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LOI GIOI THIEU

Viéc d6i mdi chuong trinh va sach gido khoa d bac Trung hoc cd
s3 da hoan chinh tir 16p 6 dén 16p 9. D& gitp hoc sinh ndm dugc
nhitng kién thitc co ban cia chuong trinh, nang cao kha ning tu
hoc, tu rén luyén trong qua trinh hoc tap, déng thoi c6 kién thuc
vitng vang d€ tiép tuc hoc § bac Trung hoc phé théng,

Chung t6i bién soan cuén sach " On luyén Toan THCS va thi vao
16p 10 ", gbm cac phan chinh sau:

Phan I: Dai s6

Phén II: Hinh hoc

Phan III: Bai tap nang cao
Phan IV: Hudng dan giai

Trong mdi phan ching t6i c6 géng soan theo tinh than bam sat
kién thitc sach gido khoa. Trong timg don vi kién thic viét theo bo
cuc nhu sau:

1. Kién thitc cAn nhd: Tom tit cac kién thirc cd ban

2. Nhitng diém cén luu y:

- Néu phuong phap giai
- Nh&n manh cic sai 1dm hoc sinh ¢6 thé mic phai va cach
khdc phuc

3. Bai tap vi du: Theo hudng bam sat

4. Bai tap tu luyén: Cé ca bai tap tric nghiém khach quan va tu

luadn

Trong qua trinh bién soan, chiing t6i da c6 géng trinh bay dé hoc
sinh d& tiép cdn va nim vimg kién thic cua chuong trinh theo
hudng d6i mdi, tuy vay khong tranh khdi thiéu sét. Xin duge tiép
thu y kién gop y phé binh tir phia ban doc.

Xin chin thainh cam on !



PHAN THU NHAT.

DAI SO

. BN DOl PONG NHAT
I.1. lang dang thirc
1. Kién thitc can nha
(A+B)Y=A’+2AB+B.(A-BY=A'-2AB+FB’
A’-B =(A-B)(A+B). (A+B)' =A"+3A’B+3AB’ + B’
(A-B)'=A"-3AB+3AB°-B. A'-B' =(A - B)(A’+ AB+ B’
A'+B' =(A+B)(A’-AB+B)
(A+B+0C)?=A+B"+C*+2AB + 2AC + 2BC
A'+B' =(A+B)'-3AB(A+B). A'-B' = (A-B)'- 3AB(A - B)
2. N hitng diém cdn luu y
- Khi giai cdc bai todn van dung cic hing ding thitc, chiing ta phai van dung cic
hang déng thifc theo ca hai chiéu khai trién va thu gon mot cdch linh hoat.
- Hai da thitc bang nhau v6i moi gié tri cha biéu thic khi tat ca cdc he s6
cua ching tuong tmg bang nhau.
Mot da thire bang da thic khong khi tat ca céc hé s6 ctua ching déu bang 0.
3. Cdc vidu
Vi du 1: Thu gon biéu thiic sau:
P=(2x -3 +(6-4x) 2x+5)+(2x+ 1)’+ 8 2x + 1) + 16
Giai
Tacod: P=Rx-37-22x-3)(2x+5 +[2x+ 1)’+8(2x + 1) + 16]
P=02x-37-22x-3) (2x + 5) + (2x + 5)?
P=(2x +5-2x +3) =64
Vidu2:Cho a+b+c=0va abc = ~l-
3
Tinh gid tri biéuthtc M= a' +b' + ¢’
Giai
faco: M = a'+b'+c'=(a+b)'-3aba+b)+c’
=(a+b+c)[(a+b)y’—(a+b)c + c’]-3ab(a+b)
= -3ab (a + b) = 3abc =+/3
Trdavtacé: Nena+b+c=0thia +b' + ' = 3abe
Léu nguoc lai thi sao ?




Vidu3: Chox + L=4.Tl’nhx’+ —ls—
X X’

Giai

|
x+ —)=x*+ —17 +2=16.nén x2+—li— =14
X X X

x*+ l} = (x+l)(x2+-|7-l)=4.13=52
X X X

x* + Lsz(x3+—l—3-)(x2 +L2)-(x+-’—)=52.14—4=724
X X X X

4. Bai tdp tu luyén

Bai 1: Dién cdc biéu thitc thich hop vio 6 tréng :
a. 2x+3y)(O+0O+0)=8*+271
b. 4x-3y)(Od-0O+0)=64 -27y"
c. 2x-D*20x0O0+a+[=4
d -3+ 20 xO+(d+2°=16

Bai 2: Cho a 1a nghiém clia phuong trinh: x> - /5x +1=0

Tinh gi4 tri biéu thic:

A=a'+ —15—2.(a3 +u—l3~—)+3(a2 +-—12—)—4(a+-|-)
a a a a

Bai 3: Cho cdc s0 a, b € R thoa man: ‘
(a-3)(b-a)+(a-b)(b-3)+ (a-3)(3-b)+3=0
- Tinh gi4 tri biéu thifc: \[(a -b)? +(a-3)* +(b-3)?
Bai 4: Cho a, b, ¢ 12 ba s6 do6i mét khac nhau thoa man: ab+ac+bc=1.
(a+b)’ (b+c)’(c+a)’ +2
(1+a2)1+b*)1+c?)

Tinh gi4 tri biéu thic: A =

1.2. Ph n tich da thirc thanh nhan tir

D€ phan tich da thic thanh nhan tir, chiing ta c6 nhiéu phuong phdp nhr: dat
nhan tir chung, dung hing ding thic ddng nhd, nhém nhiéu hang tir, tich céc
hang tir thanh nhiéu hang tir, thém bt cing mot hang tir, dat 4n phu, diing
phuong phdp hé s6 bat dinh, phuong phdp xét gid tri riéng.v.v. Sau day -a méu
chu yéu mot s6 phuong phédp thuong dung.
1. Phuong phdp ddt nhdn tic chung:

Vi du 1: Phan tich da thic sau thanh nhan tir: 3x*(y - 2z) - 15x(y - 22

Giai
Ta c6 3x*(y — 2z) — 15x(y - 22)?
= 3x(y — 2z)[x — 5(y — 22)] =3x(y - 2z)(x — S5y + 10z2)



Vidu 2: Phan tich da thie A = 2x(yv -~ 2) + (2 v)(x + y) thanh nhén t{r
Giai
A=2Xy-Z)+(z2- yx+y)=2x(y-2) -y -2}(x +y)
=(y-2Z)2x - (x+ V)] =(y-2)2x - X -y)=(y -z} (X~ ¥)
Cha y: Nhiéu khi can doi dau dé xuat hién nhan wr chung
. Phuong phdp ding hang dang thi :
Vidu 3: Phan tich da thic - x'y* + 8x’y — 16 thanh nhan tr
Giai
Taco: —x'y? +8x’y 16 = (x'y’ - 8x'y 16 ) = —(x’y — 4)?
Cha y: C6 nhitng triomg hop phai doi ddu mai ap dung duge hang ddng thice
dang nho dé phan tich da thice thanh nhan i |
Vi du 4: Phan tich da thic sau thanh nhan tir: 4b’c® - (b?+ ¢? — a%)?
Giai
Taco: 4b’c? — (b*+ '~ a’)
=(2bc)? - (b*+c?-a?)?=(2bc + b+ ¢’ - a%) (2bc - b’ - c?+ ad)
=[(b+c) -a’][a’ - (b-¢c)]
=(b+c—-a)b+c+a)a-b+c)a+b-c)
. Phuwong phdp nhom nhiéu hang tu |
Str dung tinh chat giao hodn va két hop cla phép cong, ta két hgp nhiéu
hang tir ciia da thuc thanh cdc nhém thich hop, roi dp dung céc phuong phép
khac dé phan tich thanh nhan tir d6i v6i timg nhém
Vidu §: Phan tich da thic sau thanh nhan ur: P = x'z + x’yz - x’Z* - xyZ*
Giai
Taco: P=x'z+ x'yz - xX'22 - xyz’ = (x'z - X’Z) + (X’yz - xyZ’)
P =x2z(x - 2) +Xyz(x - 2) = Xxz(X - Z)(X +y) .
Vidu 6: Tim tat ca cdc gid tri cua X, ysaocho: xy+1=x+y
Giai
Taco:xy+1=x+yerxy-x-y+1=0xy-x)-(y-1=0
S X(y-D-(y-D=0=(y-Dx-1)=0
+ Hoacx-1=0=x=1
+ Hoacy-1=0=y=1
Vaycdcgidtricantimchax vayla: x=1L,ytuyyy=1, xtuyy
. Phdn tich da thirc thanh nhdn tir bdng cdch phéi hop nhiéu phuong phdp
Bai todn phan tich mot da thirc thanh nhan tir nhiéu lic ta phai van dung
linh hoat cac phuong phép trén déng thoi st dung cic tinh chat giao hodn,
két hop clia phép cong va phép nhan , tinh chit phan ph6i cua phép nhan d6i
vGi phép cOng cic da thirc.



Vi du7: Phan tich da thic thanh nhan wr:
| M =ab(a + b) — be(b + ¢) — ac(c - a)
Giai
M = ab(a + b) — be(b + ¢) — ac(c — a) = a’b + ab’ — b’c — bc? - ac(c - a)
= (a’b = bc?) + (ab’ - b’c) + ac(a - ¢)
=b(a’-c?)+b¥a-c)+aca-c)=(a—c)[ba+c)+b +ac]
=(a-c)[ba+cb+b’+ac]= (a-c)[(ba+b?)+ (ac +cb)]
=(a-c)[b(a+b)+c(a+b)= (a-c)a+b)b+c)
Ngoai cdc phuong phéap trén, ta con ding moét s6 phuong phiap khac nira,

ching han:
1. Phuong phdp tdach métr hang tw thanh nhiéu hang tie réi nhém cdac hang tw
thich hop _
Vi du 8: Phan tich da thirc thanhnhan tir: A=x*+x'+x’—x -2

Giai
A= x*+x*+x2-x-2 =(x*"-x)+(x'-x)+ (2x*-2)
=x}(xI- D+ x(xX*= 1)+ 2(x*=1) = (x - D(x*+ x +2)
=(x—-D(x+ DX+ x+2)
Vi du 9: Phan tich da thirc thanh nhan ti: B =2x* + x2 + x - 1
Giai
B=2x+x"+x-1=2x"-x2 +2x* - x + 2x -1
=x*2x-1D)+x2x-D+@x-D=2x -D(x*+x+1)
2. Phuong phdp thém bor cung mot hang tu
Ta c6 thé thém bét ciing mot hang tir vao da thirc da cho dé lam xuat hién
nhitng nh6ém s6 hang ma ta c6 thé phan tich da thic thanh nhan tir bang céc
phuong phép: dat nhan tlr chung, ding hing ding thitc, nhém céc hang tir...’
Vi du 10: Phan tich da thitc C = x’ + x + 1 thanh nhan tr
Giai
Tacé:C =x"+x+1=x"-x*+x2+x+1
=xXx' - D+ X+ x+ D=x3x-DE*+x+ D+ xX2+x+1)
=+ x+ DX -D+1]=x2+x+ D(x' - x2+ 1) |
Vi du 11: Phan tich da thic D = 4x* +1 thanh nhan tr
Giai
Tacé: D=4x"+1 =4x* + 4x'+1 — 4x?
= (2x2+ 1)7 = (2x) = (2x*+ 1 - 2x)( 2x*+ 1 + 2x)
3. Phan tich da thiecc thanh nhan tw bang phwong phdp dar bién phu
Trong moét s6 truong hgp viéc dat bién phu thich hop gitp cho phan tich da
thiic thanh nhan tir dugc thuan loi.



Vi du 12: Phan tich da thie thanh nhan i A= (3 + x) + 47 + 4x 12
Geiai

A=T+HX) +d0 +dx 12 =+ + M Ex) - 12

Dat:y=x"+x.

Tacd: A=y’ +dy-12=yv +dy+4d -16=(y+2) -4

=(y+2 Dy +2+d) =(v -2y +06)=(xX"+x - 2} xX*+ X +6)

5. Bai tap dp dung

Phan tich cac da thuce sau thanh nhan ur:

Bai 1:

a) (x*+ ¥y = 2) - (2xy - 2)°

b) (a ~ b)@’—¢’) - (a - c)a’ - b’)

c) 2x* - 5Ky +2v°

Bai 2:

a) x*+4x’ -5 d) 3x'+2x% + 2x -1

b) x'+2x+ 3 e) X +x'-2x-8

c) x'+x*+4 fyx'+x'-x-1

Bai 3:

a) x'+3x'+4 b)) x'+ X'y +y' ) 64x' + 8l d) +x*+1
e) X*+x+1 N x*+x +1 2 x+x +1 h) x* + 4y’
Bai 4:

a) X" +2xy+y +2x+2y -3
b) (x - I)(x = 3)(x —-4)x -6)-72
) (X+x+ )X +8x+15+15
d) @x+ DU2x - I)(x+2)x+1)-4
1.3. Phan thirc dai so
1. Kién thirc cdn nho

-

. A
— Hai phan thic bang nhau: B = ](—) < AD=BC

— N&u M khdc da thic Othi: 2 =2. MM
BM

- Céac phép tinh :
B B . .
+ Phép cOng: A +—= A+B Vai M la da thie khac da thic O
M M M

( Néu hai phan thitc khdac méu thi phai quy dong mau thirc )



+ Phép tru: -{\——S=é+ _E
B D B D
A

1 £ la phan thuc
D

) bi\/b2 —4ac -

d6i cha phan thuc—Cw . — . = —&—:E V6éi M la da thic khidc da
D M M M '
thic O
+ Phép nhén: A E ﬁ_C_ Véi B, D la cac da thuc hhac da thiuc O
: B D BD
+ Phépchia; 2:S-AD_AD iR . C.DIacic da thic khic da
B D BC B
thic O

2. Mot sé diém cdn luu y
— Truéce khi quy déng mau thirc hay thuc hién cac phép tinh, néu cé thé thi
nén rit gon phan thic trude. Két qua sau khi bién déi cdc biéu thic hiru ti
cling can duoc rit gon.
— Céc phép tinh vdi da thirc ciing c6 ddy du céc tinh chat cla cac phép tinh
V@i cac so thuc.
— Khi giai cdc bai todn lién quan dén gid tri ca phan thic. Ta phai tim dliéu
kién xac dinh cla phan thirc.
3. Bai tdp vi du
Vi du 1: Riit gon biéu thifc sau va tim gid tri nguyén cta x dé biéu thic c6

2 2
o X°—-2x 2x l_2)
it én: M = - -2 )
g1 r;qguyn [2x2+8 8—4x+2x2-x3J[ x x*)
Giai
X —2x 2x X —x-2
Taco: M = - '
° (-2(x +4) 4(2"‘)“‘(2“")) &
x2 - 2x 2x? (xz _2)(X+ l)
= 2 + 2 ' 2
Z(x +4) (x +4)(X“2) "

x2(x-2)" +4x> (x=2)(x+1)
2x-2)(x+4) ¥
x(x2 —4x+4+4x)'(x —2)(x+ 1)
2(}»&2 + 4)(x - 2) x?
X "2"’4) (x-2)(x+l)=x+l
2(x - 2)(742 +4)' x? 2x




{

T+ 820

) [,\70

'V']\f?_

\

2 bl
e M xac dinh thi: ¢ (.\‘2 + 4)( x-2)20
\C #

0
Khi d6 M nguyén th1 2 M nguyen hay e nguyen.
A\

X |
Ma X =14 D e 7 exeum = {10
X X

Vaix =1 thoamin (*)vaM=0¢€e Z
 V&ix=1thoamin(*)vaM=le Z
Vay x = 1 ; x = -1 thoa man diéu kién bai ra .

, " el A 2
Vidu 2: Chobiduthue: M= | >0 % fx+1 o
X -1 x“+x+1 )l 1+x

a) Rutgon M
b) Timxdé M =3

c¢) Tim gid tri nho nhat cha biéu thic P= x* -~ M

Giai
a) Taco:
2x2 +1-x(x-1 " 2rx+1
M=[ ! )).(l-zx+x~)=i_3_§_(x_l)z=x_,
x -1 x -1
, x-1=3
by bé M=3 thi § |, & X =4
x =120

2 2
> ) (1 3 I 3.3
c) Taco: x* ~M=x"-x+l=x"=2x~+| | +>=[x-=| +>2=
2 \2 4 2 4 4

e

.3 X I
Vay P nho nhat bang rl khi 2 = 3
x' =120
4. Bau tdp tie luyén
B:i 1: Cho x, y, z doi mot khdc nhau. Tinh gid tri ctia biéu thic:

B Xy z yz ., Xz
S s T Py R P Y Py Py Y



Bai 2: Ruit gon biéu thic :
3

5
“~

b9 | =

2 |
o i 7 | )
2+x 4-x" 4-2x"| 4-2x

=

A=1:

Bai 3: Ruiit gon biéu thi :

x? - 5x 25 - x? X+3 x-5
M=|— =1 | = - + -
x“—-25 x“+2x-15 x+5 x-3

vatim gid trictax dé M < |

- -2
Bai 4: Riit gon biéu thirc: B = ( e + 82x J:(l _pE=g .
3x-=1 1+3x 9x°—] 3x+1 ) .

Tim céc gid tri cia x dé B =%
Bai 5: Tinh gid tri biéu thic

2 2
P_( Lo, ] 2x )(x—3) +12x

=l=3 ) ¥
X“+5x+6 X 43x+2 x“+4x+3 4

v6i X = V2006 + 2007

Il . BIEN A1 CAN THUC

I1.1 Cac phép tinh can thirc
1. Kién thitc cdn nho
*+ JA t6ntai (c6 nghia) khi va chi khi A > 0
: 2 . 3 AvaiA20
* Héng ding thic Ia? =|A| = {—A ezl
2. Nhimmg diéu cdn luu y
Muén tim c4c gid tri ca x dé can thic JA ¢6 nghia ta phai giai bat piueng
trinh: A > 0 (Xem phan bat phuong trinh)
3. Cdc vidu
Vidu 1: Tim céc gid tri cla x dé c4c bidu thic sau c6 nghia:

a) V3x-2 c) x2-5x-6 e) %% -3

4 : >
b) d) Vvx“+3
v2x ~1 b

Giai

a) V3x-2 conghia & 3x-22 0 & x 2

| W

10



4 o J:\v>0 1
b) === cd nghia ¢»
2\ - i l 2\ ' i & () 2

C) \/.\;2 ~5x =6 conghia <= v Sx+6 0 < (x+D)(x-6)>0

[.ap bang xét dau ta duge x < ~1: x > 6 thoa man diéu kién bai ra
]

d)y Tacox’>2 0Vx »>x’ +3>0Vxnen vX +3 conghiavsi Vx.

€) \[ATS conghia <> x” 2 > 0 & X B2 b |\| > 2

hay x > J2 hoac x < - /2
Vidu 2: Tinh:

2 3-242 b V5-2V6

Giai
a) Ta co: \j3—2\/§ = \f("fi‘—l;? = l\/i—li = o3 =] (vi \/5> 1)
by V5-2V6 = (V2 -3 = V2-3l = 32 (i-V3>42)

Vi du 3: Khoanh tron vao chir cai diu két qua ma em cho 1a ding
a) Biéuthic 3 — V2- 6x €6 nghia khi:

A x>3 C. x>3 B.xS—% D.x<%

b) Gié tri ciia biéu thitc y6-2V5 bing:
A 1-VJ5 B V2-3 C. J5-1 D. V3-2
Dip so: a) b) C
. Bai tap tu luyén
Bai 1: Tim gi4 tri clia x dé biéu thiic sau ¢6 nghia:

a) v6x -3 C) \/6*-.\':‘2_ e) l

x_

b) ——r RN B S s (PO ) i

J6x =3 1-vx -1

Bai 2: Tinh:
a) V625 +6+25
b) J7+4¢3 +J7-43

c) 6+2\[5-—\/I3+4\f§

11



Bai 3: Riit gon cédc biéu thic:
x—-49

a) (
Jx -7
b) va+6a+9 ++va’—6a+9

Jx2—6x+9
3
c) 6 2x (x#3)

I1. 2 Lién hé giira phép nhan, phép chia va phép khai phuong
1. Kién thitc can nho
+ Khai phuong mot tich: NEu A A,, ... s A, >0

Thi JA|A Ay A, = (A A A A,

+ Khai phuong mét thuong: Néu A > 0; B > 0 thi

Xx>0; x#49)

I
=I5

A
B
2. Mot so vin dé can luu y

+ A20thi(VA )Y = VAZ =A

+ VGiA, B20thi: VA+B<JVA +VB
D4u bang xay ra khi A hoac B bang 0

+ V6i A>B thi: VA-B 2+A - B Daubing xdy rakhi A=B

+ Néu chua khing dinh duoc A va B khong 4m thi ta vin c6 thé khai can
mot tich hodc thuong nhung phai 18y gid tri tuyét d6i:

JE:\/W\/@ va Jg:%

3. Cdc vi du
Vi du 4: Tinh:

J6 + /14
9-17J9+17 b)
) 9 vo+ 28 %28
c) Vaa-3)? (@a=3) d)/b%(b-1)? (b<0)
\/45mn2
B i it d 0
Giai

av \O- 17 o+ V17 = JO-VITY9+17) = BT-17 = Jo4 =38

\/_+\H _Vﬂ:\’?f~,5~-':\'-(\/7’+\/7) \/—2_
2J5+J_ 23+VaNT 23+ 2

12



C) \/4(3-—3)2 :\”{-1.\"(il' 3y = 24a-3i= 2 -3)(Via=3)
d) yb2b=1% =Vb" b1 =bl b1 =h(b D)

Vay yb*(b=1)" = b(b 1)

\/45ng f(4i§mn 2 i?)ﬁri? \/()’I‘]j V@A\/nzﬁ 3!nb 3n
C) ————— = |- I e e
J20om VNV om N4 U 2 2 2

(vin>0)
4. Baitap tu luyén
Bai 1: Tinh:

a) (32 -4/50++8): V2 b) 223 -2)+(1+2v2)2 -2J6
v2-V3 V9-642 -6

d) ~

J2 3
e) (V5-2v6 +V2)3

Bai 2: Rut gon:
x-y+3x/;+3\/)—z
\/——\/;*F}

=(XJ§+yJ;HJ——J§)

c)

—_

(x,yz0)

B (x,y>0)
Jxy
Cz\/x—2\/2x—4 (x> 4)
2
pe X1 (y -2y +1)?

: xzLiy# Ly>0)
\/)_l—l (>c~l)4
Bai 3: Tim x biét: .
a) \)x2-9—3\/;7-1-,:4_:() b) \/;5::1+2\/x+2=0

I1. 3 Cac phép bién doi don gian can thirc bac hai
1. Kién thitc cdn nho

+ Dua mot thira s6 ra ngoai dau can: \/;\28 =|Al.\/§ (B=0)

+ Dua mot thira s6 vio trong diu can:

AVB=vAZB vdi A>0:B>0: AVB=-vVAZB v6i A<0:B>0

, . A 1V - A
+ Khir miu cua biéu thire lay cin: 55 o 'BI vAB voi = >0:B#0
y 1D |

13
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+ Truc can thirc ¢ mau:

A AJVB

) = (B>0)
JB B

A AWBEO)
\/—:tC B-C?

A AWBZO)
J~bk B-C

2. Nhitng vdn dé cdn luu y
Khi truc can thic cta biéu thirc ta nhan ca tir va miu ctia biéu thic 1y cam
véi lién hgp cua mau
Vidu § : Truc can thic & miu

! \ﬁ_ /3_-2__\[5_[9
' N6 4
\/_—: /ba ———(Vmab>0)

243 +3V5 234345
z\/_ 35 (2v3-3V5)(2V3 +345 ) 33

Viéc dua mot thira s6 ra ngoai dau can déi khi ta phai bién d6i biéu thitc 1ay
can vé dang thich hop réi méi thuc hién duoc.
Vi du 6: V2823 = V4a2.7ab = \(2a)2.7ab = 2|a|/Tab (Véiab>0)

3. Cac vidu

(B2 0:B#C)

(B=0,C>0;B#£C)

Vidu7:
a) Cho cdc s6 312 va 226 . Chon két qua ding trong cdc két qua sau:
A. 32 >2426; B. 3v2 <2V26; C. 3/2=226

1 [11 1 § .
b) Cho cic s6: — L va SJI_Q . Chon két qua diing trong céc két qua sau:

’ 1 {11 1 111
\/ B. — . [—>—=+I9 C. =, |—==vI19
2V2 3 2V2 3

Pap so: a) B b) A
c) Chon két qua diing trong cdc két qua sau:
A. x.‘/g-—.\/ﬁ B. x.\/§=\/ﬁ véi x2 0
X X

C. x.\/-z:=\/—2_x véi x >0
X

Pap so: ¢) C



Vidu 8: Rut gon cdc bicu thie sau

a) 2 2 X = \,/F{x}l (x> 0)
A} e e C) i X =
JI=l B4 xVX + 343
5+\/§ 5—\,/—.'g 2 [ 2 ]
b) ———=+—F= HhD= - Sx"(1-4x+4x") (x # =)
5-J5  5+45 A ey
Giai
2 2 23+ 231 23+2-23+2
a) —_— ———— D — e ———— e T —— = 2
J3=1 Axl 3-1 =] 2
5+J5 S—V5  (5+J5)P (5-5)
b) ——=+—F>=- +
5-J5 5445 25-5 25-5
254105425105 +5+5
- 20 -
& 5;@«&3 3 x—\jr_i;+3 B X—+3x +3 3 |
xWx+33 O+ (W) (x+VHx-V3x+3)  (Vx +3)
d) D = = J5x* (- dx + 4x%) = —2— J5x2) (1 - 2x)2
2x -1 2x -1
= £ x2|1-2x|.v5
2x -1

Vay D= 2x*J/5 . Néu x >% ;D
4. Bai tdp tu luyén
Bai 1: Tinh gid tri cta biéu thic sau:
2 2

A e
3422

3242

1 1 1

B2 Jai
1

=-2x2\f5 Né’ux<%

(xy>20,y#0)taix=2;y=1

1

+
J2006 + 2007

b) V30 - V29 véi 29 -/28

15



Bai 3: Ruit gon cdc biéu thifc sau:

Ja Jb 2b
) - = (a>0;b>0;a#b)
Ja-vb Ja+Jb a-b
2.4
b)azb\'/zab = (b#0;a#b)
b a‘-2ab+b
Bai 4: Tim x biét:
a) V3x-2=V3-2 b) x—7Vx-3+9=0

I1. 4. Thuc hién phép tinh. Riit gon biéu thirc c6 chira can bac hai
1. Kién thirc cdn nhé:

+ Véim,p,q.r € R; A €Q’ thip\/_/:;q\[x;r\/; duogc goi la cdc: can
déng dang.
+ p\/A_+q\/K+r A+m=(p+q+r)\fx+m

2. Cdc vidu
Vi du 9: Thuc hién cac phép tinh sau:

a) 32a—+/18a +4 %—%JIZSa véia >0

a2
b) — E————\/ — -rﬂ viim>0;n>0

c) V72 - J‘+45\/;—+2J_

2+J‘—J2 V3
\/2+\/_

4

6
e)“ﬁ"ﬁ+_ﬁ-z+ﬁ-3

Giai

a) 3v2a —18a> + 4 —-—lesa
=322 —/9a2.2a +4-2-J2_-ZJ64.2a

= 3«/2_a—3a\/2_a+2\/55——}.8\/2_a(via20)
= 32a -3a2a +2J2a -2J2a = 3\2a(1-a)
2
b) -g E——~/_+—-- — -—\/: 20 Jmn + 2 \/F(vin>0)
n ‘
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_abym o g wnn b g wnn a AIHI(h h" +a)

h n h n

I ST - 16 :
2 - / 452542027 = V62 2 - / +4,5. = +2v3%3
), 173 ' V/V‘ R \13
=6f~%J3 »-;4‘5.2»-‘; £ 3T =t = JB 9‘/_ +63
26\/§+3\/(;+H\f3'

24323 (2432 2o
d) 7 T 2 #4842~ 43)

= JO B = A=l =]

4 1 6  43-1) 3+2 6(/3+3)
€) : o + =- * +
JI41 §3-2 -3 3-1 3_4 3_9
& Wndd = 11= 3+ D=3 # 3 = Tl =T = fF =B o3 =F = T

Vi du 10: Giai cac phuong trinh sau:

a) ¥3,5% +/50x —32x + J72x - 5 f%xqzzo &

b) 2J9x -2 —%\/253(—75—%\/49)(-147:20 (2)

Giai
a) DKXb:x 2 0

PT () ‘P;+\/25.2x—\/16.2x+\/36.2x-— v@qz 0
c:-% 2X+5J5——4\/2_;+6\/2_-—§\/§;—12=0
e

3 5
e (5+5—4+6—E)\/5;=12

& 62X =12 & 2x =2 2x =4 & x =2 (Ym)
VayS={2}

b) PT(2) & 2J9(x - 3) —%\/QS(X-—.?) -%,/49()(—3) =20;DKXD: x>3

Pt 2.3\/x-3——:—.5\/xm3——_l]—.7\/x—3=20
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S VXx=36-1-1)=20 <> Jx-3=5 < x-3=25
< x-3=28(t/m)

Vay S = {28}
Vi du 11: Chimg minh cdc dang thuc sau:
5+2J5 2 2J_ P
\'
\/§+\/_ ﬁ—v‘.
X x—yﬁ = )
b) (=X Sy s (WY = (x> 0ivs Dix#y)
Jx -y
Giai

a) Bién doi vé trdi ta co:
S+, 5246 _[(42+f)J_(I f)]
NP LN P B+vz | | V3-2
= (v3+V2) - (/3 -2)
=3 +V2-VB+V2)3+V2+V3-2)=2V2.23=46

So sanh VT va VP ta thay déno thitc di cl'o luén ding.

b) Bién doi ve tréi ta duoc: (\/- \/.;{_F\/W) (x/;+\/_)

“Fj_':/‘/__’ \[_J (Vx +y)?
_(\/_ J}(f‘\f/_ﬁ*y) \/K*YJI‘JX—‘*\/;)Z
= (x+xy +y+xy): Wx+ Jy)? = (Wx+Jy)? s xo+fy)? =1

So sanh VT va VP ta thay dfmg thl’rc da cho luon ding.

|

3
Vi du 12: Cho biéu thitc: B= (——— +1-a): (———=+1)
I+a \}l+d’
. A 3
a) Riit gon B b) Tinh gid tri cua Bnéu: a =
2 +J3
Giai

a) Diéukién: -1 <a<|
3+vl-a2 3+V1-a2 3+4i-a> Vi-a
Vi+a - g? Vita  341-a

JIi-al+a \/*’—
= : =Jl-a.VayB= Jl-a
Nita -y

Khidé: B =




Khids: [<~asl=3d3+8=8=3J% =i =TF

B= JW3-17 =Vi-1 (\3>1)

3. Bai tdp tu luyén:
Bai 1: Thuc hién cic phép tinh sau:

\/5—1 J3-1 Js-3 J§+f J5 +1
a) (1- ) : (— 42 1)

2 RN CUN S N SN o
——— v-2V14) (9+2V14
b) 15-6v6 +33-12J¢ (\/7 ) (ﬁ+f)

I 6 ﬁ_s

5
+ . o e e
A=fl1 Z4+7 JF=2 32
Bai 2: Ching minh cic déng thic sau:
a) \[2+\/§+\/2—x/_=ﬁ>
2\/5—\/5_\/216)(”)_
J8 -2 3 T e
avb+bJa 1
-b (a,b>0;a#b)
b da-=db
atida. A=y
Wi - )=1l-a (a>0;a#l
Ja+1'  Ja-1 )
e) 1 a+b .
g e

Bai 3: Giai cac phuong (rinh sau:

c)

b) ( -1.5

c)

d 1+

a) x-V4x-20=20 b)x 3Jx+2=0  ¢) J;'z:‘j;*ﬁ
Vx-4 Jx-7
Bai 4: Ruit gon céc biéu thic sau:
a) \E—\/13+JI§ byvx +4Vx -4 +Yx—4vx -4 (x> 4)
\/— 2 1 10-x
Bai 5: Cho biéu thiic: A*-( ¥z J—x_—2+ )
2 Jx xa2 : Jx +2

a) Rut gon
b) Timgid trictax dé A>0
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3 3
Bai 6: Cho biéu thirc: B = ( LA +‘/— \/— .(\/— \/_) +\/—
\/__\/; y—-X \/;4.\[_

a) Rut gon
b) TinhBkhix=3-2v2;y=3+ 22
¢) Ching minh:b2>0

Bai 7: Cho biéu thic: P = (

34vx _3-Vx | 4x M 5 __4&+1J
-Vx 3+Yx 0 x-9)3+Vx 3Vx+x

Biét véi x > 0, x# 9, x# 1 thi P ¢6 nghia.

a) Ruat gonP.

b) Goi x, 12 nghiém cta phuong trinh: x* - 11x + 18 =0
Tinh gid tri cia P tai x,

. HAM SO VA D& TH| ty
1. Ham s6 bac nhat va qui vé bac nhat 201
1.1. Kién thirc cdn nho: 157 y=ax+b
a. Dinh nghia: 10 1
Ham s6 bac nhat 12 ham s6 duoc | 51/ 5 1015 20
cho bdi cong thitcy =ax + b —t—t—t
trong d6 a, b 12 cdc s6 cho truéc va —20 —15-10 =5 /
az0 L —10
b. Tinh chdt: Him s6 y =ax + b (a#0) -15
+ TXD: VxeR 20
+ Né&u a> 0 ham s6 dong bién trén R

Néu a < 0 ham s6 nghich bién trén R.
+ D6 thi ciia ham s6 12 mot dudng thing di qua M(O, b) va N( b , 0)
a

1.2. Nhimg diéu cdn luu y:
* Neé€ub=0tacéhim s8y = ax c6 d6 thi 1a mot dudng thang di qua O(0, 0)
va M(l1, a).
* Néua=0 tacéham s6y =b la ham hing.
* P6 thi ham s6 y = ax + b 1a dudng thing song song véi du‘bng thing
y = ax va cét truc tung tai diém c6 tung do bing b (b 12 tung d6 géc)
* Puong thingy=ax +b(a#0)c6hés6goclaa

+ a>0e 0" <o <90”

+ a<0e 90° <a<180°
a - G6c tao bdi d6 thi cia ham s va chiéu duong ctia truc hoanh

20
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0(0:0) |

=3

e
i

(S I 4
8%}
—

Chi y: Néu b =0 ta c6 dudng thang y = ax, a cing dugc goi 12 hé s6 géc cla
dudng thing y = ax

* 4
+
+

+

Nhimg diém c6 hoanh do bang 0 nam trén truc tung.

Nhimg diém c6 tung do6 bang O nam trén truc hoanh.

Nhimg diém c6 hoanh d6 bang tung d6 nam trén dudng phan gidc cua
g6c vuong thi I va tha 11

Nhimg diém c6 hoanh do va tung do d6i nhau nam trén dudng phan giic
cua goc vuodng thu III va thir IV.

* C6 nhitng ham s6 phai qua mot s6 phép bién déi mdi dua vé dang ham sé bac
nhat.
1.3. Céc vi du

Vi du 1: Trong cac ham s6 bién x duéi day, ham s6 nao 1a ham s6 bac nhat?

Tai sao?

a) y=3x-1 d)y=mx—m2+\/5—x

b) y=x(3x-1)- (3x* x)+2 e) y= "

3)(2'?1

X

o) y=(mi+ V2)x-242 +1

Giai

a) Ham s6 y = 3x - 1 1a mot ham s6 béc nhat vi n6 c6 dang:

y=ax+b;a=3#0

b) Tac6:y=x(3x - 1) - 3(x = x) +2

=3x - x-3x’+3x+2= 2x+2
Vay y = 2x + 2 nén ham s6 da cho la ham s6 dua duge vé dang ham s6
bac nhat.
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c) y=(m’ + J2)x = 242 +11aham sO bac nhat vinéc6 dangy =ax +b
viia= mi+ V2 #0

d) y=mx-m?+ V2 -x
y=(m-Dx-m?+ V2
Ham s6 nay chua hin di 12 ham s6 bac nhat vi néu m = | thi ham s& ¢6
dangy = v2 - 1 1a ham héng.

2

e) y= 2‘-";[ khong phai la ham s6 bac nhat vi n6é khéng c6 dang:

y=ax+b
Vidu 2: Chohams6:y=(a—-1)x +3
a) Tim a dé ham s6 d6ng bién? nghich bién?
b) Tim a biét rdng khi x =v2 thi y=1

Giai

a) Him s6 dong bién < a-1>0 & a> 1

Ham s6 nghich bién <> a-1<0 & a<|

b) Véix=+2 ;y=1tac6l=(a-1)2 +3

o@-)=—= o a=1—\/5.\/aya=l—\/2_>

2
Vi du 3: Trén mat phing toa do Oxy cho hai diém A(1; 2) va B(3; 4).
X4c dinh ham s6 biét d6 thi cia n6 1a dudmg thing di qua A va B.
Chi ra he s6 géc ciia dudng thang.
Giai
* Goi phuong trinh dudmg thing di qua A va B c6 dang:
y=ax+b(a # 0) (¥
Vi dudng thing di qua A(1;2)tacé:2=a.l +b <> a+b=2 (l)
Vi dudng thing di qua B(3; 4)tac6: 4=a.3+b < 3a+b=4 (2)
a+b=2 {a =1
=
3a+b=4 b=1
Vay dudng thing cdntim 1a: y=x+1c6héségéclaa= |
Vi du 4: Cho ham s6 y = (k + 1)x + k. Biét d6 thi ham s6 cét truc tumg tai
diém c6 tung do la 3.
a) X4c dinh ham s6 trén
b) Vé d6 thi ham so6 vira tim duge.
¢) Tinh goc tao bdi dudmg thang va truc Ox (K&t qua 1am tron dén pha)
‘ Giai
a) Vidé thi ham s6 y = (k + 1)x + k cit truc tung tai diém c6 tung do 12 3
Taco:3=(k+1)0+k =>k=3

Tacé hé: {



Vay d6 thi ham so can tim co dang: y = dx + 3
b) V€ d0 thi ham <6: y = 4x + 3

* x=0thiy=3y=0thi x=

*  Biéu dién cac diem A(0; 3); Bl 4 ()

trén mat phang toa do
* Vg dudmg thang di qua A va B ta
duoc d6 thi ham s6y = 4x + 3

c) Tacé: igB = 3 =4 =B = 7558

-
4l
1.4. Cac bai tap tu luyén:
Bai 1: Xac dinh ham s6 y = 2x + b biét rang dé thi ctia né di qua diém
M(@3, -95)
Bai2: Chohamso:y=(a—-1).x +a
a) Tim a dé ham sd dong bién, nghich bién.
b) X4c dinh ham so biét do thi ham s6 cat truc tung tai diém c6 tung do
bang -2.
c) Vé d6 thi ham s vira tim duoc.
Bai 3: Choham s0: y=ax + 6 (d)
a) Xdac dinh a biét rang duong thang (d) cat truc hoanh tai diém c6 hoanh
do bang 2.
b) V& dé thi ham s6 vira tim dugc.

¢) Tinh gid tri cia ham s6 tim dugc ¢ cau a biét x =

-

s | —

d) Tinh x biét y = V2 theo ham s6 da xdc dinh & ca
Bai4: Choham s6: y=(m - 1).x+m
a) Xdc dinh m d¢é duomg thang trén di qua goc toa do? Cat truc tung tai
diém c6 tung do bang | -2
b) Véi gid tri nao ctia m thi géc @ tao bdi duomg thing (1) véi tia Ox 1a
g6c bang 45" ?
2. Ham s6 bac hai:
2.1. Kién thiic can nho:
Ham s6 bac hai ta ¢l xét trong truomg hop y=ax’ (a # 0)
*TXD T K
“ Tinh chat:
+) a > 0: Ham s6 ddng bién véi x > 0, nghich bién véi x < 0, bang 0 v6i
x=0

c

a.
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+) a < 0: Ham s6 d6ng bién véi x < 0, nghich bién véi x > 0, bang 0 vdi

x=0

* PG thi: DS thi clia ham s6 y = ax’ (a # 0) 12 dudng parabol véi cic dic
diém sau:

-

Pinh: O(0; 0)

Truc d6i ximg: Oy

Néu a > 0: parabol quay bé 16m lén phia trén nhan O(0; 0) l1am diém
th4p nhét (diém cuc tiéu)

Néu a < 0: parabol quay bé 16m xuéng phia dugi nhan O(0; 0) lam diém
cao nh4t (diém cuc dai)

* Céch vé d6 thi ham s6: y = ax’ (a # 0)

Pit dinh tai O(0; 0) |
Xéc dinh cdc diém (1; a); (-1; a); (2; 4a); (=2; 4a); (3; 9a) ; (-3; 9a)
Vé parabol di qua cdc diém trén.

24

AY A
8 1 817
6 1 6 <+
y=ax’(a>0)
41 1
21/t 2 3 4,
+ +  pm— t + t—t>
-4 -3 2 -1 |90
+ —4
o4 .._6
r -8
2.2. Cac vidu:

Vi du 1: Cho ham s6: y = -3x’
A. Ham s6 déng bién khi x < 0; nghich bién khi x <0.
B. Ham s6 déng bién khi x > 0; nghich bi€n khi x > 0.

Chon két qiia diing trong hai két qua trén.
Pap so: A

Vi du 2: Choham s6 y = f(x) = —;;xz

a) Tinh f(5); f(-5); f(3); f(-3) va rit ra nhan xét.
b) Tinh x khi f(x) = 1; f(x) = 3; f(x) =9

f(5)=-.5°=
a) 1(5) 3

Giai
I 25
2= (-5 =

—: f(-5) =
3 (=3)

%E = f(5) =1(-5)

L
3



1 | T |
f(3) = '{.32=3: f(-3)= —. (-3 =3 = f(3) = f(-3)

-
h)

l 2 R [ = «[i
b)f(x)=1 & —x"=31x" =9 < ol
3 __\’ :-—\_‘\%
l 2 > : »—x =3
f(x)=3 & —%x"=3 & ¥=29s -
3 | % = =3

f(x)=9 < l)(2 =0 < yeiis {" =33
3 X = -3J3
Vidu 3: Cho ham so y = (m® - 2).x%(2)
a) Xdc dinh m dé do thi ctia ham s6 (2) di qua diém A(1; 2)
b) Vé d6 thi ham s6 vira tim duge O cau a.
Giai
a) Vidé thi ham sy = (m® - 2)x* di qua diém A(l; 2) nén ta co:

2=(m*-2).I'ecom’-2=2 om’ ___4©1:m:2

m=-2

Vay m = % 2 thi ham s6 (2) di qua A(1; 2)
b) Néum =2 ta cé ham s6: y = 2x?
Néum = -2 ta c6 ham s0: y = 2x°
Vay ta c6 ham s6 y = 2x’
* V& d6 thi ham s6 y = 2x’
Véix=1thiy=2

| 1 AL
V61x=—l—th‘|y=— =¥ =2 o ¥
2 2

Biéu dién céic diém: A(l: 2) va B(%%J 1-3

trén mit phing toa do
Lay A’ d6i ximg A qua truc Oy; B’ d6i ximg véi B qua truc Oy
Vé Parabol dl qua A’, B’, O, B, A ta dugc d6 thi ham s6 y = 2x?

Vidu 4: Choham s6 y = —%xz (3)
a) V& d6 thi ham s6 (3)
; -3, .
b) Tim m dé A( J2n . m); B(-v2 ; m); C(m ; T ) ndm trén parabol trén.
Giai
a) V& doé thi ham so: y = —%xz: x=1 th‘ly=-%:x=2th‘ly=—2
Biéu dién cac diém E(1; - -;:) va F(2; -2)
Trén mat phang toa do. Lay F’, E’ d6i ximg véi F.E qué truc Oy.
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V& parabol di qua E’, F’, O, F, E ta duoc d6 thi ham s6 y = —%xz

11

b) A(\/i;m) € parabol <>m = —~-él—(s/5)2 S m=-l

B(-v2:m) € parabol < m = —%(—\/5)2 < m=-1

3 3 1
C(m;—— bol —_—=——
(m 4)epara & 2 2m
g 3 6 |m=">
o Z=m’ o m=—c 2
2 2 J6
m=--

!

