CHUYEN PE: MOT VAI Ki NANG TiNH TONG TO HOP
L&i mé dau

“Téng t6 hop” 13 mot ndi dung co ban va quan trong ciia chwong trinh mén
Toan & THPT va thudng gap trong cac dé thi tuyén sinh dai hoc va cao dang. “Téng
t6 hop” duoc danh gia 1a mot noi dung khé va kha hay . Trong qué trinh hoc, hoc
sinh da duoc 1am quen v&i cac khai niém va bai toan lién quan vé cac quy tic dém,
hoan vi, chinh hop, t6 hop, ung dung caa nhi thirc Newton. Trong c4c bai tap vé t6
hop, dang toan tinh tong té hop 13 mot trong cac dang gay khé khin cho hoc sinh.
Trong khi d6, tai liéu hoan chinh danh cho dang toan nay ciing khong nhiéu. Trong
qué trinh giai cac bai tap dang tinh tong t6 hop nhiéu hoc sinh con ling ting khéng
biét hudng giai va khdng biét &p dung cac kién thirc da hoc vao bai toan nhu thé
ndo. Ching t6i hy vong véi bai viét nay, cac em c6 thé ty luyén tip dé khoi bd ngd

trude cac dé toan kiém tra va thi co dang tinh téng cac td hop.
Cau triic chuyén dé

Chuyén dé dugc trinh bay trong 3 chuong:

Chuong 1. Mot s6 kién thirc co ban

Trong chuong nay diém lai mot sé kién thirc co ban vé hai quy tic dém co
ban, hoan vi, chinh hop, t6 hop va mét sé cong thirc tinh toan.

Chuwong 2. Mot s6 ki nang tinh tong to hop

Trong chuong 2 tap chung vao mot sb ki ndng va cac bai tap mau vé tinh tong
t6 hop nhu: Str dung bai toan dém, sir dung cdng thirc, sir dung khai trién nhi thic
Newton, dao ham, tich phan va s phtc.

Chuwong 3. Bai tap ap dung

Pua ra mot s bai tap 4p dung dé hoc sinh cd thé rén luyén ki ning tinh céac

téng té hop.



Chwong 1

Mot so kién thire co ban

1. Hai quy tic dém co ban
1.1 Quy tdc céng

Gia sir, mot cong viéc cd thé thyc hién theo mot trong k phuong an A, A, ...,
Ay. C6 n, cach thuc hién phuong an A, n, cach thuc hién phuong an A,, ..., n, cach
thue hién phuong an Ay. Khi dé, cong viéc ¢ thé dugc thuc hién bai n +n, +...+n,
cach.

Quy tdc céng mé réng

Cho hai tap hop hitu han bat ki Ava B . Khi d6, s6 phan tir cia Au B bang s6

phan tir cua A cong voi sé phan tir caa B rdi trir di sé phan tircua ANB, tac 1
| AUB|H A[+/B[{ANB.

1.2 Quy tidc nhan

Gia sir, mot ¢éng viée nao d6 bao gdm k cong doan Ay, A,, ..., Ar. Cong doan
A; c6 thé thuc hién theo n; cach, cong doan A, cd thé thuc hién theo n, cach, ...,
cong doan A c6 thé thuc hién theo n, cach . Khi d6 cong viéc d6 co thé thyuc hién

theo nyn,...n, cach.

2. Hoan vi

Cho tap hop A co n(n>1) phén tir. Khi sip xép n phén tir nay theo mot thir
tu, ta dwoc mot hodn vi cac phan tir caa tap A, goi tat 1a mot hoan vi cua A.

Ki hiéu P,la s6 cac hoan vi cua tap hop co n phan ti.

Taco P, =n!=n(n-1)(n-2)...2.1.

3. Chinh hep



Cho tap hop A gdm n phan tir va sé nguyén k véi 1<k <n. Khi liy ra k phan
tr cia A va sap xép ching theo mot thir tu, ta duoc mot chinh hep chap k cuaa n
phan tir cuia A, goi tat [a mot chinh hop chap k cua A.

Ki hiéu sé cac chinh hop chap k cia mot tip hop cd n phan tir (I<k<n) la

A,
£ oAk _nl
Taco Al =n(n-1)....(n—k+1)= = 1)
Quy udc 0!=1, A’ =1.
Khi d6 cbng thie (1) dang vai moi s6 nguyén k théa man 0<k <n.
4. T6 hop

Cho tap A c6 n phan tir (n € N) va va sé nguyén k véi 1<k <n. Mdi tap con
cua A c6 k phan tir duoc goi la mot té hep chap k cua n phan tir cua A, goi tit 1a
mét té hop chap k cua A.

Ki hiéu sé cac t6 hop chap k ciia mot tap hop ¢6 n phantir (1<k<n) la C!

hoac (nj
k

Taco cr-th__ M (2)
" k! k!(n-k)
Quy uéc C)= 1.

Khi d6 cong thic (2) dang v6i véi moi s nguyén k théa man 0<k<n.

