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MOT SO KIEN THUC VE HINH OLYMPIAD

(Mathscope.org)
Nhirng kién thic sau day gbm mot sb klén thu’c co sé' dé kham pha hinh hoc
olympiad hodc la nhirng két qua dep néi tleng :hornytoro:.Bai viét nay dwge
s0an ra nhim dap ing nhu ciu tra ciru ,hoc héi ciia nhiéu ban doc.
N6 sé& cin su chung tay cua nhiéu thanh vién !.
PAu tién minh sé gi¢i thiéu muc luc va néu ai biét phan kién thirc Ay thi c6 thé
post 1én , nhung dé dam bao cho tinh hé théng , chit ché va dé theo doi ciia bai
viét ,minh xin néu mét sé quy wéc nhw sau:
1) Mbi bai viét déu phai vé hinh minh hoa.
2)MObi bai viét chi dé cap dén 1 dé muc kién thirc.
3) Phai dam bao thir tw néu trong muc luc.
4)Chiing tdi chi giir lai nhirng trao déi c6 ich ké tir sau khi hoan thanh muc luc,
diéu d6 cé nghia la nhirng trao ddi chen giira khong bi x6a liic nay nhung sé bi
x0a khi muc luc dugc hoan tat..
BAy gio' s& 12 ni dung chinh™
A/MUC LUC
I/ Mot s6 dinh nghia ,dinh li , diém va dwong diic biét khong duy nhit :
[.1)Pinh li Menelaus
[.2)M¢ rong dinh 1i Menelaus theo di¢n tich
1.3)Pinh li Menelaus cho tur giac
[.4)Dinh 1i Ceva
1.5)Pinh li Ceva dang sin
[.6)Dinh 1i Desargues
[.7)Pinh 1i Pappus
1.8)Mot truong hop déc biét cia dinh 1i Pappus qua goc nhin hinh xa anh.
1.9)Pang thic Ptolemy
1.10)Bat dang thirc Ptolemy
[.11)Pinh li Pascal
[.12)Pinh li Brianchon
[.13)Dinh li Miquel
[.14)Coéng thtrc Carnot
[.15)Pinh li Carnot
L1.16)Dinh li Brokard
[.17)DPinh li Euler Ve khoang cach gifra tam 2 duong tron ndi, ngoai tlep cua tam giac
1.18)Pinh 1i Euler vé khoang cach giita tim 2 dudng tron ndi, ngoai tiép cia tir giac
(Pinh 1i Fuss)
[.19)Pinh li Casey
[.20)Pinh li Stewart
[.21)Pinh li Lyness
1.22)Pinh li Lyness mé rong (B dé Sawayama)
1.23)Pinh li Thébault
1.24)Cong thirc Jacobi lién quan dén tam ti cy,dinh 1i Lebnitz
1.25)Pinh li Newton cho tir gidc ngoai tiép
[.26)Pinh li Breichneider
1.27)Pinh li con nhim
1.28)Pinh 1i Gergonne -Euler
1.29)Pinh i Peletier
[.30)Dinh li Miobiut



[.31)Dinh li Viviani

1.32)Cong thirc Lagrange mo rong

1.33) Puong thiang Simson

1.34)Puong thang Steiner

1.35) Piém Anti-Steiner (Dinh li Collings)
1.36)Pinh 1i Napoleon

1.37)Dinh i Morley

[.38)Dinh li con buém véi duong tron
1.39)Pinh li con buém véi cip dudng thing
1.40)Diém Blaikie

L.41)Pinh li chim dudng thing ddng quy
1.42)Puong tron Apollonius

1.43)Dinh li Blanchet

[.44)DPinh li Blanchet m¢ rong

1.45) Pinh li Jacobi

1.46) Dinh li Kiepert

1.47)Dinh li Kariya

1.48)Cuc truc giao

1.49)Khai niém tam giac hinh chiéu ,cong thirc Euler vé dién tich tam giac hinh chiéu
1.50)Khai niém hai diém ding giac

1.51)Khai niém tir gidc toan phan.

1.52)Pudng thang Droz-Farny

[.53) Duong tron Droz-Farny

1.54)Pinh 1i Van Aubel vé tir gidc va cac hinh vudng dung trén canh
[.55)H¢ thtc Van Aubel

1.56)Pinh li Pithot

[.57)Dinh li Johnson

1.58) Dinh li Eyeball

1.59) B6 dé Haruki

1.60)Bai toan Langley

1.61)Dinh li Paul Yiu vé dudng tron bang tiép.
1.62)Pinh li Maxwell

1.63)Pinh li Brahmagupta vé tir gidc noi tiép c6 hai dudng chéo vudng goc.
1.64)Dinh li Schooten

[.65)Pinh li Bottema

1.66)Pinh li Pompeiu

[.67)Pinh li Zaslavsky

1.68)Pinh li Archimedes

1.69) Dinh li Urquhart

1.70)DPinh li Mairon Walters

1.71)Dinh li Poncelet vé ban kinh dudng tron noi tiép,bang tiép trong tam giac vudng.
1.72)Pinh li Hansen

[.73)Pinh li Steinbart suy rong

1.74)Dinh li Monge & d'Alembert I

[.75)Pinh li Monge & d'Alembert II

1.76)Pinh li Steiner vé ban kinh cac duong tron.
1.77)DPinh li Bellavitis

1.78)Pinh li Feuer bach-Luchterhand:

II/Mt s6 diém va dwong dic biét dwoe xac dinh duy nhit véi tam giac va tir



giac,tir diem:

O day néu khong giai thich gi thém thi yéu t6 dwoc hiéu 1a trong tam giac.
IL.1) Pudng thang Euler cuia tam giac

I1.2)Dudng tron va tdm Euler

I1.3)Duong dbi trung, diém Lemoine

IL 4)D1em Gergone,diém Nobb, duong thing Gergone
11.5)Piém Nagel

I1.6)Piém Brocard

11.7)Piém Schiffler

I1.8)Piém Feuerbach

11.9)Piém Kosnita

I1.10)Diém Musselman,dinh 1i Paul Yiu vé diém Musselman
II.11)Khai niém vong cyc cua tam giéc.

I1.12)Piém Gibert

I1.13)Truc Lemoine

[1.14)Tam Morley

I1.15) Tam Spieker va dudng thang Nagel

II.16)Hai diém Fermat

11.17)Diém Parry reflection.

1. 18)Puodng tron Taylor ,tam Taylor

I1.19)Piém Bevan

I1.20)Piém Vecten

I1.21)Piém Mittenpunkt

I1.22)Diém Napoleon

I1.23)Puong tron Adam

[1.24)Tam gidc Fuhrmann ,dudng tron Fuhrmann
11.25)Hinh luc gidc va dudng tron Lemoine thir nhat
[1.26)Hinh luc giac va duong tron Lemoine thir hai
11.27)Diém Euler cta T giac ndi tiép

I1.28)Puong théng Steiner cua tur gidc toan phén
11.29)Dbudng thang Gauss clia tir gidc toan phan.
11.30) Piém Miquel ctia tir giac toan phan
11.31)Pudng tron Miquel ctia t gidc toan phan
[1.32)Hinh binh hanh Varignon cua tir giac .
11.33)Piém Poncelet cua tir giac.

I1I/Mot s6 mang kién thirc quan trong.

II1.1)Ti s6 kép, phép chiéu xuyén tam

II1.2)Hang diém diéu hoa va mot $6 hé thirc lién quan ,

I11.3)Chum diéu hoa, tir giac diéu hoa

I11.4)Goéc gitra duong thiang va dudng tron, giita hai duong tron, dudng tron truc giao
IIL.5) Cyc va ddi cuc

IV/Mét s6 dinh li khéng chirng minh



O day sé glO’l thiéu mot s6 dinh Ii rat hay va de hiéu ( nhung cach chirng minh
ma minh biét Ia phire tap ) tuy nhién rit vui néu ai do sé gidi thi¢u nhirng chirng
minh cia né:hornytoro:

IV.1) Dinh li Aiyer

IV.2)Duong tron Lester

IV.3)Tam Eppstein

IV.4)Duong tron Neuberg-Mineur cua tr giac
IV.5)Paracevian perspector

B/MOQT SO KHAI NIEM, PINH LI.
I.1)Dinh li Menelaus

Dinh li: Cho tam gidc ABC va 3 diém M,N,P lan luot thuoc BC,CA,AB.
Khi d6 M,N,P thang hang khi va chi khi:

MC NA'FE - L(1)
Chirng minh:

P

[ —

B i

a)Khi M,N,P thang hang.
Trén MN lay 1 diém Q sao cho AQ//BC
Theo Thales ;

Tir d6 d& c6 dang thuc (1)trén.



b)Nguoc lai ’,khi co (1):
Gia sir PN cat BC tai M.
Theo phan trudc ta co:
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Do d6 M trung M' tirc 1a M,N,P thang hang.

Viy ta c6 diéu phai chimg minh.

(Xem them : eeg-11.bdf; ge_G1.bdf; 6-concur-solns.bdf)

1.2)Mé6 rong dinh li Menelaus theo dién tich

Pinh li:Cho tam giac ABC va 3 diém M,N,P 1an luot nam trén BC,CA,AB.Khi d6 ta
co:

SMNP_ BMCNAP-CM.ANBFP
S ABC AB.BC.CA

Chirng minh :(thamtuhoctro post)

F's °
< .

= M

O

Goi £1:¢2:231a vector chi phuong cia BG4, AB.

Ta co:

S[ABC]=S[MAB]+S[MCA]

= S[ABC]=S[PMA|+S[PBM]+S[NMC]+S[NAM]
= S[ABC]=S[MNP]+S[BMP]+S[CNM]+S[APN]

mat khac :


../AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.IE5/B8ILFLLP/eeg-11.pdf
../AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.IE5/B8ILFLLP/ge_G1.pdf
../AppData/Local/Microsoft/Windows/Temporary%20Internet%20Files/Content.IE5/B8ILFLLP/6-concur-solns.pdf

S[BMP] BM.BP .sin(eq;eq) _ BEMEP

S[ABC] ™ _C.m.sin(el;ez] ~ BC.BA

tuong tu:

S[CNM] CNCM

S[ABC] ™ CA.CB

S[APN] AP.AN

S[ABC]™ AB.AC

Ta suy ra:

S[MNP] S[BMP] S[CNM] S[AFN]

S[ABC] ™~ 5[ABC] S[ABC] S[ABC]

_, SIMNP] | BM.BP CNCM_AP.AN
S[ABC]™ " BCBA CACB AB.AC

:}S[MNP] BEM.CNAP—CMAN.BP
S[ABC] AB.BC.CA

1.3)Dinh li Menelaus cho tir giac:

Pinh li:Cho tir gidc ABCD va mot duong théng d cit AB,BC,CD,DA lan luot &
M,N,P,Q. Khi d¢ ta c6:
MA NEBE PC 9D _

Q
:‘ T B
' \N
D c E
Chirng minh:

Ta s€ lam gidng cach chirmg minh 6 tam giéc
Trén d lay hai diém LJ sao cho AI//BJ//CD
Theo Thales ta co:



Mi_I
MEB JB

NB_ JB

NC FPC

9D _FD

0L~ IA

Tir d6 dé c6 didu can chimg minh.
*Chuy

1)Khi ap dung cho tir giac ,dinh 1i Menelaus chi phat biéu dang thuan boi dang dao
no6i chung khong dang!

2) Céc ban thir suy nghi xem v&i dang thuan nhu thé nay thi ¢6 thé mo rong cho da
gidc duge khong? -Mot van dé kha tha vi

1.4) Dinh ly Ceva
Dinh ly:

Cho tam giéc ABC.Go1 E, F,Gla ba diém tuong Umg nam trén BC, CA, AB. Ba
duong thang AE, BF, CG cat nhau tai mot di€ém O khi va chi khi:

Chirng minh:

Phan thudn:

Gia st ba duong théng AE, BF, CG cit nhau tai mot diém O. TU A va C, ké céac

dudng song song v6i BF, chiing lan luot cit CG va AE tai K, I twong tng.
CF__CQ I _C0

Taco: FA OKva AK OK(St dung dinh 1y Thales)
_,CF_IC BE _EO
AK . Cac cap tam giac dong dang IEC va OEB, AKG va BOG : CE

3,
:c-ll

%II?I



AG BECF AKX BGC CI
Dodé: GBEC FA GEB IC AK

Phan ddo:

IIEI
Rl
||%|

e =1
Gia st tachd: GER' EC FA

Qua giao diém cia cac duong thing AE va BF, ké duong thang <1 v6i C1nam
trén canh AB. Khi d6, theo chirng minh phan thuan:

AC1 BECF _.,_AG BECF _
C1BEC'FA =~ GEEC FA
AC\ _1G ‘
Suyra CiB GB hay C€1=G | ta c6 dicu phai ching minh
1.5) Dinh ly Ceva sin
Pinh ly:

Goi E, F, G 1a ba diém tuong Ung nam trén cac duong théng BC, CA, AB cua tam

gidc ABC. Ba duong thang AE, BF, CG cit nhau tai mot diém O khi va chi khi:
21nABF 3in BCG 21nCAE —1
sinCEBF ainAC G s1inBAE —

B =i

Ching minh: .
Phan thudn: Gia si AE, BF, CG dong quy tai O. Khi d6 hai tam giac ABE va ACE ¢
cung chi€u cao ha tur dinh A.

BE_ S4B ABAEsinBAE_ ABsinBAE

= EC T Sarr ACABRanCARE — AC sinCAE
CF__BCanCEBF

Tuong ty FA — BA sinABF
AG _ C4 2nACG
Va GE — CBainBCG

Nhan timg vé ba dang thuc trén dugc: sinCBF sinACG sinBAE  BEC FA'G
(Theo dinh 1y Ceva)

s1inABF s1inBECGE sinCAE _ BE CF AG —1



Twr d6 suy ra dpcm.

Phan dédo: CM tuong ty phan dao & muc 4.
1.6) Dinh ly Desargues

Pinh ly:

Cho tam giac ABC va tam giac A'B'C'. Khi d6 AA', BB, CC' ddng quy khi va chi khi
cac giao diém cua BC va B'C', CA va C'A', AB va A'B' thang hang.

Chung minh:

Goi X, Y, Z 1a 1an luot la cac giao diém cua cac cap canh BCva B’C’, CAvaC’A’,
ABvaA’B’.

Phin thugn: q
Gia str cac duong thang AA’, BB’, CC’ dong quy tai S. Ta chimmg minh X, Y, Z thang
hang.

Nhén ting vé céac déng thirc trén lai voi nhau, va theo dinh 1i Menelaus suyra X, Y, Z
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thang hang.

Phan dao:

Gia str cac diém X, Y, Z thang hang. Ta chimg minh cac duong thang AA’, BB’, CC’
dong quy.

Goi S 1a giao diém cua AA’ va BB’. SC cit duong thang AC’ tai C”.

Xét 2 tam giac ABC va A’B’C” ¢6 cac dudng noi cac dinh tuong tmg ddng quy, do
d6 theo phan thuan giao diém cua cac canh tuong ung cling dong quy.

Ta thiy AB cit A’B’ tai Z, AC cit A’C” tai Y (do A’, C’, C” thang hang), suy ra giao
diém X’ ctia BC va B’C” phai thudc YZ. Tt 1a X’ 14 giao cia YZ va BC nén X’
trung voi X.

