Tong hdp CHUYEN DE TRONG TAM
THI VAO

10 CHUYEN

&HOC SINH GIOI
() S




NGUYEN TRUNG KIEN

TONG HOP CHUYEN BE TRONG TAM
THI VAD

1[CHUYEN

&HOC SINH GIO!

pAI S0 9

NHA XUAT BAN DAL HOC QUOC GIA



TONG QUAN CAU TRUC

l

. w
W
*

| S Bk - L

| rdn a8 b it e e e b

| e g

| cru 0 Gl e g i U pheoong ek b s bk 171
¥ 1 Wk 8 e phll gl g ek v 1 s
7 0 e R Bt ey et Bl g i

Tding hop nhirng chuyén dé dai sé hay
va khé trong chuong trinh Todn THCS

19 d& vdi hon 100 bai on luyén kém

"
26 01 W b e g Wkt m / I gidi v huding dén chi tiét

0 1 ke e Yo 1 s M, 35 e ey e
€00 5 Gl e v A 10 3 ur
T - =
i iy amal (1)
“‘""'""""""“|-.,.:.-| al

= Khemeg uia daf plianngy i e, oot oo o s v 1 g il 8 g
ey skt

v o Y B i g W T

Tho o g o s g s i eyl {13 1, b |
i

| gl g o 3 i iyl [0 ) o ek B ) e iy e |
| B g o Brde

Vi o 800 i ot s ey el i e i i g W it e

TR T A b

e e Ay e Gl Tl e R S
| et ensmefh s kv ok oo s e wa s wl o s AT 1
| o i ooy A i ok B o ity B Tl vl =y v e Bl w=
| g i b e g e ) ] e

LT
o ey Sk

) —

Mbi ndi dung 1§ thuygt d&u di kém
™ widy cy thé, trye quan gidp cdc em
tiép thu kién thirc nhanh, dé higu

V

Phin kién thirc kha trong chuong trinh

=+ dai 58 duge téc gid tryc tigp gidng day
qua video ting kém sdch. Cdc em chican
sir dyng (ng dyng Facebook hodc Zalo
quét ma QR d& xem video bai gidng

v

B 0 M g dorg Focabobifolo wika thanh oleg oo fm im,

Bt 1 Cieh vbo bidky hugng GF Code

—

L
¥

Bt 1, G vl mivnig B gbag



Loi noi dau

- )

Dai s8 1a mang kién thirc quan trong trong chuong trinh todn phd thong. C4c bai
todn vé dai 0 1a ndi dung khong thé thigu trong cdc ky thi chon hoc sinh gidi,
cling nhu tuyén sinh vao IGp 10 THPT, THPT chuyén.

Nham gilp cdc em hoc sinh 6n thi vao Idp 10 ciing nhu cdc em hoc sinh chuyén
Todn 6 mt ti lieu mang tinh hé thang dé n luyén, nang cao kién thirc kj nang
Lai giai toan d& dat ket qua cao nhat trong cdc ki thi Hoc sinh gioi, ky thi vao
céc Idp chuyén chon, t6i bién soan cudn: “Tong hop chuyén dé trong tam thi vao
10 chuyén va hoc sinh gidi Dai 56 9"

Noi dung cudn sch duac chia lam 9 chi dé tir co ban dén néng cao:

Trong moi d@ tai luon cd gang hé théng phuong phép, phan tich, dinh hudng
cach gidi, cudi cudn sdch |a hé thdng bai tap rén luyén tir co ban dén néng cao.

Tai hy vong cudn sach sé 13 tai liéu b ich cho cdc em hoc sinh hoc t6t mén hinh
hoc phang va dat két qua cao trong cac ky thi tuyén sinh vao l6p 10 ciing nhu
ky thi hoc sinh gioi.

Méc di da co gang danh nhiéu tdm huyét cho viéc bién soan cudn séch song
thiéu sot 1a digu khong thé tranh khoi. Rat mong sy déng gop phé binh cia ban
doc d& Ian tai ban sau cudn sdch duge hoan thién hon.

Cudi clng tdi xin guri 161 cam on sdu sac dén ban bé, déng nghiép, cdc dién dan
todn dd cung cdp maot s4 tai liéu quy gid dé hoan thién cudn sach.

Téc gia

l Nguyen Trung Kién
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I. CAN THUC

1. Cén thirc bic hai

»  Ciin biic hai etia 56 thue @ 1i 56 thue x saocho ¥* =a.

+  Cho sb thye a khong am, Can bjc hai s6 hoe cia a ki hidu 12 Ja 1a mét sb thue khéng
am x ma binh phirong ctia né bing a

az0 xz0
{\G =x e {xg =a
*  Véihaisd thyc khong dm a,b tacé: Va<Jb e a<h.
*  Khi bién déi cic biéu thire lién quan dén cin thire bic 2 ta cin lwu §:

' J?:ga|={"d w120
e <

SN B=|ANB = AVB véi A,B=0; VAB=|A|NB=-AJB véi A<0;B20

+ JE= (A8 _JAB s 4320820
B N8 |B

. M4 v&i A > 0; (Pay goi la phép khir cin thire & mau)

Ja 4
I, _M(JF:JE]
" TitdB A-B

2. Can thirc bc ba, bac n

vGi A, B20,4A# B (Piy goi la phép truc ciin thite & miu)

a. Cén thirc bac 3

Cin bac 3 cioa mdt sb a ki higu ld \’IE lash x saocho ' =ua
+ Cho ae R;¥3=x¢xa=[ﬁgr =a
+ Mdi sb thie a déu co duy nhit m@t cin bic 3.
« Néua>0thi Ya>0.

e p— 5 ’@. ..........




r

« Néua<0 thi fa<o0.
« Néua=0mi{a=0.
cofa Ve
b Hsvmmmbtﬂ.
D {IE:UE.%v&imqia,b.

A a:bﬁ?fc_m{f!;,

. AB={srB

. ilz' A’ vidi B0
B B

- ﬁw}i
B B

1 _W¥m+@vdi,’¢tg
Ya+iB ALB '

b. Cén thire bac n

ChosbaeR, nel, n=2 Cinbic n coamdlsd a li mit sd ma Iiy thita biic »# cua né b’:ing a.
- Trudmg hop nlisblé: n=2k+1,ke N
Moi 6 thire a déu ¢b mét ¢an bic 1& duy nhit:
#fa=xex™ =a.néua>0 i *Ya>0,néua<0 thi *Va<0,ndua=0thi *Ya=0
= Truomg hop nlasd chin: n=2k ke N.

Moi s6 thye @ >0 déu cé hai cin bic chiin déi nhau. Cin bie chin duong ki higu 13 %a (goi
14 cain bac 2k sé hoe cia a ). Cin bic chin am ki hidula ~¥a, Ya=x = x20 va x¥ =a;
g =xex<0 vi 2 =a.




Dang 1: Thu gon cice higu thire dgi s0 va tinh gid trj cde bi¢u thire.

Phuong phip:
Bién déi cic biéu thire trong diu J_ vé dang q,j A =|fl| sau 46 dya vao diu coa A dé mo
diu tri oyt dbi néu o,

Ngodi ra can ndm duge cie diing thire co ban quen thude:

» ab+betca=m=a’ +m=a’+ab+be+ca=(a+b)(a+c);

v a+bte=n=>nat+be=(a+b+c)a+rbe=(a+b)(a+c);
1 1 1

= Vi abe=1 thi + + =1;
% 1a+rh’:v+1 b+be+l cate+l
o Wb g+bFe=0 1 4B 4 =iabe b b= Ll L) Vi gbo 0.
a b a b ¢
Vidu1
Rt gon cdc biéu thirc:

A= x—JI% khi x20.

b, B=ax—2ax—1 +Jax+2Jax—1 khi xa%,
c. C=J9—\IS\E+5J8+IO\!'T—4\E

Lai giai:

oo A= xR r = - /[ﬁ_%]zﬁ_ﬁ_ﬂ

1 1 1
S B B O )
I 2‘ Jx 2 2

; 1 I
+Néu JVr == x == thi
2 4

+ Néu \E-‘:%ﬁﬂﬂx{% thi

b, B=yax—2vax—1 +ax+2ax—1 = Jax—1-2Jax =1 +1++Jax-1+2ax—1 +1

1 1 |
ML Y UL I, N P
Jx = Jx 7= Jx =

Hay B= (VA1 -1) + (VAT +1] =|[Var=T 1|+ Var—T +1] =[Var—T 1| JaT 41
+ Néu Jdx— —120@4.1‘-—I2I@x2% thi |J4x_—1—1|=¢4_1-- =1 suyra B=2/4x-1.



