (X+3)+x(x+3)+ (x+3)]=0
)

= (x-2)(x+ )(x +x+l) =0

=2
<=>
-3
(Do x* +x+1>0)

><><

Vay phuong trinh c6 nghiém x =2 vax =- 3.

Bai 4. Giai phuong trinh; X' +4x°~10x* +37x-14=0 (1)
Phan tich ra nhap: Ta nghi dén viéc phan tich:

X' +4x3 —10x% +37x-14 = (x2 + pX+ q)(x2 +IX+5)

=X +(p+r)x°+(s+pr+q)x*+(ps+ar)x+0gs=0

p+r=-4

S+ pr+q=-10

Ddng nhat hé s: . Nham nghiém ta duoc: P=-5 q=2,r=1 s=-7

ps+qr =37
gs=-14

Tir do c6 1o giai; X +4x*~10x* +37x—14:(x2 —5x+2)(x2 +x—7)

Suy ra:

X* —5x+2=0

X +x-7=0

Siﬁ_x —1++/29
2

Giai hai phuong trinh bac 2 nay ta dugc nghiém: X = , =

x* +4x3 —10x% +37x-14=0 <:>(x2 —5x+2)(x2+x—7)=0<:{

Bal 5. Giai phuong trinh: x* -5x*+4=0
Loi giai.
bat y=x* (y>0) khi d6 phuong trinh trd thanh:

y2—5y+4=0<:>(y—l)(y—4):0<:>Blill

Vay phuong trinh ¢6 4 nghiémx=-1,x=1,x=2,x=-2.
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Bai 6. Giai phuong trinh: (x—2004)" +(x—2006)" =2
Lot giai.
bat y= X—M = x—2005 . Khi d6 phuong trinh tr¢ thanh:
(y+1)* +(y-1)' =2 [ (y+1 +(y-1) | ~2(y+1)" (y-1 =2
<:>[2y2+2]2 —2(y2 —1)2 =24yt +8y? +4 -2y +4y*—2=2
©2y* +12y* =0 2y (y?+6)=0< ¥ =0 y=0
< X—-2005=0 < x=2005
Vay phuong trinh c¢6 nghiém x = 2005
Bai 7. Gidi phwong trinh: 6x* —5x° —38x* —5x +6=0.
Loi gidi.
Ta thay x = 0 khong phai 1a nghiém ctia phuong trinh
Chia ca 2 vé cua phuong trinh cho x° ta duoc:
5 6

6x> —5x —38——+—=0
X X

< 6(x° +i2)—5(x+1)—38:0
X X

Dit y:x+l thi: x2+i2=y2—2
X X

Ta duoc pt: 6y> — 5y — 50 = 0 <=> (3y — 10)(2y + 5) = 0
5

10
Do do: =— Vvay=——
Y 3 Y 2

: 10 .
*Voi y=€th|: x+£=%<:>3x2—10x+3=0
X

1
X —
<=>(3x-1)(x-3)=0<=>|""' 3
3

* Vi y:—g thi: x+£:—g<:>2x2+5x+2:0

X
.=t
<=>(2x+1)(x+3)=0<=>| * 2
X, =—2
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Vay phuong trinh ¢6 bon nghiém: x =%, X= _?1 X=-2, Xx=3
Bai 8. Giai phuong trinh: (2x* —3x+1)(2x* +5x+1) =9x° (h)
Lot giai.

— Nhan thay x = 0 khdng phai 1a nghiém caa Phuong trinh.
- Chia hai vé caa Phuong trinh (1) cho x? = 0 ta duoc:

(2x—3+1j(2x+5+3j=9 *)
X X

Pit t = 2x+% . Khi d6 phwong trinh (¥) tre thanh: (t—3)(t +5) = 9

t=—-6
@t2+2t—24=0©(t+6)(t—4)=0c>L_4
Vé6it=-6taco: 2x+%=—6<:> 2Xx° +6X+1=0= x= _Séﬁ.
V6it=41acO: 2x+ L =4 20 —ax+1=0 X = Zizﬁ.

X
Vay phuong trinh da cho c¢6 4 nghiém: x = _Sizﬁ VX = 212\5 :
Bai 9. Giai phuong trinh: (x* —5x+1)(x* —4) = 6(x—1)? (2)
Lot giai.

bat a=x-1thay x =a + 1 va r(t gon ta duoc:
(U*=7u—-3)(u* —2u—3) =6u° *)
Pén day co6 thé giai tiép nhu bai 8 trén.
Giai ra ta duoc 4 nghiém la: x=3+7;  x= —112\/ﬁ_

Bai 10. Giai phuong trinh: (x* +3x+2)(X* +9x+18)=168x" (1)
Loi giai.
(X* +3x+2)(X* +9x+18) =168x" <> (x+1)(x+2)(x+6)(x+3) =168
& [(x+1)(x+6) [ (x+2)(x+3) | =168X* <> (X* +7x+6)(X* +5x+6) =168x’
— Nhan thay x = 0 khdng 1a nghiém caa phuong trinh:

Chia hai vé ctia phuong trinh cho x? ta duogc: (x+§+7j(x+§+5j =168
X X
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bat y:x+§ phuong trinh tré thanh: (y+7)(y+5)=168
X

2 y=7
& Y +12x-133=0<
y=-19
[ x=1
. X=6
X+—= 2_ _
Do do: X = Xz 7x+6=0 = “19+V337
X°+19x+6=0 2
X+—=-19
X X_—19—a\/337
L L 2

~19++/337 19 —B37
2 T 2

Vay phuong trinh c6 4 nghiém x=1,x=6,x =

Bal 11. Giai phuong trinh: (x+2)(x—3)(x+4)(x-6)+6x* =0
Loi giai.

Phuong trinh < (x* —2x—12)(x* +x-12)+6x* =0

Vi x=0 khong la nghiém ciia phuong trinh nén chia hai vé phuong trinh cho x* ta

duoc:
(x—E—4j(x—E+1j+6=0. bat t=x—E, ta co:
X X X
) t=1
(t-4)(t+1)+6=0=1t"-3t+2=0< ‘(—o

Xx=4
* t=1<:>x—E:l<:>x2—x—12=O<:{
X X=-3

*t=2ox-2x-12=0x=1+./13
Viy phuong trinh d3 cho ¢6 bdn nghiém: x =—3;x = 4; x =1+ i3
Bal 12. Giai phuong trinh:
a) Giai phuong trinh:3(x’ - x+1)2 —2(x+1)" =5(x" +1)
b) Giai phuong trinh: x® +3x° —6x* —21x* —6x* +3x+1=0
c) Gidi phuong trinh: (x+1)(x+2)(x+3)" (x+4)(x+5)=360
d) Giai phuong trinh: (x3 +5x+5)3 +5x°+24x+30=0.

Léi giai.
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a) Vi x=-1 khéng la nghiém cua phwong trinh nén chia ca hai vé cho x* +1 ta
duoc:

2 2
gX X4l 5, Xt gt XXy 2 s a? st2-0eot=2t=—2
X+1 X —x+1 X+1 t 3
+
*t=2<:>x2—1~“>x—1=0<:>x=3_;/1_3

*t= —% & 3x* —=2x+4 =0 phuong trinh v6 nghiém

b) Pay 1a phuong trinh bac 6 va ta thay cac hé s6 ddi xtimg do d6 ta c6 thé ap dung
cach giai ma ta da giai ddi v6i phuong trinh bac bbn cé hé sé ddi xtng.
Tathdy x=0 khong la nghiém cua phuong trinh. Chia 2 vé cta phuong trinh cho

x* ta duoc:

x3+i3+3(x2+i2)—6[x+1)—21=0. bit t:x+%,|t|22. Ta co:
X X X

X +% =t*-2;x° +% =t(t* —3) nén phuong trinh trg thanh:

t
t(t*—3)+3(t*—2)-6t—21=0 c>t3—3t2—9t—27=0c>(t+3)2(t—3)=0<:{

t=-3
+
*t=3& x+£:3<:>x2—3x+1:0<:>x=%

X
—3+.5

2

*t=3<=xX+3X+1=0< x=

3445, 36
2 2

¢) Phuong trinh <> (x* +6x+5)(X* +6x+8)(x* +6x+9) =360

. Viy phuong trinh ¢ bon nghiém

bat t =x* +6x, ta ¢ phuong trinh: (y+5)(y+8)(y+9)=360

x=0

c;>y(y2+22y+157)=0c;>y=0<:>x2+6x:0<:{xz_6

Vay phuong trinh c6 hai nghiém: x=0;x=-6.

d) Tacd: x*+5x+30=5(x"+5x+5)—x+5nén phuong trinh tuong duong

(x3+5x+5)3+5(x3+24x+)x3+24x+3020. bat u=x*+5x+5. Ta duoc hé:
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3 —
{U +5u+5_x:>(u—x)(u2+ux+x2+6):0c>u:x.

x}+5x+5=u

c>x3+4x+5:0<:>(x+1)(x2—x+5):0<:>x:—l. Vay x=-1 la nghiém duy nhit caa

phuong trinh.
Bai 13. Giai phuong trinh: —~—— 4+, 1 _ 3
X +5Xx+4 X°+11x+28 x“+17x+70 4x-2
Lo giai.
Ta co:
1 1 1 3
2 T T2 -
X°+5x+4 X +11x+28 XxX“+17x+70 4x-2
1 1 1 3
*)

= + + =
(X+D(x+4) (x+4)(x+7) (x+7)(x+10) 4x-2

Tir suy ra diéu kién dé phuong trinh c6 nghia 1a: x = -1;—4; —7;—10;%

Khi do:
1/ 1 1 1/ 1 1 1/ 1 1 3
NN ———— |+ ———— |+= - =
3ix+1 x+4) 3\ x+4 x+7) 3\ x+7 x+10 4x -2
X=-3
L1 _ 9 wimx+12-0e
Xx+1 x+10 4x-2 X =-4,

Két hop véi diéu kién ta co nghiém duy nhat x = -3.

Bai 14. Giai phuong trinh: N S
2008x+1 2009x+2 2010x+4 2011x+5
Loi giai.

1. 2. 4 5
2008° 2009  2010° 2011
Khi d6 phuong trinh da cho tuong duong.

PK: x#-
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1 1 1 1

+ = +
2008x+1 2011x+5 2010x+4 2009x+2
4019x+6 4019x+6

< (2008x +1)(2011x +5) B (2009x +2)(2010x + 4)
i 4019x+6=0

= 1 B 1

| (2008x +1)(2011x +5) B (2009x +2)(2010x + 4)
- N 6

& 4019

| (2009x +2)(2010x +4) — (2008x +1)(2011x +5) =0
i 6 i 6

4019 4019

< 4019x+6=0 <| x=-1

2x*+5x+3=0 3

) 6 3
Vay phuong trinh c6 ba nghiém: x=——:x=-1x=-=.
Yy p g gnie 2019 >

2X 13x
5 +— =6.
3X°—=4x+1 3x“+2x+1

Léi giai.

Bal 15. Giai phuong trinh:

32 _axs120 | X1

bicu kign: 17" 11
3X“+2x+1#0 x;té

Dé thay x = 0 khdng phai 1a nghiém cta phuong trinh, do d6 chia chia tir va mau
ctia mdi phan thirc cho x ta duoc:

2 13
7t 1 =06.
X—4+— 3IX+2+—
X X

bat 3x 14—t khido phuong trinh trd thanh:

X
1
t==
2, B o irt-4-00 2
t t+6
t=—4.
4
o1 11 X=3
Voit==thi 3x+=-4=="=6Xx*-11x+4=0<=
2 X 2 1
X==
2
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Vi t=—4 thi 3x+2—4=—4<6x2+1=0 (loai)
X

Vay phuong trinh ¢6 nghiém: x :%, X :%

4 2
Bai 16. Giai phuong trinh: ><3L>§+1=3
X® + %% — X

Loi giai.
Xx#0

Piéu kién: x*+x*—x#0< Xi_li\/g
2

Chia chia tir va mau cua phan thiac cho x? =0 ta duge phuong trinh twong duong:

X2 +34 =

2 3 1 2 2 1 2 2 1

X =3 . Pitt=x--=ot’=x"+5-2=t*+5=x*+-+3
X X

X+1-— X
X

t>+5

Khi d6, phuong trinh trg thanh: -l
+

=3ot?-3t+2=0<=t=1hoact=2

Vé6it=1thi x—1:1<:>x2—x—1:0<:>x:¥.
X

VéGit=2thi x—1:2<:>x2—2x—1:0<:>x:14_r\/§.

X
1++/5
2

Vay phuong trinh ¢6 bon nghiém 1a: x = va x=1£+2

1 —
(x+1)?

Léi giai.

15.

Bai 17. Giai phuong trinh: 5+
X

Xx=0

bK: { . Khi d6 phuong trinh da cho twong duong voi:

X#—

1 (X+1)> +x°
_+—: _—mm
X (x+1)? X2 (x+1)°

2
Sl g f 1 ), 2 _g5
X“(x+1) X(x+1) X(x+1)

1
X(x+1)

15

bat =t khi d6 phuong trinh trd thanh:

t
t?+2t-15=0<
t=-5
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. , _24+
Véit =3 taco: =3<:>3x2+3x—1=0<:>x=3_—\/z.
X(x+1) 6
: 5+
Véit=-5suyra: =5 5x +5x+1=0< X = 5_\/5.
X(X+1) 10

Phuong trinh da cho c6 bon nghiém x = -3 iﬁﬁ e _Sfoﬁ

Bai 18. Giai cac phuong trinh:
25x?

a) x° +( 5)2 =11 . (Trich d& thi vao 16p 10 chuyén Lam Son Thanh Hoa
X +
2013).
by — 12X ___3X_ 1 (Trich d thi vao Iop 10 chuyén Dai hoc Vinh
X2 +4x+2 X +2X+2 T
2010).
2
c) ()(—2)2:3x2—6x—3(Trich d& thi vao 16p 10 chuyén DHSP Ha Noi 2008).
X +
3 2
d) x*+ X 3+3x -2=0
(x-1)° x-1
Loi giai.
a) Piéu kien x=-5
i 2 2 2 \? 2
Ta viét lai phuong trinh thanh (X—S—X] +20x —11=0@( X J A0 410, pat
X+95 X+95 X+5 X+5

2 . . , t=1
t=—""_ thi phuong trinh c6 dang t*+10t-11=0 <
X+5 t=-11
) y 2 ++/ 4 2
Néu t=1 ta co: _le X2 —x—5-0 x= V2L N&y t=-1le 2 =-11
X+5 2 X+5

<> x* +11x+55 =0 phuong trinh v6 nghiém.
b) Déy rang néu x 1a nghiém thi x=0 nén ta chia ca tir s6 va mau so vé trai

cho x thi thu duoc: 12 5= 3 5 =1. bat t:x+z+2 thi phuong trinh tro
X+4+— X+2+— X
X X
R t=1
thanh: 22 _3 11013 6=t + 2 > —Tt+6=0c :
t+2 t t=6
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Vi t=1 ta co: x+z+2=1<:>t2+t+2=0 vb nghiém. Vi t =6 ta co:
X

x+g+2:6<:>x2—4x+2:0<:>x:2i\/§.
X

c) [Lz—(mz))z —(2x-1)° _o@(i+x—3j(i—3x—1 -0.

X+ X+2 X+2

Gii 2 phuong trinh ta thu duoc cAc nghiem 12 x = +6;x = 2¥3

3
d) St dung HDT a°+b* =(a+b)’ —3ab(a+b) ta viét lai phuong trinh thanh:
3 2
x3+( X1)3+3X1—2:0<:{x+ } [ j+ 3 ~-2=0 hay
" _

X2 Y x2 ) 3x? x2 NG
-3 + -2=0< -1 =1 ~1=1< x*-2x+2=0. Suy
x-1 x-1 x-1 x-1 x-1

ra phuong trinh da cho v6 nghiém.

(x+1j +x_+1:12[x 2}
Bai 19. Giai phuong trinh: \x=2/)  x=3 x=3)

Lai giai.
X#2
PK: [Xx#3
X+1
u=—=—
X—2 UV:X+1
bat |, _X-2 x—=3 . Khi d6, phuong trinh da cho tré thanh:
X—3
u2+uv=12v> < u®+uv-12v =0
u=3v
<:>(u—3v)(u+4v):0<:{
u=-4v
V&i u = 3v ta co:
X—+1—3X—2<:>2x —-16X+9= 0<:>x_8+\/%.
X—2 X—3 2
_ X4l 4 X22 B2 1241920 (WN)
Véiu=-4vtach: x-2 X-3
 8+4/46

X
Vay phuong trinh da cho c6 nghiém 1a: 2
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Bai 20. Gidi phuong tinh: >4 _ 1
X“+X+3 X" +3x+9 2x
Loi gial.
X*+x+3#0
Diéu kién: {x2 +3x+9%0 < x =0,
2x2 %0

Vi diéu kién X = 0 phuong trinh di cho tuong dwong véi:
1 4 3
+ =
2x% X2 +3x+9 x*+x+3

_ @+b)y®

Trudc hét ta ching minh bét dang thie; &
y X+y

*)

That vay, ap dung bat dang thac bu-nhi-a-cop-xki cho hai bo s6 (J_ X[y ) va (% LJ
X

y
tact: (<) (ﬁ))[[%j +[%T]>(a+b)2 ST )

Déu “=” xay rakhi 2 =2
Xy

Vay BDT (*) duoc chiing minh.

< .1 4 1 (2)2 (1+2)> 3
Ap dung BDT (*) ta co: + = > =
P dung ) 2X° X2 +3x+9  2x% X +3x+9 2X°+x*+3x+9  x*+x+3

Do d6 phuong trinh nay c6 nghiém khi va chi khi

+
12= > 2 < X2 +3Xx+9=4x° X=1_ 13
2x* X*+3x+9 = >
1+/13

Vay phuong trinh da cho c6 hai nghiém x =

2

X+11+ X+22 X+33+ X+44
104 93 82

Bal 21. Giai phuong trinh :

Loi gidi.
X+11+X+22_X+33+X+44
115 104 93 82
x+11 X+22 X +33 X +44
& +1)+ +1 +1
(115 )+ 104 th=( D+( 82 )
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x+126 x+126_x+126+x+126

115 i 104 93 82
x+126+x+126_x+126_x+126 _0
115 104 93 82
& x+126=0
&S x=-126

Vay nghiém cua phuong trinh 1a x = -126
Cau 22. Giai phong trinh:
l. x*=3x+2+|x-1=0

2. 8£X+EJ2+4(x2+i2j2—4(x2+i2j(x+1)2:(x+4)2
X X X X
Loi gidi.
1) ta co:
x> =3x+2+[x-1=0 (1)
+ Néu x>1: (1) <:>(x—l)2 =0 < x=1 (théa man diéu kién x>1).
+Néu x<1: (1) ©x*-4x+3=0<x*—x-3(x-1)=0<(x-1)(x-3)=0
< x=1; x=3 (ca hai déu khong bé hon 1, nén bi loai)
Vay: Phong trinh (1) c6 mot nghiém duy nhat la x=1.
2) ta cO:

8(x+%j2 +4(x2 +%)2 —4(x2 +%j(x+%]z =(x+4)"(2)

Diéu kién dé phong trinh ¢6 nghiém: x =0

(z)ag(ﬂéf +4(x2 +%)Kx2 +%)—(x+§jz}=(x+4)2

2
@8(x+1) —8(X2+i2j:(x+4)2 <:>(x+4)2 =16
X X

< x=0hay x=-8 va x=0.
Vay phong trinh da cho c6 mdt nghiém x=-8
Bai 23. Giai phuong trinh: (1005 x)’ +(1007 —x)’ +(2x-2012)* =0
Loi giai.
Gidi phuong trinh: (1005— x)’ + (1007 — x)’ +(2x-2012)° =0
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Pbat X =1005—x;Y =1007 — x;Z =2x-2012
Dé chimg minh v6i: X + Y + Z = 0 thi: X®4+Y3+2%=3XYZ
Phuong trinh da cho tré thanh:

X =1005
3(1005 — X)(1007 — X)(2x - 2012)=0 <> | x = 1006 .

x =1007
Vay phuong trinh da cho c6 3 nghiém x = 1005, x = 1006, x = 1007.
1

Bai 24. Giai phuong trinh: =3(*)
(2x+1)° (2x+2)
Lot giai.
Pk : x#-1x# _%. Pjt 2x+1=t
1 1
PT (*) <=> t—2+—(t 1 =
o= -3=0 0,25d
( t+1) t(t 1) (0.25d)
1 p
bat y= ta co pt:
ay t(t+1) P
y2+2y—3:0<:>{y:1
y=-3
Voiy=1 suy ra:
1 R 8
=1=>t"+t-1=0=> (TM)
t(t+1) 1-5 3-.5
t= =>X=
2 4
Voiy=-3 L——3—>t2 +t+l—0(\/N)
tt+) 3
Vay pt c6 hai nghiém x = _32\/§;x2 = _3;J§
Bal 25. Giai phuong trinh:
a) [3x—4|+|3y+5/=0. b) |x+1+|x+2/+|x+3|=
C) | X + 1|2016 + |X + 2|2017 =1
Lot giai.

a) Vi [3x—4|>0 Vva [3y+5/>0nén
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3x—4|+|3y+5/=0 <:>{3X_4=0 {X=4/3

=S
3y+5=0 y=-5/3
Vay x =4/3 vay =-5/3.

b) Ta c6 bang xét dau:

X 3 -2 |
x+1 s 0 +
xt2 -4 - 0 + d +
x+3 -0 + S + i +
Xétx<-3:
Phuong trinh tré thanh:
—(x+1)—(x+2)—(x+3)=3
& -3x—6=3
< x=-3(Théa man diéu kién)
Xét -3<x<-1:
Phuong trinh tré thanh:
—(x+1)—(x+2)+(x+3)=3
& -Xx=3
< x=-3(Khong théa man diéu kién)
Xét 2<x<-1:
Phuong trinh tré thanh:
—(x+1)+(x+2)+(x+3)=3
& X+4=3

& X = -1 (théa man diéu kién)
Xet: x>-1:
Phuong trinh tr¢ thanh:

X+1+X+2+X+3=3
< 3X+6=3

< x=-1 (khdng thoa man diéu kién)

Vay phuong trinh ¢6 nghiém x =-1 va x = -3

c) D& thdy x = - 2 va x = - 1 la nghiém caa phuong trinh.
* Xétx<-2:

Taco: x+ 1<-1vax+2<0. Suyra: [x+1| >1;|x + 2| >0
Do d6: [x+1]7"°>1;|x + 2]**'">0

Vithé: | x + 17 + |x + 2)**"> 1
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Vay Véi X < - 2 phuong trinh vd nghiém.

* Xét-2<x<-1:
Tacoh:-1<x+1<0val0<x+2<1.Suyra:0<|x+1|<1;0<|x+2<1
Vax+l|=-x-1;|x +2|=x+2

Vithé: |x + 1)< [x+1] ; |x + 2)*"'< |x+2|
2016 2017

Vay: X+ 177+ [x+ 2|7 < [x+1| + X +2|=-x -1+ x+2=1
Do d6 voi -2 < X < -1 phuong trinh v6 nghiém.
* Xét: x > -1:

Tacé: x+1>0vax+2>1Suyra: |x+1|>0valx+2|> 1
Véy |X + 1|2016 + |X + 2|2017> 1
Do d6 véi X > -1 phuong trinh vo nghiém.
Két luan: Tap nghiém caa phuong trinh la: S= {—2; -1}
N o . Ax* +1=y* —4x
Bal 25. Giai h¢ phuong trinh:
X+ xy+y?=1
Loi gial.
2: 2 :iZ 1
(2x+1)" =y <:>{y X+

H¢ phuong trinh @{ , ,
X +Xxy+y =1

X2 +xy+y* =1

) =2x+1 y=2x+1
Xét hé: y N
X +xy+y* =1

X* +X(2x +1)+(2x+1)2 =1

y=2x+1 5

X=——
=2x+1 _ x=0 .
@{y - @{XO <:>{ hoac
5

7x*+5x=0 y=1 B
X=—= y=-2
7 7

Xét hé: {y X {y

Xxy+yi =1 |x2— 2 =
y+y’=1 x> —x(2x+1)+(2x+1)" =1

S =X <4 x=0 <:>{ hOEIC{
3x*+3x=0 y=-1 y=1
x=-1
Vay hé phuong trinh da cho c6 nghiém (x;y) la: (0;1), (—;;—gj, (0;-1), (-1;2)

2X+3y =5 @

Bai 26. Giai hé phuong trinh
P & {3x2—y2+2y_4 (2)
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Loi giai.
2
Tu (1) taco x:¥ thé vao (2) ta duoc 3(5_—23yj —y?4+2y—-4=0

99

< 3(25-30y +9y?) —4y* +8y —16 <> 23y* —82y +59=0< y =1, y="23

Vay tap nghiém cua hé phuong trinh 1a 1 (1;1); _ﬁ;@

23 23
X'+ 2x°y + x°y* =2x+9 (1)
X° +2Xy =6X+6 (2)

Léi giai.

Bai 27. Giai hé phuong trinh {

TH 1 : x = 0 khong théa man (2)

—_ 2 ,
TH2: x=0, (2)<:>y:6X+2L thé vao (1) ta duoc
X

2 IV AY:
X X

x=0
X=—4

(6X +6—Xx%)?

< X X2 (6X+6—Xx7) + :2x+9<:>x(x+4)3:0<:{

Do x =0 nén hé phuong trinh ¢6 nghiém duy nhat (—4;%}

2 2
(x2+xy)2:2x+9 [#j =2X+9
Cach khac: Hé < ) W+ 6x+6 ;
X“+ Xy =— ) X+ 6Xx+6
2 X +xy=f

Tinh dugc x sau d6 suy ray.

y©+2
3y = 5
Bal 28. Giai h¢ phuong trinh 2X
3x = X" +2
y2
Loi giai.

Diéu kién: xy =0
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. |3y =y’ +2 @
H¢ < )
3y°x=x"+2 (2)
Trir vé hai phuong trinh ta dugc
X—y=0

X7y —3xy* = y* = x> < 3xy(X—y) + (X = y)(X + y)=0<:{
3xy+x+y=0

TH1. x—y=0< y=x thé vao (1) ta duoc 3x* - x* —2=0<=x=1

2 2

TH2. 3xy+x+y=0.Tir3y=Y 2 y>0, 3x=X "2

X2 y2

=x>0

= 3xy+Xx+Yy>0.Do d6é TH 2 khong xay ra.
Vay hé phuong trinh ¢6 nghiém duy nhat (1 ; 1)
X+y+xy=-1

2

Bai 29. Giai h¢ phuong trinh { ,
X“+y —xy=7
Loi giai.
Pay 1a hé dbi xang loai I don gian nén ta giai theo cach pho bién.
. (X+y)+xy=-1
H¢ &
(Xx+y)*=3xy=7
S+P=-1 {521, P=-2

X+y=3S
bit y (Elx, y <> S? 24P) ta dugc § o
S?-3p=7

Xy=P S=-4,P=3
TH 1 S=1 . x+y:1<:> X=-1y=2
=— Xy =—2 X=2,y=-1
TH 2. S:—4:> x+y=—4<:> x=—1,y=—3.
P=3 Xy =3 x=-3, y=-1

Vay tap nghiém cua h¢ la: S = {(-1,2); (2,-1); (-L-3); (-3,-D}

Bai 30. Giai hé phuong trinh:

x>+ x3y? +y? =17
X+Xy+y=5

Loi gidi.
Datx+y=a; xy=b . H¢ da cho tr¢ thanh
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a®+b®-3ab=17 a=5-b a=5-b
=N &
a+b=5 b?-5b+6=0 (b-2)(b-3)=0
a=3 =
& Hoac a=2
b=2 b=3
a=3 X =3
+) Ta c6 hé phuong trinh oy
b=2 Xy =2
X=3-Yy X=3-y
S &
y?-3y+2=0 (y-1D(y-2)=0
X=2 =1
<:>{ Hoac {X
y=1 y=2
+) {2_3 Ta c6 hé phuong trinh {x+_y

{x =2-y

=

y?-2y+3=0
H¢ nay vo nghiém
Vay nghiém cta h¢ da cho la: (x;y) = (12); (21)

(VO nghiém)

3 —
Bal 31. Giai h¢ phuong trinh: {X3 v1=2y :
y' +1=2x
Lovi giai.
3 _
Giai hé phuong trinh: {X3 vi=2y(@
y' + 1= 2x(2)
Lay pt (1) trir pt (2) ta duoc: x° —y> = 2(y — X)
SX-Y)X-xy+y' +2)=0ox-y=0ox=y.

2 2
(dox*—xy+y*+2= (x%) +3%+2>0)

Vi x =y ta co phuong trinh: x> —2x+1=0

1+ \5. 145
2 2

& (Xx-1)(*+x-1)=0 x=1;x=

Vay h¢ c6 ba nghiém : (x; y):(1;1){—1;\/?;—1+\E],[—1—\E;—1—\EJ

2 2 2

X} =2X+Yy
VP =2y+X
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Loi giai.
Turhétacd x*2y+x) =y (2x+y) <:>(x2—y2)(2xy+x2 +y2):0

X=y

x=-y

* Vi x =y ta tim duoc (X ;) = (0; 0); (V3;43);(—V3,—3)
* Vi x = -y tatim dugc (X ; y) = (0; 0); (1-1);(-11)

«@W+W%@W=0©[

Vay hé phuong trinh c6 nghiém
(X y) = (0; 0); V/3;4/3);(—V3;—/3);(-11);(5-1)
N L . [3x*+5xy—4y* =38
Bai 33. Giai hé phuong trinh
5x* —9xy —3y* =15
Loi giai.

2 2
- He @{45’( Xy =00y =570 452 s 417wy +54y2 =0 ()

190%% — 342xy —114y2 =570
Ta thay y = 0 khdng 1a nghiém cua phuong trinh.

2
Chia hai vé phuong trinh (1) cho y* ta duoc —145.[§j +417.(§]+54 =0

batt= X (t>0)Khi d6: —145t? + 417t +54=0
y

Giai phuong trinh bac 2 nay ta dugC t=3; t= —%

-Vay x=3y, X= —% y thé vao mot trong hai phuong trinh cua hé ta thu duoc két

qua (3,1); (-3;-1)
Bai 34. Giai hé phuong trinh sau : {2;2 +3xy+y° =12
x*—xy+3y° =11
Loi gidi.
Ta co:
22x° +33xy +lly2 =121
{12x2 —12xy+36y° =121

Suy ra : 10x” +45xy —25y* =0
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=2
<:>(2x—y)(x+5y)=0<:> 2
x =-by
. =1 =-1
Voi x=2 ta duoc {x ;{x
y=2 |y=-2
_5V3 | U548
V61 x =-5y ta duoc 3 ; 3
_N3 _N3
I
1 1
. - | XmT=y-— @
Bai 35. Giai h¢ phuong trinh X y
2y =x°+1 (2)

Lo gidi.
Piéu kién: xy #0.

(1) <:>x—y—l+1=0<:>x—y+ﬂ:0<:>(x—y)£1+i):0
Xy Xy

Xy
2 ~1+
TH 1. x=1y thé vao (2) ta dugc X’ —2x+1=0<> x=1 hoac x = 1_2\/6 (t/m)
1 1. 7 .
TH2. 1+ —=0< y=—= thé vao (2) ta duogc
Xy X

x“+x+2:0<:>(x2—1)2+(x+£)2+§:0.
2 2 2

PT nay v6 nghiém.

Viy tap nghiém cia hé 13 S = | (L1); 145146, (-1-6 -1-6
2 2 _
Bai 36. Giai h¢ phuong trinh: {X 5xy +6y” =0
4% +2xy +6y—27=0
Loi giai.

H¢ da cho tuong duong véi
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(x-2y)(x-3y)=0
4x* +2xy +6y—27=0

i (x=2y
x=2y  J549 -3
20y? +6y—27=0 ="
=
{X:By y_—3—\/549
: . _Z3-V549
la2y? +ey-27=0 20
X =3y
y_ LT
14
—1-3127
I 14
[, _-3+549 [, _-8+34127
10 14
—3+4/549 ~1+4127
=0 VI
va
. ~3—/549 L —3-3127
10 14
 —3-/549 - ~1-27
720 i 14

Vay hé co bon nghiém:

(x.y) = (—3+\/54_9_—3+\/%j .(—3—\/%_—3—\/%}{)(_—3+3\/17_—1+\/17J _
] 10 ) ] 1 ] - 1 ]

20 10 20 14 14

14 14

(X: —3—3\/17_—1—\/1?}

2+ X2y +2x* +xy+6=0

X* +3x+y=1.

Bai 37. Giai hé¢ phuong trinh {
Loi giai.

(1)

2X3 + X2y +2X> + Xy +6=0
X +3x+y=1

(x> +x)(2x+Yy) =—6

Taco (I)@{ ,
(X*+x)+(2x+y)=1
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bit u=x*+x;v=2x+y . Hé da cho tré thanh:

u=-2
{uv:—G v=3

=

u+v=1 u=3
lv=-2.

o (u=-2  [x*+x=-2 A
Vi = . H¢ PT nay vo6 nghiém.

v=3 2X+y=3
. [u=3 x*+x=3 x> +x-3=0
Vi = =

v=-2 2X+y=-2 y=-2Xx-2 .

_-1-V13 [ 1413

Giai hé nay dugce 2 nghiém:{~ 2 ;7

; 2 :
y=+13-1 [y=—13-1
Vay hé da cho ¢6 2 nghiém (_1_2\/1_3;\/1_3—1}[_“\/1_3;— 13 —1}.

2

.. .- 8x°y* +27 =18y°
Bal 38. Giai h¢ phuong trinh: Xy Y
4x%y +6x = y?
Huéng dan.

y =0 khong l1a nghiém cuaa hé chia 2 vé PT(1) cho y° PT(2) cho y* Ta c6 hé

8X3+2—Z=18 2X =a
y g , . |a®+b®=18 a+b=3
) bat 3 tacoh¢ | e
42X i6 X 1 gzb a‘b+ab” =3 ab=1
y oy

o ~ 3_\/§_ 6 _3+\/§. 6
Hé ¢6 2 nghiém (X’y)e{ 4 ’3+\/§}( 4 ’3_‘@}}

Bal 39. Giai hé phuong trinh:

2 {Bx3 +(6—y)x* —2xy—18=0 ) {2X3 +(6—y)x* —3xy—18=0

X" —x+y=-3 X+ X4 y=—7

Goi y.
X(Xx+2)(3x—y)-18=0 . Dit a=x(x+2)
X(x+2)—(Bx+y)=0 b=3x-y
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= Nghiém

b)HE o {X(X+3)(2x— N-18=0_ oo {a: X(x+3)

X(x+3)—(2x+y)=0 b=2x-y
X(Xx+y+1)-3=0
Bai 40. Giai hé phuong trinh :
¥ PRHORS (X + y)z—%+1=0
X
Loi giai.
Piéu kién. x =0

X+ y+1—3.l:0
X

Khi do: H¢ < 1Y
(x+y)2—5.(—j +1=0
X

bat x+y:a,1=b ta duoc hé :
X

a+1-3b=0 a=3b-1
= =
2 —5b2+1=0 |(3b-1)>—5b? +1=0 a:%,b:% x=2,y=—>

2 3 2 5
X"+ Y+XY+XY +Xy=——
Bal 41. Giai hé phuong trinh : 4
4 2 5
X" +y +xy(1+2x)=—Z

Lot giai.
Ta co:
5
(XC+y)+xy(X*+y+1)=—= o
Hé < c 4.Dét{x +y_atadu:QC
(X*+y)P+xy=—= Xy =b
4
5 , 5
at+b(a+l)=—— a“—a—-ab=0 a=0,b=—
4o 5 . 4
2 4b=—> b:_Z_a a=—Lip=_3
4 2’ 2

: 3 /5 ,25
Vay tap nghiemcuahé ptlaS= <| L—=[;| 3—:—3|-—=
ay tap nghiem cua he p {[ 2][ n 16]}

X2+ Yy +2(x+y)=7
y(y—-2x)-2x=10

76

Bai 42. Giai hé phuong trinh : {



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Léi giai.

2 2 _ 2 2 _
Tach: (X Y H2Ax+Y)=7 _ JOHD +(y+1)7 =9
y(y —2x)—2x=10 (y—x)"—=(x+1)*=9

a’+b*=
(b-a)’-a*=9

—a’+b’=(b-a)’-a’* < a’=-2ab<a=0 hoic a=-2b

bat a=x+1, b=y+1=b-a=y—xtaduoc hé {

V6i a=0=b=43=x=-1y=2hodac x=-1y=-4

6
Véi a=-2b=5b*=9<b= +—:>a F—
5
6 3 6 3
=>X=-1-—,y=-14+— hodc x=-1+—,y=-1-—
NN 3 NN

Cach 2 : Thé (1) vao PT (2) va rit gon ta duoc :
X2 +2Xy +4X+2y +3=0 < (X+1)(x+2y+3) =0
2,2 _ 2 _
Bai 43. Tim X, y thoa man: {XZ Xty O.
2x* -4x+3=-y°
Loi giai.

{xzy2 -2x+y? =0 {yZ - X (1)

=

2x* -4x +3=-y’ o
XooaxTo=-y yi=-2(x-1)?%-1

2X
1+x

Ta co: <l=>y'<l=-1<y<1 ()

2
Mitkhéc: -2 (x-1)°-1<-1=y'<-1=>y<-1 (2
Tu (1)va(2) = y=-1nén x=1. Thay vao hé da cho thu lai thi théa man.

Vay x=1 vay=-11acac s6 can tim.

. . X+ty+xy=7
Bal 44. Giai hé phuong trinh: {1 | ~ | .,
X*+y +3(x° +y7) +3(x+y)=70
Loi giai.
Ta co:
_ _ 3 3 _
HPT < Xy+y+x+1=8 - (x+)(y+1)=8 PN (x+1)°(y+1)° =512
X+ +(y+D* =72  |(x+D°+(y+D)% =72  |(x+D)°+(y+1)° =72
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ab =512
a+b=72

Giai hé (2) ta duoc : (a;b) = (64;8) hoac (a;b) = (8;64)

3 _ _ _
Vi (arb) = (64:8) = (x+1) _64©{x+1—4©{x—3
(y+1*=8  |y+1=2""|y=1

Pat (x+1)°*=ava (y +1)° = b ta co h¢ {

Véi (ab) = (8:64) = X" =8 @{X+1=2@{X:1
(y+)*=64 |y+1=4 |y=3

Hé phuong trinh da cho c6 nghiém (x; y) la: (3;1); (1;3)
-5x* —14x+y*-8=0

Bai 45. Giai hé phuong trinh
—5x% +16x + y* —4xy -8y +16=0

Loi gidi.
, | y?=5x*+14x+8 1
Tac |V =B 1A @
y? —4(x+2)y—5x*+16x+16=0 (2
. , =5x+4
Coi (2) 1a phuong trinh bac 2 an'y, suy ra: A:9X2:>B_4XJ;

Vi y =5x+4 suy ra:(5x+4)" =5x* +14x+8 ta dugc nghiém (—%;g);(—ﬂ;O)
Vi y=4—x suy ra: (4—x)* =5x*+14x+8 ta duoc nghiém
~11+3J17 27-3J17, —11-3/17 27+317

4 7 4 2 4 4 )

(

: .- 2X+3y =5
Bal 46. Giai h¢ phuong trinh TSy =S
4%* +y* =5xy’
Loi gial.
Ta thay x-y =0 1a nghiém ciia phuong trinh.

Néu y =0 nhan hai vé ctia phuong trinh véi y

{2xy+3y2 =5xy’ - {2x+3y =5xy R {2x+3y =5xy - {2x+3y =5xy

4x* + y* =5xy? 4x* +y* =5xy? 2x* —xy—y*=0 AX* +y? =5xy?
[ (2x+3y =5xy
&S x=y=1
2X + 3y =5xy 2X + 3y = 5xy {(x—y):o
& =
(x=y)(2x+y)=0 (x—=y)(2x+y)=0 2X +3y =5xy 4
< X:—,y:——
I (x—y)=0 5 5
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Bai 47. Giai h¢ phuong trinh:{ 2x3+2y+xy:35 ,
271(X+Y)+ Yy +7=26X"+27X"+9x
Loi giai.
Taco:
2X+2y+Xy=5
{27(x+ y)+ Yy +7=26x%+27x* +9x
@{ (x+2)(y+2)=9
27(X+Y) + Y2 +7=26x% +27x° +9x
SV X+ T+3(X+ Y)(X+2)(y +2) = 27x% +27%x* +9X
S VX3 +84+3xy(X+ Y) +12(x+ y) + 6(x+ y)? = (Bx+1)°
S (X+Y+2)°=0Bx+1)° = x+y+2=3x+1
& y+1=2x
Xx=1=>y=1

:>(x+2)(2x+1)=9:>[)(:_3’5:> y—_8

Vay (xy){(L1);(-35-8)}
x*+yt=1 @

3

Cau 48. Giai hé phuong trinh:
P 8 {x +y=x+y? (2
Loi giai.
x*+yt=1 @
X +y=x*+y* (2)
Tu (1)suyra: x*<1=x<1. Tuongty y<1 (3).
(2) = x2A-x)+y’1-y)=0 (4), Ttr (3) suy ra vé trai ciia (4) khong 4m. nén
x?(1-x)=0 x=0 [x=0 [x=1 [x=1
4) < ) < ; ; ; :
y’ad-y)=0 (y=0 [y=1 [y=0 |y=1
Thit lai thi hé chi c6 2 nghiém Ia: {XZO;{M
y=1 |y=0
- e s [XP+x=5+y*+y
Bal 49. Giai cac h¢ phuong trinh:
X+ Yy =x’y+xy* +6
Loi giai.
bat: x-y=a; X+y=b

b =51
Hé da cho tro thanh {a ta=50)

a%b = 6(2)
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Tir PT (2) ta suy ra a#0. Do do: b=-2.

2

a
Thé vao (1) ta dugc: ia=s <a’-5a+6=0 (Via=0)
a
(a-2)(a-3)=0 < a=2
< B a=3
3 X+ _3 X:Z
+)a=2=b== Hay RPN 4
2 -1
X—y=2 y=—
2 X+ _E XZE
+) a:3:b=§ Hay ' T3e 67
X—-y=3 y:%

Toém lai hé phuong trinh da cho cé nghiém la: (X;y) = G_le (%%}

Bai 50. Giai hé phuong trinh:
{(x +y) =6x%y? -215
xy(x* +y?)=-78
Loi giai.
H¢ da cho tuong duong véi

x* +4x°y +4xy® +y* =-215 - 78x* +312x°y +312xy* +78y* = -16770
Xy +xy® =-78 215x%y + 215xy® = -16770

- 78x* +97x%y +97xy® + 78y* = 0(1)
X’y +xy® =-78

Dit t=> PT (1) trd thanh  78t* +97° + 97t + 78 =0
y
o (Bt+2)(2t +3)(13t2 —12t +13) =0 o 3

-2 -2 2 26
+) t=—"=x=—y. Thé vao (2) ta duoc —vy* =78
) 3 oX=3Y (2) =3

oy'=81 <y=3 Hoac y=-3
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Suy ra: Hoac
y=3 y=-3
+) t:_?3:>x:_73y.Thévélo (2) ta dugc 3ngy“:78
oyt =16
sSy=2 Hoac y=-2
X=-3 X=3
Suy ra: Hoac
y=2 y=-2

Toém lai hé da cho ¢6 nghiém la:
xy) = (-2;3); (2;-3); (-3;2) ; (3;-2)

X’ y? 1

Bai 51. Giai hé phuong trinh! (y+1) @ (x+1)° 2
3Xy =Xx+y+1

Léi giai.

bat u :L;V:L, hé da cho tré thanh
y+1 X+1

N

{u2+v2+2uv=l {(u+v)2:1 u=v=
<= <= =

2 4,2 _ W2 _
u®+v°—2uv=0 (u-v)*=0 u:v=?1

1=2
1 {“ X oo x =y =1(TM)

Néu u=v===
2 X+1=2y

r +1=-2X
Néu u :v:—1:> y
X+1=-2y

-1
<=>X=y=—(TM
> y3()

Vay hé phuong trinh ¢6 2 nghiém: x=y=1, x=y= %1

2X% +3xy —2y* —5(2x—y) =0

Bal 52. Giai hé phuong trinh:
P 8 {xz—ny—3y2+15:0

Léi giai.
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2X% +3xy —2y? =5(2x—y) = O(l)(l)
x? —2xy —3y* +15=0(2)
Ta co:
@) < 2x-y)(x+2y)-5(2x-y) =0
< (2x—y)(x+2y-5)=0

y =2X
=
Xx=5-2y
Do do: (1) & yz , (11 hoac Zy , (1)
X —=2x.2x—3(2x)*+15=0 (5-2y) " —2(5-2y)y—-3y“+15=0
y = 2X x=Ly=2
(n) < ) =
-15x°+15=0 x=-Ly=-2
X=5-2y y=2;x=1
(UID R =
5y°-30y+40=0 y=4;x=-3

Vay hé phuong trinh (I) ¢6 nghiém (1;2) , (-1;-2) , (-3;4)

.. . *+8xy* =96
Bal 53. Giai h¢ phuong trinh: ey y(I)
X* +32y* =48
Loi giai.
()<= x> +8xy* = 48.2y — x> +8xy? = 2y(x* +32y°)(*)
x* +32y* =48 x* +32y* =48
(*) <=> x> = 2x*y +8xy’ —64y° = 0 <=> x> — (4y)° = 2xy(x—4y) =0
Xx=4 Xx=4 =4
<=> (x—4y)(x* +2xy +16y*) =0<=>| , y , <= yz , <= X=4
X“+2xy +16y° =0 (X+y) +15y° =0 X=y=0

Vi x =y =0 khdng théa man h¢ phuong trinh nén x = 4y

X=4y X=4y
(|)<=> <=>
x? +32y* =48 16y% +32y> =48

) <=>
y =1 X=-4
o

Xx=4
{x:4y y=1
<=>

Vay h¢ phuong trinh c6 nghiém (4;1), (-4;-1)
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x+y+£=g
Bai 54. Giai hé phuong trinh: X
eyt by
X X
Loi giai.
DKXD: x,y#0
x+y+£:g(l)
y X
4 4
x+y-==21(2)
X X
LAy (1) trir (2) ta dugc:
i+ﬂ=g—4—¥<=>4—2/—§+1:0<:>x2—5xy+4y2:O
y X X X x> Xy
X=y
<=>(X-4y)(x-Y) <>L=4y

Vi X = y, thé vao (1) c62x—2 =0<=> x= y = 2
X

V§i x = 4y, thé vao (1) CéSy—4—5y:0<:> y:i%:> X =+2

Vay s - {(2? 2);(-2:-2); (2;%); (—2;_?1)}

X2+ y2+22 =Xy + Yz +12X
Bai 55. Giai hé phuong trinh: {Xzoos 1 20084 72003 _ 32008
Li giai.
Ta co:
{xz +yi 4z =xy+yz+zx (1)
X2003 + y2003 + 22003 — 32004 (2)

PT (1) < 2x* +2y? +2z2° —2xy —2yz - 22x=0 < (x—y)* +(y-2)* +(z—x)* =0

SX=y=1
Theé vao (2) ta co: 3x*°% =3%%
P X2003 — 32003
& x=3

Do d6 x=y=2=3
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Vay nghiém cia hé da cho la: (x;y;z)=(3;3;3)
. e . X+y+z=1
Bal 56. Giai h¢ phuong trinh: { . Y . s
X' +yt+2t =xyz
Loi giai.
Ta co:

4 4 4 4 4 4
X4yt Y+t X
2 2 2

2,2 2,2 2,2 2,2 2,2 2,,2
=Xy Ay Y2 ArX (ZXAXY S xyyz+yzzx+ ooy =
2 2 2
= Xyz(X+y+z)=xyz(vix+y+z=1).

