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TRUNG HOC CO SO
01 4 bai todn co ban ta ¢6 4 dang toan vé UC,
UCLN cua cde sé tyr nhién.

DANG 1. MOT SO BAI TOAN TiM UC, UCLN
Bai todn 1.1. Che phép chia cd dwe a = bg+r. Chimg
minhi: (a,l)=(b,r) (ki hicu (a,b) la UUCLN (a, b)).

Léi gidi. Goid « UC(a,b) ::-{afd:){bq+r:d:>r5d,

bid  |bgid
Tir rid,bid, nén d e UC(b,r). Do d6 moi UC(a,b)
ciing 1a UC(b,r) (1)
Goi a"EUC(b,r)::’{fs:,‘:—{f?;rﬁbq+rfd'.
Do dé a=bg+rid,bid'. Suyra d'eUC(a,b).
Suy ramgi UC(b,7) ciing 1a UC (a.b) (2)

Tir (1) va (2) suy ra (a,b)=(b,r).
bai toan sau "4
Bai toan 1.2. a) Tim (187231, 165148), @\

: L3
b) Tim | i1, 111.: @

Famgiidi
L 100581 & ]

Lai gidi. a) Ap dung (a,b) =(bg+r.b)=(b.r) taco
(187231, 165148) = (165148.1 + 22083, 165148)

= (165148, 22083)

=(22083.7 + 10567, 22083) = (22083, 10567)
=(10567.2 + 949, 10567)

= (10567, 949) = (949.11 + 128, 949) = (949, 128)
=(128.7 + 53, 128)= (128, 53) =(53.2 + 22, 53)
=(53,22) =(22.2+49,22)=(22,9)
=(92+4,9)=(9,4)= (42+1,4)=(4, )= 1.

b) Co 100=8.12+4. Bata=111...1 (100 chit sb 1);
b=111...1 (8 chir s6 1). Suy ra

(a,b]:[ Bl 11..1}:[ 111...1,1 111}:1111.
e e ot
10 st 1 Bai 1 Batil

Suy ra (a.b)=1111.

b P . = . = 4 =
&*a) Chimg minh rang ava b nEUVEn 1o cung nhau,

Nhin xét. Vin dung bai toén 1.1 ta c6 thé gidi g8t

WEIINTNE = == =
- UOCCHUNG, USCCHUNG LONNHAT

TRONG TAP HOP SO TU NHIEN

'vﬁHﬁ‘UCH]'N

(GV THCS Hong Bang, Q. Hong Bang, TP. Hai Phong)

Bai todn 1.3. a) Tim UCLN ciia tdt cd ede sé tw
nhién c6 9 chir 56 gom cdc chir 56 tir | dén 9.

b) Tim UCLN cuia tdt ca cdc 56 tw nhién cé 6 chit 56
g(jm cde chit s tir | dén 6,

Léi gidi. a) Hidu hai s6 123456798 — 123456789 = 9.
Do d6 UCLN cua cac so phai tim thude {1; 3 9}.
Laicol+2+3+4+5+6+T7+8+9=45: 9,

Do d6 cdc s6 da cho déu chia hét cho 9. Viy UCLN
cla tat ca cac s6 bing 9.

b) Hiéu hai s6 123465 — 123456 = 9.

Do d6 UCLN ctia céc sd phai tim thude {1; 3: 9}.
Laico1+2+3+4+5+6=21" 3,dodo cac s da
cho déu chia hét cho 3. Mat khac sb 12345679, vay

UCLN gh#'tit ca cac sb bing 3.
Bgsi%m% 14. Cho a=2" + 3% b = 271 4 31,

@1--: + 3ns2

b) Tim UCLN (a,c).

Léi gidi. a) Goi (a.b)=d

bid = |b=2m14+330id

=b-2a=3"'d mia=2"+3"d
=>d eUC(3, 2= +30 ) =UC{2% B )=ll=ngd=1.
Viy a va b nguyén té clng nhau,
b) Goi (ﬂ,c) =k

aik da=2"1 443"k
= it i

c:k c=2m149.3":k
ma a=2"+3" khéng chia hét cho 3 véi moi n
= klaude cia 5= k=1 hoidc k= 3.
Bai todn 1.5. Chimg minh trong 6 s6 tw nhién lién
tiép khdac 0
a) khéng ¢6 2 56 nao trong 6 56 dy 6 UC la 56 lom
han hodc bang 6;
b) cd it nhat | 56 nguyén (6 ciing nhau véi 5 s6 con lai.

{aia’ {Za =20+ 42 30
=

=c—4a=53"%,

m. Goi 2566 1a mk,,mk, , (k,k, €Nk, >k,).

TOAN HOC 1
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Taco 0<mk, —mk, =m(k -k )<5 (1
Do k —k, =1 nénnéu mz6 thi m(k, -k )26 (2)
Khi dé (1) va (2) méu thufin véi nhau.
Do d6 khéng cé 2 so ty nhién nio trong 6 sé ma co
UC lon hon hoic bang 6.
b) Tir (1) suy ra 2 trong 6 s6 tir nhién lién tlép di cho
¢6 UC la céc s0 nguyén t6:2,3 hogc 5.
Mt khéc trong 6 s& tir nhién lién tiép cé 3 so 1€, 3 s6
chin,
- Nhirng s6 chin c6 UC 14 2.
- Nhirng s6 ¢6 UC 13 3 nhiéu nhét 12 2 s trong d6 ¢6
I sb chin, 156 1¢.
- Nhitng s6 ¢6 UC la 5 nhiéu nhat 1a 2 s6 trong &6 c6
1 56 chan, 1 56 1&. (1 :
Trong ca ba trudng hop trén ¢6 nhiéu nhat 14 2 6 1&,
mdi s6 c6 UC véi | sb khae (UC khac 1). Tir d6 ¢o
it nhét 1 sd nguyén té cling nhau véi 5 s con lai.
Bai todn 1.6. Tang ciia 30 56 tw nhién khdc 0 nhé
hom 1994, Goi d la UCLN cuia cde s6 do. Tim gid ir
lom nhat cua d.
Léi gidi. Goi 30 sé tir nhién 14 a,.a,.4,,....,a,, (Voi
a,#0);d=UCLN(q,,a,,d;,.....03 )
=kd, ay=kd, ..., a, =k,d .
Do dd 1994 >a, +a, +a; +....+ay,
=d(k +k, +h 4.+ ) $

Dit k +k, +k; + ...+ kg =k, suy ra 1994 > dk &5
Taco k, +k, +k; +...+k; =k =30 Qx\@

=1994 > dk > d.30 = d <1994: 30,
Suy ra d <66 . Viy d 1n nhat 1a 66,
=66.

DANG 2. VAN DUNG UCLN PE TiM CAC SO
d thi

Suyra 4, =kd, a,

Q=a, =0, =..=dy
Bai todn 2.1. Chumg minh néu UCLN (a,b)=
a=da', b=db' véiUCLN(a,h')=1.

Loi gidgi. Giasit UCLN(a',b')=d'#1.

Suyra a'=d'a,,b'=d'b,.

Suy ra g=da'=dd'a,b=dd'b . Do d6 dd' la
UC(a,b). Ma dd'>d nén d khong 1a UCLN (a,b).
Viy (a'b')=1.

Nhin xét. Vin dung bai todn 2.1 ta co thé giai cac
bai todn sau

Bai todan 2.2. Tim 2 sd he nhién biél tong cua chung
hang 192 va UCLN cua ching la 24.
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Léi gidi. Goi 2 sb cin tim 13 a,b,(a,beN"). Ta co
a+b=192,UCLN (a,b)=24 . T UCLN(a,b)=24
=a=24a'.b=24b"(a’,b") =1.

Tir a+h=192 =24a'+24b'=192 = a'+b'=8.

Do vai trd @,b nhu nhau, gia st a<b (dod6 a'<b").
Ta ¢ céc trromg hop:

" a'=1=> a=1.24:> a=24
b'=7 h=7.24 b=168"
2 a‘=3:> a=3.24: a=72
bh'=5 b=524 b=120
Viy cic clip s6 can tim 1 (24; 168), (72; 120).
Bai toan 2.3. Tim 2 56 fir nhién biét tich cuia ching
bang 13500 va UCLN cua chiing la 15.
Léi gidgi. Goi2sdcintimla a.b (a.beN').
Taco ab=13500, UCLN(a.b:Iz 15
Suy ra a=15a',b=15b"(a'.b")=1.

Tir ab=13500
=15a4'.156"'=13500 = a' b' = 60.

Coab'=60=1.60=320=4.15=5.12.
Dovain'f:-ab nhur nhaw, giasw a<b (dodé a'<b').
Taco Iru-:mghop
a=1.15 £ a=15
b 60.15 b=900"
:} a=3.15 i a=45
b=20.15 h=300"
. |a'=4 % a=4.15 o
b'=15 b=15.15 225
% Ja'=5 a=35.15 a=175
b' m12 b= 12.15 b=180"

Viy cac cip so can tim la: (15; 900), (45; 300),
(60; 225), (75; 180).
Bai toan 2.4. a) Tim UCLN (Tn+3,8n—1),ne N*
b) Khi nao hai 50 do HEUVEn 16 cing nhaw. Tim i vei
30<n<90 d@é ching nguvén 16 ciing nhau.
Lavi gidgi. a) Goi d =UCLN(7n+3,8n-1)
Tn+3id 8‘[7n+3}5d:‘ 56m+24'd
8n—1id " |7.(Bn-1)id ~ |56n-Tid
Suyra 3l:d =d 5{1;31} :
Tn+3:31

8n—1:31 1-(Tn+3):31

b) Vai d =31 :,{

Suyra n-4:31.
Pit n-4=3lk=n=31k+4 (keN).
Véi n=31k+4 thi Tn+3=7(31k+4)+3:31



https:‘www. facebool. com/letrungldenmath

https:/sites. google.com/siteletrunglidenmath

va 8n—1 =8(31k+4)—1531.

Dodé n=31k+4 thi (7n+3,82—1)=31.

Viy(7n+3,8n-1)=1 khi n#31k+4.

Vai 30<n<90 khi n#31k+4 thi (7n+3,8n-1)=1.

Suyra: 30<31k+4<90 = ke{l;2}.

Viy n#35,n =066 thi [?n+3*8n—1}=1.

Bai toan 2.5. Tim 5 56 khdc nhau trong ddy tinh:

ot St SRl [ et Biét .r'.:;mg 5 56 trén thoa

mdn cdc dicu kién:

* Trong ba 56 hang trong ngodc thi ¢é mat so la

BCNN ctia 2 50 kia,

v S chia la 56 nguvén 16 va la UCLN cia 2 56 noi

trén.

Léi gigi. Dat p 1a sb chia, p 13 sb nguyén td,

11=p<100. Khi d6 3 s6 trong ngodc 1a pmn, pm, pn

vai (mon)=1 {m,nEN‘].

Vi BOCNN( pm, pn) = p.mn, UCLN(pm, pn) = p.

Do cac s6 khac nhau, suyra mnz6.

Lai c6 cic sé déu nhd hon 100, suy ra pmn<100.

Suyra p.o<pmn<100=p<17.

Tir p la sé nguyén té, p211=> pe{11;13}.

* Truong hop p=11. ma pmn<100= 11mn <100

=mn<10.

Ma maz6=6<mn<10, (m,n}:l,m,n:tl.‘&

Do dé mn=6=>m+n=>5. Khidé &
(pmn+pm+pn}:p=mn+m+n=6+ 11=p.

Do dé thwong bing sé chia (loai).

* Trudmg hop p=13, pmn<100= 13mn <100

=mn<8 mia mnzb6=06<mn<8=mn=6.

Suy ra mna+m+n=11. Viy 5 s6 phai tim 1a:

13,6 =78,13,3=38,13, 2=26; 13va 11.
DANG 3. SO LUQNG CAC UOC CUA CAC SO
TU NHIEN
Bai todn 3.1. Cho 5o fu nhién N=a*b¥ct....
a.b.e,... la cdc 56 nguvén 1o doi mot khac nhau,

veri

LV L€ M Ching minh $6 cde woe cia N la
(x+1)(y+1)(z+1)....
Lévi gidi. Goi cac uwdc cua N codang A, B,C,...
trong d6 A ¢d x+1 cachchon: &%, a',a?,....a"

B ¢b y+1 cichchon: b7, ', 56%,....0"

C co z+1 cach chon: ¢, ¢l,c2,....c°

....................................

Do d6 s6 lugng cac udc s6 cha N 1a
(x+1)(y+1)(z+1)....

Nhdn xét. Van dyng bai toan 3.1 dé giai céc bai toan

sau; ' .

Bai toan 3.2 )"'.r'u.' 50 tir nhién nho nhdt {'fi_

a) 9 wore s0; b) 12 wedre so.

Léi gidgi. a) Goi s6 cin tim 1a N=a*b'c ... voi

a,b,c,... 1a cic sd nguyén t6 ddi mdt khic nhau;

XV 2N,

86 chc ude cia N 1a (x+1)(y+1)(z+1)...=9.

Vi x+1,y+1,z+1,..1a cic sé ty nhién lén hon 1,

suyra x+1l=y+1l=3=x=y=2.

Do 46 N=a*h?. Dé N nho nhét thi a,b phai la

cdc s6 nguyén td khac nhau nhé nhit.

Suyra: N=2232=36.

b) Twong tw phin a) S6 N=a'bc:....

Taco (x+1)(y+1)(z+1)...=12=3.2.2.

* 86 N la lity thira cia 3 thira s6 nguyén 6,

x+1=3 =2
suyra : y+1=2=<:y=1.Khidd N=ahc.
= z=1
pé onhitthi a=2,b=3,c=5.
W% N =22.3.5=60.

6 N 14 Ifty thira cia 2 thira sé nguyén td, ta cé cdc

%\ triromg hop:

+{x+l=4:{x=3.

y+1=3 ¥y=2

Khi d6 N=a’h?, d¢ N nho nhit thi a=2,b=3.
Do dé N nho nhét la 23.32 =72,

o x+1=6:> x=5

y+1=2 y=1"
Khi d6 N=a’h,d N nho nhétthi a=2,h=3. Do
d6 N nho nhat 1a 25,3 =96.
*S6 N lality thira ciia 1 thita s6 nguyén tb =x+1=12
< x=11. Khidé N=q'"". Dé N nho nhét thi a =2
=N=2"=2(48.
Trong cdc trudmg hop s N nhd nhat 1a 60.

Bai toan 3.3. Cho 56 n=p'q’, trong dé p.q la cdc

86 nguvén 1o khde nhau, x,yeMN". Biét n* co 15
wire s6. Hoi n® co bao nhiéu woc s0.
Loigigi. Vi n=p q* = n*> =p>q¥ (xz2y).

Sb cdc ude cia n2 1415 = (2x+1)(2y+1)=15
S 2x+1=5:} x=2
2y+1=3" |y=1"

TOAN HOC
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Do dé n=piq=> n®=pSqg*. Khi d6 s6 udc clia n’
13 (6+ 1)(3 + 1) =28 (udrc sd).

Bai todn 3.4. Cho 56 nguyén duong n sao cho n’
¢é 15 wde so. Hay tim xem n™7 6 bao nhiéu woc
56, bidt ring n=p*q’.p.q la hai 6 nguyén 16 khdc

phau, x,yeMN". Voi dieu kién trén cé ton tai 56

kel dé n* cd 2000 woc khdng?
Léi gigi. * Tir n=p-q’,p,qla hai sb nguyén t6

khéic nhau=> n? = ptrg? .

S6 cac ude cia n? 1a (2x+1)(2y+1).
Theo d& bai c6 (2x+1)(2y+1)=15=5.3.
Do vai tré x,y nhu nhau, gia sir x =y, suyra
2x+1=35 28 x=2
Zy+1=3 y=1
Khl dd HZU]‘.‘ :(pzq)zm? = thq?_m? .
Suy ra s cée wéce cia #2713 (4034 + 1)(2017 + 1)
= § 142 630 (wdc sd).
L Tu n:pzq :}H# =p‘2qu .
Gia sit ton tai s& k e N* @& n* ¢6 2000 wérc sb.
Khi 6 s6 wéc clia n* 1 (2k+1)(k+1)=2000
& 2k +3k=1999 & 16k2 + 24k +9 = 16001
o> (4k +3)* =16001 .
Vi 16001 khéng la sb chinh phuong, do dé m@
tim duge & thoa man. v d
Bai toan 3. ‘5 Tim 56 fir nhién khde 0 Hﬂ'm@ 60 co
nhiéu wée s6 nhat,
Léi gigi. Goi N 1a s6 tw nhién nho hon 60. Tim xem
N c¢6 nhiéu nhdt bao nhidu wéc sb. Xét 4 truéng hop:
a) Vi N 1a Iy thira ciia mot thira s6 nguyén to
=N=ag"<60, xecN".
Chon a nhé nhét dé duoc sé mil 16n nhit =>N=2x,
Tacd 25 <60<2°. 85 2° co 6 udc sd.
Do d6 N la liiy thira ciia mét thira s6 nguyén t6 thi
s6 wde nhidu nhit 13 6.
b) V&iN 1a liiy thira cua hai thira s6 nguyén to
= N=g*h* <60. Chon a b nho nhit dé duoge )
mil 16m nhit. Do d6 ta xét N =23,
Taco 243<60<253.86 243 co(4+ 1)1 +1)
=10 (wdc sd)
232 <60<2%32.86 2232 c6 2+ D2+ 1)
=9 (wére 86).
2.3 <60<22.3.86 2.3 co (1 +1)(3+ 1)
= 8 (udc sb).

== piy.
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¢) Véi N 1a lity thira cia ba thira s6 nguyén 5, c6
N =a*h’ci. Xét 203757, (chon a,b,c nho nhit
dé dwoc sb mil 16n nhét). C6 2.3.5<60<22.3.5. S6
2.3.5 ¢6 (1 + 1)(1 + 1)(1 + 1) = 8 (e sb).
d) Véi N 1a Ity thira tir bon thira sé nguyén to tr&
1én: khéng xay ra trromg hop nay (vi 2.3.5.7 > 60).
Viy trong tt ca cac truomg hgp N nhiéu nhat co 10
uéce sd, trong truomg hop nay N =243=48.
DANG 4. MOI LIEN QUAN GIUA UCLN VA
BCNN
Bai todn 4.1. Chitng minh: ab=(a,b).[a,b]
K¥ hiéu '[_u,r'lj = UCLN|(a,b),

[a,b]= BCNN(a,b).
Lvi gidgi. Goi d =(a.b)
=a=da',b=db' véi (a',b')=1.

Suyra [a,b]=[da' db':|=d,|:ﬂ".h']=dﬂ'b' (1
ab  da'.db' it
Do dé T =da'b (2)

5= ab= (a,b).[a.b].

Tu (%@{2} suy ra L“ b} =——

n sau:
Bai todn 4.2, a) Tim UCLN(75 125 232, 175 429 800);
b} Tim BCNN(75 125 232, 175 429 B00).
Loi gidi. a) (75 125 232, 175 429 R00)
=(75125232,75125232.2 +25 179 336)
= (75125 232,25 179 336)
= (25179 336. 2 + 24 766 560, 25 179 336)
= (24 766 560, 25 179 336)
= (24 766 560, 24 766 560. 1 + 412 776)
=(24 766 560,412 776)
= (412 776. 60, 412 776) = 412 T776.
Viy UCLN(75 125 232, 175 429 800) = 412 776.

; AxB

b) Ap dung: BCNN(A,B) —m.
BCNN(75125232, 175429800)

75125232 x 175429800
= 212776 =31 928 223 600.
Nhén xét. Néu khong dua vao két qua bai 4.1 thi
viéc tim BCNN cua hai s6 da cho 1a kha kho khan,
Bai todn 4.3. Cho ba s6

A=118932; B=157993; C =238743,

a) Tim wdc chung lon nhat ctia A, B,C;

b) Tim bgi chung nho nhat A,B.C.

gn xér. Vin dung béi todn 4 1 trén dé giai cac bai
4
3




UCLN(A,B,C)= UCLN(D,C)=53.
Ax B

E = B) = =3 572.

b) £ =BCNN(A.B) TCLNGAE) ~ 22 230572
ExC

‘NI B.C)= BONNIEC) = ——mm«—

BCNN(A,B.C)= BCNN(E,C) TCLNEC)

o] KT
Lm%l’_-_jﬁlﬁ — 23 560 548 132.

Biai todan 4.4. Cho a = 123456789, b = 987654321,
Chimmg minh: a) (a,b)=9;

b) I__u.b-| chia cho 11 dur 4.
Livi giai. a)Tacé h—8a=9=b=8a+9,
Do dé (a,b)=(a,8a+9)=(a.9).
Ma a chia hét cho 9, suy ra (a,9)=9 .
Viy (a.h)=9.
b) Tacd ab= [u.b:j.[a,b}::s ab=|:a,b:|.9 2
Co g=1371?421. Suy ra {_a.b]:%’:lsﬂmzi.b.
Co 13717421 = 11k+3, b= 987654321 = 11g+5,
(k,geN). Suyra 13717421 b =(11k+3)(11g+5)
=111 +4,(reN). Do dé [a,b] chia cho 11 du 4.
Bai todn 4.5, a) Tim 2 s6 tw nhién a.b  biét
ab=51840 vé [ a.b]|=2160:
b) Tim 2 56 ti nhién a.b biét [a.b]---[a.b]=lﬂ;@
¢) Tim 2 56 ne nhién ab biét (a.b) va
[a.b]=900.
Loi gidgi. a) Tix [a,b].(a.b)=a.b
= zlﬁn.(a.h] =5I840:>(a,f;_]=24_
Suyra a=24a'.b=24b", vii (a',b')= 1. a'sh!,
T ab=31840 = 244a’.24h"'=51840
=a'h'=90=1.90=2.45=5.18=9.10.