5. Mt sé cong thic tinh toan
o Cl=CM":

o CK4CHi=Cl;

1o

[ ]
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O
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>
O
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1 Ck: 1 k+1 .
k+1 " n+1 ™’

e Nhj thizc Newton

Hé qud:
> (1+x)" =C2+Cix+C2x* +...+ CIX";
> (1-x)"=CP —Crx+C2x* —...+(-1)" C)x";

» Y Cr=Cl+Cr+C2+..+C] =2";
k=0

» C+C2+Cl+..=C +C +C>+...=2"",



Chuong 2

14

Mot so ki ning tinh tong to hop

1. Sir dung bai toan dém

1.1 Phuwong phap
e Buoc 1. Lap bai toan.
e Buéc 2. Giai bai toan bang hai cach. Mdi cach cho két qua dugc biéu
dién dudi dang la mot vé cua dang thac can ching minh.

e Buéc 3. Tur d6 rat ra dang thie can chang minh.
1.2 Mgt sé bai tdp ap dung

Bai 1. Chang minh ring
Coos +Coy +Co +. + COOL = 2290
Giai.
¢ Xét bai toan
Cho tap S ¢6 2011 phan ti. Tim s6 cac tap con c6 Ié phan tircua S .
% Gidi bai toén
e Cach1
Chon ra k phan tir tir 2011 phantrcaa S voi k e
S6 tap con 6 k (k&) phan tir [a Ck,, =C2:1 véi 1<i <1005
Theo quy tic cong, sb tap con ¢6 Ié phan tir caa S a

1005

2i+l _ 1 3 5 2011
Z C2011 - C2011 + CZOll + C2011 t.ot C2011 '
i=0



e Céch 2
Goi P ={ A| Ac S; Acé Ié phan tu};
P ={A|AcS; A c6 chin phan ta}.

e ) T e Ao oo o= M X N A A 5
= S0 phan tr cia P = so phan tir cua P:E,vmmlaSOtapcon cuas.

Sotapconcia S la m=2%%,

2011

Suy ra s6 phanta cua P la £— =221,

S6 tap con c6 lé phan tir cia S 1a 22°%,
Vi hai céch giai cho két qua bang nhau nén ta co
— 22010

1 3 5 2011
CZOll + CZOll + C2011 +..t CZOll

Diéu phai ching minh. [

Bai 2. Chiing minh rang

0 2 4 2012 _ ~2011
C2012 + C2012 + C2012 +.t C2012 - 2 '

Giai.
% Xét bai toan
Cho tap S ¢6 2012 phan tir. Tim s6 tap con cia S ¢6 chan phan tir.
+ Gidi bai toan
e Cach1
Chon ra k phan tir tir 2012 phan tircaa S, véi k chan.
S6 tap con cia S ¢6 k phan tir (k chén) la CX,, =C2 ,, vai 1<i <1006

Theo quy tic cong, s tap con c6 chan phantir caa S 1a
X 2i 0 2 4 2012
1
Z C2011 = C2012 + C2012 + C2012 t+..t+ C2012 '
i=0

e Cach 2
Khéng mét tinh tong quat, tacd S =S, U {n,y,}, véi S, ¢6 2011 phan ti,

Nyo12 12 phan tir thir 2012.



Ta c6 tap con c6 chin phan tircua S 1a tap con ¢ chan phan tir cia S, hoic la
tap con c6 1é phan tir cua S, U {n,q,} .

Suy ra s6 tap con c6 chin phan tir cia S bang sb tap con ¢6 chan phan tir cua
S, cong Vi sé tap con c6 lé phan tir cua S, .

Theo bai 1, s6 tap con cd chan phan tir caa S, bang sé tap con ¢ chan phan tir
caa S, bang 2%,
Suy ra s6 tap con c6 chan phantircia S & 2200 4 22010 = o201t

Vi hai cach giai cho két qua nhu nhau nén ta c6

1006

2 _ 0 2 4 2012 _ 52011
Z Czon = C2012 + C2012 + C2012 +..t C2012 =27
i=0

Suy ra diéu phai chizng minh. O

Bai 3. Chtrng minh rang
C;OZO + 2C22020 + 3023020 +..+ 2020C22§228 =2020.2°% |

Giai.

% Xét bai toan

C6 bao nhiéu céch lap ra mot nhdm hoc sinh tir 2020 hoc sinh dé di thuc hién
nhiém vy, trong d6 c6 mot nguoi la nhom truong.

+ Gidi bai toan

e Cach1l

Chon ra k hoc sinh tir 2020 hoc sinh dé Iap thanh mot nhém. Sau d6, chon
mot trong sb k hoc sinh trong nhom dé lam nhom trudng.

Suy ra c6 kC,, cach chon, v&i 1<k <2020.

Theo quy tic cong, co tat ca sé cach chon la

2020

Z KC3 s = Caopp +2C2,, +3C3, +...+2020C22C
k=1



e Céch 2

Ta chon mét hoc sinh trong s6 2020 hoc sinh lam nhom trudng. Khi do, 2019
hoc sinh con lai, mdi hoc sinh cé hai cach chon la tham gia hoic khong tham gia
vao nhom di thuc hién nhiém vu.

Suy ra sb cach chon 1a 2020.22%° .

Vi hai cach giai cho két qua nhu nhau nén ta c6

Clipy +2C2, +3C3 0 +...+ 2020C 2% = 2020.2°%

Suy ra diéu phai chizng minh. 0

Bai 4. Chtrng minh rang
1.2C22Olo + 2.3C§010 + 3.4C;010 +..+ 2009.2010C228118 =2010.2009.2%°%

Giai.

¢ Xét bai toan

Mot cong treong c6 2010 cong nhan. Hoi co bao nhiéu cach lap ra mot doi tur
2010 coéng nhan dé thuc hién cong viéce, trong d6 c6 mot ngudi 1a doi trudng va mot
ngudi 1 doi phé.

