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Cubn sich 9 CHUYEN DE HINH HOC TRUNG HOC CO SO gidp cic
em hoc sinh cac ldp 6, 7, 8, 9 thi hoc sinh gioi va thi vao Idp 10 chuyén Toan.

Trong rat nhiéu chuyén dé vé Hinh hoc & Trung hoc ca sé, ching toi
chon loc nhing chuyén dé thuong gap nhét trong céac ki thi néi trén, hé
théng cac phuong phap gidi véi cac vi du minh hoa va cac bai luyén tap
dugc phin chia theo ting dang toan. Vi cac chuyén dé khac vé Hinh hoc
khéng dugc dé cdp dén trong cuén siach nay, cac em c6 thé tham khdo trong
cdc cudn sdch Nang cao va phét trién Todn cac Iop 6, 7, 8, 9 ; Cdc bai todn
Hinh hoc t6 hgp ; Tim cdch gidi bai todn Hinh hoc cap Trung hoc co sd cua
cung tac gia. '

Cac bai toan dugc chon loc trong cuén sach nay c6 nhing dac diém sau :

- La cdc bai todn mdi, chang it xudt hién hodc chua xuat hién trong cac

-t - - - ‘ .
Pl iTa B =T At wviidt han
LAy >aacinr LU Auain waini.

L
-1

- C6 d khd vira di phuc vu cho yéu cau chon hoc sinh giéi va chon
hoc sinh vao Iop 10 chuyén Toan.

~ C6 nhiéu tinh huéng doi héi cac em phdi vin dung kién thic mét
cach thich hop, sang tao dé gidi quyét.

~ Loi giai dugc chon loc dé vita ré rang dé hiéu, vita ngdn gon cé dong.
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Trong sach c¢6 nhang bai tdp khé, nhung cach gidi cac bai tap dé déu
hop i véi mach tu duy sang sda, diéu dé gidp cac em rén luyén phuong
phap va trau doi tu duy. Vi méi bai toan trong cubn sach nay, cdc em nén
danh thai gian tim hiéu vi sao da gidi duoc (hodc khong gidi dugc) bai toan
dy, t dé rat ra nhang kinh nghiém vé phuong phép gidi quyét van dé, diéu
do6 khéng chi c6 ich trong hoc Todn ma con can thiét trong hoc tap, trong
nghién cuau va trong cubc song.

Céc bai toan trong cubn sach ndy nhu nhing dinh cao trong hoc Toan.
Cac em hdy tap chinh phuc nhing dinh cao dy dé sau nay chinh phuc dugc
nhdng dinh cao khac, cao hon.

Cudn sdch nay cang la mot tai liéu thiét thuc cho céc thay, cé gido boi
dudng hoc sinh giéi mén Toan, cac can bo chi dao mén Todn va cac bdc cha
me hoc sinh quan tdm dén viéc béi dudng ndng uc toan hoc cho con em.

Tac gid cam on ban doc da st dung cubn sach nay va mong nhdn dugc
nhing gép y cua ban doc cho cuén sach.

Tac gid mong mudn rdng
Chin chuyén dé Hinh hoc
Gitip tu duy trau déi
Cung cap cho ban dgc
Thém hanh trang vao doi.

vU HUU BINH
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Chuyén de 1
TAM GIAC - TU GIAC - PA GIAC

TONG QUAN VE CHUYEN DE

Céc hinh tam gidc, ur gidc duge bi¢t dén tir cic 16p dudi. Véi nhimg kién thirc
hinh hoc cta 16p 7, 16p 8. chiing ta sé phét hién ra rdt nhiéu tinh chat tha vi vé do
dai, vé géc, vé tinh song song, vuong géc, thing hang,... tir nhimg hinh tuéng nhu
don gian.

Cidc bai todn trong chuyén dé ndy gém du cdc dang nhu : tinh todn, chimg
minh, dung hinh, tim gid tri nhé nhat, gid tri 16n nhat. Ching thuong doi hoi phai
vé thém duodng phu, di¢u d6 s&é mang dén cho ching ta nhiéu cam himg va loi ich
trong giai toan.

Bai toan vui

G CUA HANG PO DA

Do ¢6 it khiach hang, mot
ong chu cira hang dé da da
nghi ra mét cich quang cdo
khéo 1éo. Ong treo hai miéng
da truéc cia hang (h.l1) trong
dé miéng da bén trdi ¢6 hinh
tam gidc (h.ia), miéng da bén
phai hinh tron ¢6 mot 16 héng
ma néu lat nguoc tdm da bén
trdi X€p vao 16 hong thi vira
khit (h.1b). Hinh 1

Bén canh hai tdm da, 6ng chi clra hang dat mot tdim bang ghi dong chir :
*“Quy khéch nao cit dugec miéng da bén trdi thanh ba méanh réi ghép kin 16 héng
cua 1dm da bén phai (ma khong phai l1at nguge) thi khi mua bat cit thit hang nao
cua clra hang ciing chi phai tra nira tién”.




Ngay lap tic, c6 nhiéu khich dén cira hang va da c6 ngudi lam duge. Con ban,
ban hay dua ra cich lam cia minh.

Theo Xem Loi-do (Sam Lovd, Mi)
Giai

Céc.tam gidc ABC va A’B’C’ (h.2) wuy bang nhau nhung néu muén dat tring
khit nhau thi A ABC phai lat lai (dua mat trén xuéng duéi, dua mat dudi 1én trén).

Hinh 2

Nhung néu hai hinh bing nhau la tam gidc can (16ng quat, hinh ¢6 truc doi
xtmng) thi khong can lat lai mot hinh van dat duge tring khdp vai hinh kia.

Do d6, ta lam nhu sau : O miéng da hinh tam gidc (h.2a), goi H la hinh chiéu
cua A trén BC, goi D va E theo thir tu 12 trung diém cua AB va AC. Cat miéng da
dé6 theo HD va HE, miéng da dugc chia thanh ba manh : manh 1 1a tam gidc can
DBH, manh 2 la tam gidc can EHC, manh 3 la ur gidc ADHE (gom hai tam giac
can la ADH va AEH). Khong céan lat lai, ta ghép dugc :

— Manh | trung khit phan 1’ (D tring D', B tring H’, H tring B").

— Manh 2 trung khit phén 2’ (E trung E’, H trung C’, C tring H’).

— Manh 3 tring khit phdn 3’ (A tring H’, D tring D’, H tring A’, E tring E’).

I. TAM GIAC

-~

Vi du 1. Cho tam gidc ABC vuong tai A, B = 60", diém M thudc canh BC
cung véi diém A chia chu vi tam gidc ABC thanh hai phin bing nhau (uic la
AB + BM = AC + CM). Tinh g6c AMB.
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Gidi (h.3)
Ké AH L BC. Pat BH = 1. Do B=60° nén
BAH =C =30°. Ap dung bd dé : Trong tam gidc 8

vudng c6 géc nhon 30° canh d6i dién véi géc d6
bang nita canh huyén vio cic tam gidc vuéng ABH, Hinh 3
ABC, AHC dugc AB=2BH =2, BC=2AB=4, AC=2AH.

Ap dung dinh If Py-ta-go vio AAHBta c6 AH?> = AB?-BH?=22-1=3
= AH=+3 = AC=2AH = 2\3.

Chu vi AABC bing AB+BC+CA = 2+4+2J/3=6+23

= AB+BM =(6+2v3):2=3+3
=BM=3+3-AB=3+v3-2=1+3

=>HM=BM -BH=1++3-1=43=AH.

Tam gidc AHM vuéng can nén AMH =45, urc 1a m;&tﬁ“.

H M c

Il. TU GIAC

Ciéc ur gidc duge nghién citu trong chuyén dé nay la céc tf gidc 16i, ching ¢é
tinh chat : 16ng cdc géc trong bing 360°.

Cin ndm vimg dinh nghia, tinh chat, ddu hiéu nhan biét cua céc r gidc dac
biét : hinh thang, hinh binh hanh, hinh chit nhat, hinh thoi, hinh vuéng.

Vi du 2. Cho tir gidc ABCD c¢6 AB = BC = AD, A =80°, C =40°. Tinh c4c
géc B va D.

Gidi (h.4)
AADB can tai A, A =80° nén
Dy = (180° —80°):2 = 50°. H
. i " N
Ké AH L BD,BK L CD.Tacé K=H=90°, p K c

BC = AD (gia thiét), C=A; =40° nén Hinh 4
ACKB = AAHD (canh huyén - géc nhon) = BK = DH = HB.

Tam gidc vuong BKD ¢6 BK = %BD nén D2 =30°. Suy ra

D =Dy + D> = 50° +30° =80°. Do dé B =360° — (80° +80° +40°) = 160°.
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Vi du 3. (Bo dé nhéin bict hai dudng chéo vuong goc)
Cho wr gidgc ABCD ¢6 t6ng binh phuong cic canh d6i bang nhau
(AB’ + CD? = AD? + BC?). Chimg minh ring AC vuong géc véi BD.

Gidi (h.5)

Gia su AC khong vuong géc vai BD. K¢ AH L BD, "
CK L BD, gia sir H ndm gitra B va K. Tir gia thié¢t suy
ra AB* - AD? = BC? - CD?

2 2 2 2
= (AB’- AHY) - (AD*-AHY) : : K .
= {BC* - CK?)—{(CD* - CK%
= HB? - HD? = BK? - DK’
Hinh 5 C

= HB’ - BK* = HD® - DK”.
Dang thic trén sai, vi v¢ trdi am, v¢ phai duong. Viy AC vuong géc vai BD.
Liu ¥ : B6 dé trén cling ding trong trudmg hop diém C ndm trén doan thing

BD. Chimg minh tvong tu nhu trén.

Vi du 4. Cho tam gidac ABC vuoéng can tai A, duong trung tuyén BE. Puomg
thiang di qua A va vuong goc vai BE cit BC ¢ K. Chimg minh rang BK = 2KC.

Gidi (h.6)

Ké AH L BC, cat BE 0 G. Ta ¢6 G la truc
tam cua AABK nén KG L AB. Ta lai c6 CA L AB
nén KG // CA.

Goi I la trung diém cia BG. Do G la trong
tdm cua AABC nén Bl = IG = GE.

K¢ IM // GK (M € BC). Do IM // GK // EC
nén BM = MK = KC (tinh chat duong song song
cdach déu).

Vay BK = 2KC.
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Vi du 5. Cho tam gidc ABC. o phia ngoai tam gidc ABC, vé& cdc tam gidc déu
ABD. ACE va tam gidc can BCF ¢6 F =120°.

a) Goi I la diém déi ximg véi Fquz: BC, goi K la diém da6i ximg véi I qua DE.
Chimg minh rang tam gidac DIE can ¢6 1 =120°.

b) Tam gidc DIK la tam gidc gi ?

¢) Chdang minh rang AKIF la hinh binh hanh va AF vuong géc véi DE.
Gidi (h.7. hinh v& vi chimg minh (ng véi
ABC >30°, ACB>30° ; cic trudng  hop
khdc trong ).

a) I déi ximg véi F qua BC

= Bl = BF, B2 =By = 30°.

ADBI va AABF ¢6 DB = AB,

DBI = ABF (= 60° + B3). BI = BF.

Do d6 ADBI = AABF (c.g.c)

= 1) =F, DI = AF.

Tuong t 1> = AFC . El = AF.

Suy ra DI = EL i
I +12 =F) + AFC = BFC =120°
DIE =360° ~ (i1 +12 + BIC) = 360"~ (120°+ 1207 = 120" (2)

Tir (1) va (2) suy ra ADIE can ¢6 1 =120°.

b) ADIE can ¢6 1=120° nén IDE = 30°. K déi xing véi I qua DE nén
DK = DI va IDK = 2IDE =2.30° =60°. Suy ra ADIK déu.

¢) ADIK déu = IK = DI ma DI = AF nén IK = AF. 3)

ADAK = ADBI (c.g.c) = AK = Bl ma BI = IF nén AK = IF. (4)

Tir (3) va (4) suy ra AKIF Ia hinh binh hanh = AF // IK.

Ta lai ¢6 IK L DE nén AF L DE.
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Vi du 6. Cho tam gidc ABC vuodng tai A, dudng cao AH. Goi M, N theo thit
tu 1a chan cdc dudng vuong géc ké tir H dén AC, AB. Dudng thing MN cit AH tai
I va cat CB tai E. Goi O 1a trung diém cua BC. Ké HD vuong géc véi AE
(D e AE). Ching minh rang :

a) I la truc tdm cua tam gidac AOE; b) BDC = 90°.

Gidi (h.8)

a) Ta giac
AMHN la hinh chir
nhat nén Iﬁ| = Am

Ta lai ¢6 AHN =B,

(cung phu Fh ) nén
Mi=Bi. (1) Hinh 8
Do OA =0C
nén .R; = ACB. (2)
Tu (1) va (2) suy ra M + A1 =B + ACB=90°, suy ra EM L OA.
Tam gidac AOE ¢6 EM L OA, AH L OE nén I l1a truc tam.
b) Tucaua),suyraOl L AD. (3)
AADH vuéng tai D cé DI la duong trung tuyén nén [IA =ID. (4)
Tir (3) va (4) suy ra OI la dudong trung truc cua AD, do d6 OA = OD.

)

Tam oi14¢ R cANMND=0OA =DR =0 nédn R — Qn°
ikl av i VU ALY = i = A = S I BD AV

C
(

Vi du 7. Cho tam gidc ABC cén tai A ¢cé A =0 <60° Trén canh AB lay
diém D sao cho CD = CB. Goi E diém déi ximg véi B qua AC. Goi F 1a giao diém
cua DE va AC.

a) Chimg minh ring BFEC la hinh thoi.
b) Tinh cic géc cua hinh thoi dé theo o.

10
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Giai (h.9)
a) Do E doi ximg véi B qua AC nén
EC = BC va EF = BF. (1) ¢

Dé chimg minh BFEC la hinh thoi, ta sé
ching minh EC = EF.

Pat ABC=ACB=B thi o + 2B = 180°.

Goi Cx la tia doi cua tia CE. Do E do6i ximg véi 8 I : c

B qua AC nén Ci =ACB= B, suy ra /V

C3=180° - 2B =a. 2) . HnS
ACBD can ¢6 géc ddy CBD =P nén Cz =180° —2B = 0. 3)
Tir (2) va (3) suy ra 63 =63 nén DCx =20 (4)

Ta ¢6 CD = CB = CE nén ADCE cn tai C, suy ra DCx=2CED. (5

Tir (4) va (5) suy ra CED =o. Tam gidc ECF cé E=tx.é| =B nén l%| =8,
suyra Ci =F1.dod6 EC=EF.  (6) |

Tu (1) va (6) suy ra BC = EC = EF = BF nén ur gidc BFEC la hinh thoi.

b) Hinh thoi BFEC ¢6 CEF = o nén CBF = o, BFE = BCE = 180° - c.

Vi du 8. Tinh do dai canh cta hinh vuéng ABCD, biét ring c6 diém M nim
trong hinh vuoéng thoa man MB = Ilem, MA = MC = J5em.
Gidi (h.10) A E B

AMAB = AMCB (c.c.c) = MBA = MBC = 45°,

Ké ME L AB (E € AB). suy ra AMEB vuéng

MB 1
cintai Enén ME=EB= —==—=(cm). (1)
2z 2

AAEM vuong tai E
&Y (] 2 9
= AE*=MA’-ME’= (V5) -| = | ==
( ) [JE] 2 i ’
3
= AE=— (cm). (2) Hinh 10
V2
Tu (1) va (2) suy ra AB—AE+EB-i L=i=2\.5 (cm)
: B B e |

11
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Vi du 9. Cho hinh vuéng ABCD ¢6 canh bang 1, cic diém E, F, G, H theo thi
tr thude cdc canh AB, BC, CD, DA. Tinh chu vi nho nhat cta uf gidgc EFGH.

Gidi (h.11)

PatEH=a,EF=b,FG=¢,GH=d, AH=m,
AL =n.

2
Tacéd a> =m> +n°> 2_(m+n}
2
sy E et wyas2 wAHSAR

V2o

Tuong tu ta ¢6 by2 > BE + BF,

¢v2 2CF +CG, dv2 2 DG + DH.

Suy ra'{;»,1+b-i-c+d)\/i.T 2 AB + BC + CD +
DA=4 =a+b+c+d22V2.

Chu vi nho nhét cia 1 gidc EFGH bang 2v2 khi va chi khi E, F, G, H lin
lugn 1a trung dié¢m céc canh cua hinh vuong ABCD.
lll. DA GIAC

I. Cdc da gidc duge nghién ciru trong chuyén dé nay la cac da gidc 16i, ching
¢6 tinh chat : 10ng cdc goéc trong cua da gidc n canh bang (n - 2)180".

2. Da gidc déu la da gidc ¢6 cdc canh bang nhau va cdc géc bang nhau. Méi
(n-2)180°

n

g6c trong cua da gidc déu n canh bing

Vi du 10. Tim gid tri cia n sao cho cdc da gidc déu n canh, n + | canh, n + 2
canh, n + 3 canh déu ¢6 s6 do mébi géc 1a mot s6 nguyén do.

o~ 2

wia

. (n=2)I80
c6 ——
n

Do 360 = 2*.3%.5 nén 360 ¢6 24 ude tr nhién, trong dé c¢6 22 uée tu nhién

khac I va2la: 3,4,5,6,8.9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90,

120, 180, 360. Trong cdc s trén, c¢6 bon so tu nhién lién tiép la 3, 4, 5, 6. Vay gia

tri phai tim cua n 1a 3 (cdc da gidc déu ¢ 3, 4, 5, 6 canh ¢6 s6 do mdi géc bang
60(!. 90(}‘ 108“. 120“)-

Ta la mot 6 nguyén nén (n - 2)180 ‘n<360:n (n23).

12
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BAI TAP

Tam giac

1.

Cho tam gidc ABC vuong tai A, AB < AC < 2AB. Trén canh AC lay diém D
sao cho CD = AB. Trén canh AB lay diém E sao cho BE = AD. Goi 1 la giao
di¢m cua BD va CE. Tinh géc CID.

T giac - Hinh thang

2.

Cho 1 gidc ABCD c¢6 A =60°, AB=AD,B=75°,D=90°. Goi G Ia giao
diém cua BC va AD. E la giao diém cua tia phan gidc géc A véi BC. Ching
minh rang :

a) AB = AE; b) BC = EG.

Cho tam gidc ABC. O phia ngoai ctia tam gidc d6, vé cdc tam gidc can ABD
ddy AB, BCE ddy BC. ACF ddy AC. Ké AH vuong géc véi DF (H € DF), ké
BI vuong géc voi DE (I € DE), AH va BI cit nhau tai O. Chimg minh ring
OC vuong goc vai EF.

Hong ddn : Sit dung bé dé & Vi du 3.

Cho tam gidc ABC vuong can tai A, diém H thudc canh AC. Dudng thing di
qua A va vuong géc véi BH cit BC ¢ D. Lay di¢m E thudc doan DB sao cho
DE = DC. Pudng thing di qua E va vuoéng géc v6i BH cit AB & K. Chimg
minh ring AK = AH.

Cho tam gidc ABC ¢é BC = a, ntra chu vi bang p, dudng cao AH. Chimg minh
ring AH” < p(p - a).

Hinh binh hanh

6.

Cho hinh binh hanh ABCD, M la trung diém cua BC. Goi H la chin dudng
vuong goc ké tir A dén DM. Chimg minh rang BA = BH.

Cho tam giac ABC ¢6 A>90° O phia ngoai tam gidc dé vé cdc tam gidc
vuong can ABD c¢6 canh huyén AB va ACE ¢6 canh huyén AC. VE hinh binh
hanh ADKE. Tam gidc BKC la tam gidc gi ?

Cho hinh thang ABCD (AB // CD), AB < CD. Goi E, F, M theo thit tu la trung
diém cua BD, AC, CD. Chimg minh ring cdc dudng thing di qua E va vuong
gbéc vGi AD, di qua F va vuong géc vai BC, di qua M va vuodng géc véi CD
dong quy.

13
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9. Cho tam gidc ABC va duong trung tuyén AM c¢6 AB=5cm, AC= 13 cm,
AM = 6 cm. Goi d, va d, theo thit tu 1a cdc dudng vuong géc vai BC tai B va
tai C. Goi D 1a giao diém cia AM va d,, goi E 1a giao diém cia AB va d,.
Ching minh ring CD vuong géc véi ME.

10. Cho hinh binh hanh ABCD, cédc dudmg chéo cét nhau tai O. Dat OA = OC=m,
OB = OD = n. Chimg minh ring :

a) AB?+ AD’=2m’+2n%;
b) Téng binh phuong cdc canh cla hinh binh hanh bing t6ng binh phuong
cac duong chéo.

11. Dung tam gidc ABC biét vi tri ba diém B, H, M trong d6 H 1a truc 1tam, M 1a
trung diém cta AC.

Hinh chir nhat

12. Cho tam gidc ABC vuong cin tai A, diém D trén canh BC. Goi H la chén
dudng vuong goéc ké tir B dén AD. Trén tia d6i cua tia HB lay diém E sao cho
HE = AH. Chimg minh ring HEC = 90°.

13. Cho doan thing AB. V& vé mot phia cia AB cdc tia Ax va By vuong goc vdi
AB. Trén doan thang AB lay cdc diém C va D sao cho AC = BD. Goi E 1a mot
diém thuoc tia Ax (E khdc A). Pudng vuoéng goc vai EC tai C cit By ¢ K.
Tinh goc EDK.

14. Cho hinh chit nhat ABCD ¢6 E 1a trung diém cta AB, F 12 trung di¢m cta BC.
bat EDF = a. Goi I 1a giao diém cua AF va EC. Tinh géc AIE theo o.

15. Cho tam gidc ABC vuong tai A (AB < AC), duing cao AH. Trén canh AC lay
diém E sao cho AE = AB. Goi I la trung diém cta BE. Tinh géc AHL

16. Cho g6c vuong xOy va diém A ndm trong géc vuong dé. Goi M la diém
chuyén dong trén tia Ox. Dudng vuong géc véi AM tai A cit tia Oy o N. Tim
vi tri cta diém M dé do dai MN nho nhat.

17. Cho tam gidc ABC vuong tai A, dudmg cao AH = h. Goi I la diém bat ki nim

14

trong tam gidc ABC. Goi D, E, F theo thit tu 1a chin cdc dudng vudng goc ke
tir I dén BC, AC, AB. Tinh gi4 tri nho nhat cua 16ng ID? + IE* + IF? theo h.



Hinh thoi - Hinh vuong

18. Tinh canh cia hinh thoi biét mot dudng chéo biang 15 cm va chiéu cao bang
12 cm.

19. Cho hinh vuéng ABCD, diém E thudc canh AD, diém F thudc tia d6i cua tia
CD sao cho CF = AE. Goi I 1a giao diém cta EF va AC. Chimg minh ring BI
vuong goéc vai EF.

20. Cho hinh vuong ABCD canh a. Lay E thudc canh AB, K thudc canh CD sao
cho AE<%,CK <%. Ldy G thudc canh AD sao cho KEG = KEB. Duong
thing di qua K va song song véi GE cit BC & H. Goi O la giao diém ciia GH
vi EK. Chimg minh ring EOG = 45°. |
Huwdng ddn : Qua K ké dudng thing song song véi HG, cit EG ¢ M, chiing
minh ring EKM = 45°.

21. Cho hinh vuéng ABCD canh a, diém E thudc canh BC, diém F thudc canh CD
sao cho EAF =45°. Tinh do dai 16n nhit ciia EF.

22. Tinh chu vi nho nhat cua wr gidc ABCD biét hai dudmg chéo vuong géc va cé
t6ng bing k.

Pa giac

23. Tinh céc géc ciia mot da gidc ¢6 s6 do cdc goc tang déu tir 90° dén 126°.

24. Cho hai da gidc déu, da gidc M ¢6 x canh, s6 do mébi géc 1a m, da gidfc Ncé y
canh, s6 do méi géc 1a n. Tinh x va y, biét ring :
m m 3

) —=—; b) —=—.
® n 35 }n 4

15



Chuyén de 2
DIEN TiCH PR GIAC

TONG QUAN VE CHUYEN DE

Cic bai todn trong chuyén dé nay bao gom nhiéu dang :

= Dang 1. Tinh t0dn va chimg minh lién quan dén dién tich cac hinh : chir
nhdt. vuong, thang, binh hanh, thoi. tam gidc, tf gidc.

= Dyng 2. Tim gid tri nho nhat, gid tri 16n nhat cua dién tich cédc hinh.

= Dang 3. Sit dung dién tich d¢ chimg minh cdc quan hé vé do dai.

Bai toan thuc té
CHIA BANH

Tdm ban hoc sinh can chia déu mot chiéc banh ga-16 thanh tdm phan, chiéc
banh ¢6 mat trén va mat dudi l1a hai hinh luc gidc déu gidng nhau.

Ban Thanh tim ra cdch chia bang bén nhét cit thing di qua 1am cuba chiéc
banh. Ban Mai lai tim ra cdch chia chiéc banh thanh tdm hinh thang can.

Cac ban d6 da chia chiéc banh nhu thé nao ?

Giai
Ban Thanh cét chiée banh nhu hinh 12a bing bon nhdt cit 1a AD, HF, IM, KN.
Giai thich : Luc gidc déu c¢6 6 canh, chia thanh 8 phdn nén méi phin chia %
3
canh (trén hinh 12a ¢6 AH =-:IAB.KD= %CD. Bl =I1C). Do AH = HB + BI nén

Soan = IHE

16



(Lwu ¥ ring cdc gé6c AOH va HOI khong bing nhau, dé chimg minh
AOH > HOI ).

B C

LN,
K2

b)

Hinh 12

Ban Mai cét chiéc banh nhu hinh 12b, trong d6 O 1a tam cua luc gidc déu, cic
dicm A’, B’, C’, D’, E’, G’ theo thit ty 1a trung diém cia OA, OB, OC, OD, OE, OG. .

I. DIEN TICH HINH VUONG, HINH CHU NHAT, HINH THANG, HINH BINH
HANH, HINH THOI

Cin ndm vimg cong thic tinh dién tich céc hinh néi trén. C6 thé tinh dién tich
hinh thoi theo hai cdch (tinh theo ddy va chiéu cao tuong tmg hoac tinh theo cic
dudng chéo).

Vi du 11. Trong cdc tam gidc ABC vuodng tai A c6 BC = 2a, dudng cao AH,
tinh dién tich 16n nhat cta hinh chit nhat ADHE (D € AC, E € AB).

Gidi (h.13)
Pat AD = x, DH = y. Goi M la trung diém cia BC, ta c6

92 2 ——. R, |
x"+y"_AH‘sAM"_i_
2 2 2 2

SADHE =XY S

2
maxS=a? < Htruing M

< AABC vuodng cén tai A.

2.9 CD HINH HOC THCS-A 17



Vi du 12. Tinh dién tich hinh thang vuong ABCD ¢6 diy nho AB bang dudng
cao, day 16m CD = 23c¢m, canh bén 16n BC = 1 7¢m.

Giai

Ké BH L CD. bat Bl = AB= HD = a, HC = b. &

Tacoa+b=23 a’+b>= 17" =289 nén T 2 2
2ab = (a+ b)’ - (a® + b’) = 237 - 289 = 240, 17
(a - b)? = a? + b? — 2ab = 289 — 240 = 49 %
=Ja-b|=7. b B\
Xét hai truong hop :
e Truwong hopa-b=17(h.14). Hinh 14
Tra+b=23vaa-b=7suyraa=15b=8. A a B
Sanen = (15 +23).15:2 =285 (cm?). i 17
e Truomg hopb ~a =7 (h.15). . ’ 5
Tua+b=23vab-a=7suyraa=8b=15. D a H b c
S\nep = (8 +23).8:2 = 124 (cm?). Hinh 15
Vi du 13. Hinh thoi ABCD ¢6 t6ng hai duimg

chéo biang m.
a) Bié1 canh cua hinh thoi bang a, tinh dién tich hinh thoi.
b) Tinh dién tich 1Gn nhat cia hinh thoi.

Gidi (h.16) ’

I8

Goi O 1a giao diém cia AC va BD.
DatOA =x,0B=y.Tacé:

OA +0B=_{\_%I-_E12 nén x+y=%.

8) Sapcp = —;—AC.BD =1 2x.2y = 2xy

3

-

=(x+y)2—(xz+y2)= Ei—--az.

m
2 [ ] 2

2

1.9 CO HINH HOC THCS-8



Il. DIEN TiCH TAM GIAC, TU GIAC, DA GIAC

Khi tinh dién tich cia mt tam gidc, ngoai cach ding cong thiic, ta con ding
cdch so sdnh dién tich cua hai tam gidc. Cin chd ¥ dén moét s6 cdch so sanh dién
tich cua hai tam gidc :

— Hai tam gidc ¢6 mot dudng cao bang nhau : Néu AABC va AA’B’C’ ¢6
Sage _ BC
Sapc  BC

cdc dudng cao AH va A’H’ bing nhau thi

— Hai tam gidc ¢6 mot canh bing nhau : Néu AABC va AA’B'C’ ¢6
Sapc _AH
Sape  AH

BC=B'C’, AH va A’H’ la cic dudng cao thi

— Hai tam gidc ¢6 mot géc bang nhau (xem Vi du 14).

Vi du 14. (BS dé vé hai tam gidc c6 mot géc bing nhau)

Chimg minh rdng néu tam gidc ABC va tam gidc A'B’C’ ¢6 A=A'thi
Sape _ A'BLA'C
Sapc  ABAC

Giai (h.17)
Trén tia AB lay D sao cho AD = A’B’,

trén tia AC ldy E sao cho AE = A’C’.
AA’B'C' = AADE (c.g.c) E D
cl
D

= Sy = Sape (1)

Ta lai ¢6 SADE , AD
Sape  AB  Sppe  AC

Sape _ AD AE _ A'B.A'C

nén : = - IC2)
Sxsc AB AC  ABAC
T QY AR g AR AT
Sapc  ABAC
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Vi du 15. Tinh cdc géc cia mot tam gidc vuong, biét ring dién tich tam gidc
d6 bang % dién tich hinh vudng cé canh la canh huyén.

A
Gidi (h.18) 8 c
. . H M

Xét AABC vuong tai A c6 B2C va hinh vuong
BCDE. Ké dudng cao AH, trung tuyén AM. Ta c6
Lpc.aH=1pc?
2 8

= AH=1BC = AH=1AM

+ 2 E D

= AMH =30° = ACB=15". Hinh 18

Tam gidc vuoéng ABC c6 cédc géc nhon 15° va 75°.

Vi du 16. Trén hinh 19, tam gidc ABC dugc chia thanh sdu tam gidc nho bai
ba doan thing déng quy tai O, trong d6 c6 ba tam gidc c6 dién tich bing nhau va
bing S, ba tam gidc con lai ¢6 dién tich bang a, b, ¢. Chimg minh ranga=b=c=8.

Gidi (h.19)
Giasra2b2c (1)

Ta c6 Spos _ DO _ Spoc
SaoB A0 Spoc

b _ 5 =>b=S.a+S
a+S c¢c+8S c+S
Doazcnénbz2S8S. (2)
SFOP\_FO_SFOB_=> a 7 S
Scono €O Sop ¢+S b+S
iR E¥S o shbrinass ()
b+S

Tu(l),(2)va(3)suyraS2a2b2Snéna=b=S.
Chimg minh tuongtra=c=Snéna=b=c=S.
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Vi du 17. Cho tam gidc ABC c6 BC = a, AC = b, AB =, I 12 giao diém céc
duong phan giac, G la trong tdm théa man AIG = 90°.

a) Goi r 12 khoang cich tir I dén AB, AC. Goi m, n l4n lugt 1a khoang cach tir
G dén AB, AC. Chimg minh rang m + n = 2r.

6bc

b) Ching minh ring a+b+c= ‘
b+c

Giai

a) (h.20) Goi M, N theo thif ty 12 giao diém cua IG véi AB, AC. Ta c6

Saom + Saon = Samn = Sam + Say = %AM.m + %AN.n =%AM.:’ + -%AN.r.

Do AM=ANnNénm+n=2r.
A

Hinh 20 Hinh 21

b) (h.21) CG cit AB tai trung diém D. Goi S la dién tich tam gidc ABC, p 1a
nira chu vi. Ta cé
8 .1 S 1

1 . c
S == =—=—-ADmMm=— =22—-.—MmMm=—>m=—.
AGD ™ 4%ACD "¢ ™ 5 6 22 6 6c

25 28
2p a+b+c

Tuonglu-n=:—z-. Con r=§= . Tum +n=2rsuyra
P

48 45 48 TS N Ee——

6c 6b a+b+c 6c 6b a+b+c b+c
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Vi du 18. Cho tam gidc ABC, diém D
thuoc canh AB, diém E thuoc canh AC.
Goi I, M theo thit tu la trung diém ctia DE,
BC. Dudng thing di qua I va song song
vGi AB cit MD & G. Dudmg thing di qua I
va song song voi AC cit ME ¢ H. Chimg
minh ring GH song song véi BC.

Giai (h.22)
Tac6 ID = IE = Sy = Sy

= Syuic + Spic = Swvun + Sem (1)

TalaicoIG //AB= Spig =S (2)

IH // AC = Sy = Sciy )
Tur (1), (2) va (3) suy ra
Swvic * Spic = Smim + Scin 4)

Ta lai ¢6 MB = MC = Sjp = Sime (5)
Tir (4) va (5) suy ra Sy = Sunc

Ta lai c6 MB = MC nén céc khoang cédch tir G va tir H dén BC béang nhau, suy

ra GH // BC.

Vi du 19. Cho uf gide ABCD c6 O la giao diém
hai dudng chéo. Goi S, va S, theo thit tu 1a dién tich
cac tam giac AOD va BOC (S, > $,). Goi M, N, [, K
theo thi tu 12 trung diém cia AD, AC, BC, BD.
Chimg minh ring dién tich i gidc MNIK béng

5,-5,
2

Gidi (h.23)
bat S,y =S, tacéd

Smnik =S - (SDKM + Spkic) — (Sanm + Sanip)
Y\ [

(1 1 3 \
=S—k4 DAB Snan l SACD"'_SACBJ

(1 1 1

4 4 2

Hinh 23

| 1
=S = —=Spap +—Spcp + SBCDJ [4SACD+ESACB+ES.&CB]

=5-[Ls+dsos 1-[Ls+Lsacy | =S - L(Sacp +5acs)

\4 ) BCD 4 9 ACB 7 9 BCD ACB

_S—Sace ~Spcp _ Sacp ~Seep _ Saop ~Spoc _S1=S;
2 2 2 2
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Vi du 20. Cho ngi gidc ABCDE c¢6 AC // DE. BE // CD. BD // AE. Bitt
S\ = 3em’. Sy = 2em’. Tinh dién tich ngdi gidc dd.

Gidi (h.24)

Goi I, K theo thi w1 giao dié¢m cha BE, BD i
vai AC. Ta ¢cé6 AKDE, ICDE Ia hinh binh hiinh nén
AK = DE = IC. Suy ra Al = KC.
X X
{)1.“ S“M = S“K(' = x thi Smx =3 -2xvid A R &
. |
Spke = Sep =X =2-X. &
Do BI // CD nén Sy = Spke = X.
Ta cé SH]K _ IK _ Sl)lK idn 3-2x - X E D
Spke  KC - Spke X 2=x Hinh 24
x=1

Sx-Tx+6=0¢ _
x =6, (loai).

SU)’ ra S('K[) =2-x=1 sz. SJ\”:_ = S('Kl] =] sz. S"-n{{ = 2&'_1) = 2.2 =4 (Cm?_'l.

Vay Syeon: = Sane *+ Sicor + S =3+ 4+ 1= 8 (em).

Vi du 21. Cho 1t giic ABCD. Dung diém O nim trong i gidc sao cho

Soas = Socp Y& Span = Sonc B
Giai (h.25) A

Phan tich : Gia st dd dung duge diém O sao
cho 86,4 = Socir Soan = Sonc thi )\ 4§

Soas * Soan = Socn + Sonc = L S(goiSladién [

2 D N\

e, T . 1 (
tich ur gidic ABCD) = S,pop = -2—-S (n Hinh 25

Goi M la trung dicm cia AC, N la trung di¢m cia BD. Tur (1) suy
Sasp + Sopp = -;-S , A S, khong doi nén Sy, khong doi. suy ra O nam trén duimg

. : - X 1
thiing song song vai BD, dutmg thing niy phai di qua M vi Sy \g + Syap = -2-S i
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Tuong tu, O ndm trén dudng thing di qua N va song song véi AC.
Cdch dung:

- Qua trung diém M clia AC, dung dudng thing d, // BD (néu M € BD thi
d, 1a BD).

~ Qua trung diém N cla BD, dung dudng thing d, // AC (néu N € AC thi
d, 1a AC).
— Giao diém cua d, va d, 1a diém O phai dung.

Vi du 22. Cho tam gidc déu ABC canh 4 cm. Tim vi tri ctia diém M trén canh

BC sao cho néu goi D la hinh chiéu cia M trén AB, goi E 12 hinh chi€u cia M trén
AC thi wr gidc ADME c6 dién tich 16n nhat.

Gidi (h.26)
bat Sypg =S, Syec = S,
Sapme 16n nhat < S, + S, nho nhat.

bat MB = x, MC = y thi x + y = 4. Tam
gidc vuong MDB la nira tam gidc déu canh X nén

2 2
S,E=x '\E,u.rfczrngu_rSz=y J§
8 8
2
S|+Sz=%(x2+y2)2f.(x+2y) =3 Hinh 26

=85, +5, >+/3. Xiy ra ding thic & x = y.

Vay S,ome 160 nhat bing 343 cm? khi va chi khi M 12 trung diém cta BC.

BAI TAP

Dién tich hinh vuong, hinh chir nhat

25. ‘T gidc ABCD c6 AB = a, CD = b, hai dudng chéo bing nhau va vudng géc
véi nhau. Goi E, F, G, H theo thit tu I trung diém cia AB, BC, CD, DA. Biét

(a + b)?

SEFGH = . Chimg minh rang ABCD la hinh thang can.
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26. Cho tam giac nhon ABC, BC = a, AC = b, AB = ¢, diém O ndm trong tam giéc.
Goi D, E, F theo thir tr 1a hinh chiéu cia O trén AB, BC, CA. Dat AD = x,
BE=y,CF=2.

af‘“-bzﬂ:2

4

b) V¢ ¢ phia ngoai tam gidc ABC cdc hinh vuong theo thit tu ¢6 canh la AD, BE,
CF. Tim vi tri cta diém O dé 16ng dién tich cla ba hinh vuéng nho nhat.

27. Cho hinh chir nhat ABCD ¢6 dién tich S. Qua diém O ndm trong hinh chir
nhat, ké hai dudng thing song song véi cic canh cua hinh chir nhat, chia né
thanh bén hinh chir nhat nho. Goi dién tich hinh chit nhat nhé c6 dinh A 1a S,
dién tich hinh chir nhat nho cé dinh C 1a S,, gia sir S, < S,. Ching minh réng

S

Sl S—-
4

a) Chimg minh bt ding thic x* +y* + 2% >

Dién tich hinh thang, hinh thoi
28. Tinh dién tich hinh thang ABCD, biét :
a) Hai canh ddy bang 16 cm va 44 cm, hai canh bén bang 17 cm va 25 cm;
b) Hai canh ddy béng 10 cm va 14 cm, hai canh bén béng 13 cm va 15 cm.
29. Tinh dudng cao cia m¢* hinh thoi c6 hai dudng chéo bing m va n.

Dien tich tam giac

30. Cho tam gidc ABC c¢6 B va C la cdc géc nhon, BC = 20 m, dudng cao
AH = 10 m. Hinh chir nhat MNPQ ¢6 M thudc canh AB, N thu¢c canh AC, P
va Q thudc canh BC.

a) Tinh cdc canh cta hinh chit nhat, biét dién tich cla né bing 32 m’.
h

hy Tinh dian tich 14n nhat ~ha hinh
U i Gicn uln sOn finaz

31. Tinh dién tich tam giic ABC biét AB= 13 cm, AC=20cm, BC=21 cm.

32. Tinh dién tich tam gidc ABC vuodng tai A c6 chu vi 60 cm, dudng cao
AH=12cm.

33. Tam gidc ABC ¢6 B va C la cdc g6c nhon, dudng cao AH, s6 do cdc canh AB,
BC, CA (don vi : cm) l1a ba s6 tu nhién lién tiép tang dan.

a) Tinh hiéu HC - HB.
b) Tinh dién tich tam gidc ABC biét AH = 12 cm.
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35S.

37.

38.
39.

40.

Tinh cédc canh géc vuong ciia mot tam gidc vuong c¢6 canh 1a cic s6 nguyén
va s6 do dién tich bang s6 do chu vi.

Cho hinh binh hanh ABCD, diém E thudc canh AB, diém F thuéc canh CD
sao cho AE = CF. Goi I la diém bat ki trén canh AD, G va H theo thit u la
giao diém cia IB va IC véi EF. Chimg minh rdng Sy:; + S = Sigire

Cho tam gidc ABC can tai A, diém O ndm trong tam giic sao cho
OAC = OBA = OCB. Chimg minh ring Sop = Scop-

Cho tam gidc ABC c6 AB < AC, dudmg trung tuyén AM. Ldy diém D trén
canh BC sao cho BAD = CAM, diém I trén doan AD. Ching minh rang ti s6

céc khoang cdch tir [ dén AB va AC bing %

Chon tam gidc ABC vuéng tai A (AB< AC) ¢é BC? = 4AB.AC. Tinh goc C.

Cho tam gidc ABC ¢6 AB < AC < BC, dudng phan giic AD, dudng cao CH.
Chimg minh ring CH 2 AD.
Huéng ddn : Lay E d6i ximg véi D qua AB. Chimg minh ring DE 2 AD.

Cho tam gidc nhon ABC c¢6 di¢n tich S, diém M nidm trong tam gidc. Dat
BC=a, AC=b, AB=c.

a) O ngoai tam gidc ABC vé hinh binh hanh BCDE sao cho CD song song va
bang AM. Chimg minh rang Sy + Savioe = Sucor:

b) Chimg minh ring a.AM + b.BM + ¢.CM 2 4S. Tim vi tri cia M dé xay ra
ding thirc. .

Dién tich tr giac, da giac

41.

42

26

Tir gidc ABCD ¢6 M la trung diém cua BC va ¢6 dién tich gdp doi dién tich
tam gidc AMD. Chimg minh raing ABCD la hinh thang.

Ti gidc ABCD c6 AB + CD + AC = 8 cm va ¢6 dién tich 8 cm’.
a) Chimg minh ring AB song song véi CD. b) Tinh AC va BD.



43. Cho ur gidc ABCD cé dién tich S. Trén canh AB lay cidc diém E, F sao cho
AE =-;:AB. BF =iAB. Trén canh CD ldy céc diém G, H sao cho

CG= %CD. DH = -‘lICD. Tinh dién tich t& gidc EFGH.

44. Cho ur gidc ABCD. Cic diém E, F, G, H theo
thit tu 12 trung diém cba AB, BC, CD, DA. Ki
hi¢u S,, S,, S;, S;, S5 nhu trén hinh 27.

Chimg minh rdng S, + S, + S, + S, = Ss.

45. Cho tam gidc ABC, trong tam G. Céc diém D,

E, F theo thir tr thudc cdc canh AB, BC, CA
AD _BE _ CF
AB BC CA
cidc wr gidc ADGF, BEGD, CFGE cé dién
tich bang nhau.

46. Mot doan he dudng hinh chir nhat duge lat bdi cic N
vién gach hinh bét gidc déu va cédc vién gach hinh
vudng hoac hinh tam gidc vudng can (hinh 28 l1a hinh
minh hoa). Biét canh cua bdt gidc déu bing 1 dm va e
s gach hinh bét gidc déu 1a 1000 vién. Tinh dién tich
phan hé dugc lat boi nhimg vién gach khong phai la Hinh 28
bat gidc déu.

47. Cho tam gidc ABC cé dién tich S, D 1a trung diém cua BC. Tinh dién tich 16n
nhat cta tam gidc DEF véi E thudc canh AB, F thuéc canh AC.

sao cho . Chimg minh ring

Hinh 27
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Chuyén dé 3
DiNH Ui TA-LET VA TINH CHAT
PUONG PHAN GIAC CUA TAM GIAC

TONG QUAN VE CHUYEN DE

Noi dung cua chuyén dé bao goém :

— Dinh Ii Ta-1ét trong tam gidc.

— Ba dudmg thang déng quy ciét hai dudng thing song song.
— Dinh Ii Ta-lét dao.

— Tinh chét duong phan gidc cia tam giac.

Dinh i Ta-1ét va tinh chat dudng phan gidc cua tam gidc cho ta nhimg cdp
doan thing ti 1¢, nho d6 chimg minh nhiéu quan h¢ vé d¢ dai ciia cdc doan théng.

Cic tinh chat vé ba dudng thing déng quy cét hai dudng thing song song Ia
nhimg bd dé suy ra tir dinh i Ta-1ét.

Dinh 1i Ta-1ét ddo cho ta thém mot cich méi dé nhan biét hai dudng théng
song song.

Bai todn thuc té

PO CHIEU CAO
vOI CUON SO TAY VA CAY BUT CHi

Vi cudn s6 tay hinh chir nhét ABCD c6 AB = 10 cm va phén biit chi nhé lén
AE =5 ecm (h.29), hdy tinh chiéu cao cua cay, biél ngudi do cao 1,7 m va dimg
cach cay 20 m.
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Gidi

Theo dinh li Ta-1ét, do
FG // AE nén

FG EA § _
GB AB 10
= FG =GB.0,5
=20.0,5 = 10 (m).
Cay cao

10+ 1,7=11,7 (m).

A

]

20m

Hinh 29
I. DINH LI TA-LET

Khi ¢6 mot dudng thing song song véi mot canh cla tam gidc, ta c¢6 cdc cap

doan lhz‘ing ti 1¢. Trén hinh 30 : BC' // BC = AB = AC = BC.
AB AC BC
A C B’
A
Bl Cl’
/ LY
Hinh 30

Trong nhiéu bai todn, cdn ké thém dudng thing song song dé tao thanh céc
cap doan thing ti lé.

Vi du 23. Cho tam gidc ABC. L4y diém M thudc doan BA, diém N thudc tia
déi cua tia BC sao cho % - % =1. Chimg minh ring dudng thing MN di qua
mot diém c6 dinh.

Tim huong giai

Xét vi tri dac biét cia M va N khi M 1a trung diém cia AB, B Ia trung

diém cta CN, diéu kién cia dé bai thoa mén vi A—B—EC—=2—I=1. Khi dé
MB BN
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NM di qua dinh D cta hinh binh hanh ABCD. Ta du doén D la diém c6 dinh
phai tim. ;

Gidi (h.31) A
a D
V& hinh binh hanh ABCD. Trudc hét ta thay i
do -la—g:-l nén AB > MB, do d6 M ndm giira A
va B. N b B a o
Goi N’ la giao diém cua DM va CB. bat Hinh 31
AD=BC=a,BN'=b.
AM AD a
Do AD // N’C nén theo dinh li Ta-lét,tacé6 —=—=—
// nén theo dinh li Ta MB BN b

AM+MB a+b AB a+b
= = = .