V6 V6

Vay m=_29, vh m=-2 thi C € parabol

2.3. Bai tap tu luyén
Bai 1: Cho ham s6: y = f(x) = -1,5x?
a) Tinh f(1); f(2); f(3) réi sip x&p ba gi4 tri nay theo tha tu tir 16n dém bé.
b) Tinh f(=3); f(-2); f(—1) réi sdp x&p ba gid tri nay theo thit ty tir bé dén I6n.
Bai 2: Tim ham s6 c6 d6 thi 1a Parabol ma dinh O(0; 0), truc d6i xiimg 1a Oy
va di qua diém A(3; 2).
Bai 3: Cho ham s6: y = ax’
a) Xéc dinh hé s6 a biét ring d6 thi clia ham s6 trén di qua diém A(-1; 2).
Vé d6 thj ham s6 vira tim dugc.
b) Tim céc diém thudc Parabol néi trén c6 tung d6 bang 4.
3. Do thi va tuong giao cua cic do thi:
3.1. Kién thirc cin nhé:
— Hoanh do giao diém cia hai d6 thi ham s6 y = f(x) vd y = g(x) La 1ghiém
cua phuong trinh f(x) = g(x)
— Cho2dudngthing (d): y=ax+b va(d’):y’=ax’+b'(d’) (a; &’ £ 0)

*
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+ (d) catd’) > a fa’

v @)/ d) s { =4

b= b'
+ (d)E(d.)Q{il:ﬂ
by

+ ) L(d)eaa =-1
Cho Parabol (P) y = ax” (a 7 0) (1) va duomg thang (d):
y=mx+n(m#0) (k)
+ (k) cat (1) <» phuong trinh hoanh do ax’= mx + n
& ax’- mx —n = 0c¢6 2 nghiém phan biét tai 2 diém.
+ (k) ti€p xiic vdi (1) <> phuong trinh hoanh d6 ax’=mx + n
< ax’ - mx - n =0 c6 nghiém kép.
+ (k) khong cat (1) <> phuong trinh hoanh do ax’=mx + n
<> ax’—mx - n = 0 vo nghiém.
3.2. Cac vidu:

Vidu 1: Chodudng thing y=(a— Dx+2vay=(3-a)x + |

a) Tim a dé hai duomg thang trén song song.

b) Tim a dé hai dudmg thing trén cat nhau.

siai

y=@-Dx+2 (d); y=@-ax+1 (d)

a) bé (d) // (d’) thi {g;}=3"“ o2a=4 a=2

b)Dé(d) N(d’)thia-1# 3-a>a#2

Vidu 2: P6 thi hams6 y = 12x + 5 - m cat do thiham s6 y = 3x + 3 + m tai
mot diém trén truc tung la:

A m=-1 B.m=| C.m=4

Pap s0: B

Vi du 3: X4c dinh ham s0 y = ax + b biét do thi di qua A(-2; 3) va song
song vdi dudmg thing v = 3x - 5

Giai
Vi dé thi ham s6 y = ax + b song song vai dudmg thing y = 3x - 5

o {;l =3 ()
b#5
Lai do dé thi ham s6 y = ax + b di qua diém A(-2; 3) néntacé: 3 =-2a+b.

Kéthopvai(l) =>3=-23+b=>b=9 %5
Vay ham s6 can tim ¢6 dang: y =3x + 9
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Vidu 4: V& d6 thi ham s6y = 3x + 6 (d) vi y = x + 2 (d’) trén cing mat
phang toa do. Goi giao diém cua (d) v6i Oy la A cia (d’) véi Oy Ia
B. Goi giao diém ctia (d) va (d’) 1a C.
a) Xdc dinh toa do ciac diém A, B, C.
b) Qua A ké dudng thing song song vdi truc Ox cit dudng thing (d’) tai D.
Xic dinh toa d6 diém D. Tinh chu vi va dién tich ctia A ACD.
Giai
a) Vi A ndm trén truc tung, Oy N (d) = {A} = A(0; 6)
Twong ty B(0; 2) . Vi(d) N (d’) = {C}; C € Ox = C(-2; 0)

Y4 Jy=3

Xx+6
84 y=x+6
YA 6)
O / y=6
2 B(O.Z)

C(-2: 0) 2 4 6 8
et . + et >
-8 -6 2 |O0:0) X

b) * Tu D ké dudng thing song song Ox cit Oy tai A = y, =6

* Tu D ké dudng théng song song v6i Oy cit Ox tai E = x,= 4

VayD (4, 6) ‘
Ta c6: AD = OE =4 (dvdt)
AC*=0A?+ OC* = 6% +2°=40 = AC = /40 = 210 (dvdi)
DC* = DE*+ CE?= 6? + 6* = 2. 36 = DC = 612 (dvdt)
Vay chu vi AABC 12 AD + DC + AC =4 + 210 +6+/2 (dvdt)
* TyCké CK L AD (K € AD) = CK = OA = 6 (dvdt)

Sy = %CK AD=% .6.4=12 = S,q,= 12 (dvdt)

Vi du 5: Cho Parabol y= x? va duong thingy =x + n
a) V6i gid tri nao ctia n thi dudng thing cét Parabol tai hai diém phan bié.
b) X4c dinh toa do giao diém clia Parabol va dudmg thing néu n =2
Giai

y=x*(P); y=x+n(d)
a) Dé (d) cit (P) tai hai diém phan biét thi phuong trinh hoanh do:

x? = X + n ¢6 2 nghiém phan biét

Xét phuong trinh: xX*=x +n <> xX*-~x+n=0
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Co A=(=1)Y 41(-n)=1+4n
Phuong trinh ¢o 2 nghiem phan bict

& A=l +dnsOivigel Fhes ny-

, I . I
Vay (d) cat (P) tai 2 diém phan biet <> n> - -

b) Khin=2thi(d)y=x+2
Toa do giao diém cua (P) va (d) la nghiém cba hé phuong trinh:

b}
y =x° (1)
{y =X+2 (2)
Thay (1) vio (2)tacé: x' =x+2 < x'-x-2=0 (3)
Giai phuong trinh (3) ta duoge: x, =-1; x,=2

Vi x=-1thiy=1
Véix=2thiy=4
Vay dudng thang y = x + 2 cit (P) tai hai diem A (-1, 1) va B(2; 4)
3.3. Bai tap tu luyén:

Bai 1: Viét phuong trinh duong thang di qua A(-1; —4) va song song vdi
duong thang y = -3x + |

Bai 2: Cho dudmg thing y = (m - 2)x + 3(d,)
va dudng thang y = 2mx - 5 (d,)
a) Tim m dé dudng thang (d,) va (d,) song song véi nhau
b) Tim m dé duong thang (d,) cit dudng thang (d,)
¢) Tim m dé dudng thing (d,) vuong géc véi dudng thing (d,)

2
Bai 3: Cho Parabol y = %— . Lap phuong trinh dudng thing di qua A(-1; -2)

va tiép xic véi parabol. Tim toa do ti€p diém.
1 ; .
Bai 4. Cho parabol y = 5 x® va duong thang y = mx + n. Xéc dinh céc hé s6

m va n dé dudng thing di qua A(-1; 0) va tiép xiic v6i parabol. Tim toa
do ti€p diém.
IV . PHUONG TRINH

IV.1- PHUONG TRINH BAC NHAT MAT AN - GIAI VA BIEN LUAN
1. Kién thirc co bdn

— Phuong trinh bdc nhdt | dn c6 dang: ax + b=0 (a# 0) véia, b la 2 s6 da
cho.

— Gidi va bién ludn phuong trinh bdc nhdt I dn:
Xét phuong trinhax +b=0¢< ax=-b
+ Né&u a = 0; b =0 = Phuong trinh ¢6 v6 s6 nghiém
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+ Néua=0;b #0 => Phuong trinh v6 nghiém
b
+ Néua # 0, Phuong trinh c6 1 nghiémla x = — —
a

2. Bai tdp vi du
Vi du: Giai va bién luan phuong trinh sau véi m la tham s6
m(x-1D=x-2m+1 (1)
Giai
Phuong trinh (1) © m’x - m*=x-2m + 1
S mx-x=m’-2m+1le mM-Dm+1)x=(m-1)
m -1
m + 1
— 'Néum = 1 thi phuong trinh la Ox = 0 = Phuong trinh c6 v6 s6 nghi¢m
— Né&um = -1 tin: phuong trinh 1a Ox = 4 = Phuong trinh vo nghiém
3. Bai tdp tu luyén:
Bai 1: Gidi cac phuong trinh sau:
a) x-1Y-(2x-2)(2x+2)=x(2x - 1) - (2x* + 5x - 3)
3x +1 3x+2 3x+3 3x+4

— Néum #t 1 thi phuong trinh ¢6 nghiém la x =

b
) 2005 2004 2003 2002
x-1050 x-1055 x-1060 x-1065 x-1070 x-1075
c) + + = + +
956 951 946 941 936 931
d) x+3+x+4+x+6=_6

201 100 66

1 1 1 1 148 49
e) | —+—+—+..+—— .(x—l)+x=———x——-
1.3 35 5.7 97.99 99 99

X

) _ 2X _ 3x J_
® B2 Ji+ds b2 ﬁ+J‘

Bai 2: Giai va bién luan céc phuong trinh sau (v6i x 12 4n s6):
m(x —1) _m+x

a) dm’(x-1)=x-4m+ 1 b =2
) ( ) ) > 3
‘c) x+a—2+x~»a+x+2a=0
a-1 a+l 1—32
a+b-x a+c-x b+c—x 4x
d) + + =]-
¢ b a a+b+c

IV.2 PHUONG TRINH BAC Il

HE TH(PC VIET AP DUNG CHO PHU'ONG TRINH BAC II
1. Phuong trinh bac hai mét an:
— LA phuong trinh ¢6 dang: ax’>+ bx + ¢ =0, (a# 0).
Trong d6 x la 4n; a,b,c € R
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Cdch giai:
Cach [: Dung phuong phiap phan tich da thae thanh nhan t, dua vé phuong
trinh tich.
Cdach 2: Dung cong thire nghiem cua phiong trinh bic hai.
Vidu I: Giai phuong trinh: 3x° 7y + 4 =0 ()
Cdach I: Phuong trinh (1) <> 3x° 3y 4x + 4= ()

w—d=0 |x=
DX-4hYx-1)=0 & 3
X=1=0 'l
&

: 4
Vay phuong trinh co 2 nghiem: x, = . : gy ]

Chel 2 A =45 - A8 = Is /A =1
_7+l_4 _7-—7]7ﬂ

X, —; Xy=—n=1
6 3 = 6

: 4
Vay phuong trinh ¢6 2 nghiém: x, = _i: X, = |
Vidu 2: Cho phuong trinh: m(x* - 4x+ 3) +2(x - ) =0 (1)
. .. I
a) Giai phuong trinh vaim = - =
b) Chimg minh rang phuong trinh luon ¢ nghiém véi moi gid tri cua m.
¢) Tim cdc gid tri cua m dé phuong trinh (1) ¢6 tdt ca ciac nghiém déu
nguyeén.
Giai
Phuong trinh (1) &> mx’=2x2m- 1)+ 3m-2=0

a)Voim= ﬂ% , phuong trinh (1) la: X’ - 8x + 7=0.

Phuong trinh ¢6 2 righiém x, = 1 x, =7
b) Vi m =0, phuong trinh (1) [a: 2x -2 =0; PT ¢6 nghiém x = 1
Voim 20,A=4m’ -4m+ 1 -3m* +2m=m’-2m+1=(m-1)’>0
Vai V. m = Phuong trinh luon ¢6 nghi¢m.
Vay phuong trinh (1) luon ¢6 nghiém voi moi m.
¢) Vaim =0, phuong trinh cénghiemlax=1¢ 7
Vaim # 0, phuong trinh ¢6 2 nghiém phan biét
X =2m—l-+m-l :3m~_?
m m
2m—1-m+|

x 2
Xy = =l.Vix eZ
m




Nén dé phuong trinh c6 t4t ca cdc nghiém déu nguyén thi

3m_2eZ<:>3——2—eZ¢:>25 mem=11;+2
m m
- Vay v6im =0; £1;1+2 thi phuong trinh (1) luén c6 nghiém nguwyén.
Vi du 3: Giai phuong trinh: x* + x* — 3a’x? - 2a’x + 2a*=0 (1)
Giai
Phuong trinh (1) < 2a* -a’(3x* +2x) + x* +x' =0 (2)

Coi phuong trinh (2) 12 phuong trinh véi 4n a, tham s6 x.

Dat a’ =t (t 2 0) ta dugc phuong trinh:
200 -3x*+2x)t+x*+x'=0 (3)
A=(3x*+2x) -8 (x* +x)
x*+4x' +4x? = (x* +2x)? 20

=> Phuong trinh luén c6 nghiém
e I 2
t 3 +2x—(x +2x)_2x2"§i
e 4 4 2
3x2 +2x +(x2 + 2x)
[2= 3 =x2+x
2 2
* Véi t,=x—2- ta co: a2=% & xP=2al

- Néua=0=> x,=x,=0
- Néuaz0=> x,,= :taw/i
* Véi,=x"+xtacé:a’=x’+x< x> +x-2a’=0
A=1+4a>>0v6imoia
Phuong trinh luén c6 2 nghiém phan biét:

—1+1+4a? —1-V1+4a?
2 2
Viy néu a = 0, phuong trinh c6 2 nghiém la: x,=0; x, = -1
Néu a # 0, phuong trinh cé 4 nghiém la:

% S :ta\[i; s = -l:!:\/;+432
* Quan hé giita cdc nghiém cua phuong trinh béc 2:
Vi du 4: Tim c4c gia tr} cua m dé 2 phuong trinh sau ¢6 it nh&t mot 1ghiém
chung.
xX*+(m-8)x+m+3=0 (1)
xX*+(M-2)x+m-9=0 (2)




(viai
Gia sir x, 1a nghierm chung cua 2 phisong trinh. the thi :
x(,3+(m—f B)x, +m+3=0 (1)
X, +(M-=2)x, +m-9 =0 (2
= G, + 12 =20 e %, =72
Thay vao (1’) tim dugc m = 3
Vai m = 3 thi phuong trinh (1) L X7 5x + 6=0
& (K= 2 X=3j=0=5 =2 x=13
Phuong trinh (2) la: X" 4+x -6 =0¢>(x-2)(x +3)=0= x,=2: X, = -3
Khi d6 nghiém chung cta 2 phuong trinh la x = 2
Vay véi m = 3 thi 2 phuong trinh ¢6 nghiém chung la x = 2
2. Hé thire Viét ap dung cho phuong trinh bac hai.
a) Hé thicc Viét:
+ Neéu x,, X, la cdc nghiém cua phuong trinh ax’ + bx + ¢ = 0 ( a = 0) thi

P=xx,= il
+  Nguwoce lai: Néu ¢6 2 50 x;; X, sao chox, + x,=S; x,.Xx, =P thix;; x, 1a
cdc nghiém cia phuong trinh: X* -SX+P=0
b) Mot so'dp dung:
Hé thic Viét thudng duge img dung dé giai mot s6 dang bai tap sau:
b,) Tinh nhdm nghiém ciia phiong trinh bdc hai:
Cho phuong trinh bac hai : ax’ +bx +c=0(a# 0)

- Néu a+ b+ ¢ =0 thi phuong trinh ¢6 2 nghiém: x, = 1; x, = =

- Né’ua—b+c=0th1xl=-l;x2=wE
a
Vi du S: Tinh nham nghiém cua cac phuong trinh sau:
a) V2. -3 V2 )+ (V2 1y =« (1)
b) mx*~(1-m)x-1=0 (2)
Giai
a) Phuong trinh (1) la phuong trinh bac hai dang ax® + bx + ¢ =0,
¢6: atb+c =2 ~(3-V2)+ (V2 -1y

=% 3442 $3-22 =0

2
@ (.2"1) W2-4

=> Phuong trinh ¢6 2 nghiém: x, = I, x, = — = =

a \/E 2
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b) + Voim =0U. phumgtrinhla: -x-1=0¢ x =-1
+ Va1 m # 0, phuong trinh (2) 1a phuong trinh bac hai co
a-b+c=m+i -m-1{=0
: ; 1
Phuong trinh ¢6 2 nghiém: x, =-1;x, = o o
a m
b,) Xét ddu cac nghiém cua phicong trinh bac hai.
Cho phuong trinh: ax’> + bx + ¢ =0 (a # 0)
. b :
GoiS=X,+X: S=—-—;P=x,X;,: P= 5
a a

Diéu kién dé phuong trinh:
— C6 2 nghiém trdi dau: P < O (khi do hién nhién A > 0)
A20
P>0
A20
- (6 2 nghiém cung duong: <P>0
$>0
A20
— (€62 nghiém cung am {P >0
S<0
Vi du 6: Cho phuong trinh: x> +2(m-2)x-2m+ 1 =0 (1)
Tim gid tri cia m dé phuong trinh ¢6 2 nghiém cung duong ? 2 nghiém i dau

— €6 2 nghiém cung dau {

siai
Phuong trinh (1) ¢6 2 nghiém duong khi va chi khi :
[ )
(A20 (m=-2) - (-2m+ 120
tP>0 & <-2m+1>0
LS>() -2(m-2)>0
’m:~2m+32() r(m—l)z+220TM vdimoim
1

4m<l c3<m<—l- <& m< -

2 2 2
m<?2 m«<?2

: I .
Vay véi m < = thi phuong trinh ¢6 2 nghiém duong.

% Phuong trinh ¢6 hai nghiém trdi dau khi va chikhi < <0
4
Hay -2m + 1 <0 <:>m>~;~



b,) Tinh gid tri cua he thie gitta cac nghiém cua plueng trinh.
Trudce hét, kiém tra diéu kién ¢o nghiém cua phuong trinh.
Sau do tinh S = x, + x,: P = x,.x, va bién doi he thie can tinh theo S va P.

Vi du 7: Cho phuong trinh x* - 5x + 3 =0 (1)
(ol X, X, la 2 nghiém cua phuong trinh. Khong giai phuong trinh, hay tinh:
, , : " l 1
a) X,” + X, by X" - X, R T
T
Giai

Phuong trinh (1) ¢6: A =25 - 12 = 13 > 0 = Phuong trinh luén co 2
nghiém x,; x,. Theo dinh ly Viéttacd: x, + x, =5, x,.x, =3
AX +X = (X, +%) -2Xx,=5-23=19

3y

b (X, — %) =(X, + %) -4%x%=5-43=13%, - x,= +J13.
Ta co: X," — X" = (X, = X)X, + X,) = +5V13

| I x23+x[3 _(x, +x,)(x22+x|2—x2x|)_5(]9—3)
) 3+—== T T - 3

Xj  X; X5 X, X, X, 3

80 80

3P 27

b,) Xdc dinh hé so cua phuong trinh, biét hé thiie giita cdac nghiém
Vi du 8: Cho phuong trinh: x> -3x + (k- 1)=0 (1)
Xic dinh hé s6 k dé phuong trinh ¢6 2 nghiém x,; X, thoa min 1 trong cic
diéu kién sau:
a)2x,-5x,=-8 b x, -x," =15 c)x’+x,°=3
siai
Diéu kién dé phuong trinh (1) ¢6 nghiém la: A > ¢
A=9-d(k-1)=9-4k +4=13 -4k
A20 13-4k 20k < —l; (2)
Goi 2 nghiém cua phuong trinh (1) la x;; x,
Ap dung hé thic Viét tacé: x, + X, =3

X,.Xz-—k—l (3)
. . X, +X,=3
a) Giai hé phuong trinh:
2x, —5x, =-8

2x, +2x,=6 7x, =14 X 5= 2
o = o - R
2x, = 5x, =-8 X, +X, =3 x, =1
Khi do, thay vao (3)taco: 1.2 =k - 1 =»> k=3 (Thoa man (2))
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b) Giai hé phuong trinh:
X, +X,=3 @{xl+x2=3 - x|+x2=3c>{x|=4
22 _ _ - -
X; —x; =15 (X, = %,))(x; +Xx,)=15 X, —X, =5 xz—-—l
Thay vao (3)ta c6: 4.(-1) =k — 1 < k = -3 (Thoa man (2))

x|+x2=3

c) Gii hé phuong trinh: {x? +x2 =3

x,.x2=k—l

Tacé: X, + x,° = (X, + X))’ - 2X,X,
= 3=3-2(k-1) © k=4, khong TMDK (2).
Vay khong t6n tai s6 k dé thoa min x,” + x,” = 3.

bs) Tim hé thicc giita cac nghiém déc ldp voi tham sé.

Vi du 9: Cho phuong trinh bac 2: (m - 2)x’ - 2(m +2)x +2 (m - 1) =0 (1)
Khi phuong trinh c6 nghiém, hay tim 1 hé thitc giita cic nghiém khong
phu thudc vao tham s& m.

Giai

Vi phuong trinh da cho la phuong trinh bac hai nénm #2
A'=z[-(m+2)P’-2m-2)(m-1)=-m?+ 10m

Phuong trinh da cho cé nghiém khi va chi khi:

A20 o mM-Im<s 0 m(m-100<0 < 0<m<10

Goi x,; X, 1a cdc nghiém cia phuong trinh (1).

X, +X, = 2(m+2) )
Theo hé thic Viét ta c6: . m_i)z
m_
XX, = 2
%2 =7 5 (2)
- +X,)—-2
T (D): x, 4%, =om—4+8 . 8 1 _G+%) -
m-2 m-2 m-=2 8
- - -2
Tl.],(2):)('.)(2=2m_ 2=2m 4+2=2+ 2 = I _ XX, @)
m-2 m-2 m-2 m-2 2
N . x|+x2_2 x|x2—2
Tir (3); (4) = s ==, = 4x,.X, = (X, +X,)=6

Vay hé thic cin tim 1a : 4x,x, — (X, + X,) =6
bs) Ldp phuong trinh bac hai biét 2 nghiém cua né
Vi dul0: Goi m, n la ciac nghiém ctia phuong trinh:

xz—(1+\/—2—)x+\/_=0 (1) (m<n)

: X 1 1
Lap phuong trinh bac 2 ¢6 cic nghiém la: x, = ; Xg =——
m + V2 l -3
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Gini
Phuongtrinh (1) co:avb+c=1 (1 + y2 3+ /2 =0
— Phuong trinh ¢6 2 nghiém 1a 1 vi 2
Goir m, n la cdc nghiém cua phuong trinh (1) vin m < n

:>m=l;n=\/u?~

| 1
XI~m+\/5_l+\f?j’ 2 l-n -\
B N
1+v2 1-\2 1442 1-42
= X,: X, 12 2 nghiém ctia phuong trinh: x> +2x - 1 =0
. Bai tap tu luyén
Bai 3: Giai cac phuong trinh sau:

a) 23— (V3+)x= /3 +1=0
b) V2 X2+ (22 -3)x+ 2 -3=0

. (x—l)2+(x—2)(x+3):x”l
2 3

-1

X|+x2= —2 ¢ xl.xI:

Bai 4: Chimg minh rang phuong trinh sau c¢6 nghiém véi moi m.
(m-2)x*-m*+4m-Dx-m+2=0
Bai 5: Goi x,; x, 1 cdc nghiém cta phuong trinh: x>~ x -1 =0
a) Tinh x,.2 + x,°
b) Chimg minh: Q = (x> + X, + X, + x,*) : §
Bai 6: Tim m dé phuong trinh: x* — mx + m* — 7 = 0 ¢6 nghiém nay gap d6i
nghiém Kkia.
Bai 7: Cho phuong trinh: x> ~mx + m’ -3 =0
a) Tim m dé phuong trinh ¢6 2 nghiém duong phan biét.
b) Tim m dé phuong trinh chi ¢6 1 nghiém la duong,
Bai 8: Cho phuong trinh: x> - 2(m+ 1) x +m’+3m +2 =0
a) Tim m dé phuong trinh c6 nghiém x,, X, thoa man: x,” + x,* = 12
b) Tim hé thirc lién hé giira x, va x, khong phu thuéc m?
Bai 9: Cho phuong trinh: (m+ 1) x> -2(m-1)x+m-2=0
a) Xac dinh m dé phuong trinh c6 2 nghiém phan biét.
b) Xdc dinh m dé phuong trinh ¢6 1 nghiém bing 2 va tinh nghiém kia.
¢) Xac dinh m dé phuong trinh ¢6 2 nghiém x,; x, thoa man heé thirc
1 1 Fs
ot et
X, x, 4
d) Tim gia tri nho nhat cta biéu thic A = 2x,° + 2x,7 + XX,
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Bai 10: Cho phuong trinh bac hai: x* - 2(m+ 1) x+2m+10=0 (1) (n la
tham s0)
a) Tim m dé (1) c6 nghiém.
b) Cho biéu thic A = 6x,x, + x,° + x,” (X,; X, 12 nghiém cuia (1). Tim m
sao cho A dat gia tri nho nh4t. Hay tim gi4 tri ay.
Bai 11: Cho phuong trinh: (m — 1) x> — 2mx+ m + 2 = 0 (v6i m la tham s0)
a) Tim m dé phuong trinh trén c6 2 nghiém phan biét x,; x,. Khi dé tim
hé thuc lién hé gitra x,; x, khong phu thuoc vao m.
b) Tim m dé phuong trinh trén c6 2 nghiém phan biét x,; x, thoa man hé

L X X,
thiuc: —+—=+6=0
Xy %4
Bai 12: Cho phuong trinh bac hai d6i v6i x: x> -2(m - 1)x+m-3=0(l)
a) Giai phuong trinh (1) véim=0
b) Chimg minh rang phuong trinh (1) luén c6 2 nghiém x,; x, véi moi m
¢) Tim 1 hé thuc lién hé giita x,; x, khong phu thudéc m.
d) Xdc dinh gid tri cia m sao cho phuong trinh c6 2 nghiém bang nhau vé
GTTD va trdi dau nhau. '

IV.3- MOT SO DANG PHUONG TRINH THUONG GAP VA CACH GIAI

38

1. Phuong trinh tich:

Bang cac phép bi€n d6i dai s6, ta c6 thé dua mot s6 cac phuong trinh bac cao
vé dang: A(x). B(x) ... =0 (1) trong d6 A(x), B(x) ... 1a cdc da thic.
Dé giai (1), ta chi cdn giai timg phuong trinh A(x) = 0, B(x) = 0... r6i lay 14t
ca cac nghiém cua ching. '
Vi dul: Giai cic phuong trinh sau:
a)2x'+x*-13x+6=0
b)(3x+4)(x+ 1) (6x+7)P=6
c)@x+5)'+2x-7)'-(6x-2)'=0
Giai
a) 2X'+x - 13x+6=0=2x"-4x?+ 5x2 - 10x - 3x+6=0
S2XA(X-2)+5x(x-2)-3(x-2)=0=(x-2)(2x2+5x - 3) =0
S(X-2)2X2-x+06x-3)=0 & (x-2)2x-1)(x+3)=0

x-2=0 xzi'

S 2x-1=0 & X=-2-
x+3=0

_x=—3

; 1 ‘
Vay phuong trinh ¢6 3 nghiém: x, = 2; x, = 2 s Xy =-3

b) Bx+4)(x+ 1) (Ox +7)’=6
& 123x+4) (x+ 1) (6x+ 7)'=6.12



C)

-~

¢ (6X +8) (X + O)(6HX + 7y =7
¢ (36X7 + 8AX + 48) (36X # 8dx + 49) 72 -0

Pat 36x* + 84x + 48 = 1, ta o phuong trinh: 1 1+ 1) = 72=0
HUP+1-T2=0¢st,= 9:t,=8

VGit, =-9,taco: 36x + 84x + 48 = -9

36X+ 8AX +57=0<¢> 12X +28x + 19=0

A =14 -12.19= 32<0 > Phuong trinh vo nghiém
Vait, =8, taco: 36x" + R4x + 48 = 8

336X+ 84X +40=0<c>9x + 21x + 10 =0

A=212-4910=81 = JA =0

t

=21+9  -12 =2 -21-9 -30 -5
X = —— = —— = - X = i — I e
X s 377 29 183
2 -5
Vay phuong trinh da cho ¢o 2 nghiem: x, = 3 s Ky = T

Ap dung hang dang thitc: Néua + b+ ¢ =0thia' +b*+ ¢ = 3abc.

Phuong trinh: (4x +3) + (2x - 7)' ~(6x ~-2)' =0

SEx+5'+2x-T'+(2-6x)'=0 (1)

Taco: (Ax+5)+2x-7)+(2-6x)=0

S@X+5)'+Q2x=-D'"+Q2-6x)'=34x+95 2x-7) (2 -6X)

Phuong trinh (1) tvong duong vai phuong trinh:
34x+5)2x-7)(2-6x)=0

5
4x+5=0 74
&[2%-7=0 o|x==
2-6x=0 ;
X=-

3

2. Phuong trinh chira an & mau

- Céc budce giai phuong trinh chita an & mau thic:

+

<+
<+
+

- V@i mot s6 bai todn, viee tim DKXD kho khan, ta giai binh thuong dé tim
ra gid tri cha an. Sau do6 thay gid tri cta an tim duoc vao mau thic dé kiém

Tim DKXD ctia phuong trinh.
Quy dong roi khir méiu thae ¢ 2 vé cha phuong trinh.
Giai phuong trinh vira nhan duoc.

Dai chi€u gid tri tim duge cua an vai DKXD dé két lun nghiém cua

phuong trinh (GT cua an phai thoa man diéu kién xédc dinh).
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tra diéu kién miu thic khac 0. Néu gia tri clia 4n thoa man diéu kién xéc

dinh (mau khic 0) thi gid tri d6 12 nghiém cua phuong trinh.
Vi du 2: Giai cdc phuong trinh sau:
a) 2 _x-l_x2+4x—5_
2x+3 2-x 2x2_x_6

1 (D)

1 1 1 1 1
b) : = +— = == (2)
X°4+5x+6 Xx°+7x+12 x°+9x+20 x*+11x+30 2
Giai
a) DPKXD: x #2; x# —_23
Pl bl (es - 20 & X S0
2x+3 x-2 (2x+3)(x-2)
=2x-2)+(x-1)2x+3)-(x*+4x-5=2x"-x-6
S2%x-4+2x2+3x-2x-3-x"-4x+5-2x*+x+6=0
&S x+4=0 X¥'=4Xx,=2;X,=-2
X, = 2 khong thoa man DKXD
X, = —2 thoa man DKXD.
Vay phuong trinh c6 1 nghiém la x = -2
b) Phuong trinh (2)
| 1 1 1 1
o + + + =—
x+2)(x+3) x+3)x+4) (X+4)(x+5 xX+5)x+5) 2

PKXD: x#-2;-3,-4;-5;, -6 (%
Phuong trinh (2°)
1 1 1 1 | 1 1 1 |
- + - + - + - =—
X+2 x+3 x+3 x+4 x+4 x+5 x+5 x+6 2
l - l zl¢::>2(x+6)-2(x+2)=(x+2)(x+6)
X+2 x+6 2

& 2x+12-2x-4=x"+8x+ 12 x*+8x+4=0
A=16-4=12=Ja =V12=23
X, =4 - 243 (Thoa mén (*))
X,=~4+ 23 (Thoa min (¥))

Vay phuongtrinhcéznghiem:x,=-4-2J§ cx,=-4+23

2")



A% =1

Vidu 3: Giai phuong trinh: - = | (1)
x" + 3x + 7
Giai
Tir(l) tacd: Ix-l=x"+Ix+Teox' = Beo = =2

Vi x=-2thi X' +3x+7=(-2)'+3(2+7= 720
Vay nghiém cua phuong trinh la x = 2

!

, L+x) .
Vi du 4: Giai phuong trinh: R = I -x (1)(mlathamso )
| + mx
Giai
1
DKXD: x # ——
m

2

Tu phuong trinh (1) = (1 + x)" = (1 - x) (1 + mx)
SI+2x+xX2=l+mx—-x-mxomd+x +3x-mx=0
=0

& Xx[(m+1)x-(m-3)]=0«
(m+Dh)x-(m-3)=0

- Giftrf % =0 thod man DKXD: & #=—
m

Nén x = 0 la nghiém cuia phuong trinh
— Xét phuong trinh: (m+ )x-(m-3)=0 & (m+ Dx=m-3 (*)

; . i T T .
+ Neum+120em#-1thi x=—— I nghiém cia phuong trinh

m + |
: S ootk cocie i S THEE Il ., . m=-3 |
Nghiém phai thoa man diéu kién x # —— tic lae —— # ——
m m+1 m
om-3mz-m-lom’ -2m+1 20
s . n-3
<:>(m—l)'¢()<:>m:‘-l:>m¢illh|xzi-——l"
m +

+ Néum+ | =0<«>m= -1 thi phuong trinh (*) la Ox =—4: PTVN
m -3
m + 1

Két ludn: Voi m # +1, phuong trinh ¢6 2 nghiém: x, = 0; x, =

m = +1, phuong trinh ¢6 1 nghi¢ém: x =0
3. Phuong trinh chira an trong dau gia tri tuyét doi
D€ giai cdc phuong trinh chira dn trong dau gid tri tuyét d6i ta phai khir ddu
g1a tri tuyét doi .
Hai bién phap thutmg dung dé khir dau gid tri tuyét doi la:
~ Ta xét gid tri cha bién 1am cho bi¢u thirc trong dau gid tri tuyét déi am

: 8 s . A néu A >0
hay khong am dé khir ddu gia tri tuyét doi: !Af = { .
S néu A<
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— Binh phuong hai vé€ cta phuong trinh dé khir dau gid tri tuyét doi
(2. = g2

(x) ~5()

g(x) 20

"0 <

(%)

Ngoi ra ta c6 thé danh gid hai vé cia phuong trinh dua vao cac bit dang

thirc vé gid tri tuyét d6i (Xem bat dang thic)
Vi du 5: Giai cac phuong trinh:

a) [S-2x|+3=x+1 (1)
b) Px-2|+[3x-5=3 )
o) [2x|-3|=2x+5 3)

Sidi
a) Cdch 1 ‘

5
+ Vai5-2x 20X SE
Phuong trinh (1) 1a: 5-2x+3=x+1 & x= %(tho&i man dicéu kien)

5
+ Vai5S5-2x<0ox >-2-
Phuong trinh (1) 1a: -5+ 2x + 3= x + 1 <> x = 3 ( thoa man diéu kén)

_—_— C s 7
Vay tap nghiém cua phuong trinh la: S = {53}

2 2
Cdch 2 :Ta cé (1)¢:>|5—2x|=x_2@{(5‘2") =(x-2)

x-220
([x=3 3
3x2 —16x+21=0 7 *=
& S x==- & 7
X222 3 X*—:;
' X222 i
b) Cdch I:

: 2 . ,
* Vaix < 3’ phuong trinh (2) 1a: -3x +2 -3x+5=13
2. X ; "
< 6x=4ox= 3 khong thudc khoang dang xét.

. 5 ‘
* Vai QSxS:’.— phuong trinh (2) la: 3x -2 -3x+5=30x =)

Phuong trinh nghiém ding véi mot x thuoc khoang dang xét



¥

D 5
Tic la: - <x<
3
. 5 ; .
Vo x > = phuong trinh (2) la: 3x -2+ 3x 5=3

> ‘ 7
¢>6x =10 &= x = 3 (khong thuoc khoang dang xét)

Vay phuong trinh ¢o vo so nghicm thoa man = TR

5

W | '

Cach 2:

, , 2
Do ‘3)( = 2{ 23x-2Dau"="xayra<»> 3x -2 20 x 2 F

‘3.‘( - Sl = !5 = 3\‘ 25-3x Diu="xayrae=5-3x 20 x £ .
Do dé: [3x =2/ +[5-3x|23x-2+5-3x =3
Theo bai ra, phai xay ra dau dang thiic.
o m o 13x=220 2 5
Pi¢u nay xay ra khi : e TS o A
5-3x210 3 3

*®

2x|-3|=2x+5

Xét khoang x =0, phuong trinh (3) ¢6 dang: |2x - 3| =2x+5 (3"

3 .
Vi x 2;,?F(3’)c6dqng: 2x-3=2x+5<0x=8 = PTVN

r=

Véi 0 <x < —; phuong trinh (37) codang: -2x+ 3=2x+ 5

o | '

<> 4x = -2 ¢» x = - — khong thuoc khoang dang xét.

r9 | —

Xét khoang x < 0 phuong trinh (3") ¢6 dang:
|-— 2x—3]=2x+5 <> !2x+3]:2x+5 (3"7)

, 3 : o 3
Vai0>x > - =4 phuong trinh (37") la: 2x + 3=2x + 5

—

< 0x=2 = PIVN.
: 3 ; o, ik
Vaix< - 5 phuong trinh (377) la: -2x-3=2x+35
<> 4x = -8 ¢»> x = -2 thuoc khoang dang xét.
Vay phuong trinh ¢6 I nghiém la x = -2
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4. Phuong trinh cé hé so doi ximg

Phuong trinh ¢6 hé s6 d6i xing la phuong trinh ¢6 dang f(x) = O trong dé6 f(x)
1 da thirc bac n c6 tinh chat hai s6 hang c6 t6ng cdc s6 mii ciia bién bang n
thi bang nhau, nghia la:

ax"+a, x"'+.+ax+a,=0vdia=a, (i=0,1,2,...,n)

a) Phuong trinh: ax? +bx® +¢cx? +bx+a=0(a=20) (1)
La phuong trinh hé s6 d6i ximg bac 4.

Cdch gidi:
x =0 khong la nghiém cua phuong trinh.

Chia 2 vé& cho x?, ta duoc: a(x2+—l—2)+b[x+—l-]+c=0 (2)
X X

=[x+ =22

Datx+i=t(3).Doxvaicimgda’u:>[l|= "
X

X X

1
X+—
X

12 1
= (x+—) =12=>x2+—2=t2-—2
X

X
Phuong trinh (2) trd thanh: at’ + bt + ¢ — 2a = 0.
Néu phuong trinh (2) v nghiém = Phuong trinh (1) v6 nghiém.
Néu phuong trinh (2) c6 nghiém t thi thay vao (3) giai (3) dé tim x
b) Phuong trinh: ax*+ bx* +cx'+cx?+bx+a=0 (4)
La phuong trinh hé s6 d6i xitng bac 5.
Cdch giai:
Cdch I: x = -1 la 1 nghiém cua phuong trinh (4).
Dat x + 1 1am nhan tir chung thi nhan tir con lai 1a da thirc d6i ximg bac 4. Tir
d6 dan dén giai phuong trinh hé s6 d6i xing bac 4 nhu trén.
— Chu y: Cic phuong trinh hé s6 d6i ximg bac 1é c6 nghiém x, = -1 va viéc
giai n6 chuyén vé giai phuong trinh hé s6 d6i xing bac n — 1 chan.
Vi du 6: Giai cic phuong trinh sau:
a)2x* - 5x'+4x*-5x +2=0 (1)
b)2x* -3x* - x'-x'-3x+2=0 (2)
Giai
a) Vi x = 0 khong la nghiém ciia phuong trinh (1). Chia ca 2 vé& ciia phuong
trinh ndy cho x* ta dugc:

2x* - Sx +4 - §+é=0©2[x2+iJ—5(x+lJ+4=O (1"
X x- xz X



b)

I n . Co )
bat x + — =1 (;1;22) Pl 8 % - dd=lad Kt =02
X ‘ X X
Phuong trinh (1) la: 200 21 St +4=0
=0 Khong TMPK (*)
& W =St=01(A-3)=02

r9 | N

'I’MDK(*)

5

Véi t = 5 thay vio (*)tacd: x+-=— < 2x -5x+2=0

' 5+3 5-3
A=25-16=9 VA =3 x= =2 xy =22 =a
4 42
. 1
Vay phuong trinh (1) ¢6 2 nghiem: x, = 2ix, =

Cdch 2:

Ta c6 thé giai phuong trinh (1) bing phuong phdp nhdm nghiém.

Do x = 2 la nghiém cta phuong trinh (1) nén VT phan tich thanh tich cé6 1
thira s6 1a x — 2. Tur do ha bac dan cua tich.

2x" -3t -x'-x'-3x +2=0 (2)

& 2x 4+ 2x - 5x =5k A+ 44X - 5xT - 5x +2x+2=0

S+ DX -5x"+4xP-5x+2)=0

Sir dung két qua cu a, phuong trinh (2) ¢6 3 nghiém la: x, = -1; X, =2; X, = %

. Phuong trinh bac 4 c6 hé so doi ximg léch

Phuong trinh: ax* + bx'+ cx’ -bx +a=0 (a # 0) (1)

Goi la phuong trinh bac 4 ¢6 hé s6 doi ximg léch.

Cdch gidi: Phuong trinh (1) khong nhan x = 0 la nghiém nén chia 2 vé& cho

x?,

3 1 .
taduoc: (1) = ()= a(x" + —1—)+b(x—1)+c=0 (2)
), i X

1
Dalt=x—-(*):>x2+——lé- =17+ 2

X X

Khi d6 phuong trinh (2) trd thanh: at’ + bt + ¢ +2a=0  (3)

Néu phuong trinh (3) vo nghiém thi phuong trinh (1) vo nghiém.
Néu phuong trinh (3) ¢6 nghiém t. Khi d6 thay vao (*) ta tim duoc x.
Vi du7: Cho phuong trinh: 3x* —4x'+ mx’ +4x +3=0 (I)

a) Véi gid tri nao cua m thi phuong trinh vo nghi¢m?

b) Giai phuong trinh véi m = -5

a)

Giai
Phuong trinh (1) khong nhan x = 0 la nghiém.
Chia 2 vé cho x°, ta duoc:
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4 3 1
3’ —4x+m+ —+--=0 <::>3(x2 + —--—J—4(x—iJ+m:()
X X~

Défttx—-l =t(*)=>x’+ —l—=t2+2

X xz
Phuong trinh trén tr& thanh: 3¢ ~4t+m+6=0 (2)
Phuong trinh (2) vo nghitm & A’ =4 -3m - 18 <0

S3Im+14>08 m>-—~1—3i

Khi d6 phuong trinh (1) vo nghiém.
b) V6i m = -5, phuong trinh (2) 1a: 3¢ -4t + 1 =0

Phuongtr‘lnhnz‘lycéa+b+c=3—4+l=0:>t,=l;t2=%

* Vé6it=1,thay vao (*)tacé: x - l = ]

X
l+"/g-x 1-v5

2:

Sx-x-1=0=2x,=
2 2 '

; 5 : 1
* Vait= %.thayvao(*)taco:x - = --—l— &3 -x-3=0

X
1437 _1-V%7

6 V6
Vay véi m = -5 phuong trinh di cho ¢6 4 nghiém nhu trén.

‘..".:

6. Phuong trinh bac 4 ¢6 hé s6 doi ximg ti 1é

Phuong trinh: ax* + bx' + cx? + bkx + ak’ =0 (1)

(a #0,k # 0) goi la phuong trinh bac 4 c6 hé s6 d6i ximg ti lé.
Cdch giai: x = 0 khong la nghiém ctia phuong trinh (1).

