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Chuong I
NHUNG VAN PE CHUNG

1.1. Nang liee gidi todn vé ding thiee va bit diang thirc.

Viée giai toan vé diang thirc (DT) va bit ding thirc (BDT) ¢6 thé giup rat
nhiéu cho viée rén luyén ¢ hoc sinh (HS) oc triru tugng hoa va khai quat hoa. Do
bai todn vé DT va BDT ¢6 nhiéu phuwong phap giai, mdi bai ta ¢6 thé ¢6 nhiéu con
duong di, c6 nhidu cach giai khac nhau dé tim dén két qua cudi ciing nén viéc tim
mdt 101 giai hay, mot con duong di ngin gidp rén luyén cho HS tr duy sang tao,
phuong phap khoa hoc trong suy nghi, biét giai quyét vin dé bang phan tich, tong
hop, so sanh, khai quat... tir d6 HS phat trién cac pham chét tr duy nhu linh hoat, déc
lap, sang tao...

HS 6 ning lyc giai toan (NLGT) vé DT va BDT ¢6 thé xac dinh hudng giai
cua bai todn mot cach nhanh chdng, sau do co thé phan tich, bién ddi biéu thirc
chinh xéc, ro6 rang. Tir bai toan do lai co thé 1am xuét hién mot 16p céac bai todn cé
lién quan bing cach dit thém ciu hoi hodc khai quat hoa, trong tu hoa v.v...

C6 thé xac dinh duoc NLGT vée DT va BDT cua HS qua mot ) nang luc cu
thé nhu sau:

Niing lwe 1: Ning lrc nhan biét cac hiang dang thitc (HDT) trong bién doi dai so.
Vidu: Tinh gid tri biéu thic.
A=x"-5x-2Xy+5y+y +4biétx—y=1.
- Quan st biéu thirc A nhan thiy trong biéu thirc ¢6 HPT (x — y)*
Do do: A =(xE — 2xy + yz)— 5(x—y)+4
A=(x-y)Y¥-5x-y)+4=1-5+4=0.
Nang lwe 2: Nang luc sur dung, van dung cac HDT.
Vidu: Biét rang a +b + ¢ = 0. Chimg minh ring (CMR):

(a2 +b + cz}2 = 2(a4 +b'+ c“).



Trong bai todn ndy mot suy nghi tu nhién c6 thé nay sinh 1a: HDT ndo cho ta
mdi quan hé gitra at+ b+ ¢ va a’+b’+c” giita a’+b%+c” va a* + b* + ¢*. Hodc la: Tur
gia thiét c6 mdi quan hé b + ¢ = —a. Vay HDT nao cho ta mdi quan hé giira b*, ¢
va az; gilra b", ctvaat?
Binh phuong 2 vé ciia DT —a= (b + ¢) ta duoc:
a’=b"+2bc+c <=>2bc=a’-b’ - ¢’
Tiép tuc binh phuong 2 vé cua DT nay ta dugc:
4b°c’ = a'+ b’ + ¢ - 2a°b” + 2b’c” - 22’
do déa’+b* +c*=2a"" +2b%c” + 2a’c?
Cong 2 vé cua DT nay voi a* +b* + ¢*. ta co:
2@ +b +ch) = a' +b' + ¢t +2ad" + 2b°c” + 2a°c” = (a’+b*+c”)” (dpem)
Nhan dang va st dung tt cac HDT xudt hién trong bai todn gidp ching ta
thay dugc bai todn rit quen thude, 15i giai ngin gon.
Ndng lire 3: Nang luc “nhin” dbi tuong (ctia bai todn) theo cdch khic.
Vidu: Cho a, b, clacac s6 khac 0 thoa man:

7,7 2 . .. — R .
a’b'+ b’c’+ ¢’a’ = 3a’b’c’. Tinh gid tri cta biéu thic:

2

Nhin vao gia thiét a’b’ + b'c’ + a'c’ = Bazbzcz, néu ta coi: ab = x; bc=y;
ca=z khidotacod X’ +Vy +2z =3xyz gan giii v6i dang (x+y+z)’. Khi do:

b_xce_y_ p_ x+y)r+2)(z+x)
' I d X xvz

b ‘T
Ta c6 bai toan moi dé lam hon.

Ning liwe 4: Nang luc tim moi quan hé giira cac dai luong.

Dé fim dugc 1o giai bai todn thi ning luc tim ra quan hé giira cac diéu kién

cho trong gia thiét, giira gia thiét va két luan 1a rat can thiét.
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Tir cac DT da cho trong bai todn khé ¢6 thé biéu dién ¢ dang tuong minh a,
b, ¢ theo x, y, z hay nguogc lai, ta phai dua vao dai lugng trung gian.

Céc biéu thitc xuat hién & gia thiét va két luan la thé hién vai trd binh déang
giita X, v, z, gitra a, b, c¢. Néu ta dat cac ti 1¢ thirc ¢ gia thiét 1ak thi mdi quan hé d6
dugc biéu thi mot cach binh dang cua a, b, ¢ theo k, x, v, z.
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* Thay cdc gid tri ctia a, b, ¢ vao diéu phai tim ta dugc:

=a=

a’=bc X+y +x -3xyz
X k>

b* —ca B ¢’ —ab B X+ vy +x’ =3xyz

=

y z k>

2 2 2
a —bec b —ca ¢ —ab

Viy

X ¥ Z
Vi du: Cho a> b >0 thoa min: 3a” + 3b”° = 10ab. Tinh gid tri ctia biéu thirc:

_ﬂ—b

a+b

Cian nhan thdy mdi quan hé giira két luin va gia thiét: Trong gia thiét xuit
hién a* va b°, Vay trong P phai lam xuét hién a* vd b>. Tir d6 nghi dén viéc binh
phuong 2 vé cua biéu thirc P.

Gia thiét c6 3(a® + b®) = 10ab.

3
A v 2

Dé sir dung duge a’+5’ =—ID;b chn cé P’ :[a_b] :

a+b
Tur do ta co 161 giai bai toan.
Nang lwe 5: Nang luc thao tac thanh thao cac dang toan co ban.
Vidu I: Giai cac phuong trinh (PT):

x+DEx+2)(x+3)(x+4)=24 (1)



Pay la nhitng dang toan co ban, dbi véi HS gioi can phai ¢6 nang luc thao
tac thanh thao dang co ban nay.

P6i voi PT (1) nguoi ta thudng nhin nhu sau:

(x+D(x+4)=x"+5x+4

(X+2)x+3)=x"+5x+6

Pit x>+ 5x + 5 =t, thi PT (1) <=>(t— 1)(t + 1) =24

<=> > =25 <=> = %5 tlr 46 tinh duge x = 0; x = -5.

Nang lire 6: Nang luc qui la vé quen.

Vidu: Sau khi da cho HS lam quen v&1 dang toan phan tich thanh nhén tur:
X+ DX+3)xX+5x+7) +15.

Bing cAch ghép tirng cip nhén tir mét cach phit hop, ta co:
X+ DX +3)(x+5)x+7)+ 15.
= [(x+D(xX+7)][(x+3)(x+5)]+ 15
= (X" + 8x + )(X> +8x + 15) +15 (¥)
Dit x* + 8x +7 = a, (*) trd thanh
aa+8)+15=a"+8a+15=(a"+8a+16)-l=(a+4)°-1
=(a+3)@a+5).

Thay vao ta cé:
(X" + 8x + 10)(x* +8x + 12) = [(x + 4)" — 6)][(x + 4) — 2%
(x+4+6)(x+4—J6)(x +2)(x+4)

Thi khi cho HS giai cac bai toan:

+ Tim gid tri nho nhat cua biéu thic:

P=(x+1)x+3)x+5x+7)+ 15.

+ Hay giai PT:



X+ DE+3)+5)+7)+15=0.

Gap nhitng bai todn nay HS c6 thé qui vé phuong phap quen thude ¢ bai
toan ban dau.

Vi du: Tinh gi4 tri cua biéu thirc

P= \/l +99...9° +0,99...9°
\_.v_’ \_.v_"
Pé lam duoc bai todn nay, HS phai quen voi cach viét: 99..9=10"-1.
[ ——

Ta cé:

99..9° =(10" - 1)’ va 0,99..9° = [MJ :
e ——— lﬂu

n n

Khido dit:a=10"-1thi P= bai toan quen thugc.

2

a+l1
P=a+lJ(a+l) +a‘(a+l) +a’
; *+a+l
P= (a3+a+l)_=w
a+1 a+l

Bai todn c6 thé la vé ndi dung; gia thiét, két luan; hodc 1a vé phuong phap
lam (phuong phap dic biét). Song trong mdi bai déu c6 thé tim ra mdt vai ¥ quen

thude. Bai vy viée rén luyén tri nhG ciing rat can ddi voi HS.
Nang lwe 7: Nang luc khai quat hoa, dac biét hoa, tuong tu.

Vi du: Tinh céc tong sau:
| 1 |

& 2 3+ﬁ+m+n(n+l)

A L+
- 1.2

(neN, n=1)

Tir bai todn nay ching ta ¢6 thé mo rong va dugc hai bai todn tinh tong sau:
1 | 1 1

o= . N, n>1
1237234 345 " n(n+1)-(n+2) (neN, r=)

! ! ! !
3, =
*T1234723.45 3456 7 n(n+l)(n+2) (n+3)

, (neN, n>1)

Pong thoi co thé tong quat hoa bai toan:

Tinh tong:



1 1 1 1

o ,(neN, n=1
T o e e e e R )

Mit khac ching ta co thé c6 cac bai toan twong ty sau:

Tinh tong:
mre | 1

neN, n=>1
R AL T ey o S )

1 1 1
16 611 1116 (5n-4)(5n+1)

(meN, n=>1)

Nhu véy tir bai toan ban dau ching ta ¢ thé twrong tir hoa theo 2 hudng:
- Thay d6i khoang cach gitra cac sé trong tich & mau.

- Tang thém thira s6 & miu so.

Nang lirc 8: Nang luc phan tich téng hop:

Vi du: Tinh gid tri ctia biéu thic:

: Jl 11 Jl I 7 \/1 1 1
S=\stmtat s+ttt s+t—=+—
I 2% & 3 4 1© 99" 1007

Tu bai toan da cho HS can biét cach bién doi biéu thuc trong moi can vé
dang binh phurong cua mot tong = lam mat cdn bac hai = gian udc, rat gon.

Xét biéu thire trong cdn & dang tong quat véi k e N,k > 2:

[1+L—ij=1 1 L,2 2 2

+ — +— -=

1-k k (k-1 k° k-1 (k-Dk &k
| 1 2 2: 2 2 2 2 2 2
=l == (vi = -3
(k-1 k k-1 k-1 k k k-Dk k-1 &k

== L,+ : —+ l,=l+L—i
1= (k-1 k° k-1 k

Chok=3,4,...100 taco:

3 1. 1 1 1 11 11
g =Rl sl T Ssalge ol s o el e
[ 7, 3] [ 3 4] [ 98 99] [ 99 10[‘}]
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2 100
V&i mot sb bai todn khé, khong c6 thuat toan dé giai thi viée tim ra hudng
giai ctia bai todn phu thudc chi yéu vao ning lyc phén tich, téng hop cua HS.

Vidu: Cho 3 s duong a, b, ¢ thoa min:

=25

2 7
a +ab+

c*+ac+a’ =16

Tinh gid tri cia P = ab +2bc + 3ac
+ Phin tich, tong hop (3)(2)(1), ta ¢6 két qua: 2¢* = ab — ac.

+ Xem xét P* = (‘ab + 2bc + 3ac)’ =...

+ Téng hop tir (2)(3) => c6 nhiéu hang tir déng dang v6i hang tir cua P*
=> Xét P* - 9.6.12 v6i chii y 2¢” = ab — ac.
=> Tinh P* - 9.6.12 theo 2¢” => két qua.
Hudng dan:
Thm)gﬁtMét[%;+f]+&z+ac+aﬂ=az+ab+%;
Ta c6: P>= (ab+2bc+3ac)’ = a’b’+ 4b°c’+ 9a’c” + 4ab’c + 6a’be+12a’be
= —12(§+f:3)(e3 +ac+a’)=0 (1)
Bfmg cach thay P = ab + 2bc + 3ac va 2¢’= a(b—c) vao (1)

Tir do: P° =12(%+cz)(cz tac+a’) => P*=12.9.16 =223.3 4°

Viy P=243
*) Ngoai cac ning luc trén, HS cin co: Niang luc huy dong cac kién thirc d

hoc dé nhan xét, so sanh, bac bo; can co tu duy logic, kha nang trinh bay van deé ro



rang, chit ché. Nang luc du doan két qua, kiém tra du doan, biét cach lién hé toi
cdc van dé tuong tu gin gidng nhau, tong hop khai quat hoa... 6 phuong phép giai
chung cho timg dang bai va phuong phap "dac biét" voi bai "dac biét", hodc bai
"khong tam thuong".

1.2. Cdac dang toan vé DT,

Qua tim hiéu cac dé thi HS gioi THCS, tuyén sinh vao THPT, THPT Nang
khiéu (chuyén) va tai liéu, cho thiy bai tip vé DT tap trung vao cdc dang toan sau:

Dang 1: Chimg minh DT.

Dang 2: Chirng minh DT ¢6 diéu kién.

Dang 3: Phan tich da thirc thanh nhan tu.

Dang 4: Rit gon biéu thirc.

Dang 5: Tinh gi4 tri cua biéu thirc.

1.3. Mot sé phirong phap chirng minh BDT.

1.3.1. Phurong phdp vin dung dinh nghia va tinh chit ciia BPT

Phuwong phdap 1: Phuong phap dua vao dinh nghia.
Phwong phdp 2: Phuong phap bién doi tuong duong.
Phuwong phdap 3: Phuong phap lam trou.

Phwrong phap 4: Phuong phap phan chimg.

1.3.2. Phwong phap vin dung cdc bai todan co bdan vé BDT.

Dé chimg minh BDT A > B nhiéu khi cin sir dung mét sé bai toan co ban
vé BDT d@é lam bai todn phu, gitip tim dén 1oi giai bai todn.
Phirong phdp 5: Phuong phap van dung cac bai toan co ban vé phén so:
Ta c6 hai bai toan co ban sau day:

Bai todn 1: Voé1a, b, ¢ > 0. CMR:

a/ Néua<bthi £<4*¢
b b+c

b/ Néu a>bthi 4>9F¢
b b+c




Bai todn 2: Voi x, y, z> 0. CMR:

a L> 2 5
x  (x+y)

b/l+l3_> # : cfl+l+lr_> ? g
Xy Xx+Yy X y z Xx+y+z

Phwong phdp 6: Phuong phap van dung cac bai toan co ban vé gia tri tuyét doi
Kién thirc can nho:
D061 vo1 mot so bai toan BDT co chira gia tri tuyét doi, ta co thé van dung cac
bai toan co ban vé BDT chura gia tri tuyét doi sau:
Bai todn 1: CMR:
a/ lal+1bl>|a+b|.Diu“="xayra <=> ab > 0.
b/ la—bl >|a|—1bl Diu*“="*xayra<=>b(a-b)>0.
Bai todn 2: CMR néu x, y khac 0 thi 1Z1+12121242122
y X y X

Dau“=“xayra<=>x=4y,

s £ - |
Tu do suy ra néu m, n > 0 ta co: I)E+£22; 2) m+— =2
n n Hi

Phwong phdp 7: Phuong phap van dung BDT lién hé giira tong binh
phuong, binh phuong cia tong, tich hai so.

D 2Ax*+y )= (x+y) >4xy.
2) 3A(xX*+y +z*)2(x+y+z)=3(xy+xz+yz).
Phirong phdp 8: Phuong phap van dung cac bai todn co ban vé can thic.
(BDT Cauchy va BDT Bunhiacopxki)

Khi giai mot so bai toan BDT co chira cian thirc bac hai, ta c¢6 thé van dung
cac bai toan co ban vé BDT chira can thirc.

Bai todn I: Cho ab> 0. CMR: & ;" > Jab

Diu“=“xayra <=> a=b (BDT Cauchy)
Bai todn 2: CMR: (ax + by)* < (a® + b)(x* + ¥°)
Déiu“=*“xayra<=>ay=bx (BDT Bunhiacopxki)
1.3.3. Phuwong phdp vin dung tinh chdt dic bigt ciia bién.
Phwong phdp 9: Phuong phap van dung diéu kién c6 nghiém cua PT béc 2.
10




Phwong phap 10: Phuong phap qui nap toan hoc.
Phwong phap 11: Phuong phap dung toa do, hinh hoc.

Chuong 11
BOI DUONG NANG LUC GIAI TOAN VE PANG THUC
VA BAT PANGTHUC CHO HQC SINH GIOI LOP 9 THCS

2.1. Cdac véu cau vé kién thire va ky nang doi véi toan DT va BDT thuéc

chirong trinh toan lop 9 THCS

2.1.1. HS can nam vieng kién thire vé giii toin DT va BPT

- Nim vitng khai niém va tinh chét cia DT va BDT.

- Nim vitng cac HDT dang nho.

- Nim virng céc phép bién d6i don gian ctia can thirc, phan thire, da thire.
- Nim vitng cach ching minh DT.

- Ném vitng cach chimg minh BT c6 diéu kién.

- Nim vitng cac phuong phip phén tich da thire thanh nhan tir.

- Riit gon, tinh gia tri cua mot biéu thirc.

- Cac phuong phap chimg minh BDT (da néu o chuwong 1).

2.1.2. HS co ky nang van dung cdc kién thirc vio gidi todn

- Ky ndng vin dung cac HDT dang nhé.
- K¥ nang tinh toan gia tri ctia biéu thiec.
- K¥ nang rat gon mét biéu thire.
- Ky ning chung minh DT.
- K¥ nang chirng minh DT ¢6 diéu kién.
- Ky nang phan tich da thirc thanh nhan tur.
- Ky ndng chung minh BDT.
2.1.3. HS phit trién vé nhitng ning luc tri tué chung.
- Nang luc suy ludn, lap luan.
- Nang lyc phan tich, tong hop, so sanh, triru tuong hoa, khai quat hoa, xét

tuong tu, dic biét...