= = =
MB b MB b

Do d6 AB_BC=a+b_E=l.
MB BN’ b b

Két hop vdéi gia thiét o8 2 . 1 suy ra BN’ = BN, do d6 N’ trung N.
MB BN

Vay MN di qua dinh D cta hinh binh hanh ABCD.

Vi du 24. Cho tam gidc ABC, cdc dudng phan gidc BD va CE, diém I thudc
doan thing DE. Goi M, N, H theo thit ty 12 hinh chiéu cia I trén AC, AB, BC.

a) Goi EG, DK 1a cdc dudng cao cia tam gidc ADE. Ching minh ring
IM IN
—_—t—=],
EG DK

b) Chimg minh ring IM + IN = [H.
Gidi (h.32)

a) Theo dinh i Ta-lét véi IM // EG va
IN // DK, tacé

]M IN DI+IE DE _
EG DK DE DE DE

b)DatIM=m,IN=n, EG=x,DK =Y.
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Tiu cdu a), ta co = =], (1)
X Y

DatIH=h,BC=a, AC=b, AB=c¢, S,)c=S.

Tacéd S; ¢ + Sjap + Sipe =S = bm + cn + ah = 28. (2)

D¢ chimg minh IM + IN = IH (¢ 1a m + n = h), 1a sé chimg minh
bm +cn+ a(m +n) = 2S. Ké EF L BCthi EF=EG =x.

‘l‘a co Sa\li(,‘ + SHF.C =S=bx+ax=28S =sa+b= E"S"'.
X

m n
e e

Tuong tva +c¢ = -2-§ Suyra(a+b)m+ (a+c)n= 28[ ]=28(do(l))
¥ .

= bm +cn + a(m + n) = 28S. 3)
T (2)va(3)suyram+n=hutic la IM + IN = [H.

Vi du 25. Cho tam gidc ABC c¢6 dién tich S. Mot dudmg thing di qua trong
tam G cua tam gidc cit cdc canh AB va AC theo thit tv & M va N. Chimg
minh ring :

» 4 1
d) b . E—S. b S ' S _S.
AMN 9 ) AMN 2
Giai

a) (h.33) Goi D la giao diém ctia AG va BC. Qua G ké IK // BC. Do BD = DC
nén GI = GK. Theo bd dé vé hai tam gidc ¢6 mot géc bing nhau (Vidu 14) ta cé

Hinh 33

31



Xét ba truomg hop :
= Truong hop GM = GN thi M tring I va N trung K, khi dé
4
Samn =Saik =§S- (1)

= Truomg hop GM > GN (h.33a) thi S5,y > Syon Nén S, un > Sak = %S. (2)

— T.l'l((:mg ’f(m GM < GN (h.33‘b) lhi S|GM < SK'GN nén SAMN > SAIK - —;"S. (3)

Tu “}. (2). (3) suy ra SAMN 2 %S "

b) (h.34) Goi E giao diém cia BG va AC,

Ta s¢ chimg minh Sgin € Sipm-
Ta cé Sgin _ GE GN

=, (b6 dé & cau a)
GE_1 , Sgen _1 GN
a = — nén —SEN - 4
AR 2 gy M Hinh 34

Qua C ké dudng thing song song véi AB, cit MN & 1. Goi F 1a giao diém cuia
CG va AB.
GN _ GI GC

Ta cé < =2, (5)
GM GM GF
Tir (4) va (5) suy ra —SEX. Seen ¢ 1 2=1.
Scam 2
i
Vay Sgin S Sgam = Samn S Sapi = ES-

Lwu y : Cich giai néu trén la cdch giai thudn tiy hinh hoc. M6t cdch giai khic
¢6 sir dung nhiéu bién déi dai s6 nhu sau :
Truée hét ta chimg minh Ralis + oo 3
AM AN

That vay, ké BB’ // CC’ // MN (h.35). AG cét BC tai D 1a trung diém cua BC,
tacé DB’ = DC’.
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AB AC _AB AC AB'+AC'
AM A\ A(: AG  AG

_(AD-DB)+(AD+DC) 2AD

= =3.
AG 2 AD
3
C
DEIA—B-=m A—C=nlhlm+n ;R 2 o D\’,"’/
AM AN C
Dat S,y = S". Theo b3 dé vé hai tam gide c6 Hinh 35
mot goc bang nhau, 2 = A—BA—C= mn. (2)
S AM AN
2 sl
L Ll i B
4 4 4 9

Xay ra ding thic khi va chi khi m =n <& MN // BC.
S 2
b}-é—;=mn=m(3—nn=3m—m - (3)

Goi E, F theo thit wr 1a trung diém cia AC, AB (h.35). M. N thudc canh AB, AC

& AB2AM 2 AF & AB AB ABﬁlSmEQ.
AB AM AF
Dol<m<2nén(m=1)2-m)20=3m-m’*22. (4)

Tu (3) va (4) suy ra 32 2,uicla s S-;—S.

Xay ra dang thic khi va chi khi m = 1 hodc m = 2, tc 1a M tring B (khi d6 N
la trung diém cua AC) hodc M la trung diém cua AB (khi dé N trung C).

Il. BA DUONG THANG DONG QUY CAT HAI DUSNG THANG SONG SONG
Khi ba dudng thing déng quy cit hai dudng thing song song, ching ciing tao
ra trén hai dudong thing song song ay nhimg cap doan thing ti 1é.
Trén hinh 36 :

B'C'// BC = 'fl;'g"[l))% (Vi cung bing A—D-}

AD'
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c; Dl Bl‘

a) b)
Hinh 36

Vi du 26. Cho tam gidc ABC cé dién tich S, diém D thudc canh AB sao cho
AD=§-AB, diém E thudc canh BC sao cho BE = %BC Goi O Ia giao diém cla

AE va CD, F la giao diém ctia BO va AC. Tinh dién tich tam gidc DEF.
Giai (h.37)
Qua A ké dudng thdng song song véi BC A N
cat CD va BF theo thi tu ¢ M va N.
Do MN // BC nén F
AF _AN AN AM D
FC CB AM CB
EB AD 2 l l
EC DB 3 2 3

B E c
Theo bd dé vé hai tam gidc c6 mot géc
bang nhau (Vi du 14)tacé Hinh 37
Sapr _AD AF _11_1 Sppg BDBE_22_4
S ABAC 34 12° S BABC 35 15

Scer _CE CF_33_9

S CBCA 54 20

S 1.4 9)_1 1
Suy ra —REE =] - +—+— [==. VAy Spgr ==S.
=5 (12 15 20] 5" o CRRE

AF CE BD _
FC EB DA

Lwu v: D¢ tinh %g ta ¢6 thé dung dinh Ii Xé-va [ ] O i

giai trén, dinh li Xé-va dugc chimg minh luén vao bai.
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D¢ tinh ?—g (cting nhu dé chimg minh dinh li Xé-va), ngoai cdch trén con c6
thé dung phuong phdp dién tich nhu sau:
AF _Spra 5 AF _ Sora
FC Sgre  FC Sopc
AF _ Spea =Sora _ Saos . Tuong tu AD _Saoc BE _Saop
FC  Sprc =Sorc  Spoc DB Sgoc EC Spoc
AF _Spop _Saos Saoc _BE AD _2 1 1

FC Spoc Saoc Smsc ECDB 32 3

Tir

suy ra

Suy ra

Vi du 27. Cho tam gidc ABC c6 dién tich S. Mot dudng thing song song véi
BC cat AB va AC theo thir ty & D va E. Tinh dién tich 1én nhat cta tam gidc BDE.

Giai

A
Cach 1. (h.38) Dat BD = x, AD =y, AB = a,
lacox +y=a. y/\
Sppi: _BD _x 25 F
Pl %,

(D

Spag BA a
Spap _AE_AD _y @) B C
S AC AB a’ Hinh 38

2

2
Nhan (1) v6i (2) duge 2B - XY (¥ _ 2”1
S a° 4a 4a* 4

max Sgpg = iS & x =y < D, E ldn luot 1a trung diém cia AB, AC.

Cdch 2. (h.39) Ké DG.// AC,

raf F F AW frrFr an

K¢ BB’, EE’ vuéng géc véi DG.

T Dr.-Bi;—E =Dl > (hla do dai

cit BE& L.

"“‘ a

dudng cao ké tir Bcua A ABC). (1)

Do DG // AC nén Dbi D6
AE AC
= DI.LAC = AE.DG = AE.EC Hinh 39
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(AE+EC)* _AC? AC

= DIs—. (2)
4 4 4
Tir (1) va (2) suy ra Sppg S-&—g—'ll= %S.

max Sgpg = iS ¢ AE = EC < E la trung diém cia AC, khi d6 D 1a trung

diém cia AB.

IIl. DINH Li TA-LET PAO

Dinh 1i Ta-lét dao cho ta mot cich chimg minh A
hai dudng thang song song.

Tren hinh 40 22 = AC _ g // BC. /\

AB AC B’ c

Vi du 28. Cho tam gidc ABC, dié¢m I thudc dudng / \
trung tuyén AM. Goi D la giao di¢m cua Bl véi AC,E B C
la giao diém cta CI v6i AB. Chimg minh ring DE Hinh 40
song song vé&i BC.
Giai (h.41) "

Ké IK // AB, IH // AC, theo dinh Ii Ta-1ét ta ¢6
El BK . DI CH

= vi = : (1) E D
EC BC DB BC ;
Tahics o= AL_CH: L sM =MDt
BM AM CM

RK =0 i

EFin L9 P 14 / \ \ N\
; B K M H

TO 1) A ) iy
EC DB Hinh 41

= DE // BC (dinh li Ta-lé1 ddo).
Vi du 29. Cho tam giic ABC, dudng phan gidc AD, dudng trung tuyén AM.

Dudmg thang di qua D va song song véi AB cit AM & 1, Bl cit AC ¢ E. Chimg
minh ring AB = AE.
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Gidi (h.42) A
Goi O la giao diém cha AD va BE.
Do MC =MBva ID // AB nén

E
MC MB AB OA f\
(dinh Ii Ta-1¢t dao). B D M G
Tam gidc BEC ¢6 MB = MC, MO // CE Hinh 42

nén OB = OE.
Tam gidc ABE c6 duong phan gidc AO cting 1a dudng trung tuyén, nén né la
tam gidc can. Vay AB = AE.

Vi du 30. Cho 1£1m gidc ABC, diém D thudc canh BC. Dudng thang di qua D
va song song voi AC cit AB ¢ E. Dudng thing di qua D va song song véi AB cit
AC ¢ F. Goi I 1a giao diém cia DE va BF, K la giao di¢m cua DF va CE. bat
Scik = Sy Sy = S, Chimg minh rang :

a) IK song song vai BC; b) S, + S, = Sy

Gidi (h.43)
a) Do DE // AC va DF // AB nén

HM_AE_FR o IK #/ BC (dinh If Te-lét dio).
IB_EB KD
b) Do IK // BC nén S, = Spyc-

DO [D ” FC nén SI)'(' = Sn”:. Suy ra S| = SD".' (l)

| ™ iy rare -

1LJO UF /i BLE nen SH":') = SB"‘.F'

Cl:lﬂg trir di Sm.:' dl.l’clc S:)_ = SI.:":. (2)
Tur ( l) va (2) suy ra Sl + 82 = SD"" + S[.:”: = SI)HI"‘

IV. TINH CHAT DUONG PHAN GIAC CUA TAM GIAC

Putmg phan gidc cta tam gidc chia canh déi dién thanh hai doan thang ti 1¢
v@i hai canh ké hai doan ay.

- 37



Vai A ABCta c6 : AD la dudng phan gidc = = = A—B
DC AC
Vi du 31. Cho tam gidc ABC, dudng phan giic AD. Goi E 1a diém d6i ximg
véi A qua C. Dudmg thing di qua B va song song véi AC cit ED & K. Chimg minh

rang DAK = 90°.

: A
Giadi (h.44)
Theo tinh chat duong phan K
gidc va dinh Ii Ta-lét ta ¢6
AB DB _BK BK c
AC DC CE AC 3 D
= AB = BK.
Tia phan gidc cua goéc
ABK cit DK & 1. Hinh 44 '

A BIA = A BIK (c.g.c)

= IA =K (1) va AIB=KIB.

Tac6 AIB bd IAD (do BI // AD) ; KIB b I; va 1j =Dy (do BI // AD)
nén IAD=D; = ID =IA. (2)
Tu(l)va2)suyralK=1A=ID= DAK = 90°.

Vi du 32. Tam giic ABC c6 AB = 21 cm, AC = 28 cm, BC = 35 c¢m, cic
dudng phan gidc AD, BE, CF. Tinh dién tich tam giac DEF.

Gidi (h.45) A
AD la duong phéan gidc nén

DB_DC_DB+DC _ 35 _2 ¢ E
AB AC AB+AC 21+28 7
=>D—B=E=>DB=15(cm)
21 7 B D C
= DC =20 cm. Hinh 45
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Tuong tu, ta tinh dugc EA=2-2-1—.EC = FA——Z-;- FB—B—;

Theo boé dé vé hai tam gidc ¢6 mot géc bang nhau (Vi du 14), goi S 1a dién

tich tam giac ABCtacé :

28 21 35 35

Sage - 3°2 ! Spop_3""_5 Sepp_27_5
S 2128 6° S 2135 21" S 28.35 14

Bon 1B B 8
Suyra —==]- —t— |=—,
s 6 21 14 ) 21
A ABCc6 AB? + AC2=212+282=352=BC2 = A =90°

=>S=%AB.AC=%.21.28=2LI4 (cm?) = Sper =21.l4.2i1=70 (cm?).

BAI TAP

Dinh li Ta-lét

48.

49.

wni
=

Sl

Trén mot tia g6c O c6 diém A va trén tia d6i cia n6 c6 céc diém B, C. Chimg
1 1

kS "
inh i et gt S OAL & OBOC
SR R AR AL

Cho hinh binh hanh ABCD c6 dié¢n tich S, di€ém E thudc canh AB sao cho

AE = -;:AB , diém F la trung diém cta BC. Goi M, N theo thi ty 12 giao diém
cua DE, DF v6i AC. Tinh dién tich tam gidc DMN.

. Cho tam gidc ABC. Diém D chuyén dong trén canh AB, diém E chuyén dong

trén canh AC sao cho -A% = % Goi I 1a trung diém cia DE. Chimg minh

rang I chuyén dong trén dudmg trung binh ctia tam gidc ABC.

Cho tam gidc ABC. Lay diém E thudc tia BA, diém F thuéc tia BC sao cho
BA BC

— E = 1. Chimg minh réng khi céc diém E va F thay déi vi tri thi dudng

théing EF lué6n di qua mot diém c6 dinh.
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52. Cho tir gidc ABCD ¢4 E. F lan lugt la trung diém cia AC, BD. Goi giao diém
cua EF vai AD, BC theo thit ty 1a G, H. Chitng minh ring 25 Eﬂ
GD HB

53. Cho hinh thang ABCD (AB // CD), dié¢m I thudc tia déi cua tia BD sao cho
BI =%BD. Goi M, N theo thit tu 1a trung diém cua AB, CD. IM cit AD ¢ H.

IN cit BC ¢ K. Tinh céc ti s6 i va E
HD KC

54. Cho hinh thang ABCD (AB // CD) ¢6 AB = 5cm, CD = 9cm. Goi [ 14 giao
diém cua AD va BC. Diém E thuoc tia déi cua tia BA. Tinh do dai BE. biét
dién tich tam gidc IBE béng dién tich hinh thang ABCD.

55. Cho hinh binh hanh ABCD ¢6 di¢n tich S. Cic di¢m E, F, G, H theo thir tw

AE BF CG DH 2 _.

= = = =— Cic

AB BC CD DA 3
doan thing AF, CH, BG. DE cit nhau tao thainh mot ur gidc. Tinh dién tich wr
gldc ay.

56. Cho hinh chir nhat ABCD ¢é6 AD = 50 cm, AB = 75 cm. Di¢m E trén canh AB
sao cho AE = 45 cm, diém F trén canh CB sao cho CF = 30 ecm. Tim vi tri cia
diém I trén doan thing EF sao cho néu goi H va K 1a cdc hinh chiéu cua I trén
AD va CD thi hinh chir nhat DHIK ¢6 dién tich 16n nhat.

57. Cho tam gidc nhon ABC. Tim vi tri cta diém M trén canh BC sao cho tich cdc
khoang cach tir M dén AB va AC ¢6 gid tri 16n nhat.

thuéc cdac canh AB. BC, CD, DA sao cho

Ba dudng thang déng quy cit hai dudng thing song song

58. Cho tam gidc ABC vuong tai A ¢é B=3c, diém D thudc tia doi cua tia BC

——
. ] e RATY — v M I 1A oo ow A:A_’M PR AT Mo T 1) --zinn
AW LIV DAL — W . JUE 1 d1a llullE UiLiil Lua ML/ didiag b ralg
e, ———
-
AIC = BID.

59. Cho ur gidc ABCD, diém [ thudc tia d6i cua tia CA. Lay diém E thudc canh
AB. goi G 12 giao diém cla IE va BC. Puong thing di qua E va song song véi
BD cit AD & F, dudng thing di qua G va song song véi BD cat CD ¢ H.

a) Chimg minh ring ba diém F, H, I thing hang.
b) Tir gidc ABCD c6 diéu kién gi thi EH va FG cat nhau trén dudng chéo AC ?
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Dinh li Ta-lét dao

60.

61.

Cho tam gidc ABC ¢6 M la trung diém ctia AB, E thu¢c canh BC sao cho
BE = 2EC va BEM = CEA . Chitng minh ring ACB = 90°.

Cho ba diém A, B, C khong thing hang nidm ciing mot phia cia dudng thang d,
AB khong song song véi d. Dung cédc diém E va F thudc d sao cho AE song
song vai BF va ECF =90°.

Tinh chat dudng phan giac cla tam giac

62.

64.

65.

66.

Cho tam gidc ABC can tai A cé dién tich S, BC = %—AB. Céic dudng phan gidc
BD va CE cit nhau tai I. Tinh dién tich uf gidc AEID.

. Cho tam gidc ABC vuong tai A ¢é B=60°, duong cao AH, dién tich S.

Duong phan gidc cia goc B cit AH va AC theo thir e ¢ [ va D. Goi E 1a giao
diém cua CI va AB. Tinh :
a) —'ji b) Dién tich tam giic DEH.

EB
Cho tam gidc ABC vudng tai A, dudng trung tuyén AM, duong cao AH.
Duong vuong géc véi AM tai A va dudong vudng goc véi CM tai C cét nhau ¢
K. Goi I 1a giao diém cia BK va AH. Chimg minh ring Al = [H.
Cho tam gidc ABC cén tai A, dudng phéan gidc BD. Diém E thudc tia doi cia
tia CA sao cho CE = CB. Lay diém I thudc canh AB. Goi G la giao diém cla
IC va BD. H la giao diém cia IE va BC. Chimg minh ring GH song song
vai AC.
Cho tam gidc ABC, AB =c¢, AC = b, BC = a, cidc duong phan giic AA’, BB’,
CC’. Goi a’ la khoang cach tr A’ dén AB, b’ la khoang cach tir B’ dén BC, ¢’

la khoang cdch 1r C* dén CA. Goi h,, hy, h. 12 cic chiéu cao tuong ing véi

= =S == 2L

f . o' ! 3
cac canh a, b, ¢. Chimg minh rang LA 5
h, hy, h. 2

1
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Chuyén dé 4
TAM GIAC PONG DANG

TONG QUAN VE CHUYEN DE

Chuyén dé nay bao gém cédc ndi dung :
— Cic truong hop dong dang cua hai tam gidc.
= Ti 50 cdc dudng cao, ti s0 dién tich cha hai tam gidc dong dang.

Nho tam gidc dong dang, ta ¢6 thém nhiéu cich méi dé chiing minh cdc quan
hé vé do dai doan thing, s6 do géc, dién tich tam gidc.

Vai nét lich su

CAU BE LUONG THE VINH PO CHIEU CAO
BANG BONG NANG

Luong Thé¢ Vinh 12 mot nha todn hoc cia nudc ta thé ki XV. Ong sinh ndm
1441, mat khoang nam 1496.
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Lic nho, khi choi cung cédc ban trong lang, 6ng da tra 10i cau dé cia mot ban
yéu cdu tinh chiéu cao cliia cay cau ma khong cédn tréo 1én cay nhu sau :

Chi ¢dn do bong ciia cdy cau va bong ciia mét coc cdm thang dimg. Coc dai
¢dap bao nhiéu lan bong cua né thi cay cao gap bdy nhiéu lan béng ciia né.

Céc ban da thuc hanh va than phuc Luong Thé Vinh khi thiy két qua do bang
béng ning va két qua do truc tiép khép véi nhau.

l. CAC TRUONG HOP PONG DANG CUA TAM GIAC

D61 véi hai tam gidc, ¢6 ba truong hop déng dang : trudng hop canh-canh-
canh, trudng hop canh-géc-canh, truong hop géc-géc. Poi vai hai tam gidc vudng,
ngoai cdc truong hop ndi trén con ¢6 truong hgp dong dang vé canh huyén va canh
g6c vuodng.

Vi du 33. Cho tam gidc ABC cén tai A, dudng cao AD, K 1a trung diém cua
AD. Goi I 1a hinh chiéu ctia diém D trén CK. Chimg minh ring AIB = 90°.

Gidi (h.46)
AKID va ADIC ¢6 KID =DIC=90°,K; =Dy

(cing phu Ci) nén AKID v» ADIC (g.8)

A
KI_KD
DI DC’
Ta lai ¢6 KD = KA -=I_Bnen1(—l -15-‘5.
DI DB

Két hop véi IKA =IDB

suy ra AIKA » AIDB (c.g.c) = AIK = BID.

Ciing cong véi KIB duge AIB=KID =90°. Hinh 46



Vi du 34. Cho tam giic ABC, dudng trung tuyén AM [AM :--_}BC] Lay
diém I trén doan AM sao cho MBI = MAB. Chimg minh ring MCI = MAC.
Gidi (h.47)

AMBI va AMAB ¢6 M 1 géc chung, B = Ay nén AMBI «» AMAB (g.g)

MB MI MC MI A
= = — = s
MA MB _ MA MC

K¢ét hgp véi M: la g6c chung suy ra
AMCI v» AMAC (c.g.c) = MCI = MAC.

. |
B M C

Vi du 35. Cho tam gidc ABC, cdc duong
phan gidc AD, BE, CF. Goi M Ia giao diém ctia Hinh 47
BE va DF. N la giao di¢m cta DE va CF,

a) K¢ MI va NK song song véi AD (I € AB, K € AC). Chitng minh rang
AAIM »» AAKN.

b) Chimg minh FAM = EAN.

Giai (h.48)

a) Ta ¢6 BIM =BAD = CAD = CKN nén goc
bit véi chiing 1 AIM = AKN.
S¢ chimg minh ka1 ﬁ
M KN
Dat BC=a. AC=b. AB=c.

- -~

Do IM // AD via. By = B2 nén

Al _MD BD -
IF MF BF

IF  AF

—m 2
IM  AD \é)



Al _BD AF _BD AF _BD b

Nhan (1) véi (2) d ML e N
R e O ™~ B AD AD BE ADa . !
Tuong tu L Q.E. 4)
N AD a
Tu (3) v (4) suy ra Al :AK = BD.E.AD.E=@.E=I.
IM KN ADa CDc¢ CD ¢
vay ALoAX 1546 AAIM 9 AAKN (c.g.c).
IM KN

b) Suy ra tir cdu a).

Liaw ¥ : ‘Trong vi du trén, khi x¢t ti s6 % ta da vi¢t 1 s6 do6 dudi dang tich
; Al IF s . s
cua hai t1 sO trung gian Tl ¢6 nhi¢u 11 s6 bang cdc 1 $6 trung gian trén wr
dinh Ii Ta-1¢ét va tinh chat duong phan gidc cua tam gidc.
Ciach viét mot ti s6 dudi dang tich cua hai ti s6 trung gian, cung véi cich ke
thém duong thing song song la nhimg cdch thuong dung dé tao ra cic cap doan
thang ti I¢.

-~

Vi du 36. Cho tam giic ABC ¢6 AB = 5cm, AC = 6¢cm, A =90 +—2[§. Tinh
do dai BC.
Gidi (h.49)

Trén BC lay D sao cho BD = 5¢cm. Tam A

gidc ABD can tai Bnén ADC = 90° +-g = BAC. m

Ta co ADCA «»n» AACB (g.g) / \ \

CA Dc : B 5 D X
= v = DC.CB=AC". Hinh 49

Pat DC=x thi x(x + 5) = 36
c>x3+5xf36=0@(x+9)[x---4]=0.

Dox>0nénx=4.Dodéo BC=5+4=9 (cm).

C
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Vi du 37. Cho tam gidc nhon ABC, truc tam H ¢c6 HA = 7 cm, HB = J5cm,
HC = V17 cm. Tinh :

a) Dudng cao AD; b) Dién tich tam gidc ABC.
Gidi (h.50)

a) ADBH va ADAC vubng tai D cé DBH = DAC (cung phu ACB) nén

DB DH
ADBH ¢»» ADAC (g.g) = T
- A
Dt DH = 51 A2 o S,
X+7 17 - x>
Rat gon duge 14x> + 71x* - 85=0 )
& (x = 1)(14x* + 85x + 85) = 0.
Dox>0nénx-1=0&=x=1. H
Suy ra AD =8 cm. 1 x
b)BD’=5-1=4= BD =2 (cm). B D C
DC*=17-1=16 = DC =4 (cm). Hinh 50

- =%BC.AD = %.(2 +4).8=24 (cm?).
Vi du 38. Cho tam gidgc ABC (AB < AC), dudng trung tuyén AM. Diém D

2
trén canh BC sao cho BAD = CAM. Chitng minh ring L = a1l :
DC | AC
Giai (h.51)
DB DB MB A
Do MB = MC nén = § 5 el
. DC MC DC
Theo bo dé vé hai tam gidc ¢6 modt géc 1
bang nhau (Vidu 14) 1a ¢6
DB S,ps _ ABAD

= : 2
MC SJ\M(’ AM.‘\C ( )
MB _Saup _ ABAM & B .M c
DC S,pc ADAC Hinh 51
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T (1), (2) va (3) suy ra

DB _ABAD ABAM (ABY
DC AM.AC ADAC |AC)

L ¥ : Do A1 =A2 nén dudng thing AD d6i xding v6i dudng trung tuyén
AM qua dudng phan gidc cia géc A. Ta goi AD 1a dudmg doi trung di qua A.

Il. Ti S® CAC DUSNG CAO, Ti SO DIEN TICH CUA HAI TAM GIAC
PONG DANG

NéEu hai tam gidc dong dang thi ti s6 cdc dudng cao tuong ing béang ti s6 dong
dang, ti s6 dién tich bang binh phuong ti s6 dong dang.
AB

Néu AABC »» AA'B'C’ ¢6 ﬁ=k. AH va A’H’ 1a cdc dudng cao thi

A‘“ — k. SABC _j2
AH Sawc
Vi du 39. Cho tam gidc nhon ABC, cédc dudng cao BD va CE cét nhau tai H.
Goi M va N theo thit tu 1a hinh chiéu cua E va D trén BC.
a) Chimg minh rang ti s6 cdc khoang cdch tir H dén EM va DN bang %—E{—
b) Goi O la giao di¢m ctiia DM va EN. Chimg minh rang HO vuéng géc véi BC.
Gidi (h.52)

a) Ké HI L EM, HK L DN. AKHD va
ANDC ¢6 K =N =90°, KHD = NDC (ciing
phu HDK ) nén AKHD «» ANDC (g.g)

HK HD

DN DC’ .

Tuong tu et (2)

Ta lai c6 AHBE v»» AHCD (g.2)

=h Ez@- (3) Hinh 52
EB DC

HI HK _HI _EM

= = = :
EM DN HK DN

Tir (1), (2) va (3) suy ra (4)
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b) K¢ OP L EM, OQ L DN.
AOEM tvn AOND (g.g) ¢6 OP va OQ 1a hai dudng cao tuong tmg nén

OoP EM
I — (5)
0Q DN
s - l[l ()l) 2 » -
I (4) va (5) suy ra T = E , chimg 16 HO // EM, ma EM L BC nén HO L BC.

Vi du 40. Cho tam gidc ABC. cdc dudng trung tuyén BE va CF cit nhau ¢ G.
Goi D 1a mot diém trén canh BC. Qua D ké dudng thing song song véi CF, cit BE
vit BA theo thit tu ¢ 1 vi M. Qua D ké dudng thing song song véi BE, cat CF va
CA theo tha tw ¢ K va N. Tim vi tri ca diém D dé :

a) T gide GIDK ¢6 dién tich 16n nhat:

b) Tam giic DMN ¢6 dién tich 16n nhat.

Gidi (h.53)

a) bat Sgue = S, Sgx = S BD = x,
DC = y. Cic tam gidc IBD, GBC, KDC doéng

S _ S-S~ Sknc

dang nén

S
2 3 . 3
LI_ i. -_ _..}_r_. --]_ﬂ
BC BC (x+y)>
S’ 16n nhat & Y nho nhat. Hinh 53
X+Y)y

2 2

e

Do 2(x* + y*) 2 (x + y)* nén - ;l.-
(X+y) <

S' 16n nhat <> x = y <> D la trung diém cua BC.

g . 3 N
b) Ta ¢6 DM // CIF nén m=E=--.u.marrﬂxgu; D—=E
DI CG 2 DK 2
Spmy 33
Suy ra DMN =DMDN =—.—=2 ﬂ‘SD“\; :ESD"( -_-ES!.
Syxk DI DK 22 4 W= 8

Spux 16n nhédt < S’ 16n nhat < x = y (theo cdu a) < D la trung di¢m cua BC.
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BAI TAP

Céac trudng hgp dong dang cua tam giac

67.

68.

69.

70.

71.

72

13,

74.

Cho tam gidéc ABC ¢c6 AC = 12 cm, BC=7 ¢cm, B=2C. Tinh AB.

Cho tam gidc ABC ¢6 B=C=a.Ila trung diém cua BC, dit IB = IC = a.
Cic dicm M, N theo thi v di chuyén trén cdc canh AB, AC sao cho
MIN =0

a) Tinh tich BM.CN theo a.

b) Chimg minh ring NI 12 tia phan gidc ctia géc MNC.

¢) Chimg minh riang khoang cich tir I dén MN khong déi.

Cho tam gidc ABC vuong tai A c6 C=20° dudng phéan gidac CD. Trén canh
AC Idy diém E sao cho ABE =30°. Tia phan gidc ctia géc CBE cit AC & I.
Chirng minh ring DE song song véi BI.

Cho tam gidc nhon ABC, truc tdm H ¢6 HA = 1 cm, HB =45 cm,
HC = 24/10 em. Tinh dién tich tam gidc ABC.

Tam gidc ABC la tam gidc gi, néu ¢6 diém D thudc canh BC théa man AD
chia tam gidc ABC thanh hai tam gidc déng dang?

. Cho tam gidc ABC vuong tai A, dudng cao AH, diém D d6i ximg véi A qua B.

Pudmg thing di qua A va vuong géc v6i DH céit BC ¢ 1. Chimg minh ring
HI = IC. '

Cho hinh thoi ABCD, M la trung diém cua BC. Trén doan AM lay diém E sao
cho ABE =CAM. Chimg minh rang :

a) ADAE «»» AAMB: b) MED = BCD.

Cho tam gidc ABC, AB < AC, di¢m D trén canh AC sao cho AD = AB, diém E
trén doan AD sao cho ABE=C. Puong thing di qua A va song song véi BD
cit BE 0 K. Goi M 1a giao diém ctiia KD va BC. Chimg minh ring BM = MC.

Hudng dan : Ké El // BC (I € KD). Hay ching minh % =%.
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75.

76.

i

78.

79.

81.

82,

50

Cho hinh vuéng ABCD. Mot dudmg thang di qua C cit céc tia d6i cua tia BA,
DA tai E, F. Goi M Ia giao diém cta DE va BC. Goi H, N theo thit tv la giao
diém cia BF véi DE, DC. Chimg minh ring :

a) MN song song véi EF; b) H la truc tam cta tam gidc AMN.

Cho tam gidc déu ABC, trong tam G. Trén canh AB lay diém D sao cho
AD = AG. Goi giao diém cia DG véi AC, BC theo thir v 12 E, K. Ching
minh ring DE = EK.

Hueng dan : Ké DI // AC (1 € BC). Hay chimg minh IC = CK.

Cho tam gidc ABC can tai A, dudng cao AH, diém D trén canh AB. Goi [ la
hinh chiéu cta D trén BC, ldy diém K trén doan HC sao cho HK = BI. Duong

vuong goc véi DK tai K cdt AH ¢ G. Chimg minh ring ACG =90°.

Cho tam gidc nhon ABC, truc tdam H. Lay diém O ndm trong tam gidc HBC
sao cho OBH = OCH. Goi D va E theo thi tr la hinh chiéu cia O trén AB va
AC. Ching minh ring OH di qua trung diém cuia DE.

Cho tam gidc nhon ABC, dudng cao AH. O phia ngoai tam gidc ABC, vé céc
tam gidc ABE vuong tai B, ACF vuong tai C c6 BAE = CAF. Chimg minh
ring cdc dudng thing AH, BF, CE déng quy.

Cho tam gidc nhon ABC. Céc diém D, E, F theo thif tu thudc céc canh BC,
AC, AB sao cho BDF = CDE, CED = AEF, AFE = BFD. Chimng minh ring :
a) AAEF v» AABC;

b) AD, BE, CF la céc dudng cao cua tam gidc ABC.

Cho tam gidc ABC vuong tai A, dudng phan gidc AD. Hinh vuéong MNPQ ¢6
M thudc canh AB, N thudc canh AC, P va Q thudc canh BC. Goi E la giao
diém ctia BN va MQ.

a) Chimg minh rang DE song song véi AC.

b) Goi F la giao diém ciia CM va NP. Chimg minh ring DE = DF.

¢) Chimg minh rang AE = AF.

Cho tam gidc ABC, dudng trung tuyén AM, diém D thudc canh BC sao cho
BAD = CAM . Dudng thing di qua D va song song v6i AB cit AC & E.
Dudmg thing di qua D va song song v6i AC cdt AB & F. Ching minh réng :

a) AAEF «» AABC; b) EFD = EDC.

Hudmg dan : St dung Vi du 38.
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83.

84.

Cho hinh chit nhat ABCD. Diém I nidm trong hinh chir nhat sao cho
IAD = ICD. Chimg minh rdng :
a) IDC = IBC; b) Sapcp = IA.IC + IB.ID.

Cho hinh vuéng ABCD. Hay dung dudng thang d di qua B, cét tia d6i cla céc
tia AD va CD ldn lugt ¢ E va F sao cho tich BE.BF ¢6 gid tri nho nhat.

Ti s cac dudng cao, ti s6 dién tich cua hai tam giac déng dang

85.

86.

87.

Mot hinh thang ¢6 ddy nho 17 cm, ddy 16n 31 cm duge chia thanh hai phin
bdi mot doan thdng song song vé6i hai ddy dai 25 cm va ¢6 hai ddu mit ndm
trén hai canh bén. Chimg minh ring hai phdn d6 ¢6 dién tich bing nhau.

Cho tam gidc nhon ABC c¢6 céc dudng cao AD, BE, CF cit nhau ¢ H. Biét
dién tich cdc t& gidc BDHF va CDHE béng nhau. Chitng minh ring AB = AC.

Cho tam gidc ABC vuong tai A. Tim vi tri cla cdc diém D, E, F theo thit ty
nam trong cdc canh BC, AC, AB sao cho tam gidc DEF vuong tai D dong
dang véi tam gidc da cho va c6 dién tich nho nhat.

Cho tam gidc ABC c6 dién tich S, diém O ndm trong tam gidc. Ké OD song
song véi AB (D € BC), ké OE song song v6i BC (E € CA), ké OF song song
véi CA (F € AB).

a) Ké EH song song véi AB (H € BC), ké FI song song véi BC (I € CA), ké
DK song song véi CA (K € AB). Ching minh ring dién tich tam gidc
DEF béng nira dién tich luc gidc FIEHDK.

b) Chimg minh ring Spgr < %
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Chuyén dé 5
HE THUC LUONG TRONG TAM GIAC VUONG

TONG QUAN VE CHUYEN DE

Dinh Ii Py-ta-go hoc ¢ I6p 7 1a mét trong nhimg h¢ thic lugng trong tam gidc
vuong. Chuyén dé nay gidi thiéu thém nhimg hé thic quan trong khéc trong tam
gidc vuong : hé thic gitra canh, dudng cao va hinh chiéu cua canh; hé thic gitra
canh va géc. Dac biét cdc ti s6 lugng gidc cia gée nhon cho,ta giai quyét nhi¢u bai
todn thuc (€.

Hinh hoc va Pai sé’

DUNG HINH HOC CHUNG MINH
BAT DANG THUC CO-SI

Tuan d6 Lan chimg
minh b4t ding thic Co-si
bing hinh hoc
";"2 Xy vai x, y la céc

s6 duong. Ban hay giup Lan.

Gidi

Trén hai tia doi nhau goc H, lay cédc diém B va C sao cho HB = x, HC = y. V@&
nua duong tron tam M, dudng kinh BC va dudng vuong géc voi BC tai H, chiing
cit nhau 0 A (h.54).
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Tam gidc ABC vubng tai A, duong cao AH
nén AH? = HBHC = xy = AH = \/xy .

AM=%—”"

== . Ta ¢c6 AM 2 AH nén

B X H M C
";yz\/ﬂ. Ty T .

Xay ra ddng thic khi va chi khi H tring M, Hinh 54
welax=y.

. HE THUC VE CANH, HINH CHIEU VA PUONG CAO

Vi tam gidac ABC vudng tai A, duong cao A
AH (h.55) ngoai dinh Ii Py-ta-go, ¢6 cdc hé thie
lugng sau :

HB.HC = AH’
AB’ = BC.BH, AC? = BC.CH

1 1 1
= + .
AH? AB®* AC?

-

Hinh 55

Vi du 41. Cho tam gidc ABC vuodng tai A, dudng cao AH = h. Goi D, E theo thi
w 1a trung diém ctua HB, HC. Goi I la truc tam cta tam gidc ADE. Tinh d6 dai IH.

Gidi (h.56)

Cac tam gidc vuong HAD va HEI ¢6
HAD = HEI (cung phu ADH) m
nén AHAD v AHEI (g.g) i C:I:i ; :
DH AH DH.EH

s 2 = [H= . (D B D H E C
IH EH AH e
Ta lai cé L
AH? = HB.HC = 2DH.2EH = 4DH.EH (2)
AH? h

a(2)suyra [IH=——:AH=-.
[U (1) va(2) suy ra 3 .
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Vi du 42. Cho tam gidc ABC vuong tai A c6 dudng phan gidc BD, dudng
trung tuyén CM, dudng cao AH déng quy.

a) Chimg minh ring AB = HC.
b) Tinh HC, biét HB =2 cm.

Gidi (h.57)

a) Tam gidc ABC vuodng tai A, dudng cao AH
nén AB*=BC.BH. (1)

Ké MN L AH. Goi I |a giao difm cua BD, B 2 H X C

CM, AH. Theo dinh Ii Ta-lét va tinh chat duong
phan giic, ta c6 :

MN _IM _BM _ 2MN_2BM
HC IC BC HC BC
BH _ AB

= —
HC BC
Tir (1) va (2) suy ra AB* = AB.HC = AB = HC.

b) Dat HC=AB=x. Ty AB=BH.BCtac6 X’ =2(x +2) & x* - 2x+ 1 =5

= BC.BH = AB.HC. (2)

<:=>(x—l)2=5.Dox>0nénx=l+J§. VayHC=1+J5(cm).

Vi du 43. Cho tam gidc ABC vudng tai A, dudng phan gidc BD.

a) Goi E la hinh chiéu cia D trén BC, H la giao diém cia AE va BD, I d6i
xtmg vdi D qua H. Tt gidc ADEI la hinh gi ?

b) Tinh d6 dai AD, biét BD =7 ¢cm, DC = 15 cm.

Giai (h.58)

a) AABD = AEBD (canh huyén - géc
nhon) = BA = BE, AD = DE. Tam gidc
ABE can tai B ¢6 BH la duong phan gidc
nén BH L AE, HA = HE.

Ta gidc ADEI ¢6 HA = HE,
HD = HI nén la hinh binh hanh, lai ¢é

AE L DI nén 1a hinh thoi.
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b)Pat AD=El=x, HI=HD = y.

T AD? = DB.HD ¢6 x* = 7y. (1

0 L) A T e i e Y.
CD BD 15 7

Tir (1) va (2) suy ra 30x2 + 49x — 735 = 0 < (5x — 21)(6x + 35) = 0.

Dox> Onénx =42 Viy AD =42 cm.

Nhdn xéi : Cau a) 1a cau goi y dé giai cau b). Su xuat hién cdc diém E, H, 1 &
cdu a) dén t6i hé thic lugng trong tam gidc vudng. Str dung hé thirc luong trong
tam gidc vuong va dinh 1i Ta-1ét gidp ta giai cau b).

(2)

II. Ti SO LUONG GIAC CUA GOC NHON. HE THUC VE CANH VA GOC
TRONG TAM GIAC VUONG

1. Can ndm vimg dinh nghia céc ti s6 lugng gidc sinal, cosa, tana, coto
va cac hé thirc vé canh va goc trong tam gidc vuong :

Canh géc vuong = Canh huyén X sin géc d6i;

Canh géc vuong = Canh huyén X cosin géc ké;

Canh géc vuodng = Canh géc vudng kia X tang géc doi;
Canh géc vuong = Canh géc vuodng kia x cotang géc ké.

2. Tir hé thirc vé canh va gdc trong tam gidc vudng, suy ra :

a3

— Pudmg cao clia tam gidc déu canh a bing =

a’\3

4

— Dién tich cia tam gidc déu canh a bing

— Dién tich cua tam gidc ABC béng %AB.AC sinot, trong dé o la géc nhon
tao bdi hai dudng thing AB, AC.

V§i cong thirc S =—]2—absinct, dé dang suy ra b6 dé 16ng quit hon bd dé &
Vi du 14 : Néu AABC va AA'B'C’ ¢6 A=A' (hodc A bd A') thi

Sape ABAC
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Vi du 44. Cho tam gidc ABC vuong tai A, duong cao AH. Trén tia doi cha tia
AH lay diém D sao cho HD = AC. V& hinh chir nhat CHDE. Chiing minh ring BE
vuong goc vai CD.

Gidi (h.59) b—
Dat DE=HC=a, EC=DH=AC=b.
~ A
Ta co tanD|=E=E. (1)
DE a
lan ﬁ: =EC—=EC—. (2) o
EC b i
Tam gidc vuong ABC c6 AC* = BC.HC B H a
e B W (3) Hinh 59
a b
Tie (1), (2) va (3) suy ra

1an61=lan[§|=ﬁ| =E".| :6;+E2=E1+é3 =90° = BE L CD.

BAI TAP

Hé thire vé canh, hinh chiéu va duéng cao
89. Cho tam gidc ABC vuong tai A, dudong cao AH. Goi D va E theo thir wr 1a

hinh chié¢u cta H trén AB va AC. Biét A—B =k.tinh i s6 E
AC CE

E

90. Tinh dién tich nho nhat cba tam gidc vuéng c¢6 dudng cao ing véi canh huyén

bang h.

Ti s6 lugng giac cla géc nhon. Hé thirc vé canh va géc trong tam
giac vuong

91.

92.
93.

56

Cho tam gidc ABC ¢6 A =60°, dudng trung tuyén AM = m. Goi BD, CE Ia

cdc dudng cao cha tam gidc ABC, I 1a trung diém cta DE. Tinh AL

Cho tam gidc ABC ¢6 AB = /5 cm, AC =3 cm, B+2C =90°. Tinh sinC.

Tinh di¢n tich tam gidc ABC, biét B =30°, C=135°, BC =2 cm.



Chuyén dé 6
PUONG TRON. PUONG TRON VA DUONG THANG.
PUONG TRON VA PUONG TRON

TONG QUAN VE CHUYEN DE

Chuyén dé nay bao gom cic ndi dung sau :

— Dudng tron va cdc tinh chat cua né : quan hé d¢ dai gira dudng kinh va day,
quan h¢ vi tri gitta dudng kinh va day, quan hé¢ giita ddy va khoang céch tir tdm
dudng tron dén day.

— Quan hé¢ giira dudng tron véi dudng thing : dudng thing khong giao véi
dudmg tron, dudng thang tiép xic véi dudmg tron, dudng thing cit dudng tron.

— Quan h¢ giira hai dudng tron : khong giao nhau, tiép xiic nhau, cit nhau.

Trong thuc t€ doi s6ng va trong ki thuat, ching ta giap nhiéu hinh anh cua
nhimg quan h¢ trén : cdc hat kim loai vang ra theo phuong ti€p xic véi vién da mai
quay tron, cic banh xe tron va diy cua-roa, cac banh xe rang cua an khép véi nhau,
doan dudng ray thing tiép xic v6i doan dudng ray cong tai ti€p diém la ché
ngoat,...

Chiing ta ciing sé thdy su phong phi va da dang ctia cdc bai todn vé dudng
tron trong chuyén dé nay.

Vai nét lich su

NHA KHOA HOC VIET NAM DA DU BAO DUNG
NHAT THUC YAO DAU THE Ki XIX

Nhat thuc 1a hién tugng Mat Trang chan dnh sdng tir Mat Troi chiéu xudng
Trai Dat (h.60).
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Mat
Troi

Vao nam 1817, da ¢c6 mot ngudi Viét Nam du bdo diing nhat thuc, ngudi do la
ong Nguyén Hiru Than (1757 - 1831), tén hiéu 12 ¥ Trai.

Ong sinh tai xa Triéu Dai, huyén Triéu Phong, tinh Quang Tri. Pugc ti€p thu
kién thirc khoa hoc tir ngudi cha vén say mé todn phdp va nghién ciu thai tiét, 6ng
da dé hét 1am tri wr hoc, tu nghién ciu todn hoc va thién van hoc.

Sau khi vé huu véi cdc chic vu cao : Thuong thu bo Lai, Thuong thu bo Ho,
Thugng thu bd Binh, 6ng viét cudn ¥ Trai todn phdp nhdt déc luc (Mot diéu tam
dic vé todn phdp ctia Y Trai) gém 8 quyén, bao gdm nhimg kién thic hinh hoc, s6
hoc, dai s6 hoc va mét s6 bai toan.

V¢ thién van hoc, ong da lam lich Hiép Ki thay cho lich dang dung lic d6 da
sai khac vai thuc t€ rat nhiéu. Nam 1815, 6ng da tinh todn va bdo trude 1a 2 nam
nita, vao ngay 16-5-1817 sé ¢6 nhat thuc va su viéc da xay ra ding nhu 6ng tinh
todn. Vua Gia Long di goi 6ng la “thién van gia vo xudt ki hiu” (nha thién van
khong ai sanh kip).

