BIEN S0AN. TRAN TRUNG CHINH

CHUYEN DE

LUYEN THI VAO LGP 10

Mon ToAN

PHAN I- BAISO

@©®  TAILIEU CHUA BANG KY BAN QUYEN B
@®® iEN CHiBUC LUV HANK NQIB)! HHONG BUGC PHAT HANH.
«ee e



https://sachhoc.com

:: CHUYEN PE TOAN LUYEN THI VAO LOP 10 THPT ::.
KHAI QUAT KIEN THUC TAP HQP

1. Tap hop s tu nhién
Ky hi¢u la: N.
Phan tr cia tap hop:
N={01,2,...,n,..}
Céc ky hi¢u khac:
Tap hop s6 ty nhién c6 s6 "0":
No = { 0,12..n, }
Tap hop sb tu nhién khong chira s6 "0" 1a:
N ={1,2, ...n, ..}
Céc tinh chét cta phép cong cac s6 tu nhién:
Vdia, b, ¢ 1a cac s tu nhién, ta co:
(1) Tinh chat giao hodn: a+b=b+a
(2) Tinh chat két hop: (a+b)+c=a+ (b+c)
(3) Tinh dong nhat khi cong: a +0=0+a=a.
(4) Tinh chat phan phdi caa phép cong d6i v6i phép nhan: (b + c)a=b.a+c.a
Céc tinh chat cua phép nhan cac so6 ty nhién:
Vdia, b, ¢ 1a cac s tu nhién, ta c6:
(1) Tinh chat giao ho4n: a.b=b.a
(2) Tinh chat két hop: (a.b).c = a.(b.c) =a.b.c
(3) Tinh dong nhat khi nhan: a.1 =l.a=a
(4) Tinh chat phan phéi ctia phép nhan d6i véi phép cong: a(b + c) =a.b+a.c
2. Tap hop sé nguyén
Ky hi¢u la: Z.
Phan tir ctia tap hop:
Z={0,+1,42, ..., 4n, ..}
Céc ky hiéu khac:
Tap hop cac s6 nguyén am1a - N={-1,-2, ..., -n, ..}
Tap hop cac s6 nguyén duong 13 + N = {+1, +2, ..., +n, ...}
Cac phép toan trén sé nguyén:

Toan Cong Toan Trur Toan Nhan Toan Chia
a+t0=a a-0=a ax0=0 a_
a+ta=2a |a-a=0 axl=a 0 ”~
a+(-a)=0 |(@-(a)=2a |axa=a 3
S
ax|—|=1
a
2:1
a
a
— = -a
-1

3. Tap hop s6 hiru ty
Ky hiéu la: Q.
Phan tir ctia tap hop:

Qz{x|x:m, n= 0; m,ne/l}
n

Mot sé ky hiéu khac:
Tép hop cac so hitu ty khong am la Q..
Tap hop céc sb hitu ty duong la Q.
Cac cach bleu dién s6 hiru ty:
Biéu dién trong hé thap phan va cac hé co s0 khac.
S6 hitu ti co the 1a 6 thép phén hitu han hodc s0 thap phan v6 han tuan hoan.
Diy céc chir s lap lai trong biéu dién thap phan ctia cic s6 thap phan vo han tuan hoan dugc goi
1a chu ky.
S6 cac chir sb trong chu ky niy cé thé ching minh dugc rang khong vuot qua gia tri tuyét dbi
cuab.

Bién soan: Tran Trung Chinh Trang sb 2
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Biéu dién bang lién phan sb.
Mot s thuc 1a sé hiru ty khi va chi khi biéu dién lién phan sé cta né 13 hitu han.
4. Tap hop sb thuc
Ky hi¢u la: R
Céc ky hi¢u khac:
Tap hop s thyc khong am 1a R+
Tap hop céc sb thuc duong 1a R
Céc phép toan trén tap s thyc:
Phép cong, phép trur, phép nhan, phép chia, phép iy thira, phép logarit.
5. Tap hop s6 vo ty
Ky hi¢u la: I
Phan tir ctia tap hop:
I =R\Q

Trong toan hoc, s6 vo ti 1a s6 thuc khong phai 14 s6 hitu ty, nghia 1a khong thé biéu dién duoc
, . , % 4 , T < ~
dudi dang ti s6 e vOi a, b 1a cac sO nguyén.

Vi du:
S6 thap phan v han c6 chu ky thay doi: 0.1010010001000010000010000001...
S6 \/52 1,41421 35623 73095 04880 16887 24209 7...
S6 pi (n) = 3,14159 26535 89793 23846 26433 83279 50288 41971 69399 37510 58209 74944
59230 78164 06286 20899 86280 34825 34211 70679...
6. Cac phép toan trén tap hop:
a. Hop cua cdc tap hop: o . )
binh nghia: Hop cua tap hop A va tap hop B 1a tap hop gom tat ca cac phan tu thude it nhat mot
trong hai tap hop A va B.
Ky hi¢u: AU B
Phén tir cia A U B = {x| X € A hoic x € B}
b. Giao cua cac tiap hop: o .
Pinh nghia: Giao cta tap hop A va tap hop B 1a tap hop gom tat ca cac phan tir thudc hai tap hop
AvaB.
Ky hi¢u: An B
Phantircia ANB={x|x € Avax € B}
c. Hiéu cua cac tap hop:
Dinh nghia: Hiéu cua tdp hop A va tap hop B 1a tap hop gdm tt ca cac phan tir thude tap hop A
nhung khong thudc tap hop B.
Ky hiéu: A\ B
Phantircia A\B={x/x € Avax ¢ B}
d. Phén ciia cdc tip hop:
Dinh nghia: Néu A c B thi B\A dugc goi 1a phan bu cta tap hop A trong tap hop B.
Ky hi¢u: CaB.

Bién soan: Tran Trung Chinh Trang sb 3
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CHUYEN 191?: 2

CAN THUC
1. Can bic hai: )
Khai ni€ém: X dugc goi la can bac hai cua s6 khong am a

o Xe=a

Ki hidu: x=+/a, véia > 0.
Diéu kién x4c dinh ctia biéu thie VA 13 VA xic dinh < A>0.
Vi du:
(1) Cin bac hai cua 25 1a /25 = 45.
(2) Cin béc hai cia 12 d V12 =+2+/3.
(3) Piéu kién dé /x —2 conghialax-2>0 < x>2.

(4) Tinh /(x +3)* .
Taco: \(x+3)° =[x +3 =+(x+3)

Hay
Jx+3f =x+3 va /(x+3) =—(x+3)=-x-3

Céc phép bién ddi can thirc

JaB=VAJB, (A>0;B>0

\/7 J_, A>0;B>0)

. (5

\/le\/ﬁ, (AB20;B=0)
s

m m.(A$\/§)

AxJB A’-B
0 n(VAzB)

Ja+dB  A-B

JAz2VB =\m=2/mn+n=/(Vm=/n) =N m/1. (v6im n>0, voi

m+n=A
m.n =B
VA? =]

Luu y: V&i moi s6 thuc a, gia tri tuyét dbi cua a.
Ki hi¢u: |a]
Dinh nghia:
] = a néuax0
—-a néua<o
Dinh nghia trén cho thdy, gia tri tuyét d6i ctia a 1a mot sb khong am.
2. Can bac ba:
Ky hi€u: Can bac ba cia mot biéu thire (hodc mot sé) Ala: 3/K :
Taco: YA’ =A

Vidu:

(Bz 0; A2 % B)

. (A>0;B>0;A= B)

1) Y8=32° =2 2) 3(x-2)" =x-2

Bién soan: Tran Trung Chinh Trang s0 4
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3. Can bac cao:
Can bac chan: V41 moi sO tw nhién m, n, k > 1, ta co:

A% |
2k/A.B — zdw_zd@, (AB > 0)

24| A
zﬁ:ﬂ, (AB>0;B=0)
B 2\k/ﬂ
%A% B =|A|4/B, (B>0)
VYA ="UA, (A20)
Vi du:
(1) Cin bic 4 cua 16 1a 416 =4/2* = +2.
(2) Cin béc 4 ciia (x +2)% 2 ,4/(x+2)2 =JIXx+2,(x+2>0).

Chiy: %A c6 nghia khi A > 0.
Can bac 1é: V61 moi so tu nhién m, n, k > 1, ta co:

2K+ A2k+l _A

2k+i¢4AlB — 2K+ A.Zk%
2k+
B s
B Zk%
2k+3/A2k+l.B _ A.2k+\l/§
Vidu:

(1) Can bac 3 cua 27 1a 3/27 =3.
(2) Cin bac 3 cia (4 -x)° la §/(4-x)’ =4—x.

Chu ¥: Dbi véi can bac 16 thi biéu thirc trong ddu can khong quy dinh ddu 4m hodc duong.

Bién soan: Tran Trung Chinh Trang sb 5
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CHUYEN PE 3
HANG DANG THUC
1. Kién thirc co ban:
1.1. hing dzzlng thirc dang nho:
(a+ b) = a +2ab + b2 (Binh phuong cua mot tong)
(a b)? = a% - 2ab + b? (Binh phuwong ctia mot tong)
a’-b’= (a b)(a + b) (Hi€u hai binh phurong)
(a+ b) = a + 3a’b + 3ab” + b® (Lap phuong cua mot tong)
(a b)® = a®- 3a’b + 3ab?- b? (Lap phuong cua mot tong)
a® + b= (a+ b)(a®- ab + b%) (Téng hai 1ap phuong)
a® - b= (a- b)(a® + ab + b?) (Hiéu hai lap phuong)

1.2. Cac hang ding thirc ning cao:
(@a+b+c)?=a’+b?+c?+2ab + 2bc + 2ac
(@a+b+c)l¥=a’+b*+c*+3@+b)b+c)c+a)
a®+b3+c*-3abc=(a+b+c)@®+b?+c?-ab-bc- ca)
a"-b"=(a-b)@* +a"%b+...+ab"t + b"

(a+b)"= Cfa*b™*
=Cla" +Cra""b+C?a"’b* +...+ C<a"*b* +...+ C'"ab™ +C’b"  (Nhi
Newton)

e~k n! N
(V6i C, = W van!=1.2.34...(n-1).n)
Chay: n! doc la n giai thira.
2. Bai tap ap dung:
Bai tap 1: Phan tich hing ding thirc sau:
a) (3 - 2x)? b) (2x + 1) c) 9 - 25x2
Gii
a) (3- 2x)2 =32 23.2x + (2x)% = 9 - 12x + 4x*
b) (2x+1) = (2x) +22x1+12—4x +4x + 1
c) 9 - 25x° = 3° - (5x)> = (3 + 5x)(3 - 5%)
Bai tap 2: Phan tich hing dang thirc sau:
a) (7 +3x)° b) (9x + 2)°
Gii
a) (7 +3x)° = 7° + 3.72.3x + 3.7.(3x)% + (3x)* = 343 + 441x + 189x* + 27%°
b) (9x - 2)% = (9x)* - 3.(9x)%.2 + 3.9x.2% - 2° = 729x° - 486x° + 108x - 8
Bai tip 3: Phan tich hing dang thirc sau:
a)1-27x b) 216x° + 8
Giai
a)l-27x3=1°- (3x) = (1 - 3x)[1% + 1.3x + (3x)%] = (1 - 3x)(1+ 3x + 9x?)
b) 216x° + 8 = (6x)° + 2° = (6x + 2)[(6x)” - 6x.2 + 2°] = (6x + 2)(36X° - 12X + 4)
Bai tap 4: Pua vé dang hang ding thirc:

Q) 2 + 4x + 2 b) x* - 6x + 9
c) X%+ 12x% + 48x + 64 d) 8x3 - 12x% + 6x - 1
Giai

Q) 2 +4x + 2 =20 + 2.x.1 + 1% = 2(x + 1)?

b) x? - 6x + 9 = x% - 2.x.3 + 32 = (x - 3)°

C) X3+ 12x% + 48x + 64 =3 + 324 + 3.x. 4% + 43 = (x + 4)®

d) 83 - 12x%* + 6x -1 = (2x)* - 3.(2x)%.1 + 3.2x.1% - 13 = (2x - 1)°

Bai tap 5: Phan tich hing dang thirc sau:

a) (¢ + x + 1)° b) (x? + 2x - 3)*

Giai

Q) O+ x+1)2 =03+ X2+ 12+ 2 x+2x21+2x1 =X+ X2 + 1+ 2 + 2x% + 2x

=x*+ 23 +3¢ +2x + 1

thirc

b) (3% + 2x - 3)% = (X*)? + (2X)? + 32 + 2.X%°.2x - 2.X2.3 - 2.2x.3 = x* + 4% + 9 + 4x3 - 6x% - 12X

=x*+ 43 - 2x% - 12x + 9

Bién soan: Tran Trung Chinh Trang sb 6



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.
Bai tap 6: Tinh nhanh:

a) 2004° - 16 b) 8922 + 892.216 + 1087
c) 99° + 1 + 3(99% + 99) d) 20,03.45 + 20,03.47 + 20,03.48
Giai

a) 20042 - 16 = 2004 - 4% = (2004 - 4)(2004 + 4) = 2000.2008 = 4016000.

b) 8922 + 892.216 + 108° = 8927 + 2. 892.108 + 1082 = (892 + 108)? = 1000 = 1000000.

c) 99° + 1 + 3(99% + 99) = 99° + 3.99% + 3.99 + 1° = (99 + 1)® = 100° = 1000000.

d) 20,03.45 + 20,03.47 + 20,03.48 = 20,03(45 + 47 + 48) = 20,03.200 = 20,03.2.100 = 4006.

Bai tap 7 : Viét biéu thuc (4n+3)° —25 thanh tich
Giai
(4n+3)° —25 = (4n+3)°- 57 = (4n + 3+ 5)(4n + 3 - 5) = (4n + 8)(4n - 2)
Bai tap 8 : Chumg minh v6i moi s6 nguyén n biéu thic (2n+3)° ~9  chia hét cho 4.
Giai
Taco: (2n+3)?-9=(2n+3)*-3*=(2n+ 3 +3)(2n + 3 - 3) = (2n + 6)2n = 4n(n + 3)
Biéu thirc 4n(n + 3) ludn chia hét cho 4.
Vay (2n + 3)* - 9 chia hét cho 4.
Bai tap 9: Viét biéu thirc sau dudi dang tich
) (xry+a) -2(xry+2)(y+a)+(v+2)
b) (x+y+z)2—(y+z)2
c) (x+3)2+4(x+3)+4
d) 25+10(x+1)+(x+1)2
Giai
Q) (x+y+2z) -2(x+y+z)(y+z)+(y+2) = [(x+y+2) - (y+ I’
=(x+y+z-y-z)°=x".
b) (x+y+2)' —(y+2)’=[(x+y+2) + (y+ 2)][(x +y +2) - (Y +2)]
=(X+ty+z+y+z)(x+y+z-y-2)
= X(X + 2y + 22)
0) (x+3)° +4(x+3)+4 = (x + 3)*+ 2.(x + 3).2 + 2°
=[(x+3) +2)° = (x + 3+ 2)°
= (X +5)°
d) 25+10(x+1)+(x+1)"= 52+ 2. 5.(x + 1) + (x + 1)?
=[5+ (x+1)]°
= (5 +x + 1)
. =(x+6”
Bai tap 10: Viét bieu thirc sau dudi dang hang dang thirc:
a)(X+y+z+t).(x+y—z—t)
b)(Xx—y+z—t).(x—y—-z+t)
c) 2(3+1)(3*+1)(3" +1)
Giai
a)(X+y+z+t).(x+y—z—t) =[(x +y) + Z +)][(x +y) - (z-1)]
=(x+y)*- (-t
b)(x—y+z-t)(x—y-z+t) =[(x-y) + (Z-)] [(x-y) - (z-1)]
=(x-y)*-(z-t)°
c) 2(3+1)(3* +1)(3" +1)
=(3-1)@B+1)(F+1)(3*+1)
=(3-1)@F+1)@3*+1)

Bién soan: Tran Trung Chinh Trang sb 7
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=(3"-1@E*+1)

=3%-1

3. Bai tap tu luyén: .

Bai tap 1: Phan tich cac hing déng thirc sau:

a) (3x + 4)° b) (2x - 5) c) 49 - x*
Bai tap 2: Phan tich cac hing ding thic sau:

a) (x+y+2)° b) (y -z +1)°

c) 8x°- 125 b) 27y® + 642°

Bai tap 3: Viét cac biéu thirc sau dudi dang hang dang thic:

a) X° - 6x + 9 b) 25 + 10x + X

) x*+15x° + 75x + 125  d) x>- 9x% + 27x - 27

Bai tip 4: Viét cac biéu thirc sau dudi dang hang dang thuc:
a) X +10x +26 +y?*+2y  b)x’-2xy+2y* +2y+1

C) X*-6x+5-y -4y d) 4x2 - 12x -y + 2y + 1
Bai tap 5: Rut gon biéu thic:

a) (x +1)% - (x-1)%-3(x + 1)(x - 1)

b) 5(x - 2)(x + 2) - %(G—SX)Z 117

0) (x +y)° + (x - y)°

d) (x +y-2)°- (x-2)%- 2xy + 2yz.

Bai tap 6: Cho x + y = 7. Tinh gia tri ciia biéu thire: M = (x + y)* + 2x% + 4xy + 2y°.

Bai tp 7: Cho X - y= 7. Tinh gié tri cua biéu thirc: A = x(x + 2) + y(y - 2) - 2xy + 37.

Bai tap 8: Cho a’ + b> + ¢* + 3 =2(a + b + ¢). Chung minh ring: a=b=c = .

Bai tap 9: Ching minh rang: (10a + 5)? = 100a(a + 1) + 25.

Tir d6 hdy néu nhitng cach tinh nham binh phuong ctia mot sb tu nhién c6 tan cung bang chir s6
5.

Ap dung dé tinh: 25%; 35% 65% 75%

Bai tap 10: Tinh: A=1?—22+ 3% 4%+ ... — 2004 + 2005%

Bién soan: Tran Trung Chinh Trang sb 8
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CHUYEN DE 4
PHAN TiCH PA THUC THANH NHAN TU
1. Kién thirc cAn nhé:

Phan tich da thirc thanh nhan tir 13 mot kién thirc thudc chuong trinh Toan 16p 8. Day 1a dang
toan twong d6i phuc tap. Loai toan nay thuong duoc ap dung rong rii trong cac ky thi HSG, thi
chuyén cap, thi vao truong chuyén, ...

Céc phuong phap phan tich da thirc thanh nhan tu:
Phuong phép 1: Dung hang dang thirc dang nh.
Phuong phéap 2: Dat nhan tir chung.
Phuong phap 3: Tach hang tu.
Phuong phép 4: Ph6i hgp nhiéu phuong phap.
Phuong phéap 5: Thém va bdt cung mot hang tur.
Phuong phép 6: D6i bién sd.
Phuong phéap 7: Xét gia tri ri€éng.
Phuong phép 8: Dung hé sb bat dinh.
Phuong phap 9: Nhiam nghiém.
2. Phuong phap dung hing dang thirc ding nhé
Phuong phap:
Ném chéc 7 hang dang thire ddng nhé va cac hang dang thirc nng cao.
Nhan dang hang dang thirc v6i cac dang biéu thirc phirc tap.
Vidu:
Néu ta biét hing ding thic binh phuong ciia mot tdng 1a (A + B)? thi [(A + C) + (B - C)]? ta phai
biet.
Ha bac lliy thtra cia mot bién hodc mot sb va dua vé dang h?mg d'fmg thirc.
Thém mot chat tu duy, sang tao trong cach bién doi xuat hién hang dang thuc.
a) Bai tap ap dung:
Bai tap 1: Phan tich da thie (x + y)? — (X — y)? thanh nhén to.
Giai
(x+y)’ = (x=y)* =[(x+y) = (x=y)LIx+Y) + (x=y)]
=(X+y-x+y)x+y+x-y)
= 2y.2X = 4xy.
Bai tap 2: Phan tich a® — b® thanh nhan tu.
Giai
a6 . b6 — (a3)2 —(b3)2 — (a3 _ b3 )( a3 + b3 )
= (a—b)(a® +ab + b?)(a + b)(a® —ab + b?)
Bai tap 3: Phan tich da thirc x™ - y* thanh nhan tir.
Giai
Y= 00)7 - () = (0C + Y (¢ - y) = (0 + Y9 ¢ - Y)(C +y)
Bai tap 4: Phan tich da thirc sau thanh nhén tir: x* - 4% + 4x - 1
Giai
X A3 +Ax- 1= (X - 43 + 4x0) - (4% - 4x + 1)
=x%(x - 2)% - (2x - 1)? = [(x(x - 2) + 2x - 1][x(X - 2) - (2x - 1)]
= (-1 -4x+ 1) = (x + 1)(x - )¢ - 4x + 1)
Bai tip 5: Phan tich da thirc sau thanh nhan tir: x* - 2x° - 3x* + 4x + 4
Giai
X233 - HAx+ 4= (X% -1)%-20¢ - D(x + 1) + (x + 1)
=[(*- 1) - (x+ D) = (x + 1)*(x - 2)°
Bai tip 6: Phan tich da thirc sau thanh nhan ti: 9x° — 4
Giai
%% — 4= (3x)> = 22 = (3x=2)(3x + 2)
Bai tip 7: Phan tich da thirc sau thanh nhan tu: 8 — 27a°b°
Giai
8 — 27a°h° = 2° — (3ab®)® = (2 — 3ab%)( 4 + 6ab® + 9a’b’)
Bai tip 8: Phan tich da thirc sau thanh nhan tir: 25x* — 10x%y + y?

Bién soan: Tran Trung Chinh Trang s6 9
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Giai
25x* — 10x%y + y? = (5X° — y)?
Bai tap 9: Phén tich da thirc sau thanh nhan ti: a'® + a®b® + b'°

Giai
Ta c6 thé viét:
216 + afp8 + pl° — 318 + 22808 + b6 - g8h?
= (a® + b%)? - (a'b%)?
= (a® + b® - a%b%)( (a® + b° + ab?)
Ta lai co6:
a® + b +a'h* = (@ +b%?- (a%h?)?
= (a* + b* - a%?)(a* + b* + a%b?)
Mat khac:

a4 + b4 + a2b2 — (a2 + b2)2 _ (ab)2
= (@ + b’ - ab)(a® + b® + ah)

Do d(’), ta co:

a'®+a’h® + b'® = (@ - a%0’ + b%)(a" - a’b” + b*)(a* - ab+ bz)(a +ab + b

Bai tap 10: Phan tich da thuc sau ra thira s6: A=x* +6x° + 7x% - 6x + 1
Giai

Ta co thé viét:

A =x*+6x3+7x*-6x+1

=P +33C-x) + (3 +9x-3x) - X -3x+ 1
= X3(x% +3x - 1) + 3x(x* + 3x - 1) - (¢ + 3x - 1)

= (X + 3x - 1)
Vay A = (x* + 3x - 1)?
b) Bai tap tu luyén:

Bai tap 1: Phan tich da thuc sau thanh nhén ti: (x + y)® -
Bai tap 2: Phan tich da thie (2n + 5)% - 25 thanh nhan tu.
Bai tip 3: Phan tich da thuc thanh nhan ti: 64 - 27a%°.
Bai tip 4: Phan tich da thire thanh nhéan tu: 4(x +1)% - 25(x - 1)*
Bai tap 5: Phan tich da thire thanh nhan tu: 25(2x +3)? - 10 (4%* - 9) + (2x - 3)?
Bai tip 6: Phan tich da thuc thanh nhan ti: x*+ x* + 2x% + x +1
Bai tip 7: Phan tich da thuc thanh nhan ti: x> + 2X%y + xy? - 9x
Bai tap 8: Phan tich da thte thanh nhan tu: (a + b +c¢)*-a®- b - ¢
Bai tap 9: Phan tich cac da thac thanh nhan tu:
a)A=(@+1@+3)(a+5)(a+7)+15
b) B = 4x%y*(2x + ) + y°Z4(z - y) - 425 (2X + 2)
3. Phwong phap dat nhan tir chung
Phuong phap:
Tim nhan tir chung cta cic hé s néu c6 (UCLN cua cac hé s6) hoidc 1a nhirng don, da thirc co
mit trong tat ca cac hang tir.
Phan tich mdi hang tir thanh tich ctia nhan tir chung va mot nhan tir khac hodc nhan tir chung cua
cac bién (mdi bién chung liy sé mii nho nhat).
Nham dua vé dang:
AB+AC=A(B +0C).
AB+AC+AD=A(B+C+D).
Viét nhan tir chung ra ngoai diu ngodc, viét cac nhan tir con lai ciia méi hang tir vao trong déu
ngodc (ké ca dau cua chung).
Luuy:
Doi véi da thire thi ta c6 cach bién doi nhu sau:
Tim nghiém cua da thic (dél xing thi ¢6 thé la 1 hoac 1)
D01 vai cac da thirc bac chn thi ta chia cho x* (v6i x* khong 1a nghiém cua da thuc).
D6i véi da thie bac 1¢ thi ta nham nghiém la thuong cua udc hang tur co sO mil cao nhat va udc
cua hang tir tu do. ROi dua da thirc vé da thuc bac 16 va lam tuong tu.
Ta c6 thé ap dung thém quy tic dong nhét hé sé (chi y phai giai hé phuong trinh hodc cach khac
dé tim cac hé s cua cac da thirc):
Vi dy: Phan tich da thire: ax® + bx + ¢ = (ax + d)(x + €)
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Mot da thire bac hai co thé phan tich thanh tich cta hai da thire bac nhét.

Mot da thirc bac ba c6 thé phan tich thanh tich cua hai da thirc bac nhit va bac hai.
Céc da thirc con lai thi co thé phan tich twong tu.

Dang chung:

(a xX"+a x"'+..+ax+a ):(a xX"+a X" +..+ax+a )(a x‘+a x'+.+ax+a )
n n-1 1 0 p p-1 1 0 q q-1 1 0

(Véip+q=nvap,g,neN)
a) Bai tap ap dung:
Bai tap 1: Phén tich da thirc 14x® y — 21xy? + 28x%y? thanh nhén tu.
Giai
14x% y — 21xy” + 28x%y* = Txy.2x — Txy.3y + 7xy.4xy
= 7xy.(2x — 3y + 4xy)
Bai tap 2: Phan tich da thuc 10x(x — y) — 8y(y — x) thanh nhan t.
Giai
10x(x —y) — 8y(y —x) =10x(x—y) +8y(x—Y)
=2(X-y).5x + 2(x — y).4y
= 2(x - y)(5x + 4y)
Bai tap 3: Phan tich da thuc 9x(x — y) — 10(y — X)? thanh nhén tu.
Giai
OX(x —y) — 10(y — X)* = 9x(X — y) — 10(x — y)?
= (x=y)[9x - 10(x - y)]
= (x=y)(10y - x)
Bai tap 4: Phan tich da thirc sau thanh nhan ti: 2x(y — z) + 5y(z -y )
Giai
2X(y —2) +Sy(z-y) = 2(y - 2) - Sy(y - 2) = (y - 2)(2 - 5Y)
Bai tap 5: Phan tich da thirc sau thanh nhan t: x™ + x™
Giai
X"+ XM= x™ (63 + 1) = Xx"(x+ 1) — x + 1)
b) Bai tap tu luyén:
Bai tap 1: Phan tich da thie x° - 2X° + x thanh nhan t.
Bai tap 2: Phan tich da thirc 5x°y°® —25x°y* +10x>y® thanh nhan tur.
Bai tap 3: Phan tich da thirc 5(x - y) - Y(X - y) thanh nhan tir.
Bai tap 4: Phan tich da thirc 15x* —10xy? +5x°y* thanh nhan tu.
Bai tap 5: Phan tich da thirc xt(z - y) - yt(y - z) thanh nhan ti.
3. Phwong phap nhém hang tir
Phuong phap:

Dung céc tinh chét giao hoan, két hop cta phép cong cac da thirc, ta kép hop nhitng hang tir cua
da thirc thanh tirng nhom thich hop, roi dung cac phuong phép khac phan tich nhan tir theo timg
nhém va phan tich chung ddi v&i cac nhom.

Lya chon céac hang tur “thich hop” dé thanh lap nhom nhim 1am xuét hién mot trong hai dang
sau hodc 1a dat nhan tir chung, hodc 1 ding hang ding thirc.

Thong thuong ta dwa vao cac mdi quan hé sau:

Quan hé giira cac hé sb, giita cac bién cua cac hang tir trong bai toan.
Thanh 1ap nhom dya theo mbi quan h¢ do, phai thoa man:

M&i nhém déu phan tich dugc.

Sau khi phan tich da thirc thanh nhan tr & mdi nhom thi qua trinh phan tich thanh nhan tir phai
tiép tuc thuc hién duoc nira.

Dang bai toan:

AB+AC+EB+EC=(AB+AC)+(E.B+F.C)
=A(B+C)+E(B+C)
=(B+C)(A+E)

a) Bai tap ap dung:

Bai tap 1: Phan tich da thirc x* — Xy + X —y thanh nhén tu.

