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CO SO LI THUYET

s 1. BAT DANG THUC

1. Pinh nghia

Cho hai sd.a va b. Ta néi réng
l.a>bea-b>0.
2. a<b<a-b<0.

2. Cac tinh chat co ban cta bat déng thiuc

1. Néua>b,b>cthia>c. -
(Tinh chat bic cdu ctia bat ddng thuc)
Chung minh :
Ta c6 _
a-c=(a-b)+(b-c). (1)
Via>bnéna-b>0;tudngtub-c>0(dob>c).
Vi thé& (a - b) + (b - ¢) = 0 (do téng ctia hai s& duodng 1a s6 duong).
Theo dinh nghia, tita-c¢c> 0 suyraa>c= d.p.c.m.
2. Néu a > b thi
: ma > mb néu m > 0,
ma < mb néu m < 0.
Néua>b:c>dthia+c>b+d.
Néua>b;ec<dthia-c>b-d.
Néua>b>0vac>d>0, thi ac > bd.

.Né’ua::-bbo‘.rfa.o-cc«:d,tliiibE.
C

7.N&ua>b >0 thi a® >b", ¥n nguyén dudng.
8. N&u a > b thi a?™*! > b?**!  wvn tu nhién.

Chu y:

- Chung minh cac tinh chét ti 2. dén 6. déu dya truc tiép vao
dinh nghia cta bat didng thic va ching m:nh tuong tuy nhu 1. (va xin
danh cho ban doc).

- Bay gid ta ching minh 7.
Ap dung hing ding thitc quen biét

x e w

x" -yt =(x-y) GV xRy e xy™E +yth,
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ta cod

" _b"=(a-b)@"! +a"%b +...+ab™? +b™1),

Do a-b >0 (via>Db) con bidu thitc trong ddu ngoic con lai 1a

tdng ctia n s6 dudng, vi thé& biéu thic 8y dudng. Vi th& a® - b" > 0.

Theo dinh nghia suy ra a™ > b". Tinh chit 7 dudc chitng minh.
- Chuyén sang ching minh 8.

Xét ba truong hgp sau :

1.Gidsta=0= a1 =0.Doa>b=b<0= b¥1 <0
(luy thita bac 18 ctia mét sé Am 1a s6 4m) = a?**! > b2+,
2.Glasta<0.Via>b=b<0.

T a>b=0<-a<-b. Viy theo 7. suy ra
(—a)22*] < (—b)2n+l — _p2n+l (_p20+l 20l p2nsl
3. Gid st a > 0. Khi d6
- Néu b <0 thi a®**! >02b? "1,
-Néub>0thitita>b>O0, theo 7. suy ra a?"*! > p2*,
T6m lai ta ludn c6 a®"*! > b%2"*! Tinh chat 8 dude chitng minh.

3. Cac bit dang thitc théng dung

3.1. Bit dang thitc Co-si
Cho a,,a,, ... a, la cac s6 khong am. Khi dé

a, +a, +...+a
1. 1 "2 —D >n/a.a,..a, (1)

n
2. D&u badng xay ra trong (1) khi va chi khi a, =a, = ... = a,.
Chitng minh :
Ta st dung nguyen li quy nap toan hoc dé chitng minh.
- V8i n = 2 bat ddng thic (1) c6 dang

22 o, @

a, +a, \
S (_1__"*3_] > a,a,
2

Vi (3) hién nhién duang, nén (2) dang. Tit (3) suy ra ddu bang xay

ra < a; =a,.

Vay bat ddng thic Coé-si ding khin =2



- Gia si bat ddng thic (1) da ding dén n =k, tic 14 v6i moi a,, a,,
.,a,20tacd

a; +ag +...+ay

> Ka,a,... a,
K 182 K
va ddu biing x4y ra trong bat ddng thic trén <> a, =a, =...=a,.
-Xét khin=k + 1. Véi a,, ay, ..., ay,, khong 4m, ta cé
a, +8g +...+a,
g . _dtagt..tag, k T8k )
ket k +1 | k +1 '

\ > L3 s .
Tu (4) va theo gia thiét quy nap, ta cé

k¥aa,...a, +2a,,,; 5)
k+1 '
D&u béng trong (5) xay ra (theo gia thiét quy nap) <>

Sk+1 2

al =E.2 =...=ak.
bat aja, ...a, = aXk*D oy Apey = !31”'1. Khi d6 (5) c6 dang

kuk+1 + ﬁk+1

S > 6
k+1 k+1 (6)
T (6) di dén
: k k+l + k+l

Sk+1 - k+'yala.2...ak+l 2 @ k + IB - {IkB. | (7)

Bing phép tinh ta cé
B kﬂ.k+1 +Bk+1 _ kﬂ.kﬂ _ ﬂ.kﬁ ~ 1 K . N

JHD= k +1 _1-:+1[k{1 (c=B) =B ~P )]
- ; : l13 [kak —~ B(a}fhl +ak 2B +... +apk? 4+ gk )]
= i:?[ak-l (a=B)+ak? ((12 —|32)+..q +

+ o2 (ak'z _ ’31:—2 ) 4 a(ak_l —pk-t )]

2
=%[{:¢1‘_1 + a2 (a+B)+... +

+ o’ (ak'a +oX Bk“s ) + (ak_z + D;k_?‘B + ...+ Bk“2 )] .

Viaz20,pB=0, nén ti trén suy ra



VFEF(M z0vaVF(M) =0 a=p.
T d6 dua vao (7) va theo tinh chat bic cdu ctia bat déng thic ta cé
S]{+1 - ki%/ala?“akﬂ 20

a, +as +...+a
tie 1a L~z K+l > k+lfa a,..a,,,. 8)
a1 Ya,az...ay,, (
. ” a,=a,= ...=a
D&au bang trong (8) xay ra < { 1 BE k
a:
& a; Tag T .. T ag T agy,

V&y_bé’t ddng thic Cé-si ciing dung khi n= k + 1. Theo nguyén li
quy nap suy ra (1) dang véi vn = 1, 2 ... Bat dang thic Cd-si duge chitng
minh hoan toan.

Chu y: ,

Véi ban doc & chudng trinh hoc cd sd, rat hay st dung bat ding
thic Cé-si khi n = 2, 3, 4. Chung t6i xin gidi thiéu cach ching minh khi
n=4,n=3. .

e Voin=4
Ta cé cach chitng minh don gian sau diy :
Ap dung bat ddng thiic Cb-si khin = 2, ta c6
a, +ap  ag+a,

a) +a +az +a, _ 9 2 }Jg1+a2'a3+a4- (1)
4 - 2 - 2 2
Lai 4p dung bat ddng thic Cé-si khi n = 2, ta ¢6
a, +a a, +a
J 1 5 2 3 5 4 E\/Jalag.\(aaa4 = 4a,a,a5a,. 2)

T (1) (2) suy ra

a, +aq +ag +a :
1 2 3 4 [
> {a,azaza,. (3)

DAu bing xay ra trong (8) < dong thoi c¢6 dau bing trong (1) va
(2), hay |

a, +a, _ag+a,

2 . 2 <> a; Tay, =ag =a,.
a, =a, ;a; = a,
Vay bat ddng thic Cd-si ding véi n = 4.
e Voin=3 '
Cach chitng minh nhu sau :
Ap dung bat déng thitc Coé-si véi n = 4, ta cé



8, +83+3, 3 a, +a, +ag
4 24313233 3:
+ a, +a, +a
o 21783783 5 4 aa. 2 2 "3 (4)
3 19983 3

Do a,, a,, a; khéng 4m nén a,; +a,+a; 2 0. Tuy nhién néu
a, +a, +a, =0 thi bat ding thuc da cho hién nhién dung (vi khi d6
a,=a, =a, =0 va cd hai v& clia bdt ding thiec cin ching minh déu

bing 0).
Vi thé&
s q
a, +a, +a a, +a, +a
4) | L+—2—2]| 2a,a,a, 1 —2 3

\ 3 3
(a, +a, +a, )

= ! & 2 Z a,a,8,
\ 3
a, +a, +a ' -

o -1 ; 3 > 3/a a,a,. (5)

Theo trudng hdp n = 4, thi ddu bang trong (5) xay ra khi va chi khi
. 3
Vay bidt ding thic Co-si ding khi n = 3.
3.2. B4t ddng thizc Bu-nhi-a-c6p-ski
Cho ay, ay, ..., a, va by, by, ..., b_ 12 2n s6 bat ki. Khi d6 ta c6
(aas.ia +aZ 4.+ aﬁ)(hf +bZ +... +b2 ) >(a,b, +asby +...+a_ b, )2 . (D
Dau bang trong (1) xay ra khi va chi khi

a _2 _ _8,
bl—bz—...—bn. . .
(Luu ¥ rdng néu trong (2) b; = 0, thi ta sé& hiéu la a; tuong Ung
<ing = 0).
Chung minh :
Xét tam thic bac hai sau day

f(x) = (af +aj +...+ai)x2 ~-2(a;b; +azby +...+a, b, )x+

3.1:32:33: «“-al=az=ag.

(2)

+ (bf + b3 +...+b,21)
Ta cé thé viét lai f(x) dudi dang sau :
f(x) =(a,x—b;)* +(asx=by)* +...+(a,x-b,)°. (3



Nhu vay tit (3) suy ra f(x)>0, vVxe R. (4)

Ta chi quan tdm khi a® +a2 +...+a2 >0 (Vinéu a? +af +...+a2 =0

thi a; =a, =...=a, =0 va ldic nay (1) hién nhién ding vi ca hai vé
déu = 0).
Nhu thé& f(x) la tam thidc bAc hai ma f(x)=0, vx e R,

a=aZ+aZ+...+a2 >0, nén theo dinh 1f vé ddu ctia tam thic bac hai

tacéd A'<0, hay
(a,b; +agby +...+a_ b, )2 —(af +... +aﬁ)(bf + ... +b,21) <0,

tdc la

| 2
(af +a3z +...+:ar.‘?1)(b‘1'2 + b3 +...+bﬁ)a(a1b1 +ayby +...+a b, ).

Vay phéin 1 cia bat déng thie Bu-nhi-a-e¢8p-ski dude chitng minh.
Theo (3) ddu bang trong (1) xay ra khi va chi khi hé sau day
[a,x—b, =0

a,Xx — by, =0

------------------

¢6 nghiém. Piéu nay tudng duong véi
a, _3dg _
b, by
(v6i cach hiéu khi b; =0 thi a, =0).
B4t ddng thic Bu-nhi-a-cép-ski duge chitng minh hoan toan.
Chuy: '
Ta ciing c6 thé thay ring : Bat ddng thitc Bu-nhi-a-c8p-ski xem -
nhu hé qua ctia bat ddng thitc Co-si.
That vay ‘

(1) < |a;b,+agb,+...+a,b, | <

~38n
b

n

< JaZ+aZ+..+a2 . /b2 +bZ +.. +b2. (5)
Ta chi cdn xét khi af +a3+...+a2>0 va b2 +bZ+...+b2 >0 (vi

néu mot trong hai téng trén bing 0, ching han bf +...-a-l::t21 =0 thi (5)
hién nhién ding vi ca hai v&€ ctia né déu bing 0). Vi thé&
la,b, +ayb, +...+a,b,|

(8) <
JaZ +aZ+..+a2.\[b2 +bZ +..+b2

<1. (6)



Theo tinh chat ctia gia tri tuyét 461, ta cé
- ab, | | la,b,|
VT(B8) < — |=1 1 _— SR S — r — . (D
JaZ +..+a2.\b? + ... + b2 JaZ+..+a2 b2 +..+b2
Theo bat ding thitc Cod-si, thi

|2, |by| 1 aj b{
JaZ +..+a Jbﬂ wt+b2  2\af+..+al bf+...+bi
S S, R, . (8)
l2n I Ib I i an . b
\/31 +...+a2 ,ﬁﬁ .o+ bZ 2 aZ+..+a> bZ+..+b2

ang tt‘mg v& n bat ddng thic trén, ta cé

1({a2+...+a b-2 ...+ b2
VF() <=| = nl=1.
™ 2(a%+...+:a.2 b? + .+bf‘1]

Tit d6 theo tinh chit bic cdu cia bit ding thic suy ra (6) ding.
D&au bing trong (5) xay ra
<> déng thdi cé6 ddu bing trong (6) va (8) ciing ddu
a,b;, agb,, ..., a b,
= lasl  _ [by] vi=1n
JaZ+..+a2 \bZ+..+b2

Bat dz‘ing thdc Bu-nhl-a-cnp ski dugc chiing minh hoan toan dua
vao bat ddng thitc Co-si.

Bédt ddng thizc Tré-bu-sep
Cho hai ddy tdng a, <a, <...<a_ va b; <b,<...<b,.
Khi dé ta c6
(a; +ag +...+a,)(b; +by +. +bn)€n(a b, +asby, +...+a,b,). (1)
D4au bing trong (1) xay ra khi va chi khi

hodic a, =ay, =...=a,, hoéic b, =b, =...=b,.
Chung minh : '
Dit a = 21 +as +...+a,

n

Do a, <a, <...<a,, nén tdn tai mét chit s§i sao cho

a; sag;=..=a;sasa;,; <..<a,



Lay s6 b tuy ¥y sao cho
~ b, <b,<..<b;<b<b;,;,<..<b,.
Khi d6 véi moi k =1,n rd rang, ta cé
(ay —a)(b, -b)20
= a,b, —ba, —ab, +ab>0, ° Vk=l,n
Cdng titng v€ n bat ddng thic dang (*), ta c6 ,

k=1 k=1 k=1

Vi b> a, =nab, nén tix (**) suyra »_ apb, —az b, =0,

k=1 k=1 k=1
n 1 n n
hay D> ayb,2=> a, > by, ticla
k=1 Dygo1 k=1

n(a;b, +...+a,b,)=(a; +...+a,)(b, +...+ b, ).

(*)

**)

Cang ti dé6 suy ra ddu bing trong (1) xay ra, nghia la hoic

a, =8y =...=a, hofic by =b, =...=b_.
Bat ddng thiic Tré-bu-sep dude chitng minh.
Chuay:

Dsi khi bat ddng thitc Tré-bu-sep dude phat biéu duéi dang tuong

duong sau :
Cho day ting a, <a, <...<a, vadaygiam b, 2by, >...2b
Khi d6 ta c6 bat ddng thic sau
(a; +a, +...+a,)(b; +by +...+ b, )2n(a,b; +a,b, +...+a,b, ).

n-*

Dau bdng x4y ra trong bat ddng thite trén <
hosdc a; =a5 =...=a, hodic by =by=...=b,. _
That vay bing cach dit b, =-b{, tacé by <b, <...<b!.

n
Ap dung bat dﬁng thic Tré-bu-sep cho hai day tang
a, <ap<..<a, va bj<b,=...<b], tacé

(a; +as+...+a,)(b] +b5 +...+ b}, ) <n(a,b] +ab, +...+a,b)

< —(a; +a, +...+a,)(b; +by +...4+ b, )<-n(a;b; +a,b, +...4+2a,b,)

<> (a, +ag +..+a,)(b; +by +...+ b, )2n(a;b, +azb, +...+2a,b,).
Vay (2) dung.

