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‘Odi dong mé dan

| - Céc ban tré yéu todn than mén.

Vudn hoa todn hoc rdt da dang va phong phd, c¢6 nhiéu bong hoa
ric rd ddy huong sdc. D6 1a nhitng bai toin hay, doi hdi phat-huy tri
thong minh va é6¢ sdng tao khi gidi. |

Muén gidi mét bai tbdn, sau khi doc ki dé bai, diéu ddu tién va quan
trong la cdch suy nghi tim ra dudng 16i gidi, d6 chinh 14 : '

"Tim chia khéa vang giai bai toan hay"

Cudn sich nay gbm 2 tap : |

— Tap 1 danh cho cdc ban ¢6 trinh d3 16p 6 va 16p 7.

— Tap 2 danh cho cac ban ¢6 trinh d6 16p 8 va 16p 9. |

N%i dung dugc trinh bay theo tirng xodn (§). O mdi xodn déu gom.
‘cdc muc : |

A. Nhiing kién thiic cdn ndm vizng, phuc vu chi yé’ﬁ cho viéc gidi

cac dé todn sau dé.

B. Cdc bai todn dién hinh, gdbm nhing bai toan hay vé‘thﬁng minh.

C. Cdch gidi va loi binh, dic biét p‘hé‘\ln ot binh nhim khai thdc dé

bai da ra va dugc trinh bay véi nhimng bai toan tuong tu khé h;J'n,
hoéc nhiing bai todn mé rong, nhirng bai toan lién quan ra duéi
dang khéc.

'D. Ban c6 biét 2 gdm nhiing mau chuyén to4n hoc vita néng cao hiéu
biét, mé réng tam mat, vira c6 tinh chat gidi tri.

rMbng ré’ing cudn sdch nay gidp cdc ban tré yéu todn git hai duge
nhiéu thanh cdng trong viéc hoc gidi mén Todn, "médn the duc cta tri tué".

Ha N¢i, mua xuén 2010
- LE HAI CHAU
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§1. THU TRI THONG MINH

A. KIEN THUC CAN NAM VOUNG

Day la nhing cdu héi, cdu dé ngdn gon, hip ddn va thong minh, ddi
héi 14p ludn, phan tich c6 1i, hgp ldgic vi néi dung tuong déi thiét thuc,
phan dnh nhimg su kién trong doi séng muén mau mudn va.

Dé gidi ddp can doc ki timg cau héi, cau d&, suy ngdm xem noi dung
cho cdi gi, tim cdi gi va cdch gidi c6 khi doc ddo, théng minh. Hay tim
ra chia khéa vang nham gitp cho viéc gidi todn dugc ng#n gon, nhanh
chéng.

B. CAC BAI TOAN PIEN HINH

1

L]

Ngua #n hét mot xe 6 khd trong mot thang, dé an hét trong hai thdng,
cltu an hét trong ba thdng. Héi ngua, dé va clu cung #n xe cd khé dé
thi phai trong bao 14u s& hét cé ?

T - P aaydass e 2 2 ey
Con géi hdi bd bao nhiéu tudi. Bo trd 1vi : tudi con bing -5— tudi bé bay

20 1 2 A 1A . 2 s ~ %
gid, cdch day 4 nam tudi con bing 3 tuoi bo hién nay. Héi bd bao

nhiéu tudi, con gai bao nhiéu tudi ?

Ngay xua ¢6 mot ngusi ti bi tdi chét chém. Nghe dén ngusi tu nay rat
thong minh, tén chia ngue cho goi ngudi tu 1én bao : "Nguc giam nha -
nguoi c¢6 hai clra ra, mét 1a cita séng va mdt 1a cira chét. Mdi cia cé
mbt linh gdc, mot ngudi néi that, mot ngudi néi déi. Ta cho phép nguoi
héi mot trong hai linh gde dé va chi duge héi mot cau dé chon cia di
ra. Néu qua cta séng ta tha, néu qua cta chét ta chém diu ngay. Nhé
rang cé hai linh déu biét ho gdc cita nao va ho chi trd 15i bing gat ddu
hoic ldc dau”.

Nguoi tit ti thong minh da héi mét cau va di qua cta séng. Ban hay

- nghi xem ciu héi d6 1a cau gi ma da ciru mang ngudi tu thong minh nay.

Cé hay khong mot day s6 gébm 5 s6 lién ti€p ma tong cac binh phuong
clia ba s§ dau bang tong cdc binh phuong ciia hai s sau ?

C6 ndm thé viét cdc s6 1é 1; 8; 5; 7; 9. Hay sdp x&p cdc thé nay thanh
s6 ¢6 nam chif s6 sao cho tich hai chit s6 diu v6i hai chit s§ cudi, tru di
chit so gitra, luon biing 2222 (hai d4p s6). i
Ta biét riing 25 = 52 (& c& hai v& déu c6 hai chit s§ 2 va 5). Hay viét
cdc s6 36; 64 va 81 sao cho & ca hai vé& deu ¢6 hai chir s6 giéng hai Chlr
s0 da cho.

Tai sao tong hai sé 1& lién tiép ludn chia hét cho 4, nhung tong hai s§

‘chp lién tigp lai khong chia hét cho 4 ?
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C6 hay khong s6 tu nhién n dé da thic 5n° + 4n® + 3n + 212 mot so 1é ?

9. Téng 11 + 14° + 16° tan cung béng chit s6 nao ?

10.

11,

12.

13.

14.
15.
16.

1%,

18.

19.
20..

21.

Téng hai s 1& chia hét cho 5, téng cdc lap phuong cia hai s6 d6 tan
cing béng chir sd nao ?

Mot chi trang trai dé lai di chic cho hai con va ba em nhu sau :

Ngudi con ca duge 100 con ga va E s6 ga con lai, ngudi con thd hai

' ' g ol e - " i . 2 o
duge 200 con ga va 5 s6 ga con lai. Sau dé dén ngudi em thi nhat

; \I ~ 1 st ~ ~ . AL , = ~
dugc 300 con ga va = s6 ga con lai, ngudi em thi hai duge 400 con ga
- 1 ar by ~ = .. - . ~ ~ . . . ~r
va = S0 ga con lai, ngudi em tha ba duge s6 ga con lai sau khi bon

nguoi ddu.da 1dy. Cudi cung tat ca 5 ngudi déu duge hudng s6 ga nhu

_nhau. Hoi s6 ga ma moi ngudi duge hudng 1a bao nhiéu ?

Cé hai chit s6 2, fléy dung dau v dé viét dugce céc s
a) 16n hon 0 n_'hung nhé hon 1.
b) lé6n hon 1 nhung nhé hon 2.
¢) lén hdn 2 1thung nho hon 3.

Viét lién tiép cdc sd tu nhién tir 1 den 99999 t1en mot to glay, ta dugc
mot s6 khéng 16 sau day : 123456789101112...999979999899999.

Téng cdc chif s6 clia s6 nay bang bao nhiéu ?

Tim chit s6 cudi cing ciia c¢dc liy thira sau : 1%%%;  52013; 62013 9013,

Viét cdc sé sau day dudi dang liy thira cia 10 : 66 669 999 va abcde.
Céc s6 10! va 100! tan cung bing bao nhiéu chir s6 0 ?

(Luw y : ki hiéu 5! doc 1a 5 giai thua béng 1.2.3.4.5).

Cho sd ((3)!)!

a) Chung té ring s6 nay c¢6 trén 1000 chir sﬁ'..'

b) S6 nay tan cing bing bao nhiéu chir s6 0 ?

Chimg t6 réng higu t? — t° chia hét cho 10. Hiéu nay c¢6 chia hét cho 30
khéng ?

Riét ring téng 1° + 2° + 8% + 4% + 5° + 6 + 7° = M’. Hay tinh M.

Binh phuong cia mjt sd nguyen ¢6 thé tan cung bing ba chir sd giong
nhau khong ?

Ching td riing c¢6 vo s6 s6 tu nhién khong thé biéu dién duéi dang
téng cdc lap phuong ctia ba s8 nguyén khéng am.
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3
3 b3 &
22. Ching t6 ring sé A = —{—[~(—2)]2} : —[—(——H bang 1.

C. GIAI VA LOI BINH

1. Vi ngua dn hét 1 xe c6 khé trong mot thdng, nén trong mt ndm ngua
an hét 12 xe c6. Vi dé dn trong hai thang mdi hét 1 xe cé kho nén
trang mot nam dé chi &n hét 6 xe cé. Con ciu trong ba thdng méi an
hét 1 xe ¢6 khé nén trong mot nam cirr chi an hét 4 xe 0.

Nhu vay ﬁrong mot ndm ca ba con vat &n hét 12 + 6 + 4 = 22 (xe cd).
Do d6 mudn &n hét 1 xe ¢ thi ca ba phai #n trong :

6
12 : 22 = — (thdng).
&l =

e Loi binh : Xét thém bai toan sau :
"Muot hai nguoi di du lich mang theo 12 bdanh mi : méi dan ong mang

A A A 2 5 I # [ e 2 1 -
2 banh mi, mot dan ba mang 5 bdnh mi, méi tré em mang . banh

mi. Hoi ¢6 bao nhiéu dan éng, dan ba, tré em 2"
Cach giai nhu sau :
Van dé ¢ day la phan phdi 12 banh mi nhu thé nio cho s& dan ong,

dan ba va tré em.

2 ) i o Ea ' - - ok YT,
Truée hét chia cho mdi nguvi 3 bdnh, do d6 12 ngudi nén chia hét 6

- ~ . = - 3 - A b Y 1 e ~
bénh mi, con lai 6 banh. Theo bai ra thi mdi dan ba mang 5 banh mi,

thé la dan ba da mang did banh mi, con tré em thi mang thira mdi em

- ’ i ' o afn : . .
i bénh (vi méi em chi mang n banh), vi thé 6 banh con lai s& chia

~ A e » ~ - “ P 1 Py ~
cho dan éng. Do mdi dan éng mang 2 banh mi méi duge 7 banh nén

mdi dan 6ng con thidu 1 banh rusi. _

V6i 6 banh con lai thi da chia cho 4 dan ong, khi dé 4 dan éng nay
mang dd méi ngudi 2 banh. Suy ra sé dan ong phai it hon 5 ngudi, néu
khong thi bénh thita ciia tré em khong bist chia cho ai, v6 li ! Nhung
s6 dan ong khéong thé 16n hon hosc bing 6, vi néu la 6 dan éng thi
phdi mang 12 bdnh, thé 1a dan ba va tré em khéng phai mang gi ca,
trdi v6i bai ra ! Vay sé' dan 6ng phdi la 5.

Con lai 7 ngudi vira dan ba vira tré em dé mang 2 banh. Tir dé ta thay

a7 2 2 a - ~ = 1 2 |
ngay rdng sé tré em phdi la 6 va mang 1 banh rudi (mdi em mang 7
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; | ) T
banh). Suy ra sé dan ba la 1 (méi dan ba mang 3 banh).

e s A ; 2 Ale 7 ~ x 2, ~ v A
Do tudi con gdi hién nay bing = tudi cta bo va trudc ddy 4 nam tuodl
1 1

bing — tudi ctia b hién nay nén so 4 tudl nay bing — - —=—
con bang 5 i : y y g g = e

tudi ctia bo.
Vay tudi cia bo la 4 : % = 60 (tudi), do dé tudi cha con géi la :
60.% = 24 (tudi).

L&i binh : Tuong tu c6 bai toan vé dodn tudi sau ddy :

"Pé dodn duge tubi cia ban Xudn, bgn Ha dé nghi ban Xudn hay lam
nhu saw : Ldy tuoi cia minh nhdn véi 2, thém 4 vao tich réi nhan tong
tim duge véi 5, cong théem 12 vao tich mdi nay, cudi cung nhén tong
vdi 10 va cho ban Ha biét ket qud. Ban Hg sé dodn duoc ngay tudi cia
ban Xudn. Bgn Ha da lam nhu thé nao 2"

Cach gidi nhu sau :

P& dodn dugc tudi ctia ban Xuan, ban Ha da 1ay s6 ban dau trir di 320
rdi chia k&t qua tim duge cho 100.

Gi& st ban Xuan 37 tudi. Nhén véi 2 roi cong thém 4 duge 78. Nhan
78 véi 5 duge 390, cong thém 12 duge 402, rdi nhan véi 10 duge 4020.

L&y 4020 trit di 320 dugc 3700. Chia s8 nay cho 100 s& duge 37 1a s6
tudi ctia ban Xuan.

Ngudi tu héi ngusi linh gde 1 trong bon cau hdi sau thi biét duge cua
ngudi linh dang gac la cta gl :

Cau 1. Ngudi néi that géc cua séng phai khong ?

Cau 2. Ngudi néi doi géc ctra chét phai khong ?

Cau 3. Ngudi néi that gac ctra chét phai khong ?

Cau 4. Nguoi néi doi gdc cla song phdi khong ?

(Cau 1 va cau 2 tuong duong véi nhau, cau 3 va cau 4 tuong duong véi
nhau). '

DPé tra 161 cdu hoi 1 (hodc cdu héi 2) nguodi linh gée cua song bao gio
ciing gat, ngudi linh géc cua chét bao gid ciing 14c. Vi thé néu thay
nguoi linh gat ddu thi ngudi th yén tam ra 16i cira d6 (vi chinh la cua
song); néu thay ngudi linh 14c ddu thi ngudi tb phai di ra 16i cta kia
(vi cira ma ngudi linh 1dc dau chinh la cia chét !).

Déi v6i cau hoi 3 (hoic cau héi 4) thi nguge lai.
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o Loi binh : Sau day 1a mat cdu chuyén trong than thoai Hi Lap :

"Trong mét ngéi den cé 3 vi than gidng nhau nhw hét : thin That tha
luén néi that, than Déi trd luon noi doi, than Khén ngoan lic néi that
liic néi do.

Mot nha hien triét dén tham ngoéi dén va gap 3 vi than. Ong héi thén
ngoéi bén trdi :

— Ai ngéi canh ngai ?

—" Thén That tha.

Ong héi tiép thén ngéi giia

— Ngdi la ai ?

— Than Khén ngoan.

Ong quay sang héi thin ngéi bén phdi :

— Ai ngéi canh ngai ?

— Thdn Déi trd.

Nha hién triét da suy lugn va tim ra duoc ai la thén Thét tha, ai la
than Dot trd, ai la thdn Khén ngoan.”

Héi nha hién triét da suy luan nhu thé nao ?

Céch suy luan nhusau:

Goi than ngdi bén trai 1a A, than ¢ gita 1a B, than bén phéi la C.

Khi héi A thi B la than That tha (1).

Khi héi B thi B la than Khén ngoan (2).

Khi hoi C thi B 1a than Déi tré (3).

Theo (1) thi A khéng phai 1a thdn That tha vi néu A 14 than That tha
thi (1) la diing va B phai 1a than That tha, mau thuan véi (1).

Theo (2) thi B khéng phéai la than That tha, vi néu B 1a than That tha
thi mau thuan vdi (2).

Vay C chinh la thin That tha. T d6 suy ra A la thdn D6i trd va B la
than Khén ngoan.

. Goi s6 thit nhat trong diy so 1a a thi bon s§ ti€p theose la a+ 1, a + 2,

a + 3 va a + 4. Néu ton tai day s6 nay thi ta phai ¢6 :
a4 (a4 1)“+(a+2)2=(a+3)2+(a+4)‘

Néu ta goi a khong phai la s6 nhé nhat ma la s§ thi hai thi ta s& dugc
mot phuong trinh dang don gian hon la :

(@a-1*+a’+@+1P%=(a+27%+(a+3)>

Sau khi thue hién céc phép tinh ta s& dugc phuong trinh a® - 10a — 11 = 0,
hay (a - 11)(a + 1) = 0 ma nghiém la a, = 11 va a, = -1,

Nhu vay, ton tai hai day sé sau day :
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5y 10: 11 12 13; 14
b) -2; -1; 0; 1; 2.
Véi day so thi nhat ta c6 "bai todn whém ndi tieng” cia mot bic tranh
dau dé "Bai todn khé" cua mot hoa si Lién X0 sau day :
10% +112 +12% +13% + 147 _,
365

ma ddp so 1a 2, vi:

10% + 11% + 12% + 13% + 14% =100 + 121 + 144 + 169 + 196 = 730 = 2.365.
Loi binh : Tuong tu @ "Tim ba s6 lien tiép co tinh chdt la : binh
phuong so gida bing tich hat <& ddu va cudi cong thém 1

Cach gidi nhu sau : _

Goi ba s6 la n, n + 1van+2 Taeh: 0+ 12 =nn+2)+1,

hay sau khi bé dau ngodc dugc : nf+on+1=n+2n+1

pay la mot hing déng thic luén dung véi moi gia tri cia n. Vi the dap
<5 c6 thé 12 ba s lién tiép bat ki, chdng han :

_ bass9:10;11 vi 10°-9.11=100-99=1, hodc

_ basd 15;16; 17 vi 167 - 15.17 = 256 - 256 = 1.

. Cdch sdp xép nhu sau :

Céch 1:39 x 57 — 1 =2222, 5§ c6 nam chit s 12 39157;
Céch 2 : 57 x 39 — 1 = 2222, 58 ¢6 nam chi s 1a 57139. |
Loi binh : Tuong tu @ "Voi nam so lé 1; 3:5;7; 9 va ddu cdc phép tinh
cung voi ddu ngodc (), [ ] ta c6 thé viét so6 0 nhu sau :
0=1+35-(7+9)
Hay viét cdc s0 1;2; 3, 4;5; 6; 7; 8; 9 va 10 theo cdch tréen.”
Cach giai nhu sau:
1=(1+356):(7+9)
2=1-85+7+9
3=[(1+3).5+7]:9
4=01+3).5-(7+9)
5=1+[3.(6+71:9
6=13+5+7-9
7=1+3+5+7-9
8=(1+3.5):(-7+9)
9=(1.3+5-79
10=13+5-7+9.



6. Tacé: 36=6x3! (lunuy:3'=123=6,doc .lé 3 giai thura)
64 = V45  (vi bling V4 4 = V6464 = 64), hoic

64 = (4)° (vi bling 2° = 2°.2° = 8.8 = 64).
Riéng s6 81 c¢6 thém s6 mii 2 hodic hai lan chit s6 8 va chit s6 1, tic 1a :
81 =(1+8)>=(1+8).(L + 8).

o Loi binh : Tuong ty : "S6 660 = 6! — 60, hay viét cdc s6 dusi day sao cho
G hai vé déu cé cdc chiz s6 giong nhaw : 1395; 145; 144; 387420489." '
Céch giai nhu sau :

1395 = 15.93
145 = 1! + 4! + 5!
144 = (1 + 4)! + 4!
387490489 = 357 + 420489, | |
7. a) Goi hai s6 1é lién nhau la 2n + 1 va 2n + 3. Téng cia ching béng :
2n+ 1)+ (2n+3)=4n + 4.
Mbi sé hang cia tdng nay chia hét cho 4, vay tdng chia hét cho 4.
b) Gia st s§ chin nhd nhat 1a 2n. Ta c6 tong hai s6 chan lién tiép bing :
2n + (2n + 2)=4n % 2.

S6 hang thit nhat 4n chia hét cho 4, s6 hang thit hai 2 khong chia
hét cho 4. Vay téng khong chia hét cho 4.

o Loi binh : Tuong tu : "Tim b6 ba sé tw nhién ma tich bing 30 va téng
chia hét cho 4."
Cédch gidi nhu sau :
Ba s6 tu nhién a, b, ¢ ma tich bing 30 c6 thé la :
(1; 1; 30), hodc (1; 2; 15), hoac (1; 3; 10), ho#c (1; 5; 6), hoic (2; 3; 5).
Ta phai c6 tich a.b.c =30 véia <b < cva téng a + b + ¢ chia hét cho 4.
Do dé bd ba s d6 chi cé thé la : (1; 1; 30) hodc (1; 5; 6). :
8. Néu n la s6 chan thi tat cd s6 hang la s6 chdn. Néu n 1a so 1¢ thi
5n° + 3n la téng cda hai s6 1& nén la mot s6 chdn, con lai 4n% + 2 1a
tong ctia hai s6 chén. |
Suy ra khong ¢6 s6 tu nhién n nao dé da thire da cho la so 18.
e Loi binh : Tuong tu : "Cé hay khéong mét s6 chin ma binh phuong cua
no la mot sé c¢é ndam chit sé 1; 4;5;9; 9 2"
Cach giai nhu sau -

Chir s6 cudt cung cia binh phuong mot s6 chdn chi ¢6 thé 1a 4. Do d6
chir s lién trude dé (4p chét) s& 1a 1; 5 hoiic 9. Cde so 14; 54 va 94 déu
khéng chia hét cho 4, giita chung la binh phmmg mot s6 chin luén
chla hét cho 4.




9.

Ta bigt riing 14>" tan cung bing chi s6 6, con 11 va 16 nang lén bat
et liy thira nao cing tén cung b&ng 1 va 6.

Suy ra tong da cho tan cung bing chit so 3.

e Lol bmh Tuong tu : "Tong sau ddy tan cung béng chit sb gi :

10.

1H+2+3'+..+8+9%
Cach giai nhu sau :
Ta biét ring so 5! = 1.2.3.4.5 tan cung bang chir s6 0,
s6 6! = 1.2.3.4.5.6 tan cing bang chil s6 0, Vv.v..
Conténg 1! + 2! + 3! +4!1 =1+ 2+6+24=233

Vay téng 1! + 2! + 3! + ... + 8! + 9! tan cung bing chir s8 3.

Né&u a va b 1a hai s6 1é thi tdng a + b 1a s6 chan.
N&u mot s6 chén chia hét cho 5 thi no phai tan cung bing 0.

Nhung a® + b* = (a + b)a® — ab + b)) ma a + b tan cung bang 0 thi o ¢ b?
cling t&n cung bang 0.

o Loi binh : Tuong tu : "Gidi thich tai sao tong 1 +2 + 3 + ... + 2015

11.

12

khong thé tan cung bang cde chit 86 2;4; 7;9."
Céch gidi nhusau:
Ta nhan xét ring : néu so tu nhién a tan cung bing x va s6 tu nhién b
tan cung bing y thi tich ab c6 dang : -
a.b = (10m,; + x)10my + y) = 10(10mymy + m;y + myX) + Xy.
Suy ra chif s6 cubi cing cla tich ab trung v6i chit sb cudi cung cla tich xy.
Ta ching minh cho ting trudng hgp tong quat.
Tabitréing:1+2+3 +..+n= E(n—;i), cho nén :

a) Néu n tan cung bang 0, 1, 2, 3, 4, 5,6, 7, 8, 9 thi n + 1 tdn cung
" bing 1, 2,3, 4,5,6,7,8,9, 0 va tich n(n + 1) sé tan cung bang 0, 2,
8,200,2,6,2;0.

. . nn+1) . . " 5 g s
b) Néu sd iz—l tan cung bing 2, 4, 7, 9 thi chir s6 cudl cung cua sd
nn+1 o 7 ; "
2.—(2——) = n(n + 1) phai la 4, 8, 4, 8 nhu da ching minh & a),-vo
li!

Bai toan da duge ching minh, chi con thay n = 2015.

Goi G la s ga mbi ngudi duge chia. Vi nguoil c611 ca duge 100 ga va %
phén con lai sau khi trir di 100 ga nén téng s6 ga bang :
100 + 6(G - 100) = 6G — 500 (ga).
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Ngudi con thit hai duge 200 ga va 3 phan con lai, tic la duge :

5G + 500
200 + %(6(} - 500 - G - 200) = +T (ga).
< . ' 0 .
Vi méi ngudi duge nhan sé ga nhu nhau nén G = §g—;—50—, tu dé tim

duge G = 500 va téng so6 ga bing 500 x 6 — 500 = 2500 (ga). Dé xdc
dmh s6 ga duge chia ta thdy ngay rang 2500 : 500 = 5 (ngudi). Vay so

ga moi ngudi dugc chia la : \
2 1 .
Ngudi con ca : 100 + E(ZSOO — 100) = 500 (ga)
1

Nguoi con thi hai : 200 + 5(2000 — 200) = 500 (ga)

Nguoi em thit nhat : 300 + é(1500 — 300) = 500 (ga)

Nguoi em thd tu: 400 + %(1000 — 400) = 500 (ga)
Nguoi em thit ba : s6 ga con lai la 500 ga. _
Lot binh : Tuong tu : "Mét cia hang ban banh keo ¢6 hép I chiia 310
goi keo, hdép II chita 200 goi, hop 111 chua 190 géi, hop IV chita 180
got, hop V chua 160 goi, hép VI chita 150 go.
Trong ngay dau ¢6 hai ba A va B dén mua : ba A mua 2 hép, ba B
mua 3 hop va nhu vay mua gap déi sé goi keo ma ba A mua. Héi con
lait hép nguyén nao chua ban 2"
Cach giai nhu sau :
Do ba B mua nhiéu gap déi ba A nén sé géi keo ca hai ba mua phai
chia hét cho 3.
Tong s6 gbi keo ciia ca 6 hop la :

310 + 200 + 190 + 180 + 160 + 150 = 1190 (géi keo)
N&u con lai hop I thi phdi ban 1190 — 310 = 880 goi, khong thé duge
vi 880 khéng chia hét cho 3.
Néu con lai hop III thi phai ban 1190 — 190
thé dugc vi 1000 khong chia hét cho 3.
N&u con lai hop IV thi phai ban 1190 — 180
thé duge vi 1010 khong chia hét cho 3.

1000 gé1, cing khong

1l

1010 géi, ciing khong

Tuong tu néu con lai hgp V hodc hop VI thi van khong thé duge vi
1190 — 160 = 1030 hodc 1190 — 150 = 1040 déu khong chia hét cho 3.

Cudi cung chi con lai tr u’Gng hop hop II, khi dé phai ban 1190 — 200 = 990
chia hét cho 3.
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12.

13.

14. Cdc s6 tan cung bang 1 khi nang lén bat ci liy thira nao (khéc 0) cing

14

Tém lai cita hang phai ban 5 hop 1a I, 1L, IV, V va VI va con lai hop

II nguyén chua ban.

V2

a)-Tacéz O<-»2—<1; Bed -2 «1; ¥¥.s

b)1<—g—<2;' 0<\}2+x/§ < 2: V.V...

=

c)2<.2\/§ @3 D @<3; V.Vii.

Loi binh : Xét thém bai toan sau :

"Chitng minh rdng véi moi a, b duong ta déu c6 : 4@ + b°) 2(a + b)".”

Ta ¢6 cach giai sau day :

Xét hieu M = 4(a® + b%) — (a + b)®. Hiéu nay cé thé bién déi nhu sau :

M = 4a® + 4b° — a° - 3a’b — 3ab® - b’

- 3a% + 3b® — 3a%b — 3ab? = 3[(a® — a’b) + (b® - b%a))

_ 3[a%a — b) + b%b — a)] = 3[a’(a—b) - b¥a — b)]
- 3(a — b)(a® — b%) = 3(a - b)*(a + b).

Do(avb)zzoVila+b>0nén4(aﬂ+b:’)~(a+b)7‘2011ayM20.

Vay : 4(a® + b*) > (a + b)’.

Ta hay x&p tat ca cdc sb tit 1 dén 99 998 thanh cap rdi xét mdi sé a véi

56 99999 — a.
Téng cdc chif s§ ctia hai s6 trong moéi cap bing 9.5 = 45, tong tat ca
chit s& ctia s da cho rat 16n (trit s6 99 999 khong ¢6 cép) biang 225 000.

Lot binh : Xét thém bai toan sau :

"Ldy s6 777 nhan vdi 143 dugc tich bang 111111 (voi 6 chit s6 1). Néu
Idy s6 777 nhan lan lugt véi nhitng so nao se duge tich gom sdu chit s6

2, sdu chit s6 3, sdu chit s6 4,..., sdu chi s6 92"

Cdch giai nhu sau :

¢6 tan cung biang 1 nén 1

777 x 286 = 222 222 (vi 143 x 2 = 286)
777 x 429 = 333 333 (vi 143 x 3 = 429)
777 x 572 = 444 444 (vi 143 x 4 = 572)
777 x 715 = 555 555 (vi 143 x 5 = 715)
777 x 858 = 666 666 (vi 143 x 6 = 858)
777 x 1001 = 777 777 (vi' 143 x 7 = 1001)
777 x 1144 = 888 888 (vi 143 x 8 = 1144)
777 x 1287 = 999999 (vi 143 x 9 = 1287).

2013 _ 1
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15.

16.

Véi s6 tan cung bing 5, ta c6 5° = 25, 5% = 125, 5% = 625, ..., suy ra

52°'3 tan cung bing 5.

Véi s6 tan cung bing 6, ta c6 6° = 36, 6° = 216, 6‘1 = 1296, ..., suy ra

62°'3 tan cung béng 6.

Riéng déi véi s6 92°'% ta bign déi n6 dé dua vé dang (...1)" nhu sau :

9% = (99)'9% 9 = (81)'"6.9 tan cung biing 1.9 = 9.

Loi binh : Qua cdc vi du trén ta ¢c6 may nhan xét sau day :

a) Tdt cd nhing sé tan cung bing 1, 5, 6 khi nang lén bdt e liy thia
nao (khdc 0) déu tgn cung bdng chinh cdc chi sé dé.
Chéng han : 2015*"'® tan cting biing 5; 3346°'!7 tan cing bing 6.

b) Tt cd nhing sé tan cing béng 9 sé tn cing bing 9 néu sé mi 18
(mhu 9%°* tan ciing bing 9 & trén) va sé gn cung bdang 1 néu s6 ma
chdn, ching han 9" hodc 2029%"" t4an cung bang 1.

c¢) D6i véi nhirng s§ tan cing bang 4, ta c6 :

4°=16; 4°=64; 4"=256; 4°=1024; ..
Suy ra : lay thita cia cdc s6 tgn cang bdng 4 sé tan cing bing 6
néu s6 mi chdn va tgn cung bing 4 néu sé mii 1é.

Chang han : 2014*" tan ciing biing 6; 5554*°°! tan cing bing 4,
Ta c6 thé viat :
a) 66669999 = 6.10" + 6.10° + 6.10° + 6.10" + 9.10° + 9.10% + 9.10" + 9.10".
b) abedef =a.10°+ b.10* + .10’ + d.10% + e.10" + £.10°.

Loi binh : Néu cho s6 P = 44...4, 55..5 1 thi ¢6 thé viét P dudi dang
\'_"ﬂp_/ L—-—-—v_/

nefsd n-le/s 5

liy thua cia 10 nhu thé nao ?

Ta c6 the vigt nhu sau bit dau tit chit s6 1 hang don vi ,
P=110"+5.10 + 510> + ... + 510" +4.10" + 4.10"" + ... + 4.10>"".

Ta nhan thdy rang : 10! = 1.2.3.4.5.6.7.8.9.10

¢6 hai thira s6 5 12 5 va 5.2 = 10 nén tan cing bing s6 thita s 5 tuc la
10 : 5 = 2 chir s6 0 hay 10! = 1200.

S6 100! = 1.2.3...99.100 ¢6 100 : 5 = 20 (thira s& 5) va 100 : 25 = 4
(thira s6 5) nén 100! tan cing bing 24 chit s6 0 (luu y la tlch cua mot
s6 chdn véi mot s¢ 1a bdi cua 5 thi ¢6 tan cung bing 0).

Loi binh : S6 500! c¢6 tan cing bing bao nhiéu chit s6 0 ?

Ta nhan thay réng sd chir s6° 0 tan cing cia 500! bang sé thira s¢ 5
trong 500! = 1.2.3...449.500. Do dé c6 tat ca :

500 : 5 + 500 : 25 + 500 : 125 = 100 + 20 + 4 = 124 (chit s6 0).
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17. a) Talan lugt c6 : 3!
Vi 720! > 100.101...720 > 100%" > 10'2%2, Suy ra s6 da cho c6 khong
tt hon 1243 chif s8, tic 1a c6 trén 1000 chit s0. '

b) Trong 720 sb ¢ :

=6; (3 =6!="720; (3HH! = 720!

144 s6 : 5
28 s0 : 25
586 :125
1 s6 : 625.

Ma s& 720! phan tich ra thira s6 cho 178 chit s§ 5, suy ra so chit s6

0 tan cung cua 720
bing 178 chi 5 0.

e Loi binh:

Ta biét riang 10! = 120

10
nay bing [—5—} = 2, ki

| biing so thira s8 5 trong 720! tuc la tan cung

0 tan cung bing hai ch s6 0, tiic 1a s8 chit s6 0

higu [a] chi phdn nguyén clia a, tifc 1a s6 nguyén

16n nhat khong vugt qua a.

So thira s6 5 trong 720! bing :

22

(L + Eg = 144 +28 +5+ 1 =178,
125 625

do dé s6 da cho tan cung bang 178 chu so 0.

18. Truée tién ta phan tich hidu da cho thanh mot tich nhiéu thira sé nhu
cau: 7 — 7 = 9t — 1) = (b — 1.tt + D" + 1.

Ba thita s6 ddu la tich cia ba s& tu nhién lién ti€p nén luon chia hét

16

cho 3 va hiéu da cho la

mot s§ chin chia hét cho 3.

Néut=5k t1thit—1vat+ 1chia hét cho 5.

Néu t = bk £2 thi t* +
hét cho 5.

1= 95t2 + 20t + 4 + 1 = 5(5t* £ 4t + 1) nén chia

Suy ra hiéu t° — t°) chia hét cho 2.5 = 10.

Hiéu nay cing chia hét cho 3.10 = 30.

o Lo&i binh : Xét thém bai todn sau lién quan dé&n chia hét cho 10 :

"Chitng minh rdng chit s6 tdn cing cia hai s6 ti nhien N va N° la nhu

nhaw.”

Ta thay réing : néu hai s¢ c6 chir sd tan cing nhu nhau thi hidu cia ching

chia hét cho 10. Do dé

ta ching minh hiéu (N® — N) chia hé&t cho 10.

That véy ta ¢6 : N® = N = N(N" - 1) = N.(N + 1).(N - 1).(N? + 1)

ma tich N(N + 1L)(N -
N° — N chia hét cho 5.

1) chia hé&t cho 2 nén chi can ching minh hiéu




19.

20.

Néu N chia hét cho 5 thi diéu dé hién nhién.
Né&u N khoéng chia hét cho 5 thi N = 5k + 1 hoiic N = 5k + 2.
V6iN=5k+1thi N°-1=(5k+1)*-1=25k*+ 10k +1 -1
= 5(5k” + 2k) chia hét cho 5.
V6i N = 5k + 2 thi N* + 1 = 5(5k” + 4k + 1) ciing luén chia hét cho 5.

Ta cd :
'+ 243 4+4%455+6"+ 7P=1+8+27+64+ 125+ 216 + 343
= 784 = 28°.
Vay : M = 28.

Loi binh : Luu y thém :
1*+2°=1+8=9=3* -
1°+2°4+3°=1+8+27=36=6"
17 +2°+3"+4°=1+8+ 27+ 64 =100 = 10*
17+ 2% + 3 + 4% + 5° = 100 + 125 = 225 = 15>
1"+ 2% + 3% + 4% + 5% 6° = 225 + 216 = 441 = 212

......................................

i i
; . ; 151 i
122 % o %= [&2_4-___)_] ‘

Vido: 17 +2° 40420110 = - =(2023066)°.

(2011.2012)2
Trude hét ta nhan xét riing binh phuong ciia moi sd nguyén déu tan
cung bang mot trong cdc chirsd 0, 1, 4, 5, 6 hoac 9.

Ngoai ra, binh phuong ctia moi s6 nguyén hoic 1a bdi cia 4 (néu la.so
chdn), hoac bing boi cia 4'cong thém 1 (néu la s§ 1é). Nhung cdc s6
tan cung bang 11, 55, 66 ho#c 99 khong 1a bdi ciia 4 khi chia cho 4 ¢6
s0 du tuong ing bang 3, 3, 2 va 4, do dé ching khong thé 1a s& chinh
phuong. '

" Nhu vay ta chi con xét trudng hgp cdc sé tan cing biing 44 hoic 444.

Méc du 444 khong la sd chinh phuong, nhung ta lai ¢6 s¢ 1444 = 382,

Do dé ton tai s6 nguyén ma binh phuong ciia né tan cing bing ba chi
s0 gidng nhau.
Lot binh :

. kY T D - a . [ T ~ "
Ta biét rang hiéu 1111 - 22 = 1089 = 33% néu bay gid 1a "c6.mot s6

4c/s 2¢/s C

chédn cdc chir s§ 1 trir di mot nita s chit s6 chan cdc chit s6 2 (tde 1a s6
chit s6 1 gap doi s6 chir s6 2) thi c6 duge két qua la mot sé chinh
phuong khong ?"
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22.

18

Hieu 11...1-22...2 = s0 chinh phuong khong ?
Jn ]an n l'm
Ta hay viét hiéu trén nhu sau :
11..111..1-2(11...1) = 11...1(&;9—11...1

]1 n n n n n

= 11..1(100...0 -1) = 11...1(99...9)

n n n n

- 11..1.9.11..1)=3%2(11...1)2 = (33..3)%, la s6 chinh phuong.
— et et —_— —_—

n 11 n n

Vidu: 11-2=9=3% 111 111 — 222 = 110 889 = 333°.

. Ta’Biét ring moi s6 ncruzrén ho#c ¢6 dang 3k, hoac 3k + 1, hoac 3k — 1.

Do d6& lap- phuoncr cua 110i/s6 nguyén cé dang tuong ung la hoac 27k,
hodc : 27k™ + 27k* % 9k + 1 = 9(3k® + 3k* + k) + 1, tirc la c6 dang hoac

9m, hoac 9m =+ 1.

Ngoai ra'tong cdc lap phuong clia ba so nguyén c6 thé biéu dién dusi
mot trong cdc dang sau: 9n; 9n +1; 9n * 2; I+t

nhung khong thé ¢6 dang 9n + 4, véi n 1a s6 tu nhién. Vi thé ton tai
vo s0 s tu nhién.khdéng thé biéu dién dusi dang téng cua ba lap phuang.
Loi binh : Nam 1909 nha todan hoc Varinh da néu lén gia thuyét : "Moéi
$6. t nhién co thé bw_u, dién dusi dang ciia tong khéng qua 9 lap
phuong ciia cdc so ti nhién.” “

Ta cing c¢6 thé ching minh réing : mdi s6 ty nhién n c6 thé biéu dién
dugi dang tong ctia 5 lap phuong cdc s6 nguyén nhu sau :

Vi n — n® chia hét cho 6 v6i moi n, nén n = n® + 6t, trong d6 t nguyén.
Tudé: n=n"+ ¢+ 1%+ - 1)+ (-t)® + (-t)°.

Ta lan lugt c6 : (-H{-(=2)F) = (-[2]" = (4" = -

Loi binh : Xét thém bai toan sau :

"Voi hai s6 2 va 47, khi nhan vdei nhauw duoe 2 x 47 = 94, khi cong véi
nhau dige 2 + 47 =49, Haj s6 94 va 49 déu c6 hai chi s giong nhau.

Hay tim thém hai s6 ma mgt trong hai s6 do la 2 dé :

a) Khi nhan va khi céng voi nhaw dioc két qud la sé ¢6 ba chit s6
giong nhau (2 dap sé).

b) Khi nhan va khi céng voi nhau duo*c két qud la s6 c6 bon chit so
giong nhaw (2 ddp $6).”




Cach giai nhu sau :
a) Ta ¢6 hai s6 263 va 497 cung véi s 2 ¢6 tinh chat -
263 x 2 = 526 va 263 + 2 = 265 (ba chit s6 giong nhau)
497 x 2 = 994 va 497 + 2 = 499 (ba chu sb giong nhau).
b) Ta c6 hai s6 4997 va 2936 cung véi s6 2 ¢6 tinh chat :
4997 x 2 = 9994 va 4997 + 2 = 4999 (bén chir s& giong nhau)
2063 x 2 = 5926 va 2963 + 2 = 2956 (bén chi s& gidng nhau).

D. BAN CO BIET ?

Thay chiw béng sé |
Hinh 1 la mét tam gide Ion gom 15 tam
gidac nho trong dé c6 ghi cdc chir A, B, C, ...
Hay thay cic chi biing nhing chir sé sao
cho ta dugc cdc hé thue sau -
a) A+B+C+D+E=E+F+G+H+K
| =K+L+M+N+A
b) N+P+Q+F=D+Q+R+1L
=H+R+ P+ B.
.1 Luu y : Mbi chi 1a mot so tir 1 dén 15 va
khdc nhau. Bai todn c6 nhiédu ddp s6.
Giai ddp
Bai todn nay c6 nhiéu ddp s6, chang han :
a) e A+B+C+D+E:15+3+_13+1+8:4O
hozflc:13+1+15+3+8:40;
o E+F+G+H+K:8+6+11+5+10=40
hodc =8 + 4 + 11 + 5 + 12 = 40:
. K+L+M+N+A=10+2+9+4+15:'40
hofie:= 12 # 2 +7.3 8 + 33= 0.
Rorang:A+B+C+D+E =E+F+G+H+K
=K+L+M+N +A =40,
b)e N+P+Q+F=44+7+ 12 + 6 = 29
hodac =6+ 9+ 10 .4 =29
¢ D@+ ReLleisi9 o142 =05
hoz}c:3+10+14+2:'29;
* H+R+P+B=5+14+7+3=29
hoac =5+ 14 + 9+ 1 = 29,
Vz}y:N+P+Q+F=D+Q+R+L:l—I+R+P+B=29.
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A.

§2. CAC HANG DANG THUC
HAD DAN VA DANG NHO

KIFN THUC CAN NAM VUNG

1. Nhan da thice
4) Muon nhan mot don thie véi mot da thic, ta nhan don thuc vél tung
hang tu cua da thuc roi cong cice tich vdi nhau.

b) Muon nhan mot da thice vé1 mot da thue, ta nhan méi hang tu cia da
thie nay vdi ting hang (i cua da thie kia rdi cong cdc tich vé1 nhau.

2. Bay hang dang thite dang nho
A% + 2AB + B°.
1\2 =2 Zr\B - & Bz.

a) Binh phuong cua mot tong : (A + B

]

b) Binh phuong cua mot hi¢u: (A - B)*

¢) Hicu hai binh phuong : A’ - B? = (A + B)JA - B).
d) Lap phuong ciia mot tong : (A + By = A* + 3A”B + 3AB* + B
e) Lap phuong clia mot hieu (A - By’ = A¥ — 3A”B + 3AB” - B,
f) Tong hai lap phuong AY + BY = (A + BXA” - AB + B®).
g) Hic¢u hai lap phuong : AP B =(A-BIA® + AB + B*).
B. CAC BA1 TOAN DIEN HINH
1. Thyc hién phép nhan don thuc :
a) 5xy.(~2x°yb) b) [-—%abzc\](%()u"bx} c) t2ab}L3a b* |t7abc}.
2. Nhan cic don thice sau :
a) (5a°by! b) i(%cbja"’ ]0 ) 3.ab’(pig®)’.
3. Bo dau ngoac :
a) a+|2b+c(—2+3)|—[a~(a#2b)~3cl+2[a+c-b)
b) -[(2x—y) -8y -1} +1{[1-2x-y)+ X +y)— 2] = x+ (y - 3x)|
¢) [m — (mn — 2m)| - 3mn + 2m - (1-[2=(3—-mn-ml.
4. Sip xép cic da thic theo lay thira ting dan roi lam tinh nhan :
a) (3x + 4x% = 2 = 5x*)—x* + 1 + 2x)
b) (' + 1-yly  +1+y)
¢) (z + 2)04z% — 22° — 8z + 2" + 16).
5. Ching minh ring dang thite sau diag véi moi gia tricia X, y, 2 '
(X +y+2)xX*+y +2°—xy-—yz—2x)= Xy s 2’ - 3xyz. "
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6. Thay dau * biing s6 hoac biéu thitc thich hgp dé ¢é dang thiic ding :

a) (;5; _ ;;;J'.! = nlz — 8mn + # b) 2.5 :E:J‘-’. = # 4 —p+ i.
3 9

7. Tim gid tri cua an t biét :
a) (5t + 1)* - (5t + 3)(5t — 3) = 30
b) 3(t + 2)* + (2t — 1)* — 7(t + 3)(t - 3) = 36.

8. a) Tinh tong va hi¢u (A + B)* £ (A - B)*. Cho vi du.
b) Tinh binh phuong cua da thic (A + B + C)%. Cho vi du.

9. Tinh :

a) (x-3)" - (x + 3)° by ta-b-e)f-(a-Db+c)
c) m-y-z)'—m+y—z)

10. Chung minh ring :
a) 8" + 2'" chia hét cho 17 b) 69° — 69.5 chia hét cho 32
¢) 79 + 79.11 chia hét cho 30.

11. Tinh :

i 84,5 — 59 52 by " BT = 15°
Bl = 117 972 ~ 562 1+ 153.31
3 3

gy oL 1;9"“ ~ 67.52

12. Chimg minh rang cdc biéu thice sau la duang hoae khong am véi moi
gia tri cua cde chir :
g ) ) - . i ] ]
a) mp —mp+ 1 : « bLy —dxy+dx* +dx — 2y + 7
c) t*—2t +2v¥ + 8v + 9.

C. CACH GIAl VA LOI BINH
1. a) 5xy.(-2x’yb) = -10x"y’b
" - Iy ’ 53
b) (—-—ab“c]{HQOR'ibx) = 16a"b" ex
\ 5 :
o4 5 ) ; 5 &
c) (2a‘b'}i —r-u'b" i(Tabe) = 0—6 a’bc.
o Loi 'bé';‘z'h'j': "Thue hién phép nhan sau :
d) 2x.(—4xy).(8x%y")
e) 5.‘_1; --:I(-‘_lf‘l--] 3 ‘}’uhi) . _}"'“';(5.‘:” 3 ¥ 'J'.'J .3)
p 42" _ ghig? _ 1) | -

Cich lani nhii sag'
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d) 2.(-4).8.x.x.xy.y" = —64x'y"

eI\ & 1) LN D M+D mon-h N+ M-H
e) OX X+ OX LY =¥y .0X Y sy —
- 5xn-fu1n'.'n + 5xn—.’;yn+.‘; . 5)\,11- .‘lynf.'r _ }’:u.'nn—f) it 5x‘,£n . y'_fn

£ (4.2 8"+ 8" =8"-8"+8"=8"

P T L e B A by 12
a) (Ba " = Bla™ b = 625a’b

L o wllt PO o wem e B o
b) l—clfa" [ ={=1 cIp*3a®d = = ¢'bal”
: L2 I \2) 8

c) 8.{211)"'13.(.;)”(1"’)' =Bl e g™ = 8a' e o

Loi binh : Tinh them lay thia cia mot don thic :

d) (24°0° ) e) [(ca.a®)abef p [0,1ab*c).a’}.

Ta c¢6 cach giai sau :

di 28 %™

e) (ctec.a’ab)? = ¢".bia"

f) (—1—_1121)"02:13 \53 = —La';—’b“c“.
{10 ) 10°

Bé diu () trude. sau d6 dén bo dau [ |, rdi dau i |, ta c6 :

a)a+(2b+cl-la—a+2b—3c|l+2a+2c-2b
—a+2b+c-2b+3c+2a+2c-2b=3a-2b +6¢

b) —[2x —y—-3y-1]+{I1-2x+y +x +y—-2l-x+y-3xl

.:—2x+4y+1+{—1rx+2y—4x+y} -

= O%4 4y 4 1 =1~ 5x # By =~Tx+ Ty = Uy ~X)

¢) lm=-mn+2m|-3mn +2m-{1-[2-3 +nmn + ml)
=3m—-mn-3mn + 2m- {1+ 1- mn-mj
= 5m — 4mn — 2 + mn + m = 6m - 3mn - 2.

Loi binh : Bo thém cde ddu ngodc :

d) 20 - [126 - 3¢) —d] + a—[2b (¢ —d)] + a +[2b-(c+ 2d)]

) 1=Jom—1)=tm+2/]-8m+ {5m - [2m - (3m - 4)/}.

T e

di 2a - [2b-3c—-di+a-[2b—c+d|l +a+ [2b — ¢ — 2d]
=9 -2b+3c+d+a-2b+e—-d+a+2b-c~-2d
=da—-2b+ 3c-2d

e) 1=|m=1-—m-=2|-3m + {dm - [2m - 3m + 4]}
=1+3-=3m+{dm+ m— 4]

4 —-3m+6ni— 4 =3m.
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4. Sau khi sdp xép theo liy thira tang dan ta c6 :

a) -2+ 3x + 4x°- 5x%°

b e
7l

1+ 2x = =x
-2 + 3x + 4x°- 5x°
- 4x + 6x°+ 8x*- 10x"
+ 2x°— 3x*- 4x'+ 5x°
-2- x + 12x° - 14x" + 5x°

b) (1-y+yX1l+y+ y?). Pat tinh :

1 -y + ¥y
La ¥y &y

=y &y
_y2+y3

2

1 - ¥ + ¥

+ y"
c) (2 + 2)(16 - 8z + 4z — 22" + z'). Pat tinh 1

16 — 8z + 4z% - 27% 4+ 7

1 + y

b
2 + z

32- 16z + 82%— 4z%+ 271
16z — 8z° + 423 - 27' 4+ 7°
32 ; + z°
e Loi binh :

1. Ta cing c6 thé sdp xép da thic theo luy thita gidm dan, chdng han
v61 cau a), ta ¢6 :

(=5x" + 4x%* + 3x — 2)(-x* + 2x + 1),
Thuc hign phép nhan ta cing duge két qua la : -
5x" - 14 » 1957 = .
D6i véi cau b) va c) ciang vay.
2. Ta lam thém bai tap sau la mét dang khdc vé tinh nhan da thue
"Sap xép da thiic theo bién chinh réi lam tinh nhan - |
@) (x" = 2y" — xy*iy" - 2% + 3
b) (z— ) + 2% + 2t + 2 + 2t%)."
Truée hét ta c6 thé chon x lam bién chinh trong cau a va chon z lam

bién chinh trong cau b, ta ¢6 :
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a) Ta sép xép hai da thie theo liy thira gidm dan cia x

2 x} - xy* - 2y”
3x* - 2%y + ¥
3" _ 3x'y? - 6x'y’
_ 2x%y + 2x%y* + ax?y’!
Ky _ oxyt- 2y°

3x° - oxly — 3x'y? - 3x’y’ + axy' - xy’ - 2y°.
b) Ta sép xép hai da thic theo lay thira giam dan cua z :
A +2% + 22 4 2t? 4 o
£ ~ %

X

5 3.2 p
uf ezt + o e 223 + zt!
't~ 2 - at! =t

L _ ¢

Nhu vay tich la 21
5. Ta bit dau bién doi v€ trai néu cé k&t qua giong nhu ¢ vé& phai thi
ddng thuc da cho dung véi moi gia tri cia x, y, 2
V& trai biing : x° + xy® + x2° _ x%y - xyz — z2X° +xy+y +yz? — xy’ -
— vz - xyz + X2 + 2y +2° - xyz — yz* — 2%k
= »* +y? +.2° - 3xyz.
Vé trdi ding bing vé phai, vay déng thic da cho ding vGi moi gid tri
cia X, Y; Z : | ,
o Loibinh : Tu‘dng tu, “chung minh ddng thitc sau diing voi mot gid tri
ciiaa, b:  (d’ -—a"b+ab3-ab + b Na+b)=d + b
Thuc hién phép nhan ta c6 G vé trai :
2 — a'b + a’b? — a?b® + ab® + a'b — a’b® + a’b’ - ab? + b°
= a" + b®, ding biing v&€ phai.
6. a) Xét vé& phdi cia déng thic da cho:

m’ — 8mn +° (m)‘ — 2(m).(4n) + *
c6 dang A? — 2AB + B? = (A B)*-Tu do suy ra A =m, B = 4n, tic
latacé: (m— 4n)? = m? - 8nm + 160~ '

o 2. 1i 1; (1)
b) Xétvé hdi.: * + —pi+—= #L2p—+|—
) phai B_P_ 9. P2 (3]

c6 dang A” + 2AB + B* = (A +B). TudéosuyraA=p,B= % tic la ta

A

'cé‘.(+1'-~2+2"+1“l‘
L Bt SR 3Py
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o Loi binh :
1. Tuong tyu, hay dién vao ddu * :

2 a2, - 1 ., 1 "
¢) * =8It = (t + *)t -7) d) 36k — % = ('-"+ ——pJ(‘-‘" ——'-p].

Dua vao hing ding thic A* - B* = (A + B)A - B) ta suy ra :
¢) A=t, B®=81t" = (9tY) nén B = 9t*. Vay ta ¢6 :
t* — 81t' = t* - (9t7)* = (t + 9t*)(t - 9t?).

Y Y . 1 X ,
d) A” = 36k” = (6k)" nén A =6k, B = Ep. Vay ta co

3
36k" -.‘ %pz = (6k)* - (é—p} = (Gk + %p}[ﬁk ~ -;-‘—pj
2. Tinh biéu thiie sau bang edch nhanh nhdt :
@) (1 +8 +6° + 4 +2) - (F+7+5+3 + 1P
b) 2012° - 2011(2012 + 1).
Cdch giai nhu sau :
a) Biéu thie da cho cé thé viét :
(107 - 9%) + (8% = T%) + (6" — 5°) + (4* = 3%) + (2* - 1%)
hay 10+9+8+7+6+5+4+3+2+1
| | (Vi 10% — 9% = (10 + 9%10 — 9)= (10 + 9).1, v.v...)
(10+ 1) +(9+2) +(8+3) + (7+4) + (6 +5)
= 11 +11 +11 +11 +11=11.5 = 55,
b) Thay 2011 = 2012 — 1 dé xudt hién (2012 - 1)(2012 + 1) :
2012° - (2012 - 1X2012 + 1) = 2012% - (20127 — 1%)
= 2012% - 20122 +1 = 1.
7. Ap dung cdc hang ding thic (A + B)* dé cuéi cung duge dang at + b = 0,
tir dé c6 duge gia tri cia t. Ta cé6 :
a) 25t* + 10t + 1 — (25t7 — 9) = 30, hay 25t% + 10t + 1 — 25t% + 9 = 30.
Tu dé 10t + 10 = 30.
Ay 10t =20 va t = 2.
b) 3(t? + 4t + 4) + (4t* — 4t + 1) — 7(t¥ - 9) = 36, hay
3t° + 12t + 12+ 4t - 4t + 1 - 7t* + 63 = 36; 8t + 76 = 36:
Viy 8t'= 36 — 76 = -40 va t = -5.

* Loi binlv: Tuong tu: "Khi nao thi cde bidu thiic sawbdang 0 :
¢) 27 + (m ~3xum” + 3m + 9) :

d) (m— 1) = (n + 2)n° -~ 2+ 4) + 3t + 4 m - 4)2 .- -




Trude hét ta rut gon cdce bicu thie da cho. Ta ¢6 :
¢ @) o7 %’ - 5% = 0 e =0 = m
Gid tri m” = 0 khi m = 0. |
d) m® — 3m® + 3m - 1 - (m" + 8) + 3(m* - 16)

-mP-3m*+3m—-1-m’— 8+ 3m? - 48 = 3m - 57.

Gia tri 3m - 57 = 0 khi m = -5?7 = 19

8. 1. Taco:
al (A4 BY & A —B)*= A% + 2AB + B2 + (A% - 2AB + B?)
= 2(A* + BY) (1)
Vidu: (dmn”+ 3p) + (4mn* — 3p)* = 2(16m>n" + 9p?). .
b) (A + B’ — (A — B)* = A” + 2AB + B? — (A” - 2AB + B%) = 4AB (2)
Vidu: .(5¢% + 7d)° = (5¢* - 7d)* = 4.5¢%.7d = 140c*d.
Luu y : Hai hiing dang thic (1) va (2) gidp ta tinh nhanh két qua cdc
phép tinh.
2. Taviet (A+B+Cl=(M+Cy’véiM=A+B,tacé:
(M + C)=M?+ 2MC + C* = (A + By + 2(A + B)C + C*
= A* + B* + C* + 2AB + 2AC + 2BC.
Vay ta ¢6 thém cong thitc cho binh phuong cia mdt da thic sau :
(A+B+C)F =A%+ B®+ C?+ 2AB + 2AC + 2BC.
Vi du :
a) (Zb + 3¢ + 4d)* = 4b* + 9¢” + 16d* + 2.2b.3¢c + 2.2b.4d + 2.3c.4d f
= 4b* + 9¢® + 16d* + 12bc + 16bd + 24cd. '
b) (5m - 6n — p)’ = 25m” + 36n° + p° — 2.5m.6n — 2.5mp + 2.6np

= 26m” + 36n* + p® — 60mn — 10mp + 12np.

e Loi binh : Xét thém hai vi du sau :

1. Tinh hiéu (a + 2b — ¢)* — (a = 20 + ¢)*.

2. Tim cdc so a, b, ¢, d biét rang :

(2 +az+ b =2"+ ¢z’ +d* -8z + 4.
Cach giai nhu sau :
1. Hiéu da cho ¢6 thé viét :
a® 4 4b* ¢ ¢* + 4dab— 2ac — 4be — (a* +4b* + ¢ 4éb + 2ac — 4bce)

= 8ab — 4ac = 4a(2b - ¢). ' ' |

2. V& trdi c6 thé viet :

(z2 + az + b)* = z* + 2az” + (a° + 2b)z® + 2abz + b2,
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9.

10.

Do vé trdi bing vé& phai nén cde hé s6 cla cdc Iy thira cing bae
cua z phai bing nhau, tic la :

28 =

la®2 +2b =d

2ab = -8

b* = 4.

Tir dang thice cudi tré lén ta 6 ngay :
- Néub=2 thia=-2, d=8, c¢=-4.
- Néub=-2thia=2 d=0, c-=4.
Ap dung cdc hing dang thic (A” — B?), (A% - B’) ta ¢6 :
a) (X =3/ = (x+3)" =[x -3 - (x+3)(x -3+ (x - 3)x + 3) + (x + 3)°|
=(6).[x* = 6x + 9+ x* = 9 + x* + 6x + 9]
= (-6).[3x* + 9] = -18x” - 54,
b)lta-b-c)+(a-b+e)lta-b-c)—(a=b +c)]
= (2a — 2b)(-2¢) = 4be — 4ac = (b — a),
c) (m—y-— z-—(m+y-2z)m-y-z) +(m-y-— z\m+y—z)+(m+y- z)
= (=2y)m* + y* + z2° - 2my - 2mz + 2yz + m* + my — mz —

~my -y’ +yz-mz-yz+z-+m?+ ¥y + 2% + 2my — 2mz — 2yz|

1"

12myz — 6m’y — 6yz* — 2y".
Lot binh : Tuong tu, "Tinh thém -
d) (1 +x+ )1 -x)1+x)1-x+x2)
e) (2m - p)dm® + p*)2m + p) + p'.”
Ta c6 thé viét :
a) (L4 X)L =x+xWL =)L +x+x)=(1+x)1 = x%) = 1— x°
b) (2m - p)2m + p)4m?® + p) +p' = (m? - p*)(4m? + p?] & p’
= 16m" - p* + p* = 16m".
Ta lan lugt c6 :
a) 8 +2" =@ +2"=2" 49"
= 22" + 1) - 2''.17, luén chia hét cho 17.
b) 69% - 69.5 = 69(69 — 5) = 69.64, chia hét cho 32.
¢) 79% + 79.11 = 79(79 + 11) = 79.90, chia hét cho 30.
LoL binh : Tuong ty, "Ching minh tiép -
d) 8" - 2 chia hét cho 14.
e) 41"+ 19" chia hét cho 20."

27



Ta c6 thé viét :
dy 8 <20 = (27 =g = 2% gl
= 2'(2"' — 2) = 2'7(16 - 2), chia hét cho 14.
e) 417 + 19 = (41 + 19)(41% - 41.19 + 19%)
= 60.(41° — 41.19 + 19%), chia hét cho 20.
84,5” - 59,57  (84,5+59,5)(84.5-595) 14425 2

1]-- a) = = - - = 1.
| 61° - 11° (61+11)(61-11) 72.50 2
i 872 - 152 (87 +15)(87 - 15)
972 _ 56 + 153.31 (97 + 56)(97 - 56) + 153.31
102.72 102.72 102 2
| " 153.41+153.31 153, (41+31) 153 3
=3 o3 FovaT2 9 L £02
53 67° + 52 _ 6752 = (67 + 52)67 67.02+02 ) 6759
119 119
119

12.

28

Loi binh : Tuong tu, "Tinh tiép -

: 22 _ iy2 F . and
g -2 -1 L 2O swas

(36,5)° -(27,5)° 180
P 2115.2008 - 2116.2007. '
Ta cé thé viét : '
(43-11)043+11) 3254
(36,5 - 27,5)(36,5 + 27.5)  9.64

: 2 _gra 2 30.(97% - 97.83 + 832
o OT+8IOT" 0788+ 88 o, o 1804970 0783483 .
180 150
97° - 2:97.83 + 83*

(97 - 83)° = 14% = 196

i

f) 2115(2007 + 1) - (2115 + 1).2007
= 2115.2007 + 2115 - 2115.2007 - 2007 = 2115 - 2007 = 108,

Trude hét phai van dung cdc hing diang thic de viét biéu thic dudi

dang hing ding thic cong thém mot s6. Ta 6 :

a) m°p* — mp + 1 = (mp)* — 2 'mp- L.

< g = - el + — -
& o 2 4 4

- 1} 3 o
= mp=—4f +— >0 vdi moi m, p.
2 4

\

F(G"’ — 2.67.52 + 52°) = (67 — 52)* = 152 = 295.




b) y'“’—clxy+4x3+4x—2y+7=(2x—y)2+2.(2x—y)+1 +6
_ =(2x-y+1)°+ 6 >0 véi moi X, y.
| ¢) t°— 2 +2v:+8v+9:t2~2t+1+2{v3+4v+4)
=(t =1+ 2v + 2)* > 0 v6i moi t, v
(dang thdc chi xdy ra khit = 1, v = -2),

o Loy binh : "Chiing minh tuong ty rang hai biéu thie sau lg khong am
vot mot gid tri cia cde ehir -

d) (@ = ab + b*) + (@ + ab + b*)
e) 3%+ 19y% + 627 - 8xy — dvz + 12yz2."
Ta ¢6 theé viét :
d) [(@® - ab + b*) + (a® + ab + b)) [ia? - ab «+ BV —ifa® —ab + b?) x
x (a® + ab + b + (a% + ab + b*)?]
= 2(a* + b*)(a* + b*)? - 2abla? + b?) + ab? (a® + b%)? + a%b? +
+ (@’ + b%)* + 2ab(a® + b%) + a’b?|
= 2(a” + bY)(a® + b*)? + 3a%?%| > 0 vgi moi a, b
(dang thie chi xay rakhia=0. b = 0).
e) X 204y + 2z)x + (4y + 22)° + 3y*— dyz + 2z*
=(Xx -4y — 2z)° + 2(y* — 2yz + 2%) + y*
=(x -4y - 22)° + 2(y = 2)* + y* > 0 véi ol sy, z

(dang thie chi xay ra khi x = 0, y=0,z=0).

D. BAN CO BIET ?
1. Hiéu hai liuy thica bdace n
Ta da biet A® - B* = (A + B)XA - B)
A" - B = (A - BXA? + AB + B%)
Mot cdch tong quit (véi n le)
A" = B" = (A~ BIA"' + A2 B 4 ... + AB"2 4 B*l)
Vidu : x'- yi=(x - yux® + x%y + x'y? + Xy %y .4 xy” + y")
' ludn chia hét cho x - y.
A" — B" (v6i n 18) ludn chia hét cho A — B, vidu :
x*'* — y*"1% 1uén chia hét cho x — y.
2. Dinh li Bo-du
Khi chia da thicc Acx) cho nhi thie x — a ta dtfgc $0 du (da thite du) la

mot hing s6 bing gid tri Ala) cia A(x) khi x = a.
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Vi du 1 :Tim s du khi chia da thic A(x) = g8 Uy 22020 eho X~ 1,

Theo dinh li Bodu ta ¢6 ngay so du la :

A1) = 1% 4+ 129 4 17 = 3,
Vi dy 2 : Tim s6 du khi chia da thie Aly) = y" ~ p" cho nhi thie y — p.
Ta ¢6 ngay so du dé la -

Ap)=p"-p"=0

Didu nay ching té rang da thie y" — p" chia hét choy — p. Chang han

2] 0 b 0
'_.l.ll-m = 20D

p*""” chia hét choy — p.

Nhu vay tu dinh i Bodu suy ra :

A(x) P (x — a) < ala nghiém cua A(x)

Vi du 3 : Khong lam phép chia hay tim sé du khi chia da thuec
Alt) = 3t — 2t + 5t* — t + 2 cho nhi thict - 2.
Theo dinh li Bodu ta ¢6 ngay s6 du dé la :
T AR) = 32'-22°+52°-2+2
= 48 — 16 + 20 = &2.




§3. TU PHAN TICH DA IHUC RA THUA $©

PEN DHED CHIA DA THUC

A. KIEN THUC CAN NAM VONG

1.

a)

b)

b)

c)

Phan tich da thite thanh nhéan tir

Pian tich da thie thanh nhan to (thua s8) 1a bién déi da thae dé
thanh mot tich cua nhitng da thie.

Cé ba phuong phdp co béin la :

Phuong phap dat nhan ti chung.

Phuong phdp dung hing ding thue.

Phuong phdap nhém hang tu.

Ngoai ra con ¢6 thé phéi hgp nhiéu phuong phap. .

Chia da thic

Muén chia don thite A cho don thie B (truong hop A chia hét cho B), ta
lam nhu sau :

Chia hé s6 ctua don thic A cho hé s6 cia don thic B.

Chia luy thia cia timg bién trong A cho lay thira cia cung bién trong B.
Nhan cdc két qua vira tim duge véi nhau.

Muén chia da thic A cho don thie B (trudng hop cdc hang tu cua A

déu chia hét cho B), ta chia mdi hang tir cia A cho B rdi cong cdc két
qua vdi nhau.

Muén chia da thiec mot bién da sdp xép, ta bdt diu chia hang tu bac
cao nhat cia da thite bi chia cho hang tir bac cao nhat cia da thie chia
dé tim sé du tha nhat. Lai tiép tuc chia hang ti bac cao nhat cia s§ du
thi nhat cho hang tir bac cao nhat cia da thie chia, v.v... sé tim dugc
du cudi cung.

Néu du bing 0 thi ta c6 phep chia hét. Néu du khde 0 thi ta c6 phép

~ chia ¢6 du.

B. CAC BAI TOAN DIEN HINH

1.

Phéan tich cdc da thie sau thanh nhan tu bang phuong phdp diat nhan
tu chung :

a) m*—n*4+ m®-n’ b) x> + x* +x+ 1

c) Sy(y — 1)+ 8(1 - y) d) 4ala - b) + 7(b - a)’.

Phan tich thanh nhan t bing phuong phdp dung hing ding thie :
a) p'q’ + 4p*q® - 4pq.pq + 4 b) t¥ -1
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10.

11.

32

: y : : |
c) y' + 8y - 4y — 8y° d) 16m’n + an“.

Phan tich thanh nhan ti bang phuong phap nhém hang tu :
a)mn+1l+m+n b)py-py+qy-qy+p+q
c)->.:”+>-{3t—xt2~t3 d)u+2uv+v—2u_—2v+1,

Ching minh cdc hang ding thic sau :

2 ) 2 2 2 2
a) m°n + mn” + m’p + mp” +n°p+np+ 2mnp = (m + n)(n + p)p +m)

b) (o= = (1 —d) + &1 - ¢) =le—dX1 = eX1 — dil + e+ d).
a) Phan tich biéu thic sau ra 3 nhan tu :
n! — 6n® + 27n° - 54n + 32
r6i ching minh biéu thic ludn la s6 chdn véi moi n nguyeén.
b) Phan tich biéu thiic sau ra 4 nhan tu :
- 2a°b” + 2b%c? + 2a%c’ —a' - b' -

roi ching mmh néu a, b, ¢ la ba canh cua tam gidc thi biéu thuc

trén luon duong.
Phan tich thanh nhan tit bing phuong phap tach hang tu :
a) p°—4p + 3 |
b) mn(m + n) + np(n + p) + pm(p - m) + 2mnp.

Phan tich thanh nhan tu bing phuong phap thém va b6t cung mot sd

hoidc cung mot don thue :

a) 4p” —dp - 15 : b) m* - 2m - 3.

Phan tich thanh nhan tu biéu thiec A = (a — 1)(a- 3)a - 4)a - G)+9
va ching minh rang :

a) A =0 véimoi a

b) A la s6 chinh phuong vé1i moi a nguyén.

Chang minh riang :

a) 68% + 136.32 + 32° = 10000 by 41.9' - (36% + 1%36° - 1= 1.
Sdp xép “edc da thidc sau theo liy thira giam dan cua cdc bién roi lam
phép chia :

ay ot & 9 — 1 =M s (¢ #1~2%)

b) (3y" + 9y - 8y’ —7*10y) (1 - 2y + 3y*)

e) (122° + 102° +22 +32%-62°-82'-1): (- 3z — 1+ 2z + 2" + 42°)
d) (27t" - 8): (9t‘ + 6t + 4).

Dung hang dang thic dé lam cdc phép chia sau :

a) (@' +8a°+16): (4 + %) b) (64x°y* - 49x"'y?) : (8xy + 7x°y)
¢) (125 — 8t%) : (25 + 10t + 4t%).




12. Tinh hing sé p sao cho :

a) Pa thic 8x* + 28x + p chia hét cho da thite 2x + 5.

b) Pa thic y* — 13y + p chia hét cho da thuc y® + 4y + 3.
13. Ching minh réng :

a) Pa thic p® - p* + p-1 chia hét cho nhj thiec p = ],

b) .Pa thic t* — tv + v? khong c6-gid tri Am véi moi t, v.

'C. CACH GIAI VA LOI BINH
"1. a) Tacé: m*—nZ+ m® — n®
= (m + n)(m - n) + (m — n)(m? + mn + n?
=(m - n)in + n + m?> + mn + n?
b) x* + X+ x+1=x%x+ 1)+ (x+ D=+ D+1)
¢} Doi ddu hang td (1 - y) thanh (y — 1) :
| 5y(y - 1) ='8(y — 1) = (y — 1)(5y — 8).
d) Viét lai hang tir 7(b — a)® = 7(a — b)* :
4a(a — b) + 7(a — b)* = (a — b)(4a + 7a — Tb)
=(a- b)(11la - 7b).
e Loi binh : Tuong tu, "Phan tich thanh nhan tiz -
e) 8m + m’ - 8m? - 4n® .f) Pty g
@) s dof dp— 1.7
Ta c¢6 thé viét :
e) m(m’ - 4m* - 8m + 8) =m[(m® + 8) — (4m? + 8m)]
= m[(m + 2)(n* - 2m + 4) - 4m(m + 2)]
=m(m + 2)(m* - 2m + 4 — 4m) |
=m@m + 2)(m® - 6m + 4)
D'+t + - 1=+ )+ (- D=t + 1)+t + 1)t = 1)
‘ SE+r D+ t-1)
g) (V-1 -vi—4v) =(v- 1)V + v+ 1) - dv(v — 1)
=(v-1D*+v+1-4yv)=(v- 1)v?-3v + 1).
Liuw y : Ta c6 thé giai hai cau trén bang cdch khde nhu sau :
e) (m" + 8m) — (4m° + 8m?) = m(m® + 8) — 41112(111_ + 2)
=m(m +.2)m” - 2m + 4) — 4m%m + 2) -
= (m + 2)[m(m® - 2m +4) — 4m?]
=m(m + 2)(m? - 2m + 4 - 4m)

= m(m + 2)(m? - 6m + 4)
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ﬂ(tﬂ1)+(t3+t“)-[(t) ]+t2(t+l)—(t2+1)(t2—1)+t2(t+1)
(t“+1)(t+1)(t—1)+t(t+1)
-(t+1)(t—t"+t—1+t)_(t+1)(t +t~1)
) (p'q" + 4pq® + 4) - 4p°0> = (p°q" + 2)° - 2pq)® (dang A* - BY)
=(p2q2+2pq+2)(p2q'—2pq+2)

By = 1 =l = T (B NG ~ 1) = '+ D+ D' - 1)

=6 # 1)(t. + D+ DE-1)
) y' - 4y® - 8y* + 8y = y(y? - 4y’ 2 _ 8y +8) = yl(y’ + 8) — (4y* + 8y)]
' = yly + 2)(y° — 2y + 4) - 4y(y + 2)]
= y(y + 2)y° — 6y + 4)

d) 16m°n + %np‘r3 —1-—11(64111 +p*) —211[(4111) +p7]

,;:.

