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CAC Ki HIEU DUNG TRONG CHUYEN DE

(O) : Puong tron tam O
(O; R) : BPuong tron tam O, ban kinh R
AABC : Tam giac ABC
SaBc : Dién tich AABC
(ABC) : Puong tron ngoai tiép AABC
a,b,c : Do dai cac canh ddi dién véi cac dinh A, B, C ctia AABC
ha, hp, he : Do dai cac dudng cao xut phat tir cac dinh A, B, C cia AABC
Ma, My, Mc : B dai cac duong trung tuyén Xuét phat tir cac dinh A, B, C cua AABC
L, Iy, 1c : P9 dai cac duong phan gidc xuat phat tir cac dinh A, B, C ctia AABC
R, r : Ban kinh cac duong tron ngoai tiép, ndi tiép tam giac
Far Toy T : Ban kinh cac duong tron bang tiép ddi dién véi cac dinh A, B, C cia AABC
dpcm : Piéu phai chirng minh
2p : Chu vi ctia tam giac (p = a+b+c la ntra chu vi)
Zak =a, ta,+..+a, : Tong clia n s6 hang tir a3 dén ap.
k;l
Hak =aa,..a, : Tich ctia n s6 hang tir a; dén a.
k=1

A A 5

TONG KET KIEN THUC

1. Puong thing:

Dinh nghia: Mot dudng thang duoc hiéu nhu 13 mot dudng dai (vo tan), mong (vO cung) va thing
tuyét doi.

Tién dé 0"Clit: Qua hai diém bét ki ta luén x4c dinh duy nhit mot duong thang va chi mot duong
thang.

Ki hiéu: Ngudi ta thuong dung cac chit cai in thuong a, b, ¢, ..., m, n, p ... dé dit tén cho cac duong
thang hodc dung hai chit cai in hoa hay hai chit cai in thudng dé dit tén cho duong thang.

Vidu: AB, xy, ...

X y

A B

Diém khong thuéc duong thing: Piém A khoéng nim trén dudng thang a, diém A khong thudc
dudng thing a (hay noi cach khéac 1a dudng thang a khong di qua diém A).

Kihiéu: A ¢ a.

2. Poan thing:

Dinh nghia: Poan thing AB 14 hinh gdm diém A, diém B va tat ca cac diém nam giitra A va B.

A B
Hai diém A va B goi 1a hai ¢du mut (hay con goi 1a hai mut) ctia doan thing AB.
Luu y:
Diém M nam giita A va B khi va chi khi AM + MB = AB va A, M, B thing hang.
A M B
3. Tia:

Tia 1a hinh gom diém O va mdt phan duong thang bi chia ra bai diém O duoc goi 1a mot tia gbc O
(c6 hai tia Ox va Oy nhu hinh v§¢).
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X 0} y

Hai tia c6 chung mot goc O tao thanh dudng thing duoc goi hai tia d6i nhau (hai tia Ox va Oy trong
hinh v& 14 hai tia d6i nhau)

4. Piém:

DPé ki hiéu diém, nguoi ta dung cac chit cdi in hoa A, B, C, ...

Bét ctr hinh ndo ciing 1a mot tap hop cac diém.

Trung diém cia doan thang: Trung diém M cua doan thing AB 14 diém nam giita hai diém A, B va
cach déu hai diém A va B.

A M B
Trung diém M ctia doan thang AB con goi la diém chinh giira ciia doan thang AB.
Luwu y:
Diém chinh giita hai diém khac v6i diém nam giita hai diém.
5. Miit phing:
Nira mat phiang bd a: Hinh gdm dudng thing a va mot phan miat phang bi chia ra boi a duge goi 1a
mot nira mdt phang bo a.

a
Mat phang la hai nira mit phang hop lai theo mot phuong (phuong cta vecto) nhat dinh.

d

< X

6. Goc:
\Q+ Goc bet
] " Goc tu

Go6c nhon Go6c vuong
B .........................
Ay

Goc diy - A SN
Géc phan Géc khéi A B
Duong phan giac
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Chia d61 mot goc Gé ' ota t T
bang compa va thude Géc ddi dinh Oc ngoai cua tam giac oc & tartrrlocrllla uong
ke

(1) Hai goc phu nhau 1 hai goc c6 tdng s6 do bang 90°.

X y,

@) Z

Goc XOy va géc YOz 1a hai goc phu nhau.
(2) Hai goc bu nhau 13 hai goc c¢6 téng sb do bang 180°.

X ) z
Goc XQy va géc YOz la hai géc bu nhau
(3) Hai gdc so le trong: Cho hai dudng thing a //b va dudng thang ¢ cit a, b lan luot tai A, B.

C
a A/
1 2

/B
Khi d6:
A =B, vaA,=B,.
(4) Hai goc ddng vi: Cho hai dudng thang a //b va duong thing c cit a, b 1an luot tai A, B. Khi do:
A-B A-B.A-B A-B

2 3 3 4 4"
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7. Tam giac:

7.1. Ki hiéu:

Tam giac ABC duoc ki hi¢u 1a AABC.

Mot tam gidc ABC c6 ba dinh (géc) 1an luot 1a A, B, C va ba canh 1a AB, BC, CA.

7.2. Cac dwong trong tam giac:

Puong cao: La doan thing ndi mdi dinh va vudng goc véi canh d6i dién dinh d6. Mot tam giac co
ba dudng cao. Giao diém cua ba dudng cao goi 14 trure tdm cia tam giac.

Trong AABC, c6 cac duong cao AH, BK, CF.

A

L
B H C

DPuong trung tuyén: La duong thang ké tir dinh va di qua trung diém cta canh d6i dién vé6i dinh do6.

Mot tam gidc c6 ba duong trung tuyén. Giao di€m cua ba dudng trung tuyeén goi la trong tam cua

tam giac.

#t
B P C
Trong AABC, c6 cac dudng trung tuyén AP, BN, CM.
D¢ dai duong trung tuyén:
BG _ AG _ CG
BN AP CM
GN_GP_GM _1

2
3

GN_GP _GM _1

GB GA GC 2 7

Duwong trung truwe: La dudng thang vudng gdoc vai mot canh tai trung diém cta nd. Mot tam giac co6
ba duong trung truc. Giao diém cua ba duong trung truc goi la tdm cua dudng trong ngoai ti€p tam
giac.
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w

A

Puong thang (d) 1a duong trung truc ciia doan thang AB.

A
Piém O 1a giao diém cta ba duong trung truc.

Duwong phan gidc: La dudng thang chia mot goc thanh hai goc c6 sb do bang nhau. Mot tam giac co
ba dudng phan gi4c. Giao diém ctia ba duong phan giac goi la tAm cua duong trong ndi tiép tiép tam

gi4c.
A
N
P
B’ M C

Trong AABC ¢6: OM = ON = ON.
DPuwong trung binh: La dudng thiang ndi trung diém hai canh ciia mot tam giac. Mot tam gidc c6 ba
duong trung binh. Tam giac tao boi ba dudng trung binh thi dong dang véi tam giac da cho.

A
7&\
B C

MN goi la dudng trung binh cua tam giac. Ta c6: MN // BC va MN = % BC.

7.3. Phan loai tam giac: . )
Tam gidc nhon: La tam giac c6 ba goc déu nhon (sé do ba goc < 90°).
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/A\
B C
Tam gidc déu: La tam giac c6 ba canh va ba goc bing nhau.
Trong tam giac déu, duong cao cling la duong trung tuyen, dudng phan giac, duong trung truc.

A
60
60° 609
B C

Tam gi&c can: La tam giac c6 hai canh bang nhau hoic hai goc & mot day bang nhau.

A

Tam gi4c vudng: La tam gidc c6 mot goc vudng (bang 90°).
Trong mot tam glac vuodng, canh dbi dién véi goc vudng goi 1a canh huyén va 1a canh 16n nhit.

Cho AABC, c6 A =90° thi BC? = AB? + AC2 Day 1a hé thirc trén 1a hé thirc Pitago.
Pinh Iy PITAGO:

B
1\
C
Dinh Iy thudgn:

Trong tam gidc vudng, binh phuong canh huyén bang tong binh phuong hai canh goc vuong.
BC® = AB’ + AC’

Dinh ly dao: i i
Tam giac c6 tong binh phuong mot canh bang tong binh phuong hai canh con lai 1a tam giac vudng.
Néu tam gisc ABC théa man BC? = AB? + AC? thi AABC la tam giac vudng tai A.
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7.4. Tinh chét ciia canh va géc cua tam giac:
Tinh chat 1: Cho tam gidc ABC, tong ba goc:
] A+B+C=180. q

Tinh chat 2: Do dai mot canh 16n hon hi¢u d6 dai hai canh kia va nhd hon tong d6 dai cua chiing.
AB + BC > AC > |AB - BC|

Tinh chdt 3: Trong hai canh cua cung mot tam giac, canh doi di¢n vai goc 16n hon 1a canh 16n hon.

Go6c doi dién véi canh 16n hon la goc 16n hon.
BC>AC>AB<A>B>C.

7.5. Dién tich tam giac:

1
(1) Cong thirc tinh dién tich tam giac: S = Eb.h

trong do b 1a d6 dai ctia canh va h 1a d6 dai duong cao trng vadi canh b.

D

(2) Cong thirc Heron: S = \/p(p - a)(p — b)(p —C)

trong do6 p = %(a +b+c) 1a nira chu vi cua tam giac.

8. Puong tron:

8.1. Khai niém: . i i
DBuong tron tam O ban kinh R (v61 R > 0) 1a hinh gom cac diém cach diém O
cho trude mot khoang khong doi bang R.

Ki hiéu: (O; R), ta cling c6 ki hi¢u 1a (O).

Luu y:

- Qua ba diém khong thiang hang ta chi xac dinh dugc mot duong tron.

- Mot dudng tron c6 mot tim ddi xing d6 13 tam dudng tron.
- Mot duong tron ¢6 vo sb truc ddi ximg d6 1a cac duong kinh ctua duong ¢
tron.
o) B
8.2. Pwong kinh va day cung:
Dinh Iy 1: Trong cac diy ciia mot duong tron, day 16n nhit 1a dudng kinh.
AB la duong kinh, CD la day cung thi AB > CD.

Dinh ly 2: Trong mot duong tron, duong kinh vudng goc v mot day thi di

qua trung diém cua day ay.

Néu OH L AB tai H thi AH = HB.

Dinh Iy 3: Trong mot duong tron, duong kinh di qua trung diém ciia mot @)
day khong di qua tam thi vudng goc véi day ay.

8.3. Lién hé giira diy va khoang cach tir tim dén day:

Dinh ly 1: Trong mot duong tron:
Hai dy bang nhau thi cach déu tam.
Néu AB = CD thi OM = ON.
Hai ddy cach déu tam thi bang nhau.
Néu OM = ON thi AB = CD.
Dinh Iy 2: Trong hai day cua mgt duong tron:
Day ndo 16n hon thi diy d6 gan tam hon.
Néu AB > CD thi OM < ON.
Day ndo gan tam hon thi day d6 16n hon.
Néu OM < ON thi AB > CD.
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8.4. Khoing cich giira dwong thing va dwong tron: ) _7
Goi R 13 ban kinh duong tron va d la khoang cach tir tim O dén dudng thang a. Ta co:

@ O
. ; \l“/
s v

(d>R) (d=R) (d<R)

Puong thang va duong tron
cat nhau tai hai diém (giao
nhau).

Puong thang va dudng tron | Pudng thang va dudng tron tiép
khéng giao nhau. xuc nhau.

Dinh Iy 1:

Néu mot duong thang 1a tiép tuyén cia A

mot duong tron thi no vudng goc voi

ban kinh di qua tlep diém.

Néu a 14 tiép tuyén véi (O) tai H thi 0 H O

a_l OH.

Dinh ly 2:

Tlep tuyen v6i duong tron: Néu hai a w
B

tiép tuyén cia mot duong tron cat
nhau tai mot diém thi diém do cach
déu hai tiép dieém.
AH = BH.
Tia ké tir di€ém do di qua tam la tia phan gidc cua goc tao boi hai ti€p tuyén.
HO 1a tia phan giac ctia goc AHB.
Tia ké tir tam di qua di€m do6 1a tia phan gidc cua goc tao bdi hai ban kinh di qua cac ti€p diém.
OH la tia phan giac cua goc AOB.

8.5. Pwong tron ndi tiép va dwong tron bang tiép:

Duwong tron ni tiép:

- Puong tron tiép xtc trong v6i ba canh cua tam giac 1a duong
tron noi tiép tam gic.

- Tam dudng tron nodi tiép 1a giao diém cua ba dudng phan gic
goc trong cua tam gidc.

Duwong tron ngoai tiép:
- Pudng tron tiép xtc ngoai vdi ba canh cia tam gidc la duong

tron ngoai tiép tam gidc. ) .v

- Tam duong tron ngoai ti€p la giao diém cua ba duong phan giac goc
ngoai cta tam giac.

8.6. Vi tri twong d6i ciia hai dwong tron:

Néu goi ban kinh (O) 1a R va (O') 1a r thi ta co:

- Hai duong tron c6 hai diém chung duoc goi 1a hai duong tron cat
nhau.

Hai diém chung A, B d6 goi 1a giao diém. Poan thing AB ndi hai

dieém d6 goi la day chung.
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A
/)
A
\/ ~
B
(R-r<OO0'<R+r)

(R+r=00) (R-r=00)
Hai duong trong cat nhau. Hai duong trong tiép xac nhau. Hia duonrz;gh;rlj)n O trong

(OO'>R +1)
Hai duong trong ¢ ngoai nhau.

8.7. Go6c voi dwong tron:
Goc ¢ tam:

m
Pinh nghia: Géc ¢6 dinh trung voi tdim dudng tron goi la goc & tam. B
A

S6 do cung nho bang sb do ciia goc ¢ tAm chin cung do.

- sdAmB= AOB , ’ C
So6 do cung 16n bang hi¢u so gitra 360° va sb do cung nho.

sdAMB = %(360" ~sdAnB)
n

Sé do cua ntra duong tron bang 180°.

8.8. Lién hé giira cung va day cung:

Dinh Iy 1: Vi hai cung nho trong mot dudng tron hay trong hai dudng tron bang nhau:
Hai cung bing nhau cing hai day bang nhau.

Hai ddy bang nhau cing hai cung bang nhau.

Dinh ly 2: V6i hai cung nhd trong mot dudng tron hay trong hai duong

tron bang nhau:

0
Cung 16n hon cang day 16n hon. y
Cung nhé hon cang day nhd hon.
8.9. Géc ni tiép:
Dinh nghia: Goc noi tiép 1a goc c6 dinh nam trén dudng tron va hai canh
chtra hai day cung ctia duong tron do.
Dinh Iy: Trong mét dudng tron, s6 do ctia goc ndi tiép bang nira s6 do cua A
cung bi chan. B

/ﬁszgsd/:é

H¢ qua: Trong mdt duong tron:

Bién soan: Tran Trung Chinh @



: CHUYEN DPE ON THI VAO LOP 10 ::.

- Cac goc noi tiép bang nhau chin cac cung bang nhau.
AOB—ACB~—sdAB

- Cac goc ndi tiép cung chin mot cung hodc chin cic cung bang nhau thi
bang nhau.

- Géc ndi tiép (nhd hon hodc bing 90°) c6 s6 do bang nira sé do cua goc &
tdm cung chan mot cung.

- G6c ndi tiép chan nira dudng tron 1a goc vudng.

8.10. Géc tao boi tiép tuyen va day cung:
S6 do cuia goc tao boi tiép tuyén va day cung bang nira sé do cua cung bi chan.

A

a B
(s¢ AB = ABa)

8.11. Géc ¢6 dinh ¢ bén trong dwong tron va goc cé dinh ¢ bén ngoai dwong tron.
So do cua goc co dinh & bén trong dudng tron bang nira tong s6 do hai cung bi chan.

BEC = 5 (sdBmC-+sdAnD)

S6 do cta goc cd dinh & bén ngoai dudng tron béng ntra hiéu so do hai cung bi chan.

N

CMD—E stD sdAB BMC—E sdBC sdAB AMB = %(sdAmB—sd@)

8.12. by dai duwdng tron, cung tron:
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- Cong thtre tinh d6 dai duong tron:
C =2xnR =nd.

(R 1a ban kinh, d la duong kinh)

- Cong thure tinh d6 dai cung tron:

Trén duong tron ban kinh R, d§ dai I cia mdt cung n? dugc tinh nhu sau:
| = mRn

180

8.13. Di¢n tich hinh tron, hinh quat tron:

- Dién tich hinh tron:
S =nR%

- Dién tich hinh quat tron:

2
RN hay S:I7R

S:

9. Hinh hoc khong gian:
Hinh tru - dién tich xung quanh cvua hinh tru:
- Di¢n tich xung quanh:

Sxq = 2nRh.
(R 14 ban kinh day va h 1 chidu cao) 7 RN
- Dién tich toan phcfn.‘ v
Sy = 2nRh + 2nr? = 2nR(h + R)
- Thé tich hinh tru:
V = Sh = R%h.
(S 14 dién tich day, h 14 chiéu cao)
Hinh ndn - hinh non cut: \/
* Hinh non:
- Dién tich xung quanh ciia hinh non:
Sxq = mRI.
(v6i11a do dai duong sinh, r la ban kinh day)
- Dién tich toan phan ciia hinh nén (tong dién tich xung quanh va dién tich day) la
Sy = nRI+ 7R* = nR(I + R)
(voil 1a @6 dai duong sinh, r la ban kinh day)

- Thé tich hinh nén:
V= 1 7R?%h
3

(voil1a do dai duong sinh, r 1 ban kinh day)
* Hinh non cut:
- Cong thirc tinh dién tich xung quanh cua hinh non cut:

S, =7(r+1,)l

- Thé tich ciia hinh nén cut: |

V:%r:h(rl2 +15 41

(h 13 chiéu cao)
- Hinh cau:
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- Cong thure tinh dién tich mat cau:
S =4nR?hay S = nd>
(Vé6i R 1a ban kinh mit cau, d 1a duong kinh mit cau)
- Thé tich hinh cau:
V= ﬂ nR?
3

(Vé6i R 14 ban kinh mit cau)
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CAC PHUONG PHAP CHUNG MINH

CHU PE 1
NHAN BIET VA TiM DIEU KIEN CUA MOT HINH

1. Kién thirc co ban:

1.1. Tam giéc can:

Cac phuong phap chirng minh tam gidc can:

Phuong phéap 1: Tam giac ¢ hai canh bang nhau 14 tam giac can.

Phuong phéap 2: Tam giac ¢ hai goc bang nhau 1a tam giac can.

Phuong phép 3: Tam gidc c6 mdt duong cao vira la dudng trung tuyén, duong trung truc, dudng
phan gidc ciia mdt goc va nguge lai thi tam giac do la tam giac can.

Liu y: C6 thé chirng minh mdt tam giac 1a tam gidc can dua vao céc biéu thirc hodc cac hé thirc da
duoc chirng minh.

1.2. Tam gidc déu:

Cdc phwong phdp chitng minh tam gidc déu:

Phuong phap 1: Tam giic c6 ba canh bang nhau 14 tam gic déu.

Phuong phap 2: Tam gidc ¢6 ba goc bang nhau va bang 60° 1a tam giac déu.

Phuong phap 3: Tam gidc cin c¢6 s6 do goc & dinh can bang 60° 1a tam giac déu.

Phuong phéap 4: Tam giac c6 cac duong cao vira 1a duong trung tuyén, duong phan giac, duong
trung truc va nguoc lai 1a tam giac déu.

1.3. Tam giac vudng:

Cac phwong phap chirng minh tam gidc vuong:

Phuong phap 1: Tam giac ¢6 mot goc vudng la tam giac vudng.

Phuong phap 2: Tam giac c6 hai canh nam trén hai duong thang vudng goc 1a tam gidc vudng.
Phuong phap 3: Sir dung dinh Iy dao vé duong trung tuyén cta tam giac vuong.

Pinh Iy: Trong mdt tam gidc c6 dudng trung tuyén tmg véi canh huyén bang mot nira canh huyén thi
tam giac do la tam giac vuong.

Phuong phap 4: Sir dung dinh ly dao cua dinh ly Pitago.

Pinh Iy: Néu mot tam giac théa mdn binh phuong mdt canh bang tong binh phwong hai canh con lai
thi tam giac do 1a tam giac vuong.

Tic 13, néu BC? = AB® + AC? thi tam gidc ABC vudng tai A.

Phuong phap 5: Tam gidc ndi tiép dudng tron c6 mot canh 13 dudng kinh thi tam giac d6 1 tam giac
vuong.

1.4. Tam giac vudng can:

Cdc phuong phap chirng minh tam gidc vuong can:

Phuong phéap 1: Tam glac vuodng co hai canh goc vudng bémg nhau 1a tam giac vuéng can.

Phuong phap 2: Tam giac vudng c6 mét goc nhon bang 45° la tam giac vubdng can.

Phuong phap 3: Tam gidc can c6 s6 do mot goc & day bang 45° 1a tam giac vubng can.

1.5. Hinh thang, hinh thang can, hinh thang vuéng:

Dién tich hinh thang:

s :%(AB+CD).AH

ABCD

Tinh chét:

Dinh 1y 1: Trong hin thang can, hai canh bén bang nhau.

Dinh 1y 2: Trong hinh thang cén, hai dudng chéo bang nhau.

Dinh 1y 3: Hinh thang c6 hai dudng chéo bang nhau 1a hinh thang can.

Duong trung binh cua hinh thang: Pudng trung binh cua hinh thang 1 doan thang ndi trung diém hai
canh bén cua hinh thang.
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PN
i AN

D C

Dinh 1y 1:
DPuong ‘Ehéng di qua trung diém mot canh bén cua hinh thang va song song véi hai day thi di qua
trung di€ém canh bén thur hai.

Dinh 1y 2:
Puong trung binh cta hinh thang thi song song véi hai dy va bang nira tong hai ddy.
MN %(AB +CD)

Phuong phép chirng minh hinh thang:

Phuong phap 1: Hinh thang 13 t& giac ¢6 hai canh ddi song song.

Phuong phép chirng minh hinh thang vudng:

Phuong phap 1: Hinh thang vuéng la hinh thang c6 mot goc vudng.

Phuong phép chirng minh hinh thang can:

Phuong phép 1: Hinh thang can Ia hinh thang c6 hai goc ké mot day bang nhau.
Phuong phéap 2: Hinh thang c4n 1a hinh thang c6 hai goc ké mot day bang nhau.
Phuong phap 3: Hinh thang cén 1a hinh thang c6 hai dudng chéo bang nhau.
1.6. Hinh binh hanh:

Dinh nghia: Hinh binh hanh 13 t& gidc c6 cac canh ddi song song.

A B

Dién tich hinh binh hanh:
S. =AHCD=AHAB

Cac phwong phap chirng minh hinh binh hanh:

Phuong phap 1: Tt gidc c6 cac canh dbi song song.

Phuong phap 2: Tt gidc c6 cac canh ddi bang nhau.

Phuong phép 3: Tt gidc ¢ cac canh dbi song song va bang nhau.

Phuong phép 4: Tt gidc ¢6 cac goc ddi bang nhau.

Phuong phép 5: Tt gidc ¢6 hai dudng chéo cit nhau tai trung diém ctia mdi duong.
1.7. Hinh chir nhat:

Dinh nghia: Hinh chi nhat 14 t&r gidc c6 bdn goc vudng.

A B
1 m

-

D C

Chu vi hinh chir nhat:
C._= 2(AB+ BC) = 2(AD+ DC)

ABCD
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Dién tich hinh chir nhat:

S =ABCD

Cdc phwong phap chirng minh hinh chir nhat:

Phuong phap 1: T giac c¢6 ba goc vudng.

Phuong phap 2: Hinh thang can c6 mét goc vuong.

Phuong phap 3: Hinh binh hanh c6 mt goc vudng.

Phuong phéap 4: Hinh binh hanh c6 hai duong chéo bang nhau.

1.8. Hinh thoi:
A
DW °
C
Dinh nghia: Hinh thoi 13 t&r gidc ¢6 bdn canh bang nhau.
Tinh chéat:

Trong hinh thoi: Hai duong chéo vudng goc véi nhau.
Hai duong chéo 1a cac dudng phan giac cua cac géc cua hinh thoi.
Chu vi hinh thoi:
C,.o =4AB=4BC =4CD =4DA
Dién tich hinh thoi:

S = %AC.BD =BO.AC=0D.AC

ABCD

Cac phwong phap chirng minh hinh thoi:

Phuong phap 1: Tt giac c6 bon canh bang nhau.

Phuong phap 2: Hinh binh hanh ¢6 hai canh ké bang nhau.

Phuong phap 3: Hinh binh hanh c6 hai duong chéo vudng goc véi nhau.

Phuong phéap 4: Hinh binh hanh c6 mot duong chéo la duong phan giac cia mdt goc.
1.9. Hinh vudng:

A , B
uj : =
ul [ C

Dinh nghia: Hinh vudng 14 tir gidc c¢6 bon goc vudng va bdn canh biang nhau.
Tinh chét:
Hinh vudng c6 tt ca cac tinh chét ciia hinh chit nhat va hinh thoi.
Chu vi hinh vuéng:
C..,=4AB=4BC=4CD=4AD

Dién tich hinh vudng:
S,.., =AB*=BC* =CD* = AD’
Phuong phdp chirng minh hinh vuodng:
Phuong phép 1: Hinh chit nhat c¢6 hai canh ké bang nhau.
Phuong phéap 2: Hinh chit nhat c6 hai duong chéo vudng gbéc voi nhau.
Phuong phéap 3: Hinh chit nhat c6 mgt duong chéo la duong phan gidc ciia mdt goc.
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Phuong phap 4: Hinh thoi c6 mdt gbc vudng.

Phuong phap 5: Hinh thoi c6 hai duong chéo bang nhau.

2. Bai tap ap dung:

Bai tap 1: Cho AABC c6 ba goc déu nhon, noi tiép duong tron tim O. Goi H 1a tryc tdm cua AABC.
D 14 mot diém trén cung BC khong chira diém A. Xac dinh vi tri ciia diém D dé tir giac BHCD la
hinh binh hanh.

Giai A
Gia sir da tim duoc diém D trén cung BC sao cho tir giac BHCD 1a hinh
binh hanh.
Khi d6: BD // HC va CD // HB. O
ViH 14 tryc tAm tam giac ABC nén CH L AB va BH L AC. H
= BD1 ABvaCD L AC.
Do d6: ABD =90” va ACD =90. B C
Vay AD la duong kinh ctia duong tron tam O
Nguoce lai néu D 1a ddu duong kinh AD cua dudng tron tim O thi tir giac D

BHCD la hinh binh hanh.
Bai tap 2: Cho duong tron (O) dudng kinh AB = 2R va C 1 mét diém thuoc duong tron
(C# A; C=B). Trén nira mit phang bd AB c6 chira diém C. Ké tia Ax tiép xtic v&i duong tron (O),
goi M 1a diém chinh giita ciia cung nhé AC. Tia BC cit Ax tai Q , tia AM cat BC tai N. Chirng minh
cac ABAN va AMCN can.

Giai

Xét AABM va ANBM, ta co: X

AB la duong kinh. QKRN

Nén AMB = NMB =90°. <

M Ia di€ém chinh gitra cua cung nhé AC nén

ABM = MBN = BAM = BNM.

= ABAN can tai dinh B.’ A B
Xét tir giac AMCB ndi ti€p:

— BAM =MCN (clng b véi MCB)

— MCN = MNC (cung bang m)
= AMCN can tai dinh M.
Bai tip 3: Cho AABC can tai A, (AB > BC). Piém D di dong trén canh AB, (D khong tring véi A,
B). Goi (O) 1 dudng tron ngoai tiép ABCD. Tiép tuyén cta (O) tai C va D cit nhau & K.
a) Chirng minh t& gidc ADCK ndi tiép?
b) Ttr gidc ABCK 1a hinh gi? Vi sao?
¢) Xac dinh vi tri diém D sao cho tir gidc ABCK la hinh binh hanh?

Giai
c¢) Theo cau b, tir giac ABCK 1a hinh thang.
Do 49, tir giac ABCK la hinh binh hanh.
< AB// CK

= BAC = ACK
Ma ﬁ(=%sdé€ :%sdé_ﬁ - DCB

K

Nén BCD = BAC
Dung tia Cy sao cho B/(S/ = BAC.
Khi d6, D I giao diém ciia AB va Cy.
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Véi gia thiét AB > BC thi BCA > BAC > BDC.
=D € AB. i .

Vay di€m D xac dinh nhu trén la diém can tim.

3. Bai tap tu luyén:

Bai tap 1:Cho tam gidc déu ABC noi tiép duong tron tam O. D va E 1an luot 1a diém chinh giira ciia
cac cung AB va AC. DE cit AB ¢ I va cat AC ¢ L.

a) Ching minh DI =1L = LE.

b) Chirng minh tur gidc BCED 1a hinh chit nhat.

¢) Chung minh tr gidc ADOE 1a hinh thoi va tinh cac goc cta hinh nay.

Bai tap 2:Cho tir gidc ABCD ndi tiép dudng tron co cac duong chéo vudng goc véi nhau tai 1.

a) Chirng minh rang néu tir I ta ha dudng vudng goc xudng mot canh cua tir giac thi dudng vudng
gdc nay qua trung diém ctia canh dbi dién cua canh do.

b) Goi M, N, R, S 14 trung diém cua céc canh cua tir gidc dd cho. Ching minh MNRS 13 hinh chir
nhat.

¢) Chirng minh dudng tron ngoai tiép hinh chit nhat nay di qua chan cac duong vudng goc ha tir I
xudng cac canh cua tir gidc.

Bai tip 3:Cho tam giac vudng ABC ( ZA = 1v) c6 AH la duong cao. Hai dudng tron duong kinh
AB va AC c6 tam 1a O va O,. Mot cat tuyén bién doi di qua A cat dudng tron (O1) va (O2) lan luot
tai M va N.

a) Chirng minh tam giac MHN 1la tam gidc vuong.

b) Tt giac MBCN la hinh gi?

¢)GoiF,E, G lan luot 1a trung diém cia 0,0, MN, BC. Chtrng minh F céach déu 4 diémE, G, A, H.
d) Khi cat tuyén MAN quay xung quanh diém A thi E vach mot dudng nhu thé nao?

Bai tap 4:Cho hinh vuéng ABCD. Lay B lam tdm, ban kinh AB, v& 1/4 dudng tron phia trong hinh
vudng.Lay AB lam duodng kinh , v& 1/2 dudng tron phia trong hinh vudng. Goi P 1a diém tuy y trén
cung AC ( khong tring v6i A va C). H va K 1an luot 13 hinh chiéu cua P trén AB va AD, PA va PB
cit nira duong tron lan luot o I va M.

a) Chirng minh I 13 trung diém ctia AP.

b) Chirng minh PH, BI, AM ddng qui.

c¢) Chiing minh PM = PK = AH

d) Chuirng minh tr giac APMH la hinh thang can.

d) Tim vi tri diém P trén cung AC dé tam giac APB la déu.

Bai tip 5: Cho tam giac déu ABC noi tiép dudng tron (O). Trén cung nhd AB ldy mot diém M.
DBuong thing qua A song song v6i BM cit CM tai N. Chirng minh rang tam giac AMN 1a tam giac
deu.

Bai tap 6: Tir mot diém A ¢ bén ngoai duong tron (O; R) ve hai tlep tuyén AB, AC véi dudng tron. Goi M
14 trung diém cua AB. Tia CM cat duong tron tai diém N. Tia AN cit dudng tron tai diém D.

a) Chirng minh rang MB?= MC. MN

b) Chirng minh rang AB// CD

¢) Tim diéu kién ciia diém A dé cho tir gidc ABDC 1a hinh thoi. Tinh dién tich cir hinh thoi do.

CHU DE 2
CHUNG MINH SONG SONG

1. Kién thirc co ban:
Cac phuwong phap chirng minh:

Phuwong phap 1: Hai duong thiang song song v6i nhau khi va chi khi chiing cting vudng goc véi mot
duong thang thi ba.
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Phwong phap 2: Dung mdi quan hé giita cac goc: So le bang nhau, ddng vi bang nhau, trong cling
phia bang nhau, ...

Phwong phap 3: Su dung dinh ly ddo cua dinh 1y Talét.

Dinh ly: Néu mot duong thing cit hai canh cia mot tam gidc va dinh ra trén hai canh nay nhiing
doan thing ty 18 thi hai duong thang doé song song v&i canh con lai cia tam giac.

Phwong phap 4: Ap dung tinh chat ctia cac tir gidc déc biét, duong trung binh cia tam gidc.

Phwong phap 5: Ap dung tinh chat hai diy chan giita hai cung bang bang nhau cta dudng tron.

2. Bai tap ap dung:

Bai tap 1: Cho AABC, trung tuyén AM, duong phan giac ciia goc¢ AMB cit canh AB tai D. Pudng
phan giac cua goc AMC cét canh AC ¢ E. Ching minh rang: ED // BC.

Giai
Trong A ABM c6 MD I phan gidc cia AMB nén, ta co: A
AD _MA
AP MA ) (dinh
DB~ MB (1)  (dinhly)
Trong A AMC ¢6 ME la phan giac caa AMC nén, ta c6: D, E
AEMAT @ @inhiy /W\
EC MC sl N\
Vi MB = MC (gia thiét). M
Nén tir (1) va (2).
AD _AE
Suyra: —=——
DB EC

Trong A ABC c6 DE dinh ra 2 canh AB, AC nhirng doan théng ti 1é¢ nén DE // BC

Bai tap 2: Cho tir giac ABCD. Goi K, L lan luot 13 trong tdm ciia cic tam gidc ABC va tam giac

BCD. Chirng minh rang KL // AD.
Giai

Goi M la trung diém cua BC.

ViK la trong tdam cia AABC

nén MK= %MA (tinh chét trong tdm cua tam giac)

MK _ 1
hay —= = 1
Y VA~ 3 D)
VaL latrong tdm cua ABCD
nén ML—EMD hay& -1 (2
3 MD 3
Tu (1) va (2) suyra % = % nén KL //AD (dinh ly Talét ddo)

Do trong A AMD c¢6 KL dinh ra trén 2 canh MA, MD nhiing doan thrfmg ty 1€ nén

KL // AD (dinh ly Talét dao).

Bai tip 3: Cho hinh thang ABCD (AB // CD), M la trung diém cta CD. Goi I 14 giao diém ciia AM
va BD va K 1a giao diém ctia BM va AC. Ching minh rang: IK //AB.

Giai A B

Ta co:

M_% (do AB // MD hay AAIB ~ AMID)

1A
va (Do AB//MC)
Ma MD = MC (gia thiét)
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N, M _ K

IA KB’
Suy ra IK // AB (Piéu phai chirng minh)
Vitrong AAMB c6 IK dinh ra trén 2 canh MA, MB nhitng doan thing ty & nén
IK // AB (dinh 1y Talét dao).
3. Bai tap tu luyén:
Bai tap 1: Cho hinh thang ABCD (AB // CD, AB < CD). Ké AK // BC, AKNBD = E; Ké BI //AD;
BINAC = F (K, | € CD). Chimg minhn rang: EF // AB.
Bai tip 2: Cho tir gidc ABCD. Qua B, v& Bx // CD cit AC tai E. Qua C v& Cy // BA cat BD tai F.
Ching minh rang: EF // AD.
Bai tap 3: Cho hinh binh hanh ABCD dudng phén giac cia goc BAD cat BD tai M, duong phan
giac ctia goc ADC cit AC tai N. Chtrng minh rang: MN //AD.
Bai tiap 4: Cho AABC. Lay diém M tuy y trén canh BC. Lay N tuy y trén canh AM. Pudng thang
DE // BC (D € AB, E € AC). Goi P 1a giao diém ciia DM va BN va Q 1a giao diém ctia CN va EM.
Ching minh rang: PQ // BC.
Bai tap 5: Tam giic can ABC c¢6 BA = BC = a, AC = b. Puong phan giac goc A cit BC tai M,
duong phan giac cua goc C cat BA tai N. Chang minh rang: MN // AC.
Bai tap 6: Cho duodng tron (O), diém A nam bén ngoai dudng tron. Keé céc tiép tuyén AM, AN vai
duong tron (M, N la cac tiép diém). V& duong kinh NOC. Chang minh rang AO // MN.

CHU PE 3
CHUNG MINH HAI DUONG THANG VUONG GOC

1. Kién thirc co ban:
Phwong phdp chitng minh dwong thiang a va dwong thang b vudéng géc véi nhau:
Phwong phap 1: Chirng minh ching song song vdi hai duong vudng goc khac.
Phwong phap 2: Puong thing vudng goc voi mot trong hai dudng thing song song thi vudng goc
v6i dudng thang con lai.
Phwong phap 3: Dung tinh chat ctia ba duong cao va canh ddi dién trong mot tam gic.
Phwong phap 4: Puong kinh di qua trung diém ctia mot day.
Phwong phap 5: Phan giac cua hai goc ké bu nhau.
Phwong phap 6: Str dung goc ndi tiép nira dudng tron.
Phwong phap 7: Str dung tinh chit dudng trung truc.
Phwong phap 8: Tinh chét tiép tuyén va dudng kinh ctia dudng tron.
2. Bai tap ap dung:
Bai tap 1: Cho AABC, cac duong cao BD va CE. Goi M, N 1a chan cac duong vubng goc ke tur B, C
dén DE. Goi I 1a trung diém ctia DE, K 1a trung diém caa BC. Ching minh rang: KI L ED?
Chirng minh

Xét ABDC c6: DK 1a duong trung tuyén = DK = %BC (1)

Xét ABEC c6: EK 1a dudng trung tuyén = EK = %BC (2)

Tu (1) va (2), suy ra: DK = EK.

Suy ra: AEKD can tai K.

Ma I 1a trung diém cua DE.

Do do: KI 1a duong cao cua AEKD = KI L ED.

Bai tap 2: Cho duong tron tdm O, duong kinh AB. S 1a mot diém ndm bén ngoai dudng tron. SA va
SB lan Iuot cat duong tron tai M, N. Goi H giao diém ciaa BM va AN. Chirng minh ring SH L AB.

Bién soan: Tran Trung Chinh




.2 CHUYEN PE ON THI VAO LOP 10 ::.

Chirng minh

Taco: AMB =90 (t/c gbc ndi tiép chin nira dudng tron)
ANB =90° (t/c goc ndi tiép chén nira dudng tron)

Xét ASAB cé AN , BM la hai duong cao.

Ma H la giao diém ciia AN va BM = H la truc tdm ctia ASAB.

Suy ra: SH thudc duong cao thir ba cia ASAB.
Vay SH 1 AB.

Bai tap 3: Cho hinh thang vudng ABCD, (A: D =9o°), ¢6 CD = 2AB. Goi H la chin duong
vudng goéc ha tu D Xuér}g AC va M la trung diém cua HC. Chirng minh rang duong thing qua DM
vuong goc voi duong thang qua BM.
Giai
A B

M

D i C

Ké BE L CD (E e CD).

Vi CD = 2AB nén AB = DE = EC.

Hay E 14 trung diém cua CD.

Xét ADHC c6 EM la duong trung binh.

= EM//DH= EM 1L AC (ViDH L AC).

Xét ti giac MADE c6 ADC =90° va AME =90°.

Suy ra: Tt giac MADE ndi tiép dudng trong duong kinh AE. Tt 1a bon diém M, A, D, E nim trén
mot duong tron. (1)

Xét ti gidc ABED c¢6: ADE =90° va AB = DE.

= T giac ABCD la hinh chir nhat.

— Bbn diém A, B, E, D nim trén mot duong trong dudng kinh AE. (2)

Tu (1) va (2), suy ra: M thudc duong tron duong kinh AE.

Ta co: Tt gidc ABMD noi tiép.

Ma BAD =90° = BMD =90,

= BM L DM.

Bai tap 4: Cho tam giac can ABC, goi H 14 trung diém cua BC va E 13 hinh chiéu cua H trén AC.
Goi O 1a trung diém ctia doan thang HE. Chimg minh AO vudng goc véi BE.