11



- Nang lyuc tién hanh nhimg hoat dong phd bién trong toan hoc nhu phin chia
trueong hop, lap nguoc van dé, su lién hé va phu thude xét tinh giai dugc. ..

2.2. Xdc dinh nhitng yéu cdu co bin ciia_hé thong bai tip danh _cho HS gisi
vé todn.

Hé thong bai tap xdy dung voi muc dich rén luyén nang luc, tu duy sang tao
cho HS gioi toan phai 1a hé thong bai tip ning cao c¢é tic dung dén tirng yéu tb cua
nang lue, tu duy sang tao. Pé dat duge muc dich do, cac bai tap can dam bao céc
yéu ciu sau:

- C6 tdc dung cung cb virng chic cac kién thire, k¥ ning trong chuong trinh hoc.

- Bai tap phai goi duge ¢ HS su ham thich tim toi.

- C6 tinh tong hop, tirc 12 nhitng bai tap doi hoi phai sir dung dén nhiéu ndi
dung kién thtc khac nhau, phai nhay bén trong viéc lua chon nhitng kién thire co
lién quan dé giai quyét yéu cau do bai tap dat ra.

Dé dat duoc cac yéu cau trén, cdc dang bai tip dua ra phai phong phu, gém
nhiéu thé loai ...

2.3. Hé thong bai tip vé PT va BPT nham rén luyén nang lwc gidi todn_cho
HS gigi vé todn lép 9 THCS.

Niang luc giai todn chi c¢é thé hinh thanh va phat trién trong qua trinh hoat

dong cua HS. Giai bai tp toan hoc la mot trong nhirng hoat ddng quan trong cua
hoc tap, do d6 ngudi thiy can phai xac dinh dugce hé thong bai tap sao cho vira ¢é
téc dung khic sau kién thire, rén luyén k¥ nang, vira c¢6 tac dung phat trién tu duy
doc 1ap sang tao dé chuin bi ¢ hiéu qua cho viéc vin dung kién thirc vao hoc tip
va thuc tién cla cac em sau ndy. Vi tu tudng do, hé thong bai tap dé xuat vé DT
gom 5 ndi dung d6 1a: Bai tap vé chimg minh DT, chimg minh DT c¢6 diéu kién,
phén tich da thic thanh nhan ti, rat gon biéu thirc va tinh gia tri cua biéu thic; hé
thong bai tap vé BDT dé xuit gdm 11 ndi dung twong mg vai 11 phuong phap
chirng minh BDT phit hop v6i kién thire bic THCS.

2.3.1. Béi dwdng nang e vé DT,

1. Cdc kién thire co ban.

Can nho:

12



Dé chirng minh cac DT dai sb, thuong sir dung cac HDT quen thude (dang
nh¢) sau:
I (a+b)f=d + b + 2ab.
(a+b+cf=d+b +c+2(ab + bc + ca).
2. (a—b)’ =d’ + b’ —2ab.
3. (a+b)f =da +b +3abla +b).
(a+b+c=d +b + +3(a+b)(b+c)c+a)

4. (a-b)’=d -b’ —3ab(a - b).

5. a =b°=(a+b)a-b).

6. @ +b’ =(a+b)(d —ab+b).
=(a +b)’ —3ab(a + b).

Zoll =D =i —DBs Al )

=(a —b)’ + 3ab(a - b).
Mt cdch tong quat:
8 a* !+ b =(a+b)(a" -a" " b+.. +b"
9. a"-b"=(a-b)(d™" +db+ .. +b")

2. Rén luyén cac ky nang gidai bai todn vé PT

Dang 1: Bai tip vé chirng minh DT
Bai 1: CMR: (a” + b*)(x* +y°) = (a x + by)” + (ay — bx)’

Giai: Bién do1 vé phai, ta dugc:

(ax+by)* + (ay —bx)* = (a*x* + b*y* + 2axby) + (@’ y* + b*x* - 2axby)
=a’x® +b*y* + a’y? +b*x* = (@® +bH)(x* + y?)

PT dugc chimg minh.

Bai 2: CMR: (x+y)(x+y)’ = X(x + 2y)’ — y(2x + y)°

Hudng dan:

Bién dbi vé phai, ta duoc diéu cin ching minh. (Tuong tu bai 1)

Bai3: CMR: x* +y' + x+y)' = 2(x* + xy + y°)°

Giai: Viét DT da cho dudi dang:

2()(2 + Xy + yz}2 —x = y4 =(X + y}4

Bién doi vé trai, ta duogc:
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2 +xy +y) =X =y = [(CHxy +y) =X ]+ [(C+xy +y) -y

= (Xy + yz)(sz + Xy + yz) - (x2 + )t:y)(x2 + Xy + 2y2)

= (x +y) [y2x" + xy + y) + x(x" + xy + 2y")]

=(x+y) [X+3%y + 3y’ x + ¥ = (x + )(x +y) = (x + y).

Vay DT dugc chirng minh.

Bai4: Cho a, b, c. CMR:

a’+b +c —3abc=(a+b+c)(a’+b’+c’—ab—bec—ca)

Giai: Bién d6i vé trai, ta duoc:

a’+b’+c’—3abc = (a’+b”)+ ¢’ —3abc = (a + b)* — 3ab(a + b) + c*~3abc
=[(a+b)’ +c’] - 3ab(a +b +c)
=(a+b+c) —3(a+b).c(a+b+c)—3ab(a+b+c)
=(a+ b+c)[(a+b+c)*—3ac — 3bc — 3ab]
=(a+b+ c)(az+b2+ ¢*—ab—bec— ca)

Vay BT duge chirng minh.

Bai 5: Chirng minh rang, néu it nhat ¢6 hai trong ba sé a, b,c khac nhau thi:

a +b*+c’ =3abe _a+b+c
(@a=bY +(b-c) +(c—a) 2

Hudng dan: Bién d6i tir s6 ctia phan thirc & vé trai nhu bai 4, ta duge:
a’+ b'+ ¢’ — 3abc =(a+b+ c)(az+ b*+c¢*—ab —bc - ca)

W s < N CYO SR

Vay vé trai cua DT da cho bang:

a+b+c . ) )
5 [(la=b)y +(b=c)y +(c—a)’] b g

(a—b)Y +(b—-c) +(c—a) 2

DT dugc chirng minh.
Bai 6: CMR:
al 4494206 +349-20J6 =243

Huong dan:
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49+ 206 =25+2046 + 24 = 5+ 246)* =[(+/3 +v2)*F = (/3 +42)*
49-2076 =25- 206 +24 = (5 -24/6)* =[(/3 -+/2)*] = (/3 -2)*
b/ E\/f +3xy + (32 + /v + -EJf +3xy — (327 4+ Yafy =2x

Huéng dan: Bién d6i biéu thie ¢ vé trai, ta dugce:

43y + G+ ynfy = 7 433y +3x( )+ Gy = (e +A4fy)

X+ 3xy— Bx% + Yy =2 =32y +3x () - () =(x=fy)’

of P15+ J5 =1

Giai: Pt x=32+5+32-45

Tacé: x* =2+ J§+2—J§+3{/(2+v{5)(2—\f§x

<=>X =4-3x<=>x+3x-4=0<=> x-D)(xX'+x+4)=0

Chii ¥ ring: .\:2+x+4=(.\:+%)3+%>0. Dodéx—-1=0tcax=1

Vay DT dugce chirng minh.

f/ 32 +320-25 =335 -4

Huéng dan:

Nhan xét: ¥2>1 ; ¥20>48=2 ; ¥25<327 =3 = vé trai duong.

— Pé chirng minh DT chi can binh phuong 2 vé va rit gon duge DT dung.

Bai 7: afe/ifi_1=§ﬁ+{ﬁ+{j§
9 9 9

Huéng dan:

szltEJE:a; 2=a’.

DT can chirng minh tuong duong voi:

3~.:‘a—l=l_a+a_ <= Y9%a-D=da’-a+l <= (@ -a+1) =9%a-1)

:.J'E

Ta bién dbi: ((1'2—a+l)3 =(a*—a+D) (@ -a+D=3a’-Da* -a+))
=3a-D@+1)a-a+1)=3@-DE@+1)

=3a-1)Q2+1)=9@a- 1)
15



Vay DT dugce chirng minh.

B 3+2J_
-1 \3-245

Giai: Dt #5=a <= 5=d'

b/ CMR:

.‘_'1'+l]4 _3+2.q

Cén ching minh:
a-1 3-2a

a—1

Khai tridn: [a +1]4 _(a+ 1): _ 2(3+2a)(1 +aj) _3+2a
(a=1) 23=-2a)1+a”) 3-2a

Vay DT dugc chirng minh.

Bai 8: Chirng minh cac DT sau:

-y -y’ -y
a \
) x+ VF \/ + \/ 5
Huéng dan: Binh phuong 2 vé ctia DT di cho, ta duoc:

t+\f_-“ ¥:+F F JL ..ff—}-“}.\:—wlx}—}-‘)

Bien doi1 vé phai, ta dugc:

~:+F Xy \/[H«f\r—}l J*‘-})_Hz\gzﬁ z

Vay DT dugc chirng minh.

2 2

(Chirng minh twong tir a/)

c) \/ Y + t;4 \/J,_— ‘,;3;‘:_42«]?

Hudng dan: Nhan 2 vé vai 4x, ta duge:
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\/.‘{'+‘\;‘.‘€2 -4 +\/_\:—1;'x2 —4 =+2x+4; Tiép theo ap dung két qua céu a/ ta duoc

diéu can chimg minh.

d) \/ab_\ﬁcz N ’4 \/abt-ﬂi‘ J J
be b

Hudng dan:

Cach 1: Nhan 2 vé voi be ta duge:
x/abx +c” ++4abxc® + \/abx + ¢ —~dabxc® = y4abx |
Hay ‘C+ Nabx | |c+ vabx ‘ Jaabx .

Cach 2:
Binh phuong roi bién d6i vé trai, rut gon duge diéu phai chimg minh.

Bai 9. Chirng minh cac DT:

: alx=b)x-rc) . b(x—=c)x—a) . c(x—a)x—-b)
(a—=b)a-c) (b=cyb—-a) (c—a)ic—=5h) ;

a’(x-=b)(x—rc) 3 b*(x —c)x—a) g (x—a)x—b) -2
(a—b)a-rc) (b—c)b—a) (c—a)c—Db) ‘

(b+e)yx—>b)x—rc) .\ (c+a)x—c)x—a) . (a+b)x—a)x—b)
(a—b)a-rc) (b=c)b—-a) (c—a)c—b)

=a+b+c—x

Huéng din: Lan luot thay x = a, b, ¢ vio vé trai ta dugc cac gia tri tuong tng
a, b, c. Tur d6 suy ra dfing nhit thirc.
b) va ¢) tién hanh tuong tu a).

Bai 10. Chirng minh DT:

a) J3—J§—J3+«f_=—«f§
Cach 1: bat

A=3-5-43+5 = A2=3-5+3+/5-249-5 = AZ=6-24=2

Do A <0=>tr A’=2=> A=—2. Vay DT dugc ching minh.
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Céch 2: Nhan A v6i 2 , ta duge:
A2 =J3=5)-2=J3+5)-2=J6- 25 - J6+ 2.5
=517 - J(f5+1? =5-1-45-1=-2

= A2 =-2= A=—2 . DT dugc chimg minh

Cach 3: Vi2 vé DT di cho déu 4am => Nhéan 2 vé véi (-1) => Binh phuong 2

vé, rat gon ta duoc DT dung.

b) 42[ .

Hudng dan: Bién doi ve trai, ta duogc:

4-243 _(B-1 _
-1 31 =]

DT da cho tuong duong voi:

V3 -1=16+3-10. Lap phuong 2 vé, rut gon ta dugc DT ding.
Bai 11. Chirng minh HDT:

a) [f%z]:[n-f"]]: a -1 (Véia;ﬁ:l:l;a;ﬁi%)

a -1 —-a Yat+g—=1

Hudng dan: Bién doi ve trai, ta duoc:

[1—:: +2]:[1_13a‘jJ=—1+2(a—1) l-a®  (1+2a)l-a) a-1

a’ -1 - a+1  1-4a> (1+2a)(1-2a) 2a-1

Bién dbi vé phai bang 2"_"1 . Vay DT duge chirng minh.
-

X+ Vv l _rz 3 ] 2 — _.-2
0 (2l ()22
X’—xy y-—x xX—y x+y) x-xy

(Voix# 05y £0; x = y#0)

Chirng minh tuong tu a/.

Bai12. Choa,b,cla3 0 khac nhau. CMR:
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b-c c—d a-b 2 2 2
+

+ = + +
(a-b)a—-c) (b-c)b—a) (c—a)c—b) a-b b-c c—a

Hudng dan: Ta co:

b-c _a-c—a+b 1 B 11 " |
(a—bya—c¢c) (a-bWa-c¢) a-b a-c¢ a—-b c—a

c—a B b-a-b+c B | 1 | |

— _— -_— +
b-c)b—a) (b-c)Xb-a) b-c b—-a b-c a-b

a—-b _c=b—c+a _ 1 B E .1 N 1
(c—a)e=b) (c—ale=b) c¢—a c¢—=b c—a b-c

Cong ting vé ctia ba DT trén ta duoc diéu cén chirng minh.

* Nhdn xét:

- Pé chirng minh mot DT ta co thé thuc hién viée bién ddi biéu thire (thuc
hién phép tinh) & vé nay (thuong 1a vé phic tap hon) ctia DT dé duoc mét biéu
thirc & vé kia.

- Trong mét s6 trudong hop, dé chirmg minh mot DT ta ¢6 thé bién doi dong
thoi ca hai vé cia DT sao cho chung cling bang mét biéu thire thir ba, hodc ciing co
thé 1ay biéu thire VT trir biéu thie VP (hodc biéu thire VP trir biéu thire VT) va bién
doi co két qua bang 0.

Dang 2: Chirng minh DT cé diéu kién.

Bai13: Cho a+b+c=0.CMR:a’ +b’ +¢’ = 3abc.

Giai: Taco(a+b+c)y=a’ +b+c +3@+b)b+c)c+a) (1)

Via+b+c=0,nénsuyra:a+b=-—c;b+c=-a;c+a=-b

Tir d6 theo (1) tacoé: 0=a’+b’+ ¢’ — 3abe

Suyra: a’+b’+c =3abc. Vay DT dugc chitg minh.

Bai1l4: Choa+b =1, ab# 0. CMR:

g B o b =2(ab—2) “b)

b'-1 a -1 a’b>+3

Giai:

a b 2(b-a)

b;—l_a;—l a’b*+3
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a/ Bién doi vé trai:
B a " b B a 5 b
(b=-DB>+b+1) (a=Da +a+1) —aB*+b+1) -bla’ +a+1)

-1 -1 —(a*+a+1+b*+b+1)

=— gr iy = 3 3
b"+b+1 a +a+1 (b"+b+a +a+1)

) ~[(@+b)*-2ab+3] ) 2(ab-2)  2ab-?2)
a’b*+ab(a+b)+a* +b* +ab+2 a'b* +(a* +2ab+b*)+2 a'b*+3

Vay DT dugc chirng minh.
b) Chirng minh twong tu a/.
Bai 15: Cho x+ y+ z=A.CMR: X'+ ¥ + 2' = A’ — 3A(Xy+yz+2X) + 3xyz
Giai: Ta co:
(x+y+ z) =X+ y3+z3 +3(X+ y)Ny+2z)(z + X)
=>x3+y3+z3=(x+y+z)3—3(x+y)(y+z)(z+ X)
=A-3(A-2)(A-X)(A-Y)
=A’- 3[1313 ~ A? (x+y+z) + A(xy+yz+zx) — xyz]
=A’- 3[1313 ~AM+ A(Xy+yz+zXx) — Xyz]
= A’ — 3A(Xy+yz+zX) + 3xyz
Vay DT dugc chirng minh.
Bai 16: CMR néu c¢6: a+ b*+ ¢’=lab+be+cal thia=b=c. (1)
Giai: Binh phuong 2 vé cua (1), ta duogc:
(aE+ b+ cz)2 =(ab + bc + ca)z.
Hay: (az+ b*+ c*—ab — be —ca)(az+ b+ c"+ab +bc + ca) =0.
* Néu a’+ b*+ ¢ —ab — bc —ca = 0, thi:
2a’+ 2b°+ 2¢”— 2ab — 2bc — 2ca=0.
Hay (a—b)" +(b—c)* + (c—a) = 0.

a-b=0
Suyra <b-c=0 haya=b=c.

_c—(;-:ﬂ

* Néu a’+ b+ c’+ab+bc +ca=0.
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Tuongtytaco: a+b=b+c=c+a=0.Suyraa=b=c=0.
Viy ca hai trudng hop ta déucoa=b=c.
Bai 17: CMR néu ¢6: 4x* +3x'y? +yy? +x'y" =a thi Vi +3y" =¥a®
Giai:
Binh phuong 2 vé cua DT da cho, ta dugc:

5 +W+W+ v+ 2\/(.\:3 +W}(}’E +yxXy Y =a (1)
Ma (7 +3fxy))0t + 3y =y A +3fy?)’
Do vay vé trai cua (1) bang:

2+y +{/.\:4}=3 + 3\/.\:33-‘4 + 2{/_\:3}-‘2(3\/'x_z+{/y?}

=x"+y +3W+W=(U?+if?)*
Tir do => ¥x* +3y* =32’

BAEIRTORE: m e . pas % 5 g0
a=b - c—d " ad+be

k)

CMR: m; + My + M3 = MMmo;

a+b c+d+ac—bd

a-b c—d ad-+be

(a+b)e—d)+(c+d)a—b) +m:'—bd
(a=b)ec—d) ad +be

Giai: Taco: my+ mp+ m3 =

2(ac—bd) . ac—bd (ac—bd)[2(ad + bc) +(a—b)(c —d)]

(a—bYc—d) ad+be (a—bYc—d)ad +bc)
_ (ac—=bd)a+b)a+c) = i 7,
(a—b)c—d)ad+bc)
Vay DT dugc chirng minh.
Bai19: Cho: — -2 ¢ _j
b-c c—a a-b

a b c
" 5 =+ S + - =
b=-cy (c=a)y (a-=-b)

CMR
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Huong dan: Lan lwot nhin 2 vé cia DT di cho véi

cOng lai. Rut gon ta duge DT can ching minh.

a b

1

2 ?