I. DUONG TRON

1. V& quan h¢ do dai giita dudng kinh AB va day CD
cua mot dudng tron, ta ¢6 : dudng kinh la day I6n nhat
(AB 2 CD).

2. V& quan h¢ vi tri gilta dudng kinh AB va day CD
s o : c
cat nhau tai I (h.61),tacé: u
—~ Néu AB L CD thi IC = ID.

— Néu IC = ID va I khiac O thi AB L CD.

o)
D

L

Hinh 61

A
B
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3. Vé lién hé gilra day va khoang cdch tir tam dén day, ta c6 :
— Hai day bang nhau thi cdch déu tam. Hai day cdch déu tam thi bang nhau.
— DAy I6n hon thi gdn tAm hon, day gédn tdm hon thi Ién hon.

Vi du 45. Cho nira dudng tron tam O dudmg kinh AB, ban kinh OC vudng géc
v6i AB. Trén bén kinh OC ldy diém I sao cho Ol = %OC. Goi M la giao diém cua

Al va nira dudmg tron. Tinh ti s6 ﬂ
AM

Gidi (h.62) C
bat Ol = a thi OA = 3a. Tam gidc vudng AOI cé M
AI* = 0A” + OI* = 9a% + a’ = 10a’ 1
a

= Al = aJﬁ‘ (1) 1
AM_ 2 _AO = ’
AB Al Hinh 62

AM 3 18
= —= = AM =—a. (2)

6a  av10 V10

_5

Tu(l)v&{ZJsuyra-——-J_ J_ 9

Vi du 46. Cho hinh thoi ABCD canh a. Goi R, r theo thir tv 12 ban kinh dudng

tron ngoai ti€p cac tam gidc ABD, ABC. Chimg minh rang Lz + Lz = iz
R r° a

3idi (h63)
R ALl A

Pudng trung truc cia AB cit AB, BD, 3 H
ACtheothittwro H, K, I.

. g Oh B

I 1a tam dudng tron ngoai tiép K
AABD nén IA = R, K la tAm dudng tron
ngoai ti€ép AABCnén KB =r. C

Goi O la giao diém cia AC va BD.
Taco . Hinh 63
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a
Al AH R 1  2A0
AHAI o»» AOAB el S tad ow .o
- BB ™20 T A0 TR & L
a
AHKB v AOAB (g.g) = =20 -2 1289
B BO a BO r a

N I 1 _4AO0*+B0O%) _4a® 4
Tir (1) va (2) suy ra F+r—2— = — x —a—z.

Vi du 47. Qua diém K ndm ngoai dudng tron (O ; R), ké dudng thing cit
dudmg tron (O) tai A va B (A nam gitra K va B). Goi d 1a dudng trung truc ciia KB,
H 14 hinh chié¢u cia O trén d. Goi I 1a trung diém cua OK. Tinh IH.

Gidi (h.64)

Goi M la trung diém cua KB,
N la trung diém cia AB. Ta cé
OHMN Ia hinh chir nhat nén

OH=MN =MB-NB

_ KB AB_KA
2 2 1
Goi C la trung diém cia KA
thi KC = KTA do d6 OH = KC.
Hinh 64
AHOI va ACKI
¢6 OH = KC, HOI=CKI (so le trong OH // KC), Ol = KI nén
AHOI = ACKI (c.g.c) = IH=IC. (1
OA _R
Do IC la dudng trung binh cia AOKA nén IC = ik (2)

Tir (1) va (2) suy ra IH=%.



Vi du 48. Cho duong tron (O : R) va hai diém A, B nam ngoai duong tron,
trong d6 OA = 2R. Goi C la giao diém cia tia OA va dudng tron (O).

a) Dung diém I trén bdn kinh OC sao cho v6i moi diém M thudc dudng tron
(O) déu ¢c6 AM = 2IM.

b) Dung di¢m M thudc dudng tron (O) sao cho t6ng AM + 2MB nho nhat.

Gidi (h.65)
a) Diém I phai dung 12 trung diém cta OC. That vay,

nén AIOM v»» AMOA (c.g.c)
s = AM = 2IM.
AM OM 2

b) Tir cau a), suy ra AM + 2MB

=2IM + 2MB = 2(IM + MB) 2 2IB. Hinh 65

min(AM + 2MB) = 2IB < M la giao diém cua doan
IB v6i dudng tron (O).

Vi du 49. Cho duong tron (O ; R), diém I nam trong dudmg tron ¢6 Ol =d > 0.
Qua I v& hai tia vudng géc véi nhau, cit dudng tron & A va B sao cho O nidm trong
goc vuong AlB. ’

a) Goi M, N theo thit tu la hinh chiéu ctaa O trén IA, IB. PDat MA = a, NB= b,
OM =x, ON =y. Tinh a’ + b* theo R va d.

b) Tinh dién tich I6n nhat cua tam gidc AIB. B
Gidi (h.66) ﬂ Q
az+b2;(R3-x2}+{R2-—y2} L
d

g N2
N R
=2R? - (x? + y}) = 2R? - &%, \ X X
i Ifym a
b)Pat S, z3=S, 1ac62S=IA.IB=(a+ y)b +x) \ \/
= (ab + xy) + (ax + by). (1)
Theo bat ding thitc Co-si : Hinh 66

P R
gy ity X ;" =2R2°l +%=R3. (2)

A




Theo bét déng thitc Bu-nhi-a-c&p-xki :
ax + by < (a2 + b2)(x? +y?) =(2R? —d?)d? =d\2R? -d>.  (3)
Tir (1), (2) va (3) suy ra 2SS R? +dy2R? —d? (khong di).

R2 +da,.f2Ft2 -d? - {x
2 a

i : & 1A va IB tao véi 10 géc 45°,

max S =

Il. DPUONG TRON VA DUGNG THANG

1. C6 hai ddu hiéu nhan biél ti€p tuyén cta dudng tron :
- — Néu dudng thing a vudng géc véi ban kinh OC tai diém C ctia dudmg tron
(O) thi a la ti€p tuyén cla (O). '

— Néu dudng tron (O ; R) ¢6 khoang céch d tir O dén dudng thing a théa man
d = R thi a la ti€p tuyén cua (O).

2. Cin ndm vimg céc tinh chat cua hai ti€p tuyén cét nhau.

3. Vai dudng tron nodi tiép tam gidc ABC c6 cdc canh a, b, ¢ va D, E 1a cic

(iép diém trén AB, AC thi AD = AE = 2 ""; i

Vi du 50. Cho dudng tron tam O dudng kinh AB, céc day AC va BD cit nhau
tai E. Goi H 12 hinh chi€u cia E trén AB. Tiép tuyén cla dudng tron tai D cit HE
¢ I. Chimg minh ring IC Ia ti€p wuyén cua dudng tron (O).

Gidi (h.67)

Goi K la giao diém cia AD va BC. Ta cé
AC L KB, BD L KA nén E la truc tdm cua A
AKAB, dodéciac diém K, I, E, H Ihﬁng hang. '

DI la tiép tuyén = D phu Ds.

Mat khéc,ﬁ| = E‘-.z ma ﬁz phu Bi nén
E| phu ﬁ|.

Ta lai ¢6 D2 =B, nén Dy =E; =Di=Ki, A O H B

dod6 IK =D = IE. Hinh 67
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AECK vuoéng ¢6 CI la dudng trung tuyén nén IC = [E = ID.
AOIC = AOID (c.c.c) = OCI = ODI = 90°.
Vay IC la ti€p tuyén cua dudng tron (O).

Vi du 51. Cho tam gidc ABC vuong tai A, AB < AC. Goi R la ban kinh duong
tron ngoai tiép, r l1a ban kinh dudng tron ndi ti€p cha tam gidc ABC. Dat BC = a,

AC=b,AB=c. Tinhtis6a:b:c, biét %:%.
A
Gidi (h.68) %
0 A\ E
Fo® o OR = % Ta SE iR A, bye
R 5
theor.
Tac6é a=2R = 5r. B a=2R C
Goi I 1a tam dudng tron ndi tiép, D va E
Hinh 68

la céc tiép diém trén AB va AC. Ta ¢6
AD + AE =b + ¢ = a. Két hgp v6i ADIE 1a hinh vuéng nén 2r=b+c-a
=b+c=2r+a=2r+5r="7r. (1)
b + ¢ = a® = (5r)* = 25¢%. )
T (1) va(2)suyra2bc=(b+c)’ - (b*+c¢’)=(7r)’ =25, =24r".  (3)
T (2) va (3) suy ra

(b-c)=b’+c?-2bc=25r -2 =’ =>b-c=r. @)

Tu(l)va(4)suyrab=4r,c=3r.Dod6a:b:c=5:4:3.

Vi du 52. Cho duong tron (O) duong kinh AB, diém M thudc tia déi cia tia
AB. Ké tiép tuyén MI véi dudng tron (I 12 tiép diém). Goi C la hinh chiéu cua I
trén AB. Chimg minh hé thirc MB.AC = MA.CB.

Gidi (h.69)
MIO =90° = 1, phuafﬁ. (N
IC L OA = I phu OAL )
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Ta ¢6 OIA = OAI (AOAI can) nén tir (1)

va(2)suyra I} =1a.

Ta c6 IB L IA, ma IA la phan gidc trong M

nén IB Ia phan gidc ngodi ciia AIMC. A C O B
AM IM BM Hinh 69
Suy ra — =
ACT IC BC

= MB.AC = MA.CB.

Vi du 53. Trong cic tam gidc vudng ABC ¢6 canh huyén BC = a, tam gidc
nao ¢6 ban kinh dudng tron noi ti¢p 16n nhat ?

Giai (h.70)
Goi r la ban kinh dudng trdon ndi ti€ép AABC. Ban doc tv ching minh
2r=b+c-a. (1)
Ta c6 (b +¢)’ < 2(b” + ¢%) = 2a°
=b+c<aV2. (2)

T (1) va (2) suy ra
s aﬁ-—a =a(\ﬁ.— 1)
V2-1

4
2

==1s

IIl. DUONG TRON VA DUONG TRON

1. Néu hai duong tron tiép xic nhau thi ti€p diém nadm trén dudng ndi tam.

2. Néu hai duong tron cét nhau thi hai tiép diém doi ximg nhau qua dudng
noi tam.

Vi du 54. Cho dudng tron (O) dudng kinh AB va duong tron (O’) dudng kinh
BC tiép xic ngoai tai B. Qua C ké tiép tuyén CE véi duong tron (0), E 1a tiép diém.
CE cat duong tron (O’) ¢ D (khdc C). Chimg minh ring BE la tia phan gidc cua
goc ABD.
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Giai (h.71)

Goi giao diém cua EO, DB v6i (O) ldn
luot 1a F, K.

EF /DK = BE=fi, mi =85

nén ﬁ: = ﬁz.

Ta c6 EBF =90° nén B3 phu ﬁz. B4
phu By . Suy ra B3 =By, do d6 BE Ia tia phan gidc ciia géc ABD.
Vi du 55. Cho dudng tron (O) ban kinh 4 cm, diém A ndm ngoai dudng tron

c6 OA = 8 cm. K¢ 1iép tuyén AB, AC v6i dudng tron (B, C 1a céc tiép diém). VE
dudng tron (K) di qua C va ti€p xic vdi AB tai A.

a) Tinh bdn kinh cua dudng tron (K).

b) V& duong tron (I) ban kinh 3 cm tié€p xuc trong véi dudng tron (O) tai B.
Chimg minh ring cdc dudmg tron (K) va (I) ti€p xtic ngoai véi nhau.
Gidi (h.72)

a) bat AK = R. V& dudng kinh
AE cua (K). Ta cé

ACE + ACO = 90° + 90° = 180°

nén E, C, O thing hang.

AOBA wvuong tai B ¢6
OB =—%OA nén Aj =30°.

Suy ra Az =30°, Aj=30°,

E=60°. Do d6 AAOE déu,
AE=AO0=8cm. ViyR=4cm.

b) Diém I thuoc doan OBva Ol =OB-IB=4-3=1 (cm).
ABOK Ia hinh chir nhat = OK = AB
= OK? = AB’ = 0A%? - OB? = 8% - 4% = 48,
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KI’=0K?*+0IP’ =48 + | =49 = KI =7 (cm). (1)
Tong céc bén kinh cua hai dudng tron (K) va (I) bing 4 + 3 =7 (cm). (2)
Tir (1) va (2) suy ra (K) va (I) ti€p xiic ngoai.

Vi du 56. Cho nira dudng tron tam O dudng kinh AB = 2R (véi R 2 9cm).
Trén ban kinh OA c¢é6 cdc diém C va D sao cho AC = 6 cm, AD = 9 cm. Dudng
vudng géc véi OA tai D cét nira dudng tron ¢ E. Diém F thudc nira dudmg tron sao

cho ACF = DCE. DPudng trdn tam I ban kinh x ti€p xic véi doan CF tai H, tiép
xtc véi doan CE va tiép xiic véi cung EF.

a) Tinh CH theo R va x.
b) Tinh x.

Gidi (h.73)
a) ACHI v»» AEDC (g.8)

CH_H
ED CD g ] "
ED? = DA.DB=9(2R - 9). (2)
Hinh 73

Tu (1) va (2) suy ra

CH = IH.ED _ x.3\{23R -9 N x.JZR_—!?. 3)

CD
b) A OCI vuéng tai C = O’ = OC? + CI* = OC? + IH? + CH?
= R-x*=(R-6F+x*+CH. (@)
T (3) va (4) suy ra (R = x)* = (R - 6)* + x* + x* (2R - 9)
& (2R -9)x? + 2Rx - 12(R - 3) =0.
A’ =R*+ 12(2R - 9)(R - 3) = (5R - 18)%.

-R+(5R-18) _
2R -9

DoR29vax>0nén x= 2 (cm).

Vi du 57. Cho hai dudng tron (O), (O’) ¢6 ciing bédn kinh cét nhau & A va B.
Vé vé mot phia cia OO’ cdc bdn kinh OC va O’D song song véi nhau. Chimg
minh ring A la truc tdm cta tam gidc BCD.
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Gidi (h.74)

T gidc OCDO’ c¢6 OC // O’D,
OC = O’D nén la hinh binh hanh, suy ra
00’ //CD, OO0’ = CD. (1)

Goi I 12 giao diém cua AB va 00’.
AAOO’ can tai A, Al la dudng cao nén

10'= %OO' ,kéthop véi (1) cé 10'= %CD. (2) Hinh 74
Ké dudng kinh AO’K. Ta ¢6 IO’ 1a dudng trung binh cia AABK
=10’ // BK, 10':%131(. 3)

Tir (1), (2) va (3) suy ra CD // BK, CD = BK nén CDKB la hinh binh hanh

= DK // BC. Do DA L DK va DK // BC nén DA L BC. Do BA L BK va
BK // CD nén BA L CD.

ABCD ¢c6 DA L BC, BA L CD nén A la truc tam.

Vi du 58. Cho hai dudng tron
(O;R)va (O’ ;r) ¢ ngoai nhau, 00’ =d.
Diém M ndm ngoai hai dudng tron sao
cho cdc doan tiép tuyén ké tir M dén (O)
va dén (O’) bang nhau. Goi H 12 hinh
chiéu cia M trén OO’. Tinh OH.

Gidi (h.75)
Goi cdc tiép tuyén bing nhau ké

tr M dén (O) va (0") la MA va MB. \_,/ Hinh 75

DitOH=x,0'H=y.
Tacox+y=d. (1)
x? - y* = (OM? - MH?) - (O’'M? - MH?) = OM? - O'M?
= (MA2 + R - (MB? + ?) =R*- %, 2)

R2 - 2

3
3 (3)

Tuw(l)va(2)suyrax-y=
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R? -2 d?+R%-12

Tu(l)va(3)suyra 2x=d + =X= 2d

Lwu y : Tir vi du trén suy ra H 12 diém c6 dinh va tap hop cdc diém M Ia

dudng thing vuong géc véi OO’ tai H.

Vi du 59. Cho nira dudng tron (O) dudng kinh AB = 2. Diém C di chuyén trén
nira dudng tron. Goi (I) 1a dudng trdn ti€p xic v6i cdc ban kinh OA, OC va cung
AC. Goi (K) la dudng tron tiép xic vdi cac ban kinh OB, OC va cung BC. Goi tiép
diém cua cdc dudng tron (I), (K) trén AB theo thit tr 1a D, E. Tim gié tri nho nhat

cua DE.

Hudng dan : Dat OD = x, OE = y. Hay 1ap mét hé thic giira x va y.

Giai (h.76)

68

batID=r,KE =r,.
Ta ¢6 OD? = OF° - ID?

=x2=(-r)-rl=1-2r

= 1-x*=2r,. (1)
Tuong tu 1 - y? = 2r,. 2)
AODI v» AKEO (g.g)

OD DI X _ 1

TKETEO Ty

=> Xy =1yl (3)

Tir (1), (2) va (3) suy ra (1 = x*)(1 = y?) = 4xy

= 1 —xz-yz+x2_yz=4x_y = 1 -2xy+x2_y2=x2+_y2+2xy

=>(l—xy}2=(x+y)2.Doxy<lnénl—xy=x+y.

(x+y}2 _::12

4 4

Patx+y=athil-xy=a=l-a=xy<

2
:%Hal =>{%+1]222:%+12J§=>a22(ﬁ—|).

mina = 2(v2 - 1) & x =y & Cla diém chinh giita ctia nira dudng tron.



BAI TAP

Pudng tron

9.

9s.

Cho nira dudng tron (O) dudng kinh AB. Cic diém C, D thudc nira dudng
tron, AC = CD = 30 cm, BD = 14 cm. Tinh bén kinh ctia dudng tron.

Cho tam gidc nhon ABC, cdc dudng cao BE va CF. (o} phia ngoai tam gidc
ABC, vé cdc nira dudng tron ¢6é dudmg kinh 1a AB va AC, ching cit BE va
CF theo thit tr ¢ I va K. Chimg minh rang Al = AK.

96. Cho dudng tron (O) dudng kinh AB, day CD ndm vé mot phia ciia AB. Goi E,

97.

98.

99.

100.

F theo thit tu 1a hinh chiéu cia A, B trén CD. Ké day DG vuéng géc véi AB.
Chimg minh rang S, = Sacia:

Cho tam gidc nhon ABC néi tiép dudng tron (O ; R). Goi D la giao diém cua
AO va BC, E 1a giao di¢m cta BO va AC, F 1a giao diém cua CO va AB.

Chimg minh riang OD + OE + OF 2 %R.

Cho diém A nédm ngoai dudng trdn (O ; R). Dung dudng thing di qua A cét
duong tron (O) tai B va Csao cho day BC=a (0 <a < 2R).

Cho dudng tron (O) dudng kinh AB ¢6 dinh, diém M ¢6 dinh thudc dudng
kinh AB, c6 MA = a, MB = b. Diém C chuyén dong trén dudng tron. Goi D,
E theo thit tu 12 hinh chiéu cia M trén AC, BC. Tim vi tri ciia diém C dé hinh
chit nhat MDCE c6 dién tich 16n nhat.

Cho dudng tron (0), day AB ¢6 dinh, diém M chuyén dong trén dudng tron.
V& hinh binh hanh BAMC. Tim vi tri ctia diém M dé do dai AC 16n nhat.

101. Cho nira dudng tron (O), dudng kinh AB = 2R. Hai ban kinh OC va OD thay

102,

103.

déi vi tri sao cho C thudc cung AD va COD =60°. Tim vi tri ctia cdc diém C,
D dé ut gidc ACDB c6 dién tich ién nhat.
Cho ntra dudng tron (O) dudng kinh AB = 2R, bdn kinh OC vubng géc véi

AB, diém M chuyén dong trén cung CB. Goi H la hinh chi¢u cia M trén OB.
Tim vi tri cia diém M dé tam gidc MOH ¢6 :

a) Chu vi l6n nhat; b) Dién tich 16n nhat.

Cho tam gidc ABC. Dung diém M sao cho MA = %AB va MB + 2MC ¢6 gié

tri nho nhat.
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Pudng tron va dudng thing
104. Cho tam gidc ABC vuong tai A, duong tron (O) béan kinh 2 cm noi tiép tam giéc.

105.

106.

107.

108.

a) Tinh dién tich tam gidc ABC, biét BC = 13 cm.

b) Tinh BC, bict % =§ (D 12 ti€p diém cita dudng trdn noi tiép trén BC).
Cho nira dudng tron (O) dudng kinh AB. Goi d 12 tié€p tuyén véi nira dudng
tron tai M. Goi D, C theo thit tu la hinh chiéu cia A, B trén d. Chimg minh hé

thic CD? = 4AD.BC.

Cho dudng tron (O) noi ti€ép hinh thoi ABCD. Ké mot ti€p tuyén véi dudmg
tron (O) cit cdc canh AB, AD theo thit tr ¢ E, F. Ké mot tiép tuyén khic véi
dudng tron (O) cit cdc canh CB, CD theo thit tv ¢ G, H. Chimg minh réing :

a) BE.DF = OB.OD; b) EG song song véi HF.

Cho tam gidc ABC c¢6 dién tich S, chu vi 2p, r 1a ban kinh dudng tron ndi
i€p ; R,, R,, Ry theo thir tr 1a bdn kinh dudng tron bang ti€p trong goc
A.B,C. Chiing minh réng :

a)S=R(p-a)=Ry(p-b)=Ry(p—c);

b) A=90° néuR, —-r=R, +R,.

Cho tam gidc ABC, dudng tron (I) néi ti€p tam gidc ti€p xic véi BC, AC, AB
theo thit wr ¢ D, E, F. Tia IA cit EF & H va cét dudng tron (I) ¢ K. Goi N la
giao diém cia DK va EF. Tia phan gidc cta géc BIC cit BC & M. Chiimg
minh rang :

a) IM song song vadi KD; b) AKHN w»» AIDM;
¢) AAKN »» AAIM; d) Ba diém A, N, M thing hang.

109. Trong cdc tam gidc ABC c¢6 ddy BC = a, dudng cao AH = h, tam gidc nao ¢6

ban kinh dudng tron noi ti€p I6n nhat ?

110. Trong céc tam gidc ABC vuong tai A ngoai ti€p dudng tron (O ; r), tam gidc

ndo ¢6 canh huyén nho6 nhat ?

111. Cho hinh vuéng ABCD canh a. V& cung BD moét phin tu dudng tron ¢6 tam A,

70

bdn kinh AB (ndm trong hinh vuéng ABCD). Goi I 12 diém chuyén dong trén
cung BD. Tiép tuyén tai I cét cac canh CB; CD theo thir ty & E, F. Tim vi tri
cta diém I dé tam gidc CEF c6 dién tich 16n nhat.



Pudng tron va dudng tron

112,

Cho tam gidc nhon ABC, BC = 24 c¢m, bén kinh dudng tron ndi tiép bing
6 cm. Cic duong tron (D) va (E) c6 clung bdn kinh x ti€p xiic ngoai nhau,
cung tiép xuc véi canh BC, trong d6 mét dudng tron ti€p xic véi AB, mét
duong tron ti€p xuc véi AC. Tinh x.

113. Cho tam gidc déu ABC canh 6 cm ndi ti€p dudmg tron (O). V& dudng tron (I)

ti€p xic véi hai canh AB, AC theo thit tu tai M, N va tiép xic véi cung nho
BC. Tinh MN.

114. Cho ba dudng tron (A ; 1), (B ; 2), (C ; 3) tiép xiic ngoai doi mot va cling tiép

115.

116.

117.

xuc trong véi duong tron (O ; R). Tinh R.

Cho hai dudng tron (O ; R), (O’ ; r) & ngoai nhau (R > r). Dudng tron (I) tiép
xtic ngoai véi hai dudng tron (O), (O’) theo thir tr tai A, B. Chimg minh rang
khi dudng trdn (I) thay d6i thi dudng thing AB ludn di qua mot diém c6 dinh.

Cho hai dudng tron (O ; R), (O’ ; r) & ngoai nhau. Ké céc tia ti€p tuyén OA,
OB dén dudng tron (O’), cét dudng trdn (0) ¢ C, D. Ké céc tia 1i€p tuyén
O’E, O’F dén dudng tron (0), cit dudng tron (O’) & G, H. Ching minh ring
CD = GH.

Cho hinh binh hanh ABCD ¢6 A >90°, AB > AD. Trén canh AB ldy diém E

sao cho AE = AD. Goi F 12 giao diém cla DE va CB. Dudng tron (O) ngoai
tiép tam gidc BEF va dudng tron (O’) ngoai ti€p tam gidc ABC cét nhau &
diém thit hai I. Chimg minh rdng IB song song véi AC.

118. Cho dudng tron (O ; R) ti€p xic véi dudng thing d. Tim gi4 tri nhé nhét cia

tich hai ban kinh clia cdc dudng tron (I) va (K) tiép xiic ngoai nhau, ti€p xiic
ngoai v4i dudng tron (0) va tiép xic véi dudng thing d.

119. Cho nira dudng tron (O), dudng kinh AB = 2R, diém C trén dudng kinh AB.

Pudng vuéng géc véi AB tai C cit nira dudng tron ¢ D. Tim gid tri 16n nhat
cua 16ng hai ban kinh cuia cdc dudng tron (I) va (K) ti€p xdc v6i AB, tiép xiic
véi doan CD va ti€p xiic véi nira dudng tron (O).
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Chuyén dé 7
PUONG TRON VA GOC

TONG QUAN VE CHUYEN DE

Tuy theo vi tri véi dudng tron ma mot géc ¢6 nhi€u tén goi méi : géc & tam,
géc nodi tiép, goc tao bai tia ti€p tuyén véi day, géc ¢6 dinh & trong hay ¢ ngoai
duong tron. Quan hé gitra géc voi dudng tron gitp chimg minh duge nhiéu quan hé
gitra hai goc, va la cong cu hiru ich trong giai todn.

Quan hé gira g6¢ va dudng tron con duge thé hién trong khdi niém cung chifa
g6c. Sir dung cung chira géc, ta chimg minh dugc nhiéu diém nam trén mot dudng
tron, nh& d6 ¢6 thé dp dung nhiéu Kién thic da hoc vé dudmg tron vao bai todn.

Bai toan thuc té
NGOl SAO NAM CANH
Ngoi sao nam cdnh trén 14 quéc ki Viét Nam la mét hinh rat quen thudc. Ban

dad bao gio nghi dén géc nhon x cia mot cdnh sao va goc tu y gitra hai cdnh sao
(h.77) bang bao nhié¢u do chua ?

Hinh 77
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Gidi (h.78)

Vé duong tron di qua cic dinh cua
nam cdnh sao, 1a ¢6 s6 do cia mdi cung AB,
BC, CD, DE, EA bing 360°: 5 = 72°.

Theo tinh chat goéc ndi ti€p, ta ¢é

sdm
X =

=72°:2=36".

Theo tinh chat géc c6 dinh ¢ bén trong
dudng tron, ta ¢

_sdBE+sdCD _ 72°2+72° _ o
i 2 i 2 & ' Hinh 78

I. GOC TAO BOI HAI CAT TUYEN (HOAC TIEP TUYEN) CUA DUONG TRON

S6 do cua géc noi 1iép, s6 do cua goc tao bai tia ti€p tuyén va day déu bing
nira s6 do cua cung bi chén.

S6 do cia géc ¢6 dinh & bén ngoai dudng tron bing nira hiéu sé do hai cung
bi chén.

S6 do ciia g6c ¢6 dinh & bén trong dudmg tron bing nira tong s6 do hai cung
bi chdn boi hai canh cia géc va tia d6i cha hai canh ay (trudng hop dac biét : s6 do
clia g6¢ ¢ 1am bang s6 do cua cung bi chén).

Vi du 60. Cho tam giiac nhon ABC (AB < AC), truc tam H. Goi I la trung
diém cia AH, M 12 trung diém cta BC. Tia phan gidc cua géc BAC cét IM ¢ K.
Ching minh raing AKH = 90°. A

Giai (h.79)

Goi (O) la dudng tron ngoai ticp AABC. VE béan IN,
kinh OD di qua M thi D 1a diém chinh giira cia cung K O
BC nén A, K, D thing hang. H
E

Dé ching minh b3 dé 0M=%AH. T gidc BW ¢

AOMI c6 Al // OM, Al = OM nén la hinh binh hanh D
= OA //MI = A, =K. Hinh 79
Két hop v6i Aj =D =Az nén K; =A2 = IK = IA = IH. Vay AKH =90°.
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Vi du 61. Cho tam gidc ABC noi ti€p dudng tron (O). Tia phén gidc géc A cét

BC ¢ D va ciat dudng tron (O) ¢ M (khac A). Ké tiép tuyén AK v6i dudng tron
(M ; MB), K 12 1i€p diém. Chimg minh ring DK vuéng géc véi AM.

Gidi (h.80)

R| = Rz ma 5\2 = ﬁl (g6¢ ndi ti€p)
A

nén R1 = ﬁ|. [\ \
AMBD v» AMAB (g.8) )w\

MD MB MD MK
a - =

= = = . B C
MB MA MK MA
K&t hop véi DMK = KMA ta c6
M
ADMK «»» AKMA (c.g.c)
Hinh 80

= MDK = MKA =90°. Vay DK L AM.

Vi du 62. Tinh géc A cua tam gidc ABC noi ti€p dudng tron (O), biét

[OK =90°, trong d6 I Ia tam dudng tron noi tiép, K 1a tam dudng tron bang tiép

trong goéc A.
Gidi (h.81) A
Goi D 1a giao diém cuia doan IK va dudng tron (O).
AIBK vuong tai B ¢é6 DB = DI (dé chimg minh) nén 1\_O
DI=DK va DB=L!K (H
2 B C
AIOK vuong tai O c6 DI = DK nén D
1
OD =-IK. 2
2 (2) K
Tir (1) va (2) suy ra BD = OD = OB Hinh 81
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Vi du 63. Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O). Goi H
la truc 1am cuia tam gidc ABC, K 12 giao diém thit hai cia AH vGi dudng tron (O).
Pudmg thing di qua H va vuéng géc véi OA cit BC ¢ I. Ching minh ring IK la
1iép tuyén cua dudng tron (O).

Gidi (h.82)
Dé chimg minh H d6i ximg véi K
qua BC, suy ra 122 = Fl| =ﬁz. ()

Ta lai ¢6 IE: =R| nén

-~

E. phu Ha. (2)

Tu (1) va (2) suy ra Eg phu ﬁ|.
Vay IK la tiép tuyén cia dudng tron (O).

Vi du 64. Cho tam gidc ABC (AB < AC) ndi ti€p dudng tron (O), dudng trung
tuyén AM. Lay diém D trén cung BC khong chifa A sao cho BAD = CAM. Chimg

minh ring ADB = CDM.

Hinh 82

Giai (h.83)

Al = A2 = BAM = DAC, lai ¢6

ABM = ADC (g6c¢ ndi ti€p) nén

AABM v AADC (g.g) 5 c
_ BA _BM_MC \VM
“AD DC CD -l
; D
Két hop v6i Aj=C; suy ra ABAD «»» AMCD Hinh 83

(c.g.c)= ADB = CDM.
]

Vi du 65. Cho nira dudng tron (O) dudng kinh AB. Goi C 1a trung diém cua
OB. Goi D, E Ia céc diém thuoc nira dudng tron sao cho ACD = BCE <90°. Biét
CD - CE = a. Tinh DE theo a.
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Gidi (h.84)
Trén CD ldy K sao cho CK = CE thi
DK=CD-CK=CD-CE=a.
Kéo dai DC cit dudng tron (0) ¢ 1. A
Ta ¢6 C2=C; =C3 = E d6i xing Vi |

— o~

qua AB =>1§6“B=%sd51=1). (1) Hinh 84

Eal D p— -~ -, — e

A ECK cin = K =-'3°2—C“‘=c2 = DKE = OCE (bd véi hai géc trén). (2)
Tur (1) va (2) suy ra ADKE «» AOCE (g.g)

DE OE OB
=4 = —-

DK OC OC
Vi du 66. Cho tam giac ABC noi ti€p duong tron (O) cé ban kinh | dm,

B=45° C=15°. Tinh do dai AC, BC, AB va dién tich tam gidc ABC.

=2. Vay DE = 2DK = 2a.

Gidi (h.85)
e B=45"= AOC=90°
= AC=0CV2 =2 (dm).
e KéOM L BC.

Tacé C2 =C-Cj =45° - 15° =30°

= MC = OC. cos30" = g =BC=43 (dm). Hinh 85

e Ké AHLBC.DatHC=x, HB=ythix+y= V3. (1)
Tac6 HC+ HB’=HC + HA’=AC*=2nén x’ +y’ = 2. (2)
Tu(l)va(2)suyra2xy=(x+y) - (x*+y’)=3-2=1. (3)

Te2)vaB)suyra(x—y) =x’+y’'=2xy=2-l=1=2x-y=1. (4)
Tir (1) va (4) suy ra y=£-2;1-(dm). Do dé6 AB:yJ_=Jg;‘E(dm).
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e Sypc = %BC.AH = %.Ji. ‘62_ - 3"4‘/5 (dm?).

Vi du 67. Cho dudng tron (O ; R), hai dudmg kinh AB va CD vuong géc véi
nhau. Goi K 1a trung diém cia OC. Goi M la giao diém thir hai ctia BK véi dudng
tron (0), I 12 giao diém cia MD va AB. Tinh dién tich :

a) Tam gidc MAB;
b) Tam giic MIK.

Giai (h.86)
s
a) AMB =90°, BOK =90° nén

MA _
MB
MB =2MA
Tu x ” 5
MA~ + MB® =4R

~ QK 1
lanB=ﬁ=5.
A . B

dé dang tinh

2R 4R 4R?
duoc MA=—4= MB=—17—,S =— (1
' J5 J5' TR e L Hinh 86

b) MI la dudng phan gidc cha AMAB

A _MA L Lsic61A + B =2R nen db ding tinh duge 13:%.

=
IB MB 2

1

v
Skip =5 1BKO = 4R.%=R— (2)

1 4R
7" 3 3
I I 4R* 4R’

|
Al AR o Sy By s o o T8 3
3 AL aTIARTTE R 18 )

T (1), (2) va (3) suy ra

Smik = Svias = Skig = Smar = .
MIK = OMAB ™ 9KIB = OMAI 5 3 T 5

)



Vi du 68. Cho dudng tron (O) va hai diém H, I
nam trong dudng tron, trong d6 1 1a trung diém cua
OH. Dung tam giac ABC ndi tiép duong tron (O) nhan
H lam truc tam va Al Ia tia phan gidc cua géc BAC.

Giadi (h.87)

Phdn tich : Ké dudng kinh AE. Goi K la giao
dié¢m cia AH v6i dudng tron. Ta ¢6

BC // EK nén BE =CK, suy ra A=Az, do d6
A3 =As.

AAOH c¢6 3.3:;‘14 nén ﬁ(—)=-Ig=l.suy ra Al L OH.
AH [H

Cach dimg :

- Dung dudng trung truc cia OH, cét dudng tron tai A.

— Dung giao diém K ciua AH va dudng tron.

— Dung day BC la dudng trung truc cua HK.

Vi du 69. Cho tam gidc ABC vudng can tai A, diém D di chuyén trén canh
BC. Goi I va K theo thit tr la tam cdc dudng tron ngoai ti€p cdc tam gidic ADB
va ADC.

a) Chimg minh rang i gidc AIDK 14 hinh vuéng.

b) Tim vi tri ctia diém D dé hinh vuéng AIDK c¢6 dién tich nho nhat.

Gidi (h.88)

a) Theo lién hé gilra géc nodi tiép va géc
o tam, ta c6

AID = 2B = 2.45° =90°, \/,
AKD = 2C = 2.45° = 90°.

B C
H
Suy ra D
AK — 20° _ (0N° 0\ _ 100°
IAK + IDK =360" - (90° +90%) = 180" Hinh 88

Ta lai c6 AIAK = AIDK (c.c.c) = IAK =IDK = 90°.
Hinh chir nhat AIDK c¢é6 IA = ID nén la hinh vuéng.

78



h) SJ’\]DK = %AD.]K =%ADE > %‘»"kl"l2 (A]"l la duﬂmg cao cua .&ABC)

min Sy ;pk =-;-m~12 &> D la trung diém cta BC.

Vi du 70. Cho tam gidc ABC can tai A. Goi (O) la duong tron di qua A va
iép xic vai BC 1ai B. Goi (O") la dudmg tron tiép xic vai AB tai B va tiép xic véi
AC tai C. Goi I 1a giao diém (khdc B) cta hai dudng tron trén. Chimg minh ring
CI di qua trung diém cua AB.

Gidi (h.89)

Goi M la giao diém cua CI va AB. Ta
¢6 C\ va By 1a géc noi tiép va géc tao béi
1i€p tuyén véi diy chdn cung BI cua (O’)

nén C| = f?q.

AMBI va AMCB ¢6 M la géc chung,
Bi = C) nén AMBI v» AMCB (g.g)

= MB_M! o MB*=MIMC (1)

MC MB Hinh 89
Tacé A = B2 (g6c¢ ndi tiép va goc tao bai ti€p tuyén vai day cua (0)).

Mat khac, B2 =C> (g6c¢ ndi tiép va goc tao bai ticp tuyén vai day cha (0'))

MA M MAZ=MILMC. @)

= e =
MC MA

Tu (1) va(2) suy ra MA = MB.

Vay CI di qua trung di¢m cua AB.
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Vi du 71. Cho tam gmc ABC, dudng phan gldc AD. Cic di¢m E va F thugc
doan AD sao cho ABE = CBF. Chimg minh ring ACE = BCF.

Gidi (h.90)
Gia sir E nam gitra A va F. V& dudng tron
ngoai 1i¢p ABFFC cit AD ¢ K.

Ta cod fil = ﬁz = l?q nén

AABE  AAKC (g.g) = A2 = AL

AK AC
= AABK »» AAEC (c.g.c) = Kz =C;.

Ta lai co K2 =C> nén &| =C2 (dpcm).

Vi du 72. Cho tam giac nhon ABC. Dung
diém M trong tam gidc sao cho MAC = MBA
vd MAB = MCA.

Gidi (h.91)

Phan tich : MAC =MBA = AC I tiép K
tluyén cua duong tron (AMB). Hinh 90

MAB =MCA = AB la tiép tuyén cia
duong tron (AMC).

Cach dimg :

— Dung dudng tron (I) di qua B va tiép
xtic vdi AC tai A (I 1a giao diém cia dudmg
vuong goc véi AC tai A va dudng trung truc
cua AB).

- Dung duong tron (K) di qua C va
icp xic vai AB tai A. Giao diém khic A Hinh 91
cua hai dudng tron la diém M phai dung.

Vi du 73. Cho 1am gidc déu ABC canh a, néi ti€p dutmg tron (0), diém D di
chuyén trén canh BC. Goi E la giao diém thit hai cia AD véi dudng tron (O). Tim
vi tri cta diém D dé tich cdc ban kinh cia cdc dudng tron ngoai tiép tam gidc BDE,
CDE ¢6 gid tri 16n nhat.
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Gidi (h.92)

Goi (I : x), (K : y) Ia cic dudng tron ngoai ti¢p tam giic BDE, CDE. Ke¢

xV3

IH L BC.ta c6 BIH = BED = 60°nén BH = IBsin60" = ==

= OBH=%3 = BDwRD

Tk

Tuong v y = s nén Xy = LIS
e e Jg o S

Ty 2 .2
Ta lai c6 BD.CD < B2 :LD’ - dT

5 Hinh 92
max(xy) = ‘;'—7 & BD = CD ¢ D I trung diém ciia BC.

Vi du 74. Cho hai duong tron (O), (O°) ciat nhau ¢ A va B sao cho
OAO'=90°. Goi C la mot diém cia dudng tron (O’). Cic dudng thing CA, CB
cat dudng tron (O) ¢ diém thd hai D, E. Chimg minh rang DE la dudng kinh cua
dudng tron (0).

Gidi (h.93) .

Goi s0 do cung DE khong chira A la
m. s0 do cung nho AB cua dudng tron (O)
la n. X¢t hai truong hop :

— Truomg hop C & ngoai duong tron
(0) (h.93a). Theo tinh chat géc ¢6 dinh ¢
ngoai dudng tron ta 6 :

}

.’{(__:B = m-=n

Hinh 93a
= m=2ACB +n = AO'B + AOB = 180°

= DE la dudng kinh cua (O).

5.9 CO HINH HOC THCS-A 81



- Truong hop C & trong dudng tron
(O) (h.93b). Xét hai cung AB cua (O"),
20i s0 do cung nam ngoai (O) la p. s6 do
cung con lai la q. Theo tinh chat géc cé
dinh ¢ trong dudng tron ta ¢6 :

m-+n

ACB = — m=2ACB-n. Ké&

hop v6i 2ACB=p =360° —q
suy ram = (360" -q) = n Hinh 93b
= 360° - (q + n) = 360° = (AO'B + AOB)
= 360° - 180° = 180" = DE la dudng kinh ctia (O).

Vi du 75. Cho duong tron (O), hai duong kinh AB va CD vudng géc véi nhau,
di¢m M thudc cung nho BC. Goi E 1a giao diém cia MA va CD, F la giao diém
cua MD va AB. Ching minh rdng :

a) DEA = ADF ;
b) Khi M di chuyén trén cung nho BC thi dién tich wir gidgc AEFD khong doi.
Gidi (h.94)

- sdAD+sdCM _ 90° + sdCM

a) E| = > > (g6¢ ¢6 dinh & trong dudng tron).
Adl_)hF _ sdAC -: sdCM C "
- E

90° + sdCM ,
e T IOUL s

-3
2 A = B
N NI,

Suy ra E) = ADF (dpcm).

-~ ~ ~ — 1
b) Tacé D) =A; (=45°) va E; = ADF (cau a)
nén ADEA v»» AADF (g.g) .
DE AD Hinh 94

= — =22 = AF.DE = AD".
AD ~ AF

Do d6 Spppp = %AF.DE =%AD3 . khong déi.
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IIl. CUNG CHUA GOC

1. Cung chira géc dp dung vao chimg minh : Néu mot tir gidc ¢6 hai dinh lién
1i¢p nhin canh chira hai dinh con lai duéi hai géc bdng nhau thi bén dinh cia ur
gidc ndm trén mot dudng tron.

2. Cung chira géc dp dung vao quy tich :
- Qiy tich cdc diém nhin mot doan thing ¢6 dinh du6i mot géc o khong déi
(0° < 0. < 180") la hai cung chita géc o dung trén doan thing dé.

- Ddc biét : Quy tich cdc diém nhin doan thing AB ¢6 dinh duéi mot géc
vuodng la duong tron duong kinh AB.

Vi du 76. Cho nira dudng tron (O) dudmg kinh AB, I |12 diém chinh gilra cla
nua dudmg tron, diém M thudc cung Al. Goi H 12 hinh chiéu cba I trén AM, K 12
giao diém cua OH va BM. Ching minh ring uf gidc IHMK 14 hinh vuong.

Gidi (h.95)
Ti gidc AHIO ¢c6 AHI = AOI = 90°

nén A, H. I, O ndm trén dudng
tron duong kinh Al (*)

Suy ra 61 =;i|.

Ta lai ¢6 A1 =By (g6¢ noi tiép)

nén Oy =B, suy ra O, K, I, B thudc mot Hinh 95
dudmg tron, do d6 IKB = 0B =90°.

Ti gidc IHMK c¢6 H =M =K =90° nén Ia hinh chit nhat.

Do (*) nén OHA = OIA = 45°. Suy ra AKHM vuéng can. Hinh chir nhat
IHMK ¢6 MH = MK nén la hinh vuéng.
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Vi du 77. Cho tam gidc nhon ABC néi 1iép dudng tron (O), diém D thudc
cung nho BC (BD < DC). Vé diay DE song song vai BC, day Bl vuong géc véi AE
tai H. Goi K 1a giao diém cua ID va AC. Ching minh ring HK song song véi BC.
Giai (h.96)

C =1 (g6c noi tiép) (1)

DE //BC = BD=CE=12 = A,

= A, H, K, I thuéc modt dudng tron

o B e
= AKH=1,. (2) \/ \/

P b ST -
Tiu (1) va (2) suy ra C=AKH, lai & vi tri déng
vi nén HK // BC. Hinh 96

Vi du 78. Cho tam gidc ABC vuong tai A, diém [ thudc dudng trung tuyén
AM. Tia phén gidc cia géc IBC cit AC tai E. Goi K 1a hinh chiéu cua E trén B
Chimg minh rang tam gidc AIK 1a tam gidc can.

Gidi (h.97)
AAMC cantai M = A =C. (1)

Tt gide BAKE c6 BAE = BKE = 90°
nén B, A, K, E thuéc dudng tron dudng
kinh BE = A2 =B =B2. (2)

Tur (1) va (2) suy ra

IZII*—-*& +;"\2 =E‘+l§2 =A"E'i3. (3)

Hinh 97

Do B, A, K, E thuoc mot dudng tron nén AKB = AEB, tic 1a AKI = AEB. (4)
Tir (3) va (4) suy ra KAI = AKI = AAIK can tai I.

Vi du 79. Cho duong tron (O), duong kinh AB vuéng géc véi day CD tai M.
Goi E la diém thudc cung nho AC, I 1a trung diém cia BE, H la hinh chiéu cia A
trén DE. Chimg minh réng :

a) ADHM v»» ABEC; b) IC = IH.
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Gidi (h.98)

a) A, H,L M, D thuoc dudng tron dudng
kinh AD = H, =A,. (1)

Do AB L CD nén BC =BD suyra Ei = A,. (2)

Tu (1) va (2) suy ra ﬁ] = I:E|.
Ta lai ¢6 Dy =By nén ADHM «» ABEC (g.2).

b) Goi K 1a trung diém cia HD. Do MK va CI
la cdc dudng trung tuyén tuong Umg cua hai tam

gidc dong dang nén E| = i, . (3) Hinh 98

-~

MK 12 dudng trung binh cia AHCD = MK //CH= K, =H2.  (4)

Tir (3) va (4) suy ra 1) =Hz2 = E, H, I, C thudc mét dudng tron. Xét dudng
tron d6, do Ej = E2 neén IC = IH.

Vi du 80. Cho tam gidc déu ABC néi ti€p dudmg tron (O ; R), M Ia diém
chinh gitra cba cung nho AC. L4y diém K thudc canh BC sao cho néu goi I la giao
diém cua MK va AC thi CI = BK. Goi D la diém chinh giira cia cung nho BC.
Chimg minh ring :

a) DKM = 120°; b) CK = R.
Gidi (h.99)

a) ADBK vi AMCI c6 BK = CI (gia thiét),

B; =C (=30°, BD=CM (vi BD=CM)

nén ADBK = AMCI (c.g.c) = f); =M;.

Do B—.EE!I=EB+6| = 60"+ 30" = 90" nén

Ki=90° - M.

K> =ﬁ| +6| =30°+61 nén
Ki + K> =90° - M; +30° + Dy =120°

(vi Dy =M)) titc 1a DKM = 120°. (1)
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b) Ta c6 DOM =sdDM =120° . 2)

Tu (1) va (2) suy ra D, K, O, M thuéc mot dudng tron. Dudng tron nay ¢ tam
AC,viCD=CO=CM=R. SuyraCK =R.

Vi du 81. Cho tam gidc nhon ABC néi tiép dudng tron (O ; R), dudng cao AH.
Goi [, K theo thit tu 1a hinh chiéu cua H trén AB, AC. Biét dién tich tam gidc AIK
bang nua dién tich tam gidc ABC, tinh AH.