Ching minh
Goi K 1a trung diém cua EC.
Ta c6: HK 1a duong trung binh cia ABEC nén HK // EB (1)
Trong AEHC, ta c6: OK 1a duong trung binh nén OK // HC. (2)
Ma AH L HC (gia thiét) (3)
Tu (2) va (3), suyra: OK 1L AH *)

Ta lai c6: HE L AC (Vi E 13 hinh chiéu cta H trén AC) (**)

Twr (*) va (**), suy ra: O la tryc tdm cia AAHK

= AO L HK 4)
Tir (1) va (4), suy ra: AO L BE (diéu phai chirng minh).
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Bai tap 5: Cho AAHC, c6 (ﬁ :900). Pudng cao HE. Goi O, Klan Iuot la trung diém cia EH va

EC. Chung minh AO vuong géc véi HK.
Chirng minh
Tur gia thiét c6 OK 1a duong trung binh ctia tam giac EHC
= OK// HC.
Mat khac: HC 1 AH
= OK L AH
Xét AAHK c6: HE L AC, OK L AH
= O la truc tam cia AAHK
= AO 1 HK.
Bai tap 6: Cho tir giac ABCD ndi tiép dudng tron ddng thoi ngoai tiép dudng tron khac co cac tiép
diém M, N, P, Q lan lugt v6i cac canh AB, BC, CD, DA ciia tir gidc da cho. Chirng minh rang MP
vuong goc voi NQ.
Chirng minh

Goi (0) 1a duong tron noi tiép tir giac va (0°) 1a dudng tron ngoai tiép tir giac.
Ta co:
_ S MQPN -sdMnN

B > (goc co6 dinh bén ngoai dudng tron)
D= sd PNM%- sdPkQ (goc co6 dinh bén ngoai dudng tron)

D + B = 180° (vi tw giac ABCD ndi tiép (0"))
. sd PNMQ - sdPkQ + sd MQPN - sdMnN
2 2

— —

2PIN+2M
N MQ_ g0

2

—  —

= PIN+MmQ = 180°

o BIN - \ 0
Ma MIQ +PIN = sdPIN +sdMnQ _ 1820

=180°

=90°

= MP L QN. (diéu phai chirng minh)

3. Bai tap tu luyén:
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Bai tap 1: Cho AABC déu. Goi H 1a trung diém ciia BC va E 14 hinh chiéu ctia H trén AC. Goi O 1a
trung diém cua doan thing HE. Chirg minh: AO L BE.

Bai tap 2: Cho tam gidc vudng can ABC (,& - 900). Goi H la trung diém cta BC va E 14 hinh chiéu

ctia H trén AC. Goi O 1a trung diém ctia doan thing HE. Chirng minh: AO L BE.

Bai tap 3: Cho AABC can tai A, dudng cao AH. Ha HI 1. AC, M 1a trung diém cua HI. Chirng minh
Bl L AM.

Bai tap 4: Cho hinh chit nhat ABCD. Goi H 14 hinh chiéu ctia B trén AC. I va N lan luot 1a trung
diém ciia AD va HC. Chirng minh: BN L IN.

Bai tap 5: Cho AABC can tai A, duong cao AH. Dung hinh chir nhat AHCK, HI 1. AC. Goi M, N
lan luot 1a trung diém cua IC va AK . Chirng minh: MN L BI.

Bai tap 6: Cho hinh chit nhat ABCD. Goi H 14 hinh chiéu ctia B trén AC. Goi E, F, M lan luot 1a
trung diém ciia AB, DH, BH. Chirng minh: AM | EF.

Bai tap 7: Cho hinh chit nhat ABCD. Goi H 14 hinh chiéu ctia B 1én AC. E, F, M, N lan luot 1 trung
diém cia AB, DH, HC, AD. Chting minh: EF 1 MN.

Bai tip 8: Cho AABC (,& - 900). H 13 hinh chiéu cta A trén BC. I, K 1a tht ty hai diém thuoc AH

HK _ HI
va CK sao cho —— = —. Chitng minh: BI | AK.
KC 1A 8

Bai tap 9: Cho hinh thang vudng ABCD (,& -B =9o°) va AC = m, BD = n. Goi H I hinh chiéu

ctia A trén BC. Liy diém K e HC, sao cho % = % Chimng minh: DK L AK.

Bai tap 10: Cho tir giac ABCD ndi tiép duong tron tam O. Goi E 1a giao diém cua hai canh ddi AD
va BC. Goi F 1a giao diém ctia hai canh d6i DC va AB. Chirng minh rang céc tia phin giac trong cua
hai goc E va F vudng goc voi nhau.

Bai tap 11: Cho hinh chit nhat ABCD. Trén tia AD va BC lan luot ldy hai diém E va F sao cho
DF=CE=DC. Trén tia DC liy diém H sao cho CH = CB. Chiing minh: AE L FH.

Bai tap 12: Cho hinh vuéng ABCD. T 1a mot diém bat ki & trén canh AB (T khac A va B). Tia DT
cit tia CB tai E. Puong thiang CT cat AE tai M. Ching minh rang dudng thing DE vudng goc voi
duong thang DM.

Bai tip 13: Cho hinh vuéng ABCD c¢6 dinh. Ly Diém T trén canh AB (T khic A va B). Tia DT cit
tia CB tai E. Puong thang CT cat dudng thing AE tai M .Pudng thing BM cit duong thang DE tai
F. Tim quy tich diém F khi T chay trén canh AB.

Bai tap 14: Cho ATBE (é :900). V& dudng phan gide BD va dudng cao BF. Tir D dung DA va

DC theo thtr ty vuong goc véi canh TB va canh BE (A trén canh TB, C trén BE). Chirng minh r?mg
cac duong théng TC, AE, BF cit nhau tai mot diém.

Bai tap 15: Puong tron tam O ndi tiép trong tam giac ABC. Goi M va N lan luot 1a hai tiép diém
ctia dudng tron d6 voi hai canh AB va AC. Tia MN cit tia phan giac ctia goc B tai P. Ching minh
BP vudng gbc voi CP.

CHU DE 4
P T s
CHUNG MINH HAI DOAN THANG BANG NHAU

1. Kién thitc co ban: i .
Phuong phap 1: Chirng minh hai doan thang c6 cung d¢ dai (theo cung don vi do chi€u dai).
Phwong phap 2: Chirng minh hai doan thdng cung bang doan thing thir ba thi bang nhau.
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Phuwong phap 3: Chimg minh cic doan thing bang nhau 14 cac canh cua cac tam giac, tir giac didc
biét (hinh dic biét), tam giac bing nhau.

Vi du: Hai canh bén cta tam giadc can thi béng nhau, cdc canh cua tam giac déu thi béng nhau, hai
canh bén cua hinh thang can, cic cap canh ddi cua hinh binh hanh, hinh chit nhat, hinh thoi, hinh
vudng thi bang nhau.

Phwong phap 4: Ching minh ti s do dai ciia cac cip canh can chimg minh ludn dat gia tri bang 1.
Phwong phap 5: Sir dung dinh nghia, tinh chat cia:

Trung diém, trung truc cta doan thang.

Puong trung tuyén, dudng trung binh, dudng trung truc, ... trong tam giac.

Puong chéo cia hinh binh hanh, hinh chit nhat, hinh thoi, hinh vuoéng, ...

2 diém, 2 doan thang di xtng qua 1 diém, 1 tryc.

Phwong phap 6: Chirng minh hai tam giac ¢6 cung dién tich véi cac duong cao, canh day tuong
ung.

Phwong phap 7: Sir dung tinh chit cta diy cung va tiép tuyén voi dudng tron.

2. Bai tap ap dung: )
Bai tip 1: Cho duong trong (O) duong kinh, day CD khong cat duong kinh AB. Goi H va K theo
thir ty 1a chan cac duong vuong goéc ké tur A va B dén CD. Chirng minh rang: CH = DK.

Chirng minh K
Theo gi4 thiét, ta co: AH L CD va BK L CD nén AH // BK. H D
Suy ra: AHKB la hinh thang. C
Ké OM 1 CD tai M = MC = MD (t/c duong kinh va day
cung) 1) A \ B
Xét hinh thang AHKB c¢6 OA = OB = R; OM // AH // BK O

(cung vudng goc véi CD)
OM la duong trung binh cua hinh thang
= MH = MK (2)
Tu (1) va (2), ta co: CH = DK.
Bai tap 2: Trong hinh vuong ABCD va nita duong tron duong kinh AD va vé cung AC ma tam la
D. N&6i D v6i diém P bét ky trén cung AC, DP cit nita duong tron duong kinh AD & K. Chirng minh
PK bang khoang céach tir P dén AB.

Chirng minh
KéPI L AB.
Xeét AAPK va AAPI:
AAPK vudng tai K O
(Vi AKD = 90° goc ndi tiép chin nita dudng tron dudng kinh AD)
AADP can tai D
= AD =DP

= I5; — DAP P
Mat khac:

I31 - DAP (So le trong vi AD // PI)
PSRN D C

Do do: P, =P,

= AAPK = AAPI (c6 chung canh huyén va mot cip goc nhon bang nhau)

= PK =Pl i

Bai tap 3: Cho hinh thang ABCD (AB// CD) c6 ACD = BDC. Chirng minh rang: AD = BC.

Ching minh
Goi E 1a giao diém cua AC va BD
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Xét AECD ¢6: D, =C, (do ACD=BCD)
= AECD la tam giac can.
SuyraED =EC (1)
Do §1 = Iivé AA\l :(/Z\1 (so le trong)
Ma D, =C,
= AEAB la tam giéc can. D
Suyra: EA=EB (2
Tu (1) va (2), suy ra: AC = BD. ‘
Hinh thang ABCD c6 hai duong chéo bang nhau nén 1a hinh thang can.
Suyra: AD = BC. . 7
Bai tap 4: cho hinh binh hanh ABCD. Goi E, F lan luot 1a trung diém cua AD, BC. Chirng minh
rang: BE = DF.

Chirng minh

1
Taco: DE = %AD; BF = EBC

A B

A B

Ma AD = BC (hai canh d6i ciia hinh binh hanh ABCD) E =
= DE = BF.
Mat khac: DE // BF.
= EBFD Ia hinh binh hanh. D C
Vay BE = DF.
Bai tap 5: Cho hinh binh hanh ABCD. Goi I, K 1an Iuot 1a trung diém ciia CD, AB. Puong chéo BD
cat Al, CK theo thu ty tai M, N. Chirng minh rang: DM = NB.
Chirng minh
T giac AICK ¢6: AK//ICva AK =1IC
= T giac AICK la hinh binh hanh.
= Al // CK.
ADCNc6 IC=1IDvalIM// CN.
Suy ra: DM = MN Q)
ABAM c0: BK = KA va KN // AM. D
Suyra: MN = NB 2
Tu (1) va (2), suy ra: DM = NB.
Bai tap 6: Cho tam gidc ABC cén tai A.Trén tia d6i cua tia BC lay diém M, trén tia d6i cua tia CB
1y diém N sao cho BM= CN.
a) Chirng minh: AM = AN.
b) K¢ BH L AM (H € AM), CK_LAN (K € AN). Chirng minh: BH = CK.
c¢) Chung minh: AH = AK.
Chirng minh

C

A
a) AAMB cén

— ABC =ACB
:@:@(:180%,@?:)

AABM va A ACN co: H K
AB = AC (gid thiét)

B = AL (g1d ‘ M N
ABM =ACN (ching minh trén)
BM = CN (gia thiét)

= AABM = AACN (c.g.c) O
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= M=N — AAMN cantai A — AM = AN
b) Xét AHBM va AKNC co: M =N (theo céu a)

MB = CN

= AHMB = AKNC (ch — gn)

= NK = CK.

c) Theo céu a) tacé AM = AN (1)
Theo chung minh trén: HM = KN (2)
Tu (1), (2) > HA=AK

3. Bai tap tu luyén:

Bai tap 1: Cho hinh vuéng ABCD. Ké AC cit BD tai H. Lay hai diém E, F lan luot thuoc AD, BC
sao cho AE = CF, AF cit HB tai I. Goi M 1a trung diém cua IB. Chirng minh: AE= IM.

Bai tap 2: Cho tam gidc ABC c6 AP 1a phan giac. Trén nira mit phing bd BC chitra dinh A, vé tia
Px sao cho goc CPx bang goc BAC. Tia nay cat AC ¢ E. Ching minh rang: PB = PE.

Bai tap 3: Goi P 1a diém nam trén dudng tron (O) ngoai tiép tam gidc ABC. Ha cac duong vudng
g6c PAy, PBy, PC; xudng cac canh BC, CA, AB.

a) Chirng minh rang A;, By, C; thang hang.

b) Goi H 1a truc tdm cta tam gidac ABC. Pudng thing A1B;C; cit PH tai I. Ching minh IP = [H.

Bai tap 4: Dung phia ngoai tam gidc ABC cac tam giac déu ABD va ACE. V& hinh binh hanh
EADF. Chtrng minh BCF 14 mot tam giac déu.

Bai tip 5: Cho 3 diém A, B, C thang hang theo thir ty d6. Ldy AB va BC 1a canh dung hai tam giac
déu ABE va BCF nam vé cing mdt phia bd AC. Goi I va J 1a trung diém cua AF va CE. Ching

minh rang: 1] = %

Bai tap 6: Cho tam giac ABC va (I) 1a dudng tron ndi tiép tam gidc ABC. Céc tiép diém trén céc
canh BC, CA, AB lan luot 1a Aj, By, C1. Goi E 1a diém d6i xtng cta B qua CL F 1a diém dbi xtng
ciia B qua AL Chtrng minh ring B;E = B4F.

Bai tap 7: Cho duong tron (O) va dudng thang d khong cit duong tron (O). Goi A 1a hinh chiéu cua
(O) trén d. Qua A ké mot cat tuyén cit (O) & B va C. Hai tiép tuyén cua (O) tai B va C cit d 0 E va
F. Chirng minh: AE = AF.

Bai tap 8: Cho duong trong (O) dudng kinh AB, day CD cét dudng kinh AB tai G. Goi H va K lan
luot 14 hinh chiéu ctia A va B trén CD. Chirmg minh rang: CH = DK.

Bai tip 9: Cho tir gidc ACBD ndi tiép dudng tron dudng kinh AB. Ching minh rang hinh chiéu
vudng ctia cac canh dbi dién cua ttr gidc trén dudong chéo CD bang nhau.

CHU DE 5
CAC GOC BANG NHAU

1. Kién thitc co ban:

Cdc phwong phdp chitng minh hai géc bang nhau:

Phwong phap 1: Hai goc c6 cling mot s do thi bang nhau.

Phlr0'ng phap 2: Hai goc cua hai tam giac bang nhau hodc hai tam giac dong dang, hai goc cta tam
gidc can, déu; hai goc cua cing mot day trong hinh thang can, hai goc ddi ctia hinh binh hanh, ... thi
bang nhau.

Phuwong phap 3: Hai goc cling bang mot goc thu 3.

Phuwong phap 4: Tia phan giac chia mot goc thanh hai phan bang nhau.

Phwong phap 5: C4c goc so le trong, dong vi, d6i dinh, ...

Phuwong phap 6: Cac goc noi tiép ciing chin mot cung trong mot dudng tron thi bang nhau.
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Phwong phap 7: Tt giac ndi tiép c6 goc ngoai bang goc ddi trong.
Phuong phap 8: Str dung ham s6 luong giac: sin, cos, tan va cot.
Phwong phap 9: Str dung tinh chat cta phép tinh tién, d6i xtirng, quay.

2. Bai tap ap dung: )
Bai tdp 1: Cho hai duong tron (O) va (O’) cat nhau tai A va B. V& duong kinh AC va AD cua (O)
va (O’). Tia CA cat duong tron (O’) tai F, tia DA cat duong tron (O) tai E. Chirng minh:
EFC =EDC
Chirng minh
Ta co:
CED =90° (goc ndi tiép chin nira dudng tron (0))
CFD = 90° (goc ndi tiép chén nira dudng tron (0°))
= CED =CFD(=90")
Hai dinh E, F cung nhin canh CD mot goc bang 90°.
= Tir giac CEFD noi tiép.
= EFC=EDC (cung chin Eé). ’ 7
Bai tap 2: Cho hinh vuong ABCD c6 dinh. E 1a diém di dong
trén canh CD (khac C va D). Tia AE cat duong thang BC tai F. Tia Ax vudng goc voi AE tai A cat
duong thang DC tai K. BD cat KF tai L.
a) Chirng minh: CAF = CKF
b) Chirng minh: IDF = IEF
¢) Chtirng minh: AKAF vuéng can.
Chirng minh A B

a) Ta c6: KAF=90° (AK L AF) va KCF=90° (ABCD
14 hinh vudng)
WAL el ono M
Suy ra: KAF = KCF(=90°)
Hai dinh A, C cung nhin doan KF mot goc bang 90°. K D
— Tt gidc ACFK noi tiép. EN |C
— CAF=CKF !

b) Tt giac ACKF ndi tiép nén ta co:

AFK =ACK ma ACK =45°, BDC=45" (ABCD Ia

hinh vuéng)

Suy ra: AFK = I§D\C(= 450)

Do do6: Tt giac IDEF ndi tiép (Vi goc ngoai bang gboc trong cua dinh ddi dién)
. IDF = IEF |

c) AAKF vudng tai A (gia thict), ta co:

AFK = 45° = AKF = 45° = AKAF vuong c:éln tai A. ,
Bai tap 3: Cho AABC c6 ba goc nhon ngi tiép duong tron (O; R). Hai duong cao BE va CF cat nhau
tai H.

a') Chung minh tir giac BFEC ndi tiép noi ti‘ép dugc dudng tron. ) )

b) Hai tia BE va CF cat duong tron (O) lan luot tai M va N. Ax 1a tiép tuyén tai A. Chlirng minh
XAN = ANM.,

c¢) Chirng minh: MNC = EFC.
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Chirng minh
a) Tu gidc BFEC c6:
BFC = 90° (CF la duong cao)
BEC =90° (BE 1a duodng cao) ‘
Hai dinh F, E cing nhin canh BC mdt goc bang 90°.
= Tt gidc BFEC noi tiép.
b) Vi Ax la tia ti€p tuyén cua (O).
Suyra: AO L Ax.
Va xAN=ACN (1) (goc tao boi tiép tuyén va day
cung vdi goe ndi tiép cung chan mot cung).
Taco: ANM = ABM (cling chin AM)
Va ABM =ACN (cling chin EF)
Suy ra: ANM =ACN )
Tir (1) va (2), suy ra: XAN = ANM . (didu phai chirng minh)
c) Ta co: MNC = MBC (g6c ndi tiép chin nira duong tron)
Va EFC = MBC (tir gidc BFEC ndi tiép)
Suy ra: MNC = EFC. (diéu phai chirng minh).
Bai tap 4: Cho AABC c6 3 goc nhon ndi tiép duong tron (O). M 14 diém thudc cung nhd AC. V&
MH L BCtai H, MI 1. AC tai L. M
Chtrng minh: IHM =ICM.
Chirng minh
Xeét tir giac MIHC, co: |
MIC =90° (MI L AC)
MHC =90° (MH L BC) ‘
Hai dinh I, H cung nhin doan MC mot goc bang 90°.

= T giac MIHC ndi tiép. B v C
= IHM =ICM (cing chin MI) \/
(diéu phai chirng minh)
Bai tap 5: (Pé thi HSG 12 tinh Pong Nai 2013 - 2014)
Cho AABC ndi tiép duong tron (0) 6 AB <BC < AC va ATB\C 14 goc nhon. Puong tron (I) ndi tiép
tam giac va tiép xtuc véi BC tai D. M, N lan luot la giao di€m cua hai duong thang AO, Al véi (O).
Biét A khong tring véi M va N. Ching minh: IND = IMO.

Chirng minh

Goi T la giao cua ON va BC.
Dé chiing minh dugc:

_ _ BT % a

IN=BN = = N X

COSNBC 55 2¢ps™

2 I 0)
IN a a sin A . A ID
AM 2.2R.co0s— 2c0S—.—— 2C0S—
2 2 sinA 2 B DN [T C
Mat khac, ta co: DIN = m(: IK/IT))
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Suy ra: ADIN «>AIAM
— IND = IMO. (diéu phai ching minh)

3. Bai tap tu luyén:

Bai tap 1: Cho AABC, trén canh AB va AC lan luot lay hai diém D va E sao cho BD = CE. Goi M
va N lan luot 1a trung diém cta BC va DE. Puong thang qua M va N 1an Iuot cit AB va AC tai P va
Q. Chirng minh rang: MPB = MQC.

Bai tip 2: Cho D 1a trung diém cta doan thang AM. Trén cling nira mit phiang bd AM ta vé& nira
duong tron dudng kinh AM va nira dudng tron duong kinh AD. Tiép tuyén tai D ctia dudng tron nho
cit nira dudng tron 16m tai C va cac tiép tuyén tai C va A cta dudng tron 16n cét nhau tai B. N6i P
bat ki trén cung nho AC véi diém D cit nira dudng tron nhé tai K. Chirng minh rang: AP [a phan
giac cua BAK.

Bai tap 3: Cho hinh vuéng ABCD canh a. E 1a diém nam giita A va B, dudng thang CE cat dudng
thang AD tai K. Qua C ké dudng thiang vudng goc v6i CE, cit AB tai 1.

a) Chirng minh rang: Trung diém cua IK di dong trén mot duong thiang cb dinh khi E di dong trén
doan AB.

b) Cho BE = x. Tinh BK, CK, IK va dién tich tr giac ACKI theo a va x.

Bai tap 4: Cho tam giac ABC voi A< 90°, c6 AB < AC ndi tiép trong duong tron tdm O. V& duong

/\

cao AH va ban kinh OA. Chirng minh rang OAH B-C.

Bai tap 5: Cho hai duong tron (01) va (Oy) cit nhau & AvaB(0: va O, thudc hai nura mét phang bo
AB). Qua A ké cat tuyén cat duong tron & (01) ¢ C, cit dudong tron (O2) 6 D. Cac tiép tuyén cua hai
duong tron ké tir C va D cit nhau & 1. Ching minh rang khi cat tuyén CAD thay d6i thi:

a) CBD khong dbi

b) CID khéng dbi

Bai tip 6: Cho hinh binh hanh ABCD, P ¢ trong hinh binh hanh sao cho PAB = PCB. Chirng minh
rang: PBA = PDA.

Bai tap 7: Cho hinh binh hanh ABCD, trén BC va CD lay 2 diém tuong tng 1a M va N sao cho
BN=DM. Goi I la giao diém cia BN va DM. Ching minh: AID = AIB. ’ )

Bai tap 8: Cho (O,) va (Oy) tiép xuc trong vdi nhau tai A. Diém C thudc (0O1). Ké tiép tuyen cta
(O1) tai C cit (O») tai B va D. Chirng minh: BAC = CAD .

Bai tdp 9: Cho hinh binh hanh ABCD va diém P nim ngoai hinh binh do sao cho PAB = PCB ddng
thoi A va C khac phia voi duong thang PB. Qua A v& duong thang Ax /DP, qua P v& duong thang
Py // AD hai duong thang nay cat nhau ¢ Q.

a) chirng minh tu glac ABPQ noi tiép.

b) Chirng minh: APB = DPC
Bai tap 10: (NK 2006 — 2007 CD) cho AABC nhon, c6 tryc tdm H. Cac duong thang BH va CH lan
lugt cat AC, AB tai M, N. Biét: NHM =120°

MN
a) Chung minh: AMN = ABC Tinh: —~ 5C -

b) Tinh: —
BC-

CHU DE 6
CHUNG MINH HAI TAM GIAC BANG NHAU
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1. Kién thirc co ban:
Hai tam giac bang nhau khi va chi khi thoa man mot trong ba truong hgp sau:
Trwong hgpl: Hai tam gidc c6 ba cap canh tuong ting bang nhau thi bang nhau (canh-canh-canh).

A A
B /\C ] /\C

AB=A'B'
AC=A'C'} = AABC=AA'B'C' (canh-canh-canh)
BC=B'C'

Truong hop 2: Hai tam giac ¢ hai cdp canh tuong Gmg bang nhau va cip gdc xen giita cac canh d6
bang nhau thi bang nhau (canh-gdc-canh).

IANFAN

AC=A'C'
C=C' — AABC = AA'B'C’ (canh-gdc-canh)
BC=B'C'

Truwong hep 3: Hai tam gidc ¢ mét cap canh bang nhau va hai cip goc ké vé6i cip canh 4y bing
nhau thi bang nhau (goc-canh-goc).

A A
B/\c B./\ c

B=B'
BC=B'C't= AABC = AA'B'C' (goc-canh-goc)
c=C'

Lueu ¥ trieong hop bang nhau ciia tam gidc vudng:

Trlr(‘)'ng hop 1: Néu hai canh goc vudng ctia tam gidc vudng nay bang hai canh goc vudng clia tam
gi4c vudng kia thi hai tam giac vuéng d6 bang nhau.

Truong hop 2: Néu mot canh goc vudng va mot goc nhon ké canh 4y ciia tam giac Vuong nay bang
mot canh goc vudng va mot goc nhon ké canh Ay clia tam giac vudng kia thi hai tam giac d6 bang
nhau.
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Trudng hop 3: Néu canh huyén va goc nhon ciia tam giic vudng nay bang canh huyén va goéc nhon

clia tam giac vudng kia thi hai tam giac vudng d6 bang nhau.

Trudng hop 4: Néu canh huyén va canh goc vudng cia tam gidc vudng ndy bing canh huyén va

canh gdc vudng cua tam giac vudng kia thi hai tam giac vudng d6 bang nhau.

2. Bai tap ap dung:

Bai tap 1: Cho AABC ¢6 A =90°. Trén tia di cia AB, ldy diém D sao cho AB = AD. Chirng minh:

AABC = AADC. C
Chirng minh

Xét AABC va AADC c:
AB = AC (gia thiét)
CAD = CAB = 90°
AC canh chung.

= AABC = AADC (canh - gdc - canh) D~ + B

Bai tap 2: Cho AABC c6 A =90°. Buong thang AH 1 BC tai H. Trén duong vudng goc voi BC tai
B lay diém D khong cung ntra mat phang bo BC véi diém A sao cho AH = BD.
a) Chirng minh: AAHB = ADBH. D
b) Chirng minh: AB // HD.
Chirng minh
a) Xet AAHB va ADBH, ta c6:
AH = BD (gia thiét) B
A=B=90" (gia thiét) H
BH la canh chung.
= AAHB = ADBH (c—g-¢)
b) Vi AAHB = ADBH = ABH = BHD (goc tuong ting)
Ma ABH va BHD ¢ vitriso le A C
= AB // HD.
Bai tap 3: Cho AABC vuong tai A. V& BD la tia phan giac cua goc B. Vé AE L BC tai E. Chung
minh: AABD = AEBD.
Chirng minh
Xét AABD = AEBD, ta co: B
BAD = BED =90° (gia thiét)
BD canh chung. 1
B, =B, (gid thiét)
= AABD = AEBD (canh huyén — géc nhon).

3. Bai tap tu luyén: A D C
Bai tap 1: Cho AABC c6 AB =AC. Goi M la trung diém cua

canh BC.

a) Chirng minh: AABM = AACM.

b) Chirng minh: AM L BC.

Bai tip 2: Cho AABC. Qua A ké duong thang song song véi BC, qua C ké dudng thing song song
voi AB hai dudng thing nay cat nhau tai D

a) Chirng minh: AABC = AADC.

b) Chirng minh: AADB = ACBD.

¢) Goi O la giao diém cua AC va BD. Chirng minh: AABO = ACOD.
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Bai tap 3: Cho g6c vudng xAy. Trén tia Ax ldy 2 diém B va D, trén tia Ay lay 2 diém C va E sao
cho AB = AC va AD = AE.

a) Chung minh: AACD = AABE.

b) Chirng minh: ABOD = ACOE.

Bai tap 4: Cho goc xOy khac goc bet. Trén tia Ox ldy 2 diém A va D, trén tia Oy lay 2 diém C va E
sao cho OD = OE va OA = OB.

a) Chirng minh: AODC = AOBE.

b) Goi A 14 giao diém ctia BE va CD. Chtrng minh: AAOB = AAOC.

Bai tap 5: Cho AABC, c6 AB = AC. Tia phin giac ctia goc A cit BC tai M.

a) Chung minh: AAMB = AAMC.

b) Chtrng minh M 13 trung diém ctia canh BC.

¢) K 1a mot diém bat ki trén doan thaing AM, dudng thang CK cit canh AB tai I. V& IH vudng goc
v6i BC tai H. Chirng minh goc BAC = 2BIH .

Bai tap 6: Cho goc xOy khac goc bet. Liy cac diém A, B thudc tia Ox sao cho OA < OB. Liy cic
diém C, D thudc tia Oy sao cho OC = OA, OB = OD. Goi M 1a giao diém ctua AD va BC. Chiing
minh ring:

a) AD = BC.

b) AMAB = AMCD.

¢) OM 1a tia phan gidc cua goc xOy.

Bai tap 7: Cho AABC, (AB < AC) c6 AM la phan gi4c cta goc A (M thudc BC). Trén AC lay D sao
cho AD = AB.

a) Chung minh: BM = MD

b) Goi K 1a giao diém ctia AB va DM. Chtrng minh: ADAK = ABAC.

Bai tap 8: Cho tam giac ABC vudng tai A. Ké AH L BC. Ké HP | AB va kéo dai dé c6 PE = PH.
Ké HQ L AC va kéo dai dé c6 QF = QH.

a) Chung minh: AAPE = AAPH, AAQH = AAQF.

b) Chtrng minh: E, A, F thing hang va A 14 trung diém cua EF.

Bai tap 9: Cho AABC vudng ¢ C, co A=60°. Tia phan giac ciia goc BAC cit BC 0 E, ké EK L AB
(K € AB), k¢ BD L AE (D € AE).

Chtrng minh:

a) AK = KB

b) AD =BC

Bai tap 10: Cho AABC, AB = AC va M la trung diém cua AC va N 1a trung diém cua AB. Goi K 1a
giao diém ciia BM va CN. Chirmg minh:

a) ABNC = ACMB

b) ABKC can tai K.

Bai tap 11: Cho doan thang BC. Goi I 14 trung diém ctia BC. Trén duong trung tryc ciia BC lay
diém A (A= 1)

a) Chung minh: AAIB = AAIC.

b) Ké IH L AB, ké IK L. AC. Chtrng minh: AAHK ¢6 2 canh bang nhau

¢) Chung minh: HK // BC.

Bai tap 12: Cho AABC vudng tai A, ¢ BD la phan giac. Ké DE L BC (E € BC). Goi F la giao
diém cta AB va DE. Ching minh rang:

a) BD la duong trung tryc ciia AE

b) DF =DC

c) AD<DC

d) AE// FC
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Bai tap 13: Cho biét AOB=120°. K¢ tia phan gisc OC cia AOB. Trén tia OC lay diém M va
OALHM, OB L MK.

a) Tinh sb do cac HMO va KMO.

b) Chirng minh: AMHO = AMKO.

CHU PE 7
CHUNG MINH HAI TAM GIAC DONG DANG

1. Kién thirc co ban:
Phwong phap 1: Hai tam giac duoc goi 1a dong dang v6i nhau néu chiing c¢6 cac cip canh twong
ung ti 1€ va cac goc tuong tng ti I¢.
Xét AABC va AA'B'C', ta co:
Néu 2B _ AC _ BC i A—A" B=B" C=C' thi AABC - AABC.
A'B'" A'C' B'C
Phwong phap 2: Pinh 1y Talet: Néu mot duong thiang song song véi mot canh clia tam giac va cét
hai canh con lai thi n6 dinh ra trén canh dé nhirng doan thing tuwong tng ty 16.

A

(MN // BC)
AM _ AN AM _ AN

AB AC’ MB NC
Phwong phap 3: Chirng minh céc diéu kién can va du dé hai tam giac dong dang:
Hai tam giac c6 cac cap canh tuong tng ty 1€ thi dong dang.
Hai tam gidc c6 hai cip goc twong tng bang nhau thi dong dang.
Hai tam gidc c6 hai cip canh twong tng ty 18, hai gbc xen giita hai cip canh ay bang nhau.
Phwong phap 4: Chirng minh truong hop thtr nhat (canh-canh-canh): Néu 3 canh cua tam giac nay
ty 16 v6i 3 canh cua tam gidc kia thi 2 tam giac d6 dong dang.
AABC .~ AA'B'C'< AB = AC = BC
A'B" A'C' B'C'
Phwong phap 5: Chimg minh truong hop thtr 2 (canh-g6c-canh): Néu 2 canh cia tam giac nay ty 1¢
v6i 2 canh cia tam giac kia va 2 goc tao boi tao cac cip canh d6 bang nhau thi hai tam d6 giac dong

dang.

Ta co:

AB  AC
AABC »AAB'C’ &1 A'BT A'CY
A=A’

Phwong phap 6: Chung minh truong hop thir 3 (goc-goo): Néu 2 goc cua tam gidc nay lan luot
bang 2 gbdc cua tam gidc kia thi hai tam gidc d6 dong dang.

A=A’
AABC ©AA'B'C’ S 14 ~ .
B=B'

Phwong phap 7: Sur dung chirng minh cho tam gidc vuong:
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- Tam giac vudng niy c6 mot goc nhon bang goc nhon cua tam gidc vudng kia thi hai tam gidc d6
ddng dang.

- Tam gidc vudng nay c6 hai canh goc vuong ty le voi hai canh géc vuong cua tam giac vuong kia
thi hai tam giac d6 dong dang.

- Néu canh huyén va mot canh cua tam gidc vudng nay ty 1é voi canh huyén va canh géc vudng cua
tam giac vudng kia thi hai tam giac d6 dong dang.

Phuong phép 8:

Chirng minh céc tinh chét cua ti s dong dang dé suy ra hai tam giac dong dang:

- Ti s6 hai duong phan gidc, hai duorng cao, hai duong trung tuyen hai ban kinh ndi tiép va ngoai
tiép, hai chu vi twong trng cua hai tam giac ddng dang bang ti s6 dong dang.

- Ti s6 hai dudng cao cua hai tam gidc dong dang:

Ta cd: AABC «» AAB'C', BH va B’H’ la hai duong cao.

Néu a 1a ti s6 dong dang ctia hai tam gidc AABC va AAB'C' thi % =a.

- Ti s6 hai dudng phan giac ctia hai tam giac dong dang:
Ta co: AABC «» AAB'C', BD va B’D’ 1a hai dudng phén giac lan luot cia B va B'.

Néu a la ti s6 dong dang ctia hai tam gidc AABC va AAB'C' thi % =a.

- Ti sb hai duong trung tuyén cta hai tam giac ddng dang: ’
Ta co: AABC » AAB'C', BM va B’M’ 1a hai duong trung tuyén.

Néu a 1a ti s6 dong dang cta hai tam giac AABC va AAB'C' thi % =a.

- Ti sb chu vi ctia hai tam giac dong dang:
Taco: AABC » AABC'.
Néu a 14 ti s6 dong dang cua hai tam gidc AABC va AAB'C' thi
Cuse - AB+BC+CA _
Cupe AB+BC+CA
- Ti sb ban kinh dudng tron ngoai ctia hai tam giac dong dang:
Ta c6: AABC o» AAB'C' va OM, ON, OP la ban kinh dudng tron ngoai tiép AABC, O’M’, O’N’,
O’P’ 1a ban kinh duong tron ngoai tiép AAB'C'
Né'w a 1a ti s6 dong dang cta hai tam giac AABC va AAB'C' thi
OM _ON _ OP _
OM" ON OP
- Ti s6 ban kinh dudng tron ngoai ciia hai tam giac dong dang:
Ta c6: AABC -~ AAB'C' va OM, ON, OP la ban kinh duong tron ngoai tiép AABC, O’M’, O’N’,
O’P’ 1a ban kinh dudng tron ngoai tiép AAB'C'
Né'u a 1a ti s6 dong dang cua hai tam giac AABC va AABC' thi
OM _ON _ OP _
OM' ON' OP
- Ti s6 dién tich cua hai tam giac dong dang thi bang binh phuong ti s6 dong dang.
Néu AABC ~ AAB'C' va 14 ti s6 dong dang cua hai tam giac thi
ﬁ =32
SAA‘B'C'
2. Bai tap ap dung:
Bai tip 1: Cho AABC can tai A; BC = 2a. Goi M la trung diém cua BC. Léy cac diém D va E trén

AB: AC sao cho D/WE:Q.
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a) Chtrng minh rang: ABDM <> ACME

A
b) Chirng minh: AMDE <> ADBM
¢) Chtrng minh: BD.CE khong d6i?
Chirng minh
a) Ta c6: DBM = ECM (1) E
va DBM = DME (gia thiét)
5 D
Ma
DBM + BMD + MDB =180°
DME + BMD + CME =180°
B M C

— MDB=CME )

Tu (1) va (2), suy ra: ABDM <> ACME (g - 9).
b) Vi ABDM «» ACME nén

BD DM

—— =—— va BM = CM (gia thiét)
CM ME

BD DM
> —=—

BM ME

— AMDE > ADBM.
¢) Vi ABDM <> ACME

BD _BM
CM CE
= BD.CE=CM . BM

. BC a® .
Ma CM =BM = > —a=BD.CE= I(khongdm)
Bai tap 2: Cho AABC, BD va CE 1a 2 duong cao cuia AABC. DF va EG 1a 2 duong cao cia AADE.
Chirng minh rang: AADE <> AABC ddng dang.
Chirng minh
Xét AADB va AAEC, ta co:

N A
A la goc chung. E/ NG
AEC = ADB = 90° D
= AADB <> AAEC (g - Q)
Suy ra: E
AD AB
AE AC
AD AE
= = B C

AB AC
Va A =90°
AADE «» AABC (g-Cc-Q)
Bai tap 3: LAy diém M trén dudng chéo AC ciia tit gide ABCD ¢6 B=D =90°. K¢ MNL BC (N e BC)
MP

va MP L AD (P €AD). Chirng minh: w+— =1.
AB CD

Chung minh
Vi AB L BC (gia thiét)
MN L BC (gia thiét)
Nén MN // AB
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— ACNM ~ ACBA = MN _MC B

AB AC

Ta co: MP // CD nén AAMP -~ AACD

N
_ MP_AM o
Ch AC M
Cong ve véi ve cua (1) va (2) ta dugc: A C
MN+I\/IP_ MC+AM _AC_1
AB CD AC AC P
MN MP
Vay —+—=1.
¥ AB " CD D

Bai tap 4: Cho doan thang AB. Goi O 1a trung diém ctia AB. V& vé 1 phia AB cac tia Ax va By

vuong goc voi AB. Lay C trén Ax, D trén By sao cho goc COD = 90°,

a) Chirng minh rang: AACO «>ABDO.

b) Chirng minh rang: CD = AC + BD.

c¢) Ké OM L CD tai M, goi N 1a giao diém ctia AD vé6i BC. Chirng minh rang: MN // AC.
Chirng minh

a) Ta co:/_\ - D
AOC =BOE (1)
BOE +BOD = 90°
BDO +BOD =90°

— BOE =BDO 2) N

Xeét AACO va ABDO, co:

OAC=DBO=90° (gia thiét) A O B
BOE = BDO (theo (2))
— AACO <> ABDO (g - g) i

b) K& CO cit DB tai E.
Ta co: AAOC =ABOE (g-c-0)
= OC =OE.
Xét ACOD va AEQOD, co:
OC = OE (chting minh trén)
COD = EOD = 90°
OD la canh chung.
= ACOD = AEOD (c-g - ¢).
= CD = ED (canh tuong trng).
Tacd: AC=BE = AC+BD=BE +BD=ED (ViCD =ED)
Vay: AC + BD = CD.
c) Taco: AANC «>ADNB.
AN AC
-
ND BD
—, AN_BE viac=BE)
ND BD
Vi CD = ED nén ACDE cén tai D.
= OD la duong cao ha tur dinh D.
Theo chung minh & cau b, ta co:
OB = OM (2 dudng cao tuong tng)
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CM = BE (hinh chiéu ung vdi cac canh b%}ng nhau)
MD = BD (hinh chi€u ting véi cac canh bang nhau)

_ AN _BE_CM
ND BD MD
AN CM

& —=—

ND  MD

Theo dinh 1y Talet, ta c6: MN // AC.