Suy ra C” tring v6i C’, hay AA’, BB’, CC’ dong quy.

1.7)Pinh li Pappus

Pinh li: Cho ba diém A,B,C nam trén duong théng a, X,Y,Z nam trén duong thrfmg
b.Goi M,N,P lan luot 14 giao diém ciia cac cap dudng thang (AY,BX)
,(AZ,CX),CY,B2).

Khi ¢6 M,N,P thang hang.

Chirng minh:

Dinh i ndy c6 mét cach ching minh ding Menelaus ,néu c6 diéu kién minh s& post
1én,con sau ddy 13 mot cach dwa trén kién thic co so vé ti s6 kép va phép chiéu xuyén
tam.

Ta ¢ bd dé sau dugc chimg minh d& dang nhd nhitng hiéu biét ban dau vé ti sb kép
va phép chiéu xuyén tam:

Bo dé: Cho goc xOy va cac diém A,B,C thugc Ox; D,E,F thudc Oy.
Khi d6 AD,BE,CF ddng quy khi va chi khi: (OABC) =(ODEF) .

11



B6 dé trén ban doc tu chirng minh, bay gio ta sé tro lai bai toan.
Ki hiéu & &la phép chiéu xuyén tam E.

Goi T,Q lan luot 1a giao diém cua BX va AZ; CX va BZ.

Str dung bd dé trén thi ta s& can ching minh: (BTMX) =(BZPQ)

+)Truong hop a//b ban doc hdy chirmg minh nho Thales

+)Khi a khong song song v6i b.Goi S 1a giao cua a va b.
Ta thay:

Véi - HFa(BTMX)=(SZYX)

Véi FeilSZ2YX)=(BZPQ)

Twr d6 suy ra di€u can ching minh.

1.8)Mot trwomg hop dic biét cia dinh li Pappus qua géc nhin hinh xa
anh.

O phan nay chiing t6i chi dung hinh xa anh dé dan dat dén két qua con noi dung dinh
li va cach chtmg minh thi hoan toan phu hop véi kién thirc hinh THCS!

Ta c6 két qua sau lién quan dén hinh xa anh: Cac duong thang song song v&i nhau thi
gip nhau tai mot diém & vo cuc va nguoc lai .

Van dung vao dinh 1i Pappus & trén , cho céc diém A,B,C ra v cuc thi theo két qua vé
hinh xa anh ta co

YM//ZN ( Vi YM,ZN cung di qua mot diém (A) ¢ vo cuc )Tuong tu thi
XN/IYP,XM//ZP.

Va khi éy M,N,P van théng hang. Ta phat biéu lai dugc mét dinh li don gian va hiru
dung sau day:

Dinh li: Trén mat phéng cho ba diém X,Y,Z thfmg hang va ba diém M,N,P théa man
XN/IYP,YM//ZN,XM/IZP. q
Khi d6 ta cling c6 M,N,P thang hang.

Chirng minh:

12



L _
X Y zZ
Truong hop MP//XYZ thi don gidn,ban doc tu chirng minh.
Ta s& xét khi MP khong song song voi XYZ.
Goi S 1a giao diém ciia MP voi XYZ.
Pudng thang qua X song song voi YP cat MP ¢ N'. Bai toan sé duoc gai quyét néu ta
chimg minh duge rang ZN' // YM (Vi khi 4y N tring N).

That vay,chu y YP//XN', ZP//XM nén theo Thales ta co:

SY__SY SX__SP SM__5M

ST S5KSZTSN"S5F T SN! ,
bén day theo Thales dao ta suy ra ZN'//YM. Chiing minh dugc hoan tat.!

1.9)Ping thirc Ptolemy

Pinh li Véi tir giac noi tiép ABCD thi:
AB.CD+AD.BC=AC.BD

Ching minh:

13



D\//C

Lay diém E thugc AC sao cho @ = @

. AD_DBE_A _
— AADBdbng dang APEC > 5 =pc=gc ? AB.DC=EC.DB

Tuong tu A4 DEddng dang ABDC — AE.BD=AD.BC
— AD.BC+AB.CD=BD(EA+EC)=BD.AC(DPCM)

1.10) Bat ding thirc Ptolemy

Dinh ly:
Cho t&t gidc ABCD. Khi d6 c6 AC- B <AB.CD+AD.BC

Ching minh:
Lay E nadm trong t gidc ABCD sao cho

£D0=ADBva ECD=4BD

AE__EC
Khid6 AABD~ ABCD =55 =0¢hay AB.DC=EC.BD.

AD__EBD
Hon nita A4 DE~ ABDCc.9.90=4E=C6Bhay AD.CB=BD.AE.

Vay ta oo AB-CD+BC.AD = BD(EA+EC)>BD.AC (gpem),

14
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KHAM PHA PINH LI PTO-LE-ME

tac gia:Zai zai
MJ dau:
Hinh hoc la mot trong nhitng linh vuc toan hoc mang lai cho ngudi yéu
toan nhiéu diéu tha vi nhat va khé khan nhat. N6 doi hdi ta phai co
nhitng suy nghi sang tao va tinh té. Trong linh vuc nay cling xudt hién
ko it nhirng dinh li, phuong phdp nham nang cao tinh hiéu qua trong
qua trinh giai quyét cac bai toan, gilp ta chinh phuc nhitng dinh nui
ngd ghé va hiém trd . Trong bai viét nay zaizai xin gidi thiéu dén cac
ban mot vai diéu cd ban nhat vé dinh |i Pt6-1é-mé trong viéc chirng
minh cac dac tinh cha hinh hoc phdng. DU da rat cd gang nhung bai
viét s& khong thé tranh khdi nhitng thi€u x6t mong réng cac ban sé
cling zaizai b6 sung va phéat trién nd.

II, NGi dung - Li thuyét:
1. Péng thdc Ptd-18-mé:
Cho t& gidc ABCDndi tiép dudng tron (O). Khi dé:

ACBD=AB.CD+AD.BC

Hinh minh hoa (hinh 1)

Ching minh:
Lay I thudc dudng chéo AT sao cho ﬁ @

Khi d6 xét AABDva AMBC c6: ABD=11BC,ADB = MCB.

Nén A4 BIdong dang vdi AMBC(g.g).
3‘3:;“ it'frffo BA _ BM
ED=pc > AD.BC=BD.MC(1) |4 c¢: BD=ECva

AE ED
ZABM = BBCnén AABM ~ ADBC(4.9)Suy ra 15 = 2Bhay
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ABCD=AM.EBD(3).

T (Dva (2) suy ra:

AD.BCH+AB.CD=BD MC+AM.BD=AC.BD
Vay dang thic Pt6-1é-mé dudc chirng minh.

2, B4t dang thirc Pt6-1&-mé:
DAy cb thé coi la dinh |i Ptd-mé-1& md rong bdi vi n6 khéng gidi han
trong I&p tUr giac nadi tiép .

DPinh li: Cho t& giac A B LD, Khi do:
ACBD<AB.CD+AD.BC

Hinh minh hoa (hinh 2)

Ching minh:
Trong @Ié’y diém M sao cho:

iBD=11BCADB =TICH

De dang ch'ng minh:
ABAD~ABMC =»4Z -8 BD CM=A4AD.CB
Cling tUr két luan trén suy ra:

Ap dung bat dang thirc trong tam gidc va cac diéu trén ta co:
AD.BC+AB.DC=BD(AM+CM)>BD.AC

Vay dinh li Pt6-16-mé mda rong da dudc chirng minh.

3, Dinh li Pt6-16-mé téng quat:

Trong mat phang dinh hudng cho da giac Aﬂﬂl---ﬂznnéi ti€p dudng
tron (). M 13 mét diém thudc cung 40420 (Khdng chira A1i-iA2n—1)
Khi do:

'.I'rong do:
A=A, A o= Agp_1,42n+1=Apdon+2=4

Day 1a mot dinh Ii ko dé dang chirng minh dugc béng kién thirc hinh
hoc THCS. Céac ban cé thé tham khao phép chirfng minh trong bai viét
Dinh li Pt6-18-mé téng quéat cua Tién si Nguyén Minh Ha, DHSP , Ha Noi
thudc Tuyén tdp 5 nam Tap chi todn hoc va tudi tré.

III, Ung dung cua dinh li Pt6-1&-mé trong viéc chifng minh cac
dac tinh hinh hoc:

1, Chi'ng minh guan hé gitta cac dai lugng hinh hoc:
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MG dau cho phan nay chiing ta s& dén véi 1 vi du dién hinh va cd ban
vé viéc i’'ng dung dinh i Pt6-1é-mé.

Bai todn 1: Cho tam gidc déu 4B Ccd cac canh bang ala>0).ren AC
18y diém < di déng, trén tia d8i ctia tia &8 18y diém Pdi déng sao cho
AQ.BP=a? Goj M la giao diém cta BE&@va 4P . Ching minh
rang: AM+MC =EBM

( Dé thi vao trudng THPT chuyén Lé Qui Don, thi xa Béng Ha, tinh
Quang Tri, nam hoc 2005-2006)

Hinh minh hoa (hinh 3)

Ching minh:

AQ  ap
TU gia thiet AQ.BP=a2gyy ra Z5— BF-
xét AABUva ABPA cb:

Lai c6 AB +TABP =60°(2)
TU:

Suy ra t& giac AMCEndi ti€p dugc dudng tron.

Ap dung dinh i Pt6-1é-mé cho t& giac A M Enoi tiép va gia thiét
AB=BC=CAdta co:

ABMC+BCAM=BMAC = AM+MC =BEBM (dpcm)

Day 1a 1 bai todn kha dé va tat nhién cach giai nay ko dudc don gian
1d3m.Vi néu mudn s dung dang thic Pté-1é-mé trong 1 ki thi thi cd 18
phai chirfhg minh nd dudi dang bd dé. Nhung diéu chl y & day la ta
chang can phai suy nghi nhiéu khi dung céch trén trong khi d6 néu
dung cach khac thi IGi gidi cé khi lai ko mang vé tudng minh.

Bai todn 2: Tam gidc ABCvudng c6 BC>CA>AE, Goi I21a mot diém trén

513 mot diém trén canh A B kéo dai vé phia diém 4 sao cho

BO=BE=CA4. Goi Pla mét diém trén canh 4Csao cho £,5,10,FPnim
trén mét dudng tron. &1a giao diém th( hai cua BF vdi dudng tron ngoai
ti€p SABC. Chiing minh réng: AJ+CQ=BF

(P& thi chon ddi tuyén HOng Kéng tham du IMO 2000, HongKong TST 2000)

Hinh minh hoa: (hinh 4)
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Ching minh:
)fELS?c tufglif noi tiép ABL G va BEFPDta co:
640 =CB0=DEP
(cung chén céc cung tron)
T
Mt khac 200 =184 B0 =ErD
xét AAGCT vy AEPD co:

(do AC=EB5)

Ac _ Q¢

55— > ED.QC=AC.PD=EBE.FD(2)

(do AC=EFE)

Ap dung dinh Ii Pt6-1é-mé cho t& gidc ndi ti€p B EFlita co:
BEPO=EDEP

O D
AQ.EDYOC.ED = ED.BP= AQ+QC = BP (dpem)

C6 thé thdy rdng bai 1 1a tu tudng don gian dé ta xay dung cach giai cua bai
2. Tlc la dua vao cac dai lugng trong tam gidc bdng nhau theo gia thiét ta sur
dung tam gidc d6ng dang dé suy ra cac ti sb lién quan va st dung phép thé dé
suy ra diéu phai chirng minh. Cach lam nay to ra kha la hiéu qua va minh hoa
ré rang qua 2 vi du ma zaizai da néu & trén. D& Iam rd hon phuong phap
chlng ta sé cung nhau dén vdi viéc chirng minh 1 dinh li bdng chinh Pt6-Ié-
mé.

Bai toan 3: ( Binh li Carnot)
Cho tam giac nhon 4 B{Cnéi tiép trong dudng tron (G, Rhva ngoai ti€p dudng

tron (£,7). Goi T:,¥:#1an ugt l1a khoang cach tur Citdi cac canh tam giac. Ching
minh ring: zty+z=R+r
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Hinh minh hoa (hinh 5)

Ching minh:
Goi M, N, Fan lugt 1a trung diém cua BCCAAE Gia su
s=0M,y=0CN,z=0CFP,BC =q,CA=bAE=c.
T& gidc GM B Pnoi ti€p, theo dang thic Pt6-1é-mé ta co:
GB.PM:b GFP.MB+GM.FEB
bo d6: Ry=23+25()
Tuong tu ta cglng co :

% Zy.%+$.§(2)

b

.% :'y.%-FH.iI:B:I
Mat khac:
T(%‘F%‘l‘?) =Sape=S%Sopct+SocatSoas= m.%—l—y fTach-FH.%H)
TU (1):(2 :(Sj:(‘i)ta co:
(B+r) () = (r+y+2) (o) = Rbr=s+y+2
Day la 1 dinh i kha la quen thudc va cach chrng minh kha don gian. Ung
dung cua dinh li nay nhu da ndi la dung nhiéu trong tinh todn cac dai lugng
trong tam gidc. B&i v3i trudng hdp tam gidc dé khdng nhon thi cach phat biéu
cta dinh Ii cling c6 su thay dai.

2, Chirng minh cac dac tinh hinh hoc:

Bai toan 1: Cho tam gidc A BCndi tidp trong dudng tron (Clva AC=248.
Céc dudng thang tiép xuc véi dudng tron (Cltai 4,C ¢4t nhau & P. Ching
minh réng B.P di qua diém chinh gilta cua cung BAC.

Hinh minh hoa(hinh 6)
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Ching minh:
Goi giao diém cua B Fvdi dudng tron 1a V. N&i ANNC

xét SNPCva 5CPBes: FCN=FBC,P chung
= ANPC ~ ACPB(g.9)=> £5 =¥%(1)

AF __ AN
Tudng tu ta ciing c6 AFAN ~ APBA(g.9)= 5p = 15(2)
Mat khac F4 = l;f( ?J%Ia %ﬂ‘g{ep tuyén cua dudng tron cat nhau)
Nén tir (2N =s5=gc=ag > NC.AB=BC.AN(3)
Ap dung dinh Ii Ptd-16-mé cho t giac noi tiép A BCNta cé:

AN.BC+AB.NC=AC.BEN
Ty (3)=2ABNC=AC.BEN=3AB.BEN=>NC=EBN

Vay ta cé diéu phai chir’ng minh.

Day c6 1& la mot trong nhitng I&i gidi kha la ngan va &n tugng cla bai nay.Chi
can qua vai qua trinh tim ki€ém cac cap tam giac dong dang ta da deé dang di
dén két luan cda bai toan. Tu tudng ban dau khi lam bai todn nay chinh la dua
vao li thuyét trong cing mot dudng tron hai ddy bang nhau cang hai cung
bang nhau. Do cd lién quan dén cac dai lugng trong tl gidc ndi ti€p nén viéc
chitng minh rat dé dang.

Bai todn 2: Cho tam giac ABC co I la tam dudng tron noi ti€p, O la tdm dudng

tron ngoai ti€p va trong tdm G. Gia sU rang . Chi{rng minh rang I song
song vai BC .