Gidi (h.100)

Tt gidc AIHK c6 AIH = AKH =90° nén A, 1, H,
K thuoc dudng tron duong kinh AH =1, =H;.

Két hop vai ﬁ| =E‘: (cung phu ﬁz ) suy ra i| =é|.
AAIK v» AACB (g.8)

:(Ai ]"=SMK_1 gl

AC
Ké dudmg kinh AD. Xét AAIH va AACD c6
1=C=90°, H3 =D (clng bing B) nén AAIH v»» AACD (g.8)

_ Al _AH_AH
AC AD 2R’

Hinh 100

(2)

Tir (1) va (2) suy r ‘;—I':=l=>AH=RJ§.

V2
" m e o A
Vi du 82. Cho tam giic ABC, B=35",C=30". m

Lay di¢m K thudc nira mat phang bd BC khong chita A
sa0 cho AKB=60", AKC=70°. Tinh goéc nhon tao B
bagi AK va BC.

Gidi (h.101)

Vé dudmg tron (O) ngoai ti€p AABC. Theo lién
hé gitra géc¢ ndi ti€p va géc ¢ 1am, 1a ¢6 : Hinh 101
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AOB=2ACB=2.30° =60°. AOC=2ABC=2.35°=70° nén O Ia giao
diém cla cung chira géc 60° vé trén AB va cung chia goc 70° vé trén AC. Do d6
O va K trung nhau.

Goi 1 la giao diém ciua AK va BC. AAKB can tai K ¢6 AKB =60° nén
KAB = 60" tic 1a TAB = 60°.
Vay AIB =180° - (60° +35°) =85°. Géc nhon tao bdi AK va BC bing 85".

Vi du 83. Cho dudng tron (O), diém A ndm ngoai dudng tron. Ké ti€p tuyén
AB véi dudng tron (B 12 tiép diém). Mot dudng thing chuyén dong ludn qua A cit
dudng tron (0) & M va N. Tim quy tich truc tam H cia tam gidc BMN,

Gidi (h.102)

Phan thuan: Lady C doi ximg véi O
qua MN. Dé chimg minh BH = OC. Ta lai
¢6 BH // OC nén HBOC la hinh binh hanh.

V& hinh binh hanh AOBK. Dé chitng
minh AKHC la hinh binh hanh nén
KH = AC = AO. biém H cich K ¢6 dinh
mot khoang bang AO (dat bang d) khong
déi, nén H chuyén dong trén dudng tron
(K:d).

Giagi han : Khi AMN trung véi AB thi
H twung H, (H, thuéc tia OB va
OH, = 30B). Diém H chi chuyén dong
trén cung H,H, cia duong wron (K : d), G Hinh 102
cung H,H, nhian KB lam truc d6i ximg).

Phan dao : Ban doc wr giai.

Két ludn : Quy tich cua H la cung H,H, cia duong tron (K : d).

Liae ¥ : Ta ¢6 thé phdt hién quy tich cia H nho phép tinh tién : H la anh cua C
trong phép tinh tién theo vec-to OB. Quy tich clia C la cung C,C, cua dudng tron
(A; AO). Tinh tién cung C,C, theo vec-t0 OB, ta duge cung H H, (diém K vé
thém Ia anh ctia diém A trong phép tinh tién do).
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Vi du 84. Cho dudng tron (O ; R), diém A ¢6 dinh ¢6 OA = 2R. Dung dudng
kinh BC sao cho BAC =45".

Gidi (h.103)

Cdch dimg : Dung theo thir e nguge. Trude hét ta dung & mot hinh riéng
(h.103a) :

B

a) b)
Hinh 103
— Dung doan thing B’C’ = 2R. Dung cung B'mC’ chita géc 45°.

— Dung trung diém O cua B'C’. Dung dudng tron (O’ ; 2R) cat cung B'mC’
oA

Sau do6 dung vao hinh da cho (h.103b) :

Dung duong tron (A : A'B’) cit (0).¢ B. Dung dudng kinh BOC.

Cluing minh : AAOB= AAO'B’ (c.cc) = B=B.

AABC = AA'B'C' (c.2.c) = BAC=BA'C =45".

BAI TAP

Géc & tam. Cung bi chin

120. Cho dudng tron (O : R). hai day AB va CD vuoéng géc voi nhau tai diém |
nam trong dudng tron. Tinh 16ng binh phuong bon canh cia wr gidac ACBD.
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L2k,

122,

Cho dudmg tron (O), M 1a diém chinh gilta cung AB. K¢ day MC cit day AB
¢ D.

a) N¢u ciach dung dudng tron (I) di qua D va tiép xic trong vdi dudng tron (O).
b) Chimg minh ring dudng tron (I) tiép xdc véi AB tai D.

Cho tam gidc ABC vuong tai A. O phia ngodi tam gidc-ABC vé céc nira
dudmg 1ron ¢6 duong kinh 1a AB, AC. Mot dudng thang d di qua A cat cic
nirta dudng tron trén theo thir tu ¢ D, E. Tim vi tri cia dudng thing d dé wi
gidc BCED ¢6:

a) Dién tich 16n nhat; b) Chu vi lén nhat.

Goc ndi tiép

123.

124.

125.

126.

-
]
~

Cho hai duong tron bang nhau (O) va (O’) cit nhau tai A va B. Day BC cua
dudmg tron (O) cit dudng trdon (0’) ¢ E nam gitra B va C. Dudng thing di qua
A va vuong géc vdi BC cit céac dudng tron (O) va (O°) ldn lugt ¢ D va K
(khic A). Chimg minh rang CDEK la hinh thoi.

Cho hai dudmg tron (O), (O’) cit nhau & A va B, trong dé O’ thudc dudng
tron (0). Day AC cua duong tron (O) cat duong tron (O’) & M nam giira A va
C. Goi N la giao diém thi hai cua CB va dudmg tron (O’). Chimg minh rang
OC vuong goc véi MN,

Cho tam giac ABC ¢co A= 60°, truc tam H néi tiép dudng tron (0). Goi D 1a
diém chinh gitra ctia cung nho BC. Chimg minh rang O d6i ximg véi H qua AD.
Cho dudng tron (O). day AB, C la diém chinh giira cia cung nho AB. Goi
M lia trung diém cia OC. V& day BD di qua M. Ching minh ring
AD = 2(MD - MB).

. Cho tam gidc ABC noi tiép duong tron (O ; R) ¢6 duong phdn giic AD tao

v6i BC goc 45°. Tinh 16ng AB® + AC’.

128. Cho dudng tron (O), dudng kinh AB = 2R. Mét day CD cét dudng kinh AB &

129.

M va AMC = 45° . Tinh t6ng MC? + MD?.

Cho hai dudng tron (O ; R) va (O ; r) cét nhau tai A va B, trong d6 O’ thuée
dudmg tron (O). V& day CD cua duong tron (O) tiép xdc vai dudmg tron (O7).
Tinh tich O'C.O’D. '
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130.

131.

132.

135.

136.

Cho tam gidc ABC néi tiép duong tron (O). Dudng tron (I : r) ndi ti€p tam
gidc ABC. Goi D la giao diém thir hai cua Al véi dudmg tron (O). Ching
IB.IC

minh rang =2r

Cho tam gidc ABC, truc tdm H noi ti¢p duong tron (0). Goi D, E, F theo thi
tu la tam dudmg tron ngoai ti¢p cdc tam giac HBC, HAC. HAB. Ching minh
rang cdc dudong thang AD, BE, CF déng quy.

Cho tam gidc déu ABC ngi 1iép dudng tron (O). diém M thudc cung nho
BC (M khdc B. khdc C). Goi I 1a trung diém cta BC. Chimg minh ring
MA > 2Ml. '

. Cho tam giac nhon ABC noi ti¢p duong tron (O). cic dudong cao BE va CF

cit nhau & H. V& day BD cit doan thang CH tai K nam giita H va C. Goi G la
giao diém cta CD va BE. Chimg minh rang FE di qua trung di¢m cua GK.
Hiong dan : Qua K ké dudng thang song song véi BE, cit FE ¢ N. Ching
minh raing KN = EG.

. Cho tam gidc nhon ABC, BC = a, AC = b, AB = ¢. Duong tron (I) néi ti¢p

tam gidc ABC ¢6 cdc tiép diém trén AB, AC theo thi e 1A E, F.

-

-

a) Ching minh ring bang Ui $6 Sy * Sapc-

b) Lap mot h¢ thic gitra IA. IB. IC va a, b, c.

Cho tam gidc ABC noi tiép dudng tron (O : R), goi (K : k) [a dudng tron bang
liép trong goc A.

a) Goi I 1a giao diém cta tia phan gidac goc ABC véi AK. Chimg minh ring
bon di¢m B, I, C, K thuéc mot dudmg tron.

b) Chimg minh h¢ thirc KA. KB.KC = 4RK".

Cho tam gidc ABC noi ti¢p dudng tron (O : R). Goi R,. R,, R theo thir ty la
ban kinh cic dudng tron bang ti¢p trong cdc goéc A. B, C. Goi r 1a ban kinh
duong tron noi i¢p tam gidc ABC. Chimg minh h¢ thic 4R =R, + R, + Ry —r.

137. Cho tam gidc nhon ABC néi tiép dudng tron (O), cac duong cao AD, BE, CF
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rang :



138.

)AK BM _ CN S b)AD BE  CF_ 9
AD BE cr ' AK BM cw 4

Cho tam gidc ABC ni tiép dudng tron (O ; R) ¢6 B=18°,C =36°, BC = a,
AC=b.

a) Chimg minh ring a — b =R va ab = R’

b) Tinh a va b, bi¢t R = 2 ¢cm (khong dung mdy tinh, bang s0).

139. Cho tam gidc nhon ABC noi ti¢p dudng tron (O). Cic dudng phan gidc cua

cac goc A, B. C cat duong tron (O) theo thirtu & D, E, F. Goi A’, B', C’ theo
thir tu la tam cdc dudng tron bang tiép trong cac goc A, B, C. Goi dién tich
tam gidc ABC Ila S, dién tich luc gidic AFBDCE la §,, dién tich tam giac
A'B’C’ 1a S’. Chirg minh rang :

a) §, 2 28; b)S’ =28, c) S’ 248S.

140. Cho nira duong tron (O) dudng kinh AB = 2R. Dung dié¢m C thudc nita dudng

tron sao cho néu goi H la hinh chi¢u cua C trén AB, D la hinh chi¢u cia H
trén AC thi O la hinh chiéu cta D trén AB.

Géc tao bdi tia tiép tuyén va day
141. Cho nira dudng tron (O) dudng kinh AB, diém C thudc nira dudng tron, D 1a

142,

143.

diém chinh giita cta-cung AC. K¢ day DE song song véi AB. Tiép tuyén tai
E cit AB 0 K. Goi 1 12 giao diém cua DE va AC. Chimg minh rang DI = BK.
Cho tam gidc ABC noi tiép dudng tron (0), céc diém D va E thudc canh BC
sao cho BAD = CAE . Chimg minh rang duong tron ngoai tiép tam gidc ADE
iép xuc trong véi dudng tron (O).

Cho hinh vuong ABCD. V¢ ¢ trong hinh vuong cung AC cla dudng tron

* (B : BA). Qua di¢ém M thudc cung dé, ké tiép tuyén véi duong tron (B : BA),

144.

cat AD va DC theo thit v ¢ E va F.

a) Goi I la 1am dudng tron noi 1iép tam gidc DEF. Ching minh rdng
AIEF «v» AMCA.

b) Chimg minh rang Sy < Syica-

Cho dudng tron (0), diém A nam ngoai dudng tron. K¢ cdc ti€p tuyén AB,
AC véi duong tron (B va C la cdc tiép diém). Dung diém M thudc dudmg tron
(0) sao cho 16ng cdc khoang cdch tir M dén AB va AC gap doi khoang céch
wr M dén BC.
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Goéc co dinh & trong, & ngoai dudng tron

145. Cho tam gidc ABC ndi ti€p duong tron (O). Cic dudng phan gidc cia cic goc
A, B, C cit nhau tai I va cit dudmg tron ngoai 1i€p theo thir w ¢ D, E, F.
Chimg minh rang I la truc tam cua tam gidac DEF.

146. Cho tam gidc ABC noi ti¢p dudmg tron (O), diém D thudc cung AB. Ké day
DE vuong goc vai OA. Goi M la giao diém cia BD va CA, N 1a giao diém
cua BA va CE. Chung minh rang MN song song véi DE.

147. Cho dudmg tron (O : R), cdc day AC va BD vuong géc véi nhau tai diém [
nam trong dudng tron (O nam trong tam gidc CID). Chimg minh rdng cic
tam giac AOB va COD ¢6 dién tich bang nhau.

Cung chira goc

148. Cho nua duong tron (O) duong kinh AB, bdan kinh OC vuéng goéc véi AB,
diém D thudc cung AC. Cic tiép tuyén véi dudng tron tai A va D cét nhau ¢
E. Goi H la hinh chiéu cua E trén OC. Ching minh ring ba diém D, H, B
thing hang.

149. Cho tam gidc nhon ABC ¢6 A =0, diém I ndm trong tam gidc. Goi D, E, F
theo thit ty 1 hinh chicu cta I trén BC, CA., AB. Tinh hi¢u BIC — EDF.

150. Cho tam gidc ABC (AB < AC), I 1a giao diém cdc tia phan gidc cha cic goc B
via C. Goi D 1a hinh chi¢u cua I trén AB, E la hinh chi¢u cua I trén AC. Céc
duong thing BI. CI cit DE theo thir ty ¢ K, G. Goi M la trung diém cua BC.
Ching minh ring MG = MK.

151. Cho hai dudng tron (O) va (O’) cit nhau tai A va B. Ké tiép tuyén chung CD
cua hai duong tron, C € (0), D € (O"), B gan CD hon A. V¢ day BE cua
dudng tron (O) tiép xuc vai dudomg tron (O°). VE day BF cua duong tron (O°)

1iép Xidc vai dudng iron (O). Goi 1 1a giao diém cia CB va DF, K 1a giao diém
cua DB va CE. Chimg minh ring nam diém A, C, D, I, K thuoc mdt dudmg
tron.

152. Cho tam gidc nhon ABC. truc tam H, diém D thudc tia d6i cia tia BA. Puong
vuong goc véi AD tai D cit AC ¢ E. Trén tia AC ldy diém F sao cho
AF = CE. Goi K 14 hinh chi¢u cta F trén BC. Ching minh ring bon diém D,
B, H. K thuéc mot duong tron.

153. T gidc ABCD ¢6 A =C =90°, D =135. Biét BD =4 cm, tinh AC.



154.

155.

156.

157.

158.

159.
160.

Cho dudng tron (O), D 1 diém chinh giita ctia cung nh6 BC. Diém A thudc
cung lén BC (A va C ndm cung phia déi v6i OD). Goi M la giao diém cua
OD va BC. Dudng thing di qua M va song song vdi DA cit BA ¢ F. V@ hinh

binh hanh CMFK. Chimg minh ring DAK = 90°.
Huomg ddn : V& dudmg kinh DOE. Chimg minh ring ba diém K, A, E thing
hang.

Cho dudng tron (0), day BC khong di qua O. Diém A chuyén dong trén cung
I6n BC. V& duong tron (I) di qua B va ti€p xic vi AC tai A. Vé dudng tron
(K) di qua C va tiép xic v6i AB tai A. Goi D la giao diém thir hai cua hai
duong tron (I) va (K). Chimg minh réng :

a) Bon diém B, D, O, C thudoc mot dudng tron;

b) Budng thang AD luon di qua mot diém ¢d dinh.

Cho hai dudng thing song song a va b. Diém A ¢6 dinh thoc dudmg théng a,
diém B di chuyén trén dudng thing b. Pudng vuong géc véi AB tai B cit
dudmg thing a & C. Trén nira mat phing khong chita B ¢6 b a, vé tia Cx sao
cho ACx =2BAC. Tim quy tich hinh chiéu H cda A trén dudng thing Cx.
Cho dudng tron (O ; R), diém A ndm ngoai dudng tron, OA = 2R. Diém M di
chuyén trén dudng tron (O). Tia phan gidc cia goc AOM cit AM & D. Tim
quy tich cua diém D.

Cho dudmg tron (0). day AB, C la diém chinh giita ctia cung nho AB. Diém
M di chuyén trén doan thing AB. V& day CD di qua M. Goi (I), (K) theo thir
tr 1a dudmg tron ngoai 1iép cdc tam gidc AMD, BMD. Goi N 1a trung diém
cua IK. Tim quy tich cia N,

Dung tam gidac ABC, biét A=, duong cao AH = h, chu vi bang d.
Cho doan thing AB, diém M di chuyén ndm giita A va B. V& vé mot phia cta

AB céc hinh vuong AMCD, BMEF. Goi K 1a giao diém cua cdc dudng tron
ngoai tiép hai hinh vuong do.

a) Diém K di chuyén trén dudng nio ?
b) Ching minh ring dudng thing KM luon di qua mt diém ¢6 dinh.
¢) Tim vi tri cba diém M dé do dai KM 16n nhat.
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Chuyén dé 8
TU GIAC NOI TIEP PUONG TRON

TONG QUAN VE CHUYEN DE

T gide nodi ticp la mot cong cu dac biét quan trong trong cdc bai todn vé
dudng tron cling nhu trong cdc bai todn ma dé bai khong dé cap dén dudmg tron.

Cic bai todn vé ur gidc noi tiép trong chuyén dé nay gém ¢6 :

= T gidc noéi tiép, tinh chat va cdch nhan bidl, bao gédm cdc bai todn vé chimg
minh mot wr gidc nodi 1iép va van dung céc tinh chat cha ur gidc noi 1iép dé chimg
minh hai doan thang biang nhau, hai géc biang nhau, hai dudng thing vuong goc,
hai dudng thing song song. cdc diém thing hang....

- Sir dung h¢ thie lugng trong dudng tron vao i giac ndi tiép : Tir cac diém
thudc dudng tron suy ra cdac hé thic, tir cdc hé thic chimg minh cdc diém thudc
mot dudng tron.

~ Chuyén dé cling giGi thiéu nhimg chum bai 1ap ¢ gia thiét gan nhau thuong
gap, nhu bai todn ¢6 tam gide va cdac dudng cao, bai todn ¢6 hai 1iép tuyén va mot
cdt tuyén ké tr mot dicm, bai todn ¢6 1 gidc ndi Liép va giao diém cua cdc dudng
thang chira cic canh doi d¢ khi gap cdc bai todn dang nay, ta nhd dén nhimg bo dé
quen thude gitp tim ra cich giai.

Vai nét lich su
BAI TOAN NA-PO-LE-ONG
Na-po-1¢-0ng Bo-na-pac (Napoléon Bonaparte 1769 - 1821), Hoang dé Phip,
khong chi gioi vé quan sy va kinh 1€ ma con rat yéu thich todn hoc. Bai todn dudi

day va mot vai bai todn khéc, duge goi la bai toan Na-po-1¢é-0ng.

Thuc ra, dé 1a bai 10dn cia nha todn hoc I-ta-li-a Mac-sé-r6-ni (Lorenzo
Muascheroni 1750 - 1800). Na-po-1¢-6ng da gap nha todn hoc nay trong chuyén
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vien chinh ¢ I-ta-li-a va da gidgi thi¢u cuén “Hinh hoc véi chiéc compa™ cua
Mac-s¢-ro-ni vai Vién Han lam khoa hoc Pa-ri.

Lorenzo Mascheroni Napoléon Bonaparte
Bai 10dn chia dudng tron thanh bon phéan véi chiéc compa nhu sau :

Cho mot duong tron va tam O cia né. Chi dung mot chiéec compa, hdy chia
dudmg tron d6 thanh bon phdn bang nhau (e la hdy dung hai diém sao cho
khoang cach gitra ching la do dai canh cua mot hinh vuéng ndi tiép dudng tron).

Giai (h.104)

Goi R & bian kinh cua dudmg tron (O). Ding
compa. dung cic diem A, B. C. D trén duong
tron sao cho AB=BC =CD =R.

Dung cic cung cua dudng tron (A ; AC) va
(D : DB). ching cat nhau ¢ E. Do dai OE la do
dai canh cua hinh vuong ndi ti¢p dudng tron.

Budmg tron (A : OE) cat (O) ¢ M, N. Ciéc
di¢cm A, M, D, N chia duong tron (O) thanh bon
phan bang nhau.

-
e
-

Chimg minh : AEAD can tai E, dudng
trung tuyén EO la dudng cao nén

OE? = AE2 - 0A? = AC? - 0A? Hinh 104

= (RV3)* = R?=2R? = OE = RV2.
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. TU GIAC NOI TIEP : TINH CHAT VA CACH NHAN BIET
1. Tir gidc ndi tiép la ur gidc ¢6 bon dinh thudée mot dudng tron.
2. Trong mot wr gidc noi ticp, cac goc doi bu nhau (do dé mot géc cha ur gide
ndi 1iép bang géc ngoai tai dinh doi dién).
3. Mot ur gidc 1a ndi tiép néu ¢6 mot trong cédc diéu Kién sau :

~ C6 mot diém cdch déu bon dinh cua 1 gide (dung dinh nghia dudng tron);
— C6 hai dinh lién tiép nhin canh n6i hai dinh con lai du6i hai géc bang nhau
(dung cung chua goc);

— C6 hai géc doéi bu nhau;

— C6 mot géc bang goc ngoai tai dinh doi dién.

Ngoai ra, con ¢6 thé dung cdc hé thic dé chimg minh wr gidc ndi tiép (xem
Muc 11. Siwe dung hé thuee lwomg trong dicong tron).

BIKC la t gidc ndi tiép.

Vi du 85. Cho tam gidic ABC vuong tai A, duong cao AH. Goi 1. K theo thir
la giao diém cdc dudong phan gide cua cdc tam gidgc AHB. AHC. Ching minh ring

Gidi (h.105)

Xét Iiﬁ(+é| =i| +i3 +&|.

(1)
I =90“+%=90“+

)

re (2)
AAHB v» ACHA (g.g). I va K la giao

L

diém cdc dudong phan gidc nén -—[-l-l—- bang ti s6 B

dong dang —li]— HA

=—2 lai ¢6 IHK =90° nén
HK HC

Hinh 105
A THK o0 A AHC (c.g.c) = l2=A2=B. (3)

-

Tir (1), (2) va (3) suy ra BIK + C| =90° +E+i§+; =90° + B+C =180°
= BIKC la ut gidc noi tiép.



Vi du 86. Cho tam giic ABC vuong tai A, duong cao AH. Goi O, I, K theo
thir tr 12 giao diém céc dudng phan gidc cia cdc tam gidc ABC, AHB, AHC. Goi
D. E theo thir tu 14 giao diém cua Al, AK véi BC.

a) Chimg minh rang nam di¢m D, [, O, K, E thuéc mot dudmg tron.
b) Tinh dudng kinh cia dudng tron dé theo cdc canh cia tam gidc ABC.

Gidi (h.106)

a) Ta c6 BAE phu As, BEA phu A3
ma ;’;3=R4 nén [ﬁ=§€:&

= ABAE can tai B, do d6 duong phan
gidc BO la dudng trung truc cua AE.

Tuong tv CO la dudng trung truc cua B
AD. Suy ra O l1a tAm dudng tron ngoai 1iép

AADE = DOE =2DAE =2.45° =90°. (1)

ABAE can tai B ¢6 I thuoc truc déi xing BO cia tam gidc nén é| =R1
(doi ximg) ma ;;‘1 =E‘| (do BAH = ACH ) nén I:Z; =E‘| , suy ra EI // CO. Ta lai c6
CO L AD nén EI L AD, titc Ia DIE=90°. (2)

Tuong DKE =90°. (3)

Tir (1), (2) va (3) suy ra D, I, O, K, E thudc dudng tron duong kinh DE.

b) DE = BE + CD - BC = BA + CA - BC.

Vi du 87. Cho tam gidc nhon ABC nodi ti€p dudng tron (O), duong cao AH.
Goi Bx, Cy la cdc 1i€p tuyén cua duong tron, D la hinh chiu cia A trén Bx, E 1a
hinh chiéu cta A trén Cy. Goi I 1a giao diém cia AB va HD, K la giao diém cua
AC va HE. Chimg minh rang :

a) AIHK la uf gidc noi tiép; " b) IK song song véi BC.
Giai (h.107)

a) T gidc AHBD néi tiép

— AHD =ABD ma Ci = ABD (g6c noi ti€p va goc tao boi ti€p tuyén véi
day cung chin AB)nén AHD =C,.
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Tuong tu Aﬁ = ﬁl .

Suy ra AHD + AHE + BAC

=C; + B, + BAC =180°

= [HK + IAK =180°

= AIHK la ut gidc ndi ti€p.

b) AIHK la uf gidc noi tiép Hinh 107

= I =AHK , ma AHK =B, nén 1; =B,. Suy ra IK // BC.

Vi du 88. Cho dudng tron (O), day BC, diém H ndm giita B va C. Dudng
vuéng géc véi BC tai H cét cung 16n BC & A. Ké day AD song song véi BC. Ké

day DK di qua H. Ké dudng kinh AE, cit BC ¢ I. Ké day KF di qua I. Goi M la
giao diém cia AF va BC. Ching minh ring ME la tiép tuyén cta dudng tron (O).

Gidi (h.108)

i A D
D=H, (vi AD// BC)
1
D = AEK (gbc n¢i ti€p chin cung AK)
-~ p— F
nén i, = AEK o
-~ —~ B H : l
= IHKE la tit gidc noi tiép = H2 =K. C M
= s ) 1

Ta lai ¢c6 K| =A, (géc noi ti€p chin K -
‘ung EF) nén Fl =E
Mgt S Hinh 108

= AHEM la uf gidc noi tiép (theo cung

P

criui 566}
— AEM = AHM =90° = ME Ia ti€p tuyén cua (O).

Vi du 89. Cho hinh thang ABCD noi ti€p dudng tron (O) c6 ddy 16n CD
khong qua O. Pudng vuodng géc véi AD tai D va dudmg vuodng géc véi BC tai B ciét
nhau ¢ E. Chimg minh rang EO song song véi AB.

Gidi (h.109, hinh vé img véi diém O ndm trong hinh thang; trudng hop con lai
chimg minh taong tu).
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Goi K la giao diém cia AD va BC.

Ta ¢6 DAB=ABC va OAB=0BA nén hiéu
cta ching la A =B;.

Ta lai ¢6 A; =ODA nén By = ODA

= ODKB Ia t gidc noi tiép. (1)

KBE = KDE = 90°

= KBDE la uf gidc noi ti€p.  (2)

Tur (1) va (2) suy ra K, B, O, D, E thuéc mét
dudng tron

= KOE = KBE = 90°.
Két hop véi KO L AB suy ra EO // AB.

Hinh 109

Vi du 90. Cho tam gidc ABC ¢6 AB < AC, diém D thudc dudng trung tuyén
AM. Dudng thang di qua D va vuéng géc v6i BC cit tia phan gidc clia géc BAC
tai E. Goi H va K theo thit tu 12 hinh chiéu cta E trén AB va AC. Chimg minh rdng
ba diém H, D, K thing hang.

Gidi (h.110)

Qua D ké dudng thing song song véi BC,
cit ABva AColvaN.

Do MB = MC nén DI = DN. (n

DE L BC, BC//IN nén DE L IN. (2)

Tir (1) va (2) suy ra A EIN can,

EI = EN. (3)

AE la tia phan giéc géc A nén EH = EK. (4) Hinh 110

T (3) va (4) c6 AEHI = AEKN (canh
huyén-canh géc vuong) = EIH=ENK. (5

Ta lai c6 EIH = EDH (uf gidc EHID noi tiép), ENK b EDK (tir gidc EDKN
noi ti€p) nén tir (5) suy ra EDH b EDK . Do dé H, D, K thing hang.
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Vi du 91. Cho hai dudmg tron (0) va (O) cét nhau & A va B, OAO'=90°. K¢
cat tuyén chung CAD, A ndm gita Cva D, C € (0), D € (O’). Ké day AG cua
dudng tron (O’) cét cung AB clia dudmg tron (O) & H (khédc A).

a) Tinh g6c GBH.

b) Goi I 1a trung diém cua GD, K 12 trung diém cta CH. Tinh géc IBK.

Giadi (h.111)
a) G = A0'0 (cung béng %M)

BHG = ACB (ACBH noi
tiép) = AOO' (cing bang

] -

—AOB)
2

nén 61 +BI-TB

= A0'0 + AOO' =90°.

Viy GBH = 90°.
b)&1=ﬁ|=6|. Hinh 111 _

BHC = BAC (géc n6i ti€p) = BGD (ABGD noi tiép) nén ABHC v» ABGD (g.2)
= HBK = GBI (BK va BI la cdc trung tuyén tuong ing)
= HBK + HBI =GBI + HBI = IBK = GBH.

Ta lai c6 GBH = 90° (cau a) nén IBK = 90°.

Vi du 92. Cho hai dudng tron (O) va (O’) cit nhau & A va B. Ké cdt tuyén
chung CAD, C € (0), D € (O’). Dudng vuong géc v6i O’A tai A cét BC o M.
Dudng vuong goc véi OA tai A cit BD & N. Chitng minh ring :

a) A, M, B, N thuéc mét dudng tron;
b) MN song song véi CD.

Gi@i (h.112, hinh vé img véi A ndm giira C va D; trudng hop con lai tuong ty).
a) Theo lién hé gilra goc tao bai ti€p tuyén véi day va goc ndi tiép, ta ¢
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;;u =(ﬂ:.;';.3 = 6 nén

MBN + A + A2

=CBD+C +D=180°

=> AMBN Ila ur gidc noi tiép.
b) Tir gidc AMBN néi ti€p

-

—- ﬁ] = A,

Hinh 112

-~

Talaicé A2 =D nén N; =D.
Suy ra MN // CD.
Vi du 93, Cho diém A ndm ngoai dudng trdon (0). Ké cdc cdt tuyén ABC,

ADE véi dudmg tron, B ndm giita A va C, D ndm giita A va E. Goi F 12 giao diém
(khdc A) cua cdc dudng tron ngoai tiép cic tam gidc ABE, ACD.

a) Goi H va K theo thif ty 12 trung diém cia BC va DE. Chimg minh rang t
gidc AHFK néi tiép. :
b) Tinh géc AFO. .

Giai (h.113)
a) ABFE la ur giac noi tiép

= B =E. ADFC Ia tf gisc A

ndi tiép = Dy =C.

Suy ra ABCF «»» AEDF
(g.2), ma FH va FK la cdac duong
trung tuyén tuong Ung nén

BHF = EKF = AHFK 1 w gidc
ndi tép.

b) AHFK la wr gidic noi ti€p, AHOK la tr gidic noi tiép (vi
AHO = AKO = 90°) nén A, H, O, F, K thudc dudmg tron dudng kinh AO. Suy ra

AFO =90° .

Hinh 113
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Vi du 94. Cho hai dudng tron (O) va (O’) cét nhau & A va B. Ké ti€p tuyén
chung CD, C € (O), D € (O’), B gan CD hon so v6i A. Dat BCD = o, BDC =0,
Ké day BE cta dudng tron (O’) vudng géc v6i OB tai B. Goi I 12 giao diém cia CB
va DE. Tinh BID va BAL

Gidi (h.114)

C2 = ABE (géc noi tiép va géc tao boi
tiép tuyén véi day) = D2 (gbc noi ti€p)

= ACDI la ur gidc ndi tiép

= BID=CAD=A| .+ A2

=6|+61=a+ﬂ' Hinh 114
Ta co 33 =é| (ACDI néi ti€p) nén ﬁIl=Ez +33 =6| +&1 =B +a.

Vi du 95. Cho nira dudng trdn (O) dudng kinh AB. Qua diém C thudc nira
dudng tron, ké ti€p tuyén d. Ké hai dudng thing song song AA’ va BB’ bat ki, cit
d theo thit tv & D va E. Chimg minh ring AB 12 ti€p tuyén cia dudng tron dudng
kinh DE.

Gidi (h.115)

Goi M la trung diém cta DE.

Ké MH L AB. Ta s€ chitng minh
MH = MD = ME bing cich ching
minh DHE =90°.

Gia sir M nam giira C va E, céc
truong hop khéc tuong tu.

OCMH la uf gidc noi ti€p

A O H B

— CHO =CMO. (1)

OM la dudng trung binh cua
hinh thang ADEB

Hinh 115

— OM // BE = CMO = CEB. 2)
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Tir (1) va (2) suy ra CHO =CEB = CHBE la uf gidc noi tiép = Cﬁi =l§1.
Tuong tu CDH = R; .

Suy ra CEH + CDH =By + A; =90° = DHE = 90°.

Tam gidc DHE vuong tai H ¢6 HM la dudng trung tuyén nén HM = MD = ME.
Pudng tron duong kinh DE ¢6 tam M, lai ¢c6 AB L MH tai H nén AB Ila ti€p

tuyén cua dudng tron.

Vi du 96. Cho tam gidc ABC, tia phan gidc cdc géc B va C cit nhau tai 1. Goi
H 1a hinh chiéu cuta C trén BI, K 1a hinh chiéu cua B trén CI, D la hinh chiéu cua |
trén BC. Goi M 14 trung diém cia BC. Chimg minh ring bon diém D, K, H, M
thugc mét dudng tron.

GiGi(h.116, hinh vé mg véi AB < AC, céc
trudng hop khac tuong tu).

ABHC vuoéng tai H ¢c6 HM la dudng trung
tuyén = AMBH can tai M.

—

M, = 2B, = ABC. (1)

A

BKID Ia 1t gidc noi ti€p = K, = By.

BKHC la tr gidc noi ti€p = K2 =By

Suy ra ﬁ| +ﬁ2 =2B, =ABC tic I
DKH = ABC . (2)

A
Tir (1) va (2) suy ra M; =DKH = DKHM la t&
gidc noi tiép. |
Vi du 97. Cho tam gidc ABC can tai A. Puong M
tron (O) ti€p xic véi AB tai B va tiép xic véi AC tai C. \

E
Goi D 1a diém thudc cung nhé BC (CD < BD ). Goi E X
/!

Hinh 116

la giao diém cia CD va AO. Dudng thing di qua E va
song song v6i BC cit AB & M. Chimg minh ring MD
1a ti€p tuyén cuia dudng tron (O). X

Gidi (h.117)

ME // BC => EMB =CBx, ma CBx = CDB (géc
tao bai ti€p tuyén vai day va géc noi ti€p) Hinh 117
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nén EMB =CDB = EMBD Ia t gidc noi tiép. (1)
EMBO c6 OEM +OBM =90° +90° =180° nén Ia tir gidc ndi tiép.  (2)
Tu (1) va (2) suy ra ndm diém E, M, B, O, D thudéc mét dudng tron

= ODM =OEM =90°.

Vay MD la tiép tuyén cuia (O).

Vi du 98. Cho tam gidc ABC vudng can tai A, diém I thudc dudng cao AD.
Goi H, K theo thir tu 1 hinh chiéu cia I trén AB, AC. Goi E 12 giao diém cua Bl va
DK. Chimg minh rang I 12 giao diém céc dudng phan gidc cia tam gidc DHE.

Giai (h.118)

T gidc AHIK la hinh vuong nén
H déi ximg véi K qua AD

= Dy =Da, Hi =K.
T gide BHID noi tiép

= By = D) = D2 => ABDE noi tiép

Hinh 118

— AEB = ADB = 90°.
Do dé A, H, 1. E, K thuoc dudng tron dudmg kinh Al = K; = Ha.

Vay ﬁ| = Flz. .

Tam gidc DHE ¢6 Dy = D2, Hi =Ha nén I [a giao diém cdc dudng phan gidc.

Vi du 99. Cho dudng tron (O). Dudng tron (O) di qua O va cét duong tron
(O) tai A va B. Vé duong kinh OC cia duong tron (O’). VE day BD cia dudng tron
(O) la ti€p tuyén cua duong tron (O’). Goi giao diém thit hai cia CD v6i dudng
tron (O) va duong tron (O’) theo thit tr 1a H va E. Chimg minh ring :

a) EC la tia phan gidc cua géc AEB; b) AE song song véi HB;

¢) AH = EH.

Gidi (h.119)
a) A doi ximg véi B qua OC
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=>E:_E.=Eﬁ=> é|=[i3.

b) Theo tinh chat géc ngoai cua
tam gidc, ta ¢o

E2=6| +ﬁ|.ﬁ| =l§3 +E|.

Ta lai ¢6 BD la tiép tuyén cua
(O0’), BC la ti€p tuyén cua (O) nén p

Dy =Bz, B =Ci.

Suy ra f:z = Fh. Ta lai ¢6
E'.| = ﬁz (cau a) nén El = ﬁl Hinh 119

= AE // HB.

¢) Do AE // HB (ciu b). goi I la giao diém ctia BH va (O’) thi AEBI 1a hinh

thang can = I =EBH. (1)
AHI = ADB (ADBH noi tiép) =0) =E; =H;. (2)
- & . AH Al
Fr (1) va (2) suy ra AAHI v» AEHB (g.g) = ﬁ =ﬁ =1. Vay AH = EH.

Vi du 100. Cho tam gidic ABC ndi tiép duong tron (O), BC=a, AC=b, AB=c.
Goi d 12 1iép tuyén tai A cta dudng tron (0). Lay diém D thudc cung BC khong
chira A sao cho cdc tia DB va DC cit d, goi cdc giao diém dé theo thi tu 1a M

va N. Tinh t6ng i T a. b, c.
AM AN

Gidi (h.120)

bat AM =m, AN =n.
Tacé Ay =C; (cung bing
nira s6 do cung AB). D¢ tao

ra tam gidc dong dang vai
AAMB, 1a lay I'trén BC

sa0 cho (SE] = ﬁ .
ACAl vo» AAMB (g.g)

AC IC

= —=—

AM AB

Hinh 120
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©
+M+N=180° (xét ADMN) va D+ Az + A3 =180° (ABDC noi ti€p)
IB

nén M+I:I=Rz +R:-,.Do f;fl:,az nén ﬁ=33.[)0d6tucngu,rlac6 l:—bc—-
n

P IO (g i 1 | a
Suyra —-+—-=—+—=—_Vily —+ —=—,
m n bc bc be AM AN be

Vi du 101. Cho dudng tron (O) va dudng thing d khong giao véi dudng tron,
diém A ¢6 dinh trén dudmg tron (O), diém B ¢6 dinh trén dudng thing d. Goi M 1a
diém di chuyén trén d. Dudng tron (0’) di qua A, B, M cét dudmg tron (O) & diém
C (khdc A). Chimg minh ring dudng thing MC luon di qua mot diém c6 dinh.

Gidi (h.121)

Vé dudng tron (I) di qua A va ti€p
xuc véi d tai B, cit (O) ¢ C'. Goi K 1a
giao diém cua BC’ va (O) thi K c6 dinh.

Goi C, la giao diém (khdc K) cua
MK va (0). Ta ¢6 M| =B + K (goc
ngoai AMBK) = A, + A2 = BAC|

= ABMC, la ut gidc noi tiép

= C, e (0’) = C, trung C.

Vay MC di qua diém c6 dinh K.

Liew y : So di ta vé dudng tron (I) di
qua A va tiép xiic véi d tai B vi khi M
tién dén B thi dudng tron (O’) tién dén dudng tron (I).

Vi du 102. Cho tam gidc nhon ABC, diém M thudc canh BC. Ké MD song
song vdi AC (D € AB), ké ME song song véi AB (E € AC).

a) Goi (O) la dudng tron di qua B va ti€p xic véi AC tai A. Goi (O’) 1a dudng
tron di qua C va tiép xic v6i AB tai A. Goi K 12 giao diém thir hai cia hai dudng
tron d6. Chimg minh ring AKAE » AKBD.
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b) Chimg minh riang khi M chuyén dong trén canh BC thi dudng trdn ngoai
ti€p tam gidc ADE lu6n di qua mot diém c6 dinh khic A.

Giai (h.122)

a) Tacod m = fil , $€ chimg minh
AK AE
BK BD

AKAC v»» AKBA (g.g)

L AK_AC

BK AB
ADME la hinh binh hanh

(1)

Hinh 122
AE DM AC
=5 = = . @
BD BD AB
Tir (1) va (2) suy ra % = ;—[E) ,lai cé KAE = ﬁ; nén AKAE «» AKBD (c.g.c).

b) Tir cau a) suy ra KEA = KDB = ADKE la tf gidc noi tiép. Vay dudng
tron ngoai ti€p AADE di qua diém c6 dinh K.

Luwu y : Cau a) 1a goi y dé giai cau b). So di ta vé cic dudng tron (0), (Q’) vi
khi M tié€n dén B thi duong tron (ADE) tién dén dudng tron (O), khi M tién dén C
thi dudmg tron (ADE) tién dén dudng tron (O’).

Vi du 103. Cho tam gidc nhon ABC.

a) Tim qui-tich cdcdim M ndm trong tam gidc sao cho néu goi E va F theo
thi ty la hinii ciueu cua M trén AB va AC thi EF song song véi BC.

b) Dung diém M ndm trong tam gidc ABC sao cho néu goi D, E, F theo thit tu
la hinh chiéu cia M trén BC, AB. AC thi DE // AC, A

A

DF // AB, EF // BC.

Giai (h.123)

a) Pudng vuong géc véi AB tai B cit AM 6 K. Ta

AF _AE AM
6 — =—— (do EF //BC) =—— (doEM //BK
c FC _ EB (do EF // BC) MK (do EM // BK) B

= MF // KC (dinh li Ta-lét dao).

Hinh 123
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Ta lai ¢6 MF L AC nén KC L AC. T gidc ABKC ndi tiép dudng tron dudng
kinh AK. Quy tich cia M la doan Al trén duong kinh AK cua duong tron (ABC).

b) Tir cau a) suy ra diém M phai dung la tam dudng tron ngoai tiép AABC.

Vi du 104. Cho hinh vuong ABCD, diém K thuoc canh AB. Dung diém E
thuéc tia AD, diém F thuoc tia BC sao cho tam gidc KEF can tai K ¢6 EKF = 80°.

Giai (h.124)

]
Phan tich : Gia sir di dung duge AKEF thoéa man A — K19 B
bai todn. Goi H la trung diém cua EF thi H thuéc [7\_ /i
dudng trung truc d cua AB. AEHK la t gidc noi tiép

nén A; =K, =40° nén DAx = 40°. F
. Cach dyng : Dung tia Ax trong géc BAD sao cho ¢ : Hx

DAx =40". Dung dudng trung truc d cia AB, cit Ax -

tai H. Dung dudng vuong géc véi KH tai H, cit AD va © : °

BC theo thdww o E va F. Hinh 124

Chitng minh : Ban doc tu giai.

Bién luan : Bai todn ¢6 mot nghiém hinh.

Il. SU DUNG HE THUC LUONG TRONG DUONG TRON

Céc bai todn trong muc nay ¢6 sir dung cédc bo dé sau :

B6 dé 1. Néu hai day (hoac hai dudmg thang chira day) AB va CD cét nhau &
M thi MA.MB = MC.MD (h.125).

T e N
< F
E
(0]
C
B
a) b)

Hinh 125
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B& dé 2. Goi R 12 bén kinh ctia dudmg tron va MO =d thi :

MA.MB = R? - d* néu M nidm trong dudmg tron (O ; R);

MA.MB = d* = R? néu M ndm ngoai dudmg tron (O ; R).

Chéng han v6i hinh 125b, ta chimg minh nhu sau :

Ké cat tuyén MEF di qua O, ta c6

MA.MB = ME.MF = (MO - OE)(MO + OF) = (d - R)(d + R) = d* - R%.

Bé dé 3. Néu c6 cit tuyén MAB va tiép tuyén MT cia dudng tron (0), T la
tiép diém thi MT? = MA.MB.

Bé dé 4. (Dao cia bé dé 1). Cho hai dudng thing a va b cét nhau & M, hai
diém A va B thuoc a, hai diém C va D thuoc b ma MA.MB = MC.MD thi bén
diém A, B, C, D thuéc mot dudmg tron.

Bé dé 5. (Dao cliia bé dé 3). Cho hai dudng thing a va b cit nhau ¢ M, hai
diém A va B thudc a, diém T thudc b ma MA.MB = MT? thi MT 12 tiép tuyén cua
dudmg tron (TAB), T la tiép diém.

Vi du 105. Cho tam gidc nhon ABC ¢6 dudng trung tuyén AO = BC. Vé
dudng tron (O) dudng kinh BC cit cdc doan AB, AO, AC theo thit wr ¢ D, K, E.
Goi I 1a trung diém cia OK. Chimg minh réng :

a) BDIO la & gidc noi tiép; b) ADIE la uf gidc noi tiép.
Gidi (h.126)

a) Vé dudong kinh KOH. Dat OB = OC = R, A
ta c6 AD.AB = AK.AH (bd dé 1)

=R.3R = 3R% (1)

ALAO = %R.ZR =3R%(2) E

Tir (1) va (2) suy ra AD.AB = ALAO
= BDIO la uf gidc ndi ti€p (bo dé 4).
b) T\ gidc BDIO ndi ti€p (céau a)

= B=DIA.

Tt gidc BDEC noi ti€p = B=DEA..

Suy ra DIA = DEA = ADIE Ia t gidc noi tiép.

Hinh 126
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Vi du 106. Cho diém A nim ngoai dudng tron (O ; R). Mot dudng kinh BC

thay déi. Goi D va E theo thit tu 1a giao diém thit hai cia AB va AC véi dudng tron.
Chimg minh rang :

a) Budng tron ngoai ti€p tam gidc ABC di qua mot diém c6 dinh khdc A;
b) Dudmg thing DE di qua mot diém c¢6 dinh.
Gidi (h.127)
a) Goi N la giao diém cta dudng tron (ABC) véi AO.
Ta c6 OA.ON = OB.OC = R? (b8 dé 1) nén N 12 diém c6 dinh.

a) b)

Hinh 127

b) Goi M I giao diém ciia DE va OA. Ta ¢c6 ANB = ACB= ADE nén B, D,
M, N thudc mot dudmg tron = AM.AN = AD.AB (b6 dé 1).

Ta lai c6 AD.AB khong d6i, ¢6 hai cdch giai thich :

- Vi AD.AB = AK’ véi AK la 1iép tuyén ké tir A dén (O), theo bd dé 3.

- Vi AD.AB = AO? - R?, theo bd dé 2.

Ta ¢6 AM.AN khong déi, ma AN khong d6i (cau a) nén M 12 diém c6 dinh.

Vi du 107. Cho tam gidc ABC vuodng tai A, AB < AC, dudng trung tuyén AM,
dudng cao AH. Trén tia d6i cua tia MA 14y diém I sao cho MI = AH. Trén tia d6i

cua tia BA 14y diém D sao cho AD = AC. Goi E la trung diém ctua BD. Chimg
minh ring AE 12 ti€p tuyén ctia dudng tron ngoai tié€p tam gidc EMI. ‘
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Gidi (h.128)
Pat BC=a, AC=b,AB=c, AH=h.
Ta cé6 AE = AB + BE =c¢ + BE,

AE =AD-ED=b-ED ma BE =ED E h
nén 2ZAE=b +c¢ D
|
2 2

:&AE2=(b+c]2=b +c +2bc.{l) Hinh 128

2 4

2
Ta c6 AM.A1=3(3+h)=a TAL o
P d e 4

Do be = ah va b% + ¢? = a’ nén tr (1) va (2) suy ra AE? = AM.AI Theo bé
dé 5, AE la ti€p tuyén cua dudng tron (EMI).