3. Bai tap tu luyén:

Bai tap 1: Cho hinh binh hanh ABCD véi duong chéo AC > BD. Goi E va F la chan dudong vudng
goc ke tir C dén cac duong thang AB va AD. Goi G 1a chan dudng vudng goc ké tir B dén AC.

a) Chirng minh rang: ACBG «» AACF.

b) Chung minh ring: AB.AE + AD.AF = AC%

Bai tap 2: Cho AABC, M Ia trung diém ctia canh BC. Tir mét diém E trén canh BC, ta ké Ex // AM.
Ex cit tia CA ¢ F va tia BA ¢ G. Ching minh rang: FE + EG = 2AM.

Bai tap 3: Cho hinh binh hanh ABCD, trén duong chéo AC lay I. Tia DI cat dudng thang AB tai M,
cit dudng thang BC tai N.

AM DM CB

AB DN CN

b) Chirng minh rang: ID? = IM.IN.

Bai tap 4: Chp AABC, BD va CE 1a 2 duong cao cia AABC. DF va EG la 2 duong cao cua AADE.
Chirng minh rang:

a) AADE «~AABC.

b) FG // BC.

Bai tip 5: Cho AABC (AB < AC). Hai dudng cao BD va CE cit nhau tai H.

a) So sanh BAH = CAH.

b) So sanh 2 doan thang BD va CE.

¢) Ching minh: AADE «» AABC.

Bai tip 6: Cho 4 diém A, E, F, B theo tht ty 4y trén 1 duong thing. Trén cung 1 nira mit phang bo
AB, v€ cac hinh vuong ABCD; FGHE.

a) Goi O 1a giao diém cua AG va BH. Chtrng minh: AOHE «>AOBC.

b) Chirng minh ring: Cac dudng thang CE va FD cung di qua O.

Bai tap 7: Cho AABC c6 cac trung diém ctia BC, CA, AB theo th ty 1a D, E, F. Trén canh BC liy
diém M va N sao cho BM = MN = NC. Goi P 14 giao diém ciia AM va BE; Q 1a giao diém cta CF
va AN. Chirng minh rang:

a) F, P, D thang hang va D, Q, E thing hang.

b) AABC «> ADQP.

Bai tap 8: Cho AABC; H, G, O lan Iuwot 14 truc tam, trong tam, giao diém 3 dudng trung tryc cua A.
Goi E, D theo thtr tu 1a trung diém ctia AB va AC.

Ching minh :

a) AOED «» AHCB

b) AGOD «» AGBH

¢) Ba diém O, G, H thang hang va GH = 20G.

Bai tip 9: Cho AABC, AD la phan giac A; AB < AC. Trén tia dbi ciia DA Idy diém I sao cho
ACI =BDA. Chirng minh rang;

a) AADB «~AACI; AADB «»ACDI

b) AD? = AB.AC - BD.DC.

Bién soan: Tran Trung Chinh
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Bai tip 10: Cho tam giac ABC c6 cac goc déu nhon. Cac dudng cao AD, BE, CF cit nhau ¢ H.
Chung minh rang:

a) AE.AC = AF.AB

b) AAFE «» AACB

c) AFHE «» ABHC

d) BF.BA + CE.CA = BC?.

CHU DE 8
HE THUC LUONG TRONG TAM GIAC VUONG

1. Kién thirc co ban:
(1) AB? = BH.BC;
AC?=CH.BC A
(2) AB.AC = AH.BC
(3) AH? = BH.HC

(4) - 2= = 2t : 2
) AH®  AB° AC B c
Két qua: H
2
Vi tam gidc déu canh la a, tac: h = a\2/§ ;S= a f

Ti s6 lwong giac ap dung trong tam giac vudng:
Pat ACB =a; ABC =, khi dé:

AB AH

BC HC'

AC HC,

BC AC’

_AB AH B 2
“AC HC

_AC HC

~AB AH
b=asinB=acosC=ctanB=ccotC

) c=acosB=asinC=bcotB=btanC
Két qua suy ra:
(@) sina = cosp; cosa. =sinf3; tan oo = cot B; cota =tan 3

sina. =

cosa =

tana

coto

: sina cosa
(2) O<sina<1; 0<cosa <1 tano=——; cotao =——
cosa sino
(3) sin*a+cosa =1; tana.cota =1 1+ tan® o = ———; 1+ cot’a = ——
cos“a sin“ a

4) Cho AABC nhon, BC = a; AC = b; AB = c. khi d6:
a® =b? +¢% —2bC.COS A; S, pac :%bc.sin A
2. Bai tap ap dung:
Bai tap 1: Cho AABC vuong tai A, duong cao AH. Biét AH = 9cm, CH = 16cm.

a) Tinh d¢ dai cac canh AB, AC.
b) Tinh chiéu cao AH.
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Giai
a) Tac6: BC=BH +HC =9 + 16 = 25 (cm)
AABC vudng tai A, AH L BC (gia thiét)
Str dung hé thire vé gbc vudng va hinh chiéu cta né 1én canh huyén, ta co:
AB? = BH.HC = 9.25 = 225,

= AB=+/225 =15 (cm) ~

AC? = CH.CB = 16.25 = 400

Suyra:

= AC =+/400 =20 (cm) 5 9 v 16 c

b) Theo hé thirc lién hé giita dudng cao thudc canh huyén va hinh chiéu cua hai goc vudng trén canh

huyén, ta co:

AH? = BH.HC = 9.16 = 144 = AH = 12 (cm)

Bai tap 2: Cho AABC vudng tai A, AB =30 (cm), tanB :%

a) Tinh AC, BC.

b) Tinh sinB, cosB, cotB.
Giai C

a) Trong AABC vuong tai A, ta c0:

tanB = AC_8 ma AB = 30 (cm) nén ta co:
AB 15

A—C:EQAC:@:E (cm)
AB 15 15 30

Theo dinh ly Pitago, ta co: A B
BC? = AB* + AC” = 30° + 16° = 1156

Suy ra: BC = 34 (cm)

b) Theo dinh nghia, ta c6 cac ti s lwong gidc cua cac goc la:

Bai tap 3: Cho AABC, duong cao AH (H € BC), B=42°AB = 12cm, BC =22cm. Tinh cac canh va
gdc con lai cua tam giéc.
Giai
Trong AAHB vuéng tai H, B=42°nén HAB =90° —42° = 48°
Ap dung hé thirc lwgng lién hé giita cac canh va goc trong ctia tam giac vuong AHB, ta co:
AH = AB.sinB = 12.sin 42° ~ 12.0,669 ~ 8,028 (cm)
BH = AB.cosB = 12.cos 42° ~ 12.0,743 ~ 8,916 (cm)
Trong tam giac vuéng AHB, ta co:
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AH 0,028

tanC=——= =0,614 A
HC 13,084
— C ~31°30"
— HAC ~ 90° —31°30" = 58°30"
Do do: C
— BAC = 48" +58°30" = 106°30" B H
AH=AC.sinC
Suyra:
ac=AH 808 oo (cm)

sinC  sin31°30°

3. Bai tap tu luyén:

Bai tap 1: Cho AABC vuodng tai A, biét:

a) a = 72cm, B=58°

b) b = 20cm, B = 48°

¢) b= 15cm, C=30°

d) b=21cm, c = 18cm.

Bai tip 2: Cho AABC vuong tai A, dudng cao AH. Biét HB = 25c¢m, HC = 64cm. Tinh B, C.

Bai tip 3: Ching minh ring: Néu mot tam gidc c6 hai canh bang a va b, goc nhon tao boi hai duong

. . ) , : 1 .
thang do6 bang c thi dién tich cuia tam gidc do6 bang: S= Eab.sm c

Bai tap 4: Cho AABC c6, AB = 16cm va B =60".
a) Tinh BC.
b) Tinh SaBCD.
Bai tap 5: Cho AABC vudng tai A. Goi H 1a chin duong cao ha tir A. Biét raing AB = 7cm, AC =
9cm. Tinh BH, CH, AH.
Bai tap 6: Cho AABC vudng can tai A, duong cao AH. Biét BC = a, AH = h. Tinh d¢ dai canh bén
theo a, h.
AB®

2

Bai tap 7: Cho AABC vudng tai A, duong cao AH, ké HM L AB tai M. Chirng minh: BM =

Bai tap 8: Cho AABC c0 AB = 48cm, AC = 14cm, BC = 50cm. Tinh d¢ dai duong phan giac cua
goc C.

Bai tap 9: Cho AABC vudng tai A ¢c6 AB = 3cm; BC = 5cm. AH 1a duong cao. Tinh BH; CH; AC
va AH.

Bai tap 10: Cho ABC can tai A ¢6 BC = 16cm; AH = 6cm. Mot diém D e BH sao cho BD = 3,5
cm. Chirng minh: ADAC vudng.

Bai tap 11: Cho AABC vuong tai A c6 AC = 10cm; AB = 8cm. Tinh:

a) BC.

b) Hinh chiéu ciia AB va AC 1én BC.

c) Buong cao AH.

Bai tap 12: Cho duong tron timO ban kinh R = 10cm.Day cung AB bt ky ¢6 trung diém I.

a) Tinh AB néu OI = 7cm.

b) Tinh OI néu AB = l4cm.
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Bai tap 13: Cho duong tron tam O c6 duong kinh AB = 26,5 cm. V& day cung AC = 22,5cm. H la
hinh chiéu cua C trén AB, ndi BC. Tinh BC; BH; CH va OH.

Bai tap 14: Hinh thang ABCD cén; d4y 16n AB = 30cm, day nho CD = 10cm va goc A 1a 60°,

a) Tinh canh BC.

b) Goi M; N lan luot 14 trung diém AB va CD. Tinh MN.

Bai tap 15: Cho da gidc 16i ABCD c6 AB = AC = AD = 10cm, goc B bing 60° va goc A 1a 90°.

a) Tinh dudng chéo BD.

b) Tinh khoang cach BH va Diéu kién tir B va D dén AC.

c) Tinh HK.

d) V& BE L DC kéo dai. Tinh BE; CE va DC.

Bai tap 16: Cho doan thang AB=2a. Tl trung diém O cua AB v& Ox L AB tai O. Trén Ox lay D:

oD = %.TferéBCLAD kéo dai.

a) Tinh AD; AC va BC theo a.
b) Kéo dai DO mét doan OE = a. Chung minh: Bon diém A, C, B va E cung nam trén mot duong
tron.
b) Xéc dinh tinh chit CE véi goc ACB.
¢) V& duong vudng goc voi BC tai B cat CE tai F. Tinh BF.
d) Goi P la giao diém cua AB va CE. Tinh AP va BP.
Bai tap 17: Cho AABC nhon, ndi tiép (O; R) c6: AOB=90" va AOC =120°
a) Ching minh: O & trong tam giac ABC.
b) Tinh cac goc tam giac ABC.
¢) Tinh duong cao AH va BC theo R.
Bai tap 18: Cho AABC c6 ba goc nhon. AB = ¢, AC = b, BC = a. Chitng minh rang:
a b ¢
sinA sinB sinC
Bai tap 19: Cho AABC c¢6 ba goc nhon. AB =c¢, AC =b, BC = a. Chirng minh rang:
b® = a + ¢? - 2ac.cosB.
Bai tap 20: Cho AABC vuéng tai A, C=a, (a<45°) trung tuyén AM. Puong cao AH. Biét BC =a,
AC=b, AH=h.
a) Tinh: sina, sin2a theo a, b, h.
b) Chirng minh rang: sin2a = 2sina.cosa.
Bai tip 21: Cho AABC can tai A. Pudng cao thudc canh bén bang h, goc ¢ day bing a. Chirng minh
h2
4sina.cosa
Bai tap 22: Cho hinh thang ABCD, day 16n AB = 20cm, canh bén AD = 8cm va tao véi day lon AB
mot goc 65°.
a) Tinh d§ dai duong cao AH va ddy nho CD.
b) Tinh s6 d6 goc ABD va dudng chéo BD.
Bai tap 23: Cho hinh thang ABCD c¢6 A=D =90°, AD = 30cm, CD = 18cm va BC = 20cm.
a) Tinh cach géc @3, BCD.
b) Tinh céc géc DAC, ADB va d¢ dai cac dudng chéo AC, BD.
Bai tap 24: Cho AABC. Biét AB = 10cm, AC = 24cm, BC = 26¢m.
a) Chirng minh rang: AABC vudng tai A.
b) Tinh: sinB, sinC. q ‘
c¢) Tinh chiéu cao AH va doan thang ma chiéu cao nd chia ra trén BC.

Bién soan: Tran Trung Chinh

rang: SAABC =




.. CHUYEN PE ON THI VAO LOP 10 ::.
e e Em e E—— ]
CHU PE 9
CHUNG MINH CAC HE THUC HINH HQOC

1. Kién thirc co ban: ) i
- Dung dinh ly Talet, tinh chat duong phan giac, tam giac dong dang, cac hé thic lugng trong tam

giac vudng, ...
Gia st can chung minh: MA.MB = MC.MD
Lap so d6: MA.MB = MC.MD « '\'\22\ |\|\;I|I; AMAD <> AMCB hoac AMAC «» AMDB

Ngoai ra can chu ¥ dén viéc sir dung cac hé thuc trong tam gidc vudng; phuong tich ciia mot diém
voi duong tron.
2. Bai tap ap dung:
Bai tap 1: Cho duong tron (O; R), tiép tuyen Ax. Trén tiép tuyen Ax, liy diém F sao cho BF cit
duong tron tai C. Tia phan gidc cua goc ABF cit Ax tai E va cat duong tron tai D.
a) Chtirng minh OD // BC.
b) Chirng minh hé thirc: BD.BE = BC.BF X
Chirng minh
a) ABODcéan ¢ O (vi OD = OB =R) F
— OBD = ODB ¢
Ma OBD = CBD (gia thiét) nén ODB = CBD. =,
Do do: OD // BC.
b) Ta cé: A
ADB = 90° (g6c ndi tiép chin nira duong tron (O)
= AD 1 BE.
ACB = 90° (g6c ndi tiép chin nira dudng tron (O)
= AC | BF.
AEAB vudng ¢ A (do Ax la tlep tuyen ), c6 AD L BE nén AB? = BD.BE 1)
AFAB vudng & A (do Ax 14 tiép tuyén), co6 AC L BF nén AB®=BC.BF (2)
Tu (1) va (2) suy ra: BD.BE = BC.BF.
Bai tip 2: Cho tam gidc ABC nhon, cac duong cao BD va CE cit nhau tai H.
a) Chirng minh t&r gidc BCDE noi tiép.
b) Chirng minh: AD.AC = AE.AB.
Chirng minh
a) Xét tir giac BCDE, co:
BDC = 90° N
BEC = 90° D
Ta c6 hai dinh D, E cing nhin canh BC véi mot goc bang 90°.
= T giac BCDE noi tiép.
b) Xét AADB va AAEC, ta co: H
ADB = AEC =90° (Vi BD, CE la hai duong cao)
Al goc chung.
= AADB «> AAEC (g - ).
AD AB

AE " AC
= AD.AC = AE.AB

Bién soan: Tran Trung Chinh
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Bai tap 3: Tir diém A & ngoai duong tron (0), ké hai tiép tuyén AB, AC t6i duong tron (B, C 1 céc
tiép diém). Duong thang qua A cat duong tron (O) tai D va E (D nam gitra A va E, day DE khong
qua tdm O). Goi H 1a trung diém cua DE, AE cat BC tai K .
a) Chirng minh tr gidc ABOC noi ti€p duong tron .
b) Chirng minh: HA 14 tia phan gidc ctia BHC

1 1

= + .

AK AD AE

Chirng minh
a) Taco: ABO = ACO =90° (tinh chat tiép tuyén)
Trong tir gidc ABOC co KBT) + A/\C_IB = 1{300 nén noi tiép duoc trong mot dudng tron.
b) Ta c6: AB = AC (tinh chat hai tiép tuyen cat nhau).
Suy ra: AB=AC.
Do d6: AHB = AHC.
Vay HA la tia phan giac cua BHC.
c) Chung minh: 2 1 + L ;

AK AD AE

Xeét AABD va AAEB, co:
BAE la goc chung

ABD = AEB (= %sd BD)

c¢) Ching minh:

Suyra: AABD «» AAEB
Do dé: AB_AD = AB? = AD.AE (1)
AE AB

Xét AABK va A AHB, cé:
BAH Ia goc chung
ABK = AHB (do AB=AC)
= AABK «» AAHB.

AK AB

Suy ra;: — =— = AB* = AK.AH (2)
AB AH

Tu (1) va (2) suy ra: AE.AD = AK. AH
1 AH
> — =
AK AE.AD
N 2  2AH _2(AD+DH)_2AD+2DH_AD+AD+ED_ AE+AD 1 N 1
AK AE.AD AE.AD AE.AD AE.AD AEAD AD AE
(do AD + DE = AE va DE = 2DH).
2 1 1

= +
AK AD AE

A

Vay

(dpcm).

3. Bai tap tu luyén:

Bai tap 1: Cho (O) ¢6 duong kinh AB. Qua A ké tiép tuyén xy. Lay diém M e Ax; ndi BM cit (O)
tai C. Chirng minh: MA? = MB.MC.

Bai tip 2: Cho AABC déu, ndi tiép duong tron (O). D 1a mét diém trén cung BC (BC 1a cung nho).
CD va AB kéo dai cit nhau 6 M; BD va AC kéo dai cit nhau & N. Chimg minh: AB* = BM.CN.

Bai tip 3: Cho AABC c6 AB < AC. Tir M € AB v& MEF //BC cit AC tai E va dudng thing song
song AB v& tir C tai F. AC cit BF tai I. Chirng minh: IC* = IE.1A.

Bién soan: Tran Trung Chinh
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Bai tap 4: Cho hinh chit nhat ABCD c6 AB = 36mm; AD = 24mm. Tir D ndi dén trung diém M cua
AB cit AC tai I va CB kéo dai tai K. Chirng minh: ID? = IMLIK.

Bai tap 5: Cho AABC vudng tai A. V& phan giac trong AD cua goc A (D € BC). Goi khoang céach

tir D dén AB la d. Biét AB = ¢, AC = b, BC = a. Chitng minh: %—1+l

b c
Bai tap 6: Cho (O; R) va hai day cung song song nhau AD va BE ¢ vé hai phia cua ddy AB va cung
hop voi AB mot goc 45°. Nbi DE cét AB tai M. Chirng minh: MA? + MB? + MD? + ME? = 4R?,
Bai tap 7: Cho ba diém A, B, C clng nam trén mot duong thang xy theo thir tu trén. V& dudng tron
(O) di qua B va C. Tir A v& hai tiép tuyén AM va AN. Ching minh AM? = AN? = AB.AC.
Bai tap 8: Trén cung nho BC cuia dudng tron ngoai tiép tam giac déu ABC, liy mot diém P tuy .
Goi 1a giao diém ctia AP va BC.
a) Chuirng minh: BC?= AP . AQ .
b) Trén AP liy diém M sao cho PM = PB. Ching minh: BP + PC = AP.

c) Chung minh: 1.1 +i
PQ PB PC

Bai tip 9: Cho hinh binh hanh ABCD (AC > BD). V& CE L AB va FC L AD. Ching minh rang;
AB.AE + AD.AF = AC.
Bai tip 10: Cho tam giac ABC, M 1a trung diém cua canh BC. Ttr 1 diém E trén canh BC ta ké
Ex // AM. Ex cittia CA ¢ F va tia BA & G. Chirng minh rang: FE + EG = 2AM.
Bai tap 11: Cho Cho hinh binh hanh ABCD, trén Puong chéo AC lay I. Tia DI cat dudong thang AB
tai M, cit duong thang BC tai N.

AM DM CB

‘ AB DN CN
b) Chirng minh rang: WID = IM.IN. ) .
Bai tap 12: Lay 1 diém O trong tam gidc ABC. Céac tia AO, BO, CO cat BC, AC, AB lan luot tai P,
Q, R. Chirng minh rang: OA %-ﬁ- oc _

AP BQ CR
Bai tap 13: Cho tam giac ABC (AB = AC) c6 goc ¢ dinh bang 20%; canh day 1a a; canh bén 1a b.
Chirng minh rang: a> + b® = 3ab”.
Bai tap 14: Cho AABC c6 A = 30°. Dung bén ngoai ABCD déu. Chirng minh: AD? = AB? + ACZ.
Bai tap 15: ChO AABC can tai A (,& =90°). Tr B k¢é BM 1 AC. Ching minh rang:
AM_p(ABY_;
AC BC

a) Chirng minh rang:

CHU DE 10
TU GIAC NOI TIEP DUONG TRON

1. Kién thitc co ban:

Céc phuong phéap chirng minh tir giac ndi tiép:

- Chtrng minh bdn dinh ciia tir giac cing cach déu mot diém.

- Churng minh tir gidc c6 tong hai goc dbi dién bang 180° (bu nhau).

- Chtrng minh hai dinh cting nhin mot doan thang dudi mot goc bang nhau.

- Chirng minh tong cia goc ngoai tai mot dinh vai goe trong d6i dién bu nhau.
Hay dién dat 1a: “Goc ngoai bang goc ddi trong”.

- Néu MA.MB = MC.MD hoic NA.ND = NC.NB thi tir gidc ABCD ndi tiép.
(Trong d6: M= AB n CD; N = AD n BC)

Bién soan: Tran Trung Chinh
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- Néu PA.PC = PB.PD thi tir giac ABCD ndi tiép. (Trong d6 P= AC N BD)
- Chirng minh tir gidc do6 1a hinh thang can; hinh chir nhét; hinh vuéng; ...
Néu can chimg minh cho nhiéu diém ciing thuoc mot duong tron ta co thé ching minh lan luot 4
diém mot lac. Song can chu ¥ tinh chit “Qua 3 diém khong thing hang xac dinh duy nhit mot dudng
tron”
2. Bai tap ap dung:
Bai tap 1: Cho AABC, BD, CE la hai dudng cao. Chirng minh: Tt gidc BCDE va AEHD noi tiép.
Chirng minh
Xét tir giac BCDE, co:
BDC = BEC =90° (Vi BD, CE la hai dudng cao)
A la goc chung. A
— Hai dinh E, D cung nhin canh BC v&i mot goc biang 90°.
= Tir giac BCDE noi tiép.
Xét tr gidc AEHD, co: E
AEH =90° (EC la dudng cao) q
ADH =90° (BD la dudng cao)
— AEH + ADH =180° B C
= Tir giac AEHD noi tiép.
Bai tip 2: Cho hinh thang cdn ABCD (AB > CD, AB // CD) noi ti€p trong duong tron (O). Ké cac
tiép tuyén voi dudng tron (O) tai A va D chung cat nhau ¢ E. Goi M la giao diém cua hai duong
chéo AC va BD. Ching minh tir gidc AEDM ndi tiép duoc trong mot duong tron.
Chirng minh
Ta co:

EAC = 1sd AC (goc tao boi tia tiép tuyén AE va day AC cua

D%\C
> :
duong tron (O)) E
Tuong tu:
xDB = % sd DB (Dx la tia dbi cua tia tiép tuyén DE) o)

Ma AC = BD (do ABCD Ia hinh thang can) nén AC = BD.
Dodo EAC=xDB.
Vay tir giac AEDM noi tiép dugc trong mot duong tron. 7
Bai tap 3: Cho ntra duong tron (O) duong kinh AB = 2R, day cung AC. Goi M la diém chinh gitra
cung AC. Buong thang ke tir C song song voi BM cat tia AM ¢ K va cat tia OM 6 D. OD cat AC tai
H. Chirng minh t&r giac CKMH ndi tiép.
Chirng minh
Ta co:
AMB = 90° (g6c ndi tiép chan nira duong tron duong kinh AB)
=AM 1 MB.
Ma CD // BM (gia thiét) nén AM L CD. D
Vay MKC =90°.
Ta co:
AM = CM (gia thiét)
=0OM _LAC M
= MHC =90°. H

Bién soan: Tran Trung Chinh
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Tt gife CKMH c6 MKC + MHC =180°nén ndi tiép dugc duong tron. o
Bai tip 4: Cho nura duong tron tdm O duong kinh AB. Tu diém M trén ti€p tuyén Ax cua nua
duong tron vé ticp tuyén thir hai MC (C 1a tiép di€ém). Duong thang MB cat nira duong tron (O) tai
Q. Goi giao diém cia MO va AC Ia I. Chirng minh rang: T gidc AMQI ndi ti€p.

Chirng minh
Ta co: ’ , o X
MA = MC (tinh chat hai tép tuyén cat nhau)
OA = OC (ban kinh duong tron (O))
Do d6: MO L AC = MIA=90°. Q c
A/\QTB =90° (goc ndi tiép chin nira duong tron (O))
= MQA =90°.
:>0Hai dinh I, Q cing nhin canh AM vé&i mot goc bang
90
= Tir giac AMQI noi tiép duoc trong dudng tron.
Bai t;flp 5: Cho duong tron (O) duong kinh AB. Trén tia ’ i
AB lay diém D nam ngoai doan AB va k¢ tiép tuyén DC voi duong tron (O) (C la ti€p di€m). Goi E
la chan duong vudng goc ha tor A xudéng duong thang CD va F la chan dudng vuong goc ha tu D
xuong duong thang AC. )
Ching minh: Tt gidac EFDA noi tiép.
Chirng minh
Ta co:
AED =90°(Vi AE L CD tai E)

AFD = 90°(Vi DF L AC tai F)
— Hai dinh E, F cuing nhin canh AD v&i mot goc bang 90°. Al o) B D
= Tu giac EFDA ndi tiép.
Bai tip 6: Str dung tinh chét cua dinh Iy PI6témé :
Pinh 1y Ptolemy hay Pang thitc Ptolemyla dang thirc
trong hinh hoc Euclid miéu ta quan h¢ gitra do dai bdn canh va
hai duong chéo cia mot tir giac ndi tiép dudng tron. Pinh Iy ndy mang tén nha toan hoc va thién vin
hoc ngudi Hy Lap c¢6 dai Ptolemy (Claudius Ptolemaeus).

2

D

Néu A, B, C, va D 14 4 dinh cua ttr giac ndi tiép duong tron thi:

|ac|[8D| = |AB| |cD| + [BC| +[AD]
(voi dau gach ngang ki hi¢u d§ dai ctia cac canh)
Dinh ly nay cling c6 thé phat biéu thanh dinh ly thuén va dao:
Dinh Iy thugn: Néu mot tir giac ni tiép trong mot duong tron thi tich ciia hai duong chéo bang tong
cac tich cua cac pap canh dbi dién. . i ) .
Dinh Iy ddo: Néu mot tir gidc thoa 1’1’15.1”1 dicu kién tong céc tich cua cac cap canh doi di€n bang tich
cta hai duong chéo thi tor gidc d6 ndi tiep mot dudng tron.
Churng minh

Bién soan: Tran Trung Chinh
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A A A

D D D
C C

Goi ABCD la t&r gidc noi tiép duong tron.
Trén cung nho BC, ta c6 cac goc ndi tiep:
BAC =BDC, va trén cung AB, ADB =ACB.
Lay 1 diém K trén AC sao cho ABK =CBD ;

— e~

Tu ABK+CBK =ABC=CBD+ABD.

Suy ra: CBK = ABD.

Do vay tam gidc AABK -~ ADBC, va tuong tu co0 AABD -~ AKBC.
AK _CD  CK_DA.

AB BD BC BD’

Tir 6 AK.BD = AB.CD, va CK.BD = BC.DA;

Cong cac vé ctia 2 dang thirc trén: AK.BD + CK.BD = AB.CD + BC.DA;
Hay: (AK+CK).BD = AB.CD + BC.DA;

Ma AK+CK = AC, nén AC-BD = AB.CD + BC.DA. (Piéu phai chirng minh)

Suy ra:

3. Bai tap tu luyén:

Bai tap 1: Cho dudng tron (O) dudng kinh AB. M 1a mot diém trén tiép tuyén xBy. AM cit (O) tai
C; lay D € BM; ndi AD cit (O) tai I. Chirng minh: Tt giac CIDM ndi tiép.

Bai tap 2: Cho AABC vudng tai A ¢c6 AB = 5cm va AC =5 J3em. Puong cao AH (H € BC).
Puong tron (H; HA) cit AB tai D va AC tai E. Ching minh: Tt gidc CEBD ndi tiép.

Bai tap 3: Cho dudng tron (O) duong kinh AB. Tir A va B v& Ax L AB va By L BA. V& tiép tuyén
x’My’ (tiép diém M) cét Ax tai C va By tai D. OC cit AM tai I va OD cit BM tai K. Ching minh:
Tt giac CIKD néi tiép.

Bai tap 4: Cho duong tron (O) duong kinh AB, vé& ban kinh OC L AB. Tur B v& tiép tuyén Bx. Goi
M 1a trung diém OC, AM kéo dai cat dudng tron tai E va Bx tai I. Tiép tuyén tir E cat Bx tai D.
Chtng minh: T gisc MODE noi tiép

Bai tap 5: Cho tam giac ABC ( BAC < 45%) ni tiép trong nira duong tron tim O duong kinh AB.

Dung tlep tuyén voi duong tron (O) tai C va goi H 1a chan duong vudng goc ké tir A dén tiép tuyén
d6. AH cit duong tron (O) tai M (M # A). Pudng vudng goc voi AC ké tir M cat AC tai K. Ching
minh tr gidc MKCH ndi tiép.

Bai tap 6: Cho tam giac ABC vudng & A, duong cao AH. Puong tron tam O duong kinh AH cét cac
canh AB, AC lan luot tai M va N ( A # M va N). Chirng minh:

a) AHN = ACB

b) Tt gidc BMNC ndi tiép.

Bai tap 7: Cho dudng tron (O:R) dudng kinh AB. Goi C 1a diém bt ky thudc duong tron d6 (C = A
va B). Goi M, N lan luot 1a diém chinh giira ciia cdc cung nhé AC va BC. Cac dudng thang BN va
AC cit nhau tai I, cac ddy cung AN va BC cat nhau ¢ P. Chimg minh tir giac ICPN ndi tiép. Xac
dinh tdm K cua dudng tron ngoai tiép ttr giac do.

Bién soan: Tran Trung Chinh
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Bai tap 8: Cho duong tron (O; R), dudng kinh AB . Trén tiép tuyén ké tir A cta duong tron nay lay
diém C sao cho AC = AB. Tir C ké tiép tuyén thir hai CD ctia dudng tron (O; R), véi D 14 tiép diém.
Chirng minh rang t gidc ACDO nodi tiép.
Bai tip 9: Cho duong tron (O) dudng kinh AB bang 6cm . Goi H 1adiém nam giita A va B. Qua H
vé duong thang vudng goc voi AB, dudng thing nay cit duong tron (O) tai C va D. Hai duong thang
BC va DA cit nhau tai M. Tir M ha duong vuéng goc MN voi duong thing AB ( N thudc thing
AB). Chirng minh MNAC 12 tir giac ndi tiép.

CHU PE 11
CAC DUONG THANG DONG QUY

1. Kién thirc co ban:

Phwong phap 1: Ap dung tinh chit cac duong dong quy trong tam giac.

Phwong phap 2: Chirng minh cac duong thang cung di qua mot diém: Ta chi ra hai duong thang cit
nhau tai mot diém va chirng minh dudng thang ciing di qua diém do.

Phwong phap 3: Dung dinh 1y ddo cua dinh 1y Talet.

Phwong phap 4:

Dinh ly Lyness mo rong(Bo dé Sawayama): Cho tam giac ABC ndi tlep duong tron (O). M € BC.
Mot duodng tron (O') tiép xtic véi hai canh MA vaMCtaiEvaF dong thoi tiép xuc voi ca duong
tron (O) tai K. Khi d6 ta c6 tam dudng tron ndi tiép cua tam gidc ABC nam trén dudng thang EF.
Dinh Iy Pascal: Cho 6 diém A, B, C, D, E, F cung thudc mot duong tron. Khi d6 cac giao diém cia
céc cip canh AB va DE, BC va EF, CD va FA thang hang.

Phwong phap 6:

Dinh Iy CEVA: Cho tam giac ABC. Liy cac diém D, E va F lan luot nim trén cac canh BC, AC, AB.

A

A

Dinh 1y phat biéu rang cac duong thing AD, BE va CF la nhirng dudng thing dong quy khi va chi
khi:

AF BD CE _

2. Bai tap ap dung: i .

Bai tidp 1: Cho tam giac ABC dung tam giac déu MAB, NBC, PAC thugc mién ngoai tam giac
ABC. Chung minh rang:

a) MC=NA=PB

b) (AM.MC) = (Mc,@) = (@, N_A) = 60°

¢) MC, NA, PB dong quy

Chung minh
a) Xét AABN va AMBC, co:
AB = MB;

BC =BN (cac canh cta tam giac déu)

Bién soan: Tran Trung Chinh
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ABN = MBC (cling bing 60° + ABC )
= AABN = AMBC (c.g.c)

= AN=MC ™
Tuong tu: AABP = AAMC (c.g.c) Me
AB = AM; ‘
BC = BN (cac canh cua tam giac déu)
BAP = MAC (cing bing 60° + BAC )
= BP=MC (**) B 4y C

Tu (*) va (**) ta c6: AN =MC = BP (dpcm).

b)

Trong AAPC, c6: As+C, +Py+P, =180° ma P1 = C;

Trong APCK, ¢6: C; +C, +P; + K, =180° A\

= 6o°+(61+f>2)+R2=180°:>Rz=6o° ) d

Tuong tu: AABN = AMBC

= N,=C, ma N, +N, = 60°

= N2 +C3 =60° ma C4 =60°

— ANKC ¢6 N, +C,+C, +K, =180°

= K, =60° )

Tuzcmg tu: AACN = APCB

= P,=A, ma P, +P, =60°

= P +A,=60° ma A, =60°

= Trong AAKP, c6: K, = 60° (3)

Ti (1), (2), (3) ta c6 diéu phai chirng minh

¢) Gia sit MC N BP = K, ta chitng minh cho A, K, N thang hang.

Theo chirng minh trén ta c6: Iz\z =60°, |2\3 =60°, I/(\l =60° = I/<\1 + I/(\2 + I/(\3 =180°

= AKN thing hang

Vay AN, MC, BP dong quy (dpcm) ) i

Bai tap 2: Cho hinh binh hanh ABCD. Trén AB va CD lay 2 diém E va F sao cho AE = CF. Trén
AD va BC lay H va G sao cho DH = BG.

a) Chimg minh: Tt giadc EGFH 1a hinh binh hanh

b) Chung minh: AC, BD, EF, GH cat nhau tai 1 diém.

A

Chirng minh
a) Xét ADHF va ABGE, ta co:
DH =BG

HDF = GBE (Vi ABCD Ia hinh binh hanh)

DF = BE (Vi AE = CF)

= ADHF = ABGE

— HF = EG. (1)

Mat khac, ta co:

DHG =BGH va DHF=BGE=FCG=EGH (2
Twr (1), (2) suy ra: Tt gidc EGFH 1a hinh binh hanh.

b) (Theo cau a)

= Tu giac EGFH 1a hinh binh hanh.
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Goil 14 giao diém cia 2 dudng chéo HG va EF (cua hinh binh hanh EGFH)

Ta lai co6: T gidc AGCH 1a hinh binh hanh (AH // CG va AH = CG)
= Giao cua 2 dudng chéo HG va AC 1a I (I trung diém HG)
Twong tu, ta c6: Hinh binh hanh HBGD ¢6 giao diém cta 2 dudng chéo 1a HG va BD tai I (I 1 trung
diém HG)
Suy ra: HG, EF, AC, BD cit nhau tai diém I (ciing 13 diém duy nhét).
Bai tip 3: Cho hai duong thang d; va d cat nhau tai O. Trén d; lan luot lay ba diém phéan biét A, B,
C khéc O sao cho OA = AB = BC. Trén d; lan luot lay ba diém E, M, N khac O sao cho OE = OM =
MN. Chirng minh rang ba duong thang AE, BN va CM dong quy.
Chirng minh
Goi D 14 giao diém ctia BN va CM.
Qua M ké dudng thang song song véi OC cit BC tai F.
Qua O ké duong thing song song v&i BN cit MF tai G.
Xét AFBO va AOGF, ta c6:
BOF = GFO (so le trong) B
OF la canh chung C (0]
BFO = GOF (so le trong)
=AFBO = AOGF (g-c-g).
= FG = BO. (1) F M G
Xét ANFM va AOGM, ta co:
GOM = FNM
MO=MN N
OMG = NMF (dbi dinh)
= ANFM = AOGM.
= MF = MG. 2
Tu (1) va (2), suy ra: MF = OA = AB = BC.
Str dung két qua vira tim duoc nay két hop:
DCB = DMF (so le trong) va DBC = DFM (so le trong)
Suy ra: ADBC = ADFM (g-c-0).
Do d6: DC = DM
hay D 1a trung diém ciia CM. (3)
Xét ACEM, ta co:
CO 1a trung tuyén tmg véi canh ME (do OE=OM)

CA= gCO
3

= Ala trong tam cia ACEM.
Suy ra: AE di qua trung diém ciia canh CM. (4)
Tu (3) va (4), tasuy ra: AE di qua D.
Vay BN,CM va AE dong quy tai D.
Bai tap 4: Cho AABC, cac dudng cao AD, BE, CF ciia tam giac dong quy tai H. Goi I 1a trung diém
cua HC.
a) Chirng minh BCEF Ia tir gi4c ndi tiép.
b) Chirng minh rang H 13 tim dudng tron ndi tiép ADEF va DIEF 14 tir giac ndi tiép 1 duong tron.
c) V& phia ngoai AABC dung cac AABM va ACAN sao cho chiing 1a cac tam gidc vudng cén tai cac
dinh B va C tuwong tmg. Chiing minh rang cac dudng thing AD, BN, CM dong quy.
Chung minh
a) HS tu lam.
b) Ta dé dang chirmg minh dugc cac ti gisc AEHF, AEDB ndi tiép trong dudng tron.
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Khi do, ta co:

FAH = FEH (cing chin I/:ﬁ)
va FAH = BAD

BAD = BED (cing chin éB)

va BED = HED

— FEH=HED

= HE 1a tia phan giac cta FED. A

Tuong ty, ta co: - £

HF la tia phan giac cua EFD. =

HD la tia phan gié}c ctia EDF. M |

= H la giao diém cta 3 duong phan giac

trong cua ADEF. B D C

Vay H 1a tam cua duong trong ndi tiép ADEF.
* Theo chirng minh & trén, ta co:
FED = 2FAD va FAD = FCD (HS tu chitng minh tir gisc ACDF noi tiép)
HID = 2FCD (goc ngoai bang tong cua 2 goc trong khong ké)
= FED = 2FAD = 2FCD = HID = FID
Hay FED = FID
= Tir giac EIDF ndi tiép.
¢) Trén tia d6i tia AD, lay T sao cho AT = BC.

MBC =90° + ABC = TAB
= AMBC = ABAT (c-g-¢)
— BTD =BCM
=CML1TB
Tuong tu, tacd: BN L TC.
MaTD 1L BC
Vay TD, CM, BN ddng quy (3 dudng cao ciia ATBC)
Bai tap 5: Cho tir giac ABCD, AD, BC khong song song, ndi tiép dudng tron (0). P 1a giao diém
ctia AC va BD. Puong tron (O1) tiép xuc véi cac doan PA, PBva tiép xac trong voi (O) tai E.
Puong tron (Oy) tiép xtc véi cac doan PC, PD va tiép xtc trong v6i (O) tai F. Chirng minh rang AD,
BC, EF dong quy.

Chirng minh

Gia st (Oy)tiép xucPB, PCtaiX, Yva tiép
xuc (O) tai F.
Theo b6 dé Sawayama (dinh Ii Lyness mo rong) ta
c6 XY di qua H, K (v6i H,K 1a tdm ndi tiép cac AADC,
ABDC.
Goi Z, T la giao diém cua HK trén AD, BC. Goi M, N,
P, Q la trung diém céc cung AD, BD, AC, BC cua (O).
Vi (0,) tiép xtic AC, BDnénF, X, NvaF, Y, P thing
hang.
Ta s& chimg minh: M, Z, F thang hang.
That vay: Goi Z' la giao cua FM va AD.
AN giao BM tai S. Goi R 1a trung diém cung CD.
Theo dinh li Pascan cho luc giac MFNADB ta cé S, Z',
X thang hang.
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Tiép tuc véi luc giac NARBMC ta c6 H, K, S thing hang.