Ta o cae trudng hop:

i Fird = v a=1.24 i a=24
h'=90 h=90.24 h=2160"

o

%

& {u'z? o a=2.24 ja=43
|h'=45 " |h=4524 ~ |b=1080"

v[a=5 _ [a=524 _, Ja=120
b'=18"" |b=1824  |b=432"

a :>!rﬂ=9.24:>ﬂ"—“2|6
b'=10 ih:]U.za h=240"

Viy céc ciip {a.h_} la

|
&5 bang:
Q g

méx

(24; 2160), (48; 1080), (120; 432), (216; 240).
b) Goi {fz(a,b]:; a =da',b=db',(a',b')= l.

Suy ra [a,b]=|:da',n’b':| =d.£a',b‘] by
Tir dé bai co da'b'—d = 18:»d[a'b'—l]= 18.
18

Suy ra 4 la woc cia 18 va a'b'=1+?, I:a'zb'].
Ta lap bang:
d, | b | .a b’ a b
1 19 19 1 19 1
2 10 10 1 20 2
5 2 10 4
3 7 7 1 21 3
6 4 4 | 24 6
9 8 3 1 27 9
18 2 2 1 36 | I8

Viy co 7 cap (a,b) 1a (19; 1), (20; 2), (10; 4),

(21: 3), (24; 6), (27: 9), (36, 18).

¢)Giaswr a<b. T (a.b)=10,suyra
a=10a",b=10k" vii {a',b')=l :

Khi do ab=10a".10b"=100a'b'.

Ap durt@gb =[a,b1.(a,b}. suy ra

=900.10=>G|£?'=90,¥'d]' {al!b']zl'

a' b’ a b
1 |90 [ 10 | 900
2 | 45 | 20 | 450
5 | 18 | 50 | 180
9 | 10 | 90 [ 100
Viy co 4 cap (a.b) 1a (10; 900), (20; 450), (50; 180),

(90; 100).

Nhgn xét. Khi giai bai toan trén ta di sir dung thém

ket qua cua bai todn 2.1,

Bai toan 4.6. Tim 2 s6 tw nhién c6 UCLN bang 12.

Biét rang hai sé av, UCLN, BCNN la 4 56 khdc

whav va déu co 2 chir 56,

Lévi gidgi. Goi 2 56 can tim la a. b (12=a<b).

Taco (a.b)=12=>a=12a',b=12b" véi (a',b")=1.

Ap dung: ab=[a,b].(a.b) ta co:
124'.12b'=[a,b .12 [a,b]=12a"b".

Taco 12<a<h, suyra 1<a'<b'.

Vi [a.b]<100 =12¢'b'<100=>a'h's8.

Néu a'23=bh'z4=a'b'212 (vo li).

(Xem riﬁ;o trang 9)
) TOAN HOC
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XY T767 TOAN HA NOI MO RONG NAM 2017

% ¥ thi Toan hoc Ha Néi mé rong (HOMC)
1in thir 14 nam nay duge t6 chirc tai Truong
THPT Chu Vin An trong 2 ngay 4 va 5/3/2017
véri sy tham gia cia 843 hoc sinh dén tir cac
tnrémg THPT chuyén, cac trwong THCS cua 30
tinh, thanh phé trén ca nudc, trong dé ¢6 11 tinh,
thanh phia Nam.

HOMC duge So GD&DPT Ha Noi va Hoi Todn
hoc Ha Noi dong t6 chire tir nam 2004 danh cho
hoc sinh & hai lira tudi Senior (I6p 10 cap THPT)
v Junior (16p 8 cip THCS). Dé thi va bai lam cua
hoc sinh dugc trinh bay hoan toan bing tiéng
Anh. Néu nhu moi ndm ky thi dugc to chirc tai 3
héi dong thi 1a Ha Ngi, Dik Lik va Dong Thap
thi nim nay dugc td chire tai mot diém duy nhit 1a
Thi d6 Ha Nji.

Cudc thi HOMC nhim gitp céc truomg THCS va

THPT ndng cao chit hrong, tiép cin tiéng Anh &1
chuyén nganh va chii dong hoi nhdp quéc té @

giang day Toéan hoc trong cac trudmg phd :
dong vién long say mé hoc toan cua hoc gush, su
nhiét tinh gidng day cia bd mon Todmveua chc
thay, c6 gido; dong thai phat hién sinh ning
khiéu vé mén hoc dé dao tao bdi dudng, thue hién
muyc tiéu dao tao nhin tai cho dit mdc.

K3 thi HOMC c6 phé kién thirc tuong d6i rong,
d0i hoi hoc sinh ¢o ki ning co ban va ki ning ap
dung céc kién thirc ning cao. Dé thi ciing duva ra
nhitng ¥ tudng Toan hoc thi vi nhu cit tr gidc bat
ky thanh 9 tam giac cdn, vé pha hinh, v& phép
d&m v so sanh. D& bai s& dugc ra theo nguyén tic
don gian, dé hidu, d& nhd nhung khong dé lam.
Bai nao duge viét bing Tiéng Viét s& bi 0 diém.
Két qui, co 580 hoc sinh doat giai va duge tuyén
duong tai 18 tng két cia ky thi, 24 giai Nhét
thude Lira tudi Junior (1&p 8), 20 giai Nhat thude
Iira tu6i Senior (1op 10).

O bai bao nay, ching t6i lam rd thém 1oi giai cia
cac cdu hoi 1, 2, 3, 4, 5 danh cho ban dgc tham
khao.

S6 478 (4-2017)
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LAN THU 14
NGUYEN VAN MAU
NGUYEN MINH TUAN
(Hgi Toan hoc Ha Noi)
HANOI OPEN MATHEMATICAL
COMPETITION 2017

JUNIOR SECTION

Question 1. Suppose x,,x,,x, are the roots of
polynomial P(x)=x*-6x*+5x+12.
Thesum Ix, |+ 12, | +1x; 1 18
(A): 4 (B): 6 (C): 8 (D): 14 (E): None of the
above.
Question 2. How many pairs of positive integers
(x,y) are there, those satisfy the identity
22—y =17

(A): 1 (B): 2 (C): 3 (D): 4 (E): None of the
abo ’\%

Stion 3. Suppose n* + 4n + 25 is a perfect
uare. How many such non-negative integers
n's are there?
(A): 1 (B): 2 (C): 4 (D): 6 (E): None of the
above.
Question 4. Put

S=21435+4%+5% 4+ 45051 +506%°"7,
The last digit of S is
(A): 1 (B): 3 (C): 5 (D): 7 (E): None of the
above.
Question 5. Let a; b; ¢ be two-digit, three-digit,
and four-digit numbers, respectively. Assume
that the sum of all digits of number a + b; and
the sum of all digits of b + ¢ are all equal to 2.
The largest value of a + b+ c is
(A): 1099 (B): 2099 (C): 1199 (D): 2199 (E):
None of the above.
Question 6. Find all triples of positive integers
(m,p,q) such that 2"p?*+27=¢* and p is a
prime.
Question 7. Determine two last digits of
number @ =217 +20172,



Question 8. Determine all real solutions x; y; z
of the following system of equations

xX-3x =4-y
2y} -6y =6-z
3z23-9z =8-nx.

Question 9. Prove that the equilateral triangle
of area | can be covered by five arbitrary
equilateral triangles having the total area 2.
Question 10. Find all non-negative integers a;
b; ¢ such that the roots of equations:

X~ Zax+b=0;

xt=2bx+c=0;

i =Zerta=10
are non-negative integers.
Question 11. Let S denote a square of the side-
length 7, and let eight squares of the side-length
3 be given. Show that S can be covered by those
eight small squares.
Question 12. Does there exist a sequence of
2017 consecutive integers which contains exactly
17 primes?
Question 13. Let a; b; ¢ be the side-lengths of

triangle ABC with a + b + ¢ = 12. Determine thegyl*
&
&

smallest value of
__a . 4% 9% 4@
btc—a ct+a-b a+b-
Question 14. Given trapezoid 4 BClﬁith bases
AB /I CD (AB < CD). Let O be the intersection
of AC and BD. Two straight lines from D and C
are perpendicular to AC and BD intersect at E,
i.e. CELBD and DE1AC. By analogy,

AF 1 BD and BF | AC. Are three points E; O, F
located on the same line?

Question 15. Show that an arbitrary
quadrilateral can be divided into nine isosceles
triangles.

1.2. Junior Section’s Answers and solutions:
Question 1. x, =—1,x, =3,x, =4.

Answer. The choice is (C).

Question 2. (y-1)(y+1)=2(2""-1).

Answer. The choice is (A).

Question 3. m? —(n+2)?=21.1=7.3
Answer. The choice is (B).
Question 4. a*"*' —ag=a(a*" -1):10,
Answer. The choice is (E).
Question 5. g+ b +¢=10199.
Answer. The choice is (E).
Question 6
Solution. By the assumption it follows that g is
odd. We have 2" p? =(qg-3)(g*> +3g +9).
Remark that ¢*> +3g+9 is always odd.
There are two cases:
Case 1. g=2"p+3. We have
g’ =(2"p+3) >2"p? +27,
which is impossible.
Case 2. ¢ =2" + 3. We have
G =2 +9x2Mm 427 x2m + 2T =2m p? + 27,
which implies p? =227 4 9x2m +27,
If m > 3<hen 227 +9x2 427 = 3(mod8), but
i i&odS). We deduce m <3.
@mple computation we find
m=1p="7,q4=5.
Question 7
Solution. We have
22017 — 27 % (210)1{:1 =128x 10242
=128x(-1)® =—128=22(mod25);
20172 =14(mod25).

It follows PEll(modZS), by which two last
digits of P are in the set {11,36,61,86). In other
side, P=1(mod4). This implis P =61(mod100).

Thus, the number 61 subjects to the question.
Question 8
Solution. From x* +y=3x+4 it follows

x}-2-3x=2-y,
Then (x=2)(x+1)*=2-y (1)
By 2y*-4-6y=2-z, we have
Ay-20y+1) =2~z (2)

Similarly, by 3z ~3-3-9z=2-x we have

OA C
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3(z—2)z+1)P =(2-x) (3)
Combining (1)-(2)-(3) we obtain

(x—Z)(y—zy(z—z)({Hl)z:; y+ DAz 1y +é)

L

Hence, (x—2)y—2)(z—2)=0. Comparing this
with (1), (2) and (3), we find the unique
solution x=y=2z=2,

Question 9

Solution.

_I'_riﬁgle C
Figure |

Let S denote the triangle of area 1. It is clearly
that if @=b then triangle of area a can cover
triangle of area b, It suffices to consider the
case when the areas of five small triangles are
all smaller than 1. Let 12A>2B>CzDzE
stand for the areas. We will prove that the sum

of side-lengths of B and C is not smaller than ’se + 2

the side-length of triangle of area 1. Inde
suppose B ++/C <+1=1. It follows @‘?
2=A+B+C+D+E<1+B+C+2/A§
=1+(/B +/C)* <2,which is imp&ssible. We
cover S by A; B; C as Figure 1. We see that 4;
B: C will have common parts, mutually.
Suppose X=BNC: Y=AnC; Z=ANB.
It follows X+Y<C:Y+Z<AZ+X<B.
We deduce A; B; C cover a part of area:
A+BHC=X-T—Z
2A+B+C—-;—[(X+Y)+{Y +Z)+(Z+X)]

DiE .1 p:

z%mmw): =
Thus, D can cover the remained part of S.
Question 10.
Solution. We see that a* —b,b* —c,c* —a are
perfect squares. Namely,

at —b=p*;h? —e=ghct—a=rt,

There are two cases:

Case 1. =0, We derive that b=c = 0.

Thus (a; b; ¢) = (0; 0; 0) is unique solution.

Case 2. a,b,c #0. We have
at—b<(a-1P=a*-2a+1.

This implies b>2a-1.

Similarly, we can prove that ¢=2b-1 and

a>2¢—1. Combining three above inequalities

we deduce a+b+c <3. By simple computation

we obtain (a,b,c)=(1,1,1).

Question 11

Solution.

W
Figure 2

Figure 2 is a solution.

Question 12.
Solution. 1t is easy to see that there are more
than @dmes in the sequence of numbers 1; 2;
3; 4,8 ; 2017. Precisely, there are 306 primes in
Hat sequence. Remark that if the sequence k + 1
. 3 k + 2017 was changed by the
sequence k; £+ 1; ... ; k£ + 2016; then the
numbers of primes in the latter and former
sequences are either equal, more or less by 1. In
what follows, we say the such change a shif
back with 1 step. First moment, we consider the
sequence of 2017 consecutive integers: 2018! + 2;
2018! + 3; ... ; 2018! + 2018 which contain no
prime. After 2018! + 1 times shifts back, we
obtain the sequence 1; 2; 3; 4; ... ; 2017.

The last sequence has 306 primes, while the
first sequence has no prime. Reminding the
above remark we conclude that there is a
moment in which the sequence contains exactly
17 primes.

Question 13
Solution. Put

r”.F;'+f:—|::: . eta=b __ a+tb-—¢
BT g oA g s g
Thenx,}'.z:‘»{]'and,r+y+u=£'-#?=6,

a=ytzb=z+x,c=x+)y.



y+z  Hz+x)  Hx+y)
2.r+ 2y 1 2z

1“}! 4.::} {2 9)“] (4: Qyﬂ

Sl i e e

2_ x oy X Z ¥ z

>_[2JL L z.&z\[ﬂ.-"_y]:n.
2 x y i y z

The equality occurs in the above if and only if
y _dx

We have M =

Since x+y+z=6 wereceive x=1, y=2, z=3.

Thus minS=11 if and only if (a,b,c)=(5.4,3).
Question 14

Solution. Since E is the orthocenter of triangle
ODC; and F is the orthocenter of triangle OAB we
see that OF is perpendicular to CD, and OF is

MOT S0 BAI TOAN ... (Tiép theo trang 5)
Dodo a'=2,khidd 2h'<8,h'>2=22<h'<4.
*Néu b'=4 thi (a'.b')=2 (loaivi (a',b")=1)
*Neu b'=3,khidé a=122=24,h=12.3=36.
Viay cap (a,!;]=[24; 36).

Nhdn xér, Khi giai bai toan trén sir dung két hop
qua cia bai toan 2.1 va bai toan 4.1,

Bii todn 4.7. Dén nam 1984 tudi cuia mgt ! rgido
va nam sinh cia 6ng ta co 6 so gif; NN va
UCLN la 63. Tinh xem thay gido sinh nath nao.
Léi gigi. Ta c6 nam thiy gido sinh 12 19xy hodc
18xy (0<x,y=9). Dat a=19xy (hojc a=18xy)
va gia sir tudi cia thiy gido 12 b (ndm), a>b.

Tacd a+bh=1984 xa[ b} 63.

bat d:(a,b}:;azald.hzbld voi (a,,b,)=1.
Tir a+b=1984=>da, +db, =1984 =d(a, +b; ) =1984.

[a h] [da[.dblj 10
(a,b) ol d mig
:d—'[%"fﬂ=63=>[a_b,]=ﬁ3.

Do (a,,b)=1,nén ah =63, a,>b,.

Ta ¢ céc trrdmg hop xay ra:

* 4 =9b =7 ma dla+h)=1984 =d(9+7)=1984
Suyra d=124,a=9.124=1116 (loai).

@Suyra d=31,a=06331=

perpendicular to AB. As AB is parallel to CD, we
conclude that E; O; I are straightly lined.

Question 15. Solution. Figures 3 a, b, ¢, and 4, 5 shows
some solution.

m(m : %
‘ : 1
1
2

Figure 3

A

A
(&
AB =BC =AC AB < BC
Figure 4 Figure 5

* a,=21,b =3, ma d(

= a‘{2®) =1984=>d= ? (loai).
*Qﬁi 3.6, =1, ma d(a, +b,)=1984

5 d.(63 +1)=1984.
1953,b=31.1=31.

Viy thiy gido sinh nim 1953 va dén nim 1984 thﬁy
giao 31 tbi.

a +b)=1984

BAI TAP
1. Tim cac s6 tw nhién n dé céc sb sau nguyén t6
cling nhau
a) 4n+3 va 2n+3; b) Tn+13 va 2n+4;
c) 9n+24 va 3n+4; d) 181+3 va 21ln+7.
2. Cho a=11994;p=153923;¢ =129935.

Tim UCLN(a.b,c) vi BCNN(a.b,c) .

3. Téng cua 4 s6 ty nhién bing 402, UCLN cua
chung c6 gid trj 16m nhit bﬁng bao nhiéu 7

4. Tong cua 5 sd ty nhién bang 352. Khi d6 UCLN

clia chiing ¢ gia tri 16n nhét bing bao nhiéu ?

5. Chimg minh sb 1994! — I cé moi wéc nguyén td
Iém hom 1994,

6. Tim xeN biét ring trong ba sb 36, 45, x bét cir

s nio ciing 14 wéc cua tich 2 s6 kia.

7.86 N co dang p*q’r* (p,g.r 1a cic sb nguyén

t6; x.y.z la cic sé nguyén duong) va pg—r=3;
pr—q=9. Biétcac sb E—ii twong img ¢6 56

p g r
wéc it hom 56 wée sé ciia N 14 20; 12 va 15. Tim A?

TOAN HOC
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DI THI TUYEN SINH VAO LOP 10 THPT CHUYEN HUNG YEN
NAM HOQC 2016 - 2017

VONG 1

(Dénh cho tdt ca cac thi sinh)

{Thdi gian lam bai:

Cau 1 (1 diém). Rat gon bidu thire
A=2T -8B +.4a-23 .

Ciéu 2 (2 diém). Cho parabol (P): y=x? va dudng

thing (d): y=mx—m+2 (mla tham s0).

a) Véi m=2. 'I:im toa df cac giao diém cua parabol

(P) va dudmg thang (a‘!. )

b) Tim m dé dudmg thang () cat parabol (P) tai hai

diém phan bit c6 hoanh 49 x; x, déu lon hon

e .o |2 =y+]
Céu 3 (2 diém). a} Gidi hé phuong trinh {;2 =i+l'

b) Giai phuong trinh Vx +3 =4x% +5x-1.

Céu 4 (| diem). Hai ngudi the cing lam chung mét
cong viée thi hoan thanh trong 4 gir. Néu mdi ngudi
lam riéng, dé hodn thanh cong viéc thi thoi gian
ngudi thir nhét it hon thoi gian nguoi thir hai la 6
gi¢r. Hoi néu lam riéng thi mdi ngudi phai 1am trong
bao léu dé hoan thanh cong viée.

(1 }..'f;l." cho thi sp
(Theri gi,

(Z;'lul(.‘;f;".-'ém].a)Data JZ,b=12. Ch’ h:
1 Ey i +Iv$\

abb b

b) Cho x =328 +1-328 —1+2. Tinh gid tri cia
biéu thirc P =x*—6x% +21x+2016.

Céu 2 (2 diém). a) Trong mit phing toa 46 xOy cho
ba durémg thing {a‘l ): y=-3x+3%

1 1
(@): y=7x=7 v (d): y=
Tim a dé ba dudng thang do dong quy.
b) Tim tit ca cic nghiém nguyén duong I:,r, y,z] cia

1
—ax+a® —a® ——

3

phuong trinh xyz+xy+yz+zv+x+y+z=2016
thoAmin x>2yzz=8.
Cian 3 (2 diém). a) Giai hé phuong trinh

xy? -2x+y? =0
{Exz —4x+3=—y"
b) Giai phuong trinh

(VZx+5 —vIx+ 2)(1+ A T Tax+10) 3.

Chu 4 (2 diém). Cho tam gidc ABC vuodng tai 4,
AB=1cm, ABC =60". Tinh thé tich cua hinh tao

1 0 T?g?"ug% S6 478 (4-2017)

120 phin)
Céu 5 (3 diém). Cho duomg tron (O, R) va dudng
thing d ¢b dinh, khoang céch tir O dén duimg thing
d1a 2R. Diém M thudc dudng thing d, qua M ké cac
tiép tuyén MA, MB 16i duémg tron (O) (4, B 14 cac
tiép diém).
a) Chimg minh cic diém O, 4, M, B cing nim trén
mot durdmg tron.
b) Goi D 1a giao diém cia doan OM véi (O). Chimg
minh D 14 tim dwéng tron ndi tiép tam gidc ABM.
¢) Piém M di dong trén dwong thing d. Xéc dinh vi
tri diém M sao cho dién tich tam gidc MAB dat gia
tri nho nhat.
Ciéu 6 (1 diém). Cho cac so duong a, b, ¢ thod min
abe 21 . Chimg minh:

1 " 1 ” 1
2+ +ct P+t +at c+at+ b

@

R
u chuyén Toan, Tin)

m bai: 150 phiit)

duge khi cho tam gidc ABC quay mét vong quanh
canh BC.
Ciu 5 (2,5 diém). Cho hai dwong tron (0,) va (0y)
ciit nhau tai A va B. Tiép tuyén chung gin B cia hai
dwdmg tron 1an Tugt tiép xidc véi (0,) va (0,) tai Cva
D. Qua A ké dudng thing song song vai CD, lin lwot
cit (0,) va (0,) tai Mva N. Cic dudng thing CM va
DN cit nhau tai £. Goi P 1 giao diém cua BC véi MN,
0 12 giao diém cia BD véi MN. Chimg minh ring:
a) Puing thing AE vudng goc véi duomg thing CD.
e
BO BP PQ’
Céu 6 (2 diém). Trong hinh vubng canh 10cm,

¢) Tam gidc EPQ 14 tam gidc cén.

ngudi ta dat ngdu nhién 8 doan thing, mdi doan

thing c6 do dai 2cm. Chimg minh ring ludn ton tai

2 diém ndm trén 2 doan thing khac nhau trong 8

doan thing d6 ma khoang cich cia ching khong
. 14

Vgt qua —?’-cm.