. MOT SO BAI TOAN CO GIA THIET GAN NHAU

1. Bai toan cé tam giac va cac dudng cao

Cho tam gidc ABC, cdc dudng cao AD, BE, CF cit
nhau tai H. Goi O la tdm dudng tron ngoai ti€p tam gidc
ABC, M la trung diém cta BC (h.129).

C6 nhiéu tinh chat dugc van dung khi gidi toén,
chéng han :

a) C6 ba ur gidc noi ti€p c6 duong kinh 1la HA, HB,
HC. Cé ba ur gidc néi ti€p cé dudng kinh 1a AB, BC, CA.

b) AAEF v» AABC (vi AEF =ABC do BFEC Ia t Hinh 129
giac noi tiép).

¢) OA L EF.

d) AH = 20M.

¢) Diém K d6i xing véi H qua BC thudc dudmg tron (O).
g) Diém N dé6i ximg véi H qua trung diém M cua BC thudc dudmg trdn (O).
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Vi du 108. Cho tam gidc ABC néi tiép dudng tron (O), AB < AC, ciac duong
cao BD va CE. Duodng tron (O’) ngoai tiép tam gidc ADE cét duong tron (O) ¢ K
(khdc A). Goi M la trung diém cia BC. Chimg minh ring KM vuong géc véi AK.

Gidi
Cach 1. (h.130) Ké dudng kinh AG, ta c6
AKG =90°. (1)

Dé ching minh AKM =90°, 1a s& chimg minh K,
M, G théng hang.

Goi H la giao diém cia BD va CE. Ti gidc AEHD
ndi tiép duong tron (O’) ma K € (O’) nén
AKH=AEH=90°. (2)

Tir (1) va (2) suy ra K, H, G thing hang.(3)

BHCG la hinh binh hanh, M la trung diém cua BC
nén H, M, G thing hang. (4)

Tir (3) va (4) suy ra K, H, M, G thiang hang. Suy ra
AKM =90, uic 1a KM L AK.

Cach 2. (h.131) Goi H la giao di¢m cua BD va CE.
Ta gidc AEHD néi ti€p duong tron (O’) ma
K e (O’)nén AKH = AEH =90, uic 1a HK L AK. (1)

Hai dudng tron (O) va (O) cat nhau ¢ A va K nén
00’ L AK. 2) Hinh 131

Tir (1) va (2) suy ra HK // O0’. (3)

Ta ¢6 O'H = %AH = OM va O’H // OM nén :

OO’HM 12 hinh binh hanh = HM // 00", (4 -

Tl i & FF “wF e vy y \U
Tir (3) va (4) suy ra K, H, M thing hang. AR
Do HK L AK nén KM L AK. i
Vi du 109. Cho tam gidic ABC ndi ti€p dudng M

tron (0), cdc duong cao BE va CF, M la trung diém

cua BC, I 1a giao diém cidc dudng phan gidc cia tam K

gidc ABC, K la giao diém th hai cua Al véi dudng Hinh 132

tron (0). Biét KI = KO, chimg minh ring tam gidc

MEF la tam gidc déu.

112




Giai (h.132)
Dé chitng minh KI = KC,

Theo dé bai KI = KO nén KC = KO = OC
= AKOC déu = KOC=60° = BAC =60° ==
Tt gidge BFEC noi ti€p = AEF = ABC

ok AAERG AABC G = —r = A5
BC AB

Tir (1) va (2) suy ra EF =éBC.

- l

(2)

Ta lai ¢c6 ME = MF = ;-BC nén AMEF la tam gidc déu.

Vi du 110. Cho tam gidc nhon ABC. AB < AC, dudng cao AD. Dudng tron
duong kinh BC cat AC. AB tai E. F. Goi K la giao diém cia EF va BC, M la giao
diém (khéc F) cua FD va dudng tron (O). Chimg minh ring:

a) KFOM Ia t gidc noi tiép:

b) KO la tia phan gidc cua goc MKF.
Gigi (h.133)

a) Fi =C (uf gidge BFEC ni tiép)

= Fa (1@ gide AFDC ni 1iép)
= KFM=2F2, md KOM =2f,
(géc nodiI 1i€p va goéc ¢ 1am) nén
KFM = KOM.
Suy ra KFOM la ur gidc noi tiép.
b) T gidc KFOM néi 1iép c6
OF = OM nén K; =K.

Vay KO la tia phan gidc cua géc MKF.

5.9 CB HM HOC THCSA

K

E
F
1
] N \ c
: B D O
Hinh 133 M
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Vi du 111. Cho tam gidc nhon ABC néi ti€p dudng tron (O), cdc dudng cao
BE va CF. Goi d la ti€p tuyén cia dudng tron tai A. Goi I, K theo thit tu 1a hinh
chiéu cta B, C trén d. Ching minh ring FI = EK.
Giai (h.134)
Goi M la trung diém cua BC.
K¢ EE’, FF’, MM’ vudng géc véi d.
Dé chimg minh BAI = ACB = AFE
= EF //d = EE’ =FF’. (1)
Goi N 1a giao diém cia MM’ va EF.
Do EF // d nén MM" L EF.

Tam gidac MEF cén tai M ma
MN L EF nén NF = NE.

Suy ra M’F’ = M’E’. (2) A
Hinh thang BIKC ¢6 MB = MC, MM’ // Bl // CK nén M’l = M'K. (3)
Tu2)yva3)suyraM'l -M'F =M'K-ME’ = IF’ =KE’. (4)

Tir (1) va (4) suy ra AFF'I = AEE’K (c.g.c) = FI = EK.

Vi du 112. Cho tam gidc nhon ABC noi tiép duong tron (O), truc tam H. Ké
cac day BD, CE di qua H. Goi M la diém thudc cung BC khong chia A. Goi I la
giao di¢ém cua ME va AB, K la giao diém cia MD va AC. Chimg minh ring ba
dié¢m [, H, K thing hang.

Gidi (h.135)

A ~hi*rna minh LT A
L™ \-III.-IIIE LERRELIL 11 W
o~

—
-

A vy |.rA; ™M Aaun AM nldn
Vi AUllE YUI L Uua M dikil
_—~

-~

Hi=D. Ta lai ¢6 D=C, (géc nodi tiép) nén E
ﬁ: =é| . Chimg minh tuong tu, I:iz = fh ;

Con Hi =BMC (ciing bt A).

Sﬁ}'. ra ﬁ| +I:lz +ﬁ3=61 +I§| +I§ﬁb=130“.
Viy I, H, K thing hing.

Hinh 135
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Vi du 113. Cho tam gidc nhon ABC. AB < AC, cic duong cao BE va CF cit
nhau ¢ H. Goi K 1a giao diém cua EF va BC. Qua A ké dudng vuong géc vai KH,
cat KH va BC theo thi ty ¢ [ va M. Chimg minh ring :

a) KFIC la ur gidc néi ti€p:  b) MIEC la ur gidc ndi tiép;  ¢) MB = MC.

Gidi (h.136a)

a) Nam diém A, F, H, I, E
thuéc duong tron dudng kinh AH

nén HIF = HEF ma PEF=6|
(BFEC noi tiép) nén HIF=C; .
we 1a KIF=C; = KFIC la
gidc noi ticp.

b) AIE = AFE ma Hinh 136a

AFE = ACB (BFEC ni 1iép) nén AIE = ACB = MIEC la w gidc noi ticp.

¢) Tir ciu b) suy ra MIC = MEC. (1)

Tir cau a) suy ra KFC =KIC.

Hai g6c¢ nay cung trir di 90" suy ra KFB = MIC. (2)

Tir (1) va (2) suy ra KFB=MEC . 1a lai ¢6 KFB=ACB (BFEC noi tiép) nén
MEC = ACB. Suy ra MC = ME. Tir d6 MB = ME. Vay MB = MC.

Liau y: Xét bai todn dao cua Vidu 113, ta ¢6 bai todn sau:

Cho tam gidc nhon ABC, AB < AC,
cdc dudong cao BE va CF cit nhau ¢ H.
Goi K 1a giao diém cia EF va BC. M 1a
trung diém cua BC. Chimg minh rang KH
vuong goc vai AM.
Giai

Cdch [. (Chimg minh gidn tiép). K~
Qua A, ké dudng vuong géc véi KH, cit _
BC ¢ M’. Giai nhu Vi du 113 dugc M’ la N

. : ; Hinh 136b

trung di¢m cua BC nén M’ tring M. Vay
KH L AM.
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Cdch 2. (Chitng minh truc ti€p, h.136b). Tt gidc AEHF néi ti€p dudng tron
duong kinh AH. Goi D la giao diém thir hai cia dudong tron dé véi AK. Ta c¢6

ADH = AFH = 90°. (*)

Ta c6 KD.KA = KF.KE = KB.KC = ADBC la ur gidc noi tiép.

Goi (O) la dudng tron ngoai tiép tir gidc ADBC, goi N 1a giao diém cua DH va
(0). Do (*) nén ADN =90° = ACN =90°.

Tir dé6 NC // BH, tuong tu NB // CH. Tt gidc BHCN la hinh binh hanh nén HN
di qua trung diém M ctia BC.

AAKM ¢6 AH L KM, MH 1 AK nén H la truc tam suy ra KH L AM.

O bai todn trén, tuy trong dé bai khong ¢ dudng tron nhung trong cich giai
¢6 vé& thém hai dudng tron va vé thém hai giao diém D va N véi hai dudng tron dy.
2. Bai toan c6 hai tiép tuyén va mét cat tuyén ké tir mot diém

Cho dutng tron (O), ké cic tiép tuyén

KA, KB va cat tuyén KCD. Goi H la trung P o e D
diém cua CD, M la giao diém cia KO va AB Py 7 1% g
(h.137). Cén chi ¥ dén céc tinh chét sau : /! A | N/
I \ 7/

a) Nam diém K, A, H, O, B thudéc mot l(. % M" :;'o

dudng tron. | \ X K/
L% Y

b) (B dé 1). Méi diém A vaBdéucéti Va
s6 khoang cdch dén C va D bing nhau. s -B

Chitng minh. Hinh 137

AC _KA

AKAC o» AKDA (g.g) =

ATY T
ML’ WL

TucngtuEC--E— Ta lai ¢c6 KA = KB nén -E:E
BD KD AD BD

¢) (B8 dé 2). T\t gidc ACBD cé tich cdc canh d6i bing nhau: AC.BD = AD.
BC (suy tir bé dé 1). Ta con goi uf gidc ACBD la tif gidc diéu hoa.

d) (B6 dé 3). CMOD la ur gidc ndi 1iép.
Chimg minh. KCKD = KA? = KM.KO = CMOD la uf gidc noi tiép.
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Vi du 114. Cho tam gidc nhon ABC ndi ti€p duong tron (O). Tiép tuyén tai A
cat BC ¢ K. Ké tiép tuyén KD véi duong tron. Goi E, G, F theo thit tu [a hinh chiéu
cua D trén AB, BC, CA. Chimg minh ring GE = GF.

Giadi (h.138)

ADEG ¢6 D nhon noi tiép dudng
trdn dudng kinh BD nén —o— = BD
sin EDG
(mot b dé) ma EDG = By nén

EG = BDsinBy. (1)

Tuong tuv GF =CDsin Cii 2 Hinh 138
. EG BD sinB
Tur (1) va (2) suy ra - = — (3)
Y™ GF D sinGy
Theo b6 dé | tacé o= = 2B (4)
CD AC

BB SRR 8 =1 (v6i AH la dudng cao cla

Tiu (3) va (4) suy ra = —
W GF AC sinGy AH

AABC). Vay EG = GF.

Lwu y : Ta ¢ E, G. F thing hang (dudng thing Xim-xon) nén con suy ra G la
trung diém cua EF.

Vi du 115. Cho dudng tron (O), tiép tuyén KA, KB va cdt tuyén KCD. Chimg
minh rang wr gidc ACBD c¢6 tich hai dudng chéo bing hai lan tich hai canh d6i
(duge sir dung dinh i Pto-1é-mé véi uir gide ndi tiép: tich hai dudng chéo bing 16ng
cdc tich hai canh d6i).

Gidi (h.139) A
Theo dinh 1i Pto-1é-mé : O
AB.CD = AC.BD + AD.BC. M o
Theobo dé 21acé AC.BD=AD.BC. (2)
Tir (1) va (2) suy ra
AB.CD = 2AC.BD = 2AD.BC. B
Hinh 139
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Vi du 116. Cho dudng tron (O). Qua diém K nam ngoai dudng tron, ké tiép
tuyén KM, cdt tuyén KAB di qua O, cit tuyén KCD bat ki. Goi I 1a giao diém cua
AD va BC, H la hinh chiéu cua I trén AB. Chimg minh ring :

a) CHOD la ur gidc néi tiép; b) Ba diém I, H, M thing hang.
Giai (h.140)
a) Tacd C| l| (IHAC noi tiép)

= HBD (IHBD néi ti¢p)

= C2 (ABDC néi tiép)
= HCK =2C, =2HBD. (1)

ABOD can tai O
= HOD =2HBD. 2) Hinh 140

Tir (1) va (2) suy ra HOD = HCK = CHOD la t gidc noi tiép.
b) Ta ¢c6 KM? = KC.KD ma KC.KD = KH.KO (cau a) nén KM? = KH.HO

KH KM
= —
KM KO

HI va HM cung vuong géc véi KO nén I, H, M thing hang.

= AKHM vv» AKMO (c.g.c) = KHM = KMO =90°.

Vi du 117. Cho duong tron (0), tiép
tuyén KA, KB va cat wyén KCD. Tiép
tuyén vai duong tron (O) tai D cit AB G E.
Chimg minh rang EC la tiép tuyén cua
dudng tron (O).

Giai (h.141)

Goi M la giao diém cia EB va KO.
Theo bo dé 3 ta ¢6 CMOD la uf gidc noi K
tiép. ma EMOD la ur gidc noi ti€p nén
E, C, M. O, D thuéc mot dudng tron

= OCE =OME = 90°.

Vay EC la tiép tuyén cua (0O). Hinh 141
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Vi du 118. Cho dudng tron (O), ti€p tuyén KA, KB va cit tuyén KCD. Goi M

la trung diém cia AB. Chitmg minh ring ADC = BDM .

Giai
Cach 1. (h.142) K¢ AE L BD. S& chimg
minh ADC = BDM bang cdch ching minh
AADK vo AEDM.
A AEB vuong tai E, trung tuyén EM
— él =ﬁ1.mé ﬁ| =R|
nén R.=E.=>[3’AT<=5EE1. (1)
ADE =KAM = AADE v AKAM (g.8)
AD DE DE
=5 = = :
AK AM EM
Tu (1) va (2) suy ra AADK «» AEDM
(c.g.c) = ADK =EDM , uirc la ADC =BDM.
Cdach 2. (h.143) Ké dudng kinh AE. Goi I l1a

(2)

giao diém cia DE va KO. T gidc AMID noi tiép K

(vi AMI=ADI=90°)=> ADM =1. (1)
Ki=A (cung phu vai M) = Dy (goc
néi ti€p) = KBID la tt gidc ndi tiép
= KDB= L. (2)
AIAB cén (vi dudng cao IM la trung tuyén)

= 11 =1,. (3)

Tu (1), (2) va (3) suy ra m = l{f)-B

Hai g6éc nay cung trir di KDM duoc
ADC = BDM.

Cach 3. (h.144) Sir dung két qua ciaa Vidu 115.

Theo Vidu 115, 1a¢céd

AC.BD = ;];AB.CD - MB.CD (vi MB=-;-AB} -,

=4

v v]

Hinh 144

119



K&t hop véi ACD = ABD (géc noi tiép) suy ra AACD «»» AMBD (c.g.c)
= ADC = MDB.

Vi du 119. Cho hai duong tron (O) va (O’) tiép xtic ngoai tai A. Ké day AB
cua duong tron (O’) khong di qua O’. K¢ cdc tiép tuyén BC, BD véi dudng tron
(0), C va D la céc ti€p diém. Goi giao di¢m thir hai cia CA, DA véi dudng tron
(O’) lan lugt 1a E, F. Tiép tuyén chung cia hai dudmg tron (O) va (O’) tai A cat EF
¢ K. Chirng minh rang :

a) BF? = AF.DF va BE? = AE.CE; by B AT,
BE AE

¢) KB la tiép tuyén cta dudng tron (O').
Giai (h.145)

a) Goi I la giao diém cua KA va BD.

Tacé Dy =A| =A2 =B,

nén AFBA v»» AFDB (g.g)

BF _ AF
DF BF

Tuong w BE® = AE.CE.
b) Tir ciu a) suy ra

= BF’ = AF.DF.

BEY _AF DE -
BE ~ : Hinh 145

AF] s BF _ AF 3)

BF Y
TY()va@)suyn [— | =[ 28 .
(“d”my”[nﬁ] [AE BE AE

¢) Chimg minh béng phan chimg. Gia sir KB cét dudng tron (O’) tai B’ khéc B,

gia sur BF < BF = BBE > BE, suy ra B’F < BF, B’E > BE nén -E—E':EE (4)

BE
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Xét cic tiép tuyén KA. KB’ va cit tuyén KFE, theo bd dé l ta co Lo = £
BE AE’
BF BF
k¢t hop vai (3) ¢6 BE = BE" mau thuan véi (4). Vay KB la tiép tuyén cua (O’).

Liae ¥: Cau ¢) chinh la dinh li dao cia bo dé 1.

Vi du 120. Cho dudmg tron (O), diém K nim ngoai duong tron, KA va KB la
cdc tiép uyén (A, B la tiép dicm). Dung cdt tuyén KCD véi dudng tron (C ndm
gitra K va D) sao cho AC song song véi BD.

Gidi (h.146)

Phan tich : Gia s da N
dung duge cat tuyén KCD ¢6 A
AC // BD. Goi | la gldo di¢m '

cua KA va BD. Ta ¢é I-A;

(do AC // BI) = By (bing nira
s0 do cung AC).

A> =B (do AC//BD)

= A3 (bing nia s6 do K

cung AD)

nén AABC «»»n AAID

AC BC B
el mee )

(8.2 D DI (1)

Theo bo dé 1 1a ¢6 Hinh 146
AC BC
I ey (2)
AD BD

Tir (1) va (2) suy ra BD = DI.

Chi ¢dn dung I thudc tia doi cua tia AK sao cho DI = BD (néu ké dudng kinh
BOO’ thi O’ = O’B).

Cach dimnyg :

Dung duong kinh BOO’.

Dung duong tron (O : O'B) cit tia doi cua tia AK o 1.

Dung D la giao diém cua Bl véi (0), C la giao diém cia KD véi (O).

Cluing minh : Ban doc w giai.

Bién luan : Bai todn ¢6 mot nghiém hinh.
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3. Bai toan cé tir giac ndi tiép va giao diém cac dudng thing chira cac
canh doi

Xét wr gidc ABCD ¢6 M la giao diém N

cua AB va CD, N la giao diém ciua AD va BC
(h.147). Ta ¢6 céc tinh chat sau :
a) Vai ur giac ABCD bat ki, cic duong A
tron ngoai tiép cua bon tam giac MAD, MBC, B
NAB. NCD ciing di qua mét diém K. \
b) Vai ur giagc ABCD noi ti¢p, diém K 0 M
n6i trén thude doan thing MN. '

Xem chimg minh céc tinh chat trén ¢ Vi
du 121.

Vi du 121. Cho ut gidc ABCD, M la giao diém ciia AB va CD, N Ia giao diém
cua AD va BC. Goi K la giao diém cua cdc duong tron ngoai tiép tam gidc NAB,
MBC (K khac B). Ching minh rang :

a) K thudc dudng tron ngoai tiép cic tam gidc MAD, NCD;

b) Néu ABCD la t gidc ndi ti€p thi K thudc doan thing MN.

Hinh 147

Gidi (h.148, hinh vé img vdi cdc tia AB
vi DC cét nhau ¢ M, céc tia DA va CB
cat nhau ¢ N. Cic truong hop khic
uong tw).

a) Ta gidc CMKB noi tiép
=> c'rl?k = ﬁl i
T gidc ANKB noi tiép

-~

= f3|=A|.

Suy ra CMK = A,

= K thudc duong tron (MAD).
Tuong u K thudc dudng tron (NCD).

Hinh 148



b) Tit gisc CMKB noi tiép = MKB=C) .
Ti gidgc ANKB noi tiép = NKB = A».

Suy ra MKB +NKB=C) + A2 =180° (do ABCD noi 1i€p) = K thudc doan
thing MN.

Liae v : K& ludn ¢ cau a) 1a dinh 1i Mi-ken (Miguel), diém K la diém Mi-ken
cua tr giac ABCD.

Vi du 122. Cho ut gidgc ABCD ndi tiép dudmg tron (O : R), M la giao diém
cta AB va CD. N la giao diém cta AD va BC. Goi K la giao diém cuia cdc dudng
tron ngoai 1iép tam gidc NAB, MBC. Chimng minh ring :

a) MK? = NK* = MO’ - NO%; b) OK vuong géc véi MN.

Gidi (h.149, hinh v& {mg véi cdc tia AB
va DC cit nhau ¢ M. cdc tia DA va CB
cit nhau ¢ N. Cdc trudong hgp khéc
tuong tu).

a) Theo Vi du 121, diém K thuoc
doan thing MN nén MK? - NK?

= (MK + NK)(MK - NK)
= MN(MK - NK)
= MN.MK - NM.NK. (1)

Ap dung cic bo dé 1 va 2 vé he

thic lugng trong duong tron, ta cé Hinh 149
MN.MK = MA.MB = MO? - R%. (2)
NM.NK = NC.NB = NO® - R?. (3)

Tir (1), (2) va (3) suy ra MK? = NK? = MO? - NO’.

b) Ap dung bé dé nhan biét hai dudng chéo vudng géc (Vi du 3), tir
MK? + NO* = MO’ + NK? suy ra OK L MN.
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Vi du 123. Cho i gidc ABCD noi tiép dudng tron (0), N 1a giao diém cua
AD va BC. Goi (O’) la dudng tron ngoai ti€p tam gidc NAB. Goi (I) la dudng tron
ngoai tiép tam giac NCD.

a) Ching minh ring OO’NI |4 hinh binh hanh.

b) Goi K giao diém thit hai cta hai dudng tron (O’) va (I). Chitng minh ring
OKN =90° va 10’ song song v&i OK.

Gidi (h.150)

a) K¢ Ny Ia 1iép tuyén cua (O") thi
A\y ABN=D = Ny // CD. Ta lai c6
dudng noi tam O L CD va

O’N L Nynén Ol //O'N. (1)

Ké Nx [a uép tuyén cua (I) thi
CNx =D=ABN = Nx // AB.

Ta lai ¢6 duong noi tam OO’ L AB va
IN L Nx nén OO’ //IN. (2)

Tu (1) va (2) suy ra OO’NI la hinh
binh hanh.

b) Goi G la giao diém cua 10’ va
ON. Do OO’NI la hinh binh hanh nén
GO =GN. (3) Hinh 150

Puong néi tam 10" [a dudng trung
truc cua NK nén GN = GK. (4)
Tir (3) va (4) suy ra GO = GN = GK nén OKN =90°.

Pudng no6i tam 10” L NK ma OK L NK nén 10’ // OK.

L ¥ : Diém K la diém Mi-ken cia i gide ABCD. Vi du 123 cho ta mot
cdch khic giai Vidu 122.

Vi du 124. Cho ur gidgc ABCD néi tiép dudng tron (0). Goi I la giao diém cua
AC va BD, E la giao diém cia AB va CD. Dudng tron ngoai tiép tam gidc BDE cit
EI & diém thit hai K.

a) Chimg minh rang C, I, K, D thuéc mot dudng tron.

b) Ké ti€p tuyén tai C cia dudng tron (0) cat IE ¢ M. Chimg minh ring
BKCM Ia 1t gidc noi ticp.

¢) Chimg minh rang BM la ti¢p tuyén cia duong tron (O).
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Giai (h.151, hinh'v& tng véi cic
tia AB va DC cit nhau, cdc truong
hop khéc tuong tu)

a) T giac DKBE noi 1iép
= DKE = DBE tic la

DKI = DBE . (1)
DCI = DBA . (2)

Tur (1) va (2) suy ra

DKI + DCI = DBE + DBA =180° = CIKD Ia tt gidc ni tiép.

b) Tt gidc DKBE noi tiép = BKE=D) tic1a BKM=D;.  (3)
Ta lai c6 BCM =D . (4)

Tir (3) va (4) suy ra BKM = BCM = BKCM la 1t gidc noi ticp.

¢) T gidac CIKD néi tiép (cau a) = C_i-(-:{d = 131 . (5)
Tit giic BKCM noi 1iép (ciu b) = CKM = CBM . (6)

Tir (5) va (6) suy ra CBM = Dy . Tir d6 BM Ia tiép tuyén cuia (O).

BAI TAP

T giac ndi tiép : Tinh chat va cach nhan biét

161. Cho tam gidc ABC ¢6 AC = 10 cm, AB = 6 cm, ndi ti¢p dudng tron (O) ¢cd
dudng kinh 15 ¢cm. Tinh dudng cao AH cua tam gidc ABC.

162. Cho tr gidc ABCD néi ti€p duong tron (O). Goi E, F theo thit tyr 1a hinh chiéu

cua A, C trén BD. Goi G, H theo thit tu 1a hinh chiéu cua B, D trén AC.
Chirng minh ring bon diém E, F, G, H thuéc mot duong tron.

163. Cho tam gidc ABC noi tiép dudng tron (0O), céc diém D va E thudc canh BC
sao cho BD + CE = %BC Cac dudng vuong goc vai BC tai D va tai E cat AB
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164.

165.

166.

167.

168.

169.

170.

171.

126

va AC theo thi ty ¢ I va K. Chitng minh rang bon diém A, 1. O. K thuéc mot

dudng tron.

Cho hai dudng tron (O) va (0’) cit nhau tai A va B. K¢ cdt tuyén chung CAD,

Ce (0). De (0’). A nim giita C va D. Goi d la dudmg thing song song véi

CD va khong giao véi hai dudong tron (B gén d hon so véi A). Goi giao di¢m

cta CB, DB véi d ldn lugt 1a E. F. Goi giao diém thit hai caa AF véi (O) 1a M.

giao diém tha hai cia AE vai (O) 1a N. Goi K 1a giao di¢m cia CM va DN.

Chimg minh ring sdu di¢m F, M. B, N, E, K thuéc mét dudmg tron.

Cho tam gidc ABC can tai A (A <90°), dudng cao BD. Tia phan gidc cla

g6c CBD cit AC ¢ 1. Qua A ké dudmg vuong géc véi B, cat Bl va BC theo

thit tv ¢ H va E. Chimg minh rang tam gidc IEC la tam gidc can.

Cho tam gidc ABC vuong tai A, diém D thudc canh BC. Goi E la hinh chi¢u

cua D trén AB, F doi ximg vdi D qua E. Goi G la giao di¢m cua CF va AB, H

la hinh chiéu cta G trén BC. I 1a giao diém cua HE va CF. Chimg minh ring :

a) B vuong goc vai CF; b) AIG = HIG.

Cho tam gidc ABC vuong tai A, AB < AC, diém I thuoc dudng cao AH.

Ching minh ring khong thé xay ra ABI = ACI.

Cho hai dudng tron (O) va (O’) ciit nhau tai A va B. Ké tiép tuyén chung CD,

Ce (0). D e (0’), B gan CD hon so véi A. Goi E la giao diém cua CB va

AD, F la giao di¢ém cia DB va AC. Chimg minh rang EF song song véi CD.

Cho hai dudng tron (O) va (O’) cit nhau tai A va B. K¢ cdt tuyén chung CBD,

Ce (0). De (0O’) B nam gitra C va D. Goi E 1a diém thudc cung AB cua

dudng tron (O) nam trong dudng tron (O°), F 1a diém thuoc cung AB cua

duong tron (O) nam trong dudng tron (O). I la giao di¢m cua CE va DF.

a) Chimg minh rang dudng tron ngoai tiép tam gidc EIF di qua A.

b) Goi K la giao diém thir hai cia AB véi duomg tron ngoai 1iép tam gidc
EIF. Chimg minh rang IK song song véi CD.

Cho hinh thang ABCD noi ti¢p dudng tron (O), ddy AB va CD, di¢m K thudc

cung CD khong chira A. Ke day BE vuong goc vai DK tai M. Goi N la giao

di¢m cua AK va CE. Chitng minh rang MN song song véi CD.

Cho tam gidc ABC (AB < AC), dudng phan gidc AD. Goi M la trung diém

ctua BC. Buong tron (O) ngoai tiép tam gidc ADM cit AB, AC theo thit v ¢

E. F (khdc A). Goi I 1a diém déi ximg v6i F qua M. Ching minh rang :

a) MB la tia phan gidc cua goc IME;



172.

173.

174.

175.

176.

177.

178.

b) T gidc BEMI noi tiép:

¢) BE = CF va AD song song vai EI

Cho nua dudng tron (O) dudng kinh AB, cédc ban kinh OC va OD vudng géc
vGi nhau (C thudc cung AD). Goi E 1a giao diém cua AC va BD. Pudng tron
ngoai 1i¢p tam gidc COD cat AE, BE theo thi wr 1ai cdc diém thir hai G, H.
Chimg minh rang AOHG la hinh binh hanh.

Cho tam gidc ABC can tai A (A <90°) noi 1iép duong tron (O), dudng cao
BE. Cic tiép tuyén véi duong tron tai B va C cédt nhau ¢ D. Goi H la giao
diém cua AD va BC, M la trung diém cua BE. Vé day AK di qua M. Chimng
minh rang :

a) BKH =90°; b) CDKH 1a & gidc noi tiép;

¢) DA la tiép tuyén cua dudng tron ngoai tiép tam giac KBD.

Cho tam gidc ABC vuong can tai A, cdc duong phan gidc AD va BE cit nhau
0 I. Goi H la hinh chiéu cba E trén [C. Chimg minh ring DH Ia tia phan gidc
cua goc IDC.

Cho dudmg tron (O) va dudng thang d tiép xuc véi dudng tron (O) tai A. Ké
duong kinh AOB. Goi G 1a mdt diém thudéc dudng thing d, E 1a giao diém
thit hai cia GB v6i dudng tron. VE dudng kinh EOF. Goi C 1a giao diém cua
EF va d, D la giao diém th hai cia BC véi dudng tron, H la giao diém cua
BF va d. Chimg minh ring :

a) CGED la 1 gidc noi tiép; b) GDH =90°.

Cho dudng tron (O : R), day AB = R, diém C thudc cung l6n AB. Goi I 1a

trung diém cia OA, M la trung diém cia BC, H 1a hinh chiéu ctua A trén BC.

Chimg minh ring tam gidc MIH la tam gidc déu.

Cho tam gidc nhon ABC, dudomg cao AH, HC = 2HB. Dudng vuong géc vai
M Ty o
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a) ABE =90°: b) BAH =CAE .

Cho tam gidc ABC can tai A, diém I ndm trong tam gidc sao cho IBC =ICA. .

Goi M la trung di¢m cua BC.

a) Ké dudmg vuong géc véi Bl tai I, cdt AM ¢ F. Ching minh ring A, F, I, C
thuéc mot dudng tron.

b) Chimg minh ring AIC + BIM = 180°
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179.

180.

181.

182.

183.

184.

185.

186.
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Cho hai dudmg tron (O) va (O’) cét nhau tai A va B (O’A < OA., O va O’ nam

vé hai phia cia AB). Goi C la diém doi ximg vai O’ qua AB. Goi D la giao

dié¢m thit hai cda AC véi dudng tron (0). Goi E la giao diém thir hai cua DB

vdi dudng tron (O’). Goi K 12 giao diém cua AE vd OO’. Chimg minh ring

OC=0’K.

Cho tam gidc ABC cén 1ai A noi tiép dudng tron (0O), diém I thude cung AB

khong chira di¢ém C. Goi H la hinh chi¢u cua A trén IC. Chimg minh rang

IB+ IH = HC.

Cho tam gidic ABC (AB # AC), duong tron (I) noi ticp tam gidc ti¢p xic vai

BC, AB, AC theo thit v ¢ D. E, F. Goi H la hinh chi¢u cua D trén EF.

a) Chimg minh ring BHE = CHF.

b) Goi N la giao di¢m thir hai cia EF vdi duong tron ngoai ti€p tam gidc
BHC. Chimg minh rang NB = NC.

Cho dudng thing d khong giao véi dudng tron (O). Goi | la hinh chié¢u cua O

trén d. Ké cdt tuyén IBC véi dudmg tron (0). Cic 1iép tuyén tai B va tai C cit

duong thing d theo thit tr tai D va E. Chimg minh ring ID = IE.

Cho duong thing d khong giao véi dudng tron (O). Goi I 1a hinh chiéu cua O

trén d. Ké cdc cdt tuyén IAD, IBC véi dudng tron (O), A nam gita I va D, B

nam gitra | va C. Goi giao diém cua CA va DB véi d theo thir e 1a E va F.

Chimg minh rang IE = IF.

Cho duong tron (O). diém K thude dudmg tron. VE duong tron (K) cat dudng

tron (O) tai C va D. V¢ day AB cua dudng tron (K) vuong géc véi ban Kinh

KC. B nam trong dudmg tron (O). Goi giao diém tha hai cua CB. AC véi

duong tron (O) theo thir we la E. F. Qua E v¢ dudng thing song song véi AC,

cat AB ¢ G. Chimg minh ring :

a) KE = KF: b) CF = BE = EG: ¢) CDG =90".

Cho tam gidac ABC vuong tai A, goi O 1a giao di¢m cic duong phén gidc. Goi

E la hinh chi¢u cua A trén OB, goi F la hinh chi¢u cua A trén OC.

a) Ching minh rang EF song song véi BC.

b) Ké dudng cao AH cuta tam gidc ABC, goi M la trung di¢m cia BC. N la
giao di¢m cua MO va AH. Chimg minh raing AN = EF.,

Cho tam gidc ABC. Duong tron (K) bang ti¢p trong géc A ti€p xic véi AB,

BC. AC theo thi tu ¢ D, E, F. Goi G la giao di¢m cia DE va KC, H la giao

di¢m cua FE va KB.



a) Chimg minh rang AHKG la & gidc noi tiép.
b) Goi M. N theo thit tu la giao di¢ém cua AH, AG véi BC. Chimg minh rang
EM = EN.

187. Cho hai dudng tron (O) va (O’) cdt nhau tai A va B. Lay diém E thudc dudng
tron (O), diém F thuéc dudng tron (O’) sao cho AB la tia phan gidc cta goc
EAF. K¢ cic cat tuyén chung EBG va FBH, G € (O’), H € (0O). Chimg minh
rang :

a) E,F, G, H thuéc mot dudng tron;

b) Tam dudng tron di qua bon diém trén 1a mot diém ¢6 dinh khi E, F thay
doi vi tri.
188. Cho ur giac ABCD néi ti€p dudng tron (O) ¢6 AB = BC. VE hinh binh hanh

ADCE. Duong thing di qua E va vuong géc v6i BD cit DA, DC theo thit ty ¢
M. N. Chimg minh rang BM = BN = BD.

189. Cho tam gidc ABC can tai A, A =120°. Diém D thudc tia doi cta tia AC,
dié¢m E thudc tia d6i cia tia AB, AD < AE. Goi I la trung diém cua BD, K 1a
trung diém cua CE. Duong trung truc cua IK cit BC ¢ M. Chimg minh rang
M la tam dudng tron ngoai ti€p tam gide GIK.

[Iomg din : Goi F 1a trung diém cia BC. Dudng tron ngoai tiép tam gidc
IFK cét BC ¢ diém thit hai N. Chimg minh rdng N trung M.

190. Cho tam gidc nhon ABC, I 12 giao diém cdc dudng phan gidc. Dudng vudng
géc v6i AB tai B va dudng vuong géc v6i AC tai C cit nhau ¢ K. Liy diém M
thugc tia KB, diém N thudc tia KC sao cho KM = KN = KA. Chimg minh
rang ba diém M, I, N thing hang.

191. Cho tam gidc nhon ABC, AB < AC, dutdng cao AH. Goi D, E theo thi wr la
hinh chi¢u cia H trén AB, AC. Ké HF song song véi AB (Fe AC), ké HG
song song voi AC (G € AB).

a) Goi K la giao diém cua DE va HF. Chimg minh rang CK vuong géc véi HF.

b) Goi M la giao diém cua DE va BC, goi N la giao di¢m cua FG va BC.
Chimng minh rang M trung N.

192. Cho tam gidc ABC can tai A, diém M di chuyén trén canh BC. Ké MD song
song vdi AC (D € AB), ké ME song song véi AB (E € AC). Chimg minh
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195.

196.

197.

198.

199.

200.

201.
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rang dudng tron ngoai 1iép tam gidc ADE ludn di qua mot diém ¢d dinh
Khac A.

. Cho ur gidc noi tiép ABCD ¢6 cdc tia phan gide cua cdc goc A va B gap nhau

tai diém E thudc canh CD. Chimg minh hé thie CD = AD + BC.

. Cho ur gidc ABCD ngi 1iép duong tron (O), diém E thudc cung AD khong

chira B. Goi khoang cdch tir E dén AB, BC, CD theo thit tu la a, b, ¢. Tinh
khoang ciach EK ur E dén AD.

Cho hinh vuong ABCD canh a, di¢ém K doi ximg vai D qua A. Goi O la giao
dié¢m cia AC va BD. V& cung AB cta dudmg tron (O : OA), cat CK ¢ E. Goi |
la giao diém cua BE va CA. Tinh dién tich tam gidc AID.

Cho tam gidc ABC noi 1i€p dudng tron (0Q), day AD di qua trung diém M cua
BC. K¢ day DE song song véi BC, day CF song song véi AE. Chimg minh
ring :

a) Cic tam gidc BAF va BEF c¢6 di¢n tich bang nhau.

b) BF di qua trung diém cua AE.

Cho hai duong tron (O) va (O’) cit nhau tai A va B. Ké ct tuyén chung CBD
vuong goc véi AB, C e (0), D € (O’). Mot dudmg thang chuyén dong luon di
qua B cit cdc duong tron (O) va (O°) theo thir tv ¢ E va F. Goi M la giao
diém cta CE va DF. Tim quy tich trung diém I ciia AM.

Cho ba di¢ém A. B, C thang hing theo thir v &y, AB > BC. Diém M chuyén
dong trén dudng vuong goc véi AB 1ai B. Goi I la hinh chi¢u cta C trén AM.
Goi H la giao diém cua CI va BM. Tim quy tich tam O dudng tron ngoai tiép
tam gidc MAH.

Cho tam gidac ABC cén tai A noi tiép dudng tron (O), AB > BC. bi¢m D
chuyén dong trén cung AB. Trén tia CD ldy diém E sao cho CE = AD. Tim
quy tich cia diém E.

Cho tam gidc ABC vuong tai A (AB < AC). Dung di¢m D trén canh huyén,
cdc diém E va F trén cdc canh goc vuong (D, E, F khong trung véi cdc dinh
cua tam giic ABC) sao cho ADEF «»» AABC.

Cho nira duomg tron (O) dudng kinh AB. Goi Am, Bn la céc tia tiép tuyén vdéi
nira dudng tron (nam cung phia véi nita duong tron déi véi AB). Dung tiép
tuyén CD vai nira duong tron (C € Am, D € Bn) sao cho néu goi M la tiép
diém. I la giao diém cua AD va BC thi MIBD Ia ut gidc noi tiép.
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202. Cho nira dudng tron (O) dudng kinh AB, di¢m I thuéc dudng kinh AB, IA = a,

IB = b. Diém M chuyén dong trén nira dudng tron. Dudng vuong géc véi IM
tai M cilt cdc tiép tuyén cua nira dudmg tron tai A va B theo tha te ¢ C va D.
Tim vi tri ctia C va D sao cho tam gidc CID ¢6 di¢n tich nho nhat.

S dung hé thirc lugng trong dudng tréon

203.

204.

205.

206.

207.

208.

Cho hai dudng tron (O) va (O°) cét nhau tai A va B. Goi I 1a dié¢m thuoc day
chung AB (IA < IB). Ké diay CD cua dudng tron (O) vuong géc vai Ol tai |,
k¢ day EF cua duong tron (O’) vuong goc véi Ol tai 1. T gidc CEDF la
hinh gi ? '

Cho tam gidc ABC ¢6 BC = 2AB ngoai ti¢p dudng tron (I). Goi M la trung
diém cua BC, goi H va K la giao diém cua AM va dudmg tron (1), H nam giira
A va K. Chimg minh ring AH = MK.

Cho tam gidc ABC ¢6 A —C >90°, AB=%BC. diém M thuoc canh BC sao

cho BM = % AB. Dudng trung truc cua AC cit BA ¢ I. Chimg minh ring :

2) ICB < 90°: b) IMC = 2-ICM.
Cho dudng tron (O) dudng kinh AB, day CD vuong géc véi AB, M la diém

thuéc day BD. Pudng thing di qua D va vudng géc véi AM cit BC ¢ N. Goi K
12 hinh chi¢u cta C trén AN. Chimg minh ring ba diém C, K, M théng hang.

Cho dudng tron (O) noi 1iép tam gidc ABC, céc 1i¢p diém trén BC, AC, AB
theo thir e 1a D, E, F. Duong thing di qua A va song song véi BC cét FE ¢ K.
Goi I la giao diém cua OD va EF.

a) Chimg minh ring Al vuéng géc véi OK (tai H).

b) Chimg minh rang AOHD «» AODK.

¢) Goi M la giao di¢m cua Al va BC. Chimg minh rang OM vuéng goc véi DK.

Cho dudng tron (O). diém M nidm ngoai dudng tron, tia déi cua tia OM cét
dudng tron ¢ K. Ké tiép tuyén MA véi dudmg tron (A 12 tiép diém), H 12 hinh
chiéu cia A trén MO. K¢ cdt tuyén MBC, B va C thudc (O), B ndm giita M
va C. Chimg minh rang :

a) BHOC la ur gidc noi tiép.
b) BK la tia phan gidc cua géc CBH.
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210.

211.

212.

213.

214.

215.
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Cho dudng tron (O ; R), dudng kinh CD. Diém A nidm ngoai dudng tron sao
cho AO = 2R va tam giic ACD nhon. Goi giao diém thir hai cia AC, AD véi
dudng tron (O) theo thit tu 1a B, E. Pudng tron ngoai tiép tam gidc ABE cat
OA ¢ diém thi hai 1. Tinh OL.

Cho dudng tron (O) diém A nidm ngoai dudng tron. Goi CD la mot dudng
kinh thay déi vi tri. Goi giao diém thit hai cia AC, AD véi dudng tron (O)
theo thit wr 1a B, E. Dudng tron ngoai tiép tam gidc ABE céit OA & diém thi
hai I. Chimg minh ring I 1a diém ¢6 dinh.

Cho tam gidgc ABC va dudng thang d khong ¢6 diém chung véi céc canh cla
tam gidc. Pudng tron (O) bat ki di qua B va C cit dudng thing d 6 E va F.
Goi (0O’) 1a dudng tron di qua A, E, F. Chimg minh rdng khi duong tron (O)
thay déi thi dudmg tron (O’) di qua hai diém ¢6 dinh (hai diém nay c¢6 thé
trung nhau trong truong hop dac biét).

Cho tam gidc déu ABC ndi ti€p dudng tron (0), diém D thudc cung AB. Cic
1i€p tuyén véi dudmg tron (O) tai B va tai C cat AD theo thi tw 6 E va F. Goi |
Ia giao diém cua CE va BF.

a) Tinh géc BIC.
b) Chimng minh ring BIDE, CIDF la céc tir gidc noi tiép.

¢) Chimg minh ring khi diém D chuyén dong trén cung AB thi DI di qua
mot diém ¢6 dinh.

Cho dudng tron (0), diém A c6 dinh nam trong dudng tron (A khac O). Goi

BC 12 mot day bat ki di qua A. Cic tiép tuyén tai B va tai C cét nhau ¢ M.

Tim quy tich cia M khi day BC chuyén dong.

Cho dudmg tron (O ; R), diém A ¢6 dinh nim ngoai dudmg
"
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n, OA = 2R.
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tro
n (Q)
Tim quy tich tam I dudng tron ngoai ti€p tam gidc OBC.

Cho dudng tron (), dudng thing d khong giao véi dudng tron, M la diém
chuyén dong trén dudng thang d. Goi MA, MB Ia céc 1iép tuyén v6i dudng
tron (0O), A va B la cdc tiép diém. Tim quy tich :

a) Tam I coa dudng tron ngoai tiép tam gidac MAB;

b) Trung di¢m E cia AB.



216. Cho tam gidac nhon ABC va cédc nira duong tron duong kinh BC, AC, AB ¢

217.

phia ngoai tam gidc d6. Dung cic diém H, I, K theo thir tu thudc cdc nira
dudng tron trén sao cho Al = AK, BK = BH, CH = CL.

Cho tam gidc ABC cén tai A, diém D thudc canh BC sao cho BD = 2DC. Goi
[ 12 diém thuoe doan thing AD sao cho DIB = 2DIC.

a) Chimg minh ring BID = BAC : b) Néu cdch dung diém I néi trén.

Bai toan cé tam giac va cac dudng cao
218. Cho tam gidc nhon ABC noi ti€p dudmg tron (O), cdc dudng cao AD, BE, CF

219.

220.

221.

222,

223.

cat nhau ¢ H. Goi I 1a giao diém thir hai cia AD véi dudng tron (O), K 12
giao diém cua FD va BI. Tinh géc BKC.

Cho tam gidc nhon ABC, cdc dudng cao AD, BE, CF cét nhau ¢ H. Duong
tron dudng kinh AH cit DF ¢ K (khic F). Chimg minh ring DK = DE.

Cho dudng tron (O), day BC, diém A chuyén dong trén cung lén BC. Cic
dudng cao BD, CE cta tam gidc ABC cit nhau tai H. Goi I la giao diém cua
DE va BC. Goi K la giao diém thir hai cua IA véi dudng tron (O). Chimg
minh ring :

a) AKH =90°; b) Dudmg thing KH di qua mot diém c6 dinh.
Cho tam gidc nhon ABC, AB < AC, cidc dudng cao BD va CE cét nhau ¢ H.

Goi I 1a mot diém thudc canh BC. Goi K 1a giao diém (khéc I) cia cdc dudng
tron ngoai tiép tam gidc IBE, ICD.

a) Tinh géc AKH. b) Tinh géc HKI.

Cho tam gidc nhon ABC, AB < AC, cic dudng cao BD va CE. Goi I 1a trung

diém cia DE, M la trung diém cia BC. Goi H 1a giao diém cta Al va BC, K
la giao diém cia AM va DE. Chimg minh ring KH vuong géc véi BC.