14 N X = =7
DAu bing xay ra @{ y ox=y=z=1
X+y+z=1 3

X' +yt+zt = > Xy +y2zP + 22 =

Vay nghiém cuaa hé phuong trinh la: ( % yzé; z :%J
2

Xy +2° =
2
Bai 57. Giai hé phuong trinh: | Y2+ X° =2
Xz +y? =
Loi gidi.

Tr(1);(2)tacdé: (x—2)(x-y+2)=0 (4)
Tr(2)va(3)taco: (y-x)(x+y-z)=0(5)
T (3);(4);(5)tacohé:

(x—z)x-y+2z)=0
(y—-xJx+y—2z)=0

xz+y2:2
x—z=0 x—z=0
Pé giai hé trén ta giai4 hé : Jy—x=0 (A) x+y-z=0 (B)
+y2 =2 xz+y2 2
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y—x=0 x—y+z=0
x-y+z=0 (C) x+y-z=0 (D)
xz+y2 =2 Xz+y2 =2

Giai 4 hé trén ta dugc 8 bd nghiém cua h¢ phuong trinh :
L 11); (11 -1); V25 0542) 5 [v2; 0;-42)
V2 v250); V2 V2 50) 1 (0:v2542); (05-v2 -2

. . =2
Bal 58. Giai h¢ phuong trinh {X+y+j
2Xy—2° =4
Loi giai.
Ta co:

_ PN VY R N2 (y_D\2 —
X+y+z—2<:> Z=2-X y@ (2-x-y)* =2xy 4<:> (x-2)*+(y-2)°=0
2xy-z°=4 |Z°=2xy-4 |z=2-X-Y Z=2-X-Y

{x=y:2
=S
z2=-2
X+—=3
y
Bai 59. Giai h¢ phuong trinh: <y + 1 3
z
Z+l=3
X
Lai gial.
1
X+—=3 (1)
Jy+—=3 (2)
Z
z+—=3(3)
X
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Tu (3)
3x-1

—z="
X

thay vao (2)
= 3xy+3 = 8X+y (4)

Tir (1) = xy +1=3y < 3xy+3 =9y (5)

Chting minh tuong tu : y =2
Tudo —X=Y=72
Thay vao (1)

:>X+l=3:>X2—3X+1 =O:>x=3i\E
X 2
+

= hé cd 2 nghiém Y 2

X—-y-z=1
Bai 60. Tim cac so thuc X, y, Z théa man: {y—z-x=3.
Z-X-y=5

Loi gidi.
Cong vé voi vé cac phuong trinh di cho ta duoc X+ y +2z =-9.
Phuong trinh dau c6 dang 2x—(x+y+2z)=1=x=—4.
Phuong trinh thir hai ¢6 dang 2y —(x+y+2)=3=y=-3.
Phuong trinh tht ba ¢6 dang 2z —(x+y+2z)=5=>2z=-2.
Thtr lai théa man. Vay x=—4,y=-3,2=-2.
Xy=x+y+1
Bai 61. Giai hé phuong trinh: <yz=y+z+5 (X, Yy, zeR)
IX=7+X+2
Loi giai.

Ta co:
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Xy =X+y+1 (x-1)(y-1)=2
yz=y+z+5<(y-1)(z-1)=6
IX=Z+X+2 (z—l)(x—l):3

Nhan tirng Vé cac phuong trinh caa hé trén ta duoc

2 (x-1)(y-1)(z-1)=6
(x-1)(y-1)(z-1)) =36 <= (x-1)(y-1)(2-1)= -6

+) Néu (x—1)(y-1)(z-1)=6, két hop véi h¢ trén ta dugc

y-1=2<:y=3
z-1=3 z=4

+) Néu (x-1)(y-1)(z-1)=-6, két hop véi hé trén ta duoc

x-1=-1 x=0
y-1=-2<<y=-1. Vay h¢ phuong trinh da cho c6 2 nghiém (x;y;z2)=(2;3;4),(0;-1-2).
z-1=-3 z2=-2

Bai 62. Giai h¢ phuong trinh:
X+xy+y=1

y+yz+z=4 trongdd x,y,z>0
Z+2X+Xx=9

Loi giai.
H¢ da cho tuong duong véi

(x+1)(y+1) =2 [(x+1)(y+1)(z+D] =100

(y+D(z+D) =5 e XD +D=2
(z+1)(x+1) =10 (y+1)(z+1)=5
(z+D(x+1) =10

(x+D(y+D(z+1) =10 (Do x,y,z >0)
x+D(y+D) =2
(y+D(z+1) =5
(z+D(x+1) =10

Z+1=5 x=1
SIxX+1=2 <3y=0
y+1l=1 z=4
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Vay hé da cho c6 nghiém la: (x;y;z)=(1,0;4)
x2(y + z)2 = (3x2 + X +1)y222
Bai 63. Giai hé phuong trinh y2(z + x)2 = (4y2 +y +1)22x2
22(x + y)2 = (522 +2 +1)x2y2
Loi giai.
Néu chia hai vé cua mdi phuong trinh cho x?y?z? thi ta dugc hé méi don gian hon.
. =0 z=0
TH1. xyz=0.Néu x=0thihé¢ ©y*2’=0< y hoac
z=t,teR y=t,teR
- Tuong tu vai y=0 va z=0 ta thu dugc cac nghiém la
(0;0;1), (0;t;0), (t;0;0), te R

TH 2. xyz #0. Chia hai vé cuia mdi pt trong hé cho x*y*z*ta duoc

1 1 1 1

+j :3+—+—2 @

z Yy X X

1 1 2 1

3 +j =4+—+—  (2).Cong vé 3 phuong trinh ctia hé ta duoc :

X z y

1 1

+j :5+—+—2 3)

y X Z z

1 1 1
2 —+—+—=4(4)
1 1 1 1 1 1 X y z
S| —4+—4+—| | —"+—+—-]-12=0<

X y 2 X y z L5
X Yy Z
2
- Tu(4)va(l)taco 4—E =3+1+iz<:>g:13<:>ng
X X X X 13

- Ta(4)va(2)taco y:%fo(4)va(3)tacé z:%
\ . 5 5
- Tuong tu, tur (5), (1), (2), (3) taco X:_E’ y=-1,12 :_Z'
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- Vay hé cé tap nghiém la

S= {(t;O;O); (0;t;0); (0;0;t); (%:%:%): (—%;—1;—%} te R}

CHU PE 4. PHUONG TRINH, HE PHUONG TRINH VO TY
Bai 1.

a) x—1++2x-3=2 )] b) 302 —x+1) = (x+Vx-1)> (2)
c) ¥x-2-3Y2x-2=-1  (3)

Loi giai.
a) Piéu kién: ng
Vi ng PT (1) © x—1+2x-3+2v2x* —=5x+3 =4 < 24/2X* —5x+3 = 8-3x

{4(2x2 —5Xx+3)=64+9x*—48x (3)
=

8
X< —

PT (3) & x*-28x+52=0

x=2 (TM)
R ]
x =26 (Loai)
Vay PT da cho c6 nghiém x=2
b) biéu kién: x>1
V6i x=21 PT (2) ©3(x* = x+1) = x* +2x/x =1+ x -1
S22 —AXx+4=2xIXx-1 x> -2Xx+2=xJx-1
Do x>1nén 2 vé ciia PT nay khong 4m vi vay PT nay
o X —Ax? +4-4x3 —8x+4x% =x3 —x?
<= xP—5x3+9x? —-8x+4=0
& (X=2)%(x* —x+1) =0
Xx—-2=0
o
x> —Xx+1=0

< x=2 (TM)
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¢) Pt (3) = [/x—2-¥2x-2) =-1
S Xx—2-2x+2-F/(x-2)(2x-2).¢/(x-2) —3/(2x-2) =1

—=1-x=3R/2x* —6x+4

& 1-3x+3x* —x° =27(2x* —6x +4)

< x3 +51x% —159x+107 =0
& (x=1)(x* +52x—107) =0

x=1
x=1
<, Eox 1107 = 0 S| Xx=-26++/783
X° —52x + =
X=-26-+/783
Bai 2. Giai phuong trinh: \[x(x-1) +[x(x+2) =2V%* (1).

Léi giai.

x>1 ()= 2x +x+2\/x2 (x—1)(x+2)=4x* <:>2\/x2 (x=1)(x+2)=x(2x-1)
Didu kién: | x<-2(*) < 4ax? (x* +x-2)=x*(2x-1)’
x=0 =% (8x-9)=0

Vay phuong trinh di cho ¢6 hai nghiém x=0, x =§ .

Bal 3. Giai phuong trinh: x* —4x+2=2yx?—4x+5 )
Loi giai.
bit t =+x* —4x+5,(t >0). Phuong trinh (1) tro thanh:

t=-1 (loai)

t?-2t-3=0<
t=3.

Véoit=3thi VX2 —4x+5=3< X2 —4x-4=0<x=2+22

Vay x=2+22langhiém cua PT (1).

Bai 4. Giai phuong trinh: (x+5)(x—2)—4(x+5) );;é+3=2 (2)
+

X—2
v e A ra | ——=>0 [x<-5
Loi giai. Bieu kién: { x+5 c{
X>2
X+5#0

bat t=(t+5) ,i;; = 1% = (x+5)(x—2). Phuong trinh (2) tr¢ thanh:
+
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t=1
—4t+3=o©L_

Véit=1thi (x+5) /X;2:1® X+5>0
X+5 (x+5)(x-2)=1

-5 _
{ X > P 3+«/_

=
x?+3x-11=0

Xx+5>0
Véi t =3 thi (X+5)xf {(x+5)(x—2)=9

X>-5 —
{ o x— 3+2\/i£

Nt 2
X°+3x-19=0

Bai 5. Giai phuong trinh: 7x+7 +7x—6 +24/49x° + 7x—42 =181-14x (3)
Loi gial.

(thoa man diéu kién)

(thoa méan diéu kién)

Piéu kién: ng.f)ét t=v7x+7 +J7x-6 (t>0). Phwong trinh (3) tr¢ thanh:

t=-14 (loai)

t?+t-182=0<
t=13.

Véit=13thi J7x+7 +V7x—6 =13 < J49x% + 7x—42 =84 —7x <> X =6.
Do d6 phuong trinh (3) c6 nghiém la x =6
Bai 6. Giai phuong trinh: (x+1)\x2 —2x+3 =x2 +1 2
Lot giai.
Dit t =X —2x+3 (t > +2). Phuong trinh (2) trg thanh:

(X+Dt=x"+1 X2 —2x+3-(X+Dt+2(x-1) =0
t=2

<:>t2—(x+1)t+2(x—1):0c{
t=x-1

Voit=21aco: VX2 —2x+3=2<x2—2x-1=0 < x=1++/2.

Vi t=1thitacé: 2=0 (vo ly)

Vay PT (2) c6 nghiém x=1+2

Bai 7. Giai phuong trinh: 22x+4 +442—x =+/9x* +16 )
Loi giai.

biéu kién: |x|<2

(ER= 4(2x+4)+16«f2(4— X?) +16(2—X) = 9x* +16 < 8(4 — x?) +16«f2(4—x2) = x* +8x
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Dit t=./2(4—x?) (t>0). Phuong trinh (1) tré thanh: 4t* +16t—x? —8x =0

Giai phuong trinh trén véi an t ta duoc: t, _g = —2—4
Do |x|<2nén t,< 0 khong thoa man dk t > 0.
. >0
Voit= g I 2(4-%%) =§ 8(4 _sz) _ 2 EX= 4{ (thoa man diéu kién)

Bai 8. Giai phuong trinh: x2 + X +12:/x +1 =36

Loi giai.
Piéu kién: x > -1
Pit t =+/x+1 (t > 0) Phuong trinh da cho tré thanh:

-6+
xt? +12t-36=0 <t = 6+ 6t
X
V6i t = 0% ta ¢ 6=(6—x)t
Do x = 6 khong la nghiém cua PT nén: t:%@ x+1:6i
—X —X

Binh phuong va rat gon ta dugc X = 3.

Vi t==2=% ta cé: (x+6)t=—6 (vb nghiém vi VT >0, VP < 0)

Vay phuong trinh ¢6 nghiém duy nhat x = 3.
Bai 9. Giai phuong trinh: 2x* —3x+2 = x+/3x—2
Loi giai.

PK: x> 2.
3

PT(4) © 2x* —(3x—2) = x/3x—2. Dat y=/3x-2,(y>0). Taco: 2x*—y* =xy (*)
Phuong trinh (*) 14 phwong trinh dang cip d6i voi x va y.
baty = xt thi (*) tré thanh: 2x° - x’t* =xt < X*(t* +t-2) =0 =t +t-2=0

2

(do x>2)

Suy ra: {tzl = X2 =
[t=-2 7| Bx—2 =—2x (loai)

Giai ra ta dugc x =1 va x =2 la nghiém cau PT.
Bai 10. Giai phuong trinh: 10Vx° +1=3(x* +2)
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L giai Pk: x3+1 >0 < x > -1 (1).
Piat:a= JYx+1;b=x2-x+1,(a20;b>0)(2) = a’+b’>=x*+2.
Khi d6 phwong trinh d4 cho tré thanh: 10.ab = 3.(a* + b°) < (a-3b)(3a-bh)=0
< a=3bhoac b =3a.
+)Néua=3bthi tr 2) suy ra:Vx+1 = 3x? -x+1 < 9x* — 10x + 8 =0 (v0
nghiém).
+)Néub=3athitr (2)suyra:3Jx+1 = VX2 -x+1oIX+9=x*—x+1 o X’ —
10X — 8 = 0. Phuong trinh c6 hai nghiém x; = 5++/33; X, = 5—+/33 (théa man (1)).
Vay phuong trinh da cho c¢6 hai nghiém x; = 5++/33 V& X, = 5-/33.
Bai 11. Giai phuong trinh: /5x% —14x+9 —/x? —x—20 =5x+1
Loi giai.

Diéu kién: x>5

V5X2 —14X+9 — /X2 — X =20 =5JX+1 < \5x? —14x+9 = X% —x— 20 + 5/x +1
& (X—1)(5x-1) = x*+ 24X +5+10,/(x + 4)(x—5)(x+1)

& 2(x? —4x—5) +3(x+4) ~5,J(x* —4x-5)(x+4) =0 (2)

(2) & 2u* +3v* -5uv =0 < (U—-Vv)(2u—3v) =0
Pat u=+/x*—-4x-5,v=+/x+4,u,v>0 thi: u=v x2 —5X—9=0
=N SN
2u =3v 4x* —25x—-56=0
5+\/6_1_
2 T
Bai 12. Giai phuong trinh: 33x+1+35-x+32x-9=34x-3  (4)

Giai ra ta dugc hai nghiém la: x = 8

Loi gidi.
a=33x+1
Pat: {b=35-x = a’+b°+c* =4x-3
- {255
Khi d6 tir (4) ta co: a®+b*+c®=(a+b+c)’ < (a+b)(b+c)(c+a)=0

Tu day suy ra: | ¥5-x =-3/2x-9

32x-9=—33x+1

Giai ra ta dugc nghiém x=-3;x=4;x= g
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Bai 13. Giai hé phuong trinh: 324+ x+12—-x=6 )

Loi giai.
bK: x < 12.
_ 3’
bt U=vad+x suy ra: u®+v?=36
v=+12-x (v>0)
Ta c6 h¢ phuong trinh:

u+v==6 V=6-uU V=6-U
3 2 1.3 2 _ = 2 . _
u”+v- =36 u’+(6-u) =36 u(u“+u-12)=0

v=6-u
=
u=0;u=—-4u=3.
Giai ra ta dugc: x=-24
Bai 14. Giai hé phuong trinh: 497 —x+4/x =5

Loi giai.
=497 -
bat u=y9 X(u,sz)
vty
u+v=>5
Khi do, ta c6 hé ph trinh:
1 do, ta c6 hé phuong trin {u4+v4=97

Giai hé nay bang phuong phép thé ta dugc nghiému=2,v=3vau=3,v=2
Ttr d6 c6 thé tinh duoc nghiém x = 81 hodc x = 16.
Bai 15. Giai phuong trinh: x? —x+5=5 @)
Loi giai.
Diéu kién: x>-5
Dit :J/x+5=y (y=>0) ta cé hé phuong trinh

X=y

X+y+1=0

x’—y=5
{yz_X_S:(xz—y2)+(x—y):0<:>{

x>0
+) x=y=>Vx+5=xo1 |
X*=x-5=0
x>0
ol 14V x:“f_l (Ko T/m)
X =
2
+) x+y+1=0 = X+/X+5+1=0
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< x+1=-Jx+5 S X+5=—(x+1)
X+1<0
{xz +2X+1=x+5(*)
PT (*) x*+x-4=0
= ~1+417
& N —1—2Jﬁ (ko t/m)
2
Vay PT v6 nghiém
Bai 16. Giai phwong trinh: x* +1=232x-1
Loi giai.
Pit t =32x—1 ta c6 hé phuong trinh:
x}+1=2t X} +1=2t X} +1=2t
{t‘°’+1:2x<:>{x3—t3 :2(t—x)Q{(x—l)(x2+t2+tx+2):0

X=t
< 3
X' =2t+1=0

~1++5

2
Bai 17. Giai phuong trinh sau :vV3x2 —5x +1—x? -2 :\/3(x2 —x—l) _Jx?—3x+4

Giai hé nau dugc nghiém x =1 va x=

Loi giai.

Ta nhan thay :
(3x2 —5x+1)—(3x2 —3x—3) =-2(x-2)
(x*—2)—(x*-3x+4)=3(x-2)
Ta c6 thé chuyén vé rdi truc cin thirc 2 vé

—2X+4 B 3x—6
\J3x? —5x+1+\/3(x2 —x+1) U2 —2++/x* —3x+4
Dé dang nhan thay x=2 1a nghiém duy nhét cua phuong trinh .

Bai 17. Giai phuong trinh sau Vx* +12 +5=3x++/x* +5
Lai giai.

Pé phuong trinh ¢6 nghiém thi : U412 X2 +5=3x-5>0< xz%
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Ta nhan thay : x = 2 1a nghiém cua phwong trinh , nhu vay phuong trinh c6 thé
phan tich vé dang
(x—2)A(x)=0, dé thyc hién duoc didu d6 ta phai nhém |, tach cac sé hang nhu

Sau :

2 2
S 412 4=3x—6++5-3c— 22 _3(x-2)+ X4

<:>(x—2)( X+2 X+1 _SJ:O

VX2 +12+4 x?+5+3

&S X=2
X+2 X+2
Jr12+4 X +54+3
Bai 18 . Giai phuong trinh :M+x=m
Lo gial.

Dé dang chimg minh duoc :

—3<0,Vx>§
3

Pk x>32
Nhan thay x=3 1a nghiém cua phuong trinh , nén ta bién d6i phuong trinh

—3)(x*+3x+9
Ix*-1-2+x-3=Vx*-2-5(x-3)| 1+ X+3 _( )(X il )

J(x2-1) +23 -1+4 245

2
Ta chang minh : 1+ X+3 Sy XS X HXHY

- i X FOX+Y
(2 -1) +23¢ -1+4 (\3/x2—1+1) +3 VX -2+5
Vay pt c6 nghiém duy nhat x=3
Bai 19. Giai phuong trinh : X =2 —XA/3— X +/3—X/5— X +/5—x/2—X

Loi gidi.
U=+2-X 2—Uu?=uv+Vvw+wu (U+v)(u+w)=2
v=+/3-X, tacd: {3-VZ=Uuv+VW+WU < (U+v)(v+w)=3,
w=+/5-x 5—W? = UV +VW+ WU (v+w)(u+w)=5
giai hé ta duoc: u=@©x:@
60 120
Bai 20. Giai phuong trinh sau:  V2X2 —1+3X% —3X—2 = 2X% + 2X + 3+ VX — X+ 2
Loi gidi.
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a=+2x*-1
b=+x>-3x-2 _ a+b=c+d

Ta dat : , khidotaco:q , 2<:>X:—2
C=+2X*+2x+3 a’—b"=c"—d
d=vx?—x+2

Bai 21. Giai phuong trinh : %m+ﬁ:€&+§/ﬁ
Loi giai.

+ x =0, khéng phai la nghiém

+ x =0, ta chia hai vé cho x:

3 x+1+3 X :1+\3/x+1<:>(3 X+1—1}(35—1)=0<=>X=1
X X

Bai 22. Giai phuong trinh: X +3 +2Xy/X+1 = 2X+ /X2 + 4x+3

Loi giai.
bk x>-1
pte> (Vx+3-2x)(Vx+1-1)=0 @K j)

N - ‘y. 4x
Bai 23. Giai phuong trinh : v/x+3+ = 4%
P 8 JXx+3

Loi giai.
Pk: x>0
2
Chia ca hai vé cho Vx13: 1+ —2 [ -4 o [1- /ﬂ 0o x=1
X+3 X+3 X+3
Bai 24. Giai phuong trinh : /3 - X = xy/3+x
Loi giai.

Pk: 0< x<+/3 khi d6 pt dd cho twong duong: x° ++/3x% + x—/3=0

Bai 25. Giai phuong trinh sau : 24x+3 =9x* —x—4
Loi giai.
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bk: x>-3 phuong trinh tuong duong :

x=1
JX+3+1=3
(LeBrx) = o[V ol o
VX+3+1=-3x X=T

Bai 26. Giai phuong trinh sau : 2+3§/9x2(x+2) :2x+3$’/3x(x+2)2
Goiy:
pt@({‘}x+2 —3/&)3 =0 x=1

Bai 27. Giai phuong trinh: \/x—\/xz -1 +\/x+ x-1=2
Loi giai.

bk: x>1

Nhan xét. \/x—x/xz —1.\jx+x/x2 ~1=1
bat t:xfx—»\/xz —1 thi phuong trinh c6 dang: t+%:2<:>t:1

Thay vao tim dugc X =1
Bai 28. Giai phuong trinh: 2x? —6X—1=/4X+5
L&i giai.

biéu kién; x > —g

t* -5
. Thay vao ta c6 phuong trinh sau:

Dit t =/4x+5(t>0) thi x=
t'-10t°+25 6
' 16 4

St +2t-7)(t*-2t-11) =0

2 (t?-5) -1=t<=t*-22t*—8t+27=0

Ta tim dugc bon nghiém la: t,=-1+ 2\2; ty, =1+ 23
Do t>0 nén chi nhan cac gai tri t; =-1+ 2\/§,t3 =1+ 2\/5
Tur d6 tim dugc cac nghiém cta phuong trinh I: X =1—+/2 va x=2++/3

Bai 29. Giai phuong trinh sau: X++/5++X-1=6
Loi giai.
biéu kién: 1<x<6
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bat y=+/x—1(y>0) thi phuong trinh tré thanh:
y2+Jy+5 =5 y* —10y* —y+20=0( véi y<+5) = (Y +y-4)(y>—y-5)=0
1+JZ ) —1+\/1_7

> (loai), VZT

Sy=
11-17

Tir d6 ta tim duwoc cac gia tri cua x =

2

2

Bai 30. Giai phuong trinh sau : X = (2004+\/§)(1—\/1—\/§ )
Loi giai:

dk 0<x<1
Pt y=y1-v/x pte2(1- y) (y*+y-1002)=0< y=1cx=0

Bai 31. Giai phuong trinh sau : X* + 2X, /x—1 =3x+1
X
Loi giai.
biéu kién: -1<x<0

Chia ca hai vé cho x ta nhan dugc: X + 2 /x—l =3+1
X X

bat t=x L , ta giai duoc.
X

Bai 32. Giai phwong trinh : x* +3/x* —x* =2x+1
Loi giai.

x =0 khong phai 12 nghiém , Chia ca hai vé cho x ta duoc: (x—1)+ ‘3’X—£ =2
X

X
+
Ditt:?/X—l, Taco : t‘°’+t—2=0<:>t:1<:>le_za\/g
X

Bai 33. Giai phuong trinh sau : 2Xx* +5x—1=7/x* -1
Lai giai.
bk: x>1
Nhan xét: Taviét — ar(x—1)+ B(x" +x+1)=7,(x=1)(x* + x+1)

Dong nhat thirc ta dugc 3(x—1)+2(x+ x+1):7\/(x—1)(x2+x+1)
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Pit u=x-1>0,v=Xx*+x+1>0, ta dugc: 3u+2v=7Juv < 1

Nghiém :x:4i\/€
Bai 34. Giai phuong trinh : X* —3x* + 2,/(x +2)’ —6x =0
Loi giai.
Nhédn xét : Dat y =+/x+2 ta bién pt trinh vé& dang phuong trinh thuan nhét bac 3 ddi véi x
vay:

X} —3x*+2y° —6x =0 x* —3xy* + 2y° =O<:{X: y
X=-2Y

Pt c6 nghiém:x =2, x:2—2\/§

Bal 35. Giai cac phuong trinh sau:

1)  18x%—18x/x —17x—8Jx -2=0.

2) X —3x+1_——\/x +x°+1

3) m+\/¥:4—(x+§j.

4) 2x% + 1 X+ 2x\1-x* =1.
Lo giai.
1) Bat x =y véi y>0. Khi d6 phuong trinh di cho trd thanh

(3y* —4y-2)(6y* +2y+1)=0, suy ra (3y’-4y-2)=0, ta dugc y= 2+;/1_0. Tu do

14+4\10
Y

phuong trinh c¢6 nghiém la x =

2) Taco x' +x*+1=(x* +1)* —x* = (X* +x+1)(x* = x+1) >0, V&i moi X.
Mat Khac x* —3x+1=2(x* —x+1) —(x* +x+1).

(co thé viét dk y >0 hoic chinh x4c hon 1a \/_ <y<43), ta duoc

f

2y? —1= Y= 0< 6y%++/3y—3=0, ta duoc y_\/_ (loai y:—g).

Tur d6 phuong trinh c6 nghiém la x =1.
3) Tathiy x<0 khong théa man.
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x>0

Khi @6 phuong trinh trong duong véi hé 4—(x +§j >0

(e e
2<y<4()

4-(y*=2)+25-2(y* ~2) = (4-Y)*(2)

Xét (2) = J9-2y? =y’ —4y+5 < y* —8y*+28y* —40y+16=0(do hai vé khong am).

Datx+—— y, ta duogc {

< (y-2)(y?-6y*+16y—-8)=0
< (y-2)((y-2)(y* -4y +8)+8)=0
Dan dén y=2(do ((y—2)(y>—4y+8)+8)>0 véi moi ythoa man (1)).
Tur @6 phuong trinh ¢6 nghiém la x=1.
Nhdn xét: Bai toan nay ta cé thé giai bang Phwrong phdp danh gid trong phan
sau.
4) Ta c6 phuong trinh trong duong voi
Iox=1-2x2 —2x1— X% = 1-x=1+4x" + 4x2(L— x2) —4x% — Axa1— X2 +8x°\1— x*
o x(L—41-x2 +8x2\1-x3) =0
x=0
< 1- 41— X% +8x2\1-x2 = 0(1)
Xét (1), dat y=v1-x2,suyra y>0 va x2 =1—y>2.
Ta duoC 1-4y+8y(l-y*)=0<=8y* —4y-1=0
< (2y+1)(4y* -2y-1)=0

1+\/_ . Tu dosuyra x= 5_8J§ :
. o s X 5-5
Thur lai ta dugc nghiém ctia phuong trinh 1a x=0 va x=- .

16 1
Jx-1996 Jy 2008

Bai 36. Giai phuong trinh =10 (vx—1996 + ]y —2008).
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Nhgn xét: Véi bai todn nay, ta thay day 13 mot phuong trinh gdm hai 4n. Do
d6 ta nghi dén bién d6i phuong trinh thanh phuong trinh méi c6 Vt la tong cac binh
phuong, con Vp bang 0.

Lo giai.

Bién d6i phuong trinh thanh

2 2
(4/x—1996—ﬁj +(,\4/y—2008—;] ~0.

4[y—2008

Tur d6 ta dugc phuong trinh ¢ nghiém la (x; y) = (2012;2009) .

Bai 38. Giai phuong trinh x\/y—1+2y\/x—1=gxy.
Loi giai.
biéu Kién: x>1y>1.

Taco xy—1+2yvJx-1 =—y(x—2\/x—1)—%x(y—Za/y—l)jtgxy

=-y(Wx-1-1)? —% X(Jy-1-1) +gxy.
x>1y>1

y(/x—1-1)? +%x(a/y—1—1)2 =0

Tur d6 ta dugc phuong trinh ¢ nghiém la (x;y) =(2;2).

Khi @6 phuong trinh da cho tuwong duong véi

Bai 39. Giai phuong trinh \x? —3v2.x+9 +/x? —42.x+16 =5.
Lai giai.
Néu x<0thi Vt >3+4=7>5 = Vp (phuong trinh khéng c6 nghiém).
Néu x> 0thi ta xét tam giac vudng ABC véi A=90°, AB = 4; AC = 3.
Goi AD 1a phan giac cua goc A, 1ay M thudc tia AD.
Pat AM = X, xét AACM =CM? =x? +9-32.x V& Xét AABM = BM? =x* +16—42..
Tir d6 suy ra Vt = CM +BM > BC =5. Dau dang thuc xay ra khi M = D ,hay
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CM 3

BM 4
<16CM?2 =9BM?

& 16X2 +16.9—482.x =9x? +16.9 - 36+/2.x
o Tx=122.x=0
122

7

12J_

Vay phuong trinh c6 nghiém la x =

Bai 40. Giai phuong trinh: ! ,f =6 (1)
- X

Loi giai.
DK: x<2

D@ thiy x= E la nghiém cua phuong trinh.

Véi x<§ ta co: f—+‘/—<6
2 3—X 2—X

Véix>§tacé: ’i+,/i>6
2 3—X 2—X

Vay phuong trinh ¢6 nghiém duy nhét x = g

Bai 41. Giai phuong trinh: Xx+1++7—x =x*—6x+13
Loi giai.
DK: -1<x<7
Céch 1. Ap dung bat dang thirc Bu-nhi-a-c6p-xki ta co:
VT = X+ 147X <@ +22)(x+1+T—X) = 4 )
VP =x*-6x+13=(x-3)*+4>4
Vap phuong trinh c6 nghiém khi va chi khi: VT = VP =4 hay x =3
Do d6 phuong trinh c6 nghiém duy nhét x = 3
Cach 2. Ap dung BDT Cauchy ta co:

1 4+(x+1) 5+x
Ix+1==J4(x+1) < =
2 (1) 4

4

:1. 27=%) S4+(7—x) :11—x
2 4
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Do d6: VT =/x+1++7—x 35%:(+11;X =4 (1)

Mat khac: VP =x*-6x+13=(x-3)*+4>4 (2)
Vap phuong trinh ¢6 nghiém khi va chi khi: VT = VP =4 hay x =3
Do d6 phuong trinh c6 nghiém duy nhat x = 3
Cach 3. bat A= Vx+147-x (A > 0). Binh phuong A va 4p dung BDT Cauchy ta
cG: A? = X+1+7 =X+ 2(x+1)(7 —X) < x+1+7—x+[(x+1)+(7—Xx)] =16.
Do do As4
Dau “="xayrakhix+1=7-x < x=3
Mit khac: VP =X —6x+13=(x—3)"+424
Vap phuong trinh ¢6 nghiém khi va chi khi: VT = VP =4 hay x =3
Do d6 phuong trinh c6 nghiém duy nhat x =3
1 2
17 24T 14/ +3)(x* +15)
(Tac gid: AD Page “Tai li¢u toan hoc” 03/12/2017)
Loi giai.

Bal 42. Giai phuong trinh: (xeR)

Véiab>1taco: —~ + L > 2 *)
1+a® 1+b° 1+ab

That vay, bién doi tuong duong (*) ta dugc: (ab—1)(a—b)* >0
Piang thirc xay ra khi a =b hodc ab = 1
Bit dang thirc nay ding v&i moi ab >1 .
Bién doi va ap dung BPT (¥) ta duoc:
2 1 1 1
X2 +17  2x°+7 14 x*+15 1+2(x*+3)
2

S : 2 _ : 2 : _\p

1+\/{x ;15}2()(2 +3) 1+\/(x +15)(x° +3)

VT

x> +15

D& thay ( J.Z(x2 +3)>1v4i moi x nén phuong trinh ¢6 nghiém khi va chi khi

x> +15

=2(x* +3). Giai phuong trinh nay ta dugc nghiém x =+1

Bal 43. Giai cac phuong trinh
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a) V2x+4+6v2x—5 ++2x—4-22x—5 =4(1)
b) Vx—4+6—x=x*-10x+27 (2)

C) VX +x-1+Vx-x*+1=x>—x+2 (3)
d) Vx*+48 =4x—3++/x*+35 (4)
e) b) V5—x® —33x* -2 =1 (5)

Loi giai.
5

a) bK: x>=
2

Véi bk: ng PT (1) <:>‘«/2x—5+3{+‘«/2x—5—1‘=4
Ta co: ‘\/Zx—5 +3{+‘\/2x—5—qz4
(vV2x-5+3)(+/2x-5-1) <0

Piang thirc xdy ra < 5 =
X>=

N | o1
IA
x
IA
w

Vay nghiém cia PT di cho 1 g <x<3

b) DK 4<x<6
Trén TXD Vx—4+/6—x < J@®+12)(x—4+6—-X) < Xx—4+/6-x<2
LaicO x*-10x+27=(x-5)°+2>2

= X% 10X +27 > JXx—4 +/6—X

VX—4 =46-X
Ping thirc xdy ra< {x =5 < x=5
4<x<6

Vay PT (2) c6 nghiém la x=5

c) bK:

x2+x-1>0
—x2+x+1>0

ap dung BDT ¢6 si cho cac s khong am ta c6

2
/(X2 + X—l).l SL_]'_'_]'
2
/(_X2 + X+1).1 < M

2

=AU x—1+x—x>+1<x+1
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TacOd x*-x+2=>2x+1 (Vi (x-1)*=0)

=X+ X -1+ VX— X2 +1 < X% —X+2
Piang thirc xay ra < x=1 ; Vay pt c6 nghiém la x = 1
d) TXD: vx

PT(4) < x*+48 —x* +35=4x-3 < 13 =4x-3
VX2 +48 +/x2 +35

Théy x =1 la nghiém cta PT (4)

13
<1 n
+) x>1=/x2 +48 +/x* +35 >13 = VX2 +48 +x2 +35 = PT v0 nghiém
4x-3>1
13
3 2 2 >1 ~ N
+)ZSX<1:>\/X +48 ++/x +35 <13 = \[x? + 48 +/x? + 35 = PT v0 nghiém
4x-3<1

Vay phuong trinh ¢6 nghiém duy nhat 1a x=1
e) Ta co:

X >1 thi x*;x°>1

X <1 thi x*;x® <1

+) Xeét [x>1=5-x"<43x"-2>1

—J5-x® —3/3x* -2

1 PT (1) vO nghiém

Xet |x|<1 tyung tu ta suy ra phyung trdnh vy nghiém
Thay x= 1 hodc x= -1 12 nghiém cua PT (5)

.. . 1
Bai 44. Giai phuong trinh: Vx—2 + /y+2009 + +/z—2010 = E(“y”)
Loi giai.
DK:x>2, y>-2009, z>2010
Phuong trinh da cho tuong duong véi:
X+y+z=2Jx-2 +2 [y4+2009 +2+z-2010
o (VMx=2-1)%+(Jy+2009-1)*+ (+2-2010 - 1)>= 0
Ta phai co:
Jvx=2-1=0 & X=3
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Jy+2009-1=0 < y=-2008
J2-2010-1=0 <  z=2011
Vay x =3,y =-2008, z = 2011
Bai 45. Gidi phuong trinh: x+1++/7—x = x? —6x+13
Loi giai.

DK: -1<x<7
m+ﬁ:x2—6x+13©(m—2)+(ﬁ—2)—(x2—6x+9):0
) 2) ()

Ix+1+2 J7=x+2

X3 , 37X —(x—3)2=0<:>(x—3)( t 1
IX+1+2 J7-x+2 IX+142 J7=x+2

{ x=3
= 1 1 B N @
St w2 0O

Giai (*):

~(x=3)*=0

+3—xj:0

J7T-x—=x+1 B 6—2x 3

X—-3& =X-

(\/x+1+2)(\/7—x+2)_ (\/x+1+2)(\/7—x+2)(\/mjw/7Tx)

(*) <

2
< (3—x +1
‘ )((N/—Hm)(\/—yx+z)(«/—x+1+«/—7x) ]
(do 2

(\/x+1+2)(\/7—x +2)(\/x+1+\/7—x)
Tir (1) va (2) suy ra phuong trinh ¢6 nghiém duy nhat x = 3
Cau 46. Giai phuong trinh: X2 + /x+2010 = 2010.

Loi giai.

Tacd x? ++/x+2010 =2010 (1) Piéu kién: x > - 2010
1) e x> +x+ % - X - 2010 + «/x + 2010 - % =0

=0 x=3

+1>0) (2)

1Y 1Y X+%:\/x+2010-%. 2
= (x+ Ej -(a/x+2010-§j =0 1 1
X+E="\}X+2010+§. (3)
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X+1>0

(x+1)? =x+2010 (4)

(4) o (x+1)*=x+2010 < X* +x - 2009 =0
A=1+4.2009 =8037

X :_1+— /8037 . X :_1_T /8037 (loal)

1 2 ! 2

Giai (2): (2) @{

-2010<x<0
x> =x+2010 (5)

(5) < x2—x-2010=0.A=1+4.2010 = 8041,

Giai (3): (3) © x=—x+2010 <:>{

X, = 1+— 428041 ; X, = 1_— ‘ZSMI' (1031 nghlém Xl)
Vay phuong tinh ¢6 2 nghiém: x= . 2" 8037 X = 1- ‘;3041 :
R c X 1 1
Cau 47. Giai phuong trinh: = + =2
X J2-x
Loi giai.

Piéukién x 20va2-x*>0 < X = Ova|x|<v2 (*)
bat y=12-x2>0

X4yt =2 (1)
Ta co:

1.1,

Xy

Tir (2) ta cé : x +y = 2xy. Thay vao (1) C6 : xy = 1 hoiic xy = %

; . .. |x=1
*Néuxy=1thix+y=2. Glélra,taCOZ{

*Néuxy=-% thi x +y = -1. Gidi ra, ta ¢ :

-1

=

Pbi chiéu dk (*), phuong trinh da cho ¢ 2 nghiém : x =1 ; x=

4x+9

Cau 48. Tim nghiém duong cua phuong trinh :  7x* +7x = 5

N

Léi gidi.
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4X+9
28

4x+9
28

1 1 , 1 1
bat =y+=,y>-=taco =V H Y+ S TY 4Ty =Xx+=.
: y > y > y +y 4 y y >

x> +7x = y+%
Cung v6i phuong trinh ban dau ta c¢6 hé¢: L
7y* +7y = X+

Trir vé cho vé cta hai phuong trinh ta thu duoc

7(x2—y2)+7(x—y):y—xc> (x—y)(7x+7y+8)=0<=x-y=0 (Vi x>0 va yz-% nén
7x+7y+8>0) hay x=y.
L —6-+50
Thay vao mot phuong trinh trén ta dugc 7x° i6x-1-0o 14 Péi chiéu
2 X_—6+\/%
14
v6i diéu kién cta x, y ta duoc nghiém 1a x=%.

CAu 49, Giai phuong trinh: (Vx+8 -+ 3)(\fx2 1 11x + 24 +1) =5,
Loi giai.

bK:x>-3 (1)

Dat Vx+8=a;Jx+3=b (a=0;b>0) (2)

Taco: a®—b”=5; Vx? +11x + 24 = [(x + 8)(x + 3) =ab

Thay vao phuong trinh da cho ta dugec:
(a—b)ab+1)=a*—b’<=(@a-b)(1-a)(l-b)=0
a-b=0 |VX+8=1yx+3(wn)

X=-7
<ll-a=0=|/x+8=1 = _
1-b=0 | Jx+3=1

Déi chiéu voi (1) suy ra phuong trinh di cho ¢6 nghiém duy nhét x = - 2.
CAu 50. Giai phuong trinh: 2% -1 +3J5-x =2\13.
Loi giai.

biéukién:1<x<5

Ap dung BPT Bunhiacdpski ta co:

(2Vx-1+3V5-x) < (22 +3)(x-1+5-x) =134
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= 2x-1+3/5-x < 213

DAu bing x4y ra khi va chi khi 3vx-1=25-x < x= %

Thay vao pt da cho thir lai thi thoa man..

Vay pt c6 nghiém x = %

Cau 51. Giai phuong trinh: x%+ 9x + 20 = 24/3x + 10.
Loi giai.

Pidu kién: x> _% )

(1) © (3x+10- 23x+10 + 1) + (X* +6x + 9) =0

o (f3x+10-1)*+ (x +3)°=0

o {*’3X3+ 13'120 o x=-3 (théa man dk (2).
X+3=

Vay phuong trinh (1) ¢6 nghiém x = -3.
Cau 52. Giai phuong trinh: 2(x+1)Vx+1=(V/x +1+«/1—x)(2—«/1— x?).

Léi giai.

DKXD: -1<x<1.

Pit a=Vx+L,b=y1-x thitacoa’+b*=2.

Mt khéc VT = 2a° nén phuong trinh tré thanh
2a° =(a+b)(a*—ab+b?)

s2al=a’+b’ o a’=b’<a=b
Khi d6: Vx+1=v1-x < x+1=1-x<x=0,
Vay phuong trinh ¢6 nghiém la x = 0.
Cau 53. Giai phuong trinh: x* -3x+1= —gx/x“ +x°+1.
Loi giai.
Céch 1. Binh phuong hai vé ctia phuong trinh ta duoc:
2x* —18x% +32x° —18x+2=0.

Do x = 0 khong la nghiém ciia phwong trinh nén chia hai vé ctia phuong trinh cho

x? ta duoc: 2x? —18x+32—§+%=0<:>(x2 +i2)—9(x+1)+16=0.
X X X X
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Pit t=x+% (PK: |t|>2 ). Khi do: x2+x—12=t2—2.

t =2.(nhan)

é v i Lt -0t+14=0
Thé vao phuong trinh (1) ta dugc + =S { ¢ =7 (loai)

Voit=2suyra x+1 22X —2x+1=0 x=1.
X

Thé lai ta thdy x = 1 théa mén phuong trinh d3 cho.
Vay phuong trinh (1) ¢6 nghiém la x = 1.
Cach 2: Phuong trinh da cho twong duong:

(x? —x+1)—2x:_—;/§\/(x2+x+1)(x2—x+1).
Patx*+x+1=avax’—x+1=b(a, b>0). Khido, a—b=2x va phuong trinh da

cho tré thanh: 2a—b=—§\/£ (2)

Do VT< 0 nénb > 2a. Khi d6 (2) twong duong voi:

(2a—h)? :a—: <12a° -13ab+3b* =0

4
& (4a-3b)(3a-b)=0< {b =5 a(loai)

b =3a.(nhan)
Vi b =3athé vao 2a— b =2x ta dugC a=x<< x2 —2x+1=0<> x=1.
Viy phuong trinh d3 cho c6 nghiém duy nhat x = 1.
2
Bai 54. Giai phuong trinh: ,’1_2)( _ XX
X

x2+1

Léi giai.

1-2x

Piéu kién: ZO@XE(O;%]
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1-2x  3x+x° 1-2x 3X+ x2
=— & -1=—; -1
X X +1 X X +1
1-2x

X -1 _3x-1 1-3x _3x-1

=— & =—
1-2x X +1 1—2x X +1
" +1 X . +1

o (L-3%)( L )0
x(. X +1) X

R

>>0,Vxe (0;%]

( 1)

Cau 55. Giai phuong trinh: x* —/x* +x =6x-1.

Lo giai.
V6i x = 0, ddt t=+/x* +1= 0. Khi d6, phuong trinh da cho twong duong véi
t? —Jxt—6x=0.

Dox=0 khﬁng E! nghiém cua PT chia hai vé PT cho x # 0 ta duoc:

=3 (thoa mén t, x = 0) hoac Lo (khéng théa mén t, x

@_
i &
> 0).
Vi [—3<3x/X +1=3X & X2 +1=9x <= X2 —9x+1= 0<:>x_9i;/ﬁ
X
Kiém tra lai ta thdy ca 2 nghiém x = gi;/ﬁ déu thoa man.
Vay nghiém cua PT la x= 9i;/ﬁ
Bai 56. Giai phuong trinh x?(x? + 2) —4—xJ2X + 4.
Loi gidi.