111(4111 + p)(lﬁm — 4mp + pY):

..;;

Loi binh : Tuong ty, "Phan tich thanh nhan ti :
e) at’ —at+ b —bt+a+b P mn(d® + b2 + ab(m? + n®)
g) (& +d® +cd)f - Zd? - d%é® — *t."
Ta c6 thé viét : _
e) (at? + bt®) — (at + bt) + (a + b) =tXa+b)-tla+b)+(a+Db)
=(a+b)t®-t+1)
f) mna® + mnb? + abm?® + abn? = (mna® + m’ab) + (mnb? + n°ab)
— ma(na + mb) + nb(mb + na)
= (mb + na)(ma + nb)
g) [(c® + d® + cd)” - (cd)’] — e¥(c® + d*)
= (c? +d? + cd + cd)(c? +d%+ cd — cd) — €*(c? + d%)
= (c? + d? + 2cd)(c? N (o +dY) =+ e +d) - e’
= +d)c+d+e)c+d-e) ‘
a) Nhém s& hang thit nhat véi thi ba, s6 hang thd hai véi thi tu :

mn+m+ 1+n=mMmn+ D+m+1)=0+ 1+ 1).

b) Nhém soé hang thu nhat véi thi ba, s8 hang thi hai véi thit tu va

hai s6 hang cudi véi nhau :
(py® + qy) - (py + ay) + (P + @) =y P+ @) - yp+ @)+ (p+q)
=(p+y’—y+1)
¢) Nhém hai s6 hang dAu v6i nhau, hai sd hang cudi véi nhau :
o3 + x%t) — G2 4ty = x(x+t)—t(x+t)_(x+t)(x =1
=(x+t)(x+t)(x—-t):(x+t) (x — t)
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d) Nhém ba s6 hang dau véi nhau, hai sé ha:mg thi tu va thd nam véi
nhau : -
W+2uv+v)-2u+v)+1 =(u+v)?:-2u+v)+1
=u+v- 1)%
o Loi binh : Tuong tu, "phan tich thém :
e) mx’—nx’+ nx—mx+m-n
D (ay + bx) + (ax — by)? — (x* + y*)
&)t 2% -6t -9
Ta c6 thé nhém cédc sé hang nhu sau :
e) Nhém hai s6 hang dau véi nhau, hai s6 hang giita véi nhau, hai s6
hang cudi véi nhau :
(mx* — nx% - (nx — nx) + (m — n)
= x*(m — n) = x(m — n) + (m — n) & (m-n)x*-x+1)
f) Thuc hién phép tinh d6i véi hai s6 hang dau :
a’y” + b*x* + 2abxy + a’” + b%y* — 2abxy — cX(x? + y%)
=a’x" + 2%y + bx® + b%y® - %6 + ¥
=a’ + YY)+ P+ ) - P+ Y = (2% + y*)a? + b - %
g) Nhém s6 hang dau vé6i s¢ hang cudi, hai s6 hang giita véi nhau :
(t' — 9) + (2t° - 6t) = (t2 + 3)(t2 - 3) + 2t(t2 — 3)
= (t* - 3)(t% + 2t + 3).
4. a) Bién doi vé trai bing cdch nhém sé hang thd nhat va tha hai, tha
tu va thit sdu va cac s6 hang con lai v6i nhau, rdi dit nhan tir chung :
(m*n + mn?) + (m%p + 2mnp + n’p) + (mp? + np?) -
= mn(m + n) + p(m* + 2mn + n? + p’(m + n)
= mn(m + n) + p(m + n)* + p2(1n + 1)
= (m + n)(mn + mp + np + p?)
= (m + n)[(mn + mp) + (np + p“)| = (m + n)[mn + p) + p(n + p)]
=(m + n)(n + p)(p + m), ding bing vé& phai.
b) Viét s6 hang giita nhu sau : X1 -d) = ¢*[(c - d) + (1 - c)], ta sé duge
(c-d)=-c’llc—d) + (1 —¢)] + d*(1 = ¢)
=le=d) —c¥e ~d) -1 -2) + P®1— @)
=(c—dl1-¢”)+(1-c)-c®%d?
=(c—d)1-c)1l+c+c*)=(1-c)c—d)c® +cd + d2)
=(c—d)1-c)l+c+c®—c’—cd-d?
=(c—d)1-o)(1-d*) + (c - cd)
=(c—-d)A-0)(1-d) +d) +c(1 =d)]
=(c—dX1 - c)1-d)1 + ¢ + d), ding bing v& phai.
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o Loi binh : Tuong tu, "Chiung minh cdc hdng ddng thic sau .

91}

. a) Ta c6 thé viéet :

o) (2 +yP -+ )+ 3y x + y) = (2xy)’

d) P62 = 72 = 36x = (x = 3)(x — 2)x(x + D(x + 2)(x + 3).”

Ta lam nhu sau :

¢) Khai trién vé trdi dugc :

%+ y® + 2x%y° — [x% + 3x"y® + 3x°y" + 0] + 3x%yA(x* + 2xy + y%)

£+ y® 4 2xdy’ - x® - 3x'y? - 3x%y - y¥ 4 3xty? + 6x%y° + 3x7y"! |

o i %6 — y5 — 3x’1y2 + 3x'y? — 3x2y! + 3x%y! + 2x3y3 + 6x%y° |
= 8x%"® = (2xy)®, diing bang vé phai.
d) Pat x lam nhan ti chung dé c¢6 hiéu hai binh phuong :
x[x4x% — 7)% - 36] = x(x° — 14x" + 49x* - 36)
= x(x% - 9x* — Bx' + 45x% + 4x° — 36)_
- XX = 9) — 5x3(xE — 9) + 40<* - 9)]
- x(x - 9 - x2— 4x + 4) = x(x* - XX’ - 1) - 4(x* - D)
= x(x} - 9 - 1)(x* - 4)
= xX(x +3)x - 3)x + D(x - I)x + 2)x - 2)
= (X = 3)Ux —2)x — L)x(x + 1)(x + 2)(x + 3).

3 22 5 o 3 ; ] .. 3 3 9 : 5
Dua vao két qua nay, hday ching minh biéu thiee n’n® — 7 — 36n luon
chia hét cho 7 véi moi s6 nguyén n.

Theo k&t qua trén thi néu x la s6 nguyén n thi ta da phan tich dugc
thanh 7 s6 nguyén lién tiép, do dé chia hét cho 7. That vay :

n’m’ - 7)* - 36n = (n — 3)(n - 2)(n — Ln(n + 1)n + 2)(n + 3). '
Moi s§ nguyén n déu c6 thé viét dudi dang n = 7q + r, trong dé q la so
nguyén nao dé con r = 0, +1, $2. 3. _
N&u r = 0 thi n chia hét cho 7, do dé biéu thiic chia hét cho 7.
Né&u r = 1 (hodc —1) thi n — 1 (hoac n + 1) chia hét cho 7 nén biéu thue
chia hét cho 7.
Néur = 2 (hoic -2) thi n — 2 (hodc n + 2) chia hét cho 7.
Né&ur = 3 (hoac -3) thi n — 3 (hodc n + 3) chia hét cho 7..

Vay véi moi n nguyén biéu thitc da cho luén chia hét cho 7.

nt— n% - 5nt+ B’ + 291" - 221 — 32n + 80
= (n-1) nd— 5n? + 22n - 32)
= = 1in'= on—3n°+6n+ 16n —-32)=(n— 1)(11 — 2)n% - 3n + 16).

Vi (n - 1)n — 2) la tich hai s6 nguyén lién tiép nén né chia hét cho 2,
do d6 (1 — 1)(n — 2)(n* — 3n + 16) chia hét cho 2 v6i moi n nguyeén,
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diéu nay c6 nghia la bidu thic da cho ludn la s6 chdn véi moi n
nguyén. '
b) Ta c6 thé viét :
4a’b” - (a* + 2a%® + b") + 2b%? + 2a%? —
= 4a’b?* - (a® + b)? & Zeta® + b ¢l = (2ab)* - (a® + b? - c2)2
= (2ab - a” - b* + ¢*)(2ab + a% + b? — ¢?)
= [¢® - (a-b)’ll(a + b)? - ¢
= (c—a+blc+a-b)a+b-c)a+b+ec)

Via, b, ¢cla ba canh cia mét tam gidc nén a > 0,b>0 ¢>0 va
a+b>c,b+c>a,a+c>b.Dodécéctht{asﬁ'(c—a+b),(c+a—'b),
(@a+b-c)vaa+b+c)déu duong, vay tich cla ching cing duong.

® Loi binh : Tuong tu, hay giai bai todn say :
I Ty ’ " 7 - L = 2,4 z b \ A ’ ~ #
Phan tich bicu thic (b + ¢ - &2)* — 4b%c? thanh mot tich gom cdc
nhan ti bac nhat va chiing minh rang néuw a, b, ¢ la ba canh cia mot
. tam gidc thi biéu thie da cho luén am." ]

Ta c6 thé viét :
(b* + ¢® — a®)* — (2be)? = (b + ¢® — a? + 2be)(b* + ¢ — a% — 2bg)
=[(b + ¢)* — a®I[(b - ¢)? — a?|
=(b+c+a){b+c—a)(b—c+-a}(b—-c—.a).

Néu a, b, ¢ la ba canh clia mgt tam gidc thi(b+c+a), (b+c- a),
(b-c+a)déuduong con (b-—c-a)=-a+c-b < 0, do dé biéu thue
da cho luon am. '

6. a) Cau nay c6 nhiéu cach tdch -
— Cdch 1. Tach hang tit giira —4p thanh hai hang tir —p — 3p dugc :
P°~P-3p+3=0(p%-p) - (3p-3)
| =P -D-3(p-1)=(p-1)p-3).
Cdch 2. Tdch hang tit cudi 3 thanh 4 — 1 dugec :
p’—4p +4 -1 = -1 -Up-4)=(p+ 1)(p— 1)-4(p-1)
=p-Dlp+1-4)=(p-1)p-3).
Cdch 3. Nhu cdch 2 nluhlg nhém cdc hang ti theo cdch kh4c -
p2—4p+4—1:(p2——4p+4)ﬁ1=(p-2)2-1
C=p-2+1p-2-1=(p- 1)p-3) |
Cdch 4. Tdach hang ti cusi 3 thanh hai hang t& ma mét 1a boi caa 4. .
pP-4p-9 ¢ 12 = (p* - 9) — (4p - 12)
=(p +3)(p-3)-4(p-3)
=(p-3)Np+3-4)=(p-3)p- 1)

|
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b) Tach hang ti cudi thanh hai hang tu 2mnp = mnp + mnp duge
[mn(m + n) + mup| + [np(n + p) + mnp] + pm(p + m)
= mn(m + n + p) + np(m + n + p) + pm(p + m)
=n(m + n + p)m + p) + pm(p + m) = (m + p)(mn + n® + np + pm)
= (m + p)n(m + n) + p(m + n)] = (m + p)m +n)n + p).
o Loi binh : Tuong tu, "Phdn tich thanh nhan ti
c) miZ+3mp + 2p° d) k' + 2k - 16k° - 2k + 15.7
Ta ¢6 thé viét :
¢) Téch 3mp thanh mp + 2mp dugc :
(m? + mp) + (2mp + 2p°) = m(m + p) + 2p(m + p)
_ = (m + p)im + 2p)
d) Ta c6 thé viét bing cdch tdch ~16k? thanh -k* — 15k :
k' - k%) + (2k® = 2k) — (15k? — 15) = (&* - 1)(k* + 2k — 15)
" = (k + )k — D)(k — 3)(k + 5).

* Hay ching minh biéu thic cudi nay chia hét cho 16 khi k nguyén va 1é.

That vay, khi k nguygn va 1é thi ca 4 nhan tr (k + 1), (k= 1), (k - 3)
va k + 5 ddu chén, tdc 12 mdi nhan t nay chia hét cho 2, do dé biéu
thite cudi nay chia hét cho 2.2.2.2 = 16.

7. Cdc cau a) va b) ¢6 nhiéu cach thém va bét.

a) Cdch 1. Thém * va b6t 1 dugc :
4p® —4p+1-1-15=4p°—dp+ 1-16 =[(2p)* - 2.2p.1 + 19 — 4
=2p-11-4"=2p-1+4)2p-1-4)
=(2p + 3)2p - 5)
— Cdch 2. Thém va bét 10p duge : '
4p® — 4p + 10p — 10p — 15 = 4p” + 6p — 10p — 15
= (4p” + 6p) — (10p + 15)
= 2p(2p + 3) — 5(2p + 3) = (2p + 3)(2p - 5).
b) Cdch 1. Thém va b6t 3m dugc :
m?-—2m+3m-3m-3=m”+m-3m-3= (m® + m) — (8m + 3)
=m(m + 1) - 3(m + 1) = (m + 1)(m — 3)
— Cdch 2. Tham va b6t 1 duge : .
mi-2m+1-1-3=m’-2m+ 1—4:(1112—2111+ 1) -4
—(m-1%-2°=(m-1+2)(m-1-2)
= (m ;- 1)(m — 3).
o. Lot binh : Tuong tu, "Phan tich tlhanh nhan ti :
c) t*-2t-48 d) 4a'b’ + 1.




¢) Ta c6 thé viét bang cdch thém va bdt 6t :
t? — 2t + 6t — 6t — 48 = t* + 6t — 8t — 48 = (t2 + 6t) — (8t + 48)
=t(t +6)—8(t +6) =(t +6)(t —8)
d) Thém va bét 4a*h* duoc :
4a'»! + 4a’b? + 1 - 4a%’ = (2a%b?? + 2.2a%b%1 + 12 — (2ab)?
| = (2a%b? + 1)? — (2ab)?
= (2a%b? + 2ab + 1)(2ab? — 2ab + 1).

. Tacothe viet: A =(a’-7a+6)a®—7a+12)+9
=(a’-7a)’ + 2.9(a®* - 7a) + 81
O e s 9%,

a) Vay A > 0 v6i moi a. , _
b) Néu a nguyén thi a% — 7a + 9 cung nguyén nén A la mét sé chinh
phuong.
Loi binh : Tuong tu, ta cé bai todn sau vé s& chinh phuong :
"Chuing minh rdang véi moi p, q nguyén biéu thic sau la mét sé chinh
~ phuong : (p+q@)p + 2¢)(p + 3¢)(p + 4q) + ¢".”
That vay, thuc hién phép nhan ta ¢6 :
(p* + 3pq + 2q%)(p% + Tpq + 12¢%) + q°
= p'+ 10p3q + 35p°q” + 50pq° + 25q" .
= (p"+ 10p§q + 25p°q®) + (10p®q* + 50pq®) + 25¢"
= (p*+ 5pq)® + 2.5q%(p? + 5pq) + 25q" = (p? + 5pq + 5q%)%
Vi p, q déu nguyén nén p? + 5pq + 5q° ciing nguyén, do dé biéu thic da
cho 1a moét s6 chinh phuong.
. a) Bién doi vé trdi : 68° + 2.68.32 + 32* = (68 + 32)? = 1002
: = 10000, ding bing vé& phai.
b) Bién doi vé trdi : (4.9)" - (36" - 1) = 36" - 36 + 1 = 1.
Loi binh : Tuong tu, "Chung minh rdng :
c) 52° - 51° + 50° - 49° + 48° —47° + .. + 42 ~ 3% + 2% _ 1* = 1378
77°-69" 777 +4° 1 _ .,
70% -622 1252 -72 2
Ta bién déi vé trdi : ,
c) (52 + 51)52 — 51) + (50 + 49)(50 — 49) + (48 + 47)(48 — 47) + ... +
+(2+1)2-1)

d)

=b2+514+50+494+48+47+ ... +2+1

5_22 .53 =26.53 = 1378 _ i
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(77— 6OXTT? + 717,60+ 69%) (77 +41)(T7* ~77.41+41%) 1

d)

(70 + 62)(70 - 62) (125 + 7X125-7) 2
3 8.16003 ~ 118.4453 _ _1_ _ 16003 — 1091 __l
- 132.8 132.118 2 132 2
2 16003 - 4453 - 66 _ 11484 _g7
132 132
Sip x&p cdc da thiic theo liy thia giam dan, ta lan lugt c6 cac phép
~ chia sau :
aj x'- 2% + 2x= 1 |x2-2x+1
5t - 28 o+ X° x* -1
~ % 28~ 1
Tes e Bee 1
0
by 3y' - 8y - 10y° + 9y- 7 |8y°’-2y+1
T o3yt - 2y®  + y? l y*-2y-5
— By’ 11y* + 9y - 17

- by + 4y® - 2y

- 15y° +11ly- 7
T - 15y* +10y-
y_

(w2}

c) 375 4. 192° - 824+1023ﬁ622+22—1 |z4+423—322+23—1
325 + 122° -  92' + 62° - 32 | 3z° + 1
2 + 42 -8z2°+2z2-1
-z 4428 322 +2z2-1

0

d) Ta c6 thé viét: _
27t —8 27t -2° (3t -2)(9t> +6t +4)

9t +6t+4 9t +6t+4 ot +6t+4

L&i binh : Tuong tu, "Sdp xép da thic theo bién chinh la m réoi lam
phép chia . |

e) (:24221"'112 + 9m3n? = 12m° — 10m®n + 3m®n? - o2mn’) :

- _ S 6m' - 3m*n® - 2mn® - 4m’n)
p (10m’n - 9m’n® - 8m® + 6m2n® + 9mn’) : @m? + 3n® - mn).”

Ta c6 cdc phép chia sau:




11.

e) —12m° - 10m®n + 24m*n® + 9m™° + 3m*n* — 2mn® _ | 6m* - 4mn — 3m?n? - 2mn’

—12m® + 8m°n + 6mn? + 4m%3 l -2m? - 3mn - n?

- 18m°n + 18m*n? + 5m*n3 + 3m?n* — 2mn° _ .
~ - 18m°n + 12m*n? + 9m®® + 6m?n*
- 6m*'n? — 4m%n® - 3m%n* - 2mn’®
~ — 6m'n® + 4m°n® + 3m%n? + 2mn®
- 8m*n® - 6m?n* - 4mn®

. 5 3% 2 3 1 2 g
f) -8m” + 10m"™n - 9m’n? + 6mn® + 9mn l 2m* — mn + 3n?

5 . : 2 2
-8m° + 4m'n - 12m3n2 l -4m® + 3m”n + 3mn

6m'n + 3m’n? + 6m“n® + 9mn*

: 5 §
6m'n - 3m®n? + 9m®

S ‘, 1) c-
- 6m°n® - 3m%n? + 9mn’
3.2 Bintd
6m°n? - 3mn° + 9mn*

0

Ta lan luot ¢6 :

a) @+4)®: 4+ad)=2a+4

b) [(8xy)* - (7x%y)*] (8xy + Tx%y) = (8xy + 7x2y)(8xy — Tx%y) : (8xy + .7x2y) :

= 8xy — Tx%y
125 — 8t3
25 + 10t + 42

Loi binh : Xét thém bai toan : "Rit gon réi tim -

c) U25—8ﬁ)=ﬂ3—20@5+10t+4fkdodé:

@) gia tri lon nhdt cia biéu thie -
3u® - (-201° + 150° - 5u) : (bu) - 3(u - 1)
b) gid tri nhé nhdt cia biéu thic :
802+60—(03—02-u+1):(b— 1) - 3v(v + 2)."
Ta phai thuc hién phép chia truée, ta 1an lugt ¢6 : :
a) 3u”— (4u” - 3u+1)~ (Bu-3)=3u2 - du?+ 3u— 1 - 3u + 3
= —u? + 2.

9 = 9
Dou”>0nén —u* <0, suy ra —u? + 2 < 2.

=5 — 2t.

Vay biéu thic da cho luén nhé hon hodc bang 2 nén c6 gi4 tri I6n

nhat bing 2 khi u = 0.
b)&F+6u—w?-U—(aﬂ+6@=8#+6v—v2+1—3&—ev
=4V + 1.
Do v? > 0 nén 4v* > 0, suy radvi+1>1,

Véy gid tri nhé nhat cda biéu thie da cho bing 1 khi v = 0.
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12. a) Ta c6 phép chia sau:

8x* + 28x + P 2X + 5
T o8x? o+ 20x 4x + 4
8 + p
8x + 20
p— 20
'Néu 1a phép chia hét thi dup - 90 ctia phép chia phéi bang 0, tdc
la p = 20.
b) y’ _ 13y + p |y +4y+3
Ty 4y° + 3y l y -4
~ 4y* - 16y + p
T _ d4y* - 16y - 12
p + 12

N&u la phép chia hét thi dup + 12 = 0, tdc la p = -12.
o Loi binh : Tuong ty, “Tim hdng s6 m sao cho :
¢) da thic 8¢ _ 26¢ + m chia hét cho 2¢ - 3.
d) da thite d’ -7d +m chia hét cho d* + 3d + 2."

Thuc hién phép chia ta o :

c) 8c2—-26c + m [2c-3
~ 82 - 12 dc -7
- 14¢c + m
- 14¢ + 21
m — 21
Ta phéi c6 m — 21 = 0, tic ]a m = 21.
d) d? - 7d + m d* + 3d + 2
T oad 4 342 + 2 d-3

_ 31 - 9d +m
_ 38d* - 9d -6

m + 6

Ta phai ¢6 m + 6 = 0, tuc l4 m = -6.
13. a) Cdch 7. Phan tich da thic thanh nhéan t
pP-pt+p-1=@"-p)+ (-1
=pip=-D+ (-1
= (p — 1)(p* + 1) chia hét chop - 1.
Cdch 2. Lam phép chia :
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p’-p°+p -1 |p-1
= pP - p? p? + 1
p - 1
s 1
0

Du béng 0 ching té da thic chia hét cho nhi thie.
b) Ta bién déi da thic nhu sau :

2
; : 1 7
t‘z—t,v+v2=t2—2t.}-v+-—v2+§-vz= t——v -+§v2
2 4 4

(1]2 . 3.9 ( 1]232 -
Do |t-=v| 20 va —=v* 20, dodd |t—-—=v| +—v° >0, tiuc la da
2 4 2 4 ' |
thue t* - tv + v khong c6 gid tri am véi moi t, v.
e Loi binh:
¢) Tuong tu, “ching minh rdng da thite : 2" + 22°m + m? + 22% + 2m + 1
khoéng cé gid tri am véi moi z, m. '
d) Sé tw nhién A chia cho 5 du 4, lap phuong ciia A cong véi binh
phuong cia A lai chia hét cho 5. Tim A."
Céach giai nhu sau : |
c¢) Da thitc da cho cé thé viét :
2 em?+ 12+ 222m+ 222+ 2m=2+ m+ 1)2 >0
nén khong c¢é gid tri am véi moi z, m. |
d) So A phai cé dang la 5k + 4. That vay ta cé :
(5k +4)° + (5k + 4)2 = (5k + 4)%(5k + 4 + 1)
= 5(5k + 4)*(k + 1) ludn chia hét cho 5.

D. BAN CO BIET ?
QUY TAC HOOC-NE
Vi du 1: Muén tim da thite thuong va da thite du ciia phép chia

Ax) = 2x" + x* - 3x® + 7x = 5 cho nhi thie x — 2, ta lap bang sau day :

2 1 8 7 5

|
@| =, 2% 5

Cot bén trai viét sd 2 la nghiém cha nhi thic x — 2, dong trén cung
- viét tat cd hé so cia da thic A(x) da cho. Hé so cao nhat (tic 1a hé sé
ctia s6 hang c6 6 mii cao nhat) la (2) (ctia s& hang 2x%). Viét thém 2
dudi cot c6 so6 2, dem nhan 2 véi 2 duge 4, cong véi 1 duge 5, viét két
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qua 5 ¢ dong thi hai (theo huéng mai tén ¢ bang trén).
Lai ti€p tuc ldy (2) nhan véi 5 duge 10, cong véi (-3) duge 7 :

| ,
@ _x. 57 ? @ _x, 77 2 37

Lai ti€p tuc lay (2) nhan véi 7 duge 14, cong véi 7 duge 21. Cu01 cung
lay (2) nhan véi 21 dugce 42, cong véi (-5) duge 37.

0 dong thya hai bay gio 1a

| -
©) 2 5 7 21 37

Vay da thic thuong 1a 2x” + 5x* + 7x + 21 va du la 37. (Do da thde A(x)
¢ bac cao nhat la 4 chia cho da thiic B(x) ¢6 bac cao nhat 1a 1 nén
thuong Q(x) ¢6 bac cao nhat la 3).

Vi du 2 : Tim da thic thuong va s du cia phép chia
A(p) = 2p* - 3p2 + 4p — b cho nhi thie p + 2.
Truée hét ta nhan xét riing da thie thuong Q(x) ¢6 dang :
bp® + cp”’+ dp + e. Ta lap bang sau :
2 / 0 ‘_3 4 _5

| .
@I_L2A—:1 5 -6 7

Cdch lam tuong tu nhu & vi du 1, cin e theo dong thi hai ta du’oc

— Da thic thuong 1a 2p® - 4p® + 5p — 6.
- Sodula 7.




- §4.

HAY KHAM PHA CAC PHAN THUC DAI 86

A. KIEN THUC CAN NAM VUNG

1,

a)

b)

c)

a)

a)

b)

Dinh nghia. Tinh chét co ban
Mbt:phan thie (phan thie dai sd) 12 mét biéu thic c6 dang %, trong |
dé A, B la nhimg da thie va B # 0.

Hai phan thic -g— va % goi 1a bang nhau néu A.D = B.C.

Néu nhan ca t& va mau cia mot phan thite v6i cing mot da thie khae
0 thi duge mot phan thie bing phan thic da cho :

A = .A_AE (M 1a mét da thic # da thic 0)
B BM ; :

- N&u chia ca tit va miu cia mot phan thice cho mot nhan tir chung cia

ching thi duge mot phan thie bang phan thie da cho :

i — -A—E (N la“mét nhan ti chung).
B B:N

Rut gon va quy dong méu
Ta c6 thé déi dau ca tif va mau cia mo6t phan thie
A -A
B -B
Muén riit gon mdt phan thic ta c6 thé -
Phan tich t&r va mau thanh nhan ti (néu can) dé tim nhan ti chung.
Chia cd tir va mau cho nhan tir chung.
Muén quy déng mau nhiédu phan thic ta ¢é thé -
Phan tich cdc mau thanh nhan ti r6i tim may chung.
Tim nhéan tir phu cia mdi mau, '
Nhan ca tir vA mau cia méi phén thue véi 1111%“111 tir phu tuong ng. -
Bén phép tinh vé phan thive

Cong hai phan thic ¢6 cing mau hoic ¢6 miu khéc nhau : giéng nhu
cong hai phan so. '

Trir cdc phan thie : é - E — i + —EJ, trong dé —9- la phan thie dsi
B D B D D

i . ki ke A -A -A A
euR. — (varlwiy thén | —— =22 Wi —ct® = —]
D B B B B i
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c)

d)

4.
a)
b)

o>
2

| :

Nhan hai phan thdc :

)

w|»> @

Chia cac phan thic :

Wl W
Sln Dl

C
vai — # 0.
D

@] -

Bién déi cac biéu thive hitu ti
Ta ¢6 thé bién ddi mot bidu thic hitu ti thanh mot phan thite.

V6i nhimg bai todn lién quan dén gia tri cua phéan thidc thi truge hét
phai tim diéu kién cia bién dé gid tri cia mau khdc 0.

B. CAC BAI TOAN DIEN HINH
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j

Khi nao thi cdc phan thic sau bang 0 :

(x -T)x+9) b) mp-m-p+1 & y2 -2y

(x +1)(x - 6) m? +n® +4 y2 -4y +4
Cac phan thic sau ¢6 bang nhau khong :
2) g, b) = AT

m — 2 2 —m (p - 5)° (5 - p)2

= t* —97

c) §—E va 5 T

t—4 (t* + 3t +9)(4 - t)
Chung minh rang :
a) ¥ ex® ex+1 _()~;+1)2

=g e ~x+1 x4 il

2yz — 2 .

b) 3y + 3Z = (2yz2 ) néuy +z=1

z2-1 y*-1 y%2°+3

" 0
& [t"—S] Xty z_
X z X+y
a) Tim cdc so a, b sao cho: jy .. Iy b
y° -1 y+ 1 y-1
b) Tim cdc sé a, b, ¢ sao cho : — 2 :a>'1+b+ .
Z+x+1D) x2+1 x+1

Cong va trir cac phan thde sau :

5 - 6 — 4 -
a) x+2x2—.x T . S

X-¥ o=y XY oy -2 92y+22 iz —y*

1 2 3 '
T + i
(z-1)z-2) (2-2)3-2) (@Q-2z)z-3)

?




10.

11.

12.

Tim x, y, z trong cdc biéu thic sau :
2x +5 Tx+19 2x+1
¥ +

a) 3x — = 16
' 7 2 3
4 4
B s 3 _ 5 2l c) z - % = —(a + b)%
9-3m 2m”° -12m +18 (a-Db)

Nhén cdc phan thic sau :

mx? — my? 3+ 3y

a)

xZ + 2xy + y2 .mx2—2mxy+my2
— 2.—
b)[f+1 i 2z 1).22 81
z° -9z 2z°+9z) z°+9
d+e+f 2d + 2e
“d+e)? -fd+e) d?+2de+e®-f?

c)

Chia cac phan thuc sau :.

) y2—2y—15'y2+y—6. b) m®z + mz®

2 2

3 : 7 :(mz)3
y° -3y -10 y© -4 m° +z

kx +ky kx? + ky? + 2kxy
x2+y2—2xy. 2x +2y

c)

Chiing tdé ring cdc biéu thie sau khéng phu thudc vao bién x :
(p + 8% —Bx-1)°

6x - 6px — (p - 1)

b)(2x~+ 2 N 4x }(2){ N 2 4x ]

x+1 x-1 x%2-1 x+1 x-1 x%2_-1

4
Cho M:[m— £ +11]:( B e B 2111112]

m+n 4

m-+n n—1m m® —=n
N = [%+L2) 4 S+ 2 3.(i+i}m—n‘
nm n (m +n) (m+n) m n (11111)3
Rat gon M va N va ching to tich M.N = m.n.
e+1+ef+e 1] e +1 ef + e
ef +1 ef -1 lef +1 ef -1

tim gia tri nho nhiat ctaE dé e + f = 4.

a)

Rit gon biéu thic E = (

" Tp + 2
Tinh p biét rang : P oyt +1
leel . By
p=d 3+ z
p

+1) va
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13. Cho biéu thie D = d’ __1 - — L ][d(1 + e d4J
' dY ~id% 61 d*%1 %
a) Chimg té mau d* - d‘g + 1 luén duong véi moi d.
b) Ruit gon D. o
¢) Tim d dé D dat gid tri nhé nhat va tim gid trl nhoé nhat dé.
k+2 5 .1
k+3 k®+k-6 2-k

14. Cho biéu thic K =

a) Rit gon K.
b) Tim gid tri nguyén cua k dé 4K + 1 chia hét cho 3.

C. CACH GIAI VA LOI BINH
1. Muén cho ‘phan thic %— 0 thi diéu kién 1a A = 0 va B # 0. Vi thé

trude hét ta phdi tim tap xdc dinh (TXD) cia phan thic, tic la tim
nhimg gid tri ciia bién ¢ mau dé mau phai khédc 0. Ta lan luot ¢6 :
a) TXD:x:t—l,:é;tG.
T (x — 7)x + 9) = 0 khi x = 7 hoiic x = -9. Cdc gid tri nay cia bién
déu thudc TXD cia phan thic da cho.
Vay phan thic bang 0 khi x = 7 hodc x = -9.
b) TXD : moi m, n € Q.

- Tu mp — m —~ g5 =m(p-1D-(p-1= (p - 1)m-— 1) = 0 khi
p = 1 hodac m = 1. Cdc gid tri nay thuoc TXD cua phan thie da cho. -
Vay phan thic bing 0 khi p = 1, m bat ki, hodc khim =1, p bat ki.
c) Doy2—4y+4:(y—2)2nénTXD lay = 2.
T y*> — 2y = y(y — 2) = 0 khi y = 0 hodc y = 2. Loai gid triy = 2, ta
thay ring phan thdc bang 0 khiy = 0.
o Loi binh : Tuong tu : "Khi nao thi cdc phan thic sau bang 0 :

g £-106+25 o ptodp+s (QHLHG2E)  gn
42 _ 64 p? —2p—4 ab+cd +cb +ad
Ta c6 thé vist : |
(t - 5)°
(t +8)t - 8)

Tir d6 TXD : t # +8 va phén thic biing 0 khi (t - 5)* = 0, tic la t = 5.
e) Tacétip’—4p+3 =p2~p—3p+3=(p2—p)—(3p—3)
=p(p-1)-3(p-1)
= (p — 1)(p — 3) bang 0 khi p = 1 hoéc p = 3.
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V6i cdc gid trip=1hodcp=3thimiup®-2p -4 20
(vi1®-21-4=-5%0hoic3*-23—-4=17=0)
Vay phan thitc da cho biang 0 khi p = 1 hoéic p = 3.
f) Mau c6 thé viét :
ab+cb+ad+cd=bla+c)+dla+c)=(a+c)b+d) -
Do dé TXD la a# —¢, b # -d. _
Tu bang 0 khi b = —¢, a = —¢, tifc 12 a = b = ¢. Vay phan thiic da cho
bang 0 khi b = —c (loai a = —c¢).
N L (do A = i) ta sé
m— 2 2-m B -B
dugc phan thie tha hai. Vay hai phan thic nay bing nhau (véi diéu
kién m # 2).

. a) Néu doi ddu cia phan thie

b) Hai phan thic nay c¢6 mau (p — 5)* va (5 — p)? biing nhau, nhung tu
lai d6i nhau (-p # p) nén khéng biing nhau (véi diéu kién p = 5).

8-t -(3-t) t-3

t-4. —(t-4) 4-t

¢) Theo quy tdc déi dau ta cé

ngoai ra t° — 27 = t* — 3% = (t — 3)(t” + 3t + 9) nén phan thic thy hai
(t~3)t° +3t+9) t-3 '
4-t)(t3 +3t+9) 4-t
bang nhau (véi diéu kién t # 4 va t*> + 3t + 9 # 0).

tic 1a hai phan thic da cho

c6 thé viét :

- Loi binh : Thém bai ra tuong tu :
"Chung minh tai sao :

2 2 _
E +3f qg i lai bdng 44584 (voi p #q).

P -q p+q
(2 = 417 ) = (6=+) . t+1

lai bang
(2 —B) = ~152) t—2

d) biéu thue

(voi t =21, t 22, t #4).

e) biéu thite

Ta bién doi cdc biédu thitec nhu sau :

o ©-a)+Gp-39) _ @+qp-9)+3p-q

(p+q)p-q) (p+q)p-q)
=(p—q)(p+q+3):p+q+3
(p+a)p-q) P+q
-4 -t-4 _ t-49¢’-1) . (t-4t+1)(t-1)
(t-2)t> + 2t +4-7t) (t-2)t2-5t+4) (t-2)t2 -t —dt+4)
(t-dt+1t-1)  @E-Ht+Dt-1) " t+1

T2t -1)-4t-D] (b-20t-10t-4) t-2
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3. Trudc hét phai bién déi v& trdi. Ta lan luot c6 :
%t #x %l (x} +x3)+(x+1)

ok rox?ox+1 X - +xD)+E-x+1)

a)

Br+Drx+D) x+DEE+D)
22 -x+D+x2-x+1D) X2 -x+D*+1)

m+1xx+nu2-x+n=(x+n2

(x2 —x+ 1(xZ2 +1) x2+1

b) Thay y = 1 — z vao SR ta dugc :

el piedd
z-1 Z z—1 z
= + = — - +
B ] (l—z)3 -1 (z-1)z2 +z+1) —2(z%2 - 3z + 3)
3 | 1 N 2[z(1 — z) - 2]

T 24z+1 22-3z+3 - 2L~y ¢ 8

2yz-2)  2(yz-2)

= ‘ = — (vé1 yz # 0).
g l—f 8 y2°4d
: % -5) 1
¢) Ta biét ring =1 véi x # 0, nén ta cé ngay : B
X L+y X%y
z
o Loi binh : "Ching minh rdang:
) 2x 2 +3ulx~1)~1 —4x 4x? _10x+2
x -1 2x7 + 2x w2y i-Fr -1 ar=1"
pOL-% # 241, w-al:
] + 2x+ 2 :
e) t;y = - : J; > = 2 >, VOLx +y #2."
(x+y)° —zlx+y) x* +2xy+y° -2 (x+y-2)

Ta lan lugt bién déi vé& trdi.
2x [(x3 = 1)+ 3x(x — 1)].(—4x) _ 4x2
x—1 2x(x + 1)(x — 1) =i

d)

2x ﬂ(x—1x£f+x+1+3xu—4m__4x2
=] ox(x + 1)(x — 1)? Y |

2% _ —-2(x2 +4x +1) B 4x?
s | x2 -1 e | | :

2x(x+1)+2(x2+4x+1)—4x2 B 10x + 2

x? -1 x? -1




X+y+2 2x+y)
(X+y)x+y-2) (x+y)? - 22

e)

_ (x+y+2)2(x+y) B 2
(X+y)x+y-2z)x+y+z)(x+y-2) (x+y-2)?

4y (a+b)y-a+b
y -1 Ay=#1jy=1)

4. a) Véi diéu kién y # +1 ta c6 thé viét :

Suyraa+b=4vab-a=0.Tirdétacéngaya=Dhb = 2.
4y _ 2 . 2 .
y2-1 y+1 y-1

Vay :

b) Céng cdc phan thic ¢ v& trdi ta c6 : )
ax+b ¢ (ax + b)(x + 1) + e(x? +1)

‘R 41 Ead ' (x2 +1)(x + 1)

Vay déng thie da cho c6 thé viét :
1 _ (ax + b)(x + 1) + c(x? + 1)
(x2 + 1)(x + 1) (2% + T +T)

] \
_ la+o)x 2+(a +bix+(b+c) (*), v6i diéu kién x # 1.
(x* +1)(x+1) '

Dic biét, ddng thic nay ding véix =0, x =1 va x = 2,

' b+c=1
Thay cac gid tri nay vao (*) ta duoc : {2a +2b + 2 =1
6a+3b+5c=1
Gidgiradugea= -1 b= L vac= L
2 2 2

(Thu lai ta sé thdy b ba gia tri nay théa man dé bai).
e Loi binh : Tuong tu :
s P =~ - ’ tz + 5 P ~ . e 2,
“"c) Viet phan thuc ————— dudi dang-tong hai phan thic
t° -3t-2
m n
+ :
t-2 (t+1)°

. 5 , p3 +2p . o
d) Viet phén thic e duoi dang tong ba phan thic
B eads
s ¢ + v
. up :

=} '
p+l p=1 p*4l

Céch giai nhu sau :
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c)

d)

. a)

m n _ m(t + 12 +nlt=2)

Ta c6 tong + = _

t=2 @t+I)° (t — 2)(t + 1)

_ mt? + (2m + n)t + (m — 2n)
P 3t =0
2 2
: t* £ 56 t“ +(2m +n)t + -2n

Nhu vay : — L i “31 )t + (m - 2n)

£ =3t —2 3
Do mAu giong nhau nén ti cing béng nhau, ta suy ra cac hé so

m =:1

tuong Ung bing nhau, ticla : {2m +n =0
m-2n=>5
Ta ¢6 ngay gid tri clian = -2, vy ta c6 thé viét :
t¥ 45 1 o -2
‘3 _3t-2 t-2 (t+1)?

Ta cé thé viét tong ba phan thic nhu sau :

S t . up+yv
+ + - =
p+1 p-1 p?+1°*

s(p-D(P* + D+ tp+ Vp* +1)  (up + vi(p? -1) _p° +2p
p* =1 p* -1 p- =1

Suy ra:

p3+2p:8(p-—l)(pz-f-1)+t(p+1)(p2+1)+(up+v)(p2—-1)
:(s+t+u)p3+(—s+t+v)p2+(s+t—u)p+(~s+t—v)

' s+ t+un=1

CoaL _ i ~8 45 4 V=0

Tit d6, cde hé s6 tuong ing bang nhau :

s+t-u=2

—s+t-v=0

Gidiradugcs =t = E u:—l vav=0.
4 2

p3+2p_ 3 " 3 1
pi_1 4p+D 4p-1 2p2+1)

Vay ta c6 thé viét :

MC : (x + y)(x — y). Diéu ki¢n x* — y* 2 0.
i (G-x)x+y)+(6-%x)-4-x)x-y) _
(x4 ¥Xx~y)
5x+5y—x2—xy+6—x—4x+4y+x2~xy 9y -2xy+6
- xz—'y2 _ & xz_yz




b) MC : 2(y + z)y — z). Didu kién y* — z® # 0. Ta ¢6 :

1 i | 1 s i
“2(y—z)ﬁ2(y+z)_y2_z2 (d61 dau cha zzhy2)
y+z—-(y-2z)-2 y+z-y+z-2 2z-1) =
S 2Ay+2y-2 2Ay?-z%) Ay -z2) yP-z%

c) MC:(z-1)(z-2)z-3). Diéukiénz #1,z#2,z% 3. Ta cé :
S SR '+ 3 _(@-3)+2z-1)-3z-2)
(z-1)(z-2) (z-2)(z-3) (z-1)z-3) (z-1)(z-2)z-3)
2-3+22-2-32+6 _ 1 '

(z-1)z-2)z-3) (z-1)(z-2)(z-3)

o Loi binh : Tuong tu : "Céng va trit cde phan thie sau :

& S T 2 i
t—1 t+1 t-1 ¢t+1
e) 3 p 5 _ 4 .
T @ +2ab b 62 -B af - 9ab4b®
P 2x—z_3x2—2yz_5:c—y_4y~x,,

4z 6xz 2y 3y
Ta c6 cach giai sau day :
d) Ta chi can nhém cdc phan thdc réi rit gon ma khéng phai quy
dong mau, nho dé ma tinh todn duge nhanh hon. Ta nhém nhu sau
(diu kién t # +1) :

g 1 {4 1 t -1 -1
[t—l_t—th[tJrl_tJrlJ: t—1 t+1
t-DE*+t+1) (G+1t-1)

N t-1 T b+l
e) Do a’+2ab+b®=(a+b)%, a’-b?=(a+b)a-Dh)
a®—2ab +b%*=(a—b)’, mnénMCIla (a+ b)4a-b)
3(a - b)* —4(a + b)? + 5@ - b?)
(a+b)2@@-b)?
3(a® - 2ab + b%) — 4(a? + 2ab + b?) + 5(a% - b2)
(a + b)%(a — b)?
~ 3a® - 6ab + 3b% - 4a% - 8ab - 4b? + 52 — 5b2
B (a +b)%(a - b)?

4a - 6b”> —14ab _ 2(2a —.7ab - 3b?)
(a + b)*(a - b)? (a+b)?@-b)? ol

bl =-1D=t249

Ta co :

53




o4

6. a) MC : 42. Quy déng mau rdi khit mau duge :.

“ 3-m m —

f) MC : 12xyz. Ta c6 :
3xy(2x — z) — 2y(3x” — 2yz) — 6x2(5x — y) — 4xz(4y — %) _

12xyz

6x%y - 3xyz - 6x%y + 4y2z — 30x>z + 6xyz - 16xyz + 4x%z
12xyz

L 4y?z - 26x° _ |
= 1ORYEAY 2 —agX Z, vll X, v, z khac 0.

125y2

42.3x — 6(2x + 5) + 21(7x + 19) + 14(2x + 1) = 16.42
hay : 126x — 12x — 30 + 147x + 399 + 28x + 14 = 672
tir d6 126x — 12x + 147x + 28x =672 + 30 - 399 - 14

289x = 289.
. Vayx=1. _
b) O day m-la hing sd, tim y la thuc hién phép cong phan thue.
2 ' 3
Taeh y= 5 = +
2m” -12m +18 9-3m
2m 3 m 1
= 4

= + .
2Am%-6m+9) 3B8-m) (m-37% 3-m

P6i dau thanh

va ldy MC la (m - 3)* dugc :

m 1 _m-(m=d) 3

y = ‘ — = (vé1 m = 3).
(m - 3)2 m-3 (m - 3)2 (m - 3)2

c) Piéu kién a # b, ta cd :

- at +h" 2 a® +b? - (a +b)*(a - b)?
B (a+b)" = Z
(a-b) (a - b)
Cat+b!-[a+b)la-b)f. a' +b' -(@*-b*)?
(a - b)? (a —b)?
at i ht -(a'—-2a"p* 4+ b") ... 2a2b?
- 2 . ¥Yayz = 5
(a-b) (a—Db)
e Loi binh : Tuong tu : "Tim t, u, v trong cdc biéu thic sau :
5 s
d) t. = % o + iOab‘ = 1 :
a+b a-b o° -b? ¢ . b 2ab

a+b a-b o -b°

5
9V
m + } '3 _
m-2 n —8_ 2m

: = £ 1
4
[m - 2]’ m3+8 m-2

e)

+ 3

m+ 2




4vin-p) 5n? -10np + 5p?

P

5(n? — 5% - 2(n? —np + p?) .

" Ta lan luot c6 :

_ 1 Ha 5b 10ab
t = ; + Giazb=#0
a) a b 2ab [a+b+a~b az_sz(VIa ;
a+b a-b z2_}2 :
_ a’® - b? . 5a(a - b) + 5b(a + b) + 10ab
" ala-b)+b(a+b)_2ab a? - b2
~ (82 - b2)2
(5a® - 5ab + 5ab + 5b2 + 10ab)(aZ — ab + ab + b? — 2ab)
_ a® - b%)? _a+ba-b® 1
(5a® +10ab + 5b%)(a? - 2ab + b?) 5a+b)*(a-b)? 5
2
(m e 2] +3
m -2 m° -8 2m 5
e) u= 5 s - (v6l m # +2)
(m—zj m°+8 m-2
+3
m+ 2
_ (m+ B2 4% 3(m -2)2 (m - 2y 5 3(m+2)? md-8 _ 2m
m-2% - (m + 2)? m*+8 m-2
_ m® #dm+4 + 368% —4m ¢ 4) (m + 2)2 g
(m — 2)2 ‘m? — 4m +4 + 3(m? +4m + 4)
y m? =8 - 2m
m®+8 m-2 :
N 4m? - 8m + 16 (m + 2)2 m? g B 2m
(m - 2)? '41112 +8m + 16 'm3 +8 m-2
_ 4(m? - 2m + 4) (m + 2)? (m - 2)(m? + 2m + 4) 2m
. (m- 2)2 4(m +2m + 4) (m + 2)(m? - 2m - 4) m-2
o om+2 2m _2 m ~(m-2) -1
 m-2 m~2_n.1—2 Ml
B e 5n2 - 10np + 5p2 4(n - p) 5(11 - 2np + p ) 5(11 +p ¥y

2n® - 2np + 2p?  5(n® +p o 2n® - np + p?) 4m-p) *
o(n - p)2 5(n + p)(n -np+ p2)

- 2m* = np + pz). 4{n~
25(n - p)n +p) 25 9 2
= =—(n*“ - p*).
8 8 3
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|
’ 7. Truéc hét phan tich thanh nhéan tu rdi rut gon, sau dé lam phép nhan.

; m(x? - y?) 31+y)  mx+y)x-y) 31+y)
a : = ;
(x +y)? m(x® - 2xy + y?) (x +y)? m(x - y)?
= 31 +y) (VGi X # ty).
(x+y)x-y)
; [ g4l . %-1 }22—81_(z+1)(z-+9)+(z—1)(z—9) z® - 81
2(z-9) z(z+9)] 22 +9 z(z% - 81) 2249
_ 22+92+z+9+.22-—92—z+9 1
Z 22 +9
2 2
2z° +18 1 =2(z +9) 1 =2 (v6i z % 0).

z 2° w9 z 72 a4 ;
¢) Ta c¢6 thé bién déi nhu sau :
d+e+f 2(d+e) (d+e+f).2(d+e)
- d+e)d+e—-f)(d+e)2 -2 (d+eld+e-f)d+e+f)d+e-f)
2

= Ea—f)?— (véid + e =f1).
+e-—

o Loi binh : Tuong tu : "Lam cde phép tinh sau :
d) 1 ~ 2x 2k
=1 (x*+Dix-1)

_i__[i _ L] 3 _E_{L _ L] b2 _(i _ i)

(@+b) \a* b') (a+b) \a® b)) (a+b)° \a®? b°
Céch gidi nhu sau :

- d) Lam phép tinh trong ddu [ ], sau d6 mé6i 1am phép nhéan :

x? +1 ~ 2x x?+1
X2+ Dx-1) XZ+DEx-1([x2+x+1

x2+x+1

e)

> s ;Y | x* el _ (x—l)2 2 ad x-1

B (x2 +1)(x—1)'x2 +x+1 (x° +1)(x—1).x2+x+1 X2 +%+1
e) Tong nay c6 3 so hang, ta bat dau chng hai s6 hang cudi sau d6 méi
cong két qua tim duge véi sé hang thi nhat. Ta c6 :
Téng hai sé hang cudi bing :
2b - a)(a® + ab + b?) + 2ab(b - a) _ 2(b.- a)a® + 2ab + b?)
a’b®(a + b)* ) a’b3(a + b)*
_2b-a)a+b)’®  2b-a)
E a’b(a + b)* B a’b®(a + b)?
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Cong véi s6 hang thi nhat duge :
(b - a)(b + a)(b? + a?) ,_2b-a) (b-a)b®+a®)+2ab(b-a)
albt(a + b)t a’b®(a +b)? a*b?(a + b)?
2
& i’%f?‘jj&jé = :4;? (véi ab # 0 va a # —b),
8. a) Ta phan tich tir va mau clia cdc phan thde thanh nhan ti -
Y -Bysdy-15 _ y?-2? _YY-8+3y-5 (y+2F-2)
y? -6y +2y-10 y* ~4+y-2 y(y-5+2(y-5) (y2 -4)+(y-2)
_y-5)y +3)_(y +2)(y - 2) 5
(v -5)y +2) (y - 2)y + 3)

. mz(m? + 2?) 5 3 mzm?+2z%) 1 1 :
b) Ta ¢6 : szt = : = (v61i mz # 0)
m? + z2 m? +2z2  m3z® m2z2
v 2 2
&F Tt i ¢ k(x+yz):k(x +2xy +y ):k(x+y). 2(x+y)
(x-y) 2(x+y) (x-y)? k(x+y)?
= (véi x # y).
(x-y)?

e Loi binh : Tuong tu : "Lam phép tinh sau :
d) Z2m+1 2m-1 . 4dm
2m-1 2m+1) 10m-5

2 _ 2
e)( £ + “ ]:n P

n® - pn p? - pn n’p +np?’

Thuyc hién phép tinh trong ngoc truge. Ta lan lugt 6 :
(2m +1)% - (2m - 1) . 4m
(2m+1)(2m-1)  5(2m-1)
4m® +4m +1-(4m? - 4m + 1) 5(2m -1)
(2m +1)(2m - 1) "~ 4m

8m 5 3 40m _ 10
2m+14m 4m@m+1) 2m+1

Il

" 1
(v6im=# -=)
2

e) [ p _ n (n+p)n-p) _ po~n® np(n + p)
nn-p) pm-p)| npn+ p) np(n -p) (n+ p)n - p)
li? pz) np -(n+p)n-p) np
- np(n —p) n- ) - npn-p) n- p

—n+p) np n+p p+n
np n-p n-p p-n

. B7



})2+6px+9x2—(9x2—6x+1)ﬁ p? +6px +6x —1

-6x(p - 1) - (p - 1)° (p-1X-6x-p+1)
_ (p+1)Xp-1+6x) p+1
T ~(p-Dp-146%) 1-p

9. a) Taco:

, khong phu thudc vao bién x.

b) Trong hai thita s§ ctia tich thi hai sé hang dau giong nhau, con s&
hang thi ba trai dau: Do dé ta hay tinh tong cia hai s6 hang dau :
2x 2 _2x(x-D+2(x+1) 2x° -2x+2x+2 _2x% +2
2+l E=—1 x*~1 | B ]

Vay tich da cho c6 thé viét :
(2){2 + 2 4x J{2x2_+2 4x J_ 2Ax® +2% +1).2(x% -2x+ 1)

+ &
221 gl -1 %%.9 (%% -1}

_2x+ D7 2x -1 (x? - 1)
(x%.~1)? (x% -1)? |
o Loi binh : Tuong tu : "Ching té cdc biéu thic sau khéng phu thujce
vao bién t :
P - 2pt+6t-9 | C(5t+m)® - (5t-1)°

: d) ,
(p'+3)“)—2pt—6t (m-=5)m+10t-1)

= 4, khong phu thudc vao bién x.

c)

Ta c6 thé viét cdc biéu thitec da cho nhu sau :

p’-9-2t(p-3) _(p-3)(p+3-2t)

c)
(p+3)2-2t(p+3) (P+3)p+3-2t)
p-3 g -
= ——, khoéng phu thudc vao bién t.
p+3

d) Tu la hiéu cida hai binh phuong nén biéu thite ¢6 thé bién ddi thanh
5t+m+5t-1)6t+m-5t+1) _ (10t +m-1)(m +1)
(m - 5)(m + 10t - 1) ~ (m - 5)(m + 10t - 1)
m+ 1

= , khéng phu thudc vao bién t.
m-5

4mn m n 2mn
m - +1n|: - -
m+n m+n n-m % _p?

m(m +n) —4mn + n(m + n) ~m(m -n)+n(m+n)-2mn

10. M

m+n (m+n)im-n)

2 - 9
m° + mn — 4mn + mn + n2 ~m® —-mn + mn + n% - 2mn

m+n _ (m +n)(m -n)
(m —n)? (m -n)? (m - 11)2 (m+n)(im-n)
- : ] — : =m-1
m+n (m+n)im-n) m+n (m -n)?
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m? +n? 1 2 m +n | m®n®
N = 2 2 7 T 3 '
m°n (m+n) (m+n)® mn [m-n
2 2 3.3
(m” +n®)(m +n) + 2mn(m + n) m°n . mn
m?nZ(m +n)® ‘m-n m-n
T mn
Vay tich M.N = (m - n). = m.n.
m-—n

o Lot binh : Tuong tu : "Vgi grfd tri nao cia c thi biéu thic :

co |2 26 b®-be+c” )| 4c? b+c
b-c b330 b-c " B2 < Phpgep® | Dee
c6 gid tri bang 1 2"
Tiru6e hét ta rit gon bidu thire C, ta 6 :

C - [ 2 ~ 2b b? - be + ¢2 (b—c)2 b+ec
| b= (b+c)b? —be+c?) b-c " 4¢ [b-c

2 2 }(b—c)g b+e
" llb-c +e)b-0o| 4¢® | b-c

2b+0)-2b (b-c)* b+c _2b+2-2b 1
(b+c)b-c¢) 4¢2 b-c 4¢> 2¢
1

Néu C = 1 tife 1a Zi =1,suyracs=
: c

il. Tacé: E = [(e+1)<ef—1>+(ef+e)(ef+1)—(ef+1)(ef—1)}:

(ef +1)(ef - 1)
(e +1)(ef —1) - (ef + 1)(ef + 1) + (ef + 1)(ef —1)
(ef + 1)(ef —1)

(e + 1)(ef —1) + (ef +e)ef +1) — (ef + 1)(ef - 1)

(e +1)(ef —1) — (ef +e)ef +1) + (ef + 1)(ef — 1)

e’f —e+ef — 1+ e2f2 +ef 4+t e —a26% 4 1

e~ ¢ B =1 =a2r> ol m fosap % _4
20°f + 2ef 2ef(e+1) _ _if
=Qe—2  Bexl)

2
Ta biét rang (e - f)° = (e + f)* - 4ef > 0, suy ra —ef > 2 lf) .

42
Vay E = —ef > = —4 (thay e + f = 4 theo gt). Tt d6 E dat gi4 tri

nhé nhat la -4 khie=f= 2.
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o Loi binh : Tuong tu : "Rit gon biéu thic :

2 y?2 - 2 y?

T x+yNl-y) (xtyNl+x) (rxii-y)

va tim cdc gid tri nguyén cia x, y dé X rit gon bing -3."
Taldy MC = (X + y)X1 + x)(1 — y) va c6 :
x2(1+x)-y2(1l-y) - x’y2(x +y)

X =
MC
C (x+y)xx+ 1D+ y3A - x%) - y1 + x)]
B ~ MC
_ x4y +x)(x+y? - yix—y)
- MC

; (X+y)(1+x)(1~y)(x+xy—y) =X+Xy-Y.

x+y)1+x)1-y)

Bay gi¢ ta phdi tim x, y nguyén dé x + xy — y = -3 (*). Muén vay ta
viét ddng thic thanh x + xy — y — 1 = -4, hay (x — 1)(1 + y) = —4.
Do (—4) ¢6 thé viét du6i dang tich cia hai thira s6 nguyén sau :

(-4).1 = 1.(-4) = 4.(-1) = (-1).4 = (-2).2 = 2.(-2)
vado(x—1)+ (1 +y)=x+y#0 nén phai loai 2 trudng hap cusi. Vay
cdc gid tri nguyén cda x, y théa man (¥) 1a :

x | 5 0 3 2
y | 2 3 0 -5
12, Ta phai tinh tir dudi 1én. Ta lan lugt c6 :
Vetediy -2 PP 4 - 1
pi=d p-1 =X 1~
p: —— =p-p=p-p-
G = A 3
Vé phai : - 3+i= p+1; llqu
p p gt ap+1
P
B o 1 T . _6p+2+p_7p+2
3+1 3p +1 3p +1 3p+1
p
7
p + 2 er2=3p+1.
3p+1

Vay ding thitc da cho tré thanh : p — p®=38p + 1,
hay p*+2p + 1=(p+1)%=0, tir dé p = -1.
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e Loi binh : Tuong tu :

a b a-b a+bd

—_ 4 — + .
"ChoA=2_¢ g_@a+b a-b 1,14 .pBuid B

a b a, b .

b a b a

Ta tinh riéng A va B, ta ¢6 :

" \ 2,12 3 93 2 .2
A :(E+E]:(E—EJ:B' +b :a b =a +b (Vé’iaib?tO)'

b a b a ab ab a® —b?

(a—b a+b) (a b) (a-b +@+b)? ab
B = +: : =

b a (a+b)a-b) ‘524 p2

a+b a-b

af"---25\b+b2+ag+2ab+b2 ab _ 2a? + 2b2 ab

- ey 'a2-+b2 B a2 -b? a?4p?
' 2ab

a2__b2

(v6ia#b #0).

a? + b2 2ab _a2+b2+2ab '
a2—b2+a2—b2— a2 _ p?
@+b?  a+b

~ @eha-b = a-b'

a’? +b?  2ab _atap?

a2 b2 a2_p2  2ab
1 3

13. a) Mau d4—d2+1 =d4--d2+ Z+Z

Tacé6: A+B =

A:B=

g LY o . .
= 1d* - 3 - 5 luén duong véi moi d.

b) D

mz-nm2+n—d4+d2—1'd4+u+d%u—d%
d* - d? +1)(d? + 1) 144

4 1 _ 4 % - 38 _

= d 1 d +d 1.(d4—d2+1)=d 2

d* -d? +1)d® +1) 4 el

d2—2_d2+1—3_1 3

8% 41 4% 41 Hd2+1'

¢) Ta c6 thé viet : D =

]

Vid?+1>0nénd?+1 dat gid tri nho nhat 1a 1 khi d = 0. Suy ra

dat gid tri 16n nhat va 1 —
d% +1 d® +1

D dat gid tri nhé nhat khid =0 va gia tridé1a 1 -3 = -2,

dat gid tri nhd nhat. Vay
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k41 k—IJ_ 2k

e Loi binh : Tuong tu : "Cho biéu thic K = {k 7 k+1) k-5

a) Rut gon K va tinh gid tri cia K khi k = 201;9;
'b) Véi gid tri nao cia k thi K=9 ?"

C4ch gidi nhu sau :

a) Diéu kién k # +1, ta c6 :

C(k+1)’-(k-1)7 2k
T (k+1k-1) 5(k-1)
C(k+l+k-1k+1-k+1) 5k -1)

(k + 1)k - 1) 2k
_ 4k ok -1) __10
_ (k +1)(k-1) - 2k k +1
- 10 1

Khi k = 2019 thi gid tri cta K = ——— = —.
2020 202

b) Néu K = 9 thi

=9, hay 9k + 9=10. Tu dé k = é

k+1
14. a) Biéu thic c6 thé viét :
k +2 5 :
s SR _ 1 (wik=2 k#-3)
k+3 k*-2%k+3k-6 k-2
_k+2 5 1 k+2. 5 1
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"k+3 kk-2+3Kk-20 k-2 k+3 (k-2(k+3 k-2

(k+2k-2)-5-(k+3) k*-4-5-k-3 _ k®-k-12

(k - 2)(k + 8) (k-2)k+3)  (k-2)k+3)
_k?-4k+3k-12 k(k-4)+3k-4) (k-4Hk+3) k-4
(k- 2)k +3) k-20k+3)  (k-2(k+3) k-2
b) Tac§:4K+1: 4(11{:;)+1:5t:;8=5~k?2 nguyén khi (k — 2)
la uge cia 8.
Ta c¢6 bang sau :
Jor 2 1 - 2 -9 4 -4 | B -8
k 3 1 4 | o |6 | 2] 10| -6
4K + 1 -3 | 13 1 9 3 7 4 6

thi 4K + 1 chia hét cho 3.

| ' |

Can cui vao bafg trén va két hgp véi diéu kién, ta co véi k e {3; 0; 6; —6)

e e — . ——eee. e

e ———
e —




D. BAN CO BIET ?

TIM GIA TRI NHO NHAT VA LON NHAT
Vi du 1 : Tim gida tri nhé nhdt (GTNN) ciia bidu thie
A=d® +2b° - 2ab + 2a - 10b.

Giai

~ Cdch 1. Dya vao binh phuong cia téng
y (X +y+2)=x*+y"+2% + 2xy + 2yz + 2x.
Tacs: A =a®+b’+1-2ab+ 21— 2b+ b2~ 8b+ 16— 17
" =la-b+ 1P+ b-2- 17317
Khia=3vab=4thi A=-17, vay GTNN cua A la -17.
Cdch 2. Dya vao hding déng thie x* + 2xy + y* = (x + y)
Tacé: A =(a®-2ab+b”) +(2a-2b)+1+b>=8b+16)— 17
=[a—-b)’+2a—b)+ 1]+ (b— 4)% — 17
=(a-b+1°+(b-4)2-17>-17.
' Vay GTNN ciia A 1a -17.
Vidu 2 : Tim GTNN ciia biéu thicc B = (b + 12 + (b — 3)%.
| Giai
Taco: B =(b*+2b+ 1)+ (b*>-6b+9)=2b%— 4b + 10
=202 2b+ 1)+ 8=2b- 172 +8>8,
Khi B=8thib-1=0, hayb = 1. Vay GTNN caa B la 8.

Vidu 3 : Tim gid tri l6n nhdt (GTLN) ciia bidu thue C = cd + de + ec,

trong do cdc sé c, d, e théa man diéu kienc +d + e = 3.
Y Giai
Tac6: C =cd+elc+d)=cd+[3- (c +d)l(c + d)
' =cd + 3(c + d) - (c + d)? :
=—c'~d’-cd+3c+3d=—-c>-(d- 3)c + 3d — dZ.
| Bién déi tiép : | |

-

2 2
C = —c2+c(d~3)+[d;3J :,+3d—d2+(d_;EJ

( d—3J2+-—3d2 +6d+9 (c+d‘~3]2+ -3(d? - 2d + 1) + 12

2 - 4

I
I
ST
g
+
s B
I
W
O
]
I
| o
B,
|
[
e
+
o
IA
o

Khic=d=e=1thi C= 3. Vay GTLN cia C la 3,
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Vi du 4 : Tim GTLN cila biéu thic :
D = -5d® - 2de — 2¢" + 14d + 10e ~ 1.
Giai
Ta c6 : —5D = 25d% + 10de + 10e® — 70d - 50e + 5
_ (25d? + €% + 49 + 10de — 70d — 14e) + (9¢® — 36e + 36) -80

Suyra D= —%(5d+e—7)2 ~—§-(e— 2)* + 16 < 16.

e =2
d=1

5d+e-7=0
e—2=

Dau = xay ra khi { tice 1a {
Vay GTLN cia D 1a 16 (khid = 1, e = 2).
Vi du 5 : Cho a va b lién hé voi nhau bdi hé thite :
o +2ab+ 7(a+ b) + 2% + 10 = 0.
Tim GTLN-va GTNN clic M =a+ b + 1.
Giai

Heé thie da cho c6 thé viét :

4a® + 8ab + 28a + 28b + 8b® + 40 = 0
hay 4a®+ 4b® + 49 + 8ab + 28a + 28b + 4b* -9 =0
hay (2a+ 2b + 7)* + 4b% = 9.
Vi 4b220 nén (2a+2b+7-3)<0

hay (a+b+5)a+b+2)<0.

b+550
Tirdé:{a+ . A ekl § 5 Sl & 2)

a+b+2<0

ha M=-4
4 M<-1

Vay M c¢6 GTNN la -4 khib=0,a=-5
va ¢6 GTLN la -1 khib =0, a = -2.




§5. PAO SAU VE PHUCONG TRINH
VA BAT PHUONG TRINH

A. KIEN THUC CAN NAM VUNG

L

a)

b)

c)

d)

e)

»

b)

c)

d)

e)

Phwo’ngltrinh bdc nhdat mot an :
Phu‘dng trinh dang ax + b = 0, v6i a va b 1a hai s6 di cho va a # 0,
dugc goi la’ phuong trinh bac nhat mét an.
Trong mot phuong trinh ta ¢6 thé chuyén mot hang tu tir vé nay sang
vé kia va doi dau hang ti do. : | '
Trong mot phuong trinh, ta c6 thé nhan (hodc chia) ca hai v& véi (cho)
cung mot so khéc 0. '
Phuong trinh bac nhat luén ¢6 mot nghiém day nhat x = —E.
(Luw y : Hai phuong trinh ¢6 cung mét tap nghiém la hai phuong trinh
tuong duong).
Phuong trinh tich. Cong thue dé giai :

A(x).B(xJ =0 < A =0 hoac B(x) = 0.
Phuong trinh chita 4n ¢ mau. Giai theo bén bude :
Bude 1. Tim diéu kién xdc dinh (DPKXDP) cia phuong trinh.
Buéde 2. Quy déng mau réi khi mau.
Budce 3. Giai phuong trinh.
Buéc 4. Cdc gid tri théa man DKXP chinh la nghiém ctia phuong trinh
da cho.
Bat phuong trinh bac nhdt mot an _
Khi cong Cilllé mjt s6 vio ca hai v& cla mét bat déng thie ta duge bé‘i’t
dang thic méi cung chiéu véi bat dang thic da cho. _
Khi nhan hai vé& cia bat dang thic véi cung mot sé duong (v6i clung
mot s6 am) ta duge bat ding thic mdi cung chiéu (nguge chiéu) véi bat
dang thic da cho.

_Bat phuong trinh dang ax + b < 0 (hoacax +b>0,ax +b <0, ax + b > 0)

trong dé a va b la hai s¢ da cho, a # 0, duge goi la bat phuong trinh
bic nhat mot an.

Khi nhan hai v& cia bat phuong trinh véi cing mot so khac 0, ta phai :
Gilr nguyén chiéu bat phuong trinh néu sé dé duong. .

Doi chiéu bat phuong trinh néu s dé am.

Phuong trinh chia dau gid tri tuyét déi.

Khi gidi phdi b6 ddu gid tri tuyét déi va rit gon cde biéu thie,
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Vi du 4 : Tim GTLN ciia biéu thic :
D = -5d? — 2de - 2¢° + 14d + 10e¢ - 1.
Giai
Ta c6 : 5D = 25d% + 10de + 10e* — 70d — 50e + 5
~ (25d2 + 2 + 49 + 10de — 70d — 14e) + (9e” — 36e + 36) —80

Suyra D= ﬂ%(5d+eﬁ7)2 —%(e— 2)% + 16 < 186.

e=2
dsl

5dd+e-7=0

tuce la
e—-2=0 {

Dau = x4y ra khi {
Vay GTLN cta D la 16 (khid =1, e = 2).
Vi du 5 : Cho a va b lien hé véi nhau béi hé thic :
o + 2ab + 7(a + b) + 2b° + 10 = 0.
Tim GTLN va GTNN ciia M =a + b + 1.
Giai

Hé thic da cho c6 thé viét :

4a® + 8ab + 28a + 28b + 8b” + 40 = 0
hay 4a®+ 4b%+ 49 + 8ab + 28a + 28b + 4b* -9 =0
hay (2a + 2b + 7)* + 4b? = 9.
Vi 4b>>0 nén (2a+2b+7-8)<0

hay (a+b+5)a+b+2)<0.

bt 550
Tx‘,rdéz{a+ ¥ (ha+b+6sa+ba+3)

a+b+2<0

{M > —4
hay
M<-1

Vay M ¢6 GTNN la -4 khib=0,a=-5
va ¢6 GTLN la -1 khib =0, a=-2. _ -




§3. PAO SAU Vi PHUCNG TRINH
VA BAT PHUCONG TRINH

A. KIEN THUC CAN NAM VOUNG

I

a)

b)

c)

d)

e)

a)

b)

c) B

d)

e)

Phuong trinh bac nhdat mot én

Phuong trinh dang ax + b = 0, v6i a va b 12 hai s6 da cho va a = 0,
dugc goi la’ phuong trinh bac nhat mét 4n.

Trong mot phuong trinh ta c6 thé chuyén mot hang ti tir vé nay sang
vé kia va doéi dau hang ti dé.

Trong mét phuong trinh, ta c6 thé nhan (hoac chla) ca hai vé& véi (cho)
cung mot sd khac 0.

\ ~ ~ - ra A . m ~ b
Phuong trinh bac nhat luon 6 mot nghiém duy nhat x = ——,
a

(Luw y : Hai phuong trinh ¢é cung mét tap nghlem la hai phuong trinh
tuong duong).

Phuong trinh tich. Céng thic dé giai :

A(x).B(x) =0 <. A®x) =0 hoac B(x) = 0.
Phuong trinh chira 4n & mau. Giai theo bén buée :
Bude 1. Tim diéu kién xdc dinh (PKXD) cia phuong trinh.
Bude 2. Quy dong mau rdi khiy mau.
Budce 3. Gidi phuong trinh.

Buéce 4. Cdc gid tri thoa man DPKXD clnnh la nghiém cia phll'dllg trinh
da cho.

Bdt phuong trinh bac nhdat mot d’u '

Khi cdng cing mot sé vao ca hai vé cua mot bat déng terc ta dugc bat
diang thic méi cing chiéu véi bat ddng thie da cho.

Khi nhan hai vé& ciia bat dang thic véi cung mot sd duong (v6i cung
mot s6 am) ta duge bat ding thic méi cing chiéu (nguge chiéu) véi bat
dang thuc da cho.

at phuong trinh dang ax + b < 0 (hodcax +b>0,ax +b <0, ax + b > 0)
trong d6 a va b la hai s6 da cho, a = 0, dugc goi la bat phuong trinh
bac nhat mot an.

Khi nhan hai vé caa bat phuong trinh véi cing mét s6 khdc 0, ta phai :
G1i nguyén chiéu bat phuong trinh néu s§ dé duong. .
Doi chiéu bat phuong trinh néu s& dé am.

Phuong trinh chia diu gia tri tuyét doi.

Khi gidi phdi bo dau gid tri tuyét doi va rat gon cdc biéu thie.
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B. CAC BAI TOAN DIEN HINH
‘ 1. Cdc cap phuong trinh sau ¢é tuong duong khong 2

a) |x-=5l=7vax-12)(x+2)=0

=3y+4+ 2

b) dy-3=3y+4vady-3+
| : ¥~ y=1

2_
o B8 _gvatz-8=0,

Tz + 8

2. Giai cdc phuong trinh :

59
a) x+ 1,6x+ 9 = §x+4+gx -1,2x + 0,2

b) 5,76 + 4,8y — 0,05y = 6,99y — 1,995y + 5,13
) 5z + 3,48 — 2,35z = 5,381 — 2,9z + 10,42.
8. Giai cac phuong trinh chira hdng dang thic :
a) 5(x — 1)* — 2(x + 3)® = 3(x + 2)* - 7(6x — 1)
b) By — 1)) - 5(2y + 1)’ + Gy = 3)2y + D= (y - 1)’ =0
¢) 3z + 1)* + (z - 4= 101 # (z = 3)°.
4. Giai cdc phuong trinh chita &n ¢ mau :

X+5 X+ 25 b Gt ;]

a) — s  S— :
x?-5x 2x? =50 2x° +10x |
o — 4t L 2y° -5 5 2 2:°+16 5
y2+y+1 y -1 vy -1 z+2 2% +8 22 -2z2+4
5. Giai phuong trinh tich :
9% 4x 2y 2
a) - ———=0 by 2L gy
x+4 x*-16 5+y°

c) 29 8224 82— 1=0.

6. Giai phuong trinh chira dau gia tri tuyét doi :

a) |2x+ 1| =x+1 b)|1—2y{=|y+1|
-12
z° — 144
7. Gidi bat phuong trinh bac nhat mot an :
- ' 2
a)__1<x+3_x 3<2 b) z(1,5z+1)_(2 z) Zﬁ_z
4 6 6 4 3
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8. Giai bat phuong trinh :

2

a) 2x2—6x+(x—6)222(x+7J2—145+(x+5)
2 1 3

<
(1-3y)3y +11) (3y-1)* (3y+11)*

4 1. 2z° -5
g =5 - < 3 1
7z +z241 Z-—1 e |

C. CACH GIAI VA LOI BINH

1.

Muén ching té rdng hai phuong trinh 1a tuong duong thi hai phuong
trinh dé phai ¢6 cang moét tap nghiém.
a) Phuong trinh |x = 5] =7 ¢6 nghiém la 12 va -2

va phuong trinh (x — 12)(x +2)=0 cang c¢6 nghiém la 12 va -2, nén
hai phuong trinh nay tuong duong. '

b) Phuong trinh 4y — 3 = 3y + 4 ¢6 nghiém y = 7. V6i y = 7 thi =

Y

khong xdc dinh (vi y — 7 = 0), do dé hai phuong trinh da cho khéng
tuong duong.