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén, TP. Humg Yén) gidi thigu



s gyidic PE THITUYEN SINH VAO LGP 10
MON TOAN THPT CHUYEN VINH PHUCNAM HQC 2016 - 2017

(Dé thi ding trén TH&TT 6 477, thdng 3 ndm 2017)

VONG 1
Ciu 1.a) Pdp s6: x =2
b) Ta ¢6 A'=m?—m-2. PT c6 nghiém duy a) Ta co AMB ANB 9[]“{gcrc ndi 'lle]] chéin
nhat khi A'=0< (m+1)(m-2)=0. nira duong tron), suy ra KMI = KNI 90°.
Tir d6 tim duwge m=-1 vi m=2. Viy bén diém K,M,I,N cung nam trén dudng
2 2 tron (C) duong kinh K7.
(Gl pean TONLEEENE L
155 b} Goi A,B,H lin luwgt la hinh chiéu cua
s A.B.O trén MN. Khi 46 H 14 trung diém

Céu 2.a) Tacd A=
x-1

A 2 s i

4"{1_ a 4"3 s T e MN vi OH 13 dudng trung binh cua hinh

* > 4 I‘E : Vx thang vuéng AA'B'B.

o =k =K

b)TacoJ—;-:»Se:) : >l = -3>0 TacéOH=%(AA'+BB'):Rﬁ.Suyra

l—4x}0 1-4x>0 <l R
e LSRR MH = JOM” =OH” == Viy MN =R.
Viy O0<x< %. Do MN =R nén AOMN déu, suy ra

& SUKB = —(sdAB-sdMN | =60°.

Ciu 3.) Vi m=2 hé tré thanh {ii 2?_5 . N (S : )

'1a trung diém cta /K thi O' 1a tim cua

Hé Cél Ilghlém {x!}.)={1!2’) "@bﬂg tr(‘)]l {C), Suy ta m:2m=120ﬂ+

b) Ti PT thir hai cia hé c6x =5-my, thé v

T MH _R\3
: Tirdo O'M =— =—,
PT diu ta dugc y= A0 Q"% sin60° 3
e +m+2 R RS J_
10 @' Vay bin kinh ciia duéng tron (C) bang ——

bl e T &
Tir do .r—m2+m+2:>5x+y m

A ¢) Vi AKB=60" nén diém K nim trén cung

J t7127 VmeR. chira goc 60° dyng trén doan AB=2R. Suy ra
| dién tich cia AKAB lén nhat khi AKAB déu.

Suy ra Sx+y <32. Dang thirc xay ra khi m=—z. Khi do M,N li cac diém chia nira duong tron
(0) thanh 3 cung bing nhau. Dién tich tam

, gidc déu KAB luc do 1a

bang 32.

Ciu 4.(h.1) Skan = AB4I .

Cdu 5. Ta chitng minh P>2 (1). That vay:

PEE«::::(.r+y+z] =4

Ta co m1+m+2=(m+

Viy vl m= —% thi 5x+y dat gia tri |6n nhat

S+ Y+ +2y4+2yz+ 222 X2 + ¥ + 22+ X2
& 2xy+2yz+2xz>xyz. Tir gia thiét suy ra
0<x,v,z<2, do @ 2xy+2yz+2xz2>2xy 2 xyz.

Viy (1) dwge chirng minh. Dang thirc xay ra

Hinh 1

i TOAN HOC
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= (.r;y;:—) =(2:0;0) va cac hodn vi.

Do ddé minP = 2. Ta chimg minh P <3. That
viiy, theo gid thiét ta c6: (2—x)(2-y)(2-2)
=8—xyz—4P+2(xy+yz+ z.r)

=4-—4P +()c1 + y? +33}+2[.U-'+yz+:x}

= AP E
Ap dung BDT Cauchy ta duge

(-l e L(E).

3
Do d6 (9;—‘0] SP_4P+d & PP +9P2 108 <0

& (P-3)(P*+12P+36)<0 <> P<3.
Vay P<3.Ding thic xdy rakhi x=y=z=1.

Do d6 maxP =3.

UONG 2

Céu 1. a) Véi m=-2, PT di cho tro thanh:
x4 +3x7 +2x2 +9x+9=0.
Ta thdy ngay x = 0, chia hai vé ciia PT cho x?

ta duge: x* +i,+3(x+%)+2 =0.
A p

Pat t=x+§- , ta duge PT:
X

P+3t-4=0=1=lt=-4
PT di cho co hai nghi¢m 14 x=-1;x=-3.
b) Trong truong hop tong quét ta cé PT:
2+3r—6-m=0 (1)

3
f=x+—<xt-tx+3=0
X

Tir d6 suy ra didu kién dé (2) ¢6 nghiém duw
la ¢>2J3. Vay PT da cho c6 it npd
nghiém duwong < (1) c6 nghiém ¢

PT(1)co A=dm+3320m=z—"—.

-3+ Jdm+33
2

Khi d6 1, = . Do d6 (1) ¢b
nghiém =243 khi:

—-3+“€m22ﬁ®m26[1+£).
Vay m=6(1+3).

Ciu 2. a) BPKXD: x>-. PT di cho tuong

duong vor: (.x'— Vdx -3 ){3x —ydx-3 } =

Ia | o

>
Vioi Jdx—-3=x& {1;_03_);2 Sax=lr=3
xz=0
Vi ax—3=3x 5 nghi¢m),
a1 J4x—3 31@{9{r2_4x+3=0(vunghlem]

TOAN HOC |
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Két hop didu kién suy ra PT c6 nghiém la
x=1x=3.
b) Tachd x? = y*(x+y*+2y?)
¢:>_r2—}'3.,\'—_1'4(}-‘3+2]=0 (1)
Coi (1) 12 PT béc hai an x, ta co
A=y*(4y*+9)=>VA =y, /4y7 +9.
(1) ¢6 nghiém nguyén nén 4y? +9 1a sd chinh
phuong, dit 4y* +9=k? (ke N).
Khi @@k—2y)(k+2y)=9. Xét chc truomg
@i‘m chiy keN taduge cac bo
(kiy)e {[5;2};(5;—2];[3:())}.
Voi y=12 taduge: x2-4x-96=0
& x=12;x=-8. Vbi y=0 ta duoc: x=0.
Viy c4c nghiém cin tim 12
(x.y) e{(0:0):(12:2):(12-2); (-8:2):(-8-2)}-
Ciu 3. BDT can chimg minh tuong duong vdi:
da+btc)(@+B +2)-3(@ +b +¢ 2[_a+h+c-'f
(@ +b* +c?)+d(a’b+bc+ca
+ab? +bct +ca?)z(a+b+c) (1)
Ta c6 dang thirc {a+h+c-}'1 =(?+ B +c%)
+3(a3b+ bic+cia+ab® +bc* +ca® ) +6abc. Viy
e a’b+b*c+cla+a*c+b*a+ctb = 6abc.
Ap dung BDT Cauchy, ta c6
a*b+bic+cta+a’c+bra+cth
=@ (b+c)+ b (c+a)+c*(a+b)
>2a?\Jbc +2b* Jea +2c2Jab
= 2(51 Jbe + b2 Jea +¢? ﬂ) = babc.



Vay BDT (1) dugc chimg minh. Dang thirc xay
ra<a=h=c=1.
Ciu 4. (h.2)

Hinh 2
a) Do cic tir gidc MECD, MBFD ndi tiép nén
DEC =DMC =DFB (1). Tit gidc ABDC ndi
tiép nén DCE = DCA = DBF (2)
Tir (1) va (2) suy ra ABDF <2 ACDE (g.g).
Tir ABDF > ACDE => EDC = BDF. Ma
EMC=EDC vi BMF =BDF nén EMC = BMF.
Viy E,M,F thang hing.

Cau 5. a) Gia st A={1:2:3;..;93} 12 tap hop
cdn déi, khi do mdi tap A, (i= m) ¢6 dang
{x}.; }'.-H}'*'J";}s nhu vdy tong ba phan tir trong
A la s6 chan. Do do tong cac phan tir cua tip
A 1a sb chin. Mat khac tong céc phan tir trong

93.94

A bang: 142+3+,.+93= =93.47 (1a 56 1¢).

Mau thuén nay chi ra 4 1a tip khéng cdn doi.

b) Nhdn xét: Néu tap 8, :{1;2;3;,+.;n}, voi n
chia hét cho 3 la tip hop edn déi thi tip
San={1:2:3::4n} va S, ={1:2:3;..:4n+3)
cling 1a tép hop cdn doi.

Chieng minh. Tt tdp S, ta chon ra cac tdp con
gom ba phén tur sau: {1;2n+n;2n+ﬂ+ l};
{3;2n+n—l;2n+n+2}; (5:2n+n—2:2n +n+3};...:
{Zn -1:2n+ 1;4?1}. R& rang cac tip con nay déu

thoa m?Q\c-:') mot phén tir bing tong hai phin tir
con

E”

?6,...,2n. Tuy nhién vi tip S, cdn doi nén

' Con lai cc sb sau trong tip S, la

F? t a . A s
b) Tir hai tir gidc MECD,MBFD ngi tiép nag® 18P {2:4:6:..:2n} ciing cdn ddi.

ABAF = AM.AD = AEAC, suy ra tu C

BECF néi tiép. Do d6 AFE = ACBAWS tiép
tuyén Ax cia (0) thi A?B:Bé. Do dé

BAx = AFE, suy ra Ax// EF. Viy OA L EF.

¢) Ta c6 ABDF ©» ACDE nén Smor - BF?.
Scoe  CE®
Ta Cé 1= MB pi SDAB ek SDAR i SBDF .SCD.E
MC Sﬂ.ﬂf S.'?D.I‘-' SC‘UE SDA('
_AB BF?* CE _ABBF
BF CE? AC CE.AC’
... BF _AC AF NF _EN FN
T d —_—_ e —— = — — T — 3
W40 = AB AE NE EC FB ©
Theo tinh chét phén gidc
PN _EN . ON _FN
PC EC “OB FB @

R B
Tl (3) va (4) suy ra PC - OB = PQ /I BC.

Vay S,, 1a tip cdn doi.

Tuong tu tr tap S,,., ta chon ra cac tip con
g6m ba phan tr sau: {1;2:1+n+2;2n+n+3};
{32n+n+1:2n+n+4} ;.5 {2n+ 120+ 2,4n+3}.
Va con lai cac 6 14 2,4.6,...,2n, suyra S, . la
tAp cdn doi.

Tra lai bai toan. Ta co 831=4.207+3;

207 =451+3;51=4.12+3;,12=4.3,

Chu y la tp {1;2;3} la cdn doi nén theo nhin
xét trén ta xdy dung dugc cac tap hop cdn doi
theo quy trinh sau: {1;2;3} -3 {1;2;...;]2]- —>

= {1:2;...51} 5 {1;2:....207} — {1;2;...;831}.
Do d6 tap A ={1:2:3;...:831} la tap hop cdn doi

(dpcm).
TRAN MANH CUONG
(GV THCS Kim Xa, Vinh Tweomg, Vinh Phic) gici thigu
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DAP AN VA HUSNG DAN GIAI BE SO

7

2( ( 4D |5B [6A [7C (8D [9A 0B [ 11D | 12D [ 13A | 14B | I5C | 16D | 17C
8B |19C |20D 1A |22B [23A |24D (25A [26B |27C |28D | 29A |30B | 31C [32A |33D |34A
35D |36B |37A |3BC |39D (40B [41A |42D |43D |44C |45B | 46D [47C | 48B |49A |50D

Cau 1. Ham s ¢6 3 diémtdihanla x=0,x=1
v x=-2 nhung )’ chi déi ddu khi x qua diém
0 va -2 con khong doi dau khi x qua diém

=1. Do d6 x=1 khong la cuc tri, hai diém
con lai méi 1a cuc tri. Chon C.

Cau 2. TCB: x=-%, TCN:y=-2. Hinh chi

nhat gidi han bai hai dudmg tiém cdn nay co
dién tich la 3. Chon C.

Cau 3. Db thi cé hai diém cuc tri < y'¢6 hai
nghiém phéan biét<> m#0. Puong thing (d)
ndi hai diém cyc tri ¢6 phwong trinh 1a
—2vtm=—1y Zmx—3
(2x+1Y EiTTe
(@) L) y=x < m=-1. Chen C.

Céu 6. Puong thing y=6x+m la tiép tuyén

2
=(mx =mx—1.

clia y=x*+3x—1<> hé sau co6 nghiém:

¥} +3x-1=0x+m (x,m)=(1,~ Q
{(.ﬁ +3x-1Y =(6x+m) [(x, m) =‘®§
Vay m=-3 hoiic m=1. Chon A. @‘
Ciu 7. Himsd y=x*=3x+1-m co gia trj cyc
dai va gid trl cyuc 'tiéu trdi diu < do thl
y=x'=3x+1-m cit tryc hoanh tai ba diém
phin biét < PTx?=3x+1=m cbd ba nghiém
phian biét. Lap BBT cia f(x)=x’-3x+1 ta
thiy: véi —1<m<3 thi ydu cu cia bai todn
duge thoa man. Chon C.

Ciu 8. TXD: [-1,1} f'& )_—q“i_z—_r_
l-x!=x 0<x<l
fo= Uﬁ{ l<x<l {1—x3=x2 %

:"r—i_.
’ " " 3 b
f(I){U@ﬁdxcl*f(x)bD@ 1<x«=:ﬁ

Lap BBT ciia ham f ta thiy rang tip gia tri cua
f 14 [-1,+/2]. ChenD.

TOFIN HOC
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Céu 9. Ta ¢ ¥ =3x?—1 c6 hai nghi¢m phén

biét va x° —.r+m:lx(3_r2 —l}—%x+ m, tlc

3

9 . !
y=€x'y'4§'r+m' Suy ra duong thang noi

ey A L. o 2
hai diém cuc dai va cyc tiéu la y:—ix + .

Pudng thing nay di qua diém M(3,-1) khi va
chikhi me=1. Chon A.

Ciu 10. Dit Isinx—cosx = 1,(0<1<42). Khi
dé r*=1-sin2x, phuong trinh di cho tro
thanh —>+r+1=m. Lap BBT cua ham sd
F()=—=1*+1+1 trén doan [0,42] ta tim duge
tip gi@ cia ham f Ia {J——lg] Viy
P g trinh da cho ¢6 nghiém khi va chi khi

—Iim‘:— Chon B.

h+? 6x+14 17

Ciull. y= o 2y= . =3+2_r—1'
Do 2yeZ nén 2x—1 phai 13 uéc cua 17. Ta
¢ cac truong hop sau:
s 2x—l=—lTsx=—tb=y=1.
r2x—l=-1lx=0=y=-7.
v dx—1=lsx=1l=y=10;
s x—1=17T&5x=9=y=2
D6 thi ham sb ¢6 4 didm c6 toa d6 nguyén la:
(—&,1,(0,=7),(1,10), (9, 2). Chon D.

1 |
log ! log n!

Céu 12.

log,n!
=log, 2+log 3+--+log n
=log,(2-3--:n) =log (n!)=1.Chon D.

Ciu 14.BPT & 0<2x? ~11x+15<10
WP e S

& 2,1'2—]]x+15>0¢> *“’-Ehﬂcjc_l_}fj

22t =11x+ 5=0 I



= .t'e[—é-,%]u(l.ﬁ]. Céc nghiém nguyén cua

bét phuong trinh 1a: 1,2, 4, 5. Chon B.
Céu 15, BPT tuong duong véi

y s»—<x<27. ChonC.

—
Iogéx <3 x )(%)ﬁ 8

Ciu 16. Dé thly x=1 la mdt nghiém. Xét
x#1, khi d6 chia ca hai vé cua PT cho
1 1 1
log. xlog xlog x duoc: 4 + =1
o i i Rl log,x log,x log.x

<log 2+log 4+log 6=1<>log 48=1<> x=48.
Tép nghigm cia PT da cho la: {1,48}. Chon D.
Cau 17. Dt logyx=log,y=log,(x+y)=a,
thé thi x=97, y =124, x+y=16¢.

Tir do suy ra 9*+12¢ =16 Chia hai vé cho

16¢ ta duoc: (%J_ +[E] =1Q(§J =\frf_>—l‘

4 4 2
Viy 5:[3] =["§_'} i2is,
4 2

W 3 Chon C.

Cdu 19. Phuong trinh da cho twong duong véi § =3 1 sin
Sy — DS -' 1
ek % Q- ‘F’ %in’ 2

IOEEUDgr )
< log,(log.x) = log,(3/log,x) ¥

= 2'®:hpn C.

T 1 o) vy BApRet e O
2s|n x .2L.n~. X = 2.-.|n THeps ™y =7

1
;mg,r— log,x < 10gﬁ

Ciu 20. Pt
ool =y thi 2o =%. Do’ 0<sin® x<1 nén
1£u<2. Bai toan quy vé& tim GTLN, GTNN
clia ham g(u)= u+3 trén doan [1,2]. Ta cé

R'(H)=l— 2 J_sgu—i_\f—)"“[]t} J—

g(1)=g~:2)=3,gw'2')=2r.
Vay min /(x) = min g(u) =242,

max fix)= max g(u)=3. Chon D,

“fu 24, f _dx = "]I[l— = ]dt

] 1 +en
=(x~In(1+¢))|" [+1nl+€“+l}

1+ l— n+l

= lim j

o
R

=/1+In

d\‘=1+lnl=ﬂ.
e+- g

E)FI
Chon D.
Ciu 25. Sir dung cong thire

( r‘t::f({}d!’) - E"(,{) FP) = (x) F(alx))

2
ta cd G'(.r):[‘l‘: mmﬁdf]z?xoosﬁ=2wmlrl.

Chon A.
1 2
Ciu28. 5= [*dr+ [2-x)dr= > hon .
] ] 6
Ciu 30. - :—%+."-—"‘§~:> =1=z24z4+1=0,

={a+bz+cz?)a+bz? +cz2)
=a* +b* +c? +(ab+bc+ca)z+(ab+ be +ca)z?
=a’+ b+ +(ab+be+ca)(z+22)
=a? 2 —(ab+ bc +ca). Chon B.
(f@ . Dt z=cosg+ising. Khido
| 1

;z-—r'simp
S0 @
. | i 2+rcm2
e e W i
251112(5.1112 :co:»z) ZSln2
=2 (+icot). viy R.{%J:%. Chon A.

Ciu 33. Gid st P(2)=a,+az++az"=

P(z)= .c.r,}+.f,zJ e +a”(z) =d,+d T+ +a i
=a,+az+--- = P(z).

Do dé néu P(z)=0 thi P(z)=0. Chon D,

Céu 34, Chu y ting z-z=lz, Tacé

Lo .

"| “a :.-*

el
+ a”;_.

17,2, +2,2, + 2,7, El 7,52 |- =lz,+z,+z]|

=z, +z,+2, | =lz, +2z,+2,1. Chon A.
Cau 35. Ta cod:
=(z, 4z, +2,)(z} +

gi+z3+zi-3zz

2
2 -2
o - L —xw
<3 <3 Zifg :_’1,'_’3 235 }

(Xem tiép trang 31)
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CAC LOP THCS

Bai T1/478 (Lép 6). Tim tit ca céc s6 chinh

phuong co bbén chit sé khi viét theo thir tu

nguge lai ta ciing duge s chinh phuong (s6
chinh phuong la binh phuong cta sb tu nhién).

\ MAI VAN NAM

(GV THCS Khdnh Hong, Yén Khanh, Ninh Binh)

Bai T2/478 (Lop 7). Cho tam giac ABC cén tai A.

Trén nira mit phiing bér BC khong chira diém A lay

diém D sao cho BAD =2ADC va CAD = 2ADB.

