TAP CHI VA TU LIEU TOAN HOC

CAC BAI TOAN
DAY SO ON HOC
SINH GIOI



Cdc bai todn day so on hoc sinh gidi

CAC BAI TOAN DAY SO ON HQC SINH GIOI
PHAN 1.

§ hang t¢ d Wt
Bail.  Tim so hang tong quat cua day (u_): o -

0 hang tong q u Y(n) u+1=3un+2(neN)

Léi giai

Céch 1. Tir hé thac truy hdi ta c6 day cac hé thirc sau:
u, =3u,,+2; 3u_,=3u_,+23 Fu,_,=3u_,+23..3"%u,=3""uy +2.3"7

-1

=2.3""-1.

=u, :3”’lu1+2(1+3+32 +ot3?) =342,

Cach 2. bat v,, +a saocho v,,, =3v,

n+l

=V, =Uu +a:3un+2+a:3vn:3(un+a):>a:1.

n+l
Vay (vn) la mot cap s6 nhan ¢ cong boi q=3 va v, =u, +1=2

=>v =v3""'=23""=u =v -1=23"-1.

Bai2.  Chodaysb (u,) xac dinh bai cong thuc § * .
u,=5u,,+6,n=2

n
Hay tim s6 hang tong quat ctia day s6

Lo giai
Taxét u,+a=5(u,_,+a)<u, =5u, , +4a.

Két hop voi dé bai = 4a = 6c>a_§

Vay u, =5u,_,+6 < U, +—:5 U, , + j

bat v, =u, +3:>v =U, +§:Z av,=5v, ,
2 2 2

Suy ra day sé (v,) 1a cip s6 nhan c6 v, =g va cong boi q=5

:>vn:vl.q“’1:>vn:Z 5"t =u, =V, 3 T3
2 2 2 2
A A 2 Ly oo x A g~ \ 7 n-1 3
Vay so hang tong quat cua day so da cho 1a u, = E.5 5
n+1 un nEN*
2u, +3

Bai3.  Tim sé hang tong quat cua day s (u,) xac dinh boi

Lai giai
Taco u, >0, quy nap ta dugc u, >0.

T gia thiét suy ra L3
u

n+l n
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bat v, = i, khi d6 ta duoc v, =3v, +2 Véi v, =2 *)
u

n
bat z, =v, +1, (*)tré thanh z ,, =3z, voi z, =3.
Nhu vay (z,) 1a mot cap sé nhan ¢6 cong boi bang 3 va z, =3 nén z, =2,3" =3".
Suyrav,=z,-1=3""

*

i, neN .
1

3n

Vay ddy sé (u,) co u, =

. o : . a2 o {u=u e +2, neN
Bai4.  Timso hang tong quat cia day so (u,) xac dinh boi { " , .
u, =
Loi gidi
Theo débaitaco u,, =u, +n*+2<u ,—u, =n*+2.
Thay n lan lugt bang 1, 2,..., n—1 vacong (n—1) dang thic ta dugc

U, —U :E(P +2):{@T +2(n-1).

i=1

2
Vay u, ={@} +2n.

. o . , Y , fu ., =3u +n*+1L neN’
Bai5.  Tim so hang tong quét cua day so (u, ) xac dinh boi { Moo =
u, =

Loi giai
bat g(n)=an’+bn+c vav,=u,+g(n) (a, b, ceR) véiv,,, =3v,.
Khi d6 V,.,, =3V, < U, +g(n+1)=3(u, +g(n))
< 3u, +n°+1+g(n+1)=3u, +3g(n)

& n?+l+a(n+1)’ +b(n+1)+c=3an>+3bn+3c

< (a+1)n’+(2a+b)n+1+a+b+c=3an*+3bn+3c.
a+l=3a 1

Nén {2a+b=3b =!8 2.
l+a+b+c=3c c=1

2

Do d6 ta dugc g(n):%n +%n+1.

NhlIVé.ykhI Vn=un+ln2+£n+l<:>un=vn_ lnz-i-ll']-i-l thi
2 2 2 2

u,,=3u+n"+, neN’ - V., =3V, n>1

u, =2 v,=u+g(1)=4

Suyrav =3""y, =43"",

Vay u, _azt Ly —ln—1:4.3"*1—1(n2 +n+2).
2 2 2
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Bai6.  Tim sé hang tong quat cua cac ddy sé (u,) cho béi cong thic truy hoi
) u, =3 ) u =1

a . .
u =u _,+6n*-2n,n>2 u,=3u +4n-2,n>1

u, =5
9 {um =9u +8n?+14n+1, n>1
‘ Loi gidi
a) Theo d¢ bai suy ra
u, =3
U, =u,+6.2°-2.2
u,=u,+6.3°-2.3
u, =u,+6.4°-2.4
u =u_,+6.n°-2.n
Cong n dang thirc trén theo vé ta dugc
u, :3+6[22+32+...+n2]—2[2+3+...+n]
=u, =3+6[12+22+32+...+n2]—2[1+2+3+...+n]—4
=u, =-1+n(n+1)(2n+1)-n(n+1)=2n°+2n* -1,
Vay sb hang tong quét cta day sb da cho 1a u, =2n*+2n? —1.

b) Tir dé bai suy ra f(n)=4n-2 la da thic bac nhat an n nén ta xét da thic g(n)=an+b sao

cho u,,, +g(n+1)=3[u, +g(n)]

=U,,,+a(n+1)+b=3[u, +an+b]=u,, =3u +2an+2b-a.
> ~ bz 2a=4 a=2
Ma u,, =3u, +4n—2 néntaphaico 2an+2b-a=4n-2= = .
2b-a=-2 b=0

Do d6 U,,, +2(n+1)=3[u, +2n].

batv, =u,+2n=v,=u,+2=3va v, =3v,

n+1

Suy ra (v, ) la cap so nhanco v, =3, cong boi q =3

=v,=v.q"" =V, =33""=3"mav, =u, +2n=u, =3"-2n.

Vay sb hang tong quat cta day sb da cho 1a u, =3"—2n.

c) Tirdé bai suyra f(n)=8n%+14n+1 la da thic bac hai an n nén ta xét da thic
g(n)=an’+bn+c saocho u,,+g(n+1)=9[u, +g(n)]
:>un+1+a(n+1)2+b(n+1)+c:9[un+an2+bn+c]

= U,,, =9u, +8an’+(8b—-2a)n+8c-b-a.

Ma u,,, =9u, +8n*+14n+1 nén ta phai c6
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8a=8
8an’+(8b—2a)n+8c—-b-a=8n"+14n+1={8b—2a=14
8c-b-a=1
1
<a=1 b=2, C_Esuyra g(n)=n’ +2n+—
:>un+l+(n+l) 2(n+1)+ Q{U +Nn°+2n+= }

=9v

n+1 n*

bitv, =u, +n? +2n+ =V, =U + —vav
2 2 2

Suy ra (v, ) la cip s6 nhan ¢ v, :%, cong boi q=9

. 17 17

_ ~ 1
=v,.q"'=>v =—9""'="=3F"*mav =u, +n’ +2n+§

=u, =V, - e ron+s | =L g2 2 _on 1
2 2 2

Vay sb hang tong quét cua day sb da cho 1a u, = %.32"2 —n?-2n —% .

Bai7.  Tim sé hang tong quat cua cac day sb (u,) cho béi cong thic truy hoi

u =1
{un+1=un+2n2—n, n>1
Loi giai
Theo dé bai = q= =1, bac f(n) bang 2 = bac g(n) bang 3.
Xét g(n)=an’®+bn*+cn+d saocho u,, +g(n+1)=u,+g(n)
=u,, +a(n+1)’+b(n+1)" +c(n+1)+d =u, +an*+bn?+cn+d

n+l
=u,, =U,—3an’—(3a+2b)n—(a+b+c)

A 2 A TP
Ma u,,, =u, +2n°—n nén ta phai co

-3a=2
—3an’-(3a+2b)n—(a+b+c)=2n-n=13a+2b=1
a+b+c=0
c>a:—2, b:§, c=—2 :>g(n)=—gn3+§n2—§n.
3 2 6 3 2 6
Do dé6 u,., +g(n+1)=u,+g(n).
< 2 3 5
batv, =u,+g(n)=v,=u,+g(1)= 1—§+§—g_lvav =V,.

Suyra (v,) lacapsonhancod v, =1, cdng bdi q=1=v, =v,.q" " =1.

Mav,=u,+g(n)=u, :vn—g(n)=§n3—gn2+%n+l.

Vay sb hang tong quét cua day sb trén 1a u_ = % n® —g n? +gn +1.
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Bai8.  Tim s hang tong quat cua cac ddy sé (u,) cho béi cong thic truy hoi

u =0
{UM =2u_ +n’—3n+1, n>1
Loi gidi
Theo d¢ = q=2, f=1, baccua f(n) bang 2 suy rabac cua g(n) bing 2
Xét g(n)=an’+bn+csaocho u,,, +g(n+1)=2[u, +g(n)]

=Uu

n+l

+a(n+1)2+bn+c:2[un+an2+bn+c}

=U,, =2u,+an’+(b-2a)n+c-a.

a=1 a=1
Ma u,,, =2u_+n*-3n+1 néntaphaicé {b-2a=-3<<b=-1
c-a=1 c=2

=g(n)=n*-n+2vau,,+g(n+1)=2[u,+g(n)].

batv, =u,+g(n)=>v,=u+g(1)=2 va v, =2v,.

Do d6 (v, ) lacap sé nhan ¢ cong boi g=2 nén v, =v,.q"* =2.2""=2"
=u,=V,—g(n)=2"-n’+n-2.

Vay s6 hang tong quat ciia ddy sé da chola u, =2" —n’+n—-2.

. , u, =2
Bai 9. Tim s6 hang tong quat cua day (u.): o -
 hang tong quét cta day (u, ) {unﬂ:un+2n+1(neN)
Loi gidi
Cho n chay tir 1 dén n—1 & hé thac truy hdi rdi cong céac hé thic lai ta duoc
u, =, +2[(n-1)+(n-2)+..+3+2]+n-1=n(n+1)+n-1=(n-1)" - 2.

. , u, =2
Bai 10. Tim s6 hang tong quat caa day (u. ): o -
g tong quét cta day (u,) {un+1:2un+3n+2(neN)
Loi giai
Céch 1. Tir hé thuc truy hoi ta suy ra
u, =2u,,+3n-L2u,_, =2u,_,+2(3n-4)..2"*u, =2""u, +2"*5
=u,=2""u,+S=2"+S véi S=3n-1+2(3n-4)+2*(3n-7)+..+5.2""
=25 =2(3n—1)+22(3n—4)+...+8.2" 2 +5.2"*
=8=32+32"+..+32"7+5.2" ~3n+1=6(1+2+..+2"°)+52"" -3n+1
=6(2"°-1)+5.2""-3n+1=8.2""-3n-5=4.2"-3n-5=>u, =5.2" -3n -5,
Cha y: trong 101 giai trén ta di tinh tong cua tich cac s hang twong tng cua mot cip sé cong va
mot cap s6 nhan.
Cach 2. bat v, =u, +an+b saocho v, =2v,_,
=V, =U,+an+b=2u_, +3n—-1+an+b=2[u,+a(n-1)+b]=a=3 b=5.
CO Vv, =U,+3.1+5=10=V, =u_ +3n+5=V,.2"" =102"" =52" = u =5.2"—3n-5.
10
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Ch y: trong loi giai trén ta di tinh tong cua tich cac s hang tuong tng caa mot cap sb cong va
mot cap sé nhan.

-Céach 2: bat v, =u,+an+b saocho v, =2v_,

=V,=Uu,+an+b=2u, _,+3n-1+an+b=2(u,,+a(n-1)+b)=>a=3;b=>5

Cov,=u,+3.1+5=10=v, =u, +3n+5=v,.2""* =10.2"" =5.2"
=u,=52"-3n-5.

Bai 11.

o =1

. . X
Bai 12. Tim so dang tong quat ctia ddy (X,) xac dinh boi: :
X,q =15X, —14n+1

Bai giai:
Nghiém tong quat caa phuong trinh thuan nhat twong tng X, =15x 1a
Taco f(n)=-14n+1 la da thic bac nhat, 1 =151 nén mot nghiém riéng c6 dang x, =an+b
Thay vao phuong trinh da cho ta dugc: a(n+1)+b=15(an+b)-14n+1
Suyraa=1b=0.
Vay x =n.con %o = C.15" (v6i C 1a hang s6) va nghiém tong quét la: %n =C.15" +n, ma X, =7
nén C=7.
Vay phuong trinh ¢6 nghiém: x, =7.15" +n.

.- .. . . n Xy = 99
Bai 13. Giai phuong trinh sai phan: .
X, =X, —2n=1
Bai giai:

Taco: f(n)=-2n-11adathic bac nhat, 2 =1 nén ta chonx*, =n(an+b). Thay vao ta dugc:

n+1){a(n+1)+b|=n(an+b)-2n-1= a=-1b=0 = x* =-n?; >A<n:C.1”:C = x =C
(n+1)[a(n+1)+b]=n(an+b) ' '

=X, =C-n’, max,=99=C=99.
Vay phuong trinh c6 nghiém: x, =99-n’.

. . u =3
Bai 14. Tim s hang tng quét u, cua day (u,) dugc xac dinh: { .
u,,=u,+3.4
Huwéng dan giai
11
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Theo détaco:u,,, =u, +4" <u,,, —u, =4".

Thay n lan luot bang 1,2,...,n—1 vacong (n—1) dang thirc ta dugc:

n-1
4l gy

u,—Uu, = 3%4i =3.4.

i=1
Vay ta dugc:u, =4"—1.

, =6

. : u
Bai 15. Tim so hang tong quat u, cua ddy (u,) duge xac dinh: .
u,, =3u,+5.3

Hwéng dan giai
Tathdy a= =3 néntadat v, =u_+ An.3" véi v, =3V .
V6i v, =3V, & u,, + A(n+1)3" =3(u, + An.3")
< 3u, +5.3"+A(n+1)3" = 3(un + An.3”)
< 53"+ A(n+1)3" =3An.3"

< 5+3A(n+1)=3An

5
Suyra: A=——.
Y 3

: S o 5

Ta duoc: v, :un—gnB < u, =V, +=-n3".

. u =6 v, =1
Khi do = .
u.,, =3u +53" V,,, =3V,

Ap dung cong thiic tinh s6 hang tong quét cta cap s6 nhan ta dugc v, =3"".

Vay ta dugc u, =3"" + g n.3"=(1+5n)3"".

. , u =1
Bai 16. Tim s6 hang tong quat cia day (u.): .
g rong g y () {un+l:3un+2”*1(neN)
Giai:

- Cach 1: Theo gia thiét taco: u, =3u_, +2";3u , =3%u_,+2""3;..3"%u, =3" "y, + 223"

32 3n—2

=u, =3""u +2"(L+ g to et o )=3"1 443" 2" =53 2"

n

Chu y: Trong loi giai trén ta di tinh tong caa tich cac sb hang twong tng cua hai cip s nhan.

12
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- Cach 2: bat v, =u, +k.2" voi

v.=3v_, =3u _ +2"+k2"=3(U, , +k2")=>2+2k =3k => k=2
=u +22"=v =v.3"'=53"=u =53"-2""

X, =8
X, =2% +3" (neN)

Bai giai:

Bai 17. Giai phuong trinh sai phan: {

Do A=2#3=p néntachon x* =d.3".

Thay vao phuong trinh da cho dugc d =1= x* =3".
Taco Xn =C.2",vay x, =C.2"+3",ma Xx,=8nén C=7.
Vay phuong trinh da cho c6 nghiém x, =7.2"+3".

X, =101
X,y =7X +7"" (neN)

Bai giai:

Bai 18. Giai phuong trinh sai phﬁn:{

Do A=7# B néntachon x* =d.n.3".
Thay vao phuong trinh da cho dugc d =1 = x* =n.7".
Tacd x=C.7", vay x, =C.7" +n7", ma X, =101 nénC =101.
Vay phuong trinh da cho c6 nghiém x, = (101+n).7".
X, =1

Bai 19. Giai phuong trinh sai phan: \/E.xml x —sinnTﬂ (e )

Bai giai:
1

Co A=—; f(n):sinnT” nén ta chon x’ :A.cosnT”+ B.sin 2~

2 4

Thay X vao phuong trinh trén, bién ddi va so sanh cac hé s6 ta dugcA=LB=0 suy ra

. nz
X, =C0S—.
4

. 1Y 1Y nz
Taco xn=C.|—=| =x,=C.| = | +cos—.
(ﬁJ (ﬁ] g

Thay vao diéu kién bién X, =1 ta dugcC =0.

Vay phuong trinh da cho c6 nghiém x, = COS%Z .

13
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1 .
! . Hay tim so6 hang
=u,+3n-1-25"n>1

, U, =
Bai 20. Cho day so (u, ) xéac dinh bai cong thuc: {
un+1

téng quat cua day sé
Giai

Theo dé bai suy ra
u =1

u,=u,+3.1-1-2.5

u,=u,+3.2-1-2.5°

u, =u,,+3.(n-1)-1-2.5""
Cong n dang thirc trén theo vé suy ra
U, =1+3[1+2+3+..+(n-1) |- (n-1)-2[5'+5° +5° +...+5"" |

(n-1)n
2

Trong do 1+2+3+...+(n—1)=

Vatong A=5"+5"+..+5" " 1atong n—1 sb hang dau ciia cap s6 nhan co s hang tha nhat a, =5,
céng boi g=5

_ n-1 _ n-1 n
170 -5l 3.5

= A=S =
TR —4 4 4

u

n

:2—n+3w—2{—§+5—}=l(3n2—5n+9—5")
2 4 41| 2

Vay sb hang tdng quét cia day sb la u_ = %(?,n2 ~5n+9-5")

Bai21. Tim s hang tong quat cua cac ddy s6 (U, ) cho béi cong thirc truy hoi

u =1
u,=u,,+(n-3)2"n>2
Giai

Céch 1. Theo d¢ bai suy ra

14
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u, =Uu,+(4-3).2°

u,=u,,+(n-3)2"

n
Cong n dang thic trén theo vé ta duoc
U, =1+22°+33%+..+n3 —3[ 22 +2° +..+2" |
Trong d6 tong A=2°+2%+...+2" 1aténg n—1 s6 hang dau cua mot cap s nhan cd phan tir the
nhat a, =22 = 4, cdng boi q =2

-l _on-1
:>A:a1.11q ~A=4l72

— 2n+1 _4

Xét B=2.2"+3.2°+4.2"+..+n2"
—=2B=22°+32"+4.2°+..+n2"™
Trir theo vé hai dang thc trén suy ra
B-2B=22°+2°+2"+..+2"—n2"™

= B=A+22—n2" =2 _n2™ = B=(n-1)2"

= U, =1+ B-3A=1+(n-1)2"" -3(2"" —4)=(n-4)2"" +13
Vay sb hang tong quat ctia ddy sé trénfa u, =(n—4)2"" +13
Céch 2. Xétham sé g(n)=(an+hb).2"* sao cho
u,+g(n)=u,,+g(n-1)

=u,+(an+b)2" =u _, +[a(n-1)+b]2"

=u, =u,_ +[a(-n-1)-b]2"

Ma u, =u,_, +(n—3)2" nén ta phai c6

a(—n—l)—b=n—3:>{_a=1 @{a:—l
—a-b=-3" |b=4

=g(n)=(-n+4).2"

Do do u, +(-n+4)2" =u,_, +[—(n-1)+4]2"

bit v, =u, +(-n+4)2"" = v, =u, +(-1+4)2° =13 va v, =v,,
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Suy ra (v, ) la cap so nhan co v, =13, cong boi q=1

=V, =Vv,.q" =V, =13 ma v, =u, +(-n+4)2"" = u, =13+(n—-4)2""
Vay s6 hang tong quat cia ddy sé trén 1a u, =(n—4)2"" +13

Bai22.  Tim s hang tong quat cua cac ddy sé (u, ) cho béi cong thic truy hoi

u, =1

{um =u, +(n*+1)3";n>1
Giai

Theo @& = q=1,8=3, baccia f(n) bang 2 suy rabac caa g(n) bang 2

Xétham sé g(n)=an’+bn+c sao cho u,,, +g(n+1)3"* =u, +g(n)3"

=u +[a(n +1)" +b(n +1)+c]3”+1 =u, +[an2 +bn+c]3”

= U,,, =U, +| —2an’ +(-2b—6a)n+-2c—-3b—3a 3"

Ma u,,, =u, +(n*+1)3" nén ta phai co
-2a=1 1
-2b-6a=0 <:>a=——;b:§;c:—2
—-2c-3b-3a=1

= g(n):—%n2 +gn—2 vau,,+9(n+1)3" =u, +g(n)3"

batv, =u,+g(n)3"=v,=u,+g(1)3=-2vav,, =v

n

Do d6 (v, ) lacap sé nhan ¢ cong boi g=1 nén v, =v, =-2
n n 1 2 3 n
=-2=u,+9(n)3" =u,=-2-g(n)3" =-2+ SN —En+2 3
o o 1, 3 )
Vay so hang tong quat cua day so da cho la u, =-2+ En —§n+2 3
Bai 23.  Tim s6 hang tong quat ciia cac ddy sé (u, ) cho béi cdng thic truy hoi

u =0
Uy, =2u, +(n+1)3";n>1
Giai

Theo d& = q=2,8=3,q# B, baccia f(n) lalsuyrabaccua g(n) lal

16
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Xéthamsé g(n)=an+b sao cho u,,, +g(n+1)3"" =2[u, +g(n)3" ]
= U, +[a(n+1)+b]3" =2u, +2(an+b)3"

= U,,, = 2U, +[-an—b—3a]3"

-a=1 a=-1
Ma u,,, =2u, +(n+1)3" nén ta phai cé 2=
—b-3a=1 b=2

=g(n)=-n+2

batv, =u,+g(n)3"=v,=u,+g(1)3 =3 vav,, =2v,

Do d6 (v, ) lacap s6 nhan ¢ cong boi g =2 nén v, =v,.q" " =3.2""
=32" =u,+g(n)3"=u,=32""+(n-2)3"

Vay s6 hang tong quét ctia day sb da cho la u, =3.2"" +(n—2)3"

Bai 24. Tim s hang tong quat ciia cac day sé (u, ) cho béi cong thic truy hoi

u, =3
{un+1:2un+(n+5)2”;n21
Giai
Theo dé = q=4=2,baccua f(n) 1a1suyrabaccia g(n)la 2
Xéthamsé g(n)=an’+bn+c sao cho

Uy +9(n+1)2" =2[u, +g(n)2" ]

=u +[a(n+1)2 +b(n+1)+c}2“+1 = Z[Un +<an2 +bn+c)2“]

n+l
= Uu,., = 2U, +[-4an—-2b-2a]2"

—4a=1 1 9
&a X
—2b—-2a=5 4 4

n+l

Ma u,,, =2u, +(n+5)2" nén ta phai co {

Va u,,+g(n+1)2" =2[u, +g(n)2" ]

bat v, =un+g(n)2n :>V1:U1+g(1)21:_2 va Vn+l:2V

n

n

Do d6 (v, ) 1a cdp sé nhan c6 cong boi q=2 nén v, =v,.q"* =-2.2"" =2
=-2"=u +g(n)2"=u =-2"—| -=n°-=n|2"=-2"+(n*+9n)2"*

n

Vay s6 hang tong quét ciia day s6 da cho 1a u, =—2" +(n’ +9n)2"

17
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Bai 25.  Tim s6 hang tong quat cua cac ddy sé (u, ) cho béi cong thic truy hoi

u, =3
Uy, =20, +(nN+5)2"; n>1
Lo giai
Theo dé = q=4=2,baccua f(n) la1suyrabaccua g(n)la 2.
Xétham s6 g(n)=an’+bn+c sao cho u,,,+g(n+1)2"" =2[u, +g(n)2"]
:un+1+[a(n+1)2+b(n+1)+c}2”*1:2[un+(an2+bn+c)2”]
= U,,, = 2u, +[-4an—2b—2a]2"

—da=1
Ma u,,, =2u, +(n+5)2" nén ta phai co a oa=-1; %
_2b-2a=5 4 4
Vau,, +g(n+1)2" :Z[Url +g(n)2”]
batv, =u,+g(n)2"=v,=u,+g(1)2'=-2 vav,,, =2v,

Do d6 (v, ) lacap sé nhan ¢ cong boi q=2 nén v, =v,.q" "' =-2.2"" =-2"

n n n 1 9 n n n—
=-2"=u,+g(n)2"=u,=-2 —(—an—zn]z =—2"+(n®+9n)2"*

Vay s6 hang téng quét ctia day s6 da cho la u, =—2" +(n*+9n)2"?.

Bai 26.  Tim s hang tong quat cua cac ddy sé (u, ) cho béi cong thic truy hoi

u =1
Uy, =3U, +2n+1-(n-1).3"; n>1
Loi gisi
Theo d¢ = q=3,4=3, bac cua 2n+1 bang 1 bac cua n—1 bing 1.
Xét g(n)=an+b+n(cn+d)3" sao cho: u,,, +9g(n+1)=3[u, +g(n)]
Uy +a(N+1)+b+(n+1)[c(n+1)+d |3 =3[u +an+b+n(cn+d)3" |
= U,,, =3u,+2an+2b—a+(-6cn—3d —3c)3"

Ma u,,, =3u, +2n+1-(n—-1).3" nén ta phai co:

18
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2a=2
2b—-a=1

sa=1Lb=1L c:l; d:—1
—-6c=-1 6 2
-3d-3c=1

=g(n)=n+1+ n(%n—%)?{‘ vau,, +g(n+1)=3[u,+g(n)]

bat v, =u +g(n)=v,=u,+g(1)=2vav,, =3y,
Do d6 (v, ) lacap sé nhan cd cong boi q=3 nén v, =v,q"* =2.3""

=23 =u,+g(n)=>u, =23"-g(n)

Vay s6 hang téng quét ciia ddy s6 da chola u ,=2.3"* —n—-1— n(%n _%j3n :

. , u =95
Bai 27.  Tim s hang tong quét u, cta day (u,) duoc xac dinh: § , .
U, =2u,+n“+3.2", n>1

Loi gidi
Taco gia thiét u_, =2u_+n?+3.2"
batu, =x,+V,
Voi X =2x +n’, n>1;y =2y +3.2", n>1va u =x+Yy,=5.
Suy ra X, + Y., =2(X, +Y,)+n*+3.2"
Ta giai twong ty nhu vi du 3 vavi du 5 ta xac dinh dugc:
X, =(%+6)2" '—(n’+2n+3)va y, =(y,-3)2" "+3n2"".
Ta dugc U, =X, +Y,=(x+6).2"" —(n2 +2n+3)+(y1 -3).2"" +3n2""
=(X +y,+3)2" " +3n2"" —(n? +2n+3)
Vay u, =2"? +32" - (n2 +2n+3).

X, =17

Bai 28.  Giai phuong trinh sai phan: ,
Xy, =2X, —N°+2n+1+6.2"

Léi gii

Taco =2, f(n)=-n*+2n+1, f,(n)=6.2". Suyra: x, =C.2"; x, =an’+bn+c; x, =d.n.2".



Cdc bai todn day so on hoc sinh gidi
Vay ta chon X =an’+bn+c+d.n2". Thay vao phuong trinh di cho ta suy ra dugc:

a=1 b=c=0,d=3.Vay x,=C.2" +n*+3n2", ma x, =17 ta dugc C =17 va do d6 nghiém cua

phuong trinh sai phan da cho la: x, =17.2" +n*+3n.2".

.- N £ 2 . x u=%u,=5
Bai 29. Tim so6 hang tong quat cua day (u,): .
u,,=5u,,—6u (NneN)
Loi giai
Tur gia thiét tasuy ra: u_,, —2u_, =3(u

—2u,)).batv  =u.,-2u. =V , =3v,.Vay (v,) la

n+1 n+1

cap s6 nhan c6 cong boi q=3 va v, =u, —2u, =5-2.1=3
=v_,=u-2u_=v.3"?=3""=u =2u _,+3"". Pat x =u_+k.3"" sao cho: x, =2.X ,
=X, =u +k3""=2u  +3""+k3""=2x ,=2(_,+k3?) =>3+3k=2k = k=-3.
Do (x,) la cdp s6 nhan c6 cong boi q=2 va x, =u, +k.3° = -2
=X =x2"=2"=u =x, k3" =x +3"=3"-2".

Bay gio ta giai bai toan tong quat caa bai toan trén:

u =a; u,=b

.. trong do
+du, @), (neN)

Bai 30. Tim sb hang tong quét cua day (u,) :{
u.,,=Ccu

n+ n+l

a, b, ¢, d lacac hing sé thuc; a va b khac 0.
Loi giai
Giastr u, =r" véi r 1a mot sb thuc nao d6. Khi d6 tir (1) tasuy ra: r™> —c.r™ —d.r" =0
< r?—cr—d =0 (2), Phuong trinh (2) dugc goi la phuong trinh ddc trung (PTDT) cua day (u,) .
C6 hai truong hop:
a) Phuong trinh (2) ¢6 hai nghiém phan biét r, va r,. Khi d6 ta c¢6: r"? —c."™* —d.r" =0 va
' —cnt=dn =0= (k" + L") —c.(kr" + L) —d.(kp" +1r) =0

Diéu d6 ching to u, =k.r" +1.r)' thoa man (1). Trong d6 k va | 1a cac hang s6 thoa man hé

< - {k.rl+l.r2:a 50 D Lo, ( =4 )0 nén he ph
phuong trinh sau: .Do D= =11, (r,—r,)=—d(r,—r,)# 0 nén hé phuong
kar?+Lr? =b K2 or

trinh trén c6 nghiém duy nhit; diéu do ciing ching té ddy s6 da cho duogc xac dinh mot cach duy
nhat.

Ap dungvaobai6taco a=1 b=5c=5d=-6 =>r=2r=3=k=-11=1

n n n n
=u,=kr"+lr) =-2"+3
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Déi vai diy Fibdnaxitacé a=b=c=d =1 nén PTDT r’>—r—1=0 c6 hai nghiém:

1+*/§.k+1_‘/§.|=1(3)
1++/5 1-/5 2
= & rZ:— Tir do ta c6 hé phuong trinh:
2 3+J§ L3 J_
> 1=1(4)

LAy (4) trix (3) ta dugc: k+1=0. Thay | =—k vao (3) ta duoc: 5k =1=k=1/+/5.

. 1((145) (1-+5)
-

2
X , e C c 3 \
b) Phuong trinh (2) c6 nghiémkép r, =r, = > =-d=nr,= 7 bat u, =r"v,; thay vao (1) ta
duoc:
"y, =ck™ty  +day, =2y Py =Y -V =V~

Vay (v,) 1a mot cap s6 cong nén v, =k.n+1 véi k va | 1a cac sb théa man hé phuong trinh:

(k+1).r =a
{Qk+u¢=b

duy nhat day (u,) ma u, = (k.n+1)r" théa man diéu kién caa bai toan.

n n A . ) , . .
52 =1’ =0 nénkva | dugc xac dinh mot cach duy nhat; tac la co
X

u, =4;u, =20
L,=4_,—-4u (neN)

n

Ap dung: Tim s6 hang tong quat caa day (u,) :{

O daytaco: a=4; b=20; c=4; d =—4 nén PTDT c6 nghiém: r,=r, =2.
Giai h¢ phuong trinh ta tim dugc: k=3 va | =-1. Vay u, =(3n-1).2".

Xg =2;% =-8
X,.» =—8X, 4 +9X,

n+ n+1

Bai 31. Giai phuong trinh sai phan: {
Loi giai

Phuong trinh dc trng: A% +84-9=0 < A=1hogc A=-9.Suyra X, =X, = A+B.(-9)".

Ma x,=2; x, =—8 nénsuyra A=1; B=1.

Vay phuong trinh da cho c6 nghiégm: x, =1+(-9)".

Bai 32. Tim mét nghi¢m riéng x; cta phuong trinh sai phan: X, =—4X_,; +5X, +12n+8.
Loi giai
Phuong trinh dgc trung: 2°+42-5=0 < A=1hoac 1=-5; f(n)=12n+8.

Chon x; =n(an+b). Thay vao phuong trinh d cho ta suy ra: a=1 b=0.
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Suy ra phuong trinh da cho c6 mot nghiém riéng la x’ =n? .

Bai 33.  Giai phuong trinh sai phan: 2x_, —5X ., +2X =n*—2n+3 V&i x, =1 x =3.
Loi giai

Phuong trinh dic trung: 24> -5142=0 < A1=2 hoic A= %, f (n) =n*-2n+3.

Vay phuong trinh thuin nhit ¢ nghiém thuin nhét téng quat X, = x, =A2"+ B(%) :

Chon X’ =an?+bn+c. Thay vao phuong trinh da cho roi cho n bat ki dé giai hé ta suy ra duoc
a=-1 b=4, c=-10.
Vay phuong trinh da cho ¢c6 mot nghiém riéng la x* = —n*+4n-10.

Do d6 phuong trinh di cho c¢6 nghiém tong quat 1a:
n 1 " 2
X, =A2"+B. 2 —Nn“+4n-10.
Thay vao x, =1 va x, =3 ta tim dugc A=3; B =8. Vay nghiém cta phuong trinh da cho la:
n 1 " 2
X, =3.2"+8. 2 —Nn“+4n-10.

Bai 34.  Tim mot nghiém riéng cia phuong trinh sai phan sau: 2x,,, +5xX, ., +2X, = (35n+51).3".

n+2 n+1

Loi giai

Tacd =3, R (n)=35n+51 la da thirc bac nht.
Phuong trinh dic trung: 24> +51+2=0 < A=-2 hoic 1= —% (déu khac 2).

Chon X; =(an+b).3". Thay vao phuong trinh da cho rdi cho n bitkitasuy ra: a=1, b=0.
Vay phuong trinh da cho c6 mét nghiém riéng la: x; =n.3".

Bai 35.  Tim mot nghiém riéng cia phuong trinh sai phan sau: x,, —5x,,, +6X, = (8n+11)2".

n+l
Loi giai

Tacd B=2, P (n)=8n+11 1a da thirc bac nhat.

Phuong trinh dic trung: 1 -51+6=0 < 4, =2 hoic 4, =3 (4 = B).

Chon X; =n(an+b).2" . Thay vao phuong trinh da cho rdi cho n bat ki ta suy ra: a=-4, b=-23.

Vay phuong trinh da cho c6 mét nghiém riéng la: x° = —(4n2 + 23n).2n :
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Bai 36. Tim mot nghiém riéng cua phuong trinh sai phan sau: x_, —10x_., +25%_ = (n+2)5"",
Loi giai

Tacoé f=5, P, (n)=5n+10 14 da thuc bac nhit.

Phuong trinh dic trung: 2> -101+25=0 < A4 =4,=5 (4 =4, = /).

Chon X' =n? (an + b).5n . Thay vao phuong trinh d3 cho rdi cho s6 nguyén dwong n bat ki ta suy ra:

4 7 . n?
a=—, b=—_.VAy phuong trinh da cho c6 mét nghiém riéng la: x' =—(4n + 7).5".
= 55 Vv phuong ot nghi g la: x; 50( )

Bai 37. Tim mot nghiém riéng cua phuong trinh sai phan sau: x ., =5x,,—6x, +2"+n-1.
Loi giai
Phuong trinh dic trung: 4> -51+6=0 < 4, =2 hodc 4, =3.
f(n)=2"+n-1=f(n)+f,(n) véi f,(n)=2"f,(n)=n-1.
D6i véi phuong trinh: x ,=5x ,—6x +2" (*), do 4, =2=4 nén ta chon nghiém riéng:

X', =an.2". Thay vao (*) roi chia ca hai vé cho 2" ta duogc: a= —% =X, = —%n.zn :

D6i v6i phuong trinh: X, =5X ,, —6X +n—1. (**)

Ta chon nghiém riéng: X’ =cn+d . Thay vao (**) roi cho s6 nguyén duong n bat ki ta suy ra

1 1 ., 1 1
c=—;d=-=Xx, ==n+—.
2 4 > 2 4

Vay phuong trinh da cho c6 mot nghiém riéng: X", =x", +x, = —% n.2" +%n +% :
u =2,u,=3

Bai 38. Tim s hang tong quat u, cia ddy sé (u,) xac dinh boi
u,,=3u,—-2u. _,;nN=2

Loi giai
(Ap dung cach giai nhu bai toan 5 voi a=1, b=2)

Tacou,,=3u,—-2u, , < U, ,—u =2, —-u. )

n
batv,=u,,, —u, véi n>1.

=2V, ; nzl_

Y e o
Ta duoc: { " ; (v,) lacap so nhan cong boi 2 vsi v, =1.
v, =u,-u, =1

Suy ra:
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U, = (un - un—l) + (un—l o unfz) Tt (u?_ - Ul) +U;
=V, +V,,+V 3+ VU

1-21
1-2

:Vl' +U1 :2n71 +1

Vay sb hang tong quét cua day sb trén 1a: u, =2""'+1 véi ne N,

u =1 u,=2

Bai 39. Tim sb hang tong quét u, cia day s (up) xac dinh bai
u,.,=9u,,—-18u;n=>1

Léi giai

Taco: u,,=9u,,, —18u,; n>1 < u,,-3u, =6(u,,, -3u,)

n n+l

batv, =u,, —3u, voin=1 (*)

V., =6v,; nx1
Ta duoc:

" ; (v,) 1acép sé nhan cong boi 6 v6i v, = 1.
v,=u,-3u, =-1

Thay n lan lugt bdi n—1, n—2, n—3,....3, 2, 1 vao (*)

Ta dugc:
u,—3u =V, Uy =3U,y =V
Uy, —3U, , =V, , 3u,, -3, ,=3v,,
u,_,—3U 5=V . 3u,,-3u, =3V,
....................... S92 U S (n—1) dang thuc.
u, —3u, =V, 3", —3"%u, =3""y,
U, —3u, =V, 3”*3u3 -3 2u2 =3" 3V2
u, —3u, =V, 32y, — 3"y, =32y,

Cong n—1 dang thic trén suy ra:
-1 -2 -3
u,—3"u, =3""v, +3"Vv, +....+3v, _, +V,

n-1

=(3"7+3"76 +3"".67+....+ 36" +36"°+ 6" )y,
Nén ta duoc u, =3""u, + (3”’2 +376+3"46% +....+36"* +3.6" +6" )vl
=3" (3774364376 + .+ 326" 43,67 46"

Taco S=3"+3"".6+3""6"+...+3°.6"* +3.6"° +6" > latong ciia (n—1) sé hang ciia cap sb

2" -1
2-1

nhan c6 cong boi q=2 nén S=3"2 =2.6"7-3"" . Vaytaco:

u =3""+3"?-26"?=43"7-26"".

n
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X,=0;X, =1% =3
X =X, —11X _, +5X
Loi giai

Bai 40. Giai phuong trinh sai phan: {

Phuong trinh dic trung: 1°—74°+114-5=0;¢c0 4, =4, =14, =5.
Vay phuong trinh ¢6 nghiém tong quat: x, = (C,+ C,n).1"+ C,.5"= C,+ C,n + C,.5"

Thay vao diéu kién bién ta suy ra duoc: C, = —% ;C, = % Cy=—.

Vay phuong trinh da cho ¢6 nghiém: x = % (5" +12n-13).
X =LX =2;X,=3
+3X,,, — X, =1.

—3X Xns2 n
Loi giai

Bai 41. Giai phuong trinh sai phan: {
X

n+3

Phuong trinh dic trung: 1°—-34°+34-1=0;cé nghiém 4, =4, =4, =1.

Vay phuong trinh ¢6 nghiém tong quéat: x, = C,+ C,n+C,n?.

Do f(n) = 1 nén ta chon nghi¢m riéng bang B.n® . Thay vao phuong trinh da cho rdi so sanh cac
1

r 1 *
hé so ta suy ra dugc: B:gjxn :g.ns.

Vay nghiém téng quat ctia phuong trinh da cho la: x, = C,+ C,n + C,n’ +%n3 :

A

Thay vao cac diéu kién bién va giai hé phuong trinh ta thu dugc: C, =1;C, :% C, :—%. Vay

phuong trinh da cho ¢6 nghiém la: x, —1+gn—%n T
. R B \ ) . i ) unzw;nzl
Bai 42. Tim so hang tong quat u, cua day so (u,)xac dinh bei : u_,+3
u =3
GlA
Tacou, +1 4 _1+2+1=5un_1+5
L, +3 u,,+3
U —2 _4 +2_ _2u,,-4
+3 +3
N +1_5 nl+l
u -2 2\u -2
bat v, = Uy +1 thico v, :§vnf1 va v, = ul+1:4.
u, —2 2 u,—2
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n-1
Ap dung cap sé nhantaco v, = 4(%} :

5
8| - | +1
. u,+1 1 2v, +1 (2)
Toe v, =—"—=1- suy duoC U, = = .
u,—2 u,—2 v,—-1 5
4 > -1

o1
[EEN

N

8
Vay s6 hang tong quat cua diy sd trén la: u, = .
4 -1

4
|

VY
N | O1

Bai43. Tim sé hang tong quat u, cta day sb (u, ) x4c dinh béi :

Loi giai

Taco u, —1 _U, L, A, 4
u,,+3 u,,+3
NEn 1 _1fu,+3 :E+ 1 .
u,-1 4u,-1) 4 u -1
bat vnzithicé vn:VHJrl va vlzizl.
u, -1 4 u, —1
Ap dung cép s6 cong dugc v, =v1+(n—1)%:1+nT_1:nT+3
Suy ra un—lzi hay u, = 4 +1=n+7.
n-3 n+3 n+3

A A 2 P S n+7 . .
Vay so hang tong quat cua day so la u, =3 ,Voi ne N,
n+

NE)
Ulz?

Bai 44. Cho ddy s xac dinh nhu sau:
Y ' U, +2-43

u - 1
"1+ (W3-2)u,

Tim Uyg -

Léi gii

2,3...
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Ta c6 tan— = , viet lai bieu thic duéi dang sau: u,,, =
12

n

u, =tan g thay vao (1) suyra: u,,, :tan(ﬂ+%)(2)

Vi oy = ? =tan—= néntu (2) theo nguyén ly quy nap suyra u_=tan(=+(n—-1)-—)
3 5
r 19977 T 5« \3f+tan %
Vay: Uyges = tan(_ )= tan(— +1667 + —) =tan(=+—)=———=%-(3)
6 12 V3 oS
1-—.tan—
3 12
7 2+43 1
Do tan— =cot— = = —2+./3(4
12 23 23 VW

Thay lai vao (3) ta duoC Uy = —(2++/3)

Bai45. Choday sb (u,) xac dinh boi: u, =1,u,,, = 3u, +10 véi moi n>1
Tim s6 hang tong quét u, .

Loi giai
Cou =Lu,=13=2.3"-5u,=49=23°-5.
Ta chting minh u, =2.3" -5 véi moi n>1.
That vay, gia st: u, =2.3“-5taco u,, = 3u, +10= 3(2.3k —5)+10 = 2.3*'— 5 (dpcm)

Bai 46. Choday so (u,) xac dinh boi: u, =2 va u,,, =5u, véi moi n>1
Tim s6 hang tong quét u, .
Loi gisi
Tacd u, =2,u, =10=2.5",u, =50=2.5"",
Gia stru, = 2.5 | ta chang minh u, , =2.5%

That vay: u,, =5u, =5.2.5" =2.5* (dpcm)

u+tan£

2-J3 . " 12
2++3 1-u tan~
12

@)
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u =1
Bai 47.Cho dy s6 (u,) xac dinh boi: 0= u —4 wns1
u,+6
a) Ching minh rang u, # —4,vneN",
u,+1

b) Chang minh rang day (v,) véi v, = 7 ,VneN" lamét CSN. Tinh limu, .

Loi giai
a) Ta s& chitng minh bang quy nap u_ = —4,vneN".
Véin=1,tacou =1=-4.
Gia str u, # —4,Vk e N, ta ching minh u,_, # —4.

u, —4
u,+6

That vay, gia st nguoc lai u,,, =—4, khi do =-A4=u —-4=-4u, -24=u,=-4, trai Voi

gia thiét quy nap. Vay u_ = —4,vneN".
b) Tur cau a) suy ra ddy (v,) ludn xac dinh véi moi Vne N™,

u,—4
n +1
Tacé v _u,+1 u +6 _2(un+1)_gV vneN
U, +4 U -4, 5u,+4) 5" ;
u,+6

Vay (vy) 1a 1 CSN lui vo han véi cong boi q = é Suyrav, =(§j .

(G ]

Nén u, = ——<—. Do do limu, =lim——~—=-1
a (o)
5 5
u =1
Bai 48. Cho day so (u,) xac dinh boi U =u + 1 anl..Tmh limu,.
n(n+1)
Loi giai
> 1 1 1
Tacou, ,—U, = =—- =Uu,=U,-U,_,+U ,—U ,+...+U,—U +U
nn+l) n n+1
O S W S S SURPRE
n-1 n n-2 n-1 n
Do d6 limu, = Iim(2—1)=2.
n
u =1
Bai 49. Cho day s6 (u,) xac dinh boi 1)" .Tinh limu, .
Upa =U, + E ,vn=1

Loi giai
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Cdc bai todn day so on hoc sinh gidi

1 n-1
Do do limu, = Iim{Z—(Ej }:2.

Bai 50. Cho day s6 (x,)(neN") duge xdc dinh boi X, =5 va x,,, =2 —2 véi moi ne N”

a) Tim x,.

< . X
b) Tim lim ——,
N—+00 X1X2"'Xn

c)Tim Iim[i+i+....+ ! j
UK XX X Xg X
Loi giai

a) bat a=%(5+\/ﬁ). Khi d6 a+1=5=x1. Taco x2=xf—2=a2+i2.
a a

N , , n-1 l *
Bang phuong phép quy nap toan hoc ta chirng minh dugc X, =a° +—=,VneN
a

2n71 !

aRe=k

Vay X =
LS

b) Tach X X,..X =—2 .[azn— . ]

a’-1 a%

_on+l
X, a’-la’+a? a’-11+a?"

j— .
X1X2 . 'Xn a a2n _ a—2n a 1— a_2n+1

. X 2_
= lim v @ 1:«/21
n—>+0 X X,... X, a

c) Vé6i k>2 taco 1 —1( X Xa ]
X Xpe Xy g X Xoen Xy

Suyra

1.1 1 1
XXX, XXX, X
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Cdc bai todn day so on hoc sinh gidi

5—421
2

Vi lim —201 = 27 nen lim {i+i+...+ 1 J:

N=>40 X Xy Xy ol X XX, X, Xg e X

Bai51. Cho cac day sb thye duong (X,), (Yo)(n € N*) duoe xdc dinh béi %, =, = = va

V2

v6i moi s6 nguyén duong N . Tim gigi han cua cac day

X y Yn
4yn+1—1’ T ] Ax2

$6(%,)(V,)-

nl —

Loi giai
N 1 «
Tu gia thiétsuy ra vy, >E,n eN
Trudc hét ta ching minh x ? + y? =1, Vn e N . That vay ménh dé dung véin =1
Gia st ménh dé dang véi N=Kk tacla X +y;=1.pata=x,,,b=y, , tacé
x, =a(4b?-1),y, =b(l-4a?). Vi x2+yZ=1nén

a’(4b>-1)* +b*(1-4a%)* =1 = (a° +b*-1)(16a°b* +1) =0 = X7, + Y7, =1

Ta chung minh y, =cos—— 2 3n —,Vne N . That vady ménh dé ding véi n=1

co oA A 37 L T T
Gid st ménh dé dung voi n=k tucla y, =cos— —.
4.3

. 1 . . . T .
Taco yk+1>§ nén ton tai ak+1e(0,§) sao cho Y, ,, =COS¢,

T

Taco Y, (1-4% ;) =Y, = 4Y; 1 =3V, = ¥ =053, = COSW

R T
Vi O<ak+1<—

3 nen o, , =

m 3k = Yy, =C0S—— 2 3 . Vay ménh dé ciing dting véi

n =Kk +1. Theo nguyén Ii quy nap toan hoc, ménh dé dung véi moi ne N*. Tuc la

y—COS4';Z véimoi ne N*, SuyraX—S|n43n1,Vn e N*

Tu d6 suy ra nlLrI]oo X, =0, nlLrPoo y,=1.

Bai52. Cho hai diay sé duong (X,),(Y,)dwoc xdc dinh boix, =1y,
\ {Xmlyml X, = 0
vas
Xn+1 + yn = 2
v6i moi n=1,2,...Chiing minh rang hai day s trén hoi tu va tim giéi han cua ching.

-3
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Cdc bai todn day so on hoc sinh gidi
Loi gidi

Taco X =3= 25in%, Y, =3= 2003%. Chuing ta chiing minh rang véi moi
s6 nguyén duong N thi X, —23|n3 o va y, —ZCOS3 o . That vay ménh d& ding véi n=1.

Gia str ménh dé du i n=k(k=1)tac la x, =2sin—"—va =2c0s—2—
4 sir ménh dé ding vo (k>1) twr " 3.2 Yy 3 oK

Suy ra xk+1—28|n3 S (Vi X.,;>0)

Taco x7,, =2-2y, =2~ 20053—2_4S|n 3 2k+1
X 2sin k
Vay, , =—k = 32" _ocos—~ 7 - Vay ménh dé ciing dung véi N=K +1
k+1 X T 3 2
kil 2sin
3.2 k+1

Theo nguyén Ii quy nap toan hoc, ménh dé ding voi moi s6 nguyén duwong N. Tir d6

. T
suyra lim x, = lim = lim (2cos2=5) =2
Vay cac day (X,),(y,) hoi tu va nI—I)rI]oo X, =0, nl_l)rpo0 Y, =2.
u =u,=1
Bai 53. Tim sb hang téng quat cta ddy sé (u,) thoa man: U = Unaly
n+2 P
2u,.,—u

Léi giai

Bai nay c6 thé doi diéu kién cua cac sé hang dau dé khong roi vao truong hop dac biét. Ta xét bai
todn tong quat hon la:

Tim s6 hang tong quat cta déy s6 (u, ) thoa man:

u =a,u,=h, (2a-b=0)
u,,,u

u,,=—>"="2"2—n=123,..
2un+1 —u,
A o x .1 2u._,-u 2 1
Tur cdng thirc xac dinh ddy, ta c =—ml n_—_ -
u u,,u u u

it y, =—,n=123,..
u

n

Taco y,, =2y, — VY, VN.

Xét phuong trinh diic trung t* =2 -t oS t* +t-2=0t=1vt=-2.
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Cdc bai todn day so on hoc sinh gidi

Cong thirc tong quat caa day c6 dang: y, =r-(-2)"+s,n=1,2,3,...

1 a-b
—2r+s=— r=——0
p ‘s . X by , ~ .. a 6ab
So sanh vai hai so hang dau cua déy, ta co: <
1 a+2b
4r+s=— S=
b 3ab

Tir day thay vao suy ra cong thirc tong quét cia diy ban dau la

_ 1 _ 6ab
' L‘b(_g)uﬂ (a-b)(-2)"+2(a+2b)
6ab 3ab

X

, VN

Trong bai toan ban dau, néu thay a=b =1, ta cd cdng thic tong quat cia day 1a x, =1,vn.
Nhan xét.

Trong bai toan trén, ta khéng nhic dén diéu kién cua a,b dé day xac dinh véi moi n .
Piéu kién d6 chinh 1a 2x_, —x_ #0,¥n hay

12ab B 6ab +0,Vn

(a-b)(=2)"" +2(a+2b) (a-b)(-2)"+2(a+2b)

Ngoai diéu kién ab =0 suy ra tir do, ta con can c6 (a—b)(-2)" +2(a+2b)=0,vn va

2(a-b)(-2)"+4(a+2b)—(a-b)(-2)"" ~2(a+2b)=4a(-2)"+2a+4b=0
Pay chinh 1a hai diéu kién cua cac sé hang dau dé diy da cho ludn xac dinh.
Ngoai ra, con mot bai toan co gia thiét twong ty nhu trén nhung yéu cau khac:
Bai 54. Cho ddy s6 (x,) thoaman x,,, = ﬁ,n e N". Tim diéu kién ciia x,,x, dé day sb
trén ¢ vo han sé nguyén. +
Loi gidi
Dit x, =a,x, =b,ab # 0. Truéc hét, ddy da cho phai cd tat ca cac sé hang khac 0.

Taco =i—i,neN*<:>yn+2=2yn+l—yn,neN* véi yn:i,nzl.
X X

X X

n+2 n+1 n

Phuong trinh dic trung cua ddy nay ¢ nghiém kép t =1 nén cong thirc tng quat cua né cd dang

y, =r+s voi r,s duogc xac dinh theo yl=1,y2=%.
a
rs==
Ta co: a :rzl_l,szg_l
1 b a a b
2r+s=—
b
Dodéynz(a_bjn+2b_a:>xn: ab :
ab ab (a—b)n+(2a-a)
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Cdc bai todn day so on hoc sinh gidi
Tathay a,b nhan nhitng gia tri khong ddi va mudn day di cho c6 vo sb s6 nguyén thi can phai

[(@a—b)n+(2b—a)]|ab véi vo s6 n. D& thiy can c6 hé sé truée n phai bang 0 va a=b.
Khi 6 x, =a nguyén khac 0. Thir lai thay thoa.
Vay diéu kién dé day c6 vo s6 s6 nguyén 1a a=b e Z\{0}.