(2)



§ 2. CAC TINH CHAT CO BAN CUA GIA TR] LON NHAT
VA NHO NHAT CUA HAM S0

1. Dinh nghia

Cho ham s& f(x) xac dinh trén mién D. Ta néi ring
a) S6 M la gia tri 16n nhat ctia ham s8 f(x) trén mién D, va ki
hiéu la

xeD

néu nhu hai diéu kién sau ddy déng thdi thoa man :
1. f(x) <M, vxeD
2. Tén tai x5 € D sao cho f(x,)=M.
b) S& m 1a gia tri nhd nhit cia ham sé f(x) trén mién D, va ki
hiéu la
m = min f(x),

x=D
néu nhu hai diéu kién sau day déng thdi thod man :
1. f(x) > m, vxeD

2. Tén tai x, € D sao cho f(x,)=m
- 2. Cac tinh chat co ban cua gia tri 16n nhit, nhd nhat ctia ham sé
2.1. Tinh chdt 1 : '

Gia su f(x) xac dinh trén D va A, B 1a hai tap hdp con cua D, trong
doé A — B . Gia s ton tai max f(x), maxf(x), min f(x), min f(x). Khi d6

xeA xeB xeA xeB
ta co :
max f(x) < maxf(x), ' - (D
xeh xeB
min f(x) = min f(x). (2)
xel xeB
Chitng minh :

Ta chi cdn chitng minh (1) (vi (2) du:dc ching minh hoan toan
tuong tu).

Gia st max f(x) =f(x,), v6i x;€ A. Do AcB, nén tix x, € Asuy
xeA

ra X, € B. Tt @6 theo dinh nghia suy ra

f(x5) <maxf(x), hay max f(x) < maxf(x).
xeB xelA xeB



2.2. Tinh chdt 2 :

Gia s’ ham sd f(x) xac dinh trén D va tén tai maxf(x) va min f(x).

xeD xeD
Khi d6 ta c6
max f(x) = —min(-f(x)) ; min f(x) = —max( f(x)).
xeD xeD xeD xeD
Chung minh :
Gia st M = max f(x).
xeD
Khi dé6 theo dinh nghia gia tri 16n nhﬁt ta cé
f(x) <M VxeD
f(xy)=M, véix,eD.

T hé trén suy ra

{—f(x)z—M vxeD *y
-f(xq)=-M.

Theo dinh nghia cua gia tri nho nhat, ti (*) suy ra

min (~f(x)) = —M.

xeD
Nhu vay ta di dén max f(x) = -min(-f(x)) = d.p.c.m.
xeD xeD
Phan sau chitng minh hoan toan tudng tu.

Nhan xét :

Tinh chit 2 cho phép ta chuyén bai toan tim g;a tri 16n nhit thanh
bai toan tim gia tr:l nho nhit hodc nguge lai. Diéu nay cé ich trong nhiéu
truong hgp cu thé sé xét sau nay.

2.83. Tinh chat 3 :

Gia st f(x) va g(x) 14 hai ham s6 cling xac dinh trén mién D va
thoa man diéu kién f(x)=>g(x) VxeD.
Khi dé ta ¢c6 max f(x) Zmaxg(x).
‘xeD xeD
Chung minh :
Gia st max g(x) =g(x,), véi x5 €D
x<D

T gia thiét ta c6 g(x,) < f(xq). (1
Vi x4 € D, nén theo dinh nghia gia tri 16n nhit ta c6

f(x,) < max f(x). (2)

xeD

Ta (1) (2) suy ra max f(x) 2max g(x).
xeD xeD

Dé 1a d.p.c.m.



2.4. Tinh chdt 4 :

Gid st f(x) xac dinh trén mién xac dinh D va mién D dugc biéu
didn duéi dang |

D = Dl U DE‘
Gia thiét tén tai maxf(x) va minf(x) Vi=l,n.
xeD; xeD;

Khi dé ta c6 cong thic sau :

max f(x) =max {max f(x), maxf(x)} , (1)

xeD xeD, xeD,

min f(x) = min {min f(x), min f(x)} . (2)

xeD xeD, xeD,
Chitng minh :

Ta chi cdn ching minh (1) (con (2) dude chiing minh bing mét cach
hoan toan tudng ty). Vi D; = D,1=1, 2 ; nén theo tinh chit 2, ta c6

max f(x) € max f(x) ; maxf(x) < max f(x). (3)
xeD, xeD xeD, xeD
Tu (3) suy ra max{max f(x), max f(x)} < max f(x). (4)
xeDy, xeD, xeD :
Gia st maxf(x) = f(x,), véi x5 € D.

xeD
Vi D=D,UD, ma x, €D nén x, e D, UD,. Do vay x, phai thudc
vé it nhat mét trong hai tap D,, D,. Tt d6 c6 thé cho 1a (ma khéng hé
lam giam sy téng quat) x, € D, .

T x, € D;, nén theo dinh nghia vé gia trj 16n nhat ta c6

f(xg) < max f(x). (5)
xeD, :
L& hién nhién
max f(x) < max{max f(x), maxf{x)}. (6)
xeD, : xeD, xeD,
T (5), (6) suy ra
f(xg) = max f(x) < max {max f(x), maxf{x}}. (7)
xeD xeD, xeD, .

Bay gio ti (4), (7) ta di dén

max f(x) = max{max f(x), maxf(x)}.

xeD xeDy xeD,

béla d.p.c.m.



NHhan xét :
1. Tinh chat 4 c¢6 thé phat biéu dudi dang md réng chit it nhu sau :
Néu mién xac dinh D ctia ham s6 f(x) ¢6 dang
D=D,UD,U ... UD,

va gid sl ton tai maxf(x), minf(x), Vi=1n. Khidétacé
xeD, xeD;

max f(x) = max {max f(x),..., max f(x)} ,

xeD xeD, xeD,

min f(x) = min {min f(x),..., min f(x)}.
xeD xeD, xeD,

2. Nhd tinh chat 4 néi trén cho phép ta cé thé bi€n bai toan tim gia
tri 16n nh4it, gia tri nhd nhit chia mdét ham sé trén mét mién xic dinh
phitc tap thanh mét day cac bai toan tim gia tri 16n nhat, nhé nhat caa
ham sé 4y trén cadc mién xac dinh don gian hodn (di nhién viéc giai cac
_bai toan : tim maxf(x), minf(x)néi chung la ddn'gién hon nhiéu so véi

xeD; xeDj;

viéc giai cac bai toan tim max f(x), minf(x)). Vi li do 4y nén tinh chat 4
xeD xeD

con hay goi la nguyén li phén ra.
3. Dua vao tinh chat 2 ta c6 thé dua vao phén 1 dé chitng minh
phén 2 ctia tinh chét 4 nhu sau :

Theo tinh chat 2 thi

min f(x) = -max(-f(x))
xeD xeD

Dua vao phén 1 cta tinh chat 4 (vira chitng minh), ta cé

min f(x) = ——‘:max{max(-—-f(x)), max (-—f(x))”

xeD xeD, xeD,
= —| max<—min f(x),—min f(x)
xeD, xeD,

= min {min f(x), min f(x)} .

xeD, xeD,

Pé 1a d.p.c.m.



2.5. Tinh chat 5 :

Cho cac ham s& f, (x), £5(x), ..., f,(x) cung xac dinh trén mién D.
Pat f(x)=fi(x) + fH(x) +...+f (x). Gid st ton tai maxf(x), minf(x)).
xeD xeD
max f;(x), minf(x) véi moi 1= 1,n.
xeD xeD
Khi d6 ta cé
max f(x) < max f, (x)+ max f,(x)+... + max f (x), (1)
xeD xeD xeD xeD
min f(x) 2 min f, (x)+ min f, (x)+... + min f_(x). (2)
xeD xeD xeD xeD

D4u baéng trong (1) xay ra khi va chi khi ton tai x, € D sao cho

maxf,(x) =f(xy), Vi=1,n.
xeD
Dau bﬁng trong (2) xay ra khi va chi khi tén tai x, € D sao cho

min f,(x) = f,(x,), Vi= 1,n.

xcD

Chitng minh :
Ta ching minh (1) (vé1 (2) phép chung minh hoﬁn toan tudng tu).
Lay tuy ¥ x € D. Theo dinh nghia caa gi4 tri 16n nhét ta cé

f,(x) < maxf; (x), vi=1,n (3)
xeD
Cong titng v& n bat déng thic (3), ta cb
f(x)=fi(x)+... + £, (x) <max f, (x)+... + max f (x). (4)
x;eD x. €D
Vi bat ddng thdc (4) ding véi moi x € D, nén ta cé
max f(x) < max f] (x)+... + max f (x). (5)
xeD xeD xeD

Vay (1) ding. Bay gid ta xét kha ning cé6 ddu bang trong (1).

Gia s ton tai xy e D ma maxfi(x)=fi(xy), Vi=l,n.
xeD
T d6 ta co

max f, (x)+... + max £ (x) =f, (x5) + ... + £ (x5) = f(x5). (6)

xeD xeD
Do f(x45) < maxf(x), nén tix (6) suy ra
xeD
max f; (x)+ ... + max f,_ (x) < max f(x). (7)
xeD xeD xeD

T (5), (7) suy ra trong trudng hgp nay xay ra dau bang trong (1).
Pao lai, gia st ddu bing trong (1) xay ra, titc la

max f(x) = max f; (x)+... + max £, (x). ™)
xeD xeD xeD



Khi dé6, goi x, la gia tri (e D) sao cho f(x,)=maxf(x). Nhu thé, véi

xeD
Vi=1, 2, .., n, ta cing ¢6 f;(x,) = maxf;(x), vi néu ngugc lai, sé tdn tai
xeD
ke {1,...11} ma f) (x,) <max f, (x), suy ra (*) khéong con diung nita (v€ trai
xeD

16n hon vé phai).

Vay tinh chit 5 duge ching minh.
Nhan xét :

1. Tinh chit 5 cho ta thay rang néi chung khéng thé thay viéc tim
gia tri 16n nhit (nhd nhéat) cia mdt téng cac ham sd bing viéc tim téng
cac gia tri 16n nhat (nhé nhat) ctia tiing ham sd don lé. Tuy nhién, néu
diéu nay sé thuc hién dudge trong cac truong hdp nhu da xét & trén, bai
toan sé trd nén don gian hon nhiéu.

2. Tinh ch4t 5 ciing cho phép ta chiing minh bat ddng thic Svac-xd
mot cach déc ddo nhu sau:

Bét ddng thitc Svdc-xo

Cho a,, agy, ..., a, >0. Khidé tacé

b2 b2
L+ 24+
a; a, a

2
b2 . (b, +by +...+b,)
a, +a, +...+a,

n
Chwng minh :

Gia st xét ham s&8 f;(x) =a,x* +2b,x. Do a, >0 nén theo tinh chait
cua ham s6 bac hai, ta cé

2
min f, (x) = f; (ﬂ by J b
' a

xeR a,

Tudng tu xét f (x)= akxz +2b,x va ctng cd

~b2
min f, (x) = k k=2, 3, ..., n.
xeR ak
bat f(x)=fi(x)+ L (x)+... +f (x)
=(a; +az +...+a,)x% +2(b, +b, +...+ b, )x.

Theo tinh chat 5 cua gia tri 16n nhat, ta cé

min f; (x)+ min 5 (x)+ ... + min f, (x) < min f(x). (1)
xeR xeR xeR xeR
(b, +by +...+b, )’

Ta lai ¢6 min f(x) =
xeR a, +a, +...+ﬂn

T d6 ap dung (1) suy ra



2
bf b3 _bi _—(by+by+..+by,)

a, a,  a, a, +as +...+a,
2
]_Ji b2 . +h§ 2(b1+b2+...+bn) ' )

a, a, a, a, +a, +...+a,
Biat ddng thic Svac-x0 dude chitng minh.

Ddu bing trong (2) xdy ra khi va chi khi, tdt ca cac ham sé&
f,(x), fo(x), ..., f,(x) ciing dat gia tri nho nhat tai mét diém chung. Vi
. . -+ - - -~ 4 o b o
fi (x) dat gia tri nho nhét tai mét diém duy nhét x, = ——X | va ciing nhu
a, |
b; +b, +...+ b,
a; +a, +...+a,

vay f(x) dat gia tri nhé nh4t tai diém duy nhat x. = -

nén dau bang trong (2) xay ra khi va chi khi
b, b, b. b, b,

b
—_—_— == .= n ¢> = =.|oo="-.£-
ay Qg a, 4, A an

Hoan toan tudng tu nhu tinh chit 5, ta dé dang ching minh dugc
tinh chit sau day :

2.6. Tinh chdat 6 :

Gia su f,(x), f5(x), ..., f,(x) cing xac dinh trén mién D va ta cé
f.(x)>0 VxeD, Vi=1,n. Gia thiét tén tai maxf,(x), minf;(x),
xeD xeD

max f(x), minf(x), 8 diy f(x)=1£,(x).£(x)..f (x)vai=1,n. Khi dé6
xeD xeD
ta co

max f(x) £ [max fl(x)][max f2(x)] ..{max £, (x)] , (1)

xeD xeD xeD xeD
min f(x) < [min f, (x))(min fﬂ(x)} ...[min f, (x}]. (2)
xeD XED xED xeD

2.7. Tinh chdat 7 :

Gia si f(x) va g(x) 1a hai ham s6 cung xac dinh trén mién D. Dt
h(x) = f(x) —g(x). Gia s ton tai cac gia tri 16n nhit, nho nhit ca cac
ham s& f(x), g(x), h(x) trén D. Khi d6 ta c6

max h(x) < max f(x)- min g(x), (1)
xeD xeD xeD
min h(x) 2 min f(x)- max g(x). o (2)

xeD xeD xeD



Dau béng trong (1) xay ra khi va chi khi tén tai x, € D sao cho

max f(x) = f(xy) ; ming(x) = g(xgy).
xeD xeD

D&u bang trong (2) xay ra khi va chi khi tén tai x, € D sao cho
min f(x) = f(x,) ; maxgx) =g(xy)- _

xeD xeD
Chiung minh :
Ta ch1 cén chitng minh (1) Ta cé
h(x) = £(x) - g(x) = £(x) + (- g(X))
Theo tinh chéit 5 ta cé
max h(x) < max f(x) + max (—g(x)). (3)
xeD xeD xeD
Theo tinh chat 2, ta ¢é
max (-g(x)) = —mln[ (-g(x))] = -mm g(x). (4)
xeD

xeD

Thay (4) va (3) ta ¢cb
max h(x) < max f(x) - min g(x).

xeD xeD xeD
Vay (1) ddng.
) Van theo tinh chat 5 thi ddu bang trong (3) xay ra khi va chi khi
ton ta1 x, € D sao cho ta c¢6
max f(x) = f(xq) ; max(-g(x)) = —-g(xq)-
xeD xeD
Nhung max(-g(x))= —g(xﬂ) <> — mu; g(x) = —g(xq)
xeD

< mlél g(x) =g(xq)-

D6 chinh la d.p.c.m.