Giai
X2 =Xy +X—y=(X*—xy) + (X —Y)
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=X(x-y) +L(x-y)
= (X-y)(x+1)
Bai tap 2: Phan tich da thirc x> — 2x + 1 — 4y? thanh nhén tir.
Giai
X2—2x+1—4y? = (x> —2x + 1) — (2y)?
= (x—1)* - (2y)*
=(x-1-2y)(x-1+2y)
Bai tap 3: Phén tich da thirc x> — 2x — 4y? — 4y thanh nhén tir.
Giai
X2 —2X—4y? — 4y = (C—4y*) + (- 2x— 4y)
= (X +2y)(x—2y) - 2(x + 2y)
=(x+2y)(x—-2y-2)
Bai tip 4: Phan tich da thirc sau thanh nhén ti: P= x* +x* +2(m—1)x* +mx +m?.
Giai
P=m? +m(2x2 +x)+x“+x3—2x2

2
—m?2m| 2+ 2 | xt et X X _9
2 2 4 4

{ooee3] 3]
2 2

:(m+x2+2x)(m+x2—x)

Bai tap 5: Phan tich da thte sau thanh nhan tir: 2X° — 3x% + 2x — 3
Giai

23— 3%+ 2x—3= (2 +2X) — (3% + 3)

= 2x(¢¢ + 1) = 3(x% + 1)

= (X +1)(2x-3)
Bai tap 6: Phan tich da thuc sau thanh nhén tir: x> — 2xy + y* — 16

Giai

X2 —2xy + Y2 —16 = (x—y)? - 4°

=(x-y-4)(x-y+4)
b) Bai tap tu luyén
Bai tap 1: Phan tich da thirc xy + xz + 3y + 3z thanh nhan tu.
Bai tap 2: Phan tich da thirc x* - 4x* + 4x - 1 thanh nhan tu.
Bai tap 3: Phan tich da thirc x°y* + 1 - y* - x* thanh nhan tir.
Bai tap 4: Phan tich da thirc a® + b® - a - b thanh nhan tur.
Bai tap 5: Phan tich da thirc a® + a’b - ab? - b® thanh nhén tu.
4. Phwong phap tach hang tir
Phuong phép:
Tach hang tir thanh nhiéu hang t&r nham:
Lam Xuat hién hing dang thire hi€u cua hai binh phuong hodc hiéu cua hai hang tur la a"-b".
Lam Xuat hién cac hé s6 & mdi hang tir ty 18 véi nhau, nhd d6 lam xuét hién nhan tir chung.
Lam xuat hién hiang dang thic va nhan tir chung.
Viéc tach hang tir thinh nhiéu hang tir khac la nham lam xuét hién céc phuong phap da hoc nhu:
Dat nhan tir chung, dung hang dang thic, nhom nhiéu hang tir 1a viéc lam hét sic can thiét d6i
voi hoc sinh trong giai toan.
Chay:
Pé phan tich da thirc dang tam thirc bac hai: ax® + bx + ¢, (a # 0) thanh nhén tu.
Ta tach hang tir: bx = bix + byX sao cho bib, = ac
Pdi v6i da thuc f(x) c6 bac tu ba tro Ién, dé lam xuét hién cac hé s ti 1€, tuy theo déc diém cua
cac hé sb ma ta c6 cach tach riéng cho phil hop nham dé van dung phuong phap nhém hoic hang
déng thirc hodc dat nhan tu chung.
Phuong phéap chung:
Budc 1: Tim tich ac, rdi phan tich a.c ra tich ctia hai thira sb nguyén bang moi cach:

da.C = a1.C; =a2.C, = az.C3=... =aj.Ci=
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Budc 2: Chon hai thira s ¢6 tong bang b, chang han chon tich:
a.C = a;.Ci vOi b = aj + C;
Budc 3: Tach bx = ajX + CiX.
Tir d6 nhom hai s6 hang thich hop dé phan tich tiép.
a) Bai tap ap dung:
Bai tap 1: Phan tich da thirc f(x) = 3x® — 8x + 4 thanh nhén tu.
Giai
Cach 1 (tach hang tir 3x%)
32 —8X+4=4x—8x+4—X
= (2x—2)? =X
=(2x—2-X)(2x—2 +X)
=(x—=2)(3x-2)
Cach 2 (tach hang tu : — 8x)
3x°—8x+4=3x"—6x—2x + 4
=3x(x-2)-2(x-2)
=(x-2)(3x-2)
Céch 3 (tach hang tir : 4)
3 -8x+4=3x"-12-8x+16
=3(x*-2%)—8(x-2)
=3(x-2)(x+2)-8(x-2)
=(x-2)(3x+6-18)
=(x-2)(3x-2)
Bai tap 2: Phan tich da thuc — 6x? + 7X — 2 thanh nhan ti.
Giai
B+ TX—2=—6X* +4X +3x -2
= (- 6x% + 4x) + (3x - 2)
=-2X(3x—2) + (3x — 2)
=(Bx-2)(-2x+1)
Bai tip 3: Phan tich da thtc sau ra thira so: n’—7n+6
Giai
n-7n+6=n"-n-6n+6
=n(n*-1)-6(n—1)
=n(n-1)(n+1)-6(n-1)
(n—1)[n(n +1) - 6]
(n—1)(n*+n-6)
(n—1)(n*—2n+ 3n—6)
=(n-1)(n(n-2) +3(n-2))
=(n-1)(n-2)(n+3)
Bai tap 4: Phan tich da thirc x* — 30x® + 31x — 30 thanh nhén tt.
Giai
Ta c0O cach tach nhu sau:
x* - 30x% + 31x — 30 =x* +x — 30x” + 30x — 30
=x(¢ +1) = 300¢ —x + 1)
= x(x + 1) —x + 1) = 30(x* — x + 1)
= (x> —x + 1)(x* + x — 30)
= (x* —x + 1)(x = 5)(x + 6)
Bai tip 5: Phan tich da thirc A = 9x” - 10x + 1 thanh nhén t.
Giai
Céch 1: Tach hang tir "bac nhat", 1am xudt hién hai tich c6 hai nhan tu chung:
A=9%%-9x-x+1=(9%-9x) - (x- 1)
=Ox(x-1)-(x-1)=(x-1)(9% - 1)
Céch 2: Tach hang tur bac hai thanh:
A=10x"-10x - x* + 1
= (10x? - 10x) - (3% - 1) = 10x(x - 1) - (x + 1)(x - 1)
=(X-D[10x- (x+1)] =(x-1)(9x - 1).
Bai tip 6: Phan tich da thirc A = x" + x* + 1 thanh nhan tir:
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Giai
A= +2¢8+1-X=0C+1)*- ¥ = -x+ 1) +x+1)
Bai tip 7: Phan tich da thire A = 2(x* + X - 5)% - 5(x* + x) + 28 thanh nhan tur:
Giai
A=2(+x-5)%-50¢+x-5)+3
=20 +x-5)%-2(*+x-5)-30¢+x-5)+3
=[2(x2+x-5)2-2(x2+x-5)]-[3(x2+x-5)-3]
—2(x +X- 5)[(x +x-5)-1]-3[(* +x - 5) - 1]
=(C+x- 6)(2x +2X - 13) (X - 2)(x + 3)( 2x% + 2x - 13)
Cht y: Ta c6 thé dat an phy: y = x° +X 5.Khidé A=2y*-5y+3
Bai tap 8: Phén tich da thirc f(x) = 3x® + 8x + 4 thanh nhén tir.
Hudng dan
Phan tichac =12 =3.4 = (-3).(-4) = 2.6 = (-2).(-6) = 1.12 = (-1).(-12)
Tich cta hai thira s6 c6 tong bang b = 8 1a tich a.c = 2.6 (a.c = a;.C;).
Téach 8x = 2x + 6x (bx = ajx + Cix)
Giai
Céch 1: Tach hang tur bx.
3 +8x+4 =3x%+2x+6x+4= (3 +2x) + (6x + 4)
=X(3x +2) +2(3x + 2)
= (x+2)(3x +2)
Céch 2 (tach hang tir bac hai ax®)
Lam xuét hién hiéu hai binh phuong;
f(X) = (4% +8x+4) —x* = (2x +2)2 =X’ = (2x + 2 = X)(2x + 2 + X)
=(x+2)(3x+2)
Téch thanh 4 s6 hang rdi nhom :
f(X) = 4x% — X2 + 8x + 4 = (4X% + 8X) — (X* —4) = 4x(X + 2) — (X — 2)(x + 2)
=(X+2)(3x +2)
f(x) = (12x* + 8X) — (9% —4) = ... = (x + 2)(3x + 2)
Céch 3 (tach hang tr tu do "c"
Tach thanh 4 s6 hang rdi nhém thanh hai nhom:
f(x) =3x° +8x + 16— 12 = (3x* — 12) + (8x + 16) = ... = (x + 2)(3x + 2)
Céch 4 (tach 2 sb hang, 3 s hang)
f(x) = (3%% + 12x + 12) — (4x + 8) = 3(X + 2)* — 4(x + 2) = (X + 2)(3x — 2)
f(X) = 0 +4x+4) + (2 +4x)=...=(x + 2)(3x + 2)
Céach 5 (nhAm nghiém)
Chu ¥: Néu f(x) = ax® + bx + ¢ c6 dang A? + 2AB + C thi ta tach nhu sau:
f(x) = A2+ 2AB +B?-B?+C = (A +B)’- (B*-C)
Bai tap 9: Phan tich da thirc f(x) = 4x® - 4x - 3 thanh nhén tu.
Huéng dan
Ta thiy 4x* - 4x = (2X)? - 2.2x. Tir d6 ta cin thém va b6t 12 = 1 dé xuat hién hing ding thirc.
Giai
f(x) = (4x* —4x + 1) —4 = (2x— 1)* = 2* = (2x - 3)(2x + 1)
Bai tap 10: Phan tich da thirc f(x) = 9x° + 12X — 5 thanh nhan tir.
Giai
Cach 1: f(x) =9x%—3x+ 15x— 5= (9x* — 3x) + (15x — 5)
= 3x(3x -1) + 5(3x — 1)
=(3x-1)(3x +5)
Cach2: f(x) =(9x*+12x+4)—9=(3x +2)*—3%= (8x — 1)(3x + 5)
Bai tap 11: Phan tich da thirc sau thanh nhan tu: 2X% - 5xy + 2y*

Giai
Phan tich da thirc nay tuong tw nhu phan‘tich da thuc : f(x) = ax® + bx + c.
Ta tach hang tu thir 2 :
2X% - Bxy + 2y% = (2X° - 4xy) - (XY - 2y7) = 2X(X - 2y) - Y(X - 2y).
b) Bai tap tu luyén:

Bai tap 1: Phan tich da thirc x* - 5x + 6 thanh nhan tir.
Bai tip 2: Phan tich da thirc 3x* - 16x + 5 thanh nhan tir.
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Bai tap 3: Phan tich da thirc 8x* + 30x + 7 thanh nhan tir.
Bai tap 4: Phan tich da thirc 6x° - 7x - 20 thanh nhén tir.
Bai tap 5: Phan tich da thirc x® - 5x° + 8x - 4 thanh nhan ti.
5. Phwong phap phdi hop nhiéu phwong phap
Phuong phap:
La su két hop giita cic phuong phap nhoém nhiéu hang tir, dit nhan tir chung, dung hing ding
thirc, tach hang tu.
Biét k¥ thuat nhan biét dang dé dé biét cach ap dung phwong phép nao.
a) Bai tap ap dung:
Bai tap 1: Phan tich da thirc x* — 9x° + x* — 9x thanh nhén tu.
Giai
X' -0+ X2 —9x =x(x* - 9x% +x-9)
=X[(¢ - 9%*) + (x-9)]
= x[¥* (x—9) + 1.(x— 9)]
= x(x — 9)(x* + 1)
Bai tap 2: Phan tich da thie A = (x + y + z)* — X* — y* — 7% thanh nhan tu.
Giai
—(x+y+z) -y -7 -[(x+y)+z] ~X —y3 z
=(x+y)’ +23+3Z(X+Y)(X+y+2) X -y’ -7’
=[(x+¥)* =X =y’ [+ 32(x + y)(x + y +2)
= 3xy(x +y) + 3(x + Y)(xz + yz + 2*)

=3(x +y)(Xy + Xz +yz + 7%)
=3(x+y)(y +2)(x +2)
Bai tap 3: Phan tich da thuc A = (a - b)> + (b - ¢)® + (c - @) thanh nhén tu:
Giai

Cht y: Néu: m+n+ p =0 thi m® + n* + p = 3mnp.
Nhan théy (a-b)+ (b ¢) + (c - a) = 0 nén ta c6 ngay:
A=(@-b)®+{b-c)P+(c-a)P°=3@-b)b-c)c-a).
Bai tip 4: Phan tich cac da thirc sau thanh nhan tur: 3xy2 —12xy + 12X
Giai
3xy? — 12xy + 12x = 3x(Y? — 4y + 4) = 3x(y — 2)°
Bai tip 5: Phan tich cac da thirc sau thanh nhan tur:
3%y — 6x%y — 3xy® — Baxy’ — 3a’xy + 3xy = 3xy(X* — 2y — y* — 2ay —a’ + 1)
= 3xy[(x* - 2x + 1) - (y° + 2ay + )]
= 3xy[(x - 1)° - (y +a)’]
=3xy[(x-1) - (y +a)]l(x-1) + (y + a)]
=3xy(x-1l-y-a)(x-1+y+a)
b) Bai tap tu luyén:
Bai tap 1: Phan tich da thirc x> + 6x° + 9x thanh nhan tir.
Bai tap 2: Phan tich da thirc A = 2x” - 3xy + y? - X - 1 thanh nhan tu:
Bai tap 3: Phan tich da thirc A = 8x” - 2% - 3%? - 2x - 1 thanh nhan tir.
6. Phuwong phap thém va b6t m¢t cung mgt hang ti:
Phuong phép:
Phuong phap thém va bot cung mot hang tur nham st dung phuong phap nhom dé xuit hién
dang dat nhan tir chung hodc dang hang dang thurc.
Déi véi phuong phap nay mudn nam chic thi cach t6t nhat 13 1am that nhiéu bai tap, chir khong
c6 dang tong quét.
Luu y: Ddi voi toan phan tich da thirc thanh nhan tir "giam dan s6 mii ctia lity thira":
x3™2 4+ x3™1 + 1 thi déu chtra nhan tir x> + X + 1.
Do d6 khi phén tich thi phai chi ¥ lam xuét hién dang x* + x + 1 va cac dau "+" ¢6 thé thay
bang dau "-".
a) Bai tap ap dung:
Bai tap 1: Phan tich da thirc x* + x* + 1 thanh nhén tu.
Phan tich:
Tach x? thanh 2x*— x* : (lam xudt hién hing déng thirc)
TacoxX* + X +1=x*+2¢+1-x% = (X" + 2¢ + 1) - X
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Thém x va bét x: (Iam xuat hién hing dang thirc va dat nhan tir chung)
Taco X  +x2+1=x'—x+xX2+x+1=(X*"—x) + (¢ + x + 1)
Giai
XX+l =x o x+ X+ x+1
=X =)+ (¢ +x+1)
=xX(X—= 1) +x+ 1) + (X +x + 1)
=+ x+ 1) —x+1)
Bai tap 2: Phan tich da thirc x° + X* + 1 thanh nhén tu.
Céch 1: Thém X va b6t x* (lam xut hién hing ding thirc va dat nhan tir chung)
Giai
XCHxt+1l =x+x+x3 3 +1
=+ )+ (1-)
= X303+ x + 1)+ (1 —x )G+ x + 1)
=P+ x+1)C-—x+1)
Cach2: Thém x* X%, x vabét x°, x4, x  (lam xuét hién dat nhan tir chung)
Giai
XX +1 =+ X+ 3+ -+ x—x+1
=CHXA )+ (X=X —x)+(C+x+1)
=X+ X+ 1) —XxOC + x+ 1)+ (¢ +x+ 1)
=(C+x+1)C—x+1)
Chl y: Cac da thie co dang x* + X2 + 1, + x + 1, X + xX* + 1, x" + X° + 1,....; tdng quat nhitng
da thirc dang x*™2 + 3™ + 1 hoac x* — 1, x® — 1 déu ¢6 chira nhén tir x> + x + 1.
Bai tap 3: Phan tich da thuc x* + 4 thanh nhan ti.
Goiy: Thém 2x* va b6t 2x°: (1am xuét hién hing déng thirc)
Giai
XHa=x + 43 +4 — =0+ 22— (2¥)° = (0 +2-2X)( X2 + 2 + 2X)
Bai tap 4: Phan tich da thie x* + 16 thanh nhan tir.
Giai
Céch 1: x* + 4 = (x* + 4x% + 4) — 4%
=+ 22— (2X)% = (¢ —2x + 2)(X% + 2x + 2)
Cach2: x* +4=(x"+2x + 2x22 — (23 + 4% + 4X) + (2% + 4x + 4)
= (= 2x + 2)(X* + 2x + 2)
Bai tap 5: Phan tich da thuc x° + X - 1 thanh nhén ttr
Giai
Cach1:xX+x-1  =x-x*+xX+x'- X +x2-x¥+x-1
=X -x+1) - X20¢ -x+1)- (¢ -x+1)
= (- x+ 13- % -1).
Céach 2: Thém va bt x°;
XCAX-1=X+ X - X +x-1=xX0C+1) - (C-x+1)
= (- x+ DX +1)-1] = (x* - x + 1) - x* - 1).
Bai tap 6: Phan tich da thirc x” + X + 1 thanh nhan ti.
Giai
X'+ +1=x —x+ X +x+1=x(C=1)+ (¢ +x+1)
=x(C =10 + 1) + (+ x + 1)
=x(OC+ D)X -DOE+x+ 1)+ (xX*+x+1)
= (¢ +x+1)0C-x =% -x+1)
Luuy:
Cac da thie dang x3™ "1 +x¥ "2+ 1 nhu x’ + x* + 1, x* + X° + 1 déu chtra nhéan tir [ x° + x + 1.
Bai tip 7: Phan tich da thirc 4x* +81 thanh nhan tir.
Gidi
Ta thém va b6t vao da thirc 4x* +81 hang tir 36x’ ta co:
4x* +81 = 4x* +36x% +81 -36x% = (2x*+9)% — (6X)? = (2x2 +6x +9)(2x2 —6x+9)

Nhan xét: Trong trudong hop nay dung cho da thire ¢ hai hang tir.
Bai tip 8: Phan tich da thirc x° + X -1 thanh nhan tir.
Giai
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Ta thém b6t x*, x°, X% nhu sau:
XCHx-1=x+x* 3+ x-x - -x+x-1

=0 -x )+ (- ) - (P -x+1)

=X -x+ 1) + X0 -x+1)- (¢ -x+1)

= (X -x+1)C+x-1)
Bai tap 9: Phan tich da thirc sau thanh nhan t: A=a'® +a° + 1

Giai
A:Z(a1°+a9+a8)+(a7+a6+a5)+(a5+a4+a3)+(a2+a+ 1)-@+a+a)-@+a +a")-(a
+a°+a)
—a'@+a+l)+a’(@+a+l)+a‘(@+a+1)-a'@+a+l)-a‘(@®+a+1)-a@+a+1)

b) Bai tap tu luyén:
Bai tap 1: Phan tich da thirc A = x” + x* + 1 thanh nhan ti.
Bai tap 2: Phén tich da thirc A = x> + x* + 1 thanh nhan ti.
Bai tap 3: Phan tich da thic A =x’ + x° + 1 thanh nhén tir.
Bai tap 4: Phan tich da thirc A = x® + x” + 1 thanh nhan ti.
Bai tap 5: Phan tich da thuc A = x> + X' - 1 thanh nhan tir.
7. Phwong phap doi bién so (dit an so phu):
Phuong phép:
Phuong phéap nay thudng dung dé dua mot da thic bac cao vé da thirc co bac thip hon. Phuong
phap nay khong ¢ cong thirc tong quat.
Trong phuong phap ndy, c6 truong hop dic biét khi phan tich: Phén tich da thirc déi xtng thanh
nhan tu.
Luu y:
Céch giai mot s6 phuong trinh.
Can str dung thém phuong phap thém bét hang tir.
Khi phén tich da thirc di ximg bac chin thanh nhén ti thi ta chia cho da thie d6 cho x° (hay la

3

dat x* 1am nhan t&r chung), nhém hai hang tu thich hop rdi dat n phu cho X + 1 :
X

Céc da thue d6i xtng bac 16 udn c6 nghiém 1a - 1.
Phén tich da thire d6 thanh hai nhan tir 13 (x + 1) va nhan ti thir 2 1a da thire dbi xang bac chin.
Dé phan tich hét da thuc thi phan tich da thirc thi hai theo tong quat da thirc dbi ximg bac chén.
Phuong phap nay dung dé don gian hon cac biéu thirc va dwa biéu thirc vé dang gon hon.
a) Bai tap ap dung:
Bai tap 1: Phan tich da thirc A = x* + 4x® + 5x* + 4x + 1 thanh nhan tir.

Giai
(Pay la da thirc dbi xtmg bac chin)
Nhan thiy x = 0 khong 1a nghiém cta da thirc trén. Ta dit x? lam nhén t chung. Khi do:

A:x{x2+i2+4(x+lj+5}
X X
bat:y = X—i—1

X

2
=y =(X+£J X424+ 4
X X

=y —2=x2+i2
Ldc nay:
A=x(y* + 4y +3)
=x(y+3)(y+1)
= XZ(X+1+3J[X+£+1JZ(X2+3X+1)(X2 +x+1)
X X

Bai tap 2: Phan tich da thire x° + 5x* + 2x° + 2x* + 5x + | thanh nhan tir.
HD: Day la da thirc doi xtirng bac 1€. Ta dat nhan tir (x + 1) va nhan tir con lai 1a da thue bac chan
thi 1am tuong tu.
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Bai tap 3: Phan tich da thirc sau thanh nhan tu: x(x + 4)(x + 6)(x + 10) + 128
Giai
Ta c: X(X + 4)(x + 6)(x + 10) + 128 = (x* + 10x)(X* + 10x + 24) + 128
Pat x* + 10x + 12 = y.
Da thuc da cho co dang:
(y-12)(y + 12) + 128 = y* - 16
= (y + 4)(y - 4) = (6 + 10x + 16)(x* + 10x + 8)
= (X + 2)(x + 8)(x* + 10x + 8)
Nhan xét: Nho phuong phép doi bién ta dd dua da thirc bac 4 ddi voi x thanh da thie bac 2 d6i
vOly.
Bai tip 4: Phan tich da thiuc sau thanh nhan t: A = x* + 6x° + 7x? - 6x + 1.
Giai
Céch 1. Gia st x # 0. Ta vié da thu'c dudi da ng:

A:xz[x2 +i2+6(x—1j+7j
X X

Dit X—E:y:>x2+i2:y2+2.
X X
Do do:
A =Xy’ +2+6y+7) =x(y +3)° = (xy + 3x)°

= {x(x—ijﬂ’,x} :(x2 +3X —1)2 = (%* +3x - 1)

X

Dang phan tich nay cung dung voix =0.
Cach2. A=x*+6x3 - 2x* + 9x% - 6x + 1 = x* + (6X° -2x%) + (9x% - 6x + 1)
=x*+ 2x%(3x - 1) + (3x - 1) = (* + 3x - 1)2.
b) Bai tap tu luyén:
Bai tap 1: Phan tich cac da thirc sau thanh nhan tur: X(x + 4)(x + 6)(x + 10) + 128
Bai tip 2: Phan tich cac da thirc sau thanh nhan tir: (X° + 4x + 8)? + 3x(X* + 4X + 8) + 2X°
Bai tap 3: Phan tich cac da thirc sau thanh nhan ti: (X° + X)? + 4x% + 4x - 12
Bai tap 4: Phan tich cac da thirc sau thanh nhan tir: x* + 2Xy + y? + 2x + 2y - 15
Bai tap 5: Phan tich cac da thirc sau thanh nhan tir: (¢ + > + z2)(X + Y + 2)? + (Xy + yz + zX)?
8. Phuwong phap xét gia tri riéng:
Phuong phap:
Trude hét ta xac dinh dang céc thura s6 chira bién cua da thuc, rdi gan cho cac bién céc gia tri cu
thé d€ x4c dinh thira sb con lai.
Dbi véi cac bai toan dang nay thi ta ludn nhan biét su gibng nhau vé vai trd cia cac bién trong
biéu thuc.
Cach giai thuong dung 1a sir dung phuong phap 1y luan vai tro ciia mot bién so vé6i cac bién con
lai.
a) Bai tap ap dung:
Bai tdp 1: Phan tich da thuc sau thanh nhan tir: P = X2 (y - X) + y*(z - X) + Z4(x - Y)
Giai
Gia st thay x boi y thi P =y*(y - 2) + Y*(z - y) = 0
Nhu vay P chira thira s6 x - .
Ta lai thdy néu thay x boi y, thay y bdi z, thay z boi x thi P khong d6i (ta néi da thirc P co thé
hoan vi vong quanh boi cac bién x, y, z. Do d6 néu P di chira thira s6 x - y thi ciing chira thira s6
y-2,7-X
Vay P phai c6 dang: P = k(x - y)(y - 2)(z - X).
Ta thay k phai 1a hang s6 (khong chira bién) vi P c6 bac 3 ddi voi tap hop céc bién x, y, z con tich
(X - Y)(Y - 2)(z - x) ciing c6 bac ba ddi voi tap hop cac bién x, y, z. Vi dang thic:
X2 (y - %) + YAz - X) + 2(x - y) = k(X - Y)(Y - 2)(2 - X).
ding v61 moi x, y, z nén ta gan cho céac bién x, y, z cac gia tri riéng.
Chénghanx=2,y= 1,z=0.
Ta dugc k=-1.
b) Bai tap tu luyén:
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Bai tap 1: Phan tich da thuc sau thanh nhan ti:
Q=a(b+c-a’)?+b(c+a-h?+cla+hb-c)’+@+b-c)(b+c-a)c+a-h)
Bai tap 2: Phan tich c4c da thie sau thanh nhan tua:
M = a(m - a)? + b(m - b)> + ¢(m - ¢)® - abc, véi2m=a + b+ c.
Bai tap 3: Phan tich da thuc sau thanh nhan tu:
A=(a+b+c)(ab+ bc +ca) - abc
B =a(a + 2b)* - b(2a + b)®.
C:ab(a+b)-bc(b+c)+ac(2a-c)
D = (a+bh)@ - b% + (b +c)(b?- c?) + (c + a)(c® - a?)
E =a’c-b?) +b3@a-c? +c3(b - &%) +abc(abe - 1)
F=a(b-c)®+b(c-a)?+c(a-b)
G = a’b’(a- b) + b’c?(b - c) + a’c’(c - a)
H=a%b-c)+b*c-a)+c'@a-h)
9. Phuwong phéap dung hé so bat dinh:
Phuong phép:
Gia str da thuc f(x) = ax’ +bx +cco nghiém m, n thi da thirc s€ duoc viét lai:
f(x) = ax* + bx + ¢ = a(x - m)(x - n)
Sau d6 dong nhat hé s6 ca hai vé ctia phuong trinh, tirc 14 giai hé phuwong trinh hodc nham dé tim
hé s6 thi ta s& tim dugc cac hé sé m, n.
a) Bai tap ap dung:
Bai tap 1: Phan tich da thuc sau thanh nhén tir: A = 3x% + 4x + 1
Giai
Gid su a va b 1a hai nghiém cua da thac trén. Khi do, ta viét lai nhu sau:
3% +4x+1=3(x-a)x-b)
< 3% +4x +1=3x" + x(-3b - 3a) + 3ab
Déng nhét hé sb ta duoc:
4
{—3a—3b=4 atb=—- |a=-1
S
1=23ab a 1 b=-=

Vay A=3x"+4x+ 1= 3(x+1)(x+%j =(x+1)(3x+1).

Bai tap 2: Phan tich da thirc sau thanh nhan ti: x* + 6x% + 7x% + 6x + 1
Giai
Nhan thiy da thirc trén khong c6 nghiém hitu ty. Do d6 ta s& phén tich da thire trén thanh tich
cua hai da thirc bac hai.
X!+ 63+ 7X° + 6x + 1= (X +ax+ 1)(x* + cx + 1)
Str dung phuong phap dong nhat hé so, ta co:
X6+ T+ 6x+1= (¢ +x+1)(X*+5x+1)
Bai tap 3: Phan tich da thirc sau thanh nhén ta: x* - 3x3 - X2 - 7x + 2.
Giai
Nhén ‘ghéy cac sO +1, +2 déu khong 1a nghiém cua da thic, nén C khong c6 nghiém hiru ti. Nhu
vay, néu da thuc C phan tich duge thanh nhan tr thi phai c6 dang.
(X +ax +b)(x* + cx +d) = x* + (a+c)x’ + (ac + b + d)x” + (ad + bc)x + bd.
Dong nhat cac hé so cua da thirc nay véi da thice da cho, ta duge hé phuong trinh:
atc=-3
ac+b+d=-1
ad+bc=-7
bd =2
Giai h¢ nay ta tim dugc (a; b; c; d) = (1; 2; -4; 1).
Vay da thie da cho dugc phén tich thanh: (x% + x + 2)(x* - 4x + 1).
Da thirc nay khong phan tich thanh nhén tir thém dugc nira.
Bai tip 4: Phan tich da thirc sau thanh nhan tir: x* - 6x° + 12x% - 14x - 3
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Giai
Ta lan luot thir cic nghiém #+1; +3 khong la nghiém ciia da thiec , da thirc khong cé nghiém
nguyén ciing khong c6 nghiém hitu ty . Nhu vay da thirc trén p hén tich dugc thanh nhan tur thi
phai c6 dang:
0 + ax + b)(¢ + cx + d) = x* +(a + ¢)x® + (ac+b+d)x? + (ad+bc)x + bd
‘ , , =x*-6x% +12x* - 14x + 3.
Dong nhat céc h¢ so ta dugc:
Xétbd=3voib,de Z be {1, £3} Voib=3thid =1, h¢ diéu kién trén trd thanh
at+tc=-6
ac=38 = 2c=-14-(-6) = -8.
a+3c=-14

Dodoc=-4,a=-2.
Vay x* - 6X° + 12x% - 14x + 3 = (x* - 2x + 3)(x* - 4x + 1).
b) Bai tap tu luyén:
Bai tip 1: Phan tich cac da thirc sau thanh nhén tir: 4x* + 4x% + 5x% + 2x + 1
Bai tap 2: Phan tich cac da thirc sau thanh nhan tu:
C=3x%+22xy + 11x + 37y + 7y* + 10
D=x"-7x+14x*- Tx + 1
E=x"-8x+63
10. Phwong phap nhim nghié¢m (thém):
Phuong phap:
Dinh li:
Néu f(x) c6 nghiém x = a thi fla) = 0.
Khi d6, f(x) c6 mdt nhan tir 1a x - a va f(x) co thé viét dudi dang f(x) = (x - a).q(X)
Nhu vay da thire f(x) s€ ¢6 nhan tir la (x - ).
Luc d6 tach cac sb hang cua f(x) thanh cac nhém, mdi nhém déu chira nhan tir 1a x — a.
Luu y:
Phuong phap nay chi 4p dung nhiéu cho da thirc c6 hé s6 nguyén:

P(X) = aX" + anaX™ + ... + arx + ao.
Hé qua 1: Néu f(x) c6 tdng cac hé sb bang 0 thi f(x) c6 mot nghiém 1a x = 1. Tir d6 f(x) c6 mot
nhan tirla x — 1.
Hé qua 2: Néu fi(x) co téng cac hé sb cua cac luy thira bac chin bang tong cac hé sb cua cac luy
thira bac 1€ thi f{x) c6 mot nghiém x = —1. Twr d6 f(x) c6 mot nhan tr la x + 1.