Hinh minh hoa (hinh 7)
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Kéo dai ATcat (Cltai N. Khi d6 N1a diém chinh gitta cung BC (khéng chira

A).

Ta)cé: BN=NC(1). Lai co :

TBN =BIN = BN=IN(?2)

Do GI L AFsuy ra I*‘fl:ﬂf:%sc'f cung BC(3)

T (2,3 =2 BN=NC=IN=I4(4)

Ap dung dinh Ii Ptd-1&8-mé cho t( gidc noi tiép ABNC'ta cé:

BN.AC+AB.NC=BC.AN
Tu @)= BN(AC+AB)=2BN.BC = AC+AB=2BC(5)

Ap dung tinh chét dudn% phan giac trong tam giac va (5) ta co:
AB_[A_AC_AB+AC
EBED—ID—CD— EBED4+CD

_AB+AC_ZBC_2
- ?AC - BC —

< . . A . AG _ 2%7)
Mat khac G la trong tam cua tam giac suy ra GM —

Ia AG
Tir EW)=F5=2=Gxr
Suy ra IG la dudng trung binh ctia tam giac 4 D\ hay (G song song véi BC

Pay la mot bai toan kha la hay it nhat la d6i véi THCS va v@i cach lam cé veé
"ngan gon" nay ta dd phan nao hinh dung dugc vé dep cla cac dinh Ii.

Bai toan 3:

Cho tam giadc ABC noi ti€p dudng tron (O), CM la trung tuyén. Cac ti€p tuyén
tai A va B cta (O) cadt nhau ¢ D. Chdng minh rang:

i

ACD =BC

Hinh minh hoa hinh 8)
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Ching minh:

Goi N |a giao diém cta CD vdéi (0). Xét tam gidc DNB va DBC cé:
ﬁg}q:@,ﬁchung_

S ADBN e~ ADCB(g.q)

NE __ED
=¢5=coll)
Tuong tu ta cling co :

ADNA ~ _ﬂDAG(gg):-NA Dd oy

M3 BD=Danen ty (@ =>EE =44~ NB.AC=AN.BC(3)
Ap dung dinh Ii Ptd-18-mé cho t( gidc noi tiép ANEBCta c:
AN.BC+BN.AC = AB.NC

Tir (3) va gia thiét
AB=2BM=24N.BC=2BM.NC = 4L 21

Xét ABMC va ANAC c6:

Vay bai toan dugc chirtng minh.

Cd s3 dé ta gidi quyét cac bai todn dang nay la tao ra cac t{ giac ndi tiép dé
ap dung dinh i sau d6 st dung |i thuyét déng dang dé tim ra m&i quan hé
gira cac dai lugng. Bay la mot 16i suy bién ngudc trong hinh hoc.

3, Chifng minh céc dang thdc hinh hoc:

Bai toan 1: Gia su’ M, N |3 cac diém n&m trong 64 BC'sao cho

TIAB = NASIBA=NBC . Chiing minh réing:

AM. Ai‘u"_'_BM BN+CM CN __ -1
ABAC T EBAEBC T CACE —

Hinh minh hoa: (hinh 9)

Ching minh:

L&y diém K trén dudng thang BN sao cho ,licdd ABMA ~ ABCHK suy
ra:
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= ME~BC
Mat khac dé thay réng 4 /ﬁ? /% tlr 46 AABK ~ AMBC din dén

AB _BH _ AKI:E:I
EM —BC—CM

Cing tt ABMA ~ ABCK ta co:

CKN=BAM=TaC .

suy ra t& giac ANCH noi ti€p dudng tron.
Ap dung dinh li Pt6-1é-mé cho t& giac A BEC K ta co:
ACNK =ANCK+CNAK(Z)

Nhung tur (Dva (2) thi ;
CK =4MBC 5 —ABCM py-— ABBC

Nén ta cé dang thic (3)

Day 1a 1 trong nhitng bai toadn kha 13 ¢ dién ctia IMO Shortlist. Ta van c6 thé
gidi quyét bai toan theo mot hudng khac nhung dai va phdc tap hon dé la sur
dung b6 dé&: Néu M,N |a cac diém thudc canh BC cta A4 BC sao cho

TiAD = NACth AM.AN=AB.ACVEM ENCHMCN. Pay I3 mét bd
dé ma cac ban cling nén ghi nhé.

Bai toan 2: Cho tu gidc ABCD ndi ti€p trong dudng tron (O). Chirng minh
AC _EBCCDHAEB EBD
rang: BD — BC. BA+DC DA

Hinh minh hoa hinh 10)

Ching minh:

Lay E va F thudc dudng tron sao cho:
EDB=ADB,EDA=DCF

Khi d6: ARE= BG FO=—ABKC=ABEBF=AD

Ap dung dinh Ii Pto-18-mé cho hai t giac noi tiép AECD va BCDF ta co:
ACED=AECD+AD.EC=BCCD+AD.AB(1)

BDCOCF=BC.DF+BFCD=BCAB+AD.CD(2)
Mat khac:

EDE =6DB+B DB = ADE+BDE = ADE = widehat FCD

Do dé:

FDO = @+ﬂ FCE+FCD=FCD

Suy ra: ED=F
TU (1), (2), (3) tacd dleu phai ching minh.

Bai toan 3: Cho tam giac ABC vdi BE, CF la cac dudng phan giac trong. Cac tia
EF, FE cat dudng tron ngoai ti€p tam gidc theo thr tu tai M va N. Chirng minh
rang

M+GN AM+AN+BN+GM

Hinh minh hoa (hinh 11)
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Chirng minh:
Dt C=a,CA=bAB=c

Ap dung dinh Ii Ptd-18-mé cho hai ti gidc noi tiép AMBCV%] ANCBta co:
a. AM+b. BM =c.CM(1)

a. AN+a.CN =b.BN(2) Ty (1) va (2) ta dugc:
a(AM+AN)=b(BN—BM)+(CM—CN)(3)

Mat khac ta lai co:

AANF ~ ANBF(g.q)= 42 —ME 4

Tudng tu :

AANF m AMBF(g.g)= &8 = fjff;w)

TU (4), (5) va tlnh chat dudng phan giac ta cé:

AMAN _ [6)

EM EN — BF‘ —a

Ching m|nh tu‘dng tu ta dugc:
AMAN _ (?:l

CMCN — C‘E —a

T (3), (6), (7) ta cb diéu phai chirng minh.

C6 thé dé dang nhan ra nét tucng dong gilra cach giadi cua 3 bai toadn do la
van dung céch vé hinh phu tao ra céc cdp géc bang cac cép goéc cho san tir d6
tim ra cac biéu dién lién quan. Mot dudng 16i rat hay dugc st dung trong cac
bai toan dang nay.

4, Chi’ng minh b4t ddng thiic va gidi toén cuc tri trong hinh hoc:

Bai toan 1: (Thi HSG cac vung cua Mi, nam 1987)
Cho mét t& giac ndi tiép cd cac canh lién ti€p bang va cac dudng chéo

bang Ching minh rang:
pg <V(a2+b2)(c2+d?)

Chu’ng minh:
Ap dung dinh Ii Pt6-1&-mé cho tir gidc noi tiép thi ac+bd = pg

_ 2 2 2
Vay ta can cerng minh P22?=(ac+bd)® <(a2+b%)(c2+d%)
B&t dang thirc nay chinh la mot bat dang thtfrc rat quen thudc ma cé I€ ai cling
biét dé la bat dédng thirc Bunhiacopxki-BCS. Vay bai todn dugc chirng minh.
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M6t 13i gidi dep va vd cliing gon nhe cho 1 bai todn tudng chitng nhu 1a khé. Y
tudng G day la dua bat ddng thirc cdn chirng minh vé 1 dang don gian hon va
thuén dai s6 hon. That thd vi la bat dang thic d6 lai la BCS.

Bai toan 2:

Cho luc giéc 16i ABCDEF thoa méan diéu kién AB=EBC,CU= 0K EBF =F4
Ching minh réng:

HINH MINH HOA (hinh 12)

F
e
- \
--——*’_FF- \‘l\
o \
g \
'/ . \
/S e S \
/ = \
.\\‘ \\
y ‘\‘_\ \\
B A
N —7 e
\ g f c
\ -
\ S /
\ -~ /
\ —_
\ il
\ /,-"’ ;
\\ _',/—-‘ A"
C D
Chirng minh:

bat C=aqlCE=bAAE=c. Ap dung dinh Ii Ptd-18-mé& md réng cho ti giac
ACEFta co: AC. EF;?GE AF>AR. CF Vi BEF = A4 Fnén suy ra:

Fe>5
Tuong tu ta cung co:

BA>etans >
TU do suy ra

Bt déng thi’c da qui vé dang chinh tdc SOS :
Sa(b—cjg+55(c—a)2+5'c(a—bjgED
Dé thay:
2a+c)(b+e) < (a+b)2+(b+e) 2 +(c+a)?

1 1
= Aate) o) 2 ([0t b2+ (bte) t (et a)
Nhu vay Se>0 , danh gia tuong tu ta cling dé& dang thu dugc két qua
SaSp>0
Vay bat déng thic dudc chirng minh. Dang thirc xay ra khi va chi khia=b=c.
Tlc la khi ABCDEF la moét luc giac déu noi tiép.

DAy la mot bai todn do zaizai phat trién tir mét bai todn quen thudc. NS ciling
xuat phat tr bai Stronger than Nesbit inequality cia minh. :lol:

Co sé khi giai bai todn nay la s dung phuong phap SOS dé lam manh bai
toan.

V@i budc chuyén tir viéc chrng minh 1 bat déng thdc hinh hoc sang bat dang
thirc dai sb ta dé dang tim ra 1 I3i giai dep. N&u chudn hoéa bat d&dng thd nay
ta cling cé két qua rat thu vi.

25


http://imageshack.us/

Bai toan 3:

Cho luc giac 16i ABCDEF thoa mén diéu kién A B =BC, 0D =DE EF =F4
va téng dd dai ba canh ACCE,AE pang 3

Chlng minh rang:
BC DE . FA . 91, 2T[AC*+CE*+AEY
BETDATFC 2167 1s(actCETAE)

L&i giai:
Ta chuyén viéc chrtng minh bat ddng thic trén vé chifng minh bat dang thiic
sau:
27(ad4b4e2)
16(a+i!:'-|3-|::|3
a b e 21, [a3+b +c?)
S Ltigti—azist 18 )
Bang cach sir dung phuong phap hé s bt dinh ta dé dang tim dudc bat déng
thdc phu duang:
i:}90+a3—2
d—a— 16
& (a—1)*(a2—a+6)>0
Tuong tu v@i cac phan thic con lai ta cé diéu phai chirng minh.

a b e 21
b teratars =161

Khi dinh hudng giai bai nay chdc han ban sé lién tudng ngay dén SOS nhung
that su thi né ko can thiét trong bai todn nay bdi chi lam phic hda bai toan.
Dung phudng phép hé sé bat dinh gilp ta tim ra 1 I8i gidi ngén va rét dep.
Tuy nhién I8i giai ndy ko dé hiéu 13m d&i véi THCS.

Thuc ra cach lam mdi bai toan nay cling cuc ki don gian vi xudt phat diém cula
dang chudn la bat ddng thlrc Nesbit quen thudc vi vay dé dang thay ddi gia
thiét d€ bién ddi bai todn. Ma cach thay déi diéu kién & day chinh la budc
chudn héa trong chirtng minh bt ddng thirc dai s6. N6i chung la dung dé€ ddng
bac bat ddng thlrc thuan nhét. V3i tu tudng nhu vay ta hoan toan co thé xay
dung cac két qua manh hon va thu vi han qua mot vai phucgng phap nhu SOS,
hé s6 bat dinh, don bién va chudn hda. D3c biét sau khi chudn hda ta c6 thé
dung 3 phuang phap con lai d& chirng minh.

Bai toan 4::
Cho dudng tron (Glva BC1a mot day cung khac dudng kinh cia dudng tron.
Tim diém A thudc cung I6n BC sao cho AEB+AC 16n nhét.

LSi giai:

Goi D Ia diém chinh gilta cung nho BC.

D3t DB = I3 = akhéng ddi. Theo dinh Ii Pt6-1é-mé ta cé:
AD.BC=AB.DC+AC.BD=a(AB+AC)= AB+AC=8S4D

Do BC'va ako d6i nén AEBE+AC I6n nhét khi va chi khi 413 16n nhét khi va
chi khi 4 1a diém d&i xrng clia qua tdm G cda dudng tron.

IV, Bai tap:

Bai 1 CMO 1988, Trung Quobc)

ABCIa mot tlr gidac noi ti€p vai dudng tron ngoai tif:“p g:é taéma) va ban kinh
R. Céctia AB,BC,CD,DA 5t (C,2R)jan lugt tai 4,8,C, D", Chitng minh
rang:

A'B'+B'C'+C' D'+ D'A' > 2(AB+BC+CD+DA)

Bai 2:

Cho dudng tron (Cva day cung BT khac dudng kinh. Tim diém A thudc cung
I6n BC cua dudng tron d& AEB+2AC dat gid tri I6n nhét.

Bai 3:
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Cho tam giac ABC noi ti€p dudng tron (G). budng tron (C)ngm trong (O)
ti€p xuc vdi (0O) tai T thudc cung AC (ko chlra B). Ké cac ti€p tuyén

AA BB, CC';i (C"), chiing minh réng:

BB .AC=44""BC+CC'AB

Bai 4:

Cho luc gidc ABCIEF c6 cac canh c6 dd dai nho hon 1. Ching minh rdng
trong ba dudng chéo AL, BLE,CH ¢4 it nhat mét dudng chéo cé dd dai nho
hon 2.

Bai 5:

Cho hai dudng tron déng tam, ban kinh ctia dudng tron nay gap doi ban kinh
cla dudng tron kia. A BC I3 1a t& gid noi tiép dudng tron nhod. Cac tia
AB,BC,CD, DA an ugt cit dudng tron 16n tai 4 B',C\D"

Ching minh r&ng: chu vi t& gidc 4"B'C'D'16n haon 2 [an chu vi t& giac
ABCD,

I.11) Dinh ly Pascal

Dinh ly:
Cho 6 diém A,B,C,D,E.F cung thugc mgt duong ‘Er(‘)n. Khi d6 céc giao diém cia
cac cap canh AB va DE, BC va EF, CD va FA thang hang.

N

Chirng minh:
Goi P,M,N lan luot 1 giao diém ctua AF va CD, AB va DE, BC va EF. Goi P', M/,
N' 1an luot 13 giao diém cua BC va DE, BC va AF, DE va AF.
Ap dung dinh 1i Menelaus cho AP'M'N' véi cat tuyén PCD:
cP!' DN'PM'_
CM"DPPN'
eM'_cM' DP!
PN' CF' DN’
Tuong ty ta co:
NP _FN' BP' MN'_AN' BM'
NM' FMUEN'VA MF' AM'BP
Nhan cac biéu thire trén lai két hop véi cac biéu thirc phuong tich sau:
BM' CM'=AM' FM'
EN'.DN'=FN.AN'
CP.BP'=DP'.EP'
Taco:
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NP MN'PM'_
NM'MP' PN
Ap dung dinh 1i Menelaus d4o ta c6 dpcm.

