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CAN BAC HAI. CAN BAC BA

§1. ON TAP KIEN THUC DAI SO 8

Trong muc ndy, ching ta 6n lai cdc ki€n thitc v& bdt ding thitc va bat -
phuong trinh, ching dugc st dung nhiéu dé tim diéu kién xdc dinh ctia cin thic
béc hai. '

1. B&t phuong trinh chira an trong dau gia tri tuyét déi

Véi a 1a hing s6 duong, ta c6 :

I£(x)

<a<>-a<f(x)<a;-

f(x) < —a )
x| > a @.[f(x).} -

2. Bat phuong trinh tich | | |

D€ giai bat phuong trinh tich, ta thudng st dung dinh If vé ddu clia nhi thitc
bac nhdt : Nhi thite ax + b (a # 0) ciing ddu véi a véi moi gid-tri cua x Ion hon
nghiém =2 thife, trdi ddu véi a véi moi gid tri cita X nhd hon nghiém cila
rhi thirc. ' ' ' ' '

Vi du 1. Giai cdc bat phuong trinh :

Ay x2-4x-5<0;  b)x*=2x—1>0: )2x26x+5>0.
. Gidi |
a) Cdch 1. x2—4x~5_ﬂ:{}<:>x2+_x_~5x—5c:0

o x(x+ 1) =5(x+1) <0< (x + 1)(x - 5) <0,
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- Lap bang xét dau :

x | a5
X+ 1 - 0 + . ,
X—5 — - . +
'x+1Dx-=5) | + 0 - 0 4+

-Nghiémcud bét phuong trinhla -1 <x<5. .
Cach 2. x —4x—-5<0< x° —4x+4~=:9<:>{x—2} «:9-:2}]:1—4]::3
o -3<x-2<3&-l<x<S5.

b) xz_—zrs_; -1 :;--O@xz_—_Zx_.+ 1>2<(x— 1)252@_. |x.-1| > \/5

ﬁ[x—lfzmﬁ |:x<:'1+'~\/5'
' X—IZ‘#'J_ x}1+\[—

c:)2x -—6x+5:=~0<:>4x -12x+1{}}0@{2x—3) +1:~0

Vi bat phuong trinh cudi nghiém dung v6i moi x nén bat phuong trinh '
da cho. nghlém ding véi moi x.

o | Bditép
1. Gidi cdcbat phuong trinh: |
) x> -4x-21>0: i b) X2 —4x+1<0; -
| 'c)3x2~'~-x‘+1}0' . d}zx —5x+4<:0
o~ Vi (i dén 36, 38, 43, 44, 50, 65.

Bai tap 91 109, 110, 114 122, 142 145 146 149 150 152 160 161
189 dén 193, 195, 197.

§2. CAN BAC HAI VA SO VO Ti

Cho s6 a khong am. Ta dinh nghiﬁ can bac hai s& hoc ciia a, ki hiéu Ja,la
s6 khong am x ma x> = a. '
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Ta biét dang biu dién thap phan cia s6 hitu t la hiru han hodc vo han
tudn hoan, dang biéu dién thap phan cfia s6 vo ti 1a vo han khong tudn hoan.

- S6 hiru {1 nﬁo cung viét duc:fr:. dudi dan g

. m
a=—vmmeZ HEN
n

| T{*.-ng, hléu tlch thl;rcfng cua hal S{’)' hﬁu ti (s& chla khéc 0) Ia mﬁt 56 hu‘u ti.

_ Dé chitng minh s6 a 1 mot s6 vo ti, ta thudng dﬁng phu'cmg phép phan :
chimg : gia sir a 1a s6 hitu ti thi ddn dén méu thuén

Vi-du 2. Chiing minh ring téng ciia mot s6 hitu ti véi m@t 36 vo ti la mot |
$G vo ti.

Gidi : Ching minh bang phan chlmg Cué sur tf'ing clia 56 hu.‘u ti a voi sf)
vﬁublasﬁhu’uuc Tacob=c—a. : |

| " Hiéu cia hai so hu'u ti c va a 12 mot s6 hitu ti nén b Iﬁ sO huu ti, trai voi
gia thiét. :

Vaycphdilasgvoti. . L Rt
Vi du 3. Xét xem cdc s6 a va b.c6 thé 1 s6 vo ti hay khong, né‘u

a)a-l—bvéa—blacécsﬁhu'uu

b) a'— b va ab 1a cédc sd hitu ti.

Gidi 1 o

a) a v b khong thé 12 s6 vo ti. That vay,
@+D)+@=0) 1, s hiwu ti, nén'a 12 s6 hitu ti 5,
(a+b) = @-D) 13 6 hiru i, nén blashiut.

b)avabco thélasﬁvﬂtl Chang han .
R a=b=+2.Khidéa~b=0,ab= 2

Vi du 4. Chimng minh rﬂng néu s6 tu nhién a khong:la 50 chinh phuong thi
Ja la s6 voO ti. '

Gidi : Gi sit \/a 12 s6 hitu ti thi n6 viét dugc duéi dang :



Ja=2 véim,nEN;nﬁﬂ,(m,ﬁ}#l_. )

Do a khong 1a s§ chinh phuong nén = khong 1 s6 tu nhién, do dé n > 1.
' n | o |

- Tacéh m? = an’. Vi a 1a s6 tu nhién nén m? | n?

- Goi p 1a mét uéc nguyén
t6 nao dé cla n, thé thi m? p, do d6 m : p. Nhu vay p 1 uéc nguyén 5 chia m
van, tréi véi (m, n) = 1. | o

Vayva phéi 12 56 vo ti.

Bai tap

2. Ching mlnh rang céc sO sau 12 56 vo i :
a) V1++2 ;

3 . . .
b) m + — v&im, n l1a cdc s6 hitu ti, n = 0.
n '

3. Xét xem céc s6 a va b c6 thé 1a s6 vo ti hay'khong néu

a) ab va %I‘a cdc s6 hitu ti ;

b)a+bva - l1a céc s6 hitu t1(a+b:x={})

| _c)a+b,azvﬁbzl‘acécs{ihﬁuti(a+.b#0}4

4. So sénh hai s6 : | |
2)2v3 va3v2; | b) 6/5 va 56 :
'C)JZ_A*FN/%.‘JE]z' d}\f_—\f_S va 2.

5. a) Cho mot vi du dé€ ching t6 rang khang dmh\/_ < a véi moi s6 a khong:
am Ia sai.

b) Cho a > 0. V6i gi4 tri nao chiaa thi va >a ?

6%, a)'Hﬁ}r chi ra mot s6 thuc x ma x — 1 1a s nguyén (x # +1).
- X : .
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b) Chitng minh rang néu x - 1 lasdnguyénvax #+1 thix vix + — las6
: X X

. : 1 2n 1 2n+l _
vo ti. Khi df{x + ,_) va [x + -.-] - 12 s6 hitu ti hay s6 vo ti ?
. X x)

~ Vidu : 64.
Bai tap : 126 dén 128, 140, 141."

§3. CAN THUC BAC HAI
VA HANG PANG THUC VA2 =|A|

Cho A 12 mét biéu thic dai s6. Diéu kién x4¢ dinh ciia VA 1a A > 0.
Khi 1dy cin bac hai cta mot biéu thic khong a4m, ta sit dung hing déng

thic VA? = |A].
- Vi du 5. Cho biéu thic

A =x Vx2 - 4x + 4.
a) Tim diéu kién x4c dinh cta biéu thic A.
b) Riit gon biéu thite A.
Gidi |

a) Bién ddi biéu thirc duoc

A=‘J h-xf(x—Z}zr:er“]x—‘Zl. |

Diéu kién xédc dinh cia A la

. ' x20
xa|x-2|<:> 9 ) < x =21,
X*2X7—-4x+4

b)NEux22thi A=x—-(x-2)=+2.

Néul<x<2thi A={x-(x-2)=v2x-2.



E V: du 6. T‘nn dIéu kién xac dmh cua céic b1éu thuc.
. 1 _

DAy
& 21 .

Gidi .

a) Diéu kién x4c dinh cua A 1a X% — 2x —1> Cl

h)B—

3/ g : SR

Giai bt phuong trinh nay (xem Vi du 1b) ta duﬁc I

_ x:::1+xf_
b) Dleu klén xdc dinh cha B la S

| 2x+1}0 i | PTIR D
x>V2x+1 T v B

Gii (1) ta duoe x > =2

Giai (2)tacé

S x>0 _ _ _
x“>2x+1 _ BRSO Rl K )
Kgf_';[‘ | . .
x::rl-l-\r

Két hop v6ix 2 —--;— vax >0, tadugc x> 1+ J_Ia diéu kn%n xﬁc dmhcuaB

Giai (3) ta duoc [ (xcm Vl du lb)

Chu y : S& sai lﬂm néu cho ring (2) < X2 > 2x + 1 kh1 do s€ di dé’n dﬁp 56; N
sai la

Vidu7.Tim cdc gid trichax saocho ~ =
Diéu kien xéc dinh clia Vx + 1 lax2-1. (@)



10.

Véi diéu kién (2) thi x + 3 > 0 nén (1) tuong duong v6i - -

T <s

ox+1<x’+6x+9& x> +5x+8>0. (3

B4t phuong trinh (3) diing v6i moi x, vi

. _ 2 o
x2+5-x+8=x2+5x+—2£+1= x+§-' -+~?—:>0.“'
~ 4 4 2] 4
Vay céc gid tri phai tim ctia x 1a x 2 —1.
‘Bai tap
Tim diéu kién xé4c dinh clia cdc bidu thitc :
a) 3 —V1-16x2 ; | b) — e ;
: _ 1-x2 -3
| _ | y |
C)\/SK—xz—lS T d)—= .
e - x* = x +1
o - V16 -x2 _'.\/'z' ‘
e) A = s g)B= +VX° —8x + 14.
X —v2x — 1 | | ;2X+_1 | |

. Chobiduthic A =vx®—6x+9-Vx2+6x+9.

a) Riit gon biéu thitc A. - b) Tim céc gi4 tri cha x dé A = 1.
Tim céc gid tri clia x sao cho : | . | : - :

a}vx2—3_£x2—3; : '-b)'-x/xz—ﬁx+_9}x—6;

Cho a + b+ ¢ =0 va a, b, ¢ khidc 0. Chiing minh hing ding thitc :

_\/1 N
a> > c?

~ Bai tap : 123, 129.

1]

1
b ¢

1
—+
a




§4. LIEN HE GIUA PHEP NHAN, PHEP CHIA
| VA PHEP KHAI PHUONG

Cong thiic +ab = /a. wf— (a, b la nhu‘ng s6 khong am) cho ta quy tac
khai phm:rn g mot tich va nhén cédc cidn thic bac hai.

i

- Coéng thiic ; =—=(a20,b> O) chu ta quy tac khai phucmg mot thmmg

/5

v?;l chia hai cin thifc bac hal

Vi duy 8. Rt gon bidu thic A = Vx ++2x — 1 —v/x — v2x — 1.

Gidi ; Diéu kien xdc dinh cha A 1 2x-120 x>
Ial 1€ 1c1n xXac 11 Cua = X =2 —,
X=42x -1 2

Cach 1
AV2 = \2x +2v2x — 1 — 2% - 2¥2x% — 1
_sz—1+1+2~./2x— —JZX—1+I—2\/2}:“

T+ 1) NI

| =V2x-1+1-Wax=1-1l.
Néux21th AV2 =v2x—1+1-(V2x—1-1) = 2.

Do dé A= 2. - |
Né'u%ﬂxﬁl‘thi Aﬁzqzx—l+l~(1—42x~1)_=2x}_2x~—1. | !
Do dé | A= 2 i%_ =4x =2

Cach 2. Dat\/fo“ m}f:}ﬂ tac62x — 1 = y

JZX + 24/2x — 1 _J2x —'2_'\.-42}(—1.._
N N A

\/}! + 1+ 2y Jy +1-2y y+1 |y-~1|

7 FTE T

A =




! (y-+]—y‘-§:1)=\f§-

Véi 21(tﬁclix21)th‘iA=—

Yy V2

Vm{}‘iy{l(tuc % <x < 1) thi
=L<y_+1+y._1);£z=yﬁ=m_

| Cdch 3. Xét A%, tac6 | AR
—(x+v2x 1)+ {x_\xzr) (VG v2x - D(x~vox-1))
=2x—2~fx2—2x+1=2xmzlx-11. | R

Voix>1thi A’=2,dodé A= 2 (chd ring A>0).

-V{?i%EX{1.'thiA2=4x—2,dod6A=~J4x—2.

Vi du 9. Chiing minh ring s6 V2 +/3 + /5 1256 vo ti. |
Gidi : Glésu-\f_+\@+sf§_a(alasﬁhuut1) Théthi
V2 +3=a-+5.

Binh phu-:mg hai v& : 5 + 2\[_ = a’ + 5 ZEJ_ suy ra \/g + awf_

aE

""5-.

II

‘Lai binh phuong hai vé€ ta c6 o

.

6 + 5a% + 2a/30 = - = J30 = -4 5 (hién nhién a # 0).
. a

Suy ra /30 1a s6 hitu ti; vo Ii (dé chu‘ng minh diéu nay chang han xem

vi du 2).

Vay V2 + /3 + /5 phii 13 56 vo ti.

_ _ B&i tap
11. Ruit gon céc bidu thic - |

a) V11 —2410 : - by Vo214 ;




0)1\/4+2J§—«/43—2x/§_; | ‘d}wf'}--?l\/—*\/9+4\/—;

..f _ / = \/11+6J§ ~JS+2J{—€-
Wa=T Va7 J_ J6+25 <7+ 2410

h) \/5J§ 548 —10V7 + 43

i) Jcﬁm +J4mm
S \/9444'2\/_~«/9'4+42_J§.
12. Thuc hién cdc phép tinh
a) (4 +v15)(Vio - J6)\4 -
b) V3 - /5 (V10 - J‘)(3+«F)- o )
*J +2+\f ,r“— ' : :
13. Chiing minh cic h_ﬁng déng“thﬁc-éau v6ib=0,a> JE :
a) m Vb + Ja-— = \;i(a +m5

14. Rt gon ble:u thic: A = Jx + 2\/2;; —4+ Jx - wzx -
X + \’x — ’Zx —x? = 2x

. _ x-\/x —2% :{-i—\fx -~-2x
'a) Tim diéu kién xdc dinh cta biéu thu'c A. '
~ b) Riit gon biéu thitc A. -
-¢) Tim gi4 tri ctia x dé A < 2.
16. Lap mot phuong trinh bac hai véi céc hé s6 nguyén, trong do:

15. Cho bmu l:hm: A=

'a) 2+3 1a mét nghlém caa phuong trinh
b) 6 — 42 1a mot nghlem.cua phuong trinh.



17. Chimg minh rang cdc s6 saulasd voti:

a) V3 -2 ; - b}2J‘+I
18. C6 ton tai céc s6 hitu [i du‘m’nga bhay khong néu :
_a)JE+JEm( S b)\Em/— «J

19. Cho ba s6 x, v, VX +J— la céc s6 huu ti.. Chlmg mmh ring. mm s6
Jx, \/; déu la s6 hitu ti. |

20. Cho a, b ¢, d la cdc s6 duong. Ching minh rang t6n tai mot s6 duong trﬂng
hai s6 2a + b~ 2+/c d va2c+d- 2\/_ | |

21%, a) Riit gon biéu thitc A = |1 + 12+' ! ~ v&ia> 0.
a (a+1) '

b) Tinh gid tri ctia tdng

' 1 1 1 1 1 1 1 1
B = 1+—*~2~+ﬁé~+ i+"i'+T+ 1+—2+—2+ NI - % 5 -
12 2 22 3 N 3?42 N 992 100
22%, a) Néu mot céch tinh nhdm 9972, - |
b) Tinh téng cic chit s6 ctia A, biét fﬁng JZ =09...96 (c6 100 chir s6 9).

~.Vi du : 26, 27, 29, 30, 33, '3?' 39, 40, 47, 51, 52, 54, SS 57, 58, 60.

Bai tap : 90, 102 dén 108, 113, 118, 130 dén 134 136 dén 139, 148, 151,
153 dén 156, 158, 159, 169 dén 174.

§5. BIEN POI PON GIAN BIEU THUC
CHUA CAN THﬁC BAC HAI

Nhan t&r A® ¢6 thé dua ra ngoﬁai_ ddu can bac hai thanh A|
JA?B = |A|VB v6i B> 0. |
Nhan tir A khong am c6 thé dua vio trong déu can bac hai thanh A2 :
AVB —JAZB v6iA>0,B20.

Néu A c6 gid tri am thi AVB = —VA®B v6iA<0,B20.



Dé khir méu cta biéu thirc 14y cin, ta bién déi mau thanh mot binh phuong
réi dua ra ngodi diu cin : _

J‘ JAB-JAB véi AB=0, B=0.

DE tryc cin thite & miu, ta nhan cé tir va méu véi biéu thic lién hgp cia mau :

A AVB .
- = V&IB}O
JB B
1 JA- \/_
: 01 A=0, B‘?OA?&B
JA + VB A-B | |
1 \f—+\f_ . ”
vV6iA20,B>0, A #B.
Ja—-JB |

Vi du 10. Rat gon biéu thiic

A=+5-13- V29 - 1245 .

Gidi : Thuc hién cdc phép bién dbi dua mot thua s6 vao trong dau can, ra
ngoai ddu cén, ta ducrc

A=v5-3-+v20+9-6v20 =5 - \/3 J(+/20 - 3)
=5 -3 (20 -3) = /5 -6 -
=5 -5 +1-2J5 =5 - (\/_—1)—1

Vidu 11 Tmh gid tri cha bxéu thirc

o 1
. + .= .
2~f 1+ 172 3\5 2V3 4 +3J:=T T 25V24 + 24425

Gidi : Véi moin € N ta co

1 (n+1)~fﬁ—n-!n+1 -(n+1}\/——nwfn+1 '
(n+1)JH+n~Jn I +D?n-n’(m+1) n(n +1)
_1 1 |
o \E n+1‘
Dodé _
1 i 1 1 1. 1 11 1 4
= o = —= — + - + .+ —— = —,
V1 2 2 BB 4 Ji? s 5 5



23,

24.

25.

26

27.

28.

Bcu ’rc:lp

Rit gon bléu thitc A = \-’1 —a ++Jafa — 1) +a,l2"

Chitng minh cdc hing déng thitc :
) V10 + V80 V27 — 440 = 3 + 5 - V3
b}\/6+¢24+@+\/§—x@=ﬁ+.1.

Cho A =10 +v24 + 40 + /60
Hay bi¢u dién A duéi dang téng clia ba can thifc.

x +3+2yxZ =9

. Riit gon biéu thitc A = — :
- o - | 2Xx —6 + Vx> =9

X% + 5% + 6 + xV9 — x>
3x — x2 + (x +2NQ’— x2

Rit gon biéu thitc B =

Rut gon cdc biéu thitc
D A1 I 1 B _
J—+\/— \/_-i-\/_ x/_+\/_ ~J 1+f’
1 1

J_J_ff\/—\/_"\/_\/—

~ Vidu : 41, 42, 45, 46. _
Bai tap : 92 dén 94, 111, 112, 135, 143, 144, 147,157, 175.

§6. RUT GON BIEU TH(rC CO CHUA CAN THUC BAC HAI

Vl du 12. Thuc hién phép tinh

== )




(1+a)l—a)>0 -']a!*il
: GIHI Piéu kién xdcdinhcta Ala< j1+a 1-—a2a «:::»"{
=

a=0
l—aﬂ 1+a o

Dt 1+a*—x Ta co
1—a | |
EPSENE NSNS S +1=(1+a+1]:(1+a_1)
X X x2 1 1—-a 1—a.
l+a+l—a l+a-1+a 1
a

l1-a 1-a

Vidu 13. Riit gon biéu thu‘c . |
2+\:" 243
2 +2+5 3 V2 -\2-3

Gidi : Truéc hét ta tinh A duoc

V2

A 2 +/3 2 -3 2+J§ 243

= + = +
2+V4+2y3 2-Ya-2y3 2+(WB+D 2-(B-1)
_2+\3 23 2+3)B-VB)+2 -3 +3)

A =

"3+ 3-8 - 9-3
_6- 2J§+3J_ 3+6+2J_ 3f~3'_g_1
6 6
Vay A = /2.
Vi du 14. Cho M_‘/_+6
| Va+1

a) Tim c4c s6 nguyén a dé M la s& nguyén.
'b) Ching minh ring v6i a = % thi M 12 s& nguyén.

¢) Tim céc s6 hitu ti a dé M 1a s5 nguyén.



Gidi : ‘
ayFacoM=1+

5 0 5
. D& M 1a s8 nguyén thi —— phai la s& nguyén.
R T | Ja w1 bR
Ta biét ring khi a 13 s6 nguyén thi Ja hoac 1a s6 nguyén (néu.a la s@
. 5 s

"JE;—E*I

s6 nguyeén thi Va khong thé 1a 36 vO 11, do d6 a 1as6 nguyén suy ra Va + 1

chinh phuong) hoic 12 s6 vo ti (né’u a khong la s-tf chfnh phuong). D& 1a

- la uéc tut nhién cha 5.

Tacd |
Va +1 1 5 7
Ja 0 4
a 0 16
M 6 2
4 2.6
b) Véia= = thi M = 2—u = 4.
? =41
3

. 5 ’ .". ';
. Dé M 1a s6 nguyén thi > phai 1a s6 nguyén.
Va+1'" " Va +1 | | '

c)TacoO M =1+

=n ..Z, ta cé
Ja +1

n\(_+n-5£i0d6 J__—

(do n # 0).

R _
>0, ta duge 0 <n < 5.

Giai diéu kién 5=
. n

DoneZnénne {1;2;3:4:5). Tacd

n | 1 2 3 4 5
~ 3 2 i
Va 3 3 4
9 4 1
a 16 — — — 0
4 9 16_-
M 2 3 4 . 5 6




Bai tGp

| I'Rﬁt.gon}c&t‘iz biéu thifc (béi 29 —35):
20.2) A = LFVS 1+ys | 1-45

N PN PN J_ V3 - J'

. 10l 1)

1-+a 1—a

oy (1,1 (£+4]

K}'J_ l:[ }K-I—}f-w]-ﬁ\f_ (J;+J—} ‘\f; \6‘:}

Vfﬁx:z—@ vﬁy—2+\/—;.- -
-Jx-1 -

x—%/m'

\/ 2 2 J I
X + X o - - X —
31, Q=2 y aliant A

voix >y > 0.
V2(x —y) -

) C=

30. P=

| {1 1 1 | a% + b’
32. A= et ] — - é‘l}{'" vab>a>0.
o (\fx—l \/K*f-l) '[v‘:{-—l J}H—l}- . 2ab |
| J 2 ~ — |
33. B = V1 FX vﬁx:J{Jl 3HJ5”)wa0{a{L,@
| 1_~+—x2_“-x | 2{V a I-a |
. 2 - -
34.M:(a+b}—~\j(a +1)(b +1 mabC}Ovd&b+bC+Ca-1
2
c” +1 _ .
Jx+2~fx-—1+\/xrzxfx_“
35. A= wf2 —
\/x+s,/2x-1+«.fx— 2:&—

- 36. Chitng minh hang ding thic sau vOi X 2 2

e F e

-1+\[2- it «fw
2 2

37. Cho a = . Ti ha+b




~ 38. Cho biét Vx? = 6x +13 - Vx% — 6x +10 = 1.

Tinh | \{x —-6x+13+\fx - 6x + 10.

Ja+2
Va-2

a)y Tim céc s& nguyén adéMla 56 nguyén
- b) Tim céc s6 hiru ti a_dé M 1a s6 nguyén.

40. Choamﬁwl | .
a) Viét a%, a° dudi dang. \/_ Jm tmng dé m 12 s0 -ty nhién.
b*) Chu‘ng mmh rang voi moi sﬁ nguyén dtrﬂng n, s6 a” viét dmjc dum ddng trén.

~ Vi du : 28, 61 dén 63. |
Bai tap : 95 dén 101, 120, 124, 125, 176, 182 dén 186, 188, 196.

39, Cho biéu thic M =

§7. CAN BAC BA, CAN BAC n

Czn bac ba clia mot s6 a 1a mot s6 x m lap phmrﬁg chian6binga:
' %/'_ =X <> K?’ = a.

Can bac n (n € N n ::v 2) ciia mot Sé a 1a s6 I]'ld luy thu’d bac n cua nd
bing a. .

Voin=2k+1(k e N }td ¢6 mot can bac n clia a la Zk"‘\f_
' 2k+ a — x 'c":;. xzk—i‘l ai . CosL . | . E [
Véin=2k (k c N)vaa>{}tacoha1canbacncﬁaalé +21«‘/— trong dé

23{_ goi 12 cin 36 hDC _
“{x=0"
2"‘a_-:-c*f:,& |
X

.Ek = a

7

Ta cling ¢6 cdc cong thidc nhén, cl‘ua hai can thire cung =::111 sO :

Ya Wb = Yab ;
VQF Q/- (b % 0).

D& quy d(’}ng chi s§ can thuc cin chd v: \/_ mQ} 1{' -



Vi du 15. Hay chlmg t:} ré’mg 56 m %/\/5 + 2 QN_ 2 Ié mﬁt nghIEm |
cua phuong trmhx + 3Xx — 4=0. e _' SR AR IRTRES v A
Gidi : Ap dyng hing déng thifc (a -~ b) =2’ — b - 3ab{a ~ b) ta duﬁc :_-
M(Iwﬁ(( 2) - 3%/(~F+2)(~/‘ 2)m B

=4- s%fm 4 3m

Suy ra: m> +3rn 4 = 0

Vay m 1a mot nghlém clia phlr{mg trmh x + 3X 4 (}

Vi du 16. Tinh g gié tri ciia biéu tht_rc A= %/? + SJ_ 2 + %/7 SJ_
Gidi

Cdch 1. %/?+ u%/1+3d_+6+2«f_u%/(1+f)3—1+«/_
Tucmgtu%l J_ﬂl"*-sf_-.

Dodé .___-~(1+\/”)+(1——f) 2.
Cdch 2. Apdung (a+b) = a +b3+3(a+b)ab ta chd !

-_(7+5J_)+(7 5\/'_)+3A%/49_5
. o =14-3A.
Giai phwong trinh ~ NEENE
A+3A-—14 {}¢:>A ——8+3A 6 0
e (A 2)(A +2A +4)+3(A 2) = 0@(.@. 2)(A +2A+7} 0
Phuﬁngtr‘tnhcnnghmm duynhth 2. o BRI

 Ba 'tf::_p. DT v
Cin bac ba | | 1
41. Tmh gid tri ca céc bléu thu‘c

zzmm o J3+J§+W L AXNE




42. S m dubi day c6 phai 1a nghiém cita phuong trinh x* + 12x — 8 = 0 khong ?

4 ++/80 — /80 - 4.

43. Lap mo6t phuong trinh bac ba véi cdc hé s6 nguyén, tr{}ng do :
a) 32 + ¥4 1a mét nghiém clia phuong tfiﬁh_:’ o
b) 9 — 33 12 mot nghiem cia phuong tinh.

44, Tinh gid tri chia cdc biéu thic :

) A =363 +10 %\/_mm
b) B = 3/5+ 213 + 35 - 2V13 ;
¢) C = 45 +292 + /45 -29V2 ;

d) D%d2+10\(—£+§{2_;-10\[z I;
e

45, Tim X blﬂt | _

a)%/2+x+%{2 X =1: | b)2x = (x - 1)°.
46. Cho am® =bn’ = cp3 va L + 1 +i =1. Chung minh rang-
. ' m 1 Pp

Ya + ¥6 + e = Yam?® + bn? + cp?.
~Can bacn
47. Tinh gia tri cha cdc biéu thdc :
a) %/2—\/5.(%+4~/§+%1244J§) b $17+1242 - J_
¢) ¥56 — 245 ; ) 1+J28ﬁ16~/_

2
E*) e .
V4 - 345 + 245 - ¥i25
~ Viduy : 31, 32, 48, 53, 56, 59.
Baitap: 115 dénll? 119, 121, 162 dén 168, 177 dén 181 18? 194, .




. Chumgmr
"HAM SO BAC NHAT

~ §8. NHAC LAI VA B SUNG

CAC KHAI NIEM VE HAM SO
Neu dai lugng y phu thu6e vao dai lrgng thay déi x sao cho véi méi gid tri

cha x ta luon xdc dinh dwoc chi mot gi4 tri sO tuong ting cta y thi y duge goi 12

hdm sé'clia x, ' ' | e -
Do thi ciia ham s6'y = f(x) 14 tap hop tt ca cdc diém biéu dién cdc céap gid

tri twong Ung (x ; f(x)) trén mat phing toa do. _ .
Khi x thay d6i ma y lu6n nhan moét gid tri khong déi thi y duoc goi la
ham hdng. Ching han y = 2 ]a mot ham hing, d6 thi ctia ham s6 nay la dudng
thang vauong géc véi truc tung, cit truc tung tai di€m c6 tung d¢ bing 2.

- Cho ham s6 y = (x) x4c dinh v6i moi gid tri clia x thuoc R. V6i x;, x, bit ki

~ thuoc R L o

Néu Xy < xp ma f(x,) < f(x,) thi ta n6i ham s6 d6 déng bién trén R,
Néu x; < x5 n__né f(xi) > f(x,) thi ta néi ham s6 d6 nghich bi¢n tréen R.

Vi dy 17. Cho ham s6 f(x) = ax” + bx> + cx =5 (a, b, ¢ 12 hing s6).
Cho biét f(-3) = 208. Tinh £(3). I
Gidi : Tac6  £(~3) = a(-3)° + b(-3)° + o(=3) 5 ;

o f3)=a3’+b3%+c3-5
nén f(-3) + £(3) = — 10. Do dé 208 + £(3) = —10.

Vay f(3) = ~10 — 208 = -218. | |

Vi du 18. Ching minh cong thic tinh khoang Y| - .
cich d gitta hai diém A(x; ; y,) va B(x, 3 y,) 1a b '“"77!
a=4x = 1% + (v — yp)2. ) I
. . I
_ : ] :
Gidi ; (h.1) Khoéng céch gitia hai diém x,, x, trén Lo
truc hoanh béng [x, — x;]. Khoang céch gifta hai diem o] ;;1 Xy %

Y- ¥2 I‘r:é_;}'t:uc tung b_éﬁg 2 = yil. ' o - Hink 1, |



~ trung dlém M ctia doan thang AB 6 toa do [

Trong tam gidc vudng ABCtacod .

AB*= AC? +BC ~(xz-x1> +(yg ylf.

Vay d = \/(Kz B 3‘11)_- .**‘ (Yz_ f"_}’-l_).-.-- :

sé:i.tap

-Chu blet Nf:u céc dlem A B then thu tu‘ co toa df} Ia (Xl 3’1) (xg yz) th1

Kl + XZ Yl + }"2
diém A, B, M trong ttrng trl,rcmg hdp dlID‘l day aé mmh hoa I{hdng dinh tr&n

DA(L;2),  B@; 4) b) AG-13 1), BG3=1);

J Hay vE céc

Q) A(=2;-2), B(L;

49,

50.

51.

S2.

5‘31
54,

Tim t4p h{:rp cic dlém M cé toa clf) nhy sau v6i moi s6 thuc m :
a) M (m ) | | b) M(2 m) ;-
c)M(mi;m); : d) M (m; ~m).

Xdc dinh ham 56 f{x) biét rang f(xr' +1) = x> - 2x + 3.

Xac dinh h?;tm sO g(x) biét rang g(x — 5) =2x—1.

‘Ching minh ring trén tap hop s6 thuc, cdc ham s6 sau dfmg blt’:ﬂ khi a > 0,

nghich biénkhia<0:

a)yzaxﬂ{-b(a_#())-; B  byy=ax’ (a=0).

Ching minh ring dé thi clia ham s6 v = VX — 3 + v/3 — x chi 12 mot diém.

Ap dung cong thitc tinh khoang céch giﬁé hai diém néu & vi du I8, hay xéac

dinh dang cua tam gidc ABC va tinh dién tich cda tam gidc d6 biét ring :
a) A(3;~1), B(~1;~3), C(2; ~4) ; | |

b)Y A(-2;2), B(0; 3),C(1; 1).

S3.

Cho ham s6 f(x) = ax” — bx’ + X + 3 (a b la hang s6).
Cho biét f(2) = 17. Tinh £(=2). ' |



§9. HAM SO y = ax

Ham s6 y=ax (a# O) X4c dmh voi moi s6 thue x.
D6 thi chia ham s6 y = ax 1a mot duﬂng thing di qua gffc toa dé

Trén tap hop s6 thuc, ham s6 v = ax déng bién khi a >0, nghich bién khi
a<0. .

Vi du 19. Trén mat phéng toa do, cho cdc diém A, B, C c6 toa do A0 ; 4),
B(3 ; 4);, C(3 ; 0). Hay tim hé s6 a sao cho dudng thdng y = ax chia hinh chit
nhat OABC thanh hai phin, trong dé dién tfch phin chﬁ‘a diém A gﬁ'p doi dién
tich phan chita diém C. . _

Gidi : (h.2) Duodng thang y = ax phal cat y A

canh BC ctia hinh chit nhat OABC, gm giao diém :
d6 12 E c6 toa do (3 ; 3a). _. A 8 -
Soasc = OA.0C =4.3 =12, 4 |
1. 1 | - _
SDCEmESDABC=_-12x4~ g 1E@;3a)
3 o
L _ 8
CEiz.SGCEOC=243=— C 5
. 3 -, O 3 X
Tir 3a = 8 duoc a =§.
3 9

| Hinh 2
- Puong thang phdi timlay = g—x. |

Vi du 20. Cho ham s6 },'r'z\fxz +2x+1w\{x_?'¥2x+lL
a) V& do thi ciia ham s6. '

b) Dung dé6 thi tim gia tri nho nhat cﬁa y, gid tri 16n. nhﬁt cua.y.
Gidi : :

. a) y = \f(x + 1) \/(x ~ 1)2 Ix + 1] —-1x ~1]. Lap bang xét ddu




Veix<—1thiy=(-x-=1)-(1-x)=-2. R
Véi-l<x<lthiy=(x+1)-(—-x)=2x
Véixzlthiy=x+1)~x-1)=2.

0O N
NN

D4J thi cia ham s6 dugc VvE trén hinh 3. T ;

b) Trén dé6 thi, ta thdy: | | : |
mny=-2&x<-1; | | _ 17
maxy=2<>x>1.° - Hinh3

Vi du 21. Cho céc diém A(l ; 4) va B(3 ; 1). Xéc dinh dudng thing y = ax
sao cho A va B ndm vé hai phia ctia dudng thang va cich déu dudng thing dé.

Gidi : (h.4). Ki hiéu duﬂng thing phai .
tim la d.

- Goi AH va BK 1a cac khﬂéng cach tix
A va B dén dudng thing d. Pudng thing di
qua A va song song véi Ox cit d tai diém

M(i, 4). Puding thing di qua B va song
a A

song v&i Ox cét d tai diém N[l;_l-] o
._ - a

Tacé AH=BK <> AM = NB
@-*_—1=3,——1—- . (1) Hirih 4
a a . |
5 5
Giai (1) ta duoc a“*z khi d6 dudng thﬁngdphm tim lay— ria

- Chi y ~ :
a) Néu dé bai kht‘rng ¢6 didu kién "A va B nam vé hai phla cta dudng thing

'y = ax" thi thay cho (1) ta phai viét 4. 1’ =13 -1 .
. d

Khi d6 ngoai (1), ta cOn
a .

phéi giai 2. I = 1_ 3. Trudng h:;rp nay cho két qua a =~§, cdcdiém A va B
a a .- ] |

nam ciing phia d6i véi dudng thing y'=~%x va cdch déu dudng thing d6

(dudng thang y = —-% x 1a duong thang d' trén hinh 4). |



6.

b) Néu st dung cong thic tinh toa do tr'ung.dlém M ctia doan thing AB

(xem Bai tap 48) thi duong thﬁng y = ax trt}ng Vi du 21 di qua dlém M {2 2 5}

2,5 5
ta im dm:rr:.a—* e 5
2 4
- | Bl 1p.
Vé do thi cdc ham s6 : N .
a)y= ‘x]—x g _ b)y |2x1-:-:

57-.-"']33. du{mg thang }f \E‘K y= '%‘ X, Y 2 ct nhau tao thanh mﬁt tam glac !

58.

59.
60,

61.

Tmh dlén tich tam g1ac do.

_Ve dd thi ham 56 y = \jx —4x + 4 \/x +4x+4 rfn dﬁng dﬁ thl ﬂm_' .

gid tri nhn nhit va gid tri 16n nhﬁt cua y

Trén mit phang toa df) cho da gmc DABCDE (khﬁng 3@1) cé tna dﬁ cﬁc |
dinh A(O 3), B(3 ; 3), C(3 D, DG D), B(S;0). Timhé s6 a dé dirb’ng .
théng y = ax chia da gidc thanh hai ph&n c6 dign tich hang nhau o

Cho céc didm A(2 ; 8) va B(4 ; 2). X4c dinh dudng thing y:= ax sao cho A
- va Bnim vé hﬂi ‘phia chia dudng thang va cach déu dm:mg thang dé

Cho bi&t duﬁmg thing y = %x chia mat phﬁng taa-. dﬁ thénh h&l mlén mﬁt: .
mién gf}m cé{: diém c{") toa do (x : y) mai y > -;"x,-'mlén kla gﬁm ci-_tc‘ ﬂ:ém:f"_'

c6 toa do (X ; y) mi y <’%:€[Hﬁy¥é dudng thing 'y s'-%"x_ﬁa- chi 16 mién

- nao goém céc diém (x ;'y) ma y.> _;.x Ll

§10 HAM sf) BAC NHAT

Ham s6 bac nhdt 12 ham s& dugc cho' b&i céng thite’ Y= ax - b tmng dé-_

avablacacsﬁthﬁcxacdmh a;t{l ' - 4 _ T

Ham 36 y=ax +b(a % [}) X&C dmh vm m-:n 58 Ihuc X.



Trén tap hap sG thuc hém s0 y = ax + b dong bién kh1 a > 0, nghmh bién
khi a < 0.

Dﬁ thi ctia ham s6 bac nh.;tt la mot dudng zhﬁng cit ca hal truc toa dﬂ

. Ham s6 y = ax Ia trudng ho’p dic blét ctia ham 56 y = ax + b khi b 0.
Vi du 22. Cho. hai diém A(xy ; vy). B(X, : ¥o) Vi x; # xz, Vi # Yo
Chiing minh ring néu dudng thing y = ax + b di qua A va B thi

Y2 - Y1 - X =X

Gidi : Du'{mg thang y = ax + b di qua A(xy ; y1) nén yi = ax; +b, suy ra

O YeN = a(x—-xl} o (D
- Puong thﬁng y =ax +b dl qua B(x, ; yz) nén 3?2 = axz + b Suy ra
}f — vy =a(Xy — xl) S , (2)
Tu(l}va @) suy ra Y- 3] _Y2 TV goge YL XTHL
R U A £ L A

_ ‘Vl du 23. Cho (iu{mg thiaml':r - Co :
oy = mx+m—~1(m1athamsﬁ’) (1)

a) Chung minh rﬁng du{mg thing (1) Iuﬂn di qua ‘mot dlém c6 dmh véi moi
gid tri cha m.

- b) Tinh gi4 tn cha m dé ducmg S,m-
thing (1) tao v6i céc tryc toa do mot { "5
tam gidc c6 dién tich bang 2. A2+

Gidi : (h.5) a) Diéu kién dé duong . -

thing (1) di qua diém c§ dinh N{XG 3 ¥o)
v6i moi m 1a : :

Yo = MX, +m-~1-{}v{nmmm

<:::~» (x + l)m (yﬂ + I) = 0 voi \ . “1 B |- : :;--,- ___ 2-+.=2\5
moi m $ : ' +

Xg +1=0 :-::(;j = ~]

Yo #1=0 Yo = —1
Vay céc dudng than;, (1) d1 qua . S
diém co dmh N(-1; —1). - .. Hinh5 o




-

b) Goi A la giao di€m cha dudng thing (1) véi truc tung. Véi x = 0 thi
y=m~-1,dod6 OA=|m~1. -

Goi B 1 glﬂ(} diém cia duﬂng thdng (1) v6i truc hodnh. Véi y = 0 thi

ﬁ-—i“ nenOBH-l-—:-E]?.
m - m
ﬂ{m~—1)2:4§ —2m+1-4m .(2_)_
jm|  _2m+1=-4m ° G)

Gidi (2) ta c6 m?~6m+1=0_¢¢-(m-3) =8
< m-3=2V2 o m=3+2/2.

Giﬁi(s)‘racé m” +2m+ 1=0<> (m+ 1)° =0<m=-1.

Co ba du'{:fng thang di qua N tao v6i céc truc toa do mot tam gidc ¢ dién
tich bing 2 :

'me—+3+2f tacﬁduﬁngthfmgy—(ii-i-Zr)x +(2+2J")

V6i m =3 2J_ ta c6 dudng thing y = (3 - zf 2)x +2 - z\/‘ 2).
'me-—ul tacodub‘ngthdngyhmx 2. .

62. Tim diém c6 dinh ma indi dudng thing sau luon di 'qua vGi moi gia tri ciia m:
ay=m-2)x+3; R b) y = mx +‘(m-'+-2);
©)y=(m- 1)x + (2m — 1). |

63. Cho ducmg thang d x4c dinh boi y=2x + 11. I)lmng théng d’ dd] ximg véi
. ducmg th&ng d qua truc hoanh Ia:

Ay=-2x+11; . Byy=-2x-11;
Oy=2x-11; D) Pidp s6 khic.
Hay chon cau tra 18 ding.

64. Cho du&mg thing d xdc dinh bdi y = 2x + 4 Duong thang d' déi xu’ng véi
dm:rng thdng d qua dudng thing y =X 1a:



A)y=x+2; B)y=x-2;

C}y=é—x—+2; | D)y =-2x — 4.

. Hay chon cau tra 1&i dling.
65. Xéc di_nh dudng thﬁng di qua hai diém A va B, biét ring
T a)A(-2;0),BO; D) | b) A(1; 4), B3; 0);
©)A(-2:2),B(1:5); . ) AR;-33),B(-1; 18
66. a) Cho bon didm : A0 ; -5), B(1 ; ~2), C(2; 1), D(2,5 ; 2.5).
Chiing minh ring b6n diém A, B, C, D thing hang. | |
'b) Tim x sao cho ba diém A(x ; 14), B (=5 ; 20), C(7 ; —16) thing 'han'g.

67. DiémM(x ; y) cdch déu truc tung, truc hoinh va dudng thing v = —x + 2.
Gid tri x béng : -

A)NZ-1; - ',_B}%;
)2 - J2 o D) Khéng X4ac dinh duqc duy nhat.

Hay chon ciu tra 161 diing.

68. Chitng minh rang néu mot dudng thing khong di qua g6c: toa do, cat truc
hoanh tai diém c6 hoanh do bing a, cit truc tung tai dlém cod tung do bang b
thi duﬂfng thing dé c6 phwong trinh la

RSO AR
. -a- b | 1
69. Xdc dinh cdc s6 nguyén a, b sao cho dudng thing y = ax + b di qua diém
‘ A(4 3), cét truc tung tai diém cé tung do 1a mét s6 nguyén cim;}fngqr cat
truc hoanh tai dlém c6 hoanh d6 14 mét s6 nguyén duong.

-70*#, X4c dinh dm:mg thang di qua A4 3), cit tryc tung tai diém cé tung do la
mot s& nguyén duong, cat tryc hoanh tai dlém c6 hoanh d¢ 1a mot sG
' nguyen to. ' ' :

71, V& d6 thi cdc ham s6 : |
a)y=[x|-2; o b)y = [2x +1|.



72. V& d6 thi hams6 = _~|x—1|+1x—3|

roi dung do th:l tim gid tr1 nhd nhit cla y.

| 73. Dung doé th1 dé chu‘ng ‘minh bat dang thﬂc sau \/x - 4x + 4 :> x - 3 ::-.f“'_

74, Cho ham s& f(x) = ax + b c6 tmh chit f{3} f(l) f(2) va: f(4} = 2
| Ching minh rang a = Ct va f(0) = 2.. e

75*. Cho céc diém A6 ; 0) va B(O0; 4). Mﬁt dlém M di chuyén Irén dnan thing'{.i_’

AB. Goi C, D theo thit ty 13 hinh chiéu clia M trén OA, OB. Goi N Ia diém

thuoc doan thing CD: 520 c}m DN 2NC Chiing mlhh rang cilém N nam—-{.'.'_
trén mot du’ﬂng thang e _* - L T T
. 76. Tim hé s6 a > 0 sao cho céc duﬁng thﬁng y = ax — 1 y = I y 5 va truc
tung tao thanh mét hinh thang c6 dién tich bang 8 T
77. Cho dudng thﬁng oy =(m-— 2)x + 20 (d);; o ..
- oa) Chu‘ng minh- ring dun‘ng thang d lucm di qua mf}t dlém cﬁ dmh vm mmﬁ.{
gid tri ctia m. _ =

b) Tim gid tri clia m dé khodng cdch ti‘f gcic toa dﬁ de:n du&fng thang d bdng 1 o

¢) Tim gid tri cia m dé‘. khoéng céch ti gﬁ'c toa do dén dm:mg thang d cé’ f_ )

gid tri 16n nhit. B o
78%, Cho cédc dieém. A{‘? 2), B(2; 8), C(S 4) Xac dlnh dudng thang da dl q‘iza; o
A sao cho cic diém B, C nim vé hai phia cha d va cach déu d | SR RRT

9* V6i méi s6 thuc X, ta gm f(:'-:) la gla tr1 nhu nhﬁt tmng cac 56 4}{ + 1 f:_-:..'
_K+2-2x+6 S c . S
g a) VE d6 th1 ham 6 y f(x) b) "ﬁm gla tr1 lcm nhﬁt cua f(x)

§11 BUfJNG THANG SONG SONG
VA PUONG THANG CAT NHAU..
I-IE so GOC CUA BUGNG THANG y = ax + b

| .Xct hai dutng thangdvad* the-:} thu‘tl}'cé phﬁa'ng trinh iéy"ax+b(a¢0}_'-"_
Cvay=ax+b@%0.Tacs:. o .
| d,ffd‘c':va-*awb;tb" |
dtringd <> a=a'vab= b'
deitd' <>a=a.
dJ_d' & aa' =1 (xem Vidu 25)



Xét dudng thing y = ax + b (a # 0). Goi A la giaﬂ diém clia duﬁng thing
y = ax + b va truc Ox, T la di€ém thugc dudng thing y = ax + b va c6 tung do
duong. Ta goi géc tao boi dudng thing y = ax + b va truc Ox 1a géc tao béi tia
"AT va tia Ax. Dat goc dé 1a o, néu a > 0 thi 0° < o < 90° va tgoe=a, nfua<0
'~ thi 90° < o < 1807 va tg(180° — o) = ~a. Cho biét a, ta tinh duge o, hé sd a duge
- goi 12 hé s6 gbc cia dudng thing y =ax +b.

Vi du 24, Tim cac s6 dm:mg m, i sao cho hé s0 gbc clia dudng thang y = mx
g4p bon hé s§ goc cha dudng thing y = nx; goc tao boi dudng thing y = mx véi
truc Ox gép doi gbc tao boi dudng thing y = nx véi truc Ox.

Gidi : (h.6) Qua diém C (1 ; 0) ké dudng thing vuéng géc véi truc hoanh,
cat cac dudng thing y = nx, y = mx theo thit twtai A, B. Tacé Al ; n), B(1 ; m)

Dom = 4n nén BC = 4n, AB = 3n.

A
Theo tinh chat dudng phén gidc clia tam gidc Y1 ;;S é _
OBC, ta cé .
AB:“}B:}%':OB::;OB:?,. lan
AC OC n . | | |
Theo dinh If Py-ta-go trong tam gidc OBC S+
vuong tai Cco : | 7 3
. BC*=0B’-0C?=3%-1%=8 | Nl g
:>BC=\/§=>_H1=\/—._=2@, ' of Tox
2\{‘2‘ \/E Hinh 6
a2 '

Vi dy 25, Cho hai dudng thang d va d' xdc dinh
boi y = ax (a # 0) va y = a'x {(a' # 0). Ching minh
rang di€u kién dé cdc dudng thing d va d' vuong géc
~ v6i nhau 12 aa' = —1.

- Gidi : (0.7) |

Ta thdy khi d L d' thi trong hai duong thing d
va d', c6 mot dudng (gia s 1a d) ndm trong gbéc
vuong phén tu I va Iil, duong kia (1a d') ndm trong
goéc vubng phan tw II va IV, khidéa>0vaa < 0. Hinh 7




" Qua diém H (1 ; 0), k& dudng thing vudng goc v6i Ox, cat d va d' theo thit

twd A vaB, tacé HA = la| =a, HB=la|= -a. |
Chi § rang H nim gifia A va B nén diéu kién d€ tam gidc OAB vuong tai O a
HA.HB = OH’ @»a&a)—l@aa I | |

Chu y : Ta biét ring hai dudng thing y = ax + b va y = a'x + b' vudng géc
v6i nhau khi va chi khi hai dudng thang y = ax va y = a'x vudng goc véi nhau.
Do d6 tir bai todn trén suy ra : Diéu kién d€ hai duﬁng thing y = ax +bva

'y =a'x + b (a0, a = 0) vuong géc v6i nhau 1a aa’ = ~1.

| Bai tap
80. Tim gi4 tri cia m dé hai dudng thing y = 2x + 3 vay = (m—~1)x + 2 :
a) Song song ; b) Cat nhau; c) Vudng gbe vdi nhau.,
81. Tim gi4 tri cha m'dé hai dudng théng y = mx+1vaiy=0Cm-4)x-2

a) Song song ; b).Cét nhau ; ©) Vuong géc véi nhail

82. Xéc dinh céc he s6 a va b dé dudng thang y = ax + b cét truc tung tai diém
co tung do bang —2 va song song vdi du:;mg thang OA, trong d6 O Ia gnc

toa do, A(v2;1).

83. Xdc dinh duong thang di qua gbc O va sung sang v6i dudng thang AB_
biét ring :

a) A(-1; 1), B(-1;3); b)A(1;2),B3; 2); qj A(1;5), B(4; 3).

84. Cho ba diém A(-1 ; 6), B(-4 ; 4), C(1 ; 1). Tim toa do dinh D ciia
hinh binh hanh ABCD. o o

85. Cho bén diém A(l ; 4),_ B3 ; 5), C6 ; 4), D2 ; 2). Ti giﬁc ABCD 1a
hinh gi ?

86. Cac bo ba dudng thang sau cé cit nhau tao thanh tam gidc vuﬁng hay khﬁng‘?
a)y=2xm5,y:_—%x+l;y:2x+3;

' 1 5
bYyv=2x—-5, y=——X+ — ; y=X—2;
)Y y=-3 5 y

)y=-x+1,y=x+3;y=-2x+6.



87. Tinh hé s6 géc cha dudng thing -g- ANy

2

88. Cic dlem A(m:3)vaB(l; m} nam t:rén duﬂng thang c6 hé s6 goc m > 0.
'I“:lm glﬁ tri cia m.

- 89. Ching minh ring n€u mot dudng thang di qua diém A (x4, y;) vk c6 hé 56
géc bang a thi duong thing dé c6 phuong trinh la y — y; = a (x — xy).

CHUYEN DE
BAT PANG THUC
Bit déng thic di dugc gi6i thidu trong cudn Ndng cao va phdt rrz_'é?n Todn 8
tdp hai. Sau day la c4c phuong phép ching minh b4t ci_éng thitc va cde vi du ¢6
lién quan dén can thic. | -
I - PHUONG PHAP BIEN DOI TUONG PUONG
Vi du 26 (4). Chiing minh fﬁng trung binh céng ciia can bac hai s6 hoc cha

hai s0 duong khéc n.hau nhé hon can bac hai s6 hoc cha trung binh cﬁng clia
hai s6 4y.

_‘f;**!‘;{ v6ia>0,b>0,a#b. - (1)
2 2 :
Gidi
(1)@a+b+2~fa_b{ a+b
. : 2 _
> a+b+ EJ_!:: {:Za+2b¢:>'{}c:a+-bu2x/§£
ﬂﬂi(fm«/-)z - o | 2)

Du a # b nén bt dang thic (2) dﬂng, vay bat dang thic (1) dugce chung minh.

Vi du 27 (4). Chitng minh bét déng thic

v a2 erz +"--«Jc2 +d? = \/(a +c)2 +(l:>+d)2 ) | (1)




Gidi : Bién doi tuong duong

D a+b +c’+d + (a2 + b?)(c? +d?) >a®+ %+ 2ac + b + d + 2bd

& J@a? +b2)c? +d?) 2ac+bd. @
Néu ac + bd < 0 thi (2) dugc ching minh.
N&u ac + bd > 0 thi (2) tuong duong véi

| (a2+b2)(c? + d2) > a%c? + b%d? + 2abed

@azcz+ad +b%c? + b’d >azcz+b 42 + 2abcd

< (ad — be)? > 0. . (3)
Bat dang thic (3) ding, vay bét ding thitc (1) duge ching minh.
II — PHUONG PHAP LAM TROI, LAM GIAM

Vi du 28 (6). Ching minh bat dfmg thiic sau véin € N, n > 2.

\f_ J— [ J_{ZJ_ 2.
S T
._ - Giai ; Dat _Jz' -\E +«f;

a) Ching minh A > 2v/n — 3 bing cdch lam giam méi s6 hang ctia A :

1 2 2 / / *
: — S =2\Wk+1—-+«+k)véimoik € N
Vi Jk+vk T Vk+1+k ( ) v6i moi =

Dods A>2((Var1-vn)+..+ (V& -3)+ (53 -+2)] =
—2(VaF1-v2) =2¢n+1-2v2 > 2Jn+1-3> 24n - 3.

- b) Ching minh A < 24/n — 2 bing céch 1am troi mébi s6 hang clia A :

1 2 2 | ' *
= < =2 Wk = vk —-1) véimoik € N,
N &+Jr_1 ( ) V6L me

Dodé
A{E{(J_~~Jn— D+..+ (V3 =V2)+ (2 = JD1="
=2(n - )=2n -2.




II1 - PHUONG PHAP SUDUNG CAC BAT DANG THUC DA BIET
Ta nhic lai & day ba bdt ding thitc quan trong : _ >

1. Téng cha hai s& nghich dao nhau

Z + L > 2 véi x, y 1a hai s6 cing déu.
Y .

Dé dang chitng minh b4t ding thic nay.

2. Bit ding thic Co-si'”
Choa, b, ¢ 1a cdc s0 khong am. Khi d6 :
| 2 ; b > Jab
a+b+c
3

Téng qudt : Trung binh cong cha n s6 khong aAm 16n hon ho#c bing trung
binh nhan cha ching, | '

abc .

a; +ay +...+ag

2 Dajag..a, V6iay, ay, ..., a, 12 cdc s6 khong am.
n

Dang thiic xay ra khi va chi khia; =a,=...=a,.
Chiing minh b4t déng thitc Co-si v6i ba s6 khong am : xem Bai tap 115.
Chitng minh bét dang thic Co-si v6i n s6 khong am : xem Vi du 32.

3. Bat ding thirc Bu-nhi-a-cdp-xkil
Cho hai bo s6a,b,cvax,y,z Khidé:
@+ D)%+ yD) > (ax + by),
(a” + b% + ¢O)(x% + y° + 2°) > (ax + by + cz)°. |

Té’.ng qudt : Cho hai b0 n s6 : (ay, a, ..., a,) va (by, by, ..., by). Tich cha téng_
cac binh phuong n s6 clia by s6 nay va téng cdc binh phuong n s6 ciia bo s6 kia
Ién hon hodc bing binh phuong clia tdng n tich hai s6 twong iing cia hai bo s6 do.

(*) Cauchy (1789 — 1857), nha toén hoc Phap.
(**) Bu-nhi-a-c6p-xki (1804 — 1889), nha todn hoc Nga.



(af +a3 +...+a3)(b] + b) + ... + by) = (arby +dgby + ot anbn)

Péng thitc x4y ra khi va chi khi (a;, 2y, ..., 2,) V2 (by, by, ..., b, ) Ia hﬂl bﬁ:
s6 ti 1&¢ véi nhau tic 1a i _% . El_‘; véi quy udce f:fmg néu mﬁﬂ _bang 9.. -'-_

I

thi t&r bang 0.
Chitng minh N | o |
Dit A= a‘il + a% + .ot a B bl + b2 b + bz C alni + ﬂ.zbz +. -r-anbJnL

Cén chlm_g minh AB> c. . Uit iU S E -
Néuw.A=0thia; =a,=..=a,=0, bat dang thite dugc chung mmh Cung

vay néu B = 0. Do d6 ta chi cﬁn x€t tmﬂng hcrp AvaB khac 0. | B
Véimoixtacé: ' | o

| (alx — bl)?; >0 1"}.312?{2 - Zﬂlbl}[ + blz >0 ..

(ayx — bz)z E 0 #}_a%xz — Zaéhgx + b% 2 O Lo '_

(a}é—bz) 3"0:>a 2&bx+b2?*0

Cong timng v€ n bt dang thitc tren dugc

(a1+a§+ +a}x —2(a1b1+azb2+ +ab}x+(b1+b2+ +b?~):=-{:r

wel . A®-2Cx+B20. (O
Vi (1) diing véi moi x nén thay x =—E— vﬁn (1) ta ﬁ_uqc SRR
A Ci 2. E~2-+B}0=>B-£%ﬂ}{):>-AB 02}0=AB>C
A A A | -
Xay ra dang thic khi va chi khi ax = b-{, X = b'z_, ey B = b tﬁc lh
&b—i'= %3 = .. ‘ b v{‘:'il quy uéc rang néu m?iu b.;mg 0 th1 t phﬁl bang {]' |

n

Vi du 29 (4). Choa, b, c'la'ca;;: éﬁ: di.rtrﬁg. Chiing iﬁiﬁh'bg{{déﬁgiﬁﬁ;}i | -
| a2 - b? (;.2 5 a+b+c
+ + = .
b+c c¢c+a a+b 2




- Giai

Cdch 1. Ta nhé dén bat ding thic Co-si : x +y > > 2./xy V6i x, y 121 céc sO
khoéng am. Thct} bt ding thitc Co-si ta cé

2 2 :
2 +-b+?232J - 'b+c'ﬁ2;ELﬁa
b+c¢ 4 b+c 4 -2
. 2
Suy ra 2 -za—b+c.
b+c | 4
2 L 2 -
+ b
Tuﬂngtu"b E*,b—aJrC, < ,Ec—+a .
a+c 4 a+b | 4
Cong timg v& ba bdt ding thic ta dugc
L2 2 2 .
a” b 4 C 2(a+b+c)_a+b+e.=a+b+c‘ |
b+c a+c¢c a+b 2 2

Cdch 2. Theo bit ding thitc Bu-nhi-a-cp-xki |
| (a” +b” + r::,_":")(:r;2 + yz + zg} > (ai +by + cz)”’

ta co

:[ﬁff[ﬁf (o] 1 o

s :a _ : ]2
= . Vb+cC + .Aa+ce + ~a+b
\Ja n!a-kb )

\¢b+c_

.. 22 b2 .2
= + + [2(a+b+c}]>(a+b+c)
\b+¢c a+c a+b

a2 b2 "2 a+b+c
+ - -+ 2 - .
b+c b+c b+ 2

Vi du 30 (4). Cho a, b, clﬁcécsﬁkhﬁngﬁmvﬁa+b+c¥I.Chﬂ'ﬂgnr}inh:
a)x! 1+x1b+1+~Jc+1=::35
‘b)) vJa+b +~fb+c +xfc+a *-‘-“-J_




Gidi -
a) Cdch 1. Ta nhin tﬁnu a+ 1 duti dang mot tich 1(a + 1) va ép dung bat

dﬁng thitc Co-si /xy < Y v6i X, ¥ la cdc s6 khong am.
Ta co va + _:«'}1(3+1)£££f?1)'+—1=%+1.