Khi d6 chia 2 V& cuia phuong trinh cho x?, ta dugc:

2
a(x2+k—2)+b[x+£)+c=0 (2)
X X

2
Patt=x + k *)=>x2+ k = -2k

X xz 7
Phuong trinh (2) trd thanh: at’ + bt +c - 2ak=0 (3)
Néu phuong trinh (3) vo nghiém thi phuong trinh (1) vo nghiém.
Néu phuong trinh (3) c6 nghiém t thi thay vao (*) ta tim duge nghi#gm x
Vi du 8: Giai phuong trinh x* - 7x'+ 18x* - 21x+9=0

Giai

x = 0 khong phai la nghiém cuia phuong trinh. Chia 2 vé cho x?, ta duigc



) ; | :
5 . 21 9 Lo ) N 3
X Tx+ 18 - = ’)-Z‘.-t\ b x+ - [+18=0 (2)
. & X \ X
PR T } T 3
bicu kién: ]l‘-—: X bt - 2 203 (vix va - cung dau)
| X X X
: 3 , 9 ‘
Patx+ ==t (*) »x + - =t -6
X o

Phuomg trinh (2) la: - 6 - Tt + 18 =0

, 1-3=0 [1=3
StUt-N+12=0 (t=-3)t-dH=0< o
1-4=0 t=4
Vi t = 3 khong thoa man DK ; Vait = 4. thay vao (*) ta dugc:
X+ -—=4axX-4+3=0(x-x-3H=0
X

X-1=0 X =]
Lemn) =
x-3=0 % =3
Vay phuong trinh da cho ¢6 2 nghiém: x, = 1: x, =3
Cha y : Cdc dang plutong trinh 4, 5 . 6 bdc 4 ¢6 thé khdi qudt chung trong

5 3 Y
plucong trinh dang ax? +bx' +ex? +dx+e=0

‘)
Trong do [Zl- =— khi do véi nhdn xét x #0 . Chia ca hai vé cua phuong
e

a 1 df b | C
trinh cho ex® ta duoc (__ x* + —7) 4 ~[~ X+ ~—) +—=0

(& X~ C X c

Dat .4 X + 5 L1t %xl + —l; =" - 23 ta dita ditge phuong trinh da cho vé
" . o
phucong trinh bdc hai véi dn t
7. Phuorg trinh vo ti
Phuong trinh vo ti la phuong trinh chia an trong dau can.
Mot so phuong phip giai
a) Phuong phdp 1: Phuong phdp nang lén luy thira:

Vi du 9: Giai phuong trinh: Jx+4- \/l—:; = 1= 2x

Giai
Xx+420 x2>-4 l
Piéukién: {1 -x>20 &<{x<I c:>m4$x£:2- (1)
1-2x20 1
X< —
. 2
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Phuong trinh viét lai dudi dang: Vx +4 = v1-2x +v/1-x
o J(1-2x)(1-x) =2x+1 *)

DK:2x+120:>x2—-§- (2)

Hai v€ khong Am. BP 2 v€ clia phuong trinh (*) ta c6:
L (1-20(1-x)=2x+ 1)
x=0 (TMDK(I)& (2)
S+ Tx=0 7 0
X = 3 (K'TMDK(2)
Vay phuong trinh ¢6 1 nghiém: x =0
Vi du 10: Giai phuong trinh: ¥3x—1+3x+1=3-2x (1)
Ap dung hing ding thitc: (a + b)* =a + b* + 3ab (a + b)
Lap phuong 2 vé cua (1) ta co:

Ix-1+x+1 +3%’/3x—1.3/x+l(€/3x—1+3/x+l)=-2x

o 3.%/3x—1.%/x+1(%/3x—1+%‘/x+1)=-6x )

Thay (1) vao (2) ta dugc: 3.%/3)( —l.%/x +1= 3/—27( =—-6x

o Px-1Yx+12x =2x & 3x - ) (x+1). 2x =8¢’
S [Bx-Dx+1D)-4x]=0 xx*-2x+1)=0

x=0 x=0 x=0
|, = 5
X =2x+1=0 |(x-1)*=0 x=1
Thay x = 0 vao phuong trinh (1): Thoa méan
Thay x = 1 vao phuong trinh (1): Khong thoa mén
Vay phuong trinh ¢6 1 nghiém duy nhatla x =0
b) Phuong phdp 2: Dua vé phuong trinh chita dn trong ddu GTTD:

Vi dull: Gidi phuong trinh: Vx+v2x—1 +vx—v2x—1=v2 (L)

Giai

DKXD: x Zé.NhAnZvécﬁa phuong trinh (1) véi \/_Z—,ta duoc:

V2x =14 2V2x — 1 +1+2x—1-2V2x — 1 +1=2
2 2
<:>\/(\/2x—1+1) +\/(J2x—1-1) =2
& 2x-1+l+|J2x-—1~1|=2 *)

* Néu V2x-121o2x-121x21



Phuong trinh (*) la: \/’5:1 +1+V2x - [
¢» J2x -1 = 1. ai v& khong am, binh phuong 2 vé ta duoc: 2x - | =
<> x =1(2) (Thoa man DKXD va thudc khoang dang xét).

F NG V2x -1 <l 2x—1<lex<]
Phuong trinh la: v2x—-1+1-v2x-1+1=2
S .
Phuong trinh c6 vo s6 nghiém thoa man: 3 <x<l (3)

Két hop (2) va (3) ta cé:

. ) T .o ] ‘
Phuong trinh ¢6 nghiém la moi x thoa min —<x <1

2
¢, Phuong phdp 3: Pdt dn phu.
Vi dull: Giai phuong trinh: 6x* + 15x + ¥2x? +5x+1=1 (1)

Giai
Pat \/2x2+5x+l=t(*) (t>20)= 2x*+5x+ 1=t

6x7 + 15x =6x2 + 15x +3-3=32x*+5x+1)-3=3"-3
Tacé phuong trinh (1) 12a: 3 +1-4=0 =>@Bt+4) (t-1)=0
N+4=0 |1=-2
< 1=0 < 3
t=1= t=1

. 4 5 e
Ta thay t = 3 khong thoa man diéu kiént >0

Véit = 1. Thay vao (*) ta c6: \/sz +5x+1 =1
S 22X +5x+1=12x+5x=0

x =0

< x(2x+9=0 & 5
X=——
2

Véix=0vax= -—% TMDK: 2x2+5x+1>0

: 5
Vay phuong trinh ¢6 2 nghiém: x, =0, x, = 5

¢, Phuong phdp 4: Dung bdt ddng thirc:
Vi dul2: Giai phuong trinh:

VaxZ —8x +3 + V122 —12x +7 = 2=2x2 +2x +1) (1)
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Giai

VT = \/2 N A ) 1+J3(ax=-4xu)¢4

= \/2(2.&—!)2+!+V{3—(—2;—l)2+42\/1+\f;=3

VP=2(-2x+2x+1)=—4x’+4x-1+3=-2x-1)+3<3

Ci 2 v& déu biing 3 khi va chi khi x = -;-

: 1
Vay phuong trinh c6 nghiém la x = >

. Mot sé phuong phap giai phuong trinh nghiém nguyén

Phuong phap 1: Phat hién tinh chia hét cia mot an
Vi du 13: Giai phuong trinh véi nghiém nguyén: 3x + 17y = 159 (1)
Giai
Gia str x, y 1a cdc s6 nguyén thoa man phuong trinh (1) ta thdy 159 va 3x déu
chia hétcho 3 nén 17y : 3,dod6 y : 3 (vi 17 va 3 nguyén t6 cung nhau)
bat: y =3t (t € Z) thay vao pt (1) ta duoc: 3x + 17. 3t = 159
SXx+17t=53 ©x=53-17
Dodo: x=53-17t = y=3t (teZ)
Dao lai: Thay cdc biéu thic ctia x va y vao (1) phuong trinh dugc nghiém
ding
Vay phuong trinh (1) c6 v6 s6 nghiém nguyén (X, y) dugc biéu thi bdi cong

) x=53-Tt s g
thirc: 3 (t 1a s6 nguyén tuy y)
y =

Phuong phap 2: Pua phuong trinh vé uéc so
Vi dul4: Tim nghiém nguyén cuia phuong trinh: xy - x -y =2

Giai
Bi¢n d6i phuong trinh thanh: x (y - 1) -y =2
Sx(y-D-(y-D=3=k-Hx-1)=3
Ta goi phuong trinh trén 1a “Phuong trinh ude s6™: V€ trdi la mot tich cic
thira s6 nguyén, vé& phai la mot hang s6. Ta ¢é x va y la cdc s6 nguyén nén
x—1vay—11lacdcsonguyén va la udc cha 3.
Do vai tro binh dang ctia x va y trong phuong trinh nén c6 thé gia thiét ring
x>y, khidéx-1>y-1
Ta co:

X — | 3 -1
y— 1| l -3




o do:

X ‘7 EJ ()
Y E )
Vay nghiém cua phuong trinh fa o3 25000 S0 ¢ 20 2:0)

Phuong phap 3: Tach cac gia tri nguyven

Vidu 15: Tim nghiem nguyven cua phivang inh: xv - x oy =2
Giiai

Bi¢u tht x theo y tr phuong trinh da cho o dunoe: x (v 1) = v+ 2

tathavy 2 I vinéuy =1 thitaco0x = 3, vonghiem.

) v+2 ., y 42 L

Dodd: x= "~ CTach ra phan thie v = CAC SO nauven s ¢o:

y~1 V-1

Pl Y =l4 8

X = = e +

y—1 y = | =]

Do x la so nguyeén nén — lasonguven. Do day -1 [a uoe cua 3
"

Ma wdc cua (3) = +1:+3 lan luot cho v 1 bang ciac ude cua 3 ta duoe ket
qua nghiem cua phuong trinh L (42002040000 2)5 (-2 0)
Phuong phap 4: Xét so du cua tung ve
Vi du 16: Chimg minh rang cdc phuong trinh sau khong ¢6 nghiém nguyén:
a) X - y'=1998 b) x +v =1999
Giai
a) Ta chimg minh x°, y* chia cho 4 chico o dulaOva |
Do vay x* — y*chia cho 4 cosodu0: 1. 3.
Con vé phai 1998 chia cho 4 dur 2.
Vay phuong trinh khong ¢o nghiem nguven
b) x°, v’ chiacho 4 c6s6 du0: I nen X' + ¢ chiacho 4 ¢c6sadu0; 1; 2.
Con vé phai 1999 chia cho 4 dur 3
Viy phuong trinh khong co nghicm ngu¢n
Phuong phap 5: Dung bat dang thic
Vi du 17: Tim 3 s6 nguyén duong sao cho tong cua chiing bang tich cua
ching.
Giai
Goi cic s6 nguyén duong phai tim la: x, v, 2. Tacd: x+y+z=xyz (1)
Chui y rang cdc an x, y, z ¢O vai tro binh dang trong phuang trinh nén c6 thé
“Sap thit tucic an™. Chang han: 1 = x <v <z
Dodo:xyz=x+y+2z< 3z
Chia 2 v€ ctia bat dang thirc xyz < 3z cho so duong z ta dugc: xy < 3
Do do: xy € {1 2: 3}
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¥ Véixy=1,tacéx=1;y=1. Thay vao (1) duogc: 2 + z = z (loai)

* V@ixy=2,tacéx=1;y=2 Thay vao (1) dugc: z=13

* V@i xy =3,tacéd x =1; y = 3. Thay vao (1) duoc: z =2 (loal)

Vi v€ trdi sip xépy <z

Vay 3 s6 phai tim la: 1,2, 3

Phuong phip 6: Chi ra nghi¢m nguyén

Phuong phap xét timg khoang gié tri ctia 4n con dugc thé hién dudi dang: Chi
ra mot vai s& 1a nghiém nguyén cta phuong trinh, réi chimg minh phuong

trinh khong c6 nghiém khéc. *
Vi dv 18: Tim cédc s6 tu nhién x saocho: 2* + 3* = §"
Giai
2 X 3 X
Viét phuong trinh duéi dang: [—g] +(%~J =1 (1)

Véi x = 0 thi vé& trdi cta (1) bang 2 (loai)
Véi x = 1 thi v€ trdi cha (1) bang | (diing)

\X ( \X X
V61 x>2thi: —2- < 2 : 2 <§ nén
: 3 \35) 5 5

(z\" f3\" 2

+H = < -+é=l (loai)
5) \5) 5 5

Nghiém duy nhat ctia phuong trinh: x = 1
Phuong phap 7: Sir dung diéu kién c6 nghiém cua phuong trinh
Ta viét phuong trinh: F(x; y) = 0 dudi dang phuong trinh bac hai d6i véi 1 4n,
ching han d6i vdi x, khi d6 y 1a tham s6. Diéu kién cdn dé phuong trinh c6
nghiém 1a A > 0 (dé c6 nghiém nguyén con cdn A 12 s6 chinh phuong)
Vi du 19: Tim cic nghiém nguyén cua phuong trinh:
X+y+xy=x+y (1)
Giai

Viét (1) thanh phuong trinh bac 2 d6i véi x:

XX-(y+Dx+@'-y)=0 (2)
Diéu kién cdn dé (2) c6 nghiém1a A2 0
Taco: A=(y+ 1) -4y -y)=-3y’+6y+1>0

3y -6y-1<0 &3-(y-1< 4
Do dé: (y - 1)* < 1. Suy ra:
y-1 -1 0
y 0 1 &




* Vaiy =0thay vio (2 duoc x x =0 =>x, =0 x,=1
* Vaiy=1lthayvio () duoe v 2x =0 =>x,=0; x4 =1
* Voiy=2thayvao (D) duocy 3x +2 =0 > x=0; %=1
Thir lai ciac gida tn tren nghiem dorg phuong trinh (1). Vay phuong trinh
da cho ¢6 6 nghiem: (0; O): (1 Oy 0 1) €25 1); (1 2)5 (2: 2)
9. Bai tap van dung cac dang phuong trinh thuong gap:
Bai 13: Giai cdac phuong trinh sau:
a) x*-2x'—x"+8x-12=0
b) 2x'=3x* - 1Ix+6=0
C) (X =2Xx+3)-2(x+3(x -3)=36(x+3)
d) x* - 2x? = 400x + 9999
e) 2x - J5) +(x + ﬁ)‘ﬂv@—ﬁ—h)"zo
g) (4x + 1)(12x - D3x + 2)(x+1) =4
Bai 14: Giai cic phuong trinh sau:

I-x  x+1 2]
a) - R =2

X+2 3-x X" =x-=-0
i 3 ) (3x—~2)(3x+2)
) + =

x-2 x?+2x+4 x* -8

2 Xx+2 10

c) -

x+3 3x-x’ B x(x? = 9)
Bai 15: Giai cdc phuong trinh sau:
a) 3x—2.|3—x|:1
b) |x+l|+|2x—3‘=5
c) “x|+3|+2x=4
Bai 16: Giai cac phuong trinh sau:
a) X*-2x'+8x'-2x+1=0
b) X! - x*+6x'+6x -x+1=0
c) 2x*-3x'-9x’+3x+2=0

d) 2x* - 21x'+ 34x* + 105x + 50 =0
Bai 17: Giai cac phuong trinh sau:

a) J3x—5=\/2x+—l
b) Ji-1-Jx+2=2

C) \/thz——l2x+9+2x=9
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d) \/xz -4x+4 +\/4x2 +4x+1=5
e) Yx+2Jx-3-2+Jx-2Vx-3-2=3
g) V2x—1+ax-3 +V2x—1-Jax-3 =42
fy V3x+2-5=x
h) J2Xx+9=v25-x-J3x+4
K) J6—r+Vx—4=x>-10x+27

Bai 18: Im cac nghiém nguyén cua cic phuong trinh:
1; 2x + 13y = 156 2) 3xy+x-y=1
3) 2x*+3xy -y =1 4) x'-y'=91
5) x’~Xxy=6x - 5y - 8

Bai 19: Cho da thirc f(x) c6 cic hé s6 nguyén. Biét rang f(1). f(2) = 35.
Ching minh rang f(x) khong ¢6 nghiém nguyén.
V- HE PHUONG TRINH

1. Hé phuong trinh bac nhat 2 an
1. Dinh nghia: Mot hé 2 phuong trinh bac nhat 2 an ¢6 dang:

ax+by =c (D
(I) ’ re, At
ax+by=c (2)

trong d6 ax + by = 0 va a'’x + b'y = ¢’ 1a nhitng phuong trinh bac nhat 2 an.
2. Cdch giai: Thong thuong ta giai hé phuong trinh (I) bang phuong phédp cong
hoac phuong phdp thay thé.
- 3)y=0
Vidul: Cho hé phuong trinh: k= {m+3)y
(m-2)x+4y=m-1
a. Giai hé phuong trinh véim = -1.
b. Giai va bién luan hé phuong trinh trén véi m la tham s6.
Giai
a. V6éim =-1, hé phuong trinh la:

x-2y=0 2x -4y =0 X=2 =2
o o o
=-3x+4y=-2 3x -4y =2 x-2y=0 y =
. | )
Vay v6i m = -1, hé phuong trinh ¢6 nghiém duy nhat la: {

x-(m+3)y=0 (1)

b. Xét he phuong trinh: (l){(m_q)x+4y=m—l (2)
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Tirthtaco: x=m+ 3y (3). Thay (3) vao (2) ta duoc:
(M=) m+3)v+dy =m+1 & (m” +m ~0)y+4y=m+]1
¢> (m”+m ~2)y=m-l&m -him+2)y =m-1 (*)
Ne¢um = I, phuong trinh (%) la : Oy = 0.
» Phuong trinh vo s0 nghiém => hé¢ phuong trinh (I) vo so nghiém.
Thay m = | vao phuong trinh (1) ta duoc:

|
x—4_v:l)<:3x:4_v<::>_v::1—x

Khi dé nghiem tong quat cua hé phuong trinh (I) la: (x € Ry = —x)
4.

# N¢eum = -2, phuong trinh () la: Oy = -3

—» Phuong trinh vo nghiém = hé phuong trinh (I) vo nghié¢m.

* Neum # 1:m » -2 thi phuong trinh (*) ¢6 nghiém la: y = ——— thay
m + 2

: . m+3
vao (3) taco: x = ——
m + 2

m+ 3

4 X = s

khi dd hé phuong trinh (I) ¢6 nghiem la: dalide

!
m+ 2

Két luan:
Varm = 1, hé phuong trinh c6 VSN ; nghiém tong quit la: (xe Ry :ZX)

Vi m = -2, hé phuong trinh vo nghiém.

- Voim # | ; m# -2, hé phuong trinh ¢6 nghiém duy nhat:

2. Hé phuong trinh hai an doi ximg loai I:

Ta c6 thé hiéu heé phuong trinh doi xing loai 1 doi véi an x va y 1a hé ¢o
tinh chat: khi trdo doi vi tri cdc an x va y cho nhau thi méi phuong trinh cta hé
khong doi.

Cdach giai:

* Dat {x ¥ :S (53 -4p> ()) bi¢n doi hé da cho vé hé vai 2 an S va P.
X.y=

* Giai hé phuong trinh méi dé tim S, P.

*  Vai moi cap (S, P) thi x va y la nghiém cua phuong trinh: X - SX + P=0.

-
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Chu y: Néu hé phuong trinh c¢6 nghiém (X,; y,) thi (y,; X,) cling 1a n,, cia he.

X+y+2xy=7
Vi du2: Giai hé phuong trinh: (I)<::> b
X“+y =5
Giai
X+y+2xy=7

He phuong trinh : (l) = {(x + y)2 -2xy=5

Pat: x +y=S:xy=P (v6i S’ - 4P>0)
S+2P=7 (*)

Ta ¢ hé phuong trinh:
$2_2P=5

S=-+4

=>Sz+S—12=0<:>(S+4)(S—3)=0@[S g

+ Thay vao (*)tacé: S=4>P= % khong thoa man diéu kién :

$-4P>0
- S§=3 =P =2 (thod min diéu kién S* - 4P > 0).
Do d6 x; y 1a nghiém cuia phuong trinh:

X2 -3X+2=0(X-1)(X=-2)=0

X=1 X=1 X=2
=1 [ . Vayta cé: [ hay I:Y-l

Heé da cho c6 2 nghiém: (1; 2); (2;1).

5. Hé phuong trinh 2 4n doi ximg loai I1
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Heé 2 phuong trinh chua 2 4n x; y dugc goi 1a hé d6i ximg loai Il néu trdo d6i

vi tri cia x; y thi phuong trinh nay trd thanh phuong trinh kia va ngugc lai.

Phuong phdp giai:

Trir v€ véi v€ cac phuong trinh da cho, bao gid ta ciing thu duge phuong trinh
X =

Meht (x=5)f(xiy)=0> [r(x.yy) =0

Chua y: Néu hé c6 nghiém (x,; y,) thi (y,: X,) cung l1a nghiém cua hé.

khi d6 ta giai hé cho timg trudng hop.

2x? -3x = y2 -2
2y? -3y =x%-2
Giai
Trir ting v€ hé phuong trinh ta dugc:

22X’ - y) = 3(x - y) = ~(x - y?)
S2X-NX+Y)-3x-y)+(x-y)Nx+y)=0

Vi du3: Giai hé phuong trinh : {



X -Y)3Ax+3y -3)=0 @3x-y)x+y-1)=0 & {xu

+ V& x =y, hé phuong trinh tvong duong vai

K=y X=Yy X=y=1
B ¥ CD 5 ) CD
2x" -3x=x"-2 X" =3x+2=0 X=y=2

+ Vaiy =1 - x, h¢ phuong trinh tuong duong véi

y=1-x y=1-x
; 2 1 g
2x”—3x=(1—x) -2 X“-x+1=0
=> hé phuong trinh vo nghiém.
Vay h¢ phuong trinh ¢6 2 cap nghiém la: (x;y) =(1; 1); (2; 2).

4. Heé phurong trinh dang cap.

: . : o @ Bt s {a|x2+b,xy+c|y2 =d,
Hé phuong trinh dang cap bac 2 1a hé c6 dang: 5 5
;X" +byxy + ¢,y =d,

Cach giai:
Cach 1:

~ Khir x’ (hay y?), ta tinh duge x theo y (hay y theo x).

- Su dl_lﬂé phép thé ta dugc phuong trinh trung phuong theo y (hay theo x).
Cach 2:

—~ Gi1ai hé véir x = 0.

- Khi x # 0, dat y = tx, ta duoc hé theo t va x.

- Khir x ta dugc phuong trinh bac hai theo t.

2x2+3xy+3y2=3 |
Vi du 4: Giai hé phuong trinh sau: (I) ( )

x2+xy+y’ =1 (2)
Giai
Cach 1: Néu (x; y) 1a nghiém cua hé thi y = 0. Hé (I) tvong duong vaéi :
2x2 +3xy + 3y’ =3 (1)
{2)&2 +2xy +2y° (2)

—y2
Trir timg vé 2 phuong trinh trén, ta duge: xy + y2 =lox= Y (3)
¥

Thay (3) vao (2) ta duoc:

— ¢ - a2 L
(—u—-l y ] +l y y+y2=l~::>——l 2y +y +l—y2+y2=l

y y y?
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>y -D=0y=¢l

x = ()

* Vaiy =1, thay vao (2) ta co: x2+x+l=lc>x(x+l)=()¢:>{ l
X =-—-

N x =10
* Vgiy=-l,thayvao(2)taco: x" -x+l=1 & x(x-1)=0 & { .
L] X =
Vay hé phuong trinh da cho ¢6 4 nghi¢m:
(x: ¥)=(0; )i (=1; 1); (0: =Dy (1: 1),
5. Bai tap (v luyén hé phuong trinh
‘Bai 1: Giai cac hé phuong trinh sau:

N (2x =3)(y + 5)=2xy . S5x+2y=3
" lUx =33y + 1) =3xy ‘ 3’x]—7y:]
1 2 X
il e 2 e o =2
ZX 3y ! d <2y+.’» y -1
2 3 ' X X
—X+—-y=2 _ s
S 4 | y=1 2y-3
L (3y+5 2x+3_
3x 3y 4
€. 4 : ly 5 2.1 y:l SX;Z
s e s e oW o
[ 6x y 3 (y+l x-2

2x -4y +z2=-17
Bai 2: Giai hé phuong trinh{ Sx -3y +62=3
| Ix +Sy+27=21
21 % ; PRS- L | x=-my=0
Bai 3: Cho hé phuong trinh (v&i m 1a tham s6):
mx-—-y=m+]l
a. Giai hé phuong trinh véi m = 3.
b. Tim gid tri nguyén cua m dé hé phuong trinh ¢61 nghiém nguyén.
c. Xdc dinh gid tri ctia m dé hé ¢6 | nghiém la cap s6 duong.
Bai 4: Cho hé phuong trinh(m la tham s06):
oM -
X-2 y-m

2x-my=2-m

a. Giai hé phuong trinh voim = 1.
b. Giai va bién luan hé phuong trinh.



Bai 5:Cho he phdng trinh (v6i m la tham Sr;:‘,;

(1 -m)x
= my + |

-

2Zmx+(m-l)y=m-1
a. Giai va bién luan hé phuong trinh trén.
b. Tim gid tri cila m dé hé phuong trinh ¢6 nghiém duy nhat thoa man

1< Qy<l
Bai 6: Giai cic hé phuong trinh:
X+2y=4 3(~+—)i:l-3i
a.{ "’ b.<y x 6
X" +4y" =8
| X+y=5
(
—4.7
X+y+xy=11I x~3y~4.x
Y, d. < | .
X“+y +3(x+y)=28 y—3x=4.;

2x% + xy = 3x
&
2y% +xy =3y

VI . GIAI BAI TOAN BANG CACH LAP PHUONG TRINH VA HE
PHUONG TRINH

1. Kién thitc co ban: Tém tdt cdc budc giat bai todn bang cdch lap phuwong
trinh:
Bioc I
— Chon an s6 va dat diéu kién thich hop cho an.
— Bi€u dién cdc dai lugng chua biét theo an va cdc dai lugng da biét
— Lap phuong trinh biéu thi méi lién hé giita cac dai lugng.
Bue 2: Giai phuong trinh
Bude 3: Doi chiéu cic nghiém cua phuong trinh vdi diéu kién cOa an roi két
ludn.
Licu y: Fa c6 thé chon an truc tiép (dai luong bai todn bat tim) hoic gidn tiép
(dai luong trung gian chua biét)
2.Bai tap vi du:
Dang 1: Todan chuyén dong
Vi dul: Mot ngudi di xe dap, mot ngudi di xe mdy va mot 616 di tir diém A
dén diém B. Ho khai hanh tir A theo tha tu néi trén lic 6 gid, 7 gid va 8
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gio. Van toc trung binh cua ho theo thir tu trén la 10 km/h; 30 km/h va 40
km/h. Hoi m4y gidr 6t6 cach déu ngudi di xe dap va xe mdy.
. Giai
Goi x 1a thoi gian 0t6 dI d€ dén vi tri cdch déu ngudi di xe dap va nguoi di xe
mdy (x tinh béng gid, x > 0). Trén hinh cic diém D (chi vi tri ngudi di xe
dap), chit O(chi vi tri ngudi di 6t6), chit M (chi vi tri ngudi di xe mdy) thoa
man diéu kién ddv bai. Ta c6 bang tém tét sau:

Gio khoi Tlfo"i gian da di dé Vdn 16e Q,ucfl‘lg duong da%r*
hanh dén vi tri nhu h.Va ‘ dé dén vi tri nhu h.vé
016 8 gid X gid 40 km/h 4x km §
X- dap 6 gidy (x +2) gio 10 km/h 10(x + 2) km
Xe mady 7 gio (x+ 1) gio 30 km/h 30(x + 1) km
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Theo diu bai ta c6 phuong trinh: 40x — 10(x + 2) = 30(x + 1) — 40x

bs 3 . b EE . s
Giai ra tim duoc: x = i gio (thoa man diéu kién)

Két luan: 8 giv + ; gio = 9gid 15’ thi 6t6 cich déu ngudi di xe dap va

nguoi di xe may.

Vi du 2: Mot 616 di tir A dén du dinh B liic 12 gid trua. Néu xe chay v6i van
t6¢ 35 km/h thi sé dén B cham 2 gidr so v6i du dinh. Néu xe chay v6i van
téc 50 km/h thi thi sé dén B sém | gid so v6i du dinh. Tinh d6 dai quéng
dudng AB va thdi diém xudt phét clia 616 tai A.

Giai
Ta phan tich bai toin bang bang tém tit sau va lap hé phuong trinh:

S (km) V (km/h) t(gio)
Du dinh X y
Néu xe chay cham X 35 y+2
Néu xe chay nhanh X 30 y -1
PDK:x>0,y>1 =>x=35(y+2) (1)
=>x=50(y-1) (2)

, - x=35(y+2)
Két hop (1) va (2) ta ¢ hé phuong trinh:

x=50(y-1)

X =35

y=38
Viy quang duong AB la 350 km va diém xudt phat ctia 6to tai A la:
12 — 8 = 4(gidy)

0
Giai hé phuong trinh ta duoc: { (t/m d/k)



Dang 2. Toan lam chung lam riéng
Vi du 3. Hai voi nudc clng chay vao mot bé nude can (khong ¢6 nude) thi sau

4 s g10 day bé. Néu lic dau chi maéi mo voi thit nhat va 9 gio sau mdi mo voi

- “ 6 . o S J ¢ ~ N ’ .
thar 2 thi sau E gi0 méi day bé. Néu ngay tir dau chi mo voi thi hai thi sau

bao lau mdi ddy bé ?

Giai
I.ap bang phan tich:
_:j :— Thai gian day bé Nang suat chay | gio
i voi 24 5 ..
kla] Vbl —_— h -~ bé
S s 22 )
Voi | x (h) mlm(bé)
X
.. 1
Voi Il y (h) — (bé)
- y
PK:x,y> =2
5
=2 )
L4p hé phuong trinh: { * 7Y
x 245
— . x=12
Giai hé phuong trinh ta dugc: 3 (t/m dk)
y =

Vay ngay tir ddu chi m& vdi thit hai thi sau 8 git ddy bé.

Dang 3: Dang todn ndng sudt

Vi du 4: Mot ngudi mua 2 loai hang va phai tra téng cong 2,17 triéu déng, ké ca
thu€ gia tri gia tang (VAT) véi mic 10% d6i vé6i loai hang thi nhat va 8%
d6i v6i loai hang thir hai. Néu thué€ VAT la 9% d6i vé6i ca 2 loai hang thi
ngudri d6 tra téng cong 1a 2,18 trieu déng. Hoi néu khong ké thué VAT ngudi
d6 phai tra bao nhiéu tién cho méi loai hang.

Giai

Goi s6 tién phai tra cho méi loai hang khong ké thu€ VAT l4n luot 12 x va y
(trieu déng) (DK x,y > 0)
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% o . o LID _
V3y lagi A2ng thy nhat véi midc thué 10% phai tr§ 166" (triéu dong)

, 10 _
Loai hang thu hai vai muc thyé 10% phai tra ]—()%y (trieu dong)

T ol BT NS, S, 4 =
rinn: ——
A €0 pauone 100~ 100

y =2,17 (1)

; ] .. . 109
Ca 2 loai hang v&i mitc thué 9% phai tra: @(x +y) (2)

Tir (1) va (2) ta ¢6 hé phuong trinh:

{110x+108y=217c>{1 10x+108y=217

109(x+y)=218 X+y=2

=\J,

5(t/ dk)
y=L5 m

Vay s6 tién phai tra cho méi loai hang 1a 0,5 triéu va 1,5 triéu.
Dang 4: Dang todn sé
Vi du 5: Tim 2 s6 ty nhién, biét ring t6ng cha chiing bing 1006 néu 14y s& 16n
chia cho s6 nho dugc thuong 1a 2 va s6 du la 124.
Giai
Gois6lonlaxvasénholay(x.y € N; y> 124)
Theo d4u bai téng 2 s6 bing 1006 ta c6 phuong trinh: x + y = 1006 (1)
Vi lay s6 16n chia cho s6 nho dugc thuong 1a 2 va s6 du 1a 124 ta c¢6 phwong
trinh: x=2y+ 124 (2)

Giai hé phuong trinh ta dugc: {

Tir (1) va (2) ta c6 he phuong mnh:{x +y = 1006

Xx=2y+ 124
. =712
Giai hé phuong trinh ta dugc: (t/m dk)
y=294
Vay S6 16n 1a 712
S6 nho la 294

Dang 5:. Giai cdc bai todn vé nhiét luong.
Biét ring m kg nudc giam t°C thi tod nhiét luong Q = m.t (KCal); m kg mudce
tang t"C thi thu vao nhiét luong 1a Q = m.t (KCal).
Vi du 6: Phai diing bao nhiéu lit nudc s6i 100°C va bao nhiéu lit nudc lanh 20°C
dé c6 hén hop 100 lit nude ¢ 40°C.
Giai

Goi kh6i luong nudc soi 1a x (0 < x < 100, tinh bang kg;



| it nuae ¢o khoi luong 1kg).
Khoi lvong nudc lanh la 100 - x (kg).
Khi x (kg) nude tir 100°C ha xuong 40°C thi toa ra nhiét luong la:
(100 - 40) = 60.x (KCal)
K (100 - x) kg nudc tang tir 20°C [én 40"C thi thu vao nhiét luong la:
(100 - x).(40 - 20) e 1a 20(100 - x) kcal.
Vinhiét lrong thu vao bang nhiét lugng toa ra nén ta c6 phuong trinh:
30x = 200100 — x) <> 80x = 200 = x = 25 (TMPK)
Viy khoi lutong nudce soi la: 25kg.
khoi luong nudce lanh la: 100 - 25 = 75kg.
V1 lit nuoc ¢6 khoi lugng 1a | kg nén phai dung 25 lit nudc soi va 75 lit
nvée lanh 20°C
Dang 6. Giai cac bai toan vé nong do:

Bi¢t rang m it chat ta trong M lit dung dich thi néng d6 phén tram la il

Vi du7: Khi thém 200kg axit vao dung dich axit (gébm nuoc va axit) thi dung
di-h m&i ¢6 néng do axit 1a 50%. Lai thém 300g nudc vao dung dich méi ta
dvoc dung dich axit ¢6 néng do 1a 40%. Tinh néng do axit trong dung dich
déu tién.

Giai

Goi khoi lugng nude ¢6 trong dung dich dau tién 1a x gam (x>0).

khoi lugng axit cé trong dung dich ddu tién 1a y gam (y>0).
Seu khi thém 200g axit vao dung dich thi néng do cia dung dich 1a 50% nén
taco phuong trinh: e = L =>x-y=200 (1)

X+y+200 2

Sau khi thém 300g nudc vao dung dich méi thi néng do cia dung dich la
4(% nén ta c6 phuong trinh:

M—Z;tgg)*ng::dx—:iy:o (2)

<+y+200+300 5
Tt (1) va (2) 1a c6 hé phuong trinh:

:’x —y= 200:{3x—3y =600

2x-3y=0 2x-3y=0

Thay vao (1) ta duoc: y = x — 200 = 600 - 200 = 400 (TMDK)

_4_00__=i=40%
400+600 10

= x =600 (TMDK)

Viy néng do axit trong dung dich ddu tién la:
D:ip so: 40%.
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3. Mot sé dang todn khdc :

Vi du 8: Mot hinh chit nhat c6 dudng chéo bang 15cm. Néu gap doi cthiéu
rong va giam chiéu dai di 1 nira thi dugce hinh chir nhat méi c6 chu vii 16n
hon chu vi hinh chir nhat ban ddu 12 6cm. Tinh dién tich hinh chir nhat
ban diu.

Giai
Goi chiéu rong hinh chir nhat ban ddu 1a x
chiéu dai hinh chit nhat ban ddu la y ( x, y > O ; tinh bdng cm).
G4p d6i chiéu rong, ta duoc chiéu rong méi 1a 2x. |

Giam chiéu dai di 1 nira ta duoc chiéu dii méi 1a : %

Theo bai ra ta co: 2x4+%=x+y+3 (*)

SAxX+y=2X+2y+6 ©2x-y=6 (1)

dudmg chéo hinh chir nhat 1a 15cm.

Ta c6 phuong trinh: x2 +y2 =152 ()

| 2x-y=6{} ()

x2+y? =225 (2
tr(l)=>y=2x-6 3)

thay (3) vao (2) ta dugc : x* + (2x — 6)° = 225 <> x* + 4x* — 24x + 36 = 225
& 5%x% - 24x - 189=0. A’ =122 +5.189 = 1089 = VA’ =33

12+33 ~9 (TMY; x, =12—33

Tir (1) va (2) ta c6 hé phuong trinh: {

<0 (Khong thoa min)

1

thay vao (1) ta duge y = 12 (TMDK)

Vay hinh chit nhat ban d4u cé chiéu rong la 9cm.

Chiéu dai 1a 12cm. Dién tich 12 9.12 = 108 (cm?).

4. Bai tdp tu luyén

Bai 1: Mot 6t6 du dinh di tir Adén B véi van t6c 60km/h. Di dugc 18 phiit thi
gap dudmg x4u nén van toc trén quang dudng con lai 1a 50km/h. vi vy, da
dén noi cham 12 phiit. Tinh quang dudng AB.

Bai 2: Mot nha mdy dat k€ hoach san xut 3500 chi ti€t mdy trong 1 thoi
gian nh4t dinh; 5 ngay ddu ho thuc hién diing ti€n do. Nhimg ngay sau dé
do cai ti€n k§ thuat, méi ngdy vugt 10 chi tiét nén ching nhing hoan
thanh sém | ngdy ma cdon vugt mitc 50 chi tiét nita. Tinh nang sult du
kién theo k& hoach ban d4u? v

Bai 3: Hai vdi nu6c ciing chdy vao 2 bé (khong c6 nudc) thi 4 gity ddy bé.
Ngudi ta cing md 2 i trong 2 gid, sau d6 tat vdi 1, vdi 2 ti€p tuc chay
trong 6 gi® nira thi ddy bé. Hoi méi vdi chdy 1 minh thi sau bao lau day
bé ?
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Fai 4: Mot ngudi di xe dap, mot ngudi di xe may va mot 6t6 dI tir diém A
dén diém B. Ho khaoi hanh tir A theo thif tu néi trén lic 6 gio, 7 gio va 8
g1¢s. Van toc trung binh cua ho theo thir tu trén 1a 10 km/h; 30 km/h va 40
km/h. Hoi may gid 616 cach déu ngudi di xe dap va xe may.

Fai 5: Mot 6t6 di tir A dén du dinh B lic 12 gio trua. Néu xe chay véi van
t6¢c 35 km/h thi sé dén B cham 2 gid so véi du dinh. Néu xe chay véi van
téc 50 km/h thi thi s€ dén B sém 1 gi& so v6i du dinh. Tinh d6é dai quang
duong AB va thai diém xudt phat clia 6t6 tai A.

Fai 6: Hai voi nudc cung chay vao mot bé nudc can (khong c6 nudce) thi sau

4 . a ~ g a* , : » , 7 [ ’ g . .5 P »
4 s gio day bé. Néu lic dau chi mdi ma voi thit nhat va 9 gio sau mdi mo

voi thir 2 thi sau % gi0 maoi day bé. Néu ngay tir ddu chi mad voi thir hai

thi sau bao 1au mai ddy bé ?

Fai 7: Mot ngudi mua 2 loai hang va phai tra t6ng cong 2,17 triéu déng, ké
ca thué gia tn gia tang (VAT) vai mic 10% d6i véi loai hang thit nhat va
8% d6i vai loai hang thir hai. Néu thué VAT la 9% d6i véi ca 2 loai hang
thi ngudi d6 tra t6ng cong 1a 2,18 triéu déng. Hoi néu khong ké thué VAT
ngudi dé phai tra bao nhiéu tién cho méi loai hang.

Fai 8: Tim 2 s6 tu nhién, biét rdng t6ng cta ching bang 1006 néu 14y s6 16n
chia cho s6 nho duge thuong la 2 va s6 du la 124.

VIIl. BAT DANG THUC, BAT PHUONG TRINH, CYC TRl DAI SO

VIL1 -BAT PANG THUC
1. Kén thirc can nhé

a Dinh nghia: Chohais6avabtacé a>b<>a-b>0
b Mot s6 bat déng thitc co ban:
- Cic bat dang thic vé luy thira va can thiic:

A’ >0Vn e N v6i A 12 mot biéu thic bat ky , d4u bing xay ra khi A =0
2/A 20; VA20:Vn e N ; ddu bing xay ra khi A = 0

JA+JB2JA+B V6i A20;B20

dau béng xay ra khi c6 it nhat 1 trong hai s6 bing khong

JA-B <A -JB véi A>B>o0 ddubing xdyrakhi B=0
— CAc bat ding thicvé gia tri tuyét d6i

|A|20 V6i A bat ky , du bing xay ra khi A =0

|A|+|B|>|A + B| déu bing xay ra khi A va B cing d4u
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|Al - |B| <|A - B| Dau bang xay ra khi A va B cing dau va A> 3

~ Bat dang thire Cauchy ( Cosi ) :

. 7 a +a, +...+a
+ Chocdc $6 a,.a,.....a, 20 => Pa,a,..a, < 12"

n
(Trung binh nhan cua n s6 khong am khoéng 16n hon trung binh cong cta

ching )
Dau bang xay rakhi a,=a,=...=a,
+ Bat dang thitic Cosi cho hai s6 c6 thé phat biéu duéi cdc dang siau :
a+b

>+ab Vdiavablacac s6 khong am

(a+b)’ 24ab Véiavablacc s6 bat ky

2
g oo (a+b)y
a“+b Z—T— Véi a va b la ciac sO bat ky

D4u bing xay rakhia=b
~ Bat dang thirc Bunhiacopsky (Con goi 1a bat dang thitc Cosi - Swac ) :
+ Cho hai bo cic s6 thuc: a,a,,....,a, va b,b,,....b,
Khi dé:
(ab, +a,b, +...+a, ) (a, +al+..+a )(b2 +b3 4.+ bz)
Dau béing xay ra khi:
+ Hoac 2 _%2 _
b' h')
{mg cling bang 0
+ Hoac c6 mot bo trong hai bo trén gébm toan s6 khong
+ B4t dang thitc Cosi — Svac cho hai cap s6:

(ax+by) (d +h2)(x2+y2) D4u bing xay ra khi ay = bx

a : : % = _\
— b—“ vai a; , b, khdc O va néu a, = O thii b, tuong

n

. ) 1 iy l ..
- Batdangthic x+—22 VGgix>0; x+—<-2 VGix< )
% X

c¢) Cdc tinh chat cla bat dang thuc:
— Tinh chat bac cdu: Néua>bvab>cthia>c
— Tinh chat lién quan dén phép cOng:
Cong hai v& clia bat ding thirc véi cling mot s6:
Néu a>bthia+c>b+c
Cong hai bat dang thitc cuing chiéu:
Néu a>bvac>dthia+c>b+d
— Trir hai bat dang thiic nguoc chiéu:
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Néu a>b vac<dthia ¢>b - d
Cac tinh chat lién quan dén phép nhan
+ Nhin 2 vé cia bat dang thic vor mot 8o.
Néu a >bva ¢ >0 thi ac > be
Néu a>bvac<0thi ac <bc
+ Nhan 2 bat dang thiic cung chiéu.
Néua>b>0vic>d>0thi ac >bd
Névna<b<Ovac<d<Othi ac >bd
+ Luy thira hai vé ciia mot bat dang thic:

b . ik 5
azb=a’™' >2b""" Véimoi ne N

2n 2n 2 .
a>b20=a"" >b~ Vdimor ne N

D 2 e i
a<b<0=a""2b"" Vdimoi ne N

1

O<a<l]l =™a"<a™ Véin>m

a>1 =a" >a" Voin>m

2. Mot s6 diém can luu y:
Khi thuc hién cdc phép bién doi trong chimg minh bat dang thic , khong
dugc trir hai bat dang thic cung chiéu hoac nhan ching khi chua biét ¢
dau cha hai vé. Chi duge phép nhan hai vé ciia bat dang thitc v6i cing mo
bi¢u thirc khi ta biét rd dau cia bicu thuc do
Cho mot s6 hiru han cdc s6 thue thi trong dé bao gio ta cling chon ra dugc
s6 16n nhat va s6 nhd nhat . Tinh chat nay duge dung dé sap thif tu céc 4n
trong viéc chimg minh mét bat dang thitc

3. Mot s6 phuong phap chimg minh bat ding thic:

3.1. St dung cdc tinh chdt co bdn ciia bdt ddng ihic

; e ot e L 3xT+4x+11
Vidu 1: Chimg minh rang vdi moi s6 thirc x thi: * 5 22

X°—x+1

Giai
5

> T3 :
Taco:x~ - x+l=(x ——%) +Z>0 V&i moi x

2
3N 4x +11
Do \'ay: .'_}._;i-_._} 3 > 2

X" —-x+1

bl bl ] I3
c:>3x"+4x-+1122(x‘ —x+l)¢:>3x“+4x+|122x“—2x-+-2

9
& X%+ 6x +92()¢:>(x +3) > 0. Bing vai moi x

Dau bang xay re khi x = -3
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5 5

Vidu2: Choa,be Zvaa+b=0.Ching minh ring > +:: >a’b?
a+
Giai

5 RS 5 L RS
Tacé: > ot Zazbzaa—“)——azbzz()

a+b a+b

a5+b5—azb2(a+b)
SM= 20

a+b

Xét tircia M: a° +b° —a’b? —a’b’ =(as —.azb‘w)—(a\:“b2 - bs)

=a2(a3—b3)—b2(a3—b3)
(2> -5")(a% - 8?) = (a -b) (o ~ab+b?)(ab)(a+b)

=(a+b)(a-b)’ ra —ab+%b2)+%b2]

\

\

=(a+b)(a-b)’ (a—%b)2+%b2]

2
Vi a+b # OnénM = (a*b)z[[a-——;-b) 4%14 >0 doa, b khoong thé

déng thdi bang 0
3.2. Phuong phdp phdn chitng:
Vidu 3: Chobasd a, b, ¢ thoa man:
a+b+c>0
ab + ac + bc > 0. Ching minh ridng ca ba s6 d6 déu duong
abc>0
Giai
Gia sir c6 mot s6 khong duong: a <0
T abc>0tacé: be<0 (*)
Tra+b+c>0tacé: b+c>-a>0
Tir ab+bc+ac>0tacé:bc+ab+c)>0= bc>-a(b+c)>0 (**
Ta c6 (*) va (**) mau thuin nhau = dpcm.