2

Dit t=xv2x* +4 = t? =2(x4+2x2) = xz(x2 +2)=%

2 t=—4
ta dugc phuong trinh %:4_t©t2+2t_820<:{t—2

x<0 x<0
Voit=-4taco xv2x* +4 =4 < =
{2(x4+2x2):16 X' +2x>-8=0
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Xx<0
Q{z ox—2
X =2
x>0 x>0
Véit=2 taco x\2x° +4 =2 < o
{2(x4+2x2):4 {x4+2x2—2:o

x>0 .
¢>{ c>X:¢J§—1.Kﬁth@nn@ﬁ@ncﬁaphﬂﬁgtﬁnh

x2=43-1
Bai 57. Giai phuong trinh: Ja+x?)* —ax® =1-3x*
Loi gidi.
(1+x? )3 —4x% =1-3x* (1)

Tach: 4xX°+1-3x" =3 +4C° + X —x* +1=1+X" =X’ (3¢ —4x+1)  (2)
Thay (2) vao (1) ta c6:
(1) < J(1+x) —(1+x2) = (31 —4x+1) (3)

Pat y=+1+x*,v6iy>1.Suyra x* = y>-1
Thay vao (3): y°-y* =(1-y*)(3x* —4x+1)
& ¥ (y-1)—(1-y*)(3x* —4x+1)=0
. EtCRCEAte LI IOV
*Vé6i y =1thi x=0 théa man phuong trinh.
*Voiy #1vay >1,taco: y +(y+1)(3x* —4x+1)=0 (4)

. 2V 1. 1, A
Vi 3x2—4x+1=3(x—§j —52—5 va y> 1 thay vao v¢ trai ctua (4)

1 1\ 13 1Y 13 1
2_(y+1)==|y-=] == >|1-=| == ==18n hon.
Y =(y+1)3 (V 6) 36 ( ej e

Do d6 (4) vo nghiém
Vay phuong trinh (1) c6 nghiém duy nhat x = 0
Bai 58.Giai phuong trinh X* —X—4 = 2{/x~1(1-X)
Lai giai.
Diéu kién: x>1 (*).
Ta co:

113



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”
X —x—4=2Jx-1(1-x)
S X+ 2XIX =1+ x-1-2(x+x—-1)-3=0
= (x+\/x—1)2 —2(x+«/x—1)—3
Rt (xjtx/x—l)2 —2(x+»\/x—1)—3

Dit x++/x—1=y (Diéukién: y>1(**)), phuong trinh tr¢ thanh y*—2y-3=0.

0

0

y=-1
y=3

+V&i y =—1 khong thoa man diéu kién (**).

y2—2y—3=0<:>(y+1)(y—3)=0<:{

+ Vi y =3 ta co phuong trinh:

x+\/x—1:3<:>\/x—1:3—x<:>{

1<x<3

1<x<3

X—1=9-6X+ x>

X=2 &X=2

{1£x33
X=5

o o
x2—7x+10=0 {

Vay phuong trinh ¢6 nghiém X =2.

1 1
Bai 59. Giai phuong trinh: — + =1.
X 3-x°
Loi giai.

bK: —\/§<x<\/§véx¢0

Pit y=3-x", (y>0)

Ta c6 hé phuong trinh
l_,.l:l
Xy
x’+y*=3
X4y =Xy
p—
(x+y) —2xy=3

X +y =Xy
g (x+y)2—2(x+y)—3=0

114



x+y=-1
xy =—1

X+y=3
xy =3

Vay phuong trinh c6 nghiém duy nhéit x =

(v6 nghiém)

y:

CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

(thoaman)

(loai)

-1-5
2

Bal 60. Giai phuong trinh va hé phuong trinh sau:
13x+2(3x+2)+/x+3+42=0

Diéu kién : x>-3 (*).

Loi giai.

Pit t=x+3,t>0,suyra x=t>-3
Phuong trinh tré thanh: 6t> +13t* -14t +3 =0

Giai ra ta duoc: t =%; t==;t=-3(loai).

V(Ylt—% ta co: «/x+ _—c>x_

VO’I'[—% ta co: \/x+ ——<:>x—

ll
4’

26

9

Ca hai nghiém déu thoa diéu kién (*).

11 26

Vay tap nghiém phuong trinh da cho la: S = {—— : ——}

Cau 61. Giai phuong trinh: 2,4,—+4 1+ f

Diéu kién: x>0

Loi giai.
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2
Ta cé4‘/x—+4:1+3—x+ bx .
3 2
2
Do /6x Sx;6, suy ra 4,f%+4£2x+4

& 4x7 +48<3x% +12x +12
& (x—-6)'<0

& x=6

Thu lai x =6vao théa man. Vay phuong trinh c6 nghiém x =6.

Cau 62. Giai phuong trinh 4y X% +3X +24/2x—1=7x+3
Loi gii.

Didu kién: x > %

Taco: 4 X +3X+ 22X ~1=TX+3 & AX(X+3) + 22X -1 =Tx+3
Theo bat dang thirc AM-GM ta co:

A%+ (X+3) > 2/4x(x +3) =4y /X(x +3)

(2x—-1)+1>2y2x-1

Suy ra 1X+32 4X(x+3) +2y2x -1

2JIx =x+3
P

Déu bing xay ra khi {" 2x-1=1

Vay nghiém cua phuong trinh 1a x =1

x=1

Cau 63. Giai phuong trinh: x* —x —4 = 2/x~1(1-x).
Lai giai.
Diéu kién: x>1 (*).
Ta ¢6: X% —X—4=2x-1(1-x) & x* + 2x/x =1+ x~1-2(x+/x-1)~3=0
Dit x+/x—1=y (Diéu kién: y>1(**)), phuong trinh tr¢ thanh y* -2y -3=0.

y? —2y—3:0<:>(y+1)(y—3)=0<:{
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+V6i y =-1 khong thoa man diéu kién (**).

+ Voi y =3 ta co phuong trinh:

X<3
X<3 X<3
x+\/x—1:3<:>\/x—1:3—x<:> = S X=2 X=
{x—1:9—6x+x2 {x2—7x+10:0 L_S

thoa man diéu kién (*). Vay phuong trinh c¢6 nghiém x = 2.
Cau 64. Giai phuong trinh v/3x2 —6x—6 =3,/(2—x)° +(7x-19)v2—x.
Loi giai.

. 3x2-6Xx—-6>0
Pidu kién x4c dinh o x<1-43
2—-x>0

Véi x<1-+/3, phuong trinh da cho twong duong véi:
3x% —6x 6 =3(2-x)" 2—x +(7x-19)v2 - x
3% —6x-6 :«/2—x(3x2—5x—7)<:>\/3x2—6x—6—«/2—x =2 x(3x* ~5x-8)

2 _

<:>\/3x2—6x—6Jr\/ﬂ:\/E(B)(Z_Bx_ig)<:> 1=ﬁ(m+ﬁ)
(do 3% —6x—6+2—x >0, ¥x<1—+/3).

+) 3x* —5Xx—8=0 <> x=-1 (théa min dk) hoic x:% (khong théa man dk)

¥) 1=Jﬂ(mwﬂ)@1=z—x+m.dﬂ

& x—1=+/3x2 —6x—6.2—x (*)

Vi x<1-+/3 nén x—1<0<3x% —6x—6+2—X do d6 (*) vo nghiem.

Vay phuong trinh di cho c6 nghiém duy nhat x=-1

Cau 65. Tim nghiém nguyén duong cua phuong trinh:
J4-2y3 — x*—23x+3 =0
Loi giai.
Tachd: J4-23 — Jx*—23x+3 =0

Phuong trinh di cho twong duong: \/(1—J§)2 —\/(x—\/:;’)2 =0
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B = o)

R
- {X—x/fb_’=\/§—1c{x:2\5—l
x—3=1-43 [x=1

Vay phuong trinh c6 nghiém nguyén duong la: x =1

Cau 66. Giai phuong trinh: x* +4x—7=(x+4)Jx* =7
Loi giai.

i . A 27
Giai phuong trinh: x* +4x-7=(x+4)Jx* -7 . Diéu kién X J:/_
X< =7

X +aX =T =(X+ 4K =7 & (X =7)+4(x+4)-16 = (x+4)Vx* -7
[Z_7_
Dr;it{ X"=7=a20

, ta c0 phuong trinh
X+4=Db

a’+4b-16=ab<=>a’-16+4b-ab=0<=>(a+4)(a—4)-b(a—4)=0

a=4
a=b-4

2_7=4 2_7=4
=>| V" [V > x+23
UX=7=x+4-4 |x2-7=x

Vay phuong trinh ¢6 2 nghiém : x+/23
Cau 67. Giai phuong trinh:

<i>(a—4)(a+4—b):02>[

U 43X+ 2 44X =146 =3Xx+1+24x+ 2 +24/x -1, (xeR).
Loi giai.
Diéu kién x4c dinh x>1. Khi d6 ta co

V43X 42 +UX% —1+6=3Ix+1+2/x+ 2 +24/x -1
<:>\j(x+1)(x+2)+\/(x—1)(x+1)+6:3\/x+1+2\/x+2+2\/x—1

<:>\[(x+1)(x+2) +\/(x—1)(x+1)—3«/x+1= 2JX=1+2Jx+2-6
<:>\/x+l(\/x+2+\/x—l—3):2(\/ﬁ+M—3)
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o (Vx+1-2)(Vx+2+x-1-3)=0

*) Px+2 +x-1-3=0 x+ 2+ x-1+2,/(x+2)(x-1) =9 = Vx* +x—2 = 4—x

Xx<4
<9, ) S X=2
X°+X—2=X"—-8x+16

*) \/x+1:2<:>x+1:4<:>x:3.

Vay phuong trinh da cho c6 tdp nghiém la S ={2,3}.

Bai 68. Giai phuong trinh : \/(xz +2x) +4(x+1)’ —\/x2 +(x+1) +(x2 +x) =2017
Loi gidi.
PKXD VxeR

\/(xz +2x)2 +4(x+1)2 —\/x2 +(x+1)2 +(x2 + x)2 = 2017

X 2 14X 1A% 18X +8 - X+ X2+ 2x +1+ X} +2X% + X2 = 2017

<:>\/(x2+2x+2)2 —\/(x2+x+1)2 = 2017 <> X2+ 2X+2— X2 —X—1=2017 <> X = 2016

x-1+2\y+2=5

Bai 69. Giai h¢ phuong trinh: Giai hé phuong trinh
3.y+2—|x-1=5

Lo giai.

Giai hé phuong trinh x-g+2y+2=5 dat A= |x-1|>0;B=/y+2=>0

i 3.y+2—|x-1=5 "

, [A+2B=5 A+2B=5 A+2B=5 A=1_, .
Taco = = = Théa man

3B-A=5 ~A+3B=5 5B =10 =2
<:>{|X_1|:1 @{'X_“:l@ [X_11:11C> {X:(z)

y+2=2 y+2=4 y=2 y=2

vay (x;¥) ={(2:2);(0;2)} la nghiém cua h¢

Xy? +2y° —2=x*+3x

X+y=3Jy-1 L&i giai.

Bai 70. Giai hé phuong trinh {

PKXD:y > 1
Tur phuong trinh (1) cua hé ta co
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= Y (x+2) = (X+D(x+2)
<=>(Xx+2)(y*-x-1)=0

X=-2
<=>
y>—x-1=0
Xét x = -2 thay vao (2) dugc y—2=3a/y—l <=>y*-13y+13=0
+ f
<=> y:&%(vdi y>2)

Xét x=y*-1 thay vao (2) duoc y? +y-1=3,y—-1
Dit \[y-1=a>0=>y=a’+1

y?+y-1=3y-1

<=>(a’+1)*+a*=3a

<=>a*+3a’-3a+1=0

<=> a“+3(a—%)2 +%:0(\/N)

X=-2
Déi chiéu DPKXD ta c6 3 13+ 117 Ia nghiém cua hé phuong trinh da cho
2
X2 —2y* =Xy +X+Y
x\/ﬂ—ymz2x—y+l

Léi giai.

Bai 71. Giai h¢ phuong trinh: {

bK:x>1,y>0

Taco

(D) <=> x> —xy—2y* =X+ y <=> (X+ Y)(X=2y) =x+Y
<:>(£;y)(x—2y—l) =0<=>x-2y-1=0

>1+0=1>0

Do d6:

(1) <> {x: 2y +1
Qy+1)\2y - y\2y =22y +1) -y +1

{x:2y+1 {x:2y+l
<=> <=>
(y+1)2y =2y +3 (y+1)(\2y -3)=0

<=> 2
\/E =3(Do y+1>0) < —10

(théa man diéu kiéen)

<:>{ y y
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Vay hé phuong trinh c6 nghiém duy nhat (10;%)

2L+ x4Jy)? =9yVx
2L+ yx)? =9xfy

Loi giai.

Bal 72. Giai hé phuong trinh {

{2(1+ x\Jy)? :9yﬁ(l)
2L+ yx)? =9xfy

bK:x>0,y>0

Piat a=x\y;b=yJx ,didukiéna>0,b>0. Hé (I) tré thanh

2(1+a)? =9b(1)
{2(1+ b)’ =9a(2)
Lay (1) trir (2) ta dugc:
2(1+a)* —2(1+b)* =9(b—a)
<=>2(a—b)(a+b+2)+9(a—b)=0
<=>(a-b)(2a+2b+13)=0

>0Va,b>0
<=>a=b
Thay a=b vao (1) ta co

=2
<51:2:>b:2(TM):>{X\/y <=>x=y=34

yx =2

2(1+a)* =9a <=> Xy 1
a=l=>b=l(TM)=> i<:>x=y—3J;

y XZE

Vay hé phuong trinh c6 nghiém (3/2 Q/Z)[i'/% i/%}

3«/x+2 =4-x-2 1
Bal 72. Giai h¢ phuong trinh: { Y y O

Yox+6+\2y=2 (2

Léi giai.

R X+2y>0 X+2y>0
biéu kién:{ y =>{ y *)

2y>0 y>0
bit \/x+2y =t >0, thay vao phuong trinh (1) ta c6:

121



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

St=4-t>=>t"+3t—-4=0
1+ 3 -4 =0, nén phuong trinh c6 hai nghiém t =1 vat = -4 (loai)
Voit=1=>/x+2y =1=>x+2y=1=>x=1-2y thay vao phuong trinh (2) ta co

20-2y)+6+\2y=2
<=> 43/—4y+8 +ﬁ= 2
<=> «3/—4y+8 = Z—ﬁ

<=>-4+8=8-12[2y +12y-2y,[2y
<=>16y 12,2y —2y,2y =0
<:>8y—6ﬁ—y y=0
<=>Jy(—J2y +8\/y —642) =0

<= Yy -V2)~2Jy-6)=0

Jy=0=>y=0=>x=1TM(*)
> W:ﬁ=> y=2=>x=-3(TM(¥))
6 x
_\/y_ﬁ» y =18=> x = -35(TM (*))
Vay hé phuong trinh ¢6 3 nghiém (x;y)=(1;0);(-3;2);(-35;18)
(Y=X)(y-x-4)=x"-4x (1)

x(y—4)+4a€'fx2 —y=6 (2)

Léi giai.

Bai 73. Giai h¢ phuong trinh{

Bién d6i phuong trinh (1):

@) = (y=x)(y—4) = x(y —x) = x(x—-4)
S (Y=x)(y-4) =x(x-4+y-X)

< (y=x)(y-4)=x(y-4)

< (y-4)(y-2x)=0

-
=
y =2X

e V61 y =4, thay vao (2) duoc:
(2) = 4P -4=6=3x* - :g<:>x2—2x+23 x*—2x-3=0

bitt =3/x? —2x , phuong trinh trd thanh:
t?+2t-3=0< (t-D(t*+t+3)=0
t=1
N
t> +t+3=0(3)
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Phuong trinh (3) c6 A=1-4.3 =-11 <0 nén vo nghi¢m.
Do do

t=1=x2-2x=1<x2-2x-1=0< x=1+2
x=1+V2 = y=2+22

x=1-2 = y:2—2x/§

Vay h¢ phuong trinh da cho c6 4 nghiém
[—“1418;4),(——“1418;4},(1+J§;2+2J§),(1—J§;2—2J§)
VX+2(x—y+3) :ﬁ

Bal 74. Giai h¢ phuong trinh {
X* +(X+3)(2x—y+5)=x+16
Loi giai.
X>-2
y>0

{ x+2(x—y+3):\/y @) biéu kién; {
X +(x+3)(2x-y+5) =x+16 (2)

V6i x>-2; y>0, phuong trinh (1) <=> \/x+2(x—y+2)+\/x+2—\/y=0
<= x+2[(Wx+2)? = (Jy)1+x+2 -y =0

(Wx+2 = YIVx+2(\x+2+.Jy)+1]=0

>0Vx=>-2;y>0

<=> «/x+2—\ﬁ=0

<=>X+2=Y

Thay y =x+ 2 vao phuong trinh (2) ta dugc phuong trinh:
X* +(x+3)(2x—(x+2)+5) = x+16

<=>X*+(x+3)* =x+16

<=>2x*+5x-7=0

x=1(TM)

<=> Sy
Xx=—/(L
(L)

+) V6i x=1=>y=3.
Vay hé phuong trinh da cho c¢6 nghiém (x;y)=(1;3)

2X2 — Y2 + Xy —5X+ Yy +2 =]y —2x+1—/3-3x
X —y—1=J4X+y+5—\x+2y-2

Bal 75. Giai h¢ phuong trinh{

Loi giai.
bK:y—-2x+1>0,4X+y+5>0,x+2y—-2>0,x<1
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y—2x+1=0 x=1 |0=0 .
TH 1. = = (Khéng TM h¢)
3-3x=0 y=1 |-1=410-1

TH 2.x %1,y #1 Dua pt thi nhat vé dang tich ta duoc
X+y—2
JY—2x+1++3-3x

(X+y-2)2x-y-1)=

1
JY—2x+1++/3-3x

nén ! +y—-2X+1>0=>x+y-2=0
JY—2x+1++/3-3x

(x+y—2){ +y—2x+1}:0 .Doy—-2x+1>0

Thay y = 2— X va0 pt thir 2 ta dugc X + Xx—3=+/3x+7 —2—X

S X4 X—2=+3X+7 -14+2-+2—X
3X+6 N 2+ X
3X+7+1 2+42-x
3 1
+
3X+7+1 2++2-x
3 N 1
\/3x+7+1 2+\/2—x

Vayx+2=0< x=-2=y=4 (TMDK)

& (x+2)(x-1) =

<:>(x+2){ +1—x}:0

Do x<1 nén +1-x>0

B

Xy -2y2()
Bai 76. Giai hé phuong trinh Jx oy

(m—\ﬁ)(H\/xz +3x)=3(2)

Lo gii.
i—ﬂ = x>+ xy—2y*(1)
y

I
(Vx+3-Jy )(1+x+3x) =3)

x>0

s .. |y>0 x>0
biéu kién: =
X+3>0 y>0

x?+3x>0
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(1)<:>m (X=y)(x+2y) = (x— y)[x+2y+y—\1&J 0= x=y do

X+2y+——>0,Vx,y>0

yf

Thay y = x vao phuong trinh (2) ta duoc:

— T a3
(J?Iﬁ—Jha+J?75%—3<31+J;:§;‘a&:§-4§

@1+M=ﬁ+\/§©m.xﬁ—m-«/§+1:0

o (x+1-)x-1)=0
x+3=1 [x=-2(L)
L/_ 1 [x:l(tm) =

Vay hé ¢ nghiém duy nhét (1;1)

X=y=1

2Jx+y? =3
3Wx-2y? =1

Loi giai.

Bal 77. Giai h¢ phuong trinh {

2Jx +y*=3
3Jx—2y? =1

Piat Jx =a,y? =b(a,b>0). Ta c6 hé phuong trinh
= = = :1
{2a+b 3 <:>{4a+2b 6<Z>{7a T {a 1 >{\/§ 1(I'MDK)_>{X_+1

Giai hé phuong trinh { Piéu kién : x, y >0

3a-2b=1 3a-2b=1 2a+b=3 b=1 y? =

x=1
y=-1

i
\/Zz

Goi y.

Tu hé su ra 2——
y x y \/— \/

1 1
Néu — > — thi \/
Jx \/V y

thé vao hé ta giai dugc x=1, y=1

. =1 .
Vay hé co6 2 nghiém: {); 4 va {

Bal 78. Giai h¢ phuong trinh:

1, \/2 ~1 nén (2) xay ra khi va chi khi x=y
X
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VX2 +9+y=9
«fy2+9+x:9

Bai 79. Giai phuong trinh va hé phuong trinh sau: {

Loi giai.
20— (9_v)2
Vi didu kién xy<9, he dichola; X T9=CY" @
y2+9=(9-x?% (2)

X=y
y=9-x

Léy (1) trtr (2) theo vé ta duoc: (x—y)(x+y-9)=0 @[
+Véix =y, thé vao (1) taduge: 18X -72=0 <= x=y=4.
+V6iy = 9—x, thé vao (2) thi phwong trinh v6 nghiém.
Vay hé phuong trinh c6 nghiém duy nhét : (X;y)= (4;4).

X+Yy—+Xy=3
Bal 80. Giai h¢ phuong trinh : y J_y
Vx+1+y+1=4

Loi gidi.
Diéu kién: x>-1,y>-1xy>0

X+Y—4Xy=3 X+Y—4Xy=3
Héb{yﬂ @{y y

X+Y+2+2J(X+D(y+1) =16 | X+Yy+2x+y+xy+1=14

bt x+y:a,\/7y:b. a>-2,b>0,a*>4b* ta duoc hé pt

a-b=3 a=3+b {a=3+b
< <
a+24a+b?+1=14 |2b*+b+4=11-b [3b°+26b—105=0
b=3 =3
& = X (thoa man dk)
a=6 y=3
Vay tap nghiém cua hé phuong trinh 1a S = {(2;2); (-6;—-6)}

2

X2+ y? +8i =16 @)
Bai 81. Giai hé phuong trinh X+y

JX+y=x' -y (2)
Lo gidi.
Piéu kien: x+y>0. (1) = (X + y)(X+Y) +8xy =16(x + y)

126



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

<[ (x+y): =2xy |(x+y) +8xy =16(x +Y)
< (X+Y)[ (x+y)* —16 |- 2xy(x+ y—4) =0
< (X+y—-d)[(x+y)(x+y+4)—2xy]|=

TH 1. x+y—4=0 thé vio (2) ta duoc x2+x—6:0<:{§z;3:>:>yy:27
TH2. (X+y)(X+Yy+4)—2xy=0< X’ + y* +4(x+y) =0 v nghiém do BK
Vay tap nghiém cua hé 14 S = {(-3;7); (2;2)}
DY+ =Y -2) + VX =y +4y
(x+1)(y+\/ﬂ+x—x2)=4

Loi giai.

Bal 82. Giai h¢ phuong trinh {

X;y >0
Xy +(x=y)y-2)=0
PT (0 & Jxy+(x- XY —2) -y + (X —fy) =0

o Ny -2 x-y
0y + (=YY -2) +y RN

B y+xy -2 1 0 (3
=l y)[wa(x VY -2) +y f+f] ©

: : S SRR A
TUPT (2)tachd y+xy =x x+X+1_(x 1) +(x+1+x+1] 2>2
y+4/xy -2 1
T Py D) +y ey

PT (3) « x =y, thay vao PT (2) ta duoC : x*-2x* -3x+4=0

1+17
2

biéu kiéen : {

< x=1hoac x=

1+\/1_7
2

Két hop véi diéu kién ta co x=1, x=

2

KL: Vay hé da cho c6 hai nghiém (x; y) la : (L 2); [1+;/1_7;1+ \/1_7J
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541 83. Giai hé phuong trinh: | V<2 VY = yy-2- e g
X —xy—-7x-y*+y-9=0 (2
Loi giai.
DK:x>2,y>2.Taco:

(1)@( 2\/_) (xx y\/_)
\/x ;+f/y > (ﬁ—ﬁ)(x+ xy+y):0

@(ﬁ—ﬁ)(\/g:\/\/g?+x+ﬁ+yj:O(:)\/;—\/y:O(:)X=y

(DOA:Jgij_;:_z+x+\/@+y>Ovéimoix22, y>2).

Thay x =y vao phuong trinh (2) ta dugc: 3x* —6x+9=0
©3(x-3)(x+1)=0<=x=3 (TMDK: x > 2) hodc x = -1 (loai)
Vay hé (I) c6 nghiém duy nhat (x;y) = (3;3).

\/x+3+1/y—2 =5 ()
JY+3+Vx=2=5 (2

Bal 84. Giai hé phuong trinh:{ (1)
Loi giai.
PK: x > 2, y > 2. Trir theo vé cac PT (1) va (2) ta duoc:
5 _ 5
VX+3+4x=2  Jy+3+y-2

Vx+3-yx-2=\ly+3-Jy-2 &

S Ix+3+x=2=y+3+,/y-2

-Néux>y>2=x+3+Jx-2 >y +3+y-2

-Néuy>x>2=x+3+/x-2 <y +3+4y-2

Do do: x =y. Thay vao (1) ta du’qc:ﬁ+mz5
Sx+3=5-x-2 = x-2=2<x=6 (thdoa min DK).
Viay hé phuong trinh (I) c6 nghiém duy nhat (x , y) = (6 , 6).
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XX —x=xy-y

21 85. Gidi hé ph inh:
Bai 85. Giai h¢ phuong trin \/M—S\/M+\/y+2:0

Lo giai.
Diéu kién:y>0.
X=Yy
- ?-1)=0 :
(1)< (x y)(x ) C{x:ﬂ

+/Néu x=+1 thay vio phuong trinh (2) ta c6 :\[y ~-1=0< y =1.

+/Néu x=y>0: Khi d6 (2)< [2(x* +1) - 4/x +2=0 (3)
do 2(x4+1)22.2mz4x2:>,f2(x4+1)22|x|:2x.

nén VT(3)>2(x- 2 +1) =2(x —1)2 >0.

x* =1

Jx-1=0

Viy hé phuong trinh c6 nghiém 4+ 4%+
uon )

ay hé p g trinh c6 nghiém y=1y=1

Jx+432-x=y?-3

4x +/32—x =24 -6y

Loi giai.

Dodc’)Pt(3)<:>{ oS Xx=1=y=1.

Bal 86. Giai hé phuong trinh: {

Piéu kién: 0<x<32
H¢ da cho tuong duong véi
(Wx+32-x) + W/x +4/32—x) = y2 -6y + 21
{x/;+4\/327—x =y?-3
Theo bat dang thirc BunhiaCdp xki ta co
(WX +4/32-%)% < (@® +12)(x+32—X) =64 = /x +/32—x <8
(Wx +432—x ) <[o(Jx +32-x)[ <256 = {/x +4/32—x <4
Suy ra (Vx ++/32—-x)+ (4/x +4/32-x) <12
Mit khac y? —6y+21=(y—3)* +12>12
Pang thirc xay ra khi x= 16 va y=3 (t/m)
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Vay hé da c6 nghiém 1a (x;y) = (16;3)

X° +y? \/x2+xy+y2
=X 1
Bai 87.Giéihé:\/ 2 3 Y g
\/x2—2y—l+§/x3+x—y—l4:y—2 (2)

Goiy.

Tur (1) VT > VP, dau bang khi x = ythay vao PT (2) ta co :

U —2x—1+3x3 14 =x-2

x> —2x-1>0 x> —2x-1>0
Tacé:{ o SX2X-1=0x=1++2

Y214 <x-2 x> —2x-1<0
E(“ ! jzz
Bai 88. Giai hé¢ phuong trinh Xy
X+Yy
Loi giai.

Piéu kién: x>0, y>0, x+y=0.

Dé& thiy x =0 hodc y =0 khdng thoa man hé pt. Vay x>0, y>0

’(“ 1 J_z , 2 42 |1 2k
X+ Yy 5@ Jax 1y - Bx 7y
(1_ 1):4\/5 2 :2_4\/5 1_2\/52 1

X+Yy \/ﬂ X+Yy \/S_X \fﬂ \/3_X \/ﬁ X+Yy

=1 @

Nhan theo vé hai pt trong hé ta duoc (

1 25}[1 25} 1

N _
B ) ey
y =6X
ot 8_ 1 iy my-2-0o| 4
3X 7y X+y y:—?x
- TH 1. y=6x thé vao pt (1) ta duoc
1, 2 :1©X:11+4\/7:>y:w
J3x  21x 21 7

- TH2. yz—ﬂx khong xay rado x>0, y>0.

\‘
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11+ 4ﬁ_22+8ﬁj

- Vay h¢ pt c6 nghiém duy nhat (x;y) =[ o =

CHU PE 5. PHUONG TRINH, HE PHUONG TRINH CHUA THAM SO
VA HE THUC VI-ET

Bai 1. Cho phuong trinh: x*—2(m+1)+m’*—4m+3=0,  (v&i m la tham so)
a) Tim m dé phuong trinh da cho c6 nghiém.
b) Tim m dé phuong trinh di cho ¢ hai nghiém cing dau.
¢) Tim m dé phuong trinh da cho c6 hai nghiém khac dau.
d) Tim m dé phuong trinh d& cho c6 hai nghiém duong
e) Tim m dé phuong trinh da cho c6 hai nghiém am.
Loi giai.
a) Pé phuong trinh di cho c6 nghiém thi:

A'20c>(m+1)2—(m2—4m+3)20<:>6m—220<:>mz%.

Vay khi m> % thi phuong trinh da cho c6 nghiém.

b) Phuong trinh di cho c6 hai nghiém cuing dau khi:

{A'>0 (m+1)2—(m2_4m+3)>0 m>3
- - 3 &Sm>3
P>0 m?—-4m+3>0 m<lum>3

Vay khi m > 3 phuong trinh ¢6 hai nghiém ciing dau.
¢) Phuong trinh c6 hai nghiém khac dau khi va chi khi: P <0

P=x.X <0< m —4m+3<0<(m-1)(m-3)<0<1<m<3.
Két hop vai diéu kién: m z%
Ta duoc diéu kién phuong trinh ¢6 hai nghiém trai du la: 1<m< 3.
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d) biéu kién dé phuong trinh cso hai nghiém duong la:

A'>0
S>0&
P>0

m>=
3
—<mx<l
m>-1 <
m<lum>3 m>3

e) Diéu kién dé phuong trinh c6 hai nghiém am Ia:

A'>0
S<0 &
P>0

1
m> =
3

m< -1
m<lum>3

Vay khong ton tai gia tri caa m.
Bai 2. Cho phuong trinh: x* — 5x + m = 0 (m 1a tham s6).

a) Giai phuong trinh trén khi m = 6.

b) Tim m dé phuong trinh trén ¢6 hai nghiém x;, X, thda min: [x, —x,|=3.

Loi giai.

a) Véim = 6, ta co phuong trinh: x> —5X + 6 = 0

A=25-4.6=1.Suy ra phuong trinh c6 hai nghiém: x; = 3; X, = 2.
b) Taco: A=25—-4.m

Dé phuong trinh da cho c6 nghiém thi A> 0 < m< % (*)

Theo hé thirc Vi-ét, ta co Xy + X, =5 (1); Xy X = m (2).
Mat khac theo bai ra thi [x, —x,|=3 (3).
T (1) va3)suyrax; =4; X,=1hoacx; =1; X, =4 (4)
T (2) va (4) suy ra: m=4. Tht lai thi thod man.
Bai 3. Cho phuong trinh: x*-2 (m-1)x-m-3=0 (1)
1) Giai phuong trinh véi m = -3
2) Tim m dé phuong trinh (1) ¢6 2 nghiém thod man hé thirc x? + x2 = 10.

1)V6i m = - 3 ta ¢6 phuong trinh: x* + 8X = 0 X(X + 8) = 0 {

Loi giai.
x=0
X=-8

2) Phuong trinh (1) c6 2 nghi¢m khi:
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A >20s(M-1P2+m+3)>0 om’-2m+1+m+3>0
em’-m+4>0 <:>(m—%)2+%>odl'mg vm

Chung to phuong trinh ¢6 2 nghiém phan biét vV m
Theo hé thirc Vi &t ta co: {Xl X, =2m-1) ()

X;. X, =-m-3 (2)
Taco x2 +x2 =10 < (X +X)* - 2X % =10 <4 (m-1)*+2 (m+3) =10
m=0

o 4m*-6m+10=10= 2m(2m-3)=0<:>{ 3
m= =
2

Bai 4. Cho phuong trinh 4n x: x* —2mx + 4 =0 (1)

a) Giai phuong trinh da cho khi m = 3.

b) Tim gia tri cia m dé phuong trinh (1) ¢ hai nghiém x4, X, thoa mén:
(Xp + 1%+ (x, + 1)2 = 2.

Loi giai.
a) Voi m = 3 ta c6 phuong trinh: x> — 6x + 4 = 0.
Giai ra ta dugc hai nghiém: x; = 3++/5; x, =3-+/5.
>
b) Ta c6: A’ = m? — 4. Phuong trinh (1) c6 nghiém < A' >0 < {2 ; 22 (™).
Theo hé thirc Vi-ét ta cO:X; + X, = 2mM Va X;X, = 4.Suy ra: (x; + 1)° + (x, + 1)* =2
<:>X12 + 2X1+ X22 + 2X2 =0 (Xl + X2)2 — 2X1X2 + 2(X1+ X2) =0
=1
SAM?—8+4m=0 om’ +m-2=0 @{ml .
m, =-2

Dbi chiéu véi didu kién (*) ta thay chi c6 nghiém m, = - 2 thoa mén.
Vay m = - 2 13 gia tri cAn tim.
Bai 5. Cho phuong trinh: x*-2x+m=0 (1)
a) Giai phuong trinh khi m = - 3.

b) Tim m dé phuong trinh (1) c6 2 nghiém x4, X, thoa mén: iz +==1

1

1
V2
2

Loi giai.
a) Khi m = - 3, ta ¢6 phuong trinh x*- 2x -3 =0
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Via-b+c=1-(-2)+(-3)=0 nén x;=-1;%X,=3

b) Phuong trinh c6 nghitm< A'>0 <1-m>0 < m<1

Khi @6 theo hé thirc Viét, ta cd: X3+ X, =2VaXiXo = M (2
2 22

X2 X XZX2 (X,X,)? ! )

Tir (1), (2), ta duge: 4-2m=m’<=>m’+2m-4=0

A'=1+4=5=>JA" =5 nén m=-1+ /5 (loai);m=-1- +/5(T/mvim<1).
Vay gia tri m can tim 1a: m=-1-5

Bai 6. Cho phuong trinh: x*-2(m - 1)x + m + 1= 0. (1)

a) Giai phuong trinh khim= - 1.

2 2 2
i+i:1© X1 + X :1©(xl+x2) — 2% %, _
2

b) Tim m dé phuong trinh (1) ¢ 2 nghiém x4, X, thoa méin K%y,
XZ Xl

Loi giai.
a) V&1 m = - 1 ta dugc phuong trinh:
X2+4Xx=0<=>x(x+4)=0<=> x=0; x=-4
b) Phuong trinh (1) ¢6 nghi¢m khi :
A>0<=>(m-1)’-(m+1)>0<=> m*-3m >0<=>m(m-3)>0
<=>m>3;m<0. (1)
Khi d6 theo hé thitc Viétta co: x; + X, =2(m-1)vaxX, =m+1 (2)

2 2

Taco X, Xe = XtXe _ (X, +X,)” —2X,X,
T X, X, X,X, XX, '
A XX, (X, +X,)* —2X.X, ,
nen 1+—2=4< =4 (X, +%,)° =6x%, (3)
Xp % XX,
T (2). (3) ta duge: 4(m - 1) = 6(m + 1) <=>4m?-8m+4=6m + 6
<=>2m’-7m-1=0doA, =49 +8=57nén m= 7_1‘1/5_7<0; m = 7Jf£‘1/5_7>0.

Péi chiéu dk (1) thi ca 2 nghiém déu thoa man.
Bai 7. Cho phuong trinh: x*—6x—-m=0 (Vi m 1a tham sb). Tim m dé phuong trinh
da cho c6 hai nghiém x; va x, thoa man x?-x,> =12
Loi giai.
Pé phuong trinh ¢6 nghiém A’ >0 < m>-9(*)
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X, +X,=6 X, +X,=6 X, =4
Mat khac ta cO{x,.x, =—m < {x,.X, =—M < {x,.X, =—m < m=-8TM DK (*)
XX -x=12 |x, -x,=2 [X,=2

Bai 8. Cho phuong trinh  x?+2(m—2)x+m?—2m+4=0. Tim m dé phwong trinh c6

hai nghiém thuc phan biét x,, x, théa man — 2 - t_ 1
X, +X; XX, 16m

Lo giai. PT dé cho c6 hai nghiém phan biét c6 diéu kién:
A'>0 < (m=-2) - (M’ —2m+4)>0<m<0 (*)

X +X, =4-2m
Véi m<0 theo Vi-et ta co: | x x, =m?-2m+4.

2 _1_1 2 11
Taco x'+x x% 15m  (x+x) -2xx, %X 15m (1)

1 1 1 1 1 1
M _emid ml_2m+4 15m . 4 . 4 . 15
m m

bat m+i:t do m<0=t<0
m

1 1 1 t=—4 4
Tacos (1) trothanh t—g t—2 15 |t=12 _~  (dot<0)

Vi t=-4 tacod m+%:—4<:>m:—2 thoa méan (*)

Bal 9. Cho phuong trinh x* —2mx+m-4=0

Tim m dé phuong trinh c6 hai nghiém phan biét x,,x, thoa man X + X5 =26m
Loi giai.

X* —2mx+m—-4=0

2
Ta co: A'zmz—m+4:(m—%j +%>0 vm

Vay phuong trinh luén ¢6 2 nghi¢m phan bi¢t voi moi m.

Theo dinh 1y Viet: x, +x,=2m; xx,=m-4
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xf+x§’:26m<:>(x1 +x2)3—3x1x2(xl +X,)=26m

< 8m® —6m(m—4)=26m < m(Bm* —6m-2)=0

<:>m:0;m:1;m:—%

Bai 10. Cho phuong trinh x2 + (4m+ 1)x+2(m-4)=0 (1) (x la an s6, m & tham
s).
1. Chiing minh rang phuong trinh (1) ludn ¢6 hai nghiém phan biét vai moi m.
2. Goi X4, X, 12 hai nghié¢m cua (1). Tim m d¢ [x, —X,|=17.
Loi giai.

Taco: A=(4m+1)°> —8(m-4)

=16m° +8m+1-8m+32 =16m? + 33
Vi  A=16m*+33>0 VmeR nén phuong trinh (1) luén c6 hai nghiém phén biét
VG moi vai moi m.
2) Phuong trinh (1) luén c6 2 nghiém phan biét véi vm nén
theo dinh Iy Vi-ét ta c6 {Xl X, =~(4m+])
X, X, =2(m—4)
Theo yebt: |x, —x,| =17 < (% —%,)* =289 < (X, +X,)* —4xX, = 289
& (4m+1)2 —8(m—4) = 289 «>16m? +33 =289 <>16m? = 256 <> m = +4
Vay m=+4 la gia tri can tim.
Bai 11. Cho phuong trinh x* —2(m—-1)x+2m? —3m+1=0, trong d6 m la tham s, x 1a
an sb.
a) Tim tat ca cic gia tri cia m dé phuong trinh c6 nghiém.
b) Gia str phwong trinh d3 cho c6 hai nghiém 14 x,, x,. Ching minh rang

|x1+x2+x1x2|£§.

Loi giai.
a) Tim tat ca cac gia tri cia m dé phuong trinh c6 nghiém.
PT c6 nghiém < A'=(m-1)>-(2m*-3m+1)>0

osm-m<0emm-1)<0

136



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

m>0
m-1<0
0<m<1
= m<0 <m0 <0<m<1
m-1>0
m>1
m=0
m=1
) . X +X, =2(m-1)
b) Theo Viet ta co: ,
X,.X, =2m° -=3m+1
1Y 9
=P X + X +X.X|=2m*—-m-1]=2| m-= | ——
1%+ + % -2[m-3] -2
2
Co OSmSlo—ESm—ESES(m—EJ <3
4 4 4 4 16
2
Suyra P=2 E—Km—l) <9 déu bing xay rakhi m==.
16 4 8 4

Bai 12. Cho phuong trinh x?+ax+b+1=0 vdi a,b 1 tham sb.
1) Giai phuong trinh khi a=3 va b=-5.
2) Tim gia tri ciia a,b dé phuong trinh trén c6 hai nghiém phan biét x,,x,
3 X —X, =3
thoa man diéu kién: { 13 23 .
X, —X; =9
Loi gidi.
1) Khi a=3 va b=-5 ta c6 phuong trinh: x> +3x-4=0.
Do a + b + ¢ = 0 nén phuong trinh ¢6 nghiém x, =1, x, = 4.

2) Phuong trinh c¢6 hai nghiém phan biét x,,x, < A=a’-4(b+1) >0 (*)

. . , . , X, =—a
Khi do theo dinh Iy Vi-et, ta ¢6 {’“ 2 =74 (1),
XX, =b+1
) . [x,=x,=3 X, =X, =3 X, — X, =3
Bai toan yéu cdu { & 2 . @{1 277 ().
X, =X, =9 (X, =X, )" +3%,X, (X, —X,) =9 X X, =—2

T hé (2) tacod: (x +%)" =(x—% ) +4xx, =3* +4(-2) =1, két hop véi (1) dugc :

a’=1 a=1b=-3
= :
b+1=-2 a=-1b=-3
Céc gia tri nay déu thoa man diéu kién (*) nén ching 1a cac gia tri can tim.
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Bai 13. Cho phuong trinh x* — 2x — 3m? = 0, v4i m la tham sb.
1) Giai phuong trinh khi m = 1.
2) Tim tat ca céc gid tri cia m dé phuong trinh c¢6 hai nghiém x4, X, khac 0

va thoa diéu kien - % 8

X, X 3’
Loi giai.
1) Khi m = 1, phwong trinh thanh : xX* -~ 2x —3 =0« x = -1 hay x = 3 (c6 dang a —
b+c=0)

2) Vi Xy, X#0,taco: Xﬁ—%:gcﬁ(xf —X2) =8X%X,
2

= 3(X1 + X2)(X1 — X2) = 8X1X2
Tacod:a.c=-3m’<0nénA>0, vm

KhiA>0tacd:x;+Xx,= —9:2 va X;.Xp, = = =-3m?*<0
a

oo

Piéu kién dé phuong trinh c6 2 nghiém =0 mam =0 =A> 0 V3 X;.X,< 0 =
X1< Xo
VGia=1=X,= -b'—vA' VAXy = -b+JA = X1 — Xp = 2JA" =241+ 3m*
Do d6, yebt <>3(2)(—2v1+3m?) =8(~3m?) va m % 0
e>1+3m =2m? (hién nhién m = 0 khéng la nghiém)
< 4m'-3m°—1=0< m’=1hay m*=-1/4 (loai) & m=+1
Bai 14. Cho phuong trinh: x> —2mx+m?—m—-6=0 (m la tham sb). Véi gi4 tri ndo
ctia m thi phuong trinh ¢6 hai nghiémx, va x, sao cho |x,|+|x,|=8?
Loi giai.
a) Phuong trinh: x* —2mx+m? —-m—6=0 c0 hai nghiém thi:
A'zmz—(mz—m—6)=m+620<:>m2—6.
Theo hé thirc Vi-ét ta c6: {Xi X am
XX, =m°—m-6
Ta co:

X, +[X,| =8 <= X7 +X,” +2[x,X,| =64 < (x1+x2)2—2x1x2+ 2[x.x,| =64 (1)
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m=> -6

Truong hop 1: Néux,va x,cung dau thi: x,x, 20<:>{m2 —m—6=(m+2)(m=3)>0

{—63 m<-2 *)

m=>3
Khi d6 (1) < (x,+X,) =64 < 4m? =64 < m =+4(théa man (*)).
Truong hop 2: Néu x,va X, trai dau thi:
XX, <0< m —m-6=(m+2)(m-3)<0<-2<m<3 (**)
Khi do6 (1) < (x,+X,)" —4%,X, =64 < 4m’ —4(m’> —-m—6) = 64
& m+6=16<m=10 (khdng thoa man diéu kién (**).
Kétluan: m =+ 4
Bai 15. Cho phuong trinh bac 2 an x, tham sd m: X’ +mx+m+3=0 (1)
Tim gia tri ctia m dé phuong trinh c6 hai nghiém thoa man: 2x, +3x, =5.

Loi gidi.

Phuong trinh ¢6 hai nghiém x,, x, khi A>0

X, +X,=-m (1)

Theo hé thirc Vi-ét ta co:
XX, =m+3 (2

Ma: 2x +3x, =5.
X, +X, =-m - X, =-3m-5
Nén ta co: |2x,+3x, =5 X, =2m+5
Do d6: x3. X, =m+3 < (-3m-5(2m+5)=m+3

ey \ T o, o A A 1A
Gidirataduoc: m=-2vam= -3 dé thoa man diéu kién: A>0

Vay: véim=-2vam= —% phuong trinh c6 hai nghi¢m théa man: 2x +3x, =5.

Bai 16. Cho phuong trinh: X’ —2(m+1)x+m’+4=0(m la tham 56)
Tim m dé phuong trinh c6 hai nghiém x,x, thoa man: x* +2(m+1)x, <3m? +16.
Loi giai.

Dé phuong trinh c¢6 hai nghiém x,x,thi: A'’>0< m zg *).
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X +X, =2(m+1)
Khi d6 phuong trinh c6 hai nghiém x, x, théa man: XX, =m’ +4
X! =2(m+1)x,—m?’ 4.
Theo dé bai: x* +2(m+1)x, <3m? +16 < 2(m+1)x, + 2(M+1) X, <4m’ +20
& 2(m+1)(x +%,) <3m? +16 < 4(m+1)" <4m? +20
<8m-16<0<m<2.
Vay m< 2 1a gia tri m can tim.
Bai 17. Cho phuong trinh: x*-2(m-1)x+2m-5=0 (v6i m la tham s6). Tim céc gia
tri ciia m dé phuong trinh d6 c6 hai nghiém x1; X, théa méan:
(% —2mx, +2m-1)(x,-2)<0
Loi giai.
x*—2(m-1)x+2m-5=0
Taco: A =(m—1)2 -2m+5=m*-4m+6 =(m—2)2 +2>0 v&1 moi m, nén phuong trinh
ludn c6 2 nghiém phan biét voi moi m
Theo vi et ta co

X +X, =2m-2
XX, =2m->5

Dé (x?—2mx +2m-1)(x,~2)<0

=>[ " —2(m-1)x +2m-5-2x,+4](x,~2) <0
=>(4-2x) (%, —2)<0 =>(2-x)(X,—2)<0 =>2x, —4—xX, +2% <0
=>2(X%,+X%)— XX, —4<0

Thay vaotaco:

2(2m—2)—(2m—5)—4s0=>4m—4—2m+5—4go=>2m—3s0=>msg.