Tuwong tu: Vb +1 ii'—g- + 1, Ve +1 £§_+I.
Cong timg v& ba bat déng thic trén ta duoc

Na+1+ Jh+1 +o+1 Ea—Jr—zf—c- +3=35.

- Dau "= "xayrakh1vach1kh1a+1-b+1~*c+1-i¢>a—b=c={},
trdi voi gia thi€ta+b +¢ = 1.

Vay Ja 1+«}b+1+«;’c+1«=:35

Caf,hZ Dit «Ja+l =X, Vvb+1 =y, Je+1 =2z, Ap dung bdt dang thitc
'(x+y+z) <3(x? + ¥ +z}(xemBé1 tap 91a) ta dugc

C(Wa+1l +Vb+1 + e +1) =3(a+1+b+1+c+1)

=3.4=12<12,25

nén- -\/a+1+\/b+1+~...l' +1 <3,35.

b) Cdch 1. Ap dung bét ding thic Bu nhi-a-c6p-xki véi hai bo ba s duﬁc

(1a/a +b +1\(b+c+l~.!c+a)
{1+I+1}[(v‘a+ ) +(~Jb+c) +(wfc+a}2j

= {Ja+b+\/b+c+\/c+a) {3(a+b+b+c+c+a) 6

:}ﬂ"a+ +Jb+c +Jet+a < 6.
Cdch2.Patva+b =x, vb+c =y, Jc+a =z

Ap dung b4t ding thic (x +y + ?} < 3{){ + y + Z ) c6

{Jd+b+\/b+c+\/c+a) 3(a+b+b+c+c+a)=3.2=6

= Varb+Vbrc4vera <6



[V — PHUONG PHAP PHAN CHUNG
Vidu 31 (7). Cho a + b = 2. Chitng minh ring

a+do<2
Gidi : Pat 3a =m, I¥b =nthia=m>, b=n’>. Tacém’ +n° =2.
Céan ching minh m + n < 2. | |

Giastm+n>2thi

3

(m+n)y>8=m +n3+3mn(r_n_+n)::-8:*-2+3_nm(m'+n):»8

:7; mn({m + n) >2 = mn(m +n) > m>+ n_3 (vi mo+ n3.= 2).
Chia hai v&€ cho s6 dudng m + n (theo gia thi€t phan ching) :

2

2 .
mn>m —mn+n :bO::-(m—n)Z,vﬁll.‘

Véay phai c6m +n £ 2.
V — PHUONG PHAP QUY NAP TOAN HQC

Vi_du 32 (7. Chfrng minh bat ding thirc Co-si véi n s6 khongam a;, ay, ..., a, :

4 e T
a] ag + &n > nfﬂ.‘[ﬂ.g---ﬂn.

n

Gidi

Y

S s : . .. 8;+a .
‘Hién nhién ménh dé ding véi n =2 tic 1a ! > 2 > Jajas .

2 2 : . o . aj+ay +...+a —
Gia st ménh dé éung‘vm n =k tic 13 ——=2 ” .k > Kaa,...a,. Ta
$& chitng minh ménh dé cling ding v6i n = k+1.

ap +ay +.. Ay
k

Giasua; <ay;<..SagSag, thiag =

t' 31 +32'+..1+3k

=xthix=0,tacéda ,,=x+yvoiy=>0va

x5 > a;a, ... a; (do gid thi€t quy nap). Ta ¢6



a; +ay +...+a, +ak+1)k+1 =[kx-|_—x-_l—ka+i
k+1 k+1

k+1
| =[x+ Y ) >x** k1)L xk =
k+1 k+1
k+1

=x "1+ xky = x(x + y) 2 ajag..apap .

31 + ay + ...+ ﬂk+
k+1 '
Vay ménh dé ding v6i moi s6 tu nhién n > 2.

1 & '
= kTyaiagi-.akH .

Suy ra

X4y ra déng thiic khi va chikhia; =a, = ... = a_.

VI — PHUONG PHAP HINH HOC

- Vidy 33(4). Chiing minh bét diing thic sau v&i a, b, c, d > 0

J@? + b2 + ¢2) + (a2 + a®)? + d%) = (a + b)(c + d),
trong déa, b, c,dla 'n'hfirng sO 'thl_rc duong. | :
Gidi : Xét nit gidc ABCD c6 AC L BD, O la giao diém hai dudng chéo :
OA = a,0C=b,0B=c,OD=dvéia, b, cdla cdc s6 duong (h.8). Theo dinh If
Py—ta-gc_: - N : | :
. AB=+va?+c?, BC= Vb2 +c2, AD = Va? + &2, D = Vo2 1 &2,

" AC=a+b,BD=c +d.

Céan ching minh AB.BC + AD.CD > AC.BD. B  _C
That vay, tacé  AB.BC> 2S,p- | ¢ b

| | AD.CD > 2S,pc. |

Suyra AB.BC + AD.CD > 25 5cp = AC.BD. | —
Vay ' | Hinh 8

J@? + 22 + c2) +J@® + d>)m? + d%) > (a + b)(c + d).
Cdch gidi khdc. Ap dung bat ding thic Bu-nhi-a-cOp-xki

(m2 + Iiz)(xz + }rz) = (mx + ny)z-vc’ri_ m=an=c¢,x=c,y=b



tacéd (a>+ c)(c” + b>) > (ac + cb)* = \f(a2 +¢2)(c? +b2) >ac+cb. (1)

Tﬁnng tur \/(az + dz}(d2+ 52) s ad + db. | (2)
Cong (1) va (2) suy ra diéu phai chitng minh. |

Bc:u ’rcsp
90(4). Chlmg minh céc bat dang thifc :
a}x +x«.@ +1>0;
b) Va+b+a- b<2 Ja véia>b>0.
- 91(1). Ching minh cdc b4t ding thic :

a) X +y+ 2}2 <3(x% +y? ¥ 2%) ;
b) as + b + abc = ab(a+ b + ¢) v6i céc s6 duong a, b, c.

92(5). Cho a= V2004 — /2003, b= 2005 — +/2004 .

So sdnh a va b, s& nio 16n hon? .

93(5). Tim s6 duong nho nhét trong cédc s6 sau :

a:4£—9_,b~9m4£'c=7-4@ d=18 =513, e =2+/30-11.

94(5). a) Cho a = /37 - J_ Tim s& 16n nhat nhé hon a, s6 nhé nhét 16n hon
a trong cac s6 sau :

?

2 12
137 6 117 57 9
b) Cho a = /65 — /63 . Ching minh rang % <a< 1?:5 roi tim xem phﬁn

thﬁp phan cua a gﬁn nhat vcfn s6 nao tmng cacs6 0,12 ;0,13 ; G 14 ; 0,157
- 1 1
+ i b ———.
~J1 199 «J2199 sJ 199 o 19991
Ching minh rang A-> 1,999.
96(6). Chimg minh v6i moi s6 nguyén dwong n

95(6) Cho A =

{

1 1 T “
a) + + s S 5 . <1;
WI+IW2 324243 43434 (n+1Dvn +nvn +1




1 | 1
T 3\15 ’ 4\1/5 et med
97(6). Chitng minh véi moi s6 ti nhién n > 2 déu c6 -
_ﬁ{\jq+\/1§+j§+\}i+...+7:<2sfﬁ.

98*(6). Cho 25 s6 tu nhién a;, a,, ..., a,5 thda méan diéu kien

Chu’ng minh rang tmng 25 s6 tu nhién dé6, ton tai ha1 sd bang nhau

=90,

99%(6). Ching minh véi moi sé nguyén du{mg n:

w/i+\/§+\/§+..d+£5n,__1/n;1.

-l BB Va-V3_  JB-Jm

160*(6). Cho a .
| [+2 243 3+4 24425

Ching minh ring a < -?- .

| . 1 35 2n—1
181#%(6). Cho A= —. == _ ... I]EN n>2 .
6) 2 4 6 2n ( )- | |
Chitng minh ring : " | o
1 I
2) A <~ ; b A<
\!2n+1 43n+1

102(4). Chu‘ng minh bat ding thm: sau bing phm::rng phép hinh hoc :

_ \/a +,b2_.\jb2 +c2 lz.b{a+c) vdi cac sﬁdudng a, b, c.
103(4). Chﬁ'ng minh bat ding thitc sau véi cic s6 duong a, b, ¢, d
| Ja+b)c+d =ac +bd .
104(4). Chitng minh cédc b4t dang thic sau :
af a’ b.z + ? = at+tbtc vdi cic s duong a, b, c.
a+b b+c c+a 2 | R




52 2 2 . 2 - -
b) .a + b 4 d > a+b+C+d_vﬁi céc s6 duong a, b,
a+b b+c c¢c+d d+a 2

¢, d. : . |
105(4). Chiing minh rang néu céc doan thing cé do dai a, b, ¢ lap duge thanh

mot tam gidc thi cdc doan thing c6 do dai \f— \f‘ Je cling lap dlmrc
thanh moét tam gidc,

106*(4) Cho a, b, ¢ 12 ba canh cla mf}t tam gidc. Ching minh :

\/_(a-s-bi#c){\fa +b% 4+ Vb% +¢% + Ve +a2 «::\6(34-134-:::}. '_

107*%(4). Chlmg minh bat déng thirc voi a va b khong am

(a +2b>' a j; s avb +bva.

108(4). Cho céc s6 duong a, b, c. Chﬁrng minh bat déng thifc

/ a b \/ C
- A+ + - > 2.
b+c¢ a+c¢ a+b
109(1;. Cho cédc s6 duong a, b, ¢, d. Ching minh
a + b + ¢ + d = 2.

. b+ec c+d ‘d+a a+b'_-
116(1). Ching minh bét ding thic
| 2 2
%+_f_2+423[£+z).
| y X Yy X
111(5) Tim s6 ty nhién n nhé nhat sao cho \f_ — +/n <0, {}1
112(5). Tim s6 tu nhién n nhb nhdt d€ c6 bit déng thifc

(a2 + b2 + c2)? «:n(a +b% +ch).
1 13{4} Chiing minh bat ding thac |
atb _ Jab.< @-b" . >b>0.
p) &b
114(1). Mot mdy tinh thuc hién céc lénh sau -
(1) Cho x bing 3 va S biing 0.
(2) Cong 2 vao X.
(3) Cong x vao S.




(4) Néu S > 10 000 thi thuc hién iénh (5), con ngugc lai thi tr& lai lenh (2)
va tién hanh ti€p tir do.

(5) In g:a tri cha x.
(6) Dung lai.
Tinh gia tri chia x dugce in ra. |
115%(7). Chitng minh bt dang thitc Co-si v6i ba s6 khong am a, b, ¢
AE22E 2 Yabe.
a- b c d

116%(7). Cho céc s6 duong a, b, ¢, d. Biét + LA SR )
(7). Cho cdc s duong 2, b, ¢, 4. Bi I+a 1+b 1+4+4c¢ 1+d

Chitng minh rdng abcd < —éll—

117#(7). Chéng minh b4t dang thifc

2 v 2 _x vy z
Z

_ 2-{- 2+ 3 > — + = 4 — v@i céc so duong X, v, z
y Z X Y X
bﬁng cdch van dung c:—ic bat dﬁng thitc Co-si va Bu-nhi-a-cép-xKki.

118(4). Cho x«.}l-—y +y 1-x% =1. Chu‘ngmmhrangx +y =1.
119%(7). Cho a = 33 +B+PB-B, b= 2%. Chfmg minh ring a < b.
120(6) a) Chung minh \/2 + \/2 + .o FA2+ \5 <2 (vE& trdi cé 100 ddu cin).

2 - \f2+\{2+ +\{2+—J_
2~ \j;+\f2+ -t 2+ 2

b) Chti'ng minh -}1- (tlr ¢6 100 ddu can, mau
cO 99 ddu-cin)
L n
121*#(7). a) Chitng minh v&i moi 86 nguyén duong n, ta cd (I + l-) < 3.
n

b) Chitng minh ring trong cic s8 cb dang J{’/- (n 12 s6 tu nhién, n > 2),
s6 3 ¢6 gid trj 16n nhﬁt



122%(1). Cho hai ddy s6 sdp thitw:a>b>cvax <y <z
Chitng minh b4t dﬂng thic (a+b+c)x+y+2z)>3(ax +by+ cz)
Bdt dang thirc Tré- bzr—.sep{ )
123%(3). Tim 20 chit s6 thap phan dadu tién cta s¢

J0,99...9.
. e :
L 20 chit s6 9
- 124%(6). Chiing minh ring : |
) S6 (8 +3v7)7 c6 bay chi¥ s6 9 lién sau ddu phdy :
) S6 (7 + 4\6}10 c6 mudi chir s6 9 lién sau ddu phdy.
125%(6). Ki hiéu an' 12 s6 nguyén gﬁn \/r_l nhit (n < N*).

-Chﬁnghan': V1 =1 =a;=1; 2 =14 =>a;=1;
\/gml,’? = ay=2; v’r:—i=2 =ag=2;
V5222 =ag=2; V6 %24 Dag=2;

J7 ~2,6 4:>a;=3.,.
Tfnhi+—1—+—lu+..,+ ! .
4 ap; aj 41980

TIM CUC TRI

I — DINH NGHIA GIA TRI LéN NHAT GIA TRI NHO NHAT CUA MOT
BIEU THUC

Céch fim glé tri 16n nhat, gid tri nhd nhit cha mot bidu thic da .{iuﬁc trinh
bay trong cuén Nﬁng cao va pha!‘ trién Tc:-.:in 8 tdp hai. Ta nhic lai cdc dinh
nghia sau :

Bmh nghia gié tri Ién nhit. Cho biéu thic f(x) xéc dinh trén D. Ta n6éi M.
la gi4 tri 16n nhét cha f(x) trén D, ki hiéu M = maxf(x) néu hai diéu kién sau
dugc thoa man : '

(*) Tré-bu-sép (1821 — 1894), nha toén hoc Nga.



— Vi moi X thudc D thi f(:k:) <M, véi M 1a hang 56 DT LN T

— Ton tai xq thufc D san cho f(xp) = M.

Pinh nghia gi4 tri nhé nhat. Cho biéu thic f{x) xéc¢ dinh trén D. Ta néi m 13'_-.5; :
gia tri nhd nhit cha f(x) trén D, ki hu%u m = mmf(x) néu hai diéu kaen sau’ dm}c _j o
thod mian : o PR S

— V61 mol X thuﬁc D ﬂ'll f(x) > m, vm mla hang 0.

— Tén tai xy thuoc D sao Chﬂ f(xﬁ) m.

Ta cling dinh nghia gia tr1 16n nhat ctia biéu thm: f(x y, } gla tn nho nhat-_;
cna biéu thiic f(x y,...) bang cich tuong tu B | SR '

NHGNG SAIL LAM THUONG GAP KHI GIAI TOAN CUC 'I'RI

1. Sai lam tmng chimng mmh diéu k:en 1
Vi du 34(1). Tim gi4 tri 16n nhét clia bléu :t_huc o
—6x + i’.r’

Loi g:a: sai., thm thic A ¢ tl khfmg déi nén A co gla tri le:m nhat kh1 mﬁu
nho nhit. - - L ' T

Ta ch | %2 — 6% + 17 = (x_"—' 3)2'.-?8 > 8

A._.

“min(x? - 6ic +17)=8 < x=3.
" Vaymaxﬂu % © x=3.

' Phan tich saa ldm. Tuy (Iap 56 khﬁng sai nhu‘ng lﬁp luén sai kln khang dmh
"A c6 tlr s6 khéng d6i nén c6 gid tri 16n nhét khl mau nhﬂ nh&t“ ina chu'a dua ra - _'
nhan xét ti va mau 12 céc séduﬁng e pi Y mba

1
- x* -4 i
khong doi nén cé gia tri I{m nhit khi mau nhn nhat" d{} mﬁu nhu nhﬁt bﬁng —4"-"-

Chéng han “xét bidu thu’c B =

Vfﬁ lﬁp luﬁmi “phﬁn thu'c B cé tu:

khix =0, ta s& di dén max B = —:lf & X = 0 D1éu nﬁy khﬁng dung v1 % khong:-' :

phai 1a gi4 tri I6n nh4t cha B, chang han véi x =3 tiB= é > —:1;



Mic sai l4m trén 13 do khong ném viing tinh chat clia bit déing thdc, da
méiy moc 4p dung quy tac so sdnh hai phan sg ¢6 tir va miu 12 s6 tr nhién sang
hai phan s6 c6 tir vi miu 12 s6 nguyén. -

Loi giai dung. BS sung thém nhan xét X*—6x + 17 = (x - 3) +8 > 8 nén
tlr vi miu cha A 12 cdc s6 duong ; hodc tir nhan xét trén suy ra A >0, do dé

A 16n nhit < -i— nhd nhét <> x° — 6x + 17 nhd nhét.
Vi du 35(1). Tim gi4 tri nhd nht cla
A=24L  Z v céc s6 duong x, v, z
Yy oz X |
Lot gidi sai. Gidashtx 2y >z > 0. Ta suy ra
xwzz(}::?y(x—z)zz(x—z)ﬁxy'—yz+zzzxz.

Chia hai v€ cho s6 duong xz duoc

XYL E5 S
Z X X .
- Mt khic, ta c6 2i¥za o o @
y X . :
Cong (1) v6i (2) taduge = + L + £ >3, 3
o y z X -

mnA=3<&x=y=2

Phan tich sai ldm. Khi hodn vi vong quanh x thay bdi y, y thay bdi z, z
thay bdi x thi biéu thic A wé thanh £ + = + X tic 1a biéu thic khong déi.

_ . . . 7 ® y . . | :
Diéu d6 cho phép ta dugc gid sir x 12 s6 16n nhit (hogc s6 nho nhdét), nhung khong
cho phép gia str x 2 y = z. That vay, sau khi chon x 12 s6 16n nhdt (x 2 y; x 2 2)
thi vai trd clia y va z lai khong binh déng : giit nguyén x, thay y bdi z, thay z bdi
v .

ytaduge = + Z + ¥ khong bing biéu thiic A.
z y X

(Ta dua ra mﬁt vi du khdc cho phép duge gid sk x 2 y > z. Chang han

-B-—x2+y + 2° +xy+yz+zx Sau khi chon x Ia sf’ilénnhat thi vai trd

ciia y va z 1a binh ding vi giit nguyén X, thay y béi z, thay z boi y ta &mrc

X2+ 27+ y? + XZ + YZ + yX, vénbﬁngB)



Cdch gidi diing

z
Ca(.hf Ap dung batdangthﬁcCﬂsmhu ba st’iduﬁng Y’ ;;- ;:
A=X,Y¥Y %54 ii_z_:g
| y z X vz X
Dndémin[-}f-+—}’?—+£]=3khivﬁn:hikhi£=i=£ lax=y=z
y z X o y 2z X |

Cdch 2. Ta cb i+i+i'={£+i)+[i+i_}£}_
.y z X y x/)

Tacé-}-{-+-¥—Ez(de-x,y}{})néndéchfmgmiﬁhE+1+-E > 3 chi
V X - o ¥ z X

cdn chitng minh

L2 _ L5y, (1)
A X .4

(e xy+ o YZ —XZ >.0 (nhan hai v& véi s6 duong xz)

SyEx-z)—zx-2)20 G -2)(y—2) 20 (2)
- (2) ding véi gia thiét ring z 12 s6 nho nhét trong ba's6 X, v, z, do d6 (1) ding.
' Tix d6 6im duge gid tri nho phat cia L A
y z X

Vidu 36{1) ’I’im g1é tri nho nhét cla -
A=x +y blétx+y 4.
thgmt sai, TacaA—x +y° >2xy
© Do dé Anhd nhit & x> +y = 2xy & x=y= 2
KhldntmnA 22 +2%=38.

Phdn tich sai ldm. Dép s6 tuy khong sai nhung lap luan mﬁ{: sai 1dm. Ta
* méi chitng minh duoce £(x, y) > g(x y) chit chua chitng minh duge f(x, y) > m
vGim 12 héng s0. ' . |

Chéng han, v6i 1ap luan nhur trén, tir bﬁ’t dang thu’c dﬁng x2 > 4x — 4 g€ suy ra :



x*nhénhit < x*=4x -4 (x -2 =0 x=2;
di dén min x°> =4 < x = 2.

Dé thdy két qua ding phai 12 min x* = 0 khi va chi khi x = 0.
Cdch gufx durzg Ta cé

x+y=4:—-x2+2xy+y2=16. o e
Ta lai c6 | x—yY>0=x"-2xy +¥° 20 @
Te(Dva@suyra 202 +y)>216=>x+y? 28

min A =8 khivachikhix=y=2.

2. Sai 1m trong chimg minh diéu kién 2
Vi dy 37(4). Tim gid tri nhd nh4t clia
A=X+ 'J’; :
Loi gidi sai "
| | N2
A=X+ x=(:{+ _x+iJ~»i=(\/}E+l) -
| - 4) 4 2
. 1 L
Vay min A = ——.
. 4

" Phan tich sai ldm. Sau khi chitng minh f(x) > —%r chura chi ra trudng hop

xay ra f(x) = -—%. Xéy ra dang thic khi va chi khi Jx = —%—, vo 1.

Loi gidi diing. D8 16n tai Vx phﬁi c6x20.DodéA=x+ Vx 2
min A = 0 khi va chf khix= |
Vi du 38(1} Tim gi4 tri 16n nhdt cha

: A =xyz(X + vy + z}{z + X)
voi X, y,ziacécsﬁkht}ng amvax+y-+z=1.

Lﬁ‘: gidi sai. Ap dung bdt diing thic 4ab < (a + b)” ta cé
| 4(x+y)z*~'i(x+y+z} =1;:
4(y+z].x5(y+z+x) =] ;
4{z+i).ys(z+x+y)2=1.



Nhan timg v€ (do hai v&€ déu khong am) duge - . L
6dxyz{(x + )y +z)(z+x)< 1. -
Viy max A = —1- -
64

Phdn tich sai lam. Sa:l lam cung ét chﬁ chua ch1 ra duﬁc trum}g hcrp xﬁy ra |

- dang thic. Piéu kién dé A = EIZ la:

x+y’=‘z‘_ .
y+z=x x=y=2=0

o

z+x=y < {x+y+z=1_ (mauthudn). =
x+y+z=1 [%y,220 S PO o '

X, y,z20 |
Ca;:h gufa diing. Ap dung bﬁt dang thu:c C& -si cho ba sﬁ khﬁng ﬁm dudc: - :
I =x+ y+z2 3 Q/_ . o {1)
2=(x+ V) +(y+2)+ @+ > 3 ?/(x + ?)(y + z)(z + x) L (2)
Nhan timg vé€ (1) va (2) (dn hal vé deu khong dm) dudc e e S

22 94K = A5 [%J IR

' 2y R R s
maxA [9) khl vﬁch1kf11x y z__g

Vi du 39(4). Tim gid tri nhd nhit cta - LR RERSRPNE e
(x + a)('x# b'}_f‘ L e

A= o BRI

véix>0,avabla céc hang s6 dudng ch-:} tnrt:rc s | R

Loi gidi sai. Tac6  x+a2 zJ_ . . G (1) |
coa X +b} 2Jox (2)
(x+EED) 2@2\/5; J—' IR

D0d6 —

min A= 4«.(&“1} <> x=a=b.



" Phan tich sai ldm. Chi xdy ra A = 4+/ab khi (1) va (2) 1a nhimg déing thic,
tirc 1a x = a va x = b. Nhu vy do6i hoi phai ¢6 a = b. Néu'a # b thi khong c6

A = 4ab.

Cédch gidi dang. Ta thyc hién phép nhan va tich ra cdc hang s6 :

A:(x+a)(x+b}mx +ax~__4~bxfab :-(x+§9]+(a+b}.
" | — | a
“Tacéd - x+£p-— > 2+/ab (b4t déng thitc Co-si) -
‘ X
nén A> 2vab +a+b= (Va +b)%.
min A = (Wa +&/5}2 Khi va chi khi
X = .. |
J X @Km\/;g.
{x}(} - .

Vi du 40(4). Tim gié tri nhé nhat ciia
A = 2x + 3y biét 2x° + 3y” < 5.

Loi gidi sai. Goi B = Zx +3y,tacoB{5

Xet: A+B 2x+3y+z,x +3y “2(:{ +x)+3(y + v)
. ) , .
1 1 -5 5 '
=2 X+—=| +3 =] == . : 1
[ 2] | [y 2] PR M
Talaico6 B<5nén-B>-5. S | 2)
Cﬂng (1) véi (2} Ia duoc A = —%?.
minA:~—ZE<i>x=y=ml.
4 2

Phén tich sai lam. Sai 14m & ché véi x = }F.= —% thi chi Xay ra dau "=" o

(1), con déu "=" & (2) I{h{jﬂg xay ra. That Vay vei X =y = m% thi



3:2(—1-) +3[—-1—) :i+i¢5--
| 2) U2) 27477

Do dé —B # 5.
Cdch gidi ding. Xem Vi du 47.

111 - MOT SO PHUONG PHAP TIM CUC TRI

Méf s6 phuong phdp va kinh nghiém giai todn cuc tri dd duoc gidi thiéu
trong cudn Ndng cao va phdt trién Todn 8 tdp hai. Sau day 1a mﬁt s6 phuong
phép va kinh nghiém khéc. '

1.I'Xéf biéu thirc phu

Vi du 41(5). Tim gid tri nho nh4t, gi4 tri 16n nhit caa
| 1

2-V3-x2

A=

Gidi : Ta phai c6 |x| < +/3. Dé thdy A > 0. Ta xét biéu thic

=1 =2 -3 -x2.
A

Tacé 0£¢3—x2£\5=>—\/§'£—x~'3—~x2£0
—\6‘52—_ _3~x2 <2.
mlnB 2 - \/—@J_ @x—U.

=2 + \/i

Khi d6 max A =

2—;/5

max B=2 < \13—:{2 =0<:>x=i\/§,KhidéminA='%-'

f

Nhdgn xét : Trong vi clu trén, d€ tim cyc tri clia A, do A >0nénta J{ﬁt bléu
1.
thic phu X Céc biéu thitc phu thudng xét ¢ thé 12 ~A, A | Al Trong vi du

dudi day, ta xét biéu thic phu B sai khdc v6i A m6t hing s6.



{(

=

Vi du 42*%(5). Tim gié tri nho nhdt clia,

2 +l ﬁﬁiocsxc:l.
l1-x X : :

A=

sz
Cdch 1. D& dp dung bt dang thitc Co-si, ta xét bidu thiic

2x 1-x
+ .

B=
1—-x X
S e aa . PTIPTECE - 2x  1l—-x
Ap dung bit dang thitc Co-si véi hai s6 duong 7 va co
. — X 4 .
~Bzz.\f 2 17X _op.
I-x X
2x 1-x |
: - . i
B=22 & {1-x X 0
O0<x<1 (2)

Gidi () tadwge  2x°=(1-x’ < |xv/2| =1 -«

Dﬁﬁ{.i'{lnénxﬁzllmxﬁ::-x= 2 1.

1
V2+1

_Nhuvayminl?a:'Zﬁ &> X = \E - 1.

Bay gid ta xét hiéu A — B

A__B=(. 2 +“I“J“( 2X +1-x]=2—2x+1_-_1+3_=2f

I—x x I-=x x 1-x - X

Do d6 min A = 242 + 3 khi v chi khi x = V2 — 1.

Cdch 2. Ap dung b4t dang thic Bu-nhi-a-cOp-xki d6i véi ha1 cidp sO

(a +b)(m +n}2(am+bn) ta co

a3

= (i

[-1 +1J(1mx+x}'a(\{£+ﬁf = A.1>3+ 242,
: — A X -

2



- XAy ra ding thitc khi va chi khi :
o l=X L X e 2 = _I" @sz'z'(l?i)z.
I-x x a-x* |

S xV2Z=1-xM0<x<1)exE2+])=1x =2 g T
Vay min A: 3+ 2\/5 khi vﬁ chi khi‘ x. = \E_— 1.- ' | |

3

2. B8i bign va tim cyc tri doi vﬁl h|én moi. ST
Vi du 43(1) Tim gid ti nhé nhﬁ't ca S

A=-24 *." _véia>1,b>1.
a—-1" b-1 |

Gidi : Data — I—-x::-{)b —1 =y>0, tacé

A= &EHD® D x2+2x+1 'y +2y+1
X .}" X y -

e
=X+ — 1+ y+— |+ 4 -
X B

X Y.
minA-"8<:>x=y-1<:-a——b 2 |

Vi du 44%(1). Chu céc 56 X, ¥ khﬂng im thna man x. g y = 1
Tim gia tri nho nhét va gid tri lcm nhﬁt cua U

Y”"l_ X +1

Gidi
2 2 e 2

2ax+y?ey  x2iyP a1 (x+y) -~2xy+1 2= 2xy

A=

2 4

Ta ¢o

Ky Fx+y+l 0 oxy+2 Xy+2 0 xy+2



2 —2t 6

Ditxy=tthi0<t< ~, A= = 24—
. 4 2+t | t+2
A nhé nhdt < —— nhd nhéit < ¢ + 2 6n nhdt < ¢ 16n nhiitq:}t_:i-

@x:y=%.KhiQéminA:§—.

A I6n nhit & - 6
t+ 2

I6n nhit <> t + 2 nhd -nhﬂft_f::} tnho nhit < t=0

t}{i : i’yy:; Khi d6 max A = 1.
3. Van dung cac bat ding thirc da bist
Vi du 45(5). Tim gi4 tri 16n nhét ciia | | |
A=Vx—1 +.y-2 biétx+y=4.
Gidi S -
Cdch 1. Bét dang thite Co-si cho phép lam gidm mot tdng
' a+b

> +Jab véiavab khong am.

O day ta lai muén Iam ting mot tdng. Ta diing bt ding thic

a+b< y2(a® + b%) (ban doc ty chiing minh bit ddng thic nay).

A=Vx=1+fy=2 < pG-1+y-2) =+2.

X -1l=y~-2 - =1,
max A =+2 < * 4 =2 * >
X+y=4 y = 2,5,

Céch 2
AP=(x-1)+(y =2+ 2Jx ~ Iy~ 2) =1+ 2JCx ~ Iy = 2).
Ta lai c6 | | -
2Jx =1y -2) <(x=1)+(y—2)=1nen A’<2.

max A =2 < x__]:y_zﬁ x=15
| . X+y=4 y = 2,35.




Céch 3. Ap dung bt dang thic ‘/_ ‘/_ 1/ (xem Vi du 26)':' A

A\/x1+y2 J_

—
2 2 2 2

maxA J_@{ Y @{ Lo

Vidu 46(5) 'I?Lm gid tri 16n nhﬁt cha

J;TJ_

Gidi

Bat dang thic Co-si cho phép lam trgi mﬁt'tlch' \f_ ' v6i a va b

khﬁng am. Ta xem céc bléu thiic x/x-l .Jy 7 Ta cc tich \/K-"l = \/1 (K"l’)

1/ “!2(}? 2 Thenbﬁtdangthﬁc(’lﬁ 31 Gl
Jl(x—l 1+x—1

3" 7" 2yJ_ 24‘ -
I' J- 24‘\!_ X I 1 @{x

max B= —+ el
AR A {}’ 2=2 " ly=4 |

Vi du 47(4). 'I“:m g1é tri 'nhé nhﬁt g1é tri Edn nhﬁt clia -
| A= 2x+3yb1ét2x +3y {5

Gidi : Ta xét hléu thite A2 = (2}-; + 33!}
Nhé 1&1 bit\dang thitc Bu-—nhl ~a-cOp-xki | Dl
Emewls@edeled 0

_ Né’uapdung(l)véla 2,b=3,m=x, n«-y,tacn SR
A? = (2x + 3y) <(22+32)(x +}-r)-—~13(;¢_ +y)



V6i céch trén, ta khong chi ra duoc hing s6 o dé A® < «. Bay gn’:r ta viét
A? duéi dang

(w/_ﬁx+\/_«/-y) roi épdung (I)tacod | | :
A? 5[( Nk +(V3) ][( ) +(y/3) :|—_(2+3)(2x2+3y2)£5.5'225.

2 | xv/2 }’\F _
AT=25 & <> X y
V2B
DoA*<25nén-5<A<S5.
minA:—é@ AEY X =y = -1,
| . 2X + 3y = -5 |
. x'ﬁy
max A=35 & > x=y=1.
‘ 12X+ 3y =5

i

4. Chia khoang dé tim cyc tri-
Vi du 48(7). Tim gi4 tri 16n nhét cda

. A=x2(3—x)vﬂix20.
Gidi :

'a)Xét{)gxg3.TacéA=‘4,%;§.(3-xj.

Ap dung bt déing thitc Co-si cho ba s6 khong am 32‘- % 3~ x ta duge

X 2‘( 3
T ol i K Rl |
22 3-x)<|2_2 =1.
2°2

3
Do d6 A < 4. | | . 0
b) Xétx>3,khidd A<0. | | (2)
So sdnh (1) va (2) ta di d€n két luan RS
La3-x



5. Diing A6 thj dé tim ¢y trj .
Vi du 49(10). Tim gi4 tri 16n nh4t, gid tri nhd nhét cia
y=Ix -1 +Ix ~3 -2x +2| véi-2 <x <4,
Gidi : Xét gidtriciay lmg véi t‘u‘ng khuang gla tri cﬁa X,tach:
Voi-2<x<-1 S
th1y={1——x)+(3—x}-(—'2x—2}=.6. . ' . a
Véi -1 <x<1 - |8
thiy=(1 —x)+(3—-x)—(2x+2} —4x + 2.
Voil<x<3
thiy=X-1D+3-x)-2x+2)=-2x
Voi3<x<4
thiy=(x — 1)+ (x - 3) — (2% + 2) =

N

MY

!

Trén hinh 9 ta c6 dé thi ctia ham s6
=lx-1l+lx-3-l2x +2 v6i-2 < x < 4.
Tir 46 thi ta thay :
maxy =6 -2<x<~1; .
miny='—6<:b3<x<4 Hinh 9

6. Tim lién hé giira biéu thirc da cho va b:éu thlfrc phal tim cuc tri
Vi du S{i(l) ‘Tim gIé tri nhé nhﬁt clia
: _ A=2a’+b +c¢
bi€trainga=2-1,b>~1,c=~-lvia+b+c = 0.
Gidi ,
Ta tim lién hé giira 2> + b +¢°
viaveiaz-l.

3

va a+ b + c. Trudc hét tim lién hé gifta a’

Tacé a° + 1 =+(a+ 1)(&2--51-;— )= (a +1)[a2__ ~a .-i--ij—k%(a +__I)
| .‘3 .3 1 1 2 -
do dé a m—a+—~m(a+1)(a-w—) 20 voiaz-l.
4 4 2 '

Tuong tu b3 -~§b+%3}_ 0, 3 ——3~¢+% >0 voib=2-1,cz-1.



Dud{j(33+b3+c3)—%(a+b+c)+%2(} =>a3%b3+c3z—%.

415i=—11‘ur::uat:a;—l
- . - 2I
3 b = -1 hoiicb _ 1
A=~ {7 b=3
4 i
| c==lhodcc=— -
2
a+b+c=0

Vﬁy min A = —% khi va chi khl trong a, b, ¢ ¢6 hai s0 béng é‘ va mﬁt st’i

bang —-1.

| Bdi tép
126(2). Tim gid tri nho nhdt, gi4 tri 16n nhét cla :

a) A= L ; b) B= V-x +2x + 4.

5 4+ 24/ 6—x% j
127(2).1"[1111 gia tri nﬁ_ﬁ nhét cia : L
B)A=x- X  b) B=x—.v/x - 2005.
128(2). Tim gi4 trj 160 nhdt cha A = x +v2 —x. |
129(3). Tim gi4 trj nho nhd, gla tri 16n nhdt clia
= |x - J_|+}ya-1{ trong d6 x| + |y|
13{}(4) Tim gid tri nhd nhdt cua :

' _a)Am_\Kx --_2x_+1+\{x —6x+9 ;

) B = vx—2vx — 1 +Vx +2vx — 1 ;

¢) C= '|x 2|+ 2x -3+ l4x — 1} + |5x - 10].

131(4). Tim gi4 tri nho nhﬁt cha A- \/x + X+ I + \t’x —X + 1
132(4). Tim gia tri nho nhﬁt gté in 16n nhat cha :

a}A:x/i'mx+J1+x_;- o b)B=vVx—2 ++/6 -x.




133*(4). Tim gid trI nho nhat coa.: ' _ | |
A=V +1+Vx% - 2x+5 ; B) B=x2 - 8x +17 + Vx? + 16.

134%(4). Tim gi4 tri nhé nhat cha A = V=2 + 4x + 12 — V—x2 + 2x + 3.

135(5). Tim gi4 tri 16n nhdt ctia A = xv/1 — x2.
136(4). Tim gi4 tri nho nhdt, gid tri 16n nhit clia' A = 2x + V5 - x°.
137%(4). Tim gié txi nho nhat, gid tri 16n nhat ciia A = x(99 + V101 - x2).

138{4) Tim gid tri nho nh&t cha A = X + y biét x, y 14 cdc s6 duﬂng thoa man
b .

;- + ; =1 (a vab la céc hﬁng s6 duong).
139(4). Tim gid tri nhé nhét ciia
| A=(x+ y).(x + z) v6i cdc s6 du’ﬁng X, ¥,z va Xyz(x +y +2z) = 1.
140(2). Tim gia tri nho nh4t, gid ri 16n nhét ciia |
‘ A=x2+ yz,
 bigt ring x°(x* + 2y -3) + (y2 = 2)% = 1.
141(2). Tim gi4 tri nhé nhét cta A = x* + y + 2" biét ring xy +yZ+ZX = 1.
142(1). Tim gid tri nhé nhat, gid tri 16n nht chia
Agx+y+z+xy+yz+zx b1é’trangx2+yz+z2-3
143(5). Tim gid tri 16n nhét ctia A =[x — ] biét rang Xrdy*=1.
144(5} Tim gm tri nhé nhat, gia tri 16n nhﬁt cia
A=x +y bietx =0, y>0vﬁx +y =].
- 145(1). Tim gid tri I6n nhét cia
A=a’+b*+c?bigt-1<a b,c<3via+b+c=l.
146*%(1). Tim gi4 tri nhé nhat cha R '
B=a +b +c b1é’ta b, c]ﬁnh{m ~1vial+bP+c= 12.
147(5). Tim gi tri nhd nhat, gid tri 16n nhét cia |

-x\/_+y\f_b16t\f_+\f_—ml



148(4). Tim gid tri 16n nhat cda :
D) A=(a+vb)? véia>0.b>0via+b<1:
b*)B= (Ja + \/_)4+(\/_+«/_)4+(J§+\/_) +(~f5+«f—)
+ (b + J_}4+(f+f)

véi a, b, c, dlﬁcéasﬁduﬁngvéa+b+c+d£1

149(1). ’fim gid tri nho nhdt clia A = E + " voi X > 1.
: X :
- 150(1). Tim gid tri I6n nhﬁ't clia _ : ’
A= 1 + 1 + ! 3 v6i a, b, ¢ 12 cdc s6 duong va

a3+b?’+l b3+c3+1 ¢’ +a
abc = 1. - .

151(4). Tim gié trj nhé nhét cha A = 2% + 22 + ZX y6i x, y, z 1a cdc s6 duong va -
- Zz - X y : .

aAyx+y+z=1; ' - b)x2+y2+32:1.
- 152(1}. Tim gi4 tri nho nh4t chia |
a? bz ~C2 _
A= + +- véia, b,clacicséduongvaa+b+c=6.

b+rc¢c c¢c+a a+b
153*(4). Tim gid tri nh6 nhat cha :

a2 b2 o2 . . _
a) A= — + + voia, b,clacics6duongvaa+b+c=1;
a+b b+c c+a - - .
2 12 2 2 :
. ¥ b ! . C d - w r el b
b) B = a + + + vOi a, b, ¢, d 14 cdc s6 duong va

a+b b+c c¢c+d . d+a
a+b+c+d=1.

| - , . o
154%(4). Tim gid tri nhé nhatcha A = =Y vsix>y>0vaxy=1.
| o : X—y |

155+(4). Tim gid tri nhd nhat chia A = 5—_\/_‘3_%
- | 1-x*

156%(4). Tim gi4 tri nhd nht cta :

1 A : . X b.
a)A=—1-_+—vmx::0,y>0vax2+y2:1;
Xy - .

‘b)B= (1+X)[I+i)+(l+}*)(1+l] Vﬁixﬁﬁ,ybﬂuﬁxz%y2=l. -
' Yy - X _ :



157*(5). Tim gid tri nho nhat cia A = 5 - -1— véi 0 < x < 2.
" 2-xX x .
158(4). Tim gi4 tri nho nhit cha A= 3% + 3"' Véix+y=4.
159%(4). Tim gid tri nho nhit cla
A= b + — : vmb+cza+d;bv&tdu'cmg;-av‘adkhﬁngam.
' ¢c+d a+b _

160%(1). Cho a, b, ¢ 12 céc 56 duong thod mén 1 <a<b<c<2.

. 1
a) Ching minh ring — > —.
) Chiing minh ring = 5
a b
b) Tim gid tnlénnhﬁtcuaﬁqg —.
a
G)nglatnio*nnhatcuaﬁ——a— _§+P_+E_
b a ¢ b
161%(1). Tim gié tri 16n nhﬁtbfla_ | L
—(a+b+c)[l+1+])
a b ¢

vl a, b, ¢ 1a cdc s6 duong thod médn 1 <a<b<c <2,
162(7). Tim gi4 tri nho nhét clia A = x"~ 4x + 1.
1163(7). Tim gi4 tri nhé nhat clia A = x2(2 - %) bie;z x < 4.

164(7) Tim gla tri lﬂn nhit cia A = x 'J9 x*

165(7). Tim gid tri nhd nhdt cha |
A—xy+yz+zxm 12xyz vdi X, y, z 1a cac sG duong vﬁx+y+z- 1.

166(7). a) Mot mi€ng bia hinh vuéng ¢6 canh 3dm. é.mm géc clia hinh vudng
16n, ngudi ta cat di mot hinh vuéng nhé réi gdp bia dé duoc mot cdi hop
‘hinh hop chit nhat khéng nap. Tinh canh ca hmh vuoéng nho dé thé tich
cta hop 1a 16n nhat, ' .

b) Cling hoi nhu cau a, thay hinh vudng c6é canh 3dm b(‘ﬂ hmh chir nhz‘-it co
canh 8dm va 5dm.

167*(7). Tim gid tri nhé nhat, gié tri 16n nhat cha
A=x(x*-6)bi€t0< x < 3.



168*(7). Xét tich A = X;XyX3X4...X39, trong d6é X, Kz, ..es X309 12 30 s6 nguyén
dm:rng cé tong bang 2003. |
a) Tim gia tri nho nhét ciia A.
b) Tim gié tri 16n nhit cfia A.

PHUONG TRINH VO Ti

Ta goi phzmng rrmk vé 1 1a phmmg trinh chita 4n tmng ddu can. Sau dﬁy la
céc phuong phdp thudng dung dé gidi phuong trinh vé ti.
I PHUt}NG PHAP NANG LEN LUY THUA
Vi du 51(4). Giai phuong trinh

3+J2x 3 =x . (1)

Gidi

Diéu kién xdc dinh cha phuong trinh 12 2x -3 > 0. . )

Tich riéng can thitc & mot v€ duge V2x — 3 = x — 3. L @3)

Ta phai ¢6  x=320 | “4)

Véi diéu kién (4) thi | | |
(3) < 2x -3 = (x -3 )? - (5)

2% 3=x"—6x+9>x°—8x+12=0 (x - 2)(x — 6) =
X =21X=60
Gid tri x, = 2 khong thod man (4), loai.
Xy = 6 thoa mian (2) va (4), 1a nghlém clua phu’t:rng trinh.

- Vay phuong trinh ¢6 mot nghiém duy nhitx = 6
Nhdn xét

- a) Néu khéng dit diéu kién x -3 > 0 & (3), ta s& sai 14m khi nhan x = 2 1a
nghiém cta (1). Chi § rang tir (3) suy ra duge (5) nhung tir (5) chi suy ra dugc
(3) véi dicu kién x — 3 = 0, .

b) C6 thé binh phuong hai v& clia (1) véi diéu kién x > 0 (diéu kién nay da c6 6
2x ~3 2 0), nhung 16i gidi khéng ngin gon béng cdch tich riéng can thic & méi Ve,



Vi du 52(4). Giai phuong trinh

FT T = D

Gidi |

Didu kién x4c dinh ciia phuong trinh lax > 1. (1)

Chuyén V€, ta ¢é Jx—1=~5x-1+3x-2. (2)

Binh phlmng hai v& dugec o '
-x~-14~5x—1+3x~2+2\/15x —13x+2._ )

Riit gon thanh 2 - 7x = 2\/15;; ~13x +2. : 4)

Dén day cé hai cach gidi _ _ o

Cdch 1. V6i didu kien 2-7x20 o O (5)

thi (4) < 4 — 28x + 49x° = 4(15x% - 13x +2) = (6)

*_<::>11x2_-'24x+4=0

@(ilx;z)(x-ﬂz);{}@xl:% Xy =2,

Gid tri x4 = % khong thoa min (1), loai.
Gid tri X, = 2 khong thod min (5), loai.
- Vay phuong trinh da cho vé nghiém. |

Cdch 2. Ta phai c6 2 — 7x = 0 (5) tite 12 x < % diéu nay trai véi (1). Vay
phuong trinh di cho v6 nghiém. |

Cach gidi khac. Xem Vi dy 57.

Vi du 53(7). Gidi phuong trinh | o
éfzx+'1+&_1 | B O
G:m Lap phuong hal Ve, dp dung hang dang thirc | |

(a+b) =a’+b + 3ab(a + b)

taduge  2x+1+x+3x@x+D.A2x A1+ =1. (@)



'I‘hay@lx+ +%/;+lvéa(2}tacu | K -
3x + 1+ 31/}((2x+1} =1 (3)

Yx(2x + 1) =—x | - “4)

3

&S x2x + 1) =—x <::>x{2x+1+x} 0

& x(x + 1)? =0 x=0; xz——l
Thitlai : x, = {} thod man {1)
X = -1 khﬁng thﬂa mén (1), loai.
Phuong trinh (1) ¢6 mét nghiém duy nhét x = 0,
ngin Xéf

a) Cdc phwong trinh (1) va (2) twong duong, nhung céc phuong trinh (2) va
(3) khong tuong dm:ing T (2) suy ra duge (3), nhung tir (3) khﬁng'suy ra duge
(2). Do d6 sau khi tim duge cdc nghiém cta (3) Ia 0 va -1, phai thu céc gia tri
d6 vao (1) dé chon ra nghiém cda (1),

b) Cich giai khdc : Xem cdc Vi du 56 va 59.

I - PHUUNG PHAP DUA VE PHUONG TRINH CHUA AN TRONG DAU

GIA TRITUYET DOL |
- Viduy 54(4} Giai phuong tnnh _ o |
Jx+2Jx —1 +Jxm2Jr =2. M
Gidi : Diéu kién x = 1. Bi&n déi |
Jx-—l+2-\/xT+1+\/xm1*~2«E:m_l+1
<::> x-1+1+'m_-1|= :
eVx-1+Nx-1-1=1. O
NEHX}ZEEH(Z)@J_+V{;I—IHI¢::J_—1mldr.:*xmlml

X =2, khéng thu¢c khoang dang xét.

Néu 1 <x <2 thi(2 < J —~1 + 1= +x—1 +1=2, v6 s6 nghiém
1<x<£2. i S

Kétludn :1<x <2.




Chii y : Sau khi bi¢n déi dén (2), c6 thé viét (2) dudi dang
|1~-Jx— |—-14~Jx—
va chu y dén b4t dang thirc |A] = A vm diéu ki¢n xay raddu "="1aA20 du’ﬂc

] —Ax—-1 'P{]{::'«Jx—l >1¢::>x3*2."

Két hop v6i diéu kién ban déu ta cé 1 < x < 2.

III ~ PHUONG PHAP DAT AN PHU
Vi du 55(4). Giai phuong trinh

3x2 4 21x + 18+ 2Ux2 + Tx + 7 = 2. S

Gidi: Diéu kién X+ Tx + 72 0.

Pit Vi + 7x + 7 my>{}-thix +7x + 7=y
'(1)@33: —3+2y 2«::>3y + 2y — 5 0¢¢(y-—i)(3y+5) 0

&y = —= (ioal), y=1.

\fxﬂ_--s-?xw =1X +Tx+6=0 (x+ DX +6)=0.
 Céc gid tri x = —1, x = ~6 thod man x*+ 7x + 7 2 0, do d6 12 nghiém cia (1).

Nhdn xér : Cach 'dat 4n phu \/ X“+Tx+7 = y lam cho phuong trinh dugce
chuyén vé dang hin t1

Vi du 56(7). Giai phuﬁng trinh

| M+%_c'—! |
.bangcachdﬁtmma %/_*b r{?}lt;mavab _
G:a;:i)atm:a,gf—zbth12x+1=a,x=b3nén

2 —2b°=2x+1-2x=1.
Cintimavabthodmina+b=1vaa —2b°=1.
Tacé a3 —2(1-a’ =12’ ~1-2(1-2°=0
- s@-D@2+a+r)+2a-1>=0
¢:>(a-1}[(a +a+l}+2{au~1}}=



Déthdya’+a+1+2(@—-1*>0néna=1.Suyrab=0.
Vay x = 0 1a nghiém cilia phuong trinh da cho.

IV — PHUONG PHAP BAT DANG THUC

Phuong phdp bat ding thic dé giai phl_mrng trinh vo ti duoc thé hlén duéi
nh1éu dang

L

1. Chimg to réng phuong trinh vé nghiém vi cé mnt v& luén nhd
. hon vé kia -

Vi du 57(4). Gidi phwong tfinh S
x—1-5x—1=+3%-2. W
B&ng cdch ching td rang véi diéu kién x4c dinh cha phuong trinh, cé6 mot
v€ clia phuong trinh luén nhd hon v€ kia.
| Gidi B

Diéu kuén dé xéc dinh clia (1) lax = 1. Véi didu kién nay thi x < 5x, do d6

Vvx—1 < /5% ~1 suy ra v& trdi cha (1) 1a 56 4m, con v€ phai khéng am.
Phuong trinh vo nghiém.

2. Str dung tinh d3i nghich & hai v&
Vidu 58(4}. Giai phuong trinh

\/3x2+6x+7 FVSK2 410k +14 =4-2x —x% (1)
Gidi |

V€ trai JB(x+l) +4+\/S(x+1} +9>ﬁ+\/§-—5
VE&phai 4 - 2:{-:{-5—(}{-!—1) <5,
Vay hai v€ cha (1) déu bang 5, khi dé x = —1.

Két lugn : x = —1.

3. Sir dung tinh don diéu ca ham sé

Vi du 59(7). Gi4i phuong trinh - o

Px+1+Yx =1 | W

bing céch chimg 6 ring x = 0 12 nghiém duy nhét ctia phwong trinh.



Gidi : Ta thdy x = 0 nghiém ding phu‘cfng trinh (1).
V6ix>0thi ¥x +1 > 1, ¥x > 0 nén vé& trdi ctia (1) 16n hon 1.

Véix <0thi ¥x +1 <1, Yx <0 nen vé tri ciia (1) nhd hon 1.
~ Vay x = 0 1a nghiém duy nhﬁt cua phm}’ng trinh (.1 )

4. SU dung diéu kién xay ra déu “=” & bét déng thac khnng chat |
Vi du 60(4). Gii phuong trinh | | -

X A3x —2

e—— =2, (D
J3x -2 X o
Gidi : Bléu kién : x'}%._; - (2)

Ta c6 bat ding thifc % + 2 >2v6ia>0,b> 0, xay ra ding thiic khi va
a ’ .
chi khi a = b.
Véix > % thi(l) < x=3x -2 ¢:>x2-—3x+2==0_<::: {xml}{x ~2)=0

S

> xy=1; }«:,2 =2 déu thoa mén (2)
- Phuong trinh c6 hai nghi¢ém la x = 1;x= =2.

Bdi tap
Giai cdc phuong trinh {Iir_b:‘-ii 169 dén bai 181) :
169(4). a) \/x+3—\/x—4=1;- b)l\/lﬁ-x+'\f3--x_='6;
| OVIO-x +¥x+3 =5; VI Fl-Exid=1;
&) Vx — 1 —Vx+1 =2. |

170(4). 2) Jx-zdx; Jx -1
b) VX + /2% — 1+Jx—~./2x— _.\/_

&) Vx 7 Jox =3 +yx —Jox =5 = 5. L -




1714). 2) Vx? —dx + 4 +Vx? —6x+9 =1 ;
b) «Jx+4-4ﬂ+_x/x—+«9—~6\f£ =1
c) Jx+6_—4«/;+_2 +\/x+11-—6m =1 3
Dfx+2-a4dx—2 +yx+7-6Jx—2 =1.
172(4). a) JE_+J3;+\/T:_x =1;
b) \/1-*.\/:3——; ;;.JE'——l.;
c) mth—%f;‘r—_l;
d) \/2}(.2+8x+6+m:2x+2.; _'
e*)ﬁ+m=x2m16x+66 .

173(4). 2) V2% —1 ++x =2 =/x + 1 ;
b) V3x 15 —ax +17 =Jx + 2 ; )
O VR TT VR 3 + 24(x — (2 '~—3x+5}-—-4 2%
| d)m+~/x—ﬂ—ﬂ\fx+2+xfx+5
174(4). 2) V2x +3+Jx + 2 + 2x +2 — m _1+2J?{_+_

b) JQ.X --9x.+'4+3\}2}i—“ = \/2}: +2Ix —11.

175*(5).3) \#I—x+~jx2—3x+2+(x-—2)1ﬂ:m; =3 ;
b)(x-Z)(x+2}+4(x-2) +22,,,,3,'
x=2 .
2 ++/x 2 — J—

176*(6). )
: f+x_/2+ \/_ \f



b) _ =8 (vé tréi c6 100 d#u phan thic).
2+ 2 - - : '
2+ 2
2+
- X x !
D |
14+ ~1+x | '
17T ) Ix+1+Y7-x=2; b) Y25 +x+%/ 3-x=4;
)1+ Yx—16 =3x+3 ; O Yxi3-Y6—x 1.
178(7). ) Y24 + x + 12— x =6; by J2-x +4x-1=1;

) Y5 -2 +xT1=3.

179(7). 2) Ix +1 + ¥x —1 = 35x :
b Yox+ 1?2 +Px -2 + P2 —1=1;
c) %/xir1+-%/x+2+§/x+3m0.-

I7 — x —%/x.—S
J7—x +3x -5

181N ) Vi-x2 + ¥ +x+¥M-x =3
by 1-x+-x =B-2x.

180%(7). =6 - X,

PHAN NGUYEN

I - PINH NGHIA

i. Phin nguyén ciia mot s

Cho s6 thuc x. Ta goi phdn nguyén cha x, ki h1éu Ix]1, lé sO nguyén i6n nhat
khong vuot qud x.

Chiang han:[1,2]=1;[71=7: [~ 2,4} =
Pinh nghia trén dugc dién dat dudi mot trong hai dang



0<x—-a<l

[f]ﬂa@{ nez

hodic [xX]=a< { )
. aecZ

2. Phan Ié cua mﬁt s0

as<x<a+1.

(1)

(2)

V6i dinh nghia phdn nguyén n6i trén, mdi s6 thyc x déu vzé’t dugc dudi dang
tdng clia mot s6 nguyén (12 [x]) véi mot s6 khong dm nhd hon 1 (13 x — [x])

Chinghan:1,2=1+0,2;7=7+0;-2,4=-3+0,6.
So khﬁngﬁmnhn hon 1 néi trén goi Iaphcm I cha x, ki hiéu {x}. Nhu vay

(x} =x~[x].
Taco 0= {x}<1.

3. D6 thj

D6 thi cha ham phﬁn nguyén y = [x] gébm y 4 |
cdc doan thdng nim ngang, x&p véi nhau ' o
thanh dzgng bac thang (h.10) : 2p - —
| ... | Th=r—t
-2 voi -2 <x<—1 =2 -1 I SR
" o ol 1 2 3 x
. ~1 voi— 1< x<0 Loy 4 .
i
}':{}{1240 V@igix{l II.-_L___Z
1 vei 1l < x<2
2 v6i2<x<3 Hinh 10
P06 thi clia ham phan 1 y = {x} gbm cédc nira .
doan xién cé modt dau thudc truc hoanh (h.11): |
' ) i 5;,.!\
X+2 voi-2<x<~1
. x+1 véi -1<x<0 j’"’)“"’ AT
. | I | |
y={x}=x—-[x]= <X wvii0<x<1 '/% x}

Ix—-1 vil<x<2
x=2 wi2=x<3

2 -1 0 1 2 3

Hinh 11



II - TIM PHAN NGUYEN CUA MOT SO
Vi du 61(6). Tim phin nguyén cha s6

\/6 + \-/5 + ...'+ J6 + JE (c6 100 ddu cin).

Gidi : Ki hiéu a, \16+J6+ +\/g+_ (céndﬁ'u can)

Tacé - J_<3 R .
\/:5_+:1;<JST 3 -
;m{_\/@ﬁ=§

aIUG =-_*.”'6+5-199 < 4J6+3 = 3.

Hién nhién ajop > V6 > 2. Nhu vay 2 < a;09 < 3, do d6 [a;gg] = 2.
Chii | -
~a) C6 thé trinh bay 151 gidi cha vi du trén nhu sau : Trong biéu thic:
a;90. thay s6 6 cudi cﬁng bdi s6 9, ta duoc biéu thitc b co gla tri bang 3. D&
thﬁ}’ 2 < a0 < b=3 Hé[l {amﬂ} =

b) Téng quat, ta chimg minh dugc véia> 0 thi -
: \/a+\fa+...+ﬂfa+x£ <LF :a+l*
c6 n déu can

That vay, ki hiéu vé tréi ctia (1) 12 a_. Ta ¢6 : - |

aq =.\’(;, dg = (fa +ay,a3 = ﬁ-ﬂ +ay , ...., &-n = a..,la"+'an_1.' .
Chfmg_ minh (1) bang quy nap todn hoc. |
Véin=1tac6 va < - ”:a“ e 2Va <1++da+1

<>da<l+4a+1+ 2Jda+1, ding v6i moia> 0.