=6,a, =14
% ? Tinh lim Z—

Bai 55. Cho day sé (a
a,,=6a,,-a,-24.(-1) n—>+o 4= Q,

n

) xac dinh nhu sau :{
Loi giai
Xét phuong trinh x* —6x+1=0 ¢0 hai nghiém la
2 2
X =3-2v2=(1-v2) %, =3+ 242 = (1++/2) .
Phuong trinh sai phan & trén c6 nghiém tong quat la:
= 2,(3-242) +4,(3+242) + 4, (1),
Thay vao cang thirc truy hdi, ta dugc: 4, (-1)"" =64, (-1)"" — 4, (-1)" - 24(-1)" hay
(-1)" (84, +24)=0.
Cong thuc nay phai dang voi moi nnén A4, =-3.

Tiép tuc so sanh véi diéu kién a, = 6,a, =14, ta tinh dwoc hai gia tri ciia tham sb twong ung la
A=A = % Do d6, cong thirc tong quat cua day 1a:
:%[(3—2\/5)"+(3+2\/§)"}—3(—1)”,Vn.
Pit b, =(1-v2) +(1+42) ,n=123,... Tace:
0= [(1-2) ) i 2) o102
=(3-22) +(3+242) - (1 JE)"(1+J_) [( J_)2+(1+J§)2}.
=(3—2J§) (3+2J’)

Tir bién d6i trén, ta ciing c6
b= (1) (1082 T [v2) 2 ) 1e42)
=2(1-2)" (1ev2)" —[(1— V2) + (1442 )3}(1— V2)" (1442) " =32

T d6 suy ra



Cdc bai todn day so on hoc sinh gidi

i Dha o934
bn—l

16(_1)n _ 32(_1) br12+1 bn—lbn+3 _ b
a b,.b

n n+1 bn —1b

n+1

n+1

Ta xét hai treong hop sau:
-Néu n chin, dat n=2k,k e Z*. Ta co:

E: b2k+l 2k+3 = . E . [ 2k+1 2k+3] E b2n+3 )
bl b2n+l

a‘2k b2k—1 b2k+1 k=1 %2k k=1 2k -1 b2k+l

-Néu n I¢,dat n=2k+LkeZ". Taco:

16 — b2k+4 _ b2k+2 = Zn: 16 — . [b2k+4 _ b2k+2) b2n+4 &
k

a2k+1 b2k+2 bZk k=1 a'2k+1 =1 b2k+2 b2k b2n+2 bO
b2n+3 b2n+4 A b3 b2
D& dang thay rang lim =0va 2-——2=4nén lim E < lim E e
N—-+ow0 . o bl bO Nn—-+w0 N—-+o0

Vay gidi han cua day da cho la % .

Bai 56. a) Day (u,) xac dinh nhu sau: u, :\/2+\/2+\/2+...+\/§ (n dau can). Tinh

. uU,..u
lim 222

n—>-+o0 2

b) Day (u,) xac dinh nhu sau: u, = 2" \/2 \/2+\/2+ +~/2 (n dau can). Tinh limu, .

N—>+o0

n

Loi giai

a) Ta s¢ chiing minh u, = ZCosil
2n+

That vay, véi n=1 taco ul:\/E:ZCos%

Vay gia thiét ding véi n=1, gia sir gia thiét dung véi n=k, tic 1a u, = 2cos 2“1

Taco: Uy, =+/2+2u, =\/2+Zcos S J2+4cos Wz —2=2005%

Vay diéu gia st 1a ding.

Ta co:

uu,...u ZHCOS%COS%...COS%
L:nILT” l ;n n :nlirpoo - 2r12 2
i 2" sin 2M cos2 cos?...cosﬁ

nN—-+oo . T
2" sin_wx



Cdc bai todn day so on hoc sinh gidi

T
. A . 1 . il 2
CM duoc: 2"sin 2 cos—= c0S—...cos—— =1 nén L= lim ———— = lim 2 —
22 22 23 n+1 e /4 N—+c0 . T V4
27 sin ot smﬁ
o
n+l
Laic6 lim —27 =1 =1 =2
n—+oo T T
n 2n+l
A n T 0t . T
b) Tocauatasuyrau, =2 ‘/2—2cos§ =2""sin o
T sin n+l
Taco: L'=limu, = lim (2“+1sin—l)= lim|7.—2— |=7r.
N—>-+00 N—>-+0 N+ N—>-+ T
2n+1
u, =10
Bai 57. Cho ddy s6 (u,) xéac dinh nhu sau: 1
u,,=-u,+3,vnx1
5 A (s . 15 0 o a x
a) CMR day so6 (v, ) xac dinh boi v, =u, > la mot cap s6 nhan.
b) Tinh limu, .
Loi giai
a) Taco (v,) lACSN < v, =Vv,.q voi g=const; Yn>1 . Thatvay,taco:
Vo, :uM—Ezlun -l A +Ej—§:1vn. Nén (v,) 1a mot CSN c6 cong boi g B
4 5 4 5 4) 4 5 5
n-1 n-3
v1=§.Dodc’> vn:vl.q”’1:§. A
4 4 \5 4\ 5

. 15 1,1\ 15 :
b) Tr cu a) suy ra un=vn+—=—.(—j +—.Do d6 I|mun=E.
4 4\5 4 4

Nhan xét:

1/ Vi sao lai nghi ra dwoc phép doi bién v, =u_ —% dé day (v,) 1a mot CSN?

. 1 S g 1
Tathay u,,, :gun +3,tacantimso b saocho u  -b==(u -b)
5

=u =b—1b+lu =1u +3:>sz
n+l 5 n n 4

Do vay, néu dat v, =u, —% thiv = %vn ,Vn>1 nén (v,)lamot CSN
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2/ Ngoai ra, ¢ thé dat v, =5"u,,vn>1,khidotacé v, —v, =3.5"",vn>1. Suyra

5

2

n

n n-3
D(s1)+ssmy, =03 B 1L, D
4 5" 4 5 5" 4
N ~ A , . - ul:3
Bai 58. Cho day s6 (u,) xac dinh boi
2u,,, =u,+1,vnx>1
bat S, =u, +u,+..+u, (Vnx>1).
a) CMR déy s (v, )Vvéi v, =u, =1 (n>1) la mot CSN 10i vo han.
b) Tinh limS, .
Loi gidi
1 1 1

1
l—1=§un +§—l:E(Un —l)ZEV

a)Tacov,,,=u,, L, Vn>1

n-2
Suy ra day so6 (v,) 1a mot CSN i vd han véi cong boi g =% .Nénv, :6] .

n-2
b) Thrcaua)suyra u, =V, +1=[%} +1,vn>1

n n 1 k-2 1 n-2
Suy ra Sn:Zuk:Z(Ej +n:4+n—[§j :

k=1 k=1
Vay limS, =+oo.

Nhan xét:
C6 thé tim CTTQ ctia ddy (u,) bang phép doi biénv, =2"u,,vn>1

. 1 1
Taco v, =2""u,  =2"" [Eu" +§) =v,+2",Vn>21=v,  -v,=2",Vn>1
Dodd vV, =V =V, _,+V, ,—V ,+.+V, =V, +V, =2""+2" %+, +2+6

n_2

n-2
Hayvn=2(2"'1—1)+6=2”+4=>Un=1+@ .

Bai 59. Cho déy s6 (u,) xac dinh béi L U4

a) CMR u, #—-4,vn2>1.
u, +1

u,+4

n

b) CMR day (v,) véi v, = la mot CSN. Tinh limu, .

Léi giai

a) Ta s& ching minh bang quy nap u_ #—4,vn>1.
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Khin=1taco u, =1=-4

Giastr u, #—4,vk >1, ta chung minh u, , = —4.
That vay, gia st nguoc lai u,,, =—4.

: -4 e e
Khi do 5" —-4=u, —-4=-4u, -24=u, =-4,trai véi gia thict quy nap.
u, +

Vay u, #-4,vn=>1
b) Tu céu a) suy ra v, ludn xéac dinh véi moi Vn2>1

U =4
Taco v l:un+1+1: U, +0 :2(u”+1):gv vn.
n+ u,,, +4 un—4+4 5(un+4) 5
u,+6

Vay (v,) 1a1 CSN Iui vd han véi cong boi q = % Suyra v, = (%j

(4l

Nén Un:—n.DOdé Iimun:“m—n:—
() -
5 5
u =1
Bai 60. BaiChodayso u_  xac dinh béi W =u + 1 ,vnzl'Tmh limu .
nn+l
loi giai
. 1 1 1
Tacou  —u =——=—— =u =u —u  Fu  —u ,F... +u, —u, +u
’ nn+l n n+1
1 1 1 1 1 1 1
=u = ==+ — Fo o= F1=2-=,
" n—1 n n—2 n-1 1 2 n
1 . 1
Do d6 limu_ :hm[Q——]:2.
: n
u =1
Bai61. Choddysd u  xéc dinhboi 1) . Tinh limu, .
=u +|=| ,Vn>1
n+1 n 2
loi giai
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Cdc bai todn day so on hoc sinh gidi

) 1”
Tacounﬂ—un:[i] su =u —u +tu —u ,+.. +u, —u, +u

Do d6 .lim u, = lim =2,

o

Bai 62. Cho day sb a, véi n € N dugc xac dinh boi [

a, =1la =13
a,.,=14a,  —a, Vn €N’

Chung minh ring phuong trinh 2° + = +1 P = a,va phuong trinh z +1 L I aZ co
nghiém tu nhién véi moi n € N,

16 gidi
Phuong trinh dac trung cia ddy a, la A? —14X +1 = 0. Phuong trinh nay c6 hai nghiém la
A =7+\/K,)\2 — 7 —J48 . Tén tai céc hing s6 o, 3 sao cho

a, =a\ + BN véi VneN.Via, =1vaa, =13 nén a =

0, =28 i 2B S e

2
:mMJ:,Fzﬁﬁ+%?—J}352—ﬁ”.

Xétdaysd b, veéi n €N duge xac dinh boi

%:JQZﬁg2+ﬁ?ﬂwF;ﬁgxﬂﬁnﬁneN.

b,=1b =5
b ., =4b . —b ¥neN’

n+2

Taco l

Bang phuong phap quy nap toan hoc dé dang ching minh duoc b, € Z véi Vn € N,

Matkhac b, >0 voi Vne N.Suyrab € N*va2a —1=02,YneN.Suyra b, lasoty

nhién €. Suy ra ton tai sé tw nhién ¢, saocho b, =2c +1.Taco
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2 2 1
R
CTL + CTL + 2

2 1 .,
2c, +1 —|—1l:§ b>+1 =a,.

2
Vay phuong trinh 2° + z+1" = a, c6 nghiém ty nhién. Ta co

QMb&dn:ngﬁi2+J§H+J22j§2—wEnVn€N.

reg | =1d =3
aco .
d _,=4d . —d VneN

Bing phuong phép quy nap toan hoc dé dang chimg minh dugc dn € Z,N¥n e N,
Mat khéc d, > 0,Vn € N,

Suyrad €N*va2a +1=3d>VneN

2
2“n3+1: /2+6\/§ 2+\/§n+«/2_6\/§ 2—\/5" . Xétday s d  véi n € Nduoc xac

Ciing bang phuong phap quy nap toan hoc chiing ta dé dang chimg minh duoc dn la s nguyeén lé

véimoi n € N,

3 3
%%*4]%&Li]::i3@ﬁ+l_ﬁ.

Taco

2 2

. ) bd — . .
Vi b, va d lacacsoty nhiénlé nén % 1a so tu nhién.

3
Vay phuong trinh 2 +1 "~ —2* = a> ¢6 nghiém tu nhién véi moi n € N.

Bai 63. Cho céc ddy sé thuc duwong z, , y, Véi n € N"dugc xéc dinhboiz, =y, = 1

T . _ Y
o T g e T 7

n+1

v6i moi s6 nguyén duong 7. Tim gidi han cua cac

loi giai

2
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Cdc bai todn day so on hoc sinh gidi
N 1 .. x
Tu gia thictsuyra y > 5 voi Vn € N*.
Trudc hét ta ching minh 22 + 3> =1,Vn € N*.

That vay ménh d& ding véi n = 1.

Gia st ménh @& dungvéi n =k tacla 7 +y; =1.Pata=ux,,,, b=y,  tacod

z,=a4b> =1,y =b1l—4a®> Viz; +y; =1nén
@ A —1 40 1—4da> =1= a®+b—1 160’ +1 =0 = 22, +12,, =1

Taching minh y = cos#,Vn eN*.

That vay ménh dé ding voi n = 1.

Gia s ménh dé ding véi n =k tac la 1, = cos

s
4.3

Taco y, ., > % nén ton tai o, | €

O'I sao cho = cos(x
'3 Y+ k+1"

Taco y, , 1—4x2° —yk:>4y,‘:’+1—3yk+1———y = cos 3

k+1 — €08

k+1 4.3k71

7T
= Yo = COS—— .

. T
V|0<ak+1<§nenakﬂ: e

_Ty
4.3
Vay ménh dé ciing dung v6i m = k + 1. Theo nguyén li quy nap toan hoc,ménh dé dting véi moi
neN”.

Ticlay = cos# véimoi n € N*.Suyra x, = sinﬁﬁn eN”.
Tur d6 suy ranl_lglmxn =0; nl_l)r+nm y, =1.

Bai64. Cho hai diy sb dwong z, , y, duge xic dinh boiz, =Ly, =3 va

n

z =0

n+1yn+1 Ty

véimoi n =1,2,....
+y =2

n+1

Chting minh rang hai day sé trén hoi tu va tim gisi han cua ching.
16i gidi

Taco x \/_ 2Sln , \/_ 2 cos~ .
1 Y = 6
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Chuing ta ching minh rang véi moi s6 nguyén duong nthi z, = 2sin

T _va Yy = 2cos i
on o 3
That vady ménh dé dang véi n = 1.

Gia sir ménh dé dung voi n =k k > 1 tac la T, =2sin—-va y, = 2COSL]€
3.2 3.2

Taco ka =22y, =2 —2cos—— = 4sin’

3.2 3.281
Suyra z, ;= 231n3 = viz,_, >0)
- 2sin——
Va g, =—F =2C08
k41 2gin T

Vay ménh dé ciing dung véi n = k +1

Theo nguyén Ii quy nap toan hoc, ménh dé ding voi moi s6 nguyén duong 7. Tir d6

suyra lim z = lim =2

n—too M n—-+00

2sin——| =0 va lim y = lim 2cos ——
3.2" 3.2"

n——+oo ° " n—+00

Vaycacday z, , y, hoituva hm rz,=0va lim y =2,

n——+00 n—+00

‘s . 1 x
Bai 65. Cho z =2012,z, =2011vazx , = [1——]ggn+1 + 2 n=23..Timlmz .
n n n—o0
loi giai
121" A xn+1 B l'" _1 ' _]' ' N
Giai: Taco xn+2—xn+1:—T:>$n+2—xn+1: o T, —T =-— — va
k
n —]_
= . — _
n+2 2 — k'
k k
Dy nav 16 rang hai tu va c6 gici han I >, —1 15:—1 -
aynayroranghdoituvacogisdihanlaz, - —=2 +1—-» —=2 +1—-
? k=1 k' 2 k=0 k' 2 €
N 1
Twdosuyra | lim z =2012——|.
n—-+00 e
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BAi66. Chodaya —> — —  tinhtong | ia, |
! = i —1 1+ 4! -1

o giai

Giai: Taco 1 = 1 :,l— 1 vay a =1— 1
1—1 144! 1—1!14¢+1 7! i+1!

nn-+1 1
Do d6 na, =n — n =

n+1!_

_I_
2 n+11!

nn+1 1

Tir d6 ta tim dugc tong can tinh 1a 1].

+ —
2 n—+1!

<
Il
>~ O

Bai 67. Choddy u, duoc xac dinh boi .. Tim cong thuc téng
’ u, = +2ukl+%,Vk€N

' k

quat cua u_.
n
loi giai

Gidgi: Pat u, = n+1 n+2 v, thi hé thic ban dau tré thanh

R - 1 1|1 2 1 . 1 1 1
Vay v, = ==y |=- + vay == — +=.
—nn+l n42 2k:1 n n—+1 n—+2 ) 2\n+2 n+1 2

nn+3
T d6 ta tim dugc |u, = T
a =1
Bai68. Cho a xdc dinh bgi cng thic truy hdi sau 1+ 4a +J1+24q
L a”+1 — n 16 n ’n 6 N

Tim cong thirc tong quat cua a .

o giai

2
L 9 24a +1 3 1/24an+1+3
Tir de bai suy ra 24a”+1+1:Z+T+§1/24a”+1= :

2

‘ b +3 | b, —3
Pit b = \24a +1 taco b=5b = "2 vap  —3= 712 :
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2
342" —1
Vayb =3+2""Vvala = .
n n 24

n 6

Bai69. Cho 4 = ’2“7 tim lim A .
k=1 e
|0 gii

+0¢ . ) . . . 1
bat [ » = Zklxk xac dinh véimoi x € —1,1 saocho lim An = f6 [5]

1 n—r+400

Tacod f, =z =af z . Ap dung cong thuc trén ta lan luot ¢ cac hé thirc sau

2

T
T =
fo 1—=x
fl x :1‘0, T = - 2
11—z
2
fQ . —xj; v = T +x3
1—2
3 42
£z =af :%
11—z
[z o=af z _:E4—|—11x3+11:c2+x
4 — 9l - 5
1—2
> + 262" + 662° + 262°
j;(x)—x4,( )::1: + 26z +6x6+ T+
(1—z)
_ 2’ + 5727 + 302" + 3022° + 572 + o
fiz =af, v = - :

11—z

Vay lim A = f [%] =2 +572° +3022° 43022 ' 4572 ° 42 ° =9366 .

n—+00

Bai 70.  Tim cdng thic thu gon tinh «_theo n cua cac day sb

1 1 1 1
a) U =—F—F— ot —.
12 23 34 n.n+1

1 1 1 1
b) U =—+—+—+..+ :
1.3 3.5 5.7 2n—1 2n+1



Cdc bai todn day so on hoc sinh gidi

1 1 1 1
©) u, = + + o+ ,
W1+4v2 3V2+2V3 43431 n+1n +nyn +1
1 1 1 1
d) u = - - +.t :
" 123 234 345 nn+1 n+2
1 1 1 1 1 1
e) Un:\/1+—2+—2+\/1+—2+—2+...+ 1+—2+ 7
12 9 22 ' 3 "1
loi giai
) kel —k
a) Vk € N taco ! = _1
kk+1l  kk+1  k k+1
Khik=1=——1_1
12 1 2
Khik—2= 1 —1_1
23 2 3
Khik—3= L —1_1
3 4
Khik=n—o_+ L 1

nn-+l n_n+1

Cong n dang thic trén theo vé ta duoc v =1 — L =
! n+1 "on+1

2N ] L 2%+l — 2%—1 [ 1 .
b) Vk € N taco ==, S _
ok —1 2%+1 2 2% —1 2k+1  2|2k—1 2k+1
Khikhe1o 111
13 21 3
Khi k=2 1+ 111
35 2|3 5
Khik—3— 1+ 11 1
57 2|5 7
Khi k= n = 1 1t
2n—1 2n +1 212n—1 2n+1
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Cong n dang thic trén theo vé va gian udc ta dugc

1 1
u = — — u =
"2 2n+1 "o 2n+1
c) Vk e N" tac ! - 1 :"k+1_*/E
(k+D)vk+kvk+1 Vkk1(Vhet+vk)  Vkvkel
1 1 1
Suy ra = _
(k+1)\/E+k\/k+l Jko Jk+1
1 1 1
242 1 2
. 1 1 1
3W2+23 V2 B
. 1 1 1
NPEN RN
. 1 1 1
Khi k=n= - _
(n+D)Vn+ndn+l n Jn+l
Cong n dang thic trén theo vé va gian udc ta dugc: u, =1- ! U, = ——— nti-1
Jn+1 n+1

;e 1 1 (k+2)-k 1| 1
O ke e k7 2) 2 K(ke)(k+2) 2| k(k+D) (keD)(k+2) |

Khi k=1=— -2/ L__L
123 2[12 23

ik=n= - - 1
Khi k = n(n+1)(n+2) 2{n(n+1) (n+1)(n+2)}

. . . 101 1 n+3n
Cong n dang thuc trén theo vé va gian uéc ta duoc u == =— = )
ong I Gang Yo VA glan oo ta Grgt th 2{2 (n+1)(n+2)} a(n+1)(n+2)
n(n+3)

Vi = .
Y= ) (ne2)




Cdc bai todn day so on hoc sinh gidi

2 2 2 2
e) Vk e N" tacd 1+i2+ ! > = K (k+1) +(k+21) tk
k® (k+1) k?(k +1)

kA (k+1) 4 2k (k+1)+1 [k(k+1)+1]2_k(k+1)+1
k2 (k+1)° K (k+1)°  k(k+1)

1 1 11
= l+—=+ - =l+———
k*  (k+1) k k+1
Khik=1= 1+ 2+ 1 o141 2
T T
Khi k=2=> 1+ 2 +2 =14 22
2 @ 2 3

Khi k=n= 1+i2+;2=1+l—L
n" (n+1) n n+l

: A X on ia 1
Cong n dang thuc trén theo ve va gian udc ta dugc U, =n+1-——=u, =

n+1 n+1

. . W=l iU
Bai 71. Cho ddy so (u,) thoa mén . Hay tim lim —-.
u

hg =U,+nn=1

n+1
Loi giai

Theo dé bai taco u, =1

u,=u+1

U, =u,+2

u, =u,, +(n-1)

n

Cong theo vé n dang thire trén ta duoc u, =1+1+2+3+...+(n-1)=1+

_1

=u :un+n_2[n2+n+2]

n+1

1 1 2
n-n+2 . _H+F_
| 5 =1

.U )
= lim =lim— 2_|m 1
u n“+n+ 14+ 2
n n

n+l

Vay lim Yy =1.

n+1

n(n+2).
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Bai 72. Cho déy sb (u,) x4c dinh béi u, = A trong d6 P, 1a s6 hoan vi ciaa n phan tir, A Ia

n
+2

s6 chinh hop chap k caa n phan tir. Pat S, =u, +U,+...+u,. Tim limS, .

Loi giai

, L (n+2n nt.2! 2
Taco P,=nl, A, = - ) |
aco P =nl A, 21 nen u, (n+2)! (n+1)(n+2)

Dodo S, =2 i+i+i+...+—
23 34 45 (n+1)(n+2)

s =2 3—2+4—3+5—4+m+(n+2)—(n+1)
| 23 34 45 (n+1)(n+2)

n

1111 11 1 1
=S, =2|-—=+-——F———+.F———
12 3 3 4 45 n+l n+2

=S, =2 E—i}

" 2 n+2
Vay limS, =1.
u=a, u,=b
Bai 73. Choday s (u,) xac dinh boi 2u +U, Ly Tim s hang tong quét u, .
Upp=—"—-—">, n=
n+1 3
Loi gisi
Theo dé baitaco u,,, = % =3u,,=2u +U,_,
1
=3u ,-3U =-U +U _,=U_ —U = —g(un —Upy)-

< 5 1
batv, ,=u,-u,,=>v,=u,-u=b-avav, =—§Vn_1

Do d6 (v,) Ia mot cap s6 nhan c6 cong boi q = _%

1 n-1
Nén v, =v,.q"" :(b—a)(—éj :

Mav, ,=u,—u,, suyra

u,—u, =V,
U, —u, =V,
U, —Uy; =V,
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Cong theo Vé cac dang thirc trén ta dugeC U, —U, =V, +V, +...+V, , = U, =U, +V, +V, +..+V,

n-1 n-1
:>un:a+vl.11qq :a+(b—a)§{1—(—%j }:un=a+(b—a)§[1+(—l)”3“}

Vay s6 hang tong quét caa ddy sb da cho 1a u, = a+%(b —a)[1+(—1)" 31*”] .

u ==

Bai 74. Chodaysd (u,) xac dinh boi . Tim sb hang tong quéat u

n:

_(n+1)un

et = o010 (n=1)
Loi gidi

~ (n+1u, ta.c6 u

n+l 1

u ., = =—.
" 2013n n+1 2013

Dﬁt Vn =u—n:>Vl:ﬂ=1 Vé_ Vn+1=Lan
n 1 3 2013

un
N

g . 1
Suy ra (v.) la cap so nhan c6 cong boi q=——
yra (v,)lacap gbol g=—-

n-1
Nén v =v,.q"" = l[ij _1 o013

312013 3
. u 1 n
Mav, =—"=u, =nv, =-n.2013
n 3

Vay s6 hang tong quét ctia ddy s6 di cho 1a u_ = % n.2013"".

Bai 75. Cho day sb {a ic dinh nh / . Chirng minh day sé
al 75 y O{n} xac dinh nhu sau a %(aN_ a§+4_1nj1n21 ung y SO

{a,} hoi tu va tim gisi han cua day s6 do.
Loi gidi
.

T (1), el

Bang quy nap ta s& chimg minh rang a, = Zincot
That vay:

Vé6i n=1tacé:a, =%cot%, nén (1) dang véi n=1.
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Gia st (1) ding v6i s6 tu nhién bit ki k >1 nghia la:a, :Zicot i

k 2k+l !

Ta phai chimg minh (1) ciing ding véi n=k +1. Tir gia thiét quy nap va cdng thirc xéc dinh day

.. 1 , 1 111 V4 1 1 V4
co. ak+l:E A +4/8 +4_k :>ak+l:E o COtF-l- 1 :>ak+1:FCOtW.

Sln 2k+l
Tac la (1) dang v6i n=k +1 va (1) dugc ching minh.
T
n+1
Taco lima, = Iimicot 7[1 =limcos 7[1 lim —2 E=E
2n 2I’H— 2I"I+ B T T T
sin
2n+l

Vay day (a, ) hituva lima_ = 2.
T

Bai 76. Cho hai day (a, ), (b,) nhusau: a<b cho trudc thi
a+b
& = R b =yaa

—+
a, =a1—2bl, b, =/a,b,

a = a'n—l + bn—l
n 2 n n

a. Tim limb,.

n—oo

b. Tim lima,.

Nhan xét:
Bai toan da gidu di tinh lugng gi4c rat khéo. Ta hdy quan sét that ki, do a<b nén ta co thé dat

a ., . . a . A <
cosa :B hoac sina :B . Vay nén chon la sina hay cosa ?

Ta thu dat:

1 2
- Néu sina:% thi a, = a+b_b(sina+1) ;b =.ab :\/%((sinaﬂ).sin a).

2 2

.....

Ta s& khong thé giai tiép. Vay ta s& khong dit véi sina .

. b(cosa +1
- Néu cosar =2 thi aiz(—OH):bcoszg; bl=,/b2c032g:bcosg!
b 2 2 2 2

Vay ta tién hanh giai.
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Léi giai

a. bat cosoc:E (O<a<£]
b 2

a, =bcos’ =
Taco 2
o

=bcos—
by 2

a, _ath b(COSZE-FCOSg] =bcos = cos? —
2 2 2 2 2

f—

b, =\/ab = \/bz coszﬁcoszi2 = bcosgcoszi2
2 2 2 2
Bang quy nap ta dé dang c6:

. o
b.sino.cos—.
2n

a o , O
a, :b.cos?..cos 2n_1.(:05 o= "
2".sin

o o , o bsina.
b =h.cos—...cos—-.c08" — = ——
" 2 2"t

2" 2" sin- %
2n
o
Vay:b = b o .bsmoc
2sin & sin & @
2" 2"
— limb, = 25IN¢
n—oo a

N o
b. Ta cling c6:a, =b,.cos—
2n

. bsina .. o bsina
lima, = dimcos— =

n—o o n—o 2 o

Chay: Véi a=2005, b=2006 ta s& c6 bai 3 Olympic 30/4/2005.

Bai77. Cho a,=2, by=1. Lép hai day s6 {a,}, {b,} voi n=012,.. theo quy tic sau:

_2a,b, .

= b =+/a,.b, . Chiing minh ring cac day {a,}, {b,} c6 cling mot gisi han khi
an + n

n+1

n—oo. Tim gidi han do.
Nhan xet:
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Dé thay day {a,} 1a day trung binh diéu hoa, {b,} 1a day tya trung binh nhan. Dé chitng minh hai
day cung gidi han thi nhat thiét phai tim cong thirc tong quét.

Trong trudng hop nay, luong gidc hoa 12 bien phép tdi wu nhét.

Loi giai
o, 11 B
Tachay: aO_Z_T — b, =1
= cos—
2 3
_2ah, 2 2 1
b 11 o™it cos? ™
a, b 3 6
1
b= b, =——
cos—
6

Tur d6, bang quy nap, ta chitng minh rang:

T i i !
an:(cos—.cos ~—...C0S ———.COS — ]
2.3 2°.3 23 2"3

-1
b, = COS——.COS 7; ...C0S fl .C0S ?f vn>1
2.3 2°.3 23 2'.3

. T
sin—
Luu y rang: cosi.coszi...cos ni .COS 7: = vn>1
2.3 2°.3 2.3 2".3 o sin T
2"3
2".sin 2? 2”.sin%
Tacé: a, :ﬁ(l);bn :.—R'(Z)
sin—.cos sin—
2".3
Tir (1), (2) tdn tai lima, valimb,
Ngoai ra:
2".sin :E T 23n
lima, =lim 23 _ 3 _
n—w no>wo . T T . T 9
sin—.cos sin—
3 2".3 3
limb, =lima_.limcos — _ 23
n—oo n—o n—>o0 2"3 9
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2«/571
9

Vay hai day {a,}, {b,} c6 cling gisi han chung la

Bai 78. Cho ddysd {x,}, neN, |x|<1ldugc x4c dinh bsi h¢ thuc: x,,, =

a. C6 can thém diéu kién gi ddi véi x, dé day tdan sé duong.
b. Day s6 nay c6 tuan hoan khong? Tai sao?

Nhan xét:

—X, +4/3-3xX2

Ta quan sat rang /3—3x? cho ta cam giac vé dang 1—cos” x , hon nita |x|<1 , diéu d6 cang ciing

cd suy nghi vé luong giac hoa bai toan. Ta tién hanh giai.
Lo giai
a. Bé x, >0, trudc hét ta phai c6 x, >0 va x, <0.

Nhung x, >0 tic 1a4/3—3x2 > x, hay x <§ .

3

Suy ra: O<x1<7.

B3

Nguoc lai, néu 0< x, < > thi ton tai o e (O;gj sa0 cho sina, = X, . Khi do:

X, =£C050c—lsin0c=Siﬂ(£—aj,0<£—a<£
2 2 3 3 3

B3

. T 1. (= .
Ta lai co: X, =—c0s| ——a |—=sin| ——a |=Ssina
2 3 2 3
Tu do suyra: X, = X, =...=sino. >0

J3

Vay diéu kién 1a:0< x, < >

b. Xét hai truong hop ddi vai xy:
J Truong hgp x, >0:

-Néux, >0 thi twong tu phanataco:x,>0,x,>0 va

-Néu x, <0 thi x,>0 vaciing co X, =X,
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—X, ++/3-3%
Thatvay tu: x, s B i

2
Suy ra:{[3-3x7 =2, + %, (1) =3-3x% =(2x,+X,)*(2)
Do (1) ma: 2x,+ X, >0.Suy ra:

2%, + X, =X + (X +%,) > X =X, >0(x >0,%, <0)
Vi thé tir (2) ta co: /3 3% =2x, + X,

X, +4/3-3% y

Suy ra: x; = 5 5

Tuong tu: m>0:(2)<:>0£1£1...

3

Vay taco: {x,} laddy tuan hoan.
. Truong hgp X, <0.
Khi d6 x, >0 va theo truong hop 1 suy ra x, ké tir hang thw hai tr di 1a diy tuan hoan.

U =2u,=8 va's = Zn:arccot(uiz) . TimlimsS

u, = 4'un—l —U., i=1 e

Nhan xét:

n

Bai 79. Choday {u,} xéac dinh boi: {

Pay 1a bai toan rat kho vi str dung kién thirc vé ddy Lucas va ham arctg va arccotg.

Ta can biét:

arctg ( X+y J = arctgx + arctgy
1-xy
arccotg [Mj =arccotg(x)—arccotg(y)
y —X
Loi giai
-Ta s& ching minh:u? —u,,,.u,_, =4(Vn>2)
That vay: u, (4u,_,) =u,,(4u,)
=>Uu, (un + un—Z) =U (un+l + un—l) = ur? —UpUny = ur?—lunun—z o= l"|22 —UsU, = 4

Ta co:
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u
4U jj| arccotg {L—i_u)}
4 u u,.,u

arccot gu’ = arccotg {un (

un+l un +1
u, u u
=arccotg| —~—"— | =arccotg L —
un _ un+l un n—-1
un—l un

Suy ra:zn:arcotg(ui) arcotg (u’ ) + Zarcotg( ’)

i=1 i=2

Ta s& chitng minh rang Yt g gidi hanbgiviO<u, , <u, ==L Ut g
u u

n n

Mat khéc Yty day giam, suy raI|m Yt g

n un
Ma: u, =4u, ,—u, .,
:1:4£_£ :1:4h_hh
un un un un—l un

£ o . u
Néu dat: x = lim—=L

n—oo u
n

=1=4x-X* = X= 2+\/_:>I|m il =2 4.3

n—o u

lims, :arccotg(2+J§):_

n—o

u, =e®
Bai 80. Choday {u,} nhusau: Ju, =+/e
u,u, = uf(Vn >2)

n+l

\ T | N

a. Chtng minh rang: —=<u, <e;VneZ
e

1

B

b. Lap ddy s6 {v,} biét:v, =(u,u,..u,)r. Tim limv,

Nhan xeét:
Trudc hét ta hay tra 10i cho cau hoi: C6 thé tién hanh lugng giac hoa cho bai téan duoc hay khdng?

Dé tra 10i, ta can quan sat that ki diéu kién:
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Je= e% = eCosg
Vay ta sé tién hanh giai.
Loi giai
a. Tachung minh u, >0,vneZ"*
Thatvay u, >0,u, >0.Giastr u, >0,vn=>k.

B3

, u A
Tacou,,, =—*>0.Vayu, >0,VneZ’
uk—l
N x
., - cos—
Ta lai co:\/eﬁ‘ =e? =¢ 6

2n

1 Cos——
Je=e2=¢ ©

nm

e, cos
Giasttu,=e °©,vn<k

5 eoosT (n+1)r
e 6 cos
A Ve B
Tacou,,, = G =e
et ecos 5

nm
Cos—
Vay u,=e °¢,VneZ’

<e © <c vaham la ham ddng bién trén R .

o, 1 s
Talaico =
e

= dpcm

1(COSE#—COSE-&..+COSE)
z. X _Anl 6 6 6
b. Tacé:v, =4/u.u,.u =e

Pén didy 4ap dung cong thac tinh tong cua bai 1,

1 [ (2n+l)m nj (n+D)rn . nn
—| siIn———=SIn— .COos .SIn—
2nsin~ 12 12 nsin-—— e 2
v, =¢e 12 —g 1
(n+l)7m . nn
_ COS————.SIn— 1
Mit khéc ta c6: < 12 12 .

T . T . T
nsin— n.sin — nsin—
12 12 12

chuong

L

ta
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Lo -1 . 1
Ma lim =lim =0
n—oo . TT n—oo . TC
nsin — nsin —
12

Vaylimv, =¢e’ =1

Bai8l. Cho a, =2, b,=1.Talap haidaysé {a,}, {b,} véi n=0, 1 2,... theo quy tic sau:

_2h kt))“ ; b, =+/a,..b, . Ching minh rdng cac day {a,}, {b,} c6 cung mét gisi han khi
aﬂ + n

n+1
n — oo. Tim gigi han do.
Nhan xét:
DE thdy ddy {a,} 1a day trung binh diéu hoa, {b,} 12 day tua trung binh nhan. B¢ ching minh hai
ddy cung gidi han thi r)hét thiét phai tim cong thirc tong quat. Trong truong hop nay, luong giac hoa
la bién phap t6i uwu nhat.

Giai:
.11 ~
Tachay: ao_2_T — b, =1
= cos=
2 3
2a.b 2 2 1 1
&= aolgzl 1z 7z:>b1: ab; =
G*t0 =% cosZ41 cos?Z cos—
a, b, 3 6 6

Tir d6, bang quy nap, ta chimg minh dwoc rang:

T Vs Vs "
an = (COS—.COS > ...COS =] .COS - j
2.3 2°.3 2.3 2".3

-1
b:(cosi co id ...C i co ﬂsj 1 vn>1

X .COS— 0S———.COS —
2.3 2°.3 23 2"
. T
. 7 Vs Vs Vs sm§
Luu y rang: €0S——.C0S——...C0S ——.COS = ; vn>1
2.3 2°3 2.3 2".3 on in 7
.sin
2".3
Ta co:
2".sin 2?3
a,=——23_ (1)
sin—.cos ——
3 "3
2".sin 7:
b, = 2.3 _ 3 .cos — (2)
sin— 3
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Tur (1), (2) ton tailima, va limb,

n—oo

Ngoai ra:
2" sin -~ z
lima, = lim 23 _ 3 _2PBn
n—w now . JT T /4 9
sin=.cos—— sin—
3 2".3 3
Va _2\/§7z

limb, =lima,.limcos

n—w n—w n—w 2"3 - 9

Vay hai day {a,}, {b,} c6 cting gisi han chung la 2\57[ .

. X +4/3—3x?
Bai82. Chodayso {x,}, neN, |x|<1 dugc xdc dinh béi hé thic: x,,, = — i

a) C6 can thém diéu kién gi d6i véi x, dé day toan s6 duong.
b) Day sb nay c6 tuan hoan khéng? Tai sa0?

Nhan xét:

Ta quan sat rang/3—3x’ cho ta cam gidc vé dang 1-cos® X, hon nira|x,| <1, diéu d6

cang cang ¢ suy nghi cua ta vé luong giac hoa bai toan. Ta tién hanh giai.
Giai:
a) Pé x, >0, trudc hét ta phai cd x, >0 va x, <0.

Nhung x, >0 tic la{/3-3x? > x, hay x? <§. Suyra: 0< x <§.

Nguoc lai, néu 0 < x, < g thi ton tai « (0;%) sao cho sine, = X, . Khi do:

xzzﬁcowc—isina:sin Z_al 0<Z-oa<Z
2 2 3 3 3
Ta lai co: X, :ﬁcosiz—aj—lsin(z—aj:sina
2 3 2 3

Tudosuyra:x, =X; =...=Sina >0
Vay diéu kign 12:0 < x, < ?
b) Xét hai truong hop ddi véi X, :
* Truong hop x, >0:
-Néu x, >0 thi twong ty phan ata cd: X, =0, X, 20 VA X, = X; =...;%, = X, =...
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-Néu x, <0 thi x, >0 vaclingcod X, =X,

—X, +4/3-3%

2

Thatvay tu: x, =

Suy ra:{[3-3x2 =2x, + %, (1) =3-3x =(2x +%,) (2)
Do (1) ma: 2x, + X, > 0. Suy ra:

2X 4 X, =X + (X + %, ) > X — X, >0 véi (%, >0,x, <0)
Vi thé tir (2) ta c6: 4/3-3x2 = 2X, + X,

—X, +4/3-3%
Suy ra: x, = —= 5 2 =X,

Tuong tu: X, =X, ...

Vaytaco {x,} 1aday tuan hoan.

* Traong hop x, <0.

Khi d6 x, >0 va theo truong hop 1 suy ra x ké tir hang thwr hai tré di 1a diy tuan hoan.

u =2u, =8 Va S :Zn:arccot(uf). Timlim$S

u, = 4'un—l —U, i=1 e

Bai 83. Choday {u,} xac dinh boi: {
Nhan xét:
Pay 1a bai toan rt kho vi st dung kién thirc vé ddy Lucas va ham arctan va arccot.

Ta can biét:

arctan {uj =arctan x+arctan y
1-xy
arc cot(1+ ij =arccot(x)—arccot(y)
y—X

Giai:

- Tas& ching minh:u? —u,,, U, , =4(Vn>2)

n+l*

That vay: u, (4u,,)=u,,(4u,)

=Uu, (un + un—2) =U,, (un+l + un—l) = ur? —Unn ; n“n-2

Ta co:

n-

u_, =u’uu ,=..=u-u.l =4.

58
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arccotu? = arccot {un (

n+1

u
=arccot L —
u u

n n-1

n

Suy ra: Zn:ar cot(u’) =arcot(u’)+ > arcot(u?)

i=1 i=2

u
Ta s& chitng minh rang c6 gigi hanboivi O<u, , <u, = —"*<1
u

I"I n

—l

la day giam, suy ra lim—% Ut < q
n—wo |
n n

un72 = 1: 4 l"Infl _ un72 unfl
u u u, Uu,, u

n n n

Mau =4u

n

. u _u
Pit x=lim—2 = 1=4x— x> = x=2+/3 = lim—L =2+ ./3

N—oo u nN—oo u
n n

lims, :arccot(2+\/§):_

n—oo

u, =e?®

Bai 84. Choday {u,} nhusau: Ju, = Je

u unl_u ;Vn2>2

n+l

a) Chitng minh rang: 1. u <e, vneZ'.
e

1

b) Lap ddy s6 {vq} biét:v, = (u,.u,..u, )n. Timlimv,.

n—oo

Nhan xét:

u
4u u, (U, +u,. u. u
n || =arccot M —arccot| ———nt
4 us—u..u. . u, _u
u

Trudc hét ta hay tra 1i cho cau hoi: C6 thé tién hanh luong giac hoa cho bai toan dugc hay khdng?

Dé tra 10i, ta can quan sat that ki diéu kién:
ﬁ COSE
Ve =g? =¢ ¢
1 V4
— COS—
\/_:eZ =e 3
Vay ta sé tién hanh giai.
Giai:

a) Tachang minh u, >0, Vne Z"
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B
: ) u
Thatvay u, >0, u, >0. Giasa u, >0, Vn>k.Tacd u,, =——>0.Vay u, >0, VneZ".
k-1

Ta lai co:
3 x
—_— COS—
Vel =e2 = ©
27

\/— _ e% _ ecos?

nrz

e cos
Giastru,=e °,Vn<k

nzx
Cos—
Vay u,=e °®,vneZ’

nr

., 1 COS— X X n
Talaico —=<e ¢ <c vaham la ham dong bién trén R . (dpcm)
e

, 1[COS%+COS2?”-*—..&005n?”j
b) Taco: v, =1/u,u,..u, =e"

Pén day ap dung cdng thic tinh tong cua bai 1, chuong I, ta co:

1 ( (2n+1)7z . 7;} 1 (n+l)7r . nr
— SIin —SIn— .COS .SIn—
2nsin~ 12 12 nsin~ 12
v,=e =e !
(n+1) nz
cos .Sin—— 1
Mat khéc ta co: — < 12 12 .
. T . T . T
nsin — n.sin-— nsin —
12 12 12

< -1 . 1
Ma lim = lim =0.
n— . T n—o0 J T
nsin — nsin —
12

Vay limv, =¢° =1,

; 1-1-h2
Bai 85. Day {h,} duoc cho bsi dieu kién h, =% vah,, = T"; vn>1. bat

S, =>_h; ¥neN. Hay chung minh ring: limS, <1,03.

= noseo
Nhan xet:
Bai toan nay néu khong luong giac hoa thi s& di vao thé bé tic. That vay, vi phuong phép sai phan
khong thé giai quyét bai toan c6 nhidu can nhu vay. By gior ta chi ¥ dai lugng \/1-h? , didu nay
cho ta mot cam giac gan giéng cong thirc v1—sin® x hay v1—cos® x ! Vay ta tién hanh giai.
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Giai:
Taco: h :lzsinzzsini = h, = sin——
2 6 3.2 3.2
Ta s& chitng minh rang h_ = sin 37;

P . . T
Giasu rang sinh, =sin —-
2

Mat khac sinx < x; Vx e (0;%)

Nén Sn:Zhi:£+sinL+...+sin A AL
= 2 3.2" 32" 2 32 32" 2
NP T 1 =
Do S, la day tang nén limS S§+§<1,03. (dpcm)

3.
. T T
1-,/1-sin 1-cos
ho - \/ 3.2k_/ 32« .7
k+1 — - =sIn
2 2 3

2"
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‘ 1—J1—h?
Bai86. Day {h} duoc cho boi didu Kién hlzé vy, = vn . bt

S, =>_h;VneN. Hay ching minh rang: limS <1,03.

i=1 n—o0
Nhan xét:
Bai toan nay néu khong lugng giac hoa thi sé di vao thé bé tic. That vay, vi phuong phap sai phan
khong thé giai quyét bai toan c6 nhiéu can nhu vay.

Bay gio ta chu y dai lugng /1—h’, diéu nay cho ta mot cam giac gan giéng cong thirc v/1—sin® x
hay v/1-cos® x ! Vay ta tién hanh giai.
Lo giai

Ta co: hlzlzsinfzsini =h, =sin——.
2 6 3.2 3.2

Ta s& chitng minh rang: h. = sin 3 2n :

1/ 1- cos—
_ T
he., = = sm >

Mat khac: sinx < x; Vx e 0

Nén: S_ —Zh 1 LasinZ <Ly 7[2+...+ r L.z
i1 2 32 32" 2 32 3.2" 2 32
Do S, la day ting nén limS < 1+—<1 03.
oo 2 3.2
=dpcm.
u —ﬁ Vo =1
o =
Bai 87.Cho dédy {u,} va {v,} nhu sau: 2 va L+v2 -1

Chang minh rang: 2™%u_ < 7 < 2™y,

Nhan xet:

Véi day {u,} tathdy co biéu thic M ta nghi ngay dén luong giac hoa bang sin, cos.

Con day {v,}? Cau tra I5i ndm & biéu thic 1+v2 VA v, =1, cho ta suy nghi nén st dung ham

tang va cotang.
Loi giai
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V2 o 2

Tacod: U, =—-sin—, U, =
0 2! l
2 2

Vay: u, = [ 1-cos 22+1 =sin 2:[”

Tuong ty: v, =1=1tg 2—”2

-1
f p/a
1+ tan? 2n+1 cos% .
vV, = 2 =tan—

n— n+2 °
T T
tan 2n+1 tan 2n+1 2

Béng cach xét: f (x)=sinx—x, g(x)=tanx—x; Xe(O;%j.
Tasuyra: sinx<x<tanx; VXE(O;%)

< 2%, < r < 2%y, =dpem.

.., . T T
Khi @6: sin— < tan
2n+2

2n 2n+2

Bai 88.Cho cap sé cong gdm 1987 sé hang véi sb hang dau u, = —— va cong sai 13 —— .
1087 3974

Tinh gia tri: S = cos(+u, +U,...+ U, ) & d6 tong Y, chia tat ca cc s6 hang ung véi tat ca cac
cach khéc nhau c6 thé duge dé Iy dau cong hay trir truéc Cac s6 Uy, U,, ..., Uyg, -

Nhan xét:

Ta thay rang s6 1987 1a cé y cho triing véi nam thi. Didu d6 ching to ¢6 thé tong quét hda bai toan.
Doi khi viéc nay khién bai toan dé dang hon va khong con che giau nhu bai toan nguyén thiy.

Loi gidi
Ta s& chang minh tir bai toan tong quat hon. Bai todn thyc chat 1a:
v{u; (ki higu day) Y cos(du, +U,... 2 Uy, ) =2 Hcosu
Ta chting minh bang quy nap:
Voi n=1:
cosu, +Cos(—U, ) = 2cosu,
Voin=2:

cos(u, +U,)+cos(u, —u,)+cos(u, —Uu, )+cos(—u, —u, )
= 2C0SU,.COSU, +2€0s(—U, ).cosu, =4cosu,.cosu,
Gia str bai toan dang voi n, khi do:
n+1
2”*lf[cosu = 2[2n [ Jcosuy, jcosu
j=1 j=1
=2 " cos(+u, £ U,...+ Uy, ) [COSU,,,
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= cos(£U, £ U,...%+ Uy )

1987
Tro lai bai toan ta c6: S = 2] [ cosu,
j=1

Do {uj} la cAp s cong nén:

Uygg; = U, +1985d = 24 19857 _ 7

1987 2.1987 2

Bai 89.Cho dy sb u,, U,, ... nhu sau: u, =1, u,=2, u_, =3u —u_,. DAy sb v, v,, ... dugc theo

n

quy luat: v, _Zarccotu Hay tim limv, .

-1 n—oo
Lo giai
Trudc hét nhan xét rang ddy u,, u,, ... chinh la céc s6 hang Ié cua ddy Fibonaci: 1, 1, 2, 3, 5,
Goidaydolat, t,, 4, t, ...

Taco: t, =t,=1vat,,=t, +t (n>1).

n+1
a. Trudc hét ta chung minh rang:

arccott, —arccott, —arccott; —...—arccott, , =arccott,,, (1)
That vay theo céng thirc cong cung ta co:

+1

t,t ;s
arccot gt,, —arccott,,, = arccot 2lna t1_ arccot-22%L Chiy la:
2n+1 t2n 2n-1

tps s ~ ot = (D)™
Néudat m=2n-1thit, t, , -t 4., =-1.

Tudo: t, 4, +1=t, &, .

Suy ra: arccott,, —arccott, ., =arccott,,,, (2)

Trong (2) lan luot thay n=1, 2, 3, ... rdi cong lai s& duoc (1).
b. Tu (1) suy ra:

n
arccotu, — » arccotu; =arccott,,,,
i=2

Do: limt,, ., =+ nén limarccott, ., =0.
n—o

Tir d6 suy ra Iim(Zarccotuij = arccotu, = —

i=2

NN

i=2

Vay: limy, = Ilm(Zarccotu JZ%_'_%:

n
Bai 90.Cho ddy s6 (x,) (n=1) dugc xac dinh bai X, —inz VN >1.Ching minh rang day
k=1

(x,) c6 gi6i han hitu han khi N — +oo. Tim lim X,

nN—+oo
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Loi giai
. n" n nN"—n n"-1 n
Véin>2tacol=—< <
n" (Z]n(nl) n" n-1 n-1
Vi IIm——l nén lim x, =1
n—)+00n_ N—+o00

Bai 91.Cho ddy s6 (u,) xac dinh béi

a) Chang minh rang: 0<u, S% . vn.

b) Chttng minh rang: Yo o fl vn. Tinh limu, .

n

Léi giai

a) Bang quy nap dé dang chimg minh dwgc 0<u,, ¥n.TaCM u, <

ding. Gia str u, s% , Vk>1, ta chang minh u,, s% . That vay, ta c6 u,

E k_§.£_i.Dodé uk+1£luk+1uk=§uksi<1.
4 4 4 16 4 2 4 16 4
1
Vay 0<u <—, vn.
y 4

. u
b) T cau a) suy ra =L =u

=
Bai 92.Cho ddy s6 (u, ) xac dinh béi 2
N n+1
a) CMR: u, >0 va n+1<1 vn.
u, 2’
b) Tinh limu,, .
Léi giai

, Vn.Véi n=1 thi u, =

Al

1 , 1 \
<= u’<=u va
4 4

Nhan xét: Viéc xac dinh CTTQ ciia day (u,) rat kho khin, nhung tir hé thuc truy hdi ta thay c6 thé

danh gia ti $6 IERRT: dang.

n

a) D& dang chiing minh bang quy nap dugc u, >0, ¥n.
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Ttr hé thic truy hoi ta c6 h:isl, vn>1.
u, n+1 2
b) Turcdua)tacod O<u, = U o ﬁ.ulsl.l ..... ll:(l) :
U,, U, | 22 22 \2
Ma Iim(%j =0. Nén theo nguyén li kep ta co limu, =0.
. . |uy =10 .
Bai 93.Cho déy so (u, ) xac dinh boi . Tinh limu, .
U, =+/U,,Vn=1
Loi giai

Nhan xét: Viéc xac dinh CTTQ cua ddy (u,) that khong don gian, nhung ta thay rang u, >1, véi
1+u,
S

moi n (kiém tra bang quy nap). Hon nita theo bét dang thtrc Cosi, ta c6 u,,, =Ju, =/Lu, <

Déu “=" khong xay ravi u_ >1, vn, dod6 u_, < “T“ vn.
-1

=>Uu,,—-1< U”Z , Vn (%)

Ap dung (*) lién tiép nhiéu lan ta c6

O<u, —1< un‘1_1< u“‘22_1< < 11: 971 ,vn>1,
2 2 2" 2"

Hay 1<u, <1+i4, vn=>1.
2n
Ma Iim(1+%j=l nén theo nguyén li kep ta co limu, =1.
u=a

Bai 94.Cho day s6 (u,) xdc dinhbgi § ~ _ U, +1

n+l

1vn>1 (véi —1<a<0).

u’+1

a) Chang minh rang: 0<u +1§;(un+1), vn>1.

n+l a2+1
b) Tinh limu, .

Loi giai
Nhan xét rang —1<u, <0, véi moi n (kiém tra bang ching minh quy nap). Tir d6 suy ra

O<u,+1<1va u’+1>1.

u,+1

Ju 2 +1

Dod6 -1<u,<u, ,<..<u =a<0,Vvnx1

Suyrau,, = ~1<(u,+1)-1=u,, Vn>1 nén Déy (u,) la day giam.

1 < 1
\/uf +1 a2+l

:>un22a2:>\/u§+12\/a2+1:>

u,+1 < 1
\/unz +1 +a?+1

Nén O<u_,+1=

n+l

(u,+1), vn21
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2 n-1
1 1
=0<u +1< u ., +1)< u ,+1)<....< u +1), vn>1.
! \/a2+1( s tD ( a2+1j (U2 +1) ( a2+1j (u+1)

Hay —1<u, < a+1)-1, vn>1

)
Vi O<ﬁ<l:>lim{(a+l)[\/%jml]1.

Do d6 theo nguyén li kep ta duoc limu, =-1.

2

Bai 95.Cho day sb {Xn} xac dinh boi X, € (1; 2) vax,,, = . Chirng minh rang {Xn}cé

gi6i han hiru han khi n dan dén vo cing va tim gi6i han do.

Loi gidi. Gia su X, c6 gidi han 1a a thi a=1+ a—a?z tur do suy ra a= J2 Tasé dung dinh
nghia dé ching minh lim x, = J2.