¢ Néu Jax— —I<0ﬁ4.x—l<l@i—£x<—;-thi Vax=T-1|=~Vax=1+1 suy ra B=2,
¢. Dé ¥ riing: ?-44’5:(2-&]2@ 7-43=2-3
Suy ra chs:-JsJ§+s,J3+m(2-J§) = Jo-Js\Equs-mﬁ

- Ja-,ﬁsJLs.j'(s—ﬁ}’ .Hay C= JB—JSJLS-:S—JE} =\9-\25=0-5=1a=2

Vidu2
Chirng minh:

a, Tinh A=+8-4v3 —y8+43

b. B:JI+%+JI -% I mdt s6 nguyén (Trich dé Tuyén sinh vio I6p 10 chuyén

Trudmg THPT chuyén DHQG Ha Ngi 2006).

3 3

a+l 8a—|+d a+l [Ba-1

¢, Chitng minh ring: x= da S véi ;% Ia 54 ty nhién.

d, Tinh x+p biét (x+* +201u)(Js+Jy= +2ma)=zmg.

¢, Cho ¢ic s6 thie x, v théa min: (I'l-ﬂ‘y: +1 )(y+ Vx4 l) =1. Tinh gi4 trj chia x + y.

Lai giai:
a, DE thiy A<0,

Ciich 1: Ta c6 A* =(v/8 =443 —y/8+443 8T 484 4T 2343 A8+ 43
( V-4

=16=2.4=8

Suy ra A=—l8=-22.

Ciéch 2: Ta viét lai

A= (V6 —) - [V6+-8) =G|+ = B - 6B =242,

b, Ap dung hing ding thire: (u+v)’ =u’ +v' +3uv(u+v). Ta co:

B =[ I+T+JI-T]
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=l+—41=——+3 l+—
9 9 9 i 9

Hay 8= 2+3J[:+J_I ]Eﬁ33‘2+3{’|-%3ﬁ31-2 -Be B+ B-2=0

-

5

& (B-1)(B*+B+2)=0 mi BQ+E+2=[B+%] +-:-i-}0 suyra B=1.Viy B lasb nguyén,

¢, Ap dung hiing ding thirc: (u+v)" =u’ +v" +3uv(u+v)
Taco x" =2a+(1-2a)x < 1" +(2a—1)x—2a =ﬂ<=>|:x—l}[x2 +x 2a}=0 (1)

X6t da thire biic hai x* +x+2a voi A=1-8a=0

+ Khi a=~év tach I=£+£=l,

+ Khi @ }é. tacd A=1-8a dm nén da thire (1) cd nghiém duy nhit x =1. Viy v&i moi a 2%

=1 la 56 tir nhién,

a+l JBa—1 J a¥l a1
¥ Ja-==

ta ¢o: x = Ha+ ——

d, Nhin xét: {Jx* +2019 +_x-](Jx= +2019 —x) = +2019-x" =2019.

Két hop voi gia thiét ta suy ra V' +2019 - x = it +2019+y

=17 42019+ y 44X +2019 +x =¥ +2019 —x+[)7 42019 -y e x+ y=0.

Tong quét ta cb: (Jx’ +a +r](¢v=+a+y)=u thi x+y=0.

¢. Nhin 2 vé ding thire voi: (x= 1+ 77 )(y=vi=2") co:
(x+Jy=+1](x-,j1+y‘]{y—\h—x’)(;-+J.r’+|)=(.r-J|+y=}[y-J1-x=J.Hay
(&= =) =5 =) ==l =gl 7+ [(1467) (1457).
(.r’—y’—1)[J’l—x3—1)=2xy+2m—[x+ )7 (w414 a).
w1-(x =) =2+ 2[1+2)(1+2°) -1 201-) = (x* = *) 2,127 14%)..
Hay 2(1-)=(¥* =) +2{w =1 +(x+2)" = (1=0) 2 =1+ (x+3) 2

Diu déing thire xay ra khi va chi khi (x+ y}z =0 x=—p hay x+y=0.

xy—ll.



Vidy3

8, Cho x=+4+10+25 +y/4—/10+25 . Tinh gid tri biéu thire:

x4 27 +6x+12

T

b. Cho x=1+3/2. Tinh gid trj ctia biéu thire B =x* —2x" +x" =3x° +1942 (Trich dé thi

P

viio [op 10 Truedmg PTC Ngoai ngir - PHQG Ha N§i ndm 2015 - 2016).
¢, Cho x=1 +32+Y4 . Tinh 2id tri biéu thite: P=x* —dx* +x* =x* =2x+2015.

Léi giai:
a, Taco: ¥ =[J4+ 104245 +4/4=10+275 ]2 =3+2J4+1jm+zd§.J4-\ﬁ'10+2J§
& x =8+2\6-25 =3+2,J(J§—1 ' =8+2(V5-1)=6+2J5=(+5 +!]:

=x=Vy5+1.Trdotasuyra (x—1)' =5e> 8" —2x =4,

3 —2.1-]2—2(::3 -2x)+12  42-34+412

Ta bién di: Pz[ . =
X —2x+12 4+12

b, Tacd x=14+32 = (x=1)' =2 & »* =3x% +3x=3=0. Ta bién déi biéu thic P thanh:
P=x (6 =357 4 3x =3+ w7 =307 +3x-3) 4 (67 =307 4 3x-3) 41945 =1945

¢, bé ¥ réng: x= ’JE?AIHEEH. ta nhan thém 2 vé vai Y2-1 dé tin dyng héng dﬁng

thitc: @* ~b* =(a=b)(a* +ab+b'). Khi do taco: (V2 -1)x=(¥2-1)(¥2" +¥2+1)

e (2-1)r=1e {2r=x+le 2’ =(x+1) & " -3x -3r-1=0.

Ta bién doi: P=x"—dx' +x"—x" = 2x+2015=(x" = x+1)(x*=3x" =3x-1)+2016=2016.

Vidy4

2. Cho ba sé thyre duong a,b.¢ théa min ay1—b* +byl—¢* +evl-a? =%. Chimg minh

ring: @® +h° +¢° = 3 :
-] 2 .

b, Tim cée s6 thue x, v,z thoa mén diéu kién: le—y’ +_J;~.l(2—:2 23—t =3,

(Trich 48 thi tuyén sinh vio 16p 10 chuyén Todn - Trudmg chuyén DHSP Hi Ngi, 2014),

¢, Tim cdc s6 thye x,y théa man dicu kign: 2{.\'“‘_}'-4 +yul'x—4)= XV,

d, Gidsir (x: p) 1 cée s6 thye thoa :nﬁn(.t+wl'3+x" ][y+ J3+y! ) =9 Tim gid tr nho nhit cia
bidu thire P=x" +xp+ 1%,
¢. Tim GTLN, GTNN cua biéu thire: P=41+x + Yl-x+41-2" .

@ ........ - S B
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Lai giai:

a. Ap dung bt diing thirc Cauchy cho hai s6 khéng am 1a c6

3 3 T @ H=F bPrl-ct F+l-a 3
adl=b +b1-¢* +ell-a* <€ 5 + 5 + =z =E.
=ﬁ a’=1-h
Ding thirc xay rakhi vachikhi {b=+1-¢' & =1-c* =4’ +b" +¢° =% (dpem).
c=vl-a ¢ =l-a’

b Ta viét lai gia thidt thanh: 2x\1- % +2pJ2-2% 42243 4% =6.

Ap dyng bat ding thire: 2ab < a® +5° ta ¢b:

Ix-.fl-_p' +202=2 4223 x4 1=y 4 pr 42—z 42 +3-x =6. Suyra VT <VP.

Diu ding thirc xdy ra khi vi chi khi:

" h_yz ’I.}'.Z:"O P+ 4+ =3xyz20

Beyi=l _|f+y=
y=y2-2" = . &9, '], ﬁx=l;y=0;z=1.l’1_’.
- y4zr= y4zr=2
FENDX F+x =3 ' +x' =3

=Jx-4,b=/y—4 vdi a,h=0 thi phuong trinh di cho trér thanh:

2[(:1= +4)b+2{b= +4)a= (a’ +4)(b3 +4}. Chia 2 vé cho (a’ +4)(:‘J=+4} thi phuemg trinh

trr thinh: bzzbq 2:14 1. B¢ yring @ =0 hojc H=0 khong théa min phuong trinh.
a +
Xét a,b > 0. Theo bit ding thire AM - GM ta ¢6: b° +422~.|'4b2 =4b, " +4=4a. Suyra
2a 2b a'=4

,  Sa=b=2ox=y=8. Viy

FT <==4+===1, diu ding thirc xay ra khi va chi khi
4a 4b

x=§,y=8 li nghi¢m cia phuong trinh.