1+da+1 ' A 1++da+1

Gid sir a, < 3 , _cﬁn chirng minh a; ,; < >

1




Tacd ap, =.a+ag

nén

9 1++/da+1
agy) T2+ <a+ 5 o
C2a+1++da+1  da+2+2V4a+ 1 _(1+-J4a+1]

1++/d4a+1
2
Vay (1) diing v&i moi s6 nguyén duong n.

Do d6 ap,; <

Vi du 62(6). Choa=2+ 3.

a) Tinh [az].

b) Tinh [2°].

c*) Chang minh ring [a"] 12 s6 tu nhién 1& v6i moi s6 n nguyén duong.
e . a0 Iy phien fe VO ! 0

a) Cach 1 (tmh truc tlé’p)

2 _(2+~/_) -~7+4\/—

_Taccrﬁ{:d-\@ <7nén13«.:a -e:14 vay{a]mls

Céach 2 (1inh gidn tlép}

Tacéa~?+4J§ Dit b = 2- J_ﬁub =7- 443 . Suy ra

22+ b? =14 E)
Tac60<b<1nén 0<b’<1 2)
T (1) va () suy ra 13 <a? < 14, Vay (] = 13.
b) Dap s6: [a¥] = 51. | |
©) Patb=2 - \/3. Theo khai trién (x + y)?, ta duge
- a ~(2+«f—) —A+B«.@ véi A, Blasémnhlén

b = (2 I) **A BJ’



Suy ra . a" +b =24, | (3)
Tac60<b<lnén 0 <b” «1. . | (4)
Ty (3)va(4)suyra2A -1 <a" <2 A, Vay [a"]=2A - 1, tiic 12 [a"] la s6 1&.

Chit y : Trong céch tinh gidn tiép, dé chimg té [a"] 12 s6 nguyén m, ta
chitng minh ring a" + b"=m+1va 0<b" {I thé thim <a” <m + 1, do dé
[a™] =m

Vidu 63*(6). Cho a=5+26 vab=5-26.
a) Ching minh ring a’ = 10a — 1 va b” = 10b - 1.

b).Piats, =a" + b". Chimg minh ring s,, 45 S8 e s24 12 cdc 56 ty nhién ¢6
chit s6 hang don vi 1a 2. o -

¢) Tim chit s6 hang don vi céia | (/3 + v2)% |
Gidi | | |
a) a> = (5 + 26)% =25 + 24 + 206 = 10(5 + 246) —1 = 10a ~1.

b® = (5 — 2v/6)? = 25 + 24 — 20v6 = 10(5 — 2v/6) — 1 = 10b ~ 1.

b) Ta ¢c6 g5 = a+ b’ = 2. Ta s& ching minh rang s, va s, , 4 1a céc s{’i
t nhién c6 chif s6 hang don vi nhu nhau. Ta cé ¢

a?=10a-1 B¢ Y
| b*>=10b—1. @
Nhan (1) v6i a”, nhan (2) v6i b" ta duge - | |
an+2='10 a_n-ﬁ-l._ 2"
bn+2 ﬂlﬂbn+1—b“.
Suy ra an+2+bn+2'= 1{.}(&IHI_i_bn+l)_l{&nq]_l,,n}
ticlas, , , =10s,, ; —s,.
Tir d6, ta rit ra nhan xét (s, +s,.,): 10, ::m:rng tu' {5n+2 +85.4) 10, suy
12 (8,4 ~8,) : 10.

Ta ¢ 85 = 2, s; = 10 nén tir nhan xét trén suy ra s,, 3, 84, ..., 8, 12 c4c s6
tw nhién va sg, Sy, Sg, ..., S ¢6 chit s6 hang don vi 1a 2.



c) Tir cau b suy ra

(3 +2)8 £ (3 =28 _(5+2f)24+(5 zJ_)z“’

12 s6 ty nhién ¢ chir s6 hang don vi 1a 2.

Ta-lgti co 0< \ﬁm\@_{ 1 nén0< (\E--Ji)@ < 1suyra
A-1< (3 +42)8 <A, dods [(3+2)8] =

Vay | (3 ++2)* ] ¢6 chit s6 hang don vi 12 1.
Nhdn xét

a) Véi cdch gidi nhu & Vi du 62, ta ching minh duge | (V3 ++2)* ] 1a s6
lé,. nhung chua tim dugce chit s6 hang don vi cua [(\ﬁ_ +42 }48]. Cau a) va cau
b) 1 céc cau goi § dé tim chif s6 hang don vi ciia | (3 + v2)% |.

b) Dé di dén céau a), ¢6 thé ding dinh 1f Vi-ét dao : Do a va b c6 t6ng bing
1{} tich bidng 1 nén ching la nghlém cua phtm‘ng trinh X* ~ IOX +1=0,ticla
a’ ﬂll}a“I b2 = 10b — 1.

o 5
c)@c&uc)tacbncéﬂéﬁ—ﬁq%_@gﬂ(ﬁ_ﬁf{(%] {%

= 0< (V3 -2y < —.
1016

Tir d6 ta con chitng minh dugc : Khi viét s6 (+/3 ++/2)*® dusi dang thap
phan, ta dugc chif s6 lien trude dau phay 1a 1 va 16 chir s6 lien sau ddu phay 12 9.

11l — GIAI PHUONG TRINH CO LIEN QUAN DEN PHAN NGUYEN
Giai phwong trinh v6i phidn nguyén thudng dua vé gidi bat phuong trinh
| 0<x-a<l

[x]=a¢>{ o )

_aEZ

hoiic x]=ae {a,_f.x'c:a-flﬁ o _ @
- aed - -



Vi du 64(2). Giai phuong trinh x* — 8[x] + 7 = 0.
Gidi o
Cdch 1. (dua vé€ giai bt phuong trinh 4n x)

x = 3 loai vi trdi véi (4).
Phuong trinh c6 bon nghiem : 1 ; 33 ; V41 ; 7.
Cdch 2. (dua vé bt phuong trinh 4n [x]) |

- Pat [x] = a. Gidi cdc diéu kién :

- 2 _ |
Riit [x] ta duoe [x] = z +?.Giéi cac diéu kién
( 3
0<x-2X*+7 1y
4 2' S ‘ |
X +7Ez )
8 |
o | S
Gidi (1) ta c6 % "8“ ?E_O.Q:b.ﬂxw-_:xz——’_?50:}\_(}:—1)(};_&;_7).5_0_
&S 1<xE7. (3)
9y _ 2 _m e R
_8"‘ . ; ?_::1 ;::»_Bxfxz-—?'_s:aii@ x=3)x=5)>0
Xx<3 '
<::>_[ (4)
X > 5,
| 1<x<3
K&t hop ca (3) va (4) d | .
_‘pca(_)_v() w‘_:[s{xs? ﬁ
Do[x}eZnén[x}e{I;Z;S;E;?}.Tﬂcf:_
Ix] 1 2 | s 6 7
X*+7(=8x) | 8 | 16 | a0 | 48 | 56
<N S T B T YR VR B
xo]1 3 | VB | Va7




x* +7 = 8a
qas<x<a+l.
laeZ

Tacé8a=x>+7néna>0.
Tir 0<:a<xc:a+lsuyra |
a’ < x? «::(a-i-l) = a’ +?<-x +7<:(a+1) +’?

= a” +_7£8_a~_=:.a + 2a + 8.

) e ga < 1<a<7?
_ - +7—8a < :
Giai céc diéu kién {az ,a : dugc qla <2
a +Za+8~‘-8_a:>ﬂ a>4
DoaeZnénae (1;5;6;7}.Tacod | |
a 1o 5 6 | T
x? + 7 (= 82) 8 | a0 | a8 | 56
x* 1 33 . 41 49
x (x> 0) R N R 2 U

Céc gid tri ctia X tim dugc déu théa man phucmg'trinh da cho.

vV - CHUNG MINH DANG THUC BAT PANG THUC CO LIEN QUAN
PEN PHAN NGUYEN

Vi du 65(1). Ching minh rf’mg
[x]+ [yl < [x +yl
Gidi o o |
Cach 1. Tacé [x]<x, [y]Synén[x]+[y]£x+vy. )
Suf; ra [x] + [y] 12 s6 nguyén khdng vuot qilé X+Y. (1)

Theo dinh nghia phdn nguyén, [x + y] 12 s6 nguyén Iu‘n nhidt khong vuot
qui X +y. | | (2)

T (1) va (2) suyra " [x] + [y] <[x+ vyl '.



Cdch 2. Theo dinh nghfa phdn nguyen, ta c6
0< x - [x] < 1
0=gy~-[yl< 1
Suy ra . 05(x+3?)*([x]+[}’]){2
Xét hai trudng hop : o
—Neu0<(x+}’}—([xl+[}’])<1fhi | AR
| X +yl=[x]+ Iyl R T gy

~Néul< (x + y) (x]+ YD <2th 0< (x+y) - (Ix] + [y] + 1) <1 nen'._-;:?i"

[X + y] = [x]+ [}r] + 1. IR (2).1...
Trong ca hal tru{mg hcfp ta déu chd [x] + [}*] < [x + y] . SR R

o Bcn iap
182{6) Tim phén nguyén chia cdc 56 '; | o 'z o :' N
a) a, *J2+\j2+ +«.f2+~/_ (céndaucan)
b) a, =\/4+J4+" '+1f'4+~f— (céndﬁucan}

c*) a,= \/1996 + Jlg% +. + J1996 + J199 (:m n dau r.:an)

183(6) Ch{}a" \/6+\{6+ +\F {condﬁu cﬁn}

b = %/6+%/6+ +%/ﬁ (cénd&ucﬁn}
Hay tinh: a) [al;. ) [b];  c)[a+Dbl SO
184(6). Cho m =2 + /5. Héy tinh : a) [m’]; b) [m ]
185(6) Tim phan nguyén cia A v6inl1a sé ty nhlén

. A \/411 -+ \[fin + 8n+3 et )
186{6) Tim phdn nguyeén cha A, bi€t ring Vi
1

=—+-—-—+—*-~+.._.-E-—.' - _:
V2. 43 W4 T V25000



187#(7). a) Chung minh bat ding thic sau véi moi s6 n nguyén dL_r::mg
Yorn? -¥n? <2 <¥? - Y -1

| - 3
b) Tim phdn nguyén ca A, biét ring
| I -1 1 i

M+%.+%+...+m-.

188%(6). Tim chit 6 tan cling cha ph_&’h ng_uyén'cfxa 3+ '\5}25.(}.

A=

189(1). Giai phwong trinh [xz] + [xx]- = {x} + 2 Ifﬂng dd ki hiéu {x} la phan 1é
| cﬁax,fﬁ‘clé {x}=x~[x]. '- ' | B
190(1). Giai phuong trinh 3[x]2 + 5[x] = 2. -
191(1). Tim céc s6 X, ¥, z thod mén c4 ba phuong Ir'iﬁh sau
| | x + [y] + {z} = 1,1
y+[z] + {x} =22
2+ [x]+ [y} =33.
192(1). Gidi cdc phuong trinh : |

BEE SRR

193%(1). Tim nghiém nguyeén clia c4c phuong trinh :
. : _K....-. _x-l _..X_ . : .
a) | —i+|—[+]|—
] [2t] {3t
by | =+ |2+ | 2| 2] = 1001
1] L2t 3] Lo

194(7). Tim s6 ty nhién n 16n nhét dé /20007 > 1.
195(1). Chitng minh ring [2x] bang 2[x] hogc 2[x] + 1.
196%(6). Tinh tdng A = [1]1+ [V2]+ [V3] + ..+ [V24].

a+ 15n
pas e 100 | |
~85van=1,2,3,...Ching minh ring t6n tai s tur nhién p ma [x,] = 96.

197#(1). a) Xét céc s6 x, = trong d6 a 1a s6 nguyén duong nhd hon



b) Ching minh rang trong céc s6 co da_ng a + 15n, trong @0 a 1a s6 nguyén
dwong nhé hon 85 van=1,2, 3, .., ton tai mot s6 ma hai chit s¢ dau tién
clia n61a 96, '

¢) Chitng minh nhu khing dinh & Cau b) trong d6 a 12 s6 nguyén duong tuy .

Bai doc them
Khai phuong mét 56 ma khong ding
| bang 56 hodc may i'mh |

Loai ngum da biét khai phu’dng mot s6 tir nhiéu thé ki trudc Céng nguyén. Ba
nghin n&m trudc day, ngudi Ba-bi-lon da bist tim gia tri g&n dung cha cin bac hai cla

cac s8. Sau d6 ngudi Hi Lap va ngudi An Pé cing biét khai phuong cac sé bang '
nhing phucng phap khac.

TU thé ki I,'nha toan hoc Hi Lap Hé-réng da dua ra céng thirc tinh gén ding sau :

va® +b za+£.

2a

Vi cong thc trén, ta cd V83 =92 +2 ~ 9 -1--2-25_% 9,111

V147 =122 +3 ~ 12+2"’;2

Ki€m tra lai biing may tinh bd tai : V83 ~9,1104.... V147 ~ 12,1243...
Cong thdc tinh gén ding trén don giadn va tuong ddi chinh xac. That vay,

~ 12,125,

2 - p? b2 b ' ,
a +b= a+— —ﬁm[a+£] ,» nén khi khai phuong s8 83 ta chi téng s& 83
d

2 2 '
thém 2. _:]_ Khi khal phuong sé 147 ta chi tang s6 147 the 3 1 .
4.9% 81 4.122 " 64

Mot cach khai phuong khac dm::c gidi th;eu trong cudn Cdu chuong toan thuat
cGa Tran Sanh (Trung Quéc) tit thé Ki If truéc Coéng nguyén.
Vi du. Tinh /6889 . '

Budc 1. Tach s idy can (6889) thanh ttmg nhém hai chir s6 ké tix phal sang trai
(68'89), riéng nhém déu tién bén trai c6 thé c6 mét chir s6. .

Budc 2. (tim chif s6 th(t nhat clia két qud) : Chon s& nguyén Idn nhat ma binh
phudng clia né chua qué 68, ta dugce 8. Ta cd a = 8 1a chit s8 thd nhat clia két qua.




Bude 3. (tim s8 du thir nhdt) : Binh phuong sé a, /68789 =
dugc 64, roi trir vao 68, dugc 4. Ha nhém chii s6 tiép

theo 13 89 xudng, ta dugc 489, d6 13 s6 du ther nhat L -

" Budc 4. (tim chit s6 the hai clia két qud) : Nhan doi 189
s6 8 da dugc viét & két qua, dugc 16. Chit 6 tht hai clia: 68'80 = 83
két qua (1 b) dugc chon 16n nhat sao cho 16b.b < 489. 64

DE tim b ta thit 1y s§ chuc clia s6 du thif nhat (12 489

48) chia cho 18, dugc 3. Thir : 163.3 = 489 (trong trudng 489 |163.3=489
hgp tich vugt qua sé du thi nhat, ta phai glém 50 b vira o |
chon di mét don vi). |

. Budce 5. (tim s6 dl.r thit hai) : Tri tich tim dugc (489) vao 86 du‘ th(t nhat rdi iai ti€p
© tyc lam nhu trén. Trong vi du nay ta duge sé c[u' thit hai bang 0, phép khai phudng cha

két qua, t‘]‘ung 6689 = 83.
Ta c6 thé gii thich thuat toan khai phuong néi trén nhu sau :

S6 6889 nbi trén 1 binh phuong clia s6 ab . Ta biét ring
(ab)’ = (10a + b)* = 100a” + 20ab + b®.
O budc 3, s6 du th nhét biing : (100a° + 20ab + b?) — 100a = 20ab + b
Ta cén tim b sao cho 20ab + b? = 489, tdc I |
(20a + b)b = 489, oy

& budc 4, véi a = 8, nhan doi s6 8 (chuc) dugc 16 (chué} tlc 1a duge 20a, nhu

vay 20a + b chinh 13 16b, ta cdn tim b d€ 16b.b = 489 chinh I3 dé thod man déng
thizc (1).

Ban doc hay van dung thuat toan khai phuang néu trén aé khai phuong cac s6 sau :

J4'53'69 213 - V2'30  ~15,16
4 . 1 : .
053 130 | |
41 41.1 o 125 25.5=125
1269 . . B00 o
1269 423.3 301 301.1 = 301
0 19900 | .
| 18156, | 3026.6 = 18156
1744 |




I HAN HINH HOC

Chwﬂngl
HE THUC LUGNG TRONG TAM GIAC VUONG-

§1 MGT SO HE THUC VE CANH VA EUGNG CAO
| TR{)VG TAM GIAC VU{)NG |

Cho tam glac ABC vuﬁng 131 A, dtrcmg cao AH (h. 12} Ta cu
1)h ~ab"c *ac

2) b2 +¢? = a’ (dinh 1i Py ta-go). .
3)h? =b'c.

4) ah = bc.

5) = e o e, | o 'anhfz

Vl du 1 Tinh dién tich hinh thang ABCD co du:crng cao bang lzcm hai
dudng chéo AC va BD vudng gbc véi nhau, BD = 15cm.

Gidi : (h.13). Qua B v& dudng thang
-song song v6i AC, cat DC & E. Goi BH 1a A
dudng cao cua hinh thang. Ta c6 BE // AC,

AC 1L BD nén BE L BD.

Ap dung dinh 1f Py-ta-go vao tam gidc
.vufmg BDH ta co

>+ HD? = BD® = 12% + HD? = 157
:>HD?=225-144=81 = HD =9 (cm). Hinh 13
Xét tam gidc BDE vudng tai B o
BD’ = DE . DH = 15” = DE . 9 => DE =235 : 9 = 25 (cin).




Ta c6 AB = CE nén AB + CD = CE + CD = DE 25 (om).

Vi du 2. Hinh thang can ABCD co dd}’ 16n CD = 10cm, day nho bang dudng
cao, dudng chéo vudng goc véi canh bén. Tinh dudng cao cha hinh thang.

Giai : (h.14) Goi AH, BK la dudng cao cuia

A B
. hinh thang. Pat AB. = AH = BK = x. Dé dang
chitng minh duge DH = CK = 1{}; X Do dé
w 1N | |
D H . K ¢ - HC = 0 +X
Hinh 14 3.

Xét tam gidc ADC vyong tai A, ta c6 AH®> = HD.HC. Do d6 .
2 10-x10+x 100 -x

2. 2 4

Tir d6 x = 24/5 cm.
Bu’ﬁng cao ctia hinh thang bang 25 cm,

Vi du 3. Tinh dién tich mét tam gidc vuﬁng co chu vi 72011'1, hléu gura
‘dudng trung tuyén va dudng cao tng véi canh huyén bﬁng 7cm 3

Gidi : Ki hiéu nhyr trén hinh 15. Béit AM-- X,ta A
cc} BC 2X, AH X -~ ?

Then cac hé thtc tron g tam g]ﬁc vuf}ng )
AB? + AC? MBC =4x> (1) -
AB.AC = BC. AH=2Xx-7. @ Hinh 15
_ TEr(l} va (2) suy ra ’
AB? + AC? + 2AB.AC = 4x> +4x(x ~7)
| - @{AB-&AC) = 8x* —28x¢>(72 2}:) —8x —28:{
Pua vé phtrcmg trinh x? + 65% — 1296 = 0 <> (x— 16)(3-: + 81) 0

| Nghlém du‘dng cua phuong trinh Ea X = 16
Tt dé BC = 32c¢m, AH = 9cm.

Sanc = % 32.9 = 144 (cm?).



10.

11.

12.

‘hinh 16. . B a CYA
Cho tam gidc ABC can ¢6 AB = AC = 9cm, ©| -

" Bai tap

Chimng minh dinh 1i Py-ta-go bing cdch dit hai E
tam giac vudng bang nhau ABC, DCE nhu trén

BC = 12cm, dudng cao AH, [ 1a hinh chiSucha H 4 b C ¢ D
tren AC. h | Hink 16

a) Tinh d6 dai CI. |

b} Ké dudng cao BK cia tam gidc ABC. Chitng minh ring diém K nim
gitta hai diém C va A.

Cho tam gidc ABC c6 A= 120° BC =a, AC = b, AB = c. Ching minh ring

a -b2+c + be.

Tinh canh ddy BC cta tam gidc can ABC biét dudng cao tng véi canh day
biang 15,6cm va dudng cao ting v6i canh bén bang 12cm.

Cho tam gidc ABC vuéng tai A, dudng phan gidc AD, dudng cac AH. Biét
BD = 7,5¢cm va DC = 10cm. Tinh c4c do dai AH, BH, HD.

Cho tam gidc ABC vuéng tai A, du’rtmg cao AH, AB 20-::m HC = 9cm.
Tinh d¢ dai AH. :

Cho tam gidc ABC vuobng tai A, dudng cao AH. Tla ph&n giﬁc clia gbc |
HAC cit HC & D. Goi K 1a hinh chiéu cia D tr&n AC. Bié€t BC = 25cm,
DK = 6¢cm. Tinh do dai AB.

. Cho tam gidc ABC c6 AB = 6cm, AC = 8cm, cic dmmg trung tuyén BD va
- CE vuéng géc v6i nhau. Tinh do dai BC.

Cho tam gidc ABC e6 B = 60 BC = 8cm AB + AC = 12cm. Tinh cac do
dai AB, AC. .

Trong mot tam gidc vuong, dudng cao ing véi canh huyén chia tam gidc |
thanh hai phén c6 dién tich bing 54cm” va 96cm’. Tinh do dai canh huyén.
Cho tam gidc ABC vuong cin tai A, duﬂng 'trung tuyén BM. Goi D 12 hinh

chi€u cia C trén BM, H 12 hinh chi€u cia D trén AC. Chu'ng minh ring
AH = 3HD.

a) Mot tam gidc vuéng 6 ti s6 cdc canh géc vudng bﬁng k. Tinh ti s6 céc
hinh chi€u clia hai canh géc vuong trén canh huyén.



i3.

14,

15,

16.

'b) Tinh do dai hinh chidu clia cac canh gbc vubdng trén canh huyén clia mot

tam gidc vuodng, biét rang ti s6 hai canh géc vuéng bang 5 : 4 va canh
huyén dai 82 cm.

Trong mot tam giac vudng, du’ﬁﬂg phan gidc clia géc vudng chia canh'
huyén thanh hai doan thing ti 1& véi 1 : 3. Pudng cao tng véi canh huyén
chia canh d6 theo ti s6 néo ? | |

Cho tam gidc ABC c6 do dai cdc canh AR, BC, CA 1a ba s ty nhién lién
ti€p ting dan. Ké dudng cao AH, dulng trung tuyén AM. Ching minh rang

HM = 2.

Mot hinh thang céﬁ cé ducrng chéc vudng goéc vu’i canh bén. Tinh chu vi va
dién tich hinh thang biét ring ddy nho dai 14cm, ddy 16n dai 50cm. |

Mot hinh thoi cé dién tich bang mot nira dién tich hinh vuong cé canh '
bing canh cia hinh thoi. Ti s6 ciia uuﬁng chéo dai vﬁ du:cmg chéo ngén cla

| hinh thm la :

A)2-43 : B)2++3: O)2; Djﬁ; E)\@-i-l.

~ Hay chon céu tra 101 ding,

17.

18.

19.

BC & M va cit dudng thﬁng DC & 1. Chimg mmh rang ! o =

Qua dinh A cua hinh vuodng ABCD canh a, v& mot dudng thang cét canh
1 1

AM? AP 2%
Cho hinh vuéng ABCD c¢é canh 1dm. Tmh canh ctia tam glac déu AEF cé
E thuéc canh CD va F thudc canh BC. ' .

Trong cac tam g1éc sau, tam gidc nao la tam gidc vuﬁng, néu dc: da1 ba
duong cao bang :

a) 3cin, 4cm, Scm ; i b) 12cm, 15cm, 20cm.

| 20%, Chitng minh rang tam giac ABC l1a tam gidc vu&ng ‘néu cac duﬁng phan

21.

22,

gidc BD, CE cét nhau tai I thod man BD.CE = 2BI.CL

Xét céc tam gidc vuong ABC cé canh huyén BC = 2:1. Goi AH 1a dudng’
cao cia tam gidc, D va E la hinh chiéu cia H trén AC va AB. Tim g1é tri
Ién nhét cta : . | _

a) Po dai DE ; : b*) Dién_ tich tit giac ADHE.
Chiing minh rang trong mot tam gide :

- a) Binh phuong cta canh déi dién véi goc nhon bang téng céc binh phutmg

ctta hai canh kia trir di hai l4n tich cla mot trong hai canh dy voi hinh

chiéu cta canh kia- tr&n no.



b) Binh ph:mhg clia i:@nh doéi dién véi goc ti bing tdng cdc binh phwong
cta hai canh kia cong véi hai 1dn tich ctia mot trong hai canh Ay v4i hinh
chiéu cua canh kia trén né. -

23. Cho tam gidc ABC c6 BC = a, A_C = b, AB = ¢. Chiing minh rdng":
 a)Néub®<a®+c?thi B <90° |
b) Néu b® > a + ¢ thi B > 90°.
¢) Néu b’ =a” + c* thi B = 90°. - - |
24. Tam gidc ABC vuong tai A, dudng phan gidc BD. Tia phan gidc cha géc A
- catBD O L Bi€t IB = 10V5Scm, ID = 5V5 cm, tinh dién tich tam gidc ABC.
25. Tam gidc ABC vuong tai A, goi I 12 giao diém cfia cdc dudng phan gidc.
a) Bi€t AB = Scm, IC = 6cm. Tinhdo daiBC.
b) Biét IB = 5 cm, IC = /10 cm. Tinh cdc do dai AB, AC.
26. Cho tam gidc ABC vuong tai A, goi I 1a giao diém clia cdc dudng phan
gidc, M 1a trung diém cfia BC.
a) Bi€t AB = 6cm, AC = 8cm. Tinh BIM. _ |
b) Biét BIM = 90°. Ba canh cfia tam gidc. ABC ti 1¢'v6i ba s6 nao ?
27. Mot tam gidc vuéng cé do dai mot canh biing trung binh coéng cha do dai
- hai canh kia. : o - .
a) Do dai ba canh ctia tam gidc vudng dé t'i_le vdi ba s& nao ? |
b) Néu d¢ dai cdc canh cia tam gidc vuong dé 14 cic s6 nguyén duong thi
$6 nao trong cdc s6 sau c6 thé 12 d6 dai mot canh cha tam gidc d6 : 17, 13,
35,41,222 | o |
28. Cho tam gidc ABC vuong tai A, BC-= 3+/5cm. Hinh vuong ADEF canh
- 2cm cd D thudc AB, E thuoc BC, F thugc AC. Tinh cdc do dai AC, AB.
29*. Tam gidc ABC can tai A, goi I 1a giao diém ciia cdc duding phan gidc. Biét
IA = 2+/5cm, IB = 3cm. Tinh do dai AB. o
30°*. Tam gidc ABC can tai A, dudng cao AD, truc tam H. Tinh d6 dai AD, biét
AH = 14cm, BH = HC = 30cm. . -
31%. Tam gidc ABC c¢6 BC = 40cm, dudng phan gidc AD dai 45cm, dudng cao
© AH dai 36cm. Tinh céc do dai BD, DC. .

~ Vidu :26,27,29. |
Bai tap : 167 dén 173, 186, 188 dén 191, 423.



§2. Ti SO LUGNG GIAC CUA GOC NHON

Cic ti s6 lwong gidc clia géc nhon « (h.17) dwoc dinh nghia nhu sau :

i dai ké
sing = — : cosa = -
huyén - huyén
ta*gﬁi"' cbtgcr;=ié
TR a6i
R : Véi hai géc o va B phu nhau, ta ¢6 sino.= cosf,
Hinh 17 - ~ _ : ' -
- : cosa. = sinf, tga = cotgf3, cotga = tgf. -
Vé6i mot s6 goc dic biét, ta co :
e 2
5in30° = cos60° = — sind5° = cos45° = £ :
2 - 2
c0s30° = sin60° = é, o cntg6(}° = tg3[}D =-l— |
2 SN
_cotg30° = tg60° = /3.

tgd5° = cotgd5® =1,
Vi du 4*, Tinh tg15° ma khong dung bang s0, kh{‘mg ding

may Emh

Guﬁ : Cac,h 1. Xét tam gmc ABC cé A . 90°, B = 15°

AC = 1 (h.18). Bu&mg trung truc cua BC cﬁt AB 61 Ta cé -

— "AC 1
AIC =30°nén IC=2AC=2, 2% = 1g30° = —, suy ra Al = /3.
_ _ AL~ g J—gsuy__
Tacé AB=AI+BI=Al+IC=+73 +2,
| | AC 1 o
tgls® = 22 = =2-+3. -
5 2+4/3 | - Hinh 18

Cdch 2. Xét tam gide ABC c6 A=90°, B =30°, AC=1 (n.19).
Ta 6 B= 3(}011&11 BC = 2AC = 2, AC tg30° =L nen AB =+3. K&
- AB N
duo’ng phan gidc BD. Theo tinh chat duﬁmg phén glac -

AD _DC_ AD+DC _ I 5 3.
AB BC AB+BC J3+2 ‘




Ta ¢6

Hinh 19 | ' Hinh 20
Céch 3. Xét tam gisc ABC ¢6 A = 90°, C =15°, BC =4 (h.20).
Ké dudng trung tuyén AM, dudng cao AH. Ta co AMB 30°, AM =2

nén AH =1, AH tg30° =='_~—1— nén HM = 3.
HM 3 *
‘Suyra | HC=HM+MC#-J§+2. .
tg15° = AH | =2-/3.

2—1-\/—

Vi du 5. Xét tam gidc ABC vuong tai A, AB < AC C = a<45° dlrﬁng tmng
tuyén-AM, dudng cao AH, MA=MB=MC=a. Chfmg minh céc cong thiic :

.a) sin 2o = ZsinacoSa ; C '

b) 1 +cos2a = 2cos’0L

c) 1 — cos2a. = 2sin’c.

Guu (h.21)

Ta cé sina = é-]j cose = %,' AMH = 2a,

HM HM . AH AH
cos2oL = = , sinZ2a = = ——,
' .a - AM a .
. AH CH 2AHCH 2AHCH 2AH -,
a) 2sino.cosa = 2. . = == = = = sin2cL.

AC'AC  AC? BCCH 2a  a



(1)

o .\ 2 )
b) Xét  2cosio= Z[CH] 2CH” _2CH _ CH

AC) BCCH 21 a
Xét 1+c052mx1+m=a+HMmCH. (2)
: a a. a o

T (1) va (2) suy ra | + cos2a = 2cos2aL.

c) Thay cos’e bdi 1 — sin®a vao 1 + cos2a, = 2_(:032{1,- ta cé

 1+cos2c =2~ Zsin_za nén-ZSinza =1 — cos2a.

Bai tGp
32. Tinh sai s8 cﬁa cﬁc phép dung sau :
a) Dung g6c 72° bing céch di;ng géc nhon cha tam gidc vudng ¢é cic canh
gbc vudng bang lem va 3cm. -

b) Dung géc 20° bing cdch dung gbc & dmh cha tam gidc cén c6 ddy 2cm,
canh bén 6¢cm.

33. Tam gIéc ABC cé dudng trung tuyen AM bing canh AC. Tinh th tgC.

cosa + sina.
COSCl — SIHD‘Z

34. Cho tgat = -%— Tinh

35. Cho hinh vuang ABCD Tinh cos MAN b1é’t ring M, N theo thit tyr 12 trung
di¢m ciia BC, CD.

36. Cho tam gidc ABC vuéng tai A, dudng cao AH. Goi D 12 diém d6i xitng -
~ v6i A qua B..Goi E 1 diém thuoc tia d6i cda tia HA sao cho HE = 2HA.

~ Chimg minh ring DEC = 90°.

37*, Chung minh rang trong mot tam gidc, ducmg phan g1£ic itng véi canh 16n
nhét nho hon hodc bang dudng cao dng vm canh nhé nhit. |

. 38. Tinh tg22°30' ma khéng dimng bang s6, khﬁng diing may tinh.

V6 + 4 g J6 —J4
=

39. Chitng minh ring cos15° = in15° = — ma kflﬂng ding
bang .56, khong diing may ti’nh..

40%. Tinh cos36°, cos72° ma khong ding bang s6, khéng ding méy tinh.



§3. MOT SO HE THUC VE CANH VA GOC
: TRONG .TAM GIAC VUONG

Trong mot tam glac vuﬁng, mdi canh gﬁc vuong bang canh huyén nhﬁn wfﬂ
sin gbéc d6i hay nhan v6i cosin goc ké ; mdi canh gﬂc vuong bang canh goc
vuong kia nhan véi tang gc:c doi hay nhﬁn v6i cotang géc ke, T

Vi du 6. Chung minh réng dién tich clia mot tam gidc {khéng vuﬁng) bﬁng'
mot nira tich ciia hai canh nhéin vm sin cﬁa goc nhnn tao bm céc ﬁuﬁmg thang chua. :
hai canh ay. . : R

|
1
|
1
H AL c |
Hinh22 | - S

Gidi : Goi o 12 g6c nhon tao bdi hai du(mg thang AB AC cua &ABC
(h.22). V& dudng cao BH tacé BH = ABsina.. - R |

DG dé - SAEC = —;"A{: BH = %AC ABSlﬂﬂ».

Chi ¥ : Sau néy nghién cﬁ'u ham s6 Im:rng gide ta co 31119{} 'I

sino. = sin{180° — &), do dé : Dién tich tam gidc bﬁng mot nira tich cua hal |
canh nhan voi sin ctia goéc tao boi hai canh dy. R .

Vi du 7%, Tam giéc: PLBC co A B+2C va dﬁ dé.l ba canh Iﬁ ba 56 tlI'__ |
nhlén lién ti€p. - : IR

a) Tinh d6 dai cdc canh ¢hia fam glﬁc

b) Dung bang luong gidc hoac méy tinh bd tii dé tinh s6 do cha o gﬁc A '
B, C. .

Gidi : a) {h.23) _Trén canh CB ié’y diém D sac_; chﬂ CD_.:_ CA.. -Ta_- 6 e N
E El+gzﬁﬁi+ﬁz_ . .
—B-{-Az +A2 —B+2Ag

o

Theo dé bai, A = B + 2C, suy ra C= Az.

AABC <> ADBA (g gj _, AB_BC

DB AB




PatBC=a, AC=b,AB=cvéia,b,c e N, tacd

=% o Poaa-b). o (1) .
a-b ¢

Do cédc canh ctia tam gidc ABC ]a ba s6 tu nhién lién ti€p va a > b nen

aubﬂlhnéca b=2.

c=2

c—-1=1

<e=2. Khl d6a=4,b=3.Bas62,3 vi4thod min bat dﬁng thite tam gidc.
Néua—b=2thia~- ¢ =1, khi d6 '

Nf:u.a—b=1thla-c'=2 (1)<:§cz=c+2@¢(cm'l)=2-¢:;{

-(1}@c?m2(c_+ 1) clc—2) =2 {FZ @{6:2,1@1.’
| - c—2=1 c=3

Vay AB=2, AC=3, BC=4. - |

b) (h.24). K& AH L BC. Dt HC= x, HB=y. Ta ¢é
X+y=4,

2_ —AHD) - (2 AH) =9-4=5, -

X

= (3°
n&nx—y—%-iZﬁ

Hinh 24

Tir d6 x = 2,625 ; y = 1,375 ; cosC = %;—=0,8'?5 ; C=2857" ;

cosB= = = 0,6875; B=46°34' ; A =104°29".

Chii § : Ta con chitng minh dun'c;b'al"toén tong quat hon Vi du 7 : Néu tam
gidc ABC c6 gbéc A tix va do dﬁl ba canh Eé ba s6 tu nhién lién t1ép thi cdc dé
dai dé bang 2, 3, 4. |

D€ ching minh bai nay, ta sir dung b6 dé : Néu tam gidc ABC cO gbc A tu
thl AB* + AC? < BC2 (xem Bai tip 22). -

Gmdﬁdmbacanhcuatamgléclan—I n, n+1vmneN Do A ::-9{}
nén BC 1a canh lcm nhdt, do 36 BC'=n + 1. Théo bd dé trén

. (n—l) + n? -c:(n+1}
Bién d6i thanh n < 4n nén n < 4, Hién nhién n > 2, V&yn“Zhﬂﬁcn X

Loai n = 2 vi khong. t0n tai tam gidc c6 ba canh 1, 2, 3. Véin = 3, d6 dai
ba canh ctia tam gidc 1a 2 3, 4, thoa mén bdt d.:mg thiic tam gidc.



Bdi t&p
41. Ding bang lugng gidc hodc mdy tinh bo tui, ha}f tmh
" a) Chiéu cao tng vé6i canh 40cm cua mét tam gidc, biét goc ké véi canh

nay bing 40° va 55°.

b) Goéc tao bdi dudng cao va dudng trung tuyén ké tir mot dinh cia tam
gidc, biét cdc gbéc & hai dinh kia bing 60° va 80°. b

42. Tam gidc ABCcé A = 105°, B = 45°, BC = 4em. 'f_inh cdc Ao dai AB, AC.

43. Tam gidc ABC.c6 A = 60°, AB = 28cm, AC = 35cm. Tinh do dai BC.

44. Cho mot hinh vuong c6 canh 1dm. Ngudi ta cat di & méi gbc. cha hinh
| vuﬂng mot tam guic vuong can dé dugc mot bdt gléc déu. Tinh téng d1€:n
-~ tich clia bon tam gidc vudng can bi cat di.

45, Tam gidc déu ABC c6 canh 60cm. Trén canh BC 14y diém D sao cho
~ BD = 20cm. Pudng trung truc caa AD cét.cdc canh AB, AC theo thit tr &
E, F. Tinh d6 dai cdc canh clia tam gidc DEF.

46. Cho tam gidc ABC ¢6 AB = ¢, AC = b, dudng phan gidc-AD, dudng trung
tuyén AM. Dudng thﬁng déi xiing vm AM qua AD cﬁt BC & N. Tinh 1:1 s6
BN : NC. |

47*%, Do dai hai dudng chéo ctia mot hinh binh hanh ti lé véoi do dai hai canh
lién t1é’p clia n6. Ching minh rang céc géc tao boi hai dunng chf:ﬂ bang céc
g6c chia hinh binh-hanh.

48* T gidc ABCD cé cdc dudng chéo cat nhau & O va khOHg vuf}ng goc voi
nhau. Goi H va K 14n lugt 1a tryc tdm cua céc tam glac AOB va COD. Gm
G va I 14n luot 12 trong tAm ctia cdc tam gidc BOC Vd AQD.

ay Goi E 12 trong tam cda tam gidc AOB, F 1a giao diém cha AH va. DK.
- Chung minh ring cdc tam gidc IEG va HFK déng dang.

b) Chung minh rang IG vuodng géc v6i HK.

49*, Cho tam gidc nhon ABC, céc diém D, E, F theo th 44 thuuc cdc canh AB,
BC, CA. Chiing minh ring trong ba tam glac ADF, BDE, CEF, ton tai mét

tam glac c6 dién tich nho hon hua,c bang E dién tich tam giac A_BC, Khi
- nao ca ba tam gidc do6 cung ¢6 dién tich bang :}; dién tich tam gidc ABC?

~ Vidu : 28.
Bai tdap : 192.



Chuong II
PUCNG TR@N

§4. SU XAC mNH BUONG TRON.,
TINH CHAT pOI XUNG CUA BUGNG TRON

Pudng tron tam O bén kinh R (v6i R > 0) 12 hinh gém céc diém céch diém
O mét khoang bang R. |

Tuy theo OM =R, OM < R, OM > R ma ta c6 diém M ndm trén, ndm. br::n
trong, nim bén ngoai duong tron.

- Qua ba diém khong thing hang, bao gid cling vé ducrc mot du{mg tron va
chi mét dudng tron. ‘

~ Dudng tron ¢6 mot tam d6i xtng, dé 1a tAm cha dudng tron. f)u‘h‘ng tron cé
vd 50 truc doi *ﬁmg, d6 1a bat ki dudng kinh ndo cta né.

Vi du 8. Cho hinh thang can ABCD. Chimg minh riang t6n tai mot du&rng
tron di qua c4 bon dinh cta hinh thang. . ,

A M B Gidi : (h.25)

Goi M, N theﬁ thit ty 12 trung di€m cda cdc canh ddy
AB, CD cta hinh thang can. MN 1 truc doi xing cha hinh
thang can nén MN la duong trung tryc chia AB va clia CD.

C Goi O 14 glan d1ém cua MN Vi dudng trung truc
Hinh 25 ~ cha BC. -

O thudc dudng trung truc cia AB nén OA = OB. |
O thude dudng trung truc cua BC nén OB = OC.
O thugc dudng trung truc chia CD nén-OC = OD.

- Vay OA=0B=0C=0D, d{} dé duong tmn (0 OA) di qua cdc diém A,
B, C, D. :

Bai tap

50. Chn tam gidc ABC cén tai A ndi tiép ducmg tron (O) AC = 40cm BC 4801‘11
Tinh khoang cdch tir O dén BC.



51. Cho tam gidgc ABC can tai A noi ti€p dudng tron (O), canh bén béng b,
- dudng cao AH = h. Tinh bén kinh cta dut‘}ng tron (Q). _

52. Cho tam gidc nhon ABC m’n tiép dm:rng tron (O ; R). Goi M la trung diém
BC. Gia s&t O nam trong tam gidc AMC hodc O nim gitta A va M. Goi [ 1a
trung diém cta AC. Ching minh.rang :

~a) Chu vi tam gidc IMC I6n hon 2R.
b) Chu vi tam gidc ABC I6n hon 4R,

53. Cho tam g1ac ABC noi ti€p dudng trdn (O). Goi D, E, F theo thit ty 13

"~ trung diém cha BC, AC, AB. K¢ cdc dudng thang DD', EE', FF' sao cho
DD' /f OA, EE' // OB, FF' // OC Chung mlnh rdng cAc du’dng thﬁng |55
EE', FF' dong quy.

54. Cho ba diém A, B, C bdt ki va dudng tron (O) ban kmh bﬁng E Chu‘ng
- minh rang t6n tai mot diém M ndm trén dudng tron (O) sao cho

MA+MB+MC}3
~ Bai tdp : 141 147, 156, 175 193, '

§5. PUONG KINH VA DAY CUA PUONG TRON.
LIEN HE GIUA DAY VA KHOANG CACH TU TAM BEN m'f

Quan hé vé do fial gitta dudng kmh va day dugc thé hién ¢ dinh 1i : Trong
mot dudng’ tron, day 16n nhat 12 dudng kinh.

Quan heé vuéng géc gifta dudng kinh va day duﬁc thé hlén & céc dmh Ii :
— Duong kinh vuéng géc véi mot day thi di qua trung dlem clia dﬁy ay

— Puong kinh di qua trung dlem clia mot dﬁy khung di qua tam th1 vuong
gbéc v6i day ay.

Dé so sdnh do dai hai d&y chia mot ducmg ron du:a véo céc dinh h Trong
mét duong tron - . |

— Hai day béng nhau khi va chi khi chiing céch déu tam.
— Tmng hai day khong bang nhau, day 16n hon khi va chi khi né gén tam hon.
Vi du 9. Cho tam gidc nhon ABC nm Ile‘p dudng tron (0). M 1a diém bét ki

thuoc cung BC khong chita A. Goi D, E theo thit ty 12 cdc diém déi xu‘ng véi M
qua AB, AC. Tim vi tri cha M dé DE cé d6 dai 16n nhdt. . -



Gidi : (h.26)

AB la dudng trung truc cia MD nén AM = AD,
- AC1a dudng trung trye cia ME nén AM = AE. Suy
ra AD = AE.

Ta co
MAD + MAE = 2(MAB + MAC) = 2BAC.

| Hinh 26 | :

Tam gidc ADE cén tai A ¢6 ISKE = 2BAC khong d6i nén DE 16n nhit <
AD 16n nhat <> AM 16n Ilh;"it <> AM la dudng kinh ctia dudng tron (O).

Vi du 10. Cho dudng tron tam O ban kinh OA = 11cm. Diém M thuoc ban
kinh OA va cich O la 7em. Qua M ké day CD c¢6 do dai 18cm. Tinh cac d6 dai
M_C‘, MD (MC < MD).’ ' |

Gidi : (h.27)

Ke OH L. CD. Ta cé

HC=HD= 2 =18 _ g (cm).
2 2

Tam gidc OHD vuong nén
. OH?*=0D?-HD? =112 - 9% = 121 - 81 = 40,
Tam gidc OHM vuong nén o |
Hinh 27 MH? = OM? — OH? = 49 — 40 = 9 = MH = 3cm.
Do d6 MD =MH + HD =3 + 9 = 12 (cm), -
MC =HC ~ MH = 9~ 3 = 6 (cm).

Vi dy 11. Cho dudng tron tim O bén kinh 15cm, diém M céch O 1a 9cm.

a) Dung day AB di qua M va ¢6 d¢ dai 26cm. D &
b) C6 bao nhieu day di qua M va c6 d¢ dai la " '
moét s6 nguyén xentimét ? | | o ST B
74 . ' !’
G ww TN
@) Phan tich. Gia st d& dung dugc day AB di | “‘ﬁh_/ ”
qua M va AB = 26cm. KE OH | AB,d6dai OH=h  E X “i/ -
Xdc dinh (h l1a khoang cdch tir O dén day A'B' bat ki A c
dai 26cm). | .

Hinh 28



Diém H thoa man hai diéu kién :

— Nim trén dudng tron c6 dudng kinh OM ;
= Nam trén dudng tron (O h). o
Cdch dung. Ban doc tu giai.

szng minh. Bén_dqc ty giai.

Bién ludn. Bai todn ¢6 hai nghiém hinh. |

- b) Day ngén nhdt di qua M 12 day EF ¢6 khoang cach tir tam dén day lcm

nhit (bing 9cm), day nay c6 do dai 2v15% - 9% = 240111 Day dm nhat di qua
M 1a dudng kinh CD ¢é do dai 30cm. :

Ung v6i mdi do dai 25, 26, 27, 28, 29cm, c¢b hai day di qua M. Dl} dé co

2+52= 12 (day) di qua M va ¢6 do dai lé mot s6 nguyén xentimét.

- 56.

57.

Bdi tap

. Tit gidc ABCD c6 A = C = 90°.

a) Chitng minh ring AC = BD.
b) Trong trudng hop nao thl AC=BD?

Cho dudng tron tam O dudng kinh AB, céc d&y AC, AD. Goi E 12 diém bat
ki trén dudng tron, H va K theo thi tu la hmh chiéu cua E trén AC, AD.

Ching minh ring HK < AB.

Cho dudng tron tam O, day AB = 24cm, day AC = 20cm (BAC < 90° va

di€m O nim trong géc BAC). Goi M Ia trung diém cia AC. Khoang cdch
tir M dén AB bang 8cm. ,

a) Chung minh ring tam gidc ABC can tai C

58.

59.

b) Tinh ban kinh cta dudng tron.

Cho dutmg tron tam O bédn kinh Scm, hai d&y AB v& CD snng song véi nhau
c6 do dai theo thit tu bing 8cm va 6¢cm. Tinh khoang cdch gitta hai day.

Cho dudng tron tam O, dudng kinh AB = 13{:111 Day CD -::6 do dii 12cm

vudng goc v6i AB tai H.
a) Tinh céc d6 dai HA, HB.

b*) Goi M, N theo thit tu 13 hinh chléu ctia H trén AC, BC. Tinh d1én tich
tir gidc CMHN. h



60. Cho nira dudng tron tam 0 dudng kinh AB, day CD. Goi H, K theo thit ty
“la chén cdc dudng vudng gbc ké tir A, B dén CD.

a) Chting minh rdng CH = DK.
¢) Tinh dién tich 16n nhit caa ti giac AHKB, bi€t AB = 30;111, CD = 18cm.

61. Cho tam gidc ABC, cdc dudng cao AD, BE, CF. Dudng tron di qua D, E, F
cdt BC, CA, AB theo thit ty & M, N, P. Chitng minh riing c4c dudng thing
ké tit M vuong goéc véi BC, ké tir N vufmg géc v6i AC, ké tir P vuong géc
vGi AB dong quy.

62%. Tam gidc ABC can tai A néi ti€p dudng tron tam O. Goi D 13 trung diém
cia AB, E 1a trong tam cua tam gidc ACD. Ching minh rang OE vuong
goc vai CD .

~ Bai tdp * 142, 143, 153, 154, 176.

'§6. VI TRI TUONG POI |
CUA PUONG THANG VA PUGNG TRON.
DAU HIEU NHAN BIET
TIEP TUYEN CUA PUONG TRON

~ Can ct vao s6 diém chung 0, 1, 2 cia dudng thing vh duong tron ma ta
dinh nghia cdc vi tri : dudng thing va dm:mg tron khéng giao nhau, ti€p xiic -
nhau, cét nhau. Ung véi cdc vi trf trén, kh{}:mg cach d tir tam dudng tron dén
dudng thing va ban kinh R cha dudng trén ¢6 céc lién hé : d<R,d= R d > R.

Ta ¢d céc Chnh H:

— Néu mot dudng thang 12 t1ep tuyén ctia mot dudng tmn thi né vuﬁng gbéc
véi ban kinh di qua ti€p diém.

— Néu mot duong thang di qua mot diém ca dudng tron vi vuoéng géc véi.
“béan kinh d1 qua diém d6 thi dudng thing &y 12 mot tiép tuyén cla dudng tron.

Vi du 12. Cho tam gidc ABC vudng tai A (AB < AC), dudng cao AH. Goi
E 1a diém d6i xting v6i B qua H. Pudng tron ¢6 dudng kinh 1a EC cat AC § K.
Ching minh ring HK 1a ti€p tuyén chia dudng tmn '



Gidi : (h.29). Goi O 1a trung diém cta EC thi
OE = OC = OK nén EKC = 90°. Goi M Ia trung
diém clia AK thi HM 1a dudng trung binh cua hinh
-thang ABEK, do d6 HM 1 AK. |

Tam gidic AHK c6 dudng cao HM ciing la
Hinh 29 dudng trung tuyé’n nén 1a tam gidc can, do dé

e

Ki=Aj. Ta lai ¢6 Ko =C, suy ra Ki+Kz = A +C 90°, tic Ia
OKH = 90° . Vay HK 1a ti€p tuyén chia dudng tron (O).

Vi du 13. Cho mot hinh vauong 8 x 8 gém 64 6 vuong nho. Pat mot tdm
bia hinh tron ¢é dutng kinh 8 sao°cho tdm O cia hinh tron triing vé6i tdm ctia
- hinh vuéng. '

a) Chitng minh r?.'iﬁg hinh tron ti€p xtc vGi cdc canh cia hinh vuong.
b) C6 bao nhiéu 6 vuéng nhd bi t&m bia che 1&p hoan toan ?

Gidi : (h.30)

a) Ban kinh cuaa hinh tron bang khoang cach ti

tam cta hinh tron dén méi canh cha hinh vudng M = S .E N
iiunf bj::i ;ii nén hinh tron ué’p xlc véi cac canh /rf j///% ;f\;x\- |

& & F/ A0\

'b) Xét hinh vuéng AOBN va céc diém C, D, E i 3
nhu trén hinh v&. Ta ¢6 OC = OD = «/ﬁ < 4 nén I\ ° ;
C va D nam trong dudng tron, OF = V18 > 4 nén N J
E ndm ngoai dudng tron. C6 8 6 vudng nhod bi che NI T LY
ldp hoan toan. Vay tong cong cé 32 6 vuong nhé bi Q | P
tdm bia che 14p hoan toan. | , Hinh30
Bdi tGp

63. Cho ntta dudng tron 1am O dmﬁ:fng kinh AB, M 12 mot diém thudc nira
dudng tron. Qua M vé ti€p tuyén v6i nlta dudng tron. Goi D va C theo tha
tu la cdc hinh chi€u clia A va B trén ti€p tuyén 4y.

a) Chitng minh ring M 1a trung diém cia CD.
b) Ching minh rdng AB = BC + AD.



64.

65.

66.

67.

c) Gia sir AOM = BDM goi E 1a giao diém cha AD vm nira dutmg trén.
Xac dinh dang cua ¥ gidc BCDE. :

d) X4c dinh vi tr{ ctia diém M trén nira dudng tron sao cho t giac ABCD
c6 dién tich I6n nhat. Tinh dién tich dé thea bédn kmh R cia nira duéing
tron da cho. '

Cho tam gidc ABC can tai A, 112 giao diém clia cdc dudng phan gidc.

a) Hay xéc dinh vi trf twong d6i cia duﬁng thing AC véi dudng tron (O)
ngoai ti€p tam gidc BIC.

b) Goi H Ia trung diém cta BC, IK 13 dudng kinh cha dudng tron (O).
| ' _ HI

. B HK ' .
Cho nira dudng tron tam O c6 dudng kinh AB, Ax 1a tiép tuyén cla nia
dudng tron (Ax va nira dudng tron ndm clng phia déi véi AB), C Ia mot
diém thudc nira dudng tron, H 13 hinh chiéu ciia C trén AB. Dudng thing

qua O va vudng géc véi AC cit Ax tai M. Goi I 12 giao diém cla MB va
CH. Chitng minh ring CI = IH.

Ching minh ring

Cho hinh thang vuéng ABCD (A = D = 90°) ¢6 BMC =90° véi M la
trung diém ctia AD. Chitng minh ring : | |
a) AD Ia ti€p tuyén ctia dudng trdn c6 dudng kinh BC.

b) BC 1a ti€p tuyén ctia dudng tron cb du‘ang kinh AD.

Cho nira dudng trdn tam O cé duong kinh AB, C la mot, dlem thuﬁc nita
dudng tron, H 1a hinh chiéu cta C trén AB. Qua trung diém M chia CH, ké

- dudng vuong géc vi OC, cit nira dudng tron tai D va E. Chitng minh rﬁng

68.

AB la ti€p tuyén cha dudng tron (C; CD).
Cho dudng tron tam O dudng kinh AB. Goi d va d' 12 céc tiép luyén tai A va

tai B cha duﬂng tron, C 1a mot diém bat ki thuoc d. Pudng vuong géc véi

OC tai O cat d' & D. Chfmg minh rdng CD 14 ti€p tuyén cha dudng tron (O).

69*. Cho nira dudng tron tam O c6 dudng kinh AB, C 1a mot diém thudc nira

dudng tron. Qua C ké ti€p tuyén d v6i nita dudng tron. Ké céc tia Ax, By
song song v6i nhau, cit d theo thi ty tai D, E. Chiitng minh ring AB Ia t:ép
tuyén clia duong tron dudng kinh DE.

70. Cho dudng tron tam O c6 dudng kinh AB = 2R. Goi d 13 ti€p tuy€n cua

duding tron, A la ti€p di€m. Goi M 12 diém bat kl thuoc d. Qua O ké dudng
thing vuﬁng g6c véi BM, cit d tal N. ~



a) Chiing minh ring tich AM. AN khéng d6i khi diém M chuyén dong trén
dudng thing d.

b) Tim gid tri nho nhit cha MN. |
71*. Cho tam gidc ABC cén tai A c6 A = o, dudng cao AH = h. V& dudng tron

tam A ban kinh h. Mot ti€p tuyén bét ki (khéc BC) ctia dudng tron (A) cat
cac tia AB, AC theo thit tu tai B, C' '

a) Chiing minh ring S, pc < Sapc-

b) Trong céc tam gisc ABCc6 A = a va duﬁmg cao AH = h, tam glﬁc nao
cO dién tich nho nhit-? _

~ Vidu : 30,

Bai tap : 174, 177.

§7. TINH CHAT CUA HAI TIEP TUYEN CAT NHAU

Néu hai ti€p tuyén clia mot dudng tron cit nhau tai mét diém thi :

— Piém d6 cich déu hai tiép diém ;

~ Tia k¢ tit diém d6 di qua tam 12 tia phan gidc ¢ha guc: tao bdi hai tiép
tuyén ; |

— Tia ké tir tam di qua diém d6 1a tia phﬁn gidc clia géc tao bm hHI bdn
kinh di qua cdc ti€p diém. |

Vi du 14. Cho doan thing AB. Trén cung mot nira mit phing bd AB, vé
nira ducmg tron (O) duung kinh AB va cdc tiép tuyén Ax, By. Qua diém M
thu¢c nira dudng tron ndy, ké ti€p tuyén cit Ax, By theo thit tu tai C va D. Goi
N la giao diém ctia AD va BC. Chiing minh ring MN vuéng géc véi AB.

sz (h.31) Tacoé6 Ax // By nén theo dinh 1f Ta-1ét

y : ND _ DB o
5 NA AC
X M Theo tinh chat hai ti€p tuyén cit nhau-
" DB = MD, AC = MC. @
N B " Tu(i)va(Z}suyra-E—Eeui% Do dé
A5 5 -~ MN // AC (dinh i Ta-1ét dao),

Hinh 31 MN // AC, ma AC L AB nén MN L AB.



- Vi du 15*%. Cho dudng tron tadm O, diém K ndm bén ngodi dudng tron. Ké
© cdc tiép tuyén KA, KB véi dudng tron (A, B 1a céc ti€p diém). Ké dudng kinh
AOC. Ti€p tuyén cha dudng tron (0} tai C cét AB & E. Chimg minh rﬁng

a) Céc tam gidc KBC va OBE dong dang

b) CK vudng goc véi OE,

Gidi : (h.32) . .
a) Ta CU AK // CE (cling vuong géc véi AC) L

= BEC A1 — BCE = K1 OKB

— tg BCE = 1gOKB = BE _OB
BC " KB
BC BE

“Ta lai cé By = Bo (cﬁng_phl_l _*‘i;;(ﬁ.ﬁ:a) nén
KBC.=0OBE. = . . (2)

Tix (1) va (2) suy ra AKBC tr; AOBE (c.g.c).

b) Tir cdu a) suy ra BCK BEG . -

Goi I 1a giao diém cha BC va OE. H 12 giao diém cha CK va OE Xét
hai tam gidc IBE va THC ta ching minh duoc H =90°. Vay CK L OE

- Bdi tap |
72. Cho nira dudng dudng tron taim O cé dudng kinh AB = 2R. V& céc tiép
tuyén Ax, By v6i nira dudng tron va tia Oz vuéng goéc véi AB (cdc tia Ax,
By, Oz ciing phia véi nita dudng tron d6i v6i AB). Goi E 12 diém bit ki cia
nita dudng tron. Qua E vé tiép tuyén v6i nira dudng tron, cit Ax, By, Oz
- theo thit tr & C, D, M. Chitng minh ring khl dlém E thay déi vi trf trén nira
- dudng tmn thi : : .

a) Tich AC. BD khon g déi.
b) Diém M chay trén mot tia.

c) Td gidc ACDB c¢6 dlén tich nhd nhﬁt khi né la hmh chﬁ nh&t Tmh dién
tich nhé nhét dé. :



73.

Cho doan thing AB. V& v¢ mét phia cia AB cdc tia Ax, By song song
vGi nhau.

a) Dung dudng tron tam O tié'p xtdc v{’ri doan thing AB va ti€p xic v6i cdc
tia Ax, By.

b) Tinh AOB.

- ¢) Goi céc tiép diém cha dudng tron (0) véi Ax, By AB theo thit ty 1a M, N,

H. Ching minh rang MN 12 ti€p tuyén clta dudng trb:_l c6 dudng kinh AB.

~d) Cac tia Ax By ¢6 vi tri nhu thé nhﬁ thi HM = HN ?

74.

75.

76.

77.