Céc ban c6 thé vao day xem
thém:http://www.math.ust.hk/mathematical ...bur/v10 n3.pdf

1.12) Pinh ly Brianchon

Pinh ly:
Cho luc giac ABCDEF ngoai tiép (O). Chimg minh rang ba duong cheo lon AD,
BE, CF dong quy.

Ching minh:

Ta ki hiéu cac tiép diém cua (O) trén AB,BC,CD,DE,EF FA lan luot 13
M,N,P,Q,R,S. Xét cuc va ddi cuc ddi v6i (0). Goi K,IJ 1an luogt 1 giao diém cua
cac cap dudng thang (SM,PQ) (MN,QR),(NP,RS). Vi SM va PQ la duong dbi
cuc cia A va D nén AD la duong ddi cyc ciia K. Tuong ty BE va FC lan luot 1a
duong d6i cuc cua I va J.

Dung dinh li Pascal cho lyc gic ndi tiép MNPQRS ta ¢6 LJ,K thang hang. Nén ta
c¢6 cac duong dbi cuc cua LIK (lan luot 1a BE,CF,AD) cung di qua cuc cta
duong thang nay (duong thang di qua 1,J,K) nén AD,BE,CF dong quy (dpcm).
Tuong tu nguoc lai ¢6 thé ching minh dinh 1i pascal théng qua Brianchon va cuc
dbi cuc(xem thém cuc ddi cuc & muc 1115 hodc xem
http://mathscope.org/forum/showthread.php?t=5024).

1.13)Pinh li Miquel

Dinh li: Cho tam giac ABC va ba diém M,N,P lan luot nam trén BC,CA,AB. Khi
do6 cac duong tron ngoai tlep cac tam giac APN,BPM va CMN dong quy.

Ching minh:
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Goi S 1a giao diém cua (BPM) va (CMN).Ta s& chimg minh S nam trén (APN).
That vay:
(SN, SP)=(SN,SM)+(5M,SP)=(CN,CM)+(BM,BF)=(CA,CB)+(BC,BA)=(C4,BA)=(4AN,AP)(modn)

Suy ra di€u can chung minh.!

1.14) Cong thirc Carnot

Dinh ly:

Cho AABC ndi tiép (O,R). Goi x,y,z 1an lugt 1 khoang cach tir O dén
BC,AC,AB. Goi r 1a ban kinh dudng tron ndi tiép tam gidc ABC. Ta c6:
a)Néu A A BCnhon thi cong thirc carno 1a #+y+z=R+r,

b)Néu A >3GY%hi cong thue carno 1a v+z—x=R+r

Chung minh:

a)Néu A4 BCnhon
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Goi F, E, D lan luot 1a trung diém cua BC,CA,AB. Nhu vay ta co
CF =x,CE=y,CD=# p3t BC=aqCA=bAB=c,

Ap dung bét dang thirc Ptolemy cho tir giac noi tiép OFBD ta co:
OB.DF = OF. DB+ FB.CDhay R4 =28+

Tuong tu ta c6 R5= ’H-%‘Fﬁ-%va RA= y.%+z.%

ta lai ¢6 ‘-'"':%"‘%“‘%) =Sapc=SopctSaoctSapo= :r.%+y.%+z.%
Cong bon bicu thirc trén lai ta co

(r+ R) () = (s 4y +2) (5519 = Rpr = st y+2

b)Néu A >3Gching minh twong ty.

Viét dudi dang luong giac, cong thirc Carnot chinh 13 hé thirc

cosA+cosB+cosC=14+% cpy y hé thirc nay ding véi moi tam giac.

I.15) Pinh li Carnot

Pinh ly:

Cho AAEC . Goi M N, P 35 Iugt 1a cac diém thudc cac canh BC,ACAEB,
d g3 w8 Pran lugt 1a cadc dudng thang di qua MNP 3 vudng géc vdi
BC,AC,AB ds,dn,dPdsng quy khi va chi khi
MB24NC24PA?=MC24+NA24+PB?
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1

Chirng minh:

a)Phéan thuan:

Goi fJIEIlz.fsﬂ'ii".ﬂ“JEPcTE“)ng quy tai O.

PPCM =
MB2LOMIINCILONZ4PAZLOPI=MC24+0OM24INAZ4LONZ+PB2LO P2

© OB24+0C24+0A2=0B%+0C2+0A?

Pang thldc nay dung nén ta cé diéu phai chirng minh.

b) Phan dao

Goi giao diém cua dM:dN tai O. Qua O ha dudng vuén% géc xudng AB tai P'. Ap
dung dinh Ii thuan ta cé MBILINCLLPAZ=-MCI4NAZL P Bi=p
tring véi P' = dag,d p,d p dong quy.

I1.16/Pinh ly Brokard
Pinh ly:

Cho tr giac 16i ABCD ndi ti€p dudng tron tam O.AD giao BC tai M,AB giao CD tai
N,AC giao BD tai I.Ch{rng minh rang O la truc tdm cla tam giac MIN.

Chirng minh:

Goi H la giao th{r 2 cia hai dudng tron ngoai ti€p cac tam giac AID,BIC.
Xét t&r giac DOHC,ta co:

DHC = 360°-DHI-CHI = DAC+DBC = DoC

31



T d6 suy ra t&r giac DOHC noi ti€p.Tuong tu ta cling suy ra t& giac AOHB noi
ti€p.

Dé thdy NA.IWB = NC.IN Dsuy ra N ndm trén truc ddng phudng cla hai
dudng tron ':AIHD}:':BIHC:' SO HN thdng hang.

Ta co:

s T
THO = THD-OHD = ADC+ACD-0CD = OCA+ODA+0DC
=g0

T d6 suy ra JTAT L ON
Tuong tu ta cé: TN L OAT
Suy ra O la truc tdm tam giac MIN (dpcm)

I1.17) Pinh li Euler vé khoang cach giira tam 2 dudng
tron noi, ngoai tiép cua tam giac

Pinh ly:
Cho tam giadc ABC néi ti€p (O;R) va ngoai ti€p (I;r). Chrng minh rang
0I%2=R2-2Rr.

I

Chirng minh:
Kéo dai AI cat (O) tai M. V& dudng kinh MN cla dudng tron (O).
Ha TD 1 AB. Kéo dai OI cit (O) tai EvaF. Tacéo AATD~

ANMC(g.9)= 125 = 1557 = 2Rr = ID.MN = ALMC
M3t khac dé dang chiing minh MC = MT = 20r=JTA.IM
Laic6 JA.JM = IE.JF = R2—0I?%nén ta c6 didu phai chd'ng minh.

I1.18)Pinh li Euler vé khoang cach giira tam hai dudng
tron noi ngoai tiép t giac!(Pinh li Fuss)

Pinh li :Cho t& gidc ABCD vura néi ti€p (O,R) vlra ngoai ti€p (I,r). Pat d=0I. Khi
do ta co:

1 1
(R—dj2+(ﬂ+d)9

1
2
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Chirng minh

Goi tiép diém cla (I) trén AB,BC,CD,DA Ian lugt Ia M,N,P,Q.
BI,CI cat (O) lan lugt 6 E,F .

Ta
thay: BA,BC+(DC DA
(DE,DF) = (DE,DC)+(DC,DF)= (BE,BC)+(DC,DF) = ZABCH PR _x 1oy
Do dé E,O,F thdng hang ,nén O la trung diém cla EF.
Theo cong thirc dLédng trlélng tuyzen tron% tam glac IEF ta co:

o 2 _ Tk« ITF<« EF 5
d*=10 2+2_4—2+2_R
TU do suy ra:

1 1 ARMdY) rE4IF R | IF?2  IE? | [F: 1 1 1 L1
(R=d)* "(R+d)* ™~ (R2-dD? ™ (Pyo)? ~ (Pro)* (Pryio)? (EIB)* (IFIDY ™ IB*'IDY (iMdy2 ((I—PD)TT?

Sll‘li Sll‘LE
D

(V|E+E: }

I.19)Pinh Ii Casey(®inh Ii Ptolemy m4 rong)

Pinh li :Cho t& gidc ABCD noi ti€ép (O,R). Dat cac du’dng tron Q:JB’T:S la cac
dudng tron ti€p xdc vai (O) tai cac dinh A,B,C,D. Dat '5*1'3 la do dai doan ti€p
tuyén chung cta hai dudng tron 05:18 Trong do IS’fﬁla do dai tiép tuyén chung

ngoai néu hai dudng tron & JBcung tlep xuc trong hoac cung ti€p xuc ngoai vGi
(O), va la do dai doan ti€p xdc trong néu trong trudng hgp con lai. Cac doan

1'3’}‘1 ’}“5 . dugc xac dinh tuong tu. Khi do ta co:
tagtys +tﬁf}f-ia6 =tay.tgs
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Chirng minh
Ta chd'ng minh trudng hop o, By,d cling ti€p xdc ngoai véi (0). Céc trudng hap
con lai chrng minh tuong tu. Lan lugt dat tam cac dudng tron trén la A',B',C',D'
va ban kinh lan lugt la x,y,z,t.
@étAB=a,BC=b,CD=C,DA=d,AC=m,BD=n.
Ap dung dinh ly ngthagore:
(tap)?=A'B" ~(z—y)*
Mat khac lai cé: (theo dinh li ham s6 cos)
A'B? = (Bt P H(R+y2-2(B+2) {R+y}cos@§§7)
2

A'B" = (Bt2) +(Bt+y)?-2(R+2) (B+y) (1)

2
A'B”? = (Rt2) - 2(B+2) (B+y)+ (B+y) >+ (Bt) (B+y) 2

2

A'B”? = (o—y)4-25.(B+2) (B+v)
= tog = j\(E+3) (B+y)
Tuong tu véi LB EYE, ..
Ta cé
taptystigy-tas =tay.tgs e a.c+b.d=m.n (dinh 1y Ptolemy)

Ngudc lai ta thdy dinh ly Ptolemy la mot trudng hgp dac biét cda dinh |i Casey khi
x=y=z=t=0.

I.20)Hé thi'c Stewart

Pinh li:Cho ba diém A,B,C thdng hang. Va mét diém M bét ki. Ta ludn cd hé thic
MA-BC+MBACA+MC*AB+BC.CAAB=0
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Chirng minh

Qua M ha MH L AC.

Ta cé:

MABC+MB.CALMC AB+BC.CAARB
=(MH24HANBC+(MH24+HBY).CA+(MH2+HC?) . AB4+BC.CA.AB

— MHXYBC+CA+AB)+(HA BC+HBCA+HC*AB+BC.CAAE)

—0+HA.BC+HB.CA+HC AB+BC.CA.AB

(Pua vé trudng hop hé thirc Stewart cho 4 diém thdng hang (khi M ndm trén

dudng théng chla A,B,C))

HA°BC+HB CA+HC AB+BC.CA.AB

- HAY(HC-HE)+HBY(HA-HC)+HC Y HB-HA)+(HC-HB).(HA-HC).(HB-HA)=0

Ta cé dpcm.

I.21)Pinh li Lyness

Pinh li:Néu dudng tron tam O ti€p xUc trong vdi dudng tron ngoai ti€p tam giac
ABC tai T va tié€p xuc v@i cac canh AB,AC cua tam giac lan lugt tai E va F thi tam
dudng tron ndi ti€p cia tam gidc ndm trén EF.

Chirng minh:

D& chirng minh dinh li nay ta can ching minh 2 bd dé sau:

B6 dé 1:AB la day clia mot dudng tron tdm (O). Budng tron (1) tiép xic véi day
AB tai K va tiép xUc trong véi (O) tai T. Chlrng minh L la trung diém cda cung AB
ko chita Tva LAZ=LEK.LT
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B6 dé 2: biém M la trung diém cung BC ko chlra A cla dudng tron ngoai ti€ép tam
gidc ABC. Piém I thubéc doan MA sao cho MI=MB. Chirhg minh rang I 1a tdm
dudng tron nbi ti€p tam giac ABC.

Viéc chirng minh 2 b6 dé nay la kha don gian.

Ta ti€p tuc quay trd lai véi viéc chirng minh dinh li Lyness.

ké TF giao (O) tai P; BP cat EF tai H.

Theo bd d& 1 ta cé BP la phan giac cua gdc B.

Ta c6: @:/ﬁ{:ﬁ}:}HEBTntﬁf-ﬁ:@

Ma TEE = TFE = TFE = THB

= APHF ~ APTH = PH?= PRPT
Theo b6 d2 1 ta lai c6 PC2= PRPT = PC =PH
Theo bd dé 2 ta dudc H 1a tdm dudng tron ndi tiép tam gidc ABC (DPCM)

I.22)Pinh ly Lyness mdé réng(Bo dé Sawayama)

Pinh li:Cho tam gidc ABC ndi tiép dudng tron (0).M thudc BC (Cé cach phat biéu
khdc 1a: cho t gidc ABDC va M 1a giao ciia BC va AD; nhung hai cich phat biéu
nay la tudng dudng). Mot dudng tron (O') tiép xuc vdi hai canh MA va MC tai E va
F dong thdi ti€p xUc vdi ca dudng tron (O) tai K. Khi d6 ta c6 tam dudng tron noi
ti€p cua tam gidc ABC ndm trén dudng thang EF.

Chirng minh )
KF cat dudng tron (O) tai G. Ap dung b6 dé 1 tai bai viét clia chu t tung vé dinh ly
Lyness & trén, ta cé G la diém chinh giita cung BC. Goi I la giao ctia AG véi EF. Ta

CO
—
ﬁ:@:FﬁDﬁAEE@i tép = AIR = BFR = ABR
 AEFK. AIAK(g.q)= EKA=GKI = GIF
— AGIF~ AGKI(g.9)= GI?=GFGK

Lai cling theo b6 @& 1 ta c6 GC?=GFRGK = GC =GI =113 tam noi tiép
cia AABC (theo bd dé 2)
Xem thém cac hé qua cla dinh ly Lyness tai bdo toan tudi thc 2 s 42 va 43

I.23) Pinh li Thébault
Pinh li: Cho tam gidc A B ndi ti€p dudng tron ':G:' 1213 mo6t diém ndm trén
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canh BC'. budng tron tam FPtiép xuic véi 2 doan ADDC ti€p xac trong vai
':G:'. budng tron tam Qtié’p xuc véi 2 doan AD DB, ti€p xuc trong vdéi {G .
Goi [J la tam noi ti€p tam gidc ABC' . Ta cé: P:I:chéng hang.

Ching minh

Goi G,H 13n luot 1a ti€p diém cla {Q:'véi DB AL Goi [ la giao diém cua EF

va GH . Theo dinh li lyness mé réng(da cé trong bai cua trung anh), I 13

tam noi ti}@ép tam gidc ABC . Vay ta chi cadn chi’ng minh P:I:chéng hang. That

vay, goi ¥ Ian lugt 1a giao diém cla GHva DQ; EFva DP. Ap dung dinh
IX vpo @X

li Thales ta c6: PD ~ PO — QD  vay , P.L,&thang hang(dpcm)

I.24)Cong thirc Jacobi lién quan dén tam ti cu,dinh li
Lebnitz

1)Cong thirc Jacobi:

N&u I 1a tAm ti cu cla hé diém 41,4345 0ng véi cac hé s6 F1%ar%nihi vei
moi diém M trén Tz'ét phang ta déu cé:

n
SaMAZ=S"a TA 4 (a)+..ta,) M2

=1 =1
Chirng minh:

T T — n — i
ZI%MAE = Zlaé(ﬁerﬁ;}? = (ay+.tan)MI2+2BT1( Zlaé.mﬁ:)leaé.mf—
1= 1= T = T =

n
=(a+.+an)MI%+Y "a IA?