)

£(1) s
a—1 a+1

Hé qua 3: Néu f(x) c6 nghiém nguyén x = a va f(1) va f(—1) khéc 0 thi déu 1a sb

nguyén.
Nguoi ta da ching minh nghiém cua da thuec:

P(X) = aX" + anaX™ + ... + arx + ao.
La nghiém cua hang tur tu do ag.

p

Nguoi ta cling chirng minh dugc nghiém cua da thirc ¢c6 dang X ==, trong d6 p 1a udc cua ap va
q

q la udc cia hang tur cao nhét a,.
a) Bai tap ap dung:
Bai tap 1: Phan tich da thuc f{x) = x> + X* + 4 thanh nhan tu.
Giai
Lan luot kiém tra v6i x =+ 1, + 2, 4, ta thdy (—2) = (-2)° + (-2)* + 4 = 0. Pa thirc f{x) c6 mot
nghiém x = -2, do d6 né chira mdt nhan tir 1a x + 2. T d6, ta tdch nhu sau
Cach1:f(X) =X+ 2 X2 +4=0C+2¥%) = (x*—4) =x*(x + 2) - (X = 2)(x + 2)
= (x+2)(¢ —x + 2).
Cach2:f(X) = (C+8) + (¢ —4) = (x + 2)(* = 2x + 4) + (X — 2)(x + 2)
= (x+2)(C =X+ 2).
Céach 3: f(x) = (6 + 4x2 + 4x) — (3% + 6X) + (2x + 4)
= X(X +2)2 = 3xX(X + 2) +2(x + 2) = (x + 2)(x* — X + 2).
Cach4: f(X) = 0C—x2+2X) + (2 = 2X + 4) = x(X® = x + 2) + 2(x* = X + 2)
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= (x+2)( =X+ 2).
Bai tap 2: Phan tich da thirc f(x) = 4x° - 13x® + 9x - 18 thanh nhan tu.
Giai
Cacudccual8la+1,+2,+3,+6,+9,+ 18.
f(l) =-18, f(-1) = — 44, nén + 1 khong phai la nghiém cua f(x).
Dé thay khong la s6 nguyén nén -3, = 6, + 9, = 18 khong la nghiém cua f(x). Chi con —2 va 3.
Kiém tra ta thiy 3 13 nghiém cua f(x). Do do, ta tach cac hang tir nhu sau:
f(x) =4x°-12x% - x>+ 3x + 6x - 18
= 4x%(x - 3) - X(x - 3) + 6(x - 3)
=(x — 3)(4x* — x + 6)
Bai tap 3: Phan tich da thuc f(x) = 3x> - 7x* + 17x - 5 thanh nhan tu.
Giai
Céc woc cia —5 1a + 1, + 5. Thir tryc tiép ta thay cac sd nay khong 1a nghiém cua f{x). Nhu vay

1 5 1
f(x) khong c6 nghiém nghuyén. Xét cac so ig; t g, ta thay 5 la nghiém cua da thuec.

Do d6 da thirc ¢c6 mot nhan tir 1a 3x — 1.
Ta phan tich nhu sau: f(x) = (3x® — x%) — (6x* — 2x) + (15x — 5) = (3x — 1)(X* — 2x + 5).
Bai tip 4: Phan tich da thuc sau thanh nhan tir: x°> — 5x° + 8x — 4.
Giai
Nhan thiy da thic co 1 + (-5) + 8 + (—4) = 0 nén x = 1 13 mdt nghiém cia da thic.
Pa thirc c6 mot nhan tir la x — 1. Ta phan tich nhu sau :
f(x) = (¢ — x%) — (4%° — 4X) + (4x — 4) = X*(x — 1) — 4x(x — 1) + 4(x — 1)
= (x-1)(x-2)°
Bai tap 5: Phan tich da thire sau thanh nhan tir: x> — 5x% + 3x + 9.
Giai
Nhan thdy, da thirc x> — 5% + 3x + 9 ¢6 1 + 3 =—5 + 9 nén x = —1 1a mot nghiém cua da thuc.
Pa thirc c6 mot nhan tir la x + 1. Ta phén tich nhu sau :
f(x) = (0 + X%) — (6X% + 6X) + (9% + 9) = X*(x + 1) — 6xX(X + 1) + 9(x + 1)
= (x+1)(x-3)*
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CHUYEN DPE 5
TAP XAC PINH

1) Kién thire co bén: |
Bai toan: Cho bi€u thirc: y = f(x), vdi x 1a an so.

Dinh nghia: Tap x4c dinh ctia ham s6 13 tap hop nhiing gid tri lam cho biéu thirc co nghia.

Ki higu: D = {x| f(x) c6 nghia (diéu kién)}
2) Tap xac dinh ciia mot so biéu thirc:

. f(x)
Biéu thue: A = TXD: D = {x] g(x) = 0}
9(x)
Biéu thire: A = ,[f (X) TXD: D = {x| f(x) > 0}

Cha y: Néu A = ¢ff (x) thi

Khi n 1a s6 1€,vd1 moi x déu thoa man.
Khi n 1a s6 chan thi f(x) > 0.

, f(x
Biéu thuc: A = ( ) c6 TXD: D = {x| g(x) > 0}

Jo(x)

Biéu thire: A = f{x) ¢6 TXD: D =R (véi f(x) = apx" + a1 X" +

3. Bai tap ap dung:
Bai tap 1: Tim tap x4c dinh cta biéu thic sau:
y=3x*+2x+1
Giai
Diéu kién xdc dinh D = R.
Bai tip 2: Tim tap xac dinh cua biéu thirc:
1-x

y=3x+x-1+
X+ 2
Giai
Diéu kién xéc dinh: D = {x | X +2 =0} = {x | x = -2}
Bai tip 3: Tim tap xac dinh cua biéu thirc:

y =x-3-Vx-1

Giai
o . x-3>0 X>3
bicu kién xac dinh: & & X2>3
x-1>0 x>1
Bai tip 4: Tim diéu kién xac dinh cta biéu thuc:
A= 1 3
IX-2 xJx+2
Giai
x-2>0 X>2

Diéu kién x4c dinh: {x#0 <{x#0 <x>2
Xx+2>0 X > -2

Bai tap 5: Tim tap x4c dinh ciia biéu thic:
a a
T=|a,/=++ab [,|=

b=0 a<0,b<0
=
ab>0 a>0,b>0

Giai
bicu kién xac dinh: {
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4. Bai tap tu luyén: i
Bai tap 1: Tim tap xac dinh cua bicu thuec:
(X1 ) (x=VK xR
2 2dx \Wx+1 JYx-1

Bai tap 2: Tim tap x4c dinh ciia biéu thirc:
3x+3

P=—— —
X2 +x%+x+1

Bai tap 3: Tim tap x4c dinh ctia bicu thirc:

P=x?-2x+1+x2-6x+9
Bai tip 4: Tim tap x4c dinh cta bicu thirc:

Wx+2 x+2 x+1
p= ; +
-2 x+1 x-1

Bai tap 5: Tim tap x4c dinh cta bicu thic:

P:(\/;-l_ Jx+1 ] 1

X-2 x+4x+4)x-3
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~ CHUYENDE6
RUT GON BIEU THUC

1. Kién thirc co ban: _
Dang khai trién cua mdt so biéu thuec:

a-b:(\/a +\/B)(\/E -\/_b),vc'yia,bzo.
a+b=(3‘/a_+§/5)(3fa_2-%+3/b_2)
a-b=(3/5-%)(3/a_2+%+3/b_2)
ava=+a%, véi a>0

a=+a?, véia>0
Chu ¥: Trude khi rat gon phai tim diéu kién xac dinh ctia biéu thirc (néu co).

[riae, AN R

N
Jrrdrer Ve

1 (k+1)’
k2+2k  k(k+2)
1 11

(n+1)vn +nVn+1 ~ Jn+1

1 1 1 1
1+—2+—2 =1+=--—
n (n+1) n n+l

2) Bai tap ap dung:
Bai tap 1: Rut gon biéu thuc:
A=(a+3)(a-3)(@*+6a+9)(a’-6a+09)

Giai
A=(@*-9)(a+3)*(a-3)° =(a’-9)°=a’-27a" +243a’ - 729
Luu y: Bai toan nay dugc dua vé dang hang dang thrc.
Bai tap 2: Ruat gon bi€u thirc sau:

(BB+EO)(sv24) (1 1
i FE Y
Giai

A:(5ﬁ+55)(5-2£)_( 11 +1}
53512 5-2 B+i2

:5(\/§+ﬁ)(5'2£)_£+ﬁ-£+ﬁ_1
5(13-2) 3
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(BB B) o

5(+/3-2] 3
(1 - )5 R)
5(1/3-+2) 3
242

3
Luu ¥: Bai toan ndy sir dung phuong phéap dua thira sb ra ngoai ddu can va hing déng thirc a’ -
b?.
Bai tap 3: Rut gon biéu thirc sau:
20277 +15.4°9°
M= 62210 41210

(Dé thi HSG mién Bic nim 1997)
Giai
_ 203 +53283 203 +5203 283 (2+5) 1
S22 +4030 2R 402730 283 2(1423) 2
Luu y: Bai toan nay su dung phuong phap dua vé dang chung cua liiy thira ¢ tir va mau.
Bai tap 4: Ruat gon bicu thirc sau:

_(&-21) oyt
A X2 +9 Yy +y+l

Giai
__(2¢)-3 vy vy
S X2 +9 T Yyt Hy+l
(2¢* -3)(4x" +6x° +9) ox? -3
arecres VYT
y

Luu y: Bai toan nay duoc dua vé dang hing déng thirc.
Bai tap 5: Ruat gon bi€u thirc sau:

1+ﬁ 1-\5
A= 2 + 2
1+\/1+\/§ 1-\/-\/§
2 2
Giai
Ta co:
2
1+ﬁ:4+2ﬁ:<\/§+1)
2 4 4
2
1-@:4-2J§:(J§-1)
2 4 4
Do d6, ta co:

) Y
= 2 + 2 = \/g 1 + \/§ 1 =1
(VB+1)\3 (VB-1\B8 23 243
2 2
Luu y: Nhan biét bai toan nay 1a dang \/A? = |A| xuét hién ¢ mau.
Bai tap 6: Rat gon biéu thirc sau:
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A =(448) (546 48
Giai
A = (30 8) [+ 5 ) = (/55 B+ 5
Vi 10 -6 :ﬁ(ﬁﬁ) > 0 nén ta co:

A= \/2(J§-J§)Z(4+J1_5) = \/2(8-2J1€)(4+\/1€) =Ja=2
Luu y: Bai toan nay duoc dwa vé dang dung ctia hang dang thic.
Bai tap 7: Rut gon biéu thirc sau:
A =1978(1979° +197¢" +...+1978 +198p -1978 +

Giai
A = (1979-1)(1979° +1979° + ... +1979° +1980) -1979” +1
= (19797 -1)-1979% +1
=1979% -1+1979* +1=0 o
Luu y: Bai toan nay duge dua vé dang diing cta hing ding thic nang cao: a" - b".
Bai tap 8: Rut gon biéu thirc sau:
2Jx-9  x+3 2/x+1
X-5x+6 fx-2 3-/x
Giai
Diéu kién xac dinh: X >0, x = 4; x # 9. Ta co:
Miu thitc chung 1a: x -5vX +6 = (ﬁ 2)(&-3)
C2Ux-9-(x-9)+(2x-1)(Vx-2)  xL k-2
(Vx-2)(x-3) (Vx-2)(x-3)
_(1)(¥x-2) e
(a2 s

Luu ¥: Nhéan biét dang bai toan nay 1a phai quy dong tim mau thirc chung. Sau d6 tim nhan tir
chung cua tur va mau.
Bai tap 9: Rut gon bi€u thirc sau:

A:(\/x1+1 +J>3-1J:(\/i-1'\/x1+1j

A =

A

Giai
biéu kién: x > 1.

x% -1 x%-1

2
X +1+x-1 (VX+1+VX'1)
Ix+1-4x-1 X+1-x+1
=x+yx°-1 ,
Luu y: Bai toan nay sir dung cach quy dong va rat gon nhén tir chung (giong nhau) cua tir va
mau. .
Bai tap 10: Rut gon bicu thirc sau:

__ 2y"+5y+2
2y° +9y? +12y + 4

(Dé thi HSG toan qudc ndm 1978)
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Giai
Ta co tir thirc:
2y + 5y +2=(2y* +4y) + (Y +2) = 2y(y + 2) + (y + 2)
=+ 22y +1)
Ta c6 mau thtc:
2y +9y* + 12y + 4= (2y° + 4y%) + (5y° + 10y) + (2y + 4)
= 2y%(y + 2) + 5y(y + 2) + 2(y + 2)
=(y+2)(2y* +5y +2) = (y + 2)*(2y + 1)
Vi2y? +5y+2=(y+2)(2y+1)

Do d6 diéu kién bai toan 1a: y = -2;y # %

(y+2)(2y+1) _ 1

(y+2)'(2y+1) y+2

Luu ¥: Bai toan nay khong thé dua hang dang thirc ma cin phai phan tich tir va miu thirc xut
hién nhan tr chung.

Bai tap 11: Rut gon bicu thic sau:

A:m.\/2+m.\/2+«/2+m.\/2-«/2+m

Suyra: A=

Giai
Ta co:

\/2+\/2+m.\/2-\/2+m :\/4-(2+m):\/2-\/2+7\/§
S A=\2+32-B =1

Luu ¥: Bai toan ndy duoc hiéu 13 "cin chong can" thi ta phai giai quyét VA? = |A| tr trong ra

ngoai dé giam dan béc cua can thue.
Bai tap 12: Rat gon biéu thac sau:
Ao L, X ) WX
U I+ x+x

Giai
biéu kién: x > 0.

(\/;+1+X)_ X Ix+1+x

A= : =

() (en)
Luu y: Bai toan nay nhan biét dwoc ngay 1a phai quy ddng va tim nhan tir chung ciia tir va mau.
Bai tap 13: Ruat gon bicu thire sau:

2

J5-

A=

<ﬁ

2
Giai

A_«/4-2\/§_ (\/g'l)z_ J3-1 2

B2 (VB V2(\B-1) 2
Luu y: Bai toan nay duoc dua vé dang hang dang thirc va VA? = |A| sao cho xuat hién nhan tr

giébng nhau ciia tir va mau.
Bai tap 14: Rut gon bicu thirc sau:

A=(3\/§+J§)«/6-3\/§

Giai
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A\/_3+1f2\/_ = 6(V3+1) (42\/_)

= V6 (45 +1) S(f’;'l) _ *E(ﬁ+3)§ﬁ(ﬁ'1)

=3(V3+1)(V3-1)=6
Luu y: Nhan biét dugc dang toan A? = |A| va sau d6 dua vé dang hang dang thirc.
Bai tap 15: Rut gon bicu thirc sau:
a+b-2Jab 1

Ja\b N2+

A =

_ Giai
biéukién: a>0,b>0,a#b.
(A -2abe V) (Yay g
b Jatdb ab Jatib
=(Va-vb)(Va+b)=
Bai tap 16: Ruat gon bicu thire sau:

P=1: X+2 + \/;+1 _\/;+1 vo1 0<x#1
x\/;—l x+\/;+1 x-1

Giai
| x+2 x+1 0 Jx+1
P=1: + —
xJx -1 x++/x+1 x-1

P_1: X+2 N Jx +1 3 Jx +1

WX DX D) x=IX 1 (WX =DX +D)

P—l'_ X+2 N Jx +1 1

- '_(\/;—1)(x+\/§+1) X—Xx+1 Jx-1

P—l'_ X+2 (X +)(x 1) X +/X +1
- '_(\/;—1)(x+\/§+1) (VX —1)(X + VX +1) (\/;—1)(x+\/;+1)

_x+2+(x—1)—(x+\/§+1)
(X —D)(X+/x +1)
_ X — /X
(J— D(x+/x +1)
. Ixx D)
C(WX =D(X+ /X +1)
Jx
X +/X +1
X +/X +1
Suy ra: P:T
Luu ¥: Ta nhan biét ngay 13 s dung hing dang thic a’-b?va (a-b)2

3) Bai tap tu luyén
Bai tap1: Cho bicu thuec:

P=1:

Ja+2 5 1
Ja+3 a+a- 6 2-Ja

P=
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a) Rat gon P i
b) Timgid trichaa dé P <1
Bai tap 2: Cho bicu thirc:

P:(l- Jx J (\/;+3 \/_+2 X +2 J

B+1) (V2 30 x-5x +6

a) Rat gon P 7
b)Tim gia tri cua X d€ P <0.
Bai tap 3: Cho bicu thuec:

alb e
3x -1 3&+1 9x -1 3JX +1

a) Rat gon P

b) Tim céc gid trj cia x dé P =

" ( ] [ 2 ]
a+l Va - 1 ava +\/a a-1
a) Rat gon P

b) Tim gid trictaa dé P < 1
¢) Tim gié tri cua P néu a=19-843
Bai tip 5: Cho biéu thuc:

S o) ]

ol o

Bai tip 4: Cho bicu thirc:

1+a
a) Rut gon P
b) Xét dau cta biéu thl’rcM=a.[P-%J
Bai tip 6: Cho biéu thuc:
oo [+ N2x kL) [, XL Ve
\/_X+1 Vx-1 ) Aax+r Jax

a) Rut gon P
b) Tinh gia trj ciia P khi x = %(3 +22 )
Bai tip 7: Cho biéu thuc:

o= 2/x L ][y,
xx/; + x/; Xx-1 x/; 1
a) Ruat gon P
b) Timx dé P<0
Bai tap 8: Cho bicu thirc:

T noed

a) Rat gon P
b) Xét ddu cta biéu thirc Py/1-a

Bai tap 9: Cho biéu thirc:
p= 1- ax/_ \/— 1+ a«/_ \/—
1-\a 1+4a

a) Rat gon P
b) Tima déP < 7-43
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Bai tap 10: Cho biéu thuc:
o= 2\/_ X 3x+3 zJ_ 2
J;+3 Jx-3 x-9 Jx -3

a) Rat gon P
b) Timx dé P < %

¢) Tim gié tri nho nhat ctia P
Bai tap 11: Cho biéu thuc:
oo [ X 3J_ 9-x  x-3 Jx-2
X-9 x+\/_ 6 2-Jx Jx+3

a) Rat gon P 7

b) Tim gia tri cia xdepP<1

Bai tap 12: Cho biéu thuec:

15x -11 3\/_ 2 2\/_+3
X + 24 - 3 1-Jx  x+3

P=

a) Rat gon P

o : 1
b) Timcac gia triciax dé P = >

¢) Chung minh P < %
Bai tap 13: Cho biéu thic:
_2ax o x o
f +m \E m 4X am?’

(voim > 0)

a) Rut gon P "
b) Tinh x theo mdé P = 0. i .
¢) Xac dinh cac giéqtri cua m dé gia tri x tim dugc ¢ cau b thod man dicu kién x > 1.
Bai tap 14: Cho bicu thuc:
a’+a 2a+ «/_

aa+1\ﬁ

P_

a) Rat gon P
b) Bi€t a >1 Hay so sanh P véi |P|.
c)TimadéP=2
d) Tim gia tri nho nhat cua P.
Bai tap 15: Cho biéu thuc:
oo [Na+l Jab+ia | (Ja+l Jab+ia
Jb+1 -1 ) \Jab+1 Jab-1

J3-1

1+/3

¢) Tim gid tri nhd nqhét cta P néu \E+\E=4

Bai tap 16: Cho bidu thuc:
_ava-1 afa+l (ﬁ'i][ﬁ+l+ﬁ-lJ
a-Ja a+a Ja)\Ja-1 Ja+1

a) Rat gon P

b) TinhgiétricﬁaPnéuaZZ-«E vab=

a) Rat gon P

b) Véigiatrinao chaathiP =7
c) Véigid trinao ciaathiP> 6
Bai tap 17: Cho biéu thirc:
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(\/5-\/6)2+4\/£ av/b - b/a
NP RN

P=
a) Tim diéu kién dé P ¢6 nghia.
b) Rut gon P
¢) Tinh gia tri cha P khia = 2\/5 vab= \/§
Bai tap 18: Cho biéu thirc:
_ 2a+x/§-1 2aJ§-J§+a a-\/a_
P=1+ -
1-a 1-ava  J2a-1

a) Rat gon P
J6
1+/6

¢) Chirng minh rang P > %

b) Cho P =

tim gi4 tri cua a

Bai tap 19: Cho biéu thic:
o 3@z 1 (a-1)-(Va-+b)
a+ab+b ava-bvb a-vb ) 2a+2ab+2b

a) Rat gon P
b) Tim nhitng gid tri nguyén cta a dé P c6 gia tri nguyén

a+3\/5+2 a+\/5} 1

N B _ 1 ..
Bai tap 20: P_{(\/E+2)(\/E—l) 1 .[\/g+1+\/__:J(V010£a¢1)

a) Ruat gon P.
b) Tinh gia tri ciia P khi a =4—24/3.

c) Tima sao cho %>1.
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CHUYEN DE 7

CAC PHUONG PHAP BIEN POI BIEU THUC
1. Bién ddi biéu thirc nguyén:
a. Kién thirc co' ban:
Phuong phap: . _
Ta bién d6i tir mot vé cia ddng thirc (4p dung hing déng thirc) dé chuyén thanh biéu thirc bing
ve€ con lai.
Xét tinh chat cia mot sd biéu thirc ddc biét dé dua ra cach phan tich ding theo yéu cau bai toan.
Ap dung bién ddi theo mot vé tré thanh vé con lai hodc hai vé cling vé mot két qua cu thé.
b) Bai tap ap dung:
Bai tap 1: Ching minh cac dang thirc sau:
a)a’+b®+c®- 3abc = (a+b+c)@ +b*+c?-ab - be - ca)
b)(@a+b+c)*-a®-b*-c*=3@+h)(b+c)c+a)

Giai

a)a’+b*+c®-3abc =(a+b)®+c3- 3abc - 3a%h - 3ab?

= (a+b+c)[(a+b)?- (a+h)c+c’]-3aba+b+c)

= (a+b+c)[(a+b)?- (a+hb)c+c?-3ab]

= (a+ b+ c)(@® + b* + ¢ - ab - bc - ca). (dpem)
by(@a+b+c)l-a®-b*-c =[@a+b+c)-a’]-(*+cd
(b+c)([(a+b+c)>+(a+b+c)a+a?]-(b+c)b?-bc+c?
(b + c)(3a* + 3ab + 3bc + 3ca)
3(b + c)[(a(a + b) + c(a+b)]

=3(a+ b)(b + c)(c + a). (dpcm)
Bai tap 2: Chox+y+z=0.
Chirng minh ring: 10(x” +y' +2') = 70 + Y + 29 (X + y° + 2°)
Giai

Tex+y+z=0.
Suyra: z = x(x +y). Ta co:
N R SOl
= -5(x*y + 233y + xy?)

= -Bxy(C + 2X°y + 2xy° + V)
= -5xy[(x + V)X + Y7 - Xy) + 2xy(x + Y)]
= -Bxy(x + Y)(X* + y* + xy) €N
va
Coyier oy oy
=20 + y* + xy) (2)
ma
X +y +7 =Xy - (x+y)
=708y + 3V + 5x*Y + 5%y + 3%y + xyP)
= -Txy(x + Y)(X* + y* + xy)

(©)
Tir (1), (2) va (3) ta co diéu phai chirng minh.
) Bai tap tu luyén:
Bai tap 1: Cho a+ b+ ¢ = 0. Chimg minh rang:
a) a® + b* + c* = 3abc.
b) 2(a* + b* + ¢*) = (@ + b% + ¢?)?.
Bai tap 2: Ching minh cic hing dang thirc sau:
a) (&% + b?)(c? + d% = (ac + bd)? + (ad - bc)?
b) a® + b® + c3- 3abc = (a + b + c)(a® + b® + ¢ - ab - bc - ac)
Bai t@4p 3: Ching minh rang néu cac s a, b, ¢ thoa min:
at+b'+@-b)=c*+d*+(c-d)*thia? +b?+ (a- b)> =c® + d® + (c - d)?
Bai tap 4: Cho a° - 3ab® = 19, b® - 3a’b = 98. Tinh P = a° + b,
Bai tip 5: Cho a, b I3 hai s6 thoa mén diéu kién: a® - 3ab + 2b* +a-b=a’-2ab + b’ -5a+ 7b =
0.
Chirng minh rang: ab - 12a + 15b = 0.
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Bai tap 6: Khai trién biéu thuc: a* + (a + b)* thanh dang 2K + 1 va phan tich K thanh tich cac
thira s6.

Bai tap 7: .

a) Chirng minh dang thirc: x + y + |x - y| = max{x, y}, véi VX, ye R.

b) Chirng minh dang thic: |a *h +& b| 2 a+b a- b|+—_4max{l 31}
| ab ab | c| ab ab | c abec

Vo1 Va, b, ¢ £0.

Bai tap 8: Tim tit ca cac s6 nguyén duong n sao cho:
Pa thirc x> + x*" + 1 chia hét cho da thic X% + x + 1.
Bai tp 9: Cho X + y + z = 0. Chirng minh rang: 2(x° + y° + 2°) = 5xyz(x* + y? + 7°).

(Dé thi HSG tinh nam hoc 2005 - 2006)
Bai tip 10: Cho a® - b? = 4c% Chung minh rang: (5a - 3b + 8c)(5a - 3b - 8¢) = (3a - 5b)°.
2. Bién d6i hiru ty
a. Kién thirc co ban:
Phuong phép:
Str dung cac bién doi thong thuong dé dua dén két luan theo yéu cau bai toan.
Van dung gia thiét dé chon huéng giai nhanh va chinh xac.
Dbi voi cac bai toan c6 s6 mil bac n cta cac hang tir, ¢ thé st dung phwong phap quy nap.
Luu y: Pay 1a kién thic can thiét dé ching minh cac bat dang thirc hay tim GTLN, GTNN.
b) Bai tap ap dung:
Baitip 1: Cho a+ b+ c=0;a, b, ¢ # 0. Chitng minh dang thirc:

1 1 1 J1.11
R R Rl Rt
a“ b ¢ a b c
Giai
Ta co:
(1 1 1}2_1 1 1 (1 1 1)
TS| 2
a b c a’ b* c? ab bc ca
1.1 1 2(a+b+c)
=+t~ =/
a’ b®> ¢ abc
1 1 1
"

Suy ra diéu phai chirng minh.
Bai tap 2: Chung minh rang néu a, b, ¢ khac nhau thi:

b-c N c-a N a-b _ 2 N 2 N 2
(a-b)(a-c) (b-c)(b-a) (c-a)(c-b) a-b b-c c-a
Giai

Bién d6i vé trai:
b-c , ca . ab _(a-c)-(a-b) (b-a)-(b-c) (c-b)-(c-a)
@b)a-c) (b-c)(b-a) (c-a)(c-b) (a-b)(a-c) (b-c)(b-a) (c-a)(c-D)

1 1 1 1 1 1
= - 4+ - - 4+ - =
a-b a-c b-c b-a c-a c-b
2 2 2
-+
a-b b-c c-a
) Bai tap tu luyén:
. 1 1 1
Bai tap 1: Cho xyz = 1. Chirng minh rang: + + =1

1+x+xy 1+y+yz 1+z+2zx -
Bai tap 2: Cho a, b, ¢, d la cac s6 thuc thoa man diéu kién:

+ .
a_t_2 C,a.c;tO. Chirng minh rang: b® = d°.
b d 3b-d
A . \ o g A1 ea 1 1 1
Bai tap 3: Cho a, b, ¢ 1a cac so thyc théa man diéu kién a+E:b+_:C+_
C a
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aﬂmoa:LTthq
b) Chirng minh rang néu a, b, ¢ d61 mét khac nhau thi a’b?c? = 1.
¢) Chung minh rang néu a, b, ¢ dwong thia=b =c.
Bai tap 4:
(a+b)(b+c)(c+a)
abc '
a’ b> ¢ a®>  b®
+ + = + + .
+b b+c c+a Db+c c+a a+b

a) Cho a, b, c thoaabc #0 vaab+bc +ca=0. Tinh P=

b) Cho a, b, c théa (a + b)(b+ c)(c +a) #0 va N

Ching minh ring: a=b =c.

A g 1 s 2 1
Bai tdp 5: Cho x > 0 thoa dicu kién: x* +—=-=7. Tinh gia tri cia biéu thirc P = x° +—.
X X
. x* oyt 1
Bai tip 6: Cho a, b, x, y 14 c4c sb thuc théa man x? +y? =1va —+2-=——
a b a+b
. 2006 yZOOG 1
Chirng minh rang: 00 + e = (a " b)1003 .
. ac-b? bd - ¢?
Bai tap 7: Cho a, b, ¢ 1a cac so thyc thda man b # ¢ va = =K.
a-2b+c b-2c+d
Chirng minh: k = _ad-bc .
a-b-c+d )
Bai tap 8: Cho a, b, ¢ la cac s6 thuc doi mot khac nhau va khac 0, théa man di€u kiéna + b + ¢

=0.

Ching minh rang; [bac + Cba + acbj(ba_lc + Cl;a + a;bj =9.

, 1 1 1 1 1 1
Bai tap 9: Don gian biéu thuc: + +
poEnE (a+b)3(a3+b3j (a+b)4(az+b2J (a+b)5(a+bj

Bai tip 10: Chimg minh ring néu: (a® + b%)(xX* + y?) = (ax + by)* va x, y khac 0 thi ; = 5

Bai tap 11: Chung minh rang néu: (% + b? + ¢®)(* + y?* + z%) = (ax + by + cz)? va x, v, z khéc 0
a b ¢

i 2=2=°%
X y z

a N b :2(ab-2)
b®-1 a*-1 a%h?+3

Bai tip 12: Cho a, b, khac 0 thoa min a + b= 1. Chirng minh rang:

3. Bién d6i vo ty

a. Kién thirc co ban:

Phuong phép:

Ap dung hang dang thirc dé bién doi.

Mot sé bang lién quan dén cian bac n, c6 thé sir dung phwong phap quy nap dé dua dén két luan
theo yéu cau bai toan.

Gibng cac bai toan rat gon.

b) Bai tip ap dung:

4149 + 2060 + /49— 20460 G

Bai tap 1: Chung minh déng thirc: . 3
Giai
2 2
VT(1)= {/49+20/60 +4/49-20y/60 _ §/(5+ 2\6) +</(5_2\/g)
2 2

()« (-2

2
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:x/§+\/§+«/§-\/§:2\/§

2

a-Ja__a'tya +a+1:(\/5-1)2

a’++a+l a’-va+1

Bai tap 2: Cho a> 0. Chirng minh rang:
Giai

Hudng dan: it an phu: \E =x>0

C) Bai tap tu luyén:

Bai tap 1: Cho a, b> 0 va ¢ # 0. Chimg minh ring: l+%+£=0<:>\/a+b =Ja+c++b+c
a c
Bai tip 2: Ching minh rang cic sé sau 1a sd nguyén:

2 A= 2\/3+«/5-«/3+JE

&+2
b) B:§/1+@+31 J;l_S

Bai tap 3: Cho x 14 s6 nguyén. Chirng minh rang néu x khong phai 14 s6 chinh phuong thi Jx 1a
s0 VO ti.