Chimg minh ring tam gidc CBD cén tai D.
NGUYEN DUC TAN (TP. Hé Chi Minh)
Bai T3/478. Ching minh ring v&i moi sb tu

nhién # ta luén ¢ (10° —1):3"

TRAN QUANG CHL’$
(Lop BTYS 12 - Hpe vién Ky thudrt Quan si, @ i)

Bai T4/478. Cho hinh thang ABCD (48" CD)
¢6 AB < CD. P, Q lan lugt thudgRac duong
chéo AC va BD sao cho PQ khong song song vai
AB. Tia QP cat BC tai M, tia PQ cit AD tai N,
goi O la giao diém cta AC va BD. Gia su

MP=PQ= ON. Chimg minh fing 25+ 02 _

0A OB
NGUYEN XUAN HUNG
(GV THET chuvén Ha Noi - Amsterdam)
Bai T5/478. Cho ba sé thyuc duong a; b; ¢ sao

cho ~Ja + b +Jc =1. Tim gié tri 16m nht coa:

1
P=vabe.| ——m—
i C[J(a+h){a+c)

1 1
p Jb+c)b+a) 5 J(e+b)c+a) J

NGUYEN MINH SANG
(GV THCS Léam Thao, H. Lam Thao, Phi Thy)

1 6 T?cﬁ:'l;"ug% S5 478 (4-2017)

CAC LOP THPT
Bai T6/478. Giai bién ludn phu‘crt}g trinh theo
tham s0 m: f{fix)) =x, voi fix) =x +2x +m.
PAO THI PHUONG LIEN
(GV THPT Dwong Quang Ham, Van Giang, Hung Yén)

Bai T7/478. Cho a, b, ¢ 14 d6 dai ba canh cua
tam gidc. Xét biéu thirc:
F(a,b,c)=a’ +b +c' +3abc

—ab(a+ b)—bc(b+c)—ca(c+a).
Chirng minh ring F(a,b,c)

<mm{F(a+h b+c C+a),4a~h-czF(l :7 :]}

NGUYEN VAN HUYEN

(SV DH Gigo thing Vin tai, TF. Hé Chi Mink)

Biai T8/478. Cho ABC la tam giac nhon. Goi 4,

b, ¢ lAn lugt 1a d6 dai cac canh BC, CA, AB; R, r

ldn lugt 1a ban kinh dutng tron ngoal tlep va
ndi tiép tam gidc ABC. Chimg minh rang:

. abe
R~ J2a® +b)b? + ) +a®)
& CAO MINH QUANG

THPT chuyén Nguyén Binh Khiém, Vink Long)

ﬁ T9/478. Gia sir a, b 1a cac so thye théa mén
k)

O<a=1 va phuong trinh a* *a—lA =2cos(hx) co
2017 nghiém thyc phén biét. Hoi phuong trinh:
a* +i =2cos(bx)+4
a.l

¢6 bao nhiéu nghiém thuc phin biét?
VU SY MINH
(GV THPT Tién Du sé 1, Bac Ninh)

TIEN TOI OLYMPIC TOAN

Bai T10/478. Trong mdt dat nude cdc thanh
phé dirge ndi véi nhau bing cac con duong. DY
dai cua mdi con duong nho hon 100 km, va tir
thanh phd nay c6 thé di t6i thanh phd khac theo
cac con dudng vai chiéu dai tong cong nho hon
100 km. Khi mét trong cde con dudmg phai cim
di lai @& stra chia thi ta van c6 thé di lai duge tir
thinh phd nay toi thanh phéd khéc trén cac con
dudmg con lai. Chimg minh ring khi d6 ¢é the
chon cac con duong nay sao cho d¢ dai tong
cong nho hon 300 km. , ;
VU BINH HOA
(GV Khoa Todn - Tin, DHSP Héa Noi)



Bai T11/478. Chimg minh ring: BONN(,2.....21)
chia hét cho C*

Y v&i moi s6 nguyén duong .
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang, TP. My Tho, Tién Giang)
Bai T12/478. Cho tam gidc ABC v6i AB <AC va
M 1a trung diém BC. H 1a hinh chiéu cua B trén
AM. Lay di€m Q trén tia doi cua tia AM sao cho
AQ =4MH. AC cit BQO tai D. Chimg minh rang
tdm duong tron ngoal tiép tam giac ADQ ndm
trén dwong tron ngoai ticp tam giac DBC.
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHQG Ha Noi)
Bai 1.1/478. Cho mach di¢n nhu hinh vé:
LU= 200V L= 400V

AF \ mL M 1__R. F / I;F;B
@

U= 500V

PROBLEMS IN

FOR SECONDARY SCHOOL
Problem T1/478 (For 6™ grade). Find all the

4-digit perfect squares such that when we revers@

L)

Problem T2/478 (For 7" grade). an
isosceles triangle ABC with the vertex A. On
the half plane determined by BC which does not

contain 4 choose a point D such that BAD=2ADC

and CTD =2AHBB. Prove that CBD 1s an isosceles
triangle with the vertex angle D.

Problem T3/478. Prove that (10* —1):3~? for
any natural number n.

Problem T4/478. Given a trapezoid ABCD (AB
/{ CD) with AB < CD. Let P and Q respectively
be on the diagonals AC and BD such that PQ is
not parallel to 4B. The ray QP intersects BC at
M and the ray PQ intersects AD at N. Let O be
the intersect of AC and BD. Suppose
furthermore that MP = PO = ON. Prove that
O O

A +-5-§ =1.

their digits we also get perfect squares.

Céc von ké 1a 1y twomg. Haly chimg to ring cudn
day khong thuin cam va xac dinh hé sb cong
sudt cuia mach dién.

NGUYEN HIEP (Ha Ngi)
Bai L2/478. M{t vit nho tich dién duong trugt
tir dinh mat phang nghiéng c6 d6 cao h va gic
nghiéng a so voi phuong ngang. Tai diém A4
ngudi ta dat ¢o dinh dién tich +0. Vin tc cua
vit khi dén B 1a v,. Xac dinh vin toc cia vat khi
dén B néu dit tai 4 dién tich —Q. Biét hé s6 ma
sat gilra vat va mit phing nghiéng 13 k va vit
khéng niy khoi mat phang nghiéng.

NGUYEN NHAT MINH (Ha Ngi)

Frol;@nx T5/478. Let a, b, and ¢ be positive
r@ers such that va +vb ++c =1. Find the

aximum value of the expression

1
5 _ﬁ.[,f(a+ b)a+c)

| 1
" oreXpta) J(c+b)(c+a)]'

FOR HIGHSCHOOL

Problem T6/478. Solve the equation f{fix)) =x
in terms of the parameter m where

fix)=x* +2x + m.
Problem T7/478. Suppose that a, b, and c are
the lengths of three sides of a triangle. Let

Fla,b.c)=a’ +b +c +3abc
—ab(a+b)—bc(b+c)—calc+a).
Prove that F(a,b,c)

gmin{F(a+b,b+;c,c+a),4aﬂb2c?f«*[l,1,lj}.
; abc

(Xem tiép trang 26)
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Bai T1/474. Chume minh rang khong ton tai hai s6

tr nhién a va b lom hom 1 va ngi én 16 cima nhau

; 07 lI_I_'-r‘: g JHKy

chia hét cho @ +b
Lii gidi. Gia sit 10n tai hai 56 ty nhién a va b
1ém han 1 va (a, b) = 1 sao cho ™ + b chia
hét Chcl a]iHh‘u + b?ﬂ(l'ﬁ, tl:}C lé a;’.ﬂﬂ'i' + bZﬂ[ﬂ‘ . (all'mﬁ
+ Bk véi sb nguyén k> 1. Do cd thé doi vi
tti @ va b cho nhau trong dang thirc trén nén ta
gid sir duge a > b. Tir dang thire trén ¢o
aZDDT_ k.azmﬁ s k‘bﬂfﬁﬁ i bE{IUT

= ﬂm%(a—k)——’bmm[k—f)] (”
Néu a<k thi k<bh,suyraa<bh, trai véi diéu
gia sit. Néu a > k thi k>0

Do (a, b)=1thi (& #*™)=1nén g

X

v
thire (1) suy ra a™* 1a wéc cua K 0, do
16 k—b>d™ = k>d™ = {¥a,trdivoi
(2). Viy khong tdn tai hai sO tu nhién a va b
1én hon 1 va (a, b) = 1 sao cho @+ b*™" chia
hét cho o™+ ™. 0

» Nhén xét. Cdch gidi khdc: Gia st ton tai a,be N
san cho @™ + 59 L L B, Tir £ + b7 =
a?t)f‘l? + a.bmnﬁ s bzcm 3 albzum’: a l:a;uuﬁ + bzncm) *
B (b — gy suyra B (b —a)=(a""+ bk ma
(B2, @+ p™) = |, suy ra b—a chia hét cho
A 4 pP% 3n ¢én méau thudn. Céc ban sau ¢6 Tor
giai dang: Phi Tho: Bii Anh Tudn, Ngé Van Tho,
Nguyén Cong Thanh, 6A3, THCS Lam Thao, Lam
Thao: Ha Ngi: Hoang Lé Bich Ngoc, 6A, THCS
Thai Thinh, Q. Déng Pa; Biti Minh An, 6A1, Truomg
Hanoi Academy; Thanh Héa: Trinh i Tudn, 6A,
THCS Nguyén Chich, Déng Som.

VIET HAIL

TOAN HOC 3
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Bai T2/474. Tim cdc sé nguyén to a. b. ¢, die

4 4 4 4 4
sao cho @ +b +¢ v+ =abede.

Lai giai, Truoc hét ta co hai nhan xét sau déy
v&i moi s6 tu nhién a1
1) #* chia hét cho 5 khi va chi khi n chia hét cho
5 (hién nhién);
2) Néu n khong chia het cho S thi n* chia cho 5
du 1 (vi s du cia n' chia cho 5 chinh bing sO
ait ofin 1% 2 3 & chia cho 3, cic s6 du nay
déu bang 1).
_ Gia sir trong céc sb a, b, ¢, d, e khong ¢b 50
ndo chia hét cho 5. Khi 6 cic so g e d,
¢ chia cho 5 déu du 1, suy ra tong & V& tréi
(@+b+c+d+ ¢" ) chia hét cho 5, do d6
theo gid thiét, abede chia hét cho 5, vo 1i!
- Nhu véy trong cic s6 a, b, ¢, d, e phai co it
nhit mot so chia hét cho 5, gia su, chang han a
chia hét cho 5. Vi a 1a s nguyén t6 nén a = 5.
Khi a8 c6 5%+ b+ ¢! + o + &' = Sbede, suy
+* + d + &%) chia hét cho 5. Vi bén sd

E
x& & d'. & chia cho 5 chi cho s6 dw 13 0 hodc 1

nén ching déng thoi chia hét cho 5, do do b, ¢,
d. e ciing dbéng thoi chia hét cho 5, suy rab=c¢
_ 4=e=5. Thit lgi ta c6 5*+ 5* + 5* + 5 + 5
—5 5'=5°=55 5 5 5 (ding). Vay cic s6
nguyén tb can tim 1a a=b=c=d=e=5.0

% Nhn xét. Tht ca cac ban tham gia gin bai déu cho
1o giai ding. Céc ban sau c6 10i gidl t6t: Pha Tho:
Neguyén Cong Hai, Vit Minh Khai, Dang Thdi Tudn,
Nguyén Cong Himg, Nguyén Manh Binh, Tran Anh
Ti, Dang Quéc Thang, TA3, THCS Lam Thao, Lam
Thao: Thanh Héa: Trink Pic Tudn, 6A, THCS
Nguyén Chich, Dong Son; Nghé An: Phan Kim
Anh, Cao Van Trwdng, Trwong Tudn Anh, Nguvén
Xudn Fhmg, Dang Viét Cudng, 7C, THCS Cao Xuin
Huy, Dién Chéu; Quang Ngai: Lé Tudn Kiét, TA,
THCS Pham Vin E)éng, Nghia Hanh.

NGUYEN XUAN BINH

Bai T3/474. Cho f(x)=a™""x* + b +a™e-1

(a.b.ce?). Gig su phuwong rinh f(x)=-2 ¢o



hai nghiém nguvén dwong. Chimg minh rang

PO+ =D . s
1= = la mat hop so

Ldi gidgi. Phuong trinh f(x)=-2 twong duwong
voi @0 x? +hx+a®™Sc+1=0 (1)
Gia so phuong trinh co hai nghiém nguyén

duongla x,, x,.

Theo dinh ly Viéte, co x,x, =c+ e

Py
=gW=1= fx)=x+bx+c-1.
Do dd: f()=b+c; fi-1)=-b+c.
Phuong trinh (1) tré thanh 22 + by +c+1=0,

ko E ==b
suy ra = =
XX, =c+l

o A+ =) (b+c)P+(-b+c)?
i 2 i 2,
= (.1'1 ik )2 +(x],\'1 - 1]2

=x2+x+x2x2 +1 = A=(x? +1)(x2 +1).

=b? 42

Vi x;, x, la cdc s6 nguyén duomg nén

AB tai E, F va K 1a giao diém cia BI va EF thi
BKC =90°.

Bo dé 2. Cho hai duong thing A, A’ va cic bd
ba dudng thang doi mot song song a, b, ¢ va d',
b, ¢’. Cic duomg thing a, b, ¢ thir tir ciit A tai A,
B, C. Céc dudng thing o', b', ¢’ thir tir cit A’ tai
A", B', C'. Cac dudng thing a, b, ¢ thir tu cit o',
AB _A'B'

AC AT

b, ¢ tai X, ¥, Z. Néu thi X, ¥, Z

thang hang,

Ban doc ty chirng minh hai két qua trén.

Tro lai bai toan. Goi M, N theo tha tw 14 giao

diém cua BI, CI va EF,

Theo B dé 1, BMC =90° = BNC , suy ra B, C,

M, N cung thudc mét duong tron.

Két hop voi PQ // EF = MN = B, C, P, Q cing

thude mdt dudmg tron ()

Goi S lagim dudng tron (BCPQ). X, Ythirtu la

hin]&&eu cua S trén B, CI, Z, T thit tir 13 hinh
cua A trén BI, CI, H, K theo thir tu 1a giao

A=(x? +l](J¢ +1) l4 tich cua hai sb tu nh1eu®%‘lem ctia BI, CI va DF, DE.

16n hon 1.

£2+r2(-1)
2
;’\r.&gn xér. Ddy la bai toan khong kho. Lo giai

&
i

Viy A= la mét hop mﬁﬂ

chi yéu sir dung dinh 1y Viéte véi phwong trinh bic
hai. Tuy nhién, c6 it ban tham gia giri bai gidi. Cac
ban sau day cd bai giai tét: Ha N§i: Nguvén Ping
Nhgt Minh, 8C, Neuyén Ha Anh, 8A1, THCS
Archimedes Academy, Biui An Duy, 8B, Ha Noi-
Amsterdam, Ciu Giéy; Phi Tho: Neguven Thiy
Duecong, Nguvén Thu Hién, 9A3, THCS Lim Thao.
NGUYEN ANH DUNG
Bai T4/474. Cho tam gidc

tron noi - tiép,

* ABC vai (I la ducng
cua () va BC
:‘.}:rr)'f.f,'_: thang qua D vuong goc voi Al theo thi
e cdt IB, IC tai P, Q. Chimg minh

(2 cting thudc maot dweng fron co tam thuoe AD

D la tiép diém

"',:.l.'..'u |"_; ( Iur‘\

Lai gigi. B dé 1. Néu duong tron néi tiép (/)
cua tam giac ABC theo thi t tiép xiic vai CA,

A
A\

T //.r )

o
vfz

[

Theo B dé 1, T e DF, Z € DE. Két hop véi
IB | DF;, IC | DE, suy ra tir gidic HKZT ndi
tiép. Do d6 BZD = HZK = KTH = QTD .

Tir (1) suy ra ZBD = PBC =CQP =TQD. Viy
ABDZ <> AQDT. Tix d6, ch ¥ ring H, K thir tu
la hinh chiéu cta D trén BZ, CT va X, ¥ thi ty

TOAN HOC
" Cluéilre
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la trung diém cia BH, OK, suy ra =
YK

Két hop vai XS # ZA 1/ HD va SY [/ TA // DK,
theo Bo dé 2, suy ra S, 4, D thang hang (2)
Tir (1) va (2) suy ra diéu phai chimg minh. O
# Nhiin xét. Khong co ban ndo tham gia gidi bai todn
nay.

NGUYEN THANH HONG
Bai T5/474. Tim tdt ca cde 56 thuc k sao cho
voi moi a, b, ¢ khong dm ta ludn co bat d&f?g
thire sau

[a+k(b—=0)][b+k(c—a)l[c+k(a—b)] <abc.

Lai gidi. Trudc hét ta thay ngay k = 0 1a mét gié
tri thoa min béi todan. Xét hai trudng hop:
« Truromg hop k= 0: Chon ¢ = 0 ta co:
(a+kb)(b-kaYk(a-b)<0voimoi a.bz0.
Suy ra: (b—ka)a—-h)<0voimoi a.bz0.
Chona=2,b=k+ 1, taduoc: (1-k)’ <0=k=1.
» Truong hop k< 0: Dat £ = —k, ta cd:
[a—Kk'(b-c)][b—k'(c—a)llc—k'(a—b)] < abc
véi moi a,h,c=0.D6i vi tri cua b va ¢ choé
[a-k'(c-b)[c-k'(b-a)][b—k'(a -%@i
voi moi a,b,c = 0, hay
[a+k'(B—c)[b+k'(c—a)][c+k'(a—-b)]<abc

voi moi a,b,c 2 0. Nhu vay ta quay lai truong

nhau, ta duge:

hop k=0 & trén (& diy & dong vai tro cua k),

vathuduge " =1, tcla k=-1.

Bay gitr ta chimg minh &k =1 va k = -1 la cac

214 tri thoa mén bai toan, tire 14 chimg minh

{(a+b—c)b+c—a)c+a—b)=abhc

voimoi a.b,c=0.

Vi a. b, ¢ ¢6 vai tro binh ding nén co thé gia st

azhzcKhi d0 vi a+b-c20,c+a-b20

nén néu b+c—a < 0thi

(a+h—c)b+c—alc+a-b)=0=<abe;

Con néu b +c—-az 0thita co:

(a-bYa-c)20= bczalb+c—a)z0

TOAN HOC
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= abcza’(b+c—a)z[a’ —(b—c)' |(b+c-a)
=(a+h—-cla+c—b)h+c—a).
Két ludn: Cac gia tri k thoa mén bai toén la:
k=0, k= =1.0

#Nhiin xét. Bai toan la kha kho déi véi HS & THCS,

nén da khéng c6 ban nao tham gia giai bai nay.
TRAN HUU NAM

Bai T6/474. Vi x la so thue thay doi, tim gid

tri mho rhat cua biéu thire sau:

= J2-2x 42+ Bx+32+Jx2—6x+25

+J/x2—4x+20 +Jx2—10x+26.
Léi gidi. Bién dbi biéu thirc fthanh dang
F=Ja-DF 41+ /(- +4 + J(x -3y +4°
+J(2—xP +42 + J(5-x)P +1.
Cach 1. Vo1 hai bo $6 {a b)va(c, d) ludn co
Jad +b7 +Jc2 +d? = Jla+c) +(b+d)

(1

£ vai

dang tl&g xay ra khi ad = bc (hay — .' a’

Thﬁt vay
Sal +b+ct +d?+2y(a* + b )(c? +d?)
> a? + b2 +c2 +d? +2(ac+bd)
& J@+ b)) +d?) = ac+bd
+ Néu ac + bd < 0 thi BDT (2) ludn dung.
* Vdi ac + bd = 0 thi
(2) = (@ +b* Nt +d?) = (ac+ bd)*

&> (ad — be)? 2 0 ludn ding.

(2)

C ik
— RO

Ping thirc xay ra khi ad = be (hay %= y

hd # 0). Vay BDT (1) duoc chirng minh.
Tré vé bai toan T6/474. Ap dung BDT (1) tacd

f=(JG=D7+1+JG-x7+1)

=D +4 + 227 +47 )+ 3 A

> Jx—1+5-xR2 +(1+1)
+Jx =22 + @G+ A + J(x -3 + 4

> 25 +2417 +4 =2(J5 +V17 +2).
Ding thirc xay ra khi va chi khi




&x=3, Vay minf =2(/5+17+2).

Céch 2. Ap dung bit ding thirc vecto |d+3 z|&+ﬂl

ding thirc xdy ra khi a, b cing huéng.

Trén hé truc Oxy, layu=(x-1L1); v=(5-x1);

m=(x—4:4); n=(2-x:4). Khi dé

JE=D2+1+ /G2 +1+f(x-4)7 +4
Y )

u+v| + m+hn

Z|H +(v

+|ml+

n‘"—‘z

=42 422 + 22 + 82 =25 +217.

Ding thirc xdy ra khi va chi khi u,vcing

hurdng va m,n cling hudng, tire 14
(x-1=5-x
x=4 2—x < x=3. Mit khic (x-3)220
i et

o J3P 4 24, Viviy f225+/17 + 208

#Nhdn xér. Ngoai hai cach giai trén, ta con c$&
sir dung phuong phip hinh hoc va phuom@hép
khao sat ham s6 dé tim két qua. Pa sb ca€Pan tham
gia giri bai déu giai theo hai cach trénﬁuﬂg nhicu
ban cong nhin khéng chimg minh BBT (1). Tuyén
duong cdc ban sau co 1oi giai tot: Ha Noi: Newyén
Van Dimg, 11A14, THPT Ngoc Tao, Phic Tho;
Hung Yén: Pao Quang Hudn, 11A1, THPT Duong
Quang Ham, Chu Minh Huy, 12 Toanl, THPT
chuyén Hung Yén; Nghé An: Pham Trdn Anh,
11A1, THPT chuyén Phan B6i Chéu; Tran Tién
Manh, 11A1, THPT chuyén Pai hoc Vinh; Quding
Binh: /16 Anh, 10 Toan, THPT chuyén Va Nguyén
Giap: Quang Tri: Nguyén Thi Phwong Linh, 11T,
THPT chuyén Lé Quy Pén; Thira Thién-Hué:
Nguyén Ngoe Thanh, 11T\, Lé Cim Thanh Ha,
11T2, THPT chuyén Qude hoc Hué; Vinh Long: Lé
Diic Minh, Mai Quoe Khanh, 10T1, Phan Gia
Anh,12T1, THPT chuyén Nguyén Binh Khiém; Bén
Tre: Phan Thanh Dai Dweng, 10T, THPT chuyén

Bén Tre, Lé Ngd Nhat Huy, 10A1, THPT Lac Long
Quén; Quing Nam: Pham Thi Hcing My, 1071,
THPT chuyén Nguyén Binh Khiém; Lim Ddng:
Nguyvén Quoc Tudn, 10 Toan, THPT chuyén Thing
Long; Ty Ninh: Lé Hién Khai, 11T, THPT chuyén
Hodng Lé Kha.

PHAM THI BACH NGQC

Bai T7/474. Phuong trinh log, x=cosx co
bao nhiéu nghiém 7

Lai giagi. DK: x = 0.

Dé cho gon ta ki hiéu a= 5?::: va ta xét cdc ham
s6 Flx)= log, x,g(x)=cosx. Ta co nhén xét:

« Trén khoang 0< x £m, fix) 1a ham s6 lién tyc
déng bién, g(x) 12 ham s6 lién tuc nghich bién.
Fil)y=0<g(I), f(n)>0> g(n)=—-1. Do d6 tén
tai duy nhét x, (0, x]ma f(x)=g(x).

. Trég&méng ﬁ<x£32—n,f(x)>02g(x). Do

ng co nghiém.

NS
dﬁ' ﬁﬁ khoang nay phuong trinh f(x)= g(x)

« Trén khoang 3—; <x <6, dat hix)=flx)—g(x).

Tacod h'(x)= +sinx <0 néu -3—;-:x<:6

xlna
= h(x), véi 3—2“ <x<6, 1a ham s6 nghich bién.