2—.
d Dl a=x+y3+2° >0=2p-x= 3+.x1::aaz—Zax+.r2=3+.rz=-‘.r.t=nz 3,
a
2
3 b
Tua‘ngl\rdﬁlb=_}'+-\f3+]"}0=>.r=b =L . Khi dé x+v=-§-+~2~—r§——r§}-
a 2b

P : a 9 3 a_ a, 3
Theo gia thicttacd: ah=9 = x+y=—t——-——— —=2: J =2 Laicd
e Y 2 2a 2a 6 3 a Ja ?
3 3 3 A - . ]
X xp+pt = 4[1+y] +— (x y) = (1+y} = x" +xy+y" =3, Dau diing thirc xay ra
@x:y:l.\-’i}r[xl-r-.xytyz]m =3
c.Dita=l+xb=l-x=ab20a"+b"'=2. Taco:

P=a+b+ab. Ap dung bat ding thire & (**) ta c6



3 4
2(a* +b')2 (o +87) E[-;—{a+b)::| =("’;‘r’] = (a+b) <B(a'+b')=16 @ a+b<2.

Suyra Psa+b+ <3. Ddu biing xdy ra khi vachi khi a=b=1&x=0.

(a+ b]i
4

Tacing c6: a* +5° Sa* +2a°6 +5' < (@ +5°) = o +b 242, ma
at+ b sa’ +2ab+ b =(a-i—b',lI voimoi a,b=0.8uyra a+bzJa® +b° 2 2. Wiy
P=a+b+abza+b242 . diu bflng xay ra khi va chi khi @ =0 hodc b=0 tirc 1a x =1 hojc

x=-].
Vidu$§
Cho x,v,z>0 va xp+yz+zx=1,

a. Tinh gié tri bi¢u thire: p=IJ('+f](l+z=] +yJ(l+==}(l+x=) +2J(I+x’}[1+y’) ;

1+x° 1+ 1+2°

b, Chémg minh ring: ] e =+ L4 Z = 2%

by 12 fee) ey (142)

Lai giai:
a, Eléjf ring: 142" =x7 +xy+ yrdav=(x+ p)x+2)
Tuong ty déi véi 1+ 71+ 27 1a ¢é:
8 2 22 B o s A
Suyra P=x(y+z)+y(z+x)+z(x+y)=2(xp+ yz+zx)=2.

b, Tuwong ty nhur cau a)
i ¥ z x ¥ z
T i + =t = + -
R T I+ 1+2 (w+v)(x+2) (x+¥)(y+2) (z+0)(z+x)
=,r[y+z)+y[z+x}-z[x+_l’}_ 2xy 2xy

(x+2)(p+z)(z+x) _(r+y](J'+Z}(2+I}=J(1+x*]{1+y=)(|+zz)'

Vidué - . .
A, Tim X, %35,%, thoa man: \[x? =1 +2/x, =22 +...+nfx  =n® = %{.r,"’ +x, ot x,)

dn+4n' =1
J2n 4144201

b, Cho f(n)= vii # nguyén dwong. Tinh (1) + f(2)+...+ [(40).
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Lai giai:
a, Bing thirc tuong diwong vii: (\f,\f -1? —1]2 +(\l|-":: -2 ‘2]: """"'["cl'v“= - _"): =0

Hay x,=2,x, =2.2%,...,x, =2.4°
oy =dn

b, Dit x =2+l y=+2n=1 = dxp=+dn’ =1,

xz_y2=2

] | 3 "
Suy ra f(u):" :‘T;y :_:J_:;F :%[_f‘-}r’]:%[,ﬁzuﬂ)’ -J{zn—]]J).Ap dung vio

bai todn tacc’r:j‘{|}+f(2]+...+j'(4ﬂ}=%[(u"3_’—JF)+(JEF—J?T’]+...+{JEF—W)]
=%(v{§ﬁ;—yﬁ;]=3ﬁ4,

Vidu7 ;
2. Cho s6 nguyén duong 5 2 2. Tinh gia trj biéu thire sau theo ».

P=\Il+—]7+-l-2-+Jl+-l7+-]7+...+ 1+-l—,+—l;-.

A 3 4 (n+2) (n+3)

b, Cho céc $6 thue duong a.b,c thoa man: a+bh+c= Ja+fb+fe=2. Chimg minh:
Na Yo Ve 2

l+a 1+b 1+c [fi+a)(1+b)(1+c)

Léi gidi:

a. Véi moi s thye a,b,¢ khic 0 sao cho: a+b+e=0 thi
I 1 1Y 1 1 1 2 2 2 (1 1. 1Y 1 1 1 Za+b+e) 1 1 1
—44— | = +—+ = = N s il o i M
a b oc J # :
Ap dung vio bai todn ta co:

S T T i AY 11 11
rt sttt T o e === | = ]+~—2+-z-=i+-——.

r ¥y or Y (43 2 3 23 23
."".p dung lin lugt véi cac sd hang con lai ta thu duwgc:

1 1 1 1 | 1 | | | |
Peldmm g e k| 1o - | 14 - = f o —
2 3 3 4 [ n+l n+2) [ n+2 n+3) 2 n+3

b, Bat
x=va,y=vbz=Vezx +y +2=xty+2=222p+yz+ )= (x+y+z) (A 4y +27)=2

suy ra xy+ yz+zx=1.diin dén 1+ a=xp+yz+zx+x' =(x+y)(x+z),

twongur 1+b=(y+z)(y+z), l4+e=(z+x)(z+y) suyra



mems ') Mega e ————

x . v N =z =:r(y+z}+y[z+x]+z{x+y}
(x+p)(x+z) (y+z)(p+z) (z4x)(z+)) (x+¥)(y+z)(z+x)
2

2
GO+ oy

Dang 2: Céc ciiu hoi lién quan gid tri 16m nhit, nhé nhit cia mit biéu thire dai s5.
Phuong phip: Dé giai quyét cie bai tip dang ndy ta cin chi v céc tinh chit co ban:
Vi sb thue 4,820 thi,

+ A 20.

+ A+ B22JAB (Bét ding thite AM-GM). Déu diing thire xdy ra khi va chikhi A= 8.

s N+ B +JCT 4 D7 2 \[(A+C) +(B+C) véi ciic s6 thye 4,8,C, D20,
+ (A+B) <2(A+B), (A+B) <4(A +B*) voi 4,820.
Vidy1 o
2. Tim gid tri nho nhit cta bicéu thire: 4= zjg:ll :
x+2J.;+5l
¢. Tim gid tri nho nhit cia C= J%'H+ bie
a»lb>4,c>9, Va-1 Jb-2 e-3

b, Tim gia trj nho nhét ciia B =

vGi chc s thye a,b,¢ thoa man

d. Cho x=0. Tim gi tri nhé nhit cia biéu thire: D=+1-x+/1+x+2Jx.
(Tuyén sinh Ha N§i 2018).

¢, Cho s6 thye x thoa min: 0<x<5. Tim gid tr 16n nhit, gié trj nho nhét coa.

P:xJS—_x+[5-x)J_1'T3
e e

it =8x+16

o, Tim gid tri nho nhét cia biéu thire: G =V5x -2 +4/18-3x -1 .

£, Tim gi tri nhod nhitcta A= vii x>4,

Lai giai:
) 2(Jx +1)-1
::.Biéuki{zn x20,taviétlai A= { ] =2- L ,vixéU::-J.;ED
| ) Jrx+1 ) J;+1
=yx+lzl= 5 IEl din dén A22-1=1, diu diing thirc xdy ra khi va chi khi x=0 khi
X+
46 gid tri nho nhitcha A la 1. .
" ; {:w";+|:]-+4 4
b, Diéu kién x20. Ta viét lai B=——r—=r+1+ Jvi x20 nén Jy+l121,
Jx+1 J.r+l
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4p dung bat dang thirce AM-GM dang A+ B22,JAB Vi cic s6 thirc khong dm 4, B

4 4 ;s
meh: yx+l+——=212 J;H ———— =4 dau ding thire xdy ra khi va chi khi
a2 )(J;H) Retbeont

J;+I= @{ﬂ+l)z=4@\!§+l=2ma‘=t.
Jx+
Viy gid tri nhé nhit cia B bing | tai x=1.
¢, Ta ¢ ——— Reled -.i'_-l- ——=Ja=-l4+——+2.doa>| nén J_—]:-O ap
JE—l a—1 u"_— v'g—l
dung bit diing thirc AM-GM cho 2 s6 thye duong ta cé: -J?{—]+;22 Suy ra LAY
Ja-1 Ja-1
ddu diing thirc xay ra khi va chi khi Ja 1= llﬁJ;—I:Iﬁa':-d.
{I-.
b _b-4+4 i
Tuong tyr ta ¢6: =b+24———=:fb-2+ +42>8, dau diing thirc
¢ =2 -2 JE— JE 2 -
xay ra khi va chi khi b=16;
S it B A O B R T T
Jo-3 e-3 \E I 3

khi ¢ =36,
Tirdo suy ra € =24, diu ding thire xdy ra khi va chi khi a=4.b=16,c=36.
Hay GTNNcua C 1224 i x=4,b=16,c=36.

d. Didu kién 0<x <1 Taviétlai D=VI-x +T+x+2Jx =I-x+fx +T+x+Jx . do
x20 suyra l+x+/x21.Taco [-J;+-J'l-x)2 :x+]-x+2‘f.\‘[1-x}:I+2,|ix{lmx]21
suy ra D=2, diu ding thirc xay ra khi va chi khi x=0.