3.3. Phuong phdp sit dung cdc bdt ddng thitc co bdn:
Vi du 4: Chimg minh rang: Véix, y > 0.

Taco: (1+x) (1 +y)2(l + xy )?



Giai
Cdch I: Ap dung bat ding thitc Bunhiacopsky ta cé:
(l+x)(l+y):(l2 +(\/;)2)(12 +(ﬁ)2]2(l+ﬁ)z

Cdch 2: Theo bat dang thic Cosi ta c6:

X y 2. /xy 1 L, 1

l+x+l+y2J(1+x)(1+y); l+x+1+y (1+x)(1+y)
ek 2\/x—y‘+l o \/)GH <

CJaexd+y) e xa+y)
<:>(l+\/;§s\/(l+x)(l+y)c>(l+x)(l+y)2(l+\/;;)2
Dau bang xayrakhix =y
Vidu 5: Choa,b e Rva 3a+4=35. Ching minh ring a’+b*> 1

Giai
Cdch 1: Ap dung bt ding thitc Bunhiacopxky ta c6:
5 =(3a+4b)’ <(32+4)(a2 +6?) a2+ b2 21

3a+4b=>5 a=g
Dau bang xay rakhi: {4 b o i
L b
3 4 5

Céch 2: T 3a+4b=5tac6a= 2o

2
Vay a’ + b’ 21@(3?3) +b221¢25-40b+16b% +9b% >¢

& 25b% —40b+16 20 &> (5b-4)" 20. Diing véi moi x
Vi du 6: Chimg minh rdng vé&i moi géc nhon x ta cé:

a)sin X + cosx < b) tanx + cotanx = 2

2
Giai
a) Ap dung bat ding thitc Cosi cho hai s6 duong ta c6:
. sin? x +cos?x 1
Sin X + COsX < g
2 2

Dau bing xdy ra khi sinx = cosx hay x = 45°

69



b) Vitanx , cotanx > 0. Ap dung bat ding thitc Cosi cho hai 80 ta ¢6:

L

tanx + cotanx 2 2./tgx.cotgx =2 ( Vitgx.cotgx = 1)

Dau bang xay ra khi tanx = cotanx hay x= 45"

Vidu 7: Cho a 2 4. Chimg minh ring: a + L 2 L
a
Giai

: ’ ]l a | 15a
lAco: a+-—=—+—+—

a 16 a 16
& . ? . . - { l 2
Ap dung bat dang thitc Cosicho hai s6 duong 2 va - tacs
a

f / 5 h
->2 —_—— . Ma: a4 > l'iazl__A:lS
16 a 16d 16

‘Vﬁya+ 2: Dau bang xay ra khi a = 4

Vi du 8: Chitng minh rdng v&i moi s6 thuc x , y ta'cé
5x% +2y? - 2xy—-4x-6y>-10
Giai
Bat dang thic can chimg minh tuong duong véi:

5x° +2y2 -2xy —4x -6y >-10

<:>(4x2 -4x + l)+ (y2 --6y+9)+(x2 —-2xy+y2)20
<:.‘»(2x-l)2 +(y—3)2 +(x—y)2 20
Diéu nay ding vi (2x —-I)2 2 0;(y —3)2 > 0;(x-y)2 >0

va khong dong théi xay ra 2x — 1)’ =(y - 3V =(x - y)' =

3. 4. Phuong phdp sit dung diéu kien c6 nghiém cua phiong trinh:
Vi du 9 : Chimg minh ring néu phuong trinh: -

v+ (x+a)l+(x+by=d] Conghlémthhk 2 3(a + b)’ - 8ab

(i!dl
Taco:

2x +(x+a)2+(x +b)2 = esdaxt +2(a+b)x+al +ble—¢7 =)
Dé phuong trinh ¢6 nghiém thi:
A'zﬂo(a+b)2—4<az+b2—c2)20o4c223(;1%-5)

&4 23(a+b) - 8ab

- .
e
L



3.5. Phuong phap lam troi:

. . . » o I | I ]
Vidu 10: Ching minh vairn e N thi: S= — - 4 — >
n+l n+?2 2n 2
Giai
. | | I
[a co: BEERE PSS
n+!l n+n 2n
] |
it O
n+2 2n
+
| ]
TR > s e
2n—-1  2n
o
2n 2n
. ] | | |
S=——+——+ ... +-—>n—-=
n+! n+2 2n 2 2

4. Cac bai tap tu luyén:
Bai 1: Trong tam gidc vuong ABC ¢6 canh huycén bang 1, hai canh goc
vuong la b va ¢. Chimg minhrang : b' + ¢* < |
Bai 2 : Chimg minh cic bat dang thic sau :

b
TIx" —15x+12 ) ,
a) ————— 23 Vdimoi X

Y

X" -x+1
b) Néua+ b <0 thi g b < nh(u + h)
c) Neux'+y'=-21thi -2<x+y<0
d) Neux'+y' =16thi0<x+y < 4
Bai 3 : Chimg minh cic bat dang thirc sau :
a)Néua’+b’=13thia’+b >2a+3b

b) S(XZ+y2)—4(x—y)+2(xy+l)20.V(ii moi X,y € R
Bai 4:

o . ) : 1 1 4
a) Cho hai s6 thuc duong a va b . Chimg m:nh rang: —+ -2
a b a+b
byChoO<x<2vix # 1.
I 1 >
Chimg minhrang: - —= +— >4 x°

Rai ~

;
~ — . i . \/;r‘ + h -+ LU S })
a) Cho a > b > 0. Chimg minh ring \/:l > ————2—»——~

A ST P < A
b) Ap dung so v 2007 = (2006 v V2006 - 2005
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VIL.2 GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA BIEU THUC
1. Kién thirc can nhé:
Cho c4c biéu thic A va B
~ Néu A < atrong dé a 1a mot gid tri cua biéu thiic A
Thi a duge goi 1a gid tri 16n nhat cua A (GTLN cua A ), duoc ky hiéu la
MaxA hay Ay,
— Néu B 2> b trong d6 b 1a mot gid tri cua B
Thi b Quoc goi 1a gi4 tri nhé nhat cia B (GTNN cua B ).dugc ky hieu 1a
Min B hay By,
— Céc cdch bién d6i thudong dung dé tim GTLN va GTNN.
Cachl: a) Tim GTLN: f(x) < g(x) < a
b) Tim GTNN: f(x) 2g(x) 2 a
Cdch 2: a) Tim GTLN: f(x)=h(x) + g(x) (h(x) <0; g(x) < a)
b) Tim GTNN: f(x) = h(x) + g(x) (h(x) 2 0; g(x) = a)
Vé6i biéu thic nhéu bién c6 cdch 1am tuong tu

2. Mot s6 diém cdn lwu y
— Khi tim gi4 tri 16n nh4t va nhoé nh4t cia mot biéu thitc . Néu bién 14y gid tri
trén toan tap R thi v4n dé di khong don gian . Khi bién trong biéu thic chi

14y gid tri trong Q, Z, N hoic mot khoang gid tri ndo d6 thi van dé cang

phtc tap va dé méc sai 14m .

- Mot sai 14m thudng méc phai dé 1 khi bién déi cic biéu thic theo cich 1
hoac céch 2 . Ta két luan gi4 tri 16n nhat hodc nho nhat cia biéu thic 12 a
nhung ddu bing khong xay ra dong thoi

Vi du 1: Tim gi4 tri nho nhét cha bi€u thic: P = 4x*+ y* + 2xy + 3x + 5
Lai giai 1:
P=x2.+2xy+y2 +2x2 +4x+2+x2-x+3

=(x+y) +2(x-1)> +x? -x+32x* -x+3 V6i moi x

2
Ma x2-x+3= x—l) _,,ﬂzﬂ
2 4 4

NénMinP = nu khi x = s vfnc+y=0neny=—l

4 2 2
Ta thdy 1di giai nay sai 14m & chd dau bang khong xay ra dong thdi .
Khi x =% thi(x-1#0
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Loi giai 2:
Ta co:

2
2 ) 1 17 17 17
P:xz+2)(y+y"+3(Xh+X+Z)+-‘I:(x+y)2+3(x+%) e B

4 4
x+y=0 x—-—-l-
Y =73
Vay Min P=— Khi ] <
4 X+*2“=O y_l
2

Vidu 2: Choa >2 . Tim gia tri nho nhat ciia biéu thic P= a + L

a
Lai giai 1:
‘Theo bat dang thic Cosi cho hai s6 duongtacé P=a+—2>2 a.l =2,
a a

Vay P dat gid tri nho nhat bang 2 |
Laoi giai nay sai 1dm & ché P =2 = a = 1 khong thoa man diéu kién a > 2

Loi giai 2:
Tacél:’=a+l=£+i+-31322,f3.1+§azz+2azz
a 4 a 4 4 a 4 4 2

Vay Min P=% khia=2

3. Bai tap vi du:
~ V& ban chat bai todn tim gi4 tri 16n nhat hoic nhd nhat cha biéu thic va
bai todn chimg minh bat ding thitc c6 thé coi 1a tuong duong nhau . Bai
todn tim gid tri 16n nhat hodc nhd nhat cla biéu thirc néu ta phin dodn
dugc két qua thi bai todn trd thanh chimg minh bat dang thiic
Vidu3:Chox,y,z€ Rthoamanx*+y* + 2’ = |
Tim GTLN ciia P =|x + 2y + 3¢
Giai
Thec bat ding thitc Cosi — Bunhiacopxki ta cé:
P= x+2y+32) < (I'+22+ ) (xX*+y* +2) =14
Nen P < /14 . D4u = xay ra khi:

|
X2='l'z
X_}’_Z xZ y2 ZZ

—_—==— —_— = 2 4
1 2 3 =< |l 4 9 =2y =—
x2+ 2472 =1 X2 +yi 422 = 4
y . y = 22__9—

i 14
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(b

\/17,2\/1*4_3\/1'@

Vay (x,y,2) = i L
y (x.y.2) (14 14 14

J1a —7f4 -—3\/_—)

Hoac (x,v.2) = (— :

4 14 ' 14
Jia 214 zf]

Vay P, = V14 khi ) =
" 45 55 [4 4 14

f_2J14 —%J—)

147 14 7 14

Hodc (x,y,2) = (

. . . a_b
Vidu 4: Choa, b, x, y I céc s6 duong thod man : — +— = |
Xy
Tim gid tri nho nhat cda céc biéu thic sau:
a) P=xy b)Q=x+y
Giai

‘ . a3 { b b
a) Theo bat dang thic Cauchy ta c6: 2 D« L P 1 = xy 2 4ab

Xy XY

b
Vay P, = dabkhi & =- =
y

(\fﬂifi\/y) (VR o)

(Bat dang thitc Bunhiacopxki)

2
Vay: Q= x+y 2(\/;+\[|:)
2
Qminz(\/;'*'\/g) khiX=a+\/a_h:y=h+\/aT

X

Vidu5: TimGTLN cta P = =
| (x+a)



Giai
Phicu kien: x# -a . Ta co:
Vinx 20 =3P=1
Vairx 201 ¢co: P= — \ - ¢ x=P(x v ay
(N +a)’
coopx +2apx+pal=xeap+(Qap-l)x+a’=0
D¢ phuong trinh ¢6 nghiém thi: A> 0 <> (2ap - 1)’ - 4pa’ > 0
<> 4a’p’ - dap+ 1 - da’p 2 0 Ja'p’ -daa+ l)p+1 20
Giai bat phuong trinh bac 2 thu duge P, <P < P,
4. Bai tap tu luyén:

Bai 1: Tim gid tri nho nhat cua cdc biéu thic sau:

a) A=x" - 6x +l

b) B=10x’+ 5y’ 4x — 6y —12xy + 2020

C)C:\/ % +/2>(+l

2x+1 N x,
d) D= 3%+ 5y vdi V3x = /5y +2
Bai 2: Tim gid tri I6n nhat cla cdc biéu thitc sau:
a) M=-x"+4x +7
b)N=2003 - 2x’ - 8y’ +2x + 4xy + 4y
c) P=(x+1)2-x)

3x -1

X +1

Bai 3. Tim gid tri I6n nhat va nho nhat cia biéu thac: P =

VIL3 BAT PHUONG TRINH
1. Ki¢n thie can nha :
Bat phuong trinh bac nhat: ax +b=0(a#0)

‘ . . ) ‘ b
+ Néu a > 0 bat phuong trinh ¢é nghiém x > ——
: a

+ Néu a <0 bit phuong trinh c6 nghiém x < .
a

Tuong wr cho bat phuong trinhax +b< 0

* Ta c6 thé nhé cdch 18y nghiém cta bat phuong trinh bac nhét theo qui tic
" Lon cung bé khdc " .

S s s . ) . b
Nghia 1a nhi thie bac nhat f(x) =ax +b (a¢#0) cénghiém x = ——
a
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Khi x > .. thi f(x) va hé s6 a cung dau,
a

Khi x <—E thi f(x) va hevso’ a khac ddu
a

- Bét phuong trinh tich :
'{A(x):-o '{A(x)<0
B(x)>0 B(x)>0
AX)B(x)>0 & : A(X)B(x) <0 &
A(x)<0 A(x)>0
_{B(x)<0 _{B(x)< 0

trong d6 A(x) va B(x) 1a céc biéu thic cua bién x

— B4t phuong trinh chita ddu gid tri tuyét d6i : Ta lam mat dau gid tri tuyét
d6i dé giai bang cach xét khoang gid tri cia bién hodc binh phuong hai vé
cia bat phuong trinh

B(x)<0
B(x)20
|A(x)|2 B(x) | | B(x)>0 ;|A(x)|sB(x)¢>{ (Aw) < (B
X
(Am)? 2(Bw))’ (x
Ax)20
— B4t phuong trinh vo ty: {JA(x) 2 B(x) < {B(x)20
A(x) 2 B(x)
] {A(x)zo
A(x)20
B(x)<0
\/A(x)zB(x)<:> B(x)> 0 : \/A(x) <B(x) & {B(x)20
| A(x) 2 (B(x))?
h{A(X)Z(B(X))Z (X) ( (X)))

2. Bai tap vidu:
Vi du 1: Giai cdc bat phuong trinh sau :

a) -3(x+2)+2(x-1)=24x-3 b) (m+l)2x52m(x+l)
Giai

a) Taco: -3(x+2)+2(x-1)4x -3

S-3X-6+2x-124x-3 & -x-4x2-3+7

S -5x24x< —f;-
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b ) Ta cé: (m+l)2x$2m(x+l)<:>(m2+2m+l)xs2mx+2m

S
<:>(m' + ])x <2m

Vi m? +1>0 v6i moi m nén bat phuong trinh c¢6 nghiém x >
m- +1

Vidu 2: Giai cac bat phuong trinh:
a) X° -5x+620 b) —x*+4x-3>0
Giai
a) Taco:
xz—5x+620<:>x2~2x—3x+620c:>x(x—2)—3(x—2)20
"{x—zzo ’{xzz
x-320 x>3 >3
o (x-2)(x=3)20 & o | =2 ["

x=240 x<2
b{x—3s0 _{xs3
b) Tacé:
P +4x-3200—x4+x43x-320 & -x(x-1)-3(x-1)20

(x-120 [[x21
3-x20 Xx<3

<~
x-1<0 x<l1
i 3-x<0 ] x23

Chuy:

~ Ta c6 thé két hop nghiém trén truc s6
— Ta c6 thé so sinh A(x) va B(x) trong b4t phuong trinh tich dé giai
nhanh hon :

Vi du: (x—1)(3—x)20<:>(x—l)(x—3)$0 dox-1>x-3

<::>(x—l)(3—x)20<:> &S1<x<3

&1<x<3

. . x-120 x21
nén chi xay ra o

x-3<0 x<3
Vi du 3: Giai cic bat phuong trinh:

a) Vx? -3x +22x-2 b) [3x +2|<2x -1
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Giai

a) Taco: \/;2—3x+22x—l

'{thzzu ”{(x_l)(x_z)zo

x-1<0

x—=1>0 x>1
2 2 2 3
X —3x+22(x—l) (X -3x+22x"-2x+1
E X 82
Chii y: Tranh bién d6i sai IAm nhu sau:

Vi -3x+22x-1e (x-1)(x-2) 2(x-1)’

oVx-22Vx-1 ox-22x-1-120
Két luan phuong trinh vo nghiém
b) Cdch 1: Ta c6: 2x +1|<3x -1

I
X2~

{3x+]20

= 5 , ©
(2x+1)"<(3x-1) 4x* +4x +1<9x? —12x +1

le - le 3
3 & 3 &4
—sx?-16x<0  |x(5x+16)20 16

Cdch 2: Nghiém cua bat phuong trinh da cho néu c6 phai thoa man:

3x -1 20<:>x2§(l). Xét: 2x+1 ZOQXZ—% (2)

Bat phuong trinh trd thanh: 2x +1<3x -1 & -x<2 & x2 -2

Két hgp véi (1) va(2)tacd x 2 % la nghiém ctia bat phuong trinh dacho

Xét2x#M <0 <:>x<—% 3)

Bat phuong trinh di cho tr¢ thanh: -2x-1<3x-1&-5x <0<x 20

Khéng thoa min (3).

Vay bét phuong trinh da cho ¢6 nghiém x > %



3. Bai tap tu luyén:

G1ai cac bat phuong trinh sau

Bai1: a)2(3x -1)-3(x-2)<5(1-2x)+4
b) (m ~'2)2 (x + l)z 4m(3-— x)
¢) 6x° =7x+220
d) 9%’ +18x—5<0

Bai 2:
a) |x+2|2 20 -1 b) 1+2[x-1|<3x-5

¢) Vx° =5x+6>3x+2 d) \/x2—3x+2<\6x2—5x+3
e) V3xZ+2x—1<x+1

Bai 3:
2X X
2x+1 x+2

) X—6vx +8<0 b)
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PHAN THU HAL

HINH HOC

I. D|NH LY TALET - TAM GIAC DONG DANG

Trong chuong nay, chiing ta sé 6n lai cdc kién thic chung vé tam gidc, cic
trudng hop biang nhau cua tam gidc, cdc dang tam gidc dac biét, cdc duong
dac biét trong tam gidc, cdc dang tit gidc va tinh chat cua ching. Vily do d6,
ching to6i chi nhic lai cac kién thirc nay dudi dang ly thuyét, cic bai tap van
dung ching sé dugc gin vao trong cdc bai tap vé dinh ly Talet va tam giac
déng dang

80

NHAC LAI MOT SO KIEN THUC CO BAN A d
. Tam giac
Trong mot tam gidc:

Ba dudmg cao déng quy, diém dong qui \
goi la truc tam ciia tam gidc.

HD M C

Ba dudng trung .tuyén déng quy, diém
déng qui goi la trong tam cua tam gidc
Ba dudmg phan gidc dong quy, diém dong qui 12 tai tam dudng trdn néi ti€p
tam giic ‘

Ba dudmng trung truc déng quy, diém déng qui 12 tam dudmg tron ngoai tiép
cua tam giic. A

Xét tam gidc ABC:

Néu A ABCc6 AB=AC hoic B=C
thi tam gidc can tai A.

Néu AABC c6 AB=AC=BC

hoic A =B =C thi tam gidc ABC déu. B H C
Néu A ABC can va ¢6 mot géc biang 60°

thi tam gidc ABC 1a tam gidc déu.

Duong trung binh cia tam gidc: Trong tam gidc ABC

Néu MA = MB; NA = NC thi MN duoc goi 1a duong trung binh cia A ABC.

’ 1
Néu MN la duong trung binh thi: MN// BC va MN = 3 BC.

MN//BC i

NA =NC
éu =
{MA =MB MN = EBC



MA = MB A
Cray: Tu I
MN = EBC M N

MN//BC
MA =NC B C
I.2. Ty giac — cac dang tir giac dac biét B
1. T giac
- Tong 4 goc trong | ur gidc: C
A+B+C+D=360"
- Téng cac géc ngoai cua uf gidc bang 180" A
2. (ac dang tir giac dac biét
1. Finh thang: D
Tir giac ABCD la hinh thang néu cé hai canh doéi song song (AB//CD)
- ABva CD dugc goi la 2 ddy AH la dudng cao. 5 B

Ktong suy ra dugce [

- Hai géc ké 1 canh bén cuia hinh thang bu nhau.
- Duong trung binh ctia hinh thang: N
+ N¢u MA = MD va NB = NC thi MN la / \
duong trung binh cua hinh thang ABCD . D H C
AB+CD
2
+ Néu MA = MB va MN // AB // CD thi MN ciing la duong trung binh cua

hinh thang ABCD do d6 NA = NC va MN = f‘E;—QAE B

Khi d6 MN//AB//CD va MN =

— Néu hinh thang c6 1 géc vubng
thi cé it nhét 2 géc vudbng.
Khi d6 né dugc goi 1a hinh thang vuéng. D c
— Hinh thang ABCD (AB//CD)

'a hinh thang can néu co: A \N B
+ Hai géc ké mot diy bing nhau /_\_—\
-~ = ~ M N
A =B hoac C=D). \ \
+ Hai dudng chéo bang nhau (AC = BD) ‘
+ Nhan dudng thang di qua trung diém cfia 2 ddy
(MN) lam truc do6i ximg.. -
2. Hnh binh hanh B C
Tt gidc ABCD la hinh binh hanh néu:
+ Cdc canh doi song song
AB// CD, BC// AD)

D M C
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+ Cidc goc doi bang nhau : ( A=C:B= f))

+ C6 mot cap canh déi song song va bing nhau
(AB// CD va AB = CD hoac BC// AD va BC = AD)

+ Hai dudng chéo cat nhau tai trung diém cia moi ducng
(OA=0C;0B=0D)

+ Cac canh doi bang nhau: AB = CD: BC = AD. A d B
Chii y: Giao diém cua hai duomg chéo la
tam do6i ximg cua hinh binh hanh .
3. Hinh chit nhdt: O
Tt gidc ABCD Ia hinh chir nhat D C
khi va chi khi:

+ C6 ba géc vuong (A =B=C=90")

+ La hinh binh hanh c6 | géc vuong.

+ La hinh binh hanh ¢4 2 duong chéo bang nhau.

+ La hinh thang can cé 1 géc vudng.

+ La hinh thang can c6 2 dudng chéo bing nhau
vii cdt nhau tai trung diém clia nira dudng.

+ Nhan cic dudng thang di qua trung diém cua cdc cap canh d6i lam truc déi
ximg. B

4. Hinh thoi.
T gidéc ABCD la hinh thoi khi va chi khi: %)
+ Cic canh bing nhau: AB=BC=CD=DA  p

+ Hai duong chéo vuong géc véi nhau D
va cét nhau tai trung diém cla nira dudmg.

Hinh binh hanh c6 2 canh ké bang nhau.

Cic duong chéo la tia phan gidc cua cdc goc.

Hinh binh hanh c6 moét duong chéo 1a tia phan gidc cia 1 goc.

Cic duong chéo la cdc truc doi ximg.

5. Hinh vuong:

T\ gidc ABCD la hinh vudng néu va chi néu:
C6 4 gbe bing nhau, 4 canh bang nhau. o]
Hinh chir nhat c6 2 duong chéo vudng goc.
Hinh thoi ¢6 2 dudng chéo bing nhau. A D
Hinh chir nhat ¢6 2 canh ké bang nhau.

Hinh thoi c6 | géc vuong.
Hinh chit nhat ¢6 | duong chéo la tia phan gidc cia 1 goc.

+ + + +

B C

+ + + + + +



1.3 Mot so khai niém khac:

1. Puimg trung truc cua doan thang:
Dudimg thang dla duomg trung truc
cua AB néu:

I AB va di qua trung diém cua AB
laco: M e de>MA =MB

2. Tia phan giac cua goc:

Oz la ua phan giac cua k6y
khi va chi khi:
+ xOz=yOz

va Oz nam gitra Ox va Oy,

+$ﬁﬁhga

H

+ Vaidiém M batky, M € Oz thi MH = MK

I1. Dinh ly Talet — Tam giac dong dang
1 Kién thire can nho:
— Dinh ly Talét: Cho A ABC,
duong thang d cat AB, AC tai M, N
AM AN

Ta c6: MN // BC =
" AC

N& AM AN___>AM AN _MN
AB AC  AB AC BC

Tam gidc dong dang: AABC déng dang v6i AA’B’C’

cu ——

AB AC BC

= {A'B' A'C' BC
A=AB=B.C=C
- AABC va AA’B’C’ dong dang néu:
+ €06 2 géc bang nhau (g.g.)

+ Hai cap canh twong (mg ty lé va géc xen gilta bing nhau: (c.g.c)

+ Ba canh tuong img ty 1é (c.c.c)

— Céc truong hop dong dang cua tam gidc vuong;:

+ Hai canh géc vuong tuong img ty lé (c.g.c)

+ Hai géc nhon bang nhau (g.g)

+ Canh g6c vuong va canh huyén tuong img ty lé.



2. Nhimg diém cén luu y
— Trong khi giai cac bai tap vé déng dang nén quen nhin A ABC va A AMN
déng dang O cédc hinh vé sau:

A
A
M
M N N
5 .
B \ C C
c c
M ,
A N
B
M A< -
B T

Néu hai tam gidc déng dang:

N

. > A,
— Ty s6 chu vi bang ty s6 dong dang A \

- Ty s6 dién tich bing binh
phuong ty s6 dong dang.

- Ty s6 cdc dudng cao, trung

tuyén, phan gidc tuong img x

" bing ty s6 déng dang.

VD: AABC d6ng dang v6i

AA’B’C’ theo ty s6 k thi
AB+AC+BC _, Suc _ 2 AH

e

SA'B'C‘ A 'H !

A'B'+A'C'+B'C’
3. Bai tap vidu X

Vi du 1: Cho A ABC, hinh vuéng MNPQ dugc goi 12 ndi ti€p A ABC néu n6

6 hai dinh ndm trén hai canh cia A va canh con lai cta hinh vuéng 1am trén

canh thirbacua A.

a) Hay néu cich vé mot hinh vuéng nhu vay véi A ABC cho trude.

b) Tinh canh hinh vuéng V6i M € AB; N € AC, P va Q thudc canh BC theo
BC = a va dudng cao AH =h. '
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Giai A
a V¢ hinh vuong EFGK

sao cho E€e AB; K va G nam trén BC
N6i BF cat AC tai N.
Qua N vé NM //EF ciat AB tai M.
VE MQ .MN: MP I MN cit BC tai Q va P,
Ta 6 MNPQ 1a hinh vuong. That vay. EH—F
Vi MN// EF// BC, MQ L BC; NP L BC A
Nén MNPQ 1 hinh chir nhat. BXQG P

BP EF
Mat khic EF//MN = : FG//NP
c EF/ BN RN /N

F
Nén IL = qu (Pinh ly Talét)
BN NP

EF _FG M N
v h
MN ~ NP

ma EF = FG = MN = NP.
Vay MNPQ la hinh vuéng i

B C
b) Vi MN//BCnen 2M _MN _x QH a P
AB BC a

MQ//AH nén 1\; I\:S ;(Dmh 1y Talét)

x x AM BM 1 1 1 ah
Do vay: «+—-=-—~—~+—-—~=l:>«=—+-:>x=
h AB AB x a h = a+h
Vidu 2: ChohmhthangABCD(AB//CD).CéAB=a;CD=b(a<b).Hai
dudng chéo cit nhau tai O.
Qua O ké dudmg thang song song vdi hal ddy cét cdc canh bén tai M va N.

a) Chimg minh: OM = ON.

b) Tinh MN theo a va b.
a) VI MN//AB Neén UM B0 M /\ N
AB DB 0O

ON = 99— (Dinh ly Talét) - : C

AB A CO DO . b

Ma AB// CD nén — = —— (Dinh ly Talét)

CA DB
AB AB
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Dé chimg minh hai doan thang a va b bang nhau. Ta c6 thé dung doan co dio

dai ¢ lam trung gian va chimg minh f= L =a=b
cC ¢

OM DO ON _BO

b) Ta co: = A =
) Taco B DB’ CD_ BD
DalO’M=ON—xtac6:i+i=l=>—l—=l+l:>.x= 20
a b X a b a+b
Vay MN = 2ab
a+b

Pé tinh x theo a va b ta c6 thé dung ty 1 suy ra i +—;-§- =k khong déi. Tirdé
a

suy ra x
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Vi du 3: Cho AABC c6 A =2B. Chimg minh ring: BC? = AC? + AC. AB
Giai
Trén tia d6i cia tia AC lay D sao cho AD = AB

Khi d6 A ABC can tai A nén: BAC = 2ABD = 2ADB
Xét AABC va ABDC c6: D

BDC=ABC= -;—BACn
C chung nén A ABC déng dang v6i ABDV (g.g)

.5 AC = BC? = AC.CD = AC(AC + AD)
CD BC B C

= AC(AC + AB)=AC? + AC.AB
Bai tap tu luyén

‘Bai 1: Cho A ABC, dung ra phia ngoai clia né cic tam giic vuong can BAD va

CAE (vuong tai A). Chimg minh rang ducmg cao AH cua A ABC di qua
trung diém M cua DE.

Bai 2: Cho A ABC can tai A, phan giac CD. Trén tia CB 1dy M sao cho CM =
2 BD. Chimg minh ring A CDM vuodng tai D.

Bai 3: Cho A ABC, biét ring ngudi ta c6 thé chon duge diém M sao cho AM
chia A ABC thanh hai tam gidc con d6ng dang va ty s6 déng dang bing
V3. Tinh céc géc cua A ABC.

Bai 4: Cho A ABC nhon céc dudng cao AA’, BB’, CC’ déng quy tai H. Chiing
minh ring:

HA' HB' HC’

a) = = | b) HA.HA' = BH.HB' = CH.HC’
AA' BB CC

Bai S: ChoAABE_M la | diém bit ky trong A N8 M Wi cic dmh A.B.C
c4t cic canh doi dién lin luot tai A’, B’, C' qua M ké dudmng thing song
song v6i BCcat A’B"; A’C’ 1ai K va H. Chitng minh rang: MK = MH




(o

Bai 6:
thang bat Ky dinh ra trén hai canh cta goc cde doan thang ¢6 do dai ava b

‘Tren dudng phan giac cua xOy 12y 1 diém M. Qua do vé mot dudmg

. cn i | . . ' N -
Chimg minh rang: — + h khong phu thude vao vi tf cua duomg thang ma ta ve.

Bai 7: Cho A ABC. Trén AB va AC lay cic diem M va N sao cho BM = CN.
Chimg minh rang: Khi M. N chay tren AB va AC thi trung diém K cia MN
luon nam trén 1 duong thang ¢o dinh.

Bai 8: Cho hinh binh hanh ABCD. Mot duong thang d bat ky cat AB. AC, AD

A AD AC
tai M, N, P. Chimg minh rang: 3—3 +—=

AP AN
Bai 9: Goi I la tam dudng tron noi tiép cia A ABC. Trén AB va AC lay cic
di¢m M, N sao cho CN.CB = CI’; BM.BC = BI’
Chimg minh rang: M, I, N thang hang.
Bai 10: Cho A ABC can tai A. Tu trung diém H caa BC ké HK | AC. Goi M
la trung diém ctia HK. Chimg minh ring: AM L BK
Hé thirc luong trong tam giac vuong:

. Kién thic can nho:

- Ty s0 luong gidc cua goc nhon:

. b
sinB = cosC = —; cotanC = cotan B =

a
, C
sinC = cosB = —; cotanB = cotan C =

el Tle

<]

- Tam gidc ABC vuong tai A khi va chi khi :

1) a’ = b’ +¢? ( dinh ly Pitago )

2) ¢*=ac'; b’ =ab’

3) h=b'c’
1. 1 1

4) —+—5=— B
b2 ¢ h?

5) ah = be

Ngoai ra ta thdy cdc tam gidc ABC, HBA; HAC luén dong dang véGi nhau
timg do1 mot
Bai tap vi du:
Vi du 1: Cho tam gidc ABC vuong tai C, c¢6 duong cao CK. Duong phén gidc
g6c ACK cii BC tai E. Chimg minh BC = BE.

Giai
Xét ACBE c¢6 BEC =CAB+ECA ¢ goc ngoai cua tam gidc)

—  KCA A B
maECA~KA 902 2

—

.CAB=9°-B
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- A
nén BEC =180" - (90” - g + B)

~

~90" - B _BEC
2 B

Vay tam gidc CBE can tai B,dod6BC=BE. EH

Vidu 2: Cho tam gidc ABC can tai A (A <90" ), CD la dudng phan gidc
trong ctia géc C. Qua D ké dudmg thing vuong géc véi CD cit duomg thing
BC tai E. Chimg minh: CE = 2 BD.

Giai
Goi M la trung diém cuia CE, ta ¢6 CE = 2CM = 2DM ( tinh chat tam gidc
vuong).

n

e i A
Vi ACDM can nén MCD =MDC = ACB

Vay DMB = MCD + MDC = ACB
(g6c ngoai tam giac ). Ma ACB = ABC

(do tam gidc ABC can) L

Nén DBM = DMB,, do tam gidc BDM cén tai D

Nen DB = DM. Vay CE = 2 BD. E BN C
Vi du 3: Cho tam gidc ABCc6 AC=2BCva C=2A.

Tinh c4c géc cuia AABC.
Giai
Trén tia d6i cua tia BC 14y diém M sao cho MMB = BAC.
Khi d6 MAC = BAC. Nén MA = MC. M
Vi AB Ia phan gidc nén: L LY ool
. BC CA 2BC AC B
Vay tam gidc MCA can tai A nén AM = AC.
Do dé6 tam gidc CAM déu.
C A

Vay C=60";CAB = 30";CBA =90°.

3. Bai tap tur giai
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Bai 1: Tong cdc géc & ddy clia mot hinh thang bing 90°. Hai ddy c6 d¢ dai a,
b. Goi E va F 1a trung diém cla hai ddy. Tinh EF.

Bai 2: Cho tam gidc ABC vuong tai A c6 dudng cao AH va phan gidc AD.
Goi HM, HN la duong phan gidc cua géc BHA va géc CHA. Ching minh
rang: A, D, M, N la cdc dinh ciia mot hinh vuong.



Fai 3: Cho tam gidc ABC vuong tai A c6 duong cao AH. Dudng thang noi
tam duong tron noi tiép cac tam giac AHB va AHC cat AB, AC lan luat
tai M va N. Chimg minh rang AM = AN,

Fai 4: Giai tam gidc ABC biét AB = ¢, AC= b va BAC = x

Fai 5: Giai tam gidc ABC bi¢t BC=a, ABC = x;ACB =y

Il. PUONG TRON

I.1. DINH NGHIA VA SU XAC DINH DUONG TRON .
1. Kién thic co ban:

Pinh nghia:

¢« Tap hop cac diém cach diém O cho trudge mot khoang cach R(R > 0)
khong doi duge goi 1a dudmg tron tam O ban kinh R.

¢ Ki hi¢u( O; R) hodc (O)

Vi tri tuong doi cua mot diém véi mét duong tron.

» Cho trude: (O;R) va diém M: goi OM =d:
Néu: d <R < M nam trong (O; R)

d =R M e(0O;R)
d >R < M nam ngoai (O; R)

Mét so khai niém khac:

- Giasit A va B1a 2 diém phan biét thugc (O; R) dudmg tron thi:

- Poan thing AB duoc goi la day cung.

- Néu O € AB thi AB duoc goi la duong kinh:

- Phén dudng tron nim trén cing mot nira mat phéng bd AB duge goi l1a
cung tron: ki hieu AB

Sur xac dinh duong tron:
Mot dudng tron hoan toan duge xdc dinh khi va chi khi

- Biét tam O va ban kinh R

- Qua diém A; B; C phan biét khong thing hang.
Puong tron di qua 3 dinh cia tam gidc ABC. Goi 1a dudng tron ngoai ti€p
AABC

Tam dudng tron ngoai ti€p tam gidc 1a giao diém cua 3 trung truc cua
tam gidc.
2. Cac di€ém can luu y: )

<hdi niém tvong dwong véi dinh nghia dudng tron:

Tap hgp nhimg diém M tao vdi 2 diém phan biét A, B cho truéc mot géc
AMB béng 90" 1a duong tron duong kinh AB.

lam gidc c6 mot canh 1a duong kinh cia mot dudng tron thi tam gidc do 1a
am gidc vuong. Tam dudng trdn ngoai tiép tam gidc vuong la trung diém cla
:anh huyén
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3. Céac vidu:

Vi dul: Cho hinh thang can ABCD (AB//CD). 50i M la trung diém cia CD
a. Chimg minh 4 diém A;B;C:D cung nam trén mot duong tron tam O.

b. Chimg minh rang: Néu AB = BC =% CDthiM B 1L AC

Giai
a. Dung dvad lan lugt la duong trung truc cua AB va BC .
Goi O la giaoctad va d'
Ta ¢6 dciing 1a trung truc cua CD
Nén OB=0B=0C=0D
Do d6 4 diém A, B, C, D cung nim trén
dudng tron tam (O).

b. NSuAB=BC= % CD

goi M la trung diém cia CD.
Tacé AB// CM
Nén O ABCM, 1a hinh binh hanh
ma AB = BC
= O ABCM Ia hinh thoi
= MB L AC. D v ¢
Tathdy : MB = MC = MD = MA nén
M =0. Hinh thang cin ABCD khi dé
chinh la mér wita cua luc gide déu va
CD la mét ditomg kinh cia (O)
Vidu 2: Cho tt gidc ABCD c6 AC L BD.
Goi M, N, P, Q l4n luot 1a cdc trung diém cliia AB; BC; CD wa DA. Ching
minh 4 diém M, N, P, Q cing nim trén mot dudng tron.
Giai

» |
Ta c6: MN la duong trung binh cta ABAC = MN = 5 AC (1)

Tuong tu PO 5 AC . (2)
Tu (1) va(2). Tacé MN =PQ B N
Nén MNPQ 1a hinh binh hanh:

Ta lai c6: ACLBD = MN 1L BD M

VaNP//BD = NM L NP = MNP = % P
= OMNPQ la hinh chir nhat: A

Goi O la giao diém cia NP Va NQ Q
=>0OM=0ON=0P=0Q

Hay 4 diém M; N; P; Q cung nidm trén dudng tron tdm O.

@]




4. Bai tap tu heven

Bai I Cho duong tron tam O duong kinh AB. Trén tia dén cia tia AB lay diém
¢ batky M la diem tuy y trén duomg tron O duong kinh AB,
Chidng minh- CA<CM - BC

Bai 2: Cho tam gidc nhon ABC goi H ki true tim cia tam gide ABC. Céc diém

), E, Flan luat 1 cac diem doi ximg cua H qua BC, CA va AB.

Chimg minh cic diem D, E, F nam trén duong tron ngoai tiép AABC.

Bai 3: Cho AABC ¢6 cdc goc déu chon noi ticp duong tron (O) duong cao AA,
cat duong tron (O) tai M. AN 1a moét dugng kinh cuia (O)

<

. Chung minh BM = CN.
. Got Hova G lan luot la true 1am va trong tam cta AABC.

Ching minh rang: H; O; G thang hang.

IL... Tinh chat doi xirng cua duong tron:
1. Kicen thice co ban:

’

-

3

Tam doi xung: Tam duong tron la tam doi xing cua duong tron dé.

Truc doi xirng: Dudng kinh cua dudng tron 1a truc déi ximg cia duong
tron do: (Dudng tron ¢o vo s6 truc doi ximg)

Moi quan heé giira cac duong kinh va day cung lon nhat:

Puong kinh vuong goc vai mot day thi cat day cung do6 tai trung diém cua
day cung dé.

Puong kinh cat day cung tai trung diém cuia day cung( khong phai 1a dudng
kinh) thi vuong goc vai day cung do.

Day cung va khoang cach dén tam:

Trong mot duonge tron hai day bang nhau khi va chi khi chiing cach déu
tam.

Trong 2 day knong biang nhau ctia mot duong tron: day 16n hon khi va chi
khi ching gan tam hon:
“ac diém can lhru yv:

Tat ca cac dinh ly ndy yéu cau hoc sinh phai hiéu duge 10i chimg minh dinh
Iy dé nam vimg hon noi dung Kién thic

Phan biét ro cac dinh 1y ¢ du 2 chiéu thuan va dao gitip hoc sinh tranh sai
sOt khi vin dung giai toan
ac vidu:

V dul: Dudng tron tam O va mot day cung AB , diém M nam bén trong
drong tron do.

a.

b

Néu cdch xic dinh day cung AB dé day cung AB ¢6 do dai ngin nhat.
Chimg minh rang khi AB thay d6i qua M. thi trung diém I cia AB luoén ndm
trén mot duong tron ¢o dinh.,
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Giai
a. Ké day cung AB di qua M. Ké Ol L AB thitac6 Ol < OM
Vay AB nho nhat khi va chi khi Ol 16n nhat
Khi OI=OM &1 = M.
Vay day cung can xac dinh la day cung qua M va
vuong goéc véi OM. (day cung nay la duy nhat) ‘ /B
b. Goillatrung diém cla AB
Xét 2 truong hop: A
1. Néu I = M. thikhid6 1 € (O; OM)
2. Néul#Mtacé Ol L AB
Neén I nim trén dudng tron duong kinh OM cé dinh.
Vi du 2: Cho duong tron tam O va mét day cung CD = 8 cm duong kinh AB
vuong géc vai CD tai H. Biét AD =5 cm.
Tinh ban kinh cta dudng tron (O)
Giai
Xét tam gidc AAHD ( vuong tai H). A D
C6AD=5cm;HD=4cm;
AH’=AD’-HD?’= 25-16=9=AH=3cm
Do D nim trén dudng tron dudng kinh AB

= AADB vuong tai D. C
2
= AD’=AHAB = AB= 22" _23 B
AH 3
AB 25

Ban kinh dudng tron: R = — =—cm.
2 26

4. Bai tap tu luyén

Bai 1: Cho ntra duong tron tam O dudng kinh AB va day cung CD khong qua
tam O. Hai diém M va K thit tr 1a hinh chi€u vuébng géc cua hai di€ém A; B
lén CD. Goi I 1a trung diém cta CD.

a. Chimg minh: I 12 trung diém cia HK.
~ b. Chimg minh: Sauks = Sacs + Savn

Bai 2: Cho nira dudng tron tam O dudmg kinh AB = 2R. Ta c6 thé 14y trén nira

dudng tron céc diém Cva Dsaocho AC=CD =4 \/5 (cm) va DB = 10(cm).
Tinh ban kinh R.

Bai 3: Cho géc xOy, trén tia Ox va Oy ldy 2 diém B va C ¢6 dinh khac diém O.
I 1a diém thay déi trén doan thang BC ké I D 1Ox; I E 10y; (D €Ox;
E € Oy)
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Cdac diém M va N tha e la diém déi ximg cua O qua D va E.

Chimg minh duong tron di qua 3 diém (O, M. N )luon di qua mot diém c6
dinh khac diém O.

Bai 4: Cho tam gidc ABC can & A noi tiép duong tron tam O. Goi D 1a trung
diém cta AB. Goi E la trong tam ctia tam giac ADC .Chimg minh OE LCD
I1.3. Vi tri tuong doi cua duong thang v6i duong tron
Tiép tuyén cua duong tron.
1. Kién thuce co ban:
* Vi tri twong doi cua dudong thang va dudmng tron:

— Cho (O;R) va duong thang a. Tt O vé OH 1 a (H € a), dat OH =d.
ba vi tri tuong doi clia dudng thang véi dudng tron:

| Vitri tuong doi S6 diém chung | Heé thic giltad va R
U\ — 3 I < <
buong lhang va duong tron 0 d>0
khong cat nhau
Dudng thing tiép xic Vdi ! d=R
duong tron( ti€p tuyén) -
u-. t ] < N S
b frng h‘ang cat duong tron 5 d<R
i ( cat tuyén)

- Tiép tuyén cua duong tron
Cho (O; R) va dudng thang a cat dudnig tron tai A.
a la ti€p tuyén cua (O; R)
tuong duong OA 1 a.
(A duoc goi la tiép diém)
HaOH L (H €a); OH=d A B
a la tiép tuyén cia (O; R) <> d =R.
— Dudng thiang xy cat dudng tron tai A, B 0O
thi AB la mot day cua (O; R)

P

< XAE = - sdAB .