Mat khéc #(5).h(6) < 0 nén theo tich chét cua
ham s4 lién tuc ta suy ra phuong trinh A(x) = 0

¢6 duy nhat nghiém x, [%6}

* Trén khoang 6<x<2nlog x<log 2n<cosb<cosx.
Do d6 phuong ftrinh f(x)=g(x)khéng cé
nghiém x e(6,2mr].

5t
2
bién, g(x) 12 ham s6 nghich bién, f(2m)=log, 2n

<1=g(2n), f[i;j>0=g(%nj.

TOANH
Pcnsitgs 21

* Trén khoang 2n<x<=, f(x) la ham s6 dong
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Do d6 phuong trinh f(x) = g(x) c6 mot nghi¢m

duy nhit x, € [21‘[ 5;}.

* Trén khoang %E <x<+m, f(x)>12g(x).

Nhir vdy phuong trinh f(x) = g(x)co ding 3
nghiém phan biét. O
»Nhin xét. Pay 1a bai toan vé (mg dyng cia ham s6
lidn tuc trong tinh s nghiém ctia phuong trinh. Bai todn
Aoi hoi tinh toan kha chi tiét. Céc ban hoc sinh sau ¢6 loi
giai tot; Thira Thién Hué: Truwong Xudn N Ngoe, 11
Todn 2, THPT chuyén Quic hoc Hué, TP. Fué; Binh
Pinh: Nguyén Cing Khdi, 10T, THPT Tay Son.
NGUYEN MINH PUC
Bai T8/474. Cho nt dién SABC co 54, $B, SC
doi mot vudng goc vai nhau, Mot mat phang (P)
thay doi di qua trong tam cua i dién cdt ede
canh 84, 8B, SC cua nr dién lan hugt tai A, By,

. ; _ : -4
Ci. Chirng minh rang — I_ t . g =
. SA°

R la ban kink mdrt cau ngogi tiép tir dién SABC.
Lai gidi. Goi G la trong tam tir dién SABC. Khi,
d6 tir GA+GB+GC +GS =0, suy 1a

L

&

SB — SC—]

_G-=&(§4'+E+f)

e BBy 4 B0

4(&4 S+ 5B+

Do bén diém 4. B, C va G dong phang, nén
154 SB SCY_ .54 SB SC_
1\ B8 3K SO Sa-¢ S8 - 5T

Ap dung bit dang thirc Bunyakovsky ta co

S8 478 (4-2017)
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22 Chsine

IAL,
@ Hué: Trieomg Minh Tué, Trwong Neoc Long, 11 Todn 1,

gAY
o
54, SR, AC,
<(SA? + 8B +5C?) : + i + 5
SAZ " SB? ' SC?

el Loy Kui 16
SB? " SCI ~ SA>+SB*+SC?

SA?
SA? + SB* + SC?

Lai ¢c6 R*= 1 (két qua quen
1 l 4
-
thude), do do SB— + IR
bing thirc xdy ra khi va chi khi
SA 5B . SC

SA.SA, =SB.SB, = 5C. STC1, S‘B +f
SA? +SB? +5C* =4R?

x i

A R o

= A :SB, SB’SC' SC .0

»Nhgn xét. Tit ca cic 101 giai gii vé Toa sogn déu
dang. Céc ban sau 6 1oi giai tot hon ca: Ha Nji:

Diing, 11A14, THPT Nggc Tao, Phue Tho;
: Nguvén Hime Thang, 11A1, THPT chuyén
oi Chéu, TP. Vinh, Nguyén Phimg Thai Cuong,
THPT Thai Hoa, TX. Thai Hoa: Thira Thién

Neuyén,

Truong Xudn Nhue Ngoc, Duong Dong The, 11 Todn 2,
THPT chuyén Quoc Hoc Hué, TP. Hué; Quing Nam:
Truong Nhét Nguvén Bao, 11/1, THPT chuyén Nguyén
Binh Khiém; Long An: Lé TW Phu, 11T1, THPT
chuyén Long An; Bén Tre: Lé Ngo Nhdr Huy, 10A1,
THPT Lac Long Quan, TP. Bén Tre; Vinh Long: Phan
Gia Anh, 12A1, THPT chuyén Nguyén Binh Khiém, TP.
Vinh Long.

HO QUANG VINH

Bai T9/474. Tim phan nguvén cua biéu thire

r_2468 2016 (1
1357 2015 )

Léi gigi. Viét lai biéu thic (1) dudi dang

1007

Trude hét ta chimg minh bit
2k+2° JE+1 .2—.!:+3 )
k " 2k+1

dang thirc TS,




ak+9Y EFT 9k43
Thit véy, (2 Lok
t vay, ( )@[zmlj Nk 2k

2k+2 ‘[2k+l)(2k+3 k+1
] o 2k+2 k
2 Jk(k+1) % JRE+1D)(2k+3)
2k+1 2k+2
J(2k+1)3—1{ (2k+2) -1
(2k+1)2 {2k 2

QJ}_;‘:JI_#
k+1)2 2k +2)?

& (2k+1)* <(2k+2)*, BDT ding.
Tuwong tir, ta cfing c6 bét dang thire

2k+2 2k g ffc+1 2k +1 3)
2k+1 2k-1 k "2k-1
F 2k+2 _ [k+1 J(2k=1)(2k+1)
That viy, (3]¢2k+1 >\{ e %
1 1 :
QI_(ZkH}E > l_(zk)f’ BDT ding.

Tiép theo sit dung (2) ta thu duoc

T_“”E'fﬁ.&i‘f 4. J0B 7 2
B S T Y DM Ty 1

2(]1?

8 [1008x2017

Ay s *%
Tiép theo sir dung (3) ta thu duge @
86108 2014 [45 1008 W 2015
75977720137 Y347771007 57°772013°

., 32015(68 2016)°  [T008x2015
62016\ 57 "' 2015 3%5

o [68 2016 _ [T008x2015 6 2016
37 2015 =3 52018
0 68 2016 24

Tur (4) va (5) o 56 < T< 57 nén [T] =56. O

¥ Nhin xét. Ngoai cach giai trén, ban Pham Ly Nhdt
Duy, 10/1, THPT chuyén Lé Thanh Téng, Quéng
Nam, nhin xét ring c6 thé 4p dung cong thirc tinh

Hn)= Esin"xdx ciing cho 1o giai ding.

NGUYEN VAN MAU

e&

Bai T10/474. Mot so nguvén duomg duoe goi la
“so HV 20157 néu trong biéu dién thap p;":cfﬂ clict
no o 2015 chir 56 9 dimg canh nhau lién tiép. Xeét

(a ) n=1,23,.. la diy ting nghiém ngdt cdc so

3

a _
Lln=123.. bi
b1 IFI? 4'

neuvén ditong sao cho day

chan. Ching minh rang day so
chira vo han so HV 20135,

Léi gidi. Dé thay rang chi cén chimg minh day
{a,},n=0,1,2, ... co it nhit mot s HV 2015
la du. Khi do ta xét diy con cua day nay khi ciit
b s6 HV 2015 va céc s6 dimg trude né ra khoi
day, thi suy ra su ton tai clia s6 HV tiép theo ...
va tuong ty ta c6 vO han s6 HV ¢ trong day.

pé chimg minh diéu nay, ta sir dung hai b dé sau:

BG dé 1: ]1m(]+-2——+ +l] s

1 i 1 l
2n-1 2 3

&
Ci minh: 14—+, +
+—1 ::-1+l+ +i—1+E
2n ] b dic mh

Y 2

iet

ting v0 cung.
Bo @& 2: Néu trong hé¢ dém co sé m(meN,
0,1, 2, ... thng va

m>1), diy sb {a,}, n =

khong chira chir s6 m — 1 thi tong Z bi chan

r—l
khi » tién t&i vo cling.
Chiing minh: S5 céc s6 khong chira chix s6 m — 1
trong hé dém co s6 m va c6 dung k chir sb 1a
(m — 2)(m — 1)*" do chir s6 dau tién cua nd khac 0
va m — 1, con céc chir sb con lai phai khac m — 1.
MB3i s6 ¢6 k chir s6 nay khong nho hon m*" va

do do tong nghich dio cia ching nho

1_[1_m_-1}
m

hon (m—1) : la mot diy so co
L
: TOAN H
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gi¢i han m(m — 1). Tir do suy ra tong Z— bi

=1 J'
chin khi # tién t6i v6 cing.

Tir gia thiét bai toan 13 ddy {a,},n=0,1,2, ...

bi chin, tn tai M la hing s6 sao cho %‘5 M.
Khi d6 tacé > ->-L 3L nen theo BA dé 1,
=1 a-’ M i=1 l

tong zn:i khong bi chan khi » tién tdi vo ciing.
=l

Tir Bé d& 2 suy ra khi st dung hé dém
m = 10° ta ¢6 it nhit mot sb a; ¢b chira so
gdm 2015 chirs6 9. 0
% Nhin xét. Khong c6 ban ndo giri 11 giai bai toan
nay.

VU PINH HOA
Bai T11/474. Cho n 6 vuéng 1x1 sép xép thanh
hinh chiv nhdt 1% n. Méi 6 duwoc dién boi 56 0
hodc s6 1. Mt cach dién goi la “thoa man” néu
nhie ba 6 lién tiép nhau bat ki déu khong chira

ba so giong nhau. Vi moi

nz3, goi a, la so cdch

dién “thoa man”

Loi gigi. (Dya trén loi giai cua ba Q\Cam
Thanh Ha, 11 Toan 2, THPT chuyer%uoc hoc
Hué, Thira Thién Hué). S5 cich dién 0, 1 vao
n 6 vuong tao nén mét day nhi phin do dai »
sao cho khong c6 3 bit lién tiép bat ki giong
nhau.

Xét diy nhi phan “thoa man” c6 do dain + 2.

1) Néu hai bit cudi ciing clia ddy giéng nhau thi
khi bo hai bit ndy ta dugc ddy nhi phan “thoa
man” ¢6 do dai n véi bit cudi cling cua diy nay
khéc hai bit di bo di. Nguge lai véi mdi day nhi
phan “théa man” ¢ dé dai » ta thém vao hai bit
giéng nhau va khdc bit cudi cing thi ta duge
mét bit nhj phdn “thoa man™ ¢6 d¢ dain + 2.

2) Néu hai bit cudi cing cia day khac nhau thi
khi bé di bit cudi cing, ta dugc mdt diy nhj

TOAN HOC
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.Tinh a,. %*9%

phén “théa man” co d¢ dai n + 1. Nguge lai vai
day nhj phan “théa man” co d¢ dai n +1 ta thém
vao sau day do 1 bit va bit d6 khac bit cudi
cling cua diy trén thi ta duge mot bit nhi phan
“thoa min” co dd dai n + 2.

Tir d6 ta cé hé thic a,,,=a,+a,,. DE thiy

a, =6.a, =10. Tir do ta tim dugc

(S
tlo D z 5 2

)n+1:l' D

= J_[(l+v’_)“’+‘~(l
» Nhn xét. Cac ban sau co 101 giai tot hon ca: Thira
Thién Hué: Trwong Negec Long, 11 Toan 1, THPT
chuyén Quic hoc Hué, TP, Hué; Lam Bﬁng: Chu Van
Phirong, 10 Toan, THPT chuyén Thang Long, TP. Pa
Lat: Ngh¢ An: Newven Hitu Thing, 11A1, THPT
chuyén Phan Béi Chau, TP. Vinh; Long An: Pham

Ouée . 12T1, THPT chuyén Long An; Vinh
Long:  Gia Anh, 12A1, THPT chuyén Nguyén
hiém, TP. Vinh Long; Nam Dinh: Tran Minh

i, 11T2, THPT chuyén L& Hong Phong; Quéng

(b\\am: Treomg Nhdt Newvén Béo, 11/1, THPT chuyén

Nguyén Binh Khiém; Ha Tinh: Ngwyén Trung Hiéu,
10T1, THPT chuyén Ha Tinh.
PANG HUNG THANG

Bai T12/474. Cho tam gidc ABC, chimg minh

rdng

ﬁ[sinéwing +sinC\| Jt.m;l + ||';
2 2 20N ¥

l—-.
‘.' -,m

Lai giai. Dat Zsin% = J;',Z.‘iing = y;ZSin% =z,

D& thay x,y,z>0; x2+y* + 22 +xyz

=4 sin3£+ sin3E+sin2£+2 :*rin-—sinEsin-"’2
2 2 2 2 2 2

(l —cosA l-cosB 1—cosC

2 2 2

cosA+cosB+cosC — l)
+ 2 =4,

BDT cin chitng minh tuong duong voi



x+y+zzx+y+4z
e (xry+z) 2 (VF+F+42)
& x1+y2+ 2 +2(yz+ 2+ 2y)
2 x+y+z+2({vz +Vzr + )
©4-xyz+2(yz+zx+xy)
zxty+z+2( iz +4zx +1y)
4::»[1—{x+_v+2]+(}'z+zx‘+x}’)—x}‘zJ
H{1-2yz +yz) +{1-2z +2x) 4 1-2 oy +2) 20

& (1-x)(1-y)(1-2)+(1-pz)

+(1=ax) +(1-w) 20 ()
Khéng mét tinh ton quat gia sit z= {r, ,z}
DE thay %=max{%,g,%} Do d6 % g

— z>1. Két hop véi sin%c:l =l<za2

2)+(1- JF)

Vay (1-x)(1-»)(1-

2 2

2(1-xy) (1-2)+(1-4xy
=(1-xy) (2-2)20. Do d6 (*) ding. BDT &
dé bai dugc chimg minh. Ding thirc xiy ra
< x=y=z ¢ A=B=C & AABC du. O
¥ Nhdgn xét. Chi c6 hai ban tham gia gidi bai todn
nay nhing ca hai déu giai sai.

NGUYEN MINH HA

Bai L1/474. Cho doan mach AB nhw hinh a.
uyg = Upcosl00mr (V). Pién tro thuan R = 70 Q,

cuon ddy co dg ty cam L va dién tro thuan v. Tu

dién c6 dién dung C thay doi tir 0 + . Dién dp

Usy phu thude vao dung khdang Zo nhir do thi
hinh b. Tinh gia tri cia L, r.

e N
PRI oy Boile | — W T LR
®
b) Uy V)

150 Zo(0)
U, Jri+(Z, - Z.)*
LO‘I U !Z AR L L
gidgi. Uypy = 12y = J{R R i LT
e ()
B R+2rR |
\1\\ Pt (Z, - ZF

( 1) suy ra Ugpymin kKhi Z; = Z, két hop vai do

éx thi hinh b (de bai):

=Z;=Zc=150( = L= L) (H).
s

Tir @6 thi suy ra Uppmin = 45,3 (V), thay vao (1)

Y (2). Tir (1) ta thay khi

r

duge 453 =

Ze— 0= Uy = Uyg suy ra Uyg = 85 (V).
Thay Uz va R vao (2) = r=80Q.0

¥ Nhin xét. Chiic mimg ban Lé Minh Duy, 12 Todn 1,
THPT chuyén Hung Yén, Hung Yén da co loi giai
diing dé ra ki nay.

PINH TH] THAI QUYNH
Bai L2/474. Hai vdt dong thoi xudt phat o A va
C, vit o A diwoc ném xién goc a, vit o C hét dau
et xmfng khong van toc dau trén mat ph&ng
nghiéng goc p. Bo qua moi ma sat, xdac dinh cap
goc (a, P) dé 2 vét dén B cimg hic va ciing toc
do?
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Loi giai. Ki hi¢u A 1a d6 cao cha C so vai A.
Vin toc cua vit 1 trugt theo mang nghiéng khi
Y0y = [2gh , diy cing 1

vin tde ném vat 2 tai A va van toe khi né bay
dén B. Thai gian chuyén dong cua vat 1:

gl o L
'y gsin® P g sinf’

Thai gian chuyén dong vt 2:

_ 2y, sina 2,‘12 v
2 _Tz ? sina .

Vi hai vit gip nhau tai C cing mét luc nén:

2h 1 e
—E-E]—B—J’;hma (N

PROBLEMS ... (Tiép theo trang 17)

toi B: mgh=

to=t,

Problem T8/478. Given an acute triangle ABC.

Quing duong chuyén dong theo phuong ngang

12 g1
cua vit 2; s:mﬁ?cotgﬂ
|'l__ TE
& 2hsin2a=h "2 P (2)
sinf}
Ti (1) =sinPp= T thay vao (2), ta cd:
4sinacosm=,f1— ,1, 2sino
4sin‘ o
< 16sin* o —12sin*>a-1=0
i « L 1 /3++13
Nghi¢m phuong trinh trén: sina. =7 3
2 o ~65,3"
8 sinp= |——.H fe o, dal
uy ra sinf N ay {ﬁ*«33,4“

¥ Nhin xét. Chi co ban Neuvén Vin Ding, 11A14,
THPT Ngoe Tao, Phuc Tho, Ha Ni cho 1oi giai
ding.

NGUYEN XUAN QUANG

N

ci ny other one by roads which have total

Let a, b, and ¢ respectively be the lengths of &tb s soiilic ik 100 Yy Wiise & foatis

BC, CA, and AB. Let R and r respectively be th
circumradius and the inradius of ABC. P

L]

abc

v le &
T J2(@ + )b +c?)(c? +¢@f§

Problem T9/478. Suppose that a and b are real
numbers such that 0 <a #1 and that the equation

ar _ai‘ =2cos(bx) has exactly 2017 real roots

and they are all different real numbers. How many
distinct real roots does the equation

at + 2 =Z2cos(bx)+4
a.r
have?
TOWARDS MATHEMATICAL
OLYMPIAD

Problem T10/478. In a country, the length of
any direct road between two cities (if any) is
smaller than 100 km and we can travel from a

TOANHOC |
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ey
i\ closed under construction, we still can travel

from one city to another by other roads. Prove
that we can choose a route which has the total
length is smaller than 300 km.

Problem T11/478. Prove that GCD(1,2,...,2#)
is divisible by C2 for any positive integer ».
Problem T12/478. Given a triangle ABC with
AB < AC. Let M be the midpoint of BC. Let /f
be the perpendicular projection of B on AM.
Suppose that O is the point of the opposite ray of
AM such that AQ = 4MH. Assume that AC
intersects BQ at D. Prove that the circumcenter
of ADQ lies on the circumcircle of DBC.

Translated by NGUYEN PHU HOANG LAN

(College of Science-Vietnam National University, Hanoi)



THU SUC TRUOC KI THI
DE SO 8
(Thai gian fam bai: 90 phuit)

Ciu I. Him 86 y=x*—2x% + 2x c6 bao nhiéu diém

cuc tri?

A0, B. 1. c.2. D.3.

Ciiu 2. Cho ham 86 y="*2 6 83 i il hinh
ex+d

v& dudi. Ménh dé nao dudi day ding?

i

ca<0,b>0,0<0,d>0.
a>0,b<0,0<0,d=>0.
La<0,b<0,c<0,d>0.
ca<0,b<0,e>0,d<0.
Céu 3. Db thi ham sé y=x*(x* -3) tiép xuc voi

oI

=

durdmg thing y =2x tai bao nhiéu diém"
A. 0. B. 1. a2
JVI-x

Céu 4. Cho ham sé y="- [ Ménh dé n@
ER

day ding? ‘ .

A. Do thi ham s6 da cho co ding mot t@ ding.

B. D6 thi ham s6 da cho 6 ding hai tichi can dimg.
C. Dd thi ham s6 da cho khéng c6 tiém cin ngang.
D. D6 thi ham sé dd cho c6 ding hai tiém cén
. ngang.

Ciu 5. Bumg cong trong hmh dudi 1a do thi cta
mét ham sé trong bén ham sb duge liét ké & bon
phuong an A, B, C, D dudi day. Hoi ham 50 do 1a
him s6 nao?

a \
i |
1+ —-—ll—— — - ———
a 210 1 2 3.
fic oo \

4
-—4—% B. y=4-x?
FZo A
o & .-:4___.._
o el k' 4 16

Céu 6. Gia sir ton tai ham s6 y= f(x) xdc dinh trén
EA{+1}, lién tuc trén mdi khoang xdc dinh va co
bang bién thién nhwr sau

x| -2 d i} 1 2 o)

10| o+ + f
!U\ /-00 /_l‘ .—'x:\ 1
|

R A AN RN
| -2 =0 - ol 0

Tép hop tit ca cac gia tri cia tham sd thuc m sao
cho phuong trinh  f(x)=m co bén nghiém thye

phan bigt 1a
(-2:0]w{1}. B (-2;0)w{1].
€. (240] D. (-2:0).

Ciu 7. Cho ham sb y=x*-2x2. Goi A li dudng

thang ua diém cuc dai coa do thi ham s6 di cho

i $55 goc m. Tap hop tit ci cic gid tri cua

) thuc m sao cho tf:-ng cac khoang cach tir hai

¢ém cyc tiéu cia do thi ham sé da cho dén A nho
nhat 1a

AL 0. I

B. 15. C. &. D. +1.

Ciu 8. Cho ham sb y=x+2m-1x?+(l+m)x.
Tap hop tat ca cac gia tri cua tham 56 thuc m sao

cho dd thi ciia ham sé di cho ¢6 2 diém cuc tri déng
théri hoanh dé diém cuc dai khéng nhé hon -1 14

o kil o
A. [——m,T]UIQ}, B. [—w. 3 ]u(lm)-

c(3)

Ciu 9. Tap hop tit ca cdc gia tri cia tham sd thye
Xt +x+m?