=1
i)
—>
Y e JA;=0
(do I 1a tdm ti cu cta hé diém nén 1 =1 )
->dpcm.

2)Pinh li Lebnitz Day la trudng hgp dac biét cua céng thic trén khi n=3
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3)Hé qua khac: n

Sema?
Gia tri nhd nhat cda biéu thiac 1 =1 (v@i cac ki hiéu nhu phan trén) dat
dugc khi M =1 .
(ph&n nay thuan vé tinh todn nén chdc khéng can vé hinh phai khéng anh
ma29?)

I.25)Pinh li Newton cho t{r giac ngoai tiép

Pinh ly
Cho ti& gidc ABCD ngoai tié€p dudng tron 0.Khi d6 trung diém hai dudng chéo
AC,BD va tdm O thang hang.

Hinh: (v& bang Cabri hai xdu):rokeyrulez:

Ching minh
Goi P,Q,R,S lan ludt 1a cac ti€p diém cla cac doan thang AB,BC,CD,DA ddi véi

dudng tron G:'.
Dt SA=AP—=q,BP=BQ=b0CQ=CR=c, DR=DS= d_Ap dung

dinh ly con nhim cho t gidc ABCD ta co:

'i“"‘b:'@—F{b—I-C}ﬁQ—I—{C—I—d}ﬁ—F{d+a}ﬁ —0
s D@+ [F5504+;5508] =0

<->(b+d) (a—i-m}—k{a—kc} {@—Fﬁ} -0
<> (b+d)OM +(a-+))ON =0

TU do suy ra hai vecto Gﬂ'E:GEE cung phuong->0,M,N thdng hang (dpcm)
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I1.26)DPinh li Breichneider (dinh Iy ham s8 cos cho tir giac)

Pinh ly

Cho tr gidc ABCD c6 d6 dai cac canh AB, BC, CD, DA Ian lugt la a, b, ¢, d va do
dai hai dudng chéo AC, BD la m, n. Khi dé ta co:

min = agcg—kbgdz—ﬁabcd.cos(A—I—C)

M

D

Chirng minh

Trén canh AB ra phia ngoai dung tam giac ABN dong dang véi tam giac CAD, va _

dung ra phia ngoai canh Afa?f tam giac ADM dal?fg dang vdi tam giac CAB. Khi d6 dé
ac a

thay: AN =m,AM =5, NB = DM =73 y3 BDMN I3 hinh binh hanh.

Dong thai c m =A4C

Ap dung dinh Ii ham s6 cos cho tam gidc NAM, ta cé

n2= (3924 (3)2-2(5%).(m).cos(A+C)
S mind= agcg—i—bgdg—ﬁabcd.cos(A—I—G)

I1.27)Pinh li con nhim:

Pinh li:Cho da giac 16i A1A3A3..Apy; cac vecto E_}l"f_}ﬁf""f'a la cac vecto co do
dai bdng cac canh AIAQ:AEAB:---:AnAl,tUGng rng vudng géc véi cac canh ay
va hudng ra phia ngoai da giac.Thé thi :

e +eq+..ten=
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Chirng minh:
Khdéng gidm tinh téng quat ,gia su da giac A1AgAz. Apcs hudng duong.

1=0

Xét phép quay vecto:
ApAd1=

Qu(F+E+..+5) = Q2 + Q).+ Quen = A Ay + AgAg+..+

TU do suy ra diéu can chirng minh.

I1.28)Pinh li Gergone-Euler.

Pinh li:Xét tam gidc ABC va mot diém S trong mat phadng.AS,BS,CS Ian Iugt cit
BC,CA,AB & D,E,F.Khi d6 ta co:

SD SE+SF_1

AD+BE CF

Chirng minh:

Ki hiéu S[--]chi dién tich dai s6 cua da giac.
Ta thay :

40



SD _S[sBD] S[spc]  S[sBDItTS[Spe]  S[SEC]

AD  S[aBD]” S[aDC] S[aBDI+S[ADC]” S[ABC] (1)
Tudng tu ta co:

SE _ ~[5c4]
BE ~ S[BC4](2)
SF _S[54B]

CF ~ S[c4B](3)

CoOng theo vé (1),(2)va (3) ta cd diéu can ching minh.

I.29)Pinh li Peletier

1.30)Pinh li Miobiut
A

Pinh li:Cho ngii giac I6i

Chirng minh:

I1.31)Pinh li Viviani

Pinh li: Trong tam gidc déu ABC ta 18y 1 diém S .Ta sé& cd téng cac khoang céach
tir di€ém S téi ba canh s& cé dd dai bang 1 dudng cao cla tam giac.

Chirng minh:
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B H D
Ké SD,SE,SF lan lugt vuéng goc véi BC,CA,AB.
Pat do dai canh tam giac ABC la a,d6 dai dudng cao AH la b.

Ta cb :
BCAH=0b=25450=2(5¢5¢c+55c4+S545)=5D.BC+5SE.CA+SFEAB=0o(SD+SE+SF)

Gian udc hai vé€ cho a ta cé diéu can chirng minh.

I.32)Cong thirc Lagrange ma@ rong.

Pinh ly:
Goi I 13 tam ti cu cua hé diém {ALAn} ing véi cc hé s6 F1rCnthi véi moi
diém M:

E a:a .;‘fl..i.{flg

< 1<i<i<n ’ n

< jn
S e MAT==—5 +(> a )M
) 2 % , g
=1 Zﬂt' =1

t=1

Ching minh:

TU hé thirc Jacobi (c6 thé xem & muc 1.24) thi ta chi cdn ch{'fng minh rang:

1=1
Do I la tdm ti cu cua hé diém nén:

n
{Z%m:‘g:ﬂ
1=1

i)
2 TTA
Y arAi2( ) o, a TAIA;)=0
<->t=1 1<l <n
n
2 2, 742 4 42
Y 62IAI4] Y, a;(TA+IA;-A;AT)]=0
<->t=1 1<y <n
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{Za}{zafzig} > e, AA%=0

<> 1=1 i=1 lit{j{n
2
1{22{ ajﬂiﬂj n
i<y n . ]
=Y a4

I1.33) budng théng Simson
Pinh li:Cho AAEBC va diém M ndm trén dudng tron ngoai ti€p tam Ccha tam
iac. Goi N,P,Qan lugt 1a hinh chiéu vudng gbc clia M trén cac dudng thdng

C, CA ABthl ching cung thudéc mét dudng thang (day goi la dudng thang
Simson).
Chirng minh:

DL‘Jng goéc dinh hudng

Ta co:

{PN PG} {PN PM }—I—{PI'J PG} {modﬂ}
=(CN,CM )+(AM AQ)(modm

= BC MC )+ (MA, BA modi

=0 mod*rr
Vay P, 2 thdng hang.

(Xem them riegelmj[1].bdf; 00045.bdf)
I1.34) Budng thang Steiner

Pinh li:Cho AA BC va diém IDIndm trén dudng tron ngoai tiép tdm (?clia tam
giac. Goi A9,89,Coan lugt 1a diém d6i x(rng véi clia D qua cac dudng thing
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BC,CA,AByy, chlng cung thuéc mét dudng thang va dudng thang nay di qua
truc tdm H clda tam gidc ABC. Budng thdng dé dudc goi la dudng thdng steiner
('ng vdi diém D cla tam gidc ABC. Con diém D dudc goi |a diém anti steiner.

Chirng minh:

Dé thay néu goi A1,B1,Can lugt 1a hinh chi€u ctia D xuéng ba canh cua tam
giac ABC thi Clia trung diém cua doan DCva tuong tu ta co Aq,B5,Cq thdng
hang.

Ta cé

{HCQ,HBQ} = {HCQ,HB:I—i—{HB,HG}—F{HC,HBg}
=(H¢D,HeB)+(HEHE)+(H gC,H gD)

= {AD,AB}+{AB,AG]+{AG,AD}

=0(mod 1)

Vay dudng théng steiner di qua H.

TU d6 ta cé dudgc tinh chdt rang dudng thdng simson (ng vai diém D di qua trung
diém clha doan DH.

I1.35) Diém Anti Steiner(Dinh li Collings)

Pinh li:Cho AA BC va dudng thdng ddi qua H truc tdm cua tam gidc ABC . Goi
da,dp,deran lugt 1a dudng thang d6i xirng clia d qua BC,AC,AB. Cac dudng thang
dé déng quy tai mot diém nam trén dudng tron ngoai ti€p tam gidc ABC(diém anti
steiner cla d). Va d dudgc goi la dudng thing steiner cla diém dé (goi la G).

Chirng minh:
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Goi H o, Hp, H ¢ 1an lugt 1a hinh chiéu cia H qua ba canh \Rightarrow ba diém
néyéht;ﬂéc (O) ngoai ti€p tam giac ABC va H 4,7 g, Hcan lugt thuoc

aitkhy g
(da,db] = (da,BC}+(BC,CA:I—I—(CA,db] = (BC,d]—I—(BC,CA}—I—(d,CA} = Z(BC,CA] = (CHA,CHB)
(mod 1T)

Véay néu goi giao diém cua d_a,d_b la G thi G thudc dudng tron ngoai ti€p tam

giac ABC. Tudng tu ta cé dpcm

Theo hinh cua bai du’(‘}gg théng steiner ta dé thay H o Dgsi xrng Vi HCE,
H D 46i ximg véi 4 B
Vay ta co d ddng la dudng thang steiner cla G.

Ta c6 mot tinh chit khac cia diém Anti Steiner nhu sau:

Pinh li 2:

Goi P 1a mét diém thudc dudng thang d.P 4, P B, P 1an lugt 1a diém ddi xing
v@i P qua cac canh cua tam gidc ABC. Ta c6 cac dudng tron

{A1PC1PB}1{31P01Pﬂ}!(capﬂapﬁ)CUng di qua diém G

Chirng minh :

Dé thay
{APCEAPB:'EZ{AB:AC:‘(mod )
Lai cé theo chirng minh trén co:

(deyds) =GP, GPB)=2(AB,AC ) (mod )
Suy ra G thudc (A:PC:PB:'. Tuong tu cé dpcm

I1.36)Pinh li Napoleon

Pinh li:Dung ra phia ngoai tam gidc ABC cac tam gidc déu BMC,CNA,APB va goi
D,E,F Ian lugt la tam cua ba tam giac day. Khi do ta cé tam giadc DEF déu.

Chirng minh:
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Bai nay cé nhiéu cach giai,néu thuan Igi minh sé gidi thiéu ,tuy nhién & day minh
sé trinh bay mot Chl:l’% minh ngan gon dua trén phép quay vecto nhu sau:

0x(DE)=19s(MN+BA)=J0x(MC+CN+BA)=}(0x(3C)+0x(CN)19s(BA) =} B+ BP)=DF
TU dé cé diéu can ching minh.
Napoleon's Theorem, Two Simple Proofs
On each side of a triangle, erect an equilateral triangle, lying
exterior to the original triangle. Then the segments connecting
the centroids of the three equilateral triangles themselves form
an equilateral triangle.

By Dr. Scott Brodie, M.D., Ph.D.

Mount Sinai School of Medicine, NY
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Proof #1 ("Hammer and

Tongs" trigonometry)

In the following, we use standard notations: in the

ABC, A denotes both the vertex A and the correposnding

A4 A, ais both BC and its length. In addition, let G
denote the centroid of the equilateral triangle on side
AB, and | denote the centroid of the equilateral triangle
on side AC, etc. Let s denote the length of segment GlI, t
the length of segment AG, and u the length of segment

Al. (Geometer's SketchPad illustration.)

Since 4 1AC = £ GAB = 30°, we may apply the Law of
Cosines to compute
s2 = u? + t? - 2ut-cos(A + 60°). (1)

Since the centroid of a triangle lies along each median, 2/3 of the distance from the

vertex to the midpoint of the opposite side, we have

t=(2/3)-sqrt(3)/2 - ¢ = c/sqrt(3)
u=(2/3)-sqrt(3)/2 - b = b/sqrt(3),

and (1) becomes

3-s? = b + c* - 2bc-cos(A + 60°). @

Expanding"’ the cosine of the sum, and recalling that cos(60°) = 1/2; sin(60°) = sqrt(3)/2,

we have

cos(A + 60°) = cos(A)/2 - sin(A)-sqrt(3)/2. (3)

Substituting (3) into (2) yields

3-s2 = b? + ¢ - bc-cos(A) + sqrt(3)-bc-sin(A). 4)
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Now apply the Law of Cosines to . ABC:

a? = b? + c? - 2bc-cos(A). (5)

and recall (as in the derivation of the Law of Sines):

2-Area({4 ABC) = bc-sin(A). (6)

Substituting (5) and (6) into (4) gives

3-s? = (1/2)(a% + b? + c?) + 2-sqrt(3)- Area( " ABC). (7)

Since (7) is symmetrical in a, b, and c, it follows that the triangle connecting the three

centroids is equilateral, QED.

Q&

*)
Michael Lambrou has suggested a different way to proceed after obtaining (2).

Apply the Law of Cosines to triangles ABE and BCE to express the side BE in two different

ways:

b? + c? - 2bc-cos(A + 60°) = a* + b? - 2ab-cos(C + 60°)
By (2), the left hand side equals 3 times Gl. Similarly, the right hand side equals 3 times

IH, wherefrom Gl = IH. Considering triangles ACD and ABD instead, we also obtain IH =

HG, which furnishes the proof.

As a bonus, we get AD = BE = CF.

&
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Proof #2 (an
argument by

symmetrization)

Notations are the same as before: let

ABC be the original triangle. Choose D,

E, and F exterior to /% ABC so that ADB,
BEC, and AFC are equilateral triangles,
with centroids G, H, and |, respectively.

(Geometer's SketchPad illustration.) We

proceed to show that 4 HIG = 60°.

Fix | as a center of rotation, and rotate
the entire figure by 120°, and
superimpose the rotated copy on the

original figure. Under the rotation, the

M CAF maps to itself (C maps to A, A to
F, F to C, while | maps into itself.)
Denote by BB, DD, EE, GG, and HH the
images of points B, D, E, G, and H,

respectively.

Connect D to EE and G to HH. By the

rigidity of the rotation, MGHI = A
GG.HH.I. In particular, GH = GG.HH.

(Geometer's SketchPad illustration.)

Now consider the six triangles that converge on point A. Three of them (ABD, ACF, and

A.EE.BB) are equilateral. Recollect that the angles of a triangle sum to 180°, while the

angles around a point sum to 360°. Since <4 BB.A.F is a copy of <£BCA, it follows that L
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D.A.EE = 4 ABC. Finally, /4 D.A.EE = /4 ABC, and the pentagon A.BB.EE.D.B is congruent
to the pentagon BECAD. It follows that G.HH = GH. And thus G.HH = GH = GG.HH.