Cho hinh thang vuéng ABCD (A = 900) tia phan glac clia géc C di
qua trung diém I cha AD.

a) Chﬁ'ng minh ring BC Ia nép tuyén ctia dudng tron {I -IA).

b) Cho AD = 2a. Tinh tich clia AB va CD theo a.

c) Goi H 1a tiép diém chia BC véi dudng tron (I) néi trén. K 1a giao di€m
cia AC va BD. Chitng minh riang KH song song v6i DC.

Cho duong tron tam O ¢6 dudng kinh AB, D 12 mot diém nam trén dudng
“tron. Céc ti€p tuyén cha dudng tron tai A va tai D cidt nhau & C. Goi E 1a
hinh chi€u ctia D trén AB, goi I 12 giao diém cta BC va DE. Chiing minh
ring DI = IE. |

Cho tam gidgc ABC can tai A, O 1a trung diém ciia BC. V& dudng tron tam
O tiép xtic v6i AB, AC tai H, K. Mot tiép tuyén véi dudng tron (O) cit cédc
canh AB, AC 6 M, N. '

a) Cho B = C = o. Tinh MON. ,
b) Chiéng minh ring OM, ON chza tir gidc BMNC thanh ba tam glzic

dbéng dang.
c) Cho BC = 2a. Tinh tich BM. CN.

" d) Tiép tuyén MN & vi trf ndo thi tdng BM + CN nhd nhat 2

Cho tam gidc ABC vudng tai A, dudong cao AH, HB = 20cm, HC = 45cm.
V& dudng tron tam A ban kinh AH. Ké cic ti€p tuyén BM, CN véi dudng
tron (M va N 1a cdc ti€p diém, khac di€m H).

a) Tinh dién tich ti gidc BMINC. |

'b) Goi K 1a giao diém ciia CN va HA. Tinh céc do dai AK, KN.

c) Goi I 1a giao diém chia AM va CB. Tinh cdc do dai IM, 1B.



78.

79.

80.

Cho dudng tron tam O bén kinh 6cm. M6t diém A ndm bén ngoai dudng
tron sao cho céc tiép tuyén AB, AC véi dudng tron vudng goc v4i nhau (B,
C 1a céc ti€p diém). Trén hai canh AB, AC clia géc A, 14y cdc diém D, E
sao cho AD = 4cm, AE = 3cm. Chitng minh ring DE la ti€p tuyén cha
dudng tron (O).

Cho hinh vuong ABCD c6 canh bang a. V6i tam B va bédn kinh a, v& cung
AC niam trong hinh vuéng. Qua di€ém E thugc cung do, v€ ti€p tuyén véi
cung AC, cat DA va DC theo thi tu tai M va N.

a) Tinh chu vi tam gidc DMN.
b) Tinh s6 do g6c MBN. |
¢) Ching minh rang 233 <MN < a.

Cho hinh vubng ABCD. Mét dudng tron tam O ti€p xuc véi cac dudng
thiang AB, AD va cit mdi canh BC, CD thanh hal doan th.;mg cd d6 dai 2em
va 23cm. Tinh bdn kinh cha dudng tron.

~ Bai tdp : 144, 158, 178, 181, 182, 187.

§8. PUONG TRON NOI TIEP TAM GIAC

Puong tron tiép xtc v6i ba canh clia mot tam gide goi 1a dudng tron nodi tiép

tam gidc, con tam gidc goi 12 ngoai ti€p dudng tron. Tam cfla'du_'fmg tron ndi ti€p
tam gidc 1a giao diém cla céc dudng phan gidc cdc goc trong cuaa tam gidc.

Vi du 16. Dudng tron (O) ndi ti€p tam gidc ABC ti€p xdc voi canh AB tai

D. Tinh s6 do gbc C biét rang AC.BC = 2AD DB.

Gidi : (h.33) Goi E, F 1a cdc t1ép diém cia
dudng tron (O) trén CB__ CA.Taco:

AD = AF, BD = BE, CE = CF.
Dit AD=AF=x,BD=BE=y.

nén

Theo gia thiét

ab = 2xy )
tacod
AB+AC-BC=(x+vy)+ (x+CF)—~ (CE +y)=2x
2x=b+c—a



‘Tuong tu : 2y=a+c—b.
Suy ra | o 2x2y = [c — (a— b)}[c + (a Hb)} = c - (a b}
=c~af+2ab-b2 . O ®@
Tu(I}va{Z)suym Zab—c — a° +2ab b ha}'a +b =¢?,
 Theo dinh If Py- ta-go dén, ACB = 90" | o
Vl du 17. Tam gisdc ABC c¢6 chu vi EUcm ngoal tlép du’ﬂng trt‘:rn (O) Tlép-
tuyén ctia dudng tron (O) song song v6i BC cit AB, AC thea thtr tu Er M, N.

a) Cho biét MN = 9,6¢cm. Tinh d6 dai BC.

b) Cho biét AC — AB = 6¢cm. Tinh cdc do dai AB AC; BC dé MN c6 gi4 tri
lcm nhat.

Gidi : (h 34) MN // BC nén tam g1ac AMN vé A N
tam gidc ABC déng dang, do d6 - |

MN _ chu vi AMN
BC  chu vi ABC

Goi D, E, F theo thit ty 12 céc ti€p diém chia dudng
tron (O) véi AB, AC, BC. Ta ¢6 AD = AE, BD = BF,
CE = CF.

~ Chu vi tam 'giéc AMN bang o _
AD+AE=AB+AC-BC. = (2). = -  Hwh34

(1)

a) Dt BC = x. T (2) suy ra chu vi tam gidc AMN bing 80 2BC, hay, 80 - 2x.
Tu’(l)suy: ra 96 80 ~ 2x
. X - 80

Bu’a vé: phuong trinh x —40x + 384 =0 t} (x — 24)(x 16) D
Cé hai ddp 56 BC = 24cm hodc BC = lﬁcm '
b) biat BC = x. Ttr(l} suy ra |
MN 80 -2x
x 80 |
max MN = 10 < x = 20.
D& dang tinh duge BC = 20cm, AB = 27cm, AC = 33cm.

nén 40MN = x(40 — x) = — (x ~20)” + 400 < 400.



Vi du 18. Goi r 14 ban kinh cia dudng tron noi ti€p mot tam gidc vudng va

h 1a dudng cao ting véi canh huyén. Ching minh ring 2 < h < 2,5.

T

Gidi : Xét tam gidc ABC vuong tai A, goi .14 tam ciia dm:mg tron nm tiép

(h.35). K¢ AH, ID vuéng goc véi BC. Bat BC=a, AC=b, AB = C.

nén

- 81,

82.

33,

84,

85.

86.

- Tacé ah (a+b+ c)r (cung bing 28)

_li_a+b+c}a+a:23-mzl;: (1)

Ma AH < Al + ID'hay h' < rv/2 +1do dé
S ° R B HD _ C
heri<2s. @ Himss
r .. . . - -

Tir (1) va (2) suy ra 2 < hoos
‘ _ - |

B&i iap

Chn tam giac ABC Vuﬁng tai A AB = 15cm, AC 2(}cm Gm I1a tam cha .
dudng tron noi ti€p tam gidc. Tinh khodng céch tir I dén dudng cao AH clia
tam glac ABC. |

'Tmh céc canh clia tam gidc vudng ngﬂai ti€p dudng tron biét :

a) Ti€p diém trén canh huyén chia canh dé thanh hai doan thdng Scm va
12¢m ; :

b) Mot canh géc vubng bang Zﬂcm, hﬁn kinh cﬁa duﬁng. trﬁh. nff_}i tié’p bang
Sem. '. | - R

Tinh di¢n tich tam gidc vudng bi€t mot canh géc vuong bang 12cm, ti 6 gifta
ban kinh ctia cdc dudng tron ndi tiép va ngoai tiép tam gidc d6 bang 2: 5.

Cho mot tam gidc vuéng c6 canh huyén bing 10cm, dién thh bﬁng 24cm
Tinh bdn kinh ciia dudng tron noi tiép.

Cho tam gidgc ABC vuéng tai A, AB = 5. Tinh c4c d6 dai AC, BC blét rﬁng
s6 do chu vi tam gidc ABC béng s6 do dién tich tam gidc do.

Cho tam giéc ABC vuong tai A, dudng cao AH. Goi (O; 1), (Oy; 17), (O, ; 1)
theo thi¥ ti 14 céc dudng tron noi ti€p cdc tam gidc ABC, ABH, ACH.



87.

88.
89.

- 90.

91.

92.

93.

a) Ching minh rang r + 1y + r, = AH.
b) Chitng minh rﬁﬁg = 1‘12 + 1'22 .

¢) Tinh d6 dai O,0, biét AB = 3cm, AC =4cm. :

Dudng tron (O ; 1) noi tiép tam gidec ABC. Céc ti€p tuyén véi dudng tron (O)
song song vdi cac canh cha tam gidc ABC cét tir tam gidc ABC thanh ba tam
gidc nhd. Goi 1y, 15, 13 14n lugt 13 ban kinh cha dudng trdn noi tiép céc tam
gidc nho dé. Chimg minh rdng r; + 15 + 13 =T.

Buc:rng tron tam I néi ti€p tam gléc ABC tiép xic véi BC, AB, AC theo thit
ty & D, E, F. Qua E ké dudng thing song song v6i BC cit AD va DF theo
thit tw & M va N. Chitng minh riang M 4 trung diém ctia EN. -

Tam gidc ABC vudng tai A ngoai 1i€p dudng trén tam I ban kinh r. Goi G
12 trong tam cla tam gidc. Tinh cdc canh cfa tam gidc ABC theo r biét
rang IG song song vé&i AC.

Tam giac ABC vudng tai A ¢6 AB = 9cm, AC = 12cm. Goi I 14 tAm clia
duGng tron noi tiép, G 1a trong tam ctia'tam gidc. Tinh do dai IG.

Cho tam gidc ABC ngoai ti€p duﬁmg tron (O). Goi D, E, F theo thit tu 1a
ti€p di€m trén cdc canh BC, AB, AC. Goi H 14 chan du&:‘ng vuﬁng goc ké tix

D dén EF. Ching minh ring BHE = CHF.

Cho tam glac ABC c6 AB = AC =40cm, BC = 48cm. Goi O va I theo thit
tir 1a tam cua cdc dudng tron ngoai tiep va néi tiép tam gidc. Tinh :

a) Bén kinh ciia dudng tron néi tiép ;
b) Bén kinh cia dudng tron ngoai 1iép ;
c) Khoang cich OL | '

Tinh cdc canh clia mot tam gidc can biét ban kinh clia dudng tron noi tiép
bing 6¢m, ban kinh clia duﬁng tron ngoai ti€p bang 12,5cm,

' 94*, Ban kinh clia dudng tron ndi ti€p mot tam gidc bﬁng 2cm, tiép diém trén

mot canh chia canh dé thanh hai doan thidng 4cm va 6cm. Tinh cdc canh
con lai cha tam gidc.

- 95%. Tinh céc géc ctia mot tam gide vudng biét ti 36 giua cdc ban kinh cta

dudng tron ngoai ti€p va éung tron noi tlép bang \/_ 3 +1.

96. Cho tam gidc ABC. DPudng tron (O) noi t;ép tam gidc ABC tlé'p xuc voi BC

_tai D. V& dudng kinh DN cilia dudng tron (0). Tiép tuyén cha duﬁmg tron
(O) tai N cat AB, AC theo thit tu tai I, K.



NI DC
NK DB
b) Goi F 1a giao diém ctia AN va BC. Ching minh ring BD = CF.

97. Cho dudng tron (Q) noi ti€p tam gidc déu ABC. Mot tiép tuyén clia duﬁng-
tron cit cdc canh AB va AC theo thit ty & M va N.

| a) Tinh dién tich tam gidc AMN bié&t BC = 8cm va MN = 3cm.
b) Chimg minh ring MN” = AM” + AN” —~ AM.AN.

c*) Ching minh ring AM AN _
MB NC

98%. Cho tam gidc-ABC c6 BC = a, AC = b, AB = ¢. Goi (I) 12 dudng trén noi
ti€p tam gidc. Dun‘ng vuong géc véi CI tai I cit AC, AB then thuf ty & M N.
Chimng minh ring : .

a) AM. BN = IM” = IN? :

2 2 2
b) 1A '+IB —|~IC =1,
.. bc. «ca ab
99%, Cho tam gidc ABC ¢6 BC < AC < AB. Trén cdc canh AB, AC 14y cédc diém
D, E sao cho BD = CE = BC. Goi O, I theo thif ty 1& tam clia cdc dudng
trdn ngoai ti€p, noi ti€p tam gidgc ABC. Ching minh ring ban kinh cla
dudng tron ngoai t1é’p tam gidc ADE bﬁng OL

~a) Chitng minh rang

© 100. Goi R va r theo thit tw 12 cdc ban kinh cha cdc dudng tron ngoai ti€p va noi
t1ép mot tam gidc vuﬂng c6 dién tich S. Chitng minh rdng R + r = /28

101. Trong céc tam gidc ABC c6 BC = a, chiéu cao tuong ing bang h, tam giéc
ndo c6 ban kinh ciia dudng tron ndi tiép Itffn nhit 7

102. Trong céc tam gidc vudng ngoai ti€p cing mot dudng tron, tam gidc nao
©6 dudng cao tng véi canh huyén 16n nhit ? -

163%, a) Cho dudng trén tam I bén kinh r ndi tiép tam giac ABC Chitng minh
rang IA + 1B+ IC = 6r.

b} Cho tam giéc nhon ABC néi nép duong tron (O ; R). Gm P, Q, N theo
thit tu 12 tAm cla cdc dudng tron ngoai ti€p céc tam glac BOC, COA, AOB.
- Chitng minh rang OP + OQ + ON = 3R.

104. D¢ dai cdc dudng cao cua tam gidc ABC 14 cdc s6 tu nhién, bdn kinh cia
dudng tron néi ti€p bang 1. Chitng minh ring AABC Ia tam gidc déu va
tinh d¢ dai cdc dudng cao clia tam gidc d6.



105*. Goi h,, hy, h, 12 cic dudng cao trig v6i céc canh a, b, ¢ ciia mot tam gidc,
- rla ban kinh ctia dudng tron noi ti€p. Chiing minh céc bat ding thifc sau ;

ayh, +hy+h, 2 9r;

b) hy + h{ +h2 > 27r2.

Khi nao thi xdy ra dang thiic ?

~ Bai tdp : 155, 157.

§9. PUONG TRON BANG TIEP TAM GIAC

Duong tron ti€p xic véi mot canh cha mot tam gidc va tiép xic véi cdc
phén kéo dai clia hai canh kia goi 13 dudng tron bang tiép tam gidc. Tam cta
moi dudng tron bang ti€p tam gidc 13 giao diém hai duong phéan gidc cta hai
g0c ngoai cha tam gidc hodc giao diém chia tia phan gidc cha goc trong va mot
trong hai dudng phén gidc chia géc ngoai khong ké véi nd. |

Vi du 19. Cho tam gidc ABC. Ching minh ring

‘cdc ti€p diem trén canh BC ciia dudng tron bang tiép

trong géc A va clia dudng tron noi ti€p doi xing véi
nhau qua trung diém ctia BC. ' '

Gidi : (h.36)

Goi I 12 tam cia dudng trdn néi tiép, O 13 tam

‘ctia dudng (rdn bang ti€p trong géc A, D ]a ti€p
- diém cta (I) trén BC. Goi P, F, Q 12 tiép diém cda

(O) v6i céc dudmg thdng AB, BC, AC.
Dat BC = a, AC =b, AB = c. Theo tinh chat cdc
ti€p tuyén ctia dudng tron (O) : |

Hinh 36 CF:CQ_: AQ_”AC | (1)

| AP+ AQ = 2AQ = chu vi ABC. (@)
Tur (1) va (2) suy ra o o | |
_ 2CP_',=ZQA_.ZACE_(H;-:-bfc)—2b=_a+c—b. (3)

Theo tinh chit cic tiép tuyén cita dudng tron (I) ta ¢cé

2BD=a+c—b. | (4)



T (3) va (4) suy ra CF = BD.
Vay D va F d6i xing véi nhau qua trung di€ém ciia BC.

Bdi tap
106. Goi a, b, ¢ 14n lugt 1a cdc canh clia tam gidc ABC ; h,, hy, h, 12 cdc dudng cao
_ tuong @ng ; R, Rb R, 1a ban kinh clia cdc duong tron bang tiép tuong g ;
r 14 bdn kinh caa dl.r{mg tron néi ti€p ; p la nira chu vi tam giac S Ia dién
tich tam gidc.

Chitng minh ring :

a)S=Ra{p*a}:Rb(_p—b) =R {p—c¢);
b}l.m. ! + ! o+ 3 : |
r R, Ry R,

1 1 1 1
c) = e .
Ry he by hy
107. “Tinh canh huyén cia mot tam gidc vudng, biét r 1a ban kinh ctia dudng
- tron ngi ti€p va R 1a ban kinh cua dudng trén bang ti€p trong gbc vudng.
108. Chatam'giéc ABC. Goi (P), (Q), (R) theo thif tu 12 cdc dudng tron bang
ti€p trong céc géc A, B, C.

a) Goi ti€p diém ctia (Q), (R) trén duﬁmg théng BC then thit tr Ia E F.
Chiing minh ring CE = BF.

b) Goi H, I, K theo thit tu la t1ép diém ciia céc durcsng tron (P} (Q), (R) véi
cac canh BC, AC, AB. Neu AH = BI = CK thi tam gidc ABC la tam gidc g; ?

~ V: du 24.
Bdr. mp 149, 183 dén 185

'§10. VI TRI TUONG 961 CUA HAI BUGNG TRON

Cﬁn ctr vao s6 dIém chung ©, 1; 2) cta hai dm:mg tron ma ta dinh ngh*a
céc vi tri : hai dudng trf:rn khong giao nhau, tiép xuc nhau cét nhau.

Do tinh d6i xiing cha dudng tron, néu hai duﬂng tron cét nhau thi hai giao
diém d6i xidng v6i nhau qua dudng néi tam, néu hai dudng tron ti€p xidc nhau
thi ti€p diém nim trén dudng néi tam.



Vi dy 20. Cho hai dudng tron (O ; R) va (O'; 1) ti€p xiic ngodi'tai A. Ké
tiép tuyén chung ngoai BC, B « {{}), e (O'). o B

a) Tinh BAC

b) Tinh BC.

c) Goi D 14 giao diém cia CA véi dudng trﬂn tam D (D 5% A) Chfmg mmh
ring ba diém B, O, D thing hﬁng ' : .

d) Tinh BA, CA.

Gldl (h 37

a) Kc ti€p tuyén chung tmng tai A cat BC 4] I
Ta c6 IB =IA = ICnén BAC = 90°. |

b) IO _f_ 10’ (t1a phﬁn gIac ciia hal gac ké bu) B
nén OIO" = 90°. o : TP

Tam gidc 100" vuong, du.'r.mg cao IA nén .
Hinh 37 | IA? = 0A.O'A = Rr |

Dodé BC=21A=2+R _ |

¢) Ta ¢6 BAC = 90° nén BAD = 90°, Tam gu‘ic ABD vuﬁng tal A nfﬂ tiép
duong tron (O) nén BD 12 duong kinh! - : '
d) ACBD vuéng tai B nén : o o

1 1 1 1 1t R+t

BAZ BD? BC? C4R?  4Rr 4R
suy ra BA = e
\fm ' : R i
21'«.{_

Tuong ty . CA =
VR + r . S
Vi du 21*. Cho diém B nim gifra A va C sao cho AB = I4cm BC = 28cm.
V& vé€ mot phia ciia AC cac nira ducmg tron tam I, K, O ¢6 du‘ﬂng kinh theﬂ tha
tw AB, BC, AC. Tinh bdn kinh cla dudong tron tam M tiép xiic ngoal v6i céc
nira-dudng tron (1), (K) va ti€p xic trong véi nira dm}'ng tron (0).
Gidi : (h.38). Goi D 1a giao diém cha DM v dLro'ng tron (0) Ta 6
AC _ 14 + 28 ¥

Oﬂ OD=0C= _ -..21 {cm}
2| 2




Ol = OA ~— IA =21 =7 = 14 (cm),
OK = OC — KC =21~ 14 =7 (cm),
1K =14 + 7 =21 (cm).

Goi ban kinh cua dudng tron (M) 1a X. Ta ccr s N
IM=x +7 MK=x+14, MO=0OD~MD=2] —=x, A I1HB O K c

Cach 1. K¢ MH 1 AC. Tacd’ o e
~HE = MK? — M = (x + 14)% — (x + * = 7(2x + 21).
Ta lai ¢c6 HK + HI = 1K = 21, suy ra

HK -~ HI=-§—X+7 | (1)

Ta c6 HO” - HI' = MO? ~ Mﬁ = (21 - - x)* ~ (x + 7 = 28{14 2x)

Ta lai 6 HO + HI = OL = 14, suy ra |

| HO — HI =2(14-2x). . 2)
Tu (1) va (2) tacd

HK - H{}:%x+7 2014 —2x) = 7 @xms).

Ta lai céHK*HOxOKz"!, suy-fa %—x—?; = 1. Viy X = 6.

Ban kinh dudng tron (M) bang 6cm.
Cdch 2. K& MH 1. AC. Goi thém HI = y. Ta c6 o
“HP = MK? - MP e (21 -y -y = (x + 14)° = (x + 7y
- < 21021 -2y =T7(2x + 21)

Rit gon dugc Cox+3y=21. S 3

Ta lai co B

HO? - HI? = MO? -~ MP? @{14—:;) —y "(lex) —(x-i-'?)

| | <> 14014 - 2y) = 28(14 — 2x). |

| Rit gon duoc o 2x — y = 7. R .(4}'
Tir (3) va (4) suy Tax=6,y=5. Bén kinh duong tron (M) bﬁng 6cm.
Cdch 3. (4p dung céng thic He~rf:ang tfnh dién thh tam gmc '

S= \p(p — a)p — b)(p — ©)
~ v6i do dai cdc canh a, b, ¢ va nifa chu vi p}




Chu vi tam gidc MOl bing 14 + Q1 - x) + (x+7) = 42 (cm).
Chu vi tem gidc MOK bang 7 + (21 - x) + (x+ 14) = 42 (cm).

Do 10 = 20K nén Syor = 2 Syoko tie 1a S{or = 4530k - |
Taco S4op = 2121 - 14)[21 - (21 = 0121 - X + 7] = 21.7x(14 = ),
2ok =21(21 =D21 = (21 = 0121 = (x + 149)] = 21.14x(7 = %).

Do S{or = 4840k nén- o
21.7x(14 — X) = 4.21.14x (7 = X).
Tir d6 x = 6. Ban kinh dudng tron (M) bang 6¢m.

Vi du 22. Cho hat dudng tron (O), (O') c6 cing béan kinh, cat nhau tai A va
B. K& cat tuyén chung DAE cla hai dudng tron, D € (0), E e (O). Chiing
minh ring BD = BE. | ' S -
| | | Gidi : (h.39). Goi I 1a giao diém clia AB
v OO'. Theo tinh chét cha hai dudng tron cat
‘nhau, 0O' L ABva Al =1B.

Tam gidc BOO' can tai B, Bl la dudng
cao nén. ' -

10 =10".

" Hinh 39 o . Ké OH, IM, O'K vudng géc véi DE. Ta
¢6 OH // IM // O'K va O = IO' nén theo tinh chat dudng thing song song cach
déu, ta c6 HM = MK. - _ - ;

Tam gi4dc IHK ¢6 dudng cao IM la dudng trung tuyén nén HI = IK. Ta lai
c6 HI 1a dueng trung binh ctia tam gidc ABD, IK 12 dudng trung binh cla tam

gidc ABE nén HI = %Il, IK = %E. Vay BD = BE.

~ Chii § : Néu dung kién thiic vé géc noi tiép (§12), ta d& dang ching minh
duge D = E nén BD = BE. '

Vi du 23, Cho hai dudng tron (0) va (O') & ngoai nhau. K& céc ti€p tuyén
chung ngodi AB va CD, A va C thudc (O), B va D thudce (OY). Tiép tuyén chung
trong GH cit AB va CD theo thit tu tai E va F, G thugc (0), H thuade (OY.
Chitng minh rang : | o | -

a) AB=EF; , b) EG = FH.



Gidi : (h.40)
a) Ta ¢d

'AB + CB = (AE + EB) + (CF + FD)

=(AE + CF) + (EB + FD)

= (EG + GF) + (EH + HF)
~EE+EF=2BF. (1) : -

Ta lai c6 AB = CD (d6i xing nhau  Hinh 40
qua OO'), nén

AB + CD = 2AB. | 2)
Tir (1) va (2) suy ra AB = EF, |
b) Tacé EG+ EH=EA + EB= AB nén _

| 2EG + GH=AB. | | 3)
Tuong tu 2FH + HG = CD. (4)
Vi AB = CD nén tir (3) va (4) suy ra 2EG = 2FH. Do d6 EG = FH.

Bai tép

Hai dudng tron cat nhau

109. Hai dudng tron (O) va (O ¢6 cing ban kinh R, cét nhau tai A va B. Doan
néi tam QO cit cac dudng tron (O) va (Q) theo thli tw & C va D. Tmh R
biét rang AB = 24cm, CD = 12cm. |

119. Hai duong tron (O} va (O') ¢é cung ban kinh R, ciit ‘nhau tai A va'B, trong

dé OAQ' = 90°. VEé cat tﬁyé’n chung MAN, M thubc (0), N thude (O).
Tinh AM? + AN theo R.

111. Cho ba dudng tron tam Oy, O,, O3 c6 ciing bin kinh va cing di qua mot
di€m 1. Goi céc giao diém khac I chia bai trong ba dudng tron dé 1a A, B, C.
Chitng minh rang :

a) AABC = AO, 0,0
b) 11a truc tam cha tam gidc ABC.

112. Cho diém A nim ngoai dudng tron tam O. V& dudng tron tam A bin kinb
AO. Goi CD Ia tiép tuyén chung ciia hai dudng-tron, C e (0), D € (A).



Poan ndi tam OA cit dudng tron (O) & H. Chfrng. minh ring DH la tiép
tuyén clia dudng trén (O).

113. Cho hai duong tron (O) va (O') cit nhau tai A va B. V& hinh binh hanh |
OBO'C. Ching minh rang ACOO' 1a hinh thang can.

114. Cho hai dudng trdn (O) v (O") cit nhau tai A va B.
a) Neu cach dung cat tuyén chung CAD,Ce(0),De (0*) sao cho A 12
trung diém cfa CD.
b) Tinh d6 dai CD néu & cau a blé't rang 00" = Scm, OA = dem, O'A = 3em.

115. Cho géc vuong xOy. Cac diém A va B theo thi tu di chuyén trén c4c tia
Ox va Oy sao cho OA + OB = k (k 1a hdng s6). V& céc dtm'ng tron (A ; OB)
va (B; OA).

a) Chitng minh rang hai dudng tron (A) va (B) luon cit nhau.

b) Goi M, N 1a céc giao diém ciia hai dudng tron (A) va (B). Chimg minh
rang dudng thang MN luén di qua mot diém ¢ dinh.

Hai dudng tron tiép xic nhau |
116. Hai dudng tron (O ; R) va (O'; 1) ti€p xic ngoai tai A. Ké ti€p tuyén

chung ngoai BC, B € (O), C € (O").

a) Cho R = 3cm, r = lcm. Tinh cdc do dai AB, AC.

b) Cho AB = 19,2cm, AC = 14,4cm. Tinh R v3 I.

117. Cho ba dudng trdn (Oy), (O,), (O3) ti€p xtc véi hzﬂ canh cia mot goc
nhon va (Oy) tlép xuc ngodi voi (O,), (O,) tiép xtic ngoai véi (0O3). Biét
ban kinh cia cdc dudng tron (O;) va (O3) 1a a va b. Tinh ban kinh cha
dudng tron (O,).

118. Cho hai dudng tron (O) va (O) nép Xuc ngoiu tai A Goi AB la dudng
kinh cia dudng tron (0), AC 1a dudng kinh ctia dudng tron (O"), DE la tiép

tuy€n chung ctia hai dudmg trdon, D € (O), E « (0‘) Kla glacr dlém {;ﬁa BD
va CE.

a) T\t gisc ADKE Ia hinh 217 Visao? |
b) Ciming minh ring AK Ia ti€p tuyén chung ctia hai dudng oén (O) va (O').
¢) Goi M 1a'trung diém cdia BC. Ching minh ring MK vuong géc véi DE.

119. Hai dudng tron (O R) va (O'; 1) tiép xtc 'ngaéi' tai A. Got BC, DE ia cdéc
- . ti€p tuyén chung cba hai dudng tron (B va D thudc dudng trdn tam O).

.I'I-
-



a) Chiing minh rang BDEC 1a hinh thang can.
| b) Tinh dién tich hinh thang cén do. |

120. Hai dudng tron (O ; R) va (O'; 1) tiép xiic ngoai nhau. Goi AB la ti€p
tuyén chung cﬁa hai dudng tron, A € (0), B €(0O').

a) Tink d6 dai AB.

b) Cho R = 36¢cm, r = 9cm. Tmh ban kinh cla duﬁng trﬁ}n {I} ti€p xuc vai
dudng thdng AB va ti€p xiic ngoai v6i hai dudng tron (O) va (O).

121. Trong moOt hinh Ehang can cO hai duﬂﬂg tron ti€p xic ngoai nhau, mbi
dudng tron ti€p xic véi hai canh bén va ti€p xdc voi mot ddy ctia hinh
thang. Biét bdn kinh cta cdc dudng tron do béng 2cm va 8cm. Tinh dién .
tich hinh thang. : :

122 Cho tam gidc déu ABC noi ti€p dudng tron (O ; R). Goi ({)J Ia dudng
tron ti€p xtc trong v6i dudng tron (O) va ti€p xtc v6i hai canh AB, AC
theo thit tu tai M, N. | |

a) Ching minh ring ba diém M, O, N thang hﬁng
b) Tinh bdn kinh cha dudng tron (O theo R.

123. Cho tam gidc ABC vudng can tai A noi t1€p duﬁmg tron (O ; R). Goi (O')
12 dudmg tron 1i€p xdc trong voi dudng tron (O) va ‘ti€p xtic v6i hai canh
AB, AC. Tinh bédn kinh cua duong tron (O') theo R.

124. Cho dudng tron (O) dudng kinh AB, dubdng tron (O tmp xac trong véi
dudng tron (O) tai A. Cic day BC, BD ciia dudng tron (O) ti€p xtc véi
dudng tron (O') theo thit tr tai E, F. Goi I 12 giao diém cha EF va AB.
Chiing minh ring I 12 tam ctia dudng tron néi ti€p tam gidc BCD.

125. Cho ba dudng tron ban kinh r ti€p xic ngoai doi mot. Tinh bén kinh cha
dudng tron ti€p xuc v6i ca ba dudng tron do. -

126. Cho dudng tron tam O bén kinh R. V& vé mét phia cia dudng kinh AB
céc tia ti€p tuyén Am, Bn. Goi (I), (K) la cac dudng tron ti€p xic ngoal
nhau va ti€p xtic ngoai dudng tron (O), trong do duﬁng tron (1) tép xdc voi
tia Am, dudng tron (K) ti€p xdc véi tia Bn Goi x va y 1a bén kinh cta cdc

dudng tron (I) va (K) Chitng minh rang R = 2./xy

127. Cho nira du’ofng tron tam O v6i dudng kinh AB. Goi OC 12 ban kmh vudng
 gbc véi AB, d 12 tiép tuyén véi nira dudng tron tai C. Goi (1) 1a dudng tron
ti€p xdc trong v6i nra dudng tron tam O va tiép xic v dudng kinh AB.

" Chung minh ring diém I cich déu dudng théng d va diém O. |



128. Cho nira dudng tron tam O véi dudng kinh AB = 2R. Goi OE 1a ban kinh
“vudng goéc véi AB. VE dudng tron (C) ¢6 dudng kinh OE. Goi (D) l1a dudng
tron tiép xtc ngoai véi dudng tron (C), ti€p xdc trong vol ducmg trdn (O)
va tiép xtic v6i doan thang OB. Tinh'ban kinh cia duong tron (D).

129%. Cho diém C thuéc doan thing AB, AC = 4cm. CB = 8cm. V& vé mét phia
chia AB cdc nita dudng tron c6 dudng kinh theo thir tr 1a AC, AB. Tinh bén
kinh cGa dudng tron (1) ti€p xtic véi c:ﬁc nira dudng trfm trén va tiép xvc véi
doan thing AB. '

130*, Cho tam gidc ABC vuéng tai A AB = 6cm, BC = 10cm. Tinh béan kinh
" cta dudng tron (O) tlé'p xGc vé&i AB AC va ti€p xic trong véi dudng tron
: ngﬂal ti€p tam gidc ABC. :

131*. Cho hai dudng tron tam O bén kinh 9cm va tdm O' ban kinh 3cm tlé'p
xtic nga:u nhau. Mot dudng thang bi hai dudng tron dé cat tao thanh ba
doan thing bang nhau. Tinh do dai ciia mai doan thing dé.

Fai dudng tron khéng giao nhau

132. Cho hai dudng tron (O) va (O") & ngoai nhau, OO' = 65cm. Goi AB Ia
 ti€p tuyén chung ngoai, CD la ti€p tuyén chung trong, A va C thudc (O},
B va D thudc (O"). Tinh bén kinh cha céc {Iu(‘:rng tron (O} va (0'), ‘bié&t
rang AB = 63cm, CD = 25¢cm. -

133. Cho hai dudng tron (O) va (O‘) o ngcﬁn nhau. Ke tiép tu'yen chung ngnél
AB va tiép tuyén chung trong EF (A, E € (O); B, D € (OY).

- a) Goi M 1a giao diém clia AB va EF. Chl_mg minh ring ﬁAOM va ABMO'
déng dang.

b) Chimg minh rang AE vuong goc voi BE,

c)* Goi N 12 giao dlém cia AE va BF. Chu’ng minh ring ba dlém O, N, O
{hang hang.

' 134. Cho hai dudng tron (O) va (O") & ngoai nhau. Qua O ké cdc tia tlep tuyén
v6i dudng tron (01, ching cdt dudng tron (O) tai A va B. Qua O, ké cac
tia ti€p tuyén véi dudng tron (O), ching cit dudng tron (O) ¢ C va D.
Ching minh ring A, B, C, D la bon dinh ctia mét hinh chif nhat. |
135. Cho hai dutng tron déng tam O, ¢6 ban kinh R va r (R > r). Day BC clia

dudng tron 16n cét duding tron nho tai D va E. Goi EA 1a dudng kinh clia
duong tron nho. Chl.mg minh rang

DA + DB’ +DC —2{R +r)



136. Hai day AB, CD song song véi nhau clia dudng trén (O) 1a ti€p tuyén ctia
dudng tron (O, AB = 10cm, CD = 24cm: Biét duong kinh cta dudng tron
(O') bang 7cm, tinh bén kinh cta dudng tron (O).

137. Ciing héi nhu bai 136, néu AB = 6cm, CD = 8cm.

~ Vf du : 25.
Bai tdp : 138 dén 140, 145, 146, 148, 150 dé&n 152, 159 dén 166, 179, 180.

CHUYEN DE
PUONG TRON VA PHEP VI TU

Cho diém O trong miat phing va mot s6 k = 0. Phép vi tg tam O i 56 k 1a mot quy
thc cho twong tng méi diém A ctia mat phang véi di€m A’ sao cho OA' = - [k|OA,
trong d6 A’ thude tia OA néu k > 0, A’ thudc tia d6i clia tia OA néu k <0.

Tréen hinh 41, diém B la énh cla difm A ¢ o A B
trong phép vi ty tam O-ti 56 2, diém C 12 anh e . it

Hinh 41

cha diém A trong phép vi ty tam O ti s6 ——% _

Hinh 42 o Hinh 43

Trén hinh 42, A'B' 12 ﬁnh cua AB trong phép vi tu tam O ti- sd % Trén

hmh 43, tam gidec A'B'C' 12 4nh cha tam gidc ABC trong phép vi tu taim O d 56
—1'(d6 chinh 14 phép d6i xing tam O).



Cho hai dudng tron ( O ; R) va (O'; 1) (h.44).

Hinh 44

Xét cdc ban kmh OA, O'A' song song va "cling chiéu". Gia sir R >r1. Goi K
1a giao diém cfia OO' va AA". Ta cé _

KA' KO' r

KA KO‘R

Do d6 K 1a diém o6 dinh : K chia ngodi doan 0'O theo ti 56 'ig"' Tacéd
.
KA' = ZKA.
Puong tron (O) I4 anh ciia dudng tron (O) trong phép vi tw tam K ti 6 %.

Xét cdc ban kinh OA, O'A, song -sﬂﬁg va "ngugc chidu".

Goi I 1a giao dlém ciaa OO va AAI Ta c6 n, 100 _r Dﬂ do I 1a
1A 10 R

diém c6 dmh 1 chia trong doan O*O theo i so’ -ﬁ— Tac6 1A = —IA A thuoc

tia ddi cha tia IA E)m?mg tromn (O') 1a anh cta dudng trén (O} tmng phép vi ty

tAm I ti 86 —i,
R

Trong trudng, horp hai dutng 1ron & ngoai nhau hﬂrdc ti€p xiic ngom, dtém
K néi trén 12 giao diém cha dudng n6i tam v6i 1iép tuyén chung ngoai, diém I
néi trén 13 giao diém cta dudng ndi tdm vdi tiép tuyén chung tmng cda hai
dudng tron.

Muc nay gém cic bai tap vé chitng minh cb lién quan dén phép vi tu. Cic
bai tap vé dung hinh; xem chuyén dé cung tén trong cuén sdch nay.

Vi du 24*(9). ili)ucmg tron tam O ndi ti€p tam gide ABC tiép xiic v6i BC &
D. Goi M, E theo thit ty 1a trung diém cla BC, AD.



a) Goi DN 1a dudng kinh cha duﬂng tron (0), F la tiép diém trén BC cia
dudng tron (O') bang ti€p trong géc A ciia tam g:ﬁc ABC. Chti’ng minh ring ba |
diém A, N, F thing hang. |

b) Ching minh rang ba diém E, O, M thing hang

 Gidi : (h.45)

a) Cdch 1 (dung phép vi tu). Qua N k&
IK // BC. (O) la duong tron bang tiép trong
gbc A clia tam gidc AIK, N a tiép diém trén
IK. (O") Ia dudng tron bang ti€p trong goc A
clia tam gidc ABC, F i 1iép diém trén BC.

Tam gidc ABC 1a anh c@a tam gidc AIK
trong mét phép vi ty tdm A. Trong phép vi tu
dd, (O') 1a anh cia (O) nén F 1a anh ctia N.

Do dé A, N, F thing hang.

Cach 2 (khong ding phép vi ty) _
| Ta did ¢6 A, O, O' thing hang. Goi P, P'

1a tiép diém cha (O), (O véi AB. ‘
AAOP e AAO'P (g.g) .
| AO _ OP _ AO _ON
AO' O'P AO'- Q'F
= AAON e~ AAO'F (c.g.c)

‘Hinh 45

=

= OAN = O'AF = A, N, F thang hang. |
b) Ta c6 BD = CF (Vi dy 19) nén trung diém M clia BC ciing 12 trung diém
cua DF. ’

Theo tinh chat dudng trung binh ctia tam gidc, OM // NF, OE // NA ma A, N, F
thing hang nén E, O, M thing hang

| Bai tép
'138(10). Cho hai dudng tron (I) va (K) ¢6 cling ban kinh r tiép xtc trong v6i
duong tron (O ; R) theo thd tir tai A va B. Goi C 12 mot diém thuoc dudng

tron (O), CA cit dudng tron (1) tai diém D, CB cét dudng tron (K) tai diém
E. Ching minh rang DE song song véi AB.



139(10). Cho hai dudng tron (O ; R) va (O'; R') ti€p xuc ngodi tai A (R > R").
V& céc. ban kinh OB va O'B' song song véi nhau (B va B’ thudc cuing mot
nita mat phiing c6 by 00"). Cic dudng thing BB' va OO cét nhau tai K.
a) Tinh ﬁ;{-ﬁ'. | | | |
b) Tinh OK theo R va R'. | _
¢) Chitng minh ring ti€p tuyén chung ngoai clia hai dudng tron trén ciing
di qua diém K. | 3 o P
d) Khi céc ban kinh OB va O'B' di chuyén thi trong tam G cla tam gidc
ABB' di chuyén trén dudng nao? - T |
140(10). Cho hai dudng trdn (O ; R) va (O’ ; R) cit nhau tai A va B (R > R').
Ti€p tuyén chung ngoai CD cit 00" & K, C thudc (0), D thuge (0. Goi E
1a giao diém thi hai cha AK va duong tron (O'). Ching minh ring ACsong
song voi ED. : .. '

DUNG HiNH -

Céach giai bai todn dyng hinh da duogc trinh by trong cudn Ndng cao va
phat trién Todn 8 tdp mot. Cac kién thitc vé dudng tron 1am cho cic bai todn
dung hinh da dang va phong pht hon. Sau day la cac ndi dung can chi ¥.

[ — VAN DUNG CAC PHEP DOT XUNG TRUC, BOI XUNG TAM, VI TU P
DUNG HINH o |

© Vi du 25(10). Dung dudng tron di qua mot diém cho truéc va tiép xic voi
hai canh clia mét gbéc cho trude.. R - | :

Gidi : (h.46)

Hinh 46



1. Phdn tich. Gia str da ciung dugce dudng tron (O) di qua_diém M cho trude
va ti€p xic v4i hai canh clia’'géc xAy cho trudce. :

Tam chua xét dén diéu kién dudng tron di qua M, ta dung dugc ducmg tron
{O’} bat ki ti€p xdc v6i Ax va Ay, Ké ban kinh O'M' song song véi OM (O'M'

va OM thudc ciing mot nira mit phdng b AO). Ké O'H' L-Ax, OH L Ax. Taco

AQ' _O'H' _ O M
AO  OH ]

Do d6 Q'AM' = 0AM = A M, M thang hang

Tir d6 suy ra cdch dung

2. Cach dung

— Dung duong tron (O') bdt ki ti€p xiic véi hai canh clia goc A.

~ Pudng thing AM cit (Q) & M. |

~ Qua M ké &uﬁng thing song song vdi M'O', cét AQ' 3 0.

— Dung OH L Ax. Dung dudng tron ( O ; OH).

3. Chitng minh. Ban doc ty giai.’

4. Bién ludn. Puong thing AM cit (O) & hai diém. Bai man cd ha:n nghiém
hinh : dudng tron (O) va (O,) trén hinh 46. )
Nhdn xét . Trong Vi du 25, ta dyng dudng tron phu (O") bat kl ti€p xuc voi

. hai canh cia géc A, dé6 1a énh cia duong tron (O) phai dung trong mt phép vi
ty tam A

= AAO'M' e AAOM (c. g.c).

il ~ DUNG HINH BANG PHUONG PHAP DAI 6

1. Cac bai toan dung hinh ¢o ban

Cho cdc doan thing cé d6 dai a, b, c. Ta ¢é thé : |
| ~ Dung tong hay hiéu cia hai doan thing cho truée : Dung x = a + b hay
dung x = a = b (a>b).

— Dung mot doan thing bing m Ean doan thang cho truge : Dung X = ma
(m 14 s6 nguyén duong cho trudc).

— Chia mét doan thing thanh n phdn bing nhau : Dung x = 2 (n1as6
| e | -

nguyén duong cho trudc).
. . . m . : m.a
— Duyng mot doan thing bang — 14n doan thang cho trudc : Dyng x = ——
. n . I
(m, n 1a cdc s nguyén duong cho trudc). |



~ Dung doan ti 1¢ thit tr ctia ba doan thing cho trudc : Dung x sao choa:b=c:.x

hay x = EE
a

- — Dung doan trung binh nhan cGa hai doan thang cho trude : Dung x = JE .

~ Dung doan thing x = 'Jaz +b% Dimng canh huyé_n chia mot tam giac
vuodng cd cdc canh géc vudng bang a va b.

"~ Dung doan thing x = \J'az ~b? (a>b) : Dung canh goc vubng cha mof tam
gidc vudng cé canh huyén bing a, canh géc vuong kia béing b. |

2. Vi du

Vi du 26(1). Cho tam gidc ABC ¢6 B va C 14 c4c gbc nhon. Dung dudng
thing vuong goéc véi BC chia tam glac: thanh hai phén c¢6 dién tich bing nhau.

Gidi : (0.47)

Ké dudng cao AH, gia st HC 2> HB. Goi DE 1:‘1

dudng thing phai dung (D & AC, E € BO). Bﬁt BC a,
HC=d, CE =x.

Ta biéu thi X theo cdc do dai da bita va d. Tacé

1
Spec = 5 Sanc
. d : _
SAHC = ;’SABC : - - - Hinh47
a . ..- . Bl
nén S S = e . (1
DEC ' SAHC™ S0+ . )
. X 2 :
ﬂDEC Ty ﬁﬂHC do df} SDE‘C . SAHC = ["&'} . (2)

: ) 2.
X a a
Te(DHhva@)suyvra —=— = x= ,/—d.
(VA @ suyra — = ,.,}2

- Ta chia d6i doan thang a, dung doan x 1a trung binh nhan cua % vad. Ta
xéc dinh dwoc diém E. Cich dung diém E dugc thé hién trén hinh 47.



3. Giai bai toan dyung hinh bing phuong phap dai sb

Tmng vi du trén, ta-dung hinh bang phuong phap dai s6. Dé g:al bai todn
dyng hinh biing phuong phdp nay, ta lam nhu sau :

~ Gia slr da dung dugc mot hinh thod mian cédc diéu kién chia dé bai, tim
xem trong hinh 4y nhitng doan thdng nao da bi€t do dai (a, b, c...). Goi do dai
clhia mot doan thing chua biét can xdc dinh1a x. Dung phuong trinh thi€t 1ap su
twong quan giita X véi a, b, ¢ ...Gidi phuong trinh nay ta tim duge cong thic
biéu thi x theo a, b, c.. -

~ Néu cong thic bidu thi x the.e a, b, c... 6 thé dua vé c4c bai todn dung
hinh co ban néu trong muc 1 thi ta dyng dugc do dai x, tir d6 dung duoc toan
bo hinh phai dung. :

~ Vidu 27%(1), Cho hinh vudng ABCD. Dung dudng thang di qua C cit céc
tia AB, AD theo thi ty & M, N sao cho MN c6 do dai bﬂng k cho trudc.

Gidi : (h.48)
| Ppiat BM = x, DN = y. Goi canh ctia hinh vuodng M o
bang a. Ta s xdc dinh cac df,’: cl?:n X va y. B AN .
Xét tam gidc AMN vudng : | ~ B
MN® = AM” + AN o L
2 2 2 . 2 5 A D ¥y N
=kK=(@+x) +@+y) =22 +20x +y) +x +y Hinh 48

=2a%+ 2a(x + y) + (x + y)2 ~ 2%y,

Ta lai c6 AMBC e ACDN nén = =2 hay xy = a°. I.
a ¥

Dods K =2a(x+y)+(x+y)=2as+s (véis=x+y).

Suy ra - . k2+a2-—:az+2as+s-2_=(a+s)2.

Nhu vay a + s 1a canh huyén cia mot tam gidc vuong cé cdc canh goc
~ vuong bing a va k. Dung duoc do dai a + s, do d6 dung dugc do dai s

(*} Cdch dyng khdc : BG dai s 1a nghiém duong cia phuong trinh 324- 2::15 - kz = 0, do dé

¢ = —a + VaZ +k2 . Dung va?+k? 12 canh huyén clia tam gide vudng ¢6 cdc canki go¢ vu{‘mg
b?mg ava k. . : B



Bay gio ta dung cac do dai x va y. Ta cé
X +y =S8, xy—a (avasidcacdédm da biét)
nén c6 thé dung x va y nhu sau (h.49) :

— Dymg tam gidc ABF vuong tai Aco AB=a,
AF =k.

— Dung E trén canh BF éﬁn cho BE = a.
- Du‘ng dudng tron ¢é dudng kinh EF.

— Duyng Gu‘ﬂng thing d // EF va céch EF mot
khoang bing a, cat duong troén 6 K. :

— Dyng KH L EF. Tac6 EH = x, HF = }r( ). Cach du‘ng cac do dai s, X, y .
duogc thé hién trén hinh 49.

Bién fuan Bai todn ¢é nghiém hinh khi va chi ](hl

Hinh 49

s=>2a< va +k:Z a>2a<:>k}2af

Do a~/2 = AC nén : |

— Néu k > 2AC thi bai todn c6 hai nghiém hinh.

~ Néu k = 2AC thi bai todn ¢6 mot nghi¢m hinh.

— Néu k < 2AC thi bai todn khong ¢é nghiém hinh.

‘Bai tép

141(4). Cho duéng tron (O) v6i cdc ban kinh OA OB vi O, A, B khong thing
hang. Dung day CD sao cho cac ban kmh OA, OB chta dé’iy CD thanh ba
phén béng nhau. ,

142(5). Cho dutng tron (O), dudng kinh AB, diém C thuoc dm:fng kinh ﬁy
Dung day DE vuong goéc véi AB sao cho AD vuong goc voi EC. '

143(5). Cho dudng tron (O) va hai diém A, B nam bén ngoai duong tron. Dung
~ cdc dudng thang theo thi tu di qua A va di'qua B song song véi nhau va cét
duong trén (O) t@ﬂ_thénh hai day bing nha_u

(¥) Cdch dung khdc : Cdc do dii x va y 1a nghiém ciia phuong trinh x” — sx + a’ = 0, do d6 x

. 4+ 3 _ 4. 2 .. .
{hoac y) bang 5= 52 a4 . Dyng \Js? —_4&2 14 canh gbc vudbng cha tam gidc vuong c6 canh

huyén béng s va canh géc vubng kia bﬁﬁg 2a.



144(7). Cho dudng tron (O) va dudng thang d khong giao véi dudng tron. Dung
diém M thuoc d sao cho néu v& céc tiép tuyén MC, MD v6i dudng tron thi

COD = 130° .

145(10). Qua diém M ndm bén trong dudng tron (O) va khoéng tring O, dung
day AB sao cho MA ~ MB = a (a 1a d¢ dai cho truéc). |

146(10). Cho hai dudng ron (O), (O') bang nhau, ti€p xiic ngoai tai B, ¢6 cdc
dutng kinh theo thif ty 12 AB, BC. Dung dudng thdng di qua A cit (0) ¢ D,
cat (O') & E va F sao cho E 12 trung diém cua DF, :

147(4). Dung tam gidc vuong biét d¢ dai hai duong trung tuyén u’ng véi céc
canh goc vuong. :

148{10) Dung tam gidc ABC biét A o, dudng cao AH h ban kmh dm:rng
tron noi ti€p bang r.

149(9). Dung tam gidc ABC bi€t AC - AB d, du{mg cao A.H h ban kinh
dudng tron nodi tiép bang r. . _

150(10). Cho hai diém O va O' ndm vé mm phia cua du@ng thang d. Dung céc
- dudng ron (O) va (0O} Hép xlic ngoai sao cho ti€p tuyé’n chung ngoai S{mg
song vo6i d.

151%(10). Cho dudng tron (I) vi dudng thing m khong giao nhau, diém A
thuéc dudng tron. Dlmg dudng tron (O) ti€p xic vai dixt‘.rng tron (I) ’IZEH A va
_ tiép X4dc véi dudmg thdng m.

152%(10). Chn dudng tron (1) va duding thang m khﬁng glan nhau; dlém C
thuoc duong thang m. Dung dudng tron (0) HE:[J xac véf: dﬂﬂng thdng m tai |
C va ti€p xdc v6i duong tron (I).

153(5). Cho hai dudng thing 2, b ¢t nhau va diém A nim héoéi'hai dudng
thing ﬁ}f Dung dubng tron tam. A cét cdc dudng tha.ng a, b tao Ih?mh 11&1
day ¢6 tong bang 2k.

154(5). Cho géc xOy va diém M nim trung g6c do. Dung duﬁng th&ng dt qua
M ciét hai canh clia géc & A va B sao cho OA +0B=k

. 155*%(8). Dung tam gidc can biét do dai cha doan n6i hai ﬂéfp dzém cla duf(mg
tron ndi ti€p véi céc canh bén va dudng cao h ang véi canh bén,

156*(4). Cho ba diém H, D, M thang hang theo thi tu 4y, trong dé HD = 2,

DM = 3. Dung tam gidc ABC vuéng tai A nhan HA 1a dudng cao, AD Ia
duong phan gidc, AM 12 dudng trung tuyén. .



157%(8). Cho tam gidc ABC vuong tai A, dmmg cao AH, M Ia trung diém cla
BC, D 1a ti€p diém cha dudng trdn noi ti€p trén canh huyén. |

a) Goi E 12 tam chia dudng tron noi tiép tam gidc AHM. Chimg minh rang

MD = ME bang céch tinh cac ti sﬁ_m va MD theo cdc canh cia tam

giac ABC.

"b) Suy ra cach durng tam giac vuﬁng ABC biét ba diém H, D, M theo thit tu
thude mot dudng thang |

Van dung céc phep dodi xi.mg truc, ddi ximg tam, vi ty dé dl.mg hinh
158(?’) Cho duﬁng thdng Xy, diém A va dudng tron (O) nam ciing phia déi véi

XY, Du‘ng dlém M thuge xy sao cho néu vé tiép tuyen MB véi ducmg trem

(O) thi AMx = Bhfiy o .
159(10). Cho dudng thing xy va hai dudng tron (0), (O') ndm v€ hai phm cua

xy. Dung di€m A trén Xy sao cho cdc ti€p tuyén ké tr A dén hai dudng tron |
nhéan xy 14 dudng thing chia tia phan gidc.

160(10). Cho dudng thang xy va hai dudng tron (O), [(e)) nim vé hai phia ciia
| Xy- Dung hinh vuéng ABCDcé A'e (0),Ce (0. Bvab nam trén xy.

161(10] Cho hai dudng tron (O) va (O cat nhau & A va B. Dmg dm:mg thang
“di qua A bi hai dudng tr{m cﬁt thanh hai day cé hiéu bing a. -

162(10} Cho hai dudng tron (0), (O') va mot duf:fng ih&ng d. Du'ng ﬂuﬂng
thang song song voi d va bj hai dutng tron cét thanh hai day béng nhau.

163(10). Cho hai dudng tron (O), (0") va ‘mot duong thing d. Dyng duﬂng thﬁng
~“song song véi d va bi hai dudng tron cét thanh hai day c6 téng bang a.

164(10). Cho hai dudng tron (O), (O') va mot dm:mg thing d. Duyng -:i'tmng thang
“song song véi d va bi hai dudng tron cit thanh hai day c6 higu bang a.

165(10) Cho dudmng tron (O), diém A nim bén trong dudng tmn va kh&ng -
tring O. Dung day BC'di qua A sao cho AB=2AC.

166(10). Cho hai dudng tron tam O, diém A thuoc dudng tron 16n. Dung day
AB cta dudng tron 16n sao cho dun‘ng tron nhd chia AB th?mh ba phén
béng nhau | .

Dung hinh bﬁng phu‘dng phap dai s6

167(1) Cho doan thang AB. Dl.rng dzém H thu@c doan thing ay sao cho
AH.BH = a* (a 12 mot do dai cho tru6c).’ ) :



168 (1). Dyng hinh vuong ¢6 dién tich bing dién tich moét hinh thang cho trudc.
169(1). Dung tam gidc déu cé 'dién tich bang dién uc:h mot ta.m gidc cho trudc

176(1). Dung tam gidic ABC bléi cidc canh AB = c, AC b, cimmg phﬁn gidc
AD=d. . ‘

171(1). Cho tam gidc ABC. Dung duong thdng song song v&i BC chia tam gidc
ABC thanh hai phén c6 dién tlch bang nhau.

172(1). Cho mo6t hinh thang Dung duong thang song song vdi hai day chia
hinh thang thanh hai phdi’l co dién tich béng nhau.

173 (1). Cho hinh thang ABCD (AB // CD). Dung dudng thing EF snng song
v4i hai ddy (Ee AD,F = BC) sao cho BE song song vm DF. :

174*(6). Cho nira dudng tron tam O dm‘.sng kinh AB = 2R. Goi BB’ Ia tiép tuyén
cua nira dudng tron. Dyng diém M nim trén nira dudng trdon sao cho MA
‘bang khodng cdch tit M den BB

TOAN CUC TRI

Cdch gidi cdc bai toan cuc tri dd dugc dé cap dén trong cuén Ndng cao va
phdt trién Todn 8 tap hai. Sau day 1a céc noi dung cén luu . |

1. Vén dung bat d‘ﬁng thirc dé giai toan cuc tri
Ngoai quan h¢ giita dudng vuong géc va dudng xién, quan he giita du&mg
xlen va hinh chiéu, b4t dang thue tam gidc, cdc bat déng thic dai s6 x° = 0,

—x* < 0; (x + y) = 4xy thudc chuong trinh Lép 8 da hoc néu trong cudn
Ndng cao va phat trién Toan 8 tﬁp hat cdn niam vitng cdc bat didng thiic khdc
thudc chuong trinh Lép 9 : . ST

-~ Quan hé giita day va khoéng cach tir tam dén day, quan hé giiva day Va
dudng kinh, quan h¢ gifta day va cung trong dudng tron ; -
— Bdt dang thiic Co-si v6i hai s6 a va b khong am :
' a+b > Jab ;
2

— Bét dang thiic Bu-nhi-a-c6p-xki v6i cdc s6 m, n, X, y :

L (m2_+ nz)(x2'+ y?‘) > (mx + ny)zl



Vi du 28%(3). Cho diém A nim bén trong dai tao bdi hai dudng thing song
song d va d'. Dyng diém B thuéc d, diém C thuoc d’ sao cho tam gidc ABC
vuodng tai A va ¢6 dien tich nhé nhat. | | o

 Gidi : (h:50) | .- - e
d B x H Cdch 1. Goi H, K Ta hinh chi€u clia A trén d,d.
Pt HB = x, KC = y. Cén tim X, y dé Sypcnhd
a nhit. . N ::_-__:: 5
' Tacé ' 2S4pc=ABAC,
b~ ABACnhS nhdt <> ABZAC? nh nhat.

dl

Gy Tk T ABAC - @edetey) )
- Hienso - cTalaicé oo i L
| @+ (> +y) = @b+ xy)? o
(Ching minh : hiéu hai v& bing (ay —bx)*=0). - .
Xay ra ddu bing <>ay=bx. - = - . ) I
Lai cht § ring AABH < ACAK nén -
= = SeToabsx @

Tir (1), (2)-va (4) suy ra ABZAC? > 4a%p% X4y ta dfu bing khi va chi khi
' .xéyra{S}vﬁ(4),ti’xcl;‘aJ;:a._Khidﬁy_:b;. o S SO

Céch 2. Dyt HAB=ACK = . Ta ¢6 AB = —2— AC = —2_ pnen
| B I cosa’ sino .
Sipc= L2 b <. Nhu vy Sapc nhé nhit <> 2sinccosc 16n nhat,
2 cosa sino _ T LT e

Ta ¢6 2sinacosa < sin“a + cos’o = 1. Dodé: -

2. Chon bién trong bai todn cye tri

Trong cdc bi todn cye tri gii bing phuong phdp dai s6, ta thuomg chon
mot dai luong lam bién (d6 dai doan thing, s6 do géc, ti s6 lugng gidc clia mot
goc...). Ciing c6 trudng hop nén chon hai dai luong thay déi lam-bién, déng

L

thot chii ¥ dén céc dai Iwong khong ddi dé chon bién cho hop Ii.



