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Oai dong mo dau

Cuén sdach nay nham hai muc dich:

1. Gitp cdc em hoc sinh ldp 8 va ldp 9 téng on tap theo
trong diém nhitng noi dung todn hoc thiét yéu dé nam duoc
vitng chdce kién thite todn hoe cdc ldp cubi cdp va rén luyén
ki nang gidai thanh thao nhitng bai todn dién hinh vé dai s6
va hinh hoc.

2. Giup cdc em hoc sinh lop 9 téng én tap mét cdch cé
hé théng va toan dién dé chudn bi thi tét nghiép PTCS dat
hiéu qua va chat luong, dong thot thi vao ldp 10 (0 nhitng
tinh co té chiie ky thi nay) co két qua cao.

Noi dung sdch bao gom:

a. Nhing trong diém vé dai sé va hinh hoc ghi bang
ddu xoan § |

b. Gidi thiéu mot s6 dé thi tot nghiép PTCS ¢ mét sd
tinh va thanh phé nam 1999 va nam 2000.

# Méi xodn § déu gom:

A. Kién thic ecan nam viing

B. Bai toan 6n luyén

- Cdc bai todn dién hinh (5 bai)

- Cdce bai toan kiém tra (3 bai)

C. Sa luge cach giai

* Cac dé thi déu ghi day du cau hoi ly thuyét va bai
todan bat buéc, nhung chi' gidi thiéu cdch gidi so Lizge bai
toan, con cau hoi ly thuyét cdc em hoc sinh xem SGK dé trd
o1

* Cdeh sw dung sach tot nhat nén lam nhw sau: dét voi



moi xoan § moi bai todn, trude hét hay tuw minh suy ngam
d& nkd lai cde kién thie can vin dung, tim cdch giai bai
toan, sau do mdi déi chiéu vdi cdc chi dan trong sdch.

Mong rang cudn sdch nay gop phan thiét thue giup cdc
em hoc sinh cubi cép PTCS tong 6n tap mén todn vdi chat
luong tét nhét va chic cdac em lop 9 thi tét nghiép PTCS
dat két qua cao nhdt.

Ha Noi, Xuan Canh Thin 2000
Cac tac gia
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§1. NHUNG HANG BDANG THUC
DANG NHO

A. KIEN THUC CAN NAM VUNG

Cho A, B la cac biéu thiic, ¢6 7 hing ddng thiic dang nhé:

1. Binh phuong ctia mét tong hai biéu thitc bang
binh phuong biéu thic thi nhat, céng hai l4n tich cua biéu
thic thi nhét véi biéu thic thd hai, cdng véi binh phuodng
cta biéu thitc thi hai:

(A+B)*=A?+ 2AB + B? (1)

2. Binh phuong clia mot hiéu hai biéu thite bing
binh phucng biéu thic thd nhat, trit hai l4n tich biéu thic
thi nhat véi biéu thic thd hai, cong véi binh phuong biéu
thite thu hai:

(A-B)*=A*-2AB + B* (2)

3. Lap phuong ciia mét tong hai biéu thite bing lap
phudng cua biéu thic thi nhat, céng ba lan tich ctia binh
phuong biéu thie thi nhat véi biéu thite thit hai, cong ba 1an
tich ctia biéu thdc thi nhat véi binh phuong biéu thic thu
hai, céng lap phudng biéu thiic thi hai:

(A+ B)=A%+ 3A"B+ 3AB* + B? (3)

4. Lap phudng ciia mot hiéu hai biéu thite bing lap
phudng cta biéu thic thit nhit, tri ba lan tich ctia binh
phudng biéu thuc thi nhat véi biéu thic thi hai, cdng ba lan
tich ctia biéu thic thi nhit véi binh phudng biéu thic thua
hai, tri lap phuong biéu thic thi hai:

(A-B)'=A"-3A*B + 3AB* - B* (4)



5. Hiéu hai binh phuong ctia hai biéu thide bang tich

gifia tong va hiéu cua hai biéu thic dé;
A*-B*=(A+B)(A-B) (5)

6. Tong hai lap phuong ctia hai biéu thite bing tich
gitia tong cuia hai biéu thiic va binh phuong thiéu hiéu cua
chung:

A+ B =(A+B)(A*- AB+ B9 (6)

7. Hiéu hai lap phuong cta hai biéu thire bang tich
gitia hiéu cua hai biéu thic va binh phuong thiéu téng cua
chung: o

A*-B*=(A-B)(A*+AB+B%) (7)

Chi y: Khi giai bai toan cu thé cin xac dinh dung cac
biéu thic A, B va ap dung ding céng thic theo chiéu tu trai
qua phai hay tif phai qua trai tuy thudc yéu cau bai toan.

)
Vidu 1: Tinh: (2){3}! + -é—xyz)

O day: A = 2x% va B = %xﬁ . Ap dung céng thitc (1) theo

chiéu tif trai qua phai:

o

1 1 u 1 1 "_}"
2x%y + —xy*© 2x%v] +2.2x%y. —x +( xv“}
(axty s Syt = oty 22ty day o[ 2

e 4}{-'}"2 + i;'_ x.'i}r."! + }_ xﬂyll ‘
3 9

Vidu 2: Tinh (0,1x + y%) (0 01x? - 0,1xy* + y")

O day A = 0,1x vd B = y%. Ap dung céng thiic (6) theo
chiéu tit phai qua trai:

(0,1x + v*%) (0,01x* - 0,1xy* + y%)

= (0,1x + ) [(0,1x)* - (0,1x)y* + (v*)*]

= (0,1x)* + (v¥)* = 0,001x" + y°.

Can phan biét ro:

"Binh phudng cua mét hiéu" véi "Hiéu hai binh phuong":



(A -

(A -

B) # A* - B*
"Lap phuong cua mot hieu” vér "Hieu har lap phuong™:

B+ A" - B

B. BAI TOAN ON LUYEN

I. Cac bai toan dién hinh

Bai 1. Thuc hién phép tinh:
a)dlx+1)-3(x-3)-4(x+2)(x-2)

b) 3x (x - 1)%- 2x(x + 3)(x - 3) + 4x(x - 4);

c) (x +1)* - x(x - 2)*- 1;

d) (x - 3)” - x*(x - 9);

e) (x + 2)(x* + 2x + 4)(x - 2)}(x* - 2x +4).

Bai 2. Rut gon roi tinh gia tri cua biéu thuc:

a) A= (v -xX)x+y)+3(x-y)-2(x+y)vdi x=-0,75;
1
}T: N

2
b)B=3(x+4)(x-4)+(x-1)'-x+2)(x*-2x+4) v8ix =- 3.

Bai 3. Tim x biét:

a) 3(x +2)*+ (2x-1)°-T(x + 3)(x - 3) =-36;
b)(x-1)"-(x+3)x*-3x+9)+ 3 (x*- 4) =20.

Bai 4. Chiing minh riang cac biéu thic sau luén cé gia tri

duong véi moi gia tri cua bién:

a) A=x*-4x+ y*+ 2y + 12;
b)) B=x%-x+ 5.
Bai 5. Chiing minh hing dang thuc:

a) (a + b)” - 4ab = (a - b)*;
b)(a+b+c)=a*+b*+c¢"+ 2ab + 2ac + 2be;

9



c) (a- b’ =a’- b?- 3ab (a - b).
I1. Cac bai toan kiém tra

Bai 6. Gia tri cua biéu thic sau ¢6 phu thudc vao bién x

khong?

10

a)A=9x%-37-(8x+1) (9x*- 3x + 1);
b) B=(x+1)° - (x - 1)°.

Bai 7. Tim céc s6 x va y biét:
a) x* - y* = 98; x2+xy+y*=49 va x+y=8;
by x*+y*=133; x*-xy+y*=19 va x-y=3.

Bai 8. Tim gia tri cua biéu thiec:

a) A=x*-3x*+ 3x + 99 viix =11;
by B=x*+3x?+3x-1999 véix=99.

C. SO LUGC CACH GIAI

Bail.a)5(x+1)?-3(x-3)°-4(x+2)(x-2)
=5(x%+2x+1)-3(x*-6x+9)-4(x*-4)
=5x*+ 10x+5-3x*+ 18x - 27 - 4x*+ 16
=.2x% + 28x - 6.

b) 3x(x - 1) - 2x(x + 3)(x - 3) + 4x(x - 4)
= 3x(x*- 2x + 1) - 2x(x* - 9) + 4x(x - 4)
= 3x%- 6x%+ 3x - 2x* + 18x + 4x* - 16x
= x3 - 2x% + Bx.

¢) (x+1)-x(x-2)7%-1
=x'+3x*+3x+1-x(x*-4x+4)-1
=x?+3xZ+3x+1-x*+4x*-4x-1=Tx*-x.

d) (x - 3)* - x*(x - 9)
=x.9x* + 27x - 27 - (x* - 9x9)
=x".0x* + 27x -27 - x* + 9x* = 27x - 27.

e) (x + 2)(x*+ 2x + 4) (x - 2)(x* - 2x +4)



=[(x + 2)(x* - 2x +4)] [(x - 2)(x* + 2x + 4)]
— {X:'{ +2;i}(}{'5 _25}): (x:—:)z i (23)2 — KG i 64

Bai2.a) A= (y-x)(x+y) +3(x-y)*-2(x+y)
=- (x-y)(x+y) +3x-y)*-2x+y)

=. (x*- y?) + 3(x? -2xy + y?) - 2(x* + 2xy +y?)

=.x2+ y¥+ 3x? - 6xy + 3y* - 2x° - 4xy - 2y*

= 2y* - 10xy.
T S o i | _EJ(_l)
Bia . = 2 4\ 2
=2xl_5x§=3*£’_=_l§=_3}m_
4 4 4 4 4 1

b) B =3(x+4)(x-4)+(x-1)°- (x+2)x*- 2x +4)
=3(x*-16)+ (x*-3x*+ 3x-1) - (x* + 8)
=3x?-48+x3-3x2+3x-1-x*-8=3x - 57.

Tinh gi tri cia B = 3x - 57 = 3(-3) - 57 = -9 - 57 = -66.

Bai3.a)3(x+ 2%+ (2x-1)%-7(x+ 3)(x-3)=36

3(x?+4x+4)+ (dx%-4x +1) - T(x*-9) =36
3x?+ 12x+ 12+ 4x%>-4x+ 1 - 7x*+ 63 = 36
hay 8x+76=36
8x =-112. Vay x = -14.
b) (x - 1)% - (x + 3)(x* - 3x + 9) + 3(x* - 4) = 20
x' . 8x*+3x-1-(x*+27)+3x*-12=20
x'-3x*+3x-1-x2-27+3x%2-12=20
hay 3x-40=20
3x = 60 = x = 20.

Bai 4.

aA)A=x*-4x+ vy + 2y + 12
=x’-dx+4+yi+ 2y +1+7
=(x*-4x+ )+ (P + 2y + 1)+ T
=(x-2Y++1)y+7



Vi(x-2)*20va(v+1)*20nén
A=(x-2+(y+ 1)+ 7>0v61 moi gia tri cua x va y,

2
b) B=x%-x+ 5 = x* 2.x.l+(-1—J +}E

2 \2 4
g 2
= x2~2x.l+ L) +41= x-l +l?—.
2 \2 4 2 4
2 I3 2
Vi :{—1) >0nén B= x—l, +1—%>Uvéi moi gia tri
2 \ 2 4

cua x.
Bai 5. a) Bién déi vé trai:
(a+ b) - 4ab = a®+2ab + b?- 4ab
=a’.2ab + b*=(a-b)~
V& trai bang vé phai, hing dang thic da cho dung.
b) Bién d6i vé trai:
(a+b+c)y=[(a+b)+c)*=(a+Db)+2a+bke+c
= a’ + 2ab + b* + 2ac + 2bc + ¢?
=a%+ b%+c¢?+ 2ab + 2ac + 2bc.
V& trai bang vé phai, hang ding thic da cho ding.
c) Bién d61 vé trai:
(a-b)’=a’- 3a’b + 3ab*- b’
=g’ -b’- (3a’b - 3ab*) =a’- b’ - 3ab(a- b).
V& trai bang vé phai, hing dang thic da cho ding.
Chu y: Dé chiung minh cac hing ding thic trén, cé thé
bién d6i vé phai dé c6 vé trai. Chang han, véi cau b):
Bién doi vé phai:
a’+ b* + c* + 2ab + 2ac + 2bc
= (a®+ 2ab + b*) + (2ac + 2bc) + ¢*
=(a+b)!+2a+b)ic+c*=(a+b+c)
Ban hay tu chiing minh déi véi cau a, cau c.



Bai 6
a) A= 9x-37-(3x+ 1)(9x*-3x + 1)
=9x*-37-[(Bx)? +1] =9x*- 37 -27x"- 1 =- 18x" -38.
Biéu thtic A da cho phu thubde vao bién x.
b)B=(x+1- (x - 1)*
=%+ 33K +1 - -8 # 3x-1)
=x"+3x*+3x+1-x*+3x*-3x+1=6x*+2.
Biéu thiic B da cho phu thude vao bién x.

Bai7.a) Taco: X' - yP=(x-y) (x* + xy +y?) = (x - ).49 = 98,
suyrax-y=98:49=2.
Biétx-y=2vax+y=8 suyrax=5vay=3.
b)Tacox’ +y'=(x +y)x*-xy +y) =(x+y) 19 = 133,
suyrax+y=133: 19=17.
Bidtx+y=7vax-y=3suyrax=56vay=2
Bai8.a)A=x"-3x*+3x+99
=x?.3x*+3x-1+1+99=(x-1)"+ 100.
Tinh gi4 tri ctia A = (x - 1)* + 100 = (11 - 1) + 100
= 10 + 100 = 1100.
b) B=x"+ 3x* + 3x - 1999
=x"+3x*+3x+1-1-1999
= (x + 1)" - 2000.
Tinh gia tri cua B=(x + 1) - 2000
= (99 + 1)" - 2000 = 100* - 2000
= 998 000.

13



§2. PHAN TICH PA THUC
THANH NHAN TU

A. KIEN THUC CAN NAM VOUNG

* Phan tich da thic thanh nhan ti (thiua s6) 1a bién doi
da thitc thanh tich ctia nhiéu don thic va da thic khac.

Vidu: x™*?-x"=x"x*-1) =x"(x - Dx*+x+1).

* C6 3 phuodng phap phén tich da thic thanh nhin tu

a) Dat nhéan td chung
b) Dang hang ding thitc dang nhé
¢) Nhém nhiéu hang ti

Trong thuc hanh giai toan, ngudi ta thudng phdi hop ba
phuong phap ké trén dé c6 thé phan tich da thic thanh nhan
tu.

Vidu: 3x - 3y + x* - 2xy + y*

= (3x - 3y) + (x* - 2xy + y*) (nhém cac hang tu)

= 3(x - y) + (x - y)* (dat nhan ti chung, dung hing ding thic)

=(x-y) (3 +x-y) (diat nhan td chung)

Ngoai ra, dé phéan tich da thitc thanh nhan td cé thé
dang vai phuong phap khac nhu: tach mét hang ti thanh
nhiéu hang tu hodc thém bét ciing mét hang tu.

Vidu:a)x*-5x+4

=xl-.x-4x+4=(x*-X)-(4x - 4)

=x(x-1)-4x-1)=(x-1) (x - 4).
by 324x" + 1

= (18x%)% + 36x* + 1 - 36x”

= (18x%)* + 2.18x%1 + 1 - (6x)*

14



= (18x" + 1) - (6x) = (18x” + 6x + 1)(18x" - 6x + 1).
B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Phan tich cac da thiic sau thanh nhan tu:

EI;) (X - y3)3 - }{-’j + yil b) E}Xﬁm +H s 10){,—3

{3) X(X - 2) 3 (2 - X)E d) Iy (}{ . 1).?'. § (1 . X)H.
Bai 2. Tim x biét:

2)dR(e- 1)~} <5) =0 b) 3x(x +2) = 9(x + 2)

o) X*(x+ 1+ 2x(x+1)=0 d) x* =x°

Bai 3. Phan tich cac da thiic sau thanh nhan ta:
g ; B . . 4
a) 4x° - 12xy + 9y* b) —xfy e
) y + 93 ) EX Y e
¢) 8x” + 60x*y + 150xy” + 125y° d) 8x* - 0,001.
Bai 4. Chiing minh rang véi moi s6 nguyén n € Z ta cé:
a) (4n + 3)* - 25 chia hét cho 8
b) (2n + 3)* - 9 chia hét cho 4.
Bai 5. Phan tich cac da thic sau thanh nhan tu:

a)l-2x+2xz+x?-y"-z°

b) x? + 3zt(2 - 3zt) - 10xy - 1 + 256y°
c) x*-y?. 2yz - 2°

Ay IR D

I1. Cac bai toan kiém tra

Bai 6. Phan tich cac da thiie sau thanh nhan tu:
a)x?-2x - 3: by x' + 5x7 + 156x - 9;
¢) x*y! + 4; dyx" = ¢l

Bai 7. Hay tim du 4 cach dé phan tich da thudc sau day
thanh nhan tu: x? - 4x + 3.

15
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Bai 8. Giai cac phudng trinh sau:

a) x!+x=12; b) 8x* + 2x* = x.

C. SO LUQC CACH GIAI

Bail

a)(x-y)P-x*+y’=x-3x%y + 3xy’- y* - x’ + y’

= 8xy 3x*y = 3xy (v -X)

b) 5x‘*“‘” + 10x°% = 5x° (x*™ + 2)

c) x(x- 2) + (2 - x)* = x(x - 2) + (x - 2)°
=x-2)(x+x-2)=2x-1x-2)

d) 3x(x - 1)*- (1 - x)° = 3x(x - 1)* + (x - 1)’

=(x-1D¥3x +x-1)=(x- 1)*(4x -

Bai2.a)3x(x-1)-(1-x)=

Ix(x-1)+x-1)= x-1)@Bx+1)=0
]
& x=1 x=-——.
3
b) 3x(x+2)=9x+2)¢e 9x+2)-3x(x+2)=0
(x+2)9-3x)=0 & 3x+2)3-x)=0
& x=-2;x=3.
) x(x+1)+2x(x+1)=0 (x+ DE"+2x)=0
x(x+1)x+2)=0¢ x=0;x=-1;x=-2.
dx=%x & X*-¥=0 & ¥x*-1)=0
Xx-Nx+1D)=0e x=0;x=1;x=-1.

Bfli 3. a) 4}[2 - 12:{}-’ + 93{2 = (2:,:)2 . 22}[3,’, + (By).f

= (2x - 3y)%.
. q \
b) gxz}"-vtlx"-;?yd:—[tlx —%xy +%\
L L /
2} , 2 (2
=—(2,‘<‘) -2.2x" -y  +|—y
) \ )

[s

§5 5
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2

L2,
= —| 2x° ——2vy
[ 5 }’J

c) 8x’ + 60x°y + 150xy” + 125y°
= (2x)* + 3(2x)2.5+ 3.2x(5y)% + (5y)*= (2x + 5y)°.
d) 8x? - 0,001 = (2x)” - (0,1)*
=(2x - 0,1)(4x* + 0,2x + 0,01).

Bai 4. a) Ta cé: (4n + 3)* - 25 = (4n + 3)* - 5°
=(4n+3+5@n+3-5 =(4n+ 8)(4n - 2)
= 4(n +2).2(2n - 1) = 8(n + 2)(2n - 1).
VineZnén(n+2)(2n-1) € Zdodé 8n + 2)2n - 1): 8.
Vay (4n + 3)? - 25 chia hét cho 8 v6i moi n € Z.
b)) Tacé6(@2n+3)¥-9=4n2+12n+9-9
= 4n* + 12n = 4n(n + 3).
Vin e Z nén 4n(n + 3) € Z do d6 4n(n + 3): 4.
Vay (2n + 3)% - 9 chia hét cho 4 v4i moin € Z.
Bai b
a)l-2x+2yz+x?-y?*-z22=(x?-2x+ 1) - (y?- 2yz + 2%
=x-10-(y-2)=@x+y-z-D)(x-y+z-1).
b) x? + 3zt(2 - 3zt) - 10xy - 1 + 25y°
= (x% - 10xy + 25y%) + [3zt(2 - 3zt) - 1)
= (x - 5y)* + (6zt - 92°t% - 1)
= (x - 5y)* - [(8zt)* - 2.3zt.1 + 1] = (x - 5y)* - (3zt - 1)?
=(x-by+3zt-1)(x-5y-3zt+1).
c) x? - y*- 2yz - 2" = x*- (v +2yz + 2%)
=x’-(y+2) ) =x+y+2z)x-y-2).
d)x?-2x°-x+2=(x"-2%%) -&x-2)
=xM(x-2)-(x-2)=(x-2) (x*-1)
=x-2)x- 1Dx+1).

Bai6.a)x’-2x-3=x"-3x+x*3=(x*-3x) +(x- 3)
= x(x-3)+ (k- 3) = (x- 3)(x + 1)

D]
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I8

b) x'+ 5x*+ 15x - 9=(x'-9) + (5x" + 15%)
= (% -3}x*+3) 4+ Hxx? + 3)
= (x? + 3)(x* + 5x - 3).
) x'y' + 4 = (x 2y +4x4yv? + 4 - 4xy
= (x%y” +2)° - (2xy)? = (x%y” + 2xy +2)(x%y" - 2xy +2).
d) xl; h B (K-F) (yii)‘.ﬂ - (Kli 5 y:’r)(xii . y.'ﬁ)
= (x + VI - xy + v9) (x - V) + xy + v,
Bai 7
Cach I: x*-4x+3=x*-x-3x+3=x{x-1)-3(x-1)
=(x-1)(x-3)
Cdch 2: x*>-4x+3=x*-4x+4-1=(x*- 4x+4)
=(x«D*-1=m®-2+ Dx-2-1)
=(x - I)(x - 3)
Cdach 3: x*-4x+3=x>-4x-1+4=(x*-1)-4x-49
=(x-Dx+1)-4x-1)
- =(x-Dx+1-4)=(x-1x-3)
Cdch 4: x*-4x+3=x%-4x-9+12=(x*-9)- (4x - 12)
=(x-3)(x+3)-4(x - 3)
=x-3)x+3-4)=x-1)(x-3)
Bai8.a)x!+x=12& x*+x-12=0
S -+ x-3)=0=2x%-3)x+4)=0
> x=3;,x=-4.
b)8x*+2x*=x = 8x"+2x* -x=0x(8x*+2x-1)=0
< x[4x(2x +1) - 2x+ 1] =0 x(2x+ 1)4dx-1) =
1 1

e x=0; x=~-—=; X=—,
2 4



§3. PHAN THUC DAI SO: DINH NGHIA
- TINH CHAT

A- KIEN THUC CAN NAM VUNG
1. Dinh nghia: Mot phéin thic dai sé (hay néi gon la

phin thiic) 1a mét biéu thic c¢6 dang %, trong dé AB la

nhing da thac va B # 0.
. x"+1 x*-2xy+y”° .. . X )
Vi du: ; — ———— la cac phéan thie.
¥o==i] X~V
Tap xac dinh cua mdot phan thiue la tap cac gia tri cua
hién lam cho mau khac 0.

; . e B L s b e
Vidu: - Phan thic 7 % tap xac dinh
K i

TXD = ix|x € Q p 21 B %
-2xy +y*
X—y
TXD = {x, y|x e Q,veQ, x=#yl.

2. Tinh chdt co ban cua phan thic

Néu nhan hoiic chia ti va mau cua moét phan thice véi
cung mot da thice khace 0 thi dude mot phan thuc bang phan
thie da cho:

- Phan thic 8 c6 tap xac dinh:

2 A0, & 88 miean
B BC B B:C
ca I U Y | L0 .r”
Vidu: 2%, BXIVEOXTYT L
47, 4z.5%x" v? 20x"'y'z
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X -y _(x-y)Hxy+yt)i(x-y) _ xTHxy+y”

(x—yfex? +4) (x-y@x+4):(x-y)  2x° +4
VoL X #E Y.
3. Ap dung tinh chdt co bdn cta phan thic:
* Rut gon phan thic: Mudn rit gon mét phan thic ta phai:
- Phéan tich ti va mau thanh nhan ti chung
- Chia ca td va mau cho nhan ti chung dé.

x’-4x" -x+4
x’ —7x* +14x -8
x° —4x* -x+4 _ (x*-x)-(4x? -4)

Vi du: Rut gon phéan thic

Ta cé: . - =— .
x" ~-Tx“+14x-8 (x" -8)—-(7x° -14x)
~ x(x%=1)-4(x" -1) O (x=D(x+1)(x-4)
C(x=-2)(x*+2x+4)-Tx(x-2) (x-2)(x?+2x+4-7Tx)
(x-Dx+1)(x-4)  (x-1)(x+1)(x-4)

(x-2)(x" -x-4x+4) (x-2)[x(x-1)-4(x-1)]
_x-DE+AD(x-4)  x-DE+HDE-4): (x-1D)x-4) _ x+1
Cx-DE-2)x-4) x-DE-2)(x-4): (x-1DEx-4) x-2
vihix# l:xvd; x%2
* Quy déng mau:

a. Tim mau chung: Muén tim mau chung cua cac phan
thitc da cho, ta phai:

- Phan tich cac mau thanh nhén tu;

- Lay tich cia BCNN ctia cac hé sd véi cac lay thua co
mit trong cac mau, s6 ma cua méi lay thita 1a s6 mu cao
nhat cua né trong cac mau.

Vi du: Tim mau chung cua cic phan thic sau:

X+2y 5}»’.~-}J2 _ x' +y

4x+y)*  9x-y) 18(x'-y')

Ta c¢é thé lam nhu sau:

+ Phéan tich mau thanh nhan tu:
18(x’ - v") = 18(x% - v¥)(x* + v*) = 18(x-yHx + v) (x*+ v*)
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+ BCNN (4, 9, 18) = 36
Mau chung ::1'1 L cac phan thidce da cho la
MC = 36(x - {\+\j{'~: +: 375}
b. Quy dong mau: Muon quy dong miu cac phan thiic,
ta phai:
- Tim mau chung;
- NhAn tt va mau cua mdi phan thie véi nhan td phu cua
né (nhan t phu la thuong cua mau chung véi tiing mau)
Vi du: Quy dong mau cac phan thic sau:
Xx+2y = bx-y’ x> +y
4x+y)* 9x-y)y 18(x'-y')
O vi du trén, ta da tim dudc mau chung cua ba phan
thie da cho 1a: 36(x - v)*(x + v)*(x* + v
Tim nhan td phu cua méi phan the:
36(x - y)(x + y)(x* + y9) 1 4(x + y)* = 9(x - y)*(x* +y?)
36(x - y)(x + y)(x* +y*) 1 9 (x - y)F = 4(x + y) (x* +y°)
36(x - y)'(x + y)(x* + y°) : 18(x - y)(x + y)(x*+y*) = 2(x*-y?)
Cac phan thice da cho ¢6 mau chung
MC = 36(x - y)*(x + yv)*(x* + v?), la cac phan thic sau:
X+2y  (x+2y)Ax-y) (h_ +y°) 9(x+2y)(x—y)2{xz+y2)

Mx +vy)* CA(x + y) Hx — v +y*) MC
HX -~y _(Bx-y ) Ax+y) (X +y°) 4(ax-+v YX+Y) (X +y7)
Ax-y)*  Ax—y) dx+y)(x* +y%) MC

x'+y (T y)2x® -y')  2x+yxt -yt)
18(x' —y") 18(x' -y").2x* -y?) MC |

B. BAI TOAN ON LUYEN

I. Cac bai toan dién hinh

Bai 1. Tim tap xac dinh cua cac phan thuc sau:
X +5 3x + 2y

_ _ b l .
a)x e )(!*fi—l)‘i*'f(.'v**5)"3




6x - dy X(x+7)
) g} Ay 2 D
X“+2x-15

x* -2 +2

Bai 2. Véi gia tri nao cua bién thi mé phan thic sau ¢6
gia tri bang 0?

(x+3)(x~-1)
a)

X-2
, b) —; ;
2x -7 Xx° ~-3x-8
L Xy=-X-v+1 8xyz
0) }’2 2} : d) y
X°+y +3

x*+yt 428 +7
Bai 3. Chitng minh déng thiic:

-x-2 x3 +8 8-x’ X -2
a) = : ; B)—o ot |

x-1 (-x)(x"-2x+4) X(x“+2x+4) -—x
g R R | =(x+1)"’t

x* =y It el owT ]

Bai 4. Rat gon phén thic sau:

4x* +12x+9 x* —6x+9
a) 5 ; b) — ;
2x° -x-6 x° -8x+15
o x*+y*—4+2xy 5 2/x - 5|
x?-y*+4+4x’ x?-x-20
Bai 5. Quy dong mau cac phan thic:
x-1 Xx+1 Xy
a) , ’ =3
2%+ 2 3x -3
1 3 7
D) ey , - T—
x" +1 5x +5 x“=-x+1
3x 4x 11
c) — , - p :
x" =27 x°-6x+9 x°"+3x+9
dj = 2 -
4x" - X X—-2x° 2X° + X



[I. Cac bai toan kiém tra
Bai 6. Cho phin thuac:
A 6x° +2x-3xy-¥ |
6x -3y
a) Tim tap xac dinh cua phan thuc A;

b) Rut gon phan thic A ré1 tim gia tri cua né voi:

-0,5;y = 3.
Bai 7. Cho phan thc:

1+x* -x" —-x

B=

9495 u8x® ax® e
a) Rat gon phan thuce B;

b) Phat biéu nhin xét vé phan thiic B sau khi da rit gon.

Bai 8. Quy dong mau cac phan thie sau:

) 2x -y 13z _
9y‘z’ 156xz% 63x7y*
1 y X
b) c, s - =
Xy — 2y X+ 2y 4xy”® — X'
18x 5 X+ 7
ﬂ) ; 5 TR g
2x+ 4 1—-x° X" —-3x+2

- C. SO LUQC CACH GIAI

X+5H X+hH X+D

Bail.a) — = =
JXE—X"—E X:+x-2x-2 x(x+1)-2(x+1)

X+ D

:(x+1)(x—2)' TXD: {x|xe Q,x#-1; x # 2}

by TXD=x.v|xeQ,ve Q, x#1. v=-5}
6x - Dy 6x -2y 6x -5y

{\ —_— i el

x*+2%x-15 x*+5x-3x-15 x(x+5)-3(x+5H)




:( 6::{_)_(33;3);TXDZIX]KEQ;X#"'E‘;X:S}
X+ o)X —

d) X(x+7) x(x+7) o x(x+7)
x2-2x+2 x*-2x+1+1 (x-1)2+1
TXD = {x | x € Q}.

Bai 2. a) Phan thuc cé gia tn bflng 0 khi tu bﬁng 0 va
mau khac 0.
x=-3 hodcx=1

(]{+3)(K—"1)={} - & x=-3 hDE:iC % =1.
2x-T#0 K?*‘é'

Cdch khdc: Ta thiy ti bang 0 khi x = - 3hodc x = 1. Véi
x =- 3 thi mau bing 2(-3) - 7=-6-7=-13=0. Véi x = 1 thi
miu bdng 2.1- 7=2- 7=-5 £ 0.

Vay véi x = -3 hoac x = 1 thi phén thic cé gia tri bang 0.

b) T bang 0 khi x = 2.

Véix =2 thi mau bang 22-3.2-8=4-6-8=-10+0.

Vay véi x = 2 thi phan thic cé gia tri bang 0.

) TXD={x,y|lxeQ yeQ}

Taxy-x-y+1=x(y-1)--1)=(F-1DEx-1)

(y-1)(x-1)bing O khix =1 hodcy=1.

Vay phén thiic c6 gia tri bang 0 khi x = 1, y bat ki hoac
x bat ki, y = 1.

ADTXD={xv,2|xeQ,veQ zeQ}

T\ 8xyz bang 0 khi c6é it nhat mét trong cac bién x, y, z
bang 0.

Vay phan thic cé gia tri bang 0 khi x = 0; y, z bat ki
hodc vy = 0; x, z bat ki hodc z = 0; x, y bat ki.

Bai 3. a) Bién d8i vé phai, dung hiang ding thiuc dang
nhd ta cé:

- x* +8 C(x+2)(x* -2x+4)
(1-x)(x*-2x+4) (Q-x)(x’-2x+4)
Biét x*-2x+4=(x*-2x + 1)+ 3 =(x- 1)*+ 3, luén khac




0 v61 mo1 x, nén theo tinh chat e ban cua phan thue co:
B=Xt2
L o
Bién d61 vé trai, theo quy tac dé1 dau phan thue, cé:
=xed  ARFd)  xHd
 xel  ow{led) Jept
V& phai bing vé trai, dang thic dude chitng minh.
b) Bién déi vé trai:
5 w 8-x" :(2—x}(4+2x+x2)
x(x? +2x +4) Wx® Ly
Biét x2+ 2x +4=(x*+2x+ 1)+ 3=(x + 1)> + 3 luén "
khac 0 v61 moi x, nén theo tinh chit cd ban cua phan thic cé:
2-X

A= :
X

s, ) - .. ¥
P61 dau phan thie A = X (2+X)=x 2

X ~-x -X
V& trai bing vé phai, dang thic dude chiing minh.
c¢) Bién d6i vé trai:

' +x% +x+1 x'(x+1)+(x+1)
£ B R R N 2
X' -X"+2x"-x-1 (x" -x"+x7)+(x"-x+1)
(x+1)(x" +1) C(x+D)(x+1)(x* -x+1)
x(x* —x+1)+(x* - x+1) (x? -x+1)(x* +1)

_ (x +1)*(x* =x+1)
(2 —% 4+ D)%% 41y

2
Biét x2- x +1 = x3~2,x.%+l+§=[x—l) +% ludn

4 4 2
khac 0 v8i moi x, nén theo tinh chat cd ban cua phan thic
) (x+1)*
cd A =-— .
(x" +1)

V& trai bang vé phai, dang thic dude chitng minh.
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) +1X%+9 (2% +22x3+3°  (2x+3)’
O’ —Xx—6 2 —4x+3x-6 2dx-2)+3Ax—2)
_ (2x+3)° 2x+3

S (x-2)2x+3) x-2 (

Bai 4. a)

. 3
vmx:th;;x;tﬂ X

'

b) x%-6x+9 B x% =28 43 _ (x - 3)°
x?-8x+15 x*-8x-56x+15 x(x-3)-5(x-3)
2 —
o) - B(vﬁix;¢3;x¢5).

C (x-3)(x-5) x-5
x*+y?-4+2xy  (x*+2xy+y’) (x+y)*'-2°
x?-y?+4+4x (x2+4x+4) -y (x+2)°-y*
) _

_ (XY A YD) B2 s+ Dy x g D)

(x+2+y)(x+2-y) x-y+2

. 2x -5 T i

d) Vé1 phéan thiuc — , trude hét can lam mat dau
x*-x-20

gia tri tuyét dé1 0 ti, muén vay phai su dung dinh nghia cua
gia tri tuyét doi:

A néuA=20
-

c)

-AnéuAc<0
Tacox?-x-20=x%-5x+4x-20=x(x-5) + 4(x - 5)
=(x - 5)(x + 4).

Phan thuc ¢é tap xac dinh la:
TXD={x|xeQ,x#-4,x#5}
Xét cac gia tri cua x thudc tap xac dinh cua phan thiic,

ta co:
*Néux>5tuclax-5>0thi|x-5/=x-5. Do dé:

21}{*5‘ N 2(x —-b) B
Cx?-x-20 (x-5)(x+4) x+4
*Néux<bHticlax-5<0thilx-5 =-(x-5). De dé:

k-5  -2x-5) _ -2
x?-%x-20 (x-5){x+4) x+4

vl X # —4 ,

vol X # —4




Bai 5. a) Phan tich cAc mau thanh nhan tu:
S X -1 x+1 Xx+1 Xy - Xy

2x+2 2x+1) 3x-3 3:x-1 1-x (x-D(x+1)
Mau chung: 6(x - 1)(x+1)

Nhan tu phu:  3(x- 1), 2(x+ 1), 6

x-1  3(x-1)° x+1  2x+1)°
2x+2 B(x-1)(x+1)" 3x-3 6(x-1)(x+1)’

Xy — 6xVy
1-x* 6(x-D(x+1)’

b) Phan tich ciAc mau thanh nhéan tu:

1 1 3 3 7
41 (x+1)(x%>-x+1)  5x+5 C5(x+1) x%-x+1
Mau chung: 5(x + 1)(x?-x + 1)

Nhan ta phu: 5 x*-x+1;5(x+ 1)
Ta cb:

1 5 3 3x% -x+1)

x3 41 5x+1)(x:-x+1) 5%X+5 BHx+1)(x%-x+1)
7 3Bx+1)

x2—x+1 Bx+Dx?-x+1)

¢) Phan tich cAc mau thanh nhan tu:

3x 3 4x  4x 11
27 (x-9)%+3x+9) x®-6x+9 (x-3)2 x2+3x+9
MAau chung: (x-3)? (x*+ 3x + 9)

Nhan tu phu: x-3,x*+3x+ 9, (x - 3)*

Ta co:

Ta cé:
3x 3x(x-3) x 4x(x* +3x +9)
X' —27 (x-32(x+3x+9) x* -6x+9 (x-3)*(x* +3x+9)
11 11(x - 3)°

x!+3x+9 _{:~: _"3).4(}{3 +3x+9)
d) Phan tich cac mau thanh nhan tu:



30 30 5 -5

ax® —x  x(2x+1)(2x-1)" x-2x?  x(2x-1)
23 23
ox?+x x(2x+1)
Mau chung: x(2x + 1)(2x + 1)
Nhan td phu:  1;2x+1; 2x - 1.
Ta co:
30 30 5  -5(2x+1)
4x? —x  x(2x+1)(2x-1)" x—2x2 x(2x+1)(2x-1)’
23  23(2x-1)

ox? +x x(2x+1)(2x-1)’

Bai 6. a) 6x - 3y = 3(2x - y) khac 0 khi 2x # y hay

"
97"

TXD={x,y}er,yEQ;X¢%Y}
6x“+2x -3xy -y _ (6x* +2x) - (3xy +y)

6x -3y - 6x -3y
_2x(3x+1)-y(Bx+1) (Bx+1)(2x-y) 3x+1
- 3(2x - y) - 3(2x-y) 3
3x+1 3.(-05)+1 -05 1

Tinh giatrn1 A = -
3 3 3 6

1+x' -x"-x  (x'-x")-(x-1)
O+ +3C +3° +x 242+ +x° +%° 4%
x Xx-1D-(x-1) _ (x -1)(x* -1)
T2+ 2x +2x2)(xE +xT +x') 20+ x+x)+x A +x+x7)

b) A=

Bai 7. a) B=

Cx-1DP(xP4x+1) (x-1)°
A+x+x)(x*+2) x*+2




. | ) 3 Z A
Biet 1 + x + x = x* + 2.x-1+l+—=(x+—l-] +E luon

2 4 4 2 4
dudng va x° + 2 cung luon dudng nén TXD = {x | x € Q.
(x ~1)*

b) Ta biét (x - 1)) 20vax*+2>0nén B= >0,

e

do dé c6 thé phat biéu nhan xét sau: Phan thiic B luén
c6 gié tri khong Am dé1 véi x.
Bai 8. a) Mau chung: 315}(2 Ig?
Nhan td phu: 35x%y’z; 9xy?*; 5z°
Ta coé:
2x T0x°y’z -y =9y’ 13z 65z

— —_

9y’z  315x°y’z? 15x2’ 315}:2 3227 63x%y 315x%y3z?

b) Phan tich cac mau thanh nhéan tu:

X 1 .8 X =X -X
Xy-2y'  Vx-2y) x+2y’ dzy’ -7 X -4y") x(x+2y)&-2y)
Mau chung: xy (x + 2y)(x - 2y);

Nhan tu phu: x(x + 2y); xy(x - 2y); ¥
Ta c6:
1 x(x+2y) y _ xy“(x-2y)

-

xy -2y xy(x+2y)(x-2y) x+2y  xy(x+2y)(x—2y)

X . - Xy
axy’ —x*  x"dxy?  xy(x+2y)(x-2y)’
¢) Phan tich c¢ac mau thanh nhan tu:
18x 18 = 9% & _ -D -5

9x+4 2x+2) x+2 1-x? x:-1 (x-Dx+1)

X+7 _ *_Kf_i-?_ x+7 X+ 7
X' —3%+2 % -x%-2x+2 x(x-1)-2x-1) x-1x-2)
Mau chung: (x- Dilx+ 1)x-2)(x+2)
Nhan tu phu: (x-1)(x +1)Xx - 2); (x - 2)(x + 2)



tx + x4+ 2)
Ta co:
18x  9x  Ox(x-1D(x+1)(x-2)
9x+4 x+2 (x-DE+DE-2)(x+2)

5 -5 -5(x -2)(x +2)
1-x? x2-1 (x-1)(x+1)(x-2)(x+2)
X+7 X+ 7 o x+ D+ 1D)(x+2)

%2 -8%x+2 (x-DE-2) x-DE+1D)E-2)(x+2)

§4. CAC PHEP TiNH VE PHAN THUC

A. KIEN THUC CAN NAM VUNG

1. Phép cong

a. Cong nhiéu phén thic citng mdu: Mudn cdng nhiéu
phan thic cing mau, ta:

- Cong cac td v6i nhau

- Gift nguyén mau

- Rut gon phén thic vita tim duge.

Vi du:

3 3 2 _

% e X EL QD& XD o8 s maineD)
x+1 x+1 x+1 x+1

b. Céng nhiéu phan thic khong cung mau: Muén cong
nhiéu phan thiic khéng cing mau, ta:

- Quv ddng mau

- Cong cac phan thiic ¢6 cing mau vira tim dugc.
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=g Sy 2 z 2 2ygo 2 2
4 X - s x =N Y —-n
Virdps 2t (X" -m Ny -m )+( y® )

mn- m*(m* —nz) n'""(n2 umz)
X'y’ N (x* -m*)(y* -m” + -(x* -n*)}(y" -n")
m-n- mfm*=n%) n*(m*-n }

x'y*(m* -n*)+n’(x* -m’)(y* -m*)-m*(x* -n*)(y* -n*)

m°n*(m” —n?)

I B8 T Foo BB 2
o) W R e e R

m*n*(m* - n?)

g ¥, 5 a R Y9
min? -x*y'm?+x*m*n®* +y*m*n®* -m®*n°’

+ e 3 i
m“n?(m* -112)
B m’n® -m?n’ mznz(m -n’ )
m'n?(m?-n%) m’ni(m?-n?)

(viim=#z0O:n=0; m=n).
2. Phép tru
Phép tri hai phan thde 1a phép cong phan thic b tru
véi phan thie d6i cua phén thic tri:
A C A C
B D B ( D)

U diis X+ 2 _x+1 X+2 N —(x+1)
T x%+3x x°-9 x(x+3) (x+3)x-3)

C(x+2)(x-3)-x(x+1) x’-3x+2x-6-x"-x
T x(x+3)(x-3) x(x+3)(x-3)
_ -2%x-6  -Ax+3) -2
U x(x+3)(x-3) x(x+3)(x-3) x(x-3)
3. Phép nhan
Muén nhan hai phan thie, ta nhan cac td véi nhau, cac
mAau v6i nhau. Két qua la mét phan thice véi tit bang tich
cac tu; mau bang tich cac nﬁu cua hai phan thie da cho:
A C AC

Bli B.D

(vO1 x #-3, x 20, x #3)
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Vi du: X’y _36_ 2m*® +m _ (x*v* -36)(2m*® + m)
" Am® -m Yy —6 {4m:l_m)(}[}r’—ﬁ)

_(xy-6)(xy+6).Cm+1)m xy+6

- m(2m+1)2m-1)(xy-6) 2m-1

(v6im = 0; m#i—;—;xyi 6).

4. Phép chia

Thuong cua phan thic % va phéan thic %# 0 la tich

cua % véi phan thde nghich dao ctaa 9

A C AD (c o]

— —— N E—

-
D

2 2 3 3

. X+ X° + X-y X' -
Vady,:[ 24 - }IE}:( . : y.i}
X-y X -y X+y X +y

_ x4y axt 4yt (x-y) -xy+y?) -’ -y")
(x-y)x+y) (x+y)x -xy+y?)

X +2xXy+y +x+Y (x+y)(& —xy+¥?)

T x=&E+Y) @-9)E -xy+Y) - (x -9+ xy+Y)

C2xP+y 4+ xy) (x+y)(x®-xy+y?)

S (x-yx+y) | -2xy(x-y)

Py )yt -xy)  (xP 4 yt)E - xty?

- - xXy(x +y)(x~y)* C —xy(x-y)?
“x4 +2x%y? 4y —xty? __x.l rxly? 4y

B xy(x - y)* T xy(x-y)?

(vOLx = Dy #0: xety)
B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh
Bai 1. Thuc hién phép cong:



¥ 1 9 ] 2 3

a) —+—— +——  b)— + + *
)):’1-4 X+2 2-X }x2—3x+2 X -5x+6 4x-x" -3
c) a—x+—r-- d) L + ] + - .

a+x x-v)y-2) (y-2)z-x) (Z-x)x-y)

Bai 2. Thuc hién phép tru:

a)

11 3x b)- x*-1  x+3
6x -4y 6x+4y 4y? -9x° 2x% —4x+2 2x+2

2
C)4—2x+x Ty
2+X

Bai 3. Ching minh ddng thuc:
2) 2x+1 1-2x 2 2 [x#i-—%)

4X*2+4x+2"1_4x2:2x_1
43{2—(3{-3)2 xz-g (2]{_3)2_}{2 3
_ i 2 ”
) (2x+3)2—x2+4x2—(x+3)3 (vOix 1], x#13)

Bai 4. Thuc hién phép tinh sau:

b)

a) 3x+3x  ax-ay+bx-by b) X =X’y B X’ +y>
x? -2xy+y?  6x+6y -y Py—x2y® +x
2x* -2 2x* +2x+2 ixy+y? X3 -y?
c) P — d)——2—7 :— -
X+1 X" +2x+1 x* +y x% - xy+y>

Bai 5. Rut gon rdi tinh gia tri biéu thue:

! 4x* X s
a) A = 38:: i =k vélx =075, y=-0,25
x- =y RO XY+Y X =~y
2 2
+X e 1 1
h)Bz( .)3«' . = Xj f Vil X =—, Yy = ——
\x®-xy xy-y?) x®-y 2 3

I1. Cac bai toan kiém tra

Bai 6. Thuc hién phép tinh sau:

3-90 33



1 . 1 ~ 1 _
x!-Tx+12 6x-x’-8 b5x-x*-6
2 2 2 1
+ + + ;
X(x+2) (x+2)(x+4) (x+4)(x+6) x+6

a)

b)

Bai 7. Rt gon réi tinh gia tri ctia biéu thuc:

i}

x-1 x*+3x(x-1)-1 -—-4x 4x*
a) A=x: - : g e VOl
2 2x° +2x x‘+1-2x x°-1
x =0,5;
b) B= 2 2x  x'-xy+y*). 4y* X+
x-y x*+y® x-y xP+yi-2xy | x-y
vol1x = 2; y=0,01;
) 3
X—Z X" - Z 1+z) z(1+2)-x
¢c) C=—; i yz.(li- - J:
X" +Xy+y~ X'y-yz X-%Z Z V7
- 1 1
VOl X=—, Yy==——, Z=—,
4 2 2

Bai 8. Tim gia tri nguyén cia x dé phan thuc sau cé gia
tri la moét s6 nguyén va tim gia tri nguyén dé cua phan thuic:
x' -5x* +9x -2 x' —3x* +4x -7

a) A= b) B = -
X-3 X" +4
C. SO LUUC CACH GIAI
2
BEL Lol P e
%l 48 Dz
x* 1 2 X +x-2-2x+2)

=(x—f2)(x+2)+x+2+2v~x (x-2)(x+2)
_X 4x-2-2%-4 (X" -49)-(x+2) (x+2)(x-3)
(x-2(x+2) (x-(x+2)  (x-2)(x+2)

X = .
= — (V01 X # £2).
X -2
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h'_ul ) 2 3

N S
-3x+2 x'-5%+6 4x-x'-3
1 2 3
S — + +
(x-1D(x-2) (x-2)(x-3) A-x)x-3)
1 2 -3

" G-Dx-2) x-2)x-3) (x-1}x-3)
X 3+2(x-1)-3(x - 2) Xx-3+2x-2-3x+46

(x -1)(x —-2)(x - 3) (x-1D(x~-2)(x-3)
= z (vBix#1; x#2;, x#3).
(x-1D(x-2)(x-3)

9 XE 32_x2+x2
c)a-x+ =(a-x)+ =
a+Xx a+x a+Xx
2
e (vO1 x # -a).
a+x
1 1 1
+ +
(x-y)Ny-2) (y-2)(z-x) (z-x)(x-Y¥)
_(z-x)+(x-y)+(y-2) _ 0

(x-yy-2)z-x) (x-y)y-2z)z- X)
VOl X #Y # Z.

-3 . — . I
6x~4y 6x+4y 4y* -9x*
_ 1 B 1 . 3x
2(3x-2y) 2(3x+2y) (3x)* -(2y)°
_3x+2y-(3x- 2?)4“51(. 3x + 2y - 3x + 2y +6x
2(3x - 2y)(3x+2y) 2(3x —2y)(3x+2y)

- 4y + 6x 22y + 3x) 1
"(3:« 2v }('3\: + ?V) 2(3x +2v)(3x - 2y) 3x -2y

2
wi1*<:=‘+3‘»

L
th
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b)

x? -1 X+3
9% 4% +2 2X+2
B x* -1 _ x+3 _ (x-1)(x+1) x+3
T ox?-2x+1) 20x+1)  2x-1?*  2Ax+1)
x+1 x+3  (x+1)° -(x+3)(x-1)

T 2x-1) 2x+1)  2(x-1)(x+1)
Cx*+2x+1-x"+x-3x+3 4 2
) 2x - 1)(x +1) T2xP-1) x*-1
véix =t 1.
0 4-2x +x° _2_}::4-2}:4—}:2 _(24%)
2+ X 2+x
_4-2x+x’~(2+x)*  4-2x+x’-4-4x-x" -6x
- 2+x - 24X e
(vl X 582).

Bai 8. a) Bién ddi vé trai:

2x+1+1—2x_ 2 _ 2x +1 i 1~2}t__+ 2
4x -2 4x+2 1-4x? 2(2x-1) 2(2x+1) (2x)*-1
C(2x+1)* - (2x-1)(2x-1)+4  4x° +4x+1-4x" +4x-1+4

22x -1)(2x +1) 2(2x-1)(2x +1)
8x +4 4(2x +1) 2 [ 5 IJ
— = = Vo1 X #+—|.
22x-1)(2x+1) 2(2x-1)2x+1) 2x-1 ¢

V& trai bang vé phai, dang thic dude chitng minh.
b) Bién déi vé trai:
4’ -(x-8)”  x*-9  (2x-3)"-x’
9(x?-1) (2x+3)? —x* 4x% —(x+3)>
=(2):+x~3)ﬁl\:~x+3) L (x=3)(x+3) +(2x—3+x)(2~;~3~x}
Ax’ -1) (2X+3+X) (X +3-%) (X+x+3)x—x-3)
_ x-D(x+3) (x-3)(x+3) ] 3(x -1)(x - 3)
Ox-1)x+1) 3B(x+1(x+3) 3(x+1)(x-3)




g BFD ey L Kl e el weea)
3(x+1) 3(x+1)

-x 43
 X+3-Xx+3+3x-3  3x+3

SLx +"i)_ - 3(x +1) B
Vé trai bang vé phai, dang thuc duge ching minh.