Bai tap 4: Ching minh ring sb a=\/2+«¢’2+\/§ —\/6—3«/2+x/§ la mdt nghi€ém cua phuong

trinh x* - 16x% + 32 = 0.

ax’ =by® =cz°

Bai tip 5: Ching minhrangnéu 41 1 1 1 thi %/ax2 +by?+cz? =3a+3b+3c.
4=
X y z

Bai tap 6: Chung minh ring néu ¥a+3b+3c=3%a+b+c thi v6i sd nguyén duong 1é n ta c6

Ya+Ypo+Yc=Ya+b+c.

Bai tip 7: Cho xy+\/(1+x2)(1+y2) =a Tinh Szx\j(lerz) +y\j(1+x2).

Bai tap 8: Cho a> 0 va 4a’ + a2 —/2 =0. Chitng minh ring: atl =2
Jat+a+1-a’
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CHUYENDE7

CAC PHUONG PHAP BIEN POI BIEU THUC
1. Bién ddi biéu thirc nguyén:
a. Kién thirc co' ban:
Phuong phap: _
Ta bién ddi tir mot vé cua ding thire (ap dung hing ding thirc) dé chuyén thanh biéu thirc bing
vé con lai.
Xét tinh chat cia mot sd biéu thirc ddc biét dé dua ra cach phan tich ding theo yéu cau bai toan.
Ap dung bién ddi theo mot vé tré thanh vé con lai hodc hai vé cling vé mot két qua cu thé.
b) Bai tap ap dung:
Bai tap 1: Chimg minh cac dang thirc sau:
a)a’+b®+c®- 3abc = (a+b+c)@ +b*+c?-ab - be - ca)
b)(@a+b+c)*-a®-b*-c*=3@+h)(b+c)c+a)

Giai

a)a’+b*+c®-3abc =(a+b)®+c3- 3abc - 3a%h - 3ab?

= (a+b+c)[(a+b)?- (a+h)c+c’]-3aba+b+c)

= (a+b+c)[(a+b)?- (a+hb)c+c?-3ab]

= (a+ b+ c)(@® + b* + ¢ - ab - bc - ca). (dpem)
by(@a+b+c)l-a®-b*-c =[@a+b+c)-a’]-(*+cd
(b+c)([(a+b+c)*+(a+b+c)a+a?]-(b+c)b?-bc+c?)
(b + c)(3a* + 3ab + 3bc + 3ca)
3(b + c)[(a(a + b) + c(a+b)]

=3(a+ b)(b + c)(c + a). (dpcm)
Bai tap 2: Chox+y+z=0.
Chirng minh ring: 10(x” +y' +2') = 70 + Y + 29 (X + y° + 2°)
Giai

Tex+y+z=0.
Suyra: z=x(x +y). Taco:
Kay ez =X ()
= -5(x*y + 2%y + xy*)

= -Bxy(C + 2X°y + 2xy° + V)
= -5xy[(x + V)X + Y7 - Xy) + 2xy(x + Y)]
= -Bxy(x + Y)(X* + y* + xy) €N
va
Coyier oy oy
=20 + y* + xy) (2)
ma
X +y +7 =Xy - (x+y)
=708y + 3V + 5x*Y + 5%y + 3%y + xyP)
= -Txy(x + Y)(X* + y* + xy)

(©)
Tir (1), (2) va (3) ta co diéu phai chirng minh.
) Bai tap tu luyén:
Bai tap 1: Cho a+ b+ ¢ = 0. Chimg minh rang:
a) a® + b* + c* = 3abc.
b) 2(a* + b* + ¢*) = (@ + b% + ¢?)?.
Bai tap 2: Ching minh cic hing dang thirc sau:
a) (&% + b?)(c? + d% = (ac + bd)? + (ad - bc)?
b) a® + b® + c3- 3abc = (a + b + c)(a® + b® + ¢ - ab - bc - ac)
Bai t@4p 3: Ching minh rang néu cac s a, b, ¢ thoa min:
at+b'+@-b)=c*+d*+(c-d)*thia? +b?+ (a- b)> =c® + d® + (c - d)?
Bai tap 4: Cho a° - 3ab® = 19, b® - 3a’b = 98. Tinh P = a° + b,
Bai tip 5: Cho a, b I3 hai s6 thoa mén diéu kién: a® - 3ab + 2b* +a-b=a’-2ab + b’ -5a+ 7b =
0.
Chirng minh rang: ab - 12a + 15b = 0.
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Bai tap 6: Khai trién biéu thuc: a* + (a + b)* thanh dang 2K + 1 va phan tich K thanh tich cac
thira s6.

Bai tap 7: .

a) Chirng minh dang thirc: x + y + |x - y| = max{x, y}, véi VX, ye R.

b) Chirng minh dang thic: |a *h +& b| 2 a+b a- b|+—_4max{l 31}
| ab ab | c| ab ab | c abec

Vo1 Va, b, ¢ £0.

Bai tap 8: Tim tit ca cac s6 nguyén duong n sao cho:
Pa thirc x> + x*" + 1 chia hét cho da thic X% + x + 1.
Bai tp 9: Cho X + y + z = 0. Chirng minh rang: 2(x° + y° + 2°) = 5xyz(x* + y? + 7°).

(Dé thi HSG tinh nam hoc 2005 - 2006)
Bai tip 10: Cho a® - b? = 4c% Chung minh rang: (5a - 3b + 8c)(5a - 3b - 8¢) = (3a - 5b)°.
2. Bién d6i hiru ty
a. Kién thirc co ban:
Phuong phép:
Str dung cac bién doi thong thuong dé dua dén két luan theo yéu cau bai toan.
Van dung gia thiét dé chon huéng giai nhanh va chinh xac.
Dbi voi cac bai toan c6 s6 mil bac n cta cac hang tir, ¢ thé st dung phwong phap quy nap.
Luu y: Pay 1a kién thic can thiét dé ching minh cac bat dang thirc hay tim GTLN, GTNN.
b) Bai tap ap dung:
Baitip 1: Cho a+ b+ c=0;a, b, ¢ # 0. Chitng minh dang thirc:

1 1 1 J1.11
R R Rl Rt
a“ b ¢ a b c
Giai
Ta co:
(1 1 1}2_1 1 1 (1 1 1)
TS| 2
a b c a’ b* c? ab bc ca
1.1 1 2(a+b+c)
=+t~ =/
a’ b®> ¢ abc
1 1 1
"

Suy ra diéu phai chirng minh.
Bai tap 2: Chung minh rang néu a, b, ¢ khac nhau thi:

b-c N c-a N a-b _ 2 N 2 N 2
(a-b)(a-c) (b-c)(b-a) (c-a)(c-b) a-b b-c c-a
Giai

Bién d6i vé trai:
b-c , ca . ab _(a-c)-(a-b) (b-a)-(b-c) (c-b)-(c-a)
@b)a-c) (b-c)(b-a) (c-a)(c-b) (a-b)(a-c) (b-c)(b-a) (c-a)(c-D)

1 1 1 1 1 1
= - 4+ - - 4+ - =
a-b a-c b-c b-a c-a c-b
2 2 2
-+
a-b b-c c-a
) Bai tap tu luyén:
. 1 1 1
Bai tap 1: Cho xyz = 1. Chirng minh rang: + + =1

1+x+xy 1+y+yz 1+z+2zx -
Bai tap 2: Cho a, b, ¢, d la cac s6 thuc thoa man diéu kién:

+ .
a_t_2 C,a.c;tO. Chirng minh rang: b® = d°.
b d 3b-d
A . \ o g A1 ea 1 1 1
Bai tap 3: Cho a, b, ¢ 1a cac so thyc théa man diéu kién a+E:b+_:C+_
C a
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aﬂmoa:LTthq
b) Chirng minh rang néu a, b, ¢ d61 mét khac nhau thi a’b?c? = 1.
¢) Chung minh rang néu a, b, ¢ dwong thia=b =c.
Bai tap 4:
(a+b)(b+c)(c+a)
abc '
a’ b> ¢ a®>  b®
+ + = + + .
+b b+c c+a Db+c c+a a+b

a) Cho a, b, c thoaabc #0 vaab+bc +ca=0. Tinh P=

b) Cho a, b, c théa (a + b)(b+ c)(c +a) #0 va N

Ching minh ring: a=b =c.

A g 1 s 2 1
Bai tdp 5: Cho x > 0 thoa dicu kién: x* +—=-=7. Tinh gia tri cia biéu thirc P = x° +—.
X X
. x* oyt 1
Bai tip 6: Cho a, b, x, y 14 c4c sb thuc théa man x? +y? =1va —+2-=——
a b a+b
. 2006 yZOOG 1
Chirng minh rang: 00 + e = (a " b)1003 .
. ac-b? bd - ¢?
Bai tap 7: Cho a, b, ¢ 1a cac so thyc thda man b # ¢ va = =K.
a-2b+c b-2c+d
Chirng minh: k = _ad-bc .
a-b-c+d )
Bai tap 8: Cho a, b, ¢ la cac s6 thuc doi mot khac nhau va khac 0, théa man di€u kiéna + b + ¢

=0.

Ching minh rang; [bac + Cba + acbj(ba_lc + Cl;a + a;bj =9.

, 1 1 1 1 1 1
Bai tap 9: Don gian biéu thuc: + +
poEnE (a+b)3(a3+b3j (a+b)4(az+b2J (a+b)5(a+bj

Bai tip 10: Chimg minh ring néu: (a® + b%)(xX* + y?) = (ax + by)* va x, y khac 0 thi ; = 5

Bai tap 11: Chung minh rang néu: (% + b? + ¢®)(* + y?* + z%) = (ax + by + cz)? va x, v, z khéc 0
a b ¢

i 2=2=°%
X y z

a N b :2(ab-2)
b®-1 a*-1 a%h?+3

Bai tip 12: Cho a, b, khac 0 thoa min a + b= 1. Chirng minh rang:

3. Bién d6i vo ty

a. Kién thirc co ban:

Phuong phép:

Ap dung hang dang thirc dé bién doi.

Mot sé bang lién quan dén cian bac n, c6 thé sir dung phwong phap quy nap dé dua dén két luan
theo yéu cau bai toan.

Gibng cac bai toan rat gon.

b) Bai tip ap dung:

4149 + 2060 + /49— 20460 G

Bai tap 1: Chung minh déng thirc: . 3
Giai
2 2
VT(1)= {/49+20/60 +4/49-20y/60 _ §/(5+ 2\6) +</(5_2\/g)
2 2

()« (-2

2
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:x/§+\/§+«/§-\/§:2\/§

2

a-Ja__a'tya +a+1:(\/5-1)2

a’++a+l a’-va+1

Bai tap 2: Cho a> 0. Chirng minh rang:
Giai

Hudng dan: it an phu: \E =x>0

C) Bai tap tu luyén:

Bai tap 1: Cho a, b> 0 va ¢ # 0. Chimg minh ring: l+%+£=0<:>\/a+b =Ja+c++b+c
a c
Bai tip 2: Ching minh rang cic sé sau 1a sd nguyén:

2 A= 2\/3+«/5-«/3+JE

&+2
b) B:§/1+@+31 J;l_S

Bai tap 3: Cho x 14 s6 nguyén. Chirng minh rang néu x khong phai 14 s6 chinh phuong thi Jx 1a
s0 VO ti.

Bai tap 4: Ching minh ring sb a=\/2+«¢’2+\/§ —\/6—3«/2+x/§ la mdt nghi€ém cua phuong

trinh x* - 16x% + 32 = 0.

ax’ =by® =cz°

Bai tip 5: Ching minhrangnéu 41 1 1 1 thi %/ax2 +by?+cz? =3a+3b+3c.
4=
X y z

Bai tap 6: Chung minh ring néu ¥a+3b+3c=3%a+b+c thi v6i sd nguyén duong 1é n ta c6

Ya+Ypo+Yc=Ya+b+c.

Bai tip 7: Cho xy+\/(1+x2)(1+y2) =a Tinh Szx\j(lerz) +y\j(1+x2).

Bai tap 8: Cho a> 0 va 4a’ + a2 —/2 =0. Chitng minh ring: atl =2
Jat+a+1-a’
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CHUYEN DE 9

TINH GIA TRI CUA BIEU THUC
1. Kién thirc co ban:
Phuong phap:
Thong thuong dé giai dang toan nay ta phai rat gon trudc. Sau d6 thay cac gia tri ciia bién vao
va tinh toan.
Ap dung mot sé tinh chat ctia cac biéu thire, phan thirc, hang dang thirc dé phén tich bai toan.
2. Bai tap ap dung:

Bai tap 1: Tinh gié trj cta biéu thre: M = /136 +/7260
Giai
Ta co:

M =1/136+ /7260 = \fw +2.11. 5 + (\E ) 11+ A5

Vay: M= 11+ 15

Bai tap 2: Tinh gi4 trj cua bidu thic: M = V8 —24/15 — 8+ 2415
Giai

Ta co:

M = 8215 8+ 2415 = V3] — 24345+ (5] — (V3] +2+3.45 + (V5]
=J5-3-V5-3=-23

Vay: M =- 243

Bai tap 3: Tinh gid trj cta biéu thirc: N = \/\/g— \/3—\/29—12\/§
Giai

Ta co:

N:\/\/E—\/3—\/29—12\/_=\/f—\/3—\/(\/§—3)2 = V5 -6-245
- i-25 (5 =B 1=t

Vay: N=1

Bai tap 4: Tinh gia trj cua biéu thirc: Q = \/2x —1424x> —x + \/2)(—1—2\/)42 —X taix =4:
Giai

Ta co:

Q:\/Zx—l+2\/xz—x+\/2x—l—2 x? —X
=\/x—1+2 x(x—1)+x+\/x—l—2 x(x—=1)+x

= (Vx Vo1 )+ (V- Vxr ) =20k

Thay x =4, ta dugc: Q =4.
Bai tap 5: Tinh gi4 tri ctia biéu thie: M = V48 -2/75 + /108 - %\/147

Giai
Ta co:

M= /48 -24/75 + /108 - %\/147 =163 -24/253 + /36.3- %\/49.3
=43 <1043 + 63/3- /3 =-43

Bai tap 6: Tinh gia tri ctia biéu thirc: S =

3\/X\/;(3X+1)+X2(3+X) —Jx taix=10
Jx +1 .

Giai
Ta co:
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\/X\/_3X+1 )+x2(3+x) _Jx = \/( ) ( )x+3\/;x +x° _Jx

X
Jx +1 Jx +1

_\[(\/;+X) _Jx = Jx +x _Jx = \/_(\/_—I-l) dx=Vx-Jx =0

Jx +1 Jx +1 Jx +1
Vay:S= 0
Bai tap 7: Tinh gié tri cua biéu thire: M = {4/x +1-28/x +1 (véi x> 1), tai x = 256

Giai
Ta co:

Ux +1-29x +1=[{x -1 +1=¥x —1+1=4x
Vay: M =2.

¢) Bai tap tu luyén:
Bai tip 1: Cho cac sb thuc duong a va b thoa min: a*® + b'® = g% + p'% = 5192 4 p!®
Hay tinh gi4 tri cia biéu thie: P = a?% + b?°%,
Bai tap 2: Cho 1 +1 +1 =0. Tinh gia tri ctia biéu thirc: S= a +b_§: +C—2 :
a b c ¢ a* b
Bai tap 3: Cho a® + b® + ¢® = 3abc.

. a b c
Tinh gia tri cia bi€u thuc: S= (1 + b} (1 + ] (1 + )
C a

Bai tip 4: Choa+ b+ c=0vaa’ + b’ + ¢ = 14. Tinh gia trj cia biéu thirc: A =a*+b* +¢”.
Bai tip 5: Cho x + y +2=0 vixy + yz +7x = 0. Tinh gi trj ctia biéu thirc:

B=(x- 1)2007 yzo 8, (z + 1)2009_

Bai tip 6: Cho &’ + b? + c®=a’ + b+ c®= 1. Tinh gi4 tri ctia biéu thuc: C=a® + b’ + ¢
Bai tap 7: Tinh gia tri ctia biéu thuc:

Q) A=x'- 173+ 17%° - 1x + 20 tai x = 16.

b) B = x° - 15x* + 16x° - 29x* + 13x tai x = 14.

c) C=x-10x™ + 10x* - 10x* + ... + 10x° - 10x + 10 tai x =9.

d) D =x-8xM +8x™-8x2+...-8x*+8x-5taix=7.

Bai tap 8: Tinh gia tri ctia biéu thuc:

8) A=X0C - y) +y'(C - y) voix =2 Jy| = 1.

b)B=M.NVéi|X| 2. Biét ring: M = -2x° + 3x + 5; N = X+3

Bai tap 9: Cho a° - 3ab® = 19 va b® - 3a’h = 98. Hay tinh: E = a® + b*.

Bai tap 10: Tinh gié tri cia bidu thirc: A= /ﬂ 4 /i + ﬁ p1¥V14641 | 1-V14641
121 V121 \el 122

120

1945

Dap sb: A= 52
33

Bai tap 11: Tinh gié tri cta biéu thire: N = /243 +/363 + 129 -/3072

Bai tAp 12: Tinh gié tri ctia bidu thirc: Q = \/x 14 24xx +3x+3Vx 1, taix =5
Pap s6: Q = J5+1

Bai tap 13: Tinh gié tri cta biéu thirc sau: T = +/72 —+/98 —/32 ++/50 Dép s6: T =0.
q (V5+ 2)(3/17\/5-38) o
Bai tap 14: Cho biéu thtrc sau: P= Dap s6: P = —

J5+4/14-6:5 3

Bai tap 15: Tinh gid trj cua biéu thic: G = ("’st + a6 —1+246 )3\/1 26

Pap s6: G = 0.
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32 -1

Bai tap 16: Tinh gi tri ciia biu thitc: E = (Y2 +1)3 : Pap sb:
Bai tap 17: Tinh gid trj cta biéu thic: M = 164245 — 6245 . Pép sb:

/ n 2n,
43+ 4%x +3x—1 taix=2.
%/;+2

Bai tap 18: Tinh gié tri ciia biéu thic: L =

e 2 | 1 2 . . A
Bai tap 19: Tinh gia tri cia bi€u thuc: Q = ¥/x. 1+ﬁ+T tai x = 2", Dap so:
n/x n/x

Bai tdp 20: Tinh gid tri cia biéu thic sau: A = /364 +327 +2 +\¥64 -3 27 -1

bép so:
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‘ ~ CHUYENDE10 ,
TIM GIA TRI NGUYEN CUA BIEU THU'C

A(x)

Dé tim gia tri x nguyén sao cho biéu thirc ﬁ (trong d6 A(x), B(x) 1a nhiing da thurc) nhan gia
B( x

1. Kién thirc co ban:
Phuong phap:

tri nguyén, ta lam nhu sau:

4 2. A(X) Q(X) X A \ A A
Bién d61 —< = P(x) +——<, Deg Q(x) < Deg B(x). Dan dén tim so nguyén a sao cho Q(a)
B(x) B(x)
chia hét cho B(a).
2. Bai tap ap dung:

. . +5 .
Bai tap 1: Tim so0 nguyén n sao cho bicu thuc 5 la s6 nguyén.
n+
Giai
. 2n+5 1

Ta co: =2+

n+2 n+2
Pé biéu thirc 14 s6 nguyén thi phai 14 s6 nguyén. Vi 2 1a s6 nguyén.

n+2 n+2

Do d6: n + 2 phai 1a uéc cua 1.
Suy ra:

n+2=1=n=-1.
n+2=-1=n=-3.

ve A X n .2 , n’ +6n+10 v A n
Bai tap 2: Tim s0 nguyén n sao cho biéu thirc 3 la s0 nguyén.
n+
Giai
.. n’+6n+11 (n+3)2+2
Ta co: = =n+3+
n+3 n+3 n+3

Biéu thirc trén c6 gia tri nguyén khi

1a s6 nguyén.
n+3

Do d6: n + 3 phai 1a uéc cua 2.

Hayn+3=2;n+3=-2;n+3=1;n+3=-1

Vayn=-1,; -5; -2; - 4.

5

xe o n \ A A - R . X' +1 T A
Bai tap 3: Tim s6 nguyén x sao cho bi€u thirc nhan gia tri nguyén.

x +1
Giai
2 3 2
X0+l X (X +1)_(X _1) , X' =1, x—1

Taco: ——= 5 =X =X -

x +1 x +1 x +1 X —x+1

2 , X5 +1 n . A . x—1 n . n ,. n
Biéu thuc nhdn gia tri nguyén khi ———— nhén gia tri nguyén v6i x nguyeén.
x +1 X —x+1

x(x—l) . . .
Suyra: — =1-— cling nhan gia tri nguyén.

X" —x+1 X —x+1 ) )
(Vi mot s6 nguyén thi nhan thém mdt s6 nguyén x 1a mot s6 nguyen).
Do do:

Xét: x> —x+1 =1 X(x-1)=0hay x=0hodcx=1.
Xét: X°—x+1=-1x-x+2=0 (Phuong trinh nay vo nghiém).
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Vay gia tri x nguyén can tim 1a x = 0; 1 théa man yéu cau bai toan.
Bai tap 4: Tim k nguyén duong 16n nhat dé ta c6 so:

2
(k+1)
n=
, k+23
la mot sO nguyén duong.
Giai
Ta c0 thé viét:
(k+1) 2 4oks1 (k+23)(k-21)+484 484
ne - _ —k-21+ ,keZ'
k+23  k+23 k+23 k+23

n 1a mot s6 nguyén khi va chi khi k + 23 1a udc ciia 484, k + 23 > 23
Ta co: 484 = 222 = 4.121 = 44.11.

k+23=121 k=98
= =

k+23=44 k=21
Vo1 k=98, taco:n=81
Voik=21,tacon=11.
Viy ¢6 hai gia tri k nguyén duong thoa mén yéu céu cua bai toan lak =98 vak =21.
Gia tri 16n nhat cua k 1a 98.

Bai tap 5: Tim s nguyén z sao cho i+L +L 1a mot s6 nguyén.
2z 3z 4z
Giai
.1 1 1 6+4+3 13
Taco: —+—+—= =——
2z 3z 4z 12z 12z

Dé biéu thire trén 1a mot s6 nguyén thi % phai 13 mot sé nguyén.
Z
Hay 127| 13. Ma 13 = 12.z va z € Z. Nén khong ton tai vi (12; 13) = 1.

X I 1 1 .
Vay khong ton tai z sao cho — +—+— 1a mot s6 nguyén.
2z 3z 4z

3. Bai tap tw luyén:

\en A A . , 6n+1 .. . . A
Bai tap 1: Tim s0 nguyén n sao cho bi€u thuc 3 - la mot s6 nguyén.

2n-1
n’—6n+10
2n+9

Bai tap 2: Tim s nguyén 4m n sao cho biéu thirc 13 mot sé nguyén am.
N .z A Y 1k R 3k* -2k -1 s A
Bai tap 3: Tim s0 nguyén k nhé nhat sao cho biéu thic (2k +1) a1 dat gia tri nguyén.

Bai tap 4: Tim s nguyén duong n sao cho biéu thirc V2n+1+ \/2n —8 c0b gia tri nguyén.

Bai tap 5: Tim s nguyén m sao cho biéu thirc \/ Jm+1 + \/ Jm~—1 dat gia tri nguyén.

e A 1 * \ A A A , . M A 1 \ A
Bai tap 6: Choa= x+—,x €R", 1a mdt s6 nguyén. Chirng minh rang s6 b = x> + 5 1a mot
X X

sO nguyén.

. L 1 1 .
Bai tip 7: Cho x va y la hai sO thyc khac 0 sao cho cac so0: a=X+—;b=y+— déu la so
y X

nguyén.

a) Chirng minh rang s6 ¢ = x?y® + ciing 1a mot sd nguyeén.

X2y2

b) Tim moi s6 nguyén duong X, y sao cho s d =x"y" + 1a s6 nguyén.

n

X"y
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‘ ~ CHUYENDE10 ,
TIM GIA TRI NGUYEN CUA BIEU THU'C

A(x)

Dé tim gia tri x nguyén sao cho biéu thirc ﬁ (trong d6 A(x), B(x) 1a nhitng da thurc) nhan gia
B| x

1. Kién thirc co ban:
Phuong phap:

tri nguyén, ta lam nhu sau:

4 2. A(X) Q(X) X A \ A A
Bién d61 — < = P(x) + —=<, Deg Q(x) < Deg B(x). Dan dén tim so0 nguyén a sao cho Q(a)
B(x) B(x)
chia hét cho B(a).
2. Bai tap ap dung:

. . +5 .
Bai tap 1: Tim s0 nguyén n sao cho bicu thirc 5 la sO nguyén.
n+
Giai
, 2n+5 1

Ta co: =2+

n+2 n+2
Pé biéu thirc 14 s6 nguyén thi phai 14 s6 nguyén. Vi 2 1a s6 nguyén.

n+2 n+2

Do d6: n + 2 phai 1a uéc cua 1.
Suy ra:

n+2=1=n=-1.
n+2=-1=n=-3.

A . » n’+6n+10 .
Bal tap 2: Tim s nguyén n sao cho bi¢u thirc 3 la s0 nguyén.
n+
Giai
.. n’+6n+11 (n+3)2+2
Ta co: = =n+3+
n+3 n+3 n+3

Biéu thirc trén c6 gia tri nguyén khi 1a s6 nguyén.

n+3
Do d6: n + 3 phai 1a uéc cua 2.
Hayn+3=2;n+3=-2;n+3=1;n+3=-1
Vayn=-1; -5; -2; - 4.

5

xe o n \ A A <R . X' +1 A i A
Bai tap 3: Tim s6 nguyén x sao cho bi€u thirc nhan gia tri nguyén.

x +1
Giai
2 3 2
X0+l X (X +1)_(X _1) , X' =1, x—1

Taco: ——= 5 =X - =X -

X +1 x +1 x +1 X —x+1

2 , X5 +1 n . A . x—1 n . n ,. n
Biéu thuc nhan gia tri nguyén khi ———— nhén gia tri nguyén voi x nguyén.
x +1 X —x+1

x(x—l) . . .
Suyra: — =1-— cling nhan gia tri nguyén.

X" —x+1 X —x+1 ) )
(Vi mot s6 nguyén thi nhan thém mdt s6 nguyén x 1a mot s6 nguyen).
Do do:

Xét: x> —x+1 =1<X(x-1)=0hay x=0hodcx=1.
Xét: X°—x+1=-1x-x+2=0 (Phuong trinh nay vo nghiém).
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Vay gia tri x nguyén can tim 1a x = 0; 1 théa man yéu cau bai toan.
Bai tap 4: Tim k nguyén duong 16n nhat dé ta c6 so:

(k+1)
,  k+23
la mot sO nguyén duong.
Gisi
Ta c¢6 thé viet:
(k+1) 2 4ok+1 (k+23)(k—-21)+484 484
ne _ _ —k-21+  keZ'
k+23  k+23 k+23 k+23

n 1a mot s6 nguyén khi va chi khi k + 23 1a udc ciia 484, k + 23 > 23
Ta co: 484 = 222 = 4.121 = 44.11.

k+23=121 k=98

= =
k+23=44 k=21

Vo1 k=98, taco:n=281

Voik=21,tacon=11.

Viy c6 hai gia tri k nguyén duong thoa méan yéu cau cua bai toan la k =98 vak =21.

Gia tri 16n nhat cua k 1a 98.

Bai tap 5: Tim s nguyén z sao cho i+i +i 1a mot s6 nguyén.
2z 3z 4z
Giai
.1 1 1 6+4+3 13
Taco: —+—+—= =——
2z 3z 4z 12z 12z

R 1A ’ A \ A A A N 13 5t 1y A A A
D¢ biéu thire trén 1a mot s6 nguyén thi 2 phai 1a mot s6 nguyén.
Z

Hay 127| 13. Ma 13 = 12.z va z € Z. Nén khong ton tai vi (12; 13) = 1.

X I 1 1 .
Vay khong ton tai z sao cho — +—+— 1a mot s6 nguyén.
2z 3z 4z

3. Bai tap tw luyén:

. .2 6n+1 ;
Bai tap 1: Tim s6 nguyén n sao cho biéu thuc 3 - 2n N la mot s6 nguyén.
n p—

n’—6n+10

Bai tap 2: Tim s0 nguyén am n sao cho bi€u thirc la mdt s6 nguyén am.

2n+9
A £ N A .2 , 3k* -2k -1 o n
Bai tap 3: Tim s0 nguyén k nhé nhat sao cho biéu thic (2k +1) a1 dat gia tri nguyen.

Bai tap 4: Tim s nguyén duong n sao cho biéu thirc V2n+1+ \/ 2n—8 cod gia tri nguyén.

Bai tap 5: Tim s nguyén m sao cho biéu thirc \/ Jm+1 + \/ vm—1 dat gia tri nguyén.

e A 1 * \ A A A ’ . M A 1 \ A
Bai tap 6: Choa= x+—,x eR", 1a mdt s6 nguyén. Chirng minh rang s6 b =x>*" + s 1a mot
X X

sO nguyén.

. L 1 1 .
Bai tip 7: Cho x va y la hai s0 thyc khac 0 sao cho cac so0: a=Xx+—;b=y+— déu la so
y X

nguyén.

a) Chirng minh rang s6 ¢ = x?y® + ciing 1a mot sd nguyeén.