% Gidi bai toan

e Cach1

Chon ra k nguoi tir 2010 céng nhan dé 1ap thanh mét doi. Sau do, chon mot
ngudi trong sé k nguoi lam doi trudng, va chon mot ngudi trong s6 k —1 ngudi con
lai 1am d6i pho. Nhu vay, ¢6 k(k—1)C; céach chon, vai 2 <k <2010.

Theo quy tic cong, tong s6 cach chon la

Zozm k(k—1)Cy =1.2C2,, +2.3C5 1, +3.4C5; +...+2009.2010C 0 .
ko2
e Céch 2
Chon mot nguoi trong s6 2010 cong nhan lam doi trudng. Sau do6, chon mot
ngudi trong s6 2009 ngudi con lai lam d6i pho. Khi do, 2008 ngudi con lai, mdi
nguoi con lai o hai lua chon tham gia hoac khong tham gia vao doi da 1ap.
Suy ra c6 tat ca 2010.2009.22°* c4ch.
8



Vi hai cach giai cd két qua nhu nhau nén ta cd
1.2C2  +2.3C3 , +3.4C% , +...+2009.2010C2° = 2010.2009.2° .

Suy ra diéu phai chitng minh. [

Bai 5. Chtrng minh rang
CiCk+ClC+CiCl?+..+CPCl™=Ck |, voi 0<m<k<n.

Giail.

¢ Xét bai toan

Cho tap hop A gdm m ngudi, tap hop B gdm n nguoi. Hoi c6 bao nhiéu cach
chon ra k nguoi tir hai tap A va B.

+ Gidi bai toan

e Céach1l

Chon ra i nguoi tur tap hop Ava k—i nguoi tir tap hop B.

Suy ra ¢ C.CK" céch chon, vsio<i<m.

Theo quy tic cong, ta co téng sb cach chon ra k ngudi tir hai tap A va B la
D.CoCh = CoCy+CiCr +CICK 2 +..+CCy ™,
i=0

e Cach 2
Chon truc tiép k nguoi tir m+n nguoi sau khi ghép hai nhom lai.
S6 céach chon ra k nguoi tir hai tap hop A va B la C! cach.
Vi hai cach giai cho két qua nhu nhau nén ta c6
clck+cCickt+ciCk?+..+CIClm =Ck

m+n *

Piéu phai chang minh. m

Bai 6. Chizng minh rang
(Clhs) +(Clows) +(Chua) +-+(Clo8)" = €.

Giai.



++Xét bai toan

C6 bao nhiéu cach chon tir 1013 hoc sinh nam va 1013 hoc sinh nit ra mot doi
gdm 1013 hoc sinh dé di thuc hién nhiém vu.

“Gidi bai toan

e Cach1

Ta c6 thé chon ra k hoc sinh tir 1013 hoc sinh nam va 1013—k hoc sinh tir
1013 hoc sinh nit dé lap thanh mot doi dé di thuc hién nhiém vu. Khi d6, sé cach
chon la Ck,,Cl9%* = C,.Cl, = (Chy ), v6i 0<k <1013.

Theo quy tic cong, tdng s cach chon ra 1013 hoc sinh tir 1013 hoc sinh nam

va 1013 hoc sinh nit dé di thuc hién nhiém vu 1a

1013

> (Chi) = (Co) +(Chis ) +(Caa )+t (G2

koo

e Cach 2

Ghép hai nhém hoc sinh nam va nir thanh mét nhém gdom 2026 hoc sinh. Sau
d6 chon ra 1013 hoc sinh tir 2026 hoc sinh dé lap thanh mot doi di thuc hién nhiém
vu.

S6 céach chon 1013 hoc sinh tir 2026 hoc sinh [a CX%% c4ch.

Vi hai cach giai cho két qua nhu nhau nén ta c6

(Co) +(Chia) +(C2) .t (CBY = cioi.

Suy ra diéu phai chizng minh. O

Bai 7. Chtrng minh rang
(Ct) +2(c?) +3(C?) +..+n(Cl) =nCyt.
Giai.
% Xét bai toan
C6 bao nhiéu cach lap ra mot do6i gdbm n nguoi tir N nam va n nit, trong d6 ¢6

mot doi trueong la nam.

10



+»+ Gidi bai toan

e Cach1

Chon ra k nam va n—k nir tr n nam va n nir dé lap thanh mot doi. Sau do,
chon mot ngudi tir k nam ra dé lam doi trudng.

S cach chon la kckcM+ = k(Ck)z, véil<k<n,

n

Theo quy tic cong, ta cd tong s6 cach chon la

Sk(CH) = () +2(c2) +3(C) +.+n(Cl)

=i

e Cach 2

Chon ra mot ngudoi lam doi truéng tr n nam. Sau do, gop hai nhém lai thanh
mot nhém méi gdm 2n—1 ngudi, rdi chon n—1 ngudi con lai tr 2n—1 ngudi cua
nhom méi.

Téng sb cach chon [a nCl% céach chon.

Vi hai cach giai cho két qua nhu nhau nén ta c6

1(Ct) +2(C2) +3(C2) +..+n(Cl) =nCyL.

Diéu phai chang minh.

Bai 8. Chtrng minh rang
1°Cp+2°C2+3°Cl+..+n°C] = n(n+1)2"2.

Giai.

s Xet bai toan

Cho mot nhém gdm n ngudi. C6 bao nhiéu cach 1ap ra mot doi van nghé dé
tham gia biéu dién, trong d6 c6 mot ngudi hat chinh va mot ngudi choi dan.