Vay m< g
Bai 18. Cho phuong trinh x? —2x+m—-3=0 v&i m 1a tham so.
1) Giai phuong trinh khi m=3.
2) Tim gia tri cia m dé phuong trinh trén c6 hai nghiém phan biét x,,x, thoa

mandiéu kién: x/ —2x, +x,x, =—12.
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Loi giai.
1) Khi m =3 phuong trinh tré thanh x> —2x=0 < x(x-2)=0< x=0; x =2
2) Phuong trinh ¢ hai nghiém phéan biét x,,x, < A'=1-(m-3)>0< m<4.
Khi d6 theo dinh li Vi-ettaco: x, +x, =2 (1) va x,x, =m-3 (2).
Diéu kién bai toan xZ —2x, + XX, =—12 < X, (X, +X, )—2x, =—12
& 2%, -2x, =-12 (do (1)) & x, —x, =—6 (3).
Tu (1) va (3) ta co: x, =-2,x, =4. Thay vao (3) ta dugc: (-2)4=m-3
& m=-5, thoa man diéu kién.
Vay m=-5.
Bai 19. Cho phwong trinh: x*-2 (m-1)x-m-3=0 (1)
1) Giai phuong trinh voi m = -3
2) Tim h¢ thirc lién hé gitra cdc nghiém khong phuy thudc gia tri cia m.
Loi giai.
x=0

1) V6im = - 3 ta c6 phuong trinh: x*+8x=0 < x (x+8)=0 < [x— o
2) Phuong trinh (1) ¢6 2 nghiém khi:

A >0 M-1)°+(m+3)>0 em*-2m+1+m+3>0
em’-m+4>0 @(m—%)2+%>odﬁng vm

Churng to phuong trinh ¢6 2 nghi€ém phan biét vV m
Theo hé thirc Vi ét ta co: {Xl X =2m- 1) W

X, =X, =-m-3 (2
Tir (2) ta c6 m = -X1X, - 3 thé vao (1) ta c6:
X1+ X =2 (-XXp-3-1)=-2X1X, - 8
S X1+ X+ 2X X, +8=0
Day 1a h¢ thtic lién hé gitra cac nghiém khong phu thudc m.
Bai 20. Cho phuong trinh x? +(3—m)x+2(m—5)=0 véi m 1a tham sb.
1) Chirng minh rang v6i moi gia tri cia m phuong trinh luén ¢ nghiém x=2.
2) Tim gia tri cia m dé phuong trinh trén c6 nghiém x=5-22.

Loi giai.

1) Thay x =2 vao vé trai ciia phuong trinh ta duoc:
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2 +(3-m).2+2(m-5)=4+6-2m+2m-10=0 ding v4i moi m
nén phuong trinh c6 nghiém x=2 v&i moi m
2) Vi phuong trinh luén c6 nghiém x =2 nén dé nod c6 nghiém x =5-2v2 thi theo
dinh Iy Vi-et ta c6: 2(5—2\/5): 2(m-5) = 5-2/2=m-5< m=10-22
Bai 21. Cho phuong trinh 2x? —(m+3)x+m=0 (1) vi m 1a tham sd.

1) Giai phuong trinh khi m=2.

2) Chumng t6 phuong trinh (1) ¢6 nghiém vdi moi gia tri cia m. Goi x,, x, la
cac nghiém ctia phwong trinh (1). Tim gié tri nho nhat cia biéu thirc sau: A =
X, = X,|.

Loi giai.

1) V&i m =2 phuong trinh trd thanh 2x* —5x+2 =0.

A=5"—-4.2.2=9 nén phuong trinh ¢6 hai nghiém x, =2, x, = %

2) Phuong trinh c6 biét thirc A =(m+3)* —4.2m=m? -2m+9=(m-1)° +8 >0 vGi moi
m.
Do do6 phuong trinh luon c6 hai nghiém x,, x,. Khi do theo dinh 1y Viet thi

~m+3
2

X, + X,

m
X X, = E

2
Biéu thl:I'C A= |X1_X2| = \/(Xl—X2)2 :\/(X1+X2)2 _4X1X2 = \/(mggj _4% -

%\/m2—2m+ =%w/(m—l)2+8.
Do (m-1)° >0 nén (m-17 +8 >+8=22,suyra A >2.

Dau bang xdy ra < m=1.

Vay gié tri nho nhat cia A 13 v/2, dat duoc khi m=1.

Bai 22. Pinh m dé phuong trinh x*—2(M+ 1)x+m*+1=0

c6 hai nghiém x; , X, sa0 cho T = X3(X1 — X) + X,° dat gia tri nho nhat.
Loi giai.

Phuong trinh x*—2(m+1)x+m’+1=0
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Phuong trinh da cho ¢6 hai nghiém x3, X, khi va chi khi: A'=(m +1)2 —(m2 +1)

A'=2m>0< m > 0. Theo hé thire Vi-et thi: {X”XZ =2(m+1)
XX, =m’ +1

T=x+x —x.X%,
T=(X1+ %) —3X1. X, =m*+8m+ 1
Do m>0nénT > 1.
Vay gié tri nho nhét ctia T 1a 1, khi m = 0.
Bai 23. Cho phuong trinh x2 —2mx+m-2=0 (x 1 4n sd)

a) Ching minh rang phuong trinh ludn luén c6 2 nghiém phan biét vi moi

m.
b) Goi x3, X, 1a cac nghiém cua phuong trinh.
—24
X +X, —6XX,
Loi giai.

a/ Phuong trinh (1) c6 A’ = m® - 4m +8 = (m - 2)* +4 > 0 véi moi m nén phuong
trinh (1) cé 2 nghiém phan biét vai moi m.

Tim m dé biéu thirc M = dat gia tri nho nhat

b/ Do d6, theo Viet, voi moi m, tacd: S = —9=2m; P=S_m-2
a a
_ —24 _ 24 -8
(% +%)°—8%X, 4m’—8m+16 m*—2m+4

___ % Khim=1tacé (m-1?+3nho nhét

(m-1)°+3

M=—"0_ lénnhitkhim=1=M=— "2 nhonhitkhim=1

(m-1)“+3 (m-1)°+3

Viy M dat gia tri nho nhat 13 - 2 khim =1
Bai 24. Cho phuong trinh: ax’ +bx+c=0(a=#0) c6 hai nghiém x,X, thoa man
diéu kién: 0 < x < x, <2.Tim gia tri 16n nhét ctia biéu thirc:
_2a*-3ab+b’
2a*—ab+ac

Q

Theo Viét, ta co: x + X, = b , XX, =
a
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b (bY
2a°~3ab+b? % ~a'la
Khi do Q=22 "D F2 - a8/ (vi a#0)
2a’ —ab +ac s b.cC
a a
_2+3(% %)+ (% +X%,)°
2+ (X +X,)+ XX,
Vi0<x <x,<2 nén X*<XX va X, <4=x*+X°<xX,+4
= (X +%,) <3xX, +4
Do d6 Q§2+3(X1+X2)+3X1X2+4:3
2+ (X %)+ %X,

Bai 25. Cho phuong trinh x?—x+m=0. Tim tat ca gia tri cia tham s6 m dé
phuong trinh ¢6 hai nghiém phan biét x, x, sao cho x, <x, <2.
Loi gidi.
Taco: A=1-4m
Phuong trinh ¢6 2 nghiém phén bi¢t < m <%
1-Vi-dm . _1+yi-4m
2 B2

1++/1-4m
2

Taco: x, =

Vi x,<x,<2 nén <2 Suyra1-4m<3=m>-2

o A e 1 1
Giatricua mcantim la —2<m<Z

Bai 26. Tim m dé phuong trinh: (2m-1)x’ +(m2 —l)x+2 =0 tim gia tri cia m dé
phuong trinh c6 hai nghiém x4, X;thoa mén: x, <1<x,
Loi giai.
T x, <l<x,SuUyra: x, —1<0<x,-1
baty =x - 1thay x =y + 1 vao phuong trinh ta duoc:
(2m-1)(y+1)" +(m* -1)(y+1)+2=0 < (2m-1) y* +(m’ +4m-3)y +m’ +3m=0  (¥)
Ta can tim m sao cho phuong (*) c6 hai nghiém trai dau:
m<-3

0 243 2m-1)<0
< <:>(m+ m)(m )<0& 0<m<%

m? +3m
2m-1

P<0<s

144



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Bai 27. Cho phuong trinh x> —2mx+m-4=0. Tim m nguyén dé phuong trinh c6 hai
nghiém nguyén.
Loi giai.
Goi x, %, (x, <x,) 1a hai nghiém nguyén cua phuong trinh.
Taco: x +Xx,=2m; XX, =m—4.

Suy ra x +X, —2xX, =8> 2(x, +X,) —4x %, —1=15 < (2%, —1)(2x, 1) =-15

THL: { 1‘_1@{‘:0:»%4
2%, -1=15  |x, =8

TH2: {2 1__5<:>{X1=_2:>m:0
2X X, =2

TH3: {2"1 = {"1:‘7:m:-3
2X X, =1

TH4: {2“1:‘3@{‘ =
2X,-1=5 X, =3

Thtr lai m=0, m=1, m=-3,m=4 thoa mén diéu kién bai toan.
Bai 28. Cho phuong trinh: a(a+3)x?- 2x - (a+1)(a+2) = 0 (a la tham sd,nguyén).
a) Ching minh rang phuong trinh ludn c6 nghiém hiru ty.
b) Xé4c dinh a dé phuong trinh c6 cac nghiém déu nguyén.
Loi giai.
a) Chirng minh phuong trinh Iuén ¢6 nghiém hiu ty:
- Véi a(a+3) =0haya=0hoaca=-3:
Phuong trinh trg thanh: -2x -2 = 0 c¢6 nghiém lax = -1
-Véia(a+3) =0 haya = 0vaa=#-3 thi p/t cho la phuong trinh bac hai.
Taco: a(a+3)+2—(a+D(a+2)=a*+3a+2-a*-3a°-2=0

_(a+D(a+2) 14 2
a(a+3) a(a+3)

Vi a nguyén nén suy ra phuong trinh cho ludn co nghiém hiu ty.
b) Xac dinh a dé cac nghiém ciia phuong trinh déu 1a nghiém nguyén:
(1) Néu a = 0 hoic a = -3: phuong trinh ¢6 1 nghiém nguyén x = -1.

Nén phuong trinh cho ¢6 2 nghiém: x, =-1x, =

(2) Néu a # 0, a # -3: Theo cdu a), phuong trinh ¢6 nghiém x; = -1 nguyén nén dé
p/trinh ¢ c&c nghiém déu nguyén thi x, ciing phai 14 nghiém nguyén.
Nghia 1a: 2 phai chia hét cho a(a+3).
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a(a+3)=—2 [a*+3a+2=0
a(a+3)=-1 |a’+3a+1=0
Rt
a(@a+3)=2 a’+3a-2=0
a(a+3)=1 a’+3a-1=0

Khi d6 ta c6 cac kha nang xay ra :

Vi a nguyén nén chi c6 phuong trinh a? +3a+2=0 c0 hai nghi¢ém nguyén
a=-lhoaca=-2.
Vay: ae{-3,-2,-10} thi phuong trinh cho c6 cac nghiém déu nguyeén.

Bai 29. Cho phuong trinh: X’ —4x + m+1=0 (m la tham sd).

1) Giai phuong trinh véi m = 2.

2) Tim m dé phuong trinh ¢ hai nghiém trai ddu  (x;< 0 < X,). Khi d6

nghiém nao c6 gia tri tuyét d6i 1on hon?
Loi giai.
a) m = 2, phuong trinh da cho thanh: x> —4x +3=0.
Phuong trinh nay coa+ b+ ¢c=1-4+ 3 =0 nén co hai nghiém: x; = 1; X, = 3.
Vay m = 2 thi phuong trinh da cho c¢6 hai nghiém phan biét: X; = 1; X, = 3.
b) Phuong trinh da cho c¢6 hai nghiém trai dau
cac<lem+l<Oem<-L
Theo dinh li Vi-et, ta c6: {Xl tX=4
XX, =m+1

Xét hidu: |Xq| - [Xo| = -X1 — X2 =-4 <0 (vi x,< 0 < Xp) = [Xq] < [X2).
Vay nghiém x; c¢6 gié tri tuyét d6i nho hon nghiém x,.
Bai 30. Cho phuong trinh: X° +ax* +bx-1=0 (1)

1) Tim céac s6 hiru ty a va b dé phuong trinh (1) ¢6 nghiém X=2- «/g

2) Voi gia tri a,b tim duoc 6 trén; goi X; X,; X, 1a ba nghiém cua phuong trinh (1).

, T S 1 1 1
Tinh gia tri cua bi€u thirc S = —+—+—.
XXX

Loi gidi.

1) x* +ax’ +bx-1=0 (1). Tim a,b Qdé (1) ¢6 nghiém x=2-+/3.
Thay X =2—+/3vao (L)ta c6 :(2—\/§)S+a(2—\/§)2+b(2—J§)—1=0

<+/3(4a+b+15)=7a+2b+25
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+/Néu (4a+b+15)#0

> 3= LREDT2D o VT IasE Vo ty, VP 12 s6 hitu 1)

(4a+b+15)
7a+2b+25=0
+/ Suy ra (4a+b+15)=0=
4a+b+15=0
. a=-5
Giai hpt ,két luan :{b B
. _ B S 1 1 1
2) V6i a=-5 ;b=5. Tinh gia tri cua bieu thirc S = —+ —+—.
Xl X2 X3

+/ {Z:_S (1) cé dang x* —5x? +5x—1=0<:>(x—l)(x2—4x+l):0.

Khong mat tinh tong quat coi x, =1 thi x,, x, 1a 2 nghiém ctia phuong trinh
X +X, =4

(x2 —4x+1):0(cc') A'=3>0) :>{
XX, =1

+x2)(><12 + X2 —xlxz):52.
=(x +x22)(x1 +x§’)—xfx22(x1 +x2):724
=>5 =725
Bai 31. Tim m dé phuong trinh:(Xx—2)(x—3)(x+4)(x+5)=m c6 4 nghiém phan
biét.
Loi giai.

Phuong trinh (x—2)(x—3)(x+4)(x+5)=m < (x* + 2x—8)(x* + 2x—15) =m (1)
bat x* +2x+1=(x +1)2 =y (y=0), phuong trinh (1) tro thanh:

(y-9)(y-16)=m < y* -25y+144—-m=0 (2)
Nhan xét: Vi moi gia tri y >0 thi phuong trinh: (x +1)2 =y ¢6 2 nghiém phéan
biét, do d6 phuong trinh (1) c6 4 nghiém phan biét < phuong trinh (2) ¢6 2 nghiém
duong phan biét.
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A'>0 A'=4m+49>0
1S >0 &£<25>0 <:>i9<m<144.
P>0 144-m>0

Vay Vi —4749< m <144 thi phuong trinh (1) ¢6 4 nghiém phan biét.

Bai 32. Cho hai s thuc a, b khong &m thoa man18a+4b > 2013. Ching minh ring
phuong trinh sau luén cé nghiém: 18ax® +4bx +671-9a=0.

Loi giai.
Cho hai sb thuc a, b thoa man 18a+4b>2013 (1)
Cho hai sb thuc a, b thoa madn 18a+4b>2013 (1)
Chting minh rang phuong trinh sau c6 nghiém: 18ax® +4bx+671-9a=0 (2)
THL : Vé6ia=0thi (2) < 4bx+671=0

Tir (1) = 5=0. Vay (2) ludn c6 nghigm x:_%l

TH2 : V&1 a#0,tacld: A'=4b> —18a(671—9a) = 4b* —6a.2013+ 1624°
>4b* —6a(18a+4b)+162a* = 4b*> —24ab +54a° = (2b—6a)* +16a*> > 0,Ya,b
Vay pt luén c6 nghiém

& 2. Chung minh
+d

Bai 33. Cho a, b, ¢, d 1a céc sb thuc théa man: b+d # 0va

rang phuong trinh (x2 + ax +b)(x2 + cx + d)=0 (x 1a 4n) ludn c6 nghiém.
Loi giai.
Xét 2 phuong trinh:
xX*+ax+b=0 (L)va X*+cx+d=0 (2

A, +A, =(a? —4b)+(c? —4d) =a® —2ac+c? + 2ac - 2(b+d)] = (a—c)? + 2[ac — 2(b + d)]

+ Véi bt+d <0 = b; d 6 it nhat mot sé nho hon 0
= A, >0 hodac A,>0 = pt da cho c6 nghiém

ac
b+d

=> [t nhat mot trong hai biéu gia tri A,,A, >0 => [t nhat mot trong hai pt (1) va

+Voi b+d >0 Ty >2=ac>2(b+d)=>A,+A,>0

(2) c6 nghiém.
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ac 2.
d

Viy voi a, b, ¢, d 1a cac s6 thyc thoaman: b+d = 0va .
+

phuong trinh (x2 + ax +b)(x2 + cx + d)=0 (x 1 4n) ludn c6 nghiém

Bai 33. Cho ham s6 y = f(x) voi f(x) 1a mot biéu thire dai s6 xac dinh v6i moi sd

thuc x khéc khong. Bidt ring: f(x) + 3f(1j = X2V x # 0. Tinh gié trj cta f(2).
X

Loi giai. Xét dang thirc: f(x) + 31@] =x2vx=0 (1)

Thay x =2 vao (1) ta co: f(2) + 3.f[%) =4,

Thay x = 1 vao (1) ta c6: f(lj +3.f(2) = 1
2 2 4
1 a+3b=4 13
bat f(2) =a, f(—j = b ta co. 1. Gidi h¢, ta dugc a=- =
2 3a+bh== 32
4
Vay f(2) =- %

Bai 34. Chimg minh rang néu phuong trinh x* + ax® + bx® + ax +1
thi 5(a° + b%) > 4.

Loi giai.
Gia sir Xo 1a mot nghiém ctia phuong trinh, dé thdy x, =0.

a 1 1 1
Suyra x; +aXo+tbh+ —+ = =0« x§+—2+a(xo+—j+b:0
XO XO XO XO

3 1 1
Datxo+ ==y, = xg+ 5 =5 -2, [vo| 2 2= y;-2=-ay, -b

0 0

Ap dung bat dang thirc Bunhiacopxki ta co:

(Y5 —2)°
2w

0

(v5 -2)2 = (ay, +b)* < (a2 +b?)(ys +1)=>a*+b*>
a chung min Eve 5 (2)
Thuc vay: (2) < 5(y, -4y +4) > 4(y: +1) < By, —24y; +16>0

<:>5(y§—4)(y§—g)20 ding véi |y|>2 nén (1) ding
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Tu (1), (2)suyra a*+b®> > = = 5(@° +b’) > 4, dpcm.

SN

Bai 35. Cho phuong trinh: X —2(3—m)x—4—-m?=0 (x 1a an, m 1a tham s6) (1).
a. Giai phuong trinh (1) voim =1,
b. Tim m dé phuong trinh (1) c6 hai nghiém phan biét X, X, théa man ||x,| — [X,|| =
6.
Loi giai.
Phuong trinh (1) c6 2 nghiém phan biét xy, X,
SAN=GB-m?+(@+m’)>0
& 2m°—6m+13>0

&2 x2—2.§x+g +£>O
2 4 2

3\ 17 .\
&2 =2 +?>O (luén dang VXx)
Do d6 (1) ¢6 hai nghiém Xy, X, théa mén hé thirc Vi—€t X; + X, = 2(3 —m); XX, = 4
*Ta c0:
1% 1=1%, =6 (1= 1) =36 < X' +Xx; ~2| || x, |36
& (X +%,)" = 2%%, —2| %X, |= 36
o [2B-m)] —2(-m? —4)-2|-m? ~4|=36
< 4(B-m)* =2(-m* —4)—2(m* +4) =36 (d0 —-m* -4 <0VM=|-m* —4|=m° +4)

5 3-m=3 m=0
< B-m =9« = .

3-m=-3 m=6

Vay m € {0;6} 1 gia tri can tim.
Bai 36. Cho phuong trinh8x? —8x+m?+1=0(*) (X 1a 4n s6)

a) Pinh m dé phuong trinh (*) c6 nghiémx =

N |-

b) Pinh m dé phwong trinh (*) ¢6 hai nghiém X, , X, thoa diéu kién:
X' =%t =% =%’
Lot giai.
a/ Phuong trinh (*) c6 nghiém
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x:%<=> 2-4+m?>+1=0

<=>m=1%1

b/ A'=16-8m? —8=8(1—m?)

Khi m =+1 thi ta c6 A’ = 0 tirc la: X;=X, khi d6 x*—x,* =x*-x,° thoa
Diéu kién can dé phuong trinh sau c6 2 nghiém phan biét 1a:
| m|<1 hay -1<m<1. khi |m|<1 hay -1<m<1 ta co:

Xt =% =x°-x°

<= (7 =%,7) 00" +%°) = (4 = X, ) (% + %" + %%,

<=> (X, + X)X +X,)* = 2% X, ] = (X, + X,)* = XX, (Do X, # X,)
<=>5(S*-2P)=S*-P

<=>11*-2P)=1*-P

<=>P=0

<=>m?+1=0(VN)

Do d6 yéu cau bai toan <> m=+1

Cach khéac

Khi A>0 taco:

m? +1

X +X, =LXX, =
X14 _X24 — X13 —X23
<=>x>(x-1)-x,°(x,-1) =0
<=> X%, + XX’ =0(D0 X, —1=—X,; X, —1=—X,)
<=> %X, (%*—%,°) =0
<=> (X, +X%,)(X, —X,) =0(do x,x, # 0)
<=>X =X,
<=>m=1=1
Bai 37. Cho phuong trinh : x> + X + m—5 =0 (1) (m 1a tham s, x 1a 4n)
1. Giai phuong trinh (1) véi m =4,
2. Tim m dé phuong trinh (1) c¢6 hai nghiém phan biét x; # 0, x, # 0 thoa man:
6-m-x +6—m—x2 _10
X, X, 3

Lo giai.
1) Giai phuong trinh x* + X + m—5 =0 (1) véi m = 4.
Thay m =4, taco
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e x*+x-1=0

A=1>+411=5>0

145, 15
2 22

—1+J§_—1—J§}
=

2

Phuong trinh ¢6 hai nghiém :x, =

Vay tap nghiém cua (1) la {

2) *Pé phuong trinh (1) c6 hai nghiém phan biét x,, X, khac 0, diéu kién can va

du la:
{A:1—4(m—5) >0 {m<£‘
<=> 4

2
0°+0+m-5%0 M5

Theo dinh li Vi—étta co: Xy + X, =-1; XX, =m -5 (%)
Theo bai ra ta co:

6-m-x 6-m-x, _10 __ (6-m)x +(6-m)x,—x*-x,° 10

X, X, 3 XX, 3
o (B=m +3) ~ (4 %) +2%%, 10 __ (6-m)(-) (-1’ +2(m-5) _10
X, X, 3 m-5 3
PP AN 3(3m-17) =10(m-5)
m-5 3
<=>m=-1(TM)

Vay m = —1 14 gié tri can tim.

Bai 38. Cho phuong trinh x*>-mx-1=0 (1) (x 12 4n s6)
a)Chimg minh phuong trinh (1) luén ¢ 2 nghiém trai dau.
b)Gol Xy, X, la cac nghiém cua phuong trinh (1):

9 2 . 2 .

Tinh gid tri cia bidu thac:p= 2% ~1 % +% 71
X X,
Loi giai.

Cho phuong trinh x2 —mx—1=0(1) ( X 1& 4n sd)

a)Ching minh phuong trinh (2) ludn ¢ 2 nghiém tréai dau

Ta c6 a.c=-1<0 , v&i moi m nén phuong trinh (1) udn c6 2 nghiém trai dau véi moi
m.

b) Goi Xy, X, 1a c&c nghiém cua phuong trinh (1):

Tinh gia tri cua biéu thic:
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b_ xf+x1—1_x22+x2—1

X X
Ta co:
x° =mx +1 x> =mx, +1
_mx +1+x -1 mx, +1+x,-1
X X,
~_(m+D)x, B (m+1)x,
R X,
Cau 39. Cho phuong trinh x> —2(m+1)x+2m=0 (m & tham s5).

=P

=0(Do x;;x, #0)

1) Giai phuong trinh véi m =1.
2) Tim m dé phuong trinh c6 hai nghiém Xi;x, théa man \fx, +/x, =v2
Léi giai.
V6i m =1, phuong trinh tré thanh x%-4x+2=0
A'=2
X :2+\!’§;x2 =2-2

Diéu kién PT c6 2 nghiém khong am x; ;X la

A'>0 m?+1>0
X, +X% 20<=>:2(M+1)>0<=>m=0
XX, =0 2m=>0

Theo hé thirc Vi-et x +x, =2(m+1);xx, =2m
Ta co:
\/Z+\/Z:\/§<:>x1+x2+2 XX, =2

<=> 2m+2+2«/2m =2
<=>m=0(TM)

Bai 40. Gia sir phuong trinh x*+ax+b=0 ¢0 2 nghiém I6n hon 1. Chitng minh

réng' az—a—2b> 2o
" b-a+l 1++b’

Loi giai:
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X +X, =

X b % Bét déng thirc cin ching minh c6 dang :
X, =

Theo dinh ly Vi et ta co: {

2 Zf
X % 5 AN%R Hay % 41+ "2 41> st B

1+x% 1+x, 1+ x1le 1+X, 1+x 1+ XX,
2(1+2,/%X Loz . .
(%, +X, +1) L, 1 ( X“).Theo bat dang thtrc CO si ta co:
1+x  1+X, 1+ X%,

X, +%, +1> 2,/xx, +1. D¢ ching minh (*) ta quy vé chiing minh:

1 1

+ > VGi x,x, >1. Quy dong va rat gon bat ding thirc trén tuon
Tox 10 - 1r o X, %, >1. Quy dong g¢ g g

duong véi (\/@—1)(\/2—\/2)2 >0( Diéu nay Ia hién nhién dang). Dau bang xay ra
khi va chi khi x, =x, < a* =4b.
Bai 41. a) Tim m dé phuong trinh x?+x+m=0 ¢c6 hai nghiémx,,x, va biéu thuc:
Q= (x +1)+x2(x, +1) dat gid trj Ion nhat.
b) Cho phuong trinh x* —2(m+1)x+m’+2=0, v6i m la tham s6. Tim m dé
phuong trinh ¢6 hai nghiém x,x, sao cho P =xx, —2(x, +x,)-6 dat gia tri nho
nhat.
c) Goi x,x, la hai nghiém cua phuong trinh: 2x*—(3a-1)x-2=0. Timgiatri
nho nhat cia bicu thirc: P =§(x1—x2)2 +2(%+%—%j
Lai giai:
a) Phuong trinh ¢6 nghiém khi A>0<1-4m>0 < m< % (™).

S=x+X,=

Khi d6 theo dinh ly Viet:{
P=xX,=m

-1 ,
. Ta co: Q:S(SZ—BP)+SZ—2P:m£%(dO

*) :>maxQ=% dat duoc khi m:%. Vay m:%Iél gié tri cin tim.

b) Tacd A'=(m+1)"—(m’+2)=2m-1

Dé phuong trinh c6 hai nghiém < A'>0<m 2% (*). Theo dinh ly Viet ta c6:

X +X,=2m+2 Va xX,=m?+2. TacO P=xx,—2(X+X,)-6=m’+2-2(2m+2)—6
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=m?—4m-8=(m-2)° -12>-12. Dau “=" x4y ra khi va chi khi m=2 thoa man diéu
kién (*). Vay v6i m=2 thi biéu thac P dat gi tri nho nhat bang -12.
c) Ta c6: A=(3a-1)" +16 > 0= Phuong trinh ludn c6 hai nghiém phan bigt. Theo

dinh ly Viet thi: x +x, :saT_l;xix2 =-1.Taco

P =§(X1—x2)2 +2{"1Xz(x1 ‘22)()1);2(&—&)} =6(% - X, )’

2
=6[(X1—X2)2 —4X1X2} =6{@+4}2 24 . bang thtc xay ra khi 3a-1=0< a:%.

Vay minP=24.
Bai 42. Cho phuong trinh x*—(2m+1)x+m?+1=0, véi m 1a tham sé. tim tat c4 cac

gid tri meZ dé phuong trinh ¢ hai nghiém phan biét x,x, sao cho biéu thirc

p="%_ ¢4 gia tri 1a s6 nguyén.
X+ X%

Lo giai:
Taco A=(2m+1)°—4(m’+1)=4m-3. D¢ phuong trinh ¢ hai nghiém phén biét

<:>A>0<:>m>§. Theo dinh ly Viet ta co: x, +x, =2m+1 va xx, =m*+1. Do d6

2 F—
X _m+l_zm-l_ S . Suy ra 4P =2m-1+

= = .Do m>-> nén
X+X% 2m+1 4 4(2m+1) 2m+1 4

P=

2m+1>1
Dé P ez thi ta phai cd (2m+1) 1a uéc cia 5, suy ra 2m+1=5<m=2
Thtr lai voi m=2, ta dugc P =1 (théa man).
Vay m=2 13 gia tri can tim thoa man bai toan.
Bai 43. Cho phuong trinh (m? +5)x? —2mx—6m=0(1) Vi m 1a tham so.
a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Chang minh rang
khi @6 tong cua hai nghiém khéng thé 1a sé nguyén.
b) Tim m sao cho phuong trinh (1) c6 hai nghiém Xy;X, thoa méan diéu kién
(%% =\ +%,)* =16
Loi giai.
a) Phuong trinh (1) c6 hé s a=m?+5>0 nén la phuong trinh bac hai an x. Do d6
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Phuong trinh (1) c6 hai nghiém phan biét x;x,
<=>A'=m*+(m*+5).6m>0
<=>m?+6m’+30m>0

<=>m(6m’ +m+ 30) >0

<= >m{5m +(m+ ) +%} >0

>0vm

<=>m>0

Khi d6 theo dinh ly Vi—ét ta co: =
1do theo di Yy X, + X, ToE

Xét m*+5-2m=(m-1)*+4>0. Mam>0 =>m*+5>2m>0

=0<

m2+5<1:>0<xl+xz<1

Vay tong hai nghiém cua (1) khdng thé 1a s6 nguyén.
b) Phuong trinh (1) c6 hai nghiém x;;x,

A'>0<= >m[5m +(m+ ) +%}_0

<=>mz=>0
X +X, = 2
Khi dé, theo dinh ly Vi—ét: g“ 5
—-om
X, =
% m? +5
Ta co:

X, — /% +X%,)* =16
XX =X X =2
<=>
xlxz—ajx1+x2 =-2
TH1: XX, =X +X, =2

—6m 2m
<=> - =2(2
m?>+5 \m?+5 2)

bat t= /%;t >0 phuong trinh (2) tré thanh -3t> -t-2=0
+

Xeét A=1"-4(-3)(-2) =-23<0= (2) vO nghiém.

—6m 2m
TH2:xx —«f +X, =-2<=> — =-2(3
Xl 2 Xl 2 m2+5 m2+5 ( )

156



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

bat t= EmS;tZO phuong trinh (3) tré thanh -3t —t+2=0
m® +
<= (t+1)Bt-2)=0
t=—1(L)
<=| 2 om 4 , m=2(TM)
t=—(TM)=>—F—=—<=>4m"-18m+20=0<=> (M -2)(4m-10) =0 <=> 2
3 m°+5 9 ng(TM)

Vay tat ca cac gid trim cantim1a me {2;%}
Bai 44. Cho phuong trinh: 2013x* —(m—2014)x—2015, véi m [a tham sb. Tim m dé
phuong trinh c6 hai nghiém Xy;X; thoa man m — X = (%> +2014 + X,

Léi gidi.
Ta cO: A=(m-2014)> +4.2013.2015 >0 V&I moi m. Vay phuong trinh luén c¢6 hai
nghiém phan biét véi moi m.

m-2014
: e =013
Theo hé thuc Vi — et ta co:
. - —2015
X% 2013

Tl X2 +2014 —x, = [X,2 + 2014 +X,

2014 = (\/M+ XO(WJF X,)
2014 = (/%2 +2014 — x,)(y/%,2 + 2014 - x,)
2014 = /(X +2014)(x,” +2014) + X,[%2 + 2014 + X,\[X,” + 2014 + X,
2014 = (\/(xf +2014)(x,” +2014) - x, \/xf +2014 — xi\/xz2 +2014 + XX,

=> /X2 +2014(x, +X,) + /X, + 2014 (x, +X,) =0
=> (%, + %) (/%% +2014 +/x,* +2014) =0
=X +X,=0

m-—2014
> — =

2013

=>m=2014
Vay m=2014 |4 gi4 tri thoa man dé bai.
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mx+4y =20 (1)

(m 1a tham s6)
Xx+my=10 (2)

Bal 43. Cho hé phuong trinh: {

Vi gid tri nao ctia m hé da cho:
a) VO nghiém
b) C6 nghiém duy nhét
) Vo sb nghiém
Loi giai.
x =10

Céch 1. Vi m= 0 hé c6 nghiém duy nhat: {
V61 m #0 h¢ phuong trinh tuong duong voi:

-m
=—X+5 (a
y=-, (@)

-1 10
=—X+—
m m

y (b)

D@ thay (a) va (b) 1a hai duong thang trong hé toa do Oxy, sd nghiém cua hé 1a sb
giao diém cua hai duong thang (a) va (b).
a) H¢ phuong trinh da cho v6 nghi¢m khi (a) va (b) song song ttrc la:

-m_-1

4 m

5;«tE
m

Sm=-2

Vay m = - 2 thi h¢ da cho v6 nghi¢m.
b) Hé da cho c6 nghiém duy nhat khi va chi khi (a) va (b) cit nhau tirc 1a:

M e
4 m

c) Hé da cho c6 vo s6 nghiém khi va chi khi (a) va (b) tring nhau tirc 1a:

-m_-1
4 1(;“ oSm=2
5=—"

m

Vay khi m = 2 hé di cho 6 vo sd nghiém.
Cach 2. tir PT(2) suy ra: x = 10 — my thay vao (1) ta duoc:
y(4—m?)=20-10m (3)

Ta c6 s6 nghiém ctia hé da cho chinh 14 s6 nghiém cta Phuong trinh (3)
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A an N Pn . 120-10m=0 m#2
a) H¢ da cho v6 nghiém khi: , & Sm=-2
4-m°=0 m=+2
Vay véi m = - 2 thi h¢ da cho v6 nghiém.
b) Hé c6 nghiém duy nhét khi: 4—m? 0 < m#=+2
A g A X A . 20-10m =0
c) H¢ da cho vo6 s6 nghiém khi: { 4ol sSm=2
X+y =2m+1

Bai 44. Cho hé phuong trinh: { , voi m 1a tham so.

X2y +y*x=2m*—m—1

a) Giai h¢ phuong trinh véi m =2.

b) Ching minh rang hé ludn c6 nghiém véi moi m.
Loi giai.

a) Giai hé phuong trinh véi m =2

Vi m = 2, hé phuong trinh la:
X+Yy =5 X+Yy =5 X+y=5
& & :
Xy +y*x=5 |xy(x+y)=5 xy =1
Do d6, x, y 1a nghiém ciia phuong trinh X>-5X +1=0
_5+421 X 5421
2 )

2= 2 .
5+JZ_5—Jﬁ] [5—@_5+Jﬁ
S , :

2 2 2

Giai ra ra dugc X,

Vay hpt ¢4 hai nghiém:

b) Chitng minh rang hé luén cé nghiém véi moi m
X4y =2m+1

H¢ da cho vict lai la: {Xy(XJr y)=(2m+1)(m-1)

(1) Néu m:—% thi hé tro thanh:

xeR

X+Yy =0
y=-x

<:>x+y:0<:>{
xy(x+y)=0

Hé c6 vo s6 nghiém.

X+y=2m+1

(2) Néu m=— thi hé tré thanh: {
2 Xy =m-1

Nén x,y la nghiém phuong trinh: X? —(2m+2)X +m—-1=0 (*).
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P/t (*) c6 A=2m+1)> —4(m—1) =4m* +5>0,vm nén ludn co nghiém.
Vay hé phuong trinh Iudn c6 nghiém vaéi moi m.

2x* —xy =1

Bai 45. Cho hé phuong trinh { , trong d6 m la tham sé va x, yla

4X* +4xy—y*=m

C4C an 6.

a) Giai hé phuong trinh véi m=7.

b) Tim tat ca céc gia tri cia m dé hé phuong trinh c6 nghiém,

Loi giai.
a) Giai hé phuong trinh véi m=7.
2x% —xy =1 -1
Véi m=7 ta co: Y (do x=0 khdng thoa man).
4% +4xy-y* =7

4X* +4xy—y* =7

2 2 1\
s 42 4 4x 2 _1—(2’( 1} _7
X X

< Ax +4x° (2x° -1)—(2x° —1)2 =T & 8x -7 —1=0& (X —1)(x2 +%} =0

oS =lox==1.

Voi x=1=y=1.

Véi x=-1= y=-1. Vay h¢ phuong trinh c6 hai nghiém (x;y)=(-1-1),(31).
b) Tim tat ca cac gia tri cia m dé hé phuong trinh ¢ nghiém.

Ta co x=0 khdng thoa man suy ra x=0.

ROt y tir PT tha nhat réi thé vao PT tha hai ta co:

2 2 1\
4x2+4x2X 1_(2x 1) m

X X
Hé ¢ nghiém « 4x* +4x* (2x* ~1)—(2x* ~1)" =mx*c6 nghiém khac 0.
< 8x* —mx® —1=0¢0 nghiém khac 0. Bat t = x*,t >0. Thay vao phuong trinh trén ta
duoc 8t2—mt—1=0 (1). Nhu vay yéu cau bai toan < (1) c6 nghiém dwong.
D& thdy phuong trinh (1) ludn c¢6 2 nghiém trai dau do ac <0 suy ra (1) lubn c6
mét nghiém duong. Do d6 véi moi s6 thuc m hé phuong trinh ludn c6 nghiém.

(m-1)x+y=3m-4 @

Bai 46. Cho h¢ phuong trinh: { X+(m-1)y=m (2)
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Tim m dé hé c6 nghiém duy nhét théa man x +y = 2.
Loi giai.
Bwéc 1. Tim diéu kién dé hé da cho c6 nghiém duy nhat.
Tir (2) suy ra: x =m - (m-1)y. Thé vao x =m - (m-1)y vao (1) ta duoc:
(m-1)(mM-(m-1)y)=3m-1 < y(m*-2m)=m’-4m+3 €)
Hé phuong trinh c6 nghiém duy nhat khi va chi khi (3) c6 nghiém duy nhat tuc 1a:

m =0
m2—2m¢0<:>{ *)
m =2
Buwéc 2. Tim m théa man diéu kién x +y = 2.
3m-2
N 14 X:
Véi diéu kién m #0 vam = 2 hé dd cho c6 nghiém duy nhat 1a: mm2
y:_
m
fr A Lia _ .. 3M-2 m-2 e
Vi dicu kién x + y =2 ta co: t——=2s4m-4=2mem=2 (**)
m m

Tir (*) va (**) suy ra khong ton tai m thoa man yéu cu bai toan.
Bai 47. Cho h¢ phuong trinh: {mx+ y=-1

X+Yy=-m,
Tim m dé phuong trinh ¢6 nghiém duy nhat (x, y) théa man: y = x?

Loi giai.
Tir phuong trinh thir 2 suy ra: y = -m — x . Thé vao phuong trinh thir nhat ta duoc:
mx-m-x=-1= x(m-1)=m-1(¥*)
Hé c6 nghiém duy nhat phuong trinh (¥) phai ¢6 nghiém duy nhat tic la m = 1.
Khi d6, hé c6 nghiém duy nhét Ia { =1
y=-m-1

Tacoy= x> <o-m-l=lcom=-2
Vay m = - 2 1a gia tri can tim.
2x—-3y=2-a

Bal 48. Tim nghiém nguyén a dé hé phuong trinh {x+ 2y=3a+1

C6 nghiém (x; y) sao cho T = Y 1asb nguyén.
X
Loi giai.
, 2x-3y=2-a , . .. , . ,. | x=a+1
Ta co: { y hé da cho c6 nghiém (x, y) voi {
X+2y=3a+1 y=a
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i:l_i
a+1l a+l

MaT ==
X

. S 1=1 =0
Vi a nguyén, dé T nguyén thi dicu ki¢n l1a {a+ hay {a

a+l=-1 a=-2

. Sy? - 2x*y —x%y? +2xy +3x—3=0
Bai 49. Cho hé phuong trinh {Xy X=Xy ey rsx |

Y2+ X% =y +3m
Tim cac gia tri cia m dé hé phuong trinh c6 hai nghiém phan biét (Xl;yl) va

(X,;Y,) théa man diéu kién (X, +y,)(X,+Y;)+3=0.

Loi giai.
X%y —2x°y —x’y* +2xy +3x—3=0 (1)
y>+x* =y +3m (2)

Taco (1) < x°y* —x°y* —2x°y +2xy +3x —3=0
& (X —1)(x2y2 —~ 2xy+3) =0

x=1
=

(xy-1)"+2=0 (Voly)
Thay x = 1 vao phuong trinh (2) ta dugc y* —y—-3m+1=0 (3)
Pé phuong trinh (3) c6 hai nghiém phan biét thi:
A=1+4(3m-1)>0<12m-3>0<m >%
Theo dé bai: (X,+Y,)(X, +Y;)+3=0<4+y, +Y,+Y,y, =0 (4)
do x, =X, =1.
Voi m> % theo hé thuc Vi-ét cho phuong trinh (3) ta c6 :
{)ﬁ +Yy, =1

YiYs =1-3m
Két luan: m = 2.

thay vao (4) ta co0: 5+1-3m=0< m=2(théa mén)

mx-—-y=2

Bai 50. Cho hé phuong trinh: {
3X+my=5

a) Giai hé phuong trinh khi m=+/2.
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b) Tim gi4 tri cia m dé hé phuong trinh dd cho c6 nghiém (x; y) théa mén hé thirc

m2

m?+3’

X+y=1-
Loi giai.
\/Ex—y:Z

a) Khi m = /2 ta c6 hé¢ phuong trinh {
3x+\/§y: 5

{Zx—ﬁy:Z\/E o 22+5
= =

5
3x+\/§y:5 y=\/§X—2
(2245

5
=
52 -6
y="=

2m+5 y_5m—6
m?2+3 " m?+3

b) Giai tim dugc: x =

2 _ 2
Thay vao h¢ thuc x+y:1—r2n—; ta duoc 2T+5 5”; 6:1— T
m- +3 m-+3 m°+3 m- +3

Gidi tim dwoc m = ;

Bai 51. Tim m nguyén dé hé cd nghiém duy nhat 1a nghiém nguyén

mx+2y=m+1
{2x+my= 2m-1
Loi giai.
Ta co:
{mx+2y:m+1 R {2mx+4y:2m+2
2x+my=2m-1 2mx+m’y =2m? —m

- (m? —4)y =2m* =3m-2 = (m-2)(2m +1)
2X+my=2m-1
Dé hé ¢ nghiém duy nhatthi m?>—4 =0 hay m = +2
Vay véi m = +2 hé phuong trinh ¢6 nghiém duy nhat
y:(m—2)(2m+1):2m+1:2 3

m? -4 m+ 2 m+2
x:m_lzl— 3
m+ 2 m+ 2
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Pé X, y la nhiing s6 nguyén thi m + 2 < UQ3) = {£-1,3,-3}
Vayym+2=+1 +3=>m=-1;-3;1;-5
(m-)x+y=2

(m 1a tham sd)
mx+y=m+1

Bai 52. Cho hé phuong trinh: {

1) Giai hé phuong trinh khi m =2

2) Chitng minh rang véi moi gié tri cua m thi hé phuong trinh luén c6
nghiémduy nhat (x; y) thoa man: 2x +y < 3

Léi giai.

1) Giai hé phuong trinh khi m = 2. Ta ¢6 {)2(;:/;:23 <= {;:i
2) y =2 — (m-1)x thé vao phuong trinh con lai ta co:

mx+2-(m-1)x=m+1lex=m-1suyray=2—(m-1)> véi moi m

Vay hé phuong trinh luén c6 nghiém duy nhét (x; y) = (m-1; 2-(m-1)?)

2x +y =2(m-1) + 2 — (M-1)* = -m? + 4m -1 = 3 — (M-2)°< 3 vdi moi m

Vay véi moi gia tri cua m thi hé phuong trinh luén cé nghiém thoa mén: 2x +y <3

CHUYEN PE 6. HAM SO VA PO THI BAC NHAT - BAC HAI

m? —2013m +2012

x —2011 1a ham s6 nghich
m’ — 2\/§m +3

Bai 1.Tim m dé ham so bac nhat y =

bién.
Loi giai.
m? —2013m + 2012
m? - 22m+3

m? —2013m + 2012
m? - 22m+3

Pé ham sd y= X — 2011 nghich bién thi <0 (1).

m? —Zﬁm+3=(m—ﬁ)2 +1>0Vm

(1) < m?-2013m+2012 <0< (m—1)(m—2012) <0

[ (m-1>0 [(m>1
m—2012<0 m < 2012
=
m-1<0 m<1
[ [m-2012>0 | |m>2012

=1<m< 2012
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Bai 2. Cho ham s6 y = f(x) = (3m? — 7m +5) x — 2011 (*) . Chimg minh ham s
(*) ludn dong bién trén R véi moi m.
Loi giai.