Bai20:Cho 2+2X:221 3 242,59
a b ¢ X Yy z
CMR: ~ .2 %2 4
a b ¢
Giai:
X ' 7 x vy zV 2 2 v yZ  Ix
T Eod ol oS ) RN L = i g P
a b c a b ¢ a b ab  bc ab
= ~*f+}’f+i=1_z[ﬂ+£+£]=1_z(a*}’*“wba)_
a b ab  bc ab abe
= - : Xy +ayz + bz
Mat khac, tir £+,r_,+i:0 = DTORTOY_=> cxy+ayz+bzx=0.
x y z abe
Do do -+ ;’ +< =1. Vay DT duoc chimg minh.
a b
i) . 1 1 1
Bai2l: Choa+b+c=1vd —+—+-=0.CMR: a’+ b+ c’=1

a b ¢

xie TOTT | T ey | | . . .1 1
Bai 22: CMR, néu: —+—+—=2 vaa+b+c=abcthitacé: —+—+

a b ¢ a b
( Bai 21 & bai 22 chirng minh twong twr bai 19 )
Bai 23: Cho ab = 1. CMR:
a+b =@ +ba*+b)—(a+b)
Hudng dan: Bién d6i vé phai:
(@ +bNa* +h)—(a+b)=a +b +a'b +a'b’ —(a+b)=...=a’ + b’

4 4
Bai24: Cho —+2 =

a b

! yz = 1. CMR:

a+b
a) bx” =ay’

xznm 2000 2

M

—+ —
gt R faeh)y ™

b)

Giai:

4

e 2 2 ’ 2 2
a) Taco —+2 = M => (a + b)(bx" + ay’) = ab(x" + y’)°

a b a+b

22

b—c c—a a—b

J

sau do

5

2

c



=> (ay’ — bx")* = 0 => bx" = ay".

b) To b =ay?=>* = - **y _ 1
a b a+b a+b

2 2 2 1000 1000 2000
a b a+b a a+b a (a+b)'

T B _(a+b)'m"
Suy ra dpcm.
Bai25: Choa+b+c=0. CMR: a4+b4+c4:% (a’+ b* + ¢’

Giai: Tra+b+c=0 =>b+c=-a=>(b+c) =a’
=>b’+c’+2bc =a’=>a’— b’ — ¢’ =2bc => (a° — b* — ¢*)* = 4b’c’
=> a'+b'+¢'=2a’b” + 2b°c” + 2¢%a°

=> 2@*+ b+ cH) =a'+ b+ ¢’ + 2a%% + 2b%c? + 2¢%°
=>2@'+b'+c) =@+ b*+ )’

1
=>a'+b'+c' = 5 (a’+ b*+ ¢’

B2ai26: CMR, néu: x + y+z=01thi 2(x’+ y' + 2) = 5xyz(xX’ + y" + 2°)
Churng minh tuong tir bai 25.

Tex+y+z=0=>y+z=-x =>(y+z}5=—x5'

Khai trién, rat gon duge dicu can chirng minh.

Bai 27: CMR, néu: xyz = 1 thi:
1 1 1
+ + =1
l+x+xy l+y+yz l+z+z
1 1 1
+ +
l+x+xy l+y+yz l+z+2zx

Giai: Pat S =

z X7 1
— -+ = -+
z+zx+xyz xz+xyz+xyzm l+z+zx

z Xz | z+zx+1

z+zx+1 xz+l+z l+z4+4zx z4+zx+1

Vay DT dugc chirng minh.
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Bai28;: CMR néu: x=2=2 ; y=b=c . ,_c=¢

a+b b+ c+a

thi: (1 +x)}1+y)(1+2z)=(1-x)(1-y)(1-2)

Hudng dan:
8abe

R ) = e o)

S8abc

(@+b)b+c)c+a)

=> (1+ x)(1+ y)(1+ z) = (1— x)(1- y)(1-2)
Bai29: Choa, b, claba sd khac khong thoa man:

# Tinh (1-x)(1- y)(1-2) =

ay —bx _ex=ug bz —cy

c b a

CMR: (ax + by + cz)’ = (x> + y2 +z9)(a> + b*+¢?)

Gidi: itk = Q=X cx-a_beogy
c b a

K= CO- cbx bex—baz  abz—acy

C> b~ a

cay —cbx + bex — abz + abz — acy

a’+b>+c’
=>k=0=>ay-bx=cx—-az=bz-cy=0
=> (ay—bx}2 =(cx — az)zz (bz - cy)zz{)
= (a2 + b’ +C2)()(2 - yz - zz) — (ax + by + c:z}2 =0

=> (ax + by + cz)2 = (x2 + y2 - zz)(a2 +b*+ CE)

2 2

Bai30: Cho: X —22_Y - _2-%
a b C

Chirng minh: a’ —bc B b* —ca B ¢’ —ab
¥ y Z

- }-z _ }.-2 e sz' 3 ;2 _-t}_r

Hudng din: Patk = &=

a b c
e az_x:‘—)-‘z;b:y‘—zx; _zoxy
k k k

Sau d6 tinh a° — bc; b - ca; ¢’ — ab theo XN Tk
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X. a’-bc b -ca c*—ab
Ro61 suy ra = =
X ¥ Z

Bai 31: Cho 3 s a, b€ thoa man: b c.a+bEc viic2=2(ac + bc — ab)

(]'2+I:(I'—C)2 a-—c

CMR:

b* +(b—c)’ Cb-c

Hudng din:

Ta c6: Tt sb a+(a-c)Y=a’+c’-c?+(a-c)
=a"+¢ —2(ac +bc—ab) +(a-c)
=2a—c)a—c +Db)

Tuong tu ta ¢6 mau s6 b+ (b-c)Y=20b-c)b-c+a)

a+(a-cy a-c

b +(b—-c) " b-c

Bii 32: Cho biét ax + by +cz =0;a+b+c= ——
2000

oMR: —_ahirE
be(y - z)* + ac(x—z)* + ab(x - y)’

Huéng dan:
* Tir (ax + by + cz)” =0 =>a’x” + b’y” + ¢’z = —2(abxy + beyz + cazx)
* Xét mau so: be(y - z)2 + ac(x — z)2 + ab(x — y)2
= bey” + bez” + caz’® + cax” + abx® + aby” — 2(abxy + cbyz + cazx)
= bey” + bez® + caz” + cax® +abx” + aby” + a’x” + by + ¢*2°
= (ax2 - by2 + czz}{c +b+a)

2 g 2 2 2 2
ax”+by +cz” ax” +by” +c7 |

be(y —z)° +ac(x—z)* +ab(x— y)’ - (ax* +by* +cz*Na+b+c) e
Bai33: Choa+b+c+d=0

CMR: a’+ b+ ¢’ +d’ =3(c + d)(ab - cd)

Giai:

Tr a+b+c+d=0=a+b=—-(c+d)

=>(a+b)Y’=—(c+d) =>a’ +b’ + 3ab(a + b) = — ¢’~d"-3cd(c + d).
=>.=>a +b +¢ +d =3(c +d)ab - cd).

Bai 34: Cho x, y 12 2 s6 thoa min:

= 2000
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ax+by =c

bx+cy=a CMR: a’ + b’ + ¢’ = 3abc
cx+ay=>b
Huéng dan:

Cong 3 dang thic ta co
(a+b+c)x+(a+b+c)y=a+b+c.
=>(a+b+c)x+y-1)=0

1/Hoac la:a+ b+ ¢ =0

Dl‘mgHE)T:a3+13'3+c3—3abc=(a+b+c)(az+b2+c2 — ab — bc —ca)

=>a +b +c’ —3abc=0=>a’+b’ + ¢’ =3abc

2/Hoidc la: x + y—1 = 0 => x + y =1. Thay vao gia thiét, suy ra

a=b=c =>a +b +c =3abc

Dang 3: Phan tich da thirc thanh nhdn ti.

Bai 35:

alA=(@a-1)(a-2)@-3)+(@-1)@-2)—-(a-1)
=(@a-1[@-2)(@a-3)+(a-2)-1]
=(a-1)(@-5a+6+a-2-1)=(a-1)(a°—4a+3)
=(a-1)(a-1)(a-3)
=(a-1"@-3)

b/ A=(a-b) (@ -c*)-(a-c)(a-by
=(a-b)(a-c)[(a+b)-(a-c)(@a-b)]
=(a—b}(a—c}(a+b—a2+ab+ac—bc)

Bai 36:

a/ M =ab(a+ b) —bc(b +¢) — ac(c — a)
=ab(a+b) —bc[(a+b) + (c —a)] —ac(c —a)
=ab(a+ b) — bc(a+ b) — bc(c —a) — ac(c — a)
= (a+b) (ab—bc) — (c — a) (bc + ac)
=(a+b).bla—c)—-(c—a).c(b+a)
=(a+b)(a—c)b+(a—c).c(b+a)
=(a+b)(a-c)(b+c)

26



bIN=a(b2—c2)+b(cz—az)+c(a2—b2) (Tuong tu phz’in a)
=a(b® - ¢’) - b(a® - ¢*) + c(a” - b’)
=a(b” - ¢”) - b[(a’ - b’) + (b = c)] + c(@a’ - b’)
=a(b’* - ¢*) — b(a® = b*) = b(b* = ¢?) + c(a® - b?)
=(b" - c)a-b)—(a - b)b-c)
=(b-c)b+c)a-b)-(a-b)a+b)b-c)
=(a—-b)b——c)[(b+c)—-(a+b)]=(a-b}b-c)b+c—-a-b)
=(a-b)b-c)(c-a)

Bai 37:

A=x*+x+x -x-2
=xX'+xX +2x' =X —-x-2
=x2{x2+x+2)—(x2+x+2)
=X -+ x+2)=x-DE+DE*+x+ 2)

Bai 38:

alf(x)=x = x-6
=X = 2X +2X —4x+3x— 6
=X (X -2)+2x(x - 2) +3(x - 2)
=(x-2) (X" +2x +3)

b/ f(x) = x> +x +1
=x2(x3—1)+(x2+x+1)
=x2(x—1}(x2+x+1)+(x2+x+l}
=(x2+x+l)(x3—x+l)

Bai 39:

al A=2X +x +x-1

=X -D+X+x +x)

=(x-DEX*+x+ D+x(xX>+x+ 1)

=(xX*+x+ 12x-1)
b/B=3x"+2x"+2x - |

=2y (2 # 2 +2%)
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= x-DE +x+ D+2x(xX +x+ 1)
= (X+x+1)3x-1)
Bai 40:
al A=6x —5x+ 1
=6x —3x—2x+ 1
=3x2x-1D-2x-1)
=(2x- 1)(3x-1)
b!AszE—Sxy+ 2y2 (Tuong tu a/)
Bai 41:
al A=4x"-4x-73
=4x"—4x+1-4=02x-1-2°
=(2x-1+2)(2x-1-2)
=(2x+ 1) 2x - 3)
b/C=4x"-11x+6=4x"—8x —3Xx +6
=4x(x-2)-3(x-2)
=Mdx-3)(x-2)
Bai 42:
al A=x"+5x"+9
=K4+6K2+9—X2=(K2+3)2—K2
=(x2+3—x)(x2+3+x)
b/B = x"+xzyz+y4
= X +2XY +y - XY = (X +y) - (xy)
=(+y’ = xy)(x*+ ¥y’ + xy)
co/C=x"+3x"+4 (Tuong tu phf‘mb)
Bai 43:
a/ C =4x" + 1
=(2X) +4x"+1-4xX"=Q2x + 1)’ - (2x9)
=Q2x -2x+1)2x +2x+1)
b/D =64x" + 81 (Tuong tua/)
Bai 44:
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al A =(x —4x)" + 8(x" — 4x) + 15
= (X" —4x) +2.4x* - 4x)+ 16 — 1
=X —4x+4)-1=(X"-4x+4+ ) (xX*—-4x+4-1)
=X —4x+5) (X —4x+3)
=X —4x+5) (x-3)(x-1)
b/B=x"+2xy+y +2x +2y - 3
=(X+y)V +2(X+y)-3 =(x+y+1)° -2
=(x+y+3)(x+y-1)
Bai 45:
A =a’b + a’c + ab” + ac” + cb”® + ¢’b + 2abc
= ab(a + b)+ c’(a + b) + c(a” + b" + 2ab)
=ab(a+ b)+ cz(a+b)+c(a+b)2= (a + b)(ab + ¢’ +ca+ cb)
=(a+b)[(a(b+c)+c(b+c)]
=(a+b)b+c)(a+c)
Bai 46:

P=a’(b-c)+bi(c—a)+c’(a—Db)
=a’(b—c)+c’a—-b)—ba—c)
=a’(b—c)+cia—-b)—b@@a—b)+(b-c)]
=a’(b—c)+c’(a—b)—b(a—b)—b*(b—c)
= (a® — b)(b — ¢)+ (a— b)(c*~b?) = (a-b)(b—c )[a+ b—c — b]
=(a-b)(b-c)a-c)

Bai 47:

Q=a +4a"-2%9a+24=a —a +5a - 5a—24a + 24
=a’(a-1)+5a@-1)-24@a- 1) =(a— 1)(a’ +5a—24)
=(a—1)(a2—33+8a—24)=(a— I)a-3)a+ 8).

Bai 48:
A/ A=X"+6X +7X —6x+1=x"+6x +9X = 2x" - 6x + 1
=x(x+3) - 2x(x+3)+ 1 =(x" + 3x - 1)?
b/B=xX+6xX+11X+6=X +X +5x" +5x+ 6x+6
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=x*(x+ D) +5x(x+ D) +6(x+ 1)=(x+1) (x> + 5% + 6)
=X+ D (X +2x+3x+6)=xX+ D) (x+2) (x+3)

Bai 49:

a/ A= X+ DE+3I)HX+5)+T)+15
=(X+8K+7) (X +8x+15)+16-1

Paty=x"+8x + 11 (1)

= A=@[y-4) @+ +16-1=y -16+16-1=y -1
=(y+D(y-1 (2)

Tur (1) va (2) suy ra:

A=(X+8x+11+ 1) (xX+8x + 11-1) = (X" + 8x+12) (X" + 8x + 10)

A = [(x+4) =22 [(x+4)=2%] = (x + 2)(x + 6)(x + 4 + VO )(x + 4 + V6)

b/ B=(x—y)3+(y—z)3+(z—x}3
=3x-y-2Ez-x%

Vix-y+y-z+z-x=0

ApdungDT:a3+b3+c3=3abc (néua+b+c=0}

¢ C= X+y+zy-x -y -2
=(X+y) +2 +3zX+yY)(x+y+2)-xX -y —-2°
=X +YV +3Xy(X+ V) +Z +3Z(x+ y) X+ Y + 2)-X -y -2’
=3xy(x +y)+ 3z(x+y)x+y+z)=3(xX+Yy) (xy+xz+yz+zg}
=3(x+ y)(y + 2)(X + 2)

Bai 50:

P = x" + 2000x” + 1999x + 2000
= x* = X + 2000x” + 2000x + 2000 = x(x’—1)+2000(x*+x + 1)
=x(x— (X" + x + 1) + 2000(x" + x + 1)
= (x> + x + 1)(x* = x + 2000)
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* Nhdn xét: Phan tich da thirc thanh nhén tr 2 bién d6i mot da thie thanh
mdt tich cta cac da thirc khac c6 bac khac khong. Ta ciing luu § ring luy thira cta
mot da thirc voi s6 mil luy thira 16n hon 1 la mét tich cac da thirc vo1 cac nhan tu
bang nhau.. C6 nhiéu phuong phép phén tich da thirc thanh nhan tir:

Phuwong phdap 1: Phuong phap dat nhan tur chung.

Lam xuét hién nhin tir gidng nhau & cac hang tir ctia da thire. Dt nhan tir
chung do ra ngoai ngodac.

Phuwong phap 2: Dung HDT.

Bién dbi da thirc can phan tich vé dang mot vé cua HDT quen thudc.

Phuwong phdap 3: Phuong phap nhom cac hang tu.

Str dung tinh chit két hop cua phép cong ta nhom cac hang tir cua da thirc
can phan tich mét cach hop 1y dé c6 thé sir dung phuong phap dit nhin tir chung
hodc phuong phap dung HDT.

Phwrong phdp 4: Phuong phap tach mot hang tir thanh mot tong.

Tach mét hang tir cua da thirc thanh mét tong dé co thé s dung phuong
phdp nhém cdc hang tir cho da thirc mé1 nhian dugc.

Phwrong phdap 5: Phuong phap thém bét cung mot hang tur.

Ngoai cac phuong phap phan tich da thire thanh nhan tir ¢ trén con mot s6
phuong phép khac nhu phuong phap hé sb bat dinh, phuong phap dit bién phu ...

Khi lam loai toan trén, HS hay tim cac cach giai khac nhau va hay chon cach
lam ngin gon nhit. Trong cac phuong phap trén thi thuong wu tién sé mét 1a dung
cach dit nhan tr chung, roi dén dung HDT va sau d6 la nhém cac hang tir, v.v...
Can clr vao ting bai, hay lam thir rdi chon cach phén tich; thong thudng trong qua
trinh giai mdi bai toan phan tich da thirc thanh nhan tir ciing vAn phai phdi hop, van
dung linh hoat cac phuong phap trén.