Taco
- V2 4% -1

2|=|x, -2 ;

, . . . 3
Tiep theo ta c6 thé chimg minh bang quy nap rang 1< X < > v6i moi N=2,3, ....Tu do, do

1 . .
\/§+E<2 nénsuy ra lim x, =2.
Bai 96.Xét day sé voi sé hang téng quat nhu sau:

1. 2\/ﬁneN

“ R

2. u, —1+1+1+ +l neN
1 21 n!’

3. un:(1+112j+(1+%j+(1+3—12j+---+(1+i2j’nEN
n

Chimg minh rang cac diy s6 trén néu c6 giéi han hitu han.
Bai giai
Taco

un+1

un={1+%+% \/F ZJF( \/15 %+...+%—2\/ﬁﬂ

Jn—ni
2M+2\/_j M( n+1+Jﬁ) <0

<u,Vne N = u,la day giam.

(-

=u

n+1

1 1 1
at khac VK +1—+/k = _ < 1
mat khac Tl Joiadk 2wy
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Itrong (1) 1an luot thay k =1,2,3...n ta co:

1
z>2J§—2\/i

1
$>2\@—2ﬁ

i>2\/n +1-2n
N

Cong tong vé cac bat dang thuc trén ta c6:

ll 1
gttt a2

Nhu vay (un) bi chin béi —2 , theo nguyén 1y gidi han diy sd (un) ton tai gii han.

u, —1+1+1+ +l neN
1 21 n!’

RG rang u,,, > U, nén (u,) la ddy ting.

n+l
Ta chitng minh rangu,_ <2 .
1 1 3
Thatvaytaco:u, =1; U, =—+—=—.
1 21 2
Cha y rang 3!>2.3>2°

4! = 234>2°

n! = 2.3.45.n> 2"

et
2) o4,

1 1 1 1 1
Vay U =l+—+—+. .+ —<l+ -+ +..+—5<
1 21 n! 2 2? 2 1_1

2

(un ) la day tdng va bi chdn trén nén (un ) c6 gidi han hiru han.

u, :(1+112j+(1+%j+(1+3—12)+...+(1+i2j,neN.
n

Dé dang chting minh dugc nhan xét sau day:
Néu r 1a s6 hitu ty duong thi r+1<3" .
xét day

un:1+£.1+1+1+1 +.. +1+l ,neN.
1 2! 3! n!

ta thiy u, la day tang va
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1
(1+ 1) <3
1!
1
.(1+ lj <32
2!
1
(1+ lj <3¢
3!

1 1
(1+—j <3n
n!
Ta thiy (Un) 1a ddy tang va u, < 3° .

Vay (Un) la day tang va bi chan boi 9 nén (un) c6 gi61 han hitru han.
Bai 97.Cho day sb: (un) xac dinh nhu sau:

Tim limu,

Bai gidi

Ta nhén thay

vn>2 thi—1<u, <0 .tir &6 suy ra néu (un)cé gidihanla a thi —1<a<0.

a’ {a:u\/é(u_)

vaa th6aa=?—1c> a’-2a-1=0<

a=1-+3
Xeét
u? u? 1-3
un+l—(l—\/§)‘= 2ﬂ-1—(1 ﬁ)‘=(7 1} ( 1 ) 1
u 1-43) u
_ z”‘( 2 ) :En(l_@)‘ﬂﬁ(l_@)\

Do —1<u, <0 nén

Do un<Oval—\/§<O nén

un+(1—\/§)‘=|un|+‘1—\/§‘:|un|+\/§_1<\/§;:>

1ap lai bat dang thirc (*) dén N 1an ta co:

(1) - 2

69



Cdc bai todn day so'6n hoc sinh gioi

i~} 2]

2

u, —(1—\/5)‘ < {?Jn vn=12..0

nhu thé ta c6: 0 <

2

U, —(1—\/5)‘ < (ﬁjn —0

theo nguyén 1y kep ta co limu, =1-4/3.

Bai 98.Cho diy sb (a,) dugc xac dinh bsi a, = /iz +1 v6i moi n=1,2,3,... Chimg minh rang ton
n

8

- A A iy . v a a
tai s0 nguyén duong n, sao cho véi moi n>n, thi % +—=+...+ "% <n-2009.
8 & a,

e e s a L. . - 2 ,
Loi giai: Bat b, =1-—"% véi moi n=1,2,3,... Khi d6 ta co:
a

\/1+1— #+1 1 1+1
o _ n (n+1)? —nz(l P 2n+1 |1 1 2n+1

1 n
F_(n+1)2] 1 T+’ 2 1 .| 20+
F+1+ (n+1)2+1 2 F+1

Lai c6 (2n+1)(n+2)—-2(n+1)*>=n>0nén b, >L2véi moi n=1,2,3,...
n+

bat S, =b +b, +...+b, véimoi n=12,3,...

Néu n=2*-2>1 (k e N"), ap dung chting minh trén ta dugc:

11 1 1 1 1 1 1 1 1
Sn>_+_+"'+ - +—k: —+—2 + 7 +...-|-—3 +...+ T+"'+_k
3 4 2°-1 2 2+1 2 2°+1 2 27 +1 2

> 2.%+22.i3+...+2"’1.ik=k—_1.
2 2 2 2

. . s a . ,
Chon n, =2 -2, khi d6 v6i moi n > n,, dé y raing 1- -1 >0 vk =1,2,... nén ta co:
k

s >s >20971 o000 BBy i o009,
X a & a,
Vay ta co diéu phai chimg minh.
G=X, =Y
Bai 99.Cho day sb (a,)d ic dinh boi:
o day so (a,) dugc xac dinh boi n+l=ananfljtl wn-123..
a,+a,

(1) Tim tat ca so thuc x va y sao cho ton tai so nguyén duong n, ma véi moi n>n, thi a, la
hang sb.

(2 ) Tim cong thirc tong quat tinh a, .

Loi giai: (1) Ta co:
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aa,,+1 al-1 .
a,—-a,,=a,———+—=—7" voimoi n=1,2,3,...

a+a,;, 4a,+4a,,

Do d6 néu ton tai s6 nguyén dwong n saocho a, =a, thia®>=1va a +a,_, #0.

n+1

Néun=1tacd|yl=1va x=-y.(I)
n-1%n 2 +1—l: (an—l _1)(an—2 _l) ( I )

A . a
Néun>1,taco: a, —1=

a,;+a,, a+a,,
R a .a ,+1 a .+ _,+1
Vaa,+1= Aot @t D@, 4D ),
an—1 + an—2 a‘n—1 + an—2

2 2
a,-1 a ,-1
an—l + an—2 an—l + an—2

Tu (1) va(Il)tacd: a’—1= (IV)

Vay af_l =1 hoac af_z =1, co tiép tuc lui dan cho dén khi ta dugc ag =1hodc af =1,tclataco:
| x]=1
|yl=1 (*). Thlainéu x,y thoa man diéu kién (* ) thi @, =¢ véimoi n=2,3,... trong d6 ¢

X+y=#0

nhén gid tri la -1 hodc 1.

|x|=1
Vay cac s6 X,y can tim chinhla {||y|=1
X+y=0
(2)Tir (1) va (1) taco: Bt =Ba=l &omd o i 23 path =2~ thita
a+l a ,+la ,+1 a,+1

duoc :
E

b, =b,_,.b,_,. Bang phép quy nap don gian, ta thu dugc : b, =bi™2.b™ véimoi n=2,3,...
le F”’Z Fn—2 Fn—l _ Fn—2 _ Fn—l

Hay ta co o 1 (y-1 .(x 1) La - (x+1)F .(y+1)F +(x 1)F Ay 1)F |
y+1 X+1 (X+D)™2.(y+D)™ —(x=-D)™=.(y-)™

a,+1 -
Trong d6 F, 14 s6 hang thir n ciia day Fibonaci.

2n+2006 ak 1

+
—~ k+1 2n+2007

Bai 100. Cho ddy s (a,) bi chin va thoa man: a, < véi moi

n=123,..

4 ) 1 . .
Ching minh rang a, <— v&éimoi n=123,...
n
1 , 2n+2006
Loi giai : Dat b, =a, —=.Khi d6 theo gia thiet ta co b, < Y k1 véimoi n=1,2,3,...
n k=n
Viday (a,) bi chin nén ton tai s6 thuc M saocho b, <M  ¥n.

3n
2n+2006 b 2n+2006 1 [7} 2n+2006 1
Vé6i n>100000,taco b < D <M. D ——<M.) —+M. —
o k+1 o k+1 o k+1 ) [ﬂ k+1
=] ? +.
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N 2006

<M£+M23n—<§M
2 N 7

r 6 m
Ti€p tuc lam nhu vay khi thay M béi ? M, ta s& thu dugc v6i n du l6n thi b, < (gj M véi moi

*

meN .
6 m 2n+2006

Laico lim| = | =0nén b <0 véi n dulén. Ma b < >’
m—oo 7 k=n k+1

,...nén b <0

véimoi n=1,2,3,... Vay a, <— voimoi n=1,2,3,... Day ciing chinh la di€u phai ching minh.
n

. N e X=X =00 =9 -
Bai 101. Cho day so (x,) (x,) duoc xac dinh boi . Tim
X, + X+ X, =3X,,, VN 21
limx, .
n—oo
Loi giai
bat a, = max{X,; X,.;; X,..} Va b, =min{x_; X ,;; X,.,}-
Giastontai n sao cho a,,; >a, = a,,; # X, Xyp = 8y = X3 = 3,5 > Xy + Xy + X0p = 3X, 15
(voly)
Vay a, >2a,,, Vn>1.

Hoan toan twong tu ta cé b, <b,, ¥n>1. Vay ta c6 diy cac doan dan 16ng nhau :

[b;a]>[b,;a,]>...0[b,;a,]>... Pat d, =a, —b, thitheotrén (d,) la day giam.

Ta cé {Xn+3_xn Sa‘n+3_bn San _bn =dn

=| x
X,.3— X, 2b,;—a,>b —a,=-d

n

-X, |<d,

n+3

Xnaa T Xnio + Xoi3 _ Xo T X + Xnio |:| Xnez — Xy |< %

- X
n+4 n+3| | 3 3 3 3 .

=| X

d AN
s —Xoa |S§” .Dodétaco

Tuong tu | X

| X

wlnN
o

2
n+5 — Xni3 |S| Xnss — Xnia | + | Xnia — Xoi3 |S gdn = dn+3 =3~ bn+3 <

n-3 n-3
Tir d6 ta dé dang c6 dugc dfg(éj d,d,d,. Vi Iim(%} d,d,d, =0 nén limd, =0.

n—oo

Vay céc doan thit [b;;a,] [b;a;] c6 mot diém chung ¢ duy nhat.

. |b, <x, <a, - o
Taco =|x,—c|<a,—b,=d. . Vilimd, =0 nén limx, =c.
bn S S a n—oo n n—oo n
X \ \ .o « X N 2
De¢ dang quy nap tur gia thiét rang X,,, =9 -3 X, ——X.,, Vn>1, chuyén qua gi¢i han ta dugc
. 9

limx =c=—

n—o0 2

Bai 102. Cho diy s6 (x,) théa man diéu kién voi moi s6 nguyén dwong m,n thi

| Xinen = X0 X5 |<

m+n’
Chimng minh rang (x,) 1a mot cép s6 cong.
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Loi giai
V61 moi s6 nguyén duong k,n, theo gia thiét ta c6 :

| (Xn+1 - Xn) - (Xk+l - Xk) |:| (Xn+k+1 Xy~ Xk+1) - (Xn+k+l =X — Xn+1) |£| Xnskar — Xn = Xiiq | + | Xnskar — X = Xpia

1 1 2

< + .
n+k+1 n+k+1 n
Co6 dinh k vacho n—+oo,tacod lim(x,,, —X,) =X, —% Vk=12.3,..

Vay diy (x,) 1a mot cap s6 cong véi cong sai la rlangc(X”*l —X,)-

D6 ciing chinh 1a diéu phai chimg minh.
n
Bai 103. Day so (u,) duoc xac dinh boi cong thirc u, = Z

k=1

vn>1. Ching minh rang

1 2

day (u,) co gidi han hitu han va gidi han d6 1a mot sO vo ty.

Loi giai
Vi (k:t)z >0Vk=12,3,... nén u, la day don di¢u tang.
V&i moi s6 nguyén duong k thi i ! =L—1 ,dodotaco:
k1)? k k(k-1) k-1 k’
u, = L 5 :1+1+Z L 1 Z[i—ij <1+ i 1—1<Z v6i moi s6 nguyén duong
= (kD) 4 k3(k') 4 =\k-1 k 4 2 n 4

n.

) . L A S . .
Vay (u,) bi chan trén boi 1 va la day don diéu tang nén tOn tai gion han hitu han limu, =aeR.

n—o0

Xét ddy (v,) dugc xac dinh nhu sau , véi moi s6 nguyén duong n thi v. =u_+ —.
(nH)*(n+1)

vy - —(n+1)(n*+2n-1)
M (n+D) (n+1)(n+2)
chan dudi boi 0 nén ton tai gi61 han hitu han limv, =b.

nN—oo

<0 Vn=12,3,.... Vay (v,) la diy don diéu giam, d& thdy no b

1 - - ca o 5 J N \ A A ~ ” 7 2\
V,=U,+————=limv, =limu, = a=b. Gia st phan chimg rang ala mot so6 hiru ty, tuc la
(n |)2 (n _|_1) n—w n—w

P

a=—,p,qeZ. Theo cac ching minh trén , ta c6 véi moi n nguyén duong thi :
q

un<£<vn:> %<£<z L + 21
q G k)* g Tk ()(n+D)

n (nl I I
3z(n D*(n+1) _ p(nd)*(n+1) Z(n N?(n+1) 11 (%)
= (kY q = (Uh
p(n)*(n+1) i(n!) (n+1)
a T Ky
nguyén nam giira hai s6 nguyén lién tiép , d6 1a didu vo 1y. Vay diéu gia st 1a sai , tc 13 a 12 mot
s6 VO ty.
Vay bai toan dugc ching minh hoan toan.

Véi n da 16n thi

la cac sO nguyén, do do tir ( * ) cho ta c6 mdt so

X, =X, =1
Bai 104. Cho diy s6 (x,) dugc xac dinh boi Tim limx, .
X, =X 2” vn=12,3,.. n—>o

n+2 = Mnel T
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Loi giai
Ta s& chimg minh bang quy nap rang X, < % vn>5 (*)
Vé6i n=6,7, dé thay ( *) ding.
Gia sir (*) diing dén k +1<n, ta s& chimg minh ( * ) dtng dén k + 2.
1 1 1

X
That vay, taco | x ., = X2, — 2|« X2, +|=%|< +—<——Vk>5.

Vay (*) ding dén Kk + 2, theo nguyén 1y quy nap thi n6 ding véi moi n > 5.

X«

Ma Iim1:0:>limxn:0.

n—o N n—o
Bai 105. Cho day s6 dwong (a,) thoa méan cac didu kién :
1)a,,<a +a’

2) Tdn tai mot sd duong M saocho a, +a,+...+a, <M vdimoi n=123,...
Tim Aimo(nan).
Loi giai ,
bat b, =a +a,+..+a,,do a >0Vvk=123,... nén (b,) 1a day tang thuc sy. Lai theo gia thiét 2)
thi (b,) bi chan trén boi M , vay t6n tai gioi han hiru han lim b,=a.

nN—oo

batc, =b,, —b,=4a,,+a,,+..+a,,,khidé taco limc, =limb,, —limb, =a-a=0.
nN—o0 n—o n—o0

. o ) a a 2n—1a 2n-1

bit a, =mina, , tr dicu kién 1) ta dugc *L <1+a = =[] <[]@+a,)

1<k<n ‘ k=t A k=t

n+1 2n >

2n-1
a

{ A, a2 , ~ a
Ap dung bat dang thic quen thude 1+ x <e* Vx>0, ta thu dugc 2" <e <e" = a, <e™.a,

: : - 1 b :
Lai c6 theo cach xac dinh a, thi 8, <—(a, +a,+...+a,) =—, do d6 theo chirng minh trén ta dugc
n n

Cn

C,€
a,, < —=0<2na, <2ce™.
n

Lai c6 lim2c,e™ =0 (do limc,=0) dodo6 lim2n.a,, =0.
n—o n—o nN—o0

Hoan toan tuong ty, ta cling c6 lim(2n+1).a,,,, =0.
n—o0

Vay limna, =lim2n.a,, =lim(2n+1).a,,, =0.
n—oo n—o

Bai 106. Diy s6 (X,) thoa man diéu kién 1< x, <2 vax,, =1+X, —%xﬁ,Vn eN.

Chung minh rang day s6 da cho hoi tu. Tim lim X,

n—oo
Loi giai

Ta s& chtrng minh bang quy nap bat ding thirc sau:

X, —\/E‘ < 2—1n ,Vn > 3. That vay ta kiém tra dugc

ngay bat dang thirc diing v6i n = 3. Gia sir bat dang thirc dung véi n >3, tic 1a

xn—\/E‘<2—1n. Khi

dotaco
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Xn+l _\/E‘ :% Xn _\/EHZ_\/E_ Xn
SRR D W

2 2 2n 2n+1 '

<%, —2([v2-x,

-2

Do d6 bat dang thirc diing dén n+1. Mat khac do lim Zi =0 nén tir bt ddng thirc trén va nguyeén ly

keptaco limx, =0.
Bai 107. Cho day cac ham s6 {P,(x)} x4c dinh nhu

X— I:)nz (X)
2

sau P, (x)=0,P,,,(x) =P, (x) + ,Vn>0;xeR.

! n+1
Tim lim P, (x).
Loi giai
Trudc hét ta chimg minh bang quy nap bat dang thirc sau: 0 < P, (x) < Jx,vneN.
@)
A A L A X A , - .y
That vay, véi x €[0,1] suy rax—2vx <0 nén 0< 5= R(x) < JX . Nhu vay (1) dang véi n=1. Gia

sir (1) dng dén $n$. Xét ham sd f (t) =t+%(x—t2) v6it €[0,1]. D& thdy ham s f (t) dong bién

trén [0,1] . theo gia thiét quy nap ta c6 0< P, (x) < JX <1 véi moi x e [0,1]
)
nen P(x)=f(P(X)<f(X)=vXx véi moi xe[01]. Mat khac, tr (2) ta o

Xx—P*(x)>20=P_,(X)>P,(x)>0. Vay 0<P, (x) <Jx. Do d6 (1) dang dén n+1 nén theo
nguyén ly quy nap ta c6 (1) dung véi moi n.
Tiép theo ta chirng minh Ix - P.(x) < il voi xe€[0,1],Vne N . (3)

n+

That vay ta c6 v/x — P, (x) = [\/; X pnl(x)}{l_ Vx+ Pnl(X)}

2

<[Vx- Pn_l(x)}[l—% (do P,,(x)>0)

<.<[Vx- Po(x)]{l—ﬂ}n - %M{l—ﬂ}

2 2 2

i)

2 (n ”< 2
n+1 n+1ln+1 n+1

IA
SN

Tir d6 ta thu dugce bat ding thirc 0< /X — P, (x) < il v6i moix €[0,1]vneN.
n+

Do Iimilzo nén theo nguyén ly kep ta dugc lim Pn(x):\/;,véri moi X €[0,1].
n+
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Bai 108. Cho a,beN*,(a,b)=Lne{ab+Lab+2,..}. Kihiéu r, 1a sb cip s6
(u,v) e N* xN* sao cho n=au-+bv. Ching minh rénglimizib.
n—oo n a

Loi giai

Xét phuong trinh au+bv=n (1). Goi (u,,V,) 1a mdt nghiém nguyén duong cua (1). Gia su (u,v)

la mdt nghiém nguyén duong khac (u,,v,) cua (1). Ta c6 au,+bv,=n,au+bv=n suy ra

a(u—U,)+b(v—-v,) =0 do d6 ton tai k nguyén duong sao cho u=u,+kb,v=v,—ka. Do v la sb

v, —1 @)

nguyén duong nén v, —ka>1l<k <
a

Ta nhén thiy s6 nghiém nguyén duong ciia phuong trinh (1) bang sb cac s k nguyén duong cong

voi 1. Do do6 r, =[V° _1}r1={1b—%°—1}+1. Tir d6 ta thu dugc bat dang thirc sau:
a a a

Tir do suy ra

Tu day ap dung nguyén 1y kep ta c6 ngay lim b _ -5
n—ow N al

Bai 109. Tim giéi han ctia diy sé (x,) biét x = \/1+ 2\/1+ 3\/1+---\/1+ (n-1)+1+n
Loi giai 1.
Xét ham s6 f(x) = J1+ XL+ (LX) ta chimg minh XT+21 < f(X) <+2(x+1). Tir d6
1 1

2 7 ([1+x) < f(X) <27 (1+X).
1 1

Tu d6, thay X =2 duoc 327 < X, < 322" . Tir do, theo nguyén ly kep, suy ra limx, =3.

Loi gidi 2

Veil<m<n-1,dat a, = \/1+ m\/1+(1+ m)\/1+---\/1+(n—1)\/1+ n taco

a’=1+ma,,, < a’-(m+1)>=ma,,, —m*-2m
oai-(m+1)?=m(a,,, —(m+2)) '
Suy ra
ml|a_ ., —a m
la, —(Mm+1)[< |8 m+2|< la,,,—m+2].

la, +(M+)| m+2

Tu do |a2—3|£n—_1|anfl—n|<n—_1|\/1+(n—1)\/1+ —n[—>0 (n— )
n+1 n+1

Loi giai 3
bé y rang

3=1+24 =1+ 216 n& = \/1+ 24/1+3/25 = \/1+ 2\/1+ 3y1+4+/36 bing quy nap, d& dang

ching minh dugc
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\/1+ 2\/1+3\/1+---\/1+ ny(n+2)°> =3

Suyra x, <3 1)

Nhan xét. Cho & >1.Khi d6 V1+ax <Ja~1+x Vvx>0.
Ap dung nhan xét trén voi X =N, =n+2 dugc

\/1+ nJ(n+2)% <Jn+2-/n+1.

Tu do
\/1+ (N=1)4/1+ny/(n+2)* < \/1+ Jn+2-(n=1)-/1+n <¥n+ 2-\/1+ (n-Dv1+n.
Do d6, bang quy nap, thu duge 3< (n+2)*" X, (2

Tu (1),(2) va nguyén 1y kep, suy ra r|1|_r>[10 X, =3.

Bai 110. Cho ddiy s6 thuc {xn} xéc dinh boi X, =1, X, ,; = 2+1/X, —24/1+/x, véimoin e

N. Ta xéc dinh day {yn} bdi cong thirc y, = Zn: x.2', VneN". Tim cong thic tong quat clia day
i=1

{yn}-

Taco

Loi giai

Xpa = 2+ %, =21+ /%, = (JL++/%, 1)’

T d6 tinh duoc

x = (V2 -1, x, =(\/ﬁ—1)2,..., x, = (247 -1f

Ta viét
X, =1+2-22,
X, =1++/2 2.2

X3 =1+ 21/4 _ 2.2.1/8

X, =1+2Y%" _2Y7
Nhan ding thire ddu véi 2, ding thie thi hai véi 22, déng thire thir ba voi 2° ... ding thuc thi n voi
2" roi cong ve theo vé, chu y dén nhitng su gian udc, ta dugc.

Y, =244+ 42" +4-2m M —m (M) 12,
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Bai 111. Xétphu:ongtrinh:i+ ! ot 21 .t 21
x=1 4x-1 kx—-1 nx-1

1/. Chirng minh rang véi mdi s6 nguyén dwong n, phuong trinh trén c6 duy nhat nghiém Ién hon 1,
Ki hi¢u nghiém do l1a x,

1 . A
=5 trong d6 n nguyén duong

2/. Chting minh rang day s (x,.) 6 gii han bang 4 khi n — -+
Lo gidi.
1 1 1 1 1
+ Fot it ==
x=1 4x-1 k°x—-1 n‘x-1 2

1/. D& thay, v6i m&i ne N* , hamsé f, (x) lién tuc va nghich bién trén khoang (1 +o). Hon nita

Kihigu f,(x)=

f, (X) > +o0 khi x >1" va fn(x)—>—% khi X — 400, Tir d6 suy ra voi méi n e N * phuong

trinh f,(x) c6 nghiém duy nhat x, >1

2/.Véimdi ne N*, taco fn(4):—£+%+ 21 +...+;2+...+;2
2 2°-1 4°-1 (2k)* -1 (2n) -1
=1(—1+1—1+1—1+...+L— ! +..+ t 1 ):— L <0=" (x,)
2 3 35 2k-1 2k+1 2n-1 2n+1 2(2n+1)

Tir d6, do ham f, (x) nghich bién trén (L +o0) suy ra x, <4 véimoi ne N* (1)
Mat khac, voi mdi ne N*, ham f,(x) kha vi trén [x,;4] nén theo dinh Iy Lagrange, véi moi

ne N *ton tai t(x,;4) saocho:

_ ‘ _ _ A2

—f”(4) f”(X”):fn(t): 12+ 4 >+t 2n 2<—1 voimoi ne N*
4—x -7  (4t-1) (nt-1? 9
Suy ra 1 <L vei moine N* = x >4- J (2)
2(2n+1)(4—-x,) 9 2(2n+1)
Tir (1) va (2) ta duoC 4——> <x_<4 véimoi ne N*
2(2n+1)

Tir d6, theo dinh Iy vé gigi han kep gitra ta c6 diéu phai ching minh.
Bai 112, Cho diay sé (u,)(n=012..) duwgc xac dinh nhu saw: Uu,=a VA

U, :sinz(un +11)—2007 v&i moi s6 ty nhién n , trong d6 a 1a s6 thuc cho trugc. Chirng minh
rang:
a/. Phuong trinh sin® (x+11)—x=2007 c6 nghiém duy nhat. Ki hi¢u nghiém do 1a b .
b/. limu,=b

Loi gii.
a/. T gid thiét ta thdy ngay u, > -2007,Vne N* Xéthamsé f (x):=sin*(x+11)-2007,x€R
Tathdy: f’(x)=2sin(x+11)cos(x+11)=sin2(x+11)vau,,, = f(u,) hamsé g(x):=f(x)-x
c6 g’(x)=sin2(x+11)-10<0 g(-2007)=sin®(-2006)>0 va lim g(x) =~ lim g(x) =+
Vay ham s6 g(x) nghich bién va ¢ nghiém duy nhét trong [-2007;+) goi nghiém d6 1a b , thi
phuong trinh sin®(x+11)—x=2007 c6 nghi¢m duy nhatla b
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b/. Ki hiéu =[_20r£<:i_)2(006]|g (t)]. Khi d6 a €[0;1] Ta thay —2007 <u, <-2006 va phuong trinh
|sin2(x+11)| =1 v6 nghiém trén [-2007;-2006] nén 0 < a <1.

Theo dinh ly Lagrange, ang véi mdi ne N* , ton tai ¢, € (-2007;-2006) sao cho

|un+l _b| :|g(un)_ g(b)| = |g I(Cn)”un _b| < (Z|Un _b|

Tur dy theo phuong phap quy nap ta duoc |u,,, —b|<a"|u, b
Suy ra i@Ju”H —b|=0 tuc la limu, =b
Bai 113. Chting minh rang véi mdi sé nguyén duwong n cho trude thi phuong trinh
x*"™ = x+1 c6 dang mot nghiém thuc. Goi nghiém do6 1a x, . Tinh nlirpw X, .
Loi giai.

Néu x <1 thi x*" <x<x+1.Néu —1<x<0 thi X’ —x=(-x)(1-x*") <1 suy ra x*"* < x+1

.Néu 0<x<1thi x* <x<x+1.Vaynéu x langhiém cua phuong trinh x*"*

c6o x>1.Pat f (x)=x""-x-1.Taco f’(x)=(2n+1)x*"—1>0 trén [1,+o) suy ra ham f

= x+1 thi ta phai

tang trén nira khoang nay. Vif (1)=-1<0 va f(2)=2°""-3>0 nén phuong trinh nay c6 nghiém
X, thudc (1,2) . Theo ly luan trén, nghiém nay 1a suy nhat.
Xét f,=x"-x-1.Taco f ., (1)=-1<0va f_ (% )=%""-x,-1=x""-x>"">0 . Tu
do ta suy ra 1<X,,, <X, . Ddy {x,} giam va bi chin dudi boi 1, suy ra day {x,} c6 gi¢i han hitu
han a , honnita a>1 . Ta chang minh a=1 . That vay, giasir a>1 . Khi d6 X % vdimoi n va
ta tim dugc N du 16n sao cho: x > >a”"" >3 . Trong khi d6 ta c6 X, +1<x +1<3 . Mau thuan
vi f(x,)=0.
Bai 114. Cho phuong trinh X +2x*+...+nx" = —% v6i N nguyén duong.
a/. Chiing minh rang véi moi N nguyén duong, trén khoang (0;+c0) , phuong trinh trén c6 nghiém
duy nhét, ki hiéu 1a x, .
b/. Ching minh rang day (x,) c6 gi¢i han hitu han khi n— +oo. Tim gi6i han do.

Loi giai.
al. Xéthamso f,(x) = x + 2x2+...+nx”—§ lién tyc trén R va co
fo (X)=1+22x+...+n°x"" va f, (x)>0 Vxe(0;+0) nénhamsb f (x) ting trén (0;+o0)

Ma f, (0)= —% <0, f,(1)>0 nén phuong trinh f, (x)=0 c6 duy nhat trong khoang (0;+o)

b/. Taco

n-1
3fn(1j=1+2.1+...+n(1j 39
3 3 3 4

(5523 »rl3) -3
fl=|==+2|=| +..4n| = | —=
3) 3 3 3 4

Trur vé theo vé ta dugc:

79



Cdc bai todn day so on hoc sinh gidi

n-1
2fn£l):1+l+...+(lj —i—Ezﬁ(l—ij—ﬂ—E:—2n+3<O
3 3 3 3 2 2 ) 3 2 3.3

Do d6: X, >%,VneZ+

Ap dung dinh Iy Lagrange, ton tai y, e (% X, j sao cho:

2n+3 1 . .. .
=|f x—— >IX —= vi f >1 véiy >0 .
2213 j‘ >3 Vi )51 vei y,
Mit khc Iim2£+3_0 = limx, =
Bai 115. vn e N" hdy chimg minh cac dang thac sau:
n+1

/. 1+2+3+..+n=—-—= ( +1) 1)

n+1)(2n+1
bl. ?+2°+3 +..+n° = ( * )6( +1) (2)

1
ol P+22+3F+..+n’= ( (n2+ )J (3)
Lo gii.

Ba bai tap trén | cac bai toan rat co ban dé dang giai quyét theo phuong phap quy nap.
Ta thyc hién loi giai cho y by/.
1(1+1)(2.1+1)

Buéc 1: Khi n=1thi (2) < 1° = o1=1

Vay (2) diing véi n=1
Buéc 2 : Gia sir dang thirc (2) dang véi n=k (k >1)tac la
k(k+1)(2k+1)

P+2°+3+..+k? = (gia thiét quy nap)

Ta phai chung minh (2) dang véi n =k +1 tic la phai chiing minh:
(k+1)(k+2)(2k+3) *)
6

P+22+3 4.+ (k +1)2 =

k(k+1)(2k+1)

That vay. Vé tréi cua (*) bang [12 +22 434+ k2}+(k +1)° = +(k+1)°

k(k+1)(2k+1)+6(k+1)"  (k+1)[ 2k* +k+6k+6 |
6 - 6

C(k+D)[2K3+7k+6]  (k+1)(k+2)(2k+3)

- 6 - 6

Theo nguyén tic quy nap suy ra dang thic (2) dang vne N

Bai 116. R0t gon céc biéu thirc biéu thuc

n(n+1)

suy ra (*) dung

al. A=1+3+6+10+...+
b/. B=1*+3+5° +...+(2n—1)3
Loi giai.
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a) Vk e N'taco k(k2+1):%[k+k2]
Khi k:1:1=%[1+12]
Khi k:2:>3:%[2+22]

. 1
Khi k =3:6=§[3+3Z]

Khi k:n:M=l[n+n2]
2 2

Cong theo vé n dang thie trén ta dugc

A:1[1+2+3+...+n]+l[12+22+32+...+n2]
2 2

n+1)+1 n(n+1)(2n+1)

2 2 6 '

:A:l.n(
2
Loi gidi
a) VkeN'taco k(k+1)=k+k?.
Khi k=1=1.2=1+1.
Khi k=2=23=2+2%.
Khi k=3=3.4=3+3%.

Khi k=n=n(n+1)=n+n’.

Cong n ding thirc trén theo vé ta duoc :

S, :[1+2+3+...+n]+[12+22+32+...+n2].
n(n+1) n(n+1)(2n+1)

=3, = + \
2 6

=S, :%n(n+1)(n+2).

b) vkeN'taco k(k+1)(k+2)=k>+3k*+2k.

Khi k=1=1.23=1+3.1"+2.1.
Khi k=2=2.34=2+32°+22.
Khi k=3=3.45=3"+3.3"+23.

Khi k=n=n(n+1)(n+2)=n*+3n*+2n.
Cong n dang thirc trén theo vé ta duoc :

S, :[13+23+...+n3]+3[12+22+...+n2]+2[1+2+...+n].

2 2
s, n*(n+1) +3n(n+1)(2n+1)+2'n(n+1) .

:sf%n(nu)(mz)(ms).
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A 1
Vay S, = gn(n +1)(n+2).

Sazin(n+1)(n+2)(n+3).
Tur d6 dé dang du doan dugc cong thiic tinh tong S,va S,
) S4:%n(n+1)(n+2)(n+3)(n+4).

1
d) S, :k—+1n(n+1)...(n+k).

Tong S,va S, dugc chimg minh theo phwong phap quy nap.

Trong qua trinh giai quyét cac bai toan trén ta da khai thac kha sau cac dang thic (1) ¢ (2) va (3) da
néu trong bai 1 nhung ¢ hoc sinh lai dit ra cdu hoi néu khong biét dén cac dang thirc (1),(2)Vé
(3) thi bai toan duoc giai quyét nhu thé nao ? Van dé nay co thé giai quyét nhu sau :

bat S, =1+2+...+n

=2§,=12+22+32+...+n.2.

Va S,=12+23+34+..+n(n+1).

Trir hai ddng thire trén theo vé suy ra
S,-25,=12+23+..+(n-1)n.

:>Sz—281:82—n(n+1):>81:M.

Vay S, =14+2+...+n= n(n+1).

Tuong ty nhu vay
S,=12+23+34+..+n(n+1).

=3S,=123+233+3.43+...+ n(n +1).3.
Va §;=1.23+234+345+..+n(n+1)(n+2).

Trir hai dang thire trén theo vé suy ra
S;-25,=1.2.3+23.4+..+(n-1)n(n+1).

=5,-25,=5,-n(n+1)(n+2) =5, :%n(n+1)(n+2).

Véu S, :1.2+2.3+3.4+...+n(n+1):%n(n+l)(n+2).

Theo cach do ta sé tim duoc :
S, =1.2..k+23...(k+1).+..+n(n+1)..(n+k-1).

=%n(n+1)...(n+k).

Dén day ta sé st dung cac tong S,,S,Va S, dé xay dung cac dang thic (2) va (3)
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Tu S, :1.2+2.3+3.4+...+n(n+1):%n(n+1)(n+2).
:>1(1+1)+2(2+1)+...+n(n+1):%n(n+l)(n+2).

:>1+2+...+n+12+22+...+n2:%n(n+1)(n+2).

M+12+22+...+n2 :%n(n+1)(n+2).

n(n+1)(2n+1)

=12+2%+.+n’= (dy la dang thirc (2) da néu).

Tu SS:1.2.3+2.3.4+...+n(n+1)(n+2):%n(n+l)(n+2)(n+3).

Taco (k-1)k(k+1)=k*-k.
Khi k=2=123=2%-2.
Khi k=3=234=3-3.

Khi k=n+1=n(n+1)(n+2)=(n+1)’—(n+1).

Cong n dang thirc trén theo vé ta duoc :
53=23+33+...+(n+1)3—[2+3+...+(n+1)].
:SS:13+23+33+...+(n+1)3—[1+2+3+...+(n+1)].

3_(n+1)(n+2) |

=8, = +2°+3 +..+(n+1) 5
Ma S, :%n(n +1)(n+2)(n+3)suy ra

13+23+33+...+(n+1)3—%2(n+2) :%n(n+1)(n+2)(n+3).

S ={(n+1)2(n+2)}2l

=>1+2°+3F+..+(n+l
n(n +1) 2
S+ 4+ 140’ = {T} (day la déng thirc (3) da néu).

Bai 117. Tim sb hang tong quat ctia cac diy sd cho boi cong thic truy hdi dudi day :
u =1

a) =2 : b) u, :
U,, =U,+2n+Ln=1 Uy =—————,n=1

) U =1 d) u =3
c _ _
U, =4 +n"+1n>1 U, =u +2n*n>1

u,=lu, =2
e) :
U,,=2u,—-u ,+nx>2
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Loi gidi
a) Theo dé bai suy ra:
u =2.
u,=u, +2.1+1.
U, =u,+2.2+1.

u, =u,+2.3+1.

U, =U,, +2.(n-1)+1.

Cong n ding thirc trén theo vé ta duoc
U, =2+2(1+2+...+(n-1))+n-1.
(n=1)n
—

= U, =n+1+(n-1)n=n*+1.

Ma 1+2+..+(n-1)=

Vay s hang tong quat ciia ddy s6 dd cho 1a u_ =n?+1.

b) Tir cong thirc truy hoi suy ra i:i+3n+2;n21.

n+l un
Trdétaco:
1
ul
i——+3.1+2
UZ ul
i—i+3.2+2
u, u,
i—i+3.3+2
u, U
i:i+3(n—1)+2.
un un—l

Cong n dang thirc trén theo vé ta dugc :

ui:l+3[l+2+...+(n—1)]+2(n—1).

n

n-1)n Z4n-—
u, 2 2
2
=W =m0
3n“+n-2
Vay sb hang tong quat ctia diy sé di cho 1a u, =2#.
3n“+n-2

2
n+1

¢) Tir cong thirc truy hoi suy ra u?, =u’ +n’ +1n>1.
Tir do6 ta co

84



Cdc bai todn day so on hoc sinh gidi
2

u, =1.

u =u +1° +1.

ui=ul+2%+1.

ui =ul+3°+1.

u? =u?, +(n-1)" +1.

Cong n dang thirc trén theo vé ta duoc :

U2 =1 +22+3 +...+(n-1) +n

(n+1)(2n+1)
6

242243+ +(n-1) = (n-Dn (2n l)

2 _ (n-1)n(2n-1)
" 6

Ma 2°+2*°+3+..+n°=

u

+n:%n(2n2—3n+7).

—u, :%\/Gn(2n2—3n+7).

Vay sb hang tong quat ctia diy s6 di cho 1a u, = %\/6n(2n2 -3n+ 7) .
d) Theo d& bai suy ra :

u, =3.

u,=u,+2.2°,

u,=u, +2.2°.

u, =u, +2.3%.

u, =U,,+2.(n —1)3 :
Cong n dang thirc trén theo vé ta dugc :

u, =3+2[13+23+...+(n—1)3]

2 2
Ma 2*+2° +..+n° =£@J =1 +2° +..+(n-1) =((n—l)n] :

2
n?(n-1)’
=u, :3+M.
4
2 2
A J4 2 S ~ A o3~ \ n (n_l)
Vay so hang tong quat cua day sd dd chola u, =3+T.
Loi giai

a) Vk e N'taco k(k+1)=k+k?.
Khi k=1=1.2=1+1%.
Khi k=2=2.3=2+2%.
Khi k=3=34=3+3.
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Khi k=n=n(n+1)=n+n?.

Cong n ding thic trén theo vé ta duoc.

82:[1+2+3+...+n]+[12+22+32+...+n2].
~n(n+1) n(n+1)(2n+1)

=S, = + .
2 6

=S, :%n(n+1)(n+2).
b) vk e N"taco k(k+1)(k+2)=k®+3k*+2k .

Khi k=1=1.23=1+3.1+2.1.
Khi k=2=234=22+322+22.
Khi k=3=3.45=3*+3.3+2.3.

Khi k=n=n(n+1)(n+2)=n’+3n*+2n.
Cong n dang thic trén theo vé ta dugc.
SS:[13+23+...+n3}+3[12+22+...+n2:|+2[1+2+...+n].

n*(n +1)2 +3n(n +1)(2n+1) +2.n(n +1).

=S, =
=5, =%n(n+1)(n+2)(n+3).
Viay S, :%n(n +1)(n+2).

s, :%n(n+1)(n+2)(n+3).
Tir d6 dé dang du doan dugc cong thac tinh tong S,va S, .

S 84:%n(n+1)(n+2)(n+3)(n+4).

1
d) S, :mn(n +1)...(n+k).

Tong S,va S, dugc ching minh theo phuong phap quy nap.

Trong qué trinh giai quyét cac bai toan trén ta da khai thac kha sau cac dang thuc (1), (2) va (3) da
néu trong bai 1 nhung c¢6 hoc sinh lai dat ra Cau hoi néu khdng biét dén cac dang thuc (1), (2) va (3)
thi bai toan duoc giai quyét nhu thé nao ? Van dé nay cé thé giai quyét nhu sau :.

bat S, =1+2+...+n.

=25,=12+22+3.2+...+n.2.

Vas,=12+23+34+..+n(n+1).

Trir hai dang thuc trén theo vé suy ra.
S,—25,=12+23+...+(n-1)n.

382—281:82—n(n+1)381=M.
Vay Sl:1+2+...+n:@.
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Tuong tu nhu vay.
S,=1.2+23+34+..+n(n+1).
=35,=1.2.3+23.3+343+...+n(n+1).3.

Va §,=1.23+234+345+...+n(n+1)(n+2).

Trir hai dang thuc trén theo vé suy ra.
S,~25,=12.3+234+..+(n-1)n(n+1).

383—282:83—n(n+1)(n+2):>82:%n(n+1)(n+2).

Vau S, :1.2+2.3+3.4+...+n(n+1):%n(n+1)(n+2).

Theo cach do ta sé tim duoc.
S =12..k+23....(k+1).+..+n(n+1)..(n+k -1).

:%n(n +1)...(n+k).

Dén day ta sé st dung cac tong S,, S, va S, dé xay dung cac dang thic (2) va (3).

Tu S, :1.2+2.3+3.4+...+n(n+1)=%n(n+1)(n+2).
:1(1+1)+2(2+1)+...+n(n+1):%n(n+1)(n+2).

:>1+2+...+n+12+22+...+n2:%n(n+1)(n+2).

n(n_+1)+12+22+m+n2 :%n(n+1)(n+2).

n(n+1)(2n+

6 ) (day 1a ding thirc (2) d4 néu).

—=12+2°+...4+n*=

Tr S,=1.23+234+.. +n(n+1)(n+2):%n(n+1)(n+2)(n+3).
k.

Taco (k—1)k(k+1)=k*>-
Khi k=2=123=2°-2.
Khi k=3=234=3"-3.

Khi k=n+1=n(n+1)(n+2)=(n+1)’—(n+1).
Cong n ding thic trén theo vé ta duoc.

S, =2"+3+.. +(n+1 [2+3+ +(n+1)]

=8, =12+2°+3+., +(n+1 [1+2+3+ +(n+1)]

(n+1)(n+2) |

=8, =L+22+F+..+(n+1)’ - >

Ma S, :%n(n +1)(n+2)(n+3)suy ra.
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13+23+33+...+(n+1)3—%2(n+2)=%n(n+1)(n+2)(n+3).

:»13+23+33+...+(n+1)3{WT.

2
1 ,
=>1P+22+3F+..+n%= {@} (day 1a dang thire (3) da néu).

Bai 118. Tim sb hang tong quat cua cac day sé cho bai cong thuc truy hoi dudi day
u =1

u =2
a) {u b) Uy

i =U,+2n+Ln>1 nil 1T+ (3n-2)0,

0) { Wt d) { h=3
U, =+JUi+n*+1;n>1 u,=u+2n*nx1
) { u =Lu, =2 |
U, =2u,—-U _,+1n=>2
Loi giai
a) Theo dé bai suy ra ;.
u =2.
u,=u, +2.1+1.
U =U,+2.2+1.
u, =u; +2.3+1.
u, =u,, +2.(n-1)+1.
Cong n dang thic trén theo vé ta duoc.
U, =2+2(1+2+..+(n-1))+n-1.
(n=1)n
2
=Uu,=n+1+(n=1)n=n’+1.

Ma1l+2+..+(n-1)=

Vay s6 hang tong quat cia day sb di cho 1a u, =n® +1.

b) Tir cdng thuc truy hoi suy ra L = i+3n +2;n>1.

n+1 un
Tt @6 ta co.
1.
u1
i—l+3.1+2
u2 u1
l=1+3.2+2.
u3 l'12
i:i+3.3+2.
u, U

n>1
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i=i+3(n—1)+2.
un unfl
Cong n dang thac trén theo vé ta duoc.
i:1+3[1+2+...+(n—1)]+2(n—l).
un
n-1)n 24n—
:i:1+3( ) +2(n—1):M.
u, 2 2
2
:>Un =
3n“+n-2
Vay s6 hang tong quét cta day sb da cho 1a u_ = 2#
3n“+n-2

c) Twr cdng thuac truy hoi suy ra u?, =u? +n®+1Ln>1.
Tu d6 ta co.
ul=1.

w=uZ+1%+1.

2=u?, +(n-1)"+1.
Cong n dang thic trén theo vé ta duoc.

U=1+22+3+..+(n-1)"+n.

Ma2?+22+3+...+n° = n(n+1)(2n+1).
6
12+22+32+...+(n—1)2 = (MYDY(Zh-1) .
6
u? = (n_l)n(zn_l)+n=ln(2n2—3n+7).
6 6

=u, :%\/Gn(an -3n+7).

Vay s hang téng quét cua ddy s6 da cho 1a u, = %\/Gn (2n* =3n+7).

d) Theo dé bai suy ra ;.

u =3.

u, =u, +2.1%.
U, =u, +2.2°.
u, =U, +2.3°.

u,=u,,+2.(n-1)".

Cong n dang thic trén theo vé ta dugc.
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U, =3+2[+2°+..+(n-1)’|.

2 2
Ma 13+23+...+n3=(@] :>13+23+...+(n—1)3=((n_1)nJ :

2
n?(n-1)°
=>U,=3+———.
4
N 4 2 T ~ L am . n2 (n —1)2
Vay so hang tong quat cua day so da cho la u, =3+ .
e. Tir cong thic truy hdi suy ra
u =1.
u, =2.

U, =2u, —u, +1.

u, =2u,—u, +1.

u,=2u,,-u, ,+1.

Cong n dang thirc trén theo vé ta dugc
u+u, =u_+2+n-1=u, =u_,+n (*)
Tur dé bai va (*) ta lai suy ra

u =1

u,=u,+1

U, =u,+2

u,=u;+3

u,=u,,+n-1

Cong n ding thirc trén theo vé ta duoc

u, =1+1+2+3+..+(n-1) :1+@ :%(n2 —n+2).

Vay sb hang tdng quét ciia day sb dd cho 1a u_ = %(n2 -n+2).

u =a
Bai 119. Cho day s6 (u,)co: L 212 v6i a=0Tim a dé (u,) la cap s6 nhan.

Loi giai
A px ] 12
Theo d¢ baisuyra u, =a;u, =—; U, =a.
a
2
Day s6 (u,) la cap s6 nhan % Y :%za— sa=1/12.
u u, a° 12
Luu y 1a phai thu lai
+) véi a=+/12 thi theo d& bai suy ra u, =12, u, =12, u, =12, ...,u_ =12
nén (u,) 1a cap sb nhan c6 cong boi q=1.
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+) véi a=—/12 thi theo d& bai suy ra u, =—/12, u, =12, u, = —/12, ...,u, = 12
nén (u,) 1a cap sb nhan cé cong boi q=1.

Vay diy sé (u_) 12 cAp s nhan khi a=+12 .

Bai 120. Cho day s6 (u,)co s6 hang tong quat u, :31,1. Pat S, =u, +U, +...+U_. Hay rat gon

S,theo n.
Loi gidi
Taco S, :£1+£2+%+...+1 = 3§, :1+%+%+...+ n_l.
3 3 3 3" 3 3 3"
Trir theo vé hai dang thirc trén ta dugc
3Sn—Sn:1+il+i2+...+ 11—1
3 3 3= 3
Theo cdng thirc tong cac s6 hang caa cap sé nhan suy ra
(3
25, =1L 030 e N g 4 NS
I 3 3 43
3
Viy S, :ﬂ_2n+3.
3 43"
u =1
Bai 121. Tim s6 hang tong quat cua cac day s6 (u, ) ~ u, 151
"1 (2n+3)u,
Loi gidi
sk 1+(2n+3)u
Tur gia thiet suy ra ! ( )”:> ! :i+2n+3;n21
un+1 un un+l un
Do do l=1
ul
i—i+2.1+3
UZ ul
i:i+2 2+3
u3 u2
i—i+2.3+3
u, U,
i=i+2.(n—l)+3
un un—l
Cong theo vé n dang thirc trén ta duoc:
i:l+2[1+2+3+...+(n—1)]+3(n—1)
un
1 , 1
= —=1+(n-1)n+3(n-1)=n*+2n-2=>u, =—5———.
u, n“+2n-2
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Vay s6 hang tong quét cta day sb da cho 1a u, :2;.
n“+2n-2

u =-1

Bai 122. Tim s hang tong quat cua cac ddy s (u, ) cho béi B 2u, .
" 1+(3n+5)u,

Loi giai
S s 1+(3n+5)u
Theo dé bai suy ra L = ( )” = 1 = ! +§n+§;n21.
2u u 2u 2 2

n+1 n n+1 n

bat v, :i:wl:i:—l va vn+1:1vn+§n+§;n21.
u -1 2 2 2

n

Xét g(n)=an+b sao cho vn+l+g(n+1)=%[vn +g(n)]

n+1

=V, +a(n+1)+b:%[vn+an+b]

1 1 1
=V, =-V,——an—-a-—=b
2 2 2
1 3
1 3 5 2472 a=-3
Ma v,,, ==V, +=n+—= nén ta phai co =
2 2 2 5 b=1
—a——b=—
2 2

= g(n)=-3n+1va vn+l+g(n+1)=%[Vn +9(n)]

n-:

bat x, =v,+g(n)=x=v,+9g(1)=-3 va XMZ%X

Do d6 (x,) la cap sé nhan 6 cong boi g :% nén x =x.q"*=-3.2""

1
1

=V, =%,-9(n)=-32"+3n-1=u, =

Vay s6 hang tong quat cta dy sb da cho 1a u_ =

u, =2

Bai 123. Cho dayso (u,) xac dinh bai u? :
Uy, = o L 1,n21,neN

1) Chiing minh rang day s6 (u, ) giam va bi chan.

2) Hay x4c dinh s hang tong quét ciia day sb (u, ).
Loi gidi

1) Taco u, =2, u, :4i_1:%:>u2 >1

Gia str u, >1,k > 2 (gia thiét quy nap)

Ta sé chang minh u,,, >1(*)

2
Theo cong thic truy hoi, (*) < 5 % 1o u? >2u, —1 (vi 2u, -1>0)

k
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Cdc bai todn day so on hoc sinh gidi

o U2 -2u, +1>0 < (U, ~1)* > 0dang (vi u, >1)
Vay u, >1,vneN'suy ra (u,)bi chan dudi

i : —u? u(l-u
+) Xét hiéu unﬂ—un:u_n_un: Up +U, _ n( n)
2u, -1 2u, -1 2u -1

<0(viu, >1)

= (u,)giam
= 2=U,>U,>U, >...>...=(u, ) bi chan trén
Vay day s6 (u,) giam va bi chan.

2
2) Til' un+1: un ji:i_%:i_lz_ i2_34'1
2u,-1 u u, u u

n+1
1 1Y
:__1=_[__ ]
un+1 un

bit v, zi—l: A :1—1:—1 vav,,, =-Vv
u 2 2

n

-1

Tudosuyrav,=-2",v,=-272,v,=-2" v, =-27

Gaisir v, =—27" ,n>4 (gia thiét quy nap)
n-1 2 n n-1
=V, =—(27") =2 . Dodo v, =-27",vn

2n—1
Ma VrI :i-l: un o 1 — 1 — = 2n—1 "
u, 1+v, 1-27" 22 -1

Vay sb hang tong quat cia ddy sé (u,) 1a u, = P
X

Bai 124. Cho day sé (x,) xdc dinh boi: x, :% Vax . =— % ysimoineN'

"o2(2n+1)x, +1
Hay tinh tong 2001 sé hang dau tién cua day s6
Loi gidi
Céch 1. Theo ddbai > x =2, X, ——=, x=—
3 15 35
2 2 2

X, ==——, Xy=—

: = ) )
% 1.3 3.5 o.7

Theo quy nap ta dé dang chimg minh duoc X, = 2 ,VneN
(2n-1)(2n+1)

2 2
= X Xy e Xoggy = §+£+"'+—4001 2003
3-1 5-3 4003-4001
= + ot
13 35 4001.4003

1 11 1 1
=l-S4-S4 i ————

3 3 5 4001 4003
_q__1 _4002

4003 4003
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Vay X, +X, +...+ _ 4002
g Xl 2 XZOOl 4003
Cach2. T x,=— 0 =1 _poni1)s =
2(2n+1)x,+1 X, X
Nén ta co 1.3
X, 2
i:2(2.1+1)+l
X X
1
—=2(2.2+1)+—
X3 XZ

) :2[2(n—1)+l]+i

Cong theo vé cac dang thuc trén ta duoc

1 3 3
X—n:§+4[1+2+...+(n—1)]+2(n—1):E+2(n—l)n+2(n—1)
1 1p,, 2

— =Z|4n*-1 =
==l =% (2n-1)(2n+1)
Tl‘rdé:>x1+x2+...+x2001=%

. . U= \/E .
Bai 125. Cho ddy so6 (U, ) x4c dinh béi .Tinh limu,,
U, =+2+U,,VNn2=1
Bai giai:
Truéc hét ta s& chitng minh day s6 (U ) ting va bi chan trén.