Bai 4. a) 3% + 3y ax —ay + bx - by

X:=2xy+y" 6x + 6y

_3(x+y) alx-y)+b(x—y)
(t~¥) 6(x +y)

_3(x+y) (x-y)a+b) a+b
(x-y)*  6(x+y) 2Ax - )

3 2 3 3
X" ~-xX"y X" +y

(vOl x # ty).

b) A 4 A 2.2 3
x* —-y? x'y-x'y’ +xy
_ x(x-y) (x+y)(x2—xy+y"*)_3{"
Cx-vx+Y) xy(xi-xy+yi) Y
(viixz20;y=0;x=ty)
) Ex:*-2:2x2+2x+2:2(x“—1):2(x2+x+1)
x+1  x¥+2x+1 x+1 (x+1)°

2 2
_ 2(£ 1)(x +xw+ D.(x+1) =52 1 (W% =1
(x+1).2(x" +x+1)

p 2 4 3
X" +Xy+y X -y

d)

x:i +y:i £ xz —xy+y2
N x> +xy+y’ .(x—y)(x2+xy+y2)
Cx+y)(E-xy+y?) | x-xy+y?
_ (x* +xy +y*)(x* -xy+y”) 1
ST —xy Y-y Fxy+yt) xF -y
(vé1 x = £ y),
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2x X ax

= + = (vO1 x#Yy).
L—¥yY X~y XY
Thih G, A =—tr-2 D200 o005
x-y 0756+0,25
b B = y X x%y + xy®
) B=|— B 2 [ o2 .2
x*-xy xy-y*) x*-y
=[ y X ] xy(x +y)
x(x-y) y(x-y)| @+y)x-y)

_yi-xt xy(x+y)

xy(x-y) (x+y)(x-y)

(X -y)XAY)XVEXVY) X+ osix ok ty).
xy(x - y)(x+y)x-y) - 25
1 1
, p s, W XE¥ . @ 3 1
Tinh gia tri: B__x—y_ 1 1 g
2 3
Bai 6. a) —; : + : = 12
x*-7x+12 6x-x*-8 5x-x*-6
. 1 4 i | _ 1
x2-3x-4x+12 2x-x*+4x-8 2x-x*+3x-6
_ 1 . ] B ]
x(x-3)-4(x-3) x(2-x)-4(2-x) x(2-x)-3(2—-x)
_ ] N 1 ) 1
(x-3)(x-4) (2-x)}(x-4) (2-x)(x-3)
1 1 1

T(x-3)(x-4) (x-2)(x-4) (x-2)(x-3)

_ x=2-(x-3)+x-4 x-2-x+3+x-4

(x-2)(x -3)(x-4) (x-2)(x-3)(x-4)



X—3 1

- s = (vO1 x #2; x # 3; X # 4).
(x=-20x-3)(x-4) (x-2)(x-4)

by R Pl e e s B b
X(x+2) x x+2 (x+2)x+4) x+2 x+4
va 2 - + . , do dé:
(x+4)(x+6) x+4 x+6
2 2 2 1

+ - +
X(x+2) (x+2)(x+4) (x+4)(x+6) x+6

1 1 1 1 1 1 1
= — — + - * G o
X X+2 x+2 x+4 x+4 x+6 x+6
- (Vo1 x #0; x#-2;x#-4;x #- 6).
X
Bai 7. a) Rat gon:
A=x:x_1—x. +3}i(x*1).—1- 2—4}: - ixh
2 2X° +2x x“+1-2x x" -1
.2 (x*-D+3x(x-1) -4x 4%’
Rl 2x(x+1)  (x-1)* x*-1
2x ﬁ(x—l_)£x2+x+1+3x) .. 4x*
% 2x(x +1) =D x*-1

2x ~ 4(x-1(x*+4x+1) ~ 4x>
x -1 2x(x + 1)(x - 1)* x% -1
2%  —-2Ax*+4x+1) 4x”

fr— iy

x-1 x* -1 x*<]
_ 21{(2"'1)**'2(3'1" +14x+1)”4x - 19}*“12 (viix=0;x#%1).
X" - 5

Teih gid i
]
C10x+2 199*% 540 7 98 1

5 —_—
x° =1 e 1 3 3 3
ARSI
5 _

A
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b) Rut gon:
- (_E_ 2 ii-_xsj_t.ﬁJ . _m:i_&f__*_} x+y

[\ x-y x" +y X -y x*+y* -2xy | x-y
2 ~ 2x x‘gﬁxy—kyi} 4y° | x+vy
-y e -xy+y?) x-y '(X-Y)E]K“Y
_F{ 2 2x ] 4y? | x+y
\x-y x+y)E-y)) (x-y)? ]x y
_-2(x+y)-2x (x—y)? }}Hy
| x+yx-y) 4yt [x-y
| 2x+2y-2x x-y|xX+Yy
_[ x+y 4y’ ] -y
. o (vix#ty;, y=0).

2y(x+y) x-y 2y

Tinh gia tri:
1 1 1
"2y 2001 002
c¢) Rut gon:
C-— X-z . ::3—y32‘(1+ z _1+z}z{l+z)—x
x*+xy+y’ x°y-yz X-2 z yz
x-z (X~ +xy+V) Ax-2)+7 - (1+z)()(+z) 2+7 -X

TRy Y& AX~2) yz
_ x-y xz-2’+2'~x+z-x2+2° yz
Cy(x+z) z(x - z) 2?7 +z-X

x-y 2z°+z-x yz
y(x+z) z(x-2) zl+z-x

X~ .
- y,} (vBix#+z, y#0,z2#0)
X°—~z"

Tinh gia tri:




3 1 3 2 5
X -y 4 2 174 4

C: - p = - — = = — :4
X - 7" :j" 1 9 __1 (]
[4J - ZJ 16 4 16

.. ViBx® $0x=29
BmS.a)A=x M =x2-2%+3+
X -3 X-3

—

{

A c6 gia tr1 nguyén khi 12 nguyén, nhu vay phai c6

x - 314 wdc cua 7. Ubc cia 71a £1: + 7. Do dé:
X-3=-1=>x=2 x-3=1 = X = 4;
Xx-3=-T=>x=-4 x-3=17 = x = 10.

Vay véi x bang -4; 2; 4; 10 thi A 1a cac s6 nguyén sau:

A=x*-2x+3+ 1 =(-4)> -2(-4)+3+ =26
X -3 -4 -
A=x2-2x+3+ ——=2¢_92243+ =4
X -3 2-3
" 7 9 7
A=x"-2x+3+ =4 -2.4+3+ =18
x—-3 4-3
A=x*-2x+3 + ! =10*-2.10+3 + =84.
Xx—-3 10-3
IR .
b)B=x &i+4x 7=K_3+‘5 .
X“+4 X" +4

B c6 gia tri nguyén khi

——la nguyén, nhu vay phai
X" +4

tim s6 nguyén x dé x* + 4 la udc cua 5. Ta thady x =+ 1.
Vay véi x bang -1; 1 thi B 1a cic s6 nguyén sau:
5 5

B=x~3+— =-1-3+—-—=-3;
x? +4 (-1) +4
B=x-3+ ,,5 =1-3+ .,5 =-1.
X" +4 1" +4
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§5.CAC LOAI PHUONG TRINH BAC NHAT

A. KIEN THUC CAN NAM VONG

1. Gia st A(x) va B(x) la hai biéu thitc mét bién. Khi néi
A(x) = B(x) la mot phuong trinh, ta hiéu rang phai tim gia tri
ctia x dé cac gia tri tuong tng cua hai biéu thic nay bang
nhau.

Bién x dude goi la an. Gia tri tim dugdc cua an gol la
nghiém. Mé&i biéu thitc goi 1a mét v& ctia phuong trinh.

- Mbi phuong trinh c¢6 thé ¢6 1, 2, 3, ...., nghiém, hoac c6
v6 s6 nghiém, hodc vé nghiém.

Ki hiéu S la tap hop nghiém.

Phuong trinh goi 12 v nghiém néu S = ¢.

2. Cac loai phuwong trinh bic nhat

- Phuong trinh bdc nhdt mét én

Phuong trinh dang ax + b = 0, v61 a, b 12 nhiing hang
s0, a # 0, dugc goi la phuong trinh bac nhat mot an; b duge
goi 1a hang tu tu do.

' = =, b
Nghiém duy nhatla x=-—,
a

Céach giai phudng trinh dua dudce vé dang bac nhait:

+ Quy dong mau hai vé rdé1 khi méu

+ Thuc hién céac phép tinh va chuyén vé dua phuong
trinh vé dang ax = c.

Vi du: a) Giai phuong trinh: 7 N 2 i1
1D 3]
Quy dong mau ro1 khu mau, ta cé:



1 S O, WM I G U K
9

oy 13
Gial ra dude x = -1 —.
19

3(Zx+1)_5x+3+x+1 B

: T
b) Gial phuodng trinh =X+ —
) P & 4 f 5

6 3
Taco: 3.32x+1)-2(bx+3)+4(x+1)=12x + 7.
Giai ra duge: 0x =0

Vay nghiém cua phuong trinh la bat k™ sd nao (phuong

trinh ¢6 vé s6 nghiém).
- Phuong trinh chita én 6 mau
Cach giai phuong trinh chita an é mau:
+ Tim tap xac dinh (TXD) cua phuong trinh;
+ Quy dong mau, ré1 khi mau;
+ Giai phuong trinh viia tim dudc;

+ Nghiém ctua phuong trinh la cac gia tri tim dugc cua
an thuode TXD (cac gia tri cua an khéng thude TXD duge goi

1a nghiém ngoai lai).
Vi du: Giai cac phuong trinh sau:
& 5(x-2) 2(x - 3) _3
X+ 2 X+3
TXD = {x | xeQ, x#-2, x#-3)
5(x -2)(x+3)-2(x-3)(x+2)  3(x+2)(x+3)

18 66
(x +2)}(x+3) (x+2)(x+3)

Thue hién céc phép tinh dude: x = —1%.

Vi x=~4% ¢ TXD nén nghiém cta phuong trinh la:
X =~4l.
5
R
X — X =



TXD=1{x | x e Q x=7}
8-x)-8(x-7) 1
X -7 k-7

Giai ra duge x = 7.

Vi x =7 ¢ TXD nén khéng phai la nghiém, phudng
trinh da cho vé nghiém.

- Phuong trinh tich

Phuong trinh tich 12 phuong trinh c6 dang

AX).B(x)...C(x) =0

Cach giai: Giai cac phuong trinh A(x) = 0, B(x) = 0...
C(x) = 0. T4t ca cac nghiém tim dudc déu la nghiém cua
phuong trinh da cho (va chi ¢6 ching).

Vi du: Giai phuong trinh

Ta co:

13 1 6
i) — + =— :
2x“ +x-21 2x+7 x°-9
2 13 1 6
Ta co: : + = i
2%% -6x+Tx-21 2x+7 (x-3)(x+3)
13 1 6

h =
Y G-)0x+T)  2%x+7 (x-3)(x+3)
TXD = {x | x e Q,x:iS;x#-%}

Giai ra dude (x - 3)(x +4)=0. T dé x, = 3; x, = - 4.
Vi3 ¢ TXD va - 4 € TXD nén phuong trinh ¢6 mét
nghiém x = -4.
b) {:1(:«;+1)+ 10 _ 28 _
x+3 x-1 (x+3)x-1)
TXD=1{x | x e Q; x#1; x # -3}
Taco: 6(x+1)(x-1)+ 10 (x+ 3) =28.
Giai ra dude: 2(3x* + 5x -2) = 0, hay

2(3x-1)(x+2) = 0. Tt d6 x, =-;-; X, = -2,




Vi % =% e TXD: x, = -2 € TXD, nén tap nghiém cua

phuong trinh la S= {-— 2;%}.

- Phuang trinh ¢6 hé sé chit

Giai phuong trinh c6 hé sé chii cing tudng tu nhu giai
phuodng trinh vé1 hé sé bang s6. Tuy nhién, can chu y la
méi khi chia cho mét biéu thite chia chit, phai dat diéu
kién cho cac chit trong biéu thic dé biéu thic khac 0.

Vi du: Giai phuong trinh:

x+a-b x+b-a b*-2a’

a b ab

(Diéu kién: a# 0: bz 0)

Taco:b(x+a-b)-a(x+b-a)=>b*°- a‘

Thuc hién cac phép tinh dudgc:

(b-a)x=2(b*-a%.

Néub-a#0tidcb#athi x=

2(b? ~a?)
b-a

Néu b - a =0 tdc b = a thi phudng trinh ¢6 dang
O0x = 0, phuong trinh cé vé sé nghiém.

Vay: + Véia# 0, b= 0 vab # a thi phudng trmh co
moét nghiém duy nhat x = 2(b + a).

+ Vdia#0,b#0vab=a thi phuong trinh c6 v sé
nghiém x tuy y.

=2(b+a)

- Phuong trinh chita an trong déu gia tri tuyét déi
Mudn giai cac phuong trinh chia 4n trong diu gia tri
tuyét déi ta can dua vao dinh nghia gia tri tuyét doi cua
mot s8 (hni‘ic biéu thuic):
A] = néu A >0
- A néuA <0

va dua vao cac diéu kién da biét dé khu dau gia tri tuvét
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déi bang cach thay biéu thic trong diau gia tri tuyét doi
bdi chinh né hodc biéu thiuc d61 cua né. Sau khi tim dudc
gia tri cua 4n, can d6i chiéu gia tri Ay véi diéu kién da
cho, néu thoa man thi gia tri d6 la nghiém.

Vi du: a) Tim cac gia tri cua x sao cho 3 < x < 7 va
nghiém dung phudng trinh

|x -3| +3 |x-7]| =10

Vid<x<T7nénx-3>0vax-7<0, dodé:

|- 8| =x-3va jx-7l=<(x-D=T-x

Phuong trinh da cho trg thanh:

x-3+3(7-x) =10. Tudé x = 4.

Gia tri x = 4 thoa man diéu kién 3 < x < 7, vay gia tri
phai tim cua x la x = 4.

b) Giai phuong trinh: |x - 2| - 3x = 6.

+ Néu x - 2 > 0 hay x > 2 thi |x - 2] =x- 2, phuong
trinh da cho c6 dang:

Xx-2-3x=6.Tudoé x =-4.

Gia tri x = -4 khoéng thoa man x > 2 nén bi loai.

+Néux-2<0hayx<2thi|x-2|=-(x-2)=2-x,
phuong trinh da cho ¢é dang:

2-x-3x=6.Tudox=-1.

Gia tri x= - 1 thoa man diéu kién x < 2. Vay phuong
trinh ¢6 nghiém duy nhat la x = -1.

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Giai phuong trinh:
a)2(x-3)+1=2(x+1)-9;
9}{—0,7*5};—1_@__ 12x-21

b) ;
4 7 3
x-12 x-11 x-74 x-73
c) ~ + = - - :
i 78 15 16
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109——\ 10f— X 105-—x 103 - x

} ki N O B L

9] 93 95 97

Bai 2. V61 gia tri nao cua x thi hai biéu thuc sau cé
gia tri bang nhau?

+4=0.

- 5 "
a) £E--’:‘n‘ur;mg) va M
8 6

b) 1.5(x - 5) + 11 va 7(x - 8) - 50,5;
x+1 x+2 ‘x+3+x+4

) + —— va
65 64 63 62
Bai 3. Giai phuong trinh:
no3 2 1 1 |
x-2 x-3 x-4 (x-2(x-3)(x-4)
b) x=1 x :fx-i%_
x+3 x-3 9-x°
)
c) = 2
1 3x -1
X + o
1+:~.+
Xx-2
9
d) 2 ~ 5 _ 3

x‘+2x+1 x°=2x+1 1l-x
Bai 4. Gia) phuong trinh:
a)x“+ 2x+1=4(x*-2x+ 1);
b) x*- 9x + 20 = 0;

c) (x*- 1)* = 4x + 1;

g o IV —
d) 2% 1 X _ bx |

x-1 ('r. 1)(‘{ ‘?J Xx-2

Bai 5. Giai phuodng trinh:

ax—~] Xx+a ]
a) 5 — ;

v

s+l l-a a*-1
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b)x~i—(2x—i}=3x—i+4x-£§
5 10 4 20
_ 2
5 ax 1+ 2 =a(x2 +1)
x-1 Xx+1 x“ -1
X 2x 3x 4a
d)

(a—l)(a—2)_(a—l)(a—3)+(a—2)(a—3) ) (a-2)@-3)

Bai 6. Giai phuong trinh:

a) |x-1] +3|x-4|=7wé11<x<4)
b) [x-2| -8x=5

c) |x-3[-5x=7

d) [3x-5] = |x+2].

Bai 7. Véi gia tri ndo cua x thi:

a) A = 2x%- 20x + 81 ¢6 gia tri nho nhat?

; 0 c e vs o
b) B =-5x" +~}7—x —1 c6 gia tri 16n nhat?

Bai 8. Giai phuong trinh:
X X X

a) + + =2

(a-b}{a-c) (b-a)b-c¢) (c—a)lc—Db)
b) a N 1 =af1+a+1

x—-a x+1 x-a x+1
c)x*+5x2+3x-9=0
d) |2x-1] = |x-1].

C. SO LUOC CACH GIAI

Buila) 2(x-3)+1=2(x+1)-9
Tacé: 2x-6+1=2x+2-9
Tu dé: 0.x =-2, phuong trinh vé6 nghiém.
9% -07 bHx-15H 12x-21
b) - =
4 7 3
Tacd: 21(9x-0,7)-12(5x - 1,56)=28{12x - 2,1).




Giai ra dugce: x = 0,3.
Vay nghiém cua phuodng trinh la x = 0,3.
x~-12 " X~dl x—74+ x-73

7 78 15 16

x-12 +(x—11_1J:[x~74_1}+(x—73_1}
7 78 15 16

x-8 x-89 x-89 x-89
=" = +*

77 78 15 16
1 1 1 1
-89 —+—1=(x-89) —+—
(x )[?7'F78) (x 15 16}
1 1 1 1

Nhan thay —+—#-—+—, nén phudng trinh da
/7 78 15 16

cho tén tai khi x - 89 = 0, suy ra x = 89.
d) 109—~x+107—x+105—x+103~x+4=0
91 93 95 97
Ta co:
109—x+lj+[10?—x+1)+(105—-x+1}+(103—x+1):0
91 93 95 97

109-x+91 107-x+93 105-x+95 103-x+97
+ - + =0

91 93 95 97
200-x 200-x 200-x 200-x
+ + + =0
91 93 95 97
1 1 1
(200 - X)[ ..,1- ¥ TS . SO QS |
91 93 95 97
. i, ) 1 1 i ; &
Nhan thay — + —+—+—# 0, nén phudng trinh da
93 95 97

cho ton tai khi 200 - x = 0, suy ra x = 200.

Bai 2. a) Giai phuong trinh:
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E—S(x-g)z 20X+1’5.
8 6
Thuc hién phép tinh, giai ra duge x = 6.
Vay véi x = 6 thi hai biéu thic da cho cé gia tri bang
nhau.
b) Giai phuong trinh:
1,5(x-5)+ 11 =7(x - 8) - 50,5.
Thuc hién phép tinh, giai ra duge x = 20.
Vay v6i x = 20 thi hai biéu thic da cho cé gia tri biang
nhau.
¢) Giai phuong trinh:
x+1+x+2=x+8+x+4
65 64 63 62
Ta c6:

Ly}
x+1 ) (x+2 :(x+3+1]+(x+4+1]
65 64 63 62
x+1+65+=x+2+64_x+3+63+x+4+62

65 64 63 62
x+6€-+x+66 _x+66+ X + 66

65 64 63 = 62
11 i 9

BEY e | =Bl s
=+ )[65+64] G+ )(63+62]

1 1 1 1
+ # 4+ —,

656 64 63 62

trén thi x + 66 = 0, suy ra x = - 66.

nén dé c¢6 phudng trinh

Nhan thay

Vay véi x = - 66 thi hai biéu thic da cho c6 gia tri
béng nhau.
Bai 3. a) 2 z ; 10

-2 x-3 x-4 (x-2)(x-3)x-4)

TXD=txier,xi2,_x¢3,x¢4}
Ta cd: 3(x - 3)}x-4) - 2(x-2)(x - 4) -(x - 2)(x - 3) =10.
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Giail ra, tim dudge x = 1.

V61 x =1 € TXD nén phuong trinh ¢6 nghiém la x = 1.

b) x-1_ x_:_?.}.‘_?_

x+3 x-3 9-x-
TXD={x|xEQ.x;ti3}
x-1 x -(7x-3)
x+3 x-3 x*-9
(Giai ra tim dude: 0x = 0

Ta co:

V481 moi x # +3 déu 1a nghiém cua phudng trinh.

¢) Trude hét bién doi:

X + =X + L =x+x_2

1+x-!-1 Xx-2+x+1 2x -1
X -2 X -2

_x(2x-1)+x-2  2(x*-1)

- 2x -1 Co2x-1

Phuong trinh da cho tré thanh:

2x-1 6

x?-1 8x-1

TXB:{x|XEQ:X¢il;X¢%}

Giai ra tim dudce x = 1,4.

Vé6ix = 1,4 € TXD nén phudng trinh ¢6 nghiém la x = 1,4.

2 H 3
d) — . -
x“+2x+]1 x"-2x+1 1-x

TXD = {x | XxeQ, x=»=+1}

2 5 -3
(x+1)? (x-1)* (x+1)(x-1)
hay 2(x - 1)* -5 (x + 1)? = -3(x* - 1).

7

Ta co:

i . 3
Giaira tim dudce: x = .

V61 x=—~?; e TXD nén phuong trinh ¢6 nghiém la

{
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3
X =——.
7
Bai 4.a) x>+ 2x + 1 = 4(x? - 2x +1).
Tacd: (x+1)¥=4(x-1)hay (x+1)?-[2(x- 1)]2=0.

.. . 1
Giai ra tim dudc x, = =g,

Vay nghiém cua phuong trinh la x, =%-; X, = 3.

b) x?- 9x + 20 =0.

Ta cé: x> - 4x - 5x + 20 =0; x(x - 4) - 5(x - 4) = 0 hay

(x-4)(x-5)=0. Tudéx,=4,x,=5.

Vay nghiém cua phuong trinh la x, = 4, x, = 5.

c) (x*-1)2=4x+1hayx*-2x*+1=4x+1

Tacé: x*-2x*+ 1+ 4x%?=4x+ 1+ 4x*

hay (x2+1)?=(2x + 1)%

(x2+1)2%-(2x+1)2=0

Giai ra dude x(x - 2)(x? + 2x + 2) = 0.

Do x*+ 2x + 2= (x+ 1))+ 1 > 0 nén phuong trinh trén
c6 hai nghiém la x, =0, x, = 2.

2x -1 X 6x — 2

d) + = :
x-1 (x-1)(x-2) x-2

TXD = { x| xeQ;x=#1,x# 2}

Taco: 2x-1)(x-2)+x=(6x-2)x-1).

Giai ra dugec 4x(x - 1) =0

Ta dé x, =0; x, = 1.

Vix, =0e TXD, x, =1 ¢ TXD nén phuong trinh cé6
nghiém la x = 0.

ax-1 x+a a’+1

Bai 5. a) - .
a+l 1-a a°-=1

ax—1+x+a+ a’+1
a+l a-1 (a+1)(a-1)
Giai ra duge (a® + 1)x = 0.

Ta cé: (diéu kién a # + 1)



Via®*+ 1 # 0 nén phuong trinh ¢6 mot nghiém la x =0
(vbra#+t1).

b) K—EM(EX—~H—J=3}{—E+4X-§—T—a.
5 10 20
Ta cb; x-E—2x+-a—=3x—E+4x—§E.
10 4 20

a
Giail ra dudec x = e

Vay phudng trinh ¢6 mét nghiém la x =

ax-1 2 a(x® +1)
c) + = ) .
x-1 x+1 x%-1
TXD = {x| x € Q: x # + 1}
Tacé: (ax-Dx+1)+2(x-1)=ax*+1).
Giaira dugc (a+ 1)x =a + 3.

a+3

Néu a + 1# 0 hay a # -1 thi x=—I. Gia tri nay la
a+
o - a+3 . a+3 o ” .
nghiém néu #1 va #—1. Gial cac diéu kién trén
a+1l a+1
dugc a # 2.
Vay néu a # -1 va a # 2 thi phuong trinh cé nghiém
a+3
X = :
a+l
d) X 2X 3x 4a

— -+ —

(a-1)a-2) (a-1)(a-3) (a-2)(a-3) (a-2)(a-3)
(diéu kiéna=#1;a#2;a=# 3).
Ta cé: x(a - 3) - 2x(a - 2) + 3x(a - 1) = 4a(a - 1)
Giai ra dude 2(a - 1)x = 4a(a - 1).
4a(a-1) B
2(a-1)

Vay véia= 1, a# 2, a# 3 phuodng trinh ¢6 nghiém la
x = 2a.

Tu diéu kién suy ra x =



Bai6.a) Vil <x<4thix-1>0vax-4<0,dodo
|x-1| =x-1,va |x-4| =4 - X,

Phuong trinh |x- 1| +3|x-4| =7 trd thanh:

x-1+34-x)=7.Taudéx=2.

Vay vl x = 2 théa man 1 < x < 4 nén nghiém cua
phuong trinh la x = 2.

b) - Néu x - 220 hay x > 2 thi ‘x-2| = x - 2, phudng
trinh |x - 2|- 8x = 5 trd thanh:

x-2-3x=5.Tudéx=-3,5

Vi x = - 3,5 khéng thoa man diéu kién x 2 2, nén bi
loai.

- Néu x - 2 <0 hay x < 2 thi lx - 2| = 2 - x phuong
trinh |x - 2|- 3x = 5 trd thanh:

2-x-3x=5.T1‘rdéx=~%

i 5 -, S o g
Giatri x = & thoa man diéu kién x < 2.

Vay phuong trinh ¢6 nghiém duy nhat x = —%.

¢)- Néux-3>0hayx2>3thi |x-3| =x- 3, phuong
trinh |x - 3] - 5x = 7 tré thanh:

x-3-6x=7 Tudé x=—2%

Vi x= —2-;— khéng thoa man diéu kién x 2 3 nén bi

loai.
- Néu x - 3 < 0 hay x < 3 thi |x-3[ = 3 - X, phuong
trinh |x - 3|- 5x = 7 trd thanh:

3-x-6x=17.Tudé x=——§-

et i 2 . < copy i
Gia tri x = . thoa man diéu kién x < 3.
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Vayv phudng trinh ¢6 nghiém duy nhat x=-

Wik

d) Biét rang: hai sé ¢ gia tri tuyét d6i bang nhau khi
chiing bang nhau hoiac déi nhau, do d6 cAn xét hai truong
hdp sau:

-Néu 3x - 5=x+2hay 2x=7suyrax = 3,5;

-Néu3x-5=-(x+2)hay 3x-5=-x-2suyrax=0,75

Vay phuong trinh ¢6 hai nghiém x, = 3,5; x, = 0,75.

Bai7.a) Cé6 A =2x?-20x + 81 =2x*- 20x + 50 + 31

=2(x*-10x + 25) + 31 = 2(x - 5)* + 31

Biét rang: (x - 5)* 2 0, nén 2(x - 5)* > 0,

do dé 2(x - 5)® + 31 = 31.

Nhu vay A > 31, nén A c¢6 gia tri nho nhat khi

2(x - 5)* + 31 = 31 hay khi 2(x - 5)? =0 tic 12 x = 5.

Vay vdi x = 5 thi biéu thitc A cé gia tri nhé nhat 1a 31.

b) Cé B = -5x" +—1~gx-1 =-5(x2 —Ex+—~1-] 22

7 7 49

— —

49
1)’ 1)
Biét ring: {x-?) >0 nén —5(){—-—__—) <0, do dé
7

-9 :~:—l —‘—4-?-2-4}—1,
7 49 49

44 A - . - . - - ’
Nhu vay B<- W nén B c6 gia tri 16n nhat khi

2 2
—5(:{*3) B0 B Ay 5(};—1} By oy
29 7 7

44

Vay véi x == thi biéu thic B ¢6 gia tri 16n nhat la - Ty
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Bai 8. a) 2 + X e B
(a-b)a—-c) (b-a)b-c) (c—a)c-b)

= 2

Ta céb: & - A + %
(a-b)a-c¢) (a-b)b-c) (a-c)(b-c)

Mau chung: (a - b)(a-c)(b-c)vdia=b #c.
Gial ra duge: Ox = 2(a - b)(a - ¢)(b - ¢)
Phuong trinh da cho vo nghiém.
a 1 a-1 a+l
b) + = + ;
x—a Xx+1 x-a x+1
TXB:{x| xeQ;x#a; x=#-1}
Giai ra dude (a - 1)x = a® +1.

=2

A & a.ﬂj+1 . A . . n . -
Néu a # 1 thi x= = Gi1a tri nay la nghiém néu
a_
a? +1 . a8+l
#a va #—1.
a—1 a-1

Giai cac diéu kién nay dudc a # -1, a # 0.
Vay néu a # 0; a # = 1 thi phuong trinh ¢6 mét nghiém

" a‘ +1
la x=

a—1

Truong hgp con lai: vo6 nghiém.

) x*+5x*+3x-9=0.

Taco: (x'+6x*+9x) - (x*+6x-9)=0

Giaira duge (x - 1)(x+3)=0. Tudé x, =1, x, =- 3.:

Vay tap nghiém cua phuong trinh la S=1{1 - 3}.

d) Biét ring hai s6 ¢6 gia tri tuyét déi bang nhau khi
ching bing nhau hoac déi nhau, do dé can xét hai trudng
hgp sau:

-Néu2x-1=x-1thix=0;

-Né'u2x-1=-x+1thix=§.

£
Vay tap nghiém cua phudng trinh la S = {{]é}
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§6.GIAI BAI TOAN BANG CACH LAP
PHUONG TRINH

A. KIEN THUC CAN NAM VUNG

o) §5, cac phuong trinh bac nhat da dudc cho cu the,
vin dé cd ban la tim cach giai dé c6 dude nghiém cua
phuong trinh.

o) §6 nay, tu cac bai toan c¢6 van, chang han nhu bai
toan sau day: "Nguoi ta du dinh chia s6 hoec sinh thanh
mot s6 to nhat dinh dé tham gia hoat déng hé. Néu chia 9
ngudi thanh moét to thi thita mét hoc sinh, néu chia 10
nguoi mot to thi thiéu 7 hoc sinh. Tinh s6 t6 du dinh chia
va s6 hoc sinh tham gia sinh hoat he".

Loi giai cua bai toan trén dude trinh bay nhu sau: Goi
s6 to du dinh 1a x (x nguyén duong).

Néu chia 9 ngudi mot té thi thita mot hoc sinh, nén sé
hoc sinh tham gia hoat dong hé 1a (9x + 1) hoc sinh.

Néu chia 10 ngusi mét té thi thiéu 7 hoc sinh, nén so
hoc sinh tham gia hoat dong hé la (10x - 7) hoc sinh.

Vi s8 hoc sinh tham gia hoat déng hé la khéng déi,
nén c¢6 phuong trinh:

9x + 1 = 10x - 7, griail phuong trinh cé x = 8.

Gia tri x = 8 1a nguyén duong, thoa man diéu kién bai
toan.

Thulai; 9x+1=98+1=173

10x - 7=108-7=173

Tra 10i: - S6 to du dinh chia la 8;

- 56 hoe sinh tham gia sinh hoat hé 1a 73 em.
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Nhu vayv la véi bal toan ¢6 van nhu trén, van dé dat
ra trude hét phai lap dude phuong trinh ti bai toan da
cho, sau dé6 mdi la cach giai phuong trinh dé tim nghiém
thoa man véu cau cua bai toan.

Giai bai toan bang cach lap phuong trinh thudng cé
cac bude phai lam nhu sau:

Budée 1. Lap phuong trinh, géom cé:

+ Chon 4n va xac dinh diéu kién cua an;

+ Biéu thi cac sé liéu (dii kién) cua cac dai lugng can
biét qua an;

+ Tim mdi lién hé gitia cac sd liéu dé lap phuong
trinh.

Budce 2. Giai phuong trinh

Buée 3. Chon két qua thich hop, thit lai, tra loi.

O cac bude trén thi bude 1 1a quan trong nhat vi c6
lap ding dude phudng trinh pha hdp véi dé bai méi co
dude két qua cua bai todn da ra. Pay la khau kho nhat,
nhung sé quen dan mdt khi da bd eéng sic vao viéc suy
nghi va luyén giai cac dang bai thuong gap.

Dé c6 thé giai dung, nhanh, bai toan giai bing cach
lap phuong trinh, rat can chu y:

+ Doc ki dé bai va tém tit bai toan dé hiéu rd: s6 phai
tim, cac so liéu da cho;

+ Thudng chon truc tiép s6 phai tim lam an;

+ Xem xét cac tinh huéng sé xay ra va cac dai lugng
nao ma so liéu chua biét ngay dudc;

+ Khi da chon s& chua biét cua mdt dai luong trong
mot tinh hudng la &n thi khi lap phudng trinh phai tim
mdi lién quan gida céac so liéu cua mdt dai lugng khac
hoac trong tinh hudng khac. M6i lién hé nay dude thé
hién bdi so sanh (bang, 16n hon, bé hon, gap may lan...)

Vi du: Dé di doan duong ti A dén B, mot xe may da di
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hét 3h20 phut. con médt 6 t6 chi di hét 2h 30 phut. Tinh
chiéu dai quang duong AB biét rang van téc 6 to6 16n hon
van toc xe dap la 20km/h.

Giai

Dé via c¢6 thé tom tat dé bai, vira ¢6 thé biéu thi cac
dai luong da biét va chua biét khi chon quang duong lam
an, ta lap bang nhu sau:

Quang duong Thoi gian Van toc
(km) (h) (km/h)
10 10 3x
Xe may 3h20ph = —h e
e = 2 3 3 10 |
O té X 2h30ph=§h K:E:E)-{-
o 2 5
‘:} "
Phuong trinh: 2%, 0% == )
o 10
Giai phudng trinh x = 200(km).

Ciing c6 thé chon van téc cua 6 té lam an, ta lap bang

sau:
Van téc Thoi gian Quing dudng
(km/h) () (km)
—~ 5] 5
A 9 = -X
0 t6 . 2h30ph=>h 2
Xe may x - 20 3h20ph = %h %{(x - 20)
Phuong trinh: -g:{ = %q(x -20)

x = 80(km/h).
8{}.'—3 = 200(km).

Giai phuong trinh:
Quang duong AB:

Ciing c6 thé chon van téc cua xe may lam an, ta lap
bang sau:

%




Van toc - Thoi gian Quang duong
(km/h) (h) (km)
Xe may X 3h20ph = L h 19 X
3 3
A 5] 5
O tb x + 20 2h30ph = -2—h -é-(x+20)
Phuong trinh: ng :g(x+2{])

Giai phudng trinh x = 60(km).

Quang duong AB: 60-% = 200(km).

Chu y: a) Trong ba cach lap phuong trinh cua bai
toan ké trén thi cach lap phudng trinh thd nhit tac la
chon an la quang duong cin tim.

b) O bai toan chia hoe sinh thanh mét sd té nhit dinh
dé tham gia hoat déng hé, ¢6 thé chon 4n x 1a sé hoc sinh
x=1 x#7

9 10
(Giai phuong trinh ¢é x = 73 (hoc sinh), tu dé suy ra sd td

la (L =8(hoac fest :8).
9 ) 10

tham gia lao dong he, ta cé6 phudng trinh:

B. BAI TOAN ON LUYEN

I. Cac bai toan dién hinh

Bai 1. Mot 6 té di quang duong AB géom mét doan
duong dang sua chita va mot doan duong nhua. Trén doan
duong dang sua, xe chay véi van téc 30km/h, con trén
doan dudng nhua xe chay véi van téc 45km/h. Tinh chiéu
dai quing duong AB biét ring quang dudng dang sua

3 2 N .
bang 3 quang dudng nhua.
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Bai 2. C6 hai thung dau: thung dau I chia gap déi s6
dau ¢ thung Il. Néu lay bét ¢ thung thu I 20 lit va do

o 5 i G R R 3 o & g
thém vao thung [l 10 lit thi s6 dau ¢ thung I gap 3 lan s0

dau ¢ thung 1I. Tinh xem lhic dau moéi thung c6 bao nhiéu
lit dau.

Bai 3. M6t déi thuyén ra khdi danh bat ca du dinh
mé1 ngay danh bat dudc 30 tdn ca. Po1 da danh bat dudc
40 tdn ca mdi ngay nén da hoan thanh truéc thoi han 3
ngay, ngoai ra con danh bat thém dudc 20 tdn ca niia.
Tinh s6 tdn ca phai danh bat theo ké& hoach.

~ .Aq * . -* - - a - 1 * At
Bai 4. Tong cua hai s6 bang 150, biét rang — cua soé
9
- 1 a -t - Lk - - a* -
nay va 3 cua sO kia bang 42. Tim hai s6 dé.

Bai 5. Ngudi ta pha 3kg nuéc néng ¢ nhiét dé6 90°C va
2 kg nudc lanh ¢ nhiét d6 20°C. Hoi nhiét dé6 nude sau khi
pha la bao nhiéu?

II. Cac bai toan kiém tra

Bai 6. Cho 200 gam dung dich ¢6 néng dé6 mudi la
10%. Phai pha thém vao dung dich d6 bao nhiéu gam
nude dé dung dich lic sau ¢6 nong dé6 mudi 1a 8%?

Bai 7. C6 hai voi nude, voi I chay day bé trong 1,5 gid,
voi II chay day bé trong 2 gis. Ngugi ta da cho voi I chay
trong mét thoi gian, ror khoa lai va cho vor 11 chay tiép,
téng cong trong 1,8 gio thi day bé. Héi mdi voi da chay
trong bao nhiéu lau?

Bai 8. Mot cané di xudi dong tit A dén B hét 1h20
phut va ngude dong tit B vé A hét 2h. Biét rang van tdc
dong nudc 1a 3km/h. tinh van téc riéng cua cand.
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C. SO LUQC CACH GIAI

Bai 1. Goi do dai quang duong nhua la x km (x > 0),
dd dai quang duong dang sua chiia sé la %x km. Nhu vay
thol gian xe chay trén quang dudng dang sta chiia la

?;30:%@) va thoi gian xe chay trén quang duong

nhua la fg(h). Theo déu bai, c6 phudng trinh:

2x X

PSRN

90 45

Giai phuong trinh dudc x = 90(km) théa man diéu
kién.

Vay quang dudng AB dai 90+ %.90 =150(km).

Bai 2. Goi sd lit dau c6 lic dau & thung II 1a x lit
(x > 0), s6 lit dau co6 luc dau 6 thung I sé 1a 2x lit.

Thung I bét 20 lit thi con (2x - 20) lit, thung II d6
thém vao 10 lit thi c6 (x + 10) lit.

Theo dau bai cé6 phuong trinh:

2x-20 = %(x+10).

Giai phudng trinh dude x = 50 thdoa man diéu kién, do
do 2x = 100.
Vay lic dau thung I c¢6 100 lit va thung II c¢6 50 lit
dau. ' |
Bai 3. Goi sb tdn ca dinh danh bat theo ké hoach 1a x
tan (x > 0), s6 tan ca da danh bat dudc sé 1a (x + 20) tan.
Du dinh mdéi ngay danh bat 30 tdn ca thi s6 ngay du

dinh danh bit ca la % ngay. Nhung mdi ngay da danh

62



x+ 20

bat dude 40 tan ca nén sd ngay da danh bat ca la 5

ngay.
Do hoan thanh trudc thoi han 3 ngay, nén ¢6 phuong
trinh:

X x+20_

30 40
Giai phuong trinh ¢é x = 420 thoa méan diéu kién.
Vay s6 tdn ca du dinh bat theo ké hoach la 420 tan.

Bai 4. Goi s6 thi nhat 1a x (x > 0), s6 tha hai sé la

150 - x. Nhu vay -é sd thi nhat 1a g va _;.. s6 thit hai 1a

150 - x
5
Theo dau bai c6 phuong trinh:
23 L . =42,
9 3

Giai phudng trinh dude x = 36, thoa man diéu kién.
Vay s6 thi nhat 1a 36 va s6 thia hai la 150 - 36 = 114.

Bai 5. Goi nhiét d6é cudi cung cua nude sau khi pha la
x d6 C (x > 0) thi nhiét lugng toa ra la 3¢c(90-- x) kilocalo
va nhiét lugng hap thu la 2e(x - 20) kilocalo, trong d6 ¢ la
nhiét dung riéng cua nudc. _

Do nhiét lugng-thu dude bang nhiét lugng toa ra, cé
phudng trinh:

3¢(90 - x) = 2c¢(x - 20).
Giai phuong trinh duge x = 62, thoa méan diéu kién.
Vay nhiét d6 cua nude sau khi pha 1a 62°C.

Bai 6. Goi khé1 lugng nude phai pha thém vao la x
gam (x > 0), nhu vay khéi lugng cua dung dich ¢é hic sau
la (200 + x) gam.

Trong 200gam dung dich ldc dau cé néng dé mudi la
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10% thi khoi lugng muéi ¢é trong dung dich lic dau la:

10
200.— = 20(gam).
100 _ 20(gam)
Theo dau bai ¢6 phuong trinh:
20 8
200+x 100

Vay lugng nudc phai pha thém vao la 50gam.
Bai 7. Voi I chay riéng lam day bé trong 1,5 gio = -g— gio

_— 2ol
thi trong 1 gic chay vao dugc ghé.
Voi II chay riéng lam day bé trong 2 gio thi trong 1
. % e - 1 o
gio chay vao dudge Ebe.

Goi thaoi gian ma voi1 I da chay la x gio (0 < x < 1,8),
thoi gian voi II da chay sé 1a (1,8 - x) gio.
Theo dau bai ¢6 phuong trinh:
—2~x + l(l,B -x)=1.
3 2
Giai phuong trinh duge x = 0,6 thoa man diéu kién.
Vay voi 1 da chay trong 0,6 gio con voi II da chay
trong 1,2 gio.

Bai 8. Goi van téc riéng cua cand la xkm/h (x > 0) thi
lie xudi dong cand chay véi van tée (x + 3)km/h va lic
ngudc dong cand chay vdi van toc (x - 3)km/h.

Khi di tit A dén B hét 2h nén quang dudng AB s& la
2(x - 3)km. Do d6 ¢6 phuong trinh:

%(x+3)=2(x~3).

Giai phuong trinh dude x = 15, thoa man diéu kién.
Vay van téc riéng cua cand la 15km/h.



§7.S0 VO Ti - SO THUC - CAN BAC HAI

A. KIEN THUC CAN NAM VUNG

1. S6 vo ti - S6 thuc

1) Mdi s6 hitu ti déu biéu dién dude dudi dang mot sé
thap phan hitu han hodc vé han tuan hoan, va ngudc lai.

Vidu: 2=0625, - — =-0010101...=~0,(01).

8 99

2) Mbi sb vo ti déu biéu dién dude dudi dang mét sb
thap phan vé han khéng tuan hoan, va ngudc lai.

Vidu: n=3,14159..., V2 =1,4142 ...

3) Mot so thuc déu biéu dién dude dudi dang sd thap
phan hitu han hoic vé6 han tuan hoan (truong hop s6 hiu
ti) hoac vo6 han khong tuan hoan (truong hop s6 vo ti).

Tap hop s6 thuc dude ki hidu 1a R.

4) Cac diém hiiu ti khong 14p day truc s6 ma cac diém
hitu ti va vo ti mdi lap day truc s6. Do dé truc sé con goi
1a truc s6 thuc.

2. Can bac hai

1. Can bac hai cua modt sd6 a khéng 4m (a 2 0) 12 sb
khéng Am x = Ja (Va >0) cé binh phudng biang a (x* = a).

Moi s6 thuce duong ¢é 2 can bac hai 12 hai sé6 déi nhau:
Ja>0 goi 1a cin bac hai dudng hay cin bac hai s6 hoc va
~Ja <0 gol la can biac hai am.

Vi du: Cién bac hai sd hoc cua 1,21 la 1,1 viét la

1,21 =1,1; can bac hai s8 hoc cua 6,25 la 2,5 viét la

J6,25 =25.

2. Ki hiéu VA (A 1a bidu thide chita bién va hing) duge

5-90 65



gol la can thic bac hai.
JA chi cé nghia khi A > 0
3. Ta c6 hiang dang thic:
: A néuA=20 -
JAz =[a|=4" 7
-Anéu A <0

Vidu: y(2a-8)’ =’23—8]={23"8 néu a2 4

~ 922 +8 néu a < 4.

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. So sanh:

F . 7 23
a) — va 0,(4); b) — va —.

7 10 33
Bai 2. Tim m biét;
a) m? = 72,25; b) (m - 2)* :%?-.

Bai 3. T%nh:
a) J(v5-2); b) J(«/g—xfg)?‘ : c) pHA(p-7)".

Bai 4. Rut gon:

a)x/——ﬁ - y—4\/§+4

; b)

x - 36 gy
Bai 5. Ching minh va cho vi du minh hoa:

a) ym+p<Vm+.p (m, p>0);
b) ym-p>vVm-yp (m>p>0).

II. Cac bai toan kiém tra

(y20; y=4).

Bai 6. Viét dudi dang mét tich:
a}ﬁ+?‘; i}}ll-f)\ﬁl; ¢) m*- 15.
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Bai 7. Chung minh
a) m\/g ~pvm =Vm(Hm - J;)\/; (m.p>0.m % p)
b) m -quﬁ.,j;_H p>0 (mp>0.m=p).

Bai 8. Giai phuong trinh

a) (4 —x)* /81 =36:

b) v+ y+1:3;
Jy
c) G 27
zZ—4

C. SO LUGC CACH GIAI

Bai 1. a) § =0,(428571). Do d6 %c: 0,(4).

.23 _ 23 7
33 33 10'

Bai 2. Ap dung tinh chat:
al=b?ea=+b
Tacé: m*=7225=(85) < m=185.

}——=,

o
9) r= ﬁ—[f] ﬁm—gzi%Tﬁdé

81 (9
E T b T 25
m-2=—m=2+—=—
9 9 9
1’1"1-22—1--,1:1‘1:-1..«—'1:E
9 9
Bai 3
a) JV5 -2f =[V5 -9 =5 -2 (vi V5 >2)
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D) V3 -5) <[/ -VB[=V5 VB (vi VB <\B)
o) p+(p-7F =p+lp-T|= {2p 7 néu p=1

néu p<7.
Jx -6

X_.

Bai 4. a)

(dleu kién x 2 0, x # 36)

Jx -6 _ 1
(Vx +6)(Wx -6) Vx+6
b) Biéu thiic c6 thé viét:

(J_)z 2.2.[y +(2)* M 2)2
-2 -2

Bai 5. Taco \/E}U,J];}U,-\’nl-i-p}{]vﬁ Jm-p>0.

a) Binh phuong hai vé dudc:

m + p| < m+2vVm4/p +p
hay m+p¢m+p+2J£,J£(vi \/E.\/_ﬁ:ﬂ)).
Vidu:

64+16 =80
J * \/ = V64 +16 <64 +16
V64 +V16 =8+4 =12

b) Binh phuong hai vé dudc:

m-me-ZE.\/ﬁﬂa
hay m—p‘?m+p-2«/€.\[§.

Ta c6 thé viét:

Vi du: _
49_9:m = 49—9}@*-@
J49 -9 =7-3=4

Bai 6.

a)ﬁ+7=ﬁ+ﬁ.ﬁ=ﬁ(l+ﬁ)



b) 11—6411 = V11411 =5¢11 =+4/11(+/11 = B);
¢) m*-15=m* - (V15 )’ T(m+x/ﬁ)(m— ]5).
Bai 7

a) Vé phai co thé viét:

mvfﬁ—pr—umJ;Jg \/7\[—_\/_ \/_—(F \/;)\/7

ding bang vé trai.

b) m = vm.p +p = (VmJ zf‘f_ [\/_) +p—{l@T

2 2
[ J-J +—:1—-}0(v1 mdi s6 hang cha téng déu
duong).
Bai 8

a) |4-x/.9=36hay |4-x| =4.
Tu dé: 4-x=+4, Ta co:
4 -x=4,x=0
4-x=-4, x=8.

b) y+.y +1=3/y (diéu kién y > 0)
hay y—2\/;+1=(ﬁ—1)‘2=0.
Tidé y=1.Vayy=1 (théa min).

¢) Vz-5=+z-4.Dibukiénz25,2>4e225
Binh phudng hai vé:
z-5=1z-4. Phuong trinh vé6 nghiém.
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§8.CAC PHEP TiNH VE CAN THUC

A.KIEN THUC CAN NAM VOUNG
1. Khai phuong mdt tich, mdt thuong

a) VAB =vAB (véiA >0, B 2 0)
Vi du:

J/0,36.900 =,/0,36./9.100 = 0,6.3.10 = 18

)(-m(vdA 0,B>0)

Vi du:
121a> _ Vi21ya® _ 11fa
256b® . f256bZb 16ba/b

2. Bién déi don gian can thitc bac hai
a) Pua mét thita sé' ra ngoai ddu can

VA’B =|A|VB (véi B 2 0)

Vidu:

(b>0)

J720m* =v5.9.16.m* =+5.3.4.m? =12m2J5

b) Dua thita s6 vao trong dédu can

A|lVB =VA’B (véi B2 0)

2
Vi du: -g-}i* (*?-—)Ez\l?z 3
11\.9 11/ 9 11 11

¢) Khit mdu ctia biéu thice Iy cdn

& 48 BV R Ans B, Ba)

VB VB B |B
Vi du:




’U . _(f.:_...ﬂ ‘2 J5l = | v2 (5-9).

d) T_i_"uc can rhu’c Jd mau:
- Mau la can bac hai cua mr.‘i! don thiue

a aJ_ a's/_

—"=———'—-'-="b—(ijb 0)

Vo Vb b

Vi du:
7 7 Y40 _ 74410 7410
Ja0 a0 Jao 40 20

- Mau la téng hodc hiéu cia mét biéu thice hitu ti va
mat can bdac hai

a _ a b—\/E_a(b*\/E) 5 _ 8 a(b+xf—)
b+ve b+ve b-ve bi-c  b-yc bi-c
(véic >0, ¢ # b?
(Hai biéu thidc b++c vab-+/c 1 hai biéu thic lién hop)
- Méu la tong hodc hiéu cua hai cdn béc hai

a _ a(«/g—«fg) _ a(wfg—«fg) va
b+Je  (b+Ve)Wb-e) b-c
\/_ﬂ\/_ 3({2‘/—) (v61b >0, c>0).

3. Cong va triu can thie bac hai
Vi du:

V20 - /45 + /125 - V80 = 4.5 - V9.5 + V25.5 —1/16.5
=2v5 -3v5+5v5 -4y5 =0

4. Nhan va chia can thie bac hai

a) VA VB .AC =JABC (véi A, B, C > 0)
Vi du: V5m.J/m .45 = JBm.m.45 = V225m? =15|m)|.