Cho tam gidc nhon ABC ndi ti€p dudng tron (O), cdc dudong cao BD va CE
cat nhau ¢ H. Goi M, N theo thit ty 1a trung diém cua BC, DE. Goi K la giao
diém thit hai cia AM véi dudng tron (O’) dudmg kinh AH. Goi I 1a giao diém
thir hai cia AN véi dudng tron (O). Chimg minh rang :

a) NAE = MAC : b) A MCK v A MAC:
¢) I doi ximg véi K qua BC.
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224. Cho tam gidc nhon ABC, truc tam H noi ti€p dudng tron (O). Goi M la trung

di¢m cia BC, AM cit cung BHC ¢ E, BE cit AC ¢ [ va cét dudng tron (O) ¢
K, CE ciat AB 6 G va cit dudng tron (O) ¢ N. Chimg minh rang :

a) GI song song véi BC; b) MAN = MAK .

225. Cho tam gidc nhon ABC, cdc dudng cao BD va CE ciét nhau ¢ H. Goi M la

226.

trung diém cua AH, I la giao diém cta DE va AH.

a) Goi K 1a diém d6i xing véi H qua BC. Ching minh ring K thudc dudmg
tron ngoai ti€p cdc tam gidac CDI va BDM.

b) Chimg minh ring CI vuong géc véi BM.

Cho tam gidc nhon ABC truc tam H néi tiép duong tron (0). Vé day MN

vuong géc véi BC tai K (M thudc cung nho BC). Pudng thing di qua K va

song song voi AN cit MH ¢ 1.

a) Goi giao diém cia IK v6i AC, AB theo thit tu 12 E, F. Chimg minh ring
ME vuong géc véi AC, MF vuong géc vai AB.

b) Goi D la diém doi ximg v6i M qua AB, G la diém do6i ximg v6i M qua AC.
Chimng minh réng ba diém D, H, G thing hang.

¢) Chimg minh rang I la trung di¢m ctia MH.

227. Cho tam gidc nhon ABC, cic dudng cao BD va CE cit nhau ¢ H. Goi [ va K

theo thir tu 4 hinh chi€u cha B va C trén DE. Goi dién tich cac tam gidac HBC,
HDE, BIE, CKD theo thit tr 1a S, S,, S;, S;. Ching minh rang S, - S, =S; + S,

228. Cho dudng tron (O ; R), day BC. Diém A chuyén dong trén cung 16n BC sao

cho tam gidc ABC nhon. Goi AD, BE, CF la cic dudng cao cia tam gidc
ABC. Tim vi tri ctia A dé tam gidc DEF ¢6 chu vi 16n nhat.

229. Cho dudng tron (O), day BC c6 dinh, diém A chuyén dong trén cung Ién BC
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sao cho tam gidc ABC nhon. Céc dudng cao BD va CE cua tam gidc ABC cit

nhau tai H.

a) Chimg minh ring DE c¢6 d6 dai khong doi.

b) Goi M la diém d6i ximg véi B qua AH, N la diém déi ximg v6i C qua AH.
Goi I 1a giao di¢m cua MH va AB, K la giao diém cia NH va AC. Tim vi
tri cua diém A dé do dai IK nho nhat.



Bai toan c6 hai tiép tuyén va mét cat tuyén ké tir mét diém

230.

231.

232,

233.

234,

235.

236.

Cho duong tron (0O), cdc tiép tuyén KA, KB va cdt uyén KCD (:ﬁ >BC )i
Goi I 1a trung diém cta CD. Budng tron di qua B, I, D ciat AB & diém thi hai
EE. Chimg minh rang AK song song véi DE.

Cho dudng tron (O), céc tiép tuyén KA, KB va cdt tuyén KCD. Ke day AE
song song vdi CD. Goi M la giao diém cia BE va CD. Ching minh rang M la
trung diém cua CD.

Cho dudng tron (0O), cédc tiép tuyén KA, KB va cdt tuyén KCD. Goi M la
trung diém cta CD. Ké day BE di qua M. Chimg minh ring :

a) AE song song véi CD.
b) AC la ti€p tuyén cua dudng tron ngoai 1iép tam gidc BCM.
Cho tam gidc nhon ABC ngi tiép dudng tron (0). cdc duong cao BE va CF.
Céc 1iép tuyén tai B va tai C cét nhau ¢ K. Goi M la giao diém cia OK va BC.
a) Chimg minh ring BAK = MAC.
b) Goi G la giao diém ctia AM va EF, H la giao diém ciia AK va BC. Chiing

minh rang GH song song véi OM.
Cho tam gidc nhon ABC ndi tiép dudng tron (O), T =k . Céc ti¢p tuyén tai
B va tai C cit nhau ¢ M. Goi N la giao diém cua AM va BC. Chimg minh
rang s [ k2.

NB

Cho duong tron (0), cac tiép tuyén KA, KB va cdt tuyén KCD sao cho BD la
duong kinh ctia dudmg tron (O). Goi H 14 giao diém cia OK va AB.
a) Tinh géc ACH.
b) Goi M la giao diém cia AC va KH. Ching minh ring MH = MK.

Cho dudng tron (O), cdc tiép tuyén KA, KB va cdt tuyén KCD. Goi (O’) 1a
mot dudng tron di qua C, D va chita diém B bén trong. Goi E va F theo thir e
la giao diém thi hai ciia AC va CB véi dudng tron (O'). Goi I 1a giao diém
cia AB va EF. Ching minh riang :

a) ADIE, BDFI la cdc ur gidc ndi tiép; b) IE =IF.
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237. Cho duong tron (0), cdc ti€p tuyén AB, AC. K¢ duong kinh BD. Dudng
vuong goc véi AB tai A cét OC ¢ E. Goi F 1a trung diém cua OB. Chimg
minh ring EF vuong géc véi AD.

238. Cho tam gidc ABC ndi 1iép dudng tron (O). Dung diém D thudc dudng tron
sao cho wr gidc ABCD ¢6 tich hai canh d6i nay bing tich hai canh d6i kia.

Bai toan cé tir giac ndi tiép va giao diém cac duéng thing chira cac

canh doi

239. Cho i gidgc ABCD néi tiép dudng tron (0), M 1a giao diém cia AB va CD, N
la giao diém ciia AD va BC. Chimg minh rang :

a) MN? = MC.MD + NA.ND; b) Géc MON khong vuong.

240. Cho it gidc ABCD noi tiép dudng tron (0), M 1a giao diém cua AB va CD, N
la giao diém cia AD va BC. Goi I la giao diém clia AC va BD, K la giao diém
thir hai cta NI va dudmg tron ngoai tiép tam gidc NBD. Chimg minh réng :

a) Cdc duodng tron ngoai tiép cdc tam gidc IAD, IBC, NAC di qua K.
b) NKC = NKD.
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Chuyén dé 9
TU GIAC NGONI TIEP PUONG TRON.
CHU VI VA DIEN TICH HINH TRON

TONG QUAN VE CHUYEN DE

NOi dung cua chuyén dé nay bao gom :
- Tt gidc ngoai tiép dudng tron, tinh chat va diu hi¢u nhan biét.
- Do dai duong tron, do dai cung tron.

= Dién tich hinh tron, hinh quat tron, hinh vién phén, hinh vanh khan.

Do vui

Ban hdy tim y nghia todn hoc cua bai tho duéi day :

CAY LUA VIET NAM

Ba mién dat Biac - Trung — Nam

Mot vung lanh tho Viét Nam anh hing.
Bon mia xudn ha thu dong

Mot nam thu hoach cay trong 161 uoi.
Nam nay dt ching phu ngudi

Chin vang tham lia chan trdi co bay.
Hai suong mot nang chung tay

Sdu tan mot mau bo ngay cham lo.
Nam xua dn chang du no

Ba mién nay da thanh kho théc day.
Nam chau nhap gao wr day

Tdm thom hat d¢o, mé say long nguoi.
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Giai

Cic chir ddau cua 12 cau tho cho ta 12 chir sé ddu tién cia sO T, dé la

3.14159265358.

I. TU GIAC NGOAI TIEP DUONG TRON

. T gidc ngoai tiép dudmg tron la wr gidc ¢6 cdc canh tiép xic véi dudng
ron dy.
2. Néu mot ur gide ngoai tiép dudng tron thi 16ng cdc canh doi bing nhau.
3. Dao lai, néu mot ur gide ¢6 16ng céc canh doi bang nhau thi wr gidc dé
%oai ti€p moét dudng tron.
4. Da gidc c6é chu vi 2p ngoai ti€p dudng tron ban kinh r thi ¢6 dién tich
S=pr

Vi du 125. Cho hinh thang can ABCD (AB // CD) ¢6 dién tich 192 cm’ ngoai

liép dudmg tron (O) bdn kinh 6 cm. Goi céc tiép diém trén AD, BC theo thir ty 1a
M. N. Tinh d¢ dai MN.

Giai (h.152)

A B

Ké AH L CD. Hinh thang can K

ABCD ngoai ti€p (O) nén i N
AB + CD = AD + BC = 2AD.
Ta co O
AB+CD
S:'\“(‘D = ;AH =AD.AH
2 D H L
= 192 = AD.12 Hinh 152
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= AD=16cm.
Ké OK L MN thi OK L AB (do hinh thang ABCD can)

= AAHD vo AMKO (g.g) = A—D=é-[:l-=:>ﬁ=—12— = MK =45 (cm)
MO MK 6 MK

= MN =2MK =9 (cm).



Vi du 126. Cho hinh thang can ABCD (AB // CD) ngi ti¢p dudng (O) dudng
kinh 20 ¢m va ngoai tiép duong tron (I) dudng kinh 9 cm.

a) Tinh cic do dai AD va OLl.
b) Tinh chu vi va dién tich hinh thang.

Gidi (h.153)

». A P 0
o husti=BzB, 10

Goi M la trung diém cua AD,
dat AM = MD = MI = x.
Goi E la tiép diém cha (I) trén

AD. Ta ¢6 IE // OM (clung vudng géc
vai AD)

=90°.

=5 i| =0_.l\;[_|
= AMIE v» AOMI (g.g)

- i 2e s NI = [E.OM
Ml OM

= x> =4.5.J10° = x? .

bat x* = a thi a=4.5/100-a

<> 4a’ + 81a - 8100 = 0. Nghiém duong ctia phuong trinh 12 a = 36 nén x = 6 (cm),
suyra AD =12 cm.

Hinh 153

OM2=0D?-MD? = 10> - 62 = 64

O’ = OM? - M2 = 64 - 6 = 28 = Ol = 24/7 (cm).

b) Hinh thang can ABCD ngoai ti¢p (I) nén AB + CD = 2AD. Chu vi hinh
thang ABCD bang 4AD =4.12 = 48 (cm). S\ ;y¢pp = pr = 24.4,5 = 108 (cm?).
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BD

Vi du 127. Cho tr gidc ABCD noéi ti€p dudng tron (O) c6 dudong Kinh

= 24 cm. Duong tron noi 1iép i gidc ABCD ¢6 tam I nam trén doan OB va c6

ban Kinh 7 cm.

a) Tinh AB+ AD : b) Tinh AB va AD : ¢) Tinh OL.

Gidi (h.154)

140

a)Dat AD=a, AB=b(a>b)vaa+b=x.
Tam gidc ABD vuong tai A nén
a’ + b’ = BD = 24% = 576.
Tacé x> =(a+b)> =a’+ b’ + 2ab

= 576 + 2ab. (1)
Ké IE L AD, IF L AB. Do FI // AD nén
:£=:I;:b;7=} = ab-"7Ta="Tb
= ab=7(a+ b)=7x. (2)

Hinh 154

Tu(l) va (2) suy ra x> =576 + 14x

e x* = 14x - 576 = 0.

Nghiém duong cua phuong trinh la x = 32.

Vay AB + AD =32 cm.

b)a+b=232vaab=7.32 =224 nén a va b la nghi¢m cua phuong trinh
X>-32X+224=0.Suyra X, =16 +42: X, =16 - 4/2.

Viay AD=16+4v2 cm: AB= 16 — 442 cm.

¢) Ké OM L AD, ké ON L ABcit IE 6 K.
AOIK vuong tai K nén OI° = IK? + OK? = FN? + ME?

]

=0I=3v2cm.

2 2 12
+[f‘2__7] Y zb_ —7a+b) =98+¥—T.32=18



Vi du 128. Cho tam gidc ABC ¢6 AB < BC. Dung diém D sao cho ABCD vira
la uf gidc néi ti€p, vira 1a ur gidc ngoai tiép.

Gidi (h.155)

Phan tich : Gia sir da dung duogc diém D thoa B
man bai todn.

B¢ ABCD 1a wr gidc ndi 1iép thi D nam trén
cung AC cuta dudng tron (O) ngoai tiép AABC.
bat ABC = o. Lay E trén BC sao cho BE = BA thi

CE=BC-BE=BC-AB=m. A \ = C
Lay F trén CD sao cho DF = DA. A ADF can \W

o o _ D
tai D ::AFC:ggl'+g=900+ 180" - o

Hinh 155
=wW—%. 1)

T giac ABCD ngoai tiép = AB+ CD = BC + AD
=CD-AD=BC-AB =2CF=m. (2)

Ti (1) va (2) suy ra F la giao diém cua cung chita géc 180° -% dung trén
AC (cung nam khdc phia véi B déi véi AC) va dudng tron (C ; m), D 1a giao diém
cua CF va (O).

Ban doc w trinh bay cdc phan con lai.

Il. CHU VI VA DIEN TICH HINH TRON

1. Chu vi hinh tron (do dai duong tron) ¢6 ban kinh R 1a C = 2nR.

2. Do dai cung n” cua dudmg tron ban kinh R 1a /= %

3. Dién tich hinh tron ban kinh R 12 S = R’.
4. Dién tich hinh quat tron ban kinh R, cung n° d¢ dai cung / la
& nR’n _ IR
360 2
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Vi du 129. Trong thuc 1€, nhiéu khi ta phai tim d¢ dai mot cung AB nhung
khé xdc dinh duge bédn kinh dudng tron. Khi dé ta ¢6 thé dung cdch sau : Goi M la
di¢m chinh gita cia cung AB. Do dai / cua cung AB duge tinh gdn ding theo

cong thirc Huy-ghen :

_Sb—a

/ voi AB=a, AM =b.

(/{uygens, nha todn hoc va vat li hoc Ha Lan,
1629 - 1695).

Tinh ti s6 phédn tram cua d6 dai cung AB tinh theo

cong thirc Huy-ghen so véi tinh theo cong thie ding,
néu 6 do cua cung AB bing 90” (h.156).

Gidi (h.157)

Goi I 1a trung diém cua AM. Dat OA = OB = R,
tacé AB= RV2,

AM = 2Al1 = 2Rsin22"30" = 0,76537R.

Do dai cung AB tinh theo cong thie Huy-ghen

8b-a (8.0.76537 - V2)R

ban
& 3

= 1,5696R.

Do dai cung AB tinh theo ¢ong thirc diing bang

£ SR TS8R,
i "z

Do dai cung AB tinh theo cong thirc Huy-ghen
s0 v6i tinh theo cong thirc ding bang

1,5696 : 1.5708 = 99,92%.

Vi du 130. Trén hinh 158, ta ¢6 tam gidc déu ABC
véi tam O, cdc diém D va E theo thir ty 12 trung diém
cua AB va AC, bi¢t OD = R. Goi S, la dién tich phin
gidi han boi hai doan AD, AE va cung nho DE cua
duong tron (O : R). Goi S, la dién tich hinh vién phan
giGi han boi day BC va cung nho BC cua duong tron
(O ; OB). Tinh 10ng S, + S,.
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Hinh 157

Hinh 158



Gidi (h.159)

Vé du cdc cung con lai cia cdc dudng tron ndi
liép va ngoai tiép AABC. Khidé S, + S, bang % dién
tich hinh vanh khan. Dién tich hinh vanh khén bang :

nOB’ - tOD? = 4nR? - nR? = 3nR’.

>

S, +S,= =.3nR° =R~ Hinh 159

Vi du 131. T gidc ABCD noi ti€p mot dudng tron ¢6 dién tich S, va ngoai
S)

1iép mot dudng tron ¢6 dién tich S,. Tim gid tri nho nhat cha —.
Gidi (h.160)

Goi R va r theo thir tr la cdc ban kinh cua
dudmg tron ngoai tiép va noi tiép tr gidc ABCD.

2 2
Ta(:{')S—=1JIR =R—. (1)
S'& 'a"tl'2 1'2

Goi S la dién tich ur gidc ABCD. Ta ¢6

S< %AC.ISD < %.21{.2}2 = 2R?

= 2R* 28S. (2)

Hinh 160

Goi a. b. ¢, d la bon canh lién ti€p cia wr
gidc ABCD.

Do ur gidc ngoai ti€pnéna +c=b +d.

a+b+c+d

Tacé S= 5 r=(a+co)r. (3)
Talaicéoab +cd 2 2S, bc + ad 22S nén ab + ¢d + bc + ad 2 4S5
= (a+c)(b+d)24S = (a+c)* 2 4S. (4)
Tir (3) va (4) suy ra S” = (a + ¢)’r* 2 4Sr* = S 2 4r°. (5)
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-

Tir (2) va (5) suy ra 2R’ 2 4r' = E,;—‘-'_’Z. (6)
3

Tir (1) va (6) suy ra :—' 22 min Bl 2 <> ABCD la hinh vuéng.

2 2

BAI TAP

T giac ngoai tiép dudng tron

241.
242,

243.

244.

245.

Tinh dién tich hinh thang can ngoai tiép ¢6 cdc canh ddy bing a va b.

Cho hinh thang vuéong ABCD ngoai tiép duong tron (O ; 1), A=D=90°,
AB < CD, cic tiép diém trén AB, CD theo thit v 1a E, F. Goi I la giao diém
cua BD va EF. Tinh dién tich tam gidc BIC.

Cho duong tron (O), hai day AC va BD ciét nhau tai I. Goi E, F, G, H theo tha
tu 1a hinh chiéu cua I trén AB, BC, CD, DA.

a) Chimg minh ring EFGH la 1 gidc ngoai ticp.

b) Ciac day AC va BD c6 dicu kién gi thi EFGH la uf gidc noi tiép ?

Cho hinh thang can ABCD (AB // CD) néi tiép dudng tron (O) dudng kinh
AB = 2 va ngoai ti¢p dudng tron (I). Tinh BC va CD.

Chimg minh rang trong cdc tr gidc ngoai tiép cung mot duomg tron, hinh
vudng ¢é chu vi nho nhat.

Chu vi va dién tich hinh tron

246.
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Cho dudmg tron (O ; R) va day AB khong di qua O. DBi¢m C di chuyén trén

day AB. Goi (O,) la duong tron di qua C va tiép xic vai duong tron (O) tai A.

Goi (0O,) la dudng tron di qua C va tiép xic véi duong tron (O) tai B.

a) Chimg minh ring t6ng cdc chu vi cua hai duong tron (O,) va (O,)
khong doi.

b) Tim vi tri cta diém C dé 1ong dién tich cta hai hinh tron (O,) va (0,) ¢6
gid tri nho nhat.

¢) Tim quy tich giao diém thir hai I cta hai dudng tron (O,) va (0O,).



d) Ching minh ring khi diém C di chuyén trén day AB thi dudng thing IC
ludn di qua mot diém c¢o dinh.

247. Trén hinh 161a, hinh vanh khan bén ngoai ¢6 dién tich S, va hinh vanh khan
bén trong ¢6 dién tich S,.

G Y

a) b)
Hinh 161

Dung mét chiéc que, do doan tiép tuyén AB va doan tiép tuyén CD (h.161b),
ta thdy AB > CD. Hay ching minh S, > S,.

248. MOt hinh quat ¢é chu vi (tic 1a tong cua do dai cung va hai ban kinh) bang
12 dm. Tinh dién tich 16n nhét cua hinh quat.
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LOI GIAI, CHi DAN, PAP SO

146

Chuyén dé 1
TAM GIAC - TU GIAC - PA GIAC

(h.162) Qua B ké dudng thing song song
v6i EC, qua C ké dudng thing song song . D
véi BE, chiing cét nhau ¢ K.

Ta cé CID = DBK. (1)

Dé chimg minh ACBK = ABCE (g.c.g)

=» CK = BE = AD.

AABD = ACDK (c.g.c). Hay chimg minh

ADBK vuong can dé suy ra DBK = 45°, do (1) nén
CID = 45°.

(h.163). a) Ban doc tu giai. B

b) Goi K la giao diém ctia AB va CD. AABD déu va E
Di = K =30° nén \
AB = BD = BK, ma AB = AE (cAu a) nén BK = AE. A S
Ta lai ¢c6 KBC = AEG (= 105°) Hinh 163

Hinh 162 K

nén AKBC = AAEG (g.c.g) = BC=EG.
(h.164) Pat AD=DB=a, AF=FC=b,
CE=EB=c.

Do OA L DF nén OF* - OD?

= HF? - HD? = AF* - AD?

=b? - a’. (1)

Hinh 164

10. 9 CO HINH HOC THCS-8



Tuong tr, do OB L DE nén OD*-OE*=a’-¢%.  (2)
Cong (1) v6i (2) duoec OF? — OE? = b? - ¢? = CF* - CE2.
Theo bo dé nhan biét hai dudng chéo vuong géc,ta g

¢6 OC L EF.

(h.165) Ké dudng thing qua C va song song v6i

AD, cit BA o M thi AK = AM.
AABH = AACM (g.c.g) = AH = AM.
Tir (1) va (2) suy ra AK = AH.

(h.166) Ké dudng thing d qua A va song song Vi
BC.Goi D la diém d6i ximg v6i B qua d. Dat
AH =hthi BD =2h. Pat AC=b, AB=c.

Taco AB+ AC=AD+AC2CD
= (b +¢)’ 2 CD? = a% + (2h)?

21‘:(b-t-<:)2—-a2

=% h
4
=(b+c+a}(h+c—a)
4
2p(2p — 2a
= ZPCP )=p(p—a).

4
(h.167) Goi K 1a trung diém cua AD.
Ta c6 BKDM la hinh binh hanh
= BK // DM
=> BK 1L AH (tai I) va Al = TH.
Do BK la dudng trung truc cia AH nén
BA = BH.
(h.168) ABDK = AKEC (c.g.c)

= BK =KCva K, = C\. (1)
Goi H 1a giao diém cua CE va DK.

(1) D
(2)

v Hinh 165

Hinh 166

\

H

Hinh 167
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8.

10.

148

Ta ¢6 CE L AE va AE // DK nén CE L DK (tai H) = C; phu CKH. (2)

Tir (1) va (2) suy ra Ki phu CKH va ABKC vudng can.

Hinh 168

Hinh 169

(h.169) Goi I la trung diém cua AB, cdc dudng thang IE va IF cit CD theo
thi tv & H va G. Ba dudng thang cdn chimg minh déng quy la ba dudng trung

truc cua AIHG.

(h.170)

Goi K 1a giao diém ciia AM va d,.

Lay F trén MK sao cho MF = MA.

Tam gidc AFC ¢6 AF = 12 cm, CF = 5 cm, di
AC= 13 cmnén AFC = 90°, suy ra KA L AB.

Ta lai ¢c6 BC L EK nén EM L BK. (1)

Dé chimg minh BDCK la hinh binh hanh nén

BK // CD. () B

--------

(h.171) a) K¢ DH va BK vudng géc véi AC.
Pat OH = OK = x. Ta ¢6

&
Hinh 170

AB?= AK? + BI(2=(m+ch)2+(rlz—ll~:2)=m2 + 2mx +n2.

AD? = AH? + DH? = (rn-x)2 + (nz—x2)= m2 - 2mx +n°.

Suy ra AB? + AD? = 2m? + 2n’.
b) Suy ra tir cau a).

d
4



11.

12.

13.

14,

Hinh 171 Hinh 172

(h.172) Goi I 1a diém d6i ximg véi B qua M. Ta ¢6 CI // AB nén CI L CH.

biém C dung dugc, 1a giao diém cia dudng tron dudng kinh HI va dudng
thang qua M va vuong géc véi BH. Tir d6 dé dang dung duoc tam gidc ABC.

(h.173) Ké CK L AD. Ta ¢c6 ACKA = AAHB (canh huyén — géc nhon)
= CK = AH = HE. Hay chimg minh CKHE Ia hinh chir nhat.

B X

Hinh 173 Hinh 174

(h.174) Goi I 1a trung diém cta EK. Ké IH L AB thi HA = HB nén HC = HD.

Tacé ID = IC=IE = IK nén EDK = 90°.
(h.175) Goi K 1a trung diém ctia AD. Ta ¢6
ACDK = ADCF (c.g.c)

=C=D2=C =D =a
Do AKCEF la hinh binh hanh nén AF // KC
=1 i| = 61 = Q.

Hinh 175
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15.

16.

17.

18.

150

(h.176) Ké EK L AH, ED L BC. Ta
c6 AAHB = AEKA (canh huyén -
g6c nhon) = AH = EK = HD.

Ta c¢6 Al = DI (cing bang % BE). g
Suy ra AAHI = ADHI (c.c.c) Hinh 176
= AHI = DHI = 45°.

(h.177) Cach 1. Goi I 1a trung diém cia MN.
TacOMN=IM + IN=1A + 10 2 OA.
minMN = OA < O, |, A thing hang.

Khi d6 I 1a trung diém cia OA, AMON Ia hinh chir
nhat, M la chan dudng vuong géc ké tir A dén Ox.

Cdch 2. MN nhé nhit < MN? nho nhat
< AM? + AN? nho nhat.

Xay ra dugc dong thdi AM? nhé nhat vi AN? nhé nhat, khi d6 AM’ L Ox va
AN’ L Oy, théa man AM’ L AN’.

(h.178) Ké IN L AH.
Ta c6 IE? + IF? = IAZ nén IE? + IF? + ID?

o) M M X
Hinh 177

2
= IA? + ID? > AN? + NH? > (AN + NH)
_AH?* _h?

2 2

2
min(IE? + IF? + ID?) = h?
<> I 1a trung diém cla dudng cao AH.

(h.179) Hinh thoi ABCD c¢6 BD = 15 cm,
dudng cao BH = 12 cm thi HD? = BD? - BH?

=15 -12?=81 = HD=9cm.

Hinh 179



19.

20.

21.

batAB=xthiAH=x-9.
Giai phuong trinh (x = 9)? + 12% = x? duoc x = 12,5.

Canh hinh thoi bang 12,5 cm. A q
(h.180) ABAE = ABCF (c.g.c) = BE = BF.

K¢ EG // CF, ta ¢6 EG = AE = CF nén EGFC
la hinh binh hanh, suy ra IE = [F. Tam gidc
BEF cén c6 BI la dudng trung tuyén nén |
Bl L EF.

E G

(h.181) Do E] = g’.z nén ta k¢ KF L AB,
KI L EG thi KI = KF = a.

Ké MN L CD, MQ L AD, ta c6
AKCH = AMQG (canh huyén - géc nhon)
— KC=MQ=ND

Hinh 180

=>NK=DC=a=KI=>I23=I‘E4.

Talai c6 Ky = K2

nén K2 + K3 = 45° = EKM = 45°.

Do KM // HG nén EOG = EKM = 45°.

(h.182) Trén tia doi cua tia DC lay K sao
cho DK = BE.

AFAE = AFAK (c.g.c)
= EF = KF =KD + DF = BE + DF ) o

—»EF+CE+CF=BE+CE+DF+CF K D F C
=BC+CD=2a. Hinh 182

Ta lai ¢6 EF € CE + CF nén EF < a.
maxEF = a <= E trung B (khi d6 F tring C) hoac E tring C (khi d6 F trung D).
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22,

23.

152

(h.183) B
bat AB=a, BC=b,CD =c¢, DA =d. & b
Goi O la giao diém cua hai dudng chéo.

(OA + OB)? i 0 €

Tacé a’ = OA? + OB? 2

OA + OB

:aETmaﬁZOA+OB.

Tuong ty by2 2 OB + OC Hinh 183
¢v2 2 0C + OD
dv2 2 0D + OA

Suyra (a + b + ¢ + d)V2 2 2(0OA + OC + OB + OD) = 2k.

k
min(a + b+c +d) = kv2 & OA“OB'OC‘OD"E

AC 1 BD
<> ABCD la hinh vuong ¢6 dudmg chéo béng %
Xét da gidc n canh c6 s6 do cdc goc tang ddn la a, a,, ... , a,. Tong cdc géc

(a, +2an)n _ (90 +126%)n _ 108° .

trong bang

Giai phucmg.lrinh (n —2)180° = 108°n, ta dugc n = 5.

Goi d 12 d6 tang ddn cla cdc géc. Don = 5nén 90° + 4d = 126°, suy rad = 9°.

S6 do céc géc cua da gidc 1a 90°, 99° 108°, 117°, 126°.

2) m_(x - 2)180:(y - 2)i80 _ = 2. y Ta ¢6 y(x = 2)
n X y X y=-2 x(y - 2)

Rut gon dugc 3xy +4x — 10y = 0 & (3y + 4)(3x = 10) = —40.

Doy 23 nén 3y +4 2 13, ¢6 hai trudng hop

-
5

-

[
'3y +4 20 40
3x-10 | =2 -1

Xx=3

Dap s6':
o {y = ]2.




b) C6 4 dap s6 :
X =4 Xx=35 x=6 X =
y:ﬁ }'=|0 )"=18 y=42_

Chuyén dé 2
DIEN TiCH PA GIAC

25. (h.184) Dé dang chimg minh EFGH la hinh

Ry, HF?
vuong nen SEFU“ = T

(a + b)?
8

Theo dé b SI'ZFGH =

nénHF=a+b.

a+b

Xét ur gidc ABCD ¢6 HF = (h.185).

Goi I 1a trung diém cua AC.
TacdHlvthss st
2 Z 2

Suy ra I nam gitra H va F, do d6 AB // CD.
Vay ABCD la hinh thang. Hinh thang ABCD cé
hai dudng chéo bing nhau nén 1a hinh thang can.

26. (h.186)a) DatBD=m,CE=n, AF=p.

= HF.

Taco 2(:«2 + mZ) 2 (x + m}2 =c2

Tuong wr 2(y” + n%) 2 a>
2(;12 + Pz) > b’ Suy ra

i 2 2
2 » SN 2 2 » _a“+b"+c
X°+y*"+2°+rm +n"+p° 2 > . (D

Hinh 186



27.

28.

154

Ta lai ¢6 x* + y* + 2> = (OA’ = OD?) + (OB? - OE?) + (OC? - OF?)
m’ + n® + p* = (OB? - OD?) + (OC? - OE?) + (OA? - OF?)

% y | 2 i .
nén x'+y'+z'=m‘+n'+p2. (2)
a’ + b% + ¢?
2 i
X=m
a? + b2 + ¢?

b) rnin(x2 - y2 + zz) — 3 o {y =

Tiu (1) va (2) suy ra x2 + yz -

Z=p
¢ O la giao diém céc dudng trung truc.
(h.187). Goi S;, S, theo thi wr l1a dién tich cic A G

hinh chir nhat nho ¢6 dinh B, dinh D.
Ki hi¢u cdc diém E, F, G, H nhu trén hinh v&. E

Tac6 S,.S, = OE.OG.OF.OH
$,.5, = OG.OF.OE.OH nén S,S, = S,S,.

Tac6 S, <S, = S £ §,S, = S5,
g e Hinh 187
=S| < /S;S, = 4%—4 (1)

Tacés,ss,as,sil%sl. 2)

Tu(l)va(2)suyra §; < St ol st

NN,

a) (h.188) Pdp s6': 450 cm?.
b) (h.189) Pdp s6': 144 cm’.

D 28 E 16 C D 4 E 10 C
Hinh 188 Hinh 189



29. Goi a la canh, h 1a chiéu cao, S 1a dién tich hinh thoi.

30.

31.

Tac6gh=S="0 ntn h = ——. (1)
2 2a

2
Ta cé a2=[%)2+(§J =:r4a’=m’+n"=>2a=\}m2+n2. (2)
mn

Tfl'“)\'é (2]\“3’ mh= m

(h.190) Dat NP =x, MN =y.
Ta c6 Symun + Spmne = Sapc nén %.y(IO - X) + -;—.(20 + y)X = -;—.20.10

< y(10 - x) + (20 + y)x = 200
= y=20-2x.

Sunpg = XYy = x(20 - 2x).

a) x(20-2x) =32 M N

o xP-10x+16=0

x=8 nl
& (x-8)(x=-2)=0 & B B Q H P C
Canh cta hinh chir nhat bing 8 m va Hinh 190

4m,hoac2mva l6m.

b) Sunpo = X(20 = 2x) = =2(x = 5)° + 50 < 50.
maxSyxpg = 50 m’ ¢ x = 5m < MN 1

dudng trung binh cia AABC. A
(h.191) Ké dudng cao AH. N
Dat HC=x. HB=y,tac6 x + y =21 (cm).
x> —y*= AC* - AB* =207 - 13 =231

. 0
=>x—y=x 4 =231=Il(cm}. By H X ¢
X +Yy 21
Hinh 191
Tedéox=16cm,y=5cm, AH =12 cm,
S.pc = 126 cm®.
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33.

156

(h.192) PatBC=a, AC=b, AB=c. A

a+b+c=60 ¢ b
Tacé {bc = 12a 14
2 2 2
. o = ¢ ol
b ¢ a 8 v
(t:i-!-f:)2=(60-a)2 < a
Hinh 192

= b® + ¢’ + 2bc = 3600 — 120a + a°

= 24a = 3600 - 120a = a =25 (cm), Sppc = 25—212- = 150 (cm?).

(h.193) a) Do AB, BC, AC la ba s6 tu nhién
lién tiép nén A
AC-AB=2va AC+ AB=2BC.
Ta ¢6 HC? = HB? = AC? - AB?

= (AC + AB)(AC - AB)

=2BC.2 =4BC. (D
HC? — HB? = (HC + HB)(HC - HB) B H
= BC(HC - HB). ) Hinh 193

Tu (1) va (2) suy ra HC = HB = 4 (cm).
b)Dat HB=x thi HC=x + 4, BC=2x +4, AB=BC - | =2x + 3.
Tacé AB* = HB? + AH? & (2x + 3)* = x* + 122

Rﬁlggnduqcxz+4x-45=0@(x—i)(x+9)=0.Dox}()nenx=5.

= _l_ AH 14.12

1 2
S.‘\H'C - Fhvnd WA A —.a 84 {cm*)
2 2

(L1

Xét tam gidc vuong c6 cdc canh géc vudng bang x vay (x 2 y).

Tac6%=x+y+\fx2+y21:2\/:(2+y3=xy-2x—2y.

Binh phuong hai vé réi rit gon dugc (x — 4)(y — 4) = 8.
Ddp s6': 12va5;8va6. |



35. (h.194) Dat Syg; = Sy, Scyy = Sy Sy = S,

36.

38.

SHGI[C = S.p S.-\BCD = S. Hﬁ}' chfmg minh

S|+82 +‘S4=%SVASJ+S_‘ =%S

(h.195) Do B, = C) nén B> = Ca.
ABOC va AAOC¢6 C; = A) va By = Ca Hinh 194

el

nénﬁ=m:6i=02. A
Ké CK LOA,CH L OB thi CH=CK. (l)

Ké Al L OB. Ta ¢6 AABI = ACAK (canh huyén
- g6c nhon) = Al = CK. (2)

Tir (1) va (2) suy ra Al = CH = S, = Scop-
L y: BO di qua trung diém cua AC.

(h.196) K¢ IH L AB, IK L AC.

Trén AM ldy E sao cho AE = Al ké
EG 1L AB,EN 1 AC.

AAHI = AANE (canh huyén - géc nhon)
= [H = EN.

H_EN
IK EG -
MC = MB = Sf“;'c = SJ\HB = EN.AC = EG-AB

Tuong wr IK = EG. Suy ra (1

i e, (D
=G AC (2) Hinh 196

IH AB
Tur (1) va (2 —_—=—,
(v {)suyra“( AC

(h.197) Ké dudng cao AH, dudng trung tuyén AM.
Ta c6 BCAH = AB.AC (1)
Theo gia thi¢t BC’ = 4AB.AC. (2)

Tir (1) va (2) suy ra BC? = 4BC.AH
=:>AH=—IBC=—1-AM ﬁ\‘
4 2 C

= AMH=30" = Cui5" Hinh 197
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39.

40.

158

(h.198) Lay E d6i ximg véi D qua
AB. Ta c¢6 BC la canh 16n nhit nén

BAC 2 60° = DAE 2 60°

= DE 2 AD. (1)

Goi K 1a giao diém cta DE va AB.

Ké DI L AC. " Hinh 198

Tac6 Sy = Saps + Sanc

= %AB.DK + %AC.DI = Dk.ﬂg-‘aﬁ 2 DK.AB. (2)
Ta lai ¢6 Sppe = %AB.CH. (3)
Tir (2) va (3) suy ra %AB.CH > ABDK = CH > 2DK = DE. @)

Tir (1) va (4) suy ra CH 2 DE =2 AD.
(h.199) a) Ban doc tu giai.

b) Dat Symp = Sy Samc = S
Tiurcau a)tacoéd

28, + 28, = Sgep: S a.CD = a.AM.

Tuong tu 28, + 2S;,,c € b.BM, A
2S, + 283pmc S ¢.CM /s, \ 52\
Suy ra M
4(S| + Sz + SBM(') <a.AM + b.BM + ¢c.CM B / a\ C
=4S <a.AM + b.BM + ¢c.CM.
E D

Xay ra dang thic khi va chi khi AM L BC,
BM L AC, CM L AB, tic la M la truc tam
cua tam gidc ABC.

Hinh 199



41.

42

43.

(h.200) Goi E la diém d6i ximg v6i A qua M.
Theodé bai S, =S, + S;.

Talaic6S,=S,nén S, =S, + 8§, (1)
Do AM = ME nén S, = S,y (2)

Tir (1) va (2) suy ra S; + S, = Sypg, chimg 16
C thuéc doan DE. Do AB // CE nén AB // CD.
(h.201) a) Dat AC=x. Tac6 8 =S,zcp

= 8. om b S S %x.AB + %—x.CD A B

1
=—X(8 - x
2( )

= X(8-x)216=(x-4)'<0

= x =4 va BAC = ACD = 90°.
Vay AB// CD.

b) O chimg minh trén, ta da c6
AC=4cm. Suyra AB+CD=4cm.
Ke¢ BH L CD. Hay chimg minh ABHD vu6ng can nén BD = 42 cm.

(h.202)
Ki hiéu S, S,, S;, S, nhu trén hinh vé.

1 1
Ta Cé Sl = ESABD' Sz = SSB‘CD

a)
Hinh 201

nén §; + S, = %S.

Suy ra SEBGD = %S. (l}
BF _

1 2 3 3
=—:—=—=—= nén S: = -Scn.
BE 4 3 8 3= goesc D

Hinh 202

lwong tuv S, = =S

3
8

:

Sl.l}' ra S3 = 54 — gSEMD' (2)

Tu(l)va(2)suyra S; + S, = ES = ~l—S.

oo | W

3 &
P
3° 4 12

Do d6 Sy = Sgpop — (Si+S8;) = =S -
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44.

45.

47.

160

(h.203)
Ki hiéu S, S5, Sg, Sg nhu trén hinh vé. Ta c6

(S, +S,+S,)+(S:+S5,+8,) = %SMK;D. (1)

' 1
suyraS;+ Sy + Sy = ESMK‘D-

Tlm‘ng Iu S‘ﬁ + Sﬁ + 37 = %Snlru (2)

Tu(l)va(2)suyraS, +S,+S;+8S,=Ss.
(h.204) |

Kihi¢u §,. S,. S5, S, Sq, Sg nhu trén hinh veé.
D¢ chimg minh Sy = Spae = Scaas

dat méi dién tich d6 bang S.

AD=BE=CF=kIhiSt=S;=SqB E C
AB BC CA ’ ' Hinh 204

bat

(cung bing -::S}. suyraS, =S, =S,

Dod6S, +S,=S,+S;=8, +8S;. / \

V& hinh vuong chira vién gach hinh bét gidc déu canh | dm
(h.205). Phidn hinh vuéng ndm ngoai bét gidc ghép lai dugc
mot hinh vuong canh 1 dm, dién tich 1 dm®.

Nhu vay img véi mot vién gach hinh bat gidc déu, cé dién \ /
tich 1 dm’ dugc ldt bai cdc vién gach khong phai la bat giac Hinh 205
déu. Vay dién tich phai tim 1a 1000 dm?, tic 13 10 m’.

(h.206) V& K doi ximg véi E qua D. Ta ¢6 A
I S A TS T N I
I “TKF = “DKCF “(CDK “CDE “BDE ' “CDIF E
S[H'.E' s S.\l'l)l"
Suy ra 28, S Sy + Sepp + S =S F
S
max Sppp = = y .-\
2 B D o
<> E tring A (khi d6 F trung C) hoac E tring B
(khi d6 F tring A). Hinh 206
K



Chuyén dé 3
DiNH Li TR-LET VA TINH CHAT PUONG PHAN GIAC
cUA TAM GIAC

8. a7 =L, 1 o -0A_OA
OA  AB & AC AB | AC

OA OA

& ——=] = —

i OA N AC - OA - OA : oC Hinh 207
AB AC AB AC

OA 0C OA _OC _ 0AZ=0BOC.

L4 = =
AB-OA AC-0C OB OA

49. (h.208)
AM _ AE

1
MC CD 3
SN L1 Lanalie N F
NA AD 2 3

= AM = %AC.

Suyraﬂ=l—-l-—l=-5_ D =
AC 4 3 12
Hinh 208

5 5
= Spun = ESADC = ES'

un
=
-—
Lt
b
N
S

Goi M la trung diém cua AB. Ké EH // BC.

BH CE _AD
AB  AC AB

= MD = MH.

Tir d6 M1 // HE // BC va MI di qua trung diém g g
cua AC. Hinh 209

D
M
H E

Ta co = BH = AD

161

11,9 CO HINH HOC THCS-A



51.

52.

53.
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(h.210) Béng cédch dac biét héa, ta E

du doédn EF di qua dinh D cua hinh /\
binh hanh ABCD. A D

Do 24 <1 nén E thudc tia déi /
BE

cua tia AB. B G F’

Goi F’ 1a giao diém cua ED va BC,

hay ching minh 20 - 2L 1dé
BE BF

suy ra F’ trung F. B

(h.211)

Qua D va B, v& céc dudmg |

thang song song véi AC, G

cit GH theo thi wr & 1 va K. K

Ta 6 AG=AE=EC
GD ID ID

CH EC

— = — ma DI = BK (dé
HB BK

chimg minh) nén ol g
GD HB

(h.212) Dudng thang qua B va song song
v6i AD cit IH 6 G.

AH _BG _IB _1
HD HD ID 3
Goi E la giao diém cla AB va IN. Ta c6
BK BE BE IB I

Ta co

—_—

KC NC DN ID 3
(h.213) K& TH L CD, cit AB & K. Ta c6 !
AB// CD

IK IB AB 5
:>—=—=—=_

IH IC CD 9
5
9

Ta ¢6 Sypi: = Sppep

I = T, R %IH.

I ---l-r-

Hinh 213

11,9 CO HINH HOC THCS-8



S55.

56.

57.

1 AB +CD

= EBE.IK = KH

5

= BE.—IH =l4.ilH = BE = 29 = 11,2(cm).
9 9 5

Ki hi¢u ur gidc phai tim dién tich la
MNIK nhu trén hinh 214,

Dé chitng minh DE // BG, AF // CD
nén MNIK 14 hinh binh hanh.

bat MN = a. Tur dinh Ii Ta-1ét ta ¢6
BM = 2MN = 2a, AIDH = AMBF
(g.c.g) = ID = BM = 2a.

2 4a

A E

Suyra NG ==ID = —,
3 3

Dod6 BG=2a+a+ T:—.
3

Do MN = %‘BG nén SMNIK = '—“SBEDG

13
(h.215) Goi M, N theo thi tr la giao
diém cua EF véi DA, DC.
Trude hét, tim vi trf cba I trén MN dé
Sy 16m nhat, ta duge I 12 trung diém
cua MN (giai twvong tu Bai tap 30b).
Tinh AM, CN dé¢ thay EM = FN, suy ra
trung diém I cha MN ciing |2 trung diém
cua EF.
(h.216) Ké MD L AB, ME L AC,
CK L AB, BH L AC,
Dat MD = x, BH = m, CK =n.

MD ME MB MC
+ = + —

Ta co 1
CK BH BC BC
x ME
-+ —=1
n m
ME _, _x_n-x
m n n

LI P )
1

M

I >
/
m -
e o)

Hinh 216
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58.

59.

164

= ME = —=(n - X)
n

2 2 2
= MD.ME = Z(~x? + nx) = —|-[x - 2| + 2 [s 2. X
n n 2 4 n 4

mn n

max(MD.ME) = — & X = 5 <> M la trung diém cia BC.

(h.217)
Qua B ké dudng thing song song &
véi AD, cit CI va CA lin luot O E va F
F. Do Al = ID nén EF = EB = EA. !
Hay chimg minh D = DAE (= 2a) ;
d¢ suy ra ADBE Ia hinh thang cin, D B
— Hinh 217

tir 46 chimg minh AIC = BID.

(h.218) a) Goi M, O, N theo thu
tu 1a giao diém cua GH, BD, EF
vai AC.

DatMG=a, MH=b,NE =c,
NF =d.

Ta cod E - _O._E - E
oD d
a b
= - =—, 1
e T (1)
Goi I' 1a giao diém cia FH va
tia Cl. Ta co
% — %. % — E Do (1) nén % = lll--.dudél' trung I.
b) Diéu kién dé EH cit FG 1ai K thuéc AC la 2= ld-lf— = E
d KN ¢
a b2
Nhin (1) véi 2)duoc — = — <= a=b < OB=0D.
¢cd cod

(2)



60.

61.

62.

(h.219) Goi I 1a trung diém cia MA thi

’ I
BE BM
— == (=2)
EC Ml M K
= ME // IC (dinh li Ta-lét dao).
Goi K la giao diém cua IC va AE thi Y
_vE B
AK = KE. ) ) (,.” [ c
IC/ME = C, =E| = E2 = KE=KC. (2) Hinh 219
Tu (1) va (2) suy ra 8
ACB = 90°.
(h.220)
Dung giao diém I cia AB va d.
Dung dudmg thing di qua A va A
song song vai BC, cat ICG K. b
Dung dudng tron c¢6 dudng ‘
kinh KC, citd ¢ E. ‘
Dung dudng vuéng géc véi EC | : £ d
tai C. cit d 6 F. E
(h.221) Goi M la giao diém Hinh 220
cua Al va BC.
Dung tinh chdt duong phan gidc, ta tinh dugc A—E = 2 il— = — nén
AB 5 AM

9 9
S - —3S = —38S.

Do dé S gp = —9—5

20

/\
(h.222)a) Do B = 60°nén BC = 2AB = 4HB. ¢ 0
Do BD la tia phan gidc cua goéc B nén
AD _AB _ |
DE BC 2
M C

Qua A k¢ dudng thing song song véi BC, cit CEvaBD B

theo thidtwu d M va N, Hinh 221
., AE AM AM AN HC AD 1 3
Ta co = = ] = ; =3.-—=—,
EB BC AN BC HB DC 2 2
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65.