Dang 4: Riit gon biéu thire:

Bai 51: Riit gon biéu thirc:

2) = a 2 [1+30+a‘]

ab—2b2_02+a—20b—2b‘ a+3
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| 3a+a’

B b(a(—TZb) a(a—Zb)i(a—Zb){ T a3 ]

a 2 a+3+3g+g’

= bla-2b) (a+1)a-2b) a+3

a 2(02 +4a+3)

= bla-2b) (a+1)a—-2b)a+3)

a 2(a+1)a+3)

- bla-2b) (a+1)fa-2b)a+3)

a 2 a—-2b

bla—2b) (a-2b) = bla-2b)

= (Didukién: b= 0;a=—1; a#—3; a# 2b)

RRC it )

Y R R
Jo(Ja—b) " Ja(Jb—a)

Nada-(Wa-b)b
T Jab(Ja—p) Jb+ia

ab

B a-2Jab+b  Jab ~ ( “_‘fg)2 ab
_@(J;—JE)‘\/EwLJE_ ab( a— b)‘\/f_h“.fg

Ja-b |
ZIﬁl (Pieuki¢n:a>0; b> O;JE#M@)

pol R ®my 2y* ) 2y
c) \2x-2y 2x+2y ¥ -x*) x-y
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2

(x+y) —(x=y) +4y’ x—y _ dxy+4y’ x-y
2(:4:2 - yz) " 2y 2(:«:2 - )-‘2)‘ 2y

4)(\:+3)(r ))
2(x"~»7)2y

Bai 52: Riit gon biéu thirc:

=1 (Didu kién: x # 0; X # %y)

A= ‘x—l|+|_\:‘+x o
a) T Vorx<0

1-x+{-x)+x l-x 1
A= 3 = =
3x>=3x—-x+1 (x=1)3x-1) 1-3x

- 3x —1|+5]x -3 _ 3(x-1)+53-x)
D) BT 2x136  (x-6)x—6)

_ -20x-6) -2 2 . o [l ]
“(-6fr=6) (1=6) 6-x < VOIL<X<3 =V 43

Bai 53: Rt gon biéu thirc:

Azx/2+\f§+x/2—«f§
a) A =2+3+2-3+22+3)2-3)

A'=4+2=6
=>A=V{E
b) B=v8-2JI5-y8+2/15

=> B> =8-2J15+8+ 2415 -2/64-4.15
B:=16-2J4=16-4=12

=>B=-2J3  (DoB<0)
) C=x=2vx—1+yx+24x-1
= x-1-2Jx—1+1+4x—1+2/x—1 +1
=JWx—T-1)? +(Sx—T+1y
T 4
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=>C =2Vx-1 Néux>2; C=2 Néux<2
d)  D=y4+15+44-V15-2y3-5

V2D =8+ 2415 + 8- 2415 —2¢/6-24/5

V2D = {3 +5)* + (3 —/5)° —2(5 -1y’

VED =3+ 3|+ E -3~ 51

2D =\3+{5+J5-3-2/5+2

ﬁD=2:> Dzi:::D:ﬁ

NG

Bai 54:

Afu[ 2+J§ __JT—ZJIJ;+x—J§_1
. B x+2x+1 x-1 | =

[ 2+4x  Ax-2) x(dx+D-(x+D)
Wx+1)’  x-1 ) Jx

_| @+ -D-x-DEx +D) | - Dx+1)
Wx+1)2x-1) C Jx

_Zf—2+x—v{;—x—\f§+2v{;+2 (x—l)('v'g+l)
- Wx+D2x-1) T Vx

. 2Vx (x=D(x+1) _
TWrrE-nT T

PK:x>0;x=1

N_{ 1 3 2 J'[4x+l+l]
b) 20x -1 4dx+1 2Jx+1) 4x-1

2

4x+l+4x—l]

(st
Odpei dxel Balafi |7 4x -1

=[2J§+1—3—2(2£—1)J_ 8x _2/x+1-3-4Vx+2 &

4x-1 dx—1 dx—1

4x -1

~2x 4x-1 -x L
= - = biéu kién: x= 1/4; x>0
4x—-1 8x 4x ;
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_x+l—v‘f—l +:~:+l+v'x2—l

gl P=
:q:+l+\/.!c2 -1 x+l—\(x3—l

B (x+1—+/x* =D (x+1+~x* =1)*
(x+1)? —(Wa? -1y

(D) =20+ WA L (W =17 (o 12+ 20+ D — 1+ (a2 = 1)

(x+1)% = (v/x2 =1)?

_f+2x+x2—l+x2+2x+l+x2—l_2(2,1:2+2x)_2x(x+1)_2‘:
B X+ 2x+1-x +1 B 2(x+1) B (x+1) o

DK: x <—1 hodc x> 1
Bai 55: Don gian biéu thirc:

A=+ + DR+ D2+ D" + (2" +1)
=2+D2-DQR*+D2* +1D)2° + (2" +1)(27 +1)
=(2° =D+ DR+ D2+ D" + D7 +1)
=2 -D2* + D2 + DR+ 1)(2% +1)
=2 -D2*+D2®* +DE2P+ D=2 -DER" +D22 +D
=27 -DR2" +1)=2% -1

Bai 56: Don gian biéu thirc:
= a(b(f )() i b(a(f—) s)() i c(a(i )(;) 3
TXP:abc20;azb=#c

e (a—x) , (b—x) i (c—x) :|
_a(a - bIc - a) b(a - b)(b— r:) C(C— a Ib— c)

B _- be(a—x)(b-c) " aclb—x)(c-a) ab(c —x)(a-b) :|

_abc(a —b)b-clc—a) abcla-b)b—c)c—a) * abcla—b)b—c)c—a)

B _-bc(a - x)} (b—c)+aclb - x)z (c—a)+ablc- .\r)2 (a— b)}(*}
abcla—b)b—c)c—a)

® Phan tich tr thire (*) ta co6:
bela—x)(b—c)+aclb - xf(c—a)+ ablc—x)(a-b)

=be(a—x) (b—c)—ac(b—x) (b—c)—ac(b—x)*(a—b)+ ab(r:— x)z (a - b)
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c(b— c)py(a —x)z —a(b—x)* J— ala —b)[c(b— x)* —blc —x)z]
c(b - ::')[.*:fﬂ'2 —2abx + bx" — ab® + 2abx — ax*)— a(a —b)(cb® — 2bcx + ex® —be® + 2bex —bx*)

= c(b— c)(a —b)ab—x*)—ala—b)(b-c)bc—x?)

=(b—c)a—b)abc —cx* — abc+ ax?)
=x’ (b - r:)(a —b)a-c)

B b (b - c)(a —b¥a—c)
abcla—b)Yb—c)c—a)

:}Q:

- x2(b—cXa-b)c-a)
" abe (a=b)b—-c)c-a)

2

X

abe
Bai 57. Ruit gon:

af A Jﬂgnfﬁ—l —Jﬁ—\fﬁ—l
48 -2 +1

Giai:
| 2%—2\/(%+WJ[U§—WJ
i [\/“v’g—xiﬁ—ljz

a

2 zﬁ—zJ(ﬁf—[mj'
T

2 _ AB8-2242-2+1
B —JV2 +1

4 ot
A= 2B-VV2AD ) yaa o s

A

- ifg—w‘ﬁﬂ

1-¥a  1+Va

l+?if5+§fa_3 l—%+1f?

1-VYaya-¥a +¥a*) -+ Ya)a+Va +a®)
(1+¥a +¥a®)1 -Va +Va)

b/ B=

Giai: B=
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L —4%{_—20
{faj+§]aj+l
Bai 58: Ruit gon:
! | 1 1
S= + + ...+
i lda Ay w93 201142010 +20104/2011

Giai: *Taco vn=zlneZ'

N 1 CAnvl-Vn 11
(n+l)J;+nN{n+l Jn(n+l) x/; n+l

*Thay n= 1, 2, ..., 2010 vao,ta dugc:
R ST
231 +142 V2

1 1 1

W2+293 N2

| 1 1
201072009 + 200942010 2009 2010

1 1 1
201 IW2010 +201042011  +/2010 /2011

Dol B diond ool o0 ! :

1

I L+ = =1-
22 B J2010 2011 J2011
Bai 59: Rut gon:

a)A:J,\:—zJﬁ+Jx+2Jﬁ‘[l_ 1 ]

X —4(x-1 x-1

x>2

l<x<?2

Giai: Dieu kigén {

=l =P
V(x-2)
N ERTE VAR N

‘.\:—2‘ Tx-1

-
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Mx—1-1+Jx-1+1 x-2

*x>2=>A= :
x-2 x—1
A_Zu"x—l x—2_ 2
T B RSF e
* I xes 2
. 2 x-=2 _ 2

x—2 x-1 x—1

2
2 14+ —+—F
po(Ya-Ya 1+da) V'Va Va
1-Ya  Ya 1
Voia>0;a+#1
Giai: Diéu kién: a>0; a1

.

B = [ %(%—l)JFHVGJE_ [ﬁﬁ]z
1-a  4a

+
=

_ [ (+va)® 1+JE43+ ~)__Va
‘[ A 2%[\@ g

ﬁ-ﬁﬂ}. Viy v&ia>0; a=1 Thi B=0
Bai 60:
a) Cho 0 <a <1 mit gon biéu thirc:

=i Tl )

+ 2
Jita-Jl-a J1+a* +a-1\V & a
Hudng dan:

P_[Mw’ﬁ} 1-a® -1 1+41-a> JI-a* -1 _
~ Wita-vl-a ~ =

-1

a a
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b)B = Jl’x—l+2xﬂx3—x +\/2x—1—2m'x3 -x VvOix >1.

Hudng dan:
B2=2x—1+2V—x +2x— 1 —2yF—x + 2y(2x— 1} - V2 —x]
=...=4x

=>B = Jax =2x. ViyB=2x
¢) C=48-2475+410 —%JM?

Hudng dan:

C = J16.3-24/25.3 +/36.3 —%J49.3

=443-10/3+6J3-43 =43
Bai 61: Cho biéu thirc:

2x—1+J§+ 2xvx +x=x ) (x =) 1=

P=1- A
i 1+ x/x 2.0x -1

Ruit gon P.
x=20
Giai: Diéu kién: Hﬁ
x# |

[ex+24x)-(Vx+1) | Vxlprs - 1)} NEN) (N
=V i) [1+fl Jx +1) 2Jx -1
[(x+ tovx-1) ValV+1)ovi - 1)] Vel = 1fi-+x)
[ v"_ll+\f_) ( J_l\: 'c+1) 2Jx -1

B [N R 1)] et -)
1% =Ax +1) 2/x -1

_ [ -t) Sl - tfi-vx) Valr-1) E(ﬁ—l[l—ﬂ)}
_[1—&)' 2x -1 [:: el 2dx-1 |

\f—\";‘f'l

—1-| (r lI ‘J,_‘I'l) (r IIJ; r)}
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s E(\E—IIX—&+1+J;—,\:)
- ‘ x—«f;+1 o

CalE-l) !
x=Jx+1  x=lx+1° x—xf';+l.

Bai 62: Cho Q=[M-@J:¥"’;

=1

Vay P=

V"E —\,"I; a —b
a) Tim diéu kién cua a, b dé Q c6 nghia.
b) Rut gon Q.
Giai:

a/ Tim diéu kién cua a, bdé Q co nghia:
Ta thiy va-vb#0=a#b=a=b.

a’-b* _(a Ny _a b Ya T+ b

= = =a'+b' %0
a'l-p" al-b" a~ =5

:>L+lat0:>a z0.b#0.
a b

Vayvoia#0,b#0, a#bthi Q cé nghia.

b/ Rt gon Q:
JE—\/.':? a==p"

Taco Q=| —————+ab |\ ————

aco Q [-JE—JE Jab o

(xfr—r—@)(a+ ab+b)—ﬂ(ﬁ—@)_(a N2 b1y
(JE_\/E) " oa'-b!

—@+b):(a'+b )= (a +b):[l+%] = (a +b):

a+b:ab.

ab
Vay Q = ab
Bai 63: Rt gon biéu thuc:

a)A=\/,\:—'\#,\:2—4+\/x+\;'x2—4 vdix =2
b)B = V2x—V12x-9 +V2x+/12x -9  véi x >

Gidi: &/ A= Jx—vx2 -4 +4x+y* -4 Véix>2.

| w2
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SA=x— V-4 +x+ ¥ -4 —2~J(x—ﬁlt+«fxz——4)

S A?=2x- 242 (¥ 4 =2x 4. Dox22 => 2x 420
Viy A = 2x-4.

b/ Giai tuong tu.
Bai 64: Riit gon biéu thic: P = 13+30y2+49+442 .
Huéng dan: J9+4J_=J8+2-2«,E+1 = m= 242 +1
V2440 +42 =24 29241 = (V2 +1] = V2 41.

\/13+301/2+J9 242 =434 3042 =/5* +25.3V2 + (332
=«,|'(5+3«.Ef =5+342. Vay P = 5+3/2.

* Nhin xét.

- Riit gon phan thirc: Co6 thé 1am nhu sau:

+ Phén tich tir vA mau thanh nhan tr (néu can) dé tim nhan tir chung.

+ Chia céa tir vd mAu cho nhan tir chung (néu co).

(Trong qud trinh phén tich tir, mau can lea chon da thirc nao “dé” phan tich
hon @é lam truée va dua trén co so do ta phan tich da thirc con lai).

- Riit gon céc biéu thire ¢é cian: Thuong lam nhu sau:

+ Bién doi biéu thirc dudi ddu can vé dang A%, rdi sir dung HDT: VA2 =|4|

+ Néu biéu thirc ¢6 hai can bac hai, can bac ba ma biéu thire dudi du can la
lién hop cia nhau, thuong tinh A bang cach tinh A*, A”.

- Str dung, van dung thanh thao, linh hoat cac HDT dang nho.

- St dung cac phép bién d6i don gian cta can thire, phan thire, da thirc.

Dang 5: Tinh gid tri_ciia biéu thire.

Bai 65:
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a/ Cho a > b >0 thoa min: 3a%+ 3b = 10ab. Tinh gid tri ctia biéu thirc: P = 42

a+b
Gii: Xét p° (a-b)’ _a’=2ab+b’ _3a’+3b> —6ab _10ab—6ab _ 4ab
' [a +b)2 a*+2ab+b* 3a*+3b +6ab 10ab+6ab 16ab
=8, P=%, maP>0 =>P=% (via, b>0)
b/ Cho x >y >0 va 2x° + 2y* = 5xy. Tinh gi4 tri ctia biéu thie: E =212
xX—y

Chitng minh twong tw phén a/.

xRz B g pos

(x=y)
Bai 66: Tinh gid tri cta biéu thirc:
A=x"-5x-2xy+5y+y +4 bibtringx—y=1
Huéng din: A= (x*-2xy +y) - 5(x-y) +4=...=0.

. | | | ) s . - 5 - A .
Bai 67: a) Cho —+—+—=0. Tinh gia tr1 cua bi¢u thic: P =a'? + bf E
a b ¢ ¢ a b

Giai:
Trude hét ta ching minh: Néux +y +z=0thix’ + y’ +2° = 3xyz
Thatvay: Vix+y+z=0=z=-(x+y)=> z3=—(x+ y}3
=>X +y +2° = -3xy(X + y) = -3xy(-z) => X + V42’ = 3xyz
Ap dung véo bai toan da cho, ta suy ra:

| | | 3

—t =
a b abc
Do do P=a?+b—f $=abf abf a!iczabc[l—‘+%+i;]=abci—3
¢ a b c a b o a b abe
Vay P =3.

b) Cho a’+ b’+ ¢’ = 3abc tinh gid tri cta biéu thirc:

s

Giai: Thay a’ + b® = (a + b)’ — 3ab(a + b) vao gia thiét ta co
(a+b)’ —3abla+b) + ¢’ —3abc =0
<=>...
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<=>(a+b+c)(a2+b2+c2—ab—bc—ca)=0
a+b+c=0
=2l 2 +b* +c2 -ab-be-ca=0

*Neua+b+c=0

=b+a c+b a+c=(—ﬂ (—a) (—b)

== A = A=1

b c a b C a
* a’ + b’ + c—ab-bc — ca =0 <=> (a — b)’ + (b+c)’+(c + 2)°=0
<=>a=Db=c. Khido:

A=[l+!ﬂ][l+£]{l+£]=(1+1)(1+1)(1+1)=8
)

i [4]
(Lwu y: Tir gia thiét a’ + b'+ ¢’ = 3abc <=> a’+ b+ ¢’~3abc = 0
<=>(a+ b+ c)(a2 +b” + ¢’ —ab —be —ca)=0)
Bai 68: a) Cho a+b+c=0vaa +b" +c’ =14, Tinh gid tri cta biéu thirc:
B=a'+b'+¢’
a/ Huong dan:
*Tr a"+b’°+c’=14=>@@"+b°+c’)=14"= 196
=>a’ + b* + ¢*= 196 — 2(a’b* + b’c* + c%a°)
*Tra+tb+c=0=>(a+b+c) =0
=>a’+b’+c’+2(@b+bc+ca)=>ab+bc+ca=...

=> (ab + bc +ca)’ = ...

]

=> a’b’ + b’c* + cfa’=...
Tirdosuyraa’ +b*+c*=98.
b/ Cho cdc sdx =by +cz, y=ax+cz z=ax +by vix + y + z #0

| 1 1
+ +
l+a 1+b l+c

Tinh gi4 tri cua biéu thic Q =
Giai: Ta ¢6 x + y + z=by + cztax+cz+ax+by = 2(ax + by + cz).
Thayz=ax+by=>x+y+z=2(z+cz)=2z(1 +c¢)

| 22

= ]
l+c¢ x+y+z

Tuong tu L =
l+a x+y+z
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1 2y

l+b_x+y+;

I 1 1 2x+y+2)

+ + =
l+a 1+b l+c X+y+2z

o G e . a+b—-c b+c-a c+a-b
Bai 69: a) Cho a, b, ¢ la cic s0 thoa man: = =
C a

Tinh gié tri cta biéu thic: P = [1 + ’i][l +§][1 - ﬂ]

a c

T +b- b+c- +a -
Gla1:Tuglath1et=>a i W PO i o, 18 ? ’
c a 2

_>a+b+c_b+c+a_c+a+b

E a b
Xeét 2 truong hop:

a+bb+cc+a=(ﬂm—MPb}=

*a+b+c=0= =il

a b ¢ abe
*a+b+c£0=a=b=c=>P=222=8.
b/ Cho 3 sb x, y, z thoa man ddng thoi:

X+2y+1=0

y>+2z+1=0 tinh gid tri cta biéu thitc: A = x™ + y>™ 4 2
Z+2x+1=0

Giai: Cong ting vé cac BDT ta co:

X+2y+1+y +22+1+2°+2x+1=0

<=> (X +2x+ DH(y + 2y +D) +H( 22+ 22+ 1) =0

<=>(X+1)’+ (y+ D'+ (z+1)*’=0

x=-1

= A . {_1)200(] 4 (_1)2()(](] g (_l)ﬂ](]() = 1 + 1 g 1 = 3
(Co thé mo rong va sang tao bai toin mai )

Bai 70: a) Cho cac ) duong x, y, z thoa man:
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xy+x+y=3
yz+y+z=8  tinh gid tri cia biéu thirc: P=x+y + z
x+z+x=15

Gidi: To xy+x+ y=3 = x(y+1)Hy+1)=4=> (x+1)(y+1) =4
T yz+y+z=8=>(y+1)(z+1)=09.