J—_
b I

ﬁ (viA 20, B>0)

e
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V320 _ 32 -
J5
B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh
Bai 1. Tinh:
a) {55 -3v3)5V5 +3V3)  16m>(9p> — 42p + 49)

b) Jﬁlxﬁyz +12}:4y2 (w.fl—m-\/a)(\/l—m +1/m)
N2 __ 2
5 \/53@ 5) 7 -2x) | 6{}x+2.;51 |
57 (7 - 2x)
Bai 2. Pua mot thita sé ra ngoai dau cin va ngude lai:

5(x” — 2xy +y?)
!9‘(1&::2 +2xy + yz)

Vidu:

a) 1/98(2m + p)?

by 4 ‘[8:{2 ~8y? p-q | p’+pq
X+y 4 p+q\p®-2pq+q’
Bai 3. 1. Khit mau clia biéu thiic 1y cin:
18x* 53 3
a) m + -
540 3mp 2m

b) 3m? 12 2x l+-L
y 3 4
my X X

2. Truc can 6 mau:

m + 3 9 22
Jm? -9 2J3-3  3J/5-442
Bai 4. Cong tru cian bac hai |

a) 0,1v/200 - 2,/0,08 +4,/0,5 + 0,4v/50

b) m\/gﬁ +6m\/: - (




Bai 5, Nlum fhn can szm hai
|'

» [ﬁ;q .\f&\/i]\/m—p

P mp

by (VZ +¥3 + V6 (Va5 -3+ 45 )
c) (\/x—i;+\[};—xw]\[x_y

[1\F S\F 4\/?}81
&y | S fe e SR S
2V2 2V3 5V5) 1518

I1. Cac bai toan kiém tra
Bai 6.1. Pua mdt thita s6 ra ngoai dau can:

et sy s

3
a) (';‘) b) [ -—  khiy>1.
X Y ¥y

2. Pua mét thira so vao trong dau can:

2 .2
a) xy ﬁi-r-—l- b) i JP = khi0<m«<p
X Yy m-p T

3. Truc cin ¢ mau:

a) 8 b) 20 \/x -y +Jx +y?
3v2 -4 8v5 ~10/3 Jx y? —Jx% +y?
Bai 7. Ching minh rang:
X+y x[;'_}’ néu x >y
(x-y)* { < +y

1 J2
b Y2 1+4d2-43
)1+J§+J§ 4(+f ¥3)

L _(/5-2) (V2 -
Everew seral R AR

a) (x-y)

1f:~;+y néu x <y
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d) Biéu thitc M = 4m” - 8m? + 2m + 3 c6 gia tri bang 1

_1+Jé

kh1 m="——

Bai 8. 1. Thuc hién phép cong va tru:

a) 3J8—p - J18p ~5J—1+-p + 1/-‘-llp + J50p - J32p + ,,f’?zp

b) 2m+/x +x1’ 1’ ~vx® -mx® +
ax —am
me [—~1J b 2m :
m m

2. Thuc hién phép nhan va chia:

a) ffJ§+J§+J3_—1—](\/L_2+\/§_4JQ_2);

(5l )4

3. TlIlh.

1 1 .
(o))

Vx -4y X =y
C. SO LUQC CACH GIAI
Bai 1

2) J[5¥5 —3v3)5v5 + 393 ) = (55 —(3‘\[_)‘: =125-27=198
\/16m (p —42p+49) Jlﬁm Bp 7 |m(3p 7)|

khi m >0, p:.-.%
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k)

Momedm) b fr:;; sdm)=(WI=m| -(Vm]

I-m-m=1-

P f **
3 19

\/36 60 + 25x° —(7*-2}{)\/(5}{_6) _
(f - 2x)°* (7-2x)°

—5x 6 khi x<35.

(71— 21{)

Bai 2. B.) \[98 2m +p)3 = ‘\/492(2111"‘1})2(2111 + p) s
= 7(2m + p}/2(2m + p);
Jﬁ(xﬂ - 2xy+y?) _ Jscx—y)ﬂ By

9(x%+2xy+y?) Ax+v)  3B(x+y)
: \/ﬁﬁ-ﬁﬁ: : \/B(Xz_yz)z 1 Jaxt - y?)

b)
X+y 4 X+y 4 X+y
My 2 _ 2 i
ey H(x };)#4 X{(x-y
(x+}f) X+y
p—q\/ P°+pPqg  _p-gq _/p(p+q)=
p+q\yp’-2pq+q° p+q\(p-q)°
p-q vp(p+q) «/_(p+q) ki
“p-d p+q p+q
1 o4 2
Bii 3. 1.a) [15"‘ :\ll*”‘ _X
V540 V36.15 6

\/m+ 5 “iFJ;Gm2+1O—9p _J6m2p+10—9p 6mp
6mp 6mp

6mp

1 \/Gmpl’ﬁmzp+ 10 —-9p) khi mp > 0..
6mp
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2
b) 3m?y |12 = 8m?y 12.my _32Y 3 3my -
my mymy  my

=6my3my khi my>0.

2x -1—+—1— =92x K‘:l :z}:-\g’x+ :g....l'x..},l
Vx?  x! V x X X

voidieukiénx>-1vax=0.
m+3 m+3 VYm?-9 (m+3)wfm -9 \[m -9
Vm Jm -9 Jrn -9 m® -9 m-3
khi m? :‘-'9
9 9 2«/§+3 9(2(4—3) 3(2J§+31
oV3-3 243-3 2J3+3 12-9
22 22 35 +44V2  242(3V5 +442)
3V5 —4v2 345 -42 345 +4¥2  45-32
242345 + 442)
13

Bai 4. a) 0,13/200 —2,/0,08 +4,/0,5 + 0,44/50 =

=0,14/2.100 - 2 J:\fmwf?

= 0,1.10V2 - 2 /8 + 4= +0,4.5/2
J2 mf % J2

-f3-1o 2+4@+2J§:J§-—EJ§+2J§+2J§=4,6J§

b) —mJ—_+6mJ—- (

_—m3JT-.+i"3J‘ Ll f il 3T =m =dewm.

) 2xy+/343xy - 3y112x°y® +6x1/63xy:§"—5y1;‘28x”y =

2)
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- Ixv/49.7xy - 316.7x°y? +6x49.7Txy" - 5y/4.7x"y
— 14xh-'r7m:~;_}-'- ~12xy4/7xy + 18xy\ﬁ§ —10xy+/Txy

= 10Xy 7xy .

Bai 5. a) [\/mp+2\x——:-\/—:+J:]F_

-mp+2\j—mp \/ mp+\/——mp mp+2p-m+1
P mp

khip>0, m>0.
b) (V2 +43+V6) =2+3+6+2v2.43 +2v2.V6 +2V3.V6
=11+2vV6 +2v12 + 218 =11+ 26 + 43 + 642

(x’3~xff’_5—vm]2 =3~J3—2J(3—J513+J5}+3+v'3
=6-2/9-5=6-4=2
c) (\fx:iy + \/};yﬁ —~ xy): Jx_ =Xy xXy + Xy’ I Xy - =

“Vx? +yy? - hﬁzx+yu\/x_j,;khix:p{},y}(;
(2\!; ‘?‘J@ g‘/ﬂ 15\F [4( e \/_] e

E_E}_‘f 1"( 15 15 = 6 75
8 5]

_75-7516 + 48410

Bai 6. 1. a)
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h)J—-imJ ”1~1 y—1=3Y" khly i

y

2
2.a) Xy &+;_~xy ‘x;yy \jx Y (X+YJ =Jxy(x+y)
_/ ( (p - m)(p+m>
m-—p (p- 1::1)2

ﬂ{){m*:pnenm p<Ohayp-m>0. Dudétacéthédﬂa
p - m > 0 vao trong diu can va thém dau tru (-) trude dau can.

7(p + m)
p-m

8 8(3VZ+4) _ 8(3V2+4) _
3\5 4 (3& 417\@4-4 (3J—) ST

o) 6, )

18 -16

20  208/5+10y3) 2dsva+1ov3) - .~
b)aJE_loJ__&/‘)* o/}  320-300 =805 + 13;

N e M L
Jx‘ YE—J:-?er‘ (f*y’)ﬂ—(m]z v (£ +)

(\/K -y’ +\fx +y’ ]Z K% —y? +x2 430 42—y ) +YP)

-2y
2x +21}x -y’ x2+1/x"—y“
yz

Vay biéu thic da cho trd thanh: -

khi x*>+y*; y#0.

Bai 7. a) Néu x >y thi (x—yf =x -y, do dé:
e

(x - v)\" Hy i:i.\/xw:ﬂ..fmy'.
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Néu x <y thi y/(x- ~y) =~(x-y), do dé:
(X~ ), |— -*--‘*’— - XY fxey=-Jx+y
(x-y) -(x-y)
b) Trudc hét truc can d vé trai:

1 1+v2-4/3 1+42 -3
14v2+43  [1+v2 +\BJ1+V2 V8] (1+v2) -(Vaf

1+v2 -3 1+\/— V3 x/_( \/‘__\/*)

1+242+2-3 2.2 4

Vé trai dung bing vé phai. Bé’mg thic dudc ching mmh
¢) Trude hét ta phan tich mau thanh mot tich nhu sau:

2+J§+2J§+Jﬁ:(ﬁ+2)(«f§+1)
Truc e¢in 3 vé trai:
e s [V5-2)(vz-1) _
Ws+2)Vz+1) Wo+2)lVz+1)Vo-2)lV2-1)
V5 -2)lV2 -1
b2
V& trai dung bing vé& phai. Ddng thuc dude chiing minh.

+4/3

d) Thay gia tri m:l—g— vio bidu thite da cho, ta cé:
M-é-(1+\/_) (1+J_T (1+\/_)+3

(+3J§+9+3f) (+T’\f§+3)+l+\/_+3
:5.{-3\/"—8“4\/,14“/._:1

Ping thitc duge chiing minh.

Bai 8. 1.a) 3,/8p-18p— 5\' p+\f41p+x 50p —+/[32p +/72p

=3/4.2p - f9.2 \( gp.2+J250p J16.2p +./36.2p

4 \9 9
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~62p - 3,2 - > {2p + 5(2p + 520 - 4420 + 6/2p

=9\f£ khi p‘::-O.

1 : R : X
b) 2mWx - M+ —xi— —vx' —my’ + mf ——1
‘\'( m x\at am

4(x -~ m)
m° ( ‘?m‘{ +x-
a(‘( m)

-~ Jx*(x-m) \/

X—-m =

o ';m|'
11

=ﬁmﬁ+x\; 5 _X'V — -fﬂxﬂﬂ){»/x—m—%mfﬁ =0

khim>0,x>m.

2.2) [i;_@ , J§+\/%](4ﬁ+@_4ﬁ?:)=
—4m[iﬁ+ﬁ+\/%]
-4 5+J:§—;+\[E+4J§+a \/W 16 o6 -
Wy 4\/__—02_
S SN RN Y

[o ;' { 2 2
:4;;+2j.§+3+£x6+a+:.‘:__f WERYE
\5 D 3 \) V3
103 ., 4,06 ,[2
= o4 d 4+ 6 +2. = -4 =
% I R R S
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Khi mau cua iéu thue lay can duge:

0 4 5 Y 3
: _‘|:_ i : _} } ‘I | 1 \rlr{; + 2 \[,} : _-; {] \/-.- ; i =
3 Y85 h 3 3 3 d 3

9
::—d\,i'15+4+:;wfrﬁ——\/_+—\ﬁt}"4

b) —‘]:—0-1’2 l[_':4 }E
\ xy 2 ] 15\ 3y

3}{ 15 2 3y 1 15 Xy 3y
}’ Xy 2x 2 2x
4ax 3 3 E lliy 4ax\/—_3\/~+éx

—f(‘ﬁ”‘ - ‘thix}ﬂ,y}(}.
2x 8
3. a) : : [ JK_ J[x+\/x HVJ
X+yx -y’ x—yx? -y (x+\/x—}ﬁ]x_\/;2_:y_ﬂ)
2x 2x

xz_(ﬁz __V'_J) },3 )

{J— i ][f—\/,?)!

; { We) (), | = ]{ - ;{/;; : J\g m}g

(\[; + \/ Xy + \./-}.'é_ + Jxx_) ( = 1 )‘-’1
VX + 4y

(J;+f) : -——-—-——lkh]‘!{}{j y > 0.

[\hhﬁ]
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§9. HAM SO BAC NHAT - DINH NGHIA
TiNH CHAT VA PO THI

A. KIEN THUC CAN NAM VONG

1. Ham s6 bac nhat la ham sbé dudc cho bdi cong thic
y = ax + b, trong d6 a, b 1a cic sb thuc xac dinh (a # 0)

2. Ham s6 bac nhat xac dinh v61 moi gia tri x thudc R.

Trong tap xac dinh R, ham sd bac nhat y = ax + b dong
bién néu a > 0 va nghich bién néu a < 0.

3. D6 thi cua ham =6 bac nhat

a) D6 thi cua ham s6 y = ax (a # 0) v61 x € R la mét
dudng thang di qua géc toa do O (0; 0) va ti trai sang phai:

- hudng di 1én va nam treng goéc vudng I va III néu a > 0;

- hudng di xuéng va nam trong géc vudng II va IV néu a < 0.

Dic biét, d6 thi ham s6 y = x 1a phan giac thi nhat (phan
giac cua hai géc vuong I va III), d6 thi ham sd y = -x la phan giac
thit hai (phan giac cua hai goc vuong 11 va IV)

b) D4 thi cia ham sd y = ax + b (a # 0) 1a mot dudng thang
(song song vO1 dudng thang v = ax) cit truc tung tai diém c6
tung d6 bang b néu b # 0, trung véi dudng thangy = ax néu b =0
(b dude goi la tung dd goc cua duong thiang) va tu trai sang
phai:

- huéng di 1én néu a > 0

- hudng di xudéng néu a < 0.

Muén vé dd thi cia ham s6 v = -x + 5 ching han. théng
thuong ta xac dinh hai diém la giao diém cua d6 thi véi hai truc
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toa d0 (hinh 1).

H.1

h
Ln

el B
-

o
-

0 5 %

4) Do su lién quan gida hé s6 a va goéc tap bdi duong
thang v = ax + b v tia Ox nén a dudc goi 1a hé s6 géc cua
duong thang y = ax + b.

a) Hai duong thang v, = ax + b (a # 0) va y, = a'x + b
(a' # 0) la song song vé1 nhau khi vachi khia=ab#b' va
trung nhau khi va chi khia=a',b=b"

b) Hai duong thang trén sé cat nhau khi va chi khia # a'.

Pac biét néu a # a', b = b' thi chiing cidt nhau tai mét
diém trén truc tung.

# Luu y: Goe tao boi duong thang y = ax + b véi tia Ox la
g6c nhon néu a > 0 va la goe ti néu a < 0.

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. a) Tim TXD ctia cac ham s y = -9x + §;
y=Gtedn+l  ge——e y=3-6x.

V49 - x*
b) Trong cac ham s6 sau ham sé nao la ham sb bac nhat?
Xac dinh cac hé s6 a, b cia ham s6 do:
3

y=—+x y=7-8x; }-':Jg(x—l)*\@l y=-x+1
X



Bai 2. a) Vé do thi ham s6 v = -xv?2
b) Goi A, B. C la cac diém thuée d6 thi ¢6 hoanh d¢ lan
lugt la - 2; 1; 2. Hay tim cac khoang cach OA, OB, OC.

Bai 3.a) Védd thicacham s6y, = -2x + Hvay, = 2x - 5
trén cung mot hé truc toa d6. C6 nhan xét gi vé cac do thi do?

b) Qua diém M(0, 5) vé duong thang v, vuéng géc véi
duong thang y,, tim hé sé géc cua duong thing nay.

Bai 4. Véi diéu kién nao thi hai ducing thiang vy, = a,x + b,
vay,=a,x + b,

a) song song vol nhau;

b) triung nhau;

¢) cit nhau tai mot diém trén truc tung.

Bai 5. Viét phuong trinh cua duong thang di qua diém A
trén truc tung co tung d6 bang - 5 va diém B trén truc hoanh
c6 hoanh dé bang 5, roi tinh dién tich cua tam giac OAB.

II. Cac bai toan kiém tra

Bai 6. Vé trén cuing m6t hé truc toa d6 d6 thi bén ham

Y, = -12—x+2; Y. =—12—x-2; Y= —%x +2;, y, = —‘1—)—};— 2

a) Tim toa do giao diém cua méi duong thang vdi hai
truc toa do.

b) C6 nhan xét gi vé bén dudng thang v,, v.. v, v,? Tinh
dién tich cta tu giac tao thanh.

Bai 7. Cho ham s6 y = (2 -k)x. Tim gia tri cua k dé:

a) ham sé nghich bién;

b) d6 thi ham s6 trung véi truc hoanh;

¢) do thi ham sé trung véi tia phan giace tha hai.

Bai 8. Vé do thi cua:
a) Hims6 v = |2x - 1]:
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b) Ham so v = x - x|

C.SO LUOC CACH GIAL

Bail.a) Cachamso vy =-9x +8vay=3x!-4x+ 5co
TXD la mo1 x € R.

~ i ] ) . )
Hamso y=——a—=cO TXD -T<x<7 vid9-x*>0

ll ih
Va9 - x-

. » i i " 1 )
Ham s6 3-':Jd--6x c6 TXD XEE vid-6x20

b) Caicham s6y=7-8xva y= J5(x-1)-+/6 1a ham sé
bac nhat. Va1 y = 7 8k thi a = -8 b = 7, vai

y:ﬁx—ﬁw\/{; thi azJE;b?JE—JE,

Bai 2. a) D6 thi ham s6
y=—xv2 (a=-v2) la

dudng thang OM di qua
diém goc toa do O va diém

M (—1;«/5).

Dé ¢6 gia tri V2 ta ldy
doan OP=+2 (hinh 2) va
dat né lén truc tung. Puong

thang y = -xv2 nim trong

hai goc vuong II va 1V (vi
a<0) ..
b) Ta ¢6 toa do cac diém " H.2
A, B, C theo thu tu la
Al-2242):Bli-v2 ) cl2-2v2).
Xét cac tam giac vuong OA'A, OB'B. OC'C ap dung dinh
ly Pitago ta lan lugt co:

OA? =(-2) + (22} =1+8=12 tirdé OA =412 =2V3
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Tuong tu: OB =+/3, OC =243 .

Bai 3. a) Dé vé d6 thi cua vy,
va y, chi can xac dinh hai giao
diém cua méi d6 thi trén hai truc

toa do:
x| 0]25] x| 0|25
vil 581 0] y| 5[0

D6 thi nhu hinh 3. Hai dudng
thdng y, va y, cung di qua diém
A (2, 5, 0) trén truc hoanh, déi
xiing nhau qua truc hoanh.

b) Do hai duong thiang y, va
v, vubng goéc vél nhau nén tich
hai hé s6 géc a,.a;, = -1 ma a, = 2
nén a, = —~1-.

2

y3

2.5

y2

/

H3

yl

Bai 4. Diéu kién dé hai duong thing y, = a,x + b, va

.= ayXx + by

a) song song vOi nhau la
a,=a, b, #b,

b) trung nhau la a, = a,
b, =b,

¢) cAt nhau tai mét diém trén
truc tung la a, # a,, b, = b,.

Bai 5. Duong thang c6 dang
y = ax + b, ta ¢6 ngay tung do goc
b= 5.

Thay x va y bing toa dé diém
B ta cé:

O0=ab5-5 Suyraa=+1

Vay phuong trinh duong
thang AB lay = x - 5 (hinh 4).

Dién tich tam giac vuong OAB la:
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5.5 =125 (dan vi dién tich)

| =

Bai 6. Ta lap cac

bang sau dé xac dinh toa y
dé giao diém cac do thi ¥3 yi
vO1 hai truc toa do: A

x | 0 -4

¥ 2 0 =

X 0 1

YE ‘2 U

X 0 4

Y3 2 0

z 0 4 H.5

Yi -2 0

P4 thi la 4 duong thang nhu ¢ hinh 5.

a) Toa d6 cac giao diém 1a A(0, 2), B(- 4, 0), C(0, -2),
D (4, 0).

b) Bon dudng thiang nay cit nhau tai 4 diém A, B, C, D
trong dé AB//CD vi hé s6 géc cua v, va y, bAng nhau, AD/BC
vi hé s8 goc cua y, va y, bang nhau.

Ta giac tao thanh la mot hinh thoi (hinh binh hanh
ABCD c6 hai dudng chéo vuéng géc tai O) cé dién tich bang:

i’;- =16 (don vi dién tich)

Bai 7. a) Muén ham sé vy = ax nghich bién thi hé sé a
phai dm, ticla 2 -k <0. Suyrak > 2

b) Muén do thi triung véi truc hoanh thi 2 - k = 0 tuc la
k = 2 vi phuong trinh cua truc hoanh la y = 0.

¢) Muén doé thi trung véi tia phan giac thi hai tic la
tring véi dudng thang v=-xthi2 -k =-1, tic la k = 3.
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2x-1 kh xal

2

Bai 8.a) Tacoy =[2x —1) =+ {
-2x+1 khi x-r:—2~

Vay db thi cia ham s§ y =[2x - 1| gom hai tia c6 chung

diém géc la A(%,{}) trén truc hoanh va ndm phia trén truc

hoanh (hinh 6).
b) Ta c6
0 khix20
v =~ ={-—2x khi x <0

D6 thi ham s6 gom hai tia Ox va Ov (hinh 7)

A F
e b 4
\ ”
1 - 4
i
i
9 i
> i S
u ’I Y l x 1 H 2
¢ A2 i i
’ \ I ]
Ay LR | i
Fi \ 1 1 }
,’ \\ -2 -1 0 X
£ \
H.6 H.7
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§10. HE HAI PHUONG TRINH BAC NHAT
HAI AN - CAC PHUGNG PHAP GIAI

A. KIEN THUC CAN NAM VONG

1. Mdi phudng trinh bac nhat hai an dang ax + by = ¢ ¢6
vd s6 nghiém. Tap cac nghiém biéu dién trén mat phing toa
d6 12 mét dudng thing goi 1a dudng thing ax + by =c.

Pic biét, néu a = 0, b # 0 thi dudng thing y = m [m ;t%]

song song vdi truc hoanh néu ¢ # 0, trung véi truc hoanh
néu c = 0.

Con néu b =0, a # 0 thi d6 1a duong thing x = n (n e E—)
a

song song véi truc tung néu c # 0, triung véi truc tung néu c = 0.

2. Hé hai phudng trinh bac nhat hai an c6 dang:

ax+b=c

{a‘ x+b'=c

Mét hé phudng trinh bac nhit hai &n c6 thé c6 mét
nghiém duy nhat, ¢6 vé s6 nghiém hoéc v6 nghiém.

Hai hé phudng trinh duge goi 1a tuong duong néu moi
nghiém ctia hé nay déu la nghiém cta hé kia va ngude lai.

Luu y:

Hai hé phuong trinh vé6 nghiém déu dudc coi 1a tuong
duong v61 nhau:

Vidu

—y= 2x -3y =5
he & 7Y vi he Sl
4x —6y =6.
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Hai hé phuong trinh cé vé sé nghiém déu dude coi la
tuong duong vdi nhau.

Vi du:

i {x—y=3 vixhé{4x_5y:6

5x -5y =15 8x-10y =12.

3. C6 2 cach giai co ban la:

a. Giai bang phuong phap cong

Lam cho gia tri tuyét d6i cua cac hé sé cua mot An bang
nhau, roi cdng hoidc tru tiing vé cac phuong trinh. Giai
phuong trinh c¢6 mdt an da tim dude.

Vi du:
6x - Ty =40 6x -7y =40 (1)
dby-2x=-8 3 —-6x+15y=-24 (2)

LAy (1) eong vdi (2) duge 8y = 16, y = 2 thay vao (1) dudc
Xx=9,

Vay nghiém cia hé la (x =9,y = 2)

b) Giai bang phuong phap thé

Rut mot an ching han x tiu mét phuong trinh réi thay
vao phuong trinh kia. Giai phuong trinh ¢6 mét an lay.

Vi du:

x+b5y="7 (1)
{3}: -2y =4(2)

Rut x tir (1) dude x = 7 - 5y, roi thay vao (2) dudc

3(7-6y)-2y-4=0,dugcy=1Tudox=7-5=2.

Vay nghiém caa hé la (x =2, y = 1),

Luu y: a) Khi hé s6 cia mét an bang 1 hodc -1 thi dung
phuong phap thé 1di hon 12 dung phuong phap cong.

Ngoai ra ¢6 thé minh hoa cach giai bang d6 thi bing cach
vé trén cung mot hé truc toa dé hai duong thing ax + by = ¢
va a'x + b'y = ¢, rdi xac dinh toa d6 giao diém cua hai dudng
thang d6: hai duong thang nay cé thé cit nhau (hé ¢6 nghiém
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duy nhat) song song véi nhau (hé vé6 nghiém) hodc trung
nhau (hé ¢é vb s6 nghiém).
b) C6 thé giai hé phuong trinh bang cach dung an

R S
: i e swe v 8

phu. Chang han dé giai hé \}.;w x]}’ 5 ta dat
x-v x+y 8

X=—, Y=—1_ 4 bién d6i hé da cho v& dang c6 hai &n
X+y X-y
X va Y (a4n phu) véi diéu kién x # + y.
X+Y=%
Giai hé bang phuong phap cong dudgc
3
¥-X=2
L 8
K=Y =,
8 2

1
Nhu vay: : =— hay x+y =28, :
x+y 8 X-Yy

Biét tong va hiéu cia hai s6 x vaytacéngay x =5, y = 3.

1
=— hay x-y=2.
2 y Y

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh
Bai 1. Giai bang phuong phap cong:

'3x—4}'+:’5x--3y (u+3 u+l

=x+1 =
o 3 b)<v+8 v+1

a) |
2x -3y 4x -3y 3Gu-6) 3u-3
— + =y+1; —_—_—= \
3 2 [ Ov+7 v+1
Bai 2. Cho hé phuong trinh:
(m+1)x—-v=3 '
mx + v = m.

91



a) Gidi hé khi m = /2 ;
b) Tim m dé hé c6 nghiém duy nhat sao cho tong x + y duong.
Bai 3. Giai bang hai phudng phap cong va thé:

X +y =24 Sy ldy—5uD

a) 4 x 8 b) |
— —-*2— 2x-by+12=0,
9 7 9

Bai 4. a) Viét phuong trinh ciia dudng thiang y = ax + b
di qua haidiéem M (1;-2) va N (2; 3); P(0; 1) va Q (8; -1).
b) V6i nhiing gia tri ndo cua a thi hé phuong trinh:

x‘ y - 3 P A~ - # ~ e . -~ - .
: ¢6 mot nghiém, c6 v6 s6 nghiém, vé nghiém?
ax+b=a

Bai 5. Giai cac hé phuong trinh sau bang cach dung an phu:

"1“""1:10 4 — ] :]_
a) y j § b)“ Z;{ft 2—32{.

C LI . =

Xy lz+2t z-2t

II. Cac bai toan kiém tra

Bai 6. Tim cac gia tri cua k # 0 dé:

kx-y=2 ,
a) Hé phuong trinh: i c6 nghiém thoa man hé
3x+ky=
thac: x+y=— g
Y k*+3
y-kx=3 + .
b) Hé phuong trinh c6 nghiém duy nhat.
y + t:{ + 1| =2

Bai 7. Tim u, v va s trong cac hé phudng trinh sau:

{E =z = { -~ | =~ [Bu“’ v =17
a) Wﬁ 7 3 T 1
2u -~ v+ 4s = 30 M*“ 3 1u“ +2v° =66,
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Bai 8. 1. Giai cac hé phuong trinh:

mnp |
iRy m+n+p=21
n+p+q=24
gy (080 YR
n+p 5 p+q+m=23
mnp 3, g +m+n =22,
p+m 9"

2. Tim m va p thoa man phudng trinh:

(BJ&—%T +p-vm [ =0.

C. SO LUQC CACH GIAI
Bai 1. a) MC: 15 va 6. Quy dong mau roi khi mau ta
dugc:
9x — 12y + 25% — 15y = 15x + 15 19x - 21y = 15

{4x-—6y+12x—9y=6y+6 y{]ﬂxwﬁy:ﬁ.

Giai ra tim dude x =3,y = 2

Vay nghiém cua hélax =3,y = 2.

b) Piéu kién v#-8,v#-5 v-Tvavs-1

Nhan chéo mo1 phuong trinh ta dudc:
[(0+3)(v+5)=(u+1)(v+8)
13(5u - 6)(v + 1) = (5v + 7)(3u - 3)

uv+ou+3v+1b=uv+8u+v+8 -3u+2v = -7
hay | hay

15uv+15u—-18=15uv-15v+2lu-21 ~6u—3v =-3.

S 9 11 ’ . R
Giail ra dude: u = E; v =—-— thoa man diéu kién.
7
Vay nghiém caa hé la [u = —g-; V= —E;l-]
7

Bai 2. a) Khi m = -2 ta ¢6 hé:

93



(1-J§)J-:—y=3

B yealt
(Giai ra tim dudc :
3 ¥2 (5— +‘3'J_) E: 1+..a\f—)
T1-2Y2 1 8
% +2J2 (2+2\/§II+2J§)_ 2(1+«.@II+2~JEJ
1-2y2  1-8 7 |

b) Céng ting vé hai phudng trinh ctia hé da cho dudgc:
(Zm+ 1x=m + 3.

1‘]"

-Néu2m+1#0ticla m= —-;» thi hé ¢6 nghiém duy nhat:

m+3 m-? -2m
X = ;y:—--—-—
2m+1 2m+1

- Muén téng x + y dudng ta phai c6

5 . : 2
e + . L A
x+y:m £ abﬂ.Dotum"—mHB:{mﬂ—J + = >0

nén chi cAn mau2m+ 1> 0, tdc la m > #%.
Bai 3. a) Hé phuong trinh da cho ¢6 thé viét:
x+y=24
{Tx + 9y =182,
Giai ra biang phuong phap cong hoac phucng phap thé,
ta déu dugex =17,y = 17.
Vay nghiém cua héla (x =17,y = 7).
b) Hé da cho c6 thé viét:
3x+4y =5
{2:& -9y =-12.
GGiai ra bang phuong phap cong hoic phuong phap thé ta
déu duge: x =-1,y = 2,
Vav nghiém cua hé lax=-1, y = 2,

94



Bai 4. a) Duong thang di qua hai diém M va N nén toa
d6 cua M va cua N phai thoa man phudng trinh y = ax + b,
tue la;
[-2=al+b (1)
|3=a2+b (2
Tru ting vé: (2) - (1) dude a = 5. Thay a = 5 vao (1) duge
b=-2-a=-7.
Vay phuong trinh duong thang MN lay = 6x - 7.
* Tudng tu nhu trén, toa d6 cua P va Q phai thoa man
phudng trinh y = ax + b, tac la:
1=a0+b
~-1=8a+b

. 2 1
(G1a1 ra, tim dude a = “? b=1.

Vay phuong trinh duong thang PQ la y = --{11}{ +1.
b) Céng tung vé hai phuong trinh duge (a + 1)x =a + 3
-Néua+1#0haya#-1vaa+3+#0haya=-3 taco:
a+3 a+3 3(a+1) -2a
Xt v pEgede - — :
a+1l a+l a+1l a+1
Hé da cho c6 mdt nghiém duy nhat.
- Néu a = -1 va a = -3 thi phuong trinh tha hai c¢6 dang
Ox = 0- Hé da cho ¢6 v6 s6 nghiém: x 1a bat ki gia tri nao, con
y=x-3.
- Néu a = -1 va a # -3 thi phuong trinh th hai ¢6 dang
Ox = 2, vé ngniém. Do dé hé da cho v6 nghiém.

Bai 5. a) Dat L X. e Y , hé da cho tuong duong véi hé
X y
[X+Y =10

|2X - 3Y = -25.
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GiarratimdugeX=1=-:Y=9=
X

-. Vav hé da cho ¢o

"..gr"__ ||__‘

nghiémla x=1: v = -é—

b) it ——=X. —— = Y, hé di cho tuong duong véi hé
z+ 2t z -2t
4X-Y=-1 , ... ...
vol dieu kién z # + 2t
20X +3Y =1
- . 1 1 1 1
Giairatimduge X =—= Y=-—= .
8 z+2t 2 zZ=2f
Ta phai giai tiép hé:
[ 1 1
9¢ 8§ g Do B
Jz+2t 8 hay Z+ 8
__L____ﬁl g Pb =8
Lz—‘Zt 2

Giai ra ta ducge nghiém z = 3, t = 2,5 thoa man diéu kién.
Vay hé da cho ¢6 nghiém la x = 3, t = 2,5.

.. .. oy a ae 2k +5
Bai 6. a) Va1 k # 0, giai hé da cho ta dude x=—
k= +3
bk -6
b R .
k”+3
Muén cho nghiém tim dugec thoa man hé thic
X+y . ta phai giai phuong trinh:

:k‘-‘ +3
2k+5+5k—-ﬁ_ 3
k*+3 k“+3 k*+3

,hay 2k + 5+ 5k -6=3.

% 4
(v1ai ra tim dugde k = — .
i
b) Tu phuong trinh thi nhat ta ¢6 v = 3 + kx. Thay vao
phudng trinh tha hai dugc:
|x + 1| = -kx =1 (*)
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-Neux> - 1thitk+ I)x=-2 Tudé vér k =-1thi Ox

= -2, phuong trinh (*) v6 nghiém: vé1 k # -1 thi
2 k-1 kK+3

X=-———>-lhay ——>0.Suvralkl|>1vatacoy=—-—.
k+1 k+1 ' k +1

-Néeux<-1thitk-Ix=0 Tudé véi k =1 thi Ox = 0,
phuong trinh (*) ¢6 v6 6 nghiém vé1 moi x < - 1, vér k # 1 thi
x = 0, phuong trinh (*) vo nghiém.

Vay muon hé da cho c6 nghiém duy nhat thi k| > 1.

fmizanmt$=§=%=ktamuzahv=7k5:3k
5 T X
Thay vao phuong trinh tha hai duge:
10k - 7k + 12k = 30, hay 15k = 30, k = 2
Vay hé da cho c6 nghiém la (u =10, v = 14, s = 6).
b) Ta hav xét cac truong hdp sau:
*uz0.v2>0, tacoheé:

[v-2u=-3
1lv+u=3
*ux0,v<0, tacohe:

{ v-2u=-3

v+ u=3J3

ma nghiémlau, =2, v, = 1.

ma nghiém lau, =0, v, =-3.

*u<0,v<0,tacohé
| v+2u=-3 ..
J ma nghiém la u, = -6, v, = 9.
|-v+ u=3
Vay bon nghiém cua hé da cho la:
(u, v) =(2, 1); (0., - 3); (- 6,9): (0, - 3)
¢) Nhan hai vé cua phuong trinh tha nhat véir 2 dugce
4u® - 2v* = 14, ta c6 hé:

Jélu"’ ~2v: =14

- >
lu” + 2v- = 66.

Tu d6 tim duge 5u” = 80, u” = 16, u = + 4. Thay gia tr1
cua u’ vio phudng trinh thi hai duge:
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Wvi=866-16=50,v'=25,v=%5.
Vay hé da choco nghiémlau=+4,v=1%5.

Bai 8. 1. a) Hé phuong trinh da cho co the viét:

(m+n 1 1 1 1

== —+—== (1)
mnp 2 np mp
2w H8 hay -« | + b ol (2)
mnp 6 mp mn 6
p‘*‘m:E _.3'_+L.=E (3)
| mnp 3 inp mn 3

vl ditu kien mnp#0, m+n=#0,n+p#0,p+m=0.
Coéng ting vé ba phuong trinh nay dudc:
: + = + . =] (4)
mn mp np

Lav (4) tru tung vé véi (1), (2), (3) ta cé:

[mn = 2
mp =3
L"I]J =6

Nhan tiing vé ba phuong trinh cudi nay dude (mnp)* = 36
hay mnp=+6. Tudétacom=+1,n=22 p=+3.

Vay hé da cho ¢6 hal nghiém la:

(m, n, p) =(1; 2; 3); (-1; -2; -3)

b) Coéng ting vé bon phuong trinh da cho dugc:

3m+n+p+q=90; m+n+p+q=30.

LAy phuong trinh nay trit timg vé& véi méi phuong trinh
cua hé, ta sé tim duge nghiém cua hé phuong trinh da cho la:

(m, n, p, @) =(6; 7, 8,9

2. V& trai l1a téng cua hai biéu thiic khong Am nén moi
biéu thiic phai bang 0. Vay phudng trinh da cho tuong duong
v6l hé:
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§

3vm - =10
' R
p-vm =0
JiR, : 3 2
Gliairatim duge m=—;p=—.
, ==
) 0

T & Fom " - [ 4 2
Vaynghiémcua héla i m=—;p=—]|.
B ‘ B 25 5 .

§11. TOAN BAC NHAT
(GIAI BANG CACH LAP HE PHUGNG TRINH)

A. KIEN THUC CAN NAM VONG

Cach giai theo ding cac bude da trinh bay ¢ §6 (Giai bai
toan bang cach lap phuong trinh). Buéc khé nhat 1a lap duge
hé phuong trinh sau khi chon an va xac dinh diéu kién cua
an.

Vian dé con lai la giai hé phuodng trinh bang cac phudng
phap da trinh bay ¢ § 10. Cu6i ciang ludén luu y sau khi da
tim dudc nghiém phai déi chiéu véi diéu kién cua an dé chon
két qua thich hgp. Sau dé phai thu lai nghiém tim duge (tha
vao bai ra, chu khong phai vaoc hé phuong trinh).

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Tong cua chii s6 hang chuc va hai lan chii s6 hang
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don vi cia mot s6 ¢6 hai chii s6 1a 18. Néu doi ché hai chit sé
cho nhau thi dude mét s6 méi 16n hon s6 ban dau la 54. Tim
sd ban dau.

Bai 2. Hai ngudi thg quét voi cung lam chung thi 12 gic
xong cbéng viéc. Sau khi lam chung 8 gio thi mot nguoi phai
di lam viéc khac nén nguoi con lai phai lam nét trong 5 gio
niia méi xong. Hol néu lam mdét minh thi mé1 ngusi phai
may gid mdéi xong?

Bai 3. Hai t6 céng nhan A va B theo ké hoach phai may
xong 110 so mi. Do thi dua ting nang suit té A da vudt mic
14%, t6 B vugt mic 10% nén dia may dudc 123 so mi. Hoi
theo ké& hoach méi t& phai may bao nhiéu so mi?

Bai 4. Mot dam dat hinh chit nhat ¢6 chu vi 124m. Néu
tang chiéu dai 5m va tdng chiéu rong 3m thi dién tich sé
tang 225m?. Tinh chiéu dai va chiéu réng cua dam dat.

Bai 5. Mot ngudi di xe méay du dinh di ti tinh A dén tinh
B trong mét thdi gian nhat dinh. Ngudi dé tinh rang néu di
véi van tdc 45km/h thi sé tdi B chAm mat nia gid, nhung néu
di v6i van tdc 60km/h thi s&é dén B sdm hon 45 phit. Tinh
quang ducng AB va thaoi gian du dinh di.

II. Cac bai toan kiém tra

Bai 6. a) Tim s6 c¢6 hai chii s6 biét rang chit s6 hang don
vi gip ba chil s6 hang chuc va khi chia s6 dé cho téng cac chid
s6 thi duge thuong la 3 va du 3.

b) Mét hop kim gom déng va kém cé khéi luong 124,5
gam. Tinh khéi luong dong va kém trong hdp kim, biét rang
khél lugng riéng cua dong la 800kg/m”, cua kém la
7100kg/m’ va ctia hop kim 1a 8300kg/m®. |

Bai 7. a) Khél 16p 8 va khéi 16p 9 caa truong c¢6 300 hoc
sinh tham gia dong dién thé duc. Néu chuyén 20 hoc sinh ti
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- ¢ B e : - S
khor 8 sang kho1 9 thi = s6 hoc sinh kho1 8 sé bang 3 50 hoc

sinh khéi 9. Tinh so6 hoc sinh cua mé1 khoi tham gia dong
dién thé duc.

b) Tinh hai canh goc vudéng cia mot tam giac vudng biét
rang néu tang canh 16n thém 5cm va tang canh nho thém
3cm thi dién tich tam giac tang thém 80cm® va néu giam méi
canh di 2cm thi dién tich sé giam di 35em®.

Bai 8. a) Hai voi nude cting chay vao mét bé 16n thi trong
10 g16 sé day bé. Néu voi thd nhat chay trong 6 gig va voi

ki hiii chiy trona 3 gt thi bE ehi diy dise %bé. Hi mbivei

néu chay mot minh thi phai trong bao lau méi day bé?
b*) Tim tat ca nhing cap s nguyén duong (m, p) sao cho
hiéu cac binh phuong cua hai sé d6 bang 75.

C. SO LUGQC CACH GIAI
Bai 1. Goi x 1a chit s6 hang chue, y 12 chii s6 hang don vi
(0<x<9, 0<y<9). S6ban dau la 10x + y, s6 da dbi chd hai
chii s6 12 10y + x.
Theo bai ra, ta c6 hé phuong trinh:
x+2y =18 - {x+2y=18
10y +x-(10x +y) =54 ) Iy - x) = 54,
Giai ra duge x = 2, y = 8, thoa man diéu kién da néu.
Vay sb ban dau la 28.
(Ban doc tu thu lai: 2 + 8.2 = 18; 82 - 28 = 54)
Bai 2. Goi s6 gid ma ngudi thit nhit lam mét minh xong
cong viéc la x, sd gid ma nguoi thd hai lam mét minh xong
cong viéc lay (x, y > 0).

- L 2 -~ » 1 - ] X
Trong 1 gic nguoi thi nhat lam dude —cong viéc, nguch
X
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- = '«. 1 s .o 4 G » =
thu hai lam dude —cbéng viéc, ca hai cung lam chung dugc
A

: o
— cOng viec.
12 g Vit

Ca hai lam chung trong 8 gic dudc % = — ¢ong viée, nén

oo

phan cong viéc con lai la 3 coOng viéc.

Theo dau bai ra ta cé6 hé phuong trinh:

1 1 1
—_—t — T —
x y 12
1.9
3.V

Giai ra tim dude x = 60, y = 15, thoa man diéu kién.

Vay néu lam mo6t minh thi nguci thd nhat phai lam
trong 60 gig, nguoi thi hai phai lam trong 15 gio.

Bai 3. Goi x va y theo thi tu 12 s6 sd mi ma té A vato B
phai lam theo ké hoach (x, y nguyén duong).

oo . 14 2 .
Thuc té td A da may duge x +E§X’ to B da may dude

10 s P ’
Vi m-y . Theo bai ra, ta ¢6 hé phuong trinh:
x+y=110
x+—1-il—x+ }'+—1;?—y=123.
100 100

Giai ra, tim dude x = 50, y = 60, thoa man diéu kién.
Vay theo k& hoach t6 A phai may 50 so mi, t6 B phai
may 60 sg mi.

»
Bai 4. Goi chiéu dai va chiéu rong cua dam dat la x va
y mét (x, y > 0). Nua chu vi la 124 : 2 = 62 (m), dién tich la
xy(m®).
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I'heo bai ra. ta co hé phuong trinh:
1?-: +y = b2

[(x +5)v +3) - xy + 225.

Giai ra tim dude x = 35, y = 27 thoa man diéu kién.
Vay dam dat c6 chiéu dai 35m va chiéu rong 27m

Bai 5. Goi d6 dar quang duong AB la x km thoi gian du
dinh di la y gi0 (x, y > 0).

% A g o & a - X . o - A
Thor gian di vé van toc 45km/h la —gi6, vd1 van toéc

60km/h la GX{] g1d . Theo bai ra ta ¢6 hé phudng trinh:
i x 1
e e
j45 7 2
X 3
L B
60 1

. o ]. 2 - - - -
Gial ra tim dude x = 225, vy = 4~ | thoa man diéu kién.

Vay quang duong AB dai 225km, thoi gian du dinh di 1a
4 g10 ruoi.

Bai 6. a) Goi x va y theo thi tu la ch@ s6 hang chuc va
hangdonvi(0<x<3,0<y<9).
Theo bai ra, ta c6 hé phudng trinh:

y = 3X
10x+y =3(x+v)+3.

Giai ra tim dude x = 3, v = 9, thoa man diéu kién
Vay s6 phai tim 1a 39.

b) Goi khoi luong dong 1a x kg, khéi ludng kém la y kg
(x > 0, y > 0). Thé tich cua dong sé la

., cua kém la
0
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va cua hgp kim la %3?%5- Theo bai ra ta c6 hé phuong

7100
trinh:
X +v=0,1245
X Y _ 0,1245
8900 7100 8300
Gial ra tim dude x = 0,089; y = 0,355, thoa man diéu
kién. Vay khéi lugng cua dong 1a 89 gam, cua kém la 35,5
gam.

Bai 7. a) Goi s6 hoc sinh khéi 16p 8 12 x nguoi, s8 hoc
sinh khoi 16p 9 14 y nguoi (x, y nguyén duong).
Néu chuyén 20 hoc sinh cua khéi 16p 8 thi con x - 20, lic
d6 khéi 16p 9 ¢6 s6 hoc sinh la y + 20.
Theo bai ra, ta c6 hé phuong trinh:
x+v =300

%(x—20)=%(y+20).

Giai ra tim duge x = 140, y = 160, thoa man diéu kién.

Vay sb6 hoc sinh khoil 8 12 140 hoc sinh va sd hoc sinh
khoi 16p 9 1a 160 hoc sinh.

b) Goi d6 dai hai canh géc vudng cua tam giac vudng la x
vayem (x>y>0).

Dién tich hinh tam giac vuong la %}:cm!. Dién tich sau

(x+5)(y+3)

khi tdng thém hai canh la — , dién tich sau khi

(x-2(y-2)

giam hai canh la

Theo bai ra c¢6 hé phudng trinh:
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((x+5)(y+3) xv 30 |
9 9 : (x+5)(y+3)=xy+160
1av
(x-20y-2) ;-;;;_,35 T x-20 vy ~-2)=xy-T0
2 = 2 it

Giai ra, tim dude x = 20, y = 17, thoa man diéu kién.
Vay hai canh goc vuodng 1a 20cm va 17 em.

Bai 8. a) Goi x va y theo thi tu 12 s6 gio ma voi thi nhat
va voi th hai chay mét minh sé day be (x, y > 0).

= . n . . s a . 1 -~ . - 5 i
Mé6i1 gio vo1 thd nhat chay vao duge — be, vol thu hai
X

B o o mwae
—bé va vo1 thu

1 o =% _— - - ¥
duge —bé, trong 6 gi16 vo1 thi nhat chay duge
= X

¥

hai trong 3 gio chay dudc ébé.

}r
Theo bai ra ta co hé phuong trinh:
PP
—_ — == —
x y 10
6 3 2
_— —— I —
X vy

Giai ra tim dude x = 30, y = 15 thoa man diéu kién.

Vay néu chay mét minh voi thit nhat phai chay trong 30
gio va voi thit hai chay trong 15 gid thi méi day bé.

b*) Goi cap s6 nguyén ducng phai tim la (x, y). Theo bai
ra ta c6 phuong trinh: x* - y* = 75,

Phuong trinh nay c6 thé viét (x + y)(x - y) = 75. Suy ra
x-y>0hayx>yvax-y<x+y. Nhuvay sé 75 dudc phan
tich thanh hai thua s trong d6 thita 86 nho x - y < 8 vi
(x - y)* phai nho hon 75.

Do d6 x - y chi ¢6 thé lay nhiing udc cua 75 nho hon 8, d6
la 1; 3; 5. Vay ta phai giai 3 hé phuong trinh sau:
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Xx—y =1 [x-y=3

|

-

I
L ||

on

| x
x+v=T75 ﬁ[}:+}':2:3 1}{:»}-'
Giai ra tim dude ba cap s6 sau:
(38, 37); (14, 11); (10, 5)

§12. HAM SO BAC HAI - BINH NGHIA,
TiNH CHAT VA PO THI

A. KIEN THUC CAN NAM VUNG

1. Ham s6 bac hai la ham sé dude cho bing cong thic
y = ax* (a # 0).

2. Ham s8 y = ax® néu a > 0 1a nghich bién trong R,
dong bién trong R, va bang 0 khi x = 0.

Néu a < 0 ham s6 dong bién trong R-, nghich bién trong
R, va bang 0 khix = 0.

a<l

W

HS
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3. DO thi cua ham s6 bac hai
fr.) Pé thi cua ham s6 v = x* la mot dudng cong gol la
parabol nam phia trén truc hoanh, ¢é6 dinh la diém goc toa do
O va truc d61 xung la truc tung.

b) Do thi cia ham s6 y = ax® 1a mot dudng parabol cé
dinh la gbce toa do O, ¢o truc do1 xting 1a Oy:

- nam phia trén truc hoanh néu a > 0;

- nam phia dudi truc hoanh néu a < 0 (hinh 8).

* Luwu y: Ta con nél ham sé y = ax® ¢6 cuc tiéu khi a > 0,
cuc dai khi a < 0. ¢6 bé 16m quay vé phia chiéu dudng cua truc
Ov néu a > 0 va vé phia chiéu am cua truc Oy néu a <0.

Toa dé dinh la toa d6 diém goc O (x =0, y = 0).

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Cho ham s6 y = f(x) = - 0,5x".

a) Tinh {(-2), f(-1), f(0), f(2)

b) Tinh x biét f(x) = -6, -18, - 72

¢) Chung minh rang f(x) déng bién trén R_, nghich bién
tréen R,.

Bai 2. Vé trén ciing mot hé true toa d6 do thi cac ham sé sau:

i = -2x5 y, = -2x* + 2; v, =-2x2.2,

a) C6 nhan xét gi vé dé thi cua chung

b) Tim toa dé giao diém cua médi do thi trén véi duong
thang v = -4.

Bai 3. a) Tim toa do giao diém cac duong thang x = - 2,
x =0, x=2vax=m(mlahiang s6) véi parabol y = 1,5x>.

b) Parabol v = ax’ di qua diém M (- 2, 8), xac dinh hé s6
a. Parabol nay co di qua diem N (- 3; 9) khong?

Bai 4. a) Vé do thi ham s6 y = -0,25x"

b) Tim m dé duong thang v = 2x + m cat parabol tai 1

diém, tai 2 diém.,
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Bai 5. Cho parabol (P) v = ax® va duong thang (d) v = mx + p.

a) Tim phuong trinh cua dudng thang (d) di qua hai
diém P (1; 0) va Q (0; -1).

b) Tim phuong trinh cua parabol (P) biét rang no tiép
xuc véi duong thing (d) tim dudc ¢ cau a.

¢) Goi M va N theo tha tu la giao diém cua (d) véi truc
hoanh va truc tung. Tinh dudng cao cua tam gidc vudng
MON.

I1. Cac bai toan kiém tra

Bai 6. Vé do thi cua cac ham sé trén cung mot hé truc
toa do: y, = 0,5x%, y, = - 0,5 x% y, = 1,6x% y, = - 1,5x*?

a) C6 nhan xét gi vé d6 thi cac ham s6 d6?

b) Xac dinh mvap dé cac duong thang y = m va x = p cat
cac do thi trén.

Bai 7. Cho parabol y = kx* va dudng thang v = (p -1)x -p +1.
a) Biét parabol qua diém M [--é—i-) va tiép xuc véi

dudng thing hay tim k va p va toa db tiép diém Q.

b) Viét phuong trinh ctia duong thang QS biét toa dé cua
S 1a (2; 0). Tim hoanh d6 cac giao diém cua dudng thang QS
v(1 parabol.

Bai 8. Vé dé thi:

a) Ham s8 y = x|x|

by Him s6 y = |— 2x* +3‘ .

C. SO LUGC CACH GIAl

Bail.a)f(-2) =-2: f(-1) = -0.5; f(0) = 0: f(2) = -2.
b) Ta c6 - 6 =-0,5x" tit d6 x* = 12, x = + 23
-18=.0,5x" . tud6x°=36.x=16

-72=-0,5x". tudo x" =144, x =+ 12.

¢) Chox haigiatrix, <x.havx,-x,>0
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f(xs) - B(X,) 5 4% —ax) = alXe+ %, J{xX, =% )
Néu x,. x, < 0 thi x, + x, < 0. Ma x, - x, > 0, do dé

f(x,) - f(x,) = -0,5(x, + x;)(x,
tréen R .

- x,) > 0. Vay ham sé6 déng bién

Néu x,. x, > 0 thi thi x, + x, > 0. Ma x, - x, > 0, do d6
f(x,) - f(x,) = -0.5(x, + x,)(x, - x;) <0 vy ham s6 nghich bién

trén R,.

Bai 2. Ta lap bang mot s6 gia tri tuong Ung gida x va y:

X -2 -1 0 1 2

v, = - 2x° -8 -2 0 -2 -8
Ty,=9x+2 | 60 2 0 __ -6
y,=-2x°-2 | <10 4 -2 -4 -10

D6 thi nhu ¢ hinh 9.

a) Nhan xét:

- Ba parabol déu ¢6 truc
doi xtng la truc tung;

. Ca ba déu quay bé
16m vé phia chiéu am cua
truc tung;

- Parabol y, ¢6 dinh la
diém goc toa do O (0, 0),
parabol v, ¢6 dinh la diém
(0, 2), parabol y, ¢6 dinh la
diém (0, -2).

b) Puong thang
y = - 4 song song vol truc
hoanh. Tai giao diém cua
duong thang véi:

- Parabol v, ta c¢o
2x‘=-4hayx’=2. x =+/2;

Parabol vy, ta c¢b

2x'+2=-dhayx’=3,x=+3;

Np---—---ﬂw

H.9

- Paraboly, tac6-2x2-2=-4hayx*=1,x=+1.
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Vay toa do cac giao diém cua ducng thﬁng vGi parabol y, la:
(ﬁ;ﬁ’il (— \/E;—él), cua dudng thizmg v0i parabol y, la
(«fg;—tl), (— \@;wt{) va ctia dudng thing véi parabol y, la

(1; - 4), (-1; -4).