166

Hinh 222
b) Theo bé dé vé hai tam gidc ¢6 mot géc bang nhau (Vidu 14) tacé :
Sape _ AE AD _3 1 1 Sy BEBH _21_1
S AB'AC 53 5 S BA BC 54 10

Scp _CR CH _23 _1
S CA'CB 34 2

; ]
V4 Spen = <5,

(h.223)
Al phu m Rz phu ABM ma

BAM = ABM nén A; = As,

-
B H M L

suy ra AB la dudng phan gidc ngoai cua

AK BK KC A
Hay chimg minh AK = KC d¢ suy ra Al = [H.
(h.224) Ké IK // AC.

AAIK =

3
(W)

KH IK _BI _IG
HC CE BC GC
= GH // IK // AC.

Hinh 224 E



' 66.

67.

(h.225)
Xét AABA’ c6a’c =2S,5,. = BA’.h

a

BA' c

—1 —
BA'"+ AC c¢+b

BA'" a
c b+c

(2)

a _ a
h, b+c

Tir (1) va (2) suy ra

T ELTL RV S SRPRE . SR
h h, h. b+c c+a a+b

d

Ban doc tu chimg minh bat déng thiic S i b
b+c c+a

Chuyén dé 4
TAM GIAC PONG DANG

(h.226)
Trén tia d6i cia tia BA lay D sao cho BD = BC.

Tacé AABC v»» AACD (g.g) = 4 = A—C
AC AD

Pt AR i 0 s A0

12 x+7
= (X=9)(x+16)=0. Ddp s6: AB=9 cm.

Hinh 225
S5
a+b 2
A

5 Hinh226

167



68. (h.227)a)Tacé Nj = Iz (cling cong véi o + I 5
BM _ IB

duoc 180%). ABIM v ACNI
b @At e = =Ne

= BM.NC = IB.IC = a’.
b) Hai tam gidc dong dang trén con suy ra

M _IB _IC
NI NC NC
= AMIN o AICN (c.g.c) = N2 = Ni. Hinh 227

¢) Tir céu b) suy ra khoang cédch tir I dén MN biéng
khoang cich tir I dén AC khong doi.
69. (h.228)Ké IH L BC.
Ta c6 AHIC v»» AABC (g.g)
HC AC AD
| l
ic B pB ) D
Dé chimg minh AIBC cin nén
HB = HC. B H C

Ta ¢6 BI la dudng phan gidc
cua AEBC nén E = EC—-
EI IC
2AE 2HC AE HC
= = = = i
El IC El IC
Ta(1)va (2) suyra 22 = AE _, DE / BI (dinh If Ta-1ét diio)
DB  EI .

70. (h.229) Giai tuong tu Vi du 37.
Goi AD ia duong cao cua AABC.
bat HD = x. H
Dua vé phuong trinh

x> +23x>-100=0

Hinh 228

(2)

A

i
& (x=2)(x" +25x +50)=0 B D Hinh 229 C
HD =2 cm, BD =1 cm, DC = 6 cm,

S\pc = 10,5 cm’.
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71.

12,

73.

(h.230)
A
A
: 2|1
1\3 =
D C B D C B
a) b)
Hinh 230

AABD dong dang véi tam gidc ¢6 ba dinh la A, D, C (h.230a) ma Di > Al

va 61 > C nén Dy = D2, suy ra AD L BC.
C6 hai truong hop :

~Néu A, = A2 thi AABC can tai A (h.230b).
~Néu A; = B thi AABC vuong tai A (h.230¢).

(h.231) Ta ¢6 A; =D (cung phu A
ﬁ]), C= ,Rz (cung phu PTEC)nén

AICA «»» AHAD (g.g).

Ké trung tuyén IK cua AICA.

Do IK va HB la hai trung tuyén
tuong Ung cua hai tam giic dong
dang nén CIK = AHB = 90°,
AAHC ¢6 AK = KC va KI // AH nén
HI = IC.

(h.232)

Y o

a) S€ chimg minh A—D— = A—h
MA MB

Hinh 231

AD  AB 3 0o

Ta cé = ; (1)

MA MA
Goi O la giao diém cia AC va BD.
Do A2 = M; (vi AB// OM)

Hinh232 D
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74.

5

170

AE AE

va ﬁ] = Rmén AABE v» AMAO (g.g) = AB

MA MO MB

(2)

Tie (1) v (2) suy ra =2 = ;i. lai c6 DAE = AMB

MA
nén ADAE «v» AAMB (c.g.c).

b) ADAE «» AAMB = AED = MBA.

Suy ra hai géc bu véi ching bing nhau : IUI—EB - BE

(h.233)
BM KB
ElI//BC = — = —. 1
" El KE ()
MC DC
— = — (do EI//BC
El DE(O // BC)
BC ~ -
=— (doB2=B
BE (do B2 3)
= A—B (do AABC «» AAEB)
AE
AD KB
=—=— (doAK//BD). (2
AE KE(O // BD). (2)
T&(l)v&(Z)suymm=£=BM=MC.
El El
(h.234)
BM BE
—_— = —, 1
Y Mc T oD e
BN EC BE
= = ’ (2)
NF CF AB
Do AB=CD nén tir (1) va (2) suy ra
ﬂ:-@y—:MNﬂEE
MC NF
b)AD_AB _AE _ AE

DN DN CD AD

— AADN o> AEAD (c.g.c) = A, = E; = AN L DE.

Tuong tv AM L BF. Vay H Ia truc tdim ciia AAMN.

Hinh 233
E
1
B M LY
H N
A D
Hinh 234



76.

Th

78.

(h.235) Ké DI // AC (I € BC), 1a ¢6
ABDI déu = BD =Bl = AD =CIL (1)

Ké AH L DG thi A = 15°,
D, = 75°
= K=D -B=75°-60°=15".

[ d6i ximg véi D qua BG
> i] = [3| =15
KI IG DG
AD DH DH
Tur (1) va (2) suy ra KI = 2CI = IC = CK.
ADIK ¢6 IC = CK va DI // EC nén DE = EK.
(h.236) AHKG va AIDK ¢6 H =1 =90°,
HKG = f’n (cung phu IEB)
nén AHKG » AIDK (g.g) = 29 = ﬁ

IK ID
Do BI = HK, IK = BH = CH nén
HG BI BH CH
CH ID  AH AH’
Két hop voi CHG = AHC = 90° suy ra
ACHG «»» AAHC (c.g.c)

AKIG v»» AADH (g.g) =

= 2 = KI=2AD.

Hinh 235

(2)

A

Hinh 236

= C) = A).Ciing cong véi C2 duge ACG = A; + Ca = 90°.

(h.237)

Goi I 1a giao diém cta OD va HB,
K la giao diém cla OE va HC.

Ta ¢6 OIHK la hinh binh hanh nén
OH di qua trung diém cua IK.

Hay ching minh IK // DE béng
cach chimg minh 8 = &

DO EO
Xét cic tam gidc déng dang BDI va

CEK, BOD va COE.

Hinh 237
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79.

80.

172

(h.238) Qua C ké dudng thing
\uong gm. voi BF cat HA 0 K. !
Do B| K| C| nén j
ABCF «» AKAC (g.2)
& K g
AC KA
AACF »» AABE (g.g)
CF BE 2)
AC T AB’
T (1) va (2) suy ra

CBE = KAB nén ACBE v AKAB (c.g.c) Hinh 238
= C2 = K2 = C2 + CBK = K2 + CBK = 90°= CE L BK.

KH. BF. CE la ba dudng cao cua AKBC nén chiing déng quy.
a) (h.239a) Dat ciac géc bang nhau va bang m, n, p nhu hinh vé,

Hinh 239
Ta c6 2m + 2n + 2p = 360° (bing 540° trir di 16ng ba géc cua ADEF)

=S m+n+p= 180° = A =m, B =n, C—p

Do do AAEF «»» AABC (g.g).
AE _ AF

b) (h.239b) AAEF v» AABC = = AABE «» AACF (c.g.c)
AB AC

= B = C.Tuong v A| = Cy, Bz = Az.

Suy ra E’q + R] + f!z= é; + éz + Rz,v@yADJ.BC.
Tuong wr BE L AC, CF 1L AB.



81.

82.

(h.240) a) Theo dinh 1i Ta-lét, tinh

chat dudng phan gidc va tam gidc A
déng dang, ta c6 7N

_BQ _ BQ _ AB _BD ML AN
EN QP MQ AC DC ;N
= DE // NC, tiic la DE // AC. EX A~

112 o~
DE _ BD .
b) Do DE // AC nén oN - BC B 0 D P C
SpE-Ben. Hinh 240
BC
Tuongty, DF = S2 BM.  (2)
BC

Tir (1) va (2) suy ra EE = 23;; Ta lai c6 % = i—B (do AD la dudng

_CN  AC DE
han giéc). —= = == (do MN // BO) nén —= = l,ttc [a DE = DF.
s L TR R

¢)Tacé Dy = DAC = DAB = D>
= AADE = AADF (c.g.c) = AE = AF.
AE BD

(h.241) A)Tacsb — = —, {1l

1. a) Ta co AC BC (1) A
AB _ BC :
AF  CD’
Nhéan (1) véi (2) duoc F
AE AB _BD
AF AC CD

(3)

ST e B D M &
B AbB~

Ta chimg minh dugc = Hinh 241

CD AC?
AE AB _ AB? _, AE _ AB
AF AC AC? AF  AC

(xem Vi du 38) nén tir (3) suy ra

= AAEF v» AABC (c.g.c).
b) AAEF «» AABC = AEF = B. Ta lai c6 AEF = EFD va B = EDC
nén Eﬁ) = EBE.
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83. (h.242) A 8

) 2

a) Qua I k¢ MN L AD, ké [H L CD. ; :
AIMA o AIHC (g.g2)
_IM_AM _ DH _BN Mbh N J i

[H HC [H IN ,.-’:
=> AIDH v AIBN (c.g.c) | G .
= Dy = By, tic 1a IDC = IBC. P o HZ
b) Ké duong vuong goc vai DI tai D, ké o
dudng vuong géc vc.‘ﬂ CI 1ai C, chung cét 7
nhau ¢ K. Do A| C| nén Az = Cz2. do * Hinh 242

Bi = D1 nén B2 = D2, AAIB = ACKD

(8.c.2) = Spis = Sckn-
Sascp = 288 + Scip) = 2(S¢kp + Scaip) = 2(Spk + Syck)
=ID.DK + IC.CK = ID.IB + IC.IA.
84. (h.243) Dat AB=BC=a, AE =x,
CF=y.
AEAB ABCF = 2 =2 = Xy =41, "
a |y AR B
Ta c6 BE>.BF? = (x* + a®)(y* + a?)
= X2y + a(x2 + YY) +a' = 22t + a2 + D).
Ta lai c6 x* + y* 2 2xy = 2a’ nén Ly .

BE®.BF’ > 4a*. » C y
min(BE.BF) = 2a° & X = y <> d vudng Hinh 243
g6c vai BD tai B.

85. (h.244) Ki hiéu nhu trén hinh vé.
Ké BG, FI song song véi AD.

ARME +A AR nan 11 ¢/ har Adiedmnm

LAINJIL VLAl I 111 II. oL Ilﬂl L* 1% Ullg
dong dang :

BH GF _25-17
FK IC 31-25

8 il ”2’ = %KF 28FK. G

£

o
>
oo

l""l‘l

C>

FK.

i=>BH
3

]
Wb

m
Tl

25 + 31

SEFCD = FK = 28FK. D [

Suy ra diéu phai chimg minh. Hinh 244
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86. (h.245) Gia st AB < AC thi DB < DC va

87.

88.

b) Pat S5y = Sy, Skpp = S2 Sguc = Sy

HB < HC. X E
DB<DC= S, <S,. (1) ef H

AFHB v»» AEHC (g.g) ma HB < HC nén

S < S,. (2) s, | 52
Tu(l)va(2)suyraS, +8;<S, +8,, B. EJ C
tic 1a Sgpyr < Scpue, trdi vai gia thiét. Hinh 245

Gia su AB > AC, wuong tr Sgpyp > Sepne. trdi vai gia thiét.

Vay AB = AC.

(h.246)

ADEF c¢6 cdc g6c khong dbi nén cé
dién tich nho nhat néu EF nho nhat.

Ké AH L BC, HM L AC, HN 1 AB.
Goi I 12 trung diém cua EF, ta ¢6

EF=ElI+IF=Al+1ID 2 AD 2 AH.

minEF = AH < D trung H, E trung M,
F tring N.

Khi d6 ADEF la AHMN.
(h.247) a) Ban doc tu giai.

Ta sé chimg minh S, + §, + §; 2 %._

PatFI=OE=DH=x,BD =y,

HC =2z BC=a. g e
Céc tam gidc AFI, KBD, EHC déng dang véi e B
S .8 .S < 2 >
AABCncn?+§+-§- Hinh 247
X ; z ¥ X A 1 1
(a)l [a) (a] B[a a a] 3
2 S

= SFEHDK S 53 = Spgr S &

max Spgg =§ & x=y=2z¢ 0 latrong tam cia AABC.

175



Chuyén dé 5
H€ THUC LUONG TRONG TAM GIAC VUONG

89. (h.248) Tu BD.AB = HB? va CE.AC = HC? A
suy ra @-.k = 11 . (1) E
CE HC
Tir HB.BC = AB® va HC.BC = AC? suy ra
HB _(ABY _ @ B H c
HC |AC ' Hinh 248
T (1) va (2) suy ra E.k =k* = L = k*.
CE Ch
90. X¢ét AABC vuong tai A, dudng cao AH = h, dién tich S (h.248).
LN TR . l=>h3'£S.

+ 22—, — = — =
"h? AB* AC? AB'AC 25 S
minS =h’ & AB = AC.

91. (1.249) -@ = -& = cos60° = l
AC 2

AB
= AADE »» AABC (c.g.c)
Al AL T . = :
= — = — (11 sO hai trung tuyén tuon
AM AB 2\ oy 5
tng bing ti s6 déng dang).
Vi AL=2Y o 0
) 2 2

92. (h.250) K¢CH L AB. Do By + Cy < 90°
nén A nam gitra B va H. Ta ¢6
Bi + BCH = 90° = B, + 2C,
=>B#(-3-I‘1=2é|=:»6| =éz.
Dudng vuong géc véi BC tai B cit CA 0 K.

Hinh 250
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Taco K = ;';l(cimg phu vai E‘.| = &3)
= AABK can.
K¢ BM L AK. bat KM = MA =x.

5

T BK® = KMKCsuyra (V5] = x(2x +3) < 2x’+3x-5=0

SX-1D2x+5)=0.Dox>0nénx=1,dodéo KC=5cm.

Suy ra sinC = L = —J—_?-
KC 5
93. (h.251) K¢ dudng cao AH. Ta cé
BC = BH = CH = AHco130" - AH

BC

=AH(J._—I)=»AH=E_—I

= =3 +1(cm).
N

23 +1) =3 +1 (cm?). Hinh 251

| -

S:\B('

Chuyén dé 6
DUONG TRON. PUONG TRON VA PUONG THANG.
PUONG TRON VA PUONG TRON

e
:lhn

i b 1<')i s
r F o

oi H la giao di¢m cla OC va
Taco CA =CD va OA =0D nén OC L AD. C
Pit OA = OC = x.

Tir AC? - HC? = OA? - OH?suy ra

30°-(x-7) =x>-TP e x*-7x-450=0 A X 0o B

& x=25)(x+18)=0: 0A=25cm. Hinh 252

12. 9 CO HINH HOC THCS-A 17?



9s.

96.

97.

178

(h.253)
AAIC vuong nén AI = AC.AE. (1)
AAKB vuong nén AK? = AB.AF. (2)

AR _ A% (= cosA)
AB  AC
= AC.AE = AB.AF. (3)

T (1), (2), (3) suy ra Al = AK.
(h.254) Goi D’ la giao diém ciua DG va
AB. K¢ CC' L AB.
Sacac = Sanc + Sanc
= AB.E + AB.E?-
2 2
- AB.@ (vi DD’ = GD)).
Goi M la trung diém cua CD, ké
CC + DD
Z
nén Sycp; = ABMM’ =28, y5. (1)
Goi K la giao diém cua AM va BF, dé
ching minh

MM’ L ABthi MM' =

AMEA = AMFK nén S.\I-ZI-'I! = S.'\BK = 23'_\:\.1“.

Tur (1) va (2) suy ra Syeps = Sy
(h.255)
Dat S, = S\, Syoc = Sy Spoc = Sa

Hinh 253

Hinh 254

Tacs 2L = Sops
_ Sonc _ Soos *Sopc _ Sz
S: Sl T Sz SI + S:
oD S,
= = =
R §+S,
Tuomg OE =S OF __Si
R S, +S; R §,+8§;

Hinh 255

12.9 CO HINH HOC THCS-B



98.

99.

100.

OD + OE + OF _ §, S, S,

Suy ra — + + —
R S, +83 5§, +S8; § +§;
Ban doc tu chimg minh L% . S o3
S, %8y 8 8y S5 By 2

Dodé OD + OE + OF > -;-R. Xay ra ding thiic & S, = S, = S, <> AABC déu.

(h.256) Cdach dwmg : Dung da G
B'C’ = a, dung OH’ L B'C". e ,‘I.'

Dung duong tron dudmg kinh AQ, cét C
dudng tron (O ; OH’) tai H. A
AH cit (O)tai Bva C.

Chitng minh: Ban doc tu giai.

Bf
(h.257) Syyper: = MD.ME. Hinh 256

bat MAD = BME = a,1a c6
MD = MAsIno. = asinot.
ME = MBcosa = becosor.

; 1 I 2
Supce = absinoicoso < ?(sm' o + cos™ o) A

_ab
g

max S = %tl & SinoL = cosOL Hinh 257

& oL = 45" < Cla diém chinh gilra cia
cung AB.

(h.258) Goi I la giao diém cia AC va
BM. Do MI = IB nén Ol L BM, I
chuyén dong trén dudng tron dudng
kinh OB.

AC 16n nhit < Al I6n nhat
& doan Al di qua trung diém K
cua OB. Khi d6 M ¢ vi tri M’ d6i xiing
vGi B qua diém I’ vira xac dinh.

Hinh 258
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R23

101. (/1.259) ACOD déu = S = T (1) D
C
Dit Sy = S thi S 16n nhit ¢ Sy + Sioy
I6m nhat.
Goi I 1a trung diém cua CD. K¢ II’, CC’, DD’ H h H
vuodng goc voi AB. A C S
Tac6 Syoe + Syp = R. @ = RIL. ) Hinh 259
RV3

Talsic6 I <10 = ==, (3)

R*V3 o RV3 _3R’3
4 . — .

2 4

T (1),(2),(3)suyra S <

max S = BR;\E < 1"tring O < AOC = BOD = 60°.
102. (h.260) Dat MH =x, OH = y. ——
a) Chu vi AMOH béng R + x + y. Ta ¢6
i, b 2 R
(X + y)2 S2(x"+y’)=2R". X
Chu vi AMOH 16n nht bing R + R+/2 i T
& Xx=y < BOM = 45° Hinh 260
-
b) 2Syoy=MH.OH =xy s =— ==
' 2 2
2 e
maxS:Tﬁx=yﬁ'ﬂ(’)M=45“. i
103. (h.261) Giai wwong tu Vi du 48. ,
Dung D la trung diém cia AB, I la trung
di¢ém cua AD. D 7
Dung M la giao diém cua doan IC va dudng
tron (A ; AD).
B
Hinh 261
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104.

105.

106.

(h.262) a) Dat AC = b, AB=c. A

Tacob® +¢’=13"=169. (1)
Do b + ¢ = BC = 2r (r la bian kinh dudng YN
tron ndi tiép)nénb+c=4+13=17. (2) [O
Tu (1) va (2) tinh duoc 2bc = 120. !
> B D C
VY Suc= e, Hinh 262

b) Pat BD = 2k, DC = 3k thi BC = 5k.
Tir AB? + AC?2 = BC? ta ¢6 (2k + 2)° + (3k + 2)% = (5k)>.
Tim duoc k =2, BC= 10 (cm).

(h.263) Ké MH L AB.

Ta cé MBC = OMB = B) = MH = MC = MD.

CD’ = 2MH)? = 4MH? = 4AH.BH = 4AD.BC.

A O H B

Hinh 263 Hinh 264
(h.264)

a) Dt OBA = OBC = ODA = m, OEF = OEB = n, OFE = OFD = p.
Tit gidge BEFD ¢6 2(m +n + p) = 360° = m + n + p = 180" = BOE = p.

ABOE «» ADFO (g.g) = E — % = BE.DF = OB.OD. (1)
OD DF
b) Tuong tv BG.DH = OB.OD. (2)
Tur (1) va (2) suy ra BE.DF = BG.DH = % — % = ABEG v ADHF (c.g.c)

aBﬁ=ﬁﬁ1 :Bﬁé+m=5ﬁ-l+m =~.»'i.+f<‘.
(I, K lan lugt la giao diém cia BD véi EG, FH) = EG // FH.
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107. a) Ban doc tu chimg minh béang ciach xét dién tich cdc tam gidc.

b)Tu r = E R,-r=R,+R,vaciua)suyra

P
S S S S 1 1 1 I
-—= + = -—= +
p=8 p P=b pP=€ PpP=2a p P=0 p~¢
p—(p—a)=p-c+p-b: a a

=> -
p(p —a) (p—=b)p-c) p(p—-a) (p-=-b)p~-c)

= p(p—a) = (p-b)(p-c) = 2p(2p - 2a) = (2p - 2b)(2p - 2¢)
=(@a+b+c)b+c-a)=(a+c—-b)a+b-c¢)

=(b+ci-al=a-(b-cl=>b’+c’=a’ = A = 90°,
108. (h.265) a) Ta sé chimg minh IMC = KDC. Pat B = x, Ci = y.

-~ 0— —_—
180" — x Y 4 x =00° +

Tacé IMC = MIB + By = (1)

Mo e

=
2

Hinh 265

RBC - KDE + B¢ = FE 4 90° -

ma FDE = 180° — Dy — D2 = 180° = (90° = x) = (90° = y) = X +y

X+Yy 0 0 X h g
nén KDC = + (90" - =90" + — - =, 2
5 ( y) 5™ (2)

Tiu (1) va(2) suy ra IMC = KDC = IM //KD.’
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109.

110.

b) IM // KD = DIM = IDK = IKD, AKHN v AIDM (g.g).
KN KA KN KH _KH

:) Ta s€ chimg minh — = ——. Tircdu b) suy ra 3
R T il i
TR AR A R ey S o B S A
IK IA IK IA
IK IA
T (3) va (4) suy ra il = K—A.Tir d6 AAKN »» AAIM (c.g.c).
IM 1A
d) Tir cdu ¢) suy ra KAN = IAM. Suy ra A, N, M thing hang.
h.2
(h.266) 0
Goi r la ban kinh cua dudng tron ndi tiép. |
1
]
SABC=r.A13+BC+CA L3 h:
2 : d
| F
Sapc = Eah khong déi nén r 16n nhat h:
I
|
<> AB + BC + CA nho nhat
B H a
<> AB + AC nho nhét. Ban doc tu chimg minh Hinh 266
khi d6 AABC can tai A.
(h.267)
Ta c6 2BC* = 2(AB’ + AC?) 2 (AB + AC)’ /ﬁ;\
= (BC + 2r)’ = BCv2 2 BC + 2r 3
(0]
:BCE‘TZ?I-_]=2T(JE+I) [I'
X !
min BC = 2r(v/2 + 1) Hinh 267

& AB = AC = r(\2 + 2).
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111. (h.268)

112,

113.

184

DatCE=x,CF=y.Tac6 Scgp = %xy.

Do EAF = 45°nén ta ching minh dugc
CE + CF + EF = CB + CD = 2a (xem Bai tap 21).

Suyrax+y+\lx2+y2=2a. (1)

Talaico x + y 2 2\/xy, x* +y* 2 2xy nén

x+y+\}x2+y222JE+JLFy=(2+\E)JE. (2)

2a

Tir (1) va (2) suy ra \/xy < o a(2 - V2).
) +

Scir 16n nhét < x = y. Khi dé I 1a giao diém cua
cung BD va dudng chéo AC. A

(h.269) Goi I 1a tdm dudng tron ndi tiép AABC.

Ké IH L BC, IH cit DE 6 K. o'
Tach“Enénﬁ_x—z—x IE"
BC 6 24 B H C

Hinh 269

(h.270) Goi K 1a ti€p diém cla (I) va cung nho
BC. Tiép tuyén tai K cit AB, AC theo thi tr & A
D, E. Duong tron (I) noi tiép tam gidc déu
ADE nén M, N l4n luot 1a trung diém cta AD,
AE, do d6 MN di qua O.

Goi AH la dudng cao cia AABC, ta c6

MN _AO _MN_2 = MN =4 (cm).
BC AH 6 3

Hinh 270



114.

115.

116.

(h.271) Tac6AB=1+2=3,AC=1+3=4,

BC=2+3=5nén BAC = 90° V& hinh chir nhat ,A1 "
ABO’C.

Do O’C=AB=3nén O’'e (C). V& dudng tron (O ; 6). 3

DPudng tron (A ; 1) tiép xiic trong vdi (O’ ; 6) vi

O'A=6-1. ¢ o
Pudng tron (B ; 2) ti€p xtc trong véi (O’ 5 6) vi

O'B=6-2.

buong tron (C ; 3) tiép xtic trong véi (O’ ; 6) vi Hinh 271
0’'C=6-3.

Vay O’ trung O va R = 6 cm.
(h.272) Goi K la giao diém ctia AB va 00’
Goi C la giao diém th hai ctia AB vé6i (0’). Tacé Ay = By = By = C)

KO' OC r

=0'C/Ol = = r = K ¢6 dinh.

KO OA

Hinh 272

(h.273) Goi I, K theo thua wy
la giao diém cua OO’ vai

Taco
Cl = RsinO; = L
00
GK = rsin(’ﬁ = —R-—
0]0)
nén CI = GK.
Suy ra CD = GH. Hinh 273
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117. (h.274) Ta da ¢6 IB L O0’. S& ching
minh OO" L AC bang ciach chimg minh
O’A =0’C (da co) va OA = OC.

Xét AOEA va AOBC, ta c6 OE = OB,
AE = AD = BC, c¢an ching minh

OEA = OBC.
Do BE = BF nén OB la duong trung truc
ctia EF = OBF = OBE = OEB Hinh 274

— OBC = OEA (b v6i hai géc trén).

AOEA = AOBC (c.g.c) = OA = OC.

Két hop vai O’A =0’Cta ¢6 OO’ la dudng trung truc cua AC.
Ta lai ¢6 OO’ la dudng trung truc cua IB nén AC // IB.

118. (1.275) Goi A, B, C theo thit tr 1a tiép diém cia céc dudng tron (0), (1), (K)
trén d.
Goi x va y theo thir wr la ban kinh cua cac dudng tron (1), (K).
Tir AB + AC = BC suy ra

2JRx + 2R y=2J_=:-xy-—(Rx+ y) 24 Rzy-4RJ_

Xy = 4R = xy 2 16R’,
min(xy) = 16R* ¢ x =y = 4R.

Hinh 275
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119.

120.

121.

(h.276) Goi (I’) la dudng tron déi ximg vai
dudng tron (1) qua AB.

Pat x va y la ban kinh cua cac dudng tron
(I) va (K).

Tac6 'K =CI’ + CK = xv/2 + y\/2.
TuI’K <1I’0O + OK suy ra

3 2+yﬁ£(R-x)+(R—y)

= (V2 + 1)(x + y) S 2R
Hinh 276 .

=§K+Y£752—li—l=2R(ﬁ—l)

max(x + y) = 2R(V2 - 1) & x =y ¢ Citring O.

Chuyén dé 7
PUONG TRON VA GOC

(h.277)

Ké duong kinh DE thi CE // AB = AC = BE.
BD? + AC? = BD? + BE? = DE? = 4R’.

Tuong ty AD® + BC? = 4R?,

Vay BD? + AC? + AD? + BC? = 8R?.

(h.278) a) Tam 1 1a giao diém cia OC va dudng trung
truc cua CD.

b) MA = MB = OM LAB.Tacé6 M; =C = I,

= ID // OM.
Vay ID L AB nén (I) ti€p xuc véi AB tai D.

Hinh 278
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122.

123.

124.

188

(h.279)Tacé D = E = 90°. Dat BD = x,
DA=y, AE=2z EC=1.
a) Sycrn 16M nhat

& S\ + Sici: 10n nhdt < %(xy + zt) 16n nhat. Hinh 279
2 2 2 2 2 2
e J AB g t AC
lacuxyst'by: ;zt5£+ = .
2 2 2 2

Xay ra dugc dong thoi xy 16n nhat (khi d6 D la diém gitra cung AB) va zt [6n
nhat (khi d6 E la diém chinh giita cung AC).

b) Chu vi BCED |6n nhat < x + y + z + t |6n nhat.
Tacé (x +y)> <2(x> +y?) =2AB? = x + y < ABV2.
Tuongtu z + 1 < ACV2. Suyrax+y+z+1¢g V2(AB + AC).

Xay ra dugc dong thdi x + y 16n nhét (khi d6 D 1a diém chinh gitta cung AB)
va z + 1 16n nhat (khi d6 E 1a diém chinh gitra cia cung AC).

(h.280) Goi I la giao diém cua BC va DK.
BDA = Bﬂ(bﬁng nia s6 do hai cung o
AB béang nhau) = ABDK can = dudng cao
BI la dudng trung tuyén = [D=1K. (1)

D = K (ciing bang Bi). AIDC = AIKE
(g.c.g)=IC=IE. (2)
Tur (1), (2) va CE L DK suy ra CDEK la
hinh thoi.

(h.281) Gia sir O nam trong géc ACB (cic
truong hop khac tuong ).

Vé dudng kinh COE. Ta ¢6 Ci = Ay,
N=A2nénCi + N =A; + Az = 90°.
Suy ra OC L MN.

Hinh 281



125. (1.282) DB = DC = OD L BC.
Do A = 60°nén COD = 60°.
Goi I 1 giao diém ctia OD va BC thi

Ol =l()C=lOD. ()
2 2

. |
Dé chi inh Ol = —AH.
chimg minh 5 (2) Hinh 282

Tir (1) va (2) suy ra AH = OD. Tur giac AHDO ¢6
AH = OD, AH // OD nén la hinh binh hanh, lai ¢6
OA = OD nén la hinh thoi.

Viy O doi ximg véi H qua AD.
126. (11.283)
Lay E doi xing véi B qua M thi AE // MC
va DE = MD - ME = MD - MB. (1)
Sé chimg minh AD =2DE.
Tacé D = O. I;‘.| = Ef‘h = iciz
nén AADE «»» AAOM (g.g)
i AD g OA 2 OC =
DE OM OM
T (1) va (2) suy ra AD = 2(MD - MB).
127. (h.284) Goi M la giao diém caa AD véi (O),
ta c6 OM L BC. Do MDC = 45°

nén M = 45° = AOM = 90°,

Ké dudmg kinh AON. Do AN // BC nén AB = CN. Hinh 284

Do dé AB® + AC> = CN? + AC? = AN? = 4R,
128. (/1.285) Vé day CE L AB.

Tacé M) = M2 = 45° nén DME = 90°,

MC>+MD’ =ME>+MD’=DE’. (1)

Do C = 45°nén DOE = 90°,

suy ra DE? = 2R’ (2) ¢

Tir (1) va (2) suy ra MC? + MD? = 2R’

(2)

Hinh 285
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129.

(h.286) Ké duong kinh O’OK. Goi H la
tiép diém ctia CD véi (O”).

O'C OK
OH OD
= 0’C.O’D=0’K.0O’H = 2Rr.

AO’CK »» AO’HD (g.g) =

130. (/1.287) Dé ching minh DC = DI. Goi E 1a

131.

132.

190

trung diém cua IC thi DE L IC.
AIBH »» AIDE (g.g)

(h.288) Goi K la giao diém cua AH va
(0), dé ching minh bé dé K doi ximg vdi
H qua BC.

Do dé duong tron (D) ngoai tiép AHBC
doi ximg vai duong tron (O) qua BC, suy
ra D déi xing véi O qua BC.

Dé chimg minh AH = OD, lai ¢6 AH // OD
nén AHDO la hinh binh hanh, do dé6 AD
di qua trung diém cua OH.

Tuong wr BE, CF ciing di qua trung diém
cua OH.

(h.289)
Goi K la trung diém cua MC.

'racéM1<1K+MK=¥+ﬂ29.

Hay chimg minh MB + MC = MA.

Hinh 288
A

Hinh 289



133. (h.290)

134.

S€ ching minh L B E
KF KF

Ta co N — 5 (do HE // KN)
KF HF

& % (do ACHE ¢ ABHF). (1)

Tacé C; = ABD, tir dé Hinh 290

AECG »» AFBK (g.g) = L E(J.

BF KF

Tir (1) va (2) suy ra L7 = = KN =EG.
KF KF

T gidc EGNK la hinh binh hanh nén FE di qua trung diém cla GK.

(2)

(h.291)

a) Ta c6 Sypp = %IA.EF, 5 5 %bcsinﬁ

IA.EF
neN Syt Sype = = (1)

be sin A
IA> IAIA

= : (2)
be be
‘ EF Hinh 291
Tur (1) va (2), ta thdy cin chimg minh ——= = IA,
sin A
diéu nay ding dua vao bo dé :
Néu AAEF noi ti€p duong tron (O : R) thi EF& = 2R.(Chimg minh bd dé
sin A

trén vao hinh nhu sau : Ké duong kinh EOK. Tam gidic EFK vudng nén
EF = EKsinK = AlsinA).
A2 1B | IC?

b) H¢ thic lap dugce la + - = I.
be ca ab
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135. (1h.292) a) Goi M la giao diém cua IK va (O). Hi

136.

192

chimg minh MB = MI = MC = MK.
b) Tir cau a) suy ra ﬁﬁ( = BER

Ké KE 1L BC, ta ¢6 ABIK «» AECK (g.g)

KB KI
B - e (n
KE KC
bat Ml = MB= MK =m, tir (1) suy ra
KB.KC = KL.LKE = 2mk. (2)

K¢ duong kinh BG thi BMG = 90°.
Ké KDL AB.Tacé G = A,
lir d6 AMGB o» ADAK (g.2)
L BG_MB _ 2R m

KA DK KA
Tir (2) va (3) suy ra KA.KB.KC = 4Rk’
(h.293) Goi I la tam dudng tron ndi
liép. goi A, B’, C’ la tam cédc duong
tron bang ti€p AABC, A'F = R,,
BK=R, CH=R;, IE=r.
Goi giao diém cia AA’, AB’ véi (O)
la D. M. Ta ¢c6 MAD = 90°nén

diém cia OD va BC.
Ta ¢6 ND L BC. Dé chimg minh
ND - AF-IE _R -t

2 2
= R, - r=2ND. (1)
Dé chimg minh CH = BK (cling béng
nura chu vi AABC)

= BH =CK = NH =NK

2Rk Hinh 292

=— =2KA=——_ 3
. (3)

m

Hinh 293

= MN Ia duong trung binh cua hinh thang B'C’HK

= 2MN = B’K + C'H = R, + R,.

(2)

Tu(l)va(2)suyraR, + R, + R;=r=2(MN + ND) = 2MD = 4R.



137. (h.294) a) — +
1 d AD

138.

139.

AK BM - CN
BE CF
_ AD + DK +BE+E1'~«1I +CF+FN
~AD BE CF
DK EM FN

+ +
AD BE CF

=3+

34 HD HE HF Hinh 294
AD ' BE CF

HD HE HF
& -

- =].
BE CF

Sur dung dién tich tam gidc. hay chimg minh

a b ¢
cau a). Xay ra dang thic khi va chi khi AABC déu.

b) Sir dung bat ding thic (a + b + «x:}[l + L + l]-‘-_' 9 végia, b,c>0va

(h.295) a) Lin lugt tinh duge AOB = 72°, -
ﬁ:se“.(iﬁ"c=36“.(')ﬁl‘3=£k}:=7z“ /\
(K 1a giao diém cua OA va BC), OAC = 72°,
ACK = OCK = 36°.

T cdac tam gidc can ACK va OBK, chimg minh
duoc a-b=R.

Tiu cdc tam gidc can dong dang BOC va KOC,

chimg minh dugc ab = R2 Hinh 295
o J A .
byTwq . tadugca®-2a-4=0.
laD =49

Tudéa=1++/5cm, b=+5-1cm.

(h.296)

a) Goi H 12 truc tam cla AABC, K 12 giao diém cua AH va (O).

Dé chimg minh bd dé K d6i ximg véi H qua BC, suy ra Sgke = Spyic-

Ta lai ¢6 Sype 2 Spe Nén Sppe 2 Spye-
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140.

141.

142,

194

T dé Sgpe + Sype + Sym 2
Suiic + Sanc *+ Sans = Sapc-

Suy ra Syiupcr 2 2S.pe We la
§,228S.

b) Goi I la giao diém cua AA’,
BB’, CC’. Dé chimg minh bo dé
ID = DA’, suy ra Sig\- = 240
Va Scnt = 28y¢p nén

Sipac = 2Sype- Do d6 Hinh 296
. A’
Sipae + Siewa + Siacs =
2Gmpe + Sicia * Siar) = Syper = 2Sypmper We 1 87 =28,
¢) Suy ra wr hai cau trén. K
G
(h.297) Phan tich: Ta ¢c6 O—A = A—D D
AH AC
AH
(do OD //CH) = B (do HD // BC) ) i
A R O H B

= AH? = OA.AB=2R? = AH = RV2. Hinh 297
Cach dung: Dung ban kinh OK L AB.

C

Trén tia AB, dung H sao cho AH = AK. 5 /-7\5

(.298) CD = AD = BE g/ o \\
.l,’ 1

=% Rl = ﬁﬁ( Kﬁl = Eﬁ( (cung bu I§|).
AADI = AEBK (g.C.g) = DI = BK. Hinh 298

(h.299) Gia sir D ndm gitra B va E. Ké tiép tuyén
Ax cua (O).

Tacé Ei = A1 + C = A2 + A3 = DAx.
Tir d6 Ax la ti€p tuyén cia dudng tron (ADE).
Do dé duong tron (ADE) tiép xic véi (O).

Hinh 299
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143. (7.300) a) Ta ¢6 FI // CM (cing vuong goc v A B
FB) nén !:'1 =M, ma l'?’h = Rl nén AL i
f:'| = .R[. Tuong é] = Efl. El) ’
Suy ra AIEF «» AMCA (g.2). ATV ’
b) Dat Sy -1 = S. Goi canh cua hinh vuéng la a. ’

EFY _ EF 0 LA Y

CA 2a° D v C

Xét ADEF ¢6 S’ 1a dién tich. p la nia chu vi, Hinh 300

r 1a ban kinh dudmg tron noi tiép, h la chiéu
cao wr D dén EF.

~ P S.‘.‘
Tircdu ata cod Eé" =(

: 2
Taco .- h.ma EF.h = 2§’ = 2pr nén L ek
S T r EF

S 2p _2DC _ 2a

Do dé = : (2)
S EF EF EF
Nhan (1) véi (2) duge 2 = EF.,' : L = EF. (3)
S 2a- EF a

Xét ADEFtac6 EF<DE+DF EF+EF<DE+DF+EF=2a EF<a.
K&t hop véi (3) ¢6 % < 1,tc 12 Spx < Sy

144, (1.301) Ké MH L BC, MI L AB, MK L AC.

Ta c6 AMBH »» AMCK (g.2)
MH MB

= = . Tuong w
MK MC

MH _MC . MH _ M

Ml MB TP MK~ MH

MH? = MI.MK
— MH = VMIMK < E_%_’E"E Hinh 301
Xdy ra MI + MK = 2MH khi va chi khi MI = MK, khi d6 M 12 giao diém cta
AQO va (0).

Dung duge hai diém M thoa man bai todn.
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145. (1h.302) Goi H 1a giao diém cua AD va EF.
Sir dung goc ¢6 dinh & trong dudng tron, hay
chimg minh H = 90°.

146. (1.303) OA L DE = AD = AE = B, = C|.
AKEM v BADN (i} moime = 00 Hinh 302
AC AN "
=> AABC «v» AAMN (c.g.c) _
=4 E’-z = f;h. Hay ching minh ﬁz = AID
(I 1a giao diém clha AC va DE) dé€ suy ra
M, = AID, tirdé MN // DE.

147. (h.304)

Siian %Rz sin AOB,

Scop = % R2 sin COx (Ox la tia d6i cia tia OD). Hinh 303
B
90° =i=sdAB+stD /
. 2 A C
= sd AB + sd CD = 180°
= AOB bi COD =5 AOB = COx.
D0 d6 Sy06 = Sconr
D
148. (h.305) OEHB 1 hinh binh hanh = HB // OE. (1) Hinh 304

E, D, H, O thuéc mét dudng tron, lai cé

ED=EA =OHnén Hy = E| y
= DH//EO. (2) E
Tir (1) va (2) suy ra D, H, B thing hang.
A
Hinh 305
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149. (h.306) Ta ¢6 BIC = DIB + DIC

= (90° - By) + (90° - Cy)

= 180° — (Bi + C)). (1)
Bon diém I, D, B, F thudc dudng tron dudng B D C
kinh IB ; b6n diém I, D, C, E thuéc dudng Hinh 306

tron duong kinh IC nén
EDF = IDF + IDE =B, + C2.  (2)
Tir (1) va (2) suy ra BIC — EDF = 180° - (ﬁ, r él + f;z o 62)

=180° -B+C)=A=a

150. (h.307)Pat A = o

Hay ching minh CEK = 90° - %

éﬁ(=90“—%désuymC,l.E.K

thuéc moét dudong tron, tr dé
IKC = 90°. Suy ra MK = %BC

Tuong tr IGB = 90°, MG = %BC.
Do d6 MK = MG.

151. (h.308) C, =B, =D; = A, C, D, I
thuéc mot dudng tron.
Tuong tr A, D, C, K thuéc mét dudng

tron. Vay I, K thuéc dudmg tron di qua
A, C,D.

Hinh 308
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152. (11.309) Goi I la giao diém cta FK va DE. A

Ta s¢ ching minh nam di¢m D, B, H. K, |
thuoc mot duong tron.

Dé thay D. B. K. I thuoc dudng tron dudng
kinh BI. (1)

AAHC = AFIE (g.c.g) = AH = FI.

AHIF 1 hinh binh hanh = AF // HI, ma ©
BH L AF nén BH L HI = H thuoc duong |
tron dudng kinh BI. 2) Hinh 309

T (1) va (2) suy ra diéu phai ching minh.

153. (1.310) Gée con lai cla i gide 1a B = 45°.

Bon dicm A, B, C, D thugc dudong tron dudng
kinh BD. Goi O la trung di¢m cia BD thi

AOC = 2ABC = 2.45" = 90".

Suy ra AC = OAV2 = 2V2 (cm).

Hinh 310

154. (h.311)

Fi=A =E = B,E.F. M thuéc mot
duong tron = EFB = EMB = 90°. (1)

Do FK // BM, FK = BM nén

BF // MK. (2) g, >

T (l) va (2) suy ra EF L MK, 0 fat

Ta lai ¢6 KF L ME nén F 1 trye tam o ../ '// K
cua AEMK, suy ra MF L EK, do dé M

DA L EK. (3) M
Ta lai ¢c6 DA L EA. 4) D

Tir (3) va (4) suy ra E, A, K thang hang

Hinh 311
vi DAK = 90°. ’
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155. (h.312)

a) bat BAC = o. Tacé
61 =R1 +ﬁ1 =R| +;';.2 = 0.

Tuong w D> = o.
Suy ra BDC = D) + D2 = 2a.

Ta lai ¢6 BOC = 20 nén B, D, O,
C thudéc mot duong tron.

b) Budng tron ngoai tiép ABOC ¢o
dinh ma Dy = D2 nén AD di qua
diém chinh gilta cua cung BC Hinh 312
khong chira O cua dudng tron do.

(diém M trong hinh).

156. (h.313)

Hinh 313
bat BAC = a(0° < 0 < 90"). Goi D la diém doi ximg v6i B qua a.

Nam diém A. B. C. D, H thuoc dudng tron duong Kinh AC.
Goi h 12 khoang cédch gitra a va b. X¢t hai truong hop

— Truomg hop 0. < 45° (h.313a). Tacé ACH = 20.. BAD = 2BAC = 20
nén ACH = lﬁ-l-) =>;5\_I:I =ITI§ = AH = BD = 2h.

= Truomg hop o> 45° (h.313b). Ta ¢6 A'EI-'I = 180° - 20.

BCD = 2BCA = 2(90° — o) = 180" — 20 nén ACH = BCD

— AH = BD = AH = BD = zh. Quy tich ctia H la dudng tron (A : 2h).
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157.

158.

159.

200

Taco

(h.314) Trén tia OA lay | sao cho
Ol = %()A thi [ ¢6 dinh.

DA OA IA

=2 = =

DM _ OM 10

2
= DI //MO va DI = -}:MO = %R.

Hinh 314
Quy tich cia D la dudng tron [l - L :

(h.315)Dit sdCA = sdCB = ot = A =.5;£

— a —

= A M=E=>AIM=D‘..

Tuong tv BKM = 0. Cic tam gidc can AIM,
BKM ¢6 géc ¢ dinh bang nhau nén géc & ddy
bang nhau, suy ra IM // KB, KM // IA.
Goi E la giao diém cta Al va BK. Ta ¢6 EIMK la
hinh binh hanh nén AEB = 0. Diém E thuoc
cung chira géc o vé trén AB nén E € (0O), CE la Hinh 315
duong Kkinh, E ¢6 dinh.
Trung diém N ctia EM Ia trung diém cua IK ¢6 quy tich la dudng trung binh
cua tam gidc can AEB (song song véi AB).
(h.316) Phan tich: Trén tia déi cua tia
BC, lay D sao cho BD = BA.
Trén tia d6i cha tia CB, lay E sao cho
CE = CA thi DE =d,
DAE = 180° - (D + E)

Q
B9 -8 g0y %- Hinh 316

4

= 180° -

Cich dung: Trén doan DE = d, dung cung DmE chia géc 90° + -‘;i.

Dung dudng thing song song véi DE, cich DE mot khoang la h, cét cung
chita géc & A.

Dung cac dudng trung truc cua AD va AE cit DE ¢ B va C.



160. (h.317) a) AKM = ADM = 45°, E F

BKM = BEM = 45° nén K e

AKB = 45° + 45° = 90°. % 5

K chuyén dong trén dudng tron (O) y i \\

duong kinh AB. ) N
0 N

b) Xét (O), goi I la di¢m chinh gitra 5 .
cua cung AB khong chia K thi | la M
diém c6 dinh.

Do AKM = BKM nén KM di qua .

¢) KM = IK = IM ma IK < 2R (dat I
AB=2R)vaIM210=R

nén KM <€2R -R =R.

Hinh 317

max KM =R < M tring O, trung diém cla AB.

Chuyén dé 8
TU GIAC NOI TIEP PUONG TRON

161. (h.318) Ké dudng kinh AD. Ta c6 AAHB v» AACD (g.g)

a) b)
Hinh 318

3 AH = AB = Al =£=>AH=4cm.
AC AD 10 15
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162. (h.319)
T gidc ADEH néi tiép = EHG = ADB.
T\ gigc BCGF noi tiép = EFG = ACB.
Ta lai ¢c6 ADB = ACB nén EHG = EFG

= L, H, F, G thudc mét dudng tron.