Ching minh ddy (u, ) ting bang quy nap, tic la u,,, >u,,Vn>1

Khin=1taco U, =,/2+U, :\/2+\/§>x/§:ul

Gidst U, > Uy, khido Uy, =+/2+U,,; >/2+U, =U,,.Viy U, >u,,Vn>1

Nén (u,) bi chan duéi béi J2 . Tass ching minh déy (u, ) bi chdn trén bai 2 bang quy nap, that
vay
Khin=1taco U, =~/2 <2

Gidsit Uy <2,VK>1,khido U, =2+U, <v2+2=2.

Vay déy sb (u, ) bi chdn trén bai 2. Do d6 day sb (u, ) c6 gii han hitu han, gid st limu, =a |, thi

a>+/2.

Tt hé thac truy hoi, l4y gici han hai vé taco limu,, =lim/2+u,
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Cdc bai todn day so on hoc sinh gidi
) a=-1
Hay a=v2+a<a ' =a+2< 5
a=
Via>+/2 nén a=2.vay limu, =2
Nhan xét: Véi vi du ndy, ta c6 thé tim dwgc CTTQ cua day (u,) la u, = — 2005~ = ,Yn=>1, tuy

nhién viéc xac dinh CTTQ cua (u, ) khdng phdi la don gian va mét nhiéu thoi gian. Véi ki thuat tinh
gidi han nhu bai giai trén, bai toan duogc giai quyét gon nhe.
u =u,=1
:\/E+ u,, ,vn=2
Bai giai:
Nhan xét: Tathay u, =u, =1, U, =1+1=2>u,; u, = \/I+\/E =2 +1> U,. Du doan
day s6 (Un) la day duong va tang.

Bai 126. Cho day s6 (u,) xac dinh bai { . Tinh limu,

Ta chitng minh bang quy nap, tac la u_,, > u,,vn=2

Rorang u, >0,vn>1.Khin=2tacé U,=2>u, =1

Giastt U, >U,,VK>2.Taco U, =+/U,, ++/U > /U, +/U,_ =U,,VK>2

Nén day (u,)la ddy s6 duong ting = u, >u, =1,vn>1

Hon nita, ta thay Vn >3, unz\/ﬂ+\/@<ﬁ+\/ﬂ:2\/ﬂ

Hay u,? <4u, = U, <4(do u, >0).Nén (u,)bi chan trén bsi 4

n+1

Do d6 day sb (u, ) c6 gi¢i han hitu han. Gia stlimu, =a, khidé a >1

Tir hé thuc truy hdi suy ra limu_, =lim/u_ +lim/u_
Hay a=\/5+\/a:>a2=4a.Do a>1>0néna=4
Vay limu, =4.

u, =2010

, Chuang minh ring

Bai 127. Cho ddy so (u,) xéc dinh bsi
+2011=0,vn21

-2u. U,
day (u, ) c6 gisi han va tinh gi¢i han do.

Bai giai:
Trudc hét ta nhan xét rang u, >0 , v&i moi n,

That vay, tacé u, =2010>0 Giast u, >0,Vk >1, tachang minh u, , >0

2
u, +2011
Tir hé thirc truy hdi suy ra 2u, .U, =u,° +2011>0=u, , = "2— >0
Uy
o u’+2011 1 2011
Dodotaco U, = T = ( —) Theo bét dang thiic Cosi, ta ¢
n n
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2
= “”;—2011 > o 22 pott wns 1
u u

n n

oy L C U, Uy +2011 1 2011
Mat khac ta co = >
u, 2u 2 2u

n

2011 2011 1
vi U >4/2011,vVn>1=
( " 2u 2 2 2011 2)

n

14_3:1
2 2

Nén (u,) 1a ddy sé giam va bi chin duéi boi /2011, do d6 day (u, ) c6 gi¢i han hitu han. Gia st
limu =a , khido 0<a<2010

o u’+2011 . . u?+2011 a?+2011
Vataco U, =————=limu ,=limLt———=a=———
2u, 2u, 2a
= a’=2011=>a=+/2011. vay limu_ =+/2011
, u, = \/E . u
Bai 128. Cho ddy so (U, ) Xac dinh béi Tinh lim—=
= /30u,% +3u, +2011,¥n >1 u,
Bai giai:

Nhan xét rang u, >0,¥n (kiém tra bang chimg minh quy nap)

Hon nita, ta ¢6 U,,., =/30u,2 +3u, +2011>/30u,2 > \Ju,2 =u,,¥n>1
Nén day s6 (u,) la day tang. Gia sir ddy (U, ) bi chan trén, khi d6 (U, ) c6 gidi han hitu han va ta

dat limu, =a(a>0)

Taco limu,, = lim/30u,2 +3u, + 2011 = a = 302’ +3a + 2011

= a®=30a’ +3a+2011= 29a’ + 3a+ 2011=0. Phuong trinh nay vé nghiém nén din dén
mau thuan. Vay day (u,) khong bi chan hay limu, = +oo

2
vt khc Yot _ \/30un +3u, +2011 _ \/30+ 3, 2011

u u u u

n n n
. u .3 . 2011
Do dé |Im”—+1=\/30+|lm =
u, u, u,
u =1
Bai129. Cho diay s6 (u,) xac dinh  boi u 2 Tinh
Uy =———=+U,Vn=x1
2010
. (u, u u
Ilm(—1+—2+...+ ”j
u2 u3 un+1
Bai giai:
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Cdc bai todn day so on hoc sinh gidi

2

: u
Tur hé thuc truy hoitacé U, —U = 20”10 >0,vn=21(*) =u ,>Uu,vYn>1,do dé day

(u,) laday sé ting = u, >u, =1>0,Vn>1

2

Tur(*ysuyra 2010, = U o U _ogpp oLy
n+1'un un+1'un n+1 un un+1
U W oot oLy Zo010a--1y
u2 u2 un+1 ul n+1 n+1
Do o tim (2 + % 4+ Y~ lim2010.0——1)
u2 u2 n+1 n+1

Gia str (un) bi chan trén, khi d6 day (u,) cd gidi han hitu han, gia st limu, =a (Vi

u,>1Lvnzl=azx1).

u’

2010

Tur h¢ thac truy hdi suy ra limu,, = lim( +U,)

a2
Hay a =
2010

+a=a=0(vdly). Vay (u,) khdng bi chan, tic 1 limu, = +oo

: TN LY T A u,
= limu,,, =+4w.Vay lim| ++—=%+..+

j: 2010
U, U, u

n+1
O<u, <1

Bai 130. Cho day s6 (U, ) thda méan 1

u,,@-u)> 2 ,vn>1

a) Ching minh rang day (u, ) la day s tang

b) Tinh lim(u, )

Bai giai:

a) Nhan xét rang (u,) 1a ddy bi chan

Honnita 0<u,<1=1-u, >0 vau,, >0,Vn. Theo bit dang thic Cosi, ta ¢

n+1

1 .
u.,+@-u)>2.,u . .@-u)> 2.\/; =1Vvn=u,, >U,,Vn.Dodo(u,) laday so ting
b) Tur cau a) va nhan xét trén suy ra ddy (u, ) cé gi¢i han hitu han. Gia st limu, =a, thi a>0.

Do do lim[u,,,(1—u,)]=limu,,,.lim1-u,) =a(l—a). Mat khéc tir gia thiét suy ra,

Iim[uml(l—un)]zl:>a(1—a)21
4 4
<:>a2—a+££0<:>(a—1)2£O<:>a=1
4 2 2

. 1
Vay limu_ ==
ay "5
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u, >0

Bai 131. Cho day s6 (U, ) x4c dinh bai Tinh limu,_

1 a
Uy, == (U, +—),vn=1(a>0)
2°"
Bai giai:
Nhan xét ring (u,) bi chan dusi boi /a .

. o 1 a
That vay, theo bat dang thirc Cosi ta cd U, = E u+—)= ﬁ .
1

Gia st U, >~/a,Vk > 2, tachung minh u, , >~/a

e s . 1 a a
Theo bat dang thirc Cosi va gia thict quy nap tacéd U, ,, = E(uk +—)= u,.— = Ja . Do do
Uy Uy

U, >+/a,¥n=>2, nén (u,) bi chan dusi boi v/a

u, 1 1 1
Mat khac, taco —22 ==+ "~ mau, >a,vn>2=—> <~
u, 2 2u, 2u.°  2a
Dodc’)m:l+ a £1+——1:>u <u_,VYn>1nén (u.) laday giam.
u, 2 2u’ 2 2a m "

Vay ddy so (u,)co gisi han hitu han. Gia st limu, =« , khidé a >0
Ttr hé thirc truy hoi suy ra

Iimunﬂzlim%(un +i):>a:%(a+3):>a:\/5(D0a>0)
u a

n

Vay limu, = Ja

u, >0
Bai 132. Cho day sé (u,) xac dinh boi u . Tinh lim(u,
y ( ) un+l — n > ’\v/n 2 0 ( )
1+u,
Bai giai:
5 u

Nhan xét rang U, >0 véi moi n . That vay, u, >0 va u, = —2—>0

1+u,

1

. u u X
Giasir U, >0,Vk = U,,, =—*—>0.Dodo L = <1LVvn (viu?>0)

1+u, u, 1+u,

n

2

= U,,, <U,,Vn= (u,)laday sé giam va bi chan duéi bsi 0 nén (u,) c6 gisi han hitu han. Dat,

n+1

limu_ =a khi d6 tir hé thuc truy hdi suy ra

: .Uy 3 o
limu_,, =1im > =>a= —a’+a=a=>a=0.Vvay limu, =0
1+u 1+a

n

2

Clu =1 51
) xac dinh boi .bat S, =) —.Tinh
uk

Bai 133. Cho day s6 (u
U,, =1+u.u,..u,vn=1 i

n

limS,
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Bai giai:
Nhan xét: D& thayu, >1, Vn>1=u, U,....u, , >1

Taco u,,, —u, =1+u,U,...u, —u, >1+u, —u, =1>0=u,,>u,vn=1,dodos (u,)la

n+1

ddy so ting. Gia str(u, ) la day bi chan trén, khi d6 day (u,) c6 gi6i han hitu han, va ta dat

limu, =a

Taco a=Ilimu_, =lim+u.u,....u, .u)=1+lim(u,.u,....u. ,).limu
Vi lim(u,U,.....u, ;) 21=a>1+1.a.biéunay vo Ii. Vay (u,) khdng bi chan trén tac la

limu, =+
Mat khac ta cé, u,,, —1=u.U,....u, =u, (u.u,...u, , +1-1) =u, (u, -1
= ! = ! = L —i,VKZZ

U,-1 u@-1) u-1u
=S, —Z—=— yyt 11, 1

U U iU U u, -1 U, -1 un+1_l
Do do limS, = lim(2————y=2
nel

Bai 134. Cho day so (u,) dugc xac dinh nhu sau: X, =0, X, = [Ej voi moi ne N *. Chiing

n+1
minh rang day so (u,) c6 gi6i han va tim gi¢i han do.
Bai giai:
Nhan xét rang, Yne N*. Xétham sé f (x)= (2—17j nghich bién trong khoang [0;+w) . Khi

do X, = f(x,), vneN=*vaf(x)<f(0) nén 0<x, <1

n+1
Taco x,=0;x% =1;x, =2—17nén X <xva X, =f (%)< f(x)<x,

Bay gio ta ching minh bang phuong phap quy nap X,, ; < X,..,, V& Xy, < X0
véi neN*
That vay, gid st €6 X, , < X,y th £ (X, )= F (X0 ) NEN Xy, < X, VA VI VAY
f (XZn) S f (X2n+2)suy ra X2n+1 < X2n+3
Tuong tu, gid ST €O Xy, < X thi (X, ) < F (X5 ) SUY 12 X500 < Xy, VI VAY
f (X2n+1) 2 f (X2n+3 ) Suy ra X2n+2 2 X2n+4
Vay day x,, , 1a diy ting va diy x, 1a ddy giam va déu thuoc [0; 1] nén c6 giéi han hitu
han: limx,, =a, lim f(x,, ) =b

Nn—+o0

Vaa=limx, ,=lim f(x,.)= lim f(f(x,)) = f(f(a))

1 ]a
R 1 [27 1
Nén a=| — suyra a=—
27 3
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Cdc bai todn day so on hoc sinh gidi

én limx, =

n—+o0

OOII—‘

1
Tuong tu ta cling tim dugc b = 3 Vay a=b=

Bai 135. Cho day s6 thuc (U, ) xdc dinh nhu sau: X, =0;X, =2 va X, =2 " +% Vé&i moi
n=1,2;3;...Chitng minh rang day sé (u, ) ¢ gisi han hitu han, tim gisi han do.

Bai giai:
Xéthamsd f(x)=2" +% xac dinh trén R.
Voimdi ne N* tacod x,., = f(x,,)=f(f(x,))hayx,,=g(x,), trong d6 gla ham s xéc dinh
trenRva g(x,)=f(f(x,))vxeR(1)

DE thay ham s6 f giam trén R, do d6 ham s6 g ting trén R. Vi thé tr (1) suy ra véi moi
ke {1; 2;3; 4} , day X, (n e N)la ddy don diéu, Hon nita, tir cach xéc dinh day (x, ) dé thay
0<x,<2, Vne N*.Dodé véi mdi k {1;,2;3;4}, dy X,,., (neN) laday hoitu

V6i méi k e {1,2;3;4}, dit limx,,, =a, tacé 0<a, <2.Honnira dohamsé g lién
tuc trén Rnén tr (1)suyrag(a,)=a,(2)

Xét ham sé h(x)=g(x)—xtrén. [0;2] Taco h'(x) =2 "), (In2)* ~1< 0vx e[0;2]
(do f (x)+x>0vxe[0;2])

Suy ra, ham s6 h giam trén [0;2] .Vi thé c6 nhiéu nhat mét diém x €[0;2] sao cho
h(x)=0hay g(x)=x.Mag(l)=1néntir (2) tadugca, =1 véi moi k {1;2;3;4}

Tur day, vi day(u,) 1a hop cua bén ddy con X,,,, (ne N) nénday(u,) hoituva lim x, =1

X—>+00

X, = 2007
Bai 136. Cho déy s6 thuc (x,) xdc dinh bai:y =3+

>1
x2 -1

-

a) Chimg minh day s6 (X,) bi chan.

b) Chimg minh ddy so (X,) c6 gi6i han va tim gi6i han do.
Bai giai:

Hién nhién X, > V3 va

X, f
XM:\/_ \/Tl—\/é+ 1+ ——— <\/_+\/_Vn>1

Vay X, <2007 véi moi n. Suy ra day bi chan.
Cach 1:

Ham s6 f(x):\/§+\/j7= 3+ /1+ 21 ] nghich bién trén (\/§;+oo) nén chimg minh duoc
X“ -1 X" —

cac day con (X,, )Va (X,,,; ) 1a don diéu. Theo 1/céc ddy d6 bi chidn nén c6 limx,, =ava
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a=3+

qua gioi han ta ¢o : . Suyra

m b=3+

ﬁ

N T
|

[N

limx,,,,=b .Tu x_, =~/3+

QD
T‘m
[any

.2 =b+
\/az—l \/bz—l'

. X 1 p .
Xétham so g(Xx)=x+ co g'(x)=1-————>0 vx>+/3 nén g( x)dong bien,
(x) —— 9'() P (%)

Tir do a=b hay limx,, :Ilmxzmzal
Lac d6 a la nghiém phuong trinh x:\/§+\/§i = X:% :Iimxn:%.
x° -1
Céch 2
f(x) =B+ = f/(X) = = = |£100] < 575 ki x> 8.
Jx -1 (x*-1)°
2
Co f(x)=xex=+3+ o (x=3)2 = 2X
1/x -1 X" -1
- =-1
X2 —\3x)7 = 2(x* —3x)-3=0 = K =3 =-A() X:M:
x?—3x =3 2
Ap dung dinh 1y Lagrang c6:
1
al=|f(x,)-f@)=[f'(8)|x,—aj<—=[X,—a|<...< aj———0
P =al=[£00) - 1@ = @), ~al <5 o ~al <. < )" -a
Do d6 |imx2n=a=%.

xlzx/a, a>?2

X,,={a—+a+Xx, VYneN*

Bai giai:

Bai 137. Vi du 14: Cho day s6 (X, )théa man: {
Chting minh rang day s6 (Xn ) c0 gi61 han hiru han.

o Bing quy nap chiig minh dugc rang 0 < X, < JavneN*
. Xétham f(x)=+a—-+a+x, VXG[O;\/E] o X,., = f(x,)va
<0, VXE[O;\/E].

£1(x) = -
Wavaixdaix

Suy ra f (x)1a ham nghich bién.
Do d6 day (X, )dugc tach thanh hai ddy con (X,,)Va (X,,,), trong d6 mét ddy tang va mot day
giam, mat khac lai c¢6 day (Xn) bi chan nén ton tai limx,, =« , limx,,., =3 S, trong d6 o, f 1a

nghiém cua phuong trinh:

f(x):x<:>\/a—\/a+\/a—\/a+7x =X

101



Cdc bai todn day so on hoc sinh gidi

F(x):\/a—\/aﬂ/a—\/m - X, voi X€|:0;\/a:|

1

Jaarvavarxyariavarxva Varrdarx
vOi X€|:0;\/a:| ,taco

\/a—\/ew_x\/aw_xzx/a—«/a+\/5\/§>\/a— a+ﬁ+%¢a
- Java-1ia- (Jg_%f_gh (ﬁ_%f_g@ 012503

1

F'(x)=

Thay vai tro cua X boi y/a—+/a+Xx ching minh trong tu ta ¢o

\/a—\/a+\/a—\/a+_x\/a+\/a—\/m_x >0,3.

Suyra F'(x)<-0,9nén F(x)la ham nghich bién, lai c6 F(0)>0;F (JE) < 0 nén phuong trinh

F(x)=0 c6 nghiém duy nhat. Do d6 « = j.
Suyra limx, =limx,, =limx,,,=T.
Vaycé limx, =T véi T théaman f((T))=T.
Bai 138. Vi du 20: Cho day s6 (X, )véi n=1,2,3....dugc x4c dinh bsi: limx,, =a.

n-1
X2 = Xom—INx,. DAt S, =3 (N-K)IN X, (n22).Tim lim (S_j .
k=1 n—>+o\ N
Bai giadi:
Nhén xét rang x,, =1 v6i n=1,2,3.... suy ra lim x,, =1.

Tiép theo ta ching minh diy (X2n+1) cling c6 gidi han la 1.

. ; . R 1 ..
Xétham s f (x)=x—Inxlién tuc va dong bién trong (L;+0)vi f'(x)=1-=>0 véimoi x>1.
X
Trudc hét ta ching minh bang phuwong phap quy nap, diy (in+1) bi chan dudi boi 1. Theo
gia thiét thi x, =a>1, gia sit Xy, >1thi f(X,,;)> f(1)nén hién nhién X,,,, >1tic day (X,,,, )bi
chan dudi béi 1.

Tiép theo ta chimg minh day (X,,,,)1a ddy giam. That vay, do x,,, >1nén Inx,,,, >0vi thé

2K+1
Xonsa = Xone1 = —IN X0,y <0, tire day (X, )1a day giam.
Tir d6 suy ra (in+1) c6 gidi han c= JLrEO Xosg -
Chuyén qua gidi han diy sé ta dugc c=c—Inc < c=1.
Vay day s6 (X, )c6 giéi han 1 1.
Theo dinh ly Cessaro, ta c6
lim (x1+x2+...+ x2nj=1 hay lim ((x1+x3+...+ Xy )+ (X + X, + ot x2n)j=1

N—-+o0

2n 2n

(nxi—(n—l)lnxi—(n—Z)Inx\,,—...—lnx2n_3+n]_1
2n

N—+w

< lim

nN—+o0
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Cdc bai todn day so on hoc sinh gidi

& lim (E—i+1j=1 hay lim (S—j=a—‘l
2 n 2

X—>+00 x—>+0\ 2
Bai 139. Xet tinh hoi tu cua day sau tuy y theo gid tri cua a:
X, =a#-1
_3y2xi+2-2

n=123,...

Xn+ - T,
L2x 42X 42
Giai phuong trinh f (X) =X voi x#-1:

2 J—
@:X©3 2X2+2—2=2X2+Xm'
2x+2x2 +2

2x° —t?=-2 .
Dt V2x*+2 =t >0, khi d6 ta co hé: { . Cong theo vé 2 phuong trinh cua hé:

Bai giai:

3t—2=2x>+xt
t? +t(X—3)= 0 & t=3-X (do nghi¢m t =0 loai).
20 +2=3-x X +6x-7=0 & x=1vXx=-T.
Xét dau cia f (x)—x trén timg khoang (—o0;—7),(1+o0), ta c6:
f(X)>x,Vx<-7va f(x)<xVx>1.
Xét phuong trinh f(x)=1 chi c6 nghiém x=1 nén f(x)-1 khong ddi ddu trén timg khoang
(-L1) va (1+x), ta co:
f(x)>1,vx>-1.
Tuong tu, truong hop f(x)=-7 thi f(x)<-7,Vx<-1.
Suy ra:
-Néu a>-1 thi ddy (X,) gidm va bi chin dudi nén né hoi tu véi limx, =1.
- Néu a<-1thi dy (x,) tdng va bi chan trén nén né héi tu véi limx, =-7.
Bai 140. Vi du 22: Cho day s (u,) duoc xac dinh béi u, =2 va u_, =u?-u, +1.Tim "miui'
Bai giai:
Bing quy nap, dé dang chiing minh duoc (u,) 1a diy ting.
Ta ching minh day trén khong bi chan trén. Gia str(u,) bi chan trén thi (u,) hoi tu, khi do
limu, =a=a=a’-a+1< a=1(mau thuan).Tir d6 limu = +oo .

—1=ui(ui—1):>i=i— ! (i=12,.)
u u-1 u,-1

Ta co U,

i+1

:le ! Y ikhinotw
iTu u-1 u,-1 u,,—1

n+1

Vay Iimzizl.
u.

i=1l i
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Cdc bai todn day so on hoc sinh gidi
Bai 141. Viduy 23: Cho ddy (X, )duoc x4c dinh béi u, =1va X, = 2008x; + X, .Tim

i X X
Ilm(ﬁ+—2+...+ﬂj.

X, X, X,
Bai giai:

Taco: X, —X,=2008x2>0nén (x,) la day ting va duong.

Ta chimg minh limx, = +co.

Gia str limx =a >0 tadugc a=2008a*+a<«>a=0 = limx, =+,

Tacod:  x,,,=2008x* +X,

o o L(i _ij
X.., 2008\ x, X

n-+ n+1

3ﬁ+ﬁ+ +X“‘1: L (1 1)

X, X . x  2008(x X,
—lim| 24 X2y S =L.
X, X X, 2008

Bai 142. Vi du 24: Cho day (X, ) dugc xéc dinh béi u, =1va X, = \/xn (%, +1)(x, +2)(x, +3)+1

no1
Tim I|mZ—.
i=1 ui+2
Bai giai:
Ta co:

X = \/xn (X, +1)(%, +2)(x, +3)+1 :\/(xf +3xn)(xn2 +3X. +2)+1 =x>+3x, +1=

o1 =X, =(%,+1)°>0 nén (x,) la diy ting. Ta ching minh limx,=+. Gia sit
limx =a=a=a*+3a+1l=a=-1(voly)limx, =+o0
Bién doi:

X, =X +3x +1

& Xy F1=(X, +1)(x, +2) = ! _ 1 __1 1
Yoo #1 (%, +1) (X, +2) X, +1 X, +2
1 11
X +2 X +1 x ., +1
Do do:
o X +2 T\x+l x,+1) x+1 x,+1 2 x.,+1 2
Viy imy L L
i=1 Y42 2
Loi gidi 2

Taco x,=5va x, >0 véimoi n=1,2,3....
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Cdc bai todn day so on hoc sinh gidi

Xor = % (X, +1)(X, +2)(X, +3) +1= \/(xf +3%, )(XF +3x, +2)+1=x2 +3x, +1 (1)
T dosuyra: x,, =(x,+1)(x,+2)

1 1 1 1 1 1 1

= = — :> = —
X+l (X +1)(x,+2) x,+1 X +2 X +2 X +1 x ., +1
Dodé y, =) L => 1 1ot ot 1t i e,
o X +2 T\ix+1 x,+1) x+1 x.,+1 2 x.,+1 2
Vay Iimzizl.
i1 Uiy
1
Xl:E
Bai 143. Cho day (x,)xdac dinh boi: . Chitng minh rang
X +AX X
X, = (n=2,3,..)
2
day(y,), n=1,2,3...v6i y, :ziz c6 giéi han hitu han, tim gidi han do.
i=1 Xi
Bai giai:
Tir gia thiét ta c6 x, >0,vn>1.
X2, +AX +X
Taco X, —X, , =+ 5 X,
:\/xn271+4xn—xn71>0_
2
Do d6 ddy (x,) tang. Gia su limx, =a thi a>0, ta co
_\/a2+4a+a<:> a=0 V6 1Y)
2 =-3 '
Vay limx, =+oo.
Tir gia thiét suy ra
, 1 1 1 :
X, =X +)x, = S =—-—Vn22.Dodo6
Xn anl Xn
11 1 1 1 1 1 1 1 1 1 1
Y= =t = |+ = |+t ——— |=5+———=6-—Vn22,
i=1 Xi Xl X2 XZ X3 Xn—l Xn Xl Xl Xn Xn
1
Suyra Y. <6 vaday (Yn)téngvi yn:yn—l+x_.

n-1

Vay (Ya)co gi6i han hitu han va limy, =6
Bai 144. Vidu 26: Xétday s6 (x,) (n=12,3,...) xéc dinh bgi : x, =2 va x,, = %(xf +1) voi

L L +.ot 1 .Tim lim S,

1+x 1+, 1+ X, N->-4o0

Loi giai
Ta c6 thé tong quat héa bai toan nhu sau:
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Cdc bai todn day so on hoc sinh gidi

u =a
Cho day (u, ) thoa mén u2 —(b+c)u, +c?
un+1 - b—C
51 1 1

Tachung minh S, =>" = -~

iz u+b u+c u.,+c
That vay.
b+c)u u>—(b+c)u +bc (u, +b)(u, +c
Tacou,,, = il )4, suyra u,, +¢=—" ( ), :( » +0)(u, +¢)
b-c b-c b-c
Teqe .t .1 ot o1 11 111

u,,+¢ u,+c u,+b u +b u,+c u, +c u,+b wu,+c u,,+C

n+1

Khai trién va ude lugng duogc

1 1 1
u+b u+c u,+c
1 1 1

u,+b u, +c u
1 1
u+c u

Dod6 S, =

+C

n+l
Tur d6 van dung vao bai todntrénvei b=1, c=-1tacé:
1 1 1

1 — X, =§(xn ~1)">0 VneN' nénday (x,) laddy tang. Giasu lim x, =a (a>2).

Thi 2a=a*+1suyraa=1.Voly
Vay lim x, =40 .Dodd limS, =1

) 2 1 2012 )

Vidu 27 : Cho ddy so (X, ) duoc xac dinh boi 1 x =1; X, = %+ X, V&i n 1a so nguyén
2 1 2011 2 1 2011 2 1 2011 2 1 2011
duong. Pat u, =( % 1) +( % +1) +( % +1) +...+w.ﬁm limu,
2%, +1 2%, +1 2%, +1 2X., +1
Loi giai
\ (2x, +1)""

Taco X, —X, =————,Vvn=x1

2012

2011
Suy ra 1 2(Xy — X, ) _ (2x, +1)
2x, +1  2x,,,+1 (2x, +1)(2x,, +1) 1006(2x,,, +1)
1)2011

Z

12x+1_

i+1

+1 2x . +1

i+1

1006i[2xl L ]

06 1 1
2X +1 2% . +1

i+1
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Cdc bai todn day so on hoc sinh gidi

Mat khac : x,,, — X, =0 nén day sb (x,) 1aday sd ting ¥n>1. Néu (x,) bi chan thi limx, = +oo

suy ra lim X +1

Suy ra nlirpm u, = 1006

Bai 145. Vidu 28 : Cho day sé (x,) (n>1) théa man ddng thoi cac diéu kién 0< x, <1 va
Xy =X, + ;(—E ¥n > 1. Chiing minh rang ddy (x,) c6 giéi han hitu han khi n — -+oo

Loi giai
Bang phuong phép quy nap toan hoc dé dang chimg minh dugc x, >0, VneN",

2 2

Tacod X, <2x, X; =X, +)i1 < 2% + X <3X X, <2X, Xy =X, +); < 2% + X < 3X,

Bang phwong phép quy nap toan hoc dé dang chimg minh dugc x, < nx,, vn > 2(n € N*)

Vi vay ton tai s6 nguyén m > 2 sao cho x,, <m—1
2
. X, . .
Tacod X, =X, =—=>0,vneN =x,, >X, VneN = day(x,) laday ting
n

n
Gia st n>m(neN*):>n23

2
Vc’yikeN*tacéi—i:i— - k ~ = 1 2<i2
X X X KX +x X +k® X

Gia str n>m(neN*):>nz3

n-—. n-1 1 1
Taco Z(———]<Z— Suyra——x—<z <kmk(k 1) —

k Xk +1 n

m—1)x
Suyrai>i— >0 suyraxn<@
X, X, m-1 m-1-x,

n m

. Vay day (x,) c6 gi6i han khi n — +oo

Chd y ring chdng ta cd thé chimg minh dugc x, +n? > \[x n(n+1), vne N" .

n-1
Bai 146. Vi du 29: Cho ddy s6 thyc (X, ) duoc xéc dinh bsi x, =1 va x, = ( 2n % D %, Vn=2.
n-1) =

Vi mdi s6 nguyén duong n, dit y, = x,,, — X,. Chitng minh rang ddy sé (y,) c6 gi¢i han hitu han

khi n — +oo
Léi gii

oy n"'+1_z”:X
n n - i

2 n n+1)(n*+1
Mat khac x Sy, nén Yo _(n+)(n* +1)
(n+1) 13 X, n’
1 1
= X1 =%, (14_?)(14_5)1 (n> 2)
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Cdc bai todn day so on hoc sinh gidi

= X =X {14_(”}1)2][]—"' nl j|, (nZS), (n23)

Taco:
_n’+n+l

Yo =Xn =X, = n3 X,

_n +?+1{1+ P 1 Hu (n—12)2 ]...[H%}(H nl—l)(“ niz)..(H%sz

n

2(n*+n+1

- ( - )1+ ! —|[1+ ! - {1+i2} (n>3)
n (n-1) (n-2) 2

Xétday z, (neN") duge xac dinh boi :

Z, :%, z,=1, z, —{1+2%H1+3i2}.{1+ (n—ll)z}’(n > 3)

2(n* +n+1) . .
=Y, =——— 2, Vnel, VeN
Hién nhién day z, 1a day ting. Ta chting minh bat dang thuc :

In(1+x)<x (1), Vx>0

That vay xét ham sé f(x) = x—In(l+x), (x=0)

Taco f/(x)=1-——=—% 50, ¥x>0
I1+x 1+X

f'(x) +

) | __—""

= f(x)> f(0), Vx> 0suy rabat dang thirc (1) ding.
Hiénnhién z, >0, neN”
Voin>3 taco:

1 1
I —+—+.. et ——————
Tt T Ty T2 23 (nm2)(ny)
=z,<3,(n>3)

Day (z,) bichantréen =3limz, =a>0= limy

nN—+o0 N—+o0

,=2a = limy, =2a
nN—+o0

Vay day (y,) c6 gisi han hitu han khi n — +o

Bai 147. Vidu 30: Cho day s6 (X,) duoc x4c dinh boi: x, =3 va x, = ?’Lz(xn_l +2) v6i moi
n

n > 2. Chang minh rang ddy s6 da cho c¢6 gidi han hitu han khi n — +o0. Tim gidi han d6.



Cdc bai todn day so on hoc sinh gidi

Céch tiép can loi giai: Gias lim =asuyra a=1.Mitkhac x, =3,x, =%,x3 :%

67

X, = 77 Nhu vay chung ta c6 thé du doan rang X, 4 >X,, Vn=3.

n?

i 3 , E 1 gt o Tl

Mat khac x , > x, < X, >1+ 1 Chuing ta co6 101 giai cta bai toan nhu sau:
Loi gidi

Taco x, =3,X, :%.Tachﬁzngminh X, >1+§ (1) v6i moi nZZ(neN*)
n

That vAy (1) dang v6i n =2 gia st (1) ding voi n=k(k > 2) ticla x, >1+§ .

Taco X, =

k+3 k+3 3) k+3 3 N ’ .
—3(k+1)(xk+2)>3(k+1)(3+ij: " >1+k+1,tucla(1)cungdungvol

n =Kk +1. Theo nguyén li quy nap thi (1) dung véi moi n > 2
n+2  2(n+2) 2n-2  2(n+2)

Véi n>23tacd X, , —X, =X, —

3n " 3n 3n " 3n
_ 2(n+2
Vi Xn—l>1+i nén xn_l—xn>2n 2 1+ 3\ ( )=0.Vay Xpq > X, N>3
n-1 3n n-1 3n

Mat khac x, >1,Vne N". Vay day (Xn) c6 gidi han hitu han khi n — +oo .

bat lim =a(a>1) taco azl(a+2):>a:1 . Vay lim =1

n—+o0 3 n—+0

. X . . \ a,+2 . .
Bai 148. Cho ddy so thuc (a,) duoc xac dinh boi a, =1 va a,,, =3- nZa" v&imoi n>1.

Chuang minh rang day (a, )co gi¢i han hitu han. Hay tim giéi han do.

Loi gidi
3 7
Tacod a, =1,a, =—, =3-——
Ch 2 =50 8 22
. 2" 2)In2-2*
Xét ham so f(x):s—% (x>0) .Taco f'(x)= (x+22Xn >0, Vx>0
Suyra f(x) dongbiéntrén [0;+0) = f(x)>0,vx>0vaa, =f(a,),VneN

Bing phuong phap quy nap toan hoc ta ching minh duoc a, <a,,vneN" .

n+1?

Suy ra day (an) la day tang. Bang phuong phap quy nap toan hoc dé dang ching minh dugc
g <a, <2,vn>3 .Vaydiy (a,) c6 giéi han hitu han khi n — +oo .

2+

2b

= 2°(3-b)-b-2=0

bat lim a, :b[3—i<b£2j taco b=3-
N—-+o0 4_\/5

Xét ham s g(x)=2X(3—x)—x—2(22x>3—ij.Tacé:

42
g’(x):ZX [(3—x)|n2—1]—1< 0,VX€(3—$;2J-
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Cdc bai todn day so on hoc sinh gidi
Mat khac g (X) lién tuc trén (3 - L ; 2]
a2

Vay g(x) nghich bién trén [3 - % ; 2) Mt khac g(2)=0 .Vay phuong trinh g(x) =0 c6 mot

nghiém duy nhit x=2 . Viy b=2. Tém lai diy (an) c6 gidi han hitu han khi n— +o0  va

lima, =2

Bai 149. Vi du 32 : Cho day s6 (x,)(neN") thoamin 0<x, <1 va X, =1-x, Vi moi

n >1. Chang minh rang day(x, ) c6 gisi han hiru han khi n — +o0 . Tim lim x,

Loi giai
Bang phuong phép quy nap ta chimg minh dwgc 0 < x, <1 véi moi ne N’
Xéthamsé f(x)=+v1-x(0<x<1) Khido f(x) nghichbién trén (0;1) va
X1 = (%), Vke N

Truong hop 1:0< X, < \/62_1 Khi d6 x, > x, = X, < X, .Bang phuong phap quy nap

toan hoc ta chimg minh dugc ddy (X, ) 1a day ting va x,, la ddy giam.Bang

V5-1

2
:>Elklim Xoy 1 :a(0< X, < \/52 1<1J va = 3 I|m Xox _b(\/gz_lsb< X, <1] Tacob=+1-a

va a=+1-b
a=+1-+v1-a :>a:\62_1 (vid<a<l) = limx, —L

N—+00

\/52 lTuongtLrtaCO = lim x, —L

N—-+o0

Truong hop 3: xiz\/gT_l:x :Ll ,VneN = lim x, _5—_1

n n—+o0 2

phuong phap quy nap toan hoc ta ching minh dugc X, , < —— < X,,,Vk e N”

Truong hop 2: 1> x, >

u, =27

. Chttng minh rang da
—3U,.; (Uyy —1)=u, +1L,VneN “nd ang aey

n+1

Bai 150. Cho day (u, ) nhu sau: { .

(u,) cd gigi han hitru han.

Loi gidi
Taco:
U,y —3u,., (U, —1)=u, +1 vne N
& (U, -1) =u, vne N
<:>un+1=\/q+l, vne N

Do u, = 2,7 >0 nén bang quy nap ta ching minh dwoc u, >1,¥ne N,n>2.
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Cdc bai todn day so on hoc sinh gidi

1

33x?

o Xét ham f (x) = ¥x +1, véi x>1,¢6 f'(x)= >0 Vi moi x>1. Do do f(x) Ia ham

ddng bién.
e Laicou,, =f(u,),vneN',vau =27>u,=327+1 nén ta suy ra duoc (u,) la
day giam ma lai bi chan dudi tai 1 nén day (u,) c6 gidi han hitu han.
u =29
Bai 151. Cho day so (u, ) thoa mén 0 =3+ u,

JuZz-1

Gial.

Jo ey

‘vnely - Chung minh rang day (u,) co

gidi han hiru han.

Xét ham f(X)=\/§++,VX>1,C(’)Z f'(x)= VX >1

VXt -1

= f (x) la ham nghich bién.

« Taching minh /3 <u, <\/§+\/§,VneN*.

That vay:

- Bai toan ding voi n=1.

- Gia sir bai toan dung véi n=k, keN ta ching minh bai toan ding véi n=k+1.
Tacé: U, = f(u), ma u >3= f(u)< f(\/§) (Do f(x) laham giam)

3
=U, ., <A3+,[—.
k+1 \/;

Lai c6 u, >~/3=u,,, =~/3+ uzk >3,
u’ -1

Vay \@<un <\/§+\/§.

* Do u,, = f(u,) va f(x) la ham nghich bién nén (u,) tach ham lam 2 day: (u,,,) va (u,)
trong d6 c6 mot ddy tang va mot day giam, lai c6 ddy (u,) bi chan = 3lim(uy,,, );lim(uy, ) .
Pt limu,,, =a; limu, =b thi a va b 1a nghiém cia phuong trinh f (f (x))=x.

Xét ham F(x):f(f(x))—x, \@<x<\@+\/§,cé F'(x)= f’(x).f’(f(x))—l.
Do f(x)>+/3 véi moi \/§<x<\/§+\/g va O>f'(x)>—% nén —%<f’(f(x))<0

= F'(x)<0
=> phuong trinh F(x)=0 c¢6 nghiém duy nhat 13 a.
= lim(u,,,) =lim(u, ) =limu, =a.

Vay day (u,) c6 gi6i han hitu han khi n — +o.
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Cdc bai todn day so on hoc sinh gidi
Bai 152. Cho sé thyc a va ddy sé (u,) xAc dinh nhu sau: {ul -4 ) .
Uy, =U,+sinu,, VvneN ,n=>2
Tim limu, .
Giai.
Xét ham f (x)=x+sinx,vxeR, tacd f'(x)=1+cosx>0,vxeR, khi do v6i x;X, (X <X,) ta
co: trong [x;%,] c6 hitu han diém ma tai d6 f'(x)=0, vi vay f(x) dong bién trén
[ixe]= 1 (%)< f(x)-
Vay f(x) dong biéntrén R
e Néu a=kr, (k € Z) dé dang ching minh duoc bang quinap u, =a,vneN".
*Néu k2r<a<rz+k2r, keZ =sina>0.
C6 u,,, = f(u,) va f(x) laham ddng bién trén R, ma u, =a<u, =a-+sina nén bang qui nap ta
chitng minh dwoc (u,) la ddy tang va (u,) bi chan trong khoang (k27z;7z +k27z) tic la u, <u,,,,
vneN va k2r<u, <z +k2z, VneN" ().
= 3Jlimu, vadat limu, =b, b la nghiém cua phuong trinh: b=b+sinb=sinb=0.
Két hop voi (1) =b=7z+k2r.
Vay limu, =7+k2x .
* Néu 7+k2r <a<(2k+1)7 =sina<0.
C6 U, = f(u,) va f(x) laham ddng bién R ma u, =a>u, =a+sina nén bang qui nap ching
minh duoc (u,) 1a ddy giam va (u,) bi chan trong khoang (7 +k27;(2k +1) z) tuc Ia

u, <U,.,,VneN" va z+k2z <u, <(2k+1)z, VneN" (2).

n+1?
= 3Jlimu, vadat limu, =b, b la nghiém cua phuong trinh: b=b+sinb=sinb=0.
Két hop véi (2) =>b=7+k2x.

Vay limu, =7 +k27 .

, X =+a,a>2 , ,
Bai 153. Cho day so (X, ) nhu sau: _. Chang minh rang day so (x,)
X, =+a—+a+X,,VneN
cé gidi han hitu han.
Giai.

Bing quy nap ta chimg minh dugc 0< X, <+/a,vneN".

Xétham f (x)= a—\/a+x,VXe[0;\/5]cé X1 = T(X,) va F(x \/ \/a+ a Ja+x —x.

-1
4\/a—\/a+x.\/a+x

Do d6 ddy (x,) dwoc tach thanh 2 ddy con (X,,) Va (X,,,,). Trong d6 day (X,,) ting, ddy (X,,,,)

<0,vxe[0;v/a | = f(x) 1aham nghich bién.

giam. Mat khac day (X,,) Va (X,,,.) déu bi chan suy ra = 3limx,, va limx,,,, .

bat limx,, =a; limx,,,, = f.Khido «,f langhi¢m cua phuong trinh:
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Cdc bai todn day so on hoc sinh gidi

f(f(x)):x<:>\/a—\/a+\/a—\/a+7x =X.

Xét ham F(x):\/a—\/aﬂ/a—\/aJTx — X, V6i XE[O;\/a] co

F'(x)= 1 -
16ya—a+ya—arx yatya_varxa_varxaix

Vi XE[O;\/g] ta co

«/a—\/aw_x.\/aw_xzx/a—«/a+\/a.\/5>\/a— INEN

- Ja-va-1a- (@-g-g.@ (ﬁ—%)z—%ﬁ>M>o,3.

1

Thay vai tro cia X boi ya—+/a+x ching minh tuong tu c6

\/a—\/a+\/a—\/a+x .\/a+\/a—\/a+x >0,3 = F'(x)<-0,9<0=> F(x) la ham dong bién.

=> Phuong trinh F(X)—x=0 c6 nghiém duy nhit = o = 3.

= limx,, =limx,,, =limx,.
Vayco limx, =T véi T thoaman f(f(T))=T.

a,=0
Bai 154. Cho day sb (a,) x4c dinh nhu sau: (1] neN Hay xét tinh hoi ty cua day.
,Vne

n+l =

Giai.
Déthay a_ >0,vn>2.

Dt f(x)=(%j ,taco f(x) lahamsé nghich biénnén f(f(x)) 1a ham sé ddng bién.

[
Xét F(x)="f(f(x))-x,taco F’(x):[%j(éJ .In*4-1. Ta chung minh F'(x)<0,vx>0.

Xét ham s6 g(x):(%j +Xx, ¢ g'(x):—(ﬂ In4+1, 1ap bang bién thién ta thdy g(x) dat gia

: In(In4
tri I6n nhat khi x = ( )
In4
, s . In(In4) _ .~ _,
= F'(x) dat gi4 tri I6n nhat bang 2 khi x = 2 . T do co6 F'(x)<0,¥x>0, suy ra
e.In n

F(x) 1a ham sé nghich bién trén (0;+). Hon nita F(%jzo, do d6 c6 F(x)>0,0<x<% va

F(x)<0,x>1.Tathuduqc: 1 (f(lD< f(f(x))<x,Vx>£.
2 2 2 2
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Cdc bai todn day so on hoc sinh gidi
Do a,=1> %, din d&én a, = f (f (az)) <a, va bang phuong phap quy nap ta chimg minh dugc
(a,,) la day giam va bi chin dudi béi % Do d6 (a,,)cd gisi han hitu han lima,, =« . Ching

) , N e . R oo 1 J .
minh tuong ty c6 (a,,,) 1a ddy so ting va bi chan trén boi > nén ¢ gigi han hitu han

lima,,,, = 8. Véi a,p langhiém cia phuong trinh f (f (x))=x. Tir chimg minh trén thu duoc

1
a=p==.
p 2
Vay day (a,) c6 giéi han hitu han lima, =%.
.. . Z ) .| X =a . AN :
Bai 155. Cho dédy s6 (x,) xac dinh bei: . o . Tim tat ca cac gia tri cia a dé
Xy = 3% — X +5X,

day s6 c6 giGi han hiru han.
Giai.

Khao sat ham sé f (x)=3x>—7x*+5x va xét su tuong giao ciia nd véi ham sé y = x , ta duge dd
thi sau.

Két hop véi bang bién thién cia ham sé y = f (x) va dd thi trén ta thay:

+ y=f(x) tang trén (—oo;%);(lﬁoo) va giam trén [g;lj.

+Voi XG(O;l)U(ﬂ;+OOj thi f(x)>x va f(X)<X,VX€(—Oo;0)U(1;§j.

3
Lai co f (g;wo)j =(%;+ooj, f ((L %D :(1; gj va f((=o0;0))=(-o0;0), ma trong cac khoang

ndy y=f(x) Iaham sb ting, nén néu a thudc vao mot trong cac khoang nay thi (x,) la day sé
don diéu.
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Cdc bai todn day so on hoc sinh gidi

- Vi ae[g;wo) thi x,=f(x)="f(a)>a ma f(x) lai la ham s6 tang trén mién nay nén (x,)
la ddy tang. Néu (x,) bi chan trén thi (x,) c6 gisi han hitu han a =limx,, véi « la nghiém cua
phuong trinh f (X)=x=« e{o;l;%} diéu nay mau thuan vi x_ > x, :a>%:a =limx, > a>%.

Vay (x,) khong bi chan trén, do d6 (x,) khdng cé gi¢i han hiru han.
- V6i ae(—;0), chimg minh twong tw truong hop trén suy ra (x,) giam va khong bi chan dudi,

do d6 cling khong c6 gidi han hitu han.

- Voi ae(l;%j thi day (x,) giam va bi chan dudi boi 1, nén né c6 gidi han hitu han a =limx,
s . o, X 4 . 4
v6i a la nghiém cua phuong trinh f(x)=x:>ae{0;1;§}, Vi 1£a£a<§ suyra o =1.
g 4 NSRS P a1y 012
- Véi a=0;l;§ thi (x,) l1a ddy hang do do c6 gidi han twong Gng 12 0;1;5'

-Véi o eE;lj thi x, = f(x)=f(a) e{l;%j, tir d6 4p dung phan trén suy ra ddy (x,) giam véi
moi n>2 vacd gidi hanla 1.

- Véi aeio;%j,tadi ching minh ton tai n>2 @& x, 2%. Gia str nguoc lai x| s%,Vn >1, do khi

d6 f(x) 1a ham tang trén [0;%) va x, = f(x)=f(a)>a=x nén (x,) la day sé ting, ma lai bi
chan suy ra ton tai giéi han hitu han a=Ilim X,, VoI «a la nghiém cia phuong trinh

f (x):x:ae{o;l;g}. Diéu nay vo ly vi O<a£asé . Vay ton tai n sao cho x, >%. Goi n, la
s6 nguyén duong nhé nhét théa man diéu kién nay, thi ta co x, <%, X, = f (xno_l) <1 dan dén

Xoos1 = | (xno ) E(l;%j va khi d6 ap dung chiig minh trén ta suy ra ké tir n, day sé (x,) la day so
giam va c6 gidi han la 1.

X =2
Bai 156. Cho day s6 x4c dinh nhu sau: X, +2-3 (

" (a2,

Loi giai:

tan* —tan
Ta co: tan%:tan(z_sz 3 "y _B-1_, &

c N*)' Tinh uy,,

3 4) LyanZan” 1443
3 4
) xn+tan£
Nén tir gia thiét ta co: x,, = 12
1—xn.tan£
12
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Cdc bai todn day so on hoc sinh gidi

tano +tan — .
bit 2=tana = x, =tana, suyra x, = 12 :tan(a+—j
1-tana.tan 12

Theo quy nap ta dé dang suy ra: x_ = tan(a +(n —1)%), VneN

i i N\ tna-tnZ
Vay X, = tan (a+2013.—) =tan (a +1687z——) =tan (a——j =— 4 .-
12 4 1+tan a.tan% )
, V2
Bai 157. Cho day s6 thuc (Xn) xac dinh nhu sau: % vn=12,..
X, =/2+ X,
Tim s6 hang tong quét x,
Loi giai:
Taco x, =~/2 = Zcos —\2+42 = / 1+— 2cos—
Ta chung minh x, = 2COSW 1)
Vé6i n=1 ménh d (1) dung
Gi sir ménh diing dén n=k tac 1a x, = 2cos——
2 +.
Ta chiing minh ménh dé (1) dung dén n=k +1
That vay X, =+/2+X, =,/2(1+cos 27‘[* ) =2co0s 2k+2
Vay X, =2cos%
X =3
Bai 158. Cho day sb (x,) xac dinh bai : X +42-1  VN=12,.TiM X,y
X — n
"1+ (1-V2)u,
Loi giai:
2tan = tan = =-1++2
Taco l=tanZ=——8 o twan’Z+2tanZ-1=0c
1-tan?” 8 8 tanZ=-1-v2 (L)
8 8
X +tan~
Suyra X, , —— 8 =12,..
T
1+tan§xn

Do do x1:\/§:tan%,
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Cdc bai todn day so on hoc sinh gidi

T T
tan — +tan — -
x,=—3 8 _anZ+%
1—tan Ztan~ 8
38

T T T
tan(=+>)+tan— - -

Xy = 3 8 8 =tan(—+2.—-)
1- tan(z + E) tan ~ 8

3 8 8

Béng phuong phap quy nap ta chimg minh duoc

X, :tan[£+(n—1)£} vn=12,...
3 8

vn=12,...

A —tan| & Z—tanl & Tl ctanl 242 =
VAY Xy _tan(g +2002. 8j_tan[3 +(2507z+ 4]}_tan(3 + 4j_ (2++3)
Bai 159. Tim s6 hang tong quét ciia day sb (x,) cho boi % =\2+3
X, =Xt —4x2+2,
Loi giai:
bit x, =2y,. Khi do
2y ., =16y*-16y>+2 Vvn=12,..
&y ., =8y -8y’+1  Vn=12,..
1+cos ™
6 T
= =C0S—
2 12
Ap dung cong thtrc lugng gidc cosda =8cos* o —8cos? o +1
Tasuy ra
Y, :8cos41—8c0521+1:cos(4.£J
12 12 12
y, =8cos*| 4.2 |-8cos?| 4.2 |+1=cos| 42
12 12 12
Bang phwong phép quy nap ta ching minh dugc Yy, = COS(4”"1.%J, vn=12,..
Vay x, =2cos (4"‘1. 1), vn=L2,..
12
Bai 160.  Cho ddy s6 (X, )dinh bgi:
X = 2
5 vn=12,...

25X, X, +15X. ., +15x +10= \/25x§ +30x, +10

n+1"*n
Xac dinh sé hang tong quét X_ .
Loi giai:
+15%, +10 = /25x? +30x, +10

Taco 25x,,,X, +15x

n+1 n+1
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Cdc bai todn day so on hoc sinh gidi

& (5%,,, +3) (5%, +3) = /(5%, +3)° +1-1

n+1

=1
, y, =5% +3=1 %
Xét day so y, =5x%,+3 .Vaytaco & /yn2 +1-1
YnaYn = Y, yr? +1-1 Yo = y—
Ta chirng minh y, =tan 27”21 vn=12,...

V6i n=1 ménh d trén ding
P G . s T
Gia st ménh dé dung voi n=k, tac la y, =tan T

Ta chang minh ménh dé dung v6i n=k +1. That vy :

/ 5 T
Yy = 2 — tan —~

yk+1 =

Yo tan 27k[+1 21
tan % -3
Vay X, = )
Bai 161. (VMO 2014) Cho hai day s6 thuc duong (x,),(Y,), trong dé x, =1,y, = J3;
ngoai ra véi moi s6 nguyén dwong n thi z”;lf”;_ X”2= ; . Chitng minh rang hai day sé n6i trén hoi
n+1 n

tu va tim gigi han ctaa chung
Lai giai:

Tu gia thiét  x, :1:23in%, Y, :\/§=2cos%

T T X, V4
Suy ra x :,/2— =,[2—-2Cc0S— =2SIn— va y, =+ =2C0S—
yra X, Y \/ 6 12 Y X, 12

Bing chitng minh quy nap ta chimg minh duoc

X, = 2sin 2 A = 2c0s——— v&imoi ne N”
3.2" 3.2"

Tatinh limx, :Iim23in%:0 va limy, = |im2c05%=2

Bai 162. Tinh giéi han cua ddy sé thuc (x,) dwoc x4c dinh béi
X, =2" \/2—\/2+\/2+...+\/§ véin=12, ...
n+1
Loi giai:

bat u, =\/2+\/2+...+«/§ véin=1,2,.... Tachang minh u, = 2cos 27n[+1 *
That vay tacé u1=ﬁ=2cos%

Khi n=1 ménh dé (*) dung
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Gid sir ménh dé (*) dang khi n=k tic 1a u, =2cos——. Khi do ta c6
2 +.