D. [—oc;_Tl]u{Z}.

m sao cho ham sb y= 1 dat cuc dai tai

x=1 la

A. (@} B. (2. L3l ‘D

Cidu 10. Tap hop tat ca cac gia tri cia tham so thyc
2]

m sao cho phwong trinh =m cb ding 2

|.¥1+l

nghi¢m phén biét 13

A.[0:2). B.[L2). C.[52]w{0}. D. [1:2)U{0},
] TOAN HOC
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CAu 11. Mot vimg dit hinh chit nhit ABCD c6
AB=25 km, BC=20 km va M,N lin lrot la
trung diém ciia AD,BC. Mt nguoi cudi ngya xuit
phat tir A di d&én C bing cich di thing tir A dén
mét diém X thude doan MN rdi lai di thing tir X
dén C. Van tc cla ngya khi di trén phan ABNM
la 15 km/h, vin tbc cia ngwa khi di trén phin
MNCD 1a 30 km/h. Théi gian it nhat dé ngya di
chuyéntr A dén C la méy io?

24_ Ja1 4+29 J5
Pl . —. C. . D.—.
s 3 . 4 6 3
|
Ciu 12.Hamsé y = {4 —x? )5 co tap xdc dinh 14
A. [—2;2]. B. (—o0;2) U (2;400).
C. R D. R\{+2}.
Ciu 13, Phuong trinh x(Inx—1)=0 c6 s6 nghiém la
AL 0. B.1. 2 D. e.
Ciu 14. Gia tri cia m d& phuong trinh
45 —m.2* + 2m =0 co6 hai nghiém x,,x, théa min

x+x=31a

A.m=3 B. m=4. C.m:%.

Céu 15. Tim tip xac dinh cia ham s6

f{-r)=mﬁff+‘j:i%_

A.@. B. (0. C.[2log,6]. D.[2:log,6]w{0}.

il
Jcost x + Esm? xicos?x

B.fx)= —1.
Fi(x) $lcos x
ifcos? x + isin2 xicosx
C. fi(x)= S =l
cos? x
(#‘ cos? x —1}1 {2#’ cos® X +1]
D. fiix)= d
F 3cosxdcosx
Ciu 19. Cho ham s ysz Khang dinh

3I.

nao dung?

A. Ham s6 d3 cho nghich bién trén .
B. Ham 56 di cho 14 ham sb lé.

C. Gi4 tri ham s da cho luén khéng duwong.

D. Dé thi ham sé da cho ¢6 hai ti¢m cén ngang.

Céu 20. Mét nguoi vay ngdn hang 200.000.000
dong theo hinh thirc trd gop hang thang trong 48
thang. Lai sudt ngan hang ¢b dinh 0,8%/ thing. M5i
thang ngrdi d6 phai tra (lan dau tién phai trd 1 |
thang sau khi vay) s6 tién gdc 1a sb tién vay ban dau
chia cho 48 va s tién i sinh ra tir s6 tién goc con
no ngin hang. Tong s tién 14 ngudi do da tra trong

toan b gi@Mrinh tra no la bao nhiéu?
A. 3 dong. B. 10451777 déng.
CF6800000 dong. D. 39200000 déng.

‘é& 21. Gia tri nho nhat cua

Céu 16. Néu a=1log,3 va h=log, 5 thi N :
£ BPT 0% P =(log, f)3)2+6(10g\m£] voi a,b la cdc so

A, lﬂgz \fﬁ 360 = E"rzﬂ "rgb‘ "@ LY a -JE /

. 1 11 éé\ thue thay doi thoa man Vb >a>1 1a

B. log, Y360 =5 +za+zb, A. 30. B. 40. C. 50. D. 60.

C. log, 4360 __!2' %a+%b. Ciu 22. Nguyén ham cua ham s6 y =cos? xsinx la
11 1 Al -]--::ns‘ x+C B. —cos*x+C

D. log, 4360 =~ +Sa+b. 3

: 1 i
Cau 17, Tép nghiém cua bat phuong trinh C. —geos*x+C D. Zsin*x+C

252 +x+1 I—x
[x’f +%] s[ 24 %J A
3 il
o l_"T : e
C. (=1;0). [ } [ E}
2

Cin 18. Dao ham cia ham sé fix)= ;% -x la

Jecost x — lsin xacos? x
A. fix)= 3 iy

Ycos? x

TOAN HOC
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Ciu 23. Cho f(x) lién tyc trén doan [0;10] thoa
min Ellf[_t}dx =T: ff(.l:}dx:.}. Khi do gia trj cia

a i i}
biéu thirc P = -[,f{_t)(ix+ [ 7o 1a

A 10 B.4 €.4 D, -4,

1
Céu 24. Cho [f(x)dv=
¥}

n

4
Gid tri ctia 1 = [f(cos2x)sin x cos xdx bing
il



1 1

1"- Cu __2'.
Céu 25. Thé tich cua vit thé tron xoay tao béi khi
quay hinh phang gi6i han boi cac duong
—2xiy=0;x=0;x=1 quanh tryc hodnh Ox

! 1
e B. et
A 5 D i

y=x
cé gid tri bang

T n 15 Rn
i ?5‘ i ?? Sn' g
Clu 26. Xét ham s6 y=f(x) lién tuc trén mién
D =[a.b] co do thi la mot dudmg cong C. Goi § 1a
phan gisi han boi C
x=a,x=b. Ngudi ta chitng minh dwgc rﬁng dién

vi cac dudng thing

tich mit cong tron xoay tao thanh khi xoay § quanh

Ox bing §=2n £I|f{.\')| Ji+ {f’{.-:}f dv.

Theo két qua trén, tong dién tich bé mat cia khéi
tron xoay tao thanh khi xoay phin hinh phing gidi

han boi d6 thi ham sé f{x}=@ vi cde
dudmg thing x=1,x=¢ quanh Ox Ia
2e* -1 4et -0
A. 3 . B. o2 .
det +16¢” +7 4¢t -9
C' TE. Dc ]6 2T

Ciu 27. Cho ham so 1='—,}—-2m x*+2. Tép ho*p

tat ca cic gid tri ctia tham sb thue m sao cho dd

ciia hém s6 di cho co cuc dai va cye tidu, dé@lﬁi
dudng thang cung phuong véi truc hoanh iém
cue dai tao vdi do thi mot hinh phang@. n tich

64
b:lng E la

A. 3. B.{+1). {i—%,if D. {i%:ﬂl.

Ciu 28. Dién tich hinh phing giGi han boi ham s6

y=x2yx* +1, truc Ox vaduong thing x=1 bing

avb —In(1++/B)
=

dwong. Khi do gid tricia a+h+c 1a

A 1L B.12 C. 13 D. 14

Ciu 29. Cho s6 phirc z=2-23i. Diém bidu dién sé

phirc lién hop cia z 1a

vii a,b.e 14 cdc s0 nguyén

A. (2,3). B.(-2,-3). C.(2,-3). D.(-2.3).
Céu 30. 86 phirc nghich dao cua sé phirc z=14+3i
la
A. —(1+3i). B. L (1-3i).

10 10

D. —-J:lﬂ—(l +3i).

, la hai nghiém phirc cua phuong

C..1-3i,
Ciu 31. Goi z,.z
trinh 4z% —~8z+5=0. Gi4 tri biéu thire |z]|' +|;1|

5 3
e oz L g D. 5.
A3 5 C. 2 V5
Ciiu 32. X¢ét 56 phirc = thoa min
2[_ 3|z-i|<242.
Ménh dé nao dudi diy ding ?
1 1 3
Lzl =, D, =<zl < =.
25 Do <o

Céu 33. Tap hop céc diém biéu dién sé phic z thoa
man lz+21+1z-21=5 trén mit phang toa d6 13

maot
A. Duimg thang, B. Budng tron.
C. Elip, D. Hypebol.

Céu 34. Cho s6 phirc z théa man '+l =3 Téng

cia gid trj 1om nhit va gia trj nhé nhét cia 121 1a
Avis B. 5. Cadia I 4,
Ciu 35@& da di¢n déu loai {p:g} 1a khoi da dién
o Q¥

canh m&i mdt, ¢ mat méi dinh.

x% p mat moi dinh, ¢ canh mdi mat.

C. p mat, ¢ canh. D. p canh, ¢ mat.
Céu 36. Cho hinh chép S.ABC c¢6 khoang cich tir
diém S dén mat phing (ABC) la 2a va thé tich
bing a'. Néu ABC 1 tam gidc vudng cén thi do dai
canh huyén cia nd la

A. a4f3. B. a/6. 5 T D. "

Céu 37. Cho hinh hop chir nhiat ABCD.A'B'C'D' ¢c6
thé tich bing 1 va G 1a trong tdm cua tam gidc
BCD'. Thé tich V cua khéi chop CABC’ 1

a6 a3

1 1
A Ve BV es - fmiats
! 3 B. V 3 C. V= IZ D. v 3
Céu 38. Cho hinh chop S.ABC c¢6 didy ABC 1a tam
gidc wvudng tai A, AB=av2, AC=aJ5. Hinh

chiéu ciia diém § trén miit phang (ABRC) tring vi
trung diém ciia doan thing BC. Biét ring goc giia
mat phing (SAB) va mit phing (ASC) bang 60-.
Thé tich cua khéi tir dién S.ABC 1a

Sa'6 a*J10 a*210 a*+30
A'12"I7"24'D'12'
TOAN HOC
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Ciu 39. Cho hinh tru c¢6 khodng cach giira hai day
bang 10, biét dién tich xung quanh cua hinh try biing
807 . Thé tich cua khéi tru 1

A, 160n B. 1647w C. 64xn D. 144n
Ciu 40. Cho hinh ling tru tam gide déu
ABC.A'B'C' c6 &6 dai canh day bing a va chidu
cao bing k. Thé tich V cua khéi chu ngoai tiép
lang tru da cho la

L
A, Tr— V=
T{h+3)

)0

Ciu 41. Gia tri 1dn nhét cia thé tich khm non ndi
tiép trong khdi ciu ¢6 ban kinh R 1a

| 4 42 3
A. Emﬁ‘“. B. gm?-". i 5 k. D ﬁnR-‘.
Ciu 42. Cho tam gidc déu ABC canh 1 va hinh
vuéng MNPQ néi tiép trong tam gidc ABC (M
thudéc AB,N thude AC,P,Q thudc BC ). Goi § la
phén mit phing chira cic diém thudc tam gide ABC

mﬁ,

hZ al

nhung khong chira céc diém thudc hinh vudng
MNPQ. Thé tich cua vit thé tron xoay khi quay §
quanh tryc 1a dudng thing qua A vudng goc Vvoi
BC la

i§. 810- 46743 s i 4“@_3%:. A
24 96 @.

> 453 % 543143

T T § 1

Ciiu 43. Trong khong gian v&i hé truc toa d§ Oxyz,

mit ciu (S x*+y?+z2—8x+4y+2z-4=0 co
béan kinh R 1a
A. R=J5. B.R=25. C.R=2. D.R=5

Ciu 44. Trong khong gian v&i hé truc toa d6 Oxyz,

mit phing (P) di qua hai diém A(0,1,0),B(2,3.1)

va vubng gbc voi mit phing (Q):x+2y-z=0 o

phuong trinh 14

A dx+3y-2z-3=0.

B. 4x-3y-2z+3=0.

C. x-2y-3z-11=0.

D. x+2y-3z+7=0.

Ciu 45, Trong khéng gian voi hé trye toa d6é Oxyz,

cho A(=1;-2;2); B(-3;-2;0) va
(P):x+3y-2z+2=0.
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Vecto chi phuong ctia duéng thing A 1a giao tuyén

cia (P) va mit phing trung truc ctia AB la

A. (1:=1;0) B. (2;3;-2) C. (1;-2:0) D. (3;-2;-3)

Ciu 46. Trong khong gian véi hé truc toa dg

Oxyz,cho hai diém A(1,-1,5) va B(0,0,1). Mat

phing (P) chita A,B va song song véi Oy co

phuong trinh 1a

A dx+y—-z+1=0. B. 2x+z-5=0.

C.dx—z+1=0. D. y+4z-1=0.

Cén 47. Trong khong gian v hé tryc toa 4§ Oxyz,
x-1 ¥

z-2
h hing A:=—===
cho dudmg thing 2 o

M(2,5,3). Mat phang (P) chira A sao cho khoing
cach tir M dén (P) 1on nhit 1a

A, x—4y-z+1=0. B. x+4y+z-3=0.
C. x—dy+z-3=0. D. x+dy—-z+1=0.
Ciiu 48. Trong khong gian véi hé truc toa dd Oxyz,
cho hai diém A(1;2;2);B(5:4;4) va mit phing
(P):2x+y—2+6=0. Néu M thay ddi thudc (P)

thi gid @ho nhét ciia MA2 + MB? 1a
W 200 p, 2968
e
xe‘z,

C. —.
3
u 49. Trong khéng gian v&i hé truc toa dd

va diém

B. 50.

\b Oxyz, cho tir dién ABCD c¢6 A(2,3,1),B(4,1,-2),

C(6,3,7) va D(1,-2,2). Cac mat phang chira cac
mait cia ti dién ABCD chia khong gian Oxyz thanh
s6 phén la

A 9 B. 12. oIS D. 16.
Cau 50. Trong khong gian voi hé true toa 6 Oxyz,
x+1  y=4 a4

30 2 -l

didm A(2,3,-4); B(4,6,-9). Goi C,D Ia cdc diém
thay dbi trén dudomg thing A sao cho CD = J14 va
mit ciu noi tiép tir dién ABCD ¢6 thé tich 1ém nhat.
Khi d6 toa d trung diém cua CD 1a

cho dwémg thing A: va cdc

79, 64 102 B (1_31 104 42
9595 35 SR A Uk
101 13 69
s (E‘E’ﬁ]‘ D. (2,2,3).
TRAN QUOC LUAT

(GV THPT chuyén Ha Tinh, Ha Tinh)



DAP AN VA HUONG DAN DE SO 7
(Tiép theo trang 15)

Ta z +2,+2, =0 suyra z} + 23 + 2} =3z,7,z,.

Dod6 |z} +23 +2) 1=13z2,2, | =31zl 7, ll 2, =3,

Mat khac |20 1+123 1+12 =z, F +12, P +1z, P=3,
o [t oallgutiy g 3 3

Viy Iz} +z3+23 1=l 22 | +123 | +1 22 | .Chon D.

Ciu 37. Goi x,y,z la ba kich thudéc cua khbi

hdp chir nhit. Ta c6
i 3

yri4zi=g?
e ct+a’-b?
Zrxi=bl e y= e
x?+}|2 =C2

A 2

Do d6 thé tich khoi hop 1a
2 s e 2 7B LEa
V=l}’2=\((b +c2—a?)(c +a8 bYa? + b —c ).

Chon A. : d
Ciu 38. Goi P la mdt diém bit ki bén trong
khéi da dién. Ki hiéu V,.d, (i=1,2,....n) tuong
ing 1a thé tich ctia khdi chop c6 dinh 1a P, day
la mot mét cua da dién va chiéu cao cia khéi
chép dy. Khi do ta co

V=V +V,+ +V——S(d+d+ +‘§

Tir déy suyra d, +d, +---+d, i nC

Ciu 39. Tam gidc ABC déu nén AC =a.
Duong chéo nho cua hinh hép 1a
AC' = a® +b*, dudng chéo lom cua day la

BD =a> +a —2a? cos120° = a./3.
Theo dé bai thi 4 D
BD=AC'< b=a4/2. sifld
Viy thé tich cia khéi 5/~ ¢
hopla V =AA"-S,,., :

1 b 11': ..... -
=AA'-§1-AC-BD=“‘E. )
Chon D. B ¢
Ciu 40. Dé dang tinh dugc dién tich day

L 5 g i .
¥= TR chiéu cao cua khoi chép la
g e - f
A= 22 =% 1y e tich cim khibi it I

3

2 2 __ 42
v=lg,_alv3b-a®

3 12
Céu 43. DE thdy CB 1 (SAB) nén géc gitta SC
vi (SAB) chinh la géc giita SB va SC va bing

CSB=30". Tac
spasile ) 8 whup
sinCsg  sin30 D
SA=+/SC?—AC?
=J4a?-2a* =a\2. B c
Viy thé tich khéi chop la
1 a2
= ESA “Sapep = ST
Ciu 46. A (0Oxz)= A(a,0,b).

Khi d6 MA=(a+2,-3,b—1), MN =(7,3,-3).
Do M,N,A thz'ing hang nén

. Chon B.

. Chon D,

> 4 . at+2="7k, k=-1,
MA=k-MN <3 3=3k, <a=-9,
b-1=-3k, b=4,

Vay @%,0,4) va E:-Mgﬁ:%ﬁ.

&
@ua la A chiadogn MN theo ti s-o —. Chon D.
%\ Ciu 49. Goi (B) l1a mit phing trung truc cua

doan AB. Thé thi (B) c6 phuong trinh la
Ix+y-7=0,

Duong thing d théa mén yéu ciu chinh 14 giao

tuyén cia (o) va (B). Mot vecto chi phwong

cua 4 1a u=[.71u,r-tgl=(—],3,—2). Vay phuong

xX=t
trinh cia 4 14 { y=7-3¢. Chon A.

z=2¢
Céu 50. D& dang kiém tra dugc ring d, va d,
lA hai duong thing chéo nhau. Léy

A(2,1,0)ed,, B(2,3,0)ed,. Trung diém cua
AB 1a 1(2,2,0). Goi (o) 1a mat phing can tim
thi (a) diqua I va nhén [u,u,]=(~1,-5,-2)
lam mat vecto phap tuyén. Véay

(o): x+5y+2z-12=0. ChonD.

NGUYEN VIET HUNG
(GV THPT chuyvén KHTN, DPHOG Ha Noi)
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PHUONG PHAP

GIHRIT TOATL

hwong trinh nghiém nguyén hay con goi la

phicomg trinkh Diophant la chi dé thuecmg xuyén
xudt hign trong cdc ky thi hoe sinh gioi Qudc gia va
Quoe té. Bai viét gigi thiéu phwong phdp: Buoc
nhay Viete - mot trong nhimg phuwong phap thuong
duwge s dung dé giai quyét cde bai todn lién quan
dén phieomg trinh Diophant.

1. MO DAU

Nam 1879, Andrei Andreevich Markov (1856-1922)
- nha toan hoc néi tiéng nguoi Nga di bio vé thanh
cong lugn 4n tién si tai truémg Dai hoc Saint
Petersburg vai chu dé “Dang toan phiong xdc dinh
cheong”, Luan 4n tien si cua Markov da gidi quyét
duroc mot s6 van dé kho trong “Ly thuyét s6” va mo
ra mdt huéng nghién ciru trong toan hoe, do la “Ly
thuyét xap xi Diophant”. Phuong trinh Markov - mit
phuong trinh Diophant bc hai dic biét dong vai tro
chii dao trong cac nghién ciru cia Markov vé céc

BUOCNHAYVIETE

HA TUAN DUNG
(Khoa Todn, DHSP Ha Noi 2)

Tir day ta duge x' 1a mét s0 nguyén duong, két hop
voi gia thidt x, <y, <z, va (1) tadugc

*

TR
.r='\"+" X

L R
X X -

i n

Df_;it ('T|r+| ’)In 1 ‘:r-'—l :’ = [1'1}|" * zn ) T'hi ("'-.nl-l°-1"n+l 1 :n ¥l )
la mét nghiém cta phuong trinh Markov. Cach xdy
dung niy cho ta mdt diy vo han cic nghiém cua
phuong trinh Markov vi cdc nghiém tiép theo lom
hon cic nghiém trude theo dinh nghia thir ty o trén.
Do d6 phuong trinh Markov cd vo s0 nghiém. Ta
théy ¥ twomg cia Markov trong chimg minh trén la
coi mét bién la nghiém cia tam thirc bac hai khi co
dinh cic nghiém con lai dé tir d6 xay dyng nghi¢ém
méi tir@ot nghidm da biét bang cic hé thire Vidte.
i t@xél phureng trinh Diophant la phuong trinh
h@ % déi voi mot bién nao do, ching han

Glxsy Xy X,)=0 la phrong trinh béc 8 R

Coa X% : : . ' o
dang toan phuong, 13 phuong trinh ¢6 dang %é Néu phurong trinh nay c6 nghi¢m (i X Xy

x4y +2t =30z

Ta thiy ring phuomg trinh Markov co n@@iém
hién nhién (1,1,1). Pit o

5= {{\ sl ed it £ § = 3.r_vz}
la tip hop tit ca cic nghiém nguyén dwong cua
phuong trinh Markov thi §#&. Do vai trd cua
x,v,z trong phuong trinh & nhu nhau, khong mit
tinh tong quét ta cd thé giastrring x<y<z.
Vei mdi cip (x,3.2)eS; {.\",}".:')ES ta dinh
nghia (x,3.2)>(x,¥%7) néu x+y+z>x"+y+2
Markov di ding ¥ tuémg “thong minh” sau day dé
chimg minh c6 vo han bd ba s0 nguyén duong
(x.y.z) thoa man phuong trinh trén. Véi mdi
nghiém (x,.¥,.2,) €5 ta xdy dyng b nghié¢m mai
nhur sau: Ta coi x, 1a An va céc bién con lai 14 cic
tham s6 thi rd rang phuong trinh béc hai

x? -3y z x+y:+z; =0
¢6 mot nghiém la x,, nén né c6 nghiém thir hai la
x'. Theo dinh li Viéte, ta co
X, +x'=3y,.

ntn

va x x'=yl+z; (1)
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=(a,.a,.....a,) thi rd rang la a la nghiém cua
phuong trinh X* +Gla,.a,.....a,)=0.

Phwong trinh trén phai con mot nghiém nira 1a a,.
Két hop voi dinh 1i Viéte va dir kién clia déu bai ta
s& “xdy dyng” bd (a'.a,,...a,) 1a nghiém cua
phuong trinh trén. Y tuéng dé chinh 1a ni dung cuia
phuong phép “Bude nhay Viete”, mot phuong phap
thuémg duge su dung trong céc bai todn so hoc lién
quan dén phuong trinh Diophant.

