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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung

Chuyén dé:

Bat dang thirc va cac ang dung

Bién soan: L& Viét Hung — 9B Trudong THCS Thi Tran Hai Lang (Quang Tri)
Nguyén Phac Tang — 9A10 Truong THCS Kim Pong (Ddng Thap)

| ) Khai niém bat dang thirc co ban :
1.1 Sé thuc duong, s6 thyc &m

e Néu a lasd thyc duong, ta ky hiéu a>0

e Néu a lasé thyc am, ta ky hiéu a<0

e Néu a lasd thuc duong hoic a=0, ta ndi a 1a sé thuc khdng am, ky
hiéu a>0

e Néu a lasé thyc am hoic a=0, tandi a 1a sé thuc khong duong, ky
hiéu a<0

Cha y:
e V6i hai sb thuc a,b chi c6 mot trong ba kha nang sau xay ra:

a>b hoac a<b hoac a=b

e Phi dinh cia ménh d "a > 0" Ia ménh d& "a<0"

\
Al

e Phu dinh cua ménh dé "a < 0" laménh dé "a>0"

Tinh chat quan trong
) vxeR:x*>0 (d¢ang thae xay ra khi x=0)
i) x*>0, keN, xeR  (dang thic xay ra khi x=0)
i) X +x*+..+x* >0, keN, x, eR (dang thuc xay ra khi

1.2 Dinh nghia 1
S6 thuc a goi 1a 16n hon sé thuc b, ky hiéu a> b néu a—b 1a mot sé
duong, tic 1a a-b>0.
Khi d6 ta cling ky hi¢u b < a
Ta co: a>b < a-b>0
e Néu a>b hoic a=b, taviét a>b. Ta c6:
a>b < a-b>0
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1.3 Pinh nghia 2
Gia str A, B 1a hai biéu thtc (bang sé hoic chaa bién)
Ménh dé: " AlénhonB ", ky hiéu A>B
" AnhohonB", ky hiéu A<B
" A l6n hon hay bang B " ky hiéu A>B
" A nhé hon hay bang B " ky hiéu A<B
duoc goi 1a mot bat dang thuc

Quy udce :

e Khi n6i vé mot bat dang thic ma khong chi rd gi hon thi ta hiéu
rang d6 1a mot bat dang thure dung.

e Chitng minh mét bat dang thirc 1a chang minh bat dang thac do
ding

1.4 C4c tinh chat co ban cua bat dang thuc

1.4.1 Tinh chat 1. {‘” P asc (Béc cdu)
b>c
1.4.2 Tinhchdt2. a>b<a+c>b+c (Céng hai vé vai
cling mét so)
Hé qua 1. a>b<a-c>b-c (Trzr hai vé véi cling
mét so)
Hé qua 2. a+c>b<a>b-c (Chuyén vé)
1.4.3 Tinh chét 3. {i” 3:>a+c>b+d (Céng hai vé hai
>
bdt ciing chiéu)

ac>bc khi ¢c>0

_ (Nhan hai vé véi
ac<bc khi ¢c<0

1.4.4 Tinh chét 4. a>b<:>{

cling mét sd)

Héqua3. a>b<-a<-b (Péi ddu hai vé)
a0 ki c>o ,
Héquad. a>bei® © (Chia hai vé véi cling
a b ..
<= khi ¢<0
c ¢C

mét so)
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1.45 Tinh chét 5. {a>b>0:>ac>bd
c>d>0

bdt ciing chiéu)

1.4.6 Tinh chat 6. a>b>0<:>0<§<%

1.4.7 Tinh chat 7. a>b>0neN =a">b"
bdc n)

1.4.8 Tinh chét 8. a>b>0neN"= ¥Ya>V
n)

Hé qua 5. Néu a va b 1a hai s6 duong thi :

a>boa?>b?
Vé)

Néu a va b 1a hai s6 khéng am thi :

a>b< a®>b?
2. Bat dang thuc lién quan dén gia tri tuyét doi
Tinh chat. x>0, [x*=x*, x<|x| , x<|x|
Vé&imoi a,beR taco:
o [arh<fd+p
o |a-g<fa+p
e |a+b/=|a+|b<ab>0
e |a—b=|a+|bj<=ab<0

3. Bat dang thuc trong tam giac

Néu a, b, ¢ 1a ba canh cua mét tam giac thi :
e a>0,b>0,c>0
e |b—c<a<b+c
® |c-d<b<c+a
e |a-b<c<a+b

e a>b>c<A>B>C
1) Mot so Bat Pang Thirc Phu co ban :

(Nhan hai vé hai

(Nghich dao hai vé)

(Nang luy thua

(Khai can bac

(Binh phuwong hai

(Binh phwong hai vé)

|TT| Ditukien | Bat dang thuc

Diém roi
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1 a,beR 2, K2 a=b

absa +b

2 a,beR a+b2 a=b

ab<| —
2
3 a,b>0 a+b a=b
’ ab<——
\/_ 2

4 a,beR (a+ b)2 < 2(a2 +b2) a=b

5 a,b,ceR a’+b?+c?>ab+bc+ca a=b=c

a'+b"+c’ >abc(a+b+c)

6| abceR 3(a2+b2+cz)2(a+b+c)2 a=b=c

7| abceR (a+b+c)’>3(ab+bc+ca) a=b=c

8 a,beR va 1 . 1, 2 a=>b hoac

ab>1 1+a* 1+b® 1+ ab ab=1
a,b>0 a=b
(a+b) N PO
9 a b
1.1.,.4
a b a+b
a,b,c>0 a=b=c
(a+b+c)[l+i+%29
10 a c
1+1+12 9
a b ¢ a+b+c
a,b>0 a=b
(a+b) (iz+b—12j28
a
11 1 1 8
praarva 2
a b (a+b)

121 abceR (ax+by+cz)2s(a2+b2+cz)(x2+y2+zz) a_b ¢
: A ni12 hAe A% . _ X 'y z
X,y.z <R (Hé qua bat dang thirc Cauchy-Schwarz )

13 a,b,ceR, NG yz 72 (x+y+z)2 a b ¢

AN A 3 L v
X,y,zeR a b ¢ a+b+c Xy z
(Hé qua bat dang thirc Cauchy - Schwarz dang phan thirc)

14 | a,b,c XY,z (a3+b3+c3)(x3+y3+23)(m3+n3+ p3)2(axm+byn+czp)3 Cac day tuong

m,n,p>0 ung ti ¢

(Heé qua bat dang thirc Holder)

* Cac bat ding thic quan trong va mé réng :
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« Bat dang thuc AM - GM

Néu a,a,,...,a, 1a cac sb thuc khong am thi

a+a,+..+a,
- _,/aiaz...an
Pang thirc xay ra khi va chi khi a, =a,=...=a

« Bat dang thac AM - GM suy rong

n"

Cho cé4c s6 duong W, W,,...,w, thoa man W, +W, +...+w, =1,
Néu a,a,,...,a, 1a cac sb thuc khong am thi

wa, +W,a, +...+w,a, >a,"a,...a,"

Pang thirc xay ra khi va chikhi &, =a, =...=a,

« Bat dang thac Cauchy - Schwarz

Cho hai day sb thuc &, a,,...,a, va b,b,,...b,. Ta co:

(ab +ab, +..+ab,) <(af +a} +...+a§)(bl2 +05 +...+b7)

&, a,
Dang thirc xay ra khi va chi kh| b b ==

n

« Bat dang thirc Cauchy - Schwarz dang phan thirc

Cho hai day sé thuc a,,a,,...a, va b,b,,...b,. Ta co:

a’ a’ (a,+a,+.+a,)
.2
b b, b, b +b, +...+b,
: . : a a
bang thuc xay ra khi va chi khi & _%H_ &
b b, b,

« Bat dang thac Holder

Véim dé-y 50 duong (atl.,l’al,Z""a'.L,n)’(a21 PP IR a2,n)"'(am,l’am,2 ----- am,n) ta co:

f(Se 31w

Piang thirc xay ra khi m day twong tng d6 ti l¢.
+BAt dang thirc Cauchy - Chwarz 1a mot hé qua cua bat dang thicc Holder khi m = 2.
« Bat dang thic Minkowski

Cho hai day sé thuc a,,a,,...,a, va b,b,,...,b,. Taco:

\/af +b/ +\/a22 +07 +..+jal +b? 2\/(a1+a2 +...+an)2+(bl+b2+...+bn)2

« Bat dang thic Minkowski dang mé rong

Cho hai day sé thuc a,,a,,...,a, va b,b,,...,b,. Ta cé:

5
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Yfaa,..a, +ifbb,.b, <i(a +b)(a, +b,)..(a, +b,)
DAu ="’ ctia bat dang thirc Minkowski gidng véi Cauchy - Schwarz.
« Bit dang thic Vonicur Schur

Cho cac sd thuc khong am a, b, c. Néu r > 0, thi
a'(a-b)(a—-c)+b"(b—c)(b-a)+c"(c-a)(c-b)>0
Ding thac xay ra khi va chi khia=b = c, hoic a =0, b = ¢ va cac hoan vi.
Véi bat ding thuc nay ta co cac hé qua sau:
o Trong truong hop r = 1, ta c6 cac dang twong duong sau:

a. a’®+b®+c’®+3abc >ab(a +b) +bc(b +c) +ca(c +a)

b. 4@°+b®+c®) +15abc > (@ +b +c)®

c. a’+b’+c?+ Jahc > 2(ab +bc +ca)
a+b+c
a b c 4abc

d + + + >
" b+c c+a a+b (@+b)(b+c)(c+a)

e Trong truong hop r = 2, ta co cac dang twong duong:
a. > a‘+abc(@a+b+c) =) ab@* +b’)

b. 6abc(a+b+c)>(2> ab->Da*)(> a®+ > ab)

o BAat dang thac Bernolli
Véi moi sé nguyénr > 0vax >-1

(1+x) 21+rx

111 ) Mét s6 k¥ thuit co ban trong bat dang thc :
1)K¥ thuat chon diém roi:
Vi Du 1:Cho x > 3. Hay tim gia tri nho nhat cta biéu thac :