U, = /2+uk =\/2(1+COS%) :\/Z-ZCOSZ ZZZ =2C032k—ﬂ;2-

Do d6 theo nguyén 1y quy nap (*) dang vai moi n thuge N*

Taco
X, = 2”,/2—2005 211
n T
=2 /2(1—cosﬁ)

=2""sin 2?*2
. T
o Sin o
Vay limx, =—lim—~4—=—
2 o3
Bai 163. Cho a la sé thuc duong tiy y. Xét day s6 (X,) (n=12,... ) xéc dinh boi:
2+~2+...++2 - A
x1=a;xn+1=xn\/ al +1 2 (co n so 2o trén tu)
X, +

Chung minh rang day s (x,) c6 gi¢i han hitu han va tinh gisi han d6
Loi giai:

bat yn:\/2+\/2+...+\/§ ta da c6 két qua & bai 2 yn:2COS%,Vn:L2,...

T
2X,C0S — —

e L
X, +1
D& thay xn>o.1-)atan=i.Khidéttr(1)tacé
Xn
v__1 + L vn=12,..
%ot 2COS# 2X, COos it
a, 1
=a,,= —+ - vn=12,.. (2)
Zcosﬁ ZCOSW
42 sin%bn+1 sinﬁnbn 1
Pat b, = — Tir (2) ta dugc —2 =2 , Vn=12,..
. T T T
sin o 4.2.cosW ZcosW
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<b.,=b + Vn:1,2,...<:>bn+1—4cotll:bn—4cot£ vn=12,..
; T 2n+ 2n
sin —
2n
=Db,,, —4cot ﬁlzbn—4cot£ =b,, —4cot 7T_l:...:b1—4cot£l:b1
n+ 2n 2n 2
- sinln.bn sinln - blsinln -
Do dé b, ==b +4cot— . Boivay a, = 2 __ 2 b +4cot— (= 2 4cos >
2" 4 4 2" 2"
blsin£n -
Suyra lima, =lim 2 +cos§ =1=1limx, =— =1

lima,

V% L NG Tim lim(2'x,).

n

Bai 164. Cho day s6 (xn) xac dinh bsi x, =1, X

N+l
Loi giai:

Ta co nhan xét : Va&i moi o e(o; %) ta lubn cé:

R 2sin? &
1+tana -1 cosq ~ 1-COSa _ _tan?
~osina s L. a
tana sina i~ cosE 2
cosa 2 2

Ap dung nhan xét trén d& thay x, = tan % = X, =tan %

T

Bang phuong phép quy nap ta ching minh dugc: x, = tan = vn>1.
7
. : 7 S 1z ox
Do do lim(2".x, ) =lim| 2".tan —— |=lim : ===
2" cos £ 2 2
2n+l 2n+1
Bai 165. Cho hai day s6 (x,),(Y,) nhu sau:
X1 = yl = \/5 Yn

_ 2 _
Xy =X, +4/1+ X0, V., =

N\ 1 fl+y?
Chung minhrang x,y, €(2;3) Vvn=234,.. valimy,=0
Loi giai:
T T P T a
bat a=—, b=—.Tacd x,=+/3 =cot—=cota=cot—
) 6 3 % V3 6 2°

[ 1 1+cosa a
X, =cota++1+cot’a =cota+,/—— = =cot—
sin’a

sina 2!

Bang phuong phép quy nap ta ching minh dugc x, = Cot%, vn=12,..

Talaico vy, :ﬁzcotgzcotazcot%
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tanb tanb b
1++v1+tan’b 14 2
cosb

Bang phwong phap quy nap ta ching minh dugc y, =tan %, vn=12,..

Do d6 x,y, = cot a ~_tan 7[71: 2
32" 32"

o tan zln)l = cot

vn=12,...
T

n

1—tan?

Vi O<tan2in<tan2%=%, vn>2 vaham sb f(x)=1i dong bién trén khoang (0;+o0) nén
- X
2<;b<3 vay Xy, €(2,3) Vn=234,..
1-tan®
3.2"

b =tan0 =0

n-1

Va dé thay limy_ =limtan
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Bai 166. Dy sé {x,} véi n=1,2,3,... bi chan trén va thoa man diéu kién:

>1
Xni2 —ZX

n+1

+gxn Vi moi N=1,2,3,...

Chuang minh rang déy sé trén cé gidi han.
Lo gidi.
bat y, =min{x,,x,,},n=12,3,.... Tas€ chitng minh ddy nay hgi tu. That vay

1 3 1 3
>IX X 2| S|y =
n+1 4 n (4 4jyn yn

X ., =
n+2 4

. . 1 3 i
=Y = mln{xn J Xn+1} = mm{xn 1 X1 Z Xy + Z Xn+1} = mm{xml’ Xn+2} = Yna

Theo gia thiét thi ddy {x,} bi chan trénnén day {y,} ciing bi chin trén. Dong thoi, theo nhan xét

trén thi day {y,} nén né hoi tu. Dt limy, = (.

Vé&i moi & >0, ton tai N nguyén duong sao cho véi moi n> N thi: ﬂ—§< Y, <K+§.
Theo dinh nghia cua day {y,}, suy ra: €—§<yn <X, -

£ E s g g .
- Néu xn£€+7 thi suy ra: €—7< yn<ﬁ+7,V£>O:>|Ian:£.

-Néu x, >/ +§ thi theo dinh nghia cua {y, }, ta duoc x_,, </ +§ (vi néu nguoc lai thi suy ra riang

n+1

n-1 —

y, >e+§). Do dé, ta c6 xn+12%xn+§xn_1:>xn <4x ., —3x <4(ﬁ+§j—3(f—§j=f+g ,tirc

la:

(—g <X, <l+¢,Ve>0 nén theo dinh nghia gidi han thi ddy {Xn} ciling hoi tu vé (.

Vay trong moi truong hop, diy da cho déu c6 gisi han. Ta c6 dpem.

Nhan xét.

Bai toan nay da tirng xuat hién trén tap chi THTT. Mot bai toan twong tu quen thudc hon da co
trong dé chon doi tuyén cua Viét Nam 1988:

Cho {u,} la ddy bi chan théa man: 2a,,, <a, +a,,,Vn. Chiing minh ring ddy {a,} nay hoi tu.

n+2 — n+1?

*Cac bai nay déu cd thé tong quét 18n thanh:

Day s6 {X,} véi n=1,2,3,...bi chdn trén va théa man diéu kién:

Xop = PX,y +0X,,N=123,..trongd6 p+q=1p,q>0

Chuang minh rang day s trén c6 gidi han.

(Néu dbi diéu kién chan trén thanh chan dudi thi diéu Kién cua diy ciing twong tng d6i thanh

Xn+2 = pxn+1 + an )
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Cdc bai todn ddy so'on hoc sinh gidi
Bai 167. (Romania 2007) Cho a e (0, 1) va day s6 {X,} xac dinh béi Xo = a, Xps1 = Xn(1-Xn?)

Véimein=0,1,2, ... Hay tinh lim/n.x,.

n—o0

Phan tich. Dang ~/nx, goi cho chiing ta nhé dén dinh 1y trung binh Cesaro. Tuy nhién dé diy thuc

z Iy X . \ 5 ~ hY . o - 4 by \ , X
su c0 dang nay (—”) ta phai xét binh phuong cia ddy va nghich dao lai, tac > - Tudodan
n nx,
o A A 1
deén viéc xét hiéu = 5
X X

n+2 n

Lai giai.
D& dang chimg minh duoc rang day {x,} giam va bi chan dudi bsi 0. Tir d6 day {x,} c6 giéi han
hitu han. Chuyén hé thirc truy hdi sang gidi han, ta dé dang tinh dugclim x, = 0.

1 1 x-x@l-x)_ 2-x

Xét ——-—== =
Xa X X @=x)x (@-x)°

n+1

Tur do, theo dinh ly trung binh Cesaro ta suy ra

lim— =2
n—oo nXﬁ
Suyra limy/nx =
n—wo ,\/_
Bai 168. Day s6 {u,} vohan, n=12, ... xac dinh nhu

Ju=1 _1.9.9 4
sau.{ et (n=123,...). Pat S, _Z .Tim lim S, .

“y, e
Loi gii,

U, =1+u.u,..u;, Vi=12;..

= U, —1=u, (uU,..u,+1-1)

= U, —1=u,(u;-1),Vi=2;3;...

Mat khac hién nhién ta cou, >1Vi=2,3,...

Tur cac lap luén trén ta suy ra
1 1 1

Vi=23,...

1
U.—-1 u(u-1) u-1 u

1,

u

1 &1
R 2

1 k=2 Mk

1 1 1

- =2~ 1
, u,-1 u -1 u 1—1()

n+. n+.

nN—-+o0 n—

Tﬁ(l):limsnzlim[Z— ! j
u,,—1

n+l

n-1 n-1
Dou,,, —1=uu,u,..u, >u, (1+u,) =2
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= lim (u,,, 1) =+o0
n~>+oc( n+l )

= lim S, =0.

(Chéy:Dou, =1+u;;u, =1+uu, =1+u, (1+u,)>1+u, = u, >1+u, = uu,..u, >u, (1+ ul)nfl)
Bai 169. Cho day {u, } thoa man diéu

kienu,., =Ju, =/U,; U, =u,. Ching minh rang ddy {u, } ¢6 gici han. Tim gi¢i han d6.
Loi gii,

Xac dinh céc dy {a, }va {b,} nhusau: a, =2,/a,, Vn>Lb =2,b,_,, vn>1.

a, =min{ug;u; 4}, by = max{uy;u;; 4}

Bing phuong phép quy nap theo n, ta s& chimg minh dugc cac bat dang thuc sau:

vn (2)

a, <4vaa, <a

n+1

b >4va b <b,,vn (3)

n+1
an < min {u2n ; u2n+1} < max {u2n . u2n+1} < bn (4)
Tur (2) va (3) céc hé thie xac dinh a,;b, suy ra cac day{a,}va {b,} c6 gidi han

va lim (a,) = lim (b, ) =4

N—>+o0 N—>+o0

N—-+o0

Tur (4) suy ra a—z”gunng”Vn: lim =4

Bai170.  Cho {x,}duoc xdc dinh nhu sau: x, = %[xn_l +i], vn>2,a>0,x >0
X

n-1
Chung minh rang day trén hoi ty va tim gioi han cia day

Loi giai.
Taco: X, =%[X1+EJZ a>0
X

Bing phuong phap quy nap va bit ding thuc Cauchy, tasuy ra x, >~/a >0 tac {x,} bi chan dudi

boi </a

. . X 1 5
Mat khac, ta c6: ——=—+ 3.2 =1lvax, = Ja
X 2X
n-1 n-1
X 1 a
Suyra—<=—+—=1
X 2a

n-1
Do d6 X, <X, hay {x,}la day giam. Ké hop véi diéu kién ddy bi chan, ta suy ra ddy {x, } hoi tu vé

a
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Tir hé thie quy nap, chuyén qua gidi han, ta thu dugc a = %(a+§j <a’=a
a

Via>0néna=+a .

Vay lim x, =.a

nN—+o0

Bai 171. Cho day {yn} duoc xac dinh nhu sau: y, = %[Zyn_l +%J, vnx>2,a>0,y,>0

n-1
Chuang minh rang day trén hoi ty va tim gidi han cua day
Lo gidi.
Tuong tu nhu Bai toan 2, dung phuong phap quy nap va bat dang thic Cauchy ta suy ra

Mat khac y, Zé[zyn_ﬁ%jZ%:LS%Jr%:lz Yo < VYoa

n-1 yn -1

Vay day s6 {y,} hoi tu tir hé thic quy nap tasuy ra lim y, = ¥/a

u =1
Bai 172. Cho day s6 (u,) thoa man: L uZ+4u_+1

u, +u, +1

n+1
Chiang minh ddy sé (u,) ¢6 giGi han hitu han. Tim giéi han d6
Loi giai.

2 2
. . us+4u +1 3u u —1
Tathay u, >0,Vn vatu: u,,, =—5 L el =2_ (Zn ) ,

u, +u, +1 u, +u, +1 u;+u, +1

taco: 1<u, <2,vn.

X2 +4x+1

: : 3(1-x%)
il e(L2)= f'(x)=—"=<0.

Xétham so: f(x) = )
X+ x+1
Suy ra la ham nay nghich bién trén (l; 2) :

DAy s6 da cho c6 thé viét dudi dang: {Ei:i f)nsl

Tathay: u, =1<u, = f(u)> f(u) =u, <u, = f(u,) < f(u,)=u,<u;.

Tién hanh tuong ty, suy ra:

U, <U; <Ug <...= Dayu,,,, tdng va bi chan trén bai 2 nén cé gii han, gia sir la « €[1;2].
U, >U, >Ug >...= Dayu,, giam va bi chan dusi boi 1 nén co gisi han, gia st 1a S e[1;2].
a=1(p)

o U = f(uzn) 2 ‘.
Ta c0: .Chuyén qua giéi han, ta co: .
B=T1(a)

Upnyp = f (U2n+1)
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Cdc bai todn ddy so'on hoc sinh gidi
BE+4B+1 o’ +4a+1
B+p+1  a’+a+l

g «a g g Sa=p)af-1)
B+ B+l a’+a+l (@®+a+D)(B°+ B +1)

Sa-p=Ff-f(a) oa-pF=

<:>a—,8=3(

0
- B
{3(05,3 “D=(a*+a+1)(B*+L+])
Ta thiy phuong trinh thir hai khong c6 gid tri o, 8 €[1;2] théamén a =g =t.

Do d6 limu,,,, = Ilm 1 Uy, =1, hai day con da co6 cung gidi han la t.

Nn—>+o0

Tathdy, t phai thoa méan dang thuc: t = t+4t+1 sStP-3t=1 (%)

t2+t+1

Ta s& ching minh rang nghiém |t/ < 2. D4t t =2cosg, ¢ €[0;27] , thay vao phuong trinh (*):

8cos’ p—6cosp = lc>COS3(p—%c>¢ =y k% Do (pe[O 27r] nén:
¢:Z;5—ﬂ;7—”, tuong (rng véi cac nghiém cua (*) la: t =2cos— 20055— 20037—7T
9 9 9 9’ 9 9

Phuong trinh (*) da cho da 3 nghiém nén da khong c6 nghiém |t| >2.

Trong cac nghiém nay, chi cé t = Zcos% e[12] théa mén vi vy ciing chinh 1a gi6i han can tim.

A ~ J4 Lo s ~ N T
Vay day so u, c0 gisi han hitu hanva lim u, =2cos—.

nN—-+o0

g =1
Bai 173. Cho day s6 (a,) dugc xéc dinh boi n? a . Tim
=—+-042Vn=123,..
a n

n

n+1
lim(a, —n).
n—o0

Loi giai.

Tir gia thiét ta thu dugc a, ,, = (

%+\/:T“] vn=12,3,.. :>\/_ T g vn=123,..
b, =1

bit b, =./a, thitacd '
a n \/_n b :£+b—nvn:1,2131

Xét phuong trinh X = N X e nghiém x = vn>1.

X n n-1
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1
n_i

Xét hai day sé (x,) va (y,) thoa man x, =L1 vay =2
n—-- >
2 2

Ta s& chitng minh bang quy nap rang x. <b <y (*)

Vé6i n=1,2, d& thiy ( * ) dung.

Gia sir (* ) ding dén k <n = x_<b, <y,. D&thdy ham f(x)=>+" nghich bién trén (0:n) nén
n x

do d6

f(x)>FbB)> F(Y) = Yia > b > X ( D& théy f (%) =Y T (V) =X F(O) =by; )

Vay ( *) cling ding dén k +1 nén theo nguyén ly quy nap thi ( * ) ding véi moi n=1,2,3,...

1Y’ 1Y

n’ (n_Z) n’ [n_Z]

~ o 2 _\ &) X el A - n=lim\_ %/
Viy ta dugc 1 <b’ < 3 Dé thay rllm 1 n ngl 3
n-- n—— n-= n——
2 2 2 2

1 . .
—n:E nén taco

lim(b? —n) :%. Vay lim(a, —n) :%.

Bai 174. Cho cac day s6 (x,),(y,) duoc xac dinh nhu sau
Xl :a>01y1 :b>o’xn+l:‘\lxnyn1yn+1: Xn—iz_yn ’an]ﬂ

Chuang minh rang cac day s (x,),(y,) hoituvalimx, =limy, .

Lo gii.
Ta xét hai truong hop sau:
(i) Néu a>b thi bang quy nap ta chi ra dugc ddy (x) 1a ddy giam bi chan duéi boi a, con day
(y,) la day tang bi chan trén bai a. Do d6 theo dinh ly 1.7 ton tai limx_,limy, va tir gia thiét
chuyén qua gisi han ta dugclimx, =limy, .
(i) Néu a<b tuwong ty nhu trudng hop (i).
Bai 175. Cho ddly sb (x,) dugc xac dinh nhu sau X, =1,X, = 2,X,,, = \[%,1 +4/%,, VN >1.
Chung minh rang ddy s6 da cho c6 gidi han va tim gisi han do.

Loi gii.
Dé thay bang quy nap ta chi ra duoc (x,) 1a ddy so tang va bi chan trén bai 4. Do d6 theo dinh Iy
1.7 ta c ton tai limx, =a. T ddng thic X,,, = \/X,., +4/%, chuyén qua gioi han ta dugc a=2va

nhung do a>0 nén chilaya=4. Vaylima, =4.
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u =27
u3

n+1

Bai 176. Cho déy (u,) nhu sau: {

-3u,,,(U,,-D=u,+1 VneN"

n+1

Ching minh rang day (u,) c6 gi¢i han hitu han.

Loi giai.
Ta co:
uw,-3u (U, -D=u+1, VneN
<UD =u, vneN’
& U, =3u, +1 vneN

* Do u, =2,7 >0 nén bang quy nap ta ching minh dwoc u, >1, VneN, n>2.

o Xétham f(x)=3/x+1,vsi x>1,¢6 (L+w) f'(X)= >0 véimoi x>1.Dodé f(x) la

33/ x?

ham dong bién.
elLaicou,,,=f(u,), VvneN",vau =2,7>u,=232,7+1 nén ta suy radugc (u,) 1a ddy giam ma

lai bi chan dudi tai 1 nén day (u,) c6 gigi han hitu han.

Bai 177. (Ha Tinh) Déy s6 {X,} véi n=1,2,3,... bi chan trén va thoa man diéu kién:
X,.p > lxn+l +§xn voi moi n=1,2,3,...
4 4

Chung minh rang day sé trén c6 gidi han.
Lo giai.
bat y, =min{x,, x,,,}véin=12,3,... Tasé chitng minh ddy nay hgi tu. That vay
1 1 3 . . 1 3
Xig Z=Xi +=X, 2| =+= |y, =Y, =Y, =min{X,, X, . F<Min< X, X, .., = X, +=X,,
n+2 4 n+1 n (4 4jyn yn yn { n l} { 1 4 4 1}

< MIN{X 1, Xpi0} = Yoot

Theo gia thiét thi ddy {x,} bi chan trén nén day {y, } ciing bi chan trén. Dong thoi, theo nhan xét

trén thi day {y,} nén nd hoi tu. Dt limy, = (.
Vé&i moi >0, ton tai N nguyén duong sao cho véi moi n> N thi: K—§< A <€+§.
Theo dinh nghia ctua day {yn} , suy ra: €—§< Y, <X, .
X & N & & .
- Néu xn£ﬁ+7 thi suy ra: €—7< yn<ﬁ+7,Vg>O:>I|mxn:£.
-Néu x, >€+§ thi theo dinh nghia cua {y, }, ta duoc X, <£+§

(vi néu nguoc lai thi suy rarang y, > (+ ; ).

Do do, ta c6 Xn+12%Xn+%Xn—l:>Xn §4xn+l—3xn_ls4(f+§j—3(ﬁ—§):ﬂ+g , tac la:
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(—¢g <X, <l+¢Ve>0 nén theo dinh nghia gidi han thi ddy {Xn} ciing hoi ty vé (.
Vay trong moi truong hop, diy di cho déu c6 gigi han.
Nhan xét.
Bai toan nay da ting xuét hién trén tap chi THTT. Mot bai toan twong tu quen thudc hon di co
trong d& chon doi tuyén cua Viét Nam 1988:
Cho {u,} la ddy bi chin théa méan: 2a,,, <a, +a,,,Vn. Ching minh ring day {a,} nay hoi tu.
*Cac bai nay déu cd thé tdng quét 18n thanh:
Day sé {x,} véi n=1,2,3,...bi chan trén va théa man diéu ki¢n:
X,.» = PX,,, +0X,,N=123,...trongdd p+q=1p,q>0
Chting minh rang day sé trén c6 gidi han.
(Néu dbi diéu kién chan trén thanh chan dudi thi diéu kién cua diy ciing twong tmg ddi thanh
Xn+2 < an+l + qxn )
Bai 178. (Romania 2007) Cho a e (0; 1) va ddy so {x,} xac dinh bsix, = a,
X1 = X, (1-%7) véimoi n = 0,1, 2, ...Haytinh lim/n.x,.

n—o

Phan tich. Dang Jn X, goi cho chling ta nhé dén dinh 1y trung binh Cesaro. Tuy nhién dé day thuc

su €O dang nay (x»/n) ta phai xét binh phuong cua day va nghich dao lai, tuc la iz .
nx

1 1
2_?'

Tu d6 dan dén viéc xét hiéu
X

Lo giai.
D& dang chimg minh duoc ring ddy x, giam va bi chan dudi bsi 0. Tir d6 day {x,} c6 gisi han hitu
han. Chuyén hé thuc truy hdi sang gigi han, ta d& dang tinh dugc limx_ =0.

et é_izxr?—Xf(l—Xﬁ)Z: 2 %2

X xf(l—xﬁ)zx2 (1—x§)2

n

n+1

Tur do, theo dinh ly trung binh Cesaro ta suy ra

. 1
. limynx =—
Ilmizzz Suy ra wa\/—X” J2 -
X—0 an

Bai 179. Cho day {u,} théa man diéu kién
(T =\/I= U, Uy =U
Chung minh rang day {u,} c6 gi¢i han. Tim giéi han do.
Léi giai.
Xéc dinh cac day {a,} va {b,} nhu sau:
a,=2a,, vab =2yb ,, Vnx>1
a, =min { ug, uy, 4}; by=max{u,, u, 4}
Bang phuong phap quy nap theo n, ta s& chimg minh duoc cac bat dang thic sau:
a,<4vaa <a,vn (2
b,>4 vab <b ,vn (3)

n+1
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an < min {u2n’u2n+l} < maX{ 2n? 2n+1} < b (4)

Tur (2) va (3) cac hé thie xac dinh a,, b, suyracac day{a,}, {b,} co gisi han va

lima, =limb, =4

X—»00 X—»00

Tur (4) suy ra I|mu _42”<u <b2 vn va limu, =4

X—>0

a=1
Bai 180. Cho day s6 (a, ) duge xac dinh boi n’ a .
a,,=—+—=5+2vn=123,..
a, n
Tim lim(a,—n).
Lo giai.
2
) Lz a a
T gia thiét ta thu duoc an+l=[l+‘/_”J ¥n=123..=.a, =+ ¥ yn_123..
a, N a, n
b =1
bat b =.,/a thitacd .
ith, =, b = iPyn_123.
h n
Xét phuong trinh x=21% ¢4 nghiém x = " vn>1
X n ' Jn-1
1
r n_i
Xét hai ddy sé (x) va (y,) théa min x, = Vay, =—2
2 2

Ta s& chiang minh bang quy nap rang x, <b, <y, (*)

Véi n=1,2, dé thay ( * ) dang.

Gia sit (*) dang dén k <n = x,_<b, <y,. D& thdy ham f(x)==+" nghich bién trén (0:n) nén
n X

do 6

f(x)>f0)>F(Y)= Y > By > X ( D& théy f(X) =Y F (V) =X%.0 FO) =b,; )
Vay ( *) cling dtng dén k +1 nén theo nguyén Iy quy nap thi ( * ) dang véi moi n=1,2,3,...

1Y 1Y
N 5 n? 5 1
Vay ta dugt —— <b? <~—=4- Déthay lim ———-n=Ilim~——Z%-n=> néntaco
1 3 n—>o0 1 n—o0 3 2
n-= n—— n-= n——
2 2 2 2

1
I|m b?—n)==.Va I|m a,—n==
( ) 2 ay ( ) >

Bai 181. Cho céc day s6 (x,),(y,) duoc xac dinh nhu sau
x=a>0,y,=b>0,X,, =X, Y,s Yoy = y” ,Vn>1,

Chung minh rang cac day s6 (x,),(y,) hoi tuvalimx, =limy, .
Lo gii.
Ta xét hai treong hop sau:
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(i) Néu a>b thi bang quy nap ta chi ra dugc ddy (x,) la ddy giam bi chan duéi boi a, con day
(y,) la day tang bi chan trén boi a. Do d6 theo dinh ly 1.7 ton tai limx_,limy_ va tir gia thiét
chuyén qua giGi han ta dugclimx_=limy, .

(i) Néu a <b twong tu nhu trudong hop (i).

Bai 182. Cho day sb (x,) dugc xac dinh nhu sau X, =1, X, =2,X,,, = \/X,1 ++/%,, VN =1,
Chuang minh rang ddy sb da cho c6 gidi han va tim gisi han do.
Lo giai.

DE thay bang quy nap ta chi ra duoc (x,) 1a ddy so ting va bi chn trén bai 4.

Do d6 theo dinh 1y 1.7 ta ¢6 ton tai limx, =a. Tir ding thuc x,,, =+, ++/X, chuyén qua gioi
han ta dugc a=2+/a nhungdo a>0 nénchildya=4.Vaylima =4.

u, =27

3 —
n+1

Bai 183. Cho day (u,) nhu sau: {

u’,-3u,.,Uu.,-)=u +1 VneN.

n+1
Chuang minh rang day (u,) c6 gi¢i han hitu han.
Loi giai.

3 —
n+l

s, =3, (Uy, —1)=u,+1, VneN

n+1

& (U, -1) =u,,vneN

ou,=3u, +LvneN

Do u, = 2,7 >0 nén bang quy nap ta ching minh dwoc u, >1, vneN, n>2.

1
33x?

o Xétham f(x)=3/x+1, véi x>1, c6 (L+w) f'(x)= >0 Vvéi moi x>1. Do d6

f (x) 1a ham dong bién.
* Laicd u,,=f(u,), YvneN",va u,=2,7>u,=32,7+1 nén ta suy ra dugc (u,) la ddy

giam ma lai bi chdn duéi tai 1 nén day (u,) cd gici han hiru han.

u =29
ai 184. 3y S0 ba M3 u .
Bai 184 Cho day so (up) théa mén u = \/§+ n YneN
u’-1
Chuang minh rang day (upy) €6 gidi han hitu han.
X -1
Giai. Xétham f(X) =3+ ——, Vx>1,c6: f'()=—— -, vx>1

X2 -1 ( x2—1)

= f(x) 1a ham nghich bién trén (1;+0).

3 *
* Ta chirng minh \/§<un<\/§+\fZ,VneN :

That vay:
v Bai toan ding voi n=1.
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*
v Gia su bai toan dung véin =k, k e N ta ching minh bai toan ding voi n =Kk +1.

Taco: Uy, = F(u,), ma: u, >\3= f(uk)< f(\/g) (Do f(x) laham giam)

3
:>uk+1<x/§+\f2.

u
Lai c6 u, > 3>0:>uk+1:\/§+i2<1>\/§.
u —
k

Vay \/§<un<\/§+\/§.

*Do u ;= f(uy) va f(x) Iaham nghich bién nén (u,) tach ham lam 2 day: Uy, ) va (Uy,)
trong d6 c6 mot day tang va mot didy giam, lai cO ddy (un) bi chan

= Ellim(u2k+1); Iim(u2k ) :
bat limu,, , =a; limu,, =b thi ava blanghiém cua phuong trinh f (f (X)) = X.

Xétham F(x)= f(f(x))—x, \/§<x<\/§+\/§,cé F'(x) = £'(x).f(f(x))-1.

Do f(x)> /3 véi moi V3 <x <3+ 2 va 0> f’(x)>—% nén —%< f’(f(x))<0

= F'(X) <0 = phuong trinh F (X) =0 c6 nghiém duy nhat 1a a.

= Iimu2k+1 =limu, =limu_=a.

Vay day (U,) cd gigi han hitu han khi n — +o.

Bai 185. Cho ddy s6 (xp ), (n =1) théa man dong thoi cac didu kien 0< x, <1 va
2

Xpu = X, +X—”2,Vn >1 . Ching minh ring day (Xp ) c6 gisi han hitu han khi n — -+o.
n

Loi giai:
2 ~ *
Bang phuong phéap quy nap toan hoc dé dang chirng minh dugc Xp >0 VneN .
2
Taco X, <2x1,x3:x2+)(7f<2x1+x12 <3x.
Bang phwong phép quy nap ton hoc dé dang ching minh duoc x, < nx,, Vn > 2 (n € N*)
Vi vay ton tai sé nguyén m>2 sao cho Xy <m-1.

X2

Taco xn+1—xn=n—g>0,VneN* = X1 > Xy, VNe N = day(x,) la day ting

n+1
Giasu n>m(neN ):>n23.

2
Véi ke N* tac L+ 1 k 1 1

2 2 2 2
X X1 X KX +xE x +k® K

Gia st n>m(neN*):>n23.
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oo $[ L2 8Lyl LSL S L
aco - = uyra——— < < .
em\ X Xy X omk(k-1) m-1

m-—1)x . .
Suy ra NG suyra x, <(¢ . Vay day (x,) c6 gioi han khi n — +oo.
X, X, m-=1 m-1-x_

n m

Chu y rang ching ta ¢6 thé chimg minh dugc x, +n?>./xn(n+1), vneN".
X,vn>2 . Voi
(n—l)2 .2—1:

mai s6 nguyén duong n, dat y, =X, — X, . Ching minh rang day sb (y,) c6 gisi han hiru han khi

Bai 186. Cho day sé thuc(X, ) duge xéc dinh béi x, =1 va x, =

n— +o0.
Loi giai:
n-1

Taco x, = an X, :xn{l } (Z ] -

(n-1)° =3 (n-1)° T )(n-1)

n“+1

n 2n _;I

2
Mt khac X5 ZX nén X”*1=(n+1)(? +1)
=1 n n

= X, =X, [+ —2)(1+—) , (n>2)
n n

:xnzxnl{ﬂ 1 2}[& 1 ](nz?;)
(n-1) n-1

n>+n+1

Yo =Xpu — X, = n3 n

:n2+n+l{l+ 1 }[1+ A } ..... {l+i}(l+ ! j[1+ ! j...(l-i—lsz
n® (n—-1)? (n—2)° 2° n-1 n-2 2

_Anansly 1 g, 1 {1+i} (n>3)
n’ (n-1)° (n-2)2 "1 22"~

Xétday (z,) (neN") duoc xac dinh boi :

Taco:

zlzl, z,=1, z, =[1+i2}{1+i2} [1+ L ](n >3) =Y, :Mzn, veN’
2 2 3 (n-1) n

Hién nhién ddy (z,) 1a diy tang.

Ta chitng minh bit dang thiec : In(1+x) < x (1), Vx>0

That vay xét ham sé f (x) = x—In(l+x), (x>0)

Taco f'(x)= 1—L=L>O Vx>0
1+x 1+X
X 0 + 00
f’(x) +
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0

F() "

= f(x)> f(0), Vx>0 = bat dang thirc (1) dang.

Hiénnhién z, >0, neN”

Véin>3 tach: Inzn<%+%+....+%<i+i+....+;<l
2° 3 (n-1)° 12 23 (n-2)(n-1)

z,<e.(Vn>3)

Dédy (z,) bichantréen =3limz, =a>0 = limy, =2a

Vay day (y,) c6 gidi han hitu han khi n — +oo
Trong ki thi chon hoc sinh gioi Québc gia nam hoc 2011-2012 c6 bai toan sau

BAi187.  Cho diy sé (x,) duoc xdc dinh boi x =3 v x, :”Ban(xn_l+z) V6i moi n=2.
Chuang minh rang ddy s6 da cho c6 gidi han hiru han khin — +oo0. Tim gigi han d6.

Cach tiép can 10i giai: Gia sir nlirpw X, =a suyra a=1.Matkhac X, =3,X, = % VX = %

X, = g . Nhu vay chiing ta ¢6 thé du doén rang X, ; > X,,,¥Vn>3.

Mit khac X, > X, < X, 4 >1+——. Chuang ta c6 10i gidi cia bai todn nhu sau:
n-1
Loi giai:

Tacd X =3,X, :% . Ta chung minh X, >1+%(1) v&i moi n22(neN*)

That vay (1) dang v6i N=2 gia sir (1) ding véi n=k(k >2) tcla X, >1+% .

. k+3 k+3 3) k+3 3 U
Tacoxk+1=m(xk+ )>3(k+1)(3 Ej: " >1+k+1,tu’cla(1)cungdungvm

n=Kk+1. Theo nguyén li quy nap thi (1) ding vi moi N> 2
n+2 2(n+2)_2n—2X 2(n+2)

Véin=3 tacd X, —X, =X, 4 — an Xog —

3n 3n " 3n

3n n-1 3n
Mit khac X, >1,Vne N". Vay diy (x,) c6 gidi han hitu han khi n — +o.

Vi xn_1>l+i nénx, , —X, > 2n—2(1+ 3 )—Z(MZ):O Vay X, ;> X,,Vn=3
n-1

bat lim x, =a (a=1) taco azl(a+2):>a=1 .Vay lim x, =1

N—>-+o0 3 N—+0
Trong ki thi chon hoc sinh gisi Quédc gia THPT nam 2013 c6 hai bai toan sau

a,+2
28n

Bai 188. Cho day s6 thuc (a,) duge x4c dinh béi @, =1 vaa ,, =3- véimoi n>1.

Ching minh rang day (a,)c6 gisi han hitu han. Hay tim gici han d6.

Loi giai:
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Cdc bai todn ddy so'on hoc sinh gidi

Ta cod alzl,azzg,as:S—é :

2+ X
2X

2X(x+2)In2-2*
22X

Suyra f(x) dongbién trén [0;+0) = f(x)>0,¥x>0 va a,,,=f(a,),VneN".

vneN* .

Suy ra day (a,) la day tang. Biang phuong phap quy nap toan hoc dé dang chimg minh duoc

g<an <2,¥n>3 .Vay day (a,) co6 gioi han hiru han khi n— +o .

Xét ham sd f(X)=3— >0,vx>0.

(XZO) .Taco f'(x)=

Bing phuong phap quy nap toan hoc ta chimg minh duoc an <a .1

pat lim a, —b(3-i<bszj o b=3-21P — 20(3-b)-b-2=0
N—>-+o0 42 2
. 7
Xét ham s0 =2X(3-x)—x—-2 | 2>2x>3——+|.
¢t ham so g(x) (3—x) ( 4\/§j
;
Taco: g'(x)=2"|(3-x)In2-1|-1<0,Vxe|3———:2|.
aco g() [( ) ] e( NG j
7
Mait kha X) lién tuc trén | 3———;2|.
a acg()lenucren[ 4\/5 }
Vay g(x) nghich bién trén [3—%;2} Mit khac g(2)=0 .Vay phuong trinh g(x)=0 c6 mét

nghiém duy nhat X=2.Vay b=2.
Tom lai ddy (a,) 6 giéi han hitu han khi n—>+40 va lim a,=2.

N—>+00
Bai 1809. Cho day s6 (x,) (n=1, 2, ...) duoc xac dinh nhu sau x, =1 va
X, :\/xn(xn +1)(x, +2)(x,+3)+1 vé6i n=123..Dity, => 5 (n=1 2, ...). Tim
i1 Xi +
limy, .
Lai giai

Taco x, =5 va x, >0 voimoi n=1,2,3....

X =% (X, +1) (%, +2)(x, +3) +1 =\/(xn2 +3%, ) (3¢ +3x, +2)+1=x +3x, +1 (1)

Tur d6 suy ra
Xpq +1=X2+3%, +2=(x, +1)(x, +2).
1 1 1 1 1 1 1
= — =

X, +1 (xn+1)(xn+2) xn+l X +2 xn+2 x +1 x _ +1°
n 4 1 1 1 1 1

Do do ynzz L Z -
iz X +2 O x+1 X, +1 x1+1 xn+1+1 2 X, +1

Tur (1) X, =X +3x +1>3x, >3.3" =3,
Ta dé dang chiing minh bang quy nap x, > 3" (2)

Nén limy, =% (vido(2) x,,>3")
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Cdc bai todn ddy so'on hoc sinh gidi

Ta c6 thé chung minh limx = +oo véi cach khac:

D& thay (x,) la ddy tang, gia st limx, =a (a=1). Néntaco a:\/a(a+l)(a+2)(a+3)+1
Suyra a’=a(a+1)(a+2)(a+3)+1 hay a*+6a’+10a’+6a+1=0.

R{ rang phuong trinh nay khong c6 nghiém thoa mén(a>1). Vay limx, =+o.

1
X :E
Bai190.  Choday (x,) (n=12, ...) xéc dinh boi:
X X X
X, = 5 (n=2,3,..)

Chang minh rang day (y,) (n=12, ...) véi y, = Ziz c6 gisi han hitu han, tim gigi han do.

i=1 i
L&i giai
Tu gia thiéttaco x, >0, vn>1

2 2
3 Jx +4x . +X w/x +4x . —X
Taco x, —x =~y =X 2”‘1 "1>0, Vn>2.
Ja+4a+a
2

2 n-1
Do d6 day (x,) tang. Gia su limx, =a thi a>0 va a= < a=0 (voly).
Vay limx, =+

X2 HAX |+ X 1. 1 1
Tu x, =+"2—" ™ vn>2suyra x> =(x, +)x,, =>—S=—-—,Vn>2,

" 2 ) XX X, X

n1 1 1 1 1 1 1 1 1 1 1 1
Yo=) 5=+ ——— |+ === |+ ——— |=S5+——-—=6-—Vn22,
Fxox o) e % o %) XX X% X

n-1 n n

Suyra y,<6,vn>1vaddy (y,) tang vi y, = ynfl+i> Vs
X

n

Vay (y,) c6 gisi han hitu han va limy, =6.
BAI191.  Xét day s6 (x,)(n=123...) xic dinh boi: % =2 va xml:%(xnul) véi moi

L 1 ot 1 .Tim lim S,

+ +
1+x 1+X, 1+x N>+

n

N=12,3,...Dats, =

Ve Lai giai
Ta co thé tong quat hoa bai toan nhu sau:
u,=a
Cho day (u,) thoa mén: u2 —(b+c)u,_ +c?
Nl b—c
L1 1 1

Ta ching minh: S_= = -
J " iz_;‘ui+b u+c u

+C

n+1
That vay.
2 2 2 _
Tacou,, = u,—(b+cju, +c Suyra U, +C= u, —(b+cju, +bc _ (u, +b)(u, +c)
b-c b—c b-c
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N 4 1 1 1 1 1 1
Tu do = - = - _
U,,+C U +C U +b u,+b u,+c u

+C

n+1 n+1

Khai trién va uéc luong duoc
1 1 1
u1+b_u1+c_u2+c
1 1 1

u,+b u,+c u,+cC

u,+b u,+c u.,+cC
. 1 1

Dodoé S, = -
u+c u

+C

n+1
Tur d6 van dung vao bai toan trén véi b=1,c=-1 taco
1 1 1

Giasu lim x, =a(a>2)thi 2a=a”*+1suyraa=1 (VO 1y)

nN—+0

Vay: lim x, =+00.Dodo lim S, =1

2012
Bai 192. Cho day s6 (X,) dugc xac dinh boi:x =1; X, %+ x..Véi nlasé
2011 2011 2011 2011
nguyén duong. Bat u, = _ (2 +) (ZXZ 1) + (2% +1) .ot (2%, +1) Tim limu,
2X, +1 2%, +1 2%, +1 2X,,, +1
Lai gidi
2012
Taco x,,, —X, :M,Vnzl
2012
2011
Suy ra _ 1 — ( n+1 —X ) — (2Xn +1)
2x,+1 2x ,+1 (2x, +l)(2Xn+1+1) 1006(2x,.,, +1)

2011
Z(2x +1) 100 62 1
2X +1 2% . +1

o 2%, +1 1

i+1

06 1 1
2x,+1 2x.,,+1

Mt khac: X,., — X, 20 nén day (x,)1addy sé ting ¥n>1. Néu (x,) bi chan thi limx, ton tai.

. . (a+DP o L
Pit limx =a=a>1 va a=W+a (v ly). Suy ra (x,) khong bi chan trén hay
limx, =+0o = lim ! =0
2X,,, +1
Suyra lim un=%
Bai 193. Cho diy s6 (x,) véi n=L2.. dugc xac dinh

boi:x, =a,(a>1),x, =1.

, =X —Inx, (neN*) Pit S _Z(n K)InX, , (n>2) Tim “m[snj

Nn—+ow
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Cdc bai todn ddy so'on hoc sinh gidi
Loi giai

Nhan xét rang x,, =1,n=1,2,... do In1=0 suyra lim x,, =1.

Nn—-+o0

Tiép theo ta ching minh day (X,,,,) ciing c6 gi¢i han 1a 1.
Xétham s f (x)=x—Inx lién tuc va ddng bién trong (L;+0) vi f'(x) ~1-150 vei moi x >1
X

Truéc hét ta ching minh bang phuong phap quy nap,ddy (X,,.,) bi chan duéi bsi 1.Theo gia thiét
thix,=a>1 ,gia Sit X, >1 thi f(X,,,)> f(1)>1 nén hién nhién x, ,>1 tac ddy (X,,.,) bi
chan dudi boi 1.

Tiép theo ta ching minh ddy (x,,,) 1a ddy giam.That vay,do X,,,>1 nén Inx, >0 Vi
thé X5 — X = —IN Xy, <0, tGC dAY (X,,,,) 12 ddy giam. Tir d6 suy ra (X,,,,) €O gisi han
c= lim X,.;. Chuyén qua gi6i han day s6 ta dugC c=c—Inc < c=1.Vay ddy s6 (x,) c6 giéi han
lal.

Theo dinh ly Cessaro, ta cé:

lim (X1+X2 +...+x2nj=1 hay lim ((x1+x3+...+x2n+l)+(x2 +x4+...+x2n)]=1

N—>-+o0 n Nn—>+o0 2n
- Iim(nxi—(n—l)lnxi—(n—Z)Inx:%—...—InXZn3+nj=1
N—>+o0 2n
o tim(2-30 1)1 hay fim |22 ]=22L
x—>+0| 2 n 2 x—>+0| N 2
X, =1
Bai 194, Cho day s6 (x, ) dugc xac dinh nhu sau: y 2 Tim
Xpy = —oe + X
n+1 2009 n
nox.
lim ) ——.
n—)+oo; Xi+l
Loi giai
Taco: x,,,>X,,VneN. (1)

2

X—>+0

+a=a=0(voli).
= (x,) khéng bi chan trén. (2)
Tu (1) va (2)= lim x, = +o.

Theo gia thiét ta co:

2 n n

Xya = X =5 2009(X,,, — %) = X =~ =2000| ———— | = 3" 2 = 3" 2000| - -
2009 n+1 Xo o X it Xy e X i+1

= 1im Y = 2009 o009,

Nn—+o0 o1 Xi+l Xl
. . YU =a>1 i
Bai 195. Cho d-y se (Uy,) x,c ®Pnh béi: ) H-y tYnh
200U ., =U - +2008U, ,n>1
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Loi giai
>U, 2a,VneN

*Néu day (U, ) bi chan trén thi n6 hoi tu. Pat lImU, =u>«a

n—>+oo

*Bing quy nap ta chitng minh: U

n+1

Tor 2009U,, =U2+2008U ,n>1 cho n— +o ta dugc:
u=1

voliviu>a>1

2009u = u? +2008u <> u® =u C{u—o

= Ua) knong bi chan trén = lim U, = 40
* Gia thiét
— 2009(U,,, ~U,)=UZ? U < 2009U

o0 Lt 1 |- Y
u,-1 U,-1) U

n+1

-1

n+1
n uU.

=y —1—=2009 L1
i=1Ui+l_1 Ul_l Un+l_1

L fim Y 2000

U —1 a-1

Nhan xét:

a=2= lim ZUUi — 20099 _ 5009
i=1

U, -1 2-1
72015

Vv, =
2 .
vV, =V,—-2;n>1

Bai 196. Cho day s6 (v,) théa man: {

2

lim—1 _ _ 2011

VARV
Loi gidi
X A 2 2 2 4 2
Theo dé bai suy ra V2, =(v2 —2)" =v, -4 +4
2
N Vou  __ V 3 4 4
2,2 2 2.,2 2 2,2 2 2,2 2
VARV VA VARV ViR Vi ViR Vi VA Vi Vi
2
- . Ve 4 4
2.,2 2 2.,2 2 2.,2 2 2.,2 2
VATV VR ViV Vik ViV Vi ViU Vi
Vi,V 4 4
2.2 2 2.2 2 2 2 2 2
Vl V2 V4 Vn—l Vl V2 Vn—3 Vl V2 Vn—3 Vl VZ Vr‘l—2
v, VS 4 4
VENINE VNS VRV VEVZNE
2 2
V; v, 4 N 4
VARV VAR VARV
Cong theo Vé cac dang thic trén theo vé ta duoc
Vi, v 4 . 4 V. —4 4
2.2 2 2 27 2.2 2 .2 2.2 2
VYV VRV ViU VAV VA VA Vi

_Un):Un(Un _1)

. Chitng minh rang:
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Cdc bai todn ddy so'on hoc sinh gidi

BAI197.  Chodaysé (u,) xdcdinh bai u, =222 Pat S, =u, +u,+...+u, Tim lims, .
Loi giai
Taco u, :4.1+i
o
11 17 1 2 N
=S, =\ttt [t4 ot 5+t
2" 2 2" 2
11

+) Xét a, :§+?+'"+2_1” la tong n sé hang dau cta cap s6 nhan c6 s6 hang thi nhat a, =%

cong boi g = L

2 n-1 n
PYIERR Ty
2 2 2

3 n-1 n

= 2b, =1+§+?+"'+F+ i

2

1 _n
2!’171 2!‘1

=2b,—Db, :1+1+i2+...+
2 2

=b, =2 1—(£j _n
2 2"t

Theo quy nap ta dé dang chimg minh dugc: 2" >n*,vn>5

—Vn>5, tach 0<%<3:>|im%=o:>|imbn=2
Vay limS, =9

u, =+a

Ny I e U o 1s oA
Bai 198. Cho day s6 (u,) xéac dinh boi {UM _iTanst Véi a la so thyc duong cho
trudc. Hay tim limu,
Loi giai
Theo dé bai =u, =+a, u,=va+Ja =u,>u
Gia sir u,,, > U,k >1 (gia thiét quy nap)
Tas¢ chung minh u,,, >u,,, (*)

Theo dé bai (*) < \Ju,, +a > Ju, +a < u,,, >u, ding (theo gia thiét quy nap).
Vay ddy sb (u,) tang va u, >0,Vn
>U =,/u +a>u <u +a>u’

1-J/1+4a U < 1++/1+4a
2 " 2
1++/1+4a
2

Vi (u,) ting =u,,,

sui-u —a<0e

Ma u, >0,vn =0<u, <

140
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Do d6 day s6 (u,) ting va bi ching trén = 3limu,

bat limu, =x=x2>0 va limu,_,, =X

Ma u,, =\Ju, +a = limu,, =limJu, +a=x=x+a

1+1+4a _l+\/l+_4a
2 2

S xXP=Xx+aoX= (vi x>0). Vay limu, =

u =1
Bai 199. Cho ddy sb (u,) xéc dinh boi U2 . Hay tim
U,, =U,+ 20?)5’n >1

. [u u u
lim 2 +2+...+—
u, U, u

Giai
2 2005(u_,, —u
Taco U th ( ntl ”) :2005(i_i]
un+l un+l'un Un+1.un un un+l
:i=zoos(i—iJ
u2 ul u2

T L zoos(l—i] - 2005(1—i)

u2 u3 un+1 u1 un+1 un+1
. u u u . 1
= Ilm(—1+—2+...+—”j = 2005[1— I|m—]
u2 u3 un+1 un+l

Theo dé bai = u, =1,u, PR TN u,>u, >1
2005
Gia str U, > U, 21,k >1 (gia thiét quy nap). Ta s& chimg minh U,,, > U, (*)

2 2 2 2

\ . u u u —u ,
Theo dé bai, (*)<=u, . +—L >y +—*—<=u, . —uU +—-L €50 dang (theo gia thict qu
(%) & Ui+ 5008 > Y+ 005 & Yea ~Ue T 500 g (theo g auy

nap).
Vay day s6 (u,) ting.

Ta lai ching minh (un) khong bi chan trén.

Gid st (U,) bi chan trén = 3limu, . D3t limu, =x=x>1 va limu,,, =x.
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X u? : : limu? ?
Mau ,=u + =limu_, =limu, + = X=X+
2005 2005 2005

< X =0 loai. Suy ra gia st (un) bi chan trén 1a sai. Do d6 limu, =+o.

Vay |im[ﬂ+“—2+...+ 4 j:zoos.
u, U, u

n+1

Bai 200, Cho day (x,) xdc dinh boi x,=v2 va x,,=(v2)" voi
n e N. Ching minh rang (Xn) c6 gidi han hitu han va tim giéi han do.

Giai

bat f(x) :(\/E)X thi day s c6 dang X, =+/2 va X, = f(x,). Ta thdy f(x) l1a ham sb ting va

% =(v2)" >NZ =%

Do f(x) la ham sé tangnén X, = f (%)> f (%) =%, %= f(%,)> f (X)=X,,..
Suy ra (x,)la day ting.

Ta chimg minh bang quy nap X, <2, Vne N,

V6i n=0,/2 = x, <2 ding.

Gi sir ¥, <2 ding véi n=k <N hayta c6 x, <2,khi do %, =(v2)" <(v2) =2= dpem.

r - 7 Xn ~
Diy sb (x,) tang va bi chin trén boi 2 nén ¢ hoi tw. Pt limx, =a, ta c6 X, =(v2)" nén

a=22 va a< (dinh li 1c).

Giai phuong trinh a =22 ta dugc a=2 théamén a<2 . Vay lim X, =2.

X—»00

Bai 201. Ky  hi¢u X, la  nghiém cuia  phuong  trinh:
1 +L+...+i =0 thudc khoang (O;l)
X x-1 X—=n

a) Chirng minh day {X,} héi tu;

b) Hay tim gidi han do.

Binh lufn: X, dugc x4c dinh 1a duy nhét vi ham s6 f(X)==+——+..+ lién tuc va don

X x-1 X—n
diéu trén (0;1). Tuy nhién, ta khong thé xac dinh duoc gia tri cu thé cua X, - RAt may man, dé
chimg minh tinh hoi tu ctia X, ta khong can dén diéu d6. Chi can chimg minh tinh don diéu va bj

chan 1a du. Véi tinh bi chan, moi thr déu 6n vi 0< x, <1. Véi tinh don diéu, ta chii ¥ mot chut
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dénmdi lién hé gitta f, (x) va ., (x): £, (x)=f,(X)+ f, (x)=f, (x)+ . Day chinh 1

X—n-1
chia khoa dé chimg minh tinh don di¢u cua X,
Giai

R6 rang x,  duwoc xac dinh 1  ciach duy nhdt, O<x <1.Ta ¢o

n

1 —_—
X,-n-1 x,-n-1

foa (%)=, (x)+ <0, trong khi d6 f,,,(07)>0. Theo tinh chit ciia ham lién

tuc, trén khoang (0;Xx, ) ¢ it nhit 1 nghiém coa f,_, (x). Nghiém d6 chinh 1a X_,,. Nhu thé ta da

chimg minh dugc X , < X,. Ttc la day sO {Xn} giam. Do diy nay bi chin duéi boi 0 nén diy sb co

n+1
gidi han.
Ta s& ching minh giéi han néi trén bang 0. Pé ching minh diéu ndy, ta can dén két qua quen thudc
sau.

1

1+—+l+...+1>ln(n)
2 3 n

(C6 thé chimg minh dé dang bang cach sir dung d4nh gia In (l+ E) < 1
n n

That vay, gia st limx, =a > 0. Khi d¢, do diy s6 gidm nénta cod X, >a véi moi n.

Do 1+%+%+...+1—>oo khi n—>o nén ton tai N sao cho voi moi n>N ta ¢
n

11 1 1
I+=—+=—+..+=>—.

2 3 n a
Khid()v(yinZNtacéO<i+ +..+ ! <i i+i 1 l—£=0

X, X, —1 X, —n x, -1 -2 -n a a

Mau thudn. V4y ta phai c6 limx, =0.
Bai 202. Cho n 1a mét sé nguyén duong >1. Ching minh rang phuong

trinh x" = x+1 c6 mot nghiém duong duy nhét, ky hiéu 1a x_ . Chimg minh rang x_ dan vé 1 khi n
dan dén vé cling va tim lim n(x, -1).
Giai
Rérang x, >1.Pat f (x)=x,—x-1.
Khi d6 f.,(1)=-1<0 va f (X )=x5—% -1>x —x,—1=f (x,)=0. T do6 ta suy ra

1< X,,, <X,.Suyraddy {x,} c6 gi6i han hitu han a.

n+1

Ta ching minh a=1.
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That vay, gia st a >1. Khi d6 x, >a v6i moi n va ta tim dugc n du 16n sao cho: x; >a" >3 va
X, +1<3, mau thudn vi f,(x,)=0.