D | —

t

;
- Hai tiép tuyén PA va PB cua mot duomg tron (O) cdt nhau tai P. thi:
+ PA =PB.

+ PO 1a phan giic cua APB va.

+ PO la duong trung truc cia AB.
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— DPudmg tron néi tiép tam giac:

+ Dudng tron tiép xic véi 3 canh cia tam gidc goi la dudomg tron noi tiép

tam gidc ( tam gidc ngoai ti€ép dudng tron)

+ Tam duong tron noi ti€p tam gidc 1a giao diém cua 3 duong phan giic

trong cla tam gidc.

+ Bin kinh dudng tron 1a khoang cdch tir giao diém cua cdc duong phan

gidc téi canh ctia tam gidc.

— Dudng tron bang tiép tam gidc:

+ Dudng tron tiép xic véi mot canh cha tam gidc va phan kéo dai cua 2

canh kia goi la duong tron ti€p tam giac.

+ Duong tron tiép xic vai canh BC va phan kéo dai cua canh AB va AC
goi la duong tron bang tiép géc A. Tam duong tron bang ti€p 1a giao
diém cua 2 dudng phan gidc clia gc ngoai dinh B, C va duong phan

gidc cla goc trong dinh A.

+ Trong mdi tam gidc c6 3 dudmg tron bang tiép.

2. Cac diém can lvu y:

04

— Phén nay khéi luong kién thic 16n yéu cdu 1a hoc sinh phai nim vimg cic
tinh chat va d4du hiéu nhan biét clia ti€p tuyén cac he thic lién quan.

— Mot s6 tinh chat, ddu hiéu nhan biét, cic nhan thitc ma phén chimg minh
c6 lién quan dén phdn géc vai dudng tron sé duge trinh bay 0 phdn saw:

Baitap vidu:
Vidu 1: Cho hinh thang vuong ABCD

(A=D=90"), tia phan giic cua goc C di qua
trung diém | cta AD:
a. Chimg minh BC la ti€p tuyén cta (I;1A)
b. Goi H 1a giao diém cia BC vadi duong tron (I);
K 1a giao diém ctia AC véi BD
Chimg minh: KH // DC
Giai

a. HalH L BC; (H € BC) = IH=1ID = %a. (dat AD =

=> BC la ti€p tuyén cua (I; IA)
b. Ta c6: AB ciing la tiép tuyén cta (I;
[IA) do AB// DC

BK AB A AB=BH = BK _BH

KD CD KD HC

A

= KH // DC.

B

K Hi
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Vi du 2: Cho ntra duong tron tam O duong kinh AB = 2R. Tur A va Bkeé 2 tia
iép tuy€n Ax va By vai (O). Dudmg thang d thay déi cat Ax va By lan luot tai

CvaD.
a. Chimg minh rang d la tiép tuyén ciaa duong tron O khi va chi khi
CoD = 90"
s e o , 1 I
b. Khi d Ia ti€p tuyén cua (O). Tinh ——e—
OC~ OD°
Giai
a. * Chimg minh CD Ia ti€p tuyén thi COD = 90"
That vay theo tinh chat cia tiép tuyén ta cé:
~ o~ o C

0,=0, va 0,=0, . Dodé: OC L OD
( buong phan gidc cla hai géc ké b ) A 1

Hay COD = 90"

* Ching minh néu COD = 90"

thi CD 1a ti€p tuyén . That vay

Ké OH 1 CD; H e CD. Goi giao diém ciaDO K
véi tia d6i cua Ax 12 K.

Taco: ADOB=AKOA = OD = OK

Do OC 1L DK = ACKD cén tai C.

Do d6 AAOC = AHOC => OH = OA = R = CD La tiép tuyén ciia (O)

b. Tam gidc COD vuoéng tai Ol ¢é OH la duong cao.
1 11
OH! oOD? oC’

doH €(O; R) > OH=R

Vi du 3: Cho duong tron tam I ndi ti€p tam giac ABC ti€p xic v6i BC tai D

Biét BC=a; CA=b; AB= c; BD=x
a.Chimg minh2x =a+c-b.
b. Chimg minh bc = 2x(a — x) kki va chi khi A = 90"
Giai
a. Goi ti€p diém cua ()
V6i AB; AC thi tu R E va F
Ta c6:

B

2BD + 2CF + 2AE = AB+ AC + BC D

= 2BD = AB + BC + AC - 2CF - 2AF (vi AE = AF)
=2BD=AB+BC-AC =2x=a+c-b.
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b. Ta chimg minh:

Néu be = 2x(a-x) thi A =90"
Tacé: 2x=a+c-b. A
2(a-x)=a+b-c K F
= 4x(a-x)= a’-(b-c)=a’-b - c?+2bc
Thzo gia thiét ta c¢6: 4x(a — x) = 2bc
a’ - b’ -c?+2bc=2bc
& a’=b+c? B D C
= AABC can vuong tai A. Nen A =90°
Chitng minh néu A =90"= bc = 2x(a - X)
Tacé:a’=b’+c’ = a’-b* -c?=0
= a’-b’-c? +2bc=2bc = a’ - (b-c)’=2bc
= 4x(a-Xx)=2bc = 2x(a-x)=bc.
4. Bai tap tu luyén

Bai 1: Cho goc vuong xOy. diém A; B lan lugt trén Ox va Oy sao cho :

OA =0B=a.

M la diém di dong trén AB khic diém A va B.

Pudng tron (O,) di qua M va ti€p xiic vai Ox tai A.
Pudng tron (O,) di qua M va tiép xtic véi Ox tai B.
Dudmg tron (0,) cét (0,) tai diém thi 2 tai N.

a. Ching minh O, N la ti€p tuyén cua duong tron (O,)
b. Xdc dinh vi tri cia M dé 0,0, ngin nhat.

Bai 2: Cho tam gidic ABC vuong tai A, Duong cao AH. HB = 3 cm;
HC = 12 cm. Vé dudng tron tam A ban kinh AH, ké céc ti€p tuyén BM, CN
vGi dudng tron (A; AH) (M; N) 1a ti€p diém khdc H
a. Xdc dinh giao diém ctia CN véi HA.

b. Tinh dién tich OBMNC.
c. Tinh AK va KN. _

Bai 3: Cho hinh vuong ABCD c6 canh bing a. Hai diém M va N di dong trén
canh BC va CD sao cho chu vi tam gidc MCN bang 2a. chimg minh MN
ludn ti€p xic véi mot dudng tron c6 dinh.

~ -~

Bai 4: Cho tam gidc ABCcan tai A, B=C =« goi I Ia trung diém ctia BC

Goi ;l—;' = o thay déi quanh I sao cho 2 tia Ix va Iy cét cdc canh AB vi AC

theo thir tr tai M va N.

a. Chimg minh rang dudng thing MN thay ddi lu6n ti€p xic véi mot dumg
tron ¢6 dinh.

b. Tim vi tri cia tiép tuyén M dé (BM + CN) nho nhat.
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I1.4. Vi tri twong doi cua hai duong tron:
1.

Bai 5: Cho nira dudng tron duomg kinh AB. M la diém trén nira duomg tron ke
MH vuong goc voi AB: H € AB.. tim vi tri cia M dé AH + HM luon Ion
nhat.

Bai 6: Cho nua duong tron (O) duong kinh AB = 2R. Ban kinh OC vuong goc
vor AB. Goi d L tiép tuyén tai A cua nira duong tron qua M ke tiép tuyén vai
duong tron tiép tuyén nay cat d tai E va cat duong thang OC tai D. Goi F la
giao diém cta BD vai d. Chimg minh AE.EF khong doi.

Kien thire co ban:

Cho 2 duong tron(O; R) va (O'; R')
GiasuR >R, 00 =d.

Ba vi tri tuong doi cua hai duong tron.

~ Hai duong tron cat nhau tai 2 diem phan biét.
+ Diu hiéu nhan biet: R-R'<d<R + R’
+ Tinh chat: (O;R) cat (O; R") tai Ava B
+ Duong thang OO’ 1a trung truc cla day AB.
+ Duong thing OO’ di qua diém chinh giita clla cac cung cua 2 dudng
tron nhan AB la cdc day cung.
+ €0 2 uép tuyén chung ngoai:

— Hai duong tron tiép xuic nhau:
(O: R) Va (O; RY) tiép xtic nhau tai A.
+ Hai duong tron ti€p xic ngoat:
- Dau hiéu nhan biét: d =R + R’
~ Tinh chat : 3 diém O;0' A thang hang:
C6 3 tiép tuyén chung: 1 ti€p tuyén chung trong 1a duong thang vuong goc
vai OO tai A. _
Hai ti€p tuyén chung ngoai.

+ Hai duong tron ti€p xic trong:
— Dau hiéu nhan biét: d=R - R'
— C6 mot ti€p tuyén chung 12 dudng thing qua A vuong géc véi OO'
~ Hai duong tron khong cat nhau:
+ Hai duong tron ngoai nhau: Diu hiéu nhan biétd 2R + R’
C6 4 tiép tuyén chung gém 2 tiép tuyén chung trong va hai ti€p tuyén
chung ngoai.
Céc tiép tuyén chung trong; cat nhau trén doan ndi tam OO'.
Cic ti€p tuyén chung ngoai cat nhau trong duong néi tam OO'.
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— Hai duong tron dung nhau:
+ Dau hiéu nhan biét: d > R - R' hoac d = 0 (d6ng tam).
+ Khong c6 ti€p tuyén chung
2. Cacvidu:
Vi du 1: Cho hai dudng tron ( O; R) va (O', r) ti€p. xtic ngoai nhau tai A. Ké
ti€p tuyén chung ngoai BC (( B € (0); C €(0"))
a. Chimg minh BAC = 90"
b. Tinh BC theoR var.
c. Goi D la giao diém cua CA vdi dudng tron (O; R) va D # A. Chimg minh 3
diém B; O; D thing hang
Giai
a. Ké ti€p tuyén dudng tron véi 2 duong tron (O) va (O') tai A. Ti€p tuyén
nay cidt BCtai I. Tac6 IA =IB =IC = AABC
Vuong tai A = BAC = 90"
b. Néi IO; IO’
cit AB; ACtaiEvaF
=> OIEAF la hinh chif nhat

= 010’ = 90",

do 3 diém O, A, O' thing hang
= <O0IO' vuong tai I c6 IA LOO'
= JA’=0A.AO0' = IA’ =R

= IA = VRr méIA=%BC — BC=2+Rr

c. Vi BAC= 90" = BAD= 90" = BD I dudng kinh cta (O; R) = 3 diém
B; O; D thing hang.

Vi du 2: Cho nira dudng trdn tam O dudng kinh AB, duémg théng d tiép xic
v6i nita dudmg tron tai C. goi D va E thit ty la hinh chi€u cia A va Blénd

a. Xét vi tri tuong tuong d6i cua (A; AD) va (B; BE)

b. Chitng minh AB ti€p tuyén cia dudmg tron dudng kinh DE
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a.

b.

Giai
Noi OC = OC 1 DE (d)
=> AC 1a duong trung binh cua hinh thang vuong ADEB E

> 0C= l(l)A + EB) ¢

2
> DA +EB=20C = AB %
~» (A; AD) tiép xic ngoai (B: BE)

Ké CH L AB(H € AB) ta ¢ OC // AD Al H o e
=y (;(—‘_:i = D’;(: (so le trong) ma EJA = (TTA?)

— DAC = CAO => ACHA = ACDA = CH=CD = %DE.

Vay H nam trén duong tron duong kinh DE
Hay AB la tiép tuyén cta duong tron duong kinh DE

Bai tap tu luyén
Bai 1; Cho (O; 36 cm) va (O"; 9 cm) tiép xtic ngoai vdi nhau. Goi AB 1a tiép tuyén

chung ctia hai dudng tron ( A € (Q); B e (0')). Tinh bén kinh dudng tron tam
I ti€p xtic véi dudng thang AB va tiép xiic ngoai véi hai dudng tron da cho .

Bai 2: Cho hai duong tron(O; R) (O',R"). Tiép xiic ngoai tai A.

Goi BC va DE la cdc tiép tuyén chung cua hai duong tron: véi B va D
thudc dudng tron (O) C va D thudc dudng tron (O'). Tinh dién tich t gidc
BDEC.

Bai 3: Cho hai duong tron (O) va (0" ngoai nhau K é ti€p tuyén chung

ngoai AB va ti€p tuyén chung trong EF, véi A va E thuéc (O); Bva D
thudc (O")

a. Ching minh AE L BF.

b. Goi M 1a giao diém ctia AB va EF. N la giao diém cua AE va BF
Chimg minh 3 diém O; N; O’ thang hang.

I15. Géc vai duong tron
1. Kién thitc co ban:

~ Géc 0 tam: Goc co dinh & tam cua dudng tron duge goi 12 gée & tam.
~  Géc noi tiép:

+ Dinh nghia: Géc noi tiép la géc ¢6 dinh nam trén dudng tron va hai
canh ctia goc chira hai day cung cua dudng tron.
+ MB6i quan hé giira géc noi ti€p va cung bi chan.

S e l e
Cho BAC noi tiép trong duong tron (O) thi sd BAC = 5 sd BC
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— Cac hé qua:
+ Trong mot dudng tron cdc géc noi tiép cling chan mot cung hoac cac
cung bang nhau thi bing nhau
+ Trong mot dudng tron moi géc noi ti€p khong qua 90" cd 86 do bing
mot nifa s6 do géc & tam cung chan mot cung.
— Géc tao boi tia tiép tuyén va mot day cung.
+ Néu xy Ia ti€p tuyén véi (O) tai A, AB la day cung ctua dudng tron dé.

Thi xABIla goc tao bai ti€p tuyén Ax va day cung AB.

saﬁé:%sdfxﬁ

+ S6 do cua goc giira ti€p tuyén va mot day cung va géc ndi t€p cung
chdn mot cung thi bang nhau.

+ S6 do clia géc tao bai tia ti€p tuyén va mot day khong qué 90" bang mot
nira s6 do clia gc 6tam cung chin cung 4y.

— Géc c6 dinh ¢ trong hay bén ngoai duong tron

+ Goc c6 dinh ben trong dudmg tron ¢ s6 do bing nira téng s6 do cua 2
cung bi chén.

+ G6c c6 dinh nim ngoai dudng tron c6 s6 do bang nira hiéu s6 do hai
cung bi chén ( hiéu s6 do cung 16n va s6 do cung bé )

2. Cacvidu:
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Vi dul: Trong hinh vuong ABCD. V& duong tron dudng kinh AD va (D)
ban kinh DA. N6i D v6i diém P bat ky trén cung nhd AC cia (D) ; DP cit
nira dudng tron dudng kinh AD & K. I 12 chan dudng vubng goc ke tir
diém P lén AB. Chimg minh ring PK = PL

Giai
Goi giao diém clia PA véi dudmg tron dudng kinh AB 1a F
N6i FD tacé AFD = 90" (g6¢ ndi ti€p chin nira duong tron)

- FD LAPma ADAP cantaiD=> D, = D, . A 1T 4
Ta c6 a = 17@ (hai géc nhon cé canh
tuong tmg vuodng goc ) N C

PAK = FDK (géc noi tiép cung chin FK )
— AP Ia phan gidc cia IPK = PI = PK



Vidu 2: Cho 2'duong tron tim (O ) va (O )
biet duong tron nay di qua tam diong ron ke Qua mot giao diém cua 2
duomng tron ké mot cat tuyén bat kv cat (O ) tar C va (0),) tai D.
Tinh goc tao bai hai tép tuyen vor 2 duomg tron ta C va D.
Giai
Noi ADva AC
Ching minh duge AO,0,B a hinh thoi E

e ——

s A(-)'B = AOQB = 120”

o —

Viy Sd ADC = %SdAO,B = 60"

Sd ACD = %Sd@ = 60"

nén AACD la tam gidc déu:
Ta lai c6: DCE = CAB ( cung chan CB )

CDE = 137{13 ( cung chan BD )

-5 DCE + CDE = CAD = 60" = CED = 120'. A

Vi du 3: Goi I vaJ 1a tam duong tron noi ti€p va
tam duong tron bang ti€p goc A cuaAABC .
Pudng tron ngoai ti€p AABC cit doan thing
[S tai K. Chimg minh KI = KJ.

Giai
Ta c¢6 4 diém A, I, K, J thing hang:
Goi giao diém cua BI vdi dudmg tron ngoai tiép la B' .

—— — g—

Ta ¢é: /Té =B'C; KB =KC;

sd m:%smﬁHm:%mﬁ)

> KBI = BIK ma BI L BJ hay BIJ - 90"

Tir d6 chimg minh ducge Kl = KJ

. Bai tap tu luyén

Bai 1: Cho duong trom (O) tir mot diém M nam ngoai duong tron ké hai tiép
tuyén MA va MB véi (0), A:B la cic tiép diém. C |a mot diém b4t ky trén
dudng tron tam M ban kinh MA va nam trong duong tron (O). AB va BC
cit (0). AC va BC cat(0) lan luot tai P va Q chimg minh 3 diém P; O; Q
thing hang:
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Bai 2: Cho hai dudng tron (O) va (O') cit nhau tai A va B. Qua A ké duong
thang vuong géc vdi AB cét (O) tai C; cit (O") tai D. Tia CO cat (O') tai F
va tia DO’ cit (O) tai E. Chimg minh AB la phan gidc cua géc EAF.

Bai 3: Cho hai dudng tron (O,) va (O,) cét nhau tai M va N dudng thang O,
M cit (O,) va (O,) thif tr tai A, va A, Pudng thing O,M cit (O,) va (O,)
thi tu tai B, va B,. Ching minh 3 dudmg thing A, B,; A,B,; MN déng quy.

Bai 4: Cho tam gidc nhon ABC, I 1a tam dudng tron noéi ti€p; O 1a tam dudng
tron ngoai ti€p, phin gidc cua géc ACB cach dudmg tron ngoai ti€p O, K;
biét IK = R (R 12 ban kinh ctia dudng tron ngoai ti€p). Goi D va E la chan
dudng cao cia AABC ha tir A va B, goi P 1a giao diém cia OK véi AB,
chiing minh ADEP la tam gidc déu.

Bai 5: Cho hai dudng tron (O) va (O') ngoai nhau duong ndi tam OO’ cit (O)
tai A va B cit (') tai C va D (Vé6i B va C nim giita A va B) ké ti€p tuyén
chung ngoai EF; E € (0); F € (0') c4c dudng thing EB va PC tai N; AE
cit DF tai M chimg minh: '

a. A MENF la hinh chit nhat.
b. MN vuong géc véi AD.

Bai 6: Cho hai duong (O) va (O') cat nhau tai A va B sao cho 0AO' = %'
Piém C thuoc dudng tron (O') va ndm ngoai dudng tron (O); CA va CB
cit (0O) D"D va E chimg minh ring khi C thay d6i thi DE lu6n di qua mot
diém c6 dinh.

Bai 7: Cho hai dudng trdn (O) va (O') cét nhau tai A va B. Dudng thing d
thay ddi qua A cét (O) cit tai C va cét (O') tai D. Tir C va D vé hai tiép
tuyé€n vdi hai dudng tron (O) va (O') hai ti€p tuyén véi hai dudng tron (O)
va (O') hai ti€p tuyén na cit nhau tai M. Chimg minh rang CMD lu6n
khong déi.

Bai 8: Cho O ABCD néi ti€p dudng tron (O)

Cich diém O,; O,; O,, O, theo thit tr 1a tam dudng dudng tron noi tiép cc
tam gidic AABC; ABCD; ACDA; ADAB. Chimg minh ¢0,0,0,0, 1a hinh
chit nhat.

Bai 9: Cho géc xoy va mot dudmg tron tiép xic véi hai canh cia géc tai A va
B. Qua A ké dudng thing song song vdi OB cit dudng tron tai C. Goi K 1a
trong diém ctia OB. Dudng thing AK cét dudmg tron tai E.

a. Ching minh diém O, E, C thing hang.
OE DE

b. Puong thing AB cat OC tai D chimg minh. — = —
g thang ABc¢ ai D chimg min e Tl



IL.6. T giac noi tiép
1.

Bai 10: Cho tam gidc déu ABC noi 1iép duomg tron (O), lay diém P tuy yy
trén cung nho BC, AP cat BC ¢ Q. dat PB=a: PC =b: PQ =c.
I

‘ I
a. Chimg minhrang : -+ — = -
a b ¢

Ki¢n thire co ban:

- Dinh nghia:
Tir gidc noi tiép la ur giac ¢6 bon dinh nam
trén mot duong tron.
Khi d6 duong tron duge goi 1a duong tron
ngoai tiép ur giac.
Cho O ABCD; AB cat CD o P; AC cat BD o M.
Tir gidc ABCD noi tiép (O) khi va chi khi

+ 4 dinh ciach déu diém O

+ Tong hai goc doi dién bang 180"
Hay goc ngoai cia mot dinh bang
goc trong cua dinh doi dién.
(Hai goc d6i déu bang 90" 1a trudmg hop dac biét nhung hay gap trong cac
bai todan )
+ Hai dinh ké nhau cing nhin mot canh dudi mot géc bang nhau
+ PA.PB=PD.PC
+ MA.MC = MD.MB

2. Cacvidu

Vi dul: Cho dudng tron (O) dudng kinh AB: Mot diém M nim trén cung AB
va diém C trén duong kinh AB sao cho CA < CB. Trén ciing mot nira mat
phing bo AB ké hai tiép tuyén Ax va By véi (O) . Puong thing qua M
vubng gbc véi MC cit Ax va By theo thi tu tai P va Q. Goi R; S la giao
diém cia AM vai CP; BM véi CQ.

a. Chimg minh cac ut gidc APMC va PQMC noi ti€p

b. Chitng minh RS // AB

¢. T\t gidc ARSC c6 thé 1a hinh binh hanh
duoc khong? Tai sao?

Giai

a. Tacé PAC = PMC = 90° = OPMCA

noi ti€p. Tuong tv OPQMC ndi ti€p
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b. Do OAPMC noi tiép PCA = PMA
(gbc noi tiép cung chan PA ) X
Tuong tu: (ﬁ = (S-I\HB ma p y
AMB = 90" (Gé6c noi tiép chén nira
duong tron)
=5 6—1\213 + m =90’ R Q

:)ﬁ*—(ﬁ = 90" A

- RCS = RMS = 90" :
Nén ORMSC noi tiép do do
RMC =RSC (ciing chin PC)
Ta lai c6: M = ATPE (cung chan XE )
KEE = BCQ ( G6c ¢6 canh tuong img vudng goc)
Nén Egé = lﬁ = RS//AB (dpcm)
c. Gia st OARSC 1a hinh binh hanh thi ta ¢6
AM 1 PC = OMRSC 12 hinh chit nhat = AR =RM =CS
NenR la trung diém ciia AM ma AM L PCnén PC diquaO
Hay C = O (trdi gia thi€t CA < CB)
Vay AARSC khong thé 1a hinh binh hanh.

Vi du2: Tumot diém M nim trong géc xOy (0 < xOy < 180° )
Ha cic duong vuobng géc MP va MQ xuéng Ox va Oy. Ké OK 1 PQ;
K € PQ. Chimg minh ring: POM = E(-)-a

Giai

Ta ¢6: MPQ = MQO = 90°
Neén OPMQ noi ti€p = POM = PQM
(Cing chin PM ) . Mat khac KOQ = PQM
( Cung phu vai (TQT’)

Do dé: POM = KOQ (dpem)

Vi du 3: Cho AABC duong tron(l; r) noi ti€p tam gidc ABC tiép xiic vdi
~canh AB va BC thi v tai E va F. Goi M va N lan luot 1a trung diém cla
AC va BC. Duong thing MN cit Al tai K.
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a Chiang minh rang CK - A\

b Ching minh 3 diém K: [ | thane hane

¢. Goi giao diem cta Al van d romge ton ngoai ticp A ABC 1a J.
Chimg minh [B.IC = 2;.1J

Giai

a. Theo (gt) ta co:
MN//AB = AKM = BAK = KAM
Tam giac AMK can tai M
nén AM = MK = MC
Nén AKC vuong tai K = KC [ A]

t Taco IF LBC
= IFC = IKC = 900 (cung chin KC)
= FI, CK noi tiép duoc = CIK = CFK
Ta lai cé: AIC =900 + A?C ()O()—fﬂjc

e '

= CFK = QOO—é? Do AEY cantai B => EFB = 900~é§'-S

=> CFK = EFB = 3 diém K. F; E thing hang.
c. Ta chimg minh duoc: JI=JB = BlUciantaiJké JH L BI(H € BI)

— BJH = % sd AB va ICF = %sd AB = BJH = ICF = ATHJ ~ AIFC

= = —IiMalH—*BI ValF=r1 =» EK

=% =R.IJ = BIIC=2r.IJ
IF IC 2 2

3. Bai tap tu luyén:

Bii 1: Cho tam gidc ABC c6 cic goc nhon, cic dutmg cao AD; BE; CF cit
nhau tai H. Goi I; K tha w I hinh chiéu vudng goc coa B va C lén dudmg
thang EF
a. Piém H c6 vi tri gi d6i vdi tam gidgc DEF
b. Chimg minh DE + DF = IK

Bii 2: Cho tam gidac ABC noi tiép duimg tron va dutmg thang d 12 ti€p tuyén
cua duong tron tai C. Goi AH va Bl la cac dudmg cao cia tam gidc ABC.
a. Chimg minh HI//d
b. Goi MN va EF lan Iuot 1 hinh chiéu cia cic doan thing AH va BI lén
duomg thing d ching minh MN = EF.
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Bai 3: Cho duong tron tam O, duong kinh AB. Trén dudng tron lav diém D
khac A va B. Trén duong kinh AB lay diém C, ké CH vudng goc véi AD
tai H phan gidc trong cua goc DAB cat duomg tron tai E va cat CH tai F.
Puong thang DF cat dudmg tron tai N. Chimg minh rang:

a. 3diém N, C, E thang hang.
b. Néu AD = BC thi DN di qua trung diém cua AC.

Bai 4: Cho tam gidc ABC ngi ti€p duong tron O. mot duong tron tam | tuy y
di qua B va C cit AB va AC tai am va N . Puong tron tam K ngoai tiép
tam gidc AMN cat duomg tron (O) tai diém thi 2 1a D. Chimg minh rang:

a. T gidc AKIO la hinh binh hanh.
b. Goc ADI bang 90"

Bai 5: Cho hinh binh hanh ABCD ¢6 géc B ti. AC cat BD tai O. Hinh chiéu
vuong goc cua D lén AB; BC; CA lan luot 1a A'; D'; C' chimg minh diém
O nam trén dudng tron ngoai ti€p tam gidc A'B'C’

IIl. HINH HOC KHONG GIAN
1. Kién thic can nhé:

Hinh Dién tich xung | Dién tich toap | Thé tich
' quanh phan
- _—
5 C
A
B'I:L____
tll T C‘
Ak L4
— Ldng tru dirng : Hinh c6 S =2p.h Sip=S.q+2Susy V=Sh
;éc madt bén l1a nhitmg hinh p — nira chu vi ddy S - Dién
chit nhat , ddy 1a mot da gidc| | .. o S,=2(ab+bc+ac) | tich déy‘
- Lfi"g tru ¢’iéu : Lang tru | Sy=2@a+ bk g . h — Chiéu
dimg c6 ddy la da gidc déu by, & oo cabh S, = 6a cao
— Hinh hép chix nhdt : cua hinh hop .Chff
Hinh ¢6 sdu mat la nhimg nhat
hinh chir nhat
- Hinh ldp phuwong : Hinh
hép chir nhat cé ba kich
thude bang nhau S,, = 4a° V =abc B
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B a-canhciahinh | jv=a'
lap phuong
C
| Hinh c3op déu la hinh chép | S,=pd | L
cO mat diiy la da giaic déu , p- nira chu vi d;iy S,p: qu +S, V= ; Sh
cac ma beén 1a nhimg tam d — chiéu cao cla S: Dien
gide cal bang nhau c6 mat bén (Trung tich d.ziy
chung linh doan ) , h: Chiéu
cao
" Hinhru S =27rh Sp=27mrth+271 | V= nrh
Hinh r6n Se=27r1l S,=2nrl+ 7 | V=
L nen
3
Hinh ciu S=4nr 4
V-.--i Tr

~ — Trong khong gian . Dudi cac géc nhin khic nhau cic doan thang , géc cé

s6 do bing nhau c6 thé c6 do dai khdc nhau . Do vay khi vé hinh ta lua
chon géc nhin phit hgp dé vé sao cho hinh 1am ndi bat cdc dic diém va
cdc y&u 3 ta dang xét . Tuy vay khong duoc thay déi ty s6 cua cdc doan
thang ciing ndm trén mot dudng thing vi dudi cdc goéc nhin khdc nhau ty
s6 nay vin duoc bao toan

— Mot trong nhimg cdch dé don gian hod bai todn trong khong gian 1a dua
né vé xét bai todn hinh hoc phing

~ Trong khong gian hai dudngthing khong c6 diém chung khong c6 nghia
1A chiing song song véi nhau nhu trong hinh hoc phing ( D€ song song
ching phai ciing nim trén mot mat phéng )
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2. Bai tap vi du:

Vi du 1: Mot khoi gb hinh 1ap phuong duge duc mot 16 xuyén qua hai mat
d6i nhau cta hinh lap phuong c6 cic kich thudc

cho trén hinh vé. Tinh thé tich va dién tich tat

ca cac mat cua khai gb

Giai
Thé tich cta hinh 1ap phuong lon la : 6cm\‘j/
V, =60* = 216000cm* T ’
Thé tich ctia 16 duc (La mot hinh hop chir nhat 13):
V, =6%.60 = 2160cm’

Thé tich cia khoi gbla : V =V, = -V, = 216000 - 2160 = 21384)cm’
Dién tich tat ca cdc mat cia khoi g 1a :
S=6.60° +4.6.60 — 2.6.6 = 23016 cm’

Vi du 2 : Tinh thé tich va dién tich toan phan clia m¢t hinh chép cut déu c6
ddy 16n 1a hinh vuéng canh 6cm . Pdy nho 1a hinh vuong cami bang 3
cm . Dudng cao bang 4 cm

Giai
Gia sir cdc canh bén cta hinh chép cit nhau tai S .
Goi H va H’ lan luot 1a tam dudng trong ngoai ti€p cdc hinh vuong ABCD va
A’B’C’'D’. Thi S, H ,H’ thang hang va SH , SH’ l4n luot lacac dudng cao cua
cac hinh chép S.ABCD va S.A’B’C’D’
Goi P 1a trung diém ciia BC, P’ 12 trung diém cia B'C’ S
Ta c6 SP va SP’ 1a cic trung doan ciia cdc hinh chép
déu S.ABCD va S.A’B’C’D’ . Xét tam gidc SHP vudng

tai Hneén: SP=vSH? + HP? =32 +4% =5(cm)
ViB'C’// BC va B'C':%BC

nén B’C’ 1a duong trung binh clia ASBC

Dodé:SH’=%SH=2 (cm ) - },/}C
“““ p

]
va SP’ =—SP =2,5(cm
; (cm) A
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o 1 ,
T tich cila hinh chop S. ABCD L Vy = S SHBC? = 467 = 48 $(em*)

3 = ﬁ(cm)

)

The tich cua hinh chop SA™B'CD™ la: V, = - SH A'B"

=

Thé tich chda hinhchopeut la: V=V, -V, =48 - 6 =42 (¢

Di¢n tich xung quanh cua hinh chop cut la:

})I)'(/\13+'\B) =2 A gl 5(6T2) ‘)()(cm)
2

“

S. = AB +A'B” + 4.

ALY

Vi du 3 : Cho hinh vuong ABCD c6 canh bang a. Goi M N lan luen la trung
diém cua cac canh AB va CD. Cho hinh nay quay quanh truc MN |
a. Hinh vuong ABCD va hinh tam gidc DMC quay quanh truc MN sinh ra
hinh gi ?
b. Chimg 10 rang ty so thé tich cdc hinh nay khong phu thuoc vao a?
Giai
a. Khi hinh vuong ABCD quay quanh MN tao thanh hinh tru c¢6 la duong

tron tam M N ; bdan kinh —. Buong sinh AD = a. Khi tam giac DMC

NS -

quay quanh MN tao thanh hinh nén ¢6 ddy . La (N%]

duong cao MN = a A M B
2 i ‘; ]
b. Thé tich ctia hinh tru la: V, = n(%) a= E:— !
:
I [a : na’ :
Thé tich cha hinhnén la: V, =—n| - | a=—
3 (2 12 D 1 ks
. N
3

na

. . _ .V .
Ty s6 thé tich ctia hai hinh la: —- = 4} =3 Khoéng phu thudc vao a
2 na

12

3. Bai tap tu luyén

Bai 1: Tinh thé tich, dién tich xung quanh va dién tich toan phan cta hinh
chép tam gidc déucd ddy 1a tam gidc déu canh a va trung doan la | .
Bai 2: Cho hinh chop tam gidc déu c6 tat ca cdc canh déu bang a

a. Tinh thé tich vi dién toan phan clia hinh chép
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b. Ta goi hai canh khoéng c6é chung dinh nao cua hinh chép la hai canh
d6i nhau. Ching minh ring cdc doan thiang n6i trung diém clia céc
canh d6i vu6ng géc véi nhau timg d6i mot va cat nhau tai trung
diém clia méi dudng

Bai 3: Cho nira duong tron (O; R ) duong kinh AB . Tir A va B ké cic tiép
tuyén Ax va By véi nira duong tron . Trén Ax ladydiém M sao cho

AM = % . Qua M ké ti€p tuyén véi dudng tron cit By tai N . Tinh thé tich

gidi han bai nira dudmg tron tam O va hinh thang vuéng ABMN khi chiing

cung quay theo mot chiéu va tron mot vong quanh MN

Bai 4: Cho tam gidc déu ABC canh a c6 O 1a tAm dudng tron néi ti€p tam
gidc. Cho tam gidic AOB quay quanh OA .Hay tinh dién tich cua hinh
duoc sinh ra

Bai 5: Cho hinh chép tam gidc S.ABC. Goi M, N l4n luot 1a trung diém cla

SA va BC . Chimg minh ring : AC va MN khéng thé cung nam trong mét

mat phing



HUSGNG DAN GIAl BAI TAP
PHAN THU NHAT: DAI SO

I. BIEN DOI PONG NHAT
1.1 Dung hang dang thic
Bai 2:

Taco: A=a*+ %—Z[a" +l‘-)+3[a2 +—l.2_)_4(a+l)
a a a a

=3

Tiraz—\/ga+l=02>a+l=\/§:>a2+ 1
a a

1 1 1 1 1Y
Va a’+—{=[a+-)(a2+—2—1)=2£; a4+—4—=(a2+—2) -2=7
a a a a a
Bai 3:
bat x=a-3;y=b-a;z=3-btacéxy+yz+xz=-3vax+y+z=0
Dod6: x2+y? +2% =(x+y+2)’ -2(xy+yz+xz)=6
Bai 4.
Tuab+bc+ca=1
Tacé: a2 +1=a’ +ab+bc+ca

= (a2 +ab)+(bc+ac)=a(a+b)+c(a+b)=(a+b)(a+c)

Tuong tu b> +1=(b+a)(b+c); c*+1=(c+a)(c+Db)

Vay A =1
Bai S:
2
Ta c6: ——lﬂ+i+—l- =(-l-+l+l) _2(i+__l_+i)
a? b2 ¢ \a b ¢ ab bc ac .
2 2
=(1+1+1) _zia_tb_:c_)=(1+1+1)
a b c abc a b c¢

Vay M la binh phuong cua mot s6 hiu ty
1.2 Phan tich da thirc thanh nhan tu

Bai t:
a) (X+y+z)(X+y—2z)(x-y)
b) (a-b)a-c)c-b)
c) (x—2y)(2x - y)
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Bai 2: Sir dung phuong phdp nhdm nghiém . Dép s6

b) (x+1)x2-x-3) c) (x+2)x*-x+2)
d Gx-Dx*—-x+1) e) (x-2)x*+3x+4)
f) (x+D(x-1)(x*+x +1)

Bai 3:

a) (X*-x+2)x2+x+2)
b) (8x* - 12x +9 )( 8x* + 12x + 9)
c) (x*+xy + Y ) x* - xy +y?)
d) X+x+1D(x*+x+2)
e) (XX+x+1)(x -x*+x'-x*+1)
) X+x+DE* -x"+x -x*+x*-x+1)
g (X+x+DE*-x*+x*-x+1)
h) (x? - 2xy + 2y*)( x*+ 2xy + 2y?)
Bai 4:
a) ba: x+y=a=>@-1)a+3)=x+y+1)(x+y+3)
b) Pat: x*-7x+9=y '
Sy -=-3)y+3)-R= - =x(x - 7)(x*-Tx + 18)
c) Dat:x’+8x-f-7=y
= y(y+8)+15=(y +3)(y +5) = (x + 2)(x + 6)(x* + 8x + 10)
d) bat: 12x*+ 11x-1=y
= yy+3)-4=(y-IXy+4)=(12x*+ 11x - 2)(12x* + 11x + 3)
1.3 Phan thtc dai s6 |

Bai 1:
Dat:a=L;b=_z_..:c=_z.._
y—-z Z-X X—-Yy
Tac6:(a+ Db+1)c+1)=(@-1)b-1)c-1)
< (ab+a+b+1)(c+1)=(ab-a-b+1)(c-1)
< abc+ab+ac+bc+a+b+c+l=abc-ab-ac—-bc+a+b+c-1
& ab+ac+bec=1. néen M= ab+bc+ca=1
Bai2: A= 4x+8

Bai3: M= 2
x+3
2

Bai4: B= ~ X
3x-1

Bai 5: Riit gon duge P = 1 khong phu thudc vao x
112



Il . BIEN DOI CAN THUC
I1.1 Cac phép tinh can thirc

Bai l:
I (x> 1
a) x> - c)-3<x<2 €)
2 _x<l
1 [x > 1
b)x > — d)x>5
2 ) &) _x¢2
Bai 2:
a) 2\/_5_
b) 4

¢) \/6+2\E—\Jl3+4f=\ﬁ5+2\/5~(2\/§+1)=J6+2(J§-1)=J§+1
Bai 3: Ruit gon cic biéu thic:
a) 1
—2a khia<-3

b) |a+3[+[a-3={6 khi -3<a<3
2a khia>3

|
\/g—l —Ekh1x>3

% 23-x)

ll(hi x<3
2

I1.2 Lién hé giira phép nhan, phép chia va phép khai phuong
Bai 1: Tinh:

2) 1 b)9 ¢) ﬁz—‘—‘
d) ___m'z_‘/%_:_\/_g;‘/_i-_-_[ e) [,/(ﬁ—ﬁ)z +\/§]_J§=3
Bai 2: Riit gon:

A= \[;4-‘/)_!

B=x-y ‘

oo V2x-22.2x-4 _ J(/2x-4-2 V2x-4-2 -

2 2 2
"/;_1‘ ;l—lkhiv>l;x:tl

(x=Dy -1 %khi O<y<l;x#l
- X
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Bai 3: Tim x biét:

a) Vi€t vé dang Vx-3(Vx-3-3)=0 véi (x23)¢»[::g (t/m)

b) DKXD: x > 2; Viét vé dang Vx+ 2(v/x-2+2)=0 Jx+2=0
Vi Vx=2+220).
Ma Vx+2 22 v6i Vx 22 = khong tim duoc gid tri ciia x.
I1.3 Cac phép bién déi don gian cin thirc bac hai
Bai 1: Tinh gi4 tri cha biéu thic sau:

a) -8\2
b) -1
c) Viét biéu thirc khir vé dang |Y| ,/x(l +y)

Vé’ix=2;y=l:>x+y=3>0nenbneuthuttrenla‘l: Jx(1+ y)
Thay x = 2; y =1 ta dugc: J2(1+1) =2

y_ L1 1 J"f J’J’ J4 - J’l
2+l Bz Ja+dB 1 1 1
e) v2007 -1
Bai 2: So sanh:
D Tacs: 5 _BGVT-52) _335-5V10 _36-53_3
3T +5v2  9.7-252 13 13 13
b)JzﬁJz_-J__J_-J_J_-\/_J—

Ma 30 + 29 > 29 + /28 = /30 - /29 < /29 - 28

Bai 3: Riit gon cdc biéu thic:

|a| khi a>b
a)l b) b= _
~|a| khia<b
Bai 4: Tim x biét
a) bKXD: x 2 %
Binh phuong 2 v€ tadugce: 3x -2 =5 - 2J6 & x= 7“;!‘[6 (t/m)

b) PKXD: x> 3
Bién d6i vé dang: (Vx -3) -7Jx-3+12=0 Pat Vx-3=1t20

(t/m). Hoac vx-3=2¢&x=7

Tacé:l2*7t+l2=0<:>|:
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I1. 4 Thuc hién phép tinh. Riit gon biéu thirc ¢ chira can bac hai
Bai 1: Thuc hién cidc phép tinh sau:
a) .
b) J3-v6)? = (26 -3)* =36 + 26 -3=6
" y_+f1_|1+3—ﬁ_6(ﬁ+2)_ﬁ-5=4+m_3ﬁ

5 2 3 2
VS-V3)? (f5+43)7 (5417 13445

d) ~ 2
2 2 4 2

&) WT-V2) + (VT +V2)" =18
Bai 2: Chimg minh cdc dang thic sau:
a) 3i€n d6i v€ trdi ta duoc:
Ja+23+4a-23 23 _f
V2 V2
= ding thic da cho luén diing.

