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Cuén sach 9 Chuyén dé S8 hoc Trung hoc co sé gitip cac em hoc sinh
cac lop 6, 7, 8, 9 thi hoc sinh gioi va thi vao Idp 10 chuyén Toan.

Trong rat nhiéu chuyén dé vé S6 hoc & Trung hoc co sd, tac gia chon loc
nhing chuyén dé thudng gap nhat trong cac ki thi néi trén, hé théng cac
phuong phap gidi voi cac vi du minh hoa va cac bai luyén tap dugc phan
chia theo ting dang toan. Véi cac chuyén dé khac vé S6 hoc khong dugc dé
cap dén trong cuén sach nay, cic em cé thé tham khdo trong cic cuén sach
Nang cao va phat trién Todn cic I6p 6, 7, 8, 9 ; Phuong trinh nghiém
nguyén va kinh nghiém gidi cda cang tac gia.

Cac bai todn dugc chon loc trong cubn sach nay c6 nhing dac diém sau:

— La cdc bai toan mdi, chang it xuat hién hodc chua xuit hién trong cac

cudn sach da duogc xuat ban.

— Co dé kho vira di phuc vu cho yéu cau chon hoc sinh gioi va chon
hoc sinh vao Iop 10 chuyén Toan.

~ €6 nhiéu tinh huéng doi héi cac em phai van dung kién thic mot
cach thich hop, sang tao dé gidi quyél.

- Loi gidi dugc chon loc dé vita ro rang dé hiéu, vita ngdn gon cé dong.

Trong sach ¢6 nhang bai tap khé, nhung cach gidi cac bai tap dé déu hop
Ii véi mach w duy sang sua, diéu dé gidp cac em rén luyén phuong phap
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va trau doi tu duy. VGi méi bai toan trong cuén sach nay, cac em nén danh
thai gian tim hiéu vi sao da gidi dugc (hodc khong gidi dugc) bai toan dy, tr
dé rat ra nhang kinh nghiém vé phuong phap gidi quyét van dé, diéu do
khéong chi c6 ich trong hoc Toan ma con can thiét trong hoc tap, trong
nghién cdu va trong cudc song.

Cac bai toan trong cuén sach nay nhu nhiang dinh cao trong hoc Toan.
Cac em hay tap chinh phuc nhiang dinh cao dy dé€ sau nay chinh phuc dugc
nhdng dinh cao khac, cao hon.

2

6n sach cang la mét tai liéu thiét thuc cho cac thay cé gidao béi duong

aicyi man Toian cac can b ohi dan man Toan va cic hir cha me
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oc sinh quan tam dén viéc boi duong nang luc toan hoc cho con em.

Tac gid cam on ban doc da s dung cuén sach nay va mong nhan dugc

nhdng gop y cua ban doc cho cudn sach.
Tac gia mong muén rang
Chin chuyén dé 56 hoc
Gitip tu duy trau déi
Cung cap cho ban doc
Thém hanh trang vao doi.

vU HUU BINH
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Chuyén dé 1
TINH CHIA HET NGUYEN

TONG QUAN VE CHUYEN DE

Chia hét la mot tinh chat dac trung cia tap hop s6 nguyén.

Cac bai todn vé chia hét trong chuyén dé nay bao gobm ba dang chinh:

— Dang I: Chirng minh su chia hét cho mot so.

— Dang 2: Chimg minh su khong chia hét, bao gém ca viéc tim s6 du va tim
mot hoac nhiéu chir s6 1an cung cia mot so.

— Dang 3: Tim diéu kién ciia mot s6 dé xay ra quan hé chia hét.

Vi su phong phii va da dang dé, cdc bai tap vé chia hét thuong hap din va cé
mat trong cdc d¢ thi hoc sinh gioi Todn.
Thu tri thong minh

~ ' ? ~ =~
TIM DIEM CUA TUNG NGUOI

Nam ban Anh, Bich, Cao, Diing, Hoa choi mot tro choi duoc s6 diém xéEp tir

nho dén 16n la 23, 25, 36, 37, 50.

Ban hay tinh diém cla timg nguoi,
bi¢t rang:

— Téng s6 diém cua Anh, Bich, Cao
gdp ba s6 diém cua Ding: (1)

— Diém cua Bich 1a mot s6 1¢; (2)

— Anh nhiéu diém hon Cao. (3)
Giai

Do (1) nén téng s6 diém cta bdn ban Anh, Bich, Cao, Diing gip bon s6 diém
cua Diing nén la so chia hét cho 4.
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Tong s6 diém cia nam ban la:
23 +25+36+ 37 +50= 171, la s6 chia cho 4 du 3.
Suy ra s6 diém cua Hoa chia cho 4 du 3, dé 1a 23.
S6 diém cua Ding la: (171 —23) : 4 = 37.
S6 diém cia Anh, Bich, Cao thuoc tap hop {25; 36; 50}.
Do (2) nén Bich duoc 25 diém.
Do (3) nén Anh duoc 50 diém, Cao duoc 36 diém.

Vay Anh duge 50 diém, Bich duoc 25 diém, Cao duge 36 diém, Diing duogc
37 diém, Hoa duoc 23 diém.

Cho hai s6 nguyén a va b, trong dé b # 0. Ta né6i a chia hét cho b néu 16n tai
sO nguyén k sao cho a = bk.
D¢ chimg minh su chia hét, cdn nhé cdc dau hiéu chia hét (cho 2, 4, 8, 5, 25,
125, 3. 9, 11), cdc tinh chat chia hét cta téng, hiéu, tich, nhat la cédc tinh chat sau:
— Néu tich ab chia hét cho m, trong d6 b va m la hai s6 nguyén t6 cung nhau
thi a chia hét cho m.
— Néu mot tich chia hét cho s6 nguyén 16 p thi t6n tai mot thira s6 cua tich
chia hét cho p.
— Né&u a chia hét cho cdc s6 nguyén 16 cung nhau doi mot thi a chia hét cho
tich cua ching.
— Néu a, b la cdc s6 nguyén thi
a" — b" chia hét cho a — b véi n 12 s6 tu nhién;
a” + b" chia hét cho a + b v6i n i s6 wu nhién I¢é;
(a + b)" = ak + b" v&i n 14 s6 tu nhién, k 12 s6 nguyén.
Vidu 1. Cho A = n’ —9n” + 2n (n la s6 nguyén). Chimg minh ring A chia hét
cho 6.
Giai

A=n’-9n%>+2n=n’-3n%+2n-6n°
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XétB=n’-3n+2n=n(n’*-3n+2)=nn- 1)n-2).

Trong ba s6 nguyén lién ti€p, c6 mot s6 chia hét cho 2, ¢6 mot sé chia hét cho 3.
Do B chia hét cho cidc s6 nguyén t6 cung nhau 2 va3nén B : 6. Suyra A : 6.

L y

Tich cua ba s6 nguyén lién tiép chia hét cho 6. Téng quat, tich cia n so
nguyén lién ti€p chia hét cho n!.

Vi du 2. Cho A= LS s 20, B=31.32. ... 08,

Chimg minh rang A + B chia hét cho 59.

Giai

B=(59-29)(59-28)(59-27)...(59-1)

=59k - 1.2.3. ... 29 = 59k - A (k la s6 nguyén).

Vay A + B chia hét cho 59.

Vi du 3. Cho cdc so6 tu nhién a va b thoa man ab + 1 chia hét cho 24. Chimng
minh ring a + b cling chia hét cho 24.

Giai

Tacoab + 1 : 24 nén ab + 1 chia hét cho 3 va 8, suy ra ab chia cho 3 du 2 va
chia cho 8 du 7.

Do ab chia cho 3 du 2 nén trong a va b ¢6 mét s6 chia cho 3 du 1, mot s chia
cho 3 du 2, do d6 a + b chia hét cho 3.

Do ab + 1 : 24 nén a va b la cdc s6 1¢, do d6 néu a va b chia cho 8 du r thi
re {1:3:5;7}. Do ab chia cho 8 du 7 nén chi ¢6 hai truong hop: mot sé chia cho
8 du 1 va mot s6 chia cho 8 du 7 (khidé a + b : 8), mot s6 chia cho 8 du 3 va mot
sO chiacho 8 du 5 (khidéa + b : 8). Vay a + b chia hét cho 8.

Do a + b chia hét cho cdc s6 nguyén 16 cung nhau 3 va 8 nén a + b chia hét
cho 24.

Il. CHUNG MINH SU KHONG CHIA HET

Vi du 4. Chimg minh ring n° + n — 16 khong chia hét cho 25 véi moi s6
nguyén n.

Gidi
Cachl.A=n*+n-16=(n+ 3)(n-2)- 10.
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Ta thdy n + 3 va n — 2 ¢6 hiéu bang 5 nén chiing cung chia hét cho 5 hoac
cung khong chia hét cho 5.

Néu n + 3 va n — 2 cung chia hét cho 5 thi (n + 3)(n — 2) : 25, do d6
(n + 3)(n — 2) — 10 khong chia hét cho 25, urc la A khong chia hét cho 25.

Néu n + 3 va n — 2 cing khong chia hét cho 5 thi (n + 3) (n — 2) khong chia
hét cho 25, do d6 A khong chia hét cho 25.

Cdch 2. Gia sirt6n tai s6 nguyén n ma
A=n"+n-16:25thin+n-16:5
"=n’-4n+4+5(-4):5=>(-2)%:5.

Do 5 laso nguyéntonénn—-2: 5.

Datn=5k +2 (ke Z)thi A = (5k + 2)? + (5k + 2) — 16 = 25k> + 25k — 10,
khong chia hét cho 25, mau thudn véi di¢u gia su trén.

Vay A khong chia hét cho 25 véi moi s6 nguyén n.

Cdach3.A=n"+n-16 = 4A =4n’ + 4n - 64 = 2n + 1)* - 65.

Néu 2n + 1 : 5 thi 4A khong chia hét cho 25 = A khong chia hét cho 25.

Néu 2n + | khong chia hét cho 5 thi (2n + 1)? khong chia hét cho 5 = 4A
khong chia hét cho 5 = A khong chia hét cho 25.

Cach 4. Lan luot xé1 n bang 5k, 5k + 1, 5k + 2, 5k + 3, 5k + 4 réi tinh A. Ban
doc tu giai.
iIl. TIM DIEU KIEN DE CHIA HET
Vidu 5. Tim s6 wwnhién n dé n” + (n + 1) + (n + 2)> + (n + 3)* chia hét cho 10.
Giai
A=n’+m+1P+m+2°+m+37°=22n*+6n+ 7).
Ai10=2n°+6n+7: 5@ 2n°+6n+2:5=2m*+3n+1): 5
<n’+3n+ 15 n(n+3)an cung 4 hodc 9 < n tan cung | hoic 6.
Pap s6: n tan cung | hoac 6.

Vi du 6. Tim s6 nguyén n dé€ 3n + 1 chia hét cho n® +n + 1.


https://sachhoc.com

Giai

* »
3n+1:n"+n+1

= 2 . 2
= 3nl+n:n*+n+1l = 3N +n+1D)-2n+3):n"+n+1

- >
=2n+3:n"+n+ 1.

Tu(Hva()suyra3@n+3)-2Cn+ 1) in+n+1=7:in

Don*+n+1>0nénn’+n+1€e{l;7}.

2

(1)

(2)

+n+ 1.

VinP+n+1=1thin+n=0nénne {0;-1}. Cic gia tri nay déu thoa

- . 9
man3n+1:n"+n+ 1.

Véin+n+1=7thin+n-6=0&(n-2)(n+3)=0<ne{2:-3}.

. - ’ - . 2
Chicon=2thoaman3n+1:n"+n+ 1.

Pdp sé:-ne {-1,0, 2}.

Vi du 7. Tim s6 nguyén duong n dé (n + 3)(n + 4) chia hét cho 3n.

Giai

m+3)n+4):3n=n’+Tn+12:3n=n

2 . - -
= n- +n+ 12 chia hét cho 3 va n.

2

+n+12: 3n

nP+n+12:n=>12 n=>ne{l:2;3:4:6: 12}.

2

Loai cdc 506 cd dang 3k + 1 & (1) ta dugc

(D

n“+n+12:3=nn+1): 3=n=3khoaicn=3k+2(ke N).

n 2 3 6 12
3n 6 9 18 36
n’+n+ 12 18 24 54 168

Chi ¢6 cdc truong hop n = 2 van =6 thin” + n + 12

Fom 8 Fhfom 3 A% o Fom
UL 2001 T™4%) . JIl.

Pap so-n=2van=6.

3n, do dé

Vi du 8. Tim cac s6 nguyén duong x va y 16n hon 1 sao cho x + 3 chia hél

cho y va y + 3 chia hét cho x.
Giai

Giasr2<x<y.

a) Xéty =2 thi x =2, khong thoaman x + 3 : y.
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b) Xéty23.Datx+3=ky(ke N) (1)
thiky=x+3<y+3<y+y=2ynénk<2.

-Vaik=1l,wr(l)c6x+3=y. Thayvaioy+3 : xdugcx+6: xnén 6 : x,
laico x > 1 nén x € {2; 3; 6}.

X 2 3 6
y 5 | 6 9

-

| S—

- Voik=2,1r(1)c6x+3=2y. Try+3: xsuyra2y+6: x =x+9: x
=9 : x.Dox>1nénx e{3;9}.
Khi x = 3 thi y = 3, thu lai ding.

Khi x =9 thi y =6, loai vitrdi véi x < y.

Pap so: Cac cap s6 (x, y) phai tim la (2; 5), (5: 2). (3; 6), (6; 3), (6; 9), (9: 6),
(32.3).

Vidu 9. Tim s6 nguyén duong n nho nhat dé A= n® + 7n” + 6n chia hét cho 125.
Giagi

A=n3+?n2+6n=n(n2+?n+6)=n(n+ 1)(n +6).

Véin=5k (ke N)thinn+ l,n+6chiacho5du0,1, 1. D& A : 125 thi

n : 125. Chon n nho nhat la 125. (1)

Véin=5k+ lthin,n+ |, n+ 6 chiacho 5dul, 2, 2. Khi d6 A khong chia
hét cho 5.

Véin=5k+2thin,n+ I, n+ 6 chiacho 5 du2, 3, 3. Khi dé6 A khong chia
hét cho 5.

Véin=5k +3thin.n+ I, n+ 6chiacho 5 du3, 4, 4. Khi d6 A khong chia

hét cho 5.

Véin=5k+4thinn+ 1.n+ 6 chiacho 5du4,0,0. Dé A : 125 thi
n+1:25hoacn+6: 25.

Truomg hgpn + 1 : 25, chon n nho nhat la 24. (2)
Truong hop n + 6 : 25, chon n nho nhat la 19. (3)
So sanh (1), (2). (3), ta chon n = 19. Khi d6 A = 19.20.25, chia hét cho 125.

10
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Vi du 10. Tim nam chir s6 1an cung cta 5°°.

Giai
Tim nam chir sO 1an cung cua 5% 1a tim s6 du cuia phép chia 5% cho 10°.
Tac65°=5"-5"+5"=5"5"%-1)+5".

Xas¥ 1=+ +1)5%+ 1) (5° + 1) (57 - 1), chia hét cho 25. Suy

ra 5°(5* - 1) chia hét cho 10°.

Con 5’ = 78125.

Vay 5°° ¢6 nam chir s6 1an cung 1a 78125.

Cho cic chir so 1, 2, 3, 4, 5, 6. Dung ba trong cic chir s6 trén, lap dugce bao
nhi¢u s6 i nhién ¢6 ba chir s6 va chia hét cho 37

Chimg minh ring n° + 5n* + 5n° — Sn” — 6n chia hét cho 120 véi moi s6
nguyén n.

Chimg minh rang n’ + 3n — 3 khong chia hét cho 49 véi moi s6 nguyén n.
Tim céc sO tu nhién x va y 16n hon | sao cho 4x + 1 chia hét cho y va 4y + |
chia hét cho x.

Tim chir s tan cung cua:

a)A = 15+25+35+45+... - 1005;

b)B=1°+22+3"+4" 4+ . +100%".

Tim hai chir s6 tan cung cua :

A

a\ A =P L9 L, 1 299,
aj iv= o 7T = TE Tiia.T &

b2
.

b) n®’ v6i n 1a mot s6 tr nhién tan cing bing 2.
Tim 20 chir s6 tan cung cua 90!
Chodayso 10, 11,12, 13, ..., 100.

Sau khi thay méi s6 cua day trén bai 16ng cic chir s6 cua né cho dén khi duge
mot s6 ¢6 mot chir s6, ta duge mot day chi gom cic s6 ¢6 mot chir s6. Chir s6
nao xuat hién nhiéu nhat trong day do?

11



Chuyén dé 2
SO NGUYEN TO - HOP SO

TONG QUAN VE CHUYEN DE

SO nguyén 16 — Hop s6 la mot néi dung c6 lién quan chat ché dén tinh chia hét.

SO nguyén 16 la s6 tu nhién I6n hon 1, ¢6 ding hai uGc nguyén duong (1a 1 va
chinh no).

Hop s0 la s6 tu nhién 16n hon 1, ¢6 tir ba u6c nguyén duong tro lén.

Cic bai todn vé s6 nguyén 10, hop so cung rat da dang, thuong doi hoi van dung
tinh chia hét mot cich thanh thao va hgp Ii trong timg tinh huéng cua bai todin.

Cic bai toan vé s6 nguyén 16, hgp so trong chuyén dé nay bao géom:

Bai toan vé sO nguyén to:

— Chimg minh mot bi¢u thirc ¢6 gid tri 1a mot s6 nguyén 10.

— Tim céc s6 nguyén 16 thoa mén cdc diéu kién cho trudc.

— Tim cdc s6 nguyén duong dé gid tri ciia mot biéu thirc 1a s6 nguyén 16.

Bai toan vé hop so:

— Chimg minh mot biéu thic ¢6 gia tri 1a mot hop so.

— Viét mot so cho truée thanh téng cta nhiéu hop s6 nhat.

— Xic dinh s6 lugng hgp s6 trong mot day so.

SO nguyén 16, hop s6 la mot dé tai 16i cuén nhiéu nha todn hoc tir nhiéu the ki
trude Cong nguyén.
Vai nét lich su

O-LE VA SO NGUYEN TO

O-le (Léonard Euler, 1707 — 1783) la nha toian hoc 16i lac, ngudi Thuy Si,

nhung cudc doi 6ng (va ca con chau 6ng) gan bo véi nudc Nga.

Ong da nghién citu tir nhimg kién thic rat so cdp (ching han dudng tron O-le)
dén nhimg khdi niém cao si¢u cta nhimg tién bo khoa hoc & thoi dai 6ng.

12



Ong nghién ciu vé co hoc, Ii luan
am nhac, Ii thuyét v¢ ban do dia li, khoa
hoc hang hai. Ong da dat co so cho rit
nhi¢u nganh Todn 1i thuyét.

Ching ta ké ra & day mot so bai
todn vé sO nguyén 16 lién quan dén O-le:
1. O-le dua ra vi du mot bi¢u thirc cho

gid tri l1a s6 nguyén 16 v6i 40 gid tri
lién 1iép cua n tr 0 dén 39, d6 1a biéu
thirc n” + n + 41.

19

Nha toan hoc Phdap Phéc-ma xét bi¢u

thirc 7“ +1 \'Ulnbang() Lo 964
LHO cic so nguvcn 62+ 1=3,

+1=5 2*+1=17, 2°+1=257,
2"'+ | =65537.

A - P o
Ong dua ra gia thuy¢ét 2 +1 cho so
nguyén 16 véi moi so tu nhién n.

O-le

Y kién ndy dimg vimg rat lau. Mot
th¢ ki sau, O-le da bac bo gia thuyét trén bang cich chi ra s6 2°2 + 1 chia hét
cho 641.

3. Nam 1742, nha todn hoc Bic Gon-bdach viét thu cho O-le néi ring ong da
“mao hiém” dua ra du dodn: Moi s6 tu nhién 16n hon 5 déu biéu dién duoc
dudi dang 10ng cua ba s6 nguyén 16 (ching han 6 =2 +2 +2,7=2 +2 + 3,
8=2+3+3).

Trong thu tra 161, O-le dua ra bai toan: Moi s6 chan 16n hon 2 déu bi¢u dién
duge du6i dang 16ng cla hai s6 nguyén 16 (ching han 4 =2 + 2, 6 = 3 + 3,
8=3+)5).

Cho dén nay, nguoi ta van chua chimg minh duge hai bai todn trén.

3

Vidu 11. Tim s6 wur nhién n sao cho 2. la s6 nguyén 16.

Giai

n®~1:9=n'-1:3=nchiacho3dul (vi néu n chia cho 3 du 0 hoac 2
thi n’ chiacho 3duOhoac 2). Datn=3k + 1 (ke N).Tacé

13



3

n'—1_3k+1)-1_ 27k’ +27k* +9k
9 9 9
n’ =] : n’-1_64-1

9—Ia‘isénguyénlﬁ.phéicék=l.Khld6n=4v& 5 e =7,

=3k> +3k%> +k = k(3k% + 3k +1).

la s6 nguyén 10.

Pdp s6- n = 4.

Vi du 12. Tim s6 nguyén t6 p sao cho 43p + | la lap phuong cua mét sé
tr nhién.

Giai

Dat 43p + | =n3(ne N)thi43p=(n- DM +n+1).

SO 43p ¢6 bon uéc nguyén duong la 1, 43, p, 43p nén ¢6 ba truong hop:

n-1=1
a){ . Khidén=2va43p=2"+2+1=7, loai.
n“+n+1=43p
n—-1=43 2 )
b) 1 . Khidon=44vap=44"+44+ 1= 1981 : 7, loai.
n“+n+l=p
o R Khidén(n+ 1)=42 = n=6, p=5 (Ia s nguyén 15).
n—-l=p

Dap so:p=35.

Vi du 13. Chimg minh ring néu p la s6 nguyén 13 16n hon 5 thi p — 4 khong
th¢ la luy thira bac bon cua mot so wr nhién.

Giai
Giasip-4=a‘(ae N, a>1)ihi
p=d4+4“d +4a’ + 4 - 4a° —{d +2}'—4d

=@ -2a+2)@*+2a+2=[a-1D*+1][(a+ 1)2+1).
p la tich cua hai s6 tu nhién 16n hon 1 nén khong la sé nguyén 10.
Viy p — 4 khong thé 1a luy thira bac bon cia mot s6 tu nhién.
Vi du 14. Chimg minh riang trong 30 s6 tu nhién lién tiép 16n hon 5, ¢6 it nhat
22 hop s6.

14



Giagi

Trong 30 s6 tu nhién lién ti€p da cho, ¢6 15 s6 chdn, ching déu 16n hon 5 nén
Ia hgp s6. Ta tim duge 15 hop s06.

Chia 15 s6 1¢ con lai thanh 5 nhém, méi nhém gém ba so6 1¢é lién tiép. Trong
ba so I¢ lién tiép. 16n tai mot so chia hét cho 3, s6 d6 16n hon 5 nén la hop s6. C6 5
nhém nén ta tim thém duge 5 hgp so.

Trong 30 s6 tu nhién lién ti€p, t6n tai mot s6 chia cho 30 du 5, mot s6 chia
cho 30 du 25, gia sira = 30m + 5 va b = 30n + 25. Cic s6 a va b la hop s6 (vi chia
hét cho 5 va Ién hon 5), dong thoi khong trung véi ciac hop s6 da tim duge (vi a va
b khong chia hét cho 2, khong chia hét cho 3). Ta tim thém dugc 2 hop so0.

Vay c6é it nhat 15 + 5 + 2 = 22 (hop s06).

Vi du 15. Vi€t s6 127 thainh mot 16ng cia n s hang, cdc s6 h.mg déu la hop

sO. Tim gid tri lon nhat cua n.

Giai

Pé n 16n nhat thi gid tri cta cdc hop s6 duge viét phai nho nhat. Cic hop s6
chdn nho nhat 1a 4 va 6. Hop s6 1¢ nho nhat 1a 9.

Ta thay 127 chia cho 4 du 3. Phai c6 it nhat mét hgp s6 1¢é (la 9). con
127 - 9 = 118, chia cho 4 du 2. Phai ¢6 it nhat mét hgp s6 6, con 118 -6 =112,
chia hét cho 4, ta viét thanh 16ng ctia 28 s6 4.

Vay117=9+6+4+4+ ... +4 (28 s6 4).

Giad tri 16n nhat cua n la 30.

BAI TAP

9. Chimg minh rang:
a) Néu p va p2 + 8 la cdc s6 nguyén 16 thi p2 + 2 la s6 nguyén 10.
b) N&u p va 8p° + 1 1a cic s6 nguyén 16 thi 2p + 1 13 s6 nguyén 16.
¢) Néu p va p2 + 2 la cdc s6 nguyén 16 thi p’ + 2 12 s6 nguyén 16.
10. Tim s6 nguyén 16 p sao cho 7p + 1 la binh phuong ctia mot s6 tu nhién.
11. Tim sé nguyén 16 p sao cho 7p + 1 la lap phuong ciua mot so6 tu nhién.
12. Tim céc s6 nguyén duong x va y sao cho x* + 4y* 14 s6 nguyén 16.
13. Tim s6 nguyén 16 p sao cho p2 + 23 ¢6 ding sdau udc nguyén duong.
14. a) Chimg minh rang trong 10 sé I¢ lién tiép 16n hon 5, 16n tai bon hop s6.
b) Hay chi ra 10 so I¢ lién tiép 16n hon 5, trong d6 ¢6 ding bon hop s6.