3 2 _ :
¢) Phuong trinh g = =0 c6 TXD la z 2 -8. Do 4z —04 =0 khi
72+ 8 7z + 8-

49z° - 64 =0 va 7z + 8 # 0, hay (7z + 8)(7Tz — 8) =0 va 7Tz + 8 # 0
nén phuong trinh nay tré thanh 7z — 8 = 0. B6 chinh la phuong
trinh tha hai 7z — 8 = 0.

Vay cap phuong trinh nay tuong duong.

Lot binh : "Ba phuong trinh 4t + 3 = 0; 2t + 8 = 0 va (4t + 3)(2t + 8) = 0
co tuong duong khong néu :

a) t e N b) t e Z c)teQ?”
Ta phai tim nghiém cua ting phuong trinh. Phuong trinh 4t + 3 = 0 ¢6

. 3 5 2 z
nghiém la t = e phuong trinh 2t + 8 = 0 ¢6 nghiém la t = -4,
. : . N 3, . .
phuong trinh (4t + 3)(2t + 8) = 0 ¢6 nghiém la t = N hoac t = —4. Vay :-

a) Néut e N thi ca ba phuong trinh déu vé nghiém, tic 1a ¢6 chung
tap nghiém S = &, do dé6 ching tuong duong véi nhau.

b) Néu t € 7 thi chi hai phuong trinh 2t + 8 = 0 va (4t + 3)(2t + 8) = 0
c6 nghiém duy nhz‘f’g la t = -4 nén ching tuong duong véi nhau.

c) Néu t € Q thi phuong trinh tht nhat va thi hai khéng tueng duong,
phuong trinh tha nhat va thu ba khong tuong duong, phuong trinh
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% thit hai va thi ba cang khéng tuong duong. Do dé ca ba phuong
' trinh da cho ting déi mot khong tuong duong.

2. a) Phuong trinh da cho cé thé viét :
X + Ex+9:-§>c+4+gxmgx+%.
MC : 30. Quy déng mau réi khit mau duge :
30x + 45x + 270 = 20x + 120 + 25x — 36x + 6
hay 75x + 270 = 9x + 126; 66x = —144.
Viy x=-144 :66= 22 - 92
66 11
b) Thue hién phép tinh va chuyén vé ta c6 :
5,76 - 5,13 = 4,995y — 4,75y
hay 0,63 = 0,245y.
Tudé y=0,63:0,245~ 2,57.
c) Tacé: 2,65z + 3,48 = -2,9z + 15,801
hay 2,652 + 2,9z = 15,801 — 3,48,
Tu dé 5,55z = 12,321. Vay z = 12,321 : 5,55 = 2,22. _
3. a) Taco: 5(x*-2x+1)—2(x* +6x +9) = 3(x? + 4x + 4) — 7(6x — 1)
hay = 5x* — 10x + 5 — 2x” — 12x — 18 = 3x% + 12x + 12 — 42x + 7
3x% - 22x — 13 = 3x* - 30x + 19 -
Tirdé 8x = 32, viy x = 4. |
b) 9y* - 6y + 1 - 5(4y” + 4y + 1) + 12y° + 6y -6y -3 -y %2y —1=0
hay 9y’ -6y + 1 - 20y* - 20y—5+.12y")+ 6y-6y-3-y*+2y—-1=0
V= 26y ~ T =y 4 By 1= 0,

Tudéo: -24y=8. Vay y= ~%.

ek 3+ 224 1) +. 7" = 122% 4 487 = 64 = 101 + 2° - 92° + 27z — 27
hay 38z%+ 6z + 3 +2° — 122” + 482 — 64 = 101 + 2% — 922 + 272 — 27
z® — 92”7 + 54z - 61 = 2° — 92% + 27z + 74.
Tirdé: 27z =135. Vay z=5.
o L&i binh : Tuong tu : "Gidi cdc phuong trinh sau :
d) 2x° + (x + 57 - 2(x + 7)* = 2(3x - 72,5) + (x — 6)
) + 1 -(y-1=66"+y+ 1)."
Ta lan lugt c6 :
d) 2x* + x* + 10x + 25 — 2(x* + 14x + 49) = 6x — 145 + x* — 12x + 36
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e)

. a)

b)

c)

hay 3x® + 10x + 25 — 2x” - 28x — 98 = 6k + x* — 109
x* - 18x.— 73 = x* - 6x — 109
Tu dé : -12x = -36. - Vay x = 3.
Khai trién (y + 1)* va (y — 1)’ ta c6 :
y' + 3y + 3y + 1-(y”—3y2+3y—1):6y3+6y+6
hay 6y + 2 =6y’ + 6y + 6.

T dé : 6y = 4. Vay y=—§~.

Cdc mau phai khdc 0, tuc 1a
x3~5x:x(x-—5)¢0khix¢0,x¢5
2x? — 50 = 2(x* - 25) = 0 khi x # +5 . -
2x* + 10x = 2x(x + 5) # 0 khi x # 0, x # 5.

DodéTXD:x;tO_vé X =45,

Phuong trinh da cho ¢6 thé viét :

X+5 X + 25 X~

X(x-5) 2(x+5)x-5) B 2x(x + 5)
MC : 2x(x + 5)(x — 5). :
Quy dong mau réi khir mau dugc :
2(x + 5)* - x(x + 25) = (x — 5)* |
hay 2(x* + 10x + 25) — x* - 25x = x* — 10x + 25
2x2+20x+50—x2—25x=x2— 10x + 25
-9X + 50 = -10x + 25.
Tudé: 5x=-25. Vay x=-5.
Vi -5 ¢ TXD, nén phuong trinh da cho vé nghiém.
Do(y— 1)y’ +y + 1) =y*— 1, nén-ta c6 cach gidi sau :
TXD:y#1, MC:(y- 1Xy* +y + 1)=y* -1,
Quy dong mau réi khi mau dugc :
Ay -1 -y’ +y+ 1)=2y*-5
hay 4y -4 -y*_y_ 1=2y*- 5
3y%y;2—5=2y2—5.

¥ A

Tudé: 3y-3y*=0; 3y(1-y)-=o. Viy y,=0,y,= 1.
Vi 0 € TXD, nén phuong trinh chi ¢6 mot nghiém la y = 0.

Do (z + 2)(z* - 2z + 4) = z’ + 8 nén ta c6 cdch giai sau :

"TXD :z# -2; MC: (z + 2)(z% — 22 +4)=2" + 8.

Quy dong méu roi khir mau duoge

.69



2(z% — 2z + 4) — (22* + 16) = 5(z + 2)
hay 2z°— 4z + 8- 2z>— 16 = 5z + 10;
Tird6: -9z-8=10. Viy z=-2
Do -2 ¢ TXD nén phuong trinh da cho vé nghiém.

o Loi binh : "Gidai phuong trinh :

X
1+— B
) AT 5, W e
P y+1 ¥y ¥ +3
x+3-
Ta lan luot ¢6 :
a) TXD : x # -3. Phuong trinh c¢é thé viét :
2xX +3 '
X+ 3 -3 hay 2X+3._x+3:3
3 : x+3 3
X+ 3
2x +3

Tit do : =3; 2x+3=9. Vay x =3 e TXD.

Phuong trinh cc'; nghiém la x = 3.
b) TXD:y#0,y2-1. MC:y(y+1)=y* +y.
Quy dong mau roi khi mau duge :
y+2y+1)==1 hay y+2y +2=-1.
T dé : y = -1 ¢ TXD. Vay phuong trinh da cho vo nghiém.
5. a) TXD : x # 4. MC : (x + 4)(x — 4) = x* — 16.
Quy dong mau roi khit mau duge :
2x(x —4)—-4x=0 hay 2x°-8x—-4x=0
2x(x — 6) = 0. |
Tuwdé:2x=0,suyrax =0 e TXD,
hodcx— 6 =0, suy ra x =6 € TXD.
Vay phuong trinh ¢6 hai nghiém la x; =0, x, = 6.
-b) Mau 5 + y* luon duong. Quy dong mau rdi khit miu duge :
2y + 15y — 3y(5 + y*) = 0
hay 2y°+ 15y — 15y — 3y®* = 0; 2y® - 3y* = 0.
Tii d : Y2 -8y)=0. Tacé:y*=0,suyray=0

2+~3y=0,suyray = g

¢) Ap dung hiing dng thitc : z° ~ 327 + 32 — 1 = (z - 1)’ = 0.

Vay phuong trinh ¢6 ba nghiém bing nhau la z = 1.




o Loi binh : Tuong tu : "Gidi cdc phuong trinh -
d) 4x’ + 28x* — 9x - 63 =0 ey v 5y v ay-12=0"
Ta lan luogt c6 : ;
d) Ta phan tich vé& trdi thanh nhan tir : o
4X(X +T) - 9x + 7) = (x + T)(dx% - 9)=x+ T7)N2x + 3)(2x —'3)
Vay ta dugc phuong trinh tich : (x + 7)(2x + 3)(2x - 3) = 0
Gidi ra duge ba nghiém 1a : x; = -7; x, = -1,5; x3= 1,5.
e) Ta cing phan tich vé& trdi thanh nhan tit
(y - Dy’ +3y*+ 8y +12) = 0
hay (y-1(y+2)(y*+y+6)=0 (%)
Doy*+y+ 6= 5 +'2.E.y+—+—:[y+lJ2+§ >0 {réi moi X,
2 4 - 2 4
nén (*)cho: y-1=0,suyray, =1
y+2=0,suyray, = -2.
6. Luu y trudc tién dén dinh nghia cia gid tri tuyét dai :
] { Akh.iAzo
-A khi A <0
Ngoai ra luu y dén :
Néu |A| = |B] thi ¢6 hai truong hop : hodc A = B, hoéc A = -B.
a) Phuong trinh [2x + 1 I-: X + 1 c6 dang :

2x+1=x+1khi2_x+120,tfrcléx2-—%

va ~2x—1=x+1khi2x+1<0,tffclz‘1x<——é—.

. . 1 L . . " .
Tu dé ta ¢6 : x = 0 khi x > 5 Do 0 > 5 nén x = 0 la nghiém caa .

phuong trinh va -8x = 2, x= 2 khi x < ——1—. Do = < . nén
_ 3 2 3 2

2 .. -
X = =5 la nghiém.

Vay phuong trinh da cho c6 hai nghiém la x, = 0, xp = -E-.

b) Phuong trinh da cho tuong duong véi :
1-2y=1+y hoac 1-2y=-1-y,ticla:0=23y hodc 2 =y.
Do dé ta c6 y1 =-0 hodc y, = 2. Ca hai déu la nghiém cia phuong
trinh da cho.

c) Diéu kién : z # +12.
Té |z| - 12 = 0 hay |z| = 12, do d6 z = +12 ¢ TXD. Vay phuong
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trinh da cho v6 nghiém. -

e Loi binh : Tuong tu : "Gidi phuong trinh :

d) lx+1l+2lx-3l=10 ) lyl = lyy-nl."

Ta lan lugt c6 : _

d) Nghiém cta cdc biéu thirc trong dau gid tri tuyét don la :
x+1=0hayx=-1 va x-3=0hayx=3.

Do d6 ta phai xét dau cta vé trai trong cdc khoang sau :

x<-1 -1<x<3 x 23
- Néux<-1thix+1<0vax=-3<0nén
|x+1| =-x-1va |.X“3, =3-=x
Phuong trinh d& cho c6 dang : Fes ] +2(83-x)=10 llay'—3x:-;-5

5 -~
Suy ra x = = < —1. Vay trong khodang nay nghiém la x = =

- Néu-1<x<3thix+1>0vax-3<0nén
|x+1| =X+ 1va |x—3| =3-X
Phuong trinh da cho ¢6 dang : x + 1 + 2(3 —'x) = 10, tir dé6 x = -3,
khong thugc khodng -1 < x < 3. Vay trong khoang nay phuong trinh
vo nghiém.
~ Néux23thix+1>0vax—3>0nén
|x+1] =x+1va [x-3| =x- 3.
Phuong trinh da cho ¢6 dang :
X+1+2(x-3)=10 hay 3x-5=10
Suy ra x = 5 > 3. Vay trong khodng nay nghiém la 5.

Tém lai, phuong trinh da cho c¢6 hai nghiém la x, = 3 xi= 5.

e) Phuong trinh |y| = |y(y - 1] tuong duong vdéi :
y=yy-1 hote y=-yy-1)
Do dé tacé : y = y* — y hay 2y = y% y? - 2y = 0 ma nghiém la y = 0,
y = 2; hodcy = —y* + y hay y% = 0 ma nghiém la y = 0.
Tém lai, phuong trinh da cho ¢6 hai nghiémla y, = 0, y, = 2.

7. a) Ta phai gidi riéng hai bat phuong trinh :

x+3 x-3 . XxX+3 x-3
- > -1 (1 =
7 5 ) /va 1 - ) (2)

Giai (1), ta c6 MC : 12, nén :
3(x + 3) — 2x — 8)
12

>-1 hay 3x+9-2x+6>-12, tir d6 x > —-27.




Giai (2), ta ¢6 MC : 12, nén :
3(x+3)-2(x-3)
12

<2 hay 3x+9—2x+6<24,ti‘.rdéx<9.

Két hgp hai nghiém x > -27 va x < 9 ta duoc -27 < x < 9. b6 la
‘nghiém ctia bat dang thic kép da cho.

b) MC:12. Tacé : 2(1,52> + z) — 3(2 — z)* > 20z — 24
hay 3z° + 2z — 3(4 — 4z + z%) > 20z — 24
3z° + 22— 12 + 122 — 32° > 20z — 24.
Tit d6 : 14z — 12 > 20z — 24 hay 6z < 12. Vay z<2.

e Lot buzh Ta giai thém bai toan sau :

+2 nhé hon gid tri biéu

. A S i B i e S o P
a)Tim gid tri cia t dé gia tri biéu thic

peiil
thuc St_— L =
8 i sl o - JE—— % B =flpg) .. .3
b) Tim gid tri cia v dé gid tri bidu thic 1 - —_— lon hon gid
tri bidu thite < - ikl i 70)." -
2 6

Cach giai nhu sau :
Thuc chat, day la giai hai bat phuong trinh bac nhat mot an.

a)-Ta phai gié’ﬁ bat phuong trinh : t_;-l_ +2< 1-3t 1.

MC : 8. Quy dong mau réi khit mau duoe :
t+1+16<2(1-3t)—-8 hay t+ 17 <2— 6t— 8.

Tu dé : 7t < -23. Vay t < —%ﬁ.

3v-(1+v) g v 6v-(10-7v)

‘b) Ta phai giai bat phuong trinh : 1 -

9 2 6
2 - 2v — -
Bat phuong trinh nay cé thé viét : 1 - v9 . > %- @—éﬂ

MC : 18. Quy dong mdu rdi khir mau duge :
18 = 2(2v — 1) > 9v — 3(13v — 10)
hay 18 —4v + 2 > 9v — 39v + 30.

Tudé: 20 - 4v>—30v+30 hay 26v > 10. Vay v > %
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8. a) Taco:
O = B % = T + B8 > Ax" + 140 48] = 145 # x* + Dx+ 95
hay 3x*- 18x + 36 > 3x* + 38x — 22. |

Tu doé : -56x > -58. Vay x < ;
28

b) MC : (3y — 1)*(3y + 11)%
Quy dong mau rdi khi mau duge :
-2(3y — 1)8y + 11) < (3y + 11)* — 3(3y - 1)
hay (-6y + 2)(8y + 11) < 9y® + 66y + 121 — 3(9y* — 6y + 1)
-18y” — 60y + 22 < 9y” + 66y + 121 — 27y* + 18y — 3
- —60y + 22 < 84y + 118. '

Tu dé : 144y > -96. Vay y > —‘E.
c) DPieukién:z#1. MC :(z — 1)z + z + 1) = 2% =1,
Quy dong mau réi1 khit mau duge
dz-1)-(°+2+1)<22°-5
hay 4z-4 -z -2-1522°-5
32—~ 3220 hay 3z(z-1)>0
Néu z(z — 1) = 0 thi z = 0 hodc z = 1 (loai).
Néu z(z — 1) > 0 thiz >0 hodicz > 1;z < 0 hodc z < 1.
Két hop lai duge z < 0 hodc z > 1, phit hop véi didu kién.
o Loi binh : TUUnQ tu : "Gidi bat phuong trinh :
d |2x- 1] >5 e)2ly—1|+ly—2|23.”

Ta lan lugt c6 :
d) Néeu2x — 120, tie la x > = thi bat phuong trinh c¢6 dang 2x — 1 > 5,
tit dé x > 3.

" 1 - w A > A" " -
Tux> 5 va x > 3, suy ra x > 3 la nghiém cta bat phuong trinh da cho.

: 1 .
Néu2x - 1<0, tie la x < = thi bat phuong trinh ¢6 dang «(2x — 1) > 5,

hay -2x + 1 > 5, tir d6 x < -2 1a nghiém ctia phuong trinh da cho.

Vay nghiém cua bat phuong trinh la x > 3 va x < -2.




~-1néuy=>1
e) Ta cé : |y—_1|={y ' ¥

~(y-1néuy < 1;

y-2néuy >2
ly - 2| = P
~(y-2) néuy < 2.

Nghiém cua cdc biéu thic trong gid tri tuyét déi lay = 1 vay = 2.
Do d6 phai xét ddu cua vé trdi trong cdc khodang sau :

e
[\)
N

—2(y—1)—(y—2):—3y+4, néuy < 1;
Ta cé:2|y~ 1] + |y—2| =4 2Ay-D-(y-2)=y,néul<y<2;
20y -1)+(y-2)=3y -4, néuy > 2.

3 1 ;
Néuy <1thi -3y +4 >3,tacéy< 7 vay trong khoang nay

Bcs M 1
nghiém la y < 5

Néu 1 <y < 2 thiy > 3, bat phuong trinh v nghiém.

Néuy>2thi3y-4>3,tacéoy> %, vay trong khoang nay nghiém
la y 2 Z
= o
4 r 5§ o ; - : 1 4
Vay nghiém cua bat phuong trinh da cho la y < v vay > =

D. BAN CO BIET ?

~ THEM HAI PHUGNG PHAP PHAN TICH PA THUC RA THUA SO
1. Phuong ph.c‘zp dat an phu |
Vi du 1 : Phan tich thanh thira s6 da thdc : (m + m?)* — 8(m + m?) + 12.

Pt an phu m + m® = p, da thic da cho ¢6 dang p® — 8p + 12 va phén'
tich dugc thanh :

p°—8p+12=p(p-6)-2p-6)=(p-6)p-2)
Thay p = m + m” duge : (im* + m — 2)(m* + m — 6).
Vi du 2 : Phan tich thanh thira sé da thic: (@® +a + 1)@ + a + 2) — 12.

Patdanphua’+a+1=ttacéa’+a+2=t+ 1. Da thic da cho c6
dang t(t + 1) — 12, hay t* + t — 12 phan tich dugc thanh :

£5 e b 12 = 5= BNE i),
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Thay gid tri cua t dugc :
I T T | +4)=(@*+a-2)a’+a+5)
=(a’+a+5)a-1)a + 2).

. Phuong phap h¢ sé bat dinh

Vi du 1 : Phan tich da thice y* - 19y — 30 thanh hai thira s6 bac nhat
dang y + m va bac hai dang y* + ny + p.
Ta phai c6 : _

(y + m)(y” + ny + p) = y:; +(m + n)y* + (mn + ply + mp

hay y'- 19y —=30 =y" + (m + n)y” + (mn + p)y + mp

Hai da thic nay déng nhat bing nhau nén cde hé s6 tuong ding bing

nhau. Suy ra :

m + n = 0 (vi khong ¢6 s hang chiia y?)

mn + p = ~19 (hé s6 tuong ling ciia s6 hang chida y)

mp = -30 (h¢ s6 tuong ding cua sé hang tu do).
Do tich mp = -30 nén ¢6 thé chon m = 2, p = -15. Tirdé n = -2.
Viaytaco: y' — 19y — 30 = (y + 2)y=~ By ~ 15),

2
+5

X
%0 —fAx -0

thic ma mau theo thi tu bing x — 2 va (x + 1)%

Vi du 2 : Viét phan thuc, dudi dang mot tong hai phan

m n x2+5
Ta phai tim hai s6 m va n sao cho : + e ;
¢
X-~2 [l =2 -8n-0

Ta c6 the viét -

m " n _om(x + Iy « n(x — 2) B mx? + (Z2m + n)x + (m — 2n)
-2 fx+df (x — 2)(x + 1) x® -3x-2
Nhu vay : sz +5 " mx? + (21131 + )X + (m - 2n)
x"-3x-2 X" —-3x -2

Hai phan thic nay dong nhat bing nhau nén cic hé s§ tuong dng bing
nhau, suy ra : _ )

m = 1 (hé s6 tuong ung caa so hang chia x%)

2m + n = 0 (hé so6 tuong ng cua s6 hang chia x)

m - 2n = 5 (hé s6 tuong ing ctia s6 hang tu do).
Ta da c6 m = 1, do d6 tim duge ngay n = -2, Vay ta c6 thé viét :

x% 48 1 -9

-+ :
x> -3x-2 x-2 (x+1)°

Phuong phdp nay dugc goi la phuong phdp hé so bdt dinh.




§6. Bi QUYET CIAI Hi PHUONG TRINH

A. KIEN THUC CAN NAM VONG

L
a)

b)

a)

Phuong trinh bac nhat hai én ax + by = ¢

Phuong trinh luén luén c¢6 vo sé nghiém. Tap nghiém dugc biéu dién,
bai dudng thing ax + by = ¢, ki hiéu (d), '
Néua=#0,b =0 thi(d)ladd thi ham sé bac nhat y = —%x + E

" : c " . £
Néua#=0,b=0thi x= = (d)song song hodc trung véi truc tung.
a Jil

- ¢ : ¢ . . i 2
Néua=0,b#0thiy= =, (d) song song hoiic trang véi truc hoanh.

Heé hai phuong trinh bac nhat hai an

_{ax +by =c¢ -
ax+b'y=c

Minh hoa hinh hoc tap nghiém. _

Goi (d) la dudng thang ax + by = c. (d') 1a duong thing a'x + by =¢,

Néu (d) cat (d) thi hé (*) c6 mot nghiém duy nhat.

Néu (d) song song (d') thi hé (*) vé nghiém.

Néu (d) trung véi (d') thi hé (¥) ¢6 vo s6 nglnem

Giai hé bang phuong phdp thé.

Bién déi h¢ da cho thanh mot hé méi trong dé ¢6 mét phuong tlmh
mot an.

Gidi phuong trinh mot 4n nay, réi suy ra nghiém cia hé.

Giai he bfmg phuong phdp cong dai so.

Nhan hai vé cua méi phuong trinh véi mot so thich hop sao cho cac heé
s0 cua mot an nao do trong hai phuong trinh bang nhau hoic déi nhau.

Ap dung quy tdc cong dai sé dé duge mot hé méi, trong dé ¢ mot phu’cmg
trinh mot an.

Giai phuong trinh mot an nay, rdéi suy ra nehiém cua he.
- (=] O -

B. CAC BAI TOAN DILN HINH

1.
2.
8.

Tim tat ca cip sé nguyén (x, y) thoa man phuong trinh x -+ y =Xy,
Tim hai s6 nguyén duong z va t théa man phuong trinh z* — t* = 105.
Giai cdc phuong trinh bac nhat hai an sau :

a)rx+2;f:2 b)) Ox-5y=5 c) 9x + Oy = -27.

Minh hoa tap nghiém cia ba phuong trinh trén trong mat phing toa do.

el




10.

11.
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x+y=8 (1)

hé phuong trinh
Cho hé phuong tria {5){ it @)

Hay lap ba hé tuong duong véi hé da cho bang ba cédch.

Giai hé phuong trinh :
o | : .
=5 t? +42z% =13
a) {y +2 b) 5 %
5 _ D" =% =,
3(2x-5)-4B8y+4)=5
Giai hé :
z+t=2¢
X iy d
+ = 2m S -
a) ym+n m-n b) 1z c+d—c+d
X -y =4mn T cd -
c—d+
6 —
Giai hé :
> e e = Zth+ - =m +
" 2x+y 2x =3y by | Zt ozt m
15 2 - lz=t zt |
+ = + =n+ —.
2x +y 2x -3y zt z-t n
Giai hé chwa gia tri tuyét déi :
, “x-l|+‘y—5]=1 b) fz-t]:l
Ux—1|~y:~5 lz-1] +]t-2|=3.
Giai hé ba an :
2X+y+Z:1 t u Vv
a) {x+2y+z=2 by{4 3 9
X+y+2z=4 4t - bu + 6v = 55.
Gidi hé ba 4n : |
= 2v?
X+y+z=9 C14v?
A '
a) \—+—+—=1 B qu = t
X Y 2 142
Xy + Xz + yz = 27 2u’
vV =
1+ u?
Giai hé hai phuong trinh ba an :
IX-l-y:Z 2 2:
2) ; b) " +u v
Xy =1+2" t+u+v=1m.




C. CACH GIAI VA LOI BINH
1. Phuong trinh x + y = xy ¢6 thé viét (x — 1)y — 1) = 1 véi x, y nguyén
nén x — 1 vay - 1 cing la nhimg s6 nguyén. Ro rang tich cia hai sé
nguyén bang 1 khi ca hai sd dé déu bing 1 hoac déu bing -1, tice 1a
x-1=1 X, =2 Xx~=1I==1l" gm=0
=H
y-1=1 y1=2 y-1=-1  y,=0.

o Loi binh : Tuong tu : "Tim tat ca b ba s6 nguyén (x, y, z) théa man
phuong trinh x + y + z = xyz."”

Ta c6 cach giai sau :

Gia su x <y < z. Ta thay ¢ vé trdi cua phuong trinh cdc an x va y bing
z 16n hon ching va duge 3z > xyz (néu ca ba sé bing nhau thi ta c6
dang thic 3z = z°, nhung dang thic khong thé xdy ra véi z nguyén
duong).

Vi z > 0 nén chia ca hai vé& ctia bat dang thie 3z > xyz cho z ta dugc xy < 3.
Chi y rang 0 < x <y ta tim duge nghiém la hai cap sé (x; = 1, v = 1)
va (x; = 1, y3 = 2). Thay cdc nghiém nay vao phuong trinh da cho,
trong truong hop thi nhat ta ¢6 : 2 + z = z khong ¢6 nghiém nguyén,
trong truong hop tha hai ta cé : 3 + z = 2z, tit d6 z = 3. Nhu vay ta tim
dugc mot nghiém théa man dieu kién x <y <z.

Bing cach hodn vi vong quanh ta tim thém tat ca cdc nghiém khac.

Vay ta duge 6 by s6 nguyén sau day :

X 1 1 2 2 3 3
y 2 3 1 3 1 2
z 3 2 3 1 2 1

2. Phuong trinh da cho cé thé viét :
(z + tiz —t) =105 (vdi z, t nguyén duong).

Suyraz—-t>0hayz>t,cingthé z-t <z +t.
Ta phan tich sé 105 thanh hai thita s6 trong dé thitra sd nhoz -t < 0
(vi z° — t* phai nho hon 105). Th& thi z — t chi c¢6 thé lay nhiing ude
cua 105 nhoé hon 10, dé1la : 1, 3, 5 va 7.
Vay ta c¢6 bon hé sau :

z-t=1 z-t=8 . [z-t=5 f[z-t=1

{z+t—105 {z+t:35 lz+t.:21 lz+t=15.
Gidi ra tim dugc bén cap sé sau : |

z | 53 19 13 11
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Loi binh :

"Tim cdc nghi¢m la s6 nguyén t6 cia phuwong trinh x* - 2y* - 1= 0."

Ta c6 thé viet : x* = 2y” + 1 ching t6 x phai la so 16, gia s x = 2k + 1.
Thay vao phuong trinh dugc :

(2k + 1) - 2y* - 1 =0, hay 4k* + 4k + 1 — 1 = 2y? tir d6 y* = 2k(k + 1).
Thé thi y* phai la s6 chdn, nén y cing phai chan. Nhung chi c6 s&
nguyén td clréin duy nhatla 2, vay y = 2 va khi dé x = 3.

. a) Chuyén x sang vé phai rdi chia cho ) 2 dugc :

2y = X + 2; _y:~—§+1.

x 06 thé ldy gid tri thuc tuy y neén phuong "trinh nay c¢6 vo so

.o - At - > .~ - ™ X
nghiém ma dang tong quat cia nghiém la (x e I, y = e + 1).

Trén lllflt-. phang toa dg, tap nghiem la duong tlléng X + 2y = 2 (hinh 2a).
b) Chia ca hai v& cho (-5) duge Ox + y = -1, Phuong trinh nay c6 vO sd
nghiém ma (lang tong quat la (x e IR, y =-1).
Trén mat phing toa do, tap nghiem- 13 dudng thing y = -1 song song
véi truc Ox va cat truc Oy tai diéni c6 tung do bang -1 (hinh 2b).
¢) Chia hai vé& cho 9 duge x + Oy = -3, Phuong trinh nay cé vo so

nghiém ma dang tong quatla (x = -3,y R).

Trén mat phang toa d¢, tap nghiém la dlIOllg thdng x = -3 song song
véi truc Oy va cat truc Ox tai diém c6 hoanh do bang -3 (hinh 2c).

a | ¥ 0 2

e

0 + 2\ 3 . _-(;

a) b) c)
H.2 .

i

#N
MV
l
w
O
W

Lot binh :
"Viet nghiém tong qudt cia cde p/u(ong trinh sau va vée duong thang
bicu dién tap nghiém cia chiing :
d) 3x - 3y = ¢) dy—y=0"
Trude tién ta \'/ié't nghiém tong qudt cia chfmg. Ta cé :
7

d) 3y=3x-7 hay y:x—g.




xelR

Nghiém tong quat 1a 1 g
y=X-—.
3
Duong théng biéu dién tap nghiém nhu & hinh 3a.

= - ..., |xeR
e) y = 4x. Nghiém tong qudt la
__ y = 4x

Buong thang biéu didn tap nghiém nhu'¢ hinh 3b.

I YA

S ]

al- =, /113

MV

| Y s .
/ _ | , 0] 1

a) ' “ b
H3

4. Trude tién hay luu y ring : hax hé phuong tunh tu’ong duong la hai hé
c6 cung tap nghiém.

V2

— Cdch 1. Nhan hai v& cia mot phuong trinh cia hé véi mot so k = 0.
0 day ta nhan hai v& cta (1) v6i 5 chdng han duge 5x + 5y = 40.
5x+5y =40  (3) '

Ta dugc hé tuong duong : {5){ ES - (3)-

— Cdch 2. Cong liay trir timg v& hai phuong trinh cia hé dé dugc mot
phuong trinh méi. ; : : :
6] day ta cong ting v& (1) vé6i (2) duge phuong trinh méi 6x — 3y=8 (4)
X+y=8 (1)

Ta ¢6 hé tuong duong sau :
6x-3y=8 (4)

Cach 3.. Tu mot phuong trinh ctia hé biéu thi mét 4n theo &n kia réi thé
vao phuong trinh thi hai ctia h¢ dé duge mét phuong trinh méi mét &n.

O day tir (1) ta bidu thi x theo y duge x = 8 — y (1') r6i thé vao (2) duge
phuong trinh méi mot an la y sau : 5(8 —y) — 4y =0, hay 40 =9y =0 (5)
Xx=8=-y (1

Ta dugc hé tuong duong sau :
40-9y =0 (5)

. L) oy s Al Lo . . E P ~ X - y = 3
o Loi binh : "Tim gid tri cia a dé hé
: ax+y=a
a) co nghiemlax=2,y= -1 b) cé mét nghiém
¢) ¢6 vé so nghiem d) vo nghiem.”
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Bai todn nay cé6 tinh chat tong hop dé cap dén tat ca trudng hop c6 va -
khong ¢é nghiém ciia mot hé phuong trinh bac nhat hai an.

a)

2-(-1)=

Thay x = 2, y = -1 vao hé da cho duoc :
2a-1=a.

Tu do6 ta c6 ngay a = 1.

o 5w i |xEY=38 e
(Thu lai thay rang heé { d c6 mot nghiém la x = 2, y = -1).
X+y=1

b) Cong tung v& hai phuong trinh duge : (a + 1)x =a +3 (%)

c)

a+3
a+1

Néua + 1 # 0 tic la a # -1 thi ta ¢6 mot nghiém x =

a+3_3_ -2a
a+1 a+1l

vaiy=x-3=

Néu a + 1 = 0 hay a = -1 thi (¥) ¢c6 dang 0x = a + 3. Nhu thé néu cé
thém a + 3 = 0 hay a = -3 thi (*) ¢6 dang Ox = 0, nhung diéu nay
khong thé xay ra.

d) Neua+1=0vaa+3=-14+3=#0 thi Ox # 0, phuong trinh nay vé

. a)

nghiém nén hé da cho vé nghiém.
Tém lai : V6i a # -1 hé c6 mot nghiém, véi a = -1 hé vé nghiém va
khong c6 gid tri nao cia a dé hé c¢6 vo s nghiém.
DPiéu kién y+ 2 %0 hayy #-2. Hé da cho c6 thé viét :
x+1=5y+10 Xx-56y=9
: hay
6x —-15-12y -16 =5 6x - 12y = 36.
Nhan hai vé cia phuong trinh thi nhat véi (-6) duge hé ;

-6x + 30y = —54
6x — 12y = 36.

". Cong tung vé hai phuong trinh dugc :

b)

18y = -18 hay y = -1, théa mén diéu kién y = -2.
Thay vaox -5y =9 dugc x =9 + 5y =9 - 5 =4,
Vay nghiémciahé la :x =4,y = —1.
| v+4u =13

Pat u =2°>0, v =t* > 0. Hé da cho ¢6 thé viat :
2u-v=-7

Tir dé6 6u = 6 hay u = 1. Thay vao phuong trinh thd nhat ching han
dugev +4 =13, v =9.

Nhu vay z° = 1, suyraz=+1,t=09, suy ra t = +3.
Vay nghiém cia hé la : (z, t) = (1; 3), (-1; -3), (1; -3) va (-1; 3).




v L bink s
2 2
"Néu la he {" FAT el ha)

thi cdch gidai nhu thé nao 2"
XER=EG ‘

Céach giai sau day la hay nhat :

Bién déi phuong trinh thi nhat thanh x? + y? - 2xy =4 hay (x — y)* = 4,
tirdé : x—y=2hoiicx—y=-2 Ta dugce hai hé :

) B . Jx-y=-2
s va
X+y=6 Xy =0,
Giai ra ¢é ngay nghiém ciia hé da cho la : (x, y) = (4; 2) hoic (2; 4).
6. a) Diéu kién m # #n. Tir phuong trinh thit hai ta c6 : x = y +4mn -.(%)=

Thay gid tri nay ctia x vao.phuong trinh thid nhat duogc :

+4m
La lln+ Y =2m

m +n m-n
Quy dong mau roi khit mau (MC = (m + n)(m ~ n) = m? - n?) duge :
(y + 4mn)(m — 1-1) +y(m+n)=2mm*-n%
hay my +4m®n - ny — 4mn? + my + ny = 2m(m? - n?
2my + 4mn(m — n) = “Zm(m_2 -1’
y + 2n(m - n) = m* - n?
y=m’-n®- 2mn + 2n%= (m - n)>.
Thay gid tri cua y vao (*) duge : x = (m — n)? + 4mn = (m + 11)é.
Vay nghiém cua heé la :
x=m+n); y=@m-n)’ véim=in, mz 0.
b) Diéu kién : ¢ # +d. Phuong trinh thit hai ¢6 thé viat :
z (c+d)?-cd e-d)* +ed c®+d? +2d-cd c? +d? - 2¢d + cd
% c+d ' c—d - c+d ' c-d
B (c® +d? + ed)(c - d) B g% gt
(e + a2 —cd)c+d) 3 +d®

z+t=2¢
Vay ta phai gidi h¢ sau: {, 3._ 43
t ¢ +dd

Phuong trinh thia hai ¢ thé viét :
Z+L T L — 2¢3 3 2¢3
t _Ca+d3‘ t S +ad

Tudécéngay :z=c®-d* t=c+d
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kx +y = i’ (1)

e Lot binh : "Tim gid tri cia k sao cho hé
: x+ky=1 (2)

v6 nghiém, cé vé sé nghi¢m.”
Nhan (2) vé6i k duge kx + k’y = k, réi trir di (1) duge : (k*=-1)y=k - k%

, e k - k? k? -1
Tu d6 ta duge nghiém la : y = — T
R | k® -1
‘Néuk+1#0vak—1=#0, tiic 1a k # +1 thi hé c¢6 nghiém duy nhat :
k% +k+1 -k
X= ————, y= :
k+1 k+1

; : -x+y=1 s
Néu k = +1 thi véi k = -1 ta duge hé : { ¥ vo nghiém.
' ' . x+y=1

x+y=4 . L oy .
¢6 vo so nghiém (x tuy y, y = 1 - x).

Con vé6i k = 1 ta duge hé {
’ x+y=1

7. Ta phai diing 4n phu dé giai.
a) Pat 2x + y =u, 2x— 3y = v  (*). Hé da cho c¢6 thé viét :
5 4 15" 12

PRI P eis. a5 )
u v u A4
15 2 hay 115 4
iR W i e SR
u A" u v

Lay (1) trir di (2) tung vé dugc :

12 2 10
——-—=10 hay — =10, suyyrav=1.
vV Vv A%
F 11-" 1!’
Thay vao (2) dugc : e RN 5 hay o 3, suy rau = 5.
u u
.o R : = s
Thay vao (*) ta c¢6 hé : Giai ra dudcngay y =11, x = 2.
2x -3y =1. _ _
l}'] “"} 1_:“- )}:l -4 E‘" t :.')1 = 1
gigke - Chefy (heapby. “HuAdmEme—
b) Dat =u, = v. Hé da cho ¢6 thé viét : 4 -
: zt ozt “alt g 1
_ V+—=1+—.
il sattng [ ye-ad a"_;;.’,'f;'; sila N ‘f":_;‘.f" 11
Giai hé nay tim duge : Uy =1, vi=nvauy, = —, vy = —.
PR n
C 391y onl 09 s udi ke
’ _ | 1
g oK —+'—="u =z (]~ %)
Vay hé da cho trd thanh : ; f hay ; (*)
———=v —=—=(u+v)
vt z -t




Thay cdc gia tri cia u,, v; va ctia uy, vy vao vé phaL cua hé (¥ ) roi gidi
sé dugc :
9 2 2mn 2mn

o B = : va Zy = ~ tz = vdl m # +n.
ln = 11 m+1 : n-—11m m+1

Zy =

o Lot binh : Tuong tu : "Gidi cdc hé sau :

1 1 5 ;
ke Sies ! + 6 =1,1
x+y x-y 8 z-t z+t
BTy Epi.g B}V ng g
_ = _ o =0,1."
xX—y &+9y -8 Z—=EE ¥
. 1 1 R ¥ i
c) Dat =T, = v (diéu kién x # ty) ta dugc hé sau :
X+Yy X—y :
u+v—5.
= = 3
8 Giai radl,r(_fcuz—,v:l.
3 : 2 8
Ju—v=—,
| 8
Nhu vay ta c6 : _
| 1 1 J
=— hay x+y=2 va =— hay x-y=8.
x+y 2 X% .8
Biét tong x + y va hiéu x — y tacé ngay x = 5, y = -3.
d) bat 1 =4 B 1 =v (diéu kién z # *t) ta duoc hé sau :
z+1t Z2—1 ‘
2v+6u=11
. Giai radugcu = —, v = l
4v -9u =0,1 ’ 10 4
Nhu vay ta cé :
) . _
1 =— hay z+t=10 va —1—=l hay z -t =4.
z+t 10 z-t 4

Tudétacongayz=7t=3
. a) Phuong trinh thd hai cé thé viét : y - 5 = |x - 1] > 0,do déy = 5.
Vi thé phuong trinh thi nhat e6 thé viét : y—-8=T2 |

11
Tudéy = —. "
. Y o
: 4 308 2 j Y 1.3
Tit phuong trinh thi hai ta c6 |[x - 1] = = hay x - 1 = > do dé
- . . . _
’ 2& 2 = 2'
' | 11 3 11
Viay hé da chocé nghiémla: x;= -, y1= —;" xp= =, yp, = —.
4 gme 1= )"1 2 259 Y2 2
b) Tu phuong trinh thu’ nhit ta c6 z — t = 1.
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T phuong trinh tha hai ta ¢6 : |z—1|£3 vz‘lft—2|53,
trdé -2<z<4va-1<t<5b.

- Néu-2<z<1thi:
Voi-1<t<2tac6:1-z+2-t=3 hayz+t=0
Vé6i2<t<btacé: 1-z2+t-2=3, hayt-z=4.

- Néul<z<4thi: .
Véi-1<t<2tacé:z—-1+2-t=3 hayz-t=2
Véi2<t<btacé: z—-1+t—-2=3,hayz+t=6.

Vay ta phai giai 8 hé phuong trinh sau day :

=t = : i 1 2 S s
1. 0 c6 nghiém z = —, t = —— (thugc khoang xdc dinh).
z+t=0 2 2
2 Ot vo nghiém
T lt-z=4 R
z—t = " . i
3. { 9 vo nghiém.

co nghiémz= —, t = 2 (thudc khoang xdc dinh).
z+t=6 -, 2 2

PR T T 1 1 . " -
¢6 nghiém z = 5 b= 3 (thudéc khoang xdc dinh).
< vo6 nghiém.
vo nghiém.

| . . -
& c6 nghiém z = é i L (thudc khodng xdc dinh).
2+t =0 2 2

Tém lai ta ¢6 bon nghiém sau :

(1 1]'[7 5) ( 1 1} (5 7]
===kl skl o)
| 9 Bl\2 2 2-2)\2 2

Loi binh : Tuong tu : "Gidi cdc hé chita gid tri tuyét doi sau :

_2 =_3 ’ ]
c) ¥ | x| d) 2 |t’+1”
’y|+x=3 2z=5+1L.
* Céch giai nhu sau :
y—2x=-3

c) Néux=>0,y=>0-thi d"u-;ic hé {
A y+X=

, manghiémlax, =2,y, = 1.




d)

¢ 8)

b)

. -2x=-3 ey At P4y g
Néu x20,y <0 thi: {y , ma nghiém la x, = 0, y, = -3.
: Y+ X= "
’ +2x = -3 .
Néux <0,y >0 thi: {y *, ma nghiém la x3 = -6, y3 = 9.
Y43t =3
> + 2% = -3 i
Néux< 0,y <0 thi: {y , ma nghiém la x4, = 0, y, = -3.
-y +x=

Bon cdp gid tri trén déu thoa man cdc diéu kién da néu va 1a bén
nghiém cua hé da cho.

Trén cing mot hé truc toa dd Ozt ta vé dd thi haihams6 z = [t]| + 1
va2z-t-5=0. ,
Truée tién vé dd'thiz = |t| + 1.
t+1néut=>0

-t+1néut<O.

- LN

Ta cé z = ltl +1=_{

Do dé ta vé dudng thing
z =t + 1 va chon tia bén

phai Oz (t 2 0), rdi vé dudng Pl :
thing z = -t + 1 va chon tia =5 10| 3 f
bén trdi Oz (t < 0). Sau dé vé M4

dd thi ctia 2z = 5 + t (hinh 4).

Giao diém hai dé thi la A(t = -1; z = 2) va B(t = 3; z = 4). Vay hé
phuong trinh da cho ¢6 hai nghiém 1a : (t, z) = (-1; 2) va (3; 4).

Luu ¥ né€u cong tiung vé ca ba phuong trinh thi & v& trdi sé dugc-
4x + 4y + 4z, tr. d6 ma ¢6 dugc x + y + z dé két hop véi phuong
trinh thi nhat ma tim duge nghiém x. That vay, cong ting vé cd ba _

7
phuong trinh tacé : d(x +y +2) = 7, tir d6 x + ViZ= 5

X+3y =0

Do dé ta duge hé hai phuong trinh 2 4n sau : { 1
: X -y =-1.

Gidi ra duge x = -5,y = L
4’771

Thay x va y vao phuong trinh thit hai x + 2y + z=2sédugcz = %

t_u |

Dt
4 3

=a, taco t = 4a,u =3a, v = 9a.

Thay cdc gia tri nay vao phudng trinh tha hai duge :
16a — 15a + 54a= 55 hay b55a =55,tirdéa = 1.

Vay hé da cho ¢6 nghiém la: t =4, u = 3,v=0.
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o L&i binh : Tuong tu : "Gidi cdc hé sau :
) kx+ky+z=f . G s
c) x+ky+z==~k
" 2hi-v =4"
x+y+hkz=Fk”
Ta c6 cdch gidi sau :
¢) Cong timg vé ba phuong trinh dugc : |
7 k(x+y+z)+2(x+y+z):1+k+k2
hay (k+2)(x+y+2)=1+k+k? (¥

; 2
Né’uk:t—2thix+y+‘z=ﬂ.
_ k +2

kx+y+z=1
Giai hé 1+k+k?

X+y+z=——

- k+2
Trir timg vé& hai phuong trinh :
2
kx_x:l_ﬁ-_k_—l_l.(—."
: k+2
. (k—l)x=k+2 1-k-k :1 k,
k+2 ey 2

Vdik#ltacc’):x:—1+k 2
: k+2

1 é;(k+D2
kWt o 5 degiont

Tuong tu, ta tim dugc y =

Néu k = -2, hé vo6 nghiém.
Néu k = 1, hé c6 vo so nghiém vi moi b ba s6 thbamén x + y +z =1
déu la nghiém.
d) Khir v tir hé da chotacé : 2tu— (2 -t —u)* =4
hay t2—dt+4+u’-4u+4=0 .
tde 1a(t — 2)° + (u— 2)* = 0, ma nghiémlat=2,u=2,
Thay gid tri caa t va u vao phuong trinh tha nhat ta tim duge v = -2.
Vay hé ¢6 nghiémlat=2,u=2v=-2 '

10. a) Pidukién : x#0,y# 0,z # 0.
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Xy + Yz + zX
e R

Phuong trinh thi hai ¢6 thé viét : =1

Xyz

ma xy + yz + 2z = 27, né.].,l xXyz = Z7.

Nhan phuong trinh thu ba véi z rdi k&t hgp véi xyz = 27 duge :
97 + (x + y).z® = 27z




b)

e Logi binh : Tuong tu :

Thay x + y = 9 — z tir phuong trinh tha nhat dugc :
23— 922 +272.-27 =0 ‘hay. (z-3)=0.

Do d6 z = 3. T d6 tim duge x =3 va y = 3.

Vay hé da cho c6 nghiémla :x=3,y=3,z=3.

Dé gidi nhanh hé nay ta dua vao bat dang tlurc o F B2 Qab (suy
ra tit bat déng thic (a + b)? > 0). That vay, ta co VZ <1, tu
1+v
phuong trinh thi nhat suyrat<v (1).
Tuong tu, ti phuong trinh thir hai va thi ba ta cé :
ust (2) va v<u (3).

Hé cdc bat dang thic (1), (2), (3) chi thoa mdn khit=u=v (4)
Thay v = t vao phuong trinh tha nhat duge t;, = 0, t, = 1
Tir (4) cudi cung ta chi ¢6 hai nghiém cua hé da cho la :

(t.11,.v) = (0.0;:0) haaetll; 17 1.).

"Gidi cdc hé sau :

t
w_ _,
xX+y-z=2 L+u
2 2 i tuv 6
c) x“+y" +2z =6 d) < = —
3 - i u+v 5
x“+y +2° =8 tw 3
Vi A
Ta co6 :
¢) Ta lap phuong trinh th& nhat : [(x + y) — zJ° = 8, hay

11. a)

x3 +y% — 2% + 3x°y + 3xy® — 3x%°2 — 3y°z + 3xz® + 3yz° — 6xyz =8 (¥
(x + y)y - 2)(x - ) = (
Néu x + y = 0 thi tir phuong trinh thi nhat ¢6 z = -2. Khi d6 y = —x,

suy ra x = +1.

Do x* + y° + z® = 8 nén (*) tré thanh :

Néu y — z = 0 thi tit phuong trinh thd nhat ¢6 x = 2, tir phuong trinh
thi hai lai ¢ y = 1.
Néux—-2z=0thitac6y=2,x=2z= 1.

Vay nghiém cua hé theo bang sau :

X +1 2 1 |
y g | 2] 2
Z =2 £l +1

Rut x tir phuong trinh thd nhat ta ¢6 x = 2 — y. Thay vao phuong
trinh thi hai duge : -

2y—y2—22—1=0hayz2+y2—2y+1:0,taclaz2+(y.~1)2=0 .
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Mbi s6 hang ctia phuong trinh cusi nay déu khong am, vy né phai .
bang 0, tir d6 ta c6 ngay z = 0, y = 1. Thay vao x = 2 — y duge x = 1.

Viy nghiémcaahélax=1,y=1,z=0.

b) Luu y ring gid tri cia v duge xdc dinh duy nhat tir phuong trinh tha
nhatv =t* + u® (1)

Thay né vao phuong trinh thi hai duge t* + t + u* + u = m. Phuong
trinh nay tuong duong véi phuong trinh :

2 2
(t + lJ + [u +—1-) =1t 4 2 (2)
2 2 2

. 1
Néu m + 5 < 0 thi (2) vo nghiém.

1 1Y iy
Néu m + 5 = 0 thi (2) tr¢ thanh : (t-+ 5] +{u+§J =0 va céb

; » 1
nghiém duy nhat : t = ——, u= —l. T do6 tim duge v = L + 1 = L ;
: ' 2 : 4 4 2
g o b , : . 1 1 1
Vay nghiém cua hé phuong trinh da chola t = = = 5 L — 5

2 1 3 o o N e i b ST sl >
Néu m + 5 > 0 thi nghiém caa (2) la tap hop tat cad cdc gid tri t, u
2 2 1 _
thoa man t+-—} +lu+=| =m+= vav=t:+ui
2 2 2

o Loi binh : Sau day ta thi "Gidi moét hé phuong trinh gom 12 phuong
trinh 12 dn -
(p) +12py = 15,
py—12py + 1Ip; = 2
py—=11ps +10p, =2
p;—10p, +9p; = 2
Py —9ps+8pg =2
p; =8ps +7p; =2
Py ~7p; +6pg =2
p;-6pg +5pg =2
Py —5pg +4py =2
P —4pjo +3py; =2
p; =3Py +2pp =2
Py —2pjp = 2.7




Nhin qua thay c6 vé phic tap, nhung néu dé y réing tat ca sé hang dau
tién ctia v& trdi cia cd 12 phuong trinh déu la p; nén néu ta cong ting
vé cd 12 phuong. trinh sé tim ngay dugc gid tri ctia p,. Tir d6 tiép tuc
tim pg, ps, ..., P11, P12
That vay, cong timg vé 12 phuong trinh ta cé ngay :
- 37
12p; = 37, dodod p; = —.
.Pl _ 1 19
ok . : o 143 .
Thay gid tri cua p, vao phuong trinh tha nhat duge p, = Ty Tiép tuc
57 i y ; , 5 T 65
thay gid tri cia p, va p; vao phuong trinh thia hai duge py = e i .70

Cudi cung nghiém cia hé theo thia tu la :

37 143 . 65 39
P1 = '1"2—, p: = I&Z Ps = % P1 = 4—0-

26 9 - 13 65
P5=E, P6=-9—6, P7=H, Ps:';_(,"z-.

13 13 13 . 13
P9 = '1—5;, P = E, pll;ﬁ va ppi2 = ﬂ

D. BAN CO BIET ? ,

' QUY TAC CRA-ME
| . . by = 1

1. Xét hé phuong trinh bac nhat hai an : iax mE=E ()

ax+by=c¢c (2

Tap hgp nghiém cia hé la giao cua cdac tap hgp nghiém-cia cdc phuong

trinh (1) va (2). Nhan hai vé cta (1) v6i b' va cua (2) véi —b, rdi cong

tirng vé dugc : ' ,
(ab' - a'b)x =cb’' - ¢b (3) |

Nhan hai vé& ctia (1) v6i —a' va cta (2) véi a, roi cong tung vé dugc :
(ab'— a'b)y = ac' — a'c (4)

Trong trudng hgp téng quat néu ab' — a'b # 0 thi ti (3) va (4) ta dugc

nghiém téng quét cia hé la :

cb’'-cb y ac’'—a'c

ab’'-ab’ ab’'—ab

Nguoi ta thudng ki hiéu D = ab’ — a'b va goi D la dinh thic cia hé

phuong trinh :

X =

a b
>4

D =ab'-b'a=
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V§i cdach ki hiéu nay ta cang co :

iod g o kB b«
D, =cb —cb= c,><b,|,
D, = ac' — a'c = a’><_7\ c,

a- c

N&u D # 0 thi hé ¢6 nghiém duy nhat cho béi cong thie :

c _b ' a ¢

- ‘ Dx Ci bf D\' a! CI'
b, = 3 y = - —

D a b D a b

al bl‘ ai br

Cac cong thite nay goi la cong thiic Cra-me (tén nha toan hoc Thuy Si
1704 — 1752). |
3x — Ty = 55

2. Vidu: Giai hé phuong trinh
5x +4y = 18.

Ta tinh dinh thie D :

3 -7 -
5 F 4 4‘ =12 + 35 =47 = 0.

5

Hé c6 nghiém duy nhat cho béi cong thiec Cra-me :

55 —7|
L 118 4 _ 554 -(-7.18) _ 346
D . 47 47
3 55]
el 5 18’ _318-555 221
D 47 47

Nha todn hoc Crame con tim duge cong thic tong quat dé giai cdc hé n
phuong trinh bac nhat n an.




§7. CAN BAC HA1 CO Gi LA ?

A. KIEN THUC CAN NAM VONG

1.

a)

b)

c)

d)

a)

b)

a)

b)

Can bac hai
V61 s6 duong a, sd ya duge goi 1a can bac hai s6 hoc cua a. (S6 0 duge

goi la can bac hai s6 hoc cua 0).
V6i hai s6 ava b khéngamtacéo: a<b < Ja < Jb.

Véi A la mot bié'u thic dai so thi \/_ la can thic bac hai cua A (\/K

xac dinh hay ¢6 nghia khi A khong am).
. 5 2
Véi moi s6 a ta c6 va® =|al.

Mot cdch tong quat, véi A la mot biéu thice thi :

\/1?=1Ai={ Ané:uAZO

-A néu A <0
Lién heé giiwa phép nhan, phép chia va phép khai phuong
Véi hai so a, b khong am ta cé : Jab = Jab
Mot cach téng quat véi hai biéu thic A va B khong am ta ¢6 :
JEB -VAB
(Dic biét v6i A khong am thi (J_ A = J_ - A) S

J— ¥ ou 'f‘ J .'S

2

V61 s6 a khong am va so b dUOng ta u)

i.].\!'

‘Mot cach tong quat VGl bleu thu’c A khond am va B. (llfOilg ta cé :

Fiye & oo (d

£ L . “/.._ ey
——— . B B 1 H {. . S P— )
" k. ; o o gl sl A i«
il it g '.""J'-_'. sl 1} Fand TR 'l_J!'_,l 1{ _:l‘_.,l; 1<)

Bién doéi don gian biéu thire chira can bac hai
Dua thira s6 ra ngoai diau can

JA‘)_B _ (Al J§ _ Avfﬁ néu A va B déu >0

~AJB néuA <ovaBz2o.

Dua thira s6 vao trong dau can

AVE 8 I\}AQB néu A va Bdéu =20
l_\!AzB néuA <0vaB2>0.
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¢) Khir mau ctua biéu thic lay can

ng_m (v6i AB >0, B % 0).
B |B|

d) Truc can thic ¢ mau

A AVB

=—— (B>0)
B

JB
C CWAzB)
JA+B A-B?

C  CWA$+B)

(véi A >0, A # B)

(véi A, B khong am, A # B).

R +B  A-B,
B. CAC BAI TOAN DIEN HINH
1< Tkt ‘ _ ;
a) (57 +V3)(547 - V3) B) @++B++T12++6 —1D)

c) ‘/E+\{I—\[§\/§ d) -1-1(%- ﬂ |
o 3 413 V121

2. Phan tich thanh nhan tu :

aY e i — Jih—«/n b) 8 # Jp*

¢c) m+ vm-n-+n (véim > 0, n > 0).

3. Cong va triur cdc can bac hai sau :

a) 204245 — 5.+ V125 - 2%\/180

b) 6mv63mne - 3v112m®n? + 2mn+/343mn - 5ny28m°n
1[I |

c) 3\/871) - J18p -5 -é-p + flap + J50p - \/321) + J72p_.

4. Nhan va chia cdc can bac hai sau :

a) (JE =3y +5J_—%J§].2JE

b) 2M+3‘ﬁ44\ﬁ+51/i ed
c d cd
¢) (V75 + /243 - V48): 3 d) EJI_EJI+§\E ;E\[z
, 2V2 2Y3 5Y5) 15V8
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. Chung minh ring :

xx+yJ— 2,/;
\\/;M/— J—] ey */;M/; -

)
J Tl 1 1 , -

b) = [\/:)4——]_—1 (néu 0 < t < 1).
K\fl-’rt—\/l-t \/l—t"—1+t b _ _ :

. Giai*phuong trinh : |
a) V25x-275-9x-99 —yx-11 =1
b) /25 + 26y + /49 + 49y — /81y + 81 =6+ \Jy + 1.

. a) Rut gon biéu thic :

T N T 8ym | [, 3Yym -2
3Vm-1 3Jm+1 9m-1) ( .3/m+1)
roi tim gid tri cham dé M = 1,2.
b) Rut gon biéu thie :

P:[Bf%_fil}{ 9-p L yp-3 \/;+2j|
p-

.a)

(p+3{,f1_—2) p-2 p+3,
réi tim gia tri cia p dé hieu P- 1 < 0.

oV —a {24-\/_ 2- J_ 43J

. a) Rit gon biéu thic A =

Ja-3 \2-Ja 2ssa -4
roi tim gid tri cia a dé |A] = 1.
b) Rut gon biéu thic : '

Vb +8(JE+1)_b+3\/E+2J [b+JG+3 1]
Jb+2 b+2Vb b+vb ) b+2/b - Vb

rdi tim gid tri cia b dé VB > B.

B=

. Chung minh cdc ddng thiec :

a) '7 4‘/_ = -1 b) _5____?_‘_/_6_:_1 c) ﬂ:ﬁ
‘/_ 2 ‘/5“/5 _ \}2+J§
10. Truc cin ¢ mau :
20 o va+b-+Ja-b
8~/— 845 - 1043 Ja+b++ya-b
i &12—1 +w/m 3 3% d) 1
J;gﬂn“—w/m ¥ 0’ 1 482 +B
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C.
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11. Tinh gia tri biéu thie :

2 )
A BAVE =L el /5‘-+/9 Véias 0 bs0;
.\12—1 2 b a

x._._

CACH GIAI VA LOI BINH
1. a) (VT +3)BVT - f3) 6 dang (a + b)(a — b) nén ta c6 ngay :
5T +3)547 - 3) = (65J7)? - (3)? = 25.7 — 3 = 175 - 3 = 172;
(2 + VB) + VITI2 + VB) ~ V111 = (2 + V5)* - (JIT)? o
= 4+45+5-11 =45 - 2;

) \E-Jrf—ﬁ .Jﬁz\/ﬁ.m‘/la—\/aﬁ
3 . 4 3 g _
“ = 516 il =0 edd L = 8 =
144 \/_:_33 _‘j144.13.3 _J144.3 _12.43

13 V121 13.121 121 11

o Loi biuh "Chiing minh dang thic :

@ \/E+J—=\/7+2 b)J_ «/5—1}8 2

Ta hay b1e11 doi ve phal de dLroc ket qua bang vé t1a1 Ta lan Iurcit chd

T
2 JTn2vIo 5B

1—‘52‘[—-’—2*“2 \/(\/h)“'_+2\/—\[§+(\/‘ Zhe
N T A

Vé phai dung bang veé trai.
)i : 8-2\/@ 15 - 2053+3 = (B2 = 2/E.43 + /3
JE=BF =545
2. a) m-n - vym -vn = (vm)? - (vn)* - Jm + )
(Vm - V) + V) - (Vm + V)
Vm +yn)Fm -V - 1), véi ni>0,n>0.'
b) 8 + Jp—s =8+(Jfpr =2"+ (JE)“’ dang a® + b’

nén c¢é ngay két qua la : (2 + Jf))[él - 2\/}—) +p). . -

¢) m+ vm-n-vn=@n-n)+m-vn) -
(v + ¥n)m = V) +(m -+/n)
(Vm — Vi) + v+ ).

I

1]




e L&i binh : Tuong tu : "Phén tich thanh nhan ti :
d) Jab - Jed +Jbe - ad ) Ve +d® +Ve? - d?
H mn+ min —:;Jn_ ~-Jmn."”

Ta lan luot cé :

d) (J_b+J_)—(ﬁ+J_)—J_(J£+IJ—J_(JE+J_)
| = (Ya +e)b - Jd)
e) Jie+dxe?—cd+d?) - Jlerd)e—d) = Jerd(WE—cd+d® —Je—d)
f) mvn/n +1) - Vmnh +1) = (Vi + Dmvn - ¥Ymn)
=vmn(n +1)/m -1).

3. a) 20449.5 -5 ++/25.5 — g\/BG.E) = 140v5 — 5 + 55 — 155 = 1255

b) 6111\/9.7111113 - 3\/16,71113113 +2mn+/49.7mn - 5nv4.7m°n
18mny7mn - 12mny7mn + 14mny7mn - 10mny/7mn

"= 10mnv7mn (véi diéu kién m > 0, n > 0).

2p Qp 2
4

e@4s@—§@+g@+s@-4 5 + 65

9./2p (vdi diéu kién p > 0).

c) 34.2p - J9 2p — +25.2p - /16.2p +,/36.2p

I

o Loi blnh Tuong tu : "Tinh :

&) N2a® 267 +(a+ b7 - 5va? % + fou? ~952 ~J(a-b)

e) 2d+ec-d +c\/ f ~cJ A —nlo® = o?d 4
c-d -me — md
N Czd(z _ IJ g2 |[He-d)
d d?
Ta lan lugt c6 : |

d) J4(a® —b?) + (@ + b —5va® — b + 9@’ — b?) = y(a - b?
= 2ya? — b2 —5ya? — b? +3a? - b2 +|a+bl-Ja-b|=]a+bl-|a-b

Khia+ b>0,a—b >0 thi biéu thic nay bidng a + b — (a — b) = 2b.
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e) 2dJc—d+cJ 1d-C—S—C\I M JPe-d)+
C— C —

mic —d)
9 €= d
24| = % d = il X
"d( a ) |d|"

= 2dVe-d + chc—d—2|d|\/c—d = 2Jc-d(d - |d].
c — —
Biéu thuc nay bing 0 khi d > 0 va bing 4dvec-d khid <0.

4. a) (JE—3J§+5J_—%\/§].2JE =26 — BJ18 + 10J12 ~/48

= 12-619.2 +10/4.3 - 16.3
=12 - 18V2 + 203 - 44/3 =12 -18/2 + 1643

b) 2ch +3 El—~~4JE+5 i Aled
U c d Vcd
=2cd + 3 ﬂ.-cd - 4J§.cd ¥ SJid.cd = 2cd + 3\}(12 AT B 5
dc , c

=2d + 3|d| - 4]c| +5=2cd +3d -4c+5néuc>0,d>0.

. E+J§_§§_J4—fzm+m_m=5+9_4zm
B e 20

_15 6J— 75 — 75J€+48J_

8 8 40

e Lo&i binh : Tuong tu : "Tinh cdc biéu thic sau :

‘ [§J§+J§+EJ-(JL_2+J§—4W)

) 3m e 0,4 ’ {nm ’— votm >0, n>0."
U mn 15\ 2m

Ta lan lugt ¢6 :

" J—[ LN ‘/—]+I{4J§+I+ 3] 4J_[4J§+J§+J3'J
=_,/_ ,/_4+Jm 62+ 102_—J— 4,/0,4 -4 —02




_4fp2 f43 ol tE.s. {E_E §_4ﬁ_4 2
3Y 5 5 3 5 5

:4‘/§+2‘/§+2+5J€+2+2J:— S _d 2—4\/5

5 5 3
[ 4 [z B8 5 3
~—-—+4 4 —-—+2—— —
f 3 3

——F+4+ \/_——J6+~\/'13—4

45m [2m? 32 5 m® 451112‘/5 3 [2p , 5m
8 Van2 2V3n> 4V 3 ~ 8u V3 V3 @4

2
3

1
3

e 15m? J——i oy 51]1‘/5

Sn
. Ta bién déi vé trai :

X x+yﬁ—ﬁ(&+ﬁ)+ 2\/)7
Vx +fy)x-y) Vx +Jy

a)

X x+y,/;—x y—Y\/_ 2\/_ f (x/;—\/—)(x y) 2,]3_;
(&+J§J(x—y) &-wa— W J_)(X—y) J;+J)_f
Vx - Jy +2\y : .
= = 1, ding bang vé phai.
Vx +\y ' |

b) V& trdi ¢6 dang A.B, ta bién déi A va B nhu sau :

VI+t(1+t+41-1t) (1—::}{'J1-t2 +{1~1))

A = — -
WLHE)Y ~ 1 =5 1 =232 o] f)®
T EaL-12 (lﬁt)(w/l—t2+1~t)
Lad—1 %t 1 =12 =19k §12)
1+t+v1-t2 1-0W1-t% +1-1)
2t 2t — 2t
H1+t+\/l—t2 Q-t)V1-t2 +1-1t)
B 2 2(1 — t)
_1+t+\/1—t2~\/1—t2—1+t_2tH1
= 2t 2t
1 1
B = __,—1——=1-1—5=-1 (doO<t<1)
t2 E L r

Nhu vay v& trdi bing -1, ding bing vé& phai.
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e Loi binh : Tuong tu :
“c) Ching minh ddng thuc : -

[C}—}— f J’J[Ji:f_J —-Iné'zun>n>0_

d) Ching minh rdng gid tri clia P = 4p” — 8p” + 2p + 3 bang 1

I+J_

khi p =

Cach giai nhu sau :

¢) Ta bién doi vé trdi :

[(Jﬁ)‘* - W) mn}[ Jm - vn T
Jm-v¥n (JENHJ(JE—JH)

= (\/: Jmmn + \/_ ) e——

{\/l—n-+w/_)

(JE + J_)‘ = 1'(\"1 m>n > 0)
(JE+~/—)’ '

Vay vé trdi ding bang vé phai.

d) Gia tri caa P can tim la :

%{1+\/§}3—-2{1+J§)2+(1+J§J+3

o %(1+3J§+9+3J§)—2(1+2\/§+3)+1+J§+3
=54 3'\/5—8—4\/5'{'4'{'\/5 =],

6. a) Ta co6 theé viét :

100

J2B(x~11) - JOe—11) < Jx—11 =1, o

hay 5vx-11-3Jx-11-4x-11 =1. Tuadé: Vx-11 = 1.

‘Binh phuong hai v& véi diéu kién x — 11 > 0, tie la x > 11 ta duge

x - 11 = 1, hay x = 12. Gid tri nay thoa man diéu kién. Vay nghiém

cua phuong trinh la x = 12.

b) Phuong trinh cé thé viét :
J25t1 +y)+ 491 +y) - 811 +y) =6+ J1+y,
hay 5\/1 i3 i 5 7\/1 L A 9J1_+ B ,ﬁ +y =6, hay 2{1+y =86.

Tuwdé 1+y =3 (véiy >-1). Viy 1 + y =9, hay y = 8, thoa man

diéu kién. Nghiém cta phuong trinh la y = 8.




e Loi binh : Tuong tu : "Gidi phuong trinh :

c)

7\/33-_13+ 4,/;1—_11 _ 35;-_84{3@_7 |

J

d) (352 + 243 )(23 - 3\52) = (7z + 213223 - 747 )."

Ta lan luot c6 :

d)

e &)

b)

MC : 60 (y = 0). Quy dong mau roi khir mau duge :
2007,y -13) +12(4yy ~11) = 15(3fy - 8) + 60(3y - 7),
hay = 140\y - 260 + 48,y - 132 = 45,y - 120 + 180.fy — 420
140,y +48,fy - 45.[y ~180.fy = 260 + 132 - 120 — 420,
hay -37./y =-148. T dé Jy =4, vay y = 16.

Thu lai thay y = 16 ding la nghiém cia phuong trinh.

Diéu kién z > 0. Phuong trinh da cho ¢6 thé viét :

(23 +3v52)(2V3 - 3V5z) = (2V13 + 7V2)(2V13 — 742),
hay  (2v3)% - (3v52)2 = (2V13)% - (742)?

12 — 45z = 52 — 49z, hay 4z = 40, z = 10 théa man didu kién ¢
trén. Vay nghiém cda phuong trinh la z = 10.

-

T 1
Dieu kién :m > 0, m 5

MC:9m-1= (3¥ym +1)(3Vm - 1). Ta ¢6 : _
_ Wm-DEYm + 1) -@Ym -+ 8/m  3vm +1-34m +2

M
om -1 " admr1
_3m+vm-3V/m-1-3/m +1+8/m 3vm +1
(3¥m + 1)(3vm - 1) 3
hay M = 3m+3\/a _ m++vJm

338Jm-1) 3Ym-1

Dé M = 1,2 ta phai giai phuong trinh :

m+vym 1,2 hay m+ vm =36Vm -12
3vm -1

m= 2,6J/m - 1,2.
Giai ra duge m, = 2, ym, =0,6. _

T dé m, =4, m, = 0,36. D6 1a hai gid tri ciam dé M = 1,2.
Pidukién :p>0,p#4,p=9 Tacé:

[
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p-3p-p+9 9-p+(Jp-3)p +3)-(p +2p -2

b= p-9 ; -{ p +3)(J1;—2)
9-3yp (Bp+3p-2  9-3fp (p+3p-2)
p-9 9-p+p-9-p+4 p-9 4 -p
0 3B-4p) (3G -2) 3
o p+3Jp -3) @+ypI2-yp) 2+4p
Hieu P - 1 = : -1 < 0 hay : <luicla2+ Jp >3 (vi -

3
2+ J}j 2+ \/;
2+J§>OJ.SU)’1‘a p>lhayp» 1, titp=4vip=9.
Vaydé hieuP-1<Othip>1(trirgidatrip=4vap=9).
e Loi binh : Tuong tu : '
“c) Rut gon é)t:c‘;u thite : N = il 3\/; - W J; 1k + J; ok :
: n+ \/; -2 JE +2 1- J:_r

rot tim gia tri nguyén cia n sao cho N nhdan gid tri nguyén.

d) Riit gon bicu thiic :
T_(\/?+I+\/f7+\/?”]‘]_Jﬁmﬁh\ﬁﬂ
Jiw+t d=si0 | Jiv -1 Jw+1
fi I

lin nhét ctice T -khi —4~— =86"

Jeo e

, 10l tim gid tri

\
1Y

Cdch giai nhu sau :

c) Ta nhan thdy rang : (¥n +2)v¥n —1) = n++/n -2 nén trude tién
s o slfed) oo B i

doi dau cua —— thanh ——

1-Vn Jin -1
MC: (Vn +2xvn -1) =n ++n - 2, véi diéu kién : n >0, n = 1.
3n+3vn -3 - (n + (Y - 1) = (Vn - 2)(vn +2)

(¥ + 20 - 1)

311+3\/1_—3—{11—«/H+J;—1)—(11—4)

(Vi + 2 = 1) |
311+3\/;—3-n'+1—11-i-4 11+3J1—1+2

(Vi + 20V - 1) " (W + 20 - 1)

(Vi +2)vn + 1) hay N A1
(Wi +2)vn - 1)

— Biéu thie N rit gon c6 thé viét :

dé co6 mau chung la :

Taco : N =

11—1-
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d)

. a)

N=1+ muén N nguyén (titc N € Z) thi vn -1 phai la ude

2
T

cia 2. Ta lap bang sau :

o4 1 -1 2 -2
Jn 2 o 3 "
n ' 4 0 9 khéng cé

Ket hgp véi diéu kién c6 n € {0; 4; 9) thi P e Z.

Diéu kién : t 20, v 20, tv # 1. Biéu thie ¢é dang T = A : B.
Ta tinh riéng A va B, ta ¢6 :

GIE & Dl - JE)+(JE+I)(1+J§)+(1+J§)(1 Jtv)

= A+ Vv)a - iv)
N \/E~t v+-1—\ﬁ;;+~/§+tv+ t+tJ\7+1—tv N 2Jf+2.
| (1 + Vi) - Vv) 1-tv
g - Wo1-Gv + Oy + 1) - (Ve + Dy - 1)

Wtv - Dty +1)

tv - 1= (tv + Vv + tv + VE) = (Vv = VE + VEv = 1)
(Vv - DY +1)

i Ly Bl T sl e sfE =llm o
Wtv - Dy + 1)

2Vbv -2tV 2Vt + 2ty

tv-1 B 1-=tv

Vay biéu thie T trd thanh :

2t +1) Jt+1 1
2oy + ) Jve+ 1) Jiv

Ap dung bat déng thic (a + b)? > dab ta 6 :

T=A:B-=

2
1}
—=i hay 4T < 36, suyraT <9.
(f v ] i
Dau "="xdyrakhit=v = % Vay T,.=9.