Muc tigu clia bai viét nay 1a gioi thiéu phuong Ph:’ap
bude nhay Viete thong qua mét so bai todn s& hoc
xuat hién trong cac k¥ thi hoc sinh gioi quoc gia va
quéc té. Phan con lai cua bai viet duge bo cue nhu
sau: Myc 2 ching i gioi thiéu vé phuong phap
bude nhay Viéte qua cdc bai tap cu the, Muc 3 la céc
bai tip co sir dung phuong phap budc nhay Viéte.

3. BUGC NHAY VIETE QUA CAC BAI TOAN
Bai todn dau tién s& gilp ching ta tra 101 cau héi:
“Néu tong cdc binh phuong S ba s6 nguyén dwong
chia hét cho tich P ctia ching thi khi do §: P bang
hao nhiéu? "



Bai todn 1. Hay fim tit ca cde so nguyén duwong k
sao cho phuong trinh x* +y* 4 2° = kxyz cd nghiém
ngivén dieong (nghia la moi nghiém gom ba 56
nguyén dwong X, v,z ).
Lo gidgi. Vol x,y,zeZ, ta viét phuong trinh da
cho duéi dang ¥* —kxyz+y* 427 =0 (1)
Gia sir k 1a sb nguyén duong sao cho phuong trinh
(1) ¢0 nghiém nguyén deong. Co dinh & va xét tdp
hop
S={fx.y,z);.r,y,ze2'| x2 —kxyz+y* +22 =0},

Theo didu gia sir & trén thi §=@, khi do theo
nguyén ly sip thir ty tot ton tai (x,,,,2,)€S sao
cho x,+y,+z, la nho nhat. Ta thiy ting, néu
(X5 ¥ouZade 8 i (gadel (5 vy ) ed:
khong giam tinh tong quit ta co the gia su
X, 2 ¥, =2, . Phuong trinh

flx)=x? —xkyoz, + 32 +2¢ =0
hién nhién ¢6 mét nghiém x,, . Goi nghiém con lai la
x, . theo dinh li Viéte, ta co

R A o S S A
Tir ddy, ta duge x, khong dm, do do (x;.¥,.2,) €8,
theo cach xac dinh cua bd (x,,¥,.7,) thi ta thu
duge x, +y, +z, Zx, +y, +z,hay x = x,.
Dodo,tacéx, 2x, 2y, 22, {
Theo dinh 1y vé diu cua tam thirc bac hai v i (
duge: 0= fly,) < ¥; —kvgz, + 2y = ya O —kg@d Suy
ra kz, €3=>k<kz; €3 md keZ* nén @‘23‘; .
Néu k=1, phuong trinh (1) ¢6 nﬁm nguyén
duong x=y=:z=3.
Néu k=2, thitr kz, <3 taduge z, =1 khidd taco
(xy =¥ P +1=0, miu thudn,
Néu k=3, phuong trinh (1) c¢6 nghiém nguyén

Vay voi ke{l.3} thi phuong trinh cé nghiém
nguyén duong.

Nhin xét 1. Trong bai todn nay, ta i “ngam " thiét ldp
mét quan hé thir e tir dién trén S

(x,y,2)>(x',7,2) Sx+y+z>x'+y+z.
Sau do, dua vao nguyén I sdp thir tr tot “Mot tdp hop
khdc rdng bét ki ciia ede s6 tw nhién bao gid ciing ¢d phan

2 ar

ni bé nhdt” d@é chi ra (x,,¥,.2,) la nghigm nho nhdt theo
quan hé thir ne noi trén. Nhé phicong phdp bude nhay
Vigte ta da xdy dung duge nghigm (x,,v,.2,) tic nghiém

(XysYqnZy) @€ tir d6 thict Igp diegre quan hé * x 25,2y, 23",

Tir do, viri dinh I¥ diu cua tam thie bde hai ta tim dwge
cde gid iri k théa man diéu kign bai todn, Bang cdch lam
neomg tw ta co thé giai quyét dwge bai todn trong Ky thi
hoe sinh gidi Quéc Gia mén todn lap 12 (VMO) ndm
2002: Hayv tim tit ed ede so nguyén dwong n sao cho
phieong  trinh .r+y+u+h'szA}_w; eo

nghigm  nguvén

derorng X, Y.V

Bai toan 2. (Dé thi Olympic Todn hpc Quéc té -
IMO, 2003). Hay tim tat ca cde cdp SO nguyén

2

a : -
—————— [a mot 56 nguyen
- e

dirong (a,b) sao cho

drong.
Léi gigi. Gia st ton tai cap so nguyén duong (a.b)
a:‘

' ' 2ab* — b +1
thi & 14 so nguyén duwong. Co dinh & va xét tap hop
S={(@.brabelt| a -2akb® +k(b' -1)=0}.
Theo diéu gia sir & trén thi S#@ . Do keZ* nén

vin (a,h)e S taco 2ab’ b +1>0suyra
b*(2a-b)>—1 hay b*(2a-b)=0.

Do d6 2a=b holic 2a>b. Néu 2a> b két hop voi

kz1 .&im;c: alz22ab?—p +1>822a-b)zh.

thoa min diéu kién bai todn. Pat k=

-

Tir d’% Y ra néu (a,b)eS§ thi 2a=b hodc a>b.
ek Ya,.b,) 1a mot phan tr bat ki thuge §. Xét

§5ﬁ|1g trinh T? =2Tkb} + k(b -1)=0 la phuong

trinh bic hai an 7 c¢d mot nghiém 1la a,. Goi
nghiém con lai la a, , theo cong thic Viete ta ¢d:

a, +a, = 2kb} ; aya, =k(bj —1) (1)
Tir diy, tacod a, €Z va @, =0. Néu q, =0, thi tir
(1) taco: by=1 va a, =2k, ta dugc (2£,1) la mét
cip s6 thoa man diéu kién bai toan. Néu a, € Z* thi
(a,.b,)e§ . Khong giam tinh tong quat ta ¢6 the gia
sit @ =a,. Chi y rang, theo nhin xét & trén thi
2a, =h, hoic a, >b,. Néu a, > b, thi ta co ngay
a, = a, > b, , két hop véi (1) ta thu dwge

_ k(b =1) _ k(B3 =)

kbi<a = < kb2,
B a, b ¢

a

thi ta dugc
(k,2k) 13 mot ciip s6 thoa man diéu kién bii toan.
Tir hé thirc a,a, =k(b; ~1)ta thu duge (8k° —1.2k)
la mot cip s6 can tim. Viy cac cip sO (a,b) thoa
man diéu kién bai toan la (2k1), (k2k) va

Diéu nay mau thuin. Véi 2a,=h,

(8k3-1,2k) voi k 13 s nguyén khéng am.

Nhin xét 2. Bai toan cho ching ta thay dwoe iimg dung
ctia phieng phuong phap bude nhay Viéte trong viée tim
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nghigm ctia phuong trinh Diophant. Mdu chot cia bai
todn la phai phdt hién ra mdi guan hé: Néu (a,b)eS thi
2a=hhogc a=h.

Phucng trinh a* —2akb® +k(b*=1)=0 la phuong trinh
Diophant bdc 3 ddi véi dan b nhung la phuong trinh bdc
hai doi véi dn a nén ta van dp dung dwoc phueong phap
bude nhay Viete dé xdc dinh duge nghiém cua bai todn.
Chu ¥ ra:'ng khi tim diwoc nghiém (q,h,)=(2K) thi ta phai
tim a, vi (a,by) ciing la nghiém, néu khéng sé dan dén

viéc lam mat nghiém (8k* —1,2k) ciia bai todn.

Bai todn 3 (MO 2007). Cho mmc a; h la hai 56
nguyé " ducng. Chitng minh rang néu so dab-1 la

wdc 56 cua (4a® —1)* thi a=b.

Léi gidi. Theo gia thiét thi 4ab—1|(4a> —1)* nén ta
co dab—1 la udc cua

b (4a? — 1) - (4ab-1)4a’h—2ab +a*) =(a—b)*.
(a—b)

Dit: k=
e e

thi keZ*. Co dinh k va xét tip

hop:

={(a.bya,b = T7ia  bla> ~2ab(2k+1)+ b +k=0}.
Gid st §# @, khi dé theo nguyén 1y sip thir tu ot
ton tai cip 56 (ay.b,)€S sao cho a,#b, va

a, +b, nho nhat. Ta thiy rang néu (a,.b,) €S thj &

(hy.a,) €S , khong giam tinh tong quét ta c6 thé gia
a, > b, . Phuong trinh T2 —2Th, (2k + 1)+ b? 3@?0.
cd mot nghiém hién nhién l1a a,. Goin
la a,,theo dinh li Viéte ta co:

a,+a, =2b(2k+1) ; a,a,=b; +k (N
Tir diy, ta duge @, la sb nguyén khong am, do doé
(a,,b,) €S , theo cich xac dinh (a,,b,) thi

on lai

a +h za,+h <= a za,
Két hop véi (1) ta duge

Bk _BE+k

g, =———< 22— & kzaj-b;.
H dy
ko il Sl
Do d4, ta co: (—D—-—”—=k2a§—b§
dah, ~1

=(ay — by Nay +by).

Ma a, > b, nén a, b, 21, viviy

= (a, + by M4a,b,

méu thufin. Nhu véy, dicu gia sir 4 sai hay § =@, Tirdo,
ta drge diéu phai chimg minh.

-1)>a, +b,,
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Nhgn xét 3. Véi cach phét biéu ciia bai todn thi ta khong thé
dp dung phiromg phdp budc nhay Viéte vi khi do phieong
trinh can xét sé la mat phuu:a:-g trinh béc bon dn a . DE co

thé dp dung diege, ta da hién doi diéu kign ban ddu ciia bai
todn o thamh sé dab =1 I wie 56 cia (a— b)Y . Sau do, sir
dyng phan chimg két hop voi phuong phdp ede nhay Viete
va nguyén I sdp thir tie t6t ta dwge diéu phai chimg minh.
Bai todn 4. Tim tat ca cde gid tri nguyén dwong cia
k dé phuong trinh a®+b* —kab—k=0 c6 nghiém
nguyén dicong.
Loi gigi. Gia st phuong trinh d3 cho c¢d nghig¢m
nguyén duong (a,b) . Cé dinh k va xét tap hop
5 “|a? +b* — kab—k =0},

Theo diéu gia sir trén thi S= @, khi do theo nguyén
ly sip thir ty tot tén tai (a,,b,) sao cho a,+b, 1
Ta thdy ring néu (a,.b)eS thi
(h,.a,) €S , khong giam tinh tong quét ta cd thé gia
sit a, 2 b,. Phuong trinh: T2 —kT'h, + b —k=0 co
mét nghiém hién nhién 13 a,. Goi nghi¢m con lai la
a, , theo dinh li Viéte ta co:

a,=kb, ; aya =hj—k (1
Tir (1M c6 a, la s6 nguyén. Ta s& chimg minh

gﬂ. Thit vy, néu a, <0 thi

nhé  nhit.

—a? —kab, +h} —k>al +k+b} —k =ai +b;,
mau thuin. Do d6 a >0. Néu g >0 thi
(a.h,)eS.theo cich xdc dinh (a,.b,) thi

a +b,za,+b, hay a, 2 a,. Tirdo ta co:

b > b} —k =a,a, 2a} < b, >a,, mau thuln.
Vi vay a, =0, khi d6 k=5j, hay k 1a mét s0 chinh
phuong. Pao lai voi k=m* thi phuong trinh da cho
¢6 nghiém nguyén duong 1a (m,m*). Vay k la sd

chinh phwong thi phwong trinh di cho co nghiém
nguyén duong.

Nhdn xét 4. Bai toan trén la cdch phdt biéu khdc ctia bai
todn s6 6 trong Ky thi Olympic Todn hpc Qudc té nam
1988 (do la bai todn khé nhat trong ky thi va chi cd muoi
mdt thi sink c6 161 giai hodn chinh).

Dy ciing 1 mgt trong nhitng vi du “noi tiéng nhat” trong
viée sur d.g.-rzg phiromg phdp bwde nhdy Viéte. Qua vi dy nay
ta thay rdng nguyén Iy sép thie fu 1ot thiecmg “song héanh”
vei phuong phdp bude nhay Viéte trong cac bai todn vé
bign lugn phieomg trinh Diophant bdce hai.

Bai todn 5. Cho a,b la cdc so nguyén duong vdi

ab#1. Gﬁ:i swr rang ab—1 chia hét a* +b*. Chung

+ b
minh mu" - =13.
I:r— 1



T az + b? g e 5
Lai gidi. Bat k = e thi k 14 s6 nguyén duong.
Theo bt ding thirc Cauchy thi
a’ +b’ 2ab 2
= >2
T Rl

hay k3. Néu a=b thi ta duge k=2+—"—<3,

méu thudn. Ta s& chimg minh k=5. That vy, cb
dinh & va xét tap hop

{{(ab}ahez jk—“ i }

b1

Theo gia thiét thi §=, khi d6 theo nguyén ly sip
thir ty tot ton tai (a,.b,) sao cho a,+h, 1 nho
nhat. Ta thay ring néu (a,,b,)eS thi (b,.a,)eS
két hop vai ‘nhﬁn xét o trén khéng giam tinh tdng
quat ta co the gid sir a, > b, . Phuong trinh

Tosh g

Thy, 1
c6 mdt nghiém hién nhién la a,. Goi nghi¢m con lai
1a a, , theo dinh li Viéte ta co:

=k<T?-kThy+bl +k=0

dy +a, =kb, ; aya, =bl +1k.
Tu ddy, ta dugc o, €2+, do do (a.b,)es§,
ciach xac dinh (a,.b,) thi a +b,2a,+b, hay
Vi a,>b, nén a,2b,+1, tir d6 ta thu

theo

a =da.

duge: b +k—kby=a,a -a,-q %\
N

=(a, —1)(a, —l)—]>b9—l%
Do dé k(b,—1)<1. Néu b, =1 theo cl@g minh
trén thi (b, —1)23>1, vi viy ta p
Khido: @, +a, =k va a,q, =k+1, suyra
1)(a, —1)=
ma a, =4, nén a,=2, a, =3, tir diy ta duogc

aya —dy—a,—1=0 & (aq, -

k=a,+a =5.

Nhur vy, ta 6 diéu phai chimg minh.

Nhgn xét 5. Phuwong phdp lam bai todn nay heong tu véi
bai todn 4, do la bude nhay Viete két hop véi nguyén Iy
sdp thi tw 16t Tie chimg minh bai todn, ta thu dwoc
(a.b)=(2,1) I cdp 56 nguyén dwong nhé nhat théa min
diéu kién bai todn theo nghta tong ciia a+b 1a nho nhdt
Mct cau hoi “tw nhién” diege ddt va khi da lam xong hai
todn 4 va 5 la ligu co bao nhiéu cdp s6 nguvén diong
(a,b) thoa man diéu kién bai todn va ching duge “mo
ta” nhi thé néo. Bai todn tiép theo la bai todn s6 5 trong
Ky thi chon d6i tuyén Qude gia die thi OlympicTodn hoc
Quoc t€ (VN TST) ndm 1992 sé gitip chiing ta tré 161 cdu
hoi trén.

Bai todn 6 (VNTST 1992). Tim tat ca cdc nghiém
nguyen dirong (x,y) cia phwong trinh
¥ =Sxy+y?+5=0 (1)

L gidi. Déu tién, ching ta chimg minh bé dé
B dé. Xét hai day s6 {u,} va {v,} duoc xéc dinh
nhw sau: 4, =L, =2,u_, =5u, ,, —u,,¥n=0,1,.

=Ly, =3,v -v,,¥n=0,1,.
Khi d{’), voi moi n EN cic cip sb (u,,.um) va

illl

(v,.v,.,;) la nghiém nguyén duong cua (1). Ta sé&
chitng minh ménh d sau bang phuong phap quy nap
toan hoc

Ménh @&, Véi moi neN thi (u,
ctia phirong trinh (1).

Vai n=0,
(uy, 1) 1Td mdt nghidm cia phwong trinh (1), Nhu

) la nghiém

.'|+I

ta ¢ M +u-Swu =-5. Do dd

véy, ménh dé ding vai n=0.

Gia sir ménh dé ding véi n=k> 0, tirc 1a

=5, +5=0.

Khi do w4, +ug,, —5u, 0, =u (1,
’\% =ul,, +ul

T&miét quy nap, ta duoc:

S <
Uiy + U =Sty +5=0.

B

g+,
2

=5, )+,

=5u, .

an do (u,.,.t,,,) cling ld nghi¢m cia phuong trinh

(1). Theo nguyén ly quy nap toan hoc thi ménh dé
dung vii moi nel . Chimg minh twomg ty, ta cling
thu duge véimei nel thi (v ,v ;) 1a nghiém cua
phuong trinh (1). Tir cong thirc xac dinh s6 hang
tong quat cua hai day s6 {u"} va {vﬂ} ta duge cée
s0 hang cta hai day déu 14 cac sb nguyén duong. Do
dé, cdc cip so (u,.u,,,) va cip sé (v,,v,,) la
nghiém nguyén duwong cua phuong trinh (1). Nhu
viy, bo dé duge chimg minh.
Béy gidr quay trd lai bai todn, xét tip hop

§={ ~Sab+b? +5=0}.
Véi (a,b)eS néu a=b thitaco

3&2—5=U:>a3=%,

mau thudn. Do d6 a# b . Ta thiy ring néu (a.b)e S
thi (h.a)eS, khong giam tinh téng quit ta c6 thé
gid sir v&i moi (a.b)eS thi a<bh. Vai (a.b) &
mot phan tir bit ki thude 5. Xét day sb {a,} duoc
xac dinh nhr sau

ay=b,a =a,a, =5, ~-a, Ynel.

n+l nt
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Taco: b(Sa-b)=a° +5>D:>5a>b

Tir cong thire xdc dinh sO hang tong quat cua day
la,} ta dwge a, €Z' voi moi neN. Ta cb
(@,,a)=(a,b)€S, gid s (a,,q,,)eS voi moi
kz1,khido: a, +ai,,

=2 (G

=5a, 1@ ia
_534-.1)+“§+|
=Rl S R
Tir day ta duoc (a,,,.q,.,) €S, theo nguyén ly quy
nap toan hoc thi (a,.a,.,) €8, ¥ne M.
Néu a =1 thitir (1) ta duoc:

b —-5h+6=0 < be{2,3}.
Néu h=2 ta ¢6 (a,b)= ). Néu b=3 thi
(@,b)=(vy,v,).Ta xét truong hop a>1, khi do
(da—bYa—b)=3a?~5>0, mid a<b nén 4a<bh,
ma a, >a, nén tir ddy ta duge a, >a,,,

(1t 28,

Vi moi
nel . Nhr vy voi a>1 thi day {a,} la mot day
giam ngat, nén phai ton tai mot chi s6 & sao cho
a,>a,>..>a,,=1. Do (a.a._,) la mjt nghiém
ciia phuong trinh (1) nén tacé a, €]2,3}.

Vi g, =2 thi ta co q, khi do
tr 46 ta duge a =u,. ;.

Tuong tw véi @, =3 thi (a.b) 1a cac s6 hang lién

=y, G = U,

& =5a, —a,, =t

&+l

tiép cua day{v,}. Nhu vdy, cac by (u,.u,,,) va

a,,, =5a,, —a, . Sau khi thu dugc nghiém nho nhdt, ta

xdy dung cdc nghigm cua phiwemg trinh e nghiém nho

mtl
nhdt do thing qua hai day {u,} vé {v,} .

Bai toan 7 (VMO - 2012). Xét cde 50 tw m‘uen le
a.b. ma a la woe 56 ciia B +2 va b la wée 56 clia

a® +2. Chimg minh rdng a va b la ede 50 hang ciia
déy 56 t nhién |v, | diegc xdc dinh boi
=L v, =4y, _, - Ynzl.

Léi gidgi. Dit d =(a,b), khid6tacod dla, d |b mi
bla®+2 nén d la*+2-a* hay d 12. Via, b
la cdc 56 ty nhién Ié nén d la sb ty nhién I¢, do do
d=1.Taco a la®+b*+2, b | 2> +b* +2,
ma (a.b)=1
Ngwoe lai, néu ab la®+5*+2 thi ta ciing €0

albr+2vibla®+2.Ta thay gia thiét cia dé bai
trong duong voi vige ton tai sé nguyén duong &
saocho: a* +b* +2=kab < a* —kab+ b +2=0.
Xét tip hop:

= {{a.h);a.hEZ' i bi2la? —akb+b* +2 = U}.
Theo gia thiét thi =@ . khi do theo nguyén 1y sip
thir tur t@on tai cap sd (a,.b,)e S sao cho a, +h,
nhd xﬁT’ Ta {a,,h,)e§ thi

i ti, ) €S , khong giam tinh tng quat ta co thé gia
X3 a, = h,. Phuong trinh T2 -Tkh, +b; +2=0 ¢6

V=¥

] 1 .lr aa

nén a®+b>+2 chia hét cho ab.

thiy riang néu

(v,.v,,;) (véi moi nel¥) la tip tat ca cac ﬂ%@ mét nghiém hién nhién la a,. Goi nghi¢m con lai 1a

nguyén duong cia phurong trinh (1).

Nhgn xét 6. Ta thiét ldp quan hé thit e trong
(x.y)e8, (x'\V)eS thi: :x.\_z)b{.r'.y'}cm&'
Tie mot nghiém bat ki ciia phwong trinh (1) bing phiong
phap bude nhay Viete ta thiét lgp dwpe nghigm mdi nho
hom nghiém (a.b) theo quan hé thir ty noi trén. T

L
£
Rt men

va ¥y

nghiém vica mdi thu drge nay ta lai xdy dumg nghi¢m moi
nho hon, cib tiép tue qud trinh nhe vay dén khi khing thé
xév dung dugpe nita. Khi d5, ta thu diege nghiém nho nhdt.