A=x+l
X

Huéng dan: St dung bat ding tht AM-GM dang a +b > 2ab ta co:

A:x+122 x.1:2
X \/ X

4 - =- . . . 4 J = 1 N
Ta thay loi giai trén sai vi trong danh gia trén , dau bang xay ra khi X = oV vay
x=1, tuy nhién x=1 lai khéng nam trong khoang gia trix > 3 ma bai toan di quy
dinh. Vi vay véi loi giai trén thi ta da tim sai diém roi cho bai toan.
Giai: Bé dam bao dc dau “=" xay ra thi ta cd loi giai nhu sau:

6
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A:8_X+(£+1J2§+2 £1:2_4
9 9 X 9 9x 9

Ra thém:

Vi Du 2:Cho x > 1. Hay tim gia tri nho nhat cua biéu thuc:

2
+_ —_
3

B :3x+i
2X

Vi Dy 3:Cho x>2 . Hay tim gia tri nho nhat caa biéu thuc:

C =4x+3+
X—4

Vi Du 4:Cho a,b >0 va a+2b = 3 . Hay tim gi4 tri I6n nhit cua biéu thuc:

D =ab?
Vi Du 5:Cho a,b,c >0 théa man a+b+c=1. Chang minh rang:

q \/a+b+\/b+c+\/c+as\/g
2) K§ thuat doi bién :

ViDu 1: Cho x,y,z > 0, xyz=1. Chitng minh rang :

1 1 1 _3
+ + > —
2
X+~ y+- zZ+-=
z
(Lé Viét Hung)
a b c
i qiai e XY =Tie ==
Loi giai: Toexyz=ltacothedat: b~ ¢ a
1 1 1 b C a 3
+ + = + + > =
a,c b a c b a+c a+b b+c 2
> b b cc aa (Bét dang thirc Nesbit)

Tur day bat dang thie da duoc chiing minh.
Pang thac xay ra khi va chi khi: x=y=z=1
Vi Du 2:Cho a,b,c la cac s6 thuc. Ching minh ring:

a+b+c fa2+b2+c2 1(bc ca ab
< <—|—+—+—
3 3 3la b C

(NguyenDungTN)

bc _ca .ab

- = X’ - = y, — =7
Loi giai :Tu day ta dat: @ b c

Xy +VyZ +2X < X+y +12Z
Tir d6 ta can chang minh: 3 3
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2
3 S 7 ?
(xy +yz+2x) < (x +y +2) ( Pay 1a 1 dang bat ddng thae phu quen thudc)

Tir day bat dang thire da dugc chiang minh.
Ding thac xay ra khi va chi khi: a=b=c=1
Vi Du 3: Cho x,y,z > 0, abc=1 . Chitng minh rang :
1 1 1
a(b+1) +b(c +1) +c(a+1)

<=>

>3
2
(Sueu tam)

a=—b=

X .
Loi giai : Trabc=1taco thé dat Y

N <

YA
C==

X khidé6:
1 1 1 yz ZX Xy

= + + = + + >3
XY gy YE gy Z%ep WX yIexy x4y 2

VT Y2 zx Xy (Neshit)

Tur day bat dang thiee da duoc chiing minh.

Pang thac xay ra khi va chi khi : a=b=c=1

Vi Du 4: Cho a,b,c>0 , abc = 1.Chting minh rang:

oo oo

(IMO 2000)
X
9 a - _’
Loi giai :Tirabc=1tacothé dat Y
VT = X=y+z)(y -z +X)(Z - X +Y) <1
Xyz

b:X;c:E
Z X

Ta co:

o (X =Y +2)(y —Z +X)(Z =X +Y) SXYZ 15t dang B&t Déng Thirc quen thuoc)
Tur day bat dang thire da duoc chiing minh.
Pang thac xay ra khi va chi khi: a=b=c=1
Vi Du 5: Cho a,c>0 va b > 0.Hay tim gi4 tri nhé nhat cua biéu thic:

2 2
a C a-+b
T =

= +
a’+c® b*+c® 2a

(Nguyén Phiic Ting)

2 2
Loi giai - T = a + ¢ +a+b: L + L +l 1+9
Lol giat . a’+c®> b*+c® 2a ? +b2 2

(@]
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b
c

C
bat: X ==y =
a

1 1 1+xy
+ +
1+x> 1+y? 2

Ta dugc: T =

N 1 S 2
1+x% 1+y? 1l+4xy

Tir day ta c6 thé sir dung bat dang thic phu:

1 1 1+xy 2 1+xy
+ + > + >2
1+x%  1+y? 2 1+ Xy 2
Vay gia tri nho nhat cua T 1 2 tai x=y=1
Vi Du 6:Cho a,b,c la cac s6 thuc duong thoa man: abe=1. Chung minh rang:
1

Y ————<1

1+a+b?

> T =

Loi giai: bat: a =x*;b =y®;c =2°, ta dugc:
Z; <1

1+x%+y°
Sir dung bat dang thiic Cauchy-Schwarz ta co:

1 1
5 . s z“+x+y—2 .y z“+x+y—2 :Z(x4+x2yz+zzx2)
1+x°+y° 1) 2 2 2\ 2 2 2\
(1+x3+y6) 2t X+ (X +y +Z) (X +y +Z)
y

Vay ta chi can chiang minh:

(x2 +y? +22)2 > x* + > yi? +xyz (x +y +z)
& XY +yiz? +2°x% 2 xyz (x +y +z)

1 2 1 2 1 2
= E(xy —yz) +E(yz —zx) +§(zx —xy) >0
Pang thac xay ra khi va chi khi: a=b=c=1
Vi Dy 7:Cho a,b,c la c4c s6 thuc duong thoa man abc=1. Ching minh rang:

! + 1 + 1 >1
a’+a+1 b°+b+1 c*+c+1

(V6 Quéc B4 Can — Vasile Cirtoage)

5 X YA ZX
Loi giai: Via,b,c nénta co thé dat: a = Z—z;b = i—z;z = y_2

Khi d6 bat dang thire da cho trg thanh:
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x* y4 74
+ + >1
yiz? +x%yz +x* 2P +xyz +yt x¥y +xyz® +z°

Str dung bat ding thie Cauchy — Schwarz ta co:

2
2 2 2
x4 . % . 24 g (x +y +z)
yizlaxiyz +xt P axyiz 4yt Xy aexyzi 4zt Y x4 Dy +xyz (x +y +z)

Vay ta chi can chiang minh:

(x2 +y? +22)2 >3 x*+ >y +xyz (x +y +z)
< XYy +71°%x% > xyz (x +y +z)

2

= %(xy —yz)2 +%(yz —zx) +%(zx —xy)2 >0

Tur day bat dang thiee da duoc chiing minh.
Pang thac xay ra khi va chi khi: a=b=c=1
Vi Dy 8: Cho a,b,c >0 théa man abc=1. Chang minh rang:
1 1 1
+ + >
1+¢®+bc® 1+a”+ca® 1+b*+ab’

(Lé Viéet Hung)

e e R LA 4w X nh_ Y. z
Loi giai: Vi abc=1 nén ta co thé dat: a = ;’b = ;,c =
Bat dang thirc duoc viét lai thanh:

2 2 2
X + y + : >1
X2 +2°+yz Yy +xT+1x 27 +y?+xy
X4 y4 Z4
P + =+ 21

X' +x%2% +x%yz oyt +x¥yr+xyz ozt +y%? +xyz?
Chutng minh bat dang thirc trén tuong tu nhu vi dy 7.
Pang thac xay ra khi va chi khi: a=b=c=1
3) St dung Cauchy- Schwarz dé chitng minh bt dang thuc :
Vi Du 1: Cho a, b, ¢ > 0. Chitng minh rang :
1 1 1 1

—+—+—-2>3.
a b c a+2b

(PTTS lop 10 chuyén Ngogi ngiz, PHNN Ha Ngi 2007-2008)
1,9 111 9 11 9

: > 44> —+—+12
a b b a+2db c c a c+2a

+2'c a
= 31+l+E >9 ! + ! + !
a b ¢ a+2d b+2 c+2a

(Cauchy-Swcharz)

10
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= l+E+EZ3 1 + 1 + 1
a+2d b+2c c+2a

Tir day bat dang thire dd dugc ching minh.
Pang thac xay ra khi va chi khi : a=b=c

ViDu?2: Choab,c>0thdaman —* Y 1 4 Ching minhring :
b+c+1 c+a+l1l a+b+1

a+b+c>ab+bc +ca

( Romania IBMO Team Selection Test 2007 )
e s ) 1 b+c

Lot gial - Ta co: b+c+1:1_b+c+1

b+c
2>
= Zb+c+1

Tur day sir dung bat dang thirc Cauchy-Schwarz ta dugc:

[(a+b)+(b+c)+(c+a)]
Z(b+c)(b +c+1)

(a +b +c)2

1>
Ya’+>ab+>a
Tur day ta suy ra dugc: @ +b+c >ab+hbc +ca
Vi Du 3: Cho a,b,c >0 théa mén a+b+c=3. Chang minh rang:
1 N 1 N 1
a?+b®+2 b*+c*+2 c*+a’+2
(Iranian IMO Team Selection Test 2009)
L5 qisiTa cb: 1 _1 at+p’
ol glal: la CO: a?+b24+2 2 2(a2+b2+2)
a’® +b? 3
Viét lai thanh: Zm >
Sir dung bat dang thiic Cauchy-Schwarz ta co:
2 2
(\/a2 +b2 + 4% +¢? ++c? +a2) (\/a2 +b2 + 4% +¢? ++c? +a2)
(a2 +Db? +2)+(b2 +c? +2)+(02 +a’ +2) - 2(612 +b? +c2)+6
Ta lai co:
2
(x/a2 +b? +b? % ++c? +a2) = 2(a2 +b? +¢? +22\/a2 +b2)(b2 +c2)