Piéukién:a>0,a=4,a=9.
MC:4-a=(2+ Ja)X2-+a). Tacé:

Va@2-va) @2+Va)?-(2-a)? + 4a
Va -3 (2 +a)2 - Va)

A =
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b)

A—. Ja@8Ja +4a) ~ 8a + daa _ 4a(2+£) y 4a
Wa-3)2+va) (Ja-3)2++a) (a-3)2+Ja) +a-3

L 4
Mugn |Al = 1 thi =22 -1 Tirds —22_ - a1,
Va -3 Ja -3

Néu aa =1 thi phuong trinh béc hai 4a - \/5 + 3 =0 vod
Ja-3 -

nghiém vi A < 0 (xem §8).

Néu 28 = -1 thi phuong trinh bac hai 4a + JE -3=0c¢o6
Ja -3

nghiém E = -1 (loai) va ,}ag = %, suy ra as = 1%3-

g 9
Vay dé |Al =1thia= —. -
s 16

Biéu thic ¢6 dang B = M : N. Ta tinh rieng M va N.
Vi miub + 2vb = Vb(b +2) vab + b = Vb(/b +1), nén ta c6 :
Jbb++vb) + 81/ + Db +1) = (b +3Vb + 2(/b +2)

M =

Vb(b + Db +2) |
_ byb +b+8(b+2vb + 1)~ (byb +2b+3b+6vb +2vb +4)
MC
_byb+b+8b+16vb +8-bvb -5b-8Jb -4
MC

db+8vb+4  4(b+1)? 4o +1)

T MC bbb +ueb+2) Vb +2)
N=JB(bS;JE+3)+b+2JB=bJE+b+3JB+b+2JE

~ Vbb+2Vb) MC
bvb +2b+5Jb  Jbb+2vb +5) b+2yb +5
N MC " bb+zdb)  bezdb

4(JB+1)_ b+2JB ~ 4JB+4
b+2vyb b+2/b+5 b+2Jb+5

Khi vB ¢6 nghia thi B > 0. R rang ta cé B > 0 véi moi b > 0.
JB>B ©»B>B?titclaB(1-B)>0hayB<1;B-1<0.

Vay B=M:N hay B=

B 12
Do dé (b _1) < 0 hay Vb #1 ticlab # 1.
(JB+1)2+4 P

Vay véi b >0, b= 1 thi VB >B.

—— e ——-———




e Loi binh : Tuong tu :

JE.+\/E ; x/c_-w/c-‘ +c+d

2Je-2Jd  2Jc+2Jd c-d

" Ruit gon biéu thie va tim cap so nguyén (c, d) sao choC>1vac+d= 7.
2Jd_ | JJ_&d+3J_[2JE—21}

Jd+3 Jd-3 d-9 )\ Jd-3 )

Riit gon biéu thice va tinh gid tri ciia D, néu

d=( 1 1

. = 1 "
+ + .0+t ——.
T2 J2a3 V99 + Jzoo)

Cach giai nhu sau :
¢) Piéukién:c>0,d>0vac #d.
MC : (2Ve +2Jd)(2Ve - 2Vd) = 4c — 4d = 4(c — d). Ta ¢6 :

_ (e +Jd)eve +24d) + (Jd - Ve)eve - 24d) + 4(c + d)
4(c —d)

2c+2«/a+2afa+2d+2@—2d—2c+2\/ci+4c+4d
. 4(c - d)

8M+4c+4d _ 2@+c+d
4(c - d) c-d

O . (e +d)? :\/(_!+\[(T.
(e +Jd)We -Vd)  Ve-+d
Je +d 2d
Ve -d Ve -d
Do ¢ + d = 7 va ¢, d nguyén nén cap (c, d) nguyén sé bang :
(B, d)=16:1)=(5: 2)= @ B).
d) Piéukién :d >0, d #9.
MC: (Vd +3)(Yd -3) =d—-9.Ta c6 :

2Jd(d -3)+ Vd(Jd +8)-(3d +3) 2Jd -2-(/d - 3)

“¢) Cho biéu thicc : C =

d) Cho biéu thic : D = [

C

— Muén C > 1 thi -1>0, hay >0, ticlac>d>0.

b= d-9 Ja-3
_2d-6yd +d +3Jd -3d-3 Jd +1
d-9 "N =8
3Jd+1) Jd-3 -3

hay D=

T Wd+3)d-3) Jd+1 Jf 43

Béay gio ta tinh gid tri chia d, ta ¢ :

d=V2-1+(3-v2)+...+ (/100 -+/99) hay d= y100-1=09.
P05



. —~3 1
Va D = = = ——.
> J§+3 3+3 2

9. Ta bién déi vé trdi :
\f? 43 _J4-4y3+3  J2-B)
43 -2 48 =2 J3 -2
2-+3
" B-2
J5 26 _Y3-2842+2 JB-2?
J_ V2 V3-+2 J3-2
W@«
ol =2
3443 V2B+43)  V2BB+1)  J6(B+1) VBB +1)

= -1, dang bing vé& phai.

= 1, ding bang vé& phai.

\/2+J_ BJords 4+2y3 J3+2\/§41~_J(J§+1)2

_ V63 +1
- \/§ +1
o Loi binh : Tuong ty : "Chung minh cdc ddng thic :
| a-b a+b+2Jab
\/_ b Ja+B

& 6 -2yZ T2 + {15 - J128 =3 - 1

Ta bién doi vé trai :
(J5+J_J(J_—J_) (va + Vb)?
= (va ++/b)-(/a + Vb)
Ja-~+/b Ja +b

= 6, diing bang vé phai.

=0 (voia>0,b>0).

= 0, ding bang vé phai.
e) Ta bat dau tur dudi lén, ta cé :

V128 = 8v2; 18-128 =16 -8V2 +2 = Jla - v2)% = 4 - V2.

Nhu thé vé trdi thanh :
\/6~2JJ§+JE+4~J_ = 6-2(3+1) =43-28 +1

=B -1? =8 -1, ding bang v& phai.
20 8Y5+10y3  208v5 +10¥3) _ 20(8V5 +10y3)
845 1043 85 +10v3  (8v5)% - (1043)2 320 - 300
= 85 + 1043

10. a)
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b) Ja+b-vJa-b Ja+b Ja-b ~ (va+b—+a =h)?
Ja+b++a-b Ja+b Ja="h (Ja+b)2—(m)2
(Va+b-+va-b)? (Ja+b-+a-b)?
T T atb-(a-b) 2b

‘\/lll —11 +\/lll +l] JI'I] -—-1] + \/Ill +11
\/Ill 7 11 \/lll -+ 11 Jlll - 11 + \/lll b 5 11

(\/m — W \/m +n?)? (\/m'” -y +\/m" +n%)?
m? -n?) - (m? + n?) ) B g
d) Nhan ti va mau véis6 1+ V2 -5 20 ta cé
1442-5 1+2-5 1+/2-45

1
142 +¥5  (1+v2+B)1+42-v5) (1+27%-5 242-1)
Lai nhan tir va mau cia phan sé cudi nay véi v2 +1 =0 ta ¢6 :
198 = J_ V2 +1 J§+1+2+J§—JE—J§-_3+2J§—J1—0-JE
242 -1) V241 22 - 1) B 2 '
Loi binh : ”C/w’ug mmh rang :

1
a) \/2+ ——+—— b) =(\/F—2)(\/§—I)
2+45 + 242 + 410 -
1 Q/Z,.

c) : — =] - —.
2+32 +¥4 2

Cach giai nhu sau :

a) Taco: (Y2++3)2=2+3 va [£+£] §+2Jﬁ

2

Vi \f2+\f§ >0 va —\§+§>0 nén cac soé 1,}2+J?—) va

déu bing can béc hai cia s6 2 + /3.
b) Truée hét ta nhan thay ring mau 2 + V5 + 242 + V10 ¢6 thé vist dusi
dang tich sau 5 +2)(v2 + 1), nén ta truc can ¢ vé trai nhu sau :
1 B-22-1)_ (B-22-1
5+2W2+) (B-22-1) G-02-1)
= (V5 - 2)(J2 - 1), ding bing v& phai.
1 ¥2 -1 _¥2-1
A2 +@rne1 2+ Evud-n B
_d2-1¥4 Y4

=1-—, ding bing vé& phai.
o 5 g g p

-
£ _
2

wla !

c) Ta cé :
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1. s J (\pﬂ ORI
Nhuvy A = Qwa 1‘[Jr_ Jr] Ia-bq |

2bfa - b  2bfa- 1

— Néua-b20thi ]a—bl —a-—b,tacé:
_. "2b(a - b) _ 2b(a - b)
(a+b)-(a- b) 2b

-~ Néua-b<0thi l[a-b| =-(a-Db), ta cé:
=2b(a-b)  b(b-a)
(a+b)+(a b) a

a—-bnéua=hb

Viy : A =
4 E(b —a)néuac<b.
a %

=a-b

e Loi binh : Hay giai thém bai sau :
“Viét biéu thue J8 + V40 + V20 + V8 duoi dang tong cia 3 can thite.”

Ta dat : \/8+JE+@+\/§ =&+ﬁ+ﬁ.
Binh phuong hai vé :

8 + m+m+\/—:x.:v+z+2 xy + 2v/xz + 2 yz.
Tudétacé:x +y+z=8; 2xy = \11() oVxz = 20 ; 2/yz = V& (%)

Tiu day (%) ta tim duge :

4 : ] Gf 6h &
Xy = _49'210: xz:%—lp-:b; }'z::{:‘j; x\-2=_40,;20_'8=10.,
) 8

Supra: x=byy=2;z=1.

Vay ta c6 : \/§+\ﬁ4—0+m+1/§=\ﬁ5 & Y il

D. BAN CO BIET ?
1. Can bae n

1. Can bdc n cia mét s6 a la mgt s6 ma liy thita bic n béng a.
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Phép tim cian cia mot s goi l1a phép khai can. Phép khai can la phép
tinh ngugc cua phép nang lén lay thia.

a) Mot s6 duong hoic mot sé6 am chi c6 mot can bac 18.
Vi du s6 64 chi c6 mét can bac ba 1a 4, s _8 chi ¢6 mot can bac ba
la -2.
b) Mot s6 am khong c¢6 can bac chin.
¢) Mot so duong chi ¢6 hai cin bac chdn déi nhau.
S6 25 ¢6 hai ean bac hai la 5 va -5.
d) Can bac nao cua 0 cing chi la 0.
Ki hiéu ciin bac n cia s6 a 1a Ya (vi du can bac nam cia -8 viét 1a
¥-8, ciin bic bén ciia 2 vidt l1a 12)
Ki hiéu 2¥a (a duong) chi dung dé chi can duong (can sé hoc) bac chin

cia a, con cin am thi chi bang -24/a.
5 2 2k[a2
Tacé: +a® =jal; F2%* = la.

Cdc phép tinh vé can thuc

a) l\l' abe = '\I/EQ{E% b} n_a_ = ._a_
b= p

¢ Yamm =am d) Fa)™ =ya™
Vidu : (3y2p)° = 3°(2p) = 27427 {p° = 54pyZp (p > 0).
o Ve ="a - |
Vidu: V8 =6 =92 = 2.

Chirng minh diéu nguy bién : 4 = 5(!) hay 2.2 = 5(!)

Tim ché sai trong viéc chimg minh diéu nguy bién sau:2.2=5 (1).
Xét ding thiic 16 — 36 = 25 — 45 (= -20).

1 "
Cong thém 20; vao-hai vé duge :

16 — 36 + 20-]:~=25—45+201,
4 4

2 2 2 \2
hay 4% - 2.4.9-+ 2 = 5 —2.5.2+[EJ , ta dugc (4——9- = 5—-9-J :
2 A2 2 \2 2

e 9 9
Khai phuong hai vé& duoc : 4 - . 5- =

Suy ra: 4 = 5(!) hay 2.2 = 5(!).
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§8. PHUONG TRINH BA C HAI VUA MUI
VYUA THU VI

A. KIEN THUC CAN NAM VONG

1. Ham sé'y = ax® (a #0)
a) Tinh chat : '
Néu a > 0 thi ham s6 nghich bién khi x < 0 va déng bién khi x > 0.
Néu a < 0 thi ham sd dong bién khi x < 0 va nghich bién khi x > 0.
b) Do thi :
Do thi 1a mot dudng cong goi la parabol c¢é dinh la goc toa do O va
nhan truc tung lam truc déi xung.
Néu a > 0 thi parabol ndm trén truc hoanh cé O la diém thap nhat.
Néu a < 0 thi parabol nm dudi truc hoanh ¢6 O 1a diém cao nhat.
2. Phuong trinh bac hai ax® + bx + ¢ = 0 (a #0)
a) Phuong trinh béc hai khuyét :
ax” + bx = 0 (khuyét ¢) c6 nghiémla x, =0, x, = ——:
a
9 i % S % & 7 . " i
ax” + ¢ = 0 (khuyét ¢) ¢é nghiém la x,, = + '/—— néu a va ¢ khdac dau.
a
b) Phuong trinh bac hai du :
Lap biét thiic A = b* — 4ac.
. : . - -b £ V¢
Néu A > 0: 2 nghiém phan biét x, ., = —;——E
a
- 2 b
A =0:1nghiém kép x; = x, = ——
2a
A < 0 :voé nghiém.
“ Truong hop hé s6 b chan (b = 2b")
Lap biét thic A' = b - ac.
. - " - A ri A
Néu A" > 0: 2 nghiém phéan biét x,., = b—‘/g_
a
A=0z1 nghiém kép x; = xy = ——
a
A" < 0 : vdé nghiém.
3. Dinh li Viéte
Né&u x;, x» la hai nghiém ctia phuong trinh ax*+ bx + ¢ = 0 (a # 0) thi :
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a)

b)

c)

a)

b)

c)

d)

Ung dung :
Muén tim hai s6 u va v, bi€t u + v = S, uv = P ta phai gidi phuong
trinh x* — Sx + P = 0 (v6i diéu kién S* — 4P > 0).

Néu a + b + ¢ = 0 thi phuong trinh bac hai ¢6 hai nghiém
. _
X = 1, X9 = —
a
Néu a — b + ¢ = 0 thi phuong trinh béc hai ¢6 hai nghiém
: c
X el oy =
a

Phuong trinh quy vé bac hai _
Phuong trinh trung phuong ax” + bx* + ¢ = 0 (a # 0)
bt &n phu x* = t, t > 0 dé duoc phuong trinh bac hai at® + bt + ¢ = 0.

= 1= . '
x“ -9 3-Xx

Phuong trinh chita 4n ¢ mau, ching han

Phuong trinh tich, chdng han (x - 1)x* + 2x — 3) = 0.

Phuong trinh v6 ti, chdng han x* + 5x + 4 - SJx'Z +5x +28 =0.

B. CAC BAI TOAN PIEN HINH

1.

x 5 1

1. Chohamsoy = sz.

a) Vé do thi ham s¢ va vé dudng thing y = -x — 1 trén cing mét hé
truc toa do. ;

b) Tim toa do giao diém M ctia hai do thi.

2. Chohaihamsdy =x*vay = 3x - 2.

a) Vé do thi cua ching trén cung mét hé truc toa do va tim toa do giao
diém cia ching.

b) Lap phuong trinh cia dudng thang (d) song song véi dudng thing -
y = 3x — 2 va cdit do thi y = x® tai diém A c6 hoanh ds 1a -1.

Cho ham sé y = ax®.

a) Tim a biét rang dé thi cia né di qua diém P(-2; 1) va vé dé thi véi
a tim dugc.

b) Cho dudng théng y = x + k, véi gid tri nao cta k thi parabol cit
dudng thang tai hai diém, tai mot diém ? Xde dinh toa do cua tiép
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diém Q.
¢) Giai thich tai sao tiép diém Q déi xing véi di€ém P qua truc tung.
d) Tinh chu vi va dién tich cua tam giac POQ.

Cho parabol (P) y = ax? va diém A(1; 1) nam trén (P)'.

3.
a) Xdc dinh hé s6 a va vé parabol. _
b) Lay diém B trén (P) ¢6 hoanh do bang -2. V1et plurdng trinh cua
duong thing AB.
¢) Tim diém T trén truc tung sao cho ba diém A, T, B théng hang.
d) Mot duong thing (d) qua T c¢6 hé sé goc a cit (P) tai hai diem M va
N. Goi M' va N' theo thi ty 1a hinh chiéu cia M va N trén truc
hoanh, chimg minh hé thite OM'.ON' = OT (don vi trén hai truc toa
dé biang nhau).
4. Giai cdac phuong trinh bac hai khuyét :
a) (x-7)x+3)+ (x— 1)x + 5) =102
b) (2y — 7)% + By — 5)* — (4y + 9)(4y — 9) = 2(64 — 29y)
322 -4 382. 20-8z°
c) E——p —————,
12 2] - 18
5. Giai cdc phuong trinh bac hai du :
2 ’ _8 4 < D]
) —— - —— b) y¥— 7y’ + 14y — 8 =0
X—-1m X-+m m- —x :
¢) z2- (V2 +/3)z ++6 = 0.
" 6. Giai cdc phuong trinh sau :
a) (x* - 16x)° — 2(x” - 16x) - 63 =0
2
7/ 5
b) y)_+2ii_ =4 +2y +y°
y +2y+3
c) (z—-4)z-5)z—-6)(z-"T)=1680.
7. Giai:
) .
a) x'+x*-10x*+x4+1=0 TR [ I B ki
_ y+1) - y <
. .
3 z+1 Ltz 1=2'
gt T, | z+1
8. .Kh(_’mg giai phuong trinh :
2 85 5 ’ A 3 .
a) x° - £x P10 = 0, tinh hiéu cdc lap phuong cua nghiém lén va
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nghiém bé cua né.



10.

11.

12.

13.

b) y* + py + q = 0, tinh tdng cdc lap phuong cia cdc nghiém cia né.

2 2
3z] + bz,z, + 325

c) 3z% + 17z — 14 = 0, tinh gia tri biéu thic = =
‘ ' 4z,25 + 427z,

Chung minh réing :

a) Néu hai nghiém cua phuong trinh x* + px + q = 0 déu duong thi céc
nghiém cua phuong trinh qy* + (p — 2rq)y + 1 — pr = 0 ciing duong _
vél moi r > 0.

1

. 1 | . e sl
b) Phuong trinh —— + = — ¢0 nghiém véi moi a, b, c.
z—a z-b ¢

Cho phuong trinh : 2t* = (2m + 1)t + m? — 9m + 39 = 0.
Véi gia tr.i' nao cua m thi i)lllfdl}g trinh ¢6 mot nghiém gap déi nghiém
kia va tim cdac nghiém dé.
Giai cdc phuong trinh quy vé bac hai :
a) (2x—3x+ X2 +45x+3,5) =0

1 dy 2

b) + — =1+

= - e) (z+ 1)' =201 + zY).
Yy B, }r“ — 4 y—2

Giai phuong trinh trﬁng phuong sau :

a) m“p’x’ = p'x* — pm* + m'x* (véi m > p > 0)
b)y' +(y-1'-97=0 '

¢) (z° - 1993%)” - 7972z + 1 = 0.

Giail phuong trinh vo ti sau :

a) J3x2+5x+8—\/3x2+5x+-1:1

21+y + 421 - : '
\/ b 4 J b § _21 c) ‘/23_7 JZ_.—?— = Z.

) == (y#0)
J2l+y -y21-y ¥ 2=,

C. CACH GIAI VA LOI BINH

1.

1l.a) Ta lap bang mot sé gia tri cia x va y :

2 | w =4 3 0 .8 & . . -z |
y‘ 4 1 0 1 4 . v yl'~—1_|0

D6 thi hai ham s6 nhu ¢ hinh 5.

2

b) Hoanh d¢ giao diém M la nghiém cia phuong trinh %x = il

hay x* + 4x + 4 = 0, tic 1a (x + 2)° = 0 ma nghiém la x, =.x, = -2.
T doy = 1.
Vay ta ¢ M(-2; 1) : duong thang tiép xic véi parabol tai M.
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|
i) TR e e e T
I
shecks

I

[\ (&
- .
w-p-—-—— - - .-
P 4

N He
2.a) Ta lap bang mot $0 gid tri cia x va y :
2 e B 4 B 3.8 w x | o | 1
va
y | . 4 1 0o 1 4 . y | 2|1

b)

D6 thi hai ham s6 nhu ¢ hinh 6.

Hoinh do cac giao diém A va B la nghiém cta phuong trinh x* = 3x — 2
hay x* — 3x + 2 = 0. Giai ra duge x; = 1 va x, = 2.

Vay toa do A la.(x, y) = (2; 4), toa do B la (1; 1).

Vi hai duong thing song song c¢6 hé s6 géc a = a va b # b, nén
duong thing (d) song song v6i dudng thiang y = 3x — 2 sé c6 hé so géc
la a = 3. Vi (d) cdt parabol y = x* nén (d) c6 phuong trinh hoanh do la
x* = 3x + b.

Hai db thi trén cit nhau tai A ¢6 hoanh do la -1 nén (-1)° = 3(-1) + b,
suy ra b = 4.

Vay dudgng thiang (d) c¢6 phuong trinh la y = 3x + 4.

e Loi binh : Tuong tu :

"Cho parabol (P) : y = ax’ va duong thdng (d) : y = mx + p.

b)

'a)

a) Tim phuong trinh cia (d) di qua hai diém A(1; 0) va B(-1; -1).

Tim phuong trinh ciia (P) biét rang (P) tiép xic véi duong thdang (d)
tim duge 0 cdu a.

¢) Goi M va N theo thu ty la giao diém ciia (d) voi truc hoanh va truc

tung. Tinh duong cao cua tam gidc vuong MON.”

Ta c¢é cach giai sau :

Thay toa do cua A va B vioy =mx + p ta co hé phuong trinh :
O=m+ : 1
{ # Gialra tim dugc m = —, p = ——1-.
-l=-m+p _ i 2 7

; 1
Vay phuong trinh duong thang (d) la y = ax .5 é



b) Tai giao diém cia duong thang (d) véi parabol y = ax®, ta ¢6 :
o) 1

ax"z—X—l hay 2ax*—x+1=0 (¥)
2 2

Néu parabol (P) tiép xic véi duong thing (d) thi phuong trinh (%)
phai c¢é nghiém kép tuc la A = 0.

Taco A=1~+8a=0Kkhia=—. Phuong trinh cia (P)lay = %xz.

8
C) Ta co : ' VA
X | 0 | 1 /
. M .
y 1 0 0 /1 4
| ’ ! 1/2
Do dé toa do ciia M la (1; 0) b
1 :
va cua N la (O; ——J. H.7
2
N , - i .. ~ % 1 ‘\/g
Canh huyén MN cia tam gidc vuéng MON ]a MN = [= +1 = —

19

2

(hinh 7). Theo hé thie lugng trong tam gidc vuéng be = ah ta c¢6
dudng cao h cua tam gidac vuong MON la :

OMON (/1) 45 6
T MN 5

MN 2

h =

2

. a) Thay toa do cua P vaoy = ax’ tacé : 1 = a.(-2)*, suy raa = % Ta

e 1 2] £y . - -
vé parabol y = —Lx‘ bang cdch lap bang sau :

£

X l —4 -2 | 0 2 4

L :

1
1 4 1 0 4

y:

D6 thi nhu ¢ hinh 8. D6 la parabol ¢é dinh la goc toa do O, ¢6 truc
doéi xung la true tung, nam phia trén truc hoanh.

*)

" o 1
b) Tai giao diém cua parabol y = Zx

va dudng thang y = x + k ta ¢6

%xz =X + k, hay x* — 4x — 4k = 0.

Néu A" > 0 thi phuong trinh nay
c6 hai nghiém phan biét, lic do
parabol va dudng thing cit nhau
tai hai diém phan biét. -




Tacd VN =4+ 4k > 0 khi k > 1.
Neéu \ = 0 thi phuong trinh co mot nghiem kép, lic do parabol va
duong thang chi ¢ mot giwo diem (dutng thang tiép xuc parabol).
Taxd X =0kl k.==1.
Khi d6 x~ —4X + 4 = (x— 2, SV rax=9,
Toa do tiep diem Q lax =2, v = 1.

¢) Ta co hoanh d¢ cua Q la 2, cua P la -2, con tung do cua ching déu
bang 1. Do d6 P va Q la hai di¢m déi xing nhau qua truc tung.

d) Tu Q ha QM L Ox. Xét tam gidc vuong OMQ ta ¢6 :
OQ* = OM” + MQ? =4 + 1 = 5. suy 1a 0Q = +/5.
Do OP = 0Q nén OP = 5. Canh ddy PQ = 2NQ = 1.
Vay . )OQ ¢6 chuvi la: OP + PQ + 0Q = 2V5 + 4 (don vi dai)

va co dién tich la : —I Q.ON = .1 =2 (don vi dién tich).

tx...|'>—-

o Lot binh : Tuong tu : "Viét phuong trinh cia parabol ¢ dinh ¢ goe toa
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do O va di qua diém ALL’ —— 1, rot tim toa do cdc diem cia parabol

15 )

, - I
co tung do bang e

2
AR ) .1 y
Parabol c6 dinh tai O va qua Anéntacé: -— =a.1° hay a= -—
15 15 .
.. o . ¢ o L_g |
Vay phuong trinh cua parabol la y = ——x~. |
g 0 ; 'I
Vi cdce diém thuge parabol nay ¢é tung do bang —~— nén ta cé :
[ .
- 5
1 i 1 2 1 b S o, mF = |
-—x" = -— hay —x® ==, tic la 5x* = 15;
15 5 15 5

x?= 3, suyra x; = V3 vax. = -3,

\TA - . A} - . - - 1 . . v At . -
’ay ¢6 hai diém thuée parabol ¢6 tung do —= la cdc diém-c6 toa do -

(2o (1)

(1)

a) Vi parabol di qua diém A(1; ) néntacéo:1=al% suyraa=1.

Q=
..__._/

Vay ta phai vé do thi cia ham so y = x~.

Duong thang AB ¢6 phuong trinh y = ax + h “i qua A va Rnén tacé

l
b) Do hoanh dd cua B 13 -2, nén tung do cua né la y = (-2)° = 4. ‘



fl=a-+b 2l
3
14 ==2a+Db
Giai radugca=-1, b = 2.
Vay phuong trinh dudng thang
AB la V==X 2.

c) Deé ba diem A, T, B thang hang il

khi T nam trén true tung thi T

phai nam trén dudng thang AB,

-2 M O

do do tacd 1y = -0 + 2, nén toa
do cua T 1a (0; 2). L9
d) Duong thang (d) ¢6 dang v = ax + b di qua T nén ta ¢6 :
2=a.0+ b, uiclab =2 déla dudng thang v = ax + 2.
Do «d) cat (P) tai hai diem phan biét Mixy: vy va N(xy: vy). hinh
chi¢u cua ching trén truc hoanh la Mixy: 0) va N'(xy; 0), nén ta cé6

yar =%y | 2
i A P oSuy ¥ Xy —dAXy ~2=0 (1
Yy = axy + 2

9
suy ra Xy —axy -2 =0 (2)
VN = axy +2

Tu (1) (2) va do xy # xx chiing to xy. xy la nghiém cua phuong trinh
Fid

X"-—aX-2=0, suyra.:

C

a

|OM.ON"| = |xy.xy| =

‘ 2

[a—

ma OT = 2 nén ta ¢6 hé thie OM.ON' = OT.
o Lot binh : "Mot tam thic bac hai ¢o dang z = € + pt + q.
a Tim gia tri cia p va g sao cho ham sé z =0 khi t. = 2, t, = -3 va
Jicom 56 ¢6 gid tri nho nhat bang -2 khi t = 5, bict rang doé thi ham
sO cat truc hoanh tai hai diem (=1: 0) ca (-1: 0. :

bi Trong moi truong hop, hay xac dinit cic gia 64 cua t dé gia tri ham
so la duong, bang 0, am.”

Ta co6 cach giai sau :

a) Theo dicu kién thd nhat z = 0. wic I tam thie ¢6 hai nghiem la 2
va -3 nén ¢o the viét dudi dang z= (1 - 211 + 31 =" + t — G. Suy ra

p=1q=-6
b B -
"')‘ = J
Theo dicu kién thi hai ta ¢6 hé phuong trinh = (vi toa do
49 -p -
i BB TN
1 ”
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dinh cta parabol y = ax® + bx + ¢ duge xdc dinh bang cf)ng thic

2 ;
g A b y = _-b—ifﬁ). Giai hé nay dugc p = -10, q = 23.

24’ 4a

0=16-4p+q -

Theo diéu kién thi ba ta ¢6 hé p.lnro‘ng trinh
O0=1-p+aq.

Gidi radugep = §, q = 4.
. b) Theo cau a) ta duge ba ham s6 sau :
Zi=t2+t—-6; 2zo=t‘—10t+23;. z3=1t*+5t* 4.
Ta lan lugt c6 :
« 2;>0khit<-3hodct>2, z; =0 khit =-3 hodct = 2,
« Z<0khi-3=<t<cl

. zg>0khit<5—~./§hoéct>5+\/5, z2=0khit'=5i\/§,
zz<0kh'i5— \/:2_<t<5+\/§.

« zy>0khit<-4hoact> -1, zy = 0khit=-4hodct=-1, |
z3 < 0 khi -4'<t<-1.
4. a) Ta cé6 sau khi lam phép tinh :
X +3x — Tx - 21 +x° + bx — x = 5 = 102
hay 2x*—26=102; x* = 13=251.
Vay x* = 64, tit d6 x = 8.
b) Thuc hién phép tinh dugc : ‘
4y* — 28y + 49 + 9y — 30y + 25 — (16y* — 81) = 128 — 58y
hay -3y - 58y + 155 = 128 — 58y.
Viy 3y°—-27=0,tutdéy* =9,y = +3.
¢) MC : 36, ta ¢6 sau khi quy dong mau roi kha mau :
9z — 12 = 128 + 40 — 6z° hay 15z° = 180.
Vay z% = 12, tir dé z = +2/3.
o Loi binh : Tuong tu: "Gidi cdc phuong trinh : .
y+a y-a a(3y+ '2a)

d) (2K ~ 3N +3) = 4¢* —9 c) 4 £ - =
Y-« Yiet=lf y")—a,"
P | 4 22+ 5
f) + — e -
=] P 42p-3 z+3

Ta lan lugt c6 :
d) (2x — 3)(x + 3) = (2x + 3)N2x - 3)
hay (2x —-3)x +3)—(2x + 3)(2x - 3) = 0;
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e)

f)

b)

2x-3)x+3-2x-3)=0 hay (2x - 3)—x)=0.
Tir dé x, = 0, x» = 1,5. '
Diéu kién y # +a. MC : (y — a)ly + a) = y° — a%
Quy dong mau réi khir mau duoc :

(y+a)Y+(y-a)y= a(3y + 2a)

hay y>+ 2ay+ a’+ y?— 2ay + a’ = 3ay + 2a%;
' 2y* + 2a* = 3ay + 2a2._
Tudé:2y°—3ay =0 < y2y - 3a)=0.

o 3a 3 - Ch Yea oo
Giaira dugc y; = 0, y, = i thoa man diéu kién ¢ trén.

Ta nhdn thay rang : (z - 1)z + 3) = z° + 2z — 3 nén ¢6 diéu kién :
z # 1, z # -3. Quy dong mau réi khit mau duge :
(3z — 1)(z+1§)+4=z3+22—3}(22+5)(zﬁ 1)
hay 3zz+92—z~3+4:z2+22—3+222—-2z+5z—5;
82+1=5z-8 Tudé3z=-9vaz=-3
Gia tri z = -3 khong thoa man diéu kién & trén, vay phuong trinh

da cho vo nghiém.
2 2

o - B wed -8m~ § 8m 3
biéu kién : x # +m. Daéi dau cia ——— thamh ———— ¢ duge
'y I X~ —m
P 2 Y
MC : (x + m)x — m) = x> - m%
Quy dong mau réi khir mau duge :
X(X+m) - 2m(x —m) - 8m*=0
hay x*+ mx - 2mx + 2m* - 8m?; x* = mx — 6m* = 0.
A =m” + 24m* = 25m?; JA =5m.
m + 5m , m — om
X = ———— = 3ni; Xy = —— = -2m.

2 2

Ca hai gid tri nay déu phu hgp véi diéu kién ¢ trén, vay phuong
trinh da cho ¢6 hai nghiém la 3m va -2m.
Phuong trinh ¢6 thé viét :

(y" - 8) - (7y’ - 14y) = 0
hay (y —2)y*+ 2y + 4) — Ty(y — 2) = 0;

(y—2)0y*-5y+4)=0
hay (y - 2)y(y — 1) — 4(y — 1)| = 0, ta duge phuong trinh tich :

(y =y -2y —4)=0c6 banghiégmlay, =1y, =2, y, = 4.
(Cang c6 thé giai phuong trinh y* - 5y + 4 = 0 duge hai nghiém la 1

va 4).
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¢) Ta ¢6 A = (JE +~/?_>}2 - 4\/6 =5+ 2\/6 —4\/6 =h = 2J§, nhung nén
viet A nhu sau theo cong thie (a + b)’ — 4ab = (a — b)*:

A= (V2 +43)? -43.42 = (V3 -2)%, Ja=3-+2.
. =J§+J§+J§—J§:2\2/§:J§’

Vay =z
1y 1 9
JB42-B38 2
22 o = = -Ji_
2 2 ‘
o Loi binh : Tuong tu : Gidi cdc phuong trinh :
13 17x + 10 5 ' y+ 1 y+2
il — — =— e} — =
x¥+1 bx-8x+5 X+1 % y =y+1 ¥y+1)
1 4 22410z 4% 497
N < B = T ;
oY bl BEL z' -1 z2°+z +z+1

Ta lan llr(_)'t"Cé :
d) Diéu kién : x# -1. MC : 5(x-"j +1) =56+ 1 =%+ 1).
Quy déng mau roi khi mau duge :
13.5 - (17x + 10)(x + 1) = -5.5(x* = x + 1)
hay 65— 17x* - 17x - 10x — 10 = -25x” + 25x — 25; |
8x* — 52x + 80 = 0 hay 2x*— 13x + 20 = 0. ;
Giai ra tim duge x; = 4, xy = 2,5 phu hop vé6i diéu kién x = -1. ‘
e) Diéukién :y#0,y = -1.
~ Nhan chéo dugc : ' 1
y(y_+ 1)'“’:(y+2)(y2—y+ 1) “
hay y(y’+2y+1)=(y+2y° -y +1) |
vy +2y+ 1) =y -y +y+2y° -2y + 2
hay y’+ 2y +y=y'+y’-y+2 |
Tirdé: y* +2y=2=0. _ |
Giai ra dugce hai'nghiém la y, = -1 + Jg, y: = -1 — J3 déu phu .h()’p
vdi diéu kién ¢ trén. |
f) Mflu ¢ day phtc tap nén trude hét ta phan tich cdc 1mau thanh |
nhan tir dé tim MC va diéu kién. i
ezl rz-1=2%2-1D+(z-1)=(z - 1)z +1); |
2' - 1=(2*+ 1)z - 1)
ez +l=2Z+1D+2Z+1)=(2+ 1)z% + 1). |
Tt dé6 MC : (z* + 1)(z* - 1). ' _ (
|
|

Quy déng mau réi khit mau duge :
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z+1—4(z-1)z"+1)=2"+ 10z —.(423 + 21Xz - 1)
hay z +1-4z" -4z +42°+4 =2° + 10z — 42” + 42° - 21z + 21;
T 32+5=2"-112+21 hay z'—8z+ 16 =0.
Tir d6 (z — 4)* = 0 ¢6 nghiém kép z, = z, = 4, thoa man diéu kién &
trén.
6. a) Dat x° — 16x = t, phuong trinh da cho ¢6 dang : t* — 2t — 63 = 0.
‘Giairaduge t, = 9, t, = -7, =
Vay ta phai giai tiép hai phuong trinh :
x* - 16x -9 =0 (1) va x*-16x+7=0 (2).
Giai phuong trinh (1) duge x,, = 8 + Ji3;
Giai phuong trinh (2) duge x34 = 8 + J57.
b) Pat y* + 2y + 3 = v, phuong trinh da cho ¢6 dang

v +4

=v+1l hay v+4=v'+v.
v -

Tit d6.v° = 4, V= £2,
Ta giai tié€p hai phuong trinh :
yz+2y+3:2hayyz+2y+1=(y+ 1 =0, it d6 ¥, 9 =-1;
y'+2y+3=-2hayy* +2y+5=0vonghitmviA' =1-5=-4<0.
c) Ta c6 thé viét: (z°— 11z + 28)(z° — 11z + 30) = 1680
DPat z* — 11z + 30 = s, phuong trinh cé thé viét :
(s —2).s=1680 hay s°-2s-— 1680 = 0.
Giail ra duge nghiém la s, = 42, s, = -40.
Vay ta phai giai hai phuong trinh : :
2~ 112+30=42 hay z*-11z2-12=0 (1) .
va z°— 112+ 30 = -40 hay z°—11z+70="0 (2)
Nghiém cua phuong trinh (1) la : z, = -1, z, = 12.
Phuong t.ri;nh (2) vo nghiém. .
o Lot binh : Tuong tu : "Gidt cdac phuong trinh : _
d) x(x + Dlx + 2)(x + 3) = 0,5625 e) 8y + 7Ptdy + 3)(y + 1) = 4,5
1 2 6 '

f) D} ¥ 9 ; = 2 .
27 =-2z2+2 z -22+3 z2-2z2+4

Ta lan luot ¢6 :
d) (xj +3XUX" + 3x +2) = i
16
Dat x* + 3x + 2 = t, ta duge phuong trinh : 16t* — 32t — 9 = 0 ma
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. 9 1
nghiém la t, = E t, = =3

Vay ta phai giai ti€p hai phuong trinh :

x2+3x+2=§ hay 4x*+12x-1=0 (1)

va x2+3x+2=—ihay 4x* +12x +9=0 (2)

5 -3+ /10
Nghiém cua phuong trinh (1) la : x,, = __?2_\/—;

Nghiém cua phuong trinh (2) la : x;4 = —g.
e) Nhan hai vé ctia phuong trinh véi 16 duoc :
(8y + 7)*(8y + 6)(8y + 8) = 72

hay (64y”’ + 112y + 49)(64y? + 112y + 48) = 72
Dit 64y” + 112y + 48 = v, ta dugc phuong trinh

(v+1)v=72 hay v'+v-72=0manghiémlav, =8, v,=-9.
Vay ta phdi giai tiép hai phuong trinh :

64y” + 112y +40=0 (1) va 64y*+112y+57=0 (2)

5 1

Nghiémcua(l)la y, = ——, yp = ——.
g h i 4 h 5

Phuong trinh (2) vo nghiém.
2 6

f) Datz® - 2z + 2 = s, ta dugc phuong trinh -1-+ !
s s+1 s+2

MC : s(s + 1)(s + 2). Quy dong mau roi khit mau duoc :
(s+ 1)s +2) + 2s(s +2) =06s(s + 1)
hay s*+854+2+2s°+4s-65"—65=0
T d6 ta duge phuong trinh bac hai : 3s®* = s — 2 = 0, ma nghiém 1a :
si=1,8'= —E. |
3
Vay ta phai giai tiép hai phuong trinh :

2 . " A ~
z°—2z+ 1=0manghiémlaz,=1

2= — 04 2— = 0 v6 nghiém.

7. a) Vi x = 0 khong la nghiém cia phuong trinh da cho nén ta chia hai
vé cho x* # 0, ta dugc phuong trinh :

X'+ x—10 + l+i9_:0 (¥)
X N
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1 1% 1
PDat x+—=t, taco: [x +—) = t2 hay x> s =8
X X

Thay vao (¥) duge : t*> +t — 12 =0. Giairatacé: t; = 3, t, = 4.

Vay ta phai giai tiép hai phuong trinh

1 -3 o [ ~ -
x+—=3 hay x"-3x+1=0 manghiémlax,, = 5
- }

. 1 2 . it o ot
va x+—=-4 hay x”+4x+ 1=0 ma nghiém la x34 = -2+ JB.
% _

+1
b) Dat 2= v, ta dugc phuong trinh :

¥

I} s 1 ; 2.
j+v2 =— hay 4v'-17v'+4=0
v© 4

1
Giai ra duoc v, , = iz, v =42
: ; > :

Vay ta phai giai tiép bon phuong trinh :

+1 i
y =+— hay 2y+2=y,tuddy, =-2
¥y 2
_— 2
2y -2=y,ttdé y, = ——
3
: Yol e
. va =42 hay y+1=2y,ttdéys=1
).l
Y 1
y+1=-2y,tedéy;= r
-
+z-1
c) Dat g RET . s, ta duoc phuong trinh
z+1
1 5} - ‘»\I a ’
—+s=2 hay s -2s+1=0,manghiémlas,;,=1.
S

Vay ta phai gidi tiép phuong trinh :
3
20 +z-1 . .
———=1 hay z’-2=0, manghiémlaz= 3a.
2331
.o Loi binh : Tuong tu : "Gidi phuong-trinh :
1

X"+ 1

d)a® «.1+ =25 e) y' -2y +y-132=0

f 2" - 42’ - 192° + 106z — 120 = 0 (truée hét hay phan tich vé trdi
thanh nhan tit).”

Ta lan lugt c6 :
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. i . . 1 9] g2 ¢
d) Dat x* + 1 = t, phuong trinh tré thanh t + — == hay 2t° - 5t + 2 = 0.

e)

t 2

Giai ra duge t, = 2, t, =

o] =

Vay ta phai giai tiép hai phuong trinh :

4

X'+ 1=2 -hay. ¥=1=0 (1)
) l & o ] 1

vi x +1=— hay x"+ = =0 (2)
‘ 2 2
Giai (1) duge nghiém la x; = 1.

5

Phuong trinh da cho ¢o thé viét : (y" — y) —(v" —y) - 132 =0

Giai (2) duge nghiém la x, = -

‘

Dat y’~y=v,tacé:vi-v—132=0.

Giai ra dudge vy = ~11, v, = 12.

- Vay ta phai gidi tiép hai phugng trinh :

f)

a)

y* —y + 11 = 0 vé nghiém
vi y'—y— 12 = 0 ¢6 nghiém la y, = -3, y. = 4.
Ta phan tich vé trdi thanh nhan tu nhu sau :
z' — 4z’ - 192" + 76z + 30z — 120 = 0
hay z'(z-4)-19z(z -4) + 30(z - 4) = 0.
Bicn doi tiép :
(z—d)z" - 192 + 30) = 0
hay (z - 4)z" - 32% + 32° — 9z — 102 + 30)=0
(z — 4z - 3)z" + 3z - 10) = 0.
Gidi ra duge : z, =4, zs = 3, Zy= 2 v z; = =5,
Giail su x; > X, thé thi

.) - . =
= Xa )" % # X = el

.3 .3 ; : 2 ; 2
X] — X5 =(X; — Xy NX] + XXy +X5) =

— \/lxl + .\'3)2 —4xX, (x; + xz)2 — XX (%)

Js5 21

. KXy ey Thay cdc gia tri

Theo dinh i Viete ta co x; + x, =

nay vao (¥) duoe :

[85 4.21 @_2_1} 1 64 1 64 64 .
Y16 16 \16 16) V16 16 4 16 64

Vay hiéu xj — x5 ='1.




b) Goi y,. y» la hai nghiém cua phuong trinh da cho, ta co :

: 5 B »
Y1 +¥3 =(¥; + Y20y = ¥1¥s + ¥3)
= (yy + y2)lly, + }"_": - 3yyzl
Theo dinh li Viete thi y; + y, = -p, yv1y2 = q. Thay vao dang thic -

cudi duge : _—p(p” — 3q) = p3q — p*) -
Vay tong  yi +y3 = p(3q - p).

a7 -2
3Nz, + Zo)~ = Tyly

¢) Bicu thue da cho ¢é thé vieét :
dzy2,02; +2,)

17 14 . G R G i T LT
Nhung z, + z, = —é. Zi%s = —'? nén thay cde gid tri nay vao biéu
thie trén duoc :
2
5 f-17) | —MJ 289 14
F\ 3) 3 9 3 _101 952 909
1(—14\, L 17) -56 17 9 952
3 )3 T

o Loi binh : Tuong tu :

-

‘d)Khong gidai phuong trinh x° - dxf3 + 8 = 0, hay tinh 'gia tri ciia
6x7 +d0x,xs + Gx3

s o Q..
SAGR SR S RY f Xy

bicu thiic

e) Cho phivong trinh y* — 2tk + 1) + 2k + 10 = 0. Tim gia tri ciia k dé
bicu thiic 10yy, + yi + )j dat gia tri nho nhat va tim gia tri nho
nhat do.

f) Cho phuong trinh z° + mz + n = 0. Lap phuong trinh bcj.c hat ma

E % . 2 2 X e ]
nghiém la t) = zj +25, t»= 25 +23.

Ta lan luot ¢6 :
d) Biéu thie da cho ¢é thé viét :

-, 2 ) 2 > .3 [} %
O(xy +2X;X, +X5) - 2xX,  O(X) + X,)7 - 2x;X,

Theo dinh i Viete thi x; + x, = 443 va X)Xy = 8. Thay vao biéu thic
trén dugce :

6(4v3)°-28  6.163-16  1608-1) 217 17

3.8[(4v3)2 ~2.8] 24(16.3 -16) 24(48-16) 3.32 48
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e) Trudce tién ta tim xem khi nao phuong trinh da cho ¢6 nghiém.

Taco & = (k + 1) — 2k — 10 = k* — 9 > 0 khi |k| > 3, tic la khi
k > 3 hoac k < -3. Khi d6 :

10y,y. + }’f + )"5 = (y) + y2)* + 8y1yz
Thay y; + y» = 2(k + 1) va y,y, = 2k + 10 vao deQ‘C :
4k + 3)° + 48 > 48.
Vay biéu thic da cho dat gia tri nho nhat la 48 khi k = -3, phu hop
vGi diéu kién ¢ trén. ' _ |
f) Taed: b= lzj+z) =2zz0=m" =
o= (21 4250 — 82 + 2.)2 2=~ & Son
ViZz, +2,=-mVva z,Z, = 1. -
Do dé qzic hé so cua phuong trinh bac hai t* + pt + ¢ = 0 ma nghiém |
la t;, ty sé bang : ‘
p = =(t; + tu)=m" —m* = 3mn + 2n; }
q = tit; = (m® — 2n)(-m* + 3mn). l

9. a) Vi cdc nghiém cua phuong trinh x* + px + q = 0 déu duong nén biét f
thite A = p* — 4q > 0 (1) va cdc hé s6 cua n6 thoa man cac bat ding
thic: p=-X3-%x,<0 (2) }

Q.= XXy >0 (3)
Gia su bay gio y, y. la nghiém cua phuong trinh
qy° +(p-2rqdy + 1 —pr=0 _ ’
thi biét thic cia né bang \; = 4r°q* + p* — 4q, va theo (1) A, 2 0 véi |
moi r. Vay y, va y, theo (2) va (3) va theo dinh li Viéete véi r 2 0 thi
1—pr
q

Yiyz = > 0, vay y, va y, cung dau.

p—2rq
q

Hon nua y, + y, = > 0, do dé y, va y, duong véi moi r > 0.

b) Phuong trinh da cho ¢6 thé viét sau khi quy déong mau réi khia mau f
¢z = b) + ¢z —a) = (z - a)z - b)
) o o o) .
hay c¢z-bc"+cz—acc=z"-az-bz+ab

Tit dé cé :z° —(a + b + 2¢)z + ab + (a + b)e? = 0 (diéu kién z # a,
z#zbvacz0)

Biet thic A = (a + b + 2¢) - 4lab + (a + b)e*] = (a — b)* + 4¢”. ]

Do A =0 v61 moi a, b, ¢ nén phuong trinh da cho luén ¢é6 nghiém.
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e Lot binh : Ta xét thém cdc bai toan ching minh sau day :
"Chiung minh rdang :

. 3 : 2 2 2 2 o 2 . =4 -
c) Phuong trinh bdc hai : m”x™ + (n® + m”~ — p*)x + n° = 0 vé6 nghiém néu
m+n>pvuva |m —n| < p.

d) Biéu thiic : (y — 1)(y — 3)y — 4)(y — 6) + 10 la s6 duong voi moi y.
e) Phuong trinh bac hai : 2° — 2(k — Dz + k — 3 = 0 luon ¢é hai nghié¢m
phan biét voel moi k.”
Ta lan luot c6 :
c¢) Xét biét thue ciua phuong trinh :
A =T T~ o) — dmn°
= (n* + m® - p2 - 2nm)(n* + m* - p“’ + 2mn)
= [ —d1)® — P [+ 5)° = p°1,
Vim+n>pva |m-nl|<pnénm+n)?>p?vaim-n)<p
Vay A < 0 nén phuong trinh da cho vo nghiém.
d) Taco: (y*— Ty + 6)y° — Ty + 12) + 10 = (y* = 7y’ + 2.9(y* - 7y) + 82
=y =Ty + 9% + 1> 0 véi moi y.
372

i 7 . : :
e) Taco: A=k -3k +4 = (k - 5} +T luon duong véi moi k nén

Vi

phuong trinh da cho luén ¢é hai nghiém phan biét.
10. Goi t, va t, la cdc nghiém cua phuong trinh ma t, = 2t,. Theo dinh li
Viete :
2m +1 . m? - 9m + 39

t; +t, = va tltg =
. 9 2

Thay gid tri cia t, vao hai didng thic trén ta duge

3ty = “m 1 va  2t? = m® - 9m + 39
' 2
2 2 _
g 2[ 2m + 1} _m” -9m+39 e T — 170 e 70 = 0

Gial ra dugc m, = 7, m, = 10.
Thay cdc gid tri nay vao phuong trinh da cho ta duge 2 phuong
trinh béac hai sau :

2t° — 15t + 25 = 0, ma nghiém la t, = 5, t, = 2,5.

2t% — 21t + 49 = 0, ma nghiém la t; =7, t5 = 3,5.
o Loi binh : Tuong tu : "Cho phuong trinh 4z2° - 15z + 4k* = 0. Tim gid
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tri clia k sao cho mét nghiéem ciia phuong trinh bdng binh phuong ciia
nghiém kia va tim cac nghié¢m do."”

; g . . gz ; ) " 2 9
Goi z; va z, la hai nghiém cua phuong trinh da cho sao cho z, = zy.

Theo dinh 11 Viete ta co :

2 15 . A -
z2, +27 = —, tuc la 472 + 42, -15=0
1 1 n 1 1

_ 3 , . 2
Giai ra dugc : z, = Z, = ——; Py 2 n Z, =

25
™

\ _—rn AL e o < .
Thay gia tri z, = . nay vao phuong trinh da cho duoc :

I

2 3 4
4.[§j s A el = hay 9 - 20 LU =0
2 2 2

5 45
Prds s e A

2 2
\'rf:ly I{'_’. = ﬂ va k= + _%Z = igﬁ
s - \s T2\2

Con khi thay cdc gid tri con lai thi déu duge k* 1a s6 am nén phai loai.
Tém lai chi ¢6 hai gid tri cia k la i1,5J1,_5. ]
11. a) Ta c6 phuong trinh tich dang A.B = 0, tir d6 phai giai A = 0 hoac B = 0. |
- Giai phuong trinh 2x° — 3x + 1 = 0 dugc hai nghiém : |

x.-:}(via+b+c=0}, xzzl. )
1

Giai phuong trinh x* + 4,5x + 3,5 = 0 dugc hai nghiém :
Cox =-1 (via-b+c¢=0),x,=-35.

b) Diéu kién :y # 2. MC : (y + 2)y — 2) = y* — 4. | .,

Quy déng mau rdi kha mau duge : [

y-2+dy=y"—4 + 2y + 2) hay y"’—3y+2=0.

1l

Giai ra dugc y; = 1, y, = 2. Nhung gid tri y = 2 khong théa man |
diéu kién y # +2, do dé phuong trinh chi ¢6 mét nghiém la y = 1. }

¢) Phuong trinh da cho cé thé viét : |
2' 442" +62° +4z+1=22" + 2

hay 2z'-42"-62-4z+1=0.

<

5 1
Tudo: z°+ T—-4(z+1J =B =0,
z z)
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; ; _
bat z + L3 = t ta tim duge z° + . & t? — 2. Do d6-ta ¢6 phuong
z z

‘trinh t2 -4t -8 =0.
Giai ra duge : t;.= 2(1 + V/3), t, = 21 - 3).

Tiudé: z+ 1:2(1+J§) hay z2-2(1+3)z+1=0 (1)
) Z

i =l hay z°-2(1-+3)z+1=0 (2)
» Z

Gidi (1) duge : 215 = (1 + ¥3) £ YL+ ¥3)2 1 = (1 + 43) + Y32 + ¥3)

— - o + 2£— + +1J_§- '
__(1+J§)_J(1 V3) .ﬁ_(l ﬁ)[l_ﬁ].

Tuong tu, gidi (2) thi phuong trinh (2) v6 nghiém.
o Loi binh : Tuong tu : Gidi phuong trinh :

d) (x-1)x-2)=p-Dp-2)

e) 26 -7 -8=0."

Ta lan lugt c6 :

d) Thuc hién phép nhan duge: x* - 3x + 2 = p°>— 3p + 2

- hay (x*-p*)-3(x-p)=0.

Tir d6 duge phuong trinh tich (x — p)(x + p - 3) = 0.
Giéi ra dugce nghiém 1a : x, = p, x, = 3 - p.

e) Dat z® = t, ta ¢6 phuong trinh dn tla : t> - 7t - 8 = 0.
Giai ra dugc t, —-1(via-b+c=0)vat,=8.

$=_1nénz =-1;

Suyra: z
z’ = 8 nén 2, = 2.
12. a) Paty = x* ta ¢6 phuong trinh :
m’p’y® = p'y - p’m? + m'y
hay m?p®y* — (m* + p*)y + m®p®* = 0 (véi m > p > 0).

A=@m'+pP-dmp'=(m' - p»% VA =m?-pt

m* +p* £ m® =p* 2m? m?
Y1'= = r - »
2m?p? :Zm‘)‘p2 _p2
4 m'Ept-m*ep' 9
2 —t = =
2m?p? m?
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e Loi binh :
1. V6i phuong trinh y* + (y - 1)* -

2 2

m m b

T dé: x°= (—] s Xpo = k—; x% = [3] ? My = iﬂ.
p p

Vay phuong trinh ¢6 4 nghiém la : i va +
p

b) Phuong trinh da cho ¢6 dang (y + m)* + (y + n)* = p.
m+n

Dé gidi n6 ta dit An phut =y + sé duge phuong trinh

m-n) m-n)
t+ +(t— J =1
2 , 2 ‘

Sau khi khai trién sé dugc phuong trinh tring phuong 4n 1a t :

ut’ + vt> + s = 0. Giai ra s& tim duge y-

o g S g
Van dung dieunay tadatt =y - 5 sé dugc phuong trinh :

1! 1!
_[t+§) +[t-——2-J =97 hay 16t'+24t-775=0;

(4t2 + 3)% = 282,

Do 4t* + 3 > 0 nén 4t* + 3 = 28 hay‘tzz—;tzig.

| 1 5
Thay vaot=y- —tacé:y;=t+ —=—+
J h 4 5. Y1 59

D | en

1
9= —— 4+ — = =2,
ye 9

¢) Ta nhan thay réng : 7972 = 1993.4, nén ndu dit a = 1993 thi 7972 = 4a

va phuong trinh da cho cé dang
z' — 2a%% + a' =4az + 1 |
hay (z° +a%)* = z' + 2a%* + a' = 4az + 1 + 4a%” = (2az + 1)%
Vay ta c6 : hosicz® + a® = 2az + 1 (1)
hodc z% + a® = —(2az + 1) (2)
Phuong trinh (1) ¢6 thé viét : (z — a)® = 2 — 2az + a® = 1,
trdéz=atl | |
Phuong trinh (2) v6 nghiém vi z* + 2az + a® = (z + a)* > -1.
Thay a = 1993 ta thay phuong trinh da cho ¢6 hai nghiém la :
z; = 1992; 2z, = 1994,

;
|

97 = 0, ¢ trén, ta con cé thé gidi ;
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nhi sau :
y! +t* =97

Dat y — 1 =t ta dua phuong trinh da cho vé hé { e 5
y —_ —

Ta duavaodn méiy + t =uva két hgp véiy —t = 1, ta c6 :
+1 u-1
y= —, t=

2 2

4 4
1 -1
[u + J NE J _g7
2 2
Thuc hién cdc phép tinh dugc phuong trinh trung phuong :

u’ + 6u® — 775 = 0. Gidi ra dugce hai nghiém u, = 5, u, = -5.

5+1_'3 - =gl
y J2 )

(*) roi thay vao y* + t* = 97 dugc :

Thay cac gid tri nay vao (*) sé dugc y, = -2.

2. Tuong tu : "Gidi phuong trinh :
d) x' - 25x° = I*x* — 2512 (véi ke > 0)
e 2y - 11y’ + 19y° - 11y + 2 =0."
Ta lan lugt c6 :
d) Pit t = x* ta ¢6 phuong trinh :
t* - 25t = k® — 25k>  hay t2— (25 + kIt + 25k% = 0.
Gidi ra dugc t, = 25, t, = k%
Tir dé x* = 25; x,2 = +5 va x* = k% x4 = k. . -
Vay phuong trinh da cho ¢é 4 nghiém la +5 va +k.

e) Ta nhan thdy gid tri y = 0 khéng phai la nghiém caa phuong trinh
da cho nén ta c6 thé chia hai v& cho y* # 0 duge
11 2

‘ 2y2—11y+19—-——+—2=0
y ¥
hay Q(yz +-}-2—J—11(y+1]+19=0.-
i y

Daty + L =t thiy® + iz =t* - 2, do d6 phuong trinh tré thanh :
y y

2t°-2)-11t+19=0 hay 2t*-11t+ 15=0.

Giai ra dugec t; = 3, ty = g

+
Véiy+ = =3tadugey’~ 3y + 1 = 0 ma nghiém 1a y,, = > ~2‘[5 _
y
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DO | =

Véiy + = =g ta duge 2y® — By + 2 = 0 ma nghiém 1a y3 = 2, y4 =
y : _

+5

Vay phuong trinh da cho ¢6 4 nghiém la J 5 2 va

1
2
13. a) Pat 3x* + 5x + 8 = t, ta dugc phuong trinh :
Vi-Vt-7=1 hay Jt-7=+t-1 (didukiént=17)
Binh phuong hai vé& :
t-7=t-2Jt +1 hay 2Vt =8, ¥t =4, vayt= 16.
Thay vao trén duge phuong trinh bac hai 3x* + 5x — 8 = 0, ma nghiém
c

Y . 8 > xR " 2 ~
lax;=1(via+b+c=0),x,= == 3 théoa man diéu kién & trén.’
a

- " 21 + ,f441
b) Truc cén thitc & mau ta duge : ¥

Tiur dé 1}441 y =0. Vay y 2 = +2

¢) Phuong trinh da cho ¢6 thé viét : J 12 , —75- (véi z > 0).

Binh phuong hai vé :

7 7 ’ 7 ,
zz——2—=z2+z——2-—2z Gy hay z= 2z z——zz-.
z z z vA

Chia hai vé& cho z > 0 dugc :

[T | .
1= 2|z-— hay 42° —2° - 28 = 0 hay (z — 2)4z’ + 7z + 14) = 0
Z

Tit d6 hoficz—2=0;z =2 hodac 4z + 7z + 14 = 0, v nghiém.

Vay phuong trinh da cho chi ¢é mot nghiém la z = 2.
e Lot binh : Tuong tu : "Gidi phuong trinh :

g Ji-24 225 ¢ Jx+2+342% -8 =72

1 1 y=1 | 2
e) ‘/ ——-_J e (y #0) . i z—+22—4-=0."
y s 2 Yy 4—22‘

Ta lan lugt c6 :

2
dj Dt 9% —~ B =1 td b = *

. Thay gid tri cua x vao phuong
trinh da cho dugc :
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2 2 '
J?;s—iht +‘/t 2+5+2_+3t ='7~./§

hay Vt2+5-4+2t +Vt2 +5+4 +6t =14;

\/t2 +2t+1+1./1;2 +6t+9 =14. Giai ra dugct = 5.

25+5
2

_ s

2_ -— —
e) Tacé:l’y I—JY 1— Jy 1 =0
y y 2 4
hay y__l y+1_]_... .)’_-]:. = 0. L
u y y '
Tu dé : F—_-l- 2=l hoac',/y+ - ‘y_—l - 1 = 0, hay sau khi
" 4 ' y

bién ddi sé& duge : (y* -y) - 2 yi-y +1=0

15.

Wy2-y-1)?=0 ‘hay y*-y-1=0.

Giéai ra dugce : Va4 = - in5
Vay phuong trinh da cho c¢6 ba nghi¢m la 1 va : iz‘/g.

f) Véi didu kién 4 — z% > 0 hay |z| < 2, ta c6 thé viét ;
2’ =(4- 22). 4 - 22.
"Binh phu’dné hai v& duge : z® = (4 — z%)® hay z°=4- 2%

Tit dé : z° = 2 va z =+4/2 théa man diéu kién.

D. BAN CO BIET ?

A. DINH Li VIETE MO RONG
1. Giai mét s6 bai todan
a) Bai todn md dau | ] ¢
Cho phuong trinh ax? + bx + ¢ = 0 (a # 0) c6 hai nghi¢m 1a x,, x,. D4t
S, = x} +x3, Sy = 2. Chimg minh réng : :
aS,2 + bS,.1 + ¢S, =0 (*) v6i moi n.
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b)

2.

Giai

P 68 58 en = B2 40w G L g G & %)~ w8+ )

= _ES:H»I _Esn'
a
; 5 A ) b 0 0 ~ ’ % » o 4
Tudé: S=x%x;+X9= - X; + Xy = 2, suy ra hé thuc (¥) ding vdi moi
nEl 1; 2, o
Ung dung :

Bai 1. Cho x; va xp la nghigm cia phuong trinh x° - 2x — 2 = 0. Hay
tinh x7 + x5,
Giai
Theo bai todn mé diu ta c6 :
Suiwi= 20850 #8:) WL i n.=0, 1, 2
va Sp<=2, S;=2
Tir d6 1an lugt tinh dLrgc :
S, =8, Sj = 20, o = 68, 8 =162, S = 416, Sy =1136.
Bai 2. Tim s6 nguyén lén nhdt khong vuot qud (4 + Ji5)7.
Giai |
Patx; =4 + \/ﬁ, Xo =4 - ﬁg, taco : x;xy=1; );1+x2=8.
Khi dé x, va X, 1a nghiém cta phuong trinh x* — 8x + 1 = 0,
Dit S, = x| +x3, theo bai todn md dau ta c6 :
Sniz — 8Sps1 + Sy = 0.
Tu d6 tinh duge : S, =8, S, =62, S; =488, S, = 3842,
S; = 30248, Sg = 238142, S; = 1874 888.
Vay x; = 1874888 - x;.
Ma 0 < x5 < (4-+/15)" <1 nén 1874 887 < 1874 888 — x}, < 1874 888.
Do d6: 1874887 < x! =(4 ++15)" < 1874 888.
Vay s6 nguyén 16n nhat khong vuot qud (4 + 15)7 1a 1874 887.
Gidi he phuorig trinh

a) Néu phuong trinh bdc bon : x* + Mix® + Myx®? + Max + My = 0
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¢6 bon nghiém x,, Xy, X3, x4 thi theo dinh i Vidte ta c6 :
- M; =X + X9 + X3 + X4

Mg = x1Xp + X1X3 + X1X4 + XpX3 + XoX4 + XgX4




— M3 = X1X9X3 + X1XoX4 + xix;.;xd + XoX3X4
M‘;‘ = X1X9X3Xy.
b) Ung dung :
x+y+z=3

Bai 1. Gidi hé phuong trinh {x% + y? + 2% = 21
x3 +y3 +2° =57

-

; Giai

Goi x, y, z la ba nghiém x;, xy, X3 cia mdt phuong trinh bac ba
Si =X +Xg+x3=3=-M;, suyraM, =-3.

T phuong trinh x* + y? + 2% = 21, ta ¢6 : |

2 2 = N
Sp = X7 +X5 + xg = (X1 + X2 + X3)” — 2(X1X2 + X;X3 + XpX3) =Mf - 2M,,

suy 1a 2My = M? - Sy = 9 — 21 = -12, tir d6 M, = -86.

T phuong trinh x® + y® + 2% = 57, ta ¢6 :
Ss= 3§ +35 + %3 = (%) + X, +X3)(x2 + %2 + %% — x; X — X1X5 — XoXg) +
, + 3X1X9X3
= -M;(Sz — M) — 3M; = -M? + 3M;M, - 3M,

Suy ra 3Mj3 = -57 + 27 + 54 = 24, tir d6 M3 = 8.
Nhu vay x;, Xs, X3 12 nghiém cda phuong trinh x® — 3x?> — 6x + 8 = 0 ma
nghiém la x, = 1, x, = -2, x5 = 4. ;
Vay hé da cho ¢é sdu nghiém la :
(1; -2; 4), (1; 4; -2), (-2; 1; 4), (-2; 4; 1), (4; 1; -2) va (4; -2; 1).
xyzt =1 _
=2 e g A g% I .01 .1
Bai 2. Gidi heé phuong trinh {x+y+z+t=—+—4—-4+=-=5
X y-z ¢
xy+yz+zi+ix = 4.

Ti hai phuong trinh cudi ¢6 (x + z) + (y +t) = 5 va (x + z)(y + t) = 4.
Gidi hé nay duge nghiégmx +z=1, y+t=4,

hodicx+z=4, y+t=1 (1)
Theo dinh 1i Viete, coi x, y, z, t 12 nghiém clia phuong trinh :
'+ M;x® + Mox? + Max + M, =0 (2)

Tu phuong trinh thi nhat ta ¢6 My = 1, ti phuong trinh thd hai cé
; . T— 1 %
M, = M3, suy ra néu x, la nghiém cda (*) thi x, = — ciing la nghiém
S|

cda (2) nén x;x, = 1. Tuong tu x3x4 = L.
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_sécé:x:z:E,y=t=2vé'x=z=2,y=t=—.

Xét cdc truong hop sau (véi chi y x, y, z, t déu khdc 0) :
Trutng hap xy = 1, zt = 1. Tir phuong trinh thi ba ¢6 yz + tx = 2, suy
ra —}E +xt = 2 hay (xt — 1)* = 0, suy ra xt = 1, tir d6 x = z, y'=t. Tu (1)
X
1 o !
2 <
Trudng hop xz = 1, yz = 1. Lap luan tuong tu hé da cho c6 cdc nghiém
nhu thé.
Trudng hop xz = 1, yt = 1. Két hgp véi (1) suy ra hé vé nghiém.

B. MOT HANG PANG THUC PEP
Ta da biét hing déng thic
By + 22 -Bxyz=(+y+ 20+ +2° - xy - yz — 2x).
Tu d6 suy ra : ‘
Xx+y+z=0

a) x° + y° + z° = 3xyz tuong duong véi [

b) x+y+2z2 3,3/xyz néu x, y, z khong am.

" Ta hay van dung h3ng ddng thic trén vao ba bai todn sau day :

5 5 1
1. Truc cdn ¢ mau cia biéu thiee: M = :
Ym +¥n +¥p

_ Giai
Chi cdn nhéan ci ti vd miu cia biéu thic véi
Ta s& ¢6 mau la (m + n + p)* = 27mnp.
2. Gidi phuong trinh : (z - 3)° + (z + 1)° = 8(z - 1)°.
Giai
Doténg x—-y)+(y-t)+(t-x)=0
nén x-yP+y-tP+t-x°=3x-yy-t)t - x).
Phuong trinh da cho c6 thé viét :
(Bz+3)-(22+6)P+[(22+6)-z+5)P +[(z+5)-Bz+3)°=0
- hay 3.(2 - 3)z + 1)(-2z + 2) = 0 ma nghiém la z, = 3, 2z, = -1, z3 = 1.
3. Cho ba s6 nguyén a, b, ¢ théa man diéu kién :
a+ b.+c=(a-b)b-c)c-a)
Chitng minh rdng tﬁ';ng cT=(@-bP+b-cf+(c - a)’

chia hét cl_w 81.




Giai
Do téng (a—b) + (b —c¢) + (c —a) =0 nén tacb
(a-bY+ (-0 +(c-a)’=3a-b)b-c)c-a)
Xét ba s6 du ctia phép chiaa, b,ccho3.

— N&u ca ba sé du khdc nhau 1a (0; 1; 2) thi (a + b + ¢) chia hét cho 3,
khi dé tich (a — b)(b — ¢)(c — a) khong chia hét cho 3, trdi véi bai ra.

— Né&u c6 hai s6 du bing nhau thi a + b + ¢ khéng chia hét cho 3 trong
khi dé6 mdt trong ba hiéu a — b, b — ¢, ¢ — a chia hét cho 3, tr4i véi bai ra.

Vay chi con trudng hop cd ba sé a, b, ¢ déu ¢6 cung s du khi chia cho 3.
Khi dé tich 3(a — b)(b — ¢)(c — a) chia hét cho 3.3.3.3 nén téng T chia
hét cho 81.

C. PHUONG TRINH BAC CAO QUY VE BAC HAI
Phuong trinh téng qudt bac n ¢6 dang

f(x) = a,x" + ap1x"

+..+a1Xx+3,=0
va ¢6 nhiéu nhat la n nghiém thue. -

1. Phuwong trinh tich
Vi du : Gidi phuong trinh (x — 2)(x = 7)(8 — x)(12 - x) = 0.
Né&u thuc hién phép nhan & vé trdi sé duge mot phuong trinh bac bon.
Nhung ta c6 ngay khi dp dgng.tinh chat ctia mot tich nhiéu thira s&
bing O :

(x-2=0 [x, =2
x=T=0 " g o | =7
8-x=0 X3=8
12-x=0. ° | x4 =12,

Phuong trinh da cho c¢6 bon nghiém.
2. Phuong trinh trung phuong
Dang téng quat 1a ax* + bx® + ¢ = 0, ma c4ch gidi 1a dat y = x* > 0 dé
dua vé dang phuong trinh bac hai dnla y : ay? + by + ¢ = 0 (*). Tt d6 :
- néu (*) c6 2 nghiém duong thi phuong trinh tring phuong c6 4 nghiém.
- néu (*) ¢6 1 nghiém duong thi phuong trinh tring phuong c6 2 nghiém.
~ néu (*) ¢6 2 nghiém am thi phuong trinh triung phuong v6 nghi¢m.
- néu (*) vd nghiém thi phuong trinh trung phuong v6 nghiém.
Vi du : Giai phuong trinh x* + 9x* + 20 =0.
Pit y = x® 2 0 ta c6 phuong trinh bac hai &n y sau : y? + 9y + 20 = 0.
Giai ra dugc hai nghiém y, = -4, y, = -5. C4 hai nghiém déu 4m nén
phuong trinh da cho v6 nghig¢m.
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3. Phuong trinh vo ti
D6 la phuong trinh ¢6 4n ndm du6i dau cin.
Vi du : Giai phuong trinh N [ = [T TR T

Piéu kién dé phuong trinh c¢é nghia la cdc biéu thic dusi dau cin phai
khéng am, tic la :

1

X2

5x-120 g
3x-22>20  hay <x2§ Suy rax > L.

AL, x >1.

Véi diéu kién x > 1 ta binh phuong hai v& duge :
bx—1=4x— 8+ 2J(x-1)(3x-2)

hay x+ 2= 2/(x - 1)(3x - 2).

Lai binh phuong ti€p dugc :
x+2P%=4(x-1)Bx—-2) hay 11x*-24x +4 = 0.

~

Gidi ra duge x;, = 2, x5 = 12—1 (loai). Phuong trinh da cho éhi c6 mot

nghiém x = 2.
4. Phuong trinh bdc ba
Dang téng quat la : ax’ + bx* + ex + d = 0.
Phuong trinh nay cé hai tinh chat :
- néua+b+c+d=0 thicé mét nghiémx = 1
- néua—-b+c-d =0 thi c6 mdt nghiém x = -1.
Vi du : Gidi phuong trinh 2x* + 7x? + 7x + 2= 0. -
Ta phét hién mét nghiém déac biét bang cach thir truc tiép, dé 1a x = —1.
Thanh thir v& phai chia hét cho x + 1 va duge thuong la 2x* + 5x + 2.
Vay phuong trinh da cho c6 thé viét : (x + 1)(2x? + 5x + 2) = 0.
Giai ra dugc ba nghiém 12 x, = -1, x5 = -2 va x3 = ——;—.
5. Phuong trinh bdc bon
Dang téng quat 1a : ax® + bx® + cx® + dx + e = 0.
Vi du : Gidi phuong trinh t* + 12t° + 32t> - 8t — 4 = 0.
0 ddy khé dodn duge mot nghiém d#c biét, nén phai tim cdch nhém
cdc s6 hang dé phan tich vé& trdi ra thira sé.
Ta c6 thé viet 32t% = 36t% — 4t* va nhém cdc s6 hang thich hgp nhu sau
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(" + 12t° + 36t%) — (4t® + 8t + 4) = (t* + 6t)° = (2t + 2)°
= (t2 + 8t + 2)(t% + 4t — 2)
Véy ta dugc phuong trinh tich : (t2 + 8t + 2)(t? + 4t — 2) = 0
Gidi ra dugec nghiém la : t;, = -4 + JIZ; tga=-2 ¢+ \/é-
Phuong trinh da cho ¢é bn nghiém.
Chu 3. le’o‘ng trinh hoi quy

-+ 2 . 5
Néu trong phuong trinh bac bon ta cé : Em [%) vé1 e # 0 thi phuong
a
trinh nay goi 12 phuong trinh hdi quy.
Vi du : Gidi phuong trinh 2x" — 21x* + 74x* - 105x + 50 = 0.
2
2 -1 i
Jd day ta c6 -9-=—5—0-=25; -(-1-=-——0-§=5,nhuthé 2 . :
a 2 b -21 a
Céch giai nhu sau : .
Do x = 0 khong phdi 1a nghiém nén chia hai v& cho x* # 0 duge :

2[){2 +3§—]—21(x+§J +74 = 0.
x X :

25 L
bat x + 2 =y taco: x>+ it y? - 10. Do d6 phuong trinh c6 thé vist

X X :
du6i dang 2y* — 21y + 54 = 0. Giai ra dugc y, = 6, y, = 4,5.