2.8. Tinh chat 8 : _
Gia su f(x), g(x) 1a cac ham sd xac dinh va duong khi xe D. Dat
h(x) = % va gia thiét ton tai cac gia tri 16n nhat va nhd nhat cda cac
ham sﬁ’gh(x), f(x), g(x). Khi dé ta cé

max f(x) | |
(1)

max h(x) < K_'ED—
xeD min g(x)
xeD

min f(x)
min h(x)>-*2 (2)

xeD max g(x)
xeD



D4&u bing trong (1) xay ra khi va chi khi tén tai x, € D, sao cho
max f(x) = f(x4) ; ming(x) = g(x,).
. xeD xeD
D4u bing trong (2) xay ra khi va chi khi tdn tai x4 € D, sao cho
min f(x) = f(x,) ; maxg(x)=g(xy).
xeD xeD
Ching minh :
Tinh chit 8 suy ra truc ti€p ti tinh chit 6 véi chi y ring (do
f(x)>0, g(x)>0, VxeD)

max[ —— |=——— ; min[— |=—=
xeD | g(x) min g(x) xeD \ g(x) maxg(x)
xeD xeD

2.9. Tinh chét9:

1. Gid st f(x) 1a ham s& xac dinh trén mién D. Khi d6 véi moi n
nguyén duong ta c6

;:;%x f(x) = En;{flile%}; [f2“+1 (X)],

min f(x) = zn+\1/ min [ £271(0) ]

2. Néu thém vao gia thiét f(x) 20, thi v6i moi n nguyén ducng ta
cing c6 cac cong thic sau :

max f(x) = 2dmeal.jx [fE“ (x}],

xeD

. _ . 2n
11:;::1 f(x) E#Telg [f (Tx)].
Ching minh :

Tinh chat 9 duge suy tryc ti€p tit dinh ngh:a cua gia tri 16n nhat,
nhé nhit ciia ham sé va cac tinh chit 7 va 8 cua bat dfing thie.

Nhan xét :

Trong thuc tién, ngudi ta thudng st dung mét trudng hdp rleng
cua tinh chit 9 nhu sau:

Néu f(x) =0 véi vx € D, thi

max f(x) = [maxf?(x) ; minf(x) = [min f2(x).
xeD xeD xeD xeD

Diéu nay sé rat cé ich dé giai céc bai toan thugc dang : Tim gia tri
16n nhit, nhé nhit ciia cac ham sé f(x) khi ching dudc cho dum dang

can bdc hai hodc c6 chita biéu thitc vdi ddu gid tri tuyét déi.



2.10. Tinh chat 10 :

Gia su f(x) 12 ham sd xac dinh trén D va ton tai maxf(x),
xeD

]. (1)
Chitng minh :
Ap dung tinh chat 2, thi hé thic (1) ¢6 dang tuong duong sau diy :

]-. (2)

Ldy tuy ¥ x, € D, khi d6 xay ra hai kha ning sau :
1. N&u f(x,)>0. Khi dé ta cé

min f(x). Khi d6 ta cé
xeD

min f(x)
xeD

max f(x)
xeD

max|f(x)| = max |:
xeD

min f(x)
xeD

»

max |f(x)| = max [

max f(x)
xeD xeD

FCx0)] = £x) < max f(x) < max £(x). 3)
Ti (3) hién nhién suy ra |

|f(x)| < max]: max f(x)f, [max (—f(x)) ] (4)

xe xeD

2. Néu f(x,) < 0. Liic nay ta lai cé

[£(xg)| = —f(xq) < max (—f(x)) < |max (-f(x))].

xeD xeD

Vi vay ta ctiing cé

[f(x0)| < max[ max (-f(x))|, |max f(x) :l (5)

xeD : xeD |

T (4), (5) va 48 ¥ r3ng x, 1a phédn t&% tuy ¥ ca D, suy ra

[£(x0)]| < max{ r:lgx f(x)|, T:ﬁx (ﬂf(x))} vx e D. (6)
Khéng giam téng quat c6 thé cho la

max { Ii?)x f(x)|, Ij:;}x(—f(x))} = n:gjx f(x)|. (7D

(Trudéng hgp nguge lai duge chitng minh bing mét cach hoan toan
tudng tu.)



Gia sd |max f(x) =[f(xﬂ)|, XpeD. (8)
xeD
Tu (7), (8) suy ra
|f(x0)| == max{ max f(x)|, max(—f(x)) } (9
xeD xeD

T (6), (9) va theo dinh nghia gia tri 16n nhat c_ﬁa ham sd, ta c6 ngay
f(x,)| = max{ max(—f(x))‘}.
xeD

D6 chinh 1a d.p.c.m.
2.11. Tinh chat 11 :

Xét ham sé f(x) xac dinh trén mién D va gla su tén tai minf(x),
xeD

max f(x)|,

max f(x), trong d6
xeD

D, ={xeD:f(x)>0} va D, ={xeD:f(x) <0}.
Khi dé ta cé cong thic sau :
Chung minh :

Vi D, ={xeD:f(x)>0}, nén if(x)| f(x), VvxeD,. Theo gia thiét
ton tai min|f(x,)], tic 1a tén tai min|f(x,)|, va

xeD xeD
min |f(x)| = min|f(x)|. (1)

xeD, xeD,

max f(x)
xeD,

min [f(x)] min {mln f(x),

xeD xeD,

Lai theo gia thi€t thi tén tai max|f(x)|, titc la

xeD, :
f(x) < max|f(x)|, VxeD,,
xeD,
hay —f(x)2-maxf(x), vxeD,. (2)

xeDy,

Do D, ={xeD:f;(x) <0}, nén tit (2) suy ra

[f(x)| =

max f(x),
xeD,

vx e D,,. 3

Mat khac gia st max f(x) = f(x), x € D,, nén ta cé

xeD,



fGx)| =

max f(x)
xeD,

Tu (3), (4) va theo dinh nghia gia tri nhd nhét ctia ham s, ta thu

. (4)

dude

max f(x)
xeD,

min (|£(x)|) =

xeD,

: (5

Ap dung nguyén li phan ra (tinh chat 4) két hgp véi (1), (5) ta cb

Tinh chat 11 duge chitng minh hoan toan.
2.12. Tinh chat 12 :
Gia st f(x) la ham s§ xac dinh va lién tuc trén D. Khi d6 néu goi

M, m tudng tng la gia tri 16n nh4t, nh6é nhit chia ham sé f(x) trén mién
D, thi

min |f(x)| = min {min f(x),|min f(x)
xeD xeD, xeD,

= min {min f(x),|max f(x)
xeD, xeD,

] 0, nEuMm < 0
m1n|f(x)| - {min {|M|, ]mf}, néuMm > 0
Chimng minh :
1. Néu Mm <0. Khidétacé M>0>m (Chiyla M>m).
Vi vay dya vao tinh lién tuc clia ham sé f(x) suy ra ton tai x, €D
sao cho f(x,)=0.

f(x)20 VxeD
Ta cb | (x) X €
f(xg) =0 x,e€D.
Dua vao dinh nghia cua gia tri bé nh4t caa ham sé suy ra
min|f(x)] = ().
xeD

2. Néu Mm > 0. Khéng gidm téng quat c6 thé cho la M>m >0
(trudéng hgp 0 > M > m chitng minh hoan toan tuong tu). Nhu vay ta cé
Vitheé f(x)>0 VvxeD.
min|f(x)| = min f(x) =m = min {M, m} = min{[M],
xeD xeD

Tinh chat 12 dugc chitng minh.

ml}.



Chuang Il.
MOT SO PHUONG PHAP CO BAN

PE TiM GIA TRI LON NHAT
VA NHO NHAT CUA HAM SO

Dé tim gia tri 16n nhat va nhd nhit cia ham sé f(x) trén mot
mién D cho trude, ching ta ¢6 thé st dung nhiéu phuong phap khac
nhau. Trong pham vi ciia cuén sach nay (dung cho chudng trinh trung
. hoc cd sd), chiing téi chi trinh bay ba phuong phap sau day.

- Phuong phap bat ddng thite
- Phuong phap mién gia tri ham sd&
- Phuong phap chiéu bién thién ham s&.

s 1. PHUONG PHAP BAT DANG THUC

Phuong phap bat ding thic dudec xem nhu la mét trong nhiing
phuong phap thong dung va hiéu qua nhait dé tim gia tri 16n nhat va
nho nhat ctia ham sé.

Phuong phap nay, nhu tén goi cua nd, dya truc tiép vao dinh nghia
cla gia tri 16n nhat va nhd nhat ctia mot ham s&. Vi thé& lude d6 chung
ctia phudng phap bat ding thitc tim gia tri 16n nhit, nhd nhit ciia mot
ham sé f(x) trén mét mién D cho trudc nao d6 c¢6 thé miéu ta nhu sau :

- Truéc hét ching minh mét bat ddng thic cé dang f(x)=a
VxeD véi bai toan tim gia tri 16n nhat (hodc f(x)<a V¥xeDvéi bai
toan tim gia tri nho nhat). -

- Sau d6é chi ra mét phan ti x,e€D sao cho ta c6 déng thic
f(xg) =oa. Can luu y ring trong hai budc néi trén, khong dudc xem nhe
budc nao. Tuy dang ctia bai toan cu thé, ma ta sé lua chon mét phuong
phap chitng minh bat ding thuc thich hdp, ciing nhu cach chi ra phan ti
Xo € D 8 budc 2 ctia thuat toan.



1. Phuong phap s dung bat ding thitc Co-si
Bai l.
Cho ham s& fx)=V1-x2 +¥1-x+¥1+x
xét trén mién D={x:-1<x<1}.

Tim gia tri 16n nhét cua f(x) trén D.

Bai giai :
Tiu hé bat phudng trinh

1-x%20
1-x20 < —1<x<1,
1+x20

suy ra D ciing chinh 12 mién xac dinh cta f(x). Véi moi xe D, ap dung
bat dﬁng- thitc Co-si ta cod

J"1~x‘=$j1--x.J"1+xg““x;“1+x, (1)
J“l—x=sf41—x..1£——'u_2m', 2)
4J1+x=4J1+x.1s”1'+2"+1. 3)
Tix (1), (2), (3) bang cach cdng titng v& ctia ching, ta cb
f(x)<1+J1+x+J1-x VvxeD. (4)

Vi ddu bang trong (1), (2), (3) d8u x4y ra khi va chi khi x =0, nén
ddu bing trong (4) xay ra khi va chi khi déng thdi c6 d4u bing xay ra
trong (1), (2), (3). Do vay dau béng trong (4) chi xay ra khi x = 0.

Lai 4p dung bat ddng thic Co-si, v8i moi x €D ta cé

' J1+x=dl+x.1£1+(;+x),' (5)
J1-x=~/1-x.1gi(125—’-‘—). (6)

Tu (5), (6) di dén
1+J1+x=+W1-x<3. (7)

Vi ddu bing trong (5), (6) d8u xay ra khi va chi khi x = 0, nén dau
badng trong (7) xay ra khi va chi khi déng thdi c6 ddu bing xay ra trong
(5) va (6). Vi th& ddu béng trong (7) xay ra khi va chi khi x = 0. T (4) va
(7) di dén



f(x)<3, WVxeD.
Theo trén ta c6 £f(0) =3, ma 0e D. T d6 ta di d€n két qua sau :

max f(x) = 3.
xeD _

Bai 2.
Tim gia tri bé nhat cia ham sé

f(x,y,Z)2(xy2+1)(l+1+1]+5+i+5~x—y—z, trén mién

X y z) y z X

D={(x,y,2): x>0,y >0,z >0}

Bai gidi :
Viét lai ham sé f(x, y, z) duéi dang sau : _
f(x,v,z) =(yz+£}+[xy+35}+(xz+£]+-}-+-l—+l—-(x+y+z). (1)
Z y ' X y ¥y X
LAYy (x, y, z) tuy ¥ thude D. Ap dung bat ddng thic Cé-si, ta co

yz+122y,
Z

xy+-}-{-221:,
¥y

XZ +— > 2.
X
(Chiyla x>0, y>0, z>0). Tit d6 suy ra
1

f(x,y,2)2x+y_+z+l+}-+—
X y z

f(x,y,z)a(x +1]+(y+lj+{z+lJ2 6.
X v Z

Nhu vay ta c6 f(x,y,2)26, V(x,y,2)eD.
Vi(,1,1) eD vag(l, 1, 1) =6, nén ta di dén két qua sau :

min f(x,y,z)=6.
(x,v,z)eD

Chuy:
Ta c6 bai toan téng quat sau :

min f(x,,x9,...,x,) =2n,
(x;.X3,....%X, )eD



trong doé :

1 1 1 X
f(x,X0,%, ) =(x1Xg..x, +1)| —+—+ ...+ + 2 — 4
X, X X
X X X
8 +...+ 1 + L —X; —Xg —...— X
X4X5... XX, X Xg...X,_o XoXg...X,_;

va D={(xl,...,xn):xi >0 V'1=IE}.

+

Bai 3.
1. Cho ham s&

X3 YS ZS

A+y)(1+2) (Q+2(1+%) A+00+y)
xét trén mién D ={(x,y,z): x>0, y>0, z>0, xyz=1} |

f(x,y,2z) =

Tim gia tri nho nhat cua f(x,y,z) trén D.
2. Tim gia tri nhé nhét cia ham sé

2 2 2
f(x,y,z)=(x3+y3+x3){l+xy +1+}?z +1+zx J

23 x 3 _VB

trén mién D ={(x,y,2) x>0, y>0, z>0 va xyz = 1}.