< =
¢, Dit VB-x=a,J/x+3=b do 0<x<5 suyra {‘ﬁ_a‘b‘ JE

at+b =11
Biéu thire P c6 dang P=(a’ ~3)b+(b* ~3)a=ab(a+b)-3(a+b)
Dt a+b=1 tir gid thift ta co: (a+b) —2ab=11¢> dab=2C 22 (a+b) = =122
Mt khac ta cling cd:
[a—w@)(a—v"g)iﬁ :’.'2—(\E+\"§)H+JZ_4£0
(6-B)(5-+8) <0 |b*~(V3+B)p+ T <0
hay ﬂ+b22ﬁ+ﬁ,vﬁiy 22+ 312

Taco: 2P =2ab(a+b)-6(a+b)=(r ~11)1-61=1(¢* ~17). Tir dé ta co:

2P 2J§+J‘)[[2J5+J"1—1?]=(2Ji+ 3)(4v6-6)=10y3 & P> 573, diu ding thirc

= 1I+2Jﬂ£(ﬁ+d’§}(a+b}

xayrakhlvéchlkhla-xrb "d{_]'l{)rlcﬂ'-—\rh J_wx Uhn{lca-
f@
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, diiu ding thire xay ra khi vachikhi a=bh= J-IQI = % ;

Tach: 2P<5\22 = P<

5422
2
Ciach khae:

Tach: 0€x<5 thi P=xy/8—x+(5-x)Vx+3 2 x3+(5-x)V3 =53, Diu diing thirc xay ra
khi va chi khi x=0 hofic x=5.

Ta cling ed:

P = xf=x +(5- J.]JF] =2 (8=x)+(5-x)" (x+3)+2x(5-x) (8- x)(x+3)
Hay P* =75+ (5x—x)(2(8—x)(x+3)~1). Theo bét diing thirc AM-GM ta c6

5_ z
5x—.r2=.r{5—x}£¥=?. 2,/(8—x)(x+3) S8-x+x+3=11 nén:
P?S?5+%.!ﬂ=% PS% déu ding thire xay ra khi va chi khi 8—x=x+3 vi

522
T

x=5-x hay x=-i—.V{1y GTNN cua P la Sﬁ, GTLN cua P la

f. Diéu kién dé biéu thirc 4 xdc dinh 1 x>4.

(=302 [G5-2) ) L emaaaopimicg)

e =
J{x--fl]! o4
x(-\.}'x—4+2+|\|".t—4—2|)
) =4 Ji—4+2+42-Jx—4
" X X X
+ Ny dcx<B thi Jr—%=2<l nbn 4= { 2 )= "x4=4+ 164
X= X - X—

Dod<x<8nénD<x—4<4=4>8,

+Néu x28 thi Vx—4-220 nén

e ('\‘ =4+2+x=4- 2} 2xfx—4 2x W 8
x=4 x—4 -.f_). - ' Wvx—4
. iy 8
dang thirc AM-GM). Dau ding thirc xiv ra khi va chi khi 24J/x—-4 =
g ) g Yy v o

Viy GTNN cua A bing 8 khi x=8.

2216 =8 {Theo bit

S r-d=4sx=8§

x5,

. —x'z x(5-x)=0
2., Dicu kign: le £l { { )

18+3xr—x"20 |(x+3)(6-x)20

Taviét lai G=v5x—x" +3/5x—x"+18—2x . do 5x—x" 20 véimoi x thoamin 0€x<5 nén

tacod G=+18-2x218-2.10 =8 diu déing thirc xdy ra tai x=5. Viy GTNN cia G bing
242 i x=35.
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Vidu2 e
a. Tim gid tri 16n nhat cda bidu thire: 4= Jx+1 ;
J_ 1\' 1
. 2 il X
b. Tim gid tr} 16m nhadt cia B = 2
ol x—23x+9
. o Jx-1
¢, Tim gid trj 16m nhat cia C=——F——.
x=3x+11

d, Tim gid tri 16n nhit cia D=vo—x+x .

e, Tim gid tri 16m nhit cta E = —x" +4,/(9-x)(1+3x)..

I. Tim gia trj lém nhitciia F =/5x—x ++/18+3x=-x" .

Lii giai:
%(2JI+|}+_;=1+ ,
2Vx +1 2 2(2vx+1)

512 din dén A <1. diu déing thirc xay ra khi va chi khi x=0.

a, Ditu kién: x20 ta viét lai 4 thanh: A= Vi x20 nén

2x+121 suy ra

1
2(2vx +1)
Viy GTLN ciia 4 bing 1tai x=0,

b, Didukign: x20 tacé x-2x +9=(Vx-1) +8>0 suyra B20
+Khi x=0 thi B=0 (1)

. I x=2Jx+9 9 9 -
+Khi x>0 thi 8>0 tacd —==——— " =[xy -2+ ——=+/x +—==2, 4p dung bét din
B e e

thire AM-GM cho cae s6 thire dirong ta e6: JE+%2 29 =6 suyra % 4= B2 % diu ding
X
thire xay ra khi va chi khi x=9 (2)

Két hop (1),(2) ta suy ra GTLN ciia B bing -}; tai x=9,

Chii ¥: Hoe sinh hay mée sai 1Am khi dua vé % mé khéng xét x=0. (Biéu thirc % chi xdc dinh
khi x>0).

g5, i o 3Y .31
c. Picu kién x 20 chi §: x—3J;+I'I=(J_—~2—] +-E-:=-l},

Néu x<1thi €<0(3)

2

: 1 x-3x+nn (Vx-1) -(Vx-1)+9 9
Xét x>1 khidé C>0 taco: —= = ==+ i,
C  Jx-l Vx -1 Jx-1

ap dung bit diing thire AM-GM cho 2 sé thie duong ta ¢o: fx =1+ J..g : =6 suyra
x-—
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%35':“?5‘;- déu déing thire xdy ra khi va chi khi Vx -1= 5

7 Iw-ﬂul=3=x=16 (4).
X—-

K& hop (3),(4) ta suy ra GTLN ctia C bing é tai x=16.

d. Diéu kign 0Sx<0. Taco D* =9+2,[x(9-x) theo biit ding thire AM-GM ta cé:
2,/x(9-x) £x+9-x=9 nén D’ <18 ¢> D <32, diu ding thirc xay ra khi va chi khi
x=9=x&x :%. Viy GTLN ctia D bing W2 tai r:%,

c. Didu kign (9-x)(1+3x)2 0 (3x-27)(3x+1) <0 do 3x-27<3x+] nénsuyra E xdc

3 120
gt o T s ey
x-2750" 3

Ap dung bét ding thirc AM-GM ta cé: 2/(1+3x)(9-x) £1+3x+9-x=10+2x suyra
E<—x" +2(1042x) = 20+ 4x~x* =24~ (x~2)" <24, du ding thire xdy ra khi vi chi khi
x=2.Viy GTLN ciia £ bing 24 khi x=2.
Sx=x'20 [-Tfs—l')a”

{. Didu kién:
i {18+3:r—.\'= 20 |(x+3)(6-x)=0

Taviétlai F= J.I{S—.r} + J(ﬁ—.‘r} (x+3), dp dung bat diing thire Cauchy- Schwarz dang

(AX +BY) (A +B*) (X2 +7?) taco PP <(x4+6-x)(5-x+x+3)=48=s P<43, diu
6—x 15

= = i=—

5-x x+3 7
Dang 3: Tim dieu kién dé bi¢u thie nhin gid trj nguyén.

diing thire xay ra khi vé chi khi

Phuong phap:

+ Doi véi cde bitu thic P= A+g vai A, B li s6 nguyén, C nhin gid tri nguyén hogic vé ty thi

P nhan gid tri nguyén khi v chi khi € 13 s6 nguyén va C 1ude s cia B,

+ Ddi véi cie biéu thire P= A +§ vii A, B ld s6 hiru ty, C nhan gia tri the. Ta thudmg tim
cich ddnh gia P, tire la chin £ theo kidu M £ PL N tir do suy ra cic gid trj ¢6 thé cia P,

Hodc ta tim diéu kign ciia P dé ton tai bién x, y... thda man yéu cau bai todn tir @6 suy ra cic gia
tri nguyén ¢ thé cia P.