Tuxz+z+x=15=>(x+1)(z+1)=16.
Nhin timg vé => (x + 1)* (y + 1)*(z + 1)* =4.9.16.

Vix,y,z>0=>x+1)y+1)(z+1)=2.34=24.

z+l=—=6=>z=35
4
24 1
= o n 15 1 129
=>YH=—=y=< ViysuyraP=x+ty+z=""4+_+5="""
16 ) dy suy y 5 "> 8
15
Xtl=—=x=—
9

b/ Cho 2 s6 x, y thoa man: xy + x + y =—1; X’y + xy* =12
Tinh gid trj cua biéu thire: P=x"+y°
xy=(x+y)=-1

Giai: Ta co
xy(x+y)=-12

Patxy=avab=x+y=>a+b=-1;ab=-12
=>a=-b-1=>b(-b-1)=-12=>b’+b-12=0
=> (b’ = 16) + (b—4) =0 => (b + 4)(b—3) =0

b=-4A44=a=3
b=3=>a=-+4

. la=3 xy=3 3
*Voi = =>P=(X+y) —-3xy(x+y)=-28

b=—4 x+y=—4
* Vi {a=_4:{‘¥}:=4 =>P=(x+y) - 3xy(x +y) =63
b=3 x+y=3

Bai 71: a) Cho a, b, ¢ la cac s khac 0 théa man: a’b® + b’c® + ¢’a’ = 32’
Tinh gié tri cua biéu thic:
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G G S

b) Cho x, y, z la cac s6 khong am thoa man:

x+xy+y=1
y+yz+z=3 Tinh gid tri cua biéu thirc: M = x'+y*+2°

z+x+x=7

(Chirng minh twong tu bai 70a)

x+y+z=a

+7°=b Tinh x* +y’ + 2’ theoa, b, c.
Lk 1

-+ — = —
& c

2

Bai 72: a) Cho

X +y
E 4
S + =
R X
Giai:

* Ap dung HDT:

X+yV +2 -3xyz=(X+ Y+ 2)(X" + Y + 2" — Xy — yZ — ZX)
=>X’ +V +2° = 3xyz + a[b® —(xy+yz+zx)]

Can tinh xy + yz + zx va xyz theo a, b, c.

i 53 2 a’ -b*
Tacé a’ =(X+y+ z}j => xy+ yi+zx=

11T 1 1 xy+yz+zx 1 a
*Th —+—+—=—o>————=—=xyz=clxy+yz+ ) = xy2=C
% ¥ L e xyz %

3 3c(a’ —b*) +a(3b” —a?)

3 3 3
=X +y +27 = 5

a+b+c=1
b/ Cho {a’+b*+¢ =1 Tinh gid tri cta biéu thirc: P = xy + yz + zx.
X oy

,azb

iz
¢

Par et
a b ¢

=> P =k*(ab + bc + ca)

Tra+b+c=1 =>(a+b+c)2=32+b2+c2+2(ab+bc+ca}=1

=k =>x+ak;y=bk;z=ck
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=>]l=1+2(ab+bc+ca)=>ab+bc+ca=0=>P=0.
at+b+c=1
¢/ Cho {a’+b’+c =1
a’+b +c’ =1
Tinh: P=a+ b’ +¢’
Tinh gid trj ctia biéu thire: Q = a'™* + 6" + »™
Giai: Tir a’ + b’ + ¢’ — 3abc = (a + b + c)(a’+b +c’—ab—bc — ca)
=>1]-3abc=1.(1 —ab —bc-ca)=>3abc=ab + bc +ca.
Ma l=(a+b+c) =a’+b’>+c*+ 2(ab + bc + ca)

=> 1=1+2(ab+ bc + ca)

a=0
=>ab+bc+ca=0=>3abc=0=> |b=0
c=10
b+c =1
*Néua=0=> b+ =1 =>b +c"+2bc=1=>2bc=0
_E+€=l
o oo { a=10 a=10
— e S
=> => lb=0 hoic {h=1 =>P=a+b*+c =1
c=0=b=1
p=1 lc=0
i 1998 L 1999 | 29000 _
a=10 a=1
*Néub=0, lam tuong tu, ta c6 {b=0 hodc b =0
p=l p=0
a=10 a=1
*Néuc:(),lz‘lmtuongtu,tacé b=1 hoac b=0
p=0 p=0

Nhu vay trong moi truong hop, ta déuco P = 1& Q =1

- . B / ; - l‘
Bai 73: a)Cho L S
a b ¢ X ¥y z
- }__3 zz

Tinh gid tri biéu thic: A =

sttt

a b ¢
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2 2 el

y s i+ﬁ+i€]

— . X ? >
Gidi: Tor 1=—+=+2l="—+"+2+
a b ¢ a b ab  bec  ca

= A=1- 2[£+E+£] =, _z[cxy " ayvzg o bz,r]

ab be ca abe  abc  abe

\ ! 7 +bzx + cxy
Tu ﬂ+i+£=i}:>w=i}:>n'y;+.";‘;;\r+C_\r}-':fi
X ¥y z xyz

—>A=1- -2 -1 vaya=1

abe
b/ Cho ba s6 a, b, ¢ thoa man diéu ki¢n: abc = 2000
Tinh gid tri biéu thic:
2000a i b ; c
ab+2000a+abc bc+b+abc ac+c+l
Hudng dan: Thay 2000 = abc.

abe.a b C
:}P —t + e
ab +abc.a+abc be+b+abec ac+c+1
cd | c
=> + + =P=1

l+ca+c c+1l+ac ac+c+1
Bai 74: a/ Cho a, b, ¢ khic khong va a + b+ ¢ =0. Tinh gid tri biéu thirc:

1 1 |
v ) '3+ 2 v 'ﬁ+ v v o)
a +b —¢c~ b +c —-a a +c —-b

Giai:
Tia+b+c=0=>a+b=-c=>(a+b)’=c’=>a’+2ab + b’ =c’
=>a’ +b”> — ¢’ = - 2ab.
Tuong tu Bei == 2bc; c+a’-b’=-2ca
Thay vao DT can chimg minhta => Q =0,
b) Cho a, b, ¢ do1 m¢t khac nhau. Tinh gia tri biéu thirc:
a’ b’ c’
- (a—b)a-c) i (b—c)(b—a) " (c—a)(c—b)

e=b)y+b'(a-c)+c(b—a)
(a=b)b-c)e—a)

Hudng dan: P = a

Phén tich tir s6 thanh nhan tr bang cach thay:
c-b=-(a—c)—(b-a)
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(b—ala—-c)b-c) -
(a=bYb-c)ec—a)

Bai 75: a) Cho a, b, ¢ 1a ba s6 khac nhau. CMR gia tri cua biéu thirc sau la

mot hﬁng sb (khong phu thudc vao a, b, c).

Taco P=

_ a i b i c
(a=bWa—-c) (b=c)b—a) (c—a)c—h)
Hudng din:
a b ¢

(a—b)a-c) ! b-a)b-rc) ’ (c—a)c—b)
_ alb—c)+blc—a)+cla—-b) = 0. => dpem.

(a=b)b-cla—c)

b) Cho a, b, ¢ la ba sb khac nhau, lién hé boi biéu thitc a + b + ¢ =1. CMR

gid tri ctia biéu thire sau khong phu thude vio a, b, ¢

3 3 3
a b C

+ +
(a—bYa—c) (b—a)b—c) (c—a)c—b)

Huéng dan:

a’ b’ c
T +

(a=bXa—-c) (b—a)b—-c) (c—a)c—b)

3

Ta c6:T =

_ alb-c)+b'(c—a)+c'(a—b)
(@a—b)b-c)a-c)

Phén tich tr s6 =(b—c)a—c)a-b)a+b+c).

=>T =a+ b+ c, theo gia thiéttacoa+b+c=1=T=1.
Vay T khong phu thudc vao a, b, c.

Bai 76: Cho cic sb a, b, ¢ do1 mot phan bigt
k

k k
it ¢ & 4 ¢ voikeN
(a=b)a—-c) (b—a)b—c) (c—a)c—-b)

Tinh S(), S|, Sg, S3.

Hudng dan:

1 N 1 . 1
(a—-ba-c) b-—a)b—c) (c—a)c—5b)

1 | 1
B (a—bYa—-rc) - (a—b)b-10c) ! (a—c)b—rc)

Tach: * Sp=
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_ b—c—(a—c)+a-b
B (@—b)b—c)a—c)
$iQ a " b 3 ¢
(a=bYa-c) (b=a)b-c) (c—a)ec—=5h)
_ alb-c)+blc—a)+cla-b)

(@a—b)b—c)a—c)
xS, a- b c

n = T +
(a=bYa—-c) (b—a)b—-c) (c—a)c—h)
_ az(b— C)+ bz(c—a)+ cz(a —b)

(@=b)b-c)a-c)
Tir s6 = f;-z(b—c)—.‘:}'(b2 - cz)+ belb—c).

=(b—r:)(f;-3 —ab—ac+bc)=(b—cla—bla—c) Vay S, = 1.

= ().

= 0.

a’ b* ¢’
QL —

S;= + +
(a=bYa-c) (b=a)db-¢) (c—alc—b)

_ ab-c)+bc—a)+c’(a-b)
(@=b)b—c)a-c)

Phén tich tir s6 =b-cla—cla-ba+b+c).

VaySs=a+b+c.

(Bai 76 la tong quat ciia bai 74b va bai 75)

Bai 77: a) Cho céc sé khac khong a, b, ¢. Tinh gia tri biéu thic:
T s )(20“3 + yE{J{B + ZE(J(JB

Biét x, y, z thoa man dieu kién sau:

2 o 2 + 2 2 2 2
X ) ; X ) ;
N N, e B v ot

2 2 2 2 2 2
a +b +c a b c

Hudéng dan:

Tir gia thiét suy ra:

2 2 2 2 2 2
T | }——)7 ol e =0
a- a +b +c° b a - +b +c° ¢ a +b +c

S 1 | o 1 | (1 |
e e T T b e i e e e 1 11 L
a  a +b +c b a +b +c ¢ a +b +c

Do —-—1 >0,

2 2 2 2
a- a +b +c
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trr
' a’+b*+c’
| |

e
¢ a +b +c

>0,

Suyrnax=sy=z=0=T=0

. .  n | . e g R .
b) Cho x>0 thoa man diéu kién: x’+ — = 7. Tinh gia tri biéu thirc:
X

Huéng dan: Tir gia thiét suy ra: [ l] =9= !c+—-3 (vix>0).
X

X
Do 21= [r+—][t +—] [ i]
1 1 5 A 1
D@ thay 7.18 = [r +—][x' +—J N [x' +—§]+[_\:+—], suy ra:
x x

X X

+[’C+—] nén x"‘+l:=18.

X

X+ = =123

X

Bai 78: Tinh gia tri ctia biéu thirc: A = Jx—.[y voi:

a)X = 4-243;y= Vy4+243

byx=4-415 y=4+415

Hudng dan:

a)Taco 4-243 =(43-1)°
4+23 =( 3+1)

Tedo=>A=...

b)Tinh A>=x +y -2y =4 — V15 +4 +/15 — 2[4 154 +115)
=8-2.16-15=8-2=6=>A =+6,dox<ynén A=-+6

Bai 79:
a) Tinh: {643 +10 -64/3 - 10

Hudng dan:

Ta c6:
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63 +10= (B +3.(B Y143 B 1241 = (3 +1)
633 -10= (/3 -1)

Vay Y63 +10 633 -10 =3 +1-(3-1)=2
b) Tinh gid tri cta biéu thic:

R 2 2002 .. _(m}5+2)@1?\/§—38
A=0Bx"+8x"+2)" " ,v0ol x=
\f{g+\jl4—ﬁ\/§

Hudng din:

T xz-*(«f?—z)'-(£t2)=(£—2)(£+2)=1
J§+m J5+3-45 3

Thayx=% = A =302,

Bai 80: a) Tinh gi4 tri biéu thirc:

A= 3\/x3 —3x+(x*=-Dx* -4 +_‘J,\:3 —3x—(x? -x?-4

2 2

Tai x = /1995

Hudéng dan:
Xét A’ = x3—3x+3AiE o A=x*-3x+3A o A’-3A-x°3x=0

o (A-x)A*+Ax+x)-3(A-x)=0.

o(A-x)AT+Ax+x*-3)=0.

*A-x=0 o A=x= 11995

*AT+AX+X -3=0c6 A=3@-x)<0vix=41995. Do d6 PT cudi vd
nghiém.

Vay A = /1995 .

b) Cho x, y, z >0, thoa min xy + yz + zx = 1. Tinh gi4 trj cta biéu thirc:

S x\/(l +y+2Y) | },\/(1 +2°)(1+ x°) H\/(Hf)m ¥)

1+ x7 1+y? 1+ 7

Giai:
Xét: (1+y2) = )|:y+yz+zx+y2 =xX(y+2z)+y(y+2z)=(y+ z2)(Xx +y).
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Tuong tu: (1 + ) =(x+2)z+ y).
(1+x)=(x+ V(X + z).

s Ly ](1+4, )_ INCREIAVEE) () SN

1+ x? (x+ }-‘Xx+ ;) 5
y+2)f =y+z.
Tugng tu: w =7+x

1+ y’

1+ x3)1+ y*)

= =x+y
l+z°

SuyraP=x(y+z)+y(z+x)+z(x+Yy)

=2(Xy+yz+2X) =

Vay P =2.
Bai 81: Tinh gi4 tri cua biéu thiec:
1+ 2x 1-2x 3
a)A = 1 VOl X = —
1++1+2x 1-+1-2x 4

Giai: Taco:1+2x=1+

23 _4+23 _(3+1f
; .

4 4

1-2x=1-

o5 g-ols {5
4 T4

4

vaga= _O8af  W3-f  (awf  (5f

41+«f§2+1} 4{1_%} “2343) B3
=A=1
b)B—x + Vxt+x+l vOix= — g %

Giai:
Taco:8x=4 Jf+%—«f§ <=> 8x + 2 =«i16v”§+2

<=> (8Xx+ V2 )P =16v2+2 <=>64 X* + 16x2 +2= 16v2+2
<=> 4> +x42 =2 =0<=> 4x> =2 —x2.
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Pit C = Jx* +x+1 %
Tacé:B=vx* +x+1 +X°
=>BC=x+1=>B-C)=—x+1)

3 ﬁ—xﬁ l-x
B-C=2¢= -
2 2

C6 thé xem B va (-C) la cdc nghiém cua PT

2 _ (1-x)
2

t|=1,EVﬁt2=—

t—(x+ 1) =0. Gidi PT nay ta c¢6 2 nghiém:

x-1

2

SuyraB=+2 (viB>0)

Bai 82: a) Cho x> 2 va +/x+4/4-x=a. Tinh gid tri cua biéu thic:

A=2_+’;—_f theo a
Giai: A= Y2V2- NG -0) ool
V2 (x -2) 2(x-2)
. \/,\:—2 xl4—x)+4-x = (ﬁ_mf =>A=M
V2(x-2) V2(x-2) V2(x-2)

BHivix>2=>2x>4=>x>4—x=> Jx>/4—x.

gy o Vr—-4-x - [_1."—(4—_\:)] g s 2(x-2) =£
V2(x-2) ﬁ(x—?)u}—qf —.\:) V2(x=2)-a a
b) Cha-%gxg% vd 3+2x—+3—2x=a. Tinh:

TP s e B PO (x khic 0).

X

Giai: Tacé: 6+249-4x> =(3 —2x) + 2/3-2x)3+2x) + (3 +2x)
=(V3=2x + B+ 2xf

V3-2x+3+2x _ (3+2x)-(3-2x) _ 4x _ Véij=i.
a

=>B = . _dq;.[q,f'3—2,r—~'r3+2x) Xx-a
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Bai 83: a) Chox = 12[\/?: 1 JEJ , trong d6 a >0, b>0. Tinh gia tri biéu thirc:
'} [4]

-

Az 221
x=+xt -1
Giai:
Tacé:xz—lzl[\/g+\EJ _IZM
41 \b a dab
2|a—b|
=>A= 2@ _ 2‘0-.’)‘ .
a+b_‘a—b‘ ﬂ+b—‘a—b‘
2Jab  2Jab
*Néuazb=>A= 2(a—b) _a-b

a+b-(a-b) b

~2(a-b) B ~2(a-b) _b-a
a+b+a-b 2a d

b) Tinh gid tri biéu thirc:

xy=dx’ =1,y =1 s | | X 1 | s
P= - - VOIX= —|a+— | vay= —|b+—|,Vbia,b >1
xy+NxT =lafy =1 2 a 2 b

Hudng dan:

*Néua<b=>A=

Tinhx*- 1= i[(wl] —l=l[az+ l, +2]—l=l[n2 + l, —2]=i[a—l]
4 d 4 a” 4 a” 4 a

=> Jxl-1= %[a—l] via>1.

a
Tuong tu: Jy’ -1= %[b—%) vib>1.
7
bap s6: P= a,_ Tb_
ab +1

1+ xy r 1-xy

Bai 84: a) Cho E= . Tinh gia tri cua E, biét:

x+y Xx-y

X = N/4+\,(8_.\/2+q./2+~\E_1,/2—«\/2+«E
e 3.8 = 2412 +4/20
318 —24/27+4/45
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Hudng dan:

Ta rat gon x vay.

x—\/ +~2) 2442442 242442 ) = 2R+ V2 ]2 -+2) =2 2 =2

_ 62434245 _2V2-23+445) 2
02 =603 435 [3xf§ 2~'§+~'f_) 3
Tir d6 E=%.