Bai giai :
LAy (x,y,z) tuy ¥ thude D, ap dung bat ding thic Cé-si ta ¢

x3 +1+y+1+323:§/:{3(1+y)(1+z)
(1+y)1+2z) 8 8 641 +y)(1 +2)

hay
3
X +1+y+1+za3xt
1+v)1+2z) 8 8 4
Hoan toan tudng tu ta cé
3
y +1+z+1+x23y’
(1+2z)1+x) 8 8 4
3
z +1+x+1+y23__z"
1+x)(1+y) 8 = 8 4

Cong ting v€ (1), (2), (3) ta cé

f(x,vy,2) +§2%(x +y +Z).

(1)

(2)

3

(4)




Lai theo bat ddng thic Cé-si, ta ¢ _
| X+y+2z=233xyz=3 (doxyz=]1).
Thay lai vao (4) ta di dén

f(x,v,2) = -2—, V(x,y, z)e D.

Lai thay f(1,1,1) =-§ varorang (1,1, 1) e D.
.
T 'dé6 theo dinh nghia gia tri nho nhat ctia ham s6, ta cé

min f(x,y,z) =E'.
(x.v,z2)eD 4

2. Lay (x,v,z) tuy ¥ thudc D. Ta cé

2 2 0
f(K,}’,Z)=(x3+y3+z3)[1+x}’ +1+}fz +1+zx ]=

z3 XB .YS

_3 x3+x3+y3+y3 33+23 N
=o+ 3 3 3 3+x3 3

y2 28 Z2 x y
4,2 5 4,2 5 5 2, 4
X x z z° x°z x%z
+ g + }'; +3 = -|~3'I3 + o +(xy2+yzz+zx2).
z z X X y y

Ap dung bat ding thic Cb-si, ta c6

(1)

3 3 3 3 3 3 : 3 .,3 .3 .3 .3
X X Z z x7 x z° z
A - YT Y X 22—, 2
y z z X Yy y® z" z2° x° x% y
x“yz x2y4 3’432 yzz“ x1z2  x2z4
3 vt 3t gttt =
z A X X A y
> 6o xiy?  xy® yiz? yz® x%°z x2z4
= 23 . 28 %3 %3 y3 },3
4 2 2_.4 4_2 2, 4 4,2 2, 4
X X Z z X"z Xz
2T 427 X2 Y72 (X% (X% 56xyz=6, (3)
A A X X v y
xyz + y22 +zx2 > 3\3,{):3?2 . yz2 . zx2 = 3xyz = 3. (4)

Thay (2), (3), (4) vao (1), ta cd



f(x yv,z) =218, V(x,y,z)eD.
Vi(l,1,1)eDvaf(l,1, 1) =18, nén suy ra

min f(x,y,z) =18.
(x,y,z)eD

Bai 4.
Cho ham s& |
f(x,y,z,t)=x_t+t_y+y_z'+z_x,
t+y v+z zZ+X X+t
xét trén mién D={(x, y, z, t): x>0, y>0, z>0, t > 0}.
Tim gia tri nhd nhat caa f(x, y, z, t) trén mién D.

Bai gidi:
Ta c6 nhan xét sau dady : néua >0, b > 0 thi

11 4 |
a b a+h D
That vay
(1)'¢(a+b)&+%)z4. (2)

Theo bat ddng thac Cé-si, thi

a+b=2vab ;. l+1:_7‘2_.|/i.
a b ab

T d6 suy ra (2) ding, vay (1) ding. Dau bing trong (1) xay ra < a=>b.

Trd lai bai toan cia ching ta. Trude hét viét lai ham s& da cho dudi
dang sau : ;

f(x,y,z,t)=x_t+t—}’+?—z+z—x+4_4
t+y y+z z+X X+t

=(K_t+l)+[t_}r +1]+(y—z+1)+[z_x+1}—4
t+vy y+Z Z—X z+t

_X+y t+z +y+z+z~+-t

: —4
t+y y+z z+x x+t
1 1 1 '
=(x+y)[ - }+(z+t)[ + 1 J-4. (3)
t+y z+Xx Vy+zZ X+t |
Liy (x,y, z, t) tuy y thudéc D, tiaclax>0,y>0,z> 0, t > 0.

Tad()tacd —— 4+t >4 (@)
t+y z+x X+y+z+t




1 1 4
+ > .
y+2 X+t X+y+zZ+t

®)

T (3), (4), (B) cb _
4(xX +y) . 4(z + t)
X+y+z+t x+y+z+t

f(x, v, 2z t)20, V(x,v, z, t)e D.
Laicéf(1,1,1,1)=0ma(1,1,1,1) € D.
Vi thé suy ra két qua sau :

f(x,y,2,t) 2 — 4, hay

min f(x,v,z,t)=0. .
{x,v.z,t)eD

Chuy:
Néu dau bai doi hoi : Tim moi gia tri cia (X, y, z, t) € D lam cho
ham sé f(x, y, z, t) dat gia tri nho nhat trén mién D thi ta l1Am nhu sau :
- Daubdngtrong d) xayra<>t+y=z+x *)
Dau b3ng trong () xdyra<>y+z=x+t (**)
Vi thé& cac diém (x, v, z, t) € D cAn tim phai thoa man hé sau :
t+y=z+x t=z>0
<> .
y+zZz=X+t x=y>0
Vay néu goi |
D, ={(x,y, 2 t):x=y>0; t=2>0},
thi D, chinh la tap hgp moi diém (x, y, z, t) € D thoa man yéu ciu
dit ra.

Bai 5.

Cho ham s& f(x,y) = (1+x)(1 +%J +(1+ y)[l +l],
] xX

xét trén mién D={(x, y):x>0,y>0vax? +y? = 1}. Tim gia tri nho

nhit cia ham sé f(x, y) trén D.

Bai giai :

Viét lai ham s6 f(x, y) dudi dang sau day :

_ 1 A (x,y (1.1 |
f(x,y)—(x+2x)+[y+2y}+[y+x}+2[x+y]+2. (1)

LAy (x, y) tuy ¥ thudc D. Ap dung bat ddng thice Co-si, ta c6



X+ > 2 (2)
2x
1
2—};2\/_ 3)
1x ¥y
Z+L>2
vy x° 4)
A 5
| «,’x +y?2

' Cong tung vé (2), (3), (4), (5) va dé ¥ dén (1) suy ra
f(x,y)=3J2 +4.
Nhuvaytacé f(x,y)= 3J2 +4, v(x,y) e D.

Mzt khac dé ¥ ddu bing ddng thdi trong (2), (3), (4), (5) xay ra khi
va chi khi

X=Yy
x =

2x JE
< 1 ¢>x=y=+§-—
= oy
Lx2+y =1:;x>0,y>0

Do vay f[\f \/25] 3J2 +4 va dé ¥ ring [%,%Jen

T d6 ta di dén két qua sau:

min f(x,y) = 32 + 4.
(x,y}eD

Nhan xét :
Néu nhu viét f(x,y) dudi dang

f{x,.‘y'}=2+(x+-1—J+(y+lJ+E+i
: X ¥ Yy X

ho#c f(xm}')=2+[X+l+y+i+E+;i)
X Yy ¥y X

Thi khi d6, néu ap dung bat ddng thic Co-si ta ¢
f(x,y)=8 ™)



Tuy nhién ta ¢6 hai hé phuodng trinh tuong duong :

1
X=—
X
1
y=—
< y
xX_y
Yy X
beﬁ,y>0,x2+y2=1
1 1
x:y:-:-—-
— X y (**)
Lx}U,y>U;x2+y2=1

Ma hé (**) vdo nghiém, vay ta c6 tu (¥)
f(x, y)>8 V(x,y)eD,.

Tit d6 chua c6 thé néi gi d€n min f(x,y). D6 chinh 1a 1i do vi sao phai
' (x,y)eD

viét f(x,y) duéi dang nhu trén !
Qua day ciing thiy rd vai trdé caa phan 2/ trong cac dinh nghia vé
gia tri 16n nhat, nho nhat cia ham s8 trén moét mién da cho. -

Bai 6.

Tim gia tri bé nhat cda ham s&

4
(x-y)(y+1)*

trén mién D={(x, y):x>y, y 20}

f(x,y)=x+

Bai giai :
Véi moi (%, y) € D, ap dung bat ddng thic Co-si cho 4 s6 dudng sau
day '
8
(x - Yy + 1)

2x-2y;y+1;y+1va

ta cb

@x—-2y)+ 2y + 1)+ — 2> 4#2(:: oy +1)i— B

(x —y)(y + 1) (x—y)(y +1)2
A

>4
x-y)y+1*

S X414+



< f(x, y)=3. (1)
Nhu vay V(x, y)e D, ta ¢6 danh gia (1). Lai theo bat ddng thic
Cé-si, thi dau bing trong (1) xay ra khi va chi khi
2x -2y =2(y+1)
8
(x—-y)(y+1)?

2(y+1)=

X y+1 {x=3
Pt

y+1= 4
(x - y)(y + 1)

Vi@3,1)eDvaf(3, 1)=3 (2), nén tit (1), (2) suy ra min f(x,y)=3.
(x,y)eD

y=1

Bai 7.
Tim gia tri 16n nhat cia ham sé
f(x, vy, z) = xyz
xét trén mién

D=<{(x,y,2):x20,y20;z=>20va 1 + 1 + 1 =2
1+x 1+y 1l+z

- Bai giai :
Lay (x, y, z) tuy ¥ € D. Khi d6 tit dinh nghia ctia D ta c6
1 _ 1— 1 +(1- 1 \__ ¥ L2
l+x 1+y 1+z l1+y 1+z

Theo bAt ddng thite Cé-si, ta c6

1 Yz
=2 . : 1
1+x \ﬂ1+y)(1+z) @
Lap luan tuong tu '
1 ZX
=2 , 2
1+y \/(1+z)(1+x) 2)

1 22.\/ ZX _
1+y 1+x)(1+y)

Nhan tung vé (1), (2), (3) suy ra

(3




1 >8 Xyz

> hay
QA+x)1+y)Q+2z) (A+x)A+y)Q+z)

1
ﬂ - L 4
Xyz <2 (4)
Nhu vay ta da chitng minh duge

f(x,}*,Z)E%, V(x, y, z) € D.

Mat khéc f[l,l,lJ=l ma [l,l,lJeD, nén
2'2°2)"8

1
max f(x,v,z) =—.
(x,y.z)eD 8

Bai 8.
1. Tim gia tri nhé nhit cia ham s&

f(x,y,2) 2(1 + l][l +l](l + l}
X y z

trén mién D={(}':, y,2):x>0,y>0,z>0vax+y+z=1}

2. Tim gia tri nho nhit cia ham s g(x,y) =2x+ 3y + s + 10 trén

x y
mién D={(x, y):x>0, y>0vax+y = 4}
Bai gidi :
1. Lay (%, y, 2) tuy ¥ thudéc mién D. Ta cé
£(x,y,2) = [1 . l)[l + 1][1 . l) _Q+x)A+y)1+2) ' 1)
X y Z XyZ
Theo bat ﬂﬁng thite Cé-si, ta cé
l+Xx=x+y+z+x24Yx’yz. (2)

Lap luan tuong ty, cé _

1+y = 4{xy?z, 3)

1+2z2>4Yxyz2. (4)

Nhan tiing vé (2), (8), (4) ta c6



QA+x)Q+y)1+y)=64xyz.
T (1), (5) suy ra
f(x,y,2)=264, V(X,v,z)eD.

Mt khac f -1-,1,1);64, va l,l,-l-) D, nén ta di dén
3 3 3 3 3 3
min f(x,y,z)=64.
(x,y.z2)eD
2. Viét lai ham s& f(x, y) dd cho duéi dang sau diy
1 3x 6 by 10
Xy)=—(X+y)+— +—+— +—.
g(y)z( .v)2x 2 v

Liy (x, y) tuy ¥ € D, khi d6 ta cé
1
— > 2.
> (x+y)

Theo bat ddng thic Co-si ta cbd

3x 6,5 (3x 6 _g
X 2 x

S5y ,10,, 15y 10 _ .

2 vy 2 vy

T (2), (3), (4) di dén
g(x,y) =18 V(x, y)eD.
Mt khac (2,2) € D va f(2,2) = 18, vay ta c6

min g(x,y)=18.
(x,y)eD

Nhan xét :
1. Gia st rdng c6 mdt ban nao dé6 l1am nhu sau :

Ta cé 2x+§—22,’2x.§- = 4+/3.
X X
3y + 12> 2 [3y.22 —2.30.
Y Yy

T d6 g(x,y) 2443 +2V30, V(x,y)eD.
Xét “l16i giai” trén, dé ¥ ring ddu bing trong (6) xay ra <

(5)

(6)

gy

(2)

3)

(4)

(5)

(6)

(7



2x=E¢>x=J§; con dau bang trong (7)) xay ra <
X :

3y=£¢>y= J% Diéu dang néi la (v’g,,’l—;J lai ¢ D

y

- 1 - e . - o o, - 3 -
vi 38 + 10 <4 |. Vi thé chua c6 thé néi gi vé min f(x,y).
3 (x,y)eD

N6i khac di bai toan khéng “qua don gian” nhu nhiéu ban tudng.
2. Chia khoa dé giai bai toan trén 1a tach ra khoi ham s& ban didu

thz‘mh phan l(x +¥y). Lam sao lai “nghi” ra diéu a4y ! Ban chat cia van

dé c6 thé duge i giai nhu sau :
Pua vao s6 k (0 < k < 2), va viét lai ham s& da cho dudi dang sau :

£(x.y) = k(x +y) + (2 - k)x+-6-+(3 k)'4~%?

Lay (x,y)tuyy e D,tacé .
f(x,y) = 4k + 26(2 — k) + 210(3 — k). *)

DAau bang trong (*) xay ra khi va chi khi hé sau thoa méan

x+y=4
6
« X = _—
2-k
_ 10
Y N3k

Y Vithédé (x,y)eD, tacincbd

_6 /10 _, |
V2 -k 3-k | (**)
O<k<2.

Démaqﬂ)¢k=%.

D6 chinh 14 1li do vi sao ta lai lam xudt hién thanh phéan %(x +v)

nhu trén !



Bﬁi 90
Tim gia tri nhé nhat cia ham sé

6 6 6
. X yo z
f(x,y,2)=— 373 31t 3 3

x°+y° y'+2° z°+x

xét trén mién

D ={(x,y,z) :x>0,y>0.z> D,xy..,‘xy + VZ+AVZ + ZX\2ZX = 1}.