+ Pbi vai cic bai toan téng hop hoc sinh cén chi ¥ didu kién ban diu dé loai cdc gid tri khong
thoa mén.

RN I R
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Vidy1

zJ? +5
a. Tim céc gid tri nguyén ciia x dé p= _—J_.— 14 s6 nguyén.

b, Tim tit cd cde s6 the x dé P =——— la 36 nguyén.
x—x+1 =

¢, Chimg minh: Khéng t6n 1ai gid i thye clia x dé P= it +25 lasd nguyén,

x+
L gidi:
. L) ;
a, DiGukién x=20. Taviét lai P= =2+ . Do x i s0 nguyén nén v";+l

N Vr+

nhan gia tri nguyén hodc vo ty. Suy ra P 1a so nguyén khi vi chi khi Jr+l lasé nguyén vi
Jx+1 laude cia 3. Chiy Vx+121= Jx +1e {13} & Vx e [0:2) & xe {0;4}.

Viy.xe {0;4} thi P nhin gid tri nguyén,
b, Diéu kign x20.

Do x20 nén x-J;vHE[JJ_r—

A +E>ﬂ suyra P>0 tacod
2 4

__ 2 2 . <-2—=§,nhuvf-.:.r 0< P<§.Vi P 13 56 nguyén nén P ¢o thé
x- el J'- F 3 3 3 3
nhén cdc gid ] Pe {I;E}. 1 J;:‘E‘“
THI: Pl x—-x+l=2c J.;-l =§¢> 2 do
2] 4 iz 5+1
= >
120::-\.’_ J_H .t=3+J§.
TH2: P=2 e x—Jx+l=lex-Jx=06Jx(Vr-1)=0& x=0 hoje x=1.
Viy xe {0.; l;#} thi P nhdin gia tri nguyén.
Wa+5 _3Jx+6

c. Piukién x=0. dé thiy P 14 s6 duong. D¢ y ring: P =

=3 suyra
J_+2 Tz Y
0<P<3 vi P lasonguyénnén P 6 thé nhin cde gid tri 14 1 hojic 2.

THI: P=le3Vr+5=Jx+2e2/r=-3 valy.

TH2: P=2e3Wx+5=2(Vx+2)eVx=-1v1y.
Viy khong ton tai x dé P i sé nguyén,



“ach khdc: Gia sir ton tai gid trj x>0 dé P= Wx+s 4 56 nguyén. Khi do ta cé:
Jx+2
p:N‘;*SmPJE+2P=3JI+5uJ;(P-_v.}:s-zp(';.
JJ_H-Z
: . P, - 5=2pP
Néu P=3 thi(*)eodang O0=~1 voly, viy P=3. Tir (*) 1a ciing suy ra J-‘= o3
do x=0 tasuyra P phaithoa man: 5"2")20@2‘0‘550@ZP“Sso.déyring
P=3 P=3 2P=6
i .. 2P-5 2P-520 5 e

TP ! et B BN — el LS 20 MUY e
2P-5>2P-6 néndicukién o so#{ZF—G:D#ZSP‘{j( J,do P li s0 nguyén

nén (**) khong thé xay ra. Tém lai P khong thé nhin gid trj nguyén.



vl x> [}raﬁl u&--l
2x-1 - 2’ 2’

Sxfx -1 erIﬂ]z.wl

LA cro 4= —JJ( ZU} = [21‘ Jx 2:.+Ju

a, Chimg minh khi x=3+242 thi A= 5":" :
A x=2
b, Ritgon B vitim x dé —=——.
8 B 4y
Léi gidi:

a,Taco .t=3+2~ff={~.l"§+l]z=w‘r.—=ﬁ+l thay vio A tacd:
342fE-2_ 23+l (224)3-42) 55
T V2e1+2 3442 (3+42)(3-42) 7

b, Ta cé:

o [BxfE1_Sxre1) 2wl (2Vx-1)(d4x+2x+1) (2 +1){4x-2V5+1) | gy
_[ 2x—Jx _‘2:r+J; ] ax—1 \E(zﬂq} - J;(ZJ;H} T2x—1
[4xeadxel_dx-2Vx+1) 2041, 2041 4(2¢-1)
L R T T
Suyra; 2:-} 422::1|)=4Ej{:2)(i ZH_}I),yéu cdu bai toan twong duong
(x-2)(2x+1) _ 2x+1 1 =0 hay x=2
4(J“+2} 2x-1) -w‘" (J§+2] 2x-1) V¥
2x+1

(«E+2}{2x ) _UG(*).Tacé [*]‘:::rwf.;(lx+])=( _t+2]|:gx,_|)

o dx-2Jx-2= Ugzx—&—1=0a(\f}—1](2«f.¥+1]=0ﬁJ}=|a.r=

Déi chiéu vai didu kién bai todn ta thiy x=1,x=2 thoa man.

9 _Vx+2 Jx- 2, 24x
ZIED Cho bidu thire: 4=>F2. i x>0,x%4.
-' 10 bidu thire: ‘_“4 J_ 3 J_+2 1 rvcnx} o

a, Riit gon biu thirc B
b, Dt P=A:B. Tinh gii trj ciia P khi ;::5'tg
¢. Tim gid trj nhé nhilt cua P.
Lisi giai:
poYrez Ji-2 1Wr I+z (I-z ) -2Vx ol
T2 xe2 (Jx-2)(Jxe2) (J‘—z}[q’hz} T (Vx-2)(Vx +2)




x+9 6v/x _x+9
( x- )(J_+2) (J_ 2)[J_—+—2) 6Vx
—I+9

. I I . 16 325
b.Khi x=—=x== p=20 2=
i I X 3 X p aco 6] 3

& P=A:B=

-

i, F‘:ﬂ 'IS(J_+—] Theo haldﬁng thirc AM-GM ta cd: ,‘,{__,,

64/x Jx

Dﬁlldﬁnglhimxéymkhivachikhi r:iﬁ Jr=3e x=9. ViyGTNNcioa Plalta x=

Jx

@ED cho  Yx+3,Jx+2  x+2 o 1 6ien0xedxe9
J;—z 3- v"_ x— 5\".;+6 ‘-f;"']

a, Ratgon A.
b. Tinh gid iri cia A khi x=T+443.
Dit P=§.1im x dé P<4.

L

Lai giai:
x=0
a. Diéu kién xdc dinh: sx =4
x#9
x+3 -J';+2 J;+2
Tach: A=
Ji-2 Jx- {J_ 2][J’ 3)

_{ r+3]( v-3) (v +2)(Vx }+\E+2= I
(=2 -3) =

b.Khi x=7+43 = (2+q’-} =Jr=2+3 thi ,{_m %=%

| 1 x4l S+l Jr+1-4(Jx-2)
¢, Tacd P——— Jg—z -J_r+| j_r 54ﬁm—4£0¢}T£0
3(3- J_]

Hay ._ﬁﬁ -‘—‘IJ (™).
G
=320 29 i .
TH 1: J; ﬁ{l = x =9 déi chiéu vai didu kién suyra x=9,
Jr-250  |x>4
o G e
—— 3'“;;{“'9
J;:.—l-:l}

Viy £<4 khivachikhi 02x<4 hojc x>9,

= x <4 dbi chiéu véi didu kién suyra 0<x <4,
x<4

=6.Suyra Pzl

9.
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" 2Jx+3 2 3 5dx -7
CID cho bidu thie 4= . B= v - x> 0,x#4).
Sx—10Vx Je=2 24fv+l 2:.--34’}-2( )

a, Ritgon 8.

b, Tim x sao cho €= B: A nhin gid tri 13 mét s6 nguyén.
Lai giai:

A, Vo x=0,x#4 tach

2 3 sfr-7 2(2Vr+)+3(Va-2)-(5Vx-7)  afres

T e a2 (gaderl)  (Ve-2)ader)
o 2fxe3 o afees SVx(Ve-2) s
h.Tﬂ.CU.A—m ﬂcn‘.’.—B,A—(“{;_z)(z.\E-‘-l}. ZJ\_-}} _g.j;.,.f
5Jx 5V 5 5 5

Vi vx>0.¥x>0,x#4 nén C= >0 tach: C=

2Jx+1 2J_¥+1-E_2(2J_?+|)(E
=0< Cc%. két hop véi didu kign € 12 mét s nguyén suy ra Ce {1;2}.