Chuyén dé 3
SO TU NHIEN VA CAC CHU SO

TONG QUAN VE CHUYEN DE

SO tu nhi¢n va cac chir s6 cua né la mot dang toan sO hoc thuong gap, trong
do6 yéu cau cua bai todan thuong la tim cdc chir s6 chua biét.

Ngoii truong hop ¢6 thé tim lan lugt timg chir so, ta thuong gop cac nhém
chir s6 lai thanh mot bién méi réi tim gia tri cua cic bién do.

D¢ 1im cdc gia tri ay, ta thuong cha y dén:

— Str dung tinh chia hét: Xét xem cdc bién (hoac cic bi¢u thirc chira bién) chia
hét cho s6 ndo. hodc 1a ude cua sO nao.

— Sir dung bat ding thic: Xét xem cdc bién (hoac cic bi¢u thirc chia bién) bi
chan trong khoang nao.

— Str dung phuong trinh: X¢ét xem céc bién lién hé véi nhau boi phuong trinh néo.

Tat ca ciac cong viéce trén doi hoi nguoi lam todn phai biét quan sat, phat hién
dac diém cua bai todn dé dua ra phuong an giai quy¢t hop li.

Thu tri thong minh

BAI TOAN DIEN CHU SO
Chi do Hoang tim cdc cho s6
trong phép coOng sau:
abcdO
+

abcd
4791h
Hoang noi:

- S¢ phat xét mudi truong hop d
ir 0 dén 9.
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— Khong can! Ban hay chi v dén quan hé gitra hai s hang.

Hoang da tim ra cdch giai ma khoéng can tim timg chir s6. Hoang da giai

thé nao?

a, b,

Giai
S6 hang thit nhat gép 10 ldn s6 hang thit hai nén t6ng gap 11 ldn s6 hang thit hai.
4791h 111 =47910+h i 11 = 11.4355+(5+h) ! 11 = h=6.
S6 hang thit hai la: 47916 : 11 = 4356.
Taco 43560
N 4356
47916

Vi du 16. Tim s6 tu nhién abcd chia hét cho tich ctia ab va cd (cic chir s6
¢, d khong bat buoc khic nhau).

Gidi
abed fab . cd.

Pat ab=x, cd=y, tacé abcd = 100X +y : Xxy=1y: x.
Paty=kxvoike N val <k<9thi 100x + kx : xkx
= 100+k: kx(1)=100: k = ke{l;2;4;5}.
Véik=1thitr(l)cé 101 : x=sx=1, loai.
Vaik=2thitir(1)c6102: 2x=51: x.Tach

X 17 51
y ! 34 102. loai

VGik=4thitr(1)c6 104 : 4x =26 : x. Tacéd

I_x 26 13

[ y 104, loai 52

Véik=5thitr(1)c6 105 5x =21 x = x =21,y = 105, loai.
C6 hai ddp s6: 1734 © 17.34 va 1352 ¢ 13.52.
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Vi du 17. Tim céic chir s6 a, b, ¢ (khéng bat buéc khiac nhau) sao cho

.

aaaa—bb=cc .

Giai
aaaa—bb=cc” = I11la—11b=112¢?
= 10la-b=11c>=99a + (2a—-b) = 11¢>. (1)

Tac62a—-b: llnén2a-be{0; 11}.
a) Xé12a=bthia<4. Thay vao (1) c69a=c’> = ae{l; 4}.
Tacé 1111 -22=33’
4444 — 88 = 66°.
b) Xét2a—b=11.Thay vio (1) c69a+ 1 =c> = 9a=(c + I)(c - I).

Ta thay ¢ + 1 vi ¢ — 1 ¢6 hiéu bang 2 ma tich chia hét cho 9 nén phai ¢6 mot
sOchiahétcho9,délaséc+ 1. Tadugcc+ 1 =9nénc=8. Tudéa=7.

Khidé 7777 -33 =88

Pdpsé: 1111 -22=33%;  4444-88=66: 7777 -33 =88

Vi du 18. Tim so tu nhién ¢6 ba chir s6, biét ring binh phuong cua né ciing
1an cung boi ba chir s6 Ay theo thir wr do6.

Giai

>
Pat abcdeg =deg” =n’ (1 <n <999).
Tacé 1000.abc +n=n’nénn’-n: 1000 = n(n-1): 1000.

Hai s6 n va n — 1 nguyén 16 cung nhau nho hon 1000, ¢6 tich chia hét cho

0 nén ¢6 hai truong hop.

i3 n: 125
n-1:8

n la s6 I¢ ¢6 ba chir s6 va chia hét cho 125 nén n € {125: 375: 625; 875}. Chi
co6n=625chon-1=624:8.

10

L*

Ta duge 625° = 390625.
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b){n—l:llﬁ'
n:$8

n— 11aso l1é co ba chir s6 va chia hét cho 125 nén n — 1 €{125; 375; 625;
875}.Chicén—-1=375chon=2376 : 8.

Ta duge 376” = 141376.

Dap so6: 625 va 376.

Vi du 19. Tim s6 tu nhién ¢6 sdu chir s6, biét rang n6 bang binh phuong cua t6ng
hai s6 tao boi ba chir s6 diu va tao bai ba chir s6 cudi (khong thay doi thit ).

Giai

Goi s0 phai tim la abcdeg, ta cé abcdeg = (abc + deg)z.

bat abe = x, de_g=y. Do (x + y}z la mot s6 ¢6 sau chir s6 nén X + y < 999,
Taco

IUOOx+y=(x+y)2m999x+(x+y}=(x +y)2.

bat x + y=n thi 999x = n(n - 1). (1)

n(n - 1) : 999. Do n < 999 nén ta xét hai truong hop.

a) n =999. Thay vao (1) dugc x =998, dodéy = 1.

Ta duge 998001 = (998 + 1)°.

b) n < 999 = 3°.37. Hai s6 n va n — | nguyén 16 cung nhau c6 tich chia hét
cho 999 nén ¢6 hai truong hop:

{n?ﬁi? {n—li.’i?
va
n—1:927 n:‘)?

" a8 B e L L

O trudng hop ddu, ta dat n = 37k (do n < 999 nén k < 27). Tacé 37k — 1 : 27
= 10k—1:27=>80k-8:27=>8lk—(k+8):27=k+8: 27.

Do k < 27 nén k = 19. Khi d6 n = 37.19 = 703. Thay vao (1) dugc x = 494,
do dé y = 703 — 494 = 209. Ta dugc 494209 = (494 + 209)°.

O trudng hop sau, ta diat n = 37m + 1 (do n <999 nén m < 27).
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Tac637Tm+1:27=10m+1:27=80m+ 8 : 27
= 8Im-(m-8):27=>m-8 : 27, loai vi m < 27.
C6 hai ddp so6: 998001 va 494209.

L y:

Cich dat n = 37k r6i xét 37k — 1 : 27 nhu & 10i giai trén ¢é vu diém hon so

vai caichdatn =27k + 1 réi xé1 27k + 1 : 37.

Cing vay, cichdatn = 37m + 1 réi xét 37m + 1 : 27 nhu & 10i giai trén ¢6 uu

diém hon so vdi ciach dat n = 27m réi xét 27m - 1 : 37.

— — |
sao cho abc =ab -c¢

Vi du 20. Tim s6 tu nhién abc (cdc chirs6 a, b, ¢ khong bét budc khéic nhau)

o

Gigi

Cdch 1. Dat ab = x (10 £ x £99). Ta c6
I0x+c=x2—c2ﬁc(c+ 1) = x(x — 10).
Doc<9nénc(c+ 1)< =x(x-10)<90=x<15.

X¢ét ab tir 10 dén 15, ta thay:

ab ab (ab — 10) clc+1) abc =ab- —c2
10 10.0 0=0.1 100 = 10° - 0%

11 1.1 11, loai

12 12.2 24, loai

13 13..3 39, loai

i4 i4.4 56=7.8 147 = 14> - 72
15 | 1545 75, loai

Co6 hai dap so: 100 va 147.
Cdach 2. Pat ab = x. Ta ¢
10X + ¢ = X> — ¢ & 40x + 4¢ = 4x% - 4¢?

S 4c +4c =4x% - 40x < (2¢c + 1)2 +99 = (2x - 10)?



& (2x - 10)* = (2¢ + 1)* =99
SR2x+2c-9(2x-2c-11)=99,
Do 2x - 2¢ - 11 < 2x + 2¢ — 9 nén ¢6 céc truong hop:

2x +2¢c -9 99 33 11

2x -2c - 11 1 3 9

X+c¢C 54 21 10

X—C¢C 6 7 10

X 30 14 10

1- c 24, loai 7 0

Co6 hai ddp so: 147 va 100.

BAI TAP

15. Tim s6 t nhién ab sao cho ab- = acdb (cdc chir s6 a, b, ¢, d khong bét buoc
khac nhau).

16. Tim s6 tu nhién ¢6 hai chir s6, bi¢t ring binh phuong cua né bang lap phuong
clia 1éng cdc chir s6 cua né.

17. Tim s6 tu nhién ¢6 nam chir s6, biét ring n6 bang lap phuong cua sé tao boi
hai chir s6 ddu (khong thay déi thir ).

18. Tim s6 vy nhién abcdeg chia hét cho tich cia abc va E (cac chirso a, b, c,
d. e, g khong bit budc khidc nhau).

19. Cho nam s6 tu nhién a, b, ¢, d, ¢, mébi s6 ¢6 bon chir s6 va déu gém ca bon
chirs6 1. 2. 3. 4. Chimg minh ring khong thé xayraa® + b* + ¢’ =d’ + ¢’
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Chuyén dé 4
SO CHINH PHUONG

TONG QUAN VE CHUYEN DE

S6 chinh phuong la binh phuong ciia mét s6 tu nhién.
Céc bai todn vé so chinh phuong trong chuyén dé nay ¢6 cic dang chinh sau:

— Dang 1. Chimg minh gid tri ciia mot biéu thide 1a (hoac khong la) s6 chinh

phuong.

— Dang 2. Chimg minh moét s6 (hoac mot bi¢u thire) viét duge hoac khong viét

duge dudi dang 16ng cdc s6 chinh phuong.

du |

22

— Dang 3. Tim gid tri cha bién d€ biéu thic 1a s6 chinh phuong.

— Dang 4. Tim s6 chinh phuong thoa man céc di¢u kién cho trudc.
Cic bai toan vé s6 chinh phuong gén lién véi:

a) Tinh chia hét, ching han:

— S6 chinh phuong khong tan cung bang 2, 3, 7, 8.

— SO chinh phuong chia cho 3 ¢6 s6 du la O hoac 1.

— S6 chinh phuong chan thi chia hét cho 4. S6 chinh phuong Ié chia cho 4 thi
(chia cho 8 ciing du 1).

— S6 chinh phuong chia hét cho s6 nguyén 16 p thi chia hét cho p’.
b) Bat dang thirc, ching han
Khong ¢6 s6 chinh phuong nao nam giita cdc s6 ty nhién n’ va n® + 2n.

¢) Giai phuong trinh



Thu tri thong minh
CO BAO NHIEU HINH YUONG ?

An do6 Bao tim s6 hinh vuong trén hinh vuong 4 x 4 (h.1).
Bao noi:

— Dé qui! C6 4 x 4 = 16 hinh vuong.

— Chua ding! D6 mai la cac hinh vudéng canh 1. Con ¢6
cac hinh vuong canh 2, canh 3, canh 4 nira!

N . Hinh 1
- A! bung, dé 16 nghi thém.

Bao da tim ra ddp so6 1a 16ng ctia bon so6 chinh phuong dau tién, ké r 1, do la:
12+ 22 + 32+ 42 = 30.

Ban c6 dong v véi Bao khong?

Giai

Trén dong nam ngang (h.2): A B C D E

— C6 1 ciach chon doan thing ¢é
dodai 4 (la AE) : Hinh 2

— C6 2 ciach chon doan thiang ¢6
do dai 3 (la AD, BE) :

— C6 3 cich chon doan thing ¢6 do dai 2 (1a AC, BD, CE) :

— C6 4 ciach chon doan thang ¢6 do dai 1 (l1a AB, BC, CD, DE).

Trén cot thing dimg ciing vay.

Do d6 s6 hinh vuong c6 tat ca la : 17 + 2% + 37 + 47 = 30.

Liac y. Cho hinh vuéng n x n. S6 hinh vuéng ¢6 tat ca la P2 s bl (hinh).

C6 thé chimg minh duge 1+ 22+ 32 + .+ n?= 20T 122n +1)

Vi du 21. Xét cic biéu thirc:
a, = 12 4+ 22 + 22

az=22+32+62
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a;=3%+4%+122
a, =4 + 5% +20%
a) Hay ki€ém tra a|, a,, a5, a, 1a cdc s6 chinh phuong.
b) Chimg minh rang a, la s6 chinh phuong.
Giai
a)a, =3, a, = 7%, a; = 132, a, =212
b)a,=n*+(n+ 1)’ +[nn+ 1)’
=n3+(n+ 1)2+n2(n2+2n+ 1)
=n’+(n+1)° + n* +2n® + n’
=n4+{n+ l)2+'2n2(n+ l):(n:'+n+ ”z_
Vay a, la s6 chinh phuong.
Vidu 22
a) Chimg minh rang moét s6 tu nhién I¢ bat Ki luon viét dugc duéi dang hiéu
cua hai s6 chinh phuong lién tiép.

b) Ap dung nhian xét trén, hay viét cic s6 21 va 23 dudi dang hiéu cia hai s6
chinh phuong.

Giai

a)Goi 2n + 1 (n € N) la mot so I¢ bat ki.

Tac62n+ 1 =(n*+2n+ l)—n2=(n+ 1)2—112.

Vay mot s6 tu nhién 1¢ bat ki luon viét duge duéi dang hiéu cia hai s6 chinh
phuong lién tiép.

[

102 . 277 =192 _11
F Y - i A a &

(]

b)21=11
Liuu ¥. S6 21 con viét duoc dudi dang 5° — 22

Vidu 23

a) Cho s6 nguyén duong I¢ a. Tim s6 nguyén duong b sao cho a” + b” = (b + 1)°.

b) Ap dung két qua & cau a, hiay ching minh rang tén tai bon s6 nguyén
duong a, b, ¢, d sao cho cdc 1dng a® + b?, a> + b’+ ¢, a® + b® + ¢ + d° déu la cic
s0 chinh phuong.
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Giai
a) a3+b3=(b+ I}z.
%

néna’=(b+1)Y°-b>=2b+ I. Suy ra b=2 _l.

e
b) Chon a = 3 thi b=—2—l—=4. Tir (1) ¢6 32 + 42 = 52.
- 52_1 — > 2 9
Chona=5thi b=>""1=12. Tur() c6 5>+ 12°= 13,
132 -1

Chona=13thi b= =84. Tir (1) cé 13> + 84% = 85>,

Cic16ng 3° + 4°. 37 + 4% + 122, 3% + 47 + 127 + 847 déu la cdc s6 chinh phuong.

Vi du 24. Tim s6 nguyén duong n nho nhat saochociacson+ 1,2n+ 1, 5n + |
dcu la cic s6 chinh phuong.

Giai

Néun=3k+ 1 (ke N)thin+ 1=3k + 2, khong la s6 chinh phuong. Néu

n =3k + 2 thi 2n + 1 = 6k + 5, chia cho 3 du 2 nén khong la sé chinh phuong.
Vayn : 3.

2n + | la so chinh phuong 1¢ nén chia cho 8 du 1. Suyra2n : 8 = n : 4
= n+ 1 1l¢. Don + | la sé chinh phuong 1¢ nén n + 1 chia cho 8 du 1, suy ra
n: 8.

n chia hét cho ciac s6 nguyén 16 cung nhau 3 va 8 nén n : 24. Véi n = 24 thi
n+1=25=52n+1=49=7%,5n+1=121=112%

Gia tri nho nhat cua n phai tim la 24.

Vi du 25. Tim s6 chinh phuong ¢6 nam chir s6, trong d6 chi ¢6 mot chir s6 5,
chi ¢6 mot chir s6 7, con lai ba chir so kia giong nhau.

Gidi

Goi ba chir s6 con lai la a (a# 5, a #7).

Goi n” 1a s6 chinh phuong phai tim. Téng cic chir s6 cia n’ bang 12 + 3a © 3
nénn’ : 3, dodén’ i 9 (vin’ la s6 chinh phuong).
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Tac612+3a:9=3(@a+1):9=a+1:3.

=> a € {2: 8} (chi ¥ ring a # 5).

Xéta=2.Cicchirsécuan’1as, 7,22, 2.

Do n® khong tan ciing biang 2. bang 7. nén phai tan ciing bang 5, do dé tan ciing
25. Thir véi cic s6 72225, 27225, 22725, chi ¢6 27225 = 1657 Ia s6 chinh phuong.

Xéta=8. Cicchirsé cian’ 125, 7, 8. 8. 8. Don’ khéng tian cung bang 7,
bang 8, nén phai tan cung bang 5, do d6 1an cung 25, khong ¢6 s6 nao.

Pap so: 27225.
Vi du 26. Tim s6 chinh phuong ¢6 bon chir s6, bi¢t ring cong chir s6 hang
nghin vaéi 3, trir chir s6 hang don vi di 3, ta van duge mot so chinh phuong.

Gigi
Goi s6 phai tim 1a abed = x°.

Cong chir s6 hang nghin véi 3, trir chir s6 hang don vi di 3, ta dugc s6 y>.
Taco

y? - x*> = 3000 - 3 =2997 =3*.37

nén (y — x) (y + x) : 37. Ton tai mot thira s6 chia hét cho s6 nguyén 16 37.
X¢t hai truong hop:

a)y-x:37.Doy—-x<y+x <198 nén chi ¢é

y—-x=37 x=22
=
y+x =8l y =59

Khi d6 x? = 222 = 484, chi ¢6 ba chir s6, loai.

b)y+x:37.Doy~x<y+x< 198 nén chicé

y+x=111 x =42
'
y =69

Pap so: 1764.
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Vi du 27. Tim s6 chinh phuong ¢6 bon chir s6. chir s6 hing don vi khac 0,
bi¢l ring s6 tao boi hai chir s6 ddu (khong doi thir tu) va s6 tao bai hai chir s6 cudi
(khong doéi thi tu) déu la cédc s6 chinh phuong.

Giai

Goi sO phai tim la abed =n”.

Pat ab =x’(4<x<9).Patcd =y’ . dod#0nén 1 <y <9,

Ta cé n’ = 100. ab + cd = 100x> + y*> > 100x>

=n>10x=>n210x+1.

Doxz4nénnz=4l. (1)

Don 2 10x + 1 nén y” = n® — 100x> = (10x + 1)* = 100x” = 20x + 1.

Kéthopvoiv<91tac620x + 1 <8l = x<4.

Talaic6x24nénx=4.Doy<9

nénn’ = 100x> + y* < 1004 +9° = 1681 =41 = n < 41. )

Tir (1) va (2) suy ra n = 41. Khi d6 n” = 1681.

Vi du 28. Tim s6 chinh phuong abed sao cho cic s6 bed va cd ciing la cic
s6 chinh phuong (cdc chir s6 a, b, ¢, d khidc 0 va khong bét budc khdc nhau).

Giai

Trude hét ta tim cd. Pat bed=x” (1 £x<31), ed =y> (1 Sy <9).

Ta c6 x> —}'2 =bcd—cd =100b = (X+y)(x—y):100.

Cic thira s6 X + vy va X — y cung tinh chan l¢ (vi hi¢u caa ching chia hét cho 2),
lai ¢6 tich la s6 chan nén ching cung chan. (1)

Céc thira s6 X + y va x — y ¢6 tich chia hét cho 100 nén phai ¢6 mét thira s6
chia hét cho 5. Khong thé chi ¢6 mot thira s6 chia hét cho 5. vi néu chi ¢6 mot thira
s0 chia hét cho 5 thi thira s6 d6 phai chia hét cho 25, thira s6 d6 lai chan nén chia hét
cho 50, irdi véi | SXx -y <x+y<40. Vay x + y va x — y cung chia hét cho 5. (2)

Tu(l)va(2)suyrax+yvax—ycungchiahéicho lI0 = (x+y)-(x-y): 10
=2y: 10=y%5.

Dol <y<9nény=35,dodé cd =y’ =25.

Bay gid ta tim ab. Do ab25 1a s6 chinh phuong nén ab25 = (10n + 5)° v6i
3sns9.

Suy ra 100. ab + 25 = 100n®> + 100n + 25 nén ab =n(n + 1).
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Do b# 0 nén ab bing 3.4, 6.7, 7.8, 8.9 tic 1a ab € {12; 42; 56; 72}.

C6 bon s6 thoa man bai toan la 1225, 4225, 5625, 7225.

Vi du 29

a) C6 bay s6 chinh phuong lién ti€p, trong dé 16ng cia bon sé chinh phuong
ddu bang 16ng ctia ba s6 chinh phuong cudi. Tim s6 chinh phuong dimg giira.

b) C6 2k + 1 s6 chinh phuong lién 1iép (k € N'), trong d6 16ng ctia k + 1 s6
chinh phuong ddu bang 16ng cua k s6 chinh phuong cuéi. Tim s6 chinh phuong
dimg gitra.

Giai

2

v

...... alax 3). Taco

(x

=
)
o
W
(=}
"
=
=)
=
-
-2
:
e
5
=Y
e
s
=

x=3P2+(x-2P+x-1P2+x2=x+1)2+(x +2) +(x +3)%
=3 .1\'.‘7!=(.\|1+1)2—(;4:—1}2+(x+2)2—|(x—2)2+(Jn:+3}2—o{m:—3)2
& x*=2x.2+2x.4+2x.6
= xZ=4x(1 +2+3).
Do x#0nén x =4.6 =24.
S6 chinh phuong dimg giira 12 24°. Ta ¢6
212 + 222 + 232 + 247 = 252 + 26% + 27°.
b) Goi s6 chinh phuong dimng gitra 12 x* (x 2 k). Ta ¢6
(:ni—k)2+(x—k+1)2+...+t;:u:—l)2+x3=(x+l};2+...+(;¢.+hi}ﬁ2
= .‘(2'—'(x+l)z*-(x—l)2+(1+2}2—(x—2)2+...+(x+k}2—(.‘(—k)2
& xXX=2x2+2x4+ ... +2x .2k

=S x2=4x(l +2+...+Kk)

kE+D) okk+1).

Dox2z0nénx=4(1+2+ ... +k)= 4.

S6 chinh phuong dimg giira 1 [2k(k + 1))7.
Luwy. Véik=11acé3*+4*=5%

Véik=21ac6 100+ 112+ 122 =132+ 142,



Vi du 30. Chimg minh ring s6 (n + 1)* + n* + 1 khong la sé chinh phuong véi
moi sO tu nhién n.

Giai

Tacé(n+ D +n*+1=2n +4n’ + 6n + 4n + 2

=2n*+2n’ +3n° +2n+ ) =2’ + n + 1)’

Don+n+l=nn++1lasclkénén(m®+n+ 1)’ 1as61é.S6(m+ 1) +n* +1
chia hét cho 2 nhung khong chia hét cho 4 nén khong la s6 chinh phuong.

BAI TAP

20. Chimg minh rang:

a) Tong cua bon s6 chinh phuong 1¢ ¢6 thé la s6 chinh phuong.

b) Téng ctia nam s6 chinh phuong 1¢ khong thé 1a s6 chinh phuong.

21. Cho sdu s6 chinh phuong a°, b%, ¢*. d%. ¢?, g’ thoaman a’ + b> + Z + d* + 7 = g°.

Chimg minh ring trong sdu s6 do, ton tai hai so chan.

22. a) Ching minh rang néu mot s6 chan viélt duge dudi dang hiéu cua hai s6

chinh phuong thi s6 chan dé phai la mot boi cua 4.

b) Chimg minh ring modt boi cua 4 bao gid cing vi¢t duge dubi dang hié¢u
cua hai s6 chinh phuong I¢ lién tiép hoac hi¢u cia hai s6 chinh phuong
chdn lién tiép.

¢) Ap dung nhan xét & cau b, hay viét cdc s6 20, 24, 28 duéi dang hiéu cua
hai s6 chinh phuong.

d) Tir 1 dén 100, c6 bao nhiéu s6 tu nhién khong viét duge dudi dang hiéu cua
hai s6 chinh phuong?

23. Chimg minh riang néu n 1 1éng cua ba sé chinh phuong thi 3n viét dugce dudi
dang 16ng cua bon s6 chinh phuong.
24. a) Viét méi s6 4°, 5° duéi dang hi¢u cuta hai s6 chinh phuong.

b) Chimg minh ring lap phuong cia mot s6 tu nhién bao gid ciing viét duoc
dudi dang hi¢u cua hai s6 chinh phuong.

25. Cho cic s6 nguyén a, b, ¢, d thoa man a + b = ¢ + d. Chimg minh riang
r 2 2 y S, » N -
a” +b” +c¢” +d” laong cua ba s6 chinh phuong.
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26.

27.