Bai gidi :
Dat X=x3, Y=y2, Z=23, thi

min f(x,y,z) = min F(X,Y,Z), ¢ day
(x,y,z)eD (x,y,z)eD

X2 Y?2 72
+ + va
X+Y Y+Z Z+X
D'{(X,Y,Z):X::-O,Y:»O,Z:-O, VXY +JVYX +JZX =1}.

F(X,Y,Z) =

Liy X,Y,Z) tuy ¥ € D’. Khi d6 theo bat dé&ng thic Cb-si, ta c6

X2 +X+Y>2J X*  X+Y
X+Y 4  VX+Y 4
Tuong tu céd

= X.

Y? Y+2Z VA Z+X
=Y, >

Y+2 4 Z+X 4

Céng ting v€ ba bat ding thic trén ta c6

X+Y+7Z

Z.

F(X,Y,Z) >

Lai theo bat ddng thic Cé-si ta c6

X+Y+Z=[(X+Y)+(Y +2)+(Z+X0]2 VXY + VVZ +VZX
Tix (1) (2) vado (X,Y,Z)e D’ nén cb

F(X,Y,Z)2 % v(X,Y,Z)eD.

Vi (.l_,l,l]enr va F[l 11)_
3°3’3

. 1
s , né F(X,Y,Z2)= —.
3°3’3 nén min ( ) 5

1
2 (X,Y,Z)eD

1)

(2)



Tit d6 theo trén, suy ra ngay két qua sau :

#
min f(x,y,z)= l.
(x,y.z)eD 2
Nhén xét :
Cach giai trén la cua Phan Huy Duc®.
Bai 10.
Cho ham sé
f(x,y,z) = 5 12 2+1+1+1.
X“+y“+2° Xy yz zX

xac dinh trén mién
D={(x,y, 2):x>0,y>0,z>0vax+y+z=1}.
Tim gia tri bé nhéit cua f(x, y, z) trén D.

Bai giai :
Véi moi (x, y, z) € D va theo bat dﬁng thic Co-si, ta cbd
1 1

{xy+yz+zx)(1+ + JEQ,
Xy Yyz 2X

hayl+1+12:' 9

Xy Yz 2zZX Xy+yzZ+zxX
Tu (1) suy ra V(x,y,z)e D, tacod
1 1 1 1 1 9
gt—t+t—+—2—5—F——+ ;
Xy Yz 2zZX x"+y“+z Xy + yzZ + 2zX

hay V(x,y,z)e D thi

xZ+y?+z

1 9
+

f(x,y,z) 2 3

x2+y?+z

Lai theo bat ddng thie Cé-si, thi V(x, v,z)eD cé
1 5+ 1 + 1 >
Xy +VZ+2ZX XY+ YyzZ+2zX
3

Y (x% + y? + 2%)(xy + yz + zx)?

Xy + YZ +ZX

x2+y%+2z

=

(1)

(2)

(3)



Bay gid tix (2), (3) suy ra bat ddng thitc sau day ding V(x,y)e D
3 21

f(x,y,z) 2 + . (4)
i”/{xz +y2 +22)(xy + yz +2x) OS(XYy +yz+2X)
Theo bat ddng thic Coé-si lai ¢c6 V(x,y)e D
2 2, .2 _
%/(x2+y2+22)(xy+yz+zx)£x Ty *z (:Sxy+yz+zx)=
+y+2z)? 1 |
= (x y Z) =—, (5)
3 3
va 3(xy +yz+zx)<(x+y+2z)® =1. (6)
T (4), (5), (6) ta di d&n bat ddng thitc sau day ding V(x,y,z) e D
3 21
f(x,v,z )>I+T hay
‘3
f(x, y, 2)=230, V(x, vy, 2)eD. (7)
111 111 | -
Vi Dvaf 3
1[333]"E ( 33] 0 &)

nén tu (7), (8) suy ra

min f(x,y,z)=30.
(x,y,.z)eD

Nhan xét :
Né&u bai toan doi hoi thém : Tim tat ca cac gia tr1 (x, v, z) e D dé
cho f(x, y, z) dat gia tri bé nh4t, thi ta s& lam nhu sau:

D4u bing trong (7) xay ra khi va chi khi déng thdi c6 ddu bing
trong (1), (3), (5), (6). Theo bat ding thitc Cé-si, thi diéu &y xay ra khi va
chi khi hé phuong trinh sau duge nghiém dung.

[ xy =yz = 2zx (9)
x2+y2+zz=xy+yz+zx _ (10)
1X=y=2 (11
X,y,z >0 (12)
x+y+z=1 ' (13)

((9) 1a diéu kién dé trong (1) cé6 dau bing ; (10) 1a diédu kién dé
trong (3) va (5) ¢c6 ddu bing ; (11) 1a diéu kién dé trong (6) c6 dau bing ;
con (12) va (13) 1a diéu kién dé (x, y, z) € D).



D& thay (7). (8), (9), (10), (11) ¢ nghiém duy nhat x =y =z = %

Vay [%,%,%J 12 gia tri duy nhat cia cac bién sd thudc mién D

thoa man yéu ciu dit ra.

Bai 11.
Tim gia tri 16n nhat cia ham sé&

f(x,y,2) = ———+ —T—t ———+ (1-x)(1-y)(1-2)
y+z+1l z+x+1 1+x+y .

trén mién D={(x, y, 2):0<x<1; 0<y<1; 0<z<1}.

Bai gidi :

Liy phan tit tuy ¥ (x,y,z)eD, khi d6 0<x<1, 0sy<1, 0<z<1.
Ngoai ra do vai tréo binh ding cua x, y, z nén ta c6 thé gia su
X2y=22z

Theo bat ddng thic Co-si, ta ¢

(1“-?){1-3:)3"'(1*'_}”3)25/(1—}')(1—2)(1+y+z)

Tovaez 2(1-y)1-2). (1)
+y+z

Do 1-x20, nén ti (1) suy ra
1—-x
—2(1-x)1-y)(1-2). (2)
l+y+z

Vix2y=z va x20, y20, z>20 nén hién nhién ta c6

Yy > Y 3
l+y+z z+x+1
Z__>_Z. (4)
1+y+z 1+x+y
Céng ting vé (2), (3), (4) cb )
1>A-x)1-y)A-2) ¢+ — 4 4 % (5)

l1+y+z 1+z+x 1+x+y



Nhu vay ta da ching minh dude V(x,y,z) € D, thi
f(x,y,2) <1. | (6)
Do(1,1,1) e Dmaf(, 1,1) = 1, nén tit d6 ta di dén diéu khéng dinh

max f(x,y,z)=1.
(x,y,z)eD

Nhan xét :
1. Néu dau béu cting doi hoi tim moi gia tri (x y, z) € D dé tng véi
n6 ham s6 da cho dat gia trj 16n nhat, thi ta phai lam nhu sau :
Dau bidng trong (1) xay ra < déng thdi c6 ddu bing trong
(1), (2), (3), (4).
Dau bidng trong (1 xayra<>1-b=1-c=1+b+c¢
<b=c=0.
Dau bing trong (2) xdyra<>y=z=0ho#cx = 1.
Dau bing trong (3) xdy ra <> y=0 hocx =y.
Dau bang trong (4) xay ra < z = 0 hosc x = z.
T d6 suy ra véi gia thiét x>y >z, thi ddu bang trong (5) xay ra
khi va chi khi
*HodclaAy=2z=0
*Hodclax=1;y=1;z2=0
*Hodclax=1;y=0;z=1
*Hodclax=1;y=1;z=1.
Nhu vay tap hgp tadt ca cac gia tri cAn tim cua céc phﬁn RV
(x, y,z)€ D lam cho ham s& da cho dat gia tri 16n nh&t bao gdm cac
phéin td sau :
* C6 hai thanh phan bing 0, thanh phéin thi ba tuy y.
~ * C6 hai thanh phin badng 1, thanh phan thi ba = 0.
* C6 ba thanh phén bing 1.
Chinh vi thé&, néu d4u bai chi ddi héi tim gia tri 16n nhat hodc
nhé nhat cia ham s§ trén mdt mién da cho, thi chi cAn lam nhu dinh
nghia dé tranh nhiing phitc tap khong cin thiét !



Bai 12.
Tim gia tri 16n nhat ctia ham sé
f(x,y,z)=\ﬁﬂ-x +J1—y+v"1—z,

trén mién
ﬁ{(x,y,z):x:::-[], y>0, z>0, x+y+z=l}.

Bai gidi :
LAy (X, v, z) tuy ¥ thudec mién D. Theo b4t ddng thic Cé-si ta cé

2
2 lfx+§
1- —-— L — 1
(1 -x). 3 5 (1)
Lap luan tuong tu cb
3 1—y+§
1- - — 2
-y 3 5 (2)
2 l1-z+ %
l-z2)— < ——=2, 3
(1-2) 3 5 (3
- Cong ting v& (1), (2), ) véichuyx+y+z=1,tacd
\/gf{x +y+2z)<2
= f(x,y,2) <6, V(x,y,2z)eD.
Mt khac dé thay
f[; ; ;JSV’E va do (% % %JED nén suy ra
max f(x,y,z)= JE
{x,y,z)eD

Nhédn xét :
1. D& thay (%,%,%) cting 12 phidn t& duy nhit cia D lam cho

f(x, y, z) dat gia tri 16n nhat néi trén.

2. Bing cach lap luan hoan toan tudng tu, ta cé6 két qua tdng quat
sau : V61 n = 2, thi

max f(xy,X5,-..,%,) = \fn(n 1), o day

(X),Xg,....X,, YD




f(:‘:l,zrzz,...,:-:“)=...f1—:r.1 +J1—-Xg +...+J1—-x, va

D ={(x;, Xg, -, X5) 1% >0, o, X, >0 vaAX, +X, + .+ x, = 1}

Bai 13.
Tim gia tri 16n nhat va bé nhat cua ham sé
f(x, y, z) = xy + yz + zx — 2xyz

trén mién

D={(x,y,2):x20,y20, 220, x+y+z=1}.

Bai giai :
1. Ldy (x, y, z) ituy ¥ € D. Theo bat ddng thic Cé-si, ta cé

Xy + Yz + 2X 2 313,"(1{}’2)2 . (1)

RG rang 0 < xyz <1 = ¥(xyz)®? = xyz. (2)

Vi thé tix (1) (2) cé
Xy + Yz + ZX — 2Xyz = Xyz hay

f(x,y,_z) =0, V(x,yv,z)eD.

Mit khac chdng han f(1, 0, 0) = 0 va do (1, 0, 0) € D nén
min f(x,y,z) =0.

(x.y,2)
2. Lay (x,y,z) tuy ¥ € D. Trudc hét ta c6 thé thay ring
(x+y+z)(x+z-y)y+2—X)<xyz. (3)

Chung minh (3) nhu sau :
a) Néu chi ¢6 mét thira sd trong tich vé& trai < 0 thi (3) hién nhién

diang
b) Gia sl c6 hai thita s6 ndo d6 trong tich vé trai <0, ching han
X+y+z<0
{x +z-y<0
T d6, sau khi cdng ca hai v& ctia hai bat ddng thic trén ta cé6 x < 0.
Diéu v6 1f nhan dugc chiing té ring khong thé c6 trusng hdp b).
c) Ca ba thita sd 3 v& trai déu > 0. Ap dung bat ddng thitc Co-si
X+¥YNY+ZWZ+X)=>8XYZ néu X>0,Y>0,Z>0
ta suy'ngayra B),sau khidat X =y +z—-x; Y=x+2—~vy;
Z=xXx+y-—2z
Vay (3) da dudc chiing minh véi V(x,y,z) € D.



Dox +y+z=1, nén (3) ¢c6 dang sau
(1-2x)1-2y)(1-2z)<xyz
< 1-2(x+y+2)+ 4(xy + 2x).8Xyz < Xyz

< 4f(x,v,2) <1+ xyz

N f(x,y,z}ﬂ%(l+x}’z), v(x,y,2) € D. )
Lai theo bat ding thic Cé-si, ta c¢6
3
1 1 X+y+z 1 28 7
—(1 <14+ 22222 =2 221 5
g (1) 4[ [ 3 J]427 27 ©)

T (4) va (5) ta di dén

£(x,y,2) < % V(x,y,z) € D.

Laico £ 2.2 11=C vado[2,2,1)cD nen
3'3’3) " 27 3°3°3

max f(x,y,z) =i.
(x,y.z)eD 27
Nhan xét :
1. Muén tim hét cac gia tri ctia bién sd ctia mién D lam cho ham sé
f(x, v, z) dat gia tri bé nhat thi ta 1am nhu sau (néu diu bai yéu cau) :
Piéu 46 xay ra <> déng thdi c6 ddu bing trong (1) va (2)

Xy =y¥Z=2ZX (*)
<
J(xyz)? =xyz **)
Do x=20;y20;2z20 vaxyz<1nén tua (**) suy ra xyz =0.
- Kéthgpvéix+y+z=1, thi .
x =1,y =z=0 hoic
) (**) <= |y=1x=y=0 hoic
z=1,x=y=0.

Vay ham sé f(x, y, z) dat gia tri bé nhéat trén D tai ba phin ti sau
(1, 0,0); (0, 1, 0); (0, O, 1) ctia mién D.

2. Dé& thay [1 1 l) 12 phAn td duy nhat ca D lam cho ham s&

3’3’3
f(x, v, z) dat gia tri 16n nhdt trén D.



Bai 14. |
Tim gia tri bé nhat cia ham s§
2 2
3 +3 +3
x(yv+2) y(x+2) z°(x+y)

f(x, b Z) =

trén mién
D={(x,y, 2):x>0, y>0, z2>0 ; xyz=1}.

Bai gidi :

Thuc hién phép d6i bién X =+, Y=2, Z=21. Khi a6
X _ }" Z
2 2 2 2X3YZ 2Y3%ZX 27Z3XY

- + + = + + :
2 (y+2) y(z+x) z!(x+y) Y+Z Z+X X+Y
Mit khac do xyz = 1 nén XYZ = 1. Vi thé ta cé

min f(x,y,z) = min F(X,Y,Z), 6 day
(x,y,z)eD (X,Y,Z2)eD

X2 Y2 72
+ + ,
Y+2Z Z+X X+Y]
D'={X,Y,Z):X>0,Y>0, Z>0vaXYZ= 1}.
Ap dung ba't ddng thic Coé-si, ta c6 véi moi (X, Y, Z)e D’ thi
X2 + Y+Z
Y+Z 4
Y? Z+X
+ =
Z+X 4
Z> LX+Y
X+Y 4
Coéng ting v& ba bat ddng thic trén ta c6
X+Y+2Z

F(X,Y,Z)= 2[

=X,

Y,

>7Z.