+ Néu C=m5JE=2£+1=J’=%a1=% théa man diéu kién.

+Néu €C=2&5Jx =4/x+2 & Jx =2 & x=4 khong théa man didu kign.

Wiy x:é thi € nhan gid tri 14 nguyén.

E@IBD cho bidu thire A=J;+I,B= Vx__Jx-l véi x20,x21.
. Jx—-1 Je+l x-1
aTimx dé A=2,

b, Chimg 16 A8 khong phy thuge vio x.
¢. Tim x dé A2 8.

Lai giai:
a. Tach A=2ﬁ§-§t—:=2ﬁJ;+]=2(\l{._-1)ﬁ\l’;=3ﬁ:r=‘).
O S 2t WL ) NN 2 N o X 28
T e xm (V) (V1) (Va1 (Vaes) (Va-) (V)
("”;_'): Jx-1 SuyraA.E="’;'” Jr-1_,

T (En)(rer) Vx Vet Vxer

c.Tach A28 ¢

J§+1>J:_c—l@JIH_J;-I}DQ(J;H)Q-[JI-'JE}nﬁ N
NP R Y A I N ¥ el V<300 N %) Rt Wit W

Vi x20 nén Vx 20 suy radi¢u kign 1a (Va—1)(Vx+1)> 0= Vx-1>0 Ja > 1o x> 1.
Viy dé A2 B thi didu kién ld: x>1.

=0.




_2Vr-3) e
Chnblculhm: P= WF 3 v x20,x#9,
x—2d5-3  dx+1 3 J

a, Rit gon biéu thae P.
b, Tinh gid tri ciia P biét x=3-2v2.
¢. Tim gid tri nhé nhat cha P.
Lai giai:
g3 2(Vx-3) ,f;+3_.r&—3—2[ﬁ—3}2—(ﬂ+3){ﬂ+1]
(Vr+l)(Va-3)  Vx+l Jx-3 (Var +1)(Vx-3)
=32 2V 18- x4V -3 _xfr-3w+8Jr-24 _ x(Vr-3)+8(Vx -3)
(Ve 1)(Y-3) (Vret)(Vx=3) (Y1) (Vx=3)

aTach: P=

_ x+3
NEh
b. Véi x=3-2v2=(V2-1] = Jx =21 thay vio P tacé: P=

11-242 _11J2-4
vz o2

0 TGS SO ol PR LY o<, . I-z,}ipdungbémingm&c

Jx 41 Jx +1 Jx+1

AM-GM ta cb: x+14+——— 3 2/ =6.=>P 24 Diu bing xdy ra khi vi chi khi

Jr+1
Jr+l=

eJx+1=3e x=4. Viy GTNN ciia P bing 4 khi x=4.

J_+

D cro bitu thic 4=V Vr dx10 e oA
4&-3 “ -2 x-4 16

a, Tinh gid trj cha A khi x=25.

b, Rat gon B .
¢, Tim x d¢ B=24.
Lai giai:
a, Khi x=25 thi Jx=5 suy ra A=L=i.
45-3 17
b, Taco:

O Jr-10  Vx(Ves2)+dx-10 0 ianopo
N < Ty (x-2)(£+2) (Va-2)(vx+2) (J:?u:!][ﬂﬂ)
(5 s
(Vx-2)(va+2) Vr+2'
I:.B=2A4=J;:i 43,_"’:3.@2.!_( Vx+2)=(Vr+5)(4Vx -3) @ 26413V -15=0
Jx=1
& (Vx-1)(24x +15)=0 © 15 do Jx20=x =1 thoaminhay x=1.

s s S SR

hay 8=




Y (073 9P chuyen 6@ tiong tim thi va0 10 chuyén gy

va hoc sinh gioi Dai 569

I cho P-= ?‘”"r“ : 9x +14 véi x20,x%1.
f+3 J;+2 t+3\f“+2

a, Ratgon P,
b, Tinh gid trj cha P khi x=4,

¢, Tim cdc gid tr cia x dé P 13 s6 ty nhién,

Loi gidi:

2. Taco
oo x (Wx+3)  odrena_ Ax(Vr+) ofx+14 _ 2x+lIWx+14

C 43| Sx+2 (J;+2]{J;+|}_(J;+l){\l’;+2) (J_+2)(-Jr_+l] J_+2 (u"_-a-l}
s P=("';+2][2£”]=2JI+?,

T ) (el)  Vren
b, Véi x=4 thi Vx=2 suyra P= 2;:: =l3l

. Z[J_+l)+5 5

c.Tach P= Toai -J_+|
Do xz0 nén 0< J;SHES suyra 2<P<7.Vi P 1dsb nguyén nén

555 321
1;2;3:4;5) < /¥ +1 525l 42:5:200
e }ealx E{ i } IE{ ST }

5
Peidd:5607 <
{ ) } Jr+1

ﬁxe{lﬁg 4 ] l]}
49]6

Péi chiéu didu kién ta thay xXe {I(’- % % # 0} li clc gid tri cén tim.

Cach khac: Dé P 1a sb nguyén thi diéu kién can va du la: =m (va m & 56 nguyén

5
Jr+1

dwong va x20).

m@mﬂﬂn—S@a’;: Sl cdo x= 0= difu kién S 20,do

5
-.,l'_' +1 a - m - "

m>0=5-m=04>m=s5 hay 0<m<5=me {1:2:3;4;5} suyra Jxe { ,%,%;%;0}:&

xXe {Ié;g;i;i;ﬂ}.
4 916

Ta cd:

@D Cho vidu thie p=[ M2 VB 1LY 06> 0.a%b.
Jib—=b Jab—a |\bda &b

4. Chimg minh ring P = Jab .
b, Tinh gid trj biéu thire P khi a=3—~.lr§ vabh=0,5.

¢, Tim gia tri 16m nhat cia P néu o’ +4b" =8,



) Mega e — ]

Lai giai
a, Ta co:
Ja 2Ja-b [ 1 1 ]=ﬂ—(2~f5—43)~"5 ab
" Ta ) (o) [ s | () Va0
ab(a-v5)
Hay = o -
Vab (a - J_]

b, Khi a=3- ,b=—=:- ah =
a=3-45 2 2 4

3~fﬁzu’"[ ]=>p= =~;’“__

¢, Theo bit ding thirc AM -GM 1ta ¢b: & +4b" 22Va’ 4b" = dab= dab <8 = ab <2 Viy
P <+f2 . déu diing thire xiy ra khi va chi khi o° =4b* =4 > a=2,b=1.
Viy GTLN cia P 1a V2.

?JI—z _Jx+3 -3 36

CLYRED Cho 2 bidu thire A= B vil x20,x#9.
Wi+l Nx-3 Jx+3 x-9

a, Ritgen B, tim x dé A=8.

b, Tim tat ci che gid tri cia x d& A nhin gid tri nguyén duong.

Lai giai:
a, Ta cé:
B=\G+3—J;_3— 36 =(J;+3]{J;+3)—{J;—3]{J;—3]—36= 12'4‘;—36 _ 12
Jx-3 Jx+3 x-9 (v -3)(Vax +3) (Va-3)(Va+3) Vx+3
A=Be J;is=Zfé:‘?w—I2(2ﬁ+I)=[~E+3)(N§-2Ju7x-5ﬁ~18=0
Vr=2
& (Ve =2)(1x+9) =04 J___2=>J3c‘=z@x=4rrmnx).
L WA L x
b. Tacd: PIH] 2 < [EJ_H] VlAIé.bDnguyenduongncntaco

[2\(;-!-1} [ZJ;H}
=1
0< A{E-C:) A=2.
2

A=3
THI: A:lq"'“ﬂ"z =lesSE =3 es x=-2- théamandiby kién.
2Jx +1 25
THZ: 4=20 372 53V de =% (hoaman didu kién
24x +1 9
e | 5
TH3:A=3¢?\E = =3¢ ¥ =5¢ x=25 thoa man diéu kién.