Vi du 29%(1). Cho géc x'Oy' va diém M nim tmng goc. Dung dudng
* thdng di qua M cit Ox', Oy theo thit tu 6 A, B sao cho tong OA + OB c6 gia
tri nhé nhat.

Gidi : (h.51), Qua M ve MD // Ox', MC // Oy
(D e Oy, C E_Oxl Pit OC=a,0OD=b(a, bla
hing s6). it CA-=x, BD =y,

ABDM e~ AMCA (g.g) nén

oD DM =>2=2 = Xy = ab.

MC CA b x
0A+0B-a+x+b+y-(a+b}+(x+}’}
Do dé o .

OA + OB nho nhdt < x + y nho nhat. S Hinh 51

Do x 'va y 1a cdc s6 duong c¢é tich khﬁng déinén x +y nhu nhit khi va chi
khi x = y. Khi d6 x 1a trung binh nhin cha a va b.

Céch duyng do dai x dufﬁc thé hién trén hinh 51..
Chit y - Mot sO bai todn ¢6 noi dung gﬁn gifng nhaa :

1. Qua diém M nim tmng g6c xOy cho trudc, dung mot dm‘mg thang cét
Ox va Oy & A va B sao cho :

a) OA + OB =k (Bai tap 154) ;
b) OA + OB nho nhit (V1 du 29) ;
c¢) Dién tich AAOB nhé nhat (Vidu 59 Ncmg cao va phar trién Todn 8 rap hax)
d) Chu vi AAOB bang 2p (Bai tap 1843_}

e) Chu vi AAOB nhd nhat (Bai tap 185).

2. Qua dlém M thudc tia phan giac cua géc vuf}ng xOy, dung mot ducmg'
‘thing cat OxvaOy & A vé B sao cho: -

a) AB=k (Vidu27);-
b) AB nhd nhdt (Bai tap 190)
c) AB nhd nhét, bd diéu kxen gﬂc vuong {Bal tap 191).

Vi du 30(6). Cho tam gidc ABC can tai A. Du{mg tron (O) ti€p xidc voi AB
tai B, tiép xtic v6i AC tai C. Qua A V€ cit tuyén ADE bat ki. V& day CK song
song vdi DE. Hay x4c diI’lh vi tri clia cdt tuyén ADE dé tam gidc AKE c6 dién
tich 16n nhit. |

f



Gidi : (h.52) Goi R 12 ban kmh ctia duding
tron (0). Ké EH L AC. Tacé CK // DE nén .

1
Sake = Sacg = 7ACEH

< %AC.EC < —%_AC.QR_ m ACR.

Do d6 max. Spxg = AC.R & EC 1a dudng
kinh cﬁa_duﬁﬁg tron (O). ' | o B

Cat tuyén ADE & vi trif AD|E; trén hinh 52
thi tam gidc AKE c6 dién tich 16n nhét (d6 12
Hinh 52 - tam gidc AKE; trén hinh 52).

KE

Bal i‘qp

- 175(4). Cho ntra dudng tron tﬁm O dm:ing kinh AB 2R. Dung diém C thuﬁc
.nira dudng tron sao cho tam gidc CEF cé dién nch 16n nhat, trong 46 CH 1a

dufcmg cao cha tam gidc ABC, CE va CF 1a céc ducrng phan glac cua céc
- tam gidc CHA va CHB.

176(5} Cho dudng tron (O), dlém A nim bén trong duorng tron va khﬁng trung
O. Dung diém B thuoc dudng trdn sao cho géc OBA c¢6 s6 do 16n nhat.

177(6). Cho dudng tron (O), diém A nam bén ngoai duang tron. Dung duremg
| thing di qua A, cat dudng tron & B va C sao cho téng AB + AC co g1a tri
16n nhat. . .

178(7). Cho duong tron (D) va dudng thing d khﬁng giao nhau. Du‘ng dlem M
thuoc dudng thing d sao cho néu ké céc tlép tuyén MA MB voi duﬁng tron
"~ thi AB c6 d¢ dai nho nhét. | : :

179 (10). Cho hai du&mg tron (O) va (O tié’p xitic ngﬂai taz A., Qua A dlmg ha1
tia vuong géc véi nhau sao cho ching céat cac dudng tron (O) va (O') theo
thit tu & B va C tao thanh tam gidc ABC c6 dién tich 16n nhét.:

180 (10). Cho doan thing AB, céc tia Ax va By vuong géc v6i AB vi nim vé
mot phia ctia AB. Dung cdc duong tron (I) va (K) ti€p xtc ngoai v6i nhau,
ti€p xic véi doan AB, dudng tron (I) tiép xdc vdi tia Ax, duong tron (K)
tiép xdic véi tia By sao. cho t& gidc CIKD cé dién tich 16n nhit (C, D theo
thit tu 14 uep diém cta cdc dubng tron (1), (K) véi AB). :

_,.-



181(7). Cho géc xAy, dudng tron (O) ndm trong géc 4y. Dung diém M thudc
duong tron sao cho tong céc khoang céch tit M dén hal canh chia géc c6 gia
tri nho nhdt. r -

 182*(7). Cho dudng tron (O) bén kinh 2 va dudng théging d di qua O. Dung diém
- A nam bén ngoai dudng tron sao cho cédc ti€p tuyén ké tir A v6i dudng tron
cat d tai B, C tao thanh tam gidc ABC c6 dién tich nhé nhdt.

183*(9). Cho goc xOy, dudng tron (I). tié'p xiic véi hai canh.cf;la g6c tai A va B.
Dung tiép tuyén vm cung nhé AB ciia dUUng tron (I) cit hai canh ctia géc
tai C va D sao cho :

a) CD ¢6 do dai nhd nhdt ; o
b) Tam giac OCD ¢6 dién tich 16n nhdt. L -

184(9). a) Cho géc xOy va diém M ndm bén trong gbc d6. Dlmg duong thang di
qua M cét hai canh clia géc & A va B sao cho chu vi tam gidic OAB bdng 2p. -

b*) Cho g6c xOy. Dung céc diém C, D theo thit ty ndm trén Ox, Oy sao cho
chu vi tam gidc OCD bang 2p cho trude va tam gidc OCD ¢6 dién tich 16n nht.

185%(9). Cho géc xOy va mot diém M niim bén trong géc d6. Dung dudng thing

' diquaM cat Ox, Oy & A, B sao cho tam gidc OAB c6 chu vi nhd nhat.

186(1). Cho doan thing AD va trung diém H clia né. Dung tam gidc ABC nhan
AD la dudng cao, H 13 tryc tdm sao che BC c¢6 d6 dai nho nhét.

187(7). Cho dudng tron (O). Dung diém A nim bén ngodi dudng fron sao cho
dudng vuong géc véi OA tai O tao thanh vdi cdc ti€p tuyén ctia dudng trén
ke tir A mot tam gidc c¢6 dién tich nho nhit.

188(1). Chémng minh ring trong cdc tam giﬁc cé ciing chu vi, tam gidc déu c6
dién tich 16n nhit. | |

-'189(1'}. Cho hinh vuéng ABCD ¢6 canh a. Cic diém M, 'N_ theo thit tv chuyén
dong trén cdc canh BC, CD sao cho MAN = 45°.

a) Chimg minh rang khoang cédch tr A dén MN va chu vi tam gidc CMN
' khéng déi.

b) Dung céc diém M, N d& MN c6 d6 dai nhd nhit.

¢) Ching minh rang khi MN ¢6 do cla1 nhé nht th1 tam gidc CMN c6 dién
tich I6n nhit.

190*(1). Cho hinh vuéng ABCD. Dung dudng thing di qua C cit céc tia AB,
AD tai hai diém M, N sao cho doan thing MN ¢6 d6 dai nhd nhat.




191%(1). Cho diém C thuoc tia phan gidc clia géc A. Dyng dudng théng di qua
C cit cdc canh cha géc A tai hai diém M, N sao cho doan thing MN c6 do
dai nho nhét.

192%(3). a) Chiing minh rang trong cdc tam gidc ABC c¢6 .di¢n tic:h S v& cé s
do géc A khong déi, tam gidc cé canh BC nhé nhit 13 tam gidc can tai A,

~ b) Cho tam gidc ABC. Dung diém M thuoc tia AB, diém N thuoc tia AC
sa0 0ho Sy = % Sapc V2 MN ¢6 do dai nhd nhét.

193%(4). Cho nlra dudng tron tAm o duong kinh MN. Dung hinh chit nhat
ABCD noi ti€p nira dudng tron (A va D thuoe MN, B va C thudc nira dudng
tron) sao cho hinh chi nhat dé : :

a) Co dién tich 16n nhat ;
" b) C6 chu vi 16n nhat.

Bai doc thém
TI SO VANG
- Trude hét ta xét bai toan dung hinh bang phuong phap dai s6 sau day :

Cho mét doan thang ¢c6 d6 dai a, dung doan thdng c6 do dai x sao cho x béng
trung binh nhan cua 6oan thng da cho a va phén con faia - x.

Gidi ; Ta phElI co

2 R 2 .2 a® Ba ay” 'anz
X"ma@a-x)eox"tax=za ox taxt —=— o | X+— | =|—1..
Do d6 x > 0 nén x=a.52—a_

Cach dung dudc thé hién trén hinh 53a :
~ Dung tam gidc ABC vuong tai B c6 AB = 2a, BC = a. Thé thi AC = av5.
- Trén ﬂoaﬂ CA Idy diém D sao cho CD = CB. Ta ¢6 AD = a5 -a.

_ Chia dbi doan théng AD, ta dugc doan thing cé dé dai x.

Ta cb thé ci ti€n cach dung trén mat chit d€ khong phai chia 60; doan thdng AD
(h.53D).

- Dung tam giac ABC vu:’:‘mg taiBco AB=a, BC = g—



C
¥ D
A a
&'.""/ . t;‘\f*\.;_‘“ 2
A T a E, B
2a | H K G
a) : b}. ,

Hink 53

— Trén doan CA Iéy diém D sac} cho CD CB, ta dugc AD 1a doan thdng c6 do
dai x phai dung.

- 'NEu I8y diém E trén doan thing AB sao cho AE = AD thi diém E chia daan thdng -

AB thanh hai doan thdng AE va EB, trong d6 AE |a trung binh nhan cla AB va EB.
Phép chia mot dean thdng thanh hai doan thdng, trong d6 doan 1én bang trung binh
nhan cta doan théng da cho va doan nhé dudc danh hoa I-ta-li-a la L&-6- nac—dﬁ da

JE 1

Vin-xi (1452 - 1519} goi l& phép chia vang Ti s6 ~ 0,618 ﬁl.ﬂ;ic _gr.;u & &

AB
6 véng

Hinh chit nhat ABGH, trong d6 AH = AE (h.53b) goi Ia hinh chir nhét véng Bu:mg
nhién hinh chit nhat BERG clng la hinh chit nhat vang. Mot cach dung hinh chi nhat
vang dugc thuc hién nhu & hinh 54 Dung hinh vuéng AEKD :

“dung cung trén v6i tam 14 tfrung diém | cla DK va bén kirh bang ’ﬂ: : E\- ?B
IE, c&t DK & C ; hinh chi nhat ABCD Ia hinh chif nhat vang. ~ A \
~ Ngusi ta coi hinh,chil nhat c6 ti s6 hai canh x&p xi 0,62 : 1 Jf’ Lo
(hodc 1 : 1,62) Ia hinh chir nhat ¢é kich thuﬁo_héi hoa, can d6i /! '
nhat. Ta clng gép hinh chir nhat vang va ti s8 vang & kich — ey '
thudc va cach bé i trong. nhu‘ng bu’c tranh va ccng trinh kién D1 K _ C
trc néi tiéng. Hinh 54

. Mét diéu déng cha v fa khi dn ti s6 giLra chiéu ngang vdi chiéu dai, gilta chleu :
rong v&i chiéu cao cla céc cdu tric & Ngo Man thude kinh thanh Hué {quc_ xay dung
tir dau thé ki XX, nguﬂ’l ta 6:3 phat hién ra rang nhiing hiép thg tai gidi clia nudc ta
ciing da biét chon’ t1 sé vang

Nha toan hoc Dlc Ké-ple {15?1 ~1630) da néi : "Binh i Py ta-go vé ti 36 vang la
hai kho bau cdia hinh hocg". '

_CAU THAN CHU "BA MOT ~ MOT MOT - MOT BA"

Cé nhiing lGc t.a can vé dudng tron ma khéng c¢b compa trong tay. Xin méach cac
ban mt cach vé dudng tron kha "tron” trén gidy ¢6 dong ké & vudng.



Ban chi ¢dn nhé sau con s kidu nhu s8 dién -
thoai 31 — 11 —-13. Nao, ching ta cling bat dau :
Biém dau tién cta dudng tron 1a diém A (H.55).

Piém thd hai la diém B co vi tri : Ui sang
trai 3 6 va xudng dudi 1 6. Pua bt v& mét
dudng cong tir A dén B. :

Diém thtt ba 1a didm C c6 vi tri : iui sang
trai 1 6 va xuéng dudi 1 6. Bua buat vé rnﬁt :
dudng cong tir B dén C.

Piém tha tu 1a diém D cd i tri : i sang
trai 1 0 va xuéng dudi 3 6 . Bua bﬂt vé mot
dudng cong tix C dén D. .

: Ta da vé duge cung rn:’:’;t phan tu dudng

Hinh 55 . tron. Lap lai "cau thdn cha” trén : ba mét — mot
mot - mét ba, chi cé diéu khac : thay cho sang

- trai va xubng dudi la xubng dusi va sang phaf ta ve dudc - cung phan tur thl.r ha:

Dchadu::tngtron : R DTS el
Ca tiép tuc nhu vay, ban dé dang 'u.re dugc ca 6erng trcn kha thnh Xac.

Bay gi& ta chiing minh ring cac diém A, B, C, D néi trén thuﬁc cling mét ﬂuang'
tron tém O.

_ Thatvay, OA=5,0D =5, OB I3 canh huyén cia mét tam gtac vuﬁng cb cac canh |
goc vuéng bé&ng 3 va 4 nén OB = 5, tuong tuy OC = 5. Bung 18- cac ﬂlem B C,D va dn
dé cac diém E, F, G H. LK, M, N thuac duang tron (0 DA) R

\..

DUNG THUSC VA COMPA BE CHIA DU’ONG T’RON
TI—IANH NAM PHAN BANG NHAU | |

—

Diing thucc va compa, ta cé thé chia dl,rdng trbn thanh nam phan béng nhau-
nhu sau : L

Cho duding tron {O} ngg dudng kinh BC vé ban kinh OA vuong ‘goc véi BC. -
Dung trung diém | cua OB. Pudng tron (; IA] cat OC 6 E DLrng hén t:é’p cac day '
bang AE (h.56a).

Ta s& ching minh rang véi cach du’ng %rén thi dunng trun {O) ﬂerc chla thanh
nam phan bang nhau.

Goi R Ia ban kinh cia dudng tron (0). Ta ¢6 O =%, d& déng tinh aagc“

R5

IA-——»

do dé OE=1E -0l = T-—;*?{x@ ?} suy ra OE2 {B'—ZJ-‘:":}..-.



Xét tam gidc AOE vudng tai O, ta c6

AE2 = OA? + OE2 = R? 4 ‘6o 2J'}_ {10 2(}

nén | AE=§ 10~2/5 R (1)

a) ' | - b)
Hinh 56 |
Xét hinh 551::, trong d6 MN 13 cung % dudng %rén (O;R), tacod
| hT@KI:SBG“ :5=72°,
K& OH L MN thi HON =36° va MN = 2HN = 2Rsin36°,
1+J§ ne

Theo Bai tap 40, ta ¢6 cos36° =

sin236“n1m[1+£] 16 — {5+2J~} 10 - EJ_
' 4

16 16
suy ra sin36° Q—-mm-ig}ﬁ. : ‘
Do d6 MN = —1.h 0-2V5 | )

Tir (1) va (2) suy ra AE = MN. Céch dung dudc ching minh.
Ta con cé thé chia dudng tron thanh n3m phén bing nhau bing cach vé gan

dang. Ta thdy cung % duong tron biing 72°, ma tg72° ~ 3,078 ~ 3. Do dé cb thé
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L(‘H GIAL CHi DAN HOAC PAPSO—

PHAN PAI SO

- Chuwong I — CAN BAC HAIL, CAN BAC BA

§1. On tap kién thic Pai s6 8 | .
-1,_ a) X <—-3 hodcx>7; _b)2—'~f§<x{2+\f§;_
¢)yMoi x ; - d) Vo nghiém.
§2. Can bac hai va sé vo ti
2. 2) Gid st V1++v2 =m (m 12 s6 hitu ) thi V2 =m2 —1 nén V2 I3 s6

hitu ti, vo Ii.

b) Gia st m+--3—=a (a'l‘asf}'hﬁ‘uﬁ)thi ﬁza—m.:; 3 = n(a ~m)
n 0 3

— /3 12 56 hitu ti, vo 1.
3. . a) C6 thé. | - b, ¢) Khong thé.

4. a)(23) =43=12: 32) =92 =18.

(243) < (345" nen 243 < 33
b) 6v5 > 5V6.

) V24 +45 <25 + a9 =5+7=12.
d) V37 -15>36 -V16 =6-4=2.




5.

§3.

) Chang han v6i a =% thi J_g = E ta c6 a >

'b)«fa_}a@a:razﬁaz—afzt}@a(a—qut}@of:ae:l
H}Tachirasﬁtht_rcxmﬁ xw}-zz. - (D)
X : . )

(1)<:>x -1 =12x v31x¢0¢>x —2xm1<::>(x-1) Zo2e x 21142,

b)Gidstrx lasd hitud, x = — (-—— la phan sO tOi gian).
n n
. 1 m n - m-n° | . Y R
Theo gia thiét x — — nguyﬁn:; e = e———— nguyén = m“ — n“ : mn
n m mn ~ -
—>n’'m.Do(m n) =1nén n:m va m ==+, Tuong ty n = +1. Vay

x = kI, trai v6i gia thi€t. Do d6 x 12 56 vo ti.

X X

. i : .
Ta cé (x +l}+{xui) = 2x . Gia sit x+—1— 14 s6 hitu ti thi mau thuin,
X : |

do do x+-1— 14 s6 vo ti.
X

bat x—i=k (ke Z) Tacd

: 1 2 1 2 N 1 2 - 1 2n
[x + -—) = [x ——) +4=k>+4=> [x +-—-) la s6 nguyén = [x + ——) -
X X ) X/ X |

1a s6 nguyén.

{20+ { 2n ] PRV LD .
Ta c6 (x-hw-—] :(x+—] =x+—.Giésfr(x+——J 1a s6 hiru

X X X . X |
thl méau thuén, do d6 né 1a s6 vo ti.

Cin thire bac hai va hiing ding thie VA? =|Al

a) Mxl<1 e ~—~<x<

1 1
4 4
x* > 3 | {xgéﬁ hoac x >3 x < -3 (x % -2)
b) <> = . .
NxZ2 -3 %1 x#+2 :x?:x[?;_(_x#fl)



c) (3“3}(5——}{)'20@35}5155.
d) Moi x.

e) ——l—ﬂx;ﬁl.
2 -
g) Giai 2x + 1 > 0 dugc x>—%.
" Giai x* < 16 dugc ~4 < x < 4.
Giai x? — 8x + 14 > 0 dugc

Cx? - 8x 414 2 0 < (x — 4) ;::2@[

Két ludn : M% <x<4-42.

| 6 vm X < —3
8 a)A=[x-3-|x+3l=<-2x véi -3<x<3,
| -6 v6i x >3

b) Gidi —2x = 1 véi diéu kién -3 £ x £ 3, taduoc x = —%.

9. ayPatVvx’-3=a20. | NON

. ' as0 '
Ta ¢co aﬂaz._tbaz-aE.D«:::#a(a—l)EO{;}[a}l. L (2)
. ' a=1

Két hop (lf) vii (2)tadugc a=0hodica= 1.

Véia=0taduge x =+/3.Véia=1 taduoc x> 2 hoge x < -2.°
Bdp s6": x ='_i\f{?: 1x22;x<-2.

b) Giéi bat phuong trinh |x = 3| > x — 6, ta duge nghiem 1a moi x.

10. [i+l+}&] =.1 + 1 + 12+2[i+i+ 1)'
¢

a b.c a2 B2 ab  ac  bc
_ 12+ 12+ 12+2(c+b+a).= 1 + 12+ I2
a b* abc a2 b ¢

Suy ra di€u phai chiing minh.



* §4. Lién ha giita phép nhan, phép chia va phép khai phuong

11. a) V10 -1 ; b)) VT 2.
) B+ -W3-D=2; &) W5 -2)—(5+2) = 4.
e) —/2 ; | o3
h) 7+ 443 =2+ 3 \/28-10@_5 \[—Bapso 5.
V5 +1; R

K) (7= 3v5) — (7 + 3V5) = 6+5.
12. a}V1€I4+\/_ thath4+J_\/4+J_ taducrc
af4+\f—«f4+\/~\f4 J15.(/10 - \/_)_\/rlf(w/_ \F)
= 8+ 2715 (45 - f)~(«€+f){«f J3) = 2.

b) Bap 55 8. |
\/«fg+2+{_\f§—2mm’ A
V541 '

Tinh m? ta dwoc m> -*Znen m =+/2. Tinh n ta dugc V2 -1, Dap 56 1.
13. Ban doc tv giai.

14. Néu2<x<4thi A=2V2. Nux>4thi A=2Jx 3.

c) Dat

15“ ) x2 ~2x >0 x(x-2)=0 I:x >

. a ' i <> o, Rows .

o lx = 2x2 - Zx | 3“52 ¢x2—2x _K.{iﬂ
b) A= 2Wx?% - 2x voi diéu klén trén.

c) Giai A<2ta durcrc

‘\"xz—Zx{lﬁﬁxthxﬂilﬁ(x*—l)Z-aZ
- 2<:x—-1c:\/_<:>1—-\/_<::x<:1+f

Két hﬁp v6i di€u kién néu & cau a), cdc gi4 tri phai tim cia X la :
| | 1—-I<:x~::0va2£x<:l+\/—-.



16.

17.

18.

19.

_Bmh phuong hai v€ duoc 5 — 2( = a% nén J_ H~-

a)Dﬁt X “2+\/§ Tacod x —?+4-J— = x* =7+ 4(x — 2)::>x =4x ~ 1.
Phuong trmh X —4x+1=0 nhan 2 + /3 13 mot nghiém.

b) Phuong trinh X125 +4=0 nhan 6 ~ 442 1a mot nghié¢m. |

Chi y : Phlﬂ:fﬁg trinh X2 — 4x + 1 = 0. con ¢6 nghiém 1a 2 - V3.
Phuong trinh x> — 12x + 4 = 0 con ¢6 nghiém 1a 6 + 442 .
a) Gia sir \6 w'{_ 2 = a (ala s6 him !:1)

V€ phai 1a s6 hitu ti, v¢ trdi 1a s6 vo ti, vo 1f. Vay \/_ \F 12 56 vo ti.
b) Chitng minh tuong tur nhw cau a). ' '

\ 1 1 1 1 2
a)Co,changhan : ,/— + ,J— = —=+ —= = —= = /2 ;
V2 V2 V2 2 2

.b) Kh@ng Gia st ton tai cic s6 huu ti duong a va b ma Ja + J_ \)

Bmh phuong hai vé€ duge a+ b + 2ab = xF => 2\f- \/“ (a+Db).
Lai binh phuong hai v€ ta b

4ab =2 + (a + b)? -2(a+b)f = 2(a+b}\r 2+(a+b) —-4ab
V& phdi 1a s6 hitu ti, v& trdi 12 s6 vo ti (vi a + b # 0), mau thudn. .
Patx -y =a, Vx ++Jy =b (1) thi a, b 12 cdc s6 hitu ti.

Xét hai trudng ht;fp :

a a .
a) Neub#0thi ——2= = — nén VX —+Jy = — 12 s6 hitu ti. 2
\/_+\/_ b W b 2)

Tir (1) va (2) ta c6 x :-;—[b. + —%] 14 88 hitn ti’,.

[%—(b—“} Iasﬁhu‘u ti.
b .

2
b) Néu b = 0 thi x =y = 0, hién nhién Vx, +/y 14 s6 hiu ti.



20, Xér t0ng hai s6
(2a+b - 2I~)+(2c+d 23/ab) = (a+ b~ 2J_;-+(c+d 2J_)+d+c

ww’_mJ_)z-r(J“ «f_) +a+c;~+0

Tén tai mﬁt tmng ha: s trén lit G du{mg

| a2 2 2
21. ) A2 =14 I N 1 (a+1) +(a+1) +a_ _

a2 (a+1) aZ(a+ 1%

Ca?@+2a+1+D+@+1?  at+2a%@+D+@+1)?

Ca%@+ 2 | Cat(a+1)°
2
__(a2+a+1_}2__ a? +a+1
az(a + 1}:2 a@+1) |
| | a’+a+1
Doa>0nén A>0va A = -
. ~ala+1)
b) Tﬁ:c&u a) suy ra
EE at +a+1 1 11
1+ + = - =1+ —_— =]+ = e
a2 @+1? a@a+l) a(a+1) a a+l
-Do dé
B=[1+1.__a] (1+_1___1_]+(1.,_}__1J [ “L“_l__]
1 3 3 4 99" 100
=99+'[Li+i-1+ +J~~J~_]
1 2273 99~ 100
~ 100 — —— = 99,99,
100

22. 2) 997% =997% — 3% + 3 = (997 — 3)(997 + 3) + 9 = 994000 + 9 = 994009,

b) A =(A)Y -16 +16 = (WA - WA +4) + 16
= 99...92 .100...0 +16= 99...9200...016.
\-—....-—.v...—.—.—-’ \-..—.—.-Y.—.—.....J LS > r LS » r
-lﬂﬂch'ﬁ‘seig 101chits6 O 100chit 69 99chirsd
Téng céc chit s6 cha A bing 900 + 2 + 1 + 6 = 909.




§5.
23.

24,

25-

26.

Hai két qua & hai nﬁﬁng hop a va b ¢6 thé viét chung dué6i dang

Bi&n d&i don gian biéu thitc chira cin thirc bac hai
Diéu kién xéc dinh:a<Ohoica=1.Tacod -

A =+1-a+Jaa—1) -|a|.1/aT”l =yl—a++fa@—1) —ya@a—1) =+1-a.

a} Chﬂ*ng minh rang (wﬁ +4/5 —'5)2 =10 + /60 — /24 — 40 .

b)Canchungmlnh\fﬁ+\/_+wf—+\r—J_+J_+1 |
Hay ching t6 (V3 + V2 + )% = 6 + V24 + V12 + V8.

Taco

10 + /24 + /40 + /60 = (2+3+5)+2J‘~+2J_5+2J_—-
= (V2 +/3 +V5)2.

Vay A =+2 +vV3+4/5.

Diéu kién xdc dinh : x > 3 hoic x < -3.
Cdch 1. Xét hai trudng hop:
a) Truong hopx >3 thix +3>x~3>0.

_Vx+34x+3+2/x+3)x-3) Jx+3(Jx+3+2JxT)
T\f:{ 3+m J—(Z\f— 3+JxT)-
X + 3
X—3
b}TmGngthxi*Bthiﬁ—x:-—Sﬂx‘:’{}
~Vx—3J/x -3+ x-33-x _ J-x 3(—J«~x—3+2m1
23— xB=x +¥=x-3B3-%x  —B-x2V3 % —vJ=x - 3)

___/—x-'—B__w X +3
3-x X—-3

A=

x2 -9
Xx-3

- Céch 2. Nh&n ca t& vd miu clia A vdi biéu thic lién hop ctia miu (né’u biéu

thic lién hop ndy khdc 0, tic la x %= 5) tacé



27.

28.

§6.

29,

b) Didu kien 0 <a # 1. Dat va = x. Ddp s6': B =

(X+3+2F)[ ~3) - \[—-—9]
[2(7{-—-3)«1—11':-{ :| [2(}{—3) ﬁ:[

=2(.-,;2-9)—(x#3)\/ 2 9+4(x—3}.\!x2—9—2{x2‘—9)
4(x - 3)2 - (x% - 9)
_@x-12-x-3Wx2 -9 _ x3
(x—-3)(4x—12—-x—3) X—3
vaix_sthm:z. o

Ji? - 9

Do biéu thitc —-

X —

A_

vé'lx,#:S

cling c6 gid tri bang 2 khi x = 5 nén trong ca hai

X2 —9

truong hop x =5 va x # 5 déu cé dép s6 chung la 3

Piéu kién -3 < x < 3.

_xH)E+D)+xV3+xABx \/3-+X[J3+x(x+2)%x«!3-——x]'
x(3—x)+ x+2)\f3+x\f3—x .an'x[wa'—x+'(x+2)«.!3+x]

3 +Xx
3-x
a) Truc cén thdc & mau

Jﬂ“-\hﬁﬁ J__JH—MI*’J—

2—1_ 3-2 T nu(n—l)

0)Ddp $6+ T + 35 =

Rat gon biéu thitc cé chira cin thic bac hai

‘a) Truée hét tinh A dugc —1. Vay A = ,_JE_

N

x+D”




¢) Riit gon C ta dqu-M.’I‘acé Cc? = X %y—_Z\/E =2
i - Jxy Xy

Vay C = —/2 .
30. PBiéukién:x =1 (x # 2).

Néu x > 2 thi P = -1,

Néu 1 é:x<:2thi?-1

31. Goi tlr1a M. Tinh M? dugc 2(x —y), dodé M = \J2(x —vy). Pdp .S'D Q=1.

32. Trudc hét rit gon biéu thiic A duge X + Vx? -1. Padp s6': A = E
a
R 1-2a
33. Trudc hét tinh x theo a duge X = —x= -
.. . Ja(l—a
Sau d6 tinh V1 + x? dugc — e . Ddp 56 - B = 1.
2yJa(l — a) ’

34. Ta co a’+1=a"+ab+bc+ ca=(a+ b)(a+c).

Tuong twb” + 1= (b +a) (b +¢), ¢* + 1 = (c +a) (c + b). Ddp 56 : M = 0.
35. Trude het tinh A duoc ' |

x+\jx —4x+4(2 mi):x+tx~2l'(2x_1)‘

X +Vx2 —2x + 1 | X+ 1x 11
~V6ix>2thi A>=2x - 2nén A =2x - 2.
~V6il1<x<2thiA*=2neén A =+2.

36. Goi v& trdi 1a A, ta c6

oo

2x+4

Nl

Suy ra didu ﬁhﬁi chitng minh.

~2«/§



37. Tacoa+b=-1, abm—% nén

2 12 2 1 3
a b ={(a+b)Y -2ab=1+—=—,
+ ( ) 5%

]

17
g’

Q0 | rt

a* +b* = (@% + b?)? —2a%b” =%,,,

a’ +b° m(&+b)3-3&b(a+b):— — :—.-—%

W

Do do

T 0T 3 134 by 313 717 239
- bY—a’b bY= —— — ~} —— ]__._.H._...
a'+b =( +b’)a +b)—ab(a+b) iy ( )( ) e

38. Céc.biéu thitc dudi ddu cédn déﬁ ducmg.____Dat *f_x -6x+13 =2 2__0_,

Jx2 —6x+10=b>0 Tacéa—b=1vaa?—b? =3 Suyraa+b=3.
Doa+b>a—-bnénb>0, dn dﬁa‘:-{) Vay glﬁ tri ctia biéu thm: phal tinh
bang 3.

39, a)abing0;1;9;16; 36

by M=1+ 4 , D‘{at' ...4 =n € 4 ta fim ﬁuﬁc \/_= 'IH-&;
Ja -2 Ja ~2 R R
{}. ! - : . .
Giai 2n + 4 2 0 duogc n.>
n n< -2

Vay va = 2n: 4* a= (Zn : 4;)2 véin EZ“ 5‘91.'{'0.:? =
40. 2) a2 = (V2 - 1)? =3-22 =9 —VB:
2 =2 -1)° _,2«1_ 6+32-1=5V2=7= f J_
b) Then khal trién (x +y)"
(A=2)" = A-BV2 ; (1+42)" —A+B~/2_vﬁ'1ABeN |
Suy ra A% - 2B2~(A+BJ_)(A B\F}—[(l+x[“)(1"-\/_)] = (-".

Néu n chan thi A% —28% = 1. ' : : : (1)
Néu n 1& thi AZ ~2B% = -1. @



.Bay gidr ta xét a". C6 hai trudng hop :

mNéunchan{hla “(I—l) *“(1-.(—) = A - B\f— \{AE JZBZ.

Diéu kién A? — 2}32 =1 dtmc thoa man do (1).

CNéunléthi a® = (V2 — )P = —(1— v2)" = BV3 - A = v2B2 — JAZ .
Piéu kién 2B — A? = 1 dugc thoa mén do (2).

§7. Can bac ba. Can bacn
41. a) Tirbing 2+ 94 + 32 = ¥8 + ¥4 +__52F =&+ +1.
| " papse: 3.
b) Chi § ring »?}10+6J_ =3 +1. aapm V3 +1.

c) Dap 56 : J3+1.
42. S6 m 12 mét nghiém cta phuong tr_inh da cho. | |
43. a) Dat x =2 + 4. Lap phuong hai vé, ta dugc x3 =6 + 6X.
b) Dat x = Yo -3 Lap phuong hai vé, ta dm::fc x> = 6 9x.
44. ) Pdps6: A=B+1D)-B-1)=2. | |
b) Tinh B duge |
B’=10-9B= B +9B-10=0< (B-1)B2+B+10)=0. :
T d6 B=1. |
c)Pdp s6 : C=6.
d) Pdp 56 : D =2.
e) Tinh E” dwgc E’ =8 — 7E. T d6 E = 1.
45. a) Lap phuong hai v&. Ddp 56: x = +/5.

B =x-1P e x =x—1< x(I- ?Ji)zzax:,'_l .
. 1__%{5

3 3 3
46. Datam = bn® —'cp -—k thia-—hlsw b—--}sm—,c:-k'—.
m> . p3



47.

§8.

48.
49'

Ta c6 2/;4%4,%ﬁ£+£+£zk[i+i+l]=k.
m n Il }

P Im p
3 3 3 3 3 3
' k
Mat khac Etl‘l'.i2 + bnz 8 cpz-x' am + bn + cp = k + k + =
- - m n p m n p
=k3{i+~1—-+—%—)=k3.
m n p

Do d6 Jam? + bn? +cp? =k = ¥a + b + c. | .
a) Chi ¢ ring 9 + 445 ;%/(2+\/§)2 =2 +~/5.Pdpss 2.

b)1: o) A5 -1 | d) V3.

e)ﬁ“ 2 pat Y5 = x thix*=5. Tacé
o Na-395 4 245 - 4125
a 2 | _ 2x+D) |
\/4--3};-1-2}{2.—-}:3 \/(x+1) (4 — 3x+2x -—:»;3)
2(x + 1)

_-\/wxﬁ ~+~S:¥;:+4.

Tatha'y.-xj+5x=x(5-—x4)=[}nénAf“z(x—m +1“\f_+1

NS

Chuong II — HAM SO BAC NHAT

Nhic lai va bd sung céac khai niégm vé ham s§
Ban doc tu giai. |

a) Puong thing y = —1.

b) Dudng thiang x = 2.

c) Dudng phan gidc cta cic géc vudng phin tu I va III.
d) Pudng phan giic cla cdc gbéc vuong phén tu II va IV.



50.

51.
- 52,

53.

54.

a}Ditx-l— 1 =tthix¥t—1 Ta co
f(t}—(tu-l) —2(t—-1)+3-t w2+ 1 —-2t+2+3 t — 4t + 6.
Vayf(x)-_x ~—4:s:+6
g(x)=2x + 9.
a) Ban doc tu giai.
b) Haim s6 y = f(x) = ax> xéc dinh vfn moi s6 thll’C X.
Cho x cédc gi&_tri_thﬁc bét ki x4, X, sao cho x, > xIT_Xéf

f(xp) = f(x)) = ax3 - ax] = a(x3 ~ x}) = a(x, - xi}(x% + XpXp + x?}

) " X 3x?
Tacd xy —xy > 0, x%+x1x2+x%:{x2+-2i] + 41:>(} dadﬂ

— Néu a > 0 thi f(x,) > f(x,), ham s6 déng bin.

~ Néu a < 0 thi f(x,) < f(x,), ham s& nghich bién.

Ham s6 y = vx — 3 +~./3 X duge x4c dinh khi x 2 3 va x < 3, tite 1a khi
x =3, khi d6 y = 0. D6 thi clia ham s6 chi gém mot diém (3 ; D} '

a}CA =(3-2)° A+ (-1 +4) = 10,
CB'=(~1 -2) + (=3 + 4)°
B—(1—~3}+(w3+1)u16+4 2{) )
Dé dang chimg minh AABC vuong can. Dién ti’ch tam gmc bﬁng

ECA CB = — \/_ \/_ = 3 (dcfn Vi chén tfch)

b) Tam gidc ABC vuodng can ¢cé dlén tich bang 2,5 don vi dién tich.

. Truéc hét tinh £(2) — £(~2), duoc 4. Tir d6 tinh duge £(~2) = 13.

. Ham sd y = ax

—2X vﬂikc::{)
x| —x =
0 me‘? 0

Pbé tl’ll cla ham 56 xem hmh 58



yh
i o 2
1ol X
Hinh 58 Hinh 59
|=-3x voix<(Q

b) y = [2x| - x ={

| X viix= 0
D6 thi clia ham s6 : xem hinh 59.
57. (h.60) Ta tinh dugc toa d6 cic dinh ctia AOAB 12 A(V2;2), B(4; 2).

Ddp 56 : Soap = 4 — 2 (don vi dién tich).

A 4

4 véix < -2
58. y=Ix-2l-Ix+2l = {-2x v6i ~2<x<2
| -4 véix22
D6 thi ctia ham s6 : xem hinh 61.
miny=-~4¢>x22;
max y=4< x < -2,

59. (h.62) Dudng thing y = ax phai cét canh BC gm giao chém dé 151 F co toa
do (3 ; 3a).



I- A .
Soascpe = 11. | 4 et
3+(3-3) ., (6-3)3 3B B 3
SoABE = > 3 =
. _ : L : 24 : F(3;3a)
g (6_33)-3 11 | 7 : . i C .
Glal—w--—o-——-duﬂca=-— i
2 2 9 1 . D
i E :
’ 2 9 . - 7 ’ - L — — —
Dudng thing phdi tim 1 y = 5% o 3 5 x
- : D O e 62
60. (h.63) Gidi twong tw Vi du21. Ddp s6: y = _-g-x. '
Y '
o] A
| E
i y4
E 23] PR “+ A
Ay
R e ! >
o 2 4 x 0 2_
Hank 63 | _ Hmk 64

61. (h.64) Diém A(2 ; 2) thugc m:én phai tim. Mlén phai tim 12 nita mﬁt phﬁng
chita diém A c6 bd 1 dudng thﬁng y = —é—x

§10. Ham sﬁ' bac nhat
62. Di€m c6 dinh1a:a) (0: 3): b) (~1; 2);0)(=2:1). |
63. Diém d6i ximg véi diém (x ; y) qua truc hoanh 1 didm (x ; —y).

Xéty = 2x + 11, thay y b&i —y ta dugc ~y = 2x + 11 hay y = ~2x — 11.
Vay cau tra 16i B 12 diing. |

64. Diém d6i xing véi diém (x ; y) qua dudng thing y = x 1a diém (y ; x) Xét

y = 2x+4,ﬂ13yxbm_yvﬁthayyhﬁxxtadugcx=2y+¢£ha3_r_y = %x -2.

Vay cau trd 10 C 1a diing.



63.

- 66.

67.

 68.

69.

véi truc hoanh nén.a # 0. Giao diém cla

Piém (4 ; 3) thuoe ducmg thang nén 3= 4& + b Tl
- Do dé : S SR I

a}§=%x+1 b)y_—2x+6 'c)y x.+4 '- d)yw—l’?xv}-l

a) Xdc dinh dmmg thang di qua ha; dIém A vﬁ B du{rc y 3x — 5 Sau éof__
chitng tb rdng cdc dlém C va D thuge duﬁng thang tén. e

b} f)ap 5@ x = -~3 """

Ba dudong thang : trur: tung, truc hoanh ducmg théng y = ~X + 2 xéc dmh.;_f_'_
mot tam gidc. C6 b6n diém céch déu ba dudng thing nay, _chung khﬁng.-__ o
cing thudc mot dudng théng Vay D ia cau tra im dﬁng

Goi duong thang cén xdc &mh By= mx +1.

Pudng thing di qua diém (0 ; b) nénb=m.0+n =>n= b
E}ucmg thing y = mx + b di qua diém (a 0) nén.. ‘

0=m.a+ b= m=—— (chﬁﬁ'rﬁngaﬁﬂ}
Dm:rng thing cdn xdc -:imh cé phu&‘ng trinh 12 .

=—~-——x+bha ——-:——+]tﬁcl +==1, - -
4 a. . Y b a b o

.'m

(h.65) Dudng thing y = ax + b ¢6 giao diém n -

dudng thdng véi truc tung 1a (0 ; b), véi truc 15 o ) ;e R
hoanh 12 (-'_E.; 0)‘;"‘ P i .
a

Theo dé bai, b va _b 1a cdc s6 nguyén
a .
ducmg, a la s6 nguyén.

b=d4a-3=>-==

‘b _d4a-3. 3
a

= 4___ :‘_ | -
a . a . ’ Q fmmhmnma sl A
'S6 a phai 1a wéc ciia 3. Do —= v b lache E
56 ngu}rén dm;mg hén a 13 s6 nguyén am, -0 - 4 5. 7 X



70.

V6ia=—1thib=7, ta cé dudng thing y = —x + 7 cit truc tung tai dlém ,

(0:7), cét truc hoanh tai diém (7 ; 0).

Véi a = -3 thi b = 15, ta c6 duong thing y = —3x + 15 cit truc iung tai
diém (0 ; 15), cét truc hoanh tai diém (5 ; 0).

Gié sir dudng thang phai tim cdt truc hoanh tai diém c6 hoanh do bing a,
cat tryc tung tai di€m c6 tung do bang b thi dudng thing c6 dang

24X =1 (xem Bai tap 68).
a b :

3a 12
=3+ .
a—4 a—4

Diém A4 ; 3) thuoc dudng thing nén 4 +% =1.Dodé b=

DualdsﬁnguyéntﬁnénaPZ 3—4} 2.

- Lan lugt cho a — 4 nhén céc g:am—z -1, 1 2,3,4,6,12, vmchuyrdnga

71.

/ .

72.

- Ta tim duoc hai dudng thing 12 §+%: (hayy--3x+ 15)v

. B ‘la=35 =7
1a s6 nguyén t6 va b > 0, ta duoc E,i va 4= .
5 b=7

LD
77
(hay y = —x + 7).

Xem hinh 66.
| YJ"L yﬂ. h
2 *
X
\ & r
NV : '
. _ 110 M
-2 5
a) b)
| Hinh 66
—2x+4 véix<1l
(h.67) y =42 v6il1<x <3

2x — 4  véi x>3 ,



73.

74.

75.

- theo thit trla H, K. Ta cé

D6 thi ctia ham s6 : xem hinh 67.
Tir d6 thi, tathdy miny =2 <> 1 <x < 3. y

Hinh 67 Hinh 68
Cén chimng minh Ix — 21 > x — 3. Xem hinh 68. -

Theo dé bai f(3) < f(1) < f(2) nén 3a+b<a+b<2a+b,suyral3a<ac<2a.
Do3a<anéna<0, doa‘izanénaI:*O V&ya--ﬂ Ham s6 da cho 1a ham
hiang f(x) = b.

Theo dé bai f(4) = 2, vay f((}) 2. Hﬁm s¢ da cho Ié f(x) 2.
(h.69) Dudng thing di qua A va B la |

2
=——X+4.
y 3 |
Goi toa do ciia M 1a (x ; y)-thi

y=—%x+4ﬂ (1)

Goi hinh chi€u ctia N trén Ox, Oy

NK;'-%OC=3L=£D=—2-:;,
_ 3 3 3
1 S i
NH=-0D=-~MC=—y."*
3 3 3y
GoitoadéocaaNIa(x';y)thi x'=—x, vy %}'

“Thay vao (1) ta duoe 3y = -%% "+ 4 hay g = —dx 2

3 3



76.

77.

Vay di€m N di chuyén trén dudng thing

Y=“%K+§ (phdn dudng thing nim

trong gé¢ vudng phin tu I).

(h.70) K1 hi¢u ABCD 12 hinh thang cin tim
dién tich nhu trén hinh v&, Ta tinh duoc

C(E;S} D[g: 1], Bc=2 ap=2.

a a a a

Ta cé

SAECE};SZ:’ (§+%J.4:2-m3::>a=2.
a a :

Dudng thing phai imlay = 2x — 1. Hinh 70

(h.71) a) Piém ¢4 dinh 1a (0 ; 2).

b) Goi A, B theo thit ty 12 giao diém clia dudng thing d v6i truc hoanh va

truc tung. Ta tinh dugc OA = —-.-g-w'—, OB =2,
| >t 12 — m|
Goi OH 1a khoang cédch tir O dén AB, ta c6
1 _ 1 1
OH? 0A% OB? Y
Q2-m? 1 m?-4m+5 |
e S e, . B
4 4 4_

Mitkhic OH=1l<m’-4m+5=4

AH

Sm-2¥=3em-2=%3 - /O fA\é_;?'
< m=2-+3 IHi'h?I
. . "
m:2+v{~ | o

Tuong tng véi cdc gid tri trén cia m 1a ha1 dm:rng thﬁng y = HJ_ 3x +2 vi

y =/3x + 2. - ’

c) OH lt,‘fn nhat <> m* — 4m + 5 nho nhét <> m = 2. Khi dé dm:mg théng 1a

y 2vaCH=2.



78. (h.72) Goi dudng thing d phai tim 12

y = ax + b Diém A(7 ; 2) thudc d nén
2=Ta+b (1)
~ Dudng thing qua B va song song vdi truc
‘hoanh cdt d tai M, dudng thang qua C va
song song vai truc hoanh cit d tai N. Goi
BH, CK la cdc dudng vudng géc ké tr B, C
dén d. Ta ¢6 BH = CK <> BM = CN. Pt

BM=CN=m.ToadoctaMIa(2+m, 8),

toa d¢ cua N 1a (8 — m ; 4).

Mednin8=a2+m)+b; (2)

NE(EnéII4~—a(E§ m) + b. (3)
Tir (1), (2), (3) ta tim duoc a =-2, b = 16,
m = 2.

Duong thang phai tim 1a y = —2x +16.

Chit y - Néu st dung cong thic tinh toa dd

trung diém ctia mot doan thing (xem

Bai tap 48) thi duong thang phai tim di

qua hai diém A(7 ; 2) va I(5 ; 6), trong d6

I la trung di€ém ciia BC. Ta x4c dinh duge

dudng thing cén tim la y = —2x + 16.

79. a) Xem hinh 73. _
b) Tim giao diém cilia cdc dudng thang
y=-2x+6vay=x+2,

ta dugc dlém A fI:; 19 .

o S\3 3

-----

 Hinh 73

§11. Burang tﬁéng song song va dudng thang cit nhau.

. Hé sé& gcc cua dudng thang y=ax+bhb

80. aym—1=2<m=3. b) m # 3.

o) 2(m~1)=-1 c:::»m:é



81.

82.

83.

84.

aym=2; : b) m # 2.
)mBm-4)=~1<3m”-4m+1=0< (m - 1)3m - 1)=0
@mzlhuﬁcmz-?’l-.
Pudng thang OA c6 phuong trinh y = —=x nén a = ~—. Ta tim duoc
P P A A
b=-2.

(h7d)a)x =0 b}yrﬂ;"'-' c) j.f--:_—%x.

y4
sl A
3,~ | B
o
=T B s -
Hinh 74 : S '  Hink 75

(h.75) Pudng thing AB co phm:mg trinh 2x — Ey o —20
Puong thang BC c6 phuong trinh 3x + 5y = &.

Pudng thing qua A va song song v6i BC c6 phuﬁng trinh

3x+5}' 27. ' . (1)
Dm:mg thang qua C va snng song vGi"AB cé phuong trlnh : C

T (1) va (2) ta tim duoc toa do ctia D.
| _ ‘Ddap s50: (45 3).
Chua y : Néu dung céng thirc tinh toa do trung d1ém ctia mot doan thang

(xem Bai tap 48), ta tlm d!.rm: tna do trung diém M cua AC o dé ﬁm duoc
toa do cua D.



85. (h.76) ABCD 12 hinh thang vuong. Chimg Y4
minh ring AB // CD va AB L AD. N B

86. a) Ba dudng thing khong tao thanh tam gléc A
~ vudng vi ¢6 hai dudng thing song song. -

b) Ba dudng thing déng quy tai diém (3 ; 1).

c¢) Cdc dudng thing y = =x + 1 vay = x + 3 0
vuong goc véi nhau tai diém A(-1 ; 2). Pudng

thing y = —2x + 6 cit cdc dudng thing trén va Hinh 76

khong di qua diém A. Ba dudng thing tao
thanh mot tam gidc vudng.

-
EER————

n
i
i
1-

m  Y—
Xy

e =

87. y= —%x + 2. Heé s6 gbc cta duong thiang 1a —%.

88. Pudng thing y = mx + n di qua diém A(m ; 3) nén 3 =m?” + ';1. Pudng thing .
y=mx+ndiquadiémB(l ;m)nénm=m+n. Tedén=0, m = V3.

89. Pudng thing y = ax + b di qua A(x, ; y;) nény; = ax; + b. Do d6

y=ax + (y; —axj)suyray -1 = a(x — Xp).

BAT DANG THUC

2 .
: 1 1
90. a) Bién déi [x +'--:--] +—=>0.
o V2) 27

b) Bién déi wong dﬁﬁng h{:;ac_ ip dung. Vidu .26,

- 91. a) Hiéu | |
3+ + ) = (x+y + 27 = (x -y + (y - 2)° F(z=-%)7220.

b) Hiéu ctia vé& tréi va v€ phai bing (a — b)*(a + b)."

92. Cach 1. ~ = J2004 + 2003 , % = /3005 + /2004 .
__ i a . .

Ta thiy ~ < '-% nén a > b (vi 4, b 12 hai s6 duong).
. a



81. aym=2; b)m = 2. |
c)m(3m-4)=_-1@3m2—4m+1=0¢:>(mﬁ1>{3m—~1)='_0'
@mﬂlhoacmzék
82. Dudng thin OA co phu&n trinﬁ.”}; ——-I—*x .I.lél'] a—v-l-— .Ta t.‘im dugc
. g £ _ g: \[E JE _ aug
b=-2.

83. (h.74)a) x = 0 ; Eﬂyzﬂﬁ“fc)y%—gx

2t
T i E E
~10] 1 4 X
Hinh 74 . ' ' Hinh 75

84. (h.75) Duong thiang AB c6 phuong trinh 2x — 3y = —20.
Dudng thang BC ¢6 phuong trinh 3x + 5y =8.
Duﬁmg thang qua A va song song v6i BC ¢6 phm:mg trinh

3?{ + SF 27. ' . (I)
Dm‘mg thdng qua C va song song v61'AB c6 phuong trinh | D
2Xx =3y =-1. | SRR @)

T (1) va (2) ta tim duoc toa do cha D.

Ddp 56 (4 3).

Chii ¥ : Néu dung céng thitc unh toa do trung dlém ctia mot doan thing

(xem Bai tap 48), ta tlm dm:rc: toa do trung diém M cua AC, u‘r dé tlm dugce
toa do cha D.



83.

86.

 vuéng .géc v6i nhau tai diém A(~1 ; 2). Dudng

87.

38.

89.

90,

’ 914

92.

‘vudng vi c6 hai dudng thing song song.
" b) Ba dudng thing déng quy tai diém (3 ; 1).

(h.76) ABCD 12 hinh thang vuong. Ching
minh rang AB // CD va AB 1. AD. '

a) Ba dudng thﬁng khéng tao thanh tam gidc

c) Cdc dudng thing y = -=x + 1 vay =x + 3

thing y = —2x + 6 cit cdc dudng thing trén va Hinh 76
khong di qua diém A. Ba dudng thing tao |
thanh mot tam gidac vuong,.

y = -—%x + 2. Hé s6 gbc ctia dudng thiang 1a _?é__
Pudng thing y = mx + n di qua diém A(m ; 3) nén 3 = m* + n. Dudng thing .
y=m-x+ndiquadiémB(l';m}nénmmm+n.'ﬁrd6nm[},mm'\E.
Puong thing y = ax + b di qua A(X, ; y;) nén y; = ax; + b. Do d6
y_=ax+(y1-'ax1)suyray-l—y1=a(x—-x1).
BAT DANG THUC
1Y 1
a) Bién déi [x-l—-—.—-—-} +=>0,
| 2 27

b) Bi¢n déi wrong dﬁdng h{iaé_ ap dl_lng. Vi d!.j 26.
a) Hiéu |
3{x2+y2+zz_)—'(x+};+z)2=(x—y)2+(y¥-z)2+(z—x}220.

b) Hiéu cia v& tréi va v& phai bing (a — b)*(a + b).’

a

Cdch 1. L V2004 + /2003, -:;- = 4/2005 + 'J2004 .

Ta thiy — < %; nén a > b (vi 4, b 12 hai s6 duong).
a



93. a

4.

Cm,k 2 Theo Vz du 26 ta co

«JE{}{B + /2005 Jth}

2
nen /2003 + 3005 < 3003 + V3008,
do dé V2005 — /2004 < /2004 - Jzoos tic la b < a.

=/80 — /81 <0, d = 4324 V325 <0, e—Jizo Ji21 <o

'Xetbvac tacd

b =9 — /80 c=7- «/_,_ >0.
9+\f _ _._~J48
Do%dﬁ:»ﬂJ 48 nénb <c. Sfiphaltlmlab -
2 2
a) a=+/37 —/35 = — ;
) d'?+\/_5 6+5. |
2 2 1
J_+J -::12(XemV1du26):> : > =
V37+35 712 6
V&ylﬁa{—%—;
6 11 |
Trong day sé ta_ng déan 42—-, —lu '2 i -%-, s6 16n nhat nhé hon a 12 1 s(il
136" 11" 5" 9 6°
nhé nhat 16n 1hon a Ia -i— |
b)Taco a = =5
.J —J53 J“

w‘ 5+ﬁ>8+?m15nena<%.

J65 + /63 < 16 (xemeduZé}n&n a>%=é.

Ta c6 —é- <a< % nén 0,125 <a<0,1333..., do do phin thap phan cia a

| .sat véi 86 0, 13 nhat.
95,

Chting mmh rang méi 56 hang cia A déu 160 hon 00{}1 Dﬁng bt ding

-.Jthm:: 1 > 2 véia>0,b>0,a#b.
+Jab a+b _



. o, .
m+DVn+nvn+1  Vnan+1(Wn+1+vn)
:sjn+._ —w/Em 1
Eﬂrwr : JE \:‘_n-i-l'

D& dan g giai tiép bﬁl tﬁan

96. a) Ta co

b) Tacd | | | o
NS 1 e, 1 11
(n+Dvn n(n+1)“‘r( n+ )‘F[\F vn 1][@- Jn+J

R G R C o N
\!_ v‘E n+1)
Dé dang gidi t1ép bai todn. |
1 1
97. Data—T :7_““% +7§ Ta co
1. | 1 1
ﬁ ﬁ \/3_'} }_\/Hrwnar:n\[_—\r

) 1 ._ :
 Tacé =T JH J5+JT*Q(J5_J““1)

nén a<2(~/—-—ﬁ+ V2 =1+ J_ f)_g\/_

" Chi §: & Vi dy 28, ta con c6 két qua manh hon 2v/n - 2{3,«:2\&{-4

98. Chrmg minh bang phén chimg. Gia sit trong 25 86 tw nhién da cho, khﬁng'
cé hai s6 ndo bing nhau. Khong mit tmh tfmg quat glﬁ st

aq {32": ""{325

Suyra a121,8,22, ., 85225, |
) 1 1 1 1 1 {
- Thé thi + 4 . . R (D
' ay 1;32 1,‘ 'J_ T ) U25 ' :
Ta lai c6 . o |
| 11 1 T '

=+ =+ .= < 2425 — 1 = 9 (xem Vi du 28). (2)

12 st ( _

T1r (1) va (2) suy ra \/_ J—- + e + \/—. <9, trdi véi gia thiét. Vay

- tOn tai hai s§ bing nhau trong 25 s6 a;, a, ..., 325-



93.

94,

C‘a:-:,}z 2 Theo Vl du 26, ta c6 .
2003 + Jzﬂos < 5004

- 2
nen Jzo_{ﬁ ++/2005 < 2004 + /2004 , |
do d6 V2005 ~ /2004 < V2004 ~~/2003 tdclab<a.

a=~/80 -/81 <0, d= J324 J325<0,em_v’120—\{121<0.

Xétbvac, ta co .

15

. J.]. L
b=9-+80 = 0; c=7—w"48=-—-—-}0.
9+«J 7 + V48
D09+~J0:=-7+~J nénbc:’.cSéphaitzmlab |
2 2
a) a=+/37 =35 = 2
) wf7+\/—5 6+5 li .
2 1
\[_+~/_-~c:=12 (xem%du?ﬁﬁ}:} 2' > = -
' 37435712 6
1 2
Vay —<a<—. -
6 T
2 1 2 1 2 . 1 '
Trong diy sé ting din ~» TT» =» —, 50 16n nhat nhoé hon a 1a —, 6
& g1361159'“_° e
nha nhat I6n hﬁnaléﬁ. |
b)Tacoa"'w‘ x/_—
| \35+\f |
~J65+Jf§}8+-7:15nén'a«c£..'

«J —E-'J_S*::lﬁ (xemV1du26)néna>I%=%.

Ta cé —é— <a< % nén O 125 <a <0, 1333 » do d6 phén thap phﬁn clia a

sS4t v6i s6 0,13 nhét.
95,
| . thitc

Chung minh rang mdi s6 hang clia A déu lc:rn hon GDOI Dung bt déng

1 ':=-' 2 véia>0, b>0,a=hb.

Jab ‘a+b




1 | 4
96- T . = e [
~a) e (ﬂ+1)~/1_1_+n~.fn'+1 \_E.\/n+1(~fn+1+\/ﬁ)
_nti-dn_ 1 1

“Jndn+t Vo Jn+1

Dé dang giai tiép bai t{}ﬁn

b) Tacé- | | | -
o )
(i)l w)

- Dé dang giéi tié'p bai todn.

97, Béta—\r J_+ +—\;~—_n Ta c6
1 1 1 1
é P
J-l- JE} 3 Inna{n\[— 'J_
L _Z(JE—Jn—n

he e f+£r-"
nén ac:_z(f-.—q '-1.+...+-J_—\[M+_;\ﬁ~\fa)=2\(£..

Chii y - O Vi du 28, ta con c6 két qua manh hon 2J— 2<a< 2\(— ~1.