X2y2

b) Tim moi s6 nguyén duong X, y sao cho s d =x"y" + 1a s6 nguyén.

n

X"y
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] ~_ CHUYENDE 11 ‘
SO SANH MOQT SO VOI CAC NGHIEM CUA PHUONG TRINH BAC HAI
1. Kién thirc co ban:
Gia str phuong trinh bac hai: f(x) = ax? + bx + ¢ = a(X - X1)(X - Xz) = 0 ¢6 hai nghiém x1, X2, (a #
0).
Theo dinh 1y Vi-ét, ta co:

b
S=x,+X,=-—
a

P=xX,=—
172 a

Dang toan:
Dang 1: Ton tai s6 o thda min X; < a < Xo.
Bién ddi: X1 - <0< X - a
bat: X-a=y=x= y+ .
Suy ra: f(y) =a(y + o)* +b(y + o) +c=0 (*¥)
Dé thoa min yéu cu bai toan thi phuwong trinh (*) phai c6 hai nghiém trai dau.
< P<0.
Dang 2: Ton tai s6 o thoa min a < X; < Xo.
Taco:a<xi<xx<=0<a-X <a-X.
baty=a-X=>x=a-YV.
Suy ra: f(y) =a(o - y)* +b(a-y) +c=0 (¥
Dé thoa min yéu cau bai toan thi phwong trinh (*) phai c6 hai nghiém duong phan biét
A>0
& 9S>0
P>0

Hay c6 thé dung cach khac

A>0
<X <X <<af(a)>0

§—oc>0
2

Dang 3: Ton tai s6 o thoa min x, <x, <o.
Taco: X <xXo<a X -a<X-a<0
batty=x-a=>x=y-o.

Khi d6 ta c6 phuong trinh: f(y) = a(y - a)?+b(y-o)+c= *)

Pé thoa man yéu ciu bai toan thi phuong trinh (*) phai c6 hal nghiém am phan biét
A>0

<4¢5<0
P>0

Hay ta c6 thé dung cach khac:

A>0

X, <X, <o < qaf(a)>0

§—oc<0
2
Dang 4: Cho hai s6: o < B, f(x) =ax’ + bx + ¢ = 0, (a # 0).

@ 4P L pa)e(p) <o

o<x, <P<x,
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A>0

af (o) >0
(2) a<x, <x,<pe I PN f( ) 0
152 x, <x, <P a(B)>

S
a<—=<
> <P

2. Bai tap ap dung:
Bai tap 1: Tim m dé phuong trinh: (2m - 1)x* + (m? - 1)x + m + 2 = 0 ¢6 hai nghiém xi, X, S0
cho X1 <1 < Xo.
Giai

Pit f(x) = (2m - 1)x* + (m? - 1)x + m + 2.
Tfrgiéthiét, taco: x1<1l<Xo X -1<0<x-1.
bat:x-1=y=>x=y+ 1.
Suy ra:
fy) = (@m- 1)y + 1)° + (m* - 1)(y + 1) + m + 2

= (2m- 1)y’ + (m* + 4m - 3)y + m? + 3m.
Pé thoa min yéu cau bai toan thi phuong trinh f(y) = 0 ¢6 hai nghiém phan biét trai ddu
< (2m-1)(m?+3m) <0

m< -3

O<m<l
2

Bai tap 2: Tim m dé phwong trinh: x* - 3x + 2m - 1 = 0 ¢6 hai nghiém phan biét x1, X, théa man
diéu kién: 1 <x; < Xa.
Giai
Taco:1<x <X <0<1-x<1-X.
baty=1-x=>x=1-vV.
Suy ra:
f(y)=(1-y)*-3(1-y)+2m-1=0
fly)=y*-y+2m-3=0
Dé thoa min yéu cau bai toan thi phuwong trinh f{y) = 0 phai c6 hai nghiém dwong phan biét
A>0
& P=1>0 <:>z<m<2.
S=2m-3>0
Bai tap 3: Cho phuong trinh: x* - 2mx + m? - 1 =0.
Tim gi4 tri ciia m dé phuong trinh c6 2 nghiém thoa mén: -2 < X; < X; < 4.
Giai
bé phuong trinh c6 2 nghiém thoa man: -2 <x; <X; <4

A>0

af(-2)>0

S
—>-2
{—2<x1<x2 2
=

X, <X, <4

< -1l<m<3

A>0
af(4)>0
§ <2
2
Bai tap 4: Ching minh ring phuong trinh: f(x) = (x - 8)(X - b) + (X - b)(x - ¢) + (X - ¢)(x - &) = 0,
voia <b < ¢ luén c6 hai nghiém phan biét thoa man: a <x; <b <x; <c.
Giai
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Nhan thdy ring f(x) 1a mot tam thirc bac hai véi hé s6 x* 14 3.
f(b)=(b-a)(b-c)<0,via<b<c.

f(x) c6 hai nghiém va x; < b < X..

f(a) = (a- b)(a- c)>0, via<b < cnén a ndm ngoai [x1; X;] mda<bnéna<x; <b<x,.

f(c) = (c - a)(c - b) > 0, nén ¢ ndm ngoai [x1; Xo] Mac>bnéna<x; <b<x;<c.

Bai tap 5: Biét 2a + 3b + 6¢ = 0.

Chirng minh ring phuong trinh ax? + bx + ¢ = 0 ¢6 it nhit mot nghiém thudc khoang (0; 1).

Giai

Néua=0thi3b+6c=0< b.; +c=0.Suyra X=% la nghiém cua phuong trinh va 1 (0; 1).

c

. 1
Néu a # 0 thi 2a + 3b + 6¢ = (1) + f{0) + 4f(2j =0.
l A A A N e M 1 A A 1 1 A s~
Nhung (0), f(1), £ (2) khong thé dong thoi bang 0. Vi néu nhu vay thi phuong trinh bac hai s€

. 1
c6 3 nghiém phén biét. Biéu d6 chung td, mot trong ba biéut thire f{0), (1), f (2) phai c6 hai

biéu thirc trai dau.

Vay phuong trinh luén c6 nghiém thudce khoang (0; 1).

3. Bai tap tu luyén:

Bai tip 1: Tim m dé phuong trinh: (m + 4)x* + (M? - m)x + 2m = 0 ¢6 hai nghiém x1, X, théa
man:

X1 <-1<X.

Bai tap 2: Tim m dé phuong trinh (m + 1)x? - (2m - 1)x + m = 0 ¢6 hai nghiém x1, X, thoa mén:
-2 < X1 < Xo.

Bai tap 3: Cho phuong trinh: x° - (2m - 3)x + m? - 3m = 0. Xéc dinh m dé phwong trinh ¢6 hai
nghiém xj, X; thoa man: 1 <x; < Xz <6.

Bai tip 4: Cho phuong trinh: 2x* + (2m - 1)x + m - 1 = 0. Xéc dinh m dé phuong trinh ¢ hai
nghiém xj, X2 thoa man: - 1 <X; <X, < 1.

Bai tip 5: Cho phuong trinh: f{x) = x? - 2(m + 2)x + 6m + 1.

a) Chirng minh phuong trinh trén c6 nghi€ém voi moi m.

b) Pt x = t + 2. Tinh f(x) theo t, tir d6 tim diéu kién déi véi m dé phwong trinh f{x) = 0 ¢6 hai
nghiém 16n 2.

Bai tap 6: Cho phuong trinh bac hai: x* + 2(a + 3)x + 4(a + 3) = 0.

a) Vi gid tri ndo cua tham sb a thi phuong trinh ¢6 nghiém kép. Tinh cac nghiém kép do.

b) Xac dinh a dé phuong trinh c6 hai nghiém phén biét 16n hon -1.

Bai tap 7: Cho phuong trinh: x* + 2(m - 1)x - (m + 1) = 0.

a) Tim gia tri cua m dé phuong trinh c6 mdt nghi€ém nho hon 1 va mgt nghiém lén hon 1.

b) Tim gi4 tri cia m dé phuong trinh ¢6 hai nghiém nho hon 2.

Bai tap 8: Tim m dé phuong trinh: x? - mx + m= 0 c6 hai nghiém thdéa man: x; <-2 < xo.

Bai tap 9: Tim m dé phuong trinh: (m + 1)x? + mx + 3 =0 ¢o hai nghiém thod man x; <-2<1
< Xo.

Bai tap 10: Tim m dé phuong trinh: x*> — 2mx + m = 0 ¢ hai nghiém x1, X < (-1;3).

Bai tap 11: Tim m dé phuong trinh: x* — 2x — 3m = 0 thoa min: %s X, <1l<X,.
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] ~_ CHUYENDE 11 ‘
SO SANH MQT SO VOI CAC NGHIEM CUA PHUONG TRINH BAC HAI
1. Kién thirc co ban:
Gia str phuong trinh bac hai: f(x) = ax? + bx + ¢ = a(X - X1)(X - Xz) = 0 ¢6 hai nghiém x1, X2, (a #
0).
Theo dinh 1y Vi-ét, ta co:

b
S=x,+X,=-—
a

P=XX, "
Dang toan:
Dang 1: Ton tai s6 o thoa min X; < a < Xo.
Bién ddi: X1 - <0< X - o
bat: X-a=y=x= y+ .
Suyra: f(y) =a(y + o)® +b(y + 0) +c=0 ()
Dé thoa min yéu cau bai toan thi phwong trinh (*) phai c6 hai nghiém trai dau.
< P<0.
Dang 2: Ton tai s6 o thda min a < X; < Xo.
Taco:a<xi<xx=0<a-X<a-X.
baty=a-X=>x=a-YV.
Suy ra: f(y) =a(o - y)* +b(a-y) +c=0 (¥
Dé thoa min yéu cau bai toan thi phwong trinh (*) phai c6 hai nghiém duong phan biét
A>0
& 9S>0
P>0

Hay c6 thé dung cach khac

A>0
<X <X <<af(a)>0

§—oc>0
2

Dang 3: Ton tai s6 o thoa min x, <x, <o.
Taco: X <xXo<a X -a<X-a<0
batty=x-a=>x=y-o.

Khi d6 ta c6 phuong trinh: f(y) = a(y - a)?+b(y-o)+c= *)

Pé thoa man yéu ciu bai toan thi phwong trinh (*) phai c¢6 hal nghiém am phan biét
A>0

<145<0
P>0

Hay ta c6 thé dung cach khac:

A>0

X, <X, <o < qaf(a)>0

§—oc<0
2
Dang 4: Cho hai s6: o < B, f(x) =ax’ + bx + ¢ = 0, (a # 0).

@ | =P payep) <o

a<x, <B<x,
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A>0

af(a)>0
(2) a<x, <x, < OL<X]<X2<::> f( ) 0
152 x, <x, <P a(B)>

S
oa<=<
> <B

2. Bai tap ap dung:
Bai tap 1: Tim m dé phuong trinh: (2m - 1)x* + (M? - 1)x + m + 2 = 0 ¢6 hai nghiém xi, X, S0
cho X1 <1 < Xo.
Giai

Pit f(x) = (2m - 1)x* + (m? - 1)x + m + 2.
Tfrgiéthiét, taco: x1<1<Xo X -1<0<x-1.
bat:x-1=y=>x=y+1.
Suy ra:
fy) = (@m- 1)y + 1)° + (m* - 1)(y + 1) + m + 2

= (2m- 1)y’ + (m* + 4m - 3)y + m? + 3m.
Pé thoa min yéu cau bai toan thi phuong trinh f(y) = 0 ¢6 hai nghiém phan biét trai ddu
< (2m-1)(m?+3m) <0

m< -3

O<m<l
2

Bai tip 2: Tim m dé phuong trinh: x?-3x+2m-1=0 c6 hai nghiém phan biét x;, X, théa man
diéu kién: 1 <x; < Xa.
Giai
Taco:1<x <X <0<1-x<1-X.
baty=1-x=x=1-vV.
Suy ra:
f(y)=(1-y)*-3(1-y)+2m-1=0
fy)=y*-y+2m-3=0
Dé thoa min yéu cau bai toan thi phuwong trinh f(y) = 0 phai c6 hai nghiém duwong phan biét
A>0
& P=1>0 <:>z<m<2.
S=2m-3>0
Bai tap 3: Cho phuong trinh: x* - 2mx + m? - 1 =0.
Tim gi4 tri cia m dé phuong trinh c6 2 nghiém thoa min: -2 < X; < X; < 4.
Giai
bé phuong trinh c6 2 nghiém thoa man: -2 <x; <X; <4

A>0

af(-2)>0

S
—>-2
{—2<x1<x2 2
=

X, <X, <4

< -1<m<3

A>0
af(4)>0
§ <2
2
Bai tap 4: Ching minh ring phuong trinh: f(x) = (x - 8)(X - b) + (X - b)(X - ¢) + (X - ¢)(x - &) = 0,
voia <b < ¢ luén c6 hai nghiém phan biét thoa man: a <x; <b <x; <c.
Giai
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Nhan thdy ring f(x) 1a mot tam thirc bac hai v6i hé s6 x* 14 3.
f(b)=(b-a)(b-c)<0,via<b<ec.

f(x) c6 hai nghiém va x; < b < X..

f(a) = (a- b)(a- c)>0, via<b < cnén a ndm ngodi [X1; X;] mda<bnéna<x; <b<x,.

f(c) = (c - a)(c - b) > 0, nén ¢ ndm ngoai [x1; Xl Mac>bnéna<x;<b<x;<Cc.

Bai tap 5: Biét 2a + 3b + 6¢ = 0.

Chirng minh ring phuong trinh ax? + bx + ¢ = 0 ¢6 it nhit mot nghiém thudc khoang (0; 1).

Giai

Néua=0thi3b+6c=0< b.; +c=0.Suyra X:% 12 nghiém ctia phuong trinh va 1 (0; 1).

c

. 1
Néu a # 0 thi 2a + 3b + 6¢ = (1) + f{0) + 4f(2j =0.
1 A A A N e M 1 A A 1 1 A s~
Nhung (0), f(1), £ (2) khong thé dong thoi bang 0. Vi néu nhu vay thi phuong trinh bac hai s€

5 1
c6 3 nghiém phan biét. Di€u do ching t6, mdt trong ba bi€ut thirc f(0), f(1), £ (2) phai c6 hai

biéu thirc trai dau.

Vay phuong trinh luén c6 nghiém thudc khoang (0; 1).

3. Bai tap tu luyén:

Bai tip 1: Tim m dé phuong trinh: (m + 4)x* + (M? - m)x + 2m = 0 ¢6 hai nghiém x1, X, théa
man:

X1 <-1<X.

Bai tap 2: Tim m dé phuong trinh (m + 1)x? - (2m - 1)x + m = 0 ¢6 hai nghiém x1, X, thoa mén:
-2 <x1 < Xo.

Bai tap 3: Cho phuong trinh: x° - (2m - 3)x + m® - 3m = 0. Xéc dinh m dé phuong trinh ¢ hai
nghiém xj, X; thoa man: 1 <x; < Xz <6.

Bai tip 4: Cho phuong trinh: 2x* + (2m - 1)x + m - 1 = 0. Xéc dinh m dé phuong trinh ¢ hai
nghiém X3, Xz thda man: - 1 <x; <x; < 1.

Bai tap 5: Cho phuong trinh: f{x) = x? - 2(m + 2)x + 6m + 1.

a) Chirng minh phuong trinh trén ¢6 nghiém voi moi m.

b) Pt x = t + 2. Tinh f{x) theo t, tir d6 tim diéu kién ddi véi m dé phwong trinh f(x) = 0 ¢6 hai
nghiém 16n 2.

Bai tp 6: Cho phuong trinh bac hai: x* + 2(a + 3)x + 4(a + 3) = 0.

a) Vi gia tri ndo cua tham sb a thi phuong trinh c6 nghiém kép. Tinh cac nghiém kép do.

b) Xac dinh a dé phuong trinh c6 hai nghiém phén biét 16n hon -1.

Bai tap 7: Cho phuong trinh: x* + 2(m - 1)x - (m + 1) = 0.

a) Tim gia tri cua m dé phuong trinh c6 mdt nghi€ém nho hon 1 va mgt nghiém 16n hon 1.

b) Tim gi4 tri cia m dé phuong trinh ¢6 hai nghiém nho hon 2.

Bai tap 8: Tim m dé phuong trinh: x? - mx + m= 0 c6 hai nghiém thdéa man: x; <-2 < xo.

Bai tap 9: Tim m dé phuong trinh: (m + 1)x? + mx + 3 =0 ¢o hai nghiém thod man x; <-2<1
< Xo.

Bai tap 10: Tim m dé phuong trinh: x> — 2mx + m = 0 ¢ hai nghiém x1, X < (-1;3).

Bai tap 11: Tim m dé phuong trinh: x* — 2x — 3m = 0 thoa min: gs X, <1<X,.
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, ~ CHUYENDPE 13 o
GIA TRI LON NHAT - GIA TRI NHO NHAT

1. Kién thic co ban:

Dinh nghia: Cho ham sé y = f(x).

Ki hiéu tap xac dinh ctia ham sb f(x) 1a D.
Gia tri 16n nhat:

m duoc goi 1a gid tri 16n nhat cia f(x) néu:

f(x) < m, v6i moi xeD

Ki hiéu: m=max f (X) hodc gia tri 16n nhat cua y = m.
xeD

Gia tri nhé nhit:

M duoc goi 1a gia tri nho nhat néu:

f(x) > M, v6i moi xoeD

Ki hiéu: M=min f(x) hodc gia tri nh6 nhét cia y = M.
xeD
2. Bai tip ap dung theo dang toan: ) i
Dang 1: Tim gia tri 16n nhat va gia tri nhé nhat cua biéu thirc bac hai.
Cho biéu thue: f(X) = ax® + bx + ¢, (a # 0).
Ta co:

f(x) = m - (cx + d)? hodc f(x) = M + (ex + f)?, v6i m, M 14 hai sb thyc.

Gia trj 10n nhét cua f(x):

GTLN f(x) = m, dat dugc khicx +d=0 <:>X:—g.
C

Gi4 tri nho nhat cua f(x):

GTNN f(x) = M, dat dugc khiex+f=0 < x= i
e
Bai tap 1: Tim gié tri nho nhét cua bidu thie: y = 2x* + 6x + 10.

Giai
Taco: y=2x°+8x+15
y=20 +4x+4) +7
y=2(x+2)>*+7>7.
Vay gia tri nho nhét cta y=7,dat dugc khix+2=0 < Xx=-2.
Bai tap 2: Tim gia tri nhé nhit cua biéu thirc: y =5 + 4x - 4%,
Giai
Taco: y=5+4x-4x°
y =6 -(1 - 4x + 4x%)
y=6-(1-2x)2<6

Vay gié tri 16n nht cia y = 6, dat dwoc khil -2x=0< x = %

Bai tap 3: Tim gia trj ciia m, p sao cho: P = m? — 4mp + 5p® + 10m — 22p + 28 dat gia tri nho
nhét . Tim gi4 tri nho nhat do.
Giai
Taco: P=m?—4mp + 5p + 10m—22p + 28
=(m-2p)* + (p—1)>+27 + 10(m - 2p)
bat: X=m- 2p.
Taco: P=X*+10 X + (p- 1)* + 27
=(X+5)%+(p-17>+2.
Ta thdy (X + 5)* > 0; (p - 1)* > 0, v6i moi m, p.
Do do6: P> 2.
P dat gi4 tri nho nhat khi X +5=0vap-1=0.
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Giai hé diéu kién trén ta duoc: p=1, m = -3.
Suy ra: Gia tri nho nhat cita P=2, voip=1, m=-3
Vayp =1 vam=-3 la hai gia tri can tim.

2 L ) P(x
Dang 2: Tim GTLN, GTNN ctia bi€u thirc dai so bang cach dwa veé dang (—) >0

Q(x)

Q(x) 2 j
Bai tap 4: Tim gid tri nhé nhét cia bidu thic: P = %
X
Giai
2 2
Tacop= X TI5X+16_ (x4 23 o L o
3X 3X 3
x—4)°
Vix>0nén ( ) +§2§.
3x 3 3
N 23 ,
Vay gia tri nhd nhat cia P = ?,dat duoc khix =4,
2
Bai tap 5: Tim gid tri lon nhit cia biéu thie; P — o+ 9% +10.
X“+2X+3
Giai
Tap xac dinh: D =R.
2
Tacé;pzwzg.F;z_
X2 +2X+3 (X +1) +2
Vi ;zslnéntacé:P:3+;2 £3+1:3,5.
(x+17+2 2 (X +1) +2 2

Vay gia tri 16n nhét cua P = 3,5, dat duoc khi (x+ 1)2 =0 x=-1
xy > +y2(y2 —x)+1 |
X2yt + 2yt +x% +2

Bai tip 6: Tim gia tri 16n nhit cua biéu thirc: P =
Giai

2, v2(\,2 _ 4
Tacé:P:XZ;ry({/1 );)H: 4y+1 = 21 <lvisazo
XY +2y" +X7+2 (y +1Xx +2) X“+2 2

Vay gia tri 16n nhét cia P = % , dat duogc khi x =0 va VyeR.

Dang 3: Tim GTLN, GTNN ciia biéu thirc dai sé bing cach ap dung bit diang thirc Cosi.

Bit dftng’ thirc Co si (Cauchy):
Vi hai so thue khong am x, vy, z, t, ta co:

X+Yy
24X
> y

X+y+z
> 3xyz
3 Xy

X+y+z+t
=T T > xyz
4 y

V6i moi s6 thire khong am Xy, Xy, .., Xp, ta €O:
X, + X, +ot X,

- > 0%, X, X,
Dbang thuc chi xdy ra khi va chi khi x; = X2 = ... = X,.
. X, +X,+...+X C \ ~ , , £
bai lugng ——2 L duogc goi la trung binh cOng cla cac so x1, X2, ..., Xn.

n
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Dai lugng X;X,...X,, duoc goi la trung binh nhan cua cac $O X1, X2, +ey Xn.

e 4n N ey , X ) .2 , 8X2+2 L.
Bai tap 7: Tim gia tri nhd nhat cta biéu thuc: P = , Vo1 x> 0.
X
Giai
2
. X" +2

Taco:P:8 :8x+g.

X X

Ta thay 8x va 2 13 hai dai luong lay gia tri duong.
X

Ap dung bét dang thire Cosi cho hai sb duong 1a 8x va 2 ta co:
X

8x + g>2‘/8x— 2./16 =8.
X

Dau bang xdy ra khi: 8x = 2 & X :%.
X

o £, . 1
Vay gia tri nho nhat cia P = 8§, dat dugc khix= —.
2
Bai tap 8: Tim gia tri nhé nhat cta biéu thic: P =2x + si Vi x > 0.
X
Giai

Ap dung bét dang thire Csi cho hai sb duwong: 2x va 8i , ta co:
X

P= 2x+—>2/ \/7 1 hayP>1.
8x

Vay gia tri nho nhét cua P = 1, dat duoc khi 2x = 8_ S X= % :

X
Dang 4: Tim GTLN,GTNN bﬁng' phuong phap sir dung bat ding thirc Bunhiacopxki
(Bouniakovski ) hay con goi 1a bat dang thirc Cauchy - Schwarz (C - S).

Bit déing thirc Buanhiakovski: o
Cho hai day so thuc ay, ay, ..., a, va by, by, ..., by. Khi d6 ta c6 bat dang thirc sau:

(albl + ab, + ... +anbn)2 < (3.12 + 8.22 + ... +an2)(b12 + b22 .ot an)

Déu bang xay ra khi 4_-8 . &
b, b, b,
Bai tap 9: Tim gia tri nho nhit cta biéu thic: P = X2+ v + 22, Bibt: x + y+z=1995.

Giai
Ap dung bit dang thirc Bunhiakovski cho bd ba sb: (1, 1, 1) va (x, y, z) ta co:
(x1+yl+z1P2<(1+ 1+ DHE*+y +7)
S (X+y+z)P2 <3 +y+7)
< 1995% <3(x* + y* + Z%), vix + y + x = 1995.
19952
3

, dat duoc khi {

Tirdo, taco: P=x>+y* + 22 >
19957 X=y=12
X+Yy+z=1995

Vay gia tri nho nhét ciia P = SX=Y=Z=0665.

Bai tap 10: Cho biéu thirc: P = \2x +ay+ \/Ez\ .

Trong d6 x, y, z la cac dai lugng thod man diéu kién: X2 + y2 + 2% =169. Tim gia tri lon nhat cua
P.

Giai
Ap dung bit dang thirc Bunhiakovski cho bd ba s6:(2, 4, V5 ) va (%, Y, z), ta co:
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(2x +4y+ \/gz)z < [22 +4° + (Jg)z}(xz +yi+ 22)

Hay P? < 3[22 +42 +<\/§)1(x2 +y? +22),
vi X* +y? + 7% = 169 nén P? < 25.1609.

<

X Z
Vay gid trj 1on nhit ciia P = 65, dat duoc khi {2 4 /5
x?+y?+2° =169

26 26 52 52 __13J/5 135

(6]

Twr d6 tim dugc: x= —;——.y= —;——. 2= ——,—.
5 5 5' 5 5 5
*Luu y:
- Gié trj 16n nhit ciia A = —— (véia 1a s6 duong) I a .
f(X) GTNN cuaf(X)
- Gi4 tri nh6 nhat cia B = (v6i b 1a s6 duong) 1a b7 :
f(X) GTLN cua f(X)

3. Bai tip ap dung chung: i
Bai tap 1: Tim gia tri nho nhat ctia cac bi€u thirc sau:
) A= X2 -4x+7
b) B=4x*+5x-1
C) C = /25x%-20x +4 ++/25x? -30x +9

Giai
a) Tach: A=x*-4x+7=(x-2)*+3>3.
Vay GTNN cua A 1a 3, dat dugc khix-2=0<x=2.
5}2 21 21

b) Tacod: B=4x*+5x-1= (2x+5 S

Vay GTNN cua B la —%, dat duoc 2X+§:O<:>X:—%.
c) Ta co:
C =25x7-20x +4 +25x* -30x +9 = ,(5x-2)° +/(5x-3)’

2 .5

(5x—2)° >0; dat duoc khi x = >
Va

2 5

(5x=3)" 20; dat duge khi x =~

5 5
Vo1 X = E hodc x = g thi GTNN cua C = 0.

Bai tp 2: Tim gid trj 1on nhit cia P = Vx (1 Jx )
Gii

p= VR (1-X)-x+ x=i—(\/_—ljzsi

2

Déng thirc xay ra khi \/_:%: X :i

. 1 1
Do do gia tri 16n nhat cia P 1a Z dat khi X = Z .
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Bai tap 3: Tim gia trj ciia x dé biéu thic c6 gié tri 1on nhat.

1
x?-202x +5
Giai
Ta co:

xz—zﬁx+5:(x—\5)2+323

1 1
= — < —
x> —22x+5 3

. 2 1 . ; 1
Khi x = \IE thi biéu thirc ——=—— dat gia tri [6n nhat la —.
x2-23/2x+5
Bai tap 4: Vi hai s6 khong am x va y. Tim gié tri nho nhat cta biéu thic sau:

4009
P=x-2 xy+3y-2xﬁ+

Giai
bat: xf;: a,4y = b, vdia, b>0, ta co:
P =a’- 2ab + 3b? - 2a + 2004,5
= a%- 2(b+ 1)a + 3b? + 2004,5
=a?-2(b+1)a+ (b + 1)*+ 2b* - 2b + 2003,5

:(a—b—1)2 +2(b2—b+ij+2003,5—%

2
=(a-b-1) +2(b—%j +2003 > 2003

>
Vi(a-b-1) >0 va (b—%j >0, Va,b.

a=b+1 a=
P = 2003 khi 1 =
b 0

Jx=2 |x=
\/y:

Bai tap 5: Tim gia tri 16n nhat cta biéu thuc:

Vay GTNN cua P = 2003 dat duoc khi

X*—2x+4
Giai
Taco: X*-2x+4=(x-1)*+3>3.
Do d6: #36122
X" —=2X+4 3
Dau"="xdyrakhix-1=0&x=1.
X —=2X+4
Bai tap 6: Tim gia tri nho nhat cta biéu thirc ZL
—X"+4Xx-9
Giai
Tacod: X +4x-9=-5-(x-2)°<-5,
10 2£=
—X*+4x-9 -5
Dau "=" xay ra khi va chikhix-2=0< x = 2.

Do do: 2.
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Vay GTNN ciia biéu thitc — 10— 1a-2.
—X"+4Xx-9

2

Bai tap 7: Tim gia tri nho nhat cta biéu thirc w .
X" -6x+9

Giai
Ta co:
8x?-50x+79 _8(x*-6x+9)-2(x-3)+1
x2-6x+9 (x-3)2

2 2
=8-2. 1 + 1 = 1 -2. 1 +1+7
x-3 \x-3 X-3 X-3

2
:(i-l} +737
X-3

Dau "=" xay ra khi va chi khi -1=0=x-3=1x=4.

X-=3
2
: - +
Viy GTNN cita biéu thirc 220X * 79 1 7.
X" -6x+9
Ne A \ cr 1 A Z A, .2 , 8X+3
Bai tap 8: Tim gia tri 16n nhat, nho nhat cta biéu thirc A = VTR
X"+
Giai
8 +3
4x* +1

o A@dX*+1)=8x+3

S AAXC -8x+A-3=0.

Taco: A=8-44A.(A-3)=0.

S A?-3A-4=0

S A=-1,A=4

Gia tri nho nhit 1a coa A 1a -1 dat duoc khi x = -1 va gia tri 10n nhét cta A 13 4 dat duoc khi x =
1

Z .
Bai tap 9: Cho hai s6 thyc x, y thoa man diéu kién: x* +y* = 1.
Tim gié tri nho nhat cua biéu thrc: M =x +y.
Giai
Taco: (x+Y)2<20¢+y) =2=> M’ <2 = —2<M<2
Suy ra Min M = -+/2, dat dugc khi x =y = g
Bai tap 10: Cho x, y, z la ba s6 khong am thoa man: xy + yz + zx = 100.
Tim gia tri I6n nhat cua P = xyz.
Giai
Taco: P>0. Xét 100 =xy +yz + zx > 33/xy.yz.zx

3
:10023%7:{%] > p?

_p 100 100
3 3
100 (100

Suy ra: maxP = 3\ 3 dat dugc xy = yz = zx.

Bai tap 11: Cho biéu thirc y = x - /x-1993(véi x > 1993). Tim gié tri nhé nhét cua y.
Giai

Bién soan: Tran Trung Chinh Trang sb 60



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

2
Taco:y=(x-1993) - x-1993 + 1993 = («/x—1993—%) +%712%71

T

Suyra:miny = 4

Bai tap 12: Cho a va b thoa mdn a + b= 1. Tim gi4 tri nhé nhét ctia biéu thuc E = a> + b® + ab.
Giai

Taco: E=(a+hb)(@®-ab+b?) +ab=a?-ab+b*+ab =a*+ b’

Talaicé:2(a2+b2)2(a+b)2:1:a2+b22%

Suy ra: MinE = %,datducyc khia=b= %

Bai tip 13: Cho biéu thitc: P = \Ja+3-4a-1 +\a+15-8Ja-1, (véia> 1)
Tim gi tri nhd nhat cta biéu thic P.