22(a2+b2+02)+22(a2+bc): (a +b2+(:2) a+b+c) :3(a2+b2+02)+9

VP >

3
<=
4

VT >

11



Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung

3(a2+b2+cz)+9 3
=VT > .
2(a2+b2+c2)+6 2

Tir day bat dang thie da dugc chiang minh.
Pang thac xay ra khi va chi khi: a=b=c=1
Vi Du 4: Cho a,b,c > 0 thda man a? +b? +¢? = 3.Ching minh rang:
9 > 1 N 1 N 1
(a+b+c)2 a*+2 b*+2 c*+2

Loi giai: St dung bat dang thac Cauchy — Schwarz ta co:

1 1+b® +c’ 1+b® +c?
Za2 +2 _Z(a2 +1+l)(1+b2 +02) - (a +b+c)z
2_3+2(a2+b2+c2)_ 9
. (a+b+c)2 _(a+b+c)2

Dau ding thuc xay ra khi: a=b=c=1 ‘
Vi Du 5:Cho a,b,c>0thdéa man a+b+c=3. Chitng minh rang:
1 1 1

5 +— +— <1
a+b+c b°+c+a c“+a+b
Loi giai :
Str dung BDT Bunhia-copsxki cho 3 cap so ta duoc :
s 1y libic oy Lrbie _2(a+b+c)+3 2343
a’+b+c (a2+b+c)(1+b+c)_ (a+b+c)2 (a+b+c)2 9

Bét dépg thirc da duoc da dugc chiang minh.
Dau dang thac xay ra khi : a=b=c=1
Vi Du 6: Cho a,b,c 1a cac s6 thuc dwong. Chitng minh rang:

a b c>a+b b+c

o4l 41
b ¢ a b+c a+b
(Belarusian MO 1998)

Loi giai: Co thé viét lai bat dang thuc trén thanh:

a a b b c c b

- || - |+]| = - > +1

b b+c c b+c a a+b a-+b
ca b? bc a+2b

<:>b(b+c) c(b+c)+a(a +b) ~a+b

Str dung bat dang thic Cauchy-Schwarz ta co:

12
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ca ¥ a (cz b2j> (a (b+C)2_a(b+c)

b(b+c)+c(b+c)_c(b+c) b a c b+c)' b+a _c(a+b)

Bat dang thuc trén twong dwong véi:

a(b+c) bc a+2b
+ >
c(a +b) a(a +b) a+b
a(b+c) C
S ——— ‘L +—>a+d
C a

2
b(c -a
ca
Tur day , bat dang thirc dugc chang minh.
Pang thac xay ra khi va chi khi: a=b=c

Vi Du 7:Cho x,y,z 1 céc s6 thuc duong. Chfrng minh rang:

\/ \/20 <3
a+b c+a c+a

(Chinese Western MO 2004)
Loi giai:Str dung Bt dang thic Cauchy — Schwarz ta c6:

2
22 _8(a+b+c)(ab+bc+ca)

[Z b+cj <X “’)J{Z (ab)(a +CJ T @rn)pec)cra)
Ta can ching minh:
8(a+b+c)(ab+hc+ca)<9(a+b)(b+c)(c+a)
Pay 1a 1 dang bat dang thac quen thudc
Pang thac xay ra khi va chi khi: a=b=c
Vi Du 8: Cho a,b,c >0 théa man a* +b? +c? = 2. Chtrng minh rang:

Za2+1 .6

b® +ca

(Nguyén Phiic Ting)
Loi gii: Taco: 1=a’ +b* +¢® >ab +bc +ca
Sir dyng bat dang thiic Cauchy — Schwarz ta c6:
2
a2 +1 (\/a2 +1+b% +1+1c? +l) a?+b?+c’ + 3+22(\/a2 +1)(\/b2 +1)
2 =
Zb2+ca a’ +b* +c® +ab+bc +ca a’ +b® +c® +ab +bc +ca

Z(\/az +1)(\/b2 +1) > Z(ab +1)

Ta lai cé:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
Z a’+1 . a’+b>+c*+3+2ab+2bc +2ca+6
b? +ca a? +b? +c? +ab +bc +ca

(a2 +b? +¢2 +5)+(2ab+23c +2ca +4) 6(a2 +b? +c2)+6(ab +bc +ca)
a’+b*+c?+ab+bc +ca a’+b*+c?+ab+bc +ca
1
Pang thac xay ra khi va chi khi : J3

4) St dung AM-GM dé chting minh bat dang thuc :
ViDu 1: Cho x,y >0 vax+y=2.Chang minh rang :

x%y? (x3 +y3) <2

(SW tam)

i gidi : Ta duge X +y° = (X +y ) (x* —=xy +y*) =2(x* —xy +y?)
Quy V& bai toan chang minh: X°y° (XZ —Xy +y2) <
Sir dung bat dang thirc AM-GM cho 4 s6 ta co:

4 2
X3y3(X2 —Xy +y2) :<XY)(Xy)(Xy)(X2 —Xy +y2) < [xy XY XY XXy +y2j = —(X )

4

Tir day bat dang thie da duoc ching minh.
Pang thac xay khi va chi khi: x=y=1
Vi Dy 2: Cho a,b,c >0 .Chttng minh rang:
a 3
et
i a*+b*+2 4
(Nguyen Phic Tang)
Loi giai:Su dung bat déng thaec AM — GM ta cé'
1

Za +b2+2<Z \/(a +1)(b ):_Z a’?+1b?+1
-3z

Pang thac xay ra khi va chi khi: a=b=c=1 ‘
Vi Du 3: Cho a,b,c>0 thoa mén: a+b+c=3. Chixng minh rang:

\/z;+\/6+\/52ab+bc +ca
(Russian MO 2002)

Loi giai : Str dung bat dang thiee Holder:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
2
(\/g+\/6+\/5) (a2 +b° +cz) > (a +b +c)3 =27

Theo AM-GM, Ta co:

3
2 2 2
(a2+b2+cz)<ab+bc+ca)2 S{a +b +¢“ +2ab + 2bc + 2ca _ 97

3
:;\/aj+\/t_)+\/c?2ab+bc+ca
Bat dang thac da dugc chung minh.

Pang thac xay ra khi va chi khi: a=b=c=1
Vi Du 4: Cho a,b,c > 0 .Chang minh rang :
Na? +b? + 3ab +Yb? +¢% + 3c + e +a? + Xa < \/g(a +b +c)
( Tran Héru Thién)
Loi giai:
Ta can chiing minh bt ding thic sau: va? +b* + 3ab < %(a +b) (*)

(*) <=> 4(a® +b® + 3ab) < 5(a +b)?
<=>@-b)’=>0

Tuong tu ta cd: vb® +¢* +3bc < g(b +c¢);Nc® +a® +3ca < %(c +a)
Cong 3 bat dang thuc trén theo vé ta s& dugc dpem.

bang thuc xay ra khi va chi khi: a=b=c

Vi Du 5:Cho x,y,z la cac so thyc dwong thoa man x+y+z=xyz
Chtng minh rang:

Ta co:

1 N 1 N 1
N \/1+y2 J1+7°

<3
2

(Korea MO 1998)
Loi giai:
Tathdy ring: 1+X* =1+x2. 7212 = bry)le +e)
XyZ yz
yZ <
X +y)(x +z) B
Str dung bt dang thuc Cauchy - Schwarz ta co:
) 1 2(xy+yz +zx)(x +y+z)
VT S(X“yz”X)[Z(Hy)(m)ls o) 2) (2 +x)
Tir day ta c6 thé sir dung 1 dang bat dang thire quen thudc:

1 - 3
Vi vay ta can chirtng minh: Z\/( 2

15



Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
8(x +y +z)(xy +Yyz +zx) < 9(x +y)(y +z)(z +x)

Tur day , bat dang thiae da dugc ching minh.,

Ding thuc xay ra khi va chi khi: x =y =z -3 ‘

Vi Du 6: Cho a,b,c la cac s6 thuc duong. Chirng minh rang:

a ++/ab + abc < %(a +b+c)
Loi giai:St dung bat dang thac AM — GM ta c6:

a+\/_ \/eﬁ<a+ \/ +%x/a4b.16c

1a+4b 1a+4b+160 4(a b+c)

272 T4 3
bang thuc xay ra khi va chi khi:a=4b=16¢

<a+

Vi Du 7: Cho x,y,z >0 va x* +y* +2* =xyz . Chizng minh rang:

X 1
Zz SE

cye X +Y<Z

(Dién dan todn hoc VMF)

Loi giai:Ta thay:

x2+y2+22=xyz:>1=L+L+i21+£+1
yZ IX Xy X Yy zZ

Stur dung bat d¢ang thirc AM — GM ta co:
ST L oy 1 Sz(zggjgz

x? +yz 2fyz 2\x 'y z) 2

Y
Pang thac xay ra khi va chi khi: x=y=z=3
Vi Duy 8:Cho a,b,c la c4c s6 thuc duong thoa man abc=1. Chiing minh rang:
a N b N c S 1
(ab +a +1)2 (bc +C +1)2 (ca +C +1)2 a+b+c

(Dién dan todn hoc VMF)
Loi giai: Ta thay rang:

a b c
- +
2 2 2
(ab+a+1) (bc+c+l) (ca+c+1)
- ac? . a’bc? . c _ac’ +a’c® +c¢  ac’® +ac +c

(ca+c+1)2 (ca+c+1)2 (ca+c+1)2 (ca+c+1)2 (ca+c+1)2

Str dung BPT Cauchy — Schwarz ta co:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung

2
(ac2 +ac +c)(a +b+c)2(ca +c+1)
ac’ +ac +c 1
>

(ca +c+1)2 ~a+b+c

a b Cc 1
+ + 2

(ab +a +1)2 (bc +C +1)2 (ca +C +1)2 ~a+b+c
Pang thac xay ra khi va chi khi: a=b=c=1
5) Ky thuat thém bét :
Vi Du 1: Cho a,b,c > 0. Chang minh rang:
a> b* ¢ _a* b ¢
ST 3
b> ¢ a®* b ¢ a