Bai 3. a) Cac dudng thing x = -2, x = 2 va x = m déu
song song véi truc tung, riéng dudng thang x = 0 trung véi
truc tung. Toa dd giao diém ctia parabol y = 1,5x* véi:

- dudng thingx=-2]la(x=-2,y=1,5.4 = 6)

- dudng thing x =01a (x =0, y = 0)

- dudng thingx=21a (x =2, y = 6)

- dudng thdng x =mla (x=m, y = 1,5m?

b) Thay toa dd cua M vao y = ax® ta c6 8 = a.(-2)% suy ra
a = 2. Parabol ¢6 dang y = 2x*.

Parabol nay khéng di qua diém N, vi véi x = -3 thi
y = 18.

Bai 4. a) Lap bang mét sé gia tri tuong dng gitia x va y:

X 2 1 0 1 2
x 2 -1 1 0 1 -1
| YETY 4 4
D6 thi nhu 6 hinh 10.
b) Khi dudng thang A
y = 2x + m cat parabol PRI | &

3

=

X . .
.‘r’=—-—4—th1 tal giao diém

ta co:

e i e il

D)

~%=2x+m, hay i s

x’+8x+4m=0

A'=16 - 4m.

Néu A" > 0 tic la
16 - 4m > 0 thi dudng théing
cit parabol tai hai diém. H.10
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Néu A' = 0, tue la 16 - 4m = 0, m = 4 thi dudng thang cat
parabol tai mét diém (duong thang tiép xic véi parabol).
Bai 5. a) Thay toa dé cua P va cia Q vao y = mx + p ta
dudc hé phuong trinh:
j O= m+p
l~1 = —m + p.
| T ? ;
= Vay phuong trinh duong

el

Giai ra tim dude m =

t\:J]i—l

2 . __1 1
thang (d) la y—é-x %

b) Tai giao diém cua dudng thang y = %x —é vO1 parabol

-

] - o 1 I o
y =ax" tach: ax*® = -Ex e hay 2ax* - x + 1 = 0(*)

s

Néu parabol (P) tiép xuc véi dudng thang (d) thi phuong
trinh (*) phai cé nghiém kép tic la A= 0.

T 064 & LB ki gs.c

g Vay phuong trinh cua (P)

la v—-l-x‘
-8

c) Ta cé;

x | 0 1 ry )

y \ ) 1} 0 n | /_}
2 TR
Do dé toa do cua M la N %/

(1: 0), ctia N 1a [0;_1].

o

Canh huyén MN cua
tam giac vuéong MON la

MN= ;1=£ (hinh 11). H.1I
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Theo hé thuc lugng trong tam giac vudéng be = ah, ta co
duong cao cua tam giac MON la:
h_%‘lﬁh[ l].iifi
MN 2) 2 5
Bai 6. Lap bang mét
s6 gia tri tuong Ung gida x
vay:

x|2 -1 0 1 2
yel 2 45 O 05 2
v, | 2 05 0 -05 -2
y,| 6. 15 0 15 6
| 6% 15 0 -15 6

D6 thi nhu ¢ hinh 12,

a) Xét hai ham so
vy, = 0,5x* va y, = -0,5x".
Chung c6 hé s6 d6i nhau
nén cung moét gia tri cua x
thi hai ham s6 nhan cac gia tri dé1 nhau. Do dé hai parabol
y, va y, doi xiing nhau qua truc hoanh.

Tuong tu hai parabol y, va y, cling déi xing nhau qua
truc hoanh.

b) Pudng thang y = m véi m > 0 cit hai parabol y, va v,
Néu m < 0 thi duong thang cat hai parabol y, va y,.

Duong thang x = p cit ca boén parabol vé bén trai truc
tung néu p < 0 va vé bén phai néu p > 0.

Bai 7. a) Thay toa d6 cua M vao y = kx* ta ¢c6 —=k.

1 1
4 4’
suy ra k = 1, vay parabol ¢6 dang v = x%.

Véip-1#0hav p= 1 khi dudng thdng cit parabol thi
tai gmn diém ta co:

X=p-Dx-(p-1).havx’-(p-Dx+p-1=00*



Pé parabol tiép xue véi dudng thang thi phuong trinh (¥)
phai ¢6 nghiém kép ticla A=0.

TacoA=(p-1)y-4p-1)=p -6p+5=0%khip =1
(loa1), p,=5. Tudo x, =x, = ;:: = E;l =2,

Vay khi k = 1, p = 5 thi toa d6 tiép diém Q 1a (2. 4).

b) Puong thang QS c6 dang vy = ax + b. Thay toa dé cua
Q va S vao y = ax + b dude hé phuodng trinh:

4=2a+Db
{U =~2a+b.

(Gial ra tim dude a = = b=2. Do d6 phudng trinh ducng
& ol 1
thaing QSla v = ;x+2.
Tai giao diém ctia duong thang va parabol ta c6:
3 1 1 4] " = A -
x" =-=x+3 hay 2x* - x - 6 = 0, ma nghiém la x, = 2,
X, = -1,D. ”
Vay hoanh d¢ hai giao diém la x, = 2, x, = -1,5.
Bai 8. a) Ta co \ Ty
v i '
|x" vol x =20 \
y = X‘J{] = 5 N “ -
]— Xx° vo1x<0 1 :
A i
Lap hai bang gid tri coa y b |
g i ) N . i
ling vGi x 2 0 va x < 0. N
R -21 1i H\i 2 X
4 ‘ 0 1 2 i : ~W g
y=x2|0 1 4 i \
: \
X | 5 B -1 . geeEEs 4 11
y = -XE I -4 -2 I"“I.
D6 thi nhu ¢ hinh 13.
b) Ta thay rang v > 0. H.13
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Trudc hét vé d6 thi ham sé A
y = -2x* + 8, dua vao bang gia
tri sau:

x| 2 1 0 1 2
y|l0 6 8 6 0
Sau dé gitt lai phan d6 thi
hia trén truc hoanh ré1 lay
61 xung cua phan dé thi phia
dudi qua truc hoanh.
Ta dude db thi nhu ¢ hinh 14.

H.14

§13. PHUONG TRINH BAC HAI
- DINH Li VIET

A. KIEN THUC CAN NAM VONG

1. Phuong trinh bac hai mét an la phudng trinh cé dang
ax”’ + bx + ¢ = 0 trong d6 x 14 4n, a, b, ¢ 1a cac hé sé véi a # 0.

2. Phuong trinh bac hai khuyét cé cac dang sau:

ax>=0(@a#0.b=0,¢c=0)manghitmlax=0

ax"+bx=0(a#0,¢=0) manghiémlax, =0, x, = ~E

-
L
— neu a

Vs

ax* +c¢=0(a =0, b=0) ma nghtém la x,, =%

va ¢ khac dau, vé nghiém néu a va c cung dau.
ax*+bx+c=0(.b.cz0)
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Lap A = b?- 4ac Lap A' = b% - ac (néu hé sé b
\ < 0: v6 nghiém ' chan b = 2b")
A= 0: 1 nghiém kép | A" < 0: vb nghiém
b ' A'=0: 1 nghiém kép
X\2 =~ 57 by'
2a g oz D
A > 0: 2 nghiém phan biét Y a
~b+JA A'>0: 2 nghiém phan biét
x] 2 N T M e L] ]
" 9 - b'tJA
= g =———
a

3. Dinh li Viét: - Néu phudng trinh ax* + bx + ¢ = 0 ¢6 hai
nghiém x,, x, thi tong va tich hai nghiém d6 la:
b
S=X; +X9 =—— P=x,.x2=5.
a
zip dung: * Néu phuong trinh ax*+bx +¢ =0
a) C6 1 nghiém x, =1 thia+ b+ ¢ =0 va ngudc lai néu
a+b+c=0thix,=1va x, =—
a
b) C6 1 nghiém x, = -1 thi a - b+ ¢ =0 va ngude lai néu
a-b+c=0thix, =-1va }{3:—5.
a
Vi du: Cac phuong trinh 2x* - 7x+5=0(a+ b +c=0) va
4x*-3x+7=0(a-b+c=0).
Dinh li Viét dao: Néu u va v 1a hai s6 ¢6 tong u + v =S va
tich uv = P thi u va v la hai nghiém cua phuong trinh bac hai
X*-8X + P =0 (vo1 diéu kién S* - 4P > 0).

- . * [ AT ' L - . 3 " . *
Vi du: Tim hai 86 biét tong cua chung la Iy va tich cua

3+\,/—

shung s - 2oy
2 3

Hai s6 phai tim la nghiém cua phudng trinh bac hai:
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X*-—X
3

V3 _{3?@]:0 hay 3X* - V3X - (3+V3)=0.

3 3 N T . 3
(GGial nham ta dudc ngay hai s6é phaitimla-1va 1+ e

B. BAI TOAN ON LUYEN

I. Cac bai toan dién hinh

Bai 1. Giai cac phudng trinh bac hai:

a) (2x - T+ (3x -5 =(4x +9)(4x - 9) + 2(64 - 29x);
3y*-4 32 20-3y*

b) :
12 9 18
0 (z+24)“_(z—:—36]" =2_7+(z+2)(z+6);

1Y 1
d) t.']“; —4,5t+*t— +5-_—0;

e) (2vi+3v-1)-5@2vP+3v+3)+24=0.
Bai 2. a) Lap phuodng trinh bic hai ¢6 hai nghiém la

'?’Fﬁvﬁi T+ T

b) LAp phuong trinh bac hai ¢6 hé s6 nguyén ma mot

nghiém 1a 5 - 4.

Bai 3. Cho phuong trinh x* + 7x - 5 = 0. Khong giai

phuodng trinh, hiy tinh:

116

a) Téng va tich hai nghiém:;

b) Téng cac nghich dao cua hai nghiém;
¢) Tong cac binh phuong ctia hai nghiém;
d) Binh phuong cua hidu hai nghiém;

e) Tong cac lap phudng cua hai nghiém.

Bai 4. 1. Cho phudng trinh 2x* + 2p - )x +p - 1 =0
a) Tim p dé phuong trinh c6 hai nghiém x,, x, sao cho:



3%, - X, =

Lo | S

b) Tim p dé ca hai nghiém déu duong:

¢) Tim mét he thiue gnda har nghiém khong phu thudce
vao p.

2. Cho phudng trinh bac hai y* - |j,f] + k =0. Giai phuong
trinh khi k = 0.

Bai 5. Cho phuong trinh x*- 2(a+ 1)x+a -4 =0,

a) Chiing minh rang phuong trinh luén c¢6 hai nghiém
phan biét vé1 moi a;

b) Chung minh biéu thic x,(1 - x,) +x,(1 - x,) khéng phu
thuoc vao a:

c) Tinh hiéu cac lap phuong cua hai nghiém khia = 0.

11. Cac bai toan kiém tra

Bai 6. Khong giai phuong trinh x% - 5x + 4 = 0, hay tinh:

R , 3x7 + 5x,x, + 3x
b) Gia tri biéu thie M = — ms 2,

4%, X5 + 4%7%,

Bai 7. 1. Gial va bién luan:

a) 2x” - (2-k)x =k(k - 2);

b) (2k - 1)*y* - dky + 1 = 0.

2. Chiing minh rang phuong trinh:

n“x* + (n’ + p* - mY)x + p* = 0 v6 nghiém néu m, n, p 1a s6
do ba canh cua mét tam giac.

Bai 8. 1. Cho phuong trinh x*-px+p-1=0:

a) Chung minh phuong trinh luén ¢6 nghiém vo1 mo1 p;

b) Tinh theo p gia tri biéu thiec M = x; + xJ — 6x,X,;

c) Tim gia tri nho nhat cuaa M.
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2. Ching minh rang hai phuong trinh mx” + px + g = 0 (1)
va gx° + px + m = 0 (2) hoac cung vé6 nghiém hoac cuhg ¢d
nghiém. Trong truong hop ching c¢6 nghiém thi tich ha
nghiém cua (1) ¢dng véi tich hai nghiém cua (2) luén 16n hon
2 néu p va q déu duong.

C. SO LUQC CACH GIAI

Bai 1.a) Thuc hién phép tinh dude:

(4x” - 28x + 49) + (9x” - 30x + 25) = (16x* - 81) + 128 - 58x.
hay sau khi rut gon duge phuong trinh khuvét bac hai
3x? - 27 = 0. Giai ra tim dude x = + 3.

b) MC: 36. Quy dong mau roéi khi mau:

Oyv? - 12 - 128 = 40 - 6y” hay 15y* = 180, y* = 12.

Giai ra tim dude y = +2/3 .

¢) MC: 12. Quy dong mau roi khu mau

6(z+ 4)° - 4(z - 6)* = 12z - 84 + 3(z + 2)(z + 6), hav

Gz® + 48z + 96 - 42° + 48z - 144 = 12z - 84 + 3z* + 24z + 36.

Sau khi rat gon duge phuong trinh bac hai khuyét:

z® - 60z = 0.

Giai ra tim dude z, =0, z, = 60.

1
d) Dat t + == X, phuong trinh da cho cé dang:

by - - - . . ~ 5 c
X*-4,6X+ 5 =0 manghiém la X, =y X, =2.

. 3] 1 g ; T
Vi X1:E=t+-£tac02t"-at+2=0mangh1¢mln}.vn =

i

Vi X, =2= t+% tacot’-2t+1=0manghiém képla 1
(doa+b+c=0).

Vay phudng trinh da cho c6 ba nghiéem la t, = 2, t,

I |
.

t, =1,

TN



e) Bat 2v- + v - 1 = Y., phuong trinh da cho ¢6 dang
Y--53Y+4=0.

Giaira duge Y, = 1 (doa+b+c=0vaY,=4 Tudota
giai t1ép:

) i » = A h s 1
*2vi+ 3v-1=1hay 2v" 4+ 3v-2 =0 ma nghiém la -2 va P
*2vi+ 3v-1=1hay 2vi+ 3v-5=0manghiémla 1
(via+b+c=0)va-25.

& e # o A w -1
Vay phuong trinh da cho ¢6 bon nghiém lav,=-2, v, = 5

Bai 2. a) Néu phuong trinh bac hai ¢6 hai nghiém 7 - J7
va V7 + 7 thi t6ng hai nghiém 1a S = 14. tich hai nghiém 1a 42.
Tu do ta lap duge phuong trinh bac hai dang X* - SX+ P =0
hay X*- 14X + 42 = 0.

b) Phuong trinh bac hai can lap c6 dang x* + mx + p = 0 véi
m, p nguyen.

Vi V5 -4la mot nghiém nén ta ¢é phuong trinh:

(w’rgﬂélf + m(\.f; -4]+p=0ha}f 21-4dm+p=(38- m) V5 .

a* 5 = 21 T 4“1 + = A = ¥ - -
*Néu8-m=#0thi Vb = 5 P la s6 vo t1, vo li!
- m

* Néu 8 - m = 0 hay m = 8 thi p = 11. Do dé phuong trinh ¢é
hé s6 nguyén phaitim lax*+8x+ 11=0.

Bai 3. Trude hét ta nhan thay ring phuong trinh da cho
[uén ¢6 nghiém vi cac hé s6 a va ¢ khac dau. Ta co:
a) Tong hai nghiém 14 S = -7 va tich hai nghiém la P=-5

b) Tﬁrng --1-- + - 1. St E - :’?

X, X XX P 5
¢) Tong x7 + x: [x: _\;_.)_ —2xX{Xy = S2-9P =49+10=39
d) Binh phuong (x, - x.)” = x7 +x3 -2x,x, =59+10=69

1Y



e) Tong x? +x} =(x, +x,) - 3x,;x,(x, + x,) = S* - 3PS
= (-7)* + 3.5(-7) = -343 - 105 = -448.

Bai 4.1. a) Mudn phuong trinh ¢é6 hai nghiém phan biét thi
A>0hayA=2p-1)-8(p-1)=Cp-3)°*>0khip=1,5.

Theo bai ra ta phai giai hé phuong trinh:
F 2p-1 1-2p

- (1)
2 2

-1
XXy o (2)

X, +X, =—

3X, =X, =— (3)

Cong tung vé (1) va (3) dudc:

= 2p B

4x, = 3-p

> =3 - p, suy ra xl——4
1-2p 3-p_ 3p+1l
2 4 4
Vay phuong trinh (3) c6 thé viét:
3"3{— 3"“): Pt tay 6p® =32p+i6:=0.
4 4 2
Do dé6 phai giai phuong trinh 3p* - 16p + 5 = 0 ma

TR 10 .
nghiém la p, = —é—va p, = 2.

Thay vao (1) ta ¢6 x, =

Vay c¢6 hal gia tri cua p la -132\13 2 dé hai nghiém cua

phudng trinh da cho thoa man hé thic 3x, - x, = 75; :

b) Muén ca hai nghiém déu dudng ta phai giai hé:
1-2p >0
S>0 9
P>0 " 1p-1 )
® p; >0
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- ]"'u
Vi —"}-—}ﬂl"i (‘{]]}c:’l]; Vil E-q—]}ﬂih]p:"l

Két hop lai ta thay rang hé (*) vé6 nghiém, tdc la khong
co gia trl nao cua p dé ca hai nghiém déu duong.

1-2p -1 }
¢y Do S = I~VﬁP=-I-}2—HEHtElCDZ

e

1-2p 2p-2 1

S+2P= + =—=
2 2 2 |
Vay hé thuc giita hai nghiém khéng phu thuéc vao p la:
1
X, +x,+2x,x, = ——.
{}

2. Khi k = 0 thi phudng trinh ¢6 dang y* - | vl = U Fhudng
trinh ¢6 thé viét | v .(yl-1) = 0. Giai ra dude 3 nghiém la
Rl B SRt O TR

Bai 5. a) Ta co:

\'=(a+1)-4a-4)=a*+2a+1-4a+ 16
=a“-2a+1+16=(a- 1)+ 16 ludén duong véi moi a.

Do d6 phuang trinh luén ¢6 nghiém vé1 moi a.

b) Biéu thuc da cho co thé viét:

Xy “ X R TR XK S XK, - 2X5x, = 8- 2P
maS=2a+2 P=a-4nénS- 2P =- 6 khéong phu thudc
vao a.

c) Taco:

Xy — X, = (X, - X,)(X} +X,X, +X5) =(X, - xz}ﬁx, +X,) - x,xz](*)

Khi a = 0 thi phudng trinh ¢6 dang x* - 2x - 4 = 0, trong
d6S=2,P=-1

Trude hét ta tim hiéu x, - x, nhu sau:

(%, - Xg)* = (x; +x,)* - 4%,%, = S* - 4P = 4 + 16 = 20, suy ra
X =Xy = 245 .

Thay vao (*) dude:

x! —x? = 245(2* +4) = 1645

121



Bai 6. Phudng trinh x*- 5x + 4 = 0 luén c6 hai nghiém
duong phan biét vi a + b + ¢ = 0. Téng x, + x, = 5, tich
X,.X, = 4.

a) Ta c6 (J):+\/g)z =X, + X, +2,/x,X, =5+2J4=9.
Vay J;+ X, =3.

b) M = B(xf +:1{;';)+5x,:~:.;1

. Truée hét tinh x? +x;, ta cé:
4x,X,(x, +x,)

x2+x; =(x,*+x,)’ -2x,x,=25-8=17.
Gia tri cua M la:

_3.17+5.4 71

445 80
Bai 7. 1.a) Phuong trinh da cho cé thé viét:
2x?-(2-k)x - k(k + 2) = 0. Ta cé:
A=(2-k)*+ 8k(k +2)=4 -4k + k* + 8k* + 16k

= 9k*+ 12k + 4 = (8k + 2)* = 0 v61 moi k.

Vay phuodng trinh da cho luén c¢6 nghiém véi moi k.

b) * Néu 2k - 1 = 0 tidc 1a k:% thi-4dky+1=-2y+1=0,

ta ¢6 nghiém y = % ;

* Néu 2k - 1 # 0 tac la kat%,thitatim
A=(-2k)?-(2k-1)=4k*-4k?+4k - 1= 4k - 12 0, tuc

la k2 % , phuong trinh sé c6 nghiém.

Vay vé1 k > % va k # 5 phuong trinh ¢6 2 nghiém phan

2k + 4k -1
(2k -1)*

bigt la: vy, ,



.. 1 : .. . . b’
Vi k = p phuong trinh ¢6 mot nghiém kép y, =y, = ——
a

. S i
hay v = k = 2_..9

2_ s 2
(2k - 1) [1_1]

Va1 k < -thhi phuodng trinh vé6 nghiém.

2) Ta ¢6 A = (n® + p% - m? - 4n°p*
= (n’+ p*- m*+ 2np)(n® + p*- m*- 2mp)
=(n+p+m)n+p-m)(n+m-p)n-p-m).

Vi m, n, p la s6 do ba canh cia mét tam giac nén la cac
s6 duong va trong tam giac téng hai canh ludn 1én hon canh
thd ba nén ba thira s6 dau la duong con thira sé thu tu am.
Nhu vay A <0, do d6 phuong trinh da cho vé nghiém.

Bai8.1.a) TacoA=p°-4p+ 4 = (p - 2)*2 0 ching to
phuong trinh ludn ¢6 nghiém véi moi p.

b) M = x} +x; -6x,x, =(x, +x,)* -8x,x,

Thay x, + x, = p; x,x, = p - 1 ta dudc:

M=p?-8(p-1)=p°-8p+8=(p-4)°-8

c) M= (p-4)’-8=- 8, vay M dat gia tri nho nhat bing -8
khip=4.

2. Hai phuong trinh bac hai da cho déu cé6 A = p* - 4mq
nén chung déu cung vo nghiém hoac cung c6 nghiém.

Gia su nghiém cua phuong trinh thd nhat la x,, x, thi
tich x,x, = % va nghiém cua phuong trinh thit hai la x,, x,

i m
thi tich x.,x, = —.

q

Nhu vay tong L s {(do m, q duong).
m q



§14. CAC LOAI PHUONG TRINH
QUY VE BAC HAI

A. KIEN THUC CAN NAM VONG

1. Phuong trinh tich

Vi du: Giai phuong trinh (2x* - 3x + 1)(x* + 4.5x + 3,5) = 0.
Ta ¢6 hoac (2x* - 3x + 1) = 0 ma nghiém x, = 1.

\. L3 1 i 'l - ™
(via+b+c=0)va x.__f:;,hm_lcr+4.ax+3,5=0ma

nghiém x,=-1(via-b+c=0)vax,=-35.
2. Phuong trinh chita An ¢ mau
s a *fow a 1 4 f 2
Vi du: Gial phuong trinh L, (S .
y+2 y+2 e
Diéu kién v # + 2 dé mau khac 0.
Lav MC: y” - 4. Sau khi quy déng mau roi khi mau duge:
y-2+4y=vy* -4+ 2y + 2) hay v - 3y + 2 = 0 ma
nghiém la y, = 1, y, = 2. Nhung gia tri y = 2 khong thoa méan
diéu kién (tuc la 2 ¢ TXD)
Vay phuong trinh ¢6 mét nghiém lay = 1.
3. Phuong trinh vo ti
Vi du: Giail phuong trinh z++vJz -1 =13
Ta dé riéng cin thiic § vé trai: vz -1 =13 -z . Phuong trinh
tuong duong vor hé:
z-1=(13-z) (1)
13-2>0 (2)
Giai (1) z-1=169- 26z + z* hay z° - 27z + 170 = 0 ma
nghiém la z, = 10, z, = 17 (loa1 vi khong phu hap vai (2)).
Vay phuong trinh ¢6 mot nghiém la z = 10,
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4. Phuwong trinh trung phuong

Do 1a phuong trinh ¢6 dang ax' + bx” + ¢ =0 (a = 0) ma
cach giai la dat x = t > 0 dé dua vé dang bac hai quen thuac
at*+ bt +c=0(*).

Tuy theo phuong trinh at” + bt + ¢ = 0 ¢6 nghiém hay
khong ma ta cé:

- Néu phuong trinh (*) ¢é6 2 nghiém duong thi phuong
trinh trung phuong (PTTP) c6 4 nghiém.

- Néu (*) ¢6 1 nghiém duong thi PTTP ¢o6 2 nghiém.

- Néu (*) ¢6 2 nghiém am thi PTTP vé nghiém

- Néu (*) vo nghiém thi PTTP vé nghiém.

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Giai phuong trinh dua vé dang phuong trinh tich:
a) x'-2x"-Hx+10=0

b) y!' + 6y + Ty*-6y+1=0

c)(z-1)z-2)=(p- -2

Bai 2. Giai phuong trinh chiia 4n ¢ mau:

a3 b}
} 1 4 x~ +10x 4x- +21
i']- _.I._.____._.I. — . s ———— T ——— e .
x'i----x"’+:s;—1 Xx+1 :,;‘_1 :~:“+:~:3+x+1
y —4 ] 2
b) R L T ST ST =)
¥ 8y ¥ Ay Y 4

Bai 3. Giai phuong trinh vo ti:
a) \/215 ~-x" =x-7

b) Jy—14 - /12—y =0
) Vz—1+vz+3+2J(z-1)(z+3) = 4-22.

Bai 4. Giai phuong trinh:
a) 3x'- 18 -21=0 2x"+ 9"+ 4=0
b) (v - D)(v - 3Ny - 61y - T7) = 1680



.
c) [z—lw =4 +3[z—1]_
Z Zz
Bai 5. a) Tim gia tri 16n nhit cta biéu thuc:
A=2(m+ p)+ mp- m? - p_
b) Tim gia tri nho nhat cua biéu thic:
s (m + 1)2 -m
(m + 1)2

II. Cac bai toan kiém tra

Bai 6. 1. Tim cap s6 (m, n) théa man phuong trinh:
(724/m -8 +[-‘§-JE{T =0.
2. Giai phuong trinh:
EER
p+1 p-1 p* -1

3. Tim gia tri cua t thoa man phuong trinh:

t5.7t3-.8=0.

Bai 7. 1. Ching toé riang phuodng trinh-
2+ 4 :

: + S = \E = 0 chi c6 mot nghiém la 1.
1+p 1+ JE
2. Giai phuong trinh:

2
P A I o

y ¥k y=9

3. Chiing minh rang néu phuong trinh béc hai:

z°+az+b =0 cdcac hé s6 a, b nguyén ma cé cac nghiém
hitu ti thi cac nghiém d6 phai nguyén.

Bai 8. 1. Tim cip gia tri (p. q) nguyén thoa man phuong
trinh: p' + p* + q* + p*q® - 4p’q =0.

2. Véi gia tri ndo cua m thi ta cé:



z(md +_1.6T}_9[n}" " 8_{) 4 20[1-“1 +i}J—33(m + —2-J+ 46=0.
m

m m m

-

C.SO LUOC CACH GIAI
Bai 1. a) Phuong trinh ¢6 thé viét dudi dang tich nhu
sau:
x*x-2)- 5(% -2y = (x - 2)x* - )= 0.
Giai ra dude ba nghiém lax, = 2, x, = J5, X = -5
b) V& trai c6 thé phan tich nhu sau:
},4 g BFH + 7‘;’2 N BV + 1
= yoy*+3y- 1) +3y(y*+3y-1) - (y*+ 3y - 1)
=@*+3y- Dy*+3y-1)=(@*+3y-1)°
Phuong trinh da cho trg thanh (y* + 3y - 1)* = 0.

~GEA13

Giai ra tim dudc hai nghiéemképla y,, = -
c) Thuc hién phép nhan ta c6:
z-32+2=p*-3p+2 hay (z°-p9)-3(z-p)=0
Tu dé ta duge phuong trinh tich:
(z-p(z+p-3)=0

Giai ra tim dudc z, = p, z, = 3 - p.

Bai 2. a) Trudce hét phan tich cac mau:
x}-xlP+x-1=x(x-1D+(x-1D=(x-1)(x*+1)
x!'- 1=+ 1)(x*- 1)
X+t +x+1l=x*(x+ 1)+ E+1)=(x+ 1)}(x*+1).
MC: (x* 4+ 1)(x” - 1) v6i diéu kién x # + 1.
Quy dong mniu roéi khi mau duge:
x+1-4(x-D(x4 1) =x*+10x - (4x* + 21)(x - 1), hay
x+1-4x?-4x +4x* +4=x*+ 10x - 4x* + 4x* - 21x + 21.
Sau khi rut gon dude phuong trinh bac hai:
x2-8x+16=0
Gial ra tim dude nghiém kép la x, = x, = 4, thoa man
diéu kién.
S b)Diéukién: vz 0:veE+2
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MC: v(y + 2)(y - 2). Quy dong mau roi khi mau va thuc
hién phép tinh dudgc:

2y - (y+2)+(y-20y-4)=0hayy’- by +6=0.

Giai ra dudge y, = 2 (loai) va y, = 3.

Bai 3. a) Diéu kién: 26 -x*20vax 27

Binh phuong hai vé dugc:

25-x*=x"-14x + 49 hay x*- 7x+ 12 = 0.

Giai ra tim dude x, = 4, x, = 3. Ca hai gia tri nay déu bi
loai vi khong thoa man diéu kién x > 7.

b) Phuong trinh da cho c6 thé viét:

Jy-14 =12-y.

Diéu kiény - 14 >0 va 12 - y > 0. Diéu kién thd nhat cho
y > 14, diéu kién thit hai cho y < 12. Nhu vay khong c6 gia tri
nao cua y thoa man dong thoi ca hai diéu kién, do d6 phuong
trinh da cho vé nghiém.

¢) Diéu kién z > 1. Phuong trinh c¢6 thé giai nhanh nhu
sau:

Ta nhéan thay ring vz+3 >41+3 =2, v& trai > 2;

4-22<4-2.1=2, véphai<2.

Suy ra vé trai=vé phai=2 hay4-2z=2,z= 1.

Vay phuong trinh ¢6 mét nghiém la z = 1.

Bai 4. a) * Dat x* =t > 0 ta ¢6 phuong trinh bac hai:
3t*-18t-21=0. |
Giaira tim dugect,=-1(via-b+¢=0) (loal)) vat, = 7.
Vay phuong trinh tring phudng da cho ¢6 hai nghiém la
Yi2 = iﬁ .
* Dat x* =t 2 0 ta ¢6 phudng trinh bac hai:
22+ 9t+4=0.

iin . 1 B e .
Giai ra tim dude t, ais t, = - 4. Loal ca hai nghiém
aAm nay. Ta thay rang phudng trinh trung phuong da cho vé

nghiem.
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b) Ta viét phuong trinh da cho nhu sau:

(v - Dy - Ty - B)(y - 6) = 1680, hay

(v* - 11y + 28)(y" - 11y + 30) = 1680.

bat y* - 11y + 30 = t ta dude phuong trinh: (t - 2)t = 1680.

Giai ra tim duge: t, = 42, t, = - 40.

Véi t, = 42 ta gial phuong trinh y* - 11y - 12 = 0 ma
nghiémlay, =-1,y, = 12.

Véi t, = -40 ta gai phuong trinh y* - 11y + 70 = 0,
phucng trinh nay vé nghiém.

Vay phuong trinh da cho ¢6 hai nghiém lay, =-1, y, = 12.

o Dat 21

=t (*) ta dudgc phudng trinh t?- 3t - 4 =0, ma
z

nghiémlat, =-1,t,=4.
Thay cac gia tri nay lan lugt vao (*) ta cé:

il =—1 ma nghiém la z, :~:1)— va 2~1 =4 ma nghiém
Z s zZ
1
laz,=-—.
5 : : L 5 v s 1
Vay phuong trinh da cho ¢6 hai nghiém la z, =—2u; By 5

Bai 5. a) Biéu thiie da cho c6 thé viét:
SA=8-(m-p)’-(m-2)°-(p-2)°*<8.
Do dé A < 4. Suy ra gia tri lén nhat caa A 1a 4, dat dudgc

khim=p=2. q
b) Biéu thuc da cho cé thé viét:
el S b
(m+1) (m+1) m+1 (m+1)°
Thay 1 = i + d ta co:
4 4

9-9c 129



B:{l— : § § Suy ra gia tri nho nhat caa B
2 m+l 4 4

la %d&_’lt duge khim = 1.

Bai 6. 1. V& trai la tong cta hai biéu thitc khong am, do
d6 mbi biéu thic phai bang 0, tic la phuong trinh da chn
tudng duong voi hé:

f — |
hay
n
5 =0 Jm =2
i e 5 1 ]_
Giaira tim dude m=—,n=—
3
2. Dat —*“—"p_z'“ it =y v6i diéu kién p # +1. Phuong
p+1 "p-1

trinh da cho tré thanh:
x2 4+ 4y* = 4xy hay (x - 2y)* = 0. Tit 46 x = 2y.
Ta c6 phuong trinh:
=2 _2P*4 by (p- (- 1) = (p+ 1)(2p + )
p+1 p-1
Thuc hién phép tinh dudec phuong trinh p* + 9p - 2 = 0.

. ¥ e " e \;JH e "'\IIT ! e
Giai ra tim dudc: p, = 9; f3,p2= : 5 e thoa man

diéu kién.

3. Dat t’ = x, phuong trinh da cho tré thanh x* - 7x+8=10
conghiém lax, =-1(via-b+c=0)vax,=38.

Suy ra t® = -1 va t* = 8. Vay phudng trinh da cho ¢ hai
nghiémlat, =-1vat,=2.

Bai 7. 1. Dat Jp =t > 0véi p > 0, phuong trinh da cho trg
thanh:
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1 2 2+t
1+ 1+t 2¢
MC: (1 + t)(1 + 1)2t". Quv dong mau roi khu mau:
(1 +)+4t°AQ +tH-C+)A1+t) (1 +t)=0
hav (t - D)3t'+2t"+5t+2)=0
Vit >0 nén thua s6 thi hai khac 0, dodéchicét-1=0
hay t = 1. Vay phudng trinh da cho chi ¢cé mét nghiém la

Jp=1hayp=1

=]

2. Dat “’m—-%i—-i..t. véi diéu kién y # 0 va y +y - 5 % 0,
phuong trinh dz:i cho tro thanh:
t=%+8=0 hay t* - 8 - 9 = 0 ¢c6 nghiém la t, = -1
(via-b+c=0)vat, =9,
Véi t, = -1 ta giai phuong trinh v* + 2y - 5 = 0 ma

nghiémla y, =-1+ J6; Y, = T

Véi t, = 9 ta gial phuong trinh y* - 8y - 5 = 0 ma nghiém
la y, =4+y21y, =4-421.

Ca bdn gia tri nay cua v déu thoa man diéu kién. Vay
phuong trinh da cho ¢6 bon nghiém la y,, =-1+/6: Yy =4+y21.

3. Giai phuong trinh bac hai z° + az + b = 0, ta dugc

T ~-1++a® -4b . ¥ e e sm o
nghiém 1a z,, =~— ; . Mudn cho nghiém nay 1a sé

el

htiu ti thi biét s6 A = a” - 4b = m? (m nguyén). Ta thay rang
néu a lé thi m lé va néu a chian thi m cting chan.

Nhu vay, ti cua z,, luon la sd chan nén hai nghiém z, va
z, phai 1a s6 nguyén.

Bai 8. 1. Phuong trinh da cho c6 thé viét:

p'+q - 2p°q+ p'q° +p°-2p°q=0, hay

(p'-2p'q+ q"} *pia-29+1)=0 Tudo

(p? - q)* + pilq - 1)* = 0. Vay ta phai giai hé:
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5 = :0 2: |
p? =gt hay {p q
p(q-1)"=0 p=0 hoac q=1

Vav ta dudc cac cap gia tri nguyén sau day:
(p: @) = (0; 0) hoéc (+1; 1).

2 - -
2. Dat m+-—=t, ta sé tinh dudc:
m

m> +-i2 =t°-4; m°® +—EE,-;;::133 —6t: m’ +-—1~% =t' -8t? +8
m m" m

Phuong trinh da cho c¢é thé bién d6i thanh:

2(t* - 8t2+ 8) - 9(t? - 6t) + 20(t* - 4) - 33t +46=0

hay 2t* - 9t? + 4t + 21t - 18 = 0 ma hai nghiém la t, = 1,
tE = 2:

Chia vé trai cho (t - 1)(t - 2) ta dude phuong trinh bac hai
2t*-3t-9=0manghiémlat,=3, t, = -—%.

Nhu vay ta phai giai tiép bén phuong trinh bac hai khi

Jan lugt thay t bang cac gia tri 1; 2; 3; - g Véi cac gia tri 1; 2

va -% thi cac phuong trinh bac hai l1ap dudge m* - m + 2 = 0;

m?-2m + 2 =0 va 2m? + 3m + 4 = 0 déu v6 nghiém.

Chi cé véi gia tri t = 3 thi phuong trinh m” - 3m + 2 =0
c6 nghiém la 1 va 2.

Vay phuong trinh da cho ¢6 hai nghiém lam, =1, m, = 2.
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§15. TOAN BAC HAI (GIAl BANG CACH
LAP PHUGNG TRINH BAC HAI)

A.KIEN THUC CAN NAM VONG

Sau khi chon an va lap dude phuong trinh béc hai,van
dé giai phuong trinh bac hai tim dude 1a dua vao viéc lap
biét s& A va ap dung cong thic nghiém téng quat (hoac cong
thic nghiém thu gon néu b = 2b"). Thong thuong tim dudge
hai nghiém trai dau va phai leai nghiém am.

Khi giai loail toan bac hai nay can phai thi lai nghiém
tim dude (thi viao bai ra, chi khéng phai thu viao phuong
trinh bac hay).

B. BAI TOAN ON LUYEN

I. Cac bai toan dién hinh

Bai 1. a) Mot cia hang trong ngay ban dude mot so xe
dap va xe may. Biét rang so xe dap ban dugc nhiéu hon sé
xe may la 5 chiéc va tong binh phuong cia hai sé nay la 97.
Héi cia hang ban dude bao nhiéu xe méi loai?

b) Tich cta bon s tu nhién lién tiép bang 840. Tim bén
s6 do.

Bai 2. a) Hai vdi cung chay vao bé thi trong 2 gio 55
phut sé day bé. Néu chay riéng thi voi thi nhit chay nhanh
hon voi thi hai la 2 gi6. Hoi néu chay riéng thi méi voi phai
chay trong bao lau méi dav bé?

b) Hai té cong nhan A va B cung lam chung trong 4

oy : = i .
ngay thi lam dude "]' doan duong theo ké hoach. Néu lam
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riéng thi t6 A sé xong truéc to B 1a 5 ngay? Hoi theo ké
hoach thi méi t6 1am riéng phai 1am trong may ngay?

Bai 3. a) Mot tam giac vuodng cé hai canh géc vudéng hon
kém nhau 7em. Tinh dién tich ctua tam giac biét canh huyén
dai 17cm.

b) Duong cao cua mdt tam gidc vudng dai 9,6cm chia
canh huyén thanh hai doan hon kém nhau 5,6cm. Tinh
canh huyén.

Bai 4. a) Mot ngudi di xe dap tu dia diém A dén dia
diém B trong mét thoi gian da dinh. Khi con cach B 1a 30
km nhan thidy néu khéng tang van tdéc thi sé dén B cham
mat nua gid, do d6 ngusi dy da tang van tdéc thém 5km/h thi
t61 B sém hon du dinh niia gio. Tinh van téc ban dau cua
ngudi di xe dap.

b) Mot cand chay trén mdt khic séng dai 90km roi chay
nguge vé 36km. Thai gian xubi dong nhiéu hon théi gian
nguode dong la 2 gid va van tée xubdi dong 16n hon van téc
ngudc dong la 6km/h. Tinh van téc ctia cand khi xuéi dong.

Bai 5. a) Mot xi nghiép danh ca theo ké hoach phai
danh duge 800 tin cia. Nho tang nang suat 20 tan mot
thang nén dia hoan thanh k& hoach sdm hon 2 thang. Tinh
nang sudt mdi thang theo ké& hoach cua xi nghiép

b) M6t don vi bo déi gobm 360 ngudi xép hang doc thi sé
nguol ¢ moéi hang bang nhau. Néu thém 40 nguol nia thi
phai xép lai thém mdét hang doc va mdi hang doc phai thém
mot ngudi thi s6 ngudi 6 mdi hang doc mdéi bang nhau. Hoi
Iic dau don vi da xép may hang doc va mo6i hang doc ¢é may
nguoi?

II. Cac bai toan kiém tra

Bai 6. a) Trong ky thi chon hoc sinh giol toan cua moét
quan. sbd hoc sinh dat giai cua hai truong A va B khong bang
nhau. Néu truong A c6 thém 1 giai va truong B bét di mot
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giai thi s8 hoc sinh dat giai cua hai trudng sé bang nhau.
Tim s6 hoc sinh dat giai cia méi truong, biét rang tich hai s6
bang 120.

b) Mét phong hop chia duge 300 cho. Néu thém 2 cho
vao méi day ghé va bat di 3 day ghé thi sé bét di 11 chd ngoi.
Hoi phong hop ¢6 bao nhiéu day ghé?

Bai 7. a) Mot manh dat hinh chd nhat ¢6 chu vi 18m va
dién tich 20m*. Tinh chiéu dai va chiéu rong cua manh dat.

b) Dan s6 hién nay cua moét phuong la 41 618 ngudi.
Cach day hai nam dan sd cua phuong la 40 000 nguoi. Hoi
trung binh m6i nam dan sé tang bao nhiéu phan tram?

Bai 8. a) Khi dudc hoi vé tudi cua 6ng ban Nguyén thi
ban da tra loi "Tuéi 6ng t6 1a mét s6 ¢6 hai chit s6 va gip 8
lan tong hai chil s6 d6, nhung néu thém 13 vao tich hai chi
s6 thi sé dude mot s6 md1 viét theo thii tu nguge lai”. Hoi éng

=cua ban Nguvén bao nhiéu tudi?

b) Khi trén 8g chat long M véi 6g chit long N c6 khér
lugng riéng nho hon 200kg/m* thi duge mét hén hdp cé khéi
lugng riéng 700kg/m’ Tinh khéi lugng riéng cua méi chat
long.

C.SO LUOC CACH GIAI

Bai 1. a) Goi s xe dap ban dude la x (x nguyvén duong),
s0 xe may ban dudc sé la x - 5.

Theo bai ra ta c6 phuong trinh:

x2+ (x - 5)* =97 hay x* - bx - 36 = Q.

Giai ra tim dude x, = 9 thoa man diéu kién, x, = -4 (loat)

Vay s6 xe dap ban dude 1a 9, sé xe may ban dugc 1a 4.

b) Goi bén s6 lién tiép la x, x + 1, x + 2, x+ 3 (x nguyén
duong)

Theo bai ra ta ¢6 phuong trinh:

x(x + 1)(x + 2)(x + 3) = 840 hay (x? + 3x)(x* + 3x + 2) = 840

Dat x* + 3x = t > 0, phudng trinh trg thanh t(t + 2) = 840
hay t* + 2t - 840 = 0.
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Giai ra tim dude t, = 28, t, = - 30 (loai).

Tu d6 x* + 3x = 28 hay x* 4 3x - 28 = 0. Vay x, = 4;
x, =-7 (loa1).

Bén sé phai tim la 4; 5; 6; 7.

Bai 2. a) Goi thoi gian voi thit hai chay riéng day bé la
x gid (x > 2), voi thit nhat chay riéng day bé sé la (x - 2) gio.

D61 2h55ph = f—g- h . Theo bai ra ta ¢6 phuong trinh:

1.1 12
x x-2 35 )
Quy dong mau, khit mau va lam phép tinh dudc phuong
trinh bac hai 6x* - 47x + 35 = 0 ma nghiém la x, = 7,

X, = %(lnai).

Vay voi thit nhét chay riéng diy bé trong 5 gid, voi thi
hai chay riéng day bé trong 7 gio.

b) Goi thoi gian té A lam riéng xong ké hoach la x ngay
(x > 0), thoi gian t6 B lam riéng la x + 5. Trong 4 ngay ca

T 1 1
hai té lam chung dudc 4{— + —— J
X X+5

Theo bai ra ta c6 phuong trinh:
4(}~+ ' ]:-2- hay }~+ 1 =l.
X X+
Giai ra tim duge x, = 10; x, = -3 (loai).
Vay t6 A lam riéng thi phai 10 ngay méi xong, t6 B phai
15 ngay.

Bai 3. a) Goi hai canh géc vuéng la x ecm va (x + 7)em
(x > 0). Theo bai ra ta ¢6 phuong trinh:

x*+ ( x+ 7)* = 17 (Ap dung dinh li Pitago)

Giai ra tim dude nghiém x = 8, thoa man diéu kién.
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Vay hai canh gée vuong dai 8 em va 15 em, dién tich tam

g1ac vuong la ;.H_I:B = Biom =} .

b) Gor hai doan ma duong cao chia canh huvén la x va
X + 5,6(cm) vé1 x > 0.

Ap dung hé thic luong trong tam giac vudéng: h” = b'c,
theo bai ra ta ¢6 phuong trinh:

9.6x" = x(x + 5.6) hay x"+5,6x-92.16=0.

(nai ra tim dude x, = 7,2, x, = -12,8 (loai)

Vay canh huyén dai 7.2 + 12,8 = 20(cm).

Bai 4. a) Goi van téc lic dau cua nguoi di xe dap la
x km/h (x > 0). Thai gian du dinh di doan 30km lic dau la
£
130 _ L H . # 5
L--——:;)gld. thor gian sau khi tang van téc di1 doan nay la
x 2

([ 30 1) -
— g 1,

\_X-i-:'-j 2

Theo bai ra ta c6 phuong trinh:
30 1 30 1

X 2 XxX+5 2

Thuc hién phép tinh duge phuong trinh bac hai:

x*+ 5x - 150 =0.

Giai ra tim duge x, = 10, x, = - 15 (loai)

Vay van téc xe dap ban dau la 10km/h.

b) Goi van toc cand khi xuéi dong la xkm/h (x > 0), van
toc khi ngude dong sé la (x - 6)km/h.

Theo bai ra ta co phuong trinh:

% _ 36 _,

X X-6
Thuc hién phép tinh dude phuong trinh bac hai:
x*-33x +270=0.
Giai ra tim duge x, = 15; x, = 18 ca hai déu thoa man
diéu kién.
Vav van téc cané khi xuor dong la 15km/h hoic 18km/h.
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Bai 5. a) Gor nang suat moi thang theo ké hoach la x tan

(x >0)
Theo bai ra ta ¢6 phudng trinh:
800 800
x  x+20

Thuc hién phép tinh dude phudng trinh bac hai:
x* + 20x - 8000 = 2.
Giai ra tim duoge x, = 80. x, = -100 (loai)
Vay theo ké hoach ning sudt méi thang la 80 tan ca.
b) Goi s6 hang doc ma don vi xép duge lic dau la x
360
—

(x € N*), s6 nguoi 6 méi hang sé la

Theo bai ra ta ¢6 phudng trinh:

400 360 5

- - =1 hay x* - 39x + 360 = 0.

X+1 X

Giai ra tim duge x, = 24, x, = 15, théa man diéu kién.

Vay s6 hang doc lue dau 1a 24 hang, mdi hang ¢6 15 nguai
hoac hic dau la 15 hang, moi hang ¢6 24 nguoi.

Bai 6. a) Goi s6 hoc sinh dat giai cua truong A la x
(x € N%)
Theo bai ra ta ¢6 phuong trinh:

\+1—1—E—1havx + 2x - 120=0.

X

Giai ra tim duge x, = 10,'x, = -11(loai)

Vay s6 hoc sinh dat giai cua truong A la 10 nguoi, cua
truong B la 12 nguai.

b) Goi sé day ghé cua phong hop la x (x € N*). S6 ghé

mobi day lae dau la 3—0—(—]

X
Theo bai ra ta ¢6 phuong trinh:
300 , 300-1 1

O il M
X X -3
Thuc hién phép tinh dude phuong trinh bac hai:
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2x*+ Hx - 900 = (),

Ry ; . Y0
Ciar ra tim duoge x, = 20; x, = --—- (loa1).
Vayv phong hop ¢6 20 day ghé.

Bai 7. a) Goi x va y theo thu tu la chiéu dai va chiéu
rong do bang m cua manh dat (x > v > 0)
: . Ix+v=9
Theo bai ra ta ¢o hé phuong trinh:

| xy = 20.

Theo dinh 1i dao Viét x va v 1a nghiém cua phuong trinh
bachai X*-SX+P=0hay X°-9X + 20=0.

Giai ra tim duge X, = 5, X, = 4 thoa man diéu kién.

Vay manh dat co chiéu dai 5m, chiéu rong 4m.

b) Goi s6 phan tram tiang dan s6 mdl nam la x% (x >0).

Dan s6 cach day hai nam la 40 000 ngudi thi dan s6 cach

dav mot nam la 10000 + —130-40 000 =40000 + 400x .

Hién nay la nam tha hai nén dan s6 ting thém x% tic la
dan s6 hién nay la 40 000 + 400x + ﬁ}-(qo 000 + 400x) hay
4x* + 800x + 10 000.

Theo bai ra ta ¢o phudng trinh:

4x~ 4+ 800x + 40000 = 41 618 hay x* + 200x - 404 = 0.

Giai ra tim duge x, = 2 ; x, = - 202 (loai)

Vay dan s6 hang nam tang 2%.

Bai 8. a) Goi chii 6 hang chuc va hang don vi cua tudi

ong cua ban Nguyén theo tht tu la x vay (0<x<9:0<y <
9) x, y nguyén dudng, x #y.

10x+y=8(x+y) (1)

Theo bai ra ta ¢6 hé phuong trinh:
10v+x=xv+13 (2)

F " - T i s - =~ = "
' (1) ta rat x s ro1 thav vao (2) sé dude phuong

9
trinh bae hai: Tv* - 27y + 26 = 0.
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o - 13 ' ‘ - - @
Giai ra tim duge y, = 2, y, = e (loar). Tu do x = 7 thoa

man diéu kién.

Vay éng cua ban Nguyén 72 tudi.

b) Goi khd) lugng riéng cua chat long M la x kg/m’
(x > 200), khé1 lugng riéng cua chat long N sé la
(x - 200)kg/m”.

Theo bai ra ta ¢6 phuong trinh:

8 6 14
x x-200 700

Thuc hién phép tinh dudc phudng trinh bac hai:

x* - 900x + 80 000 = 0.

Giai ra duge x, = 800; x, = 100 (loai)

Vay khéi ludgng riéng cua M la 800kg/m” va cua N 13
600kg/m”.
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HINH HOC

§1. CAC LOAI TU GIAC VA
CACH NHAN BIET

A. KIEN THUC CAN NAM VONG

1. Tk giace

. T giac ABCD 1a hinh géom bén doan thing AB, BC,
CD, DA trong d6 bat ki hai doan thfmg nao cung khoéng
cing nam trén mot duong théng

Tong s0 do_ lmn goc trong cua ti giac ABCD bang 360°:

A+B+C+D = 360"

2. Hinh thang

1) Hinh thang la ta giac

¢6 hail canh song song. A B
2) Puong trung binh cua ][ \\
hinh thang song song v6i hai  p Q
day va c6 do dai bang nua
tong hai day (hinh 1). i \
(E‘(-) /I AB D C

(PA=PD | R HI1
QB=QC ~ 11@ _,?;__

3) Hinh thang can la hinh thang cé hai goéc ¢ day bang
nhau.

Tinh chdt: Hinh thang can ¢é hai canh bén bang nhau,
hai dudng chéo bang nhau.