B2-v2) 66| 1 3 11
i il e, N - P B, PO PO, 1.
J20=+3 3 ( ¥6) 6 2

6 2 J6 2
Vay déng thirc da cho luén diing

. ; \/ab(\/;+\/5) |
¢) 3ién dobi v€ trai: : =(Va+Vb)va-+vb)=a-b
n doi vé trai JE \/;—Jl; )

Vay dang thirc di cho luon diing

d) 3ién d6i VT: [1+M].[1-£—(—‘/—;—'ﬁ}=(1+\/§)u-\/§)=l—a

b) 3ién do6i vé tréi:[

Ja +1 Ja -1
= déng thitc da cho lu6n diing.
e) Bién d6i VT:
2 ab ___a+b ___(\/——\/5)2__
Jab (Ja-vb)? (Va-vb) (Ja-vb)?
Bai 3: Jiai cdc phuong trinh sau:
a) DKXD:x2>5
Phuong trinh di cho <> x-5-2Jx-5-15=0

pat \/x—-.i:tz():ox—Sxtz

“acépt: ! -2t - 15 = 0. Giai pt nay tacé: t = 5; t = -3 (loai)
t=5¢Vx-5=5x=30(/m)

vay S= {30}

1
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b) DKXD: x>0; Pat Vx =120

—

Phuong trinh di cho <> 12 -3t +2= ()¢:>[ (t/m)

t=loJx=lox=1t/m):; t=2&Jx =2 x=4(t/m)
vay S={1; 4)
c) bBKXD: x>0;x # 16; x #49

PT da cho < (Vx - 2)(Vx - 1) = (Vx = 6)(Vx —4) & Vx =10 x =100 (t/m)
Bai 4: Riit gon céc biéu thirc sau:

2) V5- 13448 =\S— (2B + 1) =4 -23 =3 -1
b) Vk—4+4Vx—4+4+yx—4—-aJx—4+4 (véix>4)
a424] ,—x_4m2‘={2\/x_4 khi x > 8

4khi4<x<8

x 2 L (fro2s 10

Yk — 24 =)
x—4 2 f Jx +2 Jx +2
PDKXD: x>0, x#4

1
2-Jx

>0¢2—\/;>0<:>x<4

Bai 5: Cho biéu thiic: A = (

a) Rut gon dugc: A =

b) A>0 &

1
2-Jx
Két hop v6i DKXD thi A >0 <0< x < 4
Y
Bai 6: Cho biéu thitc: B = ( X—J +r \/—— '(\& \/—) +J-
Vx -y B x+y

DKXD:x>0;y>0:;x # y

a) Rut gon duoc: B= ——=—=— Ve
—VXy +Yy
| y=1
b) x=3-2V2;y=3+22 :{”
X+y=6

Thay vao biéu thic B ta duge: B = g—l—f =§

c) VéixEO;yZO:b\/HZO

2 2
1 3 l 3
xy+y=(&~~2—ﬁ) +yc6 (‘/;"5‘/;) 20 : ~y20vy20)

(vi X, y khong dong thai bang 0)
=D X—xy+y20;Vx20;,y20;x#y.Vay B>0 (dpcm)
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Bai 7: _ho biéu thiic.
3+ Vx 1-\/§+ xS 4J§+1)
I-fx 344dx %-9 34dx Ix +%

P =

a Fkut gon
o B3P0k -dx 5 adx+l
x=9 T3k f(3+f)
_B+Vx)’ -3-Vx) —ax 5Vx —4Vx -1
= - VxB+Vx)

_12Jx-ax | Ux - afx3-vx)  x@+Vx)  —ax
x=9  JXG+vx)  —G-v0G+Y) dx-1 Jx-1

2 1Ix+18=0> X = 2; x=9 (khong thoa min DK)

" -4,
Vol .\’”::2 thiP: 2 =—- 8

N2l E=l
. HAM s VA PO TH|

1. Him so bac nhat va qui ve bac nhat

Bai 1: Viham soy = -2x + b di qua diém M(3 ; -5)
néntacod: -5=-23+beob=1
Ham s6 cdn tim ¢6 dang: y = -2x + 1
Bai2: y=(a-1)x +a
a) Ham s6 dong bién khi a > 1; nghich bién khia < 1
b) ¥i d6 thi ham s6 cét truc tung tai diém c6 tung do bing -2 nén hoanh do
tang O
"aco:-2=(a-1)0+aca=-2
Ham $6 ¢6 dang: y = -3x - 2
c) V€ do thi ham s6: y = -3x -2

& x-:-()thiyzwz:y=0thix=-§-

- Biéu dién A(0; -2) va B(-—%— :0)

Trén mat phang toa do
- Ké dudmg thiang di qua A, Bta duoc do thi ham s6 y = -3x — 2
Bai 3: Hims6 y = ax + 6 (d)
a) /i dudng thing (d) cat truc hoanh tai diém c6 hoanh do bang 2 nén wng do
vang 0. Thay vao cong thifc tim dugc: a = -3
b) /€& do6 thi (HS tu vé)
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c) a=-3tac6hams6:y=-3x+6
Khix = ! tacé:y= —3.1+6=5
3 3

d) y=+2 thi x= 6'3‘5

Bai4: Chohamsé: y=(m-1).x+m
a) +) Dudmg thing di qua g6c toa do nénm =0
+) Dubmng thing cit truc tung tai diém c6 tung d6 bing 1-v2 ©m=1-2
b) +) Géc tao bdi dudng thing (1) véitiaOx lagécti<>m-1<0< m< |
+) G6c tao bdi dudng thing (1) v6i tia Ox 12 géc bing 45" <> m - 1.= 1 nén
m=2
2. Hams6éy = ax’ (a#0)
Bai1:y = f(x) =-1,5.x
a) f(1)=-1,5; f(2) =-6; f(3)=-13,5. Tacé f(1) > f(2) > f(3)
b) f(-3) =-13,5; f(-2) = -6; f(-1) =-1,5. Ta c6 f(-1) > f(-2) > f(-3)
Bai 2: Vi Parabol c4n tim c6 dinh 12 O(0; 0) nhan Oy lam truc d6i ximg
Nén Parabol c6 dang: y = ax? (a # 0)

Vi Parabol di qua A(3; 2)tac6:2=9a < a= %

Parabol c4n tim c6 dang: y = %xz

Bai 3: Cho ham s6: y = ax?
a) ViParabol diqua A(-1;2)tacé: 2=a.(-1) <>a=2
Parabol c4n x4c dinh 12: y = 2x?
V& d6 thi: HS ty vé.

x =2
x=-2

Vay ¢6 2 diém thudc Parabol 1a: B(v2 ; 4) va B’ (—v/2 ; 4)

b) Goi B € Parabol y =2x*taduge: 4=2.x> & x’=2 <:>[

3. D6 thi va tuong giao cua céc do thi :
Bai 1: Phuong trinh dudmg thdng c4n tim c6 dang: y =ax + b (a # 0) (d)

=-3
Vi (d) // dudmg thing y = -3x + 1 :{:;tl =(d):y=-3x+b

Vi(d)diqua A(-1; 4)tacé: 4=-3.(-1)+beb=-7T# 1
Vay(d):y=-3x-7
Bai 2: Cho dudng thing y = (m - 2)x + 3 (d,) va dudng thing y = 2mx -5 (d,)
a) dp/(d)em-2=2m (Vi3 # -5)om=-2
b)) d)Nn(d)em-2#2m & m # -2
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¢c)(d) L (d)2mim-2) =-1

m
L 2
X2
Bai3:y= — (P):
Y= (P’

Goi phuong trinh dudng thang cdn tim c6 dang: y = ax + b (a # 0) (d)
Vi(d)diqua A(-1; -2)tacé: -2=a(-1)+b<=a-b=2 (1)
Vi (d) tiép xuc vai (P)

2
=> phuong trinh: ax + b = x_4_ c6 nghiém kép

Xét phuong trinh: x> — 4ax —4b=0 ¢6 A’ = (-2a)> + 4b
Phuong trinh c6 nghiém kép<> A' =0« 4a’+4b=0 (2)
Tir(1) = a =2+ bthay vao (2) ta dugc: 42 + b)> +4b =0
Sb+5b+4=0(%)
Giai phuong trinh (*) tadugc: b=-1;b= -4
o Vib=-ltacba=2+(-1)=1khidétadugc(d):y=x -1
e Véib=-4tac6a=2+(-4)=-2khidotadugc(d,):y=-2x-4
* Tim toa do tiép diém
— Gia sir dudng thang (d,) tiép xdc (P) tai A(X,; ya)
2
Thi x, la nghiém cita phuong trinh: x - 1 = "7 —>x=2.

Khidéy,=x,-1=2-1=1.VayA(2; 1)
— Gia st dudng thing (d,) ti€p xic (P) tai B (X, ys) tuong tu ta tim
duoc: B(-4; 4)
Bai 4: Vi duong thing y =mx + ndiqua A(-1;0)tac6:0=-m+n<m=n

2

. o 1
Vi duong thang y = mx + n ti€p xic Parabol y = Ex ta c6 phuong trinh

hoanh do: -;-xz =mx +n c6 nghiém kép.

Xét phuong trinh: %xz =mx+n < x*-2mx-2n=0mam=ntacé
phuong trinh: x} =2mx -2m=0. A'=m’ -2m

' m=0

Phuong trinh ¢6 nghiém kép <> A'=02m + m? =0 <:>[ 5
m=-—

e m=0=>n=0tacéduong thingy=0
e m=-2=>n=-2tacéduong thang y = -2x - 2
+) Tim toa do ti€p diém
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Puong thang y = 0 tiép xiic véi Parabol y = %xz tai O(0; 0)
Pudng thing y=-2x-2tiép xic véi Parabol y = —;xz tai di€m Qxciyc)
= Xc la nghiém cua phuong trinh: % x2=-2x-2e>x=-2 hay x¢ = -2

Yc la nghiém clia phuong trinh: y= %(—2)2 =2=>y-=2.VayC(-2:2)

IV. PHUONG TRINH
IV.1 Gidi va bién ludn phuong trinh bdc nhat.
Bai 1: Giai cdc phuong trinh sau:
a) 2x-1)2-(2x-2)2x+2)=x2x-1)-(2x% +5x -3)
& ax? —4x+1-(4x2-4)=2x2 —x -2x2 = 5x +3
S —4x+5-346x=0 = 2x+2=022x=-2=>x=-1
Vay phuong trinh ¢6 nghiém x = -1.
3x +1 +3x+2 B 3x+3+ 3x+4
2005 2004 2003 2002
3x +1 3x+2 3x+3 3x+4
+1+ +1= +1+ +
2005 2004 2003 2002
o 3x+2006+ 3x +2006 _ 3x+20v06+ 3x + 2006
2005 2004 2003 2002
1 N I y=0
2005 2004 2003 2002
| 1 1 1 1 1 1 1
< va < = + - " 20
2005 2003 2004 2002 2005 2004 2003 2002
2006

b)

1

<> (3x +2006)(

=3x+2006=0= x = —-—2%0—2 . Vay phuong trinh c6 nghiém x =

x-1050+x-1055+x—1060_x—1065+x—1070+x—1075
956 951 946 941 936 931
o (x—1050_1)+(x—1055_l)+(x—1060
956 951 946
_ (x—1065_l)+(x—1070_l)+(x—1075
941 936 931
x-2006 x-2006 x-2006 x-2006 x-2006 x-2006
o + + = + +
956 951 946 941 936 931

<:>(x—2006)(1+1+1-1—l—l)=0
956 951 946 941 936 931

c)

1)

-1
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Ta co:
] o ] | ] |

S —_—— - 0 -5 x - 20006 = 0= x =2006
056 951 946 941 936 U3l
“+3 x+4 x+6 X 43 X +4 X +
d —+———+ =—0 <> ( Pl p2)+(
201 l()O 66 201 100
X +204 x+204 x+ 204 I |
<> —+t 4+ — =0 4o (X + 204 (—— + —
201 100 66 201 l()()
> x+204=0=>x=-204 (Do rl 4 l +~]--;t() )
200 100 66
\ay phuong trinh c6 nghiem x = - 204.
1 l 1 [48x 49
e) (—+—-—+—+...+ X —D+X = —
1.3 35 5.7 97.99 99 99
1 2 2 2 [48x —99x 49
o -(——+—- — %t —)x- D=
2 1.3 35 5.7 97.99 99 99
1 1 1 1 1 1 | 49x 49
Sl ——— 4 —— )X =)= ————
2 3 3 §8 53 7 97 99 99 99
| 1 49 1 ] 49
—(l-—=)x-D=—xx-De>x-)N=z-——-
2( 99)( : 99( 2 299 99)
1 | 49
> x-1=0=2x=1.(Do—-——-—%0)
2 299 99
\ay phuong trinh c6 nghiém x = 1.
X 2x 3x 4x
2 - : b T
B-2 J1+d5 S5-2 1+483
X(ﬁ+ﬁ) ZX(f—J—)_}ig_\@+f ﬁ(;_/_ J3) __f7

1 75 5-2 7-3

o x[ VB2 -T+J5-V5- V2 4V7-3]=-V7 2 x0=-J7 (01§

\ay phuong trinh da cho vo nghiciii.
Bai 2: Giai cdc phuong trinh sau (véi x la an s0)

a) am"'(x=l)= Xx-4m+1&4m’x—4m? - x =1-4m
o x(4m2 -1) —4m® —4dm+1¢> x2m-)2m+1)=02m- l)2

m = —
* Néu 2m-1)2m+1)=0 = 2

o | —

» 1 | ’ N
\G1t m= 5 =5 25 — 1 =0 phuong trinh ¢6 vo s6 nghiém
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b)

122

m = —% - 2(——;—) —1+# 0= phuong trinh v6 s6 nghiém.

* Néu (2m—l)(2m+l)¢0:m¢—% va

m # —;— => phuong trinh c6 nghiém

‘o 2m-1>  2m-1
Cm-D2m+1) 2m+1

Két luan: m = —% = phuong trinh c6 v6 s6 nghiém.

m= -% = phuong trinh v6 nghiém.

1 1
m#——;m#—
2 2
2m-1 = 2m-1

ax_
2m+1 2m+1

= phuong trinh ¢6 nghiém: x =

m(x—l)_m+x
2 3
=>3mMx-3m-2m-2x=12=>x3m-2)=12 + 5Sm

* Néu 3m—2=0-—-)m=§

=2=3m(x-1)-2(m+x)=12

khid612+5m=12+ 5.% # 0 = phuong trinh vo nghiém.

124+ 5m
3m-2

* Néu 3m-—2¢0:>m?t§ => phuong trinh c6 nghiém x =

Két luan: m =§ => phuong trinh v6 nghiém.

12+ 5m
3m-2

m ¢% = phuong trinh c6 nghiém x =

x+a-—2+x-a X +2a

. a#l
0 (dk: (l—a)(l+a)¢0:>{
a#~1

a-1  a+l 1-a%2
a5 (x+a—2)(a+l)+(2x—la)(a—1)"(x+23) =0
aF

Pt x(a+l)+a2—a-2+x(a—l)-—a2+a—x—23'=0
S x(a+l+a-1-1)-2a-2=0= x(2a-1)=2(a+1))

* Néu 2a—l=0=>a=%:>2(a+l)=2(%+1)¢0



a#
=> phuong trinh v6 nghiém. 2a-120> 2
a#tl
2(a+1)

=> phuong trinh c6 nghiém x =
2a -1

1

. a=—
Két luan: 2 Phuong trinh v6 nghiém.
a=t=l

2(a+1)
2a-—1

¢_
2 phuong trinh c6 nghiém x =
aztl
¢ h_ ‘ —_ o
d) i_t_“i+d+c x+b+c x:l_ 4x
C b a a+b+c
b— _ -
a+ x+l+a+c x+l+b+c x+l=4_ 4x
i b a a+b+c

atb-x+¢c a+c-x+b b+c-x+a a+b+c—x
<> — + + =4

b b a a+b+c

c>(a+b+c—x)(l+l+l~ . )=0
¢c a b a+b+c

, P I | 4
Vay vol —+ — +——
a b ¢ a+b+c
V(’ji_l_+l+l_ 4
a b ¢ a+b+c¢
1V.2 Phuong trinh bdc hai — Hé thirc Viét va ung dung
Bai 3:
a) W32 -(B+hx-V3+1=0
Phurong trinh ¢6 dang a + b + ¢ = 0 nén c6 hai nghiém :

['=+f3

dk: a20;b#0;c20

= phuong trinh ¢6 2 nghiém x, = ﬁ+l_J2—8;x2 = \/§+lt\/ﬁ
| 43 443
b) V2x2+(2v2 -3)x +42-3=0
343
42

Jo a — b+ ¢ =0 Nén phuong trinh c6 hai nghiém x, =-1; x, =

Vay phuong trinh ¢6 2 nghiém:

=0 Phuong trinh nghiém ding véi moi x € R

# (0 Phuong trinh ¢é nghiém duy nhdt x =a+b+c¢c
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(x—l)2+(x—-2)(x+3)_
2 3
& 32 =2x+D+2(x2+x-6)-6(x-1)=0

x-1

& 5x2-10x-3=0=A"=25+15=40>0
5-J40  5+40

oxz -

=> phuong trinh c6 2 nghiém: x, = . :

Bai 4:
+ Vi m-2=0=>m=2
Khi d6 phuong trinh < (5.4 +44-1)x-2+2=0=>x=0
+ V6i m-2#0; A=(5m* +4m-1)? +4(m-2)>20 Vm
Vay v6i Vm phuong trinh c6 nghiém.
Bai 5: Goi x,; X, 1a c4c nghiém ciia phuong trinh x2 —x —1=0
a) A=1+4=5
Nén phuong trinh luén c6 2 nghiém x,; x,
X;+ X, =1

Ap dung dinh 1y Viet ta cé:
p dung dinh ly Vi {x,x2=—l

Khidé: x?+x3 =(x; +x,)* -2x;x, =12 +2=3.
b) Q=x?+x3+(x}+x3)? -2x2x3=3+9-2=10:5

Bai 6: Tacé: A=m2-—4(m2 —7)~---28~-3m2

D€ phuong trinh c6 2 nghiém cén: 28 - 3m? >0=3—‘/—25-—8<m<@

. xl + x: =m
Theo hé thic Viet ta c6: , . -Ma:x, =2x, nén
X)X =m" =7

3X2 =m m=3x2 x: =+}
2_2_197,.2 2w
2x;=m" -7 |2x5=(3x,)"-7 [(m=413

thoa min —"2?8<m<1’33§

Vay m =13 12 gid tri c4n tim.
Bai 7: a) D€ phuong trinh ¢6 2 nghiém duong phan biét thi :
( [

'12-3m2 >0

_ -2<m<2
m<-3 = =J3<m<2
m>~/§ m>\/§

m>0

A>0 |m>-4m?-3)>0
tP>0>4 m?-3>0 =4 [
S>0 m>0

.

Vay B<m<2> phuong trinh c6 2 nghiém duong phan biét .
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b)

pé phuong trinh chi ¢6 1 nghicr dirng thi

2. [ .
P<O=omM " -3<0>-vy3iacm< 3

Bai 8: D¢ phuong trinh ¢6 nghiem x: v, thi A" > 0

a)

b)

<> (m+l)2 -(m2 +3m+2)20 c>m +2m+l -m =3m=220
<»>-m-120=>m<-]
. X; X, =2(m+1) (3)
Ap dung hé thic Viet ta co: ;
X, X =m"+3m+2 (4) ,

—— 2
laco: xf+x%=l2<:>(x, +X;)" =2xx; =12

o4(m+l)2—2(m2+3m+2)::12 o 2mP+4m+2-m? -3m-2=6

—
m-2=0 m=2

) m+3=0 m = -3
om +m-6=0 o (Mm+3)(m-2)=0&
Vi m < -1 phuong trinh ¢6 2 nghiém nén chi ¢cé m = -3 thoa man.

Vay véi m = -3 phuong trinh cé nghiém x,; X, thoa man: x,z_+ x% =12

= +X, -2
TU(3): x, +x,=2m+2 & m:i'«—%z«n—

(*)

T (4)taco: x;.x; =(m+1)(m+2)

X + Xz Xl +X2 +2
2 2

K&t hop vdi (3) va (¥) taduge: & X, .X, =

+ +Xy+2

Yay hé thirc lién hé giita x, va x, khong phu thuéc m

< dx Xy =(x) + x‘,_)2 +2(x; +X,)

4x,.x, =(x, + x2)2 +2(x; +X3)

Bai 9: Phuong trinh (m + 1)x* =2(m-1)x+m-2=0

a)

D& phuong trinh c6 2 nghiém phan biét thi:

:\m'+l==0 m# -1 m#-—1

- A'>0 c}{(m-—l)z—(m+l)(m"2)>0c>{_m+3>0<:>{m<3

Vay dé phuong trinhn c6 2 nghiém phan biét thi m <3;m #1

m=#-1

b) Dé phuong trinh c6 nghiém x = 2 thi (m +1).22 -2(m+1).2+m-2=0

Hay m = -6
Khi d6 nghiém con lai la x, thi
ppm M2y, 67D 4
m+]1 2(-6+1) 5
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c) Taco
Dé phuong trinh c6 hai nghiém phan biét thi: m <3;m # 1 ( Theo c4u a,

Khi dé:

2(m-1)
_l_+_l__=:’_<:>xt+x2=lc>_m+l _7 . 2Xm-1) 7
X, X, 4 XX, 4 m-2 4 m-2 4

m + |

= 8m-8=7m-14 = m=-6.
Vay véi m = — 6 phuong trinh c¢6 nghi¢m x,,x, thoa man: ~1—~—+-l-— =%
X, Xy
d) Tim GTNN cua biéu thirc:
A= 211:,2 +2x:2Z + XX, = 2(x, +x2)2 -3x,X,
4m-1 . m-2_ 5m’-13m+14
“(m+1)?2 T m+l (m +1)?
= A(m+1)? =5m? -13m +14 = Am? +2Am + A =5m’ - 13m + 14

= m*(A-5)+mQRA+13)+A—-14=0*)

=2 3

Véi A =5 thi m=-?—
23

Vé6i A #5 dé (*) c6 nghiém d6i véi mthi: A>0
= 2A+13)’—4(A-5)0(A-14)20 < 128A - 11120 A2 -f%é

. o . 1
D4u bang xay ra khi m = % . VAy gif tri nhd nhat cha biéu thic 12 L .

128
Bai 10:
a) Dé€ phuong trinh (1) c6 nghiém thi A’>0
m<-3
m23
Vay v6i m £ -3;m 2 3 phuong trinh (1) c6 nghi¢m.

= (m+l)2—(2m+10)20=>m2—920=>[

b) A= 6X,Xy + X2 + X3 =(x; +X,)? +4x,X, =4(m +1)* + 42m +10)
= 4m? +16m + 44 = (2m + 4)% + 28
A=4(m+2)" +28
Vim<-3;m 23nénm+1<-I;m+124

Dodé:m+121=>(m+)21=>A=4(m+1)>+28 >3
Vay Min A =32 khim=-1
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Bai 11
a) D¢ phuong trinh ¢6 2 nghicn phar biet xx, the:
Jm—lr() m o« | {m/l
, =1 S <>
l A >0 m” ={m— gy 4 23 240 1“1(2
Viay vaim < 2 :m # | phuong trinh ¢o 2 nghicm phan biét x,:x, .

Ap dung he thire Viet ta co:

2m dm+2)y-4 | 2(m+2) 4
m - m - N m — m —
o L
m+ 2 m+2 m+ 2
Ny = —— XpXp = —~— KAy =
m — | m - | m-—1
" m+ 2
Trx X, =———=2>mM-xx; =m+2=>mxX; - XX, =m+2
m — | )
2+\|‘<1
ormiX x> - H=2+xx-oom= ———=
P m+ 2 4 4
Khidotr x)x, = e = Ry Ry = 2Ky ky =2
m-1 m-| £+ XX, 1
X)Xy =1
4(‘ X'\"l)
<> X+ X5 = 2XX, —-—--~~'~?“v~v 43X +HX5) =2xX, +4
p 2 ( P )2 9
. . X XH X; + X5 X X> — &X1 X5
b) Tach: L+ +—=24+6=0"-—"24+6=0c—1-2 122 +6=0
Xy X, X1X) XX
bl
4m~ _,m+2
, P = :
m-1° m—| dmT +4(m+2)(m-=1)
izl BT =0 —— =0
m+2 (m+2)(m-1)

=1 =17
m = ——
— -
1+ J17
ms=— ——

L 4

Poi chi€u vai dicu kién phuong trinh ¢6 2 nghiém thi
-1t 17 .
m = ———— thoa man.
4
S -1+J17
Viy va1i m =—w-*3&v-~ can tim.
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Bai 12: Phuong trinh: x> =2(m-1)x+m-3=0 (D)
a) Véi m = 0 phuong trinh (1) tré thanh:
xz+2x-3=0¢:>(x+3)(x—~l)=0:>x=«—3;x=l
Vay v6i m = 0 phuong trinh ¢6 2 nghiémx=-3; x =1

b) Ta cé: A'=(m—l)2—(m—-3)=m2—-3m+4=(m—%)2+—4—>0 7m

Vay phuong trinh (1) luén c6 2 nghiém x,;x, véi Vm.
X, +X, =2(m-1) {x,+x2=2m -2

c¢) Ap dung hé thic Viet ta c6:
2x;X; =2m—¢€

X)X =m-—3

S X X, =2 X, +6 -2 X + X, =2XX, +4

d) D€ phuong trinh c6 2 nghiém bing nhau vé gid tri tuyét d6i va trdi déu nhau
thi cin diéu kién: x; +x, =0=>2(m-1)=0=>m =1
Vay v6i m = 1 thi phuong trinh ¢6 2 nghiém thoa man diéu kién.

IV.3 Mot so dang phuong trinh thuong gap

Bai 13: Giai cic phuong trinh sau:
a) x—2xd - x?48x-12=0 x3(x-—2)——x(x—2)+6(x—2)=0

Sx=-2DX -x+6)=0 & (x=-2)[x*+8-x-2]=0
& (x=D)[(x+2)(x2=2x+4) = (x+2)]=0 '
o (x=-)x+2)[(x-1)?+2]=0
SX=-2)(X+2)=0Vi x=-1)2+2>0 (Vx)
x-2=0 X =2
< =
[x+3=0 [x=—3
Vay phuong trinh c6 nghiém: x =2 ; x = -3.

b) 2x3 -3x2-11x+6=0 < 2x> +4x2 - 7x? -14x+3x+6=0
o 2x2(x+2)—7x(x+2)+3(x+2)=0 o (x+2)(2x2—7x+3)= 0

x+2=0 x=—12

S (x+2)2x-Dx-3I)=02|2x-1=0> x=5
x—3=0 =3

Vay phuong trinh da cho c¢6 3 nghiém: x = -2; x=%;x=3

c) ()(2—2x+3)2—2(x+3)(x—3)=3—()(+3)2
o (x2-2x+3)2-2(x2-9)=36- (x> +6x +9)
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<->(x?—2x+3)2—x3+h\ D=0 o (x- = 2x+ 3 (X—3)2=()

e (X2 =2X4+3-X+3)(x" 2x1r34x -3 0

1, 15
CD(x?—3X+())(x2—x):(;<'>[((7)|‘4 Ixtx - 1)=0
. 3, 15 l'\« ()
SoX(x—=1)=0 (vi(x- ) ¢+ >{) vx) |
2 4 | x =1

Vay phuong trinh da cho co nghiem: x = 0 x = |
1) x* - 2x2 = 400x + 9999

& xH2xT + 1=4x7 +400x + 10000 <> (x> +1)° =(2x +100)2

[ x2+1=2x+100 [  x=1kx,;=-9
=3 . & \
[x‘ +1=-2x-100 l_q.wl)* +100=0  (voly)
:>xl=‘-ll;.'(3=-9
Vay phuong trinh da cho co nghiém: x;, =11:x, = -9
D 2x=V5)P +(x+ VD 5 -VT-301 =0
Ban doc tu chimg minh bai todn:
"Néua+b+c=0thi a'+b’ +¢' =3abc”
Ta co: (2x-J§)+(x+ﬁ)+(\/§—~\ﬁ—3x):()
= 2x =5 +(x +¥7) +(/5 -7 - 3x)°

=3.02x = VS)(x + V(5 - VT - 3x)

Do vay phuong trinh da cho tvong duong voi:
32x - V) (x + V(S - VT -3x)=0

2x-VJ5=0 e
=y x+J7=0 o x2=—\/7
J5-J7-3x=0 J5 -7

X} =

3

- =

5417

5 "
Vay phuong trinh ¢6 3 nghiém: x, =3/52:;x2 :—-\/7»:.3 = 3

£) @x+D(I2x - 1) 3x+2)(x+1)=4
S @x+ DBx+2)(12x - Dix+ D=4 (12X +11x+2)(12x* +11x-1)=4
Pt 12x? +11x =t phuong trinh trd thanh: (t + 2)(t - 1) = 4

1+3=0 [t=—3

2
O 4t-6=00t+H1-2)=0 > =
( . ) [l-—2=0 t=2
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+ Vait=-312¢ +1Ix=-3=12x" +11x+3=0
Co A=11"-12'<0= phuong trinh vo nghiém.

+ Vi t=2=12x +11x=2=12x2 +11x=2=0

C-1=V217 0 -11+4217

x'--- Xy =
24 - 24
Bai 14: Giai cic phuong trinh sau:
s - I
a) 1 xvx+l+ ’21 -"-*2<:>E x_x+l_ 21 o (n
X+2 3-X x°—-x-6 X+2 3-x (3—-x)x+2)
e x+2#0 X#-2
biéu kién:
-Xx+320 Xx#3
Khidéphuo‘ngtrinh(l)<:>(l—x)(3—x)—~(x+l)(x+2)-——2|:2(6-+x’-)2)
[ 9+ 337
2 4
OSO2Xx -9x-32=0&
x~9_\/337
L 4
9+337
Vay phuong trinh ¢6 nghiém: x,, = —_—Z—_
: - 3x = 2)(:
b) 3 2 2x 2 z(x %)(3x+2)
X—2 x“+2x+4 x -8
3 x—2 9x? -4

<

X=2 X" 4+2x+4 (x=2)(x"+2x+4)

x-2#0 {x;tz
=
VX

biéu kién: { , D> x#2

X“+2x+4#0
phuong trinh (1) :>3(x2 +2Xx +4)+(x—2)2 =9x2 -4

=32+ 6x+12+ x> —4x+4=9x2 -4 =5x2 -2x -20=0

1-VI101
Xy = ———
s, 5
1+ V101
Xy = ————
L S
: 1-V101 01
Vay phuong trinh da cho c6 nghiém: x, =———s~—~: Xy =-—t—-§-l——-
x#0 x#(

¢) Diéukién: {x-320=>4¢ x#3
Xx+3=20 Xx#-3
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2 X+2 10 2 X+ 2 10
]\!“ d(,: e N sy — = - T e TS s S e oo
v+3 3v-—x x(x -9) X+3 x°-3x X(x=3)x+3)

SAv(x =3+ (v 4+ 2 x+3) =10 & 27 —OX + X +5x+6=10
Xx=-1
I -x-4=0 4 .
X =
| . : "y 4
Viv phuong trinh ¢6 nghiem: x = -1 ; x = =
Bai 15: S cac phuong trinh sau:
a) H-23-x|=123-x/=3x-1

+ N¢u x < 3 phuong trinh trg thanh

7 :
2(3—x):3x—l¢:>6—2x:3x-lc>5x:7::>x=; (thoa man x < 3)
+ Néu x > 3 phuong trinh trg thanh
2-3+x)=3x-1 <> -6+2x=3x-1<>x=-95
(Khong thoa man vix > 3)
. 7
Viy phuong trinh da cho ¢6 nghiém x = e
b) L:p bang xét tong:
- 3
x —
- 2
x + 1 % = | 0 X+ 1 X+ 1
|2x - 3 -2x +3 -2x+3 0 2x -3
VT -3x+2 -Xx+4 3x -2

Do dé ta ¢6 cdc truong hop :
TH1: Néu x < -1 phuong trinh tro thanh -3x +2 =35
<> -3x =3 = x = | (loai) = phuong trinh v6 nghiém.

———

g 3 b s
H2: Néu -1<x < 5 phuong trinh tro thanh

-X+4=5=>5-x=1->x=-1 (thoa man)
= phuong trinh ¢6 nghiém: x = -1

; 3 .
TH3: Néu x 2 phuong trinh tro thanh

-

7 .
3x~2=5®3x:7:>x=§ (thoa man)
=> phuong trinh c6 nghiém: x = %

; 7
Vay phuong trinh da cho c6 nghiém: x = -1; x= 3

131



c) ”x|+3|+2x=4

Xét cac truomg hop
THI1: Néu x < 0: phuong trinh trg thanh

|-x+3|+2x=43-x+2x=4=>x=1 (loai vix<0)
TH2: Neéu x > 0: phuong trinh tro thanh

}x+3|+2x=4c>x+3+2x=4:>x=é— (thoa man)

1
= phuong trinh cé nghiém: x = 5

Vay phuong trinh da cho ¢6 nghiém: x = % .

Bai 16: Giai cdc phuong trinh sau:
a) xt—2x3 +8x2-2x +1=0
nhan thdy x = 0 khong phai 1a nghiém cua phuong trinh. Chia ca 2 v€ zla
phuong trinh cho x? ta dugc:

x2—2x+8—2+%=0<:>x2+—17-2(x+-!—)+8=0
X X X X

| 1
Pat x + ==t x* +—=1> -2
X X

phuong trinh da cho tr¢ thanh:
t2-2-21+8=0 2 -2A+6=0=>(t -1 +5=0
= phuong trinh v6 nghiém vi (t-1)> +525
Vay phuong trinh da cho v6 nghiém.
b) X —x*+6x>+6x3 —x+1=0
oxPext -t -2t 18 22 - 2x +x+1=0
S xx+1)=2x"(x+ D+ 8> (x + )= 2x(x + I)(x +1) = 0
o (x+1)x* -2 +8x? = 2x+ 1) =0
=>x +1=0 (vi x* —=2x? +8x% —-2x +1#0 theocua) =>x =1
Vay phuong trinh da cho c6 nghiém = x = 1

c) 2x*-3x} —ox? +3x+2=0
Nhan thdy x = 0 khong phai 1a nghiém cua phuong trinh: chia ca 2 wé€cia

phuong trinh cho x° ta duoc:

3 1
2x? —3x—9+'—+»-22~=0¢:>2(x2 +—%)—3(x——)~9=0
X X X X

1 l
bat x——-=l:>x2+—,=lz+2
X X~
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d)

Phuong trinh tro thanh: AC 42 N Y Oesiit -3t=-5=0= l_5
2
- l ;
Vait=-l22x-——=-1=2x" -1~ -x
X
<] =%
X = ————er
2 2
Ox +x-1=0& -
~14 5
X=—
L 2
5 1 5 o
Voitl="x-—==32x"-2:=5x &2} -5x+2=0¢&>|" 2
= x=2
. - . . *li\"g 1
Vay phuong trinh da cho ¢6 4 nghiém x,, = — S X3 =5;x4 =2
2x* = 21x” +34x% +105x + 50 =0
Nhan thay x = 0 khong phai la nghiém cta phuong trinh.
Chia ca 2 v€& ctia phuong trinh cho %% ta duge:
1 50 25
2x2 -21x+34+105—+ = =0 <:>2(x2+—,-,~)--21(x~—5-)+34-_-0
X x- X" X
25
Dat l=x—2:>x2+—2=12+l()
X X
phuong trinh da cho tr¢ thanh:
202 +10) =21t +34=0202 - 21t +54=0=> 9
; 12._—
2
5 x=3-414
VGit=6>x-—=6x’-5=6xx>-6x-5=0
X x=3+14
| _9- V6l
, 5 9 a
Véi tzgﬁx—-—:—:ﬂxz—10=9x<:>2x2—9x—10=0:> 4
2 x 2 x_”9+\/l6l
g 4
; 91+ 161
Vay phuong trinh da cho ¢6 4 nghi¢m: x,, =3 J1‘4;x3;4 = ——49—
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Bai 17: Giai cdc phuong trinh sau:

3x-520 X 2>
o
IX-5=2x+1

a) VIx-5=V2x+1 &

b
Il
N W
U
>
I
o)

Vay phuong trinh c6 nghiém x =6

b) Jx=1=-Jx+2=2

x+220
Vx=-1=24+Vx+2 '
x—l=(2+\/x+2)2

x2-2 X2-2
<::>{x—l=4+4\/'x_+_2+x+2¢${4\/;c—+—_=—
Vay phuong trinh da cho vo6 nghiém
) VAxI—12x+9+2x=9 &> J(2x -3 +2x =9 & [2x-3|=9-2x (1)

+ Néu ng phucmgtr‘mh‘(l):2x—3=9—2x:>x=3 (thoa mam)

+ Néu x<§- phuong trinh (1): 2x+3=9-2x=3=9(vo ly)
Vay phuong trinh da cho c6 nghiém x = 3
d)  VxP-dx+4+Vax?+ax+1=5

S Jx-2)? +J@x+1) =5 |x -2/ +[2x +1|=5 (2)
Lap bang xét téng
|
X —':2' 2
x - 2| 2-x 2-x 0 X -2
2x + 1 -2x-1 0 2x + 1 2x +1
VT -3x+1 x+3 3x. -1

+ Néu x<—% phuong trinh (2) la: -—3x+l=5=>x=—f;— (TM)

+ Néu -% <x<2 phuongtrinh (2)la: x+3=5=>x=2 (loai)
+ Néu x 22 phuong trinh (2) 1a: 3x -1 =5 =>x =2 (TM)
Vay phuong trinh da cho ¢6 2 nghiém x = —-% 1 X=2

&) Vx+2Vx—-3-2+yx-2Jx-3-2=3
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g)

1)

PN Vi DR TE AN N ot R TL I SRR S Vx-3-11=3 )

(“L;‘U I\ICI] X-3>0->x>

3

+ Neux>4phuong trinh (3) L v Y b v - 3-1=3

iy

S2YXx-3=34Hx-3)-YU->\ - (M)

4

+ Néu 3 < x < 4 phuong trinh (3) L

\/;t——:_i +1—Jx_:§+l:3:>3 = 3 (V0 1¥)
21
Vay phuong trinh da cho co nghiem x = n
V21 ax S 2% - 1= Vax -3 =42 (1)

Diéu kién:

\

(9% =1+ V3x—-320
{2Xx—=1—=d4x=32>0 (*)

4x-320

Binh phurong 2 vé cta (1) ta dugc:
2% <1+ JAx =3+ 2x = 1= ax -3 + 2V4x? -8x + 4 =32

S ax-2+4(x-1)? =32 2)x 1| =17 - 2x

19
+ Néu x21:2x—2:17—2x<:>4x:19:>x:;nghiem x=?

thod man diéu kién trén.
+ Néux<1:2-2x=17-2x < 0=15 Vo nghiém

19

Vay phuong trinh da cho c6 nghiém x = T :

\/3x+_2—5=x SVYIX+2=x+5

Lo 3 <
3IX+2=x“+10x +25

X+520

X2 -5
. vO nghiém
X“+7x+23=0

Vay phuong trinh da cho vo nghi¢m

\/2x+9=\/25—~x—\/—3_1_(_+7 ¢:>\/§;4+9+\/3x+‘5=f25~—x

diéu kién <

2x+920
3Xx+4204
25-x20

9
X2 -——

2

4 4
x2—~:>—;.<.x$2‘3
X <25
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Binh phuong ca 2 vé€ cua phuong trinh ta dugc
2J2x+ 93X +4) +2Xx + 9 +3x + 4 =25—x

& 2V6x2 +35x +36 +Sx + 13=25—x < v6x2 +35x+36 = 6 — X

{ 6-3x20 { x<2 x<2
7] =x =

2 | e T a2 It T
6x° +35x+36=(6-3x) Ix“-71x=0 x=0x= 3

Vay phuong trinh co nghiém x =0

K) V6—x +vx—-4=x" —10x +27 (3)
I 6-x20 Xx<6

P:iu kién: o <> 4<x<6
x—420 x24

Ar !ung bat ding thirc Bunhiacopxky cho 4 s6: 1;v/6 — x:1;Vx —4 1 Ta c5:
WO-Xx +x-8)2<26-x+x-4)=4 > J6-x +Vx-4 <2
au "=" xdy ra <> V6 -x =Vx -4

Mat khic: 2° = 10x 427 =x2 —10+2542=(x=5)2 +222
Diu "=" X, tvnie X - 5=0

L V6 Tk =Vka
De pheurone téal (8) xay ra th ) =x=5
x-5=0

\
Vavio amy trinh co nghiém x = 3.
Bai 18: Tim < ac nghiem nguyén cua ciac phuong trinh:
1y 2% v a5y = 156
Dung phuong phip I - Dépso: x=13y=12-2t;te Z
2)3xy+x-y=1
Dung phuong phép II - Ddp s6: (1; 0); (0; -1)
3) 2x*+3xy-y=1
Dung phuong phdp II - Pdp s6: (3; -1); (-3: 1)
4) x'-y'=91]
Dung phuong phap II - Dép s6: (6; 5): (-5; —6); (4; -3); (3; —4)
5) X2 -xy=6x -5y -8
Dung phuong phap II1 - Ddp so: (6; 8); (4; 0); (8; 8); (2; 0)
Bai 19: Cho da thic f(x) c6 cic hé s6 nguyén. Biét ring f(1). f(2) = 35.
Chimg minh rang f(x) khong c6 nghiém nguyen.
Dung phuong phap phan chitng, r6i dung phuong phap II
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V- HE PHUONG TRINH

Bai 1: sidi cac hé phuong trinh sau

{

{(2x—3)(y+5):2x_\ 2xy + 10x -3y - 15 =2xy
a m{ ' ‘

(X —=3)3y +1)=3xy Xy + X~ 9y -3 =3xy

42
J0x -3y =15 ng() . 42 5
- = ~ Viy hé ¢6 nghiém (—;——)
X -9y=3 v:*#hﬂ 29 29

29

5x 42y =3 (**) 35x+14y =21 (1)
b) | =X
x| -7y =1 6|x|-14y=2 (2)

cong (1) vai (2): 35x +()ixj =23 (*)

23 :
- Néux >0 olong e h (70 4x =23 x = Al (thoa man v = ()

1
Thay vao: # )t duwoc: s - —

H
: o 23 .
- Néux <0 phirong trinhi (7): 29x =23 = x = -;:)— (lkatvin <)
. . , 2304
Vay hé phuong trinh da cho ¢o nghiem (ik : ﬂ)
1 3 I
“x-ty=a@y ity 3o
2 3 8 4
c) =
X+—-y=2 £x+l <k (4)
507477 15" 4’73
61 11 440
Ong () voi(4): —x=—2DXx=—-
MIE ) VL () 120 3 61
; : : 24
Thay vao phuong trinh (2') ta duoc: y = T
440 -24
Vay ! ¢ phuong trinh da cho cé nghi¢m: (-6-i— ) —6—1“)
3
(ﬂ)‘)KXD:y#ll}’#—‘i
4 p p
22xz' "lzz ”223“ 11):2 2 3.5))(£ TR
+ - : —~ + -
L=X ); gy y1+ Y2 g ] ¥ y
X2 o x— - J=1 > =1 @)
y~1 2y-3 y—1 2y=3 [y -3)y-1)
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tr(2) :>—:5—~=2y—3 thé vao (1) ta duge

y -1
5 -3
;(3!_'_):2:6),:')1:3),:1
2y+3 2
. 21 21
thayyvao(l): =-2.—-=-3)(—-1)=-10
6 6

; 7 ;
Vay hé phuong trinh ¢6 nghiém (—10;—2~) thoa man DK

| B R A S
e bk —+—== (1)
3x 3y 4 3x 3y 4
e) 1 &S bK:x#0:;y #0
S 1 2 5 1 2
o et B —+—=— (2)
| 6x y 3 (18x 3y 9
- 4 l
Trir timg vé€ cua phuong trinh (1) cho phuong trinh (2): . et — 0 L

18x 36
thay x =2 vao (1) tadugc: y = 4.

Vay hé c6 nghiém (2; 4). thoa man DK
g) PKix#+2,y#-1(%),

[ (
3y+5+2x+3=l 3+—2-—+2—L=l
) y+l  x+2 y+1 X+2
ta co: < T >4 | |
IVELT™R s B
y+l x-2 | y+l x-2
2 b, (2l
y+l. x+2 Cly+1l x+2
=2 : | =2 5 5
—+ =-2 ——t =—4 (2)
y+l x=2 ly+l x-2
LAy (2} it (1) theo & —2— 4 —— =0 =222 2
X=-2 x+2 X~ -4

:>3x+2=O=>x=—-§ ( Thoa man (*))

thay vao (1): —2-—=—4+ :>y=:g—] ( Thoa man (*))
y+1 _2,, 13

Vay hé phuong trinh ¢6 nghiém: (——3—2;%1‘)
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B:i 2:

b)

)

: Cho heé phuong trinh {

G he phuong trinh
2x -4y +72=-17 (h
S5x -3y +067=3 (2

IX+Sy+272=21 (%

Nhan (1) vai (-6) roi cong var phuone mmnh 20 theo ve: nhan (1) vai (-2) roi
mg ] e

cong van phuong trinh (3) theo ve ta duo

2x-dy+7=-17 2x =4yt 17 (4
=Tx+ 2ly =I5 S ¢X =3y =~I5 ()
-X + 13y =55 -X. + 135 & 35 ()

Cong (5); (6) ta dugc: 10y =40 .3y =4
thay vio (5): x =-15+12=-3

thavy =d:x =-3vao(d):z=35
Vay heé ¢o nghiém (-3 : 4 5).
X —-my ={) (h

mx-y=m+1 (2)

B o o X-3v=10 (1"
Var m = 3 hé da cho tro thanh ,
Ix-v=4d (2°)

X . , I 3
ur(l): x =3y thay vao (2'): Sy =4 =y = “=x=

- -

o ¢ : 13
Vay voi m = 3 he phuong trinh ¢o nghiem ( - %)

Tir(1): x =my thay vio (2)
mzy;y:m+l:>y(mz—l):m+1 (3)

J R . . . 2
Pé h¢é co | nghiem nguvénthi m™ -120=>m # |

. e o I |
khidotir(3): y= e

n]z —1 m — |
déy ¢ Zthi m~1 phaildude cta L. Do do:
+ Neom=-Il=1l=2m=2=y=1 ox=2
+ Neum-l=-1=2m=0=y=-1>x=0
Vay voim = 0:m =2 hé co | nghiem la ciap s6 nguyen.
Tir (3), dé hé ¢6 1 nghiém la cap so duong thi

m? ~1#0 m # +|

d =my>0 &<{m>0 <om>|
m + | m > |

—— > ()

y::
{ m- -1

Vay dé he co | nghiem la cap <o duong (x:y) thim > 1.