(Junior Banlkan 2000)

Loi giai:
a’ b_a3+b3>ab(a+b)_a2
2 TP= 2 = 2 =4 t+a
b ; b b , b
:>ZZ—2+a+b+CZZ%+a+b+c
a’ a’
sz b

Pang thac xay ra khi va chi khi: a=b=c ‘
Vi Du 2: Cho a,b,c,d la 4 canh cuaa tr gidc. Ching minh rang:
a b c d

+ + + >2
b+c+d-a a-b+c+d a+b-c+d a+b+c-d

(Lé Viét Hung)
Loi giai:

a a 1

_ > — 4+ )2
Zb+c:+d—a Z(b+c+d—a 2)
:Z a+b+c+d _2:a+b+c+dZ 1 o
2b+c+d-a) 2 b+c+d-a

2a+b+c+d_ 16 o9

2 2@ +b+c+d)

Tir day bat dang thire da dugc chiang minh.
Pang thac xay ra khi va chi khi: a=b=c=d
Vi Du 3:Cho a,b,c >0. Chitng minh rang:
a b C a b C
+ + > + +
. b+c c+a a+b a+b b+c c+a
Loi giai:Pau tién, ta co thé chuyén ve trai qua ve phai va viet lai thanh:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
a-b b-c c-a
+ +
b+c c+a a+b 7
Deé triét tiéu dau trir ta cd thé 1am nhu sau:

ﬂ+1 + b;C+1 + ﬂ+1 >3
b+c c+a a+b

a+b c+a b+c
+ + >
c+a b+c a+b
a+b c+a b+c \/a+b c+a b+c
+ + > 33 . . =3
c+a b+c a+b c+a b+c a+b
Tur day bat dang thirc da dugc ching minh.
bang thuc xay ra khi va chi khi: a=b=c
Vi Du 4:Cho a,b,c,d>0.Chirng minh rang:
a-d d-b b-c c-a
+ + + >
b+d c+b c+a d+a

>0

3

Pua vé bai toan ching minh :

Ta co:

0

(Vasile Cirtoaje) , 7
Loi giai: Bé triét tiéu dau trir, ta c6 thé lam theo céach cua vi du 3 nhu sau:

I I e PR A Y (SR P
b+d c+b c+a d+a

Tur day , ta dua vé dang toan ching minh:

a+b c+d a+b+c+d

+ + >4
b+d c+b c+a d+a
Ta co:
a+b+c+d+a+b+c+d:(a+b)i+i +(c+d)i+ 1
b+d c+b c+a d+a b+d c+a c+b d+a
VT 2(a+b)—+(c+d)—=(a+b+c+d);=
a+b+c+d a+b+c+d a+b+c+d

Tir day bat dan thirc da duoc ching minh.
bang thuc xay ra khi va chi khi: a=b=c=d ‘
Vi Du 5: Cho a,b,c 1a ¢ dai cia mot tam giac. Ching minh rang :
a b C ab +bc +ca

+ + +
b+c c+a a+b a?+b®+c?

<2
2
(Phgm Kim Hung)

Loi giai:
Bat dang thirc da cho tuong duong voi:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung

1 ab+bhc+ca a b C
Rl e T D L Y
2 a’+b®+c? b+c c+a a-+b
2
b+c-a cta-b atb-c (a+b+c)
b+c c+a a-+b _2(a2+b2+cz)

<=>

Ta thay a,b,c 1a c&c canh cua 1 tam giac, vi vay:

b+tc-a>0;atb-c>0;c+ta-b>0

Str dung bat dang thirc Cauchy — Schwarz ta c6:
2 2

Za+b—c [Z(a+b—c)] - (a+b+c)

a+b Z(a +b)(a +b—c) 2(a2 +b? +c2)

bang thirc xay ra khi va chi khi: a=b=c ‘

Vi Du 6: Cho a,b,c la céc so thuc thuc duong sao cho atb+c=1. Chirng minh rang:
a b c >1+a 1+b+1+c

2| —+—+—|2 +
(b c aJ l1-a 1-b 1-c

(Japanese MO 2004)

. . l+a 2a
Loi giai:Ta thay ‘1-a bac
Vi vay , bat dang thire da cho tuong duong véi
b ¢ a a b c 3

—+ -+ =2 + + + —
a b ¢ b+c c+a a+b

(b b ] [c c j (a a J 3
< |- |+ || |2 =
a c+a b a+b c b+c 2
— ab N bc N ca >§
c(b+c) a(c+a) b(a+b)_2

Str dung bat dang thic cauchy — Schwarz ta co:

+1

ab (ab +bc +ca)2 ~ (ab +bc +ca)2

_ (ab+bc+ca)2 :§
zc(b+c)_ Zabc(b+c) 2abc(a+b+c)

>

, (ab +b(::)’+ca)2 2

Tur day , bat dang thirc da duoc chiing minh
Pang thac xay ra khi va chi khi: a=b=c
Vi Dy 7:Cho a,b,c la c4c s6 thuc duong thoa man abc=1. Ching minh rang:
a’ b o 3
+ + > —
1+b)(1+c) (@A+c)(l+a) (@Q+a)(l+b) 4
(IMO Shortlist 1998)
Loi giai: Str dung bat dang thic AM — GM ta co:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
a’ 1+b 1+c_3a
+ + >
@+b)1+c) 8 8 4
b 1+c 1+a_3b
+ + >
l+c)l+a) 8 8 4

3

C l1+a 1+b _3c
+ + >
l+a)l+b) 8 8 4
Cong 3 bt dang thuc trén theo vé ta dugc:
3 3 3
a + b + ¢ +§21(a+b+c)2§
(1+b)1+c) (L+c)l+a) (@+a)l+b) 4 2 2
Ding thac xay ra khi va chi khi: a=b=c=1
Vi Du 8: Cho a,b,c 1 cac s6 thuc dwong thoéa mén a+b+c=3. Chiang minh rang:
a(a-2b+c)
—>0
Z ab+1

Loi giai: Bat dang thirc di cho tuong duong voi:

Z[a(a_%+c)+3]29®za+l S 3

ab+1 ab+1
Sir dung bat dang thic AM — GM ta c6:

Za+1>3i/a+1 b+1 c+1
ab+1 Vab+1'bc+1ca+1

Ta chi can chiang minh:
(a +1)(b+1)(c+1)2(ab+1)(bc +1)(ca +1)
< abc +ab+bc+ca+1+a+b+c>abi? +abc(a +b +c)+ab+bc +ca+1

& (1—abc)(abc +a +b+c)20

Theo AM — GM ta lai ¢6: 3=a +b+c >33abc = 1>abc
bang thuc xay ra khi va chi khi: a=b=c=1
6) Ky Thuat AM-GM nguoc dau: ‘
Vi Du 1: Cho a,b,c >0 thoa man ab+bc+ca=3. Chiang minh rang:
a b c 3
+ + > —
1+b*> 1+4c¢* 1+a* 2
L\- HE T h/( . a =a — ab2 >1_ﬁ—1_@
Lolgial: Tathay -3~ 1eb? 2 2
a b L >3_ab+bc+ca:

= + >

0 14b® 14c¢® 1+a° 2
bang thuc xay ra khi va chi khi: a=b=c=1 ‘
Vi Du 2: Cho a,b,c,d >0 thoa mén a+b+c+d=4. Chiang minh rang

3-3-
2

N w
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
1,1 11
a?+1 b*+1 c’+1 d?+1

(Vasile Cirtoaje)

2 2

Giai : Ta nhan thay rang: 21 S S T
a~+1 a“+1 2a 2
Tuong tu ta co : ! .0
b* +1 2
1 >1_g
c2+1 2
1, d
d>+1 2
1 N 1 N 1 N 1 24_a+b+c+d=4_ﬁ:2
a’+1 b*+1 c*+1 d°+1 2 2

Bat dang thie da dugc chang minh.
bang thirc xay ra khi va chi khi: a=b=c=d=1
Vi Du 3:Cho a,b,c >0 va a+b+c=3. Chtting minh rang:
a+l b+1 c+1
+ + >3
o b>+1 c¢*+1 a*+1
Loi giai: St dung bat dang thirc AM-GM, ta c0:

b?(a +1 b?(a +1
a—+1:a+1— ( )2a+1—gza+l—w
b® +1 b’ +1 2b
Vi vay ta co:
a+l b+1 c+1 _ a+b+c ab+bc+ca

+ + > - +3=3
b°+1 c¢*+1 a*+1 2 2

Pang thac xay ra khi va chi khi: a=b=c=1 ‘

Vi Du 4:Cho a,b,c >0 va abc=1 . Ching minh rang:

l+a 1+b 1+c
+ +

1+b 1+c 1+a

a+b+c>

(Phagm Kim Hung)
.. . 1+a b(1+a)
\ 2, A\ — 1 I
Lo glal.Ta trjay. TN CR) s
Vi vay ,bat dang thae da cho twong duong vai:
b(l 1+b 1
(1+a) c(1+b) a(t+c)
1+b l+c l+a
bang thuc xay ra khi va chi khi: a=b=c=1 o ’
D¢ dang ching minh dugc bang cach sir dung bat dang thiec AM-GM cho 3 so:

b(1+a) +c(1+b) +a(1+c) . 3#b(1+a)'c(1+b)'a(l+c) _
1+b 1+c l1+a 1+b l1+c 1+a
Vi Du 5:Cho a,b,c la cac sb thuc dwong. Chting minh rang:

>3
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung

a’ b® c? a+b+c
2 2 + 2 2 + 2 2 2
o a +b° b°+cC c°+a 2
Loi giai: St dung bat dang thirc AM-GM, ta co:
a’ ab? ab? b
—a-— >a—-——=a——
a? +b? a’ +b? 2ab 2
Vi vay, ta co:
3 3 3
a N b N c Zaer+C_a+b+(:2a+b+c
a’+b®> b*+c? c?+a’ 2 2