28.

z

a) Chimg minh rang t6ng cta nam s6 chinh phuong lién tiép thi chia hét cho 5.
b) Ménh dé sau ding hay sai: “Né&u n 1a s6 1é 16n hon 3 thi 1dng cia n s6
chinh phuong lién tiép chia hét cho n™.

e |

Cho la tich cua hai s6 tu nhién lién ti€p. Chimg minh ring:

a) 2n — | la s6 chinh phuong;

b) n la 16ng cua hai sé chinh phuong lién tiép.

Ching minh riang:

a) Toén tai mot s chinh phuong la hi¢u cdc lap phuong cta hai s6 tu nhién
lién uép.

b) Néu so chinh phuong n” 1a hiéu céic lap phuong cta hai s6 e nhién lién
tiép thi 2n — 1 l1a s6 chinh phuong va n la 16ng cua hai s6 chinh phuong
lién tiép.

Chimg minh ring cdc s6 2n — 1, 2n, 2n + 1 déu khong 1a s6 chinh phuong néu

n la so tu nhién I¢ chia hét cho 3.

. Chimg minh ring n’ + | khong la s6 chinh phuong néu n la s6 tu nhién 1é.

Tim hai s6 chinh phuong khidc nhau abcd va dcba sao cho dcba chia hét
cho abed .

Tim hai s6 chinh phuong lién tiép m? va n® (m < n) sao chom’ = abc van® = acb.
Tim cdc s6 nguyén duong x vi y. sao cho x* + 3y va yz + 3x déu la cdic so
chinh phuong.

Tim s6 nguyén duong n nho nhat, sao chocic s6 n + 1,6n + 1, 20n + 1 déu la
cac s6 chinh phuong.

Tim s6 nguyén duong n nho nhat sao cho L ”';4“ i la s6 chinh phuong.

& - = - oy - - - . . - ot 2 2
Ching minh rang t6n tai bon sé tu nhién a, b, ¢, d khdac nhau ma a” + 2¢d + b
vit ¢’ + 2ab + d” déu la céc s6 chinh phuong.



Chuyén dé 5
PHUONG TRINH NGHIEM NGUYEN

TONG QUAN VE CHUYEN DE

Phuong trinh nghiém nguyén 1a mot dé tai Ii tha vé S6 hoc va Pai so, duogc
nghién ciru tir nhi¢u the ki truée Cong nguyén.

Trong cédc chuyén dé trudc, da ¢6 nhiéu bai todn din dén giai phuong trinh
nghiém nguyén, ching han cdc vi du 16, 17, 18, 19, 20, 26, cdc bai tap 31, 32, 33.
Chuyén dé nay sé trinh bay ré6 hon cic phuong phap thuong dung dé tim nghiém
nguyén cua phuong trinh. D6 la:

— Phuong phdp xét tinh chia hét, nhu dua vé phuong trinh udc s6, xét s6 du
cua timg vé, phuong phap lui vo han.

— Phuong phédp dung bat dang thic, nhu sap thir o ciac an, xét timg khoang
gid tri cla an, sur dung A 2 0 dé phuong trinh bac hai ¢6 nghiém, xét cic tich kep
gilra cac tich cung dang.

— Phuong phap dung s6 chinh phuong, nhu xét cic sé chinh phuong gén nhau,
sir dung dicu ki¢n A la s6 chinh phuong ¢ phuong trinh béac hai, dung tinh chat cua
sO chinh phuong.

O nuéc ta, sach Pai thanh 1odan phap cba Lwong Thé'Vinh thé ki XV ciing ¢6
bai toan tim nghiém nguyén Trdm trau tram co.

Thu tri théng minh

NGUOGI CHUNG MINH DINH Li PHEC-MA CUOI CUNG

Vao nam 1637, nha todn hoc ki¢m luat gia nguoi Phap Phéc-ma (Pierre de
Fermat, 1601 — 1665), néu ménh d¢é sau (dugc goi la dinh 1i 16n Phec-ma, ciing goi
la dinh Ii cudi cung cua Phéc-ma):
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Phuong trinh x" + y" = 2" véi n la s6 nguyén I6n hon 2 khong ¢é6 nghiém
nguyén duong.

Nguoi ta da tim thiy chitng minh cta Phéc-ma véi n = 3 va n = 4. Mot tram
nam sau, ngudi ta chimg minh duge ménh dé trén véi n = 5, n = 7. Nam 1992, véi
may tinh dién wr, da chimg minh dugc bai toan véi moi n £ 4000000. Bén nam
1993, bai todn van treo lo limg nhu mot su thich dé kha nang ctia con nguoi. [t
ngudi tin rang bai todn s¢é duge giai quy¢ét ngay trong thé ki XX.

Nguoi da lam duoc cong viéc tuyét voi nay la nha toan hoc Anh OQui-lo
(Andrew Wiles, sinh nam 1953). Ong da tu nguyén gin bé doi minh véi “bai todn
thé ki nay tr nam 23 tuéi. Ong k¢ lai:

“Toi nghi  vé
bai todn sudl ngay,
ca trong lic ngu.
Khi b& tac, 1oi di
dao gian ho. Toi ¢6
san but chi va giay.
Lic ¢6 mot ¥ tuong,
16i ngdi xudng mot
bang ghé¢ va viét voi
ra, suodt 7 -~ 8 nam
troi nhu vay. Mot
buéi  sang  cudi
thing 5 — 1993, 101
ngé luédt qua bai
nghi¢én c¢lu  cua
minh, ¢6 mot cau
lam mi_ cha y, cau Andrew Wiles clumg minh dinh li Fermat
dé nhac 161 mot
cong trinh vao thé ki XIX, va 16i béng nhan ra la 161 ¢6 thé dung né d¢ hoan tat
chimg minh. Toi t€p tuc 16i chiéu va quén ca an trua. Khoang 3 — 4 gid chiéu, 16i
tin twong da giai quyét duge bai toan. Toi xuéng nha néi véi vo 16i la 161 da giai
dugce dinh 1i Phéc-ma cudi cung’™.

Oai-lo cong bé phat minh cia minh trong mdt hoi nghi todn hoc quoc & &
Cambridge. Anh. D6 1a ngay thir tr 23-6-1993, ngay bdo cdo cudi cung cua Ong.
Ong da chimg minh duoc mot gia thuyét, ma dinh 1i Phéc-ma la mot hé qua cua gia
thuyét nay. Ong két luin ban bdo cdo: “Va diéu nay chimg minh dinh li Phéc-ma’.

Phong hop lang di, réi ca hoi truong vo tay don dap. Ngay hom sau, bao chi
ca th¢ gidi thong tin vé mét trong nhirng thanh tuu toan hoc vi dai nhat.

R -
¥y




Cong trinh day 200 trang cua 6ng dugc gui dé€n cdc nha Ii thuy€t s6 hang
dau th¢ gidi. Sdau thang sau, ho phat hi¢n ra mot 16 héng trong chitng minh, mot
16 hong chir khong phai mot sai 1dm, va moi ngudi tin ring Oai-lo sé khic phuc
duoc.

Su miét mai ¢cdn man cia Oai-lo did duge tra gida. Thiang 9 — 1994, 6ng tim ra
cho sai cia minh va thing 10 — 1994, 6ng cung véi mot hoc tro cua minh cong bé
mot bai bdo 25 trang dé “lap 16 hong™ cua ban bdo cdo trude. Lan nay, ngudi ta
khong tim thdy mot sai so6t nao. Dinh Ii cuéi cung cua Phéc-ma da duoc chimg
minh sau trén 350 nam.

Viéc Oai-lo chimg minh duogc dinh li Phéc-ma, ciing nhu viéc GS. Ngoé Bao
Chdu chimg minh duge bé dé co ban cia Chuong trinh Langlands cho thay bo 6¢
con ngudi that di¢u ki: Bat ¢ dinh cao tri tué nao, con ngudi ciing ¢6 thé vuon tdi.
Khong ¢6 bai todn nao ma con nguoi khong giai duoc, chi ¢6 s6Gm hay mudn ma
thoi !

VAI PHUONG TRINH NGHIEM NGUYEN CHUA GIAI BUGC

Bai toan 1. X¢ét biéu thic x! + 1. Vi x bang 4, 5, 7 thi biéu thitc cho cdc s6
chinh phuong 5%, 11%, 71°. Con s6 nguyén duong x nao khiac d€ x! + 1 1a s6 chinh
phuong khong?

Bai toan 2. Phuong trinh sau c¢6 nghiém nguyén khong?

x>+y +2°+1° = 148.

Bai toan 3. To6n tai cac s6 nguyén duong a, b, ¢, d khdc nhau sao cho

ad+bP=c+dd, chiang han 1°+12°=92+10".

P 17 SR Su S LR Sheasi gar 5 5 5

Roe gal ke n dione a. b. ¢. d khic P R B T S R = I T )
C6i6i tai cac sO nguycn duong a, b, ¢, d Khac nhau sasochoa +b =c¢ +d

L- o
RITVLIE -

Bai toan 4. Phuong trinh x™ — y" = 1 véi m > 1, n > |, x <y chi ¢6 nghiém nguyén
duong khim =2 van=3.

Bai todn 5. C6 luon t6n tai s6 nguyén 16 nim giita n” va (n + 1) véi moi s6 tu nhién
n khong ?

Bai toan 6. Xét biéu thic n” + 1. Véi n bang 1, 2, 4 thi biéu thitc cho cic s6
nguyén 16 2, 5, 257. Con s6 tu nhién n nao khdc dé n" + 1 14 s6 nguyén 16 khong?
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I. PHUONG PHAP XET TINH CHIA HET
1. Dua vé phuong trinh uéc sd

Ta goi phuwong trinh woc s6'1a phuong trinh ¢6 v€ trdi 1a mot tich cédc biéu thic
¢ gid tri nguyén, v€ phai la mot hiang s6 nguyén.

Bang cach tim cdc udc cia hing s6 d6, ta tim dugc nghiém nguyén cla
phuong trinh.

Vi du 31. Tim nghiém nguyén cua phuong trinh 5xy + x — 10y = 14.
Giai
Sxy+x- 10y = 14
S xBy+D-208y+1D)=12=x-2)(Sy+1)=12.
S5y + 1 la u6c cua 12 va chia cho 5 du 1 nén

Sy + 1 1 6 -4
4 0 1 =
X 14 4 -1

Cédc nghiém nguyén (x ; y) cha phuong trinh la (14; 0), (4; 1), (=1; =1).

Vi du 32. Tim nghiém nguyén cua phuong trinh x> =3(xy +y+ 1).

Giai

X*’=3(xy+y+1)ex —3=3y(x+1).Suyrax :3vax’+1-4: x+1

=4 :x+1.Dodéx + 1 1a uc cha 4 va chia cho 3 du 1.
X+ 1 1 -2 4
X 0 — 3
y -1 5 2

Cac nghi¢m nguyén (x ; y) cua phuong trinh la (0 ; —1), (-3; 5), (3; 2).

2. Xét s6 du cua ting vé

Vi du 33. Ching minh ring phuong trinh x* — 7y = 51 (1) khéng c6 nghiém

nguyén.

34
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Giai

Xétx=7k(ke Z)thix’: 7.

Xét x = 7k % 1 thi x’ chia cho 7 du 1 hoac 6.

Xét x = 7 k % 2 thi x° chia cho 7 du 1 hoac 6.

Xét x = 7k % 3 thi x” chia cho 7 du 1 hoac 6.

Do dé6 vé trdi cua (1) chia cho 7 du 0, 1, 6, con vé phai cua (1) chia cho 7
du 2. Vay phuong trinh khong ¢6 nghiém nguyén.

3. Chia lién tiép céc én cho cing mét s& (phuong phép IUi vé han)

Vi du 34, Tim nghiém nguvén ciia phuong trinh
. o . o4 r o
xX*+2y’+42°=0. (1)
Gidi

Ta thay x : 2. Dat x = 2x, (x, € Z), thay vao (1) réi chia hai v&€ cho 2 duge
4xf’ - y3 +22° =0. (2)

Suyray: 2. Daty =2y, (y, € Z), thay vao (2) réi chia hai vé& cho 2 dugc
fo +4yf +2°=0. (3)

Suyraz: 2. Datz=2z,(z, € Z), thay vao (3) réi chia hai v€ cho 2 dugc
xf +2yf +4z': =0.

Nhu vay né€u (x: y: z) la nghiém cba (1) thi (x;: y,: z;) cliing la nghiém
cua (1), trong d6 x = 2x,, y = 2y,, z = 2z,.

Cir 1iép tuc nhu vay, ta di dén x, y, z déu chia hét cho 2* véi k 1a s6 tu nhién
tuy y. Diéu nay chi xayrakhix=y=2z=0.

Vay nghiém nguyén cua phuong trinh la (0; 0; 0).

Lwu y. Ta goi phuong phap trén la phwong phap lii vé han. Phuong phap nay
thudong duge dung dé chimg minh moét phuong trinh chi ¢6 nghiém nguyén khi cdc
an bang 0.
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Il. PHUONG PHAP DUNG BAT DANG THUC

1. S&p thi ty céc én
Vi du 35. Tim nghiém nguyén duong cua phuong trinh 2xyz=x +y +z. (1)
Gigi
Giasirl Sx<y<z Tac62xyz=x+y+2<3z
Chia hai v€ cho s6 duong zduoc 2xy <3 = xy< 1= xy=1.
Dodé x =y=1.Thay vao (1)duogc 2z=2 +znén z = 2.
Nghiém nguyén duong (x; y; z) la (1; 15 2), (1; 25 1), (2; 1; 1).

W W, .

so'nguyén..
Giai
Patx®+2x*-125=y’ (ye Z)
Ta thay y3 <{x2+ 1)3. vi
C+1P -y =x0+3x* +3x%+ 1 - (x8+ 2x* - 125) = x* + 3x? + 126 > 0.
Suyray<x2+l. (1)

Ta xét khi ndo thi xay ray > x2.

Tathdyy>x’ ey >x®ex®+2x*-125>x* o 2x*> 125 2 x*263. (2)
Tir (1) va (2) suy ra véi x* 2 63 thi x* <y < x° + 1, diéu nay khong xay ra. (3)
Xétx=0thiy’=-125nény =-5.
Xétx=1thiy’=1+2-125=-122, loai.
Xét x =2 thiy’ = 64 + 32 — 125 = 29, loai.
Xét x = 3 thi x* > 81 > 63, loai do (3).
Pdp so: x = 0.
3. SU dung bét dang thirc A > 0 d& phuong trinh b&c hai cé nghiém
Vi du 37. Tim nghiém nguyén cta phuong trinh x* + y> = 2x +y = 9.
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Gigi

Viét phuong trinh da cho thanh phuong trinh bac hai d6i véi x, khi d6 y la
tham sé.

x2-2x+(y’+y-9)=0.
Diéu kién dé tén tai x la A" = 0.
Tac6£'=l—yz—y+9=—y2—y+ 10.
A20y +y-10S0 4y +4y-40<0 & 2y + 1)? <41.
Do dé (2y + 1)> €{1;9; 25}. Tacé

2y + 1 1 -] - 5 -5
2y 0 -2 2 - 4 -6
3 0 -1 1 -2 4 -3
X loai loai loai loai 3va-1 | 3va-lI

Nghiém nguyén (x; y) 1a (3; 2), (= 1 ; 2), (3; =3), (-1 ; =3).

4. Xét cac tich kep giuda cac tich cung dang

Néu cdc s6 nguyén x, y, Kk thoa man x(x + k) < y(y + k) < (x + 2)(x + 2 + k)
thi y(y + k) =(x +1)(x + 1 + k).

Vi du 38. Tim nghiém nguyén cta phuong trinh x* + x> + 2=y’ —y. (1)
Gigi

Tir dé bai suy ra (y — Dy =x* + x? + 2. 2)

Talaicé x* + x2<x* + x2 + 2 <x* + x* + 2 + (4x” + 4), két hop véi (2) duogc
X2+ D<(y-Dy<(xX+2)(x*+3) = (y- Dy = (x> + 1) (x? + 2).

Két hop véi (2) duoc

X*+x2+2=x*+3x>+22x*=0=x =0.

y=-1

Thayvﬁo(l)duqcyz—y=2=by2—y—2=0=>[ >
y==<.

Nghiém nguyén (x ; y) 1a (0; 1), (0; 2).
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IIl. PHUONG PHAP DUNG SO CHINH PHUONG

1. Xét cac s6 chinh phuong gén nhau
Vi du 39. Tim nghiém nguyén cua phuong trinh
x4+2x2+6=y2—y. (1)
Giai
Nhén hai vé& ctia phuong trinh (1) véi 4 r6éi cong 1 duge
ax? +8x% +25 =4y’ -4y + 1.
pat 4x* +8x>+25=A,thiA = Qy - 1)%.
Do 4x* +4x? + 1 <4x* + 8x? + 25 <4x* + 20x? + 25
nén (2x° + 1)’ < A € (2x% + 5)% (2)
Do A la s6 chinh phuong I€ nén tir (2) suy ra
A =(2x> + 3)? hoac A = (2x*> + 5)%.
a)A = (2x2+ 3)2¢=>4x4+8x2+25=4x4+ 12x2 +9 &= x2 = 4.
Thay vao (1)dugc y* —y—-30=0nény =6, y = -5.
b)A=2x>+5) = ax* +8x? +25=4x* +20x* + 25 = x = 0.
Thay vao (1)dugc y* —y-6=0nény =3,y =-2.
Nghiém nguyén (x; y) 1a (2 ; 6), (=2; 6), (2; =5), (=2; -5). (0; 3), (0; -2).
Vi du 40. Tim s6 tu nhién x sao cho x* + x> + 1 1a s6 chinh phuong.
Giai
Caich I.Pax*+x*+1=y*> (ye N).
Xét x =0 thi y2 = |, thoa man.
Xét x = 1 thi y* = 3, loai.
Xét x = 2 thi y’ = 25, thoa man.
Xét1x23.Taco 4y2 =4x*+4x>+ 4= (sz + x}z +d=x ¢.'.(2J':2 . x)z.

Mat khic 4y? =4x* + 4x> + 4> 2% +x - 1)’ vi



@x*+4x3+4) -2 +x-1=3x>+2x+3>0.

Suy ra (2%® 2x=1) « (2)»*)2 < (2:-&2 + x)z. loai.

Ddp s6: x =0, x =2,

Cach2. Tacéx*+ x>+ 1> (:‘\'.2}2 nén

*ex*+1=(x*+k?véike N
=>x*+x*+1=x*+2kx> + k¥ = x*(x -2k) =k’ - 1. (1)

Xétk = 1 thi x*(x — 2) = 0 nén x € {0; 2}. Khi d6 x* + x> + 1 € {1; 25}, thoa man.

Xétk22thik> -1>0.Tu(1)c6k’>—1: x*nénk’-12x*> =2Kk>x’=
k > x. Mat khdc, tir (1) con suy ra x — 2k > 0 = x > 2k = x > k. Mau thuén.

Vaychic6x=0vax=2.
2. SU dung diéu kién A Ia s8 chinh phuong |

O nhimg phuong trinh f(x, y) = 0 véi hé s6 nguyén c6 thé viét duge dudi dang
phuong trinh bac hai d6i v6i mot 4n, ching han d6i véi x, ngoai diéu kién A 2 0 dé

phuong trinh 4n x ¢6 nghiém, muén phuong trinh ¢6 nghiém nguyén con cdn A la
s chinh phuong, vi néu A khong la s6 chinh phuong thi x 1a s6 vo ti.

Chu y ring A 1a s6 chinh phuong la diéu kién cdn nhung chua du dé phuong
trinh ¢6 nghiém nguyén. Do dé phai thir gia tri tim duge vao phuong trinh da cho,
hodc tim ra cu thé nghiém nguyén cia phuong trinh.

Vi du 41. Tim nghiém nguyén ctia phuong trinh x’y* — xy = x* + 2y°. (1)

Gidi

Viét phuong trinh (1) du6i dang (x* - 2)y* — xy — x* = 0. (2)

Do x nguyén nén x* — 2 # 0, do dé (2) 1a phuong trinh bac hai véi 4n y, ¢6
A=x*+ 4}\’.2(;&2 -2)= .11:2(4x2 - .

Diéu kién cdn d€ (2) c6 nghiém nguyén la A phai la s6 chinh phuong.

a) Xétx=0thiwr(l)suyray=0.

b) Xét x # O thi 4x> — 7 phai 1a s6 chinh phuong. Pat 4x> - 7=m?’ (m € N)
ta cé (2x —m)(2x + m) = 7. Ta tim dugc x = -2 hoéc x = 2.
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Véix=-2thi(2)lay’+y—-2=0nénye {1;:-2}.
Véix=2thi(2Q)lay’-y—-2=0nénye {-1:2}.
Nghiém nguyén (x; y) la (0; 0), (-2; 1), (=2; =2), (2; —=1), (2; 2).
Liwae y. Néu viél phuong trinh (1) du6i dang phuong trinh bac hai véi dn x,
viéc giai di¢u kién A la s6 chinh phuong sé gap khé khan. Ban doc tu kiém tra.
3. Dung tinh chat cua sé chinh phuong

Ngoai tinh chat vé chia hét cha so6 chinh phuong (xem Chuyén dé 4), cin nhé
cdc tinh chat sau.

db=c2(a.b.ce?2).

Cho :
) S a wva h 1A has ¢cA nanvan lidn tidn thl a = hade h=10N
“ajivlu A va U ad ridl SU TTguy el Hch Ucp uii a Rk W s

b) Néu a va b la hai s6 nguyén duong nguyén t6 cung nhau thi a = m? va
b=n’ (m,ne N).

¢)Néua=m’#0thib=n’(m,ne N).

Vi du 42. Tim nghi¢m nguyén cia phuong trinh ) 2xy=35y+6. (1)

Giai

(1) <=9x2+2xy+y3=y2+5y+6¢r(x+y}2=(y+2)(y‘+3).

(x + y)~ bang tich cta hai s6 nguyén lién ti€p nén phai ¢6 mot s6 bing 0.

Néuy+2=0thiy=-2,x=2.

Néuy+3=0thiy=-3,x=3.

Nghi¢ém nguyén (x; y) 1a (2: =2), (3; -3).

irs a AR T e e | V. N, Nra—. sy L3 -t e Muefwe 1% i1

YiIUuu S%a. LN DEINCH nguycil cua piauoing tiime A T A 7 A = 5yLy 1) viyp
*

Giai

Hhex+x*+x+1 =4y2-—4y+ e+ 1) (x+ 1)=Q2y - 1y

V& phai 12 s6 1é nén x” + 1 va x + | cing 1é, dong thoi cung la s6 duong. Ta
lai thay hai s6 x>+ 1vax+1 nguyén 16 cing nhau. That vy néu ching cung chia
hétchodthix’ -1 idnen (x> + 1) - (x*~1) id=2:d=d=1(vid la udc
cua so 1¢).
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Hai s6 x* + 1 va x + |1 nguyén 16 cung nhau, c¢é tich l1a s6 chinh phuong nén
ca hai déu la s6 chinh phuong.

Ta ¢6 x* + 1 1a s6 chinh phuong, ma x® va x* + 1 1a hai s6 nguyén lién tiép
nén x = 0.

Thay vao (1) dugec y =0 hoac y = 1.

Nghiém nguyén la (0: 0), (0: 1).

Vi du 44. Tim nghi¢m tur nhién cia phuong trinh (x + y)2 = 18x + 81. (1)

Giai

(e (x+y)P - 18(x+y)+81 =162 18y & (x +y—9)>=9(18 - 2y). (2)

Do d6 18 - 2y la s6 chinh phuong. Do y 2 0 nén 18 — 2y < 18. Céic s6 chinh
phuong chan khong qua 18 1a 0; 4; 16.

18 — 2y 0 4 16
y 9 7 1
X 0 8 20

Nghiém wr nhién (x; y) la (0: 9), (8: 7). (20; 1). _

Liae y. Cung ¢6 thé viét phuong trinh (1) duéi dang phuong trinh bac hai véi
dn X, 1a tim dugc A’ = 162 — 18y, r6i giai diéu kién A' 1a s6 chinh phuong.

Vi du 45. Tim s6 tu nhién x, bi€t rang:

a) 2% + 5 la s6 chinh phuong;:

b) 2" + 9 1a s6 la s6 chinh phuong.

Giai

a) Xét x =0 thi 2* + 5 = 2° + 5 = 6, khong la s6 chinh phuong.

Xétx=1thi2"+5=2+5=7, khong la s6 chinh phuong.

Xéx=2thi2*+5=22+5=9=3%

Xét x 23 thi 2" : 8 nén 2" + 5 chia cho 8 du 5, khong la s6 chinh phuong.

Pap so: x = 2.

b) Xét hai truong hop: x I¢ va x chan.

o Xérxlé. Khid62"+ 1 : 3nén2"+9chiacho 3 du 2, khong la s6 chinh phuong.
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37.

39.

40.

41.

42.

43.