1999° 7 1999
2000 2000

b) Tinh P= \/l+19993 +

Giai: Ta c6: 2000% =(1999 + 1)* = 1999 +2.1999 + 1.
=> 1 + 1999* =2000° — 2.1999.

. \/2{}[}9 1999 . 1999
22000
_ W an0n_1999Y L1999 _ o0, 1999 1999
2000 2000 2000 2000
Vay P = 2000.

Bai 85: Tinh gid tri biéu thic:

11 11
a)T = (a+x2) 2 +(a—x2) 2.Trongdé x=(a—1);a=4+22
Giai: Ta co:

a+x3:a+44@—l)=(a—l)+2ﬂa—l+]A=LGtT+J

a—x% = (m—lf. Do vay:

T2 13 _ 1
[(ﬁﬂﬂ +[(ﬁ—1}} — ‘m+l‘+‘drr—l| (1)
Mat khac: va—1 = Ja+2v2-1 = W2 +1f V2 +1

1 |
==T=

\Jﬁ+1|+\v’f—1\ 2+«f «F
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b)M = 2ol +x" Tmngdmc——[J
l+x* =x

Huéng dan:

J O<ax<l

* Bién do1 biéu thure, ta dugc:

2av1+x" [~,..'1+,\:2 +.\:) _ 20(1+.\:2 +_wl+x3)
[\f[lJrf —xl«f1+f +;c) lopgt e

= Za[l +x2 + xy1+ x? ) = a(2+ 2x + 2.w1+x3)
= .:;'KH_\*2 +2xy1+x° +x3)+l = a[(ﬂlh\:} +x)} +l} (*)
* Mat khac:

1+x2=1+%[1—a+ a__, (l—a)'aJ = ol 4[1—20-1—(? +a _2]

M =

a—a-

¢) Az\/ —3x+ (x> =1x2 - \/ (x2=Dvx* - Vé’ixzﬁ

2 2
Hudng dan: Sir dung hing dang thie: (a+b)® = a’+ b+ 3ab( a + b), ta duoc:

A, 2 3 2 L . 2 _ 2 _
A3=x 3x+(x"=DAx 4+x 3x—(x"=Dx 4+3AB

2 2

—3x+(x*-DyVyx' -4 _i/x" —3x—(xX —DVx* -4

2 2

Trong do: B = ‘\/‘: =1

Vay A’=x’-3x+3A, hay A’ - x’ - 3(x - A) = 0.

Hay (A-x)(A’~Ax+x*- 3) = 0. Do x*>3; A>0 va x> 0 => A—x = 0.
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=>A=x.ViyA= 325.
Bai 86: Tinh gid tri ctia biéu thirc

a)P = \/1 1+99..9% 40,99..9
e — e —

n

-

Hudng dan: Ta cé: 99..9% = (10" - 1)°
 cfasi el

0.99..9° = M

IDEJ:

n

=> P e \/l_l_(l{}n _1)2 +[l{}‘l _l]
lﬂ“

Pita = 10" - 1; khi do:

- 1

P= l+a2+ a = (]'+12+(]'2(]'+12+02

\/ (a+1) l+aJ( ) ( )
P=.
P= e J@ +a+1) =

l+a a+l
Suy ra:
po 10710741 o 1001 009 g

lgu 10“ e e

n

Vay=>P = 99..9,00...01
e e o, !

n n-1

5= L LT LT T, [T T
r 20 3 - 3 4 - 99° 100°

Huong dan:

Xétvoi keN. k=2 tachd:

[ 1 ] 1 1 2 s 2
I+ ——=—| =1+ st —+t—- e
1+k & (k=1 k k-1 (k-Dk £k

1 1 2 z 2

2 5,
=lt——t =t === (i
(k-1D° k k-1 k-1 k k

2 gy 2
k-Dk k-1 k

)

Do d6: => 1+— — + lj:[l+L—l]_
(k-1 k°
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=> Lj+ : ~+ l,=l+¢—i
1° (k-1 %° k-1 k

chok=34, ..., 100 ta co:

1 1 1 1 11 1 1
S= {l+———]+[l+———]+...+[1+———]+[1+———]
2 3 3 4 98 99 99 100

1
100
Bai87:2)Cho x=3v2 —1-——— . Tinh P = x’+ 3x + 2
Yv2-1
Huodng dan: Pat  u= 3/V2-1
— 1 thi J\x=u—v
321 uv=1
x’= (u-v)’=u’ - v'= 3uv(u-v) = V2 -1 e i 3x

J2-1
:ﬁ—l—(ﬁﬂ}—l\::ﬁ—l—w@—1—3-‘*?
=—3x-2. DodoP=0

b) Cho 3 ) duong a, b, ¢ thoa man:

=25

: h
a” +ab+
b’

+ec2=9

c*+ac+a’ =16

Tinh gia tri cia P =ab +2bc + 3ac

Hudng dan:

Theo gia thiét: {‘; " CEJ +(c* +ac+a*)=a* +ab+ ”?
Ta c6: P?= (ab+2bc+3ac)’= a’b*+ 4b’c’+ 9a’c” + 4ab’c + 6a’be+12a’be
=> P2—12(%+cz)(02+ac+a2)=0 (1)

BE’mg cach thay P = ab + 2bc + 3ac va 2¢°= a(b—c) vao (1)
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b’
3

=>P*=12.9.16
VayP =243
2.3.2. Boi diwdng nang liec vé chirng minh BDT,
1/ Cidc kién thirc co bén.

a/Pinh nghia.

Tir do: P*= 12(

+f;'2)(f:2 +m:+az)

BDT la hai biéu thirc ndi v6i nhau bi mét trong cac dau > (16n hon), < (nho
hon), = (16n hon hodc bang), < (nho hon hodc bang).

Tacé A>B<=>A-B>0
A>B<=A-B>=0.

- Trong BDT A > B (hoic A <B, A>B, A <B), A goi la vé trai, B goi 1a vé
phai cua BDT.

- Cac BDT A > B va C > D goi la hai BDT ciing chiéu.
- Cac BDT A > B va E < F goi 1a hai BDT trai (ngugc) chiéu.
-Néutacé6 A>B=>C>D Tandi BDT C > D la hé qua ctiia BDT A > B.

-Néutaco A>B <=>E>F. Tanoi BDT A> B va bat dang thirc E > F la
hai BDT tuong duong.

- A > B (hoiac A <B) la BDT ngat; A > B (hodc A <B)la BDT khong ngat.

-A>=Bla A>Bhoiac A =B.

- A #B ciling la m¢t BDT.

- Hai BDT cing chiéu hop thanh mét diy khong méau thuin goi la BDT kép.
Vidu: A<B <C.

b/ Tinh chat:

Tinh chdt I.a>b<=>b<a

Tinh chdt 2. a>bvab>c =>a>c (tinh chit bic cau)

Tinh chdt 3. a>b<=>a+c>b+c.
Hé qua:a>b+tc<=>a-c>b.

Tinh chdt4.a>bvac>d=>a+c>b+d.
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; >be, >0
g N T
ac<bec, c<0

Tinh chdt 6.a>b>cvac>d>0=>ac>bd
Tinh chdt 7. a>b> 0, n nguyén duong => a" > b".
Tinh chdt 8. a>b > 0, n nguyén duong => fa > b
Hé qua:a,b>0, a’>b’<=>a>b <=> Ja=b

Tink chdt9.a>b,ab>0=>1<1

a b

Tinh chdt 10.a > 1, m va n nguyén duong, m > n=>a™ > a”

0 <a<l, mvannguyénduong, m>n=>a"<a".

¢/Chung minh BDT.

Mudn chirng minh mét BDT, ta phai dua vao nhimg BDT dung da biét.

Ghi nho: ¥V a

ca’ > 0, —a><0 s Diu“ = "xayra<=>a=0,

dal=0, Déu “ =" xay ra <=> a = 0.

.—lal <a<|a|, Diu“="xayra<=>a=0.

C6 hai cach co ban dé chirng minh BDT:

- Bién d6i BDT can chirng minh thanh mdt BDT tuong duong ma ta da biét
la dung.

- Bién déi twong dwong BDT di biét thanh BDT can ching minh, hoic
nguoc lai.

Sau day la mét s6 phuong phap chimg minh BDT. Khi giai mdt bai todn
chirng minh BDT, can phai cin cir vao dic thi clia bai todn ma chon phuong phap
thich hop.

Mbi bai todn c6 thé dugc giai bing cac phuong phap khic nhau, ciing ¢ khi
phai phéi hop nhiéu phuong phap.

2/ Mét so phwong phdp chirng minh BDT

a/ Phuong phdp vin dung dinh nghia va tinh chat ciia BDT
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Bai todn chirng minh: A = B.
Phwrong phdap 1: Phuong phap dua vao dinh nghia. (Bai [ —> bai 6)
- Lap hiéu: A-B
- Bién d6i biéu thirc ( A — B ) va chirng minh A — B > 0
-Két luin A > B
- Xét truomg hop A = B khi nao ?
Bai 1: CMR: (a + b)’ = 4ab
Xét hiéu: (a+ b)?— 4ab = a’+ 2ab + b* — 4ab
=a’—2ab+b =(a-b)*>0
=> (a+b)* > 4ab

Dau "="xdyra <=>a=b

a+b

Bai 2: CMR: > Jab V&i moiab> 0

a+b J—i=a+b—2ﬂ=(v{_—@)'zﬂ

Xét hiéu: ——+ab
2 2 2

a+b
=>

> «Jab . Dau "=" xayra<=>a=b

Bai 3: CMR: x° +2y" + 7" > 2xy — 2yz

Xéthidu: x* +2y" + 2" — (2xy — 2yz)

= x>+ 2y* + 2 - 2xy + 2yz

=X —2xy+y +y +2yz+72°
=x-yY+@y+2°20

=>X +2y +2Z = 2xy-2yz

Baid:CMR: 2’ +b’ +c’+d*+e’ 2 ab+c+d+e)

Xéthiéu: a”+b° +c*+d* +e” —ab—ac —ad — ae

l 1, 1, 1,
= (b*—ab+ Ea') + (c*—ac + Ea') + (d*—ad+ Ea') + (e’ —ae + Ea')

62



=(b—%a)2+(c—%a)2+(d—%a)2+(e—%a)220
=>a +b’+c’+d°+e’>a(b+c+d+e)

X . |
Dau" =" xadyra<=>b=c=d=e= Fh

n

x +2

Vxt+1
xt+2 - B +2-20x+1

Bai 5: CMR: =2

Xét hidu: : 2=
x +1 2
_ Wx +1-1)" -
2
x4 2

=> >2 . Dau"=" x4y ra <=> x=0.

x> +1
Bai6: Choaz=1bh=1. CMR: aJb-1+bya—-1<ab
Giai: Lap hiéu
ab—(a~b—1 +b«ja—l)=%(2ab— 2a/b-1- Eb«.'ra—l)

- %[a(mf %{ﬁﬂ >0
=> g-/b—1 +bm£ab

Phirong phdp 2: Phuong phap bién dbi twong duong. (Bai 7—> bai 12)
Dé chirng minh A > B, ta diing cdc tinh chit cia BDT, bién déi tuong duong
BDT can ching minh dén mét BDT da biét la dung.

Bai7: CMR: 3(a°+b +c¢’)<(a+b+c)
<=>3a’+3b°+3c’ > a” + b’ + ¢ + 2ab + 2ac + 2bc
<=>2a" +2b° +2c” - 2ab - 2ac +2bc < 0
<=>(a-bl+((Mb-c)+(c-a)’<0

BDT cudi cing dung, BDT can chirng minh ding.
DAu"="xayra<=>a=b=c
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Bai 8: CMR:

(ab + bc+ ca)’ = 3abe(a+ b +¢)

<=>(ab)’ +(bc)’ + (ca)® + 2ab’c + 2a’bc + 2abc’ = 3a’be + 3ab’c + 3abc’
<=>(ab)" +(bc)’ + (ca)’ — a’bc —ab’c—abc® =2 0

<=>2(ab)* + 2(bc)* + 2(ca)’ - 2a*bc —2ab*c —2abc* > 0
<=>(ab—ac)’ +(bc—ba)* + (ca—bc)* = 0

<=>a’(b-c) +b*(c—a) +c*(a-b)*=0

Diu"="xayra <=> a=b=c

=> BDT cudi ding =>BDT céan chimg minh dung.

Bai9: Va+Vb=Va+b (a,b>0)

<=> a+b+2mza +b

<=>+lab =0

BDT cudi cing => BDT can chirng minh dung.

Bai 10: Cho a, b, cd 20. CMR: \[(a+b)(b+d) = ab +Jed
Giai:

J@iD)brd) > Nab +Ved

= (a+e)b+d)=zab+ced + ZM

& ab+ad +cb+cd 2 ab + cd + 2\Jabed

& ad +cb - 2Jabed 2 0

& (Vad —~cb)* 20

BDT cubi ding => BDT can chirng minh dung.

Diu "=" xay ra <=> 8.5
b d
Bai11: Cho a,b =1. CMR:
| 1 2
e o
l+a- 1+b l+ab
Giai:

[ 1 1 ] [ 1 1 ]
—— + —— =0
l+a l+ab l+b~ 1+ab
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alb-a) E b(a-b)
(I+a”)1+ab) (1+b>)1+ ab)
< (a —b)[— a(l+b%) +b(1+ az)] >0 (a=b)f(ab-1)=0

BDT trén dung, do do BDT da cho dung

Bai 12:

a/ CMR: a+b < ’az +b?
2 2

Giai:

: a+b
* Neu

<0, ta c6 BDT phai chirng minh.

* Néu a;b >0, taco

a;bgqfa‘;b‘ P a‘+b;l+2(rb£a‘;b‘ o a +b +2ab<2a” +2b°

o a*—2ab+b* >0 (a—b)? > 0. BDT cudi ding => BDT canCM ding

b/Choa,b,cvéia>c,b>c>0CMR: \Je(a—c) +fclb—c) <ab

o cla-c)+celb—c)+24/cta-c)b-c) <ab - (r:— PEpsY— C)): -
o ca-ct+ceb-ct+2ycta-c)Xb-c) <ab

=> BDT cudi diing => BDT can chimg minh dung.
Phwong phap 3: Phuong phap lam . (Bai 13 —> bai 17)
Pé chirng minh A > B nhiéu khi ta phai chirmg minh A > C, véi C > B.

Tir dé tacéd A = B, hoac ta chimg minh D=B, v6iD <A, tird6tacé6 A=B.

Bai13: CMR: — +— .+ 51 Véin eN: n>1
n+l n+2 2n 2
Giai:

1 | 1
- —

l n+n 2n

Ta c6:
n

+
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1 1

n+2 2n

Cong ting vé cua cac BDT cung chiéu ta dugc:

| | | | | 1 H
+ vt —>—+—+....+— (n s0 hang)
n+l n+2 2n 2n 2n 2n

: : L>i—— (dpcm)

+
n+l n+2 2n 2n

Baild:CMR: L+ Ly + 1o meN,n>1)

NG R

| L . NS el 1L

A 2 A

Cong ve voi vé cua cac BDT clung chiéu ta dugc:

N R N N Y I I/ I '

(n sd hang) =>(dpcm).

Bai 15: CMR: 2(Yn1-1)< 1+%+%+...+%<2JE—1

Giai:
. 1 |
Wk+1 k+1+Jk 20k

m_mr \mv‘_ J_>2(JF—() (1)

N 1
Va ﬁf;z(\fﬁ—ﬁ) )

Tu(l}tacoHv,_ J_ j_>2(ﬁ—ﬁ)+2(ﬁ—ﬁ)+...+2(m—~f;)

= 22T 4432 4ot At T =) = 2(fn+1-1)
T&(Z}tac(}

Voik>0taco

Lttt < 14 20 1) + 23 -42) + .+ 2 - aT)
=1+ 22 VT +43 2+t i —u—1) = 1 + 2(144m) = 240 1.

66



Vay suy ra dpcm.

Bai 16: CMR: é+%+_..+ : <l (vbineNnz1)

n+nt+m+)? 2

Ta ¢6: vin” + (n—1)2= 2n-2n+1<2n" —2n nén

| " | B 1 _l 1 1
n+m+D? 20" +2n 2n(n+1) 2\n n+l

Do do ta co:

1 [l l]l
o= gl e B lie
5 Rl k2

1 [l l]l
R PP
13 als 52

1 [1 | ] 1

2 2 < - LEEey

n+m+)° n n+l/2
Cong vé voi vé cua cac BDT cling chiéu ta dugc:

Ifr 1 1 1 1 | | 1 1
—| ===t —— =—|1-——|< = (dpcm
2[1 2. 2 3 n n+l] 2{ n+l] 2(,0 )

Bai 17: Cho a, b, ¢ 1a 3 canh cua mdt tam giac. CMR:

(a+b-c)a—-b+c)-a+b+c)<abc.

Giai: Tacd a’ — (b—c)’ <a’,vi(b-c)’ 20<=>(a+b-c)(a-b+c)<a’

a, b, ¢ 1a 3 canh ciia mot tam gidc néna+b>cvaa+c>b.
Dodéa+b-c>0vaa—-b+c>0.

Ta c6: O<@+b-c)a—b+c)<a* ().

Tuongty O<(@+b-c)l-a+b+c)<b® (2).

O<(-a+b+c)la-b+c)<c® (3.
Tur (1), (2), (3)tacod: [(a+b—c)a—b+c)-a+b+c)]* < (abc)?
=> (a+b-c)la-b+c)(—a+b+c)<abc.

Phwrong phdp 4: Phuong phap phan ching. (Bai 18 —> bai 21)
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Dé chimg minh A > B, ta gia stt A < B, tir d6 1ap luan dé din dén diéu vo 1y.
Nhu vay, ta dd dung phuong phap chimg minh phan chirng.
Bai 18: CMR: |a| + ‘b‘ > ‘n + b‘ (1)

Giai:  Giasu |a| + ‘b| o ‘a +b‘ = (Ja‘ +‘b )2 < (Ja +b|f
<=> a’ +2lab| +b” < a’ + 2ab + b’
<=> labl <ab Voli =>BDT (1) ding (dpcm).