Dé giai phan cubi cia bai toan, ta dit x =1+y Véi limy =0. Thay vao phuong trinh
f.(x,)=0 tadugc (1+y,) =2+y,.

Lay logarit hai vé, ta duoc n In(1+y,)=In(2+y,). T do suyra Iim(n In(1+y, )) =In2.

1 . .
Nhung lim Y _1 nén ti day suy ra limny, =In2, tic 1a limn(x, -1)=1In2.
Yn
Bai 203. (VMO 2007) Cho sé thuc a>2 va f,(x)=a"x""+x"+..+x+1,VneN.
a) Chang minh rang véi mdi s6 nguyén duong n , phwong trinh f (x)=a ludn c6 dung 1
nghiém duong duy nhat.
b) Goi nghiém d6 1a x,, ching minh rang day (X,) c6 gi¢i han hitu han khi n dan dén vo
cung.
Loi giai

a) Ta thdy ham f, (X) lién tuc trén (0;+00) ma ta thiy véi moi b>0 thi f(0)= f(b) nén
f.(x)=a coitnhat 1 nghiém. Ta ching minh f, (x)=a c6 duy nhat mot nghiém duy nht.
Gia str phuong trinh trén c6 2 nghiém duong X, <X,, khi d6 ap dung dinh |i Rolle: ton tai
ce(x,x,) saocho f (c)=0(2).
Mt khac, ham g(x)= f,(x)=a'"(n+10)x"° +nx"*+..+1 lién tuc trén (0;+o0) nén ta ludn co
9(0)g(b)>0 két hop véi (1), suy ra mau thuan véi tinh chat ham lién tuc = dpem.
b) Déthdy 0<x, <1. Taching minh (x,) ting. Ta thdy:
foa(X)=ax ™ +x" + 4+ x+1=x,f, (x,)+1=ax, +1.

Va f,(1)=a"+n+2>a nén tachi can ching minh ax, +1<a thi x, <x,, <1, vay can ching

a-1

minh X, <—.
a

. a-1 .
That vay, neu x, =2 —— thi:
a

fn(xn)>a1°(a_‘1)mm+M(a_l)“’(a_‘lj +a—(a—1)(a—_1j ~a

a

(doa>2) = volivi f (x)=a.

Vay day (x,) ting va bi chan nén hoi tu.

Bai 204. (VMO 2002) Cho n la mét s6 nguyén dwong. Chitng minh rang phuong trinh:
1 1 1

—+ +..t

x-1 4x-1 n’x-1

vO cling, x, dan dén 4.

=% c6 mot nghiém duy nhat x, >1. Ching minh rang khi n dan dén
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Binh luan: Viéc ching minh phuong trinh ¢6 nghiém duy nhat x_ >1 1a hién nhién. Mai lién hé
foa(x)=f, (X)+;2 cho thdy x, la diy s6 ting (6 day
(n+1)"x-1
1 1

f (x +..t+
(%)= X-1 " ax-1 n°x—1
tro nén dé hon nhiéu. Tuong tw nhu cach chimg minh limx_ =c & nhan xét trén, ta s¢ dung dinh ly

1 A L o g . :
_E)' D¢ bai cho san gidi han cua x, la 4 da lam cho bai toan

Lagrange dé d4anh gia khoang cach gitra x, va 4. D¢ lam diéu nay, ta can tinh f (4), voi

1 1 1
f,(X)=——+ +ot—
Xx-1 4x-1 n°x-1

téng quen thuoc.

L ora may man, bai tinh f (4) nay lién quan dén 1 dang

Loi giai
Dt f, (x) nhu trén va goi X, langhiém >1 duy nhat ciia phuong trinh f, (x)=0.
Taco

7 TR S T T 1

..t -=

41 16-1 13 35 @n-1(2n+1) 2

1(1 111 1 1} 11
ot

1335 7 2n-1 2n
Ap dung dinh ly Lagrange, ta c6 : 4—1n=|fn (x,)-f(4)=|f

1 4 1
—w Tt et
(c-1)° (4c-2 9

Neén tir day |x, —4|<4i, suyra limx, =4.
n

c)||x, —4| véi ¢ thudc (x,;4).

Nhung do | f,'(c) |=

Bai 205. Cho n 1a mot s6 nguyén duong >1. Chting minh rang phuong trinh X" = x? + x +1
c6 mot nghiém duong duy nhét, ky hiéu 1a x . Hiy tim s6 thuc a sao cho gigi han

Ign N*(X, —X,,,) ton tai, hitu han va khac 0.
Binh luan. D& thay gié tri a, néu ton tai, 1a duy nhat. Tuong tu nhu & bai toan 2, ¢ thé chizng minh
. In(3
duoc rang X, ~1+ﬁ. Tur d6 c6 du doan 1a a=2. Pinh ly Lagrange sé giup chung ta danh gia
n

hiéu x, —x,,, vachtng minh du doan nay.
Lai gidi
bt P, (x)=x"-x"—x-1.

Taco P, (X)=x""=x"-x-1=x"=x"+P (x)=x"(x- 1)+P( ).

Twrdé Po(x,)=x"(x,—1)+P,(x,)= (x +X, +1) X, —1)=x°-1.

(
X, + X, +1) ) Pn+l( ) n+1(Xn+l):(Xn_Xn+l)Pn+1'(C)

Ap dung dinh Iy Lagrange, ta co: (
(

Véi € thudc (X,,1i%,), P (X)=(n+1)x"—2x-1.

Tu do: (n+1)[xn+l+1+i] 2Xn+1—1: Pn+l’( n+1)< Pn+l( )

Xn +1

<P

n+l

'(xn):(n+l)(x§ +X +1)—2xn ~1.

. P,(c
Tfl’dﬁy, voi luu}'/ |ian zl,tasuy ra: ||mL():3

n—o0 n
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Tiép tuc sirdung limn(x, —1)=3, tasuy ra
limnP_, (c)(x, —X.,) = limn(x? + x_+1)(x, —1) = 3In(3)

n

n—o0

< limn?(x, - xn+1).m = 3In(3)
n

< limn?(x, —x. ;) lim Pua(© _ 3In(3)
n—oo n

n—oo

< limn?(x, —x.,)3=3In(3)

n—o0

g !mnz(xn - Xn+1) = In(3)

Vay véi ¢ =2 thi gioi han di cho tdn tai, hitu han va khac 0. D& thiy véi ¢ > 2 thi gidi han di cho
bang vo cung va néi ¢ < 2 thi gidgi han da cho bang 0. Vay ¢ =2 la dap so duy nhat cua bai toan.
Bai 206. Chuang minh rang, véi mdi s6 nguyén duong n> 2, phuong trinh cosx=x" (1) ¢6
nghiém duong duy nhét x = x_. Xét tinh hoi tu cua day (x,) .

Léi giai.
Taco ()< x"—cosx=0. bat f (x)=x"-cosx. Khi do, voi x>1 thi x">cosx, do d6 (1)
khong thé cé nghiém véi x >1.
Mat khéc, f (x) lién tuc trén doan [0;1] va f,(0).f, (l)< 0, suy ra phuong trinh f (x)=0 co

nghiém trén khoang (0;1). Hon nita, f,'(x)=nx""+sinx>0,vxe [0;1], nén f (x) ddng bién
trén doan [ 0;1], do d6 (1) c6 nghiém duy nhat x =x_ € (0;+x).
Day (x,) hién nhién la bi chan. Hon nira, (x,) con la ddy tang vinéu x_, <X, thitir x_ %, €(0;1)

n n+1

n+1
n+1 > Xn+l

tasuyra COSX,,, >COSX, = X1} > X = X > X0 = X, > X,

n+1 n+1

1
Diéu nay la vo Ii. Vay ton tai giéi han hitu han 1=1lima, >0. Tir X, = (COSX,)" suy ra
1
| =limx, = lim| (cosx,)" |=(cosh)? =1.

Nhan xét. Trong vi du trén, van dé mau chét 1a chimg minh ddy (x ) ting. Viéc nay duoc thyc hién
bang cach chuyén déi tinh don diéu cua hai ham s y =cosx va y = x". Py la mét trong nhitng ki
thuat co ban trong nhirng bai toan dang nay.

Bai 207. Chirng minh rang, véi mdi s6 nguyén duong n > 2, phuong trinh X" = x + 2014

(3) c6 nghiém dwong duy nhat X = X, . Xét tinh hoi tu caa day (X,).

Loi giai
Pat f,(x)=x"—x—2014,vn > 2. Véi x €(0;1) thi x" < x+ 2014, do d6 (3)khong co nghi¢m
voi X e (0;1).
Mat khac, lim f (x)=+o0, do d6 ton tai a>1 sao cho f,(a)>0= f,(a).f,(1)<0. Vi
X—>+00

f,(X) lién tuc trén doan [1, @] nén phuong trinh f,,(x) =0 c6 nghiém trén khoang (L;a).
T f.(x) =nx"1—1>0,Vx e[L;+o0) suy ra f,(x) déng bién trén [L;+00), do d6 (3) cé nghiém
duy nhat trén [1;+0), suy ra (3) c6 nghiém dwong duy nhat X = X,,. Vi X, € [1;+o0) nén

XM s XM= (%) = XM o x. —2014 > X —x, —2014 =0= f,,1(X1.1) (¥).
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Do f,,1(X) ddng bién trén [1;+o0) nén (*) suy ra X, > X,,1, hay ddy (X,) giam ngat. Hién nhién

day (X,) bi chan dudi. Do d6 day (X,) c6 gidi han hitu han | =limx,,.
1
Tir X, = (X, +2014)", suy ra | = (1 +2014)° =1. vay limx, =1.
Bai 208. Cho phuong trinh X" = X"+ X" 2 + .+ X+LVne N,n>2 (4).

a) Ching minh rang (4) c6 nghiém duong duy nhat X = X;,.
b) Tim limx, va limy2-x, .
Lo giai |
Vé6i n > 2 thi x =1 khoéng la nghiém cua (4). St dung hing dang thirc
X" —1=(x-)(x" T+ x"2 4.+ x+1),
ta viét phuong trinh lai (4)dusi dang x"(x—2)+1=0.
biat P,(x) = x"(x—2)+1 thi B,(2)>0. Ap dung Bt ding thic Bernoulli, ta ¢

Pn(ﬂj:(n”—_l)n(_—zjus(u ”(n_l))( 2 j+1:_(”—_1)2<0.
n+1 n+l) \n+1 n+l J\n+1 (n+1)?
2n

Vay P,(2).P, (n—+1)<0' Hién nhién P,(x) lién tuc trén doan {nz—flz} Do d6 B,(x) co

nghiém trén khoang (ﬂZJ
n+1

Mat khéc, voi x> 2 thi B,(x) >0, véi 0<x < Z—nl thi P,(X) <0 (chimg minh don gian bang
n+
X . A g 2n . . 2n .
dao ham). Vay R, (x) khong c6 nghiém x €| 0;—— | U[2;+x). Trén khoang | ——;2 | thi
n+1 n+1
P:(x) >0, do d6 P,(x) c6 nghiém duy nhat trén khoang nay. Suy ra, P,(x) c6 nghiém duong duy

nhat X = X, e(ﬂ;zj. Talaico P, 1(X,)=X,P,(X,)—-1=-1<P1(X41)=0.

n+1
oi o a 1 1
Boi vy 2> Xpq > Xy = 0<2-x, =—<— (*).
XX
a1 T e o 1 1
Vi Ilmﬁzo nén lim x, = 2. Hon nifa, cling tir (*) suy ra {/2—x; :X—:Ilm 2— X, =3
2 n

) . . . .2 2n . .
Nhan xét. Mau chot trong Vi duy 4 1a tim ra diém Xy = YR Diéu nay duoc giai thich nhu sau: Ta
n+

can tim diém X, > 0 sao cho P,(Xy) nho nhét (¢ dam bao rang P, (Xy) <0), do d6 X, la mot

diém cuc trj cia P,(X). Do do P, (X)) =0=> X, = 2_nl
n+

20+l — ¥ +1, véi n nguyén duong cho trugc. Chirng minh rang

Bai 209. Cho phuong trinh X
phuong trinh d4 cho luén c6 duy nhat mot nghiém thuc x,,. Tim limx, .

Léi giai
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Xéthamsé f,(x) = x*"" —x—-1.Tacé f,'(x)=(2n+1) x2" —1. Ta thay

f,'(X)=0=x=% / L . Két hop bang bién thién va cac nhan xét:
<X<n
\f 2n+1
i) f,'(x) <0 X< —p/[———+
2n+1 2n+1

1
'")f[ (2n+1)j (2n+1)\/(2n+1) \/(2n+1)_1<0

) 1 1 1 1
)T [ (2n+1)] (2n+1)§/(2n+1) ‘r{/(znﬂ) ~1<0

v) lim f,(x) = +oo,
X—>»00

1) f, (x)<0<:>—

ta c6 thé két luan dugc phuong trinh trén c6 nghiém duy nhat X, .

Mat khac (1) <0, f(2) >0=1<x, <2 va x, = 2myx, +1= 202 < x, <23 (*).
1

St dung qua lima" =1 (khi a>1) vacho (*) qua gioi han, ta duoc limx, =1.

Bai 210. Cho n 1a mét s6 nguyén duong 16n hon 1. Chting minh rang phuong trinh

X" = x+1 (7)c6 mot nghiém duong duy nhat x = x,. Tim lim (n(x, —1)).
n—oo
Loi gidi

Twong tu Vi du 3 ta chimg minh dugc ddy (X,) giam ngat va c6 gisi han bang 1.
Pétim lim n(x, —1) tadit y, =X, —1,vn>1.Khido y, >0 va limy, =0. Thay vao phuong

n—o0
trinh (7) ta dugc

A+y)"=2+y,=nInl+y,)=In2+y,) = lim(nin(l+y,))=In2.
InQ+vy,) _lim In(L+y)
Yn y=0 Yy
Bai 211. Cho n e N,n > 3va phuong trinh X" =Xx* +X+1 (10).

Mat khac, vi lim =1=lim(ny,) =In2 nén lim(n(x, -1))=In2.

a) Chang minh rang (10) c6 mot nghiém duong duy nhat x = x,, va limx, =1.

b) Tim lim (nz(xn — xn+1)).
N—o0
Loi giai
a) Bat P, (x) = x" —x? —x—1. Tathdy, véi 0< x <1 thi P,(x) <0. Do d6, néu (10) c6 nghiém
duong thi nghiém d6 phai I6n hon 1.
Talaico P,(1)=-2<0, X|_I>I11 P.(X) = +00, P, (x) = nx" 1 —2x—1>0,¥x > 1.

Suy ra (10) c6 nghiém duong duy nhat x = x, >1.
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Mat khac P, ;(x) = X" —x? —=x=1=x""—x" + P, (x) = x"(x=1) + P, (X) (*).
Tur (*) suy ra Py (X,) > 0=P 1 (X,,1) = X, > Xo,1 - VAY (X,) giam ngit va do d6 no c6 gisi
han httu han la | =limx;, .
1
Honnita X = X2 —X, —1=> X, :(xrz, — X, —1)” =1=012-1-1)°=1=limx, =1.
b) Ciing tir (*), tacd P,,1(X,) = X" (X, —1) + P, (X,) = (X2 + X, +1)(x, —1) = x> -1.
Ap dung dinh Iy Lagrange, ton tai &,; € (X,.1;X,) thoa man

(Xr% + X, +1)(Xn -1)= Pn+1(Xn) - Pn+1(xn+l) = (Xn - Xn+1) Pr;+l(§n+l)

n(x, —1)(x% + x, +1)

Pr;+1(§n+1)
n

Tir P, (X) = (n+1)x" —2x—1 suy ra
(N+D)(X7 + %Xy +1) = 2%, 1= Py 1 (X)) > Pra (€na)

2
= N"(Xy = Xp41) =

. . 1
Pn+1(&n+1) > Pn+1(Xn+1) = (n +1)£Xn+1 +1+ _j - 2Xn+l -1

n+1

1)_ 2Xn +1 > Pn+1(E.>n+1) > n+1(xn+1+1+ Xl J_ 2Xn+1+1 (*)

n+l, 6 ,
= —.(X; + X, +
n n n n n

n+1
A, 3 , N rs 1A PO : Pr;+1(§n+1)
Bat dang thu:c(*) cung voi két luan limx, =1 tasuy ra lim =220 =3,
n

Tuong tu Vi du 7 ta tinh dugc lim (n(xn —l)) =1In3, do do

lim(n(x, —l).Iim(xﬁ +X, +1)

lim(n?(X, = Xq1)) = . =In3.
lim Pn+1(‘:n+1)
n
Bai 212. Bai toan 3. (VMO 2007) Cho s6 thuc a>2 va f, (x)=a""x""" +x"+. . .+x+1.
a) Chting minh rang véi mdi s6 nguyén duong n, phuong trinh f. (x) =a ludn c6 ding mot

nghiém duong duy nhat.
b) Goi nghiém do lax, , ching minh rang ddy {x, } c6 gisi han hitu han khi n dan dén v cuing.

Loi giai
Két qua cua cau a) la hien nhién vi ham f, (x) ting trén (0,+o0). D& dang nhan thiy 0<x, <1.Ta

s& chiing minh day x, tang, tac la x ., > x, . Tuong tu nhu & nhitng loi gidi trén, ta xét

n+1

foa(x,)=a"% " +x " +x "+ +x+1=x f (x,)+1=ax, +1 Vitaddco

fin(1)=a"+n+1>a néntachican ching minh ax +1<a las&suyra x, <x, <1.Nhuvay,
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A , - a-1 A N z a-1 <
can chung minh x, <—— . Thatvay, néu x, > —— thi
a a

a—l n+1

n+ 1-| — n n

wofa-1 v [ a j ofa-1 a-1

f,(x,)=za"| — +———2=—=(a-1)"|— | +a-(a-})|—| >a
a ;_a-1 a a

a
(do a—1>1). Vay day s6 tang {x, } tang va bi chin boi 1 nén hoi tu.

Nhan xét: Mot 1an nita méi lién h¢ £, (x)=xf, (x)+1 lai gitip ching ta tim dugc méi quan hé

gitta x, va x, . Tur loi giai trén, ta cd thé chimg minh duoc ring

. -1 -1 . A s
limx, = i . That vay, dat ¢ = a2 <1, theo tinh toan & trén thi
a a

£,(0)= £, (x,) =ke" (vsi k=(a=1)((a=1)" -1)>0)
Theo dinh Iy Lagrange thi £, (c)- £, (x,)=f'(£)(c—x,)véi & thuoc (x,,c)
Nhung f(€) =(n+10)a"’x"* +nx"" +...+1>1 nén tir day suy ra kc" >c—x,

Tirdo tacod c—kc" <x, <c Vaconghialam limx, =c.

2
Bai 213. Cho day s6 (X,)(n e N*) duoc xac dinh boi X, = —% Va X, = X?”—l, vneN*.
Ching minh rang day (X,) ¢ gioi han hitu han khi N — +c0 . Tim lim X,

N—+o0
Loi giai
Bang phuong phap quy nap toan hoc dé dang chimg minh dugc —1< X, <0,¥n>1 Do d6 néu
lim x, =a(aeR) thi a la nghiém am cta phuong trinh

N—-+w
2
tz%—l: a=1—+/3 .Tasé chang minh a=1—+/3 1a giéi han cua ddy (X,) .That vay
X2 a’ 1
%0 —8= 7”—1—(7—1) :E\xn —al[x, +a| Vi -1<x, <0 nén —/3<x,+a<1-+3

= ‘Xn + a\ <3 = ‘X —a\ < ?\xn —a\ .Béng phuong phap quy nap toan hoc ta ching minh

n+1
n n
du’QC OS ‘Xn+l_a‘S(7 ‘Xl_a‘,vnEN Vi 0<7<1 nen nI—I)rPoo 7 —O
suyra lim |x,,,-8/=0 = lim x,=a=1-3
Bai 214. Cho s thyc a va day (x,) xéc dinh bsi: X, =a,X,,, =In(3+cosx, +sinx, )— 2008,

vn=0,12,...Ching minh ring day (x,) c6 giéi han hitu han.

Léi giai

bat f(x)=In(3+cosx+sinx)—2008, co: f‘(x):3COSX_Sin_X _
+C0S X +Sin X

150



Cdc bai todn ddy so'on hoc sinh gidi

=|f'(x)|< S\f\z/zzq<1 (do |cos x—sin x| <~/2 ,|cos x +sin x| <+/2).
Ap dung dinh If Lagrange cho f (x) c6 dao hamtrén R, do f (x) liéntuc trén R nén tdn tai
ze(x;y)cR saocho f(x)-f(y)="f'(z).(x-y)

=|f(x)-f(y)|<alx-y] vx,y e R = f(x) lamot ham s6 co trén R nén day (x,) hoi tu.

Bai 215. Cho ddy (X,) xédc dinh nhu sau: X, =0, X,,; =4/C—+/C+X,,n=0,12...

Tim tat ca cc gid tri ciia ¢ dé véi moi gid tri X, € (0;¢), X, xéc dinh véi moi n va ton tai gisi han

httu han limx; .
Lo giai
Déx, ton tai thi c—Jc+x, 20 VX, €(0;¢) < ¢c(c-1)=x, VX, €(0;c) = c =2,

V6i c22=0<x =+Jc—/C+x, <~C.
Néu 0< x, <+/c thi c—/c+X, >c—~/2c >0 (do c>2),suyra x_, ton tai va

0<X,,, <~/c Nguoc lai, néu x, <0 hay x, >+/c thi x,,, khdng ton tai.

n+1

Pt f(x)=yc—orx thi F= f —
C+X4C—+C+X

Vi moi x € (0;c¢) taco
(c+x)(c—ﬁ)>c(c—m)z2(2—m)>%.

Suy ra | f'(x)|< g <1 véimoi x e (0;¢) (theo dinh If Lagrange thi fe)=10)_ f'(x) véi
xe(0;c)) hay f(x) lahamsécotrén (0;c), suyra (x,) la day hoi tu.
Vay tat ca cac gia triccantimla c>2.

Bai 216. Cho day s6 (X,)(n € N*) thoa man dong thoi cc diéu kien 1< X <g va

2
X, =1+X, —X?”(n >1) . Chting minh rang day (X,) c0 gi6i han hitu han khi N — +o0 tim
IHHLXn

Léi gii

2
Xetham so () =L+x—" (xe {1;%}) Taco /(9 =1-x¥xe (1:3)

Suyra f'(x)<0,Vxe(l g) Suyra f(X) nghich bién trén [1; g} .Suy ra

f (g) < F(X)< f (1), Vxe (L g) 1< f(X)< g xe(L g) Biing phuong phap quy nap todn

hoc ta chimg minh duoc 1< X, <%,VneN* va X, = f(x,),vneN’
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Tacé ‘ f (X)‘ VX e ) .Theo dinh 1i Lagrang,ton tai ¢ e (1 ) sao cho

\f(xn)—f(ﬁ)\— JE‘S—X”—\/E‘,VneN*
Suy ra xn+1—\/§‘£ 1 X, —\/E‘,VneN* .Bing phuong phap quy nap toan hoc ta chirng minh
duoc \/E‘ (j ‘Xl \/_‘ VneN* Vi |Im[] ‘Xl \/—‘ 0 nén Ilmx—\/ﬁ
Bai 217. TYnh giii htn sau: lim Vx+1- Vx+1-vx+1
X— X

Loi gidi

Taxét f(x)=3x+1-vx+1= f(0)=0, suy ragioi han trén cd thé viét lai Ia:
f(x) £ (0) 1 1 -1

= f'(0), ma f'(x — nén gidi han da cho la: f'(0)=—.
lim o ), (x) = 3\/(x+1)2 N 9161 hg ©) 5
Theo dinh Iy Lagrange thi f (c)—f, (x,)= f'({)(c—x,)véi ¢ thude (x,,c)
Nhung f'({)=(n+10)a"¢™® +nd"* +...+1>1 nén tir day suy ra kc" >c—X,

Tudotaco c—ke" <x, <c Vaconghiala limx, =c .

Bai218.  Vidu 1: Cho daysd(x,) (neN") duge xic dinh bo x1=—% Vi =21

vneN" . Ching minh rang day (x,) c6 gii han hitu han khi n—+o0 . Tim lim X,

Bai giai:
Bang phuong phap quy nap toan hoc dé dang ching minh dugc —1< x, <0,¥n>1 .Do d6 néu
lim x, =a,aeR thi a langhi¢m am cua phuong trinh

2

t=%—1:> a=1-+/3 .Tas& ching minh a=1-+/3 14 gi6i han cua ddy (x,) .That vay

2 2
LT ]
2 2

:>|xn+a|<\/§:>|x

|Xn+l - a| =

=%|Xn—a||xn+a| Vi -1<x, <0 nén—/3<x +a<1l-+/3 .

B3

—a|< 7|xn —a| .Bang phuong phép quy nap toan hoc ta chitng minh dugc

n+1

n
0<|x,, —a|< (‘/_] x,—a|,VneN" .Vi O<§<1 nén I_I)rpoo(\/zgj =0

Suyra lim ‘X —a‘:O = lim x,=a=1-3
n—>+o0 N—+o0

n+1

Bai 219. Vi du 1: Cho s6 thuc a va day (x,) xac dinh bai:

X, =a,X,,, =In(3+cosx, +sinx,)—2008, ¥n=0,1,2,..Chang minh ring day (X,) c6 gi¢i han
httu han.
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Bai giai:
COS X —Sin x
3+cosxX+sinx .

bt f(x)=In(3+cosx+sinx)-2008, cé: f'(x)=

:>‘f '(X)‘SS:/—\Z/E

Ap dung dinh Ii Lagrange cho f(x) c6 dao ham trén R, do f(x) lién tuc trén R nén ton tai
ze(x;y)cRsaocho f(x)-f(y)="f'(z).(x-y)
=|f(x)-f(y)|<alx-y] vx,y e R = f(x) lamot ham s6 co trén R nén day (x,) hoi tu.

Bai 220. Vidu 2: Cho day (x,) xac dinh nhu sau: X, =0,x,,, =4/C—4/C+X,,n=0,12...

Tim tat ca c4c gid tri ciia ¢ dé véi moi gid tri X, € (0;¢), X, xac dinh v&i moi n va ton tai gi¢i han

=g <1 (do |cosx—sinX| <+/2 ,|cos x+sin x| </2).

hitu han limx; .

DE x, ton tai thi c—Jc+X%, 20 VX, €(0;¢) < c(c-1) =, VX, €(0;¢) = c = 2.
V6i c22=0<x =+Jc—/C+x, <~C.
Néu O<x <+ thi c—e+x >c—v2c>0 (do ¢=>2), suy ra x, ton tai va

0<x,,, <+/c Nguoc lai, néu x, <0 hay x, >+/c thi x_, khong ton tai.

n+1

-1
bat f(x)=+c—vc+x thi f'(x)= .
) A+ xc—Cc+X
Vi moi x € (0;c¢) taco

(c+x)(c—ﬁ)>c(c—m)22(2—m)>%.

Suy ra |f'(x)|<g<1 voi moi xe(0;c) (theo dinh Ii Lagrange thi M:f'(x) VGi

c
xe(0;c)) hay f(x) laham sé cotrén (0;c), suyra (X,) la day hoi tu.
Vay tat ca cac gia tric cantimla c>2.
Bai 221. Cho déy s6 (X,)(n eN") thoa man déng thoi cac diéu kign 1< X, <g va

2
X, =1+X, —%”(n >1) . Ching minh rang day (X,) c6 gisi han hiru han khi N — +oo tim
nI—I>rPoo Xn

Léi gidi.

2
Xét ham sb f(x):1+x—x?(Xe[1;g}).Tacé f’(x):l—X,VXe(l;%j

Suy ra f’(x)<O,VXe(L‘gj Suyra f(x) nghich bién trén {1;%} .Suy ra

f@< f(x)< f (1),VX€(1;gj S1<f (x)<%,‘v’Xe(l;gj .
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5 . . , . 3 .
Bang phuong phap quy nap todn hoc ta chimg minh duoc 1<X, < > vneN

Xy =T (X,), VneN"

n+1

Tach ‘ f '(X)‘ < % VX e (1; gj .Theo dinh 1i Lagring,ton tai C e (L‘ gj sao cho

£ x)= (V2= (e) o —2|< 5

Xn—\/E‘,‘v’neN*

Suy ra ,

duogc 75

X, —ﬁ‘s(%]nl‘xl—ﬁ‘ ,VneN*

n-1
Vi lim (%) % =/2|=0nen lim x, =2 .

N—>+00
.‘3' _."
Bai 222. Tinh giéi han sau: Iirrgw.
X—> X

Lo giai.

Taxét f(x)=3x+1-+/x+1= f(0)=0, suy ra gi¢i han trén c6 thé viét lai la:
f(0)-f (0 _

IimM:f’(O),ma Fr(x) = — 2 !

Hoety 2t
Bai 223. Tinh gigi han sau: lim tan x—\/icos X,
X—>— X_i

4
4

Loi giai.

Tuong tu vi du trén, ta xét ham so f (x) = tan x—~/2cosx, ré rang . f (x). kha vi tai x:% ,
’ 2 : Y T \/z A ~ A 47 s Zoa .,
f'(x)=1+tan*x++2sinx va f " :1—\/5.7=0nenta cling dua vé tinh gia tri:

f(x)-f (Z

lim tan x— /2 cos X = Iim—) = f’(£j=1+1+\/§.£=3.
x> T X" T 4 2
4 X—— 4 X——
4 4
Vay gidi han can tim 12 3.
X2 +2X
Bai 224. Tinh gisi han sau: lim -1
X—> X

Léi gidi.

Xétham sé f (x)=e“> = f (0)=1, rdrang f(x) khavitai x=0 va f'(x)=(2x+2)e"">*,

do, gisi han can tim Ia:

X2 +2x _
[ p— Iing(o): £'(0)=(20+2)e” =2,

x—0 X x—0 X —

nén gidi han da cho la: f'(0)= 5

va

1 % o . :
Xn+1—\/§‘ SE Xq —ﬁ‘,‘v’n e N .Bang phuong phéap quy nap toan hoc ta chitng minh

Do
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201 _
Bai 225. Tinh gici han: |irg—“”“.
X—> X
Loi giai.
4

Xéthamsd f(x)=24x+1-1= f'(x)=
201179 (4x+1)

2010

Tathdy: f(x) kha vitai0va f(0)=0 nén:

Yax+1-1_ . f(x)-f(0)

201
lim .
X—0 x-0 2011

x—0

Ta can ching minh cdng thirc giGi han tong quat: Néu a>0 va ne N thi IirT(]—“aXH_1 8,
X—> X n

Bing lap luan twong tu, & bai toan tong quat, ta xét ham sb:

f(x)=Yax+1-1= f'(X)=——2

ny/(ax+1)"" .

1/ - x)—f (0
Suy ra: lim ax+l l=Iim () - ( ):f’(0)=§.
x—0 X x—0 X—=0 n
Bai 226. Tinh gi6i han: i /3708 X +in X —tan x
NN /4 T
3 — X_i
- 03)
Loi giai.

Xét ham sb; f (x):\@.cosx+sinx—tanx:> f’(x):—\@sin x+cosx—(1+tan2 x)

Tathdy: f(x) kha vi tai %va f(%):O nén:

J3-cosx+sinx—tanx 3 f(x)_f(gj 3 15
lim :—-Iim—:_.f’(ZJ—___
>3 ﬁ_(x_ﬂ') T x> X_E T 3 T

3 3 3

Vay gidi han can tim 1a .3
T

2 3/y3
Bai 227. Tinh gioi han sau |irr35*/x +9x+1 5\/" +2x+125
X—> X
Xét ham sé:

2
f(X)=5vx2 +9x+1- 3% +2x+125 = f'(x) = 5(2x+9) 3x2 +2

=— - —Ta thay:
24X +9x+1 3§/(x3+2x+125)

f (x) kha vitaiOva f(0)=0nén:

2 3[y3 —
BV 01+ 24125 1 F(X) f(0)=1_f,(0)
x—0 5x 5 x>0 X—0 5

Vay gidi han can tim 1a 3371
750
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1-Inx
Bai 228. Tinh gici han: lim & —INX
X—e X_e
Loi gii.
Xét ham sb: f(x):el""x—lnx:g—lnx:f’(x):—%—é.
1-Inx _
Tathdy: f(x) khavitai e va f(e)=0 nén: lim® X_e'”leim f(x)z ;‘(e): f’(e):—g.

Vay gi6i han can tim 1a _2
e

cos® x+In(x+1)+3e* —Yx+8/x+4

X C0S° X

Bai 229. Tinh gidi han: Iirrg
Loi gii.

Trudc hét, ta thay rang cos® x —1 khi x - 0.

Xét ham s f(x)=cos’ x+In(x+1)+3e* —x+8yx+4 thi dé thay ham nay kha vi tai 0 va

. f(0)=0 nén:

cos* x+|n(x+1)+3ex—3/mx/m :,imM: f'(0).

lim c
x—0 X C0S> X x—0 x—-0
Ta co:
) 1 1
f'(x)=—4-sinx-cos’ X+ ——+3-" —————-/X+4 - -¥x+8
(%) x+1 33/(x +8)? 2x+4
nén f’(O):O+}+3—i-2—1-2=E
12 4 3
N row 1s 10
Vay gidi han can tim la 3
Bai 230. Tinh giai han
lim cosx—l.coszx—l-cosax—l ..... cos® x—1
x>0 X 2X 3x 2011x
Loi giai.

k
; 3 L, 2 . 1 COS" X—1
Trudc hét, ta sé tinh giai han dang tong quat: Ilng—.
X—>

Taxéthamsé: f(x)=cos“x-1, keZ= f'(x)=—-k.sinx.cos*x.

N\ - o1 £
D théy ham nay kha vi tai 0 va (0) =0 nén: lim®5 X~ _ L jjmy FI=1(0) _ F1(0) _
X—0 kx k x-0 Xx—0 k
- 2y 3y 2011,

Vay gi6i han da cho la lim| S93X =1, 08" x=1 cos x=1 cos “x=1)

oL X 2x 3x 2011x
Bai 231. Cho day s6 {x,} dugc x4c dinh

X, =a

boi: 2011

n+1

="In(x} +2011%)-2011°
3
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Chung minh rang day sb {x,} c6 gici han.

Léi gidi.
, N ’4 , 2011 2 2 2
Xét ham sé twong tng f(x):Tln(x +2011°)-2011%, x e R.
A . JR=a
DAy so do cho chonh la
X = F(X,),n=123,...
2011 2x 1 2.2011x _1

Tac f'(x) 3 x2+20112 3 x*+2011% 3’
Xét ham sb g(x)=f(x)—x=g'(x)=f'(x)-1<0 nén phuong trinh g(x)=0 c6 khong

qué mot nghiém. Ta lai c6 g(0)= f (0) = %11 In2011° —2011* <0 va g (—20112) >0 nén

phuong trinh g(X)=0 c6 it nhat mot nghiém do day 1a ham lién tuc.
Tur ddy suy ra phuong trinh g(x)=0 c6 dung mdt nghiém thyc.
Goi a langhiém cua phuong trinh g(x)=0= f (a)=a.

Ap dung dung dinh Iy Lagrange cho x,y thugcR , do ham f (x) lién tuc tron R nén ton tai

ze(x,y) saocho: f(x)-f(y)="f'(z)(x-y),ma f'(z)<Z,vz nénsuyra

1
3
[ (x)-f (y)‘sé|x—y| v6i moi x,y thuoc R.

Taco |xn+1—a|=‘f (%,)— f(a)‘s%|xn—a|§...s(%j x,—a.

D& thdy rang lim H%j |x1—a|}:0 nén theo nguyén li kep, tacé lim [x, —a|=0.

Vay day d6 c6 giai han hitu han. Ta c6 dpecm.
Bai 232. (Dé du bi VMO 2008) Cho s6 thuc a va ddy sb thuc {x,} xac
dinh boi:
X, =a Va X,,, =In(3+cosx, +sin X, )—2008 véi moi n=12,3,...

Chimng minh rang day sb {x, } c6 gioi han hitu han khi n tién dén
duong vo cung.
Lo gii.
it f (x) =1In(3+sinx+cosx)—2008 thi f’(x)=—orINX
3+sIn X +Cos X
Tur do, sir dung dénh gid |cosx—sinx[<~/2, |sinx+cosx|<+/2 tasuyra

\2
f(x)< =q<1.
| ( )| 3—\/§ a
Ap dung dinh ly Lagrange cho x,y thudc R, ta co f(x)-f(y)="f'(z)(x-y)

T dosuyra |f(x)- f(y)<q|x — y| véi moi x,ythuoc R.

Ap dung tinh chat nay véim > n>N |, taco
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|Xm _Xn| :‘f (Xm—l)_ f (Xn—l)‘ < q|Xm—1_Xn—l| =...S qn_l|xm—n+1_xl| < qN_l|Xm—n+1_X1| .

Do day {x,} bi chanva g <1 nénvsimei > 0 tontai N du

16n d&q"|X, .. — %|< & . Nhu vay day {x,} thoa mén diéu kién Cauchy do d6 hoi tu.
Bai 233. (V6 dich sinh vién Moskva, 1982) Cho dy s6 {x,} xac dinh
boi X, =1982, X,,, = ! ,n=0,12,.... Hay tim limx,.

4 —3x n—>o

n

Léi giai.

Tinh toan tryc tiép ta thdy 0<X, <1 X, >X,. Vi f(x)= 7 13 la mot ham sé tang tir [0,1] vao
—3x

[0,1] nén tir day, {x,} , lamot day so tang va bj chan trén boi 1 do d6 co gidi han. Gia st gisi han

la athita céazﬁcazl (gia tri azé loai do day tang).

Bai 234. Cho day s6 {x,} xac dinh boi X, =+/2 va x,,, =(v2)" voi
n=0,1,2,...Ching minh rang ddy {x } c6 gigi han hitu han va tim gii han d6.
Loi giai.
bit f(x) :(\/E)X” thi day sb c6 dang x, =+/2 va x,,, = f (x,). Tathdy f(x) Ia ham sb ting
2 e
va X =(«/§) >2 = x,. Tirdo, do f(x) la ham s tang nén ta c6

X, = F(%)>f(X)=x%, %=f(%)>f(x)=X,..
Suy ra {x }1a day sb tang.
Tiép theo, ta chirng minh bang quy nap rang x, <2 v&i moi n.
That vay, diéu nay ding voi n=0 .

Xe 2
Giasurtadaco x, <2 thirérang X,.,, :(\/5) <(J§) =2.
Theo nguyén ly quy nap, ta co X, <2vai moi n.
Vay day {x.} tang va bi chan trén boi 2 nén day co gidi han hitu han.
Goi a 1a giGi han d6 thi chuyén déng thuc truy hdi: x,,, = (\/E)X sang giéi han, ta dugc a= (ﬁ)a .
Ngoai ra ta cling coa< 2.

In x

Xét phuong trinh X = (x/i)x o - |n(J§). Khao sat ham sé

y= In—Xta thay rang phuong trinh trén chi ¢6 1 nghiém bé hon e va mot nghiém 16n hon e.
X

Vi2la m@t‘nghiém ctia phuong trinh nén 16 rang chi c6 mot nghiém duy nhat cia phuong trinh
thoa man diéu kién khong vot qua 2. T dé suyra a=2.

Vay gisi han cia {x,} khin dan ¢én v6 ciing 1a2.

Trong trong hop f(x) 1a ham giam, ta cd thé chang minh day hoi tu bang cach chiang minh hai day
con trén cung hoi tu v& mot gisi han nh dinh 1i 1.

158



Cdc bai todn ddy so'on hoc sinh gidi
Bai 235. Khao sat su hoi tu ciia ddy s6 {u,} xac dinh boi
2

1= 7 2
"14u?

n

u,=a=0,u

Lo gidi.
MGt phép quy nap don gian chi ra rang u, > 0véi moi n.
2
1+ x?
Vx e[0;+0), f (X)=x < x3+x—2:0c>(x—1)(x2+x+2):0<:> x=1

Xétham sb f :[0;+0) — [0;+0), f(x) = la ham lién tyc. Ta co:

Do d6, néu {u,} héi tu thi n6 chi co thé hoi tu dén.

Ham sb f kha vi trén [0;+0)va Vx e[0;+00), f'(x)=- 4x <0, suy ra f giam.

(1+ x? )2 -

Tiép theo, ta s& chitng minh limu,, =1 va limu,, , =1.

+x°
Xétg = f,f :[0;+00) > [0;+c0), g(x):((—z) thi g la mot ham tang vi f giam.
(l+x2) +4
_x5—2x4+2x3—4x2+5x—2__(X—l)S(X2+X+2)

(1+x2)2+4 (1+x2)2+4

Tatinh: g(x)-x=

Ta xét cac trong hop sau:
*Truong hop 1:
U, =a[0,1]. Khi &y véi moi k e N, (u, €[0,1] va u,,., €[L;»]) Vay véi moi ke N, taco
Upeip —Up =0 (UZk)_UZK >0,
Uss =Upn =0 (u2k+1)_u2k+l <0
Do d6 {u,} ting va {U,.,} giam.
Hon nita, vi (VpeN, u, <1<u, ), nén ta suy rarang {u, } hoi tu dén mot gisi han L, thuoc
[0;400) va {u,,.,,} hoi tudén mot gisi han L, thude [0;+0).
Vi g lién tuc trén [0;+0) va vi phong trinh g(x) =X c6 nghiém duy nhat x =1 trén [0;+c0)nén ta
suyra L =L, =1.
Cudi cing ta dugc limu, =1 .
Truong hop 2:
Vi ta quy veé truong hop trén (bang cach thay u, baiu, ) va cé cung mot két luan .

Bai 236. Tim tat ca cac gia tri ciia a dé day sb {x,} xéac dinh boi:
X, =a,X,,, =2—X> €0 gigi han hitu han.
Loi gii,
Ham s6 f(x)=2-x" ting trén (—o0,0) va giam trén(0,+o0). Phuong trinh c¢é hai nghiém Ia
X=-2 va x=1 .0 la nhitng dix kién quan trong trong loi giai bai todn nay.
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+ Dau tién, ta nhan xét ring néu a<-2 thi do f:(-o0,~2)—>(-»,-2) va la ham ting,
x,=2-a” <X, nén day so {x,} giam. Néu day {x,} bi chan dusi thi n6 hoi tu vé nghiém cua
phuong trinh, diéu nay mau thuan vi day {x,} giam va x, < -2.

Vay {x, } khong bi chan dudi, tic khdng 6 gisi han hitu han.

Néu a>2 thi x <-2 vataciingsuy {X,} khong cé gi¢i han hitu han.

+V6i a=-2 hodc a=1 thi ddy s6 co gioi han. Xét x, €[-2,2]. Ta ching minh day sé c6 gisi han
hitu han khi va chi khi ton tai n sao cho x, = -2 hoiacx, =1.

That vay, gia su x, c6 gioi han hitu han 12 b va x, ¢ {-2,1} véi moin . Khi d6 b=-2 hogc b=1.
Gia s thi ton tai N, sao cho x_nam trong lan can —2 véi moi n> N, . Nhung néu x, =2+
thi X, =-2+4e-¢&”>Xx,,suyraddy {x,} ting ké tir N, va khong thé dan vé 2 . Néu b=1 ké tur

n> N,nao d6 x, thudc lan can 1 . Taco:

Koz =% :2—(2—xn2)2—xn :(2—xn —xﬁ)(xnz—xi—l).

Tai lan can 1 thi x> —x, —1<0 . Vinéu x, <1 thi x,, >1 (va nguoc lai x, >1 thi x, <1, ching ta

n+1
dang xét trong 1an can diém 11) nén c6 thé gia st X, >1.

Khi d6 2—x, =X} <0 sUy ra .X,, > X, . Tiép tuc nhu vay, suy ra: 1<X, <X, << Xz <o
mau thuan véi gia thiét b=1 .

Vay diéu gia st 1a 2, tac la ddy s6 chi ¢ giéi han khi t6n tai n sao chox, =2 hoic x, =1.

Sau khi thu duoc két qua ndy, ta st dung ham nguoc f7*(x)=+2—x dé xay dung tit ca cc gia
tri a thoa man diéu kién dau bai.

Bai 237. (Viét Nam, 2000) Cho diy sb {Xn} xac dinh nh

sau: X, =0,X,, =4/C—+/C+X, ,n=0,12,...

Tim tat ca cac gia tri cua C dé v&i moi gid tri X, € (O; C), X, xac dinh véi moi n va ton tai gi6i han
hiru han limx, .

Loi giai:
DE X, ton tai thi ta thi c—./c+X, =0 v&i moi X, €(0;¢) < c(c—1) = X, véi moi X, €(0;c), suy ra
c>2.Véic>2thi 0<x <~c.
Néu 0<x, <~/c thic—Jc+x, >c—~/2c>0,suyra x,, tdn tai va taciing c6 0<x_, <~C.

DPit f(x)=+c—+c+x thi f’(x):%l\/c+x\/c—\/c+x.
Véi moi XE(O,\/E) ta co (c+x)(c—\/c+x)>c(c—\/c+\/5)22(2—\/2+\/§)>%.

Trdosuyra | f'(X)|<q<1 véimoi Xe (O, \/E), tic f(x) 1a ham sb co trén (O,\/E), suy ra diy sb

da cho hdi tu. Vay tht ca cac giatri C cintimla ¢ > 2.

V6i kich ban thir hai, ta giai phong trinh  f(x)=x rdi chon nghiém L phu hop va xét hiéu
| x, —L|, tim cach sir dung hé thirc truy hdi dé danh gia hiéu sb nay va chimg minh limx, = L bang
dinh nghia.
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. x?
Bai 238. Cho day s0 {x,} x4c dinh boi X, €(1;2) va X,,, =1+X, —?" :
Chtrng minh rang {Xn} ¢6 gi6i han hiru han khi n dan dén v cuc. Tim gi6i han do.
Loi giai:
2
Gia sit X, c6 gi6i han 12 a thi a:1+a—% —a=+2.

Ta s& dUng dinh nghia dé chimg minh limx_ = =2,

, X X
Tacé |xn+1—ﬁ|=|1+xn—3"—ﬁ|=| fnf* L.

Tiép theo ta ¢ thé chimg minh bang quy nap rang 1< X, <§ véimoi n=2, 3, ...

1
\f J2+x -1 ‘/§+5
Tu do, suy ra: — < <

2 2
Nhuthétaluonco |Xn+1—\/§|<qlxn—x/§|
Suyra | .., ~v2[<q" [ % -2

Vi 0<qg<1nénvdin dalénthi q" nho tuy y, suyra limx, =/2.

=0<1.

u, +k

Bai 239. Cho day sb xac dinh boi: u, =a e (0;1), Uy, =2 k>1n=123,..
U, +1
Ching minh rang limu, =1.
Loi giai:
Tir cong thirc xac dinh cta ddy s6, bang quy nap, ta co U_ € (0;1) ,Vn
Xét ham s6 f(x) =9 li‘X*k,|<>1,xe[o,1].
—k? 2
Ta co: f’(x):l. 1-k (kXH) 1k vXe[O 1]
9 (kx+1)* Y\ x+k 9(kx +1)3/(kx +1)(x + k)®

Néu diy da cho hoi tu thi gi¢i han ciia n6 phai 1a nghiém ctia phong trinh

f(X)=xex=

+k1<:>kx1°+x9:x+k<:>k(x1°—1)+x(x8—1)=0<:>x:1>0.

Theo dinh i Lagrange thi tdn tai ¢ thudc (O;l) sao cho:

f(x)-f(1
%:f'(c)j\f(x)-k; (1)=1 nén:
s 8= @)=Y <Z o, ~Y << a1,
Theo nguyén li kep thi lim(u, -1)=0 hay limu, =1.
X, = 2007
Bai 240. Bai toén 23. Cho day sb thuc (X,) x4c dinh bai: B2 vnen’

«/xz—l

Tim gidi han cta ddy s6 khi n tién dan téi duong vo cling.

Loi giai:
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Taco x, >+/3,vneN"

Xét f(x)=ﬁ++,tacé f'(x)=- . 3|f'(X)|<i,‘v’Xe(\/§;+oo).
X —

1
Jx -1 (X -1) 22

Néu (Xn) c6 gidi han thi gidi han do 1a nghiém 16n hon J3cua phuong trinh f (X) =X.

2
Taco f(X)=x< x=~/3+ X o (x—3) = 2X
x? -1 x°-1
x? —3x=-1
o (X2 —3%)2=2(2 =3x)-3=0 < V3 @XzM.
X2 —/3x=3 2
bat a:M, theo dinh 1y Lagrange, luén ton tai C, €(x,;a) hoac (a;x,) théa man:

I£(x,)— f ()| =|F(c,)|x, —al-
[ —al =] (0)— F@)] =] F(e)|x, —a|<%|xn _a|<...<(%)“|x1—a|

Ma Iim(ij x,—a|=0, do do Iimxn:azw.

22 2

Bai 241, Cho day s6 thue (X, ) x4c dinh boi: 1S .. Chtrng minh rang:
X, = f(x,),VneN

a) Néu f(x) 1a ham s6 c6 dao ham trén khoang D chia a va

f'(x)|<b<1vxeD thi
(X, ) c6 gi6i han hitu han khi ntién dan dén duong v6 cung.

b) Néu f(x) 1a ham s6 c6 dao ham trén khoang D chia a, f(a)=0 va

f ’(X)| >b>1VxeDthi |x,| tién din dén dwong v6 cung khi n tién dan dén duong vo cung.
Phuong phap giai
a) - Néu phuong trinh f (X) = X giai dugc (tim dugc nghiém) thi ta giai quyét bai toan tong quat
twong tu bai toan trén va khi d6 ta tim dwoc gidi han cta diy sb khi n tién dan téi duong vo cling.
- Néu phuong trinh f (X)=x khé giai thi ta gidi quyét bai todn téng quat bing cach st dung
tiéu chuan Cauchy. Bai toan sau day 1a mot vi du cu thé.
b) Tuong tu y a.
- Khi 3a, e D:a, #a, f(a,) =a, ludn ton tai ¢, €(X,;a,) hodc (a,;X,) théa man:
LICOERICHIEIRCY

~a|=|f (x,)~ f(a)|>b|x, ~|>...>b"[a~a,| = lim|x, | = +o0

X, —ay|

n

= |X,.1| +]a| = |x

n+1
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- Khi phuong trinh f (X) =X vu nghiém, ta c6 f(x)-x>0V¥xeD hoic f(Xx)-x<0VxeD suy
ra x, tang hodc gidm. Néu X, ¢6 gi6i han thi gidi han d6 1a nghiém ctia phuong trinh f (X) =X, do
a6 |im|Xn| = +00

Bai 242. (VMO 1998A). Cho sb thuc a>1. Xét diy sb (X,),n=12,... duoc xac dinh boi

2

X
X, =a,X,, =1+In . voi n=123,...
1+Inx,

Chimg minh rang day s6 trén c6 gidi han hitu han va tim gidi han do.
Loi giai

2
. X
Xét day so (X, ) voi x, =a(a>1) va x_., =1+In n ,Nn=12,..
y ( n) X:I. ( ) n+1 (1+Inxn]

(i) Néu a=1 thi x =1(vn) suyra lim x, =1.

(ii) Néu a >1. Ta ching minh bang quy nap X, >1 véimoi ne N,
Gia st voi n sao cho x, >1. Tanhan thiy x , >1< x’—~1—-Inx, >0.
D& thay ham s6 f (x) = x* —1—Inx dong bién trén [1;+w) .

Mit khac x, >1suyra X, >1. Vay x, >1vn>1.

Tiép theo ta chitng minh vé&i x, >1vn>1 thi x, >x ,vn>1.

n+l

2

1+Inx
Bing cach khao sat ham s nay ta chi ra duge g(X) dong bién trén [L+00) ma g(1)=0, suy ra

Xét ham s g(x) = x—1—|n[ j trom [1;+o0) .

g(x)>0vx>1va g(x)=0< x=1.
Do d6 néu x, >1vn>1thi x, > X ,Vn>1.

n+1

Do vay day (X,) 1a ddy s6 giam va bi chan dudi bdi 1, nén ton tai lim =b.

N—>+o0

D& thdy b>1 va tir hé thic truy héi chuyén qua giéi han ta duoc

b? b?
b=1+In <b-1-In =0
1+Inb 1+Inb

Theo két qua khao sat ctia ham g(x) & tron thd g(b) =0<b=1. Vay lim X, =1.

n—>+%

Bai243.  Chodiysd (x,) thoa man diéu kién % =2,9;x,, =3+ ==, n=123....
X; =1
Chimng minh ring day sd trén c6 gidi han va tim giéi han do.
Loi gidi
Xétham sd f(x)=~/3+ Z‘ v6i X e (1,40) . D& thiy f(x) 12 ham sé nghich bién trén (1, +c0).
X°=1

(1) Ta chung minh day (Xn) bi chan.

Ta s& chtng minh bang quy nap J3< u, < Y3+ \/g‘v’n eN ().

That vay
Véi n=1 thi bat dang thic trén ludn dung.

Gié st bit ding thirc trén ding dén n, tic 12 /B <u, <3+ \E .
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Tacd u,,, = f(u,) va f la nghich bién trén (1,+w0) nén u,, < f(+/3) =+/3+ \E .

Mit khac do +/3 <u, nén tir hé thic u,, = f (u,) tacd V3 <u,,,. Vay (1) dugc ching minh.

(i1) Tirdo suy ra Ja = lim x,,,3b = nlirpoc Xon.1 » trong do a,b 1a nghiém cua hé phuong trinh

o a=f(b)
ot

(iii) Xét ham sé g(x) = f (f (X)) —x, voi J3<x< 3+\/§, co g'(x)= f'(x).f'(f(x)-1.

n+l*

Do J§<f(x)<J§+\E va f/(X)<0 véi moi V3<x< 3+\E nén g'(x)<0 véi moi

JB<x<3+ \/g , cling voi g(\/g)g(\/g) <0 suy ra phuong trinh g(x) =0 c6 nghiém duy nhat.