Gidi
Ta co:

a+3- 4\/5:(\/5-2)2
a+15 - &/ﬁ:(\/ﬁ-ﬂz
:>P:Nﬂ—zh\\/ﬁ—qz\\/ﬁ—zw—\/ﬂ\:z

Suy ra: minP = 2 dat duoc khi a= 1.
Bai tip 14: Cho biéu thirc: Q = (x - ay)® + 6(X - ay) + X* + 16y” - 8xy + 2x - 8y + 10.
Véix, y, ala cac s nguyén. Tim gia tri nho nhit cua Q.

Giai
Taco: Q= (x-ay+3)% + (X -4y)>+2(x-4y) +1=(x-ay + 3)*+ (x - 4y + 1)*> 0.
Suy ra: minQ = 0, dat dugc khix -ay+3=0vax-4y+1 =0.
Bai tip 15: Cho hai s6 duong x va y c6 tong bang 1.

Tim gi4 tri nho nhat cua biéu thue: T = (1-%}[1-%} :
X y
Giai

Lz 2
Biéndoi: T=1+ —
Xy

Ma: 1= (x+y)2 24xy:>£28:>T29
Xy

Suy ra: Gid tri nhd nhét cia T =9, dat dugc khi x = y= %

Bai tap 16: Tim gia tri 16n nhat va gia tri nho nhat cia y = 711
X +
Giai
Tap xac dinh D = R = Yy, 1a mdt gid tri cua ham so

< Phuong trinh y, = c6 1 nghiém x € R.

x*+1
< Phuong trinh X?y, +y, =X c6 1 nghiém x € R.

< Phuong trinh Xy, -X+Yy, =0 ¢6 1 nghiém x € R.
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T ‘ | ; 1
Vay gié tri nho nhat ciay = — > gid tri lon nhat cia y = r

. . + L
Bai tap 17: Xac dinh cac tham so0 a, b sao cho ham s y = aX2_+? dat gia tri lo6n nhat bang 4, gia
X
tri nho nhat bang -1.
Giai
Tap xac dinh D =R.

VRV S 4 \ ax +
Yo 12 mot gia tri cia ham so6 < phuong trinh y, = il
X* +

c6 nghiém x € R.
< Phuong trinh yoX? - ax + Yo - b= 0 ¢6 nghiém x € R (1)
Néu yo = 0 thi (1) < ax = - b ¢6 nghiém.
a=b=0

L #0
Néu yo # 0 thi (1) ¢6 nghiém
<A20
< a? - 4(yo - b)yo > 0.
& -4y +4by,+a’ >0

Theo dé bai yo dat gia tri 16n nhat 1a 4, gi4 tri nho nhat la -1 nén phuong trinh —4y; +4by, +a’
phai c6 nghiém la-1va 4 (Do -1.4=-4<0).

. , ., , —:—4 a :i4
Theo dinh 1y Viéet, taco: 1 4 =
b3 b=3

Vayvoia=4;b=3hoaca=-4,b=3thiminy=-1, maxy=4.
Baitap 18: Choay <a; < ... <.
Tim gi4 tri nho nhét cua biéu thirc: A =|x - ag| + [X - 8| + ... + |X - @y.
(Dé thi vao 16p 10 chuyén Toan trudng PTNK TP. HCM)
Giai
Ta xét 2 truong hop, n chin va n 1é.
Vi n chan, dat n = 2k. Ta co:
A=|X-ag|+|X-ag +...+|X-a+ |aks1 - X| + [aks2 - X| + ... + ]a2 - X
>2X-ar+X-at.. FX-atar-XF+ag-X+...Fax-X
=-a1-ay-..-adg+ags1 T ...+ aAx.
Déu bang c6 thé xdy ra, chiang han nhu x = ay.
Véin chan, dit n = 2k. Ta co:
A=x-ag|+|X-a+...+|X-a+ a1 - X| + |aks2 - X| + [akes - X| +... + A2k - X
>2X-ar+tX-at..FX-ataker - X+t aeo - X+ akez- X Faxs1 - X
=-ar-adz-..-at ak+1 T Ak+3z ... Aok
Dau bang co thé xay ra, ching han nhu x = ays1.
Bai tap 19: Cho a, b 1a cac s thyc thoa médn a® + b? = 1.
Tim gi tri 16n nhét cia: P=(Ja+ 1|+ [b+ 1|) + (a - 1| + |b + 1|)
Giai
Theo bét ding thirc Bouniakovski. Ta co:

lla+1]+1ja-1] < \/2[(a—1)2 +(a—1)2} —2Ja?+1
Lo+ 1]+ 1b -1 <, [2[ (b-1) +(b-1)" | =24b7+1

24a’ +1+2402 +1< \IIS(az +b* +2) =26

Cong cac vé bat dang thirc, ta dugc:
(a+1+b+1)+(a-1/+[b+1]) <2va’>+1+2Jb* +1<2J6
Vay gié tri 16n nhét cua P 1a 2% .
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Bai tap 20: Tim gi4 tri nho nhit cua biéu thic: A =|2x - 3| + [2x - 1]
Giai

Ap dung BDT: x| +[y| > [x + Y|

Dau "=" xay ra khi xy > 0.

Suyra: A=|2x-3|+[2x-1|>[2x -3 +1-2x| =|-2| =

Déu "=" xay ra khi (2x - 3)(1- 2X) >0 < % <x< %

Vay Min A = 2 khi %stg.

Bai tap 21: Tim gi4 tri nho nhat cua biéu thirc B = [x* + X + 3| + [x* + X - §|
Giai

Tuong ty (Bai tap 3): MinB =9 khi -3<x<2.

Bai tip 22: Tim gia tri nho nhét cia bicu thirc: C = |x - 1| + [x - 2| + [x - 3| + [x - 4|
Giai

Tuong tu (Bai tap 4): MinB =4 khi2 <x<3.

Bai tap 23: Choa<b<c<d. Tim: Minf(x) = |x-a| + [x-b| + X - ¢| + [x -

HD: Tuong ty (Bai tap 5), ta co: Min f(x) =d + ¢ - b - a dat dwoc khi b<x<c.

Bai tap 24: Tim gia tri 16n nhat, nho nhat neu c6 cuia cac biéu thic sau:

a) E=|x-1]+|x-3| b) F=|2x - 1]*- 32x - 1| + 2
Giai
a)
X 1 3
-1 - 0 + +
-3 - - 0 +

Khix<l:E=1-X+3-x=4-2x>4-21=2.
Khil<X<3:E=x-1+3-x=2.
Khix>3:E=X-1+x-3=2x-4>23-4=2.
Vay minE =2 khi 1< X <3.

2
by Pat t=|2x 1> 0 khido F=t?-3t+2=[t-2| ~Z>-1 vt
2) 47 4
5
, 3 3 3 _|*73
Dau “=" xay ra khi t:—<:>|2x—1|:—<:>2x—1:ir—<:>
2 2 2 1
X=—=
4

1 1
Vay minF = -— khi x = > hodac x =-—.

4 4
Bai tap 25: (Ap dung bat dang thiae Cauchy)
Tim gia trj 16n nhét va gid tri nhé nhit cua: Z = x%y(4 - X - y)

>0
Trong d6 Xy
X+y<6
(Dé thi vao 16p 10 Chuyén Toan DPHTH Ha Noi nim 1993)
Giai

Tatim GTLN.

Taco: xXy(4 - x-y) = 4.)2(.)2(.y(4- X-y).

Nhan thiy b 4 s6 'Y, 4-X-y cotong 1a 4. Nhung 4 - X - y nhan gia tri khong am, do d6

X
2

N | X

ta xét 2 truong hop:
Xét0<x+y<4, taco:
Ap dung bat dang thuc Cauchy:
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X X !
—+—+y+4-X-y

Dau "="xayrakhix=2;y=1.
Xét4<x+ytaco:Z<0<4.

Nhu vay trong moi trudng hop ta déu c6 Z < 4.
VAy Zmax = 4. Pang thuc xay khix =2, y = 1.

Tatim GTNN.
Xét4<x+y<B6.
Tacoix+y-4<6-4<2. (1)
Ap dung bat dang thirc cho 3 so6 khong am X; X; 2y ta co:
3
(x+x+2yj3 (2(X+Y)]
X. 3 ’
xzyzxxzys 3 = <X 3 2)
2 2 2 2

Suy ra: - x’y>- 32
Nhan cac vé cta bat dang thuc trén voi nhau ta duoc:

Xy(4 - x-y)> x’y.2> -32.2=-64.
Dau "=" xay ra khi va chikhi x =4, y=2.
Xét0<x+y< 4,taco:Z>0>-64.
Vay trong moi truong hop Z > - 64. Suy ra Zmin = - 64.
Bai tap 26: (Ap dung bét dang thirc Bouniakovski)
a) Cho x, y thoa: X\/l —VHyWl-x* =1 (1)
Chirng minh x* + y* = 1. (2)
b) Tir (2) c6 thé suy ra (1) dugc hay khong?

(Dé thi vao 16p 10 PT Niang Khiéu TP.HCM niam 1999(

Giai
a) Ap dung bat ding thirc Bouniakovski cho hai bd (x, J1-x? ) va (Jl -y, y) ta duoc:
X\/l—y2 +\jl—X2 y< \/(Xz-l-l—Xz)(l— Y+ yz)

& x\/‘]l—y2 +yx/l—x2 <1
Déu "=" xay ra khi va chi khi

x A=Y,
J1-x y

x* 1-vy*
- el
I-x y
x? 1-x* 1-x*+x’
= 2= 2 =1
-y y I-y"+y
:>x2:l-y2
= xX+y =1

b) Tir viée xét dau bang, ching ta thiy ngay néu x, y, > 0 thi (1) < (2). Tuy nhién & day do de
bai khong cho x, y 14 cac s6 thuc duwong nén ta dé dang chi ra truong hop (2) 525 1. Chang han
nhu x=0,y=-1.
Bai tap 27: Cho a, b, ¢ € [0; 1].
Tim gia tri lon nhit cua biéu thic: fla, b,c)=a+b+c-ab - ac - bc.
(Chuyén d& Toan hoc s6 7 - PTNK TP.HCM)
Giai
Ta s€ chirng minh f{(a, b, ¢) < max{f(a,b,0), f(a, b, 1)}.
That vay:
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Néu I -a-b >0 thi
f(a,b,c)=a+b-ab+c(l-a-b)<a+b-ab+(1-a-b)=1(a b, 1).
Néul-a-b<Othif(a b,c)=a+b-ab+c(l-a-b)<a+b-ab=1(a b, 0)
Nhu vay f(a, b, ¢) < max{f(a, b, 1), f(a, b, 0)}

O day ta co thé ly luan mot cach twong ty nhu trén, dé suy ra rang:

f(a, b, ¢) < max {f0, 0, 0), (0, 0, 1), 0, 1, 1), f(1, 1, 1)} va tinh toan tryc tiép cac gia tri trén dé
suy ra f(a, b, ¢) < 1. D4u bang x4y ra ching hannhwra=b=0, c= 1.

Hoac 1a ta s€ danh gia f(a, b, 1), f(a, b, 0).

f(a, b, 1)=1-ab< 1.

fa b,0)=a+b-ab=(a-1)(1-b)+1<1.

Déu bang xay ra chang hannhua=b=0, ¢ = 1.

Vay max f(a, b, ¢) = 1. Dau "="xayrakhia=b=0,c=1.

Bai tap 28: (Ap dung bét dang thic Cauchy)

1
Cho x > 0, y > 0 théa min diéu kién — + = = = . Tim gia tri nho nhét cta biéu thirc A =

X Yy 2
.
Giai
1 1 .
Vix >0;y>0nén —>0; —>0; \/;>0; \/i;>0, theo bat dang thirc Cauchy, ta co:
X y

11 1(1 1j
—— < —4+—
xy 2 y
11
:—S—:h/xy24
»\fxy 4

Van dung bat dang thirc Cauchy v6i hai s duong \ﬁ va \/7 , ta duoc:

A=x +ly 22yVxfy 22Va = 4.

Déu "=" xay ra khi va chi khi x =y = 4.

Vay Min A = fl, dat dqu kl}i x=y=4.

Bai tap 29: (Ap dung bat dang thirc Bouniakovski)
5a 4b 3c

Choa, b,c>0. Timmin P = + +
b+c c+a a+b

Giai
P= > +5+ 40 +4+ 3¢ +3-(5+4+3)
b+c c+a a+b
4 3

=(a+b+c)[ > 4 + bj—(5+4+3)

b+c a+c a+
5 4 3
+ +

:%[(a+b)+(b+c)+(c+a)]£b+c a+c a+b

2%(\5+ﬁ+\5)2—(5+4+3)

(Theo bét ding thirc bouniakovski)
Vay min P = %(\/§+\/Z+J§)2 —(5+4+3) khi va chi khi

j—(5+4+3)

b+c a+c a+b

5 B
6. Bai tap tu luyén:
Bai tap 1: Tim GTLN va GTNN cua biéu thirc:
a) A=(3x-1)(2-x) b) B = (2x + 1)(X + 2) - (4%* - 2X)
c) C=(5x + 2)(1 + 3x). d) D=(4x+3)(3x-1)

Bai tap 2: Tim gia tri 1on nhét ciia biéu thirc p = 2 - 5X° - y* - 4xy + 2x.
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bS: Max P =3 khi (x; y) = (1; -2)
Bai tap 3: Tim gi4 tri nh6 nhét cia f(x, y) = x° - 2xy + 6y? - 12x + 45.
PS: fix, y)=(x-y-6)*+5y°+9>9.

1

Bai tip 4: Cho hai s x, y théa mdn ding thic: 8x° +y* + o =4.
X

Xac dinh x, y dé tich xy dat gia tri nho nhat.
HD: Thém 4xy + 4x* vao hai vé.

KQ: Tich xy dat GTNN la —% khi x :i%;y: 1

Bai tap 5: Cho a 14 s6 c¢b dinh, con x, y 1a nhitng s6 bién thién. Hay tim gia tri nho nhat ciia biéu
thirc: A = (x - 2y + 1)? + (2x + ay + 5)°.

9
DS:AZOkhia;«t-4,A=g khia=-4.

Bai tap 6: Cho biéu thirc P = x> + xy + y? - 3(x + y) + 3. Chirng minh rang gia tri nh6 nhét cta P
bang 0.

2
. +
Bai tip 7: Tim gié tri 16n nht B = o 12
X“+4
o L 2
Bai tip 8: Tim gid tri nho nhat cua f(x) = ———
6x —5-9x
. . —6
Bai tap 9: Tim gi tri 16n nhat cua f(x) = —————
x—3Jx +7
o . L . -4
Bai tap 10: Tim gid trj 16n nhét va gia tri nho nhat ciia A = > =
X" +1
L . 4
Bai tap 11: Tim gié tri nho nhat cua phan thuc B = 2X—+3
X +x+1

Bai tap 12: Tim cyc tri cac da thac sau:
a) Tim Min A= 4x? - 4x + 6 b) TimMaxB =-x+3x -7
¢) Tim Min va Max cta f(x) = x° - 4x + 6 khi x €[-3; 4]

Bai tap 13: Tim gi4 tri nho nhét cua biéu thirc: f(x) = ( )(«/;+ 2)( X +3)(«/;+ 6)
3
2

12x(x a)}

Bai tip 14: Tim gia tri 16n nhit cia ham sé: y =
x* +36

3
bS: Max y = ‘{/(6+x/a2 +36)

Bai tap 15: Tim gia trj 16n nhat, nhé nhat cta biéu thic y =

x?—2x+2

X2 +2x+2

bS: Maxy=3+ 2\/§,Miny:3- 2\/5.

WX +3+41-x +1
Ax +3+31-x +1

Bai tap 16: Tim gia trj 16n nhat, nhé nhit cta biéu thic y =
9 . . .
bS: Max y = 5 khix =-3;Miny= khix=1.

s . . f 1
Bai tap 17: Tim gia tri nho nhat ctia ham s6: f(x) =x + ,[x* +—, x>0
X
DS: Min f(x) =2, véix > 0.
s ; . .2 1
Bai tap 18: Tim gid tri nho nhat va 16n nhat cua bieu thirc A = —
2—-43-x

. . 2 1 .
Bai tap 19: Tim gia tri nho nhat cia A = 1—+—, vo10 <x<1.
-X X
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Bai tap 20: Tim gi4 tri nho nhét, 1on nhét cua:
a) A=2x+ \5-x° b) B = x(99+x/101-x2)

. , 24 +
Bai tip 21 Tim gié trj 16n nhéit cia bidu thic A = X X +13
X“+4x+4

bS: Max A =4, dat duoc khi x = - 4. i
Bai tap 22: Tim gia tri lon nhat cia céc biéu thac sau:

9x” —12x+11 ) CAxT—4x+21
Bai tap 23: Tim gia tri nho nhat cta cac bi€u thie sau:
a) 2; b) B= 5 !
-4x° +20x-29 ’ ~-25x" +10x-12
Bai tap 24: Tim gia tri nho nhat cta cac bi€u thic sau:
2 vt 2 +
) A= XXM 21 py = IX I TOXHZ k3,
X~ -2x+1 ) i X +9-6X
Bai tap 25: Tim gia tri lon nhat cua céc bi€u thic sau:
2 +10x + 2 +4x -
a) A= X HIXF20 ey 3 by B=X XA i v,
X" +6x+9 ) ) X"-2x+1
Bai tap 26: Tim gia tri lon nhat va nho nhat cua cac biéu thic sau:
+ 2.2x+
a)A:A'): 3 b)5=w-
X~ +1 X" +2x+5

Bai tap 27: Bai toan vui.

Xuan, Ha, Thu, Bong la bdn ban hoc rét gi61 Toan cua 16p 9A.

Xuén d6 cac ban:

Cho biéu thirc 1:2:3: ... : 2004:2005. Hay viét thém dau ngodc dé biéu thirc méi c6 két qua:
a) Nho nhat b) Lén nhét.

Vira nghe xong ciu do.

Ha d4 noi rang: Thém ddu ngodc nhu sau s& duoc két qua nho nhat

(2:2:3: ... :2004) : 2005

Thu tiép 16i: Thém dau ngodc nhu sau s& duoc két qua 16n nhat

1:(2:3: ... : 2004:2005)

Va Pong sé& néi gi cac ban biét khong?

DS: C6 1& Pong s& ndi: Ca Ha va Thu déu ding.

Bai tap 28: Cho a + b= 1. Tinh gi4 tri nh6 nhit cua biéu thire M = a® + b°,

1 1
bS: MinM = Z , dat duoc khia=b= E

Bai tap 29: Cho a® + b® = 2. Tinh gia trj 16n nhét cia N =a + b.
bS: Max N =2, dat dugc khia=b=1.
Bai tap 30: Cho biéu thirc M = a + ab + b? - 3a - 3b + 2001. Vi gi4 tri ndo ciia a va b thi M dat
gia tri nhd nhat? Tim gia tri nho nhat d6.
bS: Min M = 1998, dat duoc khia=b=1.
Bai tip 31: Tim GTLN ciia biéu thic: A = x?y/9-x?
Bai tap 32: Cho x, y, z 1 cac s6 thuc thoa man xy + yz + zx = 1. Tim gi tri nho nhit cua biéu
thic P=x"+y*+ 72"
NE)

L. 1 .
Pép s6: minP = 3’ dat dugc khix=y=z= ?
Bai tap 33: Cho ba s6 duong x, y, z c6 tong bang 1.
) . NG y2 72
Tim gia tri nho nhat cta biéu thuc: Q = + +
Y+Z X+Z Yy+X

Dap s6: minQ = % .
Bai tap 34: Cho hai s6 duong a > b, x va y 1a hai bién thoa min: x >a, X +y>a+b,
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Tim gi4 tri nh6 nhat cua bidu thirc: S = x* + y2.
Pap s6: minS = a® + b?.

Bai tap 35: Tim gié tri nhd nhat cta bidu thire: E = yx° + X +1+,\,/x2 —x+1
Pép s6: min E = 2, dat duogc khi x = 0.
20x* +10x + 3

3% +2x +1

Pép s6: max y = 7, dat duoc khi x = -2.
Bai tap 37: Tim gid tri ciia m dé gia tri 16n nhit ciia ham s: y = -x? - 2ax + 2
trén tap D =[1, 3] co gia tri bang 5.

Bai tap 36: Tim gi4 tri 16n nhat cta biéu thirc: y =

Pap sb: a = -2 hodc a=-3

a, b,c>0

a+b+c<3
a N b N c
1+a® 1+b*> 1+c?

Bai tap 38: Cho ba s6 thuc a, b, ¢ thoa min: {

Tim gi4 tri 16n nhét cua biéu thirc: A =

bép s6: maxA = %, dat dugc khia=b=c=1.

Bai tap 39: Cho ba s6 a, b, ¢ 14 céc s6 khong am thod méin dong thoi 3a +2¢ = 51 va ¢ + 5b =21.
Tim gia tri lon nhat cua biéu thuc: P=a+b+c.
Péap s0: maxP = 24, dat duwoc khib=0,c=21,a=3.
Bai tip 40: Cho hai sb thuc x, y thoa méin hé thirc: 8x? + y* + 4—12 =4,
X
Xac dinh x, y dé tich xy dat gid tri nho nhat. ,
(Pé thi tuyén sinh chon HSG 16p 9 tinh Thira Thién Hu€ nam 2003-2004)
. 1,,. 1 1
Dapsdo: minxy=—-= khi(x,y)=|=,1};|-=,1
peminy =L vy = (L)L)
Bai tap 41: Tim gid tri nho nhét ciia biéu thirc: P = 5x* + 9y” - 12xy + 24X - 48y - 82
(Bbé thi tuyén sinh THPT Chuyén Lé Hong Phong nam hoc 2004-2005)

Dép s6: min P = 2m, dat duoc khi (x, y) = (4, %j

3x°-8x +6
x*-2x+1
Bai tap 43: Tim GTNN clia: A = 3"+ 3 véix +y=4.
Bai tap 44: Tim GTLN va GTNN cua cac ham so sau:
x> -x+1 X+1
Q) a=——— b) B=
) x> +x+1 ) x*+1
Bai tap 45: Cho céc sb thuc x, y, z € [1; 2].
_ |2-xy| .\ 12-y7| _ |2-2x|
z(x+y) x(y+z) y(z+x)
Bai tap 46: Tim gi4 tri I6n nhat va nho nhit caa cac biéu thirc sau, biét x e [-2; 3].
a)A=2x+1|+3
b) B=|x+1|+|2x- 1]

Bai tip 42: Tim gi4 tri nho nhat A =

Tim gié tri 16n nhét ca biéu thirc: P

c) C = |x*- 2x| ’
Bai tap 47: Tim gia tri nho nhat cuia A = |x - 1| + |X - 3|.
bS: Min A = 3.
e () (1) |
ai tap 48: Tim gia tri 16n nhat cua bicu thirc >
(1+20) (1 y?) |
2x2 +x-1

Bai tap 49: Tim gi4 tri nhé nhat cua ham s6 f{x) =

X% -x+1
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Bai tap 50: Tim gi4 tri 16n nhit ciia A = |x - y|, biét x* + 4y = 1.

Bai tap 51: Tim gia tri nho nhat, 16n nhat cia A = ‘X - \E‘ + |y -l| voi x| + |y =
Bai tap 52: Tim GTLN ciia: A =[x - y], biét x” + 4y” = 1 , 7

Bai tap 53: Cho a, b, ¢ 1a cac so thuc phan bi¢t. Tim gid tri nhdé nhat cua bicu thirc:
a |, |0, |c]

A_
b- c| C- a| |a-b|

bS: Min A = 2. ) ) i
Bai tap 54: Cho céc s0 thuc x, y, z khac nhau d61 mét. Tim gié tri nhé nhat cua bi€u thic:
3 3 3 3 3 3
_X-y Y- 7 -X
3 3 3
(x-y)" (y-z) (z-x)

Bai tap 55: Tim gi4 tri nho nhét cua biéu thirc sau:

B=(x2+y2+c2)[ 1 _ 1 L 1 2]

(x-y)" (y-z)" (z-%)
Trong d6 x, v, z 1a cac s6 thuc phan biét.
Bai tip 56: Cho x + y = 2. Tinh gié tri nho nhit cia S = x* + y*.
Bai tip 57: Cho a, b, > 0 va 3a + 5b = 12. Tim gia tri 16n nhat ciia tich P = ab.
Bai tap 58: (Ap dung bét dang thic Cauchy)
Cho x, y théa: x* + y* = 4 + xy. Tim gi4 tri 16n nhat va nhé nhét cua

Q=x"+y"

Bai tap 59: (Ap dung bt dang thirc Cauchy)
Cho a, b> 1. Tim gia tri nhé nhat cua:

(Dé thi HSG 16p 9 TP.HCM niam 1995)

2 2
P= a_ + b_
b-1 a-1
’ o (bé kiém tra 16p 9 Chuyén Toan TP.HCM nam 1994)
Bai tap 60: (Ap dung bat dang thic Cauchy)

Tim gié tri nho nha cua:
. >
S= (1-ij[1-ij, biét {X’ y>0
X y? x+y=1

(Dé thi vao 16p 10 PTTH Chuyén Lé Hong Phong TP.HCM nim 1994)
Bai tap 61: (Ap dung bt dang thic Cauchy)
Cho a, b, ¢ > 0. Chimg minh rang: a* + b* + ¢* > abc(a + b + ¢)
(Dé thi hoc sinh gioi 16p 9, bang B toan qubc nim 1994)
Bai tip 62: (Ap dung bt dang thic Cauchy)
Cho a, b, ¢ 1a cac sb thuc khong am. Ching minh rang:

e T ) =2

(Trich tir tap chi toan hoc va tudi tré)

Bai tap 63: (Ap dung bat dang thire Cauchy)
Tim gi4 tri 16n nhét cia A = x°y, vdi cac didu kién x, y > 0 va 2x + xy = 4.
Bai tap 64: (Ap dung bat ding thic Cauchy)

\ e, . , L, X z L.
Tim gia tri nho nhat cta: A = y+z+x vOi X, y,z>0.

Bai tap 65: (Ap dung bat dang thirc Bouniakovski)
Cho a, b, ¢ 1a cac s6 thuc duong. Tim gia tri nho nhat ctia biéu thirc:

a b C
+ +

" 2a+b b+2c c+2a
bS:Min P = 1. o
Bai tap 66: (Ap dung bat dang thirc Bouniakovski)
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Choa,b,c,d>0vaab+bc+cd+da=1. Tim gia tri nho nhat cta biéu thirc:
a’ b® c? d?
+ + +
b+c+d c+d+a d+a+b a+b+:

PS: MinP = ;
(Trich ra tir @& thi HSG khdi PTCT - PHSP Ha Noi nim 1995)
Bai tap 67: (Ap dung bt dang thirc Bouniakovski)
Choa, b, ¢ >0vaa?+b®+c? = 1. Tim gia tri nh6 nhét cta biéu thirc:
a’ b* c?
+ +

a+2b+3c b+2c+3a c+2a+3b

(Dé thi dé nghi Olympic 30 - 4 1an 6 nam 2000)
Bai tap 68: (Ap dung phuong phap tiép can dau bang ctia bat dang thic)
Cho a, b, ¢ €[1, 2]. Tim gia tri 16n nhat cia biéu thuc:

A=(a+b+c)(1+1+1)
a b c

(Chon loc tir tap chi Toan hoc va tudi tré)

DS: Max A = 10.
Bai tap 69: T1m gi4 tri nho nhat, gla tri 16n nhit cia A = x* + Y2,
Biét rang: x*(x* + 2y” - 3) + (y2 22 =1.
Bai tap 70: Tim gi4 tri nho nhét, gia tri 16n nhat cia:
A=px- x| *ly- 1w+ yi=s.
Bai tap 71: Tim gi4 tri nho nhat cta A=x"+ Yy + Z", biet rang: xy + yz + zx = 1.
Bai tip 72: Tim gia tri nho nhét va gia tri 16n nhat ciia: A = \J1-X + 1+ X.

’ 2
Bai tap 73: Tim gid tri I6n nhit cia: M :(\/E+JB) véia,b>0vaa+b<1l.

(x-+a)(x-kb)

X
Bai tap 75: Tim gi4 tri nho nhit va gia trj 16n nhét cta biéu thirc:A = 2x + 3y, biét 2x* + 3y* < 5.

Bai tp 74: Tim gia tri nho nhét cua: A =

. a b .
Bai tdp 76: Tim GTNN cta A = x + vy, bict x, y > 0 thoa mdn —+ — =1 (a va b la hai so0

Xy
duong).
Baitap 77: Tim GTNN cia A=(x +y)(y+2), vOiX,y,z> 0, xyz(x +y+ z) = 1.
Bai tap 78: Tim GTNN cta A = A——y+£+—VO’1X y,z>0vax+y+z=1.
zZ X Yy

2 2 2

\en \ , X y z X
Bai tap 79: Tim GTNN cua A= + + ,bietx,y,z>0, «fx +«f Z +Nzx =1.
AP Xty Ytz z+x y Yy TY:

Bai tap 80: Tim GTLN cua:

2) A:(JE+\/B)2,véia,b,>o, atb<1.

0) B= (&b« () e[ )+ (6 £ (85 s (6 O
véia, b,c,d>0vaat+b+c+d=1.

Bai tap 81: (Ap dung phuong phap tiép can diu bang cua bat dang thirc)
Cho a, b, ¢ € [1, 2]. Tim gia tri l6n nhét ctia biéu thire sau:

_at+pi+c
3abc
b
Bai tap 82: Tim GTNN cua: A = + ,voib+c>a+d;b,c>0;ad>0.
c+d a+b

Bai tap 83: (Ap dung phuong phép tiép can dau bang ciia bat dang thirc)
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Choa, b, c, d, e e [0, 1]. Tim gia tri 16n nhét ca biéu thirc sau:
B=a(l-b)+b(l-c)+c(l-d)+d(l-a).

Bai tap 84: Tim GTNN, GTLN ciia A = x>+ y*, bibt x, y> 0; x> + y* = 1.
Bai tap 85: Tim GTNN, GTLN ciia A = xv/X + y\ly, biét v/x +.Jy =1.
Bai tap 86: (Ap dung phuong phap tlep can d4u bang cua bat dang thuc)
Cho x,y,z € [1, 2]. Tim gia tri l6n nhét cta biéu thic sau:

c= Xy X ¥y

XZ+yZ Xy+yZ Xy+XZ

Bai tap 87: Cho x +y = 15. Tim GTNN va GTLN cua biéu thire: B=+/x-4 +.,[y-3
bS:
Min B = /8, khi va chikhix =4, y= 11 hodc x = 12, y = 3.
Max B = 4 khi va chi khi x =8, y=7.