42

e Xétxchin.Datx=2n(ne N}.Giés&22“+9=y2(ye N).
Tacoy’-2""=9 & (y+ 2"y -2" =09.
Tathdy y+2">0nény-2">0vay+2">y-2"

+2" =9 "=
Do dé ¥ = {2 *
y-2" =1 y=>
Taduocn=2vax=4.
Dap so: x = 4.
BAI TAP
Tim nghiém nguyén cua cic phuong trinh:
a)xz—y2—3x+3y=2; b) 2xy - x -y = 10;
c) x2 -4y’ - 4y = 45; d)x3—3xy=6y-l:

e) x* + yz — 3|(z2 + tz).
Tim nghiém nguyén cuia cdc phuong trinh:
a}x2~x+y2—y=xy; b}x2—5x+2=y4+y2:
c)x’-x*+6=y —y.
Tim nghiém tu nhién cua cac phuong trinh:
a) x> + xX’y? + y> - 2y = 24;
b) 3 =x?-5x +7.
Tim nghiém nguyén duong cua cac phuong trinh:
a)Xyz=2(X+y + z); b)xyz=x +y + 2z
Tim nghiém nguyén cta phuong trinh

x> -8y +7=0.
Tim s6 s nhién x dé mébi biéu thic sau la s6 chinh phuong:

a)x2+3x+i; b)x4-x2+21+2:
c) 3" + 80; d)3* +91.
Tim nghiém nguyén duong cua phuong trinh:

X+y=Xy- yz.



44.

45.

46.

47.

49.

50.

Tim cdc s6 nguyén t6 x va y sao cho:
a) x” + 3xy + y° 1a s6 chinh phuong ;
b) x? + 3xy + y° 12 luy thira tu nhién cua 5.

Tim nghiém nguyén cta cdc phuong trinh:

a}J;+Jx+5=y; b)x+1fx+%+,}x+%=y.

Tim céc s6 nguyén duong a, b, ¢ sao cho

a’=2(b+c)vaa’ —b’-c’=3abe.
Tim s6 nguyén duong k nho nhat dé phuong trinh 2xy — X — 3y = k ¢6 mot s6
Ié nghiém nguyén duong va tim cdc nghiém dé.
a) Tim s6 tu nhién nho nhat ¢é ba chir s6, sao cho nhan né véi 31 réi chia cho
23 thi du 16.
b) Tim s6 tu nhién nhoé nhat ¢6 tan cung la 84 va chia hét cho 83.
a) Mot bai thi gédm 20 cau hoi, méi cau tra 16i ding duoc 5 diém, méi cau tra
10i sai bi trir di 1 diém, méi cau bo qua khong tra 16i dugc 0 diém. Tinh s6 cau
tra 101 ding, s6 céu tra 101 sai, s6 cau bo qua khéng tra 101 cia ban Tung, biét
rang s6 diém cua ban la 58 diém.
b) Ciing hoi nhu cau a), nhung méi cu tra 1di sai bi trir 2 diém va diém nhan
duge la: 51 diém: 42 diém.
Mot s6 khiach du lich dén mot cira hang mua lo hoa lam ki niém. Néu méi
khdach hang mua mot lo hoa thi cira hang con lai y lo hoa. Néu méi khach

hang mua y lo hoa thi ¢é y khiach hang khong mua duoc lo hoa nao. Biét y la
mot sO chdn, tinh s6 khdch hang va s6 lo hoa ma cira hang cé.
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Chuyén dé 6
BAT PANG THUC VE SO TU NHIEN

TONG QUAN VE CHUYEN DE

Quan hé 16n hon, nho hon da dugce biét tir cac 16p duéi. Trong chuyén dé nay,
chua doi hoi cic kién thitc phic tap vé bat ding thirc, chi yéu cdu biét van dung
nhimg kién thitc don gian vé bat ding thuc.

Chuyén dé nay bao gébm cdc dang sau:

— Dang 1. Tim s6 tu nhién thoa man mat bat ding thiic.

— Dang 2. Tim gid tri nho nhat, gid tri 16n nhat cua cédc biéu thic don gian.

— Dang 3. Viét mot bi¢u thic véi diéu kién cho truée sao cho gia tri cua né

nho nhat hoac 16n nhat.

Thu tri thOng minh

PIEN SO YAO NGOI SAO

Hinh 3 ¢6 nam cdnh sao la cdac hinh tam gidc duoc 16 dam. Hay dién nam sé
I. 2. 3, 4, 5 vio nam vong tron bén trong sao cho t6ng cua ba s6 ¢ ba dinh méi
hinh tam gidc bang nhau.

Hinh 3



Gidi (h.4)
Goi a, b, ¢, x, y 12 cdc s6 phai dién (h.4a).
Tac66+a+y=7+a+b=8+b+c=9+c+x=10+x+y.

b

Hinh 4
Suyraa+y>a+b>b+c>c+x>x+y
=y>b,a>¢c,b>x,c>y=a>c>y>b>x
= a=5,c=4,y=3,b=2,x=1.

Ta dugc hinh 4b.

Vi du 46. Hai s6 nguyén duong X va y c6 16ng bing 45.
a) Tim gid tri Ién nhat cua tich xy.

b) Tim gia tri nho nhat cua tich xy.

Giai

Dox+y=45(x,y€ N')nenxiy.giés&x>y.
Tacé 4xy+(x—y}2=(x+y)2=452.

a)xylénnhit & x —ynhénhit e x—y=1.

x-y=1 x=23
=
X+y=45 y=22
max(xy) = 23.22 = 506.

b) xy nho nhat < x — y 16n nhat < { :
}f:
min (xy) = 44.1 = 44.
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Vi du 47. Dung tit ca sdau chir s6 1, 2, 3, 4, 5, 6 hday viét thanh ba s6 tu nhién
¢6 hai chir s6 sao cho tich cua ching ¢6 gi4 tri 16n nhat.
Giai

D¢ tich cua ba s6 cdn tim ¢6 gid tri 16n nhat, cic chir s6 hang chuc cia chiing
phai ¢6 gid tri 16n nhat, ta chon céc chirsé 4, 5, 6.

Tich 16n nhét can tim ¢6 dang 4a.5b.6¢ (1) trong d6 a, b, c € {1; 2; 3}. Ta sé
chimg minha>b>c.

Truée hét ta chimg minh a > b. That vay, gia sira < b. Xét

—_— — —

4a.5b — 4b.5a = (40 + a)(50 +b) — (40 + b)(50 + a)
=40b + 50a—-40a—-50b=10(a—-b) <0

nén 4a.5b <4b.5a, trdi véi tich (1) c6 gid tri 16n nhat.

Chimg minh tuong tu nhu trén, ta duoc b > c.

Vaya=3,b=2,c=1.Tich I6n nhat cdn tim la 43.52.61.

Vi du 48. Dung tat ca chin chir s6 tir 1 dén 9, hay viét thanh ba s6 tu nhién ¢é
ba chir s6 sao cho tich cua ching ¢6 gid tri 16n nhat.

Giai

D¢ tich cha ba s6 cdn tim ¢6 gia tri 16n nhat, cic chir s6 hang tram cia ching
phai c¢6 gia tri I6n nhat, ta chon cac chirs6 7, 8, 9.

Dé tich cia ba s6 cdn tim ¢6 gid tri 16n nhat, céc chir s6 hang chuc cua chiing
phai c6 gid tri 16n nhat, ta chon cdc chirs6 4, 5, 6.

Tich 16n nhat can tim c6 dang 7a*.8b*.9¢c* (1) trong d6 a, b, ¢ € {4; 5:; 6}.
Ta s€ chimg minha>b>c.

*

Truéc hét ta chimg minh a > b. That vay, giasta<b. Dat a*=x, b*=y thi

X<y.
Xét 7a*.8b* — Tb*. 8a*
= (700 + x) (800 + y) — (700 + y) (800 + x)

= 700y + 800x — 700x — 800y = 100(x - y) <O

= 7a*.8b* < 7b*.8a*, trdi v6i tich (1) ¢6 gid tri 16n nhat.



Vay a > b. Chimg minh tuong tu, tadugc b>c. Suyraa=6,b=35,c¢c = 4.
Tich 16n nhat can tim ¢6 dang 76m.85n.94p (2) trong d6 m, n, p €{1; 2; 3}.
Ta s& chimg minh m > n > p.

Trude hét ta chimg minh m > n. That vay, gia sir m < n.
Xét 76m.85n — 76n.85m
= (760 + m)(850 + n) — (760 + n) (850 + m)

= 760n + 850m — 760m — 850n
=90(m-n)<0

=> 76m.85n < 76n.85m, trdi vai tich (2) ¢6 gid tri Ién nhat.

Vay m > n. Chimg minh tuong tu ta duge n > p.

Tich Ién nhat can tim la 763.852.941.

Vi du 49. Tim s6 nguyén duong a sao cho c6 ding 11 s6 nguyén duong x ma

et ]
X

Gigi

25153@ l = -g-.

2
X 2 3
Pata=6k +rvdia,re N, 0O<r<S5.

6k +r o 6k+r

X
S—35 SX<
a

W | =

Tacé

e 2k+-<x <3k+~. (1)
3 2

a) Xétr=0thi (1) 1a 2k < x < 3k.
C63k -2k + 1 =k + 1 gid tri cua x.
Tuk+1=1l1aduoc k= 10néna=60.
b)Xétr=1thi(l)la2k+1<x<3k.
C63k~(2k + 1) + 1 =k gid tri cha x.
Tuk=11dugca=6.11+1=67.
c)Xétre{2;3}thi (1)1a2k+1<x<3k+1.
Co(Bk+1)-(2k+ 1)+ 1 =k + 1 gid tri cha x.
Tok+1=11duock=10.Véir=2thia=62. VGir=3thia=63.
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d)Xétre{4;5}thi(l)la2k+2<x<3k+2.
Co(Bk+2)-(2k+2)+ 1 =k + 1 gid tri cua x.
Tuk+1=11dugck=10.Véir=4thia=64. Véir=>5 thia=65.
Pdp s6: a € {60; 62; 63; 64; 65; 67}.
Vi du 50. Tim gia tri 16n nhat cia tdng A =|a—b| + |c—d| trong d6 a, b, ¢, d
la bon s6 tu nhién khdc nhau tir 1 dén 4.
Gidi
Do [a—b| =|b—a| va a# b nén c6 thé gia sir a > b. Ciing vdy, ta gia sir ¢ > d.
Khi d6
A=la-b|+|c—d =(a-b)+(c-d)=(a+c)—(b+d).

) a+c¢ lon nhat a+c=7
Xay ra dugc =

b+d nho nhat b+d=3

maxA =7 -3 =4khichinghana=4,c=3,b=2,d=1.

Vi du 51. Tim gid tri 16n nhét cia t6ng

A =la) —ay| + [ay —as|+|ay —ay|+|a; —as[+|as —a)]

trong do6 a|, a,, a,, a,, a5 la nam s6 tu nhién khic nhau tr 1 dén 5.

Giai

Do |x —y|=|y = x| nén khi x # y ta c6 thé gia sir x > y. Do d6 trong méi gid tri

tuyét doi & biéu thirc A, ta ¢6 thé gia sir mot s6 16n hon s6 con lai (v6i diéu kién
gia sir d6 khong din dén mau thudn).

Ta gia sir s6 16n hon trong nam gia tri tuyét doi ¢ biéu thirc A lin luot la a,,
3,3. a3| as; at- Khi dé

A=a —-a,+a;—-a,+a;—a;+as—a;+a, —as= 2[{a|+a3)—(az +a4)].

. a, +ay lon nhat a,+a;=9
Xay ra dugc ’ =

a, +a, nho nhat a,+ay; =3
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maxA = 2(9 — 3) = 12 khi ching han a, > a; > ag > a; > a, tic la

a, a, a, a, as

5 1 4 | 2 3
Khidé A=|5-1|+[1-4|+|4-2[+]2-3[+|3-5| = 12.

Vi du 52. Tudi cia An cOng v6i tudi cua bs va me biang 95. Biét ring tudi me
g4p bon ldn wéi An, téi bé 16n hon wéi me nhung nho hon 16ng s6 wdi clia me
va An. Tinh tudi cia méi ngudi (tudi cua mdi ngudi la mot s6 nguyén).

Giai
Goi s6 tudi cia An, clia bo, clia me theo thir e 1a A, B, M. Ta ¢6
[A +B+M =095 (1)
M =4A (2)
M<B<M+A 3

Tiu (1) va (2) suy ra 5A+B=95. 4
Tiur (2) va (3) suy ra 4A <B<5A. (5

1
Tir (4) va (5) suy ra 95=5A+B<5A+5A=10Anén A > 95.

Tir (4) va (5) suy ra 95=5A+B>5A+4A =9A nén A< l{)g.

Do A la s6 nguyén nén A = 10. T dé M = 40, B = 45.

Ddp s6: An 10 wéi, me 40 tdi, bo 45 toi.

Vi du 53. Trong moét tro choi du dodn s6 bi trong hop, bén ban A, B, C, D du
dodn so6 bi theo thir tu la 125 vién, 140 vién, 142 vién, 121 vién. Ké qua la A dat
giai nhat, B dat giai nhi, C dat giai ba, D dat giai tu. Hoi chinh xdc trong hop c¢é
bao nhiéu vién bi ?

Giai

S6 bi du dodn cia méi ban A, B, C, D biéu thi bai cdc diém A, B, C, D trén tia
sO nhu hinh 5.

D A B c
. 4 . 2 - L L
121 125 140 142
Hinh 5
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Goi s6 bi chinh xac la a.

Néu a < 125 thi D dodn chinh xdc hon B, trdi véi dé bai.
Néu a > 140 thi B doan chinh xdc hon A, trdi véi dé bai.
Vay 125 <a < 140.

Do A doan chinh xdc hon Bnén a — 125 < 140 — a = 2a < 265. (1)

Do C dodn chinh xdc hon D nén 142 —a<a— 121 = 2a > 263. (2)
T (1) va (2) suy ra 2a = 264 nén a = 132. S6 bi chinh xdc trong hop la 132 vién.
Vi du 54. C6 100 hoc sinh tham gia cudc thi giai bon bai todn. Khong c6 ai

giai dugc ca bon bai. S6 ngudi giai duoc cdc bai 1, 2, 3, 4 theo thit tu 1a 90 ngudi,
80 nguoi, 70 ngudi, 60 ngudi. Ban 16 chic ¢é giai thuong cho hoc sinh nao giai
dugc ca hai bai 3 va 4. C6 bao nhiéu hoc sinh dugc giai thuong d6?

Giai
Truée hét ta chimg minh bé dé: Néu tap hop A ¢6

a phan wr, tap hop B ¢6 b phdn wr, A va B déu la 1ap

hop con cua mot tap hop ¢é n phén ur, goi s6 phan wr

(n)

cuaAnBladthid=za+b-—n.

Chimg minh bé dé (h.6)
Néud<a+b-nthim=b-d>b-(a+b-n) Hinl 6
= m>n—-a=a+m>n, voli

Bé dé duge chimg minh.

B 3(70) 1341 4 (00)

e Goi x la s6 hoc sinh giai dugc ca hai bai 3
va 4 (h.7). Theo b6 dé x = 70 + 60 — 100

= x 230. (1)
- j Hinh 7

e Goi y la s6 hoc sinh giai dugc ca ba bai
2, 3,4 (h.8).
Theo bo dé

y 280+ x-100

3di 2 (80) B 3.4 (x)

= y>x-20. )
Hinh 8
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S1.

52.

53.

54.

85.

e Goi z la s6 hoc sinh giai dugc ca bon bai (h.9).
2 Bai 1 (%)) 331 2. 3. 4 (v)

Theo bo dé
z290+y-100=2z2y-10.

e Doz=0nény =< 10. Thay vao (2) duoc
X —-20<10nén x £30.(3)

Tu (1) va (3) suy ra x = 30.

Vay ¢6 30 hoc sinh duge nhan giai thuong.

Hinlh 9

BAI TAP
Cho biéu thirc
A=1+2+3+4+...+30.

Tinh gid tri tv nhién nho nhét cha biéu thirc méi néu thay mot s6 dau cong boi
dau trir. '

Tim s6 nguyén duong n nho nhat, biét rang nhan né véi 2 thi duge mot s6
chinh phuong, nhan né véi 3 thi duoc 1ap phuong cua mot so6 tu nhién.

Hai s6 nguyén duong x va y ¢6 1ong bang 51.

a) Tim gia tri 16n nhat cua tich xy.

b) Tim gid tri nho nhat cua tich xy, biét ring x va y déu 16n hon 1.
ChoA=1'+2>+3>+...+99” +100'%".

Chimg minh rdng khi tinh gid tri cia A, ta dugc mot s6 ¢6 201 chir s, trong

dé hai chir s6 dau tién bén trdi la 10.

a) Dung tat ca sdu chir s6 tir | dén 6, hdy viét thanh ba s6 tu nhién c6 hai chir
s0 sao cho tich cua chiing c6 gid tri nho nhat.

b) Dung tat ca chin chit s6 tir 1 dén 9, hay viét thanh ba s6 tu nhién ¢6 ba chir
sO sao cho tich cua ching c¢6 gia tri nho nhat.

¢) Cho tich a.E.(Téé. Dua vao két qua cua cau b, hay thay cac chir s6 trén
bdi cdc chir s6 tir 1 dén 6 d¢€ tich ¢6 gid tri nho nhat (chi viét, khong cdn
giai thich).
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56. Tim gid tri I6n nhat cta t6ng
A =|a; —ay|+|ay —as|+|ag —a,|+[ay —as|+|as —ag|+|ag —a,| trong d6 ap,
a,, ..., ag la sdu s6 wr nhién khac nhau tir 1 dén 6.

57. Cho nam s6 nguyén duong a, b, ¢, d, m trén vong tron. Tinh theo chiéu kim
dong ho thi téng cua hai s6 lién nhau bang binh phuong cia so6 tiép theo. Tim
nam so ay.

58. Tim s6 tu nhién cé hai chir s6 ¢6 thé viél duge dudi dang t16ng cua sau luy
thira bac khac nhau cua 2.

59. Tim s6 nguyén duong nhoé nhat bang hai lan binh phuong cia moét s6 tu nhién
va bang ba l4n 1ap phuong cia moét s6 tu nhién.
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Chuyén dé 7
BAT PANG THUC VE PHAN SO
VA CAN BAC HAI

TONG QUAN VE CHUYEN DE

Cic bai todn trong chuyén dé nay ¢6 ciac dang chinh sau:

— Dang I. Chung minh mot biéu thirc 16n hon hoac nho hon moét s6 cho truée.
— Dang 2. Tim gié tri clia bién dé mot hoac nhiéu bat dang thitc duge thoa man.
— Dang 3. Tim gid tri nho nhdt, gid tri 16n nhat cia mot biéu thic.

Pé chimg minh gid tri cha biéu thic A nho hon hing s6 m, ta thuomg lam troi
bi¢u thic A thanh bié¢u thic B thoa mén hai diéu kién: bi¢u thic B dé tinh todn va
B <m.

Dé chimg minh gid tri ciia biéu thiic A 16n hon hing s6 n, ta thudng lam giam
biéu thitc A thanh biéu thic C thoa man hai diéu kién: biéu thitc C dé tinh todn va
CZn.

Thu tri thong minh
Al DPOAN DUNG ?

Mot nhém ban thao luan véi
nhau vé biéu thic sau:

1 1 1 1 1
A=—+—+—=+—+..+

o 100>
Mai dodn ring A la téng cia 98

P T 1
phéan s6 nén chac sé I6n hon 3"



Tung néi rang: “*Vi méi phan s6 déu nho nén A < |

Con Tam cho rang A = % i

Ban nao doan dung?
Giai
Ban Tung dodan ding, nhung li do khong phai vi méi phan s6 déu nho, ma

phai lap luan nhu sau:
A<1+l+]+_..+ l
23 34 45 99.100
e
2

- 1
+.h — — =—=—x

| 1 1
- — - - _— = —.
9 100 2 100 2

h | =

1 11
— — + —
3 4 4

W | -

I. BAT DANG THUC VE PHAN SO

Khi ching minh bét déng thic vé phan s6, nhiéu khi ta phai tinh t16ng cic
phan s6 viél theo quy luat. Khi dé, ta thuong tim céch viét mébi phan sé thanh hiéu
cua hai phan s6 dé xuat hién trong biéu thiic nhimg phan s6 d6i nhau.

Vi i S5 Ol B ety e . S
13 24 35 46 2022

Chimg minh ring A < %

Giai
s
2A = i+—2—-+...+ = —2—--+i . .
1.3 35 1921 ) (24 4.6 20.22

1 1 1 1 I 1 xf1 &I 4 1 1 1
=|l-———4F——=+t——— ————t——— —_———

i X 3 3 1921)2446 20 22
gy, r 3

21 2 22 2
Viy A< —



Vi du 56. Cho A =i3+i3+-—13-+...+%.
3 4 5 99
Chimg minh ring:

a)A<L; b}A>L.
12 27

Giai
a)Végin> 1 tac6n3>n3—n=n(n2-—l)=(n-l)n(n+l)

1

én — < . |
nen n® (n=Dn(n+1) i
Radgict e L B SO,
(n=Dn n(n+i) (M=-Dnn+1) (n—=i)n(n+1)
Tiu (1) va (2) su raii' l - : Do dé
Y n® (m=Dn n(n+l)
2 .3 2 1 1 1 1 1 1
2A=—+—+..+ < - + - +...+ -
33 43 99> 23 34 34 45 98.99 99.100
=2A<l—--—-!-- = 2A<l = A<-—l-.
6 9900 6 12
. 3 1 |
b)Véin>1ltaco n” <n(n+1)(n+2) nén — > ; 3
) ( X ) n®  n(n+1)(n+2) )
P e 1 ..o - . @
n(n+1) (n+1)(n+2) nn+1)(n+2) n(n+1)(n+2)
2 1 1
Tu(3)va (4 —> - . Do dé
3)va@)suyra n°  n(n+1) (n+1(n+2)
2A=—2—+-g—+...+ 2 > - + I +..+ L l
33 43 99> 34 45 45 56 99.100 100.101
= 2A >._l.._.;>L__.!__=i—i
12 10100 12 120 120 40
PYTI . 1
80 81 27
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Vi du 57. Cho A—i+i+i - i

a 3F g g
Chimg minh rdng A < 1.
Giai
Tdc{);ﬂn“—l 3n-(:+l)= :l—n-:l.Dodé
3 3 37 3
A_l 2. 2 3 n n+l_1 n+l n+1 |
= af Tal af R T
3 3 3 L & 3 3 3

Il. BAT DANG THUC VE CAN BAC HAI

K hi ~hi% minh bat di thif i 2
T LIIUI#E ifiifin Cau aaii LU vie vaill

: i, ig B
cén tinh 16ng cla nhimg s6 hang viét theo quy luat. Ta cﬁng
hang thanh mot hi¢u dL xudt hién trong bi¢u thirc nhimg s6 hang doi nhau.

1 1

ﬁ+ﬁ+£+ﬁ+"'+m'

Chitng minh ring A > 4,5.
Giai

dC Iidi

Vidu 58. Cho A=

1 1 1
Tacs A = i PN Sel
V1+2 3+a JO8 + /99

1 1 1

- + ...+ .
JE+J§ \/Z+\/§ J99+J100
. . 1 1 1
Cong vé vor vé ta duoc 2A > - R pe—-—
ne ' Jie2 A2 +403 J99 +100

A>

- r— ! g —  ppy | ———— " =y ' ——
oA YI=V2 V2-V3  J99-V100 _ ., VI-VI00
1-2 2-3 99 —-100 -1

Vay A>4,5-

Vidu 59. Cho A =

1 ] 1 1
-+ -+ +...¥+ -
J14+vY3 2(3+V5) 3(J5+V7) 40(~/79 +J81)

Chimg minh rang A < %
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Giadi
Taco

1 _N2n+1-+v2n-1
n(v2n—1++v2n+1) 2n

_2n+1-v2n-1 : V2n+1-v2n-1

4n’ Van? -1

_¥2n#l-Von-l 1 1
V2n+1.42n-1  2n-1 2n+1’
g e o Bl Ty, L B
VI N3 N3 WO VY VT V79 V81
=>A<l—l=§.
9 9
Vi du 60
a) Chitng minh ring v6i moi s6 nguyén duong n thi
1 1{ 1 |
— < —| = ) (1)
(vn +Vn+2) 3[\/; n+2]
b) Ap dung két qua trén, chimg minh rang
1 + l +..t : g2
N1+43) (3+5)° (V623 +625)° 25
Giai
2(1) e (Vn+vn+2) (Var2-vn) >8/nn+2
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Bat ding thitc cudi diing nén (1) duge chimg minh.

| 1 1
3 + 3 +...+ 3"
V1+43)  (f3+5) (/623 +/625)

Theo cau a, 1a co
1 |

1 1 1
-——t..t e

A<§[\;I—j§+ﬁ Tt T J&_5]=>A<%[1-%S-J 235.

b)Dat A=

BAI TAP
-3 2 95 —
60. Cho A=—.—.= . — . Chimg minh rang:
2 4 6 96
1 1
a) A<—; b) A<—.
9 12

61. Chimg minh ring véi moi s6 nguyén duong n thi:

a) nl-+—L+ +——-—I—<l'
32 52 2n+1)> 4
1 1 1
b) + +...+ < — 3
12422 2243° nZ++1)? 2
c) l + L + 3 bat—— D 1
141241 2442241 3%43%+1 nf4+n’+1 2

62. Chimg minh rdng véi moi s6 nguyén duong n thi:

1 2 3 n
—t—t—t . F— < 2.

2 22 2 "
63. Chimg minh bat ding thic
2 4 8 16 32 64 1
+ 5 + 3 -+ 3 + 16 + %) < —,
5+1 5°41 541 5°+1 5°+1 57+1 2
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65.
66.

67.