Ma H, K, X thing hang, nén ta c6 Z', X, H, K thang hang hay Z' tring Z.

Tuong tu, ta co: F, T, Q thing hang.

Goi (O3) 1a dudng tron tiép xuc AD, BC va tiép xtc (O) tai cung nho DC.

Ta s€ ching minh (O3) la (ZFT).

That vay, goi Z", T" 1a tiép diém trén AD, BC cua (Oj3) thi theo b6 dé Sawayama, ta ciing c6 Z", T",
H, K thang hang hay Z", T" tring Z, T.

Ma MZ va NT ct nhau tai F nén ta c6 ngay ZFT chinh 1a (O3).

Tir d6, ta quy bai toan vé phat biéu don gian hon nhu sau: (O3) tiép xtuc AD, BC va tiép xtic cung
nho CD tai F.

Tuong tu co E.

Khi d6 AD, BC, EF dong quy.

Bai tap 6: Chung minh dua vao dinh Iy CEVA.

Dinh Iy CEVA: Cho tam giac ABC. Liy cac diém D, E va F 1an luot ndm trén cac canh BC, AC,
AB.

Dinh 1y phat biéu rang cac duong thang AD, BE va CF la nhiing

duong thang dong quy khi va chi khi: A
AF BD CE
FB DC EA
Chirng minh
Gia sir AD, BE va CF dong qui tai mot diém O nao do6 (trong F E
hay ngoai tam giac). Do ABOD va ACOD c6 chung chiéu cao
(do dai cua duong cao), ta co: ’ \
|[ABOD| _ BD B D C
|acoD| DC
Tuong tu,
|ABAD|
[ACAD|  DC
Tasuyra

BD |ABAD|-|ABOD| |AABO|
DC  |ACAD|-|ACOD|  |ACAO|

Tuong tu,
_|aBCO|
EA |AABO|
va
AF _|ACAQ|
FB  |ABCO|
Nhan ba dang thic trén cho ta:
AF BD CE
FB'DC'EA
(diéu phai chufng minh).

Nguoc lai, gid sir ring ta di co6 nhimg diém D, E va F théa man dang thic. Goi giao diém
ctia AD va BE 14 O, va goi giao diém ctia CO va AB Ia F'. Theo chirng minh trén,
AF' BD CE

. FBDCEA
K&t hop voi dang thirc trén, ta nhan dugc:
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AF AF
FB FB ‘

Thém 1 vao mdi vé va cha ¥ ring AF" + F'B = AF + FB = AB, ta ct:
AB AB
FB FB’

Do d6 F'B = FB, vay F va F" tring nhau . Vi vay AD, BE va CF = CF" dong qui tai O, va dinh 1i da
dugc chirg minh (1a dung theo ca hai chiéu).
3. Bai tap tu luyén:
Bai tap 1: Cho tam gidc ABC dung céc tam giac déu MAB, NBC, PAC thudc mién ngoai tam gidc
ABC. Chirng minh MC, NA, PB dong quy.
Bai tap 2: Cho tam gidc ABC dung cac tam giac déu MAB, NBC, PAC va c6 tam lan lugt 1a Oy, O,
0s. Ching minh cac dudng tron ngoai tiép 3 tam giac déu trén déu dong quy tai mot diém.
Bai tap 3: Goi A", B, C' 1a tiép diém cta dudng tron ndi tiép AABC véi cac canh BC, CA, AB.
Ching minh rang: AA', BB', CC' dong quy.

Huéng din
AB BC CA _
AC BA CB
Bai tip 4: Cho hinh thang ABCD (AB > CD). Goi E 14 giao diém hai canh bén AD va BC; F 1a
trung diém ctia AB. Ching minh ring: AC, BD, CF dong quy.
Bai tap 5: Cho tam giac nhon ABC. Céac dudng cao AH, BK, CL cit nhau tai I. Goi D, E, F lan luot
1a trung diém ctua BC, CA, AB. Goi P, Q, R 1an luot 1 trung diém cia IA, IB, IC. Chirng minh PD,
QE, RF dong quy. Goi J 1a diém dong quy, ching minh I 14 trung diém cta mdi dudng.

Huéng din
Chtirng minh PEDQ, PRDF la hinh chir nhat
= PD, QE, RF 1a duong chéo cua 2 hinh chir nhat do
= Piéu phai chirng minh.
Bai tap 6: Cho AABC ndi tiép duong tron (O) va co H 1a truc tam. Goi A', B', C' 1a diém ddi xtimg
ciia H qua BC, CA, AB. Qua H, v& dudng thang d bat ki. Chirng minh rang: Cac dudng thang dbi
xtng cua d qua cac canh cia AABC dong quy tai mot diém trén (O).

Hudéng din
Goi dj, dy, d3 la cac duong thfmg ddi xung cua d qua cac canh cia AABC.
Goil 1a giao cua d; va d;
Churng minh tir giac A'B'C'I 14 tir giac ndi tiép. Suy ra A'B'C'I 1a noi tiép (O).
Chtrng minh I thudc ds.

Ching minh 1 < AA', BB', CC' dong quy

CHU PE 12
3 N
BA DIEM THANG HANG

1. Kién thitc co ban:

Phuong phap 1:

Tién dé O’clit: Qua mot diém A nam ngoai dudng thang a ké dugce duy nhit mot duong thiang song
song véi a.

Hé qua: Qua mot diém A nam ngoai duong thang a ké dugce duy nhat mot duong thang vudng goc
vdi a.

Phuwong phap 2: Ching minh qua mot diém c6 hai dudng thang vuéng goc vaoi 1 duong thang cho
trude tai diém do.

Phuwong phap 3: Ching minh tong hai goc bang 180 do (sir dung tir gidc noi tiép, cac goc bang
nhau...).
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Phwong phap 4: Sir dung tinh chit dong quy cta ba duong cao, phan giac, trung truc, trung tuyén...
Phuwong phép 5: Ching minh diém AM + MB = AB thi A thudc doan thing BC. Suy ra A, B, C
thang hang.

Phwong phap 7: Dung tinh chat duong trung tryc: Chirng minh cac diém cach déu hai ddu mut cua
mdt doan thang cho trudc thi déu nam trén mot dudng thing.
Phuwong phap 8: Dung tinh chét tia phan giac: Chirng minh 3 diém d6 cting cach déu hai canh cua
mdt goc.
Phwong phap 9: Sir dung tinh chit dudng chéo ciia cac tir gidc dic biét.
Phwong phap 10: St dung tinh chat dudng kinh va day cu Ing cua duong tron.
Phuwong phap 11: Str dung tinh chat hai duong tron tlep xuc nhau.
Poan thang ndi hai tim cua hai duong trong va tiép tuyén chung thi vudng goéc véi nhau.
2. Bai tap ap dung:
Bai tip 1: Cho AABC véi hai trung tuyén BD va CE. Goi M va N theo thir tu thudc céc tia d6i ctia
cé4c tia EC va DB sao cho EC = EM va DB = DN. Chiing minh rang A, M, N thang hang.
Giai
Tt giac AMBC c6: M A
EA = EB,
EM = EC (gt)
Nén Ia hinh binh hanh, D
Suy ra: AM // BC. 1) E
Chirng minh tuong tu, ta co:
AN // BC. 2
Tir (1) va (2) suy ra ba diém A, M, N
thang hang (tién dé Ocolit).
Bai tap 2: Cho hinh chit nhat ABCD (AB < CD), ¢6 O 1a giao diém cua hai duong chéo. Trén tia
dbi cua tia CD ldy diém E sao cho CE = CD. Goi F 1a hinh chiéu cua ctia D trén BE; I 1a giao diém
ctia AB va CF; K 1a giao diém cua AF va BC. Chirng minh rang ba diém O, K, I thiang hang.
Giai
ABCD la hinh chir nhat nén: A
AB =CD, AC=BDvaOA=0B=0C=0D.
Ta co CB L Al (vi ABCD 1a hinh chir nhat) 0
= CB la duong cao cua ACAL. (1)
AFBD vudng tai F (vi F 13 hinh chiéu caa D 1én BE) co: K

N

C

vy)

FO 14 trung tuyén trng v6i canh huyén BD nén OF = % BD

:OF:%AC. F

AFAC c6 FO 1a dudng trung tuyén (g véi canh AC.
Ma FO = %AC nén AFAC vuong tai F.

Suy ra AF L CI hay AF la duong cao cua ACAL.  (2)
K 1a giao diém ctia AF va CB nén tir (1) va (2), suy ra K 1a truc tdm ctia ACAI.
Do do IK L AC. (3)
Mat khac, tir giac ABEC c6:
AB = CE (cting bang CD) va AB // CE (vi AB // CD)
nén la hinh binh hanh
= BE // AC = BF //AC = ABFC la hinh thang.
Lai c6 AFDE vudng tai F, FC 1a trung tuyén tng v6i canh DE (vi CD = CE) nén
CF=CD = CF=AB (vi AB =CD).
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Suy ra ABAC = AFCA (canh huyén — canh goc vudng)

= AF = BC.

Hinh thang ABFC c¢6 hai duong chéo AF va BC béng nhau nén 1a hinh thang can.

Suy ra: IA/E = If:/\A = AIAC can tail

= IO la trung tuyén dong thoi 1a duong cao.

Hay 10 1L AC. 4)

Tir (3) va (4) suy ra I, K, O thang hang (dpcm).

Bai tap 3: Cho tir giac ABCD. Goi M, I va N theo thir ty 1 trung diém cua AB, AC va CD. Chuing

minh rang néu MN = AD+BC thi M, I, N thang hang va ABCD tr¢ thanh hinh thang.
Giai
Gid si: MN = A'%wc (1)

Vi MA = MB, IA = IC nén MI la duong trung binh cua tam

B
giac ABC.
X 1 M
Suy ra: Ml // BC va Ml = EBC.
1 A

Chtrng minh tuong tu ta c6: IN // AD va IN = EAD.
Ma MN=2PFBC _L1ae L AD hay MN = MI+IN.

2 2 2

D N C

Tir d6 suy ra I ndm gitta M va N, hay M, I, N thang hang.
Luc do, ta c6: BC // AD vi cung song song vd1 MN.
Do d6 ABCD tr¢ thanh hinh thang.

Vay néu MN = AD+BC 4 M, I, N thing hang va ABCD tr¢ thanh

2 C
hinh thang. )
Bai tip 4: Duong tron tdm O va duong tron tam O’ cat nhau tai A va B.
Goi 9 D lan luot doi xing vdi B qua O va O’. Chirng minh rang C, A,
D thang hang. 0]
Giai 9
Vi C @61 xting v6i B qua O nén O 1a trung di€m cua BC. Suy ra BC la
duong kinh cua (O).
Taco OA=0B=0C= %BC nén tam giac ABC vudng tai A
— BAC=90°. o)
Chirng minh tuong tu ta cé: BAD =90°.
D

Do d6 : CAD = BAC +BAD =180°
= C, A, D thang hang.
Bai tap 5: Cho hinh binh hanh ABCD. Goi O 1a giao diém ctia hai duong chéo; E 1 diém d6i xting
ctia A qua B; F 1a giao diém ciia BC va ED; G 1a giao diém ciia BC va OE; H 1a giao diém ciia EC
va OF. Chiing minh rang A, G, H thang hang.

Giai
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ViO 1a giao diém cua hai dudng chéo AC va BD nén OA = OC
suy ra EO 1a trung tuyén ctia AEAC.
E dbi xtng véi A qua B nén B 1 trung diém ctia EA.
Suy ra CB 14 trung tuyén ctia AEAC.
G 1a giao diém ciia CB va EO nén G 1a trong tdm cia AEAC. 1)
Mait khac, ABCD la hinh binh hanh nén CD // AB, CD = AB,
Ma B 14 trung diém cta AE nén suy ra CD // BE, CD = BE.
Do d6 tir giac BECD 1a hinh binh hanh.
Tir d6 F 14 trung diém cua hai dudng chéo ED va BC ctia hinh binh hanh BECD.
Ta c¢6 OF la duong trung binh cia ACAB nén OF // AB = OH // AE = HE = HC.
Do d6 AH 1 trung tuyén cia AEAC. (2)
Tir (1) va (2) suy ra A, G, H thang hang (dpcm).
Bai tip 6: Cho hinh binh hanh ABCD. Trén dudong chéo BD 1y hai diém E va F sao cho BE = DF.
Ké EH L AB, FK L CD (H € AB, K € CD). Goi O 1a trung diém ciia EF. Chirng minh ring ba diém
H, O, K thang hang.
Giai

VIEH L AB, FK L CD va AB // CD A H B
nén EH // FK (1) 0
Xét AHBE va AKDF ¢6 BE = DF,
KDF = HBE, DKF = BHE = 90°
D K C

— AHBE = AKDF (canh huyén — goc nhon)

= HE =KF (2)

Tu (1) va (2) suy ra HEKF la hinh binh hanh

— Trung diém cua EF ciing 13 trung diém cua HK.

Vay E, H, K thiang hang (dpcm).

Bai tap 7: Cho tir giac ABCD. Cac dudng thing AB va CD cit nhau tai M, cac dudng thing AD va
BC cit nhau tai N. Goi I, J, K theo tht tu 13 trung diém ctia BD, AC, MN. Chimg minh rang I, J, K

thang hang.

Giagi B
GoiK’ la giao diém cua 1J véi MN.
Goi E, F lan luot la chan duong vudng goc ke tir N, M to1 duong
thang 1J. o
Dé thay M, N nam vé hai phia cua 1J.
Tach:

SNIJ :SNDC _SNDI _SNJC _SNCI _SCID

1 1 1 1
SNIJ = SNDC _ESNBD _ESNAC _ESAIC _ESCBD
1 1 1 1
SNIJ = SNDC _SNAB _ESABD _ESABC _E(SADC _SADIC)_ESCBD

1 1 1

1
SNIJ = SABCD - E (SABD - SBCD ) + ZSABCD - E (SABC + SADc ) = ZSABCD
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Ching minh tuong tu ta co: S, = %SABCD :

Do dé Sniy= Swiy hay %NF.IJ:%ME.IJ = ME = NF = S,, =Sy, -

Hai ANKJ va AMKTJ c6 chung chiéu cao ha tir J.

Suy ra: NK’ = MK”.

Ma MK = NK (gt) nén K=K".

Vay ba diém I, J, K thang hang.

Bai tip 8: Ba diém A, B, C cung thudc dudng thang a, diém O khong thudc a. Chirng minh rang néu

ba diém M, N, P thoa man hé thuc oM = ON = oP thi M, N, P thang hang.
OA OB OC
Giai
A B C a
That vay, theo dinh 1i Talet ddo thi tur O—M = O—N :
OA OB N
Suy ra: MN // AB. M P
Tuong tu MP // AC. i .
Nhung A, B, C thang hang nén M, N, P thiang hang (tién dé 0O
O'clit).

Bai tip 9 (Bo dé hinh thang): Trong hinh thang c6 hai day khong bang nhau. Chiing minh rang
giao diém cua hai duong thang chira hai canh bén, giao diém ciia hai dudng chéo va trung diém cia
hai ¢y nam trén ciing mot dudng thang.

Giai
Gia st hinh thang da cho 1a ABCD (AB // CD, AB<CD)co 1, ]
tuong tng 1a giao diém cta hai duong thing chta hai canh va cua
hai duong chéo. 7 A B
Goi M va N lan luot la giao diém cua IJ véi AB va CD.
Do AB // CD nén ap dung hé qua cua dinh li Talet ta co:

AM BM[ ||v|) . AM BM( lelj

SN TN va @ —=——|=—— hay

DN CN IN CN DN JN
AM BM [_ ||v|j D N C
DN CN\ IN)
Bai tap 10: Trén mat phang cho n diém (n > 3) va bat ki duong thang nao di qua hai trong nhirng
diém d6 déu chira mot diém dd cho. Chirng minh rang tat ca cac diém da cho cung nim trén mot
duong thing.

Giai
Gia st tat ca cac diém khong cuing nam trén mot duong thang
Qua mdi cip diém da cho v& mot dudng thing (c6 mdt sd hiru
han dudng nay) va chon khoang cach khac 0 tir cac diém da cho
dén cac dudng thang nay.
Gia sir khoang cach tir diém A dén duong thang BC, trong d6

A
A, B, C la cac diém da cho 1a khoang cach nho nhat.
Trén duong thang BC con ¢6 mdt diem D nao do.
s
Q C

H

Tu A ké AQ vudng goc voi BC tai Q.
Hai trong cac diém B, C, D nim cing mét phia di véi diémQ, B D

chang han C va D nhu hinh v&, khi d6 ta c6 CQ <DQ.

Ha CH vuong géc voi AD tai H.

D@ thiy CH < AQ. Diéu nay mau thuin vdi viéc chon diém A va duong thiang BC.
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Tir d6 ta c6 diéu phai chimng minh. ‘ q
Bai tap 11 (Dinh Iy MENELAUS): La mdt dinh 1y ve cic tam gidc trong hinh hoc phang.

C

G

A B H
Cho tam gidc ABC. Céc diém H, F, G lan lugt ndm trén AB, BC, CA.
Khi do: G, H, F thang hang khi va chi khi :
AH BF CG _

HB FC GA
. Chirng minh
Phan thuan:
Str dung dinh ly sin trong cac tam giac AGH , BFH, CGF, ta duoc:
AH sinKG\H_ BF _ sinB/I-W:_CG _ SinGFC
GA sinAHG HB sinHFB' FC  sinCGF
(voi luu y rang  sinAGH = sinCGF; sinAHG = sinBHF; sinHFB = sinGFC)
Nhan timg vé ta dugc diéu phai chimg minh .
Phan dao:
Goi F'=GHNBC. Hoan toan tuong tu ta c6 dugc:
AH BF CG _ AH BF CG,_

HB FC GA HB'E'GA(_' )

Hay

BF_BF ,suyra F=F.

FC FC’
3. Bai tap tu luyén:
Bai tap 1: Cho AABC, duong cao AH. Trén nira mit phing bd AB khong chira diém C dung hinh
vudng ABDE ; trén nira mit phang bd AC khong chtra diém B dyng hinh vudng ACMN. Dung hinh
binh hanh AEIG. Goi K 1a giao diém ctia CD va BM. Chirmg minh rang bbn diém I, A, K, H thiang
hang.
Bai tap 2: Trén cac canh AB, BC, CD, DA cua hinh vuéng ABCD ta lay lan luot cac diém M, N, P,
Q sao cho AM = BN = CP = DQ. Goi O 1a giao diém cua hai duong chéo. Chirng minh rang M, O, P
thang hang.
Bai tap 3: Cho goc vudng xAy. Mot dlem B ¢ dinh trén Ax, con mot diém C chuyén dong trén Ay.
DBuong tron ndi tiép tam giac ABC tiép xtic v6i cac canh AB va AC lan lugt & M va N. Ching minh
rang MN Iuén di qua mot diém cb dinh khi diém C chuyén dong trén Ay.
Bai tap 4: Trong hinh vuéng ABCD lay diém E sao cho EBC =ECB=15. Trén nira mit phang bo
CD khong chira diém E vé& tam gidc déu CDF. Ching minh riang B, E, F thang hang.
Bai tap 5: Cho hinh thang ABCD, day 16n AB. Puong thang ké tir C song song véi AD cit BD va
AB lan luot tai E va F. Dudng thang ké tir D song song v&i BC cit AC va AB lan luot tai P va Q.
Chirng minh rang bon diém M, N, P, Q théng hang.
Bai tap 6:Trén mét duong thang ldy bdn diém theo tht tu 1a A, E, F, B. Duyng céac hinh vuong
ABCD, EFGH sao cho ching nam cung ¢ mét nira mét phing bo 1a duong thang di cho. Goi O la
giao diém cta AG va BH. Ching minh rang :
a) C, O, E thang hang.
2. D, O, F thang hang.
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Bai tap 7: Cho hinh binh hanh ABCD. Trén canh BC liy diém E. Liy diém F diém d6i ximg v6i C
qua E. Tir diém F ké Fx va Fy lan luot song song v61 AD va AB. Goil 1a giao diém cia Fx va AB ;
K 1a giao diém cua FI va AD. Ching minh rang I, K, E thang hang.

Bai tip 8: Cho AABC vudng tai A, canh huyén BC = 2AB. Trén canh AC liy diém D sao cho

ABD :%ABC; trén canh AB léy diém E sao cho ACE :%ACB. Goi F 1a giao diém cta BD va

CE; G va H theo thtr tu 1a cac diém ddi xing cta F qua cac canh BC va AC. Chirng minh rang;

a) Ba diém H, D, G thang hang.

b) Tam giac EDF can.

Bai tip 9: Cho goc vudng xOy tam gidc. M thudc Ox; A, B thudc Oy. Puong thang di qua A va
vudng goc voi AM cit dudng thang di qua B va vudng goc voi BM tai P. Goi H 1a giao diém ciia AP
véi MB; K 1a giao diém cia AM vé6i BP; I, K, E lan luot 14 trung diém cua MP, AB va KH. Ching
minh rang I, E, N thang hang.

Bai tap 10: Cho hinh vuéng EFGH. M6t goc vudng xEy quay quanh dinh E ¢6 canh Ex cat FG va
GH theo tht tu tai M va N, con canh Ey cat cac duong FG va GH theo thir ty ta P va Q. Goil va K
theo thu tyr 13 trung diém ciia PN va QM. Ching minh rang bbn diém F, H, K, I thang hang.

Bai tap 11: Cho tir giac ABCD va mot diém O nim bén trong tir gidc sao cho cac tam giac ABO,
BCO, CDO, DAO c¢6 dién tich bang nhau. Chirng minh rang hodc ba diém A, O, C thiang hang, hoic
ba diém B, O, D thang hang.

Bai tap 12: Cho AABC c6 ba géc nhon, cac dudng cao BD va CE. Goi I 1a diém thudc doan BC; H
1a giao diém ciia BD va CE; N thudc doan AH ; M thudc doan DE. Chirng minh rang M, I, N thing
hang.

Bai tap 13: Cho hinh vuong EFGH. Mot goc vuong Exy quay quanh dinh E. Canh Ex cit cac duong
thang FG va GH theo thir tu tai M va N; canh Ey cdt cac dudng thing FG va GH theo thir tu 6 P va
Q. Goi I va K theo thir tu 1a trung diém cua PN va QM. Ching minh rang 4 diém F, H, K, I thang
hang.

Bai tap 14: Cho xOy =90°. Liy diém M thudc Ox, A va B cing thudc Oy. Duong thing di qua A
va vudng goc véi AM cit duong thing di qua B va vudng goc voi BM tai P. Goi H 1a giao diém cua
AP va MB; K 1a giao diém caa AM va BP; I, E, N lan luot 1a trung diém ctia MP, AB va KH. Chtng
minh ring I, E, N thang hang.
CHU DE 13
PANG THUC VA BAT DANG THUC HiINH HQC

1. Kién thirc co ban:

Trong hinh hoc THCS, chiing ta hay gip cac bai toan chirng minh céc dang thic va cac bat ding
thire lién quan dén ba canh cua, chu vi cia tam giac, ban kinh cua dudng tron ndi tiép “r”, ban kinh
dudng tron ngoai tiép “R”, ... va mot sd yéu tb trong dudng tron.

Phwong phap:

- Vj tri ctia hinh H trén mién D sao cho biéu thirc f ¢o gid tri lon nhét ta phai chiing t6 dugc:
V&i moi vi tri cia hinh H trén mién D thi < m (m 13 hing sd)

— X4c dinh vi tri cta hinh H trén mién D sao cho f=m
- Vj tri ctia hinh H trén mién D sao cho biéu thire fco gia tri nhd nhét ta phai ching to dugc:
V&i moi vi tri ctia hinh H trén mién D thi £> m (m Ia hing s6)

—> Xac dinh vi tri cua hinh H trén mién D dé f=m
Cac hé thirc thwong gap:

(1) Dién tich tam gidc:

. NP \ ., a+b+c
Véia, b, ¢ 1a d dai 3 canh cua tam gidc. p =

la ntra chu vi. h,, hp, he 1a ¢ dai 3 duong cao.
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S:Ea.ha :ib.hb :Ec.hc :EbcsinA
2 2 2 2

21 o1 . . _abc_ -
—EacsmB—EabsmC—ﬁ—(p-a)ra—\/p(p-a)(D-b)(p'C)

(2) Bo dai dudng trung tuyén:
, _ 2b*+2c%-a’
: 4

(3) Do dai duong phan giac:

2bc.cosé
|, =—2
: b+c
4bc
I, = p(p-a
(4) b6 dai duong cao:
1 1 1 1
- 4+ 4+ = _
h, h, h, r

(5) Tinh dién tich tur giac:

(a) Tinh dién tich hinh binh hanh:

S=ah,

(ala @6 dai duong chéo, h, 1a duong cao ting vdi duong chéo a)

(b) Tinh dién tich hinh chir nhat:

S=ab

(Voiava b la dg dai hai canh)

(c) Tinh dién tich hinh thoi :

S=ab

(voiavab lado dai hai duong chéo)

(d) Tinh dién tich hinh vuong:

S=a%
(voi a la do dai canh)
(6) Dinh Ii ham sé sin: —&— =2 =_C —9R

sinA sinB  sinC
(7) Ban kinh duong tron ndi tiép, bang ti€p:

A A
= -a)lt — = ptan —
r=(p-a) an2 r, pan2

(8) Cong thirc tinh @ dai trung tuyén:
2 2 2
i 2(b*+¢)-a

I : ~ 4
Mot so dinh ly ho tro:
Pinh Ii 1: Goi R va r lan luot 1a ban kinh cta ducmg tron ngoai tiép va dtr(mg tron ngoai tiép AABC,
d 1a khoang cach giita tAm dudng tron ngoai tiép va tam dudng tron ngoai tiép ciia AABC.
Khi do, ta lubn co:

2Rr =R? - o

Dinh Ii 2: Cho AABC. Néu ABC > ACB thi AC > AB va nguoc lai
Pinh Ii 3: Cho trudc AABC va AA’B’C’ ¢6 2 cip canh AB = A’B’ va AC = A’C’. Ta c6 bét dang
thire BAC > B/AC' khi va chi khi BC > B’C”.
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Pinh Ii 4: Trong nhitng dudng xién ndi mot diém M cho trude véi diém N trén mot dudng thing d
cho trude, duong xién nao ¢6 hinh chiéu dai hon thi dai hon.
Pinh Ii 5: Trong nhirng dudng xién néi mot diém M cho trude véi diém N trén mot mit phing (P)
cho trude, dudng xién nao c¢6 hinh chiéu dai hon thi dai hon.
Dinh Ii 6: 2 AABC va AA’B°C’ vudng, c6 A=A'=90° va AB = A’B’.
Néu ABC>A'B'C' thi AC> A’'C’
Dinh [i 7: Ban kinh cua hai duong tron 1a R, r (R > r), con khoang cach gilta tdim cua chung la d.
Diéu kién can va du dé hai dudng tron dé cat nhau 1a:
R-—r<d<R+r
Pinh li 8: Céc sb duong a, b, ¢ 1a d dai 3 canh cua mot tam giac khi va chi khi:
atb>c,b+c>avac+a>b
Pinh Ii 9: Cho tam gidc ABC va mot diém M bat ki thudc mién trong ciia tam giac. Khi d6 ta luén
co:
MB + MC < AB + AC
Pinh Ii 10: Trong tam gidc ABC ting v&i canh dai hon 1a duong cao, dudng trung tuyén,duong phan
gi4c ngan hon
Dinh li 11: Trong tam gidc ABC ki hiéu h, 1a d§ dai duong cao, 1, 1a d6 dai duong phan giac, m, la
d6 dai duong trung tuyén xuét phat tir dinh A thi ta c6 bat dang thuc:
Ma> 1y > hy

Dinh Ii 12: Puong trung tuyén AM cua tam gidc ABC nhé hon ntra tong cic canh AB va AC cung
xudt phat tir mot dinh A
Pinh I 13: Hinh tron ndi tiép 14 hinh tron 16n nhét c6 thé chira trong not tam giac.
Dinh Ii 14: Mot tir giac 101 bi chira trong mot tir gidc khac ( khong nhat thiét 1a 161 ) thi chu vi cua t
giac bi chtra s€ nho hon chu vi cta tir gidc chlra n6 bén trong
Pinh Ii 15: Trong nira mit phang bi chia ra bai duong thing di qua 2 diém A va B c6 2 duong gap
khic AC;C;...CkB va AD;1D;...DyB sao cho 2 da giac AC;C,...CkB va AD1D,...D,B 1a 2 da giac
10i. Néu da giac AC1C,...CxB chira da giac ADiD;.. .DpB bén trong nd thi duong gap khiic
AC;C;...CkB dai hon duong gap khic AD;D,...D,B
Dinh Ii 16: Mot da giac bat ki c6 chu vi khéng nho hon chu vi ctia da gidc tao bai bao 16i ctia nd
DPinh Ii 17: Néu mot da giac 161 chira da giac 16i khac thi chu vi cua da gidc ngoai 16n hon chu vi cta
da gidc nam trong nd
Dinh 1i 18: D6 dai doan thing ndm trong mot da giac 16i khong 16n hon khoang cach 16n nhét ndi 2
dinh cia n6
Dinh Ii 19: Cho (O; r) va 1 diém M bét ki trong né.
Khi do ta co:

R-d<MN<R+d
V6i N 1a diém bat ki trén duong tron va d 1a khoang cach tir M tdi tam duong tron
Pinh i 20: Cho (O; r) va diém M bat ki ngoai dudng tron. Khi dé ta co:

d-R<MN<d+R
Pinh Ii 21: Cho trudc diém M trong hinh tron tdm O. Trong cac day cung qua M, day cung vudng
goc véi MO c6 do dai nho nhat
Pinh li 22: Goi P 1a giao diém ciia 2 dudng tron (O1) va (Oy).
Khi 0, ta ¢ bat dang thirc MN < 20,0, cho moi diy cung qua P. Dau "=" xay ra

< MN// 0102
AB.BC

Dinh li 23: Dién tich tam gidc ABC khong 16n hon

Dinh Ii 24: Dien tich ciia it gidc ABCD khong vurot qua 2D0C ;AD'DC

Pinh Ii 25: Trong cac tam giac c6 cung chu vi thi tam giac déu co dién tich 16n nhat.
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Nguyén li doan thing: Poan thing AB la con duong ngin nhit ndi hai diém A va B cho trude trén
mit phang.
= Ta ¢6 cac h¢ qua sau:

(1) Tong hai canh ctia mot tam gidc lu6n 16n hon canh thir ba cua no.

(2) Puong gip khic ndi hai diém A va B cho trude ludn c¢6 d6 dai 16n hon d6 dai doan thing
AB.

(3) B9 dai cuia cung AB trén mot duong tron cho trude di qua A va B 16n hon d6 dai doan
thang AB.
Nguyén li dudng vudng goc ngan hon dudng xién: Poan vudng goc bao gid ciing ngan hon duong
Xien.
Dinh 1i canh va goc trong tam gidc: Trong mdt tam gidc ung voi goc 1on hon la canh 16n hon va
nguoc lai.
Mt s6 bat dang thirc cin dung:
(1) Bat dding thire Cauchy:
Véin > 2 s6 duong tiy ¥ X1, Xo, ..., Xn ta ¢ trung binh cong ctia chiing khéng nho hon trung binh

nhan cua ching.
X, + X, o+ X, 2 ,{'fxlxz...xn
(2) Bat dding thire BCS:
Cho trudc 2 bo n > 1 s0 thuc tuy y X1, Xo, ..., Xn Va Y1, Y2, ..., ¥n ta ¢6 bat dang thirc:

XYy +XoY, +o X, Y, ) S(XF 35+ 4%2)(y2 +y2+.+y?)
(3) Bat dding thirc Minkowski:

Vl”af +bZ+¢? +\/a§ +02+C% +..+fad +bZ +c? 2\/(a1+a2 +.ta, ) +(b,+b, +..4b, ) +(c +C, +..4C, )
(4) Bat ding thirc Ploteme:
Cho 4 diém A, B, C, D trén mit phang ta luén c6: AB.CD + AD.BC > AC.BD
Déu “=" xdy ra < T gidc ABCD ndi tiép.
2. Bai tap ap dung:
Bai tap 1: Cho dudng tron (O) va diém P ndm trong duong tron( P khong tring véi O).Xac dinh vi
tri ciia day di qua diém P sao cho day d6 c6 d6 dai nho nhat.
Giai
Xét day AB bt ky di qua P. K¢ OH L AB
Theo lién hé giita day va khoang cach dén tam:
AB nhé nhét <> OH 16n nhat
Ta lai c6 OH < OP
OH=0OP«< H=P
Do d6 maxOH = OP
Khi do day AB vudng goc voi OP tai P.
Bai tap 2: Trong cac hinh binh hanh c¢6 hai dudng chéo biang 6 cm va 8
cm. Hinh nao c6 dién tich 16n nhét? Tinh dién tich 16n nhat do.
Giai
Xét hinh binh hanh ABCD c6: AC = 8 cm; BD = 6 cm. B C
Goi O 1a giao diém hai dudng chéo.
Ké¢ BH L AC.
Ta co: Sagcp = 2Sasc = AC.BH H
Ta c6 AC =8cm, BH <BO =3cm.
Do do:
Spasco < 8.3 =24 (cm?)
Sapcp =24 sz
< BH=BO
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<H=0
< BD 1AC
Vély max Sagcp = 24 sz.
Khi @6 hinh binh hanh ABCD 1a hinh thoi ¢6 dién tich 24cm?.
Bai tap 3: Cho hinh vuong ABCD. Trén cac canh AB, BC, CD, DA ta léy theo tht tu cac diém E, F,
G, H sao cho AE = BF = CG = DH. X4c dinh vi tri cia cac diém E, F, G, H sao cho tt giac EFGH
¢ chu vi nho nhat .

Giai . E K C
AHAE = AEBF = AFCG = AGHD ' ;
= HE=EF=FG=GH
= EFGH la hinh thoi.
Taco: AHE = BEF
= AHE + AEH =90°
— BEF+AEH =90° :
= HEF=90°
= EFGH la hinh vuéng.
Goi O 1a giao diém cia AC va EG.
T gidc AECG c6 AE = CG, AE // CG nén 1a hinh binh hanh suy ra O 1a trung diém cta AC va
EG, do d6 O la tam cua ca hai hinh vudng ABCD va EFGH.

AHOE vuéng can: HE? = 20E% = HE = OE\2

Chu vi EFGH = 4HE = 4+/2 OE.
Do d6 chu vi EFGH nhé nhit <> OE nhé nhat
Ké OK LAB = OE > OK (OK khong d6i)
OE=0OK< E=K
Do d6: minOE = OK
Nhu vay, chu vi tir gidc EFGH nho nhét khi va chi khi E, F, G, H 1a trung diém cua AB, BC, CD,
DA.
Bai tip 4: Cho doan thang AB c6 do dai 2a. V& vé& mdt phia ciia AB cic tia Ax va By vudng goc voi
AB. Qua trung diém ctia M ctia AB c6 hai duong thang thay d6i luén vudng goc voi nhau va cét Ax,
By theo thur tu tai C va D. Xéc dinh vi tri cia cac diém C, D sao cho AMCD c¢6 dién tich nho nhit.
Tinh dién tich tam giac do?

Giai
Goi K I giao diém ciia CM va DB y
MA=MB; A=B=90", AMC = BMK X D
= AMAC = AMBK
= MC = MK H
Mat khac DM L CK
= ADCK cén

= 61262

.
Ké MH L CD. A M B
AMHD = AMBD = MH=MB =a

1

= Smeb :%CD.MH > EAB.MH :% 2a.a= a°

F

Smep = a° < CD L Ax.
Khi d6: AMC = 45% BMD =45°,
Vay min Smcp = a%. Cac diém C, D dugc xéc dinh trén Ax; By sao cho AC =BC =a.
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Bai tap 5: Cho tam gidc ABC c¢6 B 1a goc tu. Piém D di chuyén trén canh BC. Xac dinh vi tri ciia
diém D sao cho tong cac khoang cach tir B va C dén duong thing AD c6 gia tri 16n nhét .

Giai
Goi S 1a dién t}'ch AABC. A
Khi D di chuyén trén canh BC ta c6:
Saep + Sacp =S :
Ké BE LAD, CF L AD L

C
:%AD.BE +%AD.CF:S H B D~
F

2S
= BE+CF=——
AD

Do d6 BE + CF 16n nhit <> AD nho nhit <> hinh chiéu HD nho nhét.
Do HD > HB (do ABD >90% va HD = HB < D =B.
Véy Khi D = B thi tong cac khoang cach tir B va C dén AD c¢6 gia
tri 16n nhat.
Bai tap 6: Cho gocXOy va diém A nam trong goc d6. Xac dinh
diém B e Ox, diém C e Oy sao cho OB = OC va tong AB + AC 1a
nho nhat.

Giai
Ké tia Om ndm ngoai goc xOy sao cho )Z)r\n = xOA.. Trén tia Om
liy diém D sao cho OD = OA. Cac diém D va A ¢6 dinh.
OD = OA, OC = OB, COD = BOA
= ADOC = AAOB = CD = AB
Do d6: AC+AB=AC+CD
Ma AC +CD > AD
=AC+AB>AD
Xay ra dang thirc khi va chi khi C € AD.
Véay min(AC+AB) =AD . Khi d6 C la giao diém cua AD va Oy, B thudc tia Ox sao cho OB = OC.
Bai tap 7: Cho hinh chit nhat ABCD va diém E thudc canh AD. Xac dinh vi tri cac di€ém F thudc
canh AB, G € BC, H € CD sao cho tir giac EFGH c6 chu vi nho nhéat.

Giai
A F B
I L
E :: K # G
M
D H C

Goi [, K, L theo thur tu 1a trung diém cua EF, EG, EH.
: ; 1
AAEF vudng tai A c6 Al 1a trung tuyén = Al = 5 EF

ACGH vuéng tai C ¢c6 CM Ia trung tuyén = CM = %GH

IK 1a duong trung binh cua AEFG = IK = % FG

Bién soan: Tran Trung Chinh




.2 CHUYEN PE ON THI VAO LOP 10 ::.

KM 1a duong trung binh cua AEGH = KM = % EH

Do d6: chu vi EFGH = EF +FG +GH +EH = 2(Al + IK + KM + MC)
Talai co: Al +IK+ KM + MC > AC

Suy ra: Chu vi EFGH > 2AC (d6 dai AC khong d6i)

Chu vi EFGH nh¢ nhit bang 2AC < A, I, K, M, C thang hang.

Khi do, ta c6: EH // AC, FG // AC, AEI = EAl = ADB nén EF // DB.
Tuong tu, ta c6: GH // DB.
Suy ra: Tt gidc EFGH 1a hinh binh hanh c6 cac canh song song véi cac duong chéo cua hinh chir
nhat ABCD.
Bai tap 8: Cho hai duong tron (O) va (O’) cit nhau & A va B. Mot cét tuyén chung bat ky CBD (B
nam gitta C va D) cdt cac duong tron (O) va (0°) tai C va D. Xac dinh vi tri ctia cat tuyén CBD dé
AACD c6 chu vi 16n nhat.
Giai
~ 1 —_—

sdC =EsdAmB;

A~ 1 —_—
sdD =ESdAnB

= S6 do cac goc AACD khong doi

= AACD c6 chu vi 16n nhit khi mdt canh cta né 16n nhét,
chang han AC 14 16n nhat.

AC 1a ddy ctia dudng tron (0), do d6 AC 16n nhat khi AC 1a duong kinh ctia dudng tron (O).

Khi do: AD la duong kinh cua dudong tron (O”).

Cat tuyén CBD 6 vi tri C’BD’ vudng goc voi ddy chung AB.