Bai tap 88: Cho X, Y, z > 0 thoa min dicu kién x +y + z=a.
Tim GTLN cua bi€u thuc A = xy + yz + zx.
Tim GTNN cua biéu thuc B = x* + y? + 72

2

DS:MinA=MaxA=%

Bai tip 89: Cho x, y, z 1a cic s6 duong thoa méan diéu kién x + y + z > 12. Tim gia tri nhé nhat

a biéu thitc P = — + 2 +

cua biéuthtc P= ——+ =+ ——.

NTARAN

DS:MinP =6, khix=y=z=4. .

Bai 90: Cho a, b, ¢ 1a cac s0 duong théa man dicu kiéna+b+c=1.

" (1+a)(1+ b)(1+c)
Tim GTNN cua biéu thirc A =
(1-a)(1-b)(1-c)
bS: Min A =8.

Bai tap 91: Cho x, y thoa man diéu kién x +y=1va x> 0.
Tim gi4 trj 16n nhét cta bidu thire B = x%y?

108
bS: Max B =
3125
Bai tap 92: Tim GTNN cuaA——y+E+— VOi X, y, z 1a cac sb duong va
zZ X y
Q) x+y+z=1. b) x* +y* + 22 = 1.

bS: aMinA=1khix=y=z=

f

b) Min A = \Evmx y=z=—

1 1 1

Bai tip 93: Tim GTLN cua biéu thirc A= ———+—————+———
a’+b’+1 b +c’+1 c’+a’+1

Véia, b, ¢ la cac sd duong va abc = 1.

bS: Max A=1,khia=b=c=1.

Bai tap 94: Tim GTNN va GTLN ctia biéu thirc:
A=x+y+z+xy+yz+zx, biét raing x> + y* + 22 = 3.

bS: MinA=-2,khix=y=-1,z=1

Bai tap 95: Cho a, b, ¢. Tim min p = 375C  C¥30 4D

atb b+c c+a
DbS: Min P =6, khi vachi khia=b=c.
Bai tap 96: Tim gia tri nhé nhat cac biéu thirc sau:
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a)y= Yx?-2x+5

x* X
By= > -X+1
)Y 26

C) y = 2++/x?-4x+5
d)y= Jx*+6x+10-3
2

e)y= 1/%+2x+10

-3
y= -+
X
-2x+17
8
Bai tap 97: Tim gia tri nhé nhat cac biéu thic sau:
X2
ay= —+x-1
Y=
CXPH2x+2 1
b)y= 2 T2
X" +2X+3 X" +2x+3

) g(x, y) = 3(x - y)* + [i_lj

Xy
d)y=x/x-2\/m

e)y=x%- 6x +10
x? - 2x + 2005

X2

Bai tip 98: Tim gia tri nho nhét cua cac biéu thirc sau:
a) A= i+£+i

b e Va
b) Y= \/x-1-2\/x-2 +\/x+7—6\/x-2

Bai tap 99: Cho x,y,z 14 nhitng s6 thuc va thod min: x° + y* + z°= 1.
Tim GTNN cua A =2xy + yz + zx. i
Bai tap 100: Tim gia tri 16n nhat cac bi€u thuc sau:
Q)y=v-x*+2x+2 b) y=2- V4x* —4x+1

X+1
x*-x*+2x+4

f) A=

voiab,c>0Vaa+b+c >3

y=-2x+x-1 dy=

e) A= Jax-x% +x+x3 Véio<x<2

3x% +9x+17 )
p= > FURTol A= -(x-1)> + 2|x -1/ +3
" X2 +9x+7 9 1) =4
x?-6x +11
h e —
)y x%-6x +10

Bai tap 101: Tim gia tri 16n nhét va gi4 tri nho nhit cua biéu thic:
a) A= 9-x? b) B = VX -x

X xZ+x+1
c)y= —+x+1 AM= ———
)y 2 ) X% -x+1
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CHUYEN DE 14
PHUONG TRINH
1. Phwong trinh béc nhit 1 4n:
1.1. Kién thirc co ban: .
Phuong trinh bac nhat mot an sb ¢o dang: ax + b =0, (trong do6 a, b 1a h¢ s6; x 12 4n sé)

Dang 1: Phuong trinh bic nhit mdt 4n c6 dang: ax +b =

Céch giai:

Néu a #0:
ax+b=0

S ax=-b

b
& X=-—
a

Phuong trinh ¢6 nghiém duy nhéat x = -E.
a

Néu a = 0:
Phuong trinh tr¢ thanh 0.x +b = 0.
Néu b # 0 thi phwong trinh di cho v6 nghiém.
Néu b = 0 thi phuong trinh d3 cho c6 v6 sb nghiém.

Dang 2: Phuong trinh bac nhit c6 dang da thire: f(x) = g(x)

Céch giai:
Budc 1: Néu trong phuong trinh ¢ cic biéu thirc chira ddu ngodc thi ta phai thuc hién
quy tic bo dau ngoic.
Budc 2: Thu gon cac don thire dong dang.
Budc 3: Giai phuong trinh dang: ax +b = 0.
1.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh sau: - 5x + 3 =2x -4

Giai
-5x+3=2x-4
& -bx-2x=-4-3
S -IX=-7
< x=1.

Vay tap nghi¢m cua phuong trinh 1a S = {1}.
Bai tap 2: Giai phuong trinh: 8x - 3 =5x + 12
Giai
8x-3=5x+12
< 8x-5x=12+3
< 3x=15
& X=0.
Vay tap nghiém cia phuong trinh 14 S = {5}.

Bai tap 3: Gidi phuong trinh: XT'3 S-xX X, 5

6 2 12
Giai
4 6 2 12
MSC = 12.
@3(x—3)_2(5—2x)_6x+ 5
12 12 12 12

<:>3(x—3)—2(5—2x)=6x+5
& 3X—-9-10+4x=6X+5

< X=24.
Vay tap nghiém cua phuong trinh 1a S = {24}.
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Bai tap 4: Gidi phuong trinh: 4x - 3(X-2) =4 - X
Giai
4x - 3(x-2)=4-X
< 4X-3X+6=4-X
& 2X=-2
< x=-1.
Vay tap nghi¢ém cta phuong trinh la S = {-1}.
Bai tap 5: Giai phuong trinh: 5 - (X - 6) = 4.(3 - 2x)
Giai
5-(x-6)=4(3-2x)
< 5-X+6=12-8x
o Ix=1

1
< X = —
7

1
Vay tap nghi¢ém cua phuong trinh 1a S= {7} :

Bai tap 6: Giai phuong trinh: 3(2x - 1) +5 =2x + 10
Giai
3(2x-1)+5=2x+10
& 6x-3+5=2x+10
< 4x=8
S X=2,
Vay tap nghi¢m cua phuong trinh 1a S = {2}.
Bai tap 7: Giai phuong trinh: 3x% + 6x = 0
Giai
3x° +6x=0
< 3X(x+6) =0.
< 3x=0hoacx+6=0
< x =0 hoac x = -6.
Vay tap nghiém cua phuong trinh 1a S = {0; -6}.

3x-5 x 1
Bai tap 8: Giai phuong trinh; ——-— = —
e P s 5 4 20
Giai
MSC = 20.
3x-5 x_ 1
5 4 20
4(3X—5) 5x 1
g i A
20 20 20

< 4(3x-5)-5x=1

< 12x-20-5x =1

& Tx=21

& X=3

Vay tap nghiém cua phuong trinh 1a S = {3}.

Bai tap 9: Giai phuong trinh: 6(x - 1) -4=2(x+2) - 2

Giai
6(x-1)-4=2(x+2)-2

S 6X-6-4=2x+4-2

< 4x=12

< X=3.

Vay tap nghiém phuong trinh 1a S = {3}.

Bai tap 10: Giai phuong trinh: le +2= 5-%’(
Giai

Bién soan: Tran Trung Chinh

Trang s 74



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

MSC = 12.
x-1 2X
T4 )=5H5-—
3 2=5 4
4(x-1), 24 _60_6x
12 12 12 12
& 4(x-1)+24=60-6x
< 4x—-4+24=60-6X
<10x =40
< X=4
Vay tap nghiém cia phuong trinh 1a S = {4}.
x-305 x-307 x-309 x-401
+ + + =4

1700 1698 1696 1694

Bai tap 11: Giai phuong trinh:

Giai
(Ta str dung phuong phap nhan tir hoa)
Phuong trinh trén tuong duong:

x =305 x =307 x =309 x —401
-1 |+ -1 |+ -1+ -1[{=0
1700 1698 1696 1694
x—=2005 x-2005 x-2005 x-2005
= + + + =0

1700 1698 1696 1694

< x =2005.
1 1 1 1

Vi + + + >0
1700 1698 1696 1694
Vay tap nghi¢m cua phuong trinh 1a S = {2005}.
1.3. Bai tap tu luyén:
Bai tip 1: Vi gia tri ndo cua a, b thi phuong trinh: a* - (x + 1)a® +x-b =0
c6 nghiém dung voi moi x.
Bai tap 2: Vi gia tri nao cua m thi phuong trinh sau:
X-m _ X-2
x+1l x-1

c6 nghi¢m.
Bai tap 3: Giai va bién luin phuong trinh sau: m* + 2 = x + 2m
Bai tap 4: Giai cac phuong trinh sau:

a)3x-1=4x+2 b)5-7x=6-8x
C) 1x-llzgx-12 d)§-ﬂx:E-§x
2 3 45 45

Bai tap 5: Giai va bién luan phuong trinh sau: 6mx +2 - m=4x +2m
Bai tap 6: Cho phuong trinh véi an s6 x: (m+ 1)x - 3 =2m - 5.
Vi gié tri nao ciia m thi phuong trinh c¢6 nghiém la x = - 2.

+ +
Bai tap 7: Giai cac phuong trinh sau: 10;_(2 3 =1+ 6+8x

Bai tap 8: Giai cac phuong trinh sau:
a)2(3x+1)-3(x+2)=5x-8 b) 3(2x - 3) - 9x=2(7x+10) +5

N 2(x-4) 9x-2 _3x+1_3x-1

i 3 4 2 6

Bai tip 9: Tim cac gia tri cia m dé phwong trinh m®x = X + m - 1 nhdn moi gié trj clia x lam
nghiém?

Bai tap 10: Giai cac phuong trinh sau:
x+1+x+3 _ x+5+x+7

c) (x+5)(2x-1)=(2x-3)(x+ 1)

100-x 98-x 96-x 94-x
+ + + +

a) b) 4=0
35 33 31 29 55 57 59 57

o XL x*2_x+3 x+4 g X+10 , x+10 _ x+10 _ x+10
9 8 7 6 9 8 7 6
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HD: Str dung phuong phap nhan tir hoa.

2. Phwong trinh tich:
2.1. Kién thirc co ban:

Dang phwong trinh: A(x).B(x) = 0; A(x).B(x).C(x) =0
trong d6 A(x), B(x), C(x) 14 cac biéu thirc.

Céch giai:

A(x).B(x)=0e : :3 ;
A(x)=0

A(x).B(x).C(x)=0<|B(x)=0
C(x)=0
A(x)=0

A(X)B(X)C (X).. =0 < zg;zg

Nghiém cta phuong trinh 13 hop tat ca cac nghiém cta cac phuong trinh: A(X), B(X), C(X), ...
2.2. Bai tap ap dung:
Dang 1: Sir dung cong thire: A(x).B(x) = 0 truec tiép.
Bai tap 1: Giai phuong trinh: (2x - 3)(3x+4) =0 (1)
Giai
Phuong trinh (1) twong duong véi: 2x - 3=0hodc 3x+4 =0

2x-3:0<:>x=é
2

3x+4=0 @X:—%

Vay tap nghiém cia phuong trinh 1a S= {% -%} :

Dang 2: Sitr dung phwong phap phan tich da thirc thanh nhan ti. Sau do6 sir dung cong thirc
A(X).B(x) =0.
Bai tap 2: Giai phuong trinh: (2X - 3)(x + 5) - (x + 5)(x - 6) =0
Giai
Ta co:
(2x-3)(x+5) - (x+5)(x-6)=0
< (X+5)[(2x-3)-(x-6)]=0
& (X+5)(x+3)=0
< x+5=0hoacx+3=0
< X=-5hoacx=-3.
Vay tap nghiém cta phuong trinh la S = {-5; 3}.
Bai tap 3: Giai phuong trinh: x® - 3x% + 3x - 1 = (x - 1)(x + 1)
Giai
Ta co:
X3¢ +3x-1=(x-1)(x+1)
e (x-1)°%-(x-1)(x+3)=0
< (x-1)(E-3x) =0
& X-1=0hogcx’-3x=0
< x=1hodacx(x-3)=0
< x=1hoacx=0,x=3.
Vay tap nghiém cua phuong trinh la S= {1; 0; 3}
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Bai tap 4: Giai phuong trinh: (3x - 2)(4x +5) =0
Giai
Ta co:
(3x-2)(4x+5)=0
< 3X-2=0hodac4x+5=0

2 . . 5
< X=— hoac Xx=-—
3 4

Vay tap nghiém cia phuong trinh 1a S = {%, —2}
Bai tap 5: Giai phuong trinh: 2x(x - 3) + 5(x - 3) =0

Giai
Ta co:
2X(x-3)+5(x-3)=0
< (x-3)(2x+5)=0
<& X-3=0hoac2x+5=0

< x =3 hoac X:-g

Vay phuong trinh tap nghiém S = {3; - g}

Bai tap 6: Giai phuong trinh sau: (5x + 3)(2x - 1) = (4x + 2)(2x - 1)
Giai
Ta co:
(5x + 3)(2x - 1) = (4x + 2)(2x - 1)
< (5x+3)(2x-1)- (4x+2)(2x-1)=0
< (2x-1)[(5x+3) - (4x+2)] =0
< (2x-1)[5x+3-4x-2]1=0
< (2x-D(x+1)=0

1
2x-1=0 X==
= 2
x+1=0
x=-1
N o, o 1
Vay tap nghi¢m cua phuong trinh 1a S = E;-l

2.3. Bai tap tu luyén:

Bai tap 1: Giai cac phuong trinh sau:

a) (2x+1)(x-3)=0 b) 12x(3x-9) =0
c)3x(x-1)+2(1-x)=0 d) x*+5x+6=0
Bai tap 2: Giai cac phuong trinh sau: (2X -1)(X2 -3x + 7) =0
Bai tap 3: Giai cac phuong trinh sau: (X - 5)2 - (X2 -4x + 4) =0

Bai tap 4: Giai cac phuong trinh sau: x(5 - 2x) + 2x(x - 1) =15
Bai tap 5: Giai cac phuong trinh sau:

a) X(X-5)-4x+20=0 b) (x - 3)* = x(x - 9)
Bai tap 6: Giai phuong trinh sau:
Q)X -x=0 b) 3 - x* + x = 0.

Bai tap 7: Giai phuong trinh sau: (x + 1)? = 4(x* — 2x +1)
Bai tap 8: Gidi cac phuong trinh sau:

a) (x - 1)(x-2) =10 - b) X2+ 2(1 + V/3) x+243 =0
Bai tap 9: Gidi cac phuong trinh sau:
) (2x + 1)( x + 4) = (x -1) (x- 4) b) X’ + (x +2)* =4

Bai tap 10: Giai phwong trinh sau: x(x + 1)(x* + X + 1) = 42
Bai tap 11: Giai phwong trinh sau: ( x*- 5x)?+ 10(x*- 5x) + 24 =0
Bai tap 12: Giai phwong trinh sau: (x*+ X + 1)(x* + X + 2) = 12
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Bai tap 13: Giai phuong trinh sau: (X - 1)(x - 3)(X + 5)(x + 7) = 2

3. Phwong trinh chira 4n & miu:

3.1. Kién thirc co ban:

Céch giai:

Bude 1: Tim diéu kién xac dinh cta phuong trinh.

Budc 2: Quy dong miu thire roi khir mau: Tim mau thirc chung.

Budc 3: Giai phuong trinh.

Budc 4: Bdi chiéu nghiém tim duoc véi dicu kién cua bai toan dé két luan nghiém ciia phuong
trinh.

3.2. Bai tap ap dung:

Bai tap 1: Gidi phuong trinh sau: 1 3 =3
2x-3 Xx(2x-3) x
Giai
2x—-3#0 X # 3
Diéu kién xac dinh (PKXD): {
x#0
x#0

Mau thirc chung (MTC) = x(2x - 3)

X 3 5(2X—3)
< — =
x(2x-3) x(2x-3) x(2x-3)
& Xx-3=5(2x-3)
< x-3=10x-15
& 9Ix=12

& X = g (thoa mén diéu kién)

Vay tap nghiém cta phuong trinh la S= {g}
Bai tap 2: Giai phuong trinh sau: X+2 +l = 2
X-2 X X(X-2)
Giai
X-2#0 X#2
bKXb: o
X0 X0
MTC =x(x - 2)
Xx+2 1_ 2
X=2 X X(X-2)
X(x+2)  x-2 2

<:>x(x—2)+x(x—2) X(X —2)
SX(X+2)+x-2=2
SXe+2Xx+x-2=2
oxXe+x-4=0

{x:l L
= (thda man diéu kién)

Vay tap nghiém cua phuong trinh 1a S = {1; 4}.
2 1 2X -5
+ =—
X+3 x-3 x°-9

Bai tap 3: Gidi phuong trinh sau: (1)

Giai

Bién soan: Tran Trung Chinh Trang sb 78



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

Xx—-3%0 X#=3
DKXD:{ {

x+3¢0<:> X #—3

MTC = (x - 3)(x + 3)

1) = 2(x-3) . (x+3) _ 2x-5
(x=3)(x+3) (x—=3)(x+3) (x-3)(x+3)

S 2(x-3)+x+3=2x-5

&S 2X-6+x+3=2x-5

& X = -2 (thoa man diéu kién)

Vay tap nghiém ctia phuong trinh 1a S = {- 2}
2 X+

X +1 x—2_(x+1)(x—2)

Bai tap 4: Gidi phuong trinh sau:

Giai
X+1=0 X#-1
x—2¢0<:>{
MTC = (x+ 1)(x - 2)
X 2 x4l
X+1 x-2 _(x+1)(x—2)
X(x—2) 2(x+1) X’ +1
(x+1)(x=2) (x+1)(x=2) (x+1)(x-2)
S xX(x-2)-2(x+1)=x*+1
SX-2k-2X-2=X+ 1

PKXD:
{ X#2

< -4x=3
3
=S X=——
4

Vay tap nghiém cia phuong trinh 1a S= {— g}

Bai tap 5: Giai phuong trinh sau: 1,2 ,38 __ 6xl
X x-1 x-2 (x-1)(x-2)

Giai
X#0 X#0
PDKXD: {x-1#0 < <x=#1
X—2#0 X#2
MTC = x(x - 1)(x - 2)
1 2 3 6x -1
Z+ + =
X x-1 x-2 (x-1)(x-2)
- (x—l)(x—2)+2x(x—2)+3x(x—l): x(6x—l)
X x—1 X—2 (x-1)(x-2)
< (X-1)(X-2)+2x(x-2) +3x(x - 1) =x(6x - 1)
X2 -3X+ 2+ 2% - 4x + 3% - 3x = 6X% - X
& 6X% - 10X = 6X% - X
< 10x =X
& x = 0 (khong thoa méan diéu kién)
Vay phuong trinh vo nghiém.

2X
2 52 =
X +3x+1 3x°+5x+3

Bai tap 6: Giai phuong trinh sau:
Giai
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x> +3x+1#0 3+
DKXD:{ S X # 3_\/5

3X* +5x+3#0 2
Nhan thay x = 0 khong phai 1a nghiém ctia phuong trinh.
Ta chia ca tir vA mau cia cic phan thirc trong phuong trinh cho x # 0.
Ta co:

X 2X
2 52 =
X +3x+1 3x°+5x+3
1 2
= + =-1

x+3+E 3x+5+§
X X

bit: y:x+1, ly| > 2, ta thu duoc:
X

1 2
—+ —
y+3 3y+5

<3y +19y+26=0
y=-2

“lyo_13

3

Véiy=-2thix=-1

—-13++/133
6

Céc nghiém trén déu thoa min diéu kién cta phuong trinh.
X L X 2X
2(x-3) 2(x+1) (x+1)(x-3)

Voi y=—§ thi x =

Bai tap 7: Giai phuong trinh sau:

Giai
{x #3
bKXDb:
X#-1
MTC =2(x + 1)(x - 3)
X L X 2X
2(x-3) 2(x+1) (x+1)(x-3)
X.(x+1) N X.(x-3) 2X.2

2x+1)(x=3) 2(x+D(x=3) 2(x+1)(x-3)

S X(X+D)+x.(Xx=3) =4x
S X+ X+ X2 =3x =4x
& 2x°-6x=0
< 2x.(x-3)=0

2x=0
&

x-3=0
< x=0 (vi x =3 khong thoa méan diéu kién)
Vay tap nghiém cia phuong trinh la: S = {0}.

3.3. Bai tap tu luyén:
Bai tap 1: Gidi cac phuong trinh sau:

gl, 3, 5 _ x b L4 2 o 4
X X+1 x+42 X(x+2) X-4 x+4 x*-16
g3, 5 _3x=2 o1, 2 4-3x

6-Xx X+6 x*-36
Bai tap 2: Gidi cac phuong trinh sau:

2x—1 x+3  (2x-1)(x+3)
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15 10 7X 1 1 1
= +

a + = h) —+—==

)x+5 5x+1 (x+5)(10x+2) )x-5 x-1 X

o X x-1_, o L, L .1
X X+1 X-3 x+4 4

Bai tap 3: Giai cac phuong trinh sau:

gl L 1 o 115X
X X+6 4 X—2 X—2

Bai tap 4: Giai cac phuong trinh sau:

) 40 3 24 19 b) x+3 x+1 X% -4x +24
X+2 X+2 3 X-2 x-2  x2-4
X-3 x-2 _x*-7x 14 4-x 7 1

) T2 d) w—+ - -
Xx+1 x-1 X“-1 X—-9 3+x X+3 3-X
Bai tap S: Giai cac phuong trinh sau:
1 1 1 1

a) 2 t t3 ~1a
X“+9x+20 x“+11x+30 x“+13x+42 18

b) 28 N 220 _3. 214
X“+4 x°+16 X“+10
x+1 X+6 X+2 X+5

c) 2 +— =2 +—

X +2X X +12Xx+35 X +4x+3 XxX“+10x+24
6 2X 6+2x _8
«\fS X «/5+x 3

Bai tap 6: Giai cac phuong trinh sau:

+ - -
pX¥2, 3 .3 gy X XL g (.21
X+1 Xx-2 X" —-x-2 X-1 x+1 X+1
3x-1 2x+5 4 3 8+ 6% 2

c) - +— =1 d) t———=
X-1 X+3 X" +2x-3 1-4x 16x° -1 4x+1

Bai tap 7: Giai cac phuong trinh sau:

2
22x B 27x 1 b) X + 4x 1
3X°—X+2 3X°+5x+2 (x+2)

Bai tap 8: Giai cac phuong trinh sau:

2_
)ZO(X 2) 5(x+2j 48x 411 0 b)X 10x +15 _ 4x

+1 x-1 X?-6x+15 Xx°-12x+15
Bai tap 9: Giai cac phuong trmh sau:
2 2
a) x*+ 81X2:4O b) X +—— =15
(x+9) (x+1)
Bai tap 1: Giai cac phuong trinh sau:
2 2 2
+ - - X(8-Xx -
2 (% 2) ,(x-2 _5x2 4_, ) (8-x) (87X gs
x+1 x-1 2x°-1 x-1 x-1

4. Phwong trinh chira diu gia tri tuyét doi.
4.1. Kién thirc co ban:
Dinh nghia: Gi4 tri tuyét doi cta so a, ki hi¢u la |a|, dugc dinh nghia nhu sau:

anfua=>0
fl-

—anéua<0

Vidu: [5|=5,101=0, |-3,5] =
Theo dinh nghia trén, ta c6 theé bd gia tri tuyét doi tuy theo gia tri cua biéu thuc & trong dau gia tri
tuyét doi la am hay khong am.

Bién soan: Tran Trung Chinh Trang sb 81



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

Cha y: |a] = |-al, v6i moi sb thuc a.
Tinh chat:
|x|20,|x|2 = x?
[a+b|<[a] +[
|- bf <[al-[b]
la+b|=|a+|b| < a.b>0
|a-b|=|a| +|b| < ab>0
Dinh Iy:
DPinh 1y 1: V6iA>0vaB>0thi A=B < A? = B?
Pinh 1y 2: V6iA>0vaB>0thi A>B < A? > B?

Céch giai:
Dang 1: |A| = [B| < A’=B? |A|=|B|<A=+B
Dang 2:
B B>0
Al=B < A2 = B2
B>0
[Al=[Bl =
A=1B
A>0
A=B
|A|I=B<
A<O0
-A=B
Dang 3: Ap dung ddi voi phuong trinh c6 nhiéu biéu thic bac nhit chira diu gia tri tuyét doi.
1) Lap bang xét dau.

ii) Giai phuong trinh trong timg khoang xac dinh dé tim nghiém.
4.2. Bai tap ap dung:

Bai tip 1: Bo dau gia tri tuyét d6i va rat gon cac biéu thirc sau:
a) A=|x-3|+x-2khix>3;
b) B =4x + 5 + |-2x| khi x > 0.

Giai
a)Khix>3,tacox-3>0nén|x—3|=x—3.
VayA=x-3+x-2=2x-5.

b) Khi x >0, ta 6 -2X < 0 nén |- 2x| = — (— 2x) = 2x.
VayB=4x+5+2x=6x+5.
Bai tap 2: Giai phuong trinh: |3X| = x + 4.

Giai
Ta co:
| 3x | = 3x khi 3x >0 hay x> 0;
| 3x | =—3x khi 3x <0 hay x < 0.

Xét x> 0:
Phuong trinh da cho tré thanh:
3X=x+4
o 2X=4
& X = 2 (thoa man diéu kién)
Xeét x <0:
Phuong trinh da cho tré thanh:
-3X=X+4
& -4x=4
& X = -1 (thoa man diéu kién)
Vay phuong trinh da cho co tap nghiém la S = {-1; 2}.
Bai tap 3: Giai phuong trinh: |x - 3| =9 - 2x.
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Giai
Ta co:
X - 3| =x-3khix-3>0hayx>3;
IX - 3| =-(x-3) khix-3<0hayx<3.
Xét x > 3:
Phuong trinh da cho tré thanh:
X-3=9-2x
< 3x=9+3
< 3x=12
& X = 4 (thoa man diéu kién)
Voix < 3:
Phuong trinh da cho tré thanh:
-(x-3)=9-2x
& -X+3=9-2X
& X = 6 (khong thoa man diéu kién)
Vay phuong trinh da cho co6 tap nghiém l1a S = {4}.
Bai tap 4: Gidi phuong trinh sau: 2x + 1| =x - 3
Giai
Ta co:

2x+ 1) = 2x + 1 khi 2x+ 1 > 0 @XZ—%
|2X+1|=-(2X+1)khi2x+1<0<:>X<_%

Xét xz—l:
2

Phuong trinh da cho tr¢ thanh:
2X+1=x-3,

& 2x-x=-3-1

& X = - 4 (khong thoa min diéu kién)

Xét x<—£:
2

Phuong trinh da cho tr¢ thanh:
-2X-1=x-3,

& -2X-x=-3+1

& -3x=-2

oX= % (khong thoa méin diéu kién)

Vay phuong trinh vo nghiém.
Bai tap 5: Gidi phuong trinh sau: [x + 3| =3x -1
Giai

Ta co:

X+3=x+3khix+3>0 < x>-3

X+3|=-(x+3)khix+3<0 < x<-3

Xét x >-3:

Phuong trinh da cho tré thanh:
X+3=3x-1

&S X-3x=-1-3

&-2X=-4

& x =2 (thoa man diéu kién)

Xét x <-3:
-x-3=3x-1

&-X-3x=-1+3

& -4x=2
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& X = -% (khong théa min diéu kién)

Vay tap nghiém cua phuong trinh 1a S = {2}.
Bai tip 6: Giai phuong trinh sau: |2x -1] = 3 +5x

Giai

|2X-1|: 2x-1néu2x-1>0<x Zl
2
|2x-1|=2x- 1 néu 2x -1 <0 < X <%
Xét x 21:
2
Phuong trinh da cho tré thanh:
2x-1 = 3 +5x

< -3x =4

SX= -% (khong thoa mén diéu kién)

Xax<l:
2

Phuong trinh da cho tr¢ thanh:

1-2x=3+5x
&-2x-5x=3-1
&-Tx=2

& x=-2 (ahan
a 1 A +A A \ 2
Vay phuong trinh ¢6 tap nghiém la S = - {7}
Bai tip 7: Giai phuong trinh sau: X +1/+[x +2|+|x +3=3.