Do d6 day (x,) hoi tu.

X =0, X, =2
Bai 244. (VMO 2008) Cho day s6 (x,) xac dinh nhu sau 1
Xn+2 =27 +E, n :1,2,...

Ching minh rang day (x,) hoi tu vatim lim x_ .
Loi giai 1.
Bang quy nap, dé dang chtng minh dugc %< X, <§ vn>2.
Xét ham sd f(x):2‘x+1, XE(E;EJ.
2 2 2
Taco f’(x)=2‘x-ln£<0 VXG(E;E) va voi moi XE(E;ﬁj thi 27* e ii < (0;2).
2 2 2 2 2 J4 2

Dod()|f’(x)|<|n72=u<l.

Mat khéc, theo dinh 1y Lagrange thi v&i moi %<X£ y<g déu ton tai te(x;y) sao cho
27 =27 =f'(t)(x-y).
VA [%, =X,y [H 2757 =275 [0 X, =X, [ U] 27 27 [ UB] X, =X, [

T do | X,, =Xy, 4 I<U" | X, =% | >0 (N —> +0) .
Tir do, theo dinh ly Cauchy, day {Xn} héi tu v& o 13 nghiém cua phuong trinh o =27 +%
Giai phuong trinh nay, thu duoc a =1. Vay, lim x, =1.
Loi giai 2.
Bang quy nap, dé dang chimg minh dugc % <X, < g vn>2.
Xétham sé f(x) =27 +1, Xe EE .Taco f'(x) :2‘X-In1<0 VX e 1§ :
2 2 2 2 2 2

. 1.3) ... ..

Do do ham y = f(x), xe E’E 1a ham giam.
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Cdc bai todn ddy so'on hoc sinh gidi
Vay, mdi day (X, ),(X,.,) chita hai ddy con don diéu nguoc chiéu.

Tu do, do %< X, <§ Vn>2 suy ra bén diy con (X, ), (Xu.1)» (Kuprn)s (Xuy.s) hoi tu theo thir tu vé

a,pB,y,o.

Xét h¢ phuong trinh

Gidi h¢ thudugc o= =y=0=1. Vay lim x, =1.

Loi giai 3.
Bang quy nap, dé dang chtrng minh dugc % <X, < g vn>2.

Xét ham sb f(x):2’x+1, X e EE .
2 2 2

Taco f’(x):Z’X-In£<0 VXE(E;E va voimoi X e EE thi 27 e 1.1 < (01).
2 2 2 2 2 2
Dodc’)|f’(x)|<|n72:u<1.

Mait khac, theo dinh 1y Lagrange thi v&i moi %< X<y< g déu ton tai te(x;y) sao cho
2727 =f"(t)(x-y).
A , . 1 . 3 A . In2 . .
Vay, véi moi X,y e > ton tai U =Te(0,1) sao cho | f(x)— f(y)|=u.|x—y]|. Suy ra ham
f 1a ham co. B&i vy, hai diy con (X,,),(X,.,) (déu cho bai hé thirc truy héi x,,, = f(x,) hoi tu.
Bing viéc giai phuong trinh gi¢i han, thu duge lim x, =1.
Bai 245. Cho day s6 (x,)(neN*) théaman 0<x <1 va X, =/1-x, véimoi n>1.
Chung minh rang day (Xn) c6 gidi han hiru han khi N —+00 . Tim lim X,
Loi giai:
Bing phuong phap quy nap ta chimg minh dugc 0< x, <1 véimoi N e N*

Xéthamsd f(x)=+v1-x(0<x<1) Khidé f(x) nghich bién trén (0;1) va

X, = F(X), Vke N

Truong hop 1:0< X, <

\/32_1 Khido X;> X = X, <X, .

Bing phuong phap quy nap toan hoc ta chirg minh dwgc diy (XZH) la day tang va (X2k ) 1a day

EKX vk e N*

giam. Bang phuong phap quy nap toan hoc ta ching minh dugc Xpp 4 < > "
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: J5-1
=3 1im x, ; =a0<x < 5

Tacd b=+1l-a va a=+1-b
—a=+1-1-a :>a:‘/§_l (vi 0<a<l) = lim Xn:JE_—l

<1) va 3 lim x,, =b(*>"1

m 5 <b<x,<1) .

2 N—>+00 2
Truong hop 2:1>X1>\/§_1 Tuong ty taco lim anﬁ—_l
2 N—>+o0 2

‘ .. _+B-1 _B-1 . 51
Truong hop 3.)(1_T :>xn_T ,VneN :nUmOX”_T
Bai246.  Choday (x,) duoc xdc dinh bdi x, :%,XM -

Chting minh rang imnx, =1
Bai giai:

Tathdy 8 =—1nén ta thir véi y = —1. D dang ching minh duoc limx, =0. Ta co:

101 XXy X 1

== = > = —1
X Xy XnXni (Xn =X, ) X, 1- X

Tur d6 ap dung dinh li trung binh Cesaro, suy ra lim +, =1 nén limnx, =1 (dpcm).
nx,

Bai 247. Day (a,) duoc xac dinh bsi a, =1va a,, =a, L

S
. . , . a’l .
Hay tim tat ca cic so thuc £ dé day so — c¢0 gidi han hitu han khéc 0.
n
Bai gidi:

. . . A A , 1 .
Ta chimg minh a, — o khi n—oco. That vay, tacoé a2, =a+2,/a, +—>a’+2 (doa, >1 véi
a

n+1
n

moi n).
Tu doé a2, >1+2n =dpcm.
3
2
1
3 1+~ | -1
7 33 1 P2 3 a2
Ta xét biéu thirc: a2, —a? =| a, + —— | —a2 =~——2
Ja, 1
3
a;

n

y 1 : e (L 3 L (Mex)2-1 L (Tx)2 -1
bat x, =— thi x, >0 khi n—>o.Dodo lim| a?,-a? |=lim————=lim———.

hd nd X x—0 X
az

3
Mat khac, voi x, =0thi (1+ Xo )5 —1=x, =0 nén ap dung quy tac L’Hopital ta c6
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i (1+x)§—1 _ [(1+x)2—1}‘ _ 2(1+x)
A (0 lim£—

3

2
Suy ra Iima—“=§.
n 2

Véi g > g thi gidi han bang oo, v6i B < g thi giéi han bang 0.

Vay f = g 1a gi4 tri duy nhét thoa yéu cau bai toan.

. . : . n+1
Bai 248. Chting minh rang lim—==e.
g g Y
Bai giai
Taxétday x, :(1+1j co limx, =e.
n

, . . 1, 1Y 1Y
Ap dung dinh li 4, ta c6 limp l+1 1+E o 1+=| =e.
n

Mat khac, ta co:

1Y (1Y 1Y 23 4 (n+1)" f(n+1)" n+1 . n+l
n 1+_ 1_|__ 1_|__ =n__2_3 - =n = :>||m—=e
1 2 n 1223 n 12.3.n  Yn! n!

Bai 249. Day sb (a,) 1a ddy bi chin thoa: 2a

<a,+a,, Vn.

n+2 n+1?

Chung minh rang day (a,) nay hdi tu.
Bai giai:
Dat A =max{a,,a,,}. Ta thiy

a +a
a'n+2 SHTM < A1 = A\wl = max{an+l’an+2} < max{aml' A1} = A1 .

Do day (an) bi chdn nén day (Al) cling bi chédn va (A])giém knn nén nd hoi ty. Bat limA =70
Véimoi £>0, tdntai N e Z* sao cho Vn > N thi:€—§<ﬁ<£+§:ansﬂ<ﬁ+§.

Néu a, 26—% thi ﬁ—%sam <£+§,V5>0:>Iiman =/(.

Néu a, <E—% ,khi d6 do A =max{a,,a,,}ma A >£—§:>/—\1 P >£-%

n+1

=a, 22an+1—an_122[6—%}—(ﬁ+%j:f—g:£—5<an <l+&,Ve>0=lima,="(.

Vay (an) ¢6 gi61 han hiru han (dpcm).

Bai 250. Diy s6 (xn) dugc xac dinh boi cong thiec:

X, =% =1
5Xn+2 = Xn + 2Xn+1

Chuang minh rang day (x,) hoi tu
Bai giai:
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Xét diy s6 (an) dugc x4c dinh boi ag= 1, @, =

Ta chitng t6 max {Xzn, Xon+1} <an, VN )
That vay, (1) ding véin =0 van = 1. Gia st (1) dang v6i n va do (ap) 1a ddy giam nén
SXon+2 = Xon + 2Xon+1 <380 = Xon2 < an+l
Va 5Xone3 = Xons1 + 2Xons2 < an + 22041 <38 = Xone3z <an+1
Nhu vay (1) dang véin + 1 hay (1) dung Vn=0, 1, 2, .
D& thay x, > 0Vn va tir (1) theo nguyén Iy kep ta c6 thZn limXzn+1 = 0 suy ra limx,=0
Nhan xét:
Viéc dua vao day phu (an) c6 tac dung chan ca hai day con (x25) Va (Xzn+1) va lam ching cung hoi tu
vé mot diém

C6 thé str dung phuong phéap sai phan tim duoc s6 hang tong quat

o5 o5

Thay céc gia tri cua xo, X3 dé tim Cy, C, tir d6 tim duoc limx, =0

. i _ o %X %, €(0;1)
Bai 251. Day (x,) duoc xac dinh boi:
3X,, =X +X,
Chung minh rang day (x,) hoi tu
Bai giai:
re Am.. A ;s - 2a§
Ta xét day so (an) xac dinh bdi: ap= max{Xo, X1, X2}, @,,, = 3

Dé théy day sb (an) giam dan vé 0. Ta chirng to max {Xan, Xan+1, Xan+2} <an, VN (1)
That vay, (1) dang véin=0, 1, 2, ..., Gia st (1) dung véi n va do (a,) la ddy giam nén ta c6:
3Xan+g = X + x3n+2 = 23. = X3n+3 < a'n+1

Manea = X5, + X s <al+al, <238 = X, <a,

3n+. n+1 3n+

VA Xz = Xo, + X, <@i+a%, <238 = X, .<a .

n+2 3n+4 —

Nhu vay, (1) ding v6i n + 1, theo nguyén 1y quy nap, (1) dugc chimg minh. D& thay x,> 0 Tir d6
theo nguyén 1y kep glua ta co limxgn+i =0 (1=0, 1, 2) do d6 limx, =0

Tur céc cach chon day $b phu nhu trén ta c6 cac day s6 sau déu hoi tu vé 0 v6i Xg, X1, X2, X3 déu
thude (0; 1)

3X s = X2+ X X 3X ., =X +X X

n+1"*n+2 1 n“'n+l
X + X
_ n+2 2 _
3Xn+3 - 2 + Xn+l 6Xn+4 - Xn+1xn+2 + X + 2Xn Xn+l
- ) o - Xy, X, X, >0
Bai 252. Day (Xn) duoc xac dinh boi:
Xn+3 = V Xn + Xn+2

Chimg minh rang day (x,) hoi tu
Bai giai:
Ta xay dung hai day (a,) va (b,) nhu sau:
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a, = max{X,, X, X,, 2} b, = min{x,, X, X,, 2}
= \/2an bn+1 = \/2bn
Day (an) 1a ddy giam dan vé 2, diy (by) ting dan vé 2.
Bang quy nap d& ching minh duogc
bn+1 < min{x3n ! X3n+1’ 3n+2}< maX{ 3n? 3n+l’ X?m+2}S a'n vn

Tir d6, dan dén limxa, =limXans1 = liMXans2 = 2 suy ra limx, = 2

Bai 253. Cho day (x,) (n=0, 1, 2...) dugc xac dinh nhu sau: Xy,

X1, X, 1a cac s6 duong cho trudce, X ., =+/X ., +4/X, +4/X,;  Vv6i moi n>1. Ching minh rang
day (x,) hoi tu va tim gidi han cua day

Bai giai:
Ta xay dung hai day (a,) va (b,) nhu sau:
a, = max{x,, X, x,,9} b, = min{x,, X, X,,9}
a,,=3Ja, n=012,.. b,,=3/b,  n=012,..
Day (a,) 1a ddy giam dan vé 9, diy (b,) ting dan vé 9 suy ra
lima, =limb, =9

N—+o0 N—+o0

Ta chimg minh b, <min{X,,, X;..1, X5, o b < MAX{X,, X500 Xsninp <@, VN (1)

That vay, voin =0 thi (1) hién nhién ding
Gid st (1) ding voin =k, khid6 véin=k + 1 ta co

n = bn+l - 3\/> X3k+3 \/ 3k+2 \) X3k+1 \/; < 3\/7 a'n+1 =
bn < bn+1 = 3\/E = Xyiq = \/X3k+3 +\/X3k+2 +\/X3k +1 3\/7 a,; =
bn S bn+1 = 3\/E < Xoyys = \/X3k+4 + \/X3k+3 + \/X3k+2 = 3\/7 a,,

Vay (1) cing dang voin=k + 1

Theo nguyén Iy quy nap thi (1) dung véi moi sé ty nhién n
Twr d6 theo dinh 1y kep ta c6
lim x,, I|m X

N<>+00 3n+l T

Nén limx, =9

N<>+o00

MOT SO BAI TOAN LIEN QUAN PEN SO CHINH PHUONG CUA DAY TUYEN TiNH
CAP HAI
LY THUYET

1. Cong thirc tong quat clia day (u,) théa man u,,, =au,,, +bu, +c.

I|m 1 Xap,p = ILm a,=limb, =9

nN—+c0

Truwong hgp 1: a+b=1

Taco u,,, =au,,, +bu, +cu,,, +(1-a)u +(1-a)u, +c.

n+l n +l n +1

bat v, =u,, +(1-a)u, tadugc V,,, =V, +C. T dé ta dugc v, =V, +(n-1)c, n=12,..suy ra
,=(a-1)u, +v,+(n-1)c. Do do
=(a-1)u, +v, +(n-1)c

U,

u

n+.
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(a-1)u, =(a-1)u,, +v,(a-1)+(a-1)(n-2)c
(a-1)"u,, =(a-1)’u,, +v,(a-1)" +(a-1)"(n-3)c

(a-1)"u,=(a-1)"u,+v,(a-1)""+(a-1)""(n-1)c
Cong tirng vé cac dang thuc trén ta duoc:

n-1 n-1
U, =(a-1)"u, +vl.Z(a—1)k + C.Z[(a—i)k (n—k _1)}
par pary
Trwong hgp 2: a+b=1
it u, =X, +a, ta s& chon & sao cho day sb (x,) 1a day tuyén tinh cap hai.

Tacé u,,, =au,,,+bu, +co X, +a=2a(x,, +a)+b(x,+a)+c

Dé dugc ddy sb (x,) tuyén tinh ta s& chon « sao cho a:aa+ab+0©a:1 .
_a_

Khi d6 ta duoc X, =ax,,+bx,, n=12,..

n+1
Xét phuong trinh dic trung: t* —at—b =0 (1)

+) Néu phuong trinh (1) ¢ hai thuc phéan biét t, t, thi x = At + B, trong d6 A, B la cac hang
s6 duoc tinh theo cac s6 hang X, X, .

+) Néu phuong trinh (1) c6 nghiém kép t, =t, =t, thi x, =(A+Bn)t;, trong d6 A B la cac hang s6
dugc tinh theo céac sb hang X, X, .

+) Néu phuong trinh (1) c6 hai nghiém phac x £ yi thi x =r" (ACOS ng+ Bsinng), trong d6 A, B
la cac hang sb duoc tinh theo cac s6 hang X, X, va r=+/a’+b’ , ¢ 1a mot arcgument cua x + yi .
2. Tinh chit co ban day tuyén tinh cap hai.

Xét ddy s6 (u,) dugc xac dinh bai: u,,, =au,,, +bu,, n=12,...

. u.,,—bu, u,-bu
Taco = = == u, (un+2 _bun) =Uy (un+1 - bun—l)
un+l un
2 2 n-1 2
= Uy, —U, = _b(un—luml —u, ) == (_b) (u1u3 —U; ) :

Do d6 ddy (u,) théaman u,u,.,, —u3,, = (—b)n*l(ulu3 —uzz) :
Pay 1a tinh chat rat quan trong vé dy tuyén tinh cip hai, tinh chat nay thudong duoc sir dung khi
chimg minh cac dang thic lién quan dén cac s6 hang ciia day va céc tinh chat sé hoc cua day.
3. Phuong phap thudng dung dé ching minh f (u,) 12 s6 chinh phwong, trong dé (u,) théa
mén u,,, =au,,, +bu, +c.

Dé chitng minh day s6 (b, ) théa man b, 1a s6 chinh phuong véi moi s6 nguyén duong n ta
thuong sir dung mot sé hudng sau:
Huéng 1: Ta chi ra ton tai ddy s nguyén (c,) théa man b, =cZ, vneN. Day s (c,) thuong du
doan bang cach tinh mot s6 gia tri ddu C,,C,,... va tim ra quy luat ciia day (Cn) .
Huwoéng 2: Ta ching minh b b, 1a mot s6 chinh phuong véi moi s6 tu nhién n, sau d6 chimg minh
bang quy nap.
Huwéng 3: Dya vao cong thire truy hoi ta tinh duoc b, = Crf
MOT SO BAI TAP MINH HOA
Cho day s6 (a,):a, =18, =2,a,,, =4a,,, —a,,n > 0. Ching minh ring:
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a) a, —1 la s6 chinh phuong véi moi n 1é

b) 21 135 chinh phuong voi moi n chin.

Loi gidi.
Cach 1: Ta du doan day s6 (c,) sao cho a,,,,—1=c’, tacod a =2,a, = 26,a; = 362,a, =5042 suy
ra ¢, =1,¢, =5,¢, =19,¢, = 71. Khi d6 ta thir thiét 1ap quan hé truy hoi ciia day (c,) theo day tuyén
tinh cAp 2, gia st C,,, =ac,, +bc, vatr ¢, =1 =5,¢c, =19,¢c, =71 ta dugc

{5a+b=19 {a:4

n+1

10as5h— 71" 1 1+ D0 40 ta dw dodn day s6 (c,) I

¢ =1c=5c,.,=4c ,-c,n=012..

Ta s& chimg minh bang quy nap a,,,, —1=c’ (1),¥n=0,12,... That vay (1) ding véi n=0, gia st
(1) dung dén n >0, ta s& ching minh (1) dung dén n+1.

Taco a,,,,—1=4a,,,—a,., —1=4(4a,,, -a,,)—a,,,, ~1=16a,,,, —4a,, —a,,, —1

=158, (8,1 + 8,1 )~1=143,,,, ~a,, , ~1=14(c} +1) ¢}, ~1-1=12¢} -¢} , ~12 (2)

Theo hé thirc co ban cta day tuyén tinh cip 2 ta duoc:

CpiCoy —Co =—6=(4c,—C,,)C,, —C.=—6=cC)+C., —4c.c,—6=0 (3)
Taco

¢ty =(4c, —c, ) =16c; —8c,c, , +¢7, =16¢2 —2(c? +c7, —6)+C2,
=14c? —c, 12 (4)

Tur (2) va (4) suy ra

8,3 1= C§+1

Do d6 ta chitng minh duoc (1) dung dén n+1 suy ra (1) dung.
Cach2: Taco a ,a —a’, =3, ¥n>0. Tirhé thirc niy ta dugc:

n+2 n+1
(an+2 _1)(an _1) =a,,,a, —a;,—a, +1= a§+l + 3_4an+1 +1= (an+1 - 2)2 (5)
Tir hé thic (5) bang phuong phap quy nap suy ra 8, —1 1a s6 chinh phwong véi moi s nguyén

duong 1€ n.
b) Ta chirng minh theo huéng 2 nhu sau:

2 2
a,,p -1 a, -1 _ a,,,a, —a,,—a, +1 _ a, _4an+l +4 :(aml —2
' 6

6 36 36

Taco

n

Ttr ding thire ndy bang phuong phap quy nap suy ra 1a sb chinh phuong.

=14a,,-a,,n>0. Chang minh rang véi mdi sé tu

Bai 1: Chodaysé (a,):a,=1a =13a,,,
nhién n, ton tai cc s6 tu nhién k, I sao cho a, =k?+(k+1)°, a2 = (1+1)’ - I°

Loi giai.
Nhan xét: Taco a, =k*+(k +1)° =2k? + 2k +1<> 2a, ~1=(2k +1)° va
a2 =(1+1)-1°=31? 431 +1=>12a? 3= (61 +3)’.
Nhu vay bai toan quy vé chitng minh 2a_—1, 12a” —3 1a cac s6 chinh phuong.
Néu ta chung minh bai toan nay theo céch 1 cua bai 1 thi gap phai nhitng tinh toan rat 16n va néu
khong duoc sir dung may tinh thi s& mat nhiéu thoi gian. Ta s& ching minh theo céch 2 cuaa bai 1.
Trudéc hét ta c6 hé thac cobansau: a ,a —a?, =12, vn=0,1,2,...

n+2 n+1

171



Cdc bai todn ddy so'on hoc sinh gidi

Xét (2a,,-1)(2a,-1)=4a,,a,-2(a,,, +a,)+1=4(a, +12)-28a,, +1=(2a,, +7)°

(12a2,,-3)(12a2 —3) =144(a, ,a,)" —36(a%,, +a7 )+9
=144(a,,a,) —36(a,,, +a,) +72a,,,a,+9=144(a,,,a,) —36(14a,,) +72a,,,a, +9
=144(a,,a,) —36.14*(a,.,a, -12)+ 723, ,a, +9=144(a, ,a,)’ —36.194a, ,a, +291°

=(12a,,,a, —291)’
Tir cac hé thire trén va phuong phap quy nap ta duoc 2a, —1, 12a> —3 la cic s6 chinh phwong.
Bai 2: (TST VN 2012). Cho day sb (Xn) duogc xac dinh nhu sau:

n+2

X, =1,X, =2011,x

n+2

=4022x,,, — X,,n =1,2,...Chting minh rang )(22%1;1 la mot s6 chinh phuong.
Lo gii.
Ta s& giai bai todn tong quét sau: Cho p 1a mot sé nguyén dwong Ié va ddy sé (X,) dugc xéc dinh

X,, +1
p+1

nhu sau: X, =1, X, = p,X,., = 2pX_, —X,,n=1,2,... Chang minh rang la s6 chinh phuong véi

n+1

moi s6 nguyén duong n.

Céch 1. Ta s& ching minh theo huéng 1 cua bai 1. Ta tinh mot vai gié tri dau tién
x2+1:11 x4+1:(2 —1)2,X6+1:(4p2—2p—1)
p+1 p+1 p+1

2
yoas

Tadu doan duoc XZ”—-T' = yf , trong do6 day ) (yn) duoc xac dinh nhu sau:
p+

yl :1’ y2 :Zp_l""’ yn+2 :Zpyn+l_yn’ n :1’2""
Ta s& ching minh két qua trén bang phuong phap quy nap.

Taco Yy, s —Yeu =1 (YoYi—¥3)=2p=22 .Y, = Yo, +2p-2.
= (2PYna = Yo) Yo = Yau +2P=2= Yo + Ve +2P=2=2DY, Y,

Taco ¥i,, =(20Y,n—Yo) =4P°Yin —4PY0aYo + Vi

=4pPy2, —2(Yi,+Yi+2p—2)+y: =(4p*—2)yi, —y: —4p+4

2
Xoni2 +1_X2n +1_4p+4:(4p _2)X2n+2_X2n +1= X2n+4+l.

2
(4p*-2) p+1  p+1 p+1 p+1

X, .a+1
Suv ra =24~ _ 2
y p+1 yn+2

Céch 2. Ta sé chimg minh theo huéng 2 ciia bai 1. Trudc hét ta ¢ hé thirc co ban sau:

Xn+2xn - X§+l = (1)n_1(X3X1 - X22) =2 p2 -1- p2 = pZ -1= Xn+2Xn = Xrirl + p2 -1.

Ta Cé (XM—Z +1j[xn +1j B Xn+2Xn +Xn+2 +Xn +1 — X§+l + p2 _1+2an+l+1 _[Xn+1+ pjz
pt Npet) (pa (b= o1

Tur dang thie ndy bang phuong phap quy nap ta duoc XZ”—+11 1a s6 chinh phuong v6i moi s6
p+

nguyén duong n.
PP . . e L
Nhan xet. Bang cach chirng minh tuong ty nhu trén ta dugc 2”—1 14 s6 chinh phuong vai moi so
p —
nguyén duong n.
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Bai 3: (China South East Mathematical 2011). Cho day s6 (a,) dugc x4c dinh nhu sau:

7a,—a_,, n=2,3,.. Chimg minh rang véi moi s nguyén dwong n taco

n+l n

a=a=1a

a +a_,+2 lamot sb chinh phuong.

n+1
‘ Loi giai.

Cach 1. Tinh mot vai gia tri dau tién ta dugc:

a+a,+2=2%a,+a,+2=3,a,+a,+2="7%a,+a; +2=18. Tr d6 ta du doan

a +a ,+2=b?, trong d6 diy s6 (b,) duoc x4c dinh nhu sau:

b =2b,=3b,,=3b,-b, ,,n=23,..

Ta s& chang minh du doan nay bang phuong phap quy nap.

Taco b,.b_,—b?=5=(3b,=b,,)b,, -0 =5=3bb , =b’, +b’+5

n+1

n+1

=a,,+a,+a,+a,,+9=a ,+2a +a,,+9.

n+1 n+1

Theo cdng thic truy hoi cua day (b,) ta dugc:

b2, =(3b, —b,,)" =9b? +b?, —6b,b, , =9(a, +a

n+l n™~n-1
_Z(an+l
Do dé b?,=a

n+l = “n+l

+2)+a,, +a,+2

n+1

+a ., +2.

n+2 n+1

+2a,+a,,+9)=7a,,-a,+7a,—a,,+2=a

+a,,, +2 hay bai toan dugc chitng minh.

n+2

+a =7a,,,a ,a —a’ =5.

n+1? n+l —

Céch 2. Ta c6 cac dang thuc sau: a

n+2

2
n+1

Xét (a, +a,,+2)(a,,,+a

n+1 n+2

+2)=a,,(a,+a,,)+a,a,,+a

n-n+2

+2(a,+a,,,)+4a,,+4

n+1

=7a},+a.,+5+a’, +14a ,+4a ,+4=9a’,+18a, ,,+9=(3a +3)2.

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1

Tir dang thirc ndy bang phuong phap quy nap tasuy ra a, +a_, +2 la sé chinh phuong véi moi s6

n+1
nguyén duong n.
Bai 4: Choddysd (a,):a,=0,a =1a,,=3a,,—a,+2,n>0.Chang minh rang: a,a,,, 1asé
chinh phuong véi moi sb tu nhién n.

Lo gii.
Tas& tim x sao cho day so (b, ):a, =b, +x 1a ddy tuyén tinh cap hai. Thay vao hé thuc truy hoi
cua ddy (a,) ta dugc:
b,.,+x=3b,, +3x—b, —x+2=3b , —b, +2x+2

Tachon x saocho x=2X+2< Xx=-2 suyra a,=b —2.

n+1

Nhu vay bai toan da cho s€ twong duong vaéi bai toan sau:
Cho ddy (b,):b, =2,b,=3,b,,, =30, —b, . Ching minh rang (b, —2)(b,,, —2) I s6 chinh phuong

v6i moi $6 nguyén duong n.

n+2

Tacd b, b —b’, =5=b b =b’ +5vab ,+b =3b ;.
Do d6 (b, —2)(b,,, —2)=b,.,b, —2(b,., +b, ) +4=b%, +5-6b,,, +4=(b,,, ~3)".
Vay a a_, 1asd chinh phuong véi moi s6 nguyén dwong n.

Bai5: Chodaysd (a,):a,=1a =1a,,="7a,,—-a,—2,n20.Ching minh raing moi s6 hang cua
day déu l1a sé chinh phuong.

Lo giai.
Tas& tim x sao cho day s6 (b, ):a, =b, +x 1a ddy tuyén tinh cap hai.
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Thay vao hé¢ thic truy hdi ciia ddy (a,) ta duoc:
b,.,+x=7b,,+7X-b —x-2=3b,,,—b, +6x-2

n+2 n+1
Tachon x sao cho x:6x—2c>x:§ suy ra a, :bn+z.

Nhu vay bai toan dé cho s€ twong duong véi bai toan sau:
Cho day (b, ): q— b, —2 b

' n+2
sb nguyén dwong n.
Céch 1. Ta tinh mot s6 gia tri dau tién coa b, +§:

2

b1+§=12,b2+g=12,b3 2

2

xac dinh nhu sau: ¢, =¢, =1,¢

T ¥Nn+2

=3c,.,—C,,n=12,..

Ta chang minh du: doan nay bang phuong phap quy nap:
2

Taco c,,,C, -5, =1=(3c,,,—C,)¢c, —Cr, =1=3c,c , =c, +Cr +1
c2., =(3¢,,—C,)" =9¢2, —6C,C,., + ¢ =92, —2(c2, + ¢ +1)+C?
=7c%,—-C-2= 7(bn+1+ 2) (bn +z)—2 =7b,,,—b, +E= b.., +g
5 5 5 5

Suyrac’,=b

n+2

9

Cach2. Tacé b b —b? 5vélbn+2+bn:7b

n+2 n+l — Khl dO

n+l°

2 9 14 4
b b b...b, b, +b =b’, +=—+—Db —
( + j( n+2 + 5} n+2 + 5( + n+2) 2 n+1 5 5 n+1 + 25

2
= br12+1 14 bn+1 + 49 = bn+1 + Z
5 25 5

2
Suy ra (bn +§j(b”*2 Zj (bml + ;j . Tir dang thiic ndy bang phwong phéap quy nap suy ra

5

b, +§ la s6 chinh phuong v6i moi s6 nguyén duong n.

a,, =4a +.15a2-60, n=0,12,...

: 3 =2
Bai 6: Choday so (a,) xac dinh boi: {

+ % Tur d6 suy ra dy doan la dung hay bai toan dugc ching minh.

=7h,., —b,. Chiang minh rang b, +§ 12 s6 chinh phuong véi moi

+§=22’b“+§=52 ...Khi d6 ta dy doan b, +§=C§ , trong d6 (c,) duoc

Ching minh rang sé b, = %(a2n +8) c6 thé bieu dién thanh tong cua ba sé nguyén duong lién tiép

vGi moi n>1,
Loi gii,
Tur gia thiét suy ra ddy sb (a,) 1a ddy sé duong.
Taco a,, =4a, +/1587 —60 = (a,,, —4a, )’ =15a7 — 60
=a’,-8aa  +a’+60=0 (1)

n-n+l
Tu (1) ta duoc: a’,, —8a +a%,+60=0 (2)

Tu (1) va (2) suyra a,,

a

n+1-"n+2

n+2 n+1 n+1

la hai nghiém cta phuong trinh: x* —8xa_, +a’,, +60=0.
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Do d6 theo dinh Ii Viet ta duoc: a, +a,,, =8a,,, < a,,, =8a,,, —a,. Khi d6 ddy so (a,) duoc xac

n+1

dinh nhu sau: a,=2,a =8,a,,,=8a,,—a,, n :O,1,2,...
Nhan xét. Gid si %(azn +8) = (k—1)F +k? + (k +1)’ <:>%(a2n +8)=3k? 42
@azn—_zzkzl

15

Nhur vy yéu ciu ching minh caa bai toén quy vé ching minh 220~ 2 | b chinh phuong v&i moi

s6 nguyén duong n.

Céch 1. Ta tinh mot vai gia tri dau tién: %2 _ 02, & —2_ 2 & —2 _162 % 2 =1262
15 15 15 15

Khi d6 ta du doan 22n—< 15 =b?, trong d6 ddy s6 (b, ) duoc xéc dinh nhu sau:

b, =0,b, =2,b, =16,b, =126,...va thir xac dinh dy (b, ) dudi dang day s6 tuyén tinh nhu sau:
b.,=xb,,+yb,n=012,..

n+1

2x =16 Xx=8
Tu b,=0,b, =2,b, =16,b, =126 ta dugc = .
16x+2y =126 y=-1

Ta s& chitng minh bang phuong phap quy nap 80 =2 _ b?, trong d6 (b, ) 1a day sb théa man

b,=0b =2b =80 b n=012,..
Taco b,b, , —b? =—4=(80,—b, )b, , ~b? =—4=>8b b, , =b?, +b? -
b2n—2 -2 + b2n -2 4= b2n—2 +bzn —64 )

15 15 15
Apyp = 8a2n+l —a,, = 8(8a2n - aZn—l) —8,, = 63azn - (aZn + a2n—2) = 62612n —a,,,

Theo cdng thic truy hoi cua dy (b,) va cac dang thirc trén ta dugc:

2
bn +1

— (8, b, , )" =64b? +b?, ~16b,p, , =642 2y B2 "2 _ 2( Bon * 8y = 64j
15 ' 15 15

_ 62a2n &~ 2 _ Qnip — 2
15 15

n+1

Do d6 b? a21—25‘2 hay bai toan duoc ching minh.

Cach 2.
Ta Cé a2n+2a a2n+1 60 = a'2n+2a a22n+1 +60

Ta Xét (a2n+2 - j(azn _zj — a2n+2a2n _2(a2n+2 +a2n)+4 — a22n+1 +60_16a2n+1 +4

15 225 225
— ( Bni1 — 8j2
15

Tir dang thirc ndy bang phuong phap quy nap ta dugc —20——= % 15 2 la s6 chinh phuong véi moi s6

nguyén duong n.
Bai 7: (Balkan MO 2002). Cho day s6 (u,) duoc x4c dinh bai:

u,=20,u,=30,u,,=3u,,-u,n=12..
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Tim tat ca cac s6 nguyén duong n sao cho 1+5u u_, 1a mot s chinh phuong.
Lo gidi.
DE thay day (u,) 1a ddy so ting suy ra véi n=4=>u, +U,,, > U, +Us > U, +U, = 250 (1)
+) ne{1,2} khong thoa man
+) n=3 thi 1+5u,u, = 251° suy ra n =3 théa man.
+) n>4, theo tinh chit co ban cua day tuyén tinh cap hai ta co:
Uyl =2, + (1) (uyu, —u3 ) =u?, +500

= (3u,,, - U, )u, =uZ, +500 = 3u,,,u, =uZ, +u? +500

n+l n+l n+1

=5u,,,u, +1=(u,,, +u,)" +501.

n+1~'n

Gia sir 1+5u,u,_, 1286 chinh phuong, 1+5u.u,_, =a?, acN". Khi do ta co:

n-n+l

(Upg +un)2 +501=a’ < (a-u,, -u,)(a+u,, +u,)=501=1.501=3.167 . Ta xét cac trudng hop

n+1
Sau:

a+u,+u., =501 a=251
TH1. =

mau thuan véi (1).
a-u,-u.,,=1 u,+u,,, =250

a+u,+u,,, =167 a==85 . .

TH2. = mau thuan véi ().
a-u,—u.,, =3 u,+u,, =82

Do d6 v6i n>4 thi 1+5u_u

n-n+l

Vay n =3 la s6 nguyén duong thoéa man yéu cau bai toan.

khong phai 1a s6 chinh phuong.
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BAI TAP TUONG TU
=14a_,—a,,n>0. Ching minh rang

n+2

1. Cho ddy s (a,):a,=1a =133

a) a’,-aa ,+12=0,vn>0

n+1
b) 48a%—12 la s6 chinh phuong véi moi s6 ty nhién n

2a,+1

c) 2a,-1, la s6 chinh phuong véi moi 6 tu nhién n

2. Choday s (a,):a,=0,a =11,a,,, =10a,,, —a, +10,n = 0. Ching minh rang:

a, +1 1as6 chinh phuong véi moi n chin.

3. Chodaysd (a,):a,=0,a =1a,,=2a,,-a, +1,n>0.Ching minh rang: 4a,a,,, +1 1a mot s
chinh phuong.

4. Chodaysb (a,):a,=0,a =1a,,,=3a,,—a,+2,n=0.Chang minh rang: a,a,,, 126 chinh
phuong véi moi s6 ty nhién n.

5. Chodaysb (a,):a,=0,a, =1a,,, =3a,,—2a,,n>0. Ching minh ring: a’+ 2" 1a binh
phuong ciia mot s6 nguyén le.

6. Choddy sé (a,):a,=14a =1a,,, =7a,,—a,—2,n=0. Ching minh ring moi sé hang ciia day
déu 1a s6 chinh phuong.

7. (VMO1997) Cho day s6 (a,):a, =1 a =45,a,,, =45a,,,—7a,,n>0.

2
n+1

a) Tinh sb cac wdc nguyén duong ciia sé6 a2, —a.a_ ., theo n ;

b) Chirng minh rang 1997a’ +4.7"" 1a s6 chinh phwong véi moi s6 tu nhién n.

8. (Kiém tra dgi tuyén IMO 2013) Cho day s6 (a,):a, =1a,=11a,,, =a,, +5a,,n>1. Ching
minh rang a, khong la s6 chinh phuong v&i moi n>3.

9. Chodaysb (a,):a,=0,a =3a,,=6a,,-a,+2,n>0. Chang minh ring a? +(a, +1)° 1a s
chinh phuwong v&i moi s ty nhién n .

10. Chodaysd (a,):a,=a,a =b,a,,, =3a,,,—a,,n>0;a,beZ. Ching minh rang ton tai s6
nguyén k sao cho 5a? +k 1a s chinh phuong véi moi sb tu nhién n.

11. Chodaysb (a,):a,=1a =6,a,,, =6a,,—a, n>0.Chang minh rang:

2 —6aa_ ., +a’ =1 vaéi moisdtynhién n ;

n+1 n-n+1l

a) a

. N . k(k+1
b) V&i moi s6 tu nhién n, ton tai s6 nguyén duong k sao cho a’ = (k+1)

12. Chodaysd (a,):a,=1a =2,a,,=4a,,-a,n>0.Tim n dé a, -1 1a s6 chinh phuong.

22012

13. Chodaysé (a,):a =1a,=-1a,,=-a,,—2a,n>1. Chang minh rang ~7a%, la

mét sé chinh phuong.
14. Chodaysd (a,):a,=1a =2.a,,=4a,,-a,,n=0.Tim n d a, -1 1a s chinh phuong.

15. Chodaysé (a,):a =14, =24a,,=4a,,—a,n>1. Ching minh ring:

a) a’+a’,-4aa, , =-3Vn>2
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16. Chodaysd (a,):a =1a,=24a,,=4a,,+a,n=1.Ching minh ring a,a

1 N+2 n+1

+(-1)" 5 la

s6 chinh phuong v&i moi s6 nguyén duong n. Chig minh phuong trinh x* —4xy —y? =5 ¢6 vd s6

n+2

nghiém nguyén duong.
17. (TSTVN2012) Cho ddy s6 (a,):a =1a, =2011,a,,, =4022a,,, —a,,n >1. Chiang minh ring
a‘2012 +1

1a mot s6 chinh phuong.
2012

3+2\/§j +£3—2\/§j —2,n>1. Chang minh rang x,,., 1a s chinh

18. Chodayso (X,):X, =(

phuong v&i moi s6 tu nhién n.
Bai toan 2: Cho day s6 (a,)(n e N) dugc xac dinh béi a,=1,a =13 va a ,=14a ,—a,vneN,
Chuang minh ring phuong trinh X2 + (X +1)% = @, va phuong trinh (X +1)% — x3 = a2 c6 nghiém ty
nhién véi moi ne N,

Loi giai:
Phuong trinh déc trung cua dady (a,) la /12 —144+1=0. Phuong trinh nay co6 hai nghiém la
J, =T+.[48 , 1, =7—-+/48 . Tdn tai c4c hing 6 a, B sao cho

2443 ﬂ_z—Jé
4 "4

a,=aA'+p4,,vneN .Vig,=1va a =13 nén a =

:2+4ﬁ(7+\/®” f(? J48)", vneN

2+\/§ n 2—\/§ n ’

:2an1{,/ . (2+J§) 1/7(2\/5)} .
Xét ddy sé (b, )(neN) duoc xéc dinh bai bnz,/zzf(z J') ,/ zf(z J’) vneN

Tacé b,=1,b,=5 vab,,=4b , —b,vneN.
Bang phuong phép quy nap toan hoc dé dang ching minh duoch, € Z,vneN .

Mat khac b, >0,vneN.Suyra b, N* va 2a —1=Db?,vneN. Suyra b, lasb ty nhién le.
Suy ra ton tai s6 tw nhién ¢, sao cho b, =2c, +1. Ta co:

ca+(c, +1)2 - %[(ZCn +1)° +1} = %(bf +1) -

Vay phuong trinh x* +(X +1)2 =a, c6 nghiém ty nhién.

2
. 2a + /+\/_ n /—\/_ n
Ta co: 2a3 1{ 2 - 3(2+J§) n %(2_\/5)] .

Xét ddy s6 (d,)(n e N)duoc x4c dinh béi

12+43 ", 23 "
d = |2 - 3(2+J§) + 2—63(2—\/5) vneN .

Taco: d,=1,d, =3vad,,,=4d ,-d,,VneN.
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Bang phuong phap quy nap toan hoc dé dang ching minh dugc d_ € Z,Vne N.

Mit khac d_>0,vneN.Suyrad eN" va 2a +1=3d? VneN

Ciing bang phwong phap quy nap todn hoc chiing ta dé dang chimg minh dwgc d 1a s6 nguyén I¢

vsimoi ne N,
3 3
Taco:[ Pndot1) _(bod, 71 :1(3b§d§ +1)=a’
2 2 4

S S X s oo bd -1 A
Vi b, va d, lacacso tu nhién lé nén % 1a SO ty nhién.

Vay phuong trinh (x+1)° —x* =a? c6 nghiém ty nhién véi moi ne N,

Bai toan T3: Cho ddy sé (a,) dwoc xac dinh bsi a, =1, =-1 va a, =6a, ,+5a, , Vi Moi

n>2.

Ching minh rang a,,,, —2010 chia hét cho 2011,

(®é thi chon hoc sinh giéi Qudc gia THPT nam 2011 )

Loi giai 1:

Phuong trinh ddc trung cua ddy (a,) la 2°-61-5=0
Phuong trinh nay c6 hai nghiém la 4, =3+ J14, A, = 3-14

Ton tai cac hang sé «, f sao cho a, = al + pA),Vne N

—4+«/_
l=a+pf 2\/—
j{—la(3+\/ﬁ)+ﬁ(3—«/ﬂ) ¢ _4.,.\/7
Pz

2-+14 2-\14 .,
nzra mﬂz

214 011 _2_./14 2011
= 8, = ———(3+14) +—=="(3-14
NV ( ) 2414 ( )

=a

Ta <3+\/]])201 ZC2011320114< (\/_) v (3 \/—)2011 ( ) C:Ollszon k(\/ﬁ)k

k=0

1005 1005

= By, =—p 14'CH, 307 123 14'CE 13002
=0 i—0

Vi p lasénguyéntéval<j<p-1(jeN’)taco C) C} chiahétchop.

2011

Suyra ay, =(-3)" +2.14"°(mod2011).

Tac6 14 = 2025(mod 2011) = 14" =15""° =1(mod 2011) .

2010 _

Mat khéc theo dinh Ii nho Fermat ta cé (—3)™ =1(mod 2011) . Suy ra a,y,, = —1(mod 2011).
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Suy ra a,,,, +2010 chia hét cho 2011
Loi giai 2:

Xét day sb (b, )(neN) dugc xc dinh boi b, =1,b, =—1 Va b, = 6h, +2016b, ,,¥n>1.

n+l
Bang phuong phép quy nap toan hoc ta ching minh dugc a, € Z,vneN va b €Z,vne N,
Ta cling chimg minh dugc a, =b, (mod2011),vneN.

Phuong trinh dgc trung cua ddy (b,) 1a 2 -61-2016=0 .

Phuong trinh nay c6 hai nghiém la 4, =48, 4, =—-42.

Ton tai cac hang sé «, 4 sao cho b, = 248" + B(-42)" ,vneN.
N 41 49
Vib, =1b=-1nénag=—,=—.
o =Lh 90" =90

_ﬂ n ﬂ _A9\N _i 2012 _ p9)\2012
Suy ra b, = 48" +(~42) :>b2012_90[41.48 +49.(-42) } .

Theo dinh Ii nhé Fermat ta c6 48™° =1(mod 2011),42°*° =1(mod 2011)
Suy ra 41.48™% 1 49.(~42)""* +90 = 0(mod 2011)
= 90(byq;, +1) =0(mod 2011) = b,,,, =—1(mod 2011) = a,,, =—1(mod 2011)
Suy ra a,,,, +2010 chia hét cho 2011 .
Bai toan T9: Cho déy s (X, ) duge xac dinh béi x, =1,x, = 2011va x,,, =4022x,, —X,,Vne N".
Chung minh rang X211 64 chinh phuong .
2012

(Dé thi chon doi tuyén Viét nam du thi Olympic Toan Quéc té nim 2012).
Lo giai:
Phuong trinh d3c trung cua day (X, )(n € N*) la t> —4022t+1=0

Phuong trinh nay ¢6 hai nghiém la t, =2011++/2010.2012 va t, =2011-+/2010.2012 .

Ton tai cac hang sé «, f sao cho x, =at!™ + A0, vne N

VI X =13, = 2011 e @ = = . SUY 1 Xy, = (17 41

Xo01, +1 1
Suy ra 2o o _ ( [r2011 N /tzon )j|
Y 01 {2\/1006 . ?
Taco Jt, =+/1006 ++/1005,/t, = +/L006 — /1005
Pita= i7" + &7 tac a=(v1006++1005)  +(1006 —v1005)

2
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1005

= 24/1006 > C2,1006'** 1005" .

k=0
Pitb=— "~ _atacob :mzofc:” 1006'"**.1005"
‘ 22016 il '

Suy ra b 1a mot s6 nguyén . Mat khac Xaa L2

Vay X +1 1a 6 chinh phuong .

Bai toan 1: Cho day sé (a,) duoc xac dinh bsi a, =a, =1a,, =14a,—a,,-4,vn>1
Ching minh moi s6 hang cua ddy (a,) déu la binh phuong ctia cac s6 nguyén
Lo giai:
Xét day s6 (b, )(neN) duoe xe dinh boi b, =a, —%,Vn eN .
Khidotaco b,,, =14b —b ,,VneN .
Phuong trinh ddc trung cua ddy (b, ) 1& 2141 +1=0 .
Phuong trinh nay c6 hai nghiém la 4, = 7+«/@, Ay = 7—«/@ ‘
Ton tai cac hang s6 «, f sao cho a, =al'+ fA),vneN .

2-3 ﬁ_2+ﬁ
6 '~ 6

D>

Viblzbzzg nén o

—a :¥(7+m)"+2+J§(7_m)ug,weN

" 6

:an:[,/¥(2+@)”+ 2*?(2@)”}
Xét ddy sé (c,) saocho c, :1/¥(2+\/§)n+1/2+6\/§(2—\/§)n,VneN

Bang phuong phép quy nap toan hoc ta chimg minh dugc ¢, =4c, —c,,,VneN |

n

Mat khac ¢, =c, =1 .Suy ra ¢, lasd nguyén véi moi neN .
Mat khac a, =c? . Vay a, lasb chinh phuong véi moi ne N,

Bai toan 2: Chiing minh ton tai vo s6 cap s6 nguyén duong (M, n) sao cho m_+1+n_+1
n m

la mot s6 nguyén duong. (Bé thi Olympic Toan ciia Anh nam 2007)
Loi giai:

Ta chting minh rang phuong trinh x+l y+l (1) ¢6 vd sb nghiém nguyén duong.
y X
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Thatvay (1) < x*+(1-4y)x+y’+y=0 (2)
(x, =1y, =1) 1amot nghiém nguyén duong cua (2).
Xétday (t )(k=>1) saocho t, =t, =1t , =4t -t —1(k>1)
Dé dang chimg minh duoc t, , >t, >0,Vk>2 .
Taco (t,t,) lamot nghiém nguyén duong cua phuong trinh (2) .
Gia s (t,,t,.,) 1a mot nghiém nguyén duong ctia phuong trinh (2)
tic 1a t; +(1-4t, )t +t5, +t,, =0 .
Xét 17, + (1= 4t Ve, +10, +t, —[ 10+ (14t )t +10, +t |
=te, —t7 +(1-4t ) (t, —t) =(te, —t)(t, +t, +1-4t)=0
= te, +(1- 4t ), o, +t,, =0
= (%Y) =t t.,) ciing la nghiém nguyén duong cta phuong trinh (2).
Vi t,,, >t,,Vk > 2 nén phuong trinh (1) c6 v0 s6 nghiém nguyén duong.

m+1 n+1

Vay t6n tai vo s6 cap s6 nguyén duong(m,n) sao cho ——+—— lamot s6 nguyén duong.

n m

Bai 1. Cho day sé (x,)(neN") dugcxdc dinh boi X, =3,x, =11, X, =4X, ,-X, ,,Vn >3,
Chang minh rang véi mdi sé nguyén duong n ton tai cac sé nguyén a,b sao cho

x, =a’+2b*.

Loi giai
Taco
x =1+2.1%,

X, =3 +2.12,

X, =32 +2.4%,

x, =117 + 2.4%,
Ta chang minh

That vay

2n+1 4X 2n -1

2 2
RPN RS P Rt
2 2
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1., 11,

11 1
=?x§ —3x EXH = ?xn —3x, (4x, —XM)+E(4Xn —xm)2

nn-1

2
3 1 X ., —X
:—XS—Xan+1+—X§+1:X§+2 e . .
2 2 2

Xonv2 = 4X2n+1 — X5

2 2
:4X§+8 Xo1 ~ %n _Xg_z Xo ~ X
2 2

2 2
:3)(5_'_8 M -2 X”"'l—_sxn :§X2 —X X +1X2
2 2 2 2

2
1 Xpi1 — X
2= XX +§xn2=xn2+1+2 “*12 o

=X

n+1 n“n+l

Bai 2. Cho day s6 (x,)(neN") dugc xéc dinh boi x, =1,x, =3,X, =6x,,-X, ,,Vn>3. Ching
minh rang v&i mdi s6 nguyén duong n ton tai cac sé nguyén a,b sao cho
x, =a’+2b*.

Loi giai

Xét cac day sb (un)(n S N*) va (vn)(n S N*) duoc xac dinh bai
u=14v,=0,u ,=u+2v, vav, 6 =U +V, Voimoi neN".
Chuing ta ching minh x_ =u’® +2v?,vn e N* (1) bang phuong phap quy nap toan hoc.
That vay ménh dé dung véi n=1van=2.
Gid sir ménh dé dung dén n=m,(m=>2).
2

o3 7 2 2 2
Khidétacod x,,=u; ,+2v, ,, X, =uU,+2v, .

m-1* "*'m
bat A=u, ,B=v,, taco
u,=A+2B,v, =A+B
u,, =3A+4B,v ., =2A+3B

Taco
6X —X .= 6(u§1 -+ 2v§1)—(u2_1 +2V? )

m m-1

~6| (A+2B)" +2(A+B) |-(A+28?)

=(3A+4B)" +2(2A+3B) =u2, + 2V

— Ym+l m+1 "

Suyra x_,=U2, +2V2 .
Vay (1) ciing ding v6i n=m+1.
Theo nguyén Ii quy nap toan hoc (1) dung véi moi ne N”.
Vay véi mdi s6 nguyén duong n ton tai cac s6 nguyén a,b sao cho x. = a*+2b?.
Bai 3. Tim tat ca day s nguyén duong (a, ) théa man ddng thoi cac diéu kién sau :
i) a, <n/n, ¥n=123,..
i) a, —a, chiahétcho p—q véi moi cip s6 nguyén duong phan biét p va g.

Loi gidi
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Tui)tacd a <1=a =1, a,<2J2<3=4a,e{L2}.
+Néu a, =1. Trrii)tacé: a,—a,:n-1=a —1:n-1,vn=34,5,...
Vaa,-a,:n—-2=>a, -1:n-2,vn=34,5,...
Vi (n-1,n—2)=1 nén tir hai diéu trén ta c6 a, —1(n-1)(n-2).
Gid sirton tai n sao cho a, #1, khi d6 |a, -1 >(n-1)(n-2),
két hop voi diéu kién i) ta duoc :

n\/ﬁ—lz(n—l)(n—z) (*)
DZ thdy véi moi n>9 thi bt dang thic (*) khong dung.
Vay diéu gia str la sai khi n>9, hay n6i cach khac a, =1, vn>9.
Tu diéu kién i) taco a,,, —a, ‘k, chon k Ién hon 9 thi ta dwoc 1-a, :k, Vk>9.
Vay 1-a,=0,vm=12,.. hay a,=1,vn=123,...
+Néu a,=2. Twii)tacd a,—ain-1=a, -lin-1=a -nin-1,vn=34,5,...
Vaa,—a,:n-2=a,-2:n-2=a,-n:n-2Vn=34,5,...
Vi (n=1,n-2)=1 nén tir hai diéu trén ta cé a, —ni(n-1)(n-2).
Gia sir ton tai n sao cho a, = n, khi d¢ [a, —n|>(n-1)(n-2),
két hop véi diéu kién i) ta duoc

nvn+n>(n-1)(n-2) (**)

DE thiy bét dang thirc (**) khong ding khi n di I6n. Do d6 véi n du lén thi a, =n.
Tir diéu kién i) taco a,_ —a_ ‘k,chon k dalonthi a,, =k+m vadoddé m—a_:k véi moi k

k+m k+m

du lon.

Vay m—-a,=0,vm=123,.. hay a,=n,vn=123,..
T6m lai 6 hai day sé thoa man yéu cau dé bai d6 1a :
ea =1vn=123,..

ea =nvn=123,..