3. Hinh binh hanh

1) Hinh binh hanh la td giac c6 hai cap canh song song

2} Tinh chat (hinh 2)
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(a) AB =D(C, AD = BC
ABCD la hinh binh hanh = {b) A=C:B=D
c) OA =0C: OB = 0D,

3. Dau hiéu nhan biét

Tua giac ABCD la hinh binh A 5
hanh néu cé6 mot trong cac diéu
kién sau:
a) ¢6 hai cap canh d61 song 0
song; o
b) c6 hai canh d61 viia song D
song vita bang nhau; H.2

¢) ¢6 hai cip canh d6i bing nhau;

d) c6 hai dudng chéo cat nhau & trung diém cua mbi
duong;

e) ¢6 hai cap géc déi bang nhau.

4. Hinh ch@ nhat

1) Hinh chi nhat la hinh
binh hanh c6 mét goc vuong.

2) Tinh chdt: Trong hinh
chit nhat hai duong chéo bang
nhau (hinh 3) AC = BD.

3) Dau hiéu nhan biét D C

Ti giac ABCD la hinh chi i
nhat néu c6 mot trong cac diéu kién sau:

a) co ba goc vuong; B

b) la hinh thang can cé
mot goc vudng;
¢) la hinh binh hanh cé A ol G
N/

A B

mot goc vuong; |
d) la hinh binh hanh c¢é

hai duong chéo bang nhau. 0
5.. Hl‘nh th{)-l \ k H 4
1) Hinh thoi l& hinh binh




hanh ¢6 hai canh ké bang nhau.
2) Tinh chat (hinh 4).

—— | [:1} ACTRD
ABCD la hinh thoi =

) A, = A,: B, =B,
3) Dau hiéu nhan biét
T giac ABCD la hinh thoi néu c6 mét trong cac diéu
kién sau:
a) ¢6 bén canh bang nhau;
b) 1a hinh binh hanh ¢6 hai canh lién tiép bang nhau;
¢) 1a hinh binh hanh ¢6 hai duong chéo vudng géc véi nhau;
d) la& hinh binh hanh c¢6 mot
duong chéo la phan giac. A B
6. Hinh vuong N
1) Hinh vuong la hinh chit nhat ¢6
hai canh ké biang nhau.
Hinh vuong la hinh thoi c6 mot goée

vuong.
2) Tinh chat (hinh 5): Trong hinh
vuong hai duong chéo bang nhau va D HS5 C

vuong goéc vol nhau.
ta) AC=BD
ABCD la hinh vuéng = ) y
by AC LBD.

3) Dau hiéu nhan biét

T giac ABCD la hinh vuong néu cé6 mot trong cac diéu
kién sau:

a) 1a hinh chu nhat ¢6 hoac AB = BC, hoac AC L BD,
hoac A, = A,; N

b) la hinh thoi ¢6 A = 90", hoac ¢6 AC = BD.



B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Cho tu giac ABCD ¢6 hay duong chéo AC, BD
vudng goc vl nhau tai P va tao véi hai canh BC, AD hai cap
goc bang nhau la CBD, CAD va BCA, BDA.

a) Tu P dung PH vuédng géc véi BC, kéo dai HP cat AD
tai E, so sanh EA va ED. i

b) Néi trung diém F cta BC vdi P, kéo dai FP ciat AD tai
K, chitng minh PK L AD.

¢) Dung Ex, Fy lan ludt vuéng géc véi AD, BC. Goi giao
diém cua Ex, Fy 1a N. Ching minh FNEP la hinh binh
hanh.

Bai 2. Cho tam giac ABC vuéng tai A va B = 60°. Dung
phan giac BE. Goi Q, I, K lan ludt 1a trung diém cua BE,
BC, EC.

a) Ta giac AQIK 1a hinh gi? Tai sao?

b) Tinh cac géc cua ti1 giac AQIK.

Bai 3. Cho tam giac ABC ¢6 3 géc nhon va hai dudng
cao AA', BB' cat nhau tai H. Qua B, C dung Bx, Cy lan lugt
vudng géc véi AB, AC; Bx va Cy cat nhau tai K.

a) Ta giac BHCK 1a hinh gi? Ching minh.

b) T trung diém I ctia BC dung Iz vuéng goéc véi BC,
cit AK tai F, ching minh AH = 2IF.

c) Khi tam giac ABC c6: AB = AC; A = 1v thi BHCK 1la
hinh gi? Tai sao?

Bai 4. T dinh A cua tam gidc ABC ha cac dudng vubng
g6c AM, AN véi phan giac ngoai va trong cua goc B; ha cac
duong vubng goc AP, AQ vé1 phan giac ngoai va trong cua
goc C.

a) Chitng minh bén diém M. N, P, Q thang hang.

b) So sanh d6 dai doan MP vdi chu vi tam giac ABC.
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Bai 5. Hai dudng chéo cua hinh binh hanh ABCD cat
nhau tai O. Goi E. F. 1. K lan lugt la giao diém cac phan
giac trong cua cac tam giac OAB, OBC, OCD, CDA.

a) Chiing minh ta giac EFIK la hinh tho1.

b) Muén cho EFIK la hinh vuéng thi hinh binh hanh
ABCD phai c¢6 thém diéu kién gi?

¢) Khi ABCD da cho la mét hinh vuong thi EFIK la
hinh gi? Tai sao?

I1. Cac bai toan kiém tra

Bai 6. Cho hinh thang cAn ABCD ¢6 day AB < CD. Goi
E, H. I, K lan luct la trung diém cua AB, AC, DC, BD.

a) Ching minh EI 1a tia phan giac cua KEH .

b) Tinh sé do cac géc cua EHIK khi biét hinh thang cén
ABCD c6 C = 50",

Bai 7. Cho hinh binh hanh ABCD ¢6 AB > AD vaA > B,
Phan giac goc A cat phan giac cac goc B va goée D tai M, N,

a) Chiing minh BM// DN, AM L BN, AN 1 DN.

b) Phan giac goc C cat DN, BM tai E, F. Tu giac MNEF
la hinh gi? Tai sao?

¢) Chitng minh NF//AB, ME//AD.

Bai 8. Cho hinh vuéng ABCD c¢6 AB = a. Trén BC lay
diém E, qua A dung Ax vudng géc véi AE, Ax cat CD tai F.

a) Chitng minh AFE = 45"

b) Trung tuvén AM cua tam giac AFE cat CD tai K.
Qua E dung Ey song song véi CD, Ey cat AM tai G. Tu giac
GFKE la hinh gi? Tai sao?

¢) Ching minh rang chu vi tam giac KEC c6 d6 dai
khéng doi khi E chay trén BC.

C. SO LUQC CACH (.1;1.1
Bai 1. a) Ta co B P (géc co canh tuong ung vuong

e

s6c), ma B, =7A, (gt) va P, =P, (d8i dinh) nén P, = A, (hinh
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6) do ¢6 AEPA can tai E suy ra EP = EA £1):

Trong tam giac vuong APD ta co A + D, =1vva P + P =
1v, nhung P = A nén P = D do d6 AEPD can ta1 E, suy ra
EP = ED (2).

Tua (1) va (2) suy ra
EA = ED.

b) Vi F la trung diém
cua BC nén PF la trung
tuyén ting vdi canh huyén
BC trong tam giac vuodng
PBC, do doé )
PF = FB hay APFB can suy
LaB = BPF. BPF*‘L@)
(dér _dmh} vay B, KPD
B . o e s g
.. Biét B+ C, = 1v va
C, = D, (gt) nén
B,=D,=1v (4) o

,,-T-.}.la-‘ (3) vao (4) c6 KPD + D = lv, suy ra trong APKD
c6 PKD = 1v hay PK L AD.

¢) Ta c6 Ex L AD (gt) va FK L AD (ching minh trén)
suv ra NE//FP. Tuong tu c6 Fy L BC (gt) va EH L BC (gt)
suy ra FN//PE.

Tu giac FNEP ¢6 NE/FP va FN//PE nén la hinh binh
hanh (theo dinh nghia).

Bai 2. a) Do Q va I la trung
diém ctua BE va BC (hinh 7) nén B
QI la dudng trung binh cua
ABEC, suy ra QI//EC hay QI//AK,
Vay AQIK la hinh thang.

Trong ABAE vudng ta1 A ta
co AQ 1A trung tuvén dng vér A E K C
canh huyén nén QA = QE hay H.7
\QAE can suv ra QAK = QEA (1)
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Vil va K i trung diém caa BC va EC non IK la dudng
trung binh cua \C'BE. suv ra IK/BE, do do TKA = QbA (goc

dong vi) (2).
Tu (1) va (2) suv ra Q \K = IKA

Hinh thang AQIK ¢o QAK— [KA nén Ja hinh thang

can.

b) Theo gid thiét ABC = 60" va BE la tia phan giac
cua ABC nén ABE = = 30" Trong tam giac vuéng ABE c6
ABE = 30°, suy ra QEA 60" (3). Tu (1), (2) va (3) suy ra
QAR=TKA= 60"

Do AQIK la hinh thang nén QAK+AQI 180° (har goc
l\e canh ben bti nhau), do A

6 QIR = AQI = '
= hﬂ ~QAK = 180" - 60° = 120"

Bai 3. a) Vi har duong
cao AA' va BB' cat nhau tai
H (hinh 8) nén CH phai la
duong cao thu ba cua
\ABC, tuc la CH L AB. Bx
i AB (gt) suv ra CH/KB
(1); BB' L AC (gt), KC L AC
(gt) suy ra BH/KC (2).

Tu cac hé thuc (1) va
(2) suy ra BHCK la hinh
binh hanh (theo dinh nghia).

b) Do BHCK la hinh binh hanh ¢6 I 1a trung diém cua
duong chéo BC thi duong chéo thi hai KH phai di qua I (vi
trong hinh binh hanh hai duong chéo cat nhau tai trung
diém cua méi duong).

Ta co AA" L BC, FI 1L BC (theo gt) suy ra AH//F1. Trong
ANAHK ta ¢6 IH = IK (vi BHCK la hinh binh hanh) va

[F//AH nén IIY la ducng trung binh, suy ra IF = }F hayv
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AH = 21F.

) Trude hét hay vé hinh. |

Ta thady ¢ hinh 9 khi A ABC ¢6 AB = AC, van theo
ching minh trén thi BHCK van la hinh binh hanh. Nhung
dudng cao AA' sé 1a phan giac nén dé dang ching minh

A A=B'=H
, \ B’ B
H
X
Yy~ K y
H.9 H.10

dugec HB = HC (vi AABH = AACH), do d6 BHCK sé tro
thanh hinh thou.

. Con trén hinh 10 khi AABC ¢6 A = 1v va AB = AC thi
BHCK c6 ba gbéc vudng
nén la hinh chi nhat.
Hinh chi nhat nay cé
AB = AC nén la hinh
vuong.

Bai 4. a) Biét rang hai
phan giac cua hai géc ké
bu thi vudéng goéc vor nhau
(hinh 11), do dé theo dé
bai ta ¢6 MB 1 BN hay H 11

148



ﬁi:‘.\ = 1v. AM {+ BM, AN 1L BN (theo gt) suy ra
AMB = ANDB = 1v. Nhu vay ta giac AMBN co6 3 géc vudng
nén la hinh cha nhat.

("hang minh tuong tu ta ¢c6 APCQ la hinh chi nhat.

Biét rang, trong mot hinh chid nhat hair duong chéo
bang nhau va cat nhau tai trung diém cua mdi duong, tu do
suy ra duong chéo MN phai di qua trung diém E cua AB;
mat khac do EB = EN nén AEBN can, suy ra B = N ma
B B (theo gt) do do B N tuc la MN/BC (theo dau hiéu
nhan biét hai duong thang song song). Nhu vay MN vua di
gua trung diém E cta AB lai vita song song véi BC nén M,
N phail nam trén dudng trung binh EF cta AABC.

Lap luan tuong tu ta sé c6 P, Q ciing nam trén duong
trung binh EF cua AABC. Nhu vay la bon diém M, N, P, Q
cung nam trén duong trung binh EF cua AABC nén chung
thang hang.

b) Theo tinh chat vé ducng chéo cua hinh chd nhat thi

trong hinh chd nhat ABMN ta co ME:EA=§; (1); trong
hinh chii nhat APCQ ta c6 FP=FA = éf (2). Mat khac, theo

dinh li dudng trung binh trong tam giac ta cé: EF = 1—32—{; (3).

Cong (1), (2) véi (3) V& véi v& ta dudge:

ME+]*JP+FP—AB P A,C hay
2 2 2

MP = = (AB + BC + AC).

Vay do dai doan thang MP bing nua chu vi AABC da
cho.

Bai 5. Hai duong chéo AC va BD cat nhau tai O (hinh
12) tao ra hai cap goéc déi dinh. Ta 6 OF la tia phan gmc
ctia AOB va O1 la tia phan giac caa DOC bist AOB. DOC 1a

149



gée do1 dinh nén E, O, 1

thiang hang. Tuong tu co
K, O, F thang hang.

Vi ___AB/DC nén
BAC = DCA (gbéc so le
trong) va vi AE, CI la cac
tia_ phan giac cua
BAL m suy ra

BAE DCI. Tuong tu cé H.12

ABE CDI. Xét hai tam

gidc AEB va CID ta o BAE = DCI AB = CD (canh dé1 hinh
binh hanh), ABE TDI. Vay AAEB = ACDI (g.c.g) suy ra
AE = CI.

Xét hai tam giac OEA va OIC ta c6 OA = OC (theo tinh
chat hinh binh hanh), EAO =1CO O (cung bang nua hai géc
bang nhau), AE = CL. Vay AOEA = AOIC (c.g.c) suy ra
OE = OI. Chiing minh tuong tu ¢6 OK = OF.

T giac EFIK ¢6 OE = OlI, OK = OF nén la hinh binh
hanh. o o

Ta ¢6 DOC va COB la_hai géc ké bu nhau, trong dé co
10 1a tia phan giac cua DOC, OF la tia phan giac cua COB,
do d6 10 L FO hay EI L KF.

Hinh binh hanh EFIK c¢6 hai duong chéo EI L KF la
hinh thoi.

b) Theo cach nhan biét: dé hinh thoi EFIK trd thanh
hinh vudng thi phai ¢é EI = KF suy ra OK = OI.

Xét hai tam giac OKD va OID ta ¢6 OK = Ol, KD = ID, QD
canh chung. Vay AOKD = AQID (c.c.c), suy ra KDO = IDO,

— ——— i ——
ma KDO = @ D0 =29 | an ADO = IDO tuc 1a BD

la tia phéin giac cua ADC.

Vay hinh binh hanh ABCD phai ¢6 mét duong chéo la
phan giac cua goc ¢ dinh (taec ABCD la mot hinh thoi) thi
hinh thoi1 EFKI sé 1a hinh vuong.
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¢) Khi ABCD la hinh vuéng ta c¢6 hinh 13. Cang lap
luan nhu trong cach giai trén dé co E, O, I va K, O, F thang

hang. Ta co ANAFO = ACIO (vi A B
o eemea AR o ":""u.,_h E __..w""r#_.*
EAO = ICO=- =% OA =0C, EOA = \ T '*" /
ﬁ = 45%). Ching minh tudng tu X | i
¢6 OK = OF. Tu giac EFIK ¢6 OE = i A st 'F
OI, OK = OF nén la hinh binh O
hanh. / | \
Ta thay CI, OF 1a hai tia phan / o '
giac cua hai goc ké bu DOC va — =

COB nén OI 1OF hay EI 1L KF.
Hinh binh hanh EFIK c¢6 EI L KF
nén la hinh thoa.

) . _ . . —— _ —_— 45“
Ta c6 AAEO = AAKC (vi EAC = KA():T, AC chung,

Eﬁ :EGA = 45", suy ra OE = OK hay EI = KF. Hinh thoi
EFIK cé EI = KF nén la hinh vuéng.

Bai 6. a) Trong tam giac ABC (hinh 14) ta c¢6 E, H la
trung diém cua AB, AC nén EH la duong trung binh, suy ra

2 .
Chiing ninh tudng tu, trong r‘f u‘\
AD 7 \
AABD c¢6 EK = —» trong e E B
- 21
ABDC c6 KI =Bi—f va trong .
AACD co6 HI = %];) Nhung AD D g NS
Z ) ]
= BC (theo tinh chat cua H.i14

hinh thang can) nén EH =
HI = KI = KE, do d6 EHIK 1a hinh thoi. Biét riang trong
mot hinh thoi duong chéo 1a phan giac cua goc ¢ dinh, vay
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EI 1a tia phin gidc cha KEH.

b) Do KI 1a duong trung binh cua ABDC nén KI/BC,
suy mT =C = 50° ciing vay do HI la dudng trung binh cua
AACD nén HI//AD, suy raT, =D = 50"

. Tacd I + I + I = 180° suy ra I 180" - (50° + 50") = 80°.

Trong mot hinh thoi thi:

- Cac géc d6i bing nhau, do d6 E = I =.80%_
Cac goc ké le moi1 canh bu nhau, d{) do l +H= 180°,
suy ra H=180°- I_;_, = 180° - 80° = 100°.

Géce K 1a goc d61 cua géc H nén K= H = 100°.

Bai 7. a) Kéo dai BM cat CD tai I, kéo dai DN cat AB

tal K (hmh 15). Ta cé D B (tinh chat hinh binh hanh) ma

ﬁzz-lgva B, = =— (theo gt) nén D = B Nhung

h

= EI (gbe so le trong) dn dé B, = I( Hai goc B,, K, bang
nhau, 6 vi tri dong vl nén BIHDK hay BM/DN. Ta ¢6

va ﬁ = B ma A + B = 180° (tinh chat ctia hinh binh

D,
D,

Pt

R,

I

k208

5 P
'ﬁ ﬁ+B

hanh) nén A, + B, =

—

90°.

Biét rang téng cac goc
trong mot tam giac bing 180°
nén trong MMB ta c6: AMB
= 180" - A, =B,) = 180° - 90°
= 90° suy ra AM 1 BM.

Ching mdeng tu
trong A ADN c6: AND = 180° -
@, +D,) = 180" - 90° = 90", suy H.15
ra AN L DN.

b) Ching minh tuong tu
nhu trén dé1 vé1 ADEC ta sé ¢6 DEF = 90°. Ta ¢b ENM =
AND = 90". Nhu vay ta giac MNEF c¢6 ba géc vudong nén la
hinh chi nhat.
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:} Ta co ?J | lx (goc =o le trong), nhung B = ﬁ (gt).
neéen D l{ hay A ADK can tai A, Trong tam giac can ADK
c¢6 AN L DK thi AN cang 1a trung tuyén, suy ra ND = NK
(1). Ching m 1nh tuong tu dé1 vé1 ACBI ta ciung c6 FB = FI
(2). Ta griac DKBI c¢6 BI//DK va KB//DI nén la hinh binh
hanh, suy ra Bl =DK. (3). Tu (1), (2) va (3) suy ra NK/BF
va NK = BF nén NKBF la hinh binh hanh, suy ra NF/KB
hay NF//AB.

Go1 O = ME N NF, theo tinh chat cua hmh chii nhat ta
c6 OE = ON hay AONE céan, suyv ra E, = N Biét NF//AB
nén NF//CD (vi AB/CD theo gt) suy ra N, = [)1 (géc dong
vi), nhung ﬁl = ﬁ, va T)I :fﬁz do do ﬁ = ﬁt. Hai goc D, E,
bang nhau, ¢ vi tri so le trong nén ME//AD.

Bai 8. a) Xét hai tam giac vuong ABE va ADF (hinh 19)
— —,
ta ¢c6 AB = AD (canh hinh vuéng); BAE = DAF (géc cé canh
tudng ung vudng goéc), viy AABE = AADF (g.c.g), suy ra
AE = AF.
—
A AFE co EAF = 90° va AE = AF nén la tam giac vudong
——

can, suy ra AFE = 45°

b) Trung tuyén AM cua tam giac vuéng can AFE cing
la duong cao nén GK 1 FE.

Xét hai tam giac MGE va MKF ta ¢o E =F (gbéc so le
trong), ME = MF (vi AM la trung tuven) I\L/f (goc don
dinh), vay AMGE = AMKF (g.c.g), suy ra GE FK.

T giac GFKE c¢6 GE/FK (vi Ey //CD) va GE = FK nén
ia hinh binh hanh. Hinh binh hanh GFKE ¢6 GK L FE nén
1a hinh thoi.
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c) Vi AABE = AADF nén BE = I'D.
Ta ¢6 chu vi ( cta tam giac KEC la:
C=KE + EC + CK

Biet KE = KF (vi
GFKE la hinh thoi), ma
KF = FD + DK va FD =
BE nén KE = KF = BE + v
DK, do dé:

(' =BE+ DK+EC + CK
- (BE+ECQ)+DK+KC) F

=BC+DC=a+a=2a. %

Vay khi E chuyén
dong trén BC thi chu vi C
cua AKEC ¢é d6 dai bang

9a tic 1a Cco do dai khong dé1 (vi a la d6 dai da cho).
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§2. DINH Li TALET TRONG TAM GIAC
- TAM GIAC DONG DANG

A. KIEN THUC CAN NAM VUNG

* Pinh 1i Talet trong tam giac

1. Poan thang ti lé

1) Ti s6 cua hai doan thing la ti 6 d6 dai cua ching
theo cung mot don vi do.

Ti s6 cua hai doan thang khoéng phu thudc vao don vi
do.

2) Hai doan thang AB va CD goi la ti 1& vé1 hai doan

- : ; AB A'B
thang A'B' va C'D' néu co6 t1 1é thic: — = ——.
1ang A'B' _ b CD

3) Tinh chat cua hai doan thang ti 1é:

« ABC'D'=CDA'B'
_AB£CD _A'BC'D

ch C'D cb  CD

_AB_A'B_AB+A'B

(D D CD:CD
2, Dinh li Talet trong tam giac
1) Pinh li thuan va dao A

OB _AF -
AB AC E :

BB s 2L / EN

EB - FC ; \ |
LEB_FC B ¢
| AB AC H.17



H.18

2. Hé qua cua dinh li Talet
JAL EF _AF
|AB~ BC AC

- Tinh chat duong phan giac cua
mot tam giac (hinh 19).
AABC 6 A, = ':f—;{ vaA, = ﬁi
EB AB FB

—

AABC c6 EF//BC =

EC AC FC P

* KHAI NIEM TAM GIAC PONG
DANG. CAC TRUONG HOP DPONG
DANG CUA HAI TAM GIAC

1. Pinh nghia hai tam giac dong dang

A=A"B=B.C=7T
AABC AA'BC<=<{ AB AC BC
A'B A'C' BC"
2. Cac truong hop déng dang ctia hai tam giac

H.19

a) A=A B=B,

gy BB AL e R B = BT e
A'B A'C
AB  BC AC
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3. Cac truong hop dong dang cua hai tam giac vuong
-

la) B = B'(hav C = O,
AB  AC
i :' _____ = — ;\B(T BAPBTCI
AB AT SR
ab _ BC
A'B BC
A A
I r
B H D M C B HD W C
H.20
4. Tinh chat ctia hai tam giac dong dang
 AH _AB
i {mi‘at: ABC TTA'H AB
[AHLBC. AHLBC ™ | Sape |
! S AR
AABC  AAB(C
+ |AHLBC A'HIBC AH AD _AM  AB

R e T o S T T S Lo (— )
BAD=DAC BAD=DAC AH Al}‘ A'M A'B

MB=MC MB=MC

B. BAI TOAN ON LUYEN

I. Cac bai toan dién hinh

Bai 1. Cho hinh thang ABCD (AB/CD), AB > CD.
Duong thang song song vo1 BC ke qua D cat duong chéo AC
ta1 M va duodng thang song song viélr AD ke qua C cat canh
AB tai I'. Qua F ke duong thang song song v61 AC cat canh
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BC 4 P.

a) Chiing minh MP//AB.

b) Chitng minh ba duong thiang MP, CP va DB déng
quy.

Bai 2. Cho hinh binh hanh ABCD. Tu dinh A ke mot
cat tuyén bat ki cit dudng chéo BD tai E, cit canh BC tai F
va cit tia DC tai G. Chiing minh:

a) Céac tam giac DAE va BFE dong dang

b) Cac tam giac DGE va BAE dong dang

c) Hé thic AE? = EF.EG;

d) Tich BF.DG khéng déi khi cat tuyén qua A thay déi.

Bai 3. Cho hai tam giac déu ABC va DEF ma A nam
trén canh DF, E nam trén canh BC. Goi I la giao diém cua
AC va EF, K la giao diém ctia AB va DE. Chiing minh:

a) AIFC «x» A IAE va AKDB «»» AKAE

b) BD//CF.

Bai 4. Cho tam giac ABC c6 ba géc déu nhon. Cac
duong cao AD, BE, CF cét nhau tai H. Goi M la trung diém
cua BC. Dudng thﬁng qua H vuéng goc véi MH cat canh AB
tai P, cat canh AC tai Q. Ching minh:

a) AAHP vx» ACMH va AQHA x» AHMB

b) HP = HQ.

Bai 5. Cho hinh binh hanh ABCD. Tu C ke CM vudng
goc vél AB, ke CN vuong goc vér AD. Gia su AC > BD.
Chung minh rang AB. AM + AD.AN = AC*.

I1. Cac bai tap kiém tra

Bai 6. Cho tam giac déu ABC. Goi M la trung diém cia
%%Lfafy P trén canh AB va Q trén canh AC sao cho
PMQ = 60°.

a) Ching minh AMBP »» AQCM.

Tu d6 suy ra tich PB.CQ ¢6 gia tri khong doi.
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by Ké MH 1 PQ, ching minh AMBP» AQMP;
AQCM » AQMP.

¢) Ching minh do dai MH khong d6i khi P, Q chay trén
AB, AC nhung van dam bao P/l‘hm = 60"

Bai 7. Cho tam giac ABC ¢6 ba géc nhon, H la tryc tam
cua tam giac. Trén cac_doan thang HB, HC lay cac diém B'
va (' sao cho AB'C = AC'B = 90". Chung minh AB' = AC".

Bai 8. Cho tam giac ABC ¢6 BC = a, AC =), AB =¢
(b > ¢) va cac phan giac BD, CE.

a) Tinh d6 dai CD, BE réi suy ra CD > BE.

b) Vé hinh binh hanh BEKD, chiing minh CE > EK.

¢) Chung minh CE > BD.

C.SO LUOC CACH GIAI
Bai 1. a) Trong AMAE co
AE//DC. theo dinh i Talet thi

D i
C—M-:PE{U (hinh 21). Tudng
AM AE l 5
tu do FP//AC co E‘F = ne (2). 0
PB FB N

Vi ADCF la hinh binh hanh A E-E B
nén AF = DC (3);: DCBE cuang la
hinh binh hanh nén EB = DC,
ma AF = AE + EF va H.21
EB = EF + FB, tu dé suy ra
Cp CM
PB AM

Theo dinh li dao Talet ap dung vao AACB ta c6
MP // AB.
b) Goi 1 la giao diém caa DB va CF.
IC DC

Trong ADIC thi DC/FB cho ta —-

= , nhung
IF FB
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AF = DC va theo (2) ta co: 1{; i E-P
IF FB PB

Theo dinh 11 dao Talet ap dung vao ACFB ta co IP//AB.

Ching minh tuong tu ta c6 IM//AB.

Ta nhan thay: ti diém 1 ¢ ngoal duong thang AB, chi
dung dudge mét va mét duong thang song song vii AB ma
thoi (tién dé Oclit), do dé IP, IM phai trang nhau hay I nidm
trén duong thang MP, suv ra ba duong thang DB, CF va
MP dong quy tai I.

Bai 2. a) Do ABCD
1a hinh binh hanh (hinh G
22) nén _BC//AD, suy ra
A F D -+B (goc so le
trong). dD dé ADAE
ABFE. N
b) Ta ¢o G, = E'ﬂ (goc
so le trong), E, = E, (géc
d61 dinh), do d6 ADGE «»
ABAE.
¢) Vi ADAE «»ABFE

nén —A—E‘ LD (1) wva

FE EB

ADGE «» ABAE nén
GE ED
AE BB H.22

Twu (1) va (2) suy ra
AE* = EF.EG.

d; Cang tu su dong dang cua cac cip tam giac trén, ta
suy ra:
AD ED . DG ED

FB EB  DBA EB
AD DG

FB  BA

= BF:Dt = ADAR.
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Vi hinh binh hanh ABCD da cho nén cac canh AB, AD
co do dai khong doi. do do tich AD.AB cang khong déi. vay
tich BF. DG khoreg dai khi cat tuveén qua A thay doi.

Bai 3. a) Hax tam giac A

IFA va ICE co: F = C (= 60"

va l I (goc do1 dinh) nén " a0 7

\IF’\J};’}.ICL (hinh 23). .
AIFA »»  AICE nen 3

" 3 3

o mh}_l_l_“_:!i{) 60

IC IE IA IE ] - .
H:u am giac IFC va [AE

co: I , (goc da1 dinh) va H23

I—F: = 19 (theo 1) nén AIFC

IA IE

\[AE.

Lam tuong tu nhu trén sé dudge AKDB «» AKAE.

b) T cac cap tam giac dong dang trong chiing minh
trén, suy ra:

BDE + EFC = BAE + EAC = BAC = 60°

Do dé BDI DIC BIJI EFC FDI— DFE

e ————————

o _F 60" + 60" + 60’ = 180"

Biét BDF va DFC la hai goéc trong cung phia lai bu
nhau nén BD//CF.
___Bai4. a) Ta c6 (theo hinh vé 24)
APH = CHM (1) (g6c¢ ¢6 canh
tuong ung vuong goc), PH | MH, =
AP 1L HC). o

_Chung minh tuong tu c6 PAH P

= HCM (2).

Tu (1) va (2) suyv ra \AHP »» B
ACMH (3).

Chiang minh tuong tu duge
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AQHA » AHMB (4).
b) Tt (3) ta cé:

g-é@ ha ..Iﬁ)—hiﬁ (5)

MHCM ° AH CM

Tu (4) ta cé: —Q—H=% hay gﬁ:ﬂl—i (6).

HM MB HA MB

Nhung CM = MB (gt) (7). nén tu (5), (6) va (7) suy ra
HP HQ '

= . do d6 c6 HP = HQ.
HA H & o ?

Bai 5. Ha BK L AC (hinh 25). Hai tam giac vung ABK
va ACM c¢6 A, chung nén
chung dong dang, do dé
AB = et = AB.AM = AC.AK
AC AM
(1).
Tuong tu, hal tam giac
vudng BKC va CAN ciing dong

dang vi ¢6 C, = A, nén 3

BC _CK . BCAN=acck ? DN
AC AN 2

(2). '

Nhung BC = AD nén (2) viét thanh AD.AN = AC.CK (3).
Céng tiing vé (1) va (2) dudc:

AB .AM + AD .AN = AC(AK + KC) = AC~.

Vay AB.AM + AD.AN = AC".

Bai 6. a) Trén hinh 26 ta ¢é:

_—
BMP + 60" + ({I\?Q = 180" suy ra:
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CMQ = 1207 - BMP (1),

Trong \BPM s B =60 (gt) nén BPM = 120" - BMP (2).

T (1) va (2) suy rd:

- e T

BPM = CMQ.

Hai tam giac BPM va CMQ c6 B = C va BPM = CMQ
nén AMBP :» AQCM (3), suv ra

: 2 43
MB_BP _ gp cq=BMmcM= 25
cQ ~ M

(vi MB = MC = -Iii{gt)),

Vi AABC déu da cho nén BC
¢6 do dai khéng doi, vay tich
BM.CM ¢6 gia tri khong doi.

b) Do AMBP » AQCM =

BP _MP . i CM = BM nén

CM QM
BP  MP BP  MB

= = ——=—(4)
BM  MQ MP  MQ
: . . . H.26
Hai tam giac MBP va QMP
co ﬁi = Im = 60" va Bt AP nén AMBP »» AQMP (4)
: = PMQ{ = A = ——— Al A, 4),
MP MQ

Ta c6: AMBP »» AQCM (3) va AMBP »» AQMP (4) nén
AQCM » AQMP (5).

. . T —
¢) Tu két qua (4) va (5) ta rut ra dudc BPM = QPM hay
PM 1a phan giac cua ﬁﬁ:} nén MH = ME (ME la duong cao
cua ABPM).

ME c¢é d6 dii khéong doi nén MH ciang c¢6 do dar khong
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doi.

Bai 7. Har tam giac vuong AB'C va AEB' (hinh 27) co
chung géc nhon B'AC
nén chung dong dang,
AB"  AC
AL AB
AB" = AE.AC (1).

suy ra hay

Ching minh tudng tu
dudgc:

AABE > AACF, suy ra:

AF  AC
AE  AB

AF.AB = AE.AC (2).

hay

AAC'B v AAFC,
suy ra AC _ AF ha
' R T

A(C"” = AF.AB (3).

T (1), (2) va (3) suy
ra: AB” = AC"”, do d6 ¢é
AB' = AC"

H.28

Bai 8. a) Vi BD la
phian giac cua goéc B
(hinh 28), nén theo tinh chat cua duong phan giac trong
tam giac co:

D i hav BB a CD i ab

o 14N —_—— = d ] . — = -
DA ¢ ' (D+DA a+e¢c b a4+ a+ e
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Tuong tu. kh CE 4 phan g1ac cua goe C. co:

Bl D i Bl ; . 4

= ’ : I|‘|I'|.'|,_' e - B b h::].-.,?r _j_ = __._Ji_.._ - [%[‘4 ns _ii .

EA b BE«EA a+h ¢ a4 b a+h
‘ ab ac o uc o .

Bieth>c¢nen — = > tuc 1a CD > BE.

a+c¢  a+c  a+b
b) Ta ¢6 CD > BE ma BE = DK = CD > DK = K, >, (1),
Talaico b >e¢ ;:»ﬁ._. :‘:-ﬁ._. ma HBM.__f = ﬁg neén ﬁ }ﬁ: (2)
T (1) va (2) suy ra fﬁi +ﬁ._, ?-“-*f(i, +ﬁ1 hay

. P P
EKC > ECK = CE > EK.

) Ta CE > EK ma ERX = BD nén CE > BD.
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§3. DINH Li PITAGO - HE THUC LUONG
TRONG TAM GIAC VUONG

A. KIEN THUC CAN NAM VONG

1) AB? = BCBH
AC? =BCHC
. A o |2 (Dinhli Pitago BC” = AB* + AC”
1. {&ABCCG A=90 P Cat i
AHLBC 3) ABAC=BC:
4) AH* = HBHC
& 1 ]
D) = ek -,
AH? AB? ACY
A
5
g R Hog C

2. AABC ¢6 BC® = AB® + AC® = AABC vudng (ta1 A)
(dinh li dao cua dinh li Pitago).

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. Cho hinh vuong ABCD canh bang a. Goi I 1a giao
d1ém cua hai duong chéo AC va BD. Qua I dung dudng thang
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xy bat ki. Go1 H. K. F. E lan lugt la hinh chiéu cua cac dinh
A, B, C, D trén xv. Hay tinh téng AH? + BK* + CF* + DE°
theo a.

Bai 2. Cho tam giac ABC ¢6 AB > AC, ké trung tuyén
AM va duong cao AH. Ching minh hé thuc:

a) AB2 + AC? = 2AM* + BC :
h) AB® - AC* = 2BC.MH.

Bai 3. Cho hinh thang ABCD (AB/CD) c¢6 AB = 3cm,
CD = 14c¢m, AC = 15¢m, BD = 8m.

a) Ching minh rang AC vudng goc v6i BD.

b) Tinh dién tich hinh thang.

Bai 4. Cho hinh t];;ang ABCD (AB//CD) c¢6 BD = 6cm,
AC = 10cm va doan thang EF né1 trung diém hai doan AB,
CD bang 4cm. Hay tinh dién tich hinh thang.

Bai 5. Tu diém O trong tam giac ABC ta ke cac doan
thing OD, OE va OF theo tha tu vudéng goc vdi cac canh
BC, AC va AB. Chiung minh:

BD* + CF* + AF* = DC* + EA* + FB?

II. Cac bai toan kiém tra

Bai 6. Cho tam giac ABC vuéng cdn d A, trung tuyén
BD. Goi I 1a hinh chiéu cua C trén BD, H la hinh chiéu cua
I trén AC. Ching minh raing AH = 3.HL

Bai 7. Cho hinh thang ABCD (AB//CD), chan cac duong
vudng goc ké tiu A, B xuéng DC nam trén canh DC. Ching
minh rang: AC* + BD* = AD?* + BC* + 2AB. DC.

Bai 8. Qua dinh A cua hinh vuéng ABCD canh bing a,
vé mot dudng thang ciat canh BC ¢ E va cat duong thang

3 , . ; ]
DC ¢ F. Chung minh rang: - ]_ e s e
AE"  AF-  a”
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C. SO LUQC CACH GIAI

Bai 1. Xét hai tam giac vuéng AHI va CFI (hinh 30) ta
¢6 IA = IC (tinh chat hinh vuéng), I, =1, (géc dai dinh), vay
hai tam giac nay bang nhau, suy ra AH = CF.

Chung minh tudng tu A a B
dudc hai tam giac vudng
bang nhau DEI va BKI
suy ra DE = BK. | £

Do d6 AH! + BK® + NA K
CF? + DE? = 2(AH? + BK?). E 3

Xét hai tam gilac
vuéng AHI va IKB ta ¢6
Al = 1B va ATH = TBR
(géc c6 canh tudng tng D H.30 C
vudéng goc), vay hai tam
giac nayv bang nhau, suy ra HI = KB. Do d6:

AH? + BK* + CF* + DE* = 2(AH* + HI*) = 2AI* (1)

Tam giac AIB vudng tai I, theo dinh li Pitago ta cé:

IA% + IB? = AB® = a*(2)

Mait khac, do IA = IB nén 2AI* = [A* + IB* (3)

T (1), (2) va (3) suy ra:

AH® + BK* + CF* + DE® = a*.

Bai 2. a) Ap dung dinh li Pitago vao tam gidc vuéng
AHB (hinh 31) ta cé:

AB? = AH* + HB?,

Nhung AH* + MH? = AM*

hay AH? = AM* - MH? va HB = MB + MH nén:

AB* = AM* - MH* + (MB + MH)*

= AM* - MH* + MB? + MH* + 2MB.MH

= AM* + MB* + 2MB.MH (1)

Lam tuong tu nhu trén déi1 vé tam giac vuong AHC va luu
y ring HC = MC - MH = MB - MH, ta cé:

AC? = AM* + MC* - 2MC.MH (2)

168



(hinh 32) ta ¢6 ABMC la
hinh binh hanh, suy ra CM =
AB = 3em va BM = AC =

15em.

289 va DM*? = (DC + CM)* =
(14 + 3)* = 17° = 289 (theo

Lay (1) cong vai (2) vé véi ve dudc:

AB* + AC" = 2AMY + MB* + M(”

— 2AM” + | BCY BCY _ IAM? + BC”
L 8) L2 2

b) Lav (1) trir di (2) vé val vé dudce:

AB?- AC*=4MB.MH

= 2.2MB.MH = 2BC.MH.

Bai 3. a) Ke BM/AC

Xét ADBM ta thay:
BD? + BM* = & + 15° =

dinh 1li dao cua dinh 1
Pitago) hay BM 1BD, suy ra AC 1L BD.

b) Ta thay AABD va ABCM c6 day AB = CM = 3cm va cung

duong cao la khoang cach gita AB va DC nén chung c6 dién
tich bang nhau, do dé dién tich hinh thang ABCD bing dién
tich tam giac vuong DBM.

n I :
Vay Sypcp = Spaw = o 8.15 = 60(cm”).
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Bai 4. Go1 ] Ja trung diém cua canh BC (hinh 33). Ta c6 El
g . ; " : 0
la ducng trung binh cua AABC. rén Xl = AEC % l? = & (cm),

FI ciing la duong trung binh

cua ABCD nén FI = 1351)— :-g

= 3(cm).

Xét AEFI ta thay EF?® +
FI* = 4* + 3% = 5* = 25 = EI,,
suy ra EFI = 1v (theo dinh li
dao Pitago).

Goi K la trung diém cua
AD thi KEIF sé 13 hinh binh hanh va Sy = 28y, = 2+ EF.FI

= 4.3 = 12(cm").
Nhan thay S = 28 do d6 Sypep = 24em®

Bai 5. Lan lugt xét ba tam giac vuong ODB, OEC va OFA
(hinh 34), theo dinh li Pitago, ta co:

BD*= OB*- OD* g
CE*=0C* - OE? E
AF? = QA* - OF, F
Coéng tung vé ba dang thtc
trén ta dudc: |
BD? + CE* + AF* = (OC: - ODY) ° Digag (

+ (0A? - OE®») + (OB* - OF%) (1)
Lai lan lugt xét ba tam giac vuéng ODC, OEA va OFB,
cung theo dinh li Pitago, ta co:
DC?=0C* - OD*
EA? = OA*- OF°
FB*= OB*- OF~

(Cong tung vé ba dang thuce trén ta duge:
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DC + EA” + FB- = (QC - OD%)
+ (OA - OE) + (OB - OF9) (2) B
Th (1) va (2) suvra;
BD® + CE* + AF* = DC* +
EA* + FB=
l Bai 6, Hai1 goc B, va C,
bang nhau (hinh 35) (goc c¢é

canh tudng ung vuong géc: Bl 8 H

1 1C; BA L (A), nén hal tam A D LG
giac vuéng HIC va ADB dong \V
dang v6i nhau; biét AB = 2AD I

nén HC = 2HL H.35

bat HI = m thi HC = 2m
Trong tam giac vuong DIC vé duong cao TH ta co:
[H* = HD.HC hay m" = HD.2m = HD = 0,56m, do d6 DC =
2.5m; AH = 3m. Vay AH = 3HIL.
Bai 7. Trong tam giac AEC vuoéng tai E (hinh 36), ta cé:
AC? = AE* + EC* (1)

Trong tam giac AED vuéng A B
tai E, ta co:
AE* = AD* - DE (2)

T (1), (2) dudc:
AC* = AD* - DE* + EC* (3) /
Tuong tu nhu trén, ap |
dung dinh li Pitago vao cac H.36
tam giac vuéng BDF va BCF ta
dudc:
BD* = BC® - CF* + DF* (4)
Cong ting vé cua (3) va (4) dudge:
AC”+ BD" = AD? + BC"+ (EC” - DE®) + (DF* - CF?)
=AD" + B(- +(EC + DEXEC - DE) + (DF + CF) (DF - CF)

i
-
O
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=AD"+ BC-+ DC(EC DE)+ DC ((DF -CF)
=AD"+ BC* + DC [(EC - CF) + (DF - DE)]

= AD? + BC* + 2DC.EF.

Nhung EF = AB (theo tinh chat doan chan), do do:

AC” + BD? = AD* + BC* + 2AB.DC

Bai 8. Qua A dung duong thang vuéng goc véi AE cit

CD tar K (hinh 37).
Trong tam glac
vuong KAF ¢6 AD la
duong cao, ta co:
] 1 1

AD”"AK;jAFiR

Ta thay A, = A,
(g6c ¢6 canh tuong ung
vuong goc: KA 1 AF,
AD 1 AB).

Xét har tam  glac
vuong ADK va ABE ta

N
N

H37 C F

. o A i . . i :
co A, = A,, AD = AB, vay hai tam giac nayv bang nhau, suy

ra AK = AE.

1 1 1

Vay

AD° AR’ AR



§4. Ti SO LUONG GIAC CUA GOC NHON

A. KIEN THUC CAN NAM VUNG

c
cosa = —
a
: b
r-’i‘* L sina = - ¢
AARC EE‘J‘I:-'\-. e S 4
B = | b
lga = —
' ¢
C
cotga = —
\ b

Chu y: a) Trong AABC vuong taa
A. do hai géc B va C phu nhau nén:

¢ sinB = cosC | = o ' e tgB = cotgC | = -
\ |
. Coe)
e cosB=sinC =° * e cotgB = tgC [:
' a )/ \

Do do. co:
b = asinB = acosC = ctgB = ¢ cotgC
¢ = acosB = asinC = b cotgB = b tg(.

b) Va1 goc nhon ., ta ¢6 cac hé thue co ban sau:

1) sin“a + cos"a = |

<IN U
2) tgu =
COS (1
) (O
3) colgu = ,
=110 U

173



B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh
Bai 1. a) Cho tam giac ABC vuéng tai C trong dé
a=1,2m, b=09m va ¢ = 1,56m. Tinh cac ti s6 lugng giac cua
goc B.
b) Chitng minh cac hé thuc sau:
1) tg o + cotga = 1;

1
2) 1 +tgla= ——;
cCos
3) 1 + cotg’ar = ——.
s51n o«

Bai 2. Rut gon (don gian) cac biéu thic sau:
a) A = cos’a + cos’acotg’a; b) B =sin’a + sin‘a.tg’q;
2cos’a -1 cosa

¢) C= - d) D= —— 4+ tga.

sin o + cos o l+sina

Bai 3. Chiing minh cac dang thic sau:
8) l+cosx 1-cosx _ 4cotgx

?

l-cosx l+cosx sin X

2
b) 1-

sin”® x cos” X ,
= §In X COS X.

1+cutgxﬁl+tgx

P
Bai 4. Cho tam giac can ABC ¢6 day BC = a, BAC = 2a

trong dé « < 45°. Ké cac duong cao AE, BF.
a) Tinh cac canh cua ABFC theo a va theo cac ti sb
lugng giac cua goc a.
b) Tinh theo a, theo cac ti s6 lugng giac cua géc 2a va
gbc o, cac canh cua tam giac ABF, BFC.
c) T cac két qua trén, chitng minh cac déng thic sau:
1) sin2a = 2s1nacosa;
2) cos2a = cos*a - sin‘a;

3) tg2a = —2'8%

1—tg2(1'
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Bai 5. a) Tinh dién tich
hinh binh hanh ABCD biét
AD = 12cm; DC = 15ecm va
I~
ADC = 70",

b) Tinh dién tich hinh
thang cian ABCD (AB//CD),
biet AB = 12cm; CD = 18cm va 1,20 B
D =175 H.39

II. Cac bai toan kiém tra

0

g

Bai 6. Rut gon cac biéu thic sau:
1+ 2sinxcosx
a) A= *

sin X + cos
SN X

b) B = cotgx + .
1 +cosx

Bai 7. Cho tam giac ABC vuéng tai A va phan giac AD.

Cho AB =¢, CA = b. Chitng minh ridng AD = bc. :
(b + ¢)sin45”
Bai 8. Tinh dé dai duong phan giac AD ctua tam giac
ABC biét AB = 12em; AC = 15em va BC = 18cem.

C.SO LUOC CACH GIAI
Bai 1. a) Theo hinh vé 39, ta co:
a 1.2

cos B =— =(),8

¢ 1,5
sin B = E = v =06

c 1.5
tgB=2-22 _07s

a 12

a 1.2

cotgB=—=-"2133,
. b 09

Luu y: sin va cosin cua mot gée nhon ludén nho hon 1.
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| 76

|ING COSa .
b) 1. Biot tgu = ——— va cotgu - nen
CEr=tL =111

_SINU COS
tga.cotgn = —— - --—— =1, .
COS (L SN

s ey ; 1
Luu y: Ta cung cé: cotgu=—.

H5.91
[ sinug ) sin” o
2)Tach :1+tga=1+ |ﬂ'_ | =l+——
cosw COS™
~cos*a+sinfa 1
= : s,
cos™ cos”
g )
2 " Ccosu Cos” o
3)Tac01+cotg“u=1+[l ] T
sIa sIn” o
v £} iy
st tceosTa 1
sin” a sin” «
Bai 2. a) A = cos”u + cos“w.cotgw = cos”u(l + cotg’a)
s 2 ] FU"': {1
RO Ok v ——— = -—(‘(}Lg 2

ST o "51[] ot
b) B = Sillgu + silﬁu tg'-f;l == 51“--{1(1 + tg"*u}

1 sin® {1
= sin‘“d - ——— = ——— tg .
cos” o i“‘ﬁ o
_.m-q o - | 'hna 6 = (-411 o+ Ccos” u,]
sinw + cosu SINU + COSW

_ LUH . Sin”

h]l'l A+ COsL

= (COSU - SINQ .

COS (L COS SN o

R T 5 D O Lk

1+sina l+sma  cosd
COS™ (L 4+ 81N o 4 *-ll] o ] + 81N« ]

(1+sin @ )eos o Fsina)eosa cosa

Bai 3.0 Bicn dé ve traa. S w khi quyv déong mau ta ¢é:



(] F0S ‘&) - {i r'{inK}ld

1- {"f}f-:' X
w Lot -2cosx + cos’ x —=(1-2cosx +cos” X)
] —ms«*' N
dcosx 1 cosx 1 dceotgx
sinx sinx sinx  sing

V& trai bang vé phai. dang thic dude chiing minh.

. L ‘¥ N 3 i
. 51T X CUS X SN X 05 X
b) Ta cé: P +1 l =~ e
+eotex +tex mw{ sINnx
RS 8% 13- 1+ —
sINnX ' COSX
Lo . SE! a3
sin'x  cos’ x SIN” X+00S X

SIN X+ COSX COSX+sIinx SIMNMX4+0C05X

Ap dung hang dang thic A" + B = (A + B) (A* - AB + B%
Vao hleu thic (*) ta co:
Hm X +cos’ x (sin x + cos x) (ﬂn X — 8in X oS X + €08~ x}

sin X + €os X Sin X +cos X
= 1 - sInXxcosXx.
Tu d6, vé trai cua dang thice sé la:
- {1 - s1nXCco8X) = SINXCOSX.
Vé trai bang vé phai, dang thic dude chiing minh.

Bai 4. Ta c¢6 hinh vée 40. Vi AE la duong cao nén

mZﬁzﬁﬂa:BE:Eﬁngacﬁ A
— B e -
FBC = EAC = a (goc ¢o canh tudng ol
ung vuong goc).
a) Cac canh cua tam giac vuong
BFC la: BF = a.cosa (1), F
FC = a.sina (2), BC == /
b) Trong tam giac vuong ABH g
thi AB= — & - AC B E .
Z2s1no H.40

Trong tam giac vuong ABF thi:
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a.sm2a .
—{3)
28I o
> & a.00s2a
Al = AB. cos2ua = - ——
231N
Trong tam giac vuéng BFC
thi;
FC = Ac = J.%F =

a a4.C08200  a-—a.cos 2a (4)

2sin 281 281n o
¢) Tu (1) va (3) ta co:
a.s1n 2a
ACOSQ = ———
2s1na
Tu (2) va(4) ta co
, a —a.cos2a - .
asino = ——— = 2asin‘g = a - acos2a (6)
281N o
Bién do61 (6) ta cé:
2sin‘a = 1 - cos2u. = cos2a. = 1 - 2sin‘a
= cos‘o + sin“a - 2sin‘u
hay cos2a =cos a - sin“a (7)
T (5) va (7) ta co:
: sin2u
tgla = o = —
cos20t  Cos"—sSInT
Va1 coso # 0, ta co:
281N o Cos

Bl = AB.sin2a =

= sin2a = 2sinacosa (D)

A 12 B

281N U Cosa

cos” o _2tga 50

tgla = —— A 7 -
cos"a-sin“a  l-tg'a p H 8 K C

COs” o

H.42

Bai 5. a) Trén hinh 41 dung AHLDC, ta co AH =
12.81n70"

Vay S uep = 15.12.8in70"

=15.12.0,9397 = 169 (cm~)

b) Theo hinh vé 42 ta c¢6:
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AH = DH.ag75 A h

Theo tinh dot xing. ta o N
DH = KC = 3em:. neén /
AH = 3.3.732 + 11.2 (cm). ‘

AT e e T
Vav Sipp = 2220 1122 168 {ent ¥ D
3

—

s, -y CNS Y
Bhi 6.a)A s L SHIREOSK g H.43

SiNX + 008X

-~.ll"1 " %4 Lm X ‘hﬂn XCOSX (5in:{ + f‘.t}s}:}"

R MRS = - — =ginX + COSX.
SN X + COSX SINX +.COS8X
SN X COSX s1n X
h} B = Cotgx e T — = -
l+r08x sinx 1+4+c08x
lm\{1+ :mx}kam {‘{}*-«}'.4-{(%-\ X + sin” X
sin X{(1 + cosx) sinx{1 + cob:x)
I £ COSX 1

hm\{] - {mx} SN X

Bai 7. Theo hinh vé 43, ta ¢o
H."I.];{L - —l“ h'[‘f ; {-1)

2

\I'huug e bmn E3 1';‘"u.l"_n

= - . ADsinds" + I} ADsinds"
q i 18
B = (h e )sin 45".AD (2) *
T (1) va (2) co: H.44
| .
[1; +e)am 45" AD = —}u suy ra; AD = —— J?_"‘_. o
2 2 (b +c)sinds”

Bai 8. Theo tinh chat cua duong phan giac trong tam
giac ta co:

DB AR 12 ¢ ~
R = e = — = E {hl'nh 14)
D AC 15 3
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DB

hay — =—=>DB = L 8(cm).
BC 9

4
9
Pat BH = x, ta cé:

AB? . x*= AC? - (BC - x)* (= AH?) hay

¢t -x2=bh*- (a-x)?