W o R



S 1010 157 chuyin 66 1ong tim 1 130 10 chufén |y
vé hoc sinh gigi Daisd 9

BAI 11 duthe p=[ 3, 20 [t 2
-Chnblculhm::P [3+£+9_x].[1_3& T

a, Tim dicu kign cta x @€ bicu thirc P cd nghia vi rit gon P.
b, Tim gid trj ciia x dé P=——
¢, Khi x>25 hiy tim GTNN cia P,

L giai:

Pitukién: x=0; x£9; x#25 (*).

a, Ta cd: J_] ’ \,f_ " | &_I "_:L
[3+J3§ 9—r][x 3Wx T] a3 (Vr-3)(Va+3) | | Vx(Vx-3) ¥x
J‘(ﬁ 3)-20 Va-1-2(Vx-3)  Ve(Vaed)  Ve(Ve-3)
{J' 3){J§+3] Jx (Vi -3) (Vx-3)(V+3) 5= T Vx5
b, P=-§¢.I"_S=-%@31+4J.?—zu=aﬁ[ﬂ—z][sﬁnu):wJE::::.x:a

théa mén (*)

¢, Khi x>25 thi Vx=35>0.Tactk: P= S ST, PO LT, |
J._- J_- J_ 5
dung bét ding thire Co si dang a+b = 2yab lacu:-.&—5+v‘,_ szzq%:I{l.Suyra P=20.
|r_
Diu déng thire xdy ra khi va chi khi J?—s:ﬁs 5@(&—5}2=25mf—5=5¢x=l00

théa médn (*). Viy GTNN cia P 1320 khi x=100,

mChﬂhmuthlm A= [ \'F I ]B-Jﬁ“ voi x>0,x#1.

x,r-l r—\r

A, Rit gon P =A: B.
b, Tim cdc gia tri m dé ton tai x sao cho PVx=m+x.
Lai giai:
a,Tacd A= Vx - 1 _ Jrealx-1 ,_,(J';_l)("':”]:.j;ﬂ
oot Vr(Va-1) Ve(Ve-1) o Vx(Ve-l) o Ve
Jr+l x=1  x-1

R TR
b. Theo gid thiét ta co: Px =m+x & x—1=m+Jx. Dt Jx =1. didu kién 1>0,1 21,

P=A:B=

Phuong trinh tré thémh:sr’—f—m—l=0. Pé phuong trinh ¢6 nghigm diéu kién 1a
A=l+4m+4 aﬂwma—z, Khi d6 theo hé thire Vi-et ta ¢d: £+, =1>0 suy ra trong hai



nghi¢m tdn tai it nhdt 1 nghiém dwong. Nhu vy ta chi cin tim diéu kign dé r=1 khong phai la
nghiém. Tire 1a: 1=1=m=12 0 m £ =1. Viy diéu kién cin tim la: m > -:{,m #=1.

oo xw3dxe2 xedx |0 1 .
m{:hobtcu thirc P_[(JI-+2]{J;—]]- v ]{J.;+I+J._'—-i) voli x=0,x 1.

a, Rat gon P

b, Tinh P khi x=3+2+2.
J.;H

1
¢, Vi gid tri ndo cua x thi 5 =1,
Loi giai:

a, Tacod:

(Ve+1)(Va+2) ﬂﬂﬂ) | Jivel F s
[(I+2)(~F ) (Vx (ﬂu)] {{JE—!]{JIH}] [T_ TTJ (W -1)(¥x+1)
(\E l)( x+|) 41
-f‘ 1 2 2[ Jx ]

. 24+42)(v2-1
b, Tacé: x=3+22= (|+\,"_] P E[Zgi’;] Z(N_H))((J_ 1)] V;_

L Vael o 2dx Vx4l t6vx-(V+1) 3(“';”) ~r+64x =9 _ {J’—s)

“P T8 x4l 8 THE r ]:S(J?H) 8( x+|] S(ﬂﬂ)

: o 5 x=3 . 1 Jx+l J;+I}

Vi (Vx=3) 20,¥x>0,x#1 nén —3(£+]]_ﬂsuymF-T~lal}ﬁF— g =L
JVx+

Két hop véi diéu kién dé bai ta suy ra %--3—':1@(4’}—3)‘ =0 x=9,

EED cho bidu thire: P= =2 oL JEH o ont.
x+20x  Jx+2 [ Jfx-

a, Rat gon P,

b. Tim cdic gid tri ciia x dé 2P=2Vx +5.

¢, Chimg minh: P4+x >3,

Lai giai:
e o e I YWx+l | x=2 Jx Jx+1
o P_[x+2\|".;+-ﬂ+2}-f;- _!J;(JE+2)+J;(J;+2]]'J;-

xR
N N N RN N RN PR RN

vii x>0,x#1.
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Jr+1
il

ﬁ[ﬂ+2)(2ﬂ—i)=ﬂﬁﬂ=%ﬁx=%.

¢, Tach: P+yx= "E,f] +J;=I+~£_w+vq.'['hco biit ding thitc C6 si dang a+b>2Jab
X X

ta co: L-H.GEZ suy ra P23, Diu ding thirc xay ra khi va chi khi J-:Lq:vx=| khong
Jx Vx

thoa man diéu kién x#1. Viy P>3 voimoi x>0,x#1.

@B cro r- [ Jx —ﬂ—l]:[ﬂﬂ_ x=5 )

bo2P=2Mx+5e2| 2 Lafr+5e x5 =2V +2 @ 2x+ Wi -2=0

Jx-2 x=2dx | Ve+l x=-vx-2

a, Ratgon P,

b, So siinh P véi 4,

¢, Tim x thoa man diéu kign: _rJ;_[F—E.]+x+4 = S\Jm .
Loi gidi:

Diéu ki¢n xéc dinh: x> 0,x#4.

Vi x=x-1 || Jx+2 -5
Jx-2 Vx(Ve-2) [ Jx+1 (J?+1)(J'-)

IHE}J—;)' [ﬁ+fﬁ?sz} {3:12) feslle=2)-

b Tacé:P—al—{ H-I) { I]
' Jx

¢, Tim x thoa mén diéu kign: J.‘er_c.(Puz)+x+4=3\.l'x’+4x.

+1 §
%»2 ax+x+d=3r' +4 & ¥ +2xr+4 =3,|‘x{x’ +4] . Chia hai

vécho x* +4>0 ta thu dugc: I+

a.Tach: P=

[\";+1)=
—

20=s P24 . Diubiing xdy ra khi va chi khi x=1.

Ta co:

viri (>0 taco:

Bitt=

e
I +4

:ml

27 =3t +1=0 (2-1)(1-1)=

Néu 1=1, [—*— =1 ¥ —x+4=0 v nghigm. Do A=~-15<0.
x +4

¥ 1
. ¥+d 2
Két lugn: x=2.

bt | =

Néu rE%. & x  =dx+4=06 (x=2)" =0¢> x=2 thoa min didu kién.



1. Dinh nghia

+ Ham 6 béc nhiét la ham s6 duge cho béi cong thite v =ax+b trong do @ va b 1a cic s6 thyee cho
trude v a # 0.
+Khi b= 0 thi him s6 bic nhat trér thanh him s v = ax, biéu thj trong quan 1i 1én thudn giira y va x.
2. Tinh chat
4, Ham s6 bdc nhilt, x4c dinh v6i moi gid tri xeR.
b. Trén tip so thuc, ham sé y =ax+5 dong bién khi @ >0 va nghich bién khi a <0,
3. Do thi ham s6 y=ax+b vdi (a=0)
+ D6 thi him s6 y=ax+b 13 dudng thing et truc tung tai diém c6 tung d bing b va edit truc
hodnh tai diém ¢6 hodnh d§ bing =2

o

+ g goi 14 hé sb goc cua duomg thing y=ax+b
4. Cdch veé dd thj ham s6 y=ax+b

+ V& hai diém phan biét ciia do thi rdi vé dudmg thing di qua 2 diém,

+ Thudng v& dudmg thing di qua 2 giao diém cia dé thi véi cic truc toa d§ 14 A[—-E :0 }3(0,— b).
a

+ Chi y: Duong thing di qua M (m:0) song song vii true tung co phuong trinh: x=m =0,

duomg thiing di qua N (0;n) song song véi truc hoanh ¢6 phuong trinh: y—n=0

5. Kien thirc bo sung

Trong mét phiing toa dd cho hai diém A(x;¥,),B(xy:y,) thi AB= J[r: -x) +(n-n) .
Pitm M (x:y) la trung di¢m cia AB thi x=%1;y=£1%.

6. Digu kién dé hai duiing thang song song. hai duiing thing vudng géc

Cho hai dudmg thiing (d,): vy =ax+b vi duimg thing (d,): y=a'x+b' véi a,a'#0.