Bai tip 9: Cho duong tron (O) va mot diém P nam trong dudng tron. Xac dinh day AB di qua P sao

cho OAB c6 gia tri 16n nhat.
Giai
Xét AOAB can, goc & day OAB I6n nhat néu goc & dinh AOB nho
nhat. B'
AOB =~ sd AB U
2 lh ¢
|, B
I,

— , —_ , , A / H /'
G6c AOB nho nhat <> Cung AB nho nhét <> ddy AB nho nhat < \J

Khoang c4ch dén tim OH 16n nhat. A
Ta co OH < OP

OH=0P < H=P nén maxOH = OP < AB L OP

Suy ra: Day AB phai xac dinh 1a ddy A’B’ L OP tai P.

Bai tap 10: Cho hinh vudéng ABCD c6 canh béng 4cm. Trén cac canh AB, BC, CD, DA, léy theo
thtr tu cac diém E, F, G, H sao cho AE = BF = CG = D. Tinh d6 dai AE sao cho t& giac EFGH c6
chu vi nho nhét.
Giai
AAHE = ABEF = ACFG = ADGH
— HE = EF = FG = GH, HEF = 90°
= HEFG la hinh vuéng nén chu vi EFGH nhé nhat khi HE nh6 nhat.
biat AE=xthi HA=EB=4 - x.
AHAE vudng tai A nén :
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HE2=AE>+AE? =x*+(4—x)? =2x* —8x +16 =2(x—2)*+8>38

HE = \8 =22 < x=2

Chu vi tir giac EFGH nho nhét bang 8 \/E cm, khido AE=2cm.

Bai tap 11: Cho tam gidc vuong ABC c6 d¢ dai cac canh goc vudng AB = 6cm, AC = 8cm. M la

diém di chuyén trén canh huyén BC. Goi D va E 14 chin cac dudng vudng goc ké tir M dén AB va

AC. Tinh dién tich 16n nhét cia tir gidc ADME.
Giai

ADME 14 hinh chir nhat .

bat AD = x thi ME = x

ME //AB = =M _CE X _CE_ p_4,
AB CA 6 8 3
4
:>AE—8—§x B

Ta co:
_ _ 4 ) _ 4,_ 4 2
Saome = AD.AE = x| 8-2x —8x—§x _—g(x—3) +12<12

SADME = 120m2 & X=3cem.

Dién tich 16n nhét cua tr gidlc ADME bang 12 cm? Khi d6 D 14 trung diém cia AB, M 1a trung

diém cua BC va E 14 trung diém cua AC.

Bai tip 12: Cho doan thing AB, diém M di chuyén trén doan thing 4y. V& cac dudng tron c6 dudng

kinh MA va MB. Xac dinh vi tri ctia diém M dé tong dién tich cta hai hinh tron c6 gi tri nho nhat.
Giai

bit MA=x,MB=y

Taco: x+y=AB, (0<x,y<AB)

Goi S va S’ theo thur tu 1a dién tich cua hai hinh tron c6 duong kinh 1a MA va MB.

Ta co:

x ) P x4y?
S+S8 =mn| - +n¥ =n.—y
2 2 4

Ta co bat dang thuc:

2
X% +y? 2_(x+y)
2
2 2
X+
:>S+S’Zn.( y) :n.AB
r 2 8 8
Dau dang thirc xay ra khi va chi khix =y

AB’

Do d6: min (S +S’) =m.

Khi d6 M 14 trung diém cta AB.
Bai tap 13: Cho diém M nam trén doan thing AB. V& vé mdt phia y
cia AB céc tia Ax va By vudng goc véi AB. Qua M cé hai dudng
thing thay ddi luon vudng goc véi nhau va cit Ax, By theo thir tur
tai C va D. Xac dinh vi tri cia cac diém C, D sao cho AMCD c¢6 dién
tich nho nhét.

Giai

1
Ta co: Smep = E MC.MD
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Pit MA =a, MB=b, AMC = BDM =a.

b
MC=—> MD=—
CoSsa SIino
1 ab
SmMcp= — ——
2 cosa.sina

Doa,bla h?lng $6 nén Spep nho nhit <> 2sino.cosa 16n nhat.
Theo bat ding thie  2xy < X° +y* taco:
2sina.cosa. <sin‘o+cos’a=1  nén  Sycp >ab
Smcp = ab < sina = cosa <> sina = sin(90°-a) < o = 90°—a < o = 45°
< AAMC va ABMD vuéng can.
Vé:ly min Sycp = ab.
Khi d6 cac diém C, D dugc xac dinh trén tia Ax; By sao cho AC = AM, BD = BM.
Bai tap 14: Cho AABC, diém M di dong trén canh BC. Qua M ké cic dudng thang song song véi
AC va véi AB, ching cit AB va AC theo thir tu & D va E. Xac dinh vi tri ciia diém M sao cho hinh
binh hanh ADME c6 dién tich 16n nhét.

Giai
Sapme 16n nhét = SAﬂ 16n nhét

ABC

Ké BK L AC cit MD 6 H.

SADME =MD . HK A
1
Sec= AC.BK D K
Saome MD HK
=2. .
S pac AC 'BK E
bitMB=x,MC=y,
MD//AC ta co: B X MY C

MD BM x|
AC BC x+y.
HK MC y
BK BC Xx+y
Theo bat dang thirc:
Xy <1:>SADME= 2Xy <1
2 — 2 — '
(x+y)” 4 Spec (x+y)" 2
Dau dang thic xay ra khi x = y.

1
Vﬁy maxSapme = — Sasc.

Khi ¢6 M la trung diém ciia BC.
Bai tap 15: Cho A ABC vudng can c6 canh huyén BC = a. Goi D 14 trung diém ciia AB. Diém E di
chuyén trén canh AC. Goi H, K theo thir ty 1a chan cac duong vudng goc ké tir D, E dén BC. Tinh
dién tich 16n nhat cta hinh thang DEKH. Khi d6 hinh thang trd thanh hinh gi?
Giai
Ta co:
2SpekH = (DH + EK).HK = (BH + KC).HK
Ma (BH + KC) + HK = BC = a khong dbi.
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, d
Nén (BH + KC).HK 16n nhat <BH + KC) =HK = E B
Do d6:

2

max S -=-232
DEKH 5578

N| -

Khi d6: Buong cao HK = —.

a a
Suyra: KC=BC-BH-HK =a- — - — =
2 2
a a
Dodé:DHzHBzZ,EK:KC:Z.

a
4

Hinh thang DEKH 14 hinh chit nhat, E 14 trung diém ctia AC.
Bai tap 16: Cho hinh vuéng ABCD. Hiy xac dinh dudng thang d di qua tdm hinh vudng sao cho
tong cac khoang cach tir bén dinh cta hinh vuong dén duong thang d6 la:
a) Lon nhat
b) Nho nhat q
Giai
Xét truong hop d cit hai canh d6i BC va AD B’
Goi m 1a tong cac khoang cach tir bon dinh hinh vuéng dén D. B C
m=2(AA’ + BB’) '
Goi M, N lan luot 1a trung diém ctia AB va A’B’ N F
Suy ra: m = 4MN. Do do: H
m 16n nhit < MN 16n nhét M O
m nho nhit < MN nhé nhat
a) MN < MO = m 16n nhiat < M=0 < d// AB A
b) K¢ MH L OB.
Chung minh: MN > MH A D D
= MN nhé nhit <> N=H < d=BD hoic d = AC.
Bai tip 17: Cho AABC vudng can tai A cac diém D, E theo thu tu
di chuyén trén cac canh AB, AC sao cho BD = AE. Xéc dinh vj tri cac diém D, E sao cho:
a) DE c6 do dai nho nhat.
b) T gidc BDEC c¢6 dién tich 10n nhét.

Giai q B
a) Goi M Ia trung diém cua BC. 1
ABDM = AAEM = BMD = AME D
= DME = DMA + AME = DMA +BMD = BMA = 90° M
Goi I 1a trung diém ctua DE.
DE =DI+IE =Al +IM > AM
Min DE = AM < I 1a trung diém ctia AM
< D 1a trung diém ciia AB va E 1a trung diém ctia AC

X(a - x) A E ¢

b)bat AE =x, AB=AC =a thi AD =a — X, Sape =
Sepec nho nhat < Sape 16n nhit < x(a — x) 16n nhit
Do x + (a — x) = a khong d6i nén x(a — x) I6n nhit < x=a— X< X = %

Khi d6 D 14 trung diém ctia AB va E Ia trung diém cia AC.

Bién soan: Tran Trung Chinh
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Bai tip 18: Cho AABC vuédng tai A, c6 BC = a, dién tich 1a S. Goi m 1a trung diém cua BC. Hai

dudng thing thay d6i qua M va vudng goc voi nhau cit cac canh AB, AC ¢ D, E. Tim:

a) Gia tri nho nhat ctia doan thing DE.

b) Gia tri nhé nhit cia dién tich AMDE.
Giai .

a) Goi O 1a trung diém ctia DE

Tac6 OA=0D=0E=0M

a
= DE=0A+0OM > AM= E

. a .2 .
minDE = 5 < O Ia trung diém cua AM

< D la trung diém ciia AB va E 1a trung diém cua AC
b) K¢ MH L AB, MK L AC
ME > MK, MD > MH.

AC AB S
2Svype = MD.ME > MHMK =—.— =—

2 2 2

. S
mlnSMDE:ZQDEH va E=K

Bai tap 19: Cho diém m di chuyén trén doan thang AB. V& cac tam giac déu AMC va BMD vé mot
phia cia AB. Xac dinh vi tri cia M dé tong dién tich hai tam giac déu trén 1a nho nhét.
Giai
Goi K 14 giao diém ctia AC va BD.
Céc tam gidc AMC, BMD ddng dang voi AAKB K
bit AM=x, BM =y, AB =a, ta co:

S‘H s_(xj D
s la)" s \a
S, +S, x+y’_(x+y) a® 1
— = > = = —
S a’ 2a> 23’ 2 2
Dau dang thuc xay ra khi va chi khix =y 1

. 1 y ATTXM y B
Do d6: min (S; +S;) :E < M la trung diém cua AB.

Bai tap 20: Cho tam giac nhon ABC c¢6 cac canh a, b, ¢ tuong rng duong cao AH = h. Hay dung
hinh chit nhat MNPQ noi tiép trong tam gidc ABC sao cho n6 co6 dién tich 16n nhat. Biét M €AB; N

e AC; P, Q € BC.
Giai A

Goil la giao diém ctia AH va MN )
bat NP=x; MN=y; Al=h-X M/ I N
AAMN - AABC T 7

MN Al y h-=x h—x
= —=—=<=—"Sy=a——ro

BC AH a h h
= Smnpg = XY = 2.X(h —X) B QH P C

= Swnpo 16n nhat < x(h — x) 16n nhat x + (h — x) = h khong d6i nén x(h — x) 16n nhat
& X=h—-x< x=h/2
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Khi d6 MN la duong trung binh cia AABC.

Bai tap 21: Cho AABC vudng tai A. Tir mot diém I nam trong tam giac, ké IM L BC, IN L AC,
IKLAB. Tim vj tri ca I sao cho tong IM? + IN? + IK? nho nhét.

Giai
Ké AH L BC, IE L AH
ANIK, IMHE 1a céc hinh chit nhat.
IK2+ IN? = IK? + AK? = AI> > AE?

IM = EH

nén IK? + IN? + IM? = Al + EH? > AE? + EH?
X+ 2

DAt AE = x, EH = y ta c6: X7 +y? > . 2y) :A'Z"

2
:>IK2+IN2+IM22AH .

Déu “=" xdy ra khi I 1a trung diém cua duong cao AH.
Bai tip 22: Cho AABC nhon. Tir mot diém I nam trong tam glac ta ke IM L BC, IN L AC, IKLAB.
Pit AK = x; BM =y; CN = z. Tim vi tri cia I sao cho tong X2 + y2 + z% nho nhét.
Giai

bat:
BK=k,CM=m,AN=n,BC=a, AC=b, AB=c.
X2+ Y2+ 22 = (IA? - IK?) + (IB® - IM?) + (IC* — IN?)

= (IA% = IN?) + (IB? - IK?) + (IC* - IM?)

— 2+ K2+ 2
=20 +Y + 22 ) =X+ Y+ 22+ nf + K+ m?

= (¢ + )+ (o + m) + (224 1)

(x+k)" _AB? _¢?

X+ k2> = -
2 2 2
2
y2+m22(y+m) _BC’_&
2 2 2
g 2] _AC
2 2 2
2 2 2
= X+y+2> 2 +k;+c
. ,._a’+b*+c
min(x +y2+z):T<:>x:k,y:m,z:n.

< 114 giao diém cua cac duong trung tryc cia AABC.
Bai tap 23: Cho nira duong tron c¢6 duong kinh AB = 10 cm. Mot day CD c6 d6 dai 6cm c6 hai dau
di chuyén trén nura duong tron. Goi E va F theo thur tu 1a hinh chiéu ctia A va B trén CD. Tinh dién
tich 16n nhét cua tir giac ABFE.

Giai
Ké OH L CD, ta tinh dugc: OH = 4cm. DF
Spsre = %(AE + BF).EF EC

= OH.EF <OH.AB =4.10=40

max Sager = 40cm’ A o) B
< EF /] AB.

Khido: OH L AB
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Bai tap 24: Cho hinh vuéng ABCD canh a. V& cung BD tdm A béan kinh a (nim trong hinh vudng).
M0t ti€p tuyen bat ky vdi cung do cat BC, CD theo thtr ty & M va N. Tinh d§ dai nhdé nhat cia MN.

Gidi B M m_ C

bat:
CM=m,CN=n, MN =x
m+n+x=2CD=2avam?+n’=x

2
m+n
Do d6 : x°= m? +n* > —( )
= 2¢>Qa-X)?= xJ2 >2a-x

2 _2a(2-1)
+1

min MN = Za(\/f-l) s m=n.

=X

A D

Khi d6: Tiép tuyén MN // BD, AM 4 tia phan gidc ciia BAC, AN 14 phan gidc ciia DAC

Bai tap 25: Cho hai dudng tron (O) va (O’) tiép xtc ngoai tai A. Qua A vé& hai tia vudng goc voi

nhau, ching cét cic duong tron (O), (O’) lan luot tai B va C. Xac dinh vi tri clia cac tia 46 dé A

ABC c6 dién tich 16n nhét.
Giai

Ké OD L AB; O’E L AC ta c6:

1 1
Sasc = EAB.AC = 5 .2AD.2AE = 2.AD.AE

Piat: OA=R; 0’A=r; AOD=0AE =«
AD =R sina;; AE =r cosa

= Sasc = Rr.2sina.coso

2sina.coso < sina + cos’a = 1

= Saec £ Rr

Do do:

max Sasc = Rr < sina. = cosa <> sina = sin(90°- o) < o = 90° — o < a = 45°.

Vay néu ta vé& cac tia AB, AC lan luot tao v6i cac tia AO, AO’ thanh cac goc OAB = O'AC = 45°thi
AABC c6 dién tich 16n nht.

Bai tap 26: Cho duong tron (O; R) duong kinh BC, A la mot diém di dong trén duong tron. V& tam
giac déu ABM c6 A va M ndm cung phia dbi v6i BC. Goi H 1a chan dudng vudng goc ké tir C
xuong MB. Goi D, E, F, G theo th ty la trung diém cta OC, CM, MH, OH. X4c dinh vj tri cia diém
A dé dién tich ttr gisic DEFG dat gi4 tri 1on nhat.

Giai

DEFG Ia hinh binh hanh. M
Keé OI L FH, ta c6 OI la duong trung binh ciia A BHC nén
Ol = 1 HC =GD

2 B C
MO 1a dudng trung truc ctia AB nén IMO = 30° § o D
:>OI=%OM:>GD:%OM G
MéED:%OM:EG=GD H

= DEFG la hinh thoi
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HFG = HMO = 30°= EFG = 60° = AEFG déu

EF’\3 _EF’\3 :(Hzcjzﬁ <(Bzcj2ﬁ _R’\3
4

2 2 2 2

=> Spere = 2SkrG = 2.

R%\3
2
Bai tap 27: Cho AABC ndi tiep duong tron (O). D la diém bat ky thudc cung BC khong chira A va
khéng tring voi B, C. Goi H, L, K theo thir ty la chan cac duong vudng goc ke tr D dén cac duong

thing BC, AC, AB. Pat BC=a, AC=b, AB=c¢, DH=x, DI =y, DK =z.

. b ¢ a
a) Ching minh rang: — + — = —
y z X

maxS = o H=B < MBC=90°< ABC=30° < AC =R.

. <R A LA a b c 5 A
b) Tim vi tri cia diém D dé tong — + — + — nho nhat.

X vy z
Giai

a) LAy E trén BC sao cho CDE = ADB

ACDE d6ng dang véi A ADB

DH CE X CE c CE

- — = — = — —_——
DK AB Z c Z X

Tuong tu ABDE dong dang véi A ADC

DH BE x BE b BE
= = — = —

S>—=—=—
DI AC vy b y X
b ¢ BE+CE a

S—t—=——=—

y z X X
a b ¢ a a

b)—+—+—=—+—=§.
X Yy zZ x x X

Do d6 S nhé nhit <> & nhé nhit < x 16n nhét < D =M (M 1a diém chinh giita cua cung BC
X

khong chtra A).
Bai tap 28: Cho AABC nhon, diém M di chuyén trén canh BC. Goi P, Q 1a hinh chiéu ctia M trén
AB, AC. Xac dinh vi tri ciia diém M dé PQ c6 d6 dai nho nhat.

Giai
T gidc APMQ 1a tir giac noi tiép. Goi O 1a tam duong tron A
ngoai tiép tir gidc APMQ.
Ké OH L PQ. bat BAC = o thi POH =«
PQ = 2PH = 2.0P.sina. = AM.sina
Do o khong doi nén
PQ nho nhét < AM nh6 nhit < AM 1 BC.
Bai tap 29: Cho doan thing AB va mot diém C trén AB.
V& trén cung mdt nira mit phing bo AB cic nira dudng
tron c6 duong kinh AB, AC, BC. Xac dinh vi tri cua diém
C trén doan AB dé dién tich phan gi6i han boi ba nira
duong tron d6 dat gia tri 16n nhét.

Giai

Bién soan: Tran Trung Chinh @



.2 CHUYEN PE ON THI VAO LOP 10 ::.

Goi (O1. 11); (02 12); (Os. 13) 1a cac duong tron c6 duong

kinh 1a AB, AC, BC

bat: AB=2a, AC=2xthir; =4, =X

Suyra: BC=2a—-2xvarz=a-—X

Goi S 1a di¢n tich gidi han boi ba dudng tron

Taco:

S= s (n_r22+n_1‘§j:naz wx? m(a-x)" _ A O, C O O B

T2 l2 2] 2 2 2

S 16n nhét <> x(a — x) 16n nhat
Mit khéc x + (a — x) = a khong ddi nén

X(@a—x) lonnhit & x=a- X< X= % & C=0g

na’
Lacdotaco S ZT.
Bai tip 30: Cho duong tron (O; R). Trong dudng tron (O) v&
hai duong tron (O1) va (Oy) tiép xtc ngoai nhau va tiep xuc
trong voi (O) trong do ban kinh duong tron (O2) gap doi ban
kinh duong tron (O1). Tim gia tri nho nhat cua dién tich phan
hinh tron (O) nam ngoai cac hinh tron (O1) va(Oy).

Giai ”
Goi x la ban kinh duong tron (Oy).
Khi d6 2x 1a ban kinh duong tron (O2)

Xét AOO,0,, tacd: 0;0,<0 0O, + 00,

:>3xs(R—x)+(R—2x):>6xs2R:>xs%

Goi S 1a phan dién tich hinh tron (O) ndm ngoai cac dudng tron
(Oy) va (0y), ta co:
S= nR%-nx*-m4x’ = TC(R2 -5x2)

Dox<5nén x2<R—2 = S> 4nR” .
- 9 -9 ! 0O, @) 0,
2
minS:4n§ x-E

Khi d6: O3, O, O, thang hang va ban kinh cac dudng tron (O1)

X . R 2R
va (02) la 3 va 3
Bai tap 31: Cho hinh vuéng ABCD c6 canh bang 1, diém M nam trén duong chéo BD.
a) Néu cach dyng duong tron (I) di qua M va tiép xac véi hai canh AD va CD. Néu cach dung
duong tron (K) di qua M va tiép xtc v6i hai canh AB, BC.
b) Chirg minh rang khi diém M di chuyén trén dudng chéo BD thi tong chu vi hai duong tron
khong di.
¢) Xac dinh vi tri ctia diém M trén BD dé téng dién tich cta hai hinh tron dat gia tri nho nht.

Giai

a) Qua M ké dudng vudng goc véi BD cit AB, BC, CD, DA tai P, Q, F, E.
Do AB, BC tiép xtic voi (K) nén K € MB
PQ L KM nén PQ I tiép tuyén cta (K)
Vay (K) 1a duong tron ndi tiép APBQ

Bién soan: Tran Trung Chinh @
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Tuong ty (1) 1a dudng tron ndi tiép AEDF.
b) Tong chu vi hai dudng tron (I) va (K) bang:

2n.IM + 2n.MK = 27 .IK = A B
MD = ID +IM = J2.13+ IM =J2.IM+IM = (2 +1).IM
MB = KB +MK =
E
> V2.KH+KM = J2.KM + KM = (/2 +1).KM H
M
= BD =MD + MB = (V2 +1)(IM+MK) = (2 +1)IK
J
BD |
— IK= ——=BD(~/2-1).
Do BD = AB+2 =2
=>IK=V2(V2 -1)=2-2 0

Vay tong chu vi hai dudng tron bang 27(2 — </2)
¢) Goi x va y la ban kinh cac duong tron (I) va (K)
Tach: x+y=2- 2
Goi S1, S, 1a dién tich cac hinh tron trén
2
2 2-»\/5
X +
S1 +Sy = +ny’ = +y* ) > n( Zy) =7t( > )
S: + Sy nho nhat < X =y < M la trung diém cia BD.

Bai tip 32: Cho duodng tron (O; R), A va B 13 hai diém c6 dinh nim ngoai duong tron. M 1a diém cb
dinh trén dudng tron (O). Xac dinh vi tri cua diém M dé dién tich tam gidc MAB c6 gia tri:
a) Lon nhat b) nho nhit

Giai C
V& duong thang d qua O va vudng goc AB tai K -
d cat dudng tron (O) tai C va D.
Ha AH 1L AB

MH.AB

2
a) Ta co: MH < MK

Xét 3 diém M, O, K, ta c6: MK < OM + OK
& MK <0C+ OK D
< MH < CK

7 A
CKAB (i hong dbi) H

= SmaB =

P
w

= Smag <

Dau“=“xiyracH=K<oM=C.
b) Xét 3 diém M, O, H, ta c6: MH > |OH - OM
Ma OK < OH va OK - OM = OK - OD = DK = MH > DK

= SmaB > DK.AB (khong d6i). Dau "=" x4y ra < M € [OH]

VaM =K< M=D
Bai tap 33: Cho duong tron (O; R); A 14 diém c6 dinh trong duong tron (A # O). Xéc dinh vi tri ciia
diém B trén dudng tron O sao cho goc OBA 16n nhét.
Giai
Gia st c6 B € (O).
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Vé day BC cua duong tron (O) qua A ta c6 OB =0OC =R.

. 0_ B
= AOBC cantaiO = OBC = w
Nén OBA max <> COB min.
Trong ACOB, c6: CO = OB = R khéng dbi .
— COBmin < BCmin = OHmax /
Ma OH < OA nén OHmax < H=A < BC L OA tai A o
Vay OBAmax < B e (O) sao cho BC L OA tai A.

Bai tap 34: Cho tir giac 16i ABCD. Tim diém M trong tt gidc d6 sao cho AM + MB + MC + MD

dat cuc tri nho nhéat.
D
l C
(@)

\

Giai
Vi3 diém M, A, C, ta c6: MA + MC > AC
Tacé: MB + MD > BD.

AM + MB + MC + MD > AC + BD (khong doi).
MeAC &<M=0

M e BD
Vay min(AM + MB+MC +MD)=AC+BD &M=0 A B
Bai tap 35: Cho AABC (A=90°) M la diém chuyén
dong trén canh BC. V& MD L AB; ME L AC (D € AB,

E € AC). Xac dinh vi tri cna M dé DE c6 do dai nho A
nhat.
Giai D £
VEé AH 1L BC (H € BC) H cb dinh va AH khong doi, tir
giac AEMD ¢6 A =E =D =90°
= AEMD 13 hinh chit nhét. B H M C
— DE = AM ma AM > AH (khong d6i)
(Theo tinh chit dudng xién va dudng vudng goc).

Déu "=" xay ra < M = H.
Vay khi M = H thi DE nho nht.

Bai tip 36: Cho duodng thing d va dudng tron (O; R) ¢6
khoang céch tir tim dén d 12 OH > R. LAy hai diém bat ky B
A € d; B € (O; R). Hay chi ra vi tri ciia A va B sao cho do
dai cuia AB ngan nhat? Ching minh diéu do. ’
Giai ‘
Tir tam (O) ké OH L d, OH cit duong tron (O) tai K. Xét
ba diém A, B, O, ta cé: K
AB + OB < OA ma OA > OH (quan hé dudng xién va £ 5 d

duong vudng goc).
= AB > OH - OB = HK khéng dbi

A=H
Vay min AB=KH <

A=t m
Bai tap 37: Cho duong tron (O) va mdt diém M nam trong dudng
tron d6 (M # O). Xac dinh vi tri cua day cung AB cua duong tron
(0) qua M sao cho do dai AB ngan nhét.
Giai
Tacoday AB L OM tai M la day cung ¢6 do dai nho nhat.

Bién soan: Tran Trung Chinh
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That vay:

Qua M v& day A'B' bat ky cua (O), A'B' khong vudng goc véi OM. VE OM' L A'B'.
M' e AB; M'#M
= OM' L MM’
= OM > OM'
= AB < A'B' (theo dinh ly khoang cach tir tam dén day).
Bai tap 38: Cho tam gidc déu ABC ndi tiép trong duong tron (O; R). M la diém di dong trén duong
tron (O). Xac dinh vi tri cia M dé MA + MB + MC dat gia tri 16n nhat.
Giai
Ta xét M e cung BC. Trén MA liy D sao cho MB = MD. A
Ta chung minh dugc: ABMD la tam giac déu.
= éz + é3 = 600.
Ma él—i-éz =60° = él-i‘é?,: 60°.
Chirng minh cho ABAD = ABCM (g-c-Q)

= AD = MC

= MA + MB + MC = MA + MD + DA = 2MA

Ma MA 1a day cung cua duong tron (O; R) = MA = 2R B t C
= max (MA + MB + MC) = 2.2R = 4R \L/
& MA la duong kinh cua dudng tron (O) < M la diém chinh M

gitra cua cung BC.
Tuong tu ta xét M thudc cung AB va M thudc cung AC
= M la diém chinh giita cung AB hoic cung AC thi MA + MB + MC dat gia tri 16n nhat.
Bai tap 39: Cho duong tron (0; R), duong kinh AB, M la di€m chuyén dong trén duong tron. Xac
dinh vi tri cia M trén duong tron, dé MA + \/§ MB dat gia tri lon nhét
Giai
Ta c6: AMB =90° (goc ndi tiép chin nira dudng tron)
A MAB, c6: M=90°. Theo dinh Iy Pitago ta co:
MA? + MB? = AB? = 4R?
Ap dung BDT Bunhiacopski, ta co:
MA + BMB < {/(1+3)(MA? + MB?) = J4.4R? = 4R

MA + \/3MB <4R

_\/§©MB:\/§

MA MB

Dau "=" xay ra <

o tanA = —_\/_ 3 =tg60°

PN WTB:&;OO nén max(MA + /3.MB) = 4R
< MAB =60°

Bai tap 40: Cho doan thang AB, diém M di chuyén trén
doan ay. V& cac duong tron duong kinh MA, MB. Xac
dinh vi tri cﬁg M deé tong dién tich cta hai hinh tron c6
gié tri nho nhat. M
- w B

bait MA=x, MB =y.

Taco:x+y=AB (0<x<y<AB)

Goi S va S’thur tu 1a dién tich cda 2 hinh tron c6 duong
kinh la MA va MB

Bién soan: Tran Trung Chinh
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x Y ? X% +y?
Taco: S+S° = n(zj +n(l) :n.—y

2 4

2 2 2
Ap dung BDT: x2+y22@ = S+S8 > . (X;y) = n.AE

Dau "="xayra < x =Y.
2

VayMin(S+S’) = m. AR oM trung diém cta AB.

Bai tip 41: Cho AABC c6 BC = a, AC = b, AB = c. Tim diém M nam bén trong tam giac ABC sao
cho 3+E+ ¢ ¢6 gia tri nho nhat. Trong d6 x, y, z 1a khoang cach tir M dén BC, AC, AB.
Xy z
Giai
Goi dién tich A ABC 1a S. 7
Taco ax + by + cz = 2S (khong doi)
Ap dung BDT Bunhiacopski ta co:

ool -

= (ax + by+cz)(3+9+£J >(a+b+c)
X Yy z
b 2

_[(a,b ¢ 2(a+ +C)

X Yy z 2S
Vay 2424 dat gia tri nho nhit.

Xy z

a b ¢ (a+b+c)2
S| —+—+— | = —

X Yy z 2S

by &

= = =
a b C

G
Bai tap 42: Cho dudng tron (O; R), day BC cb dinh. Tim vi tri ciia A trén cung 16n BC dé tam giac
ABC c¢6 chu vi 16n nhit.

Giai

BC c6 dinh nén CAB khong dbi, do dai BC khong déi
Chu vi AABC chi con phu thudc vao AB + AC.
Trén tia ddi cua tia AB 1ay D sao cho AC = AD.
Vay chu vi cua AABC phu thudc vao do dai cia BD.
Ta co:

& X =y=2z< AABC la tam giac déu.

— .. 1 ~
CDB ciing khong d61 hay BD la day cua cung chtra goc EA
dung trén BC.

Vay BD 16n nhat bang duong kinh ciia cung chira goc %A .

. B
Dung trén BC < A la diém chinh gitra cua cung lon BC. v

Bai tap 43: Cho dudng tron (O; R) véi day AB c¢b dinh sao

Bién soan: Tran Trung Chinh
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cho khoang cach tir O téi AB bang % Goi H 1a trung diém cua AB, tia HO cit dudng tron (O; R)

tai C. Trén cung nhé AB ldy M tuy y (khac A, B). Pudng thing qua A va song song v6i MB cit CM
tai I. Day CM cat day AB tai K.
a) So sanh goc AIM véi goec ACB.
b) Chirng minh: + ! = 1 .
MA MB MK
¢) Goi Ry, Ry lan luot 1a ban kinh dudng tron ngoai tiep AMAK va AMBK. Hiy xéc dinh vi tri ctia
diém M trén cung nho AB dé tich Ry.R, dat gié tri 16n nhat.
Giai
a) Xét AAOH c6 cosO = OH_1 — AOH = 60°
OA 2

= AOB=120" = sdAB =120" = ACB=60" _
AABC c6 duong cao CH dong thoi 1a trung tuyén.
Vay tam gidc ABC déu = ACB = 60°

Al // MB = AIM =CMB =CAB =60°

Vay AIM = ACB.

b) AAIM déu (c6 hai gbc bang 60°) = AM = M.
AAIC=AAMB(c-g-¢) = Cl=MB

AMKA <> AMBC nén MK _MB
MA MC
MKB <> AMAC MK _MA
A m néen——=——
MB MC
. MK MK _ I\/IB MA MB+MA
Vay + =1
MA MB MC MC  MC
1 1 1
hay =

+ = :
MA MB MK
c)

Trong AAKM: R, = AR ___AK AK

2sinM  2sin60° /3
BK  BK _BK
2sinM  2sin60° /3
Ap dung bat dfmg thirc Cosi cho 2 sb khong am Ry, R, co:
JRR; <RutRy AKLBK _3R_R_
2 23 23 2

ddu "=" xay ra khi Ry = Ry < AK = BK < M la diém chinh giira ciia cung AB.
2

Vay RiRo max = RT khi M 14 diém chinh gifra cua cung AB.

Trong ABKM: R, =

= const

Bai tap 44: Cho nira duong tron tim O duong kinh AB = 2R. Lay diém C la trung diém ctia AO. Ké
hai tia Ax va By vudng goc voi AB va ¢ cung mot phia voi nira duong tron. Diém M di dong trén
nira duong tron (M # A, B). Mot duong thang vudng goc véi CM tai M cit Ax ¢ P, ciat By 6 Q. Tim
vi tri ctia diém M trén nira duong tron dé tir gidc APQB c6 dién tich nhé nhat. Tim gia tri dién tich
nhé nhét do.

Giai

Bién soan: Tran Trung Chinh @
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T gidc APMC noi tiép = PCA =PMA

C6 AMB=90° = PMA+BMQ= 90’ P
T gidc BQMC noi tiép

C6 CAQ=90° = BCQ+BQC =90°.
Vay P/C\A=I§QE . .
Do d6: AAPC «» ABCQ: A " C O B

£=B—C:>APBQ ACBC

AC BQ

_R3R_3R’

272 4
Ap dung bat dang thirc Cosi:

2
AP+BQ>JAPB 1/3’R —Rdau" " xay ra khi AP = BQ.

N CM 1 AB.
Hay Sagor =%AB(AP+ BQ)., =%.2R.J§R = J3R? khisd AM = 60°.

=const.

min

Bai tap 45: Cho tam giac déu ABC, E 1a mot diém trén canh AC (E#A), K Ia trung diém cua doan
AE. Puong thang EF di qua E va vudng goc voi duong thang AB (F e AB) cit duong thang di qua
C va vudng goc voi duong thang BC tai D. Xac dinh vi tri cua E sao cho doan KD co6 d6 dai nho
nhat.
Giai

AAEF vudng tai F, A= 60°, FK la trung tuyén trng voi canh huyén
= AAKF déu = FKC=120°.
Vay tir giac BCKF noi tiép. C
T gide BCDF c6 F=C=90" 9 D
Vay tu giac BCDF noi tiép hay 5 diém B, C, D, K, F cung
thuéc mot duong tron dudng kinh BD. E
s¢d DK =2DFK =60’

1 1 . K
= KD = 7 DB SECB dau "=" xay ra khi E = C.

L
Viy KD min = %CB khi E =C. A B
Bai tap 46: Cho AABC cén ¢ B ¢o ABC = B, O la trung diém cua canh AC, K 1a chan duong vudng
goc hatu O Xuéng canh AB, () 1a duong tron tdm O pén kinh OK. E 1a mot diém thay ddi trén canh
BA sao cho goc AOE bang o (20° < @ < 90°%). F 1a diém trén canh BC sao cho EF tiép xuc véi (o).
Tim a dé AE + CF nho nhat.

Giai
Trong AOEF:
EOF =180° — OEF — OFE =180° —%AEF—%C/FTE

Trong tur giac AEFC:
AEF + AFE = 360° —(A+6) =360° - (180° - 3) =180° +

Bién soan: Tran Trung Chinh
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Vay: E/O\F:9OO-%[3 B
R ~ ~ 1 0 o 1
AABC can = A:CZE(BO _B)zgo _EB

— AAEO «» AOEF va AOEF «» ACOF. E
Vay AAEO «> ACOF.

:>AE CO = AE.CF = AO.CO =const
AO CF A 0 C

Ap dung bét dang thic Cosi:

AE +CF > 2{ AE.AF = 2JAO.CO = const.
Dau "=" x4y ra khi AE = CF

< AOEF can tai O

< AAEO cantai A

< AOE =90° —%A:gof’ —%(90" —%Bj = 45° +%[3 thi AE + CF nhé nhat

Bai tip 47: Cho hai duong tron(Oy; 1) va (Oz; r2) cit nhau tai hai diém A va B. Biét réng r; = 1lcm;
r, = ZCm AB = 1cm va hai diém O3, O, & hai phia ctia dudng thang AB. X¢ét duong thang (d) diqua
A, cit (O1; r1) va (Oq; ’rz) 1am luot tai cac diém M va N sao cho A nam trong doan MN. Tiép tuyén
ctia (O1; 1) tai M va tiép tuyén cua (O2; I7) tai N cit nhau tai diém E.
a) Chirng minh tor giac EMBN 1a tr giac ndi ti€p.
b) Tinh 0,0, ’
b) Tim gia tri 16n nhat cia 2EM + EN.
Giai
a) ABN = ANE; ABM = AME
= MBN = EMN + ENM =180° - MEN
Vay MBN +MEN =180°nén tit gidc EMBN noi tiép.

b) 010, = %(\/§+\/1_5)

c) AO,0,A «> AMNB.

= — BN _ A0, =2 (ViRy = 1cm, Ry = 2cm)
BM AO O

= BN =2BM O,
AEMB «» ANAB

:>EM AN = EM = MBAN (vi AB = 1cm)
MB AB

Tuong tu, ta cling chi ra: EN = NB.AM

Vay

2EM+EN =2.MB.AN + NB.AM
=2. MB.AN + 2.MB.AM
= 2.MB.(AM + AN)
= 2MB.MN

Laico AMBN «> AO;AQ; déng dang theo ti sb MN =

1~2 r'1

Bién soan: Tran Trung Chinh
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Viy 2MBMN< 2.2r1.20102:8%(\/§ ++/15) = 4(4/3 ++/15) ddu "=" xay ra khi MB = 2r; hay M

d6i xtrng voi B qua Os. ’ o
Bai tap 48: Cho tam giac ABC vudng tai A ndi ti€p duong tron (O). M la diém nam trén cung BC
khong chira diém A. Goi N, H, K lan luot 1a hinh chi€u cua M trén AB, BC, CA. Tim gia tri nho

. ., BC AB AC
nhat cua + +
MH MN MK
Giai

Nhan thay: Néu K ndm ngoai AC thi N nam trong AB.
AB BN AN
MN M N MN

AC AK B CK
MK MK MK
AMCK «» AMBN = ﬂ=C—K
MN MK H
AMAK «» AMBH :>&=ﬂ B @) C
MK MH N
AMAN «» AMCH :ﬂ:C—H
MN HM M
R BC AB AC BC CH BH BC
Vay ZMH

MH MN MK MH MH MH
Vay BC AB AC

MH MN MK

1a diém chinh giita ctia cung BC. A
Bai tap 49: Trén mit phing cho trudce tam giac déu ABC va diém
M bét ki. Chirng minh rang:
MA + MB > MC
Chirng minh
Str dung bt dang thirc Plotemy vao ttr giac MABC ta co:
MA.BC + MB.AC > MC.AB B 4 C

Nén MA + MB > MC (dpem)
Bai tap 50: Ching minh rang diém B nim trong dudng tron dudng kinh AC khi va chi khi ta c6
ABC >90°

. Chiang minh
Can va du dé diém B nam trong hinh tron duong kinh AC la
BM < A—C

2 q A C

Goi A’ 1a diém do61 xting v61 B qua trung diém M ctia canh AC. M
Theo dinh 1i 3, ta ¢6 BC > AA” khi va chi khi BAC > ABA.
Do BAC>ABA' bl nhau nén BAC>ABA' khi va chi khi A
ABC Ia goc t.

3. Bai tap tu luyén: i ) i
Bai tap 1: Cho goéc vudng xOy; diém A thudc mién trong cua goc. Cac diém M, N theo tht tu

chuyén dong trén cac tia Ox, Oy sao cho MAB = 90°. Xéc dinh vi tri cia M, N d& MN ¢6 d6 dai nho
nhat.

Bién soan: Tran Trung Chinh

nho nhat <> MH 16n nhit <> MH =R < M
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Bai tap 2: Cho 2 duong tron & ngoai nhau (O; R) va (O'; R"). A nim trén (O), B nam trén (0O'). Xéc
dinh vi tri ciia diém A, B dé doan thing AB c6 d6 dai 16n nhat.