3m’-7m+5= 3(m2—%m+§j

3
7V 49 60
6) 36 36

2
=3 (m—zj +E >0 Vm
6 36

Vay f(x) dong bién trén R v6i moi m
Bai 3. Cho duodng thing: (m—2)x+(m-1)y =1 (m la tham sd) (1)
Chung minh rang dudng thang (1) ludn di qua mot diém cb dinh véi moi gié tri cia
m
Loi giai.
Diéu kién can va da dé duong thang (m-2)x+(m-1)y =1 di qua diém cb dinh
N(X,;Y,) Vo1 moimla :
(m-2)x, +(M-1y, =1 v&1 moi m
& mx, —2X%, +Mmy, — Y, —1=0 vOi moi m
< (X + Yo)M—(2%, + Y, +1) =0 v61 moi m
- Xo + Yo =0 - Xo =—1
2X, + Y, +1=0 Yo =1
Viy cac duong thang (1) ludn di qua diém cd dinh N(-1; 1)
Bai 4. Cho hai duong thang (d,): mx+(m—-1)y—2m+1=0,(d,) : Ad—m)X+my—4m+1=0
a) Tim cac diém c6 dinh ma (d,), (d,) ludn di qua.
b) Tim m dé khoang céch tir diém P(0;4) dén duong thang (d,) 1a 16n nhat.
¢) Chimg minh hai duong thang trén ludn cat nhau tai diém 1 .Tim quy tich
diém 1| khi m thay doi.
d) Tim gia tri I6n nhat caa dién tich tam giac 1AB véi A B lan luot 1a cac diém
cb dinh ma (d,).(d,) di qua.
Loi giai.
a) Tavietlai (d):mx+(m-1)y-2m+1=0<m(x+y-2)+1-y=0. Tu do de dang
suy ra duong thang (d, ludn di qua diém co dinh: A(L1).

165



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Tuong tu Viét lai (d,): (1-m)x+my—4m+1=0< m(y—x—4)+1+x=0 suy ra (d,) luén
di qua diém ¢ dinh: B(-13).

b) D¢y rang duong thang (d,) ludn di qua diém cb dinh: A(L1). Goi H 1 hinh
chiéu vudng goc cua P 1én (d,) thi khoang cach tir A dén (d,) 1a PH <PA. Suy ra
khoang cach I6n nhat 1a PA khi P=H < PH 1 (d,).Goi y=ax+b la phuong trinh

a0+b=4_ [b=4 suy ra phuong trinh
—
al+b=1 a=-3 yrap &

duong thang di qua P(0;4),A(11) taco hé :{

duong thang PA:y=-3x+4.

Xét duong thang (d,)::mx+(m-1)y—2m+1=0. Néu m=1 thi (d,):x-1=0 khong
m N 2m-1

théa man diéu kién. Khi m=1 thi: (d):y= X
1-m m-1

. Diéu kién dé (d,) L PA 1a

M (3= dem=1.
1-m ) 4 ,

c) Néu m=0 thi (d,): y-1=0 va (d,):x+1=0 suy ra hai dwong thang nay lu6n
vudng goc véi nhau va cat nhau tai 1(-11). Néu m=1 thi (d,): x-1=0 va
(d,):y—3=0 suy ra hai duong thang nay ludn
vudng goc véi nhau va cat nhau tai 1(13). Néu (@) (@)

m 2m-1 . I

X+ va
1-m m-1
m-1_ 4m-1 4 m m-1

d,):y= X .Tathay | — || —= |=-1

(da):y m o m y[l—m}(mj
nén (d,) L(d,). A T
Do d6 hai duong thang nay ludn cat
nhau tai 1 diém 1.
Tom lai v4i moi gia tri cia m thi hai
duong thang (d,),(d,) ludn vudng goc
va cit nhau tai 1 diém 1. Mat khac theo
cau a)taco (d,),(d,) lan lugt di qua 2
diém cb dinh A B suy ra tam giac 1AB vudng tai A. Nén I nam trén duong tron
duong kinh AB.

d) Tac AB=,/(-1-1) +(3-1)° =242. Dyng IH L AB thi

1 1 1 AB AB?

SAIAB =§ IHABSE IKAB=E7AB=

giac 1AB la 2 khi va chi khi IH =1K . Hay tam giac 1AB vudng can tai I .

m={0;1} thi ta viét lai (d,):y=

=2. Vay gié tri 16n nhat caa dién tich tam

166



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Bai 5. Cho géc xOy . Mot dudng thing d thay ddi ludn cit cac tia Ox; Oy tai M va
N. Biét gi tri biéu thirc OLM ' OLN khong thay di khi duong thing d thay dbi.

Chung minh rang dudng thang d ludn di qua mot diém cd dinh.
Loi giai.
T | 1 1 N LA ¢ A geR A
Gia st o oN"a (1) (ala so duong cho trudc). Lay dieém D trén Oy
sao cho OD = a thi OD < ON. V& DI song song vai Ox ( edoan MN ).

L4y E trén Ox sao cho OE = ID. Khi d6 OEID 14 hinh binh hanh.

Ta co OE +OD NI EI NI MI _1=> 1 OE :_()

OM ON NM ON Y MN ON ODOM “OD a

Te()va()=>—+ -9 =50 )~ OF=0D=akhong ddi, ma De Oy; Ee
OM ODOM  OD

Ox nén D; E c¢b dinh.

Mt khac O c6 dinh va OEID Ia hinh binh hanh nén 1 ¢6 dinh.

Vay d ludn di qua I ¢b dinh (PPCM)

Bai 6. Trong hé truc toa d6 Oxy cho hai duong thang (d,): y =(m’-1)x+2m (mla

tham s6) va (d,): y=3x+4. Tim cac gia tri caa tham s6 m dé duong thang (d,) va

(d,) song song vai nhau

q q Loi giai.
a/ Bé duong thang (d;) va (d,) song song vdi nhau thi

) m=2
a:a m?-1=3 m- =4
=> =m=-2=>m=-2
bxb'  |2m=4 m=2
m#2

Vay v61 m = - 2 thi duong théng (d;) song song vi du’ong thang (d,)
Bai 7. Trong cung mat phang toa d6 , cho (P) : y = - X* va dudng thang (d) : y =
mx+1 (m la tham s6 ). Xac dinh m de
a) (d) tiép xuc (P)
b) (d) cit (P) tai 2 diém phan biét .
¢) (d) va (P) khong c6 diém chung .
Loi giai.
Phuong trinh hoanh d¢ giao diém cua (P) va (d) 1a : x*+mx+1=0 (*)
A=m’-4
a) (d) tiép xuc (P)khi phwong trinh (*) c6 nghiém kép
m =2

sA=0eml-4=0= p
m=—
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b) (d) cit (P) tai 2 diém phén biét khi (*) c6 2 nghiém phan biét
: m = 2
cA=0lem’-4=0s .5

o= —&
¢) (d) va (P) khong c¢6 diém chung khi (*) vo nghiém
eSA<0em?-4<0e-2<m<2
Bai 10. Cho hai ham sb bac nhat y = -x + 2 va y = (m+3)x + 4. Tim céc gia tri cla
m dé do thi ctia ham sb d3 cho la:
a) Hai duong thang cit nhau
b) Hai dudng thang song song.

Goi y.

a) Pé hamsé y= (m+3)x + 4 1a ham sO bac nhat thim+3 # 0 Suy ram = -3.
D) thi cta hai ham sb dé cho 13 hai dudng thing cit nhau < a # a’
<S-l#m+i3em = -4
Vay voim # -3vam = -4 thi dd thi cta hai ham sb da cho 13 hai duong thang cat
nhau.
b) P thi ctia ham sé dé cho 1a Hai dudng thang song song

a=a —1=m+3 \
& & <> M=-4 thoa man diéu kién m # -3
bzb' 2+4

Vay v6i m = -4 thi do thi ctia hai ham s6 da cho 1a hai duong thang song song
Bai 11. Cho duong thang (m—2).x + (m—1).y =1 (d).

Tinh gié tri cia m dé khoang cach tir goc toadd O dén duong thang (d) 1a 16n nhét.
Lo gii.

+V&im=2, tacod duong thangy = 1

Do d6 khoang cach tir O dén (d) 1a 1 (1)

+V&im= 1, ta co dudng thang x = -1

Do d6 khoang céch tir O dén (d) 1a 1 (2)

+Véim#lvam#2

Goi A 1a giao diém cua duong thang (d) vai truc tung.

Taco:x=0=>y= i,dodéOAz 1

n-1 -1
Goi B 1a giao diém cuia duong thang (d) véi truc hoanh.
Taco:y=0=x= L,dod(’)OBz 1

m-2 Im-2)

Goi h 1a khoang cach Tir O dén duong thang (d). Ta co:
1 1 1 3, 1.1

=t ——=(Mm-)°+(Mm-2)* =2m° -6m+5=2(m->)* + = > =
h> OA*> OB’ =1+ ) ( 2) 2 ZSuyrahzsz’

168



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

max h =+/2 khi va chi khi m = g 3)

Tu (1), (2) va (3) suy ra Max h = /2 khi va chi khim = g

Bal 12. Trén mat phéng toa do Oxy, cho M va N 14 hai diém phan biét, di dong lan
luot trén tryc hoanh va trén truc tung sao cho duong thang MN luén di qua diém cb
dinh I(1; 2). Tim hé thtc lién hé gitra hoanh d¢ ctia M va tung do cia N; tir 6, suy

. . 2 1 1
ra gia tri nhé nhat cua biéu thirc : Q = 5+ 5
OM“ ON
Loi giai.
batm=xyvan=yy= mn=z0vam=1 (*)

Nén duong thang qua ba diém M, 1, N ¢6 dang: y = ax+b

O=am+b
—=1:2=a+b = héthacliénhé gitamvanla 2m+n=mn
n=>b
Chia hai vé cho m-n # 0 ta duoc: i+E:1 (**)
1 2y 1 4 4
:>1:(—+—j =—2+—2+——5(—+—j (———j
m n m n mn
—0o=1 4+t ghue—xayrakhi 2-1; kéthop (**): m=5n=25
“m? n? 5’ m n’

(thoa (*))
Vay gia tri nho nhat cua Q 13 %

Bai 13. Trong cing mdt hé toa do, cho dudng thang d: y = x — 2 va parabol (P): y =
- x*. Goi A va B la giao diém cua d va (P).
1) Tinh d¢ dai AB.
2) Tim m dé duong thang d’: y = - x + m cit (P) tai hai diém C va D sao cho
CD = AB.
Loi giai.

1) Hoanh do giao diém 1a nghiém phuong trinh

X*+X-2=0

=> x=1 hodc x=2

Vay A(1,-1) va B(-2;-4) hoac A(-2;-4) vaB(1;-1)
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2) Dé (d’) cit (P) tai 2 diém phén biét thi phuong trinh x*— x+m=0 (1)
c6 hai nghiém phan biét <=>A >0<=>m< %
Ta c6 khoang cach AB* =18
D& CD = AB <=> (x1-X2) +(y1-Y2) =18
<=>(X1-X7)"=9
<=>(X;+X0)?-4X1X,=9
<=>1-4m — 9=0=> m=-2(TM)
Vay C(-1,-3) va D(2;0) hodac D(-1;-3) hoac C(2;0)
Bai 14. Trén mit phang toa ¢ Oxy cho parabol (P): y :_?1x2 ; diém1(0; —2) va

diém M (m; 0) (v&i m la tham s6, m # 0). Viét phuong trinh dwong thang (d) di qua
hai diém | va M.
Chtig minh duong thang (d) ludn cat duong thang (P) tai hai diém phan biét A, B
véi do dai doan thang AB lon hon 4.

Lo giai.
PT duong thang (d) di qua hai diém 1(0;-2) va M (m; 0) 13 y :%x — 2. Phuong

trinh hoanh d6 giao diém cua (d) va (P) 1 ;xz _2x —2eme+ 4x — 4m = 0 (¥).
m

CO A'=4 + 4m*> 0 (Vm).
Vay phuong trinh (*) c0 hai nghiém phén biét x, va x, phan biét. Chiing to (d)

ludn cét (P) tai hai diém phan biét A, B. Khi d6 toa do hai diém phan biét A B 12

A(Xl;—%), B(Xz;—%). Tu do: AB? :()(1_ X2)2+ (Xl_xz)zﬂfxi‘i'xz)z

_ [(x1+ x,) - 4x1x2J[1 +W} (1).

Ap dung hé thuc Vi — et cho phuong trinh (*) ta co: x, + X, = —g; x.X, = —4. Thay

vao (1) ta duoc:

AB? = K_ij _ 4.(_4)}(“ 162j=(1+ L0ya4+ 2 y516 (vm)
4m m m

m
Suy ra AB > 4 (dpcm).
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Bai 15. Cho (P): y = £ va (d): v = (m — 1) + 22 (m € R)
Xac dinh m dé (d) cit (P)tai 2 diém A(xa; Ya) ; B(Xg; Ys) a0 cho: 4 + a5 = 10
Loi giai.
Phuong trinh hoanh d¢ giao diém cua (P) va (d) la:
Z=(m-2r+HEn:) e -2m—1)r—-3-m=0
2

A':m?—m—I—%—l—%:{m—5)'4—%:b[}

Vay phuong trinh (*) c6 2 nghiém phén biét 1a x4 ; Xg

Theo Viét ta co:
ra+rg =2(m— l}
TA.TE = —d3—m

Do x; +x2 ZO:>(XA+XB)2—2XA.XB >0<4m? -6m=0<2m(m-3)>0

m>0;m=>3 m>3
= =
[mso;ms?, {mso
[ m =3
Vay voil ™ = U thi (P) cit (d) tai 2 diém phan biét.
Bai 16. Trong cing mit phang toa do, cho (P): ¥ = 7, diém M(0;2).

Puong thang (d) di qua M va khong tring véi Oy . Ching minh rang (d) cat (P)tai
2 diém phan biét sao cho AOB = 90° .

Loi giai.
- Vi (d) di qua M (0;2) va khong trung véi Oy nén c¢6 dang y=ax+b
- M € (d) nén: 2=a.0+b b=2 va (D): y=ax+2

Phuong trinh hoanh d¢ giao diém cua (P) va (d)
1a: ‘2—1 =ar+2 e r? —2ar — 4= 0(x)
Vi phuong trinh (*) c6 hé s6 a=1 ; ¢ = 4 (a.c<0) nén (*) c6 2 nghiém phan biét
AXa; Ya) ; B(Xs; Ye)
ra+arg =2a

Theo hé thuc Viét ta co: { 4.7 = —4

o
J&]

VIAE (P) o va= 4 Be(P) s =5
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4

4
?= xf\+)(7f‘;OB2 =Xy —0)* +(ys —0)* = x2 +)iTB

= OA? :(XA—O)Z +(y,—0)

2 2 4 4

2
AB? :(xA—xB)2+(yA—yB)2 :(XA—XB)2+[X—2A—X—ZBJ :xi+x§+XAZXB

4

4
] Xy +X
Ta cO: OA? +0OB? = X5 + X2 +%

Vay OA® + OB® = AB?
= AAOB vudng tai O
Bai 17. Cho parabol (P):y=x* va duong thang (d):y =2mx—m+1 (m=0). Timm
sao cho duong thang (d) cat parabol (P) tai hai diém phan biét A, B ¢6 hoanh do x,
va x,théamén [x —x,|=2.

Loi giai.
PT hoanh d¢ giao diém cua (d) va (P) 13 x? = 2mx—m+1& x> —2mx+m-1=0 (*),

2
coa’ :(m—%j +% >0, vm.Vay phuong trinh (*) luén ¢6 2 nghiém phan biét x, x,

hay (d) ludn cit (P) tai hai diém phan biét A B.

Theo dinh ly Vi —et ta cO: x, +x, =2m,x.x, =m-1.

X = %| = 2 (% + %) — 4%% = 44m*— 4(m — 1) = 4=4m*~ 4m = 0<=>m = 1 (do mO).
Bai 18. Cho Parabol (P): y = ax*(a > 0) va duong thang(d): 2x —y — a®= 0.

a) Tim a dé duong thang (d) cat parabol (P) tai hai diém phan biét A, B.

b) Goi Xa, Xg 1a hoanh d6 hai diém A, B. Tim gia tri nho nhat cua biéu thirc

4 1

T= :
Xo+Xg  XaXg

Loi gidi.
a) PT hoanh d6 giao diém cua (P) va (d) 1a ac = 2x — a> < ax’— 2x + a’= 0 (1),
Diéu ki¢n can va du d¢ duong thang (d) cit parabol tai hai diém phén bi¢t A, B 12
phuong trinh (1) c6 hai nghiém phén biét

X, ,<=1-2a>0c0<a<1(da = 0).
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b) Ap dung hé thirc Vi — et cho phuong trinh (1) ta ¢6 x, + x, =§' x,.x, = a Thay

vao T thu duoc: T = 4 + ! .=2a+§ ,,2a——2«/_
B

X, +Xg XX

Diang thac xay ra khi 2a :§<:>a .

2
Vay gié tri nho nhat caa T 12 242 dat duoc khi
Bai 19. Tim hé s6 a > 0 sao cho cac dudng thangy =ax — 1 ;y=1;y =15 va truc
tung tao thanh hinh thang c6 dién tich bang 8 (don vi dién tich).
Loi giai.

+) Ki hiéu hinh thang ABCD céan tim nhu hinh v&.
+) Tinh duogc C(g;5) ; D(g;l)

BC_E D:g
a a

6 2
+) Supco = (a a]42 8

=a =2 ( Thoa bK a > 0)

+) Vay phuong trinh dudng thiang 1a y = 2x — 1.

Bai 20. Cho ham s y=(m-1)x+m?—1 (m: tham s6). Tim m dé d6 thi ham s6 12

dudng thing cat hai truc toa do tai hai diém A, B sao cho tam gidc OAB can.
Loi giai.
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DPé d6 thi ham s6 1 duong thang cit 2 truc toa do tai 2 diém A va B sao cho tam
gidc OAB can thi d6 thi ham s6 di cho song song véi dudng thang y = x (hoacy =
-X)

1
2 gidi 2 hé PT d6 tim duoc

m?-1=0 m?—-1%0

< ., [m=-1=1 m-1=—
Tu d6 dan dén { 3 {
m = 2 hoac m = 0 va tra 101 bai toan.
Bai 21. Trong mit phing toa d6 Oxy, cho Parabol (P) : y = x* va duong thang (d) :
y=2x+3

1. Chtrng minh rang (d) va (P) ¢6 hai diém chung phén biét
2. Goi A va B 1a cac diém chung cta (d) va (P) . Tinh dién tich tam giac
OAB ( O 1a gbc toa do)
Lot giai.
1. Chtng minh rang (d) va (P) c6 hai diém chung phan biét
Hoanh d6 giao diém dudng thang (d) va Parabol (P) 13 nghiém cua phuong trinh
X*=2x+3=>x*-2x-3=0c6a—-b+c=0
Nén phuong trinh c6 hai nghiém phan biét
- 3
—~_-°_3
Xp=-lvax,=a 1
Véixg=-1=>y; = (-1)°=1=>A(-1; 1)
V6ix,=3=>y,=3°=9=>B (3; 9)
Vay (d) va (P) c6 hai diém chung phan biét A va B
2. Goi A va B 1a cac diém chung cua (d) va (P) . Tinh dién tich tam giac OAB ( O
1a gbc toa do)
Ta biéu dién cac diém A va B trén mait phéng toa do Oxy nhu hinh v€

A 9
D, N/

1 0

S reco :AD—;BC.DC :%.4: 20

BCCO 93 ..

R T
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AD.DO 1.1

SAOD = T 2 0,5

Theo cong thirc cong dién tich ta co:

S(aec) = Sascp) - Sco) - S(apo)
=20-135-0,5=6 (dvdp ‘ ‘
Bal 22. Trong mat phang toa d§ Oxy, goi (D) va (L) lan lugt 1a do thi cia hai ham

s y=— x4 va =]
Fy=—ox+o vay =[x,

a) V& d6 thi (D) va (L).
b) (D) va (L) cét nhau tai M va N. Chirng minh OMN 1a tam giac vudng.
Loi giai.

P thi a) y:—%x+§ co:

x khi x>0
—X khix<0

Do thi nhu hinh vé:

Do thi y:|x|:{

b) P6 thi (D) va (L) cit nhau tai hai diém c6 toa d6 M(1; 1) va N( - 3; 3)
Taco: OM = VI +12 =2 = OM?* =2

ON = /32 +(-3)’ =32 = ON?= 18
MN = /(1 -3)? + (1+3)? =20 = MN?=20
Vi: OM? + ON? = MN?
Vay: tam gidc OMN vudng tai O
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Bai 23. a) Cho cac ham sb bac nhat: y=0,5x+3, y=6—-X va y=mx c6 do thi
lan luot 1a cac dudng thang (dy), (d,) Va (Ay). V6i nhitng gia tri ndo ctia tham sé m
thi duong thang (An) cit hai dudng thang (d;) va (d,) 1an luot tai hai diém A va B
sao cho diém A c6 hoanh d6 Am con diém B c¢6 hoanh do duong?
b) Trén mit phang toa d6 Oxy, cho M va N 1a hai diém phan biét, di dong lan luot
trén truc hoanh va trén truc tung sao cho dudng thang MN luén di qua diém cd dinh
I(1; 2). Tim hé thirc lién hé gitra hoanh d6 ctia M va tung do cua N; tir do, suy ra

1 1
OM? " ON?’

Loi giai.
a) Piéu kién dé (An) 1a d6 thi ham sb bac nhat 13 m =0

Phuong trinh hoanh d6 giao diém cua (d;) va (An) la:

gi4 tri nho nhét cua biéu thie : Q =

0,5x+3=mx<=>(M-0,5)x=3

Piéu kién dé phuong trinh ndy c6 nghiém 4m 14 m—0,5<0 hay m<0,5
Phuong trinh hoanh d¢ giao diém cta (d,) va (Am) 1a:
6—-X=mx<=(Mm+1)x=6

Piéu kién dé phuong trinh ndy c6 nghiém duong 14 m+1>0 hay m> -1

Vay diéu kién can tim 1a: ~1<m<0,5; m#0

bybPatm=xyvan=yy= mnz0vam=1 *)
Nén duong thang qua ba diém M, 1, N ¢6 dang: y = ax+b
O=am+Db
—<:2=a+b = héthacliénhégitamvanla 2m+n=mn
n=>b
Chia hai vé cho m-n = 0 ta duoc: i+3:1 (**)
e )
—0=1 11 ddue 7 xay rakhi -~ 2_L kéthop (**): m=5n=25
m° n° 5 n
(thoa (*))

Vay gia tri nho nhat caa Q 1a %
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Bai 24.Trén cing mat phang toa d6 cho Parabol (P): y = 2qu va duong thang (d): q
y=(m-2)x+1 va (d’):y=-x+3 (m la tham s0 ) . Xac dinh m d¢ (P), (d) va (d’) c6 diém
chung .

Loi gidi.
Phuong trinh hoanh d6 giao diém cua (P) va (d°):
2x%=-x+3 & 2x*+x-3=0 (a+b+c=0)

s =La=3

+ Khi x=1 thi y=2

+Khi*=Fthiv=73

Vay (d’) cit (P) tai 2 diém phan biet 4 (1:2) & B (5
Pé (P) ,(d) va (d”) c6 diém chung thi (d) qua A hoic B:

2=(m-2).1+1 { m=3

)

(I

11
m=—"
2

g:(m—z).1+1<:>

Vay v61 m=3 hay m=1—21thi (P) ,(d) va (d’) ¢6 1 diém chung
Bai 25. Viét phuong trinh duong thang di qua diém 1(0; 1) va cit parabol
(P): y = x* tai hai diém phan biét M, N sao cho d¢ dai doan thang MN = 2./10.
Lai giai.

Vi duong thang x =0 di qua diém 1(0; 1) va tiép xdc véi parabol (P)tai diém
O(0;0) nén phuong trinh duong thang thoa man yéu cau dé bai lay = ax+1 . PT
hoanh d9 giao diém ctia (d) va (P) 1a x* = ax + 1< x* — ax — 1 = 0(*)
Duong thang (d) cat (P) tai hai diem phan biét khi va chi khi PT (*) c6 hai
nghiém phan biétx, x, < A= a>+ 4 > 0. Khi d6 toa d6 giao diém lam (xl; x?)

2
N(%,;%°). Taco: MN = 2410 < MN* = (24/10)° <:>[(x1— x2)2+(x12— xzz)z} = (2:10)?
(:)[(><1+ X,) — 4x1x2}[1 + (% + %)% = 40(1)Ap dung h¢ thiic Vi — et cho phuong
trinh (*) ta duoC: x + x, = & x.x, = —1. Thay vao (1), thu duoc:
(a*+ 4)(a®+ 1) = 40 a'+ 5a°~ 36 = 0<>a =2.Vay phuong trinh duong thang
canlaplay = 2x + 1vay = —2x + 1.
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Bai 26. Cho Parabol (P): y:%.xzvé duong thang (d):y=2x-m+1 . Tim m dé (d) dé
(P) tai hai diém phan biét c0 toa do (x;y,) VA (%;Y,) Ma XX, (y, +Y,)=—48.
Léi gidi. Phuong trinh hoanh d¢ giao didm caa (d) va (P) I: %.xz _ox—m+1 (1)
Pé (d) cat (P) tai hai diém phan biét thi phwong trinh (1) phai ¢é hai nghiém phan
biét <A'>0< m<3. Khido x,x, 1a hai nghiém cua (1) ta cé:
X +X =4 v y, =2X —-m+1

X.X, =2(m-1) Yy, =2X, —m+1
Ta co0:
X% (Vi +Y,) =48 XX, (2% —m+1+2x, —-m+1) =48
& X% (2(X +X,)—2m+2)=-48 < 2(m-1)(2.4—2m+2) = 48
m=-1 (chon)

m=7 (loai)
Bai 27. Cho Parabol (P): y =—x? va dudng thang (d): y =(3—m)x+2-2m. Tim gia tri

©m2—6m—7=0c{

cua m dé (d) Cit (P) ta hai diém phan bit A(x,; y,),B(Xs; Ys) thoa man |y, - y,|=2.
Léi giai.

Phuong trinh hoanh d¢ giao diém cua (P) va (d) la:

X* +(3-m)x+2-2m=0 @

Phuong trinh (1) ¢6: A'>0<>m=-1 , tathay x,,x, |a hai nghiém ciia phuong trinh

.y “m-3 . [y =(3— _
(2). Lai ¢6: {XA+XB m-3. {yA (3-m)x, +2-2m

Xy Xg =2—2M Vg =(B—m)X; +2-2m
Do d6: |y, - Vs| =2 = |@B-m)(x,—Xg)| =2 = (3-m)’ |:(XA+XB)2 —4xA.xb} =4
= (m-3)"(m+1)’ =4.
Giai ra ta dugC: m=1+6;m=1+/2.
Bai 28. Trong mit phang toa dé Oxy cho parabol (P):y = —%xz . Goi (d) 1a duong
thang di qua diém 1(0;—2)c6 hé s6 gock .
a) Viét phuong trinh duong thang (d). Chting minh duong thang (d) lubn cat
parabol (P) tai hai diém phan biét A, B khi k thay doi.
b) Goi H, K theo thir t 12 hinh chiéu hai diém A, B trén truc hoanh. Ching minh
rang tam giac HKI vudng tai I.
L oi gii.
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a) Phuong trinh dudng thang (d) c6 hé s6 goc k di qua dém 1(0; -2) 1ay = kx — 2.
Phuong trinh hoanh d¢ giao diém cua (d) va (P) 1a
_%xz —ix—20 X +kx—4=0 (%) C6A'=K2 + 4 > 0 (Vk). Vay (*) c6 hai
nghiém phan biét x1 va xo.
Chting toa (d) ludn cat (P) tai hai diém phan biét A, B.
b) Theo thé thuc Vi — et, ta cd X,.x, = -4. Gia sir toa d6 cac diém A, B 1a A(Xy; Y1),
B(X2; V2). Vi H, K theo thir ti 12 hinh chiéu vuéng géc cua A, B 1én tryc hoanh nén
toa do H, K 1a H(xy; 0), K(x5; 0).
Do d6: TH? = x,° + 4; KI = x,2 + 4; HK? = (X, — %)% Suy ra: IH?* + KI? = x;2 + x,° +
8 = X1 + X7 - 2X1.X2 = (X1 — %) = HK?.
Chutng toa tam giac HIK vudng tai I (theo dinh Py- ta- go dao).
Bai 29. Cho hai dudng thang: y = x + 3 (dy); y = 3x + 7 (dy)
1) Goi A va B lan luot 1a giao diém cua (d;) va (d,) vai truc Oy. Tim toa d6 trung
diém | ciia doan thang AB.
2) Goi J 1a giao diém cua (d;) va (d,). Tam giac OlJ la tam gi&c gi? Tinh dién tich
Cua tam giac do.

Loi gidi.
1) Tim duoc A(0;3); B(0;7) Suy ra 1(0;5)
2) Hoanh do giao diém J cua (d;) va (d,) 1a nghiém cia PT: X + 3=3x + 7
=>X=-2=y;=1=J(-2;1)
Suyra: OI°=0°+5°=25: 0% =2°+1°=5; 1 =2+ 4°= 20
= 0J? + 1) = OI°= tam giac OlJ la tam gi4c vudng tai J
=S, :%OI.OJ :E-\/é-@=5(dvdt)
Bai 30. Cho dudng thang (d) c6 phuong trinh: 2(m — 1)x + (M —2)y = 2

al V& (d) véi m = 3, o o
b/ Ching minh rang (d) ludn di qua mot di€ém co6 dinh v6i moi m, tim diém co dinh
ay.
¢/ Tim gié tri cua m dé (d) cach gdc toa do mot khoang 16n nhét
L oi gii.
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a/ Voim=3tacoy=-4x+2 \y
Giao Vi truc tung Oy tai diém (0 ; 2) )
Giao véi truc hoanh Ox tai diém (0,5 ; 0)

Ta c6 d6 thi ham s6 nhu hinh bén
y=-4x+2

1
2
0 \ X
b/ Goi diém cb dinh ma moi duong thang(d) di qua 1a M(xo; Yo) ta co:
2(m—1)Xo+ (M—-2)yg=2Vvéimoim < (2Xy +Yo)m—2(Xg+ Yo+ 1) =0
2 =0 =1 . , .
@{ T H=T {XO vm Vvay toa do didm cé dinh 1a M(L: - 2)
X +Yo+1=0 [y, =-2
Céach khac: Vé&im =2 ta ¢6 dwong thang x = 1, véi m = I ta ¢ dwong thang y = -
2; thay x=1;y = - 2 vao phuong trinh ta co:
2m-1)1+M-2).(-2)=2=2m-2-2m+4-2= 0 diéu nay luén diing voi

Moi m. Vdy cdc dwong thang (d) luén di qua diém co dinh ¢6 toa dé (1; - 2) véi moi
m.

—2(m-1 : .
(m2 )-x+ 2 5 .Vi (d) khong di qua goc

c/2m-1x+(M-2)y=2<y=

0(0; 0)

Goi A, B lan luot la giao cua (d) véi hai truc toa do Oy va OXx ta co toa do giao

diém la

A(0: Lz) va B(Ll; 0). Goi H I hinh chiéu ciia O trén AB, xét AAOB vudng
m-— m-—

tai O co:

1 1 1 1 1 4

2 _ _ _
on’ oo "M TTT 1 T L 4(m-1)+(m-2)
2+ 2 2+ 2
OoB° OA ( 1 j ( 2 j
m-1 m-2
= OH = 2 = 2 < 2 _ 5: Dau “=" x4y ra< m=

gl o

Viy do dai OH 16n nhit <> m = g . khi d6 ta c6 OH = 5 (dv dai)
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Bai 31. Mot xe tai c6 chiéu rong 2,4m va chiéu cao 2,5m mubn di qua mot cai
cong c6 hinh parabol. Biét khoang cach giira hai chan cong 1a 4m va khoang cach
tir dinh cong (dinh parabol) téi mdi chan cong 1a 2¢5m (b6 qua do diy cua cong)
1. Trong mét phang toa d6 Oxy goi parabol (P) y=ax® voi a < 0 1 hinh biéu dién
cong ma xe tai muf)n di qua. Chung minh a =-1
2. Hoi xe tai c6 thé qua cong duoc khong? Tai sao?
7 Loi giai.

1) Qié sur trén mat phang toa do, do dai cac

doan thang dugc tinh theo don vi mét. Do

khoang cach gitra hai chan péng la 4 mnén B o )
MA=NA=2m. Theo gia thiét ta co .
OM =ON =25, &p dung dinh ly Pitago ta tinh e\

dugc: OA=4 vay M(2,-4),N(-2,—4). Do

M (2;-4) thuoc parabol nén toa d6 diém M thoéa
man phuong trinh: (P):y=ax* hay N A M
—4=a2’=a=-1Vva (P):y=-x".

y=x*
2) D¢ dap ung chicu cao trudc hét xe tai
phai di vao chinh gitra cong.
Xét duong thang (d): y=—§ (ang véi chiéu cao
7 , , y=-x
cua xe). buong thang nay cat Parabol tai 2 diém c0 toa do théa mén hé: 3
Y773
X2 = E X = ﬂ’ y — _§
o 2 2 2
y=-2 |y 2. _ 3
2 2 2
suy ra toa do hai giao diémlaT (_¥;_2J; H (%g} — HT =3J2 >2,4. Vay xe tai

c6 thé di qua cong.
Bai 32. Cho ham s§ y =~ x*, ¢6 b thi 14 (P). Viét phuong trinh dung thing di
qua hai diém M va N nam trén (P) 1an luot ¢6 hoanh d6 1a —2va 1.
Goiy.
Tim duge M(- 2; - 2); N(t:-2)
Phuong trinh duong thang cé dang y = ax + b, duong thang di qua M va N nén
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—-2a+b=-2

a+b:—l
2

Tim duogc a= %; b=-1. Vay phuong trinh dudng thang cin tim 1a y = %x -1

Bai 33. Cho duodng thang (d): y=2x +m—1
a) Khi m =3, tim a dé diém A(a; -4) thudc duong thang (d).

b) Tim m dé dudng thing (d) cat cac truc toa do Ox, Oy lan luot tai M va N sao
cho tam giac OMN c¢ dién tich bang 1.

Loi giai.
a) Thay m = 3 vao phuong trinh dudng thing ta c6: y = 2x + 2.
Pé diém A(a; -4) thudc duong thang (d) khi va chi khi: -4 =2a+ 2 suy raa = -3,

b) Chox=0suyray=m-1 suyra: ON=|m-1, choy=0suyra XZl_Tm
suy ra OM =‘1_Tm‘hayOM =‘m7_1

bé dién tich tam giac OMN = 1 khi va chi khi: OM.ON = 2 khi va chi khi |m —]J .
m-1

2
Khi va chi khi (m — 1) =4 khi va chi khi: m— 1 =2 hoicm—-1=-2suyram=3
hoaicm=-1
Viy dé dién tich tam giac OMN = 1 khi va chi khi m = 3 hodc m = -1.

Bai 34. Cho parabol y = x* (P) va duong théng y = mx (d), v6im la tham s‘é.
1/ Tim cac gia tri cua m d€ (P) va (d) cat nhau tai diém co tung d6 bang 9.
2/ Tim cac gia tri cuia m dé (P) va (d) cat nhau tai 2 diém, ma khoang cach
giita hai diém nay bang /6

=2

7 Goiy.
1/ P.trinh hoanh do giao diém (P) va (d) :
x2—mx:0<:>x(x—m):0<:{x1:o
X, =m
Vi giao diém e(P):y=xX*=y=m?>.Voiy=9=>m’=9 ¢ (m=3vm=-3)
Vay voi m==3 thi (P) va (d) cit nhau tai diém c6 tung d6 bang 9.

2/ Tr cau 1 => (P) va (d) ludn cat nhau tai hai diém phan biét khi m=0.
Khi d6 giao di€m thtr nhat 1a goc toa @6 O ( x = 0; y = 0), giao di€m thtr 2 1a diém
Aco(x=m;y=md).
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Khoang cach giita hai giao diém: AO = Vm?+m* =6 &m*+m*~-6=0 (1)
bat t=m?t>0) (1) ©t?+t-6=0< (t; =3 (nhin ) vt, = -2 (loai))
Véit, =3 ¢ m?=3,<>m=+J3 (nhén)
Vay v6i m=+3 thi (P) cit (d) tai hai diém c6 khoang cach bang /6 .
Bai 35. Trong mit phing toa d6 Oxy cho parabol (P): y = -x* va dudng thing (d): y
= mx + 2 (m la tham sb).
1)  Tim m dé (d) cdt (P) tai mot diém duy nht.
2) Cho hai diém A(-2; m) va B(1; n).Tim m, n d& A thudc (P) va B thudc (d).
Goi H 1a chan duong vudng goc ké tir O dén (d). Tim m dé do dai doan OH 16n
nhat.
Loi giai.
1) (d) cat (P) tai mot diém duy nhat < Phuong trinh hoanh d6 cua (d)
va (P):
X2 =mx + 2 < X%+ mx + 2 = 0 c6 nghiém duy nht.
SA=m*-8=0om== 22
Vay gid tri m can tim [a m = + 24/2.

b) ta co:
{AG(F’)C> m:—(—Z)ZQ{m:—4
Be(d) n=m+2 n=-2

Vaym=-4,n="-2.

- Néu m = 0 thi (d) thanh: y = 2 = khoang cach tir O dén (d) = 2 = OH

=2 (Hinh 1).
y y
3 (d)
H y=2 \ A
2 2 H
1
B
2 10 1 2 3 X 10 1 X
1 1
2 2
Hinh 1 Hinh 2
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- Néu m # 0 thi (d) cdt truc tung tai diém A(O; 2) va cét truc hoanh tai
diém B(—%; 0) (Hinh 2).

= 0OA=2vaOB=

2] 2

5‘_ﬁ'

AOAB vuéng tai O ¢co OH L. AB =
1 1 1 1.m mi+l

= =+ =
OH? OA? OB* 4 4 4
S OH= 2 Vim’+1>1Vm£0—ymisl>1= OH <2,

Jm?+1

So sanh hai truong hop, ta c0 OHpax =2 < m=0.

Bai 36. Cho parabol (P): y =— x* va duong thing (d): y=(3 —m)x+2 —2m (mla
tham s6).
a) Chting minh rang voi m # —1 thi (d) ludn cat (P) tai 2 diém phan biét A, B.
b) Goi ya, Vs lan luot 1a tung do cac diém A, B. Tim m dé |ya — yg| = 2.
Loi giai
a) ta co:
Phuong trinh hoanh d6 giao diém cta (P) va (d):
—x* =(3-m)x +2-2m.
XX +@B-mx+2-2m=0 (1)
A=(G3-m)P?*— 42 -2m)=m’+2m+1
Viét duge: A =(m+1)> 0, véim#— 1 va két luan dang.
b) Tim m dé |[ya— ys|=2.
Giai PT (1) duogc hai nghi¢m: x; =—2vax,=m—1
Tinh dugc: y;=—4,y,=—(m— 1)
YA = y&l = ly1 — y2| = Im*~2m-3|
IVa—ye|=2 < m°—2m—3=2hodc m°2m—-3 =-2
om=1+./6 hoac m = 1+2
Bai 37. Trong mat phang toa do Oxy cho Parabol (P):y=x? va duong thang

(d):y=—§(m+1)x+% (m 14 tham sb).
1) Ching minh rang mai gia tri cia m thi (P) va (d) ludn cat nhau tai hai diém

phan biét.
2) Goi x,x, 1a hoanh d¢ giao diém (P) va (d), dat f (x)=>x>+(m+1)x*—x.

Chting minh rang: f (x,)- f (x2)=—%(x1—x2)3.

Léi gidi.
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2

y=X 2
Lt A . y=X
a) Xet hé phuong trinh: _ N
) » PRIORE y:m+1 {3x2+2(m+1)x—1=10 (1)
3 3
(1) Co h¢ sé a va c trai diu nén ludn co hai nghiém phan biét moi m nén (P)
va (d) ludn cit nhau tai hai diém phén bi¢t véi moi m.
—2(m+1)
. Xt X = 3 m+l=—>—-—*°~
a) Theo hé thac Viet: =S 2

XX, = %1 33X X, =-1

Taco: f(x)-f(x)=x—x +(m+1)(x —x})-x +x,

=2(f(x)-f (xz)):2xf’—2x§—3(x1+x2)(><f—x§)—2x1+2x2

==X % +3%%, (X, =% ) =2(X% =% ) ==X + % +(X =% ) = 2(X% —%,)
:—(><1""—x§’—3x1x2(xl—xz)):[(xl—xz)(xf+x22 —2x1x2)J=—(x1—x2)3. Nén

F(0)= T (%)= (0%

Bai 38. Trong cling mot hé toa do , goi (P ) 1a do thi ciia ham sé y = x° va (d) 1a do
thi chahamsoy = -x + 2 7 ‘

1) V& cac do thi (P) va (d) . Tir d6 , xac dinh toa d6 giao diém cua (P) va (d) bang
do thi .

2) Tima va b dé do thi A cua ham s6y = ax + b song song vdi (d) va cit (P) tai
diém c6 hoanh d¢ bang -1

‘ L giai.
1) Lap bang gia tri va vé do thi ham so:
A y
2
r "1' """ ]
14 |lo 1 2 *
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Dua vao do thi ta c6 giao diémcuad va (P)1a2diemM (1;1):N(-2:4)
2) Do d6 thi A ctia ham sé y = ax + b song song véi (d) y = -x + 2

Nén ta co: a=-1.

A cit (P) tai diém c6 hoanh d6 bang — 1 nén ta thay x = -1 vao pt (P) ta dugc:
y=1

Thayx=-1;y=1vaoptAtadugca=-1;b=0
=>Phuong trinh cla Alay =- X

Bai 39. Trong mat phang Oxy cho parabol (P): y =%x2

a)Vé do thi (P). o
b)Trén (P) lay diém A c6 hoanh do xa=-2. Tim toa d6 diém M trén truc Ox sao
cho |[MA —-MBJ| dat gia tri I6n nhat, bict rang B(1;1).
Loi giai.
Trong mit phang Oxy cho parabol (P): vy :%x2

a)Ban doc ty 1ap bang gia tri
Do thi:

B
M
M 12 $ %
b)Vi A € (P) c6 hoanh d6 Xa=-2 nén ya=2 . Vay A(-2; 2)
LAy M(xwm; 0) bat ki thuoc O,
Ta c6: [MA-MBJ|<AB (Do M thay dbi trén O va BDT tam giac)
Dau “ =" xay ra khi diém A, B, M thang hang khi d6 M 1a giao diém cua dudng
thang AB va truc OX.
- Lap pt duong thang AB:
Goi phuong trinh duong thang AB ¢6 dang: y = ax +b
Do A, B thudc dudng thing AB nén ta co:

a=
<=>

{—2a+b:2
b:

-1
3
a+b=1 4

3
Vay phuong trinh duong thing AB 13; y = ‘?1 X +g
- Tim giao diém ciia duong thang AB va O (y = 0)=> x = 4 => M(4;0)
Bai 40.
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a) Xac dinh diém M thudc duong Parabol (P):y=x* sao cho d¢ dai doan IM la
nhé nhat, trong d6 1(0;1).
b) Gia sir diém A chay trén Parabol (P):y=x?. Tim tap hop trung diém J cua
doan OA.
Léi gidi.
a) Gid st diém M thudc duong Parabol (P):y=x* suy ra M (m;m?). Khi d6

IMZ:m2+(m2—1)2:m“—m2+1.Véy IM = (m —Ej Z>£ Ta thidy IM nho nhat
bing £ khi m= +I hay M{+£ %J

b) Gia sir diém A(a;a ) thudc (P):y=x* . Goi I(x;y,) 1a trung diém doan OA

a
X1 =
.Suy ra
Y= =2X
Parabol (R):y=2x".
Bai 41. Cho Parabol (P): y=x* va duong thang (d):y=(m-1)x+m+4 (tham s6 m)
1) Vé6im =2, timtoa do giao diém cua (P) va (d).
2) Tim m dé (d) cat (P) tai hai diém nam vé hai phia caa truc tung.
~ Lai giai,
1) Vi m =2, tim toa do giao diem cua (P) va (d).
m =2 ta c6 phuong trinh duong thang (d) la:y =x + 6
Hoanh d¢ giao diém cua (P) va (d) la nghiém cta phuong trinh:
2
X“=X+6

22 . Vay tap hop céac trung diém | cua doan OA 1a duong
2

, {x =-2

<=>X"—X-6=0<=>
x=3

+) X=-2=>y=4
Hx=3=>y=9
Vay m= 2 thi (P) va (d) ct nhau tai 2 diém A(-2;4) va B(3;9)
2) Hoanh d6 giao diém cua (P) va (d) 1a nghiém cta phuong trinh:
x? = (m=1) X+ m+4
<=>Xx*~(M-1)x-m—4=0(*)
(d) cat (P) tai hai diém nam vé hai phia cta truc tung khi va chi khi phuong trinh
(*)c6 2 nghiém trai dau
<Ll (-m-4)<0
&S m>-4
Bai 42. Trong mat phang toa do Oxy, cho hai diém A va B chay trén parabol
(P):y=x? sao cho A,B=0(0;0) va OA L OB. Giasir I la trung diém ctia doan AB.
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a) Tim quy tich diém trung diém 1 cua doan AB.
b) Buong thang AB ludn ludn di qua mot diém ¢ dinh.
¢) Xac dinh toa @6 diém A va B sao cho d6 dai doan AB nho nhit.
Léi gidi.
a) Gia sir A(a;a*) va B(b;b?) 1a hai diém thudc (P). D¢ A,B=0(0;0) va OALOB ta
can diéu kién: ab=0 va OA2+OB? = AB? hay ab=0 va
a’+a*+b?+b* =(a-b)’ +(a® bz)z. R0t gon hai vé ta duoc: ab=-1. Goi I(x;y,) la

a+b
trung diém doan AB. Khi do: 2 2 . Vay toa do diém
a’+b> (a+b) -2ab _ ,
V1= 5 = > =2x +1

| thoa man phuong trinh y =2x*+1.
Ta ciing c6 thé tim diéu kién dé OA 1 0B theo cach sir dung hé s6 goc: Puong
2 2
thang OA c6 hé s6 goc 1a k, == =a, duong thang 0B ¢6 hé s6 goc la k, = t; b.
a
Suy ra diéu kién ¢é OA_L OB la ab=-1
-a
-a b2
(AB):y=(a+b)x—ab=(a+b)x+1. Ttr ddy ta dé dang suy ra du’ong thang
(AB):y=(a+b)x+1 ludn ludn di qua diém c¢b dinh (0;1).

b) Phuong trinh dudng thang di qua A va B Ia (AB) hay

c) Vi OALOB nén ab=-1. Do dai doan ABz\/(a—b)2+(a2—b2)2 hay

AB =+/a’+b? —2ab+a*+b* —2a’h®> Ap dung bat dang thirc C6 si ta co
a® +b” > 2/a®h? = 2[ab|, a* +b* > 2a%?. Ta cO: AB > ,[2[ab|+2+2a%h’ —2a%” =2. Vy
AB ngan nhat bang 2 khi a?=b?,ab=—1. Ta cd thé chi ra cip diém d6 la: A(-L1)
va B(L1) .
Bai 43. Trong mat phang toa do Oxy cho Parabol (P):y=x?, trén (P) lay hai diem
A(-11),B(39).

a) Tinh dién tich tam giac OAB.

b) Xac dinh diém C thudc cung nhé AB cua (P) sao cho di¢n tich tam giac

ABC 16n nhat.