Repeating the rotation by 120°
once more, and connecting the
tips of the equilateral triangles
as above, we obtain the figure
on the right. (Geometer's

SketchPad illustration.) Arguing

as above, it is clear that the
central hexagon is equilateral,
and that the six triangles which

meet at the center of rotation

are congruent. Therefore, 6- 4
HIG = 360°, and < HIG = 60°.
Since (among the points G,H,I)
the choice of the centroid | was

arbitrary, we have shown that

M GHI s equiangular, hence

equilateral, QED.

8,

I1.37)Pinh li Morley

Pinh li:

Trong tam giadc ABC. D,E,F Ian lugt la giao diém cua cac dudng chia ba géc trong
va cung ké cac canh tam gidc ABC. Khi d6 ta c6 tam gidc DEF déu va dudc goi la
tam gidc Morley.

50


http://www.cut-the-knot.org/proofs/nap7.gsp
http://www.cut-the-knot.org/proofs/nap7.gsp

Chirng minh:

D& ngin gon ta dit A = 3ava tudng tu véi cac goc kia = Gﬁ+b—|—f~:= 60Nhu
hinh vé ké cac dudng chia trong & B va C va lan lugt cat tai D,I. Dé thdy ID la
phan gidc cta géc @ Tai D dung gbc @ — 60%a0 cho Di I3 phan gidc cla
géc DEF va E thudc CI va F thudc BI = A DEF déu.

Lay D1va D21an lugt 13 diém déi ximg véi D qua CI va BI

= D€ AC,Dye AB\3 48 dang ¢/m dudc D1EF D93 hinh thang can véi
INWE=EF=DyF

Vi dinh li Morley chi c6 moét trudng hgp nén em xin phép chi sif dung géc thudng
cho né dan gian:

DEC = 1800600 FET =1200—(b+c) = 600+a

T D1 D5 = 1800— D, B = 1809— (3600 —600—2DB) = 2a

Ta lai co D1 EF D33 hinh thang cz}Q vaDWE=DqF =EF =trong dudng
tron ngoai tiép D EF Dothi sg D1 Dy =3a=p thudc dudng tron
{DIEFDE). TU dé ta c6 dpecm

DPinh ly Morley cé thé mé rong cac dudng chia trong thanh céc dudng chia ngoai,
va cé thé la giao clia dudng chia trong véi dudng chia ngoai(mdi trudng hop nay
lai cho ta mét tam giac Morley khac nhau va theo thng ké c6 36 tam giac Morley
nhu vay). Sau d6 bai todn con dudgc phat trién va tuong Ung dugc dat thém nhiéu
dinh nghia mdi nhu "géc Iirng", "tam gidc ngoai lai", "tdp hgp déng cdu", ...
Sau day la bai todn md rong nhat dinh ly Morley:
Néu chia n (n nguyén duadng, n 23) tat cad cac gbéc cua mot da gidc m canh, thi
tlé“t ca cac giao cla cac dudng thang la cac dinh phén biét cha mét hé

2
im(m—l}n(nz—l:l da gidc n canh déu, cé thé phan chia lam Em{m_l:'ho, moi
ho cé nn—1)%4, gidc c6 tdm thang hang.
Cach ching minh va cac khai niém lién quan xin xem thém tai sach "Lang man
toan hoc" tac gia Hoang Quy nha xuat ban gido duc
(Ai c6 ebook cua quyén nay up |én thi tdt qua.

I.38)Pinh li con buém véi dudng tron

Pinh li:
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Cho dudng tron (0) va day cung AB. I Ia trung diém cua AB. Qua I vé& hai day
cung tly y MN va PQ sao cho MP va NQ cat AB tai E,F. Khi d6 I 1a trung diém cua

‘ £\
ANV

Chirng minh:

Goi K, T Ia trung diém MP va NQ. Nén OIEK, OIFT I3 t( gidc ndi tiép

= ':GE:GI} = ':HE:EI:' (mod T )E(GEGI:' = ':TETI:'(mod )

Ta lai 6 AMIP ~ AQIN = (TETI)=(KE,KI) modm)= AEOF can
tai O= I la trung diém EF

1.39)Dinh li con budm vdi cdp dudng thang

Pinh li:Cho tam gidc AEBC . Ly [ Ia trung diém cua BC'. Qua I ké cac dudng
thdng Acat AB:Actai N,Q , dudng thang A’ cat AB:Actai P.M Goi
MNPQ st B tai FE khidotaco Ila trung diém cua B F

Chirng minh:

o

>
©
o
=
=
Q

SRbl
<[t
SISl

dinh Ii menelaus trong tam gidc A BC ta c6 cac hé thic sau:

Il
—

Il
—
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[EQCNA_, QCNA_,
IC'QA'NB QA'NB ™ (1)
ICMAFE_,_ MAFB_,
IB'MC PA MC P4 (2)
tor (1) va (2) ta co:

GC PA NB MA;\’EB FC
OA'PBE NA'MC " EC FE
Vay I 1a trung diém cta EF'. (DPCM)

I.6) Pinh ly Desargues

binh ly:
Cho tam giac ABC va tam giac A'B'C'. Khi dé AA', BB', CC' déng quy khi va chi khi
cdc giao diém cua BC va B'C', CA va C'A', AB va A'B' thdng hang.

Chirng minh:

Goi X, Y, Z la I3n lugt 1a céc giao diém cua céc cdp canh BC va B'C’, CA va CA’,
AB va AB’.

Phén thuén:

Gia s cac duong thdng AA’, BB’, CC’ déng quy tai S. Ta ching minh X, Y, Z
thdng hang.

Ap dung dinh Ii Menelaus cho tam giac SBC vdi cat tuyén XB'C' ta co:
XBcC'Cc B'S _1 XEB s¢' BE

XC o's BB hay XC sB'ccC

Tuong tu, ta co:
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YC_SA'cc ZA_ SB a4
YA sgot aa'va 2B 54 BE

Nhén tung vé cac ddng thuc trén lai véi nhau, va theo dinh Ii Menelaus suy ra X,
Y, Z thdng hang.

Phan dao:

Gid sur cac diém X, Y, Z thdng hang. Ta ching minh cdc dudng thdng AA’, BB’, CC’
déng quy.

Goi S 13 giao diém cua AA’ va BB’. SC cit dudng thdng AC’ tai C”.

Xét 2 tam giac ABC va A’B'C” c6 cac dudng ndi cac dinh tuong ung déng quy, do
dé theo phdn thudn giao diém cua cdc canh tuong (ng ciing déng quy.

Ta thdy AB cdt A'B’ tai Z, AC cdt A’C” tai Y (do A’, C’, C” thdng hang), suy ra giao
diém X’ ctia BC va B’C” phai thudc YZ. Tiuc 1a X’ 1a giao ctia YZ va BC nén X’ tring
vdi X.

Suy ra C” trung vdi C’, hay AA’, BB’, CC’ déng quy.

.40 Dinh Li Blaikie

Pinh li: Cho tam gidc ABC va dudng thang d sao cho d cét BC,CA,AB lan luct &
M,N,P. Goi S la 1 diém b4t ki trén d. Goi M',N',P' Ian lugt 1a diém déi x('ng cla
M,N,P qua S. Khi d6 AM',BN',CP' ddng quy tai mot diém P va ta goi P |a diém
Blaikie clia d va S ddi vdi tam giac ABC.

Chirng Minh :
C6 thé cho S n&m gitta IV,

Gia st AM’ cat BN’ftai I . Ta chiing minh IC,\P
thang hang .

Xét tam gidc BN’ M véi 3diém L,EP  Ta can cm
IB P'N'CM _1

IN"P'M CEB ™

/
Xét tam gidc PBN' véi 3diém thdng hang A LM vran 3canh :
AP IB M'N'
ABTN"M'P T (1)
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Xét tam gidc M B Pvéi 3diém thing hang C,A,Nren 3canh :
M AE PN —1
CEBECAPMN T (2)

MZ) varatgon,chay MN = M/'N'ta dugc :
IN MP ¢B ™ } ) ) )
ChiuylaNFP=P N'va P M = M’ Pnén ta cé dpcm.

Nhan Zve (1

I.41)Dinh |i chum dudng thdng dong quy.
Pinh li 1: Ba dudng thang déng quy thi dinh ra trén hai dudng thdng song song
nhitng doan thang ti 1&.

Chirng minh:

1.42)Dbudng tron Apollonius

?LIE«EL‘ li:Cho hai diém A va B c6 dinh. Khi d6 qui tich diém M sao cho

MB k{k%l} [a mot dudng tron c6 dinh dugc goi la dudng tron Apollonius.

Chirng minh:

D4 FEA —
L&y D,E thudc dudng théng AB sao cho DB — EEB —
= I:DEAB:I =-1
a\Phan thuan
M4 KA

LdA AA Pt
Taco MB— EB— k 7 ME 13 phén gidc cla m = EMD=900=>nM
thudc dudng tron dudng kinh DE.

b\Phan dao

T
L&y M' thudc dudng tron dudng kinh DE = EM D = 900
Lai co ':DEAB} =-1 ='ME I3 phan giac cla ﬁi}ﬁ —=rdpcm

1.43)Dinh li Blanchet
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Pinh li:Cho tam gidc ABC c6 AH la dudng cao (ng vdi canh BC. Goi I 1a mot diém
tly y thudéc doan AH.cédc doan théng BI,CI cat cac canh tam gidc tai E va F.Chiing
minh rdng HA la phan giac ctia géc EHF

= > . # S,

M/ N

O~
=
o)

Chirng minh:

Qua I ké dudng thang song song vdéi BC cat AB,HF,HE,AC lan Iugt tai M,N,P,Q.
Ta chi cadn chirng minh IN=IP la xong !!

Theo Thales:

IN CoH

IM— OB
IF _EBH

Io~ BC
Do do :
INIQ oH

IFPIM— BH
9 _cH
Hién nhién IM — BEH
Nén IN =IP ----------mmm-- > dpcm

1.44)MG@ rong cua dinh li Blanchet

Pinh li:Cho tam giac ABC, 1ay T,E,F3n lugt thube cac doan BC,CAAB o5,
cho 3 dudng thang ATBECF déng quy tai mot diém.Goi L 1a giao diém cua
AT va EF .Goi Hla hinh chiéu cia Lxuéng BC'. Chirng minh réng HLI3

phan giac cla @
Chirng minh:
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S’ dung Ceva va Menelaus ta chirng minh dudc ':KTBC:' =-1
Theo dinh If v& chum diéu hoa ta lai c6 (K LFE)=-1
ﬁ: 90°------ >dpcm (hé qua cua chum diéu hoa)

1.45) Pinh li Jacobi:

binh li:

Cho wc ABC va cac dié’nlfﬂflzcltrén mat phéﬂgsﬁig

cho: BAC1=CAB) =a ABC1=CBA;= ,B,ijﬂl = AC B{ = khi
dé AAI:BBI:ccldéng quy tai diém Jacobi N.

Chirng minh:

Do AAI:BAI:GAld'éng quy tai Alva tuong tu cho An,Aznen ap dung dinh ly
Ceva dang Sin ta c6:
snC B4 snBA A1 sinAC A,

sinABA1.snCAd1sanBCA,

=1
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sinﬁ.sinBAAl.sin(@-l- )

o> sin(ﬁaﬂ-ﬁ).sin{fﬂﬂl.sin’y

Xay dung hai dang thic tuong tu cho A9, A3r8i nhan 3 dang thlc trén véi nhau
ta dugc:

sinBAA;.einACC . sinCEE;

=1
einCAdianBCOC simA BB,
Nhu vay AAI:BBI:CGIJ‘C“)ng quy theo dinh ly Ceva dang Sin.

I1.46)Pinh li Kiepert

Pinh li:Dung ra phia ngoai tam giac ABC cac tam giac can déng dang
BCM,CAN,ABP(Can & M,N,P).Khi &y ta c6 AM,BN,CP déng quy

Chi'ng minh

Do cac tam gidc BCM,CAN,ABP cdn va déng dang nén dé thay:

WBC = PBA;PAB = NAC;NCA = T1CB

Theo dinh li Jacobi ta cé diéu can chirng minh.

1.47)Pinh li Kariya

Pinh i :

Cho tam gidc ABC nhéan (I) 1a dudng tron noi tiép.& phia ngoai tam giac I8y cac
diém M,N,P sao cho IM =IN=IP va IM,IN,IP tuong (ng vudng géc BC,CA,AB.Khi
dé ta c6 AM,BN,CP dong quy.

Chirng minh:
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TUr gia thiét bai todn dé suy ra:
ABIM = ABIP (c.g.c
Do do:

TBM = TBP

_>#1BC =PBR
Tuong tu:

PAB = NAC;NCA = FICB

Theo dinh li Jacobi ta c6 diéu can chirng minh.

I1.48)Cuc truc giao
bay la mot khai niém md rong két qua vé truc tam tam giac.

Pinh li:

Cho tam gidc ABC. d la mét dudng thdng bat ki trong(mét phang. Goi A1,B1,C1
l4n Iuct 13 hinh chidu cta A,B,C trén d. Goi 4222, 21an 1ug 13 hinh chiéu cua
A1,B1,C1tren Bc,cA,AB. khi d6 A142,8182,C1C 245ng quy tai mét diém goi
1a cuc truc giao clia dudng thadng d déi véi AABC.
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Chirng minh:
Ap dung dinh Ii carnot ta c6 dpcm =
(AgB2—AqC2)4+(ByC2-BgA)+(CyA2—CyB2) =0
&(A1B2-ACH)+(B1C2-B1AD 4 (C1A%—C1BY) =0
&(A1B2-C1B)+(B1C2-A1CH)4(C1A%2-B1A%) =0

2 2 2 2 p 2N _
& (A1 B]—C1B])+(B1CT-A1CT)+(C1AT—B1AT) =0 nign nhien ding)
Truc tdm 1a trudng hop khi d trung véi mot trong ba canh cia AABC

(Xem them FG200406.bdf)

I.49)Khai niém tam giac hinh chiéu ,cong thirc Euler
vé dién tich tam giac hinh chiéu

Pinh li:

Cho (G:R:'Ié dudng tron ndi tiép tam gidc ABC.Cho diém M ndm trong tam
giac.Goi A1,B1,C 13 hinh chigu ctia M 1&n ba canh BC,AC,AB. Khi do ta goi
A1,51,C 13 tam giac hinh chigu cua didm M déi véi tam giac ABC. Ta c6 cdng
thic Euler vé dién tich clia tam giac hinh chiéu:

S4B1Cy |RE_C’M2|

Sapc ~  4R?
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Chirng minh:(Mashimaru)
Ta cé t& giac f_AlCBlnéi ti€p dudng tron dudng kinh AJC'nén
A]_B]_ = ﬂIGSEﬂC , tu’dng tl_,l’ thi Blcl = ﬂ'IASEﬂA .
(Mao diém cua MCVvéi dudng tron ngoai tiép tam gidc A BC . Ta cé:
e -
MB1A]=FCA]=BAD m =T1AM
Mat khac:
A B0; = MBI A+ T B1C} = DAB+MAC, = T1AD
Xét tam gidc A LA |, theo dinh ly sin ta co:
AM ~ DM ' DM
sin A DM sinMQmﬂlBlcl
Suy ra: AMsinA1B1C] = DMsinADBT 14 46 ta oo
S 4,B,0, =3B1A1.C1BysinA1 B1C1 = £ MCsinC.MAstn A sinA1 B C1 = MC.MD.stn AsinBsinC

Mat khéc, ta lai cb: Sapc= 2R253‘’-”-'*Aﬂ.’-”fBﬁ.”‘r—?vé]
MC.MD = P /) =|0M?-R?
S4B1Cy |R9—GM9|

Sapc ~ ! 4R

(Xem them pedal(2).bdf)

nén:

I.50)Khai niém hai diém dang giac

Pinh li:

Cho tam gidc ABC. M |a mot diém nam trong tam gidc.