¢t - x*=Db?- (a* - 2ax + x%)

2ax = a® + ¢? - b?

- a’ +c? - b? _ 18~ 4 12% 15 _ 675 (cm).

2a 2.18

HD=BD-BH=8-6,75=1,25 (cm)
Trong tam giac vuéng ADH theo dinh li Pitago cé:

AD? = AH? + HD? = AH? + (1,25)* (1)
Trong tam giac vuong AHB c6:

AB? = AH? + BH? = AH? = AB? - BH* = 12* - (6,75)* (2)
Tu (1) va (2) c6:
AD? = 122. (6,75)* + (1,25)° ~ 116.
Vay AD ~ 10,6em.

§5. DUONG TRON - TiNH DOI XUNG

A. KIEN THUC CAN NAM VUNG

Su xac dinh dudng tron

1. Quy tich cac diém cach diém O cho trudec mot khoang
cach khong d6i r > 0 dudge goi 1a duong tron tAm O ban kinh r.

Ky hiéu (O, r).

2. Quy tich cac diém M sao cho z‘iﬁﬁ = 1v, trong do AB

5 A 2 R s > AB ———
12 mot doan thang cho trude, 1a duong tron (I: —%—) vol 1 la

trung diém cua AB.
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3. Duong kinh la day cung l6n nhat cua dudng tron.
4. Qua ba diém khong thang hang bao gi¢ cang dung
dude mot duong tron va chi mét ma thai.

Tinh déi xiing A ﬂ
1- Bat ky dudng kinh nao cung la y B

truc d61 xiing cua duong tron.

- Tam cua duong tron la tAm dé1
xung cua duong tron do.

2- Pudng kinh vuéng géc vé1 mot day
cung thi chia day cung 4dy ra hal phan
bang nhau (hinh 45)

Dao lai, dudng kinh di qua trung
diém cua moét day cung khong di qua tAm thi vudng géc véi
diy cung ay.

3- Trong mot duong tron hai didy cung bang nhau khi va
chi khi chung cach déu tam.

Trong hai day cung khéng bing nhau cia mét duong
tron day cung 16n hon khi va chi khi né gan tam hon.

H.45

B. BAI TOAN ON LUYEN

I.Cac bai toan dién hinh

Bai 1. a) Chi dung thudc va compa hidy tim tAm cua cac
dia hinh tron. |

b) Trong tat ca dudng tron di qua hai diém M va N cho
trude, dudng tron nao c6 duong kinh nho nhat?

Bai 2. Dung mét duong tron (I) qua hai diém A va B
cho trudc va co tam:

a) O trén duong thfmg m cho trudc;

b) O trén dusng tron (K) cho trude.

Bai 3. Cho AABC can tai A néi1 tiép trong dudng tron
dudng kinh AD. T diém M bat ki trén cung nho AC ke tia
BM trén lay diéem E sao cho ME = MC (E ¢ ngoai doan BM).

a) Chung minh MD//EC;
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b) AM kéo dai cat CE tar P. ching minh P la trung diém
cua CE;

¢) Ching minh rang duong tron (A; AE) di qua B va ()

d) Ching minh MB + MC < AB + AC.

Bai 4. Cho duong tron (I) va mét diém M trong duong
tron:

a) Dung day cung PQ di qua M sao cho MP = MQ;

b) Dung ducng tron (M) sao cho duong tron (I) chia no
thanh hai nua duong tron.

Bai 5. a) Cho AABC ¢6 hai duong cao la BB' va CC".
Chung minh ring bon diém B, C', B, C ciing nam trén mot
duong tron. C6 phai diém A bao gig cing nam ngoai duong
tron do khong?

b) Cho dudng thing d va hai diéem M, N nam vé hai
phia cua d sao cho MN 1d. Trén d lay diém P bat ki. ve
duong tron (I) qua ba diém M; N, P ¢6 duong kinh PQ. Khi
P chay trén d hay tim quy tich cac diém 1 va Q.

II. Cace bail toan kiém tra

Bai 6. Cho dudng tron (O, m) va cat tuyén MPQ trong
d6 M 1a diém ngoai (O) va P, Q 1a giao diém cua cat tuven
véi (O).

a) Tim quy tich trung diém N cua PQ khi cat tuvén
quay xung quanh diém M.

b) Puong tron duong kinh MO cat (O) tai E va F. Ching
minh ti gidc MEOF la hinh vuéng néu MO = m 2 .

¢) Tim vi tri cia cat tuyén MPQ dé téng MP + MQ la
16n nhat.

Bai 7. Cho nua duong tron tam O duong kinh MN. Ve
day PQ va goir M' va N' la hinh chiéu cua M va N trén
duong thang PQ véi MM' < NN'. Goi S la trung diém caa PQ
va T la giao diém cua NN' vai (O). Chang minh rang:

a) OS 1 MT:
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b) MN.SS' = MT.S0 vong do S Ia hinh chiéu cua S trén MN:
¢) Tu giac MM'N'N ¢o dién tich bang tich MN.SS'".

Bai 8. Cho \ABC ¢o ba goc nhon va nua dudng tron
duong kinh BC cat AB ta1 M. cat AC tai N. Chung minh:

a) BN. CM va duong cao AP cua AABC cat nhau tai
diém H:

b) Bon diém A, M. H. N ciing nam trén mét dudng tron;

¢) HB.HN = HC.HM = HA .HP.

C.SO LUUC CACH GIAI

Bai 1. a) Chi can lav 3 diém bat ki
A. B. C trén vanh dia (hinh 46) ré6i 0 c
dung hai duong trung truc cua AB va
BC. Giao diém hai trung truc nay
chinh la tam O cua dia hinh tron.

by Tat ca duong tron d1 gqua hai
diém M va N déu nhan MN la mot day H.46
cung. Do dé duong tron nhan MN la
duong kinh 1a duong tron ¢6 duong kinh nho nhét vi tat ca
duong tron khac ¢co MN chi la mdt day cung nén nho hon
cac duong kinh cua chung.

B

Bai 2. Goi I 1a tam duong tron phai dung. I phai la giao
diém cua doan thang AB:




a) véi duong thang m

b) vé1 duong tron (K).

Bai toan chi ¢6 nghiém hinh khi trung truc no1 tren va
duong thang m c6 diém chung hoac khi trung truc noi trén
va duong tron (K) ¢6 diém chung (hinh 47a va b).

Bai 3. a) Do AABC céan nén
duong kinh AD 1 BC (hinh 48)
va di qua diém D trung diém cua
cung nhn BC. Do dé
M = M Mat khac AMCE can
(Vl MC = ME theo gia thiét) nén
hai géc o day . MC E= MEC. _
Ja co M + M MCE +
MEC (vi goc BMC la géc ngoai
tai M cua AMCE) g H.48
__ Suy_ra 2M, = 2MCE hay
M, = 2MEC & vi tri so le trong, do d6 MD//EC.

b) Tam giac AMD wvuéng tai M vi trung tuyén

MO = %—AD. Do d6 AM L MD, suy ra AM L CE. Nhu vay

MP la dudng cao cung la trung truc cua AMCE can. Suy ra
P 1a trung diém cua CE.

c¢) Do AP la trung truc cua CE nén AC = AE va AB=AC
(gt), suy ra AB = AC = AE tic la duong tron (A; AE) di qua
B va C.

Q
D
F.I
(a) c (b)
H.49
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d) Xet AABE ta co:

BE<AB+ AE ma BE =MB + ME = MB + MC va

AB+ AE = AB + AC,

Vav MB + MC < AB + AC.

Bai 4. a) No1 IM (vi MP = MQ theo gt) ta c6 IM 1 PQ. Suy
ra cach dung: No1 IM va qua M dung dav PQ L IM (hinh 49a).

b) Gia su duong tron (I) chia duong tron (M) thanh hai
nua duong tron theo duong kinh CD ta ¢6 IM L CD. Suy ra
cach dung sau: N1 IM va qua M dung day CD L IM. Duong
tron (M) la dudng tron cé duong kinh la CD (hinh 49b).

Bai 5. a) Goi D la trung diém
cua BC. Xét ABC'C vuéng tai C' ta
c6 trung tuyén C'D bang nua canh
huyén BC tuc 1a C'D = DB = DC
(hinh 50). Tuong tu trong \BB'C
vuong tai B' ta cé: B'D = DB = DC.

Suy ra DB = D(C' = DB' =DC. g
Vav bén diém B, C'. B. C cung
nam trén mot dudng tron tam D.

Piém A c6 thé nam ngoai (nhu /
o hinh vé) tuc la khi d6 goc A nhon S Q

a ] = . - A
va AD > —BC. d&iém A con co the
9

nam trong duong tron (D) khi goc A g

G Lo gl x Y
th va AD < EH(.-, diém A cung c¢o

thé nam trén duong tron (D) khi géc

A vuong va AD = 1} BE..

b) Khi P chay trén d thi quy tich cua diém I 1a trung
truc t cua MN. Trung true nay song song vdi d (hinh 51).
Khoang cach tu 1 dén d la 1K = m khéng déi, ma IK la

duong trung binh trong \QSP nén QS = 2m. Do do quy tich
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cua Q la dudng thang s song song véi d va cach d mét
khoang bang 2m nam cung phia vdi t déi véi d.

Luu y néu d 1a trung truc cua MN thi duong thang s sé
trung véi duong thang d.

Bai 6. a) N&) O véi trung diém N cua PQ ta c6 ON L PQ
(hinh 52). Doan thang MO c¢6 dinh, MNO = 1v. Vay quy tich
cua N la duong tron duong kinh MO.

Do N nam trong duong
tron (O) nén quy tich caa N
chi 12 cung nho EF nam trong
(0).

b) Tam giac MEO vuéng

vi trung tuyén EI bang :1; MO.

Theo dinh li Pitago ta cé:

MO* = ME® + EO® hay
2m* = ME® + m*

Suy ra ME = m.

Tuong tu ta tinh dudge MF = m. Vay ti giac MEOF c¢6
bon canh bang nhau va MEO = 1v la mot hinh vudng.

¢) Goi MP,Q, la vi tri cua cat tuyén khi di qua tam O.
Ta hay chung minh riang dé la vi tri dé téng MP + MQ la
16n nhat. Muén vay ta ching minh riang MP, + MQ, luén
16n hon MP + MQ.

That thé ta cé:

MP + MQ = MP + MP + PQ = 2(MP + PN) = 2MN

va MP, + MQ, = MP, + MP, + P,Q, = 2(MP, + P,0) = 2MO

Nhung MO > MN nén MP, + MQ, > MP + MQ.

Bai 7. a) Tam giac MTN vuong tar T vi OT = T;—MN.
Suy ra MT/M'N' (hinh 53). Do S la trung diém ctua PQ nén
0S 1 PQ, hay OS L M'N'. Nhung MT/M'N", do d6 OS L MT.

b) Ta ¢6 OS/NN' nén ﬁ, = :Q, (dong vi). Do d6 hai tam
giac vudng MTN va SS'O dong dang. Tu dé:
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MN MY S MNSS =MT.S0.
SO S
¢) Trong hinh thang wvudng
MM'N'N ta ¢6 OS la duong trung

binh. Vay dién tich hinh thang la:
MMERN M= SOMT =

MN.SS' (theo cau b).
Bai 8. a) Tam giac BMC ¢6

trung tuyén MO = %BC la tam

giac vudng.tai M tiic 1a CM 1AB (hinh 54).

Tuong tu ABNC vudng tai N ta ¢6 BN LAC.
Vay trong AABC ba duong cao AP, BN va CM cat nhau

(d6éng quy) tai H.

b) Goi I ]la trung diém cua AH. Hai tam giac vuéng AMH
va ANH c¢6 chung canh huyén AH va c6 trung tuyén MI va NI

nén:

IM =IN=1A =1H.

Piéu nay ching to I 1a tAm cua mot
duong tron di qua bén diém A, M, H, N.

¢) Xét hai tam giac vudng dong
dang HMB va HNC (vi ¢6 goc nhon
H, = I;]z) ta co:

OB _AM ' sy ra HBHN =
HC ~ HN
HC.HM (1)

Tuong tu hal tam giac vuong HMA
va HPC ctang dong dang (géc nhon déi
dinh tai H bang nhau) ta cé:

HM HA

— = —— suy ra HC_.HM = HA.HP

HP HC

(2)

T (1) va (2) ta dude hé thie phai ching minh:

HB.HN = HC.HM = HA.HP
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§6. VI TRi TUONG DOI CUA DUONG THANG
VA BUONG TRON, CUA HAI DPUONG TRON
- TIEP TUYEN CUA DPUONG TRON

A. KIEN THUC CAN NAM VONG
Vi tri tuwong doi
1. Cho dudng thiang a va duong tron (O, R), gol1 d la
khoang cach tit O dén a ta c6 ba vi tri tuong déi sau day cua
dudng thing va dudng tron:
a) Puong thang va dudng tron khéng giao nhau
d > R (0 ¢6 diém chung)
b) Dudng thang tiép xic véi dudng tron
d = R (1 diém chung)
¢) Pudng thing cit dudng tron d < R (2 diém chung)
2. Cho hai duong tron (O, R) va (O, r) véi R 2rva dla
khoang cach gidia hai tam (d = 00"), ta ¢6 cac vi tri tuong
do1 sau day cua hai duong tron:
a) Hai duong tron cat nhau
R-r<d<R+r(2diém chung)
b) Hai duong tron tiép xuc nhau

- tiép xuc ngoal d=R+r

- tiép xuc trong d=R-r (1 diém chung)
c¢) Hai duong tron khong giao nhau

- d ngoai nhau d>R+r

- dudng tron 16n dung duong tron nho
d<R-r (0 c6 diém chung)
Tiép tuyén
1. Mot dudng thang dude goi la tiép tuvén cua moét
dudng tron néu né chi cé6 mét diém chung vdi duong tron do.
Cé hai tinh chat quan trong sau day cua tiép tuveén:
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1) Néu mot el ™
duong thing Ia / N
tiép tuyén cua a la uép tuyén tar A
mot duong tron - < alOA

thi no vuong goc
vdl ban kinh d
qua tiép diém. _

Pao lai, néu "H.55
mot duong thing
vuéng goc vél ban kinh tai mit nam trén duong tron thi
duong thang do la tlep tuyen cua dudng tron.

2) Néu hai tiép tuyén cua mét dudng tron cit nhau tai
mét  diém  thi
2180 diém nay
cach déu hai
tiép diém va tia
ké tit giao diém

MA MB la tiép
tuyén taiA.B
=

dé6 gua tam {E{A :%TB
duong tron la tia M, =M,
phin gilac cua

géc tao boi hai H.56

tiép tuyén (hinh
56).

2. Puong tron ndi tiép tam giac la duong tron tiép xuc
véi ca ba canh cua tam giac. Tam giac d6 goi 1a tam giac
ngoai tiép dudng tron,

Puong tron bang tiép cua tam giac 1a duong tron tiép
xtce voi mot canh cua tam giac va cac phan kéo dai cua hai
canh kia.

Moi tam giac ¢6 1 dudng tron ndi t1€p va 3 dudng tron
bang tiép.

B. BATI TOAN ON LUYEN
I. Cac bai toan dién hinh
Bai 1. a) Tu mot diém A ngoal duong tron (O) ke hai
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tiép tuyén AM va AN véi dudng tron. Tu O ke OP L OM, P
la giao diém cua dufmg vuong goc nay vl AN. Tu A ke
AQ L AM. Q la giao diém cua dudng vuéng géc nay véi ON.

Chiing minh rang PA = PO va QA = QO.

b) Cho nua dudng tron (Q) duong kinh MN. Tt diém O
trén nua duong tron ta ha PP' 1L MN va trén OP lay doan
OQ = PP'. Tim quy tich diém Q khi P chay trén nia duong
tron.

Bai 2. 1. Cho dudng tron tadm I néi tiép trong tam giac
ABC vuéng can tai A va K l1a mot diém chay trén BC. Goi
M, N theo thit tu la hinh chiéu cua K trén AB, AC va P la
trung diém cua BC.

Ching minh 5 diéem A, M, K, N, P ciing nam trén moét
dudng tron tam O va tim quy tich ctia diém O nay.

2) Cho duong tron (O) va mét cat tuyén d khong qua O.
T mot diém M trén d ké hai tiép tuyén MA, MB véi dudng
tron. Dudng vuéng goc véi dudng kinh BC tai O cat CA kéo
dai g D.

a) Chiing minh AC/MO va ti giac CDMO 1a hinh binh
hanh.

b) Xac dinh vi tri cia M trén d dé tain giac MAB 14 déu.

Bai 3. Cho tam giac ABC vuéng ¢ A. Duong tron tam O
qua A tiép xuc véi BC tai B va dudng tron tim I qua A tiép
xuc vé1 BC ta1 C.

a) Ching minh hai duong tron (O) va (I) tiép xic nhau
tai A.

b) Tu O ké dudng vudng goéc v AB va tu 1 ke duong
vudng géc vdi AC. Chitng minh ching cit nhau tai trung
diém M cua BC.

¢) Chiing minh MO1 MI.

d) Kéo dai BA cat dudng tron (I) 6 P, chitng minh ba
diém C. I, P thang hang.

Bai 4. Cho hai dudng tron (0) va (O') ciat nhau tai A va
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B sao cho fﬁl' = 90", Qua A ke cat tuyén MAM' vuéng gac
vii AP (P 1a trung diem cua OO'. M va M' theo thi tu la
giao diém cua cat tuvén véi cac duong tron tam O va O").
Chiing minh:

a) AM = AM";

b) Tam giac ABM cian;

¢) BM L BM",

d) Véi vi tri nao cua cat tuyén thi MAM' c¢6 d6 dai 16n
nhat?

Bai 5. Cho hai duong tron (O) va (I) tiép xuc ngoai tai
M va tiép tuyén chung trong Mt. Keé tiép tuyén chung ngoai
v6i (0) tai P va vai (I) ta1 Q, cat Mt ¢ N. Ké cac duong kinh
POP' va QIQ'.

a) Chitng minh rang N la trung diém cua PQ va tam
grac ONI vuong.

b) Ching minh ba diém P. M. Q' thang hang va ba diém
Q. M, P’ ciing thiang hang.

¢) Goi S la trung diém cua P'Q', ching minh rang dudng
thang PQ la tiép tuyén cia dudng tréon ngoai tiép tam giac
OSL.

II. Cac bai toan kiém tra

Bai 6. 1) Qua diém M trén nia duong tron tdm O
duong kinh AB = 2R vé tiép tuvén vl (0). Go1 A' va B' 1a
chan cac duong vuong goc ha tit A va B xudng tiép tuyén.
Poan AA' cat ‘O) tai C.

a) Ching minh téng cac khoang cach AA' + BB' ¢6 gia
tri khong do.

b) Xac dinh vi tri cua M trén nia dudng tron dé ti giac
AA'B'C ¢6 dién tich 16n nhat va tinh gia tri 16n nhat dé.

2. Cho nua duong tron tAm O duong kinh AB = 2R. Tu
diém P trén nia dudng tron ké tiép tuyén tai P cat hai tiép
tuyén Ax va By vé (O) 6 C va D.

a) Chitng minh tich cac khoang cach tu C va D dén AB
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co gia tri khong doi.
b) Xac dinh vi tri cua P dé ta giac ACDB co6 dién tich
nho nhit va tinh gia tri nho nhat do.

Bai 7. 1) Cho nua duong tron duong kinh AB va tia tiép
tuvén At cung phia véi ntia dudng tron. Tu diém P trén At
ké tiép tuyén thi hai PM roi ha MN vudng goc vél AB.
Chiing minh BP di qua trung diém cua MN.

2) Cho duong tron (O; R) va dudng thang d ngoai (O).
Tit diém M trén d ké hai tiép tuvén MA, MB. Goi I 1a hinh
chiéu cua O trén d. Néi AB cat MO tai H va OI tai K.

Ching minh OH.OM = OK.OI = R? va doan AB ludn di
qua mot diém c¢6 dinh khi M chay trén d.

Bai 8. 1) Cho hai duong tron (O), va (O') c6 ban kinh R
va r (R > r) tiép xuce ngoai tai P. Goi PM va PN la hai duong
kinh cua (0) va (0'). Day QS cua (0) vuong goc voél MN tai
trung diem H cua MN, QP kéo dai cit (0") tai K.

a) T giac MQNS la hinh gi?

b) Chitng minh ba diém S, K, N thang hang.

¢) QN cit (O tai I, ching minh QK, SI va MN déng
quy.

d) Ching minh HKla tiép tuyén cua duong tron (O")

2) Cho duong tron 16n (I) tiép xtc trong véi dudng tron
nho (K) tai A. Ké cac duong kinh AC va AB cua (K) va (I).
Goi D 1a trung diém cua doan CB.

Qua D ke day cung EF cua (I) vudng goc vél AB. No1 AE
cat (K) tai G.

a) Tu giac CEBF la hinh gi?

b) Ching minh ba diém F, C, G thang hang.

¢) Ching minh DG la tiép tuyén cua duong tron (K).

d) Ching minh hé thic DG* = DA.DC.

C. SO LUQC CACH GIAI
Bai 1. 1) Do AM va AN la hat tiép tuvén ke tu A v
duong tron (0) nen tia AO la phan giac cua goc MAN. tuc
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3! = A, (hinh 57).

Ta lal ¢6 OP//AMN (vi cung
}_Hunn/& goc vl OM). Suyv ra
O,=A, (sole trong)

‘\Ia goe #’31. = A, nen
A = O do d6 tam giac APO
cdn, vay PA=PO.

- Ta ¢o ’&O\I = O»XQ (so le
trong) va AOM = AON (dot
xung qua_ OA). Suv ra

0Q = AON, do d6 tam giac
AQO can, vay QA = QO.

2) Phan thuan: Tu O ke OS vuéng géc MN ( hinh 58), ta
c0 OS ¢6 dinh. Xét APP'O = AOQS (c.g.c). Do PP' = 0Q (gt),
P'RO = @ (so le trong) va OP = OS (ban kinh). Suv ra
SQO = 1v.

Doan OS c¢6 dinh, géc SQO vuéng nén Q chay trén
duong tron duong kinh SO.

Phdn dao: Cho Q' 1a diém bat ki trén dudng tron dudng
kinh SO. Né1 0Q' cat (O) tai P". Ké P"P, L MN ta phai
chiing minh P"P, = 0Q".

That vay, xét hai tam giac vudng bang nhau 0Q'S va
OP,P" (canh huyén va géc nhon bang nhau), ta c6 P'P, =
0Q'".

Két lugn: Quy tich diém Q la
duong tron duong kinh OS.

Bai 2. 1) T\ giac AMKN c¢o ba
géc vuong la hinh chiu nhat, suy

ra giao diém O gida cac dudng
chéo cua né cach déu 4 dinh A, M, H.58
K. N (hinh 59).
Trong tam giac vuong APK, trung tuyén OP bang nua
canh huyén AK. Tu d46: OA = OM = OK = ON = OP. Vay 5
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diem AMKN.,P cung niam
trén moét dudng tron tam O A
giao diém ctia AK va MN.
* Qua trung diém O cua D E
AK dung duong DE/BC ta cé 11 N
DE la duong trung binh cua /
AABC. Do d6 khi K chay trén B P K C
BC thi O chay trén DE. (Ban
doc tu chiing minh phan dao). H.59
Vay quy tich cua
tam O la duong trung ‘
binh DE ctua AABC.
2) a. Tam giac ABC Mf
vudng ¢ A vi ¢6 trung 1 0
tuyén AO bang nua \
canh BC. Lai «¢é %
MOLAB (tinh chat hai B
tiép tuyén ciat nhau).
Vay AC/MO vi cung H.60
vuong goc vé1 AB (hinh
60).

b. AC//MO nén ﬁ=ﬁl (dong vi). Xét hai tam giac vudng
bang nhau BMO va ODC (canh géc vuéng va géc nhon), ta
¢6 DC = MO. Suy ra ti giac CDMO c¢6 hai canh déi song
song va bang nhau nén la hinh binh hf}l‘_&_l‘l.

c. Nhan xét: Khi AMAB déu thi BMO = 30°. Tam giac

vuéng BMO c6 canh OB déi dién géc 30° nén OB = % MO.

Suy ra MO biang dudng kinh dudng tron (0). Do dé néu vé
duong tron tdm O ban kinh bang dudng kinh cua (Q) thi
giao diém cta dudng tron nay véi cat tuyén d chinh 1a vi tri
can xac dinh.

Vi khoang cach ta O dén d luén nho hon duong kinh
cua (O) nén bai toan c¢6 2 nghiém hinh tue 14 ¢6 hai diém M
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va M.

Bai 3. a.AOAB can tai O (vi OA = OB = ban kinh) nén
B, = A (hinh 61). |

Nhung ﬁl :EE (goe ¢6 canh tudng Ung vulng goc), suy
ra A =E, (1).

Tuong tu AIAC can tai I nén A, —ﬁj (2).

Tfi (1) va (2) ta co:
ﬁi -+ +§ 90" wva
A +A + BAC = 180". Vay P
ba diem O, A. I thang
hang. Ma OA, JIA la ban ' Y/
kinh cua cac dudng tron
nay tiép xic nhau tai A. Lo \

b.Pudng vudng goc vii B M C
AB ke tu O cing la trung H.61
truc cua AB cat BC tai M,
chang han nén M,B = M,A va M,AL OA. Tuong tu trung
truc cua AC cat BC tai M, nén M,A = M,C va M,A 1 IA.
Suy ra M,A va M,A phai la tiép tuyén chung cua (O) va (I)
tai A, tuc la M,A = M,A. Vay M, trang véi M,.

Theo cac chtmg minh trén ta c6 MB = MA = MC, tic la
M la trung 66@ cua BC.

c. Ta c6 OMI = BAC (goc ¢6 canh tuong tng vudng goc),
ma BAC = 90’ nén OMI = 90°. Vay MO 1 ML

d. Ta co PIA =180 - r’x (vi AIAP can) va AIC = 180” ‘?A

(vl AIAC can). Suy ra PIf'E + ﬂ = 360" - 2 ('f‘: + i) Ma A
+7A, = 90" nén PIA + ATC + 180",

Vay ba diém P, I, C thang hang.

Luu y: -Sau nay khi hoc vé géc noi tiép sé ¢ cach ching
minh nhanh hon.

Q

Bai 4. a. Ké OC va O'D vuéng géc véi cat tuyén MM' ta
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¢6 C va D 1a trung diém cia MA va M'A (hinh 62).

Do P la trung diém caa OO' va OC/AP//O'D (vi clung
vubng géc vdi MM') nén
A 1a trung diém ctia CD
tic 1a AC = AD. Suy ra
AM = AM".

b. Trong tam giac
vubng AOO', diém P la
trung diém cua canh
huyén OO' nén OP = AP,
do d6 A,=0,. Ma
'ﬁl ié; jgo le trong), suy
ra O, =0..

Xét hai tam giac vudng OCA va OHA bing nhau (canh
huyén va géc nhon), ta c6 AC = AH hay AM = AB. Vay
AAMB cén tai A.

¢. Ching minh tuong tu ta c6 AB = AM'. Nhu vay
AMBM' ¢é trung tuyén biang nda canh tuong tng la tam
giac vuoéng dinh B. Vay BM L BM".

d. Tu O'ké O'1 L OC, ta c6 O' = CD (vi tua giac OCDO'
la hinh chii nhat). Trong AOO'I vuéng tai I canh huyén
0O0'luén 16n hon canh géc vudéng O'l, do dé 20’1 = 2CD =
MM'. D6 dai MM' sé c6 gia tri 16n nhat khi bang 2 O0'. Khi
d6 cat tuyén MAM' sé song song véi 00",

H.62

Bai 5. a. Ta ¢c6 NP va NM 1a hai tiép tuyén cua dudng
tron (O) nén NP = NM. Tuong tu NM va NQ la hai tiép
tuyén cua (I) nén NM = MQ (hinh 63). Suy ra NP = NQ, tiic
la N 1a trung diém cta PQ.

Theo tinh chat hai tiép tuyén cung xuét phat ti N nén
ta c6 NO va NI la phan g ic caa cac goc PNM va MNQ. Ma
hai géc nay ké bu do dé ONI = 90", vay tam giac ONI vuéng
tai N.

b. Cac tam giac PMQ va QMQ' ¢6 trung tuyén bang nia
canh tudng Ung nén la nhing tam giac vuong tai1 M. Do dé
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ba diém P, M, Q' thang
hang.

Chung minh tuong
tu ta co ba diém Q. M.
P' thang hang.

c. Trude hét ta
ching minh tu giac
OSIN la hinh chd nhat.
That vay ta c6 OS//PQ’,
ON/P'Q (tinh chat
duong trung binh cua
tam giac).

_Ma PQ' LP'Q (theo ching minh trén) nén OS L ON hay

SON = 90°.

N A‘
Ching minh tuong tu ta cé6 ONI

- SIN = 90°, do d6

OSIN la hinh chi nhat. Suy ra ducng tréon ngoai tiép hinh
chii nhat nay cing 1a dudng tron ngoai tiép AOSI.
Xét hinh thang PP'Q'Q (PP//QQ' vi cung vudng gbéc vdi
PQ). Ta ¢6 SN la duong trung binh nén SN L PQ. Do d6
dudng tron duong kinh SN tiép xue véi dudng thing PQ.

Vay PQ la tiép tuyvén
cua duong tron ngoai tiép

AOSIL

Bai 6. 1) a Ta ¢c¢b6
AA'//BB'//OM vi cung vuéng
gbc v61 ti€p tuyén tai M

(hinh 64).

T giac AA'B'B la hinh
thang vuéng c6 OM la duong

trung binh nén

oM = 22 1_813 |

Suy ra AA' + BB' = 2.0M = 2R khéng dai.
b. Dién tich hinh

thang

vuong

AA'BR'B

bang
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_AA '+B B:
2

- A'B'.

Do téng AA' + BB' khéng doi bang 2R nén dién tich nay

l6n nhat khi A'B' 16n nhat.
Trong tam giac vudng ACB
tai C (vi trung tuyén OC =

%AB) ta ¢6.AB>BC ma BC =

A'B' (tinh chat doan chin) nén
AB > A'B'.Do d6 A'B' 16n nhat
khi bang AB tic la A'B'= 2R.
Khi d6 M sé 6 chinh giia nua
dudng tron (O) va tiép tuyén tai
M sé song song véi AB.

Gia tri 16n nhat caa dién tich
bang -2-213-.2R = 2R?,

2) a.Theo tinh ch&t hai tiép

O D*}\OQ}—.

tuyén ciing phét xuét tit mot diém A
ta c6 CA=CP, DB=DP va OC,0D
theo thit ty 1a phin giidc cua hai

géc ACP va BDP (hinh 65).

N o B
H.66

Suy ra COD = 90°. Trong tam giac vuéng COD ta c6 OP
12 duong cao nén OP? =PC.PD (theo hé thic h* = b'c') hay
tich PC.PD.= AC.BD = R*khéng déi.
b. Hinh thang vuéng ACDB ¢6 OE la duong trung binh
(E la trung diém cua CD). Dién tich cua né bing

AC+BD

AB = AB.OE = 2R.OFE va c¢é gia tri nho nhat khi

OE =R = OF. Khi dé6 tiép tuyén CD sé song song vdi AB va
hinh thang vuéng ACDB sé& trd thanh hinh chi nhat

AC'D'B.

(Gia tri nho nhat ctia dién tich bang 2R.R = 2R”,
Bai 7. 1) Kéo dai BM cat At g Q (hinh.66). Ta ¢6
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OP/BQ vi cung vuong goe vér AM. Do doé P la trung diém
cua AQ. Lai co MN/AQ (cung vuong goc vir AB). Theo dinh
11 Talet ta co:

NI Bl - IND Bl

AP BP0 1 BP

Suy ra +\j I“

‘ AP PQ

Vi AP = PQ nén NI =
IM, tuc la BP di qua trung H
diém I ¢6 dinh cua MN.

2) Xét hai tam gilac d B
vuong OHK va OIM dong M I
dang vi ¢6 goc O chung (Do
OI L d, OM L AB) (hinh 67).
OH OK
Ol  OM
OH.OM = OK.OI.

Trong tam giac vudng AOM, AH la dudng cao nén ta cé:

OA*= QH.OM. Vay OH.OM = OK.OI = R*.

2

Tit hé thitc nay ta cé: OK = %f trong 46 OI c6 do dai

hay

Suy ra:

khéng ddi vi O va d ¢d dinh, Suy ra OK khéng déi va K c6
dinh. Vay khi M chay trén d thi AB luén di qua diém K c6
dinh trén OI.

Bai 8. 1) a. Tu giac
MQNS la hinh binh
hanh vi hai dudng chéo
MN va QS cat nhau tai
trung diém H ciua moi
duong (hinh 68). Hinh
binh hanh nay ¢6 ha
duong chéo vuong goc
tal H la hinh thoi.
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b. Ta c6 NS/MQ (theo trén). N6i NK c6 MQK = NKP =
90 (vi cac tam giac MQP va NKP vuéng do ¢6 trung tuyén
bang nua canh tudng tng). Suy ra NK/MQ.

Vay NS/MQ va NK/MQ ma qua N theo tién dé Oclit
chi ¢6 mdt duong thang duy nhit song song véi MQ. Do d6
ba diém S,K,N phai thing hang.

c. Ta c6 PI L QN va SP L QN. Nhung qua P chi ¢6 mbét
duong vuodng géc duy nhat véi QN. Do do ba diém S,P,I phai
thang hang. Vay ba duong thang QK, SI va MN phai dong
quy tai P va P chinh 1a truc tAm cua AQSN.

d. Xét tam giac vuung QKS cD KM la trung tuyen nén

AKHS 1a cén, suy ra QSN = K,. Lai c6 N, =%,. ma
P . P e
S+, = 90° nén K +K, = 90°. Suy ra HKO' = 90°. Vay HK
la tiép tuyén cua dusng tron (O').

2) a. Do EF L IB nén DE = DF, mat khac DC = DB (gt).
Do dé6 CEBF la hinh binh =
hanh. Hinh binh hanh nay c¢é
hai dudng chéo EF L CB la G
hinh thoi (hinh 69). /2

b. Cac tam giac AGC va A K O\ |
AEB vuong ta1 G va E (trung
tuyén bang nua canh tuong
ung) nén CG L AE (theo cau
a), ma qua C chi c6 mdt dudng
thdng duy nhédt song song véi H.69
BE (theo tién dé Oclit). Vay ba
diém F,C,G phai thang hang.

c. Dé ching minh DG la tiép tuyén cua (K), hay xem
ciu d cua bai 8 (1) d trén.

d.Xét hal tam giac dnfg dang DGC v;\DAG ¢6 D chung,
A= G;{MIA G mﬂG +G,=90"=G, + G, ta co:

DG :E~ hay DG* = DA.DC.

DA DG

DJ

1
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§7. GOC NOI TIEP - CUNG CHUA GOC

A. KIEN THUC CAN NAM VUNG

Lién hé giwa cung va day

1. Géc ¢ tam la goéc ¢ dinh 14 tdm duong tron.

2. P61 vé1 hai cung nho trong mot duong tron:

a) Hai cung bang nhau cang hai day bang nhau;

b) Dao lai, hai day bang nhau trudng hai cung bang
nhau.

3. D41 vdi hai cung nho trong mét duong tron.:

a) Cung 16n hon cang day 16n hon;

b) Dav 1én hon truong cung 1én hon.

4. Hai cung chan gitia hai day song song thi bang nhau
(hinh 70).

Goc ndi tiép

1. Géc ndi tiép la gbée cé6 dinh trén ducong tron va hai
canh cua né cat dudng tron do.

2. Trong mot dusng tron s& do cha géc ndi tiép bang
nua s do cua cung bi chan. Suy ra:

a) Cac géc ndi tiép cing chdn mét cung hodc hai cung

bi&ng nhau cua mdt duong
tron thi bang nhau. /—\ B
b) Trong mo6t dudng ? \ AB//CD
tron moi géc noi tiép (< 90°) C A D:Q AC =BD
c6 s6 do bang nia sé do cua O
géc 6 tdm cung chian mot
cung.
c) Moi géc ndi tiép chan
nua duong tron la goc H.70
vudng.
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3. Go6c tao boi mot tia
tiép tuyén va mét day cung
di qua tlep diéem c6 s6 do
bang nua s6 do cua cung bi
chan (hinh 72).

4. Goc ¢ dinh:

a) O bén trong du::ing B
tron c6 s6 do bang nua tong 77 C
s6 do hai cung bi chan (hinh )
E 51
by O bén ngoal dudng sdA = ESd BC

tron cé s& do bang nita hiéu
s6 do hai cung bi chdn (hinh
73b).

5. Quy tich cac diém M
tao thanh véi hai mut cua
doan thang AB cho trudc mot
géc AMB c6 s6 do khong doi
bing o (0° < o <180°) 1a hai
cung tréon déi xitng nhau qua
AB goi la cung chita géc a H72

dung trén doan thing AB. I~ A
MXx la tiép tuyén xMN = A
(ciing chdn cung MN)

>
,.Q
L

B
C
—~ | — ~ | N
sdM = ~2— d{AD + ( B} sdM = o sd(BD - AC)
(a) (b)

H.73
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B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. 1. Cho nua duong tron tam O duong kinh AB. Hai
diém P va Q chia nia dudng tron thanh ba cung bang nhau.

a) Ta giac PQBO la hinh gi? Tinh géc PQB.

b) T giac OBPM la hinh gi khi M 6 chinh gita cung
AP?

c) Kéo dai OM va BP cat tiép tuyén tai A theo thi tu d
N va ¢ S, ching minh ON = AS.

2. Cho nua dudng tron tam I dudng kinh EG. Tu diém

M trén nita dudng trén ké hai day MN = NP = %EG.

a) Ching minh IM//NP.

b) Goi Q 1a giao diém cua MP va IN, va goi M',N', P'.Q'
13 cac hinh chiéu cua N,M,P,Q trén dudng kinh EG. Ching
minh 4 diém M,M'],Q ndm trén mét dudng tron.

¢) Ching minh Q' 1a trung diém cua IN' va cua M'P",

Bai 2, 1. Cho hai duong tréon (OLR) va (O',r) véi R > r
cidt nhau tai A B. Tiép tuyén tai B vdi (O) cit (0") ¢ C va
ti€p tuyén tai B véi (O') cdt (O) tai D.

a) Chitng minh hai tam gidc ABC va ADB déng dang va

BA la phén giac géc CAD.
. 2

b) Chiing minh hé thiec BCH . .
BD* AD

2. Th diém M ngoai dudng tron (I) ké hai tiép tuyén
ME,MF réi tit E ké duong song song vdi MF cat (Dtai G. Goi H
la giao diém cua MG véi (I) va K 1a giao diém cua EH véi MF.

a) Ching minh hé thiec KF? = KE.KH.

b) Ching minh H'\H{ = MEH va K 1a trung diém cua
MF.

¢) Ching minh rang néu géc EMF bang 60" va MG la
tia phan giac cua goc do thi FH L ME.
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Bai 3. 1. Cho duong tron tdAm O va day AD. Hai diém
B,C chia cung nhd AD thanh ba phan bang nhau. Goi M 1a
giao diém cta AB véi DC va N 1a giao diém cua cac tiép
tuyén E’g)@) tal B va D. Ching minh:

a) BMC = BND. o

b) BC la tia phan giac cua NBD. T giac ABCD la hinh
g1?

2. Cho dudng tron tdm I va day CD. Trén CD lay hai
diém E, F va néi trung diém M ctia cung CD véi E va F. Goi
N va P theo thit tu la giao diém cta hai dudng thang ME va
MF véi duong trgn (I). Ching minh:

a) MND = MPC va hai goc NEF, NPF bu nhq‘u;

b) Tia phan giac cua goc CMD di qua mégt diém c6 dinh.

Bai 4. Cho AABC noi tiép duong tron (O) véi AB >AC.
DPuong cao AM c:i-it (O) tai P. o1 N la diém dé1 tam cua A va

K 1a truc tAm cua tam giac. Ke OD L BC va kéo dai OD cat
(0) tai E. Chiing minh:

a) Tt giac BNPC la hinh thang cén;

b) NP = 2DM,;

c) AE la tia phan giac géc NAP;

d) Hai diém K va P d61 xitng nhau qua BC;
e) Ba diém N,D.K thang hang:

ﬂ0D=%AK

Bai 5. Cho dudng tron (O,R) va day BC ¢ dinh. Goi A
la trung diém cta cung nhé BC va M la diém bat ki trén
cung nho AC. Ké tiabﬁx\vuay\gcac véi MA tai I cat CM 6 D.

a) Ching minh AMD ="ABC va MA la tia phéan giac géc
BMD.

b) Chiing minh A la tAm duong tron ngoai tiép ABCD va
géc BDC ¢6 d6 16n khéng phu thude vi tri diém M.

¢) Tia DA cat tia BC tai E va cat (O) tai F, chiing minh
AB 1a tiép tuyén cua dudng tron ngoai tiép ABEF.

d) Ching minh tich AE.AF khéng d6i khi M di dong.
Tinh gia tri tich nay theo R va géc ABC bang «.
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I1. Cac bai toan kiém tra

Bai 6. 1. Cho duong tron tdm O va hai dudng kinh
vudng géc AB.CD. Qua trung diém E cta ban kinh OA ke
day FG L OA. Goi H la giao diém cua (O) va duong vudng
gocvaL FGtaa F. =

a) Ching minh: BOP = PQB = 120%;

b) Chiing minh ti giac OBPM la hinh thang;

¢) Ching minh ON = AS.

2. Cho dudng tron (O) duong kinh EF va diém G nim trén
(0) sao cho EG > GF. Trén tia GF 18y diém H sao cho GH =
GE. Vé hinh vuéng EGHI c6 duong chéo GI cit (0) tai K.

a. Ching minh AKFH can.

b. Tiép tuyén tai E véi (O) cat FK ¢ M. Ching minh ba
d¢iém M, I, H thang hang.

Bai 7. 1. Tu diém M 6 ngoai dudng tron (O) ké hai cat
tuyén AB va MCD. Goi N la giao diém ctia AC va BD. Cho
biet AMC = DNC va N 6 ngoai (O). Ching minh:

a) BC la duong kinh cua duong tron (O);

b) BC L MN.

2. Cho diéem M ¢ trén ntua duong tron (O) dudng kinh
AB. Goi H va I theo thi tu 13 trung diém cta hai cung MA
va MB. Noi HI cat MA 6 K va cat MB & S. Hinh chiéu cuaa I
trén MA 12 P. Chiung minh:

a. Goc HKM c6 gia tri khong d6i va tam giac MKS cén;

b. Hé thic PI* = PM.PA.

Bai 8. Cho tam giac DEF cé ba géc nhon néi tiép dudng
tron (0) véi DE < DF va DH 14 duong cao. Ké phén giac goc D
cit (0) tai P. Qua F ké tiép tuyén véi (O) cat EP kéo dai é K.

a. Chiing minh DP 1a phan giac cua géc ODH.

‘ b. PO ciat EF tai M va cat (O) tai Q. Ké OG L QF, ching
minh EP = 20G.

¢. Ching minh bén diém O, M, F, G nam trén mét
dudng tron tiép xuc trong vdi dusng tron (O) tai F.

d. Ké duong song song OP tai E cat FP kéo dai ¢ N,
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chiing minh tam giac PEN can.

o. Cho EF c6 dinh va géc D khong do1, hoi tam | cua
duong tron ndi t1ép tam giac DEF chay trén duong nao kh
D chay trén duong tron (O)?

C.SO LUOC CACH GIAI
Bai 1.1. a) Do ba cung AP, PQ va QB bang nhau nén

] ,
APQ = 60", do d6 so do ABQ = B s6 do @ = 60". Hai géc

AOP va ABQ ?&nhau (dong vi). Suv ra CP // BQ (hinh 74).
Tuong tu BOQ = 60° ma OB = 0Q nén ABOQ cén, lai ¢6
g6e 6 dinh bang 60° vay ABOQ déu. suy ra OB = BQ.
T giac OBQP 1a hinh binh
hanh ¢6 hai canh lién tiép bang S

nhau nén la hmh tho. s Q
Ta c6 BOP = QB =190 N
b. Khi M ¢ chinh gita Cu AP
thi AO 0" nén
30°. Ta CD)\%\ {‘xal@ = ’30‘ dnng A 0 B
vi) nén OM//BP.
Suy ra tda giac OBPM la hinh H.74
thang.

c. Do OM // BP (theo ciu b) ma O la trung diém cua
AB nén N la trung diém cua AS. Vay ON la duong trung
binh cua tam giac ABS, nén

ON = - BS.
Ta:n giac SAB vuong c6 goée
B = 30" 1a nua tam giac déu nén
canh AS = L BS. Suy ra ON = AS,
2.a) TL:; giac MNPI la hinh

thoi vi c6 cac canh bang nhau H.75
(cung bang ban kinh). Do doé IM //
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NP (hinh 73).

by Do MNPI li hinh thot nén MP L NI Cac géc MM'l va
MQI la nhing goc vudng nén bén diém M, M. . Q cung
nam trén mot ducng tron duong kinh MI.

¢) Tam giac vuong NN'I co
Q@ la trung diém cua NI nén Q'
cang la trung diem cua IN'.

Lai c6 QQ" // MM' // PP
(cung vuodng goc vii EG) ma Q
la trung diém cua MP nén Q'
ciing la trung diém cua M'P".

B la Bl i fﬁh‘

Bai 2. 1. a) Ta ¢6 ADB =
..-"""A"""T"h .\ i v P a Ay y
ABC vi la goc no1 tiep va goc
giia t1ép tuyén va mdt dav H.76
cung di qua tiép diem cung
chan cung AB cua dudng tron (O) (hinh 76).

o i _.‘_i_,-""'""‘-t.__‘_

['ong tu ta ¢6 ACB
= ABD trong duong tron
(0. Vay hai tam giac
ABC va ADB dong dang

vl nhau (gf‘ﬁﬁ)\ ey
. Suy ra DAB = BAC.
Nhung A, + DAB = 180"

va A, + ABC = 180". Do
do ﬁ} - ﬁ: vay BA la
phan giac gée CAD.

b) T4 hai tam giac

H.77
AB AC BC

{ono ! rey A 2 (theo o4 : a cor - = =
dong dang ABC va ADDB (theo cau a) ta co: R G
suv ra hai dang thiic:

AC.DB=AR.BC (1) va BC.AD = AB.DB (2)

("hia tung vé (1) cho (2) duge:

AC DB BC o AC BC DB BC BC

ADBC DB Y ND DB BC DR DB
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BC:  AC
Bz i A'D | P P o
2. a) Xét hai tam giac KEF va KFH ¢6 K chung, E, = F,
(gbc nodi tiép va gbée gitia tiép tuyén va moét diy cung chin
cung HF) nén ching d6ng dang (hinh 77).

Suy ra BF _KH 1 46 KF? = KE. KH 1),
KE KF

Vay ta co hé thiic

b) Ta cé G = E (géc no1 t1ep /E‘ a goc giia tlep tuye én va
mét diy cung chin cung EH), G M (so le trong do
EG//MF). Suy ra ﬁ Ei, tdc la H/IKTIJR MJETH

Xét hal tam giac dong dang MEK va HMK (vi K chung
vaﬁl = EJ) ta cé:

MB _ER i 46 MK® = KEKH 2).

HK MK

T (1) va (2) suy ra MK = KF, tic 1a K 12 trung diém
cua MF.

¢) Néu EMF = 60° va MG la
phan giac géc EMF thi tam giac
MEF déu va t giaic MEGF 1a hinh
thoi. N _

. Ta co E = G, 0° va
EMG =-300°, Suy ra E = EMG tuc
la tam glaL MHE cén tai H. Do d6
tia d6i cua tia HF 1a phan giac cua
goc MHE. Suy ra FH 1L ME.

Bai 3. 1. a) Hai diém M va N
nam ngoai dudng tron (O) (hinh -
78) nén: H.78

sd M = (AD - BC):

sd N= —-xd(ﬁ_f}llﬁn - Ef)nho)

i o N
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5 J} hi](.’ﬁ} - (?}}

P .

Vi 3;15: =BCvaCD=BCnénsd N= L sd (AD-BC).

2

P P . " — —T—

Suy ra M = N, tue la BMC = BND.

b. Géec NBC la gbc gitia tiép

tuyén va mot dav di qua tiép diém
—— _

B nén sdNBC = 2 sdBC. Gée CBD

la géc ndi tiép chan cung CD nén

sdCBD = ‘_“:—.\Ld BC = —l-ﬁd CD (vi hai

cung f.‘DMK‘ bang nhau). Suyv ra
NBC = CBD nén BC la tia phan
giac cua goc NBD. Lai c6 BC/AD vi
AB = CD nén ABCD la hinh thang H.79

can, o~ '

2.a) Tacé N, = P, vi la gbc n6i
tiép chan hai cung biang nhau MC = MD (theo gia thiét) (hinh
79), tite 1a MND = MPC.

Ta ¢6 gbc MPN chan cung NCM va géc MED chan cung
MD va CN. Ma cung NCM bang tong hai cung MD va CN.
Suy ra MPN = MED.

Ma MED + DEN = 180", do d6
hai géc MPN va DEN bu nhau, tdc
14 hai géc NEF va NPF bu nhau.

b) Do hai cung MC va MD bing
nhau (gia thiét) nén MC = MD, tde
la tam giac MCD can.

Ta ¢c6 MK vua la phan giac,
dufmg cao, trung tu}féh va trung
trdc. Nhu thé MK nam trén ban
kinh IM, tuce la tia phan giac cua H.80
goc CMD di qua tam I ¢6 dinh.
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_ % . " 4
Bai 4. a. Ta ¢c6 APN = 90° (géc né1 tiép chan nua dudng
trun) ma AM L BC (gla thiét) nén BC/NP (hinh 80). Suy ra
BN PC do c‘IDB = C

Vay ta giac BNPC la hinh thang cén.
~ b. T giac DMPF la hinh chi nhat (¢6 ba géc vudng)..
Lai ¢c6 BC//NP (cdu a) ma OFE L BC nén OE L NP ta1 I, do
d6 FN =FP =DM. Vay PN =2 DM.

c. Ta c6 E 1a trung diém cta cung NP nén AE 1A tia

phén giac cug goc NAP.
' d. Géc ABN = 90° vi néi tiép trong nua duong tron, do
d6 NB//CK (vi ciing vudng gdoc véi AB). Suy ra ﬁl ='€, (so le
trong).
N Iy -, . :

Nhung B, =C, (theo cau a) nén C, =C,. Do do tam giac
CKP can tai C vi ¢6 phan giac CM via la duong cao. Vay M
la trung diém ctia KP, suy ra K va P d8i xting nhau qua BC.

Luu y: C6 thé néu thém nhan xét sau: Piém déi xiing P
cta truc tdm K qua canh BC trong tam giac ABC nam trén
dudng tron ngoai tiép tam giac. Tuong tu cac diém doi xUng
cua truc tAm K qua cac canh AB va AC ciing nim trén
duong tron ngoai tiép tam giac ABC.

e. Do F'la trung diém cua NP va DF L NP néngﬂ D,.
Lai cé M la trung diém cta PK va DM L PK nén KDM =D,

Do D, +D, =90° nén 20, + B, ) = 180°= NDK. Vay ba
diém N, D, K thing hang.

f. Trong tam giac ANK ta cé6 OD//AK (cting vudng gt")c
véi BC) ma O la trung di€ém cia AN nén D la trung diém
cua NK.