*+Gidi bai toan

e Cach1l

Chon ra k nguoi tir n nguoi da cho dé lap thanh d6i van nghé. Sau d6 chon

mot ngudi hat chinh va mét nguoi choi dan tir k ngudoi da chon.

11



Vi ngudi hat chinh ¢6 thé 1a nguoi choi dan nén cokkC* = k*C¥ céch chon,
véi 1<k <n.

Theo quy tic cong, tong sé cach Iap ra mot doi van nghé tir n ngudi, trong d6
cd mot nguoi hat chinh va mot ngudi choi dan la

D K*Cy =1°Cp +2°C2 +3C +...+n°C).
k=1

e Cach 2

Xét hai trrong hop:

» Truong hop 1: Nguoi hat chinh va nguoi choi dan la hai nguoi khac nhau.

Chon ra mot nguoi hat chinh tir n ngudi. Sau d6, chon mdt ngudi choi dan tur
n—1 ngudi con lai. Khi d6, n—2 nguoi con lai, mdi ngudi co hai cach chon la tham
gia hoac khong tham gia vao doi van nghé.

Khi dé, s6 cach chon la n(n-1)2"2 cach.

» Truwong hop 2: Nguoi hat chinh va nguoi choi dan 1a mot nguoi.

Nhu vay, chon mot ngudi tir n ngudi dé hat chinh va choi dan.

Khi d6, n—1 ngudi con lai, mdi ngudi ¢ hai cach chon la tham gia hoic
khong tham gia vao doi van nghé.

Suy ra s cach chon la n2"*cach.

Theo quy tac cong, tong s6 cach chon la n(n-1)2"? +n2"* =n(n+1)2"*cach.

Vi hai céch giai cho két qua nhu nhau nén ta c6

1°C,+2°CZ+3°C}..+n°C) = n(n+1)2"7.

Suy ra diéu phai chizng minh. O

2. Str dung cong thc
2.1 Mgt sé cong theee thuong ding
o Ck=CM;

o Cl+Ci=Ck,;

n+ly

12



[ ) (:# = /\: -

P

e kC¥=nC'};
1 Ck _ k+1

1
hd [T WE
k+1 n+1

2.2 Mgt sé bai tdp ap dung
Bai 1. Tinh cac tong sau:
a.S; =C; +2C2+3C> +...+nC/;
b. S, =C!-2C2+3C3—..+(-1)""nC/.
Giai.
a. Ap dung cong thirc kC* =nC*?, 1<k <n.Taco
S;=C:+2C>+3C>+...+nC
=nCJ,+nC; ,+nC’, +..+nC)}
=n (C,?ﬁl +C +C2 +..+ C:jll)
=n(1+1)" "= n2"",
Suy ra S;=n2"", O
b. Tuong tw, tacd S, = n[cr?_1 ~Cl,+C2, (1) cn”;j} = n(1-1)"" =0.

SuyraS,=0. 0

Bai 2. Tinh téng
S=1.2C2,, +2.3C3, +3.4C%  +..+2009.2010C2
Giai.
2010
Taco S=1.2C2, +2.3C3,) +3.4CH,, +...+2009.2010C2° = 3 (k ~1)kCL,, .

k=2

Ap dung cong thac kCf =nC}, véi n=2010, 2<k <2010, ta co

13



(k—1)KCy;e =2010(k —1)Cjop = 2010.2009C55 -
Suy ra

2010 2010

S =) 2010.2009C 5 = 2010.2009 ) Co%
k=2 k=2

= 2010.2009(C3,05 + Chpps + Cioge +---+ Cioes )

= $=2010.2009(1+1

)2008

= 2010.2009. 22 ,
Vay S = 2010.2009. 2°° 0

Nhan xét

e Néu trong biéu thizc cua tong can tinh ¢d xudt hién dang kC¥, thi ta si dung
cong thirc kCf=nC*}.

e Néu hiéu thic tong can tinh ¢ xudt hién dang (k—i)...(k—1)kCF, Vdi
0<i<k-1 thi ta &p dung cong thizc kC*=nC*? lan keot i+1 lan nhur sau

(k=i)..(k=1)kCy = n(k—i)..(k-1)Ci 7 =..=n(n-1)..(n—i)C\ 7.

Bai 3. Tinh téng
S=n2"'CC +(n—1)2"?3C} +(n—2)2"°FC? +..+3"'C" L.
Giai.
Ap dung cong thac C* =C"™* va kC* =nC*?, ta dugc
S =n2"iC +(n—1)2"23CI +(n—2) 2" FC 2 4. +3"CE,
=n(2"'Cl} +2"8C] 7 +2"°3°C ) +..+ 37'CY))
=n(3+2)" " =n5"".
Suy raS=n5"", O

Nhan xét
14



Néu trong biéu thizc tong can tinh c6 xudt hién dang (a+k)CY thi ta bién doi

(a+k)Ct = aCl +kC}. Sau dé dp dung cong thirc kCY =nC} dé tinh tong.

3. Sir dung khai trién Nhi thicc Newton
3.1 Ly thuyét
+» Nh; thizc Newton
(a+b)" = Zn:ana”’kb" , Va,beC.
=

®.

** Hé qu
* (1+x) =C2+Cix+C2x* +...+ CIX";

n

® (1-x)"=CP-Cix+C2x* —..+(-1)"C)x";
e Y Ci=Cl+Cr+CZ+..+C] =2";

k=0
e C)+C2+C!+..=C;+C3+C’ +....