98. Chlfmg minh bang phan ching. Gia sit trong 25 s6 tu nhién da chﬂ, khong
c6 hai s6 ndo bing nhau. Khong mét unh t6ng quat gzé sl

a, < ar < ... < ag5.

Suyra . a2 1,2,22, ..., 05225, '
1 1 1 1 1 1 |
Th.é,thi . . ,_}__......_.........1-_“-|- _.";"""—"'"I""_"“"}"u-'l"""""‘_""“t [1}
' Jar /22 Vazs Vo2 N25
Talaic6 - B |
. |
T +--—<:2~J ~1=9 (xem Vi du 28) (2)

Tir (1) va (2) suy ra —e= + __'___ —— <9, trét véi gia thiét. Vay
| , \/ﬂ_l Va2 «fﬂz

t4n tai hai s6 biang nhau trong 25 s6 a;, a; ..., 5.



99. Cdch 1. (Chitng minh bang phwong phép quy nap todn hoc).
Ménh dé ding véin=1vi /1 < 1. -1--'5-—1-
Gia st méﬁh dé diéng véin = K, tic 12

Sy =ﬁ'¥ﬁ+~..+@5k.1’5%1.

Cin chithg minh ménh dé ding véin=k + 1.

Sk i1 :ﬁ_+x/5+...+«/k+15(k+i).

Ta cé 'Sk+i_=5k+4k+1ﬂk.1/~l#{~fm-l-+«fk+1.

+kF1 <k +D) k+ _ didu

Nhu vay chi cdn chimg minh k

'nay tmmg duong véi

k = [k + 1}(k+2)
72——+1]£\1k+1.\/. >

o (k +2)2 < (k + (K +2)

< k¥ +2+2kv/2 <k* +2+3k-
<> 2k+/2 < 3k, ding.
Bt déing thitc dugc ching minh.
- Cdch 2. Bit diang thirc ding v6in = 1.
Xétn=> 2. Ap dung bat ding thic
(a; +ap +. +:—i )2 < n(al2 +a% +.‘.+a§)

(theo bat dﬂng thitc Bu-nhi- a~cﬁp xki) v6i a; = Vi, ay = V2, ..., a, = Jn
ta dugc

(‘JT+\/E+,+-\/E)2 5ﬂ(1+2+-..+'n)$ﬁ.n(n+1}

2
:}ﬁ+ﬁ+...+@£nq’ngl.




100. XEI T - S s
- H\/_ P L =va _ o+ _J- Vot ""‘j_'* "
n+((n+1) 2n+1 . «f4n +4n+1 'J4n +4n | '

2. H(n+1 20 ¥a \fn_+—-

,_.‘m

. {;ln— (211) o
2.4...(2n) 35 (2[1-:-1) 2n+1
Suy ra A< m e |
b) Trudc hét ta ching minh bt dﬁng thitc = - o oouoo
| T2k 43k+1 o
Thatvay, (1) < (2k - V3K + 1 < zkm

o (4k2% — 4k + DBk + 1)< 41:?-(31{ 2)

o 1213 - 8K~k + 1 < 1272 8IP
e k~150, ding véimoik=2: -
__§Trong (1) lan lur:ft thay k bang 1,2, ..., nta du{rc i
| 3 VA et i3
@A T2n el

Nhan timg v€ céc bt ding thic trén ta c6 B
13 2n-1_Ni+4 V30-2_ 1 -
2% m T

nén | ﬁz <




102. Pat cdac doan BH = a, HC = ¢ trén mot ducmg
thing. Ké doan thang HA b vuﬁng goc vé6i BC
(h.77).

-DE thay

AB.AC2 ZSABC =BC.AH.

103. Binh phuong hai v€& r6i rit gon, ta duge bt B H
dang thm: tuong duong - Hink77

(ad ~ bc)® = 0.
Chii y - Ciing c6 thé chimg minh bing bat dang thufc Bu- nhl a-cf_‘ip }{k_l
164, Giai tuong tu "ﬁ du 29.

105 Glasuaab}c:»[} Thendébai b-l-c':»:i.Sli}"'i“a‘
b+c:+2~f—}a':>(f+xf5)2.>(J§)2-'=>J._'+_JE-::_\/_'-..'

Vay ba doan théng c¢6 do diu Jb,e, \E 1ap dugc thanh mot tam glac
106. Lin lugt chitng minh |

'\/a +b2+\fb +§2+Jc2+a2>f{&+b+c)-- . (D
\/a +b2+\/b + c +\}c2+a *:\/—(a+b+c} (2_},;-

Chitng minh (1) : D& thdy (a+h} SZ(a +h ) nén a-i-b{JZ{a +b2)

’I‘chmgtub+c<f\[2(b2+c ), c+a<\/2(c +a%).
Suy ra

2a+b+c) < .'@{'Jaz + _52 +H\/b2_33& cg_ + "‘uz_Cz + az)

= V2(a+b+c) < Va2 +b% +Vb% 4% + V2 +a2 .
Chitng minh (2): Do 2, b, ¢ 1 ba canh clia mot tant gide nén

(au-’o} <c? =a -3-%}2-::(: +2ab:‘>w‘a +b% < Vc? +2a
Tucmgtux!b2+c --:\/a +2bc \Kc +a {:Jbz-k?ac

Cong timg v€& ba bat dang thu'r: trén ta dugc

w.i'a +b -t-\,u"b +c +\/c + a? c:'\/c +2ab+x/a +2!}c+\/h +2ac.




Dé dang ching minh dugc (x + y + 2)° < 362 + y2 + z") nen
x+y+z~'~i\/3(x +y +z) Apdungbatdangt]mctréntam

Vo2 +2ab +a? + 2be + Vb2 + 2ac </3(2 + 2ab + a2 + 2be + b 4 2a¢) =
=\3a+b+c? =Ba+b+o).

107. Ta c6 a va b khong 4am nén

Y - o |
(@ +b) +a+b=a+b(a+b+-§]2@(a+b+—é)

2 4 2
(bﬁt ding thu'{: Co-si).

Cén chitng mmh \/_(a + b + —) > ax/rl; + bw/; Xét hi¢u hai v€

Vab(a 4+ L J r<«;m_ra+h+;;_,-.q;.,¢a)= .
" ' _r[@_..;,)ﬁ(@gj;g.

Xay ra dang thirc khi vachikhi a =b = Z hnac a = b 0.

108. Theo bt ding thitc Co-si
b+c S(b{w&: +1]:2= b+c+a'

a a 2a

Po doé ,J a 23
b+c : a+b+c
Tm‘mgtuJ c
a-+c a+b+c a+b a+b+c_

Cﬁngmngvé'\/ +J +\( © 2(a+b+c) =2.
b+c atc .

a+b a+b+c
Xay ra ding thic khi va chi khi

a=b+c
b=a+c =a+b+c=0,trdi v6i gia thiét a, b, clabasd’dm:mg
c=a+b

Vay ding thiic khong xay ra.



109. Ap dung bét ding thic ! > 4 véix >0,y }ﬁ_thi"

Xy (x +y)?
a_, ¢ _:-.12+'au:;l+bc-+f::2 4(a? +ad+bc+c) '{1)
b+c d+a (b+c}(a+d) (a+b+c+d} |
' 2 2
Twong t b, _d , 40 +ab+cd+;1 ) 2
¢c+d a+b (a+b+c+d) -
Cong (1) véi (2) duoc |
a b L_C d >

+ =
. b+c c+d d+a a+b .

2 2 2 .42
24(5: +b* +¢” +d +ad+bc+ab+cd)m4B-

(a+b+c+d)?

Cén chimg minh B > -;— , bit ding thitc nay tuong duong véi

ZBE1@2(&2+b2+cz+d2-i-ad+bc+ab+c.d)2(a+b+c-_i—d)2_ |
o+ +c?+d®~2ac—~2bd20
@_(a—c}2+ (b-d)?2 0 ddng.
Xay ra ding thic khi va chi khia=cvab=d. |
2 2

- 110. {}at—-i--y—-a Binh phuong hai v€ ta dum: LI AR YD Dé dang
. X2 y 2 . : : .
chitng minh — 22 néna”24,dod6a=2hodcac=< -2, (1)
| y© X | :

Bit déng thic phai f::hfi'ng~ minh twong duong véi

a’—2+4>32 a7 -3a+220a-1)@a-2)20

@aé?ha&c a<l, _ (2)
Tu‘ (1) suy ra (2). Bai todn dtmf{: chu'ng minh, - |
111. Vo —+n 1{%.@ >100¢:>J_+Jn 1 >100. (1)

J'_ﬂ/;-_



Pén day céb thé gidi bat phwong trinh (1), bang cach chuyén vé
Vn -1 >100-+/n, binh phuong hai v& va di.ra vé n > 50 005 do dé

n > 2500, 5{}0025 Don e N va nhd nhé‘{t nén n= 25{}1

Ciing c6 thé wdc luong tir (1) dé thay N Kkhoang 50. V6i n < 2500 thi

Vi + 0~ 1 < +/2500 + +/2499 < 100,

véin=2501thi vn ++n -1 =+/2501 +~/2500 > 100.
Ta chon n = 2501. |

112.Xét bat déng thitc @ +b* + P < n(a +b'+c ) Bt d:ang thitc phal diéng
véia=b=c, do dsé (3a ) <n3a*nennz3. Xay ra dugc v&i n = 3, vi bat

ding thitc (a* + b + ¢2)? < 3(a* + b* + ¢*) 12 duing (ban doc tw chiing minh).

Vay gid tri tu nhién nhd nhit ctia n 1a 3.

| .a_-lz-b “J;- _ a-!-b;ﬁ\fa_b.-# (ﬁ-—-«fﬁ}zﬁ

2

113. Tacd

(f—f) (a-b)

8b
() e b(Va—vb) < (a;b)@f(«/— J_)

<:>2\/-'_m2b<a.—b<:>{}-=:-a+b—2r_.

Cin ching minh

::::-{}{(x/_u-\/_) dungvé'la::b::s{]

"5+1 = xz (sﬁhang)

114. Tac63=_5+7+9+_...+x,g0m

B+ 0x-3)  x2+2x-15
22 4 "

(1)

Giai S > 10000 < x° +2x-15?40{]0{}<::>{x+1) 240016 V;xla so’tu

nhién nén x + 1 > 200 hay x > 199.

Do x 1a 6 l¢ nho nhéat thod méan x > 199 nén X = 201 G1a tr1 ctia x duoc in

ra la 201.



115. Cdch 1. Pat a = x>, b = y°, ¢ = z°. Bat ding thic phai ching minh

a—’t-gii > Yabe twong duong véi |

x> + y3 +2°
3

2 ﬁyz hay X+ y3 + 7z — 3xyz = 0.
Ta ¢6 hing dﬁng thic | |

x> + y3 + 2z —Bxyé = %(x + ¥ + 2)[(x — y)* + (y ~ z)* + (z - x)*1.
Do a, b, ¢ >0nén X, .y,_ z 2 0, dn d6 x> + _}r3 + z?* ~3xyz 2 0.

Nhur vay ﬂ;ﬁi‘i Jabc .

Xé‘i}’ ra dang thic khi ‘.Vﬁl'chi khi éa'.-—-‘ b=c o
Cach 2. D3t a =x>, b=y c=2z>. Ap dung bit déng thic Co-si véi hai
56 khong am, tacé |
{x +y}+(z + xyz) > 2 xy 4+ 24 x}rz 2@(};}}1—22). (1)
Xy + 22 = 2fxyz® = QZJ}E.’_ | | o (2)
| Tu(l)vﬁ (2} suy’ ra | |

x> +j,r +7z +xyz?2~.} 22«.!' yu-f-lxyz

“tiie 12 x> + y + 7 E:3xyz.
 Vay E-igiﬁ > 3fabe.
7 I . ' » X = - .
Xay ra dang thirc khi va chi khi T, Xx=y=z&a=b=c
| : . Xy =z" :
116. Tix gia thiét suy ra _
b c_ . d <12 _ 1

+ < .
b+1 c¢+1 d+1 ~  a+1 a+1



Ap dung b4t déng thic Co-si cho ba s6 duong ta co

>

1 b C d- - ‘bed.
> + + = 3. .
a+1 b+1 c+1 d+1 (b+ D(c+1)(d+1)

>3 acd :
b’_+1 CN@+Di{c+1IXd+1)

'f!.rﬂ‘ng t

x 1 .a " abd )
c+1 " NVa@a+DoO+DE@+1 "’

1 >3 - abc
d+1 (a+1)(b+1)(c+1)“
1

Nhan timg vé bﬁn bat dang thu’c ta dugc 1 2 8labed nén abc:d < -,

81
2 2 2
117. Goi A = "‘"‘2 + 3"2 + 32
Y V4 X
Ap dl;.ng ba’t'dﬁng thitc Bu-nhi-a-c6p-xki duge
| 2 2 .2 2
3A = x2 + y2_+_zg A+1+1)2 [-}5+_!-+~5} :
y Z X : Yy 2 X
Ap dung bit d_ﬁng thﬁ‘é Co-si v6i ba sf}' X, ¥, z khong am, ta dugc
y z X vy z X

Nhan timg v& cia (1) véi (2)

2 i . .
m[ LY.,z j 3[ LY 3.} A X,Y.Z
- y z X y. z X) Yy z X

118. Cdch 1. (Dung bat dang thic Bu-phi-a-cp-xki)

| ) .
Ta cé (mh-'-f+y«/1—x2) < x2 + vy - y% +1—%2).

PDitx’+y =mtadugc ’sm2-m)= m-1)><0=>m=1.

e

()



Cdch 2. Theo gia thiét

1!1-y =.] — NJEH—:{

Binh phuong hai vé duoc

xz(I—y2)m1w2y41~x2+y2{l x}::>x “1—2}*\"1—;{ —t—y
L

_ | | :>(}—"( ‘\il—xz)‘ =y = 1-—:&2::>x2+y2:1, o

119. Pat x =3+ 3B, y=P- hixC+y =6 (D

Xat hiéu b’ —a’, duﬂc |
b> —a® =24 —(x +_yj_3 "—4_24--'(x3+y3_)-3xy(x+y).
Do (1) nén
24-—(x -i-y)-—éi(x +y)--(x +y)--3(x -!-}’).
Do d6 | . |
bz-—a3n3(x3+y3}m3xjr(x;l-y) 3(x+y}(x -—~xy+y -wxy)—
“3(x+y}(x—- ) >0vix>y>0)
Vaybs:::-a do doé b > a.

120. a) Ki hiéu a, \/2 + Jz + o+ V2 ++2 (c6n ddu can)
Ta c6 . =2 <2

..J2+a1 {42-!- =2

' _a3-=\/2+az <232 =2

a100 =ﬁf2+&99 < ‘\32-5-2 =2,
~ b) Véi ki hiéu nhu cau a thi tir 14 2 — a gy, miu 12

2 ~agg =2 ~(ajgg—2) =4 — atgg-

2—a .1

——

Dit a; g = a, cdn chitng minh 3
4-a° 4




Bién d6i twong duong
2—a 11

> —

4_32 4 2+ a

121. a) Bat dang thifc dfmg.véri n=1. _

>l¢:>2+a{4<::-a<2 dung(thencaua)

Véi n 2 2, theo khai trién (a' + b)“ ta cd

n . _ N | B
.[Hi] o ien n(n D 1 an-Dn-2) 1 nm-D.21 1
nn; 1'1

20 2 3t 3T Tpn

Dé dang ching minh dugc
| 1 1 1.1 1 1
—+ —+ . F—L—F -t .+ =
21 31 n! 1.2 23 (n—-Dn
=1-m'l+l___..1..+ 1 ---}-vx _,..l.. i
2 23 n-1 n n
A
Dudé[1+—) < 3.
_ n
b) Véin'= 2, ta chitng minh. - ] - | : '

- 6 - 6

That vay, (1) < (3) > (v2)” & 3% > 2, ding.

Véin 2 3, ta chimg minh S |
Va > itq +1. R 2)

. 1 1 |

That vay, (2) <> (n+y—'“n " l)ﬂ(n+ ) < (%)n(ﬁ+ )

| n PRLE -
c:-(n+1) < p"*! @ﬂi;}——{n@[i+i'J <n. (3)
n n

- Theo cau a) ta cé (1 + lj < 3, ma 3 £ n nén (3) dugc ching minh, do dé

(2) duge chiing minh.



122, Xét higu o B
' (a+b+c)(x+y+z)—3(ax+by+cz) 3
=a(x +y+z)—3ax +b(X + ¥y + z) — 3by+c(x+y+z)—3cz-
.-a(y+z 2X)+bxX+z-2y)+c(x+y—2z) . .
C=ally-x) - (x—2)] +blz-y) - (y - x)]+c{(x*~-2) (z }*)}
= (y —x)(a~- b)+(x—z}(¢“a)+(2*}’)(b—-0)3"0 |
viazb2cvax<y<az o . SO :
123. Pt 0,99...9 =a. Ta s8 chlmg mmh rang 20{;1111'56 thﬁp phﬁn dau tién

""“"—'v—""-"'
20chirs69 -

chia /a la cdc chif s6 9. Mué’n vay chi cén chlmg mmh a<a <1.
That vay taco ' '

{}{a{:lna(a—l)c:(]::fa -a{0:>a2<:a

Tir 2 {a{lsuyraacz:sfgle

Vay . 4J0,99..9 = 0,99..9...
_ 1y , LN
20 chit s6 9 20 chf? 5690

124, a) bat A = (8 + 3J7) 7). Dé ching mmh bai man ch1 cdn tim s6 B sao cho

_ {]{Bﬂ:i— vaA+Blasdttrnh1én

107 |
Chon B = (8 - 3«/%7)7* D& thdy B> 0 vi 8 > sﬁ (do 64 > 63). Ta 6
C8+3/7>10=> — = < ! 5= (8 - 3J_) {T
E @+3v7)’ 107 | 10

3

_Theo khai trién (x +y)" tacé
=(8+3V7) =a+bJ7 véiabeN:
B =(8~3v7) =a—-bJ7.
- Suy ra A+ B.=2a, 1a s6 ti nhién.

Do 0 <B < ——17 va A + B 1a s6 ty nhién nén a ¢6 bay chit s6 9 lién sau
ddu phdy.’

b) Gidi trong tu nhu cau a).



125, Ta thdy néu n 1a s6 chinh phuong thi v/n 12 s6 ty nhién, néu n 1 n khong 12
sG chinh phu'cmg thi \f— 12 s6 vO ti, nén Jn khong ¢6 dang .. S Do d6 -
Ung v6i méi s6 n € N" cé duy nhét mot & nguyeén a, gén -JE nha’t.

Quavzduﬁdébal ta thdy v6i n bang 1, 2, 3, 4, 5. 6, 7. .. thi a_, biang

1,1,2,2,2,2,3,... Ta s& chiing minh rang a, 14n lugt nhan céc gid tri : hai
s6 1, bon s6 2, sdu s6 3... N6i céch khic, ta s& chiing minh bat phwong’ tnnh

I - E <Jx <1+ é— ¢6 hai nghi¢m nguyén dwng,
2 ——12- <Jx <2+ -;— co bﬁn nghiém nguyén du'ung,
3 “% < \E <3+ % cO sdu nghiém nguyen du(mg,

: tﬁng quat: k-~ é— < \E <k+ % co 2k nghl,ém nguyén du’ang

That vﬁy, bdt déng thic trén twong duong véi

kz—k+_-1--=:x<k2'+k+-1—.
4 "tTG

R4 rang bat phuong trinh nay c6 2k nghiém nguyén dwong 12
K —k+ 1,k -k+2, ., K+k

Do d6 | | | .
11 1 (1 1)[1 1 1 -1] [1 -.1] -
s S Bl I il ) [EIE S NP S [N [ il R

31' an 31980 L'_l IJ \_2 2 2 ZJ L3 .3J

: %6 e 636 |
(l + L) =244 =38

8856 '

TIM CUC TRI

126. a)min A =526 véix=0; maxAié v6i x = £/6.

b) minB=0véix=1i\/'.5—'; maxB=\/§ voi x =1,



1. omina=-lwix=1
4 2 4

| i 1Y 1

127 ) A= Vx4 =L»-
Y ( 2) 4

b) it Vx — 200 _:y,min13=2004%@y=%@x=2"005-:;.

128. Pit V2 -x =y 20,tac6y =2 —x;

o 1. 1.7
maX A=—<y=—< 2 X ==& X o=,
| 4 2 47 "%
129. a) Tim gi4 trilr:’mnhﬁt:}ipdgng |a+bi£|a!+|bi dugc .
| A<ikl+V2+]y]+1=6++2.
max A = 6 + /2 khi ching han x = -2, y = =3.

b) Tim gi4 tri nho nhdt : Ap dung la — bl = lal - bl dugc
Y .
Azl -2y -1=4-2

min A = 4 — /2 khi chéng hanx = 2, y = 3.
130 A= Ix 1+ -3 =k -1+3-xl. Ap dung bat dfing thitc IMI>M,
tacO AZx—1+3-x=2. | _
- [x-1z0
min A=2 4" o 1<x<3.
| - . 3—x20 | | |
Chii y : C6 thé im gid tri nhd nhat clia biu thirc A bing d6 thi, xem Bai tap 72.
b) bat vx —1 =y 2 0. Rit gon B thanh 13'—1[ !y+l| Ta co

B=|l-y +b+ﬂ}1~y+y+l—&
| (y20
min B=2<il-y20 0yl 1<x<2.
ly+120

-

¢)C=[2-xl+2x -3 +{4x — 1} + [10 - 5x| > .
>2-x+2x-3+4x—1+10~5x=8.



minC=8¢ 2~x20,2x~320,4x~ 120, 10-5x20

-*::;»é.s:xﬂz‘ ':
2

Chii § : C6 thé gidi bai todn
bang cdch xét timg khoadng \ _
gid tri ctia x 16

[ 13

16 —12x véi x ;-;,}{

e bt T Ll i

B ol T b L e,

' ~4x+14v6i}-5x<§. 8-
C=4 S 2.

Svéfi-g-ﬂx.iz'

SRS RPN F

PO S
Nofes f--m-mo-m--
VY] ——

12x-16v6ix>2 . - O

D6 thi ¢lia ham s6, xem hinh
-78 (don vi trén hai truc toa
d6 dugc ldy khic nhau dé d& quan sdr). k

' Hinh 78

-

131, Cach 1. A? = 2(}{2 +1'+_ Vxt +x2 + 1) > 4.
| min A =2 v6i X = " |
Céch 2. Ap dung bét dang thitc Co6-si (ding klé'n thitc cta §7) duﬁc

A>2J(x +x+1)(x —x+1)-2\/x + x?2 +1>2
min A =2 v6i x =0.

132. a) Xét A% =2+ 2V1 -7

Tacs 0<Vi-x*<1=252+2Vi-x><4=2<A%<4

minA=\/5_V§jfix==i_1;mg};_A=2-vc’}*i_x={]'.
b) Xét B? =4 +2(x - 2)(6 ~ x). |
Tac6 B2 > 4, tir d6 min B=2 <> x = 2 hodc x = 6.
Ap dung bét déing thitc 24/ab < a +b tacé
B4+ (x-2)+(6-x)=8.
Teds - maxB=2V2 & x-2=6-x< x=4.

s B e il T T T S -



133. a) Ap dung bt ding thic

Jaz + b2 + \/cz + &2 2 \f(a + c)2 + (b + .cl)2 (Vi du 27)ytacod

A=vx2 +12 441 - %)% +22 2 J(x +1 - x)2 +(1+2) =10

min A =10 &

_X:Ze.::b-::{xl.
x ,

b) Gidi tuong ty cau a; min B = \/H & X = 1—56—

134. Diéu kién x4c dinh :

{—xz +ax 1220 {(x +2)(6-x)20

24254320 x+1)B-x)20

Xéthieu  (—x%+4x + 12) ~ (=x% + 2% + 3) = 2x + 9.
Do(1)nén2x+9>0,dodé6 A>0.

Xét A2 = (Jx +2)6 —x) —/(x + DG - x)) Hién nhién A > 0 nhung
dédu "=" khong xay ra (w A > 0). Ta bién déi A® du'éu dang khic

= (X +2)(6 - x) + (x+ DB - %) ~ 24(x + 2)(6 - x)(x + DB - x)
=+ D6 =X +(6-x)+ (X +2)(3 ~ %)~ (3—x)

2JxF D6 DK+ 2G -1

=(x+ 1}(6 ~X) + (X + 2)(3 —x) — 24/(x + 1)(6 - X)(X + 2)(3 ~X) +3

= (V& + 16 — %) — J(x + 2)3 — x))? + 3.

A223.DGAbOnéHmin.A:J§ voi x = 0.
135. Xét—1<x <0thi A<O0.

- . 2 42

Xét0<x<1thi A =+x2(1-x2) <X "*(; X ):%?
2, .2

@{x =1-x &> X \E

Do do - max A = .
' x>0 2

[



136. Diéu ki¢n x> <5,
a) Tim gia tri 16n nhﬁt Ap dung bét dang thic Bu-nhi- a~c0p xk1 duoc

2 .
A2 = (2x +1. 5—x2) < (2% + 12)(x _+5.-x2)=—j25:>A2 < 25.

X 5 x20
2 5=V —xT 2 2y
=25 <2 ST =4(5-x") > x =2
x* <5 xzﬂﬁ

Véix=2thi A= Svaymaxﬁx S véix =2, ,

b) Tim gid tri nho nhﬁt.Chuyrang tuy tu: AZ{ZS ta cO —S{A*{S
nhung khong xay ra A = ~5.

Do diéu kién x4c dinh cia A, ta c6 ngszp—ﬁg'ﬁﬁﬁ.

Do d6 2x = -2+/5 . Taiaibfi\fﬁ—x >G uénA 2x+\f5—x -2~/—
SuyrammA——Z\EvmxwﬁJg' | |

137. Xét biéu thic phu |A| va ép dung céc bat dang thfrc Bu-nhi-a- cﬁp -xki va
Co-si duge

Al = txl(fﬂﬂwm—x ){IxIJ{99+1)(99+101_x )..'
=[x].104/200 — x2 <10X ”20 < _ 1000,

"xj__ﬂlﬂl_
Al = 1{)00{:}-:\!9_9_:-'@ _ &> x = +10.
1 101 - x2 K
K2=200-x*
Do dé —1000 <A < 1000.
mmAmv-lﬂﬁﬂvmx—mlt} maxﬁuiﬁﬂi}vmxwlﬂ
138. Céch I

A=x+ym1.{x+y)=(a b](x%—y)m a+ﬂ+2§+b
' : ' ' L X Y



Theo bdt dang thic Co-si véi hai s6 dwong

ay b, ﬂl’fqu
Xy x'y

Suy ra A>a+b+2sf‘“—{\/“+\/_)
| [ay _bx S
" y S _
' =a + +ab
DodéminA=-(\/;+\/E)2véi<i Eml@- =2 Jﬂ_
. | L y=b+ﬁ$
Xy >0 ' |

Cdch 2. Diing bat ding thiic Bu-nhi-a-c6p-xki

-(X+y)1—{x+y}[ } NZ “] -(J5+f)

Tir doé tim dugce gid tri nhi6é nhat cha A.

139. A:(:;c+y}(x+z}=x + XZ+ Xy +yz

#X(}{+y+z}+yz3’ 2. \/xyz(x+y+z) =2

min A = 2kh1chénghany~z~*1 }{—'\/_ 1.
140. Tir gia thiét suy ra
G+ -4 +y) +3 = -x2<0.
Dodé A~ 4A+3<0<> (A-1)A—-3)<0<1 <A <3
minA=1’¢x:{},y=iI.
max A =3 & x =0, y = +3 .
141. Tac6 x4+y422x2y2*y4+243_>2y222_;z4+x4-‘>22.2x2.

Suy ra | x4+y +z4>xy +yz+22 | (1)

M%tkh&c; dé chitng minh rdng né‘ua+b+c:1th‘i a’ +b% +c? 2—;-.[10

do tir gia thiét suy ra



Ef+ﬁ£+£ﬁa%. 2)
T (1), (2) suy ra min Azéc:r X =y =z:i3§—.

142. Tim gi4 tri I6n nhdt : Ap dung bt déng thite (x +y + 2’) < 3(x* + y + 7%
‘ (xem Bai tap 91a), ta duge (x + v + z) <9 nén

X+y+2x3,

(1)

Ta c6 bdt dang thitc xy + ¥z +ZX < X% + y + 7 (ban doc ttr c:hu‘ng mmh},
ma x +y2+z =3 nén |

Xy + ¥z + zx < 3.

| (2)
T (1)va (2) suyra A<6. Tacomax A=6 > x=y=z= |
Tim gid tri nhd nhdt : Dat X + vy + z =m thi

2 2,

m =x"+y +z +2(xy+yz'4£-Zx}=3+2(xy+yz+zx)

2
-3
Dodd xy+yz+zx= -

—3
.TacéA=m+m nén

| 2A=m’+2m~3=(m+1)*-4> 4.
Suy ra A = -2,

_ X+y+z= —1 . L

min A = -2 < 5 5 o o khichanghanx=-I,y=-1,z=1
X"ty +z” =3 ' 3

 143. A =[x —y| =0, do d6 A 16n nhét khi va chi khi A” 16n nh4t

2 N2 l e 1) .2 -2 5
= (X — =i lx—-=.2 o R + 4 =
(=¥ ( 2 y] { 4}(K Ay 4

(bdt dang thitc Bu-nhi-a-c6p-xki).

N - TR ' S B}
_ NS = 5 5
max A =-— <> 4 X 2 = _ . hoic { T
T T S T e A
X“ +4y° =1 y:lﬂ Y o= —




144, a) Tim gia tri 16n nhat
T gia thiét

o . ,
0sx<=1 <
{ ' f::;»{x . <:::>-x3+y3£x2+y_2:1

Oi}’ﬂl ysgyz
3 = 2 B
max A=1<> < x=0y=1hodcx=1,y=0.
y =y

'b) Tim gid tri nho nhét

{x+y)2£2(}{2+y2)=23x+y£ V2 = Kjiy-il.

Do dé x> + 3 L {é("‘ +y) . Theo bt ding thitc Bu-nhi-a-cGp-xki

&+ Y+ y) = (V)2 +(\f_> MR + W) >

>(r&+ff} = (x> +y*) =
J2 V2

i
G- TRy

145. Tacéaﬂ—l}f} a~3<0nén(a+l)(a-—3)50 su}frad —~2a—3<0,
do d6 a* < 2a + 3.

min A =

Tuwong tu, b? < 2b + 3, ¢? < 2c + 3.

Suy ra . az+b2+c2£2{a+b+c)+9=li.

" fa=—1hotic a=3
b=—~1lhﬂé_‘1{3b=3
¢ =-1hoac c=3
la+b+c=1

min (a” + b% +¢?) = 11 <>

@tmng a, b, ¢ ¢6 mot s6 bi‘ing 3, hai s6 bdng —1.
146. Truéc hét ta tim lién hé gifta a® va a® véi d}éu kién a > —1. T&cn
(3 + 1)~ 3{a -I)-(a+1)(a ——a+1} 3(a~1}(a+1} -
=(a+1)@* —a+1 -3a+3)=(a+ 1)(a°~4a+4) =(a + 1)(a - 2)% > 0.



Do dé a° — 3a” > —4. Tuong tl;b3-3b22-4, ¢ —3c% 2 4.
‘Suyra(a +b°+c”)—3(’+ b +c?) =12 tkc la B—36 2 —12.
minB=24<< a=b=c=2.

147, Bat\f};=a, y'=lj,tacéa,bléhaisﬁ'kﬁﬁqgam,a+b=1.
A=al+b’=(a+b)a®—~ab+b%) =a’—ab+b’=(a+b)>—3ab=1 - 3ab.
 ‘Doab>0nén A< 1.

_maxA=l<::>a=0h{)ﬁcb'20<:>x='0,}'=l'h{}acx#l,y:{).

2 R
Ta ¢co ab*:w —i—z:»‘abii::»l——?aab.ai‘
4 4 - 4
minA=}—€::>amb=—1—<::wx=y=l,
4 4
148. a) A = (Wa +vb)2 < (Va +vb)? + (Wa —Vb)* =2a +2b < 2.
max A =2 < J—:Jg{::»a=b-=~1~.
a+b=1 2

b}Tacé{f Vo)t < (Va +b)* +(J—-J_) —-Z(a +b2+6ab}
-Tm:rngu_z (J;Jrf) {Z(a +c -+ 6ac)

(Wa +Ja)* < 2(a? + a2 + 6ad)

Wb + oyt < 2(b2 + 2 + 6be)

.(JE_+JE;$4 < 2(b? + d? + 6bd)

(e +dy* < 2(c? + d* + 6cd).

Suyra  B<6(a’+b” +c® +d° + 2ab + 2ac + 2ad + 2be + 2bd + 2cd) =
=6(a+b+{:+d) <6.

maxB:ﬁ@{f Vb = fwf 1

Sa=b=c=d=—.
at+b+c+d=1 4



149, A=X71¥l, 2 :3-+(""-_.1+---2. ]z
2 x—-1 2 2 x —1

minA:—i—ax—ixE@x=3‘

150. Déchtmgmlnha +b3}ab{a+b)vcr1 a>0,b>0.Dodo

a +b3+1>ab(a+b)+abc~*ab(a+b+c}
< 1 ' N 1 N 1 _ a+b+4+c
ab(a+b+4+c) be(a+b+c) ca(a+b+c) -abcfa+b-+c)

max A=l<a=b=c=1.
151. a) Theo bit dang thitc Co6-si

X Ve, [WYE_,
z X ¥z X

Ttrﬁng.tl;ﬁ+z—x223 LR AP Y
x Y Y Z ' _
N 1
SuyraZAEZ(x+y+z}=2;minA=Ivfnxﬁy=z-=§.-
2.2 2.2 2.2
b) Ta c6 A= X2 L RE
N | - z© . oxc oyt
Hay ching 6 A*>3.
'minA:x/gv&ixﬁ *z=—£.
152. Apdung Vidu29cé —— 4204 S >2EPFC (o b ¢l chc

. b+c c+a a+b
s0 duong ;~
minA=3<a=b=c=2.

+
153, a) Giai twong ty Vi du 29, ta dugec A = E_i,.g.._ﬁ:% -

i:ninAml@'a#.b=c:_=w1--
2 3



+c+d 1.
b) Giai tuong tu Vi du 29, ta dugc Bx2 +b 5 C = 3 LR

minB':-lm@a:b_ﬂc=d=i...
2 - 4

154, Xét A2 = C YD) pa iy g cathi (x -y =iy - 2xy=a—2.
- (x - ) ST T S
Dox>ynéna-22>0.

AC = 2.Déth§y >8 via —~8(&~_2)=(a_—'4)20. |

Do Az0Onénmin A = 2\/_ kh1 va chi kh1

Jahr -J€+J"

ﬁ{ﬂ‘i‘)"""""\/_ 4

hoac
x-y=v2 | _6- J_ -.____J‘ J—
Y= y=
L 2 L "
155, Diéu kién -1 <x<l1. : . .
Cdch 1 -.
A2 _25- 30x+9x (3 5x) +153’16(chﬁyrﬁngi_x }ﬂ); -

1-x 1*}(2
Tir d6 tim duoc gid tri nhd nh&t ctia A. . ,
Cdach 2. Dt J1+x = a, lewa tacéa>0, b> 0.

5 - 3x 1+x+4(1—x.)_ a% + 4b }2«./3 4h 2,_23]3;4_: _

\/1 m .. b - _ _ _gb - abm

minA=4v{¥i a” = 4b”, khi d6 x :%

156. a) Dé chiing minh dugc

A=ty 1, 4 a2y 16 = 2 = 216 2':3.
Xy XtV SRty 2xT +yY)




V2
=

min A=2\2 & x =y'=

~ b) Bién déi B:[x+i]+(y+—1-}-+(i‘+l)+2.
‘ X y y X
Tuy B =2 8 nhung khong xdy ra B = 8 vi khong xdy ra dong thoi x =y = 1
VX +y' =1 Décéx=yvax+y’ =1thi2x>=1, tic I xz-z-l-.'ra
. . .

bién ddi nhu sau :

B=[x+i]+ y+-—1—— e L2 Y0,
| 2x 2y 2x  2y) \y x

Dé thiy x+—2v2, y+—3+2, 24¥52 con Lslsya
- 2% 2y y X 2x 2y

(xem cau a). Do d6 min B = 4 + 32 & x =y:J§.
157. Ap dung bét diing thic Bu-nhi-a-c6p-xki

(a* + b2)(m? + n%) > (am + .bn)l

EMH zfj (\/‘”[(MJ “‘/_)EJ}N“_“Q"‘”&-T
=242 (1l =34208.

| 2 1 |
min2A=3+22 o 2=x X o 2 1 o0 2 4.4
. 2-x X  @2-xP* x? |
2 . 2 . :
X +HAX+4=8¢ (X +2) =8¢>_x:2\/§—2 (cha y x > 0).

Vaymin A=15+v2 < x =242 - 2.

158, A =3% +3Y >2,/3%3Y = 2435 = 2434 — 13
mnA=18vlix=y=2. _
159. Khéng mit tinh t0ng quat, gid sira + b > ¢ + d. Tir gia thiét suy ra

a+b+c+d
2

b+c2

2



b c b+c ['c c J
A: + — — - E
c+d a+b c+d c+d a+b

}a+b+c+d#[c+d c+d)

2c+d) le+d a+b)

Dita+b=x,c+d=yvéix2y>0,tacéd

min A = \/En-2~¢:>d 0, x-—y\/- b+ ¢ =a+ d; khi ching han
Zﬁﬁ"l,b:\fi_l,c:Z&d:O'

160. a)Dol<a<b<c<2nén2>b,a>1,suyralazb,dodé %z—;—*

b)) Tacéd 2 <1,laico 22 i(céua})nen
b b 2
2
[%ij Ilalcpn 22 2 3
b/)\2 b b 2b. p2
a> _5a b a_5
=2 ]l+——=——= —+ == ——(chiahalvecha-)
b2 2b a b 2
max A = 25<:>b 2a @amlvab$2
Nhdn xét : Mac du ta cé -;—i -E < 1, nhung ta di dimg mot bit ding thitc
"yé&u hon”, {ifél?ﬂl iﬂzdﬁnde 22 1_ 2 EOdechlmgnunh
2 b b/\2 b

duge don gian vi %— va 2 12 hai s6 nghich ddo cha nhau.

Néu diing bat dang thifc (} - —g—](é— - %J < 0 thi phai chitng minh nhu sau

,t.} :



a a ' a’ a 3a
——— e e SO D = S — = —
2 b 2b p? 2 2 b 2b 2b
Chia hai ve’chg%qugc %_fgs; (1)
Ta lai c6 —<1. | (2)
' ' 2a .
.\ \ a b
T (1) va (2) suy ra B+——£2,5
a
OTaco 21, 2<1, 251, $>1 nen
b C a b :
4 a\f b"\ _ , '
—— 1 == >{}(xéyradéngthftcvﬁib=ahn‘af¢cbmc);
. bJL . ¢ |
4 b"u" c"‘w , : :
'1=—=|| 1 -+ [20 (xdy ra dang thitc v6i b = a hodc b =c¢).

o 1-3)-2)- (2o~

'dud¢33+2+3+c$2+(a E]nén-Bs2+(i+5};
b a ¢ A\c a . At a

Chitng minh nhu ciu a, ta dwoc — + — < 2,5. Do d6 B< 4,5.

¢ a
| a_:l
max B=45< <c=2
b=1hoicb=2
i6l. M=(ﬁ+b+0) l+l+l]#1+.i'+i+3+]+2+5+_+i
: a b c b ¢ a c a
| [a. b b c] {a c] |
=34+|—+—+—+— |+~
b a ¢ b c a
a b b. c
Theo Bai tap 160, ta c6 ~ + ~ + — + ~—~£45vé—+——<25nénM{10,
b a ¢ b ¢ a



a=b=1 a=1
e =2

max M =10 < hodc .
' b=c=2
Nhdn xét : Loi gidi trén dua vao két qué ctia Bai tap 160.

Mot céch khéc tim gid tri I6n nhdt ctia M ngén gon hon, nhu‘ng cdch bién déi

cé phén chua ty nhién va phai biét trudc gid tri 1én nhét ctia M bang 10.

Do 1 ia{bic<2nen2<23{2b€2¢: dodéasc<2<2a<g2c. Tacé
ab + bc + ca

M<Ii0< (a+b+¢) : <10.
: abc

Xét hiéu .
(a + b+ c)(ab + be + ca) — 10abe
= (a + ¢c){b(a + ¢) + ca] + b[b(a + c) + ca] — 10abc
= b(a + c)z + ac(a + 'r.ﬁ) 4 bg{a + ¢) — 9abc
= ac(a+c)+b {a+c)— b(a+c} + 2b(a+c) -9ahc
= {a + ¢)(ac + b2 — ba — be) + b{Za + 2:: — Sac)
= (a+c)(b - a}(b c)+ b(2a~c)a - 2¢) <0

=bh =1 =]
Viymax M=10 < . hodc X ;
. c=72 b=¢c=2

162. Ta ¢é x < |x| (x4y ra d4u bang khi va chi khi x 2 0) nén —4x > —4lx|. Do
46 A= x" - 4lx] + 1. | |
Ap dung bat déng thirc Co-si vdi bén s6 khong am
T+ 1+ 14+12 49x4 4!x|:>x——4|x|+1>—2

mmA-—E-::}x =]lvaxz20<x=1.
163. VGix<2thiA=20 _ (1)

V6i 2 < x < 4, x6t —A = x(x — 2). Ap dung bat ddng thitc Co-si cho ba sf'i
khong am .

3
| « %
—+ =+ X -2 3 '
-Ji:xfmxﬁmﬂ[z 2 ]=2“”2 <8 (dox<4)
4272 3 3 |

_ -—A5_32::>_A2~u32.
min A = -32 véi x = 4.




164. Diéu kien : x> <9.

o \
. xz x2 )
_ XZ XQ 5 '—2—+—£‘+9—"X
A? =x*9-xH =422 9-xH< 4|2 2 — | =427
| 2 2 _ 3
max A =63 véi x = V6.
165. Véi cic s6 duong x, v, z ta c6 bit dang thic
(x+y+z)[~1w+i+—1-J29 (chi c4n 1am phép nhan va str dung E-i-E-EZ
. X y z - b a
voia>0,b>0). Suyra |
l+i+—1—29:=> Y21 X2+ XY 29 = xy-ﬁ-yz+ix-9xyz-20
X Yy z XyZ o -
= A 2 -3xyz. : (1)
Mat khic ¢é
3
X+y+z | S 1 |
XYz < | = [ = — -3Xyz 2 ——. (2
y [ 3 ) 57 Den —3xy 5 (2)
T (1) va (2) suy ra Az—é—.
: i _ I
mnA=-—-——<& X=y=2m -~
9 . 3 |
166. a) (h.79) Goi x 14 canh ciia hinh vuéng nhd, V 1 thé WE X
tich ctia hop. Cén tim gid tri 16n nhit cha X1y 3-2% ': X
. ) : . "1y
, V = x(3 - 2x)°. i13_2x |
Theo bat dang thitc Co-si véi ba s duong ¥ I
N
— I X X
4V:4x{3—2x}(3%2x)£[4x+3 2x+3 2") =8 ‘ 4
f -3 ~ Hinh 79

max\?=2¢:=_4x=3—2x¢>x=%,

- Thé tich 16n nhat clia hop la 2dm’ khi canh céia hinh vuong nhd bing
1 :
2 .



b) (h.80) Goi x la canh cha hinh vuéng cit ra, % 'x%

V 12 thé tich ciia hop. Cén tim gi4 tri 16n nh4t caa x| T Tg-2x X
: . = | '
V = x(8 ~ 2x)(5 — 2X) = 2x(4 — x)(5 ~ 2x). |5~ 2x :
r I
Theo bat déng thitc:Co-si véi ba s6 duon . S X
. e e > R A /
-2~V = 3x(4 - x)(5 - 2x) | : _ Hinh 80
- 3
£(3x+4—~x+5~—2xJ .
3

max V=18<3x=4—x=5-2x < x = 1.

'Thé tich 16n nhit cia hop la 18dm°> khi canh ctia hinh vuong cétra I Idm.

167. a)Tim gid tri 16n nhat :

Cdch 1.V6i 0 < x <6 thi A = x(x*> - 6) < 0.
Voi V6 <x <3 thi 6<x2<9 nen0<x*—6<3.
Suyrax{xz—ﬁ)'f‘}'maxﬁw9v{?ix=3

Cdach 2. A-x{x =9 +3x. Taco x =20, x? —9{{} 3x £9nén A <9 ;
max A = vaxu?: :
b) Tim gia tri nhd nhat :

Cach 1. A=x>—6x=1x3 +(2) — 6x — (2+2)?
=(x+ 24/2)(x? ~24/2x +8) —6x — 1612 |
= (x + 242)(x% — 242x +2) +(x +24/2).6 — 6x ~ 1612
= (x+2V2)(x = V2)* - 42 2 ~4V2.

‘min A =-4v2 v6i x = /2. |
Cdch 2. Ap dung bt dang thitc Co-si v6i ba s6 khong am

x3+2\[—+2\5>3%/x32\/_2x/§—61
Suyrax mﬁx?-ﬁlﬁ mmA —4\5 vmx—ﬁ

168. a) Gia sir tich A = x]xz . X3g ¢O gi4 tri nhd nhét. Ta sé chl’mg minh ring

trong 30 s6 x4, Xy, ..., X3 nAY, khong tén tai hai s6 16n hon 1.



That vay, gia sirton tai hai s6 a, bma 2 <a<b. Khidétathayabdia—1,

thaybboib+ 1,tacé . -
(a=1)b+1)<ab,viab-(a-1)b+1)= b~ a+l>0

ta dugc tich méi nhé hon tich A, wrdi v6i gia thiét tich A nhd nhat.

Vay tich A nho nhét n€u c6 29 s6 bang 1, s6 con lai bang 2003 — 29 = 1974.

Khi d6é min A = 1974, :

b) Gia sir tich A = x;X; ... X3 €6 gié tri 16n nhéit va X; < x5 < ... < X30. Ta s&

chitng minh ring khong thé xdy ra X3y — X; 2 2. That vay, néu x5 — x; =2 thi

ta thay X3 bdi x5 ~ 1, thay x; boi x; + 1, ta ¢6 (X3¢ — 1)(X; + 1) > X30X;, Vi

(Xé[} - 1)(}{.1 "‘1" 1} - KSGKI = X3p — X1 — 1> G, ta dm;‘!c' tich méi ].’&H hon tich A,

{ral vOi gia thi€t tich A 1én nhat.

Nhu vay céc s6 X, Xq, .. » X3¢ chi nhén hai gid tri nguyén du’ﬁng lién tiép.

Goi hai s6 d6 1a a vd a+ 1, gia st c6 k s6 bing a + 1 va 30 — ksubanga
- v6i 0 <k < 30.

Khi .dé A= aa..a.(a+1)(a+1)..(a+ 1).

30—k s6 . k $6
< Tacé - a(30 — k) + k(a + 1) = 2003 = 30a + k = 2003.

. Do 0 <k <30 nén k 14 s6 du trong phép chia 2003 cho 30. Ta ﬁm duge
-k =23, a=66.

maxA 66’ 6’?231*6‘1 x;-xz—_ -x—;=66
XB—XQ—H_ .-—x:iﬂ—467

Nhdn xét . Néu dé bai khong yéu cdu céc s6 x; (1 <1i < 30) 1a s6 nguyén
duong thi-theo bdt ding thitc Co-si véi n s6 khong am, tich cia chiing 16n

nhdt khi va chi khi cdc s6 d6 bing nhau. Do cdc s6 x; phai 12 .s6 nguyén
duong nén ta dy dodn rang dé€ tich clia chiing 16n nh4t, cic s6 d6 phai "rét
sdt nhau", ching chi ¢ thé nhan hai gi4 tri nguyén duong lién tiép.

PHUONG TRINH VO Ti

169. a) Chuyén v& dugc | \,‘x_+l3 =1+Vx~4.
Binh phuong hai v€. Nghiém x = 13.



b) Chuyén v& dugc JI5-x =6~ V3—x.
| Binh phuong hai v& Nghiém x = —1.’
¢) Binh phuong hai v€. Nghiém 1 va 6.
d) Nghiém x = 20 (chi ¥ rdng x = 0 khong 12 nghiém). -
e) +/x —1 =2 +/x + 1. V& phai 16n hon vé tréi, phuong trinh vo nghi¢m.

170. a) Chuyén vé duge  Vx—2vx—1 =1+/x - 1.

Binh phuong hai v€. Nghiém x = 1.

b} Binh phuong hai v€. Nghiém -é— x <1
s e .3
¢) Binh phuong hai vé. Nghiém 5= <x<3
171. a) Pua vé dang
k-2l+B-xl=1. | (1)
Ap dung bat déng thic |Al 2 A, tacé Ix -2/ 2 x~2, [3-xl23-x nén
x — 2| +[3-xl>1. . (2)

'Do(l)nenphmxayradau "= F(2) ticlax-2=20va3-x=0.
Nghiém 2 < x < 3.
b){)at«/_-my Duavédang|y 2!+|3 y|-1 Nghlém4<x£9

¢y bat Vx + =y.Duavédang|y—'2|+]3.~y|.=1*Nghiém2£x5:7.
d)mwx- =Y. Dl,ravédangiy 2|+|3 yl_iNghlém6<x-:11.

172. a) Chuyén v& dugc Jx +4l=-x =1- \/_ réu binh phu‘o‘ng hal VE.
Nghiem x=0 (chd ¥ loai x = ~e2-5~).

25
by N htém —_—

c) V& trii 16n hon X, V& phal khong 16n hon x. Phuong trinh vo nghiém.
d) Diéu kign x 2 1 hodc x = —1. Binh phuong hai vé__rm rit gon

2W2x + 1P (x +3)(x - 1) = x% ~1 tacé



8(x + 1)*(x + 3)(x ~ 1) = (x + *(x = D> (x + 1)2(x — 1)(7x + 25) = 0
= —%Sm loai. Nghiém x = + 1.

e) V& trai
=X =7 +49 ~x

':>A2—2+2J(KH7)(9-K){2+(}; - N+ -x)=4,dodé A <2.

VéphazB_(th) +22=2. _

Theo dé bai, A=Bnén A =B =2. Dodox—-7=9—-xvax= 8 Vayx =8,
thoa mén phwong trinh da cho.

173. a) Didu kién x > 2. ’ o
Binh phuong hai v€ duoc |

2%~ 1+ x-2+2¢2x2 —5x +2 = x + 1 ¢$\/2x2-5x+2:2—x3

Phai c6 x < 2. | (2)

T (1) va (2) ta c6 x = 2. Gia tr1 nay ngmém ding phwong trinh da cho.
Nghiém x = 2.

b) Diéu kién x > —2.

Chuyén vé duge 3k +15 =x +2 + \/42{_%-?
Binh phuong hai vé, xuit hién diéu kienx < 2.

Do dé x = 2. Gié tri nay nghiém diing phm:m g trinh da cho.

¢) Do x 2 1 nén v€& trdi 16n hon hodc bing 2, v& phai nhd hon hozc béng 2.
Suy ra hai vé& bang 2, khi d6 x = 1, thoa man phuong trinh.

d) Diéu kién x > ~1. Bmh phm:mg hai vé, xudt hién dléu ki@n X = -1,
Nghlem X =—1. ‘ ‘ | | |

174. a) Dat \/2:{4—34-«.#’}:-{- =V, \/2x+2 4Jk+2 =z, {1)
Ta cd y ~ 7? —I+2«Jx+ y+z'~l+2v’x+
Suyray—z=1. Tudaz*v’ +2 | (2) |

Tir (1) va (2) tinh duoc x.
Nghiém x = 2 (chd ¥ loai gi4 tri x = —1).



b) Dt 2x° —9x + 4 = a2 0, 2x ~ 1.= b 2 0. Phuong trinh 12

Va +3vb = Va + 15b-.
5 ) . .I I . . . . ) 1
Binh phuong hai v€ r6i rdt gon ta duge b = 0 hodc b = a. Ngmem la 3 3 5.

175, a) Diéﬁ'kién 1-x20,2-x 20n_énx$ 1. Tacé .

VI—x +Jx—-Dx-2) —lx -2l x"1'=3‘.'
X - oo

<:>\/Imx+J(x—1)(x-2)-—J(x-—-i)(x-2)~3
<> 41 —x = 3. Nghiém x = -8.

b) Diéu kién xi;&ﬂ«::bxﬂ—Q hodc x> 2.
Dit x—2). 2Ry | )y
- X -2 .
ot - v = (x — 2)(x +2). - 2)
ITacé-y2+4y+3={}-nény1 = —1, yp = ~3. Doy <0 nén tir (1) suy ra |
| x<2. | | (3)

Vé6i y = —1, thay vao (2) duoge x2—d=1. Do x < 2 nén }.{:#—“\E.

: me——?; thayvﬁotz)duﬂcx —4=9, an<2nénx——-\/§.
‘Nghiém la -—\/_ -\13. o _- i _ L
176. a}Diéuki¢n05x5_4.Bat V2 +x #al“_ﬁz?ﬂ,' 2«/{:1;20.
Ta cé ab=\f4_'—_xw, a’ + b® = 4. Phuong tr‘i'n1h 1&11 .I |

. az b2 \/—
= + = 42
Bra 2-b

= 32\5 _,_325 +b%y/2 +ab? = xﬁ(E ~ b2 + a2 -~ ab)

= v2(a® +b® — 2 + ab) — ab(a — b) = 2(a ~ b)

= 2(2+ab) = (a — b)2 + ab) (chi ¥ a* + b’ =4)



Do ab + 2 # 0 nén ahb—\&.h
Binh phutcfng hai vé&€ duogc

a’ + b’ —2ab=2 = 2ab= 2:>ab—1::-~.€ 4-x =1.
Tim dlmrcx—3 thir lai ding.

b) Ta xét \
X =K(I V1 + x) m_l
l+V1+x. 1-(0+x) .
2+ —2+(x}1+xm1)~1+«.! "
1+~Jl+x
X X \[_
: = - e = AL+ X~ 1L
94 X 1+l +x .
1+ +1+x

 Cui ciing ta duge V1 + x — 1= 8. Nghiém x = 80.
177. a) Céch I. Lap phuong hai vé, ap dung hdng dang thdc

| (a-i-b) =a’+b + 3ab(a + b),
ta dugc x+1+7—x+3J(x+1)(7_x}2 8.

Pua vé (x + I}(? —x) =0, dugc xy = —1, X, = 7, thod tﬁnﬁn. phuu*ng trinh
d3 cho. | - - |

Cdch 2. Dﬁtif}{—i— =a, 2}7 x—b Tacna+b Zvéa +b = 8. Dua
vé 3a% — 6a = 0. Nghiém x, = —1, Xp =17,

b) Dat ¥25+x =a, Y3~x =b.Tac6a+b=4vaa’ +b° =28. Dua v
a’ — 4a + 3 = 0. Nghié¢m x; = -24, x, = 2. |

¢) bat Ix+3 =a, ~f3x._—'16:b.Tacéa~_b= 1 vaa® —b° = 19. Pua vé
a’ —a—6=0. Nghiém x; =—11, x, = 24. '
d) Cach 1.Pat ¥x +3 =a, Y6-x =b. Tacba-b=1vaa +b° =0,
Dua vé (b — 1)(2b” + 5b + 8) = 0 dugc b = 1. Nghiém x = 5.

Cach2.  Yx+3-6- x =1 Ixr3+3x= 6 =1,

Hay chung td ring x = 51a nghiém duy nhat.




178.0)Dit Y24+ x = a; VIZ—x =b.Tacoa+b=6,2°+b>=36 véi b2 0.
Thay b =6 —a vao a> + b’ =36 va riit gon dugc a{a—3)(a+4) =

Véi a = 0 ta duge X = ~24. Véi a = 3 ta duge x = 3. V6i a = —4 ta duge
% = —88. |

b)Piat Y2 —x =a,Vx—1=b.Tacéa+b=1,2" +b*=1v6ib20.
Pua vé a(a— 1)(a + 2) =0. Nghigm 12 1523 10.
c)Dat\/r—a J}:-b Tacoa+b 3b~ua —Svmbaﬂ
‘Pua vé (a— 1)(a +6)=0, Nghlam X = 3.
- 179, a) Lap phUUng hai vé. Ng_hirf:m 1a0; ilf—.
b)yPiat Yx +1=a, Yx—1=b. Taed: | |
| a’+bl+ab=1 L (D
. -. aB—bS'-gz. | : _ ..: _ _ . (2)_'

Tir (1) va (2) td c6 a — b = 2. Thay b = a —2 vao (1) ta duoc a = 1. Nghiem
x = 0. | o | |

c) Cdch 1. x = ~2 nghiém dang phuong trinh.
'V6i x + 2 # 0, chia hai v& cho 3x + 2.

x +1 . x+3
X+ 2 "Nx+2

Pat =b. Gié.’i a> + b3 =2,a+b=-1,v0 nghiém.

Cdch 2. Dat wa+ =Y. Chuyenvé’%}y 1+%/y +1**~—3!'
Lap phuong duogc | -

}’3 -1+ yS +1+3.3 6-.__— I.(-_F} = -33 <> .3_"3 = 3}7{!}}5 1.
VcﬂyHG cnnghlémx—m’z | | | |

Véiy+#0,cod y = %J' —1. Lap phuong hai vé' dugc y == y —1,v0 nghiém.

Cdch 3. Ta thdy x = ~2 nghiém ding phuong trinh. Véi x < -2, x > -2, |
phuong trinh vo nghiém, xem bang dudi day .



X Ix +1 Yx+2 Yx +3 Ve trai -
X <2 P <0 <1l <0
X >-2 >-1 >0 | 7 os1 >0

180, DitJ7 ~x =a, Yx~5=b. Tacéa’ + b = 2,2 — b = 12 —2x,do d6

. _ 3 .3

~ v€ phéi cia phuong trinh d& cho 1a _a =b . Phuong trinh da cho tr& thanh
a—b _ a> - b
a-+b 2

Via3+b3=2nén

- 23 w3 L : _
a-b_2 76 a—b)a® + bY) = a4+ b)@® — b,
a+b 23 4+p3 | AR

Do a+b=#0nén _
(a—~b)@” - ab +b’) = (a ~ b)(a® + ab + b).
Tira = b ta dugc x = 6. .' R
Tﬁaﬁzﬂ'tadﬁgcﬁﬁz?’";xz's. o
181, 2) Pit 1 +x=220,1 ~x=b20.Tacé _ PR
‘a+b=2 ()

Yo +¥a+Po=3. - @
Theo bdt dang thire Co-si Vmn < M0 ta coO | |
3 =yVaa/b +14a +14b < JEZJE it :E - 1+2J5

:.JE+J1?+15I;aa-;;b.ﬂ,:a;bm,ma.

Phai x4y ra déng thiic, tic laa=b=1. Do d6 x = 0.
)Pt d1-x=a20, $2-x =b > 0. Didukién

x<1l. | .= (1)



Ta co

a+b= \/a +b4<:>(a+b) =2 +b4<:>23b(2a +3ab+2b)-~ .