Bai 19: Cho 3 sb a,b,cthbamana+b+c¢c>0,ab+ bc+ ca>0:abc>0.
CMR: a >0; b>0; c>0.
Giasura <0
+ Néu a = 0 thi abc = 0 => trdi v&i abe > 0.
+Néua<0Odoa+b+c>0=>b+c>0.
Do abc >0 =>bc <0 =>a(b+c) + bc <0 <=> ab+ac+bc <0 trai voi gia thiét.
Vay a >0.
Ching minh tuong tu ta c6 b>0; ¢=0
Bai 20: Ching to rang mt trong cac BDT sau la sai:
a—bc<0;b-+ac<0;c—+Jab<0 (a,b,c>0)
Gia st ca 3 BDT déu ding. Cong vé voi vé cua 3 BDT ta dugc.
a+b+c—(@+xf§+@)<ﬂ
2(a+b+ c)—Z(JEnLJEer)-:D
(Wa =By + b =e) + e —a)* <0 vo ly,
vi (Wa —+by 2 0;(Vb —e) 2 0;(We —a) 20.

Vay mot trong cac BDT la sai.
Bai 21: Cho 3 s6 duong a, b, ¢ < 2. CMR: ¢6 it nhit mot trong cac BDT sau
lasai:a(2-b)>1;b(2-c)>1; c(2-a)>1.
Giai: Gia str cac BDT déu dung.
Ta co a2-b)>1;b(2-c)>1;c2-a)>l.
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=> a(2-b)b(2-c). c(2-a)>l.
Mitkhica(2 —a)=2a-a’=1-(1-2a+a’)
=1-(1-a)° <1
vidoO<a<2=>a(Z2-a)>0.
Tacé O<a(2—-a) < 1.
Tuongtwu 0 <b(2-b) < 1,0<c(2-c) < 1.
Dodda(2—a).b(2-b).c(2-c) <1.
=>a(2-b)b(2-c).c(2-2a) <L (2).

(1) va (2) méu thuan. Do d6 ¢ it nhit mot BDT sai.

b/ Phwong phap vin dung cac bai todan co ban vé BDT.

Dé chimg minh BDT A > B nhiéu khi can sir dung mét sd bai toan co ban vé
BDT dé 1am bai todn phu, gitp tim dén 161 giai bai todn.
Phwong phdp 5: Phuong phap van dung cac bai toan co ban vé phin sb:
(Bai 22 —> bai 27)
Kién thire can nhé: Mot s6 bai toan BDT ¢é dang phan thie thudong van
dung céc bai toan co ban vé phan s, ta c¢6 hai bai toan co ban sau diy:

Baitoan 1: Vaia, b, ¢ > 0. CMR:

A " -+
a/ Néua<bthi L4

b b+e

b/ Néu a>bthi 4>9%¢

b b+c
Loi giai:
ala<b=>ac<bc=>ab+ac<ab+bc=>a(b+c)<bla+c)
a a+c
= —&
b b+c

b/ Chitng minh tuong tu.
Bai toan 2: Voix, y, z> 0. CMR:
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Al 2w = e 0 seflelpte 8
xy  (x+y) X y x+y X ¥ Z X+y+z
Lo giai:
al (x=y)2 2 0 =>(x—y)* + 4xy > 4xy => (x+y) > dxy => > % _
xy (x+y)

* Cac bai toan dang “>, <* thudng dung bai toan 1, cac bai toan dang “>, <
thuong dung bai toan 2; khi ding dén cac bai todn nay ta can phai chirng minh réi
ma&1 van dung.

a b c d 9

Bai 22: Cho a, b, ¢, d >0. CMR:

+ |
a+b+ec b+c+d c+d+a d+a+b

Via,b,c,d>0néna<a+b+c. Theo bai todn la) taco

a a+d
, tuong tu
a+b+c a+b+c+d
C c+b
c+d+a a+b+c+d
b p b+a
b+c+d a+b+c+d
d . d+e
d+a+b a+b+c+d
a b C d
+ + + <2
a+b+c b+ec+d c+d+a d+a+b
~ G
Bai 23: Cho x, y, z>0. CMR: —— +———=<0
Ve+ily fy+dz Jr+dx

(Chirng minh tuong ty bai 22)

125 123
Bai24: CMR: 24,2
9°+4 97 +1

Vi9'® + 4> 9'% + 4 (Theo bai 1b/)

9" +4 9% +4477 93(9'3-‘ == 1)_ 2 T

<=> > = =-——— => BDT dugc ching minh.
9% 147 9P 14477 99 41) 941

2 1 2 + l 2 l 2
da - +4b~ 8Bab (a-+b)

Bai 25: Cho a, b >0. CMR:
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Giai: Via,b > 0 nén 4a” + 4b” > 0 va 8ab > 0. Theo bai toan 2b) ta ¢

1 | 4 4 1
5+ B = ;= > == Dpcm.
da” +4b~ 8ab 4a +4b +8ab 4((;- + b)’ (a + b)'

| 1 | 3
+ + >
2a+b 2b+c 2c+a a+b+c

Bai 26: Cho a, b, c > 0. CMR:

Giaica,b,c>0=>2a+b>0:2b+c¢c>0;2c+a>0.
Theo bai 2¢) ta co
| | | 9 0 3
>

1 + > =
2a+b  2b+c¢ 2c+a 2a+b+2b+c+2c+a 3a+b+c) a+b+c

1 1 L 3

+ + >
2a+b 2b+c¢ 2c+a a+b+c

Bai 27: a) Cho 2 ) duong a, b thoa man a+ b= 1. CMR:

1 |
_+ =
ab a +b

Giai: a, b > 0. Theo bai toan 2, ta co:
| | 4 4
=

+ 2 3 Iy 2 2 2
2ab  a +b" 2ab+a +b° (a+b)

| 1
=> +
2ab a +b 2ab

>4+2

|
<=>—p——
ab  a +b”

>6 (dpcm)

b) Cho hai sé duong a, b thoa mén a + b <1. Chirng to rang:

ab a’+ b?
Tuong tu phin a)
Phwong phdp 6: Phuong phap van dung céc bai toan co ban vé gia tri tuyét
dbi. (Bai 28 —> bai 32)
Kién thirc can nhé: D6i voi mot sb bai toan BDT c6 chira gia tri tuyét doi, ta
c6 thé van dung cac bai toan co ban vé BDT chira gia tri tuyét ddi sau:

Bai toan 1: CMR:
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a/ lal+1bl>]a+b|
Diu “ = “ xay ra <=>ab > 0.
b/ la-bl >|a|-1bl.

Déu “ = “ xay ra <=>b(a — b) > 0.

Bai toan 2: CMR néu x, y khac 0 thi 1214121215422
y X y X

Dau“=%“xayra<=>x=z=y.

Tur do suy ra néu m, n> 0 ta co:

1) B Buo: 2)m+L22
n m m

Duing bién d6i tuong duong ta dé dang chimg minh dugc cac bai todn nay.
* Khi cén ding dén cac bai todn nay, ta phai chimg minh roéi méi vin dung.
Bai 28: CMR: |x|+ |y|+ |[x = 3|+ |y - 5|2 8 (1)
Theo bai toan 1 ta co:

‘a|+ ‘b‘ > |n + b[

el 1yl + B = =+ 15 = ¥ = (x| + B = x])+ (5] + 5 - ¥])=
‘x+3—x|+|y+5— )-‘|=3+5=8

=> ‘x|+ |}-‘|+ ‘x - 3‘+ |y— 5| > 8

Bai29: CMR: va+3-4va-1++Ja+15-8Ja-122 (Pk:ax1) (1)
Tu (1) suy ra:

VT=(Va-1-2) +J(Na-1-4)" =|Va-1-2|+|Ja-1-4|

Ap dung BDT: la|+ |p| 2 |a + b| tacd:
Na-1-2|+4-Va=-1|>Na=1-2+4-Va-1]=[7 =2
=>+Ja+3—4Ja—1++a+15-8Ja—-1>2

Bai30: Choa, b,c>0.CMR: 2 + 2¢ L %@ 5 g ib+e

C a b

12



i @ 4 b e0 _1[(ab o) o ) (e co
C a b 2{\ ¢ b c a a b

i a[fi+£]+b[ﬂ+£]+c[;—)+£] l((1'2+.")2+f;'2:l a+b+c
2 c b ¢ a a b 2
(Theo bai todn 2)

—>a—b + a2 + — 2a+b+c (dpcm)
¢ a b
Bai31: Cho [4> 51, OMRy BTy
Xyz

>3 nén —>—+—+—

A
I 1 1 1 |
=l—+—+-<—+—+
x oy WD

Tacd M >3 M bt I

Xy + ¥Z+ Xz
AYZ

-

Bai32: Choa, b 0. CMR: “_'+’”_;-3[ﬂ+’_’]+4zo

=

b~ a°

g I 5
Giai: Dit x=?+—3 taco [x22.
7 a

,a; b* [a b]+4=
b a b a

a;+b;+2 —3[£+£]+2=[£+£] —3[“ b]+2
b~ a° b a b a b a

=X 3x4+2 =X - 2x—x+2=x(x-2) = (x=2)=(x = 2)(x - 1)>0.

Vi |y :_>2<=>[xi22 =>(x—2) vd (x— 1) ciing dau
_

a,+b:—3{£ b]+4>0
h™  a” b a

Phwrong phdp 7: Phuong phap van dung BDT lién hé giita tong binh
phuong, binh phuong cua tong, tich hai sb.  (Bai 33 —> bai 35)

Baitoan 1: 2( X" +y) > (x + y)* > 4xy.

Baitoan 2: 3(x +y +2z)>(x+y+z)>3(xy +xz+yz).

* Khi can dung dén cac bai todn nay, ta phai ching minh r61 maéi van dung.
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Bai33.Cho x, y>0 thoa min x +y > 1. CMR: x*+* ::é

Giai: Ap dung bai todn 1, ta cé

: [(-‘-‘ﬂ-‘f ]
(x} 1 )-'3)_ . 2 . 1
8

xt+yt 2 5 = 5

Bai 34: CMR: o' +b* +¢* = abe (a +b+c}

Giai: Ap dung bai todn 2, ta ¢

a*+b* vt 2a’h? +bc? +cta’ = (ab)be)+ (be)ca)+ (ab)ca)= abc(a+ b+ c)

Bai 35: CMR: Va? + 2bc ++b? +2ca ++/¢* + 2ab < ﬁ(ﬂ +b+c),v6ia, b,c>0

Giai: Ap dung bai todn 2, ta c6

(\(ﬂ'2 + 2be +J,l;~3 +2ca +~f::'2 + EGI)T < 3|i(«..|'n2 + Zbcf + (Jbz + 2:5‘(?)? -+ (ch + 20.’)}}

2

=3 (a2 +2bc+b* +2ca+c’ + Zab)= Na+b+c)

=>~Ja? +2bc +b? +2ca + +2ab < f3(a+b+c)
Phwong phdp 8: Phuong phap vin dung cac bai toan co ban vé can thirc
(BDT Cauchy va BPT Bunhiacopxki)
(Bai 36 —> bai 43)
Khi giai mét s bai toan BDT ¢6 chira can thire bac hai, ta ¢6 thé van dung
céc bai toan co ban vé BDT chira can thic.

a+b
> fab

Baitoan 1: Choa,b> 0. CMR:

Diu“=“xayra<=>a=b (Bat ding thic Cauchy)

Bai todn 2: CMR: | ax + byl < \J(a® +5°)(x* +y°)
Diu “ =“xayra<=>ay=bx (BDT Bunhiacopxki)
* Khi ding dén bai todn 1 (khong phai chirng minh) con bai toin 2 phai
chirng minh roi moi dugc van dung.
Bai 36: Cho a, b, c=0. CMR: (a+b)b+c)c+a)=8abe
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Giai: Ap dung BDT Cauchy cho 2 s6 khong am, ta duoc:
a+b>2ab
b+c>2be
c+a>2ea

Do d6 (a+b)b+c)c+a)z2ab .2/bc 2 ca

=> (a + bIb + CIC + a) > 8abc

Bai 37: Cho a. b, ¢ >0 CMR: @ *2”)' +”;” sl 2. bl

Giai: Ap dung BDT Cauchy cho 2 s6 khong am, ta dugc
a+b

=Aab ,

a+l3_>2 a,l=\}g . b+122 b‘l=1f5
4 4 4 \ 4

Do do: (a+5) +a+b=a+b+[a+b+l]
2 4 2 2

_2 J;’Ha +%][b+é]:| > ab(v';+£)= aa +bJb

Bai38: Chox>y,xy=1.CMR: * Y 522

xX—y

Gixe: Tagp: &0 () k2

=(x-y)+
x—y x-y x—-y

Ma x >y => x— y >0. Ap dung BDT Cauchy cho 2 s duong x—y va

, ta duge (x—y)+

x—y

Bii:a9:Clio'a, b, 650 CMR: 220 ©HoF (ehel oo pen

C a b

" a+b b+c¢
Giai: a, b, ¢ >0 nén ) >0

c a b

c+a
: >0

Ap dung BDT Cauchy cho 2 sb duong, ta dugc

((?Jr—b)-+4c =2 (aJr—b)-Ac = 4a+b)
c
Tuong ty: (b+ey +4q >2 M.ﬂla =4(b+c)
o a
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(e+af +4b 22 (e+af 4b =4(c+a)
b b
Do d6: 2+ by + (&) + (CJ;G)_ +4a+4b+4c>Ha+b)+4b+c)+4(c+a)
C a '

2

=>(a +bY N (b+c) N (c+a)

>4a+b+c)
c da b

Bai 40: Cho x’+ 4y’=1. CMR: |x+ )| < ?

Giai: Ap dung BDT Bunhiacépxki, ta co

x1+ 2;{—%] < \/(f +4}-2{l +é] = %

Vi x* + 4y* =1
Bai41: Cho x’+ y’ = a’+ b’=1 CMR: |a(x— y) + b(x+ y)| <2

-l-

Giai: Ap dung bai todn phu (BDT Bunhiacopxki) ta cé
la(x = y)+ b(x+ y) <l + ) (x= yP (x+ y)]
=>[a(x—y)+b(x+y) <4120 +*) =2

Bai 42: CMR: P(a+b) +4(1 —ab)| < 5y(a® + D(B* +1)

Giai: ap dung bai toan phu (BDT Bunhiacopxki) ta co

3(a+b)+ 4(1 - ab) < B + 47 J(a + b)Y (1 - ab) ]

= \[25la® + b* + 2ab+ 1= 2ab + a*b* ) = 5,/ + 1) +1)
Bai43: Choa, b>0. CMR: (4+a + 345 ) B+a +4+b) < 25(a+b)
Giai: Ap dung bai todn phu (BDT Bunhiacopxki) ta c6
aa+3Vb =[4a +3b| <[4 +3*fa+b) = 5Va+b
3Wa +4+/b =‘3.~JE+4.JE‘ < m: s\a+b
Do d6 (4va +34b |3V + 4vb) < SNa+b 5Va+b = 25(a+b)

¢/ Phuwong phdp vin dung tinh chét dic biét ciia bién.
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Phirong phdp 9: Phuong phap van dung diéu kién c6 nghiém cua PT béc 2.
(Bai 44 — bai 47)

D6i véi mot s bai todn chimg minh BDT nhiéu khi ta phai van dung diéu

kién co nghiém cua PT béc 2.

Kién thirc cin nhé: PT ax” +bx + ¢ =0 (a#0)

A=b"—4ac
A<(O  PT vd nghiém.

A=0  PT c6 mot nghiem kép: x= ]

2a
A>0  PTc6 2 nghiém phan biét: x, = _b;”"g, x, = _")2_”@
o a
Khib =2b:
A =b’-ac
A <0  PT vo nghiém.
A'=0 PTcé mdtnghiém kép: x=-2
a
A >0  PTc62 nghiém phan biét : x = —b+A" . g A
a a
Bai44: Cho x, y thoa man x° + y* = xy — x + 2y. CMR: — 23 i ?

Giai: X +y =Xy — X +2y <=>y - X+ 2y +xX +x=0 (¥
Xem (*) 12 PT bac hai 4n y.

(*) c6 nghiém <=>A=(x+2)" —4(x*+x)>0.

<=>X +4x+ 4 - 4x" —4x > 0 <=> ng%

<=>|x‘<ﬁi<> : gxng

Bai45: Cho x> 1,y >0 théa min vx—1 y2 + vx—1 CMR: x° < %

Giai: Dieu kién x> 1

*le:yz{)tacéﬁzlc:l:% (dung)

*x>1: T «.J{_\:—l}-'2 +afx=-1= y

<=>x=1y —y+Jx=1=0 (¥)
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Xem (*) 1a PT bac 2 én y.
(*)conghiem<=>A20 <=>1-4(x-1) <=>1-4x+4 =20

5 7 125 ,
<=2 XE— <=2y =—x
4 64

Bai 46: Cho cic sd x, v, z thoa min x* + 4y” + 2 = 4xy + 5y — 10y + 2z — 5.
CMR: 1< x-2y< 4

Giai: X +4y° +2 =4xy +5y - 10y +2z -5

<=>7" =22+ (X +4y —4xy) - (5x-10y) +5=0
<=>7"-22+(x-2yY-5(x-2y)+5=0 (%

Xem (*) 1aPT bac hai an z.

(*)cénghiem<=>A =1-(x-2y)’+5(x-2y)-52>0
<=>(x-2y-1)(x-2y—-4)<0

x-2y-120,x-2y-4<0 x=-2yz2lx-2y<4
<=> <=>
x-2y-1<0,x-2y-420 x=-2y<lx-2y=24

<=>1<x-2y<4

Bai 47: Cho a, b 12 2 s6 thyc thoa man a’ + 4b” = 1. CMR: ‘a—b‘i?.
Giai: Pata—-b=x <=>a=x+b.

Thay vio a” + 4b” ta duoc (x +b)* +4b° =1

<=>Xx" +2bx + b’ + 4b” =1.

<=>5b"+2bx+x —1=0. (%)

Xem (*) 1a PT an b.

A=x-5x"+5=—4x"+5.