< Dau hiéu nhan biét

Khi sé hang caa tong c6 dang Cra"*b* hosc C"*a"*b* thi ta s& 4p dung khai

trien nhi thirc Newton (a+b)" =Y Cka"*b*, véi h¢ sé a, b thich hop.
k=0

3.2 Mgt sé bai tdp &p dung
Bai 1. Tinh téng

S =Cp0 23+ Cjy00 277737 +Clpp 2173 +... + Clogy .37
Giai.
Taco

S — 2-3(C§000 22000 + C;.OOO 219993 + CZZOOO 2199832 Fo+ CZZg(())(()J 32000 ) )

15



Y 0 2000 1 1999 2 19982 2000 52000 2000 2000
Ma Cp002™ +C0002 "3+ Cpppp2 3" +...+ Cyppe 37 = (243)7 =577,

Suy ra S=2.3.5%% = 6,52

Bai 2. Tinh téng
S= Cgoog +3? C22009 +3 C;oog +...4+ 378 szggg :
Giai.
Ap dung céc khai trién:

2009 0 1 22 2008~ 2008 , ,2009~ 2009 .
(1+ X) = Couo9 + XCoupg + X Cppgg .+ X7 Cr + X7 Cpppg 5

2009 0 1 22 2008~2008 _,2009 ~ 2009
(1_ X) = C2009 - XC2009 +X C2009 — X Czoog —X Czoog .

Véi x =3, ta co:

(143)™ = Clige +3Cinge +3°Chgg +...+ 3P C e +37°C2% ;
(1_3)2009 = Cgoog _3C3009 + 32 C22009 —.t 32008 szggg - 32009 szggg :
Cong vé véi vé cua (1) va (2) ta dugc

42000 (_2)2009 = Z(Cgoog +32C2 0 +3'Cogg oo+ 32008(:228898) =2S.

42009 (_2)2009 s (22009 _1) |

SuyraS =
Bai 3. Chtrng minh rang véi 0 <m<k <n thi
ClCl+ClCk +C2Cl?+..+CPClm=CF .
Giai.
Xét cac khai trién:
1+ x)" = Cl+C:x+C2x* +...+C"x";
( ) m m m m ]
1+ X)" = CP+C*x +...+Cx* +...+C"x";
( ) n n n n

(1+%)"" = Cpp +Coy X+ Cl X L+ CRmX™ ™,

Theo phép tinh Iy thira, ta cd (1+x)"" = (1+x)" (1+x)".
Xét Iy thura

16

1)
()

1)



O vé trai cua (1), hé sé cua x la c¥ .

O vé phai cua (1), ta c6

(1+X)" (1+X)" = (Cp +Cax+C2X* +..+C7x") (CY +Cox+...+ CFx* +..+CX").

Hé sb cua X & COCK+CiCkt+C2Ck2 4. .+CnCl™,

Pong nhat hé sé ta dugc
CiCk+ClCc+CiCr?+..+CICk™=CF .

Piéu phai chang minh. O

Bai 4. Chtrng minh rang
(CoY +(ct) +(c2) +..+(ci) =cp,.
Giai.
Xét cac khai trién:
(1+x)"= CI+Cix+C2x* +..+C)X";
(1+x)" = C3, +Cy X +C2X* + ..+ CL X" +...+ CIIX™".
Ta oo (1+x)" = (1+x) (1+x)". (1)
Xét Iiiy thira X"
O vé trai cua (1), hé sé cua x" la CJ, .
O vé phai cia (1), ta c6
(1+x)" (1+x)" = (Cr? +Clx+C2x? +...+C:x“) (Cr? +Clx+C2x? +...+C:x“) .
Heé sb cua X" 1a
CoC] +CICI +C2CI 7 +..4+CC = (C2) +(CE) +(C2) +..+(Cl)’.
Dong nhat hé s ta duoc
(CoY +(ct) +(c2) +..+(ci) =cp,.

Diéu phai chang minh. O
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Bai 5. Tinh tong

Giai.

Ap dung cong thac icnk _ 1 o
k+1

G voio<k<n, taco
n+

n+1

S = ool (O lore) fon) ey ]

S [CORCRRCAR AR N CR

n+1 n+1

Theo két qua bai 4 ta co

(Co.) +(Cha) +(C2a) +(Cla) ++(Cii) = it

n+1

1
SuyraS=———(C} —1).
y (n+1)2( 2n+2 )
4. St dung dao ham
4.1. Ly thuyét
% Ddu higu nhdn biét

Khi trong biéu thirc tong can tinh ¢ xuat hién s hang ¢ dang kC* hoac

kCra"*b** hogc (n—k)Cra™*'b¥, thi ta co thé st dung dao ham cap mot de tinh.

*» Cdc buoc giai

e Budoc 1. Chon ham sé f (x) thich hop (co thé sir dung khai trién nhi thuc
Newton).

e Budc 2. Lay dao ham ciia ham sé f (x) da chon theo hai cach:

+ Léy dao ham truc tiép ham sé f (x);

+ Ly dao ham cua ham s6 f(x) sau khi da sir dung khai trién nhi thirc
Newton ham sé f (x) & trén.
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e Buréc 3. Thay x bang mét gié tri thich hop vao biéu thirc vira tinh dao ham.

Ddng nhat hai phép tinh ta duoc két qua tong té hop can tinh.