%F{X,Y,Z) > (1)

Lai theo bat d&ng thitc Cé-si, thi
. X +Y +Z2>3YXYZ =3. 2)
T (1), (2) suy ra
F(X,Y,Z2)=z3, vX,Y,2)eD'.
Mit khac F(1, 1, 1) = 3 nén



min F(X,Y,Z)=3.
(X, Y. Z)eD

Do vay min f(x,y,z)=3.
(x,y,z)

Bai 15.
Tim gia tri 16n nhét cla ham sé

X Yy z
f(x,vy,z) = + +
(- y»2) x+1 y+1 z+1

trén mién
D={(x,y,2):x>0,y>0,z>0, x+y+z=1}.

Bai gidi :
Liy (X, y, z) tuy ¥ € D. Ta ¢6
- 4+ =
Xx+1 y+1 z+1

=|1- 1 +|1- ! +|1- !
x+1 y+1 z+1
( 1 1 1 J

=3d- + + .

x+1 y+1 z+1

Ap dung bat déng thic Co-si c6

f(x, y, z)=

(S5 g s Dr D+ @),

x+1 y+1 z+1
Dox+y+z=1, nén tix (2) cb
1 1 1
v +
x+1 y+1 z+1
Bay gio tix (1) va (3) suy ra

f(x,y,z)s-i—, va do [—,—,%)ED, nén

3
max f(x,y,z) =—.
(x,y,2)eD 4

Nhan xét :
1. Bing lap luan tudng tu, ta cé6 két qua sau :
n

.

g day

max f(x;,%xq9,...,%,) = ,
(X ,Xgyeerr Xy )ED n+1

(1)

(2)

(3)



X X X X
f(X,,X0,000, X )= —b 42 "D yy
1242 n
X+1 x,+2 x_,+n

D={(x1,...,xn):xi>0 Vi=1,nvﬁx1+x2+,,,+x“—_—1}_
Bai 16.
Cho ham sé
Z +Z Z+X X+
f(x,v,z)= X + Y + +3'r + + y’
vV+zZ Z+X X4V X y Z

xét trén mién D={(x, y, 2):x>0, y >0, z> 0}.

Tim gia tri bé nhat ctia ham sé f(x, y, z) trén mién D.

Bai gidi :
Liy (x,y, z) tuy ¥y € D. Ta c6

X Z + Z .Z+K X+
f(x, y, z) = +—L— +Z + + Y
y+z2 2zZ+X X+Y¥y X y Z

=(x+y+z)[ 1 + ! + 1 J-

V+2Z Z+X X+Y

=53 G

Do(x+y+z)( 1 + 1 + 1 Jz
y+2Z Z+X X+Y

1
- E[(x +y)+(y+2) +(z+x)](
nén theo bat ding thic Cé-si c6

1 1 1 9
(x+y+2z) + + =—.
Ay+z z+X X+Yy 2

Van theo bat ddng thitc Cé-si, thi

E+122;£+El_>2;-1+

y X zZ X z

Vi thé& V(x,y,z) € D bat ddng thic sau luén ding

> 2.

<N

f(x,v,z) = g -3+6 -hay f(x,y,z) = %
Mit khac chdng han

Z A
Z X

1 1 1
X+y Yy+z2 Z+X

)
)




f(1, 1, )= %, vido(1,1,1) e D, nén ta di dén két luan sau

min f(x,y,z) = E
(x,y.z)eD 2

Nhan xét :
Néu trong bai toan trén ta lam nhu sau :
LAy (x, v, z) tuy ¥ € D. Theo bat ddng thitc Co-si, ta c6

X Y*Z5o (1)
V4+Z X
Y ZrXs59 : @)
Z+ X y .
Z_[EX¥¥s o | (3)
X +y z
Tu d6 suy ra f(x,y,z) = 6. (4)
Dau bing trong (1) xay ra < Ytz o (x)? = (y + z)*
Y +2Z X
oSyv+z=x(dox,y, z>0) (5)
Tuong tu ddu bang trong (2) Xxay ra <> z+X=y (6)
ddu bing trong (3) xay ra < X +y =z. (7)

Vix, y, z> 0 suy ra khéng ton tai (x, y, z) € D dong thdi thoa man
(5), (6), (7). Diéu d6 c6 nghia la khéng tén tai (x, y, z) € D dé c6
f(x, y, z) =6. Vay khéng thé két luan duge

min f(x,y,z)=6
{x,v.z)eD

(va thuc t&€ khong c6 diéu d6 !) Qua day cac ban thay rd tam quan trong
cua phan 2 trong cac dinh nghia vé gia tri 16n nhat, nho nhat ctia ham
sO trén mién D da cho.

Bai 17.
Cho ham s8 f(x, y) = x2y(4 - x —y) xét trén mién
D={(x, y):x20, y20; x+y£6}

Tim gia tri 16n va nhoé nhit caa f(x, y) trén mién D.

Bai giai :
1.Dat D, ={(x, y):x20, y>20; 4<x+y<6}
D2={(x, yv):x20,y20; x+y£4}



Khi d6 dé thay D=D, UD,
Theo tinh chit 4 (nguyén li phan ra), ta cé

max f(x,y) = max{ max f(x,y); max f(x,y) }

(x,y)eD
Liy (x,y)tuy ¥ €D, thi 4 -x -y <0, do vay
f(x,y)=<0, v(x,y) € D,.
Mit khac f(2,2)=0vado (2, 2) €D,.

max f(x,y)=0.
(x,¥)eD

Lay x,y) tuy ¥y € D,, tiacla x>0, y20; 4—-x-y=0.
Khi dé theo bat ddng thic Cé-si, ta ¢

XX (4_ )
fx,y) =45 Zy@a-x-y)<4 2277 777
’ 2 2 B 4

{x‘r}l’]EDI ‘.xs}'}EDz

4

= f(x,y) <4, V(x,y) € D,
Mat khacf(2,1)=4vado(2,1) eD, =

max f(x,y)=4.
(x,y)eD,

Bay gio tu (1), (2), (3) suy ra

max f(x,y)= max {0,4} =4,
(x,y)eD

2. Van theo nguyén li phan ra (tinh chait 4), ta cé

(x,y)eD
Theo tinh chat 2

(x,y)eD, (x.¥)eD,

min f(x,y)=- max(-f(x,y)).
(x.y)eD (x,y¥)eD

Ta cé6 —f(x,y) = x2y(xy +y — 4).
Van theo nguyén li phan ra (tinh chéit 4), thi

(x.y)eD (x,¥)eD, (x,y)eD,
LAy (x,y)tuyy € D,, thi x+y-4<0, suyra

—f(x,¥y)<0, V(x,y) e D,.

min f(x,y)= min{min f(x,y), min f(x,y) }

max (-f(x,y)) = max{max (-f(x,y)); max (—f(x,y)) }

(1)

(2)

3

(4)

)

(6)



Lai c6 —£(2, 2)=0, va lai vi (2, 2)e D, nén
max(-f(x,y))=0. - (7
(x.y)eD .

Ldy (x, y) tuy ¥ €D,, thi x+y—-42>0, nén theo bat ddng thuc
Co-si
4
y(x+y—4)

4

DO | ¥4

X
X X 0"
(X y) =45 . Sy(x+y-4)< 2

4
= —f(x,y) < 4(-’”;’—'2) .

Vi(x,y) eD,,nén x+y-2<4 = —f(x,y) < 64, V(x,y) e D;.
Laicé —f(4, 2) =64 véi (4, 2)eD,, nén

max (—f(x,y)) =64. (8)
{x,y)eD
Bay gio tu (6), (7), (8) ¢b max(—f(x, y)) = max{ﬁ, 64} = 64.
(x,y)eD

Do vay min f{(x,y)=-64.
(x.y)eD

Tém lai ta di dén két qua sau :
max f(x,y)=4 vaA min f(x,y)=-64.

{x,y)eD (x,y)eD
Bai 18.
Tim gia tri nhé nhat cia cac ham sé
1 4
f(Xy)=x+——"—;gxy)=x+
y(x—y) x - )y + 1)°
1
h(x,y)=x+———— va k(x,y)=x+ ———,
y(x — y)* xy(x —y)
trén cing mién D = {(x,y):x >y > 0}.
Bai giai :
Lay (x,y) tuy ¥ € D. Khi d6 theo b4t didng thitc Cb-si ta cé
x+——1—-~—-—= y+(x—y)+;23%/y(x -v-y).;
y(x-y) y(x —y) y(x—-y)

= f(x,y)=3, V({y)eD. (1)



4 =(x_y)+y+1+y+1+ 4

+
(x - y)(y +1)? 2 2 (x—-y)Ny+1)?

}4#@ )[y+1J2 4
N2 ) o1y

= g(x,y)=3, V(x,y)eD
x+;2=y+x"y+x-y+ 1 .
y(x-y) 2 2 (x—-y)

> 44 (x—y]g 1
V2 ) x-yp?

= h(x,y)= 2\/5, V(x,y) € D.

X

2

y(x_y)ﬂ[y-*(x—y)]z:x_

2 4
4

= x+y(x~—y}2x+~?.
X

Lai theo bat ddng thitec Co-si, ta cbd

4 X X X 4 X X X 4
X+—F=_-+-+_-+—F24Y_-—+-+_-+—
X 3 3 3 x 3 3 3 x
ha}rx+iar_>ixj"12.
X 3

T (4) va (5) suy ra
K(x,y) > -fS’iJ*‘ 12, V(x,y)eD.

Van theo bat ddng thac Cé-si, thi
- D4u bing trong (1) xay ra

y=X-Y (x =2y
&>y = 1 o {y= 1 <> {xq?'
y(x—y) y2 y=1
x>y>0 x>y >0
- Dau bAng trong (2) xay ra
[ y+1
X -y ="——
+1=2(x- =
- 2 _ PN y+1 (x y}‘:} X
. 4 x-y=1 =
X—-y= 5
1 x-y)y+1

(2)

3)

(4)

(5)

6)



- Dau bang trong (3) xay ra

X-y
<:><y_ 2 =N {X-F=% = XI?E
X-y _ 1 x = 3y y==3%72
2 (x-y) 2
- Dau bﬁng trong (4) xay ra
x_ 4 x = Y12
< 3 Z x3 — 1
y=x-y y=5 V12
Nhu vay ta cé
f(2,1)=3
g2, 1) =

h[i"/_,%ﬁﬁ] _2J3
va h[\/_ {1 )=-§J_—
R r?mg cac phan ta (2, 1), [%,%%) va [@,%%’TQ—) déu thude D.

Vi lé d6 két hgp vdi (1), (2), (3), (4) suy ra

min f(x,y)=3; min g(x,y) = 3
(x,y)eD (x,y)eD

min h(x,y) = 2\/2 va min k(x,y) =§—~J 12.

{x,v)eD (x.y)eD
Bai 19.
Tim gia tri nhé nhat ctia ham sé
f(x,v,2) = X — z

y* +z2 zZ+x%® x%+y?

trén mién D={(x,y,z):x:-0,y>0,z:>0 vax? +y?2 +2%2= 1}

{

Bai giai :
Liy x,y,2)tuyy e D.Dox>0,y>0,z>0va x2+y?+z%2=1 nén
D<x<1l;0<y<1;0<z<]l.
Ap dung bat ddng thitc C6-si cho ba s8 2x2, 1 - x2, 1 - x2, ta c6




2x2 + (1-x2)+ (1 -x2)> %/2::2(1 — x?2)?

2)25_4_

= x2(1-x
27

<

2
33
3V3
x- .
V3 4
x
2

= x(1—x

%)
X =
1-x2 2
X }3

= > (1)
V2 + 22

Lap luan tudgng tu cbé

vy 3\/5 2
> , (2)
z% + x?2 2 Y
A > 3\/5 22.
x2 +y® 2
Céong tung v& (1), (2), @) vachiuyla x?+y2+2%2=1 suyra

3.3

3
f(x,y,z) > ——.
(x,y,2) >

Msat khac do [Jg,ﬁ,ﬁ}ED va [\/3_”-]5,\/5}23\{5
3 3 3 3 3 2

(3)

k]

nén suy ra
min f(x,y,z)= -3i§-
(x,y.z)eD 2

Bai 20.
1. Cho ham s8 f(x,y,z) = x2 + y? + z%, xét trén mién

D={(K:Y¢Z):x>ﬂ, y::-ﬂ, z >0 va xzﬂoz +y.2002 + zzunz — 3}

Tim gia tri 16n nhat caa f(x,y,z) trén mién D.

) x20 g2 20
2. Tim gi4 tri nhé nhét cia ham f(x,y,2) = =7 + 57+ 3
Y Z X

trén mién D={(x,y,z):x:>0, y>0,z>0vax+y+z=2001.

Bai giai :
Lay (x,y,z) tuy ¥ € D.




Ap dung bat ddng thic Cod-si cho 2000 s8 1 va 2 s8 x2°92, ta c6

1 +...+ 1+ x2002 | 2002
Ll

2000 s& > 200,3{:{2002.)‘2002
2002

2002
hay 2000+2x%0% _ D
2002

Lap luan tuong tu cé
2000 + 2y2°02
Y 2 y2.1 (2)
2002

2000 + 272002 5 52
2002
Céng titng v& (1), (2), (3) va c6
3 . 2000 + 2(x2001 4 y2002 | ;2002
2002
Vi (x,y,2z) e D = x2002 4 2002 | 52002 _ 3 nhan tit (4) cb
f(x,vy,z)<3.
Nhu thé f(x,y,2)<8, V(x,y,z)eD.
Mit khac f(1,1,1)=3vado (1,1, 1) € D, nén suyra

max f(x,y,z)=3.
(x,y,z)eD

2. Lay (x,y,z) tuy thudc D. Ap dung b&t ddng thac Cd-si cho 20 s&

3)

2x2+y2+22. (4)

sau :
<20
11 s8y, 8 86 667, va s6 —T 5 tacé
y'1667
20 20 i} R
————+11y + 8.667 = 2020 ———— .y ".667° = 20x. (1)
y''667° e y''667° d
Hoan toan tudng tyu cé
20
— 411y +8.667 = 20y, 2
Tigg7® y y (2)
220 .
———— +11x + 8.667 = 20z. 3
x!1667°
Coéng ting vé (1), (2), (3), suy ra
1 f(x,y,2)+11(x+y +2)+ 24.667 2 20(x + y + 2). (4)

6678



Vix+y+z=2001, nén ti (4) c6

f(x,5,2) , 16008 > 18009
667

— f(x,y,2z) > 2001.667°% = 3.667°
Vay f(x,y,z) = 3.8679, V(x,y,z) € D.