Pang thac xay ra khi va chi khi: a=b=c=1

Vi Du 6: Cho x,y,z 1 cac s6 thuc duong théa man xyz=1. Chang minh rang:
X'y y'z . z2°x .3

x2+1 y2+1 z%+1 2

(Tran Quoc Anh)

4 2 2
X X X X
o 2y :XZy— 2y szy__yzxzy__y
Loi giai: Ta thdy ring: X~ +1 x“+1 2X 2
Tuong tu:
4 4
yz Zyzz—ﬂ; ZX o IX
y:+1 222 +1 2

Cong 3 bat dang thuc trén theo vé ta dugc:
X%y +y%z +2% > S.Y +y22 X
X%y +y%z +2% Sz 3
Theo AM — GM ta d& théy: 2 2.2
Ta chi can chiing minh:
XY +Y°2 +2°X =Xy +YZ + 12X
Str dung bat dang thic AM — GM két hop véi diéu kién xyz=1 ta c6:

X%y + X%y +2°% > 3{xyxyy’z = 3xy

Chung minh tuong ty:

VZ +y°7 +7°% > 3yz
Z°X +2°X + X%y > 3zx
Cong theo vé 3 bat dang thirc trén , ta duoc diéu phai ching minh.
Pang thac xay ra khi va chi khi: x=y=z=1
7)K¥ thuat ghép ddi xang:
Vi Dy 1:Cho a,b,c la ba s6 thuc duwong. Chirng minh rang:
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung

ab bc ca
—+—+—2>a+b+c
c a

(Pé thi hoc sinh gioi lop 9, TP Ho Chi Minh 2008-2009)
Loi giai: Str dung bat dang thirc AM — GM ta co:

b b, by
C a C a

bc ca
Tuong ty: —+—22C ; @+%22a
T a b Cc b

Cong 3 vé lai ta dugc diéu phai chimg minh

bang thuc xay ra khi va chi khi: a=b=c

Vi Du 2: Cho x,y,z >0 thoa man a? +b? +c? = 3. Chttng minh rang:
Xy + yz + = >3
Z X Y

(Prance MO 2005) o ‘
Loi gigi:Binh phuong 2 vé bat dang thic can chiing minh ta duoc:
X2y2 +-y222 ZZXZ

ZZ X2 y2

+2(x2 +y’? +22)29

Str dung bt dang thic AM — GM ta co:

2.,2 2.2 2,2 2.2
X z /x z

Z +y2 >2 )2/ .yz =2y°
z X z X
z

XY
Tuong tu ta co: 52 2 2 2

Cong Vé theo vé 3 bat dang thuec trén ta duoc diéu phai ching minh
Pang thac xay ra khi va chi khi: x=y=z=1

Vi Dy 3:Cho a,b,c la c4c s6 thuc duong thoa man a? +b? +¢? = 3.
Chutng minh rang:

a3

2
b* + 3
Loi giai:Str dung bat dang thac AM —\/GI\/T[a co:
a’ . a’ +b2+323i/ a’ . a’ .b2+3:§a
o +3 b2 +3 8 o +3 b?e3 8 2
Tuong tu ta co: > + > +CZ+3
' Je2+3 e2+3 8

>3
2

2

> §b2
2
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Bat dang thirc va cac tng dung Nguyén Phiic Tang — L& Viét Hung
3 3 2
C N o N a +3 . § o2
Ja?+3 a*+3 8 2
Cong theo ve 3 bat dang thic trén ta duoc:

> a° 3(a2+b2+c2)+9
+
\b* +3 8
= a’ ZE
W?+3 2

Dang thirc xay ra khi va chi khi: a=b=c=1 ‘
Vi Du 4:Cho a,b,c la céc so thuc duong. Chirng minh rang:
1+a®> 1+b* 1+c®
+ + >3
o b+c c+a a +b,
Loi giai:Str dung bat dang thac AM — GM cho 3 s6 ta co:
1+a® 1+b* 1+c? \/1+a2 1+b* 1+c?
+ + > 33 . :
b+c c+a a+b b+c c+a a+b

> E(a2 +b? +cz)

Ta can chitng minh: (1+a%)(1+b%) > (a +b)2

:>(1+a2)2(1+b2)2(1+cz)2 2(a+b)2(b+c)z(c+a)2

<:>(1+a2)(1+b2)(1+c2)2(a +b)(b+c)(c+a)

. 1+a? +1+b2 +1+cz >3?\’v/1+a2 1+b®> 1+c? >3
b+c c+a a+b \Vb+c c+a a+b

bang thirc xay ra khi va chi khi: a=b=c=1 ‘
Vi Du 5:Cho a,b,c la céc so thuc duong. Chirng minh rang:

\/m> 4(a+b+c)
; a _\/(a+b)(b+c)(c+a)

Loi giai: Pua bat dang thirc da cho vé dang:

;bai\/(a +b)(c +a) >4(a+b +c)

Sir dung bat dang thiic Bunhia-copxki ta co:
(a +b)(a +c) > (a +\/b?)2 & \/(a +b)(a +c) >a +\/b?
Tuong ty ta cé:\/(b +a)(b +C) >b+ea

\/(c +a)(c +b) > ¢ ++ab
:Zt%c\/(a +b)(c +a) zzm(a+\/@)=zbai\/t£+2(a +b+c)

cyc cyc a cyc
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Bat dang thirc va cac 1’J:nq dung Nguyén Phiic Tang — L& Viét Hung

Ta can chiing minh: Z \/E>2(a +b+c)

oyo
Str dung bat dang thic AM — GM ta c6:
Zb+c\/_>22 ( caj (@+@}+£ab Caj>2(a+b+c)
" " b cC a c b
Tu day bét dang thuc da dugc ching minh
bang thuc xay ra khi va chi khi: a=b=c ‘
Vi Du 6:Cho a,b,c la cac so thuc duong. Chirng minh rang:

b? +c? +02 +a® a®+b’

. . +— >3
a“+bc b“+ca c°+ab

(Nguyén Viét Hung)
Loi giai: Theo bat dang thaee AM-GM ta co:

b* +c? . ¢’ +a’ . a’® +b? S 3\/bz +c* ¢®+a® a’+b?

a?+bc b?>+ca c?+ab  Va?+bc b?+ca c?+ab

Str dung bat dang thurc Cauchy-Schwarz ta co:

(b2 +c2)(a2 +cz) > (ab+c2)2

(a2 +b2)(c2 +b2) > (ac +b2)2

(02 +a2)(b2 +a2) > (bc +a2)2

Nhan 3 bat dang thic trén theo vé ta duoc:

(b2 +C2)(C2 Jraz)(a2 +b2) > (a2 erc)(b2 +Ca)(C2 +ab)

Tir day bt dang thire da duoc chimg minh.

bang thuc xay ra khi va chi khi: a=b=c ‘

Vi Du 7:Cho a,b,c la céc so thuc duong. Chirng minh rang:
a4 b c \/3(a2 +b? +c2)

i+ 2>
3labc

(o
o
Q

Loi giai: Ta chuan héa abc=1
Ta can ching minh:

g 9 E 2 2 2

N +C +a 2\/3(a’+b +C )
Binh phuong 2 vé ta duoc:

b> ¢* a® a ¢
Bang ki thuat ghép ddi xang két hop véi bat dang thirc AM — GM ta duoc:
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+ >34/
3, 2b22
cC C

—+ +— >3b2—+ +-= > 3c?
Tuong ty, ta co: 2 a 2 b b

Cong 3 vé bt dang thire trén theo vé ta duoc diéu phai chitng minh.
bang thuc xay ra khi chi khi: a=b=c ‘
Vi Du 8:Cho a,b,c la cac so thuc duong. Chirng minh rang:

a+b 6(a+b+c)
2 e Z\/ 3abe

Loi giai: DAu tién, ta chuan héa abc=1.
Ta can chirng minh:

SR B bro)

Sir dung bat dang thiic MinkowxKi ta co:

rfEez - E (8- E- )

Ap dung bat dang thire o vi du 7 ta co:

2

J%@*@I 3%2_3;}:) _3(arbc)
\/g+\E+\/i:J22 33,—\(/2_3;3;) =3(a+b+c)

[ ()

Tu day, bat dang thte da duoc ching minh.
bang thuc xay khi va chi khi:a=b=c
8)KY thuat bién doi tuong duong: ‘
Vi Du 1:Cho a,b,c la céc so thuc duong. Chung minh rang:
3 a’ —ab +b?
a’ +ab +b?

\%

>1

Loi giai:
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5 a® —ab +b?
a’ +ab +b’
a’—ab+b* 1
< —— = |20
2 a’+ab+b’ BJ
2
2(a —b)
oY ——2>0
7 2 a’ +ab +b’
bang thuc xay ra khi va chi khi: a=b=c ‘
Vi Du 2: Cho a,b,c la cac so thuc duong. Chirng minh rang:

<a2 +2)(b2 +2)(c2 +2) > B(a +b +c)2

>1

(APMO 2004)
Loi giai: Ta c6 dang thic sau:
(a2 +2)(b2 +2)(c2 +2)—3(a +b +c)2
1 3
~ (e +2) (a-b) +2(ab-1) |+ (ac +be-2) 20
= (a2 +2)(b2 +2)(02 +2) > B(a +b +c)2
Pang thac xay ra khi va chi khi: a=b=c=1
Vi Du 3: Cho x,y,z | cac s6 thuc dwong. Chitng minh rang:
31_[(x2 + Xy +y2) > (x +y +z)2 (xy +yz +zx)
Loi giai: Ta c6 dang thic:

2

oy ey = Sy < Soy) =y oy Sy

y2 2. 3 2.2 2 3 2
Tuongtu,ta(zo.y +yZ +1 22(?/+z) (27 +ZX + X 22(2 +x)
Nhan 3 bat dang thac trén theo vé ta duoc:

) )2 27 2 2 2
H(x +ny‘ry ) ZQ(X +y) (y +z) (z +x)
Vay ta chi can chirng minh:

2

(x +y)2 (y +z)2(z +x)2 zg(x +y +z)2 (xy +yz +zx)
<:>(x +y)(y +z)(z +x)zg(x +y +z)(xy +yz +zx)