< Chay
Ta thuong st dung khai trién
(a+x)"=Cra"+Cra"'x+CZa" x* +Cla"*x° +...+ C "
Ly dao ham theo x hai vé cua (1) ta dugc

n(a+x)"" = Cla"* +2C2a" *x+3C2a" °x* +...+nCIx""

Pén day, ta thay a, X bang s6 thich hop dé tinh tong can tim.

4.2 Mgt sé bai tap ap dung

Bai 1. Tinh téng

Giai.

S=n2"'C} +(n-1)2"*3C, +(n—2)2"°3*C} +..+3"'C .

Xét khai trién
(x+a)" =Cox"+Cix"*a+Cix"%a’ +Cix"*a’ +...+C/a"
Ly dao ham theo x hai vé cua (1) ta dugc

n(x+ a)n_l =

=nC X" +(n-1)C;x"*a+(n—2)Cx"*a’ +(n—-3)Cx"*a’ +..+C;"a" .

Thay x=2,a=3 vao (2) ta dugc

n(2+3)"'=

=nC,2""+(n-1)C,2"?3+(n-2)Ci2"°3* +(n-3)C 2" "3 +..+C 3"
=n2"'C; +(n-1)2"23C, +(n-2)2"°3°C} +...+3"'C; " =S.

Vay S=n(2+3)" " =n5"",

Bai 2. Tinh téng

S = 2002CJ,, +2001C},,, +2000C2 | +...+ 2C2% + C20
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Giai.
Xét khai trién
(X + 1)2001 = C§001X2001+ C ;002( 2000+ C 22002( 1999+ ...+C 22000(.
Nhan xvao hai vé cua (1) ta duoc
x(x+1)"" = x(c§001x2°°1 + Clpo X0 + C2 0 X%+ + c;ggf)
= Cgoolxzooz + C;OOlXZOOl + C22001XZO00 +..+ CZZ(?(?]:.LX .
Pao ham theo x hai vé cua (2) ta dugc

2000

(x+1

)2001

+2001x(x +1)

= 2002C2,,, X7 + 2001CL,, X**® + 2000C2,,, X' + ...+ C2%,

Thay x=1 vao (3) ta duoc

22914 2001.22%° = 2002C,,, + 2001CL, +2000C2,, +...+ 2C2%° + C2%% =G,

Suy ra S = 22+ 200122 = 2003.22",

Bai 3. Cho téng
S=2C) +3C, +4C? +..+(n+1)C/™" +(n+2)C;.

Tim n biét S = 144,
Gial.
Cach 1

Xét khai trién

(1+x)" =CY+Cox+C2x* +...+Cx".
= x*(1+x)" =x*(CP+Cox+C2x* +..+C]x")
=CIx* +C x°* +C2x* +...+CIx"?

L4y dao ham theo x hai vé cua (1) ta duoc

2x(1+%)" +nx? (1+x)" = 2CIx+3CEx* +4C2X +...+(n+2)CIX™ .

Thay x=1 vao (2) ta dugc

2(1+1)" +n(1+1)" " =2C2 +3CL +4C2 +..+(n+2)C! = S,
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SuyraS=2(1+1)"+n@ # )"_l =22"+n2" =2""(4+n).

Ma 'S = 144 nén 2" (4+n) =144,

Suy ra n=5.

Céch 2

Xét khai trién

(1+X)" =CJ+Cox+C2x* +...+CIx" . (3)
Pao ham theo x hai vé cua (3) ta dugc

n(1+x)"" = Ch+2C2x+3C3X* +...+nCIx". (4)
Thay x=1 vao (3) va (4) ta duoc:

(1+1)" =C)+Cr+C2 +..+C] ; (5)

n(1+1)"" = Ct+2C2+3C}+..+nC; . (6)

Nhan (5) v&i 2 rdi cong véi (6) ta dugc
2.2"+n2"" =2C) +3C; +4C} +...+(n+1)C) " +(n+2)C =S.
=8 =22"+n2""=2""(4+n)=144.

Suyran=5 O

Bai 4. Tinh téng
S=3CP2*+4C:2° +5C22* +...+(n+3)C" 2",
Gial.
Xét khai trién
(1+x)" =CY+Cix+C2x* +..+CIx".

= X*(1+x)" =x*(C) +Cox+C2X* +...+C/x")

=CHX*+Cx*+CXx°+...+Cx"?, (1)

Ly dao ham hai vé cua (1) theo x ta dugc
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3x2 (1+x)" +nx* (1+x)" = 3CIX* +4CHx3 +5C2X* +...+(n+3)CIx"2. 2)
Thay x=2vao (2) ta dugc

32%(1+2)"+n2°(1+2)" " = 3C02* +4C}2° +5C22* +...+(n+3)Cr2"* =S.
SuyraS =327(1+2)"+n2°(1+2)" = 3.2°3"+n2°3"" =4.3"(9+2n).

Vay S=4.3""(9+2n). O

Téng quét, ta c6 bai toan sau
Bai 5. Tinh téng
S = kCla“*+(k+1)Cla“ +(k+2)CZa ! +..+(k+n)Cra“"*
Giai.
Xét khai trién

(1+x)" =CJ+Cix+CX*+..+CIx".

= X (1+x)" =X (C7 +Cox+C2x* +..+C)x")
=CoX +CIX*™ + C2X"2 4+ .+ CIX" (1)
Liy dao ham theo x hai vé cua (1) ta dugc
ko (L %)+ X (L %) =
=KCIX " +(K+1) Cox“ +(K +2)Cix" +...+(k +n)Cox ", 2)
Thay x=a vao (2) ta dugc

n-1

ka**(1+a)" +na“(1+a)" =
=kCra“ " +(k+1)Cra“ +(k+2)Cla“  +...+(k+n)Cra**"*.

n

Suy ra S=ka“*(1+a)"+na* (1+a)" =a“*(1+a)" [k(1+a)+na].