Loi giai:
a) Goi y=ax+b la phuong

trinh duong thang AB .
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Tach {a.(—l)+b:l:>{a=2

a.3+b=9 b=3

suy ra phuong trinh duong thang AB
(d):y=2x+3. buong thang AB cat
truc Oy tai diém 1(0;3). Dién tich tam giac OAB la:

Sons = Soa + Sop =%AH Ol +%BK.OI .Tacd AH=1BK=30I=3.Suyra S,,, =6

(dvdt).
b) Gia sir C(c;c?) thudc cung nho (P) véi —1<c<3. Dién tich tam giéc:
Ssac = Sagsa — Sacea — Seccrg - CAC T gIAC ABB'A', AA'C'C,CBBC' déu I hinh thang

2 2
vudNg Nén ta co: S, :%_4_1% (c+1)- 2

tich tam gidc ABC Ién nhat bang 8 (dvdt) khi C(L1).
Bai 44. Trén mat phang toa ¢ Oxy cho dudng thang (d):y=-x+6 va parabol
(P):y=x2.
a) Tim toa do cac giao diém cua (d) va (P).
b) Goi A B la hai giao diém ctia (d) va (P). Tinh di¢n tich tam giac OAB.
Lo giai:

1) Phuong trinh hoanh d¢ giao diém cua (P) va (d) la: x* =—x+6 < x* +x—6=0
< x=2vx=-3.Tacod y(2)=4;y(-3)=9.
Vay toa do giao diém cua (P) va (d) la B(2;4) va A(-3,9).

2) Goi A',B' lan luot 1a hinh chiéu caa A B xudng truc hoanh.
TaCO S, = Sanes — Siom — Snose:
Tacd A'B'=|Xg — X=X —X, =5;AA'=y, =9;BB'=y, =4

AA'+BB' 9+4 1

S ras :T.A'B':T.S:%S (dvdt), S,om ZEA'AA'OZZ—; (dvdt)

(3-¢)=8-2(c-1)° <8.Vay dién

65 27
= SAOAB = SAA'B‘B - SAOAA' - SAOBB' - ? _(? i 4] =15

CHU BE 7. GIAI BAl TOAN BANG CACH LAP PHUONG TRINH,
HE PHUONG TRINH
|. TOm tit phwong phap
Bwoc 1 0 Lap hé phuong trinh(phuong trinh)
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1) Chon an va tim diéu kién cta 4n (thong thuong an 1a dai lugng ma bai toén yéu
cau tim).
2) Biéu thi cac dai lwong chua biét theo 4n va cac dai luong da biét.
3) Lap hé phuong trinh, (phuwong trinh)biéu thi méi quan hé gitra cac luong.
Budéc 2 : Giai hé phuong trinh, (phuong trinh)
Budéc 3 : Kiém tra nghiém cta phwong trinh va hé phuong trinh.
Budc 4 : Pua ra kiét luan cho bai toan.
Dang 1: Chuyén ddng
(trén dwong bd, trén dwong song co tinh dén dong nwéc chay)
Bai 1. Hai 6 t6 di tir A dén B dai 200km. Biét van toc xe thir nhat nhanh hon van
tdc xe thir hai 12 10km/h nén xe thtr nhat dén B som hon xe thir hai 1 gio. Tinh van
tbc moi xe.
Loi giai.
Goi van téc xe tht hai 1a x (km/h). Pk: x >0
Van toc xe thir nhat 1a x + 10 (km/h)
Thai gian xe thir nhét di quang dudng tir A dén B 13 : %?0 (gid)

Thoi gian xe th hai di quang duong tir A dén B 1a: 222 (gio)
X

Xe thir nhat d¢én B sém 1 gid so véi xe thi hai nén ta c6 phuong trinh:
200 200

X x+10
Giai phuong trinh ta ¢6 x; = 40, X, = -50 (' loai)
X, = 40 (TMPK). Vay van tc xe thir nhat 1a 50km/h, van téc xe thir hai 12 40km/h.
Bai 2. Cho quang duong tir dia diém A t6i dia diém B dai 90 km. Llc 6 gid mot xe
may di tir A dé tgi B LGc 6 gio 30 phit ciing ngay, mot 6 to ciing di tir A dé toi B
véi van toc 16n hon van toc xe may 15 km/h (Hai xe chay trén ciing mét con duong
da cho). Hai xe noi trén déu dén B clng ldc. Tinh van toc mdi xe.

Loi gidi.

Xe méy di truéc 6 to thai gian 1 : 6 gio 30 pht - 6 gio = 30 pht = %h |

Goi van toc ciia xe may 1ax (km/h) (x>0)
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Vi van téc 6 td Ién hon van téc xe may 15 km/h nén van téc cua 6 t6 1a x + 15
(km/h)
Thoi gian xe may di hét quing duong AB Ia : 9—)? (h)

Thoi gian 6 6 di hét quing duong AB 14 : % (h)

P T S P U
Do xe may di '[I'lIO’COtOE gio va hai xe déu téi B cung mot ltc nén ta c6 phuong

trinh :
% 1__9
X 2 x+15

=>90.2.(x+15) — x(x +15) = 90.2x
< 180x + 2700 — x> —15x = 180X
& x?+15x-2700=0

Taco:

A =15"—4.(-2700) =11025 >0

JA =/11025 =105

-15-105 A , ~  a:Al Lia
n=———= —-60 ( khong théa man diéu kién )
-15+1 . TS
X, = % =45 (théa man diéu kién)

Vay van toc cia xe may 1a 45 (km/h ) , van toc cua 0 to 1a 45 + 15 = 60 (km/h).
Bai 3. Mot ca nd chay xubi dong tir A dén B roi chay nguoc dong tir B dén A hét
tat ca 4 gio. Tinh van téc ca nd khi nude yén lang, biét ring quing séng AB dai 30
km va van toc dong nudc 1a 4 km/gio.
Lo gidi.
Goi van toc cia ca nd khi nudc yén lang 1a x km/gio (x > 4)
Van toc cua ca nd khi xudi dong 1a x +4 (km/gio), khi nguoc dong la x - 4

(km/gi®). Thoi gian ca nd xudi dong tr A dén B 12 = gio, di nguoc dong
X+4
tir B dén A 1a =2 gio.
Xx—4

Theo bai ra ta c6 phuong trinh: 30,30 _, (4)
X+4 x-4
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(4) = 30(x—4)+30(Xx+4) =4(x+4)(x—4) < x* —15x-16=0 <> x=—1

hoac x = 16. Nghiém x = -1 <0 nén bi loali

Vay van téc caa ca nd khi nude yén ling 12 16km/gio.
Bai 4. Khoang cach gitra hai bén song A va b 1a 30 km. Mot ca n6 di xudi dong tir
bén A dén bén B rdi lai nguoc dong tir bén B vé bén A. Tong thoi gian ca nd di
xudi dong va ngugc dong 12 4 gio . Tim van téc cia ca nd khi nuéc yén ling, biét
van téc caa dong nude 1a 4 km/h.

Lai giai.

Goi van téc cua ca nd khi nuéc yén ling 13 x(km/h) (dk: 4 < = < 30)
Van toc cta ca nd khi xudi dong: x + 4 (km/h)
Vian tdc cua ca nd khi nguge dong: x — 4 (km/h)

Thoi gian ca n6 di xudi dong: % ()
X +

Thoi gian ca nd di ngugc dong: % (h)

Tong thoi gian ca nd di xudi dong va ngugce dong 1a 4h nén ta c6 phuong trinh:

30 L 30 _4 %2 15¢_16=0
X+4 X—4

x, = —1(khong thoa DK)

Giai phuong trinh trén ta dugc: i
x, =16(théa DK)

Vay van toc cia ca nd khi nc yén lang 1a 16km/h
Bai 5. Quang duong tir Quy Nhon dén Bong Son dai 100 km. Cuing mét lic, mot
xe may khoi hanh tir Quy Nhon di Bong Son va mot xe 6 t6 khai hanh tir Bong Son
di Quy Nhon. Sau khi hai xe gip nhau, xe may di 1 gio 30 phut nita méoi d¢én Bong
Son. Biét van tdc hai xe khong thay ddi trén sudt quing dudng di va van toc ciia xe
may kém van tdc xe 6 t6 12 20 km/h. Tinh vén téc mdi xe.

Loi giai.
Péi 130 =1,5h
Dit dia diém :

- > 100-1,5

- Hai xe gap nhau la C

- Bong Son 14 B
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Goi van toc ciia xe may 1a x(km/h). DK : x>0.
Suyra:

Van téc cia 6 to 1a x+20 (km/h),

Quing duong BC la : 1,5x(km)

Quang duong AC la : 100-1,5x (km)

- TR A . . 100-1,5
Thoi gian xe may ditr AdenC la: =X

(h)

1,5x
! h
x+20( )

Thoi gian 6 td may ditr B dén C 14

100-1,5x  1,5x

V1 hai xe khai hanh cung ldc, nén ta c6 phuong trinh : =120

Gial pt :
100-1,5x 1,5x
= j
X x+20
= 3x? —70x—2000=0
A' =352 +3.2000 =1225+ 6000 = 7225 > 0 = /A" = /7225 =85
35+85

(100-1,5x)(x +20) =1,5x* =100x + 2000 —1,5x* — 30x =1,5%*

Phuong trinh ¢6 hai nghiém phan biét : x, = =40 (thoa man DK)

X, = 35;85 - —% (khong thoa min PK)

Vay van toc ciia xe may 1a 40km/h.
Van téc ciia 6 to 1 40+20=60(km/h).,

Bai tap van dung:

Bai 7.Mot 6t di tir A dén B trong mot thoi gian nhat dinh. Néu xe chay véi van téc
35 km/h thi ¢én cham mat 2 gio. Néu xe chay véi van toc 50 kmv/h thi dén sém hon
1 gio. Tinh quing dudong AB va thoi gian dy dinh di lac dau.

Bai 8.Mot ngudi di xe may tir A dén B cach nhau 120 km véi van téc du dinh

1 .
trudc. Sau khi dugc 3 quang duong AB nguoi d6 tang van toc thém 10 km/h trén

quing dudng con lai. Tim van téc du dinh va thoi gian xe 1dn banh trén duong, biét
rang nguoi dé dén B sém hon du dinh 24 pht.

Bai 9. Mot cand xudi tir bén song A dén bén sdng B vai van tée 30 km/h, sau d6 lai
nguoc tir B trg vé A. Thoi gian xudi it hon thoi gian di nguoc 1 gio 20 phut. Tinh
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khoang céch gitra hai bén A va B. Biét rang van téc dong nude 1a 5 km/h va van téc
riéng cua cand lac xudi va lac nguoc bang nhau.

Bai 10. Mot cand xudi mot khiic sdng dai 90 km rdi nguoc vé 36 km. Biét thoi gian
xudi dong séng nhiéu hon thdi gian nguoc dong 1a 2 gio va van te khi xudi dong
hon van téc khi nguoc dong 1a 6 km/h. Hoi vén téc cand luc xudi va lac nguoc
dong.

Dang 2: Toan lam chung — 1am riéng (toan voi nuoc)

Bai 11. Gidi bai toan sau bang cach ldp phirong trinh hodc hé phwong trinh:

. Cioa N e A . 12 .. s £ X. .-
Hai nguoi cung lam chung mét cong viéc trong 5 gio thi xong. Néu moi nguoi

lam mot minh thi ngudi thir nhat hoan thanh cdng viéc trong it hon nguoi thir hai 1a
2 gio. Hoi néu 1am mot minh thi mdi nguoi phai 1am trong bao nhiéu thoi gian dé
xong cong Vviéc?

Loi giai.
Goi thoi gian nguoi thir nhat hoan thanh mét minh xong cong viéc 1a x (gio), PK
12
X>—
5

Thi thoi gian nguoi tha hai [am mét minh xong céng viéc 1a x + 2 (gio)

:' = N 4 /’\ \ 1 - 4 . \ 1
Moi gio nguoi thur nhat lam dugc— (cv), nguoi thir hai lam duch (cv)
X X
Vi ca hai nguoi cung lam xong cong viéc trong Eglo nén moi gio ca hai doi lam
12_5
dugcl:—==—(cv)
5 12

Do d6 ta c6 phuong trinh
1 1 5
—+ —_—
X x+2 12
X+2+Xx b
& =
X(x+2) 12
& 5x°—14x—-24=0

A’ =49 + 120 = 169, VA" =13

7“3:25—0:4(TMDK)

Viy nguoi thir nhat 1am xong cong viéc trong 4 gio,

=>x =173 _ 0 10qi) va x =
5 5
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ngudi thir hai lam xong cong viéc trong 4+2 = 6 gio.

Bai 12. Hai voi nuéc cuing chay day mot bé khong co nuéc trong 3h 45ph . Néu
chay riéng r& , mdi voi phai chay trong bao 1au mai day bé ? biét rang voi chay sau
l1au hon voi truéc 4 h .

Lai giai.
Goi thoi gian voi dau chay chay mot minh dy bé 1a x (x > 0, x tinh bang gid)
Goi thoi gian voidau chay chay mot minh diy bé 1 y (y >4, y tinh bing gio)

1 gios voi dAu chay duoc %( bé)

1 gidr voi sau chay dugc % (bd)

1 giv hai voi chay dugc % + %( bé) (1)
Hai voi cling chay thi day bé trong 3h 45ph = %h

Vay 1 gior ca hai voi chay dugc 1: %: %( bd) (2)

Tir (1) va (2) ta c6 hé phuong trinh % + %: %

Mat khéc ta biét néu chay mét minh thi voi sau chay 1au hon voi trude 4 gio tac 1a
y—x=4
Vay ta co hé phuong trinh

X=6
X=6 (a)
1,1 .4 4x* -14x-60=0 [2x*—-7x-30=0 {y:lo
SIX X+4 5& X & A SS9 X=-25< 25
y=x+4 y y y=x+4 (b)
| Yy=15

Hé (a) thoa mén dk cua an
Hé (b) bi loai vix <0
Vay Voi dau chay mot minh day bé trong 6 h
V0i sau chay mot minh day bé trong 10 h
Bai 13.Hai ngudi tho ciing 1am mot cong viéc . Néu lam riéng ré , mdi nguoi nta
viéc thi tong sé gio 1am viéc 1a 12h 30ph . Néu hai ngudi ciing 1am thi hai nguoi
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chi lam viéc d6 trong 6 gid. Nhu vay , 1am viéc riéng ré ca cong viéc moi nguoi
méat bao nhiéu thoi gian ?

Loi giai.
Goi thoi gian nguoi thi nhat 1am riéng ré dé xong nira cong viéc 1a x (x> 0)
Goi thoi gian ngudi thi hai 1am riéng r& dé xong nira ¢éng viéc 1ay (y > 0)

Tacépt:x+y=12% (1)
thoi gian ngudi thir nhat 1am riéng ré dé xong céng viéc 1a 2x => 1 gio ngudi thir
nhat lam duoc % cdng viéc
Goi thoi gian ngudi thi hai 1am riéng r& dé xong ¢ong viéc 1a 2y => 1 gio nguoi
thar hai lam duoc ziy cong viéc

1

Hp\ 2 . N \ 1 ~ = A A 7 1 l
1 gio ca hai nguoi lam duogc & cong viéc nen tacopt: 5+ Pl (2)
y

X+y=12= Xx=5 15
T (1) va(2)tacohépt: L1 21 @{ 15\/{)(_?
%2y "6 >
Vay néu lam viéc riéng ré ca cong viéc mot ngudi lam trong 10 gid con ngudi kia
lam trong 5 gio
Bai 14. Hai ngudi tho clng l1am cong viéc trong 16 gid thi xong. Néu nguoi thir

nhat 1am 3 gio, nguoi thi hai 1am 6 gio thi ho lam duogc % cong viéc. Hoi moi

ngudi lam mot minh thi trong bao lau lam xong céng viéc?

Loi giai.
Goi X, y 1a thoi gian nguoi tho thir nhat va ngudi tho tha 2 1am mét minh (x, y > 0,
tinh bang gio).
- Mot gid mdi ngudi 1am duogc %; % cOng viéc ca 2 nguoi lam dugc
(vi 2 nguoi lam trong 16 gio thi xong céng viéc)

=1

NS
y 16

< |~

- Trong 3 gio nguoi thi nhat 1am duoc % (CV), 6 gio nguoi 2 lam  duoc g (CV)

vi ca hai 1am duoc % (CV)néutaco > +
X

< |o
I
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Do dé6 ta c6 hé phuong trinh:
1 3 3 3 3

1

16 X=24
= )

l_l y =48

1,11 (3,83_.3 |3
X y 16 X y 16 y

= =
36 1 36 1 1
Xy 4 X vy 4 X y 16
Viy ngudi thtr nhat hoan thanh cdng viéc trong 24 gio
nguoi thir hai hoan thanh céng viéc trong 48 gio
Bai 15. Hai t6 thanh nién tinh nguyén cting sta mot con duong vao ban trong 4 gio
thi xong . Néu lam riéng thi t6 1 1am nhanh hon t6 2 6 gid . Hoi mdi doi lam mot
minh thi bao lau sé xong viéc ?

Loi giai.

Goi thoi gian mot minh t6 1stra xong con duong 1a x(gid) (x>4)
Thoi gian mot minh t6 2 stra xong con dudng la X + 6 ( gio)

Trong 1 gio tb 1 sira duoc %( con duong )
Trong 1 gio to 2 stra duogc ﬁ (con duong )

Trong 1 gio ca hai t6 stra duoc % (con dudng )

o p 1 1 1
Vay ta co pt: ;+ <16 = Z<:>4(x+6)+4x=x(x+6)<:>x2—2x—24:0<:>X1: 6; X, =

-4
X, = -4 <4, khong thoa man diéu kién cua an
Vay mot minh t6 1 stra xong con dudng hét 6 ngay

mot minh t6 2 stra xong con dudng hét 12 ngay
Bai 16. Hai doi cong nhan lam mot doan duong . Boi 1 lam xong mét nira doan
duong thi doi 2 dén 1am tiép ntra con lai vai thoi gian dai hon thoi gian doi 1 da da
lam 12 30 ngay . Néu hai d6i cting 1am thi trong 72 ngay xong ca doan duong .Hoi
moi doi da lam bao nhiéu ngay trén doan duong nay ?

Loi giai.

Goli thoi gian doi 1 1am 1a x ngay ( x > 0 ) thi thoi gian d6i 2 lam viéc la x + 30 (
ngay )

Mdi ngay d6i 1 lam dugc 2—1X( doan duong )
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1

Mdi ngay doi 2 1am duoc
2(x +30)

( doan duong )

M3i ngay ca hai doi lam duoc 7—12 ( doan duong )

szlytacépt:i+#=i
2x  2(x+30) 72

Hay  x?-42x—1080=0
A =217+ 1080 = 1521 => /A’ = 39
X; =21 +39=60; X, = 21- 39 = - 18 < 0 khdng thoa mén dk cua an
Vay d6i 1 lam trong 60 ngay , doi 2 lam trong 90 ngay .
Bai 17. Hai ddi cdng nhan trdng ring phai hoan thanh ké hoach trong ciing mot
thoi gian . Doi 1 phai trong 40 ha , doi 2 phai trong 90 ha . Doi 1 hoan thanh cong
viéc sém hon 2 ngay so v6i ké hoach .Doi 2 hoan thanh muon hon 2 ngay so véi ké
hoach . Néu doi 1 1am cong viéc trong mot thoi gian bang thoi gian doi 2 da lam va
d6i 2 1am trong thoi gian bang doi 1 da 1am thi dién tich trong dwoc cua hai doi
bang nhau . Tinh thoi gian mdi doi phai lam theo ké hoach ?
Léi giai.
Goi thoi gian mdi doi phai 1am theo ké hoach la x (ngay ), x >0
Thoi gian doi 1 da lam 1a x — 2 (ngay )
Thoi gian d6i 2 da lam 1a x + 2 ( ngay )

M3i ngay doi 1 tréng duoc X“TOZ (ha)
X. \ N A 90
Moi ngay doi 2 trong dugc 12 (ha)
Néu doi 1 1am trong x + 2 ngay thi tréng duoc % (x + 2) (ha)

Néu doi 2 1am trong x - 2 ngay thi tréng duoc % (x - 2) (ha)

Theo dau bai dién tich riing trong duoc cua hai doi trong truong nay 1a bang nhau
nén ta co pt:

40 _ 90
2 X+ = o (x-2)

Hay 5x°—52x+20=0
A'=26°-5.20=576 , [X=24
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_ 26+24 _26-24 2
5 5 5

X,< 2 , khong thoa man dk cua an Vay theo ké hoach mdi doi phai lam viéc 10 ngay

=10 ; X,

X1

Bai 18. Hai ngudi tho cing 1am mat cdng viéc trong 16 gio thi xong . Néu nguoi
thar nhat 1am trong 3 gio va ngudi thi hai 1am trong 6 gio thi ho 1am dugc 25%
cong viéc . Hoi mdi ngudi 1am cong viéc d6 trong may gio thi xong .
Loi giai.
Goi X, y lan luot 14 s6 gio nguoi thi nhat ngudi thi hai mot minh 1am xong cong
viecdo (x>0,y>0)
1,11
Ta co hé pt * 16©{
3,61

X=24
y=28
X y 4

Bai 19. Hai voi nuéc ciing chay vao mot bé khdng chira nudce thi sau 6 gio day bé .
Néu voi thir nhat chay trong 2 gid , voi thar 2 chay trong 3 gid thi duoc %bé . Hoi

mdi VOi chady mot minh trong bao lau thi day bé ?

Loi gii.
Goi X, Y lan luot 1a s6 gid voi thi nhat , voi thir hai chay day bé mot minh (x>0,
y>0)

Ta c6 hé pt

X =10, y = 15 thoa mén dk cua an . Vay voi thir nhat chay mot minh mat 10 gio,
vOi thir hai chay mot minh mat 15 gio .
Bai 20. Hai nguoi du dinh lam mét cong viéc trong 12 gio thi xong . Ho lam véi
nhau duoc 8 gid thi nguoi thr nhat nghi , con ngudi thir hai van tiép tuc 1am . Do
cb géng ting ning suat gap doi , nén ngudi thi hai da 1lam xong cong viéc con lai
trong 3gio 20phit . Hoi néu mdi ngudi the 1am mot minh véi nang suat du dinh ban
dau thi mat bao 1au mai xong cong viéc noi trén ?

Lo gidi.
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Goi X, y lan luot 13 thoi gian ngudi the thir nhat va ngudi tho thir hai 1am xong
cong viéc véi nang suat dy dinh ban dau .

Mot gio ngudi thir nhat lam duoc %(céng viéc)
Mot gios ngudi thir hai lam dwoc % (cong viéc )
Mot gio ca hai nguoi lam dugc é (cbng viéc)

Nén ta co pt : % =$ (¢D)

+ 1
y
L e 12, A
trong 8 gio hai nguoi lam dugc 8. T (cbng viéc)
A 2_ 1, ~ .
Cong viéccon lailal - 3" 5( cong viéc)
Nang suét ciia ngudi thi hai khi lam mot minh 1 2.% =§ (Céng viéc )

Ma thoi gian nguoi thir hai hoan thanh cong viéc con lai la % (gio) nén ta co pt
RIS A
Tu (1) va (2) tacd hé pt:
111
X y 12 {x=30
y_ 10 y=20

6 3
Vay theo du dinh ngudi thir nhat 1am xong cong viéc hét 30gio va ngudi thir hai
hét 20 gio .
Bai 21. Hai nguoi A va B lam xong cong viéc trong 72 gio , con ngudi A va C lam
xong cbng Viéc trong do trong 63 gid va nguooi B va C lam xong coéng viéc ay
trong 56 gid . Hoi néu mdi ngudi 1am mot minh thi trong bao lau thi trong bao 1au
sé lam xong cong viéc?
Néu ba nguoi cling 1am s& hoan thanh cong viéc trong may gio ?

Loi giai.
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Goi ngudi A mot minh 1am xong c6ng viéc trong X (gio ), X > 0 thi mdi gio lam

duogc %( cong viéc).Nguoi B mot minh [am xong cong viéc trong y (gio ), y > 0 thi
mai gio 1am duoc 1 ( cdng viéc)Nguoi C mot minh lam xong cong viéc trong z
y

(i), 2 > 0 thi mdi gios lam dugc %( cong Vic)

1.1 1 504
—t—=— = =
Xy 72 X 3 168
] 1 1 1 504
Tacohpt: {=+=="— <y="-=126
P X zZ 63 y 4
111,050 1602
y z 56 5
A > - AN pY S X Y \ 1 1 1 12 A = A
Néu ca ba nguoi cung lam yhi moi gio lam duogc ;+ §+ Tt ( cong viéc)

Vay ca ba nguoi cung lam s€ hoan thanh cong viéc trong % =42(gio)

Bai 22. Hai d6i cdng nhan cung 1am chung mét cdng viéc . Thoi gian dé doi | 1am
mét minh xong céng Viéc it hon thoi gian dé d6i 11 1am mot minh xong cdng viéc
d6 1a 4 gio . Tong thoi gian nay gap 4,5 lan thoi gian hai d6i cung 1am chung dé
xong ¢Ong viéc d6 . Hoi mdi doi lam mot minh thi phai bao l1au méi xong .

Loi giai.
Goi thoi gian d6i | lam mot minh xong cong viéc la x gio (x> 0)
Suy ra thoi gian doi 11 lam mét minh xong céng viéc la x + 4 gio

Trong 1 gio hai doi lam chung dugc ; S+—1 - 2X*+4
X X+4 X(x+4)

X(x+4) , .,
2X+4 (glo)

( cong viéc)

Thoi gian dé hai doi 1am chung xong cong viéc 1a

vaytacépt:2x+4:4,5.% hay X%+ 4x —32 =0 <> x; =- 8 (loai ) X, = 4 (

thoa man diéu kién cua an ).

Vay Doi | 1am mét minh xong cong viéc hét 4 gior, doi hai hét 8 gior .

Bai tap van dung.

Bal 23. Hai nguoi tho cung lam chung mét cong viéc trong 7 gio 12 phat thi xong.
Néu ngudi thir nhat 1am trong 5 gio va nguoi tht hai 1am trong 6 gio thi ca hai
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NIRRT 3 A < A rr A NET A P AL iy
nguoi chi lam duoc " cong viéc. Hoi mot nguoi lam cong viéc dé trong may gio
thi xong?

Bai 24. Néu voi A chay 2 gid va voi B chay trong 3 gio thi duoc g hd. Néu voi A
chay trong 3 gio va voi B chay trong 1 gio 30 phat thi duoc % hd. Hoi néu chay

mot minh mdl voi chay trong bao 1au mai day ho.
Bai 25. Hai voi nuéc cling chay vao mot bé thi sau 6 gid day bé. Néu mdi voi chay
mot minh cho day bé thi voi Il can nhiéu thoi gian hon voi I1a 5 gid. Tinh thoi gian
mdi voi chay mot minh day bé?
Dang 3: Toan lién quan dén ti I¢ phan trim.
Bai 26. Thang giéng hai to san xuat dugc 900 chi tiét may; thang hai do cai tién ky
thuat t6 I vuot muc 15% va to 11 vuot mic 10% so véi thang giéng, vi vay hai to da
san xuat dugc 1010 chi tiét may. Hoi thang giéng mdi té san xuat dugc bao nhiéu
chi tiét may?
Loi gidi.

Goi X, y sb chi tiét may cua to 1, t6 2 san xuat trong thang giéng
(x, ye N*), tacéd x +y =900 (1) (vi thang giéng 2 td san xuét dugc 900 chi tiét).
Do cai tién ki thuat nén thang hai to 1 san xuat dugc: X + 15%x, t6 2 san Xxuat
duoc: y + 10%dy.

Ca hai t6 san xuat dugc: 1,15x + 1,10y = 1010  (2)
Tur (1), (2) ta cé hé phuong trinh:
{x+y:900 <:>{1,1x+1,1y:990 <:>{0,05x:20

115x+1,1y=1010 ~ |L15x+11y=1010  |x+y =900
<=>x =400 vay = 500 (thoa man)
Vay trong thang giéng t6 1 san xuat dugc 400 chi tiét may, t6 2 san xuat dugc 500
chi tiét may.
Bai 27. Trong thang thanh nién Poan trudng phat dong va giao chi tiéu moi chi
doan thu gom 10kg giay vun lam ké hoach nho. Bé nang cao tinh than thi dua bi
thu chi doan 10A chia cac doan vién trong 16p thanh hai to thi dua thu gom giay
vun. Ca hai to déu rét tich cuc. T6 1 thu gom vuot chi tiéu 30%, t6 hai gom vuot
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chi tiéu 20% nén téng s6 giay chi doan 10A thu dugc 1a 12,5 kg. Hoi mdi td dugc
bi thu chi doan giao chi tiéu thu gom bao nhiéu kg gidy vun?
Léi giai.
Goi s6 kg gidy vun to 1 dugc bi thu chi doan giao la x (kg)
(Pk:0<x<10)
S6 kg giay vun t6 2 dugc bi thu chi doan giao lay (kg) (Pk:0<x<10)
Theo dau bai ta c hpt: {H y=10
1,3x+1,2y =12,5

Giai hé trén ta duoc : (X; ¥y ) = (5;5)
Tra 10i : s6 gidy vun t6 1 duoc bi thu chi doan giao 13 5 kg

S6 gidy vun td 2 duoc bi thu chi doan giao 13 5 kg
Bai tap van dung.
Bai 28. Trong thang giéng hai t6 san xuét dugc 720 chi tiét may. Trong thang hai,
t6 I vuot muc 15%, t6 11 vugt mic 12% nén san xuat dugc 819 chi tiét may. Tinh
xem trong thang giéng mdi t6 san xuat duoc bao nhiéu chi tiét may?.
Bai 29. Nam ngoai tong s dan cua hai tinh A va B 12 4 triéu ngudi. Dan s6 tinh A
nam nay tang 1,2%, con tinh B ting 1,1%. Tong s6 dan cta ca hai tinh nim nay 1a 4
045 000 nguoi. Tinh s6 dan caa mdi tinh nim ngoai va nim nay?
Dang 4: Toan c6 ngi dung hinh hec.
Bai 30. Mot hinh chit nhat c6 chiéu rong bang mét ntra chiéu dai. Biét rang néu
giam mdi chiéu di 2m thi dién tich hinh chit nhat da cho giam di mot nira. Tinh
chiéu dai hinh chir nhat da cho.

Léi giai.

Goi chiéu dai cua hinh chit nhat di cho 1a x (m), véi x > 4.

N = A A M 5 = A XA = A A X
Vi chi¢u rong bang ntra chiéu dai nén chiéu rong la: > (m)

2
=> dién tich hinh chit nhat da cho 1a: x.g - X? (m?)
Néu giam mdi chiéu di 2 m thi chiéu dai, chiéu rong caa hinh chit nhat lan luot 1

X—2 va 2—2 (m)

203



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

khi do, dién tich hinh chit nhat giam di mot nira nén ta c6 phuong trinh:
X 1 x?
L ==.2
(X )(2 ) > 2

NG x2
<:>7—2x—x+4:7<:>x2 —12x+16=0

=>x, =6+2./5 (thoa man x>4);
x, = 6—24/5 (loai vi khong thoa man x>4)
Vay chiéu dai cua hinh chit nhat da cho 1a 6+2v5 (m).
Bai 31. Mat phong hop c6 320 ghé ngdi dugc xép thanh ting day va sé ghé moi
day déu bang nhau. Néu sb day ghé tang ting thém 1 va s6 ghé mdi day ting thém
2 thi trong phong c6 374 ghé. Hoi trong phong c6 bao nhiéu ddy ghé va mdi day co
bao nhiéu ghé?
Lo gidi.

Goi s6 ddy ghé trong phong hop 1a x (ddy) (x e N")

Goi s6 ghé trong mdi day 1ay (ghé) (yeN")

Vi phong hop ¢6 320 ghé ngdi duoc xép thanh tirng day va sé ghé mdi diy déu
bang nhau nén ta c6 phuong trinh: xy =320 (1)

Vi s6 ddy ghé tang ting thém 1 va sé ghé mdi day tang thém 2 thi trong phong
c6 374 ghé nén ta c6 phuong trinh: (X+1)(y+2) =374 (2)
Tu (1) va (2) ta c6 hé phuong trinh:

xy =320

{(x +1)(y+2)=374
@{xy=320 @{xy=320 - y:3_)2<0 - y:%

Xy+2X+y+2=374 2X+Yy =52 2x+@:52 «? —26x +160 = 0

X

2 2
T T e S o
X’ —26x+160=0 |x’—26x+160-0 (Y= ~— y=20
Vay trong phong hop ¢6 10 ddy ghé va mdi day c6 32 ghé
Hoac l1a trong phong hop c6 16 day ghé va mdi day c6 20 ghé
Bai tap van dung.
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Bai 32. Mot khu vuon hinh chit nhat c6 chu vi 13 280 m. Nguoi ta 1am 16i di xung
quanh vuon (thudc dat trong vuon) rong 2 m. Tinh kich thudc cia vuon, biét rang
dat con lai trong vuon dé trong trot 12 4256 m”.
Bai 33. Cho mét hinh chir nhat. Néu ting chiéu dai 1én 10 m, ting chiéu rong 1én 5
m thi dién tich ting 500 m% Néu giam chiéu dai 15 m va giam chiéu rong 9 m thi
dién tich giam 600 m?. Tinh chiéu dai, chiéu rong ban dau.
Bai 34. Cho mot tam giac vudng. Néu ting cac canh goc vudng 1én 2 cm va 3 cm
thi dién tich tam giac ting 50 cm®. Néu giam ca hai canh di 2 cm thi dién tich s&
giam di 32 cm®. Tinh hai canh gdc vuéng.
Dang 5: Toan vé tim so.
Bai 35. Tim mot s tu nhién cé hai chit s6, tong céc chir s6 bang 11, néu di chd
hai chir s6 hang chuc va hang don vi cho nhau thi sé d6 tang thém 27 don vi.

Loi gidi.
Goi s tu nhién can tim 1a: ab (a=0)
Tong céac chir s6 bang 11 nén: a+b=11 (1)
Néu d6i chd hai chir s6 hang chuc va hang don vi cho nhau thi s d6 ting thém 27
don vi do d6: ba—ab=27 < (10b+a)—(10a+b)=27 < 9-9% =27 <a-b=3 (2)

. . LA ... |a+b=11 a=7
Tu (1) va (2) ta c6 hé phuong trinh: {a—b 3 ® {b 4

Vay s can tim 13 74.
Bai tap van dung:
Bai 36. Tim mat s6 ¢ hai chit sb, biét rang sé6 d6 gap 7 lan chir s6 hang don vi cua
n6 va néu sé can tim chia cho téng c4c chix s6 cta no thi duoc thuong 1a 4 va sé du
la 3.
Bai 37. Néu tir s6 ctia mot phan sb duoc ting gap d6i va mau sb thém 8 thi gi tri cua
phan s6 bang %. Néu tir s6 thém 7 va mau so tang gap 3 thi gia tri phan sb bang 2—‘1 .

Tim phan s6 do.
Bai 38. Néu thém 4 vao tir va mau ciia mot phan sé thi gid tri caa phan so6 giam 1.

Néu bét 1 vao ca tir va mau, phan sb tang % Tim phan sb do.

CHU PE 8. BAT PANG THUC VA TIM GIA TRI LON NHAT, NHO NHAT
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Bai 1. Cho a,b,c 1a cac s6 thyc duong abc=1 .Ching minh ring

1 1 1 3
ab+a+2 bc+b+2 ca+c+2 Z
Loi giai.
Data_z bzx;c:E
y z X
1 1 1 B yz ZX Xy

= + + = + +
ab+a+2 bc+b+2 ca+c+2 Xy+XZ+2yz Xy+YZ+2XZ XZ+YZ+2Xy
Thi
X

3-p=1-— Y 41_ FE N S
Xy + XZ +2Yyz Xy + Yz +2xz XZ + Yz +2xy

1 1 1
3-P=(xy+yz+xz) + +
XY+XZ+2YZ Xy+YZ+2XZ XZ+YyzZ+2xy

Ap dung Bét ding thirc 1+1+£>L
A B C A+B+C
1 1 1 1
( Do ta &p dung bat dang thirc C6 si cho 3 s6 duong: A+ B +C >33 ABC; —+ B+6>3 ABC
Nhan theo vé 2 bit dang thirc trén, ta duoc:
(A+B+C)( +1+1 9:>£+£+1>L
B C A B C A+B+C
Khi d6 Ta c63—P > (Xy + yz + xz) J :g<:>Ps?>—g:§
Axy+4yz+4xz 4 4 4
. XY+ YZ+2XZ =Xy +2YZ+XZ =2Xy + YZ+XZ
Déu“=”xéyrakhi{xzz_y1 yrey Ty ox=y=z=1

Bai 2. Cho céc s6 thuc duong X, y, z thoa man x? + y* + 2> = 3xyz . Chung minh rang:

X2 y? z° 3
4 + 4 + =<
xX*+yz yi4xz z'+xy 2

Loi gii,
Vi X, Y, z duong, ap dung BDT Co6-si ta co:
1 1 x? 1
)2x2Jyz < x* + yz <=> > <=> < 1
)2 yz y 2x%Jyz  x'+yz xX*+yz” 2 yz()
e RO
yz Yy 1 \/_z
x? 1,1 1

Tir (1) va (2) =

<S(=+=
X +yz 4(y z)
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Tuong ty:
Y <1£ l)' z <l(1+£)
vitexz 4'x 727 +xy 4x y
Ay XY T2y TN T2
Ma lai ¢0 : Xy +yz+2x < X* +y? +2%(4)
Tir(3)va (4)c6: A<, X4y 4z 1307 3

Xyz 2 xyz 2
Dau “=" xay ra khi x=y=z=1

Bai 3. Tim gid tri nho nhat caa ham sé: y = 2 L ysioex<t

1-x X
Loi giai.
Ta co:
y=2 4t 2 5.1 3. 2 17X
1-x x 1-x X 1-x X
ViO< x<1 >A Ol—x 0
1-x X
Taco: 2X 417X 5 0 [2X 12X o 5 (B4t ding thic Co si)
1-x X 1-x X
. - X=-1++2(TM
Dau “=" x4y ra khi: 3:1—X<z>2x2:x2—2x+1<:>x2+2x—1:0<:> V()
-X X x=-1-+/2(L)
:>y22\/§+3

DAu “=” xay ra khi x =—-1++/2

Vay y,,, =232 +3khix=-1+ &

Cau 4. Cho a, b, ¢ la cac sé duong théa man diéu kién a + b + ¢ = 3. Tim gid tri I6n nhit cua biéu
thic:

5h®—-a® 5¢®-b® 5ad-c?
- 2t 2t 2
ab+3b° bc+3c® ca+3a
Loi giai.
Xét
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3 .3 3 .3 2 _
5b a2 _(2b-a)= 5b° —a (ab+35) )(2b—a)
ab+3b ab+3b
5b° —a’—(2ab®—a’h+6b°—3b’a) —b°-a’+a’h+b’a
ab+3b® ab+3b®
2
_—(a+b)@a-b)’ _,
ab+3b®
3.3
5 a2 <2b-a
ab+3b
Ta co 2 BDT tuong tu:
5¢° —b® - Ba*-c’
<2c-b;, ——<2a-c
bc +3c? ca+3a’

Cong tirng vé 3 BDT trén ta dugc
P<2(@+b+c)—(a+b+c)=a+b+c=3

L a=b=c
Dau bang xay ra <=> <=>a=b=c=1
a+b+c=3

Vay giatri lon nhitcuaPla3 @ a=b=c=1.
4 2014 2015

Céu5.Chl’rngminhréng:1+§+2—i+§+....+w+w<4
Loi giai.
o 3 4 2014 2015
DatS—§5+§§+""+Eﬁﬁ;+E?a;
Ta co:
3 4 2014 2015
ZSZE"F?-F....-‘FW-FW
3 4-3 5-4 2015-2014 2015
:>28—S:§+ > + >3 +.t ST T
1 1 1 1 2015
:>S:a+5+§?+§rhm+5ﬁﬂ—zﬁﬁ
l 2014
1-(0)
.. 1 1 1 1 2 1
Ta cé: 1+§+?+?+....+W=—1 ZZ_W
1-=
2
Do d6:
1 2015 2 3 4 2014 2015
S:2—555—5ﬁ5<2:>1+E+55+Erhm Eﬁg Eﬁg<4

Cau 6. Cho x; y la hai s6 dwong thay d6i. Tim gia tri nho nhat cua biéu thuc:

2 2
UL
y Xy

Léi gidi.
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Ta co:

2 2
S = (X><2++y)2 Y
y.ox

2Xy +X2+y2+

2
X2 +y? Xy

=1+

2 2 2 2
34 ( 22xy +x +y )+x +y

X2+y? 2xy 2xy
Do X, y la cac s6 duong nén ta co:

2 2 2 2
2Xy X“+y 22\/ 2Xy X4y _5

+ :
X +y* 2xy X +y* 2xy
Déu “=" xay ra khi va chi khi:
2 2
22xy ~ = XY o (x4 y2)? = 4xPy? <=> (X2 — y2)? =0

X“+y 2xy
<=>x' =y’
<=>x=Yy(x;y>0)

2 2
X2 +y? > 2xy => X+ >l<=>X=Y

2Xy

Cong cé4c bit dang thirc ta dugc S > 6
S=6 < x=y.Vay Min S = 6 khi va chi khix =y

Bai 7. Cho céc sb a, b, ¢ khdng am. Chang minh rang: a® +b* +c¢® +33/(abc)® > 2(ab + bc +ca)
Dang thic xay ra khi nao?
Loi giai.
bit
Yoz =x3o? = y;de? =2
=a’=x}b’ =y’ =z3,a:x/x_3;b:\/y_3;c=\fz_3;x,y,zzo
Bit dang thirc da cho trg thanh:
X+ Y+ +3xyz > 2(\/x3y3 +\/”y3z3 +VZ5))
Vi vai trd ciia x; y ;z binh dang nén c6 thé gia sa x >y >z >0
Khi do
X(x=y)? +2(y—x)* + (z+x=y)(x=y)(y—-2) 20
= x°+ y? + 2° +3xyz > xy(z+ Y) + yz(y+ 2) + zx(z+ X)(2)

Ap dung Bét ding thirc Cosi ta cd xy(x+Yy) > 2xy/xy = 2«/x3y3 (3)
Tuong tu ta cO:
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y2(y+2) > 2y’ (4)

ZX(z+x) > ZW(S)

Cong vé theo vé cac bat dang thac (3), (4), (5) ta duoc

Xy(X+Y) + Yz(y+ z) + 2x(z+ X) > 2(\jx3y3 + \fy3z3 TP )(6)

Tur (2) va (6) ta cod

X} +y°+2°+3xyz > 2(\fx3’y3 +\/y‘°’z3 +23)

Ding thire xay ra khi x=y=z hay a= b =c.

Bai 8. Cho cac s6 duong x, y, z thay doi théa man: x(x + 1)+ y(y+ 1) +z(z+ 1)< 18.

1 1 1
+ +
X+y+1 y+z+1 z+x+1

Tim gi4 tri nho nhét cua biéu thirc: B =

Loi giai,
V6imoi a, b, ¢ >0, ta co:
(a—b)*+(b—c)’+(c—a)’ >0 < 2a° +2b* + 2¢* —2ab—2bc—2ca>0
& 2(a’ +b? +¢?) > 2ab+ 2bc + 2ca
< 3(a”+b*+c*)>a’ +b*+c’2ab+2bc+ 2ca
< 3@°%+b*+c?) > (a+b+c)?(*)
Véi moi a, b, ¢ >0, 4p dung BDT Co-si cho ba s6 duong, ta co:

a+b+c>3%abc >0

1 1 1 1 :>(a+b+c)(£+1+l)29

—4+=4+=>33— >0 a b c
a b c abc
1 1 1 9
=>4+ >
a b ¢ a+b+c

Ap dung BDT (*) véia=x, b=y, ¢ =z vaturdiéu kién cua x, y, z ta co:

(X+y+12)°

182x2+y2+zz+x+y+zzT+x+y+z

*%

= (X+yY+2)°+3(x+y+2)-54<0

=>(X+y+z+9)(Xx+y+z-6)<0

=X+Yy+2<6 (dox+y+z+9>0) (***)

Ap dung BPT (**)véia=x+y+1,b=y+z+1,c=z+x+1,taco:

B 1 N 1 N 1 S 9 _ 9
X+y+1l y+z+1 z+x+1 X+y+1l+y+z+1+z+x+1 2(Xx+y+2z)+3

Y

Ap dung (***) ta c6: B > 9 =g
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X=y=1
Dau bang xay rac {x+y+1l=y+z+1l=z+x+1x=y=2=2
X+y+2=6

Bai 9. Cho a, b, ¢ 1a ba s thuc duong va c6 téng bang 1.