Bai 4. Cho day so thuc (a,) dwoc xac dinh boi a,, =[a,]{a,}, ¥n=0,12,.. va a, la mot s

thyc tdy y. Chang minh rang a, =a,,, voi n dua lon.
Lai gidi
Néu a, >0, khido a, =0 véimoei i va [a,]<a. =[a]{a}<[a], dodévéii dulonthi
a,=a=0.

i+2 i

Néu a, <0, khi d6 a, <0 vé&i moi i nguyén duong.

Néu ton tai mot phan tir ciia ddy bang 0 thi khi d6 moi phan tir cua day ké tir sau phan tir d6 déu
bang 0.

Néu khdng c6 phan tir nao ciia ddy s6 nhan giatrila 0, tac la a, <0,vi=0,12,...,

Khi d6 ta co

1+[a,.]>a., =[a]{a} >[a] voi moi s6 nguyén duong i .

Do d6 ([a,]) 1a mot ddy nguyén khdng giam va bi chan trén bai 0.
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Vay [a;]=c véi i dulon.
C2

c-1

Do d6 ta co voi i dulonthi a,, =c.{a}=c.(a —c)=b,, =ch véi b =a -

Hién nhién day (b,) bichan nén hoac ¢ =-1 hoac b. =0 vd&i moi i du lon.
Trong ca 2 truong hop ta déu suy ra duoc a,,, =a, véi i di lon.
Vay ta c6 diéu phai chizng minh.
Bai 5. Chang minh rang véi moi s6 nguyén duong n>5 thi ton tai mot cap sé cong nguyén duong
a,,a,,...,a, Va mot cip s6 nhan nguyén duong b;,b,,...,b, sao cho

b <a <b,<a,<..<b, <a,.
Hay chi ra mot vi du cua bai toan trén véi n=5.

Loi gidi
biat B, :(l+ljk :l+£+ k(k_21)+...+ k!k . hién nhién ta c6 B, >1+£ voimoi k>2.
m m 2Im kim m

Va vaoi moi k<n,taco

k s n(n—1)+ n(n-1)(n-2)

B, <1+— n(n—-1)..(n—k+1)

+...+

m  2lm? 3Im® k!m*
:1+£J{l n(n—1)+£ n(n—l)z(n—2)+m+l n(n—l)...k(_rll—k+1)}i
m (2! m 3! m k! m m

Chon m > n?, khi @6 theo trén ta c6
Bk<1+£+ l+1+...+i .£<1+k—+1.
m 2! 3! k!) m
1 1 1 1

.11 1 1
(Dotacd —+—+.+ —<—+—+..+ =1l-—+=-
21 3! k! 1.2 23 (k-1).k 2 2

b —Z=1--<1)

m

1 1 1 1
—+...

3 k-1 k k

bat A = 1+ﬂl , 1<k <n, theo cac chirng minh trén ta thu dugc
m

B,<A<B,<A <..<B,<A,.
Xét hai day a,,a,,...,a, va b,b,,...,b, théaman a, =m"A , b, =m"B,, Vvk:1<k<n.
Khi d6 ta co a,,a,,...,a, 1a mot cap s6 cong nguyén dwong va b,b,,...,b, 1a mot cip sé nhan
nguyén dwong va thoaman b, <a, <b, <a, <..<b, <a_.Vay ta c6 diéu phai chirng minh.
Vé6i n=5, taxét cap s6 cong a,,a,,...,a Voi a, =17 va co cong sai la 17, xét cap s6 nhan
b,,b,,...,b; v&i b, =16 va c6 cong sai la g khi d6 ta co

16<17<24<34<36<51<54<68<81<85.

a, =,

Bai 6. Day s (a,) dugce xac dinh nhu sau: {ag,,, =1 Vn=123,...
5,3 =0

Chung minh rang déy s trén khdng phai 1a ddy tuan hoan.
Loi giai

Gia st phan chung rang (a, ) 1a day tuan hoan véi chu ky cosé 1a T >0.
Néu T =5k +1, ta co & = 8741 = 8y (54101 = B 2k)e3 = 0,volydo a =1.
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Néu T =5k+2,tac6a =a.,,=a,,,=0,volydo a =1.

Néu T =5k +3,1ac0 & = a5, = 8, 5.5 = Bsssz)5 =0, VO Iy do & =1.

Néu T =5k +4,1a 6 & =8, =8 5.1 = 855125 = 0, VO Iy do @, =1.

Vay T =5k véi k 1a s6 nguyén duong nao do, khi d6 ta c6 véi moi sé nguyén duong s thi :
By = 85 = Ay = g5y T (gpiyear T Wy(sisk) T Dsask — Ao = s
do d6 k 1a chu ky ciia ddy (a, ), hién nhién k <5k =T, diéu nay trai voi gia thiét T 1a chu ky co s&
cuaddy (a,).
Vay diéu gia st 1a sai, tic 1a (a, ) khong 1a ddy tuan hoan.
Vay ta c6 diéu phai ching minh.
Bai 7. Véi pla mot sé nguyén to, xét ddy s6 (a,) thoa man
a,=0,a=1,a,,=2a,,—-pa,vk=012,..
Xéc dinh tat ca gid tri cia p dé —1 la mot phan tir cia ddy (a, ).
Lo giai
Néu p=2,khido a_, =2a,,,—2a, véimoi k=0,12,..., do d6 a, lasd chan vai moi k >2 nén
khong thé c6 mot phan tir nhan gia tri 1a —1.
Vay p>2=(p,2)=1.
Gia str ton tai m>2 sao cho a_ = -1, theo dé ta co

a,, =2a, — pa,_, =2a,(mod p) véi moi k =2,3,4,...

Vay
~1=a,=2""a,=2""(mod p). (1)
Lai c6
a., =23, -a,,—-(p-1)a,_ =2a,—a_(mod p—1)
= a,, —a, =3, —3a.,(mod p-1), véi moi k=2,3,4,...
Vay
a., =(k+1)(a, —a,)+a, =k+1(mod p-1).

Do d6

~1=a,=m(mod p-1)=>m+1=0(mod p-1). (2)
Do (p,2)=1 nén theo dinh ly Fermat, ta c6 2"~ =1(mod p) = 2™ =1(mod p) (Do (2))
Két hop véi (1) ta duoc
—4=2""=1(mod p)=5=0(mod p)= p=5.
V6i p=5,tathdy a, =—1.
Vay tat ca gia tri cia p thoa yéu cau baitoan 1a p=5.

Bai 8. Chung minh rang moi s6 hang ciia day s6 (a,),n e N” x4c dinh béi
a,=1,a,=2a +43a -2

Loi giai
Chuyén vé va binh phuong cong thirc truy hoi, ta duoc

déu nguyén.
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a, —4aa . +4a°=3a°-2<a ‘—-4aa +a’+2=0
Thay n bang n—1, ta duoc
a’-4aa  +a _*+2=0
Tu day suyra a,, va a,,, la hai nghiém cua phuong trinh
X’ —4a x+a’+2=0.
Suyra a,,,+a,,=4a, hay a6 =4a,-a, ;.
Tir day suy ra tat ca cac s hang trong day déu nguyén, vi a, =1 va a, =3 nguyén.
Bai 9. Cho day so (a,),n e N xdc dinh boi
a=La,=2,a,,=2a,,—a,+2 véimoi n>1.
Chang minh rang véi moi m thi a_a,_, ciing 1a mot s6 hang cua day sb.
Loi giai
Taco a,,,=2a,,,—a,+2.
Thay n bang n-1, taduoc a,,, =2a, —a _, +2

Trir hai dang thuc vé theo vé, taduoc a_,,— 3a ,+ 3a —a _, = 0

n+1
Phuong trinh ddc trung x° — 3x*+ 3x — 1 = 0 c6 nghiém boi 3: x,,, =1 nén ta c6 nghi¢m tong
quat cé dang a, = an’ + bn + c.

Thay n = 1, 2, 3 tadugc

a+b+c=1
4da+2b+c=2
9a+3b+c=5

Tur do6 gidi raduoc a=1b=-2,c=2.

Vay a,=n*-2n+2=(n—1)"+1.

Dod6 aa ., = ((m—1)2+1)(m2+1) = (m—m + l)2+ l=a, .
_ 2+U,

"o1-2u

a) Ching minh rang u_ # 0 véi moi n nguyén duong.

Bai 10.Cho day so (u,) xac dinh boi u, =2, u

b) Chang minh dédy khdng tuan hoan.
Loi gisi
2tan @

Goi ¢ lagocsaocho tang = 2 thiu, = tang, U,=———-—=
l1-tan ¢

tan2¢, ..., U = tanng.

n

n e 2u
a) Tur cong thac tinh u, tasuy ra u,, = 1 R
_un

Tir d6 suy ra néu ton tai n dé u, =0 this&tontai n Ié dé u, =0.
Giasu u,,,, =0.Khi d6 u,, =-2 vataco

2u, )

—2:U2k :1—23Uk +U, -1=0.

Yk
Diéu ndy mau thuan vi lac d6 u, 1a sé vo ty, trong khi d6 theo cong thirc truy hoi thi u, ludn 1a sb
hitu ty.
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b) D&y tuan hoan thi phai ton tai n va k sao cho
tanng =tankp < (n—-k)p=mzr <u,, =0.
Diéu nay khong xay ra do két qua cau a).
Bai 11.Cho day s6 (a,) duoc x4c dinh béi a, =18, =-1 va a, =6a, ,+5a, ,
Vvé6i moi n>2. Ching minh rang a,,, —2010 chia hét cho 2011
(Dé thi chon hoc sinh giéi Qudc gia THPT nam 2011)

Loi giai 1
Phuong trinh ddc trung cua ddy (a,)la 2> -62-5=0
Phuong trinh nay c6 hai nghiém la 4, =3+ V14, A, =3- J14
Ton tai cac hang s6 «, f sao cho a, =ad’ + B0, vneN

a:—4+\/1_4

- l=a+p - 214
—1=a(3+/14)+ B(3—14) 5= 4+14
S

2-14 2-14
=a,= zrﬂi 2\/*/12

= Ay, = i 3+ \/ﬂ)zon + i (3- m)zoll

2\14 214
Taco
(3+\/_)2011 ZCZOllBZOlH( (\/ﬂ)k
va

(3_\/]])2011 Z( 1) 0201132011—k(\/ﬂ)k

k=0
1005 1005
2i 2011-2i 2i+1~»2010-2i
= A,y = 214 c2.3 +2214 Ca13 .
i=0 i=0

V6i p lasdnguyéntéva 1< j<p-1(jeN')taco C) chiahétchop.
Suy ra a,,, = (=3)"" +2.14"% (mod 2011).
Taco 14 =2025(mod 2011) = 14'** =15*"° =1(mod 2011) .
Mt khéc theo dinh Ii nho Fermat ta c6 (-3)**° =1(mod 2011).
Suy ra a,,, =-1(mod2011)
Suy ra a,,,, +2010 chia hét cho 2011

Loi giai 2
Xét ddy sé (b, )(neN) duge xéac dinh boi

b,=Lb, =-1, b, =6b +2016b ,,¥n>1.

Bang phuong phép quy nap toan hoc ta ching minh dugc a, € Z,vneN va b €Z,vneN,
Ta ciing chimg minh dugc a, =b, (mod 2011), Vne N .
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Phuong trinh ddc trung cua ddy (b,) 1& 4 —61-2016=0
Phuong trinh nay c6 hai nghiém la A, =48, 4, =—42.
Ton tai cac hang sé «, 8 sao cho

b, =a48"+p(-42)" ,vneN.

Vi by =1,b, =1 nén a:%,ﬁzﬁ

Suyra
= ﬂ n 49 — i 2012 _ 2012
b, = 5548" + 55 (+42)" =bume = [41.48 +49.(—42) }
Theo dinh Ii nhé Fermat ta c6 48™° =1(mod 2011),42°*° =1(mod 2011)
Suyra

41.48%" +49.(-42)*" +90 = 0(mod 2011)
=> 90(b,y;, +1) = 0(mod 2011)
= b,y,, =—1(mod 2011)
= @,,, =—1(mod 2011)
Suy ra a,,,, —2010 chia hét cho 2011.

Bai 12.Cho day s6 (x,) duogc xac dinh boi x, =1, x, = 2011
va x, ., =4022x ., —x_,vneN". Chang minh rang %121 la s6 chinh phuong

(Dé thi chon d6i tuyén Viét nam dy thi Olympic Toan Quéc té nam 2012)
Huéng din giai
Phuong trinh dic trung ctia ddy (x,)(neN")la t* —4022t+1=0
Phuong trinh nay c6 hai nghiém la t, =2011++/2010.2012

Va t, =2011-+/2010.2012.. Tén tai cac hang s6 a, B sao cho x, =at!™ + At} ™, vne N’
Vi x, =1,%, =2011nén o= f = 1. Suy ra X, = %(tf‘m +t;). Suy ra

Xoor +1

_[ (Ve + r)} Tacs ﬁ=M+M,£=M—m
2012 2./1006
it a =t + [t taco a=(~/1006 + J1005)" + (1006 — 1005 )

2

1005 1005

1
=21006> C2Z 100615 1005* . Pit b = ataco b=> CZ 1006 1005
kZ::: 2ot 2./1006 ; 2ou

; Xonro +1 Xon1, +1 :
Suy ra b 1a mot s6 nguyén.Mit khac =22~ —p? , Vay 22~ |3 56 chinh phuon
y C guy d 201 ay 2012 p g

Sau ddy 12 mot sb bai toan danh dé luyén tap:

Bai 13.Cho day sb (a,) dwoc xac dinh boéi a, =a, =1,a,,,=14a, —a, ,-4,Vn>1

Chang minh moi s6 hang cua day (@,,) déu la binh phuong ctia cac s6 nguyén
Huéng din giai
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Xét day s6 (b,)(n € N) duoc xéc dinh boi b —a_ —% VneN

Khidoétacod b,,, =14b, —b ,,¥ne N .Phuong trinh dic trung cia day (b,) la
A? —14 +1=0.Phuong trinh nay c6 hai nghiém 1a A, =7+./48 , A, =7 —+/48 .Tdn tai cac hing sb
a, 3 sao cho

b, =al +pA;,vneN .Vib = b_% éna=2—6\/§,ﬂ:2+6\/§
a5 IU Jag)' 2+I(7 J_)+ VneN

=a { %(uﬁ)u 2+6\/§(2—\/§)”}

2—_6*/5(2+\/§)“+ 2+6*/§(2—\/§)”,VneN

Xét day s6 (c,) saocho ¢, =

Bang phwong phép quy nap toan hoc ta chimg minh dugc ¢, ,, = 4c, —c,,, Vne N .Mat khac
¢, =¢, =1.Suyra c, l1asd nguyén véi moi ne N.Mat khac a, =c?.Vay a, la sé chinh phuong véi
moi ne N,

Bai 14.Chtng minh ton tai vo sé cap s6 nguyén dwong (m,n)sao cho mel n+loy mot s6
n m

nguyén duong.
....(Dé thi Olympic Toan ctiia Anh nim 2007)
Hwéng dan giai

X+1 y+1
X

Ta chung minh rang phuong trinh =—— =4(1) c6 vb s6 nghiém nguyén dwong. That vay

(1) = x*+(1-4y)x+y*+y=0(2)
Nx : (x, =1y, =1) la mot nghiém nguyén duong cua (2)
Xétday (t,),k>1saocho t =t,t, =4t -t -1Lk=>1
D& dang chung minh duoc t,, >t, >0,vk>2. Ta cé (t,t,) 1& mot nghiém nguyén duong cua
phuong trinh (2). Gia su (t,.t.,) & mot nghiém nguyén dwong cua phwong trinh (2) tuc la
te +(1—4t, )t +t5,, +t,, =0
Xt t7,, + (1= At o )t +17, = 17+ (14t )b+, + ., |
=t —ts +(1-4t ) (t, —t ) =(te, —t ) (t, +t +1-4t ) =0
= te,, +(1- 4t ), o, +t,, =0
= (%, Y) =t b, )cling 1ax,=4x, ,-X, ,, VN =3 nghiém x, =3,x, =11nguyén duong cua phuong
trinh (2)
Vit >t >0,Vk > 2 nén phuong trinh (1) c6 v6 s6 nghiém nguyén duong.

Vay ton tai v0 s cap so nguyén duong (m,n) sao cho mtl, n+ly, mat s6 nguyén duong.

n m
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Bai 15.Cho day s6 (x,)(ne N") duoc xac dinh boi X, ., = 4%, —X,,, V& X =3,%, =11, x, =41.
Chang minh rang véi mdi s6 nguyén duongn ton
tai cAc s6 nguyén a,b sao cho x, =a’+2b?.
Huoéng dan giai
Tacod x, =1+2.1%,x, =3 +2.1°,x, =3 +2.4° ,x, =11* + 2.4°

2 2
Ta Chl:fng mlnh X2n_1 = Xr?—l + 2( Xn _2Xn1j , in — Xr? + 2( Xn _2anj

2 2
X, =X X, —X
That vay x2n+1:4x2n—x2n_1:4xn2+8( — ”‘1j —aj_l—z( " ”—1]

:%Xs _3ann—1 _%Xﬁl :%Xﬁ —3Xn (4Xn — Xn+1) _1_%(4)(“ _ Xn+1)2
2
Sy b o B
2 2 5
Xps =%y | x —x Y
X2n+2:4X2n+l_X2n :4X§+8(%j _Xﬁ_Z( n 2 n_lj
X =X ) x -3 Y 3 1
:3X§+8 e B - :_X§+1_ann+l+_xr$
2 2 2 2
1 X x )\
_Xn+1_Xan+1+§Xn _Xn+1+2(%j

Bai 16.Cho day s6 (x,)(ne N”) duoc xac dinh boi x, =1,x, =3 va
X, =6X._,-X._,, ¥n>3.Chirng minh rang véi mdi s6 nguyén dwongn ton
tai cac s6 nguyén a,b sao cho x =a’+2b?.
Hwéng dan giai
Xét cac diy s6 (u,)(neN")va (v,)(n e N") dugc xac dinh boi u, =1,v, =0,
U,,=U, +2v,va Vv, =U +V, voi moi ne N .Chlng ta chang minh
X, =u?+2v?,VneN"(1) bang phuong phap quy nap toan hoc.That vdy ménh dé dung véi n=1va
n=2.Gia st ménh dé dung dén n=m(m>2) .Khi 46 ta co
X, =U2 +2v2 X =u’+2v: Dit A=u

X B=v,, taco
=3A+4B,v

m-1?

=2A+3B

m-1

u,=A+2B,v, =A+B,u

m+1 m+1

Tacd 6x, —X,, =6(u2 +2v2)—(uZ , +2v2 )= 6[(A+ 2B)" +2(A+ B)Z} -(A*+28%)

Suyra x_, =U2,+2v

— Ym+l

2
m+1

=(3A+ 4B)2 +2(2A+ BB)2 =u2, +2Vv2

=U,, +2V,., Vay (1)cling ding véi
n=m+1.Theo nguyén Ii quy nap toan hoc (1)dung véi moi ne N,

Vay véi mdi s6 nguyén duongn ton tai cac sé6 nguyén $a,b$ sao cho x, =a*+2b?.

Bai 17.(Hoc sinh gioi Viét Nam 1991)

Cho day s6 (a,) xéc dinh bai:

a =123, a,=234, a,=n(n+1)(n+2)
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Pit S, =a, +a, +...+a_ . Ching minh rang 4S_+1 12 mot s6 chinh phurong
Hudéng dén giai
S, =a =123
S,=a,+a,=123+23.4=2.35
S,=a,+a,+a,=235+3.45=356
—S,=11234, S,—-2345, S,—-3456
4 4 4

Giastr S, == k.(k+1)(k+2)(k+3),k >3 (gia thiét quy nap)

1
4

Tasg chungminh S, = =.(k+1)(k+2)(k+3)(k+4)

N

That vay, theo dé bai = S,,, =S, +a,,, =S, +(k+1)(k+2)(k+3)

Theo gia thiét quy nap = S, :%.k(k +1)(k+2)(k+3)+(k+1)(k+2)(k +3)
N :%(k+1)(k+2)(k+3)(k+4)
1

Theo nguyén tac quy nap suy ra S, =Z.n(n +1)(n+2)(n+3)

=4S, +1=n(n+1)(n+2)(n+3)+1=(n*+3n)(n’ +3n+2)+1

=45, +1=(n?+3n)" +2(n?+3n)+1=(n? +3n+1)

VavneN =n*+3n+1leN

Vay 4S +1 1a mot s6 chinh phurong

Nhan xét:

Trong khi giai cac bai tap vé day s6 néu trén ta thay cach bién d6i kha da dang, doi khi cé phép bién

d6i rat khéo khong ty nhién. Nhung viéc tinh toan mot sb phan tir dau cua diy s6 sau o du doan va
chimg minh theo phuong phap quy nap xem ra kha tot.

MOQT SO BAI TOAN LIEN QUAN PEN SO CHINH PHUONG CUA DAY TUYEN TINH
CAP HAI

Tran Ngoc Thiang — THPT Chuyén Vinh Phiic
I.LY THUYET

1. Cong thirc tong quat ciia day (u,) théa man u,,, =au,,, +bu, +c.

n+1
Trwong hgp 1: a+b=1

Tacé u,,, =au,,, +bu, +c<u,,, +(1-a)u,, =u,, +(1-a)u, +c.

n+1 n+1 =

bat v, =u,, +(1-a)u, taduogc v,,, =V, +c. T dé ta dugc v, =V, +(n-1)c, n=12,...suy ra
U, =(a-1)u, +v, +(n-1)c. Do d6

U,, =(a-1)u, +v, +(n-1)c

(a-1)u, =(a-1)"u,, +v,(a-1)+(a-1)(n-2)c

(a-1)°u,,=(a-1)u, , +v,(a-1)"+(a-1)’(n-3)c
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(a-1)""u, =(a-1)"u,+v,(a-1)""+(a-1)""(n-1)c
Cong tirng Vé cac dang thirc trén ta duoc:

n-1 n-1
= (a1 .3 (a-1) e 3 [ (a1 (n-k-1)]
k=0 k=0
Trwong hgp 2: a+b=1
Dit u, =X, +a, tas& chon a sao cho day sb (x,) la day tuyén tinh cap hai.

Taco u,.,,=au,, +bu +cx,, +a=a(x,,, +a)+b(x, +a)+c

Dé duoc day sb (x,) tuyén tinh ta s& chon & sao cho e =ca+ab+c < a=

l1-a-b
Khi d6 ta duoc x,,, =ax,,, +bx,, n=12,...

Xét phuong trinh dic trung: t> —at—b =0 (1)

+) Néu phuong trinh (1) ¢6 hai thuc phan biét t, t, thi x, = At" + B!, trong d6 A, B la cac hang

s6 dugc tinh theo cac s6 hang x,, x, .

n+1

+) Néu phuong trinh (1) c6 nghiém kép t, =t, =t, thi x = (A+ Bn)t(',1 ,trong d6 A, B 14 céc hing s6
dugc tinh theo céc sb hang x,, X, .

+) Néu phuong trinh (1) ¢6 hai nghiém phuc x+yi thi x =r" (Acosng+Bsinng), trong do A, B
la cac hang sb duoc tinh theo cac s hang x,, X, va r =+/a’+b?, o 1a mot arcgument ca X+ yi .
2. Tinh chat co ban day tuyén tinh cap hai.

Xét ddy s6 (u,) dugce xac dinh bai: u,,, =au,,, +bu, n=12,...
. u.,—bu u . —bu
Taco 2 o=t == u, (un+2 & bun) =U, (un+1 - bun—l)
un+l un
2 2 n-1 2
=uu,,-u,= _b(un—lum—l —u, ) == (_b) (u1u3 —U, ) :

Do do day (u,) thoa méan u,u,., —u?, =(-b)"" (ulu3 —uj) :

Pay 1a tinh chat rat quan trong vé ddy tuyén tinh cip hai, tinh chat nay thuong duoc sir dung khi
ching minh céc dang thirc lién quan dén céc sé hang caa ddy va céc tinh chét s hoc cua day.

3. Phwong phap thwong ding dé ching minh f (u,) 12 s6 chinh phuong, trong dé (u,) théa

man u, ., =au,, +bu +c.

n+l
Dé chitng minh day s6 (b, ) thoa man b, 1a s6 chinh phuong véi moi s6 nguyén dwong n ta thuong
str dung mot s6 hudng sau:

Huéng 1: Ta chi ra ton tai ddy sé nguyén (c,) théaméan b, =c?, vneN. Ddy s (c,) thuong du
doan bang cach tinh mét sb gia tri dau c;,c,,... va tim ra quy luat cia dy (c,).

Huwoéng 2: Ta chang minh b b, 12 mot s6 chinh phuong véi moi s6 tu nhién n, sau d6 ching minh

n+2
bang quy nap.
Huwoéng 3: Dua vao cong thac truy hoi ta tinh dugce b, = c?

I1. MOT SO BAI TAP MINH HOA
Bai 18.Cho day s6 (a,):a,=1a =2,a

a) a, —1 1a sb chinh phuong véi moi n 1é

4a,,, —a,,n>0. Ching minh rang:

ni2 =
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a -1

b) 1a s6 chinh phwong v6i moi n chén.

Hwéng dan giai
a) Cach 1: Ta du doan day sé (c,) saocho a,,,-1=c?,tacld a =2,a, =26,a, =362,a, =5042
suy ra ¢, =1,¢, =5,¢, =19,¢, = 71. Khi d6 ta thir thiét 1ap quan h¢ truy hdi cia dy (c,) theo day

tuyén tinh cap 2, gia st ¢, =ac,,, +bc, vatr ¢, =1, =5,c, =19,c, = 71 ta dugc

n+1

=
19a+5b =71 b=-1
c,=1lc =5¢c 4c..,—¢,,n=012,..

5a+b=19 a=4 . o .
. Do d6 ta du doan day s6 (c,) la:

n+2
Ta s& ching minh bang quy nap a,,,, —1=c? (1),vn=0,1,2,... That vay (1) dang véi n=0, gia st
(1) ding d&én n >0, ta s& chimg minh (1) dang dén n+1.

Taco a,,,,—1=4a,,,—a,.,-1=4(4a,,, -a,,)—a,,,, ~1=16a,,,, —4a,, —a,,, -1

=158,,,, — (8, + 8y, , ) —1=144,,,, -, , ~1=14(c +1)-c?, ~1-1=12¢] —¢?, -12 (2)

Theo hé thac co ban caa day tuyén tinh cap 2 ta duoc:

CpiCoy —Co =—6=(4c, —C,,)C,, —C.=—6=cC)+C., —4c.c,—6=0 (3)

Taco

Cra = (4C
=14c? -c?, -12 (4)
Tur (2) va (4) suy ra
a,.,—1=c

n+1

2 2 2 2 2 2 2
2 —Coa) =16¢2 —8c.c, , +c2, =16¢2 —2(c2 +c7,—6)+Cl,

Do d6 ta chimg minh dugc (1) ding dén n+1 suy ra (1) ding.
Cach 2: Tacd a ,,a, —a’, =3, ¥n>0. T h¢ thirc nay ta dugc:

n+2 n+1

2, +3-4a,,+1=(a,,-2)" (5).

(an+2 _1)(an _1) =a,.,8,-8,,-8,+l=a,, N+l

Tir hé thic (5) bang phuong phap quy nap suy ra a, —1 1a s6 chinh phwong véi moi s6 nguyén
duong 1¢é n.

b) Ta chung minh theo hudng 2 nhu sau:

a, —a,+1 a’ —4an+l+4_(an+l—2j2

—+

Tacd 2 _1_ a, -1 = a,,a, —a,,, n+l
6

6 36 36

Tir dang thirc ndy bang phuong phap quy nap suy ra a”6 1a s6 chinh phuong.
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I. Cac dinh nghia va cac dinh li co ban

Dinh nghia 1:

*) Ta no6i day so (x,) c6 gigi han hitu han a néu véi moi & >0, ton tai s6 tu nhién N, (phu thudc
vao ddy s6 X, va &) sao cho véi moi n> N taco |x,—a|<e.

limx,=a< Ve>0, 3N, eN: vn>N;:|x, —a|<e.

*) Ta n6i day sb (x,) dan dén +oo néu véi moi sb thuc duong M 16n tly ¥, ton tai s6 tu nhién N,
(phu thudc vao diy sé x, va M sao cho véi moi n> N, ,taco x, >M .

limx, =+0 < VM >0,aN; e N:Vn>N;:x, >M .

Tuong ty, limx, =—-wo < VP<0,3N,eN:Vn>N;:x, <P.

Day s6 ¢6 gigi han hitu han dugc goi 1a day hoi tu. DAy s6 khéng cd giGi han hitu han hoac dan dén
v cung (+oo hodac —oo) goi la day phéan Ki.

Vi du 1: Chitng minh rang lim2=1_1.
n+1
Bai gidi:

e Ry

n+

V&i moi & >0, xét bt phuong trinh

Co
n+1 n+1 &

n-1 l‘ 2 2
—-ll<eess—<egen>—-1.

Néu chon n, = [E} > E—1 thi (*) ludn ding ¥n>n,,n, eN.

& &
Tinh chat caa dy c6 gidi han vé cuc:
1) Néu lim|u, | =+oo thi lim+ =0.

un

2) Néu limu_ = oo, limv, =00 thi limu_v, =00, trong d6 dau + hoic — dugc chon theo ding
quy tac nhan dau thong thuong.
3) Néu limu, = +oo,limv_ =L #0 thi limu_v, =+, trong d6 ddu + hoiac — dugc chon theo dung
quy tac nhan dau thong thuong.
4) Néu limu, =L =0,limv,=0 va (v,) c6 dau x4c dinh ké tir mot s6 hang nao d6 tr¢ di thi

. u . 14 - , L s A N \
lim— =40 trong d6 dau + hoac — dugc chon theo dung quy tac chia dau thong thuong.
V

5) Néu limu, = oo, limv, = L thi lim(u, +v, ) =+oo.

Pinh Ii 1. Moi dy hoi ty déu c6 gisi han duy nhat.

Chtng minh.

Ta thay rang néu a,a,eR va |3, —a,|<&. Khi d6 véi moi ¢ duong nhé tity y cho truéc thi
_ At Ay nd _Ja-3ay| _ A x

a, =a,. Thatvay, néu a, #a, tachon & === |a, —a,|> &, mau thuan.

Giasu limu,=a;, limv, =a,. Khido Ve >0:
X—>+00

X—>+00

EIn:Vn>nl:|un—a1|<§ va EInZ:Vn>n2:|un—a2|<§.
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bt n, =max{n;;n,} c6: |a, —a,|=|a, —u, +u, —a,| <|u, —a|+|u, —a, <§+%:g.

Theo nhan xét trén thi limu, =a, =a,.

Pinh nghia 2. (Day con)

Cho ddy sé thuc (u,) va ddy sé nguyén duong (n,) sao cho n <n,<..<n <.. Diy
(unk ) = {unl,unz T } duoc goi la day con cia day (u, ).

TachGyrang n,>1,n,>n >1=>n,>2, tuong twtacod n_>k, vk e N".

Déy (u,) la ddy con cua chinh né véi n, =k .

Pinh li 2. Moi day con cua day hoi tu la day hoi tu va cé cung gigi han cua day.

Chung minh.

Gia st lim u, =a, theo dinh nghia ta c6: Ve >0,3n,:Vn>n,:|u, —a|<e.

X—>+00

Cho (unk) la day con cua (u,). Khidé Vk >n,,tacd n, >k >n; nén

u, —a‘<g:> limu =a.
k k

k—+o0
Pinh |i 3. (Tong, hiéu, tich, thuong cac day hoi tu)
Néu(x,),(y,) la cac day hoi tu va co giéi han twong Gng la a, b thi cac day sé(x,+Y,),

(X, = Ya) + (XYs) [ﬁ] ciing hoi ty va c6 gigi han twong ting la a+b, a—b, ab, %. (Trong

truong hop ddy sé thuong, ta gia sir y, #0 va b = 0).
Chung minh:
- Truong hop lim(x, +y,)=a+b

Co6 limx, =a nén v% >0, 3n, sao cho ¥n>n, thi |x, -4 <§ (1).

limv, =b nén vg>o, 3n, sao cho Vn > n, thi |yn—b|<g (2).

bat n, =max{n,,n,} thi ¥n>n, = (1),(2) théa. Khi d6 Vn>n;:
‘(xn+yn)—(a+b)‘s|xn—a|+|yn—b|<§+§=g:>Iim(xn+yn):a+b

- Truong hop lim(x, -y, ) = a—bta chung minh tuong ty truong hop lim(x, +y,)=a+b duoc
|(xn—yn)—(a—b)|s|xn—a|+|b—yn|<§+g:g:>Iim(xn—yn):a—b

- Trwong hop lim(x,.y, ) =ab

C6 limx, =a nén Ve >0,3n, sao cho vn>n, thi [x,—a|<e (3).

limv, =bnén v+/e >0,3n,sao cho ¥n>n, thi |y, —b|<+e (4).

bat n, =max{n,,n,} thi vn>n, = (3),(4) thoa. Khi dé vn>n,:

(%, —a)(y, —b)| =[(x,.y, —ab—x,b—y,a+2ab) =|x,.y, —ab|-|x b+ y,a—2ab| |x,.y, —ab]
= [x,.y, —ab| < Ve e =& = dpem.
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- Truong hop Iim(ﬁ]:%,(yn #0,b+0), ta chimg minh twong ty trudng hop lim(x,.y, )=ab
Y

n

duoc
(x,-a) 1 L)X 3| % _a 2a.1x 3 |x, a 2a. |x _a
y, b y, b) by, bf| |y, bl |b y b| |y, b
:ﬁ_%g\/gx/gzg:dpcm.
Y
3 an?
Vidu2. Tim limu, véi u, = 2n 34n ¥3n+3
n°—-sn+7
Giai.
2—ﬁ+%+i3
Tacé: u, =—n_N__N
n 5 7
1—F+F
. 4 3 3
I|m(2—n+nz+ngj lim2—tim % +1im > +1im >
Suyra: limu_ = = n n =22
n ] 5 7 . .5 7
lim 1-—+— liml-lim— +lim—
n> nd n n

Vi véi keZ*,tacé:Iimikzo.
n
Do néu chon n {L}Lbi thi bat dang thic
S e Ye
Pinh li 4. Gia str limu, = L. Khi do:
a) lim|u,|=|L| va limgfu, =3L.
b) Néu u, 20,vn thi L>0 va lim,Ju, =+/L.
Pinh i 5. (Chuyén qua giéi han trong bat dang thirc)
Cho day s6 (x,) c6 gi6i han hitu han ¢; néu 3IN,eN sao cho ¥n>Ng, ta co

n—lk < ¢ dang Vn>n, hay Iimnik:O.

as<x,<b=a</(<b.

binh |i 6. (Binh Ii kep)

Cho ba day sé (X,), (V,), (z,), trong @ (X,) va (z,) ¢ cing gi¢i han hitu han L , va
AN, eN:Vn> N, tacd x, <y, <z,.Khido (y,) cling co gidi hanla L.
Chting minh:

Ta chiing minh két luan cua dinh 1i cho trudng hop L=0.

Vi limu, =0nén Ve >0, ton tai ny sao cho vYn>n,:|u |<e, ticla —e <u, <& .
Tuong ty, ton tai n, sao cho Yn>n,:|w,|<e, ticla —e<w, <e.

Nhu vay, ¥n>n, =max{n;,n,} tacd —e <u, <v, <w, <e.

Theo dinh nghia, ta c6 limv, =0.

Hé qua. 1) Néu u, <c,Vn thi limu_<c (néu giéi han ton tai).

2) Néu |u,|<v, vn va limv, =0 thi limu, =0.
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Vi du 3. Chiing minh ring néu |q|<1 thi limg" =0.
Giai.

1 re r 2 appe P n
bat a==>1. Ap dung bat dang thirc Bernoilli, tacé: a" =(1+a-1) >1+n(a—-1)>0

[l

Su ra0<i< 1 < 1
Y a" 1+n(a-1) n(a-1)

Ma lim0=0va lim

1 =0 nén theo dinh li 4 ¢ Iiminzo hay lim|g|'=0=limg" =0.
n(a-1) a
Pinh Ii 7. Moi dy sb hoi tu thi b chan.
Chung minh:
Gia su (x,) hoi tu va limx, =L. Theo dinh nghia, véi &£=1,3N; sao cho Vn>N, thi
-l<x,-L<l=L-1<x,<L+1.
bat M =max{x1,x2,...,xN0,L+1},m:min{xl,xz,...,xNo,L—l} thitaco: m<x, <M vn=123,..

Suy ra (x,) bi chan.
bPinh li 8. Mot day tang khong nghiém ngat (knn) va bi chan trén hay mot day giam knn va bi chan
dudi thi hoi tu. Ngan gon hon, mot day sb don diéu va bi chan thi hoi tu.

Pinh1i9.  a) Néuday (x,) ting knn va c6 gidi hanla L thitaco x, <L Vvn.

b) Néu day (x,) giam knn va co gidi hanla L thitaco x,>L Vn.

Chang minh.

Ta chi can chiing minh a), vi b) hoan toan tuong tu.

Gia sir nguoc lai, ton tai k sao chox, > L. Khi do, vi (Xn) tang knn nén ta c6 X, > X, ,Vn>Kk suy
ra L=limx, >x_>L (theo dinh |i 3) = mau thuan. Vay ta dugc dpcm.

Pinh 1i 10. (Nguyén Ii Cantor vé diy cac doan thiang 16ng nhau)

Cho hai day s6 thuc (a,), (b,) sao cho:

a) vneN :a <b .

b) vneN :[a,;b,]|>[a,..;b

c) b,—a, >0 khi n— +w.

n?’ n+1? n+1]'

Khi d6 ton tai duy nhat s thuc L sao cho ﬁ[an;bn]:{L}.
n=1

Chtng minh.
Theo diéu kién b) thi a,, >a, va b, <b, nén (a,) la day ting knn, (b,) 1a ddy giam knn két hop

n+l = n+l —
diéu kién a) ta dugc a, <b, Vn va b >a Vn.Suyra (a,) la day ting knn va bi chan trén, (b,) Ia
day giam knn va bi chan dudi.
—ton tai lima, = A va limb, =B. Do b,—a, -0 khi n—>+0 = A=B=L (LeR).

Mat khac, (a,) va (b,) 1a 2 day don diéu va c6 gisi han 1a L nén a, <L <b, ¥n (dinh Ii 7), suy
ra {L}= ﬁ[an;bn]. L lagisi han cia 2 day(a, ), (b,) nén cé tinh duy nhat =dpem.
n=1
bPinh li 11. (Bolzano-Weierstrass)
Tur mot day bi chan ludn c6 thé trich ra mot day con hoi tu.
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Chtng minh.

Xét (a,) bichanhay 3m,M sao cho doan [m;M ] chua tat ca cac sb hang cua (a,).

Ta xay dung day cac doan thang [x,; y, |theo quy tic sau: x, =m, y, =

bt t=%. Vi [x,;y,] chira tat ca cac sé hang cua (a,) nén mét trong hai doan [x,;t],[t; y,]
phai chira vO s cac sb hang cua (a, ). Gia st doan [x,;t] chira vo s6 cac sb hang cia (a, ) thi ta dat
X, =X, ¥, =t (truong hop doan [t;y,] chia v sb cac s6 hang cua (a,) ta lam twong tu). Tiép tuc
thuc hién nhu vy, néu ta da xay dung dugc doan [X,; Y, | chtra vd sb cac s6 hang cua (a,) thi ta s&
xay dung dugc doan [X..;Y,..]1a 1 trong 2 nira cia [X,;Y,] va cling chta vo sé cac s6 hang cia
(a)-

suy ra ta xay dung dugc ddy cac doan thang [x,;V,] 16ng nhau va vy, —x, = MZ—_ —0 va mdi
doan [X,;Y, ] chtra vd sb cac s6 hang cua (a, ).

Ta chon déy con (a,) cua (a,) nhu sau:

a, =a,.Giasu a,,..,a daduocchon thi ta s& chon chi sé i ,, sao cho:
1) i, >

2) a, e[xj+1; Yia |-

Viéc chon nay ludn thuc hién dugc vi [xjﬂ; yM] chua vo sb cac sb hang cia (a, ).

j+1

Tur cach chon day cac doan thang [x,;V,], theo dinh Ii 8 3L eR sao cho{L ﬂ[xn, y,] hay
n=1

&)
limx, =limy, =L (1). Mat khac theo cach chon (aij) thi x;<a <y; voi moi j =lima =L
(dinh 1i kep). VAy ta da trich ra dwgc mot day con hi tu tr (a,) (dpem).
Dinh nghia 3.
Day (X,) duoc goi la day co ban hay ddy Cauchy néu Ve >0,3N, e N:vm,n> N, (N, phu thuoc
) thi |x, —x,|<e.
Vi du 4. Chang minh ring néu (x, ) 1a ddy Cauchy thi (x,) bi chan.
Chtng minh.
Tacd dinh m=N,+1> N, khi d6 |x, —x,|<& <

h— X

ES Xy q—E<XK, <Xy yt+&

Ng-1 Ng-1 No-1
=a<x, <b véi a=x, —&,b=x, +& = (x,)bichan (dpcm).

Pinh i 12. (Tiéu chuan Cauchy)

D&y s6 (X,) c6 gisi han hiru han khi va chi khi nd la day Cauchy.

Chung minh.

Néu (x,) hoi tu vé gisi han hitu han L thi Ve >0:3N, e N sao cho Vm> N; taco |x, —L| <§.

Khi d6 ¥m,n >Ny, taco: |x, —x,|=|(x, —L)= (%, — L) <|x, = L|+|x, ~L|<< +§=
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Suyra (x,) la day Cauchy.
Nguoc lai, gia sir (x,) la day Cauchy. Khi d6 (x,) bi chan. Theo dinh Ii Bolzano-Weierstrass, ton

tai ddy con (xik) cua (x,) c6 gioi han hitu han L .Ta chung minh L ciing 1a gi6i han cua (X, ).
Ve >0, ton tai k sao cho vk >k,, taco ‘xik —L‘<§.

Mat khéc (x,) la ddy Cauchy nén ton tai N, sao cho Vm,n> N, ta co: |xm—xn|<%.
Do i, — +00 = 3k >k, sao cho i, > N,. Xét m > N, bét ki, ta co:

—x |=|(x. L —L)<|x. —L|+|x —L £_
‘xm x,k‘ ‘(xm )- (x )‘ X, |+‘x ‘< +2
Suyra limx, =L.

Vi du 5. Chimg minh ring ddy sb (x,) xac dinh bai x, _1+2i+ L hoi tu.

n2
Giai.

Tacé véi m>n thi: =X, |= T

acovol m> I |Xm Xn| (n 1)2+ m2<n(n+1) (m 1)
111 1 1 1.1 1.1

n on+l n+l n+2 T m=1 m n m

Nén Ve >0, tachon N, =F}r1>1 thi vm,n > No,tacé:|xm—xn|<_;<i<g
& £ min{m,n} N,

Suy ra (x, ) 1a day Cauchy nén (x, ) hdi tu (dpem).
Pinh nghia 4 (S6 €)

Cho day (x

n

, . 1 \ - A s N 17 LtA \ 4 N A A oA
) xac dinh: x, :(1+—J . Theo Euler limx, ton tai va ki hi¢u la e, so e la mot so6 vo
n

ty va 15 sé dau trong khai trién thap phan caa nd 13 e =2,718281828459045...... Ta ching minh
(x,) 1a day hoi tu.
Chung minh.

n+1
Taxétday (y,) voi y, =(1+1j , ta chung minh day (x, ) 1a day tang va (y,) 1a ddy giam.
n

Ta co:

1 \™ 1Y n+l_n n+2
Xop > X, < | 1+——| >|1+— +—>1+—
n+1 n n+1 n+1 n+2 (

n+1 1( n+1j n®+2n-1
1+ =

<=|n-
n+2 n n+2 n(n+2)

Ma p (A-G) = (*) dung (do (n2+2n) >(n2+2n) -1), suy

a (x,) la day tang.

1\ " n+1 /n+ In+1
Yy <Yy = (1+—j (1+—]
n n n —1 n

2
Ma n/n+1<1(n—1 n+1j_n j1< 2n ,nén (y,) laday giam.
n n n n n°-1
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n n+1
M3t khac, ta lai c6 2=x <X, :(1+1j <(1+1j =y, <y,=4 = (X)), (y,) 1a ddy hoi tu
n n

(dpcm).

e 1a hang s6 dic biét trong toan hoc. Ham sé e* ¢6 nhiing tinh chét dac biét va ngudi ta thuong
dung lam co s6 cho cac ham sé mil dung trong giai tich. Ham nguoc ciia ham e* (hay exp(x)) la
log, x hay Inx (doc la logarit ty nhién cia x hay logarit Neper cta X).

Bai 19.Cho ddy so (u,) duge xé4c dinh nhu sau

u, =1
) n=123,4,..
u.,=u +——u
n+1 n 2009 n
a. Chuang minh limu, = +oo
n—o0
R . (u u, u u
b. Tim lim| 2+2+24+ 4+
e u2 u3 u4 un+l
Bai giai

a. Chung minh limu, = +oo

Nn—oo

Tacod 1=u, <U, <U, <...<U <..VAay u, laddy tang. Gia st ddy s bi chan trén thi ta c6

limu,=a>1.

n—oo

) ) u? a®
Suyra limu_. =Ilim "_tu | >a= +a=a=0. (khong din
yralimu,, n»w[zoog n 2009 (khong ding)

Vay limu, = +oo

n—oo

.. (u u u u
b. Tim Ilm[—1+—2+—3+...+—”J
el u, U U, u
2
un

n+l

Taco u,, —u = o= 2009(i—i)
2009 u,, u, U,
Vay ta co
Y% %, ZOOQ(E—LJ = 2009[1—i]
u2 u3 |"|4 un+l ul un+1 un+1

- |im(i+ﬁ+ﬁ+...+ Uy ]: |im2009[1—i]=2009.

e U, Up o U Upg ) "7 Unia
8 a2 . o |u =11 NN ]
Bai 20.Cho day so u,, xac dinh boi : . Tim cong thuc tinh u,, theo
Unya =10u, +1-9n,VneN
n.
Bai giai
Ta co:
U =11=10+1

Uy =10.11+1—9 =100+ 2
Uy =1003 =1000+ 3
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Du doan: u, =10" +1 1 . Chiing minh:

Ta c0: u1:101+1 , congthirc 1 dung voi n=1.

Gia str cong thuc n=1 dung véi n=K taco : uy —=10% +1. Ta co:

U =10 108 +k +1—-9k =10 + k41 . Congthuc 1 ding voi n=k +1

Vay u, =10"+1VneN,

Bai 21. Cho P, :[1—1][1—i]... 1—; . Goi U, la sb hang tong quat cia P,. Tim
2.3 34 n+1 n42
lim U,.
n——4o00
Bai giai
k k+3
Taco: 1— 2 = +

k+1l k+2 k41 k=+2

142536  n(n+3)
233445 (n+2)(n+1)

Cho k=1,2,3,...,n taduoc:S, =

Suyra
U,= n+3 = limU, = lim n+3 =E.
3(n+1) o > 3(n+1) 3
u =2
Bai 22.Cho ddy u, xac dinh boi: u? +2012u N
Upy ="~ (neN’)
2013
Thanh Ip ddy S, xac dinh boi: S, =" .Tim lim$S_..
i—1 ui+l — n—oo
Bai giai
Taco:
2 2 " u, (u, -1 .
un+l:un+2012un:un+2013un u, _ Uy (U, )+un, DN *)
2013 2013 2013
U=2=U <U,<--<U, <U,,; <

Suyra u, laday tang

Gid sir u,, bi chan trén lac d6 ton tai s6 L sao cho limu, =L (L>2).

n—o
~y . u(u,-1)
Tr * taco: Ilmum:llmMHlmun

n—w n—w 2013 n—w

L(L-1 L=
=>L= ( ) L = (vo ly)
2013 L=
= U, khong bi chan trén. Suy ra limu, =+ = lim 1 0.
n—o n—oo un
Mat khéc :
u?+2012u, u,(u,-1)
un+1 = = + un
2013 2013
= u, (u, —1)=2013(u,,, —u, ) = 2013 (u,,, ~1)—(u, -1) |

oy =213 Ya Tl g ] U _pppgl 1 1|
u, —1 u,,—1 u,-1 u, -1

n+1
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Chon=1 =

YW o1t 1 |_omgf1o L.
u, -1 u-1 u,-1 u, -1
Tuong tu
u2

=2013( 1 1 J
u, -1 u,-1 u,-1

U oozl L 1
u,,—1 u,-1 u.,-1

n+1

n
~ e £ u.
Cong vé theo vé ta dugc: S, = > —

=2013|1- L
it Uiy -1 U, -1

:>IimSn:|im2013(l— L 1J:2013

n—o0 n—oo un+]_ —
. 1 Ul = 2012
Bai 23.Cho ddy s U, xac dinh nhu sau: ) .. Tim
Unyq = 201207 +Uu,,VneN
lim ﬂ+u_2+u_n .
U Us Un+1

Bai giai
Chiing minh dugc diy tang : uy,; — U, = 2012u%, Yne N’

Gia st ¢6 gioi han 14 a thi : a=2012a® +a=a=0> 2012 (v0 Ii)
nén limu, = +o0.

2
Taco: dn—_Un _ Uy 11 1}
Uyt Unpaln 201205 Uy 2012{un  Upyy
Vefly:S:L lim 14 X 1 :
2012 n—+ooly  Un ) 20122
Bai 14: Chodaysé x, xacdinhbai: x —i+£+---+ K Tinh:
' “ ' R TRET k+11
IimQ/xf+x2+x§+---+x2012.
Bai giai
Taco
k+1 x .
X1 — X = k+2|>O,VkeN = X1 > X >0, VkeN

= X010 < X' + X5 oo XJo10 < 2012.X5015

= X012 < Q/Xln +X3 .. X012 < V2012501
Taco
k 1 1

K+1! k! K+1!

 VkeN",
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1 1 |
k! k41!

k41!

1
= Xp012 =1— 20131

1
1——< X +X +.. +X <\/201 1———
2013! \/ 1 2012 [ 2013!]

] 1
Suyra limYx" +x3 +...+x}., =1———.
y \/1 2 2012 2013

Bai 36: Cho déysé: U, xéc dinh nhu sau: \/n+1+\/ﬁ Un:2—2+1, n=123,...Chang
n

minh rang:
1005
U,+U,+u U <—.
1Y +Usz+..+Uso 1006
Bai gii
2 _2 \/k-l-l—\/E
2k +1 Jk+1+k 2k +1

Taco: U, =

k -+ k+1 2k+1 1 1
,do Jk k+1 < U, <——=——.
2. fk k+1 2 KoK Jk+1
Do do6:
1L 1

AN f][ff]f

Ul +U2 +U3+ +Uk <

2 k

1 2
S P <
vk+1 Jak +4 «/k2+4k—}—4 k+2 k+2

Suyra U1+U2+U3+ +Uk <—

Vil-—

k+2
Khi k 2010 th| U1‘|‘U2 +U3+ +U2010 <% (de )
Bai 39: Tinhtong : S =5+55+555+...+5...55.
Bai giai

Taco

S= g{9+99+999+...+9...99]

n

n_ n+l _
:s=g(10—1+102—1+1o3—1+...+10"—1):§[—10(10 1)—n]=5(10 10 9”).

9| 10-1 81
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2+C0S2c) X, +C08” & nooq
Bai 41: Choday (x ) : x, =1, x , = ( L .baty = :
y () % " (2-2cos2a)x, +2-c0s2a T §2xi+1
vn>1.
Tim a dé day sb (y,) c6 gisi han hitu han va tim giéi.
Bai giai
Taco:
3x, —2x_sin® o +cos® 1 2sin’a 1
n+l: -2 -2 = +
4x sinfa+2sina+1  2x ,+1 3 3(2x, +1)
1 1, 1 -,
sin«
2x +1 3"
n 1(. 1 3(. 1Y].,
= +sina l1-— |==|1-— |[+|n—=|1-—|[|SIN“ &
= ;2x+ Z Z[ s'lj 2( 3” 2( BH
—

Vi Iimsin:O nén day (y,) c6 gisi han hiru han khi va chi khi sina =0< a=kz.

, . U,=3 .

Bai 44: Cho ddy sb (U, ) thoa man diéu kign: { , VneN".
U, =U,+n(n+1)
Xac dinh cong thirc s6 hang tong quat U, va tinh lim g” :
n® +
Bai gii

Taco:
U, =3
U,=U,+1+1
U,=U,+2+2°

U, :Unfl+(n—1)+(n—1)2
Dodo U, :3+(1+2+3...+(n—1))+(12 +2°+3 +...+(n—1)2)

Bing qui nap chimg minh duogc rang :
(n=1)n
2

1+2+3+..+(n-1)=

242%4..+(n-1)" = (n=1)n(2n-1)

6

Suyra

f _3+(n—1)n+(n—1)n(2n—1)_n3_n+9

" 2 6 -3
Do d6

n°—-n+9

U, 1
“mn3+ =lim n33+ ==
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U, =1
Bai 45: Cho day s6 (U,) c6 1 . Tim limU .
Un+l: Unz+§ anJ. o
Bai giai
1
DoU ,=,U’ +% nen UZ =U’ +§ véi vVn>1.
Khi do6
1
UZ=U’+—
2 1 2
1
U:=U22+?
1
2 2
U =Un_1+2n71
Suyra

Urf:Uf+2i+%+...+2}_1 =1+2i+%+__+2}_1 :2(1—

n—+wo n—+w

Vay limU_ =lim 2(1—%):\/2
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