Vé1i y; = 6 thi )~:+_é =6 hay x* — 6x + 5 = 0 ma nghiém la 1 va 5.
X

: : 5 : R v
Véiy, =4,5thi x+= =4,5 hay x*—4,5x + 5 = 0 ma nghiém la 2 va 2,5.
X
Va’iy phuong trinh héi quy da cho c¢6 bén nghiém 1a :

i =l %5 =D, Xg= 2 vax;= 2.5
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§9. HAI LOAI TU GIAC PAC BIET :
HINH THANG VA HINH BINH HANH

A. KIEN THUC CAN NAM VUNG

1. Tw giac. Hinh thang
a) T gidc 16i 1a ti gidc luon ndm trong mdt nita mat phing c6 by 1a
dudng thang chita bat ki canh nao cia tif gidc.-
b) Téng cdc géc cia mot tir gide bang 360°.
¢) Hinh thang la tit gide ¢6 hai canh déi song song.
d) Hinh thang can 1a hinh thang c6 hai géc ké moét ddy béing nhau.
Trong hinh thang can : hai canh bén bing nhau, hai dudng chéo bing
nhau.
e) Dau hiéu nhan biét :
— Hinh thang ¢6 hai dudng chéo béing nhau 1A hinh thang can.
- Hinh thang c6 hai géc ké mot ddy béing nhau 1a hinh thang can.
f) Puong thing di qua trung diém mot canh cia tam gidc va song song
v6i canh thi hai thi di qua trung diém canh thi ba.
Pudng trung binh clia tam gidc thi song song v6i canh thit ba va bing
nta canh ay.
g) DPudng théng di qua trung dlem mot canh bén cia hinh thang va song
song vdi hai ddy thi di qua trung diém canh bén thit hai. '
Pudng trung binh cia hinh thang thi song song v6i hai d4y va bing
ntra tdng hai day. |
h) Hai diém goi 12 dé6i xiung véi nhau qua dudng thing d néu d 1a dudng
trung truc cia doan thdng néi hai diém dé.
DPudng thﬁng di qua trung diém hai d4y ctia hinh thang cdn 1a truc déi
xing cta hinh thang can dé.
2. Hinh binh hanh .
a) Hinh binh hanh la ti gidc ¢6 cdc canh déi song song.
Trong hinh binh hanh : cdc canh d6i bang nhau; cdc géc déi bang nhau;
hai dudng chéo cit nhau tai trung diém cda méi dudng.
b) N&im diu hiéu nhan biét hinh binh hanh :
- T giéé ¢6 cdc canh doi song song
— Tit gidc c6é cdc canh doi bang nhau
- T¢ gidc c6 hai canh ddi song song va béng nhau
- T gidc c6 cdc gée doi béing nhau
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— T gidc c6 hai dudng chéo cit nhau tai trung diém cia mdi dudng.
¢) Giao diém hai dudng chéo ctia hinh binh hanh la tam déi xding cia
hinh binh hanh dé.

. CAC BAI TOAN DPIEN HINH
1. Ching minh réng :

a) Tong cdac dudng chéo cua mot tir gide MNPQ nho hon chu vi nhuhg :
16n hon nta chu vi cua tir gidc;
b) V6i moi diém nim trong tu gidc tong ¢dc khoang cdch tir diém dé
dén cdc dinh cia tif gidc thi nhé hon nua chu vi tir gide.
2. Cho td gide ABCD c6 A =120°, B =100°, C = 80°. Cdc phan giac trong
tai A, B, C, D cdt nhau theo thui tu tai M, N, P, Q. Tinh so do moi géc
“trong tu gidc MNPQ. :
3. No6i trung diém cdc canh cta ti gidc ABCD ta dugc ti gide KLMN
trong dé K, L, M, N theo thi tu la trung diém ciua AB, BC, CD, DA.
Tinh ti s6 dién tich cua td gidc KLMN va ti gide ABCD.

4. Cho P, Q, R, S la bén diém trén cdc canh cta td gidc ABCD sao cho

L L o =k va dién tich ti gide PQRS ding bing 52%
PB QC RD SA : . ;

colm
wlcn

dién tich ti gide ABCD. Ching minh réng k ¢6 hai gid tri 12

5. Cho hinh thang can ABCD (AB // CD, AD = BC). Goi I la giao diém hai
dudng chéo va M, N, P theo thi tu la trung diém cua Al, DI, BC. Néu

AIB = 60° thi AMNP la tam gidc gi ?

6. Cha hinh thang EFGH c¢é téng hai ddy EF va GH bing canh bén EH.
Goi M la trung diém ctia canh bén FG. Doan EM kéo dai cidt HG tai K.
Chiang minh :

a) AEHK can.
b) Cédc phan gidc trong cua géc E va géc H di qua M.
¢) AHEK déu néu HEF = 120°.

7. Cho tam gidc DEF can tai D. Goi M, N, P theo thi ty 12 trung diém
cac canh DE, EfF DF.

a) Cdc tif gidc DHIK, EHKF va DEIK 14 hinh gi ?
b) T gide DEIK la hinh gi néu ADEF déu ?
8. Chimg minh 1511g :

a) Néu tong khoang cdch giita cdc tlung diém cha timg cip canh dai
cia mot ti gidc bang nia chu vi cia tir gide thi tu gidc d6 1a hinh
binh hanh.
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b) Néu mot ti gide c6 cdc dudng chéo va cdc doan thing néi trung diém
cdc cap canh doi ma déng quy thi ti gidc d6 1a hinh binh hanh.
9. Cho cédc diém P va Q trén cdc canh AB va BC cia tam gidc nhon ABC.
Cdc dudng vudng géc tai P véi AB va tai Q véi BC cdt nhau ¢ O. Goi |
M la trung di€m cua AC, ching minh ring MP = MQ khi va chi khi l
AOP = COQ. |
10. Cho ti gide ABCD. Dyng hinh binh hanh DBCE. Ching minh ring
- dién tich AACE béng dién tich tif gisgc ABCD.

11. Cho hinh binh hanh ABCD véi O la giao diém hai dudng chéo. Goi E
va F theo thit tu 1a trung diém ctia AD va BC. Cac doan BE va FD cit
dudng chéo AC theo thit tu tai G va H. '

‘a) Ching minh ring AG = GH = HC.
b) Xét hinh dang cha tit gide EGFH.

C. CACH GIAI VA LOI BINH

1. a) Goi O la giao diém cédc duong chéo cia ti
gide MNPQ (hinh 10). Xét cdc bat ding
thirc trong bon tam gide tao thanh ta ¢6 :

MN + MQ > QN

MN + NP > MP

NP + QP > QN _

QP + QM > MP. ¥ H.10 i
Cong tirng vé cdc bat ddng thie nay réi chia cho 2 duge :

MN + NP + QP + QM > QN+MP |

; chu vi i dl}f)'llé chéo

b) Tuong tu, tir bon dang thiec :
MN < MO + ON; NP < NO + OP
PQ < QO + OP; QM < QO + OM
ta sé duogc :
MN + NP + PQ + QM
X 2
tirc 1a nira chu vi nhé hon téng hai dudng chéo.

<MO + OP + QO + ON = MP + QN,

o Loi binh : "Ching minh rdng t 5 diém da cho trong mdt phdng,
trong dé khong cé 3 diem nao thdng hang, bao gio cing cé thé chon ra
4 diém la cde dinh ciia mét ti gide 161."

Cach giai nhu sau : _
Trong nam diém A, B, C, D, E (hinh 11) da cho bao gi¥ ciing chon dugc
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hai diém (chdng han A va B) sao cho ba diém con lai ndm vé cing mot
phia cia dudng thdng AB. Lai c6 thé chon mot diém th& ba, ching
han C, sao cho ba diém A, D, E ndm vé cung mdt phia cia dudng
thang BC.

— Néu c6 mot diém thi tu nita, ching han D, sao cho ba diém A, B, E
niam vé cing mot phia ciia dudng thing CD (hinh 11a) thi ABCD la tu
gidc 16i phai tim. ' '

A B
a)

H.11

~ Néu tam gidc ABC chita hai diém D va E (hinh 11b) thi D va E cung
v6i hai dinh cia tam gidc ABC ¢ vé cung mdt phia cia dudng thdng
DE (chdng han A va C) la bon dinh cia ti gide 161 ACED.

2. Ta cé (hinh 12) : &
A =120° va A; = Az = 60°.
Tuong tu B: =B = 507, Ci = Gz = 40°.

Do téng cédc géc trong mot tu

gidc bang 360° nén : B
D = 360° — (120° + 100° + 80°)
= 60°,

Bigt Dy = D2 (gt) nén Dy = Ds = 30°.
Trong AAMB ta cé :

M+ Az +B1 =180°, | 5w D
suyra: M =180°-(Az +B;) = 180° - (60° + 50“) =05,
Tuong tu, trong ACPD ta c6 :

P =180° - (C2 + D1) = 180° - (40" + 30°) = 110°.
Trong ABNC ta ¢6 : Ny + By + C; = 180°,
suyra Nj =180° — (Bz +C1) = 180° — (50° + 40°) = 90°;

N2 = Ni (d6i dinh) nén Ny = 90°.
Tuong tu, trong AAQD ta c6 : '
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- Cdch 1. Vi géc ngoai tai D bing 40° nén

— Cdch 2. Kéo dai AD cho cidt BC kéo-dai

3. Tacé (hinh 14):
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Q, = 180° — (A, + D2) = 180° - (60° + 30°) = 90°;
Q, = Q, (d6i dinh) nén Q, = 90°.
o Loi binh : Tuong tu : "Ti gidc ABCD c6 A = 85°, B = 55°, géc ngoai
tai D bing 40°. Tinh géc C (hai cdch).” |
Ta ¢4 (hinh 13) : '

géc D clia ti gide bing 180" — 40° = 140°.
Biét tong cac goéc trong ti gidc bing 360°
nén C = 360° - (A +B+D) s

= 360° — (85° + 55° + 140°) = 80",

tai M. Trong AMAB ta c6 :
M+ A +B =180°,
suyra: M= 180° - (A + B) = 40°.
Trong AMDC ¢6 :. M + MDC + MCD = 180°,
suy ra: MCD = 180° — (M + MDC) = 180° - (40° + 40°) = 100°.

Gée C ciia t gidc ké bit véi MCD nén C = 80°.

KL la duong trung binh cia AABC nén
1
SkpL = ZSABC (1) .

1
Tuong tu: Smpn = ZSAI)C (2)

H.14

Cong tung vé (1) va (2) dugc :

1 1
Z(SADC + SABC) = Z Sascp.  Tuong tu, Sakn + Siem = ZSABCI)-

Tu dé : SKLMN = SAI]UD - SKBL - SM])N i SAKN = SI‘(IM

= Bruow—~ =Bisar ~ =8 =-8S
ABCD 4 ABCD f ABCD o ABCD

Vay ti s5 dién tich hai t gide KLMN va ABCD bing —;-

o Loi binh : Xét thém bai todn ching minh sau :
"Goi S va P theo thi ty la dign tich va chu vi cia ti gidc MNPQ,

ching minh cdae bat dang thic :




a) S < :}(MN + PQ)MQ + NP)

b) 4S s(MN + PQ)(MQ + NP) <P°."
Cach giai nhu sau :

Dé tinh todn cho gon, ta ki hiéu cdc do dai
nhu trén hinh 15, ta phai ching minh cdc
bat ding thic :

S < i—(m + p)n + q)

va 4S <(m + p)(n + q) < P*.
That vay :

a) Ta lan luot c6 :

SM'.\!P = ln.h < llnll 1
2 SMNI’Q < 5 (mn + pq)

1 |
Sapq = 2 qk < 5 pPq

3 ' ; ; 1
Tuong tu ta ching minh duge Synpg < -é-(mq +1p)

- 1
Vay Saneg < Z(mn + pq + mq + np) = -i(m +p)n +q).

b) Tu hé thic ¢ cau a) ta suy ra ngay 4S < (m + p)(n + q) va
2S <mn + pq (1)
va 2S5 <mq + np (2)
Cong (1) va (2) duge :  4S <mm + pq + mq + np = (m + p)n + q)

2
o (m+n+p+q] _p?
2

(Dau "=" chi xay ra khi MNPQ 1a hinh vuéng).
4. Vi dién tich cua mot tam gidc ¢6 dudng cao cho trude ti 1&é véi do dai
k

canh ddy cua né va do AP = k.PB = k(AB — AP) nén = Y
.+.

R C

A |
leae]
Ssap _ APk
SS:\B AB l{ + 1
-SS;\B.-* SA 1
Spag DA k+ ' i

Lai ¢6 DS = DA - SA = k.SA nén —g—é =

Xét hinh vé 16, ta cé :

Q

va

.16
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szxp SPBQ SQCR Snns k
Suy ra : = = = = -
~ Spas Sase Spep Scpa (k+1)°

Tu doé ta co :

Smns = Sancp — (Ssap + SI’BQ 5 Squn + Spps)

k .
= Sasen — 5 Spas +Sasc +Spep +Scpa)
k+1)
" 2k k? #1 .
- B :D T b H == .
T 12 TR T (2 AP
2
Suy ra : 5 +1_ = 52% :-ig—=E.
(k +1)2 100 25

Nhan chéo rdi rit gon duge : 6k* — 13k + 6 = 0 hay (3k — 2)(2k — 3) = 0.

4
Tudé: k, = —; k2=§.
s 3 2 .

-Lé&i binh : Ta giai thém bai todn sau vé dién tich ti gidc :

"Goi- S, T, U, V theo thu tu la trung diém cdc canh MN, NP, PQ, QM
ciia t giac MNPQ. Tim diém H trong ti gidc sao cho di¢n tich bon ti
gidic HSMV, HVQU, HUPT va HSNT bdng nhaw.”

Céch giai nhu sau :
Gia sit da tim duge diém H (hinh 17).

. 1
Khi d6 : Spsnv = ZSMNPQ

1
Smsiv = —Snineq

trong dé I la trung dié'h_l duong chéo MP. Q U P

Suy ra : Smsuv = Smsiv- H.17

Lai ¢6 : Spys = Sjsv, suy ra HI / SV ma SV // NQ, do d6 HI / NQ (1)
Goi K 1a trung diém dudng chéo QN, tuong tu ta c6 : HK / MP (2)
Tit (1) va (2) suy ra H 1a giao diém ctia hai duong thing ké qua I song -
song v6i NQ va ké qua K song song véi MP.
Do ABCD la hinh thang can nén ta c¢o :

AABD = ABAC, do d6 ABD = BAC (hinh 18)

Géc AIB = 60° nén AAIB déu. Vay BM vira la
trung tuyén, vira 1a duong cao trong AAIB.

Tam gidc vuong BMC ¢6 P la trung diém ciia

canh huyén BC nén trung tuyén MP = %BC.




Tuong tu NP = %BC.

Xét AAID, ta c6 : MN = éAD = é— BC.

Vay : MN = MP = NP, tie la AMNP déu.
Loi binh : Xét thém bai toan sau :
"Cho hinh thang c¢6 hai ddy dai m va p (m > p) va téng cdc gée ¢ ddy
lon bang 90°. Tinh doan néi trung diém hai day."
Xét hinh thang MNPQ c6 M + Q = 90" (hinh 19).
Néu kéo dai hai canh bén cdt nhau S

il 2.
tai S thi MSQ = 90°. )
Ké trung tuyén SF cua ASMQ cit NP
tai E thi SE cing la trung tuyén cua
ASNP. Trong tam gidc vuéng trung
tuyén tng véi canh huyén bing nia  y . I Q
canh huyén, do dé : H.19

SE= iNp=2, ) ey 1 L
2 2 2 2

Vay : EF = SF - SE = 22'—*’

. a) EM kéo dai cit HG kéo dai tai K (hinh 20).
Xét AEFM = AKGM (c.g.c), ta ¢6 :

GK = EF
nén HG + GK = HG + EF = EH -
Suy ra AHEK can tai H. H H.20 G K

b) Tut AHEK can ta ¢6 ngay HM la trung tuyén va phan gidac cua géc
“H. Ngoai ra E =K ma E: =K (so le trong) nén [ = Ez, viy EM
la phan gidc goc E.

¢) Do HEF =120° nén EHG = 60°. Suy ra AHEK can c¢6 géc ¢ dinh
bang 60" l1a tam gidc déu.

Loi binh : Tuong tu : "Cho hinh thang ABCD (AB // Ch, AB< CD).

Tia phan gidc cia cdc géc A va D cdat nhau tai M, tia phan gidc ciia

cac goe B va C cdt nhau tai N.

a) Tinh s6 do cde géc AMD va BNC:

b) Goi K la giao diém ciia AM va BN (K € DC), ching minh rang :

AD + BC = DC".
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Ta c6 cach giai sau (hinh 21) :

a) Vi AB // DC nén BAD + KDA = 180° (géc trong cing phia),
suy ra : A1 + D1 =90°. A B

2
Trong AAMD ta cé : /1\ /\
A S — M N,
Ay +D) + AMD = 1800,
suy ra : AMD = 180° - 90° = 90°. m

. D
Chimg minh tuong tu ¢6 BNC = 90°. .91

b) Vi AMD =90° nédn DM 1L AK. Tam gidc ADK c¢6 phan gidc DM cung
la duong cao nén tam gide nay can, suy ra AD = DK (1)
Chung minh tuong tu ¢6 ACBK can, suy ra BC = KC (2)
Tir (1) va (2) suy ra : AD + BC = DK + KC hay AD + BC = DC.

a) Vi H va I la trung diém cua DE va EF (hinh 22) D

nén HI // DF va HI = —l—DF - DK.

Suy ra DHIK 1'1 hinh binh hanh.

Vi H va K la trung diém cua DE va DF
nén HK 7 EF, mit khdc c6 HE = KF, do
dé EHKF la hinh thang can.

Vi I va K la trung diém cua EF va DF
nén [K / DE, vay DEIK la hinh thang. 11.22

b) Khi ADEF déu thi EI = DK, do dé hinh thang DEIK sé la hinh
thang can.

Loi binh : Xét théem bai toan vé hinh thang can :

"Cho tam gidc DEF vuong tai D ¢o E =70°. Ké phan giic EG ciia géc
E va goi H, I, K theo thi tu la trung diém cia EG, GF, EF. Ching
minh tit gicc DHKI la hinh thang can va tinh cdc géc cia né.”

Cdch giai nhu sau (hinh 23) :

Ta gidec DHKI la hinh thang (vi
HK // DI, do HK la dudng trung
binh trong AEGF). Tam gidc DEG
vudng tai D ¢6 trung tuyén DH ing
v6i canh huyén nén HD = HG, hay
AHDG céan, suy ra : D1 =G (1) :
AEGF ¢6 KE = KF, GI = IF nén KI la dudng trung binh.

Suy ra KI / EG, nén G =
D

5 K " F
1.23

I (2) (géc dong vi)
Tu (1) va (2) suy ra =1i. Vay DHKI la hinh thang can.




Lwuu y : Cé thé ching minh cdch khdc. Sau khi ching minh DHKI la
hinh thang thi lam tiép nhu sau : :

Xét ADEF vudéng tai D ¢6 DK la dudng trung binh nén DK = %EF (3)

Lai ¢6 HI la dudng trung binh trong AGEF nén HI = %EF (4)

T (3) va (4) suy ra DK = HI. Do dé hinh thang DHKI cé hai dudng

‘chéo bing nhau la hinh thang can.

Do B =70° nén Gi =90° -35° =55° =D =1

Suy ra K1 =180° -1; =180° -55° = 125° (vi Ky +1; = 180°) = DHK.

Vay cdc géc cia hinh thang can bang 125" ¢ ddy trén HK va bing 55°

¢ ddy duéi DI. ; '

8. a) Goi M, N, P, Q la trung diém cdc canh cua ti gide ABCD (hinh 24).

Keé duong chéo AC va PE // AB, ta ¢6
E la trung diém cia AC va PE = MB,
‘do d6 MBPE la hinh binh hanh.
Vi EN va EQ la duong trung binh cua
AACD nén tif gidc ENDQ cing la hinh

binh hanh. Vay téng khoang cach tir E
dén M, N, P, Q béng nira chu vi ABCD.

P C

N

Taco: EM + EN = MN & t q " 5
va EP + EQ > PQ. .24

(D&u "=" xdy ra khi E € MN hoac E € PQ).
Cong timg vé& hai bat dang thic trén ta duge :
EM + EN + EP + EQ 2 MN + PQ (%)
(Dau "=" xdy ra khi E € MN hoiic E € PQ, tuc 1a E trang véi O).

Bat ding thic (%) duge thoa man tic la E = O. Nhung MBPO va
ONDQ la nhang hinh binh hanh, do dé td gidc ABCD phai la hinh
binh hanh.

b) Cang nhu trén, goi M, N, P, Q 1a trung diém cdc canh cta ti gidc
ABCD (hinh 25). Cac duong AC, BD, MN va PQ cat nhau tai O.

Xét ti giac MPNQ ta ¢6 MP va B P C

QN cung song song véi AC va »0(
‘M 4

bang -é—AC nén MP = QN, do dé

tit gidc nay la hinh binh hanh va X Q 3
O la trung diém cua MN va PQ. - H.25
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Goi S va T theo tha tu la giao diém cia MP va QN véi duong chéo
BD, ta ¢6 AOMS = AONT (g.c.g) nén OS = OT. Suy ra OB = OD.
Ching minh tuong tu c6 OA = OC. Vay tii gidc ABCD c¢6 hai duong
chéo cit nhau tai trung diém moi dudng la hinh binh hanh.

o Loi binh : Xét thém bai todn vé chimg minh sau day :

"Qua giao diem O cdc duong chéo AC va BD cia hinh binh hanh
ABCD ta ké hai duong thang bdt ki cdt cdace canh AB, BC, CD, DA tai
bon diem E, FF, G, H. Chung minh EFGH la hinh binh hanh, tir dé suy
ra co vo s6 hinh binh hanh EFGII nhuw theé.”

Cach giai nhu sau (hinh 26) :
Xét hai tam gidic BOF va DOH ¢6
OB = OD, B =D (so le trong),
01 = 0. (dsi dinh)
nén ABOF = ADOH (g.c g). < 11 D
Suy ra OF = OH. H.26
Ching minh tuong ty CIE = OG. ;

Vay ti gidc EFGH c¢6 hai duong chéo cat nhau tai trung diém cua mébi

dugng la hinh binh hanh.

Vi hai duong thing ké qua O la bat ki nén ¢6 vo sé hinh binh hanh
EFGH nhu thé va ching déu cé tam doi xing la O.

Goi R va T theo thu tu la trung diém cia
AO va CO (hinh 27). Ta cé tit giac MROT
la hinh binh hanh.

Poan MR la dudng trung binh trong
AAOC nén MR = OT va MR // OT. Tu d6
MRO = MTO va RO = MT.

AAPO vuong tai P nén trung tuyén PR
bing ma canh huyén AO. Do do APRO can
(PR = RO). Tuong tw ATOQ can (QT = OT). .27

Vay MT = RO = PR va MR = OT = QT, tic 13 hai tam gidgc MRP va
QTM c6 hai canh bang nhau timg doi mot. ol

Gid st MP = MQ, ta ¢6 AMRP = AQTM (c.c.c). Tir d6 MRP = QTM va
MRO = MTO.

Trit ting vé hai ding thic vé goc nay dugc ORP = OJ'I‘HQ = . Do hai

tam gidc PRO va TOQ can nén ta co :

. — — 0 —
ROD = T00 =20 ~%




Gia st AOP = COQ.
Tir hai tam gidc can PRO va TOQ ta duoc ORP = OJ'-I‘LQ
Tit d6 : MRP = MRO + ORP = MTO + OTQ = QTM.
Vay AMRP = AQTM (c.g.c). Suy ra PM = MQ.
o Loi binh : Xét thém bai todn sau :

"Cho tam gidc ABC. Vé dicm A’ doi xing véi A qua C, diém B' doi -
xing vt B qua A va diém C’ déi xing voi C qua B. Trung twyén BD
ctia AABC cdt trung tuyén B'D’ ciia AA’B'C” tat O. Chaing minh rdng :

a) ABD'D la hinh binh hanh. : . o

b) O la trong tam chung cia hai tam gidc ABC va A'B'C"."

C;i_ch giai nhu sau (hinh 28) : B

a) Do C' va C doi xung nhau
qua B nén BC' = BC, con
B'D' la trung tuyén cua
AA'B'C nén D'C' = D'A".
Nhu vay BD' la dudng trung
binh cua AC'CA’, suy ra:

BD = S CA =0k
2 2

(vi A’ va A déi xiimg nhau qua C) va BD' // CA".

% . 1 -y
Do BD la trung tuyén cua AABC nén AD = EAC’ ta co :

BD' = AD, BD'/ AD (vi A, D e CA),
vay ABD'D 1a hinh binh hanbh.

b) Goi I la trung diém cua OB, theo tinh chat trung tuyén trong tam-
gidc ta ¢6 BI = 10 = OD, nhu vay O la trong tam AABC. '

Tu I ke II' // BB tacéo I'B'=1'0 (1)(duong trung binh trong ABOB)
sayxea LI = -2—BB' = AR

Theo cau a) thi DD' // AB, DD' = AB (vi ABD'D la hinh binh hanh).
Nhu vay II' = AB = DD' va II' // AB // DD', do 46 II'DD' 1a hinh binh
hanh, suy ra OI' = OD" (2)
Tir (1) va (2) ¢6 : BT = I'O = OD’, chuing té rdng O la trong tAm cuia
AA'B'C'. Vay O la trong tam chung ctaa hai tam giac ABC va A'B'C'.
10. Ta phai ching minh : Sy = Sapen (hinh 29). '
That vay, tir A ké dudng vudng géc AH vdi EC ciat DB t:c:li K.[a co
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Sascp = Sanp + Spic

1 DBAK + 1 DBERH
2 2

1bBAH - 1cEAH
2 2

I

(vi DBCE la hinh binh hanh nén DB = EC)

Tich %CE.AH chinh la dién tich AACE.

Vay Sanch = Sace.
e Loi binh :

H.29

Tuong tu : "Cho hinh binh hanh ABCD va diém E trén

FC

canh BC, diém F trén canh CD sao cho —— = 2--1?E Duong chéo BD
FD EC

cdt AE tai H, cdt AF tai G. Chuing minh rdang : Sapr = 2.Sauc"

C4ch gial nhu sau (hinh 30) :

Goi ti so s =k. Tacé: 2 s 7
: EC ;
Sxr _ AE’ AF . -
Sauc . AH AG
- H.30 -

[ HE ][ GF)
= |1+ 1+
AH AG

(20222

Tich cudi cung c6 thé viét :

1+ —

FDJ _ BC+BE CD+FD
T BC T €D

CD

2BE + EC 2FD+FC 2k +1 2k +2 5

BE + EC  FD+FC
Véay Saer = 2.Sanc-
11. a) Ta ¢6 GE la dudng trung binh cua
AAHD va HF la dudng trung binh
ciia ACGB (hinh 31).
Vi ED song song va biang BF nén
EDFB la hinh binh hanh, suy ra
BE // FD.

k+1 1+2k

H.31

Xét AAHD ¢6 EA = ED va EG // HD nén AG =GH (1)
Xét ABGC ¢6 FB = FC va FH / BG nén GH = HC ~ (2)
Tir (1) va (2) ta c¢é ngay AG = GH = HC.

b) Xét hai tam gidc AEG va CHF c¢6 AE = FC, E1 =F1 (géc ¢6 canh

tuong ung song song cung chiéu), A; = C1 (so le trong) nén
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AAEG = ACFH (g.c.g).
Suy ra GE = FH.
Tt giac EGFH ¢6 GE song song va bang FH nén né 1a hinh binh hanh.

o Loi binh : Tuong tu : "Cho hinh thang ABCD. Goi E, F, G, H, I, K thco

thiz tu la trung diém cia hai cgnh bén AD, BC va ciia hai day DC va
AB, ciia hai duong chéo AC va BD. Chiing minh :

a) HIGK la hinh binh hanh.
b) Béon diém E, I, K, I thdng hang.
c¢) EF va IK c6 chung mét trung diém.”

D G ¢

Céach giai nhu sau (hinh 32) :

a) Ta c6 GI la dudng trung binh cua

AACD, nén GI // AD va GI = éAD.

Tuong tu, HK 12 dudng trung binh ciia AABD
nén HK // AD va HK = %AD. |

Suy ra GI = HK va GI // HK.
Vay t giac HIGK la hinh binh hanh.

b) Ta c6 EI va KF cung song song véi DC, IK // AB // DC. Suy ra bon
diém E, I, K, F thang hang vi cing nim trén dudng trung binh EF
cua hinh thang ABCD. .

c) Goi O la trung diém cua IK, ta ¢c6 GH di qua O va OH = OG (do
HIGK la hinh binh hanh). Ta lai ¢c6 EGFH cing la hinh binh hanh

(do EG = HF = %AC va EG // HF), suy ra O cing la trung diém cua

EF. Vay O la trung diém chung cia IK va EF.

D. BAN CO BIET

1.

NHA SU PHAM LO!I LAC OCLIT

Oclit la mot nha su pham 161 lac sdng ¢ thé ki thd 4 trude cong
nguyén, day toan ¢ Alecxangdri.

Ong da xem xét lai gan nhu toan bd nhing kién thic todn hoc tir budi
so khai cho dén thdi ki ong séng va da sdp x&p lai mdt cach ¢6 hé
thong. '

Tdc phdm chinh ciia 6ng la "Co ban" gom 13 tdp, chi yéu néi vé hinh
hoc dugc ddnh gia la "méu muc cho hang nghin ndam". That thé, téc
phdm nay da tré thanh mot trong nhimg thanh tuyu 16n nhat cia nén
van héa thé gidi, vi trong hon hai nghin nam nay nhéan loai da coi d6
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la mau muc vé hinh hoc duge hoc trong cic trudng hoc ¢ khip noi trén
thé gidi.

Nguoi ta ké lai cau chuyén thi vi sau day : Mot trong nhing hoc tro
bat dau hoe hinh hec cua Oclit da hoi éng nhu sau : "T6i ¢6 thé ki€m
duge gi néu toi hoc thude duge tat ca sdch cua ngai ?". Oclit da goi
ngudi hau lai bdo : "Hay cho anh ta 3 déng vi anh ta muén kiém duoc
tién bing hoc thuyét cia ta".

Oclit da dua ra ba khdi niém co ban khéng dinh nghia la : diém,

duong thfing va mit phé'ing.

Sau dé ong da néu lén mot sé6 quan hé gita ba khai niém nay, duge éng

thira nhan va goi ching la tién de. Do la nhimg ménh dé todn hoc duge

cong nhan chi khong can phai ching minh. 7dt cd ¢c6 nam tién dé :

1. Qua hai diém ¢6 mot dudng thang va chi mot ma thai;

2. Qua ba diém khong thang hang ¢6 mot mat phiing va chi mot ma thoi;

3. Néu mét duong thang c¢6 hai diém nam trong mit phing thi dudng
thang dé ndm hoan toan trong mat phéing;

4. Né&u hai miat phiang ¢6 mot diém chung thi sé ¢6 thém mot diém
chung tha hai nua;

5. Tt mot diém ¢ ngoai mot duong thing bao giv cang dung duge mot
va chi mot dudng thing song song véi dudng thing trén (day la
tién dé Oclit). N6 la tién dé thu nam.




§10. TU HINE CHU NHA T DIN Hikg | VUONG

A. KIEN THUC CAN NAM VUNG

1.

a)

b)

c)

d)

e)

a)

b)

Hinh cha nhat
Hinh chu nhéat la wi gide ¢6 bon géc vuong.

Trong hinh chu nhat hai duong chéo bang nhau va cit nhau tai trung
diém cua moi dudng.

Bon dau hiéu nhan bi&t hinh chir nhat
T gide c¢6 ba géc vuong.
Hinh thang can c6 mot géc vudng.

Hinh binh hanh ¢é mét géc vuong.
L

‘Hinh binh hanh ¢6 hai duong chéo bang nhau.

Trong tam gidc vuéng, trung tuyén ung véi canh huyén bing nira canh
huyén.

Néu mot tam gidc ¢6 trung tuyén ing véi mdt canh bang nua canh ay
thi tam gidc dé la tam gidc vuong.

Tap hop cde diem cdach mot dudng thing c6 dinh mot khoang bing h
khong doi la hai duong thing song song véi duong thing dé va cdch
duong thang dé mét khoang bing h.

Néu cdc dudng thing song song cdich déu cdt nidt dudng théng thi
ching chin trén dudng thing dé cac doan théng lién tiép bing nhau
va nguoc lai. :

Hinh thoi
Hinh thoi la tu gidc ¢6 bon canh bing nhau. .

Trong hinh thoi hai dutng chéo vudéng gée véi nhau, hai duong chéo la
cac phan gidce cia cic géc hinh thoi.

Bon dau hiéu nhan biét hinh thoi :

T gidc ¢6 bon canh bing nhau.

Hinh binh hanh ¢é hai canh ké bing nhau.

Hinh binh hanh ¢6 hai dudng chéo vuong goéc vdi nhau.

Hinh binh hanh ¢6 mdt dusng chéo la phan gidc cua mot goc.
Hinh vudng

Hinh vuéng la ti gidc ¢6 bon goc vuong va bén canh bing nhau.
Nam dau hiéu nhan biét hinh vuéng :

Hinh chu nhat ¢é hai canh ké bing nhau.
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Hinh chir nhat ¢é hai dudng chéo vudng goéc véi nhau.

Hinh chit nhat c6 mot dusng chéo la phan gidc cia mot goc.

Hinh thoi ¢6 mt géc vudng.

Hinh thoi ¢6 hai dugng chéo bing nhau.

Pa giac déu

Pa gidc déu la da gidc c6 tat ca cdc canh bing nhau va tat cd cdc géc
bing nhau.

B. CAC BAI TOAN PIiKN HINH

1.

156

Cho td gide ABCD c6 hai canh AB va CD kéo dai tao thanh géc vuong

tai M. Goi E, F, G, H theo thd tu la trung diém ciaa BC, BD, AD, AC.

Chuang minh réng : s A

a) Tu giac EFGH 1a hinh chir nhat.

b) Ba diém K, H, F thing hang (K la trung diém canh AB).

c) Boaﬁ EG bing nita hiéu hai canh d6i AD va BC.

Cho tam gide DEF vuong can tai D va M 1a mot diém bat ki trén EF.

Tit M ha MN L DE va MP L DF.

a) Ching minh ring khi M chay trén canh huyén EF thi hinh chi
‘nhat DNMP ¢6 chu vi khong doi.

b) Véi vi tri nao ciia M thi DM c¢é do dai ngdn nhat ?

Cho M la mot diém nam trong hinh chit nhat EFGH c6 dién tich béng

S. Ching minh ring : S < ME.MG + MF.MH.

Cho AABC. Ké MN // BC vé61 M trén AB, N trén AC sao cho AM = NC

va MP // AC véi P trén BC. _

a) Chung minh AP la phan giac cua goc A.

b) Muén MPCN la hinh thoi thi AABC can diéu kién gi ?

Cho hinh thoi ABCD. Tu B ké BP L AD va BQ L CD. Khoang cach PQ

bing nira dudng chéo AC hoéc BD. Tinh cdc géc cia hinh thoi.

Cho hinh vuéng ABCD. Trén BC ldy diém E va dung EAx = 90°, Ax

cdt CD tai F.

a) Ching minh AAFE can.

b) Goi I la trung diém cta FE, Al cdt DC tai M. Qua E vé Ey / DC cat
Al tai K. Chimg minh KFME Ia hinh thoi.

¢) Chung minh chu vi ACEM khéng déi khi E chuyén dong trén BC.

Cho hinh vuéng ABCD. Trén tia BC 1ay doan BE > BC. Trén tia déi

ctia tia DC 1ay doan DF = BE, rdi vé hinh binh hanh AEGF. Ching

minh ring :
a) AEGF la hinh vudng.




10.

11.

12.

13.

14.

15.

16.

b) Khi E chay trén BC kéo dai thi G ndm trén phan gidc cia géc DCE,
néu FCG =45°.

¢) Ba diém B, D, K théng hang, trong dé K la trung diém cia AG.

Chimg minh ring cic duong théng néi lan lugt cic tam O,, 0y, Oy, O,

ctia cdc hinh vudng dung trén bon canh cua hinh binh hanh ABCD vé

phia ngoai tao thanh moét ' hinh vuong.

Cho hinh binh hanh ABCD va O la giao diém hai dudng chéo. Goi E

va F theo thi tu la trung diém cia AD va BC. Hai doan BE va DF lan

lugt cdt dudng chéo AC tai G va H.

a) Chung minh AG = GH = HC.

b) Tu gidc EGFH la hinh gi ?

¢) Muén EGFH la hinh chir nhat thi dudng chéo AC phai gap may lan
canh CD ?

d) Muén EGFH la hinh thoi thi géc ACD bang bao nhiéu ?

e) Muén EGFH la hinh vuéng thi dang cuia AACD phai nhu thé nao ?

Dung hinh thoi ABCD biét duong chéo AC = m nfim trén dudng thing a

cho truge va hai dinh con lai niim trén hai dudng thang b va ¢ cho trude.

Dung hinh vuéng PQRS sao cho ba dinh n&m trén ba dudng thiang

song song a, b, ¢ cho trude.

Dung ti gide ABCD biét hai canh doéi AD = a, BC = b va ba géc A=q,

B= B, D= ¥

Cho ngii gidc déu ABCDE. Goi A' la diém doi xiing cia A qua B, B' la

diém doi xiing cha B qua C, C' la diém déi xing cua C qua D, D' la diém -

déi xiing ciia D qua E, E' la diém doi xing cia E qua A. Ching minh

rang A'B'C'D'E' 1a nga gidc déu.

Cho ngi gide déu ABCDE va mt diém M sao cho ADME déu. Tinh géc

AMC.

Cho tit gide ABCD ¢6 dién tich 96em”® va diém E thugc canh AB. Qua A

ké dudng thing song song véi ED cit CD tai F. Qua B ké dudng thing

song song véi EC cit CD tai G. Tinh :

a) Dién tich AEFG.

b) Dién tich tit gide AEHD, trong dé H la trung diém cia FG.

Cho luc gide déu A ;ALA3A,A;As ¢6 canh biang 1 va mot diém P trong

luc gidc dé. Noi P véi cdc dinh ta duge 6 tam gide. Chiing minh rang :

a) C6 it nhat hai tam gidc ma cdc canh cua ching déu > 1 va téng céc
canh cua tam gidc > 18.

b) Téng cic khodang cach tir P dén cdc canh khong doi nhung tam luc
gidc c6 tong cdc khoang cdch téi cic dinh la nho nhat.
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C. CACH GIAI VA LOI BINH
1. a) Ta c6 EH la dudng trung binh cia AABC (hinh 33) nén
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IEH /4 AB va EI = %AB (L)

; ‘ 1
Tuong tu, G // AB va FG = = ADB (2)

T (1) va(2) suy ra EH / FG va EH = I'G,

Vay EFGH la hinh binh hanh.

Lai c¢o HEF = M = 90° (goe co

canh tuong ung song song) nén

hinh binh hanh EFGH la hinh A

chi nhat.
b) Ta-c6 KI' la dudng trung binh cia AABD, con KH la dudng trung

binh cia AABC nén KF / AD va KH // AD. Qua H chi ¢ mot duong
thang song song v61 AD (tién deé Oeclit)'nén ba diem K, H, F phai

thang ]mng:

c¢) Theo cau b) thi KF = %AD (1) va KH = é—BC (2)

Lay (1) trir di (2) tiing vé ta ¢6 : KF — KH = ﬁl——)—éB—C = HF.
Do HF = EG (duong chéo hinh cha nhatv) nén EG = _@%EE

Loi binh : Sau day la bai toan kh:c vé hinh chir nhat :

"Goi S la diém trén duong chéo MP cia hinh chi nhat MNPQ. Qua S

. ké duong thang d song song véi duong chéo QN cdat MQ va PQ theo

thi tw tai T va U. Dyng hinh cha nhat Q!VO Clhung minh rang :

a) QV I/ MP. _
b) Ba diem V, S, N thang hang. N ———

c) Sla trung dié¢m ctia VN." \;r """"""""" %

Cidch giai nhu sau (hinh 34; : st ety O

a) Goi O va G la giao diém ciic ] ) 5 }
duting chéo cua hai hinh chi ~U Q - P

nhat MNPQ va VTQU.
Xét hai tam gidce can GUQ va OQP ta ¢6 : Uy = Ql, Q?_ = P.

Nhung U, = Q. (géc déng vi), suy ra P; = Ql , viy QV // MP.

b) Xét hinh binh hanh SOQG (vi GS // QO) ta c6 SO = GQ ma GV = GQ
nén GV = SO. Suy ra SVGO la hinh binh hanh nén VS // GO

T




Lai c6 VN // GO trong AVNQ. Do do ba diém V, S, N thing hang
(tién de Oeclit).

¢) Taco VS = GO va SN = GO, vi thé S la trung diém cia VN,
2. a) Tu gide DNMP ¢6 ba géc vuong 1a hinh chit nhat (hinh 35).
Vi ADEF vudong can tai D nén
E=F =45°, Trong tam gidc vuong
« ENM ta ¢6 M =45° nén tam gidc
nay vuong can tai N, suy ra
NM = NE (1)
Chimg minh tuong tu c6 :
MP=PF °~ &)
Chu vi € ctia hinh chir nhat DNMP bing :
%’:NM+MP+PD+DN (3)
Thay (1) va (2) vao (3) dugc : '
. @=EN +N\D + DP + PI = DE + DF

Vi tam gidc vuong can DEF da cho nén dé dai hai canh DE va DF
khéng doi, vay @ c6 do dai khong déi.
b) Ké dudng cao DH cua ADEF. Xét tam gide vuong DHM, ta luén cé |
DH < DM, do dé khi M = H thi DM c¢6 dé dai ngdn nhat.

e Loi binh : Tuong tu : ';C!l() ADEF c¢6 H la true tam. Goi G, I, K theo
thi tu la trung diém ctia ba canh DE, EF, DF va M, N, P theo thiu ty
la trung diém cia ba doan HE, HF, HD.

a) T giac GMNK la hinh gi 2 .
b) Chiing minh ba doan PI, GN, MK p

D

bdang nhau va cdt nhaw tai tring diém

ctia moi doan.” ;H B

Cach giai nhu sau (hinh 36) :

a) Ta ¢6 ti gide GMNK la hinh binh SN
hanh vi GK / MN va GK = MN (tinh [ F

chat duong trung binh trong tam gidc). H.36

Lai ¢c6 GK // EF, GM / DH va DH 1 EF (vi H la truc tdm) nén
GK 1 GM, tge la KGM vuong. Vay hinh binh hanh GMNK c¢6 mot
goc vuong la hinh chir nhat.

b) Chung minh tuong tu ta cé to gidic GPNI cuang la hinh chir nhat.
Hai hinh cht nhat GMNK va GPNI ¢6 chung dudng chéo GN nén
ba dlrdng chéo PI, GN va MK biing nhau va cit nhau tai trung diém
cua moi dudng.
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3. N6i diém M véi bon dinh cia hinh cha
nhat (hinh 37). Ta nhéan thay rdng dién M
tich hinh chir nhat gap doi tong dién tich .
hai tam giac MEH va MFG (chi can ké qua
M mét dudng thédng song song véi canh EH
15 H

sé thay ngay di¢n tich cia mot trong hai
hinh chit nhat tao thanh gap doi dién tich 1137
AMEH hoiic AMFQG).
Ta vé thém AENH biing AFMG (MF = NH, MG = EN va FG = EH).
Thé thi : S = 2(Saen + Swre) = 2Seann = 2Skun + 28nMN

< ME.NE + NH.MH = ME.MG + MF.MH.

o Loi binh : Xét thém bai toan vé dién tich :
“Goi E, G theo thi ty la trung diém cde canh MN va PQ ciia mot tu
gidgc MNPQ. Goi F va H theo thu tu la hai diém bdt ki trén cdc canh
NP va MQ. Chung minh rang néu EFGH la hinh chi nhat thi :

1

Seran = b Sunrq-

Ta ¢6 cach giai sau (hinh 38) :
Goi S va T theo thi tu 1a trung diém
cia NP va MQ ta c6 ESGT la hinh
binh hanh.

— NéuF =Sthi H=T tacé ngay

1
SI'II"UII = SI'ISU'I' = "é' SMNI’Q- H.38

Néu F#S thi H#2T, khi dé tir hinh chi nhit EF GH va hinh binh
hanh ESGT suy ra FH va ST cdt nhau tai trung diém cua mdi dudng.
Vay FSHT la hinh binh hanh, suy ra FS // TH hay NP // MQ. Bay gid
MNPQ la hinh thang cé6 EG la duong trung binh. Do dé EG // NP // MQ.
Vi thé cde tam gidc EHG, ETG va EFG, ESG c¢6 ddy EG chung va
chiéu c#o 1a khoang cdch giita hai dudng théng song song. Suy ra :

' 1
Skrai = Sesar = 3 SunrQ-

4. a) Do MP // AC (hinh 39) nén
~ Az = P (so le trong). ’ 1\2
Lai ¢6 t& giac MNCP la hinh binh

hanh (vi MN // PC, MP // NC) nén M
MP = NC. Do d6 AMAP can nén N \;\
A :_13. Suy ra A1 = Az, tic 1a AP

l1a phan gidc cta goc A. H.39

160




b) Muén hinh binh hanh MNCP la hinh thoi thi phai ¢6 NC = PC hay
PMAC la hinh thang can. Suy ra A = C, tic 1a AABC phai cén tai B.

o Lii binh : Tuong tu : “Cho hinh thoi EFGH cé I la giao diém hai
duong chéo. Goi K, L, M, N theo thi tu la cdic diém trén cdc tia doi
cia FE, GF, HG, EH sao cho FK = GL = HM = EN. Chitng minh :

a) Tu gidc KLMN la hinh binh hanh. _
b) Hinh binh hanh néay va hinh thoi EFGH ¢6 chung mot tam déi xing.”
Céch giai nhu sau (hinh 40) : )
a) Xét cdc cap fam gidc bing nhau :
AFKL = AHMN (c.g.c), suy ra KL = MN
AERN = AGML (c.g.c), suy ra KN = ML.
Vay KLMN c6 cac canh d6i bing nhau 1a hinh binh hanh.

b) Gi-o diém I cha hai duong:-chéo cia . N
hinh thoi EFGH 1a trung diém cia
méi dudng chéo. Ma I cang Ia giao

diém cdc duong chéo ciia hinh binh
hanh KLMN. Ngoai ra ti giac
ENGL cing la hinh binh hanh nén 'K

M

I cang la giao diém cdc dudng chéo I H.40

cua né. :
Suy ra I la tdm déi xing cia hinh binh hanh KLMN va hinh thoi
EFGH.

5. Ta phai xét hai truong hop tuy theo PQ = %AC hoic PQ = —;—BD.

A

H.41

a) Trudng hgp PQ = %AC (hinh 41a). Ta ¢6 PQ la dudng trung binh

cia AACD va Q la trung diém cia CD. Do d6 ABCD can. Ngoai ra
DC = BC nén ABCD déu.

Suy ra cdc géc ciia hinh thoila : A=C=60°, B =D =120°. |

b) Truong hop PQ = ,%BD (hinh 41b). Ta cé truhg tuyén PO cda tam
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gidc vudbng BPD bing nitra canh huyén BD ma OQ cing biang nia
BD nén AOPQ déu.

Ta ¢6 P2 = 60°, P1 =15°. Suy ra P3 = 90° — 60° —15° = 15°.
Tit d6 cdc géc cia hinh thoi la : B =D =150°, A =C = 30°.
o Lot bi_nh : Tuong tu : "Cho tit giaic ABCD ¢6 AB = CD. Goi E, F I K
theo thit ti la trung diém ciia BC, AD, AC, BD. Chiing minh :

a) EF 1 IK

b) Duong thing IK tao véi AB va AC nhiing géc bang nhau.”

Ta c6 cach giai sau (hinh 42) :

a) Vi E, K la trung diém cta BC, BD nén
EK la dudng trung binh cia ABCD,

suy ra EK// CD, EK:%CD (1)

Tuong tu, trong AACD c¢6

IF/CD, IF=2CD (2
. 2 H.42

T (1) va (2) suy ra EKFI la hinh binh hanh. Ta cling ¢é EI la
dudng trung binh cia AABC nén EI = %AB (3)

Tu (1), (3) va AB = CD (gt) ta ¢c6 EK = EI.
Hinh binh hanh EKFI ¢6 EK = EI nén la hinh thoi, do dé EF 1 IK.
*  C6 thé gidi cdch khdc : '

Vi E, K la trung diém cia BC, BD nén EK la dudng trung binh cia
ABCD, suy ra EK = %CD. |

Ching minh tuong tu cé : KIF = %AB, IF = -;-CD, El = %AB,

Nhung AB = CD (gt) nén EK = KF = FI = IE. Vay tu gidc EKFI ¢6
bon canh bing nhau la hinh thoi, suy ra EF 1 IK.
b) Kéo dai IK cho cit AB tai M va ciat CD tai N.

Ta cé KF la duong trung binh cia AABD nén KF // AB, suy ra
BMI = IKF (so le trong) (4)

Tuong tu, IF la dudng trung binh cua AACD nén IF // CD, suy ra
KIF = CNK (so le trong) (5)

Lai cé : FI. = FK (canh hinh tlzoi EKFI) nén AFIK can tai F, suy ra
IKF = KIF (6)

Ti (4), (5) va () ta ¢6 ngay BMI = CNK.




6. a) Xét hai tam gidc ABE va ADF (hinh -

43) ¢c6 AB = AD (canh hinh vuéng), /Z
B=D=90° (gt), EAB = FAD (géc ¢6 h SAE
canh tuong ing vudng goc : EA L AF,
BA L AD). / 211
Vay AABE = AADF (g.c.g).

.Suy ra AE = AF, do d6 AAFE can tai A.  pg12 _

b) Ta lai c¢6 : AIKE = AIMF (g.c.g) K D H.43 I ik

vi E1 =F2 (do Ey / CD), IE = IF (gt), 1, =1 (d6i dinh).
Suy ra IK =
Nhu the : IK = IM, IE = IF nén KFME la hinh binh hanh.

Do AAFE can nén trung tuyén Al cing 1a duong cao, tic 1a AM 1 FE.
Hinh binh hanh KFME ¢6 KM 1 FE la hinh thoi.

¢) Chu vi ACEM bing : ¥ = ME + MC + CE

Biét ME = MF (canh hinh thoi) ma MF = FD + DM va FD EB (Vl
AABE = AADF) nén ME = EB + DM. Do dé :

¢ =EB + DM + MC + CE
=(CE + EB) + (DM +.MC) = CB + DC

Hinh vuong da cho néh CB = DC = khong do6i, do dé6 € = 2BC khéng

déi khi E chuyén dong trén BC.

e Loi binh : Sau day la bai todn ching minh bing nhiéu cdch :

"Chiing minh bang nhiéu cach mgnh dé sau : Néu trong tit gide ABCD
cac duong chéo la phan gide cdac goc ctia né thi ti gide do la hinh thoi.” '
Cach giai nhu sau :

— Cdch 1. Ta ¢6 AABC = AADC (g.c.g) va
ABCD = ABAD (g.c.g) (hinh 44). Suy ra
~bon canh cua ti gide ABCD biang nhau,
nén doé la hinh thoi.
— Cach 2. Xét AABD = ACBD (c.g.c),” suy
ra AB = BC, AD = DC va BAD = BCD.

Theo bai ra A; = Az, Cr = Cg, suy ra Al = ég, }12 = 61,
tuc 1a AB // DC va BC // AD. Vay ABCD la hinh thoi. .

~ Cach 3. Ké AF L BC, AE L CD ta sé ¢6 AF = AE (hinh 45a), tir d6 suy
ra AAFB = AAED (vi'AF = AE, FAB = EAD). Vay AABD can, nén phan
gidc AO cing la dudng cao (AO L BD). AABC cing can vi BO vira la
phan gidc vua la dudng cao nén AB = BC.
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Trong AABD cén ta cé : B: =D, suy ra Bz =Dz nén BC = CD.
Vi I§1 =f)1 va ﬁ1 =]§2 nén ﬁg ¥]31.
Tuong ty Bi = D2, nén AB // CD va BC //AD.

P B . C I ' B C
] 2 1

1

0
A 2
A D A D
E
a) b)
H.45 E

~ Cdch 4. Qua dinh A ké EF L AC (hinh 45b) ta ¢6 AECF can vi AC vira
la phan gidce vira 13 dudng cao nén CF = CE, AF = AE va CFE = CEF.
Ta ¢c6 AAFB = AADE (g.c.g). Suy ra AB = AD, titc 1A AABD can nén AO
vua la phan gidac via la dudng cao.
Xét AADC ¢6 DO vita 1a phan gide va vira la dudng cao nén tam gidc
nay can va AD = CD. Tuong tu AB = BC. Vay tit gide ABCD c6 bén
canh biang nhau la hinh thoi. g
7. a) Xét hai tam gidc vuong ABE ;
va ADF (hinh 46) ¢6 AB = AD,
BE = DF, ABE = ADF =90°
nén AABE = AADF, do dé _ !
AE = AF va BAE = DAF. i KL
Ma BAE+EAD=BAD-90°  AR="— |
nén DAF + EAD = EAF = 90°. ; ‘
Xét hinh binh hanh AEGF c¢6 0
hai canh lién tiép AE = AF la L
hinh thoi. '

-t

Hinh thoi nay ¢6 mét géc vudbng nén la hinh vudng.

b) Do DCG = 45° (gt) va DCE = 90°, suy ra GCE = 90° — 45° = 45°. Vay
khi E chay trén BC kéo dai thi G néim trén phan gidc géc DCE.

c) Go1 O la tam hinh vuong ABCD ta ¢c6 AC 1L BD va AC 1 CG nén
BD/CG (1)
Mat khdc OA = OC, KA = KG, suy ra OK la dudng trung binh cua
AACG nén OK / CG  (2) '
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Tir (1) va (2) suy ra ba diém B, D, K cing nim trén mot dudng thing
qua O va song song véi CK, tic 1a ba diém B, D, K thdng hang.

* Loi binh : Ta xét thém bai todn sau vé hinh vudng :

"Vé phia ngoii ciia ADEF ta vé hai hinh vuéng DEGH va DFIK. DM i
duong cao cia ADEF. Trén duong cao DM kéo dai ta lay diém T sao cho
DT = EF. Cluing minh rdng giao diém GF va EI li truc tam cia ADEF."”

Cach giai nhu sau (hinh 47) : T},

K

Ta phai chimg minh GF va EI (cung
v61 DM) 1a cdc dudng cao cia ATEF.

Tac6 D1 = E; (géc c6 canh tuong ing H
vudng goéc), suy ra GEF = EDT.

Vay AGEF = AEDT (c.g.c).
Suy ra F1 =Ti.

Nhung Ti + TEF = 90° nén I, + TEF = 90°.

Tir d6 ESF =90°, tic la ET 1 GF. Chiing minh tuong ty FT 1 EI. Nhu
vay AEFT c¢6 ba dudng cao la DM, EI va FG, nén ching cit nhau tai
mot diém 12 tryc tAm clia tam gidc. -

8. Dung hai tam gidc OEO, va OFO, (E va F theo thy tu la trung diém cac
canh CD va BC cua hinh binh hanh ABCD (hinh 48)).

Ta ¢c6 AOEO, = AOFQ, (vi OE = FC,
FC = O,F, OE = O,F; tuong tu ta ching o
minh duge O,E = OF). ’

Cdc goc tu OEO; va OFO; bing nhau D E o
(gbc c6 canh tuong ung vudng géc). Tir 0, Ui JP s

hai tam giac béing nhau OEO, va OFO, - 0 0,
& trén suy ra 00, = 00,, OO,E = 0,0F. A v
‘Do O,E va OF tao thanh géc vudng nén

00, va 00, cang tao thanh géc vudong.

. Vay AO,0,0 la tam gidc vudng can. H.48
Tuong tu cac tam gidac 0,050, 00,0 va 0,0,0 ciing vuéng can. Suy ra
tu gide 0,0,0;0,4 14 hinh vuong. - .

L3

o Loi binh : Tuong tu : "Cho hinh vuéng ABCD. Goi P va Q ldn lugt la
trung diem ciia AD va DC. Cluing minh réng :

a) BP 1 AQ
.b) CS = AB, trong do S la giao diém ciia BP va AQ."
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Ta ¢6 cdch giai sau (hinh 49) :

a)

b)

Xét AABP = ADAQ (vi AP = DQ, A =D, AB = DA) (c.g.c)

suy ra Bi = Al. - l_{ o L
Trong tam gidc vubong PAB ta ¢6 1 '

Bi +P1 =90°, suy ra A; +P; = 90°, T

do d6 BP 1 AQ. g

No6i C vdi trung diém R cia AB, ta

¢6 AR = QC, AR // QC nén ARCQ la

hinh binh hanh, suy ra AQ // RC, ma

BP 1 AQ (cau a) nén BP 1L CR hay D Q C
CR la dudng cao cua ACSB. 1—1_:19

Trong AABS ta c6 RA = RB (gt), RC // AS, suy ra TS = TB (tinh chat

- dudng trung binh), do dé CT la trung tuyén cia ACSB.
- Trong ACSB ¢6 CT vua la dudng cao viua la trung tuyén nén tam

b)

gidc nay can, suy ra CS = CB = AB. ~
Ta c6 (hinh 50) ED // BF va ED = BF
(vi cing bang —;—AD) nén BEDF la hinh

binh hanh, do dé BE // FD. Lai c6 GE
la dudng trung binh ¢ua AAHD (vi
AE = ED va EG // HD) nén GA = GH.
Tuong tu FH cing la dudng trung
binh cua ABCG nén GH = HC.

Véy ta c6 AG = GH = HC.

Ta ¢6 AAEG = ACHF (g.c.g), vi AE = FC = %AD = %BC, A1 =C va

E1 = F1 (so le trong). Suy ra GE = FH. Tu gidc EGFH c¢6 hai canh

~d6i song song va bing nhau la hinh binh hanh.

c)

d)

e)

Muén hinh binh hanh EGFH la hinh chir nhat thi phai c6 hai dudng
chéo EF = GH.

Khi dé, ta ¢6 EF = CD va GH = -;:AC (cau a). Suy ra GH = EF, tuc

la éAC = CD hay AC = 3CD,

Muén hinh binh hanh EGFH la hinh thoi thi phai ¢6 hai dudng chéo
EF 1 GH.

Khi dé6, ta ¢6 AE = ED, BF = FC nén EF // CD. Do dé EF L GH thi
DC 1 AC, tic 1a ACD = 90°,

Muén hinh binh hanh EGFH la hinh vuéng thi hai dudng chéo EF
va GH phai vudng géc véi nhau va biang nhau.




10.

— Lay giao diém D cda b’ va c.

- ndm trén b nén D sé& ndm trén b' d6i xing véi b

That vay, ta da ¢6 EF L GH (vi ACD = 90° theo cau d) va EF GH hay
AC = 3CD (theo cdu c¢). Thanh thit AACD phai 1a tam gidce vuﬁng tai C
ma AC = 3CD.

Lot binh : Tuong tu : "Goi E, F, G, H theo thu tu la trung dié’m cdce
canh MN, NP, PQ, QM cua hinh thang MNPQ.
a) Chung minh EFGH la hinh binh hanh.

b) Hinh thang da cho phdi cé diéu kién gi dé hinh binh hanh EFGH la
funh thoi, hinh ch nhdt, hinh vuéng ?"

Céch giai nhu sau (hinh 51) : :
a) Trong AMQN ta ¢6 EH la dudng trung

binh nén HE / QN va HE = %QN.

Lai ¢6 GF la dudng trung binh trong /
APQN nén GF // QN va GF = %QN. Q

H.51

Suy ra HE // GF va HE = GF. Vay ti gidc EFGH 1a hinh binh hanh.
b) Chimg minh tuong tu nhu cau a, ta ¢6 EF = HG va EF // HG.

Muén hinh binh hanh EFGH 1a :

- Hinh thoi thi phéi ¢6 hai canh lién nhau EF = FG, do d6 hai dudng
chéo MP va NQ bang nhau, vdy MNPQ phai 12 hinh thang can.

- Hinh chit nhat thi géc FEH phai vudng tic 1a hai duong chéo MP va
NQ cta hinh thang MNPQ phai vuéng géc véi nhau.

— Hinh vuéng thi hai dudng chéo MP va NQ phai béng nhau va vuéng
géc v6i nhau, tic 14 MNPQ phai la hinh thang can c6 hai dudng
chéo vudng géc.

Phan tich : Gia st ABCD la hinh thoi phdi dung ma AC = m, cdc dinh

B va D lan lugt nim trén hai dudng thdng b va ¢ (hinh 52). Luu ¥ ring

dung hinh thoi quy vé dung mot dinh bat ki ctia né6, chdng han dinh B.

Theo tinh chat hinh thoi c4c dinh B va D d6i
xiing nhau qua dudng thing a (BD 1 a), ma B b

qua a. Tu dé ta dung dugec ngay dinh D la giao
diém cta dudng thing c cho trude véi dudng
thing b'".

Cdch dung : Trén nda mit phing doi cla nia
mét phdng chita b, by 14 a, dung dudng thing b’
dé1 ximg vé6i b qua a.

a

- Qua D dung dudng théng vuéng géc véi a tai O cit b tai B.
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- Goi O la giao diém hai dudng

Dung A va C trén a sao cho AO = CO = %‘-

Tit gidc ABCD 1a hinh thoi phai dung.

Chitng minh : Ro rang ti gidc ABCD c6 hai du‘dng chéo cit nhau tai
trung diém cia mdi duong va vudng goc véi nhau nén la hinh thoi.

Bién ludn : | N

Néu c /b’ thi bai toan v6 nghiém.

Néu ¢ = b’ thi ¢6 v s& nghiém. | .

Néu ¢ va b’ cdt nhau & ngoai dusng thidng a thi bai todn c6 mot
nghi¢m hinh, con néu ¢ va b’ cdt nhau trén dutng th§ng a thi bai toan
vo nghiém. _

Lé&i binh : Tuong tu : "Dung hinh thoi MNPQ biét tong hai duong
chéo MP + NQ = a va géc NMP = a."

Ta c¢6 cich gidi sau : |

O day chi néu hai budc la phan tich va cach dung.
Phdn tich : Gia s MNPQ 1a hinh :
thoi da dung dugc véi MP + NQ = a
va NMP = « (hinh 53). M o R e

chéo, ta ¢c6 OM = OP, ON = 0Q
va NQ L MP, v6i MP > NQ. Q H.53

Trén OP lay didm K sao cho OK = ON. Khi dé6 MK = OM + ON = -2-

AONK 1la tam gidc vuéng can nén NKO = 45°, do dé6 dung dugc ngay

- AMNK va xdc dinh duge diém O va cdc dinh P va Q ctia hinh thoi.

Cdch dung :
Dung AMNK biét NMK = o, MK = -3 va NKM = 45°.
Dung trung truc ciia NK cdt MK tai O.

Dung cédc diém P va Q déi xing cia M va N qua O.
T gidc MNPQ 14 hinh thoi phai dung. a P

Phan tich : Gia si PQRS la hinh vudng phai
dung c6 ba dinh P trén a, Q trénb va R trén b
¢ (hinh 54).

Thue hién phép quay tam Q mdt gée 90° thi
diém R sé trung véi diém P, dudng thing c
sé dén vi tri ¢’ qua P 1a giao diém clia a va c'.




DPoan thdng PQ la canh hinh vuéng c6 thé cit_fng dugce, tir d6 ma dung
- duge hinh vuéng PQRS.
Cdch dung :

Lay mot diém Q bat ki trén dudng thing b. Phép quay tam Q mot géc
90° sé& dugc diém P trén dudng thdng a. Poan thing PQ la canh hinh
vuong phai dung.

Dung tiép cdc dinh R, S cda hinh vuéng PQRS.

Néu ta chon diém Q lan lugt trén ba dudng thang ¢, a, btasé du’o‘c ba
hinh vuong P,QiR;S;, P2QsR,S: va P3QsRsS; (hinh 55).

/\P.
/ / R

Trong trudng hop moét dudng thing ciach déu hai dudng thing con lai

thi hai hinh vuéng P,Q,;R{S, va P,Q,R,S, bing nhau.

Bai todn c¢6 vé s6 nghiém hinh do vi tri diém Q thay ddi trén .céc

dudng thing a, b, c, tic 1a véi Q trén ¢ sé& cé vé s§ hinh vudng bing
P1QiR;S;, v6i Q trén a sé c6 vd sé hinh vuong P,Q;R,S, va véi Q trén

b s& c6 v6 s6 hinh vuéng PsQ4R4S,. -

L&i binh : Xét thém bai todn sau vé hinh vudng :

‘Clo M va N la trung diém cdc canh AB va BC ciia hinh vuéng ABCD.

Goi P la giao diém ciia DN va CM. Bang phép quay hay ching minh

doan PA bdng canh hinh vuéng."

Ta c¢6 cdch giai sau (hinh 56) : B“ - C
Quay hinh vuéng xung quanh tam O mot 13

géc 90° ta sé duge diém D la anh caa C.

Trung diém N cua BC la dnh cda trung

diém M cta AB. Do dé phép quay da bién 0 s 9
doan MC thanh doan ND bing né. Suy ra ’ :

MC L ND.

Néu Q la trung diém cta canh CD thi

AMCQ la hinh binh hanh, vay AQ // CP va H.56

giao diém S ctia AQ va PD la trung diém ctia PD. Ngoai ra AS L PD,
do dé APAD la tam gidc can nén AP = AD.
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12. Gia si ti gide ABCD da dung duge v6i hai canh ddi biing a, b va ba

170

goc o, B, v (hinh 57).
Ta thdy ring néu dung hinh binh hanh ABCE
thi dung dugc ngay AAED biét AD = a, AE =D
va DAE = BAD - BAE = A - (180° - B)

‘= + B - 180°
(hai canh va géc Xen gida).
C6 duge AAED ta dung tu L goc AEx
bing B, rdi dung tir D géc ADy bang y. X
Do dé xac dinh duge dinh thi ba C la A
giao diém cua hai tia Ex va Dy.
Cudi cung chi can xac dinh dinh thid tu B'caa hmh binh hanh AECB,
tie cing 1a dinh thi tu cda tii gide ABCD can dung.
Do téng cdc goc cua mot ti gidc biing 360° nén bai todn chi c6 nghiém
hinh khi tong o + p + y < 360° va o + B> 180°.
Loi binh : Tuong tu @ "Dung ti gidc ABCD biét hai canh déi AD = q,
BC = b, cdc goc A=a, B= B va dogn EF = m néi trung diém hai

canh déi AD, BC.” G
Cdch giai nhu sau : ' %
Phan tich : Gia st ABCD la t gide da i
dung dugc (hinh 58). Néu doi ché song
song canh AD dén CG, canh AC dén
BH thi ba ti giac ACGD, ABHC va
DBHG déu la hinh binh hanh. Cac goéc
GCH=A=o, HCB=B=§.

Nhu vay ACGB dung dugc ngay (biét hai A
canh va mot géc). Tur do dung duge Cx // AB.

H.57

Ngoai ra c6 thé xdc dinh vi tri trung diém M cua BG, vi tri ctia H ndm
trén Cx vi F la trung diém cia AH va cia BC (giao diém hai dudng

chéo), EF = EDH - MH = m. Xdac dinh duogc vi tri cia D thi dung duge

ngay dinh A.

Cdach dung :

Dung ACGB biét hai canh CG=3a,CB=bva GCB = a +B.

Tir trung diém M cta BG lay-lam tam dung cung tron ban kinh m cit
Cx tai H.

N&i HM va kéo dai dén D sao cho MD =m.

Tit D dung DA song song va bang GC.

Ty gidge ABCD la i gide can dung. Bai todan ¢6 mot nghiém hinh.




13. Do ABCDE la ngu gidc déu (hinh 59) nén :

14.

El

~ AB=BC=CD=DE=EA
va 131 Zﬁl =-él :ﬁ1 th.

Suy ra AA' = BB' = CC' = DD’ = EE*
vd Az =By =Cs =Dy =E».

Xét hai tam gidc AE'A' va BA'B' ¢6 :

AE' = BA' (gt), A2 =Bz, AA" = BB’
nén AAE'A' = ABA'B’ (c.g.c). '
Ching minh tuong tu ta ¢é6 :

AAE'A’ = ABA'B' = ACB'C' = ADC'D' = AED'E',

dodé: AB'=BC =CD' =DE =EA (1)
Laicé : .A] =B} (vi AAE'A" = ABA'B)),
- A} =B} (vi ABA'B' = ACB'C),
suy ra : 13?1 +1§; :Bi +é§, hay EAB'=ABC.
Chimg minh tuong tu ¢6 : |
E'AB'=ABC' =BCD'=CDE =DEA’ (2

Tu (1) va (2) suy ra AB'C'D'E' 1a nga gidc déu.

L&i binh : Xét thém bai todn sau : '

"Da gidc déu c6 bao nhicu canh néu téng so do tdt cd cdc gée ngodi va
mot goéc trong ciia da gidac bing 468° 2"

Goi sd canh cua da gidc déu la n. Mbi géc cua da gidc déu c6 so do 1a

-2).180° N , : < -
-(—ll—)-—. Do tong sé do cdc géc ngoai cua da gidc 1a 360° nén ta cé

n
phuong trinh : 360 + - 2hley = 468.
. n
Quy dong mau réi khit mau duoc :
360n + 18" 360 = 468n  hay 540n — 468n = 360
Tu dé : 72n = 560. Vayn =360:72=5.

Da gidc déu nay la ngii gidc déu.
Ta phai xét hai truong hop tuy theo diem M ¢ trong hoac & ngoai ngi
gidc déu.
Trudng hop 1. M ¢ trong nga gidc (hinh 60a). Ta cé :
AEM = CDM = 108° - 60° = 48°
Vi thé tiu cdc tam gidc can AEM va CDM c6 :
AME = CMD = 66° AMC ='360° - 60° - 2.66° = 168".
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— Trudng hop 2. M 6 ngoai ngii gidc (hinh 60b). Ta c6 :
AEM = CDM = 108° + 60° = 168°;

AME = CMD = 6°

va AMC = 60° —

2.6° = 48°.

Vay géc AMC bang 168° néu M & trong ngii gidec va bang 48° néu M §
ngoai ngi gidc.

B

a)

H.60

o Loi binh : Xét them bai todn vé da gidc deu

"Cé bao nhiéu da gzac déu ma cdac duong chéo bing nhau ?"

Ta thay ngay dé la hinh vuong. va hinh ngi gide déu (tie la n = 4 va
n = 5). Thé thi néun > 6 thi sao ?

Gid st da gidc déu D,D,.D, véi n > 6 c6 cac dudng chéo bing nhau.

Khi d6 cdc dudong chéo D,D,,

DyDs biing nhau. Nhung ti gide D,D,D,D;

c6 DDy va D;D; la dudng chéo, con D;Ds va D,D4 1a canh, cho nén
D,D; + DDy < DDy + DyDs. Mau thudn ! Vi bon doan D,Dj, D,D,,

, D,D; va DyD; phai bing nhau. :
15. a) Do AF // ED (gt) (hinh 61) nén dd dai doan vudng géc ha tir A va F

b)

xudng ED bing nhau, do dé : Sapi = Sppe.

Hai tam gidc nay cé chung
phan dién tich MDE (M la
giao diém ctia AD va EF)
nén (1)
Goi N la giao diém ctia BC
va EG. Chung minh tuong
tu ¢6 Sgpec = Sgre, suy ra
(2)

SAME = SDMF

SpNe = Seng

H.61

Tu (1) va (2) ta thdy dién tich AEFG = dién tich t& gidc ABCD da
cho. Vﬁy Sl.;]s(-} = SABCI) = 9601112.

Theo cau a) thi Symg =

S[)M1 nén SM D = Sr”] Do H 1a t.1u11g dié’m

cia FG nén Syyp = Sgyie (ddy bang nhau va dudng cao biing nhau).

Vay Saenp = Sgur = 48cm?,




e Lgi binh : Sau day la bai todn vé tinh dién tich tam gidc :
"Cho AABC ¢6 dign tich 252cm®. Trén canh AB ldy diém E sao cho
EA = EB, trén canh BC ldy diém F sao cho BF = 2FC vq trén canh CA
lay diém G sao cho CG = 3AG. Ba duong thing CE, BG, AF cdt nhau.
tai N, M, P. Tinh dién tich AMNP.”

Ta cé cach giai sau (hinh 62) :

1 = :
Spce = ESABC = 126cm” (vi ddy EB = %AB)

1 5
Sarc = ESABC = 84cm” (vi day FC =%BC)

A !