Chung minh: a-bc b-ca c-ab_3

a+bc b+ca c+ab 2

Loi giai.
Thay 1 =a + b + c ta cd: atbc=a(a+b+c)+bc=(a+b)(a+c)
Dod(,):a—bc=a+bc—2bc=1_ 2bc 1 2bc
a+bc a+hbc a+bc (a+b)(a+c)

Ta c6 2 dang thirc twong tu
b—ca: B 2ca ] c—ab 1 2ab
b+ca (b+c)b+a)’ c+ab (c+a)(c+Db)

Cong tirng vé cua 3 dang thuc trén ta co:

a-bc b-ca c-ab bc ca ab
+ + =3-2 + +
a+bc b+ca c+ab (@a+b)(@+c) (b+c)(b+a) (c+a)(c+b)

Do do:

a-bc b-ca c-ab 3 bc ca ab 3
+ + <—<=> + + >—

a+bc b+ca c+ab 2 (a+b)(a+c) (b+c)(b+a) (c+a)(c+b)| 4

. bc(b+c)+ca(c+a)+ab(a+b) S 3
(a+b)(b+c)(c+a) 4
<=>4(b’c+bc® +c’a+ca’ +a’b+ab®) >3(a’h +ab* +b’c +bc® +c*a +ca’ + 2abc)
<=>Db’c+Dbc® +c’a+ca’ +a’b+ab® > 6abc(*)
Ap dung BDT Co-si cho ba sé duong ta co:
{bzc +c%a+a’ >3abc o (%) diing
bc® +ca’ +ab” > 3abc

Vay BDT da cho dugc chung minh.

Dau béngxéyrakhia:b:c:%

N
N

Bai 10. a) Cho x, y 1a 2 s6 thuc khac 0. Chirng minh rang: x_2+y_ >

<
>
< | x<

a’+3ab+b?

Jab(a+b)

b) Cho a, b 1a hai s6 duong. Tim gia tri nho nhat cua biéu thic: P =
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Léi giai.

_ =0 —y)>O
x*y?
L (x= y)*(x? +xy+y)
x*y?

el (e 1Y) 13y
(x=y) KHZ] +4y}
<=>> X2y2 >
b) Tim minP (a, b > 0)
_a’+3ab+b®> (a+bh)’+ab
Jab(a+b)  fab(a+h)

i(a+b)2+ab+j(a+b)2 Lll(a+b)2+ab j(a+b)

B Jab(a+b) T Jab(a+b) | Jab

2 /1(a+b)2.ab 3 fab
a4 4

Jab(a+b)  vab

:l+§:E
2 2
1
L s “(a+b)*=ab
Dau bang xay ra<=> 4(a+ ) =a <=>a=Db
a=b

Vay MinP =g<=>a=b

*Céch khac
a’+3ab+b® _(a+b)’+ab_a+b ab 3 a+b 1 a+b ab 2+2\ﬁ_5

4 2

"~ Jab(a+h) Jab(atb) ab a+b 4 \ab (4\/_b a+b) 4

Cau 11. Cho céc s6 duong x, y, z thoa man: \/xz +y? +\/y2 +22 +V22 +X2 =2014

B ) X2 y2 Z2
Tim gid tri nho nhat cua biéu thuc T = + +
Yy+Z Z+X X+Yy

Loi giai.
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Pit a:\/xz+y2;b=\/y2+zz;c=x/zz+x2(*) =>a-+b+c=2014(1)
a’-b’+c® , a’+b’-c* _, -a’+b’+c’?

Te(*)=>x="""""— 7% =
) 2 2 2

Ap dyung BPT Cau chy ta co:
y+z<\2(y2 +2%) =b\2

2+ x <222+ X%) =2 (0,254)
oy < T =

Tir d6 ta co:
2 2 2 2 2 2 2 2 2 2 2 2
T:x+y+221(a b+c+a+b c+a+b+c)
y+Z Z+X X+y 242 b c a

2 2 2 2 2 2
> L@ e e i@ (0.25d)
22°b b ¢ ¢ a a

Ap dung BDT Cauchy ta lai co:

2 2 2 2 2 2
a—+b22a;c—+b22c;a—+cz2a;b—+c22b;b—+a22b;c—+a22c (0,25d)
b b C C a a
2 2 2 2 2 2
:>a—+c—+a—+b—+b—+c—24(a+b+c)—2(a+b+c)=2(a+b+c)(3)
b b ¢ ¢ a a

Tir (2) va (3)=>T = —= (a+ b+C)(4)

242
1
Tir (1) va (4) =>T > —=.2014.
(1)va(4) 2
2014 . 2014
Vay T,,, =——= khixzy=z= —
y MIN 2\/5 y_ 3\/5

2 2 2
Bai 12. Cho ba s6 thuc X, y, z. Tim gié tri 16n nhét biéu thuc S = xyz§x+ )2/+ 22+ NX+Y +77)
(X“+y +2°)(Xy + yz + 2X)

Loi gii.
Theo Bunhia:
(X+Y+2)? <3(X* +y*+7°) => X+ y+z£\/§m
S xyz(x/§\/x2+y2+zz+Jx2+y2+zz): xyz(+/3 +1)
(X*+y* +2°)(xy + yz + 2x) \/m(xy+ yZ + 2X)
xyz(\/§+l) J3+1

\/§\6/x2y222 %/XZyZZZ 3\/§

x/§+l
33

=>S =

khi x=y=z

213



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Bai 13. Cho ba sé thuc duong a, b, ¢ théa man (a + b)(b + c)(c + a) = 1.
Chtng minh ab + ac + be < %
Lo gii.

Cho ba s6 thyc duong a, b, ¢ théa man (a + b)(b + c)(c + a) = 1. Chimg minh ab + ac + bc <

Nlow

Ap dung BDT Co-si cho ba s khong am, két hop diéu kién (1) ta co:

(a+b)+(b+c)+(c+a)23{“/(a+b)(b+c)(c+a) :3:>a+b+czg(2)

Ap dung BDT Co-si cho hai s6 khdng am, két hop diéu kién (1) ta co:

a+b22\/£

b+c>24ac :>1=(a+b)(b+c)(c+a)28abc:abcs%(3)
c+a22\6

Bién d6i (1), cht y 2 BPT (2) va (3), ta dugc:
(@a+b)(b+c)(c+a)=1

< (a+b)(bc+ba+c*+ca)=1

< (a+b)(bc+ba+ca)+ac® +bc? =1

< (a+b)(ab+bc+ca)+c(ab+bc+ca)—abc=1
< (a+b+c)(ab+bc+ca)—abc=1

1+1
<:>ab+bc+ca:1+abcg 8_3
a+b+c 3 4
Déubéngxéyrakhia:b:c:%.

Bai 14. Cho a, b, ¢ > 0 théa man: a + b + ¢ = 3. Chttng minh rang:

a’ . b* N c* J1
(@+2)(b+2) (O+2)(c+2) (c+2)(a+2) 3
Loi gii.
Ap dung BDT Co-si cho 4 s khdng am, ta co:
a’ a+2 b+2 1 a’ a+2 b+21 a' 4a
+ + +=>44 : . =4 =—
(@+2)0+2) 27 27 9 \(a+r2)b+2) 27 27 9 \No' 9

a’ 11la b 7
> 2> —
(@a+2)(b+2) 27 27 27

Tuong tu ta co:
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b* >& c 7
(b+2)(c+2) 27 271 27

c’ Jlle a7
(c+2)(a+2) 27 27 27

Cong tirng vé cua (1), (2) va (3) ta co:

a* . b* . c’ J(a+b+c) a+b+c 21
(@a+2)(b+2) (b+2)(c+2) (c+2)(a+2) 27 27 27
Thay diéu kién a + b + ¢ = 3 ta duoc:
a’ b* c* 1
+ + >=
@+2)(b+2) (b+2)(c+2) (c+2)(a+2) 3

DAu bang xay rakhia=b=c=1.
Bai 15.Choa, b,c>0vaa+b+c=3.Changminhringa’ + b> +c> + 1+%+l26
a c
Lo gii.
Ap dung bat diang thic co si: @ + 1/a>2a%, b + 1/b > b2, ¢ + 1/c > 2.
Suyraa’ +b’+c’ +1+1+£22(a2+b2+c2)
a b c
Mat khaca?+1>2a;b>+1>2b;c2+1>2¢c
Suyraa?+b*+c¢*>2a+2b+2c-3=3
Bai 16. Cho cac sb thuc khéng am a, b, c théamana+b + ¢ = 3.

Tim gid tri nho nhét caa biéu thic: P = —> ~+ b -+ ¢ =
1+b° 1+c° 1+a
Lai giai.
a ab®
Ta c0: =a-— 1
1+b? 1+Db? @)
Ap dung BDT Co-si cho hai s6 khong am, ta c6 1+b* > 2b
Thay vao (1) ta duoc:
2 2

a s =a— ab > Za—ﬂza—a—b (2)
1+b 1+b 2b 2
Tuong tu, ta co:

b bc

>h-—— 3

1+c? 2 ®)

c ca

>c—— 4

1+a’ 2 4)
Cong ting vé ba BPT (2), (3), (4) ta duoc:

a . b _ C _>a+bec— ab+bc+ca (5)
1+b° 1+c¢° 1+a
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Mait khac
(a+b-+c)* ~3(ab-+bo-+ca) = (a~b)* + (b-c)* + c~a)* |20

(a+b+c)®

—ab+bc+ca< 3 (6)

Thay diéu kién a + b + ¢ =3 va BDT (6) vao (5) ta co
a b c 3
- 2t 7t 2=
1+b° 1+c® 1+a° 2
DAu bang xay rakhia=b=c=

\4

1.

3

Vay gia tri nho nhit cua P 1a > dat dugc khia=b=c=1.

Bai 17. Tim gid trj 16n nhat cia A=+x—1+/y—2 ,biétx+y=4
Loi giai.
Ap dung bt dang thic Bunhiacopxki cho 2 bo s6 (1;1) va («/x—l;,/y—z) ta co

A? :(l.\/x—1+1.\/y—2)2 3(12 +12)(x—1+ y—2)=2(x+y-3)=2= A<2

1 Jx-1 =2
JER \ R b X-1=y-2 2
Dau bang xay ra khi va chi khi< 1 y-2 & S
X+y=4 y—§
X+y=4 5
Vay GTLN cia A 1a2
N x>0,y>0,z2>0 o 1 1
Bai 18. Cho .Chang minh rang: + + <1
Xyz =1 X+y+1l y+z+1 z+x+1
Loi giai.
x=a’
5 s . |%Y,2>0 a,b,c>0
bat < y=b", vi =>
\ Xyz =1 abc=1
z=cC
.. 3 .3 ) ) a+b+c
Taco: x+y+l=a’+b°+1=(a+b)(@”—ab+b")+1>(a+b)ab+1=ab(a+b+c)=
Do do
1 ¢

X+y+1 a+b+c
Tuong tu ta co
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1 < a
y+z+1 a+b+c
1 < b

z+x+1 a+b+c
Cong 3 bat dang thirc trén theo vé ta c6 dpem.

Bai 19.Cho 3 s6 thuc duong X, y, z thda mz§1n:i2+i2+i2 =1.
x> y? oz
2.,2
Tim gi4 tri nho nhat caabiéu thic: P = y'z’ X xzy .
x(y® +2%) y(z+x) z(x+y)
Lo giai.
o1 1 1
Taco: P= T 1+ 1 1+ T 1
X(?+7) y(?+F) Z(F+F)
Deit£=a;£:b1—cthlabc>0vaa+b2+c =1
X |y z
2 2 2
P a_ b c _a b C

= + = + +

b>+c*> c*+a®> a’+b®> a(l-a®) b(l-b*) c(l-c?)
Ap dung bat dang thac Cosi cho 3 s6 duong ta co:

1(2a2 +1-a +1—a2J_ 4

a’(l-a%)’ = %.Za2 (1-a*)(1-a*)<=

2 3 27
2
=>a(l-a%) < a 3ﬁ a’(
3J’ a(l— 2
2 2
Tuong tw: —>— 23\/§b2(2); . 23J§c2(3)
b(l-b?) = 2 cl-c)) 2

33

Tu (1); (2); (3)tacoP > 7(a2 +b? +¢?) =

33

2

Béngthfrcxéyra@a:b:c:ihay x=y=z=+3

3
33

Vay gia tri nho nhat cua P Ia—

Bai 20. Cho ba sé duong a, b, ¢ . Chitng minh bét ding thirc
4a* +(b—c)? +4b2 +(c—a)’ +4c2 +(a-h)’

>3.
2a’°+b*+c® 2b*+c*+a® 2c®+a’+b?
Loi gii,
. 4a’+(b-c)® 2(2a* +b*+c*)—(b+c)? (b+c)’
Taco: 2 2 2 2 12 2 =2- 2 12 2
2a°+b°+c 2a°+b°+c 2a°+b°+c
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C6 hai dang thirc tuong tu.
BDT da cho tuong duong vai
2 2 2
(b+c) N (c+a) N (a+b)

<3.
2a’ +b’>+c®> 2b*+c*+a® 2c*+a’+b?

—~

. . 2 2 (x+y)
Ap dung BDT Cauchy — Schwarz cho 4 s6 duongx— + Y y) , ta co:
m n m

(b+c)? - b? . c?
2a’°+b’+c*  a’+b* a’+c’
Ta c6 hai BDT tuong tu, cong ting vé ta co:
(b+c)? N (c+a)’ N (a+b)?
2a° +b”+¢* 2b*+c’+a® 2c*+a’+b’

b? c’ c’ a’ a’ b?
< + + + + +
[az+b2 a2+czj (b2+c2 a2+b2j (c%a2 c2+b2J

b? a? c? b? a? c?
= + + + + +
a?+b?> a’+b® b?+c®> c?+b? a?+c? a*+c¢’

=3
= BDT da cho dugc chitng minh

Déau bang xay ra khia=b =c.
Bai 21. Xét cac s6 thuc dwong a, b, ¢ thoa mén abc =1.Tim gié tri 16n nhat cua biéu thic
a b c

T-= + +
b*+c*+a a*+c*+b a‘+b*+c

Loi gii,
Taco:a’ +b* >ab(a’+b’)va;beR
That vay:
a*+b* >ab(a®+b?)
<=>a*+b*>a’ +ab’
<=>(a-b)(@*-b%)>0
<=>(a—b)*(a’ +ab+b?) > 0(ludén dung Va;beR)

=>a'+b’'+c>ab(@’ +b*)+c<=>a’+b*+c>ab(@®+b*)+abc’ > 0( vi a;b;c >0 va abc=1)

C C . C C
<=> 73 < 2 ne 7 (Vi c>0)<=>——+ < 2 pm2 2
a’+b"+c ab(a®+b%)+abc a’+b"+c ab(a®+b“+c)
2 2
C C C C
<=> < < (1)

< <= <
a’+b*+c abc(a’®+b’+c?) a’+b*+c a’+b’+c’

Tuong tu:
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b b?
< 2
a‘+c*+b a2+b2+c2( )
2
a - C @)

b*+c*+a a’+b?+c?
Cong theo vé cac bat dang thirc (1),(2) va (3) ta co:
a b c a®+b?+c?

7, 4 LI R S 5=
b*+c*+a a"+c"+b a*+b"+c a“+b°+c
Vay T<1 Va;b;c >0 théa man abc=1
Vi a=b=c=1 thi T=1
VayGTLNcuaTlal

1

Bai 22. Cho hai sé duong a , b théa man diéu kién: a+b < 1. Ching minh rang: a’ —43—% < _79
a
Tuw giai.
. s g oA T Y Y N | s
Bai 23. Cho a, b, ¢ la c&c s0 duong thoa man diéu Kign _+B+_ <3 . Chtng minh rang:
a c
a b c

+ +
1+b*> 1+c¢® 1+a

5 +%(ab+bc+ca)23

Lai giai.
Ta chirmg minh BDT

(a+b+c)(1+l+l)29(*)

a b c

a b b ¢ c a
*)<=3+(—+)+(=+)+(—+—-)=>9

b a c b a ¢
Ap dung BDT C6 — si cho hai s6 duong ta cé:
a b

—+—2>2
b a

v
N

+

+—2>2

o oo
ol Tlo

=>(*) ding
9 S£+1+£g3z>a+b+C23
atb+c a b c

Tré lai bai toan: Ap dung BDT C6 si cho hai s6 duong ta c61+b? > 2b

Ta co:
2 2
a > =a-— ab 5 Za—ﬂza—a—b(l)
1+b 1+b 2b 2

Tuong tu ta cO:
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b bc
>bh-—(2
1+c? 2 @)
C ca
>c——(3
1+a’ 2 ®)
Cong tung vé cua (1), (2) va (3) ta co:
a2+ b2+ C22a+b+c—1(ab+bc+ca)
1+b° 1+c® 1l+a 2
=> a2+ b2 ¢ 2+1(ab+bc+ca)2a+b+c23
1+b° 1+c° 1+a° 2
=>dpcm

Déu bang xay rakhia=b=c=1.
Bai 24. Cho ba sé duong x, y, z thoa mén diéu kién x + y + z = 1. Chang minh rang
350 386

+— > 2>2015
Xy+yz+zx X +y +z

Lo giai.
Véi moi a, b>0vax,y, z thoa diéu kién dé bai, 4p dung bat dang thirc Cosi cho 2 sé duong:

1 1 11 1 1 4
a+b)| =+=|>2yab.2 f—.—:4 > ——(*
( i )(a+bj ab :>a+b a+b()

(x2 +y2)+(y2+22)+(z2 +x2)22xy+2yz+22x:> X2+ Y2+ 2% > Xy + yz +2X

2
X z
:>x2+y2+zz+2xy+2yz+22x23(xy+yz+zx):>xy+yz+zxsﬂ:%
Ap dung 2 bat dang thic trén ta co:
P 350 - 3826 386 1 - 12 |+ 157
XYy+yzZ+2X X +y +2z 2XY+2y2+2IX X +Y +1Z XYy + YZ + 2X
> 386. 4 ——— + 157
2XY+2YZ+2ZX+ X"+ Y +2° XY+ YZ+IX
__ 14 =+ 157 =1544+L21544+E:2015
(X+y+2)" Xy+yz+2zx Xy + YZ + X 1
3
DAu bang xay ra khi va chi khi{ x+y+z=1 1, 3(kh(‘)ngxéyra)
2Xy +2yZ+22x = x> + y* + 7° 373

Vay P >2015 (dpcm)

Bai 25. Cho a,b 1a cac s6 duong thoa man diéu kién (a+b)® +4ab <12.
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Chuang minh bat dang thic Lt o01sab <2016,
l1+a 1+b

Léi gidi.
Tac612> (a+b)® +4abz(2@)3 +4ab . Patt =+/ab,t >0 thi

12>8t° +4t° = 2t° +t° -3<0 < (t-1)(2t° +3t+3) <0
Do2t? +3t+3>0,vtnént—-1<0<t<1.VayO<ab<1
L1 2
1+a 1+b 1++ap’
1 1 1 1
— + — <0
1+a 1+\/% 1+b 1+\/£
Jab-a Jab-b Jo-a)Ja b
+ <0 -
(1+a)1++ab) (1+b)(1++/ab) 1++ab Jl1+a 1+b
., (b—+ay'(Jab-1)
(1++ab)(1+a)(1+b)
2

1+\/£

Ditt =/ab,0<t<t ta duqc%+2015t2 <2016
+

2015t° + 2015t* — 2016t —2014 <0
<> (t—1)(2015t* + 4030t + 2014) < 0. BDT nay ding Vt:0<t<1

Va,b>0 thoamanab<1

Ching minh duoc

That vay, BDT

<0. DoO<ab<1 nén BDT nay ding

Tiép theo ta s& CM

+2015ab < 2016,Va,b >0 théamanab <1

vayi +—L 20158 < 2016. Ping thuc xayraa=bh =1
l1+a 1+b

Bai 26. Cho cac s6 thyc duong a, b, ¢ théa man ab + bc + ca = 11. Tim GTNN
3 5a+5b+2c
J12(a? +11) +/12(b? +11) +/c? +11

Léi giai.

P

Thay 11 = ab + bc + ca vao P, ta co:

B S5a+5b+2c
J12(a? +11) +/12(b? +11) +/c? +11

3 5a+5b +5¢
JlZ(az +ab+bc+ca) + \[12(b2 +ab+bc+ca) ++/c?+ab+bc+ca

5a+5b+5c «

= (*)

2\3(a+b)(a+c)+2y3(b+a)(b+c) +4/(c+a)c+b)

P
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Ap dung BDT Cé-si cho hai s6 khdng am, ta co:

2\/3(a+b)(a+c) <3(a+b)+(a+c)=4a+3b+c 1)
Tuong tu:
2,3(b+a)(b+c)<4b+3a+c (2)

«/(c+a)(c+b)£%(a+b+2c) @3)

Cong tung vé cua (1), (2) va (3) ta cd

2\3(@+b)(a+c) +23(b+a)(b+c) +y/(c+a)c+b) < %aJr%b +3c  (**)

Tu (*) va (**) tacod

le:a+i2+2c :g
—a+—b+3c 3
2 2
3(a+b)=a+c
o 3b+a)=b+c |a=b=1 a=b=1
Dau bang xay ra = 5 &
c+a=c+b c=5

ab+bc+ca=11
ab+bc+ca=11

Vay GTNN cua P Ié% ,datduockhia=b=1,c=5.

Bai 27. Cho ba sb thuc x; y; z théa man: x>+ y? + 22 <9
Tim gié tri 16n nhat cia biéu thac P = X +y + 2 — (Xy + yz + zX)
Loi giai.
Ta co:
(x+ y+z)2 :(x2+y2+22)+2(xy+ yZ+2X) <9+ 2(Xy + Yz + 2X)
(x+ y+z)2—9
2
9—(x+y+2)?
2

= XY+ YZ+2X>

=>P<IX+y+z+

—t2 2
BE‘tXerJrZ=t:>P$t+92t _ L §t+1+5

X+y+z=1

=—%(t—1)2+5§5

Dau bang xay ra khi va chi khi{ chang hankhix=1,y=2,z=-2

X +y?+2° =9,

Vay gia tri I6n nhat caa P 1 5.

Bai 28. 1. Cho a, b 1a 2 s6 thuc duong. Chiing minh rang \/(1+a)(L+b) >1++/ab

2. Cho a, b 14 2 s6 thyc duong thoa mén a + b = ab. Tim gia tri nho nhat cua biéu thic
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P= a2i2a+b2i2b+\/(l+a2)(l+b2)
Lai gial.
1. Bat dang thtc can chimg minh tuong duong véi
(1+a)1+b) > (1++/ab)? < 1+a+b+ab>1+2ab +ab
sa+b-2Jab>0< (Va-+b)? =0

(ludn dtng véi moi a, b > 0)

2. Ap dung bét ding thuc trén ta c6 /(1+a2)(1+b?) >1+ab=1+a+b 1)
Vé6i moi x, y > 0, 4p dung bét dang thirc Cosi cho 2 sb duong ta co:

(1+£](x+y)22 3.1.2\/@=4:>1+12 4 (2)
Xy \/xy X Yy X4y

Ap dung (1) va (2) ta co:
4

P>— 5 +1+a+b:%+1+a+b
a“+2a+b"+2b a®+b"+2ab

4 a+b 7(a+b)
= >+ + +1
(@a+b)? 8 8
Ap dung bat dang thirc Cosi cho 2 sé duong ta co:

(a+b)?

a+b=ab< = (a+b)*>4(a+b)=>a+b>4

Ap dung bat dang thirc Cosi cho 2 sé duong ta co:

4 a+b a+b 4 a+b a+b 3
>+ + >33 5 . =—
(a+b) 16 16 (a+b)* 16 16 4

SuyraP 2%+g.4+1: %1 DAu bang xay ra khi a = b = 2. Vy gia tri nho nhit cua P |a%

Bai 29. Cho a,b 1a hai s6 thay d6i thod man cac diéu Kién a >0, a+ b > 1. Tim gia tri nho nhat

8a’+b

cua biéu thic A= +b?
4a
Loi giai.
2
AP e oar X i @ib?) s ar )
4da 4da da
Vi
a>0;a+b21:>£21_—61;6121—b:>a+£2i—b+§
4da 4da da 4a 4
1 3 1 1 1
= A>(@a+b?)+(—-b+3)=(a+—)+(b-2)*+=
( )(4a 4)( 4a)( 2) >

223



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Taco a+i >92 fa_i =1 (BPT Cb-si cho hai sé khéng am); (b—l)2 >0
4a 4a 2

:>A2§
2

D4 u bang xay rakhi a=b=

w I'\J|I—‘

Vay gié tri nho nhat cua A 1a 5 dat dugc khi a=b =%
Bai 30. Tim cac sb thuc khdng am a va b thoa man
3 3 1 1
a’+b+ )b’ +a+>)=(2a+=)(2b+=
( 4)( 4) ( 2)( 2)
Lai giai.
Va&i moi x, y khéng am, ta co:

(x— %)2 >0 <=> X’ +% > x(*) Dau bang xay ra ©x :% :

ma

(X—y)*>0<=>x*-2xy+y>>0

<=> X’ +2xy + y? > 4xy

<=> (X+Y)* = 4xy(**)

DAau bang xay ra < x = .

Ap dung BDT (¥) véi x =a va x = b ta duoc

a2+b+§=(a2+l)+b+lza+b+l>0
4 4 2 2
b2+a+§:(b2+1)+a+lzb+a+l>0
4 4 2 2
2 3\ /2 3 1
=>(a +b+Z)(b +a+Z)2(a+b+§) @

Ap dung BPT (**) ta duoc:

(a+b+%)2={(a+%j +(b+%) }z4<a+%)(b+%)

1 1
=(2a+ E)(Z b+ E)(Z)

Tu (1) va (2) tasuy ra: (a° +b + %)(b2 +a+ %) =(2a+ %)(Zb + %)
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QD
I

o
I

Dau bang xay ra khi va chi khi <=>a=b=

Il

(op

+
I

o1}
+
NN ST R T

Vay a=b :% la gié tri can tim.

Bai 31. Cho céc sb duong a, b, ¢ théa man ab + bc + ca = 3. Chitng minh rang:
1 1 1 3
+ + > =
a’+1 b°+1 c¢®°+1 2
Loi giai.
Gia sir a>b >c , tir gia thiét suy ra ab >1. Ta c6 bét dang thuc sau:
— 2 —
L, 1o 2 o @D@D) .4 460 dung).
1+a® 1+b® 1+ab (1+a%)(@+b%)(1+ab)
1.3

+ >
1+ab 1+c® 2

<=>c?+3—ab>3abc? <=>c? +ca+bc>3abc? <=>a+b+c>3abc

Vay ta can chirng minh:

L (a+b+c)*>3(ab+bc+ca)=9
Bat dang thac hién nhién dang vi
ab + bc + ca > 33/(abc)?
Hay a+b+c > 3>3abc
DAu bang xay ra khi a=b=c=1
Cho céc sé duong a,b,c thoa mén a+ b +c = 3.Chirng minh rang:
ab bc ca 3
+ + <=
Je2+3 Ja?+3 b2+3 2

(a+b+c)?

Ta co: >ab+bc+ca=>ab+bc+ca<3

Taco

ab ab ab Sa_b 1+1)

< =
\/c2+3 «/c2+ab+bc+ca \/’(a+c)(b+c) 2 a+c b+c
VTsl( ab N ab N bc N bc ,ca ca )zl(a+b+c):
2 a+c b+c c+a b+a c+b a+b” 2
Dau bang xay rakhia=b=c=1

Bai 32. Cho a, b, ¢ 12 3 s6 dwong thoa mén ab + bc + ca = 3abc. Chitng minh rang:

a b c 3

2 T2 T3 <5

a“+bc b°+ca c°+ab 2
Loi giai.
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ab+bc+ca 1 1 1

Tir didu Kién dé baitacd) ————= =3 =+=-+==3
abc a b c

Ap dung hai lan bat dang thic Cosi cho hai sé duong, ta c6:

a? +bc > 2+/a?bc = 2avbc = 2 L

a+bc ZaJ_c 2.Joc
ii<1[l+lj:> a <1(l+l)
Jb'e 2\b ¢c) “at+bc 4lb ¢

Tu:ongtu,rtacé:L<1£1 Ej ¢ <1[1 1}

b’+ca 4\c a)c’+ab 4\la b
a b Cc 11 1 1) 3
Suy ra > + <Z| T4z |=Z
a’ +bc b’+ca c’+ab 2\la b c) 2
Bai 33. Cho a, b, ¢ 1a ba s thuc khong &m va théa mén: a + b + ¢ = 1. Chirng minh réng
J5a+4 ++/5b+4++/5c+4>7
Loi giai.

a@l-a)>0 axa’
Vi a, b, ¢ khéng am va c6 tong bang 1 nén0<a,b,c <1=<b(1-b)>0 = {b>b?
cl-¢)=0 [c>c?

Suy ra mzxfa2+4a+4=\/(a+2)2 =a+2
TumgtuM2b+2;MZC+2

Do d6 5a+4 ++/5b+4 ++/5c+4 >(a+b+c)+6=7 (dpcm)

Bai 34. Cho cac sé duong a,b,c,d . Ching minh ring trong 4 s6

a +1+1 b2+1+1;c2+1 L d2+1+1 C6 it nhat mot sé khong nho hon 3.
b ¢ c d c d a b

Loi giai. Gia sir ca bén s6 déu nho hon 3 thi

P:az+%+1+b2+l+1+cz+£+£+d2+l+%<3

C c d c d a
Mait khac
P:a2+l+1+b2+1+1+02+1+1+d2+1+1:a2+b2+cz+d2+2(1+1+1+1j
b ¢ c d c d a b a c d

Trai diéu gia st suy ra c6 it nhat mot sé khéng nho hon 3.
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Do 4(a2+b2+cz+d2)2(a+b+c+d)2;£+l+1+lZ#
a b c d a+b+c+d
2
:PZ(a+b+c+d) L 18 16
4 a+b+c+d a+b+c+d
23i/(a+b+c+d)2. 6 16
4 a+b+c+d a+b+c+d
=12

Bai 35. a) Cho céc sé duong a, b, ¢ tity ¥. Chang minh rang:

(a+b+c)[l+l+1J29
a b c
b) Cho cac s6 duong a, b, ¢ thoa man a + b+ ¢ < 3. Chang ming rang:

1 N 2009
a’+b*+c¢® ab+bc+ca

> 670

Loi giai.
a) Ap dung bat dang thic C6 si cho 3 s6 duong
a+b+c23abc;l+l+lz3 1
a b c Jabe
1 1 1
Suy ra a+b+c)|—+—+-{29
y ( )(a b CJ
Bat ding thuc dugc chitng minh. Dau dang thic xay ra khi va chikhi a=b =c
) (a+b+c)2
b) Taco ab+bc+ca£a2+b2+02:>ab+bc+caST£3

Suyra _ W07 > 669
ab + bc + ca

Ap dung bat dang thic trong cau a, ta co

1 ¥ 1 + ! (a2+b2+02+2ab+2bc+2ca)29
a’+b’+c¢®> ab+bc+ca ab+bc+ca

1 N 1 S 9
a’+b>+c> ab+bc+ca (a+b+c)2

>1

Suy ra

Do d6 ta duoc 1 + 2009 > 670.
a’+b*+c¢* ab+bc+ca
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Vay bt dang thirc dugc ching minh. Dau dang thire xay ra khi va chi khi
a=b=c=1.

Bai 36. Vi s6 tu nhién n > 3. Ching minhrang S, < é

Voi S, =

1 1 1
3(1442) 5(2 3] (nen)(a+ 1)
Loi giai.
Ta co:
1 _Vn+1-vn _ Vosi-n
(2n+1)(«/5+«/ﬁ) 2n+1 \/’4n2+4n+1

_nsi-Vo_Vnsiodn 11 1
S ran 2darivm [ J

1N

Do d6 ta duoc

Sn<1[1 1

R ETE J_] 1(1‘ﬁ}<
D

N | —

—\2|>

Bai 37. Chang minh rang o , V&i moi s6 nguyén m, n
n

1
n2(£+6)
Loi giai.

N NP P S § § R U N A A, A 1IN
Vim, n la cac so nguyén nén — 1a so hiru ti va \/5 14 s6 vO ti nén ——\/5:& 0.
n n

Ta xét hai truong hop sau

+ Truong hop 1: Véi 2 > 2, khi d6 ta dugc
n

m’ >2n° = m” >2n° +1 hay m > 2n” +1
Tur do suy ra
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on” +1 \5—2——\F

2

m_

n

+ Truong hop 2: Véi = < /2, khi d6 ta dugc
n

m’ <2n* =>m’ <2n° -1 hay m <+/2n* -1
Tir do suy ra

1

{HQ_l 1 2-2+—

\/—‘ \/—__> - :\ﬁ_ Q_F: n’
NCE e

Il

n

1
l’lz[\/g‘F 2_2] (\F-l_f)
J n
Vay bai toan dugc chuing minh.

Bai 38. Cho ba s6 thyc a, b, ¢ doi mot phan biét. Chung minh rang:

2 2 2
a b C
+ + > 2

(b - c)2 (c - a)2 (a — b)2

Léi giai.

Bat dang thiic can chimg minh tuong dwong véi

+

(bic+cl—)a+aibj2 22+2£(b—c2;1()c—a) (c—a;)(ca—b)+(a—bc)?b—c)

Ma ta lai co

ab bc ca

(b=c)fe=2) (e=a){a=1) " [a-b)(bc]

_ ab(a—b)+be(b—c)+ca(c—a) (a=b)(b-c)(c-a

)
(a—b)(b—c)(c—a) _<a—b)(b—c)(c—a)
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2
Do d6 bét ddng thac trén tro thanh | —2— + b ¢ s,
b-c c—a a-b

Bat dang thuc cudi cung 1a mot bat dang thirc dang. Vay bai toan dugc ching
minh.

Bai 39. Cho a, b, ¢ 1a cac s thuc duong thay d6i thoa mdn a+b+c = 3. Tim gia
tri nho nhét cua biéu thuc:

ab +bc +ca
P=a’+b*+c” +

a’b +b’c+c’a
Loi gidi.
Du doan dugc ddu dang thuc xay ra tai a = b = ¢ = 1 va gié tri nho nhat cua P 13
4. Ta quy bai toan vé chitng minh bat dang thic

ab+bc+ca
a’?+b*+ct+

a’b+b’c+cla
That vay, két hop véi gia thiét ta co
3(&2 +b’ +cz) = (a+b+c)(a2 +b’ +(32)
=a’+b’+c’ +a’b+b’c+c’a+ab® +bc’ +ca’
Ap dung bat dangr thirc Cauchy ta c6
a’ +ab’ > 2a’b;b® + bc® > 2b’c; ¢’ +ca’® > 2c’a
Suy ra 3(a2 +b? +c2)23(a2b+b2c+c2a)> 0

ab+bc+ca , ab+bc+ca

>a’+bP+ct +
a’b + b’c + c’a a’ + b +¢?

Phép chitng minh s& hoan tat néu ta chi ra duoc

Do d6 ta duoc a> +b* +c* +

ab + bc + ca
a2+b2+02+ﬁ24
a“+b” +c

9—(a2+b2+(12)

2(a2 +b2+(:2) =4

Hay a’+b’+c*+

Pitt=a*>+b> +¢°.
Tugiathiét a+b+c=3=a’>+b>+c* =3, do d6 ta duoc t > 3
Bat dang thuc trén tro thanh
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42 st 2 19—t > 8t o (t-3)(2t-3)>0
2t
Bat dang thuc cudi cung luén dung do t > 3. Vay bai toan duoc chitng minh xong.
Bai 40. Cho biéu thuc P =a’ +b* +¢* +d* + ac + bd, trong d6 ad —bc = 1.
Chéng minh ring: P > /3
Loi giai.
Taco
(ac + bd)2 + (ad - bc)2 = a’c’ + 2abed + b*d”* + a*d® — 2abed + b*c?
=a’ ((32 erQ)er2 (d2 +02) = (32 +b2)(02 +d2)
Vi ad—bc =1 nén 1+(ac+bd) = (aQ +b2)(02 +d2) (1)

Ap dung bat dang thire Cauchy ta duoc

P=a2+b2+02+d2+ac+bd22\/(a2+b2)(02+d2)+ac+bd

SuytaPZQ\/1+(ac+bd)2 +ac+bd.RArang P >0 Vi

2 2
2\/1+<ac+bd) >\ac+bd\
bat x = ac + bd, khi do ta dugc
P>2Vl1+x* +x < P? 24(1+x2)+4x4\/1+x2 +x? =(1+X2)+4X’\/1+X2 +4x* +3

2 I4 2
Hay P* > (xll +x° + 2x) +3>3.Do do6 taduoc P > J3. Vay bat dang thirc duoc

chtng minh. Bang thic xay ra khi va chi khi

ad—bc=1
2a=\/§d—c
9 = 3¢ —d

Bai 41. Goi a, b, ¢ 1a @6 dai ba canh cua mot tam giac cé ba goc nhon. Ching minh

rang véi moi so thuc x, y, z ta luén co:
2 2 2 2 2 2
Vs 2x° 4+ 2y + 2z

T Y LE Y

al bt & a’+b? +c?
Lot giai.
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Via?+b’+c¢® >0 néntacd
X2 y? Z2

(a2+b2+02) —2+—2+—2
a b C

2 2 2 2 2 2 2 2 2
Y PP ek PSS (P e 1 DY P O el
a’ b® ¢’

b’ +c* —a’ a’+c> —b? a’+ b’ —c
:2X2+2y2+222+x2(— +y | — |+ 7| —

2 2 2

a b C
Giast a<b<c khidd ¢ —a’?>0; ¢ —b> > 0. Véi ¢ 1a canh 16n nhét va céc goc

déu nhon nén ¢ <a® +b*. Do dé ta c6
b’+c’—a’>0;a°+c¢—b*>0;a°+b*—-c> >0

Suyra

b2+c:2—a2 a2+02—b2 a2+b2—c:2
2 2 2 2 2 2

> 2x” +2y° + 27°

2 2 2
Ha a2+br+) | 2 r | 92k 42y 4222
Y ( )a2 b? Y
2

2
X

Hay — +
a

v,z
S a’+b’+c
Bai 42. a) Cho k 1a s6 nguyén duong bét ki. Chung minh bat dang thac sau:

1

<k+1>¢;<2[imﬁﬂ

, . v 1 1 1 1 88
b) Chang minhrang: -+ —=+—F—+ 4+ ————< —
2 32 43 201032009 45

Léi giai.

2x* +2y° +27°
2

. Bai toan dugc chiing minh xong

a) Bat dang thic can ching minh tuong duong voi

(k+1)ﬁ <2 \IE\%«/E @2k+1—2m>0©(\/1:_\/§)2 >0

Bat ding thuc cudi cung ludén dung voi moi k nguyén duong.

Vay bt dang thirc duoc ching minh.
b) Ap dung két qua cau a ta c6
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1
_|_

2\f 3\/_ 4\/_ 201082009
( _Tj [__%j [42(1309 Jzino}

(g5

Vay bt dang thirc dugc chang minh xong.
Bai 43. Véi a, b, ¢ 1a nhitng s6 thuc duong. Chitng minh rang:

4‘"‘“||

a’ b? ¢’ >a+b+c

+ + >
\/3&2 + 8b* + 14ab \/3b2 + 8c* + 14bc \/3(:2 +8a’ + 14ca i)
Loi giai.
Ap dung bat dang thirc Cauchy ta duoc

3a° +8b* + 14ab = 3a° + 8b* +12ab + 2ab < da’ + 9b% +12ab = (2a + 3b)2

2 2 2
a a a
> —

J3aZ +8b +14ab (2a+ 3b)2 ~ 2a+3b

Suyra

Ap dung tuong tu ta thu duoc
a’ b c’
+ +
V3a2 +8b% +1dab  \3b> + 8¢’ +14bc  \/3c? + 8a® + 1dca
a’ b c’
> + +
2a+3b 2b+3c 2c+3a

Mt khéc theo bat dang thirc Bunhiacopxki dang phén thuc ta dugc

2
a’ N b N c? >(a+b+c) _a+b+c
2a+3b 2b+3c 2c+3a_5(a+b+c) 5
Do d6 ta duoc
a’ b? c? a+b+c
+ + >
J3a? +8b +14ab  V3b% +8c2 +14be V3¢ +8a” + 14ca 5

Viy bai toan dugc chimg minh xong. Pang thuc xay ra khi va chi khi a =b =c
Bai 44. Gia st X, Y, z la nhitng s thuc thoa mén didu kién 0 < x, vy, z< 2 va

X +y+z = 3. Tim gié tri nho nhat va Ién nhét caa biéu thic:

M:X4+y4+z4+12(1—x)(1—y)(1—z)
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Lot gial.
Pata=x-1b=y—-1Lc=z-1,tadugC -1<a;b;c<l1Vaa+b+c=0. Biéu
thic M dugc viét lai thanh
M:a4+b4+c4+4(a3+b3+c3)+6(a2+b2+02)+4(a+b+c)+3—12abc
Péylakhi a+b+c=0 thi a®+b®+c® —3abc = 0 nén biéu thic trén thir
thanh
M=a4+b4+c4+6(a2+b2+02)+3
Theo mot danh gia quen thudc thi
a4+b4+c42abc(a+b+c)=0
a’+b’> +c’ Zl(a+b+c)2 =0
3
Do d6 suy ra M > 3 hay gia tri nho nhat caa M 14 3.
Pang thuc xay rakhivachikhia=b=c=0hay x=y =z=1.

Miit khac do —1<a; b; c <1 néntacé faf; |b

c‘gl.Tl‘rdétacé

a'<a’ S‘a‘; b* < b’ S‘b‘; ct<¢? S‘c‘
Suyra M=a'+b*+c +6(a2 +b’ +c2)+3£ 7(‘a‘+‘b‘+‘c‘)+3
Ma ta lai ¢6 a +b-+c =0 nén trong ba s a, b, ¢ c6 mot hoac hai sé am, tac 13
ludn tdn tai hai s6 cung dau. Khéng mat tinh tong quat ta gia su hai s6 do 1a b va c.
Khi d6 ta duoc
bl +|e| = b+ | = o
Dén ddy ta c6 M < 14]a|+ 3 <17 hay gid trj I6n nhét ciia M 1a 17. Bang thirc xay ra
khi va chi khi a =1; b=—-1;c =0 vacac hodnvihay x =2; y = 0; z =1 va cac hoan
vi
Bai 45. a) Cho 3 s6 thuc a, b, ¢ bat ki. Chitng minh rang:
2 2 2
a—Db b-c c—a
a2+b2+022ab+bc+ca+( ) +( ) +( )
26 6 2009

1
a

>

b) Cho a > 0; b < 0. Chung minh rang

o o

2a—Db
Lot giai.
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a) Bat dang thuc can ching minh twong duong véi

(a—b)2 +(b—c)2 +(C—a)2 S (a—b)2

2 2
S +(b—c) +(c—a)
2 2 2 26 6 2009

2 2 2
12la—b b-c 2007 (c—a
o) (o] 2mes)
13 3 2

Bat ding thuc cudi cung luén dung.
Vay bai toan dugc chimg minh. Pang thirc xay ra khi va chi khi a =b =c.
b) Bat dang thirc can ching minh twong duong voi

1,2,_8
a —-b 2a-b
Dit ¢ = —b, do b < 0 nén ta duoc ¢ > 0, khi d6 bat dang thuc trén duoc viét lai
thanh

1 2 8
—+2>
a ¢ 2a+c
Theo mot danh gia quen thudc ta duoc
1,2_2 2 24 _ 8

a ¢ 2a ¢ 2a+4+c 2a+c

Vay bat dang thirc dugc ching minh. Bang thic xay ra khi va chi khi 2a = —b.

Bai 46. Cho a, b 1a cac s6 duong thoa man + L 1. Chitng minh ab® < 1
1+4a 1+b 8
Lot giai.
NS 2b - a X y
Tur gia thict +——=1.Pat x= [y = Suyraa=——;b=—"—.
1+a 1+b 1+a 1+b 1-x 1-y

Khi d6 ta duoc x +2y =1 va bat ding thac can chimg minh dugc viét lai thanh
Xy2

2

(1-x)(1-v)

Tugiathiéttasuyra 1—x =2y; 1—y = x + v nén lai viét bat dang thirc can

<1
8

chung minh thanh
Xy2

— <
2y(x + y)

& 4xy < (X+y)2

|~
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Panh gia cudi cling 1a mét bt dang thire diing. Vay bai toan dugc ching
minh xong. Pang thuc xay ra khi va chi khi a = b.
Bai 47. Cho X, Y, z 1 cé4c s6 thuc duong sao cho xyz = x +y +z+2. Ching minh

rang:
1 N 1 N 1 <§
wfxy \/yz \zx 2
Lot giai.
A T 1 1 1
Gia thiet cua bai toan duoc vieét lai thanh + + =1
x+1 y+1 z+1
- 1 1 1 s <1y
baita=——:;b-= ;C= . Khi do6 ta dugC a+b+c=1. Tur do suy ra
x+1 y+1 z+1
l1-a b+c 1-b c+a l1-¢c a+b
a a b b ¢ a

Bat dang thuc can chimg minh dugc viét lai thanh

ab N bc N ca <§
(b+c)(c+a) (c+a)(a+b) (a+b)(b+c) 2
Ap dung bat dang thire Cauchy ta duoc
ab <1( b L2 j
<b+c)(c+a) ~2lb+4+c c+a
bc l( c N b J
<C+a)(a+b) 2lc+a a+b
ca E(L+L]
(a+b)(b+c) 2la+b b+c

Cong theo vé cac bat dang thuc trén ta dugc

IA

IA

ab N bc N ca < 3
(b+c)(c+a) (c+a)(a+b) (a+b)(b+c)_2
Vay bt dang thirc dugc chimg minh. Bang thic xay ra khi va chi khi a=b=c =2
Bai 48. Cho cac so thuc khéng &m a, b, ¢ sao cho ab + be + ca = 3. Chttng minh
rang:

21 +21 +21 <1
a“+2 b " +2 ¢ +2
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Lo giai.
Bat dang thiic can chimg minh tuong dwong véi
2 2 2
N b +-C >
a’+2 b*+2 c*+2
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta duoc

2 2
a2 b2 c? (a+b+c) (a+b+c)
+ + > = =1
a’+2 b’+2 +2 a*+b’+c’+6 a2+b2+cg+2(ab+bc+ca)
Bai 49. Cho X, y, z 1a c4c s6 duong théa man x + 2y + 3z = 18. Chang minh rang:
2y+3z+5+32+x+5+x+2y+52§
1+x 1+ 2y 143z 7
Loi giai.
Pit a = x; b = 2y; ¢ = 3x, khi d6 gia thiét tro thanh a + b + ¢ = 18 va bt dang

thirc dugc viét lai thanh

b+c+5 c+a+5 a+b+5 _ 51
+ + > —
1+a 1+b 1+c 7
Bat dang thirc trén trong duong voi
b+c+5+1+c+a+5+1+a+b+5+1zg+3
1+a 1+b 1+c 7
Hay (a+b+c+6) L + L + ! 22
1+4a 1+b 1+4c 7
Phép chitng minh s& hoan tat néu ta chi ra duoc
1,1 1.3
1+4a 1+b 14+4c 7
That vay theo bat ding thiic Cauchy ta c6
1 1 1 9 9 3
+ + > =—==
1+4a 1+b 14c¢ 3+a+b+c 21 7

Vay bai toan dugc chitng minh.
Pang thuc xay rakhivachikhia=b=c=6 hay x=6; y = 3; z = 2.