Cho cédc s6 nguyén duong a, b,c,dthoaman | <a<b<c<d < 100. Tim gia

tri nho nhat cua B = N
b d

Chimg minh rang s6 23% ¢6 91 chir s6 khi viét duéi dang thap phan.
Chimg minh bat ding thic

1 1 1
m+m+...+m - A
Chitng minh bat ding thic
1

1 1 1
-+ +...4+ <
V2 +V5)° (V5+8)® (Vo5 ++98)> 19
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Chuyén dé 8
NGUYEN LI DI-RICH-LE

TONG QUAN VE CHUYEN DE

Khi chimg minh t16n tai mét quan hé nao dé. ¢6 trudng hop ta khong thé chi ra
dugc mot vi du cu thé vé quan hé dé, nhung vin ching minh duge su t6n tai cua
quan h¢ ay bang cich sir dung nguyén i Di-rich-lé.

Nguyén li Di-rich-1¢ con goi la nguyén Ii nhotr tho: Néu nhét n con tho vao k
I6ng ma phép chia n cho k dugc m va con du thi 16n tai mot 16ng chira it nhat
m + | con tho.

Cac bai toan vé nguyén li Di-rich-1¢ trong chuyén dé nay bao gém:

— Dang /. Chimg minh t6n tai mot s6 (hoac mot hiéu, mot t6ng...) chia hét
cho mot so nao do.

— Dang 2. Chimg minh tén tai mot tap hop ¢6 mot tinh chat nao dé (chang
han: ¢6 tich la s6 chinh phuong, ¢6 t6ng chia hét cho mot s6 nao do, c6 hiéu la
mot s6 nao dé...) '

Vai nét lich su
DI-RICH-LE

Di-rich-lé (Peter Lejeune Dirichlet, 1805 — 1859)
la mot nha todn hoc ngudi Pic gée Phap. Ong ké tuc
su nghic¢p cua “ong vua 10dn hoc™” Gau-xo ¢ truong dai
hoc Gat-tinh-ghen (bic) va duoc danh gia la “Gau-xo
thir hai™.

Linh vuc nghién ciru cia 6ng rat rong: tir 1i thuyét
s0, chudi s6 dén giai tich todan hoc.

Mot vi du vé ham s6 ma Di-rich-1¢ dua ra co
nhi¢u img dung, d6 la ham sé Di-rich-lé:

Di-rich-lé
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) I néu x la so htru u
f(x)= _ _ ‘
0O néu x laso vou

(Néu ¢6 ai yéu cau ban cho vi du mot ham s6 khong biéu dién duge bang dé
thi. ban ¢6 thé dua ra ham sé trén).

. SU CHIA HET CUA MOT 58, MOT HIEU, MOT TONG

Vi du 61. Ching minh riang trong bay s6 nguyén 16 bat ki, 16n tai hai s6 ¢6
hi¢u chia hét cho 12.

Giai

Trong bay sO nguyén 16, néu ¢6 hai s6 bang nhau thi hi¢u cia ching bang 0,
chia hét cho 12.

X¢é1 bay s06 nguyén 16 khiac nhau doi mot, ton tai nam s6 nguyén 16 16n hon 3.

Mot s6 nguyén t6 16n hon 3 khi chia cho 12 du r thi r khong chia hét cho 2,
khong chia hétcho3nénre{l:5:7: 11}.

C6 nam sO nguyén 16 16n hon 3. chi ¢6 bon s6 du nhu trén, theo nguyén li
Di-rich-1¢ 16n tai hai s6 ¢6 s6 du biang nhau, hiéu cia chiing chia hét cho 12.

Vi du 62. Chimg minh ring trong sdu s6 tu nhién bat ki, t16n tai hai s6 ¢6 16ng
hoac hiéu chia hét cho 9.
Giai

Trong sdu s6 tr nhién, néu c6 hai s6 bing nhau thi hiéu cua chiing bing 0,
chia hét cho 9.

X¢ét sau sO tr nhién khac nhau doéi mét. Cac sé du khi chia cho 9 dugc ghép
thanh 5 nhém (0), (1: 8), (2: 7). (3, 6), (4: 5).

C6 6 s06, chi ¢6 5 nhém, theo nguyén li Di-rich-1¢ 16n tai hai sé thudc cung
mot nhom.

Hai s6 thudc cing mot nhém dé ¢6 16ng chia hét cho 9 (néu hai sé du khéc
nhau) hoac c¢6 hiéu chia hét cho 9 (néu hai s6 du bang nhau).

Vi du 63. Chimg minh rang trong nam s6 nguyén duong bat Ki, ton tai mot s
chia hét cho 5 hoac mot vii so ¢6 1ong chia hét cho 5.

Giaqi
Xét 5 biéu thire
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S| =3,

s, =a, +a,

S3=a; +a, +a,

s;=a,+a,+a;+a,

Ss=a,+a,+a;+a,+ag
N¢éu maot trong cac biéu thirc trén chia hét cho 5 thi bai toan dugc chimg minh.
Gia sir nam biéu thic trén déu khong chia hét cho 5.

C6 5 bicu thirc, c6 4 s6 du khdc 0 khi chia cho 5, theo nguyén li Di-rich-1¢ t6n
tai hai bi€u thic khi chia cho 5 ¢6 cluing s6 du, hiéu cua chiing chia hét cho 5, hiéu
cua ching la mot s6 hodc téng ciia mot vai s6 trong nam s6 da cho.

Vi du 64. Cho 17 s6 nguyén duong bat ki. Chimg minh ring trong 17 s6 dé:

a) Tén tai nam bo ba s ma ba sé trong médi bd dé ¢é 16ng chia hét cho 3.

b) Tén tai chin s6 ¢6 tdng chia hét cho 9.

Giai

Truéce hét ta chimg minh bé dé: Trong nam s6 tu nhién, t6n tai ba s6 cé tdng
chia hét cho 3.

That vay, c6 ba s6 du khi chiacho 3 1a 0, 1, 2. Néu c6 ba s6 ¢6 cung s6 du thi
16ng cuia chiing chia hét cho 3. Néu trong nam s& da cho, khéng ¢6 dén ba s6 nao
¢6 cung s6 du thi 16n tai ba s6 ¢6 s6 du khédc nhau, 16ng ciia chiing chia hét cho 3.

a) Lay 15 s6 bat ki trong 17 s6 da cho, chia thanh ba nhém, méi nhém cé
nam s6. Theo bd dé trén, trong méi nhém 16n tai ba s6 ¢6 16ng chia hét cho 3, 1a
dugc ba bé ba 56 ¢é 16ng chia hét cho 3.

Con lai: 17 — 9 = 8 (s6). Ldy nam s6 bat ki trong tdm s6 d6. Theo bo dé trén,
1a duoc thém mdt bé ba 56 ¢6 16ng chia hét cho 3.

Con lai: 8 — 3 = 5 (s6). Theo bd dé trén, ta dugc thém mdot bé ba s6 nua cé
16ng chia hét cho 3.
Vay c6 3+ 1 + 1 =5 bo ba s6 ma céc s6 trong mdi bd c6 tdng chia hét cho 3.
b) Goi 15 s6 trong nam bo ba s6 duge chon d cau a la aj, a,, as, ..., a;5. Gia sir
a,+ a, + a; = 3k,
ay + ag + ag = 3k,
a, + ag + a9 = 3k,
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aj;o+a; +a;; =3k,
a;3+a;,+a;s=3K;s
Xét nam s6 k. k,, k3. ks, ks. Theo bé dé trén, t6n tai ba s6 c6 tdng chia hét
cho 3, chiang han k| + k, + k3 : 3. Th¢ thi
a, +a,+ay+a,+ag+ag+ay+ag+ag=3K, +k, +kjy): 9.
Vi du 65
a) Hay chi ra 18 s6 tu nhién lién ti€p ma khéng c6 s6 n2o ¢6 18ng céc chir s6
chia hét cho 10.
b) Chitng minh riang trong 19 s& tu nhién lién ti€p bat ki, t6n tai mot sé cé
t6ng cdc chir s6 chia hét cho 10.
Giai
a) Trong 18 s6 tu nhién lién ti€p tir 1 dé€n 18 (1,2, 3,4,5,6,7, 8,9,
7

12, 13, 14, 15, 16, 17, 18), 16ng cic chirs6 cuaching la 1, 2, 3,4, 5,6, 7,
2,3,4,5,6, 7, 8,9 khong c6 sé nao c¢é 16ng cdc chir s6 chia hét cho 10.

b) Xét 10 s6 ddu tién clua day 19 s6 tu nhién lién 1i€p, t6n tai mot s6 tan cung

bing 0, goi s6 d6 1a A0. Xét AO va chin s6 ti€p theo (chin s& nay vén thudc day
noi trén):

10, 11,
8,91

AO. Al, A2..... A9. (1)

Goi t6ng céc chir s6 cua AO 12 k thi 18ng céc chi s6 ciia 10 s& trén 12
kK, k+1,k+2,...,k+09. (2)
Day (2) la 10 s6 tu nhién lién ti€p, t6n tai mot s6 chia hét cho 10, do dé6 t6n

tai mot s6 cua day (1) ¢6 16ng cic chir s6 chia hét cho 10.
II. TON TAI MOT TAP HOP CO MOT TINH CHAT NAO PO

Vi du 66. Cho ba s6 nguyén duong khic nhau, méi s6 c6 dang 7* véik € N.
Chimg minh riang t6n tai hai s c6 tich la s6 chinh phuong.

Giai
Goibasédicholaa=7b=7",c=7%

Trong ba s6 tu nhién X, y, z, t6n tai hai s6 cing chidn hodc clung 1¢é, ching han
X vay. Khi dé x + y 1a s6 chan.
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batx+y=2n(ne N). Tacé
ab=7%.7" = 7Y = 72" = (7")’, 1a s6 chinh phuong.

Vi du 67. Trong 25 s6 nguyén duong tir 1 dén 25, chon ra 12 s6 trong dé
khong ¢6 hai s6 nao ¢6 16ng bang 25. Ching minh ring trong 12 s6 d6, 16n tai mot
sO chinh phuong.

Giai

Ta thay 25 = 52 = 3% + 4°. Trong 25 s6 di cho, x&p ba s6 vao tap hop
A = {3%; 4%; 5%}, con lai 22 s6 chia thanh 11 cap. mdi cap co tong bang 25, la
(1:24), (2: 23). ..., (12; 13), trong d6 khong c6 cap (9: 16).

Xét 12 56 duge chon. Khong ¢6 hai s6 duoc chon nao la hai s6 cia mot trong
11 cap néi trén (vi néu ¢6 hai s6 roi vao mot cap thi 16ng cia ching bang 25, trdi
vai gia thiét).

MGéi cap (trong 11 cap) chi chita nhiéu nhat 1a mot s6 da chon. Do ¢6 12 s6
dugc chon nén tén tai mot s6 thuoe A = {3%; 4%; 5%).

Vi du 68. Cho 21 s6 nguyén duong khdc nhau bat ki khong vuot qua 40.
Chimg minh rang t6n tai hai s6 ¢6 16ng biang 41.

Giai

Goi A la tap hop cua 21 s6 nguyén duong da cho A = {a,; a,; ...: a5, }.
Xéttaphop B= {41 —a, ;41 —a,; ...; 4] —a,,}.

Hai 1ap hop A va B ¢6 1at ca 42 phan ur, 1y gid tri trong tap hop {1; 2; 3; ...: 40}

¢6 41 phan wr nén t6n tai hai phan tr bang nhau. Hai phan tr bang nhau nay khong
cung thudc A, khong cung thudc B, nén mot phan wr thuéc A va mot phan tir thudce
B. chang han a, € A va4l —a, € B.Khid6 a, =41 — a; nén a; + a, = 41.

Cédc s6 a, va a, khong bang nhau (vi t6ng cla ching la s6 1¢). D6 1a hai s6
phai tim.

Vi du 69. C6 hai nhém: nhém I ¢6 55 ngudi, nhém 11 ¢6 45 nguoi. Trong moi
nhém, khong ¢6 hai ngudi ndo bing tdi nhau, woéi méi ngudi 1a mot s6 nguyén
duong nho hon 100. Chimg minh ring c¢6 thé chon ra mot nguoi ¢ nhém I, mot
ngudi ¢ nhém I ma 16ng s6 o cha hai ngudi nay bang 100.

Giai
Goi A va B theo thir tr 12 tap hop s6 téi cia nhimg ngudi ¢ nhém I va nhém 1I1.
Ta c6
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A={a;:a, ... a4}
B= {b[: bz: cee g b_;_q}'.
Xéllaphqpc={|0‘0-—a| s 10'0—32 3 ses 3 100—3;5}.
Hai tap hop B va C ¢6 tat ca 45 + 55 = 100 (phan ), lay gid tri trong tap hop
{1: 2: 3: ...: 99} ¢6 99 phian wr nén 16n tai hai phian ur bang nhau. Hai phan ur
bang nhau nay khong cung thuoc B, khong cung thuéc C nén mét phan ur thuée B
va mot phin wr thude C, chang han by € B va 100 — a, € C. Khi d6 b, = 100 - a,
nén a, + b, = 100.
Vi du 70. a) Cho 51 s6 nguyén duong khdac nhau bat ki khong vuot qua 99.
Chimg minh rang 16n tai hai s6 ¢6 hiéu bang 2.
b) Nhu cau a, nhumg thay 99 bai 100.

Giai

a) Goi A la tap hop cua 51 s6 da cho A = {a;; a,; ...; a5} vGi | <a; <99,
i=1,2,..51

XéttaphopB={a,+2:a,+2; ...;a5,+2}v6i3<a +2<101,k=1,.. 5

Hai tap hop A va B c6 tat ca 102 phan tr, nhan cdc gia tri trong tap hop
{1:2: 3: ...: 101} ¢6 101 phdn tr nén t6n tai hai phidn wr baing nhau. Hai phan wr
bing nhau nay khong cung thuoc A, khong cung thuoc B, nén mot phin ur thude
A va mot phan tr thude B, ching han a, € A vaa, +2 € B. Khi d6 a, = a, + 2 nén
a, —a, =2.

b) Xép 51 s6 da cho vao hai nhém chan va lé. Ton tai 26 s6 thudéc cuing mot
nhém. Hai s6 bat ki thuéc nhém nay ¢6 hiéu chia hét cho 2. (1)

Trong 26 s6 néi trén. t16n tai hai s6 ¢6 hiéu bang d < 4, vi n€u moi cap hai s6
trong nhém déu ¢6 hi¢u 16n hon hoac bing 4 thi s6 16n nhat cia nhém 16n hon
hoac bang 1 + 4.25 = 101 > 100, trai véi dé bai.

Do (1)nénd = 2.

Vi du 71. Cho 101 s6 nguyén duong khdc nhau khong vuot qua 300. Chimg
minh rang trong 101 s6 d6:

a) Tén tai hai s6 ¢6 hiéu nho hon 3.

b) Tén tai hai s6 ma 16ng cua ching chia hét cho hiéu cta ching.
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Gidi
a) Goi 101 s6 da cho séap xéptang ddn la a,, a,, ..., a,,.
Taco d101 — Q) ={a|0] _alm}+ (a[m —399)'+ ess ¥ (az —a.}S 30’0— 1 =299-

Trong 100 hi¢u (¢ trong ngodc) néi trén, tén tai mot hiéu nho hon 3, vi néu
chiing déu 16n hon hoac bang 3 thi a,, —a,; 2 3.100 = 300, mau thuén.

Viy 16n tai hai s6 ¢6 hiéu nho hon 3.

b) Goi hai s6 ¢6 hi¢éu nho hon 3 néi trén la a, va a,, giasira —a, < 3.
-~ Néua,—-a,=1thia,+a,:a,—a,.
—Néua,—-a,=2thia,+a,chinnéna +a,:a, —a,.

Vi du 72. Cho 50 s6 tu nhién I¢é 1. 3. 5. .... 99.

a) Chimg minh rang cé thé chon dugc 34 s6 trong cdc s6 trén sao cho trong
34 50 d6, 16n tai hai s6 ma mot s6 chia hét cho s6 con lai.

b) Chimg minh ring né€u chon 33 s0 trong cdc so6 trén thi c6 thé khong ¢6 hai
sO nao ma mot so chia hét cho s6 con lai.

Giai

a) Méi so da cho déu viét duge duéi dang

a=3"bvéi k €{0; 1; 2; 3; 4}, b 12 s6 1é khong chia hét cho 3.

Trong S0s61é 1, 3,5, ...,99c6 17 s6 lé chia hétcho 3 (1a 3,9, 15, ..., 99,

C

. -3
gom —)—96——'—+ 1=17 s6) nén b nhan 50 — 17 = 33 gid tri.
C6 34 s6 dang a = 3%.b, chi ¢6 33 gi4 tri ciia b nén t6n tai hai s6 c6 gid tri ctia
3™b  _m-n
=3

LN

2 .0

b bing nhau, chidng han a_, = 3™.b va a, = 3".b v6i m 2 n. Khi dé
wic laa, : a,.
b) N¢u ta chon 33 s6 16n nhat trong 50 s6 lé da cho la 35, 37, ..., 99 (c6
9-35 ; " e g i ’ " :
o +1 =33 s0) thi khong t6n tai hai s6 ma mot sé chia hét cho s6 con lai.
That vay, gia su trong 33 s6 d6 ¢6 hai s6 x va y khdc nhau ma x : y thi
X2 3yv.Khid699 2x 23y 23.35= 105, mau thuin.
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68.

69.

70.

71.

72.

73.

74.

.

76.

s

78.

9,

BAI TAP

Mot siéu thi ¢6 128 thung tdo. S6 tdo ciia moi thung trong khoang tir 120 dén
144 qua. Tim gid tri 16n nhat cha n dé 16n 1ai n thung co s6 téo nhu nhau.
Chitng minh rang 16n tai mot boi cua 19:

a) GOm toan chirsé 1 va 0;

b) Gém toan chir so 1.

Chimg minh ring c6 vo s6 boi cta 7'” ma trong bi¢u dién thap phan cia né
khong ¢6 cac chirs6 0, 1, 2.

Chimg minh rdng trong sdu s tu nhién 1¢ bat ki. 16n tai hai s6 ¢6 hiéu chia
hét cho 10.

Chimg minh rang trong chin s6 nguyén t6 I6n hon 5 bat ki, t16n tai hai s6 cé
hiéu chia hét cho 30.

Chitng minh ring trong sdu s6 tu nhién bat Ki, 16n 1ai hai s6 ¢6 t6ng hoac hiéu
chia hét cho 8.

a) Chimg minh riang t6n tai bon s6 nguyén duong khic nhau ma 16ng cta ba
sO bat ki trong chiing la mot s6 nguyén 10.

b) Chimg minh ring khong 16n tai nam sé nguyén duong khdc nhau ma téng
cua ba s6 bat ki trong ching la mot s6 nguvén 10.

Chimg minh rang trong bay sé nguyén duong bat ki, t6n tai bén s6 ¢6 16ng
chia hét cho 4.

Chimg minh riang trong 59 s6 tu nhién lién ti€p bat ki, 16n tai mot s6 ¢6 16ng
cdc chir so chia hét cho 12.

Cho nam <8 nouvén duon

kh4aer nhan bhano oA indie n
L .‘a‘-: Al wARAWSES AT L] L] LA B ) L a4 LR
.

o
L] ARA% SERARARE AN l&'\vl“ A

-

o
&
Ching minh rang trong nam s6 dé, 16n tai hai s6 ¢6 tich la s6 chinh phuong.

Cho 625 s6 nguyén duong tir 1 dén 625. Ngudi ta chon ra trong cdc s6 dé 311
s0, trong d6 khong cé hai s6 ndo ¢6 16ng biang 625. Chimg minh rang trong
311 s6 d6, 16n tai mot s6 chinh phuong.

Chimg minh ring trong 31 s6 nguyén duong khéac nhau bat ki khong vuot qua
60, 16n tai hai s6 ¢6 tong bang 61.
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80.

81.

82.

83.

68

C6 35 nam, c6 tudi 1a cdc s6 nguyén duong khdc nhau nho hon 80. C6 45 nir,
c6 tudi la cic s6 nguyén duong khiac nhau nhé hon 80. Chimg minh ring cé
thé chon ra mét nam va mét nir ¢6 téng s6 i biang 80.

Cho 25 s6 nguyén duong khic nhau bat ki c¢6 t6ng khong vuot qua 410.
Chitng minh ring ¢6 thé chon ra tdm s6 chia thanh bén cdp, méi céap c6 16ng
béing 25.

Cho tap hop A ¢6 bon phéan tr la cdc s6 nguyén duong khong qua 5. Ching
minh rang t6n tai hai tap hop B va C khdc nhau, méi tap hop c6 tir 1 dén 3
phén tir, cdc phidn tlr déu thudc A sao cho 16ng cdc phdn tr cia B bing t6ng
cdc phdn ur cua C.

Cho 101 s6 nguyén duong khac nhau bat ki khong vuot qua 300. Chimg minh
rang trong 101 sO trén, t6n tai hai s6 ¢6 hiéu bing 4 hoac 8.

Cho 1050 s6 V1, V2, V3. .... V1050. Chon ra 33 s6 trong céc s6 trén. Chimg
minh ring trong cédc sé dugc chon, tén tai hai s6 ¢6 hiéu nho hon 1.



Chuyén dé 9

CAC BAI TOAN SUY LUAN

TONG QUAN VE CHUYEN DE

Céc bai todn trong chuyén dé nay c¢6 nhiéu dang:

— Dang 1. Cic bai todn lién quan dén su tuong hd, c6 quan hé hai chiéu
(chdng han: néu A quen B thi B quen A, néu A di thi dau véi B thi B di thi dau

val A,...).

— Dang 2. Céc bai todn lién quan dén su thay déi trang thdi, thay déi gi4 tri
nhung lai c6 tinh chéat khong déi (goi 1a bdr bién).

— Dang 3. Céac bai toan doi hoi lap luan (chir khong phai kién thirc) 1a cha
yé€u, nhu biét xét du cac trudng hop ¢6 thé xay ra, biét dua ra phuong 4n giai quyét

hop li ¢6 sitc thuyét phuc.

Trong cdc bai todn suy luan, ta ciing sir dung phuong phdp phan chimg,

nguyén li Di-rich-1é.

Thur tri thOng minh

THU LAM “BAO CONG XU AN”

Mot nha giau bi ké gian Ién
vao ldy trom théc ¢ ba cét, chi
con lai & cét thit nhat: ba dau thée
va mot cdi nbi, ¢ cot thir hai: mot
dau théc va mot cai vung néi, &
cOt thir ba: hai ddu théc va mot cai
ra.

Ba tén trom Gidp, At, Binh bi
bat giai lén quan. Tén Gidp khai
da ldy théc bang ndi, n At khai




lay thoc bang vung noi, 1én Binh khai lay théc biang rd. méi lian ching déu dong
day théc boi cic dung cu trén. Khi cho dong lai thi néi chita ding 7 dau théc, vung
noi chita ding 3 dau théce, con rd chira ding 5 diu théc.

Bi¢t s6 théc ¢ moi c6t bang nhau, nhié¢u hon 200 dau va it hon 300 dau. Em
hay tha lam “Bao cong xir an” xdc dinh méi 1én trom da lay bao nhiéu dau théc dé
ching phai “tam khau, khau phuc™.

Giai

Trude hét ta tim s6 dau thée & méi c6t thée. S6 dau thée dé 1a mot s6 trong
khoang tir 201 dén 299 thoa man ba diéu kién: chia cho 7 du 3, chia cho 3 du 1,
chia cho 5 du 2.

X¢t di¢u Kién chia cho 7 du 3. Ta thay 201 : 7 = 28 (du 5) nén 203 chia hét
cho 7. S6 dau thoc chia cho 7 du 3 nén thudc day so sau: 206, 213, 220, 227, 234,
241, 248, 255, 262, 269, 276, 283, 290, 297.

X¢ét dicu ki¢n chia cho 5 du 2. Trong cdc s6 trén ta chon s6 chia cho 5 du 2,
wrc la s6 tan cung bang 2 hoac 7, d6 la cdc s6 227, 262, 297.

Xét dicu ki¢n chia cho 3 du 1. Trong cdc s6 trén chi ¢6 262 chia cho 3 du 1.

Vay s6 dau théc 0 moi ¢t théc 1a 262 dau.

Giap lay: 262 - 3 = 259 (dau).
At ldy: 262 — 1 = 261 (dau).
Binh lay: 262 — 2 = 260 (dau).

L y. Bai toan duge giai nhanh hon néu dé bai thay doi ¢ hai dir kién nhu sau:

D¢ bai sira lai

D¢ bai ca l
' bon déu thée va mot cdi ndi
!
|

ba dau théc va mot cadi noi

——————— g mo=m g
|

mot dau thoc va mot cai vung néi | chi ¢6 mot cai vung noi

Khi d6, s6 dau théc cong vai 3 phai chia hét cho 7, cho 3, cho 5 nén chia hét
cho 7.3.5 = 105, do dé 1a 210. S6 ddu thée ¢ méi cot thée la 210 — 3 = 207 (dau).

Giap lay: 207 — 4 = 203 (dau).
Al lay: 207 (dau).
Binh lay: 207 — 2 = 205 (dau).
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I. SUTUONG HO

Vi du 73. C6 16 dau thu thi ddu béng ban theo thé thirc dau vong tron, méi
ngudi ddu véi méi ngudi khac mot tran (khong ¢6 tran hoa). Chimg minh rang khi
két thic giai ddu, ¢6 thé x€p nam ngudi vao mdt danh siach sao cho mbi ngudi
diing tru6e thang tat ca nhimg ngudi dimg sau.