Bai tap 3: Ching minh ring ban kinh duong tron ndi tiép tam gic vuong ABC khong vuot qua
AD(ﬁ -1), véi AD la do dai dudong phan gidc cia gdc vudng A.
Bai tap 4: Trén canh BC, AC cua tam giac déu ABC lay tuong tng hai diém M va N sao cho BM =
CN. Tim vi tri cia M dé MN c¢6 gia tri 16n nhat.
Bai tap 5: Cho ntra duong tron (O; R) duong kinh AB. M 13 mot diém trén nira dudng tron, ké
MH_LHB. X4c dinh vi tri ciia M dé:
a) SAABC 16n nhét.
b) Chu vi cia AMAB 16n nhit.
Bai tip 6: Trén canh BC, AC cua tam gidc déu ABC lay twong tng hai diém M va N sao cho BM =
CN. Tim vi tri cia M dé MN c¢6 gia tri 16n nhat.
Bai tap 7: Cho tir gdc ABCD ndi tiép trong duong tron (O; R) cho trude. Tim t&r gidc cd téng
AB.CD + AD.BC dat gia tri 16n nhat.
Bai tap 8: Cho hinh vudng ABCD c6 d6 dai canh bang a. Trén hai canh AB va AD lan luot lay 2
diém M, N sao cho chu AAMN = 2a. Tim vj tri ctia M va N d€ Saamn 16n nhat.
Bai tap 9: Cho AABC ngoai tiép dudng tron (O; R). Ké cac tiép tuyén cua dudng tron (O; R) song
song voi cac canh ciia tam giac. Cac tiép tuyén nay tao v6i cac canh cta tam giac thanh 3 tam giac
nho c6 dién tich 1a S1, Sy, Sa. Goi S 1a dién tich cia AABC. Tim gia tri nho nhat cta ty sd
S, +S,+S;

S
Bai tap 10: Cho tam giac déu ABC noi tiép duong tron O va D 1a diém nim trén cung BC khong
chtra diém A. Xac dinh vi tri ciia D sao cho DA + DB + DC 16n nhit.
Bai tap 11: Cho hai dudng tron (O) va (O') cit nhau tai A va B sao cho hai tim O va O' nam vé hai
phia khac nhau ddi véi dudng thing AB. Puong thing (d) quay quanh B cit cac dudng tron (O) va
(0" lan luot tai C va D (C # A, Bva D # A, B). Xéc dinh vi tri cia (d) sao cho doan thang CD c6 do
dai 16n nht.
Bai tip 12: Cho duodng tron (O; R) duong kinh AB, diém M di dong trén dudng tron sao cho
MA<MB. Trong tam giac AMB ké duong cao MH. Goi ry, I, '3 theo thir tu la ban kinh cac duong
tron ndi tiép cac tam giac AMB, AMH va BMH. Hiy xac dinh vi tri cia M dé tong: r1+ ro + r3 dat
gi4 trj 10n nhat.

Bai tap 13: Cho AABC c6 A=30°, AB=c, AC=b, M I trung diém cta BC. Mot duong thang (d)
quay xung quanh trong tam G cua tam giac ABC sao cho (d) cat doan AB tai P va (d) cat doan AC
tai Q.

a) bat AP = x, hay tim tap hop cac gia tri cla x.

b) Tinh gi4 tri cia biéu thire % + A—C

AQ
c) Hay tim gi4 tri nho nhét, gid tri 1on nhét cua dién tich tam giac APQ theo b, c.
Bai tap 14: Cho nira duong tron tim O dudng kinh AB = 2R va M 1a mot diém thudc nira duong
tron ( khac A va B). Tiép tuyén cta (O) tai M cit tiép tuyén tai A va B ctia dudng tron (O) lan luot
tai cac diém C va D. Tinh gi4 trj nho nhat ctia tong dién tich hai AACM va ABDM.
Bai tap 15: Cho duong tron (O) va day BC ¢ dinh. Goi A 1a diém di dong trén cung 16n BC cia
duong tron (O), (A khac B va C). Tia phan gidc cua ACB cit duong tron (O) tai D khac C, lay I
thuéc doan CD sao cho DI = DB. Puong thang BI cit duong tron (O) tai diém K khac B.
a) Chtirng minh: AKAC cén.
b) Xéc dinh vi tri ciia A dé d6 dai doan Al 1 16n nhat.

Bién soan: Tran Trung Chinh
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Bai tap 16: Cho AABC c6 ba géc nhon ndi tiép dudng tron (O; R). Piém M luu dong trén cung nho
BC. Tir M ké cac duong thang MH, MK 1an luot vudng goc véi AB, AC (H € AB, € AC). Tim vi
tri cia M dé d6 dai doan HK 16n nhit.

Bai tap 17: Cho hai duong tron (Oy, Ri1) va (O2; Ry) tiép xtic ngoai v4i nhau tai A. Puong thing (d)
di qua A cit duong tron (01, Ry) taiM va cit duong tron (O2; Ry) tai N (cac diém M, N khéac A).

Xéc dinh vi trf cuia duong thing (d) dé do dai doan thing MN 16n nhat.

Bai tap 18: Puong tron tdm O c6 diy AB c¢b dinh va I 1a diém chinh giita cia cung 16n AB. Liy
diém M bat ki trén cung 16n AB, dung tia Ax L MI tai H va cat BM tai C.

a) Chirng minh: AAIB va AAMC can.

b) Khi M di dong trén cung 16n AB. Ching minh rang diém C di dong trén mot cung tron cd dinh.

¢) Xac dinh vi tri ciia diém M dé chu vi AAMC dat gia tri 16n nhat.

Bai tap 19: Cho AABC nhon. Piém D di dong trén canh BC. Goi Oz, Oy lan luot 1a tAm dudng tron
ngoai tiép cac AABD, AACD tuong ung.

a) Chirng minh rang dudng tron ngoai tiép AAO;0; ludn di qua mot diém cb dinh khac A.

b) Goi O 1a tdm dudng tron ngoai tiép AABC va I 1a tam dudng tron ngoai tiép AAO;0,. Hay xé&c
dinh vi tri caa D trén BC sao cho IO nho nht.

Bai tap 20: Cho nira dudng tron dudng kinh AB = 2R. Goi C 1a diém tuy ¥ trén nira duong tron, D
1 hinh chiéu vudng goc ciia C trén AB. Tia phan gidc ciia ACD cit duong tron duong kinh AC tai
diém thr hai 13 E, ¢t tia phan gidc ABC tai H.

a) Chung minh: AE // BH.

b) Tia phan gidc CAB ct duong tron dudng kinh AC tai diém thtr hai 1a F, ct CE tai I Tinh dién
tich AFID trong truong hop tam giac d6 1a déu.

¢) Trén doan BH 1dy K sao cho HK = HD, goi J 1a giao cia AF va BH. X4ac dinh vi tri cia C dé tong
khoang cach tir cac diém I, J, K dén dudng thang AB dat gia tri 16n nhét.

Bai tap 21: Cho duong tron tAm O, ban kinh R va ddy BC < 2R, céc tiép tuyén cua duong tron tai B
va C cat nhau tai A. M 1a diém bt ki trén cung nhé BC va khong triung véi B, C. Goi H, I, K lan
lwot 13 hinh chiéu cua M trén BC, CA, AB. BM cat HK tai P, CM cat HI tai Q.

a) Chtirng minh: PQ // BC.

b) Xac dinh vi tri cia M dé tich MH.MI.MK dat gia tri 16n nhat.

CHU DE 14

QUY TiCH - TAP HQP DIEM
1. Kién thitc co ban:
1.1. Pé giai bai toan quy tich, ta thuc hién cac budc sau:
Phén thudn: Phan tich cic yéu t6 c6 dinh va thay d6i dé chi ra tap hop ma diém can tim quy tich
phai thudc vao (thuong 1a dudng tron, dudng thang). Ta s& s dung cac quy tich co ban (nhu cung
chira goc, trung truc, dudng tron Appolonius ...) dé xac dinh va ching minh quy tich. Bé du doan
quy tich, co thé phai v& mot s6 vi tri (trong do6 c6 cac vi tri ddc bi¢t) cua cAu hinh.

Phan ddo: Sau khi da 1am phan thuén, tic 13 xac dinh tap hop M nhiing diém ma quy tich thugc vao,
ta can xem xét xem v6i nhitng diém P nao thugc M thi ton tai mot cau hinh co Vi tri diém can tim
quy tich trung voi P. Budc nay sé loai bo nhirng diém khong twong tmg véi mot cAu hinh nio.

Gidi hagn: Sau khi thyc hién phan dao, ta co thé s& thay ring chi mot phan ciia M thudc vé quy tich.
Budc ndy md ta rd phan d6. Vi du mic du diém P thudc dudng tron (C) nhung quy tich co thé chi 1a
mot cung cua (C).

K&t lu@n: Dya trén cic phan trén két luan quy tich 1a tap hop nhitng diém nhur thé nio.

2.2. Mt s6 quy tich co ban

Bién soan: Tran Trung Chinh
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(1) Quy tich nhitng diém cach déu hai diém A va B 1a duong trung truc cia doan thing do, tirc 1a
duong thing qua trung diém M cua AB va vudng goc voi AB.

(2) Quy tich nhitng diém A cach mot diém I c6 dinh mot doan Al = R khong d6i 1a duwong tron tam |
ban kinh R.
(3) Quy tich nhitng diém cach déu hai duong thing cit nhau a va b 13 hai duwong phdn gidc cia goc
tao boi hai duong thang do.
(4) Quy tich nhitng diém cach mot duong thang a cho trudec mot doan d khong d6i 14 hai duong
thang song song vdi a va cach a mot khoang cach bang d.
(5) Quy tich nhitng diém nhin doan AB cb dinh mot goc a c¢b dinh 13 hai cung chita géc o nhan AB
lam day cung. Dic biét, néu a = 90° thi quy tich 1a duong tron duong kinh AB.
(6) Cho hai diém A, B va sb thuc k. Quy tich nhiing diém M sao cho MA? — MB? = k 1a mot dudng
thang vudng goc voi AB tai H, trong d6 H xac dinh bai hé thic:

(HA+HB)BA =k
(7) Cho hai diém A, B voi AB = 2a va s6 thuc duong k.
Quy tich nhitng diém M sao cho MA? + MB? = 2k? 1a tap rdng néu k? < a? va 1a duong tron tam I,

ban kinh R =+/k®—a?.
(8) Cho hai diém A, B va sb thuc duong k # 1. Quy tich nhitng diém M sao cho % =k 1a duong

tron duc‘)rng kinh EF, trong d6 E va F 14 cac diém thudc duong thang AB sao cho

EA v BB
EB FB
(Puong tron Appolonius)

Luu y: Ta phai rén cach giai bai toan quy tich:

- Céc quy tich co ban.

- Poan quy tich.

- Chtirng minh quy tich doan nhan 1a ding.
Phwong phap 1: Chirg minh quy tich (tdp hop diém) dua vao tinh chat cua truc dbi xtmg, d6i xtimg
tam, phép tinh tién, phép quay, phép vi tu.
Phwong phap 2: Chirng minh quy tich nhanh va chinh x4c hoc sinh can phai luyén :

- Xac dinh yéu t6 ¢ dinh.

- Xac dinh yéu khong doi.

- Xac dinh yéu t6 thay doi.
Luu y: Phai rén phan doan quy tich.
Céc dang quy tich thuong gap:
(1) Quy tich cac diém cach déu hai ddu mit ctia mot doan thiang 1a dudng trung truc cua doan thing
do.
(2) Quy tich cac diém cach déu hai canh ctia mot goc la duong phan giac cta goc do.
(3) Tap hop céac diém cach déu mot diém O cho trude ‘mot khoang khong d6i R 1a duong tron (O; R).
(4) Quy tich cac diém cach déu mot dudng thing cd dinh mdt khoang bang h 13 hai duong thing
song song voi duong thang d6 va cach duong thang dé mot khoang bang h.
(5) Quy tich cac diém nhin mot canh dudi mot goc bang 90° 1a mot dudng tron cd tam 1a trung diém
cua canh do va duong kinh 1a d§ dai cua canh da cho.
(6) Quy tich cac diém nhin doan AB dudi mot goc khong doi 1a hai cung chira goc di qua A, B va
d6i xing v6i nhau qua AB.
2. Bai tap ap dung:
Bai tap 1: Cho duong tron (O; R) va tam giac can ABC c¢6 AB = AC ndi tiép dudng tron (O; R) Ké
duong kinh Al. Goi M 1a mot diém bAt ki trén cung nhé AC. Mx 1a tia ddi cua tia MC. Trén tia ddi
clia tia MB lay diém D sao cho MD = MC.
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a) Chtrng minh rang MA 14 tia phan giac ctia ciia goc BMx.
b) Goi K 1a giao thir hai ciia dudng thing DC véi duong tron (O). Tar giac MIKD 13 hinh gi? vi sao?
¢) Goi G 1a trong tdm cuia tam giac MDK. Chirng minh rang khi M di dong trén cung nho AC thi G
luén ndm trén mot duong tron cb dinh.
d) Goi N 1a giao diém thir hai cua duong thing AD v6i duodng tron (O). P 1a giao diém tht hai cua
phan giac goc IBM véi dudng tron (O). Ching minh rang, dudng thing DP ludn di qua mot diém cd
dinh khi M di dong trén cung nho AC.

Huéngdin

a) AMB :%sdﬁ/ré (g6c ndi tiép (O) chin ATa)

AMx =180° - AMC =180° —%sdABC = %sdA_(\Z =
1 sd AB

2

Vay: AMB =AMXx hay MA 1a tia phan gidc cia BMx
b) AMCD can = MCD = MDC = %Iﬁ/l\c (goc ngoai

clia tam giac)
Ta lai c6: AABC can = I la diém chinh giita ctia cung
BC

Suyra: IMC= m/ll\_%:%ﬁ/l\c

Vay MCD = IMC, suy ra: IM // CD.
MCD = MDC = BMI = Bl = MK = MIK = IMB
Suy ra: IK // MD.

Vay MIKD la hinh binh hanh.
¢) D thudc duong tron (A; AC)
1

Goi N 1a diém trén Al sao cho NA = EAI'

= NG —%AD = %AC = const

= G thudc duong tron (N; %AC).

Bai tap 2: Cho AABC noi tiép duong tron (O;
R). Goi D 1a diém chinh giita ctia cung BC khong
chira A. V& dudng tron qua D va tiép xuc véi AB
tai B. V& duong tron qua D va tiép xtic véi AC
tai C. Goi E 1a giao diém tht hai ciia hai duong
tron nay.

a) Chirng minh 3 diém B, C, E thing hang. ) .

b) Mot duong tron tdm K di dong ludn di qua A
va D, cat AB, AC theo thir tu tai M va N. Chang C
minh ring BM = CN.
¢) Tim quy tich trung diém I ctia doan thang MN.
Huéngdin

a) BED = DBx = ACB, CED = DCy= ABD X D
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Suy ra: BEC = ABD + ACD =180°.

Suy ra: B, E, C thang hang.
b) BD=DC = BAD =CAD = DN =DM = DM =DN.
BD=DC = DB =DC
DCN = DBM
= ABMD = ACND = BM = CN.
¢) Tinh duoc DI = 2KD sin?2 = Pl _o6in2 A _ const
2 DK 2
K thudc trung truc cia AD = I thudc duong thang vudng goc véi
A
2

AD cit AD tai P sao cho DP =sin“—
DA 2

Bai tap 3: Cho AABC can tai A. Cic diém M, N theo thir tu
chuyén dong trén cac canh AB, AC sao cho AM = CN.
@) Chung minh duong tron ngoai tiép AAMN luon di qua mot
diém co dinh khac A.
b) Tim qu¥ tich tim duong tron ngoai tiép AAMN.

Giai
a) Duong cao AH cat duong tron ngoai tiép tam giac
AMN tai P
= AAMP = ACNP
= PA=PC
= P la tim duong tron ngoai tiép AABC T
= P ¢b dinh. H
b) Tam I cta duong tron ngoai tiép AAMN nim trén
duong trung truc cua AP.

Bai tip 4: Tim quy tich dinh C cac AABC c6 AB c¢b dinh,
duong cao BH bang canh AC.

Hudéngdin A ' B
Ké dudng thing vudng goc voi AB tai A, trén
do6 1ay E sao cho AE = AB
= AACE = ABHA
— ACE =90°= C thudc cung chira goc 90 do
dung trén AE.

Bai tap 5: Tt giac 16i ABCD c6 AC c6 dinh,
goc A=45°, B=D=90".
a) Chirng minh rang BD c¢6 d6 dai khong doi. H
b) Goi E 1a giao cua BC va AD, F la giao cua
DC va AB. Ching minh EF c6 d¢ dai khong
d6i?
¢) Tim quy tich tdm duong tron ngoai tiép
AAEF.

Huéngdin
a) B=D=90°= B, D thudc dudng tron dudng
kinh AC
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A=45° = BD = R+/2 = const.
b) ACDE vubng can = CD = ED.

AADF vudng can = DA = DF.
= AACD = AFED
= EF = AC = const
c) Trung truc cua AF cit trung tryc cua AE tai J, cit (O) tai H. Trung tryc cua AE cat (O) tai |
= H, I la diém chinh giira ciia hai cung AC = H, I ¢6 dinh.
HJl = BCD =135
= J thudc cung chira goc 135 d6 dung trén HI.
Bai tap 6: Cho hai duong tron (O; R) va (O'; R') cit nhau tai A va D ¢6 cac dudng kinh AOB va
AO'C vudng goc v6i nhau tai A. Mot duong thang d di qua A va cét cac nira duong tron khong chira
diém D cua (O), (O') twong tmg tai cac diém M, N khac A.
a) Chirng minh: AABM «> ACAN.
b) Tim quy tich giao diém P cia OM va O'N khi d di dong.
c) Tiép tuyén tai M cua (O) cit AD tai I. Chirng minh rang: IM? = IA. ID.
d) Tim vj tri ctia cat tuyén d dé cho tiép tuyén tai M cta (O) va tiép tuyén tai N ctia (O") cat nhau tai
mot diém thudc duong thang AD.
e) Xac dinh vi tri ctia d sao cho tir giac MNCB c6 dién tich 16n nhét. Tim gia tri 16n nhét d6 theo R
vaR'

Huéngdin

a) AAMB <> ACAN.
b) PMA =PNA=0AM+0'AN =90°
— OPO'=90° => P thudc duong tron duong kinh
00.
c) AIMA > AIDM = IM? = IA.ID
d) Twong tu cu ¢ gia st tiép tuyén tai N cta (O') cit
AD tai I'= I'M* = I'AID.
Vay I trung I' < IM = I'N < I thudc trung truc cua
NM.
Vay khi I 1a giao cua AD va trung tryc cua MN thi
tlep tuyén tai M cua (O) va tiép tuyen tai N cua (O")
cit nhau tai mot diém thudc duong thang AD.

e) Dién tich tir gidc BMNC 16n nhit < (SBMA + SANC)min < (SBMA)min < (BMAM)mm
Ta lai co: BM?+ AM?= R?,

2

R Loy ) .
Vay: BMLAM < EN diu bang khi BM = AM < d tao v6i AB mot goc 45°.

Khi d6 dién tich tir giac BMNC la: %(R.R' +R*+R?).

Bai tip 7: Mot diém A di dong trén nia duong tron
duong kinh BC ¢ dinh. Puong thang qua C song song E
v61 BA cat duong phan gidc ngoai ciia goc BAC cia tam
giac ABC tai D. Tim quy tich D.
Huéngdin
AD cit (O) tai E = E ¢6 dinh
Ta lai c6: CDE = 45°. B 0 C
Vay D thudc cung chita goc 45° dyng trén CE.
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Bai tip 8: Cho duodng tron (O; R) ¢b dinh va duong thing d cét (O; R) tai hai diém A, B ¢ dinh.
Mot diém M di dong trén d va & bén ngoai doan AB. V& cac tiép tuyén MP va MN véi (O; R). Goi
N, P 14 hai tiép diém.
a) Ching minh rang khi M di dong, dudng tron ngoai tiép tam gisc MNP luén di qua hai diém cb
dinh.
b) Tim quy tich tdm I ciia dudng tron ngoai tiép tam gidc MNP.
¢) Trinh bay cach dung diém M sao cho tam giac MNP
1a tam giac déu.
Huéngdin
a) Gia st (I) cit AB tai H khac M = OHM = 90°
= HA = HB hay H ¢6 dinh.
Vay (I) di qua O va H ¢6 dinh.
b) 10 = IH = I thudc trung truc cua OH.
¢) Tam giac MNP déu < OMN = 30°
< OM = 20N =2R.
Vay M thuoc duong tron (O; 2R).
Bai tap 9: Cho hinh vuong ABCD c6 dinh. Mot diém I di dong trén canh AB (I khac A va B). Tia
DI cit tia CB tai E. Puong thiang CI cit duong thing AE tai M. Puong thang BM cit duong thing
DE tai F. Tim quy tich diém F.
Huéngdin
Trén BC lay G sao cho Al = BG = Al L EG.
Ap dung dinh 1i Menelauyt trong tam giac AEB véi 3 diém thiang hang C, I, M, ta co:

CB IA ME

———0=1 1

CE IB MA @ E B & _¢C

. ,CB CD 1IB F

LaicO6 —=——=—

CE CE BE I

M
Thay vao (1) ME_BE_BE
MA TA BG

= MB // AG hay DFB=90°.
Vay F thugc duong tron duong kinh BD (cung nho AB). L

A D

Bai tap 10: Cho duong tron (O; R) va mot diém A cb dinh
trén dudng tron. Piém M ludn dong trén tiép tuyén xy tai A cua (O; R). Qua M v& tiép tuyén th hai
v6i (0; R). Goi tiép diém 1a B.
a) Tim quy tich tdm cic dudng tron ngoai tiép
AAMB.
b) Tim quy tich tryc tim H ciia AAMB.

Huéngdin
a) Puong tron ngoai tiép AAMB 1a dudng tron tdm
E, duong kinh OM.
= E thudc trung truc cia OA
b) Tu giac AOBH 1a hinh thoi
= AH=R.
Vay H thudc duong tron (A; R) (thudc nira mat
phing bd xy chia B).
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Bai tap 11: Cho tam gidc ABC ndi tiép dudng tron tam O. Pudng

phén giac cua goc A cit duong tron tai diém D. Mot duong tron A
(L) thay d6i nhung luén di qua hai diém A va D. (L) cit hai dudng

thing AB, AC & giao diém thir hai 14 M, N (c6 thé tring voi A).

a) Chimg minh rang: BM = CN.

b) Tim quy tich trung diém K ctia MN. Q N
Huéngdin

a) BAD=DAC B c

— DB =DC; DM = DN. M

Ta lai c6: MBD = NCD: BMD =NCD M D

— BDM =CDN.

Vay ABDM = ACDN = BM = CN. X

b) Tuong tu ciu c bai b) A

Bai tap 12: Cho goc vudng xOy. Mot chiéc éke ABC truot B
trong mdt phang cua goc xOy sao cho dinh B di chuyén trén
canh Ox, dinh C di chuyén trén canh Oy va dinh goc vuong A

di chuyén trong goc xOy. Tim quy tich diém A.

Hwéngdan
Tt giac OBAC ndi tiép = YOA=CBA=q..
Vay A thudc tia tao v6i tia Oy mot goc o (phan niam trong goc O C y

xOy)
Bai tap 13: Cho duong tron tdm O ban kinh R va mot diém P ¢d dinh ¢ ngoai duong tron. V& tiép
tuyén PA va cat tuyén PBC bit ki (A, B, C trén (O; R)). Goi H 14 truc tAm cua tam gidc ABC. Khi
cat tuyén PBC quay quanh P.
a) Tim quy tich diém d6i xtmg cua O qua BC.
b) Tim quy tich diém H.
Huéngdén
a) Ta co: PO'=PO = const; P c6 dinh
= O' thudc duong tron (P; PO)
b) Tu giac OO'HA 1a hinh binh hanh. V€& hinh binh
hanh AOPK.
— K ¢6 dinh = HO'PK ciing 13 hinh binh hanh
= HK =0O'P = OP = const.
Vay H thugc duong tron (K; OP).
Bai tap 14: Cho tam giac can ABC ndi tiép dudng tron (O; R) c6 AB = AC = RV2.
a) Tinh d6 dai BC theo R
b) M 1a mot diém di dong trén cung nho AC, dudng
thing AM cit dudng thang BC tai D. Ching minh rang: A
AM.AD luén ludn 13 hing sd
¢) Ching minh tim duong tron ngoai tiép AMCD di
dong trén mot dudng c¢b dinh khi M di dong trén cung

nho AC. M
Huéngdin . D
a) BC 1a duong kinh ctia (O). B O C

b) Tam gidc AMC dong dang voi tam giac ACD
= AM.AD = AC’= RV2.

Bién soan: Tran Trung Chinh



.:: CHUYEN PE ON THI VAO LOP 10 ::.
- s e
¢) ACM=MDC = % sdCM = AC 1a tiép tuyén cua (I)

= IC vudng goc voi AC cb dinh

= I thuc duong thing qua C va vudng goc voi CA.

3. Bai tap tu luyén: _

Bai tap 1: Cho tam gidc ABC can tai A. Mot diém P di dong trén canh BC. V& PQ song song véi
AC (Q thudc AB), vé PR song song v&i AB (R thudc AC). Tim quy tich cac diém D d6i xing véi P
qua QR.

Bai tap 2: Cho goc vudng xOy. Cac diém A va B tuong tng thudc tia Ox, Oy sao cho OA = OB.
Mot duong thang d di qua A va cit OB tai M nam giita O va B. Tir B ha dudng thang vudng goc véi
AM cit AM tai H va cat duong thang OA tai L.

a) Chung minh rang OI = OM va tir giac OMHI noi tiép.

b) GoiK 14 hinh chiéu ciia O 1én BI. Chirng minh rang OK = HK.

¢) Tim quy tich diém K khi M di dong trén doan OB.

Bai tap 2: Cho tam giac déu ABC ndi tiép dudng tron (O) va M di dong trén cung BC.

a) Trén tia ddi cta tia CM, lay doan CE = MB. Tim tap hop cac diém E khi M di dong.

b) Trén tia ddi ctia tia MC, 1dy doan MF = MB. Tim tép hop cac diém F khi M di dong.

Bai tap 3: Cho hai dudng tron bang nhau (O) va (O') cit nhau tai A va B. Mot cat tuyén (d) bat ki
qua B cit (00 tai C va (O') tai C". Tim tap hop trung diém I ctia doan CC' khi d quay quanh B.

Bai tap 4: Cho hai duong thing xx' va yy' vudng goc véi nhau tai O va mot diém P c6 dinh. Mot
goc vudng dinh P quay quanh P. cac canh cua goc vudng nay cat xx' tai A va yy' tai B. Tim tap hop
trung diém I ctia doan AB.

Bai tap 5: Trén mdi ban kinh OM ciia dudng tron (O) ldy doan OI bang khoang cach tir M dén
duong kinh ¢6 dinh AB. Tim tap hop cac diém I.

Bai tip 6: Cho duong tron (O) c¢b dinh va mot diy AB cb dinh. Trén cung nhoé AB, ta liy diém C di
dong. Tim tap hop tam I ciia dudng tron ndi tiép tam giac ABC.

Bai tip 7: Cho duong tron (O) va mot day AB ¢ dinh. Ké mot diy AC. Trén duong thing AC lay
hai diém M, M' sao cho CM = CM' = CB, M nam ngoai dudng tron. Tim tip hop cac diém M va M'
khi C vach cung AB.

Bai tap 8: Cho dudng tron (O; R), 2 diém B, C ¢6 dinh trén (O) va mot diém A di dong trén (O).
Tim tap hop céc tryc tam H cta tam giac ABC.

Bai tap 9: Cho tam gidc ABC. Tim tap hop nhitng diém M trong mit phang sao cho hinh chiéu cia
M trén ba canh cua tam giac 13 ba diém thang hang.

Bai tp 10: Cho doan thing AB va M la diém tuy y trén doan AB. Dyng trén cing mot nira mit
phing bod 1a dudng thing AB cac hinh vuéng ANCD va BMEF. Cac dudng tron ngoai tiép ching
tam P va Q cét nhau tai M va N.

a) Chimg minh rang: AE, BC di qua N.

b) Chtng minh rang: MN di qua mot diém cb dinh khi M di dong.

¢) Tim tap hop trung diém I cua PQ khi M di dong.

Bai tap 11: Cho duong tron (O; R) va mot diém P ¢d dinh trong duong tron khong tring véi O. Qua
P dyng day cung APB, cic tiép tuyén ciia (O) tai A va B cit nhau tai M. Tim tap hop cac diém M
khi day AB quay quanh P.

Bai tip 12: Hai dudng tron (O) va (O') giao nhau tai A va B. Mot cat tuyén di dong qua A cit (O)
tai C va (O") tai D. Tim tép hop tam I cua cac duong tron ndi tlép tam giac BCD.

Bai tap 13: Cho hinh vuéng ABCD c6 tdam O. V& duong thang (d) quay quanh O cat AD, BC tai E,
F. TUE, F lan lugt v& cac duong thang song song voi DB, AC chung cét nhau tai I.

a) Chimg minh rang I thugc mot dudng thang cd dinh

b) Tir I ké IH vudng goc véi EF tai H. Chimg minh H thudc mot duong cb dinh va IH di qua mot
diém cb dinh.
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Bai tap 14: Cho tam gidc ABC c¢6 BC c¢6 dinh con A di dong sao cho goc BAC bang 60°. Tim quy
tich trong tdm G cua tam giac ABC.

Bai tap 15: Cho duong tron (C) tam O. P la mot diém cb dinh ndm trong (C) nhung khong tring véi
0. Mot dudng thing (d) thay dbi qua P cét (C) tai A va B. Tim quy tich trung diém M ciia doan BC
khi (d) quay quanh P.

Bai tap 16: Cho hai diém A, B ¢b dinh. C 1a mot diém thay ddi trén doan AB, C khac A va B. Dung
cac hinh vuéng ACDE va BCFG nam vé ciing mot phia doi véi duong thang AB. Tim quy tich trung
diém I cua EG.

Bai tip 17: Cho mdt goc nhon Oxy va mot diém M nam trong goc dy. Tir M ta ké cac duong vudng
géc MH xudng canh Ox va MK xubng canh Oy. Tim tap hop cac diém M thoa man diéu kién MH +
MK = a, trong d6 a la mot do dai cho trudc.

Bai tip 18: Cho tam giac déu ABC va mot diém P niam trong tam giac. Ha PA;, PBy, PCy vudng goc
v6i BC, CA, AB tuong tng. Tim tap hop cac diém P sao cho A;B;C; la tam giac can.
Bai tip 19: Cho tam gidc déu ABC. P 1a mot diém nam trong tam giac. Goi x, y, z lan luot 1a
khoang cach tir P dén canh BC, CA, AB tuong tng.
a) Biét rang x = 1, y =2, z = 3. Hay tinh dién tich tam gi4c ABC.
b) Tim quy tich nhitng diém P trong tam giac sao cho x + y = z. Tir d6 suy ra tap hop nhirng diém P
trong tam giac sao cho X, y, z lap thanh 3 canh cua mot tam giac.
Bai tap 20: Cho hai dudng tron (Ci) va (Cy) cit nhau tai A va B. Mot duong thing (d) thay d6i
nhung ludn di qua A cét (Cy), (Cy) tai cac diém thir hai C va D twong tng. Tim quy tich trung diém
M cua CD khi (d) quay quanh A.
Bai tip 21: Cho dudng tron (C) tam O ban kinh R. Puong tron (C1) c6 ban kinh R/2 tiép xuc trong
v6i (C) tai A. Bay gio ta ¢b dinh vi tri diém A trén dudng tron (C1) 1a cho (Cy) lin nhung ludn tiép
xuc trong voi (C). Hay tim quy tich diém A.
Bai tip 22 (*): Cho hai diém A, B ¢ dinh, AB = 2a.
Tim quy tich nhirng diém M sao cho MA + MB = 2¢ khong dbi, vdi ¢ > a.
Bai tap 23: Cho hinh vuéng ABCD. M 1a méot diém di dong trén canh CD. AM va BM kéo dai cit
BC va AD kéo dai tai P va Q. DP cit CQ tai N. Tim quy tich diém N khi M di dong trén canh BC.
Bai tap 24: Cho tam giac ABC. Trén AB kéo dai vé phia B ldy diém M va trén AC kéo dai vé phia
C lay diém N sao cho BM = CN. Tim quy tich trung diém I ctia MN.
Bai tip 25: Cho hai diém A, B ¢b dinh. C 13 mot diém thay d6i trén doan AB, C khac A va B. Dung
cac hinh vuéng ACDE va BCFG ndm vé cung mot phia d6i voi dudng thing AB. Goi I, J 1a tdm céc
hinh vuéng ACDE va BCFG. Tim quy tich trung diém K cta 1J.
Bai tip 26: Tim quy tich nhitng diém cach déu mot diém di cho va mot dudng thing da cho.
Hudéng din

Bai toan tudng nhu rat don gian nay khong thé giai bang phuong phap hinh hoc thuan tiy. Ta c6 thé
dung mot sb vi tri dé thiy rang quy tich khong phai 1a dudng thang. Mot dic diém dang chu ¥ nita 1a
trén 1 duong thang vuong goc voi dudng thang di cho s& tim dugc duy nhat 1 diém théa mén tinh
chat.
Bai nay co thé giai duoc dé dang bang phuong phép toa d6. Goi diém da cho 1a P va dudng thang da
cho 1 P. Xét hé truc toa d6 c6 Ox la duong thang d va Oy la dudng thang qua diém P va vudng goc
véid. Gid st P cod tung do lap > 0.
Xét diém M(x, y) bat ky nam trén quy tich. D& thay y > 0. Khi d6 khoang cach tir M dén d 1a y va tir
M dénP la x?+(y—p)?.

N . 2 2 2 _ 2 \2 2 x* . p
Tir do ta co y:«/x +(y—p) Yy =xX"+y" -2py+p <:>y:2—p+§.
Do 1a phuong trinh ctia mot parabol!

Bién soan: Tran Trung Chinh
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CHU PE 15
DUNG HINH

1. Kién thitc co ban:

Duyng hinh bang thudc va com-pa la dang toan khé doi hoi ngudi giai phai nam viing cac kién thirc
co ban, ky ndng cling nhu sy sang tao trong viéc ke thém cac yéu t6 phu dé két ndi cac dir kién. Vi
thé nim virng ky nang dung hinh s& c6 y nghia quan trong trong viéc giai toan hinh hoc néi chung.
Bai toan dyng hinh bing thudc va compa ¢ y nghia toan hoc rt sdu sic va ndi dung cua no nhiéu
lac vuot ra khoi linh vuc hinh hoc. Ong Vua cua cac nha Toan hoc Carl Friederich Gauss rat ty hao
v6i két qua tim ra cach dung da gidc déu 17 canh ctua minh. Két qua nay c¢6 duge nhd vao luong

0

giac, cu thé Gauss da tinh duoc cos chi thong qua cac phép tinh s6 hoc va phép khai cin bac 2.

Pé gidi bai todn dung hinh, ta di theo cdc bude co ban sau:

Phan tich: Gia sir hinh da dung duoc, tim cach két nbi cac dbi twong da biét voi cac ddi twong can
dung bang nhitng cau ndi dé tim ra quy trinh dung: Bat dau tir mot thanh phan c6 thé dung dugc,
tiép tuc dung ra cac thanh phan khac cho dén khi hoan thanh yéu cau. Vi du phép dung mot tam giac
s€ hoan thanh khi ta dung duoc 3 dinh cua né.

Cidch dung: Néu ra cac budc dé dung dugc ciu hinh thoa min yéu cau bai toan. Mdi budc dung
phai 13 nhirng dong tac c6 thé thuc hién dugc bang thudc va compa (ké dudng thang ndi hai diém, vé
mdt duong tron cd tdm va ban kinh x4c dinh, tim giao diém ctia hau dudng thing, hai dudng tron
).

Chirng minh: Ching minh cach dung vira néu ¢ phan trén s& cho ta cdu hinh can dung.

Bién ludgn: Bién luan ) nghiém cua bai toan theo céc diéu kién ban dau cho. Khi nao vo nghiém,
khi ndo d6 nghiém duy nhét, khi ndo c6 2 nghiém hinh ...

Két Iud@n: Tong két lai cac bude trén dé dua ra két luan.

Ta di biét v& hinh bang nhiéu dung cu: thudc (thude thang), compa, éke, thude do goc, ...
Ta xét cac bai toan v€ hinh ma chi sit dung hai dung cu la thudc va compa, chung duoc goi la
cac bai toan dung hinh.
Vi thude, ta c6 thé:
- V& duogc mot dudng thang khi biét hai diém cua né.
- V& duoc mot doan thing khi biét hai dau mut cua né.
- V& duoc mot tia khi biét gbc va mot diém cua tia.
- V61 compa, ta co thé v& duge mot duong tron khi biét tAm va ban kinh cta no.
O hinh hoc 16p 6 va hinh hoc 16p 7, véi thude va compa, ta di biét cach giai cac bai toan dung hinh
sau :
(1) Dyng trung tryc ciia mot doan thang
Dung trung diém ctia mot doan thang
Dung mot dudng thing di qua mot diém da cho va vudng goc véi mot diém da cho.
(2) Dyng mot dudng thing di qua mot diém da cho va song song véi mot diém da cho.
(3) Dung mot doan thing bang n lan doan thing da cho.
Dung mot doan thiang bang 1/n doan thang da cho.
(4) Dung mot goc bang goc da cho. Chia doi mot goc.
Duyng tong va hiéu ctia hai goc.
(5) Cho hai doan théng c6 do dai a, b, dung doan thing ¢6 do dai /ab .
(6) Dung tiép tuyén keé tir mot diém den mot duong tron.
(7) Dung duong tron noi tlep, ngoai tlep cua mot tam giac.
(3) Dung tam gidc biét ba canh, hodc biét hai canh va gbc xen gitra, hodc biét mdt canh va hai goc
ke.

Bién soan: Tran Trung Chinh
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Dung hinh bing phuong phdp dgi s0:

Giai mét bai toan dung hinh bang phuong phap dai s6 thuong dugc quy vé dung mot 56 doan thing.
Ta goi cac d¢ dai cac doan thang phai tim 13 X, y, z. Sau do ta lap phuong trinh dé bleu thi mdi twong
quan gitra cic doan thing di biét 1a a, b, c. Sau d6 giai hé phuong trinh dé duoc cac an x, y, z.

Mot vai doan thang dung duoc biéu thi bang biéu thirc don gian la:

a.b.c
X=azxh X = —/—
ef
Xx=naneN x=+aZ-b>—c?+d? (@ +d?*> 0>+ )
a
Xx=—,neN X = yJa? +b?
n
na
X=—:mneN X =+/ab
m
ab
X= — :X=aanh;neN
c

Dung hinh bdng phuwong phdp bién hinh:

Duyng hinh bang phuong phap blen hinh la ap dung phép dbi xtng, phép tinh tién, phép quay, dong
dang. Ta quy viéc dung mot hinh vé viéc dung mot diém M. Dung tryc tiép diém M d6i khi gip kho
khin. Trong truong hop nay ta chon mot phép bién hinh 13 mot song anh f (dé f c6 anh xa nguoc)
bién diém M thanh diém M' ma diém M' ndy ta c6 thé dung dugc mot cach dé dang. Sau khi di dung
duogc diém M' ta duge phép bién hinh nguoc: £(M') = M. Vi du nhu tinh tién &.

2. Bai tap ap dung:

Bai tap 1: Dung AABC biét canh BC = a, duong cao AH = h, trung tuyén AM = m.
Giai

Phan tich A

Gia su ta dung dugc AABC thoa man:

BC=a; AH=h; AM=m.

Ta phai xac dinh dinh A thod man 2 diéu kién:

- A cach BC mot khoang bang h, suy ra A € dudng thang d// BC h

va cich BC mot khoang h. m

- A cach diém M 1a trung di€m cua BC mdt khoang m.