1/Khi dé cadc dudng thang ddi xrng v3i AM,BM,CM qua tia phan gidc déng quy tai
M'. M' dudc goi la diém dang gidc cua M.

2/Lan lugt dat D,E,F va D',E',F' la chan cac dudng cao ha t& M va M' xudng
BC,AC,AB.

a/Khi d6 D,E,F,D'E',F' cung thudéc mét dudng tron tdm O. Va O Ia trung diém cla
M va M',

b/Khi dé ciing c6 AM' LERBM’ | FD,.CM' 1 DE.

va AM 1LE'F BM1F' D' CM1LD'E’

Chirng minh:
1/(hinh 1)
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B | I J [

Sapr _BI _ %.E.sin(ﬂB,AIj

Sacy™ €7~ ACATsin(AC,AT)

Sacr — CI ~ ACATsin(AC,AI)
_,BIBJ_AB?

ci'cy  AcH

Tuadng tu ap dung dinh li Ceva thuan va dao ta c6 dpcmi
2/

a/(hinh 2)

D'

(BA;BM)=(BM';BC)(mod 1)

& (DF;DM )=(F'M";F' D" noq )

& (DF;DM )+90° = (F'M'; P/ D')4900 1104 )

& (DF;DM )+(DM;DD")=(F'M";F'D")+(F'F;F' M') (mod )
{:}':DFEDDI}E':FIFEFIDI}(mod )

= FF' D' Dnoi ti€p. Trung truc FF' va DD' gép nhau tai trung diém O cla
MM'(t/c dudng trung binh hinh thang) =F,F'D,D' thudc dudng tron tam O.

Tuong tu ta cé dpcm.
b/(hinh 3)
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.,-'-"'"ﬁ\-\-""‘-\-\.
AP = M/AE
jai 6 AMP = AEF = AAMF ~ AAEG (g.q)

:,@:IEGP:%D:,
Tudng tu ta cé dpcm

Trudng hgp M la trong tdm thi M' 1a diém d6i trung (AM,BM,CM an lugt dudc goi

y 2
la cac dudng dbi trung) co tinh chéat rang: ':f’irfEf +M'F"+M'D’ :'min
I.51)Khai niém t giac toan phan .

Khai niém:

M6t tr gidc toan phan 1a mét hinh dudc tao nén bdi bdn dudng thdng, tirng doi
mot cdt nhau nhung khdng cé ba dudng nao déng qui. MOt hinh t gidc toan phan
¢ 4 canh la 4 dudng thang 8y, cb 6 dinh la 6 giao diém cla chlng va 3 dudng
chéo la 3 doan di qua dinh d6i dién (cha y hai dinh nay khéng cung thudc mot
canh).

Chang ta cé mot két qué cd ban va tha vi vé t gidc nay nhu sau:
Pinh li :Trong hinh t& gidc toan phan cap dinh d6i dién nam trén mot dudng chéo

va cdp giao diém cla dudng chéo d6 vdi hai dudng chéo con lai I[ap thanh mot
hang diém diéu hoa.
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Xem hinh vé sau:
A

1.52)Pudng thang Droz-Farny

Pinh li:
Cho hai dudng thang bat ki vuéng gdc vdi nhau tai truc tdm cla tam gidc ABC.
Chuang tuong (*’ng cat cac canh BC, AC, AB tai X, X'; Y, Y'; Z, Z'. Khi d6 ta c6

/ / /
ﬂirmﬂ*fb:ﬂfctwng (rng la cac trung diém cula XX YY' ZZ théng hang

Chirng minh:(dich tur bai viét cua Jean-Louis Ayme)

Pat C la dudng tron ngoai tiép AABC. Cala dudng tron ngoai ti€p HXX' va Hy 3
diém d6i xing véi H qua BC. Tudng tu vdi cac dudng tron khac.

= Ca,ChCrco tam 1an luot la ﬂ%a:ﬂfb:ﬂfc.XX' la dudng kinh cua dudng tron
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Ca:Haném trén dudng tron nay = Hyy giao cua C va Cava HH, J—BC
Ap dung dlnh I CoII|n S(i;?Hg bai viét diém Anti- stemer) v@i dudng thang XYz dl
qua H, ta co don I_?uy tai N trén C. Ap dung dinh Ii Miquel cho
tam gidc XNY v6i cac diém Hme =C &€ bcung di qua M. Tuong tu Ce.
cling di qua M.

Nhu vay Ca,CrpCe cung di qua H va M (d6ng truc). Nén tdm cua ching thing
hang.

Cac tai liéu co lién quan:

(Xem them FG200426.bdf; FG200427.bdf)

I.53)Pudng tron Droz-Farny

Pinh li:

Cho dim P b4t ki va tam gidc ABC. Diém Q I3 diém d&ng giac véi P d8i véi tam
giac ABC. Chan cac dudng vuodng goc vai cac canh BC,AC,AB cla P la Py, Py, P
Lay Palam tam vé dudng tron di qua Q cat BC tai Al AQ B1,B9,C1,C9 dinh
nghia tuong tu. Khi do 1,49,B81,89,C1,C9 cung thubc dudng tron tam P.

Chirng minh:
O la trung diém cua P%D

Ta da biét O cach déu
Ma :

me:Pc:Ga:Q QC

2
Q—FEPG

PC2=PP24+P.C2=PP21QP2=
tuyén)

Hoan toan tuong tu ta sé& c6 cac diém A1,A9,B1,B9,C1,C9 cach dau P
(diéu can chirng minh).

(codng thirc dudng trung

I1.54)Pinh li Van Aubel vé tr giac va cac hinh vuong
dung trén canh.
Pinh li:Vé phia ngoai t giac ABCD ta dung cac hinh vuéng

ABUI,BCQP,CDIW,DAFE v@i cac tam tuong Ung la T,N,V,M.Khi d6 ta cé TV va MN
vudng goc vai nhau.
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Chi'ng minh:

Goi O la trung diém doan AC.

450 V3,
Ta thay: FC N — B

0l
Ff T3 BT

0 0Ll
 F=F®V, G L
Do vay: c A

Chu y F Ia phép ddng dang gbc 9006 ti s6 1 c6 O Ia diém bat déng tic 1a F 14
phép quay tdm O gébc 900, (1)

Nhu vay : F'IN =T (2)

Tuong tu ta co: FM — V' (3)

T (1) ,(2) va (3) ta co diéu can chirng minh.

I.2 MJ rong dinh li Menelaus theo dién tich.

Pinh li:Cho tam gidc ABC va 3 diém M,N,P Ian lugt ndm trén BC,CA,AB.Khi dé ta
co.

S[MNF] BM.CN.AP-CM.AN.BP

S[ABC] AB.BC.CA

Chirng minh

Goi €1E2%315 vector chi phuong cua BC,CAAB.

Ta co:
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S[ABC]=S[MAB]+S5[MCA]

= S[ABC]=S[PMA|+S[PBM |+S[NMC]+S[INAM]
= S[ABC])=S[MNP]+S[BMP]+S[CNAM]+S[APN]
mat khac : L

S[BMP] B .E‘P.sm(el;eg) BE.BP

S[ABC] ™ _C’.Bﬁ.sin(el;egj -~ BC.BA

tuong tu:

S[CNM] ©NCM

S[ABC]|~ TACEB

S[APN] AP.AN

S[ABC]” ZB.4AC

Ta suy ra:

S[MNP] S[BMP] S[CNM] S[APN]

S[ABC]~ "~ S[ABC] S[ABC] S[ABC]
S[MNP] = BM.BF CNCM AP.AN
S|[ABC|™ " BCBA CA.CE AB.AC
S[MNP] BM.CN.AFP-CM.AN.BF
S[ABC] AB.BC.CA

I.55)Hé thir'c Van Aubel

Pinh li:Cho tam gidc ABC va cac diém D,E,F lan lugt thuéc BC,CA,AB sao cho
AD,BE,CF dong quy & S.Khi do ta co:

Va 2 hé thic tuong tu.
Chirng minh:

B D C

Cach chirng minh dudi day rat doc dao minh doc trong mot file cia anh Darij

Grinberg(xem cubi bai)
Chung ta st dung dinh |i Gergonne -Euler(muc 1.28)cho diém A véi tam gidc SBC.

Ta co:
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AD AF AB
5o TBrcE

AD , _AF AE
SD ° FE EC

=>

_4F_IE
->5D FB ' BC

A
B
=

(Xem them GergonneEuler.bdf)

1.56)Dinh li Pithot
Pinh li: T giac 16i ABCD la t& gidc ngoai ti€p khi va chi khi :AB+CD =BC+DA
Chirng minh:

+)Chiéu thudn: ABCD la ti giac ngoai ti€p thi: AB+CD=BC+DA

Phan nay chirng minh hoan toan don gidn xin danh cho ban doc.

+)Chiéu dao:Néu tU giac 16i ABCD thdéa man : AB+CD=BC+DA (*)thi nd la t& giac
ngoai ti€p.

D

Khéng giam téng quat gia s AB<AD ,khi 8y tur (*) cling suy ra;: BC<CD,
Khi 8y trén AD,DC tuong (ng ton tai hai di€m N,M sao cho:AN=AB,CM=CB.
TU (*) s& c6: DN=DM.

Do d6 cac dudng phan giac cua cac goc tai dinh A,D,C sé la ba dudng trung truc
cla tam giac BMN nén ching d6ng quy tai mot diém (ma ta ki hiéu la O).

Nhan thdy O cach déu 4 canh t(r gidc nén ta cé diéu can chirng minh.
I1.57)Pinh li Johnson

Pinh li:Cho ba dudng tron cé clung ban kinh R vé&i tam Ian lugt Ia M,N,P va clng

di qua mot diém A.Khi 8y ba giao diém khac A cua ba dudng tron 8y ciing ndm
trén mot dudng tron cdé ban kinh la R.
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Chirng minh:

Minh gap dinh li nay va khéng hé biét chirng minh cta n6 ,d day minh trinh bay
mot phép chirng minh ma minh nghi ra nhu sau ma theo minh né la mot ching
minh dai.

Chuing ta ki hiéu cac giao diém khac A 1a B,C,D nhu hinh v& va goi Q la tdm
(BCD).

Ta thdy : PA=PB=MA=MB nén MAPB la hinh thoi

=>M |a diém d&i xrng cla P qua AB.

Chu y bén kinh cta (P) va (M) la bang nhau nén suy ra (P) va (M) d6i x{rng véi
nhau qua AB.(1)

Tudng tu (P) va (N) ddi xirng véi nhau qua AC (2).

(P) la dudng tron ngoai ti€p tam giac ABC (3)

TU (1) ,(2) va (3) ta sé suy ra D la truc tdm tam giadc ABC.
Dén day cong viéc con lai da rat don gidn.........cceveeennnn..

I1.58)Pinh li Eyeball

Pinh li: Cho hai dudng tron(0) va (0O') ngoai nhau.Hai ti€p tuyén ké tir O tdi (0')
cat (0') tai C,D.Hai ti€p tuyén ké tir O' tdi (O) cat (O) tai A,B.Khi d6 ta cé : AB
=CD.

Chirng minh:

Chung ta ki hiéu cac diém A,B,C,D nhu hinh v&.
OM,O'N tudng ’ng la cac ti€p tuyén cua (0O') va (0).
AD cat lai (O') & P.

A

_|
Q
s
>
Q
<
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Cong theo vé (1) va (2) ta co:

FTPC4+TI0P = MO = 900

Do dé CP la dudng kinh cua (O").

.-""dfﬂhh""-\-\.
Vi vay sé c6: C DA = 900
Hoan toan tudng tu ta cling cé cac dang thidc géc khac nén s& c6 ABCD la hinh
ch nhat => AB=CD.

I1.59)B6 dé Haruki

Bd dé:Cho AB va CD Ia hai ddy cung khéng cit nhau clia cing mét dudng tron va
P 1a mét diém béat ki trén cung AB khéng chlra CD cta dudng tron dy.Goi Eva F
lan Iugt 1a giao diém chia PC,PD v&i AB.Thé thi gia tri biéu thirc sau 1a khéng ddi:

ABBF
EF

Chirng minh:

(AED) cét lai AB & G.
T
Ta thdy: AGLD = @ (Khdng déi) => G c¢d dinh => BG khong ddi (1)

Mat khac :
AFFPB=FP FD=FFEFG

=>(AE+EF)FB=FE(FB+BG)

—>AE.FB=FE.BG=>2Z8_ pg )

TU (1) va (2 ) suy ra dpcm.

(Xem them FG200809.bdf)
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1.60)Bai toan Langley

Bai toan:Cho A ABC can tai A c6 Efdf = EUD.I:gﬂfanh AB:ACIé’y diém
.-"ﬁ"‘ﬂ-\.
D,E a0 cho BCD = 50°, EBE = 60° Tinh BED?

Lsi giai:

B

.-‘""rﬂ“"“n.
pit BED ==z
Trén canh AC 18y diém.F' sao choBF = BC Khi d6 ABCF'can tai B
=BF =BC

T

M3t khac ABCD can tai B(do BCD = BDO = 50°)
=BD =8BC
Suyra BFF=BD

Do d6 ABDF dau( DBR = 60° )

=DF=BF
Lai c6 MNBFE can tai F
=EF=BF

Ta suy ra EF = DF

=/MNDEFcan tai F
180°—40°

L (ea07) BT

= =30°

1.61)Dinh li Paul Yiu vé dudng tron bang tigp
Dinh li:Cho £ A BC cac dudng tron bang tiép goc A,B, ti€p xutc vdi 3 canh [an
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lugt tai MNP QRS cac dudng thdng qua MN,PQ HS giao nhau tai
A1,B1,C1 cac dudng thdng qua NP:QS:ﬂISgiao nhau tai 282,07 .Chirng
minh rdng cac bd ba diém AaAlaAE:‘:(Bnﬂlaﬂi)a{CaClaCE:'théng hang va cac
dudng thdng qua ching dong quy.

Ching minh:

%) GoiH, K 13 giao diém cua PQva MSvéi BC.
Ap dung dinh Ii Menelaus cho bo 3 diém (cﬁnﬂa"@'tuong tng véi HATBE va bd
3 digml& CIJH:' tuong Ung véi A BATN ta dugc:

OB C1 M M

C.N C,MEE HB
Mat khac

Ap dung dinh Ii Menelaus cho /A A BC véi b 3 diém (M,S,K )y (@ EBH )i,
dugc:

s
A

i

Il

5

Sl
=4

I
=

=2
>
Q»
=
/\

1) vGi (2) ta dugc:

= KB.(HC+CB)=HC.(KB+BC)
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ChH CiM CN
C,M CINCK

vay 3 diém €,C1,C 9 thang hang
Céc bd 3 diém con lai chirng minh tuong tu.