Lai th&y (667, 667, 667) € D va £(667, 667, 667) = 3.667°, nén di
dén két qua sau :

min f(x,y,z)= 3.667°.
{x,v,z)eD .

Bai 21.
Tim gia tri 16n nhat cia ham sé

f(x, v, 2)= x%y + v®z + 2% trén mién

D={(x, v, z):x20,y=20,z=20; x+y+z=1}.

Bai gidi :
LAy (x,y,z) tuy ¥ € D. Lubén c6 thé cho ring x = max {x,y,z}
(do d6 suy ra yaz < x%yz, z3x < z%x?). Vi vAy

1 1
f(x, v, 2)=xy+y°z+2°x <x°y + x’yz + 5 z3x +..§ 7z3x

< xay + x2yz +—;-zx3 +%22x2 = xﬂ(x - z)(}r +%)
Tém lai
f(x,y,z) < xz(x+z)(y+%} (1)
Chu y la
x?(x +z)(y+%)=33[

Cod-si ta cb.

E.E.x+z(y+5) , vi thé theo bat ding thuc
33 3 2

[x x
3’3 3

VF(Q1) < 33




Dox +y+z=1, nén tix (1), (2) di dén
3
f(x,y,2) < i » V(xy,2)eD.

3
Mzt khac ta c6 (% i O}ED va f[iio):%. Do d6 ta di dén

két luan sau day :

max f(x,y,z)= -2—7

{x,y.z)eD 81
Nhan xét :

1. Ta gidi thich vi sao lai chon diém (%,i,(}l) nhu trén

Dé trong (2) c6 ddu bing ta cin c6

(X X+z Z
== =y+— z=0
3 3 2 3
<x20,y20,z20 < 4;;:1
X+y+z=1 1
“ S
s o 1 s 3 1 X 3 o
Chu vy la véi x=z,y= E,z=0 lam cho trong (1) ciing ¢6 dau

bang Ngom ra, qua cach glal thich trén ta thdy chi ¢6 cac diém sau day
cua mién D

(330)5(303)5 (3:3.0)5 (02.4): (3.03) s (02:2)

lam cho f(x,y,z) dat gia tri 16n nhat trén D.

Bai 22.
Tim gia tri nho nhit cta cac ham sé
vy Z3
f(x,y,z2)=x+—+—,
(x,¥,2) o *t3
h(x,y zf= VZ zX Xy

+ + ,
z2(y+2z) yi(y+x) zZ(x+y)

1 1 1 3
va g(x,y,z) = + + +
XY VZ 2ZX X+V+Z

xét cung trén mién D ={(x,y,2):x>0, y >0, z> 0 va xyz = 1}.




Bai giai :

a) Lay (x,y,z) € D tuy ¥. Theo bat ddng thic Co-si, ta c6

2 3

N z
f(x,y,2) =x +~—+—
(x,y,2) > 3

2 2 2 3 3 6_6_6
=(3+_"+3J+ VAP AN A BN BN zllll/u,
\ 6 6 ) 6 6 6 6 6 6!l
6 s&

Do xyz =1, nén ta c6 f(x,y,z) = % , V(x,y,z)e D

Mzat khac f£(1,1,1) =1—61, vado (1, 1, 1) € D, nén
min f(x,y,z)= -1——1—
(x,y,2)eD | 6
b) LAy (x,y,z) € D, sau d6 dit x—i W 1 z;=l
y *Y’ 2 2 “‘X:y Y} Z'
Nhuvay sé c6 X>0,Y>0,Z>0va XYZ = 1. Khi d6 ta c6é
X2 Y? 7.2
h > ] =
YD) =y 7YYz T Z2+X
2 2 2
=X +X(Y+Z)+-Y +Y(Z+X)+Z +Z(X+Y)—{X+Y+Z)
Y+2Z Z+X X+Y
X Y Z
=(X+Y+2Z + -11. 1
(R+ X+ )(Y+Z+Z+X Y+2Z } (1)

Theo bat didng thic Cé-si thi
X+Y+2Z=23VYXYZ =3,

X + Y . Z
Y+Z Z+X Y+Z

Vi thé tu (1) suy ra

- 1] >2_1=2,
2 2
3
h(xa y. Z) 2 E’: V(x,y,Z) e D.

Mt khac h(1,1,1)=-2—, valai(1,1,1) € Dnén

min h(x,y,z)=
(x,y,z)eD

b | Co



1 1

c) Ta cé g(x,y,z) = ! + + -+

X+y+z

g(X,y,z)=X+y+zZ+

Xy VZ 2ZX X+YV+2zZ
3

XyZ X+y+2
Liy (x,v,z) € D, khi d6 do xyz = 1, nén

X+y+2z

Theo bAt ddng thitc Co-si ta cd6 x +y +z = 33xyz

= X+y+z=23.

R6 rang V(x,y,z) € D, thi

That vay

(4) o (x+y+2z)+

g(x,y,z) = 4.

3

(x+y+2)

< (x+y+2)° —4(x+y+2)+320
S (x+y+z-D)(x+y+z2-3)=0.
Theo (3), thi (5) ddng, vi thé (4) dung.
Miat khae (1,1, 1) e Dva g(1, 1, 1) = 4, nén tu (4) suy ra

min g(x! Y. Z) =4,

(x,y.2)eD

(2)

3)

4

(5)

Bai 23.

Tim gia tri nho nhit cia ham s6

f(x,y,z):[2

1

va gia tri 16n nhit cta cac ham sé
g(x,y,z) = x +16xyz,

trén mién

+ —
X

2+l}[2+-:E
i Z

h(x,y,z)=x + JE + 3xyz,

D={(x,y,2):x>0, y>0,z>0vax+y+z=1}.

a) Lay (x,y,z) tuy ¥ thudc D. Ap dung bat déng thic Co-si, ta cé

1
2+—=1+1+22Y*2

Bai giai :

X

=1+1+1+=

y
X X

Z
+—25



Tuong tu

Z A
Nhin titng v& ba bat ddng thic trén va thay
f(x,v,z) =125, - V(xy,z)e D.
Mat khac do [ 2,2, 1 eD va £f[ £,1, 1) - 125, nen
3 3 3 3 3 3
min f(x,y,z)=125.
(x,y,2)eD

b)LAy (x,y,2) e D,tacéo (dé yrangx+y +z= 1)
g(x,y,2) =x +16xyz
=1—(y+2)+16yz(l —y —2)

=1+16yz—(y+2z)(1+16yz). (1)
Theo bat ddng thitc Cé-si, ta c6
V+2z2= 2\/_‘;—3,
1+16yz= SJ};—Z.
Vi thé ta di dén
(v +z)(16yz + 1) = 16yz. (2)
Ta (1), (2) suy ra
g(x,y,z) <1, v(x,y,z) € D. (3)
D&u bing trong (3) xay ra <> dau bing trong (2) xay ra
(y =2 _ )
oy l6yz =1 - 2

X+y+z=1

" }":z:l.
x>0, y>0,z>0 4

Vig -1-,3,_1 =1, nén ké&t hgp vdi (3) ta thu dude két qua sau
2 4 4
max g(x,vy,z)=1.

(x.y.z)eD
c¢) Lay (x,y,z) € D. Ta cé

h(x,y,2z) = X + /Xy + $/x.4y.16z.
=X +% x4y +%Q,‘x.4y.162. (4)



Ap dung bat ddng thic Co-si, ta c6

fray s 23, ®)
3x.4y.16z <> 43‘;163 ©
Tit (4), (5), (6) suy ra
h(x,y,z) <x+ X +4y + X+4y +162z

4 12
4
= hgxs }?,z) =< g(x! Yy, Z).

Vix+y+z=1, nén

h(x,y,z)ﬂ%, V(x,y,z) e D. )
| (= 16
x =4y T 91
PR 0 4y =16
Dau bang xay ra trong (7)) < y z = l}’= 4
X+y+z=1 21
x>0,y>0,z>0 z:i.‘
T 21

Vi h(ls, 4 , ! );i va do (16, 4 , = )eD nén cé
21 21 21 3 21 21 21

max .h(x,y,z) = i
(x,y.z)eD 3

Bai 24.

Cho ham s8 f(x,y) =x" +3x+y® + 8y + 5————.
X“+y°+1

Tim gia tri nhé nhit caa f(x,y) trén mién
D={(x,y): x>0, y>0 vaxy=1}.

Bai giai :
Lay (x,y) tuy ¥ thude D. Ta cé

f(x,y)=(x21+y2+1)+3::+3y+ -1.

x2+}r2+1

Theo bat ddng thic Cd-si, thi

f(x,y)= 44’31;.3}*.():2 + yz +1). 5 9 —1 hay

X +y2+1



f(x,y)=4481xy —1.

Doxy=1,nénecod f(x,y)=211, V(x,y)eD.

Lai thay f(1,1)=11vido (1, 1) € D, nén suyra min f(x,y)=11.

(x,y)eD

Bai 25.
Tim gia tri bé nhat ctia ham s&

2z+l+t,+g
z t

x2 + y?2

f(x,y,z,t)=

trén mién
D={(x,y,2,t):0<y<x<4;x+y<7;2<z<3<t}.

Bai giai :
Lay (x,y,z,t) tuy ¥ € D.
Do x<4 vax-y20=x(x-y)<4(x-y).
D4u bing trong (1) xay ra <> x=4 hodcx =y.
Doy>0va x+y<7nény(x+y)<Ty.
D4&u bing trong (2) xay ra <> x+y < 7.
T (1) va (2) sau khi cong tiing v& cua chung ta dudc
x2+y2<4x+8y=x+3(x+y)<4+21=25.
D4u bing trong (3) xay ra <>x=4; y = 3.
Ap dung bat ddng thac Co-si ta c6é

Viz=2 nén 2z+12g.
Z

1
DAu bdng trong (4) xay ra < {z
Z

Lai lap luan tuong tu ta cé

g+t=gt+§+zt221,‘2—-tg+zt
t 9 t 9 9 t 9

Vit=3 nén

Zre2ll,
t 3

(1)

(2)

(3)

(4)

(5)



- L =

2,_2
t

Dau bing trong (5) xay ra <> {9 < t=3.
t=3
Tu (3), (4), (5) cb
9 11
2 3

f(x,y,2,t) >

25

49
2_1 v 1Y vy .
hay f(x,y,z,t) 750 x,y,z,t) e D

Mit khac £(4,3,2,3) = % va (4,3,2,3) € D nén ta di dén két qua
) 49
min f(x,y,z,t) = —.
(X,y,z,t)eD 150
Bai 26.
1. Tim gia tri 16n nhit va nhoé nhit cia ham sé
f(i; v.2) = xyvz -1 +yzidx — 2 +zx\/y — 3

XyZ
trén mién D = {(x,y,2):x22, y >3, z21}.
2. Tim gi4 tri 16n nhat cia ham sé

f(x) =13Vx? —x* +9Vx? +x*

trén mién D={x:0<x <1}.

Bai giai :
1. * Lay (x,y,z) € D tuy y. Ta cé6
f(x,y,z)=20

Mit khace (2, 3, 1) =0, vado (2, 3, 1) € D nén
min f(x,y, z) =0

(x,y,z)eD
* Ta dua f(x,y,z) vé dang sau
f(x,v,z) = /x—-2 + Vy -3 + z—l.
X NG Z

Theo bat ding thitc Cé-si, thi

Jz-Di1<Zo Y21 :_:%,

Z

bo



y y—3 1
-3).3s=—= < ,
V=85 273

Yy
X x—2 1
Jx-2)2<=-= < .
( )-2=3 X 22

Tt d6 sau khi cong titng vé& ba bat d&ng thitc trén, ta di dén

ey s g (1 g+ 75 )

- -~ 1 1 1
Lai thay f(4,6,2)==| 1+ —+—|.
?1 thay 1(4,6.2) 2[ 72 ﬁj

1 1 1
T d6 suy ra max f(x, ,z)g—[1+—+————].
kA1 G AN
2. Lay xeD tuy y, tidcla 0<x<1.
Ap dung bat ddng thic Cé-si, ta cb
L2 2  qe2
J4(1_x2).x2 £-4(1 X2)+K =4 23]{

2
= 13 xz—x4£52 fgx : (1)

Lai theo bat ddng thitc Cb-si, thi
9x* +4(1 +x%) _13x* +4
2 2

— oJx? + x* 39x +12 )

4

Jox2.4(1 + x2) <

C@ng ting vé& (1), (2) va cé
f(x)<16, vxeD. (3)
D4au biang trong (3) xay ra < déng thdi c6 ddu bing trong (1) (2)
- {4(1—}:2}:1{2 - x=&.

9x? = 4(1 + x?) 5
Nhu thé ta c6 2‘5/5 eD va f(z—ﬁ‘@J ~16.

Két hop véi (3) suy ra max f(x) =16.
xeD




Bai 27.
1. Tim gia tri nhdé nhit cha ham sé
yv—-2 z-2 x-2

f(x,y,2z) = + +
<2 g2 | g2

trén mién D={(x,y,2):x>1, y>1, 2>1; X +y +2z=xyz}.
2. Tim gia tri nhé nhit va 18n nhit cia ham s§

f(x,y,z) = xyz
trén mién D = {{x, V,2): x? + 2y2 + 2x2%z°2 +y232 + szyzzz 9}

Bai gidi :

1. LAy (x,y,2) tuy ¥ € D, ta cé
x>1l,y>1l,z>1vax+y+z=xyz.
Tu do6 suy ra
1 1 1
(1)

+ + =1.
Xy ¥yYz zZX

Ta c6 f(x,v,2) = y—22 + 2_22 + 3_22

X vy Z
=y—22+x+z—22+y+x—22+y_(l+l+_];}
b oy - Z X y z
_GE-D+E-1)_ F-D+E-1  (z-D+x-1) [1 1.1
x2 y? 2’ x ¥y z

=(x- 1}(—-l——+i]+(y 1)[-—}—+—1—J+(z 1)[ —15} )
b 4 vy be

Theo bat ddng thiic Cc: -si vacha y la x>l,y>1,z>1,ta thu dugc
bat ddng thic sau

f(x,y,z) 2 2(x—1)+ 2y -1) +2(Z“1)_[l+l+1]_ (2)
XZ yX Zy X y z
T (1), (2) suy ra ]
fx,y,2)2~+1+1 9. 3)
X y z

. A - -
Hién nhién ta cé

-

2
[-1++}-+1] 23[ 1 + 1 + 1 ) (4)
X y 2z Xy Yz 2zX




Bay gio tu (1), (3), (4) cé
f(x,v,z) 2 J3 -2, V(x,v,z) € D.