S:\li(" = -
4

Sagc = 63cm” (vi ddy AG = %AC) ;

Ta c6: Sune = Sasc — Sarc — Spne — Sanm (%)

; di 1 .
LE_U eh : SI’I"(_: = gSBCE = -3—.126 = 42((31112)

1 '
TU Spkc = 5SABC =126cm?2, Sppc = 42cm”, AH la duong cao AAEC, suy

ra AH = 3.KF (KF la dudng cao APFC) va Syp¢ = 3.Sppe, Sarc = 84em?.
84

- Tu doé 48[_1[-‘(3 = SA[.‘(: = 84CI]12, nén S,\p(: s -—4—3 =083 ((31112).
Tuong tu, ta tinh duge : Sgpy = 108cm®,  Sppy = 56em?.
Vay thay vao (¥) ta ¢6 : Synp = 252 — 63 — 108 — 56 = 25 (em?).
~16. a) Ta phai xét ba trudng hop, tuy theo diém P tring véi tam O cia luc
gidc déu, P nam trén mot canh OA; nao dé (i = 1, 2, 3, 4, 5, 6) hoic
P ndm trong mét tam gidc nao dé.

— Trudng hgp 1. P = O. Khi d6 ca sau tam gidc déu c6 canh bing 1.
By PR

1 A,
b)

I1.63

~ Trudng hop 2. P niim trén canh OA, ching han (hinh 63a).
‘Khi d6 ta ¢6 hai tam gidgc PA;A; va PAsA; théa man dé bai vi
A4A5 = A(,A{; = 1, PA-:, > OA5 = 1, PJ\,‘ > OAI = 1, PA(, > OA{, = 1, do
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b)

PA; va PA; 1a cdc dudng xién c¢6 chan xa chan dudng vuong goc
AQ, AsQ hon A O va AgO.

Trudng hgp 3. P ndm trong mot tam gidc nao dé, chéng han trong
AOA Ay (hinh 63b).

Khi dé APAA; ¢6 A4A; = 1, PA; > AsQ; > A0 =1
_ va PA;> AQy>A0=1

APA3A, c6 AsA; = 1, PA4 > 1 (ching minh trén), PA; + PAg > 2.
Tu dé :
. Néu PA; > 1 thi APA3A, théa man. _
. Néu PA; < 1 thi PAg > 1 va APA;A; théa man.
Vay trong ca ba truong hgp ta déu cé it nhat hai tam gidc théa man
bai ra. |
Téng cdc canh cua 6 tam gidc bang :

AtAs + AgAs + AsAy + AsAs + AsAg + AA; + 2(PA; + PA; + ... + PA)
> 6 + 2(0A, + .. + OAg) = 6 + 2.6 = 18.

Goi khoang cdch tit P dén A Ay, ALA, .., AgA, la dy, dy, .., dg. Khi d6
dién tich luc gidc déu bang :

8 = 6.%.1.0H =3.0H

Mat khéc: S = %.1.(d1 +dy + ... + dg)

Suy ra : dy; + dy + .. + dg = 6.0H = khéng déi.

Vay tong cdc khodang cdch tir O t61 cde dinh cia luce gidc 1a nho nhat.

o Loi binh : Xét thém mot bai todn vé bat gidc déu :

"Chiing minh rang dién tich ciia mot bat gide déu bdng tich cia duong

That vay, gia st ta c6 bat gide déu
A ALASAAAA7Ag (hinh 64). Tu hinh
nay ta cdt bén tam gidc vuong A;A4P,
AAQ, AsALQ va AgA;P va chuyén ra
phia ngoai nhu hinh ve.

-‘Ta duge hinh chit nhat KLMN c¢6 hai
canh chinh la dudng chéo 1lén va.
dudng chéo nhod ctia bat gidc déu :

chéo lon vot duong chéo nho.”

KN = LM = AjA;
va KL = MN = A,Ag.

Suy ra Sy gide déu = tich hai dudng chéo lén va nho.




§11. XUNG QUANH TAM CIAC DONG DANG

A. KIEN THUC CAN NAM VOUNG

1.

a)

b)

. a)

b)

a)
b)

c)

a)
b)
c)
5.

a)
b)

Dinh li Talet
Né&u mjt duong thang song song véi mdt canh ctia tam gidc va cidt hai
canh con lai thi né dinh ra trén hai canh dé nhiing doan thing tuong
ung ti lé.
Dao lai, néu moét dudng thang cdt hai canh ciia mét tam gide va dinh
ra trén hai canh nay nhimg doan thdng tuong dng ti 1& thi dudong
thdng dé song song véi canh con lai cia tam gide. _
Trong tam gidc, phan gidc cua mét goéc chia canh déi thanh hai doan
théng ti 1& v6i hai canh ké hai doan ay. ‘
Tam giac dong dang
Hai tam gidc ABC va A'B'C' 1a déng dang néu A = A', B=B, C=C
5 AB BC AC

A'B* BG  AC™
Néu mot dudng thing cit hai canh cia tam gidc va song song v6i canh
con lai thi né tao thanh mot tam gidc méi déng dang véi tam giac da cho.

. Ba truong hop tam giac déng dang

Hai tam gidc dong dang khi ¢6 :
ba canh ti 1é v6i nhau timg doi mot.
mot géc bang nhau xen gitra hai canh ti 1é véi nhau timg déi mot.

hai géc biing nhau tirng doi mot.

. Truong hop tam giac vuéng dong dang

Hai tam giac vudéng dong dang khi ¢6 :

mot gée nhon bing nhau timg déi mat.

hai canh géc vudéng ti 1é véi nhau timg déi mot.

canh huyén va mot canh géc vudng ti & véi nhau timg déi mot.
Ti s6 duong cao va dién tich ciia hai tam giac dong dang
Hai tam gidc dong dang c6 : |

ti s6 hai dudng cao béng ti s dong dang.

ti s6 hai dién tich béng binh phuong ti sé déng dang.

B. CAC BAI TOAN DIEN HINH

1.

Qua giao diém O cta hai duong chéo hinh thang MNPQ ta ké mét
dudng thang cdt hai ddy MN va PQ lan lugt tai S va T. Biét ring ti s6
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SM _5 TQ

, tinh ti s6 —.
TF

SN

Cho hinh binh hanh ABCD v6i P va Q theo thi tu 1a trung diém ciia

CD va DA. Hai dutng thing AP va BQ cit nhau tai O. Héi dién tich

hinh binh hanh ABCD bang may phan dién tich AAQO ?

Trén cdc canh MN, NP, PM cia AMNP ta 14y theo thut tu ba diém P,

MP' NM' . PN' 1 ) . L .o 4
= = = —. Chiing minh riang giita chu vi

PN MP N'M 3 % .

@ cia AMNP va chu vi €' cia AM'N'P' ¢6 bit déng thic :

l(ﬁ <(.«,'<§(ﬁ_
2 - 4

M', N' sao cho

Cho ADEF. Ké trung tuyén DK, phan gisc KM cia géc DKE va phan

gidac KN cua géc DKF.

a) Chung minh MN // EF.

b) Goi O la giao diém cia DK va MN, ching minh rdng O 1a trung
diém ctia MN. e -

Cho AABC c6 .ba trung tuyén AA', BB' va CC'. Phan gidc cta géc AC'C

cdt AA' va AC theo thi tu tai P va Q, phan gidc cia gée BC'C cit BB'

va BC theo thu tu tai M va N. Ching minh riing néu AP = AQ thi -

BM = BN. '

Qua dinh A cia hinh vuéng ABCD canh a ta ké mot dudng thdng bat

ki cat BC tai M va DC kéo dai tai N. Ching minh hai tam gidc ABM
va NCM doéng dang, ti dé ching minh hé thie : —1- - —1- = i
' CM CN a
Cho hinh binh hanh DEFH c¢6 dién tich bang 1. N&i dinh D véi trung
diém K cia canh EF cit dudng chéo EH tai M. Tinh dién tich caa tu
gidc KMHF, : -
Cho tam gidc déu ABC va M la trung diém canh ddy BC. Tu M ké MN
va MP tao thanh géc MNP bing 60° (N trén AB, P trén AC). Chung
minh i‘ﬁng : “ ;
a) Hai tam giac MBN va PCM déng dang va suy ra hé thie :
BC? = 4.BN.CP. - ;

b) NM va PM theo tha tu la tia phén gidc caa cdc g6c BNP va NPC.
c) Cédc khodng cdch td M dén cdc canh AB, AC va doan thing NP

biing nhau va bing nita dudng cao cia tam gidc déu ABC.
Cho hinh binh hanh ABCD ¢6 AC la dudng chéo Ién. Tu B ha BM L AC,
tr Cha CN L AB va CP L AD. Ching minh : :
a) Hai tam gidc ANC va AMB déng dang, hai tam gidac APC va CMB

dong dang
b) Hé thirc : AB.AN + AD.AP = AC?,




10. Cho hinh thang ABCD (AB // CD). Mot dudng thdng d cdt hai canh
bén, hai dutng chéo va hai ddy kéo dai tai sdu diém K, N, L, M, P va
Q tao thanh ndm doan trén d.
a) Ching minh ring né€u hai doan dau va cudi PK = NQ thi hai doan
tha hai va thit tu KL = MN.
b) Tim ti s0 clia hai canh ddy hinh thang d& c6 thé ké duong thing d
.sao cho nam doan bing nhau. 4
11. Dung tam gidc DEF c6 géc D bang 70°, canh DE gap ba canh DF va
trung tuyén DM bing m. :

12. Dung tam gidc A'B'C' dong dang vdi tam gidc ABC biét riing dién tich
| [ ) -
cua né bang " dién tich cua tam gidc ABC.

C. CACH GIAI VA LOI BINH - el g
1. Xét AOPQ (hinh 65) c6 MN / PQ nén
theo dinh Ii Talet : %; —(M
e aP
Xét AOTQ fa co : Eli = % - S Q P
_ TQ 0Q H.65

SM SN SM TP ;
=20 hay =0 o ik chAE R
TP Tq Y 5N g Mnhe -

e Loi binh : Tuing tu : "Qua trong taém O cia ADEF hé duong thdng
song song véi canh DF cdt DE tgi H, cdt EF tgi 1. Tinh HI biét rdng
DH + IF = 22cm va ADEF ¢é chu vi la 90cm.”

Ta c6 cdch gidi sau (hinh 66) :

Do O la trong tdm nén :

Lai do HI / DF nén : LY = = o i :
- DE 3

DH+IF 1 22
Suyra: —==—=—""___|
. DE+EF - 3 90-DF

Tt dé DF =90 - 66 = 24 (cm).

Nhung BI-% = g nén 2DF = 3HI,‘ vay HI = ?-E

= 16 (cm).

2. Tu P ké PR // AD cit QB tai S (hinh 67). Ta cé :
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B Al s A P
2 4
; 3 3
Dodé: SP=—-AD=—-AQ vaOP = —AO _
4 2 C
. _
Suyra: AP = —2-AO.
L s |
Lai co : AQO:AQ.AO=-1—.Z=}-.
" " Supp AD AP 2 5 .5

. Truéc hét ta ching minh ring €' < Z ©

1 2
Vi SAPD = ZSABCD’ nen SABCD = QO.SAQO.

Loi binh : Ta xét thém bai todn sau :

"Ti diém M trén ddy BC cia AABC ta ké duong thing song song vGiL
trung tuyén AN cdt AB tai P va AC tai Q. Chung minh :

b) MP + MQ = 2AN."
Céch gidi nhu sau (hinh 68) :

a) Do AN // MP nén il-)- = &‘I- (1)
AB NB
AQ NM @) B M N i
) N AP AQ
Lai ¢6 NB = NC (gt) nén tir (1) va (2) s — = —,
Al ¢ gt) )v ) suy ra A8 - AC

b) Ciing do tinh chat song song & trén ta cé :
MP .BM. i MQ _CM
AN BN AN CN
Cong tiing v& hai ding thic nay duge :
MP+MQ BM+CM BC
AN BN _ BN
Suy ra MP + MQ = 2AN.

=2

3

(hinh 69).
Trén ba canh MN, MP, NP ta lay ba
diém tuong tng P", N", M" sao cho :
] MP" - NM" _ PN"™ _
P'"N M"P N"M




Theo bat ding thic giita cdc canh trong tam gidc ta c6 ¢ nhd hon chu

. rd ~ 3 ~ A a
vi. luc gidc MM"N'N"P'P". Ma chu vi luc gidc nay bang — @ vi tong dd
_ 4
“om TUET NS T ey,
dai cdc canh doi cda luc gidc bang 7 tong do dai cdc canh song song

véi ching clia tam gidc.
; A |
- Bay gid ta ching minh € > E‘@

Ké cdc doan thdng M'N", N'P", PM", ta ¢6 : M'N" // MN, N'P" / NP,
P'M" // MP va M‘N"=N'P“=P'M“:§. -
MN NP PM 4
Theo bat didng thic giita cdc canh trong tam gidc ta c6 :
MP' + P'N" > M'N"
P'N' + PM" > PM"
M'N'+ M'P" > N'P"
Cong timg vé& ba ddng thic nay ta duoc

W wa_g hay @ 5 %‘f

o Loi binh : Xét thém bai todn sau :
“Cho hinh thang ABCD c6 ddy AB va CD. Ta A ké duong thing song *
song vdi canh bén BC cdt duong chéo DB tqi M. T B ké duong thding
song song véi canh bén AD cdt duong cheo AC tgi N. Chung minh
doan MN song song véi hai ddy.”

Ta ¢ cédch giai sau (hinh 70) :

Goi A' 1a giao diém cia-AM véi DC va B' la giao diém ctia BN véi DC.

Ta ¢6 : AB // CD, AM // BC, BN // AD (gt) nén xét hai hinh binh hanh .

ABCA' va ABB'D tacé : AB = AC = DB
AN DB’

AADC c¢é NB // AD nén — = — (1)
- AC DC
ABDC ¢6 MA' // BC nén BM_AC
BD DC
- Tu(l)va(2)taco: ;@:EE
AC BD

Vay theo dinh 1i ddo Talet ti 1& thic nay ching té : MN // AB // CD.

4. a) Theo tinh chat dudng phén glac ciia mot tam gidc, trong ADKE véi

ME KE
I KMt hinh 71
phan gidc a ¢6 (hinh 71): MD - KD ; k1l
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NF KF

Tuong tu, trong AKDF véi phan gide KNtacé: —=—  (2)
ng tu, trong v4i phan glac ac ~ND - KD
T (1) va (2) suy ra : -I\—/I—-E— = .13 (vi KE = KF theo gt)
- MD ND 5
Vay theo dinh li dao Talet ta ¢6 : MN // EF.
b) Do MN // EF nén theo dinh li Talet ta ¢6 :
OM DO . ON_DO .M O \N
KE DK  KF DK’ M
Suy ra : oM _ 9N ma KE = KF, E i K * F
KE KF H.71

do d6 OM = ON, tie 1a O 1a trung diém caa MN.
Loi binh : Tuong tu : "Cho AABC c6 géc C ti va chu vi la 112cm. Phéan

gide géc B cdt canh AC tai D sao cho % = % va phan gide gée C cdt
canh AB tai E sao cho EA = 2EB. Tinh cdc canh ciia AABC.” A
Ta ¢6 cach gidi sau (hinh 72) :

Do BD la phé‘ni gidc goc B nén :
DA AB 6 AB -BC

— =—== 1 —=— (1
oc Bc 3 WV F 3 W
Do CE la phan gidc géc C nén :
EA AC | B
=—=2 hay AC =2BC (2
EB BC ¥ @ H.72

AB_BC AC AB+BC+AC 112
_ 3 6  5+3+6 14
Viay ba.canh cua AABC ¢6 do dai la :

AB = 5.8 =40 (cmm), BC =3.8 =24 (cm), AC = 6.8 = 48 (cm).
Goi E 1a trung diém ctia doan PQ, D 1a giao diém ciia AE va CC', va F
l1a giao diém ctia DB va MN (hinh 73).
Do AE 1 QC' (vi AP = AQ theo gt) va
C'E la phan gidc caa géc AC'C nén
AC' = DC', ma AC' = C'B (gt) suy ra
ADCB can va C'F L DB.
Theo tinh chat dudng phan gidc trong
tam gidc ta cé :

AQ AC' BC' BN

= 8.

Tu (1) va (2) suy ra:

QC CC' c¢C' NcC’
suy ra QN // AB. Tuong tu : PM // EF // AB.
Do dé6 theo dinh li Talet thi FM = FN, do d6 BM = BN.




o Loi binh : Tuong tu : "Cho ADEF voi EM la phén gidc trong, EN la
phén gidc ngoai cia géc E. Tit M va N ké cdc duong thdng song song
vdi canh EF cdt ED tai P va Q.

a) Tinh DE va PQ biét MP = a, EF = 1,5a.
b) Qua dinh F ké duong thing song song véi canh DE cdt EM tai S va
EN tgi T. Chitng minh rdng F la trung diém ciia doan ST.
c) Chung minh hé thic EM.FM = DM.SM."
Ta c¢6 cach giai sau (hinh 74) :
DP MP PE_a 2 -Q

a) Do PM // EF nén : = = = =
DE EF EF 1,6a 3

suy ra of-—a =g, do d6 DE = 3a.
DE
Vi EN la phén gidc ngoai nén X
ND DE 3a’ D M~F N
e = 2. SV H.74
NF EF 1,ba
DoEF//QNnén:%=ﬂ)-=2 hay DE+EQ=3£}1+EQ=2
EQ NF EQ EQ
do dé6 EQ = 3a. Vay PQ = a + 3a = 4a.
15 Do 87 B8 (el v, o = 22 p o B
MF SF NF FT'
Lai ¢6 %ﬁ{% = -I-\IN—?— (vi EM va EN la phan gidc trong va ngo?n cua
géc E).
Tir ba déng .thitc trén suy ra L d6 SF = FT, tic 1a F 1a
SF  FT’ .
trung diém cia doan ST.
. ¢) Do —?% = % nén ta cé ngay hé thie EM.FM = DM.SM.
6. a) Ta c6 AABM » ANCM vi déula D C - . N

tam gidc vudng c6 hai géc bing |
nhau timg déi mot (hinh 75) : 9
A =N (sole trong), M
M1 = M2 (d6i dinh). . T .

b) PstBM=btac6MC=a-b. & % B
Do hai tam gidc déng dang & cdu a) nén ta c6 :
CN CM ' ABCM _ a(a-b)

== =22  hay CN= =
AB BM Y BM b
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1 B L 1 B b B
CM CN a-b ala-b) _
Loi binh : Tuong tu : "Cho hinh binh hanh ABCD c¢6 O la giao diém hai
duong chéo. Cac duong thing doi xing véi AB va CD qua AC va BD cdt
nhau tai P. Chitng minh hai tam gide OAP v ODP dong dang.”

1
Tu do : =1
a

Ta cé cdch giai sau (hinh 76) :

Ta chi can ching minh hai tam
gidc c6 hai géc bang nhau timg doi-
mbt. Pé cho gon ta ki hiéu cac géc
bing nhau nhu ¢ hinh vé.

Do tinh chat d6i xdng, ta cé giao
diém O cach déu DC va DP, va
cdach déu AB va AP.

Suy ra O céch déu hai canh ciia géc APD, do d6 APO=OPD =8 (1)

Lai cé COD + DOP = o + B (géc ngoai tai O cua AAOP) (2)

Xét ACOD cé : COD =180° - o - CDO, ma CDO = ODP do déi xing

nén (2) trd thanh : 180° —a - ODP + DOP = o + '
hay 180° - —(180° — DOP - p) + DOP = o +

Suy ra DOP = o = OAP  (3)

Hai tam giac OAP va ODP 6 hai géc béing nhau timg déi mot (theo (1)

va (3)) thi dong dang.

Tit E k& dudng thing song song véi KD cit HD kéo dai tai P, roi tir D

lai ké DN // EH (hinh 77). E K P
3 PN '
Ta c6 : Spgu = —,
PEH 4
vi Sppe = S —l“va5~—l ' :
PDE — »DEK 4 DEH 2- P D H.77

Xét hai tam gidc dong dang PND va PEH (do DN / EH) ta c6 :

S DY _1 4 '
PND =(P J :-;—'. Tu dé Spap = _}"

Spgy  \PH 12 ‘
Do .SpND = Spmi nén dién tich t gide KMHF b&ng hiéu dién tich hai
tam gidc EHF va EMK, tic 1a bing e E-
2 12°'1

Loi binh : Xét thém bai todn sau :
"Goi G la trong tam ciia tam gidc déu DEF. Tt mét diém P bat ki trén
canh EF ta ké PQ 1 DE va PR L DF theo thi ty cdit EG tgi S va GF




tai T. Ching minh :

a)
b)

PSGT la hinh binh hanh.
0Q = OR, trong dé O la giao diém cia QR voi GP."

Céch giai nhu sau (hinh 78) :

a)

b)

. a)

b)

c)

G 1a trong tam dong thoi 1a truc tam cia ADEF déu nén EG L DF,
FG 1L DE. Do d6 EG // PR va FG // PQ. Nhu vay ti gidc PSGT c6
cdc cap canh doi song song la hinh binh hanh.

'_' :'-‘-:D.‘ ."‘ =5

Xét cdc cip tam gidc dong dang :
PT PF

APTF va PSE (gg)tacd: — = —
va (gl PS PE

APRF va PQE (g.g)tacé : — = —

PT PR .. PT PS
e he.
PS PQ PR PQ

dodé ST/ QR (1)

Goi I la giao diém cta ST va GP ta ¢6 IS = IT. Lai c6 E— = E
0Q OR’

Suy ra 0Q = OR.
Ta ¢6 : AMBN o APCM (hinh 79) vi ¢6 B =C =60° va Mi =P1 (do
ﬁ[l +ﬁ2=f’1 +B7[2:120°) :
MB BN
Suyra: — = —
CP MC
hay MB? = BN.CP (vi MB = MC)

2
Thay MB® = [-]%J-] vao (1) duge :

B(C?

= BN.CP

hay BC? = 4BN.CP.

Do hai tam gidc MBN va PCM dong dang (cau a) nén ta c6 :
MN BN MN BN

h — = (2 B:NMP= 0° 3
et ayMP MB() va 6 (3)

Tir (2) va (3) ta c6 AMNP » ABMN, suy ra Ny = N2. Vay NM la tia
phan giac cua géc BNP.

Ching minh tuong tu, PM la tia phan gidc cta géc NPC.

Do M la giao diém hai tia phén gidc NM va PM (cdu. b) nén M cdch



déu hai canh cia géc BNP va hai canh cia géc NPC, tic 1a M cach
déu AB, AC va NP. .

Néu ké dudng cao AM cha tam gidc déu ABC thi BAM = 30° nén
trong tam gidc vuéng AQM canh MQ dsi dién géc 30° bang nita
canh huyén AM. Vay cdc khodng cach ti M dén AB, AC, NP déu

b&ng nhau va bing %AM cia tam gidc déu ABC.

o Loi binh : Xét thém bai todn sau :
"Cho tam gidc ABC cé dé dai ba canh la a, b, c. Ching minh réng diéu
kién cdn va dii dé A = 2B la o® = b + be.”

Theo yéu c¢du ciia dé bai ta phai ching minh :

a) Néu A = 2B thi a? = b? + be.

b) Pao lai, néu a® = b? + be thi A =2B.

Céch ching minh nhu sau : 4

a) Ké phén gidc AM cia géc A. Theo tinh chat phdn gidc
cia mot tam gidc ta c6 :

MB _ AB . (hinh 80)

MC AC b
M el iy S 20 =0 BEMG

b MC MC
ab .B a M C
S MC = .
s Bt | H.80

Mit khdc xét hai tam gidc dong dang AMC va BAC (géc C chung,
Az =B) tacé : ac 2u ha L (*)

MC AC ° MC b
Thay gid tri cia MC vao (*) dugc :

b a b+c a :
=— h . = 2 _ K2 .
b T ,ay - b Tir d6 a° = b® + be
b+e

b) Trén tia déi cha tia AC ta ldy doan p
AD = AB = c (hinh 81).
Hg thirc a* = b® + be ¢6 thé viét :

a b+c BC CD

b a - AC BC
Suy ra hai tam gidc CBA va CBD \
dong dang ma C chung nén B, =D. B a C

Do BAC la géc ngodi cha tam gide H.81 -

‘can ABD nén BAD =D+ B2 = 2B; = 2B, tcla A = 2B trong AABC.
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9. a) Hai tam gidc vuéng ANC va AMB ' N
(hinh 82) ¢6 mdt géc nhon BAM chung
nén chiing déng dang va ta cé :

AN AC
TR
Hai tam gidc vuong APC va CMB c¢é
A1 =Ci1 (so le trong) nén ching déng
dang va ta c6 :

AP AC

——=— hay AD.AP =AC.CM (vi BC = CD 1a canh d3i cia
CM BC ' |

hinh binh hanh) (2)
b) Cong timng vé& (1) va (2) dugc :
AB.AN + AD.AP = AC.AM + AC.CM = AC(AM + CM) = AC.
o Loi binh : Xét thém bai todn sau :

"Qua diém P ndm trong AABC ta ké tia AP cdt canh BC tai D, tia BP
cdt canh AC tai E va tia CP cdt canh AB tai F. Chitng minh réng tich
DB EC FA

DC’ EA FB

a). P la trong tam.

b) P la truc tam.

¢) P la giao diém ba duong phén gidc.

hay AB.AN = AC.AM (1)

= 1, trong bén truong hop sau :

¢) Pladiémtuyy.”
Ta c6 cdch gidi sau (hinh 83) :
a) Truong hop P la trong tam.

Do AD, BE, CF theo thit tu la ba trung tuyén cia AABC nén ta c6
. DB EC FA

cactiso — =1, —=1, =1
DC EA FB
Nhan timg vé& ba ding thitc nay duge : L ‘ L .FA =
DC EA FB

b) Trudng hgp P la tryc tam.
Do AD, BE, CF theo thi tu 1a ba dudng cao cia AABC nén ta xét :
— Hai tam gidc vudng dong dang ABD va CBF (vudng tai D va tai F)

vi ¢6 géc B chung, ta c6 : L
FB BC'

— Hai tam gidc vudng déng dang BCE va ACD (vudng tai E va tai D)
vi ¢6 géc C chung, ta c6 : b
DC AC’

- Hai tam gidc vuéng dong dang AFC va AEB (vuéng tai F va tai E)
| 185



c)

d)

10. a)

186

b)

FR m PN m+a

FA AC
EA AB’
Nhan timg vé ba ti 1& thitc trén duge :

DB EC FAzAB BC AC“1

FB DC EA BC AC AB
Trudng hop P 1a giao diém ba phén gidc.
DB AB EC BC FA AC
DC AC’ EA AB’ "FB BC
DB EC FA _1
DC EA FB

vi ¢6 goc A chung, ta cé :

Ta cé cdc ti l1é thic sau :

Nhan timg vé ba ti 1& thic nay duge :

Truong hop P 12 diém tuy y.
Tu A va C ta ké cdc doan thdng AM va CN cung song song véi BE
(hinh 83). Ap dung dinh li Talet :

VéOADBPtaCO:%=§f- - véoAANCtacé:EE=§
DC CN EA PA

vao APNC ta ¢6 : EE = ﬂ — vao AFBP ta ¢6 : F_& - ﬂ
: PA AM FB BP

DB EC FA BP CN AM _

DC EA FB CN AM BP

DPé cho gon ta dat AD = a, BC = b, PA = m, CQ = p (hinh 84).
Xét cac ciap tam gidec dong dang c6 day
trén 2 dudng thdng AD va BC con dinh la
mot trong bon diém K, L, M, Ntacoé: = <R --r-immsee

Tu dé

bl

KQ b+p NQ p
PL m PM m+a

it - (*) s :
LQ p MQ p+b B B g B D
Né&u tich ctia hai ti s6 cudi ciia (*) biing 1 thi :
8 PL PM m(m+a) 1 PL MQ
LQ MQ pp+b) ~ LQ PM
St ek, irds Pl MG,
PQ PQ |
Nhung PK = NQ (gt) nén ta c6 KL = MN.

% £ " < 1
Bon ti s6 cua (*) lan luct bang it 4, %, g khi va chi khi :

4dm=b +p, 4p=¢+m, 2p=3a, 2(m + a) = 3(p + b).
Néu m = 2k théa man ba dang thic dau thi p = 8k, a = 10k, b = 5k.

‘Suy ra déng thic thit tu ciing thda man.




Vay dudng thdng d tén tai khi va chi khi trong hinh thang mot ddy
gdp doi day kia.
e Lot binh : Xét thém bai toan sau :

"Cho hinh thang vuéng MNPQ (MQ la duong cao) c6 hai du’o‘ng chéo

vuéng géc tai K. Goi S la giao diém cia @M va PN va T la trung diém

ctia duong cao MQ.

a) Ching minh géc SKT vuong.

b) Tinh dién tich hinh thang MNPQ biét duong cao MQ = 8cm, duong
chéo QN = 10cm.” _

Cach giai nhu sau (hinh 85) : S:";.

a) Tia SK cdt hai ddy MN va PQ tai I va J. A
Do MN // PQ nén ta ¢é :

Ml _SM _MN KN _IN A 1".‘1 N
Q) SQ PQ KQ QJ INL L H.85
Suy ra MI = IN, titc la KI la trung Tl&
tuyén cta tam gidc vuong MKN. Do d¢ ‘
Kl = MI va AMIK can, suy ra : L \ :
Ki=M:1 (1) Q = W P

Mait khac KT la trung tuyén ctia tam giac vudng MKQ nén KT = T™,

suy ra T1=Mz2 (2
Tir (1) va (2) suy ra Ki+T = M +M; = 90°, tic la SKT vudng.
b) Xét hai tam gidc vudng dong dang QMN va PQM (vi Ql =P 1a géc
c6 canh tuong ing vudng goc) ta co : QM? = MN.PQ (*)
Xét tam gidac vuéong QMN ta c6 :
N? = QN? - MQ? = 100 - 64 = 36, tir d6 MN = 6 (cm).
Thay vao (*) dugc : 64 = 36.PQ, suy ra PQ = % B ?(01 1)
Vay dién tich hinh thang MNPQ la :
' 16
MN + PQ 6+35 280 _.1
— MQ = 8 ==— =31=(cm®).
2 2 9 9
11. Phan tich : Gia st ADEF da dung dugc
(hinh 86) trong d6 D =70°, DE = 3DF
va trung tuyén DM = m. T diém P
bat ki trén canh DE ta ké PQ // EF.
Ta dugc hai tam gide dong dang

DPQV&DEFmE‘l -D—P—RE—}_B
DQ DF
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Do dé6, néu dung duge ADPQ thi dung duge ADEF.

Cdch dung :

Dung ADPQ ¢6 D = 70°, DP = 3DQ. |

Lay trung diém N cia PQ, dung tia DM trén dé 14y diém M sao cho
DM = m.

Qua M dung dudng thdng song song véi PQ cdt hai tia DP va DQ theo
thi tu tai E va F.

Ta duge ADEF can dung.

Chitng minh : Xét hai tam gide déng dang DPQ va DEF (vi PQ // EF)
ta c6 ngay ADEF théa man bai ra vi D=70°, DE = 3DF va trung
tuyén DM = m.

Bign ludn : Do c6 thé 14y thém diém M’ trén tia ddi cia tia DN nén ta
c6 thém ADE'F".

Vay bai todn cé hai nghiém hinh.

Loi binh : Tuong tu : "Dung AMNP biét géc nhon N bing % goéc P
bang 45° va duong cao MH bdng h."

Bai nay c6 hai cdch dung.

Cdch 1. (Hinh 87a) AMHP la tam gidc vudng can vi P = M = 45° nén
MH = HP = h. _

Tam gidc nay dung dugc ngay va ta c¢6 hai dinh M va P ciia AMNP. "

D€ xdc dinh dinh N ta dung tir M mét géc bang 90° - o ma mot canh
la MH, canh kia sé cit dudng thdng HP tai diém N.

Ta duge AMNP can dung.

b
7 H.87 )

Cdch 2. (Hinh 87b) Gid sit AMNP da dung duge. Tir diém I bat ki trén
MN ta ké doan IK // NP, ta duge AMIK «» AMNP.
Do dé ta c6 cdch dung sau :

- Dung AMIK bat ki ¢6 I =a, K =45°.

« Dung tia Mx 1L IK trén 14y diém H sao cho MH = h.

R




12.

 Dung qua H dudng thdng song song vé6i IK cit tia MI tai N va c4t
tia MK tai P. :

Ta dugc AMNP can dung.

Do ¢6 thé 14y thém diém H' trén tia doi cha tia Mx nén ta c6 thém
AMN'P', vi thé bai todn c¢6 hai nghiém hinh.

Ta biét rang ti sd dién tich hai tam gidc déng dang bing binh phuong

ti s6 déng dang nén néu Siwse T k* thi ti s6 dong dang k = —
apc 16 |
Do dé bai todn da cho quy vé : "Dung AA'B'C’ déng dang véi AABC
1 ,

theo ti s6 —."

N

Cach dung nhu sau :

Truéc hét ta vé mot tam gide bat ki ABC
(hinh 88) rdoi didt trén tia AB mét doan

AB' = }AB. Tu B' dung duong thing

song song véi canh BC cit tia AC tai C'.
Ta duge AAB'C' cin dung. g & H.88 ¢

o . ' 3 . ~ L1 1 A
Do c6 thé dat trén tia doi cha tia AB mot doan AB" = ZAB nén ta

dung dugc mot tam gide thi hai AB"C". Do dé bai todn c6 hai nghiém
hinh.

Lot binh : Ta xét thém bai todn sau trong dé yéu cdu phai x4c dinh
mdt doan thang theo cdc dd dai cho trude :

‘Cho ADEF c¢6 d¢ dai ba canh la d, e, f. Dung mét duong thing song
song vot cgnh ddy EF sao cho hinh thang GHFE tao thanh (G trén DE,
H trén DF) c¢6 chu vi bang dé dai m cho truge.”

Dé giai bai todn nay ta gia st GHFE 1a hinh thang dung dugc ¢6 chu
vi m cho trude (hinh 89). Goi DH = x, ta phdi tinh DH theo cdc dé dai
d, e, f va m. D

Xét ADGH « ADEF ta c6 :

DH_ DG _GH _x . |
e f d e al H
Suyra:DG=-f3£, GH:Q'E / \
e -
Chu vi hinh thang GHFE béng : B 1.89 T F
EG + GH + HF + FE = (f—%}+d—:-+(e X)+d =
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Quy déng mau rdi khit mau duge :
ef — fx + dx + e* — ex + de = me
hay ef+e’+de—me=(e+f—d)x

1

e(d+e+f-m)
e+f-d

Néu goi chu vi ADEF 1a d + e + f = € thi biéu thuc x ¢6 thé viét gon :

Tudé: DH=x-=

_ e(¢ -m)
S ¢-2d
Nhu vay do dai doan DH dugc xdc dinh bdi biéu thic x. Cé duge diém
H chi can dung dudng thing HG // EF dé dugc hinh thang GHFE ¢6
chu vi m. Bai toan ¢6 mot nghiém hinh.

véi didu kién € > m va € > 2d.




§12. CAC HE THUC LUONG CAN NHO
TRONG TAM CGIAC YVUONG

“A. KIEN THUC CAN NAM VONG

1.
a)

c)

e)
2,

a)

b)

e

Nam hé thic luong lrong tam giac vuéng

b? =ab'; ¢? = ac' b) h% = b'¢’
aZ = b% + ¢? d) ah = be
1 £ 3

—_—=— ;
h? b? 2

Ti sé luong giac cia géc nhon

g c. doi c. ké
sina = ———; COSQt = ———
¢. huyén c. huyén
c. doi c. ke
tana = = _ cota = —
c. ke c¢. doi

canh huyén

Mot s6 tinh chat :
Né&u hai géc phu nhau thi sin géc nay bing cosin géc kia, tang géc nay |
bang cotang géc kia. '
Néu géc a nhon thi :
0 < sina < 1; 0 < cosa < 1; sin‘a + cos’a = 1;
sina

tano = 3 cota = —
cosa smao

Mot s6 hé thue :
Trong tam gidc ABC vudng tai A ta cé :
b = asinB = acosC b = ctanB = ccotC

va
¢ = asinC = acosB ¢ = btanC = bcotB.

coso
: tana.cota = 1.

B. CAC BAI TOAN PIEN HINH

1.

Cho tam gidc ABC vudng tai A.
2 ]

a) Chuing minh rang : % = E
c c

A7 3 ~ 3 - - ~ 5 ~ r .
b) Biét ti s6 hai canh géc vudong la rE canh huyén 122cm, tinh d¢ dai
cédc hinh chiéu b’ va c'.

¢) Tinh hai canh géc vuong b va ¢ va tir dé tinh dudng cao h.

Ching minh tinh chat sau diy cia hinh thang : "Trong mét hinh
thang téng cdc binh phuong cia hai dudng chéo biang téng cdc binh
phuong hai canh bén, ¢dng hai lan tich hai canh d4y."
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Cho ADEF vudng tai D ¢6 DE = 9cm, DF = 12cm. Goi M la trung diém
cia EF, tir M ké dudng vudng géc véi EF cidt DF va ED theo tha tu tai
N va P.
a) Chung minh ADEF dong dang véi AMNF.
b) Tinh cdc canh cia AMNF.
c) Tinh d6 dai EP va PF.
Tt mot diém M trong ADEF ta ké cdc doan MI, MJ, MK theo thd tu
vudéng géc vdi cdc canh EF, DF va DE (I,-J, K la chan cdc dudng vuéng
géc). Ching minh hé thic :

EI” + JF? + DK® = IF? + JD? + KE2
Cho AMNP vuéng tai M. Ké dudng cao MH réi tir H ké HI 1 MN,
HK L MP. Goi ba canh cua tam gidc vuong lam, n, pva MH = h, NI =i,
KP = k. Ching minh :

1 i h

a) —= (P-J b) ik =

k n m -

Cho tam gidac ABC vudng tai A.

a) Cac tia phan giéc cia cdc géc B va C chia canh déi AC thanh hai
phan ti 1é v6i 3 : 5 va canh déi AB theo ti 12 4 : 5. Tinh ba canh clia
AABC, biét chu vi cda tam gidc biing 84cm.

b) Né&u tia phan gide cia géc vuong A chia canh huyén theo tilé 2: 5
thi dudng cao AH s& chia canh huyén theo ti 1& nao ?

Cho hinh thang can ABCD (AD = BC).

a) Tinh cdc canh bén biét cdc canh ddy dai 12,6cm va 6,6cm va dutng
cao dai 4cm.

b) Néu cdc dudng chéo vudng géc vdéi nhau tai K va AC = 7em, ti &
cdc canh ddy AB : DC = 3 : 4 thi dj dai cdc doan KA, KB, KC, KD
va cdc canh hinh thang bing bao nhiéu ?

Cho AMNP (MN > MP).

a) Goi MH la dudng cao ung véi canh NP va O la mot di€m bat ki
trén dudng cao dé, ching minh hé thuc :

MN? - MP? = ON? - OP?.
b) Néu MQ la trung tuyén, hiay ching minh hé thie :

— MP? = 2NP.HQ.
Chitng minh cdc hé thic sau gita cdc ti s6 lugng gidc cia géc nhon o :
1
a) =1+tan?o b) =1+cot?a
cos” a sin“ a

¢) Ap dung : Cho tanx = 4, tinh cotx, sin’x, cos?x.




10.

11.

12,

13.

14.

Rut gon cdc biéu thire sau ti‘ong dé o 1a géc nhon :

a) sin’a + cos®o + cot’u b) 1 - sinocotacosa
c) (1 + cosa).tan’c.(1 — cosw).

Chiing minh cdc ddng thie sau trong dé B la géc nhon :
1+cosp 1-cosp _4cotP

a) =
1-cosB 1+cosf sinf
. cosP +sinp 3 2
b) ——— =tan® B+ tan®p + tanf + 1.

cos® B

Mot con thuyén duge cheéo vudng géc véi dong nude cia mot con song
rong khoang 180m. Do nuée chdy nén phai di mot khodng 240m méi
sang dugc bo bén kia. Hoi dong nudc da giat con thuyén léch di mot
géc bao nhiéu ? '

Cho tam gidc DEF vuéng tai D va EP la phan gide géc E. Chitng minh

ring t;anE = -if—, trong dé d, e, f 1a'dd dai ba canh cia tam gidc.
Cho hai tit gidc ABCD va EFGH c¢6 cac duong chéo AC = EG, BD = FH

va géc xen gita hai dudng chéo cia mbi ti gide déu bing a. Ching
minh l'éllg : S,\”(;“ = S[ﬂ[-‘(}ll- )

C. CACH GIAI VA LOI BINH

1.

a) Theo hé thic luong trong tam giac
vuong ABC (hinh 90) ta ¢6 :

< ] - iy 1
b%=ab' va ¢ =ac

2 ' '
Ta ¢6 thé viét : L =2 b—
¢2 ac'
' 2 2 " " 1 1
b)DoE‘:b—:i; nén b—.:c—.: ex: e,
g et B 52 6 25+36 61
Suy ra: b'= 256122 = 50 (cm); © = 36('31122 = 72 (cm).

¢) Tacé: b*=ab =122.50 = 100.61.

Tuds® b= 10\/6_1(0111) va e = gb = 6—1—%@ = IQJEH(cm).

Dé tinh dudng cao h ta cé ba cach sau day :
— Cdch 1. Ap dung hé thuc luong ah = bc, cé

be 10/61.12V61 120.61
a 122 61.2

h = = 60 (cm).
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— Cdch 2. Ap dung hé thuc lugng h* = b'c', ¢6
h? = 50.72 = 25.4.36, suy ra h = 5.2.6 = 60 (cm).

~ Cdch 3. Ap dung hé thic luong
1 1 I- 1 i 1 144 + 100 4.61

—_—— o —

h? b2 2 100.61 144.61 61.100.144 61.100.144

: 100.144
Twdé: h®= ———41—, vay : h = 60 (em).

- o Loi binh : Tuong tu : "Cho tam giac ABC vuéng tai A.

a) Tia phdn gidc goc A chia canh huyén thanh hai doan dai 2;dm

6 . ;
va 2?dm. Tinh d¢ dai hai canh géc vuéng.

b) Néu hai canh géc vudng dai 15cm va 20cm va ta ké thém duong cao
AH (ngoai phan gidic AM) thi ba doan thang BM, MC va HM dai

bao nhiéu 2"

Ta c6 cdach giai sau (hinh 91) :

a) Canh huyén dai : 2l + 2-@- =5(dm)
(R 15 | 20
|
5 ok
Theobéiratacé:ﬁz——_=§, 5 M A
AC 23 4 H.91

AB? AC’® AB®+AC’ BC? 25
32 42 9+16 25 25

Tu d6 ta c6 ngay : AB = 3 (dm), AC = 4 (dm). _
b) Canh huyén BC = YAB? + AC? = {152 + 90% = /225 + 400

= 625 = 25 (cm).

Phan gide AM chia canh huyén thanh hai doan BM va MC ti 1& véi
hai canh ké ABva AC:

Suy ra :

BM AB E_S B BM MC BM+MC 2
MC AC 20 4 >3 4 7 "7
' 2
Tuwdé: BM = 375—10—(0111) MC-—4—$—5-=14—(CID)
2 £
Laicé: BH = AL =£-=9(cm)
BC 2

A 5 )
Vay HM = 10?—9:1;(0111).
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2. Trong hinh thang ABCD (hinh 92) ta phai cllt'fllg minh réng :
AC* + BD” = AB* + CD* + 2AD.BC (%)
That vay, tu B va C ha cdc dudng vudong goéc BE va CF t0’1 canh day
16n AD, ta c¢6 BE = CF.

Ap dung dinh li Pytago vao : B C
~ Hai tam gidc vuong AFC va CFD dugc : ;
ACF = AP = OD° = DFY (= BF%) (1)
— Hai tam gidc vuéng BED va AEB dugc :
BD? — DE? = AB® - AE* (= BE?) (2)
Cong timg vé& (1) va (2) duge :
AC? + BD® - AF? — DE? = AB? + CD? — DF* - AE?
So sanh véi hé thie (%) ta chi con phai ching minh :
AF? + DE® - DF? — AE® = 2AD.BC (3)
Ta thdy ridng vé trai cua (3) ¢6 thé viét :
(AF + DF)AF - FD) + (DE + AE)DE - AE) =
AD(AF — FD) + AD(DE — AE) |
AD[(AF — AE) + (DE - FD)|
AD(EF + EF) = 2AD.BC, vi BC = EF.
o Loi binh :

1. Néu la hinh thang can thi tinh chat nay ¢é thé phat biéu nhu thé& nao?

H.92

R6 rang trong hinh thang can hai duong chéo biing nhau (AC = BD) va
hai canh bén bing nhau (AB = CD) nén tmh chat trén cé thé phat
biéu nhu sau :
“Trong mét hinh thang can, binh phuong ciia mot duong chéo bing
binh phiwong ciia mét canh bén, cong vot tich hai canh day.”

2. Néu hinh thang can nay cé6 duong chéo vuéng géc véi canh bén thi ta
c6 thé ching minh rang : “Téng binh phuong cta hai canh bén bﬁng
tich cua canh ddy 16n véi hiéu hai day", tie 1a (hinh 93) :

AB* + CD? = AD.(AD - BC) _
That vay, ke BE va CF cung vuong géc véi day AD ta c6 :

AE = AD -BC B C

-Mit khde, trong tam gidc vuéng ABD ta c6 :

RE%= SRR = 2 :
= 2 = (=
. A L e B
hay 2AB° = AD.(AD —BC) _ H.93

Do hai canh bén AB = CD nén ta ¢6 ngay hé thie can ching minh.
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3. a) Ta ¢c6 ADEF »» AMNF vi déu la tam gidc
vuong (hinh 94) ¢6 cung géc nhon F.

b) Xét tam gidc vuong DEF ta cé :

2 4 ) 2 ] 12
EF- = DE® + DF* = 9° + 12°
' =81 + 144 = 225 -
Suy ra EF = 15cm, do dé MF = 7,5¢cm. E ' M ' F
Xét hai tam gide dong dang & cau a) ta c6 : H91
DE DE JEF Fosey 9 12 B 15 -1.6

MN MF NF MN 7.5 NF
| 5 3
Suy ra MN = 5§ cm, NF= Qgcm.

¢) Ta c6 hai tam gidc vuong DEF va MEP déng dang vi ¢é cing géc
nhon E. Do dé6 : :

E 1 .
_E_F_:= ) hay i i Suyra: EP = < 1 12,5 (cm)
EP ME EP 7.5

Do PM la trung truc cia EF nén PE = PF = 12,5cm.
o Loi binh : Xét thém bai todn sau :
“Cho hinh chit nhat ABCD ¢6 canh AB = 15c¢m, duong chéo AC = 17¢m.
a) Tinh duong chéo BD va canh BC.
b) Tinh khodng cich DE tie D dén duong chéo AC.”
Cdch giai nhu sau (hinh 95) :

a) Trong hinh chir nhat hai duong chéo bing nhau nén :

BD = AC = 17cm A 15 B
Xét tam giac vuong ABC ta c6 : E -
BC? = ACE -~ AB? = 172 — 152 =64 gl

Do d6 BC = 8cm.
b) Trong tam giac vuéng ADC theo hée

thue lugng ah = be, ta ¢6 :
'= ACDE = DADC hay DE.17=8.15
8.15 120

= = 7,05en.
17 § i)

D 11.95 C

Vay DE =

4. V& trdi cua dang thic cidn ching minh goi cho ta phai lan lugt xét ba
tam gidc vuong MIE, MJF va MKD (hinh 96). Theo dinh li Pytago ta ¢6

EI* = ME® - MI*
JF? = MF? — MJ*?
DK? = MD® - MK*
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Cong timg vé ba dang thice nay duge : :
V& trai EI” + JF? + DK® = (MF? — MI?) + (MD? — MJ?) + (ME? - MK?) (%)
Lai lan lugt xét ba tam gidc vuéng khdc ’
MIF, MJD va MKE ta co6 :
IF? = MF? — MI*
JD? = MD? — MJ*
KE’ = ME? - MK®
Cong timg vé ba dang thitc nay ta duge : ]
Vé trdi IF* + JD* + KE* = V& phai cia (¥). 1.96
Vay hé thice da cho da duge ching minh. h
e Loi binh : N&u by gio ta thay ADEF bing hinh chir nhat ABCD con

van la di€ém M ndm trong hinh chir nhat (hinh 97), thi khi ha tr M
dudng vuéng géc MP véi BC va MQ v6i AD ta c6 thé ching minh ring

- MA?® + MC* = MB? + MD?
tic la : "Téng binh phuong cde doan tit M
dén hai dinh déi dién bing téng binh Q
phuong cdc doan tir M dén hai dinh déi
dién con lai”.

A B

That vay, xét cap tam gidc vuong MQA D H.97 C
va MPC ta ¢6 : :

MA?* + MC? = AQ® + QM® + MP? + PC? (1)
Lai xét cap tam gidc vuong MPB va MQD ta ¢6 :
MB? + MD? = MP? + PB? +'MQ?* + QD? (2) |
Nhung do ABPQ va PCDQ déu la hinh chi nhat nén AQ = BP,
QD = PC, suy ra AQ* = BP?, QD? = PC*.
Vay tir (1) va (2) ta ¢6 ngay hé thic MA* + MC? = MB? + MD=%

5. a) Xét hai tam gidc vuong MHN va MHP (hinh 98). Coi i va k 1a cdc
hinh chiéu ctia HN va HP trén canh huyén MN va MP ta c6 (theo
hé thic lugng b® = ab’, ¢ = ac’) : HN? = i.p; HP? = k.n

i HN? n
Suy ra: — = — . —
k HP? p
Xét tam gidc vuong MNP ta lai c6 :
p? = HN.m HN p?
=2 et 5
n? = HP.m HP °»*
H 2 4
hay N_ =_-p—
HP? n?




. ) 3
Thay vao (*) dugce : . [B) :
i k 113 G

b) Hai tam gidc vuong NHI va NPM déng dang (vi ¢6 géc N chung)
HN 1

nén L =2 W p? = HN.m, hay HN = -p—, do dé
p m : m
' HN 2 3 ' : 3
fe 2 =£.-?L=p—~. Tu011gtuk=31—~.
m m m m?2 m?

Ngoai ra talaico: pn= m.h, vay : _
R 31,3 3
. n m°h e h-
A Je= I; = ; hay tich 1.k = —.
m m m

e Loi binh : Tuong tu, ta xét thém mot hé thic khac :
"Chitng minh rang trong ADEF ta luon co heé thic :

L 21 . 1 1 1
(d+e+f)—+—+—= :(hd+h.c+hf)—+—+-—
g 2 J : hy he Iy
i - " ) ; fl
That vay, ta c6 dién tich ADEF bang : S = 21‘1 N ge = —211,
a oQ- ; ‘
do do : d:gg, e:éi, f:is-.
lld .he llr

Nhu vay vé trdi cua hé thic la :

I I I
(d +e+f)(l+l\+lJ=(d+e+f) dat e T = (hy +he+hf).£—e+—f
d f 25

e 25
1 1 1 5 % s g
= (hy +h, +h)| —+ —+— |, ding bang vé phai.
hy h, hg '

6. a) Theo bai ra ta c6 (hinh 9%a) theo tinh chat dudng phan gidc trong

tam giac :

= va = .
MC BC 5 NB BC 5

Suy ra: =
5 4 3 5+4+3 12

T d6 ta c6 ngay : BC = 35cm, AC = 28cm, AB = 2lem.
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b) (Hinh 99b) Ta c6 :

PB_AB_2 . HB AB? 4 (theo can L csabar
—_— === i = — 1€e0 {
PC AC 5 HC ACZ 25 cau Leuabal iy

Vay dudng cao chia canh huyén theo ti so %

o L&i binh : Tuong tu : "Puong cao DH ctia tam gidc DEF vuoéng tai D
chia sam gidc thanh hai tam gidc nha.
@) Tinh chu vi tam gidc biét chu vi hai tam gidc nhé la 3dm va 4dm.
b) Tinh phan gidc DM ciia géc vuong D biét hai phdn gidc tai dinh
goc E va F lan lugt dai Gem va 8cm.”

D

Cdch gidi nhu sau (hinh 100) : _
a) Hai tam gidc vuéng DHE va FHD

déong dang, vi ¢c6 D=F (géc cé
canh tuong ing vudng goéc) va ti so

dong dang bing ti s hai chu vi.

DF F [ . e H.100
Do dé : L. hayD—=2E£. '

DE 3 4 3

DF? . DE? DF? +DE?* EF? DF DE EF
Suy ra: = L = . — = hay =—= A

Ba tam giﬁc vuong DHF, EHD va EDF déng dang (vi c6 mdt géc
nhon bing nhau) va gita cdc canh tuong ung ctiia ching cé tilé : =~
DF:DE:EF=4:3:5
D6 ciing la ti s6 gilta cdc chu vi cta ching. Ma chu vi hai tam gidc
nhd bing 4dm va 3dm nén ta suy ra mot cidch dé dang chu vi caa
ADEF béing 5dm. :
b) Tuong tu nhu cau a), véi ba tam gidc vuéng dong'dang DHF, EHD .
vai EDFtaco tile DF : DE: EF =4 : 3 : 5. b6 cuing la ti 1é gitra cac
phan gidc tuong uing cua ba tam gidc dé. Vay ta c6 :
B: 62l = 22848,
Suy ra ngay DM = 10cm.

7. a) Goi MN la truc doéi xing cta hinh thang
(hinh 101) ta ké dudng cao AH va c6 :

DH = ND - NH = ND - MA
=6,3-3,3=3(cm)
AH = MN = 4cm |
AD® = AH® + DH? = 4% + 3%
" Suyra AD = BC = 5cm.




b) Xét hai tam gidc vudbng AKB va CKD déng dang (vi A =C- & vi tri
KA KB - AB 3
KC KD CD 4

so le trong) ta c¢6 :

T d6 suy ra : KA:IZC=P;C:1, dodé: KA=3vaKC=14
I;BziD=B7D:1, dodé : KB =3 va KD = 4.

Trong tam gidc vuéng AKD tacé : AD = V3% +4% =5

Tam gidc can AKB vudéng é Knén AB = KAY2 = 342.

Tam gidc can CKD Quﬁllg ¢ Knén CD = KCV2 = 4+/2.

Témlai : KA = KB = 3cm; KC = KD = 4cm; AD = BC = 5cm;
AB = 3\/50111 va CD = 4\/5(:111.

o Loi binh-: Xét thém bai todn sau :

“Cho hinh vuéng ABCD cgnh bdng 10cm va hinh vuong EFGH ngogi
tiep hinh vuong do. Cdc canh cia hinh vuéng lén bi cdc dinh ciia hinh
vuong nhé chia theo ti s6 3 : 4. Tinh canh ciia hinh vudng ngoai tiép
EFGH." ' '

— E A F
Goi canh hinh vudng ngoai tiép la a véi
diéu kién a > 10 (hinh 102). 10
Céc doan bi chia trén hinh vuéng nay sé la : _
3a _ 4a D B
— va —.
7 7 '
2 2
4
Ta c6 : [S—a +[—a] =102
¥ i1
| | H C G
hay 3%a®+ 4%a® = 7%10% H.102

Tu d6 : 5%a%=7%10% Vay 5.a = 70, suy ra a = 14 théa méan diéu kién
¢ trén. Thanh thi canh hinh vuéng EFGH bing 14cm.

8. a) Xét cdc tam gidc vudng tai H la MHN va MHP (hinh 103) ta ¢6 :

200

MN? - NH? = MP? - HP? (= MH?)
Suy ra : MN? — MP? = NH? — HP? (1)
Lai xét cdc tam gidc vuong tai H 1a OHN
va OHP ta c6 :

| ON? — NH? = OP* - HP? (= OH?)

Suy ra : ON? — OP? = NH? — HP? (2)
Tu (1) va (2) ta duge hé thiec :

MN* - MP? = ON? — OP%.




b) Theo chitng minh trén ta cé thé viét :
MN? — MP? = NH? — HP? = (NQ + QH)? - (QP — QH)?
= 4. NQ.HQ _
Nhung do MQ la trung tuyén nén NP = 2NQ. Do dé ta ¢6 ngay hé
thire : MN* — MP? = 2.NP.HQ.
e Loi binh : Xét thém bai todn sau :
 "Cho hinh vuong EFGH va M la mét diém trén canh FG. Duong thding

EM kéo dai cidt HG kéo dai tai N. Chiing minh : — = ! + . 4
EF?’ EM? EN?

Céch giai nhu sau (hinh 104) :

H G o
a) Ta ¢c6 AEFM «»» ANHE (vi la -
hai tam gidc vudng cé E=N
so le trong). Do d6 :
EM _FM ;
EN EH B 5 H.104

ma EH = EF nén :
1 FM 1 FM?

= hay =
EN EMEF EN? EMZEF?
Mat khdc, trong tam gidc vuong EFM ta c6 : EM* = EF? + FM? (%)
’ 1 1 . FMm? 1  FM? +EF? :
Vay : + = + — = _ ot
EN?2 EM? EM?EF? EM? EM?EF?
1 EM?2 = 1

‘Két hop véi (¥) duge :

-+

EN?2 EM? EM2EF? EF? .

Do 1a hé thie can ching minh.

™ = sina cosa 2z A
9. a) Theo dinh nghia tana = va cota = ——, dodé tacé:
cosa. sino
. 2 o
9 sSIno cos®u +sin? a 1
l+tan“"a =1+ = > = e
cosd, cos” o cos”a -
2 et ;
9 cosa sin? o + cos® 1 *
b) l+cot®a=1+|— = = S
sma /) sin” o sin“a
) " . 1 1
¢) Do tich tana.cota = 1 nén ta c6 ngay cota = =—.
tana 4

Theo cau a) thi : =1+tan®x=1+16= 17, do d6 cos®x = %

cos” X
L 16

i o " g 8 2
Pé tim sin?x tacd: sin®x=1-cos’x=1-— = —,
17 17
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o Loi binh : Tuong tu : "Cho ¢ la mot géc nhon.
a) Chitng minh rdang : sing < tang va cosg < cot .
3 A : - » ' . : I T
b)-Tinh tong sin’p + cos’ p, biét rang tich singeosg = h

Cdach giai nhu sau ;

a) Do ¢ nhon nén sing va cosp déu > 0 va < 1.

g . sin
, ma 0 < cosp < 1 nén

: sin
Tacé: tangp =

> sing,
COS¢ Cos
tic la  tang > sing.
Y COS i : . COS¢
Lai ¢6 : cotg = , ma 0. <sing < 1 nén 5 cos,

sing sing
tic la cotp > cosq.

b) Ta ¢ thé viét : sin'e + cos’p = (sin®¢ + cos?p)? - 2Si112(p0082(p

2
212 olfisl el 3
\4 8 8

|

sin o

3 o 9 9. i
10. Tacé: a) sinu + cos®u + cot’c = 1 + cot’y =

; . cosa y , - g
_b) 1 - sinaecotacosa = 1 - sina. .coso. = 1 — cos®c = sin‘a.

sina

e}l (1 + cosu).tau?a.(l - cosa) = (1 - COS?'-CI).tanth

sina sinta

= sin‘a. - =
cos“o  cos’a

o Loi binh : Tuong tu : "Riit gon cdc bicu thire sau :

. "y ; 2cos” f -

d) sin’f + sin’f.tan’p e) _COS g —M— +tan B.”
sitnf+cosp ' I+sing
Ta c6 thé viét :
d) sin®B(1 + tan®p) = sin’p. —— = tan?p.
' cos“ 3
&) 2cos? B E (sin? B + cos? ) _ co.s2 B-sin®p = st
sinf3 + cosf sinf} + cosf
' £ cosf3 p sinf cos?f + sinf} + sin? B l+simff * 1 .
1+sinff cosp (1+ sinP)cospP (1+sinB)cosp cosp’
13 Ta o ;

a) Bién doi vé trdi, sau khi quy dong mdu :

-
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1+ cosB)2 —(1-cosB)®> 1+2cosP+ cos? B-(Q—-2cosP+ cos’B)

1-cos?p 1-cos®p

_ 4cosp _4 cosp 1  4cotf
- sin?p ‘sinp sinp  sinp , -
Vé trai dung bang vé phai.
b) Bién doi vé trai:
éosB +3sin[3 B 1' 'COSH+Si]lB _ 12 bl
cos’ P cos? P cosf3 cos” 3

= (1 +tan?B)(1 + tanp) = tan®p + tan?p + tanp +1
V& trai ding bing vé phai. ‘
o L&i binh : Tuong tu : "Chiing minh cdc dang thire sau :

g 2 2
sin’ @ cos™ @ :
+ =1-sinpcose

I1+cotp I+tang

cospcoty — sinptang
' T s 1

d) = sing.cosg.”

sing cosp

Ta lan lugt bién doi vé trai :

.2 2 . 9 2
s« COS” ( sin cot
&) p i : p = @ i . ®
1+ cot + tang cos ; sin
¢ ¢ 14+ — L 1+ ¢
sing . COoSO
sin® ¢ - cos® ¢ B sin® ¢ + cos® ¢

sing + cos@  sing + cosQ Sing + cos

. A"

Ap dung hing ding thic A’ + B® = (A + B)A? — AB + B?) ta bién
déi tiép :

2 ¢ — sin@cos ) + cos? @)

.. 3 5 3 ‘ ) .
sin” @ +cos” § (sing + cos¢)(sin
sing + cosg - sing + cos@

=1-singcosy.

Vé trai ding bing vé€ phai.

d) Vé trdi :

cos® . sing
COS(.—— —SINQ.* 9 . 9 .

' sin @ cosp o cos“ ¢ sin (p\ singcos¢

COS® — sinQ sing  cos@ | coso-—sing
SINQCcISP

3 v .1 o § 2 F . 9

_cos” @-sm” @ 1 (cos —sing)(cos” ¢ + sin@cosP + sin” ) 1

cos( — sin¢g COS® — SinY

=1+sin@cos® -1 = sin@cosy.
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Goi chiéu rong cua con séong la AB = 180m, dudong di cua con thuyén la
AC = 240m (hinh 105).

B C
Trong AABC vudng tai B, ta phai tinh ~— N P~
géc o biét canh ké AB va canh huyén _.,—\mgf ~ o T
AC. Mudn thé phai tim cosin cia géc A, m%; J'“,-c")bg’ e B2
AB 180 3 "
cosA = cosot = — =——=—=(,75. H.105
AC 240 4

Tra bang lugng gidc ta tim duge géc ma cosin biang 0,75 la a = 41° 24",
Viy dong nuée da giat con thuyén di mét gée bing 41°24".

L&i binh : Xét thém bai todn sau :

"Goi « la goc do tia ndng mat troi tao véi mat dat khi bong nguoi dai
bang mét phan ba chiéu cao cia nguoi va f la goc khi bong nguoi dai
gap ba chiéu cao ciia nguoi. Géc nao lén hon trong hai gée ava B 2°

Ta goi o la géc B, béng nguoi 12 AB va chiéu cao

ngudi la AC trong AABC vudng tai A (hinh 106). C

Ta ¢é : tana = tanB = -‘iﬁE— =3 (vi AB = lAC)
AB o

Tra bang luong gidc duoc o = 72°. -
Trong trudng hop béng ngudi dai gap ba chiéu cao ‘

nguoi thi ta ¢o6 :

AGC -1~
tan = — = — (vi AB = 3.AC), hay cotp = 3.
=283 | s
Tra bang duge  ~ 180°. A B

Vay a > p. ‘ g
(Luw y : Trong hai géc néu gid tri cia tang géc nao 16n hon thi géc dé

161n hon. Do d6 vi tana = 3, tanP = % nén o > p).

Theo tinh chat phan gidc EP trong ADEF ta c¢6 (hinh 107) :
PL) PF ) Py e=PD

— 1ay
ED EF f d
| ef I
Suyaes P = ,
d+f
Xét ADEP vuéng tai D, ta cé : f d
tanE = !13- i ot “1 |
D d+f =
_ D P e F
hay tan— = I, H.107
d+f




e Loi binh : Xét thém bail toan sau :

14.

"Cho AMNP c¢6 dé dai ba canh la ba sé nguyén lién tiép khéng nhd
hon 3. Chung minh rdng duong cao he xuéng canh cé dé dai trung
binh chia canh nay thanh hai doan c¢6 hiéu dé dai bang 4.”

Gia su do dai ba canh cia AMNP (hinh
108) theo tha tu la MN = n, MP = n - 1,
NP =n + 1, trong d6 MN la canh trung
binh va PH = h 14 dudng cao chia MN
thanh hai doan dai x va y (x > y).

Khidotacéox +y=n.

N n+1 P
H.108

2

Ngoairax®*=(m + 1)) h
va y’ = (n - 1) - h? (theo dinh ll’APytago)

Suy ra : x?‘—_y2=(11’+ 1P-(-1P=n*+2n+1-n*+2n-1%4n
hay (x+ y)x—-y)=4n, vayn(x-y)=4n,

do do ta c¢6 hieux —y = 4.

(Hinh 109) Goi I l1a giao diém hai duong chéo cua tit gisde ABCD va K
l1a giao diém hai dudng chéo cta ti gidec EFGH.
A ‘H
D
<
M

C B G F
[1.109 : ;
Xét cac tam giac ABC, ADC, EFG va EHG c¢6 cdc dudng cao theo thu
tu la BN, DM, FP va HQ. Ta c6 :
BN = Blsina

Suy ra : BN + DM = BD.si
DM :DIsina} SRS S5 =

FP = FKsina

Suy ra : FP + HQ = FH.si
HQ:HKsinu} uy ra + Q‘ SN

: 1
Sx\li(.‘-l) = Sm;(: + S,\U('_ = %AC(BN - = DM) = —2—AC.BD.Sill(1 (1)
- | 1 I : '
S;-;[-‘(}[[ = S]-j]-‘(; 4 Sl‘jll(: = EEG(FP + I‘IQ) = EEG.FH.S]]].(I (2)

Ma AC = EG va BD = FH (gt), nén so sanh (1) va (2) ta ¢6 ngay :

SJ\”(‘-D = S[‘Jl"(}ll-
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o Loi binh : Xét thém bai todn sau :
"Cho AABC va G la trong tam tam gidc. Biét rdang hai trung tuyén AD
va BE vuong goc voi nhaw tai G, chitng minh rdng tong binh phuong
ctia hai trung tuyén nay bdng binh phuong trung tuyén thit ba CF.”

Ta phéi ching minh hé thue AD? + BE? = CF”* (hinh 110).

Vé hinh binh hanh BECM dé c6 trung
tuyén BE = MC. Sau dé ching minh trung
tuyén AD = FM. Cuéi cung chi can ching
minh AFMC vudng tai M.

That vay, vé hinh binh hanh BECM ta ¢6
hai canh doi BE = MC. Do DE la dudng
trung binh cia AABC nén DE // AF va e A
DE = AF, suy ra ta gidc ADMF cing la M H.110
hinh binh hanh, nén AD = FM.

Lai ¢c6 AD L BE (gt) nén FM L BE (vi FM // AD), ma BE / MC do dé
FM L MC. '

Trong AFMC vudng tai M, theo dinh li Pytago ta.cé <
FM? + MC? = CF? hay AD?®+ BE?=CF”.




§13. CO Gl LA Vi PUONG TRON ?

A. KIEN THUC CAN NAM VUNG

¥
a)

b)

c)

a)

b)

c)

Duong tron

Qua ba diém khong thdng hang ta vé dugc mét va chi mét dusng tron.
Budng tron la hinh ¢é tam déi xing va cé truc déi xing. Tam dudng
tron la tam déi xing, bat ki dudng kinh nao cing 1a truc d&i xing.
Trong cdc day cua dudng tron, ddy 16n nhat la duong kinh.

Pudng kinh vudng géc véi mot day thi di qua trung diém cia day ay.
DPuong kinh di qua trung diém ctia mot day khong di qua tam thi vuong
gée v6i day ay. ' '
Trong mot dudng trdon, hai day bang nhau thi cdch déu tdm, hai day
cdch déu tam thi bing nhau.

Trong hai day cua mot dudng tron, day nao I6n hon thi day dé gin
tam hon, day nao gan tam hon thi day dé 1én hon.

Vi tri tuwong doi ciia duong thding va du’é’ng‘ tron

Pudng thing va dudng tron cit nhau:d <R

Pudng thdng va dudng tron tiép xdc nhau:d = R

Dudng thing va duong tron khong giao nhau : d > R

Trong dé, d 1a khodng cédch tir tAm dudng tron dén dudng thing.

Né&u mot dutng théng la tiép tuyén cia mdt dudng tron thi né vudng
géc véi ban kinh di qua tiép diém.

Néu mot dudng théng di qua mot diém cia dudng tron va vudng gée
v6i ban kinh di qua diém d6 thi duong thang 4y la tiép tuyén cia dudng
tron. .,

Néu hai tiép tuyén cia mot dudng tron cidt nhau tai mot diém thi diém
d6 cdach déu hai ti€p diém va tia ké tir diém dé di qua tam la tia phan
gidc cua géc tao bdi hai tiép tuyén.

B. CAC BAI TOAN PIEN HINH

1.

Cho dudng tron (O; R) va hai day bang nhau (AC = BD) cit nhau tai E.
a) T gidc ABCD la hinh gi ?
b) Tinh khodng cdch tir O dén mdi day biét riang AC = BD = %R.

Cho duong tron tam O dudng kinh AB va day MN cit ban’kinh OA tai
P. Ke AC va BD cung vuéng géc véi MN. Qua O ké dudng kinh vuéng
géc véi MN tai E va cdt CB tai F. Chung minh :

a) E vaF theo thit tu la trung diém cia CD va CB.

b) Hai doan CM va DN béng 1_111811.
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Chimg minh riang dung thuéc va compa ta cé thé chia mot géc n°
thanh n phan b3ng nhau, néu n la s8 tu nhién khéng phai la boi cia 3
va b. -

Trong mot hinh vuéng ABCD vé nua dudng tron duong kinh la canh
AD va vé cung AC ma tam la D. N6i D véi mot diém P bat ki trén
cung AC, doan DP cit nia dudng tron dusng kinh AD ¢ K. Ching
minh ring PK bing khodng céch tir P dén canh AB.

Hai dudong tron O; va O, ¢é ban kinh r; va r, tuong ung (r; < ry) giao
nhau tai cdc diém M va P. Goi MA la day cung ciia dudng tron O, tiép
xtc vo1 duong tron O, tai M, goi MB la diy cung cia dudng tron O,
ti€p xtc v6i dudng tron O; tai M. -

Trén dusng thdng MP lay doan PH = MP. Tu O, ha dudng vuéng géc
vl MA, tb O, ha dudng vudéng goc véi MB, hai duong vudong géc nay
cidt nhau tai S.

Chimg minh rang PS L MH, tir d6 suy ra ti gidc MAHB néi tiép dugc
trong mot duong tron.

Hai dudng tron (O) va (O') cung tiép xic véi mot dudng thing tai M va
M' va cing ¢ vé mot phia v6i dudng thing d6, ban kinh tuong tng bing
3em va 12cm, ldlbz'ing ciach gitta hai tam bing 41lcm. Hai dudng tron dé

- déng thoi lan theo chiéu nguge lai trén tiép tuyén.chung véi van téc lem

trong 1 giay. Hoi sau bao nhiéu giay thi ching cham nhau ?

Ba dudng tron bidng nhau tam O,, O, O; cdt nhau tai diém K cho
trude: Goi A;, Ay, Ay la cdc giao diém con lai. Ching minh ring hai
tam gidac 0,0,05 va A A,A4 bing nhau.

Trong mot dudng tron ta vé noi ti€p mot tam gide cidn ba géc nhon ¢6
dién tich S va mot hinh thang sao cho ddy 16n cta né trung véi dudng
kinh ctia duong tron, con cdc canh bén song song véi cdc canh bén cta
tam gidc. Duong trung binh ctia hinh thang bing a. Tinh dua’ng cao
cua hinh thang theo S va a.

Cho tir gide ABCD noi tiép trong mot duong tron. Goi A', B', C', D' lan
lugt 1a trong tam (giao diém cdc trung tuyén) ctia cdc tam gidec BCD,
CDA, DAB va ABC. Ching minh rdng bén doan thang AA', BB', CC'
va DD' di qua mot diém c6 dinh va bén diém A', B, C', D' ndm trén
mot dudng tron.

Cho dudng tron (O) va diem M trén (0). Qua M ké tiép tuyén Mt trén
dé lay diém A bat ki roi ké tiép tuyén AN,

a) Ching minh bén diém A, N, O, M niim trén mot dudng tron tam I.
b) Tim quy tich caa I khi A chay trén Mt.

¢) Ha NP L Mt cdt AO tai Q. Ching minh ti gide ONQM la hinh thoi
va suy ra quy tich cua Q.




11. Cho tam giac ABC vudng tai A va dudng cao AH. Tinh ban kinh dudng
tron noi tiép cua tam gide theo cdc ban kinh r; va ry, cua hai (le’Gng
tron noi tiép cdic tam gidac AHB va AHC.

12. Cho géc xOy va dudng tron ti€p xuc vdi hai canh cua né tai A va B. Tir
A trén Ox ké dudng thang song song véi Oy cit dudng tron tai C.
Doan OC cat duong tron tai P va hai duong thing AP va OB cit nhau
tai Q. Ching minh rang OQ = QB.

C. CACH GIAI VA LOI BINH
1. a) Do hai day AC = BD nén khoing cich tir O dén hai day biang nhau
hay OM = ON (hinh 111). Xét hai tam gisc vuong biang nhau OEM
va OEN (canh huyén OE, canh goc '

vuong OM = ON) ta c6 EM = EN.