Giai

Co 1—6-2—1-5 =120 tran ddu, nén c6 120 tran thiang. Do 120 chia 16 duoc 7 va

cOn du nén t6n tai mot ddu tha thing 8 tran, goi ngudi dé la A.

Xét 8 nguoi thua A, nhimg nguoi nay dau véi nhau -8-5?— =28 tran, nén co 28
tran thiang. Do 28 chia 8 dugc 3 va con du nén t6n tai mot ddu thu thing 4 tran, goi
nguoi do la B.

X¢t 4 ngudi thua B, nhimg ngudi nay dau véi nhau 42—3 =6 tran, nén c6 6 trdn

thing. Do 6 chia cho 4 dugc 1 va con du nén t6n tai mot ddu tha thing 2 tran, goi
ngudi dé 1a C.

Xét hai ngudi thua C d6, goi ngudi thing trong tran dau gitta hai ngudi nay 1a
D, ngudi con lai 1a E.

Ta c6 dau thu A thang B, C, D, E; dau tha B thiang C, D, E; dau tha C thing D
va E; d4u th D thing E.

Vi du 74. Chimg minh rang trong s6 9 ngudi, t6n tai mot ngudi quen it nhat 4
ngudi hodc khong quen it nhat 6 nguai.

Giai

Trudc hét ta thdy khong thé ¢6 mébi ngudi quen ding 3 ngudi khédc. That vay,
néu méi ngudi quen ding 3 ngudi khdc thi s6 cap quen nhau la ?-2*9 . khong la sé
tu nhién, vo li.

Goi moét trong 9 ngudi 1a A, gia sir A quen x ngudi. Theo nhan xét trén thi x # 3.

Néu x 2 4 thi bai todn dugc chimg minh.

Néu x < 2 thi s6 nguoi ma A khong quen 16n hon hay bing 6, bai todn duoc
chimg minh.
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li. SUTHAY Bdl TRANG THAI, THAY Dél GIA TRI

Vidu 75. Ba ban A, B, C ¢6 1at ca 30 vién bi: A ¢6 9 vién, B ¢6 10 vién, C ¢o
11 vién. Mo1 luot, mot ban tuy ¥ nhan cia moéi ngudi kia mot vién bi. Sau mot so
luot, ¢6 the xay ra ba ngudi ¢6 s6 bi bang nhau dugc khong?

Giai

So bi cua ba ban A, B, C lic ddu co so dukhichiacho 31a0, 1, 2.

N¢éu A nhan dugc bi cua hai ban Kia thi so bicua A. B.,Cla 11,9, 10 ¢6 s6 du
Khichiacho3142,0, 1.

Néu B nkan duoc bi cua hai ban kia thi so bicua A, B, Cla 8, 12, 10 ¢6 s6 du
Khichiacho31a2,0,1.

Néu C nhan duoc bi cua hai ban kia thi so bicua A, B, Cla 8,9, 13 ¢6 s0 du
khichiacho3142,0, 1.

Nhu vay, sau lugt dédu tién, so bi cia ba ban déu ¢6 s6 du khi chia cho 3 la ba
s0 khdc nhau trong tap hop {0; 1: 2}.

Sau moi luot tiép theo ciing nhu vay, khong bao gio xay rasédula l, 1, 1, urc
la khong bao gio xay ra moéi ban déu ¢6 10 vién bi. !

Liac y. Trong bai todn trén, ¢6 mot tinh chat khong thay doi (goi la bdat bién) &
moi luot, do la s6 bi cia ba ngudi khi chia cho 3 déucé dubasodulaO, 1, 2.

Vi du 76. C6 n béng dén dang ¢ trang thai tat. Méi lugl. ngudi ta thay doi
trang thdi bat - 1at chia bon béng deén (tat thanh bat, bat thanh tat). C6 thé xay ra t1at
ci n bong dén déu bat khong néu n bang:

a) 50: b) 317

Giai

a) Co the¢ xay ra.

Trong-12 luot, moi luot ta bat bon bong dén, dugc 48 bong sdng, con lai hai
bong 49 va 50. '

Luot thir 13, ta bat béong 49 va tat ba bong 1, 2, 3.

Luot thar 14, ta bat bong 50 va bat ba bong 1. 2, 3.

Tat ca 50 bong dén déu o trang thdi bat.

b) Khong thé xay ra.

Luc dau, so bong dén bat la 0. Sau luot thir nhat, s6 bong dén bat la 4.



O méi luot, néu ¢6 thém x bong dén bat (0 € x < 4) thi ¢6 thém 4 — x béng
dén tit, nén s6 béng den bat thay doéi la x — (4 — x) = 2x — 4, la mot so chéan.

Lic dau, s6 bong dén bat bang 0 (1a moét sé chidn), méi luot thay déi mot s6
chén (1a 2x — 4), nén s6 bong dén bat luon 1a mot s6 chdn, khong thé bang 31.

Liae ¥. Bal bién trong vi du trén la: S6 béng dén & mot trang thdi (chang han
bat) trong hai lugt lién ti€p luon chénh léch mot s6 chan.

1

Vidu 77. Cho 48 sO ll 1
’ 3 4 49

B |

Nguoi ta xod hai s6 x, y bat Ki trong cdc s6 trén rdi thay bang s6 méi Xy + X + y.
Lai xo0d s6 mdi va mot s6 ci roi thay bang s6 méi khic theo quy luat trén. Cif ti€p
tuc nhu vay cho dén khi duge s6 méi cudi cung. Hoi s6 d6 bang bao nhiéu?

Giai

Goi 48 s6 da cho lan luot bi xod la a, a,, ..., a;g. Goi s6 mai lan luot thém
vao la b, by, b;,...

Ta xod a, va a, réi thay bang b,, xod b, va a; r6i thay bang b,, xod b, va a, réi
thay b_i'mg b, ..., X0d b, va a,g roi thay bang by,. Gia tri phai tim la by,.

Ta ¢6 hing dang thic xy + X +y + 1 =(x + 1) (y + 1) nén

Xy+x+y=X+D(y+1)-1.

Dodob,=aja,+a,+a,=(a,+1)(a,+1)-1

b=(b,+ D(as+1)-1=(@,+ 1)@ +1)(@a;+1)-1

bi=(byy+ D(a;+1)-1=(@, +1)(a+1)(a;+1)(a;+ 1)~ 1.

Cu nhu vay 1a ¢6

byy=(@, +1)(a,+1)...(a;;+ ) (agg+1)—1

=[%+1i§+1}"[$+114_{9+1)-1

Vay s6 con lai sau cung la 24.
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Vi du 78. Cho ba s6 khic nhau trén bang. Méi luot, ta xod hai s6 bat ki trong

. - . . - +b a-b
ba s0 dang c¢6, gia su xod a va b, roi thay bang hai s6 méi la - va , giu
V2 V2

nguyén s6 con lai. Cif 1am nhu vay nhiéu 1an, ta duge ba s6 1a 2 + V2. 2-42 vao.
Ba s6 ltic ddu ¢6 thé 1a 1, v/2 , 2 hay khong?

Giai

2 2
Ta c6 hiang déang thirc (ﬂ] +{9—_—b—) =a’ +b?.

V2 V2

Do d6 t6ng cdc binh phuong cua hai s6 vira xod bdng 16ng cdc binh phuong
cta hai s6 vira thém vao, suy ra téng cac binh phuong cua ba s6 lic ddu bang t6ng
cac binh phuong cua ba sé Iic cudi.

Gia sir ba s6 liic ddu 1a 1, V2. 2 thi 16ng céc binh phuong cia ching bing
I £(2)Y 32" =

Toéng cédc binh phuong cua ba s6 lic cudi bang

C+2Y+2-V2P +0° =12 % 7.

Vay ba s6 lic ddu khong thé 1a 1, V2, 2.

L y. Bat bién trong vi du trén 1a t6ng cdc binh phuong cua ba sé trén bang
khong thay doi.

BAI TAP

85. Ba ban A, B, C tham gia mot cudc thi. Két qua da s6 thanh vién trong Ban
gidm khdao cho diém clia A cao hon diém cua B, cho diém cta B cao hon di€m
cia C. C6 thé khang dinh ring da s6 thanh vién trong Ban gidm khao cho
diém cuia A cao hon diém cua C hay khong?

86. Trong mot cudc thi ddu béng ban, mbi ddu thu thi véi méi ddu thi khic mot
tran, khong ¢6 tran hoa. Chimg minh rang :6n tai ba dau thu A, B, C ma A
thing B, B thing C, C thing A néu xay ra mot trong cédc diéu kién sau:

a) Khong ¢6 dau thi nao thang tat ca cdc tran.

b) C6 hai ddu thu c6 s6 tran thang bang nhau.
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87.

89.

91.

92.

93.

Trong mot giai béng dd, ¢6 9 doi dau vong tron mot luot. Chimg minh rang
sau khi két thic ba vong dau (nic 1a méi doi da dau ding 3 tran), 16n tai ba
do6i1 do1 mot chua dau véi nhau.

Viét 20 s6 1, 2, 3, 4, ..., 20 theo thir wr tang ddn. M4i luot, ta d6i chd hai s6
cdch nhau mot s6 (ching han d6i ché 1 va 3, déi chd 8 va 10...). C lam nhu
vay, ta ¢6 thé dugc dady s6 theo thir tu nguge lai 1a 20, 19,..., 2, 1 hay khong?
C6 51 quan bai dang dat sap. Méi luot, ngudi ta thay déi vi tri sdp — ngira cia
6 quan bai. C6 thé xay ra tat ca 51 quan bai déu dat nglra hay khoéng ?

C6 75 bong dén gébm 30 béng xanh, 25 béng do, 20 béng vang. Méi luot
ngudi ta d6i mau cua hai béng khdc mau sang mau thit ba (chiang han déi mau
mot béng xanh va mot béng doé thanh hai béng vang). Cé thé xay ra dugc toan
bo 75 béng dén déu cing mot mau hay khong?

Cho moét day gdbm n s6 tunhién (n=4)1a 1, 2, 3, ..., n. Méi luot, ngudi ta xod
hai s6 x, y bat ki réi thay bing s6 xy + X + y. Lai xod s6 méi va mot s6 cii réi
thay bang s6 méi khac theo quy luat trén. Cit ti€p tuc nhu vay cho dén khi chi
con lai s6 méi cudi cing. S6 d6 cé thé 1a 362882 duoc khong?

Cho 100 s6 nguyén duong khda¢ nhau khong qua 150. Chimg minh rang t6n
tai 49 cap s6 nguyén duong lién ti€p trong cac sé trén.

Hai ban A va B cung lam maot bai thi. A tra 101 sai :1; sO cau hoi, B tra 16i sai 7

cau hoéi. Cé % sO ciu hoi ca hai ban déu tra 1oi sai. Cé nhiéu nhat bao nhiéu

cau hoi ma ca hai ban déu tra 1&i ding?
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LOI GIAL, CHi DAN, PAP SO

-
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Chuyén dé 1
TINH CHIA HET CUA SO NGUYEN

Cic s6 duoc lap bao gém:

— Céc s0 c6 16ng céc chir s6 bing 6, ¢c6 mot nhém (1, 2, 3).

—  Cic s6 ¢6 16ng céc chir s6 bang 9, ¢6 ba nhém la (1, 2, 6), (1, 3, 5), (2, 3, 4).
— Céc s6 ¢6 16ng cic chir s6 bang 12, ¢6 ba nhém 1a (1, 5, 6), (2, 4, 6), (3, 4, 5).
— Céc s6 ¢6 16ng cdc chir s6 bang 15, ¢6 mot nhém (4, 5, 6).

Tatcaco 1 + 3+ 3 + 1 =8 (nh6m), mbi nhém gém 6 s6. Vay c6 6.8 = 48
(sO lap dugc).

Tacé A=n"+5n* + 5n° = 5n? = 6n = n(n* + 5n* + 5n®> — 5n - 6).

=n(n’ - 1)(n*+5n+6)=(n—-1)nn+1)(n+2)(n+3).

Ban doc hay tr chimg minh tich cia nam s6 nguyén lién tiép chia hét cho 120.
C6 thé giai bang nhiéu cidch nhu & Vi du 4. Sau day 1a mot cach giai.
PatA=n’+3n-3thi4A=4n"+ 12n- 12 = (2n + 3)* - 21.

Néu 2n + 3 : 7 thi (2n + 3)7 : 49 = 4A khong chia hét cho 49 = A khong
chia hét cho 49.

Néu 2n + 3 khong chia hét cho 7 thi (2n + 3)* khong chia hét cho 7 =
4A khong chia hét cho 7 = A khong chia hét cho 49.

Patdx + i =ky.GiasurZ<x<y,tacoky=4x+ i <4y +y=35y = Kk <J.

Dok lasole (vikylasolé)nénk e{l; 3}.

- Voik=1thiy=4x + 1.
Tudy+1:xcé6d4@x+1D)+1:x=5:x=>x=5,y=21

— Voik=3thi3y=4x + 1.
Tudy+1:xsuyral2y+3:x=4@4x+1)+3:x



=Tix=x=7y= g:?.loai.

Pdap s0: (5; 21) va (21; 5).

a) Ta c6 nhan xéta’ —a : 10. That vay
a5~a=a(a2— D@+ 1)=a@-1)@-4+5)
=a(a-1)(a+1)(@a-2)(a+2)+ 5a(a—-1)(a+ 1), chia hét cho 10.
A=[(1°=1)+ @5 =2)+... + (100° = 100)] + (1 + 2 + ... + 100)
= 10m + 5050, tan cung bang 0.

b) Ta ¢6 nhan xét a™™' —a i 10. That vay

a*™! _ a = a@® - 1), chia hét cho a(a® — 1), nén chia hét cho 10 (theo nhan
xét ¢ cau a).

B=[(1°-D+2°=2)+... + 100*' = 100)] + (1 + 2 + ... + 100)
= 10n + 5050, tan cung bang 0.
a)A=2+22+23+..,+299
2A=22+224+2%+ .. 42!®
nén2A -A =2'Y-2,dodo A =2'"-2.
Ta thiy 2'® = (2'9'° = 1024'° = (1024%)° = (...76)" = ... 6.
Vay A tan cung bang 74.
b)ncédang 5k +2 (ke N) =>n’=5m—-1(me N)

=n"=(Gm- 1" = (m)'? - 10(5m)” + ... = 10.5m + 1, chia cho 25 du 1,
nén tan cung 01, 26, 51, 76.

Chii ¥ rang n”’ : 4 nén n”® tan cung bang 76.

SO thira s6 5 ¢6 trong tich 90! la ?+ = ka 18 + 3 = 21. S6 thira s6 2 ¢6
trong tich 90! nhiéu hon 21. Do d6 20 chir s6 1an cing (va ca 21 chir s tan
cung) cua 90! la cac chir s6 0.

Ta bi€t ring méi s6 tu nhién va t6ng cdc chir s6 cia né ¢6 cung s6 du khi chia
cho 9, do dé cic s6 cua day cudi cung la sé du khi chia cho 9 cua cac s6 trong
day 10, 11, 12,...,98,99, 100. (1)
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S6 ddu tién (1a 10) va sé cudi cung (1a 100) cua day (1) déu chia cho 9 du 1.
Do dé6 trong ddy cudi cung, chir s6 1 xudt hién nhié¢u nhat.

(Chir s6 1 xuat hién 11 lan trong day cudi cung tr cdc s6 10, 19, 28, ..., 82,
91, 100 cua day (1), con méi chir s6 tr 2 dén 9 déu xuat hién 10 1an trong day

10.

78

cudi cung).

Chuyén ae 2
SO NGUYEN TO - HOP SO

a) Xét p =3k + 1 (k nguyén) thi p> + 8 : 3, 1a hop s6.
Xétp=3k+2thip’+8: 3, 1ahops6.

b) Tim dugc p = 3.
¢) Tim duogc p = 3.

Pat7p+1=n’(ne N) thi7Jp=(n+1)(@n-1).
S6 7p ¢6 bon uée nguyén duong la 1, 7, p, 7p nén ¢é cédc trudong hop:

[ n-1 1 7 p
n+ 1 Tp p 7
n 2 8
2 Tp+1 4 64 36
p loai 9, loai 5

Dap so: p =35.

Pat7Tp+1=n’(ne N) thi7p=(n—1)(n*+n+ 1).

Co6 ba truong hop:

n-l=1 {“‘1=7 {n2+n+l=7

2 2

n“+n+l=7p n“+n+l=p n-1l=p

Pdap sé: p=T73.



12,

13

14.

15.

Tacé x* + 4y4 = (x2 - 23,'2)2 - (2?()’)2 = (xz + 2xy + 2y2} {xz - 2xy + 2}'2).

Do x* + 4y* 1a s6 nguyén 16 va x? + 2xy + 2y’ = (x + y)> + y> > 1 nén
xz—ny+2y2= 1 =>(x—y)2+y2= 1

Do x va y nguyén duong nén x =y = 1. Khi d6 x* + 4y* = 5, 12 s6 nguyén 16.
Xét p =2 thi p2 +23=27=3%c6 ding bén udc nguyén duong.

Xét p = 3 thi p? + 23 = 32 = 2° ¢6 diing sdu u6c nguyén duong.

Xét p> 3 thi p la so lé va khong chia hét cho 3. Ta ¢6 p2 +23= p2 -1+ 24.
Doplénén pz—l : 8. Dopkhﬁngchiahé'lcho?:nénpz-l : 3. Suy ra
p2 —1: 24, do dé p + 23 : 24. Do 24 ¢6 nhiéu hon sdu uéc nguyén duong
1én p° + 23 ¢6 nhiéu hon sdu uéc nguyén duong.

Dap sé: p = 3.

a) Trong 10 s6 I¢ lién ti€p da cho, t6n tai ba s6 1a boi cua 3, ching 16n hon 5
nén la hop sé6.

Trong 10 s6 1€ lién tiép da cho, c¢6 diing hai s6 la boi cua 5, ching 16n
hon 5 nén la hop s6. Trong hai s6 dé, 16n tai mot s6 khong chia hét cho 3 (vi
néu ca hai boi cua 5 déu chia hét cho 3 thi hai s6 d6 chia hét cho 15, ma trong
10 s6 I¢€ lién ti€p chi ¢6 ding mot bdi cia 15).

Vay trong 10 s6 ¢ lién ti€p 16n hon 5, t6n tai bon hop s6.
b) Chdng han day 7,9, 11, 13, 15, 17, 19, 21, 23, 25 ¢6 diing bén hop s6 (12 9,

15, 21, 25).
Chuyén dé 3
SO TU NHIEN VA CAC CHU SO
Do a_l:»2 ¢6 bon chir s6 nén a > 2. Ta thdy a khdc 3,4, 5,6, 7,8 vi Ez < 3000,
4b° <4000, 5b- <5000, 6b° < 6000. 7b- <7000, 8b° < 8000.

=2 T .
Xét 9b” = 9cdb, do b’ tan ciing bing bnén b € {0; 1; 5; 6}. Xét céc s6 90%,
917, 95%, 967 ta dugc hai dép s6: 95% = 9025 va 96° = 9216.
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—2
16. Dain =ab =(a+b)‘".

Do n bang binh phuong ctia mét s6 tu nhién va bang lap phuong ctia mot s6 tu
nhién nénn=x%(x e N). Tacéd
Xx =ab =(a+b) nén (1)
xz =a+b
Do x* =ab = 10 nén x = 3.
Dox*=a+b<18nénx <4.
Xétx =3,1r(1)cé ab =27 via+ b =9, thoa man.
Xétx =4.1r (1) c6é ab =64 vaa + b = 16, loai.
Pap so- 27.

3 —_— —
17. Xét abcde =ab . Pat ab =x, cde=y v6i 10<x <99 va 0 <y < 999.
Ta ¢6 1000x + y = x> nén y = x(x> — 1000).

DoyZzOnéanZIOO{)::;le’;l (1)
Ta ¢6 x* — 1000 = 15?_??.=31l

x 32 32
= x> - 1000 < 31 = x2< 1031 = x < 32. (2)

Tir (1) va(2)suyrax =32.Tacé 323 = 32768.
Vay so phai tim la : 32768.
18. Xét abcdeg : abc.deg .

Pat abc = x, deg = y. tacé 1000x +y : Xy=y : X.

Daty=kxvoike N val <k <9thi 1000x + kx : xkx = 1000 +k : kx (1)
= 1000 : k=ke {1:2:4:5: 8}.

VéGik =1, thay vao (1) c6 1001 : x = x = 143, y = 143,

Vai k = 2, thay vao (1) ¢6 1002 : 2x = 501 : x. Tacé

X 167 501
Ly 334 1002, loai
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19.

20.

21.

22.

Véi k =4, thay vao (1) c6 1004 : 4x = 251 : x = x = 251, y = 1004 loai.
Véi k = 5, thay vao (1) ¢6 1005 : 5x = 201 : x = x = 201, v = 1005 loai.
Véi k = 8, thay vao (1) ¢6 1008 : 8x = 126 : x = x = 126, y = 1008 loai.
C6 hai ddp so: 143143 : 143.143 va 167334 : 167.334.
Giasta’+b+c’=d’ + ¢ . (1)

Mdis6 a, b, c.d, e ¢616ng cdc chirs6 bang 1 + 2 + 3 + 4 = 10 nén chia cho 9

du 1. Khia =9k + 1 thi a’ = 9m + 1. Khong thé xay ra (1) vi v€ trdi chia cho
9 du 3, con vé€ phai chia cho 9 du 2.

Chuyén dé 4
SO CHINH PHUONG

a)Chinghan 17+ 17 +3%+5°=36=6".

b) Méi s6 chinh phuong lé chia cho 8 du | nén t6ng cia nam sé chinh phuong
Ié chia cho 8 du 5, khong 1a s6 chinh phuong.

Xét a2+b2+c2+d2+c2=gz. (1)

Trudong hop trong a, b, ¢, d, e, chi ¢é mot s6 chidn thi vé trdi cha (1) 1a s6 chdn
nén g la s6 chan. Ton tai hai s6 chan.

Trudomg hop a, b, ¢, d, e déu 1é khong xay ra (xem Bai tap 20b).
a) Gia su s6 chan m viét duoc du6i dang m = a>—b>(avab nguyén) thi
m = (a+ b) (a—b). Hiéu (a+ b)— (a—b) la s6 chan nén a + b va a — b phai
cung chin hoac cung l¢. Do m la s6 chidn nén a + b va a — b cung chin. Suy ra
(a+b)(a-b): durclam: 4.
b) Goi m la mot boi cua 4. Xét hai truong hop:
— Trudng hop m chia hét cho 4 nhung khong chia hét cho 8.

Tacé m = 8n + 4 = (4n® + 8n + 4) — 4n° = (2n + 2}2—(2n)2.
— Truong hgpm : 8. Ta cé

m=8n=4n"+4n+1-4n’+4n—-1=C2n+ 1) - (2n-1)°.

c)20=62-4%2,24=7*-5%28 =82 - 6>

3.9 CD 5O HOC THCS-A 81



24.

25.

26.

27.

82

d) Tir cdc nhan xét & cdc cau a va b, ta suy ra: Cdc s6 khong thé viét dugc
dudi dang hi¢u cua hai s6 chinh phuong la cac s6 chan khong chia hét cho 4.

-2

D6 la cdc 56 2, 6, 10, 14, ..., 98, tdl ca c6 +1=25 (s0).

. Giastn=aZ+b>+c’thi

3n = 3a’ + 3b% + 3¢?
= (a’+ b’ + ¢? + 2ab + 2ac + 2bc) + (a” - 2ab + b%) + (a® — 2ac +¢?) + (b” — 2bc +¢?)
=(a+b+c)Y+@-bl+(@-c)’+((b-c)
a) 4’ =10"-6%;5°=15°-10%
b) Goi a la s6 tu nhién bat ki. Xét hai truong hop:
— Néu a chan, dat a = 2n (n € N).

a’= (2n)3 =n’.8n=n’ [(2n + 1)2—(2n— I}Zl

=[n(2n+ 1))* = [n(2n - 1))°.