Do (JEE,JE,JE)EDl va f(«fﬁ,\/ﬁ,\/g)=w/§—2, nén
min f(x,y,z)= J3-2.

(x,y,z)eD

2. Lay (x,y,z) € D tuy ¥. Theo dinh nghia ctia D ta cé

x? +2y? + 2x22% + y222 + 3x%y%22 =9
o x? +y% +y? +x%2% +x%2% + y?2? + x%y%2% + x%y?2® + x%y%2? =9 (%)
Ap dung bat ddng thite Co-si ta ¢

VT(*) > 9Yx'2y'22!2,
Vi thé tit (*) suy ra |xyz| <1, hay
-1<f(x,y,2z) <1, v(x,y,z) € D.

Do (-1, 1, DeD va f(-1, 1, 1)=-1

(1, 1, 1)eD va f(1, 1, 1) =1, nén

max f(x,y,z)=1; min f(x,y,z)=-1.
(x,v.z)eD (x,y,2)eD

‘Bai 28. |
Tim gia tri 16n nhét cta ham sO
f(x,y) =x + 2y trén mién

Dz{(x,y}:xzﬂ, y =0, x3+y3=1}.

Bai gidi :
Dit
1 _ 2%2
1+2¥2 - PETw
Gia s (%, y) 1a diém tuy ¥ ctia D. Khi d6 theo bat ddng thic Cb-si,

o=

ta co

x34+Ba=x>+a+a+a+a+a>6Yxia’®

= x> +5a2 6\/’;.\!’6 o’

3
:_;'J;Ex;ﬁa_ - (1)
6va’

Tuong ty ta cé



3
y'5p
v 5
3«,/
Cong tiung vé (1) va (2) ta cé
x3 + y + 5(a + [3)

f(x,y) =
6¥d

2 6/ 5
(Chu ¥ 1a §p° = - 288
- §/(1 + 25V2)5 - ]

Vix®+y®=1va a+B=1, nén tix (8) suy ra V(x,y)eD tacéd
y)_\/— (1+292). 4)

Dau bang trong (4) xay ra <> hé sau thod man

0‘.=X3

B:}FB - x=%_
x20,y=20 y = §/B.

x3+y3 =1

(2)

3)

f(x,

Nhu vay ta c6
(Yo%) eD maf(¥Ya,¥B)= d(l . 2%)5 |

5]
Do d6 max f(x,y) =-6(1 +2§/§) .
(x,y)D

Bai 29.
Cho ham sé

f(x,y,z)=£+21/1+£+33,/1+E.
y Z X

Tim gia tri nhé nhit cia ham s6 da cho trén mién
= {(x,y,z) x>0, y>0,z>0vax > max{y,z}}.

Bai giai :
LAy (x,y,z) tuy ¥ € D. Nhuvaytacé6x>0,y>0.z>0 va
X

X>1:0 <Z<1. - (1)
}? X



Ap dung bat ddng thic Co-si, ta cé

1+122./i c1+ Ezz,ff.

A Z xX X

f(x,y,2) > = 4+ 2/2.1 fi +3%Y28 /5. (2)
y yA X

Thuc hién phép bi€n d6i cin thie, ta c6

VF(2)=§(E+4@+6£]+[1—§]§+3(§/§—\/§)$f§. 3)

Lai ap dung bat ddng thitc Cé-si, ¢

IR N [ e A N
y z X 3"

11 lin

Do dé

=11a

X (4)
A

xyz
y z X
. - V2 .3 R
Tir (1) va dé ¥ réng 1—? >0 cdon ¥2 -2 <0, nén tix (2), (3), (4)
di dén

f(x,y,Z)?-nJ_ [1‘§] 3(¥2 -v2), hay

f(x,v,2)21+2J2 +3¥2  v(x,y,2) eD. - (5)
Mat khéac, chdng han (1, 1, 1) € D va
£f(1,1,1) =1+ 22 + 3¥/2.
Vi thé tir (5) suy ra '

min f(x,yv,z)=1+ 22 + 33%/2.
(x,y.z)eD

Bai 30.
Tim gia tri nhoé nhat cia ham s&

f(x,y) = —— 4
x,y) Jl—x+J1—y

trén mién D={(x,y): x>0, y>0; x+y=1}.




Bai gidi :
Liy (x,y)tuy ¥y e D, thix>0,y>0vax+y=1. Do vay
X y X y
f(x,y) = + = + .
Vi-x i-y Jy Jx
Ap dung bat ddng thic Co-si, thi

= 4 y22\f;,

Jy

Yy
—— +Jx 2 2y.
- x . y

T (2), (3) di dén
f(:_u:,y)+\/;+ \/—}:22(\./3_{. +\E), hay

f(x,y)= Jx + J;

Ta lai c6 thé viét

f(x.y)=1‘]§y+1jf =J1;+ - —(s/;ﬁ/;)'

y
Bay gid tit (4), (5), ta c6

2(x,y) 2 —— + —

.
f‘”)"[f IJ

T (6) va lai theo bat dﬁng thic Co6-s1 suy ra
1

f > i
(x,y)2 ny Jx s
2

Dox+y=1, vivay tix (7) ta cd
f(x,y) 22, V(xy)eD.
11

1)

(2)

(3)

4)

(5)

(6)

(7

)

R6 rang [; ;]en va f(— E) J2. Két hop véi (8) ta thu duge

két qua sau :

min f(x,y)= J2.

(x,y)eD



Nhén xét :
Dé& thay (%,%J 12 phdn t duy nhat ctia D lam cho ham s& f(x,y)
nhan gia tri bé nhat.

Bai 31.
Tim gia tri 16n nhat cia ham s&

f(x)=-§»+v’1-x—2x'2

trén mién D={x:—1£x£%}.

Bai gidi :

. Nhan xét ring D chinh 14 mién xac dinh ctia ham s& f(x). Theo bat
dang thic Coé-si, ta cé

1+(1-'x-—2:{2)

V1-x-2x% =J1.(1-x-2x3%) < 5—» VxeD.
Vi th&
1+(1-x-x2
f(x) <=+ ( )
2 2
hay f(x)<1-x2?, vxeD. | (1)
. T (1) suyra f(x)<1, VxeD. (2)
Chia y hé phuong trinh '
1=1-x-x°
1-x%2=1
1s<x<=
2

c6 nghiém (va ¢6 nghiém duy nhit x = 0). _
Nhu thé, tt 0 € D va f(0) = 1, cung véi (2) ta di dén

max f(x) =1.
xeD

Nhan xét :

1. Néu g bai trén ta khéng dung bﬁt déng thitc Co-si, ma dung bdt
diang thizc Bu-nhi-a-cép-ski thi sao ? Cu thé 1la véi x € D va theo bat
ding thic Bu-nhi-a-cdp-ski, thi



f(x)=%x+1.\rr1 —x-2x2 < Jj}+1.\/x2(1*x2 —2x?)

5 1> 65 _5
hay f(X)ng-J_(_}C-I-E] +Z ﬂz. . (2)

Dau bang trong (2) xay ra khi va chi khi hé sau thoa méan

( 1
V1 -x-2x2% = 2x2 x=§
1 1
x+—=0 o X =—— *
1 > > ™
1sx<i. C|-1<x<—.
2 2

Vi hé (*) vé6 nghiém, nén khéng chi ra duge ddu bang trong (2).
Nghia la cach giai nay khéng ching nhan duge. Vay s dung bat déng
thdc Cé-s1 la phuong phap hgp li.

2. Bay gio lai xét bai toan sau :

Tim gia tri 16n nhit ctia ham s&

f(x}=3—2x+\/5—x2 +4x
trén mién D={x:-1<x<5}.
Ta nhan thay D cing chinh 124 mién xac dinh ctia ham sé f(x). Vé
mit hinh thic thi bai todn nay “gidng hét” bai toan trén. Ta thit dung

phuong phap véi bat ddng thitc Cé-si xem sao. Goi x € D 1a phan tit tuy
¥. Theo b&t ding thic Cé-si, thi

- .2
J5—x2+4x=\/1(5-x2+4x)£1+(5 X" +4x)

2
Vi thé
"
f(x)£3—2x+1+(5 X +4x),ha}"

2

f(x)<6 -2

(x) 5

= f(x)<6, VxeD. (3)

Mait khac xét hé phuong trinh sau



1=5-x2 +4x x=2-2J2 hoicx=2+2/2
x=0 <> x=0 (**)
-1<x<5 -1<x<5.

R5 1a hé (**) v6 nghiém, vi thé& béng phuong phap nay khéng chi ra
dude lic nao thi ddu bing trong (3) xay ra.

Néi cach khac phuong phap bat ding thic Co-si lai khéng thich
hop cho thi du nay ! Ta lai thit 4p dung bat ddng thitc Bu-nhi-a-cép-ski.
Ta cé6 vx e D, thi

£(x) = =1 +(-2)(x — 2) + J1.(5 — x2 + 4x)

5«-1+~~.1";l+1.-\/(x2 ~4x +4) + (5 - x? + 4%) , hay
f(x)<-1+3J5, vx e D. 4)
Xét hé phuong trinh |

o5 -xZ+4x =x -2
-1<x<5H

ta c6 nghiém

. 65

=2

5

Nhu vay Z—B—fED va f[2—%)=3v‘g—1.

K&t hop véi (4) 6 max f(x) = 3/5~1.
xeD
B4t ddng thic Bu-nhi-a-c8p-ski td ra cé ich trong thf du nay !
Bai 32.
Cho ham s&
f(x,y,2,t) = (x + z)(y + 1),

xét trén mién
Dz{(x,y,z,t):a(x2 + y2) + b(z2 +t2)=1}, & day a va b 13 hai s&
dudng cho trudc. Tim gia tri 16n nhit ctia ham s dé.

Bai gidi:
LAy (x,y,z,t) tuy ¥ thudc D. Ta thdy

fx,y,zt)=x+2z)(y +1)
= Xy + zt + xt + zy. (1)



Theo bat ddng thitc Cé-si, ta cé
X +y = 2|xy| = 2xy.

Via>0,b>0, néncbd
ab

a+b
Li luan tuong tu cé
ab

a+b

(x? +y?) 2

(x2 +t2) >

2ab

2ab

zt.
a+Db

Ngoai ra ap dung li luan trén lai cé

aE

a+b

ﬂ'2

a+b

x2

2 +

b2
a+b

+ t2

a+b

2ab |

Xy.

= xt,

a+b

b2 2> 2ab

a+b

Cong tung vé (2), (8), (4), (5) ta dugc

ax? +y2)+bz%2 +t%) >

a

Do (x,y,2z,t) € D nén tl (6) suy ra

f(x,y,z,t) <

a+b
2ab ’

2ab
ib(f(x,y,z,t)).

V(x,y,z,t) € D.

(2)

3

4)

(5)

(6)

(7)

D&au bing trong (7) xay ra <> déng thoi c¢6 dau bﬁng trong (2) (3) (4) (5)

x=y
z=1t

<> <ax =Dbt
ay = bz

X=Yy
ax
S o« T = = —_—
b
2.2
2axz+2ba i
b2

‘a(xz +y)+ b2 +t2) =1

z=t

—_—

’x — —— _-_ub-.-.-_..u_
y 2a(a + b)

{

2b(a + b)’



Nhu vay ta thay

(x* }r":/z* t*): h b a a ED
A 2a(a+b)’ Y2a(a+b) Y2b(a+b) Y2b(a+Db)

va f(x*,y*,z',.t*)= 3'2;; .

Két hgp véi (7) va theo dinh nghia ctiia gia tri 16n nhat ctia ham sé&
ta suy ra

a+b

max f(x,y,z,t)=
(x,y,z,t)eD 2ab

Bai 33. |

Tim gia tri 16n nhdt cia ham s8 f(x,y,z)=x"y+y"z+2"x,
trén mién

D={(x,y,2):x20,y20,2>0 va x +y + z = 1}, d day n 1a s tu nhién.

Bai giai :
1.Néun=0, thifx,y,z2)=x+y+z=1, V(x,v,2) € D.

Do vay

max ftx,y,z) =],
(x,y,z)eD

2. Né&u n = 1, thi f(x,y,z) = xy + yz + zx.

Dé thay xy+yz+zx*_:%(x+y+z)2. Vi thé

f(x,y,z) < % V(x,y,z) € D.

. 111 1 111
Laicé fl—,—,—|==, ma|=,=,= a
[3 3 3) 3’ m [3 3 SJED nén
max f(x,y,z ):l_
(x,y,z)eD 3

3. Néu n > 1, lay (x,y,2z) tuy ¥ € D. C6 thé gia st ma khoéng hé 1am
giam téng quat rdng x = max(x V,Z).
Do y<x=y"z<x"lyz

Do y < x = z"x < zx" va z"x < z2x™!,

- .. n-1
Vin>1nén 2— n1 >Z, Nhu vay ta cé
n 2 n 2 :



f(x, .Y;Z) = xny + }’nz + an < xny + }[n_lyz + %an + _;_an <

n 2.n-1

- ZX
<x"y+x"lyz + - + =

< x"1(x +z)(y+ e

Theo bt ddng thitc Co-si, thi

X X X X+4+2z n-1
—_— . y + zZ|<
nn n n n

n-1 thira s§

x* (x + z)(y +%j <

n+1

Thay (2) vao (1) va rit gon, ta di dé€n bat ddng thic sau

n+l n
f(x,y,Z) $ nn (X,F,Z) ) — n =
(n+1" (n+1)**
D&u bang trong (3) xay ra chi khi
([ n
x:
X+y+z=1 n+1
1z=0 | — 1y = -];-1
X - X+2 n-—1 _ -
—_—= =y + Z z=0
LI n n
n
Nhu:vayf( 22 o|l=—2 . Do @6
n+l n+1 (n +1)°*!
n
max f(x,y,z)= .
(x,yv.z)eD T (n+1)“*1

Tém lai ta c6 két qua sau

max f(x,y,z)= <
x,y.z)eD

W= =

ndfun=0

, néfun=1

néun=2,3, ...

h(n + 1)1'1+1 ?

(1)

2)

3)