163. (/1.320, gia st | thude canh AB, cic truong hgp
khac tuong tu).

Goi G, H lan luo la trung diém cua AB, AC.
Qua O ké dudng thang song song véi BC, cét ID
vi KE 0 M va N,

Taco MN =DE = s

= GH. MN // BC // GH

nén GHNM la hinh binh hanh
= OMG + ONH = 180". (1)

Ti gide OMGI ¢6 OMI = OGI = 90° nén noi

R e e Hinh 320
liép = OMG = OIA. 2)

Ti gidc ONKH noi ti€p = ONH = OKA. (3)
T (1), (2), (3) suy ra

OIA + OKA = 180° = AIOK Ia u
gidc noi iép.

164. (h.321) CD /| EF
— MFE = A, = B; = FMBE la
giac noi Lép. (1)

Tuong t ENBF 12 & gidc noi tiép. (2)
Tu (1) va (2) suy ra nam diém F, M,
B. E. N thudéc mét duong tron. (3)
Tacé BNK = BAD = BMC =

M, B, N, K thuéc mét duong tron. (4)

Tur (3) va (4) suy ra sdu diém F, M,
B, E, N. K thu¢c mot dudng tron.

K Hinh 321
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165. (h.322) Tu giaéc ADHB noi tiép
= DIL = ﬁ] = ﬁ:
= AIEB la ur gidc noi ti€p

_~

=9E|=m=(:

= AIEC can tai E.
Hinh 322
166. (h.323) a) AGFD can

= G = EGD. (1)
T giac DHEG noi tiép
= ﬁ] = EGD. (2)

T (1) va (2) suy ra 6| = l:{:

= BIGH la ur gidc ndi ti¢p, ma

GHB = 90° nén BIG = 90°.

Hinh 323

b) BIC = 90° (ciu a) ma BAC = 90° nén 1 gidc BIAC noi iép
= AIC = By = HIG (BIGH noi tiép) titc la AIG = HIG.

-~

167. (h.324) Gia sit B = C. (1)

Lay D déi ximg véi B qua H thi D nam
giita H va C (vi HC > HB).
AH la dudng trung truc cua BD nén I
By = B, @) A7 IR
2, 5
B H D C

T (1) va (2) suy ra 61 = 13|

Gt Rty Hinh 324
= AIDC la uf gidc noi ticp
= HAC = D2 = Ba < ABH. trdi véi HAC = ABH.

Vay khong thé xay ra ABI = ACI.
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168. (1.325) Taco ;‘1| — é|, Al = 13|

nén Ay + A2 =C, + Dy,

tic 12 EAF = C; + Di. (1)
EBF = CBD. 2)

Tu (1) va (2) suy ra

Hinh 325

EAF + EBF = C; + Dy + CBD = 180°

= AEBF Ia & gidc noi tiép = BEF = A, = C; = EF // CD.

169. (/.326 hinh vé tng véi cic doan
thing CE va DF khéng cit nhau,
cédc truong hop khdc tuong tu).

a) i;:ﬁb = ﬁ| nén ;ﬁl = E’pz. (1)

-~

E = B,. (2)

C

-~

Tir (1) va (2) suy ra AFI = E
= A, E, I, F thudc mét dudng tron. , Hinh 326

b) AKI = E = By = IK //CD.

170. (h.327) AB// CD = AD = BC
= A'IZ-I") = BEC

=» MNKE la & gidc ndi ti€p

= NMK = NEK = D; = MN//CD.
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171. (h.328)a) Mi = A1, M3 = M2 = A2

ma ;il = ;':z nén ﬁ: = l?h.

b) E[ = f:| = Iﬂ

= BEMI Ia 1 gidc noi tiép.

¢) Tit gidc BEMI noi ti€p (cau b)

:Ez=§[3. fﬁ=§hmé

M| = M3 (cau a)

nén l%.z = BIE. Suy ra Bl = BE.

Ta lai ¢6 BI = CF (AMBI = AMCF) nén BE = CF.

Tacé E2 = M3 = M; = A; nén AD // EL
172. (h.329) EGH = CDH = A

= GH//AB. (l)

AOH = OHD + B (géc ngodi AOHB)

=6| +13| =62+6]=§5__C.

Ta lai ¢6 A + BDC = 180°

nén A + AOH = 180°=> AG // OH. (2)

Tir (1) va (2) suy ra AOHG la hinh binh hanh.
173. (h.330) a) MH 1a dudng trung binh cia ABEC

= MH // AC = M, = KAC = B; = BMHK Ia

ur gidc noi ti€p.

Ta lai ¢6 BMH = E = 90°nén BKH = 90°.

-~ -— -_—

)

LI. fafise ol el
) (Cdu a) ma

=

= TR T ¥- =hs: LI, A
Dj priu 12 prid rij ncn
—

= Ha.

Ta lai ¢6 ﬁ| = E‘| nén ﬁz = E| = CDKH la ur
gidc ndi tiép.

¢) Tt gifc CDKH noi tiép (cau b) = Dy = Co.
Ta lai c6 KBD = E‘z nén [3| = KBD.

Tir d6 DA la ti€p tuyén cua dudng tron (KBD).

| "N
0)
Bi

Hinh 330
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174. (h.331) B+C =90° = B +C; = 45°
= i| = f3| -rél = 45
= AEIH vuong can = E; = 45°.

Ké IK L AC. AIKC = AIDC (canh huyén — B
g6¢ nhon) = IK = ID va CK = CD =

K doi ximg véi D qua IC. Ta lai ¢6 H € IC nén IKH d6i ximg véi IDH qua
= R| = 131.

Hinh 331

Tu gidc IKEH noi ticp = Ki = E| =45°. Vay Dy = 45°. do d6 DH Ia tia
phan gidc cua goc IDC.

175. (h.332)a) G| = By = F; = CDE = CGED la 1t gidc noi 1iép.

Hinh 332
b) Tir gidgc CGED ngi tip (cau a) = G2 = DEC. (1)
T gidge BDEF noi tiép = DBF = DEC. 2)
Tir (1) vit (2) suy ra G2 = DBF => GDBH 1a & gidc noi ticp
= GDH = GBH = 90°,

176. (h.333. hinh vé img v6i O ndm trong AABC, céic
truong hop khéac tuong tu).

Tt gidgc AIHB noi tiép = IHM = IAB = 60°. (1)
T gidge BIOM noi tiép = M, = IOB = 60°. (2)
Tir (1) va (2) suy ra AMIH déu.

Hinh 333
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177. (h.334)

a) Goi I 1a trung diém cia HC thi

HD = 2IE.

AACD vuong, dudng cao CH nén

HA.HD = HC? = HC.HC = 2HB.BI

= HA.2IE = 2HB.BI = HA.IE = HB.BI

_ HB_IE
HA  BI

= A, = B; = ABE = 90°.

= tan A = tan By

b) Tir gidc ABEC ¢6 ABE = ACE = 90°

= O Hinh 334
nén la ur gide ndi ti€p = B = Az,
Suy ra ;';.1 - .R: (dpcm).
178. (h.335) a) T giac BMIF noi tiép
= Fi =B =C A‘
=» AFIC la t gidc noi tiép. ElY
b) Tt gide AFIC noi tiép /' hb
= AIC = AFC, BIM = BFM ,r' b
(BMIF néi tiép) = CFM (ABFC can 1ai F). ’,” I \\‘\
Suy ra XIE + BIM ’; - 2
= AFC + CFM = 180°. . M C
179. (h.336) Tit gigc ACBO’ 1 hinh thoi nén Hinh 335

—

AC=A0Q’, ACO = AOK. (1)

Tacé O = D = By, 1 gidc BO'KE
noi tiép (vi O = E) nén By = Ky,
suyra O = K. (2)
Tir (1) va (2) ta ¢6 AACO = AAO’K
(g.c.g) = 0C=0K.

Hinh 336
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180. (/.337) Trén HC lay K sao cho
HK = HI. AAIK can nén

——

3= A B=i2

I
oo}

AK = AL AKI = |,
nén goc bl vai ching la AKC = AIB.

Hay chimg minh AAKC = AAIB (g.c.g) dé suy ra
KC=IB,wrd6 IB+ IH = CK + KH = HC.

Hinh 337
181. (1.338) a) Ké BM, CK vuong géc véi EF.

AAEF can = BEM = CFK, ABEM o ACFK (g.2)

=) e o 20 B = ABHM o ACHK (c.g.c)

CK CF CD HK
=5 Bmi = (:'—I'-I-i:
b) Tit gidc BHNC noi ti€p = CBN = CHF, BCN = BHE.
Ta lai ¢6 61'-173 = BTEE (cau a) nén C#I-i-th\l = BCN
Suy ra NB = NC.

Hinh 338 Hinh 339

182. (1.339) Cic tit gidgc OBID, OIEC noi ti€p nén ODE = B) = C = E
= AODE cin = ID = [E.
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183. (h.340)
K¢ OH L AC, OK L BD.

AIDB »» AICA (g.g), IK va IH la céc
dudng trung tuyén tuong Ung nén
[KB = [HA tic la IKF = [HE.

Ta lai ¢6 IKF = Oy, THE = Oz (xét

~ ~ d
cdc ur giac ndi tiép) nén O = Oa.
Suy ra [E = IF.
184. (h.341)

a)f:l =EET(=£ET(=IZEF
=> AKEF can = KE = KF.

b) Tir F2 = E va

KAC = KCA = KCE

suy ra Eﬁ: e éf(TS 2
Tir d6 AAKF = ACKE (c.g.c) . Hinh 341
= AF=CE=AF-CA=CE-CB == CF=BE. (1)

EGB = BAC = ABC = EBG = BE = EG. )
Tur (1) va (2) suy ra CF = BE = EG.
¢) CF = EG (cau b) va CF // EG nén CFGE la hinh binh hanh.

Goi I 1a giao diém cua EF va CG thi IE = IF. Ta lai ¢c6 KE = KF (c4u a) va
OE = OF nén I, O, K thang hang.

Do OK 1 dudng trung truc ctia CD nén IC = ID. Ta lai ¢6 IC = IG nén
ID=IC=IG = CDG = 90°.
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185.

186.

210

(h.342) a) Goi giao
diém cuia AE va AF
v6i BC lin luot 1a
E’'vaF'.

AABE’ can tai B
nén AE = EE’,
tuong tu AF = FF’.
EF 1a dudng trung
binh cia AAE’'F B F H E M
nén EF // BC. Hinh 342
b) Goi I la giao

diém cta MN va EF.

Do EF // BC (cau a) va MB = MC nén IE = IF.

Goi K 12 trung diém cia OA.

Ti gidc OEAF ndi ti€p duong tron (K) duong kinh OA ma IE = IF nén

K1 L EF, do EF L AH nen KI// AN va KI = %AN. )

Tacé By + C) = 45° = BOC = 135° = EOF = 135°

= EAF = 45° = EKF = 90°.

Tam gidc EKF vuong c6 KI la dudng trung tuyén nén KI = -;—EF. (2)
T (1) va (2) suy ra AN = EF.

(h.343) a) e

DKF = 180° — BAC 1

nén BKC = %I&T:

=90° - A (1) /

Do KC L EF nén M
BKC = 90° - H.(2)
Tur (1) va (2) suy ra

A1 = H) = AHKF

2 1 gidc noi tiép.

Hinh 343

14.9 CD HINH HOC THCS-B



187.

188.

189.

Ta lai c6 AFK = 90°nén AHK = 90°.
Tuong tv AGK = 90°. Vay AHKG Ia tit gidc noi tiép.

b) Tam gidc ABM c6 BH la dudng cao (cau a) va phan gidc nén BH la dudng
trung truc cia AM. Suy ra KA = KM. Tuong tu KA = KN,

Tam gidc KMN can tai K ¢6 KE la duong cao nén EM = EN.

-~

(h.344) a) f:l: = 31 — ;‘;2 =

= E, F, G, H thudéc mét dudng
tron. C MN\A D
'
I
I
i

b) Ké cdt tuyén CAD L AB thi
BHC = 90°, BFD = 90°. 0

CHFD Ia hinh thang vu6ng nén L
dudng trung truc cua HF di qua B F
trung diém M ctia CD. (1)

Tuong tr dudng trung truc cua EG
di qua trung diéfm M cia CD. (2) Hinh 344

Tiur (1) va (2) suy ra M la tam
dudng tron di qua E, F, G, H va la M
diém c6 dinh khi E, F thay déi.

(h.345) ADMN can tai D va
D; = D> nén BM = BN. (1)

E: = DMN (do MD // EC)
= DNM = CN = CE = AD.

Hay chimg minh ABAD = ABCN
(c.g.c) dé suy ra BD = BN. (2)
Tur (1) va (2) suy ra BM = BN = BD.

\\ A G

(h.346, hinh vé (mg v6i N nim
gita F va C, cdc truong hop khéac
Wig 1), _ Hinh 345
Goi G la trung diém cua DE.

Tit gic IFKG 12 hinh binh hanh nén IFK = IGK = BAC = 120°.
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Tacé KIN = KFN = B, = 30°,
IﬁzIFE:E] = 30° nén
ANIK can tai N, N thudc dudng

trung truc cua IK suy ra N
tring M.

IGC =120°nén G thuoc cung
" chita géc 120° vé trén IK.

Do NI = NK, INK = 120°, N va

G nam khdc phia d6i véi IK nén N
la tam cua dudng tron chita cung

chia géc 120° néi trén.
Do dé N la tam dudng tron (GIK).

190. (h.347) V& dudng tron (K ; KA), A
dudng tron nay di qua M va N.

~

Ké dudng kinh ME, ta ¢6 E = %f{.
(g6c ndi ti€p va géc o tam)
= %E&E (vi ABKC noi tiép) = C.

Ta lai c6 Rz =E (cung phu
ﬁrﬁ)nen Rz = 6|.

Suy ra

MAI = A; + A2 = A + C1. (1)
Tacé MBI = B + 90°. )
Tir (1) va (2) suy ra MAI + MBI = A, + C) + By + 90°

=90° + 90° = 180° = AIBM la tit gidc noi tiép = AIM = ABM = 90°. (3)

Tuong tr AIN = 90°.  (4)
Tir (3) va (4) suy ra M, I, N thing hang.
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191.

192.

193.

(h.348) a) ACH = AHE (ciing
phu A1) = Dy (ADHE noi
tiép) = K1 (AB// HF)

= HKEC la ur gidc ndi ti€p

— CKH = CEH = 90°.

b) CK L HF (cau a)

= CK L AB= CK //HD

MH HD
U 0 6c véi AB = : 1
(cling vudng géc v ) = e (D
HG //CF = E = 59 Lai c6 ABHG «» AHCF (g.g)
NC CF
=b g = %‘% (ti s6 hai dudng cao tuong Uing) nén ;—% = %II{Z (2)

Tir (1) va (2) suy ra E{— = E’Iﬂ tic 124 M va N chia ngoai doan HC theo
MC NC

cung mot ti s6, vay M trung N.

(h.349) Goi H va K theo thi tu 1a trung
diém ctia AB va AC. C4c dudng trung truc
ctia AB va AC cit nhau tai [.

Ta c6 AIHD = AIKE (c.g.c)
— IDH = I[EK = ADIE latf gidc n0i ti€p.  p
Vay dudng tron (ADE) di qua diém c6 g /

dinh I. M C
Lay F thudc canh CD sao cho Hinh 349
DF = DA. (1)

Xét hai truong hop :
— Trudng hop F tring E (h.350a).

i;"l = ‘Rz =R| = AB//CD = ﬁz =§1 =f32 = BC = FC, (2)
Tir (1) va (2) suy ra AD + BC = DF + FC = CD.
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194.

214

Hinh 350
— Trudng hop F khéc E, chéng han F nim giita D va E (h.350b).
- 0 — N
AADFcan = F) = ﬂ?_p_ (3)
.4 KRR . —  180° - D
T gidc ABCD ndi ti€p va BE la phan gidc = ABE = S S (4)

Tur(3) va (4) suy ra F| = ABE = ABEF Ia tit gic noi ti€p = BFC = BAE. (5)

.y o . . RO il
T gidc ABCD noi ti€p va AE la phén gidc = BAE = ————.  (6)
\ O |
Tir (5) va (6) suy ra BFC = —2-—— chimg 10 BFC = FBC = FC=BC. (7)

Tu (1) va (7) suy ra AD + BC = DF + FC = CD.

(h.351) Goi M, N, H la hinh chiéu cia E trén
AB, BC, CD.

Tacé A = Ci = AEAK v AECH (g.8)
EK _EA

= EI:I- = E (1)
Tuong tv AMAE «v» ANCE (g.g)
BM_EA
EN EC
Tir (1) va (2) suy ra BK. = EM =4 EK =3 = EK = E.
EH EN C b b



195.

196.

(h.352) Ké IH L AK.
Ta cé SAID = ';'ADIH = %.IH. (1)

D€ tinh IH, ta s& chimg minh AAIK
vudng can.

T\ gidc AEBC noi ti€p

= E; = E2 = A = 45°,
md Az = 45°nén gidc AIKE ndi
ti€p, suy ra AIK = 90°. Ta lai ¢6

Az = 45° nén AAIK vudng cén tai I va
AK

. (2) Hinh 352

2

Tu(l)va(2)suyra Spp = —4~
(h.353) a) D& ching minh bé dé : Néu AABC
va AA’B’C’ c6 A b A’ thi

Sapc _ ABAC

Sape ABAC
Tir cac hinh thang can AECF, BCDE ta c6
AF = EC=BD, BE =CD, EF = CA.
Do BAF b BEF, ABD b ACD
nén 4p dung bd dé trén, ta cé

Spar _ ABAF _ ABBD _ Spyp ),
Seee BEEF CDCA  Sean

Ta lai ¢6 Sgap = Sgma + Spmp = Sema + Semp = Scap: (2)

Tur (l) va (2) suy ra SB.‘\.F - SBHF

b) Goi I Ia giao diém AE va BF. Tir c4u a) suy ra cdc dudng cao AA’, EE’
bang nhau. Suy ra Al = IE.
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197. (h.354, hinh v€& ing v6i B nam giita E va F, cdc trudng hop khéc tuong tu).
Hay chimg minh ACE = ADF dé suy ra tr gidc ACMD ndi tiép, tir d6
gidc AOIO’ noi tiép.

Quy tich cua I la dudng tron ngoai tiép AAOQO’.

198. (/.355) Goi E 12 giao diém thi hai cia dudng tron (O) véi AB.

-—

Tac6 C =M = E; = HE = HC = EB = BC = E ¢4 dinh.
Quy tich cia O la dudng trung truc cua AE.
199. (h.356) Trén tia CB lay diém K sao cho CK = CA

(s& di lay diém K nhu vay vi khi D tring B thi
E trung K).

Goi I 12 giao diém cua AK va (O). D
Ta s€ ching minh KIEC la & gidc noi tiép.
Pt K=KAC=B =a. ()

ACAK can = ACK + 20 = 180°

= By + 20 = 180°

Hinh 356

=>l§|+l§3=2a.Doﬁ1=a nén §3=0:
=[CA=B:=a. )
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200.

T (1) va (2) suyra KAC =ICA  IA=IC.

AICE = AIAD (c.g.c) = E; = IDA.

Ta lai 6 IDA bu ICA, ma ICA = IAC = K nén E; ba K
KIEC la ur gidc ndi tiép.

Quy tich cua E 1a cung KIC cua dudng tron ngoai tiép AKIC.

Xét hai truomg hop :

= Truomg hop E thuoc canh AC (h.357a).

ADEF v AABC = E; = B, ma Ei = A (AEDF noi tiép) nén B = A, tir
d6 D 1a trung diém cuia BC.

A

Hinh 357

= Truomg hop E thuéc canh AB (h.357b).

ol

ADEF » AABC = E) = B, ma E; = A2 (AEDF noi ti€p) nén B = Ax

= A2 phu C  ADLBC.

Bai todn ¢6 vo s6 nghiém hinh:

-~ Hoidc D la trung diém cia BC, EwvF tay y trén AC va AB sao cho
EDF = 90° (h.357a) ;

— Hodc D la chan dudng cao ké tir A, con E va F thy y trén AB va AC sao
cho EDF = 90° (h.357b).
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201. (h.358) Tac6 — = — = —— nén M1 // DB.
IB MD

1l CA OM

o >

BD
Diéu kién dé hinh thang MIBD noi tiép la
hinh thang dé can < ACBD can tai C
¢ duong cao CH la trung tuyén.
bat DH=HB=AC=x,OA =R thi
CD=CM +MD=CA + DB=x + 2x = 3x.
CH? + DH? = CD?

RZ o
= (2R)2 + xZ = (3}{)2 F— xz - T Hinh 358

S X = % (x 12 canh géc vudng clia tam gidc vuodng can c6 canh huyén R).

202. (h.359)

203. (h.360) Dé thay IC =ID va IE = IF.

218

D

AIMC, BIMD la cdc t# gidc noi tiép
=>i|+iz =El+l§|=90°
1 C y
= Scp = EIC.ID. a -
AIAC v ADBI (g.g), dat AC = x, BD =y,
a 1 0 b

A
tacé——-—=—=b—=g=>xy=ab.(2) Hinh 359

Ta c6 IC? = a’ + x* 2 2ax
ID? = b? + y? 2 2by nén IC2.ID? > 4abxy. 3)

Tir (1) va (2) suy ra IC.ID 2 2ab. Két
hop véi (1) suy ra S¢ypy 2 ab.

minSCu)=ab<=>x=aV&y=b.

Ta lai ¢6 IC.ID = IA.IB = IE.IF nén
IC=ID=IE=]IF.
T gidc CEDF la hinh chir nhat.

Hinh 360



204. (h.361) Goi D, E 1a céc tiép diém cta (1) A

trén BC, AB.
Theo hé thirc lugng trong dudng tron E
AE? = AH.AK. MD? = MH.MK. (1) K
Theo dé bai BA=BM nén AE=MD. (2) :
B D M c

Tu (1) va (2) suy ra AH.AK = MH.MK.
bat AH =x, MK =y, HK = a thi Hinh 361

2+a=n.x—)f2-~ay=l'.)

X(x+a)=y(y+a)=x
=SX-y)x+y+a)=0=>x=y.

205. (h.362) a) ICB = ICA +ACB = A2 + ACB
= 180° - (A; — ACB) < 90° (vi
A1 — ACB > 90°).
b) Dat IA = IC = R. Vé dudng tron
(I; R)cat BCo D.
Do ICB < 90° (cAu a) nén D ndm giita
BvaC.
Ké duodng kinh AK.
bat BM = a thi BA = 2a, BC = 4a.
Ta ¢6 BA.BK = BD.BC

=» 2a(2a + 2R) = BD.4a
=>BD=a+R=>MD=R=ID= AIDMcantai D

Hinh 362

— IMD = %Iﬁé " -;-IEE. tic 13

—

IMC = Euf"fiai.

206. (h.363) Goi H 1a giao diém ciia AM va DN.
Ta c6 AH.AM = AD? = AC® = AK.AN
= MHKN la tif gidc néi ti€p = MKN = 90°.
Két hop v6i CKN = 90°suy ra C, K, M
thdng hang.

Hinh 363
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207. (h.364)

a) OI L BCma BC// AK nén
OI L AK. (1)

EF L OA nén

KF L OA. (2)

Tir (1) va (2) suy ra

Al L OK.

b) Goi N la giao diém cta
OA va EF. Tir gidc ANHK

noi ucp Hinh 364
= OH.OK = ON.OA
= OF? = OD?
= oL = oh =» AOHD «»» AODK (c.g.c).

OD OK
¢) Tit gidc ODMH noi tiép = ODH = OMH. 3)
AOHD ¢ AODK = ODH = K. (4)

Tir (3) va (4) suy ra OMH = 12|.
Lai <6 OMH phu MOH nén K; phu MOH = OM L DK.

208. (1.365) a) MB.MC = MA? = MH.MO
= BHOC Ia & gidc noi tiép.
b) Tir gidgc BHOC noi tiép
= CBH = COK.

Ta lai ¢6 CBK = %66?( nén

é'ék:%(:'ﬁﬁ

Hinh 365

= BK la tia phén gidc cia géc CBH.
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209.

210.

211.

(h.366) Goi giao diém cua AO véi
dudng tron (O) lan luot 1a K, H.

Ta cé 13 = FBE = Kﬁi
= ODEI la uf gidc noi ti€p
= ALLAO = AE.AD = AK.AH

= AL2R =R.3R
=5Al=—3-R =>OI=E.

2 2
Xét trudng hop cdc géc ACD va Hinh 366

ADC déu nhon (h.366).

Goi giao diém clia AO véi dudng tron (0) 1A K, H.

Giai nhu Bai tap 209, ta dugc AILAO = AK.AH nén I ¢6 dinh.
Céc truong hop khic tuong tu.

X¢€t hai trudng hop :

— Truong hop BC cdt d o1 (h.367a) thi I ¢6 dinh.

Goi K la giao diém cuia (0’) va IA. Ta c6 IA.IK = IE.IF = IB.IC
= A, K, B, C thuéc mét dudng tron.

Vay (0’) di qua hai diém A, K ¢6 dinh 12 giao diém ctia dudng tron (ABC)
va lA.

Trong trudng hop IA 1a tiép tuyén cua dudng tron (ABC) thi A va K trung nhau.
K

a) b)
Hinh 367
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212.

213.

222

= Truong hop BC I d (h.367b).

Goi K 12 diém d6i xiing véi A qua OO’.

Do OO’ ]a truc d6i ximg cia AK va BC nén K thudc dudng tron (ABC).
Do OO’ 1a truc déi ximg cia AK va EF nén K thudc dudng tron (O).
Vay (0’) di qua hai diém A, K ¢6 dinh.

Trong truong hop AB = AC thi A va K trung nhau.

(h.368) a) ABE = ACB = BAC => BE // AC. Tuong tu CF // AB.

Suy ra ABEA v ACAF (g.g)
BE BA BE CB

—1 = = =
AC CF BC CF

= AEBC «»» ABCF (c.g.c)

= E; = By.Ta lai c6

ﬁ| +f:. =62 +6E = 60° nén
B, + Ci = 60° = BIC = 120°.

b) Tir cau a) suy ra BIE = 60°. Ta

lai c6 BDE = ACB = 60° nén BIDE
1a 1 gidc noi ti€p. Tuong tr CIDF Ia
ur gidc noi ti€p.

¢) Goi K la giao diém cia DI va BC. Do Ei = By nén BC Ia ti€p tuyén cua
dudmg tron (BIE) 1iic 12 dudng tron (BIDE) = KB* = KD.KIL. (1)

Twong tu BC 12 tiép tuyén clha dudmg tron (CIDF) = KC?> = KD.KI. (2)
Tu (1) va (2) suy ra KB = KC.

Pudng thing DI di qua diém c6 dinh K la
trung diém ciia BC.

(h.369) Ké MK L OA. Goi H la giao diém
cua MO va BC. T gidc MHAK noi ti€p

= OA.OK = OH.OM = OB’ = K ¢6 dinh.
Quy tich cia M la dudng vuodng géc véi OK
tai K.
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214.

215.

216.

(h.370) AO cit (I) & diém thit hai K
va cit (O) ¢ D va E (D nédm gilra A
va 0).

Ta c6 AK.AO = AB.AC = AD.AE
= AK.2R=R.3R = AK = %R
= K la trung diém cua OD.

Quy tich cua I 1a duong trung truc
cua OK.

(h.371) a) Dudng tron ngoai tiép
AMAB di qua O, ¢6 tam I 1a trung
diém clia OM.

Quy tich cta I la dudng trung truc
cia OH (H 12 hinh chi¢u cia O
trén d).

b) Goi K 12 giao diém ctia AB va OH.
Ta c6 OK.OH = OE.OM = OA?
=» K ¢6 dinh.

Quy tich cia E la dudng tron
dudng kinh OK.

(h.372) Phdn tich: Gia sir da dung
dugc cdc diém H, I, K théa man
Al = AK, BK = BH, CH = CIL

Ké IE L AC, KF L AB, HD L BC.

Ta c6 AE.AC = AI’ = AK? = AF.AB

= BFEC la t gidc ndi ti€p
=2E=F.

Tuong tu Dy = E2, D2 = Fa. Do (*) nén

E2 = F; = D) = Dz = 90°

= A, D, H thing hang. Tuong tu B, E, I thing

hang va C, F, K thing hang.

Cdch dung: Dung H, I, K 1a giao diém clia cc

Hinh 370

Hinh 372

dudng thing chia dudng cao cia AABC véi céc nira dudng tron.
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217. (h.373) a) Goi (O) la dudng
tron ngoai 1i¢p ABIC.

Tia phan gidc cha géc BID
cat (0) o M, ID cét (O) 6 E.
Tacé I} =12 = I3 nén

CE = EM = MB

= CE = EM = MB.

Goi H, K la giao diém cua
AB, AC v ME.

Dé chimg minh BC // ME
nén BC // HK

_, HE _BD _, Hinh 373
EK DC
= HE = 2EK. (L)

BC // HK nén BH = CK.

BCEM la hinh thang cin = B, = C; = Bz = Ca.

AMBH = AECK (c.g.c) = HM =EK. (2)

Tir (1) va (2) suy ra HM = ME = EK.

AMHB c6 HM = ME = MB nén la tam gidc can.

Ciéc tam gidc can MHB va ABC c¢6 géc ddy bang nhau nén BMH = BAC, lai
¢6 BMH = BIE (BIEM noi tiép) nén BIE = BAC, titc 1a BID = BAC.

—
T .

b) Dung I trén AD sao cho BID = BAC nhu sau :
— Dung tia Ax sao cho DAx = BAC (Ax va B cung phia déi véi AD).

- Dung duong théng di qua B va song song véi Ax, cit AD ¢ 1.
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218.

219. (h.375)

220.

(h.374)
Tacé BKF =1; = Di. (1)
C2 = ACB - C.. )

-~

Talaic6 I} = ACB va Dy = D2 = C

nén tir (1) va (2) suy ra é’ﬁ = (A:z

— BFCK la tf gidc noi tiép = BKC = 90°.

Duong tron duong kinh AH di qua E va F.
Tacé K = BHF = D; = KE // BC.
Ta lai ¢c6 DH L BC nén DH L KE. (1)

Dé chitng minh 132 = 63. (2)
Tu (1) va (2) suy ra ADEK can tai D
= DE = DK.

(h.376, hinh vé Ung véi AABC nhon, cédc

trudng hop khic tuong ). Hinh 375
a) IK.IA = IB.IC = [E.ID

= AKED Ia tt gidc ndi tiép. R

Lai ¢6 ut gidc AEHD néi ti€p nén
A, K, E, H, D thudc dudng tron dudng kinh " D

b) Goi F la giao diém ctia KH va (O).
Do cau a) nén AKF = 90° = ACF = 90°.

Hay ching minh BHCF la hinh binh hanh
dé suy ra KH di qua trung diém cua BC, va Hinh 376
dé 1a diém ¢6 dinh.
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221.

222,

223.

226

(h.377)

a) Ta c6 EKD = 360° — EKI — DKI
= 360° - (180° - B) - (180° - C)
=B+ C nén EKD + A = 180°

= AEKD la ut gidc ndi tiép.

Ta lai ¢6 AEHD la t gidc noi ti€p nén
A, E, H, K, D thudc dudng tron dudng B

kinh AH = AKH = 90°.

b) AKE = ADE (AEKD noi tiép) Hinh 377
= ABC (BEDC noi tiép). (1)

EKI bd ABC (BEKI noi ti€p). (2)
Tir (1) va (2) suy ra AKE ba EKI
= A, K, I thing hang.

Do AKH = 90°nén HKI = 90°.

(h.378) Dé chimg minh AADE ¢» AABC
(g.g), lai c6 Al va AM la céc dudng trung
tuyén tuong Ung nén

AID = Am suy ra IKMH la ur giac

ndi ti€p.
TacoMD=MEvalD=IEnén MILDE. B H M C
IKMH noi ti€p = KHM = KIM = 90°.

(h.379) a) AADE «» AABC (g.g), AN va
AM la cdc dudng trung tuyén tuong img
= NAE = MAC. (1)

b) Dé chitng minh MD la ti€p tuyén

cta (0’) = MK.MA = MD? = MC?

MC MA
1 =
MK MC
= AMCK «»» AMAC (c.g.c).
Hinh 379
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¢) Tir cdu b suy ra MCK = MAC. (2)
Tacé Ar = C) tic 1a NAE = MCL.  (3)

Tir (1), (2), (3) suy ra MCK = MCI. Chimg minh tuong tv MBK = MBI

Vay 1 d6i ximg véi K qua BC.
224. (h.380) a) Do diém d6i ximg v6i H qua BC
ndm trén (O) nén cung BHC d6i ximg véi

cung BC qua BC va ciing d6i ximg véi cung
BC qua M.

Goi D Ia giao diém thit hai cia AM va (O) thi "
ME = MD.

BECD 12 hinh binh hanh
= EC//BD va BDC = BEC = GEI
= BAC + GEI = BAC + BDC = 180°

= AIEG Ia & gidc noi tiép = G) = A Hinh 380

Talaic6 A = By = C nén Gy = Ci = GI // BC.
b) A1 = Bl =C = Aas. Tuong tu Az = Aa.
Suy ra A3 + A2 = Al + A4
= MAN = MAK.
225. (h.381)
a) AKC = Hy = ABC = ADE
=> CKID Ia ur gidc noi ti€p.
Ta cé6 MDH = MHD =ﬁz=ﬁ|
= BKDM Ia tif gidc noi tiép.
b) Goi N 1a giao diém cta CI va BM.
'];ﬁ cdc Aui giéf noi ti€p & cdu a) suyra B
Ci=K2 =B
= BCDN la ur gidc noi tiép
= BNC = BDC = 90°.

Hinh 381
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226. (h.382, hinh vé g v6i E thudc canh AC).

Hinh 382
a) E1 = A = NMC = MKEC Ia tit gidc ni tiép = MEC = MKC = 90°
=> ME 1L AC. Tuong tv MF L AB.
b) Goi giao diém ctia CH véi (O) 1a P thi P d6i ximg véi H qua AB.
Tacé D = DHP (HP//MD) = P = B, = F| = DH // FE.
Tuong tu GH // FE nén D, H, G thing hang.
c¢) EF la dudng trung binh cia AMDG nén IH = IM.

227. (h.383)
Dat Sy = Ss. Ta ¢6 EDB = C) A
(cung phu é_ﬁf() va l-:;_ﬁﬁ = E‘z nén /\/‘5\
& =& 5
=> ADIB «» ACKD ¢, ACEB (g.g)
Sces  Sces

DB CD
[CB ]z [CB JZ A

=>SDIB+SCKD=SCEB="SZ+SJ+SS+S4=SI+SS.=’SJ+SA=SI—SZ'
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228. (h.384) Dé chimg minh OA L EF, OB L DF,
OC 1 DE.

Diém O ndm trong tam gidc ABC nén

A
Sasce = Soear + Sopsr + Sopce é’
o

- -;-R(EF + DF + DE).

Do d6 chu vi ADEF I6n nhét <> S,pc I6n nhit 8 C
< A la diém chinh giira cua cung 16n BC.

229. (h.385)

a) Dat BAC = o. ADE = ABC

= AADE «»» AABC (g.g)
— PE = E = cosQt (khémg
AB

BC
déi) = DE c6 do dai khong déi.

b) H; = Ha (d6i ximg qua AH)

= éﬁl = 61?12

= AEHI «» ADHK (g.g)
HI _HE
HK HD

= AHIK «» AHED (c.g.c)

= K = HI 2 1 = IK 2 DE (khong déi).
DE HE

minlK = DE < [ tring E vaK trung D

¢ A 1a diém chinh giita ctia cung 16n BC. K

230. (h.386) T\ gidc BIDE noi tiép
= E = BIK. (1)
A, K, B, I thudc dudng tron duong kinh KO
= A = BIK. )
Tir (1) va (2) suy ra E = A, do d6 AK // DE.

Hinh 386
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231. (h.387) KMB=E=0,= K, O, M, B
thuéc moét dudng tron, ma 6]5-3?( = 90°
nén OMK = 90°. Vay MC = MD.

232. (h.388) a) K, O, M, B thuoc mot dudng
tron

= KMB =0, = E = AE//CD.

b) AE // CD (cau a) = ﬁ| = ﬁz
= CBM = ABD = ACD
=> AC la ti€p tuyén ctia dudng tron (BMCO).

233. (h.389)
a) Xem Vidu 118 (Cich 1).
b) Eu =Rz (cdu a) va IfEE:EEﬁ
nén AAEG «»» AABH (g.g)
AG AE

== ]
~3H AE

;‘;| =R2 (ciu a) va A-E-!;I =E§f<

(da ching minh trong cidch giai cau a)

nén AAEM «»» AABK (g.g)
LAE_AM

AB AK

AG _AM

Tu (1) va (2 =

(D ()suyraAH AK

AG AH

= GH // MK.

= TR = GH//

230
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234. (h.390) Ké AE L MB, AF L MC.
Pat MB = MC = a.

Tacé NC _ Snem _ Snca
NB  Sngv  Snea

_ Snem t+ Snea _ Sacm
SneM + Sna Sasm

a

_2AF _AF _ AGsinG, "
%.AE AE  ABsinB
Ké AH L BC,tacé C2 = ABC, B = C Hinh 390

e sinC2 _sinABC _ AH AH AC

(2)

sin By sin Ci " AB AC AB’
2
Tu (1) va (2 — = k=,
GHmBie) M e [AB]

235. (h.391) a) BCD = 90°, KCHB Ia
W gidc noi tiép = H; = BKC
= H; +A; = BKC + D = 90°

= ACH = 90°.
b) Xét AAHM vuéng tai H, ta cé
MH? = MA.MC. (1)
El =ﬁl =I"{R‘é Hinh 39
= AKMC »» AAMK (g.8)
MK _ MC
MA MK
Tir (1) va (2) suy ra MH = MK.

= MK*=MAMC. ()



236.

(h.392)a) A1 = C) = E| = ADIE la

wr gide noi ti€p = I = CAD.

Ta lai ¢6 CAD = ﬁl nén ii - ﬁl,

suy ra BDFI la ur gidc noi tiép.

b) IFD = ACD (CDFE noi tiép)

va I} = CADnén AIFD v» AACD (g.g)
IF  AC

= —=—, (1)
ID AD
IE BC
AEID > ACBD (g.g) = — = —. (2
(2.8) D - BD (2)
Hinh 392
T (1), (2) va b dé DS o N suy ra IE = IF.
AD BD
237. (h.393) Goi K 1a trung diém cta AO. B

238.

232

Ta ¢6 KF la dudng trung binh cuia
AOAB nén KF // AB, wr dé

KF L OB. i K 2A O
s s i | .

O1 = 02 = OAE = AOAE can va wa

EK L OA.

AOFK v AOKE (g.g) D

=$KF=0F =OB=0D
KE OK OA OA

=> AKEF v»» AOAD (c.g.c)

= KEF = OAD E

= AEHK la ut gidc néi tiép (H 1a giao diém cia EF va AD)

= AHE = AKE = 90°.

(h.394) Cach dung: Dung BE la dudng phan gidc

cua AABC.

Dung M la diém chinh giira cung AC c6 chira B.

Dung D la giao diém cia ME va (O).

BA EA DA

BC EC DC

duong phan giic) = AB.CD = AD.BC.

Hinh 393

(tinh chat

Chitmg minh:

Hinh 394



239. (h.395) a) Goi K 1a giao diém clia
cdc duong tron (NAB), (MBC).

Ban doc chimg minh M, K, N
thang hang (xem Vidu 121).

Ta c6 MN? = MN(MK + NK)

= MN.MK + NM.NK. (1)
MN.MK = MA.MB = MC.MD. (2)
NM.NK = NB.NC = NA.ND. (3)
Tir (1), (2), (3) suy ra

MN? = MC.MD + NA.ND. (4)

b) Goi R la ban kinh cia dudng
tron (O).

Theo hé thirc lugng trong dudng tron, tir (4) suy ra
MN? = (MO? - R?) + (NO? - R?) = MO? + NQ? - 2R%. (5)

Gia sit MON = 90°thi MN?=MO? + NO? nén tir (5) suy ra R = 0, vo If.

Vay MON # 90°.

240. (h.396) a) A = B,
= NAI = NBD = NKD

= AIKD la ur gidc noi tiép,
Wre la K thuéc dudng tron
(IAD).

Tuong tv K thuéc dudng
tron (IBC). Ta ¢é

IN.IK = IB.ID = IA.IC

= K thuéc duong tron
(NAC).

b) Ta c6 NKD = NBD, lai
¢6 NBD = NKC (IBCK noi
1iép) nén NKD = NKC.
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Chuyén dé 9
TU GIAC NGORI TIEP PUONG TRON.
CHU VI VA DIEN TiCH HINH TRON

241. (h.397) Xét hinh thang ABCD (AB // CD)

ngoai ti€p dudng tron (0), céc ti€p diém H, E, i -
F nhu hinh vé.
ABOC vuodng tai O 0
= OH? = HB.HC = EB.FC = a—‘:’-
D F
Jab
= OH = > = EF = 20H = Jab. N
- AB+CD e _athb
2 2
242. (h.398) Truéc hét ta chimg minh A, I, C A E B
thing hang. ~ ’
Goi G, H la tiép diém trén AD, BC. g -
Ta ¢6 OH = OE = OG = AE = DF. Gh--— /KN
0 ~
ABOC vuoéng tai O r
= OH? = HB.HC = EB.FC X :
_ | AE EB IE o
= AEDF=EBFC=» — = — = Hinh 398

FC DF IF
= AAIE o ACIF (c.g.c) = AIE = CIF. Titd A, I, C thing hang.

Do A, I, C thing hang nén Sgc = Syp = —%AD.AE = %.21—.:- = 2.
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243. (h.399) a) F1 =By =C) = Fanén FI I tia
phan gidc cua géc EFG.
Tuong tu I ciing la giao diém céc tia phan gidc
cua cdc goc E, H, G cua ur gidc EFGH.
Vay ur gidc EFGH ngoai ti€p dudng tron (I).
b) EFG = 2F| = 2B;. Tuong tv EHG = 2A,.
T gidc EFGH néi ti€p
< EFG + EHG = 180° & A + By = 90°
< AC L BD.

244. (h.400)
Goi K 1a tiép diém cua (I) vé6i CD.
Ké CH L AB. Pat BC = x.
Hinh thang can ABCD ngoai ti€p
< AB+ CD=2BC
=2+CD=2x=CD=2x-2
=0OH=KC=x-1
= BH=0B-OH=1-(x-1)=2-x. Hinh 400
AABC vuong tai C nén BC? = AB.BH
ﬁx2=2(2—x)cbx2+2x—4=f}.
Dox>0nén x = /5 - 1.
BC =5 -1;CD=2x-2 =25 - 4.

245. (h.401)
Xét ur gidc ABCD ngoai ti€p dudng tron (O ; r).
Goi S 1a dién tich, p l1a nira chu vi cua ti gidc, ta
c6 S =pr. (1)
Goi a, b, ¢, d 12 0 dai bon canh lién ti€p clia t gidc.
Ban doc tu ching minh (a + c¢)(b + d) =2 4S5, xay D

ra ddng thic khi va chi khi ABCD Ia hinh chit
nhat. 2) Hinh 401
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Do ABCD la uf gidc ngoai ti€pnén a + ¢ =b + d = p, do d6 tr (2) suy ra
p>24S. (3)
Tir (1) va (3) suy ra p> 2 4pr nén p 2 4r.

Tir gidgc ABCD c6 chu vi nho nhat bang 8r khi va chi khi ABCD la hinh chir
nhat ngoai ti¢p dudong tron (O ; r) tic 1a ABCD la hinh vuong.

246. (h.402)

236

a) Ba diém O, O,, A thing hang ; ba diém O,
0,, B thing hang ; 00,CO, la hinh binh
hanh.

Goi Ry, R, 1a bdn kinh cia cdc dudng tron
(0)), (0,). Dé chimg minh R, + R, =R.

Tdéng cdc chu vi cua hai hinh tron trén bing
2nR.

b) Goi S, va S, ldn luot la dién tich cua céc
hinh tron (O,) va (0,). Tacé

.
, K
_ zR"°
e Hinh 402
: nR? -
min(§, + S,) = < R, =R, & Cla trung diém cua AB.

2
s

—

¢) Ta c6 CIA = %CO,A, CIB = -;-COZB, tir d6 AIB = AOB, din dén quy
tich cua I 1a cung AOB ctia dudng tron ngoai ti€p AAOB.

d) Tir CIA = CIB din dén dudmg thing IC di qua diém K chinh giita cung
AmB ctia dudng tron ngoai tiép AAOB.



247. (h403) K¢ OH L AB, Ol L CD (khong
nhat thiét AB // CD).

Ta cé S, = T.OA? - T.OH?

2

= M(OA? - OH?) = n.AH? = n:.[%) .
CcDY

Tuong v S, = R[TJ .

Do AB>CDnén S, > S,.

Hinh 403
248. (h.404)
Goi R Ia ban kinh, / 1a d6 dai cung ctia hinh quat, g /
theo dé bai 2R + [ = 12.
R/ R
Goi S la dién tich hinh quat, tacé S = 5
0 R A

= 4S=2R/ |

R+l 12 Hinh 404
= 2./S = 2R/ < 2+ =>=6
= S €3 =8<9.

R = 3dm

max S = 9dm? m{ (khi d6 AOB = 115°).

| = 6dm
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Lot noi dau

Chuyén dé 1.
Chuyén dé 2.

Chuyén dé 3.

Chuyén dé 4.
Chuyén dé §.

Chuyén dé 6.

Chuyén dé 7.
Chuyén dé 8.

Chuyén dé 9.

MUC LUC

TAM GIAC - TUGIAC - PA GIAC
DIEN TICH PA GIAC

DINH L TA-LET VA TINH CHAT DPUONG
PHAN GIAC CUA TAM GIAC

TAM GIAC DPONG DANG
HE THUC LUONG TRONG TAM GIAC VUONG

PUJING TRON. DPUONG TRON VA DUONG THANG.

PUJNG TRON VA DUONG TRON
PUONG TRON VA GOC
TUGIAC NOI TIEP DPUSNG TRON

TUGIAC NGOAI TIEP PUJNG TRON.
CHU VI VA DIEN TiCH HINH TRON

LOI GIAL CHI DAN, PAP SO
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Chiu trach nhiém xudt bdn :
Chii tich Hoi déng Thanh vien NGUT NGO TRAN Al
Tdng Gidm d6c kiém Téng bién tap GS.TS VU VAN HUNG

T6 chitc ban thdo va chiu trach nhiém néi dung :
Ph6 Téng bién tap PHAN XUAN THANH
Téng Gidm d6c CTCP Ddu tu va Phét trién Gido duc Ha Noi VU BA KHANH

Bién tdp néi dung :
NGUYEN TRONG THIEP

Trinh bay bia :
DINH THANH LIEM

Ché ban :
THAI MY DUNG

Sita ban in :
NGUYEN TRONG THIEP
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