Daiy {a"} dd mo ta cde nghiém cua phong trink (1) duge
xdv dmg tr qud rinh trén va duge xdy dung dia vao cde
tink chde: a,b 14 hai s6 hang dav tién etia dav: (a,.a,,)

la mot nghiém cua phwong trinh (1). Dé xdc dmh duoc
cong thire truy hoi cea diy {a"} ta da sir dung phireng phdp
+a2, +5=0
co mot nghiém la a, . gei aghiém con lai la a,, thi theo
+5. )

Tir ddy, 1a cé a_., & 36 nguyén dieong, do dé (a,.4,.,)

n?

budc nhay Viete. Xét phueong trinh T° -3Ta_,
hé thire Vidle ta c6: a +a ,=5a, va aa ,=

||-I

citng la mét nghiém cia phwong trinh, va tir (2) ta dwoe

a, , theo dinh li Viete ta cd:

a,+a, =kb, ; aa =b3+2 (1)
Tu day, ta duge a, 1a $0 nguyén khong am, do do
(a.by)eS, theo cich xdc dinh (a,.b,) thi
a,+b, za,+b, hay a, za,. T (1)tacd

_ b2 by +2
e gt =g

suy ra a —b? €2 hay (a, —b,)a, +h) <2 (2)
Néu a,#b, thi ta c6 a,—h, 21, tir (2) ta duoc

a, +b, <2 suy ra a,=bh,=1, mau thuan. Do d6
g, =by,tr (1) ta thu duge

a,(a,—a,)=2, ma a, 1 so le nén a,=1 va

aya, =ag +2  hay
4, =2+a,=3. Khi 46 k=4, nhu viy néu a,b la
cac $6 tw nhién thoa man diéu kién dé bai thi

al +ht —dab+2=0 (3)
Tir cng thire xdc dinh ciia day {v, |, ta duoc moi 6
hang cua diy déu 1a s6 tuy nhién lé. Ta thiy
(v, vy =(1,1) € § gia str (Vv JES vEi moi



kz1, khidotacéd: v,

=V Vi +VE

22
Vi~ s

=V g~ AnE,
Ma theo gia thiét thi (v sV YES nén
Ve Vs — WV, +2=0.

Do d6 theo nguyén Iy quy nap todn hoc thi
(v,.v,,,)ES voimeoi neN. Vai (a,b) 12 mt phan
tir bét ki thuge S, khong mét tinh tdng quét ta ¢6 thé
gia sir a <b xét dy sb {a,} duoc xic dinh nhu sau:

ay=ba =a,a,,=4a,,
T (3)tacod: b(da-b)=a*+2>0=4da>bh.

Tir cong thitc xac dinh s6 hang téng quét cua day

—a,,voimoi neld

la,} taduge @, €Z- véimoi neN va moi sb hang
clia ddy déu 14 sb 1&. Chimg minh twong tu nhu déi
véi day sd {v,} taduoc (a,.a,.,)eS moi neN .
Néu a=1 thi tir (3) ta dugc b2 —4b+3=0 hay
be{l,3}. Xét véi b=1 khi do (a,b)=(v,.v,). Xét
vioi b=3 thi (a,b)=(v,,v,).Ta xét truomg hgp
a>1,khido Ba-b)a-m=2a>-2>0 ma a<h
nén 3a<b, do a, >a, nén tir diy ta duge a, >a,,,
véi moi neN . Nhu vy, véi a>1 thi diy {a,} 12
mét ddy giam ngdt, nén ton tai k nao dé sao cho
Gy za >.L>a =1,

Do (4, ,.a, ) i nghiém ciia phuong trinh (3) @
ta ¢6 a,,<{1,3] mi ta lai c6 aq,_,> $ én
=4a,_,

&=V, @ =V, V& q_,=3=v,. Tt 46, ta dugc

@, =3, suyra g = -a, ,=1. 0, ta co

V.

1

=a, , véimoi ieN, theo chimg minh & trén thi

(v,:v,.,) €S . Tir déy ta duge diéu phai chimg minh.

Nhin xét 7. Vé mat ¥ twomg thi bai todn rén Ia sy két hop

khéo [éo ciia hai bai todn 5 vi 6. Bai todn c6 thé phar biéu

nhu sau: Tim tat ca cde nghiém tie nhién ciia phwong trinh

@+ —abc+2=0

trong do a, b la cde s6 e nhién lé.

Duici ddy la moi bai fwong ne

(Olympic Todn Canada 1998). Cho m & mpr so RELVEn
i

dwong. Ddy so ,n__: b

direre xac dinh nhie sau
=0 =m va u,, =m'u —u_,

vii moi nz1. Chimg minh rang, cde cdp sé (a,b) vii

- X . . 5 3 @+ 5 s
a,bel’, azb, langhiém cua phiromg trink T—I-:m-
] an+

khi va chi khi (a,b)=(u,.x, ) voi moi 56 e nhién n.

3. MOT SO BAI TAP DANH CHO POC GIA

1. Tim tit ca cic s6 nguyén duong k sao cho phuong trinh
X4yt +x+y=kyy conghiém nguyén duong.
(Olympic 30-4 ldp 10 ndm 2014)
2. Cho phuong trinh x2+y? +22 +2 — Nuyzr—N =0
trong dé N 1;'1‘56 nguyén dl{cmg cho trurde. )
4) Chimg 16 ring, c6 vé 80 gid tri nguyén duong N dé
phuong trinh trén 6 nghiém nguyén duong (nghia 1a méi
nghi¢m gém bon sé nguyén dwong x,y,z.t ).
b)Cho N=44(8m+7) voi k,m 1 cdc s nguyén khéng
dm. Chitng minh rang, khi 6 phuong trinh trén khéng cd
nghiém nguyén duong. (VNTST 1994)
3. Tim tit ca céc s6 nguyén dwong 7 sao cho phuong
trinh sau c6 nghiém nguyén dwong x2 + y2 = n(x +1)(y +1).
4. Cho m.n la hai s 1é véi m>n>1 thoa man
m*—n?+1 [n?-1.
Chimg minh rang, m? —n?+1 14 sé chinh phuong.
(Olvmpic Taiwan 1998)
5. Chimg minh rﬁng tit ca cdc nghiém nguyén duong cua
]Jhl.rcmg tinh x*+y*+1=3xy 1a (x,y)=(F, .F,,) véi
F. 1a s6 Fibonacci.
6. Tim tt ¢4 cac 56 nguyén duong k sao cho phuong trinh:
x?—(k? —4)}'2 +24 =0 cd nghiém nguyén duong.
(ﬂe thi triedmg Déng phia Bic 2015)
7. T1@cacﬁccap 80 (a,b) ma ab |a®+b%+3,
(Olympic Turkey 1994)

ﬁa sir a, b 1 céc sé nguyén duong thoa man:

b+1a?+1, a+1]p2 +1.
Chitng minh ring a , b déu la cdc s 1¢.
9. Chimg minh ring v&i moi s6 thye N thi phuong trinh
X+ X3+ +X] =X X+ KX, F X T K, XXX,
co nghiém (a,,a,.a,,4,) voi a,,a,,a,,a, 14 cic sb nguyén
lém hon N, (Putnam 1998)
10.  Cho céc s6 nguyén dirong a.b thoa min

ab(Sa? + 5K —‘2}

Sab-1

Chimg minh ring a = b.
1. Cho a,b.k 14 cic s nguyén duong théa man

eZ.

_ @ +ab+bt
ab+1
Chimg minh ring & 12 mt s6 chinh phurong.
12, Chimg minh ring phuong trinh {.'(+y+z}2 =Txyz
khong ¢6 nghiém nguyén duong.
13. Cho s6 nguyén dueng x,y,4 thoa man hé thirc
x1+yr+30
Xy

Chimg minh riing 4 1a liiy thira bic 5 ca mét s6 nguyén.

A=

14, Cho phuong trinh (x+y+ z}: =nxyz, véi n li so

nhién khéc 0. Tim n ¢é phwong trinh ¢é nghiém nguyén
duong.
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o~ - -
TIENG ANH BUA EAC BAI TBAN
BAI SO 19
Problem. Find the loci of the complex numbers  the lower intersection between /, and the circle

- P I e L (PN, (TR, Ty U O TR . > e :
w and z which satisfy |w+2+3i1<Iw-3-2i| | 2—3—2i|=1. And its minimum value is

and 1z-3=2il£1. For such w and z, find the R T g
J[?)—EJ +(2+§') -1 =§ﬁ“’l .

minimum value of 1 z—-wl.

Solution. We will identify the complex number

a+bi with the point (a.b). By definition, : |
Iw+2+43il is the distance from w to t
w,=-2-3i and Iw-3-2il is the distance 1
from w to w, =3+2i. Therefore, the locus of fpes

w such that Iw+2+3ilslw-3-2il is the
half-plane which contains w, and is determined

by the perpendicular bisector / of w, and w,. -5 2
Similarly, 1z—3-2i| is the distance from z to TU VUNG
w, =3+2i. Thus, the locus of z such that idenrify : dong nhit
z-3-2i<1 is the closed disk with center at locus (loci) : quy tich (loci la dang )
w, =3+2i and with radius . nhiéu cua locus)
distance : khoang cach

It is easy to see that the line which goes through

w, and w,, say [, is perpendicular to / and half-plane _ : nira mét phing
i pe rpw ilar bisector ; dudmg trung truc

intersects [ at (—é- r-;—} Hence | z—w | obtains “ff’% isk : dia tron, ké ca bién
g, NGUYEN PHU HOANG LAN

its minimum value when w = [12—%} and z § (Trurdmg DHKHTN, DHOG Ha Noi)

Bai todn. (m@ﬁ nhiéu cach sap xép cdc 50 1,2, 3, 4 va 5 dé duoe

mot s6 r'f%@? 56 chia hét cho 127

Lai gidi. Mot sb chia hét cho 12 khi va chi khi n6 chia hét cho ca 3 va
4. 56 gdbm 5 chit sb 1, 2, 3, 4 va 5 ludn chia hét cho 3 vi 142+3+4+5

chia hét cho 3. Mat khéc, s& abcde chia hét cho 4 khi va chi khi de
chia hét cho 4. Do d6 ta ¢6 céch chon de 1 12, 24, 32 hoic 52.

V6i mdi céch chon, ¢ 3! = 6 cach dién vao 3 vi tri ddu tién.

Tir d6 ¢6 4 X6 = 24 cich sip xép cac s6 1,2, 3, 4 va 5 dé dwoe mot sb ¢6 5 chir sé ma sd d6 chia
hét cho 12.

Nhgn xét. Cac ban sau cd bai dich tt hon ca: Ha Nai: Nguy& Huromg Giang, 10A13, THPT Ngoc Tao, Phuc
Tho; Thira Thién Hué: Nguyé"n Ngoc Thanh, 11T1, Lé Cdm Thanh Ha, 11 Toan 2, THPT chuyén Quélc hoc
Hué, TP. Hué; Quéang Nam: Phan Tam Li Na, Huynh Dinh Ngoc Trdc, 10/1, Trwomg Nhdt Nguyén Bdo,
11/1, THPT chuyén Nguyén Binh Khiém; Binh Binh: Nguyén Nhu Hiéu, Lé Pham Thiy Tién, 10T, THPT
chuyén Lé Quy Bon, TP. Quy Nhon; Tién Giang: Lé Hoang Bdo, 11 Toan, THPT chuyén Tién Giang; Vinh
Long: Lé Mink Qudn, 11T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO HAT (Ha Noi)
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90"

B,

P

GIAI DAP: TIM G101 HAN

(Pé diing trén TH& TT s6 474. thang 12 nim 2016)
Phin tich. Lo giai trén da giai sai & ché, khi x din vé
—o0 |, bidu thite 2x + 1< 0, do d6 khi dua vao trong ciin
bic hai phai ddi diu, mad trong 1o giai d3 khong lam
viée nay.

Lai giai ditng

tim 25+ [2x+3 [ {(2x+n {zr+3}]
= - +x+l X-'-““ 2 +x+l

=—8=222. @’
i

ién ra sai lim,
nhimg mét vii ban da ra phan tich sai 1dm chua chat ché,
Trir mdt ban thi tit ca déu dua ra 16d giai dimg. Céc ban duge
khen trong s6 nay 1i:

Nhin xét. Céic bai giri vé Toa soan déu pha

Hung Yén: Triu Quci'c Ting, Cao Thanh Trung,
11A3, THPT Duong Quing Ham, Vin Giang; Chu
Minh Huy, 12 Toan 1, THPT chuyén Hung Yén. Hai
Dwrong: Nguygn Dng Son, 11A, THPT Nam Sach, H.
Nam Sach. Ha Nam: Lé Phuong Nam, 11 Toan, THPT
chuyén Bién Hoa. Thira Thién Hué: V6 Xudn Dic
Thing, Nguyén Ngoc Thanh, 11T1, THPT chuyén
Quéc hoc Hué. Binh Bjnh: Nguyén Céng Khdi, 10
Toan, THPT Tay Son, H. Tay Son. Tién Giang: Lé
Hodng Bao, 11 Toan, THPT chuyén Tién Giang. Vinh
Long: Chdu Minh Khdnh, 11T1, THPT chuyén
Nguyén Binh Khiém. Ca Mau: Hodang Céng Minh, 12
chuyén toan, THPT chuyén Phan Ngoc Hién. Long
An: Lé Tri Phu, 11T1, THPT chuyén Long An.

KIHIVI

L”

CHON DAP AN NAO ?

Co6 4 ban ciing vin T: Thich, Todn, Tudi, Tré sinh hoat
nhém giai quyét bai toan dang trac nghiém sau déy:

Cho cde 56 thiee dwong x, v théa mdn x + y 2 3. Gid trj

, ; 1862
nho nhat cua biéu thie § =,t+y+£+— la

¥
A 4 B. 42 C
3 3
D.5 E. Mot két qua khic

Mat ban dé xudt dap an B vdi 161 giai nhur sau:

S=x+y+i+£2x+y+2JI (BDT Cauchy)
Zx y Xy

2 4
=x+y+—2x+y+——0:.
Xy xX+y

N 4
Xeé s6 f(H)=t+— vii t=x+y=3. Taca:
3@“‘ fin o Bl p =) aco

(BDT Cauchy)

2
f(r]—f-i=u}ﬂ voi W23
.E' f

= ham f(f) dong bién trén [3;+x)

= min Ji’(.!]=_,l’|f3}=3+£—1 =4l = chon dép 4n B.
[35+0o) 3 3

Cic ban cé dong y voi loi gidi trén khing, néu

khing thi ban lam thé nao ?

NGUYEN HUU DU
(Xom 3, Quynh Lién, TX. Hoang Mai, Nghé An)
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GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chii tich Hoi ddng Thanh vién
NXB Gisig duc Viét Nam
NGUYEN BUC THAI

Téng Gidm déc NXB Gido duc Viét Nam
GS.T5. VU VAN HUNG

Phé Téng Gidm doc kiem Tong bién tap
NXB Gido duc Viét Nam

TS. PHAN XUAN THANH

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HUU NAM ThS. HO QUANG VINH

T5. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, T5. NGUYEN MINH BUC, T5. NGUYEN MINH HA,
7S, NGUYEN VIET HAL PGS. TS. LE QUDC HAN, ThS. PHAM VAN HUNG, PGS. 75. VU THANH KH{E’T
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, T5. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VU
KIM THUY, PGS. T5. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG s@NAY
'@

Thu ki Toa soan :

o Danh cho Trung hoc Co sé
For Lower Secondary School *%
Vii Huu Chin — Mat s6 bai toan vé udc
chung, ude chung lén nhit trong tap hgp s6
tu nhién,

© Newén Vin Mau - Nguyén Minh Tudn
Ky thi Toan Ha N&i md réng nam 2017
lan thit 14 (Junior Section).

€D s thi tuyén sinh vao 16p 10 THPT chuyén
Hung Yén, nidm hoe 2016 — 2017.

0 Hudéng dan giai Pé thi tuyén sinh vao
1dp 10 mdén Toan THPT chuyén Vinh
Phic, nam hoc 2016 - 2017.

€D ip an va hudng dén gidi dé 6 7.

@\ @ Pé ra ky nay

Problems in This Issue

T1/478, ..., T12/478, L1/478, L2/478.
@ Giaibai ky truse

Solutions to Previous Problems
€ Thir sitc trude ky thi - D8 55 8.
€) Phuong phap giéi toan
Ha Tudn Ding — Bude nhay Viéte.
@ Tiéng Anh qua cac bai toan - Bai s6'19.
Bai dich s8 16 - Tiéng Anh gua cac bal toan.
€) sailim ¢ dau?
Gigi ddp: Tim giél han.
Nguyén Hitu Dy — Chon dap 4n nao?

Anh bia 1. Nha Todn hoe Nga A. A. Markov (1856 - 1922).
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B0 sach “Tai liéu chuyén Todn" iép 10, 11, 12 c6 tat ca 12 cudn, méi I6p co 4 cubn gdm 2 cuébn Ii
thuyét (Dai sd - Giai tich va Hinh hoc) va 2 cuén bai tap. Noi dung trong méi cudn déu bam sat chirong
trinh cho hoc sinh cac trwvdng THPT chuyén ma Bé Gido duc va Dao tao da ban hanh. O méi cudn Ii
thuyét gi¢i thiéu cac chuyén dé bét buc clia chuong trinh chuyén duwoc trinh bay kha sau va chit ché,

c6 kha nhiéu cac vi du, baitap Ia nhizng bai thi ctia khdi chuyén Toan, thi hoc sinh gioi Toan Quéc ER G
Toan Qudc té. Trong mdi cudn bai tap, ngoai hudng dn giai kha day di cac bai tap trong cudn I thuyét,

. cOncomotsé baitap bd sung dé hoc sinh tham khdo. Cac tac gia clia bd sach la cac thiy gido co nhidu
. kinh nghiém trong viéc béi dwéng hoc sinh giéi Toan, déu da hoac dang truc tiép giang day tai cac
trrng THPT chuyén, khdi chuyén Toan, cac treéng Bai hoc, Vién nghién cieu, . . . trén khip ca nwér,
“nhix.: GS, Boan Quynh, GS.TS. Vidn Nhuw Cuong, PGS. TS. Nguyén Diéng Phét, PGS.TSKH Vi Binh Hoa,
- GS.TSKH Ha Huy Khodi, TS, Nguyén Minh Ha, GS.TSKH Béng Hung Thang, PGS.TS. Nguyén Vi Lurong,
~ ThS. B6.Thanh Son, TS. Trdn Nam Diing, TS. Lé B4 Khanh Trinh, ThS. Nguyén Trong Tuén,...

: H;ang rang bé sach sé& dap ing duwo'c phan I6n yéu cau hoe #ap clia hoc sinh, viéc giang day clia gido
vién & cac trung THPT chuyén; ciing nhw nhu cau doc ciia nnlng nguoi yéu thich Toan.

TA] LIEU CHUYEN TOAMN

Al TAP HiNH HOC

TAI LIEU CHUYEN TOAN TAILIEY CHLI\_’EE TOAM

TAI LIEU CHUYEN TOAN HiNH HOC %,’ iy | ‘:’ill.rt‘l.l CHUYEN TOA BA' SO 10

3 10
JAALEL . X o A S(

BAITAP DAI SO 1 B Soimowmon  AITAPDAI — amsix, 43
vaGIAITCH]1 .4 , A B & HiNH H(%E | 1( 1.: e

I'r.husucmx TOAN
BAI TAP HINH HQC
TAI LIEU CHUYEN TOAN 11

PAISO va GIAI TICH g
1"

Dia chi lién hé: - Phong kinh doanh CTCP Dich vu Xuét ban Gio duc Ha Noi
Dia chi: Tang 4, téa nha Diamond Flower, s6 1 Hoang Dao Thdy, Thanh Xuan, Ha Noi
Tel: 0435121974 - Fax: 0435121973
- Céc clra hang Sach Giao duc ctia Nha xuat ban Gido dyc Viét Nam trén ca nuwérc




TARCHITOAN VATICIE

' TRAN TﬂO_-. G GIOI THIEU CUNG I':IHN

: ;Quyen 1. 300 trang, kh6 1926,5 cm. Gi4 bia: 58.000 ddng
B Quyén 2. 252 trang, khé 1926,5 cm. Gid bia: 48,900 déng
F % Quyén 3. 252 trang, kh& 1926,5 cm. Gié bia: 48.900 dong
' % Quyén 4. 200 trang, khé 19<26,5 cm. Gié bia: 39.500 déng
£ % Quyén 5. 240 trang, khd 19x26,5 cm. Gié bia: 42.500 dong
* Quyén 6. 224 trang, khé 19x26,5 cm. Gi4 bia: 45.000 déng

THEOQ CHUYEN DE

TUYEN CHQ) ) CH
CHUAN BI CHO KI T TOT NGRiP THPT VA THI VAO BAI HOC, CAO DANG MON Tt

!‘:l" 6 sach co hai tap
chuyén dé dugc t
clia cac thay co giao gi

m 10 chudng véi nhiéu _

én chon tl:f CéC bai Viét TUYEN GHON THED TUYEN CHON Tl:ﬁlljl"ﬁglllll:m?j
chuyén mon va co kinh " DL R ool utql|Hu'u.1:£;ui|éinnl
nghiém gidng day trong'ca nudc, dtfdc sap xép ' 2AN MIN TOAN
theo diing thir tv trong Cdu tric dé thi tuyén sinh stume unv . e
Bai hoc, Cao dang clia Bo Giao duc va Do tao.
Phan cudi méi cudn gidi thiéts
c6 hubng dan giai.

ot s6 dé tu luyén va

260 trang, khé 17x24 cm. 240 trang, kho 17724 cm.
Gié bia: 46.000 déng. Gié bia: 44.000 déng.
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