Vay S=a**(1+a)"" [k(1+a)+na]. O

Nhan xet
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Khi cac sé hang cua tong can tinh c6 dang k (k—1)...(k—i)Ck véi0<i<k-1

thi ta sir dung dao ham cdp i+1 dé tinh tong do.

5. Sw dung tich phan xac dinh
5.1 Ddu hiéu nhégn biét

, b Xk+1 b bk+1 _ ak+l
Y tuong cua ki nang nay Ia dwa vao hé thuc [ x“dx= = T
a k+1lja k+1
1 I , ) bk+1 _ ak+l kel ak+1
d6, ta nhan thay néu s hang cua tong c6 dang ————C* hoac TCQ’k
+

v§i0<k <n, thi ta sir dung tich phan hai xac dinh vai can thich hop dé tinh tong do.
Ta thudng st dung khai trién
(1+X)" =CJ+Cox+C2x* +...+C)x" . (1)
Tinh tich phan hai vé cua (1), ta dugc

b

(1+x)"dx = j(Cr? +Cax+C2x* +...+ CIX" Jdx

a

D ey T

1 n+l b 2 3 n+1 b
:>( +X) — C:x+CH1X—+CnZX—+...+Cn" X
n+l |a 2 3 n+l)ja
1_|_b n+l 1+a n+1 2 2 343 n+l — on+l
_ (+b) " (1+a) _Co(b-a)sCiP A A DA
n+1 n+1 2 3 n+1

Khi d6, thay X, a, b thich hop ta duoc tong to hop can tim.

5.2 Mgt sé bai tdp &p dung

Bai 1. Tinh téng

2 3 il n+1
S= (2+1)Cr?+2 _1Cr1]+2 +1Cf+...+¢ ",
2 3 n+1

Giai.
Ta xét khai trién

(1+x)" =CY+Cox+C2x* +...+CIx". (1)
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b b

= I(l+ X)"dx = _[(Cf +Cax+C2x* 4.+ CIX" Jdx

n+l 2 3 n+l
:>(1+X) b_ EC,?X+C§X—+CfX—+...+C: X ] b
n+l |a 2 3 n+l)la
n+l n+1 2 2 3 3 n+l n+l
(1+b)™ (1+a) :Cﬁ(b—a)+Cib —-a +Cn2b - +C:b —a )
n+1 n+1 2 n+1
Thay a=-1b=2 vao (2) ta dugc
n+l _ n+l 2 _( 2 3 (_ 3 il (- n+l
1+2) Y coppenyecr 2 2220V | 027D
n+1 n+1 3 n+1
n+1 2 3 ndl g\l
suyra 3 - (241)c0 422 2 e, 2 (3 Cr=S
n+1 2 3 n+1
n+1
Vay S = : ]
n+1
Bai 2. Tinh téng
S =§C°—3—301+icz—...+MC”.
2 " 3 " 47" n+2 "

Giai.
Ta xét khai trién

(1-x)"=C? —Cix+C2x* —...+(-1)"C2x".

n

n

= x(1-x)" =CIX—Cx*+Cx°~..+(-1)" CIx"™".

=

O ey w

3
X(1-x)"dx = J.[Cr?X—CﬁX2 +CIx* ..+ (1) C;Xn+1j|dx
0

2 3 4 n n+2 3
S oL RS O RAY o SAM Y () N o
2 "3 "% 0

=fc°—3—301+3—402—...+w
2 " 3" 47 n+2

Mat khéac
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3

Ix(l—x)”dx:j[l—(l—x)](l—x) dx :I(l X)"dx —I(l—x)””dx,

0

3
0

_ (1=x"

n+1

(_2)n+1 N 1 N (_2)n+2 B 1
n+l n+l n+2 n+2

{( ) (- DMZMH L]

n+2
3+ (1-x)
0 n+2

n+2 n+1 n+l n+2

n+ 2 1 1
— _1 2 An+l
(=3) (n+2+n+1j+(n+1)(n+2)

3n+4 1

- (n+)(n+2) (n+1)(n+2)’

x(1-x)"dx =(-1)" 2"

O e W

3n+4 1 0

Tir d¢ S=(-1)" 2" |
r d6 suy ra S=(-1) (n+1)(n+2)+(n+1)(n+2)

Nhan xet
Néu cac so hang cua tong cd dang Ck thi ta nhan hai vé cua khai trién
+
(1+x)" ZC X V&I X Sau dé ldy tich phan hai vé cia dang thire thu dwoc Véi

can thich hop ta sé tinh dwoc téng can tim.

6. Sirdung s6 phirc
6.1 Nhdc lgi mét sé kién thire co ban vé sé phic

e Dang lrong giac cua so phirc

z—a+|b—\/a+b2( +i b }

Ja2+b?  a?+b?

=r(cosg+ising), trong d6 r =|z|=+a*+b* .
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e Dang mii cua s6 phic

z=re", Vi cos p+isin p= €.
e CoOng thuc thizc Moivre
n,ing

2" =r"(cosnp+isinnp)=r"e

e Cdn bdc n cia sé phirc z =r(cosp+isin ¢) la cac sb:

z, = Q/F(cosmnsin i kZE]
n n

i(p+k27r
=UYre " ,voik=0,1 2,...,n-1.