Cach dung

- Dung BC bing a B HM C

- Dung duodng thiang d // BC va cach BC mot
khoang bang h.
- Dung duong tron tam M ban
kinh m cit d tai A.
= AABC la tam giac cin dyng.
Churng minh
AABC ¢6 BC = a (cach dung)
DPuong cao AH = h (cach dung)
Trung tuyén AM = m (cach dung)
= AABC la tam giac can dung.
Bién luan
* m> h = bai toan c6 4 nghiém (4 diém A)
* m = h = bai toan ¢ 2 nghiém (2 diém A)
* m < h = bai todn vo nghiém (khong c6 diém A)

Bién soan: Tran Trung Chinh
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Bai tap 2: Cho duong thiang m song song v6i dudng thang n va diém A khong thudc 2 duong thing
d6. Dung diém B € m, C e n sao cho AABC la tam giac déu.

Giai
Phén tich ‘
Gid str da dyng dugc diém B e m, diem C e n dé AABC déu.
Dung hinh chi€u vudng goc cia A trén diém M 1a E
Dung tam giac déu AEF.
Xét AAEB va AAFC ta co:
AE = AF (AABF déu)
CAF - BAE (60" + CAE
AB = AC (AABC déu)
= AAEB = AAFC (c.g.c)
— BEA=CFA =90 (vi AE L BE)
Cach dung
T Aha AE L mtaiE
- Dung AAEF déu )
- Tur F dung duong vuong goc voi AF cat n tai C ’
- Noi A voi C, dung duong tron tam A ban kinh AC cat
m tai B.
- N6i A voi B, B véi C ta duge AABC can dung
Chitng minh
Xeét A vudong ABE va A vuéng ACF co:
AB=AC
AE = AF
= AE = AF
— BAE =CAF
Ma CAF = EAF +CAE =60° + CAE
Va BAE = BAC+CAE

}(Céoh dung) = AABF = AACF (c.g.c)

— BAC =60°

AABC c6: AB = AC va BAC = 60°
— AABC déu

d) Bién lugn

Bai todn c6 2 nghiém vi ta ¢ thé dung duogc 2 A déu

Bai tap 3: Dung AABC biét BC =a; AB + AC=d; ABC =a..
Giai

a) Phan tich D

Gid str ta da dung dugc AABC thoa man céac diéu kién cta dau bai.

Kéo dai BA va trén duong kéo dai lay diém D sao cho AD = AC.

Suyra: BD=AB+AD=AB+AC=d

= ADAC can = A = BD n duong trung truc ciia CD

b) Cach dung

- Dung doan BC = a A
- Dyng tia Bx sao cho xBC=a..
- Dyng diém D trén Bx sao cho BD =d a
- Noi D véi C.
B C

Bién soan: Tran Trung Chinh
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- Dung diém A 1a giao ciia BD va duong trung truc ciia CD.

- Nbi A v6i C ta duge AABC can dung.

c) Chung minh

ABC = o (cach dung)

BC = a (céach dung)

A e duong trung truc cuia DC = AD = AC

A, D € Bx; BD =d (cach dung)

= BD=AB+AD=AB+AC=d

= AABC la A can dyng.

d) Bién lugn

- d <a = bai toan vo nghi¢m

- d > a = Bai toan c6 mot nghiém

Bai tip 4: Dung AABC biét BC = a, trung tuyén AM = m, dudng cao CH = h.
Giai

Phan tich:

Gia sir da dung duoc AABC thoa man diéu kién cua dau bai

= A e duong tron tdm M ban kinh m.

H e duong tron duong kinh BC

CH = h; B, H, A thang hang

Cach dung:

- Dyng BC = a, trung diém M ctia BC

- Dung duong tron (M, m)

- Dung duong tron duong kinh BC

- Dung diém H e duong tron duong kinh BC sao cho HC =h

- Dung diém A 1a giao diém cua BH va (M, m)

Chitng minh:

BC=a

CH = h (cach dung)

=>Ae(M,m=AM=m

— AABC la tam giac can dung

Bién ludn:

h<BC=a
2m>nh
Bai toan ¢ hai nghiém do BH cit (M, m) tai hai diém 13 A va A".
Bai tap 5: Dung AABC biét B = B < 90°, dudng cao BH va dudng cao AD.
Giai
Phan tich:
Gid sit AABC da dung duogc.
A vudng ABD la dung duogc
= ta chi can dung diém C.
Mubn vy ta phai di dung diém H: H € giao cua hai dudng tron
dudng kinh AB va duong tron tam B ban kinh BH = C = AH M H
BD
Cach dung:
- Dung AABD vudng tai D
sao cho ABD < 90’ D C
va AD cho trude.
- Dyng diém H 1a giao diém

Bién soan: Tran Trung Chinh
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cua hai duong tron: (B, BH)
va duong tron duong kinh AB (BH cho truéc).
- Dyng diém C 1a giao cia BD va AH =AABC la A ta can dung.
Churng minh:
ABD = B < 90° (cach dung)
AD 1a dudng cao cd do dai cho trudce (cach dung)
BH bang doan cho trudc (cach dung)
= AABC thoa min yéu cau cta dé bai
Bién luan:
Bai toan luén c6 nghiém
Bai toan c6 mot nghiém
Bai tap 6: Dung hinh binh hanh ABCD biét 2 dinh d6i dién A va C con 2 dinh B va D thudc mot
duong tron (O, R) cho trudec.
Giai
Phan tich:
Gia st dd dung dugc hinh binh hanh thoa mén diéu kién ctia dé bai la ABCD. Néu I 1a giao diém cua
2 duong chéo cia ABCD thi: T e ACvalA=1C, leBDvalB=1D;B,D € (O,R) = Ol L BD
Cach dung:
- Dyng I 13 trung diém ciia AC B

- Dung dudng thang qua I /
va L OI cit (O) tai B va D

= ABCD la hinh binh hanh can dung. A 7 .(
Chitng minh: "’
D

Ol LBD=IB=1D
IA =IC (cach dung); B, D € (O, R) (cach dung)
AAIB = ADIC (c.g.c) = ABI = IDC = AB // CD
= ABCD la hinh binh hanh thoa man déau bai.
Bién luan:
Bai toan c6 nghiém khi diém I ¢ trong deO‘ng tron (O) khi d6 bai toan c¢6 1 nghiém.
Bai tap 7: Cho dudng tron (O, R) va diém A € duong thang d.
Dung dudng tron tiép xac véi C(O,R) va tiép xuc véi d tai A.
Giai

Phan tich:
Gia str da dung duoc (O',R") tiép xuc véi (O, R) va tiép xuc
v6i d tai A = O' e d' 1a dudng thing qua A va L véi d.
Dung diém E sao cho O'E = 0'0O (AE =R).
= O' nam trén duong trung truc cia OE
= O'la giao cua duong trung truc cia OE & p
Cdach dung:
- Dyng duong thang d' L d tai A
- Dyng diém E e d' sao cho AE =R
- Dung duong trung truc cua

OElam mnd =0
- Dung duong tron (0',0'A)

Do 1a duong tron can dung
Chirng minh:
(O', O'A) tiép xuc voi d tai A (cach dung)
Nb6i O v6i O'. Vi O' € duong trung tryc cia OF
= 00'=0E

Bién soan: Tran Trung Chinh
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MaOE=0A+AE = 00'=0A+AE=0A+R
= (0, R) & (O', 0'A) tiép xtic véi nhau
= (0") 1a duong tron can dung
Bién luan:
Trén p c6 thé liy E; 6 trong dudng tron (O') sao cho AE; = R,
Vay bai toan c6 2 nghiém hinh.
Bai tip 8: Cho hinh thang ABCD, AD // BC. Dyng duong thang EF//BC chia d6i dién tich hinh
thang.
Giai
Phén tich:
Gia sir d3 dung duoc EF//BC chia d6i dién tich hinh thang kéo dai BC, CD cit nhau tai O.
Suy ra:
AOBC «» AOEF <> AOAD
bat OB=a, OA=b, OE=x

2 2
Ta co: S soc _a. Sr0m0 :b_
: 20 2
aoer X Spoer X
2 w2
— Srosc Saonp _a+ b
S x?

AQOEF

Ma: S rosc + S aoap = S aoer + Shinh thang EBCF + S A0AD
= S ACEF * Shinh thang AEFD * S A0AD
= 2SA0EF

2 2
a“+b® 2
—=— o =a+b
X 1

) faz b?
=X =, —+—
2

2
2 2
bat y:\/g;z:ﬂ’%:x:a/y%zz

z

Cdach dung: )
- Kéo dai BA, CD cat nhau ¢ O

- Dung doan trung binh nhan cua a, % ta dugc y.

- Dung doan trung binh nhan cua g, b ta dugc z.

- Dung A vudng cd y, z 1a 2 canh géc vuong
= 36 dai c,anh huyén cua A d6 lax. ‘
- Trén OB lay OE = x, dung EF // BC ta sé dugc doan EF can dung.

Bién soan: Tran Trung Chinh
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Churng minh:

Goi hinh thang ADEF dién tich 1a S; va hinh thang EBCF c6
diéntich 1a S,

Ta phdi ching minh S; = S;

Ta c6 AOAD «» ADEF (vi AD//EF)

= Ti s6 dong dang la: 2
X

L S _ @S,
SAOEF X2 SO+Sl
AOEF +» AOBC = Jwose 0 _S0+S,+S,
SAOEF X2 SO+Sl
a’+b®> 25,+S,+S, - a’+b®  25,+S,+S,
x° S, +S, a®+b? S, +S,
2

- 2S5, +S, +S,
S, +S,
=> Shinh thang ADEF = Shinh thang EBCF
Bién luan:
Bai todn luoén c6 mot nghi€m hinh.
Bai tip 9: Cho hinh binh hanh ABCD. Dyng hai duong thing di qua dinh A va chia hinh binh hanh
thanh 3 phan c6 dién tich bang nhau.
Giai
Phan tich:
Gia su da dung duoc duong théng qua A cit BC tai E, cit CD tai F thoa man:

=2=25,+S,+5,=25,+25, < S, =S,

S AABE = Smpecr = SaAFD = 3 SmwaBCD

Goi do dai: BE = x, duong cao AH=h = S zage = %h.x
STMABCD = AH.BC = h.BC. Ma STMABCD =3 SAABE
= h.BC =3. %hx<:> BC = %x:x: %BC

Tuong tuta goi: DF=y=>y= %DC

Cdach dung: A D
- Dung doan BE = %BC

- Dung doan DF = %DC F

- N6i A voi E, A voi F ta dugc: B E C

S AABE = S AAFD = Swagck = 3 SmwaBcD

Chirng minh:
1 1, 2 1 1
Taco: S = —hx==h. —=BC= >h.BC= = Sw
AABE > >3 3 ABCD

w

Bién soan: Tran Trung Chinh
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1
Tuong tu: S aapF = 3 SmwaBCD

1 3 . .
= Swagcr = 3 Swascp = Dicu phai chirng minh

Bién luan:
Bai toan c6 mot nghi€m hinh
Bai tap 10: Cho 2 diém A, B nim vé mdt phia cia dudng thang d.
Tim diém M e d sao cho AM + MB la nhé nhat.
Giai
Phén tich:
Gia sir da dung duoc diém M e d dé (AM + MB) ngan nht.
Ta lay diém A' d6i xtng v6i A qua d.
= IA=1A"; MA = MA' = (AM + MB) ngin nhat khi: A, M, B
thang hang. B
= M € giao cua dudng thing ndi 2 diém A', B va duong thing A
d.
Cach dung:
- Dung diém A' d6i xtng A qua d
- NGi A' v6i B d

=
- Dyng M = AB N d | /™ M
Do la diem M can dung

Chirng minh:

-Liy M' € d (M' tuy ) va ta chirng minh:

M'A+M'B >MA + MB

Theo cach dung thi A", M, B thang hang va AM = A'M

Xeét AABM'taco: MA+ M'B > AB (1)
Ma theo cach dung thi A'B = MA'+ MB = MA + MB (2)
Tu (1) va (2), suy ra:

MA'+ MB'> MA + MB = (MA + MB) min (dpcm)

Bién ludn:

Bai toan c6 1 nghiém hinh vi diém A' dung duogc 13 duy nhét.
Bai tap 11: Cho 2 dudng thang b // ¢, diém A ¢ b, c. Dung AABC déu sao cho B € b, Cec.

Giai

Phan tich:

Gia sir ta dung duoc AABC déu thoa man diéu kién cuia bai toan.
Beb Cec

Ta thuc hién phép quay theo chiéu kim dong ho ta co:

r(A, 60°)(B) = C;

r(A, 60°(b) = b’ A
MaBeb=Ceb. \W'b
Mait khac: C e ¢
=cnb=C
Cach dung:

- Dung duong thang = C

b'=r(A, 7600)(b) C C
- Dung diém C b’
la giao diém cuia b' va c

- Dyng diém B bang cach:
r(A, 60°)(C) =B

Bién soan: Tran Trung Chinh
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Churng minh:

r(A, -60%(C)=B;  r(A, -60% () =b
MaC e b'= B € b = (dpcm).
Bién luan:
Bai toan c6 2 nghiém hinh
Bai tap 12: Cho AABC. Dung hinh vuong MNPQ sao cho M € AB; N,P € BC, Q € AC.
Giai
Phén tich:
Gia sir da dung duoc hinh vuéng MNPQ thoa min diéu kién ctia bai toan.
No6i B v6i Q va thyc hién phép vi tu: V(B, k = %) QeBQ):Q—->Q;M—> M;N—>N,;P—>
P!
M'Q" N'M'" N'P' P'Q A
MQ NM NP PQ
Ma MQ = MN = NP = PQ va NMQ = 90°
— M'Q'= M'N'= N'P' = P'Q"; N'M'Q" = 90°
= ™M'N'P'Q" Ia hinh vudng. M Q
Cach dung:
-LiyM' € AB, dyng M'N' L BC M Q'
- Dung hinh vuéng M'N'P'Q'
- Ké BQ' cit AC tai Q v
- Thyc hién phép vi tu:
BQ' t——
VB k= £) @ =Qp o pi M M N = N BN MP
ta dung duoc hinh vudng MNPQ can dung.
Chitng minh:

MQ _ NM _ NP _ PQ st sidc MIN'P'Q' Ia hinh vuong:
MQ NM NP PQ

Theo céach dung ta co:

N'M'P'=90°.

— MN = NP = PQ = MQ & NMP = 90°
= OMNPQ la hinh vuéng

Bién ludn:

Bai toan c6 1 nghiém hinh

Bai tap 13: Dyng tam giac biét do dai ba dudng trung tuyén.
Giai
Phan tich: A
Gia sit AABC da dung xong va c6 trung tuyén:
AM =m,, BN =my, CP =m..
Nhin vao hinh v& ta chua thay c¢6 yéu t6 nao c6 thé dung duoc,
trir cac doan théng AM, BN, CP m{t cach riéng 1€. P N
Va di nhién, néu ta da dung, chéng han AM thi c6 thé xac dinh
thém duoc G.
Tuy nhién, néu ta goi E 1a trung diém cia AG thi do
pE=EC BN e AS AV 6= (tinh ch
2 3 2 3 3
dudng trung tuyén va tinh chat duong trung binh) nén cic canh ciia APEG hoan toan xac dinh.
Khi da xdc dinh dugc APEG, ta d& dang x4c dinh duge cac diém C, A, M va cubi cung 1a B.

Bién soan: Tran Trung Chinh
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Twr d6 suy ra cach dyng.

Cach dung:

- Dung APEG ¢6: PEz%; PG :%; EG = ”; .
- Nébi dai PG vé phia G, trén d6 dung C sao cho GC = 2GP;

- Nbi dai GE vé phia E, trén d6 dung A sao cho EA = EG;

- Néi dai EG vé phia G, trén d6 dung M sao cho GM = GE;

- Noi AP va MC cit nhau tai B.

AABC chinh 13 tam giac can dung.

Churng minh:

Theo cach dung ¢ trén thi AM = m, va CP = m,.

Ciing theo cach dung va tinh chat duong trung tuyén thi G chinh 1a trong AABC.
Do d6 BG la duong trung tuyén.

_2m,

Vi PE 1a duong trung binh trong tam giac ABG nén BG = 2P

Suy ra duong trung tuyén ké tir B bang my.
Nhu vay ta c6 AABC c6 ba trung tuyén bﬁng vO1 ma, My, Me.
Bién luan:

m m

Budc dung thi nhat dung duoc kh1 la @6 dai 3 canh cia mot tam giac.

biéu nay tuong duong v4éi m,, Mp, M 1a do dai 3 canh ctia mot tam giac.

Céc buoc dung tiép theo déu thuc hién dugec mot cach duy nhét.

Suy ra néu d6 dai 3 doan thang da cho 1a d6 dai 3 canh cia mot tam giac thi bai toan c6 1 nghiém
hinh.

Trong truong hop nguoc lai bai toan vé nghiém.

Ghi chii: Tt bai toan dung hinh ndi trén, ta suy ra mot két qua tha vi sau: “Ba dudng trung tuyén cua
tam giac ABC la d¢ dai 3 canh ciia mot tam giac c6 dién tich bé‘mg 3/4 dién tich tam giac ABC”.

Bai tap 14: Cho hai dudng tron (Cy), (Cy) ¢6 ban kinh Ry < R; cét nhau tai A va B. Hay dung tiép
tuyén chung ctia hai dudng tron.
Giai
Phan tich:
Gia sir tiép tuyén chung tiép xtic (C1) tai M va (Cy) tai N.
N&6i dai NM cat duong thang 010; tai P.
Vi O:M va O;N déu vudng goc véi MN nén chung song song véi
nhau.

Theo dinh ly Talet ta co ﬂ OM_R, —Lnén tir day ta dung

PO, O,N R,

dugc diém P.

Vi PMO; = 90° nén M nim trén duong tron duong kinh PO;.
Nhu vay M la giao diém ctia duong tron duong kinh PO; va (Cy).
Cach dung:

PO, R,
- Dung dudng tron duong kinh PO4;
- Du’(mg tron duong kmh PO; cit (Cl) tai M;
- N6i PM, d6 14 tiép tuyén chung can dung.
Churng minh:
Theo budc 2, 3 thi PM vuong géc véi MOs.

Bién soan: Tran Trung Chinh
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Suy ra PM la tiép tuyén cua (Cy).

Tur Oz ké O2N vuong goc véi PM thi O,N//O; M.

Ap dung dinh ly Talet ta co: PO, = —OlM .
PO, O,N
Theo budce 1 thi ta co: PO, =&

PO, R,
Ttr hai dang thirc cudi, véi chu ¥ O1M = Ry, ta cd O2N = Ry, tirc 1a diém N nam trén (Cy).
Suy ra PM tiép xtic (C) tai N, tirc 1a PM chinh 14 tiép tuyén chung cta hai dudng tron.
Bién ludgn: Bai todn luon c6 2 nghiém hinh (HS ty chirng minh).
3. Bai tap tu luyén:
Bai tip 1: Cho trudc mot doan thang co do dai bang 1, hiy dung cac doan thang c6 do dai bang

2) 2, b)%; c)%; d)%; &) V2 f +5; 9) 42

Bai tap 2: Dung AABC c6 A =52°, AB = 5cm, AC = 7 cm

Bai tap 3: Dung AABC c6 A - 60°, AB = 3cm, AC + BC = 7,5 cm.

Bai tap 4: Dung AABC c6 A= 90°, phan gi4c AD = 10 cm, dudng cao AH =6 cm.

Bai tap 5: Dung AABC c6 A= 60°, AB = 3cm, dudng cao AH = 2cm.

Bai tip 6: Dung tam giac biét b, a + ¢ va C.

Phén tich: Gia sit AABC d3 dung duogc. N6i dai CB vé phia B t&i diém D sao cho BD = BA. Khi d6
tam gidc ACD c6 goc C da cho, AC =b va CD = a + ¢ nén hoan toan x4c dinh. Pinh B 1a dinh cua
tam giac cdn BDA, do d6 1a giao diém cua trung truc doan AD vé6i CD.

Bai tip 7: Cho hai dudng thang a// b va mot diém C. Hiy dung tam giac déu ABC c6 A nam trén a
va B nam trén b.

Goi y: Hay chon mot sb diém A tuy ¥ trén A rdi dung tam gidc déu ABC. Chu y xem B s& vach ra
duong gi?

Bai tap 8: Dung tam giac ABC biét d6 dai duong trung tuyén, dudng phan gidc va duong cao ké tir
dinh A.

Cau hoi goi y: Pudng phén gidc goc A va dudng trung truc canh BC cit nhau ¢ dau?

Bai tip 9: Cho tir gidc ABCD. Tir A hiy ké mot duong thang chia d6i dién tich tam giac.

Cau hoi goi y: Néu tir gidc ABCD suy bién thanh tam gidc ABC thi v& nhu thé nao?

Bai tip 10: Dung tam giac biét a, b va m.

Bai tap 11: Dyng tam giac c6 chu vi 2p, goc A va duong cao h,.

Bai tp 12: Dung tr gidc biét do dai 4 canh lién tiép va doan ndi trung diém hai duong chéo.

~1++5
4

Bai tip 14: Cho duong thing (d) va hai diém A, B nam cung mot phia ddi voi d. Hay dung dudng

tron di qua A, B va tiép xuc véi (d).

Bai tap 15: Néu cach dung truc dang phuong cta hai dudng tron trong cac trudng hop sau

a) Hai duong tron cit nhau

b) Hai duong tron ngoai nhau

c) Hai duong tron chira nhau

Bai tap 16: Cho tam giac ABC. Hay néu cach dung dudng thang chia tam gidc thanh 2 phan c6 dién

tich va chu vi bang nhau.

Bai tip 17: Cho hai duong tron (O1, R1) va (O, Rz) va phuong A. Dung doan AB = a song song v&i

A sao cho A € (01, Ry), B € (02, Ry).

Bai tap 18: Cho hai duong tron (01, Ry) va (02, Ry) cing dudng thang d. Dyng hinh vuéng ABCD

sao cho A € (04, R1), C € (02, Ry); B, D € d.

Bai tap 19: Dung mot A déu sao cho dién tich ciia n6 bang dién tich mot A cho trude

Bién soan: Tran Trung Chinh

Bai tap 13: Cho biét cos(72°) = . Hay néu cach dung ngii gidc déu canh bing a cho trude.
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Bai tip 20: Cho hai diém A, B ndm cung phia v6i duong thing d. Dung dudng tron di qua A, B va
tiép xuc vai d.

Bai tap 21: Cho hai diém A, B ¢ duong thing d cho trudc. Dung dudng tron di qua hai diém A, B
va tiép xuc v6i duong thing d.

Bai tip 22: Dung hai dudng thing di qua A chia hinh binh hanh thanh 3 phan bang nhau vé dién
tich.

Bai tap 23: Cho AABC, dung dudng thang song song vdi BC chia AABC thanh hai phan c¢6 dién
tich bang nhau.

Bai tap 24: Cho dudng tron (O, R) va hai diém A, B € (O, R) cing mot doan thang da biét 1. Dung
hai day cung song song di qua A va B sao cho tong cta ching bang 1.

Bai tip 25: Cho diém A & ngoai (O, R).

Dung cat tuyén di qua A cat (O, R) tai B va C sao cho AB = BC.

Bai tap 26: Cho dudng tron (O) va mot day cung AB c¢b dinh. Dung A déu MNP thoa min: M & P
€ (0); N € ABva MN 1 AB.

Bai tap 27: Cho hinh vuéng ABCD c6 giao diém hai dudng chéo 13 0. hdy dung anh cia cac diém
A, B, C, D trong phép quay tim O mot goc 45° nguoc chidu kim ddng hd.

Bai tap 28: Dyng mot hinh vudng ndi tiép mot duong tron ban kinh R, dung mot luc gidc va mot
tam gidc déu nodi tiép duong tron ban kinh R.

BAI TAP TONG HOQP KIEN THUC
Bai tap 1: Cho AABC c6 cac dudng cao BD va CE.Puodng thang DE cét dudng tron ngoai tiép tam
gi4c tai hai diém M va N.
a) Chirng minh: T(r giac BEDC noi tiép.
b) Chirng minh: DEA = ACB.
¢) Chirng minh: DE // véi tiép tuyén tai A ciia dudng tron ngoai tiép tam giac.
d) Goi O 1a tAm dudng tron ngoai tiép tam giac ABC. Chirng minh: OA 1a phan giac ctia goc MAN
e) Chung t6: AM? = AE.AB.
Bai tap 2: Cho dudng tron (O), dudng kinh AC. Trén doan OC liy diém B va v& dudng tron (O”),
duong kinh BC. Goi M 1a trung diém ctia doan AB. Tir M v& day cung DE L AB; DC cit duong tron
(O’) tai L.
a) Tt giac ADBE la hinh gi?
b) Chtrng minh: Tt gidc DMBI ndi tiép.
¢) Chirng minh: Ba diém B; I; C thing hang va MI = MD.
d) Chirng minh: MC.DB = MI.DC.
e) Chirng minh: MI 14 tiép tuyén cua duong tron (O”).
Bai tap 3: Cho AABC c6 goc A = 90°. Trén AC ldy diém M sao cho AM < MC. V& dudng tron (O),
duong kinh CM. Pudng thang BM cit (O) tai D. Kéo dai AD cit (O) tai S.
a) Chirng minh: Tt giac BADC noi tiép.
b) Ké BC cit (O) tai E. Chimg minh ring: MR 14 phan giac ctia AED.
¢) Chung minh: CA 1a phan giac cta goc BCS.
Bai tap 4: Cho AABC c6 goc A = 90°. Trén canh AC liy diém M sao cho AM>MC. Dung dudng
tron (O) duong kinh MC. Pudng tron nay cit BC tai E. Dudng thang BM cit (O) tai D va duong
thang AD cit (O) tai S.
a) Chtrng minh: Tt giac ADCB noi tiép.
b) Chirng minh: ME 1a phan giac cta AED.
¢) Chtirng minh: Goc ASM =ACD.
d) Chirng to ME la phan giac cia AED.
e) Chirng minh: Ba duong thang BA; EM; CD ddng quy.

Bién soan: Tran Trung Chinh
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Bai tap 5: Cho tam gidc ABC c6 3 goc nhon va AB < AC ndi tiép trong dudng tron tam O. Ké
duong cao AD va duong kinh AA’. Goi E; F theo thtr tuy 1a chan duong vudng goc ké tur B va C
xudng duong kinh AA’.

a) Chirng minh: T giac AEDB ndi tiép.
b) Chirng minh: DB.A’A = AD.A’C.
c¢) Chung minh: DE 1 AC.
d) Goi M 14 trung diém BC. Chirng minh: MD = ME = MF.
Bai tip 6: Cho AABC c6 ba goc nhon ndi tiép trong dudng tron (0). Goi M 1a mot diém bat ky trén
cung nho AC. Goi E va F lan luot 13 chan cac dudng vudng goc ké tir M dén BC va AC. Goi P 1a
trung diém AB; Q 1a trung diém FE.
a) Chirng minh: T&r giac MFEC ndi tiép.
b) Ching minh: BM.EF = BA.EM.
¢) Chtirng minh: AAMP «>AFMQ.
d) Chimg minh: PQM =90°.
Bai tap 7: Cho (O) duong kinh BC. Lay diém A bat ky nam trén cung BC. Trén tia AC liy diém D
sao cho AB = AD. Dung hinh vuong ABED; AE cit (O) tai diém thir hai F. Tiép tuyén tai B cit
duong thang DE tai G.
a) Chirng minh: Tt giac BGDC ndi tiép. Xac dinh tdm I ctia dudng tron nay.
b) Chirng minh: ABFC vudng can va F 1a tim duong tron ngoai tiép ABCD.
¢) Chirng minh: T gidc GEFB noi tiép.
d) Ching t6: C; F; G thing hang va G ciing nim trén duong tron ngoai tiép ABCD. C6 nhdn xét gi
vé IvaF?
Bai tap 8: Cho AABC c6 3 goc nhon ndi tiép trong dudng tron (O). Tiép tuyen tai B va C cua duong
tron cit nhau tai D. Tir D ke duong thang song song voi AB, dudng niy cit dudng tron & E va F, cét
AC &1 (E nam trén cung nhé BC).
a) Chirng minh: Tt gidc BDCO noi tiép.
b) Chirng minh: DC? = DE.DF.
¢) Chirng minh: Tt gidc DOIC ndi tiép.
d) Ching t6 I 14 trung diém EF.
Bai tap 9: Cho dudng tron (O), c¢6 day cung AB. Tir diém M bt ky trén cung AB (M = Ava M =
B). Ké day cung MN L AB tai H. Goi MQ la duong cao cta tam giac MAN.
a) Chirng minh: 4 diém A; M; H; Q cung ndm trén mot dudng tron.
b) Chtirng minh: NQ.NA = NH.NM.
¢) Chirng minh: MN la phan giac cua goc BMQ.
d) Ha doan thing MP vudng goéc v6i BN. Xac dinh vj tri cia M trén cung AB dé MQ.AN+MP.BN
c6 gia tri 16n nhat.

Huéng din
d) Xac dinh vi tri cia M trén cung AB dé MQ.AN + MP.BN c¢6 gi tri 16n nhat:

2S, Ay = MQ.AN

Ta co: 2S,en = MP.BN
2S,uan 2SSy = MQ.AN + MP.BN

Ta lai co:

AB.MN

2SamaN + 2Samen = 2(Saman + Samen) = 2Samen = 2. = AB.MN.

Viy: MQ.AN + MP.BN = AB.MN
Ma AB khong d6i nén tich AB.MN 16n nhit < MN 16n nhit < MN la duong kinh < M 1a diém
chinh gitra cung AB.

Bién soan: Tran Trung Chinh




: CHUYEN DPE ON THI VAO LOP 10 ::.

Bai tap 10: Cho duong tron (O; R) va (I; r) tlep xuc ngoai tai A (R >r1). Dung tiép tuyen chung
ngoai BC (B nam trén duong tron (O) va C nam trén duong tron (I)). Tlep tuyen BC cit tlep tuyen
tai A cua hai duong tron ¢ E.
a) Chung minh tam giac ABC vudng ¢ A.
b) K¢é OE cit AB & N; IE cit AC tai F.
Chirng minh: N; E; F; A cling ndm trén mot duong tron.
c) Chung to rang: BC? = 4Rr.
d) Tinh di¢n tich tir giac BCIO theo R; r.
Huwoéng din
c) Ching minh: BC? = 4Ry,
Ta c6 tir giac FANE ¢6 3 goc vudng (cmt)
= FANE Ila hinh vuéng
= AOEI vuong ¢ E va EA L Ol (tinh chét tiép tuyén).
Ap dung hé thirc lugng trong tam giac vudng co:
AH? = OA.AI (binh phwong dudng cao bang tich hai hinh chiéu)

\ _BC |, o AT BC?
Ma AH = 7 vaOA=R;Al=r=
d) Sgcio =?

Ta c6 BCIO la hinh thang vudng
OoB+IC BC

= Rr= BC?=

= Sgcio =
g (HRIWR
T

Bai tip 11: Trén hai canh goc vudng xOy lay hai diém A va B sao cho OA = OB. Mot dudng thiang
qua A cat OB tai M (M nam trén doan OB). Tir B ha dudng vudng goc voi AM tai H, cit AO kéo
dai tai I.
a) Chirng minh: Tt giac OMHI noi tiép.
b) Tinh OMI.
¢) Ttr O vé duong vudng goc véi BI tai K. Chirng minh: OK = KH.
d) Tim tap hop cac diém K khi M thay d6i trén OB.
Hudéng din
d) Tap hop cac diém K:
Do OK L KB
Suy ra: OKB = 90°.
OB khéng d6i khi M di dong = K nim trén dudng tron dudng kinh OB.
KhiM=0 thiK=0.
Khi M = B thi K 14 diém chinh giita cung AB.

Vay quy tich diém K 1a %du’(‘mg tron duong kinh OB.

Bai tip 12: Cho duong tron (O) dudng kinh AB va day CD vudng goc v6i AB tai F. Trén cung BC
lay diém M. N6i A v6i M cét CD tai E.
a) Chirng minh: AM 1a phan giac cua goc CMD.
b) Chirng minh: T giac EFBM noi tiép.
¢) Ching to: AC* = AE.AM.
d) Goi giao diém CB v6i AM 1a N; MD véi AB la I. Ching minh: NI // CD.
e) Chirng minh: N 13 tim duong tron ndi tiép ACIM
Huéng din
e) Ching t6 N 1a tim duong tron noi tiép AICM:

Bién soan: Tran Trung Chinh
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Ta phai chirng minh N 14 giao diém 3 duong phan giac ciia ACIM.

Theo chirng minh, ta c6 MN la phan gidc cuia CMI.
Do MNIB ndi tiép (cmt) = NIM = NBM (cing chin cung MN)

G6c MBC = MAC (cing chin cung CM)
Ta lai co:
CAN =90° (g6c ndi tiép ACB=90°);
NIA =90° (vi NIB =90°)
Suy ra: ACNI noi tiép
— CAN=CIN (cung chin cung CN)
= CIN=NIM
= IN Ia phan giac CIM.
Vay N 1a tim dudng tron noi tiép AICM.
Bai tap 13: Cho dudng tron (O) va diém A ndm ngoai duong tron. V& céc tiép tuyén AB;AC va cat
tuyén ADE. Goi H 14 trung diém DE.
a) Chtirng minh: A; B; H; O; C cung nam trén 1 duong tron.
b) Ching minh: HA 14 phan gidc ctia goc BHC.
¢) Goi I 14 giao diém cua BC va DE. Chiing minh: AB® = Al.AH.
d) Ké BH cit (O) 6 K. Chirng minh: AE//CK.
Bai tap 14: Cho duong tron (O) duong kinh AB = 2R; xy la tiép tuyén voi (O) tai B. CD 1a 1 duong
kinh bat ky. Goi giao diém cua AC; AD voi xy theo thir ty la M; N.
a) Chirng minh: T giac MCDN noi tiép.
b) Chung to: AC.AM = AD.AN
¢) Goi I 1a tAm dudng tron ngoai tiép tir giac MCDN va H 1a trung diém MN. Chimg minh: AOIH 1a
hinh binh hanh.
d) Khi dudng kinh CD quay xung quanh diém O thi I di dong trén dudng nao?
Huéng din
d) Quy tich diém I:
Do AOIH Ia hinh binh hanh.
Suy ra: IH = AO = R khéng doi
= CD quay xung quanh O thi I nam trén dudng thang song song voi xy va cach xy mot khoang
bang R.
Bai tip 15: Cho tam gidc ABC nodi tiép trong dudng tron tim O. Goi D 1a 1 diém trén cung nho BC.
K¢ DE; DF; DG lan luot vudng goc vé6i cac canh AB; BC; AC. Goi H 13 hinh chiéu ctua D 1én tiép
tuyén Ax cua (O).
a) Chirng minh: Tt giac AHED noi tiép.
b) Goi giao diém cua AH v&i HB va véi (O) 1a P va Q; ED cit (O) tai M.
Ching minh: HA.DP = PA.DE.
¢) Chung minh: QM = AB.
d) Ching minh: DE.DG = DF.DH.
e) Chirng minh: E; F; G thang hang. (duong thang Sim son)
Huéng din
e) Chu’ng minh: E; F; G thang hang

Taco: BFE = BDE (cmt) va GFC =CDG (cmt)
Do ABCD ndi tiép.

Suy ra; BAC = BTI\F) =180°
Do GDEA ndi ti€p

Suy ra: EDG + EAG =180°.

Bién soan: Tran Trung Chinh
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= EDG =BDC
Ma EDG = EDB +BDG va BCD = BDG + CDG
— EDB=CDG
= GFC=BEF

Vay E; F; G thang hang.

Bai tap 16: Cho tam giac ABC c6 A = 90% AB < AC. Goi I 14 trung diém BC. Qua I ké IK1BC (K

nam trén BC). Trén tia d6i cua tia AC lay diém M sao cho MA = AK.

a) Chirng minh: T gidc ABIK ndi tiép dugc trong duong tron (O).

b) Chirng minh: BMC = 2ACB.

¢) Chung t6 rang: BC? = 2AC.KC.

d) Kéo dai Al cit dudng thang BM tai N. Chirng minh AC = BN.

e) Chirng minh: T( giac NMIC ndi tiép.

Bai tap 17: Cho (O) duong kinh AB ¢6 dinh. Piém C di dong trén nira duong tron. Tia phan gidc

ctia ACB cit (0) tai M. Goi H; K 14 hinh chiéu ciia M 1én AC va AB.

a) Chirng minh: Tt giac MOBK noi tiép.

b) Chtirng minh: Tt giac CKMH 1a hinh vudng.

¢) Chirng minh: Ba diém H; O; K thang hang.

d) Goi giao diém HK va CM 1a I. Khi C di dong trén ntra dudng tron thi I chay trén duong nao?
Huéng din

¢) Chirng minh: Ba diém H, O, K thang hang.

Goi I 1a giao diém HK va MC.

Do MHCK la hinh vudng

= HK L MC tai trung diém I ciia MC.

Do I 14 trung diém MC

= Ol L MC (t/c duong kinh va day cung)

Vay HI L MC; Ol L. MC vaKI L MC

Suy ra: H; O:I thang hang.

d) Do OIM =90°; OM ¢b dinh

Suy ra: I nim trén duong tron duong kinh OM.

Giéi han:

KhiC=Bthil=Q;

KhiC=Athil=P.

Vay khi C di dong trén nira duong tron (O) thi I chay trén cung tron PHQ cua duong tron duong

kinh OM.

Bai tap 18: Cho hinh chit nhat ABCD c6 chiéu dai AB = 2a, chiéu rong BC = a. K¢ tia phin giac

ctia ACD. Tlr A ha AH vudng goéc véi duong phan giac nodi trén.

a) Chirng minh: Tt giac AHDC noi tiép trong dudng tron (O). Khi d6 xac dinh tdm va ban kinh cia

duong tron theo a.

b) Ké HB cat AD tai I va cat AC tai M; HC cat DB tai N.

Chirng t6 rang: HB = HC va AB.AC = BH.BI.

c) Chirng t6 MN song song véi tiép tuyén tai H ciia (O)

d) Tir D ké duong thang song song voi BH; duong nay cat HC ¢ K va cit (0) 6 J.

Chirng minh: Ttr gidc HOKD ndi tiép.

Bai tap 19: Cho nira dudng tron (O) dudng kinh AB, ban kinh OC L AB. Goi M 1a 1 diém trén cung

BC. K¢ duong cao CH cua AACM.

a) Chtrng minh: Tt giac AOHC ndi tiép.

b) Chirng t6 ACHM vudng can va OH la phéan giac ctua COM.

Bién soan: Tran Trung Chinh
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¢) Goi giao diém ciia OH v6i BC 1a 1. MI cat (O) tai D. Chirng minh rang: Tt giac CDBM 1a hinh
thang can.

d) Ké BM cat OH tai N. Chirng minh: ABNI <> AAMC. Tir d6 suy ra: BN.MC = IN.MA.
Bai tap 20: Cho AABC déu ndi tiép trong (O; R). Trén canh AB va AC liy hai diém M; N sao cho
BM = AN.
a) Chimng t6 rang: AOMN can.
b) Chirng minh: T gidc OMAN ndi tiép.
c) Kéo dai BO cit AC tai D va cit (O) & E. Ching minh: BC? + DC? = 3R?.
d) Pudng thang CE va AB cit nhau ¢ F. Tiép tuyén tai A ctia (O) cét FC tai I; AO kéo dai cat BC tai
J. Chirng minh: BI di qua trung diém cia AJ.
Huéng din
¢) Churng minh: BC?+ DC?= 3R%
Do BO 1a phan giac cua A déu
= BO L AC hay ABOD vuo6ng ¢ D.
Ap dung dinh 1y Pi-ta-go, ta co:
BC? = DB’ + CD? = (BO + OD)? + CD?= BO? + 2.0B.0OD + OD? + CD?. (1)
Ma OB =R.
AAOC can & O c6 OAC =30°.
— AOC =120° = AOE =60°

= AAOE la tam giac déu, c6 AD | OE = OD =ED = %

Ap dung dinh 1y Pi-ta-go, ta c6: OD? = OC? - CD? = R® - CD?. (2)
Tir (1) va (2), suy ra: BC? = R? + 2.R.% + CD? - CD? = 3R%

Bai tap 21: Cho AABC, (A = 90%) ndi tiép trong dudng tron (O). Goi M 1a trung diém canh AC.
Puong tron (I) dudng kinh MC cit canh BC & N va cit (O) tai D.

a) Chirng minh: Tt gidc ABNM ndi tiép va CN.AB = AC.MN.

b) Chting t6 rang: B, M, D thang hang va OM 1 tiép tuyén cua (I).