=1

b:'Cerni;{_mmh 3 dudng thdng déng qu

G0| I3 14n luct 13 giao diém cua IN RS 4 AC,AB
Nhu chirng minh & trén ta cé:

HB (p—c)

tu’dng tu’vcﬂ&

Xc (p—a)
~ (p—¢)

YA (p b)

Do do H!-X-jythéng hang
M3t khac theo dinh Ii Desagues thi cac dudng thadng {AAI}:(BBI}:{CCI}dbng
quy.Ta suy ra dpcm

I1.62)Pinh li Maxwell

Pinh li: Cho AABC va mét diém P, cac canh cua AA'B'C' song song vdi cac
dudng thdng di qua mot dinh AABC va diém P. Qua A',B',C' ké cac dudng thang
song song V@i cac canh cta AABC. Khi dé ta cé cac dudng thdng nay dong quy
tai mot diém P'.

i
;ﬁ:‘-- _,-"' I.' I-'\
I.l . i _ .'II
T i // \
I} e r Iy I' o
| B /./ |
ERY /_/ _.-I I #
f o £ i —
. y . _
I.' /,a"x ri P f - E
{ ; ]
J .//"/ // L
f J e -
|I /// .
[
o
B

Chirng minh:

D& dang ¢/m dugc cac goc @ = mvé @ = @

dung dinh li Ceva Sin ta cé dpcm.

. Tuong tu ap

Projective Proof of Maxwell's Theorem
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Maxwell's theorem links the sides and cevians in one triangle to the cevians and side lines

in another:

Given two triangles ABC and MNP. Assume that the cevians in
AABC parallel to the sides of AMNP are concurrent. Then the

cevians in AMNP parallel to the sides of AABC are also concurrent.

Michel Cabart came up with a generalization that shows that Maxwell's theorem is of

projective nature. The main tool is the projective reformulation of Ceva's theorem.

Q2

By Michel Cabart
9 May, 2008

Recollect the projective formulation of Ceva's theorem: Given an arbitrary line L, the

cevians in AABC concur iff

(1) R = (CBA'Ag)- (ACB'By)- (BAC'Co) = -1

where (WXYZ) denotes the cross-ratio YW/YX : ZW/ZX and the points A, B', C', A, By, Co

are defined as in the diagram below, where L is an arbitrary straight line.

74


http://www.cut-the-knot.org/Curriculum/Geometry/PolePolarTriangle.shtml#threeCR
http://www.cut-the-knot.org/Generalization/ceva.shtml
http://www.cut-the-knot.org/pythagoras/Cross-Ratio.shtml

In addition, let A, B, C; be the intersection with L of the cevians AA’, BB', and CC'.

Projection from A to the line L send the first quadruple in (1) onto By, Cq, Ay, Ag:

(CBA'Ag) = A(BoCoA1A0)

Similarly,

(ACB'Bo) = B(CoAoB1Bo),
(BAC'Co) = C(AoBoC1Co)

Thus the condition (1) can be written (cross-ratios being unchanged):

@) R = (A¢BoC1Co)- (BoCoA1Ag)- (CoAgB1Bg) = -1

Proof of Maxwell's theorem
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Assume there are two triangles ABC and MNP and two triples of points on L such that A,
By, Cy are intersections of L with sides of AABC and also with cevians of AMNP; A4, B4, C4

are intersections of L with sides of AMNP and also with cevians of AABC.

For AABC, we calculate

Ro = (AgBoC1Co)- (BoCoAtAg)- (CoAgB1By).

For AMNP, we calculate

Ri = (A1B1CoCy). (B1C1A0A1). (A1B1CoCy)

We have the identity Ry‘R; = 1 (as can be seen by developing cross-ratios). Hence Ry = -1
iff R; = -1, or: the cevians in AABC concur iff the cevians in AMNP concur. Choosing the
infinite line as line L gives Maxwell's theorem as a particular case. The case where sides
and cevians in AMNP are taken perpendicular (or in fact any angle) to AABC is
straightforward via an homography (in projective terms) or a rotation (in Euclidean

terms).

Note: a dynamic illustration is available on a separate page.
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Maxwell Theorem via the Center of Gravity

Michel Cabart

30 April, 2008

Below we offer a proof of Maxwell's theorem that is based on the notion of barycenter.

Maxwell's theorem states the following fact:

Given AABC and a point G, the sides of AMNP are parallel to the
cevians in AABC through G. Then the cevians in AMNP parallel to

the sides of AABC are concurrent.

P

Below, the vector joining point A to B will be written in bold, so that, for example, AB =

- BA.

In AABC with A', B', C' on sides opposite the vertices A, B, and C, the fact that the

cevians AA', BB', CC' concur in point G is equivalent to either of the two conditions:

There is a triple of real numbers (a, b, ¢), unique up to a non-zero factor,

such that

(1) aGA + bGB + cGC = 0
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There is a triple of real numbers (a, b, ¢), unique up to a non-zero factor,

such that

A =1Z(B, b;C, )
(2) B'=Z7(A,a;C, ¢)
C=1Z(A, a; B, b),

where Z(X, x; Y, y) denotes the barycenter of two material points X and Y with masses x
at XandyatY.

Let's suppose lines AA’, BB' and CC' intersect.

Step 1: NP, PM, MN are parallel to GA, GB, GC means there exists X, y, z such that NP =
XGA, PM = yGB, MN = zGC. As NP + PM + MN = 0, xGA + yGB + zGC = 0. A comparison
with (1) shows that (x, y, z) is a multiple of (a, b, c). We can assume (x, y, z) = (a, b, ¢).

Thus NP = aGA, PM = bGB, MN = cGC.

Step 2: MM, NN, PP’ are parallel to BC, AC, AB meaning there is (m, n, p) such that MM’
= mBC, NN’ = nAC, PP’ = pAB. The first equality yields

MM’ = m(GC - GB) = (m/c)MN + (m/b)MP

so that

M =Z(N, 1/c; P, 1/b) = Z(N, b; C, ¢)

by multiplying by bc. Similarly,

N' =Z(M, a; P, ¢) and
P'=Z(M, a; N, b).

This proves the theorem thanks to (2).

Maxwell's Theorem

The applet suggests the following theorem [Prasolov, 11.48, Pedoe, 6.1, 8.3, 28.4]:

Given AABC and a point P, the sides of AA'B'C' are parallel to the
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cevians in AABC through P. Prove that the cevians in AA'B'C'

parallel to the sides of AABC are concurrent.

A similar statement is true if the lines are taken to be perpendicular, instead of parallel.

Furthermore, the two are clearly equivalent. We'll prove the latter.

Triangles AB'C' with sides parallel to the given set of cevians are all similar. It therefore
sufficient to establish the theorem for any one of those triangles. Consider the
circumcenters O,, Og, and Oc, of triangles PBC, PAC, PAB, respectively. The
circumcircles of triangles PBC and PAC share chord PC, so that 0,0g is perpendicular to
PC. Similarly, O,O¢ 1PB and OgO¢ LPA, which means that AO,0zO¢ is one of the family
AB'C'. The lines through its vertices perpendicular to the sides of AABC are exactly the

perpendicular bisectors of the latter, which are known to meet at a point.

Two triangles ABC and A'B'C' are said to be orthologic if perpendiculars from A, B, C to
B'C', A'C’, AB" are concurrent. The point of concurrency is known as the orthologic center
of AABC with respect to AA'B'C'. Maxwell's theorem justifies the symmetry of the
definition: if the perpendiculars from the vertices of one of the triangle to the sides of
the other are concurrent, then the perpendiculars from the vertices of the latter to the
sides of the former are also concurrent. As an example, in any triangle, the associated

medial and contact triangles are orthologic.

We can use complex variables and the real product [Andreescu, 4.1] of complex numbers

to easily establish the perpendicular case of Maxwell's theorem. For two complex
numbers u and v define the real product as
u-v = (uv* + vu*)/2,

where the asterisk denotes the complex conjugate. Assuming u = uy + iu; and v = v; + iv,,

UV = UgVq + UpVs.

In other words, the real product of two complex numbers is exactly the scalar product of
the 2D-vectors represented by these complex numbers. It follows that for four complex

numbers u, U, v, V the lines joining them pairwise are perpendicular iff
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U-u-(V-v)=0.

Assume now the complex coordinates of the vertices of triangles ABC and AB'C' are a, b,
cand a, b, c¢'. The perpendicular from A to B'C' has the equation
(1) (z-a)(c'-b)=0.

Similarly the perpendiculars from B and C are given by the equations

(z-b)(@-c)=0and
(2)
(z-c)(b-a)=0.

Adding the three up eliminates z:

(3) a-(c’-b)+b(@@a-c)+c(b-a)=0,

which is the condition for the perpendiculars from A, B, C to B'C', AC', AB' to be
concurrent. Indeed, if (3) holds then, for any z,

(4) (z-a)(c'-b)+(z-b)@-c)+(z-c)(b'-a)=0.

Now let's see if we can choose z the right way. First, for any z on the perpendicular from
a to b'c’, the first term in (4) vanishes. The choice of z as the intersection of the
perpendiculars from a and b, eliminates the first two terms, which makes the third term

also 0.

Importantly, (3) can be regrouped into

(3) a“(c-b)+b-(a-c)+c-(b-a)=0,

in which the triangles switched the roles. (3') is the condition for the concurrency of the

perpendiculars from A, B', C' onto the sides of triangle ABC. Q.E.D.

Qf

L

As an example, the pedal triangle of any point is orthologic to the base triangle. Also,

Gergonne and medial triangles associated with the given one are orthologic.

Remark 1
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The theorem bears name of James Clerk Maxwell, a famous physicist. His proof is

different from anything above yet beautifully simple. He drew 4 pairwise intersecting
circles centered at A, B, C and P. Taken by three, the circles define 4 radical centers.
Let A’ be the radical center of the circle centered at B, C, P. B, C', P’ are defind
cyclically. Then, say, A" and P’ lie on the common chord of the circles B and C, which

makes AP’ perpendicular to BC, etc.

Remark 2

There is another proof of Maxwell's theorem based on the notion of barycenter and

another one of a generalization that shows surprisingly the projective nature of the

theorem.
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I.62)Pinh li Maxwell

Pinh li: Cho AABC va mét diém P, cac canh cia AA'B'C' song song vdi céc
dudng thdng di qua mét dinh AABC va diém P. Qua A',B',C' ké cic dudng thdng
song song vdi cac canh cia AABC. Khi dé ta cé céc dudng thdng nay déng quy
tai mét diém P".

Chirng minh:

Dé dang ¢/m dugc céc géc @ = mvé @ = @ Tuong tu p

dung dinh Ii Ceva Sin ta c6 dpcm.
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I.63)Pinh li Brahmagupta vé tir giac noi tiép co hai
duong chéo vuong goc.

Pinh li:Cho tU gidc ndi tié€p ABCD cé AC vubng goc véi BD tai S. Khi d6 doan ndi
trung diém mot canh vdi S s& vudng gdc véi canh dgi dién.
Chi'ng minh:

Ta chi'fng minh dai dién,chdng han goi M la trung diém BC ta can chi'fng minh MS
vudng goc véi AD.
Théat vay,MS cit AD & H.

Ta cé:ﬁzﬁ%a —gp0 ,M 1a trung diém BC nén MS=MC.
Do dé:
{EJ‘AJDB} = {GA,GB:I = {SG,SI'J:I = {SA,SH} {mod*&‘r}

De =>dpcm

I1.64)Pinh li Schooten

Pinh li: Cho tam giac déu ABC nhan (O) la dudng tron ngoai ti€p.Khi dé véi moi
di,é’m S nadm trén (O) thi mot trong 3 doan SA,SB,SC cdé mét doan c6 dd dai bang
tong do dai hai doan con lai.

Chirng minh:
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Khéng giam téng quat ,gia sir' S thudc cung BC nho.

Ta s€ ching minh SA=SB+SC.That vay:

Goi I I mdt diém trén doan SA sao cho SI=SC.

Dén day cong viéc clia ching ta la chf’ng minh AI=SB (*) ma diéu nay thi kha
don gian ,chi can dé y mot chut:

Dé thay tam gidc SIC déu nén CT =C5 (1)

Ma:CA=CB (2) va ACT = ACS—TC8 = ACS—600 = ACS—ACE = BCS

(3) x
TU (1),(2) va (3) ta dé suy ra (*)

I1.65)Pinh li Bottema

Pinh li:Vé phia ngoai tam giac ABC ta dung hai hinh vubng ABDE, ACFG .Goi M la
trung diém DF.Thé thi Vi tri diém M khéng phu thudc vao vi tri diém A va tam
giac MBC vubng can tai M.

Chirng minh:

Chung ta sé chirng minh y hai bgi tir diéu doé cling suy ra ngay y mot.
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Vay cOng viéc cua chdng ta la chirng minh tam giac MBC vudng can tai M.

Bai nay c6 nhiéu cach giai,d ddy ma 29 xin trinh bay bang pp phép bién hinh ==

a
Ki hieu: L5 13 chi phép quay tdm S géc quay a,gid st chidu duong 1a ngudc
chiéu kim déng hé.
Ta thnéy: 0
RYF 5 A,R:A— D
— ~ = g90°, 5900,
—}F—RC oRB = D

Ma F la phép quay véi goc quay 9DD+9DD = 18':'0nén tam phép quay nay chinh
[a M. Dua vao cach xac dinh tam cua tich hai phép quay ta dé c6 dpcm
1.66)Pinh li Pompeiu

Pinh li;Cho tam gidc ABC déu ,va mot diém D trén mat phdng tam gidc.Khi do
[uén ton tai mot tam giac vai do dai cac canh la DA,DB,DC.

Chirng minh:

D

Ching ta s& dung bt dang thirc Ptolemy (Xem muc 1.10)dé giai quyét bai nay
mot cach cuc ki nhanh gon! ==

Bay gid,theo nguyén li khdi dau cuc tri trong ba doan DA,DB,DC s& cé mot doan
c6 do dai I8n nhét.

Khéng giam tdng quat ,gia st dd la DA.

Dén day ta chi can chiing minh DB+DC > DA (4)1a xong.

Ki hiéu a la d6 dai canh tam giac déu ABC

S& dung bat dang thirc Ptolemy ta co:

DBACH+DCABZ> DA BC =>a.0B4a.DC >a. DA
Dén day thi thay tién ($)roi
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I.67)Pinh li Zaslavsky

Pinh li:Cho tam gidc A EBC va diém{.Tam giac A1B1C3 anh cua tam giac
ABC qua phé@ déi xirng tam Q. TU A1,B1,C1ke cac dudng thdng song song vGi
nhau cit BC,

A:ABtai I\T,P,ﬂI_Chang minh rdng M,N,P thang hang.

Chirng minh:

TUrE ké dudng thdng song song Vi C1M 5t ACI:CAlnAlcltai H,K,P,

Vi {BK:':':AICI} la &nh cla Blp}a{AC:'qua phép d6i xirng tam O
nén £113 anh cta Pgua phép déi xiing tamQ
suy ra P1C1=—PC,P1 A1 =-PA

Ta co:
MEB PA NO

MéE B e
— A PCAK
_S1H pA

— A1 K PO
_FPiC1 BA _
— P41 PO
Ta suy ra dpcm
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