-~ Néualé,data=2n+1 (ne N).

a’ = (2n + l)3= (2n + l)2 2n+1)=2n + l)2 [(n + 1)2— n2]

=[2n+ 1D+ 1°=[n2n+ D]~

'l‘ac6a3+b2+c2-t_-d2=a2+b2+c2+d2+2a(a+b—c—d}
= 3a’ + b” + ¢* + d? + 2ab - 2ac — 2ad
=(a+ bj2 + (a-— c)2 + (a— d)z.
a) Trong nam s6 nguyén lién 1iép, ¢ moét so6 chia hét cho 5, mot s6 chia cho 5
du 1, mot s6 chia cho 5 du 2, moét sé chia cho 5 du 3, moét s6 chia cho 5 du 4.
Téng céc binh phuong cta chiing chia cho 5 du 0, 1, 4, 4, 1. Do d6 16ng cla
nam s6 chinh phuong lién ti€p chia hét cho 5.
b) Ménh dé sai, chiang han t16ng cta chin s6 chinh phuong lién ti€p sau khong
chia hét cho 9, d6 la |(—4)2 + (—3)2 - (—2)2 - o{—l)2 +0+12+22+32+42=60,
chia cho 9 du 6.
Liae y. Néu thém diéu kién n la s6 nguyén 16 thi ménh dé & cau b la ding.

il =a(a+l)=>n2—!=3(az+a)

a)

= 4n’-4=3(4a’ +4a) = 4n’ - 1 =3(da’ +da + 1)

5.9 CD SO HOC THCS-B8



= (2n-1)(2n+ 1) =3(2a + 1)’
Do 2n — 1 va 2n + 1 la hai s6 nguyén t6 cung nhau nén

2n+l=:«:.2 2n—1=m’
hoac

2n—l=3y2 2n+l=3p2
Loai truomg hop ddu vi khi d6 x> — 3y® = 2, uic 1a x> chia cho 3 du 2.
Vay 2n-1 =m?>
b) 2n — 1 12 s6 chinh phuong 1é nén 2n — 1 = (2k + 1)> = 2n = 4k> + 4k + 2
=n=2k>+2k + | =k2+(k+ 1)2.
a) Chang han 8° - 7° =512 - 343 = 169 = 13%.

bnf=(x+1P-x*=3x*+3x+1= %_1 =x(x+1).

Giai ti€p nhu Bai tap 27.

29. Theo dé bai, n ¢6 dang 6k + 3 (k € N). Khi d6 2n = 2(6k + 3) = 12k + 6,

30.

31.

khong la s6 chinh phuong vi chia hét cho 2 nhung khong chia hét cho 4.
2n + |1 = 12k + 7, chia cho 4 du 3 nén khoéng la s6 chinh phuong.
2n— 1 = 12k + 5, chia cho 3 du 2 nén khong la s6 chinh phuong.

Giasun’+1=k*(ke N).
nP=k-1=(k+1)k-1).
Donlénénk + 1, k — | 1a hai so I¢ lién ti€p, chiing nguyén t6 cung nhau nén

k+1=a°

(a,blévaa>b)

k-1=b’
Khid62=a’-b’=(a-b)(a’+ab+b’) 26 (via—b22, cona’+ab+b’>23),
vo Ii.
Pat abed = x2, deba=y? vay?=kx>(2<k <9).
Suy ra k la s6 chinh phuong nén k € {4; 9}.
Do a 12 tan cing cua s6 chinh phuong y> vaa#Onénae {1; 4; 5; 6: 9}.
abcd.k = dcba.
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32.

33,

84

Do k = 4 nén a khéc 4, 5, 6, 9 dé tich abcd .k ¢6 bén chir s6. Vay a = 1.
d.k tan cung bang 1 nénk 1é, vay k =9.

Ta cé 1bc9.9 = 9cbl

=> (1009 + 100b + 10¢) . 9 = 9001 + 100c + 10b

= 9081 +900b +90c  =9001 + 100c + 10b

= 80 + 890b = 10c

— 89b + 8 =¢c =>b=0Ovac=8.

Padp s6: 1089 va 9801.

2 _mZ+2m+ 1

n=m+1=n
= acb = abc + 2m + |

= 10c+b=10b+c+2m+ 1

=9 c-b)=2m+ 1. (1)
Tiuw(l)suyrac—ble. (2)

Do n* =acb nénn<31=>n-1<30=m < 30.

Tac610€Em<30nén2]1 <2m+ 1 £61.
Do(l1)nén 21 €£9(c - b) <61

!
=5 &Sc—bs% =3<c-bc<sh.

Do (2) nénc - b e€{3; 5}.

Xét ¢ — 3 = 3, thay viio (1) duoc m = 13, n = 14, thoa man vi m” = 169 va n’ = 196.
Xét ¢ — b =5, thay vao (1) duge m = 22, n = 23, loai vi m’ = 484, cdn n’ = 529.
Ddp s6: 169 va 196. '

Giasirx 2y.Tacé x> < x>+ 3y<(x+2)>

Do x” + 3y 12 s6 chinh phuong nén x> + 3y = (x + 1)’ = 3y =2x + | = y lé.
Paty=2k+1(ke N) thi2x=3y-1=6k+2nénx =3k + 1.
Néuk=Cthix=1,y=1.Tac6 x> +3y=y" + 3x =22
Xétk>0.Tacoy’ +3x =(2k + 1) + 33k + 1) = 4k” + 13k + 4.



35.

Do (2k + 2)* < 4k? + 13k + 4 < (2k + 4)* nén 4k* + 13k + 4 = (2k + 3)%.
Taduock=5,x=16,y=11.

Dap s6: Caccapsé (x;y)la(l; 1), (16;11),(11; 16).

Trude hét, ta chimg minh n @ 24 (xem Vi du 24).

Xét n = 24 thi 20n + 1 = 481, khong la s6 chinh phuong.

Xétn =48, ding.

Dap s6- n = 48.

Dat(n+ 1) @n+3) =3k’ (ke N').

Cédc s6 n + | va 4n + 3 nguyén 16 cung nhau, trong d6 4n + 3 khong la sé
Jn +1=a° .

chinh phuong nén (a,be N )
2
|4n+3 =3b?

SEEFETETTENE

= da’-3b’=4n+4-4n-3 = 4a’ - 1 = 3b°
= (2a- 1) (2a + 1) = 3b.
Do 2a — 1 va 2a + | nguyén t6 cung nhau nén xét hai iruong hop:

2a—1=3x?
a)
2a+1 =y2
Khi d6 y* - 3x*> = 2 = y? chia cho 3 du 2, loai.
2a—1=x° > 2
b) = Jy* - x"=2. (1)
2a+l=3y2

— Néu x chan thi tir (1) suy ra y chdan. Khi d6, vé€ trai cia (1) chia hét cho 4,
v€ phai khéng chia hét cho 4, loai.

— Vay x 1é. Tir (1) ta suy ra x khong chia hét cho 3.
Don + 1 =a’ va 2a— 1 = x? nén n nho nhit < a nho nhat < x nho nhat.

Do x lé, khong chia hét cho 3, nén dé x nho nhét 1a chon x = 5. Khi dé
2a-—1=25=a=13=n+1=13"=n=168.

(n+1)(4n+3) 169.675

Ta cé = (13.15)°.
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37.

38.

86

Chi cdn chon cdc s6 tur nhién a, b; ¢, d khdc nhau sao cho ab = cd thi
a’ + 2cd + b’ va ¢ + 2ab + d” déu 1a cdc s6 chinh phuong. Ban doc tr tim mot
vi du.

Chuyén dé 5
PHUONG TRINH NGHIEM NGUYEN
a)Puavé (x—-y)(x+y—-3)=2.
Ddp 56-(3;2),(0: 1), (3: 1), (0; 2).
b) Duavé 2x - 1) 2y - 1) = 21.
Pap so: (11;1),(4;2), (=1;-3),(0;-10) va cac hodn vi.
Cc) x2—4y2—4y=45 & X3 —4y(y + 1) =45.
Ta thay x 1é nén x” chia cho 8 du 1.

Phuong trinh khong ¢6 nghiém nguyén (v€ trdi chia cho 8 du 1, v€ phai chia
cho 8 du 5).

d)x’—3xy =6y -1 x> +1=3y(x +2).
Taco x> +1: x+2=(x>+8)-7: x+2=7:x+2.
Padp so: (-1 :0), (5 6).

e) x> + y* = 3(z" + ) nén x* + y* ! 3. Hay chimg minh x va y déu chia hét
cho 3.

Giai tuong tu Vi du 34, dung phuong phéap i vo han.

Pdp 56:(0;0;0;0).

a) Dua vé phuong trinh bac hai véi 4n x: X =% yX + (_y2 -y)=0.
TrA=0duoc 3y’ -6y<s1=3(y-1)’<d4=(y-1)’€{0; 1} =>ye{0; 1;2}.
Ddp 563 (0;0),(1;0),(0;1),(2;1),(1:2),(2:2).

byx’-5x+2=y*'+y’ = x-3)(x-2)=y ' +y’ +4. (1)
Tathdy y* + y* + 4> y* + y> = y¥(y? + 1). (2)
Bat ding thic y* + y* + 4 < (y* + 2) (y* + 3) la ding. 3)



39.

T (1), (2), (3) suy ra yz(y2+ 1)< (x-3) (x—2)<(y2+2} (yz +3)
nén(x-3)(x-2)=+ D +Duchy*+yY +4=y'+ 3y’ + 2>y’ = 1.
Ddp s6:(0;1),(0;-1),(5:1),(5:-1).

C_x*+6=(y-Dy(y+1. (1

Ta thay x® — x2 + 6 > x® — x> = (x> - Dx? (x> + 1). (2)

c}xﬁ—x2+6=y3—y e X

Bt ding thic x® — x? + 6 < (x? + 1) (x? + 2) (x? + 3) 1a ding (ban doc tu
kiém tra). E 11

Tir (1), (2), 3 suyra

K-D2 X2+ D<@y-Dy(y+ DS+ 1) x2+2) (x2+3)
nén(y - Dy (y+ D=x*x>+ Dx?+2) (4)
hodc (y — Dy (y + 1) = (x?+ 1) (x? + 2) (x? + 3). (5)

Tr@va()eoxb-x>+6=x3(x*+ 1) (xX*+2)=x*=1.Tudéy = 2.
TYG)va()eox®—x?+6=(x>+ D (x*+2) (xX*+3) = x*=0.Tudé y = 2.
Ddp s6: (1 ;2),(-1:2);(0;2).
a)x3‘+x2y2+y2—2y=24<=>x3+x2y2+(y—l)2=25.
Suyrax’<25nénxe{0;1;2}.

Ddp s6: (0 ; 6), (2; 2).

b) Truéc hét, ta chimg minh x> — 5x + 7 khong chia hét cho 9 véi moi s6
nguyén x (xétcic truong hopx =3k, x =3k + I, x=3k +2véi k € N).

Suy ra 3* khong chia hétcho 9. Xéty =0,y = 1.

Pdp 56:(2:0),(3:0),(1;1),(4:1).

a) Xxyz = 2x + 2y + 2z.

Giasir1 Sx<y<zthixyz<6z=xy<6=x"<6=x¢e{l;2}.

— Xét x = 1. Lan lugt cho y bang 1, 2, '.f-. 4,5,6,tadugc znguyén vay <z
trong hai truong hop: y = 3, y = 4 cho ta nghiém (1 ; 3: 8), (1 ; 4; 5).

— Xét x = 2. Lén luot cho y bing 2 va 3 ta dugc nghiém (2 ; 2; 4).
Pdp so: (15 3;8),(1;4:5),(2:2;4) va cac hoén vi.
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42.
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b)Xxyz=x+y + 2z.

Cach 1. Dat 2z = ata ¢c6 xya = 2(x + y + a) vdi a chan.

Giai nhu cau a) va chi v ring a chdn taduoc (x ; y; a) bang (1:3: 8),(3:1: 8),
(1 :90:4) . 1:4).02:2:4).8;2:2). (2:4:3).

Wd ey ng 3 9,0l 4 0:0:2x 11322z 21 2),
(4:;2:1),(2:;4:1).

Cach2. e Xétz=1thixy=x+y+2&(x-1)(y-1)=3.
Giasux<y,tadugc(x:y:2)bang (2:4:1).
eXé&tz22thix+y=xyz—-2z=2z(xy—-2) 2 2(xy - 2)

= 2XY -4 SX+y=22xy-Xx-y<4=202x-1)Qy-1)=<9.
Giastx <y thi (2x - 1)’ <9 = x <2 (chd ¥ rang x 2 1).
-Vaix=lthiyz=l+y+2z&(y-2)(z-1)=3.
Giasuy<z,taduogc(x:v:z)bang (1:3:4)va(l:5;2).
-Veix=2thi2yz=2+y+2ze 2z-1)(y-1)=3.
Doz22nén2z-1=3.Taduoc (x;y;z)bang (2;2:2).
Co bay dap so nhu trén.

Taco x>+ 7=8y = x>+ 7} 8, diéu ndy ding véi moi x lé.
Nghi¢m nguyén (x :y)la 2k + 1 ; —k(k;”*-l}\'ﬁike Z.
a) Cdach 1 Datx’+3x+ 1=y’ (ye N).

Hay chimg minh  (x + D?<x®+3x+1<(x+2)%1wrdé (x + 1)’ < },2 <(x +2)
nén{x+If=y2-u‘rclz‘1(x+l)2=x3+3x+l.

Pdap so: x =0.

Cach2. Biéndéix’+3x+1=y" & ax® +12x + 4 =4y’
2 2 - - 0
< (2x + 3)" — (2y)” = 5. Dua v¢ phuong trinh uéc so.
b)x*—x?+2x +2=x*-2x+2x? + 2x* - 4x? + 4x +x*-2x + 2

=x’(x*-2x+2) + 2x(x2 - 2x +2) + (x? - 2x +2)

=(x+ 1) (x2—2x + 2).
Do x € N nén (x + 1)° # 0. suy ra x* — 2x + 2 phai la s6 chinh phuong, tic la
(x — 1)* + 1 12 s6 chinh phuong.



43.

Ta c6 (x — 1)> va (x — 1) + 1 1a s6 chinh phuong nén (x - 1> =0.
Dap so: x = 1.
¢)Lanluot xé1 x =0,x 2 1. Pdp s6: x = 0.
d) Lan luot xét x 1¢, X chéan. Giai tuong tu Vi du 45b. Ddp s6: x = 2.
Vi€t thanh phuong trinh bac hai véi 4n y, duge

y 4+ (1 =x)y+x=0.

A=x>-6x+ I

Phaicox’-6x+1=m’(me N) & (x-3+m)(x-3-m)=8.

X-3+m 8 | -+
X—3-m 1 ; 2

m 3.5 1

| X loai 6

Dap s6: (6 : 2), (6; 3).
a) bat x2 + 3xy + yz =n’ (ne N).

Trong hai s6 x va y, phai ¢c6 mot s6 chia hét cho 3 vi néu ca hai s6 déu khong
chia hét cho 3 thi x* + y” chia 3 du 2 nén n’ chia 3 du 2, vo Ii.

Giasuy : 3, do y la s6 nguyén té nén y = 3.
Tacé x*+9x+9=n’<(2x+9)’-4n*=45
= 2x+9+2n) (2x +9 - 2n) =45.
Dox22nénn=26,suyra2x+9+2n225. Dodé
2X+9+2n=45 x=7

=3
2x+9-2n=1 n=11
Pap s6:(7:3).(3:7).
b)Patx’+3xy+y’=5"(ne N).Dox22,y>2nénn22.
Suy ra x>+ 3xy + y* | 25 = (x — y)? +5xy 125 =>(x-y)Pi5=>x-y:!5
=(x-y)Y i25=5xy:25=>xy:5.
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46.

Trong x va y phai ¢6 mot s6 chia hét cho 5, lai ¢c6 X —y : 5 nén x va y déu

chia hét cho 5.
Do x, y lacac sO nguyénténén x =y = 5.
Khi dé n = 3.

a) Véiy20tacé Vx +Vx+5=y

S2x+5+ 2x(x+5) =y & 2x(x+5) =y*-2x-5.

Da’_ﬂyz-Zx-—5=ne N, tacé

4x(x+5)=n2~=(2x+5)2—nz=25ﬁ(2x+5+n)(2x+5—n)=25.

Pap s6- (4 ; 5).

i 2 1
b) Dat \]x+— =a20thix=a"——. (1)
4 4
k. 2 ) 2 l 2 t
Phuong trinh tré thanh y = a —E+Ja +a+z
1 1 1 ¥
2
SHY= ——+|la+—-— | & y=|la+—|. 2
y=a 4 [d 2] y [ 2). (2)

Doa=20Onény2 i.Tl‘JQ)suyra J;=a+-;~.

2
Két hop véi (1) duoc x=[ﬁ—%] -%=y-\f;.
Do x va y la s6 nguyén nén y phai la s6 chinh phuong.

Talaicéy 2 % nény=k’(ke Z, k # 0), khi d6 x = k* — k.
4

Ddp s6: (K’ -k :kK)) véik € Z, k0.
Tira®—b’—c’=3abcsuyraa>bvaa>c. Dod6é2a>b +c.
Kéthop v6i 2(b+c)=a’suyra4a>a’néna<4.
Twa’=2(b+c)suyraa: 2néna=2.

Ddpso:a=2,b=c=1.



47. Taco2xy—-x-3y=ko4xy-2x-6y=2k = 2x-3)(2y—-1)=2k + 3.
S6 nghiém nguyén duong cua phuong trinh la s6 uéc nguyén duong cua 2k + 3.
Dé s6 nghiém nguyén duong la s6 1¢é thi 2k + 3 phai l1a s6 chinh phuong. Dé k
nho nhat, ta lan lugt chok bang 1,2, 3, ... dénk=3tadugc 2k + 3 =9 1a s6
chinh phuong.
Phuong trinh (2x-3) (2y—-1)=9.
Ta tim duge cdac nghiém nguyén duong la (6 ; 1), (3: 2).(2;5).

48. a) Goi sO tu nhién phai tim la x. Truée hét ta tim nghiém nguyén cua phuong
trinh 31x = 23y + 16.

31x—-16 _ 8x+7

x=1+
23 23

Bi€u thi y theo x dugc y = (1)

8x+7

bat =k e Z thi 8x + 7 =23k.

k-7 =3k—1—-"—§-1. (2)

Biéu thi x theo k duoc x =

bat %=me Z thik—1=8mnénk =8m + 1.

Thay vao (2) duoc x =3(8m+ 1)— 1 —m = 23m + 2.

Céan chon s6 nguyén m nho nhat sao cho 23m + 2 2 100. Ta chon m = 5 va
dugex=235+2=117.

Thay vao (1) dugcy = 117 -1 + §.i£_+'f=157.

Khidé 117.31 =23.157 + 16.

b) Goi s6 ty nhién phai tim la 100x + 84. Truéc hét ta tim nghiém nguyén
duong cua phuong trinh 100x + 84 = 83y.

100x + 84 17x+1
y:—:x .

+1+
83
B 175+ | =83k ke Ny flg= 20t gy 2L
17 17
l'.i'rn--l= m-1

Pat2k+1=17m(me N') thi 8m+——.
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49.

50.

92

Chon s6 nguyén duong m nho nhat la 1, ta dugec k = 8, x = 39.
S6 nho nhat phai tim ia 3984.
a) Goi sO cdu tra loi ding, s6 cau tra 1oi sai, s6 cau bo qua lan luot 1a x, y, z.
X+y+z=20 (1)
Tacs {  °
Sx-y=58 (2)
Suyra6x+z=78,nénz: 6. (3)
Tr2)suyrax212nén6x 272, dodé6z<6. (4)
Tu@)va(4)suyraz=6. Tudox=12,y=2.
Pdp so: Tung tra i ding 12 cau, tra 10i sai 2 cau, bé qua khong tra 101 6 ciu.
b) Goi s6 cau tra loi ding, s6 cau tra loi sai, s6 ciu bo qua lan luot la x, vy, z.
X+y+z=20 . 2x+2y+2z=40
Tac =
5x -2y =35Il Sx -2y =35l
Hay chimg minhz : 7vaz<7.
Tedéz=7,x=11,y=2.
) <!:~;+y+z=20 2x +2y+2z=40 )
e Tacod =3
1IXx—2y =42 5x—=2y=42 (2)
Suy ra 7x + 2z = 82. (3)
Tir (2) suy ra x 29 va x chan.

Tu(3)suyrax<11.Vayx=10,y=4,z=6.

m
Z

Goi s6 khdach hang la x (x
Theo truong hop thir nhay, s
Theo truong hop thir hai, ¢6 x — y nguoi mua dugc lo hoa nén s6 lo hoa la y(x - y).
Ta ¢6 phuong trinh X+y=y(xX-y).

Giai phuong trinh trén véi nghiém nguyén, ta dugc x = 6 (xem Bai tap 43),
cOny=2hoac y=3. _

Do y la s6 chan (theo dé bai) nén y = 2.

Pap sé: C6 6 khach hang, ¢6 8 lo hoa.



52.

53.

Chuyén dé 6
BAT PANG THUC VE SO TU NHIEN

31.30

. TacoA= — la mot so6 le.

MGéi lén thay ddu cong truée s6 hang a bdi dau trir thi tong giam di 2a, 1a mot
s0 chdn, do d6 gid tri cua biéu thirc mai ludn 1a mot sé 1é.

S6 tu nhién 1é nho nhat la 1.

Gid tri nho nhat cta biéu thitc méi la 1, khi ching han biéu thic gém bay cap
c6 gia tri —1, tam cap co6 gia tri 1 nhu sau:

1-2+3-4+ ... +13-14-15+16-17+18-... —-29+ 30.

S6 n phai chia hét cho 2 va cho 3. P¢€ n 1a s6 nguyén duong nho nhat ta chon
n=2". 3% Khi dé:

2n=2""" ¥ =al=x+1:2;y:2

3n=2".3"""=b"=>x:3;y+1:3.

Pé x chia hét cho 3 va nho nhét sao cho x + 1 : 2, 1a chon x = 3. P¢é y chia
hét cho 2 va nho nhdat saochoy + 1 : 3,tachony = 2.

Khidén=2*.3*=72.

Giai tvong tu Vi du 46,

a) max(xy) = 26.25 = 650.

b) min(xy) = 49.2 = 98.

Ta sé& chimg minh ring B < A < C, trong d6 B va C déu ia cédc s6 c6 201 chir
s6 va hai chir s6 dau tién bén trai déu la 10.

Chon B= 10" =1 00...0 . ¢6 201 chir s6.

St
200 chir sO
Chon C=10%+ 10+ 10°+ ... + 10*® = 101 01 ... 0100, c6 201 chir s6.
96 cap 01

Tathdy B=10"%=100""<A,
C=100"+ 100>+ 100° + ... + 100'® > A.
Vay A c¢6 201 chir s6, hai chir s6 ddu tién bén trai la 10.
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55. a) Dap so- 14 . 25. 36 = 12600.

56.

94

Tham khao & 101 giai cia cau b.

b) Dé tich cta ba s6 cdn tim c¢6 gid tri nho nhat, céc chir s6 hang tram cua
chiing phai c6 gid tri nho nhat, ta chon cdc chirsé 1, 2, 3.

D¢ tich ciia ba s6 cdn tim ¢6 gid tri nho nhat, cdc chir s6 hang chuc cua chiing
phai ¢6 gia tri nho nhat, ta chon cédc chir s6 4, 5, 6.

Tich nho nhat can tim c6 dang la* . 2b* . 3c* trongd6éa,b,ce{4:5;6}.

Hay ching minh a < b < c¢. Khi dé tich nho nhit can tim c6 dang

i —

14m .25n . 36p.

Hay chimg minh m < n < p.

-Tich nho nhat can tim la 147 . 258 . 369.

¢) Tir két qua cua cau b (tich nho nhét 1a 147 . 258 . 369), 1a riit ra nhan xét:
— Céc chir s6 hang tram phai nho nhat (la 1, 2, 3).

— Céc chir s6 hang chuc phai nho nhat trong cac chir s6 con lai, trong dé chir
s0 hang chuc nho img véi chir s6 hang tram nho.

XétA =a. be . deg thi-1000A = a00 . beO . deg.
Theo nhan xét trén, ta co:
- Cicchirs6a,b,de{l; 2; 3},c,ee {4;5}.

— Do chir s6 hang chuc ctia a00 nhé hon chif s6 hang chuc cta hai s6 kia nén
anhohonbvad,dodéa=1.

— Xét beO va deg, doO<gnénc<evab<d,suyrac=4,e=5b=2,d=3.
Khi d6, min 1000A = 100 . 240 . 356, min A = 1 . 24 .356.
Giai tuong tu Vidu 51.

Ta c6 thé gia sir s6 16n hon trong sdu gid tri tuyét doi & biéu thic A 14n lugt la
d,, dy, 44, d4, dg, a|.
Ta tinh duoc A = 2[(a, + a; + a5) — (a, + a; + ag)]

. a; +az +as lon nhat a, +ay +a5=15
Xay ra dugc ’ ) =

3.2 +a4+36 nhénha] az+a4 +36=6



maxA = 2(15 — 6) = 18 khi chdng han a, > a; > a5 > ag > a, > a, tic la

a, a a3 a as 4
6 1 3 2 4 3
57. (h.10) Tacé -
a+b=c®> (1) i .
b+c=d®> (2
{c+d=m’ (3) 2
&
d-|-m=a:2 (4)

2 Hinh 10
m+a=D>b (5)

Gia sir m la s6 I6én nhat.

Tacobm+m2c+d=m’=2m2m’=22>m.

Néum=1thic+d=1,voli. Vaym = 2.

Te(3)suyrac=d=2.

T (l)suyraa=b=2.

58. SO nho nhat viét duge dudi dang 18ng ciia sdu lily thira bac khdc nhau cia 2 1a

A=224+2'4+2242+244+2°

Tac62A=2"'+22+2%+2%+2°+2%nen
2A-A=2°-1=64—-1=63.Vay A=63.

Sdlén hon A 1iép theo ciing viét duge dudi dang 16ng cua sdu lily thira bac

Khac nhau cua 2 |a

B=2'+224+2°+2%+2%4+2°

Tac62B=22+23+2%+2%+2%+ 27

nén2B-B=2"-1=128-1=127

Vay B = 127, ¢6 nhiéu hon hai chir s6.

Do dé, s6 phai tim 12 63.