Bai 4:

X y ,
-——=0 (1)

a) Vi m = -1 hé phuong trinh trg thanh: {x -2 y+1
2x+y=3 2"

DK: x#2;y#-1
Tu (2'): .y =3 -2x thay vao (1'):
X 3-2x 2x 3-2x 3
- =0 + =0&
x-2 4-2x 2x-4 2x-4 2x -4
Vay hé phuong trinh da cho v6 nghiém.
b) Diéukién: x#2;y#m

=0 (vo nghiém)

Tu(z);xzz_‘Lz*_T!_

Thay vao (1): I-mimy ¥ =()¢:>2_m+m}'_. y
2-m+my y-m my-m-2 y-m
2(——-=2)

2

:>4y—m2y—2m+m2=0c:>(m2-4)y=m2—2m (*)

+ Neum?-4=0->m=+2
Véi m = 2 phuong trinh (*): 0 = 0 ding véi moi x
xeR

Vay m = 2 hé phuong trinh c6 v6 s6 nghiém {
¢ y=X

Véi m = -2 phuong trinh (*): 0 = 8 v6 nghiém
Vay m= -2 hé phuong trinh da cho v6 nghiém.
+ Néu m? -4 #0—- m = +2. phuong trinh (*) c6 nghiém:

_m2—2m_ mm-2)  m
Y= mi-4 (m+2)m-2) m+2
m
Y me2
Dé - 1a nghiém cda hé thi
2-m+my
X=—-
{ 2
| T #m (—m?
m+2 = _m’to s m #(0)
4 m2 —{ m+2 =>{|lmz-1=>
2-m+ —, — 2 P . m # -1
2m +2 .9 oy m #.

xeR

Vay: + m=2 hé c6 vo s nghiem{
y=x
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+ m#22.m#£0;m/ | he¢conghiem duy nhat m:Q
s s
m+ 2
+m=-2:m=-1:m=0 hevonghiém.
e (1)
Bai 5: Cohe{ 2 d ,
2mx+(m-1y=m - | <
) , Jx s
Vi m =0 hé cé nghiém duy nhat: [ l
)' =
Viom #0
1 - 1
Ti(l) 3y=(( s —1)— thay vao (2):
m
| - _
2nx+£- m)x_l)m l=m~l
2 m
2 -—
<:*2m*\-(l L x+l m=m—l
2m m
¢>4m3x—(l—2m+m2)x+2—-2m:2mz—2m
o(3rr,2+2m~l)x=2m2—2
c(m+DABmM-Dx=2(m-DH(m+1) (3)
m=-|
a) T.thiy (m+1)3m-1)=0¢& |
m = —
3
Vii m= -1 phuong trinh (3) trd thanh: Ox = 0 ding véi moi x
) . xeR
Viy m= -1 hé (I) c6é vo so nghiém { l
J = -_x

: 1 -1¢
Vii m= : phuong trinh (3)trg thanh : 0x = “(l)_) Vo nghiém

Mym= % hé (I) vo nghiém.

-~

m # —|
~-Neu(m+D@Bm-D)20= I
m# —
:
Kai d6 phuong trinh (3) c6 nghien: duy nhat x = zi"‘ - :)
am —
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Hé (1) c6 nghiém duy nhat

” . , ) xeR
Vay: Véi m = -1 hé (I) c6 vo s6 nghiém { i
y
- , . , )
Véi m =0 hé c6 nghiém duy nhat: { |

. 1 ;
Vi m = 3 hé (I) vo nghiém.

Voi m #0; m#% va m# -1

2(m-=1)
X = —
Im-1
_ m + 1
i l1-3m

hé (I) ¢6 nghiém duy nhat:

, , | 1
b) Bé phuong trinh c¢6 nghiém duy nhat x <0 ; y<Othi m# (; m=# 3 va

(]
2(m -1 s<mc<l|
2m-1) )<0 3 |
m#-1 va 3m -1 SO me-1 ©—<m«<l
m+1 3
<0 |
l-3m m>-}—

Vay dé hé c6 nghiém duy nhat x < 0; y < O thi % <mc«<|.

Bai 6: Giai cic hé phuong trinh sau:
X+2y=4 Xx+2y=4 X+2y=4
a) " 5 = > =
X" +4y° =8  [(x+2y)' —4xy=8 2xy =4
= X : 2y la nghiém ctia phuong trinh: X° -4X+4=0
& (X-2=0X=2
Xx=2 X=2
=
2y =2 y=1
Vay hé phuong trinh da cho c6 nghiém (2: 1)
b) DK:ix#0:;y#0 tacd ;

Khi do ta ¢co: {

2

13 2 2 2 Yev
Ead 522t X" +y =_ll (X +y) --\)zl_-‘i xy= 6
y X 6 o Xy 6 & Xy 6 & + ¢
X +y=":
X+y=35 X+y=5 X+y=5 '
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()

><.
i
rJ

> X, y la nghiém cua phuong b~ - Sh 6 0
X=3
; . . 3 [N 3
o do he ¢o 2nghiem la
: y o3 )
X+y+xy=1I (1
R Al
(X" +y )+3x+y)=28 (2)
Tu(l)y: x+y=11-xy the vao (2
b % ) R R
NTHV 33 -3y =28 (N4 V)T =Ny =5 (3)
Thay x + y =11 - xy vao (3
) R ]{_‘_\/ = 2‘
(Il =-xy) =5xy=-5=x"y -2Txy+126=0=
L Xxv==6

+ Vi xy=21=>x+y=-10=x.v langhicm cua phuong trinh:

2 X=3
X" +10X+21=0=>]| _

y =7 y=3
+ Vai xy =6 = x+y=5=x,y langhiém cua phuong trinh:

) . K =5 x=7
Nén hé co nghiém hoac

=%

xz—sxm:o:{
y=3

Vay hé phuong trinh da cho ¢6 4 nghiém (x: y) la:
(3 T (3% (2 3 (35 2)
x3—3,\'yr:4y (1)
PDK:x 20.:y#0tacohédacho<» ¢
y -3xy=4x (2)
Trir (1) cho (2) v€ vai vé ta duoc:
x2 -yl =4y —Ax S (x~y)(x +y)-dx-y)=0
=¥

Q(va)(x+y—4)=()©[
X+y=4
+ V@i x =y thay vao (1): x* =3x’ = dx

& 2xr=4x o 2x  +4x =0
S2X(x+2)=02x=-2. doxz0

X=-
.
+ Vaix+y=4=x=4-vy thay vao (I):

9 r9

Neén hé co nghiém {

2 ) - X = 2 X = 3
= h¢ co nghiém hoac
3 y=2
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(4—y)2-3(4—y)y=4y c::4y2—24y+l6=()<:>[y=3ﬂ\/5 |
. y=3+¥3

x=1+J5 [x=1-5

y=3—\/.—{y=3+\/.—

Vay hé phuong trinh da cho ¢6 3 nghiém (x; y) d6 la:

{x=1+J5 .{le—JE . {x=—2

Tir d6 ta c6 hé c6 nghiém {

y=3——\/§‘ y=3+\/§,
) 2x2+xy=3x 4}
e
2yz+xy=3)r 2)

trir (1) cho (2) ta dugc:

2(x-y)x+y)=3(x-y)2(x-y)x+y)-3(x-y)=0
B x-y=0

<:>(x—y)(2x+2y—3)—0¢:'[2x+2y=3

+ Véix =y thay vao (1) ta c6: 2y2+y2 =3y<:>[y~
y:

Heé c6 nghiém (0; 0) va(1; 1).
3-2y

+ V6i 2x+2y=3>x=

y=0
y=3

2y

Thay vao (2) ta dugc : 2y> +3 y =3y @y -3y= ()<:>[

Hé c6 nghiém (% ; 0)va (—% ; 3).
Vay hé phuong trinh da cho c6 4 nghiém (x; y) la:
3 3
0;0;50;:D;:(=;0); (==:3).
0:0:(1: 1 (2 ) & 5 )

VI. GIAI BAI TOAN BANG CACH LAP PHUONG TRINH VA HE PAUONG
TRINH

Bai 1: D4i 18 phut = % gid.
12 phiit = -;— gio.
. 3
Poan dutmg di véi van téc 60km/h la: 60.]—6 =18 (km)

Goi quang dudng AB 1a x (x > 18); tinh bang km.
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Mo gran dudinh la — gio

‘ 6(0)
Poan duomg di van van toe Stk /h T
Thon gran di doan duong con fan 1

b i . one 3 % <JE %3
o gran di trong thue e la: ' )
1O 3 L

. . : | I
Vi xe dén not cham — 1o nen taco phuong tnlhe
e

X_—~Ji = ~§- + l S OXx—=I18=5x+060& =78 (TMDK)
S0 ()
Viy quang duong AB dair 78km.
Bai 2: 5oi nang suat du kién theo k¢ hoach bun dau la x chi uét may/ngay
(dk x e N"). So chi tiét may san xuat trong 5 ngay dau la 5x.
Ning sudt nhimg ngay sau la x + 10.
Taon gian san xudt s6 chi iét may con lat va them 50 chi tiét vuot mifc la:

X+ 10
3500 3550 -5x 3500 3610
T1 c6 phuong trinh: = Sl =
‘ X X+ 10 X Xx+10

3500x + 35000 = x* +3610x = x* + [10x - 35000 =0

A' =557 +35000 = 38025 = VA" - 195

x =-110+195=95 (TMbDK)

x, =-110-195<0 (khong TMDK)

Viy nang sudt du kién theo ké hoach ban dau [a 95 chi ti€t may/ ngay.
Bai 3: Coi thoi gian voi 1 chay | minh day bc la x.

Gyi thoi gian voi 2 chdy 1 minhday bélay (x 1y >0)

L. . : N .
Toong | gio, voi | chay duge — bé, voi 2 chay duoc — bé. Hai voi cung chay
X y

thi 4 gio bé day nén 1 gio ca 2 voi chay duoge Y bé. Ta ¢6 phuong trinh:

] 1 I
-+ - = (h
X y 4

+ — )bé.

N . l I

Toong 2 gio, voi 2 chay duoc: 2.( — + -

X

Tong 6 gid, voi 2 chay duoc: 6. L bé.
)I



Ta ¢6 phuong trinh: 2. (i + —l~ ) + E = | ¥
X Y y
[
£+1=£ (1)
" : . ; x y 4
Tu (1) va(2) ta <o he phuong trinh: < |6
H—~+~—)+—=1 (2)
L Xy Y
. . " 1 6 6 |1
Thay () vio (2)tacod: 2.—+—=1+>—=— =y =12 (TMDK)
4 vy y 2
; R 11
Thay vio () tacé: —+—=—¢> —=—=x =6 (TMDK)
X 12 4 x 6

Vay thai gian dé voi 1 chay 1 minh ddy bé 12 6 gio.
thoi gian dé voi 2 chay | minh day bé l1a 12 gio.

Bai 4: Goi x la thai gian 016 di dé dén vi tri cich déu ngudi di xe dap va ngudi di xe
may (X tinh bang gid. x > 0). Trén hinh cic diém D (cht vi tri nguoi di xe
dap), chit O(chi vi tri nguoi di 6t6), chir M (chi vi tri nguai di xe mdy) thoa
man diéu kién dau bai. :

Ta c6 bang tom tat sau:

i w T s o Quang duong da
Gitrkhdi hanh | \NO1 glan dd di d&\ 0 o | i ad dén vi i
dén vi tri nhu h.vé 2
, nhlr_I}.ve .
Ot 8 giv X gio 40 km/h | 4x km ]
Xedap | 6gi0 (x +2) gio L 10km/h | 10(x +2) km
Xe mdy | 7gio (x +1) gio 30 km/h | 30(x + 1) km

Theo d4u bai ta c6 phuong trinh: 40x — 10(x + 2) = 30(x + 1) — 40x

5 . " i
Giai ra tim dugc: x = 7 gidy (thoa man diéu kién)

K¢t luan: 8 gio + F gidy = 9 gidy 15’ thi 6t6 ciach déu ngudi di xe dap va

ngudi di xe may.
Bai 5: Ta phan tich bai todn bang bang t6m tat sau va lap hé phuong trinh:

S (km) V (km/h) t(gio)
Du dinh X Y
Néu xe chay cham X 35 y+2
Néu xe chay cham X 30 y-1
bK: x>0 y> 1
=Xx=35(y+2) (1)
=x=50(y-1) (2)
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| % Ry = 2}

Keét hop (1) va(2) ta co he phuony tnh Vi o B 1
i \ 180
Cral he phuong uinh ta duoc: (/e d/k)
VD

Vay quiang duong AB 1A 350 km va diem vuat phat cua oto tar A la:
12 - 8 =d(au
Bai 6:
|.a» bang phan tich:

}Fw :tﬁ 7 ) flﬁ@ggl’l'dd} be ' f\'an}_‘ suat chay 1 g}_ﬂ VVVVVVVV
. 24 3 .
Hat vou ~— (h) ‘ (b¢)
5 24
e e e e o o } | s ]
Voi l X (h) (h¢&)
: X -
‘ | :
Voi Il Y (h) | - (be)
! )
.., o T
PK:x,y> —
11 5
—_—t — = — (1
i . X y 24
L.ip he phurong trinh:
9 S5 6
=4 .- (2)
x 245
Jx =12

(t/m dk)

y =8

G i hé phuong trinh ta duoc: 1

Viy ngay tir dau chi ma voi thir hai thi sau 8 gio day be.

Bai 7:
Goi 56 tién phai trd cho médi loai hiing khong ké thué VAT lan luot la x va y
(tnéu dong) (PK x, y > 0)

: b Rt ol ’ ; ... 110 . :
Viy loai hang thit nhat véi mac thu¢ 10% phai tra [0 x (triéu dong)
(
. e e OB s Al
Lcai hang thi hai véi muc thué 10% phai tra MIT)(»iy (tricu dong)

110 108

Taco phuong trinh: —x + —y =217 (1)
¥ & 100 l()()}
52 e —— . . 109
Ca2 loai hang véi mirc thué 9% phai tra: rl«(—)(—)-(x +y) (2)

Tu(l) va (2) ta co hé phuong trinh:
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109(x +y) =218

110x + 108y =217 o 110x + 108y =217
X+y=2

Giai he phuong trinh ta duoc: {’; - ?: (t/m dk)
Vay s6 tién phai tra cho méi loai hang 1a 0,5 triéu va 1,5 triéu.
BaiB: Gois6lonla x vasonho lay(x,y € N:v>124)
Theo dau bai téng 2 so bang 1006 ta ¢6 phuong trinh: x + y = 1006 (1)
Vi lay s6 16n chia cho s6 nho dugc thuong la 2 va s6 du la 124 ta c6 phuong
trinh: x =2y + 124 (2)

Tir (1) va (2) ta c6 hé phuong trinh: {x +y =1006
: x =2y +124
5 . )x= 712

Giai hé phuong trinh ta dugc: {y =554 (t/m dk)

Vay sO lo’n 1a 712; s6 nho 1a 294
VIl. BAT DANG THUC, BAT PHUONG TRINH, CUC TRl DAI s&

VIL.1 - Bat ddng thirc

Bai 1: Theo dinh ly Pitagotacé l=b>+c’val>b; 1 >c. Vay I=b’ +¢’> b+ ¢’

2
Bai 2:a) Vi x’ - x +1 =(x—%) +%>0 vdi moi X

7x2 ~15x +12

Nén —— >3 X2 -15x+1223x2 -3x +3
X“—x+1

& 4x?-12x+920(2x-3)' 20 (Ding)

D4u bang xay ra khix=% )

b) Tacé: a® +b* <ab(a+b) <> (a+b)(a® —ab+b?)<ab(a+b)
& (a+b)(a> -2ab+b?)s0e> (a+b)(a-b)’ <0
Pingvi a+b<0va (a-b)’ 20

¢) Tac:0> -2=x"+y* =(x+y)(x* - xy +y?)

2
Ma x? - xy +y’ =(x——§) +:::—y2 >0 Nenx+y<0 |

Mat khic: (x—y)’ 20 x* —=xy +y* 2 xy
@(x+y)( —Xy+Yy’ )Sxy(\x-ky)
o xy(x+y)2-2 e Ixy(x+y)2-6'

148



ox +y +3xy(x+y)z-Rev(viy) 2 o Nodx+y2-2
Dau bang xay rakhix =1 -~ |
d) Juong tircau ¢
Bai 3:
a) ~pdung bat dang thic Bunhiacopuky taco

(2a+30) s(a240?)(20 0 3) 3(’ o0 ) (2 +02)

5

o[2a+3bl<a’ +b? > 2a+3h<a + b
Dau bang xay rakhia=2:b=3
b) Ta co: 5()(2 +y2)—4(x —y)+2(xy+1)20

c>(4x2—4x+l) (4y +4\+l) ( +2Xy +y° )2()

Q(Zﬁ(\-—l)2 +(2y+l)2 +(x+ y)2 > ()

I 1
piéu nay luon luon ding. Dau bang xay ra khi x = -2"'\' = _5
Bai 4:

L 4 a+b 4 ‘
a) "aco: —+—2 o - PR (*)
a b a+b ab a+h

Via,b>0;a+b>0nén: (*)e>(a+b)’ 24ab (Bat ding thitc Cosi cho 2 56 )
Vay J_+12
b a+b

by Pat(x — 1)’ =t thit>0vax(2-X)=-x" +2x=1-(x-1)=1-t
Vi0<x<2nénl-t>0
Ap dung bat ding thic ¢ ciu (a) cho hai s6 duong tva 1 — t ta dugc
1 1 L1 4

x-1)° +)n&(2-—x)“l -t t+l-1

vdimoia,b>0

Ma4-x> <4do 0<x<2 Vay: ———+——<>4-X

Bai 5: 1) Ta ¢6 J5>‘/"+b;"/""h 2Ja>Varb+a-

Binh phuong hai v€ ciia bat dfmg thirc ta dugc:

ta>2a+2Va’-b2 sas>val-bl oal>a’ - & 0>-b’ Pung
b) Ap dung ciu a vdia = 2006 va b = | ta cé:
272006 > 2007 + 2005 > V2006 - 12005 > V2007 - 2006
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VIL.2. Gia tri lon nhat va gia tri nho nhat Cua biéu thurc :
Bai 1:
a) A=(x- 3 -8nénmin A =-8khix=3
b) B=(x -2) +(y - 3)" +(3x - 2y)’ + 2007
NenMmmB=2007Khix=2,y=3

¢) Diéukién: x < —% hodc x > 0 (*).

=

Ap dung bat ding thitc Cosi cho hai s6 duong ta c6:

- | b
C=\/ X +\/:.x+122J\/ X \/2x+l 7
2x + 1 X 2x + 1 X

VayMinC=2khiJ = =\/2x+l¢:>x?’=(2x+l)2
2x +1

X
x=-1
S +ax+1=0 I
X=——
3

Dai chiéu vai (*) ta duge x = —1. Vay Min C =2 khi x = -1
d) Tir V3x =5y +2 = 3x -5y =2

Theo bat dang thic Bunhiacopxky ta cé:
(ﬁx.l ~ \/gy.l)‘ < (3x2 + 5y2)(1+ 1) < 3x* +5y° =2

1 |
VayMinD=2khi x= —= vay= -—
1y \/5 y \[5-
Bai2:a)M=11-(x-2)>. Néen MaxM=11khix =2
b) N=2005-(x-1) -Qy+ 1))~ (x-2y)°

Nen MaxN = 2005 khi x = I; y =

2
x+1+2-x) 9

c)P=(x+1)(2-x) S(—-—i————-) =Z‘(Ba't dang thitc Cosi cho ! s6)

Vay MaxP=—9—khix=-l—

4 2

- 5 3X—l 3 2 i
Bai 3: Tacd: P= — : ¢:>P(x“+l)=3x—l<:>Px -3x+P+1=0 (*)
X° +

Ta thay P = 0 khi x = -;-

Véi P # 0 thi gid tri cia P phai thoda man cho phuong trinh (* ) ¢5 nghié&m vai :
Diéu nay tvong duong véi:

A=3—4P(P+1)20&4P? +4P-9<0 & (2P+1)° <10
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> VIDLP IS ID e -7 e

JIo 1 TR I T
VavMaxP) = - : khi x \ . Nt by = ’ khi x = — ;/‘

—

V113 Bat phuong trinh

Bai l:
D lom - m° -4
a) < hyox . -
l} m- 4 4
X 2|
C) <x <| ) i
|\ <

Bai 2: 0 |x - 2|2 2x -1

.
=120 Y ,
2x = 1> ( N ] )
<>{\ > () ¢¢~J\>i @[\)1 & x <1
(x-2) =2(2x-1) |- 2
[ | - 3210 -l<x <l
b Ticd: 1+2)x-1<3x-5&2x-1<3x-0
x=220 X 22
< (7_,\‘_7_)35(}\(_()) (3x-0 )(’»\—ﬁ+2x_1)>()
X &2
x2z2 x >4
= q <> x >4
{0f4)“*—3)>” l 8
ﬁ_-

TSk +620
Ix+2<0)
{%H 2>()

~5x+62 (3.\ + 2)3

[(x-2)(x-3)=0 [x<2ix 23
\ 2 < 2
vS-S x<$-=
\ 3 \ 3 2
=0 I <> SPXS-—
v 2 3
X>—-— X > ——
3 3 4 3 (*)
(2 =5x+620x7 +12x 44 [ [BxT -17x+10<0

(Hé (*) vo nghiém do bat phuong trinh 8x°-17x +10 vo nghiém )
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d) Vxl-3x+2 <v2x} —5x+3
Ta co: \/x2—3x+2<\/2x2~5x+3

3 x <1
X°=3x+220
&> & x22
x? —3x+2<2x?-5x+3 5
X“=-8x+1>0

([x <1

@‘txzz c}[xsti—\/ﬁ
x24+/15 x24+J15
k_xs4-\/ﬁ

32 +2x-120
e) Tact: 3x2+2x—-l<sx+le{x+120

3x24+2x—1<x? +2x +1
[x < -1

(x+l)(3x—ll)20 55

3
S<ix2>2-1 = B 1
2 x2-1 —<x<1
x° <1 .

W |—
i
|
(S

—1sx <1
Bai 3:
a) Diéukién x> 0. Ta cé:
x—6vx +8<06 (Vx -2)(Vx - 4)50<:>2s~/_s4<:>45x§l6

2X X_ .o 2x(x+2)-x(2x +1)

b o: = 0 *
) Tae el xe2 0 (x+2)(2x+1) < ™
3x
0 2)(2x+1)<0
c>(x+2)(2x+l)< o x(x+2)(2x+1)<

Ta c6 thé lap bang xét dau hoac xét umg khodng gid tri dé giai

- Véi x > 0 thi (*)<:>(x+2)(2x+l)<0<:>—2<x<—5 khong thod man x> 0

X< =2 »

—Véix<01h3(*)<:>(x+2)(2x+l)>()c:>[ 1
X B
2

X <=2

két hop vdi x < 0 ta duge
——2'<X<0
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PHAN THU HAI: HINH HOC

l. DINH LY TALET - TAM GIAC DONG DANG

1.2. binh ly Talet — Tam giac dong dang \

Bai I: ‘
Kkéo dar AM lay F sao cho Al = 2 A\ /\

khi d6 ADFE la hinh binh hinh, /
> DF = AE = AC
CF=AD=AB
ADE + DAE = 180" C

s, ety B3 M

= ADL + AED = BAC
Ccac A ADF va A BAC bang nhau.

e ——

Suy ra DAM + ABC F E
Do vay ABC + BAx + DAM = 90"
Hay Ax 1L BCtirc 1a Ax = AH. Hay AH diqua M.
Bai 2: 't D k¢ duong vuong goc vai CD cat CB tai M’
6oi N 1a trung diém cia CM’ D
/1 A CDNcantai N
1¢n DBN =2DCN = ACB = ABC
= A DBN can tai D nén DB = DN
H C
A
N C
B

C

>DB= —%CM’dodé M =M

X
Jay DM 1 CD.
Bai 3: Tir AABM va A ACM déng dang thi AM L BC.
Vi ty s6 dong dang bang V3 #1 5
1en B=C
Do vay B=CAM; C = BAM = A = 90"
Iy s6 déng dang bing 3 = % ; =3 M B
> B=60";C=30" A
Vay 3 géc cia A ABC la : 30" ; 60" va 90".
Bai 4: :
H ’
" A' _ Susc -
AA' S.pc C
HB' _ Syac . HC' _ Syas C

BB® S.,gc CC' Susc B A

b. AAB’H dong dang ABA'H => AH.HA' = HB.HB’
Tuong tusuy ra: HA.HA® = HB. HB” = HC. HC
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Bai 5: (7K cat AB, AC tai P, Q
‘ta c6: Theo dinh 1y Talét
MH CA' MQ BC
MP CB MK BA'
MP _ BA'
MQ CA’
_ MH MQ MP _CA’' CB BA'

MP ‘MK 'MQ CB BA' CA’

= M =] => MH=MK

MK
Bai 6: Qua M vé ME // Oy; MF // Ox.

CatOx,OytaiEvaF
Thi OEMF la hinh thoi.
Theo dinh ly Talét:
OE BM OF AM
OA AB OB AB
OE =0F

OE _
Suyra; —+—
OA OB

I 1 1 l
= OE(—+ —)=1 = —+ — = — Kkhoéng phu thudc vao d.
a b a b OE

Bai 7: Goi D, E, K la trung diém ciia BC, MN, CM.

A

Ta c6 EK // AC; EK = %NC

DK // AB; DK = BM ( t/c duong TB)
= EK = DK = A DEK can.

Vay DE tao vai

AB, AC cic g6c bang nhau

Do d6 DE ¢6 dinh
Hay E luon nam trén 1 duemg thing ¢6 dinh.
Bai 8. TirB.Dké¢ BB’//DD’// d
AM AN AP AN
AB AB''AD AD'
AB AD AB' + AD'
=5
AM AP AN M
md AABB' = ACDD’ = CD’ = AB’ \ Z
&
AB AD AC
=
AM AP AN

Hay DE // Ax (Ax la phan gidc cua A).Dc6 dinh. g \ 11

Cat ACtai, tacé:
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Bai 9: Vi BNLBC = B3

Vi IBM = IBC

» AMBI dong dang vV IBC
Tuong tr NIC = [BC

MIB + NIC + BIC - [BC+ BIC + BCL 1807 A

Flay M. L. N thang hang.
Bai 10: K¢ BP L AC,
A BPC dong dang A AKH
L AN HK _HP fLAP
B(‘ CP CK Q \K
> AAHM dong dang ABCK
B C

Got E, Q la giao cua AM va BK, AM va BP.
Xcét A BQE va A APE ¢o

— — ——

EAD = EBQ: BEQ = AEP
> APE = BQE =90" Hay AM L BK.

1.3 H¢ thire luvong trong tam giac vuong:
Bai 1: Kéo dai DA va CB cat nhau tai M
- Chimg minh M | E . F thang hiing
Tam giac DMC vuong tai M

h ¢
Tirdo tinh duoc EF = - 7——'—

Bai 2: Ap dung tinh chat duong phan gide véi cic duimg phan gidc AD, HN, HM -
va hé thirc trong tam gric vuong ABC vai duong cao AH ta duge

NC _ HC _ BCHC \
NA  HA BCHA f N
AC’  AC_ DC
T ABAC AB DB M
MB DB B
H D C

MA DC
Do do: ND// AB . MD // AC ( Dinh Iy ta lét)

Nen AMDN la hinh chir nhat
Lat ¢o AD Ia phan giic cua A nen AMDN T hinh vuong

155



Bai 3: Liy M, N thuéc AB, AC A

sao cho AM = AN = AH

Keé phan gidc géc BAH /\

cit MN tai P M N

Chimg minh P la tam B P Q \C

duong tron nodi ti€p tam gidc ABH H
Dua vao hai tam gidc AMP va AHP bang nhau

Il. DUONG TRON

1.1. Dinh nghia va su xac dinh duong tron m
Bai 1: N6i OM, Ta c6: O
E
H

B
CO-OM<CM<CO+OM
hay CA<CM < BC

Bai 2: Ta chimg minh dugc 3 dudng cao
cua AABC ciing la 3 dudng phéan A
giac cia ADEF tir d6 suy ra
D, E, Fe dudng tron ngoai ti€p AABC
o)

Bai 3:

a) Tacé: Dé dang chimg minh dugc
BD =CN

b) Ké trung tuyén AM ;
COx(0)=E \
Ta c6: EBC =90° G
nén BE L BCma AA, 1 BC B \ c
= BE // AA, K M
Tuong tu: AE // BH
=> O AEBH 1a hinh hinh hanh nén AH = BE
DA L BC = OM// BE nén OM la dudng trung binh cia A EBC

= OM = —;- BE. Vay OM = %'AH

D N

Ta co: —QEA— = —(—J—M = l— va GAH = GOM (so le trong)
AH GA 2

Do dé: A AGH = A MGO (g.g)

= he -:l hay GH = 2GO va AGH =MGO.V
GH 2

Vay 3 diém H, G,O thang hang
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I1.2. Tirh chat doi xung cua duong tron
Bai 1:

A.

b.

B /‘:T .,/"':'
No1 O] h \ |
T: c6: AH // D1 //BK V]
(vicang vuong goc vor CD) & g T

Theo tinh chat duong trung binh

I[H = IK hay I la trung di¢m cua 1K
Qua I ké duong thang A
seng song vai AB cat AH va BK i b va |, o

cec duong vuong goc vor ABLa CC DD 1 C: D 1 € AB).
Tico: AE + BF = KB + AH

Sy S\H"\”— SA[}H— \!;ll (i)
D S CC.AB . DD AB
D Sapc = '_*2‘”“”*' \DK — _‘5 )
C
Ma Il' la duong trung binh ctia ¢ CC'D'D nen 11" = ( LIS
(CC'+ DD")
e S-\f‘( + SAUH = f\B “—ﬁ‘k (2)

Tr( 1)'(’))“1) 1a: Saukk=Sacn- Saon

Bai 2: Ké OC x AD = [. Do Ol la dudng trung binh cuia
AADB = Ol = 5 BD = 5cm
vVOA=R =>C(CI=R-5

Bai 3

Ticé: (4¥3 ) —(R 57 =R?-25=Al

©R?-25=23-R*+ I0R
©(R-8)(R+3)=0—=R=8cm

.\/ay ban kinh R= 8cm A
Puong tron di dong

K ¢6 dinh 1a giao ciia
(C: BC) va (B; OC) ¢6 dinh

Bai 4: Goi G la trong tam cua AABC

ke trung tuyén CM; DN (McA; Ne AC)

., CE_CG 2
Ticd: —= —= -
CM CD 3

= EG//AB; OD LABnén EG L OD (1)
ra OG 1LBC va DN //BC

= OG 1 DE (2)
Tr (1) (2) suy ra: G la truc tam cua AODE

Lo dé OE L GD hay OL L CD \_/

]




[1.3. Vi (ri twong doi cua duomg thang voi duong tron tiep tuven cua duong
tron

Bai I:
a. Taco: AOMB vuong can tai O,

—

= O,MB = 45" o,
A 2D
Tuong ty O,MA = 45"
nén O,MO, =90" N
Ma AMO,0, = ANO,O, o,
Nen O,NO, = 90" »
Do d6: O)N la tiép tuvén (O,) Q) B
b. Goi R,: R, la do dai bin kinh 0,: O,
Ta c6: & O,MO,D la hinh chit nhat nén 0,0, =R +R,’vaR,+ R, = a

2
R, +R : '
Nén 0,0, > -(——'——-—Zl=a—:>o.ozz o
2 2 2
&

J2

Vay 0,0, ngin nhit bing —= <R, =R, = % = M la trung diém AB

Bai 2:
a. M, A, N thing hang
<BMNC 1a hinh thang
Ta ¢6: Spune = 2Sanc
ma AH = 6cm
= Spane = 90cm’
b. Tacé:
AKNA déng dang
véi AKHC (g.g)
AK KN AN
=y - d =
CK KH CH
= AK = KN =3 => AK =168cm; KN =19,2cm
KN+12 AK+6 3
- Bai 3:
MN luon di qua dicin | c6 dinh _
thudc cung BD cua (A; a) M va MN B A
la tiép tuyén M




Bai 4.
Pt IMB=IMN =B
INM - l_f:r(f=(p: ABC -
OBMNC c6: 2a + 23+ 2 = 3060

Sa+B+¢ =180"

ma AMIN ¢6: MIN + B+o=180"

- MIN =«

nén: ABMI dong dang véi ACIN (g.g)

L MI_BM_ MI_BM
« NI (I NI  BI

Do dié: ABMI déng dang v6i AMIN (c.¢.c) —> BMI = IMN

Ta co: M1 1a ta phan gidic BMN = [H = IE =—» MN Ia tiép tuyén (I; IH)
Vay MN thay doi luon tiép xic vai mot duong tron c6 dinh

b. Theo ciua: MIN =a =» ABMI dong dang véi AIMN (g.g)
AIMN dong dang vai ACIN (g.g) => ABMI dong dang véi ACIN

B - > -
= o = BL = BN.CN = BL.Cl = a” (a 1a do dai ~B—C*)
ClI CN 2

Do tich BM.CN khong doi nén tong BM+CN nho nhat
<> BM = CN khi d6 MN // BC
Bai5:
Lay D' 1a diém doi ximg ctia D qua AB
D ]
Ve (D), “ED_) tiép xuc vai AB tai H.
VE ti&p tuyén ctia D'K cat AB tai M la
diém cdn xac dinh
Chimg minh dugc: DMH = D'MH
va HMD' = D'MK ma AMC = BMK
Nén AMC =2BMD
—-Néu Cva D &2 phia cua AB,
dung (D) tiép xiic
véi AB, tir C ké tiép tuyén vdi (D),
cit ABtai M 1a diém cin xic dinh
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Bai 6.
Ké ti€p tuyén tai B cat ED tai K
Ta cé: EF = BK; BK = MK; AE = ME,
Do d6: AE.EF = ME.MK = OM?= R’

ij

E
(khong déi) = dpcm
II. 4 Vi tri tuong déi cua hai duong tron: A
Bai 1. A HB :¥
I 9,
O I’

Goi R, r lan lugt la ban kinh (O: 36); (O, 9)
x 1a ban kinh (I)
Xét 2 truong hop:

Truong hop I: H thuoc doan AB Tacé: AH=2+Rx : BH=2 vrx

Mia AH + BH = AB nén: 2 VRx + 2 Vrx = 2JRr

:>x=—i—2.ThayR=36cm:r='9cm = x= 4cm

(VR + V7
Truong hop 2:
H thuoc tia d6i ctia tia BA; H=H' Tac6: HA - HB= AB
Tuong tu ta cé: I'H' = 36cm

Bai 2:
Theo tinh chat d6i ximg BD L OO'; CE L OO'; BD // CE
<OBDEC la hinh thang tiép tuyén chung
tai A cat BCvaDE taiMvaN

Ta ¢6: MN = 24; BC = 2J/RR’
KéCH1BD;CHNOB=F
Trong ABFC vudng co:
BC’=CK.CH => 4RR' = (R+R') CH

4RR’
= HC = R+R'

Do MN la duong trung binh hinh thang BDEC

4RR’ RR
= Swec=MN.CH=2yRR' . o =8RR'. }gR:

160



Ba 3
Llacor MO L AR MO BE
ma MO 1 MO’ (tia phian grae 2 poc ke buy Nen v BE
L OM cat AE a1
Ta co: AAOM dong dang von ABNO) 100
Nen Al va BK Ta cidc
duong cao trong tng
L0l MK
- OM MO
Ma MK = IN
- Ol MK
nhen (7&1 = ﬁ()—
> ADIN dong dang vai AOMO (¢.g )

Do do: TON = MOO' = O.N. O thang hang

I1. {Goce voi duong tron

- AMC = i AOP

-

|

Bai': Taco: ABC =

§%]

CM tuong ur: (5(—)\P = CMB (2)

Tir do chirmng minh duoc: AMB = AOP + QTﬁ%

Suy ra BOA + AOP + QOB = 180"
Nén P, O, Q thiang hang
Bai :: Chirng minh: BCE = BALE:BDI = BAF:BCE = BDF = BAE = BAF
Bai : Chimg minh A,B, . A,B, . MN dong qui vi la ba dudng cao cua tam gidc
\,\MB,
Bait: Chimg minh tir gidic AEBD noi nep
Két hop vai EP = DP suy ra tam giic DEF déu
Bai &
a.Ching minh MENF L tir gidc ¢6 ba goc vuong dua vio géc ndi tiép
b Ching minh AMN + MAD = 90"
Bai ¢ Chimg minh D, O E thang hang suy ra DE luon di qua O ¢6 dinh
Bai 7 Vé cac ta Ay va Ay' lan luot La tiép tuvén cua (O) va (O') tai A

Vi 2 canh Ay va Ay' codinhnén yAy' khong doi.

Xét ACMD co: Chimg minh CMD = \/\—: khong doi.
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Bai 8: Ching minh: 0,0,0, = 225 ; DEY oot

Tuong tu cho cos géc khdc suy ra duge O,0,0;, la hinh chir nhét
Bai 9:
a) Ta c6: AEKB va AKAB dong dang suy ra

= — L KA = KB? = KE.LKA= OK? = KE.KA
KE KB
OK _ KA

- —
KE OK

= AKCD va AKEO déng dang

Suy ra OEK = OAK =CEA . Nén O, E, C thing hang
b) Qua E ké dudng thing song song véi OB cit AO tai I va cit ABtai F.
OE_El DE_EH

Ta c6: EI = EF'"; = : =
OC AC DC AC
OE DE
Suyra: —= —
OC DC

Bai 10: Trén AP 14y PN = PB; PM = PC

Ta cé: APB = APC (vi chdn cung Xﬁ=§é)

= ACQP va ABQN déng dang

5 E_[_’_ PQ - CP_NB_  BP BP
BN QN PQ NQ PN-PQ BP-PQ

_ BP_BP-PQ

CP~ BP
chia 2 vé cho PQta duge ——= -+ pay 141-1
PQ PB CP a b c

I1.6 T giac noi tiép

Bai 1:
a. Hlatam dudng tron noi ti€p AABC
b. B; Cla tam duong tron bang ti€p ADEF.
Theo tinh chat cua ti€p tuyén ké dén cac dudng tron.
2EI = EF + DF + DE=2FK = EF + DF + DE
= Chu vi DEF = El + EK
=>DE+DF=IF+EF+FK= DE+DF=IK
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Bai 2:
a. Taco: OAIHB noi tiép diomyp ton S HIC - \Ox > IH//NE
b. Theo cau a ta duoc: OIHNE Ia hinh chirnhat » HN = 1B (1)
Ta cé: SICFB noi tiép duong tron v AHNA nonnep
Suy ra: AMNH = AFEI = MN = I'}:
Bai 3:
A Chimg minh OFCAN noi tiep = FAC = DNC
Mat khic: DE = BE=> EAB = DN\I:
Tu d6 suy ra: N, C, E thang hang
b. Ke CK// AD (K € AN)
Chimg minh & ADCK Ia hinh binh hanh
Suy ra: DN di qua trung diém cta AC.
Bai 4:
a. Chimg minh dugc OA L MN
IK L MN = 0OA//IK
Tuong tu: AK // 10
Vay <& AKIO la hinh binh hanh
b. Goi E la giao diém 2 dudng chéo cua hinh binh hanh AKIO.
Taco: EA =EI
Talai ¢6: OK la trung truc cia AD nén EA = ED = El = ED.
Nen ADI =90

. : — BD — A
Bai 5: Tu giac BA'DC noi ti€p (O: 57 ) = A'OB’=2A

e~

T gidc: <OAA'CD noi tiép (O, %Q )= B'C'=2A
Viy O € duong tron ngoai tiep AA'B'C

ll. HINH HOC KHONG GIAN:

Bai 1:

Tirtam gidéac ABC déu tinh dugc AM = A]--%/E :

e

_
oM= 23
6

Tir d6 tinh duge SO = Ji - 1‘11;

Turd6 tinh duge VIS, 1S,

A
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Bai 2:

av3

a) Tuong tubai | véil = =

b) Vi cic canh cta hinh chép déu bing
nhau nén ta chimg minh dugc MNPQ
1a hinh thoi :

Do vay MP L NQ va MP ; NQ cit
nhau tai trung diém ctia méi dudng

Bai 3: Nira dudng tron quay quanh AB tao ra khoi cdu tam O , ban kinh R
— Hinh thang vuéng ABMNquay mét vong quanh AB tao ra hinh nén cut
C6 ban kinh cdc ddy la AM, BN , dudng cao la AB
— Ching minh AMON vuéng suy ra : CM .CN = CO’= R?

Ma AM=CM ; BN = CN AN

nén AM .BN = R? nén BN = 2R

Pudmg cao ciia hinh nén diy NB Ia h thi M/ v

h- AB AM l hziAB=—8-R \ B
h BN 4 3 3 o)

Thé tich ctia hinh nén cut la :

2
——n(2R) R-% (R) ZR=1 R}

2) 3 2 .
C
Bai 4: Vitam gidc ABCdéunénAH=a—\2[_§-;
L

Khi AAOB quay tron moét vong quanh
AOthé tich cta hinh duoc sinh ra bing

Thé tich.cta hinh nén dudng cao AH ddy 1a i
duong tron duong kinh BC trir di

Thé tich ciia hinh nén c6 dudmg cao 1a OH c6 cung ddy
Do vay :

v%n[ T(A” on) - (af aﬁ}=na3\/3

2 6 36

164



Bai>: Chimg minh bang phan chimg
Gra sit MN va AC cung thuoe mot mat phang
Thi M nam trong mat phang di qua A.CON
do d6 A va M nam trong mat
Phang di qua (A, C.N)
Nén S cling nam trong mat phang nay

MaBe (4.C,N)

Vay A . B, C. S cung thuoc mot matphang .

bic¢u nay mau thuan vai S.ABC 1a hinh chop

Vay AC va MN khong thuoc cing mot mat phang
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BAI TAP NANG CAO

I. PHAN DAI SO
. . |2x+3|—|xl
Bai 1: Giai phuong trinh: ——— =2
2x+3|-5
m

Bai 2: Cho phuong trinh: L=
I-mx 1-x

a) Giai phuong trinh véim =3
b) Tim céc gid tri nguyén cia m dé phuong trinh chi ¢6 nghiém nguyén .
Bai 3: Giai cidc phuong trinh sau:

a.x2+2x+4=2x—L

b. [3x +2|=2x* -3x - 4

C. x3-x—l‘=x3+x+l

2 6

xz -2x+2 x2-2x+3 - x> -2x+4
Bai 5: Cho phuong trinh: 3x* - 4x’ + mx*+4x+3=0

a) Giai phuong trinhvéim=-35

b) Véi gid tri ndo ctia m thi phuong trinh v6 nghiém.
Bai 6: Giai cic phuong trinh sau:

a(x+3) +(x+5'=16

b.2x'+x'— V3. x+1=0

c.x*-5x2+18x-5=0
Bai 7: Giai phuong trinh: (x - 2005)® + (x - 2006)* =1

2\/_2-x

Bai 8: Giai phuong trinh: x + =1
v1+x?

Bai 4: Giai phuong trinh: l + n

Bai 9: Giai phuong trinh:

a) \/x+\/2x+3+2:M b) —E—+\/-l—+—1—=2

2 1+x 2 2x
Bai 10: Giai cdc phuong trigh sau
a) 4xX+y - 12x+2y+10=0
b) X! +y' +x-y+xy+1=0
c) X2+ Sy +4xy -2y -2x+2=0
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Bai 11: Tim tat ca ciac cap so (x: v) nghicim diine phirane tinhe
(lox* + D (y'+ =16y

Bai 12: Tim cdc $6 nguyén n de cac nghien coa phirone ininh sau la cice s6 nguyén
XX =22n+ Dx+4m-2)=0
Bai 13: Cho phuong trinh: x°  2m + v + 2m 15 = 0 Goi cdc nghiém cua

phuong trinh la x,, X,
a) Tim m sao cho x, + 5x, = 4

b) Tim so nguyén m sao cho I'= — + — cung la so nguyén.