Hai tam gidc can dinh chung E 14 EAB va
ECD ¢6 cic goc ¢ dinh E bang nhad nén
Al ié* (so le trong). Suy ra AB / CD.
Tit gric ABCD la hinh thang ¢6 hai duong )
chéo AC = BD la hinh thang can.

b) Trong tam gidc vuong OAM ta co, theo

dinh li Pytago : 1111
, , » - [2RY 4 B® &nt
O = 08" = A% BE- 28] P ol o
; \ 3.2} ' 9 9

Viy OM = ON = 3‘5@

e Loi binh : Cé thé néu thém hai cau hoi sau’:
“Néu goc tai E vuong :
¢) Tinh dién «ch tu giaec OMEN va bdan kinh duong tron ngoai tiép . tu
giae nay.
d) Tinh téng EA* + EB® + EC? + ED? theo R."
Cach giai nhusau: ‘

¢) Tu gide OMEN la hinh vuéng c6 canh 1a OM .

9 5 G Y 8R% 2RV2
ma OM* = OA” - AM* = R? - (E | = L nén OM = RJ_.
, 3. 9 3
2
2RV2 8R?
Dién tich cua né la (hinh 112) : { Rj—] = 5

Duong tron ngoai tiép ti gidc OMEN c¢o dudng kinh la OE, ta ¢6 :
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d) Ké duong kinh CF ta c6 AFAC vuong tai A

« a)

b)

OE = OMV2 =

2RV2 o
2 =

B

2
Vay ban kinh duong tron nay la T

(vi trung tuyén AO cua AFAC bang - canh I\

FC). Do d6 AIF // BD (cung vuong goc v6i
AC) nén AB = FD, suy ra AB = FD 112
Xét hai tam gidc vuong AEB va DEC, theo dinh li Pytago ta ¢6 :

EA* + EB* = AB* (1)

EC'+ED*=€D (2)
Cong timg vé (1) va (2) dugc :

EA? + EB? + EC? + ED? = AB? + CD? = FD? + CD?
= FC? (vi AFDC vuéng tai D)

Vay tong pl‘léii‘tim bing KC* = (2R)* = 4R
Ta c6 OF / AC vi cung vudng goc véi
MN (hinh 113). Do O la trung diém cua

AB nén OF la duong trung binh cua-
AABC. Suy ra F la trung diéem cua BC.
Xét ADCB c¢6 EF // BD vi cung vuong  Af=
goc v6i MN, lai di qua trung diem F cua "
BC nén EF la dutng trung binh cua
ADCB. Suy ra E la trung diém cua CD.
Do OE .L MN nén I chia day MN thanh
hai phan bing nhau hay EM = EN (1).

H.113

Mit khdc E lai la trung diém cua CD nén KC = ED (2) |
Tri ting vé (1) cho (2) duge : CM = DN,

Lot binh : Co thé néu thém hai cau hoi sau :

"Chiitng minh cdac hé thic :

¢) AC.PE'= PC.OF : o) QEPD =FE BD™

Cach giai nhu sau :

c)

Xét hai tam gidc vuong CAP va EOP ddng dang vi ¢6 hai goc doi
dinh tai P bang nhau, ta ¢o :

AC OE

—=— hay AC.PE = PC.OLE.

PC -PE




d) Hai tam gidc vuong PEO va PDB cliing dong dang vi ¢6 géc P chung
OE BD

- nén ta cé : hay OLE.PD = PE.BD.
PE PD .

. Cdcgid triciancéthéla:1, 2 4,7, 8, 11, 13, 14, 16, 17, 19, ..

a) Véin = 2, 4, 8 ta chia géc bang cach ké duong phan gide.

'b) Véin =7, ta dung géc o = 7° lién ti€p 13 lan va duge géc p = 91°
Tu dinh cia géc ta ha dudng vudng géc véi mét canh cia né, tirc
dung géc ¢ = 90°, duge géc B - ¢ = 1°. Cudi cang chi viée dung lién
tiép cac géc 1" dé chia géc o thanh 7 phan biing nhau.

¢) V6in = 11, ta dung géc p = 11"; 88°, rdi dung géc ¢ = 90° dé dugc
goc ¢ — B = 2° Chia doi géc nay ta c6 goc 1" va sé chia dé dang gée
11° thanh 11 phan bing nhau.

d) Véi n = 13, ta dung géc y = 7.13" = 91" va trg lai truong hop b) ¢
trén. ‘ '

e) V6i n = 14, ta lam nhu ¢ cdc truong hgp a) va b) dé chia géc 14°
thanh 14 phan bing nhau.

g) V6i cde gid tri con lai cia n ta ¢6 dang thie n = 15k + r, trong dé

r=1,2,4,17,8, 11, 13, 14. Ta dung géc 15° nhu sau :
Chia mot géc cua tam gidc déu thanh bén phan bang nhau. Pat géc
15" k lan ta duge géc r” = n” — (15k)" va chia duge géc nay thanh r
phan biang nhau nhu cach dung ¢ cic truong hop a) va d).

Lot binh : Tuong tu : "Hay chia goc i;: thanh ba phdn bdng nhaw.”

Ta thay ring chia géc ; thanh ba phan bang nhau tuong duong véi
i T 1 131 | n m)1
- viée dung géc —. Nhung — =n|—--=|==1=—-=|= do d6 suy ra
RS o 8737 (5 7)4 (3,7}4 ¥

cach dung sau :
4 ” o aw oy = s s = R . ' .. —
Lay géc 3 trit di géc da cho, sau d6 chia doi gée nhan duge lién-tiép

hai lan.

. Tam gidc ADP (hinh 114) ¢6 hai canh S
DA = DP (ban kinh dudng tron tam D) la N TDYP
tam gidc can. Suy ra DAP = DPA. Noi A , K

A 1 - B

véi K dugce AKD = 90° (gée noi tiep chin
- nua duong tron). ‘

Xét hai tam gidc vuéng bang nhau APK
va API (canh huyen AP chung va géc '
nhon APK = API) ta ¢6 PK = PIL. | D 11114 C
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o L&i binh : Gidi them bai toan sau :
“Cho duong tron tam O va day cung EF. Ké tiép tuyén voi dwémg tron
tai F. Puong kinh vuong géc voi OE cat EF ¢ M va cdt tiép tuyén ¢ N.
Clhiing nunh :

a) AMNF can.
b) Truc doi xing ciia day EF song song vdi trung tuyén NP cia AMNEF.”
Cach giai nhu sau (hinh 115) :
a) Trong tam gidc vuong KOM ta co :
E+ 5711 = 807,
Lai ¢6 F1+F2=90° (vi FN la tiép
tuyén tai F). -
Nhung E =F1 vi AOEF can. Tu dé
5, M) =Mz (dé6i dinh), suy

Vay AMNF can tai N.

b) Truc doi xing cia day EF la trung tryc cia né nén vuong géc véi
EF. Trung tuyén NP cia tam gidac can MNF cing vudng goc véi EF.
Do dé trung truc ciia EF va trung tuyén NP cuing vudng goc véi EF
nén song song vdi nhau.

5. a) Ta ¢c6 O.M L AM, do d6 O,M // SO, (hinh 116a).

Tuong tu-O,M // SO.,. Suy ra ti gigc 0;SO,M la hinh binh hanh va
O;gS = O]h‘l, Ols = OEM.
Diéu nay ching to S la giao diém cua duong tron tam O; ban kinh
r, va dutng tron tdm O, ban kinh r,. Do tinh do1 xung ta suy ra
PS // 0,0, tiic la PS L MH.

a)

H.116

b) Ta ¢6 MP = PH (gt) va SM = SH (do PS L MH) (hinh 116b). Vi S la
giao diém cia cdc trung truc MA va MB nén SM = SA, SM = SB.
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Nhu vay S la tam dudng tron di qua bon diém M, A, H, B, néi cach
khdc tu gidce MAHB ni ti€p duge trong mét dudng tron.
o Loi binh : Xét thém bai todn sau :

“Cho nita duong tron tam O duong kinh MN v day DE. Goi P va @
theo thu ty la hinh chiéu cia M va N trén DE. Duong thding NQ cdt
nia duong tron tai G. Goi H la trung diém cua day ED va I la hinh
chiéu cia H trén MN. Ching minh :

a) O 1 MG b) OHMG = MN.HI"

Cdch gidi nhu sau (hinh 117) :

a) Tam gidc MGN vuong tai G vi
trung tuyén OG béng lMN nén
MG 1 QN. Lai ¢6 PQ 1 QN suy
ra MG // PQ.

Do H la trung diém ctia. DE nén
OH L DE, tic 1a OH L PQ. Vay
OH 1 MG.
b) Ta ¢6 OH / NQ nén O =N (dong vi). Do d¢ hai tam gidc vudng
OIH va NGM dong dang. Suy ra :
OH HI
MN MG
6. Tu O ha ON 1L OM, ta c6 :
ON =12 - 3 = 9 (em) (hinh 118)

Khoang cdch giwa hai tiép diém la :

MM’ = O'N = JOO?-ON?. f(\
G vi tri ban ddu thi 00" = 41cm. K :y \

M’ M

Ta duge : MM' = Y412 — 92 = 40 (cm). ~ H.118

Khi hai dudng tron cham nhau thi OO = 12 + 3 = 15 (cm).

hay OH.MG = MN.HI.

)

Khido MM = 292 =12 (cm).
Nhu vay hai duﬁmg'trbn phai lan mét doan dudng dai 28cm. Do dé thvi
; s g nat 28 -
gian hai dudng tron lan déng thoi la : = 14 (giay).
+

Vay sau 14 gidy thi hai dudng tron cham nhau.

o Loi binh : Tuong tu : "Trong nita duong tron duong kinh AB = 4em ¢6
ba duong tron néi ticp lan lugt ticp xic véi nhau va tiép xic véi diong
kinh cia nia duong tron da cho. Hai duong tron ¢ hai bén doi xung
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nhau qua truc doi xung cia nia duong tron ¢ gitta c6 duong kinh la
ban kinh ciia duong tron da cho. Tinh ban kinh cia ba duong tron nor
tiep.”

Cach giai nhu sau (hinh 119) : ' M
Goi tiép diém cua dudng trén gita :
va mot duong tron bén vdi nua
duong -tron da cho la M va D. Tiép
diém clua hai dudng tron nay la N,
tiép diém cia dudng tron gia voi
AB la O. Do tinh déi xing cua
hinh, OM phai vudng goc vdi AB.

11.119

Goi tam dudng tron gira 1a I thi bdan kinh cia duong tron nay la :
OM
10 =1IM =IN = ~21— =2

Goi tam duong tron bén la J. Cdc diém I, N, J hay é), J, D déu thang

hang. Tir J ha JE L OL Trong tawr gidc vuong JEI ta c6
JEZ=IJ?-IE’=(x +2/-@2-x’=8x (1)

(trong dé x la bdn kinh duong tron tam J).

Trong tam gidc vuong OEJ ta c6 :
JE?=0J - OE*= (4 —x ~x*=16-8x (2

T (1) va (2) ta c6 ngay : 8x = 16 — 8x, tirdé x = 1.

Vay ban kinh ba dudng tron noi tiép la lem, 2cm va lem.

Goi K la giao diém cua ba dudng tron (hinh 120). |

Theo bai ra ba dudng tron bang nhau
nén KA, la trung truc cua doan 0,0;.
Ciing nhu thé KAy va KA; la cde trung
truc cua 0,05 va 0,0.. '

Goi M,, M,, M3 la trung diém ciia ba
doan KA, KA,, KA.

Trong czic- tam gidac KA,A; va 0,0.0,
doan M,M; la dudng trung binh nén
0303 = QMZNI” = .AEAS- H.120

. TUUllg tu tacé : 0103 = 2I\4]M;; = f\]A;; va 0103-= QM]Mg = AlAz.

Suy ra : AAAA, = AO,0,05 (c.c.c).

Loi binh : Tuong tL_l'l : "Ba duong tron bang nhau cdt nhauw tai mét
diém O. Giao diém thw hai cia hai trong ba dwong tron va tam cia
duong tron thi ba xdc dinh m¢t duong thdang. Ching mmh rang ba
duong thdng xde dinh nhiw vy cat nhau tai mét diem.”




Cach giai nhu sau (hinh 121) :

Ta hay ching minh rang hai trong ba
‘doan thang 0,A,, 0.A, va O3A; cat nhau
tai mot diém la trung diém cua moi
doan thang dé.

Chang han ta ching minh cdc doan
thang O,A; va O,A, bi chia thanh hai
phan bing nhau tai giao diém B cua
chung. That thé, do cdc dudng tron bing
nhau nén ti gide 0,A,0,0 va t giac _
0,A,0;0 déu la hinh thoi. Tir d6 suy ra cdc doan thiang O,A,, 00, va
0O,A, song song va bing nhau.

 H.121

Vay tu gidac 0,A,A,0, 1a hinh binh hanh, do dé cdc dudng chéo 0,A,; va
- 0,A; cidt nhau tai trung diém B cia mdi dudng.

. Goi tam giac can la ABC va hinh thang
MNPQ (PQ la duong kinh dudng tron)
(hinh 122), EF la dudng trung binh cua
hinh thang, K va H la giao diémm cua
hai canh AB va AC véi ddy 16n PQ cua

hinh thang, A’ 1a diém déi tam cua A. P
Tam giac ABC va hinh thang MNPQ
déu can va cac canh bén hinh thang B [ C
song song vdi canh bén tam gide, nén \g_/
K=Q=P=H A'

H.122

Do d6 PQ // BC va Q =B = AA'B.

Tu cdc dang thic Q = AA'B va PQ = AA’ suy ra hai tam gidc vuéng
MQP va BAA' bang nhau. Tu dé Al = DP, D la chan duong cao MD cua
hinh thang. '

N6i ED ta ¢6 EF = DP = a. Vay Al = a. Tt hai tam gidc bing nhau

‘ ; 1 S g
MQP va BAA' ¢ trén ta lai ¢6 MD = Bl. Nhung BI = EBC = FNa Vay’

MD = i
Al

| oo

Thay gid tr1 Al = a vao ta dugc MD = —.
' a

Loi binh : Xét thém bai todn sau :

"Mét duong tron tiép xic vél hai canh cia mot géc vuéng dinh A tqi
hai diém B va C. Ké tiép tuyen voi duong tron cdat cdc canh AB va AC
tai M va N. Chiing minh rang tiép tuyén nay xdc dinh trén hai cgnh
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| 1
AB va AC hai doun MB va NC ¢6 tong do dai lén hon E(AB + AC) va

nho hon é('AB +:46)."

Cdch giai nhu sau (hinh 123) :
Goi D la tiép diém ciua NIN véi dudng tron,
ta ¢6 : BM = MD va DN = NC.
Tudé MN =BM + CN.
Nhung MN < AM + AN, nén
2MN < BM + AM + CN + AN = AB + AC..

1 H.123
Suy ra MN < TZ»(AB + AC).

Mat khdc MN > AN, MN > AM vi MN la canh huyén cia tam gidc
vuéng AMN. Vi th& 2MN > AN + AM va két hgp véi MN = BM + CN
tacé: 3MN > AN + NC + AM + MB = AB + AC.

@l
Vay : MN > E(AB + AC).

9. Goi B va F la trung diem hai duong chéo BD va AC (hinh 124). Trong
EA" 1

tam A' cia ABCD la diém nim trén CE ma 0
/

Goi I la trung diém cua A'C ta ¢6 I'I song
song va bang 55\:\. Do dé AA'" cat EI
tai trung diém M cua EF va

AN = ‘—_]L)—FI = }'I\f\"

4

AM 1

4

Vay AA" di qua M va

Tuong tu, ta lan lugt ching minh duge cic dutng thing
o . B'M B\ Y
BB, CC', DD’ cang di qua M va e g o e B (1)
B'B GG DD 4

Vay bon dudong thing AA', BB, CC' va DD' di qua diém c6 dinh M la
trung diém cua EF. '
MA' MD' 1

Tir (1) suy ra = =
MA MNMD 3 .

Ap dung tinh chat duong trung binh trong hinh thang ta hay chung
minh A'D" // AD.
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That vay, RP / A'D' (tam gide bang nhau), & D
RP // SQ. Gia st AD khéng song song vdi \ /T
SQ, ta ke AT // SQ (hinh 125). S _
Do tinh chat dudng trung binh trong hinh
thang ta ¢c6 PQ = QT, suy ra T trung véi D
hay AD // SQ, tir d6 AD // A'D".

Tuong tu ta ching minh duge A'B" // AB, D' A

B'C' // BC, CD' // CD va ti gidc ABCD' ¢6 H.125

cdc goc tuong ung bing cdc goéc cua ti gidc ABCD nén tir gidc AB'C'D'
nodi tiép duge trong dudng tron.

e Loi binh : Xét thém cau hoi sau :
“"Goi trung diém cua cde canh AB, BC, CD, DA lan lugt la M, N, P, Q.
Chitng minh rdang cdc duong thang ké ti cac diem M, N, P, Q lan Lot
vuong goc vdi cac duong thang CD, DA, AB, BC cdt nhau tai mét
diém." ‘

Sau day la cach giai (hinh 126) :

Goi O la tam duong tron ngoai tiép td giac
ABCD, I la giao diém cia MP va NQ. Ta
thdy rang MNPQ la hinh binh hanh tam I,
tic 1a M va P d6i xing nhau qua I, N va Q
cing vay.

Do ON 1 BC nén QQ' // ON, ta ¢6 ON va

QQ' déi xing nhau qua I. Tuong tu, OP va B Q' N G
MM’ OQ va NN', OM va PP’ cing doi xiing -
nhau qua I va OM, ON, OP, OQ cung qua O. “ H.126 -

Vay cdc duong thing MM', NN', PP’ va QQ' ciat nhau tai diém H déi

~xung vé1 O qua L
10. a) Do AN va AM la hai tiép tuyén ké tir A nén OM 1. AM va ON L AN
(hinh 127), hay OMA = ONA = 90", Goi I la trung diém ctia OA ta

1 . "
¢6 NI = EOA hay IN = A = 10, do dé ba diém O, N, A nam trén -

duong tron tam I. Tuong tu ba
diem O, M, A cang nam trén
duong tron dé, tie la bon diém A,
N, O, M-ndm trén dudng tron (I).

b) Ke IK L At ta ¢6 IK la dudng
trung binh trong tam gidac vuong

AMO nén IK = %OM. Ma OM c6

do dai khong déi nén IK cang cé
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do dai khong déi. Vay I ¢6 tinh chat la cdch dudng thiang At mét
doan khong déi nén quy tich cia I la duong thing Is / At va cdch

.

At mot doan khong doi bang %OM.

¢) Do AAMN can nén AO la mot dudng cao, duong cao thi hai la NP,

do dé Q la truc tAm cua tam gidc hay MQ L AN. Ta ¢6 : QM // ON
(vi cung vudong géc véi AN) va NQ // OM (vi cung vuong géc vl At).
Suy ra ti giac ONQM cé hai cap canh déi song song la hinh binh
hanh. Hinh binh hanh nay lai ¢6 hai canh ké nhau ON = OM nén
la hinh thoi va QM = MO. Vay quy tich cia Q la duong tron tdm M
‘ban kinh MO.

Loi binh : Tuong tu : "Cho duong tron (0) duong kinh AB va diém P

trén nia duong tron. Goi Q va S theo thu tu la diem chinh giia cdc

cung AP va PB. Goi C la trung diém day PB va D la giao diem ciia AP

va @S.

a) Cluing minh : QT)HP = 135",

b) Ké duong cao SH ciia ADPS, chiing minh rdng SH la tiép tuyén ciia
(0) toi S. ;

¢) Goi O la diém doi tam clia S, tim
quy tich cia E khi diem P chay
tréen nia duong tron (0)."

Cach giai nhu sau (hinh 128) :

a) Ta ¢o Q_Ex = ('513 va SP =SB nén

T S e 1
QA +PS bang i duong tron (O)

¢c6 s6 do biang 90°, do dé
QDA = 45°. Suy ra QDP = 135°. H.128

b) Do SP =SB nén duong kinh SQ L PB tai trung diém C cua day PB.
T gidc HSCP ¢6 ba géc vuong 1a hinh chit nhat, do d6 OSH = 90°
hay OS | SH, vay SH la ti€p tuyén cua (O) tai S.

¢) Khi P chay trén nia dudng tron (O) vé phia trén thi quy tich cia E
la nua duong tron (O) phia trén.

Xét ba tam gidc vudong dong dang AHB,

CHA va BAC (hinh 129), ta cé ti s gita -

ba bdn kinh duong tron néi tiép va ba

) .- AB AC BC
canh tuong ung la : =— = =k
1‘1 1‘2
Theo dinh Ii Pytago ta c6 : B

<

AB* + AC* = BC*




12.

hay (rk) + (r:_,k)z.: (rk)?, tie 1a 1‘,21{2 + r.sz = r2k?2.

i on 2 7 2 . 2 5
Tudé : r* =rf +15, vy r'= iy +15.

L&i binh : Xét thém bai todn sau : _ .
"Trong AABC, trung tuyén AM, phan giac AP va duong cao AH chia.
goc A thanh bon phan bdang nhauw. Ching minh AABC vuéng va tinh
cdc goc nhon ciia né."”

Cdch giai nhu sau (hinh 130) : A

Vé dudng tron qua ba dinh A, B, C cua '
tam gidc va kéo dai trung tuyén AM,
phan gidc AP va dudng cao AH cit duong
tron nay lan lugt tai N, Q, I.

Xét AMAQ can ta ¢6 MA = MQ. Lai ¢6
MB = MC do AM la trung tuyén, do dé6 M . N
la tam dudng tron ngoai tiép AABC.

Vay AABC vuong tai A. Xét AMAB can ta c6 :

~ 1~ 90° ~

B = -;A = =22°30'. Suyzra C=67°30"
Qua C ké tiép tuyén véi dudong tron cat Ox tai S va Oy tai T (hinh
131). Do SB la truc do6i xing cia AOST nén bon doan tiép tuyén bing
nhau OA = OB = BT = TC. '
Xét ATOC o AOAQ (vi CTO = AOQ,
TEC = ACO = OKQ) ta co :

0Q 0Q CT 1

OB OA OT 2

1
Vay 0Q = EOB hay 0Q = QB. :
| 0O Q B Ty

Loi binh : Xét thém bai todn sau : - H.131

"Duong tron néi tiep AABC tiép xiic cdc canh AB, AC va BC theo thit
tu tai D, E, F. Qua E'ké duong thdang d // AB va cdt CD & P, cdt FD &
Q. Chuing minh riang EP = PQ."

Cach giai nhu sau (hinh 132) : L

Truée het ta tinh EP theo ba canh a, b, ¢ n
a+b+c

oo
~ » . _- ]__l: G d
va nua chu vi p = g ¢ ; . P\ /Q
Tac6 AE=AD =p—a, BD=BF =p-b _
A D B

vaCE=CF=p-c
11.132
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Xét AADC «» AEPC ta cé :
(p—a)p -c)

AL BC ey 20 b aes R (1)
EP EC - EP  p-c b
Xét AABC o AEGC, tuong tif ta c6 EG = C(pbh L3
Nhung PG = EG —- EP = P~ ‘”(‘;‘ p+a)
VIiEG #/ AB nén 22 _CB hay CG = ap-o)
CE _ CG
AAED can, AQGF cang can nén QG = GF.
" Ngoai ra GF = GQ = CG — CF, GQ = a(pbﬁ R il il “”éa il
Vay PQ = PG - GQ = ‘c’(cbfp a0 “’)li_a ol W “’Ep B0

Tu (1) va (2) suy ra : EP = PQ.

D. BAN CO BIET ?

220

DUGNG TRON CHIN PIEM HAY DUGNG TRON OLE

Vién si Vién han lam khoa hoc Pétechbua (1707 — 1783) nha toan hoc

I6n cua thé giéi duge Gauxo ddnh gid la "viéc hoc tap nhing tdac pham
ctia Ole la cdch t6t nhat dé hiéu toan hoc". _

Tén tudi cua Ole gdn lién v6i nhimg bai todn thi vi, trong do6 c¢6 bai
todn vé dudng tron chin diém. D6 1a dwong tron di qua :

3 trung diém cia cdc canh ciia tam gidc;
3 chan cdce duong cao;

3 trung diém cia cdc doan thdng

nol trie tam voi cde dinh cia tam
gidc (hinh 133). : Lt
Ta hay ching minh la : 15
Trong AABC ba trung diém D, E, F

cua cdac canh, ba chan I, K, L cua

cac dudng cao, ba trung diém M, N,
P néi true tam H véi cac dinh déu 0 I“ 133

0 trén mot duong tron (O). _ ki

That vay, xét ba hinh ch nhat MEDN, FMPD va FEPN. Csc duong
chéo MD, EN, FP cia ching bang nhau va ¢6 chung nhau trung diém
O. Do d6 sdu diem F, M, E, P, D, N nim trén dutong tron (O).

Goc MID vuong, MD la canh huyén nén I ¢ trén dudng tron (O).
Ching minh tuong tu, cdc diém K va L cang nim trén (0).




§14. SU PHONG PHU VE ¢OC NOI TIED

A. KIEN THUC CAN NAM VUNG

1.

a)

b)

c)

a)

b)

b)

Vi tri tuong doi cua hai duong tron '

Né&u hai duong tron cit nhau thi hai giao diém déi xing véi nhau qua
dudng néi tam, tic 1la dudng noi tam la trung truc cua day chung.

Néu hai dudng tron tiép xic nhau thi tiép diém nam trén dudng ndi tam.
Hai duong tron cit nhau : R—r< OO0 <R + r

Hai dudng tron tiép xic nhau :

+ tiép xtc ngoai: OO0’ =R+ r

+ tiép xtic trong: 00 =R-1r>0

Hai dudng tron khong cdt nhau :

+ ¢ ngoai nhau: 00> R +r

+ dungnhau: OO <R-r

Tiép tuyén chung cua hai duong tron la dudng thang ti€p xic vdi ca
hai duong tron dé. _

C6 thé la cde tiép tuyén chung ngoai hoic ti€p tuyén chung trong.

Goc o tam -

Goéce ¢6 dinh trung véi tam duong tron duge goi la géc ¢ tam.

Véi hai cung nho trong mot duong tron (hay trong hai dudng tron bing
nhau) :

Hai cung bang nhau cang hai day bang nhau; hai day bang nhau cing
hai cung bing nhau.

Cung lén hon cang day 16n hon; day lén hon cang cung lén hon.

Goc noi tiép

Géc ndi tiép la géc ¢6 dinh ndm trén duong tron va hai canh chia hai
day cung cua dudng tron dé. _

Trong mot dudng tron, sé do cua géc noi tiép biang nua sé do cua cung
bi chén. |

Cdc g6c noi tiép cung chian moét cung thi bing nhau.

Géc nai ti€p chén m";’a dudng tron la géc vuéng.

S6 do cia géc tao bdi tia ti€p tuyén va day cung'bing nia sé do cia
cung bi chén.

Géc c6 dinh o bén trong hodc bén ngoai duong tron

S6 do cua géc ¢6 dinh ¢ bén trong dudng tron bing nua tong sé do hai
cung bi chan.

S6 do cia goc ¢6 dinh ¢ bén ngoai dutng tron bing nta hiéu s6 do hai
cung bi chan.
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B. CAC BAI TOAN DIEN HINH

1.

222

Ba dudng tron bing nhau cé tam la 0,, O0,, Oy cung di qua mot diém M

cit nhau ¢ P, Q, R. Chimmg minh ring dutng tron (PQR) bing ba duong

tron cho trude.

Cho dugng tron (O; R) va cung nho BC bang 120°. Cdc tiép tuyén tai B

va C cit nhau ¢ M. Ve dubng tron tam I tiép xic véi MB, MC va cung -

nho BC. Ching minh ring :

a) AMNP déu, trong d6 NP la tiép tuyén chung cia hai dudng tron (O)
va (). _

b) Ban kinh duong tron (O) gap ba ban kinh dudng tron (I).

Cho hai duong tron (O) va (O') ti€p xic nhau tai M. Ké cdc ban kinh

OP va O'Q song song. Ching minh riang ba diém P, M, Q thang hang.

Cho duf)’ng tron (O) duong kinh DE va diém G trén (O). Trén tia DG

lay diém M sao cho G la trung diém ctia DM, trén tia ME lay diém N

sao cho E 1& trung diém cua MN. Goi H la giao diém ctia DN véi (O).

Ching minh ring :

a) Ba diém G, O, H thang hang.

b) Dudng thﬁng MH luén di qua mot diém ¢d dinh khi G chay trén (O).

Cho AABC vuéng tai A. Tu B va C lam tam vé hai cung ban kinh BA

va CA lan lugt cit BC tai M va N. Ching minh riing :

a) MN bang duong kinh dutng tron noi tiép tam gidc.

b) Tong cdc ban kinh r, r|, ry theo thit tu cia ba dudng tron noi tiép
cic tam gidc ABC, AHB, AHC ding bang duong cao AH cia AABC.
Cho AABC. Cl'u’x’ngr minh rang dudng cao va ban kinh dudng tron ngoai
tiép ké tir mot dinh tao véi cde canh ké dinh doé nhing géc bing nhau. .

Ap dung : Tir mot dinh ké mot dudng thing chia tam gidc thanh hai

tam gidc nho. C6 nhan xét gi vé tdm cua ba dusng tron ngoai ti€p ba -

- tam gidc tao thanh va dinh dé cua tam gidc ? Ching minh diéu nhan

xét do.

Cho M va N la giao diém cua hai dudng tron tam O, va O,. Duong
thang O\M cit duong tron tha nhat tai A, cit dudng tron thd hai tai
Ay, con O,M cdt duong tron thir nhat tai B, cdt duong tron thi hai tai
B.. Chimg minh ring ba duong thing A,B,, A,B, va MN cit nhau tai

mot diém.




8.

10.

1L

12.

13.

14.

15.

Hai tam gidac ABC va A'B'C' bang nhau va nguge huéng cung ndi tiép
trong mot duong tron tam O. Cdc canh tuong iing cua ching cat nhau
6 P, Q va R. Chiing minh riang : '

a) Ba diém P, Q, R nam trén mét duong thang d.

- b) Khi cdc tam gidc ABC va AB'C’ thay doi (ma van biang nhau, nguoc

hudng va cung ndi ti€p trong duong tron tam O) thi dudng thang d

luon di qua mot diém cd dinh.

“Ghi chu : Noi hai tam gidac ABC va AB'C' nguge huéng véi nhau cé

nghia la : khi di trén dudong tron tam O tir A dén B, C roi tré vé A ta
di theo mot hudng nao dé, con khi di trén dudng tron tam O tir A" dén
B, C' roi tré vé A' thi ta di theo huéng nguge lai.

Cho AABC can tai A va mot dugng tron tiép xic vdéi hai canh bén ¢ B
va C. Tir diém M trén dudng tron ta ké cac dusng MD L BC, ME 1 AC
va MI* L. AB. Ching minh hai ta giac BDMF va MDCE dong dang.

Chung minh dinh li Ptéléemeé :

"Trong mot ti gide noi tiép, tich cua cic dudng chéo bang téng céc tich

cua cdac canh doi dién.”

Trong dudng tron ban kinh r cho hai cung ¢é hai day dai a va b. Tinh -

dd dai cdc day truong cung bang tong hoic hiéu cua hai cung da cho.

C6 nhan xét gi ? '

Cho AABC ndi tiép dudng tron (O; R). Cdc dudng cao AD, BE, CG cit

nhau tai H va kéo dai cit (0) lan lugt tai D', E', G'. Ching minh rang :

a) Bdn kinh hai dudong tron qua I1 va hai trong ba dinh A, B, C déu
bang R. -

b) H la tam dudng tron noi tiep AD'E'G'.

Cho AABC déu va P la mat diém chay trén duvng tron ngoai ti€p. Goi

M va N la giao diém cua AP va BP véi CB va CA. Chimg minh rang

tich AN.BN khéng déi.

Cho diém S niim trong AABC ba gée nhon sao cho ASB = ACB +60°,

BSC = BAC + 60°, CSA = CBA +60°. Chdng minh ring AS, BS va CS

kéo dai cat dudng tron tai ba diem M, N, P la ba dinh cia mét tam

gidc déu. : '

Cho hai duong kinh AB va CD vuéng gc')'c trong duong tron (O). Trén -

cung BD lay diém G va ké tiép tuyén tai G cit AB kéo dai ¢ H. Goi K

la giao diém chia AB va CG. Chung minh rang HK = HG.
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C. CACH GIAI VA LOI BINH

1. Noi MP, MQ, MR (hinh 134), ching cit
0,0,, 0,05, 0,04 lan luot tai cdc trung
diem A, B, C (vi MO, = MO, = MO;) va
MP 1 0,0,, MQ 1 0,04 MR 1 0.0..

Cac diem A, B, C cing la trung diém cua
cdc doan thang MP, MQ, MR.

Xét hai tam gide dong dang ABC va PQR

e A N T E
vdi ti s0 dong dang la = roi xét hai tam
idc dong dang ABC va 0,0,0; cing v6i 104
giac dong dang ABC va 0,0,03 cing vé1

ti so dong dang S ta thay rang AO,0,0; = APQR. Diém M cdch déu

0, 02, 05 mot doan biang ban kinh cdc dudng tron da cho.

Vay dudng tron ngoai tiép A0,0.0; bing cdc dudng tron da cho, do dé
dudng tron ngoai tiép APQR cing bang cdc duong tron da cho.

e Loi binh : '1‘!:1'0'11g tu : "Cho ba duong tron bdang nhau cat nhau ting
doi mot tai A va D, B va E, C va F. Ching minh rang tong sé do ciia
ba cung AB, CD va EF bang 180"."

Cdch giai nhu sau (hinh 135) :

Truée hét dé y rang hai cung ABD va
AFD biang nhau, hai cung CBF va CDF,
hai cung EDB va EFB cang vay. Tu doé,
ta chimg minh rang tong sé do ba cung
AB, CD va EF biang téong s6 do ba cung
DE, BC va ATl

That vay :
AB +CD + EF = ABD - BD + CDF - DF + EFB - BF

AFD - DF + CBF - BF + EDB - BD

r— fﬁ b BE + 13_]__':
Xét cdce goc cua AAEC ta ¢o :
sdCAE = sd(CAD + DAE) = %sa@ +DE)
- T e g
Tuong ty: sAACE = Zsd(AF + BF);  sdABC - %sd(BC;L AB)

Do téng cdc géc cua tam gidc bang 180" nén sé6 do cua tong ba géc -
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CAE, ACE va AEC bing -;-Sd(é—fnﬁﬁnfﬁz + AF + EF + BC + AB)

sd%[(@+ @+§f‘)+(ﬁ‘+§é+ﬁﬁ)}

sd%.z(ﬁ?; +CD + EF) = 180°

Vay sd(AB+CD + EF) = 180°.
. a) Do NP 1a tié€p tuyén chung trong
cia hai dudng tron (O) va (I) nén
NP 1 MO va AN = AP (hinh 136).
Suy ra AMNP can.
Mit khée do B +C =180°
nén NMP = 180° —120° = 60°,
do d6 AMNP can la tam gidc déu.
b) Ké IK // MB ta ¢6 11 = My = 30°

M

H.136

; o g adk 1
nén AIKO la nua tam gidc déu, suy ra OK = EIO.

Goirla bdn kinhcia(I)tacé6: OK=R-r, I0O=R+r,

dod6R—-r= %(R+r) hay 2R-—2r=R+r. SuyraR = 3r.

Loi binh : C6 thé dat thém hai cau héi sau :

"¢) Tiniv MB va MC theo R.

d) Tinh AB ad AC va dién tich tit giazc OBAC theo R."

Ta c¢6é cdch giai sau :

¢) Tam gidc vudng MBO la nira tam gide déu nén MO = 2R va

V3

MB = MO.-—-Z—_- = R+/3, ma MB = MC (tinh chat hai ti&p tuyén xuat

phat tu M) nén MC = RJg.

d) Cédc tam gidc OAB va OAC la tam gidc déu (vi 12 tam gidc can c6
géc & dinh O bing 60°), do d6 AB = AC = R.

Dién tich ti gide OBAC bing téng dién tich hai tam gidec déu OAB
' 2

va OAC, méi tam gidc nay c6 dién tich

R2.3
H

3 nén tu giac OBAC cé

dién tich bing
; N i ik T B o s o
Luu y : Mot tam gidc déu canh a ¢é dudng cao h = —— va dién tich
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a”43 1.1 a3 _a’y8

(vi S = —ah=— 3). Can nhd¢ diéu nay dé tinh
4 2 2 2 4

nhanh dudng cao va dién tich cia mot tam gide déu theo canh a cia né.

Pé bai cho hai dudng tron ti€p xdic nhau nhung khong néi rd la tiép
xtic ngoai hay tiép xuc trong nén phai xét ca hai trudng hop.

P P

| \\ A

H.137 H.138

a) Trudng hop tiép xtc ngoai (hinh 137)
Do OP // 0'Q nén P, = Ql (so le trong) ma P, = f\?h, Q, = M3 (vi
AOPM va AO'QM can). Suy ra M; = Ms. '
Nhung M3 + Ms = 180° nén M + M3 =180° do d6 ba diém P, M, Q
thdng hang. :

b) Trudng hop tiép xic tl'ong (hinh 138)
Do OP // O'Q nén Ql =P1 (ddéng vi) va QQ +P; =180° (g(’).c trong
cung phia).
SU}; ra Q, +Q, = 180°, do d6 ba diém M, Q, P thﬁnglhang.

Lot binh : Xét thém bai todan sau :

"Cho hai duong tron (O) va (O°) cdt nhau tai A va B sao cho OAOQ’ = 90°.
Goi M la trung diém cia O0'. Qua A ké cdt tuyén DAE vuéng goéc voi
AM (diém D trén (0) va diém E trén (0°)). Chiing minh rdng :

a) A la trung diém ciia DE va AABD can.
b) DBE = 90°."

Cdch giai nhu sau (hinh 139) :

a) K& OP va OP' cing vudng
géc véi DE. Taeé P va P’ la
trung diém cta DA va AE.

Vi M la trung diém caa OO’ ma H.139
OP // AM // O'P' (vi cing vudong goéc véi DE) nén A la trung diém cta PP'.
Suy ra AD = AE (vi AD = 2AP, AE = 2AP"), tic la A la trung diém
cua DA.




Tam gidc vuong OAO' c6 trung tuyén AM bing nita canh huyén 00Q'
nén MO = MA, hay A; =0i. Do OP // AM nén A, =0; (so le
trong). Suy ra O: = Oa.
Xét hai tam gidc vuong OPA va OAI c6 canh huyén OA chung va
mdt géc nhon-biang nhau nén ching bing nhau. Suy ra AP = Al,
hay AD = AB. Vay AABD can tai A.

b) Ching minh tuong tu ta ¢6 AB = AE. Nhu vay ABDE cé trung tuyén
BA bédng ntia canh tuong ing DE la tam gidc vudng tai B. Suy ra
DBE = 90°.

4. a) ADMN vuéng tai D vi ¢6 trung
tuyén DE bing nira canh déi MN
(hinh 140), tam gide DGE vudng tai
G vi DGE noi tiép chdn nia duong
tron, suy ra AKDM can.

Do dé ADHG cang vuéng tai D nén
HG la dudng kinh, vay ba diém G,
O, H théng hang.

b) Trong ADMN hai trung tuyén DE
va NG cdt nhau tai P trén DE c6
dinh, chi can ching minh MH la
trung tuyén thu ba.

That vay, Dy, = Gi (AODG can) va D; = M, (ADEM can).

Suy ra G, =M, chiém vi tri géc déng vi, do d6 GH / MN va la
dudng trung binh. Vay MH la trung tuy&n thd ba nén luén di qua
trong tam P ¢d dinh.

o Lot binh : Xét thém bai todan sau :

“Cho hai day MN va PQ vuéng goc tai I trong duong tron tam O vdi
MI < IN. Ké duong kinh PS va tie O ké OK 1 PN.

a) T giazc MNSQ la hinh gi ? b) Ching minh MQ = 20K."

Cdch giai nhu sau (hinh 141) : p

a) Ta c6 MN L PQ (gt) va SQ L PQ (vi :
PQS chan nia dudng tron), do dé /_l
MN // QS vi cung vudng géc véi PQ. % b
Suy ra MNSQ la hinh thang.

Do m =NS (hai cung chan giwa hai
day song song) nén MQ = NS, vay
MNSQ Ia hinh thang can.

H.141
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| 1
b) Trong APNS ta ¢6 OK la dudng trung binh nén OK = —Q-NS, ma

NS = MQ, suy ra OK = —;—MQ hay MQ = 20K.

Bai todn nay cho ta mot tinh chat bat ngd cia tam gidc vudng, dé la :
"duong kinh duong tron not tiép = tong hai canh goc vubng — canh
huyén." : -

a) & day MN chinh la hiéu gidta téng hai canh géc vudng AB, AC va

canh huyén BC, tic 1a : MN = (AB + AC) - BC

B TN B M C
H.142
That vay (hinh 142a) néu r la bén kinh dutng tron ndi tiép thi
BM=BA=x+r
CN=GA=zy+rT
Nhung BM + CN-MN=BC=x+y.
Vay : MN=BM+CN-BC=x+y+2r—(x+y)=2r.
b) Ta c6 (hinh 142Db) : '
or + 2ry + 2r, = (AB + AC — BC) + (BH + HA - AB) + (HC + HA - AC)
= (BH + HC) - BC + 2AH = 2AH
Suyra: r +1r; +r; = AH.
Lot binh : Xét thém bai todn sau :
"Ly mét diém M trén cung EF cia duong tron ngogi tiécp ADEF déu.
Goi N la giao diém ciie MD va EF. Chitng minh h¢ thite :
1 _ 1 i L
MN ME MF
Céch giai nhu sau (hinh 143) :
Trén day MD lay diém P sao cho
ME = MP. Ta ¢6 AMEP can c6 géc ¢ dinh
EMP = EFD =60° (cung chdn cung DE),
Vay AMEP la tam gidc déu, do dé
EM = EP va EPM = 60°.
Xét AFNM o AENP (g.g)
(vi N1 = N2 déi dinh va FMN = EPN = 60°) H.143




MN FM MN PN
tac6: ——=—— hay — = —
PN EP FM EP
Thay PN = PM -~ MN = ME - MN va EP = EM,

MN ME-MN MN

ta.eo; =1-——

1 M T ME ME ‘

Chia hai vé& cho MN duogc : 1 = LI hay i = L +- : ¢
MF MN ME MN ME MF

Ta xét ba truong hop hinh vé, tuy theo AABC cé ba géc nhon, ¢6 mot
géc th hodc ¢cé mot géc vudng.

a)

H.144

a) Truéng hap AABC c¢6 ba géc nhon (hinh 144a).
Muén ching minh OAB = HAC chi can ching minh AOE = ACH
(géc phu vé6i hai géc trén). ACH la géc ndi tiép chdn cung AEB, con
AOE b#ng nia géc & tam cung chén cung AEB.
Suy ra AOE = ACH.

b) Truang hop AABC ¢6 géce ti, chidng han géc C (hinh 144b).

| ACH bu véi ACB , ma ACB lai chdn cung 16n AB nén

sdACB = %sd cung 1én AB. Ma sdAOE = %sd cung nhoé AB.

Vay : ACH = AOE, suy ra OAB = HAC.
¢) Trudng hop AABC cé géc vudng, chang han gée C.

Khi d6 AH trung véi AC, AO nam trén AB: Do dé6 hai géc CAH va

OAB déu biing O, vay chiing bing nhau.
Ap dung : Tir dinh A clia AABC ta ké AD
chia tam gidc thanh hai (hinh 145). Goi
0, O, O, lan luot 1a tAm cdc dudng tron
ngoai tiép AABC, AABD, AADC. Theo két
qua cua cau hoéi thd nhat & trén ta c6 :

O,AB=DAH va O0,AC=DAH.
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Suyra O,AB=0,AC, vay 0,A0, = BAC.
Lai c6 00; L AB va 00, L AC, do d6 :
0,00, + BAC =180° va 0,00, =0,A0, =180°.

Vay tit gide 0,00,A c6 tong hai géc déi béing 180° nén ndi tiép duge
trong dudng tron. '

o Loi binh : Xét thém bai todn sau :
"Ching minh rdng tong cdc khodng cdch tu mot diem M bdt ki trén
diong tron ngoai tiép mot tam gidc déu téi hai dinh gan thi bdng
khodng cdach ti M dén dinh thi ba cia tam gide.”
Cach giai nhu sau (hinh 146) :

Goi tam gide déu da cho la ABC va O la
tam dudng tron ngoai ti€p. Cho M la mot
didm tiy y nim trén cung BC, ta phai
ching minh tong MB + MC = MA.

Ké BD // CM cét AM.-tai E. Mudi ching
minh déng thdé trén ta ching minh
MB = ME va MC = EA.

That vay, AMB = ACB = 60° (cung ch#n cung AB), H.146

AMC = ABC = 60° (ciing ch#n cung AC).

Mat khédc AMC = MEB (so le trong). Xét AMBE can c6 géc ¢ ddy
AMC = MEB = 60° nén géc thi ba MBE =60° va AMBE la tam gidc
déu. Suy ra MB = ME.:
Bay gid ta chimg minh MC = EA. N6i A v6i D va ching minh tuong tu
dugec ADEA déu, do d6 ED = EA. Néi D véi C va xét ti gidc EDCM
trong do EDC = 60° (chdn cung BC), suy ra DC / EM. Mat khéc do
ED // CM nén tg gidge da cho la hinh binh hanh, vay ED = MC hay
EA = MC. Tém lai : MB + MC = ME + EA = MA.

e Loi binh : Xét thém bai toan sau : '
"Cho ADEF néi tiép trong duong tron tam O. Tiép tuyén tgi D cdt canh
FE ¢ M. Goi E' la diém ddi xung cia E qua M. Chiing minh rdng :
1 1 1

9 * 5 o 9
DE- DF- MD-
b) DE®> + DF® = FG* (trong do G la giao diém ciia E'D vdi (0)).”

.oa)

Cdch gial nhu sau (hinh 148) :
a) Xét ADEE' can tai D ta c¢6 :
Dy =Dy =1 (cung chén cung DE)
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ma Iy +E =Dz +E =90°
Suy ra FDE' = 90°.
Trong AFDE' vudng tai D theo hé thic

1 ;
lugng —}:-2—=¥+;—2— ta cé :

1 _ 1 1 :
MD> DE2 DF? B /D
, 1 1 1 : E H.148
= —— :
MD? DE? DF?
b) Pudng thing E'D cdt dudng tron (O) tai G. Do FDG = 90° nén FG
chinh la duong kinh.
Ta c6: F2 =Di =Dz = F1. Suy ra DG = DE, do d6 DG = DE.

hay

Vay trong tam gidc vudng FDG ta c6 :
DG? + DF? = FG®> hay DE?®+ DF?= FG2

. Tru6ce tién ta ching minh ring ba diém A,, N, B, thang hang (hinh 149).-
That vay A,NB, = A\NM +B,NM = 90° +90° (vi la hai géc noi tiép"
chdn nira dudng tron), do d6 A;NB, =180°, tic 1a N n¥mn trén doan
théng A,B.. . H

Bay gio xét AA|MB,. Céc géc A;B;M
va ByA;M déu vudng vi chdn nta
dudng tron va M’ﬁﬁg vuéng (ching
- minh trén), do dé cdc dudng thing

MN, AB; va AyB, la cdc dudng cao
cua L\A[MBz.

Viy ba dudng thdng nay phai cit i
nhau tai mot diém (dé la truc tam H
cua -ﬁAlMBz)

Lot binh : Xét thém bai toan sau :

H.149

"Duing tron tam O noi tiép trong AABC tiép xic véi cdc canh BC, CA,

AB theo thit ty ¢ A', B', C". Kéo dai BC vé phia C ta dgt trén dé doan

CA; = AB, kéo dai CA vé phia A ta ddt trén dé doan AB; = BC, kéo dai

AB vé phia B ta ddt trén dé doan BC, = CA. | |

a) Tinh cdc dogn A'A;, B'B,;, C'C, theo cdc canh ciia AABC (BC = q,
CA = b, AB = c). Chitng minh tam O cia duong tron.néi tiép AABC
trang voi tam ciia dudng tron ngoai tiep AA,B;C,.
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b) Goi Ay By, Cy theo thi ty la cdc g;ao diém cua OA,;, OB, OC, voi
duong tron tam O. Ching minh hai tam gidc A'B’C’" va A,B,C, bang
nhau. Tinh cdc géc cia AA,;B,C, theo cdc géc cia AABC.”

Céch gidi nhu sau (hinh 150a) :

;
:
:
/
C,

H.150
a) Ta c6 : BA+CB+A0_—a+;’+C By oo e BRIEE
“hay . Aldy= E%.t‘_’, Tuong ty : BB, = C'C, = __a*’;”.

Tu d6 suy ra ba tam gidc vuéng OA'A,;, OB'B;, OC'C, bing nhau
(c.g.c). Vay OA, = OB, = OCy, titc 1a O 12 tAm dudng trdon ngoai tiép
AAIBICI. ' -

b) Do AOB'B, = AOC'C, nén B,OB' = C,0C" hay B,B'=C,C"
Tit d6 B,C, = B,C' +C'C, = B,C' + B,B'=B'C, ticla B,C, =B'C.
Tuong tu ta €6 : CoAy = C'A, A,B, = A'B. |
Nhu vay AA;B,Cy = AA'B'C.
Tu OBl = OCl, OBz = 002, sSuy ra B]Bz = Clcg.
Lai ¢6 ByB,C, = C,C,B; (vi AOB,C; cén) nén tif gide A;C,CiB, 1a
* hinh thang can va B,C; / B,C,. ' | o

Tuong tu CsAs // C1A1, AsBy // AyB,. Do d6 céc tam gidc A;B,C, va
AyB,C; c6 céc goc b&ng nhau ting déi mot. Vay ta chi can tinh cédc
géc cua AA,;BZC‘; Nhu‘ng vi hai tam glac A,B,C, va A'B'C bang nhau
nén viéc tinh nay quy vé tinh cdc géc cia AA'B'C’ (hmh 1501))

180° - A BsC
2 2

S i~ B‘A’C' =
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C+A’ m,=A+B
a 2

Tuong tu : CBA =

T Beb e B4R | o A48,
Vay B;A|C, = 5 C,B,A, = .

. a) Tacé AB=AB" nén AB'=A'B (hinh 151)
Suy ra A]=B,, vi thé hai

-dudng thing AA' va BB' song A
song (géc so le trong bing
nhau). Tuong tu BB' // CC'. R ... M\"P

Goi MN la duong kinh vudng . A
géc v6i AA', BB, CC'. Thé thi
A va A' déi ximg nhau qua -
MN, B va B’ ciing vay, C va C' ciing vay. Do dé AB va A'B dé6i xing
nhau qua MN nén giao diém cta ching ndm trén MN. Tuong tu céc
_giao diém ctia BC' va B'C, cia CA' va C'A déu nim trén MN.

Q\/C}
| z

H.151

N6i cach khdc, cac giao diém P, Q, R cung n3m trén mot dudng
thang d di qua tdm O cta dudng tron.

b) Khi cdc tam gidc ABC va A'B'C' thay déi thi du’dng thing d ciing
thay d6i nhung né luén di qua diém O c6 dinh.

Loi binh : Xét thém bai toan sau :

“Cho AABC noi tiép trong dwong tron tam O cé canh BC c6 dinh con

dinh A chay trén duong tron. Goi H la truc tam AABC va O;, O Oj

theo thu tu la tam cdc duong tron ngogi tiép cdc tam gidc HBC, HCA,

HAB. '

a) Khi diém A chay trén (0) thi cde diém O;, Oy, O3 chay trén nhing
duong nao ? L

b) Chitng minh rdng ba duong thaf;’zg AO,, BO,, CO; cdt nhau tai mot
diém."

Cach giai nhu sau (hinh 152a) :

a) Piém A’ d6i xing véi truc tAm H qua canh BC ndm trén dudng tron
0, nén AHBC déi xing déi véi AA'BC. Do dé hai dudng tron (O) va
(0;) d6i xing nhau qua BC, hai dudng tron (O) va (O,) doi xding
nhau qua CA, hai dudng tron (O) va (Os) d6i xing nhau qua AB.

Vay O; 1a mdt diém ¢8 dinh.
Con O, chay trén dudng tron tdm C ban kinh bing bén kinh dudng
tron (0), O3 chay trén dudng tron tam B biang dudng tron (O).
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A

el

H.152

F
)
H
] mi
0,
b)

b) Goi M la chan- duong vudng géc ha tit O xudng BC (hinh 152b). Ké
duong kinh BF ta c6 AH // FC (vi c;img vudng goc véi BC), AF // HC
(vi cung vudong goéc vdi AB) nén tu gidc AFCH la hinh blllh hanh, do

OM song song va béng -2-FC nén OO, cung song song va biang AH.

Do d6 AO, di qua trung diém cua OH. Ching minh tuong tu cho BO,

va CO;{.

Vay ba dudng thing AO,, BO, va CO; cing di qua trung diém cta OH.
9. Xét ha1 ta giac MDBF va MECD (hinh 153) ta thay ching ¢6 cac géc
tu’dng ing biing nhau vi BFM = BDM = CDM = CEM = 90° (gt).

Lai ¢6 FBD = DCE (vi cing b hai géc bing nhau ABC va ACB).

Do d6 FMD = DME.

Pudng tron (MBC) tiép xic véi AB ¢ B va véi AC ¢ C (gt) nén ta c6 :

F_'E-M = BCM (cung chdn cung BM)

A

DBM = ECM (cung chdn cung CM). Suy ra :

MF BF MB
CD MC
MD BD MB
ME CE MC
MF BF MD ‘BD
MD CD ME CE’
Hai ti gidc MDBF va MECD ¢6 cdc
goc tuong dng bang nhau va cdc canh
tuong ing ti 1é vay ching déng dang.

AMBF «» AMCD nén

AMBD «» AMCE nén

Tu dé6 ta ¢o :

Loi binh : Xét thém bail toan sau :

" H.153

"Tu mét diem M ngoai duong tron tam O ta ké tiep tuyén MT va cdt
tuyén MNP. Chitng minh ridng MT? = MN.MP va nguoc lai néu ¢6 hé
thize MT® = MN.MP thi MT la tiép tuyén cia (O).




10.

Ap dung : Cho AABC, D va E la giao diém ciia phan gidc trong géc A
voi duong tron ngoai tiép (ABC) va véi canh BC. Chuing minh rding DB
la tiép tuyén cia duong tron (ABE) va DC la tiép tuyén ciia duong trom
(ACE).”
Cach giai nhu sau (hinh 154) :
Xét hai tam gidc MNT va MTP
dong dang vi ¢6 hai géc nhon bing
nhau T =P (cing chidn cung TN)
va géc M chung. Do d6 :
MY _MN sy MT? = MN.MP
MP MT
Ngugc lai (ban doc tu ching minh).
Ap dung (hinh 155)
AD la phan giac goc A nén BD =DC. Xét
hai tam gidc ABD va BED c6.géc D chung,
BAD = EBD (géc noi tidp chin hai cung
bing nhau), vdy ching déng dang (g.g). Do
do :

D028 g TR DADE. D
DE _ DB H.155

He thie nay ching té6 DB la tiép tuyén cia dudng tron (ABE).

Chimg minh tuong tu véi hai tam gide dong dang ACD va CED, ta dugc :
DA 5 o '
L N
DE DC
Hé thic cudi nay ching t6 DC la ti€p tuyén cia dudng tron (ACE).
(Hinh 156) Ta phai chimg minh hé thiic : AC.BD = AB.CD + BC.AD

That vay, AABE « AACD (g.g) vi ¢6 o
BAE = CAD, B=C (cung chan cung AD), D
do dé : -

AB BE

—= hay AB.CD = AC.BE (1)
AC CD D

Lai xét AABC »» AAED ta c¢6 :

, B C
Ko BU ey ADBO<AGTE 12) \/
AD DE

H.156

Tu (1) va (2) suy ra : ‘
AB.CD + BC.AD = AC.BE + AC.DE = AC(BE + ED) = AC.BD
Vay ta ¢6 hé thuc : AC.BD = AB.CD + BC.AD.
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e Li binh : Ta hiay van dung dinh li Ptélemé dé giai bai todn sau :
"Cho phép bién doi mét — mot sao cho moi bg bon diem (A,, Ay, Ay, A)
va bg bon diém (B,, By, B, B)) lién h¢ vdi nhau bdi ding thic :
A;A; A;A; B/B; BB,
Az Ay T ALA ) B;B, BB,

Chiing minl rdang phép bién doi nay la vong quanh, tite la né bién doi
duong thdng va duong tron thanh duong thdng va duong tron.”

Cdch gidi nhu sau : |

Gid st bo bon diém (A, Ay, Az, A,) duge sdp x&p trén dudng tron hosc
dudng théng. Theo dinh li Ptélémé ta c6 :

A]Ag.A3A4 + AgA;}-AqA] = A1A3.A4Ag.

ABy AsAy  A1AgAA,

Tu dé6 :

Al Bihy  AghgBuhy
hay AAg ; AAy el Al_Az AIAd
A A AL, AR, A, A,
- g s g s « gl B,B
Dua vao gia thiét ta c6 thé viet : 22 S, Lot —tis B, B, va

B,B, B,B, ~ B,B; BB,
theo dinh 1li Ptéléma, ta k&t luan riang : bon diém B,, B,, B3, B; n&m
trén dudng thing hodic dudng tron.

11. biat AB = a, BC = b (hinh 157).
Ké duong kinh DB = 2r, ta c6 :
= 1/4r2-b2 y )=

bat AC = x, theo dinh 1i Ptélémeé thi :
4r? b2 +b 4r

X.2r = a .
Tu d6 %= a"l——— Jl————
41‘ 41‘ H.157

Tuong tu néu z 1a day truong cung biang hiéu ciia hai cung da cho thi :

. 2 2
Z=a l-b——b l—a—~' (a>Db)
V 4r? V 4r?

Biéu thic sé rat don gidn néur = 1.

Luu y : Ta nhan thay rdng : néu a = b bing canh cia méot da gide déu
2n canh thi ta ¢6 thé tinh duge canh cta da gide déu n canh néi tiép.
Néu a va b 1a canh cla hai da gidc déu ngi ti€p, dong thoi hiéu cia hai
cung da cho ¢6 day la canh cia mot da gidc déu noi ti€p khée thi ta c6
thé tinh canh cla da gidc déu dé.
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5 i - ) e A s gl
Chang han, %—-i— =R Nhu vay biét canh a3 cia tam gidc déu ndi tiép

va canh a; ctia hinh vuéng ndi tiép thi ¢6 thé tinh caﬁl cia hinh 12
canh déu nji tiép.

CUthé,Véir:lthiag= \/:_3-, aq = 1/5, dOdéﬁ[g'—-‘- \/§HJ§

e Loi binh : Ta van dung dinh li Ptélémé
dé giai hai bai todn sau :

1. Cho AABC déu va diém P nédm trén cung AB
(khong chita C) cia duong tron ngoai tiép
tam giae. Chung minh réng tong cdc khodng
cdach PA + PB bdng khodng cach PC.

That vay (hinh 158), do tit gidc APBC noi

ti€p trong dudng tron nén theo dinh Ii
Ptolémé ta c6 : AB.PC = AC.PB + BC.PA

Chia hai vé& cho AB dugce : PC = PA + PB.

2. Chung minh rdang trong hinh bdy canh
déu (thdt gide déu) ABCDEFG ta ¢ hé
r .1 . 1
AB AC AD
Hinh bdy canh déu c6 thé noi tiép
trong dudng tron (hinh 159). Xét tu
giac ACDE, theo dinh li Ptélémé ta cé6 :

AD.CE = AE.CD + AC.DE
Nhung AE = AD, CE = AC va CD = DE = AB,
dodé: AD.AC = AD.AB + AC.AB.
Chia hai vé& cho tich AB.AC.AD ta c¢6 ngay hé thic phdi ching minh.

thite :

H.159

12. a) Cdc diém D', E', G' d6i xung truc A
tam H cia AABC nidm trén dudng
tron ngoai ti€p (0), do dé DH = DD/,

EH = EE’ (hinh 160).

Suy.ra AHBC = AD'BC (c.c.c), do dé
dudng tron (H, B, C) bing dudng
tron (D', B, C) = dudng tron (O).
Tuong tu, xét AHAC va AHAB ta ciling
¢6 duong tron (H, A, C) = dudng tron
(H, A, B) = dudng tron (O).

b) Cédc géc noi tiép ET’z = C, (cung chdn cung BD') va ﬁi = ET;, tuc la
E'B 1a tia phan gidc géc GE'D".
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13.

238

Ching.minh tuong tu D'A 1a tia phan gide géc G'D'E". Hai tia phan
gidc nay cit nhau tai 0, nén H la tam du’dng tron noi tlep AD'E'G'.
Loi binh : C6 thé dat thém céau hoi sau :
“c) Cho truée duong tron (0), diém A trén (0) va diem H trong (O), hay
dung AABC ndéi tiép (0) va nhan H lam true tam."
Cédch dung nhu sau :
Noi A véi H cat (0) tai D'. Qua trung diém D cua HD' dung trung truc cta
HD' cit (O) tai B va C. Ta duge AABC phai dung. That vay, ta ching
minh duge BH L AC bing cach so sanh hai tam giac BHD va AHE.
Xét hai tam giac ABM va NAB (hinh 161), ta ¢6 : |

—

ABM = BAN = 60°; ABN = sd-A2—P

AMB = sdfs—-P: —sdgf—)
2 2

Do dé : ABN = AMB = sduA*;—

Nhu viay AABM » ANAB (g.g).
Suy ra : L hay AN.BM = AB” = khéng déi.
NA AB

Lot binh : Xét thém bai todn sau :

T diem M trén duong kinh AB ciia mét duong tron (O) ta ké duong
vuong goc cdt duong tron tai C va D. C}umg minh rang tzch cdc canh
doi ciia tit giaic ABCD bang nhaw."

Ta c6 : AC = AD va BC = BD (hinh 162).
Vay AC.BD = BC.AD .

Cé thé rit ra mot sé6 nhan xét sau : Al i "
| o M /B
| D

a)- Dinh nghia : TG gide ndi tiép mot
dudng tron ma tich cac canh déi biang
nhau goi la ¢« giac diéu hoa, cdc dinh
cia tit gidc goi la cdac diém diéu hoa

cua duong tron. H.162
b) H¢ qud : Hai canh d6i clia mot ti gide diéu hoa bing nua tich hai
dudng chéo cua né.
That vay, theo dinh li Ptolémeé déi véi tir gide noi tiep ABCD, ta cé
AB.CD = AC.BD + BC.AD




14. Xét cdc géc ¢6 dinh S & trong dudng tron

15.

tong so do clia hai cung bi chdn nén :

"Tudé: x+y+a+b=2m, ticlax+y+ AB = 2m.

va néu ti gidc nay lai l1a td gidc diéu hoa thi :

AC.BD = BC.AD = %AB.CD.

(hinh 163) ta ¢6 s6 do mdi géc biang nia

sdASC = %sa(ANC + PBM)

= sdABC + sdMNP

(s do goc noi tiép bing nira sé do cung bi chin). H.163

Lai ¢c6 ASC = ABC + 60° (gt) nén MNP = 60°. Chiing minh tuong tu ta
dugc : MPN = PMN = 60°, Vay AMPN la tam gidc déu.

Lot binh : Xét thém bai todan sau : "Cho 4ABC. Tim diém M sao cho
ba tam gidc AMB, AMC va BMC c6 chu vi bing nhaw.”

Cach giai nhu sau (hinh 164) :
Ta dung ba dudng tron tam A, B, C tung lﬂ
doi tiép xdc ngoai va c¢6é ban kinh lan ‘
lugt 1a };, b, c. : c%}
Gc}i O la tam dudng tron ti€p xic véi ba V
dudng tron trén va cé bdan kinh m. Pat
Oh=% OB="9 0C =2z ta eds

X+a=y+b=2z+c.

H.164

Tuong tu x+2z+AC=y +z+ BC =2m.

Cdcgid trix + y + AB, x+ z + AC va y + z + BC chinh 1a-chu vi cda

cac tam gidc AMB, AMC va BMC. Vay O chinh 1a diém phai tim.

Luu y : a) Diém O 1a diém duy nhat c¢é tinh chat cia bai ra va nim
trong dudng tron 1én nhat cua ba dudng tron tam A, B, C.’

b) Bai todn nay con duge goi la bai todn vé ba tam gidc ¢é chu vi béng

nhauw. .
Ta ¢6 (hinh 165) :
KGH =90° - G; = 90° - C; (vi AOCG cén). 1

sd@ﬁ{:sdé(m+6ﬁ) A

=mg@+ﬁ-ﬁn

=m£&-%wﬁé=9w-éL
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Vay KGH = GKH, tac 1a AHKG cén tai H. Suy ra HK = HG.

L&i binh : Tuong tu : "Cho duong tron (0) va hai day MN = MP. Trén
cung MP ldy mét diém T. Goi S la giao diém cia hai duong thing MT
va NP. Ching minh réng MSP = MPT."

Céch gidi nhu sau (hinh 166) : T
sdMSP = Lsd(MN - PT)==sd(MP - PT)
2 2 N

-;—d’m _ sdMPT. ‘ o

Vay MSP = MPT.

D. BAN CO BIET ? H.166

1.

a)

b)
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; I. HE THUC OLE
Ta biét réng : "Néu tit mot diém M c6 dinh khong n&m trén dudng
tron (O) ta ké mot cat tuyén cdt (O) tai A va B thi tich MA.MB la mot
hiing s8, tic klidng phu thuge vi tri cta cat tuyén."

N&u goi khoang céch tir M dén tdm O la
d (hinh 167) va ban kinh (O) 1a R thi :
MA.MB = d*> - R* = héing s0 M
Néu diém M & trong (O) thi MA.MB = R %
Ung dung :

Ching minh bon diém cung ¢ trén mot duong tron

Do tich MA.MB 12 mgt hing s6 khong phu thude vi tri cua cat tuyén
MAB nén ta ¢6 thém mot phuong phdp dé ching minh mot ti gide noi
tiép sau day : '
"Pidu kién cdn va di dé bén diém A, B, C, D clng ¢ trén mot dudng
tron (tdc 1a ti gide ABCD noi tiép duge) la : MA.MB = MC.MD, véi
MAB va MCD la hai c4t tuyén ké tir M t6i dudng tron (0).”

H¢ thie Ole

Cho AABC. Goi O va K theo thi tu la tdm
ciia hai dudng tron ngoai ti€p va ndi ti€p
tam gidc (hinh 168), R va r la ban kinh cua
ching. Ta cé hé thic Ole sau :

R®> - d* = 2Rr (d 1a doan noi tam OK)
Chung minh. Phéan gidc AK cua géc A di qua
trung diém O ciia cung BC va doan OE 1 BC
1a mot dudng kinh. Néi BO', BE, BK va ké
KF L AB.

H.167




—~ ~

A+B

Suyra OK=0B. Tac6: KAKO =R*-d* (%
. OB _ 2R
Xét hai tam gidc vudng dong dang BEO' va FAK ta c KA'
r
Tirdé KA.O'B=KAKO' =2Rr.

So sdnh véi (¥) ta ¢ hé thic : R — d* = 2Rr.

Il. BAI TOAN NAPOLEONG

. Napolééng (Napoléon) nha vua ndi tiéng cia nuée Phdap da quan tam
giai bai todn sau day :

"Chia mét duong tron tam O cho trude thanh bon phan bang nhau ma
chi duoc dung compa (khong dung thudc).” <

Gia su phai chia dudng tron (O) thanh bén, :
phan bing nhau (hinh 169). T¥¢ mot diém A
tuy y trén dudng tron dung compa ta dat 3 lan
ban kinh dudng tron, dugc ba diém B, C, D.

Dé thay khoidng cdach day cung AC bing canh

3 s ~ ~n . A 1 ~ - #
cua tam gidc déu ngi tiép (5 dudng tron), tic

12 bang rv3. Nhu thé AD la duong kinh. Tu H.169

hai diém A va D véi ban kinh bing AC vé hai cung nhd ¢it nhau tai M.
Ta ching minh ring khoang cdch MO bing canh hinh vudng noi tiép
trong dudng tron (0), tic 1a bing rv2.

Xét AAMO vuong tai O ta c6 : MO = \fAM"2 - A0? = 1./31'2 -r? =r/2.
Bay gio chi can dung compa véi khdu do bing MO ta dat lién ti€p trén
dudng tron bon diém dé duge hinh vudng noi tiép.
Vay ta da chia duge duong tron thanh bon phan bing nhau.
. Luuy
Ta cling ¢6 thé giai bai todn sau day chi dung compa :

"Tang khodng cdch gitta hai diem A va B cho truse (hinh 170) lén 5
lan va néi chung lén mét sé lan cho truce.” -
Tu diém B v6i ban kinh AB vé dudng tron.
Trén dudng tron nay dit 3 lan khoang cach AB
duge diém C, rd rang C d6i tam véi A. Khoang A C
cdach AC bing 2 lan khoang cdch AB.
Tu C lai vé dudng tron ban kinh BC, bing cdch
nay ta tim duge diém déi tam véi B, cich A mot
khoang bing 3 lan khoang cach AB, v.v...

H.170

241



§15. TU CUNG CHUA 60C PEN
TU GIAC NOI TIED

A. KIEN THUC CAN NAM VUNG

1.

a)

b)

a)

b)

c)

d)

e)

Cung chvta goc

S6 do cua géc ¢6 dinh :

O trong dudng tron biing nita téng s6 do hai cung bi chin.

O ngoai dudng tron bing nira hiéu s& do hai cung bi chin.

Véi doan théng AB va géc d (0° < a < 180° cho truge thi-quy tich cdc
diém M théa man AMB = « la hai cung chita géc o dung trén doan AB.
Quy tich cde diém nhin doan thing AB cho trude duéi mét géc vudng
la duong tron dudng kinh AB.

Tw gidc noi tiép

Trong mot tu gidc ndi ti€p, tdng s6 do hai géc doi nhau bing 180°.

Déo lai, néu nif)t. 11t gide c6 téng s6 do hai géc doi nhau bing 180° thi
ti gide d6 noi ti€p duge dudong tron.

Do dai duong tron, dién tich hinh tron

Bat ki da gidc déu ndo ciing ¢6 mdt va chi mot dudng tron ngoai tiép,
¢6 mdt va chi mot dudng tron noi tiép.

D% dai dudng tron ban kinh R (ho#c dudng kinh d) duge tinh theo cong

thuc : C=2nR (hoac = nd).
Do dai ! cha mot cung n° trén dudng tron ban kinh R duge tinh theo
nRn

cong thuce : L= .
' 180

Dién tich S cia m¢t hinh tron bdan kinh R dugc tinh theo cong thuc :
3 2
S = nR? (hoac = n—-——).
4
Dién tich hinh quat tron ban kinh R, cung n®, duge tinh theo cong thitc :
74 "
mEn (hoa
360

(R
- c= -_)r
2
/ 1a do dai cung n” ciia hinh quat tron.

S=

B. CAC BAI TOAN PIEN HINH

1.
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Duong tron noi ti€p AABC (0; 1) ti€p xic v6i canh AB ¢ D, véi canh
ACJGE.



“a) Tinh khoédng cach tir O dén tam dudng tron nai tiép tam gidc ADE.

b) Cdc phan gidc trong cua géc B va C cdt duong thiang DE theo thif tu -
¢ M va N. Chiing minh ring bén diém B, C, M, N nim trén mot
dudng tron. _

Cho nua dudng tron tam O dudng kinh AB. Néi O véi diém C chinh

gilta nia dudng tron va kéo dai OC trén ldy doan CD = OC. Tu D ké

cac ti€p tuyén DM va DN véi (O) cit AB tai E va F. Tu S bat ki tren

cung MN ké tiép tuyén véi (O) cidt DE tai T va DF tai V.

a) Chung minh ba tam gidc DEF, OMC va DMN la nhimg tam gidc déu.

b) Goi I va K la giao diém cua OT va OV véi MN, chidng minh ring
bon diém O, T, V, N cung nim trén mot dudng tron.

Cho duong tron (O), mot diém A bat ki nim trén va modt diém M nidm

trong (O). Tim hai diém B va C trén dudng tron dé sao cho :

a) M la giao diém cdc trung tuyén cia AABC.

b) M la true tdm ctia AABC.

Hai duong tron tam O va O’ ti€p xic ngoai tai A. Ldy trén mdi dudng

tron hai diém B, C sao cho géc BAC luén vudng.

a) Chuang minh OB // O'C. -

b) Tim quy tich hinh chiéu H cta diém A trén BC va quy tich trung
diém I cua BC.

¢) Tim quy tich cia trong tam G cia AABC.

Goi E, I, G, H la chan cac dudbng vuong géc ha tit mot diém P cha dudng
tron dén cdc canh AB, BC, CD, BA cta mot ti gidc ndi tiép ABCD.

a) So sanh hai tam giac PEF va PGH. _

b) Suy ra réng : "Tich cdc khodng cdch tir mot diém trén dudng tron
dén hai canh déi cua mot ti gidc ndi tiép bing tich cde khoang
cach tir diém Ay dén hai canh kia."