Néu a > 0, bethlZa +aab+2b >0.Do d6 a=0hoicb=0,
Suy ra x = 1 hodc x = 2. Loai x = 2 vi trdi véi didu kién (1).
- Nghiém x = 1, | o

PHAN NGUYEN
182. Giai twong tu Vi du 61, | |
a) 1 <a, <2. Vay[a,] = 1.
b)2<a,<3. Vay [a;] = 2.
¢) Ta thiy 447 = 1936 < 1996 < 2025 = 45% con 46° = 21 16
=+/1996 = 44 < a, < 45.

Hiy chiing td rﬁng v6in 2 2 thi 45 < a, < 46.

Nhir vy véin = I thi fa, ] =44, v8in>2 thi {an] =45,

183. a) Trohg bidu thitc a, thay s6 6 cudi ciing bm $6 9, ta dugc biéu thirc a',
Dé thﬁyz-::a-::a =3 nén [a] =

'b) Trong biéu thitc b, thay s6 6 cudi ciing bbi s6 8, ta dugc bléu thu.'c b'. Dé
thiy 1 <b <b'=2nén [b] = 1.

¢) Tacé V6 + JE>24+13 4,2 > 4. I}04c:a+b«=:a+b';3+2 5
nén{a+b]

184. a) Taco (a +b)’ —(a—b) = 6a’b + 2b°.
Th&}’ a—\/_ b = 2 ta dugc _
| (542 — (5 -2 = 652428 = 76,
T&lmco{}{\f 2{:1:1@110«:(«!_ 2)° <1. vay[(ﬁu)?*] 76.
b) Ta cé (a+b) + {a — } + 12a%% + 2b°,
Thaya=s/§,b=2v_éﬂ dang thic trén.

¢



Pdp 56 : (5 +2)* | = 321.

185. Cén tim s6 ty nhién B sao cho B< A <B+ 1. Lam gidm va lam troi A dé
dugce hai sé tir nhién liéﬂ tiép

Ta ¢6 - (411-4-1){1611 +8n+3-::(4n+2)

Liy '_can bac hai duoc  4n+1< \J 16n° +8n+3 <4n+2.
Thém 4n° vio hai vé ta c6

4n® +4n+ 1 4:4n2-_+ x/lﬁnz +8n+3 %:4n2+4n'+2-¥:4n2+ 8%14—4

nen @+ 1)><4n’+ V16n? +80+3 <(2n+ 27
L4y cdn bac hai :2n+1<A<2n +-2.
Vay [A]=2n+1.

186. Ta c6 97 < A < 98 (xem Vi du 28), do d6 [A] = 97

187. a) %J(n +-1)2 w %/n_z < % < %/ﬂz — %/{'n'r'— '1)2 |
| | | . "33

< 3¢n(n + 1_}2 -3n<2<3n 4_313}n(n .w_.-l)_2
- In+2 > Rn(n + 1)2 - W
3n-2> 3%’11(:1 ~ 1) (2)

Bat dang thic (1) chfnh lé. bit diang thtrc Co-si v6i ba s6 khong am n, n + 1
n+ 1.

Bit ding thm:: (2) chinh la bét dang thitc Co-si v6i ba sé khﬁng am n, n-1,
- n-—1.

b) Tl cau a), dé dang chLIng minh dugc -

EA«—:%/(@ 33'2{:36 %f-?»ﬁ 2=34nénA<51.- (3

%“f" > 363 +172 - Y42 > Y632 - Y% =36 - 3!2_4 "




nen A > 36——%/_ 54 - ﬂ > 54 — W 54 4=50. _(4)_*-.*-:' o
Tir(3) va (4) suy ra [A] =50. o e T
188. Bién doi ('J’- +2 )250_— 5.+ 2\[‘ )125 .Phﬁn nguyén clia né C{] chu 56'_.
tan ciing 12 9. Giai twong tw Vi du 63 o TR
189. Tir dé bai ta c6 {x} 12 s6 nguyén Ta 131 cé 0 < {x} < 1 nen {x} = 0 Suy-__"-:
ra X 12 s6 nguyén. Do d6 [x* ]-x X} = x. gy i el
Phuong trinh dd cho tr§ thanh x +x =2, i)ép sc’i x. = 1 X = -2 f PR
190. Pit [x] y € Z. Giai phtmrng mnh ' | R |

Sy + S5y ~ 2 [}duﬁcy———z y—.e— (10&1)

[x]= -2::>—2<xf:: —1: S
191. Cong timg v€ cdc phuong trinh dd cho’ dtm'cx—f-y+z 33
Cong timg V€ ha1 phl.rdng trinh ddu duge
| x4y A+ (2} 4 Iy (X = :3'3" .
Suy ra [y] + {x} = 0 (chi y ring [z] + {z} =z). o
Dodé'{\x}'lﬁsﬁnguyén suy ra {x} =0. Vay [y} {}vax-—[x]
T x + [yl + {z }mllvﬁ[y]-{}suyrax+{z}mll i
Dui}{i{z}é]vax*{x]nénx—l dodo{z}*ﬂl
Tlry+[z]+{x}“22va{x] Dsuyray-fr[z]
Ta lai ¢6 [y] = Dnénﬂfiy-cl dudéy ﬂz[zz
Vayz_{z}+{} 2,1, : : :
S TR e Dapsé’ x"*l }f 02 z-21_
192, Tatha’yxlasﬁ'nguyén Datx—ﬁa-t—rtmngdéa rEZva(}*‘irc:fr

| [x} [x] _ 6& s . {6& + r] fnl il .
|| ==X — 1+ 6 +r B
ot [—:I T {_}; 6a+1r < a=-~r+ {_:1 + ["} TR T A

Lan lugt cho r bing 0, 1, 2, 3, 4, 5 ta dugc




a 0 -1 R R T 2

X -0 5 | -4 =3 =2 7

b)Datx = 12a + rtrong d6 a, r € Z v 0 <1< 12,

|r r I
Gidi 1 tw nhu cau a d =r—=|l=|+|={+|=]].
iai tuong ty nhu cau a dugc a = r {[2}[3]{4]}

Pdp 56 ; x e {0:4;6:;8;9; 10;_13; 14;15;17;19;23}.

193. a) Ta c6 [x] + [3‘5-] + [i] = 224,
- ) | L2 61
Trudc hét ta udc luong gid tri cia x.
Do [x] < xnpén
24 <x+ 24X 234 suy ra x 2 134,4. Y
2 6 3
Do [x]>x~1nén

X [ x 5 - .
224 > (x —I}+(~2~-l}+[~g—1] :Ex—?: suy ra X < 136,2. (2)

Do x 1a's6 nguyén nén tir (1) va (2) suyrax € {135 136}
Thir vao phucmg trinh d4 cho, ta dugc x = 135.
b) Ciing udc lugng nhu cau a ta dugc _
1001 > x wi-+—1-+...+u~l~— - 10> x 1+~1-+-*I*+ 1 +— ! — 10
1t 21 101 ) - 1 2 6 24 120

= 1011 > %x = x =588 (dox e Z)

| 71 - H}TJ -
Dod6 . [x] +[-§-] + {%} + {%} + [3}2{0} = IDDE

Do x £ 588 ma 6! = 720 nén [%:' - {E} -



Uéc lugng theo cich tuang ur G ¥ cAu a duﬂc 584 < X '~'I 586 Sau khl thlr t&;.;.:-j
duoc x = 584 thod man bai tﬂan T o S e IR N
194 [42000] > 1 > Y2000 > 26 2000 o o T (1)
Ta.c62'Y <2000 < 2” nén O tur nhlen n lcfn nhﬁt thna man (1) lé n & 10 S
e Néuoqm[x]{:%thl R RS EID
| O{E}cu [x]ilnén[?.x] 2[:-(] .. .. .

Neéu - < x ~[x ]{um -

1
1 <2x - 2[x] < 2= 0 < zx (2[:-:.] + 1) < 1 =5 [m i{ij +1

196. A = ([J—] V2l+[¥3]) + (Wal+..+[\8) THEEEL
| ([\/_]-i- +[~/_) (N_]-P +[J—])

Theo cédch chia nhém nhu trén, nhém 1’ cé ba 56 nhnm 2 c::: nam 56 nhém

3 ¢é bay sd, nhém 4 c6 chin su

Céc s6 thudc nhém 1 bing 1, cdc so thuﬁc nhém 2 bﬁng 2 cac s6 thuﬁc
nhém 3 bang 3 céc s6.thudc nhém 4 bang 4., SO

Vay - "-'A—13+25+37+49-7{}
Chil 3 : Trm:fng hdp téng quat cin tinh téng . b R P
A=13+2 5 + 3 7 + + n (Zn + 1)’
ta tinh nhut sau : L e S e e

A=@1%+ 1)+ @27+ 24 (2 i34 bt (2 o+ n)
=214 P ) A (L2 +n) ERS
Sau d6 4p dung cong thitc 12 +2% + .. + n? “__-—rl(n ¥ 1)(2n + 1}

(xem Vidu 14 Nang cao va phdt trién Toan 8 rap mar) vﬁ
" n(n + i) |

1+2+ J+n




197, a) Ta c6 xi,;%é—q: Do 1 <a<85nénl16<a+15<100, do 6

C0<x <l

1511

Xét chc 50 x, . Cit mbi lan N ting thém mot don vi thi glé tri

cha X tﬁng 0,15, do do [ n] S& trai qua tdt cd céc gIa {ri 1 2, 3, .y dén mot
* Tic ndo d6 s ca X, =

b) Dﬂ[xp] 96 nén 96 <X, < 97 titc 12

a+15p

- 96 < 0 <97 h&y96(}0'~“~a+15p<9700

Viy hal chu sé’ dhu tien cha a + 15p 14 96.

c) G st s6 a-+ 15 6 k 56t 10 <a+ 15 < 105 nen

Ol‘iw{l

10¥
a+15n

bat x__
' 10k

,taco 0< Xy < L. Cho n lan Iuot nhén cdc gid tri 2,3, 4,....

thi cdc gid tri cia x » tang ddn, méi lﬁn tang -E (khong dén 1 don w)
| | 10¥

dé [x,] s& trai qua {4t ci cdc gidtri 1, 2,3, .. dn m@t ldc ndo do s& 6
X,] =96. Ban doc tw giai ti€p bai todn. |



PHAN HINH HOC
 Chuong I~ HE THUC LUGNG TRONG TAM GIAC VUONG g
§1. Mut s6 hé thu’c vé canh va dudng cao trong tarn glac vuong

S
b+c bc bc:
L {hS}) SaBeD = SABC * SCDE ""SBCE = ( 2 ks = 2_+ 2‘

= b% + 2bc + ¢ H-Zbc-r-a ::vb H:ZQa2

Chi# v : Cach ching minh trén clia Gac- phlu (James Garﬁe!d 1831 —
1881} La gido sur c6 ngit, ong ciing nghién ciu. toe’m hoc vét duﬁc bﬂu lam
téng thong Mi nam 1880. - R S PR

£

: ]
A b C ¢ b S . :
Hinh 81 Hinh 82
2. (h.82) a) Trong AAHC Vuﬁng HC? = CLCA. Tix d6 tinh dm:ra CI 4 cm.
b) CK = 2CI = 8 < CA. DodoKnamgManaA |

3. (hSS)KeBHLAC Tacc::r - . . _
a’= BH? + HC? = BH? + (AH + AC)® —BH +AH2+2AH AC+AC

=c?+c¢ch+ b - A
8
a
c =
120° .
b 1
A Y S
Hinh 83 : Hinh 84 .

4. (h.84). Goi AH, BK la cdc dudng cao cla AABC. Ta cod

AC = BC.AH _ BC.15,6 _ I,SBC.-
BK 12




7.

8¢

biat BC = x thi AC = 1,3x. Theo dinh Ii Py-ta-go :
| | 2
AH? + HC? = AC? nén 15,62 + @-J = (1,3x)?

ta tinh dwoc x =13. Vay BC = 13cm.
_AB_DB 75 3

-(h. 35) Ta AC = 7 nén tinh dugc AB = 10,5¢cm va AC = 14cm.

DC 10
Nho éﬁng thitc ah = be ta tinh duge AH = 8,4cm.,

Nho céng thire ¢ = a.c' ta tinh dugc BH = 6,3cm nén HD = 1,2cm.

A A

B HD ¢ B x H ¢C
Hinh 85 ' ' Hinh 86
(h.86) D3t BH = x, ta c6 AB® = BC.BH nén 20° = (x + 9).x.

Giai phuong trinh trén, ta dum: (x - 16)(x +25)=0nén X = 16 (thfch hgp).

Tir dé6 AH = 12 cm.

(h. 87) Dé ching minh AB = BD. Dat AB = BD = x. Ta ¢6 AB*= BC.BH

" nén x° x° = - 25(x ~ 6). Giai phu{mg trlnh trén ta duge (x — 10)(x — 15) = 0.

Ddp 56 : AB bing 10c¢m hodc 15cm.

Hinh 87 T " Hmkss -
(h.88) Goi G la giao diém clia BD va CE. Pai GD = x, GE = y tm GB‘ 2X,
GC = 2y. Xét cic tam gidc vuoéng BGE, CGD de chiing minh rang X y = §.

f)cip sé BC = 2/5 cm.



9. (h.89) Dat AB = x. Ta c6 AH + HC? = AC? nén

2 2. '

§—i+(3w‘ij = (12 - x)*.

4 ) |
- Giai phuong trinh trén ta duge x = 5. o
Ddp s6

; AB = 5cm, AC = 7cm. |

B H C B ¢ H b’ G
' Hmh 89 Hinh 80 = -
10. (h.90) Ta c6 he' = 54.2, hb' = 96.2 , ma h®=b'.c'nén h* = 124, suy rah = 12.
2(54 + 96 :
Do dé ' BC = ( 5 ) =25 (cm}.

11. (h.91). AHCD <~ ABM (g.g) ma AB = 2AM nén
HC = 2HD. Pat HD = x thi HC = 2x. Ta cé :
~ DH?=HM.HC hay x> = HM.2x
= HM = 0,5x ; MC =2,5x ; AM =2,5x ; AH 3x.
Vay AH =3 HD.
12. a) Goi b'vac' 1a hinh ch1€u clia cac canh gnc vudng
b va ¢ trén canh huyén a. Ta c6 b* = ab', ¢? = ac' nén

(—J = —, Viy ti s phal tim bang K°.
c) ¢

b) Ap dung cau a). de wf 50cm va 32cm.

A . MWC

D
Hinh 91-

13. Ap dung Bai tap 12a) va tinh chét dudng phan gidc. Ddp s6:1: 9.
14. (hQZJBﬁtBC“thIAB*a" I,AC=a+ 1. DREHM—X

Tathdy  HB=MB- MH (néu B < 90°, h.92a),
HB = MH ~ MB (néu B > 90°, h.92b),

_ _ | N2
nén ' I{BZ:(X"E) .



Hink 92 _
Ta c6 AC? —~ HC? = AB? —~ HB? (ciing bing AH?) nén
_ -ting bing |

. Y N\2 2
2 21y o2 .8
(a+1) [x-i— 2) (a.—1) (x_ 2] .

Giai phuong trinh trén, ta duge x = 2.

15. (h.93) Ké AH L CD. Ta tinh duoc HD = 18cm, HC = 32cm, AH = 24cm
AD = 30cm. Chu vi hmh thang bing 124 cm, dtén tich hinh thang béng ?68c:m

\ 0

D
Hinh 93 ' Hinh 94
_16 (h.94) Gm Zrn va 2n 1 do dai cdc duﬂng chéo ctia hinh thoi canh a. Ta 6
a2 a3
2 a a

2
- m*+n’=a° va 2mn = — . Tir d6 ta tinh dugcm + n = , M—N = —,
S T2 AN V2

 Dodsmo20B+D) _al{3-1)
) | ™2 T 2

, .
. S1Ut}’ra—----\f§+I (£’+1) =2+43. . &
n ﬁ-{ 2 ;

Vay B 1a cau trd 101 ding.

17. V& dudng vuong goc voi AM tai A, cit CD & N
(h.95). Trong AANI vuéng, ta cé
1 I~ 1
ZENNG Y
| AD? AN? Al
sau d6 chiing minh ring AN = AM.




18.

{h96}DdtDE-xthiCE-—1mxthICF CE=1-x, A B

AE® =x" + 1.
2 2 2 F
Tu CE“ + CF° = EF~, taco 2(1-x) = x? +1
Pua vé phuong trinh |
| X —4x +4=3e (x-2)2 =3 x =2 ++3. 0l n

19.

20.

DXE 1-x C

Doxc.:tnéntachonxhz J3 - " Hinh 96

EF = (1 — x)v2 = 3-1)\/_ «/_ J—{dm)

Goi a, b, ¢ 12 ba canh cfia tam gidc ¢6 dién tich S.
a)Tacéa-—-gﬁ bugﬁ c-zs,a::»b}c
- 3 4 5
Do a” # b’ + ¢ nén tam giﬁc daﬁg xét khong 12 tam gidc vuong.
b)TﬂCG&#‘Q—S b:-uz—s-,c Zs,a}b:‘:«c

12’ 15 20

Do a’ = b +c* nén tam giic dang x€t la tam glé.c vudng.
(h.97). Tir gia thi€t suy ra

BI I 1 -
—_——= (1)
BD CE 2

Ta s& tinh céc ti s6 E : _EL‘_“I_ theo cédc canh
BD ' CE

B a C .

clia AABC. | | Hinh 97
Bl AB
bt BC = a, AC=Db, AB = c. Theo tinh chét dudng phﬁn gidc €6 — = ——
' - ID AD
nen —2_ = AB 1 iinh duge AD =2~ do do
BI+ID AB+AD cC+a
BI C 1 c+a .
BD . bc ., b  a+b+tc @)
¢+ i A
c+a c-+a o |
Tuong tu | 4 __bra 3)
' , CE a+b+c

" T (1), (2), (3), ta suy ra dugc a” = b’ + ¢, do d6 AABC vuong tai A.



21.

Ta lai c6 AH” = AE.AB nén AE =

(h. 98) a) Goi O la trung {ftiém ctia BC.

DE =AH < AO =a;max DE = a@ﬂABCvuﬁngcﬁn
tai A, _

b) Caf.-h I Ta cod SFLHHE = AE-AD.

AH?

AH?

Tuong ty AD =———. Do dé
AC

AHY  ABY  AH®  AGY  a® a2
SaDHE = = =40 =L -2
ABAC BCAH BC — BC 2a 2

a2

max S,pyg = Y <> ﬁAB_C vudng can tai A.

- Cdach 2. SADHE = ZSHEA' DD do Sﬁf}HE ifﬂl nhﬁ'i < SHEA 16n Hhﬁf

AH
BC

| ’ |
Ta thiy AHEA < ABAC (g.g) nén -HEA —( ] . Do d6 Sygs 16n

SBAC

- nhit <> AH I6n nhét <> H tring v6i O. Khi d6 AABC vuéng can tai A, |

22.

ta tinh {IU{FC SADHE = o—

El2

2

Xét AABC c6 BC=a, AC=b, AB =c. Goi ¢ 13 hlnh theu cua canh AB
trén BC. Ta phai chn‘ng minh : :

Néu B '< 90° thi B2 = a2 + ¢2 ~2ac’ ;
Néu B > 90° thi bz— a® + c* + 2ac'.
a) Néu B < 90° (h99) thi b* = AH* + HC?. Chuyrangné‘u C < 90° thi

HC = a - HB (h. 99&) codn néu C > 90° thi HC = HB — a (h 99b), cé hai
truong hcfp déu cé HC = {a — HB} Do do

b° m(c —HB)+(a—HB} =¢? —HB +a’ + HB? —ZaHB as+o —Zac

a) Hinh 99 b)



23, _
- theo Bai tap 22, ta ¢é b’ :=- a + c?, tréi véi-gia thlét Gia sit B = 90° thi theo

24,

25.

a) Chu‘ng minh bang phan chu‘ng Gia st B > 90 thi

'b) Ké CH L BI. Ta c6 ACIH vuong con nén CH . J‘

b) Néu B > 90° (h.100) thi
b? = AH? + HC? = (¢* - HB) + (a + HB)
=c’~HB*+a’ +HB’ +2aHB

-a +c +Zac

2
dinh Ii Py-ta- gﬁtacéb =at+c’ tréwmgiﬁthxét -

Vay B < 90°.
b) ¢) Chitng minh mcing tu nhu‘ cﬁu aj.
(h 101). Theo tinh chﬁt duodng phan giac @

AB B 105 2 BC _BA .,

AD ID 55 CD AD
__ DatAD*x DC y. Tacé AB= 2}{ BC -2y nén
X2 + (2x)7 = (15V5)% - @ Ty
Lex? + &+ =29 @ - Hwhiol

Tu (1) ta dugc x = 15. 'I’hay vao (2) v?.i rat gon dm::rc
}f - 10y -375=0&(y - 25)(y + 15) {}
Tir dé y = 25. Ddp 56 : 600 cm”.

(h 102) a) Ké CH L BI, CH cit BA tai D ﬁBCD
can nén CH = HD. D4t BC = x thi AD =x — 5.

ACHI vuéng can c6

CIH = 45° = CH = _6 = DC = =
2 2 2
Xét .ﬁACD vufmg coO
AD? + AC* “DCE = -5 +x2-25=T2 Hf&h 102

Riit gon dum:: X% — 5% — 36 = U &> (}{ —9)(x +4) 0 Bdp s6 : BC = 9cm.
Ao f(
\/_




26.

27.

-a) D& dang tinh duoc : BC = 10cm, DA = 3cm

suyra 1, =? = B1 + C} = 45°.

Suy ra BH = 2+/5cm. Xét ABHC vuong
BC”=BH’ + CH’ = 20 + 5 = 25 nén BC = Scm.
Ké IK L BC. Ta c6 IK.BC = 2Spc = BLCH = v/5.4/5 = 5.

Suy ra ilK = lcm. o
Dé dang tinh dum: BK = 2cm. Tir dé6 AB = 3cm, AC = 4cm
(h.103). BI cat AC tai D.

DC = S5cm. .
Do DBC = MC = 5cm nén &IMC = AIDC (c.g.c)

P

HSan 103

Vay BIM = 90° .

b) Dal BC=a, AC=b, AB = ¢, Ta sé b1éu th1 avac theﬂ b TI‘L!‘UC: hét ta cn |

_az—c =p> N

Do BIM = 90“ I, = 45° nén T, =45°. Ta ¢é ADIC = AMIC (g.c.g) nén
DC = MC Do d6 a =2DC, ¢ = 2AD (tinh chét dudng phan gzéc} Suy ra

a+c-2(DC+AD}"2AC 2b. ' (2)
L2 2 .2 2 o 5 3b
Tacéa” —c =b.,a+c=2b.{};asub_2{:,_tadum:az:—;i-, c-_-=-—4— Do dé
a:b:c=u5-:1:-3-=5':4:3.
4 4 .

Goi ﬁé dai ba canh cia tam giéc vuong tir nho dé’n'l{m lax —d, x, x +d. Theo
dinhliPyta-go(x——ci) + x° —(x+d) nén x- —(x+d)-—{x—d} = 4dx.
Suyrax =4d. . . _

Do dai ba canh chia tam gidc vuodng 1:?1 3d, 4d, 5d. Ti s6 gilta ba canh ctia
tam gidc vuong d6123;4; 5. -

b) Néu x — d, x, x + d 12 cdc s6 nguyén duﬂng thi d la 36 nguyén ducmg
Theo cu a, do dai cdc canh ctia tam gidc vudng dé 1a boi cha 3, chia 4, cha 5.
Trong cac s6 17, 13, 35, 41, 22, chi c6 35 12 boi cha 5, cdc s6 ¢on lai
khong chia hét cho 3, cho 4, cho 5. Do dé chi c6 s6 35 ¢6 thé 12 do dai mot

~ canh cha tam gidc vuoéng d6 (khi dé tam gidc vuong c¢é ba canh 21, 28, 35).



28.

(h.104). Dit DB = x, FC = y. Céc tam gidc g

»-;\E

BDE va EFC déng dang nén X _ E, suy ra X
. | 2y Dr—3
Xy = 4. W : 2
SR, 2 2. -
Ta lai c6 AB” + AC” = BC” nén A %2 F Y C
(x + 2%+ (y +2)2 = 45. 2) Hinh 104

Tt (2) suy ra X* + y2 + 4(x + y) - 37.Datx +y = a,iké’t hop véi (1) ta duge
a’—8+4a=37 o (@a-5¥a+9 =0néna=35.Suyray=>5-x. '

- Thay y bdi 5 — x vao (1) dugc

29,

30.

Ké AH 1 BK. Pit IH = HK = x.

x* —5x+4 0<::>(x—-1)(x-4)-—

.mewlthiy_4 khld:}AB 3cm, AC = 6¢cm.

an,-mdthlyﬂl khi d6 AB = 6cm, AC = 3cm.

(h.105). Duﬁng vuﬁng gbéc v6i AB tai A cét BI A

& K. Tacé K phu véi Bi, AIK phu véi B,
ﬁi = ﬁz s nén K = AIK. |

Xét AABK vuodng c6

AK? = KH.KB hay (2v/5)" = x(2x + 3).
Rit gon phuong trinh _ | Hinh 105
2x* +3x =20 = 0 > (2x = 5)(x + 4) =0.

Nghiém dwong x = 2,5 thich hop. Suy ra KB = 8cm. Tir dn AB = 24/TT em.
(h.106). Goi E la diém déi xing véi H qua BC. Ta ¢6 BHCE 1a hinh thoi,

AABE vuong tai B nén BE” = ED:EA. D3t DE = x. C6 hai trudng hop :
a) BAC <90° (h.106a). Ta c6 X(2x + 14) = 307 |
Rit gon phu’un g trinh

x>+ Tx — 450 = G<:;-(x-18)(x+25)—
Nghiém duong x = 18 thich hop. Tir d6 AD 32cm. . '_



Hinh 106

b) BAC > 90° (h.106b). Tacé x(2x - 14) = 307,
Riit gon phm:mg trinh

x* —7x =450 = 0«*‘;:‘;{}(“25){}{-!- 18) =0
Nghiém duong x = 25 thich hcrp Tt d6 AD = 11cm.

31. (h.107) Pat BD = x, DC = y. Gla SUX<Yy.
Ta tinh dugc HD = 27cm. Vé tia phﬂn _
gidc clia goc ngoai tai A, cit BC & E. Ta

c6 AE L AD nén AD* = DE.DH. Suy ra

2 L4e2 : S . T -
pE= A0 4 s .  E aETD ¢
' Theo tinh chét dudng phan gmc trong va ngaaz ctia tam gzéc
. H§= _E_E X _ 7 T : 0 .
DC EC 'y 75+y _ .
Mt khéc  x+y =40 o (2)
: ThaynyI-O xvao{l}vérutganduﬁc " B
X* — 115x + 1500 = 0 <> (x - 15}(};*~ — 1{}0} 0.
Dox<40nénx=15txdéy = 25

Vay DB = 15¢m, DC.= 25¢cm.

§2. Ti s8 lugng giac cla géc nhon -

32. a) tgo = % =3 = o~ 71°34'. Sai 56 cha phép dung 12 0°26'.



Chii y : 360° : 5 = 72°. Bai todn trén cho ta cach du‘ng gan dunﬂr mﬁt ngu
gidc déu nodi t1€p trong duﬁmg tron (h.108). ' s ‘

b) Sai 56 0° S{J' o | =

Hinh 108 | o Hinh'109 e |
33, Vé {iu*dng cao AH (h 1{}9} Do AM AC nén CH I—IM __E';_". Da do or B

1gB _ AH AH _ CH 1 o

N ... .. coso +sina.
34, Chia ca tir va mau cua

cosa — Sll’lﬂ.

' . +1: o
cosa + Sino. _ gino . cotgu+1 2+1

oSt .

coso.—sino, COSQL cntga—~1_ ¥ 2—1- A
sino I '
35. (h. 11{}) Goi H 1a gmﬂ diém cua AN va DM Dé dhng

 cho s sinot # O ta dum: FR e

ching - minh - dum: A&ADN QABM (c 8 c} nén B

'Al Az,suyraﬂHj_DM cusm4:; SRR 54

pat AB = AD = 2a. Ta tinh ducsc AM AN = aJ_

Tur ADE = AN ta ti’nh dl.rm: AH "'-iu Do dé

=5 T "anf: f'}_ﬂ :

'cosMAN—- AH . 43 (\/-]“'““
AM

36 (hill)GﬂlIlﬁtmngdlémcuaHE DatAHma,HB bth:DI 2b EH

2 2
HC:AH =a-'




tgIED = % :-ﬁa tgHCE = HE 28 _2b
. a

Suy ra IED = HCE do dé IED + HEC = 9{3‘}
Vﬁy DEC 90°

Hinh 111 | Hinh 112

37. (h.112). Xét AABC cé6 BC =z AC = AB, duﬁng phan giac AD, duong cao CH.,
Cén chiing minh CH = AD. " -

Ké DM L AB. Ta co

AC>AB:DC}DB:>BC:>2BD:¢~CH>2DM BN ¢Y
‘Mt khic do A 12 goc 16n nhit céia AABC nén A 2 60°
— MAD = 30° = sin MAD > é— = %; % = 2DM = AD. " (2)

Tu (1) va (2) suy ra CH = AD.
38. Giai tuong ty nhu Vi du 4.

=2 -1.

Ddp 56': 1822°30" =

\f!— 2 + 1
Cdch 1. Xét AABCc6 A =90°, B = 22°30' 1di ké dudng trung tryc ciia BC.

Céch 2. Xét AABC ¢6 A = 90°, B = 45° 16i ké dudng phan gidc BD.

Cdch 3. Xét AABC c6 A = 90°, C = 22°30" 16i ké dudng trung tuyén AM
va duong cao AH.



39. Xét AABCc6 A = 90°, C =15°, BC=4 (h.113). K& dudng trung tuyén AM
du’cmg cao AH. Ta c6 AMB = 30°, AM =2 nén AH = 1, I-;I':I{[ = tg30° =

1

5

suyralrﬂ\eimﬁ.Dod{‘)HCmI-IE\«EI+MC::x/§+2. Ta.co
AC* = AH? + HC? :
=1+(W3+22% =8+443
= 4(2 +/3) |
nen AC =22 +3. Dodé : | |
HC'= 2+J§ _:w./2+ _1,’4+2 “\@+I \.fg+~f£
AC 22+ 3 g 242 22 4
| J6 -2 - |
Ja

40. V& AABC can tai A, A = 36 ‘BC =1 (h 114) Thé thi

B = C = 72°. V& dudng phan gidc CD. Ta c6 AADC can ta1
- D, ABCDcantai C, AD=DC=CB = 1. :

Ké DH L AC. Bit AH = HC = x. Nhu vay

Hmh 113

'00'515‘""_ =

Ban doc tu ching minh sin15° =

cosSéom-j}E_mx-
- AD

Tacé_AE==AC=2x,BD:=2x~1._ ST .

Xét AABC v6i dudng phan gidc CD | o " Hinh 114
DA _AC Ll e ax®-2x-1=0
DB CB  2x-1 RS

2 | '
“—“:'(2){—-1—) EE WS BC
2 2 2
Nghiém duong cia phuong trinh : X = ! t;ﬁ '

_1+J5-
==

Do dé_.cnsB 6° =

Pé tinh cos72°, také CK 1 AB. Ta cé



DK 2x ~1 1 1++45 1 J5-1

cos72° = = =X—-—== -— =
DC 2 2 4 2 4

Chii.y : Ciing c6 thé giai bai todn bing cich v& AABC can ¢ B=C= 36°,
AB = AC = 1, 14y diém D trén BC sao cho BD = AB réi xét cdc tam giac
dé}ng dang ABC va DAC. Ban doc ty gidi.

'§3. Mot sﬁ'h?e thirc vé canh va géc trong tam giac vudng
41. a) (h.115a). BH = h.cotgB, CH =h.cotg C
'~ = BC=BH + CH = h.(cotgB + cotgC).

' 40 . 40 40
h = ~ ~ ~ 21 (cm).
cotg40” + cotg55° ~ 1,1918 +0,7002 1,892

C’ | B M HC

Hinh HS

b) (h 1151:1} bt MAH = o. Tacoé BH = hcoth CH = hcoth MH = htget,
~ BH-CH= (BM + MH) — (CM - MH) = MH
= hccth heotgC = 2htga | |

cotgB — cotgC

= tgo =
& 2

= {0,5774 - 0,1763) : 2 = 0,2006
=~ 11921

42. (h.116) K& AH L BC. Dgt AH = BH = x. Ta ¢6 HC = AH.tg60° = x+/3.

DDBH+HC BCnénerx\/_—-i Suy ra X = 4 22(«/_.—1)cm.
-«,@+1 ‘



T d6 AB = xv/2 = 2(/6 — v2)cm, AC = 2x = 4({/3 - Dem.

HinhIM o Hink 117 T BRRL ED

5

43. (h.117) Ké BH L AC Ta c6 AH = 14 BH AB smfso"' Zag Y2 14~f- =

HC = 21, BCZ-—BH2+HC .._583+441..1029 TudoBC ':fﬁcm |
44. (h.118) Pat DK = IC = x thi KI = MK*K 2. TixDK+KI+IC DC._:‘-_

suy ra x(2 + ‘J_) =], dodé x = Téng dxén tich cta. bc-n tam g:éc-

+\/_

vadng cﬁn bi cét di bing

1 1
. : '—3 2 d
67 472 3+z¢* V2 @

D X Kyys 1L X C-

2x% =2

_ Hmh 118 ._ i | _ :
45. (h. 119) Dét DE-= AE = x, DF = AF y. KéDIL AB, DKJ_AC ’Fa tinh.

dwoc BI = 10, DI = 103, tir d6 ap dung dinh If Py-ta-go vao ADIE vuang_.._'
ta tinh ducrc X = 28 o

Bang cach tLrﬁng tur, ta nnh du{!-:: y 35 B]ét AE = 28 AF- = 35 va. .
_ EAF = 60°, ta tinh duoe EF = 'rf (xem Bai tap 43) L



- 46.

47.

48.

'nénxﬂy:b 131-4. ;\11 = fﬁl-{{}l[}o_

(h.120). Ta c6 DAN = DAM, NAB = MAC.
Theo Vidu 6 tacéd | _
BN ¢.AN

=3 : S =  ; [
MC _ DABN SAMC =3 mor - _)
BM eAM .. ... B __ NDM . C
=S8 + S = — . ' 2 o .
NC ~ UABM PPANC TR (} . Hmhizo
, BN BM &2 BN 2
Nhan ting v€ (1) voi (2) : : = DD BM MC nén — = —
R MC'NC 2 " NC ;:,2
(h.121). Goi O la giao diém hai duﬂng chf.:o- C A -
cla hlnh binh hanh ABCD. I)at OA = 0OC = X5 -
OB=0D=y, AD=2,DC=b, theadébmw—m% |
Y

Gidastra<shb= le-:Ai :>C1«:9{}°. Do a<b

Theo Vidut’: SADO = %aystI, SGCD = }-bxamCI ma

SADO “SOCD! ay = bx -
= sinD; =sinC; = Dy =Cy = AOD = ADC.

(h.122)

a) Goi COD = o < 90°. Ta ching minh

dwoc IEG = DOC, HFK = DOC nén

iEG = AFR (1)
'Dé thdy EG = }S_AC, El = %BD nén
EG AC |
El  BD : {2}_. R Hinh 122

Goi M la giao diém ctia FK va AC, tacé.
FK = FM + MK = AM cotga + MC cotga = AC cotga.



49.

| Suy ra

Tuong tu FH = BD cotga.. Do a6 RS
| .~ FK_AC
| FH  BD :
Tir (1), (2), (3) suy.ra AIEG e» HFK c. ge)..
b) St dung cau a) va chd ¥ ring IE L HF

(h.123). Chitng minh bﬁng phén chu'ng Gm S la -
dién tich AABC va ki hiéu nhu hinh vé. .=

515283 - 1 . (l)B XTE a-x ¢

S be “ac S ab
= __31-52-83. _x@-x) yb-y) ze=2)

x(a — x)

a?

Ta ¢ <E¢$a >4x(a x)@\(a—Zx) ‘F'D

y(b- Y) Z(C*Z)

b2 ¢l

Tuong tu -:161 véi

S158 1

5 , mau thudn véi (1). Suy ra diéu phai ching minh. -

S =8,=8 = %s. & a=2xb=2y, ¢=22< D, E,FIa trung diém céc

~ canh cha &ABC.

Chii y : Bai todn vin tiung néu AABC c6 goc vuong hay goc (.



Chuong II - BU(‘)NG TRON

§4 Sy xac dinh ﬂuung tron. Tinh chat daoi xu‘ng cua duong trun
50. (h. 124) Ké dudng cao AH. Ta tinh dugc AH = 32cm. A

51.

S2.

(h.126). a) Ta c6

DeAH:»HCnéntmnOnﬁmgmaAvéH DatOH“x
KP,OM.LAC Ta cé . | |
AAMO o AAHC (g.2) . B

.
AO AM _ 32-x 20 | \_j
= = — = = . co

AC AH 40 32 Hink 124

O

- Tr do x = 7em,

(h.125) K& dudng kinh AD thi ACD =90°. Ta ¢6 AC? = AD.AH nén
2 2 _ 2

AD = AC _b . Bdn kinh clia dudng tron bing 13—*

| AH b o 2h

Hinh 125

 IC+IM=TA+IM>AM -
nen  IC+IM+MC>AM + MC (1)
Ta ching minh duge | .
AM +MC::»-AO+ OC=R +R = 2R "’(2)'
T (1) va (2) suy ra chu v1 AIMC 16n hon ZR

b) Chu vi QIMC bing nira chu vi &ABC B
(Vi IC*£ IM-—éE MC:-—) nén tir cdu
2 2. 2 :

a) suy ra chu vi AABC 16n hon 4R. Lo - Hinh 126




53. (h.127) Goi H 1a truc tam ctia AABC, 1 12 trung diém clia AH. Ta ching.
minh dugc AH = 20D, DOAI ia hinh bmh hanh, suy ra DD' di qua trung
diém Q clia OH.

Ttm'ng tw EE', FF cung dl qua Q (dlém Q 1a tﬁm dudng tron O—Ie clia MB{:)

Hinh 127 - Hinh 128 .
54, {h 128) Goi DE 1a mot dudng kinh ctia ducmg tron (0) ta co
: DA + EA 2 DE = 2{:111
DB +EB ?-" DE ZCm
_ o DC+EC3'DE 2cm.
Suy ra (DA + DB + DC) + (EA + EB + EC) > 6cm.
NéuDA + DB+ DC= SCm thi diém M phai tim1aD.
Néu DA + DB + DC < 3cm thi EA + EB + EC > 3CII'1, diém M phﬂl tim la E

§5. Du’dng kinh va day cia dudng tron. e
l.ién hé gura day va khoang céch tir tam den day

55. (h.129) a} AC 1a day ctia dudng tron c6 dudng kinh 1a BD nén AC < BD.
" . b) AC =BD < ABCD la hinh chif nhat. S -

Hinh 129 o - Hinh 130

'56. (h. 130) Céc diém A, H, E, K thuuc dudng tron c6 du’Emg kmh AE, ma HK .
12 day ctia dudng tron dé nén HK < AE. -

Trong dudng tron (O), ta c6 AE < AB. Do d6 HK < AB.



57.

| Do AK = %AB nén CK Ia duong trung trye cia AB,

'"'-do éﬂ CK di qua O Vay &ABC cﬂn tai C

(h.131) a) Ké MH _L AB Tam g1éc vuong AHM c6 AM = lﬂcm MH dcm,
nén AH = 6¢cm.

Ké CK L AB. Tacé
CK = 2MH = 16cm,
AK =2AH =.12cm.

b) D¢ tinh OC, ta chi y dén cap tam glac dﬁng dang

~ OMC va AKC. Suy ra

38.

59.

- 'Ap dung dmh If Py—ta~gﬂ ta tinh dm‘fc DH 2 Scm

MC OC 10 'OC

KC AC 16_ 20

Bap s6: OC = 12,5¢cm.

Tinh khaang cdch tir O dén AB dugc 3cm. Tinh khoéng cdch tir O dén CD |
dm:rc 4cm. o

o - Ddp s6": 7Tcm hodc lem.
(h.132) N o
2) Dudng kinh AB vuong géc véi day CDnén

CH = -%[?. = 6cm (gza sty HA < HB)

Do d6 HB = 9¢m, HA = 4cm. i
b) Cdch 1. Ta tinh dugc | |
SCMHN = E_H__ (xem Bai tAp Zib)_ nén.
666 _ 216 _
s . ~16-—~
CMHN 13_ BE (Cm )

< Cdch 2. ACHN va » AABC déng dang nén

| * cHY (6V 36
Scun *Sasc =| 25| TG =155



' Ta lai ¢6  Samc ﬁ%.ij.ﬁ =39(cm?)
36 108
Scpn =39 = e,
CHN ™ 169“_132:_
- 216
Va S, = — = 16— cm”

60.

62.

- diém clia HI. Chimg minh ring O thuéc dudng =

tryc clia day EN, do d6 O 1a tam ctia dudng tron

(h 133) a) Goi I 12 trung diém ciha C]Z) Hay
chitng minh IH = IK va IC = ID. :

b) Qua I ké dudng thing song so_rig wanB
cat AH va BK & E va F. Lan lugt chitng minh :

SAHKB = SAEFB
Sagrs = ABIIL,
Sagc + Sapg = AB.II' (ké I' , CC', DD' vudng gbc véi AB}
¢) Ta tinh dugc 10 = 12cm. e
Samks = ABII' < AB.IO = 30.12 = 360.

 max Sppxg = 360cm’ < I'= 0 < CD // AB. Khi'dé A_HKB 12 hinh chit nhat. -
. S

(h.134) Ké MM' L BC, NN' L AC, MM' cét NN
tai I Goi H 1a tryc tam caa AABC, O 13 trung

trung tryc clta day DM, O thudc dudng trung

di qua sdu diém D, M, N, E, F, P; diém I d613'

xing véi H qua O. B .ND M. .. C

Ching minh tuong tu, MM’ cét PP' tai I' thi I'
doi xing v6i H qua tam dudng tron néi trén. Suy
ral=I, VayPP'ciing diqual.’ - |
(h.135). Ké cdc dudng trung tuyén CM, DN cua .
AACD, chiing cét nhau & E. Goi G 12 giao diém
cua CD va AO, G 14 trong tam ctia AABC.

Ta co

CE:CG=E:>EG}!AB
cM D 3 |

‘Hinh 135



§6.

63.

64.

Ta lai ¢6 OD L AB nén

EG L OD. (1)
Ta ¢cé6 GO L. BC ma BC ff DN nén OG L DN, nitc 1& |
OG L DE. 2)

Tir (1) va (2) suy ra G 12 truc tam ctia AODE, do d6 OE L DG, tic 12 OE | CD.

Vi tri tuong d&i cia dudng thing va dudng tron.
D&u hiéu nhan biét tiép tuyén cia duéng tron

(h.136) a) Hinh thang ABCD ¢6 AO = OB, OM ﬁ AD // BC nén M 12 trung
diém ctia CD.

b) Cing bang 20M.

¢) Tt gidc BCDE 12 hinh chit nhat.
d) Goi dién tich ABCD 13 S.

Ta cé |

S = _?E:g_ib..}aﬁ = OM.BE < OM.AB = 2RZ2.

maxS =2R%* < OM L AB. _ _ Hinh 136
(h.137) '

a) Goi O la tam cha dudng tron ngoai ti€p ABIC. Cic
diém I va O thudc dudng trung truc cha BC nén A, LO
thing hang va AO L BC. Ta ¢é '

OCI = OIC, ICA =ICB
nén ~ OCl + ICA = OIC + ICB = 90°.
AC 1a ti€p tuyén clia dudng tron.

b) Xét ACAH, CI 1a dudng phan gidc trong, CK 1a
duong phan gidc ngodi. Theo tinh chat duong phan gidc

1A KA [ CA] - Hinh 137
- = ——— | cling béng e -

IH KB CH

HI

Al
Suy ra = .
AK HK



65. (h.138) Goi N 1a giao diém clia BC va AM. Tam gidc ABN ¢6 AO OB,
(}M // BC nén NM = MA.

CH// AN = < _H (cﬁng bang -—]—5—%——) ma NM = MA nén CI = IH.
NM MA BM
X
N
C
M
I
A H O B
ank 138 - Hinh 139

66. (h.139) a) Goi I 1a trung diém cta BC Hay ching minh IM 1 AD |

'b) Ké MH | BC. Hiy chiing minh AABM = AHBM (chi ¥ B]: ﬁg vi

cling bang BMI). "

67. (h.140) OC cat DE ¢ K va cét duﬁng tron (O) & L
Ta ¢6 ACEI vuong nén

CE = CI.CK = 2C0O.CK. (1)
ACMK e~ ACOH (g.g)
M _CK o CcOCK=CM.CH. @)
| co cu T o _
Do CH 2CM nén o : o - Hinh 140,
CH? = 2CM.CH. 3)

dl
Tur (1), (2), (3) suy ra CE = CH. Tir d6 suy ra diéu .
phai chitng minh.

68. (h.141)
Cach 1. Ké OH L CD, DO cit d tai K. D& dang
chtmg minh OK = OD, do d6 ACKD can tai C,
= Ca, suy ra OH = OA. ‘Vay H € (0). Vi CD
Vufhng goc v61 ban kinh OH tai H nén CD 12 ti&p
tuyén cia dudng tron (O).. |

Cdch 2. K& OH L CD. Goi M 1 trung diém cha o
CD. Hay dung tinh chit dutng trung binh cha Hinh 141




69.

70.

71.

hinh thang va dudng trung tuyén #ng véi canh huyén cha tam gidc vuong dé
ching minh Ci = C2 (ciing bing COM ).
Sau dé gidi ti€p nhu & céch 1.

(h.142) Goi M 1a trung diém cha DE. Ké
MH 1 AB. Ta s& chitng minh MH = MD.,
OM la dudng trung binh cdia hinh thang
ABED = OM // AD = S,0um = Spom

=> %OA.N[H = %OC.I\'{D.

Do OA = OC nén MH = MD. T dé suy ra

. .. . . Hinh 142
AB 1a ti€p tuyén ciia dudng tron (M ; MD). _ nh 1
(h.143) a) Xét cdc tam gidc dong dang ABM B

va ANO dé suy ra

~ AM.AN =2R”.
b) Cédc do dai AM, AN la hai s6 duong c6
tich khong déi nén tdng ctia ching nhd nhét
khi va chi khi chiing bdng nhau. Khi d6 d

MN = 242 R.

a) Khong mat tinh téng qudt, gi sir B’ thudc
canh AB va C' thuoc tia déi ctia CA (h.144).
biém H & bén trong AAB'C. Qua H ké
dudong théng song song véi B'C' cit céc
canh AB' va AC' & B, va Cy. D thy

Sagc; <Sapc- - (D

Ta lai ¢6

SaBc < Sap,c, @) Hinh 144

(That vay, ké CK// AB (K thuoc B,C,) thi Sgpp, = Spcx < Suec, )- '

T (1) vA (2) suy ra Supc < Sapc-

b) Tl cau a) suy ra trong cédc tam gidc ABC cé A =ava duong cao AH = h,

tam gidc can tai A cé dién tich nhé nhat.



§7. Tinh chdt cha hai ti€p tuyén cit nhau

72.

73.

"song song cdch déu hai tia Ax, By (K thudc nira

(h.145)

a) ACOD vuong c6 OE la dudng cao. Ta cd X

AC.BD = EC.ED = OE? = R?.

b) OM Ia dudng trung binh ciia hinh thang ACDB
nén OM // Ax // By. Diém M chay trén tia Kz

C

duong tron tam-O).

¢) Sacop= 519%1}9 AB =OM2R > OK2R = 2R,

min Sycpp = 2R” <> M = K. Khi d6 ACDB 12 hinh chif nhat.
(h.146) a) Tam O la giao diém cia cdc tia phan gidc cha cdc géc A va B.

_b)ﬁ:goﬂ.

74.

¢) Goi C 1a trung diém cia AB. Ta c6 OM va ON ciing vuéng goc véi OC.

d) HM = HN < HO 1 MO < MAH = 90° < Ax L AB, By LAB.

Hinh 146 - Hinh 147

(h.147)
a) Ké IH L BC. Chiing minh rang H < ().
b) Hay ching minh BIC = 90° dé suy ra

AB.CD = HB.HC = [H’= a%.

¢) Theo tinh chét cha tiép tuyén va dinh If Ta-16t ta cé BH ~BA _ Bk :
| e " HC DC KD

Suy ra KH // DC (dinh 1i Ta-1ét dio).



75. (h.148) Goi F la giao diém clia BD va AC. Ta c¢é

IE ID (cun bin ﬁ)
g g BC

| AC CF
Hiy ching minh AC = CF.
F

Hinh 148

76. (h.149)
a) Ta cod
' S s}
MON = ~HOR = 19
Do d6 - MON =B =C = q.
b) ABMO e AOMN (g.g)
'AOMN e ACON (g.8).
c) Q.BMO vd ACON déng dang = 2;1 = (B:E = BM.CN = BO.CO =a’.

d) Tich BM.CN khong déi nén téng BM + CN nhd nhﬁ'{ Kkhi va chi khi
BM = CN. Khi d6 ti€p tuyén MN song song voi BC. :

77. (h.150)

a) M, A, N thang hang T glﬁc BMNC la hinh thaﬂg, SBMNG = ZSABC Tinh
~AH dugce 30cm.

Dép SC{ . SEMNG = 195001112



78.

79.

80.

b) bat AK = x, KN =y,
Ta c6 AKNA <~ AKHC (g.2)
N AK _ KN _ AN
CK  KH CH
X y 2

= = = =,
y+45 x+30 3

Tir d6 suy ra x = 78cm, y = 72cm.
c) Pdp s6 : IM = 48¢cm, IB = 52cm.
(h.151) D& dang tinh dugc DE = Scm.
Tacod | |
SopE = Sasoc ~ Sapk — Sosp ~ Soce
Sops =36 — 6 — 6 = 9 = 15(cm?).
Ké OH L DE, tacé
OH = 2Sgpg : DE =2.15 : 5 = 6(cm).
Tir d6 suy ra diéu phai chirng minh.
(h.152) o
2) Chu vi ADMN bing 2a.

'b) MBN = 45°.

¢) Ta c6 MN < DM + DN

= MN + MN < DM + DN + MN = 2a (céu a))

= 2MN <2a= MN<a.
Ta cé6 MN > DM, MN > DN nén

A a B
I/,
M o
/f
Fa
E
] : |
D N - C
Hinh 152

2MN > DM + DN = 3MN > DM + DN + MN = 2a (c4u a))

:>MN>-23—3.

(h.153) K& OH L BC. Goi ban kinh ctia (O) 12 R. Ta c6 OH = 25 - R (né&u
O thuoc doan thang AC, h.153a) hoac OH = R — 25 (néu O thuoc tia dsi

cha tia CA, h.153D).



o)
)

R-25

o
-
O
1
Y « T
-

QK’

a) ‘ b)
: Hmh 153

 Goi I 12 giao diém ctia (O) véi canh BC, tac6 Ol =R, IH =R ~ 2. Trong,

| §8.

81.

82.

&OHI vuong : .

TH? + OH” = OF” nén (R = 2)° + (25 ~ R)* = 2._,

Dua vé phuong trinh R” - 54 R + 629 =0 < (R=371R-17)=0.

Vay R = 17cm (ing v6i hinh 153a) hodc R = 37cm (iing v6i hinh 153b).

Pudng tron ndi tiép tam giac

(h.154) Goi r 1a ban kinh clia dudng tron
noi ti€p AABC. Dé dang tinh dugc.

BC = 25¢cm,
- 15+20—-25 = 5(om).
2
Al = 5\_[_2—cm, AH = 12cm. | ' Hinh 154

K¢ IK L AH. Ta tinh dwogc AK = 7em, IK = lem.
(h.155) a) Goi x 1a ban kinh ctia dudng tron noi nép

Phircmg trinh (x + 5)° + (x + 12)*=17%;x=3.

83.

Bap s& : AB = Scm AC ISCm BC = 17cm.

b) Gia st AB=20cm. Thé thi BD=BF =20 -6 = 14 (cm).
Pbit CD = CE = X. Phucmg trinh 20% + (x + 6) = (X + 14)%; x = 15.
Dap 3& AC=2lcm, BC 29cfﬁ |

(h.155) Xét QABC vuong tai A. Gia st AB = 12¢m Goi r 12 ban kinh ciia
duong tron nodi ti€p thi BC = 3r. Do dé



-84,

86.

Do dé :

2 = BC? - AB? = 2512 ~ 144, (1)

Tacé AB+ AC — BC = 2r, nén AC = BC + 2r - AB = 7r — 12. (2)

Tix (1) va (2) suy ra (7r — 12)* = 25r% — 144.
Thu gon phuong trinh dugc
| r? =7 +12 = {]<:>{r—-3)(r—4) 0.

Vayr—Shoacr-—d. ' '

" Pdp 56 : S = S4em? hodc S = 96cm’,
(h.155) Goi b, ¢ 1a cic canh gbéc vitﬁngfvﬁ gidst -,
bzec. . : .
Tir be = 48 va b* + ¢ = 100, ta tinh duoc (b + ¢)°,
(b < c)%, (b +c), (b—c). T dé tinh dugc b = 8,
c=050. . _ .
Ban kinh ctia dudng tron noi ti€p bing

8+62-10 Hg(cm}

Hinh 155

. (h.155) Gm r la ban kinh cta dudng tron noi tiép. Dat BC ="a, AC = b,

AB =c. SO d{} dién tich tam gidc bing s6 do chu vi nén

(a+b+c}.~é~ =a+b+e,

_Ti‘rdér__r-Z.Tadéb-bc-&:_Er.Dnré:;’_v&c:mﬁnéné_-fb:1.

Tra’-b’=25vaa~b=1,tatinhdugca=13,b = 12.
(h.156)

a) D€ ching mmh Buﬂng kinh cua dtrcmg tron ndi tlép tam gléc vuong
béing téng ceic canh gﬂc vuﬂng trir di canh huyén.

2rI=AH'+BH AB
21y = AH+CH AC
| 21‘-AB+BC BC.

Suyrar-i-rl-i-rzh—AH . L Hj‘nkfjﬁ



b) Cdc tam gidc vuéng ABC, HBA, HAC déng dang nén

BC AB AC’
Dodé =0 __ 2 _ 0 *H _H +np°
suy ta - % = 1-12 + 1.22_ '

0 0105 = (5 — )% + (i + 1) =20 + 12) = 212,

87.

88.

89,

DatBC=2a, AC=b, AB=c.

_AB+AC-BC 3+4-5
2 2

Do dé6 0103 =2, suyra 0,0, = V2 (cm).

Talaicé r = 1(cm).

(h.157) Goi Py, P,, P; lan luot 1a chu vi clia cdc tam
gidc nho, P 1a chu vi cia AABC. Céc tam gidc nhd
dong dang vdi AABC nén
5 R n_ B o B
r P r P r P’
n+np+n P +P+Py.
T P

Nhung P; + P, + P; = P (dé dang chimg
minh) nén r; + 1, + I3=1. | |
(h.158) Ké Ax // BC, cét DF & G. Dé dang
chimg minh dugc AE = AF = AG. :
Léan lugt chitng minh :

MN DM BE BD EM EM

AG DA BA BA EA AG
Suy ra MN = EM.
Vay M la trung diém ctia EN.

(h.159) K& GG', II' vudng géc véi AC. Ta cb
GG =II'=r. - -

Do dé

TacO2r=b+c—a, mac=3GG =3rnén

Hinh 159



90.

91.

Do d6 BHE = CHF, N -

92.

~AD = ' = > =3 (cm).

a—b=r : (D)
Ta lai c6 a®—b*=c’ =9 nén két hop véi (1) suy ra
| a+b=9r. = | 2)
T (1) va (2) s'uyra a=5r, b=4r, doddc=3r.

(h.160) Goi D Ia tiép diém ctia dudng tron (I) véi B
AB. Ta tinh duogc

BC = 15¢m,
AB+AC~-BC 9+12-~15

)
NS -
A N M C
Hinh 160

2 2
Goi N 1a giao diém ciia BI va AC. Ta c6
BL_BD_6_2_BG = IG // NM,
BN BA 9 3 BM

IGL—%NM

Lan luot tinh AN =4,5cm ; AM = 6cm. Suy ra NM = 1,5cm, do dé IG—- lem.
(h 161) Ké BI, CK vuﬁng goc voi EF. Tam gidc AEF can tai A nén
BEI = CFK. ABEI e ACFK (g.g2).

Lﬁnluqtchungmmh Bl BE_BD _HI dé€ suy ra ABHI c» ACHK (c.g.c).
- CK CF CD HK

- _Iu;. . .
O ~s4

Hi

i
f
I

_ : D

Hinh 161 Hinh 162

(h.162) a) Ké duémg cao AH. Ta tinh dugc AH = 32cm. Ap dung tinh chﬁi
dudng phan gidc cia AAHC, tinh duge IH =12cm.

b) K& dudng kinh AD ciia dudng tron (0). Ti AC? = = AH. HD, tinh' dugc

AD = 50cm. Do do OA = 25cm.
c) Pdp s6 : Ol = Scm.



93. (h.163) Gm (I) va (O) 1a cdc dudng tron ndi tiép va ngoai ti€p AABC can tfu A,
Ké dudng kinh AD. Dé chitng minh DI = DB. Pit Al =x, [D = Y.

 Hink 163 K
K&IE L AB.Tacé X +y=AD =25 o )
BB BTy 0000 O
T (I)va(2)suyrax=15,y = 10 hoic xl= 10, y = 15.
- Trudng hop tht nhét cho AB = 5v21cm, BC = 4+/21cm (h.163a).
Trudng hop thtt hai cho AB = 20¢m, BC = 24cm (h.163b).
94. (h.164) Tinh OB trong AODB duroc OB = 2+/5 ;
Ké CM 1 BO. Ta c6 ABOD c» A BCM (g.g)
_BD_BO_OD _ 4 _ 25 2
UBM BC CM BM 10 CM
SuyraCM E\E BM 44/5. o _ <
Do d6 OM = 2+/5. | " Hinh 164

Vay ACOM vuodng cin, COM = 45°. Do'd6 A = 90°. D& dang tinh duoc
AE = AF = OE = 2cm, AB = 6cm, AC = 8cm..

95. G@i a la canh huyén, b va ¢ 1a cdc canh gbc vuoéng (gidstb>c), Rvarla
~ céc ban kinh ctia dudng tron ngoai ti€p va noi'ti€p. Tacé:

a=2R o I (1)
%=J§+1 | | 2)



96,

Can tinh sinB = —, sinC = u-, dodédit —=m, —=n.
a o ' a a: -

[ T

b c :
-fz"“-l-m ﬁlﬁmz

Tu (3) suy ra . -
rrﬁ {4), (1)! (2} Cé‘ - - ek
| b;c' 2t _ 2t _ro_ 1 S3-1
a a a 2R R'\/‘+1 2

Bt 1443
=

Suy ra m+n=1I+ TERE

\ 143 |
T m2+n2m1, m+n= J_ vcﬂm?*n tatmhdu’ﬂc{m+n) Zmn

2
AL
2

(m — n)%, m — n. Tix dé m = N 2.

| o _' de 0 B= 60” GE 30"* A=90°
(h.165) a) Pjt OD = ON“I Ta c6 ﬂNOImaDBO @. g) LI
NI  NO
DO DB : R

Ttl‘ﬁllg fur NK DC = r Suy ra NI DB NK DC

‘NI _DC-
K. DB _ |

b) Do IK // BC nén theo dinh_}i Taslét o S SAX
NK NI NK+NI IK s
DB~ DC _._.DB_-t—DC BC R

Tir (1) va (2) ta c6 = = if;,d@a d6 FC=DB.