95



59. Goi s6 phaitim lan = 2x% = 3y3 (x, y nguyén duong).
Tac62x’ 1 3=x’13=>x:3=x>:0.
Tac63y’ i 3=y’ 2=y :2 ()
Talaic63y’ i X’ =3y’ 9=y’ 3=y 3. (2)
Tiur (1) va (2) suy ray : 6. Do y nguyén duong va nho nhit, ta xét y = 6. Khi
2. 328

46 2x7=36"= x*==5==(23) =18 = x=18.

S6 n nhé nhat phai tim 12 2.18% = 3.6° = 648.

Chuyén dé 7
BAT PANG THUC VE PHAN SO VA CAN BAC HAI

58 B R
2 4 96
A< gi%
35 97
. 2 1.3.....95 2.4....96 | |
nén A < . = — L —,
2.4...96 3.5.....97 97 81
1
Vay A < —.
1y 9
(In-1}Y 3n-2
b) Trudc hét ta chimg minh véi n > 1 thi L J ey
n+

(ban doc tu chimg minh). Do dé6

s FIY WA 95 1 4 142 1 1
Avsl 2| 121 . 02] &2 2. e e 2
2 4 96 4 77145 145 144
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61. a) Sir dung nhéan xét sau:

1 _ 1 & 1 i1 1
2n+1? 4n’+4n+1 4n(n+1) 4{(n n+l '
b) Sir dung nhan xét sau:

3 l R l = l -
n“+(n+1) 2n“+2n+1 2n(n+1) 2{n n+l
¢) Sir dung nhan xét sau:
2n 2n 2n

3 2 2 2 2
n +n" +1 (N +1)"—n

(m*=n+D(n*+n+1)

(m*+n+D—(n’-n+1) _ ! 1
(m®=n+D%>+n+1) n=D+1 nm+D+1
62. Cach 1. DalA—-l+i+i+ .+ . Tacé
2wt ot
n _@2n+2)-(n+2) _2(n+1) n+2 n+l n+2
M - 2n - o0 - o0 —'zn-l- o0 :
DodéA:i—§+§—-i+...+"+l—"+2=2—"+2
20‘ 2 2 22 2“" 2“ 2“
Cdch 2 'I‘aalc:-c:uﬁ\--l £+i+...+i
2. ¢ @ g
nén2.f3\-l+g +—:—5_,- i+...+ =
2 2- 23 2ﬂ"i
1. (1 1 1 )\ n
Suy ra 2A - A—I+— l—-; il nlJ_T'
- 7l 2

Dod6A<l+l+ L+—l—+...+ l :
y 2 23 2n~l

2

Hay ching minh biéu thirc trong ddu ngoac nho hon :l;

7.9 CD SO HQC THCS-A
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63. DatA = - - + ...+

65.

98

2 4 8 64

541 5241 54 S
o1 k-1 k+1-2 1 2
Ta co = = = = - :
k+1 k2-1 k?2-1 k-1 k%>-j
Suy ra . P, . Do dé6

k+l k-1 k%2

e 2 4 . 4 8 .
5-1 5% 3] 5

_ .2 128 1 128 _1
5~1 M3 2 s¥.g 2

>

Dol<a<bs<cnén —2

i
= 1
b (H

Xay raddu bang khia=1,b=

o e

i
C
C.

Dod <100 nén < > —. (2)
d 100

Xay ra ddu bang khi d = 100.
Tir (1) va (2) suy ra

¢ ¢ +100 _ c—20c+100+20c (c—lof I
+ +— 2

1 1
2 — =
¢ 100  100c 100c 100c¢ 3 B

ale

a
— +
b

' a ¢ L .
min| —+— |=—taia=1,b=c=10,d = 100.

b d) 5

Pé chimg minh s6 2°® ¢6 91 chir s6 khi viét dudi dang thap phan, ta s& chiing
minh 10% < 2°® < 10°' (10 12 56 nhé nhat ¢6 91 chir 56, 10°" 1a 56 nho nhat
¢6 92 chir s6 khi vi€ét duéi dang thap phan).
Tac62'°=1024> 10° = 2'9%> (10 =2 2°%>10°. (1)

30
300 91 10
Ta sé ching minh 2% 10" 2 < . &> [2—] < 10.

107 1o 10°

2% 1024 _ 1025 _ 41
100 1000 1000 40

That vay. xét

7.9 ¢ 5O HQC THCS-B



10 Y 30
2 41 41 40 39 13 12 41
= | — < | — <— . — . —. .. —.—=—<x10
103 40 4039 3877712 11 11
30 phin 0

= 2°% < 107, (2)

Tir (1) va (2) suy ra 107 < 2°% < 10%'. vay 2°® ¢6 91 chir s6 khi viét dudi
dang thap phan.

L y. Bai 1ap trén duoc giai dé dang néu c¢é kién thic vé luy thira va logarit
hoc & Trung hoc pho thong, duge gidi thiéu van tat dé ban doc tham khao.

1. Ta da biét luy thira véi s6 mi twr nhién, chang han 2% =38, Ngudi ta con mo
3 m
rong cho s6 mi hiru ti, ching han 24 = V2?, 6ng quat a® =Ya™ vai
m,ne Z,n=2=2,a>0. Nguoi ta ciing mo rong cho s6 mi la s6 thuc.

2. Pé tim s6 mu khi biét co s6 va biét luy thira, véi truong hop s6 mu tu
nhién nhu 10* = 1000 ta ¢6 ngay x = 3. Trong truong hop x la s thuc nhu
10* = 2 1a phai dung phép tinh logarit, duge dinh nghia nhu sau:

a*=b¢> x=log,b (1) véia, bduong vaa# 1.

3. Tachimg minh dugc cong thitc nlog,b = log,b". (2)
That vay, dat log,.b =x thia*=b = (a")" =b"
= a™ = b" = nx = log,b" = nlog,b = log,b".

4. Su dung cdc kién thic trén va bang logarit cho log,,2 = 0,30103, ta giai
Bai tap 65 nhu sau:

Cin tim x dé 10* = 2°%,
V6i dinh nghia (1) ta ¢6 x = log,, 2°%.
Su dung (2) tacé x = 300 log,,2 = 300.0,30103 = 90,309.
Viay 2'% ¢6 91 chir s6 khi viét dudi dang thap phan.
Taco A= l - ) + ...+ )
Vi+3  5+47 V77 +79

I 1 1

NN AN - N T 11

66.
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67.

1 I 1 1
nén 2A > + - =R W . B
Vi+V3 B+ S+ J79 +/81
oas VI=VB  B-E . JB-JE
2 =2 -2
=2A> ‘/i”:‘;. Suy ra A > 2.

Ap dung (x + y)’ > 4xy v6i x # v, ta ¢6

(Va+ Vn+3) =(Va+ vn+3)(Va+ va+3) > (Vn+ Vn+3).avn. Vn+3

68.

100

1 Jns 3 =sln
= < —_—
n

( n+ n+3)3 4J’;.\!n+3[\f +dn+3)_4v'fr_l.v'n+3(n+3—n}

12" Vn.vn+3 12| Vn n+3
Do dé
Ai{l—l+l-l+...+l-l]
2lV2 V5 5 8 Jos o8
=,A<L[L_L]=L_ L S —
12(v2 7V2 ) 127 7d2 14V2 1414 19

Chuyén dé 8
NGUYEN LI DI-RICH-LE

S6 tdo ¢ moéi thung nhan 25 gid tri (vi 144 — 120 + 1 = 25). Do 128 chia 25
dugc 5 con du nén t6n tai 6 thung ¢6 s6 tdo nhu nhau.

Co6 thé xay ra khong t6n 1ai 7 thung ¢6 s6 tdo nhu nhau, chang han méi loai
thung chira 120 qua, 121 qua, 122 qua,..., 140 qua déu ¢6 6 thung (nhu vay
¢O 6.21 = 126 thung), con hai thung nita chira 141 qua, khong t6n tai 7 thung
¢6 s0 tao nhu nhau.

Vay gia tri I6n nhat cua n la 6.



69. a) Xé120so: 1, 11,111, 11...1

70.

71.

72.

74.

e
20 chir <6

C6 20 s6, ma phép chia cho 19 chi gém 19 s6 du (0, 1, 2, ..., 18) nén 16n tai
hai s6 ¢6 cung sO du. Goi hai s6 dé la 11...1 va 11...1 (m > n). Hi¢u cua

_—— ——
m n

ching biang 11...1 00...0 chia hét cho 19.
e ot Nem—
m-n n

b) Theo cau a tén tai s6 11...1.10" 119 ma (10", 19)=1nén 11...1 :19.
e et —
m-=n m-n

Goi a la s6 ma trong bi¢u dién thap phan cua né khong ¢6 cic chirso 0, 1, 2.
Co vO 50 5O a nhu vay.
Xét 7'° + 1 s6: a. aa. aaa. ..., aa...a

-

7% 156

Tén tai hai s6 ¢6 cung s6 du khi chia cho 7'%, gia str
- — . .10
aa..a —aa..a : 7 (m>n).
-— e et
m s0 n ~o

Gia sir a ¢6 k chir o6 thi

. k - =10 T
aa..a 00..0 :7'° = aa..a.10™:7'"" = aa..a :7'°

m—n ~»0 nk chir ~0 m-n s0 m-n s0
Cé6 6 s6 ¢, chi ¢6 5 gia tri cta chir s6 1an cung (1a 1, 3. 5. 7, 9). Tén 1ai hai s6

¢6 chir s6 tan cung nhu nhau, hi¢u cua ching chia.hét cho 10.

Giai tuong tu Vi du 61. Mot s6 nguyén 16 16n hon 5 khi chia cho 30 du r thi
re {1:7:11:;13:17:19:23;29}. Tén tai hai s6 nguyén 16 ¢6 phan dur
bang nhau, hi¢u cta ching chia hét cho 30.

. Giai tvong tu Vi du 62. Ghép cac s6 du khi chia cho 8 thanh nam nhém (0),

K1 7).2:6).3:5x ™).

a) Chang han bon s6 1. 5.7, 11 ¢6
1+5+7=13, 1+5+11=17,
1+7+11=19, S5+7+11=23.
b) Sir dung b dé & Vi du 64.

2.9 CD S8 HOC THCS-A 101



75. Xét bay s6 a,, a,, ..., a;. Trong ba s6 a,, a,, a; 16n 1ai hai s6 ¢6 16ng chia hét
cho 2, giasira, + a, : 2.
Xét ba s0 as, a,, as 10N tai hai s6 ¢6 16ng chia hét cho 2, gia sira; + a; : 2.
X¢ét ba s ag, a4, a, 10n tai hai s6 ¢6 16ng chia hét cho 2, gia siras + a, : 2.
bat a, +a, =2x

ay+a, =2y
as + a5 = 2z

thia, +a,+a;+a,+as+a;=2(x+y+2).
X¢ét ba s0 X, y, z 16n tai hai s6 ¢6 16ng chia hét cho 2, gia sux + y : 2. Thé thi
a,+a,+a;+a,=2(x+y): 4

76. Xét 10 so6 dau tién cua day 59 s6 tu nhién lién tiép. t6n tai mot s6 tan cung
bang 0, goi s6 do6 la a. Xét hai truong hop:
a) Néu a tan cung la 10, 20, 30, 40, 50, 60, 70 thi ta chon day gém 12 s6.
a,a+l.,a+2,....,a+9 a+ 19, a+ 29. (1)
Goi 10ng céc chir s6 cia a 1a k thi téng cédc chir s6 cua 12 s6 trén la
kK.k+1Lk+2,... , k+9.k+10,k+11. (2)
Day (2) la day 12 s6 tu nhién lién ti€ép, 16n tai mot sé chia hét cho 12, do dé
16n tai mot s cha day (1) ¢é 1ong cdc chir s6 chia hét cho 12.
b) Néu a tan cung la 80, 90, 00 thi ta xét day ¢6 tan cung la 00, 01, 02, ..., 09,
19,29 (3) (cdc s6 nay van thuéc 59 s6 nguyén duong da cho).
Téng cic chir s6 cla cédc s6 trong day (3) la 12 s6 tu nhién lién tiép, t6n tai
mot s6 chia hét cho 12, do d6 t16n tai mot s6 cua day (3) ¢6 t1ong cic chir s6
chia hét cho 12.
Liau ¥ vé pluecong phap giai:
Diém mau chol cua cach giai 1a tao ra 12 s6 ¢6 10ng cac chir so ia 12 so wr
nhién lién tiép.
Khi a 1 s6 ¢6 1an cung bang 0, ta ¢6 ngay 10s6a,a+ 1, ... .a+ 9 c6 10ng
cic chir s6 1a 10 s6 tu nhién lién tiép. Goi 10ng cic chir sO cha a la k thi 10 s6
tu nhién lienticpdélak. k+ 1. ... .k +9.
Can chon thém hai s6 nira ¢6 106ng cédc chir s6 bang k + 10 va k + 11. Hai s6
nay la hai s6 a + 19 va a + 29 véi diéu kién hai s6 a + 10 va a + 20 khong tan
cung la 00.
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y it A

78.

b A
Qin
s

81.

82.

Goi nam s6 da cho la a,. a,, a;. a;, agtrong d6 a, = 2% 3% (x,. y; € N).
Xét nam cap (X, : ¥) (X3 ¥5) ... , (X5 1 ¥s) thudc bon truong hop (chén,
chian). (chian, 1¢), (l¢. 1¢), (lé, chdn), 16n tai hai cap thudéc mot truong hop.
chang han cap (X, ; y,) va (X5 : ¥,) thudc truong hop (chén, 1¢), the thi x; + X,
chdn va y, + y, chin. Khi d6 a,a, = 2%M 32" |3 6 chinh phuong.
Giai tuvong tr Vidu 67.
Ta thay 625 = 257 = 7% + 24% = 15° + 20°. Trong 625 s6 di cho. x&ép nam s6
vao tap hop A = {7°; 157 : 207 : 24° ; 25%}, con lai 620 s6 chia thanh 310 cap,
moi cap ¢6 10ng bang 625, la (1 : 624), (2 ; 623), ..., (312 ; 313).
Hay chimg minh rang trong 311 s6 duge chon, 16n tai mot so thudc A.
Giai wong tr Vi du 68.
Giai tuong tu Vi du 69.
Goi 25s0dacholaa;, a,, ...,ascéa; +a, + ... + 2,5 < 410.
Giasura, <a,<a;<...<dys.
Ta thay a,, < 25, vinéu a4 2 25 thi

AQgta+ ... +a2,5225+26+ ... +34=295. ()
Laicé6 a,+a,+...+a521+2+...+15=120. (2)
Tu(l) va(2)suyraa, + a, + ... + 2,5 = 120 + 295 = 415, trdi v6i dé bai. Vay
16n tai 16 s6 nho hon 25.
Xét 12 cap (1 :24),(2:23),...,(12:13), gdm 24 s6 nho hon 25. Do ¢6 16
s0 did cho nho hon 25 nén t16n tai bon cap (16 — 12 = 4) gdbm ca hai s6 da cho.
Bon cap do6 déu ¢6 16ng hai s6 trong méi cap bang 25.
Tap hop A c¢6 bon phin tr nén ¢6 2% = 16 1ap con, trong d6 ¢6 mot tap hop
gom bon phan ur (1a A) va mot tap hop réng, do dé so tap hop ¢6 tir mot dén
ba phan wrla 16 - 2 = 14,
Goi tong cic phan tr cua moi tap hop trong 14 1ap con dé la x. Do céc phéan wr
cua moi 1ap hop nay ¢6 gia tri nho nhat 1a 1, ¢6 gid tri 16n nhat 1a 5 nén
1€x<3+4+S5,uclal<x<12.
C6 14 1ap hop. ma x chi nhan gia tri tir 1 dén 12 nén 16n tai hai tap hop co x
bang nhau, d6 la hai tap hgp B va C phai tim.

. X¢&p 101 s6 da cho vao bon nhém ¢6 s6 du trong phép chiacho 4 1a 0, 1, 2, 3.

Do 101 chia 4 duoc 25 du 1 nén t6n tai 26 s6 thuéc cung mot nhém. Hai s6
bat Ki trong nhém nay ¢6 hi¢u chia hét cho 4.
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85.

86.

104

Ta sé chimg minh trong nhém 26 s6 ndi trén, 16n tai hai sé ¢é hi¢u nho hon
12. That vay, néu moi cap so trong nhém dé déu ¢6 hi¢u d = 12 thi s6 I6n
nhat n cta nhém ¢cé gid trin 21 + 12 . 25 = 301 > 300, trdi vdi dé bai. Hai so
néi trén (¢6 hi¢u nho hon 12) khic nhau va ¢6 hi¢u chia hét cho 4 nén hi¢u
bang 4 hoac 8.

Goi 33 s0 duoc chon x€p tang dan la a, a,, ..., a;;.

Tacéa, 21, a3;< V1050 nénay; —a, < V1050 — 1 <33 -1 =32,

Suy ra (a3; — a3,) + (a3 — a3)) + ... + (a, —a,) < 32. (1)

Trong 32 hi¢u trén, 16n tai mot hiéu nho hon 1, vi néu ca 32 hi¢u déu 16n hon
hay bang 1 thi 1ong cta chiing I16n hon hay bang 32, trdi vai (1).

Viy ton tai hai s6 duoc chon ¢6 hi¢éu nho hon 1.

Chuyén dé 9
CAC BAI TOAN SUY LUAN

Khong thé khang dinh rang da s6 thanh vién trong Ban giam khao cho diém
cua A cao hon diém cua C.

Chang han Ban giam khao ¢6 ba ngudi va cho diém nhu sau:

Nguoi thi nhat cho A > B > C, nguoi thir hai cho B > C > A, nguoi thia ba cho
C>A>B.

Véi cich cho diém nhu trén, ¢6 hai ngudi cho diém cua A cao hon diém
cua B, ¢6 hai ngudi cho diém cua B cao hon diém cua C, nhung chi ¢6 mot
ngudi cho diém cua A cao hon diém cua C.

a) Goi A la ngudi ¢6 s6 tran thing nhiéu nhat. Do A khong thing tat ca cic
tran, nén 16n tai dau thu C thing A. Trong s6 nhimg ngudi thua A, 16n tai mot
nguoi thang C (vi néu tat ca nhimg nguoi thua A déu thua C thi C ¢6 s0 tran
thang nhi¢u hon A), goi ngudi dé la B.

Ta cé A thang B, B thing C, C thang A.

b) Goi A va B la hai ngudi ¢6 so6 tran thing bing nhau va gia sir A thang B.
Trong s6 nhimg nguoi thua B, 16n tai mot ngudi thing A (vi néu tdt ca nhimg
ngudi thua B déu thua A thi A ¢6 s6 trian thing nhi¢u hon B, trdi véi A va B
¢6 sO tran thang bang nhau). goi ngudi dé l1a C.

Ta ¢6 A thiang B, B thing C, C thing A.



87.

88.

89.

90.

91.

Vi méi doi méi ddu 3 tran nén 16n tai hai doi chua diu véi nhau. goi hai doi
do la A va B. Con lai 7 dou.

Do A méi dau 3 tran. B méi dau 3 tran nén trong 7 doéi trén, ton tai mot doi
chura dau véi A va B, goi doi dé la C.

Ta ¢6 ba dor A, B, C doi mot chua dau vaéi nhau.

Theo cich dé6i chd ctia bai todn, sé chin ludn & vi tri chin, s6 1é luén & vi tri
I¢ cua day. Do dé khong thé xay ra s6 20 ¢ vi tri thit nhat.

Vay khong thé déi chd dé day s6 viét theo thir tr nguoc lai.

Giai wong tr Vi du 76.

S6 quan bai dat ngua luon luon 1a mot s6 chin, khong thé xay ra 51 quan bai
dat ngua.

Ta ¢6 nhan xét: Khi chuyén tir lugt truée sang lugt sau, s6 bong dén cia maot
mau bat Ki hodc 1ang 2, hodc giam 1, do d6 hi¢u cua s6 béng dén cua hai mau
bt ki hoac thay déi 3 (néu mot mau tang 2, mot mau giam 1) hoac thay déi 0
(néu ca hai mau déu tang 2 hoac déu giam 1), tic 1a thay déi mot boi cua 3.
Lic dau, hi¢u cta s6 béng dén xanh va do bang 30 — 25 = 5, 1a s6 chia cho 3
du 2. Theo nhan xét trén, hiéu cua s6 bong dén xanh va do luén la mét sé chia
cho 3 du 2, khong thé xay ra s6 bong dén xanh va s6 bong dén do déu bing 0,
wic la khong the xay ra tat ca 75 bong dén déu mau vang.

Liuc dau, hiéu cua s6 bong dén do va vang bang 25 — 20 = 5, 1a s6 chia cho 3
du 2. Do dé hiéu cua s6 bong dén do va vang luén la mét s6 chia cho 3 du 2,
khong thé xay ra s6 bong dén do va vang déu bang 0, wic 1a khong thé xay ra
tat ca 75 bong dén déu mau xanh.

Lic dau, hi¢u cta s6 béng dén xanh va vang bing 30 — 20 = 10, 1a s6 chia cho
3 du 1. Do dé hi¢éu cua s6 bong dén xanh va vang luén la moét sé chia cho 3
du 1, khong thé xay ra s6 bong dén xanh va vang déu bang 0, tiic 1a khong thé
xay ra tat ca 75 béng dén déu mau do.

Liwae y. Bat bién trong bai todn trén la: Hi¢u cha s6 béng dén cua hai mau bt
Ki luon thay déi mot boi cua 3.

Giai twong tr Vi du 77.

Goi n 56 da cho lan luot bi xod la a,. a,, ..., a,.

Goi $6 mdai lan lugt thém vao la b,. b,, b, ...

Ta xod a, va a, r6i thay bang b, x0d b, va a, réi thay bang b,, xod b, va a, réi
thay bang b,. .... x0d b, , va a, réi thay bang b, |.

S6 méi cudi cung la b, .
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Xét hing déng thitc xy + X +y + 1 = (x + 1) (v + 1), 1a s& tim duoc
by,=@,+D@+1)...(a,+1)-1=23. ... (n+DD=1=(+1)-1.

Do n 2 4 nén (n + 1)! tan cung bang 0, suy ra b, , tan cung bang 9, khong
thé bing 362882 duoc.

. Goi 100 s6 da cho xép tang din la a|, a,, ..., a,4.

bat A = (a,g9 — a99) + (Agg — agg) + ... + (ay — a)).

N¢u chi ¢6 nhiéu nhat 1a 48 cap s6 nguyén duong lién ti€p thi trong 99 hic¢u
cua bi¢u thire A, chi ¢6 nhiéu nhit la 48 hi¢u ¢6 gid tri bang 1, do dé co6 it
nhat 1a 51 hi¢u ¢6 gia tri tir 2 tro 1én.

Khido A 248 +51.2 = 150. (1)

Ta thay (1) va (2) mau thuan. Vay soé cap s6 nguyén duong lién ti¢p phai lon
hon hoac bang 49.

. Ki hi¢u nhu trén hinh 11, trong dé m la sé cau hoi cua bai thi, d la s6 cau hoi

cid A va B déu tra 1oi ding, ¢ la s6 cau hoi ca A va B déu tra 1oi sai, a 1a s6 cau
hoi chi A tra 10i sai, b 1a s6 cau hoi chi B tra 16i sai.
Theo dé¢ bai

m
a+Cc= — 1
¢ 3 (1)
b+c=7 (2)
m
N i 3
& 5 (3)

Tacod=m-a-(b+c)=m-a-7. (4)

it 11

Céan tim gia tri 16n nhat cua d.
m 2m 2m 13m

m
Tu()va(3)suyraa=———=— =m-a=m-— — = —-, 5

Tou2)va3)suyrac<s7 = I‘iﬂ <7 = m<35.

Do (5)nénm : 15.dodé m < 30. (6)
13.30
15
Kéthop vai (4) c6d <26 -7 = 19.
Viy ¢6 nhié¢u nhat 19 cau hoi ca A va B déu tra 101 ding.

Tu(S5)va(6)suyram-a< 26.
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Chiu trach nhié¢m xuat ban :
Chu tich Hoi déng Thanh vién NGUT. NGO TRAN Al
‘Tong Giam doc kiém Tong bién tap GS. TS VU VAN HUNG

16 clure ban thao va chiu trach nhiém noi dung :

Ph6 Tong bién tap PHAN XUAN THANH
Tong Giam doc CTCP Diu wr va Phat trién Gido duc Ha Noi VU BA KHANH

Bién tip noi dung :
DANG MINH THU
Trinh bav bia :
DINH THUY LINH
Ché ban :
THAI MY DUNG
Swea ban in :

DANG MINH THU

Cong ty C6 phan Dau tu va Phat trién Gido duc Ha Noi —
Nha xuat ban Gido duc Viét Nam gilr quyén cong bo tic pham

9 CHUYEN DE SO HOC TRUNG HOC CO SO

e Dung boi duong hoc sinh gioi cac lop 6,7, 8, 9
e Giup on thi vao lop 10 chuyen toan.

Maso: C2T09A4- DTH
So DPKKH xuat ban: 518-2014/CXB/10-337/GD

In 3.000 cudn (QD TK68), khd 17x24 cm.
In tai Céng ty TNHH MTV In va Thugng mai TTXVN.
In xong va nép Iwru chiéu thang 10 nam 2014.
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