O phén nay, chiing ta thwong siz dung tinh chdt sau
Ménh dé. Cho m la mot sé nguyén duong. Khi d6, phuwong trinh x™ =1 c6m
nghi¢ém phuac phan biét

X, :coskz—ﬂ+isink2—7[, Voi k=012 ., mi
m m

Néu &l1a mot cian nguyén thuy bac m cua 1, tic [a ™ =1thi ta co:
Vite+el+...4e"=0;

Vite+ ¥4+ MY =0, Vi (k;m)=1.

6.2 Mgt sé bai tgp ap dung
Bai 1. Tinh cac tong sau:

.S, =CC —C2 +C* —..4+C;
b.S, =Cl —C3 +C° —..+Ci,
Giai.
Tu tinh chat i? =1 suy ra i* =1i%* =i;i%*? =—1; % =i
Taco
(1+i)" =CO +CLi+C2i2+C2i* +CLi* +CLi® +..+ Con ity Clnjn
=(C3,—Ci, +Ci =+ Cy) +(C},—Co, +C5 —..+Ci )i
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Suyra (1+i)" =S, +iS,. (1)

Mat khc (1+i)" <[ (1+i)’]" = (2i)" = 27 =(-2)" 4. 2)

aTu(l)va(2)suyraSl—Re[1+| }z -1)" 4", ]

b. Tu(l)va(2)suyraS, =1 [1+| }z [l
Bai 2. Tinh téng

S=cC) +C; —-C2 -C} +C; +C; —..+C;"*+C;".

Giai.

Tac6S=C, +C, -C; -C; +C,; +C; —..+C;" " +C;"

= (Cfn -C; +C} —.. +c;;:)+(c; —C +C - +C " ) .

Theo bai 1, ta co:

Cy—CZ +Ch —..4Cyn =(-1)"4";

Cl _C3 1C5 —.+Ciio0,

SuyraS =(-1)"4". O
Bai 3. Chtrng minh rang

(€, —C2 +Cl —..+Cin) +(CL, —C2 +C5, .4 Cit) = 2,

Giai.
Céch 1

Theo két qua bai 1, ta co:

Cy—CZ +Cy —..4Cyn =(-1)"4"

Cl _C3 4+C5 —.+C i

Suy ra VT =[ (-1 .4”}2 +0=2" = VP,

Diéu phai chirng minh. O
Céch 2
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Xét s6 phircz =i+1, voi i2 =-1.
4n

2" =(1+i)" =) Cyi"

k=0
=(CJ,—Ci, +Ch —..+Cyl )+ (C, —C, +C5 —..+Cn )i

Ap dung cong thic |a+bi|= va?+b? , ta duoc

2" = \/(cffn—cjn+cjn—...+cj:)2+(cjn—cjn+Cjn—...+cjn“*1)2 . (1)
Mat khdc [2']= [2f = (VE+T ) =2 @

Tu (1) va(2) suy ra

(€, ~C2 +Cf, ..t ClY +(CL —C3 +C5, —tCltY =2

Diéu phai ching minh. [
Nhan xét

Néu sé hang cua téng can tinh cd dang kC* thi ta c6 thé két hop siz dung cong
thirc kCX=nC! hodc dao ham cdp mét dé dwa tong can tinh vé dang quen thugc.

Sau dé dp dung sé phire dé tinh téng té hop do.
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Chwong 3
Bai tap ap dung

Tinh céc tong sau:
1.8 =Cy+3C2+7C +...+(2"-1)C;.

DA. 3" -
2.S =Cf+5C " +10CK? +10CK® +5CK* +C1°.,

DA C:+5
2 p n
3.5= Cl+2C—+ 4P S Cnnl
Cn Cnp Cn_
PA. n(n2+1).

4.S=1C§+iC§+ian+...+ L Cr.
7 10 13 3n+7

2n+3 2n+3 2n+1
- + :
nN+3 n+2 n+1

5.S =C2+2C}+3C; +..+(n-1)C;.

DA.

PA. (n—2)2”’1+1.
141 1.3 1_5 2n—1
6.S==C5,+=C5,+=C>5, +--- —C .
2 2n 4 2n 6 2n on

220 1
an+1

DA.

7.S=C}+2C?tanx+3C’ tan’* X +...+nC/ tan" " x ,

PA. n(1+tan x)“'l

n

8.5 = Z“k+ Zk+12k+1

k=0 k=
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22n+2 _ 3n+1

DA, ————.
(n+1)2"*
9.S =C; +CZ2 +C; +..+C.

DA 217 4 (4n-1)!
' (2n-1)!(2n)!’
10. S =C; +3C; +5C} +...+(2n+1)C; .

DA. (n+1)2".

Chitng minh céc diang thic sau:
1. CICf ' +C2Cl?+..+CK'Cl=Cf, —-Cl—Ck, v6i vk,m,neN va k<m<n.
0 1 2 n
2. i+i+i+...+i: 2".
or 1 21 n!
3.C; +4C2+3.2°Cl +...+n2"'C) =

=nd"'C? —(n-1)4"2Cy +(n—2)4"*C2 +...+(-1)""C.

4. oG, G

o —n —...+(—1)rl G _ 1 :
1+1 1+2 1+n n+1

n~n-1 n~n-2 n~n-k —

5. CICk —ClCkt+C2Cl 2 +..+(-1) Clce, =0,
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