Vay OD la duong trung binh cua tam giac ANK nén
OD:%AK.

Luu y: Cé thé néu thém nhan xét sau: Trong tam giac
ABC, khoang cach ti tim O cua duong tron ngoail tiép tam
gidc dén canh BC bang nua khoang cach tit dinh A déi dién
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dén truc tam K.
Tuong tu cac khoang cach tit O dén cac canh AB va AC
cung bang nua khoang cach BK va CK.

A~ A

Bai 5. a. Ta co AMB = ABC
(géc nédi tiép chan hai cung bang
nhau AB va AC) (hinh 81).

Lai c6 ABC + AMC = 180° (géc
noi tiép chan cung nhé AC va cung
16n ABC), suy ra D = B vi
cung bu vé1L AMC.

Vay AMD = AMB, tic 1a MA
1a tia phan giac cua géc BMD.

b. Xét tam giac BMD can tai
M vi c6 MI vua la phan giac va
duong cao, ta c6 AD = AB. Ma AB
= AC nén suy ra AB = AC = AD.
Vay A la tdm duong tron ngoai
tiép tam giac DBC ¢6 dinh. Do dé H.81
goc BDC c¢é6 d6 lén khong phu
thudc vi tri diém M.

b=
c. Ta cé6 sd ABC=

N

sd AC. sd BF‘A:?sdﬁ. Ma

]
2 2
@ = ﬂl’ nén :fﬁf:: - BFA .

Suy ra AB la tiép tuyén ctua dudng tron ngoai tiép tam
giac BEF. ”
A~ Xgt hai tam giac déng dang ABE va AFB (’R chung,
ABE = BFA) ta c6:

AB AR vy AB*= AEAF = khong 461,

AF AB P J

» Vé duong kinh AA' ta c6 BA'A = BFA (géc noéi tiép
cung chin cung BA). Nhung @ = KE’E = o (theo ciu c)
nén BA'A = a.

Trong tam giac vuong ABA' ta ¢6: AB = AA' sina. suy ra
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AB® = (2R)". sin“a.
Vay gia tri cua tich AE.AF = 4R*sin"«.

Bai 6. 1. a) Ta c6 AE L FG va
HF L FG nén OE // HF. Lai ¢6 EFH
= 90°, vay ta giac HFEO la hinh
thang vuong (hinh 82).

Gée HFG no1 tiép chén cung
HBG la géc vuong (gia thiét) nén
cung HBG la nua duong tron. Do dé
HG la dudng kinh, vay ba diém H.
0. G thang hang.

___b) Do FG/CD (gia thiét) nén
CF = GD. Mat khac AC = AD. Suy H.82
ra AF = AG.

Ta co:

P o, W | —~
od CKH=§scI(AG+CH) —ad(AG+GD) —diD 45"
T — "'

Vay CKH = 45",

b) Tu AF = AG va AG = FH
suy ra FH = AE, Do d6 hai goc
noi tiép FGH = FHA Hai goc nay
cing chan cung HM cua duong
tron ngoai tiép tam giac HMG.
Suy ra FH la tiép tuyén cua
dudng tron ngoai tiép tam giéc
nay.

2.a) Taco G, =G, =45 vi GI
la duong chéo hinh vuéng EGHI
(hinh 83). Md ﬁl - T‘\ (cung chan
cung EK), G_; §5) , (curg chan
cung FK) nén F, = E, = 45 . Vav
tam giac KEF vuéng can tar K.
Do d6 KE = KF (1).

. i v e & - % - ."‘\‘: f\l\ Ll r -
Xét hai tam giac KGH va KGE o G, = G.. GK chung va

I~
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GE = GH (gia thién, Vay AKGH = \KGE (c.g.c).

Suv ra KE = KH (2). Ta (1) va (2) ta co KF = KH, Vav
tam giac KFH can ti K.

b) Trong tam giace EMF vuong can tal E (vi \«1 = I = 45")
ta c6 EK L MF nén KM = KF. Vé duong tron tam K dl.l.’cjng
kinh MF thi duong tron (K) nav di qua H (vi KF = KH theo
cau a).

Do do goc FHI noi tiép (K) hdng 90" nén phai chan
duong kinh MF di qua F. Vay ba diem M, I, H thang hang.

-

Bai 7. 1. a) Sd AMC = 1_—}5 (BD - AC) va

e 1 Byt S ot : .
sd DNC = = sd (AB - CD) (hinh 84).
Vi AMC = DNC (gia thiét) nén:
sd (é.f) . ﬁ‘i = sd (AB - CD) suv ra
sd (BD + CD) = sd (AB + AC) hay
R S .
sd BDC ﬂBAC = 180",

Vay BAC = 90" nén BC
la duong kinh cua duong
tron (0O).

b) Ta c6A=D = 90", do
d6 tam giac BMN cé MD va
NA la hai duong cao nén C
la truc tam,

Vay BC phai la duong
cao thu ba, tuc la BC L MN.

.ui a) Thr-u g]t thet ta
6 HA = HM M = 1B (hinh
]3). Goc AKH c¢o dinh o

trong dudng tron (O) nén:

o

H.84

1wl
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sd AKH = —sd (AH + MI) = —sd (MA + MB) =— . 180"
2 1 1
Suy ra AKH = 45" Do do HKM = 135" co g1a tri knong do1.

Do K, = K, (doi dinh) va 5, = K,
= 45" nén M, = 5,. Vay tam gac
MKS céan tai M.

b) Tt giac MPIN cé ba goc vuodng
1A hinh“chii nhat. Suy ra géc PIN
vudng. Do dé PI la tiép tuyén cua
duong tron (O) tai [.

Xét hai tam giac PIA va PMI c¢é
P chung va PAI_=ﬁI\Tf (gbc nodi tiép
va géc gitia tiép tuyén va moédt day

cting chan cung MI). Vay ching dong H.85
dang v41 nhau.
- PI PA s |
Suy ra —— = —— hay PI* = PM.PA.
PM  PI "

Bai 8. a, Tam gidc ODP cén vi OD = OP = ban kinh cua
(O) suy ra D, = P,. Méat khac DH//CP (cung vubng géec vdi
EF) nén D, = P, (hinh 86).

Vay D, =D, (=P,). do d6 DP 1a
phan giac cua géc ODH.

b. Vi OG L QF nén G la trung
diém cta QF. Xét tam giac QFP c6
O va G la trung diém ctua QP va

QF nén OG//PF va OG = = PF.
)

Nhung EP = PF (vi P la trung
diém cua cung EF), vav EP = 2
OG.

c. Cac gée tar G va M déu
vuong nén 4 diem 0. G. F. M cung
nam trén dudng tron duong kinh
OF. Duong tron nav va duong tron

H.86
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(0) o diem F chune nen chung tiép xue trong vol nhau tai

E.

d. Xeét tam g \Ii < vuong t ar kK H(m’\z +F, .= 90",

o, + F_ = 90" va I F

Suy ra N = : B ‘\;:._15 Lam
giac PEN can ta1 P.

e. Goi I la tam duong
tron ndi tiép tam giac DEF
tuc la I la giao diém ba
phan giac (hinh 87).

Xét tam giac IEF ta cé:

E+F) .

Lai

Eﬁf= 180" - | >— | ma

Ill F.A 4 !

)

E +EP?= 180" - ﬁ nen H.87

EIF = 90" + -lh-j = khong doi.

Doan EF ¢4 dinh, géc EIF khéng d61, vay khi D chay
trén dudng tron (O) thi I chay trén hai cung chua géc

90° + P dung trén doan EF, dé1 xiing nhau qua EF.
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§8. TU GIAC NOI TIEP MOT DUONG TRON

A. KIEN THUC CAN NAM VUNG

1. T gi4e ¢6 bon dinh nam trén mdt dudng tron dugc
goi 12 tit gihc nodi ti€p dudng tron (goi tat 1a td gidc noi tiép)
va duong tron dé dude goi 1a dudng tron ngoai tiép ti giac.

2. Trong mot tit giac ndi tiép, tong sé do hai géc d61 dién
bang hai goéc vudng.

Dao lai, néu moét ti giac ¢ téng sé do hai géc dé1 dién
bang hai géc vudng thi tit giac dé ndi tiép dugec moét duong
tron.

3. Muén ching minh bén.diém A, B, C, D cung nim
trén mot dudng tron ta c6 thé chitng minh mot trong ba
trudng hgp sau:

a) Hai géc d6i cua tit giAc ABCD bu nhau (hodc mot géc
cua td giac bang géc ngoai cua dinh ddi dién).

A+C=2v

hosc A = ¥CD (hinh 88a)

B
C
X B &
| Z x
D A

(a) (b)
H.88
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b) Hai dinh ké nhau cua ti giac ABCD nhin canh néi

hai dinh con lai dud hai géc bang nhau'ﬁ_:ﬁ(hinh 88b).
¢) Tén tai mot diém O cach déu bon diém A, B, C, D.
OA=0B=0C=0D.

B. BAI TOAN ON LUYEN.
I. Cac bai toan dién hinh

Bai 1. 1. Cho tam giac ABC cé duong cao AM néi tiép
trong dudng tron dudng kinh AA".

a) Hai duong cao BN, CP cit nhau tai H va PN cat AA’
tai S. Chiing minh hai ta giac BPNC va A'SNC né1 tiép
dudce trong duong tron.

b) Chiing minh PN vuéng goc vé1 AA".

2. Cho tam giac ABC ba goéc nhon va H la truc tam.
Dung hinh binh hanh BHCD c¢6 I la giao diém hai dudng
chéo.

a) Ching minh ta giac ABCD néi tiép dudc.

b) So sanh cac goc BAH va OAC trong d6 O la tam
dudng tron ngoai tiép tam g1ac ABC.

c) Goi G la glan diém cna Al va OH, ching minh G la
trong tam tam giac ABC.

d) Tim diéu kién rang budc gitta cac goc B va C dé
OH//BC.

Bai 2. 1. Cho nua dudng tron duong kinh AB, trén d6 cé
diém M. Trén duong kinh AB 13y diém C sao cho AC < CB.
Ké hai tiép tuyén Ax va By tai A va B véi (O). Duong thang
qua M vudng géc vdi MC cat Ax ¢ P, duong thang qua C
vudng géc véi CP cit By tai Q. Goi D la giao diém cta CP va
AM, E la giao diém cta CQ va BM. Ching minh:

a) Cac tit giac ACMP va CDME néi tiép dudgc;

b) AB // DE:

c¢) Ba diém P, M, Q thang hang.

2. Cho dudng tron (I. r) va dudng thang a cat (I) tai hai
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diém M, N. Trén a lay diém A va tir A ké hai tiép tuyén AB,
AC vér ().

a) Chung minh hai goc CAI va CBI bang nhau.

b) Ching minh duong tron ngoai tiép tam giac ABC di
qua hai diém cé dinh khi A chay trén a.

¢) Tim vi tri cha A dé tam gidc ABC 1a tam giac déu.

Bai 3.1) Cho nua duong tron (O) dudng kinh MN = 2a
va A 1a diém b4t ki trén nda duong tron d6. Ké cac tié'p
tuyén Mx, Ny va At véi nua ducng tron. At cat Mx é B, Ny ¢
C. Dudng thdng MA cét Ny 6 D va dudng thdng NA cdt Mx
g E.

Ching minh:

a) T giac OMBA néi tlep dugc va BC =MB + NC;

b) Hai diém B va C theo tht tu la trung diém cia ME
va ND;

¢) Xac dinh vi tri cua A dé td giac MNDE c¢6 dién tich
nho nhat.

2. Cho tam giac ABC nbi ti€p duong tron (O). Phan giac
trong cua goc A cat BC o D va cit (O) ¢ E.

a) Chitng minh OE vuéng géc BC.

b) Tia At phan giac ngoai cia géc A cat (O) tai F, ching
minh ba diém E, O, F thing hang. |

¢) Goi G la giao diém cua OE va BC, H la giao diém cta
At kéo dai va BC, ching minh tit giac EHAG ndi tiép va hai
géc AGO va EHA biang nhau.

Bai 4. Cho hinh vuéng ABCD ¢é dinh canh a va E la
diém chay trén doan CD. Pudng thang AE cat BC tai F
duong vudng goc véi AE tai A cat dudng thang CD tai K.

a. Ching minh tam giac ABF bang tam giac ADK, suy
ra tam giac AFK vuong can.

b. Goi I 1a trung diém cua FK, ching minh I la tam
dudng tron qua bén diém A, C, F, K va I chay trén moét
duong ¢6 dinh khi E chay trén CD.

c¢. Tinh so do goc AIF, suyv ra ti giac ABFI nai tiép.
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d. Pat DE = x (0 < x € a) tinh d6 dai cac canh cua tam
giac AEK theo a va x.

e. Xac dinh vi tri cua E sao cho d6 dai EK ngan nhat.

Bai 5. 1. Cho duong tron (O, r) duong kinh AB va day
CD vudng géc vét AB (AC < CB). Hai tia BC va DA cit nhau
tai E. Gol H la chan duong vunng gbc ha tu E td1 duong
thang AB.

a) Ching minh tt giAc AHEC ndi tiép trong mdot dusng
tron, tim tdm I va ban kinh cua duong trén dé.

b) Goi F la giao diém cta hai tia EH va CA, chitng minh
HC = HF.

¢) Chiing minh HC la tiép tuyén cua dudng tron (O).

d) Chiing minh BC.BE = BA.BH. Tinh tich BC.BE theo
r biét géc ABC bang 30°.

2. Cho dudng tron (O, r) va day cung AB (AB < 2r). Trén
tia AB lay diém C sao cho AC > AB. T C ké hai tiép tuyén
v6i duong tron tai P, K. Goi I la trung diém AB.

a) Ching minh ti giac CPIK néi tiép dude trong dudng
tron.

b) Chung minh hai tam giac ACP va PCB déng dang.
T d6 suy ra CP* = CB. CA.

¢) Goi H la truc tdm cua tam giac CPK, tinh PH theo r.

d) Gia su PA // CK, chiing minh tia déi cua tia BK la tia
phin gidc cua géc CBP.

II. CAc bai toan kiém tra

Bai 6.1. Cho tam giac ABC (can tai1 A), moét cung tron
BC phia trong tam giac tiép xuc vé1 AB va AC tai B va C.
T diém D trén cung BC ké cac dudng vudng géc DE véi
sBC, DF véi AC va DG vdi AB. Goi M 1a giao diém ctia BD va
GE. N la giao diém cua EF va DC. Ching minh:
a) Cac tu giac BEDG va CEDF néi tiép dudc;
b) DE- = DF.DG:
c) T giac EMDN noi tiép duge. suy ra MN vudng goe
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vGl DE:

d) Néu GB = GE thi EF = EC.

2. T diém M tren duong tron ngoax tiép tam giac ABC
ta ke cac duong vuong goc xuong ba canh tam giac MH . AB,
MI L BC, MK L AC. Ching minh:

a) Ba t giac AHMK, HBIM, ICKM néi tiép dude;

b) Ba diém H, I, K ndm trén mdt dudng thang (goi la
duong thiang Simson).

Bai 7. 1. Cho tam giac ABC c6é ba géc nhon va dudng
tron (O) dudng kinh BC ciat AB tai M va AC tai N.

a) Goi l1a H la giao diém cia BN va CM, ching minh
rang AH vuéng géc véi BC.

b) Chiing minh ti giac AMHN néi tiép dudc.

¢) Goi P la giao diém cua AH va BC, dudng thang MP
cit (O) tai S. Ching minh ring C la diém chinh gilia cung
NS va NS // AP.

2. Cho mita duong tron duong kinh MN = 2R va P la
diém chinh gita ctia cung MN. Trén cung MP ldy diém S
bat ki va trén day SN 14y diém Q sao cho QN = SM.

a) Ching minh tam giac PSQ vuéng can tai P.

b) Goi T la giao diém cta duong thiang MP véi tiép
tuyén tai N, chiing minh ti giac NQPT noi tiép dugc.

¢) Tim quy tich cua diém Q khi S chuyén dong trén
cung MP.

Bai 8. 1. Cho tam giac ABC vuéng tai C (BC < CA).
Qua diém P ¢é dinh trén AB (PB < PA) ké dudng thang d
vudng goéc véi AB, d cat AC tai M va cat BC kéo dai tai N.
Goi B' 1a diém déi xing cua B qua P.

a) Chitng minh 2 tam giac PB'N va PMA déng dang va
PM.PN = PA.PB.

b) Pudng tron ngoai tiép tam giac CMN ciat AN tai Q,
chiing minh ba diém Q, M, B thiang hang

¢) Cho AB ¢6 dinh, diém C thay d6i sao cho BCA van
bang 90°. Chitng minh dudng tron ngoai tiép tam giac AMN
220
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luén di qua hai diém c6 dinh va tam dudng tron dé6 nam
trén mot duong thang cé dinh.

2. Cho hinh thang can ABCD (BC // AD), hai duong
chéo AC, BD céit nhau tai E tao thanh géc BEC bang 60°.
Goi M, N, P, Q theo thi tu la trung diém cua cac doan
thang EA, EB, AB, CD. Chiing minh:

a) Céc tu giac DMNC va MPNQ néi tiép;

b) Ba géc NMC = MQP = QND.

C.SO LUQC CACH GIAI

Bai 1. 1. a) Ta giac BPNC
cd cac gébe BPC va BNC vudng
nén noi tiép dudge trong ducng
tron dudng kinh BC (hinh 89).
Suy ra B, = ANP (vi cung

vei  PNC. Mat khac
= A' (cang chan cung AC)
nén A' = ANP.

Suy ra A' + SNC = 180",
vay td giac A'SNC néi tiép
dudgc.

b) Do A'SNC ndi tiép nén
—

NSA' + NCA' = 180°, ma
—— i

NCA' = 90° suy ra NSA' = 90°.
Vay PN vudng géc vi1 AA'.

2. a) Ta c6 A+ BHC = 180°
(gbc cbd cia’gh\tuaRg ung vudng
goc) ma BHC =D (gécfmdﬁxifgxﬁa
hinh binh hanh) nén A + D =
180° (hinh 90)

V@Mu giac ABCD noi tiép. D
N b}“C, = B, (so le trong), H.90
C, = A, (canh tudng ting vuéng

We
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goc) fﬁ A (géc nd1 tiép cung chan cung DC). Suv ra
A=A
Sy — 4 _ o

Ngoai ra do B =A valh + ABC = 90" nén ABD =90"va
AD la dudng klnh cua dudng tron qua bén diém A. B, C. D
va O la trung diém cua AD.

¢) N61 C v61 I, ta ¢6 Ol vudng goc BC va OI song song va
bang & AH. do dé6 Gl - :i.

2 GA AH 2
Vay G la trong tam cua tam giac ABC.

d) Néu OH//BC hay KH = % AK (*), K la chan dudng

cao ke tir A thi xét hai tam giac vuéng dong dang"ABK va
CHK (vi BAK = HCK 1la géc ¢é canh tudng ing vuéng goc)
ta cé:
KB KA
- h ! KB.KC = KH.KA+
KH KC °
Do d6 (*) trd thanh:

| AK AK
KBKC -—;AK-AK hay — =3 tuc la tgB.tgC = 3.

D6 1a diéu kién rang bude gitia cac goe B va C.

Bai 2. 1. a) Tu glac ACMP co

tong hai goc doi A+ M =180 nén
ndi tiép duge (hinh 91). " Q
~. Tuong tu ti giac CDME c6
M + C = 180" (do C vudng theo gia o
thiét va AMB = 90° vi ndi tiép p £
trong nua duong tron) nén ndi tiép 5 1 1
dugec. e : .

b) P =, (gbc ¢ canh tuong A CO B
ung vuong gm) ma @ = MDE (do
CDME noi tiép) va P = A, (do H.9]

ACMP naoi tiép).
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Vav e \’?DE suv ra DE/NAB.

L}‘/EL = A.. (vac cd canh tuong ungﬂwuang gdc) va

= MDE = C (chung minh trén). suv ra C, = B,. Tu giac

CBQ\T noi tiép duoce. tic la m = 90". Do dé ba diénl P, M,
Q thang hang.

-2. a) Ta giac ABIC né1 tiép duge vi cac goc tai B va C
déu vudng (do AB. AC la B
tiép tuvén) (hinh 92).

—— T

Suy ra CAI va CBI
bing nhau vi la hai géc
ndi ti€p cung chan cung j A I
CI.

N

b) Ha IP vuong goc
véi MN ta c6 PM = PN.
Do M, N ¢& dinh nén P c6 C
dinh. H.92

Ba diém B, P, C cung
nhin TA dudi mot géc vuéng nén nam diem A, B, P, I, C

cting nam trén mdot duong tron dudng kinh Al. Vay dudng
tron ngoai tiép tam giac ABC luén di qua hai diém c8 dinh
1a I va P khi A chay trén a G

{:) Néu tam gilac :%BC déu thl BAC = 60° do do
BAT = 30°. Tam giac vudng ABI ¢é canh IB dsi dién véi géc
30° bang nua canh huvén Al, do d6 AI =2 IB = 2r.

Dé xac dinh vi tri diém A trén a ta dung dudng tron
tdm I ban kinh 2r cat dudng thing d tai hai diém A va A'
phai tim.

Bai 3. 1. a) Ta cé cac goc tai M va N déu vudng vi Mx,
. G2 i : ) ] . T — — R .
At la tiép tuvén cua (0). Do d6 BMO + OAB = 180, vay tu
giac OMBA néi tiép dude trong dudng tron duong kinh OB



(hinh 93). |

Lai ¢c6 MB = BA. NC = CA (tinh chat hai tiép tuvén
cting xudt phat tit mét diém dén dudng tron) nén BC = BA +
AC =MB + NC. -
N b) Ta cé f"—‘: g }'{\: = 90", T+ ﬁ; 90", ma ﬂ] = M, suy ra
E = A, Do dé tam giac ABE can |
nén AB = BE, ma AB = BM. Vay \
BE = BM, tic la B la trung diém -
cua EM.

Ching minh tuong tu ta dude B
C la trung diém cua DN.

c) MNDE la hinh thang g}
vuong c¢é6 dién tich bang

2
ME+ND  MN = OF. MN (F la

O pe==""2
=

giao diém cua ED va dudng M
vuong goc véi MN tai O). Muén
hinh thang ¢6 dién tich nho nhat

thi OF phai ¢6 d6 dai nho nhat. H.93

Qua trung diém A' cua dudng
tron taim O, ke tiép tuyén B'C' ta dudge hinh chi nhat
MB'C'N. D6 dai nho nhat cua OF la OA'. Khi d6 hinh thang
vudng sé c6 dién tich nho nhat la bang dién tich hinh chi
nhat tdc la bang
MN.OA' (vi vé1 mo1 A
# A' thi F luén ¢ ngoai
nuia duong tron (O)
tic la OA' = a < OF
nén dién tich MNC'B'’
< dién tich MNDE).

2. a) Do AE la
phan giac trong cua
goc A nén E la trung
diém cta cung nho
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CB (hinh 94).

Theo tinh chit {01 xting cua duong tron ta ¢6 OE vuéng
goc vol BC.

b) Géc FAE tao bar hal phan giac trong va ngoai cua goc
A la mot gée vudng. Ma goe nay la gée noi tiép cua duong
tron (O) nén FE phai la duong kinh, vay ba diém E, O, F
thang hang. .

c¢) Ta ¢6 HAE = 90" (vi géc FAE vubng) va HGE =
(theo cdu a). Nhu vav cac diém A va G cung nhin HE du’dl
mét géc vudng nén chung phai nam trén dudng trén dudng
kinh HE. Suy ra ti giac EHAG noi tiép duge duong tron.

Vay EHA = AGO vi euing bu véi gée AGE.

Bai 4. a. A ABF = A ADK vi déu la tam giac vuong cé
f‘:\I = A, (cung phu véi T} Suyv ra AF = AK. Vay tam giac
AFK vudng can (hinh 95).

b. Cac géc KAF va KCF déu la géc vudng nén bon diém
A, C, F, K cing nam trén duong tron duong kinh KF c¢é tam
la I

IC va TA Ia
trung tuyén cua hai
tam giac vuong KCF
va KAF nén IC = [A

= %KF. Nhu thé I

cach déu hai diém A
va C ¢6 dinh nén 1
niam trén trung true
cua doan AC. Ma AC
vuong goéc vor BD
nén | !'15:31’1'1 trén H.95 F
duong thang BD 6
dinh khi E chav trén CD.

c. Tam gidc AFK vuéng can c6 trung tuyén Al vua la
duong cao nén (AIF = 90"”). Do d6 tu giac ABFI cé tong hai
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géc d61 tai B va I bang 180° nén néi tiép duge trong dudng
tron dudng kinh AF.
d. Xét tam giac vudéng AEK cé6 AD la duong cao ta céb:

2 2
AD? = DE.DF, tit 6 DK = AD” _ a . Lai cé:
DE X
g’ x% +a?
EK=DE+DK=x+ & = .
X X

Tit 46 AE?= AD? + DE?2=x?+ a?% suy ra AE = Vx? +a?,
AK?= AD? + DK? = a2 + &= 220" +’)

o3 2 ;
_ ava? +x*
suy ra AK = :
X
Wt gt

e. Ta biét rang EK = vBi0<x<a. Gola=x+m

x
(m > 0) ta c6 thé viét:

2 2 2 2
EK =X +(x+m) _2x"+2mx+m Z_Q_K(X+m}+m

hay
X X X X
2 . 2
EK = a+-2 dat gia tri nhé nhat khi 2= = 0 tic 1a khi
: X X

m = 0, khi d6 x = a hay ED = CD. Suy ra hai diém E va C
phai tring nhau. .

Bai 5. 1. a) Géc ACB c
bing 90° vi ndéi tiép trong DR
nua dudng tron (0). Géc H .
vudng (gia thiét) (hinh 96). 2h . 1y 8
Vay td giac AHEC néi tisp | P 0
dudc trong dudng tron duong
kinh EA. Tam I cua ducng D

tron nay 1a trung diém cta F

EA va ban kinh bing éEA. H.96

N

b) Do EF//CD nén E=DvaACD =T (so le trong) suy ra
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E=F MAE =C, (theo cau a) nén C, = F. Vay tam giac HFC
can tal H nén ;i(' :EF. " N

¢) Ta ¢6 F + A = 90°, ma A, ='A, (d6i dinh) nén
g +E_J = 90" Dgf@ = ?&2 (tam giac OCA cén) nén
C, + C, = 90° hay HCO = 90°. Vay HC la tiép tuyén cua
duong tron (O).

d) Xét hai tam giac vuéng déng dang BCA va BHE vi ¢é
goc B chung ta cé:

BC _BA 1,y BCBE=BA. BH.

BH BE
A Ta ¢6 CHA = 30° (vi
0, = 60° va HCA = 90°), C,
= 30° Do d6 tam giac AHC
cdn nén AH = AC = r. Suy
ra HB = 3r, BE = 2ry3.
Lai ¢6 BC = r+3, vay tich
BC.BE = r+/3 .2rv/3 =612,

2. a) Do I 1a trung diém
cua AB (gia thiét) nén OI
vuong géc vo1 AB. Vi CP va
CK la hai tiép tuyén (gia
thiét) nén géc OPC va géc OKC déu la géc vudng (hinh 97).

Tu cac diém I, P, K ta nhin OC duéi mét géc vudng, vay
tid giac CPIK noi tiép duge trong duong tron ducng kinh
OC. ——

__b) Tam giac ACP va tam giac PCB c6 géc C chung, PAB

= BPC (gbc no1 tiép va goc giia tiép tuyén va mot day cung
chan cung PB). Vay hai tam giac nay dong dang. Suy ra:
CP _AC 2 — "
OB G hay CP? = CB.CA.

c¢) Xét duong tron duong kinh OC diqua P, Kva L.

Tit P ke duong vuéng goe véi KC, ti K ke dudng vudng
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géc vdi PC chung cét
nhau tai H trén OC.

Ta c6 KH vudng
goc vo1 PC, OP vuong
goc vor PC suy ra
OP//KH.

Tuong tu PH
vudng gbée vé1 KC, OK
vudng géc véi KC suy
ra OK//PH.

Do dé6 ta giac
OPHK la hinh binh hanh, lai ¢6 hai duong chéo vudng géc
nén noé la hinh thoi.

Vay OP=0OK=KH =PH =r.

Ky T_}:}eu gia thiét AP//CK, suy A
ra C, =2, (hinh 98).
__ Tacé B, =B, (géc déi dinh) va
B, = ﬁé (gbc ndi tiép cung chan

CLing AIQ . o o
Ma P, + P, = APC + PBC (do
caub) =B, + B, Suyra P,=B.. F

__ Ta chi con phai ching minh
P, = P,. That vay do AP/CK nén G /D

?._, = Rg (gbc so le trong), ma ﬁg = ﬁ.,

(tam giac CPK cédn). Vay 'ﬁz = 'ﬁ{, \[. /N ;
tiuc la tia déi1 cua tia BK la phéan - : C\
giac cua goc CBP. /B

Bai 6. 1. a) Do cac goc E, F, G
déu vudng (gia thiét) nén cac tu giac H .99
BEDG va CEDF ¢6 tong 1.ai goc doi
bang 180". Vay chung néi tiép dude trong cac duong tron
duong kinh BD va DC (hinh 99).
b) Xét hai tam giac vuong dong dang DEB va DFC vi cé
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B, = C, (g6c ndi ticp vit goe gitia t1¢p tuvén va mot dav cang
chan cung DC) 11 ¢

DE DB |

DE - DC

Tuong tu xét ha tam gide vudng dong dang DGB va
DEC ta cé:

DB DG

B DR

Tu (1) va (2) suy ra: L hay DE* = DF.DG

" " DF DE

c) Ta ¢c6 MEN = E, + E,
=B,+C,=B,+C,viB=T
do AABC can _theo gt). Suv
ra ‘TI:}E? + BDC = 180" vi
BDC + B, + C, = 180", Vay
ti giac EMDN noi tiép dude.

Lai ¢6 MND = E, (do
EMDN néi tiép) va C, = B,
(cung chian cung BD) ma
E, = E, (do BEDG noi tidp).
Suv ra MND = T Hat goc
nay chiém vi tri goc dong vi nén MN/BC.

Vay MN L DE vi DE L BC.

d) Néu GB = GE thi GBE =GEB = NME = EDN = EFC.
Do &6 EFC = GBE = EPC va tam giac EFC can tai E. Vay
EF = EC.

2. a) T giac AHMK co H=K=90 (gia thiét) nén noi
tiép duge trong duong tron duong kinh AM (hinh 100).

Tuong tu ta gine [CKM o 1=K =9 (gt) nén noi tiép
dudge trong duong tron duong kinh MO, Tu giac HBIM co6
tong hail goe do T+ H = 180" nén noi t16p dudge trong dudng
tron dudng kinh BN

b) Tu giac ABMC noi tiép nén A + L"klf = 180", Tu giac
AHMK néi tiép nén -\ + HMK = 180", Suy ra ﬁiﬁ' = m
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Trong ti giac noi tiép HBIM c¢é HIB = HMB (ciing chan
cung BH) (2). ottt —

Tu (1) va (2) suy ra CMK HIB Ma CMK CIK vi
cung chan cung CK trong ti giac noi tiép ICKM. Do dé:
HIB CIK & vi tri d6i dinh ma B, I, C thang hang nén H, I,
K phai thidng hang.

e Xét céac tu gidc nodi tiép
ABIC, A'B IB va ACBI noi
tiép ta_c6 cod IAB BCI BCI
T”\ TAB =1C'B. Do d6 TAB
=1CB.

Vay tit giac AC'B1 néi
tiép dudgc.

b) Ta c6 thé rit ra nhan
xét sau day:

"Ba dudng tron ngoai tiép H.101
ba tam giac AB'C'| BC'A',

CA'B' cit nhau tai mét diém I trén dudng tron ngoai tiép
tam giac ABC".

A

— ——

Bai 7. 1.a) Ta ¢c6 BMC = BNC = 90° vi 1& géc noi1 tiép
chin nda duong tron (hinh 101).-Do d6 BN va CM 1a hai
duong cao cua tam giac ABC va H la truc tAm. Vay duong
cao thi ba keé tu A phai qua H, tac la AH vuong\guc vl BC.

b) Tt giAc AMHN c¢6 tong hai géc d6i M + N = 180° nén
ndi1 tiép duge trong duong tron duong kinh AH.

c) Xét tu giac noi tlep B‘VIHP (tong hai géc d61 M va P
bang 1807) ta c¢o M = B1 (cung ch'm cung HP) va
M =B, (ciing chin cung NC) ma M M tuc 1a MC la tia
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phan giac cua goe NMS.

Trong duong tron (0) M, la géc 1101 tlEp chan cung NC
M, la a,{}-:, noi tiép chan cung CS, ma M M suy ra sd CN
= sd (_,E:, Vay C la diém chinh gitia cung NS.

Duong kinh BC di qua diém chinh giita cung NS nén
BC vuéng gbéc vdl NS. Do dé6 NS va AP ciing vuong géc véi
BC vay NS//AP.

2. a) Xét har tam giac MSP va
NQP ¢6 MP = PN, M, = N, (cung
chan cung SP) va MS = QN (hinh
102) nén chung bing nhau (c.g.c).
Suy ra PQ = PS nén tam giac PSQ
can tai P.

Lai c6 @, = a, = 45" (vi gbéc S,
chan cung PN bang 90° nénﬁ —
90°. Vay tam giac PSQ vudng cén tai
P. H.102

b) Goc MNT vuong vi NT la tlep
tuyén ma M = 45° nén'T = 45°. Géc Q2 = 180° - Q = 180° -
45° = 1356°.

2 iy

Vay t gidc NQPT c6 tong hai géc d61 Q, + T = 180° nén
ndi tiép dudc.

¢) Khi S chuyén déng trén cung MP thi Q luén chay
trén dudng tron ngoal tiép tam giac TPN ¢6 duong kinh la
TN.

Khi S trung vér M thi Q tring vé1 N va khi S trung véi
P thi Q cang trung véi P. Do dé6 Q chi chay trén cung nho
PN cua duong tron dudng kinh TN = MN = 2R. (Ban doc tu
chitng minh phan dao).

Vay quy tich cua Q la cung nho PN cua duong tron
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ngoai tiép tam giac TPN c6 ban kinh bang R.

Bai 8. 1. a) Do B va B' d61 xing nhau qua P aén P li
trung diém ctia BB', suy ra NP la trung truc cia BB' (hinh
103). Do d6 hai tam giac PNB'va PNB bﬁng\nhafli. Xét hai
tam giac vudng dong dang PNB va PAM (vi N, ='A, ¢o6 canh
PB PM
PN PA

hay PM.PN = PA PB.

tuong Ung vudng goc) ta co:

b) M la truc tam
cua tam gidc ANB (do
MN vuéng gbéc vl AB,
AM vuéng goéc véi BC)
nén BM vubéng goéc véi
AN (1). Trong duong
tron ngoai tifigiam giac
CMN ta c¢6 MCN = 90°,

-
suy ra NQM = 90, tae
la MQ L AN (2). Tu (1)
va (2) suy ra ba diém Q, M\/ C
M, B thang hang.
_— o~

c) Do CMP + E
180° ma CMP = NMA R
(451 dinh) nen NMA + B =

i, T
180°. Lai ¢6 AB'N + NB'B =
—— s
180° hay AB'N + B = 180° (vi

—_— P
NB'B = B do hai tam giac
vuéng bang nhau PNB' va
—_ ——
PNB). Suy ra NMA = NB'A,
vay ta giac AB'MN néi tiép
duge. Do d6 duong tron ngoai
tiép tam gidac AMN ludn di
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qua hail diém co dinh la A va B'. Tam dudng tron nay nam
trén trung truc cua AB' la mét duong thang cé dinh.

2. a) Ta g ABCD la hinh thang can, lai1 co
BEC = 60° nén cac tam giac BEC va EAD la tam giac déu
(hinh 104). Cac trung tuvén CN. DM trg thanh duong cao

T — ..r-""“*:-,, _ ) . . . s
nén DMC = CND = 90". Vay tu giac DMNC noi tiep dudc
trong dudng tron duong kinh CD. Tam giac QMN c¢é

QM = QN = l} CD, tam gisc AEB ¢c6 MN = %AB (dudng

trung binh). Do AB = CD vi hinh thang AB(;D__Eﬁn nén
QM = Q\N = MN. Vay tam giac MNQ 1a déu ¢c6 NQM = 60°.
Lai c6 M, = D, (cung chan cung NC},/ﬁ, =D, (tam giac QND
can). Suy ra M, ='N,. T giac MPNE la hinh binh hanh (vi
EI_E’-!BE, NP//AE) nén NEM = MPN = 120° (bu vdi
BEC = 60°. Vay tu giac MPNQ c¢6 téng hai géc doi
— — s
MPN + NQMESU“ nén no1 t1ép dude. - N
b) Ta ¢c6 M, = N, (so le trong do PN//ME), Q__',a--iNl
(cung chan cung PM). Suy ra M, = N, =@1 tic la NMC =
—_—
MQP = QND.



§9. DO DAI DPUGNG TRON VA
DIEN TiCH HINH TRON

A.KIEN THUC CAN NAM VONG

1. Da giac déu la da giac cb tit ca cac canh bang nhau
va tat ca cac goc ciing bang nhau.

a. Bat ki da giac déu nao ciing c6 mét duong tron ngoai
tiép va mot dudng tron néi ti€p. TAm chung cua cac duong
tron néi ngoai tiép goi 14 tAm cua da giac déu dé.

b. Véi moi da giac déu cb cung s6 canh, ti s6 gitta chu vi
da gidc véi dudng kinh cua dudng tron ngoai tiép khong phu
thudc dé dai cua duong kinh.

2. Goi a,, a,, a; la canh caa tam giac déu, hinh vuong,
hinh luc gidc déu ndi tiép trong dudng tron ban kinh R. Ta
co:

a;,=R+J3 ,a,=RJ2 ,a,=R.

3. Ti so gida d6 dai duong tron C va duong kinh 2R cua
né 12 mét s6 khong ddi, nghia
12 nhu nhau cho moi duong
tron. S& khéng d6i d6 duge ki
hiéu bang chit n (doc 12 pi), © la
mot s& vo ti. D6 dai C cua mét
duong tron (chu vi dudng tron)
ban kinh R la:

C = 2naR = nd (d la duong
kinh).

D6 dai 1 cua mot cung tron
n" la:




. mRn
180
4. Dién tich hinh tron ban kinh R la:
: 5  Td°
S=aR* = “t---- |
5. Hinh quat tron la mdt phan hinh tron bao géom giiia
mét cung tron va hai ban kinh qua hai mut cua cung dé. Vi
du hinh quat OAB (gach soc) (hinh 105). Dién tich hinh
quat tron ung vdi cung n" la:
tR*n
S{_quatl = i
360

{quat}

f. :
hay S :-% trong d6 ( la dé6 dai cung

tron.

Hinh vién phan la phan hinh tron bao gbm giia mét
cung va day truong cung dé. Vi du hinh vién phan CD (gach
soc). Dién tich hinh vién phan CD bang dién tich hinh quat
OCD tru di dién tich AOCD.

B. BAI TOAN ON LUYEN
I. Cac bai toan dién hinh

Bai 1. 1. Cho nia ducng tron (O) duong kinh AB, M la
diém chinh gita cung AB. V& cac dudng tron dudng kinh
OM va dudng kinh OB. Chung c4t nhau tai diém thd hai E,
con OE kéo dai cat (O) tai F. Ching minh:

a) Hai cung MFB va BEO dai bdng nhau, hai cung BE
va BF cting dai bang nhau.

b) Chu vi dudng tron (O) bang téng chu vi hai duong
tron nho. '

2. Cho tam giac ABC déu c6 canh a. Vé hai cung tron
tAm A va B ban kinh a cat nhau & C. Vé duong tron (O) tiép
xtc hai cung AC, BC va canh AB.

a) Tinh chu vi gi1di han bai AB va hai cung AC,BC.

b) Tinh d¢6 dai duong tron (O).

Bai 2. Cho nia luc giac déu ABCD néi tiép trong nua

Fed
'.r_.,-_l
) |



dudng tron (O.r). Hai tiép tuvén tai B va D cat nhau d M.
a. Ching minh OM // AB va ba diém O,C.M thang hang.
b. Tinh chu vi va dién tich tam giac MBD.
¢. Tinh dién tich gié1 han bai hai canh MB.MD va cung
BCD.

Bai 3. Cho dudng tron (O,r) va diém M véi OM = rv/2,
mét duong thﬁng (m) quay xung quanh M cit (0O) tai P va
Q. Goi N 1a trung diém cta PQ.

a. Chiing té rang ON vuéng géc véi PQ, suy ra N chayv
trén mét cung tron ¢d dinh véi hai diém gidi han S.T thudc
(0).

b. Tinh theo r d6 dai MS, MT. Suy ra M,0,S,T 14 dinh
cua mét hinh vuéng.

¢. Tinh theo r dién tich cia phdn mat phang giéi han
boi1 MS,MT va cung nho ST cua duong tron (0).

Bai 4. Cho tam giac DEF vuéng tai D vé1 DE < DF. Ké
dudng trung truc cua EF tai H cdt DF tai P. Vé duong tron
duong kinh PF. Kéo dai EF cat dudng tron tai M va kéo dai
DM céit duong tron tai N. Ching minh:

a. Tam giac EDF bang tam giac FMP,;

b. T giac EDMF la hinh thang can ndi tiép;

c. FD la phan giac géc NFE.

d. Trong tam giac DEF cho F = 30°, canh huyén EF =
2r, tinh dién tich hinh vién phén gié1 han bdi cung nho HF
va day HF. _

Bai 5. Cho dudng thang (d) tiép xuc véi dudng tron (LR)
duong kinh MN tai N. Trén (d) 1dy doan NP = R. Tu P veé
tiép tuyén PQ vai (I).

a. Ta giac MIPQ la hinh gi? Tinh chu vi cua né.

b. PI cit (I) d E va F, tinh NE,NF.

c. Tinh dién tich cta hinh vién phén giéi han bdi cung
nho NE va day cung NE.
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II. Cac bai toin kiem tra.

Bai 6. Cho duong tron (O) va hai duong kinh AB,CD
vudng goc. Goi S Ja mot cung nho chay trén cung nho BC.

a. Chung minh phén giac cua goc ASB di qua mét diém
co dinh.

b. Trén canh SA 14y doan SM = SB, chitng minh M chay
trén mdt cung tron ¢6 dinh.

¢. Goi K la tam duong tron ndi ti€p tam gidc ASC,
chitng minh K chay trén mot cung tron ¢é dinh,

d. Tinh dién tich cua hinh vanh trang khuyét giéi han
boi nua dudng tron (I) va cung AMB,

Bai 7. Cho duong tron (O.R) duong kinh AB, mét day
CD cat duong kinh tai E. Tiép tuyén d cha (O) tai B cit cac
tia AC, AD theo thu tu tai M.N.

a. Chting minh hai tam giac ACB va ABM déng dang

b. Ching minh AC.AM = AD.AN.

c. Tiép tuyén tai C cua (O) cat d tai I. Ching minh I la
trung diém cua MB.

d. Xac dinh vi tri cua day CD dé tam giac AMN déu.

e. Tinh dién tich cua tam glac cong gidi han boi hai
canh IC, IB va cung nhé CB biét goc COB bang 120°.

Bai 8. Cho tam giac ABC vudng tai A (AB < AC) né1
tiép trong duong tron (Ir). Goi P 1a trung diém cua AC va
AH la dudng cao cua tam giac ABC.

a. Ching minh ti giac APIH néi tiép dudc trong mot
duong tron (K). Xac dinh tdm K cua duong tron nay.

b. Chiing minh hai duong tron (I) va (K) tiép xtc nhau.

c¢. Dudng tron (K) cit AB tai N. Chiing minh ba diém
N.K,P thang hang.

d. Gia st AB = r, hav tinh dién tich phan mit phang
gi6i han bdi cung nho AC cua duong tron (I), cung API cua
duong tron (K) va doan IC.
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" C. SO LUQC CACH GIAI

" # * - ot [ R
Bai 1. 1.a) Theo c¢ong thic do dai cung tron n' la —j;g—g

ta cé:
Trong duong tron (0O) d6 dai cung MFB 1la

n.0B.90 _ nOB (hinh 106).
180 2

Trong duong tron dudng kinh M
OB d6 dai cung OEB la:
OB
e L‘IBG = n.OB . Vay hai
180 2 \
cung MFB va OEB dai bang i
nhau. A \ B
Trong (O) d6 dai cung BF la —
L. il (vi géc BOF bing H.106
180 4
45°%).
Trong duong tron duong kinh OB d¢ dai cung BE la:
%90 nOB
180 4
Vay hai cung BE va BF dai
bing nhau.

b) Ta ¢c6 OM = OB = %B-.DU
d6 hai duong tron dusng kinh OM
va OB bang nhau va cé tong chu
vi la:

2.2m. 9222 2n.0B.

Chu vi dudng tron (O) bang
27. %E = 2n.0B. H.107

Vav chu vi duong tron (O) bang tong chu vi hai duong
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tron nho.
2. a) Ta ¢c6 AC = BC. Do dai cung BC la:

(hinh 107).
Chu vi hinh can tim bang: d6 dai AC + d6 dai BC + dé

dai AB= 2F8 =2(2n+3).
3 3

na.60 ma
| 80 3

b) Theo tinh chat ciia hai dudong tron tiép xiuc nhau thi
ba diém B,0,D thang hang. Ta lai ¢6 C,0,H thing hang vi
(0) tiép xic véi AB. Goi R 12 ban kinh cua (O), xét tam giac
vudéng HOB ta cé:

OB?*= OH* + HB% DDOB BD -OD =a - R nén:

‘2

i hay a* - 2aR + R?* = R? +—4—.

[

(a-R)*=R

[\..']".".:l

Tiudé a?- 2~ =2aR. SuyraR = 5’5_

4

Vay d6-dai dudng trén (O ) 13: 2r. %‘ » i- na (don vi dai).

Bai 2. a. ABCD la nua luc giac déu nén cac géc 0,,0,.,0,
déu bang 60" (hinh 108). Do MB, MD la tiép tuyén nén MO
1a tia phan giac goc BOD. Ma OC ctng la tia phan giac goc
BOD. Suy ra ba diém O.CM
thang hang. Tam giac OAB déu
nén gﬂc A, = 60° goc O, = 60". Vay
A O 6 vi tri so le trong, suy ra

OM//AB.

b) Goc MBD (gitta tiép tuyén
va mdt day) bang goéc A, (cung
chén cung BD). Ma MB = MD do
tinh chat hai tiép tuyén cung phat
xuat tad M nén AMBD déu.

Trong AABD vuéng tai B ta ¢o H 108
BD* = AD? - AB = 4R” - R* = 3R”, '




ti d6 BD = R+3 . B

Vay chu vi tam giac MRD bing 3R-/3 .

\F 3R
iy g

Dudng cao tam giac nay biang R . Vay dién

7
Hokola AMBD T2 %.Rﬁ | 3;" < 3R4‘/_ |

c. Dién tich phan gach soc la:

S = 2(Sampo - Squat noo) = (R \/- R } R- [\E“EJ (don

6

vi dién tich).

Bai 3. a. Do N la trung diém
%PQ nén ON L PQ. Suy ra
NO = 90°. (hinh 109). N nhin
MO c¢bd dinh duéi mot géc vudng
nén N chay trén duong tron dudng
kinh MO.

Nhung N nam trong (O) nén N
chi chay trén cung tron SOT giéi
han béi hai diém S va T thude (O).

b. Do S nam trén %%ng tron
duong kinh MO nén MSO = 90°, H.109
tuc la tam giac MSO vudng tai S.

OS 2
Ta c6 81n§\0 = 3— V2 . Suy ra Sifl\() = 45°,
r

Do d6 AMSO vudng cdn nén MS =r. Tu’dng tu MT =r.

Vay t giac MSOT c6 bén canh bing nhau va géc MSO
vuong la hinh vuoéng.

c. Dién tich phan gach soc biang dién tich hinh vuéng
MSOT tru di dién tich hinh quat TOS, tuac la:

2 2
=R* - i .90 = R*-=nR* = 5 — (4- n)(ddn vi dién tlch)
360 4
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Bai 4. a. Cac tam giac EDF va FMP la nhiing tam giac
vuong tai D va M (géc PMF vuéng vi néi tié€p trong nua
dudng tron) c6 P, =P, (d6i dinh) va PE = PF (gt) (hinh 110).

Vay AEDF = AFMP.

b. Do cac géc tai D va
M déu vuéng nén tu giac
EDMF néi tiép dude trong
duong tron duong kinh
EF.

Ta ¢c6 PD = PM (hai
tam giac bag nhau 6 ciu a)

nén'ﬁ,= . Ma M, =
DFE (cing chan cung ED).
Suy ra'ﬁ DFE & vi tri so H.110

le trong, do d6 DM//EF.

Mat khac EDM = m (vi cung bang 90° + D va
90" + ﬁ,). Suy ra ti giac EDMF la hinh thang can.

c. T grac PMNF noi tiép trong dudng trgn dl:(dng kinh
PF nén: E_’E/I}Jiﬁ + = 180°. Lai ¢6 P,%I ’9\ =180 Suy
ra'ﬁl\ = PFN. Ma gocﬁ ﬂ Vay P/\H PFN tuc la
FD la phan giac goc NFE.

d. Dién tich hinh vién phan gach soc bang dién tich
hinh quat HIF tri di dién tich AHIF (I 1a tAm dudng tron
duong kinh PF).

Ta c6 APHF 1a ntia tam giac déu nén dudng cao HF =

PFL',I yraPF= 20 _20V3 aIF-EPF_..r—a{

J3 3

Dién tich hinh quat HIF cé géc HIF bang 120° la:

nIF?.120 B H(r\@_}“ B m.3r* B nr?
360 (3 )

9.3 9

2
Dién tich AHIF la: —HFIK—l. IF_r r/3 _r’v3

9 579 "9 8 12

/
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Vay dién tich vién phan phai tim la:
f”'z o v 3 s g - :h'!\/ﬁ L “H N”(dUn vi dién tich).
9 12 36 36
Bai 5. a. Tu giac INPQ la hinh
vuéng vi ¢6 bén canh bang R va géc (d)
INP vuéng (hinh 111). Suy ra QP/IN '
va QP = IN. Do d6 ti giac MIPQ ¢é
hai canh do1 MI va QP song song va M N
bang nhau la mét hinh binh hanh. !
Chu v1 hinh binh hanh nay la: *
2(MI +1IP) = 2R + Rv2 ) = 2R(1 + v2). ':
~b. Xét tam gidc NKE, K la giao 5 >
diéem hai duong chéo cua hinh
vuong INPQ, ta co: H.111
NE? = NK* + KE? = NK*® + (IE -
IK)? hay

[Z (2+4+2-4y2)=R2{2-V2).

Vay NE=Ry2-+2.

Luu y: NE chinh la canh cua bat gidec déu ndi tiép trong
duong tron (ILR). Trong AFNE vuéng tai N (vi géc N chan
nua dudng tron) ta co:

NF? = FE?- NE*= 4R? - R*{2 - 2|

= 2R2+ R%J2 = R¥2 + V/2).
c. Dién tich hinh vién phan gach soc bang dién tich
hinh quat INE tru di dién .ich \INE tffc la:
g - TRE45 VIENK = R H‘ R = R (x -
360 ,3 = 29 ol
vi dién tich).

22 ] (ddan
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Bai 6. a. Do AB vuéng géc v61 CD nén D la trung diém

' a: o~ Lo . . . oy i s 2
cua cung AB. Suv ra S, va S, 1a hai goc no1 tiep chan ha
P P

-

cung bang nhau nén S, =T, tic 14 SD 1a phan giac cta géc
vuong ASB (hinh 112).