Bai 50. Gia st X, , z 1a c4c s6 thuc duong thoa man diéu kién x +y +z =1.

\/xy+z+\/2x2+2y2 51
1+4/xy
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Loi giai.
Ta s& quy bai toan vé viéc chimg minh bat dang thirc cling bac 1a

2 2
\/Xy+Z(X+y+Z)+\/2X + 2y -

x+y+z+\E B
<:>\/(X+z)(y+z)+\/2xz+2y2 Zx+y+z+\jg

Sir dung bit dang thuc Cauchy taco 2x° +2y* > x+y
Do d6 ta chi can chitng minh \/(z +x)(z+y) 22+ Jxy

Bat dang thirc trén tuwong duong véi
2
ZQ+Xy+Z(X+y)ZZ2+Xy+2Z Xy<:>z(\/;—\/}_f) >0

Bai toan dugc chimg minh hoan toan. Pang thuc xay rakhi x =y ==; z=0.

N | =

Bai 51. Cho X, Y, z la cac s6 duong théa man x +y +z = 182, Chutng minh rang:

FGo) o) ey 8
Lo giai.

Bat dang thiic can chimg minh tuong dwong véi
1 N 1 N 1 > 1
\/QX(y+Z) \/2y(z+x) \/22 (X+y) 4\/5
Ap dung bat dang thirc Cauchy ta co 2, ,2}( (v +2) <2x+y+7,do do ta dugc
1 > 2
2X(y+z) 2x+y+7z

Hoan toan tuong tu ta dugc bat dang thic

1 1 1 ( 1 1 1 j
+ + > 2 + +
\/QX(y+z) \/Qy(z+x) \/22(X+y) 2x+y+2z xX+2y+z X+y+2z
Phép chang minh s& hoan tat néu ta chi ra dugc
1 N 1 N 1 > 1
2x+y+7z X+2y+z X+y+2z 8\j§
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That vay theo bat ding thire Cauchy ta duoc

1 1 1 9 9 1
+ + 2 = =
2x+y+z X+2y+7z X+y+2z 4(X+y+z) 4.18\/5 8\/5

Viy bai toan dugc chimg minh xong. Bang thic xay ra khi va chi khi

X=y=z:6\/6.

Bai 52.a) Cho 2 s6 duong a va b. Ching minh ring : — gl(l+lj
a+b 4la b

b) Cho 3 sé duong x, y, z théa man ~ + = + X = 2010. Tim gia trj 16n nhét
X y z

1 1 1
+

cua biéu thac: P= +
2x+y+z X+2y+z xX+y+2z

Loi giai.
a) Bién ddi tuong duong bat dang thire trén nhu sau

e Py e (A R RO

a+b 4la
Bat ding thuc cudi cung luén dung. Vay bai toan duoc chimg minh. Pang
thie xay ra khi va chi khi a =b
b) Ap dung bat dang thirc trén ta dugc

1 11 1 1 1({2 1 1
— <= + < | =+=+=
2x+y+z 4({x+y xX+7z 16\x y =z

Hoan toan tuong tu ta duoc

1 1(1 2 1 1 1(1 1 2
— < |+t —————— < — |+ =+ =
x+2y+z 16(x y z) x+y+2z 16\x y =z

Cong theo vé cac bat dang thirc trén ta duoc

1 1 1 11 1 1 2010 1005
P= + + <—|—+—+—-|=——=——
2x+y+z xX+2y+z xX+y+2z 4\ \x y z 4 2

Vy gia trj I6n nhét caa P 1a % Péng thitc XAy ra khi va chi khi x = y = z = 670

Bai 53. Cho a, b, ¢ | ba s6 thuc duong théa man a + b+ ¢ = 2. Tinh gia tri 16n nhat

ab be ca

= + +
\/ab+2c: \fbc+2a \/ca+2b
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Loi giai.
Pé y dén gia thiét a+b+c=2taco ab+2c :ab+c(a+b+c):(b+c)(c+a)
Do d6 theo bat dang thire Cauchy ta duoc
ab ab < 2ab  2ab

Jab +2¢ _\/(b+c)(c+a) - b+C+C+a

2bc  2bc ca 2ca 2ca
< + ; < +
\/bc+2a a+b c+a \fca+2b a+b b+c
Cong theo vé cac bat dang thic trén ta dugc

Hoan toan tuong tu ta dugc

ab bc ca 2ab 2ab  2bc = 2bc  2ca = 2ca
+ + < + + + + +
Jab+2¢ bc+2a ea+2b b+c c+a a+b c+a a+b b+c
= Z(a +b+ c) =4

Hay P < 4. Vay gi4 tri Ién nhat cua P 1a 4.

Pang thie xay ra khi va chi khia =b=c = %

Bai 54. Cho a, b la cac sb thuc duong. Tim gia tri nhé nhat caa biéu thic:

a’ 4b°
P: 3 3 + . 3
a” +8b b“+(a+b)

Léi giai.

1 a?
8b3 3 3
1+ \bs+(1+bj
& a a
Pat t = 2 > 0. Khi d6 bét déng thite duoc viét lai Ia

a
3
P:\/ 1 3+ At 3
L+8t t3+(1+t)

Ap dung bat dang thirc Cauchy ta co

Biéu thirc P duoc viétlaila P =

(2 + 4t )2

1+8t3=(1+2t)(1—2t+4t2)£ =(1+2t2)2
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1 1 1
Suyra - > - = 5
1+ 8t <1+2t2) 1+2¢t

4¢° S 2t
£ +(1+t)3 C1+2t?
That vay, bat dang thirc trén tuong duong voi
3 2
4t > ( 2t 2
t* + (1 + t) L+2¢

Ta s€ ching minh

j <:><1+2t2)2 2t4+t(1+t)3 <:>(t—1)2(2t2+t+1)20

Bat dang thic cudi cung dung voi moi t.
Do d6 ta duoc

3 2
P:\/13+ 4t I 12+ 2t2:1
1486 gy (140) 1426 a2

Vay gi4 tri nhé nhat caa biéu thirc P 1a 1. Bang thic xay ra khi va chi khi a = b
Bai 55. Cho céc s thuc duong a, b, ¢ théa mdn ab + be + ca = 5. Tim gid tri nho
3a+3b+2c

\/6(a2 +5) +\/6(b2 +5) et 45

Léi giai.

nhat cua biéu thic: pP=

Tt gia thiét ab+bec +ca = 5 ta cd
a2+5:a2+ab+bc+ca:(a+b)(c+a)

Ap dung bat dang thirc Cauchy ta c6

\/6(a2+5) =\/6(a+b)(c+a) < 3(a+b);2(c+a) _ 5a+34b+20

Chtrng minh tuong tu ta dugc

6(b2 +5) < 3a+5b+20; \/mﬁ a+b+2c
2 2
Cong theo vé cac bat dang thirc trén ta dugc

\/6(a2+5)+\/6(b2+5)+\/c2+5 gw
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2(3a +3b+2c
Suyra P= 3a+3b+2c . ( ):g

\/6(a2+5)+\/6(b2+5)+ﬂ/c2+5 9a+9b+6c 3

Vay gié tri nho nhat caa biéu thic P 1a %
Ping thirc xay ra khivachikhi a=b=1; ¢ =2.

Bai 56. Cho a, b, ¢ 1a b thuc dwong. Chtng minh rang:

2ab N 3bc N 3ca < a+2b+ 3c
3a+8b+6¢c 3b+6¢c+a 9c+4a+4b 9
Lai giai.
Dit x = a; v = 2b; z = 3¢, khi d6 bat ding thtrc trén dugc viét lai thanh

Xy N VZ N Zx cXty+z
3x+4y+2z 3y+4z+2x 3z+4x+2y 9

Ap dung bat dang thire Cauchy ta duoc

Xy B Xy <Xy 1 N 2
3x+4y+2z x+2y+x+y+z+x+y+z 9 (x+2y x+y+z

xy( 1 2 2 2x+y 2xy
< —+—=+ = +
919 9y x+y+z 81 9(X+y+z)
Hoan toan tuong tu ta duoc
VZ < 2y +z 2yz ZX < 27 +x N 27x

= + ; <
3y +4z+2x 81 9(X+y+z) 3z +4x +2y 81 9(X+y+z)

Cong theo cac vé cau ba bat dang thirc trén ta dugc

Xy N VZ N zZx cXHy+z Q(XY"‘}’Z"‘ZX)
3x+4y+2z 3y+4z+2x 3z+4x+2y 27 9(X+y+z)

<X+y+z)2

Ma theo mot danh gia quen thuoc ta lai cO xy + yz + zx < 2

X+y+z+2(XY+YZ+ZX) < X+y+Z+2(X+y+Z) _X+y+z

Do dé6 ta co <
9(X+y+z) 27 27 9

Xy VZ ZX Xty +z

Suy ra + + <
3x+4y+2z 3y+4z+2x 3z+4x+2y 9
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Hay bat dang thire duoc chimg minh. Dang thire xay ra khi va chi khi a = 2b = 3c.

( ; ]( ; j( : j i
. s I+ |1+ |1+ |2
Bai 57. Chung minh rang: \ 2 b ¢/ 512

Trong d6 a, b, ¢ 1a cac sd thuc duong thoaman: a+b + ¢ = 6.

Lo giai.
(1+i3j(1+i3j(l+ 13] > 29 > 29
a b c 512 512
1 1 1 1 1 1 1
= A=l 20 @) a e ) abie
Ap dung bt dang thirc CO — si cho hai tong trong du ngoic ta duoc:
3 3 1 1Y
A>1+ + + =1+
abc a’b’c* a’v’c? ( abcj
Lai theo bat dang thiic C6 —si ta duoc:

3 3 1 1Y
A>1+ + + =1+
abc a’b*c® a’’’® ( abcj

—8hay >,

3
Lai theo BDT C6 — si ta co: abcs(a+b+cj
abc 8

1

3
Suy ra: Az(1+§j _129

512
Bai 58. Cho basé a, b, ¢ thoaman: 0<a<2,0<b<20<c<2vaa+b+c=3.Chang

Ding thirc xay rakhia=b = 2.

minh rang: a® + b® + ¢*< 9.
Léi giai.
Giai str a = max(a, b, ¢) ; c =min(a, b, c).
0<c<l<acx2
1<a<2=(a-2)(a-1)<0=a’<3a-2
Via+b+c=6go>=2a<3a"-2a<3(3a-2)-2a=7a-6=a’<7a-6. (1)

Mat khac: 0<c<1=c’<c. (2)
Néy 0<b<1l=b’<b (3)

T (1), (2) va(3) tadugc: a® +b®+c*<7a—6+c+b=6a—-3<9
Néu 1 < b < 2 thi twong tu ta c6: b*< 7b—6 (4)
Tir (1), (2) va (4) ta dugc:
a+b’+c®<7a+c+7b-12=21-6¢-12<9.
Vay a® +b® + c®< 9.
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Bai 59. Cho a, b, ¢ la cac s6 duwong. Chang minh rang:
a . b N c <
a+J@atb)a+rc) b+ (b+c)b+ra) c+ fc+a)c+b)
Bai lam.
Ap dung BDT Bu-nhi-a-cop-xKi cho hai cip sé: (va,«b) va (Jc,va) ta co:
Jbro)b+a) = /(Vac + ab)? =/ab ++/ac,
Do do: a+(b+o)b+a) >a+ab++/ac,, 3

a y a _ Ja
a+J(arb)@+c) a+vab+vbc a+vb+lc
b Jo Jo

Tuong ty ta co: P+VB+0)b+2) \/5+ b+’ C+x/(C+a)(C+b \/5+ b+

Cong theo vé cac BDT trén ta duoc:

a b c
o Na b \/5+\/_+\/_
a+\vbve a+vbrVe Ja+vbrie Ja+vbie
Vay bat ding thtrc da cho duoc chitng minh.
Bat ding thuc Bu-nhi-a-cop-xki trd thanh dang thic khi a? = bc, b* = ac, > = ab,
suyraa=b=c.
Vay du “=" ctia Bat dang thirc xay rakhia=b =c.
Bai 60. Cho X, Y, z la c&c s thyuc thoa mén cac diéu kién sau: x +y +z =0,

=1

x+1>0,y+1>0,y+4>0. Hiy tim gia tri 16n nhat cua biéu thuc:
_ X,y 1
X+1 y+1 z+4

Lai gial.
bat a=x+1b=y+lc=z+4thia>0,b>0,c>0vaa+b+c=4
a-1 b-1 c-4 (1 1 4) 1 1 4 4 4 16 8
= + + =3-|—+—+—|; S=—+—+— +—2 =—
a b c a+b c

a+b+c 3

VainaxAz%khixzy: —% va z=1.
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Bai 61. Cho X, V, z 1a 3 s6 thuc duong thoa man diéu kién: x +y + z = 3. Tim gia tri
A - 2 1 1 1
nho nhat cua biéu thac: P=—=+-——=+-"—~=
NrRV AN
Bai lam.

Tacd 3=x+y+z>

(\/;+\/§+ﬁ) :>\/;+\/§+«/E£3

1 1 1 9 9
Dodo: P=—"Fft+-——+-"F—2—F—————=>"=
Iy Nz Ix+Jy+dz 3

Vay: minP=3
Bai 62. Cho a, b, ¢ la cac s6 thuc dwong. Chang minh rang:

3

a+b*+c® a’+b® b*+c? cz+a2>9

+— +— +— >
2abc cc+ab a“+bc b +ac 2
Bai lam.

a? b*> ¢ a’*+b® b*+c? c’+a?
+ + - +— -
2bc 2ac 2ab c“+ab a“+ac b +ac
a’+bc b*+c® b’+ac c*+a® c*+ab a*+b* 3
= +— + +—= + +— —=
2bc a“+bc 2ac b +ac 2ab c-+ab 2
Ap dung bat dang thic CO — si ta co:

a’+bc  2bc b’+ac  2ac c’+ab  2ab 3
A> +— + +— + +— ——
2bc  a“+bc 2ac b +ac 2ab c"+ab) 2

Ap dung bt dang thic Co — si cho cac cap so trong ngoic ra co:

A> 2+2+2—g:g

2
bing thic xay rakhia=b =c.
Bai 63. Cho a, b, ¢ 1a cac s thuc khéac 0. Tim gié tri nho nhat caa biéu thuc:
a’ b? c?
= + +
a’+({+c)> b*+(c+a)® c*+(a+b)

A=

Loi giai.
Ap dung céc bat ding thuc:
(b+c)*<2(b*+c®); (a+b)*<2(a*+b%); (c+a)*<2(c*+b%), taco:
a.2 b2 C2
2 2 2 2 + 2 2 2 + 2 2 2
a“+2(b°+c”) b +2(@“+c°) c +2(a“+b )hay
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a’ b? c?
T+32| 5+l s | o T
a“+2(b°+c?) b +2(a”+c°) c“+2(a”+b?)

2 L, 1 1 1
=—.5(a"+b"+c + + :
5 ( )(a2+2(b2+cz) b? +2(a®+c?) c2+2(a2+b2)]

1
=,= ta duoc:
n

Ap dung bat dang thirc CO — si cho ba bo sé duong m, n, p va % %
T+323.9@Tz§.

=9.Suy ra:

1 1 1
m-+n-+ —+—+=[>3.3/mnp.
e

Pang thuc xay rakhia=b=c
Vay gié tri nho nhat cua T 1a g khia=b=c.

Bai 64. Gia st X, Y, z la cac s6 thuc duong thay ddi thoa méan diéu kién

Z4

xy?z® +x*z+y =3z>. Tim gia tri 16n nhat cta bieu thac: P= — .
1+2° (X" +y")
Loi gidi.
Pidu kién c6 thé viét lai 1a: xy? +x2.1+y.i2:
YA

Biéu thic P ¢6 dang: P =1;. bat 1 ttathu duoc bai toan sau:

?+x4 +y* z
“Véi X, y, t 1a cac s6 duong thoa man: xy? + yt? +tx* =3.
Tim gid trj I6n nhat cta biéu thac: P=——”
"+ X" +y
Theo BPT C6 — si C6 — si cho 4 s6 duong ta co:
Xyt +yt 1> 4xy°
vyttt H 1> 4yt = 3(x +yt At 3> 4(xyt + vt +tx?) =12
t*+ x* + x* +1> 4tx*
1

1
:>X4+y4+2423:>ﬁ3—.
X"+y'+z" 3

Vay P, =% datdugc khix=y=2z=1
Bai 65. Giai st X, y 1a cac s6 khong am thay ddi thoa man diéu kién:

X +y? =
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1. Ching minh ring: 1S x+y<+2
2. Timgia tri 16n nhat va gia tri nho nhat cua biéu thuc:

P =1+2x +1+2y.

Léi giai.

TU (x+y)? <2(x*+y?)=2 suy ra: x+y<+2

Pang thirc xay ra khi x=y =

X+y=>1.

= Mat khac: (x+y)> =x>+y*+2xy =1+2xy >1 Suy ra:

2

Pang thire xay ra khi x = 0 hoac y = 0.

2. Ta co: P? =2+2(X+Yy)+21+2(x+Yy)+4xy.

DO x+y<+/2 VA 4xy <2(x?+y?) =2 suy ra:

P2<2+2J2+2 1+2\/§+2:>Ps\/2+2\/§+2 3+2J2 Pat duoc khi x=y=—"—.

‘;%a“r—\

Mit Khac: x+y>1 VA 4xy>0N&n P?>2+2+21+2+0 = P>+/4+23.

Vay P =+4+2y3. dat duoc khi x=0 hodc y=0
Bai 66. Tim gié tri 16n nhat cua biéu thic: T =2ac+bd +cd , trong d6 cac sd
thuc a, b, ¢, d thoa mén diéu kién 4a2+b?>=2vac+d=4.

Léi gidi.
Véimoia, b, c,deR taco:
2
(2a—£)220 2ac<4a?+ (1)
2 4
d,, , d?
(b-2)'20 1 bd<b*+ @)
-d)*>0 2
=) ca <A ol
2
Cong theo vé (1), (2) va (3) ta duoc:
2 2 2 2 2
T =2ac+bd +cd s4a2+b2+C—+O|T+%+%=(4a2+b2)+wz2+3';1 =8.

T = 8 khi va chi khi xay ra ddng thoi cac dau “=" ¢ cac BDT (1), (2), (3). Tic la

khi a=%,b=1,c=d =2 .Vay gia tri 16n nhat caa T 12 8.

247



CAC CHUYEN PE TOAN PAI SO THCS “PAGE TAI LIEU TOAN HQC”

Bail 67. Cho a, b, ¢ 1a d6 dai cac canh va p la nita chu vu tam giac. Chirng minh

réng 1 + ! + 1 >2(1+l+1].

p-a p-b p-c a b c
Loi giai.
Nhdn xét: Véi x , y 1a cac s6 duong thi 1.1 % 1o nhan xét nay ta co:
X Yy X+y
1 1 4 4
+ > =—
p-a p-b (p-a)+(p-b) c
Tu’ongtu’tacé:i+ 1.4 .t
p—-b p-c a p-c p-a b
Cong theo vé céc bat dang thirc trén ta duogc:
1 1 1 (1 1 1)
+ + >2| —+—+
p—-a p-b p-c a b c
Bai 68. Ba s6 duong x, y, z thoa man hé thic: 1.2.3_6 Xétbidu thuc:
X Yy z

P>x+y*+12°
1)  Chéng minh rang: P> x+2y+3z-3.
2)  Tim gia tri nho nhat caa P.
Loi giai.
1. Theo bat ding thic CO —si, ta c0: P+32> x+(y> +1)+ (¢ +1+1) = x+ 2y +3z
Suyra P>x+2y+3z-3. (dpcm)
2. Ap dung két qua trén két hop bat dang thirc Bu-nhi-a-cop-xKi ta co:

2 3 1 2 3)
6(P+3)>(x+2y+3z)[ +y+ j ( X-ﬁﬂ/ﬁ- §+\/§\/;j =

z

Hay P > 3. Vay MinP =3 dat dugc khix=y=z=1
Bai 69. Cho x, Y, z la cac s6 duong thoa man diéu kién X +y + z = 6. Tim gia tri

, L 3 y3 73
nhé nhat cua biéu thuc: Q = + +
Y+Z Z+X X+Y

Loi giai.
Str dung BDT C0 — si cho ba s6 duong ta co:

3
X Y2 5oa, y+z

y+12 2 y+z 2

.2 =3X
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3 +X 2 x+y

y +Z—+223y; +—=+22>3z

Tuong tu ta co:
Z+X 2 X+Yy 2

Cong theo vé ba bat dang thirc trén ta duoc:
Q+X+y+2+6>23(X+y+2)=Q=>2(Xx+y+2)—6>6.
Pang thic xay rakhix =y =z=2.

Vay Qmin=6 khix=y=2z=2.

Bai 70. 1) Tim gia tri nho nhat cta ham sb: y=vx% + x+1+x2 —x+1.
2) Cho ba s thuc x, y, z dé Ién hon 2 va théa méan diéu kién:
%%%:1 . Chitng minh ring: (x — 2)(y - 2)(z-2) < 1.
Pang thie xay ra khi nao?
Lo giai.
1) Tap xac dinh cia ham sé y 1a R . Nhan thay y > 0 v&i moi gid tri cia x nén dé
tim gia tri nho nhat cua y ta di tim gia tri nho nhét caa y.

Ma: y2:2x2+2+2\/(x2+x+1)(x2—x+1) = 242+ 20X + x> +1> 4.

Dau “=" xay ra khi x = 0.

Vay Ymin=4 khi x = 0.

2ybata=x-2,b=y-2,c=z-2. Ta phai ching minh: abc < 1.
1 1 1 1

That vat tu: 1+1+—=1 = + + =
X y z a+2 b+2 c+2

Theo bat dang thic C6 — si:

1 1 1 1 1 1( b c bc
e
a+2 (2 b+2 2 ¢c+2) 2\b+2 c+2 (b+2)(c+2)

Tuong tu ta co:

1 S ca 2): 1 S ab

b+2 \(c+2)(a+2) c+2 \(@+2)(+2) ®)

Nhan (1), (2) va (3) theo vé ta dugc diéu can chitng minh.
Piang thirc xay rakhia=b=chayx=y=z=3,
Bai 71. Cho céc sé duong x, v, z thay d6i thoa méan diéu Kién (x+y+z)xyz=1 . Tim
gia tri nho nhat caa biéu thac: T = (x+ y)(x+2)
Lo gidi.
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Ta co;

T=(X+Y)X+2)=X(X+y+2)+Yyz>2yx(X+y+2).yz =2

X(Xx+y+2)=1.

T=2< yz=1
X, y,2>0.
o) - N 2 :1
Chon y =z = 1. Thi diéu kién tr¢ thanh: {X(XXJ;()) & x=+2-1.

Vay gié tri nho nhét caa T 12 2 chang han khi (x;y;2) = 2 -111)
Bai 72. Cho a, b, ¢ 14 céc sb thuc duong. Tim gié tri 6n nhat cua biéu thuc:

_ab+bc+ca+(a+b+c)2

=
a’+b?+c? abc

Lot giai.
Nhan thay voéi X, y, z 1a cac s6 thuc duong ta co:
i)(x—y)220<:>x2+y222xy<:>5+X22 )
y X

i) (1+l+1j(x+y+z):3+(5+XJ+(§+EJ+(X+EJ29.<:>1+1+£2 3 (2)Déu

a b c y X Z X zy
i) (X=y)Y?+(y-2)°+(2-x)°? 20 X* +y* +2° > Xy + Yz + IX (3)
“="xay rao (1), (2) va (3) khivachikhix =y =z.
Ap dung cac bat dang thire (1), (2), (3) vao bai toan ta co:

ab+bc+ca 1 1 1)_ab+bc+ca
=—————+(@+b+c)| —+—+— 20—
a“+b°+c ab bc ca
ab+bc+(:a+a2+b2+c2 +8(a2+b2+c2)
a’+b*>+c® ab+bc+ca) ab+bc+ca

+(@*+b’ +cz).L+18

P - 2 2 2
a“+b°+c ab+bc+ca

+18>2+8+18=28.

2 2 2
P_28c a“+b“+c =ab+bc+ca A—bc
ab=bc=ca
Vay gié tri nho nhat caa P 14 28 khia=b =c.

_y4 _vh __ o4
8)(4+8 y4+82420 @
16+x" 16+y" 16+z

Bai 73. Cho X, y, z 1a c4c s thyuc thoa man:

Tim gié tri 16n nhat va gid tri nho nhét cua biéu thac P = xyz
Lo giai.
Ta co:
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4 4 4
(R 8X4+1+ 8 y4+1+ 8- +1|23 < 14+ 14+ 1421 (2)
16+ x 16+y 16+ z* 16+x* 16+y" 16+z° 8

J(1 1_ 1 j_i y’ . z*
16 16+y 16 16+z* ) 16\16+y* 16+z°

4
=i[ y 2! j % y'z’ (BDT Cauchy)

Tur (2) suy ra:

16{ 16+ y* "6+ 7" \/y(16+y )16+ 2*)
Tuong tu ta co:
2,2 2,2
1 >1 Xz (4); 1423 X7y 5)
16+y* 8 \/(16+x )(16+2*) 16+z° 8 \/(16+x4)(16+ v4)

Nhan theo ting vé cac bat dang thic (3), (4), (5) va rit gon lai ta duoc:
x'y'z* <8 < |xyz| < 442 < 442 < xyz < 442,
Gia tri 16n nhat cua P 12 442 dat duoc khi X, y, z ¢6 hai s6 bang —#/8 s6 con lai bang
8.
Gia tri nho nhat cua P 13 —442 dat duoc khi X, y, z ¢6 hai s6 bang 48 sé con lai
bang —4/8, hoac ca 3 s6 bang —48.
Bai 74. Cho a, b, ¢ 1a d6 dai ba canh ciia tam giac c6 chu vi bang 1. Chang minh
rang: §Sa3+b3+c3 L
Loi giai.

bat: T=a®+b*+c*+3abc. Do a+b+c=3 nén:
T =(a+b)’+c®+3abc—3ab(a+b) = (a+b+c)’*—3c(a+b)(a+b+c)+3abc—3ab(a+b)
=1-3c(a+b)+3abc—3ab(l-c)
Vay T =1-3(ab+bc+ca) +6abc ()]
Lai co:
a’>a’—(b—c)*=(a+b-c)(a-b+c); b?>b*-(a—c)’=(a+b-c)(-a+b+c);

c?>c?—(a-b)*=(a—b+c)(-a+b+c).
Hon nira a, b, ¢ 1a d6 dai 3 canh tam giac nén:
a+b-c>0, a-b+c>0, -a+b+c>0;
abc>(a+b-c)(a-b+c)(-a+b+c)=(1-2c)(1-2b)(1-2a)=1+4(ab+bc+ca)-2(a+b+c)—8abc
=-1+4(ab+bc+ca)-7abc>0;

Do do: 6abcz—§+g(ab+bc+ca) (2) va ab+bc+ca—2abc>% 3)

Tu (1) va (2) ap dung BPT (a+b+c)®>3(ab+bc+ca) ta co:
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T>1——(ab+bc+ca)>1——(a+b +c)° _l_l:g
3 3 39 9

.« ... |la+tb+c=1
T=gkhlvaCh1khl ToF <:>a=b=c=l.
9 a=b=c 3

Tir (1) va (3) din dén: T =1-3[(ab+bc+ca)]-2abc <1—3.%:%

Bai 75. Cho céc sé duong a, b, ¢ thoa man ab-+bc+ca=1. Chiang minh rang:

i+—+—>3+\/—+1+\/—+1+\/—+1
ab bc ca

Pang thie xay ra khi nao?

Loi gii.
Bat dang thuc twong duong voi:

ab+bc+ca 14 ab+bc+ca 1y ab+bc+ca_1 \/a +1 \/b2+1 \/c2+1
ab bc ca
o Ca+b) ab+c) b(c+a) \/(a+b)(a+c) \/(b+c)(b+a) (c+a)(c+b)
ab bc c?
Do (ab+bc+ca=1) @
pgt $@*b)_, ab+c) _\, bC+a) ;" khidoe (1) tre thanh bét ding thirc quen

ab bc ca
thuoc: x+y+z2>xy +\yz +J2x (luén dtng véi moi s6 duong x, y, z)

Pang thic xay ra khi x=y=z<:>a=b=c=§.
(1+a%)(1+b?) <5
(@’ —a+1)(1+b?)

Bai 76.Cho a, b, ¢ 1a s6 dwong. Chtrtng minh rang:
Loi giai.
Bat dang thirc da cho tuong duong véi:

(a+1)(L+b?)(1+a’b)
(a+D(@*—a+)(1+b%

Tur d6 ap dung bat dang thiic Co — si cho ba s6 duong:
2b% +1>3b?; 3(a’ +b’) >3(a’b+ab®); a’v®+a’+a’>3a’h; a’v®+a’®’ +b’® >3a’h’.
Cong theo vé cac bat dang thirc trén ta thu duoc bat dang thire (*).

<2< a+b®+b%a+a’b+b’a® +ba® <1+2a®+2b®+a’?

Bai 77. Tim gié tri 16n nhat va gia tri nho nhat caa biéu thuc: X—y6 @
X'+ yt

Loi giai. Tacod: x*+1>2x% y*+1>2y°
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Do d0: x* +y* +6>2x* + 2y +4 = (Xx—y)* + (X+Y)* +4= (X—Y)* + 4> 2/(x— y)*.4 = 4|x - y.

1 X—Yy 1 b _ - X—Yy 1
Suyra: ——<—>-"F <= Vgix=1y=-1thi: -~ -~
y 4 x'+y*+6 4 y xX*+y'+6 4
. N — 1
Voix=-1,y=1thi - Y __=
y xX*+y'+6 4

Vay bidu thirc (1) ¢6 gia tri 1on nhit Ia % va gié trj nho nhat la _%.

Bai 78. Cho x, y 1a cAc s duong théa man x+ = <1.Tim GTNN cia bidu thirc:

y
A:§+X
y X
Loi gii.
Ap dung bat dang thirc C6 — si cho hai sé duong ta co:
12x+£22\/g, suyralz4 @
y y X

Ap dung bat dang thie (1) va bat dang thic Co — si cho hai s6 duong ta c6:

AcX Y X ¥y By, x y 154 17
y x y 16x 16x y 16x 16 4

Vay gié tri nhé nhat cia A 1 % dat duoc khi x:%vé y=2.

Bai 79. Cho ba s6 duong a, b, ¢ thoa man ab + bc + ca = abc. Ching minh rang:
a*+b* b* +c* ct+a’
+ + 21,
ab(@®+b®) be(®+c®) ca(c®+a®)

Loi giai.
SR _ 1 1 1
Tur gia thiet ab + bc + ca = abc :>E+E+E=l

T a* +b* >a’b+ab’suy ra: 2(a* +b*) >a* +a’b+b* +ab’ = (a+b)(@® +b?)
Vay a*+b* >a+b_1(1+1)
7 ab(@®+b®)  2ab 2

Lam tuong tu sau d6 cong theo vé va két hop véi gia thiét ta suy ra diéu phai chiang
minh.
Bai 80. Cho X, y thoa man 16x? —9y? >144. Chting minh rang: [2x—y+1> 25 -1.
Lai giai.
Truéc hét ta chitng minh bat dang thic: (ax—by)? > (a —b?)(x% — y?) )
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That vay: (1) < —2axby > a’x* +b’y* < (ax—by)* >0 (dung)
Pang thie xay ra khi ax = by. Str dung bét dang thuc (1) ta co:
2
(2x—y)? _(; ax-1. 3yj 23—56(16x2 —9y®)>20(do 16x* —9y* >144). Suy ra:

2x—y+1>25+1 hoic 2x—y+1<-25+1. Tir d6 suy ra: |2x—y+]422\/§—1.

8x =9y Xz_i
:« l4 2 - h Y 2 = '\/g
Ding thuc xay ra khi va chi khi: { 2x-y=-26 <

8
16x° -9y’ =144 |y=——=
5

Bai 81. Cho céc sb thyc a thoa man 0<a<1. Tim gia tri [on nhat va nho nhat cua

biéu thuc: T —i+1—a

2—a 1l+a
Loi giai. Ta co:

To @ ity 02,2 5 o 3 32[§—1J=1w00£a§1)
2-a 1+a 2-a l+a (2-a)l+a) 2
Vay maxT =1, dat duoc khi va chi khi a=0va=1.
_ 2
Mat khac ap dung bat dang thuc Cauchy ta co: a(l-a) swz%
. 3 2 n : 2 : 1
Suyra: T=>2 =—.Vay minT == dat duoc khi a=1-a<a==.
2471 3 2
4
Bai 82. Cho a, b 1a s6 duong théa man a+b=1. Chang minh rang: %+ 3b2 >14.
al a’+
Loi giai.
Véi hai sb thuc duong x, y bat Ki ta cd: (x+y)? >4xy vx,y>0 , suy ra: 1, 4
Xy (x+y)?
valils t Tudotaco:
X Yy X+y
11,1 4 3 3 4
=2 (); + >3, =12 (2
2 ab 2 (a+b)’ @ 2ab a’+b’  2ab+a’+b’ @)

Cong (1) va (2) theo vé ta dugc diéu phai chitng minh.

Dang thac xay rakhi a=b :%
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Bai 83. C4c sb thuc X, y, z khac nhau va thoa man (z+x)(z+y) =1. Ching minh bt

1 1 1
—z >+ > =4
(x-y) (@Z+x)° (z+y)

Lo giai. Pat a=z+x,b=z+y tirgia thiét suy ra: a>0, b>0 va ab=1 . Bit dang

dang thuc:

thic can ching minh tré thanh:
2 2 2 2
1.1 S>4 2a 2+i2+a224<:> 2a 2+(a _21) > 2. *)
a b (a-b) @ -1)° a (@ -1 a
Ap dung BDT C6-si Cho hai s6 duong ta thay (*) luon ding. Vay BDT duoc ching
minh.
Bai 84. Cho a, b, ¢ la cac sb thuc duong théa mdn ab+bc+ca=3. Chang minh bat
1 1 1 1
+ + <—.
1+a’(b+c) 1+b*(a+c) 1+c’(b+a) abc
Loi giai.
Chang minh: abc<1 . Tt do6 suy ra: 1+a*(b+c) > a(bc+ca+ab) =3a.
Do do: %Si.ﬁm’ngtut&cé: 21 :i; 21 <1
1+a“(b+c) 3a 1+b°(a+c) 3b 1l+c°(b+a) 3c
Cong céc bat dang thuc trén theo vé ta duoc:
1 N 1 . 1 <1(£ 1 1)_ab+bc+ca_ 3 1
1+a’(b+c) 1+b%*(a+c) 1+c’(b+a) 3 3abc 3abc abc

dang thuc:

a b c
Vay bat ding thirc duoc chitng minh.

Bai 85.

1

1) Cho céc s6 duong a, b, c. Chitng minh rang: (a+b+c)(§+%+gj29.

2) Cho céc s6 duong a, b, ¢ thoa man a+b+c<3. Chang minh rang:

1 N 2009
a’+b?>+c* ab+bc+ca

> 670.
Loi giai.
A . a2 A e Ak 1 11 1
1) Ap dung bat dang thac Co-si ta co: (a+b+c)(5+B+Ej > 3«3/abc.3ﬁ =9
Vay bt dang thirc dugc ching minh. Pang thic xay ra khia=b = c.
(a+b+c)? 2007

<3 nén ———— >669.

2) Do ab+bc+ca<
ab+bc+ca
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Mt khéc &p dung bt dang thirc phan 1 ta co:

1 2 1 1 1
7 2 2 =7 2 =2 +
a‘+b°+c° ab+bc+ca a“+b°+c° ab+bc+ca ab+bc+ca
9 9 9
> = >—=
a’+b’+c*+2(@b+bc+ca) (a+b+c)® 9
Vay ! 2009 670

a’+b’>+c* ab+bc+ca
Pang thic xay rakhia=b =c.
Bai 86. Cho cac so thuc X, y thoa man: x >8y >0. Hay tim gié tri nho nhat caa biéu

thic: P=x+—F——.
y(x—8y)
Loi giai.
Str dung BDT Cauchy cho ba sé duong ta co:
1
P=(x-8y)+8y+———>
y(x—8y)
7 X—8y =8y X =16y X=4
bang thirc xay ra khi va chi khi 8y 1 &9, 1e9 1
yx-8y) Y Tea V7w

Vay minP = 6. khi va chi khix = 4 vay = %

Bai 87. Cho ba s6 duong a, b, ¢ thoa man a+b+c=1. Tim gia tri nho nhat cua biéu
9 2

thuc: P= .
1-2(ab+bc+ca) abc
Loi giai.
Theo gia thiét:
b_ 9 L 2a+b+c) 9 +2(i+i+i)
(a+b+c)* —2(ab+bc+ca) abc a’+b*+c? ab bc ca)

. L , 2 2 2
Ap dung BDT quen thudc véi cac so duong: %Jr% > %. &)

Pang thire xay ra khi va chi khi %:%, suy ra:

1,11, 4 1, 9

ab bc ca ab+bc ca ab+bc+ca
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Lai sir dung BDT (*) cho cac s duong ta co:
2

s O, B ¢ g

a+b“+c° 2(ab+bc+ca) (a+b+c)

Pang thie xay ra khi a:b:c:%

Vay P =81 khi a:b:c:%

Bai 88. Cho ba sé thuc a, b, ¢ d61 mot khac nhau. Chitng minh rang:
a’ + b* + ¢ >2.
(b-c)* (c-a)* (a-b)’

Loi giai.
bc ca ab
+ + =1.
(a-b)(a-c) (b-c)(b—a) (c—a)(c—hb)

D& thay:

2 2 2 2
Tu do6 suy ra: a =+ b =+ ¢ 2=( a_, b + j+222.
(b—c)* (c—-a)* (a-b) b-c c—-a a-b
Png thirc xay ra khi: &4+ 2 4 € =0
b-c c—a a-b

Bai 89. Tim gié tri 16n nhat cua biéu thirc: P = 2x+1-4x—x2.
Lo giai.
L-4x—x)+1 . %

1-—<1.
2

Piéu kién: 1-4x—x*>0. Tacd: P<2x+

Pang thac xay ra khi x = 0.
Vay gia tri 16n nhat caa P 1a 1 dat duoc khix = 0.
Bai 90. Cho cac so thuc duong x, y théa méan diéu kién: \/E(x— y)=x+y . Timgia
tri nho nhat cua biéu thac P=x+y
Loi giai.
T gia thiét suy ra: x >y > 0, Ap dung bt dang thic Cauchy ta c6:

4xy+(x+y)2 —4xy}2 1

5 _E(x+y)

4

() =y (x- ) =%-4XV(<X+V)2—4XV)S§(

Do d6 x+y=>4.Vay min A=4 khi x=2+22;y=2-2.
Bai 91. Cho cac sb thyc duong thoa man: x +y =1

2.,2
1 +4x ye+2

X2+ xy+y° Xy

Tim gié tri nho nhat caa biéu thirc: A=
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Loi giai.
Ta co:
2,,2
A=— 1 3+4xy +2: > 1 > +4xy+£: 5 2+4xy+£
X +Xy+y Xy (x+y)(X* =xy+y?*)+xy Xy x+y Xy

= 21 2+i +| 4xy + 1 + > 2 — 4 >+2 4xy.i+ > >=4+2+5=11
X“+y°  2xy 4xy ) 4xy X" +2xXy+y 4xy (x+y)

Vay min A=11 khi x:y:%

Bal 92. Cho x,y,zthoamanx +y+z=0;x+1>0;y+1>0vaz+4>0.
xy —1 N z
(x+D(y+1) z+4

Tim GTLN cua A=

Loi giai.
X+1l=a

y+l=b<a+b+c=6
bat |744=c

A=

(a-1)(b-1)-1 c-4_ab-a-b+1-1 c-4 :2_(1 1 ﬂ)

+=+
ab c ab C a b c

<2- i+ﬂ <2- 16 :2_§:2_§:_3
a+b ¢ a+b+c 6 3 3

MaxAz—E
3

{ a+b+c=6 - a:b:%@ x:yzé
Dang thirc xay rakhi (a=b. a+b=c

Bai 93. Cho cac duong a, b, ¢ thoa mén 2a + 3b < 4. Tim gia tri nho nhat cta biéu
thire :
2002 2017

Q= —=+—— 4+2996a-5501b.
a b
Loi giai.
Q= 2092 2017 »996a—5501.
a b
2002 2017

= (= +8008a) + (= +2017b) - 2506(2a + 30).

b
Ap dung BDT C6- si va str dung gia thiét 2a+3b<4tacd:
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Q>2 /%?2.800% ‘2 /&b”.zonb _2506.4 > 8008 + 4034 — 10024 = 2018,

&=8008a
2 1
Dau « = » xay ra khi : &bl?=2017b<:> =3
b=1
2a+3b=4

Vay Q.. 2018 khi a=%;b=1.

Bai 94. Cho hai s6 duong x, y théa man diéu Kién x + y < 4. Tim gia tri nho nhat
cua biéu thac:
2 35

> +—+2Xxy

P=—
X +y° xy

Loi giai.
2 35

—— +—+2Xy
X2 +y? xy

Taco: P=

2 2 2 2
= 22 2+X +y +§+35ﬂ+2)(y_x +y _SSA
X" +y 32 xy 16 32 16

2 2 2
22 2+x +y +§+35xy_(x+y) Xy
X“+y 32 Xy 16 32 8

XY 2 yva (33 e
32 X“+y Xy 16

2 2 2
2 Xty 22,/3—22 =1, B, N, 2=

Str dung C6 — si cho cac cap (

X +y? 32 27 xy 16 16 2
2
Métkhéc:x+y§4:>)(.y§4nénﬁgl’Mgl
8~ 2 32 T2
35 1 €2 2 H — _
VaymmP—E+ 7-5_5 =17. Dau xay rakhix=y=2

Bai 95. Cho a, b 1 s6 c4c s6 thuc duwong. Tim gia tri 16n nhat cua biéu thuc:

b a+b3)_£

Loi giai.
Taco:
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(@ +b)(§+b) > (a+b)*;(b° +a)(%+a) > (a+b)°.

Khi d6
11 11
a+b+—+—
N A A Y P
a@+b a+b®~ (a+h? S VI p ab ab ab

bing thicc xay rakhia=b =1
Vay gia tri [on nhatcaaM la 1 khia=b = 1.

Bai 96. Xét cac sb thuc a, b, ¢ khong am, khac 1 thoa man a+ b + ¢ = 1. Tim gia tri

nho nhat cau biéu thic P = +

+ (a+b)(4+5c).
a+bc b+ac

Loi giai.

ApdungBDT 1 iZL(Vx,y;«tO)
X Yy X+y
Taco :

1 4
= b +b+ac+(a+b)(50+4)2m+(a+b)(5c+4)

:#+(1—c)(50+4)24\/5c+4 :4\/ ¢ L4>8
(I-c)1+c) c+1

Vay minP = 8. Dau « = » xay ra khi c=0,a=b=%.

Bai 97. Cho x, y 1a cac s6 thuc duong. Tim gié tri nho nhét cta biéu thic

(;+ )\/Z(X +Y°)

e y
Loi gii.
Tachd: x> +y*>2xynén: 2(X° + y2) >(x+y):.Dodb:

11 Xy  XP+y?
Z+)J20%% + s+H(=+=)(x+y) = + +2
X+y (X )x/( y* ( )( y) iy xy
> ;_,4"3’2+X+y 2o o0z 2—M
X“+y Xy x> +y° 2(x* +y?)
>6-2-2
2 2
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X2 +y% =2xy
Dau « = » xayrakhi ¢ 4xy  x2+y? < x=V.

X2 +y? Xy

Vay minP = % khix=Yy.

Bai 98. Chirng minh rang: ath > e a, b 1a cac s6 duong.
Ja(3a+b)+b(38b+a) 2
Loi giai.
Ta co: arh 2o+ h)

\/a(Ba +b) +\/b(3b +a) ) \/4a(3a +b) +\/4b(3b +a)

Ap dung bat dang thirc Co-si cho cac s6 duong ta duoc:

Jaa(3a+b) <2t (ga +h)_ 7a2+ ®(2)

2b(3b+a) < 4b + (:b ta) 7b2+ a (3)
Tur (2) va (3) suy ra: \/4a(3a +b) +\/4b(3b +a) <4a+4b (4)
Tu (1) va (4) suy ra:
a+h >2(a+b)—1.Déubéngxéyrakhivéchikhia=b.

Ja(3a+b)+ [b(3b+a) da+db 2
Bai 99. Cho X, y la céc s thuc duong thoa man: x+xy <3y-1

Tim gid tri 16n nhat cua biéu thac; p=——2=Y X

X+ xy+2y° Y

Léi giai.

Ta co: x+xy§3y—1:>£+x£3—1(doy>0)
y y

2
Do do: 3> x+§+123.3/X—2:>0<531.
y

y y y
X
Mit khac: P=-—— X—y : +§:2y—+1
\/”x +xy+2y° Y x72+5+2
y.y

Dit t= X (0<t<1) . khi d6 bai toan tr& thanh:
y
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Cho 0<t<1. Tim gia tri Ion nhat caa p-1=1

2 +t+2

t—1
~ 14 A —SO —
Dé thay do: 0<t<1nén: {i? +t+2 :>P=L+t30+1:1

(<1 JE2+t+2
X
y

Vay P =lot=1< S x=y=1

Bai 100.

2
Cho sb thuc x, y(x+y =0). Chirng minh ring x2+y2+[1x+xjj >0
_+_

Loi giai :
1+ xy
X+Yy

bat z=- tacd: xy+yz+z2x=-1 va BDT da tr¢ thanh:

Xy 47222 X +y2 +22 2 -2(xy + yz+ 2X) < (Xx+ Yy +2)* 20 ( ludn ding)

Vay BDT dugc chitng minh.
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