3




AN,

\VAGIIOPXI

EHH,

SO D

@GIED Cho bidu thicc A=£’+2.3=[

Jx 2 ] x+4

= : i E2 O£
Jr—2 Jx+3| Jxag ey

. St i |
a) Tinh gidatricia A khi x= ;
. 9-4;5
b) Rt gon 8,

¢) Tim cde s6 thye x dé P=g 1 56 nguyén.
EETED Mot ngudi di xe dap tir A dén B cach nhau 24 km véi vin toe dir dinh. Khi di tir B tré6

vé A ngudi do6 ting viin téc trung binh thém 4 knm/h so véi lie di, nén thai gian vé it hon thii gian
di 1a 30 phat. Tinh van the trung binh dy dinh cia xe dap khi di tir A dén B.

a) Giai h¢ phuong trinh:{*

b) Cho phuong trinh: x* =2(m—1)x+m* ~2m-3=0 véi m i tham so.
+ Chimg minh: Phuong trinh ludn ¢d 2 nghiém phan biét vai mei mr,
+ Goi x,,x, 14 2 nghi¢m cia phuong trinh. Tim m  d&: x,+1=[x, .

Cho tam gidc ABC cb BAC =60°,AC =b,AB =c,(b>c). Dyng dudmg kinh EF cia
dudmg tron ngoai tiép tam gidc ABC (I nim trén cung nhd CF ) vubng goe BC tai M. Goi 1,/
lin heot 13 hinh chi¢u ciia £ 18n AB AC. Goi H,K lan lugt 4 hinh chiéu cia F 1én ABAC.

a) Chimg minh: AIEJ, CMJE Y cac tir gidc ndi ticp.

b) Chimg minh: /,/,M thing hing.

¢) Chimg minh: &J LHK .

d) Tinh bén kinh dudng tron ngoai tiép tam gidge ABC theo b,c.

©CED cho cic s thye 2,520,0sc<s1 vi @ +5 +¢* =3, Tim GTLN, GTNN cua
P=ab+be+ca+3(at+b+e).

(S S —— ‘@. ..........



LOI GIAI

1 9+445 2
a)Tacd x= = —9+4J_ 5+2 =>J,:.=J§+2.Su_~.rra
9-45 gr_(4f5) W

a5 -““E]—i{a_,fs],

" 54242 4445 #-5 I

h) Ta cb:
I8 2 e RN R Ee  ww B
=2 Jx+2 | Jx+2 (,EJ,Q){\H_Q) T x+4 (J;+z}(J;_2)' x+4  Jr=2
A5 1 5(*f_“ )
“dxt2 dr-2 x+2
P(Vx+2)=5(Vx-2) & Jx(P-5)=-2(P+5) = x = 2};0;5) do x=0

Ta ch: P—

. | FP#S5 . .
, d thay ta viét lai biéu thire thanh:
Pz0

=2(P+ :
suy ra —!S-J—ss-lzﬂ hay —uéﬂ suyra P+5,P-5 wdidaudo P+5> P-5

P-35
P+520 .
a{p_sqﬁﬁ_ssp‘:s*w?’|5'5‘3“$u?5'15‘-1&'m Pe{-5-4;,-3;-2;-1;1;2;3;4} thay vio
. 21 64, 14 4 1 36 16 . 196
h duge: /; et R s L e 4:324
ta tinh duge ﬁe{n'9’2?333 8I8‘l {09449 5" 19— 5 :0 32}

Goi vin téc dy dinh ditie 4 dén B 13 x (kmv/h), diéu kién x> 0.

Vin toc thuc € khiditr B vé 4 1a x+4 (km/).
Thei gian dy dinh ditir 4 dén B 13 2 gitr, Thesi gian thye € ditr B vé A4 1a: %.
X X

Theo gia thiét ta ¢o:

¥=12
24 1 2 BBaxdd A R dn-192 =0 (x-12)(x+16) =04 *T - dbi
x+4 2 x 2(x+4) «x x=-16

chidu vdi didu kign ta suy ra x=12 théa min. Viy van tbc dy dinh di tr 4 dén B 14 12 kmv/h.,
6x 3
+
xX+y J; =1
6y
X+ ¥

Cing 2 phuang trinh cta hé ta cd: px + 24 + 4 ..g.f_;=9.-4
x+y x+y Jx=1

I-zJIH =0 3-(2Vx-1)(Vr-1)=0 2x-3Jx-2=0e (Vx-2)(2¥x +1)=0

=9

a) Biukién x20,x#Lx+y#0.Ta viét lai hé phuong trinh thanh:




v
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va hoc sinh gioi Daisé 9

suy ra J_ =2 < x=4 (thoa man) hojc J; =—% {hoai}.

Thay x=4 vio tatim duge y =0, vy hé cd nghiém (x;y)=(40).
b) Xét phuong trinh: x* =2(m—1)x+m’ =2m=3=0 vii m 1a tham sb.
Taco A' =(m-k]= -(nﬁ —2m-3} =4 >0 nén phuong trinh ludén ¢d 2 nghié¢m phin biét x,,x, .

.r=m_|_2=m-3

Ta tinh duge:
_m=1+2

1
Xét dicu kign: x, +1=[x, (*)

=m+l

THI: x, =m=3,x, =m+1 thay vio (¥} ta co:

m=2

mz2 ]ﬂn:s+\fﬁ 5+‘Jfﬁ

= = 2 =m=
m*=5m+3=0

5-413
mE—

m=2=xm+l ¢:>{

mz3 ]
TH2: x, =m+1,x, =m—3 thay viio (*)taco: m+2=vm-3e{ | N U(V'5 nghi¢m).
m +3m+T=
- 5+ -u’Tg TIPS
Viy sz la o1ty cén tim.
G .
a) Hoe sinh tr chimg minh. £
A

b) Tir ¢ tir gide TAJE, EJMCEABC néitiép, ta
6 bién dbi 26 saw: T
— — N
ESI =EAl =ECB =ECM = 180" — EJM . Tir d6 suy
ra EJI+EJM =180 hay /,J,M thing hang. a
Chii ¥: Day la két qua hinh hoc khi quen thuge.
Puémg thiing /,J, M 13 duomg thing Simson cia
diem £ doi vai tam giae ABC . . B - ..
¢) Chimg minh twrong tr cau bta co I diém H M K a
thing hang.

e — 1 — F
Tach: IHM = BFM =BFE = —sd BE , &t giac BIEM

b

— 1

néi liép nén HIM =.E5-'.."-d-?r = BEM =—sd BF.

(%]

Tir Ao suy ra fﬁ?+ﬁﬁ}=% sd BE + % sd EF:ll sd EF =90° hay IM LHK .



d) Goi O li tim dudmg tron ngoai tiép tam gide ABC thi OB=R.

Dyrng dudmg cao BN cta tam gidge ABC (N eAC). Tach:
BC? = BN* + NC* = BN? +(AC =AN ) =AC* + BN* +AN* =2AC AN =AC* +AB* = 2AC AB.cosBAC
Hay BC® =b*+c* =2be.cos60’ =b" +¢* —be.

Do BAC = 60" = BOC = 120" = BOM = 60" . Trong tam gidc vudng BOM ta c6:

T, 7 I
snfom=2M ..op- M .. FC,):“Q’ i b":Jb +€ =8¢ yiay bin kinh
OB sin BOM  2sin 60 V3 3
b e’ —be

duéng tron ngoai tiép tam gidge ABC la R=
Ta viét lai 2(ab+be+ca)=(a +h+e) —(.:f‘+.ﬂ>:e +c=]={:a+.‘:+¢:]3—3 thi

2P=(a+b+c) +6(a+b+c)-3.

3

Tir danh gid quen thuge: (a+b+c)’ $3(a’ +b+¢")=9=>a+b+c<$3. Tacing c6
(a+b+c) =a’ +b* +c* +2(ab+be+ca)za b +P =3=atbtcez V3 déu diing thire xay

ra khi va chi khi 1 trong 2 56 a hodic b bing O vi ¢=0,

Tirdétaed: 3+643-3<2P <3 +63-33/3<P<12.

GTLN ciia P bing 12 tai a=b=c=1, GTNN cia P bing 33 khi a=+/3,b=0,c=0 hoiic
a=0b=+3,e=0.

=+
a2 Jx+2 JJx-

@D Cho bicu thirc: P=[ =g ] }‘E“ véi x50, 51,

a) Rat gon P
b) Tim cac gid tri cia x d& 2P = 2Jx+5.
¢) Chimg minh: P+ Jx >3,

@ S S ——
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