Vay khi S chay trén cung nho
BC thi phan giac goc ASB ludn
qua diénicd dinh D. P

. AMB = 180" - BMS = 180° -
45" (vi,AMSB vuong can tai S),
hay AMB = 135" khong doi.

Vay M nhin AB ¢4 dinh dudi
goc vuong khong doi nén M chay
trén cung chia goc 135" dung trén
duong kinh AB gidi han tai hai
diém A va B. Tam ﬁcﬁa cung chuia H.112
g6c nay chinh la diém D.

c. Xét tam giac KAB ta cé:

I it T o
AKB = 180" - (KAB + KBA) = 180" - %(éﬁa + SBA).

Trong ASAB vudng tai S ta {:ﬂng co:

h i1
SAB + SBA = 90°. Do d6 AKB = 180° - 92 = 1350,

Vay K nhin AB dudi géc khéng d6i nén K chay trén
cung chia géc 135° dung trén AB (nhu diém M) va gidi han
tai hai diém B va P giao diém cta CD véi cung nhé AB.

d) Dién tich hinh vanh trang khuyét phai tim bing dién
tich nua hinh tron (O) tru di dién tich hinh vién phéan
AMPB cua duong tron (D), tuc la:

)

. GR¥ . R* [ 2RV2[ 90 1

S = e (53.;-,1.1-.\.5'”1 -3 '.n"ﬁl'lli) e "( ( )z o 2R.R
2 2 | 360 2

hay S = Eﬁu ‘ IFE - R = R" (don vi dién tich).
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Bai 7. a) Hai tam giadc
ACB va ABM la nhiing tam
giac vudng cé6 B, = M (gbc cé
canh tuong dng vudng goéc). -
Vay hai tam giac nay dong
dang (hinh 113).

b) Xét hai tam giac dm}E
dang AQD va ANM vi c6 A
chung, D M,\(do,M = B,

theo cédu a va D, = B, cung

chin cung AC). Su},r ra:
AC _ AD haog
AN AM
AC.AM = AD.AN.
¢c) Ta ¢6 IC = IB (tinh
chat hai ti€p tuyén cing
xudt phat tu I,)& nén ICB =

——
IBC (1). Lai 6 C, +1CB = 90°, IBC

+ M = 90° nén ket hop véi (1) duge
C = M do d6 AICM can nén IC =
IM

Vay IM = IB (vi cung bang

IC), tic la I 1a trung diém cua:

MB.

d) Néu tam giac AMN déu
(hinh 114) thi diém N phai nidm
khac phia v6i M déi véi AB. Ta ¢6
AB vudng goéc vé1 MN, do d6 CD
cling vudng géc vé1 AB.

H.113

" H.114

Xét AACB vudng c6 géc CAB bang 30°. Vi thé mudn tim
vi tri ctia C ta dung géc CAB bing 30° cit dudng tron (O)'
tai C. T C ha dudng vudng géc xudng AB cat (O) tai D. Ta

xac dinh dugc vi tri cia day CD.

e) Dién tich cha tam giac cong gach soc bang dién tich
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ti grac OCIB tru d1 dién tich hinh quat COB.

S i et = 2B S z%oc.c: — RRY3 (vi AOCI la nita

tam giac déu do COB = 120° theo gt) = R* V3.
R*.120 nR?
o T T o R
quatCOB 36 ” 3
2 2

Vfiy Sium gl cong = Rd\/_ - e = 3 (3\/5-_ TE) (dﬂn W dlén

tich).

Bai 8. a) Ban kinh ké tit I dén trung diém P caa AC
nén IPLAC (hinh 115). Tu giac APIH c6 téng hai géc déi
H + P = 180° nén ndi tiép dudc trong dudng tron dudng kinh
Al. Tam K cua dudng tron nay la trung diém cta Al

b) Hai duong tron (I) va (K) c6 khoang cach giita hai
tdm d = IA - KA nén tiép xuc trong tai A.

¢) T giac ANIP c6 ba géc vudng la hinh chit nhat. Do
d6 ba diém N,K,P thang hang (vi -
NP la duong chéo).

d) Dién tich cua phan gach soc
biang dién tich hinh quat AIC tru
di dién tich nua hinh tron tam K.

Dién tich hinh quat AIC c¢é
géc AIC bang 120° (vi AIAB déu)
i nr?.120 _ nr’

360 :
hinh tron (K) la: H.115

. 9
H g T
2 8

Vay dién tich phan gach soc la:

. Dién tich nua

2

mr- mre _ 5mr”

3 8 924



GIOI THIEU DPE THI
TOT NGHIEP TRUNG HOC CO SO
CUA MOT SO TiNH, THANH PHO
(Thoi gian lam bai: 120 phut)

Nam 1999

pE CUA TINH CAO BANG

I. Ly thuy&t: (2 diém) Hoc sinh dudc chon mét trong
hai dé.

Dé thi nhat

a) Néu cac trudgng hop vé s6 nghiém cta phuong trinh
bac hai ax® + bx + ¢ = 0 (v8i a # 0). Viét coéng thic nghiém
(néu co).

b) Giai phuong trinh 2x>—-3x + 1 =0.

Dé thi hai:

Chiing minh dinh 1y: “Né&u hai tiép tuyén cua mot dudng
tron cit nhau tai mot diém thi giao diém nay cach déu hai
tiép diém va tia ké tit giao diém d6 qua tdm dudng tron 1
tia phan gidc cua gbc tao thanh badi hai tiép tuyén”.

II. Bai toan bat budc

Bai 1. (2,5 diém)

Cho biéu thiic:

1 Yi(x—-1- 1
x—-1 x-1

a) Rit gon biéu thiic.

b) Tim x dé S = -1.

S=(x-3+

).
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Bai 2. (2 diém) Tone s6 hoce sinh cua hai 16p 9A va 9B cua
nha trudng la 90 hoc sinh. Téng s6 hoc sinh dat danh hiéu
hoc sinh tién tién cua ca hai 16p dat ti 1&é 30%. Sé hoc sinh
tién tién cua lép YA nhiéu hon sé hoc sinh tién tién cua lép
9B 1a 3 hoc sinh. Tim 6 hoc sinh tién tién cua moi ldép.

Bai 3. (3.5 diém) Cho tam giac ABC vudng can A = 90°,
AB = AC). M la trung diém ctia BC. Tu D trén MC ta keé
Dx vuéng goéc véi BC cat duong thang AB, AC lan lugt tai
EvaF.

a) Chung minh ti giac ABDF va ADCE ndi ti€p dudng
tron.

b) Ching minh BF vuéng goc vé1 CE.

¢) Ching minh AE = AF.

PE CUA TINH HA TAY

I. Ly thuyét (2 diém). Hoc sinh dudc chon mét trong
hai cdu sau:

Cau I1:

a) Néu quy tac nhan cac can thic bac hai. Cho mét vi
du.

b) V& va tim toa d6 giao diém &6 thi cac ham s& sau trén
ciing mét mit phang toa dé: y=2x — 1vay = 3 - 2x.

Cau 2:

a) Néu dinh 1y goc ¢6 dinh ¢ bén trong duong tron.

Vé hinh, ghi gia thiét, két luan:

b) Cho hinh hop chii nhat ABCDA'B’'C’'D’. Hay ching to
rang: AB// (A'B'C'D’) va AB // (CDD’C)).

I1. Bai toan bat buoc
Bai 1. (2 diém) Cho biéu thtic:



4 1 15(*2\;/}{

vol x>0:x#L,x#4.

a) Rut gon biéu thiic A;

b) Tim x dé biéu thic A = 0,5.

Bai 2. (2 diém) Giai bai toan bang cach lap phuong trinh:

Mét d6i xe can chd 350 tan hang. Khi bat dau lam viéc
c6 hai xe phai diéu di lam viéc khac nén moéi xe phai chd
thém 20 tan niia méi hét sé luong can chd. Hoi lic dau doi
xe c6 bao nhiéu chiéc xe?

Bai 3 .(4 diém) Trén ntia dudng tron tdm O duong kinh
AB 14y mot diém C khac A, B. Trén niia mat phang bs AB
chia nta dudng tron ké tia tiép tuyén Ax. Tia BC cit tia
Ax tai D, tia phén giac cua géc CAD cit nia dudng tron tai
E va cit tia BC tai F (E khac véi A). Goi I 1a giao diém cuia
cac doan thang AC, BE.

a) Chung minh EFCI la mét t giac ndi tiép.

b) Goi K la trung diém doan thang FI. Ching minh:
KE = KC va OK 1 EC. |

S

¢) Chitng minh AFT = FBI.

d) Cho BC = 4cm va CD = 2,25c¢m. Tinh dién tich tam
giac ACF.

pf CUA THANH PHO HAI PHONG

I. Ly thuyé&t (2 diém): Hoc sinh chon mét trong hai cau.

Cau 1

a) Hay viét dinh nghia ham s6 bac nhat. Néu cach vé do
thi ham s6 bac nhat.

b) Ap dung: Vé d6 thi ham s6 v = 2x — 3.

Cau 2

a) Hav viét dinh nghia tiép tuyén cua duong tron.
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b) Chung minh: “Néu mot dudng thang vubéng goc véi
ban kinh tai mut nam trén dudng tron thi duong thfing do
A mot tiép tuvén cua duong tron”.

1. Bai toan (8 diém): Bat buée cho moi hoc sinh.

Bai 1. (2 diém)

a) Tinh: V3 + V12 - V75 .

b) Cho: M = —T)_—- vOl x # 2.

+ Rut gon biéu thuc M;

+ Tinh gia tri cia biéu thuc M tai gia tri x =5v2 .

Bai 2. (2 diém)

a) Gial phuong trinh x* - 5x + 4 =0.

b) Ching minh dudng cong (P) ¢6 phuong trinh y = x* va
duong thang (d) ¢6 phuong trinh v = 2(m + 1)x - 2m + 4
(x la d6i s6, m € R) ludn cat nhau tai hai diém phan biét
véi moi gia tri cua m,

¢) Chitng minh rang biéu thic: A =x1[1 *%]*Kz( _%i]
khong phu thude vao m, trong dé x,, x, la hoanh do cac
giao diém cua duong cong (P) c6 phudng trinh y = x* véi
duong thﬁng (d) ¢6 phuong trinh v = 2(m + 1)x = 2m +4.

Bai 3. (4 diém)

Cho dudng tron tam O va M la diém bat ky trén dudng
tron. Trén tiép tuvén cua ducng tron tai M lay diém T.
Pudng thang TO cat dudng tron tai C va D (C nam gita T
va 0). Ha CA vuong goc vélr TM tar A va DB vuong goc vé
T™M tai B.

a) Chang minh CA // OM va MA = MB,

b) Chung minh AC.BD = AM-.

¢) Goi H la chan duong vuoéng goc ha tu M xuong TO.
Xac dinh tam ducng tron qua ba diém A. B. H.
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d) Biéet MA = a. Tinh dién tich xung quanh cua hinh noén -
cod day la hinh tron tam la diém M, ban kinh dav co do daa
la a va duong cao ¢6 do dai la 2a.

PE THI VAO LGP 10 CUA TINH HA NAM

Bai 1. (3.5 diém)

S *
1) Rut gon biéu thie: A =[& . J;+1]L\/' >

Jx+1 Jx-1

%K;

2) Cho bidu thic: B= Lo S—
REIES

*-.}U

a) Tim x dé B cé nghia;

b) Tim gia tri 16n nhat va nhoé nhat cua biéu thie B.

Bai 2. (2,5 diém)

Cho phuong trinh: x* + (2m - 5)x —n = 0 (x la an).

a) Giai phuong trinh khim =1 van = 4;

b) Tim m va n dé phudng trinh ¢6 hai nghiém 13 2 va -3;

¢) Cho m = 5. Tim n nguyén nho nhat ¢é phuong trinh
c6é nghiém duong.

Bai 3. (4 diém)

Cho tam gidc ABC cé 3 gbéc nhon ndi tiép dudng tron
tam O, ba dudng cao AD, BE, CF cua tam giac ABC cat
nhau 6 H. Kéo dai AH cat duong tron tai K, kéo dai AO cat
duong tron tai M. Chitng minh:

1) MK // BC:

2) DH = DK;
3) HM di qua trung diém I cua BC:
, AD BE CF
HD HE HF
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SO LUGC CACH GIAI

PE CUA CAO BANG

Bai 1

.
a}S=[x—3+ J:;
x-1/\

kS

_{(x-3)x-1)+1 X~1

Ko T

], diéu kién x # 1.

S

x~1 '(xml}?-l& gDy

_:-:2—-4x+4_ (5= _x-2
x(x-2)  x

X -2 | .
b) S=——=-1 havyx-2= -x,suyra2x=2. Vayx = 1.

X
Nhung theo a) thi x #
dé s =-1.

1, vay khéng c6 gia tri nao cua x

Bai 2. Téng s6 hoc sinh tién tién 1a 90. 30% = 27 (hoc
sinh). Goi s& hoe sinh tién tién cua l6p 9A 1a x (x nguyén

duong). S6 hoc sinh tién
tién cua 16p 9B la (x-3).

Theo bai ra ta c¢é
phuong trinh:

X +(x-3)=27. Suyra
x = 15 thoa man diéu
kién. Vay s6 hoc sinh
tién tién cua 16p 9A 1a 15
va cua lép 9B la 12.

Bai 3
_a) Tu giac ABDF co
A =D = 1v nén no1 tiep
dude trong duong tron
duong kinh BF (hinh

B

X
E
F
M D
H.1i6
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116).

Ti giac ADCE ¢6 cac dinh A va D nhin CE dud mot goc
vuong nén A va D cung nam trén ducng tron duong kinh
CE.

b) Xét tam giac BEC ¢6 CA va DE 1a hai dudng cao nén
F l1a truc tAm cua tam gilac. Suy ra BF phai la duong cao
thu ba, vay BF vuong goéce véi EC.

c) Tam giac ABC vudng cén tai A (gt) nén B = 45",

Xét tam giac vuéng BDE da cnﬁ 45° nén E = 45"

Xét tam giac vuong AEF da c6 E = 45” nén F = 45"

Vay tam giac AEF vuong can, suy ra AE = AF.

pE CUA TINH HA TAY

Bai 1

x-1-4(Wx-1)+1 x-1 _x-4J/x+4 x-1
(Vx +1)x -1) 'x ox  x-1  Jx(/x-2)
_ («.";-2}2 Al \/_ x - 2Jx

" hGx-2) Jx Jx x

(V4i diéu kién da cé trong dé bai)

b) Ta «¢b fﬂ=-‘1§ hay x=2x-4vx. Tu dé
X 2

x-4vx =0; Vx(Vx -4)=0. Giai ra duge hai nghiém la
x, =0, x, = 16.

Bai 2. Goi x 1a s6 chiéc xe Iae dau (x nguyvén duong).

Theo du dinh méi xe phai ché §§E tan hang. Khi bat

X

a) A=

" R

5
dau lam viéc moi xe phai cho = tan hang.
‘5\. —



Theo bai ra ta ¢6 phudng trinh:
350 _ 350 +90
X -2 X
Quy dong mau réi khit mau duge:
350x = 350(x-2) + 20x(x-2)
hay 350x = 350x — 700 + 20x* — 40x;
90x? — 40x — 700 = 0, hay x* — 2x — 35 = 0.
Giai ra duge x, = 7, x, = - 5 (loa).
Vay lac dau d61 xe c6 chié’c xe.

Bai 3. a) Ta c4 A ﬁ ACB =1v (gbéc ndi tiép chin nua
duong tron) nén FEI = FCI = 1v

Ta gide EFCI ¢o FEI + TCI = 2v, nén né1 tiép dugc
duong tron (hinh 117).

b) Do K la trung diém cua FI  «
nén EK 14 trung tuyén cua tam
giac  vudbng EFI, do dé

EK:%FI. Tuong ti CK bing

7

nua canh huyén FI.

Suy ra KE = KC. I

Ta c6 diém K cach déu hai ) 1
diu doan thang EC (vi KE = A 0 B
KC) va O ciing cach déu hai dau
caa EC (vi OE = OC = ban
kinh). Vay K va O nam trén H.117
trung truc cua EC, do d6 OK L
EC.

c) Do EFCI n& tlep (cau a) nén F = C (gbc ndi tiép cung
chian cung EI), T = Q (sa le trong QE' FI // AD v1 cung
vudng goc vo1 AB). Ma A a (gt} nenFT=2 Lai ¢b A = B
(cung chan cung EC). ‘Sm 11? B tac la ﬁh m

d) Xét tam giac vuéng ADB ta c6 AC* = CD.CB = 2,25.4

= 9. Tt 46 AC = 3cm.
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Trong tam giac vudéng ACD ta cé
AD*= AC? + CD* =9 + (2,25)* = 14,0625,
Tu dé AD = 3,75¢cm.

Do AF la phan giac fﬁ nén Pl :i !
7

FD AD 375 125
FC 1 FC 1
Suy ra hay = .
FC + FI) 1 +1.25 225 2,25

Do dé FC = lcm.
Vay dién tich tam giac ACF bang:

lscre=131= 1,5(cm?).
2 2

PE THI VAO LOP 10 CUA TINH HA NAM

Bai 1. 1) Rut gon biéu thiic:

A-:{&ml &+1M —%L]xbo;x¢1
\/;-4-1 \[x 1 \/;
R (Wx-1)* -(x+1)* x-1_-4Vx
£y e =-4,
X -1 Vx Wx
2) a) Biéu thic B c6 nghia khi:
1+,Hl—;x‘¢0@ﬁ Gl
1-1x/20 |
x| x| (1= 1 =]x])
b) B = e = =1-/1-
1+41-+x 1“(1"‘“‘)
véiifx[?_’[].

Do{}ii};;il:»o

A

x|2-1=>121-|x|20



e s ——— .

=512 1—\“>ﬂ—w =i By 1-x <0 =0<1- l—jxllf_il
hay iJ*CB"«
Vay min B=0khi 1= 1—'i};!¢::w‘x==0-:=:x={)

max B=1khi 1- M;'Il —ix]Tzlafix‘ =]l x =11,
Bai 2. 1) Khi m = 1 va n = 4, phudng trinh da cho c¢é
dang x*~3x -4 =0.Via-Db+c¢ =0 nén phuong trinh c6 2

nghiém: x,=-1, xy=-—=-——=4.

2) Khi1 x = 2 phuong trinh da cho co6 dang4dm -6 -n=20

Khi x = - 3 phuong trinh da cho ¢6 dang
—6m+24-n=0.

T d6, c6 hé hai phuong trinh bac nhat véi an 1a m, n

4dm -6-n=0
sau: ~
~-6m+24-n=0

Giaira dude m = 3, n = 6.
3) Cho m = 5 phuong trinh da cho ¢é6 dang:
x= + By —n = FF)
Néu a va ¢ khac dau thi phuong trinh nay luén c¢é hai
nghiém trai dau. Do dé6 muén phudng trinh (*) ¢6 nghiém

duong thi phai ¢6 E(O, co nghiala -n <0 hayn>0.
a

Vay véi n = 1 14 s6 nguyén nho nhat thi phudng trinh (¥)
c6 nghiém dudng.

Bai 3. 1) Ta co @ = 1v (gbc ndi tiép chan nda dudng
tron), do d6 MK 1 AK (hinh 118), BC 1 AK (gt), nén
MK // BC. -

2) Ta ¢6 KAC = B, (géc noi tiép cang chian cung KC),
ﬁ = H__. (g6e co canh tudng dng vuong goc), do do céd

-

ﬁ. B, hay BD la phan giac cua géc HBK.



AHBK c6 BD L HK, BD lai la phan giac nén A HBK

can, suy ra BD cing la trung tuyén, vav DH = DK,

3) Ta c6 ABM = 1v (goc ndi tiép
chin nua dudng tron) nén
MBLAB, CFLAB (gt), do dé
MB//CH. Ching minh tuong tu cb
MC//BH.

Ta giac BHCM ¢6 MB/CH va
MC//BH nén la hinh binh hanh,
suy ra HM phai di qua trung diém
I caa BC (theo tinh chat cua hinh
binh hanh).

4) Ta ¢6 cac nhan xét nhu sau: H.1I8
4] HD HE HF
AD BE CF
That vay:
lupee lHEAC lHFAB
HD HE HF 5

= = — . = SR

AD BE CF 1
2

'BEAC 1} BEAC

1
2

. Supc . Suac " Supc _ Suse ¥ SHAC * SHAB

-|.-
S ABC S ARC S;’%Bf‘ SﬁLBF
SABF = 1
" Sasc

b) Neuvdix >0,y >0, z> 0 thi cé:

(x+y+z)(l+-1—+—l-]29.

X y z
That vay

L 3 1
(X+v+2) —+—+—|=
X ¥V Z;
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3:(" "‘|+(—+5_\1 ( }>3+9+2+2 9.
\o X, \2 L) Ay Z
Tu dé. co: |
HD ETHE1 AD BE_LEEJ}Q vé1 cha ¥ rang
\AD BE CF/)\HD HE H
HD HE HF_, . 1 _AD 1 _BE 1 _CF
AD BE CF HD HD' HE I—IE HF HF'
AD BE CF

Nam 2000

PE CUA THANH PHO HA NOI

A. Ly thuyét (2 diéem). Hoc sinh chon mot trong hai dé
sau:

Dé 1. Phat biéu hai quy tac doi dau cua phan thie. Viét
cong thie minh hoa cho tiing quy tac. Thuc hién cac phép
2a® a” +b”

+
a-b b-a

Dé 2. Phat biéu dinh 1y vé gbéc noi tiép cia mot dudng
tron. Ching minh dinh ly trong truong hgp tdm O nam
trén mot canh cua gée.

tinh:

B. Bai tap bat budc (8 diém)
Bai 1. (2.5 diém)

xr': 1 1 74
Cho biéu thiie P = [ ( + )
\M‘F‘L—] s J—] \[_ x -1

a) Rat gon P.
b) Tim cac gia tri cua x dé P >0,
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¢) Tim cac s6 m dé coé cac gia tri cia x thoa man:
P-/x =m-+x.

Bai 2. (2 diém) Giail bai toan bang cach lap phudng
trinh.

Mot xe tai va mdt xe con cung khdi hanh di ti tinh A
dén tinh B. Xe tai di véi van tdc 40km/h, xe con di véi van
toc 60km/h. Sau khi mdi xe di dude mdt nua quang duong
AB thi: xe con nghi 40 phut roi chay tiép dén B, xe tai trén
quiang dudng con lai da tang van téc thém 10km/h nhung
van dén B cham hon xe con nua gio. Hay tinh quiang duong
AB.

Bai 3. (3,5 diém)

Cho duong tron (O) va mét diém A nam ngoai dudng
tron. Tu A ke hai tiép tuyén AB, AC va cat tuyén AMN véi
duong tron (B, C, M, N thuéc duong tron va AM < AN). Goi
E 1a trung diém caa day MN, I la giao diém thi hai cua
dudng thang CE véi duong tron.

a) Ching minh bén diém A, O, E, C cung nam trén mot
duong tron.

b) Ching minh géc AOC bang géc BIC.

¢) Ching minh BI // MN.

d) Xac dinh vi tri ctia cat tuyén AMN dé dién tich tam
giac AIN 16n nhat.

PE CUA THANH PHO HO CHI MINH

I. Ly thuy&t (2 diém) Thi sinh chon mét trong hai ciu
sau day:

1) Phat biéu va ching minh dinh ly Viét (hé thuc Viét)
phan thuan.

Ap dung:

Cho phuodng trinh: x" = 2x + m+1=0
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a) Pinh m dé phudng trinh cé nghiém.

b) Go1 x,. x, la hai nghiém (néu cé) cua phuong trinh.

Tinh A = (x, + x,)* + 3x,.X, theo m.

2) Phat biéu tinh chat thuan va dao cua tiép tuyén tai
mot diém thude duong tron.

Ap dung:

Cho duong trén (O, R) ¢6 tam la O. Tu diém A J ngoai
dudng tron (O) cach tAm O mot khoang bang 2R, ta ké mét
tiép tuyén véi duong tron (O), tiép tuyén nay tiép xuc véi
(O) tai diém M. Tinh AM theo R.

II. Bai toan bat bude (8 diém).
Bai 1. (1.5 diém) Giai cac phuong trinh va hé phudng
trinh sau:
a) 2x'+5x°-T7=0.
Ix + 2y =-2
b) <._ '
IX +4yv =1

Bai 2. (2 diém) Cho ham s6 y

I

%xz ¢6 d6 thi (P).

a) Vé d6 thi (P) va dudng thang (D): y = -x-1 trén cing
mot hé truc toa doé.

b) Tim toa dé giao diém I cua (P) va (D).

Bai 3. (1 diém) Tinh (rit gon):
ava -1 —~ a£+l(a>0,a¢1).
a-+Ja a++a :

Bai 4. (3,5 diém)

Cho tam giac ABC ¢é ba géc nhon, ndi tiép trong duong
tron (O, R). Hai dudng cao BE va CF cua tam giac ABC cit
nhau tai diém H.

a) Chung minh ta giac BFEC néi tiép dude.

b) Hai duong thang BE va CF ciat dudng tron (O) lan

A =
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lugt taiPva Q.

Ching minh BPQ BCQ suy ra EF song song véi PQ.

¢) Ching minh OA vudng géc véi1 EF.

d) Cho BC = RV3. Tinh ban kinh dudng tron ngoai tiép
tam giac AEF theo R.

PE CUA THANH PHO HAI PHONG

A. Ly thuyét (2 diém). Hoc sinh chon 1 trong 2 ciu sau:
Cau 1. a) Hay viét dinh nghia can bac hai s6 hoc cua

mot sé a 2 0. Tinh: «./Z, -\@, 1‘(1—3:)2 :

b) Hay viét dinh nghia vé dudong thing song song véi
mat phing.

Cdau 2. a) Hay viét dang téng quat cua hé hai phuong
trinh bac nhit hai an.

b) Chitng minh: “Moi géc ndi tiép chin nita duong tron
déu 1a gbc vuodng”.

B. Bai toan (8 diém). Bat budc cho moi hoc sinh.

Bai 1. (2 diém)

a) Cho M=+3-2v2, N=+8++3. Tinh M + N va M.N;
b) Tim tap xéc dinh cia ham s6 y=vx+1 + . .

X

¢) Cho dudng thing (d) cé6 phuong trinh y = 2x — 3. Hay
tim toa d6 cac giao diém cta dudng théng (d) véi cac truc
toa do.

Bai 2. (2 diém)

Trong mot phong cé6 288 ghé duge xép thanh cac dav,
moi day déu cé sé ghé nhu nhau. Néu ta bt di 2 day va
moéi day con lai thém 2 ghé thi vira da cho 288 nguoi hop
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(mo1 pgu’&ii ngol mot ghé). Hoi trong phong ¢6 may day ghé
va mo1 day c6 bao nhiéu ghé?

Bai 3. (4 diém)

Cho nua duong tron duong kinh AB. Ke tiép tuyén Bx
véi nua duong tron. C la diém trén nua duong tron sao cho
cung AC bang cung CB. Trén cung CB lay diém D tuy y (D
khac C va B). Cac tia AC, AD cat Bx lan luot tai E va F.

a) Ching minh AABE vuoéng can;

b) Ching minh AABF «» ABDF;

¢) Ching minh tu giac CEFD néi tiép;

d) Cho diém C di déng trén nua dudng tron (C khac A va
B) va D di dong trén cung CB (D khac C va B). Ching
minh AC.AE = AD.AF va c6 gia tri khong doi.

PE CUA TINH THANH HOA

A. Ly thuyét (2 diém)
Hoc sinh dude chon mot trong hai cau sau:
Cau I: Phat biéu quy tac khai phudng mot thuong, quy
tdc chia hai can thitc bac hai.
Ap dung tinh:
a) @: b) |'[p~9:J S < J112 : | \[ﬁ
V81 \ 064 J7 J8

Cédu 2: 1- Phat biéu dinh nghia duong thang song song
véi mat phang.

2. Chung minh rang néu mét duong thang a khéng
thudée mat phang (P) ma song song vé mot duong thang b
nam trén (P) thi duong thang a song song véi mat phang

(P).
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B- Bai toan bat budc:

Bai 1. (2 diém)
Giai phuong trinh:
a)x*—-10x+21=0;
b) B +3 = 20 .
X—90 X~0

Bai 2. (2,5 diém)

M6t manh vuon hinh chit nhat ¢6 chu vi 12 134m. Néu
giam mdi kich thudc cua vudn di 1m thi dién tich cua vuon
bang dién tich cia mét hinh vuéng cé6 canh bang 28m.
Tinh cac kich thude ciia vuon hinh chit nhat dé.

Bai 8. (3,5 diém)

" Cho du3ng tron (O) dudng kinh AB. Trén dudng thang
BA 1dy diém I (diém A ndm gita I va B). Vé cat tuyén Ix
cit duong tron tai cac diém C, F (C nam gita I va F).
Pudng thang di qua I va vudng géc véi dudng thang BA cat
dudng thédng BC tai H. Dudng thing HA cit dudng tron
(O) tai diém thit haila E.

a) Ching minh cac ti giac HIEB va HIAC néi tiép dude.
b) Chiing minh EF vuéng géc v4i AB.
¢) Chitng minh cac dudng thdng HI, CA, BE déng quy.

PE CUA TINH HA NAM

I[. Ly thuyét (2 diém). Hoc sinh chon mét trong hai dé
sau dé lam.
Pé 1: Phat biéu va viét cong thiic cua hé thie Viet.

Ap dung: Tinh nham nghiém cua phuodng trinh sau:

X" —3x+7=4x - 3.
Pé 2: Phat biéu va chiing minh dinh ly vé méi lién hé
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gitia s0 do cua goc ¢6 dinh bén 11g0d1 duong tron vo1 so dD
cac cung bi chan giga hai canh cua goe do.

I1. Bai toan (3 diém)

Bai 1. (2 &iém)

1 I g \"'l a | l/ a H‘\/g i
(:.- h[) A = | - Il prum 2 ‘I'__ e — ——
Lva + x.b b a Lwaﬁ-\/h a+b+2+/ab

vor ditu kiena>0.b> 0. a #b.

a) Rut gon biéu thie.

b) Tinh gia tri cha biéu thic A khi a = 3 + 242,
b=3-2v2.

vaA=1.

¢) Tim gia tri cua a va b trong trudng hop -E— %1"
Bai 2. (2 diém)
Cho phuong trinh bac hai an x:
x*—2(2k+1)x + 2k -4 = 0 (1)
a) Giai phuong trinh véi k = 1
b) Goi x,, x., la nghiém cta (1). Ching minh biéu thic:

A =x(1-x,) + x,(1-x,) khong phu thude vao gia tri cua k.

Bai 3. (4 diém)

Cho tam gidc ABC vudng d A va mét diém D nédm gita
A va B. Dudng tron dudng kinh BD cat BC tai E. Céc
duong thang CD. AE lan lugt cit dudng tron tai diém
tha hai F. G.

a) Chung minh rang ADEC, AFBC la t giac ndi tiép.

b) Chiing minh AC song song vl FG.

¢) Ching minh cac duong thang AC, DE. BF déng quy.

d) Tu A vé doan AP = a vudéng gée véi mat phang
(ABC). Tinh khoang cach 1o A ¢én mat phang (PBC) biét
AB = AC = b,



pE CUA TINH LAM PONG

I. Ly thuyét: (2 diém) Thi sinh chon mét trong hai dé sau:

Pé 1:

1/ Dinh nghia phuong trinh bac hai mét 4n va viét ng
thic nghiém cua phuong trinh bac hai dé.

2/ Tim nghiém nguyén cua phuong trinh sau:

2x? — Tx + 3 =0.

bé2:

1/ Phat biéu dinh nghia vé dudng thdng song song véi
mat phang.

92/ Cho tit dién SABC. Goi I, K lan lugt 1a trung diém
cua SB, SC. Ching minh duong thang IK song song véi
mat phang (ABC).

II. Bai toan: (8 diém) B4t budc.
Bai 1. (1,5 diém)

1/ Rit gon A =320 -24/45 + 445 .
2x -1 vél x 21

2/ Chitng minh: x +/(x -1)% = B
1 vl x<l1

3/ Giai hé phuong trinh: {

Bai 2. (1,5 diém)

Cho hat hAim s6 y=x* (P) vay = 3x - 2 (d)

1/ V& (P) va (d) trén ciing méat phang toa da.

2/ Tim toa d6 giao diém cua (P) va (d) bang phép tina.

3/ Lap phuong trinh dudng thing (d) song song vdi (d)
va (d) ciat (P) tal diém M ¢6 hoanh do la -1.

Bai 3. (1,5 diem)

Mot nhém hoce sinh dude giao nhiém vu trong 8C cay
thong con. Nhung khi thuc hién nhém av duge tang ciong
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thém 4 ban, do d6 md ban da trong it hon 1 cay so véi du
dinh.

Hoi lae ddu nhom ¢é bao nhiéu hoe sinh? (Biét rang sé
cay moi ban trong nhu nhau).

Bai 4. (3,5 diem)

Cho tam giac ABC c¢é ba goéc déu nhon (AB < AC), vé
duong cao AH. tu H ké HK, HM lan lugt vudéng géc vdéi AB,
AC. Goi J la giao diém cua AH va MK.

1/ Ching minh ti giac AMHK noi tiép mot duong tron.

2/ Ching minh hé thic JA.JH =JK.JM

3/ Tt C ke tia Cx vudng goc véi AC va Cx cat AH kéo dai
tai D. I?MHL HN lan lugt vuéng géc véi BD, DC. Ching
minh HKM = HCN.

4/ Chiing minh bén diém M, N, I, K cing nam trén mot
duong tron.

SO LUGC CACH GIAI

PE CUA HA NOI

Bai 1: a) Do }E"“\/_-“‘w'!;(\/;—l)
x —1=Hx + (/X -1) nén ta cé:
x-1  (fx-1+2 x-1  (x+DEx-1)

P - — — e — — —
Jx(Wx -1)  x-1 Vx(Wx -1) Jx +1
X1 o oge .
= -L,-—_—.— (vai dieu kién x>0, x # 1).
VX

. : . Xx-1 . o :
b) P> 0 tic la ~=->0. Do vx duong muon P > 0 thi
VX
%-1 » 0. hay x> 1.



¢) Do x phai thoa man P. Yx = m - Vx nén:

x-1 ~ B, s
——AJX=m-vXx,havx-1-imm+vx =0.

\h

Ta phai giai phuong trinh bac hai x + vx - 1 - m = 0.
Muén phudng trinh ¢6 nghiém duong thi a va ¢ pha: khac
ddu (dé ¢6 2 nghiém khacdduy maa=1nénc=-1-m<0
hay m >-1. Ngoai ra m # 1, vi néu m = 1 thi phuong trinh
x+ vx -2 =058 c6nghiém x = 1 trai véi diéu kién x # 10
cau a.

Bai 2

Goi quang duong AB la x km (x>0).

X

Thoi gian xe tai di quang duong AB la: — ’; = lR)

L‘..H

- -—li

Thoi gian xe con di quang duong AB la: ?3% + j{gld)

Theo bai ra ta c¢6 phudng trinh:
X X 1 _ X 2
i 80 100 2 BU 3
MC: 1200. Quy dong mau réi khi mau:
15x + 12x — 600 = 20x + 800
hay 7x = 1400 suy ra x = 200, thoa mén diéu kién d trén.
Vay quéng duong AB dai 200km.
Bai 3
a) Né1 OFE ta ¢6 OE L MN (hinh 119). Lai ¢d6 OC L AC
(gt). Suy ra ti giac ACOE né1 tiép duge.

b) AOAB = AOAC (c.c.c), suy ra @ /(J? do doé ﬁ
= 2A0C (1).

Lai ¢6 sd BOC = sd BMC (2) va sd BIC = . «d BMC (3),

Tit (1), (2), (3) suy ra AOC =BIC.
¢) Do tu giac ACOE néi tiép (cAu a) nén AEC = A0C
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(ctng chan cung AC).

Ma AOC = I‘?ﬁ‘ (cau b). C N
Suyv ra AEC ="BIC chiém E
vi tri goe dong vi. do do Bl A
// MN.

d) Xét hai tam giac AIN
va ABN c¢6 dién tich bang
nhau vi ¢6 day AM chung
va dudng cao bang nhau
(khoang cach gita hai
dudng thang BI va MN H.119
song song theo cdu c¢). Suy
ra S,y 16n nhat khi S,y 16n nhét.

S.sy 16n nhat khi ba diém B, O, N thdng hang. Do dé
ndi BO va kéo dai cit (O) tai N'. N&i AN’ cét (O) tai M.

7ay AM'N' 14 vi tri cua cat tuvén AMN phai tim.

PE CUA THANH PHO HO CHi MINH

Bai 1. A) Dat x* =y > 0, phuong trinh trung phudng da

cho trd thanh 2y*+ 5y - 7=0

Tacéx*=v=1vayx, =1, x,=-1.

Bx+2y=-2 [6x+4y=-4 .
b) o p— - prsass X =-D
oX +4y =1 X +4y =1
Thay X =-H vao 3x +2y = -2 dudge:
. 13 1
2‘.,-’ == -—2 -- 3}\ = 13 T 1._,-* = _?LJ_ — 6——- .
‘ ‘ 74 2

Vayv nghiém cua hé phuong trinh la(x = -5, y=6—



Bai 2. A) Lap bang mo6t s6 gia tri cua x va v:

x |.. -4 -2 0 2 4
yl.. 4 1 0 1 4

PR 'S

H.120
b) Hoanh dé giao diém I 1a nghiém cta phuong trinh

%xgn—x—l hay x* = 4x ~ 4 = x* + 4x + 4 = 0, hay

(x +2)"=0ma nghiémlax, =x,=-2. Tt déy =
Vay 1(-2; 1).

Bai 3. A — a\/a —‘1 a«.,fa +1

a-+va a+-.fa

f) -1 ( Ja) +1

T glalies 1y shalaa £1)

(a}U a#1l)
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(w.a 1}{1+x14-1) (x*"a+1).{a—w"'g+l)

=

dabda =1 va(va +1)

E1+1J1ﬂ4~l a++ya-1 2413

\.-" a v a

Bai 4. A) Ta co BE L AC AC va
CF L AB (theo gt) nén BEC = CFB = 1v
(hinh 121). Nhu vav 1a F va E cung
nhin BC duéi mét géc vuéng nén F
va E phai nidm trén duong tron
duong kinh BC (theo quy tinh cung
chtta gbc), vay ta giac BFEC nd
tiép duge.

b) Ta co BPQ BCQ (gbc no1
tiép cung chan cung BQ cua duong
t/l)QL tam O). Mat khae ta ¢é PFB = H.121

BCQ (géc noi tiép cing chian cung
El*\tua_ﬂg_i,g_gng tron ngoai tiép ti giac BFEC), tit d6 suy ra

FEB = BPQ.

Hai géc FEB, BPQ bang nhau, ¢ vi tri dong vi nén
EF//PQ.

c) Haitam giic vudng BEA va CFA ¢6 géc nhon A chung
suy ra EBA = FCA do d6 ¢6 AP = AQ hay A la diém chinh
giia cua cung QP.

Pudng kinh OA di qua diém chinh giita ciia cung QP
nén OA 1 QP.

QP // EF, OA 1 QB = OA L EF.

d) Vé duong kinh AOK, dé dang ching minh dudc
BHCK 1a hinh binh hanh, do d6 duong chéo HK di qua
trung diém I cua dudng chéo BC.

Ngi O véi 1 ta c6 OI L BC. do BC = RV3 nén BOC = 120°
va OBC = OCB = 30~
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Suy ra Ol =E.
2

Tu gidc AFHE cé téng hai géc d6i bing 2v nén ndi tiép
duong tron duong kinh AH. Puong trén nay chinh la
dudng tron ngoai tiép A AFE.

Lai ¢ OI // AH vi cting vuéng géc véi BC. Suy ra Ol la

- duong trung binh trong A AHK nén 01__‘%E hay

i

=R. Vay ban kinh duong tron ngoai tiép A AEF
E
%

AH=2

to|';xj

bﬁng ; AH =

PE CUA HAI PHONG

Bail a)Tacé M+N=+3-22 +2J2 +3 =23 ;
MN =(/3)2 ~(2J2)2 =3-8=-5.

w3 1 20 {xz—l
<>

b) TXD cua ham sd y la: {
x#0

% Z£0
¢) Giao diém cuia (d) véi truc hoanh 1a A (1,5; 0).
Giao diém cua (d) véi truc tung la B (0; -3).

Bai 2.

Goi s6 day ghé trong phong la x (x nguyén duong).

& 288 2 g 4 i L. .
Moi1 day cé ghé, sau khi b6t di1 2 day thi con lai
%
288
x — 2 day (x >2). Lic d6 m6i day con lai cé — ghé.
I —
Theo bai ra ta cé phuong trinh:
288 288 ,
x -2 X -
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Quy dong mau roi khud mau:

288x — 288(x - 2) = 2x(x — 2)

Sau khi tinh toan dude phudng trinh bac hai:

x-— 2x =288 = ().

Giai ra dudc: x, = 18, x, = -16 (loai).

Vay trong phong cé 18 day va méi day c6 16 ghé.

Bai 3
a) Do Bx 1a ti1&p tuvén nén géc
ABE bang 90" (hinh 122). Géc

EAB chan % duong tron (do AC

= (B) nén géc EAB bang 45"

Vay A ABE vuong can.

b) Géc ADB bang 90° (chan
lm duong tron). Suy ra ABF =
ADB = 90°. Géc F chung. Vay
AABF 1 A Bﬁ (2.8).

¢) Ta c6 AEB = 45" (vi A ABE
vubng can theo cau a), CDA = 45"

H.122

- . 1 ) . o
(gboc no1 tiép chan P duong tron). Ma CDA + CDF = 180",

nén AEB + CDF = 180°

Vay tu giac CEFD néi tiép dude.

d) Xeét tam giac vuéng ABE c¢é6 BC la duong cao nén theo

hé thic lugng trong tam giac vuéng ta co:

AC.AE = AB".

Tuong tu AD.AF = AB*. Vay AC.AE = AD.AF va c6 gia

tri khong doi 1a AB®



PE CUA TINH THANH HOA

Bai 1. a) Giai phuong trinh x* — 10x +21 = 0.
AN=25-21=4 Tadéx, =5+2=7,x,=5-2=3.
+3= 20 :
X—9D X-5
Diéu kién x # 5. Quy dong mau roi khi mau dugc:
8 + 3(x — 5) = 20, hay 3x = 27, suy ra x = 9; thoa man diéu
kién.

b) Giai phudng trinh

Bai 2. Goi chiéu dai manh vuon la x mét (x > 0), chiéu
rong sé 1a 67 - x (dondachuvila 134:2 = 67m).
Theo bai ra ta ¢6 phuong trinh:
(x - 1) (66 —x) = 28*
hay 66x — x* — 66 + x = 784. Tu d6 c6 phuong trinh bac
hai x? - 67x + 850 = 0.
A=67"—4.850=4489 — 3400 = 1089 = 33",

“6‘+33:5[}, X, ZG‘;§_%=17_ Ca hai gia tri

déu thoa man diéu kién.

Vay manh wvuon hinh X
chit nhat cé chiéu dai 50m
va chiéu réng 17m. C

Bai 3. a) Ta giac HIEB

—
c¢ HIA = 1v (gt) va 0
HEB = 1v (chdn nua
dudng tron duong kinh
AB) nén ndéi tiép dude
(hinh 123).

Tuong tu ta giac HIAC
t%HIA = Ly _‘{gt) va
ACB = 1v (chan nua dudng
tron) nén noi tiép dudge.

H.123
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b) Do ta giac HIAC IMIEP nén THA = I( A (cung chan

cung IA). Lai o 1CA = AEF (cung bu vo1 goec ACF). Suy ra
[HA = AEF chiém vi tri goc so le trong, do dé HI // EF.

VilH L AB (gt) nén EF L AB.

¢) Gia st HI va BE kéo dai cat nhau tai S. Trong A SHB
¢6 hai dudng cao BI va HE cat nhau tai A nén SA phai la
duong cao thd ba tdc 1a SA L HB. Mat khac lai c6 AC 1
HB, ma tu diém A ngoai HB dung duge mot va chi mot
duong vuong goc vél HB nén SA = AC,

Vav ba duong thang HI, CA, BE déng quy.

PE CUA TINH HA NAM

Bai 1. a)Véia >0,b>0, a=b, biéu thic A rut gon bang:
A_nfa(xﬂ +\Fb)“

a(b —a)
Tinh gia tri cua A khai:
a:3+2J§:uﬁ+1ﬁ,b:S—mEE4J§-n?
(W2 4162 + 1442 -10 531

A= e e
(3+2v2).(3-2V2 -3-2/2) —0(%+2J_ 2(J_+1)
_ V21
5
¢) Tu L 28 suy ra b = 4a. )
b 4
Ta cé:
A= v'gli\fg + x[b }2 _ xg{'u; S x-"'14[1) «Ja{«f_ + 2\."51)
B a(b —a) a{da —a) a.da
[ €
L L
3a” va

18- 90 213



a
Do déb=4a =49 = 36.

D0A=1nén0673_—=1=wfa—=3 hay = a=09.

Vay véi %=i vaA=1thia=9vab= 36

Bai 2. a) Véi k = 1, ¢6 phuong trinh x* - 6x-2=0
A=9+2=11=x,=3++11,x,=3- J11.
b) A =x,(1-x,) + x,(1 —x,)
=X, — XX + X, - XXy T X, + X, — 2XX,
Theo hé thic Viet cé:
S=xX; +Xo =—E=2(2k+1),P=x1x2 =£=2k—4.
a a

Dodé A =202k+1)-202k-4)
=4k + 2 - 4k +8 = 10.
Vay biéu thiic A khéng phu vao gia tri cua k.

H.124

N g -
Bai 3. (hinh 124) a) Ta caé BED = 1v (gbéc nd tiép chan
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nua dudng tron) do dé DEC = 1v. DAC = 1v (theo gt), vay
tu gldc ADEC noi tiép duong tron duong kinh DC.

I'a c6 BFC = 1v (g6c ndi tiép chan nita duong tron duong
kinh BD).

Vi BFC = BAC = lvnén F va A cung nhin BC dudi mot
géc vuéng nén F va A phal nam trén duong tron dudng
kinh BC (theo quy tinh cung chia géc), vay ti giac AFBC
noi1 tiép duge.

b) @ ﬁ (géc ndi tiép cung chan cung AD cua duong
tron duang kinh DC), @ = B (gbéc nd1 tlep cung chén cung
AF cua duang tron dudng kmh B(), B = E (gbc ndi tiép
cing chén cung FD cua ducing tron duang kmh BD). Tu dé
suy ra ﬁ = E hay DF = DG tuac la D la diém chinh glu‘a
cua cung FG. Duang kinh BD di qua diém chinh gidia cua
cung FG nén BD L FG ma BD 1 AC (gt) tir d6 ¢6 AC // FG.

¢) Kéo dai BF va CA, ching cdt nhau tai S. Trong tam
giac SBC c6 hai dudng cao BA va CF céit nhau tai D nén
DS phai la duong cao thi ba tic 1a DS L BC. Mat khac ta
lai ¢c6 DE L BC (vi DEC = 1v). Biét rang tu diém D ngoai
BC chi dung dudc mot va chi mét duong vudng goc véi BC
nén DS = DE hay ED di qua S. Vay AC, DE, BF déng quy
tai S.

d) Goi M la trung diém caa BC
thi AM la trung tuyén Ung véi
canh huyén BC cua tam giac
vuong can ABC, nén

>
AM= BZC B (hinh 125)

Vi PA vuéng géc véi mat phang
(ABC) nén PA L AM. Trong tam
giac vuong PAM ha AH L PM thi
AH chinh la khoang cach tit A dén H.125
mét phang (PBQ).
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Ap dung hé thic lugng trong tam giac vuong PAM, ta co:

D o s Ko d s Ml
AH® AP* AM* AH® a® ()" a’
| 2

ab

V2a? +b* ‘

Tu d6 suy ra: AH =

pE CUA TINH LAM PONG

Bai 1
1) Rut gon:

1.1:3\/:_36“.2\/%4_4\/5

=325 =295 + 445 = 3.2V5 - 2.3V5 + 445 =

2) Néux2>1thi (x-1)" =x-1.

Néux<1thi +(x-1)° =1-x, do d6:

x+m={x+x—1=2x-—lt§i x21
X+1-x=1 vl x < 1.

3) Giai hé phuong trinh:

2x+y=3

{3:{—:;:..,

DX =0=>x=1.

2x +y=3=2>yvy=3~2x=3-21=3-2=1.

Nghiémcuahéla(x=1:v=1).

LJ

Bai 2. Lap bang mot so gia tri cua x va v
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\ -2 ]
x i 2 -1 0 1 2
Vol 8 1 () ] 4 ...
Ta ¢ d6 thi cia (P) va (d) nhu ¢ hinh 126.

2) Hoanh do
giao diém cua (P)
va (d) la nghiém
cua phuong trinh
X~ = 3x — 2 hay
x*-3x+2=0.

(d)

b — e e =

Vay toa do hai
giao diém la (2; 4)
17 W el W

3) Vi hai duong
thdng song song

cohégbca =ava y=3x-2
b’ # b nén phuong
trinh duong H.126

thang (d) song
song vo1 (d) c6 dang v = 3x.
Vi (d) cat (P) nén c6 phuong trinh hoanh d6 la x* = 3x + b.
Hai d6 thi trén cat nhau tai M cé hoanh d6 1a - 1 nén:
-1)*=3(-1)+b = b =4.
Vayv phudng trinh duong thang (d) song song véi (d) va
(d) cat (P) tai M ¢6 hoanh d61a -1 v = 3x + 4.

Bai 3. Gor x la s6 hoc sinh ¢6 hic dau cua nhom (x
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nguyen duong).
Lic dau mdi ban dude giao trong — cay.

Nhung khi thuc hién ¢é thém 4 ban nta nén s6 hoe sinh
tham gia tréng cay la (x + 4) ban, do d6 mo1 ban da trong

dudc Cay.
x+4
Theo dau bai ¢6 phuong trinh:
LS =1 hay x*+ 4x - 320 = 0.
X X+4

Giai ra dude x = 16, thoa man diéu kién bai toan.
Vay s6 hoc sinh tham gia tréng cay lic dau la 16 em,
Bai 4. 1) Theo gia thiét A
E‘K____‘J_ AuM 1 AC nén |
AKH = AMH = 1v (hinh

127). Ta giac AMHK c¢é M
m+m%=2v nén noi J 3

tiep duge duong tron duong K/
kinh AH. e g

2) Ta c6 JAM = JKH (goc
ndi tiép cung chin cung HM
cua dudng trﬁnﬁ_%iang kinh
AH), AJM = (géc ddl
dinh), vay A JAM » A JKH
JA JM
JK JH
hay JA.JH = JK.JM.

3) Ta c6 Cx L AC ( theo gt) H.i127
nén C +C = 1lv. mat khac
trong tam glac ammg AHC ta co k + C = 1v, tir d6 _suy ra

}Llcl Nhung A = le (chiung mmh trén), nén Ix] = ( hay
AKM = HCN.

(g6c — gbc) suy ra
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. L

4) Tu giac HMCN nai tiép duge dudng tron ngn C, = M,
(géc ndi tiép cling chan cung HN). nhung C, = H, (géc ¢6
canh tuong ung vuong goc). do do M, = H, (1). A

Ta giac HNDI cang néi tiép dude duong tron nén 1, = H
(2) (géc noi tiép cung chan cung DN). Tu (1) va (2) c6 M, =1,.

Bié'tT, +Tj =1v (vi HI 1L BD) nén ﬂ] +E2 = 1v (3).

Chung minh tudng tu nhu trén ta co M, +Tﬁ41 (4)._

TU (3) va (4) ta nhan thav td giac IKMN c¢6 KIN + KMN
bang 2v nén no néi tiép dude. suyv ra bdn diém M, N, I, K
cung nam trén mot duong tron.
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