& X (y —z)2 +y(z —x)2 +2 (x —y)2 >0

Pang thirc xay ra khi va chi khi: x=y=z

Vi Du 4:Cho x,y,z la cac s6 thuc duong thoaman X 2y =2
Chutng minh rang:
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x(xz+y2)+y(zz+x2)+z(y2+zz) x4y 42
X +Yy y +2 Z+X

Loi giai: Bat dang thirc di cho tuong duong voi:

mmy_x{}iy_zixj+ﬂ(y_4[yiz_ZixJzo
W (-y)ly-2) yely-2)(x-y)

(ey)z+x)  (y+2)(z+x)

Dang thirc xay ra khi va chi khi: x=y=z ‘
Vi Du 5:Cho a,b,c la céc so thuc duong. Chirng minh rang:

>0

a(b2+c2)
a’+b> +c’ > >ab +bc +ca
b+c
(Lé Viéet Hung)
‘ a(b2+cz)
Loi giai: Pau tién ta di ching minh: a® +b* +c* > ZW
ab(a—b)+ac(a—c) ab(a—b) ac(a—c)
Z b+c ZOQZ[ b+c " b+c =0
ab(a—b) ba(b—a)
QZ{ b+c " c+a ]20
ab(a—b)2
<:>Z(b+c)(c+a)20
ab2+cz)

>ab +bc +ca

Ta can chiing minh tiép: —
Vi Du 6: Cho a,b,c>0 va ab+bc+ca=3. Chiing minh rang:
a’ +~b3 +c®+6abc>9
(Dién dan toan hoc VMF)
Loi giai:Ap dung hé qua bat dang thire schur bac 1 ta co:
a®> +b® +c¢® + 3abc Zab(a +b)+bc (b +c)+ca (c +a)
=N a(a —b)(a —c) +b(b —c)(b —a) +C (c —a)(c -b)>0
Khéng mat tinh téng quét ta gia sur:

a>b>c
=c(c-a)(c-b)=0

Ta co:
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a(a —b)(a —c) +b(b —c)(b —a) = (a —b)[a (a —c) —b(b —c)]

= (a—b)[a2 —b? +c(b—a)] =(a —b)2 (a+b-c)=0

—a(a-b)(a—c)+b(b—c)(b-a)+c(c-a)(c-b)=0

Theo bt ding thac AM — GM ta c6:
a® +b®+c®+6abc > (a +b +c)(ab +bc +ca) > \/3(ab +bc +ca).(ab +bc +ca) =9

Ding thac xay ra khi va chi khi: a=b=c=1

Vi du 7:Cho a,b,c 1a c&c sé thuc dwong. Chitng minh rang:
2 2 2

a—+b—+c—+62(a+b+c) 1+1+1

bc ca ab a b c

(Lé Viéet Hung)

Loi giai:Quy dong Vé trai ta dugc :

3 3 3
VT _a +b® +c¢° + 6abc

abc
Quy dong vé phai ta duoc
P :(a+b+c)£1+}+lj: (a +b +c)(ab +be +ca) _ Zab(a +b)+3abc
a b c abc abc

Vay ta chi can chang minh:

a® +b® +¢® + 6abc > Zab(a +b)+3abc

<:>a(a —b)(a —c)+b(b—c)(b —a)+c(c —a)(c —b) >0
Khodng mat tinh tong quat ta gia sir:

a>b>c

:>c(c —a)(c —b) >0

Ta co:

a(a —b)(a —c)+b(b—c)(b —a) = (a —b)[a(a —c)—b(b—c)]

= (a—b)[a2 —b? +c(b—a)] = (a —b)2 (a+b-c)=0
:a(a—b)(a —c)+b(b—c)(b—a)+c(c —a)(c —b) >0

Pang thac xay ra khi va chi khi: a=b=c
V) Bai tap wng dung: ‘
Bai 1: Cho a,b,c >0 . Ching minh rang :
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1 1 1
3 + 3 + 3
(1+a) (1+b) (1+c)
( Thai Nguyén TST 2016 )
Bai 2:Cho a,b,c 1a cac s6 thuc duong thoa man a® +b? +c? = 3. Chirng minh rang:

+i(ab +hbe +ca) > 21
32

2 2
Z a“ +b S 3
a+b ‘
Bai 3:Cho a,b,c>0 thoa man a+b+c=3. Chirng minh rang:
a b c

>1

+ +
a+2bc b+2ca c+2ab

Bai 4:Cho x,y,z>1 thoa mén: Xl + 3 +; = 2.Chting minh rang:

\/x +y +2 Z\/X —1+\/y—1+\/z -1
(Iranian MO 1998)

Bai 5:Cho x,y,z>2 va % + 5 + Zl =1.Chting minh rang:

xX-2)(y-2(z-2 <1

(DTTS I6p 10 chuyén Lam Son, Thanh Héa 2005-2006)
Bai 6:Cho a, b, ¢ > 0. Chirng minh bat dang thirc sau :

a®+b*+c? . 9(ab +bc +ca)

2 2 2 212
. abc a“+b“+c o
Bai 7:Ching minh rang vai moi a, b, ¢ > 0 ta luén c6 bat dang thic sau :
a’+b*+c? N 8abc

ab+bc+ca (a+b)(b+c)(c+a)
Bai 8:Cho a, b, ¢ > 0 trong d6 khong co hai sé nao dong thai bang 0. Ching minh
rang :
Z 2a(b +C) >2
b*+bc+c
(Darij Grinberg)
Bai 9: Cho x> y=>z>0 Chang minh rang :

2

Z(HJZXHy%zZ
z

(Viet Nam MO 1991)
Bai 10:Cho a,b,c 1a cac sé thuc khdéng am. Ching minh rang:
3 (b+c—a)? . 3(a” +Db*+c?)
2a°+(+c)* (a+b+c)’

(V6 Qudc B4 Can)
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Bai 11:Cho a,b,c >0 thoa man a+b+c=3. Chtrtng minh rang:
é+b_12+ci22 a’+b*+c?

(Romania TST 2006)
Bai 12:Cho a,b,c >0 thda mén abc=1. Chtng minh rang:
1 1 1 51
32’ +(a1) 3’ +(0o-1)  3c2+(c-1)
(L& Hizu Pién Khué THPT Quac Hoc, Thanh phs Hué)
Bai 13:Cho a, b, ¢ > 0. Chitng minh rang:

2 2 2
a“+b“+c S Z : ab
ab+bc+ca a“+ab+bc
(Tran Quéc Anh)
Bai 14:Cho a, b, ¢ > 0. Chang minh rang:
2 2 2
a“+b°+c S Z ab
ab+bc+ca a’ +bc+b?
(Tran Quaéc Anh)
Bai 15 :Cho a, b, ¢ > 0. Chting minh rang:
2 2 2
a“+b+c S Z ab
ab+bc+ca b® +bc +c?
(Tran Qudéc Anh)
Bai 16:Cho a, b, ¢ > 0. Chttng minh rang:
2 2 2
a“+b“+c S z a
ab+bc+ca a’+ab+bc

2

(Tran Quoc Anh)
Bai 17: Cho a,b,c la cac sb thuc duong thoa mdn a-+b+c=3. Chung minh rang
2 2 2
a_lz b_12 Ciz+2(a +b +c)25
(Nguyén Thiic Vii Hoang) ‘
Bai 18: Cho a,b,c >0 thoa méan ab+bc+ca = 1. Chitng minh rang:

Z\/a3 +a>2Ja+b+c

(Iranian TST 2008)

Bai 19:Cho a,b > 0 thda méan (a +b)ab =a” —ab +b>.Chiing minh rang:
L + 1 <16
a® b’

(Dé thi HSG Thanh Pho Déng Ha 2016)

Bai 20:Cho a,b,c >0 .Ching minh rang:
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a 3
e
a+b*+2 4
Bai 21:Cho x,y,z >0. Chang minh rang:
x®+y+12°

x(y +z)2

3
> =
4

(Nguyén Viét Hung) ‘
Bai 22: Choa, b,c>0vaa+b+c=1. Chiang minh rang:

> 2sf
Jb+c V2
(Romania 2005)

Bai 23: Cho a, b, ¢ > 0. Chang minh ring :

> (b +c +2a)® <8
222+ (b+c)?

(USA MO 2003)
Bai 24: Cho x, Y, z la cac s6 thuc duong thoa man (x - y)(x - z) = 1; y # z. Chiing
minh rang:

1
272
cyc (X - y)
(PTTS lop 10 Chuyén Toan, Nam Pinh 2016-2017)

Bai 25: Cho X, Y, z 1 céc s6 thuc duong. Chirng minh rang:

(xy + yz+xz){z(x+1y)2}2%

(Iranian Mathematical Olumpiad 1996)
Bai 26 : Cho a, b, ¢ > 0 thoa man a° +b* +¢* =3, Chuting minh rang:

2a’
%‘ a+b?
(Dé thi vao 10 chuyén toan, Ha Ngi 2016-2017)
Bai 27: Ching minh rang véi moi a, b, ¢, d > 0 ta ludn ¢6 :
1 1 1 1 S a+b+c+d

R e e R
a b ¢ dd abcd

>a+b+c

(Pé thi Austrian MO 2005)
Bai 28 :Cho a, b, ¢, d > 0. Chang minh rang:
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a’+b°+c®+d°
abcd

a+bh+c+d<

(Collection)
Bai 29:Cho a,b,c>0. Chitng minh rang:

%(a\/b +C +b\/c +a +cﬂ)£ 8+(a +b)(b +c)(c +a)

(Lé Viéet Hung)
Bai 30:Cho a,b,c > 0 thoéa man x+y+z = 1 . Chitng minh rang:

1221

AXyz e X +Yyz

(Lé Viéet Hung)
Bai 31:Cho a,b,c>0 théa man a+b+c=3 . Chtrng minh rang:

1 S Z 1
Yxyz e x+y+1
(Lé Viéet Hung)
Bai 32: Cho a, b, ¢ 1a c4c sé thuc khong &m trong d6 khong c6 hai sé nao dong thoi
bang 0. Chitng minh rang :
ZM > 2
b® +bc +¢?
(Darij Grinberg)
Bai 33: Choa, b,c>0vaa+b+c=1. Chang minh rang:

Yoz, (ava)

cyc

(Pé thi Greece MO 2002)
Bai 34:Cho a, b, ¢ > 0 thoa méan abc = 1. Chitng minh rang:

s

S-a(@+c) 2

(Pé thi Zhaukovty 2008)
Bai 35: Cho x, y, z 1a d dai 3 canh ctia mot tam giac. Chtng minh rang :

oz )

(Tap chi toan hoc va tuai tré, bai T4, Sé 42, Thang 7/2012)
Bai 36: Cho X, Y, z la cac s6 thuc duong ¢ tich bang 1.Chang minh rang:

33
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ZX—S >§
Ql+y)@+z) 4
( IMO Shortlist 1998)
Bai 37:Cho x,y,z >0 théa man (x -y )(y =z )(z —x) = 0. Chting minh rang:

(xy +yz +zx) >

2
(x-y)
(Tran Nam Diing, VMO 2008)
Bai 38:Cho a,b,c 1a cac sb thuce duwong . Chang minh rang:

a b cY) 1 1 1

—+ -+ — 2(a+b+c) —+ =+ =

b ¢ a a b c
(British MO 2005)

Bai 39:Cho a,b,c 1a c4c s6 thyc duwong. Ching minh rang:

b+c c+a a+bh 1 1 1
+ + Qi S
a’+bc b>+ca c*+ab a b c
(Sueu tam)
Bai 40:Cho a,b,c >0 thoa man ab+bc+ca=3. Ching minh rang:
a b c_ . 3

+ + <
\fa+b \/b+c \/lc+a \E

(Pham Hitu Dirc)
Bai 41:Cho x,y,z >0 thoa man x+y+z = xyz. Chang minh rang:
1 1 1

+ +
J1+x2 \/l+y2 J1+7°

<3
2

(Korean MO 1998)
Bai 42:Cho a,b,c >0 thoa man a+b+c=1. Chitng minh rang:
bc ca ab

+ + <
xfa +bc \/b +ca \/C +ab

N |-

(Sweu tam)
Bai 43:Cho a,b,c 1a c4c s6 thuc dwong. Chang minh rang:

8(a+b+c)(ab+bc+ca)<9(a~+b)(b+c)(c+a)

(Steu tam)
Bai 44:Cho a,b,c >0 thoa man a+b+c=3. Chtrng minh rang:
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a’b bc c’a

+ + <1
2a+b 2+c 2 +a
(Sweu tam)
Bai 45:Cho a,b,c,d 1a c4c s6 thuc duong thoa mén abcd=1. Chitng minh rang:
Z a-+b >4
a-+ab
(Nguyén Viét Hung)
Bai 46:Cho a,b,c 1a cac sb thuc dwong. Chirng minh ring
a b c 9abc
—+—+—+ >4
b ¢ a (a+b+c)(ab+be+ca)
(Lé Viét Hung)

1 1 1 .
Bai 47: Cho a,b,c >0 théaman a +b +c > y + b + < Chuang minh rang:

2

a+b+c> +
a+b+c abc

(Peru TST 2007)
Bai 48:Cho a,b,c 1a c4c sé thyc. Chang minh rang:
(a2 +b2)2 >(a+b+c)(a+b—c)(b+c—a)(c+a-b)
(British National MO 2007)
Bai 49:Cho a,b,c 1a c4c s6 thyc duwong. Ching minh rang:
3 S 6

1+ >
ab+bc+ca a+b+c

(Macedonia TST 2007)
Bai 50:Cho a,b,c,d la c4c s6 thuc duong va a+b+c+d=1. Chitng minh rang:

6(a3 +b® +¢? +d3)2a2 +b® +¢? +d? +é

(France TST 2007)
Bai 51:Cho x,y,z la cac sb thuc duong va at+b+c=1. Chung minh rang:

Xy < 1
Z «/xy +yz \/5
(China TST 2006)

Bai 52:Cho a,b,c 1a c4c s6 thyc duong va abe=1. Chirng minh rang:
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3
Za +l2a+b+c
b+c

(Nguyén Phiic Tang)
Bai 53:Cho a,b,c 1a c4c sé thuc khong am va ab+bc+ca=1. Chang minh rang:

1 1 1 5
+ + > =
a+b b+c c+a 2
(MOSP 2000)
Bai 54:Cho a,b,c 1a c4c s6 thyc duwong. Ching minh rang:
6 4 2
Zm >ab +bc +ca
o0 3bc

(Tran Haizu Thién)
Bai 55: Cho a,b,c la cac sb thuc khdng &m. Ching minh rang:

\fe;+\/l;+\/E+MZZM

(Tran Quaéc Anh)

.. . 1 1 1
Bai 56:Cho x, y, z > 0 thoa man + + =12,
- X+y Y+2Z Z+X

Chutng minh rang:

1
> ————<3
2X+3y +3z
(Pé chuyén toan Ha Nam 2016-2017)
Bai 57: Cho X, Y, z>0va X* +y*+2° = 3. Ching minh rang:
1 3
S
Sel+Xy 2

(DPTTS lop 10 chuyén Toan — Tin, DH Su pham Vinh 2002 - 2003 )
Bai 58: Cho a, b, ¢ > 0 vaa + b +c =3. Chung minh rang :

a 3
Z:1+b2 25

cyc

(Bulgarian TST 2003)
Bai 59: Cho X, y, z >0. Chttng minh rang:
> X <1
X+ (X + Y)(x+2)
(Pé thi 10 chuyén toan Ha Ngi 2014-2015 / Tap chi Crux math)
Bai 60: Cho cac sb thuc dwong x, y, z. Chting minh rang :
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XyZ(X+ Y+ 2+ X +y> +2°) < 3+43
(X + y° + 2°)(Xy + yz + 2X) 9

(Pé thi 10 vao 10 THPT Chuyén Lam Son-Thanh Hoa nam 2014-2015)
Bai 61: Cho X, y, z & cac s6 thuc duong thoa man x +y + z = 3. Chang minh rang:

3 3 3

1+ \/§+ ﬁ+ ¥z S 4

Xy + Yz + ZX 3
(Tap chi toan hoc va tudi tré, bai T4, S6 425, Thang 12 niam 2012)
Bai 62: Cho a, b, ¢ >0 .Chang minh réng ;

Z 3+b

1
i abc abc

(Pé thi USA MO 1997)
Bai 63: Cho a,b,c > 0. Chitng minh rang :

ab
2 a’+b°+ab
(PTTS vao 10 Nguyén Trai, Hai Duong 2016-2017)
Bai 64:Cho a,b,c 1a c4c s6 thuc duong va ab+bc+ca=3. Chirng minh rang:

a b c
—+—+—+abc >4
C a

(Lé Viéet Hung)
Bai 65:Cho x,y,z 1a cac s6 thuc duong thoa mén diéu kién xyz > xy +yz +xz
Chutng minh rang:
Xyz > 3(x +y +z)
(India 2001)
Bai 66:Cho a,b,c 1a cac s thuc duong. Chitng minh rang:

a+b a+c b+c a b c
+ + <-4+ -4+ =
a+c b+c a+b b ¢ a

(Mathlinks Contests)

Bai 67:Cho a,b,c,d >0 va a? +b? +c? +d? = 4. Chirng minh rang:
a%c +b’cd +c’da +d’ab < 4

(Tran Quac Anh)

Bai 68:Cho a,b,c >0 va abc=1. Chting minh rang:

1 a
2ol

(Tran Hizu Thién)

37
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Bai 69: Cho x,y,z>0 va a,b € R. Chang minh rang:
2 2 2

X y z S 3

+ +
(ay +bz)(az +by) (ax +bz)(az +bx) (ax +by)(ay +bx) (a +b)’
(Olympiad 30-4)
Bai 70:Cho a,b,c >0. Chang minh rang:
Z\/b+c S 4@ +b+c)

a  Ja+b)p+c)c+a)

(Darij Grinberg)
Bai 71:Cho a,b,c = 0 va a+b+c=2. Chang minh rang:
ab bc ca

+ +
1+¢® 1+a® 1+b°

(Pham Kim Hung)
Bai 72: Cho a,b,c la cac sb thuc doi mot khac nhau. Chiang minh rang:

[_a j2+( b T+( ¢ jzzl
a-b b-c c-—a
(IMO 2008)

Bai 73:Cho ba sb thuc dwong a, b, c. Chitng minh rang :
a 9
>
Z(b+c)2 ~ 4(a+b+0)

(Darij Grinberg)
Bai 74: Cho a,b,c > 0 thda mén a+b+c=3. Chang minh rang:
(a—bc)(b—ca)(c —ab) < 8a%b%c?
(Nguyén Viét Hung)
Bai 75:Cho a,b,c 1a cac s thuc duong. Chitng minh rang:
(a2 +2)(b2 +2)(02 +2) > B(a +b +c)2

(APMO 2004) , ‘
Bai 76: Cho a,b,c la ¢6 so thuc khdng am thoa mén a+b+c=3. Chang minh rang:

a b L 1

+ > =
b®+16 c®*+16 a*+16 6

(Tran Quaéc Anh)
Bai 77: Cho a,b,c la cac sb thuc duong va a? +b? +c? = 3. Chirtng minh rang:
3 3 3
2, b” +¢ vabc >4
. b ¢ a
(Nguyen Phuc Tang)
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Bai 78:Cho a,b,c 1a c4c s thuc d6i mot khac nhau. Chitng minh rang:

2 2 2
a b C
— | | — | | —] 22
(b—cj (c—a} (a—b}
Bai 79: Cho a, b, ¢ 1a c4c s6 thuc khéng am. Chirng minh rang:

Za a a+b+c

b+c 2
Bai 80: Chtng minh rang véi moi sé thuc a, b, ¢ khéng am ta luén co:
a
> b
CZYC: — Ja+b+c
Bai 81: Ching minh rang véi moi sé thuc a, b, ¢ khéng am ta ludn co:
_a .3
b?+3c? 2
Bai 82: Cho a, b, ¢ > 0; a + b + ¢ = 3. Chitng minh rang:
a
>3
Z 1+b+bc V3
Bai 83: Cho a, b, ¢ > 0. Chitng minh rang:
1 9
>

2 e 2(arbro)

Bai 84: Cho a, b, ¢ > 0. Chting minh rang:

a
<
Z J6ad+b+c?