Bai 14: Cho phuong trinh: x - m =3 —v2 - myy2 (1
a) Tim tham s6 m dé phuong trinh ¢6 nghier duy nhat. Tinh nghiém do vai
m=+v2 +1I.

b) Tim cdc gid tri ctia m dé phuong trinh (1) nhan x = 3 V2-61a nghiém.
¢) Goi m,; m, la hai nghiém cua phuong trinh (1) an m. tim x dé m,; m, 1a s6
do 2 canh géc vuong cua | tam giac vuong ¢o canh huyén bang \f4\[§ —~2
Bai 15: Giai phuong trinh: x* - 10x' - 2(a - 11)x" + 2(Sa+ 6)x + 2a+a’=0
Bai 16: Giai phuong trinh: x* -2 2x-x+2-V2=0
Bai 17: Giai cac hé phuong trinh

( X+ \/Zy—l 5
3Ja4x+2y - 5{2x -y =2 i il
i Vax+2y -5(2x -y b.4\N2y -1 N x+1 2

| 7J4x +2y +2y2x —y =32

Vax? —4x+1=x+2

3x-2y=4

Bai 18: Cho x > ?2; y2 V2. Chimg minh ring: (x +y) (X’ + y*) < x* +¥°
Bai 19: Choa,b,c >0.
a b C

: s a ; 3
Ching minh ring: —— + +- << + +
l+a’ 1+b% 1+4¢2 2 b+c c+a a+b

Bai 20: Chimg minh ring:
1 2001

! 1 !
+ e +..+ <
30+42) 562 +V3) T3 4Va) T 40032001 + 2002) 4006

Bai 21: Choa,b,c>0;a+b+c¢c=06.
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C
Chimg minh rang: l+]— l+~l— 1+L 27—23—
RDISESD GARED RETF!

2
Bai 22: Cho abc = I; a* > 36, Chimg minh rang: dT +b’+c’>ab+bc+ca

Bai 23: Chimg minh rang .
Néux,y,z20thi x(x-y)(x-2)+y(y-2)(y-x)+z(z-X)(z-y) >0
Bai 24: Choa,b,c € [0;:2] céa+b+c=3.CMR: a’+b’+c?<5
Bai 25: Cho cic s6 thuc duong a , b, ¢ thoa man abc = 1.
ab bc ca

Chimg minh rang: — Sl oy <1
a’+b’ +c¢

b5+c5+bc ¢ +a +ac

Bai 26: CMR. néux,y € Z' thi mot trong hai bat ding thiic sau 1a sai:

Ly} o,

xy /5| x2 y? X(x+y) Js | x? (x+y)2
Bai 27: Cho a, b, ¢ > 0 va abc = 1. Chimg minh rang;:

b+a+c+a+a+b2\/;+\/6+\/g+3

Va b e |
Bai 28: Chimg minh rang: Moi a, b, c,d, p, q > 0ta cé:

1,1, 1, p+qd  p+qg  p+q
a b c pa+qgb pb+qc pc+qa
Bai 29: Cho x, y thay déi saocho0 < x £ 3;0<y < 4
Tim MaxctaP=(3-x)(4-y)(2x + 3y)
Bai 30: Tim GTLN va GTNN cua xy vdi x, y 1a nghiém cia phuong trinh:
‘ x'+y* -3 =xy(l-2xy)
Bai 31: Giai bat phuong trinh: (x +1)(x +2)(x +3)(x+4)-320
Bai 32: Cho abc = 1, biét bjéu thiic sau dugc x4c dinh.
1 1 1

+ +
ab+a+1 bc+b+l ca+c+l

Tinh gi4 tri cia biéu thic: P=

Il. PHAN HiNH HOC
Bai 1; Cho hinh binh haiih ABCD véi O 1a giao diém ciia hai dudng chéo. Liy E
trén AD sao cho AD = 3DE. Ty s6 dién tich cia tam giac DEO va ut gidc ABOE

la:
a) 1:2 b) 1:3 c) 1:5 d) 1:7 e) 1:6
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Bai 2: Trong hinh vé cho goc BAD bang coc BDC. Biet AD = dem, AB = 6¢cm,
BID = Sem, DC = 7,5¢m. Do dat cua BC Ja:
a) Khong tinh duoc ¢) 55 em
b) 4cm d) 6 ¢m ¢ 625 om

Bai 3: 0 dai cic canh cua tan ciac ABC la 1301415 Goi H la true tam cia tam
grac Néu AM la duong cao img var canh co do dai la 14 thi tsé HM : HA la
a) 211 by S:11 €) :2 d)2:3
e) 233

Bai 4: Mot hinh thoi néi tiép tam giic ABC (co mot dinh la A, hai canh nam trén
A B a AC, dinh doi dién var dinh A nam tren BO). Bét AC =3, AB=6, BC = 4.
Do dai canh cua hinh thoi la:
a) 1 by 1.5 ¢) 113 d) 2
el 2D

Bai 5: Cho tr gidc ABCD, trén tia doi cia tia BA lay diém E sao cho BE = BA.

b ACE = 90" thi it gidgc ABCD la:

a) Finh chir nhat b) Hinh thoi ¢) Hinh binh hanh
d)) (6 mot cap canh bang nhau e) C6 mot cap gée bing nhau.

Bai 6: Mot hinh chir nhat ¢6 chiéu dai bang 5, chiéu rong nho hon 4. Néu gap hinh
chhirnhat lai sao cho hai dinh doi dién cta no trung nhau thi chiéu dai cta nép

gapla \/6 , chiéu rong cua hinh chir nhat la:

a) V2 b) V3 02 d) Vs
m
€) J—

J \ 2
Bai 7: Do dai cac canh clia tam gidc ABC u 1¢ vai 2: 3: 4. Biét duong phan gidc BD

ciit canh ngan nhat AC cia tam gidc tai D. Khi AC =10 thi d¢ dai cua doan I6n
hon trong hai doan AD va CD la:

a) 3.5 b)S c) &1 d)6

€)n5
Bai 8: Cho it gidic ABCD ¢6 cdc dudmg chéo cat nhau tai O. Bi€ét BO =4, DO =6,
A\O= 8, CO = 3, AB = 6. Do dai ctia canh AD la:

a) ¢ | b) 10 ¢} 63 d) 82
e) /166
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Bai 9: Lay cac diém D, E, F l4n luot trén cdc canh AB, BC, CA cia tam gidc ABC

saocho AD: DB=BE : EC=CF: FA = ~l— Ty s6 dién tich cha tam giic DEF

n

va tam giac ABC 1a;

n?—n+l 2n?
a) T c) 3

(n+1) (n+1)

3 —

b) | : d) . : & n(n-1)

(n+1) (n+1) n+l

Bai 10: Cho tf gidc ABCD. Kéo dai AD va BC cit nhau Tai E.

it : x = CDE + DCE;y = BAD + ABC va k=X . Ta c6:
y

a) k>1 b) k <1 ¢) O<k«l d) k>1
e) k =1

Bai 11: Mot tam gidc déu va mot luc gidc déu ¢6 chu vi bang nhau. Néu dién tich
cua tam gidc bang | thi dién tich cla luc gidc déu la:
a) 1 b) 1,5 c) 2 d)3
e) 6

Bai 12: Mot tam gidc ¢6 hai géc biang 30° va 45°. Néu canh dé6i dién vé6i goc 45° ¢6
do dai bang 4 thi canh d6i dién véi géc 30" ¢6 do dai la:

2) 2 b) 2V2 ¢) 23 d) 2V6
e) 3

Bai 13: Gia sir c6 hai manh bia 12 hai tam gidc vuong bing nhau, c6 canh huyén
bing 12, cic géc nhon bing 30" va 60°. Ta dit sao cho ching khong tring nhau
ma chi c6 canh huyén tring nhau va cé6 mot phin chung. Dién tich phin chung
cua chiing 1a :

a) 6v3 b) 83 ) 93 d) 123
e) 24
Bai 14: Cho tam gidc ABC. Goi D, E , F l4n luot 12 trung diém cia AB, BD, BC.
Biét dién tich tam gidc ABC 1a 96 . Dén tich tam gidc AEF la :
a) 16 b) 24 c) 32 d) 36
e) 48

Bai 15: Trong tam gidc ABC c6 A=70" > LAy cac diém D, E ,F lan luot trén céc

canh BC , CA , AB sao cho CE = CD : BD = BF . $6 do EDF Ia :
a) 40" b) 45" ¢) 50" d) 55"
e) Ddp s6 khac
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Bai 16: Tinh canh cha hinh thot ABCD bict han kinh dirong tron ngai tiép cac tam
grac ABC va ABD lan Tuot T 3 va d
Bai 17: Cho tam gidc nhon ABC cantu A Huong cao Bl
AB [ AC

Chimg minh rang : i L = J

Bai 18: Cho tam giac ABC cantai A co A 20"

N AB  BC-
Chimg minh rang : s =3
BC  Ap
Bai 19: Cho tam giac ABC vuong tai A .

—

~

: ; ABC AC T 5 @ »
Ching minh rang: tan—— +1=———— V@i p la nira chu vi cta tam giac ABC
2 2p—ak

Bai 20: Cho géc nhon xOy. Trén hai canh Ox va Oy lan luot 14y hai diém M va N
sao cho OM + ON = 2a khong doi .

a) Chimg minh rang : Khi M, N chay trén Ox , Oy thi trung diém cia MN
ludén nim trén moét doan thang co dinh
b) Xdc dinh vi tri cia M va N dé tam gidac OMN c¢6 dién tich 16n nhat

Bai 21: Cho AABC noi tiép dudng tron (O). Goi D; E: F thir tu 1a trong diém cua
BC; AC va AB. Ké cdc duong thang DP' // OA; EE'//OB; EF//OC. Ching minh
cic duong thing DD'; EE'; FE' déng quy.

Bai 22: Cho dudmg tron (O) va mot diém A bén trong dudmg tron dé ké cat tuyén
BAC bat ky. Goi (P) 1a duong tron di qua A va ti€p xic véi (O) tai B, (Q) 1a
duong tron di qua A va tiép xuc vai (O) ta1 C
a) Ta giac APOQ la hinh gi?

b) Goi giao diém thi hai cia (P) va (Q) la E; (E # A). Tim tap hgp diém E khi
cat tuyén BAC quay quanh A.

Bai 23: Cho goc vuéng xOy. Cic diém P, Q thi tr di chuyén trén tia Ox va Oy sao

cho OP + 0OQ =2007. Vé duomg tron (P; OQ) va (Q; OP)

a) Chimg minh hai dudng tron (P) va (Q) o trén luén cat nhau

b) Goi M, N 1a giao diém cta hai duong tron (P) va (Q) chimg minh dudng
thang MN luén di qua mot diém ¢ dinh khi P va Q thay déi .
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HUONG DAN GIAI BAI TAP NANG CAO

I. PHAN DPAI SO
px+j—p|

axigs oW

Bai 1: Giai phuong trinh :
bk: 2x+3|l—5¢()<:>|2x+3|¢5:>x;tl:x # -4

) 3 - ok
+ Néu x< —= phuong trinh (1) tro thanh:

e

“2x-3+x . -x-3

— =L
“Fx=3=5 ~2%~R

:)x+3:4x+l(5:>3x=—l3:>x=—?'

Ll . I
+ Néu —5S$x< () phuong trinh (1) tro thanh:

r

2x+3 3x+3 )
ol +x—2fc::>—)—(—-—z2:>3x+3=4x—4:>x=7(loe_u)

2x+3-5  2x+2
+ Néu x 20 phuong trinh (1) trg thanh:

2x+3- 3 .-
k. W -x+—=2:>x+3=4x~4::»x=z(thoannan)
2x+3-5 2x =2 3
. ~ . . o 13
Vay phuc'mglnnhdachocoznghne_'m:x=§;x=--5—
o8 : 1 m
Bai 2: Cho phuong trinh: = :
l-mx 1-x

l-mx#0 {mx#!
—

I-x20 x#1

Piéu kién: {
3

* V@i m = 3 phuong trinh trd thanh =
1-3x  1-x

l .
:>!ax:3~9x:>8x=2:>x=1 (thoa man)

Tir phuong trinh da cho ta duoc: 1 -x =m - m’x <> m’x—x+ l-m=0
oSx(m-DHim+)-(m-H=0mMm-DH(m+Dx=(m-1)

Pé phuong trinh chi ¢6 nghiém nguyén thi can phai co:



Bai 3

m |
(vim = 1 phuone b co nghiem Vx e R

m + | # 0

m £ 1 ,
Khi do nehiem

|
|

=2

m# —1 N+

Pé xeZ thhm+ | phar L wae cua |

I = m+ ! I I3 X =]

* N4 l=1=>m=0-»x 41 =
Vay varm = 0;m = 2 thi phuong tinh chi co nghiem nguyén,

Ghai cac phuong trmh sau

|9 |
a) RT+2x+3=2x~1
| I
| ] i Al Al
DX+ +2=2x-1D(x+D) +2=2x~-1 D> x " +2x+3=2x - |
1

J s - «
>x" =4 (volv) phuong trinh vo nghrem

Vay phuong trinh da cho vo nghien.

by Ix + 2[ =2%° —3x —4

- Néu x 2 —g- phuomg trinh trd thanh 3x + 2 = 2x7 - 3x - 4
3-\21 |
. . =-————— (loan)
X —6x—-6=02x" -3x-3=0 = .
B V21
X = — 5

3+V21 v . -
[a nghiém cua phuong trinh dd cho.

X =

2

“~

, 2 ‘ S
Néu x € —— phuong trinh tro thanh

§ =l

5 2 2
=X =2=2X" -3 -4 2" =2mx" =1 |
X = -

5
I Ia nghiém cua phuong trinh.

x=1loaivix€~= =5 x=
3
3421

Viy phuong trinh da cho conghiem: x= 1, = x = T

C) X'}—X—Ii:x“-4.\"+—l k13-,

IK: x* +X+1>0.(*)



<:::>(x3+x~!rl)2 =(x"‘+x+l)2 <':>(x3+x+l)2—(x}+x+l)2 =()

S Hx+1+x = x-DC +x+1-x"+x+1)2 =0

x=0
c:>4x3(x+l)=():>|:

x=-1

Vay phuong trinh da cho cé 1 nghiém: x = 0; (vi x = -1 loai i khong thoa
man DK(*))

Bai 4: Giai phuong trinh : 5 : ey i = =
X“-2x+2 x“°-2x+3 x“°-2x+4
x2-2x+2%0

(x=12+120

x2-2x+320={(x-1)} +2#20=>VxeR
x> -2x+4%0

Piéu kién:

(x-1%+320

pat: x> -2x+2=t (121). Phuong trinh da cho trd thanh :
1 2

—— D+ Dt +2)+2t(t+2)=6t(t+1)
t t+1 t+2

o 33-1-2=0>

l==—Z loaivi t21.

3
Vi t=1=x*-2x+2=1=>(x-1)’ =0=>x =1
Vay phuong trinh c6 nghiém: x =1

Bai 5: Cho phuong trinh: 3x* —4x* + mx? + 4x +3=0. Nhan thdy x = 0 khong

phai 12 nghiém cia phuong trinh. Chia ca 2 v€ ciia phuong trinh chox?’ta

duoc:
3x2—4x+m+i+—35=0:>3(x2+—12—)—4(x—l)+m=0
X X X X
bat x——l-zt:>x2+-l7:t2+2
X

X
Phuong trinh da cho trd thanh: 31> +2)-4t+m=0

=32 -4t+6+m=0 (*)
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a) Vaim = -5 phuong trinh tro thanh: 30 40 1 0 =

-
| =Ty
Vi t=lpi-—=ls3 8 =lsxex’ =i=l=0 = .
X l+\/5
X =
L 2
’x_l:__\/_3__7_
o |1 ’ ; 6
Vi l=—D3Xx——=—223Xx"-3=xX" -x-3=0>
Xx 3 x_l+\[3—7_
i 6
Vay véi m = -5 phuong trinh da cho ¢é 4 nghiém:
1+5 14437
X12 = 2 v X34 = 6

b) D€ phuong trinh da cho c6 nghiém thi phuong trinh (*) c6 nghiém => A} >0

14
:>4~3(6+m)20:>—3m—142()::>msw?

Vay v0i m < ——lg thi phuong trinh da cho cé nghiém.
Bai 6: Giai cic phuong trinh:
a) (x+3) +(x+5)" =16
Pit t = x + 4. Phuong trinh da cho trd thanh:
a=-D*++D* =162 +120 - 14=0 1" +612-7=0
S+ -D=0=~1=0 M ?+7>0 = t=%I

Véit=-12Dx+4=-]22x=-5; Vhit=1=2x+4=12>2x=-3
Vay phuong trinh da cho ¢6 nghiém véi x = -3;x = -5

b) 2x* +x2=3x+1=0

3

¢:>2x4+i-+x2—\6x+§=0 <:>2x4+—l—+(x——23—)2=0 (1)

A

Vi (x —-53—)2 >0, 2x* +%> 0= phuong trinh (1) v6 nghiém hay phuong

trinh da cho vo nghiém.
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c. xP-5x2+18x-5=0
SxP A +4-9x - 18x+9) =0 (x2+2)> - (3x=3)* =0

SXE+3x-D(x?=3x+5=0. = x> +3x-1=0

31413
3
3-4J13

2 e

(vi x2-3x+5>0 Vx ). =X, =

—3+Jl’__;1

2

Vay phuong trinh da cho ¢6 2 nghiém: x| =

Bai 7: Giai phuong trinh: (x —2005)° +(x —2006)* =1 (1)
Nhan thay x = 2005; x = 2006 la nghiém cua (1)
Xét cac gid tri con lai cia x.
+ Néu: <2005~ (c—2005)" 0 — VT > 1 = (1) v6 nghiém.
|x —2006|> 1 - (x - 2006)" > |
+ Né&u 2005 < x <2006
= 0 <x —2005 <1=> (x - 2005)° <|x - 2005| = x - 2005
0 <2006 - x < 1 = (2006 — x)® <|[2006 - x| = 2006 - x

VT cua (1) > 1 = (1) vo nghiém
Vay phuong trinh da cho c¢6 nghiém x = 2005; x =2006

Bai 8: Giai phuong trinh: x + 2\5’( =] (1)
V1 +x?
22
Tacé: (1) & = -‘_/;-_—zl—-x
Vi+x2
1-x20 -
g x<1
=
<. T P {8x2=(l+x2)(1—2x+x2) (*)
1+x '

Giai (*): 8x2=1+2x>-2x-2x>+x* & x* —2x* —6x2 = 2x+1=0
Nhan thdy x = 0 khong phai la nghiém cua phuong trinh .

Chia ca 2 vé€ cho xztaduqc: x2+—l7—2(x+~l—)—6=0
X X

bat x + 1 =t phuong trinh trd thanh: 2-2-2t-6=0
X
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e 1" =2 - B=0esil~du1 ¢ Jy=hesl -1 A

- l i :\‘ 5\ J,-}
Vet tl=4s> %+ —2=49x Ay 1] 0]
\ | 3 / LR N
T ddoarvix <l

Vil l==2=9Xd === 4+ 2%4 e Dl 4 1) =0= R =]

Viy phuong trinh da cho congliem x, =2 - V3 o x= —

Bai': Giaicic phuong trinh

f""‘r:*;; 12(x + 1) — 2x +320
d YX+2X+ 342 = (1. dicu kien
2 X+V2x+3+220
dat \/°x+¥—l =X = (1>0)
thay vao (1) ta co:
Ee e ‘2‘3” —
\ﬁ:BH*”’“ 2 . e _(»;_tl_)ﬁ'___rulowl_(t-—l)(t+l)
2 L2V 2 a2 T 22
L- 1+1
< “‘“—!—-l(\’1T>0V(>()):>l=3:>)(:3
2

Nghiém x =3 thoa man di¢u Kién. Vay phuong trinh di cho ¢é nghiém

-_‘+ — ——*‘+ —— =
2 1+ x 2x

biéu kién: >0 x<-1:x>0

x+1
Ap dung bat dang thiic cosi ch() 2 56 duong ta c6;

T

Dau '= xayral\hl—z—x—:l—t}-
l+x  2x

3 |
<:>4x2=x2+2x+l¢:>3x'—2x—l=()::>x:l;x:——

-

boi chiéu dicu kién: x = | thoa man. Vay phuong trinh ¢6 nghiém x = 1.
Bai P: Giai cac phuong trinh sau:
a) 4" +y = 12x+2y+10=0
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<:;'~4x2—12x+9+y2+2y+l=0<::>(2x—3)2+(y+l)2 =0

1Y
By § 25 20:3(2x—3)2+(y+l)220
(y+l)220

(2x—3)2=0 x=2
& 2

D4u "=" xay ra khi
(y+ 1)’=0

y=us]

Vay phuong trinh ¢6 nghiém: x =—; y=-1

N | W

‘b x2+y24x-y+xy+1=0
<:>2(x2-t-y2 +X-y+xy+1)=0
=2 +2xy+y)+(x2+2x+ D+ (y* =2y +1)=0
Sx+y)+x+D2+(y-1D2=0
’(x+y)220
=>Do{(x+ 1?20 > (x+y) +(x+ )2 +(y-1)? 20
h(y—n)zzo

Xx+y=0 ;
DA4u bing xay ra khi: = x+l=0=>{x_-
y-1=0
. ) ) x=-1
Vay phuong trinh c6 nghiém { :
y::
o x2+5y2+4xy-2y—2x+2=0 <:>x2+2x(2y—l)+5y2—2y+2=0 2)
Tacé: A'=Qy-1)? -5y* +2y-2=4y’ -4y +1-5y2 +2y-2
=-y?2y-l=—(y+1)? 50
Neén dé phuong trinh (2) c6 nghiém d6i véi x thl A} =0 y=—I1
-2y -1)

Khi d6 phuong trinh (1) c6 nghiém kép: x, = l

=—(-2-)=3
Vay phuong trinh da cho ¢é nghiém: x=3; y=-1

Bai 11: Ap dung bt ding thitc Cosi cho hai s6 duong ta c6:

16x* +122v16x*.1 = 2v16x* =8x2. Diu"=" xdyra & 16x* =|
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yi +l22\/’y4] :2\[)/‘1 = ﬁ\‘ PDau = ndv i €y : = ]

=S Uex* + iyt + 2 1oy

‘ f’ z 1
e e o (I(W‘»l | X X=%—
Dau "=" xay ra khi va chi khi: ¢ ; <><} TR 2
=i |yt y = ¢l
VA A cde oF A .\ l ll ] l l l 1 h Py a
ay co cac cap soO (x; v) la: ‘2' ).(2.—« ). (—-—2. ). (—E,— ) thoa man
phuong trinh da cho x> ~22n+ Hx +4(n-2)=0

Bail2: A'=(2n+ l)2 —4(n=2)=d4n’+9>0

Vin nguyén nén dé phuong trinh ¢6 nghiem nguyén thi A 1a s6 chinh phuong
Pat: 40 +9=k> (keZ)

@kl —4n? =9 (k-2n)k+2n)=9 ma k.ne Z nén ta co:

. |k=2n=1 k=5 . {k=2n=-1 k=-5
- Néu =5 - Néu =

k+2n=9 n=>2 k+2n=-9 n=-2
k-2n=3 k=3 k-2n=- k=-3

Néu =5 — Neéu
k+2n=3 n=0 k+2n=-3 n=0
k-2n=9 k=" k-2n=-9 k=-5

- Néu — Néu
k+2n= n=-2 k+2n=-1 =2

Phuong trinh c6 2 nghiém : x, = 2n+1-v4n? +9

X =2n+l+\/;15_+;
Luon la céc s6 nguyén khi n nguyén va A 1a s6 chinh phuong
VaygidtricAntimla: n=12, n=0
Bai 13: D€ phuong trinh da cho c6 nghiém thi A’ 20
S m+1)’-2m-1520em’ 11620
Ping v6i moi m .

; o . |X, +x,=2(m+1)
Ap dung hé thirc Viet ta cé: °
X, X, =2m-15

“

X, + X, =2(m+1 (*)
Giai hé phuong trinh: { X, +5x, =4 (**)
XX, =2m—1§ [
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| -m

X, =
-
Tur (%) va (**) ta dugc: =
3+5m
Xy = =
- 2
I-m 3+5
Thay vao (***) ta dugc: ———. = =3m =15
. m=3
< 3+2m-5m? =8m - 60 5m? + 6m -63=0=> Y
m=—
5

- =21 . " - :
Vay vdi m=3 hoic m= = thi phuong trinh ¢é cdc nghiém x,: X, sao cho
X, +5x, =4

b. Taco: F=—+—= 2 = e o
X, X, X, X, 2m-—15 2m-15 Im-15

Vim nguyén nén dé F nguyén thi 2m - 15) e U(17) = {—l7,—1,l,l7}
+ Voi2m-15=1=2m=16=>m=8

+ Vo 2m-I15=-1=22m=14=>m=7
+Voi2m-15=17=32m=32=>m=16

+Va 2Zm-=-15=-17T=232m=-2=>m=-1

1 1 ; ;
Viyvoim=-1l;m=7,m=8 m=16thi F=—+— laso nzuyén.
5 %

Bai 14: Phuong trinh: X —m2 =3~ \E—mx\E (D)
<:>x+mx\[?j=3—x/5+m2<:>x(l+m\/5)=3— 2 +m?

a) Dé phuong trinh c6 nghiém duy nhat thi 1+ m\/f 20=>m# L

J2
Vai m=\/§+l:x[l+(\/5+l)ﬁ]-—=3—ﬁ+( 24 1)*

6+\/£
3+\/5

b) Dé phuong trinh (1) nhin x =5\/5—6 1a nghiém thi ta co:
(5\/5-—6)(I+m\/5)=3— 2+mz<:>5\/£+(H~I()m—6\/5m=3—-‘/,-°_+m2
om?+2m3Y2-5+9-6y2=0
A= (W2 -5 —(9-612) =34 - 242 = (32 - 4)’

:>x(3+\5)=6+\/5:>x=
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I’huong trinh ¢6 2 nghicem:
/

m, =532 432 -4 o (IM)

' (1IN

-
i = 5 32 =342 4 4 =954
Vavvan m=1: m=9Y-6y2 th phuong trinh (1) nhin X = 5\/2 -6 la

nghiem.
3 Iy r—
Ta co phuong trinh: x —m~™ =3 - J2 —mxy2

)
=>m” —mx\/5+3—\/2~x:()
D¢ phuong trinh ¢6 2 nghiém phan bict m, .m5 tht A>0

o5 9%t = d{3=+2 = k)50
<:::2x2 ~12+4\E+4x>()¢32x3 +4x+4v2 -12>0
5

= {7
:>x<—l—\/7~2\61\>—1+\f7—2\/

m, +m, =xv2

/:-,\'

-2

M, =3

I

:;\p dung heé thirc Viet ta co:
m

Theo bai ra ta ¢co:
) b = b B
my +mj5 =( 42 -2 & (mp+m,) —2mm, =42 -2

¢:>2.\;2-2(3—\E—x):4\[2——2¢:>xzx—(2+\/§)=0

A=1+8+4y2 =(1+2V2)
=fesl =253 . ]| 252
. ] \"_%:_|—\/§'_ X:f:*'——*—_’————:ﬁ

=X, =

Vay x = \./5 la gid tri phai tim.
B 15: Xét phuong trinh : P oloxt =2t - 1D 4250+ 6)x +2a+a =0
(1)

2% =)

&> a” + 200+ 5x = xTa+x " - 10xt +22x7 +12x
Xem phuong trinh (1) 1a phuong trinh bac 2 cta a, ta ¢o:

A'=(1+5x=x7)7 —(x* = 10x* +22¢° +12x) = (x = 1)’
(3)

a=x"—-6x (4)
phuong trinh (3) xT —dx-(2+0)=0ci A'=4+2+a=6+a

2
a=x" —-4x-2

Néu a+6<0— a<-6 phuong trinh (3) vo nghiém.
Néu a+6=0 - a=-6 phuong trinh (3) cd nghiem kép: x| =x, =2
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Néu a+ 6> 0 — a> -6 phuong trinh (3) c6 2 nghiém phan biét:
X, =2-+a+6; X, =2++Ja+6

phuong trinh (4) x> —6x —a=0c6 A'=9+a
Néu 9 +a <0 — a < -9 phuong trinh (4) v6 nghiém.
Néu 9 +a=0-»a=-9 phuong trinh (4) cé nghiém kép x, = x4=3'. .
"~ Néu 9+a>0—a>-9 phuong trinh (4) c6 2 nghiém phan biét:
X;=3-va+9, x;,=3+Va+9
Vay: néu a < -9 phuong trinh da cho vo nghiém.
a = -9 phuong trinh da cho c¢6 nghiém kép bang 3.
-9 < a < -6 phuong trinh da cho c6 2 nghiém x=3—\/a_+_§; x=3+ve+9
a = —6 phuong trinh da cho c¢6 3 nghiém: x=2;x=3-\/5;x=3+-/§
a > —6 phuong trinh dﬁchoc64nghi¢m_x=2iJzH—6;x=31:\/;5
Bai 16: Giai phuong trinh: x* —2v2x2 —x+2-42 =0
Dat \/5=a,phuo'ng trinh 1a: x* -2ax? -x+a?-a=0
=3 az-a(2x2+l)+x4-—x=0
A=(2x2+1)? -4(x* —x)=4x% +4x +1=(2x + 1)?
2
l=(2»& +l)2+(2x+l)c>
thay a=+2,tacé: x +x+!—\/5=0

_—1£y42-3

A=1-41-2)=42-3; x,, = g

* a x2+x+1-a=0

2 —
___(2x +1) (2x+1)¢° 2

"‘a2 5 X“~x—a=0

12\1-42

thayazﬁ.tacé: xz—x—\/_2-=0.A=l+4\Ei X34 = 2

Vay phuong trinh di cho c6 4 nghiém:

_-13ya2-3

xl.z 2
< _l:t\)l+4\[2_
347 2 .
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Bai 17: Giai cic hé phmmu trinh

b)

(Ih

R

7Jax +2y + 2\/& y - 32

o 4x +2y >0 2x +y > ()
biéu kién: — .
2x —y 20 2x 2y
\ 6\fix+—“v S102x-y =4
Tu ) =
354x + 2y +10y2x -y =160 (2)

Cong (1) véi (2) |
> 41 Jax + 2y =164 =5 JAx + 2y =4 = dx + 2y =16

thay \/4x+2);=4 vixo(l).\/LXw\, =22x~y=4
4x +2y =16 {4x+2y=m {x=3
o —

tr(3)yva(4): o {

2X—y=4 4x -2y =8 y=2
Vay hé c6 | nghiém (x; y) la (3; 2).
Diéu kién . >0 (%)
y-.

-1 5

’ X +1 +\/?y 1.5,
Taxét: {\2y-1 x+1 2

xX-y=2 (2)

Binh phuong 2 vé cua (1) ta dugc:
x+1+2+2y——1=_2;’i:> x+1 2y~1 17
2y ~1 x+1 4 2y—l x+1 4
Tir(2):x=y+21hayvéoohu0ng trinh trén ta duge:

y+3+2y—l_z y +6y+9+4y —4y+l 17

2y-1 y+3 4 2y? +5y-3 4
y=l
=14y + 77y -91=0 2y’ +11ly-13=0> 13
b bl &
2
Vi y=1=>x=3 ( Thoa man * )
- 13 9 3 e
Vaéi =-—2—:>x:~—5 ( Thoa man * )

3
Vay hé c6 nghiém (3; 1); (—g- ;-—l—z'—)

(3)
(4)
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el dAxalexad T 2x—1l=x+2 (1)
& A —ax+l=x+2 \/(..x 1) x+2© I ’
3)(--2)':4 3x—2y:4 3x-2y=4 (2)
. 1 . ’
+ Néuxziztﬁ(l): 2X=1=x+2=>x=3 (thoa man)

5
thay vao (2): y = — —> hé ¢6 nghiém (3; 5)

wﬁ.n

+ Néu x<%:ttr(l):l—2x=x+2:>x=—% (thoa man)
: 3 _y : 1 5
thay vao (2): y = —— —>hé c6 nghiém (-=;-—=)
2 3 2
. ~ . . 5
Vay hé phuong trinh da cho ¢6 2 nghiém (x; y) la: (3 : EJ - (— — = ] ;

2
3 X~ +
Bai 18: Vi x Z\E:yZ\/?—_: x"+y'24:>x y

22

2 3
x+y<x2+y' Xty |, Xty _X +y’

2 2 2 2 2

= 2,

= 2.()(4-)/)()(2 +)/2)2 S(x" +y3)(x2 +y2)Sx5 ﬂ-ys

a

I
Bai 19: Taco: <— Tuong tucho b, ¢ ta duge

l+‘|
a b C
;t 2
l+a l+b l+¢

S%. Dau bang xay rakhia=b=c=1

i b 3 1 1 9
*  Mat khdc: ' + + s 2-<::>(a+h+c)( + + l )2"
b+¢c a+c¢c a+b 2 b+c a+c¢ a+b/ 2

Data+b=x:b+c=y:c+a=2ztaco
(x+y+z)(l+l+l)zgc:>(x-y)z+(y—'1.)2+(z—x)22() (Ping )
X y 7

| _{_\/n_H*\/l_)\/H:_\/_l(l 1]

Bai 20: Xét 7 - s U
@n+DH(Vn+yn+1) \/4n2+4n+l 2/nn+1)

JnoVied

Viy S <i[l——l—~+L-——l—+ +—l~——~~l»-—}—l(lw—-~—l—]
IMEN T BB WE T dn dnel) 2L Jnel

5
285, <)== wu-~<l___.._

n
Jan + 4 Jn2 +4n+ 4 n+2 " 2n+2)

e s
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: k, 20000 _ 2001
visi o= 200 ta e IS <1 R T e
34 A 41‘1 LA 1006

\(
Bi21: Dat ;‘\=(|+- l{ Jt“ l;J
A b /A

. | 1 1Y (1 | I 1
l;lun\:i+[ R {(;: N T ‘J*..‘_‘_..i_
A b ¢ ) Lah h aQ ¢ a b

3 3 1 A | o |
Aal 4=t rgpg Fgrg --(l | (Bat dang thie Cosicho 3 so duong )
abc  ath¢” ahvc abe )
. e i ) : ath+e) 1 1
I'heo bat dang thire cosi: abe <€ . | sRsabeg8 = —2—
3 / abc 8

1y 729
Vay A2 1+ | =- (Diu bang xavraza=b=c=2)
’ 8 al2 '

3
. e . d 5 5
Bi22: Taco: ; +b” +¢ >ab+bc+ac

R 3

a . 3 a4 .
&S —} +b +¢c —ab+c¢)-bec>0<c e +(b+¢) —alb+c) -3bc >0 (*)

| , a’ : 3
Thay bc = — ta dugc: (%) <> s +(b+¢y —ab+c)— = >0
a : a
rl1
¢> alb+c)y —a'(b+o)+ ti ~350

3

) a L
Pitb+c=x taco:ax’ -a'x + e 3>0 Vdimoi x

3
L d
Piéu nay wong duong: A =a' - 4a ( S 3)<0

4
a , L
¢ at -~ — 12a <0 <> 120(36  a) <O ding via' > 36

B: 2.3: Do vai tro binh ding cua x, v, znénco thé giasirz >y 2 X

Khido: x(x ~y)(x - 2) 20 (1)
Matkhic:z(z-x) 2 y(y ~2). Doviy: 7(z - x)(z ~y) 2 y(y = X)(2-Y)
>z2(Z-X)(Z-y)+y(y-2)(y-x) >0 (2)

Tue (1) va (2) = dpem.
B:24:Doa,b,ce [0:2]nen (2 ) (2-b)2-¢)= 0
8 -4(a+b+c)+2(ab+bc+ac) - abe =0
<> 2(ab+ac+be)y > d4a+b+ce)+abe -8



<2(@b+ac+bc)>24+abc > 4

S@+b+c) —@+bl+c)2 4o @+b+c)<S5

Dau "=" xay ra khi a, b, c c6 moét s6 bang 2; mot s6 bang 0; mot sO bang 1.
Bai 25: Tacé: (a' -b') (@ —=b?) >0 < (a* +b’)=a’b’ (a+b)

2
Do d6 : — a;’ S—— ab xS = ——— ()
a’+b’>+ab a‘b*(a+b)+ab ¢ a+b+c
Tuong ty: o S )
a>+b>+ab a+b+c
— R < @
¢ +a +ac a+b+c

Tir (1); (2) va (3) ta c6 diéu cdn chimg minh
Bai 26: Gia sir ca hai bat déng thic déu diing khi dé:

Js Xy >x? +y’va Js X(x +y)2x*(x +y)?
= 5 (3 +2xy) 2 3x+2xy +2y? = 2y? = 2(¥J5 - Dxy + (3 -v/5)x} <0
=4y’ =4 (J5-xy + (6 -3/5)x1 <0
=@y -2.2y(J5- Dx+[(¥5- D=0
= 2y = (V5 - Dx]* <0
Diéu nay khong xay ra vi (\/5-— 1)x 1a s6 vo ty khong thé bing 2y khi

x,yeZ'
Bai 27: Theo b4t ding thitc Cosi cho hai s6 duong ta cé:

b‘/+—c c\;_a a}bzz(\/— \/— \/—]
o Y B8
re, cta, atb, ava+Vb+ve)2a + b+ e +3¢abe

va b e
=\/Z+J€+\/c_:+3

(B4t dang thic cosi cho 3 s6). Dau bing xay ra khia =b=c =1
Bai 28: Theo b4t ding thitrc Bunhiacopki ta c6:

{6 v
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'l‘lnmglu(p—k q)'\ 1‘21 L g ]»i T [;-, , .) : :; £ q)(pc+qa)

| | -
\ h [ Y d
\ /

S PROSNSY (2

: +
pat+gb  pbi+qc po (it )

SNLINL O N L B L R

1
—+
a b ¢ pa+gb pb+gc potqa

: , 1
Bai 29: Taco: P = 6(6 —2x) (12 = 3y) (2x + 3y)

6FS[_()—2X+12—3y+2x+3y

3
} =6 P< 36
3

x =0
P.=6¢> {0<x<3

6-2x=12-3y =2x+3y
Q{
O0<y<4

y=2
Bai30: Taco: x*+y* =3 =xy(l-2xy) & xy+3=x'+y'+2x’y’
e xy+3=(x2+y)’. Do(x’+y)) > 4’y dodo: xy+ 3 2 4x%y’

Pit xy =ttacé: 4x’y’ —xy-3 < 0hay4t2—t-3s0<:>—-25lsl
y y 4

V3

: 3
Viy (XY)max = L kKhix =y =21} (XY)m.n=“Zkth=y= + ="

Bai 31 Ta c6:
(x+l)(x +2)(x +3)(x +4)—320c>[(x + l)(x+4)][(x +2)(x+3)]—320
c:»(x2 + 5x+4)(x2 +5x+6)—320

Pitx2+Sx+4=t thi X?45x+6=1+2

t>1
Bit phuong trinh trd thanh: 2 +21-3 20 (1+3)(t-1)2 0
phom (20|t
sY 7
Viit<s-3 tacé: x*+5x + 8 S()C)[x+:2—] +ZSO Vo6 nghiém
13

2
= 5
Vit 21 taco: xz+5x+421c>x2+5x+320<:>(x+5) ZT
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5 \[ﬁ —5+\/B
X+;2*—2* X2 — 7
s “ &
IRV E 5+413
X+—<€—— X< ——
i 2 i 2
| 1 |
Bai 32: P = + +
ab+a+1 bc+b+1l ca+c+l
C ac |
= + +
abc+ac+c  jhe? +abc+ac ca+c+l
C ac | ca+c+1
_ N _ _

= + 1.
ca+c+l ca+c+l

Il. PHAN HINH HOC

ca+c+l ca+c+]

Bai tap trac nghiém
Béi123456'789101112131415
Papan|C|E|(B|D|D|D|C|E|A|E|B|B|D D*F—D
Bai 1: Ty s6 dién tich cta hai tam gidc c¢6 chung mot géc bang ty s6 cua tich cﬁc

canh ké goc ay

Bai 2: Suy ra tir tam gidic BDA va tam gidc CBD dong dang

Bai 3: DatBM =x ,CM =y tacé x> - y* = AB’ - AC* = x -y =4 két hgp véi
x+y = 14 tinh dugc x vay . Tur tam gidc BHM va tam gidc ACM déng dang

HM §
suyra — =—

HA 11 .
Bai 4: Suy ra tir tam gidc BDE va tam gidc BAC déng dang

i . 1
Bai 5: CB la trung tuyén img vdi canh huyén cua tam gidc ACE ; CB=— AE = AB

Bai 6: Gia sir hinh chir nhat duoc gap theo chiéu EF sao cho A trung véi C. Dat
BE=xthi AE=LEC=5-x.

Ta lap dugc phuong trinh: 4x* - 30x +44 =0 =>x =2 (Vix<4)
Bai 7: Ap dung tinh chat dudng phan gidc

x2 +y? =62
Bai 8: Ké AF 1L BD. bat BF =x, AF =y ta lap dugc hé 2
| (x+4) +y? =8*
Tirdé suy ra AD? = (x +10)” + y* =166
Bai 9: Tuong tu bai |
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Bai 10: x =y = 180" - I
Bai 11: Canh cha luc giac deu bang nia canh cua ton evie déus Chia lue giide déu

; : 3 :
thanh 6 tam giac déu suv ra dien tich cua Tue giac bang 7 di¢n tich cua tam

giac

Bai 12: Ve duong cao AH sau do dp dung cong thue tv so lrong gide cua goc nhon

Bai 13: Gia strhar canh goc vuong cat nhau tn N, ve them duong cao NM

Bai 14: Tuong tur bai |

Bai 15: Dung tinh chat cua tam gidc can ¢6 hai goc o diay bang nhau va tong ba goc
trong tam giic bang 180"

Bai 16: Tam dudng tron ngoar uép cac tam giac ABD. ABC la giao cua duong
trung truc cua AB va BD, AC. Cac tam giic O, AN va ABO ; O,BM va ABO
dong dang (0,,0,, O la tam dudng tron ngoai tiep cac tam gidc ABD va ABC,
giao diém hai dudng chéo cua w giac ABCD )

Bai 17: Lay E doi ximg vai C qua A thi tam gidc BEC vuong tai B c6 BH 1a duong
cao

Bai 18: V& tia Bx sao cho ABx =60" cal AC ik . Tir A ké AD L Bx thi tam gidc
ABC va BEC dong dang va tam gidc BEC can tai B

Bai 19: Ké phan gidc BD . dung tinh chat cua tia phan gidc

Bai 20: a. Trén Ox , Oy 14y cdc diém A va Bsao cho OA = OB =a . Goi [ la giao
cia MN va AB . Tir N ké NC // Ox cat AB tai N . Chirmg minh ANCM la hinh
binh hanh suy ra I 1a trung diém ciia MN .

b. Tir cau a suy ra dién tich OMN lén nhatkhi OM =ON = a

Bai 21: Lay H la truc tam cua AABC.

Ta c6 DE // BH; OD // AH. DE // AB
=» AODE va A HAB dong dang nén

)
«—-(D=-'£=~l— = 2DE = AH
AH AB 2

L4y K 1a trung diém AH
=>0D=AK=KH=0D
ma OD // KH = & OKHD la hinh binh hanh
Do dé DD' di qua trung di¢m I cha OH

¢/m tuong tu: EE'; FIF cling di qua |

Vay DD'; EE'; FF dong quy.

i SR
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Bai 22:

a) Chimg minh.
ﬁﬁ) = /’3\‘[;6 = 667% Dura vao cac tam gide can
Suy ra AP // QO
Tuong tur: AQ// PO
Do d6: APOQ 12 hinh binh hanh.

b. Tacé: AE LPQ
Goil ,K
La giao cua PQ va AO ;
PQvaAE. Thil,K la
trung di€ém ctia AO , AE

Do d6 OE // IK hay OEA = 90°
Vay tap hop diém E
1a dudmg tron dudng kinh AO c6 dinh
Bai 23:
a) Ta cé:
100, - 00, < 0,0 + 0,0
nén (O,) va (O,) cét nhau
b. Goi C 12 giao diém clia
(O,) va tia Oy.

Ta ¢6: OC = 00, + O,C
= 00, + 00, = 2007
= C c6 dinh.
Ké dudng vuong goc véi O,Ctai C, cit Oy 6 K
Ta c6: 0,0,0 = CKM (vi cung bu véi O,0,C)
Ké O|N cit CK tai I nén
<00,IC 12 hinh chit nhat
= 00, = IC va AO,00, = ANIK = 00, = IK.
Do d6: CK = IC + IK = 00, + 00, = 2007 (khong d6i).
Vay MN lu6n di qua diém K c6 djnh.
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