Chung minh tinh chdt li thi sau day ciia ti giac noi tiep : "Céc cip canh
dol cua td gidc ABCD ndi ti€p kéo dai cdt nhau tai P va Q. Chung
minh ring tu gidc EFGH tao béi giao diém cdc phan gidc cia cdc géc -
P va Q véi cdc canh cda tit gide ABCD luén 1a mot hinh thoi."

Cho mot doan thang AB va mot diém M bat ki trén doan thing ay. Tu
M vé nita dudng thing vudng géc véi AB trén dé lay hai diém C va D
sao cho MC = MA va MD = MB. Duong tron tam O, di qua ba diém A,
M, C va dudng tron tam O, di qua ba diém B, M, D cit nhau tai mot

-~ diém tha hai N (ngoai diém M ra).

a) Ching minh ba diém A, N, D thing hang va ba diém B, C, N ciing
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10.

11.

12,

13

14.
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thdng hang.
b) Cé nhan xét gi vé mat trong bdn diém A, B, C, D déi véi ba diém con
- lai ?

¢) Ching minh dudng thing MN luén di qua mot diém ¢d dinh khi M
chay trén doan thing AB.

Cho AABC noi ti€p dudng tron dudng kinh AD va c6 dudng cao AA'.

a) So sdnh hai géc ABC va ADC, hai géc BAA' va DAC.

b) Goi BB' va CC' la hai dudng cao c¢it nhau tai H va E 1a giao diém
cia B'C' v6i AD. Chimg minh cdc tir gidc BC'B'C va DEB'C noi tiép
dugc trong dudong tron. )

Cdc dudng phan gidc trong va ngoai ciia géc C trong AABC cit duong

théng AB tai M va N tuong tng. Chiing minh ring néu CM = CN thi

AC® + BC* = 4R?, trong dé R la bdn kinh dudng tron ngoai tiép.

Cho dutng tron (O) ¢6 dudng kinh DE ¢6 dinh con dudng kinh FG thay

ddi. Goi M va N la giao diém ciia DF va DG véi tiép tuyén tai E.

a) Chimg minh t& gidc FMNG nbi tiép.

b) Ké trung tuyén DK cia ADMN, chiimg minh DK | FG.

¢) Tam S cia dudng tron ngoai tiép AFMG chay trén dudng nao khi
dudng kinh FG thay déi ?

Cho AABC déu canh a. V& hai dudng tron tim A va B bdn kinh a cit

nhau ¢ C. Vé dudng tron (O) ti€p xde hai cung AC, BC va canh AB.

a) Tinh chu vi hinh giéi han béi canh AB va hai cung AC, BC.

b) Tinh d¢ dai dudng tron (O).

Cho ADEF déu canh ¢. Ve dudng tron tam M dudng kinh DH la dudng

cao cia ADEF va dudng tron tam N ngi tiép ADEF. Tinh theo c dién

tich cua hinh tao thanh béi phan chung ctia ADEF véi hinh tron tam

M nhung khong thudc hinh tron tam N.

Cho hai dudng tron tam O va O’ ban kinh R va r véi R = 3r tiép xtc

ngoai tai I va MN la tiép tuyén chung ngoai cia chiing.

a) Tinh MN va tinh ban kinh cia dudng tron nhé tam K tiép xdc véi
MN tai P va véi hai dudng tron da cho.

b) Tinh dién tich ctia hinh gi6i han bdi 3 dudng tron trén va MN.

DPudng tron c¢é duong kinh la dudng cao AH ctia mét tam gidc vudéng

ABC cit hai canh géc vuéng AB va AC tai D va E. Cdc tiép tuyén cia

dudng tron tai D va E cdt BC ¢ M va N.

a) Ching minh rdang M la trung diém ctia BH va N 1a trung diém cia
CH.




b) Tinh dién tich cia ti gide DENM biét cdc canh géc vudng cia
AABC la 7em va 5em.

¢) Tinh dién tich phan giéi han béi dutng tron da cho va tir gisde DENM.

15. Cho dudng tron (O, R) trén dé 1dy diém A c¢6 dinh réi vé dudng tron
(A, R).
a) Hay dung AABC noi ti€p dudng tron (O) sao cho truc tdm cia tam
. gidc dy la mot diém H cho trude ndm trén dudng tron (A).

b) Gia st AABC thdéa man cdc diéu kién trén da dung duge. Hay tinh
géc A cua tam gidc. ' '

¢) Cho H chay trén dudng tron (A). Tim quy tich trung diém M cia
canh BC khi AABC théa man diéu kién trong cau a.

16. Hay chia mgt tam gidc ABC thanh b_f'iy tam gidc can trong dé cé ba
' tam gidc bang nhau.

C. CACH GIAI VA LOI BINH

1. a) Géc ADE c¢6 thé coi la géc c¢6 dinh
6 trén dudng tron néi tiép AABC
va chidn cung DE (hinh 171). Vi thé
phédn gidc ciia né di qua trung diém
I cua cung DE. Tuong tu, phan gidc
géc AED cang di qua I.

Nhu vay I la tam dudng tron noi
tiép AADE va ta ¢6 OI = 1.

H.171

b) BOC =180° - B+ C _ ggo +%=B’13“0+0”5“M=B’51‘w. ;

—~ —

Lai c6 DMB = 180° — g - BDM = 180° - -g. - BOC = BCO,

tic la NMB = NCB. |

Nhu vay ti hai diem M va C ta déu nhin doan BN duéi nhiing géc
bang nhau, do dé bén diém B, C, M, N cing nam trén mot dudng tron.

e Loi binh : Tuong tu : "Cho duwong tron (I) va duong thing m cdt (I) tai.
hai diém co dinh B va C. Tt mot diém P bdt I trén duong thdng m
nam ngoai doan BC ké hai tiép tuyén vei (I) la PM va PN (M va N la
tiép diém).

a) Tinh cdc goc ctia APMN biét goc gitta hai tiép tuyén la 80°.
b) Goi K la trung diém cia BC, ching minh rding nam diém P, M, N,
K, I cung nam trén mét duong tron.” -
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Cach giai nhu S:au (hinh 172) :

a) Do PM va PN la hai tiép t,uyél_l
cung xuat phat tr P nén PM = PN

va APMN can, suy ra M =N;.
Biét MPN = 80° nén

' o _ 0
My = Mo = M ~ 50°.

b) Do K la trung diém cia BC nén IK 1L BC.

Cdc géc IMP = INP = 90°. Vay cdc diém I, M, N nhin doan IP duéi
mot géc vudng nén ching phai nam trén dudng tron dudng kinh IP.
Vay 5 diém P, M, N, K, I cung nim trén dudng tron dudng kinh IP.

a) Ta ¢c6 OM L DE vi DE la tiép
tuyén cua (O) (hinh 173). Tam
giac DMO vuéng ¢6 MC la trung
tuyén (vi CO = CD theo gt) nén
MC = CO = CD, vay AOMC déu.
Xét ADEF can c6 D =60° (vi
AOMC déu nén MOC = 60°, suy
ra MDO = 30°, do d6 D = 60°),
vay ADEF déu.

Ching minh tuong tu nhu déi
véi AOMC ta ¢c6 ADMN déu.
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b) Ta ¢6 MND =60°. Lai c6 IOV (= TOV = 60°) va nhu vay hai diém

O, N cung nhin doan TV duéi mét gée biang nhau nén bsn diém O,
T, V, N cung ndm trén mét duong tron.”

Vay ta c6 cach dung sau :

Kéo dai AM mot doan MK = %AM,

ké dudng vudong géc d véi OK tai K,

cit (0) ¢ B va C.

. a) Gia si B va C la hai diém phai tim .
(hinh 175). Trung tuyén AK cua
AABC di qua M ndm trong (O). Thé
thi AM = 2MK. Mat khde OK 1 BC.

A
o)
M
H.175

Bai todn ¢6 vé s6 nghiém hinh néu K trung véi O vi lic d6 AABC




vudng ¢ A nén cé vé s6 dudng kinh va cé .
vO s6 tam gidc vudong nhu thé. ..
Néu K nam trén dudng tron (hinh 176),
ta ké AOA; va ké MM, // A|K ta c6 géc
AMM, vudng vi géc AKA, vudng. Do A va
M co dinh nén A; va M, cing cd dinh.
Qujr tich cia M c¢6 tinh chat khi néi AM

vii Tedo: i 1t Boan MK = —;-AM thi K

nam trén dudng tron nhin AM, duéi mot H.176

géc vudng, tic 12 duong tron (C) duong kinh AM, = -3- dudng kinh

duong tron (O).

Nhu thé&, néu M nim trong cd hai dudng tron thi dusng thang d cét
(O) tai B va C (indt nghiém hinh). Néu M nidm ngoai (C) thi K n3m
ngoai (0) tai diém trung véi K tie 1a ba diém B, C, K trung nhau va
AABC tré thanh doan thing AK.

Vay M phai nam trong duong tron (O), giéi han trong dudng tron

duong kinh AM, = g dudng kinh ctia (O) va khong duge ndm trén

dudng tron dudng kinh AO, = % ban kinh cta (0), vi khi d6 AABC

sé tré thanh doan thing.

b) Gia sit da dung dugc hai diém B va C khi
M la truc tam AABC (hinh 177). Khi dé
diém K déi ximg véi M qua BC nam trén
(0) va MI = IK.

Dé xdc dinh B va C ta kéo dai AM cit
(0) tai K. K& trung truc cia MK cit (O) &
hai diém B va C phai tim.

A

Bai todn ¢6 mot nghiédm hinh duy nhat.
o Loi binh : X6t thém bai toan sau ;
"Ching minh réng trong moét ngi gidc 16i néu ABC = ADE va
AEC = ADB thi BAC = DAE.” |

Cai hay va cing la cdi khé cua bai todn nay la phai tim cach vé cho
dugc hinh dédp tng yéu cdu cia cdc géc bang nhau trong dé bai dé thda
man duge gid thiét. Do dé ta ¢6 cdch vé hinh sau (hinh 178).:

247



Goi F la giao diém cia BD va
CE. Ta thay ngay ring do
AEC = ADB (gt) nén bén diém
A, F, D, E nam trén mot dudng
trom.

Lai ¢6 ABC = ADE (gt) ma
ADE = AFE (cing chén cung :
AE) va ABC + AFC =180° vi AFC la géc ké bu cia AFE. Vay ta c6
bon diém A, B, C, F cung ndm trén mot dudng tron khéc cé giao diém

1a A va F véi dudng tron thua nhat.

Suy ra BAC = BFC (cung ch#n cung BC)- va DAE = DFE (cing chén
cung DE). Nhung BFC = DFE (d6i dinh) vay : BAC = DAE.
4. a) Xét hai tam giac can AOB va AO'C (hinh 179) ta ¢6 :
OAB + O'AC = 90° (vi biing O'AO - BAC = 90°)
Do dé : OAB +OBA + O'AC + O'CA = 180°.

Vi tong cdc goc trong cua hai
tam gidc trén bing 360° ta
suy ra AOB + AO'C = 180°.

Vay OB phai song song véi
O'C. 8 B
B i C H179 -
b) Gia st R # R' va goi E la
giao diém cua OO' va BC. Vi OB // O'C nén E la tam déng dang
ngoai ctia hai dudng tron, do dé E ¢ dinh. Diém H luén nhin doan

c6 dinh AE duéi mot géc vudng vay quy tich cia H la duong tron
duong kinh AE.

Trong trudng hop R = R' (hai dudng tron bang nhau) thi OO'BC la
hinh binh hanh, nén BC / OO’, do d6 AH L OO'. Mat khac OA = O'A
nén quy tich cua H 1a mét phan dudng trung truc cia OO' (giéi han
béi hai tiép tuyén chung ngoai). Do IK la dudng trung binh ctia hinh
thang BOO'C nén :

R+R,dod6: Bl IK _R+R'

1K = = =
EC OC 2R’

R+ R’

Vay quy tich cia I la duong tron tdm E, ti s6
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¢) Vi G la trong tdm cia AABC nén ta ¢6 : AK?— = % Do dé G la diém

dsi xing cia I trong phép bién ddi dong dang tam A, ti so % '

5 % A T v o gn
Vay quy tich cua G la dudng tron tam A, ti s6 —
&
Loé binh : Tuong tu : “Cho mét diém A c6 dinh va mét diém B di
dong trén moét duong tron (0) ¢d dinh. Phan gidc trong ciia géc AOB
cit AB ¢ M.
a) Ching minh duong thdng song song vdéi OB ké tu M luén di qua
mét diém cé dinh.
b) Tim quy tich ciia diém M.
¢) Hay gidi bai toan néy khi phan gide ngodi ciia gée AOB cit AB tai N."

Cach giai nhu sau (hinh 180) :

a) OM la phan gidc trong cua AAOB nén Mo = s (1)
_ MA OA

Goi P la giao diém cua dudng
thidng song song véi OB ké tu
M téi OA (P phai & trong doan
OA vi M ¢ trong doan AB).

Tacé:g—qz@ {2)
PA MA
Tu (1) va (2) co Ezgg—
PA OA

Ti 1é thic nay ching té rang diém P chia trong doan OA c¢d dinh

& sl A = B A R g
theo t1 s6 khong doi 5A nén P phai la mot diém co dinh.

b) Tu ti 1é thue (1) suy ra BN = 08 = khong doéi. Thanh thu P
AB OA+OB
1a diém déng dang phéi canh ctiia B trong phép bién déi dong dang
tam A ti so —#QA— Do dé :
OA + OB

Khi B di déng trén dudng tron (O) thi quy tich cia M la dudng tron
(déng dang phdi canh véi (0)) trong phép bién doi dong dang néi
trén, c¢6 tam la P va di qua O.

¢) Khi ON la phan gidc ngoai cua géc AOB thi ta ¢6 (hinh 181)
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NB_OB
NA OA
Pudng thing song song véi OB
ké tir N cit AO kéo dai tai Q (Q
nam ngoai doan OA), ta ¢ :

NB
90 DNB T
QA NA
- Tir (3) va (4) ¢6 : i = —O—E Ti 18 thic nay ching té Q 12 diém chia
QA OA

« 4a)

. 7 o P T T ., OB T »
ngoai OA c¢d dinh theo ti s6 khéng déi _(%; nén Q phai la diém cé

dinh.

AM . OA
AB  OA-OB
dong dang phdi canh ctia B trong phép bién d6i dong dang tam A,

= k (khéng déi), nén N la diém

Tu (4) ta suy ra

ti 56 k. ‘
Vay quy tich‘_ciia N la dudng tron (déong dang phéi canh véi (0))
tdm Q va di qua O.
Cdc t¢ gidc PEBF va PGDH déu c6
hai gée dai vudng (hinh 182). Trong ti
gidc PEBF ta ¢6 : EPF bu véi EBF
(tie 1a ABC). Trong tit giac PGDH ta
¢6: HPG = ADC.
Bigt ABC bu véi ADC (trong ti gidc
ABCD) ta rit ra :

HPG = EPF (1)
Mit khde, cdc ti giac PEBF va PGDH déu ndi tiép duge trong mot
dudng tron nén : PEF = PBF (cung chin cung PF) va PHG = PDG

~ (cung chan cung PG). Nhung trong dudng tron (ABCD) lai ¢6 :

b)

PBF = PDG (cung chin cung PC), do d6 : PEF = PHG (2)
Tu (1) va (2) ta c6 ngay : APEF «»» APHG (g.g).
Tu hai tam gidc dong dang trén, ta cé :
PE PF
PH PG

Vay : tich cac khoang cdch tiu P dén cdc canh déi cha ti gide ndi
tiép ABCD béng tich cdc khodng cach tit P dén hai canh kia.

hay PE.PG = PF.PH




o Loi binh : Xét thém bai todn sau :
“Cho hai duong tron (0) va (O°) cit nhau tgi M va N. Puong thing MO
cdt (0) va (O) theo thit ti tai P va P’, duong thang MO’ cdt (O) va (O°)
theo thi tu tai Q va Q. Chirng minh rang :

a) T gidcc OQP’'O’ néi tiép. o
b) Tu gigac SPNP' néi tiép, trong do Q
S+la giao diém ciia PQ va P'Q"." = 3
Cach giai nhu sau (hinh 183) :
Y = 1 !
a) Ta hay chiung minh O, = O';. 2 _
) y g 1 1 5 o
That vay, O; la géc ngoai ¢ P '
dinh O cua AOPQ can nén N Q
' 11.183

Os = 2P va 04 = 2Q"

-~ —

Ma P = Q' (géc c6 canh tuong ung vuong géc PQ L QQ’, PP’ L P'Q)).
Suy ra O = 6’1, vay ti gide OQP'O' ndi tiép.
b) Ta hay ching minh S+ PNP’ = 180°.
That vay, AQSQ' co S@QZ: 90°, suy ra S+ Q’ =00,
Ma Q’ = MNP (cung chén cung MP' cua dudng tron (O')).
Dodé: S+ MNP’ =90° ma MNP -: 90°, suy ra :
PSP’ + MHI_\?P + MNP’ = 90° + 90°.
Vay tacé: S+PNP’=180°, suy ra ti gidc SPNP' ndi ti€p.

6. Do ti gidc ABCD noi tiép nén goc P
ngoai DCQ tai dinh C bang goéc
trong BAQ tai dinh doéi dién A
(hinh 184). Vi QE la phan gidc goc
Q nén cdc goc cua AAQE theo thu
tu biing cdc géc cia ACQG. Do dé
CGQ = AEQ.

Nhung CH’(‘TTQ = PGE (ddi dinh) nén
PEG = PGE va APEG can.

H.184

Phan gidc géc P 1a trung truc clia ddy EG nén H va F nam trén trung
. truc d6 sé cach déu E va G. Tuong tu E va G cing cdch déu H va F.
Vay ti giac EFGH la hinh thoi.
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7. a) Tacé ACN = AMN (cung chdn cung AN) (hinh 186).

2562

Tir gidc NMBD noi ti€p trong duding tron (0,) nén
NDB + NMB = 180°.
Nhung AMN + NMB ='180°, suy ra

AMN = NDB (vi cing b véi NMB). / 5
Nhu vay ta ¢6 NCA = NDB (cung > 6 :
bang géc AMN). / 37
- Kéo dai AC cdt BD 6 P ta c6 : 0,
NCP + NCA = 180°, A M B
H.186

b)

c)

suyra NCP + NDP = 180°.
90°

Vay ACAM vuong can, nén CAM = = 45° Chung minh tuong tu

ABP = 45°. Trong AAPB téng hai géc PAB va PBA biing 90° nén
APB = 90°. Tit d6 DPC = 90°, -

Td gide NCPD da c6 tong ba gée NCP, NDP va DPC bing 270° nén
CND = 90°. Doan AC la dudng kinh cia duong tron (A, M, C) vi

- AMC = 90° (gt) nén ANC =90°. Do d6 ANC + CND = 180°, vay ba

diém A, N, D thing hang.

Vi DMB = 90° (gt) nén BD la dudng kinh cia duong tron (D, M, B)
va DNB =90°. Ma DNC = 90° (chimg minh trén), suy ra NC trung
vdl NB, vi tir N chi c¢6 thé vé mot dudng vuong goéc véi AD, tic 14 ba
diém B, C, N phai thing hang.

AADB c¢6 DM 1 AB, BN 1 AD nén C la tryc tdm cda tam gidc.
AACB ¢6 CM 1 AB, AD 1 BC nén D la truec tam cua tam gidc.
Tong tu A la tryc tam cia ABCD va B 1a truc tam cua AACD.

Nhu vay mot trong bon diem A, B, C, D la truc tam cua tam gide do

ba diém con lai tao thanh.

'DL.ra vao két qua cta cau a, ta ¢c6 ANB = 90°, NMB = 45°, Suy ra

ANM = 90° - 45" = 45, tiic la MN la phan gide cia géc ANB.

Vi ANB = 90° nén N sé chay trén dudng tron dudng kinh AB. Do
MN la phéan gidc géc ANB nén MN sé di qua trung diém E ciia cung
AB ¢6 dinh (vi ANM = MNB chén hai cung bing nhau AE va BE).




e Loi binh : Xét thém bail toan sau :

"Cho ADEF néi tiép. trong duong tron (O). Ba duong cao DD’, EE’, FF*
cdt nhau tai M va N la diém doi xing cia M qua trung diém P cia
canh EF. Ching minh ring :

a) Ba géc EE'F’, EE'D’ va FEN bdng nhau.

b) Piém N nam trén duong tron (0)." 0%

Céch' giai nhu sau (hinh 187) : "0

a) Tu gidc MF'DE co F' = E =90° nén
n{)-i tiep duge, suy ra D; =E4. - : F
Tuong tu, td gidc MD'FE' ngi tiép
duogc, suy ra F1=E%. 11.187 N

T gidc EMFN la hinh binh hanh (vi EM / NF do cung vuéng géc
véi DI va EN / MF do cung vudng géc véi DE), suy ra F1 = E1.
Nhung Di =y (gbc c¢6 canh tuong Ung vudong goéc) nén
E) =E's = E, tdc la ba géc EE'F', EE'D' va FEN bing nhau.

b) Do EMFN la hinh binh hanh nén ENF = EMF = F'ME’ (dsi dinh).
Ma F'ME'+F'DE’ =180° (t& gidc MF'DE noi ti€p theo cau a) nén
suy ra F'DE’+ENF =180°. .Do dé t& gide DENF noi tiép duge
duong tron (0), vay diém N nam trén (O).

8. a) Ta c6 ABC = ADC (cung chin cung AC) (hinh 188). Ma A +B= 90°,
Az +D =90° (vi ACD =90°).
Suy ra: Ai = Az, tiela BAA' = DAC.

b) Tu gidc BC'B'C ¢6 cdc goc ta1 C' va B’
vuong nén noi tiép duge trong dudng
tron dudng kinh BC. Suy ra téong hai
géc doi C'B'C+B=180°, ma B=D
va C'B'C chinh la EB'C.

Do d6 EB'C + EDC =180°. Vay tu gidce A |
DEB'C nai tiep dugc. H.188
e Loi binh : C6 thé xét thém hai cau héi nia : ’

“¢) Chung minh B'C' L AD.

d) Cdc duong cao AA’, BB', CC’ cdt duong tron theo thi tu tai A,;, By,
C,. Ching minh rang HA' = A'A,, HB' = B'B;, HC' = C'C; va riit ra
nhan xét vé cde diém H va A;, H va B;, H va C, déi voi duong tron
(0) ngoai ticp AABC.”
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Cédch giai nhu sau :

¢) Do tit gidac DEB'C ndi ti€p nén ta cé tong hai géc déi
B'ED + B'CD = 180°, ma B'CD =90°, suy ra B'ED =90°, tic la
B'C' L AD.

d) Dé chung minh HA' = A’'A,, ta ¢6 B = A;XC (cuing chén cung A,C)
va B = A AC (canh tuong uing vudng géce), Suy ra B = B2. Do dé
AHBA, can nén HA' = A'A,.

Ching minh tuong tu ta ¢6 : HB' = B'B, va HC' = C'C,.

Nhan xét : Trong AABC néi tiép duong tron (0), cic diém doi .rzmg

cia tric tam H qua ba canh luén ndm trén duong tron (0O) ngoai tiép

tam gidc.

Gid su A, M, B, N 6 trén dudng

thang AB theo thi ty nay (hinh

189). (Néu bén diém trén xép

theo thi tu N, A, M, B thi ciing

xét tuong tu).

Taeo: MCN =

va CMN =45° (vi CM = CN).
Do.dé : 2BAC + BCA = 2(MAC + MCA) = 2CMN = 90°
Mat khdc BAC + BCA = 180° - ABC. Tir d6 BAC = ABC — 90°.
Do géc B tu nén duong kinh AD cia duong tron ngoai tié’p' AABC nam
ngoai tam gidc vay :

DAC = (180° - ADC) - ACD = ABC - 90° = BAC

(vi hai gée ABC va ADC la hai géc déi ciia tif gide noi tiép ABCD).
Thanh th DC = BC va 4R* = AD” = AC? + DC? = AC? + BC®.
Lot binh : Tuong tu : _
"Cho tit gidc ABCD trong dé AB = AD va CB = CD. Chitng minh réng :
a) C6 the ngi tiép mot duong tron trong ti gide..
b) Co thé ngoqi tidp mot duong tron khi va chi khi AB | BC."
Cach giai nhu sau (hinh 190) :

a) Theo dé bai ta c6 AB + CD = AD + BC. Vay trong tu giac ABCD c6
thé noi tiép mot dudng tron.




b)

Xét hai tam gidc bing nhau ABC
va ADC (c.c.c) ta ¢6 B =D. Vi thé
ta c6 thé ngoai ti€p mot dudong
tron khi va chi khi :

180°

ﬁ:%(l%ﬁ): - 90°,

tade 1a khi B = 90° va AB 1 BC.

10. (Hinh 191). a) Ta c6 : sdGsg = %sdf)_ﬁ‘;

b)

c)

sdM - Zsd(DGE - EF) = sd(DFE - EF)
= lsdf)_f".
2

Suy ra G2 = M.
Nhung Gi + G2 =180°

nén M; +G; = 180°. M E K
H.191 =

Vay tir gide FMNG noi tiép duge.
Géc FDG vudng (chdn nira dudng tron (0)), DK 1a trung tuyén cua
tam gidc vuong MDN nén DK = KM = KN. Suy ra ADKN can, do dé6

—~

ﬁ} =N, ma éz = 1\?[1 nén fh + 6}2 = ﬁ-&- ﬂh = 90°.
Vay DIG = 90°, tic la DK 1 FG.

Do tif gide FMNG ndi tiép duge nén dudng tron ngoai ti€p né chinh
la dudng tron ngoai ti€p (MFG). Qua O ké trung truc cua FG va qua
K ké trung truc cia MN, ching ciat nhau tai S va S la tam dudng
tron ngoai tiép (MFQ).

Ta ¢é6 KS // OD (cung vudéng goc véi MN), OS / IK (cung vudng géc
v6i FG). Suy ra ODKS la hinh binh hanh, do d6 KS = OD khéng
déi.

Nhu thé, S luon cach tiép tuyén tai E ¢6 dinh mot khoang bang ban
kinh cua (O) nén tidm S cua dudng tron ngoai tiép AFMG chay trén
mot dudng thang song song véi tiép tuyén tai E mot khodng bi_’mg
ban kinh cuaa (O).

e Loi binh : Xét thém bai toan sau :

“Tw diém D ngoai duong tron (0) ta ké hai tiép tuyén DE va DF. Ldy
diem P trén cung EF ndam trong ADEF va ké PI 1. EF, PH | DE, PK | DF.
Goi M la giao diém ciia PE va HI, N la giao diém cia PF va KIL
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Chiing minh rdang :

a)

b) Tia doi ciia tia PI la phéan gide ciia géc HPK.

c)

Céch giai nhu sau (hinh 192) :

a)

b)

c)

a)

b)

Cac tu giac PIEH va PIFK néi tiép duoc.

Tw giac PMIN noi tiép ditoc.
Suy ra MN // EF."”

Do PI L EF, PH 1 HE (gt)
nén cdc goc tai H va I déu
vuong, do dé tu gidac PIEH
néi tiép duge.

Tuong tu ti gidc PIFK noi tiép duge.
Goi Pt la tia doi cia tia PI. Xét ADEF can (vi DE = DF la tiép
tuy&n ctia (0)) ta ¢6 hai géc ¢ ddy DEF = DFE. Do hai ti gise PIEH
va PIFFK néi tiép duoe (cau a)

nén HPI = 180° - DEF = 180° - DFE = KPL.
Tird6  HPt = 180° - HPI = 180° - KPI = KPt.
Vay Pt la phan giac géc HPK.
Theo cdu a ta ¢6 Ey =1; (t gide PIEH ndi tiép), e =12 (tu gidc
PIFK néi ti€p). Suy ra HIK =1, + .. :
Lai ¢6 F1 = E1 (cung chdn cung PE), Fy = By (cung chin cung PF).
Suy ra HIK = E» + F1.
Xét APEF ta c6 : EPF + HIK =180° - (E, + ) + E, + F, = 180°. Vay
ta giac PMIN noi tiép duge.
Tit dé suy ra PMN =12, ma I» = s = E2 nén PMN =E; chigm vi
tri géc dong vi, do dé MN / EF. C

Chu vi hinh giéi han can tim (hinh 193) bing :
do dai AC + do dai BC + dé dai canh AB.

2n.a.60 _ 7a

Tacé:d@dz‘ai;&_é= L
_ 360 3

Vdy chu vi can tim 1a :

9
H
H.193

Theo tinh chat cia hai duong tron ti€p xic thi B, O, D théng hang.
Ta lai ¢6 C, O, H théng hang vi (O) ti€p xiic véi AB.

Z.H—a+a:§—(2n+3). A
3 3




Goi R la ban kinh cta (0), trong AHOB vudng ta ¢6 : OB* = -OH? + HB?,
2 2
hay(awR)Q:R’z-»(-Z—) , tdclaa®—2aR + R*=R? + az.

2
Tir dé : a* — a? = 2aR. Suy ra R = %

Vay do dai duong tron (0) 1a : 2r. %a _ 3_:.5

¢ Loi binh : Néu bai ra van cho AABC déu ¢6 dudng cao CH nhung vé

12.

dutng tron (I) duong kinh CH cdt CA va CB tai M va N, thi ta c6 thé
tinh do dai cdc cung CM, CN va MHN nhu sau (hinh 194) :

: i g 3
Dudng cao tam gidc déu la CH = 2¥Y2 2

2

do dé ban kinh-cua (I) la a4_3- Ta cé géc

¢ tdm MIH bang 60° (vi béing 2C ma

C =30°), do dé CIM = CIN = MIN.

Suy ra ba cung CM, CN va MHN bing nhau.

Do aai 08 - ZHHI20 _, a8 2 _ralB
360 13 @

na\/g

Vay do dai CM = d¢ dai CN = do dai MIIN = >

Dién tich phai tim la dién tich phan té dam (hinh 195), tic 14 :
2S\nim + Syuac MK = Shinh wen o, VO1 283y = DMLIP
Dé tinh DI la dudng cao cia nia tam gidc déu DIH canh 1a DH ta c6 :
_ pH\/g B c/3 ‘ V3 _ 3¢ |
2 2 57 4
3c

IN = lDI:-‘—.
2 8

DI

do do

C\/g 3¢

2S.pim = DMLIP = e -

Dién tich hinh quat MIHK la :
& n.3c® 1 - e’

~.DH? 120
4 360 16 3 16

c/3

e,

Dién tich hinh tron (N) ¢6 ban kinh NH bing %DH (tie la NH =
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: (cﬁ}z nc?
la: n = ;

6 12

o L o oo e : BCZ\E nc®  me®  ¢? _
Vay dién tich phan té dam la : + - = —(9+/3 = 2n).
32 16 12 96
e Loi binh : Tuong tu : "Cho nia duong tron duong kinh AB va mét
diem M bat ki trén AB. Vé cdc nita duong tron cung phia véi né cé
duong kinh AM va MB.
a) Tinh dién tich phan giéi han béi ba nia diong tron theo bdan kinh
R ctia nita duong tron lon néu AM = 2MB.
b) Ké duong vuong goc tit M voi AB cat nita duong tron lon 6 P, chiing
minh rang MP° = AM.MB.
c¢) Ching minh dién tich phan gioi han ¢ cau a bing dién tich hinh
_.tron duong kinh MP.” ' p

Cach giai nhu sau (hinh 196) :

P
a) Dién tich nua hinh tron lén la HASB !
Ay > - TAN 2 i i 5
nita hinh tron nhé bén trdi 1a = i va A M B
H.196
nMB?

nira hinh tron nhé bén phai la g

| 4R 2R ot oy .
Thay AB = 2R,_ AM = " MB = g L ta dugc : S phan t6 dam bang

(E'I‘GRQ H.HRQJ -nRQ(ﬁl 16 4)

Z4R2 -
8 8 9 8 9

_ nRz(l_iﬁl)_nRz .E—ZﬂR2
2 9 9

b) Xét tam giac vuong APB (vi APB = 90° do chdn nua duong tron) véi
duding cao PM ta cé ngay hé thic (h* = b'¢') : MP? = AM.MB.

¢) Dién tich hinh t6 dam la :

%(ABZ ~ AM? - MB?) = —gé [(AM + MB)? — AM? — MB2|

e % 2AM.MB,

ma 2AM.MB theo ciu b) bing 2MP? nén dién tich hinh to dam trg

thanh E.MPB, d6 chinh la dién tich hinh tron duong kinh MP.
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. 13. a) Ké 0'Q L OM (hinh 197).
Xét AOQO' vuong ta co :
0'Q* = 00” - OQ*
= (8roe rf = {8r =)
= (4r)* - (2r)* = 12r°
0'Q = 2rv3 = MN
.(vi OMNO' la hinh chi nhat).
Goi x la ban kinh duong tron nho (K-} ta co :
MP + PN = MN = 2r/3 (%)

Ta tinh PN (hinh 198) bing cdch tinh KK’ (= PN)
trong AO'K'K vuéng : -

KK*? = KO* - O'K*

2 3 .7 R K
=(X+ 1) — (r—x) = 4rx X s
P _ N-
Tudé PN = 2vix. 11.198

Tuong tu ta ¢6 MP = 2y3rx. Thay vao (¥) dugc :

QJE +2/3rx = 21'\/5 hay \/:{w/;- + JJ_]) — 1'J§
1~ Y- ‘31'2
Tir d6 tinh dude x = —————

(Wr +B3r)?
b) Dién tich hinh gach soc bang dién tich hinh thang trir di dién tich
mot hinh tron va dién tich hai hinh quat tron.

Pé tinh dién tich hinh quat tron ta tinh géc ¢ tam QOO'. Xét

AOQO' vudong tai Q ta co : '
oQ 2r 1 L

sinQ0'0 = —- = —— = =, suy ra QOO = 30° va QOO' = 60°.

q 00 ar gz SWwme < '

1 1 3mr?

3, el
S‘[il;_nl NOT = .“Itl' ) Squ.u MO = —:1(31 )=
3 §

. Qa2 2 f.'
Shlnh thang vuong OMNO™ = (r + 3r). ¥ = 3.

2

S, o il = 3r® T - 3r?
hinh tron (Ko B {.Jl_ - ‘/—?r)_zJ —""'——"41‘ R 21\{5
‘2 ‘|.’3 - i =2 -~ P 2 ‘2 “ae
= ni: = = r{ 1 ‘ = Jdl@ ‘EJ] = 9:;1 (2 —Jg)z-_

2

a2+43)] l22+43)] | 2

Vay dién tich hinh t6 dam phai tim la :
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= Somno — (Squae NOT + Squat Mot + Sik))

wn
|

: 2 2 _
= 4r?y3 - %m‘g + L + o (2—«/§)ZJ

2 4

6

F 2 2
v 11ar G3nr- ‘
= 41‘2\{_—- - + ;1 9H1‘2J§J

: 211m? ;
= 4r® 3—~——1211—+9n1'2J§

2 )
Cubi cling S = 1—_2(48J§ ~ 211x + 1081+/3).

o Loi binh : Xét thém bali todn sau vé tinh dién tich hinh vién phéan :

"Cho duong thang A la tiép tuyén ciia duong tron (O, a) tai P va PQ la
duong kinh. T trung diém N cia nita duong tron ta ké tiep tuyén vgi
(O) cit A M. _ _

a) Chiing minh OM // NQ va tinh OM, NQ theo a.

b) Goi E la giao diem ciia MO voi (0), tinh dién tich cia vién phan

Céch giai nhu sau (hinh 199) : &

a)

b)

14. a)
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gioi han boi cung PE va day PE.”

M -

Ta ¢6 MP = .MN (tinh chat hai tiép I
tuyén xuat phat tir M), OPM = 90° vi
A la tiép tuyén. T do t gidae PNMNO Pr Q
la hinh thoi ¢6 géc P vuong nén la 2 O
hinh vuéng.

Do dé hair dudng chéo vuong goéc tai I,
suy ra MO 1 PN. x
Lai ¢6 QN L PN (vi PNQ = 90"). Suy

ra t¢ giac MOQN la hinh binh hanh nén hai canh d6i MO = NQ,
ma MO la duong chéo ctia hinh vuéng canh a bing av2.

Vay MO = NQ = a+/2.

Dién tich vién phan téo dam = dién tich hinh quat EOP - dién tich
AOEP nén dién tich vién phan bing : '

H.199

ra®.45 1 a2 1 a2 a”
- —IP.OLE = - = a=—(m-2v2).
360 2 8 2 2 8 J—
Theo gia thiét thi BC cung la tiép tuyén cuia dudng tron ¢6 dudng
kinh AH tai H (hinh 200). Do d6 MD = MH, NE = NH. Né61 HD, HE
ta duge cac tam gidc vuong DBH va EHC ma cdc canh huyén la BH
va HC.




Suy ra : MB = MH, NC = NH, tuc la B
M la trung diém ciaa BH va N la M
trung diém cua CH.
b) DE la duong kinh cua duong tron da
- cho nén DM // EN, nhu vay ta gidc
DENM la hinh thang vuéng c¢6 dudng
_.cao DE = AH va tong hai ddy

DM + EN = HM + HN = %BC.

|
Ta tinh AH biét i '1_)+ 1_) hay 1‘ —_1_+_1_= :4“
AH?Z ABZ A(C? AH< 7 B* 725

tu dé AH = i = 35@ = DE

Jia 74
Tinh ti€p BC biét BC’=AB*+ AC?2=7*+5>=74"
ttddé  BC = 74 = 2(DM + EN).

) ‘-1/'_'.{ <f e
Vay Speax = 1 DE(DM + EN) = M = §‘i
2 4.74 4

(Liw y : Co thé tinh dién tich ti giac DEMN bing cach khac nhu sau :
Phan tich ta giac DEMN thanh : ADHE tuong duong véi ADAE,
ADMH tuong duong véi ADMB va AENH tuong duong véi AENC.
Sdu tam gidc trén hop thanh AABC vudng tai A.

1 1 75 35 2
Vay Spieumn = =S, =—.—=— = 8,75 (cm”).)
1y DEMN 9 ABC 2 9 4
¢) Dién tich phan té6 dam = dién tich hinh tron (O) - dién tich tu gidc

DEMN tuce la :

= 8,75 (cm?).

rAH? AR5
4 4 14
=13 - 8,75 = 4,25 (cm?).

Lot binh : Xét thém bai toan sau :

Sl(} dam = Sl(h - SIJI‘IMN = = 8,75

"Cac canh bén cia hinh thang can ABCD kéo dai cdt nhau tai P.
Chung minh rang hai duong tron ngoqi ticp cdc tam gide PAC va PBD
cdt nhau tai tam duong tron ngoai ticp hinh thang ABCD." :
Cdch giai nhu sau (hinh 201) :

AAPB can c6 dudng cao PH la truc doi xing cua né. Pudng tron ngoai -
tiép APAC doi xtmg V3l du’o’ng tron ngoai ti€p APBD qua truc déi xding
B

Diém P, giao diém cta duong tron (PAC) véi truc dsi xding, c6 didm dsi
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xtmg la chinh né, tic la giao diém cua duvng tron (PBD) véi truc doi ximg.

Trong phép doi xing nay cung OC |

doi xting voi cung BO. Ngoai ra P ;
cung OA bang cung OC nén suy ra: ; |

OC = OD = OA = OB. ; |

Tir d6 bon day tuong ung cling biang i

O

nhau. !
Vay O la tam duong tron ngoai tiép X i B |
hinh thang ABCD. 11.201 1

15. a) Ta da biét rang : diém doi xing cua true tam mot tam giac qua mot ‘

canh nam trén dudng tron ngoai tiép tam gidc. ;
Dua vao diéu nay ta suy ra cach dung AABC nhu sau (hinh 202) :

Goi H' la giao diém cua AH véi duong A
tron (O), ta dung trung truc cia HH' cat
duong tron tai hai diem B va C. Ta c6

. AMABC la tam gide phai dung. Bai todn
¢6 mot nghiém hinh duy nhat. '

b) Ké duong cao BD. Tu O ke OE L AB.
Cic tam gidc vuong AEO va AFC c6 )

Ny S 30 il L . 2 I
FOA = FCA (¢6 cung so do bang nua so \d
do cua cung AB). —11

Vay EAO = DAH, AO = AH = R. 11.202
Suy ra hai tam gidc vuong AEO va ADI bang nhau.

Tu dé6 AD = AE = %AB. AABD vuéng ¢6 canh goéc vuong AD bing .

nia canh AB nén A =60°. Khi H nam ngoai duong tron (O) thi 1
bing cdch chuing minh tuong tu ta co- A = 120°. '
¢) Vi A =60° -hoic 120" nén canh BC cua AABC ¢6 do dai khong doi
. - - k- l I{ T e - s - ~ ~
va M cdch O mot doan biang 5 Véi moi diem H thudc duong tron
(A) c6 mot tam gide duy nhat ABC va-véi mdi tam gidc ABC c¢6
A = 60° hoac 120" noi tiép trong duong tron (0) déu c6 true tam H

cich A mot doan OA = R. Do dé quy tich cua M la duong tron tam

. O, ban kinh bang %

o Lot binh : Xét thém bai toan sau :
"Cho AABC ¢6 ba goc nhon. Cdc duong cao xudt phat tw A, B, C cdt
duong tron ngoai tiép tam gidc theo thi tu ¢ A,, B, C,. '

@) Qua truc tam H ké duong thang d. Ching minh ring cdc duong
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thing doi xing cia d qua cdc canh ciéia AABC cdt nhauw tai mét
diém M nam trén duong tron ngoai tiép.

b) Chiing minh rang khi duong thdng d quay xung quanh H mét goc a
thi diém M chay trén mét cung bing 2« ctia duong tron- ngoai tiép.
¢) Tinh géc BAC trong truong hop B,C; la mét duong kinh cia duong

tron ngoai tiép."

Cach giai nhu sau (hinh 203a) :

a) boi A,, By, C, la cdc giao diém cua d véi BC, CA, AB (hinh 203a).
Vi A,, B,, C, déi xing véi H qua BC, CA, AB nén cac du'(‘Ing thing
dai xing véi d trong bai ra la B B, G,C,, A A.. Gia sir BiB, va C,C;
cit nhau tai M. Ta ching minh ring M nam trén dudng tron (0).
Taecé: ACM =AC,C, = AHC, (ddi xing qua AB),

Aﬁﬁl = Aﬁ:ﬁz = Aﬁg (doi xing qua AC).

Vay AC,M + AB,M = AHC, + AHB, =180°. Do dé ti gisgc C,AB,M
noéi tiep duge, tire 1a M nam trén dudng tron (O).

Tuong tu ta ching minh duge AA, va BB, cit nhau tai mét diém
M trén dudng tron ngoai tiép tam gidc.

A,

_ H.203
b) Lay dudng thing d' tao véi d mot goc u (hinh 203b). Goi B, la giao
diém cta d' véi AC. Giao diém cia B;Bj véi duong tron (O) chinh
1a diém cdt nhau M' ting véi duong thang d'. |
Ta ¢6 o = B,HB} = B,B,B}, (ddi xing qua
AC). Vay $6 do cia cung MM’ bang 2¢.
¢) Ta ¢6 ABB, = A&l (hinh 204) vi cung
‘phl_l goc A, ‘ C,

do dé é;& = A_ﬁ; va ¢6 so do bang 90° " "'
vi C.Biﬂ duong kinh. B B\_/C ;
-Vay ABB, =45°, suy ra BAC = 45°. : :

H.204

263



16. Gia st AB la canh 16n nhat cia AABC

(hinh 205). V& cung tron tam A bén
kinh AC cdt canh AB tai D. Tiép d6 vé
cung tron tam B bdn kinh BD cdt canh
BC tai E va cung tron tam C ban kinh
CE cdt canh AC tai F. Cudi cung vé
cung tron bdn kinh AF cit AB tai G.

Ta thay ring nam diém C, D, E, F, G
nam trén mot dudtng tron ¢6 tam O trung
véi tam dudng tron ndi tiép AABC.

N6i nam diém nay véi O, réi néi F v6i G, D véi E ta sé dugc bay tam
gidc can, trong dé c6 ba tam gide bang nhau 1a AOFC, AOCE va AOGD.
Loi binh : Xét thém bai todn sau :

"0 trong duong tron cé nga gidic ABCDE ma tdt cd cdc canh bgng
nhau. Méi canh ngu gide duoc kéo dai hai bén cho dén khi cdt duong
tron. Cdc doan kéo dai cia cic canh AB, BC, CD, DE, EA dé tiu cdc
diem A, B, C, D, E dugc t6 mau xanh. Chitng minh rdng téng dé dai
tdt ca doan maw dé biang téng dé dai cdc doan mau xanh."

Cdch giai nhu sau (hinh 206) :

Ki hiéu d; 1a cac doan mau dé, x; la cdc doan mau xanh (i = 1, 2, 3, 4, 5)
va a la canh nga gidc.

Ta biét rdng néu hai dady MN va QP cdt nhau tai diém S trong dudng
tron thi SM.SN = SP.SQ.

Ap dung vao hinh vé, ta c6 thé viét day ' b
cdc ding thic sau : '

di(a +x;)=x(a+dy) (dinh A)
dy(a + X») = x5(a + d3) (dinh B)
ds(a + x3) = x4(a + dy) (dinh C)
di(a + x4) = x5(a + d;) (dinh D)
ds(a + X5) = x;(a + dy)  (dinh E).

/

Cong timg vé 5 dfmg thic nay duoc : " H.206

d]+dg+d3+d41+d5:X1+X3+X3+X4+X5.

Luuw y : Ngu gidc ¢6 thé khong 161, mot s6 canh ciia né ¢é thé cit nhau
hoac trang nhau.

D. BAN CO BIET ?

l. TU GIAC NOI TIEP DAC BIET

Tu gidc noi tiép dac biét la ta gide co tich cde cap canh déi bang nhau.




Chang han ti gide noi tiép ABCD ma AB.CD = AD.BC la ti gidc ndi
tiép dac biét.

"

. Bai toan

Tu mot diém M ngoai dudng tron ké cdc ti€p tuyén MB, MD va c4
tuyén qua M cit duong tron tai A va C. 3 ¢

Ching minh riang : AB.CD = AD.BC.
¢ Giai (hinh 207) B
Ta ¢6 AMAB «» AMBC

LY Tuong tu 30 Ny M<—

BC MB DC MD

ma MB = MD nén —Aﬁ = % .
BC 1DC

hay AB.CD = AD.BC.
Tir gidc ABCD ngi tiép nay la ti gidc noi tiép dic bist.

. Ung dung _

Vi du 1 : Tir diém M ngoai mot dudng tron ké cdc tiép tuyén ME, MF
va cat tuyén MGH dén dudng tron. Qua F ké dudng thang song song
v6i ME cat cdc dudng thang EG tai S va EH tai T. Chiig minh ring ‘

EF di qua trung diém cta ST.
o

Céch giai nhu sau (hinh 208) :

Xét cdc cap tam gide dong dang :

AEFS o AEGF ta c6 : oo = £C T
FE GE
AEFT «» AEHF ta c6 :E = F—H-
FE HE
Nhung theo bai todn trén thi :
FG FH
GE HE
Tu ba ddng thic trén suy ra : oF = EF—, hay SF = TF.
FE FE

Vi du 2 : Cho ADEF n¢i tié€p trong dudng tron, hai ti€p tuyén tai E va
F cdt nhau tai K. Ké day DM // EF, duong thing KM cdt dudng tron
tai N. Ching minh rang dudng thiang DN di qua trung diém I cta EF.

Cdch giai nhu sau (hinh 209) :
R6 rang ti gide DEFM 1a hinh thang can.
Xét cdt tuyén MNK tneo bai todn trén cé :
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a)
b)

c)
d)
e)
f)

a)

FN EN FN EN

—— = —— hay = ()
FM . EM DE  DF
IN FN

NI » ADEI nén — =

AF w nén 5 DL
AFDI «» ANEI nén N == IN.
| " DF IF

~IN IN

Ti dé cung vdi (¥) suy ra : et hay IE = IF.
. | IE IR
_ - ) = H.209 -
Il. XUNG QUANH TU GIAC NOI TIEP =

Doi vdi ti gide ABCD cho trude, cdc khang dinh sau la tuong duong :
ABCD la ti gidac noi tiép

A+C=B+D=180°

ABC = ACD

AC.BD = AB.CD + AD.BC (dinh li Ptolémé)

MA.MC = MB.MD, trong dé M la giao diém cua AC va BD

H, I, K thing hang, trong dé H, I, K la chan dudng vuéng géc ha tu D
theo thit tu xuong AB, BC, CA (duong thing Simson).

lll. XUNG QUANH TU GIAC NGOAI TIEP
Dau hiéu nhan biét l
Tu gidc ABCD ngoai tiép dudng tron khi va chi khi AB + CD = AD + BC.
Mot ddu hiéu khace
"Cho tr gide loi ABCD ma cdac duong thang AB va CD cidt nhau tai K
(C nam gita D va K), cdc duong thang BC va AD cit nhau tai M (C
ndm gitta B va M). Khi dé ti gide ABCD ngoai tiép khi va chi khi thoéa
man mdt trong hai diéu kién sau : .
BK + BM = DK + DM (%)
CK+ AK=AK +CD (**)"

K

Ching minh : Ta chdng minh cho
truong hop (¥) con truong hop (¥%)
duge suy ra tu (¥) hodac chung minh
tuong tu.

Gia st td gide ABCD ngoai tiepva B, A ee— M
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F, G la céc tiép diem (hinh 210)-ta ¢6 H.210 -

BK + BM = (EK - BE) + (BI' + FM) = (KG - BE) + (BF + HM)
= KG + HD + DM = KG + GD + DM = DK + DM.




(Ban doc tu chimg minh diéu nguge lai : gia su ¢6 (*) thi tu gide ABCD
ngoai tiép).
b) Ta van dung dau hiéu méi nay dé giai bai todn sau :
"Cho D la mét diédm n&m trong AABC. Cac dudng thang AD, BD, CD
ciit cdc canh BC, CA, AB tuong tng tai X, Y, Z. Ching minh rang néu
hai trong ba i gidc DYAZ, DZBX, DXCY ngoai tiép dudng tron thi td
gid¢ thia ba cang thé." -
| Giai

Gia su hai ta giac DZBX va DXCY
ngoai, tiép (hinh 211). Theo dau higu
mdi ta co :

JAB +CD =BC + AD

|BC + AD = AC+BD

Tudé AB+ CD = AC + BD.

Suy ra ti giac DYAZ ngoai tiép.
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§16. DHAN DAU GIAI NHANH 10 BAI TOAN
ON TAD DAI VA HiNH

A. DE BAI
PAI SO

Bai 1. Chiing t6 cdc biéu thie sau khong phu thudc cdc 4n x hodc y :

F[ 3 X J 2x? + 3x 3 x? +x

a) - : + :

x+1 x%Z492x+1 | x+1| 3x+1

b') 1+y 1 )1-2y 1 1-4y+4y®) 1
y 4y®\1+2y 1-4y® 1+2y 2y

Bai 2.

1. Xét biéu thic: M = . 2Vt -2 :( S et ]
dbadl  Whewbat=1] daff-4 11

a) Rut gon M.
b) V6i gid tri nao cia t thi M dat gia tri nhé nhat va tim gig tri nho
nhat dé.

2. Cho hai bat phuong trinh 3az — 2a >z + 1va a— 22 < 0. Tim a dé hai
bat phuong trinh trén cé cing mét tap nghiém.

Bai 3.
: 9 a) Tinh 3 +12 - J_5+ Vv108.
Ity —1)2 —
b Cho A = YO =1°
y-2
2. Cho parabol y = x? va dudng thing y = 2(a + 1)x — 2a + 4.

. Rt gon A va tim gid tri clia A khiy = 52.

a) Ching minh ring parabol va duding thing ludn cit nhau tai hai
diém phan biét véi moi a.

b) Ching minh biéu thic P = xl(l - %J + Xy (1 - h—;) khong phu thudc

vao a, trong dé x;, xp 1la hoanh d¢ cdc giao diém cia parabol va
dudng thing da cho.

Bai 4.
Ip)

1+ JU-[p]

a) Tim p dé P ¢6 nghia.

1. Cho biéu thie P =

b) Tim céu &.J tri l6n nhat va nhé nhat cia P.
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2. Mot ngudi du dinh san xuat 120 sdin pham trong méot thoi gian nhat
dinh. Do tang ning suit 4 san pham moi gio, nén da hoan thanh sém
hon du dinh 1 gio. Tinh ning suat du kién cua ngusi dé.

3. Tim gid tri cha z sao cho Jz +2Jz -1 + Jz -2Jz-1 =2,

Bai 5.

.{.
p-9

Wp+3yp-20 -2 Jp+3].

1. Cho biéu thic : P = {

a) Ruat gon P.
b) Tim gia tri cua p dé hiéu P - 1 < 0.
2. Mot nguvi di xe mdy tit A dén B cach nhau 120km véi van téc du dinh

’ - 1 . : S s 55 e i
trude. Sau khi di dugc - quang duong AB nguoi d6 tang van tée thém

10km/h trén quang dudng con lai. Tim van toe du dinh va thoi gian xe lan -
banh trén duong, biét rang ngudi dé dén B sém hon du dinh 24 phut.

3. Tim cap s6 (a, b) théa man ding thic a’b + 2ab — 4a + b = 0 sao cho b
dat gid tri l6n nhat.

HINH HQC

Bai 1. Cho hinh vuéng ABCD c¢o dinh canh a. Goi E la diém chuyén dong
trén doan CD (E khdc D), duong thing AE cit BC tai F, dudng thing
vudng géc véi AE tai A cat dudng thang CD tai K.

a) Chuing minh AABF = AADK, suy ra AAFK vudng can.

b) Goi I la trung diém cua FK, ching minh I 1a tam dudng tron qua A,
C, F, K va I chuyén déng trén mét dudng thing cd dinh khi E
chuyén dong trén CD.

c) Tinh s6 do géc AIF, suy ra 4 diém A, B, F, I cing nim trén mot
dudng tron. _

d) Pat DE = x (a 2 x > 0), tinh d6 dai cac canh cua AAEK theo a va x.

e) Hay chi ra vi tri cua E sao ché do dai EK ngdn nhat va ching minh
diéu do.

Bai 2. Cho dudng tron (O, r) duong kinh AB va day CD 1L AB (AC < CB). Hai *
tia BC va DA cat nhau tai E. Goi H la chan dudng vuong géc ha tir E
t61 duong thing AB. Ching minh :

a) T gidc AHEC noi tiép trong mot dudong tron, tim tam I va ban
kinh duong tron dé.

b) HC = HF, trong dé F la giao diém cua hai tia EH va CA.

¢) HC la tiép tuyén cua dudng tron (0O).

d) BC.BE = BA.BH. Tinh BC.BE theo r biét ABC = 30°.
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Bai 3. Cho duvng tron (O, r) va day cung AB (AB < 2r). Trén AB lay diém C
sao cho A(‘ > AB. Tur C ké hai tiép tuyén véi duvng tron tai P va K.
Goi [ 1a tr ung diém ctiia AB.

a) Ching minh ti gidac CPIK ndi tiép dugc trong duang tromn.

b) Chung minh hai tam gidac ACP va PCB la déng dang. Tir d6 suy ra
CP? = CB.CA.

¢) Goi H la tryc tam cia ACPK, tinh PH theo r.

d) Gia su PA // CK, Lllll'llg minh tia déi cua tia BK la tia phan giac cua
goc CBP:-

Bai 4. Cho M la diém bat ki trén nia dudng tron tam O dudng kinh AB = 2R
(M khéng trung véi A, B). V& cdc tiép tuyén Ax, By, Mz cua nua dudng
tron dé. Pusng Mz cidt Ax va By lan lugt tai N va P. Duong thang AM

cit By tai C va dudng thing BM cdt Ax tai D. Ching minh :
a) Td gisc AOMN noéi ti€p mot dudng tron va NP = AN + BP.
b) N va P lan lugt la trung diém cdc doan thang AD va BC.
¢) AD.BC = 4R* |
d) Xdc dinh vi tri cia M dé tu gidc ABCD c6 dién tich nho nhat.

Bai 5. Cho dudng tlbnl (O, R) va modt day BC 6 dinh. Goi A la diém chinh

giita cung nho BC. Lay diém M bat ki trén cung nho AC, ke tla Bx
- vudng goc véi tia MA ¢ [-va cat tia CM tai D. b

) Chiing minh AMD = ABC va MA la tia phan gidc BMD.

b) Chimg minh A 1a tAm dudng tron ngoai tiép ABCD va goc BDC cé
dd 16n khong phu thudc vi tri diem M. {

¢) Tia DA cat BC tai E va ciat dudng tron {O)-tai diém tha hai F, ching
minh AB la tiép tuyén cua dudng tron ngoai ti€p ABEF.

d) Ching minh tich P = AE. AF khon(I doi khi M di dong. Tinh P theo
ban kinh R va ABC = a.

B. GIAI

DAl SO

Bai 1.
-

a) Biéu thice ¢6 dang [A]. = T Tathih Az
3x+1
JMx+1)—-x x%l 3 2x + 3 3
A = = - . -+ = 4+
()H-l)z X(2x+3) x+1 (x+1)x(2x+3) x+1
1 3x . 1+ 3x i

.{.
x(x+1) x(x+1) x(x+1)

Vay biéu thue da cho trg thanh .
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; 5
1+3x x2+x X2 +X . AR
. = =1, khong phu thudc an x.

x(x+1) 3x+1 B x% 41

b) Biéu thic ¢6 dang (M).(N) - QL Ta tinh M va N :
y

4y(1+y)+1_4y+4y2+1_{2y+1}2

M =
4)’2 r 4)!2 4}!2
‘N'_1-2y_(1~2y)'-’-_ 1 1-2y. 1-2y
1+2y  1+2y (Q+2y)1-2y) 1+2y (1+2y)?
_ 1 -2y)1+2y)-(1—2y) - (1= 2y)1+2y -1) 2y -2y)
(1 + 2y)> (14 2y) 1+ 2y)?
2y +1® 2y(1-2y) 1-2y '

M.N = - ,
4yt a2y 2y

Vay biéu thite da cho trd thanh :
1-2y 1 -2y

gt ~1, khong phu thudc an vy.
2)! 2)’ 2)’ g phu Y

Bai 2.
l.a) Piéukién tén taicaaM:t 20, t » 1. Ta 6 :

1 2Jt -2 Jt+1-2

"M = - : ;
Jt+1l t+Die-1) Gr-DWt+1
Ct-1-2dt+2 t-1 0 G-12 0 Ve-d
Wt+Dt-1 Jt-1 (t+We-1) Je+1
” ‘M:ﬁ—1:ﬁ+1-1-1_ﬁ+1~2:1_ 2

JE +1 JE +1 - «/t_ + 1 J: :

M c6 gia tri nho nhat khi \/E +1 nho nhat. Do t > 0 nén \/E >0, tir dé
JE +12>1, gid tri nho nhat cua vt +1 _ 1 khidoét=0.

Vay khi t = 0 thi M ¢6 gid tri nhé nhat bang -1.

2. Ta giai tung bat phuong trinh :
- 2a +1

V61 337,'—28>Z+ 1(1), khi a:-l thi z > ;
3 ISaﬁl

Vér1a=22<0 (2) thi z > %

28 *i, do d6.(1) va

§ 1 - ; "
“(Luu y rang néu a < = thi nghiém cua (1) la z <

(2) khong thé cé cung tap nghiém).
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# il ol 3 : 1
Hai bat phuong trinh da cho c¢6 cung tap nghiém khi va chi khi a > 5

2a+1 ' 1 .
va e (*). Giai (*) dugc a; = 2, a, = —— (loai).
2 3a-1 : 3
Vay véi a = 2 thi hai bat phuong trinh da cho c¢é cung mét tap nghiém.
Bai 3.

l.a) Ta co \/§+_\/1_2—J’F5_+4108:x/§+2\/§—5\/§+6\/§=4\/§
Jy-1D2-1 [|y-1-1

y —2 y-2

b)A=_

Néuy>1vay=2thi A=1.
p .y
Néuy<1lthiA= ——.
i |
Do y = 5¥2 > 1 nén ta c¢6 ngay gid tri cia A bing 1.
2.a) Parabol va dudng thing cdt nhau tai hai diém phan biét véi moi a néu
phuong trinh }gz —2(a + 1)x + 2a — 4 = 0 ¢6 hai nghiém phan biét véi
moi a..Ro6 rang A’ = a® + 5 > 0 véi moi a.
b) Biéu thuc P c¢é thé viét

X]Xg- X1 X9
iy = 9 = X+ Xp - XXy

| 8 X —
=2(a + 1) - 2a + 4 = 6, khong phu thugc vao a.

Bai 4.

X F— ' 1+ J1-|p| 20
l.a) Diéu kién dé biéu thiuc P cé nghia la Ipl i
1- ]p| >0
Giai ra duge -1 < p < 1.

b) Ta bién doéi P nhu sau :

: ’pl I}Jl.(l = 1’1 = |})l)
P = S =1-J1-1|p|, véi |pl| > 0.
1+,/1—|p| 1-1-|pp P .

Do 0< ’pl Slhay02—|pf >-1nénl=>1- fp| =4,

Suy ra 12 /1-|p| 20, tir d6 -1<-f1-p| <0,hay 0< 1-1-|p| <1,

thcla 0 <P < 1.
Vay gid tri nhé nhat ciaa P la 0 khi 1= /-1|p|, hay p = 0, gid tri lén
nhat cia Pla 1 khi 1- f1-|p| =1 hay Ipl =1, p = +1.

2. Goi x la nang sudt du kién cua nguoi dé (x > 0).
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120 120

Theo bai ra ta ¢6 phuong trinh : =
X Xx+4

Sau khi quy dong mau réi khi mau duge : 120(x + 4) — 120x = x(x + 4)
Tu dé ta duge phuong trinh bac hai x* + 4x — 480 = 0 ma nghiém la
x = 20 va x = -24 (loai nghiém am).

Vay nang suat du kién la 20 san pham.

3. V61 diéu kién z > 1, phuong trinh da cho c6 thé viét :
vz -1 +1+lJz—-1 —II = 2, hay Jz—1+|Jz—1 —1| =
Tode !Jz -1- 1’ = 1 —oft—1 =Adz—1 =1} (%)

Ta biét rang vi | Al = =A khi va chi khi A <0 nén tir (*) ta c6 :

Vz-1-1<0 hay vz-1<1.

Tudé0<z-1<1,hayl1<z<2 Vaygidatriciazcantimla 1<z <2.

Bai 5.
l.a) Piéukién:p>0,p=4,p=9. Tacé:
P-3p-p+9 9-p+(p - P +3-(p+2p -2

P =

p-9 ‘ (p+3J(J}7—2J

C9-3  (Jp+3GWp -2 9-3Jp (Jp+3)p-2)

- p-9 9—p+p—9~p+4_ p-9 4 -p

o3B-Yp (-2 3

(WP +3)yp -3 2+ pu2-p) 2+J}7
b) HiéuP-1= 3 -1<0,-
24—\/;
hay = <1;2-i-\/;>3(v12+\/;>0). Suym,jﬁ>1, ticlap>1

2+J;_)

(trircdc gid trip=4vap=9)
Vaydé hicuP-1<0thip>1(tritp=4,p=9).
2. Goi van toc du dinh la x kim/h (x > 0).

Thoi gian du dinh la @, thoi gian di % quang duong dau la ﬂ,
X X

80 -
x+10

. .2 . B e
thoi gian di e quang dudng cuoi la

Theo bai ra ta cé phuong trinh :
120 2 40 80

_-._._=_+

X 5 X x+1

(doi 24 phiit :g gid).

273



Quy déng mau rdi khit mau va lam phép tinh duge phuong trinh béc hai
x* + 10x — 2000 = 0.

Giai ra dugc x, = 40, x, = -50 (loai).

Vay van toc du dinh la 40km/h va thoi gian thue di la 2—5-11, tic 1a 2 gio

36 phut.
‘3. Coi a la 4n, dang thic da cho trd thanh mot phuong trinh bac hai 4n a :
| ba’-22-ba+b=0 (%)

Néub = 0 thi a =0, ta cé cap so (0; 0) théa man (*).
Néu b # 0 thi mudn phuong trinh bac hai (¥) c6 nghiém ta phai ¢6 A" 2 0,
ticla (2-b)*~b*=4-4b20,trdé b < 1.
Suy ra gia tri l6n nhat cia b bang 1 khi phuong trinh (*) ¢6 nghiém
kép a = 1. Cap s6 can tim la (1; 1).
Vay chi ¢6 mdt cap s6 (1; 1) thoa man bai ra.

HINH HQC

Bai 1. | B o

a) Ta c6 .AABF = AADK' (g.c.g) (hinh 212) vi ¢o

b)

B=D=90°, AB = AD, BAF = DAK (vi cung
phu véi FAD). Suy ra AF = AK.
AAFK ¢6 FAK =90° (vi EA 1 AK) va AF = AK

nén la tam gidac vudéng can. Al

I la trung diém cia FK nén Al la trung tuyén

thuée canh huyén cua tam gide vuong AFK; suy

ra IA = IF = IK.

Tuong tu CI la trung tuyén cua tam gidc vudng

CFK nén IC = IF = IK. Nhu vay IF = IK = [A = IC,

ching to rang I la tam cua dudng tron di qua L

bon diém A, C, F, K. 6 =
Piém I ¢6 tinh chat la cach déu hai diém cé dinh A va C cua hinh
vudng ABCD nén I phai nam trén trung truc doan AC, chinh la niam
trén BD. Vay khi E chuyén dong trén- CD (I khdc D) thi I chuyén
dong trén duong thang c6 dinh BD.

AAFK vudong can c6 Al la trung tuyén nén cang la dudng cao, suy ra
AIF = 90°. Tu giac ABFI co ABF + AIF =180° nén noi ti€p duge. Vay
bon diém A, B, F, I cung nam trén mot dudng tron.

Tam gidc vuong AEK ¢6 AD la duong cao nén theo hé thiic lugng trong

tam gidc vuong co :




2 2
AD* = DE.DK, suy ra DK = ol i

DE ™
a?  x? +a?
EK=DE +DK=x+ — =
_ X X

Tudé: AE®= AD* + DE®=a’+x* suyra AE= yx2+a?

4 2.2 . 2
AK* = AD? + DR? = a* + a_) 2 :a J,
e X°
ayx? +a’
suyra AK= ———,
*
2, 2
- X" +a - :
e) Biét EK = vfi0<x<a,tagoia=x+b(b2>0)thi:
X
EK - x2 +(x + b)? ~ x% 4+ x% + 2bx + b? B 2x% + 2bx + b2
_ X X = X -
2x(x +b) Db? b2
= ————+— =2a+—.
X X X

2

szljr EK nho nhat khi B =0, hay b = 0, tic l’é X = ava ED = CD hay
X

E trung véi C.

Bai 2.
a) Ta c6 ACB =90° (géc noi tiép , ~C
chdn nua dudng tron) (hinh 213). :
Tit gide AHEC ¢6 ‘ %

EHA + ECA = 90° + 90° = 180° 1 My

- nén nodi ti€p dugc trong mot
dudng tron c6 tam [ la trung
diém cia EA va bdn kinh bing

| .
§EA. | I 1.213

b) Ta c¢6 EH / EF vi cung vuéng gée véi AB, do dé6 Cz = I (so le trong).
«Lai ¢6 B=C (cung chin cung AC) va B= @_2 (goc ¢6 canh tuong ung
vuong goc). Suy ra F=0C. Vay AHFC can, do doé HC = HF.
¢) Do AOAC can nén A = AEO, ma Az + B = 90°. Suy ra :
ACO + B = 90°, nhung B.=C; (cau b), do dé6 C; + ACO = 90°, tuc la
HCO = 90°. Vay HC la ti&p tuyén cia dudng tron (O) tai C.

d) Hai tam gidc vuong BCA va BHE ¢6 B chung nén déng dang.
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BC BH

Suyra: — = , hay BC.BE = BA.BH.

Wrai g T BE

Ta c6 By =30° (gt) nén AOC = 60°, suy ra CHA = 30° = Cy va AAHC
can tai A. :

Xét AAHC can ta c6 AH = AC = r.
Suy ra BH = 3r va BE = 21‘\/5, iia BO = 1*\/5.
Vay tich BC.BE = 2rJ3.ry3 = 6%,
Luu y : Cé thé tinh tryc tiép
BA = 2r, BH = 3r = BA.BH = BC.BE = 61",
Bai 3.
a) Cdc géc tai P, K déu vuong géc nén t giac CPIK ndi tiép dugc trong
dudng tron (hinh 214a).
b) Ta ¢6 AACP o APCB vi ¢6 goc C chung va PAC = BPC (cung chin
cung PB).
CP CA

Suy ra : — = ——, hay CP? = CB.CA.
B CP

h)

H.214
¢) Xét dudng tron dudng kinh OC di qua P, K, L.
Ta cé6 KH 1L PC, OP L PC, suy ra OP // KH.
Tuong tu : PH L KC, OK L KC, suy ra OK // PH.

Vay OPHK la hinh binh hanh c¢6 hai dudng chéo vudng goéc nén la
hinh thoi. Do d6 OP = OK = KH = PH = 1.

d) Tacé AP // CK (gt) suy ra Ci = Ax.
Lai c6 B = By (d6i dinh) = P2 (géc noi tiép),
ma Ps +Ps = APC = PBC (do cau b) = By + Ba.
Suy ra Ps = Bs. Chi con phai chimg minh P, = P (tic la By = Ba)
That vay (hinh 214b), AP // CK nén Py = K2 (sole trong) ma Ry =Ps
(ACPK can). Suy ra P2 = Ps.
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Bai 4.

a) Tacé OA L Ax, OM 1 Mz vi Ax va Mz la tiép tuyén (hinh 215).
Suy ra. NAO + NMO = 180°. Vay i X
giac AOMN ndi tiép dugc duong tron. ¢ : L
Ngoai ra NA = NM, PB = MP (tinh ‘K
chat hai tiép tuyén cung xuit phdt tu PN y
mQt diém) nén : : :
NA + PB = NM + MP N \ e
hay NP = AN + BP. D' \li P Ao
MY :
b) Theo cau a thi MN = NA (1) : <
Vi AMB =90° (géc ndi ti€p chin mira i :
. I ~ F'I-_H— — gn° 2 :
duong tron) nén AMD = 90°. X 5 B
Trong tam gidc vudng MDA ta c6 : H.215
M + M2 = 90°, D+ A1 =90° ma A1 = M, suy ra D = {I-_),,
do dé ANMD can, do dé MN = ND (2)
Tu (1) va (2) suy ra MN = NA = ND hay N la trung diém cta AD.
Chiing minh tuong tu ¢é P la trung diém cua BC.
¢) AABD « ABCA (vi la tam giac vuong cé D=A; (gbc c6 canh tuong ung
AD -, 2
vudng géc). Tur do : iX—Bu = —, hay AB” = 4R” = AD.BC.
BC BA
d) Ta c6 ABCD la hinh thang vuong. Qua O ké Ot L AB cit (O) tai M' la
diém -chinh gitta cung AB va cit DC tai K. Dién tich hinh thang vuong
D+B
la: S= i_%_g.AB = 0K.AB  (3)
Qua M’ ké tiép tuyén M'z' véi (0), cit Ax, By tai D', C'. Khi dé hinh
thang vudéng tré thanh hinh chit nhat ABC'D' va S = OM".AB (4)
Ta thay ngay riang : véi moi diém M # M’ thi K luén ndm ngoai (0), do
d6 OM' = R<OKnéntu(3)va(4)co S <S.
Trén (O) thi diém M' la duy nhat. Vay khi M la diém chinh giwa nia
duong tron (O) thi hinh thang vuéng ABCD sé& tré thanh hinh cha nhéat
va khi dé né c¢é dién tich nho nhat.
Bai 5.
a) T gidc AMCB nbi tigp (0) nén AMD = ABC (1) vi cung ba véi AMC

(hinh 216). Do A la diém chinh gita cung nho BC nén AB = KE), suy
ra AMB = ABC (2)
Tir (1) va (2) c6 AMD = AMB, do dé MA la tia phan gidc cia BMD.
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b) ABMD c6 MI la dudng cao vira la phan gidc nén ABMD can, do dé MI
la trung truc cua BD, suy ra AD = AB (3)

Vi AB = AC nén AB = AC (4)

Tu (3) va (4) suy ra AB = AC = AD nén A
la tam dudng tron ngoai tiép ADBC.
Puong tron ngoai ti€p ADBC ¢6 dinh wvi
diém A c6 dinh va c6 ban kinh AB khéong
doi, do d6 géc BDC ¢6 dé 16n khéng déi,
khéong phu thuoc vao vi tri cua diém M
trén cung nho AC.

¢) Tacé : sdABC = %sd;{a, sdBFA = %sd@

ma AB = 'Z\_é, vay ABC = BFA, suy ra AB - 2113(;
la tiép tuyén cua dudng tron ngoai tiép ABEF, g -

d) AABE o AAFB (vi ¢6 BAE chung va ABE = Bﬂ), suy ra :

L hay AE.AF = AB”.
AF  AB . :

Do AB c¢6 do dai khéong déi nén AB” cing khong déi, do dé P = AEAF
= AB” khong d6i khi M di déng trén cung nhé AC. '

Ké duong kinh AA', trong AABA' vuong tai B ta ¢6 :
BA'A = BI_":\ (g6c noi tiép cung chian cung AB)
ABC =« = BFA (gt va ching minh trén) |

do dé BA'A = a. |

Vay AB = AA'sinu nén P = AB* = (2R)%sin’a = 4R%sin’a.
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