Bai 85: Cho a, b, ¢ > 0. Chang minh rang:

o2 .
J7+b%+c?
Bai 86:Cho a, b, ¢ 1a cac s thuc khdng am. Ching minh rang:

1 4
>

Z:\/4a2+bc S a+b+c

Bai 87:Cho a, b, ¢ 1a do dai ba canh cua mét tam giac. Chiing minh rang:

a
Z—mz a++b++/c

. Y. .1 11 ) o
Bai 88:Cho a,b,c la cac so thuc duong théa man 2o 1. Chirng minh rang:

3
2

a’> b* c¢?
—+—+—+6>a+b+c
bc ca ab

(L& Viét Hing)
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Bai 89:Cho a,b,c 1a c4c s6 thuc duong. Ching minh rang:

3
Z e > 3
oo \b+cC 8
(Viet Nam MO 2005)

Bai 90:Cho x,y,z la cac sb thuc duong thoéa man x+y+z=3. Ching minh rang:

3 1 2
zy3X+8 > = 5 +E(xy +yz +zx)
cyc

(Iranian National Olympiad 3" Round 2008)
Bai 91:Cho x,y,z >0 thoa man xyz=1.Hay tim gié tri nho nhat cua biéu thuc:
P
czyc“ X + 2y +3
(Lang Son TST)
Bai 92:Cho a,b,c 1a c4c s6 thyc duwong. Ching minh rang:
3 3 o3 (@’ +b®+c’)(la+b+c
2 b o | J(a+bc)

c
_+_
b ¢ a

ab +bc +ca
(Nguyén Phiic Tding)
Bai 93:Cho a,b 14 2 sb thue dwong. Chitng minh rang:
a+b 1 1 a-+b+2ab
+ + + >
a +ab [1+a 1+bj (1+a)(1+b)ab

(B&o toan hoc va tudi tré)
Bai 94:Cho a,b,c 1a cac s thuc duong thoa man ab+bc+ca=3abc. Chang minh rang:
1 1 1 3
Ja*+b b*rc ira V2
(Dé thi tuyén sinh 16p 10 tinh Quang Binh)
Bai 95:Cho a,b,c >0 théa man abc=8.Chang minh rang:

aZ

gc: \/(ag + l) (b3 + 1)
(APMO 2005)

Bai 96:Cho a,b,c 1a cac s6 thuc khac 0.Chang minh rang:

> x2+i223\/5
y

>

w| s

(Azerbaijan Junior MO)
Bai 97:Cho x,y, la cac sb thuc duong thoa man x? +y? +2° = 3xyz .
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Chutng minh rang:

2 2 2
X + y + : >1
y+2 742 X+2
(Pé thi tuyén sinh 16p 10 tinh Ba Ria — Viing Tau)
Bai 98:Cho a,b,c 1a c4c sé thyc duwong. Ching minh rang:

ab N bc +ca >a+b+c
c(c+a) a(a+b) b(b+c)_c+a a+b b+c

Bai 99:Cho a,b,c 1a c&c s6 thuc dwong. Chitng minh rang:
1 1 1 27
+ + > -
b(a+b) c(b+c) a(c+a) 2(a+b+c)

Bai 100:Cho x,y,z la cac sb thuc dwong. Chirng minh rang:

\/(x +y +z)(%+$+%} 21+\/1+\/(x2 +y? +Zz)(xi2+)%+zi2j

Bai 101:Cho a,b,c >0 va a+b+c=1 . Chtng minh ring:
a’+b Db*+c c’+a
+ + >
b+c c¢c+a a+b
Bai 102:Cho a,b,c 1a cac s6 thyc duong. Chitng minh rang:
2

DI

b +c?  “b+c

2

(Vasile Cirtoaje)
Bai 103:Cho a,b,c 1a cac s thuc duong théa man abc=1. Chirng minh rang:

1 1 1 3
+ + > =
a3(b+c) b3(c+a) c3(a+b) 2
(IMO 1995)
Bai 104:Cho a,b,c >0 va a+b+c=1. Chang minh rang:
ab bc ca 1
+ + <=
l1+¢c 1+a 1+b 4

Bai 105:Cho a,b,c 1a cac sb thuc duong. Chung minh rang:

3
Y | ——>=1
a’+(b+c)
Bai 106:Cho a,b,c 1a cac s thyc duong. Chitng minh rang:
a® b c’
—+—+—2a+b+c
bc ca ab
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(Canada TST 2002)

Bai 107:Cho a,b,c >0 thoa mén diéu kién a? +b? +c? = 3.

1 1 1 3

+ + > —

l+ab 1+bc 1+4ca 2

Chting minh rang:

(Belarus TST 1999)
Bai 108: Cho x,y,z >0 thoa man diéu kién x+y+z=1. Chttng minh rang:

4
XY +y%Z +2°x < —
y+y 7

(Canada TST 1999)

Bai 109:Cho a,b,c 1a cac sb thuc duong. Chirng minh rang:
a’ . (a2 +b? +c2)(a +b +c)
b ab +bc +ca

Bai 110:Cho a,b,c 1a cac s thuc duong thoa man ab+bc+ca=abc.

Chutng minh rang:

I et
a+bc 2
(Lé Viéet Hung)

Bai 111:Cho a,b,c 1a cac s6 thuc duong. Chitng minh rang:
z\/(a2 +ab +b2)(b2 +he +c2) > (a +b +c)2
Bai 112:Cho a,b,c >0 théa man a? +b* +c? =2. Chang minh rang:

2
Za +1 6
b’ +ca

(Nguyén Phiic Tang)
Bai 113: Cho x,y,z & céc sb thuc duong théa man abc=1. Chirng minh rang:
1 1 1
+ +
2+X 24y 2+1z
Bai 114:Cho a,b 1a c4c s6 thuc duong thoa man a+b=1. Chang minh rang:

2 2
a+b>1

<1

a+l b+1 3
(Hungary 1996)
Bai 115:Cho a,b,c 1a cac s6 thyc duong. Chitng minh rang:
a
—_— 21
2 Va? + 8bc
(IMO 2001)
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Bai 116: Cho x,y,z >0 thoa mén diéu Kién x +y +2z = /xyz . Ching minh rang:

Xy +yz +2X > 9(x +y +z)
(Belarus 1996)
Bai 117:Cho a,b,c 1a c4c sb thuc duong. Chirng minh rang:
a’ +b®> +c® +2abc+1> 2(ab +bc +Ca)

Bai 118:Cho a,b,c 1a cac s thuc duong théa man a+b+c=1.
Chutng minh rang:
2 2 2
b, 3<a2 +b? +02)
b ¢ a
(Junior Balkan TST 2006)

Bai 119:Cho a,b,c 1a cac sé thuc duong. Chitng minh rang:
a b C a+b+c
1+—[|1+—-||1+—|22|1+
SR
(APMO 1998)

Bai 120:Cho a,b,c 1a cac s6 thyc duong. Chitng minh rang:

(b+c—a)2 X (c +a—b)2 X (a+b—(:)2
(b+c)z+a2 (c+a)2+b2 (a+b)2+c2

v
Ul w

(Japan 1997)
* CAc ki hiéu viét tit thwong dung :

n

oD a =a+a,+..+a,.
k=1

o 3 a?h=a%+bZ+c%a (Sigma cyclic: Tong hoa vi).

cyc
« > a’b=a’h+b’c+c’a+ab’ +bc® +ca’ (Sigma Symmetric: Tong déi xtng ).
sym

n
«[[a =aa,.a,.
k=1

R-Tap s thuc.
R"-Tap sb thuc duong.
« N* - Tap s6 tu nhién bo qua phan tu 0.
«Q - Tap sb hiu ti.
« [a, b] - Poan (khoang dong) cta hai dau mat a, b.
« (a, b) - Poan mé cua hai dau mit a, b.
Chd thich:
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« MO - National Mathematical Olympiad.

Nguyén Phuc Tang — Lé Viét Hung

« IMO - International Mathematical Olympiad.
« TST - Selection Test for International Mathematical Olympiad.
« VMEO - Viet Nam Mathematical EOlympiad.

« VMO - Viet Nam Mathematical Olympiad.
«S.0.S - Sum of Square.
« MV - Mixing Variables hay don bién.

« SMV - Stronger Mixing Variables hay don bién manh.

« THTT - Mathematical and Youth Magazine hay tap chi Toan Hoc va Tudi Tré.
« APMO - Asian Pacific Mathematical Olympiad.

« R.M.M - Rumanian Mathematical Magazine.

V)Céac tai liéu tham khao:
[1] Inequality Il Group/ Facebook
[2] Solving Inequality*****/ Facebook

[3] Mathematical Inequality Group/ Facebook

[4] Imad Zak Group/ Facebook

[5] Diendantoanhoc.net

[6] http://www.ssmrmh.ro/

[7] mathlinks.ro

[8] http://math.stackexchange.com/
[9] Crux Mathematicorum

[10] Mathematical and Youth Magazine
[11] Romanian Magazine

[12] Kalva.demon.co.uk

[13] Mathnfriend.net.

[14] k2pi.com.

[15] Mathlinks Inequality Forum

[16] Vaslie Cirtoaje.

[17] Daniel Sitaru.

[18] Leonard Giugiuc

[19] Mathematical Reflections.

[20] Hojoo Lee - Topics in Inequalities.
[21] Kavant Magazine.

[22] IMO Shortlist.

[23] Ha Noi Mathematical Open Compertion.
[24] Blog Solving Inequality*****
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