(*) c6 nghiém <=> A >0 <=>-4x"+5>0

5 5

<=>Lﬂ37§.vayhp4ﬂ27;

Phuwong phdap 10: Phuong phap qui nap toan hoc. (Bai 48 —> bai 50)
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Mot sb bai toan BDT cin chimg minh dung véi moin > 1 (neN) ta ¢6 thé
vin dung phuong phap qui nap toan hoc.
Céc budc chimg minh theo phuong phap qui nap:
B1: Kiém tra BDT dtng véin= 1.
B2: Gia su BDT ding vé1n =k = 1. Chimg minh BDT ding véin=k + 1.
Budc 3: Két luin BDT ding véi moi n nguyén duong.
Bai 48: CMR: 2" > 2n+ 5. V&i moi n nguyén duong.
Giai:
Véin=I,tac62'**>2.1+5 <=>8>7 BDT dung.
Gia st BDT ding véi n=k > 1, tic la 2" > 2k +5.
Can chimg minh BDT dtng khi n= k+1.
Taeh 2 =i 2D, 0550 (Ole5)
=4k + 10>2k+2+5=2(k+ 1) + 5.

Vay BDT 2" > 2k +5 ding v&i moi n nguyén duong.

Bai49:cMR: 123 21 <1 véimoinnguyén duong.
246 2n  A3n+1l
Gidi: Véin=11ta c6 - < ,BDT diing,
2 3.1+1

Gia su BDT diang voin=k = 1, tuc la:

%k-1_ 1
2k 3k +1

5 )
T

| —

Cén ching minh BDT dung véi n=k+ 1.

Tace L35 2k-1 2(+D-1_ 1 2k~

e . < : |
246 2k 2(k+1) ~3k+1 2k+2 (D

1 2k +1 1
<

Ta CMR: : <
V3k+1 2k+2 3k +4

(2)
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Ta cé 1 2k +1 1

) . <
3k +1 2k+2  J3k+4

1 (2k+D? s
3k+1 (2k+2)*  3k+4

<=>...

<=>kz 0. BDT ding.

Tir (1) &(2) ta ¢6

BDT diang khi n=k +1.

Viyo 0 2r-le 1 V&i moi n nguyén duong
V246 2  Bn+l ‘ 4 '

Bai 50: Cho n 6 khong am ay, a,, ..., a,. CMR:

a+a,+..+a % G & 2 i
L2 s >alg.a,..a, VOin e N,nz2.dau “="xay ra khi nao ?

n

(BDT Cauchy cho n s6 khong am)

Giai: Véin=2 ta co & ;“ﬂ > Jaya, <= (\Ja, —Ja,* =0, BDT dung.
Gia s BDT dang voi n = k, nghia la

a +a,+..+a
— £>4a.ay..a, (%)
X V&4,

VOl ap,ax__ax khong am bat ky.

Cén ching minh BDT dung véin=k +1.
Vai trd cua cac phan tir nhu nhau nén ta gia sir

a<a,=..2a <a,.,

a+a,+..+a,

Suy ra ayy >
k

Pat Gt @t ta,

=X, (X>0
. (x20)
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A1 =X+ Y VoL Y>0.

Ma x* > aa,..a, (suy ratir (¥) )

+ + + + k+1 k s kel : k+1
Ta c6 [a' e Ml . ”*"] =[M] =[x+L]

k+1 k+1 k+1

> x4 ( —x*"+x*‘}-‘=x*(x+))>aa ks 1
+l
a-+a,+..+a +a amE—
=" 1 2 L3 k+1 :—hhlalﬂz“ﬂhl
k+1
N a,+a,+..+a L
Vay BbT ——— *~>u/g a,.a, v6ineN,n>2.
n
Dau“="xdyra <=> a3 =a=...= a,

Phwong phdap 11: Phuong phap dung toa do va hinh hoc. (Bai 51->52)

Mot s bai toan BDT ma céc bién 1a cédc s6 duong, ta d& dang tim ra 101 giai
néu sir dung bing phuong phap hinh hoc. Dic biét mdt sé bai toan BDT ¢6 chira
can thie dang JA*+ B, phuong phap toa do gitp ta co 1ot giai hay doc ddo.

Kién rhz,h: cén nhé: Trong mit phing toa do Oxy c¢6 A (Xa,¥a), B(xgys) thi

AB = \/ a }a) ;
Ba;Sl.Choa,b>0.CMR:JE+JE>«M+!¢ B

Giai: Xét AABC C6 A=90". AB=+a ,AC=4b.

Theo dinh 1y Pytago, ta co: Ja
BCP=AB*+AC*=z=a+b=>BC=Ja+b. =
AABC cO AB+AC>BC=> Ja+b>Ja+b. & ap e

Bai 52: CMR: V¥ —2x+5 +4x’ —12x+136 2 13

Giai:

Ta c6: Va* —2x+5=J(x=1) +4 = J(x=1)* + (0-2)’

V¥ —12x+136 = [(x—6)’ +100 = ( x—6)" +(0+10)
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Trong cling mit phing toa d6 Oxy xét cac diém A(x;0), B(1:2), C(6:-10). Dé
thAy B va C ndm khéac phia véi truc hoanh, A thuée truc hoanh (Hinh v& minh hoa).

Xét 3 diém A, B, C. Tac6 AB+ AC > BC voi:
AB = \J(x-1) +(0-2) =¥ -2x+5
AC = {[(x—=6) +(0+10) =¥’ —12x+136
BC = (1-6) +(2+10) =169 =13,

Do d6: x2—2x+5++/x*=12x+136 >13.

2.3.3. Cdc bai todn BDT gidi bang nhiéu phwong phip:
*Cacbai 1;3; 4; 6; 7; 8; 11. giai bang ba cach khac nhau.

(Loi giai da trinh bay o muc 2.3.2)

- St dung cac phwong phdap 1, 2 va 4.

* Bai 9 giai bang hai cach khac nhau.
( Loi giai da trinh bay o muc 2.3.2)
- St dung cac phwong phdap 2 va 11.

* Bai 12b/ giai bang bon cach khac nhau,
( Loi giai da trinh bay o muc 2.3.2)
- St dung cac phwong phdp 2, 4, 8, 11.

2.3.4. Nhitng sai lim ciia HS trong qud trinh gidi cdc bai todn chirng minh
BDT:

Trong qui trinh chimg minh BDT, HS thudng mic phai mét trong nhirng sai
lAm sau:

- Trir timg vé hai BDT ciing chiéu.

- Nhin tirng vé hai BDT ciing chiéu ma khong c6 gia thiét cac vé khong am.

- Binh phuong hai vé ctia BDT ma khong c6 gia thiét hai vé khong am.

- Khir miu khi chura biét dau cua biéu thire dudi mau,

- Nghich dio hai vé va d6i chiéu BDT khi chua c6 gia thiét hai vé cing diu.

- Thira nhin x™ > x" v&i m, n nguyén duong va m > n khi chua biét diéu kién

cua X.
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Cu thé co thé qui vé mdt so sai lam sau:

* 1ogic: “B} =A>C

B=<C

* Piéu kién ap dung dbi véi bién: Bat dang thie Cauchy.
Phuong phap hinh hoc.

* Sai kién thirc: Nhin chéo, binh phuong khong c6 diéu kién:

a c
_>_
b d

a>b=>a’>b’
2.3.5. Ap dung BDT dé tim gid tri I6n nhdt, nhé nhit.
a/ Céc budc giai mot bai todn tim gid trj 16n nhat (GTLN), gia tri nho nhét
(GTNN) (Bai toan cuec tri).
* Pé tim GTNN ctia mdt biéu thirc A(x) trong tip xac dinh (TXD) D ta lam

nhu sau:
- Chirng minh A(x) > m v6i m la hang s6.
- Chira A(a) =m, (aeD)
- Két luan GTNN cua A 1a m. Ky hiéu min A(x) =m khi x =a.
* Pé tim GTLN cuia mot biéu thirc A(x) trong TXD D ta lam nhu sau:
- Chirng minh A(x) <M véi M 2 hing sd.
- Chira A(a) =M, (aeD)
- Két luain GTLN cua A 1a M. Ky hiéu min A(x)= M khi x = a.
Chii y:
+ C6 khi phai thay bai toan da cho bo1 mot bai toan tuong duong,
A>0
min A <=> min A’
min A <=> - max A
(twong tuw bai todn cho max)

+ C6 khi phai tim cye trj trong tirng khoang ciia bién roi so sanh dé tim cuyc

tri trén TXD D cta biéu thirc.

b/ Cdc kién thirc can nho:
+ x220,x">0 (neN); x>0

Dau bing xay ra <=>x=0.
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+ |Al= A

DAu bing xay ra <=> A > 0.

+IAl>- A

Déu bang xay ra <=> A < 0.

¢/ Bai tdp:

Bai 1:

a/ Cho tam thirc bac ha1 P = ax” + bx + ¢ (a>0)
Tim gid tri nho nhit cua P

b/ Tim gid tri nho nhét cua biéu thirc A = x* — 4x + 7

¢/ Tim gi4 tri nho nhat cia T =|x—1]+|x—2|+|x -3

d/ Tim gié trj 16n nhit cia y= 2211
X +2
Giai:
. , b
a/ Taco: P= a[,\:' +—x]+ c
a
3 b b b [ b ]3 dac - b
=g xr+2x—+—|-—+c=a x+—| +
2a 4da” da 2a 4a

2

Via >0 nén a[x+;_?] >0 => P 2405-—3;-

2a 4a

Déu bing xay ra khi x+—- =0 hay x=--—2.
2a 2a
dac—b- khi x= _3_9

4a 2a

Vidy min P =
b/ Huéng dan:

A=(x —4x+4)+3=(x-2)"+3>3.
Déu biang xayra<=>x—-2=0 <=>x=2,
Vay gia tri nho nhatcia A 1a 3 <=> x =2
¢/ Ta c6: |x=1|+|x=3 =[x =1+ - 2|(x~1)+ (3~ x)| =2
DAu bing xay ra khi (x-1Y3-x)>0 hay 1< x<3

con |x-2|> 0, dau bang xay ra khi x = 2.
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Vay T=|x-1+[x-2+|x-3=2+0=2
Diu bang xay ra khi x = 2.
Do d6 min T =2 khi x = 2.

g LR N P | _ (.\:—1)3{

<1

d/ Tacé y= 1-

xt+2 X +2

Déu bang xay ra khi x = 1

Do do maxy =1 khix=1

Bai 2: a/ CMR:

i/ Néu hai s6 duong c6 tong khong doi thi tich cua ching 16n nhéat khi va chi
khi hai s6 d6 bang nhau.

ii/ Néu hai s6 duong co tich khong doi thi tong nho nhét khi va chi khi hai sé
d6 bang nhau.

Ap dung:

i/ Tim gid tri 16n nhét cia A = x(16 — ) voi (0 < x* < 16)
ii/ Tim gia tr1 nho nhét ctia B = % (x>0)

Giai: ’

a/

i/ Gia sirx, y> 0 céx +y=k ( khong déi)
Ap dung bét ding thirc Cauchy cho hai s6 x, y ta co:

X+y zz@ => Xy 5}:

Déu biing xay ra khi va chi khix =y = £
. ! k
Do do max (xy) = 3 khix=y = -

ii/ Gia str x, y > 0 va xy = k (khong doi).
Tacé: 2/xy<x+y =>x+y 22k
=>min (x+y) = 2k khix =y.

b/ Ap dung:

i/ Ta c6 x* + (16 — x°) = 16 (khong doi)
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nén tich x’( 16 — x°) 1én nhat khi va chi khi x* = 16 — x°
hay x° = 8 hay x = 2.
Vaymax A=2" (16 —2%) = 16 khi x = 2.

i1/ Ta co:
B = X7 +2-2004x + 2004 = i 20047 +2.2004
X X
X VA ”24 Ia cc sb dwong c6 tich x- 2”3‘42 = 2004° khéng déi nén téng
- " dat gié tri nho nhit khi x = 2”2‘43 hay x = 2004

Vay min B = 3. 2004 khi x = 2004.

Bai 3: Tim gia tri [6n nhat va nho nhat cua x thoa man hé sau:

x+a+b+c=7 o . z
J\ vo1 a, b, ¢ la tham so.

X*+at+b+cr =13
Giai: Ap dung BDT Bunhiacépxki ta co:
(a+b+cy<(*+ 1P+ 1)@ +b +c)hay (a+b+c)’<3(@ +b° +¢)
(C6 thé chimg minh céng thirc nay bang bién déi tirong dwong)
Tu giathiéttacé:a+b+c =7—-xvaa +b +c =13 -x
Do d6 (7 -x)* <3(13-x) =>4x" - 14x+ 19 <0=>1<x g%
Vay xdat gia tri nho nhatla L khia=b=c=2

x dat gia tri 16n nhét lﬁ% khia=b=c=%

Bai 4: Tim gid tri nho nhit cua biéu thirc:
al A=x"-4x+3

Hudng dan:

A=x-4x+3 = J2-dx+4)-1 = J(z-2-120.

Déiu bing xdyra<=> (x —2)’ =l <=>x-2==+1.

b/ \/02—20+5 + \)‘ﬂ'2 ~12a+136

Hudng dan:
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Trong ciing hé truc vudng goc xét cac diém A(a;0); B(1:2); C(6:~10). Dé thay

B va C nam khéac phia d6i vi truc hoanh va A thude truc hoanh x’x.

Do do AB+ AC = BC

<=> \J(@—1 +(0-2)% +J(a—6)> + (0+10)* = /(1-6)*+(2+10)* = 13

<=> \fﬂz—la+5 + \fﬂz—lEa+l36 > 13.

Dau bang xay ra <=> A la giao diém cua BC va truc x’x.

Vay gia tri nhd nhatcia va?—2a+5 + Ja>—12a+136 la 13,

2.3.6. Ap dung BPT dé giii PT va hé PT.

a/ Kién thire can nho:

* Luu ¥ dén dAu dang thirc xay ra ctia cac bt dang thic: A=B, A <B
. [A<B .
* Néu { Thi A=B
AzB

b/ Bai tap:
Bai 1: Giai PT:
al Vx +.fy-1+Jz-2 = %(x+ y + z)
Giai:
* Cdch I
) Diéu kign: x=0, y 21,2,22
Ap dung BDT cauchy cho 2 s6 khong am,ta co:

x+1
Jx= v'x-liirz
e o e DL )k )
Vr-1=J-D1< 2
— _ o (@=2+1_ z-1
Vz-2 = J(z-2)-1< =
Suy ra:
VT=x +,/y-1 +Jz-2 g%(x+y+z}
x=1 x=1
Déu bang xayra<=> ly-1=1 hay |y=
z—-2=1 F=

Viy PT c6 nghiém 1a: ( 1, 2, 3).
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xlach2:

PT da cho tuong duong voi:

x=2dx +D+(y=-1-2Jy-1+D+(z2-2-2Jz-2 +1)=0
<=>(Vx =D+ (y-1 -1 +(Vz-2 - 1)*=0

Jx-1=0 e
<=>J{fy-1-1=0 <=><{y=2
Nz-2-1=0 z=3

Vay PT co6 nghiém la: (1, 2, 3).
b/ Gidi PT: Vx-2 + J10-x =x> —-12x + 40.

Hudng dan: Piéukién 2 < x <10

Ap dung BDT Cauchy cho 2 s6 khong am, ta c6:

_J(x-2)-4 4 \JA0-x)-4 X=2+4  10-x+4
2 4 4

Jr=2 + J10—x 4.

A ce_ss 2 x—-2=4
Dau “=" xayra <=> <=>x=6
10—-x=4

Max*—12x+40 = (x"-12x +36 )+ 4=(x—6) +4 > 4.
Déu“="xayra <=>x - 6=0<=>x=6.

Bai2: Giai b pT:{F DV O DV =2y
wfy = yx=T=xy )

Giai: Pieu kién: x,y >1

@as vl S g vl g,
y :

X

Ap dung BDT Cauchy, ta co:

y=1+1 y y-—1 1
=1 = Jy =D)L = = = % =
J} J} 2 2 y 2
Tuong tu: il 5%
X

Suy ra =l skl oy
¥

X

A s x-1=1 x=2
Dau “=" xay ra <=> ¥ <=> "
y—1=1 _y=2
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x = 2, y =2 ciing thoa man (1).

Vay hé c6 nghiém duy nhét x =y = 2.

2x° .
x*+1 .
shs S 3y*
b/ Giai h¢ PT: < ———=¢
y +y +1
47
_ =X
P+ + 7+

Gial: Ro rang X = y = z =0 la nghiém cua h¢.

Vai xyz =0, tacod

— l:x_ < £= X
x +1 2x
3 3
Z= 4 3)3 £3}3=y
y+y +1 3y
4_4 4_4
X = hd < i

P+ +7A 41 47
SUYIA: Yy SX S ZSYy=DX=y=Z
Tir PT thtr nhét cia hé suy ra:

2x*

x +1

Vay hé PT ¢6 2 nghiém: (0, 0,0) va (1, 1, 1).

=x<=>2x=1=x2(v‘1x +N<=x=1.

KET LUAN

Viéc xay dung va st dung hé théng cac dang bai tap trong qua trinh day hoc
n6i chung va trong boi dudng HSG néi riéng da gép phan rén luyén nang luc giai
todn vé DT va BDT cho HS. Cac em dén tao thanh théi quen thay thé cac dir kién
cuia bai todn bang cac dir kién twong duong, thoi quen dic biét hoa hay khai quat
hod bai todn mot cach tu nhién, théi quen tim nhiéu giai phap cho mot tinh huéng
dé vuon t6i sy hoan thién, thoi quen nhin nhin mot van @& dudi nhiéu goc do khac
nhau. Va nhu vay, viéc giai quyét duge mdi mot bai tap dat ra hay phat hién ra mot
bai todn méi 1a mot quéa trinh tim t0i séng tao, huy dong linh hoat céc kién thirc —

k¥ nang — thu thudt va cdc pham chét cua tri tué. Do d6 HS thuc sy cam thiy minh
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1a chu thé cua nhan thire, cac em dugce hoc tap bf’mg hoat dong cua chinh minh duéi

s hudng din khuyén khich ctia nguoi thay.
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