= NL DB N(}DO_ = r

do dé

Tircéu a) suy ra_

JFC

A



| 97. (h.166). Goi r ]a ban kinh ctia dudng tron (O), D

98.

Dit AB=AC=BC=a,AM=x, AN=y, MN =z

Léﬂ.luqt tinh SADGE? SMG‘N va Chﬁ 5" rﬁng

Suy ra

va E 12 ti€p diém trén canh AB va AC.

43

a) Tru6c hét tinh r, duoc r = 3

SAMN = SADOE — 29MON . Hinh 166
f)dp o V3 (cmz).
b) Ké NH L AB. Tac6 AH =2, NH - %‘E HM = x -~ ¥. Theo dinh I

Py-ta-gc:
. 2 2 |
vn? = e+ vl = (YB3 o (x o = x? +y% —xy.
o 2 2 |

c) D& thay x + y + z=2AD = a. Hé thitc phai ching minh AM + AN _ 1
| | | MB NC
tuong duong voi _ |
LI S [ e S
a—-X a-—y y+z X+z

_#}x{x+z}+y(y+z)=(x+z}(y+z} _ -
_ <:>x2+xz+y +yz-—~xy+xz+yz+zzﬁx2+}' —-xy-zz
Dang thitc cudi da duoc chiing minh & cdu b).

(h.167) a) Ta c6
m -_-ﬁ: m [cfmg bﬁng_‘}{}o + %] |

AAMI e~ AAIB (g.g), AAIB <~ AINB (g.g)
nén cdc tam gidc AMI va INB déng dang

IM =AM —
BN IN S Hinh 167




Do dé AM.BN = IM.IN = IM” = IN”.
b) Bat AM =m, BN =n, IM = IN = x. Do AAMI v AAIB dong dang nén

. . 2
AM:AImIAzzAM.AB=m.c:>-I§—=EE. (1)
Al AB _ bc b ‘
2
Tuong tu | B _n o 3
ca a

Xét AMIC vuong tai I, ta ¢6 IC = CM? — IM%. Do IM? = mn (ciu a)) va
CM = CN nén

ICE:{b-m}(a--n)_~mn=ab———bn~am+mn--- mn = ab — bn — am.

Do dé K o m 3)
: ab a b

. ' 2 2 2
Tu (1), (2), 3) suy ra EL+ 1B + I =1.

be ca ab
99. (h.168) V& duong tron (1 ; IO), ta s€ ching
minh ring dudng tron (I) ngoai ti€p mot tam
gidc bing tam gidc ADE. V& cdc day OM,
ON cua duong tron (I) theo thit ty song song -
v6i AC, AB.
Ta s€ ching minh AADE = AOMN.
Ké OO0, II' vuoéng gbc véi AB. Ta co
ON=207T =2 (AT — 4*110') =
= (AB + AC - BC) - AB= AC - BC = AE. T
' Hinh 168
Tuong ty OM = AD. .
AOMN = AADE (c.g.c). Do d{:- céc ban kinh cha céc dudng tron ngoai tiép

hai tam gidc d6 bang nhau, tdc 13 ban kinh ctia dudng tron ngoai tiép
AADE bing OL

100. (h.169) Gm b va ¢ 14 cdc canh géc vuéng Taco
2r=b+c-2R

SR+r= 220 i - V.

Hinh 169



101. (h.170) Goi S 1a dién tich AABC thi S khong d8i, goi p 14 nira chu vi, r 1a
ban kinh clia dudng tron noi ti€p AABC, ta c6 S = pr. Do d6 r 16n nhit <> p
nho nhét <> AB +AC nhé nhit. - |
Dé dang chitng minh dugce tam gidc phai tim 12 tam gidc can tai A.

A .

i
|
i

B c B HK —Cc
| Hinh 170 Hinh 171
102, (h.171) Xét AABC vudng tai A ngoai ti€p dudng tron (I; r). :
Ké AH, IK vuong géc v6i BC. Ta cé AH < AI + IK = /2 +r = r(«.E + 1).

max AH = r(v/2 +1) < cdc duong thing Al AH tring nhau <> AABC
vudng céan tai A. |

103. a) (h.172) Dat BC = a, AC=b, AB = c. K& BB/, CC' vudng géc v6i Al
Ta co cr = IA.BB/, br = IA.CC' nén ' '

(b+c)r = IA(BB + CC) <[Aa = B s bt
r a
Tuﬂngtum?_a-f-c, ICEB-}—b-
T b T c
Cong tiing v€ cdc bét ding thitc trén ta duge
IA”B"*IC2(3'+-i)+(3+3}+(3+5]26:>m+113+1cz6r.'
r a b ¢ b ¢ a

X4y ra ding thic <> a= b =c <> AABC déu.

Hinh 172 - Hinh173



b) (h. 1?’3) Dé thay khnang cﬁch tr O dén c:ac canh cua &PQN bang E— nén

O Ia tam cta dudng tron noi t1ép tam gléc dé Then cﬁu a)
OP+0Q+ON> 6.% SR
104. Tacé h,>2r=2 = h, >3 (vih, € N). Suy ra | __ |
- 2S = ah, = 3a. N ) N
Gidstta>b>c, tacé e
2S=(a+b+c)r=a+b+c<3a - (2
Tir (1) va (2) suy ra 28 = 3a. Xay ra ddu bing & (2) khI va chl I{hl b_»-:' a, ¢ =a,
tuclaﬁABCdéu Khidé h,=hy=h.=3. . Lo
105. Trudc hét ban doc ty ching minh bd dé sa_u

Néu a, b, ¢ duong O thi '(a+b+c){~1—+%+lj >0 -"---(1)
. la booc) o T Ty
a) h, +hb+h_2s 2S+23-28 1 l l ﬂ
a b ¢ {a b ¢

.=r(a+b+c}(i+—1-+~1~}?_9r.-" T
a b c a

Xdyraddubing <> a=b=c < é.ABC_déu.I LA R i :
b) Truc hét ching minh h%, + h?%, + h%, 2 %"(ha'% hy + h,)’, sau d6 4p
dung két qua & cau a). e L _I -
Xay ra dau bang < h, -hb—h vﬁa.—b cwﬁABCdéu

§9. Budng trnn bang t:ep tam grac - |
106. (h.174). Goi 0 la tam cua dwng tron bﬁng tlé’p trnng gm: A Ta c6

| S{}AC+S{)AB SDB{:«_SABQ:}bR -I-CR waR *"25 | (1)
a) T (1) suy ra ' c

S R,(b+c—a)
' 2

=Ry(p-a). @



Tuong ty
S=Ry(p-b) = Rq(p —c).
b) Chitng minh dya vao cau a.
¢) Do bhy, = ch.= ah, = 28 nén tir (1) suy ra :
| bRa+cRa' aR,
bhy, ch. ah,
1 1 1 1

e o e g - | Hinh 174
hb hc ha Ra '

107. (h.175). Goi H va P 1a céc ti€p diém trén AC cha dudng tron noi ti€p va
. dudng tron bang ti€p trong gbéc vuéng A.
Tacé 2AH = AB + AC — BC ; 2AP = AB + AC + BC.

Suyra AP~ AH=BC, tiic1aBC=R ~ 1.

¢

I | SR

Hinh 175 " Hinh176
108. (h.176) / /

a) Ta c6 BE = CF (cung bang nita chu vi AABC). Trix di BC, dugc CE = BF.
b) CE = BF ma CE = CI, BF = BK nén CI = BK.

Ta lai c6 BI = CK (gia thi&t) nén ABIC = ACKB (c.c.c), suy ra B = C.
- Ti.rﬁn-g: tu C=A. Vay AABC la tam gidc déu.'



§10.Vi tri tuong déi cla hai dugng tron
©109. (h.177) Goi-H 12 giao &Iém ctia AB va CD. AOHB vuong nén.
OB*=OH’ + HB? = R’= (R - 6)’ + 122 >R =15 (cm).

Hinh 177 o Hink178 . _—
110. (h.178) Ké OH va O'K vuﬁng géc véi MN ‘Ta cﬂ QAOH QO'AK (canh
huyén - géc nhon) nén OH = AK. Ddp s6': “AM” ¥ AN = 4R o
111. (h.179) a) Cic tf gidc O,BO;I, O3I0,A 1a S
hinh thoi = OB // 10;, O;B = 103, 105 // OZA, o
103 = OQPL = O}B /f OzA, 01B = OEA ﬁ. OiBAOZ
}.El hlﬂh bh’lh I'lfll’lh e AB — 0102, A.B ﬂ 0102. .
Chiing minh tuong ty BC = - 0,05, CA = 0;0;.
Vay AABC = .&010203 (c.c.c). ,
~ b)Tac6 AL 0203 ma 0,0, // BC nén AILBC. - - Hink 179 -
Chitng mmh twong tu BI L AC Vﬁy Ila trye tam clia .&ABC

112 (h 180) Ta C{) AOD COD (cting bdng ADO ) nén ﬂLOH]} ﬁOCD (c g C)
| tir dn OHD = OCD = 90°. - -
Suy ra DH 1a tiép j:uyé‘n ctia dudng tron (O).

Hinh180 7 o “Hinh 181 e
113. (h.181) QO' cit AB, BC theo thit ty & I, M. Ta ¢6 IM 1a dudng trung: binh' :

ctia AABC nén IM // AC. Ta lai c6 OA OC (cung hang OB) Du do' o
ACOQO' 1a hinh thang can. - _ : -



114. (h.182)

- a) Goi I 1a trung dieém ciua O0'. Ké
CD vudng goc véi IA tai A.

Ké OH, OK vuéng géc véi CD. Dé
ching minh AH = AK nén AC = AD.
'b) Ta ¢6 OAO'=90°, O; =Op
(cting bing A1).
AHOA v AAOO' (g.g) - Hinh 182
AH _AO _ AH _4
= = =
O'A 0'0 3
115.(h.183) a) Hai dudng tron (A) va (B) cit nhau vi
|OA -~ OBl< AB<OA +OB.

= AH = 2,4cm = CD 9,6cm.

b) Goi C 1a giao diém clia dudng tron (A) va tia
- Ox. Tacé

OC=0A + AC=OA + OB = k = C ¢6 dinh.

- Ké dudng vubng géc véi AC tai C, cét MN & K.
Hay chitng minh rdng CK = k dé suy ra K 1a
diém c¢é dinh (chd ¥ NKC va BAO ciing bt véi -
BAC). |

116. a) (h.184) Trudc het tinh BC, dugc 2+/3 cm. Ké dudng kinh BOD thi C, A,

D thing hang

Tinh BA theo cfmg thic 1% = ' '+ 12 duﬁc BA 3¢m.
BA BD? . BC: _

Tir d6 AC = «Ecm

Hinh 185

Hmﬁ 183

L] .



b) (h.185). Dé dang tinh duge BC = 24cm. V& OK L AG, ta 6 En i, BiL
- AO'KC «» ACAB (g.) Suy ra -y s
o) C KC :5 T 72
CB AB 24 192
117. Goi x 12 ban kmh cta dmmg |

tron (O,). Ki hiéu nhu tr_én
hinh 186. Tir céc tam. gidc
dong dang tacé '

:_:>_ r —9-::111 Tuﬁngtu'R— lﬁcm

x—a b-x

x+a X+b
TlIdDK—:\@. RIS
118. (h 18’?) a) Theo tinh chat goc ngnm e ieh e

cua. tam giac E 01 = 2]3 o' = 2C, 1'}'1.::1, L She i

M_

O + 01 = 18{}“ nén B +C = 90°, suy ra,___-_

K - 90°. Ta 131 ¢6 D=FE = 900_ hen tu':
- giac ADKE la hlnh chit nh&t o

b) At + A = Dy + D2 = 90° nen KALBC. .

Vay AK 12 ziép tuyén chung clia (O) va (0.

o) Ry +F1=C+FKA=90° ien MKLDE.
119.(h.188) a) Do tinh d6i Xiing nén BD 1 00, o

CE L 0O' = BD // CE = BDEC la hinh /" K

thang. Do tinh d6i :-umg nén CBD EDB o

do d6 BDEC 1a hinh thang can. o

b) K& tiép tuyén chung tai A cdt BC,DE&

M, N. Ta c6 MN = 2AM =BC = 2JRr (dé

 Hinh 133 R

ching minh, ch&ng han xem Vi du 20).
Ké dudng cao CH cua hinh thang, CH cat OB tai K
Xét ﬁBKC vufmg ' ' o A

BC KCHC:>4RT*(R+1‘)HC::}HC“R .



Chii y rang MN 1a dudng trung binh ctia hinh thang BDEC nén
Spprc = MN.CH N W
5 J“ 4Rr__ SRrvRr
_ R+r R+r
120. (h.189) a) AB = 2J/Rr.
b) Goi H l1a tiép diém clia dudng
tron (I; x) véi AB.
Xét hai trudong hﬂp
+ H thudc doan AB. Theo céch tinh

& cau a, HA = 24/ Rx . .HB = 2’\/—_‘1 Hinh 189

Ta c6 HA + HB = AB = 2J/Rx + 2v/x =2+/Rr.

Tu d6 ta tinh duge X = Rr Thay sO X = 4. Vay IH = -ficm.
R +/r)?

+ H {huoc tia d6i ca tia BA (H & vi tif H' tren hmh VE:) Khi d6 ta c6
H'A — H'B = AB. Ta tinh duoc I'H' = 36¢cm.

-Bdp $6 : 4cm hodc 36¢m.

121. (h.190). Goi ABCD I hinh thang
can (AB // CD), ti€p diém cia hai
dudng tron (O) va (0" 12 E. Goi tiép
diém cia (O) véi AB, AD 1a M, H.
Goi 'ti€p diém ctia (O) véi CD, AD
Ia N, K. Tiép tuyé’n chung tai E cat
AD & 1.

Xét AOIO' vudng

EI’ = EO>.E0? =82=16
= EI =4 (cm).
Xét AO'AT vuodng

- OH =IHHA =4 = 4Hﬁ=‘>HA—lcm
Su}-’ ra AM = icm, _
Tuong tu, DN = DK = 16 cm.

Sapep = (AM + DN).MN = (1 + 16).20 = 340(cm?).

Hinh 190



122. (h.191) a). Goi K 1a tlép diém cha hai dudng -~ o
tron. Ta c6 A, O, O', K thing hang. K& tiép tuyén
- chung tai K cit AB AC & D, E Ta c6 a.ADE déu o
1a giao d1én1 ctia cac dudng trung truc. Suy raM, °
N 1a trung diém cta AD, AE. Ta lai c6 O 1a l:rung_ -
diém clia AK nén M, O, N thing hang o

: | o e e ng
: b)OK-;AK—%E . o e B

'123 (h.192) V& ti€p tuyén chung clia hai du’dng trén et bt
OK = OM = (AD+AE DE) 2 __,_j'_ | i
Dap S : QR(J_— 1) e

 Hink 192 o 193

124. (h.193). Do tinh d6i xing nen cD _a_ AB EF L AB. Tac c6 CAE EAB:
(cing bang O'EA) nén EC EIL. Suy ra Gy = II, la1 c6 C1 = Il nén-._'_'.'_

Ci = C2. Diém I lh giao diém ctia cdc dudng phan gidc cdc gf}c B vé C cua.'-.;- .
.ﬁBCD nén la tém clia dudng tron noi tiép tam gmc do | o R : I

Chu y - Bai tap 124 13 trudng h{fp dic blét cua
" Bai tip 287 trong cubn Nang cao va phdt rrzen
- Todan 9 tdp hai. :

125. (h.194). Goi A, B, C 1a tam ctia cdc dudng tron”
ban kinh r dd cho, O 13 tam cta dudng tron ti€p
© xdc vdi ba duong tron trén. O 1a tam ciia AABC

déu, OA = -—2-5—




Xét hai truong hop : |
. +Ba du;bng tron da cho ti€p xic trong v6i dudng tron (O ; R;). Khi do6
. | R;=O0A+r. |
4 Ba du’ﬁng tron da cho ti€p xiic ngoai voi duﬂng tron (O ; R,). Khi d6
R, = OA ~r.

126 (.195) K& IC L Am, KD 1 Bn, DK cét Am tai B,

- K&TH L 'AB, TH cét DE tai M. Ta c6 | "
o K -MKZ=M%. (1) chX I )
Tﬁiéi'cé- - IK =x+y, M ' K,?, D
MK =2R ~x~y, | |
IM =CE=AC-BD | |
-2 JRx - 2Ry (cong thic AP
tinh doan tiép tuyén chung) | | ¥ .Hinfz 195

= 2VR(x —fy).

Thay vﬁo{l)du&c o
(x+ )" = @R =x - y)? —4R<\F—I)
¢>2R{2x+2y 2R) = 4R(x + y — zJ_ )

<::>x+y R=x+y- Qr @R 2\/_

127. (h. 196) Gia sir dugng tron (I) I1é’p xtic voi (0)
‘tai K va tiép xiic. v6i AB tai H. Tlé'p tuyén
ctia dudng tron (I) tai K cit OA & M, cat HI &

- E.Tacé MK = = MH, AMHE = ﬁMKO{gcg) _
= HE = KO = OC. Suy ra tr gidc HOCE 1a
hinh chu nhat, CE 1 CO.

Do dé dirb'ng thang CE trung voi dudng
thing d. Dé thdy IE = IO.

Vay I cach déu d va O.




128. (h.197) Goi x 12 ban kinh ciia dudng trdn (D). K& DH L OE. Ta ¢6
- OD*-OH*=CD*-CH?

. - 2 2
nén (R~ x)* - x? = (B- + x) - [5 - KJ .

“Tix d6 ta tim dtrt;)’c X = %—

A 0 R B
| Hinh 19?

129. (h.198). Goi K 1a trung diém cta AC. K& IH L AB. Dé thdy OK = 4cm.
Goix la ban kinh cta (I).

DatOH=y. Ta co . ' - 7
IH=O0I’ - OH? = x*= (6 - x> - y* (1) l .
- 2 dl

2 _ tw? w2 |
- IH"=IK" - KH". - . A K coR 5
Tacé KH =4+ y (néu O thudc doan KH), ' Hinh 198
KH=4-y (né’u H nam gifra K va O).
Do dé x* —'(.x.+2} —(4iy} - (2)

Tu(l)va(Z)tacé(ﬁ—x) uy—(x+2) —(4+y) Tlrdoy 2Xx - 6
hoicy=6-2x. _
Thay vao (1) va rit gon duoc 4x{x —3)=0.Suyra x =3 (vado dé y=0).

' | Pdp sé : 3cm.,

130. (h.199) T&m O cna duimg tron ngoai tlep &ABC 12 trung diém cua BC,
Goi x 1a ban kinh cta (0", tacé6 O0Q' = 5 — - x. ' Ké OD, O'K vuong géc véi
AC; OE, O1 vuodng goéc vm AB.

~ DE dang tinh duoc OD = 3cm, OE = 4cm.,
OF c4t O'K tai H. Ta c6 -
OH=OE-EH=4-0T=4-x,
.OH=O0K -HK =x - OD = x -3.
: Xet .rihOO'H vuﬁng co
@G- (x -3 =(5-x)2 |
Suy ra x = 4. - o Hinh 19§
- Pdp 56 : 4 cm.




131. (h.200) Ta c6 BC = CD = DE. K& OH, O'K vuong géc v6i BE, O'M vuéng
goc véi OH. | . B
P4t CH = DK = x thi CD = 2x, O'M = HK = 4x,
OM =OH - MH = OH - OK
= V81-x2 —\9 2.

Ty OM? + O'M? = 002 ta ¢6 o °
. 2
(.\/E?l.h x2 — \!9 - xz) +16x% = 144.

Riit gon ta duge 7x2 — 27 = 729 — 90x2 + x* Binh phuong hai v& (véi

x‘?’ Z %E) réi rit gon duge 48x2(x2 - 6)=0. S_uy.ra X = «fg

Hinh 200

| . Ddp 56 : BC = CD = DE = 246 cm.
132.(h.201) Goi R va r 1 bén kinh ciia coc dudng tron (O) va (O'). Ké O'H L OA,
OKLOD. TacoR~r=0H,R +r=0QK. -
Tinh OH duoc 16cm, O'K = 60cm.
T d6 tinh duge R = 38cm, r = 22cm.

| | Hink 201 | '_ Hinh 202
133. (h.202) 2) AAOM o ABMO' (g.g). Chii § ting -
R AOM = BMO' (do ciing phu v6i OMA).
b) Ta ¢6 MO L AE, MO' L BF, ma MO L MO' (tia phan gidc ciia hai géc
ké bli) nén AE 1 BF. : |

¢) Goi I Ia giao diém clia OM va AE. Tru6c hét ta chiing minh ring hai
tam gidc OIN va OMO' déng dang. That vay, hai tam gidc AOM va BMO'



dong dang (cau a) cé6 Al va BK la cdc dudng cao tuong ﬁ.‘ng nén

O MK of IN .

= . Ta lai ¢6 MK = IN nén = . Suy ra AOIN
oM Mo Y oM~ Mo T
AOMO' (c.g.c). ' |

Do d6 ION = MOO‘ Vay O, N, O' thﬁng héng

134. (h.203) Goi R, r 14n luot 1a bdn kinh cta (O), (O'). Do tinh d6i xing cia
hinh qua dudng n6i tam OO', ta c6 AB va CD ciing vuong géc véi OO' nén
'AB// CD. Goi H, K theo thit tu 12 giao diém chia AB, CD véi 00"

Ta cé'AH = RsinAOH, m2

I‘

sin AOH = smEOO‘
E OO

Rr Rr-
nén AH = ——, Tuoneg tr CK = ——.
| oo oHel 0O

Suy ra AH = CK, do dé AB = CD. Tir

d6 dé& dang ching minh duge ABDC

12 hinh chif nhat. | .
135. (h.204) K& OI L AD,ON LDE. DitDA=a,DB=b,

" DC=c. '

| x \2 2
Ta c6 rE:_DIZ+DN2=[%)+(F_b].,

Hinh 203

2
R2=ON2+NCQ=[E] +[b+c”* _ .
: 2) 2 | Hinh 204
| 2 .2, 2 |
Do d6 R” +1° = 32 +b ;C ,suyraa2+b2+cg_=_2(R2_+_r2)*

136. (h.205). Ké OH L AB, OK L CD. Tacé

OH” + HA? = OK? + KD’
~ nen OH? 0K2 = KD? —~ HAZ = 122 — 52 =119,

Néu O nam gma HvakK thi OH + OK HK =7, do
d6 OH — OK = 119 : 7 = 17, vo Ii. V@y O nim .
-ngoai doan thing HK vAOH - OK =HK =7. ' mim205




Suyra ~ OH+OK=119:7=17. o
Tir OH + OK =17 va OH — OK = 7, ta tinh duoc

- COK=5(m).
Bédn kinh cta dudng tron (O) bing 13cm.

137. (h.206). K& OH L AB, OK L CD. Ta chting minh
~dugc O ndm gitta H va K. |

Pap s& : Scm. Hif{h'.?ii}ﬁ

PUONG TRON VA PHEP VITU

138. (h.207). AAID > AAOC (g.g)

AD Al r

AC AO R
Chitng minh tuong tu, BE = 1.
| BC R

vay 22 JBE 4 46 DE // AB.

' Ac_ BC’

180° - O;  180° — O
. +
2 2

139. (h.208)a)  OAB+O'AB =

]
p—

'b) OB // O'B' do dé
O!K _ OTBr B R1

—_— —

OK OB R’
OK-0O'K R-R'

Suy ra -
OK R
- 00" R-R
hay —_— = e
OK . R
R(R +R"

Vay OK = - |
| - R-R S . Hinh 208



¢) Goi CC' 1a tiép tuyén chung

ctia hai duong tron, K' 1a giao.
. diém ctia CC' va OO'. Tuong ty

cﬁu b) ta co . '

R(R+R )

R-~R'"

© " Suy ra OK = OK/, do d6 K' tring
K. VayCC'ciingdiqua K. -~ | T _
d) (h.209). Goi G la trong tam - © Hinh zug_.'-
ciia AABB', AG cit BB'-& M. :

Truéc hét ta tim chuyén dong clia d1ém M. Gm N Ia trung d1ém cua 00*"

thi MN == R +R. nén M di chuyén trén du'{:fng tr&m (N R i R ). .B éﬂl G".f:_.:

OK' =

1.:1 dnh cla M trong phep vi ty tam A ti 36 -g nén G chuyén dﬂng trén
| R+ R’

ducrng tron (I ) véi 1 nam trén doan AN vé. AI = % N o
140. (h. 210) Ta cb E 14 anh cha A
trong phép vi tu tam K ti s6

R? nén OE' // OA (that vay,

ké OH va O'T vuong géc véi

AK.Tacé =~
o1 _OK _ OD -O'E LA~
OH- OK. OC__. OAQ' : HthIG

= AOAH «» {) EI (canh huyén canh goc vuﬁng)

= OAH = O EI = O'E H OA)

" OE//OA = KE _KO' KD = ED ;; AC
KAKOKC.-I

DUNG HINH

141. (h.21 1) Du*ng C' d6i xung véi B qua A Dlrng D* dﬁl xu‘ng voi A qua B |
' Goi Cva D theo thi tr 1a giao dlém cia cdc doan thﬁng OC' va QD' véi (O) o



~ &

C' * A\\-.....-/B D E

© Hinh 211 - | Hinh 212
142. (h. 212) Du’ng DE la duong trung truc ctia BC.

143. (h.213). Goi M 12 trung d1ém ctta AB. Qua A va qua B, then thi tu dng
cic dmjng thﬁng song song véi MO.

Hinh 213 . . ' Hinh 214
144. (h.214) M cach O mot khoang a la canh huyén ctia mot tam gidc vubng
¢6 mot canh géc vuong ban kinh ctia (0), mot géc nhon bang 65°.
145. (h.215) Gia sir di dung duoc day AB c6 MA — MB = a. Trén MA 1dy N
sao cho AN = BM th€ thi MN = a. Hay dung d}ém N : diém N thuoc
dudng tron (O ; OM) va dudng tron (M a).

Néu a = 20M thi bai toan ch mot nghiém hmh Néu 0 < a < 20M thi bai
todn ¢é hai nghiém hinh. -

Hinh 215 : " Hinh 216

146. (h. 216) Ké O'H L EF. Ké duang vuﬁng g6c voi AE tai E, cat BC o K. Ta cé
- DE =2EH nén BK = 2K0'. Piém K x4c dinh, tir d6 dung dquc diém E.



147. (h.217). Gia s da dung dugc AABC vuéng tai A,
cac dudng trung tuyén BD = m va CE =n citnhau
& G. Goi M'1a trung diém cta CE. Cic diém G, M
trén CE xéc dinh duogc ngay. Diém D thuﬁc dudng * L=

tron ¢é dudng Lmh MC va duong tron (G I;l)
A doi xu‘ng Vo1 C qua D. | |

148.(h. 213) Duug ﬁADI vuéng tai D c6 TAD = %- |
ID = r. Dung du’tfng_ tron 6 dt_réng kinh AL Duyng -

cung (A ; h ~ 1) cit dudng tron trén-& K. Trén tia AK

14y H sao cho AH = h. Tir dé dung dugc tam giac. |

Bai todn c6 mot nghzém hinh néuh - r < AL \ H“if* 233

149. (h.219). Phdn tich. Goi I 1A tam ctia duﬁng tron noi tiép, E 12 tlép dlé )
trén BC, EN la dudng kinh cia dudng trom, F 1& tiép dzém trén BC cha
dudng tron bang tiép trong géc A. Trudc = : S
hét ta cé6 A, N, F thang hang (V1 du 24) -

g
Tacéd: | . . T
BE = a+c—b L e h : |
SuyraEF=b-c=d. |

| Cd{.h dung - e .
- Du'ng QNEF vuﬁng tai E EN 2 IR E T N P SR

Hinh219
- Du‘ng Xy Kf EF céich EF mot khoang h R
(ciing phia v6i N dgi vdi EF).

— Dung giao diém A cua Xy va tia EN.
-~ Dung duong tmn (D) cé du‘ﬁng kinh EN.
— Dung céc ti€p tuyén ké tir A véi (I), cit EF § B, C

. lS{i (h.220) Phdn tich. Ké céc dudng thing H'OH va K'OK' vuﬁng géc vm d __
Goi I la giao diém clia ti€p tuyén chung ngoai phai dung va tlep myén :"__



chung trong. Khi dé I 1 giao diém cta
cac tia phan gidc cta cdc géc HOO' va
KO'O (hoic HOO' va K'00).

_ Bién lugn. Néu OO' khéng vubng gdéc véi d
thi bai todn c6 hai nghiém hinh. Néu OO' L d
thi bai todn khong c6 nghi¢m hinh.

131. (h.221) Phdn tich. Goi d 1a tiép tuyén
- chung tai A cha hai dudng tron (I) va(0), .
K 1a giao diém cta hai duong thang d va m. Piém O phaI nam tren tia phan -
gidc clia g6c tao bdi hai dudng thing, -

Hinh 220

Trén hinh 221, dudng tron (0I ; O1A) tng véi cdch vé tia phﬁn giac KOI,
dudng tron (02 ; O, A) ing véi cach vé na phén giac KOZ

Hink 221

Bién ludn. No6i chung bai todn c6 hai |
nghiém hinh. Riéng trudng hop IA L m d
bai todn c6 mot nghiém hinh (h. 222, |

khi d6 thay cho dung tia phan gidc cia
goc tao bdi hai dudng thing d va m, ta
dung duﬁng thang song song cich déu
hai dudng thing ay.

Chii y . D€ bai cho dudng th&ng m va
dudng tron (1) khong giao nhau dé€ dé -
bién luan. Cich du‘ng trén van ding dei
vGi céc vi trf khéc cha m va (I).

152. (h.223) Phan tich. Goi R 1a ban kinh
cua dudng tron (I). Trén duong thing d -

Hinh 223



(d L m tai ©C), du‘ng diém E sao chn CE R Ta co OI OE nénOnﬁm L
trén dudng trung tryc cta IE. - LRy ey BRCURT LG
Trén hinh 223, dudng tron (O, ; 0,C) ung véu céch chﬂn dlém E], dlrtmtf'-
tron (O, ; 0,C) ting véi cdch chon dlém Ez R ERR
Bién ludn. Bai todn c6 hai nghiém hinh.

Chii $.: Dé bai cho dudng thing m va dudng tron (I) khong glaﬂ nhau dé dé
bién luan. Cich dung trén van dung doi v6i céc vi tri khac cﬁa dlm‘ng thﬁng m
va dudng tron (D). BT R T

153. (h.224) Goi AH, AK 1a khoéng cach tir A dén
cdc day BC, DE. Trén tia déi cua tia AK lay. H'
sao cho AH' = AH. Cic diém K, H' 1a xdc dinh.

Ké dudng vuong goc véi AH' tai H', cit (A) &
B', C'. Tacé B'C' = BC nén B'C' + DE = 2k. |
Goi M, N la trung diém ctia BD, CE thi MN =k.

Goi I 1a giao diém clia MN va KH' thi I Xac dmh o |
(I 1a trung diém cha KI—I) R | - Hinh22¢. .

Céc diém M, N thuﬂrc dudng vudng géd véi KI tai I va IM = IN‘I= -I; nén -

M, N dung dl:rctc Pudng vudng géc véi AM tai M cat a ¢ D. Bu&mg tron': .
(A ; AD) 12 dudng tron phai dung. |

154. (h.225) Lﬁy C e Ox,D e Oy sa0 cho

OC OD—E
2

Ta c6 C, D xdc dmh Goi H la giao diém cua_ |
AB va CD. Ta s€ dung diém H.

Vé dudng vuong goéc véi OC tai C, vé dub‘ng' g
vuong goc véi OD tai D, ching cét nhau tai I,
d6 12 diém x4c dinh. Ta cé AC = BD. |

AICA = AIDB (c.g.c) suy raIA =IB. L&y Ed6i  ~
xing v6i B qua D thi AE // CD nén H Ia trung H‘”h 225

diém cita AB. Do d6 IH L AB. H Ia giao diém cia CD va dmmg trem dm:mg a3
kinh IM. -

155. (h. 226} Gia sir da dung dugc AABC can tai A Gm D E M la c4c tié'p
diém cuia dudng tron noi ti€p véi AC, AB, BC. Ké DK _L BC.. Ra




Taco CD=CM = _BZE nén dé chitng minh dugce

DK_EJE,
2 2

Tu @6 dung dugc ADEM, dung dudng tron qua D, E, M
réi dung AABC.

- 156. (h.227) Phan tich. Gia st da dtmg dugc .&ABC thod

man bai todn. Ta ¢6 BAH C MAC nén AD 1a tia

phan gidc cla géc HAM. K& AE L AD thi AE Ia tia phﬁn gidc chia géc
ngoai tai A, nén

Hfﬂr‘é 225

EH DH

(cing bing —iﬂ). -

Do d6 dyng duoc di€ém E (E chia ngoai doan HM theo ti s6 2 : 3). Tir dé
dung dugc cac diém A, B, C.

E B H D M &
' Hinh 22'? :
Cdch ding
Dung dmm E chia ngoai doan HM theo ti s6 2 : 3.
| Du‘ng dudng tron ¢6 dudng kinh ED. _ o

Dung LilI{?FI]g vuﬁng goc véi HM tai H cét dudng tron & A

Dyng cic diém B, C thudc dudng |

thing HM sao cho MB = MC = MA.
157. (h.228) D3t BC=a AC=b, AB=c.
- Gia st b > c. Goi F 12 tiép ‘diém

trén BC cua dudng tron (E). Ta cé

EMF = L AMB = ¢ BT HDF M ¢
2 . : : - Hinh 228 L '




= AFEM o> AABC (g.8)

ME CB a
- = == 1)
MF CA b
Bay gid ta tinh i s6. E.-Tﬂ. c6 :
' - MF
MD=CI}—CM=E.i_b__C_E=b_C 2)
' 2 . 2 2
‘2MF =MH + MA — AH=CH - CM + MA — AH = CH — AH
b2 be b(b--c
=2 X 2 3)
a a a
Tir (2) va (3) suy ra
' MD b-c 2a _a 4)
MF 2 ‘B(b-c¢c) b

T (1) va (4) suy ra MD = ME.
Cach dung

— Dung MHx = 45°, dung dudng tron (M ; MD) cit Hx & E.
~ Dung tia My sao cho ME 1a tia phan gidc cuia géc HMy.
— Pudng vudng goc véi HM tai H cét tia My aA.
— Dé dang dung dugc Bva C.
Bién lugn. Diéu kién c6 nghiém hinh :

MD > MK (ké MK L HE)

@Nﬂ)aw.

N3

158. (h.229) Dung A' d6i xing v6i- A qua xy. Qua X
A' dung tiép tuyén A'B véi dudmg tron (O). A

~ Bi to4n c6 hai nghiém hinh. |
159. (h.230) Dl_l‘ligﬂltffﬂg tron (O;) doi xing v6i (O') qua xy.

. Hinh 229

Dung tiép tuyén chung ctia hai dudng tron (0) va (O,).



Hinh 230 ' Hinh 231

166. (h.231) Dung (O,) dﬁi ximg véi (0’) qua xy. Giao diém cia (0y) va (0)
chotadiém A.

161. (h.232). Goi hai day bi hai dudng tron cit 1a AC, AD (gia st AC > AD,
chil ¥ rang AC c¢6 thé 1a day ciia (O) hodc (O"). Xét hai truong hop:

a) C va D nam vé hai phia ctia A (h.232a)
Goi M 1a trung diém ctia OO', E va F theo thif tir 12 trung diém céia AC va
' AD. Trén EA 4y I sao cho EI = AF, thé thi Al = -2- DE chitng minh AMAI

can tai M nén dung dugc diém I (biing cdch dung A MAI biét ba canh). Bai
todn ¢6 hai nghiém hinh (vi c6 hai diém I va I' ndm vé hai phia cia MA).

| - - Hink 232
b) C va D ndm vé mot phla cia A (h.232b): . ,
" Dung (O,) d6i xiing véi (O') qua A. Gia sit AC — AD = a thi AC — AD' =2
(D' 1a giao di€m cha dudng thang CA véi (O,).
Bai todn dugce dua vé trudng hop a). |



162. (h.233) V& hinh binh hanh ACOK thi BDOK 12 hinh binh hanh. Piém X
1a giao diém clia cdc dudng thing d; di qua O' vudng goc véi d va d, di qua
O song song v6i d. | |

-

"Hinh 233 Hinh 234

163. (h.234) V& hinh binh hanh BCOK thi D'DPOK 14 hinh binh hanh. Ké O'E,
KF vudng goc voi AD'. Diém K & giao diém cia -dudng thang d1 Ld cach

O'E'mét '{Imang — va d, di qua 0 song song véi d.

164 (h. 235) V& hinh binh hanh ODBK thi C COK 1a hinh binh hanh Ban doc
tu gidi. .

.Hi.nh 235 ' | Hmh 23!‘5& '

165. (h. 2363) B la anh ctia C trong phép vi tu tﬁm At s6 =2. Ban doc tw giai.
Bﬁl todn ¢6 0, 1, 2 nghiém hinh tuy theo OA < %, OA = I; OA > % vOi
R 12 bén kinh chia (O). - |

166. (h.236b) C1a anh ctia D trong phép vi tur tam A ti s6 —;— Goi bdn kinh ciia
~ “hai duong tron 1A R var (R > 1). C' 12 giao diém cha fO 31) va [O' : %],

O' 12 trung diém cha AO.



Dicu kién ¢6 nghiém hinh 12

r—li—%ir-i-—r- < r<R <3r
2 2 2

Néu R = 3r thi bai todn c6 m6t nghiém hinh,
néu r <R < 3r thi bai todn ¢6 hai nghiém hinh.

167. (h.237) Dung dudng tron dudng kinh AB.
— Dung d // AB, cach AB mot khoang bang a. -

~ Goi C 12 giao diém cta d v6i dudng tron. Hinh 236h
‘K& CH L AB. R
/ih \
; E— {,""’ ﬂ'
! T2
C_— d 5 o
\ x
@ i
|
A H B
Hinh 237 H:nk 238

168. (h.238) Dat a, b 12 hai day cua hinh thang, h Ia dudng cao.

Goi x 12 canh caa hinh vuéng. Ta cé X% = (a+ b)-ll.

x'la trung binh nhan clia a + b va ; Cach dung dugc thé hién trén hinh 238.

169. (h.239) Goi a 12 m6t canh cha tam giac da cho,
h Ia dudng cao tuong ing. Goi x 12 canh ciia
tam gidc déu phai dung. Ta cé

zfah 2. h

4+ 27 "Z cos30°

Truéc hét dung d = . Sau d6 dung x 1a Hinh 239

- cos30° |
trung bi binh nhan chia a va d. Cdch dyng dugc thé hién trén hinh 239 trong

d6 HAE = 30° va CD = AE.



bc

170. (h.240) K& DF // AB (F € AC). Dit DF = x. Hly ching minh x =

b+c
: , : 2bc
. Bii todn ¢6 mot nghiém hinh néud <2x < d< e
- c
K X A
a /\.
2
% .
D f .
B C
Hinh 240 Hinh 241
171. (h. 241) Goi DE ]a doan thing pha1 dung. Dat AB =a, AD = x. Hay chung

2
minh x* = 'Ez— Dnan‘ thang x 1a trung binh nhén cta a va %.

‘Céch dung dugc thé hién trén hinh 241, tmng do AH = HB &AHK vudng
can tai H, AK = AD.

172. (h.242) Goi MN 12 dudong théng phéi dyng. AB = b, CD = a la hai day cha
hinh thang, h' va h theo thit ty 1a chiéu cao cla cdc hinh thang ABNM va
ABCD. DatMN =x,tacé:

(x + b)h' (a +b)h
SABNM = > OABCD = T 5 -
2 . 2
Do d6 G+ b’ = .l (1)
a+bh 2
Qua B ké dudng thing song song v6i AD, cit
MN va DC ¢ E va F. Tacéll— xubnén
h a—b
(1) tr& thanh . Hinh 242
2 2
x' b :%dndnh =3 +b2hayx\/_ a + b2,
,,b -

Cach dlmg dugc thé hién trén hinh 242.

173. (h.243) D& dang chung minh duoc ring néu ABCD 12 hinh binh hanh thi
EF la dudng trung binh.

Gia sit AD ¢it BC & O.



Ta co OA _OB _OE suy ra OE? = 0A.OD.
,OE'_ OF OD :

Cich x4c dinh diém B dugc thé hién trén hinh 243.

/ R
Hinh 243 Hinh 244
174. (h.244) K& MH L BB, MK L AB. Dat MA = MH = x thi AK = 2R ~ x.

Tacu ] |
MA® = AB.AK = x* = 2R (2R — x) = x° +2Rx"4R2
:f;-(x+R) = 4R” + R?,

x + R 1a canh huyén cha mot tam gidc vuong cé cdc canh géc vuodng bang
2R va R.

Cich dung do dai x c,tuqé thé hién trén hinh 244,

"TOAN CUC TRI

175. (h.245) Ta c6 ACF =90° - C1, AFC =90° - Cs
ma C1 = Ca nén ACF = AFC, dodé AF=AC.
Tuong tu BE = BC. Suy ra .

‘AC+BC=AF+BE=AB+EF. = A E H OF B
DatAme,BC=y,tacﬁEF=x+y—l2R* ‘ ~ Hinh245

Tix bdt dang thitc 2xy < x> + yz, cong X2 + y2 vao hai vé duoc
(x+ y)z 5'2_(){2 + yz) =2(2R)* = 8R? |

dodéx+y< 2v2Rsuyrax +y—2R < (2¥2 — 2)R hay EF< 2(v2 - DR,



Ta lai ¢c6 CH <R nén
Scgr = %EF.CH < (V2 - 1)R?
max Scgr= (V2 - 1)R? & x =y & CO L AB.

176. (h.246) Goi OH Ia khodng céch ti O dén AB. Ta c6 OBA 16n nhdt'c>
sinB 16n nhit < % 161 nhét < OH 16n nhit.

Ta lai c6 OH < OA nén OH 16n nhat khi va chi khi AB vuong géc véi OA
tai A.

1‘

| Hinh 246 : K _ Hinh 247
1?7. (h.247) Goi OH la khoang cich tir O dé’n BC Ta ¢6
AB + AC = (AH ~ HB) + {AH + HC) EAH < ZAO
Do d6 max (AB + AC) = 2A0 <> dudng thing phai dung 1a AO.
178. (h.248) Ké OH 1 d, cit AB& I, OM cit AB & K. Tacé

. AOKT o> AOHM (g.8)
Ol CK |

= =
" oM o |

~ Talai c6 OM.OK = OA? = R? nén OI OH = R?,
do d6 do dai OI khong d8i nén I 1a didm c6 dinh.

Trong céc day di qua I, day vuong géc voi OI tai B
I ¢6 d¢ dai nho nhét, khi 46 M triing voi H. ~ Hinh 248

179. (h. 249) Ké OD L AB, O El AC Ta cd

= OLOH = OM.OK.

Sagc _-—;5 AB.AC = 5 2AD.2AE = 2AD.AE.



Dt 0A=R, OA=r, m:m =
(o < 90°) ta ¢c6 AD = Rsina, AE = rcosa.
Do dé

Sapc = Rr.2sin a.cosa. (1)

Ap dung bit ding thic 2ab < a® + b® véi _

a = sina, b = cosa ta dugc | " Hinh 249
2sina.cosa < sin‘o + cos’a = 1. (2)

Tu (1) va (2) suy ra Spype < Rr. |

max S = Rr véi sinc. = cosa <> sina, = sin(90° — o) < o =90° — o <> o =45°

Céc day AB, AC phai dung sao cho OAB = O'AC AC = 45° B va C nam ciing

phia d6i véi 00"

Bai todn ¢6 hai nghiém hinh.
1806. (h.250) bat IC + KD = AC + DB = x. Dat
AB = a.

:ﬁ:(a _— x)

Ta tinh dugc Scykp = - . Hai s6 x va

a — X c6 téng khﬁng déi nén tich-cla chiing I{fm

nhatkh1vach1kh1x=a-x, tucléxwg*. - -H@nkzjo_

Khi d6 CIKD Ia hinh chif nhat, AC=CI = %, BD = DK = % » SCIKD = Eé-.
181. (h.251) Goi IB, IC 12 cdc tiép tuyén
ciia (O) theo thit ty song song véi Ax,
“Ay. Goi H, H' Ia hinh chiéu cia M
frén Ax, IB. Goi K, K' 1a hinh chiéu
ciia M trén Ay, IC. |

Ta ¢c6 MH + MK nho nhit khi va chi
khi MH' + MK' nhé nht.
AIBC cn ¢ dinh. D4t IB = IC. = a.

Dé thﬁy M phai thudc Cung nhdé BC.
Ta co:

: . _ 2SivB 'ZSIMC |
MH + MK’ = — %5+ — Hinh 251




Do d6 MH' +.MI_{‘ nhé nhat <> Spp + Spye Nhé nhit
| < Spye 16n nhit
<> M 1a giao diém ciia Ol véi cung nhod BC.
182. Ki hiéu nhu trén hinh 252. |
Pt Sppe = S’. ta cé

g = ABOH+-ACOK_AB AC >

> 2JJAB.AC > 2JABCI = 2~f"

s>2d :>52>35:>s>3

AB = AC
AC = CI

minS:Sc‘}{

_ <> AABC vudng can tai A,
" T d6 suy ra cdch dung diém A : diém A thudc dudng vuoéng goc véi d tai
O va OA = 2+/2 . Bai todn ¢6 hai nghiem hinh. -'
183. (h. 253) a) Ve dudng tron (K)

noi ti€p AOCD, cdc tiép d1ém
trén OC, OD 1A E, F.

Ta ching minh duge CD = EA
- (xem Vi du 23a). :

- Do d6 CD nhé nhét <> OE Ién
nhat. Gm M va N theo thit ty
Ia giao diém cha doan thing
KI vai (K) va ().

Taco :

flinh 253

OE _OK _KE _OK+KE OK+KM OM

OA O 1A OI+IA OI+IA TOI+IA
Do d6 OE 16n nht & OM 16n nhit. |
max OM = ON <> M = N. Khi d6 CD vuéng géc véi IN tai N.

b) D& thdy OC + OD + DC = OA + OB. Piat OA = p (hing s6) thi
OC + OD + DC = 2p, hay chu vi cia AOCD khoéng déi. V& dudng tron (K)




"noi ti€p AOCD, goi r la béan kinh cta dudng tron, ta ¢c6 Soep = pr. Do p
- khong déi nén Syep 16n nhdt khi va chi khi r 16n nhét. Nhu vay cdn dung
ti€p tuyén CD sao cho ban kinh clia dudong tron (K) 12 16n nhat.
~ Goi E la tiép di€ém cla (K) véi OA, goi M va N theo thit ty 14 giao diém
clia doan thang KI v6i (K) va (D). | -
KE OK OK+KE + OM -
Ta cé . = — = — = ; )
| 1A O1 OI+JA OI+IA
Do d6 KE 16n nhdt < OM 16n nhat. . |
max OM = ON <> M = N. Khi d6 CD vuong goc véi IN tai N.
184. a) (h.254) Phdn tich. Vé'dm‘:rng tron (I) bang ti€p
AOAB. Goi H, K 1 tiép diém wén Ox, Oy. Ta cé
OH = OK = p. Lan luogt dung H, K, (I), r6i dung AB. *

Bién ludn
— M ndm bén trong phdn gach soc, bai todn c6 hai Cl A g y
nghiém hinh. H;h vy

— M € cung HK, bai toan cé mot nghiém hinh. |
-M tﬁui}c phan con lai trong géc xOy, bai todn khong ¢6 nghiém hinh.
b) Giai nhu Bai tap 183b. |

185. (h.255) Qua M dyng dudng tron (I) tiép
xdc v6i Ox, Oy. Goi tiép diém la C va D.
Céch dyng dudng tron (I) : xem Vi du 25,
chi § chon (I) sao cho M thu6c cung nhé

- CD cia (1). -

Ké dudng vudng géc vai IM tai M, cit OC,
OD & A, B. Ta s& ching minh AOAB la O A E'E
tam gidc phai dung. ' Hinh 255
That vay, xét dudng thing EF qua M va khéng vuong géc véi IM (E € OC,
F € OD). Ke¢ tiép tuyén E'F' song song véi EF va ti€p xiic v6i cung CD.
Hién nhién chu vi AOEF 16n hon chu vi AOEF. Nhung chu vi ACGEF
bing chu vi AOAB (ciing bing OC + OD). Vay chu vi AOEF Ién hon chu
vi AOAB. - |

X

O



186 (h.256) Pat AH = HD = a, Ta c6 QBDH vaf:_ AN A s B

AADC déng dang nén BD'-'-:.DH, su y.ra-- e __ i

BD.DC = AD.DH = 2aa_.,.m2' SR
Do tich BD. DC khong déi nén BD + DC nhéz'f': B
nhét khi va chi khi BD DC = a\r i
Ban doc tu néu cach dlrng | '_ " L E b T e TR

187. (h.257) Goi AD, AE 1a céc tiép tuyé’n cua_” g
dudng tron (O ; R), chiing cdt dudng vuﬁng_::;._ D
géc vm OA tai O thEG thu’ tu U B vé. C Ta cn i

SABC— ZSAQB - AB OD (AD + DB) R (1) '”_A o Jin

' Hmh 25? S

min SAEC = 2R 4> AD=DB =R < o gléc R

ADOE 12 hinh vuong ¢ = A thuﬂc du(mg tr(‘m (0 RJ_) B A
188. Xét cdc tam gidc c6 chu vi Zp khéng dél GDI :a, b c lé r.iﬁ d:—n céc canh;

theo cong thiic Hé- rﬂngtacﬁ ax . SR AT R e

_'-- p(p — a)(p b}{p - c) (S ia dlén tfch tam glac)

Ap dung b&t dang thic Co- 51 vfn ba 56 dtrcmg p o a, p b p c ta cfj 2

3 _b v p a+ p b + p - cj = 13_ D

: z- .p4 T 2.-
Suy ra S__ ~— nén S < P
ST 21 3\(_

ﬂﬂdomaxsnyﬁp a-p b-p--c«qﬁa b c

' Vay trong cdc tam giéc {:6 cung chu w tam glac déu co d1én nch lnrn nh&t ;.; :
189. (h.258) a) Tren tia d6i cia tia DC tay E sao cho DE BM Ta 6

&ABM &ADE (c g.c) nén AM AE AI Az



“Ta lai c6 A1 + A3 =45° nén Ao + Az = 45°,
do d6 EAN = MAN.
AEAN = AMAN (c.g.c) = ENA = MNA.
Ké AI L MN thi Al = AD = a.
AAIN = AADN (canh huyén — canh géc

vuéng) = NI = ND. Tuong ty MI = MB. Suy

ra NI + MI = ND + MB, ttrdéchuwaCMN' E D N n C
: banﬂ 2a. Hinh 258

b)DatCM m, CN = n, MN X. 'I‘heocﬁuatacnm—i-n-!-x—Za Céin tim
gia tri nho nhit cha x.

- Sir dung bt ding thic 2_{m2 + nz} = {(m + n) ’ta co
2}{22{2&—:{)2_:-:;\5 22a—-x=x(1 + JE)EQ&

2a '
= ¥ ' =Za(\f§~vl).
1+42
min MN =2a(v2 - 1)¢<>m=n Khid BM=DN, >
MI = NI, cdc di€ém A, 1, C, thing hang, AM 13
tia phan gidc cia géc BAC, AN la tia phan gidc
ctia géc DAC (h.259). - M
' I
¢) AMN c6 dl.r{‘mg cao M = &, SAMN = ESABMND
nén khi MN nhd nhat thi S, nhd nhﬁt DN c
SAEMND nho ﬂh&t suy ra SCMN 16n nhit, ' : ank 259
190. (h.260) Goi a 12 canh cfia hinh vuéng. Dat M
BM = x, DN = y. Chd y rang giita x, y va. hang '
s6 a c6 quan hé Xy = a°. That vay BC // AN suy X < |
B""l
raix—a_nénxy"—-az. a
a vy : a . a
' Ta bién déi | - =
MN? 2 2 A 2D ¥ N
o @+x)"+@+y) Hinh 260

= 2a% + 2a(x -+ y) + (xz + yz)'
=2a% + Zax +y)+ (x + y)2 —2Xy =2a(x +y) + (x + y)z.



Kh1x+ynhﬂnhat(changhanx+y b)thl;MNZ“Zab+b2 Kh1x+y:=~b
thi MN? > 2ab + bZ. e
Nhu vay MN? nhé nhit & X+ y nho6 nhit.

Do xy = a’ (hiing s6) nén x + y nho nhﬁt khi va Chl khl x y

Do d6 MN nhd nhit khi &AMN vuong can tai A tﬁ'c Ia MN L AC ta: C

191. Dung duong thing vuong g(}c véi AC tai C, cit cdc canh ciia géc A tal M
va N. Ta s& chithg minh ring MN 1a dudng thing phai dung. Xét dim‘ng'
thdng di qua C va khéng vuong géc véi AC, cat cac tia AM AN Ial E va F.
Cin chiing minh EF > MN. Xét hai truﬁmg hop : |

a) Truong hop E thudc doan thang
AM, khi d6 F thudc tia d6i cha tia NA
(h.261). Tru6c hét ta thdy ME < NF.
That vay qua N ké dudng thing song
song véi EM, cit CF 0 H. Taco

| NHF AEC::-»AMC -

_ —ANC>APH
:z»NF::-NszNF}ME

Trén NF 18y K sao cho NK = ME Do ME < NF nén K nim gnza N va F. -
Dé dang chiing minh dugc EK > MN (béing cach ke cdc dubng vudng goc tir E

va K dén MN)WEF::-EK(W EKF }QO)GDdUEF}Lm

b) Trudng hop E thudc tia dﬁt cua taa MA kh1 dé F thuﬁc doan thang AN
-ching minh tuong tu. : : -

192. a) Goi ABC la tam gidc can tai A. Xe.t L
ﬂf-‘xDE bat ki ¢6 géc DAE trung véi gﬂc o
BAC va SADE = Sapc (h.262). Gia st -
D thudc canh AC thi E phai thuoc tia

dsi cha tia BA. Ta s& chiing minh rﬁng
BC <DE.

o Hé}zh'z;ﬂ o

Thét vay, do Spype = Sppg nén trir di
SABD fa diﬂ?ﬂ SCBD = SEBD’ suy ra

CE // BD. D€ so sénh BC va DE, ta a
v8 thém diém K sao cho EBDK Ia | . Hinh 262




hinh thang can cé canh ddy BD. (Cach vé nhu sau : Trén nia mait phing
chita E c6 bo B]j v€ tia Dx sao cho ﬁ.ﬁ = ']ﬁ, Dx cit EC 6 K). Do dé6
. BK=DE. | ¢))
Ta c6 AB > AD nén ]31 > ﬁ;_, suy ra BDC < ]3]?]3 do do Eﬁf} < Eff(,
vi thé‘Cn?im gifraEvéK. Ta c6 ﬁ > CBE > 90° nén :
BK > BC. . (2)

Tu'{i} va (2) suy ra BC < DE.

Chi y : C6 thé diung két qua clha Bal tap 22 va Vi du 16 dé giai cau a)
‘nhu sau :

- Xét cdc tam gidc ABC c6 dién tich S va s6 do géc A khong déi. Pat-AC = b,
AB = c. Goi ¢' 13 hinh chi€u cha canh AB trén AC. Xét ba trudng hop :

~ Trudng hop A = a < 90° (h.263a). Theo Bai tap 22 ta ¢6
BC? = b2 + 2 = 2bc' = b2 + ¢? — 2bccosa = (b — c)z + 2bz(1 — cosa).

Do 1 - cosa khong déi va be khéong ddi [V‘i bc = S J nénBC nhé nhat

Sin ot

khi va chi khi b = c.

Hinh 263

- Trub’ng hop A > 90° (h. 26313}, dat a = 180° — A. Theo Bai tap 22 ta cé
BC? = b2 + ¢2 + 2bc’ = b2 +c? 4+ Zbccosa = (b — c:) + 2bc(1 + cosa).

Do 1+ 'c:}sa khbng déi va be khong déi (vi be = ,ZS' ] nén BC nhé nhdt
: - : Sin o

khi va chi khi b =c.

.~ Truong hop A = 90°. Ta 6

BC? = b2 + c? = (b —c}2 + 2bc.



Do be =28 khﬁng dé: nén BC nhé nhét khi vA chi kl.u b c. Ay
Vay trong c4c tam gide ABC c6 dién tich S va s& do goc A khﬁng dc‘;’:l, tam -
gidc ¢6 canh BC nho nhét 12 tam gidc can tai A. SRR R

b) (h. 264) Xet cac tam gléc MAN co MAN |
.khung déi, cling ¢6 dién tich bing S ABC nén-'__'-;_ -_;_'..c

tam gidc ¢c6 MN nho nhﬁt 1a tam gléc c:an tal A'~ '
(theo cau a). :

- Ta dung cac diém M, N sao cho AM AN va

SAMN = ESABC bﬁng phlrﬁng phap dal 5{3 D&t _:_'; T R L

_Ta Cé SAMN = % Kz sm(x SAMN = %SABC Hen “E";“-—" ";"'::" 2 = b% :

x 12 trung bmh nhan cha —2— v?& b Cach du‘ng dun’c thé h1én trén hmh 264
193. (h.265) Dit AD =22, AB=b, OB = R.’Xét AOAB vuéng
OA? +AB =OB’>= a —l—b2 MR-Z

a) {h.265.3) ){ét : .. S 2ab < a " bz - R2 ;.,;_.;. R

RJ_

| maxS R? f:::a-a“-b—

Vay h:mh chu' nhat ABCD cb dlén tf:::h lﬂn nha't béng R khi va ch1 I(hl-".'__."f.
AD = 2AB. Céch dung hinh chit nhat d6 duge thé hlén trén hinh 2653 trnng'_—_._"}_

dé AOB 45

Ny
* ] . : -
I« DR N ) ' . " | e

PR . . 2 a g 5 DRETE e i
€ 2a > : e 2a >

. Hinh 265 e

M




) (1265b). Ta 6 chu vi ABCD 6o nhdt & 2 + b lon i ¢ (2 + by’
|6 nhét,

De ding ching minh duoe bt ding thic Bu-ohi-a-copoik
e+ ng) < (n? 4008 +42), iy e bl bt =
. kY
Dodo |
()= at 11 < B 1) = 5R°
) | '

max(2a+b):R\5<:>—=Em=2b.
2

Vay bish chinht ABCD of chu v n hdt b 2R\f 5 ki vi i

AD = 4AB. Cich dyng hinh chi nhit 06 duoe thé b trén K 2655
rong o OA'= 2B, OB’ cit nia dudng trdn § B