¢) Tia IO cit duong thang AB tai E. Chirng minh: Ttr giac BMOE 13 hinh binh hanh.

d) Chirng minh: NM 1a phan giac cia AND .

Bai tip 22: Cho hinh vudng ABCD c6 canh bang a. Goi I 1a diém bt ky trén duong chéo AC. Qua I
ké cac dudng thing song song v6i AB; BC. Cac dudng nay cit AB; BC; CD; DA lan luot & P; Q; N;
M.

a) Chirng minh: Tt giac INCQ Ia hinh vuéng.

b) Chtrng t6 rang: NQ // DB.

c) Kéo dai BI cat MN tai E; MP cét AC tai F. Ching minh: Tt gidc MFIN ndi tiép dugc trong
duong tron. Xéc dinh tdm cua duong tron do.

d) Chung to tir giac MPQN ndi tiép. Tinh dién tich cta no theo a.

e) Chirng minh: T( gidc MFIE ndi tiép.

Bai tap 23: Cho hinh vuong ABCD. Goi N 14 trung diém DC; Ké BN cat AC tai F. V& duong tron
(0) duong kinh BN. (O) cit AC tai E. Kéo dai BE cat AD & M; MN cit (O) tai I.

a) Chirng minh: Tt giac MDNE ndi tiép.

b) Chirng to rang: ABEN vudng can.

¢) Chtirng minh: MF di qua tryc tim H cua ABMN.

d) Chirng minh: Bl = BC va AIEF vuéng.

e) Chung minh: AFIE la tam gidc vudng.

Bai tip 24: Cho AABC c¢6 3 goc nhon(AB < AC). V& duong cao AH. Tir H ké HK; HM lan luot
vudng goc voi AB; AC. GoiJ 1a giao diém cua AH va MK.
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a) Chtrng minh: Tt gidc AMHK ndi tiép.
b) Ching minh: JA.JH = JK.JM
c) Tir C ké tia Cx L AC va Cx cit AH kéo dai ¢ D. V& HI L DB va HN L DC. Chirng minh ring:
HKM = HCN.
d) Ching minh: M; N; I; K ciing nam trén mot duong tron.
Bai tap 25: Cho AABC (A = 90°%). Budong cao AH. Pudng tron tim H, ban kinh HA cit duong thing
AB tai D va cit AC tai E; Trung tuyén AM ciia AABC cat DE tai 1.
a) Chirng minh: D; H; E thang hang.
b) Chtrng minh: Tt gidac BDCE ndi tiép. Xac dinh tim O cta duong tron niy.
c¢) Chung minh: AM L DE.
d) Chirng minh: Tt giac AHOM Ia hinh binh hanh.
Bai tap 26: Cho AABC c6 2 goc nhon. Pudng cao AH. Goi K 1a diém d6i xtng cua H qua AB; I 1a
diém d6i xtmg ctia H qua AC. Goi E; F 1a giao diém ctia KI voi AB va AC.
a) Chirng minh: T( giac AICH noi tiép.
b) Chirng minh: Al = AK.
¢) Chtirng minh: Cac diém A; E; H; C; 1 cung nam trén mdt duong tron.
d) Chirng minh: CE; BF la cac duong cao cua AABC.
e) Ching to giao diém 3 dudng phan giac cia AHFE chinh 14 truc tim cua AABC.
Bai tap 27: Cho AABC, (AB = AC) ndi tiép trong (0). Goi M 1a mot diém bat ky trén cung nho AC.
Trén tia BM lay MK = MC va trén tia BA lay AD = AC.
a) Chirng minh: BAC =2BKC.
b) Chtrng minh: Tt gidc BCKD ndi tiép. Xac dinh tAm ctia dudng tron ndy.
¢) Goi giao diém cua DC véi (O) 1a I. Chirng minh: B; O; I thang hang.
d) Chirng minh: DI = BL.
Bai tip 28: Cho tir giac ABCD ndi tiép trong(O). Goi I 1a diém chinh giita cung AB (cung AB
khong chira diém C; D). IC va ID cit AB & M; N.
a) Chirng minh: D; M; N; C cting ndm trén mot dudng tron.
b) Chirng minh: NA.NB = NL.NC.
¢) Kéo dai DI cit duong thing BC ¢ F; dudng thiang IC cit duong thing AD ¢ E.
Chtirng minh: EF // AB.
d) Chung minh: IA? = IM.ID.
Bai tap 29: Cho hinh vudng ABCD, trén cah BC 14 dé E. Dyng tia Ax L AE, Ax cit canh CD kéo
dai tai F. Ké trung tuyén Al ciia AAEF. Kéo dai Alcat CD tai K. Qua E dung dudng thing song song
v6i AB, cét Al tai G.
a) Chirng minh: Tt giac AECF noi tiép.
b) Chirng minh: AF* = KF.CF.
¢) Chirng minh: T giac EGFK la hinh thoi.
d) Chirng minh rang: Khi E di dong trén BC thi EK = BE + DK va chu vi ACKE c6 gia tri khong
doi.
e) Goi giao diém ciia EF v6i AD la J. Chirng minh: GJ L JK.
Huéng din
d) Ching minh: EK = BE + DK.
Xét AADF va AABE co:
AD = AB;
AF = AE (AAEF vubng can)
= AADF = AABE
= BE =DF
Ma FD + DK = FK va FK = KE (t/c hinh thoi)
= KE = BE + DK.
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Chirng minh chu vi ACKE khéng dbi:

GoichuvilaC=KC+EC+ KE =KC + EC + BE + DK = (KC + DK) + (BE + EC) = 2BC khéng
doi.

e) Chung minh: 1J 1 JK.

Do JIK = JDK =90°

= Tt giac IJDK ndi tiép

— JIK = IDK (cung chin cung IK),

IDK = 45° (t/c hinh vudng)

= JIK = 45° = AJIK vudng can 6 I

=JI=IK malK=GlI

:>JI=IK=GI=%GK

= AGJK vudng ¢ J hay GJ L JK.

Bai tap 30: Cho AABC. Goi H 1a tryc tdm ctia tam giac. Dung hinh binh hanh BHCD. Goi I 1a giao
diém cuia HD va BC.

a) Chirng minh: Tt gidc ABDC noi tiép trong dudng tron tdm O, néu cach dung (O).

b) So sanh BAH va OAC .

¢) Ké CH cit OD tai E. Chirg minh: AB.AE = AH.AC.

d) Goi giao diém cta Al va OH 1a G. Chimg minh: G 1a trong tdm ctua AABC.

Bai tap 31: Cho duong tron (O) va AB=90°. C la mot dé tuy y trén cung 16n AB. Céac duong cao
Al; BK; CJ cia AABC cit nhau & H. Ké BK cit (O) ¢ N; AH cit (O) tai M. BM va AN gip nhau &
D.

a) Chirng minh: B; K; C; J ciing nam trén mot dudng tron.

b) Chirng minh: BL.LKC = HI.KB.

¢) Chtirng minh: MN la duong kinh ctia duong tron (O).

d) Chirng minh: T giac ACBD 1a hinh binh hanh.

e) Chirng minh: OC // DH.

Bai tap 32: Cho hinh vuéng ABCD. Goi N 1a mot dé bat ky trén CD sao cho CN < ND; V& dudng
tron tim O dudng kinh BN. Pudng tron (O) cat AC tai F; BF cit AD tai M; BN cét AC tai E.

a) Chirng minh: ABFN vudng can.

b) Chtrng minh: MEBA ndi tiép.

¢) Goi giao diém ctia ME va NF 1a Q. Ké MN cit (O) & P.

Chtng minh: B; Q; P thiang hang.

d) Chirng t6: ME // PC va BP = BC.

e) Chung minh: AFPE la tam giac vudng.

Bai tap 33: Trén dudng tron tdm O lan luot ldy bdn dé A; B; C; D sao cho AB = DB.AB va CD cit
nhau oc E. Ké BC cit tiép tuyén tai A ciia duong tron (O) & Q; DB cit AC tai K.

a) Chirng minh: CB 1a phan giac cia ACE..

b) Chirng minh: Tir giac AQEC ndi tiép.

¢) Chung minh: KA.KC = KB.KD.

d) Ching minh: QE // AD.

Bai tap 34: Cho (O) va tiép tuyén Ax. Trén Ax lay hai dé B va C sao cho AB = BC. Ké cét tuyén
BEF v6i duong tron. Ké CE va CF cat (0) lan lugt & M va N. Dung hinh binh hanh AECD.

a) Chtrng minh: D nam trén duong thag BF.

b) Chirng minh: Tir giac ADCF noi tiép.

¢) Chirng minh: CF.CN = CE.CM.

d) Chirng minh: MN // AC.
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e) Goi giao diém ciia AF véi MN 1a I. Chirmg minh rang: DF di qua trung diém ciia NI.
Bai tap 35: Cho (O; R) va duong kinh AB; CD vudng goc voi nhau. Goi M 1a mot diém trén cung
nho CB.
a) Chirng minh: T giac ACBD 1a hinh vudng.
b) K& AM cit CD; CB lan lugt ¢ P va I. Goi J 1a giao diém cua DM va AB.
Ching minh: IB.IC = IA.IM.
¢) Ching to rang: 1J // PD va 1J 1a phan gi4c cia CIM.
d) Tinh di¢n tich AAID theo R.
Huéng din
d) Tinh dién tich AAID theo R:
= Siap = Scap.

Ma Sacp = 5 SABCD:

= Sjap = %SABCD.SABCD = %AB.CD (dién tich c6 2 duong chéo vudng gbc)

= Sascp = %ZRZR = 2R2

= Sjap = Rb)
Bai tip 36: Cho (O; R). Mot cét tuyén xy cit (O) ¢ E va F. Trén xy ldy diém A nam ngoai doan EF.
V& 2 tiép tuyén AB va AC véi (O). Goi H 1a trung dé EF.
a) Ching to 5 diém: A; B; C; O: H cung nam trén mot duodng tron.
b) Puong thing BC cit OA & I va cit duong thing OH ¢ K. Chirng minh: OL.OA = OH.OK = R?.
c) Khi A di dong trén xy thi I di dong trén duong nao?
d) Chirng minh: KE va KF 1a hai tiép tuyén cta (O).
Bai tap 37: Cho AABC (A = 90°%); AB = 15; AC = 20 (cing don vi do do dai). Dung dudng tron tim
O duong kinh AB va duong tron (O) dudng kinh AC. Hai dudng tron (O) va (O’) cit nhau tai diém
tha hai D.
a) Ching to D nam trén BC.
b) Goi M 14 dé chinh gitta cung nhé DC. AM cit DC ¢ E va cit (O) & N.
Chung minh: DE.AC = AE.MC
¢) Chirng minh: AN = NE va O; N; O’ thiang hang.
d) Goi I Ia trung d& MN. Chiting minh: O10" =90°.
e) Tinh dién tich AAMC.
Hudéng din
¢) Chirng minh: AN = NE.
Do BA L AO’(AABC vudng 6 A)
= BA 1a tiép tuyén cua (O)

:>sdA_|§ :%Sdm
SdED =sd% (KA?:+AT>)

Ma MC =DM= MC+AD =AM

— AED=BAC

= ABAE can 6 B, ma BM 1 AE

= NA=NE.

Chirng minh: O; N; O’ thing hang:

Ta c6: ON la dudng trung binh cia AABE
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= ON//BE va OO’ // BE
= O, N, O’ thing hang.

Bai tip 38: Cho AABC déu, c6 canh bang a. Goi D 1a glao diém hai duong phan giac goc A va gbc
B cia AABC. Tir D dyng tia Dx L DB. Trén Dx ldy diém E sao cho ED = DB (D va E nam hai phia
ctia duong thing AB). Tir E ké EF L BC. Goi O 1a trung diém cta EB.
a) Chung minh: Tt gidc AEBC va EDFB noi tiép. Xac dinh tim va ban kinh cua cac dudng tron
ngoai tiép cac tir giac trén theo a.
b) Kéo dai FE vé phia F, cit (D) tai M. Ké EC cit (O) & N.
Chung minh: T gidc EBMC la thang can. Tinh dién tich.
¢) Chitng minh: EC 1 phan gidc cia DAC.
d) Chirng minh: FD la duong trung truc cia MB.
e) Chung to A; D; N thing hang.
f) Tinh dién tich phan mit tring dugc tao bai cung nho EB ciia hai dudng tron.
Huéng din i
e) Chung minh: A; N; D thang hang:
Ta c6: BND = BED = 45° (cing chin DB) va ENB = 90° (cmt); ENA Ia g6¢ ngoai AANC
— ENA = NAC+CAN =45°
— ENA+ENB+BND =180°
= A, N, D thang hang.
f) Goi dién tich mit trang can tinh 13 S.
Taco: S =Sy 0) - Svien phan EDB

S(O) TC. OE2 = T. (af) = T

2
= S, _ar
Yo 12
s . mBD'90° _x(afB| _a'n
tEBD T 3500 47 6 12

2

1 a
SAeBD = 2 DB’ = 3

an a a(n 2)
12 6 12

Svien phan = Squat EBD - SAEDB =

a n a *(n— 2) a

12 12 6 5 9
Bai tap 39: Cho hinh vuéng ABCD, E la mdt di€ém thugc canh BC. Qua B ké duong thang vudng
goc voi DE, dudng nay cat cac duong thang DE va DC theo thir tu & H va K.
a) Chung minh: Tt giac BHCD ndi tiép.
b) Tinh CHK .
¢) Chirng minh: KC.KD = KH.KB.
d) Khi E di dong trén BC thi H di dong trén duong nao?

Huéng din

d) Do BHD =90° khong doi
Suy ra: E di chuyén trén BC thi H di dng trén duong tron duong kinh DB.

Bién soan: Tran Trung Chinh @



: CHUYEN DPE ON THI VAO LOP 10 ::.

Bai tap 40: Cho duong tron (O;R) dudng kinh AB. Goi C 1a diém bat ky thudc duong tron d6 (C=
A va B). Hai diém M, N lan luot 1a diém chinh gilta cua cac cung nho AC va BC. Cac duong thing
BN va AC cét nhau tai I, cac diy cung AN va BC cit nhau & P. ,
a) Ching minh: Tt gide ICPN ndi tiep. Xac dinh tdm K cua duong tron ngoai tiép tir giac do.
b) Ching minh: KN la ti€p tuyen cua duong tron (O; R). ., ’
c) Chung minh rang khi C di dong trén duong tron (O; R) thi duong thang MN ludn ti€p xic voi mot
duong tron ¢ dinh.

Huéng dan i )
¢) Ching minh rang khi C di dong trén dudng tron (O) thi duong thang MN ludn tiep xtc v6i mot
duong tron co6 dinh:
Tac6 AM =MC (gt) nén AOM = MOC.
Vay OM la phan gidc ctia AOC .
Tuong tu ON 14 phan gidc cia COB, ma AOC va COB ké bi nén MON =90°.
Vay tam gidc MON vudng can ¢ O.

V2 _RyV2

Ké OH L MN, tac6 OH =OM.sinM =R. 7——khn dm

Vay khi C di dong trén dudng tron (O) thi dudng thang MN ludn tiép xic voi mot dudng tron cb
dinh [O; RTJEJ

Bai tap 41: Cho dudng tron (O; R) c6 dudng kinh AB. Trén dudng tron (O; R) liy diém M sao cho
MAB = 60°. V& dudng tron (B; BM) cét duong tron (O; R) tai diém th hai 1a N.
a) Chirng minh AM va AN 1a cac tiép tuyén cta duong tron (B; BM).
b) K¢ cac duong kinh MI cua duong tron (O; R) va MJ ctua duong tron (B; BM). Chirng minh N, 1
va J thing hang va JL.IN = 6R?
¢) Tinh phan dién tich cta hinh tron (B; BM) nim bén ngoai duong tron (O; R) theo R.
Huéng din
b) Chung minh: N; [; J thdng hang va JLJN = 6R°.

MNI = MNJ = 90° (céc goc ndi tiép chan nira duong tron tim O va tam B).
Nén INL MNvaJN L MN.

Vay ba diém N; I va J thing hang.

AMJI ¢6 BO la duong trung binh nén 1J = 2BO = 2R.

AAMO cin & O (vi OM = OA), MAO = 60° nén AMAO déu. ,
AB 1 MN tai H (tinh chat diy chung cta hai duong tron (O) va (B) cat nhau).
Nén OH = lOA=1R.

2 2

Vay HB = HO+OB—%+R—37R

=NJ=2. 37R =3R.

Vay JL.JN = 2R.3R = 6R?.

¢) Tinh dién tich phan hinh tron (B; BM) nam ngoai duong tron (O; R) theo R:
Goi S 1a dién tich phan hinh tron nam (B; BM) nam bén ngoai hinh tron (O; R).
S1 1a dién tich hinh tron tam (B; BM).

S; 1a dién tich hinh quat MBN.

Ss, Sy 1a dién tich hai vién phan cung MB va NB cua duong tron (O; R).
Taco: S:S;L—(Sz+83+54).
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Tinh S1: MAB = 60° = MB =120°

= MB=R+3.
Vay: 1= n(RV3) =3nR%.
Tinh S,:

2
- n(R3) 60° 2
MBN=60° = S, = ( )o = ™
360 2
Tinh S3: Sz = Squat MoB — SmoB-
nmR%.120° _nR?
360° 3
1
2

I\WC)\B = 1200 = Squat MOB =

OA=0B = Smos = %SAMB =

nR? i RZ\/§ _
3 4

%.AM.MB:%R.R\/_ =

Véy S3 =

(do tinh chét ddi xing).

R’ 27R° R*\3) _ LaR®+3R*\3
2 3 2 6

Bai tip 42: Cho ba diém A, B, C nam trén duong thing xy theo thir tr d6. V& duong tron (O) di qua
B va C. Tir A v& hai tiép tuyén AM va AN. Goi E va F lan luot 1a trung diém cta BC va MN.

a) Chimg minh AM? = AN” = AB. AC

b) Puong thang ME cat duong tron (O) tai I. Ching minh IN // AB

¢) Chtrng minh rang tim dudng tron ngoai tiép tam giac OEF nam trén mot dudng thing cd dinh khi
duong tron (O) thay doi.

Bai tip 43: Cho nira duong tron duong kinh AB = 2R va ddy MN c6 d6 dai bang ban kinh (M thudc
cung AN). Céc tia AM va BN cit nhau & I. Cac day AN va BM cét nhau ¢ K.

a) Tinh MIN va AKB.

b) Tim quy tich diém I va quy tich diém K khi day MN thay d6i vi tri .

¢) Chirng minh I la tryc tdm cua tam giac KAB .

d) AB va IK cdt nhau tai H . Chirng minh HA.HB = HL.HK .

e) Véi vi tri ndo cua ddy MN thi tam gidc IAB c6 dién tich 16n nhat? Tinh gi4 tri dién tich 16n nhat
do theo R.

Bai tap 44: Cho nira duong tron dudng kinh AB = 2R. Tir A va B ké hai tiép tuyén Ax, By. Qua
diém M thudc nira dudng tron keé tiép tuyén th ba cét cac tiép tuyén Ax , By 1an luot 6 C va D. Cac
duong thang AD va BC cit nhau tai N.

a) Chtirng minh AC + BD = CD.

b) Chirng minh: COD=90°.
AB’

Tirdo S =Si - (Sp + 2Ss) = 3nR? — [ (dvdt).

¢) Chung minh: AC.BD =

d) Chirng minh: OC // BM

e) Chirng minh: AB 1a tiép tuyén ctia duong tron dudng kinh CD.

f) Chtirng minh: MN L AB.

g) Xac dinh vi tri cia M dé chu vi tir giac ACDB dat gia tri nho nhét.
Huéng din

g) Taco:

Chu vi tr gidc: ACDB = AB + AC + CD + BD.

Ma AC + BD =CD.

Suy ra chu vi tr gidlc ACDB = AB + 2CD.

Bién soan: Tran Trung Chinh @




: CHUYEN DPE ON THI VAO LOP 10 ::.

Ma AB khong d6i nén chu vi tir gisc ACDB nho nhét khi CD nho nhit.
Va CD nhé nhét khi CD 1a khoang cach giir Ax va By tirc 13 CD vudng goc v6i Ax va By.
Khido CD // AB.
Suy ra: M phai 1a trung diém cua cung AB.
Bai tap 45: Cho duong tron (O; R), tir mét diém A trén (O) ké tiép tuyén d vé6i (O). Trén duong
thang d lay diém M bét ki (M khac A) ké cat tuyén MNP va goi K 1a trung diém ciia NP. Ké tiép
tuyén MB (B 1a tiép diém). Ké AC L MB, BD L MA. Goi H 1a giao diém cua AC va BD, I 1a giao
diém ctia OM va AB.
a) Chirng minh: T{r giac AMBO noi tiép.
b) Chirng minh: Nam diém O, K, A, M, B cuing nam trén mdt duong tron .
c) Ching minh: O1.OM = R?; Ol. IM = IA?,
d) Chirng minh: Tu giac OAHB Ia hinh thoi.
e) Chirng minh: Ba diém O, H, M thing hang.
f) Tim quy tich ciia diém H khi M di chuyén trén dudng thang d.
Huéng din
e) Theo trén OAHB la hinh thoi.
Suy ra: OH L AB; cling theo trén OM L AB
Suy ra: O, H, M thang hang (vi qua O chi c6 mot dudng thang vudng goc véi AB).
f) Theo trén OAHB la hinh thoi.
Suyra: AH=A0=R.
Vay khi M di dong trén d thi H ciing di dong nhung ludn cach A c¢6 dinh mot khoang bang R. Do d6
quy tich ctia diém H khi M di chuyén trén dudng thang d 1a nira duong tron tdm A ban kinh AH =
R.
Bai tip 46: Cho nira dudng tron duong kinh AB = 2R. Tir A va B ké hai tiép tuyén Ax, By. Qua
diém M thudc nira dudng tron ke tiép tuyén thir ba cét cac tiép tuyén Ax , By 1an luot ¢ C va D. Cac
duong thang AD va BC cit nhau tai N.
a) Chirng minh: AC + BD = CD.

b) Chtirng minh: COD =90°.
AB’

¢) Chirng minh: AC. BD =

d) Chirng minh: OC // BM
e) Chirng minh AB 14 tiép tuyén cua dudng tron duong kinh CD.
e) Chirng minh: MN | AB.
f) Xac dinh vi tri cia M dé chu vi t& giac ACDB dat gia tri nho nhéat.
Hudéng din
f) Ta c6 chu vi tir giac ACDB = AB + AC + CD + BD ma AC + BD = CD.
Suy ra chu vi tir gidc ACDB = AB + 2CD ma AB khong doi.
Chu vi tr gidc ACDB nho nhat khi CD nhé nhét.
Ma CD nhé nhét khi CD 1a khoang cach giit Ax va By, tirc 1a CD vudng goc véi Ax va By.
Khi d6 CD // AB = M phai la trung diém ctia cung AB.
Bai tap 47: Cho duong tron (O; R), tur mot dlem A trén (O) ké tiép tuyen d v6i (O). Trén duong
thang d lay diém M bat ki (M khac A) ké cat tuyén MNP. Goi K 1a trung diém ctia NP, ké tiép tuyen
MB (B la tiép diém). Ké AC L MB, BD L MA. Goi H 14 giao diém ctua AC va BD, I la giao diém
cua OM va AB.
a) Chirng minh tr giac AMBO ndi tiép.
b) Chirng minh nim diém O, K, A, M, B cling nim trén mot dudng tron .
¢) Chimg minh: OL.OM = R?; Ol. IM = IA?,
d) Chirng minh OAHB la hinh thoi.
e) Chirng minh ba diém O, H, M thing hang.
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f) Tim quy tich cta diém H khi M di chuyén trén dudng thang d

Huéng din
e) Theo trén OAHB Ia hinh thoi. Suy ra: OH L AB; ciing theo trén OM L AB.
Suy ra: O, H, M thing hang (vi qua O chi c6 mot dudng thing vudng goc voi AB).
f) Theo trén OAHB Ila hinh thoi. Suy ra: AH = AO = R.
Vay khi M di dong trén d thi H ciing di dong nhung luén cach A ¢ dinh mot khoang bang R. Do d6
quy tich ctia diém H khi M di chuyén trén duong thang d 13 nira dudng tron tdm A ban kinh AH =
R.
Bai tap 48: Cho dudng tron (O; R) duong kinh AB. Ké tiép tuyén Ax va lay trén tiép tuyén d6 mot
diém P sao cho AP > R. Tir P ké tiép tuyén tiép xtc v6i (O) tai M.
a) Chirng minh rang ta giac APMO ndi tiép dugc mot dudng tron.
b) Chirng minh BM // OP.
¢) Puong thing vudng goc véi AB ¢ O cit tia BM tai N. Chirng minh t& giac OBNP 13 hinh binh
hanh.
d) Biét AN cit OP tai K, PM cit ON tai I; PN va OM kéo dai cat nhau tai J. Ching minh I, J, K
thang hang.
Huéng din
d) T giac OBNP la hinh binh hanh.
Suy ra: PN // OB hay PJ // AB.
Ma ON L AB = ON L PJ.
Ta ciing c6 PM L OJ (PM la tiép tuyén ).
Ma ON va PM ciét nhau tai I nén I 14 truc tAm tam giac POIJ.
D@ thay tir gidc AONP 14 hinh chit nhat.
Vicé PAO = AON = ONP =90°.
Suy ra: K 14 trung diém cua PO (tinh chat dudng chéo hinh chit nhat). (6)

Ta c6: AONP 1 hinh chit nhit = APO = NOP (so le) (7)
Theo tinh chat hai ti€p tuyén cat nhau thi:

PO la tia phan giac cua goc APM = APO = MPO (8)
Tt (7) va (8) = AIPO can tai I ¢6 IK 14 trung tuyén dong thoi 1a duong cao.
Suy ra: IK L PO. 9)

Ti (6) va (9) = L, J, K thang hang.
Bai tap 49: Cho duong tron (O) ban kinh R ¢6 hai duong kinh AB va CD vudng géc véi nhau. Trén
doan thang AB lay diém M (M khac O). CM cit (O) tai N. Pudng thiang vudng goc véi AB tai M cit
tiép tuyén tai N cta duong tron & P. Chirmg minh :
a) Tur gidc OMNP ndi tiép.
b) Tt giac CMPO 1a hinh binh hanh.
c) CM. CN khong phy thudc vao vi tri cua diém M.
d) Khi M di chuyén trén doan thang AB thi P chay trén doan thang ¢ dinh nao.
Huéng din
d) D& thiy AOMC = ADPO (c.g.c).
Suy ra: ODP =90°.
Suy ra: P chay trén duong thing cd dinh vudéng goc voi CD tai D.
ViM chi chay trén doan thing AB nén P chi chay trén doan thang A’B’ song song va bang AB.
Bai tap 50: Cho AABC vuong ¢ A.va mot diém D nam giita A va B. Puong tron dudng kinh BD
cit BC tai E. Cac duong théng CD, AE lan luot cit duong tron tai F, G.
a) Chung minh: AABC «» AEBD.
b) Chirng minh: Tir giac ADEC va AFBC noi tiép .
¢) Chung minh: AC // FG.
d) Ching minh: Céc dudng thing AC, DE, FB dong quy.
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Huéng din
d) D& thiy CA, DE, BF la ba dudng cao cia ADBC nén CA, DE, BF déng quy tai S.
Bai tap 51: Cho duong tron (O) duong kinh AB. Trén doan thang OB lay diém H bat ki (H khong
trung O, B); trén dudng thing vudng goc véi OB tai H, lay mdt diém M & ngoai dudng tron; MA va
MB thir tu cit duong tron (O) tai C va D. Goi I 1a giao diém cua AD va BC.
a) Chirng minh MCID 1a ttr giac ndi tiép .
b) Chirng minh cic duong thang AD, BC, MH dong quy tai 1.
¢) Goi K 14 tAm dudng tron ngoai tiép tir gidc MCID. Ching minh KCOH 1a tir gidc ndi tiép.
Bai tip 52: Cho hinh vuéng ABCD. Liy B lam tdm, ban kinh AB, v& 1/4 dudng tron phia trong
hinh vubng. Lay AB lam duong kinh, v& 1/2 dudng tron phia trong hinh vudng. Goi P 1a diém tuy y
trén cung AC (khong tring v6i A va C). H va K 1an luot 13 hinh chiéu cta P trén AB va AD, PA va
PB cit nira duong tron lan luot & T va M.
a) Chirng minh I 13 trung diém ctia AP.
b) Chirng minh PH, BI, AM dong qui.
c) Chung minh PM = PK = AH
d) Chirng minh tr giac APMH 1a hinh thang can.
e) Tim vi tri diém P trén cung AC dé tam giac APB la déu.
Bai tap 53: Cho duong tron (O) va mot diy AB. Goi M 1a diém chinh giita ctia cung nhd AB. V& dudng
kinh MN Cit AB tai I. Goi D la mot diém thudc day AB. Tia MD cét duong tron (O) tai C.
a) Chirng minh rang ta giac CDIN ndi tiép duoc
b) Chirng minh ring tich MC. MD c¢6 gia tri khong doi khi D di dong trén day AB.

¢) Goi O' 1a tam ctia dudng tron ngoai tiép tam giac ACD. Chirng minh rang: MAB = %AE)\D :

d) Chirng minh rang ba diém A, O', N thang hang va MA 1a tiép tuyén ctia dudng tron ngoai tiép tam
giac ACD.

Bai tip 54: Cho tam giac vudng can ABC (A = 90°%), trung diém I cua canh BC. Xét mot diém D
trén tia AC. V& duong tron (O) tiép xtic voi cac canh AB, BD, DA tai cac diém twong tmg M, N, P.
a) Chirng minh rang 5 diém B, M, O, I, N nim trén mot duong tron.

b) Chtrng minh rang ba diém N, I, P th'flng hang.

¢) Goi giao diém cua tia BO voi MN, NP lan luot 1a H, K. Tam giac HNK 1a tam giac gi, tai sao?

d) Tim tap hop diém K khi diém D thay d6i vi tri trén tia AC.

Bai tip 55: Cho hai dudng tron (O) va (O") cit nhau tai hai diém A va B. Puong thing AO cit
duong tron (O) va (0" 1an luot tai C va C'. Puong thing AO' cit dudng tron (0) va (0") lan luot tai
DvaD'

a) Chirng minh C, B, D' thang hang

b) Chtrng minh ti giac ODC'O' ndi tiép

¢) Pudng thiang CD va dudng thing D'C' ¢t nhau tai M. Chimg minh ttr gidc MCBC' ndi tiép.

Bai tap 56: Tir mot diém C & ngoai duong tron ( 0) ké cat tuyén CBA. Goi 1J 1a duong kinh vudng
goc voi AB. Cac duong thang CI, CJ theo thir ty cat duong tron (O) tai M, N.

a) Ching minh rang IN, JM va AB dong quy tai mot diém D.

b) Chtng minh rang cac tiép tuyén cta duong tron (O) tai M, N di qua trung diém E cua CD.

Bai tip 57: Cho hai dudng tron ( O; R) va (O'; R") tiép xuc ngoai tai A (R >R'). Pudng ndi tim OO’
cat dudng tron (O) va (O') theo thir tyr tai B va C ( B va C khac A). EF 1a day cung cta duong tron (O)
vudng goc v6i BC tai trung diém I ciia BC, EC cit dudng tron (O') tai D.

a) Tw giac BEFC la hinh gi?

b) Ching minh ba diém A, D, F thing hang.

¢) CF cit duong tron (O’) tai G. Chirng minh ba dudng EG, DF va CI dong quy.

d) Ching minh ID tiép xtic véi dudng tron (O).

Bai tap 58:Cho du:ong tron (0) va (O’) tiép xtc ngoai tai C. AC va BC 1a duong kinh cua (O) va
(0”), DE Ia tiép tuyén chung ngoai (D € (0), E € (0’)). AD cit BE tai M.
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a) AMAB la tam giac gi?

b) Chirng minh: MC 14 tiép tuyén chung cua (O) va (O°).

c) Ké Ex, By vuéng goc voi AE, AB. Ex cit By tai N. Chimng minh: D, N, C thing hang.

d) V& cung phia cia nira mit phing by AB, v& nira dudng tron duong kinh AB va OO’. Puong
thing qua C cét hai nira dudng ton trén tai I, K. Chimg minh OI // AK.

Bai tap 59: Cho duong tron (O ; R). Pudng thing d cit (O) tai A, B. C thudc d & ngoai (O). Tir
diém chinh giita P cua cung 16n AB ké duong kinh PQ cit AB tai D. CP cit (O) tai diém tha hai I,
AB cit 1Q tai K.

a) Chirng minh tir giac PDKI noi tiép.

b) Chirng minh: CI.CP = CK.CD.

¢) Chirng minh IC la phan giac ngoai cua tam giac AIB.

d) A, B, C c6 dinh, (O) thay d6i nhung van luén qua A, B. Chirng minh rang 1Q Iuén di qua diém cd
dinh.

Bai tip 60:Cho tam giac déu ABC ndi tiép (O ; R). M di dong trén AB. N di dong trén tia ddi cua tia
CA sao cho BM = CN.

a) Puong tron ngoai tiép tam gidc AMN cét (O) tai A va D. Chimg minh rang D ¢6 dinh.

b) Tinh goc MDN.

¢) MN cit BC tai K. Ching minh DK vudng goc vi MN.

d) Pat AM =x. Tinh x dé dién tich tam giaic AMN 1a 16n nhét.

Bai tap 61: Cho (O; R). Piém M c¢6 dinh & ngoai (O). Cat tuyén qua M cét (O) tai A va B. Tiép
tuyén cua (O) tai A va B cit nhau tai C.

a) Chirng minh ti giac OACB ndi tiép dudng tron tam K.

b) Chirng minh: (K) qua hai diém cé dinh 1a O va H khi cat tuyén quay quanh M.

¢) CH cat AB tai N, I 1a trung diém AB. Chirng minh: MA.MB = MI.MN.

d) Chung minh: IM.IN = [A?

Bai tap 62: Cho ntra duong tron dudng kinh AB tdm O. C 1a diém chinh gitta cung AB. M di dong
trén cung nho AC. Liy N thudc BM sao cho AM = BN.

a) So sanh AAMC va ABCN.

b) ACMN la tam giac gi?

c) K¢ day AE//MC. Ching minh tir giac BECN 1a hinh binh hanh.

d) Pudng thang d di qua N va vudng goc véi BM. Chtng minh d lu6n di qua diém cb dinh.

Bai tap 63: Cho duong tron (O ; R), dudng thang d cat (O) tai hai diém C va D. Diém M tuy ¥ trén
d, ké tiép tuyén MA, MB. I 1a trung diém cta CD.

a) Chirng minh 5 diém M, A, L, O, B cung thudéc mot duong tron.

b) Goi H la truc tAm cia AMAB, tir giac OAHB la hinh gi?

¢) Khi M di dong trén d. Chirng minh rang AB luén qua diém c6 dinh.

d) Puong thang qua C vudng goc voi OA cat AB, AD lan luot tai E va K. Chirng minh: EC = EK.
Bai tip 64: Cho AABC cin (AB = AC) ndi tiép trong duong tron (O) vaM la diém di dong trén dudng
tron d6. Goi D 14 hinh chiéu ciia B trén AM va P 1a giao diém ciia BD véi CM.

a) Chung minh ABPM can.

b) Tim qu¥ tich ctia diém D khi M di chuyén trén dudng tron (O).

Bai tap 65: Duong tron (O ; R) cit mot duong théng d tai hai diém A, B. Tir mot diém M trén d va &
ngoai dudng tron (O) ké cac tiép tuyén MP, MQ.

a) Chirng minh rang: QMO = (j’?) va duong tron ngoai tiép AMPQ di qua hai diém c6 dinh khi M
di dong trén d.

b) Xac dinh vi tri cia M dé MQOP 13 hinh vudng?

¢) Tim quy tich tdm cac dudng tron nodi tiép AMPQ khi M di dong trén d.

Bai tip 66: Hai duong tron tam O va tam I cit nhau tai hai diém A va B. Puong thang d di qua A
cét cac duong tron (O) va (I) lan luot tai P, Q. Goi C la giao diém cua hai duong théng PO va QL.
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a) Chtrng minh rang cac tir giac BCQP, OBCI ndi tiép. .

b) Goi E, F lan luot 13 trung diém cua AP, AQ, K 1 trung diém cua EF. Khi duong thing d quay
quanh A thi K chuyén dong trén dudng nao?

¢) Tim vi tri caa d dé APQB c¢6 chu vi 16n nhét.

Bai tap 67: Cho hinh hdp chir nhat ABCDA’B’C’D’. Biét AB=4 cm; AC =5 cmva A’C =13 cm.
Tinh thé tich va dién tich xung quanh ctia hinh hdp chit nhét do.

Bai tap 68: Cho hinh 1ap phuong ABCDA’B’C’D’ ¢6 dién tich mit chéo ACC’A’ bang 25 V2 em?
Tinh thé tich va dién tich toan phan cta hinh 1ap phuong do.

Bai tap 69: Cho hinh hop chit nhat ABCDA’B’C’D’. Biét AB = 15 cm, AC’ = 20 cm va

A'AC' =60°. Tinh thé tich va dién tich toan phan ctia hinh hop chit nhat do.

Bai tap 70: Cho ling tru dimg tam giac déu ABCA’B’C’. Tinh dién tich xung quanh va thé tich cta
no biét canh day dai 6 cm va géc AA’B bang 30°.

Bai tip 71: Cho AABC déu canh a. Puong thang d vudng goc vi mat phang (ABC) tai trong tam G
cia AABC. Trén dudng thang d lay mot diém S. N6i SA, SB, SC.

a) Chirng minh rang: SA = SB = SC.

b) Tinh dién tich toan phan va thé tich cta hinh chop S.ABC, cho biét SG = 2a.

a2

Bai tip 72: Cho hinh chép tir giac déu S.ABCD c¢6 canh day 1a a va duong cao 1a —

a) Chirng minh cac mat bén cua hinh chép 1a cac tam giac déu.

b) Tinh thé tich va dién tich xung quanh ciia hinh chop.

Bai tip 73: Cho hinh chép tam giac déu S.ABC c6 canh day va canh bén déu bang a.

a) Tinh dién tich toan phan cta hinh chop.

b) Tinh thé tich ctia hinh chép.

Bai tap 74: Cho hinh chép tu gidc déu S.ABCD c¢6 chiéu cao 15c¢m va thé tich 1a 1280cm®.

a) Tinh do dai canh day.

b) Tinh dién tich xung quanh ctia hinh chop.

Bai tap 75: Mot hinh chop cut dién tich day nho 1a 75cm?, dién tich day 16n gip 4 1an dién tich day
nho va chiéu cao 14 6 cm. Tinh thé tich ctia hinh chép cut do.

Bai tap 76: Cho hinh chop tu giac S.ABCD c6 day ABCD Ia hinh vudng canh a, SA = a va SA
vudng goc véi miat phang day (ABCD).

a) Tinh thé tich hinh chop.

b) Chtrng minh ring bdn mit bén 14 nhitng tam giic vudng.

¢) Tinh dién tich xung quanh cta hinh chép.

Bai tap 77: Mot hinh tru c6 dudng cao bang dudong kinh day. Biét thé tich hinh tru la 128em?, tinh
dién tich xung quanh cta no.

Bai tap 78: Mot hinh nén c6 ban kinh ddy bang 5 cm va dién tich xung quanh bang 65xcm? Tinh
thé tich ctia hinh nén do.

Bai tap 79: Cho hinh noén cut, ban kinh day 16n bang 8 cm, dudng cao bang 12cm va duong sinh
bang 13 cm.

a) Tinh ban kinh day nho.

b) Tinh dién tich xung quanh va thé tich ctia hinh nén cut do.

Bai tap 80: Mot hinh ciu co dién tich bé mat 1a 36w cm?. Tinh thé tich ciia hinh cu do.
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