Giai
Ta c6 bang xét dau:

X -3 -2 -1

x+1 -y - 1 - 0 -
X+2 -y -0 \ +
x+3 - 0 + + \2 +

Xet x<-3:

Phuong trinh tré thanh:
-(x+1)-(x+2)-(x+3)=3

<-3x-6=3

& X = -3(théa mén diéu kién)

Xét-3<x<-2:

Phuong trinh tré thanh:

(x+t)-(x+2)+(x+3)=3

< -X=3

& x = -3(khong thoa méan diéu kién)

Xét-2<x<-1:

Phuong trinh tré thanh:
-(x+1)+x+2x+3=3

&S X+4=3

< x =—1 (thoa man diéu kién)

Xeét x >-1:

Phuong trinh tr¢ thanh:
X+1+X+2+x+3=3

& 3x=-3
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< x =—1(khdng théa mén diéu kién)

Vay phuong trinh ¢6 tap nghiém la S = {-1; -3}

4.3. Bai tap tu luyén:

Bai tap 1: Giai phuong trinh sau: x* - [x - 2| -8=0

Bai tap 2: Giai phuong trinh sau: |1 - 2x| - X+ 1| =X + 2

a) [2x+1 =|x-1+2 b) [2x-4|+x-3=|2x-1|

c) [x-3[+[11-x|=8 d) [x-2[-2|x+1+x-1=0

. x+3 [x-4 _1 x+5
9 9 2 36

f) [3x-1+2|x-1 =[5x +3|

) 4x+1-|x-2|-3]x+2|=0 i) [x+1+3[x-1 = x+2+|x|+2|x-2|
Bai tap 3: Gidi phuong trinh sau: z((—+§ =2

s A . , 1 1
Bai tap 4: Giai phuong trinh sau: X +7_10 =2 X—;

X2 —4x+4 |2x —4|
x?-2x+1 x-1
Bai tap 6: Giai phuong trinh sau: |x? - x - 2| = [x* + 2x|
Bai tap 7: Giai phuong trinh sau: [2x% - 3x - 2| + 2x* + 8x + 3= 0.
Bai tap 8: Giai phuong trinh sau: [x° - 4x + 3| + X + 3

~3=0

Bai tap 5: Giai phuong trinh sau:

Bai tip 9: Giai phuong trinh sau: [2x —3|= %
|2x +4|

Vx? +1
3x+1] Q

Bai tap 11: Gidi phuong trinh sau: —————=
10(x*+1) 2

Bai tap 10: Giai phuong trinh sau: =2

Bai tap 12: Giai phuong tinh sau: x? —2x+1=x>-2x+1
Bai tap 13: Giai phuong trinh sau: [x - 2| + |X - 3| =4

Bai tap 14: Giai phuong trinh sau: =[x +3

x-4]-1
Bai tap 15: Gidi phuong trinh sau: [x +4/=2x -5
Bai tap 16: Giai phuong trinh sau: ::—il =|x-1(x +1)

v on ‘ x-4] |x-3 _|x-2|
Bai tap 17: Gidi phuong trinh sau: > 3 &
Bai tap 18: Giai phuong trinh sau: [X +1|+|x +2|-[x +3 +|x +4| =1
Bai tip 19: Giai phuong trinh sau: |x — 4|+ [x-3 =|x-3|
|x +4
X+5 x+3 _ 4

Bai tap 20: Giai phuong trinh sau: X1 + x+1 = ‘XZ _1‘

5. Phuong trinh bac hai mdt an:
5.1. Kién thirc co ban:

Dang 1: Dang téng quat: ax’+bx+c=0,a#0

trong do a, b, c 1a cac hé s0, x 14 4n sd.
Céch giai:
Budc 1: Tinh biét thire: A = b? - 4ac. (hodc tinh A' = b* - ac, voi b =2b'")
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Budc 2: Lay nghiém cuia phuong trinh bac hai theo A:
Néu A < 0: Phuong trinh v nghiém.
Néu A = 0: Phuong trinh c6 nghiém kép X = -23, [ = -Ej
a a

Néu A > 0: Phuong trinh c6 hai nghiém phan biét:

TN/ | LX _ -b'iJE]

X
12 2a

Diéu kién dé phuong trinh bac hai c6 nghiém:
Cho phuong trinh bac hai: f{x) = ax? + bx + ¢ =0, (a # 0)
Phuong trinh trén c6 nghi¢m néu mot trong cac trudng hop sau xay ra:

)ac<0
2i) 3o € R: af(a) <0.
3)A>0
4i) Jou. B € R: f(a)f(B) <O0.
Truong hop dac biét:
Neéu cac hé sO cua phuong trinh théa man: a + b + ¢ = 0 thi phuong trinh c¢6 hai nghiém la
c
X, =1;%, = 3
Néu cac hé sb cua phuong trinh théa min: a - b + ¢ = 0 thi phuong trinh c6 hai nghiém la
c
X, =-1; X, LE'

5.2. Bai tap ap dung:

Bai tap 1: Gidi cac phuong trinh sau:

a) 3x° - 10x +8=0 b) 4x*-8x =0
Giai

a) 3x*-10x +8=0

Taco: A =(-10)*- 4.3.8=4> 0.

Suy ra: JA=\4=2.

Phuong trinh ¢6 hai nghi¢ém phan biét:

(-10)+2 _

_ . 4
X1 = 2vaxg=s ———-—=—,
1 2 3

2.3 2.3
b) 4x* - 8x = 0
Céch 1:
Taco: A =(-8)°-4.40=64>0.
Suy ra: JA =64 =8.
Phuong trinh c¢6 hai nghiém phan biét:
~(-8)+8 _, . ‘o = —(-8)-8
2.4 2.4

X1 = =0.

Céch 2:

4x*-8x=0
& 4x(x-2) =0

{4x =0 {x =0
= =

Xx—2=0 X=2
Bai tap 2: Gidi cac phuong trinh sau:
Q) 2x°-18=0 b) 3x* + 7x+4=0
Giai

Q) 2x*-18=0
Céch 1:
Taco:A=0-4.2.(-18) =144 >0
Suy ra: VA =144 =12.

Phuong trinh c6 hai nghi¢m phan biét:
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_0+12 -12

X1 3vaxy,= —=-3.
2.2 2.2
Cach 2:
2x*-18=0
< 2(-9)=0

< 2(x+3)(x-3)=0
{x+3:0 {x=—3
& =
x—-3=0 X=3
b) 3% -7x+4=0
Ta co: Tong caché s6:3-7+4=0
Suy ra: Phuong trinh c6 hai nghiém phan biét:
X1 =1lvax, = 4
1 2= 3¢

6. Ung dung dinh Iy VI - ET ddi véi phwong trinh bic hai.

6.1. Kién thirc co ban:

Dinh Iy (thuén):

Néu phuong trinh béc hai ax® + bx + ¢ = 0, (a # 0) ¢6 hai nghiém x; va x, thi

b
S=x,+X,=-—
a

C
P=xxX,= 3
(S, P lan luot 13 tong va tich cua hai nghiém)
Dinh 1y (déo):

Néu hai s0 x1, X thoa man x; + X, = S va X1X» = P, (S2 > 4P) thi x; va X, la hai nghiém cua
phuong trinh bac hai:
’ X?-SX+P=0.
Ché y: Néu ky hicu: S, = x" +x1:
S, =X, +X,=S
S, = X2+ X5 = (X, +X,)*-2XX, =S*-2P
S, =X+ %3 = (X, +X,)* -3%.X, (X, +X,) =S*-3PS
S, =X +X; = (X +x2)?-2x2x5 =S; - 2P?
S5 = Xf + Xg = (Xf + Xg)(xf + Xg) - Xfxg(xl +X,) =SS, - PZSl
Sy =X+ X5 = (XS +x3)%-2x3x5 =2 - 2P°
S, = Xl7 + X; = (Xf + x;_‘)(xf + Xg) - Xfxg(xl +X,)=S,S;- P381
Sy = x5+ x5 =(x] +x3)%-2x{x; =S% - 2P*
Sy = Xf + Xg = (Xf + Xg)(Xf + X;') - Xfxg(Xl +X,) =SS, - P4Sl

— 10 10 5 532 5,5 — 2 5
S =X, X, = (X, X)) -2x.x;, =S; - 2P

A =[x, -X,|=>A=+S*-4P

va

g X Xo XX (Xt%,) -2xX, _§-2P
X, Xy XX, X, X, P
C:i+i_ X, t X%, _E
Xp Xy XX, P
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Hé qua 1:
Phuong trinh bac hai x? - X - 1 =0 ¢6 tinh chit:
Sn+2 = Sn+1 + Sn Vf:l Sm+n = Sm.Sn + ('1)nSm.n,

+ n i n + i
trong d6 S, = (i] + (ﬂJ X, = ! \/g, X, = ! ;/g la hai nghiém cia phuong trinh.

2 2 2
Hé qua 2:
Phuong trinh bac hai x° - px - q = 0, (p? + 4q > 0) ¢4 tinh chét:
Sn+2 = PSn+1 + QSn

trong d6 S, =X; +X5, X, X, 1a hai nghi¢ém cta phuong trinh.

H¢ qua 3:

Phuong trinh bac hai x? - px + 1 = 0, (p? - 4 > 0) ¢6 tinh chit:

Sne2 = PSpe1 - Sn Va Smn = Sm.Sn - Smn

trong d6 S, =X; +X;, X, X, 1a hai nghiém ctia phuong trinh.
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6.2. Bai tap ap dung:
Céc dang bai tap su dung dinh ly Vi-et:

Dang 1:
(1) Tim tham s6 khi biét hé thirc lién hé giira cic nghiém:
- H¢ thire ddi xirng.
- H¢ thirc khong ddi xirng.
(2) Tinh gia tri cia biéu thirc nghi¢m theo tham sb.
(3) Tim hé thirc ddc 1ap giira cac nghiém ciia phwong trinh khong phu vao tham so.
(4) Lap phwong trinh béc hai khi biét hai nghiém ciia phwong trinh.

Bai tip 1: Cho phuong trinh bac hai an x, tham s6 m: x? +mx+m+3=0 (1)
a) Giai phuong trinh véi m = - 2.
b) Goi x1; X, 1 cac nghiém ctia phuong trinh. Tinh x? +x2; X} +x3 theo m.
¢) Tim m dé phuong trinh ¢6 hai nghiém x1; X, thoa mén: X2 +%5=9.
d) Tim m dé phuong trinh c6 hai nghi€m x;; X théa man : 2x; + 3x; = 5.
e) Tim m dé phuong trinh c6 nghiém x; = - 3. Tinh nghiém con lai.
f) Tim m dé phuong trinh c6 hai nghi€ém trai dau.
g) Lap h¢ thtrc lién h¢ gitra hai nghiém ctua phuong trinh khong phu thudc vao gia tri ctia m.
Giai
a) Thay m = - 2 vao phuong trinh (1) ta c6 phuong trinh:
x> —2x+1=0
< (x=1)%=0
< x-1=0
< x=1 ’
Vay véi m = - 2 phuong trinh c6 nghi¢ém duy nhat x = 1.
b) Phuong trinh: x> +mx+m+3=0 (1)
Taco: A=m*>—4(m+3)=m*—-4m-12
Phuong trinh c6 nghiém X;;X, <A >0
Khi d6 theo dinh ly Vi-et, ta co:
X, +X, =—m (@)
{xlx2 =m+3 (b)
X2 +X2 = (X, +X,)? —2X,X, =(-m)* —=2(Mm+3) =m* —2m -6
X3+ X5 = (X, +X,)° =3%X,X, (X, +X,) = (=m)* —=3(M+3)(—m) = —m® +3m?* +9m
c¢) Phuong trinh c6 nghiém X;;X, < A >0
Khi do:
XZ+X>=m>-2m—6
Do do:
X2 +X>=9<m —2m-6=9< m*-2m-15=0
A’y = (-1)?-1.(-15) =1+15=16 > 0;

Suy ra: Phuong trinh c6 hai nghiém:
m, =ﬂ=5; m, :ﬂ:—3
1 1
Kiém tra:
V6i m=5=A=-7<0 (loai).
Voi m=-3=A=9>0 (thoa man).
Vay v6i m = - 3 thi phwong trinh c6 hai nghiém x;; X, théa min: x> +Xx2=9.

d) Phuong trinh ¢6 nghiém X;; X, <A >0
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. 4, . N7 L X T Xy =—m @)
Khi d6 theo dinh 1y Vi-et, ta co:
X, X, =m+3 (b)
Hé thire: 2x3 + 3x, =5 (c)
T (a) va (c) ta c6 h¢ phuong trinh :

{xl+x2 =-m {:3x1+3x2 = —3m<:> { X =—3m-— 5@{ X =—3m-
2%, +3X,=5 2% +3% =5 X =—M-X X = 2m+ 5
Thay {Xl =—3m-3 vao (b) ta c6 phuong trinh:

X, =2m+5

(-3m-5)(2m+ 5)= m+ 3

< —6m? —15m—10m- 25= m+ &

& —6m? —26m—28=0

< 3m? +13m+14=0

Ay =18 -4.3.14=1> 0

= Phuong trinh c6 hai nghiém phan biét:

= -13+1 _
2.3
-13-1 7
m,=———=——
7 2.3 3
Kiém tra:
V61 m=-2= A=0 (théa man).

Véi m:%7:>A:§>O (thda man).

) 7 ) )
Vay véi m=-2; m= —§ phuong trinh c6 hai nghi€ém x1; X thda man: 2x; + 3x; = 5.

e) Phuong trinh (1) c6 nghiém X, =-3
< (-3 +m.(-3)+m+3=0
& -2m+12=0

&S m=6
Khi d6:
X, + X, =—Mm
& X, =—M—=X;
<X, =—6-(-3)
& X, =-3

Vay v6i m = 6 thi phuong trinh ¢6 nghiém: x1 = x; = - 3.
f) Phuong trinh (1) c6 hai nghiém tréi dau:
<ac<0
<1.(m+3)<0
< m+3<0
< m<-3 ’
Vay v6i m < - 3 thi phuong trinh ¢6 hai nghiém trai dau.
g) Gid str phuong trinh c6 hai nghiém x31; Xz.
Khi @6 theo dinh 1i Vi-et, ta co:
X, +X, =—m m=—X, —X
e Pl e X - X, = XX, -3
XX, =m+3 m=X;X, -3
Bai tap 2: Cho phuong trinh bac hai: )
X2 - 2mx + 4m - 3 = 0, (m 1 tham s6).
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a) Tim m dé phuong trinh c6 hai nghiém x; V& X,.
b) Tim hé thurc lién hé gitra x; va X khong phu thudc vao m.
¢) Tim m thoa man biéu thire: X2 +x3 =6.
Giai
a) Taco: A'=m? - 4m + 3.
Phuong trinh c6 hai nghi¢m khi va chi khi:

m-1<0

m-3<0 m<1
A'>0 =

m-3>0 m>3

{m—lzo

b) Theo dinh ly Viét, ta co:
S=X1+X2=2m (1)
P=X1X2=4m-3 (2)

X, + X,

Tu (1),tacdé: m= thay vao (2) ta duoc:

= 2(X1+X2) - X1X2 +3=0
Chay:
- B¢ bai yéu cau tim h¢ thirc khong phu thudc vao m, ta thuong tinh m theo S r6i thay vao bi€u
thirc chira P.
- Pé bai co6 the yéu cau chung ta viét hé¢ thirc "doc 1ap" voi "m" thi ta cling lam giong nhu vay.
¢) Véi dieu kién c6 hai nghiém phuong trinh.
Theo dinh Iy Vi-et, ta co:
S=X1+ X =2m
P=XX2=4m-3
Suy ra:
X2 +Xx2 = (X, +X,)’ -2%,X, = 4m? -8m +6
m=0
m=2
So sanh véi diéu kién, ta duoc giatrim=0.
* Cha y: Ta thuong mac sai 1am ¢ dang bai toan nay 1a khi tim duoc gia tri cia m 1a khong so
sanh voi1 dicu kién cua bai toan, dé két luan gia tri m chinh xac nhat.
Bai tap 3: Cho x; = 3; X2 = 2 lap mot phuong trinh bac hai chira hai nghiém trén.

xf+x§:6<:>4m2—8m:0<:{

Giai
Theo hé thirc Vi-ét ta co:
S=x,+X,=5
P=xx,=6

Vay x1; X2 1a hai nghi¢ém cta phuong trinh c6 dang:
X*-SXx+P=0<Xx*-5x+6=0
Bai tap 4: Cho p va q la hai nghiém cta phuong trinh 3+ T7x+4=0. Khong giai phuong trinh,
va d :
q-1  p-1

hiy 1ap mot phuong trinh c6 cac hé s nguyén va c6 hai nghiém la

Giai

7

’ ptg= 'g
Ap dung dinh ly Viét, ta c6: A
pq =
3

pvé
g-1 p-1

Vi

14 hai nghiém cua phuong trinh nén ta co:
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p , q _P(p-+a(a-1)_(p+q) -2pa-(p+q)
q-1 p-1  (a-1)(p-1) pg-(p+q)+1
P q _ pq
q-1 p-1 pg-(p+q)+1
(-7)2_24 7 4
3) '3 3_9_23
E+Z+1 E 1
) 33 9
4 4
3 -3.2
E+Z+1 E 7
3 3 3

o1 \ <A r A A2
Khi do, phuong trinh viét dugc c6 cac h¢ s x° -

23 2
X+ — =0 Hay 21x* - 23x + 6 = 0.
) 21 7

Vay phuong trinh 1ap duogc véi cac hé s6 nguyén la 21x%- 23x + 6 = 0.

Bai tap 5: Cho phuong trinh: X?-3x+2=0,c62 nghiém phan bi¢t x4, Xo.

Khéng giai phuong trinh trén, hay lap phuong trinh bac 2 ¢6 an 1a y thod man: y, = X, + L va
Xl
Y, =X +i
2 1 X2
Giai
Theo hé thirc Vi-€t, ta co:

S=y,+Y, :x2+i+xl+i:(x1+x2)+(i+ij:(x1+x2)+&:3+g:%
X X

1 2 Xl X2 1772

P=vyy, =(X, +l)(X1+i):xlx2+1+1+ =2+1+1+

Xy X3 XX,

I\)IH

Vay phuong trinh can 1ap c6 dang: y Sy + P =0 hay y? -gy+ =0 2y*-9y+9=0

N©N|©

Bai tip 6: Cho phuong trinh ax’ +bx+c=0, (a#0) vasd thuc k € R\{-1; 0; 1}.
Chtng minh rang diéu kién dé phuong trinh c6 hai nghiém xi, X, ma nghiém nay gip k lan
nghiém kia 1a kb® = (k + 1)?ac.
Giai
Gia st phuong trinh ¢6 hai nghiém x; va X, ma X; = kx,.
Theo dinh 1y Viét, ta co:

xl+x2:—g kx,+x,=—=  |(k+1) -
2= &
XX, =— kX, X, _L kx2 ==
a
=X, =~ b K| — b Z—E
? (k+1) a(k+1)) a
kb?

=>— 5=
a’(k+1) a
Céch khac: Ta c6 thé kiém tra diéu kién c6 hai nghiém ctia phuong trinh dya vao yéu cau ching
minh.
Bai tap 7: (f?é thi chuyén ngoai nglt Ha N¢i nam 1996 - 1997)
Tim a va b d& hai phuong trinh: x* - (a + 3b)x - 6 = 0 va x* - (2a + b)x -3a = 0 tuong duong.
Giai
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Nhén xét: Phwong trinh thtr nhit luén co nghiém vi A = (a + 3b)? + 24 > 0.
Gia su hai phuong trinh twong duong va c6 chung tép nghiém 1a {x1; Xz}.
Ap dung dinh 1y Viét cho phuong trinh thir nhat, ta c6 hé phwong trinh:
X, +X,=a+3b
{xlx2 =—6
Ap dung dinh 1y Viét cho phwong trinh thir hai, ta c6 hé phuong trinh:
X, +X,=2a+b
{xlx2 =-3a
Tur hai h¢ phuong trinh trén, ta c6 hé phuong trinh:

2a+b=a+3b a=2
=
-3a=-6 b=1

Pio lai: Khia =2 va b= 1 thi hai phuong trinh tré thanh: x* - 5x - 6 = 0.
Do d6 hai phuong trinh da cho twong duwong nhau.
Vaya=2vab=1.
Chay:
Ta str dung phuong phap diéu kién can va di dé tim tham s6 thoa man phuong trinh c6 tinh chat
T nao do.
Céch giai:
Piéu kién can: Gia st tinh chat T dugc thoa mén, sit dung tinh chit T dé tim ra cac gia tri co thé
nhan duoc ciia tham sb.
Piéu kién du: Pao lai, th lai cac gia tri vira tim duoc cuia tham s6 vao phuong trinh dé chon ra
cac tham sb thoa méin yéu cau bai toan.
Bai tap 8: Cho phwong trinh: X% - (m + 2)x + (2m - 1) = 0 ¢6 2 nghiém xi; Xo. Hiy lap hé thuc
lién hé giira x;; Xo doc lap dbi voi m.
Giai
Taco: A=(m+2) -4(2m-1)=m?-4m+8=(m-2) +4>0
Do d6 phuong trinh da cho ludn c6 hai nghiém phan biét x; va X..
Theo hé thuc Vi- €t, ta co:
m=x,+X,-2 (1)

X, +X,=m+2
= m_x1x2+1

X;. X, =2m-1 > (2)
Tu (1) va (2) ta co:
+
x1+x2-2:xlx2 1<:>2(x1+x2)—x1x2-5=0

Dang 2: Xét diu cac nghiém sb ciia phwong trinh béc hai.
(1) Phuong trinh béc hai ¢6 nghiém khi va chi khi

a=0
{A >0, (A'20)
(2) Phuong trinh béc hai c6 hai nghiém dwong phén biét khi va chi khi:
a=0
A>0, (A'>0)
S>0
P>0
(3) Phuong trinh béc hai ¢6 hai nghiém am phan biét khi va chi khi:
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az0

A>0, (A'>0)

S<0

P>0
(4) Phuong trinh béc hai c6 hai nghiém trai diu khi va chi khi P < 0.
(5) Phuong trinh bac hai ¢6 hai nghi¢m trai diu théa min {xl <0; X, >0|x,|> |x2|} khi va
chi khi

az0

A>0, (A'>0)

S<0

P<0

(6) Phuong trinh bac hai ¢6 hai nghi¢m trai ddu théa man {xl <0; X, >0|x,| <|x2|} khi va

chi khi
a=0

A>0, (A'>0)
S>0
P<0
Bai tip 9: X4c dinh tham s6 m sao cho phuong trinh: 2x*-(3m+1)x+m?-m-6=0 co 2
nghiém trai dau.
Giai ’
Phuong trinh c6 hai nghiém trai dau khi:

A>0
P<0
A=(Bm+1)*-42.(m*-m-6)>0

2
Tlp=m-m-6_
2

A=(m-7f> 0¥ m

P=(mMm-3)(m+2) <!
&-2<m<:
Vay v6i -2 < m < 3 thi phwong trinh ¢6 hai nghiém trai dau.
Bai tap 10: Cho phuong trinh:

X2 -2(m+ 1)x + m? - 4m + 3 = 0, (véi m 1a tham s6)
a) Tim m dé phuong trinh c6 nghiém.
b) Tim h¢ thic doc lap voi m.
¢) Tim m dé phwong trinh ¢ hai nghiém trai dau.
d) Tim m dé phuong trinh c¢6 hai nghiém cung dau.
e) Tim m dé phuong trinh c6 hai nghiém am,
f) Tim m dé phuong trinh c6 hai nghiém dwong.
Giai

a) Phuong trinh c6 nghiém khi va chi khi:
A>0 o (Mm+1)2*-m+4m-3>0

0

Sb6m-2>20 mz%.

b) Theo dinh ly Vi-ét, ta co:
S=x3+x2=2(m+1)
P=XXo=m?-4m+3

Suy ra:
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41X = (X1 +X2-2)2-8(X1+X2 -2) + 12
< X X5 - 2X1%2 -12(X1 + %) +32=0
¢) Phuong trinh ¢6 hai nghiém trai dau
P=xx;<0eom?-4m+3<0< (M-1)(m-3)<0<1<m<3.
Két hop véi diéu kién: mz% V (1<m<3)<1<m<3,

d) Phuong trinh c6 hai nghiém cting dau:

A'>0 m>1
= = 3 <m>3
P>0

m<lu<m>3

e) Phuong trinh c6 hai nghi¢m am:

m>1

A'>0 3

<=<5<0 ©<m<-1
P>0 m<lnm>3

Khong ton tai gia tri cia m.
f) Phuong trinh c6 hai nghiém duong:

1
As0  |M73 1
—<mx«l
<S>0 <@<m>-1 <3
P>0 m<lum>3 m>3

Bai tip 11: Tim m dé phuong trinh: X2 - 2mx + 16 = 0 ¢6 hai nghi¢m 16m hon 1.
Giai

bat: x = X + 1. Khi d6 phuong trinh da cho tr¢ thanh:
(X+1)°-2m(X+1)+16=0

hay
X2+2(1-m)X-2m+17=0 (1)
Phuong trinh da cho ¢6 hai nghiém l6n hon 1 thi phuong trinh (1) cé hai nghiém duong:
A'>0 m?-16>0 m? >16
$S>0 <<2(Mm-1)>0 < {m>1 c>4£m<%
P>0 -2m+17>0 m<%

Chu y: Dé so sanh nghiém cua phuong trinh ax2’+ bx + ¢ =0, (a # 0) voi mot s6 k cho trudc, ta
dung phuong phap dat an phu x = X + k va xét dau cac nghiém cua phuong trinh:
a(X + k)2 +b(X +k) +c =0.

Dang 3: Tim hai s6 khi biét va tich ciia chiing.
Cach gidi:
Budéc 1: Goi hai s6 cin tim 1a x va y.
Tinh: S=x+y=a;P=xy=b
Bude 2: Khi d6 x va y 1a hai nghiém cua phwong trinh:
X?-SX+P=0
Budce 3: Giai phwong trinh trén, tim x; y.
Bai tap 12: Tim hai s6 a, b biét tong S=a+b= -3 vatichP =ab= —4.
Giai
bat:S=a+b=-3va P=ab=-4
Khi d6: a va b 14 hai nghiém ciia phuong trinh: x* + 3x - 4 =0
Giai phuong trinh trén ta dugc: x3 =1vax, = -4
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Vayhaisbavabcantimlaa=1vab= —4;a=-4vab=1.
Bai tap 13: Tim 2 s0 a va b bict
a+b=9vaa’+b’=41
2)a—-b=5vaab=36
3) a’+ b’ =61 vaab =30
 Giai ,
1) Ap dung hé thuc VI- ET, ta co:
a+h=9=(a+b) =8l a’+2ab+h* =81
81-(a” +b’)

ab = =20

Khi d6: a, b 1a nghiém cua phuong trinh ¢6 dang: x* - 9x + 20 = 0
Phuong trinh trén c6 hai nghiém la x =4; x = 5.
Vayhaisbavabcantimlaa=4vab=5;a=5vab=4.
2) Taco:
ab=36. ”
Do d6 cantimtong : a+b
Cach 1: batc = —b,
Taco:a+c=5vaac=-36
Khi d6: a, ¢ 1a nghiém ctia phwong trinh: x° - 5x - 36 = 0
Phuong trinh trén c6 hai nghiém la x - 4; x = 9.
Vayhaisoavabcantimlaa= —-4;c=9;b=-9vaa=9;c=-4;b=4.
Céch 2: Tu
(a- b)2 =(a+ b)2 -4ab
:(a+b)2 = (a-b)2 +4ab =169
a+b=-13
a+b=13
Véia+b=-13vaab = 36.

:>(a+b)2 :132:{

X, =-4
Khi d6 a, b 1a nghiém ctia phuong trinh: x* +13x+36 =0 < { !

X, =~
Vaya=-4;b=-9.
Véia+b=13 vaab=36.

X, =
Khi @6 a, b 1a nghiém ctia phuong trinh: x*-13x+36 =0 < { !

X, =

Vaya=9;b=4 .
3) Ta co6: ab =30, do d6 can tim a + b:
2 W2 2 _ 2. 12 2 atb=-11
Tu:a®+b°=61 =(a+h) =a’+b*+2ab=61+2.30=121=11"=
a+b=11
Néua+b=-11vaab = 30.
X, =-5
Khi d6 a, b 1a hai nghiém ctia phuong trinh: x? +11X+30=Oc>{ ' 6
X, =-
Viya=-5vab=-6;a=-6vab= -5
Néua+b=11 vaab=230.

X
Khi d6 a, b 1a hai nghiém ctia phuong trinh: x*-11x+30=0 < { !

X
N

Vaya=-5vab=6;a=6vab=5.
6.3. Bai tap tu luyén:

Bai tap 1: Gidi cac phuong trinh sau:
a)x*-6x+5=0 b) 2x* + 7x+5=0
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C)3x%-27=0 d)4x*+12=0

e) 12x* - 10x =0 f)-6x°-5x+1=0

Bai tap 2: Cho phuong trinh: x* - 2mx + m-1=0.

a) Tim m dé phuong trinh c6 hai nghiém cting am.

b) Tim m dé phuong trinh c6 hai nghiém trai du.

¢) Tim m dé phwong trinh ¢ hai nghiém cung duong.

Bai tap 3: Cho phuong trinh: x* + px - 5 = 0 c6 nghiém x1; X».

Hay 1ap phuong trinh c¢6 hai nghiém 14 hai s6 dugc cho trong mdi truong hop sau:
a) -X1 va —X,

b) x?va x;
Bai tip 4: Chung minh ring néu tich mot nghiém cua phuong trinh x* + ax + 1 = 0 v&i mot
nghiém nao d6 cua phuong trinh X% + bx + 1 = 0 thi
4 1 1

a’h® a® b’
Bai tip 5: Cho phuong trinh: x* —3y® + 2xy —2x—10y+4 =0
a) Tim nghiém (x; y) cia phuong trinh thoa man: X2 + y2 =10.
b) Tim nghiém nguyén ctua phuong trinh trén.
Bai tdp 6: Cho phuong trinh: (x+k—3)[ X* +2(k+3)x+3k-9]=0
a) Giai phuong trinh khi k = 3.
b) Tim cac gia tri cia k dé phuong trinh (1) c¢6 hai nghiém duong va mot nghiém am.
Bai tip 7: Cho phuong trinh an x, tham s6 t: x> —2(t—1)x+t*-3=0
a) Timt dé: phuong trinh da cho c6 nghiém. i .
b) Tim t dé phuong trinh da cho c6 hai nghi€ém sao cho tong hai nghiém bang tich hai nghiém.
Bai tap 8: Cho phuong trinh bac hai an x, tham s m: mx? —=5x —(m+5) =0
a) Giai phuong trinh trén khim = 5.
b) Chirng t6 rang phuong trinh da cho uén c6 nghiém vdi moi gia tri cua m.
c¢) Trong truong hop phuong trinh (1) cé hai nghiém phan biét x1; Xo. Hay tinh theo m gid tri ctia
biéu thirc A =—-16x,X, —3(x? +x3). Timm dé A =0.
Bai tip 9: Cho phuong trinh an x, tham s6 m: (M+3)x* —2(m* +3m)x+m’+12=0
a) Tim s6 nguyén m nho nhét sao cho phuong trinh di cho c¢6 hai nghiém phan biét.
b) Goi x1; X2 1a hai nghiém cua phuong trinh da cho.
Tim s6 nguyén m 16n nhét sao cho X2 + X5 1a mot sd nguyén.
Bai tip 10: Cho phuong trinh bac hai 4n x, m 13 tham s6: x?-2(m-3)x+2m-7=0
a) Chirng to rang phuong trinh di cho luén c6 nghiém véi moi m.
+ o m

X, +1 x,+1

Bai tap 11: Cho phuong trinh béac hai: X2 - 2x -m? =0 co cac nghiém x1; Xo. Hay 1ap phuong
trinh bac hai c6 cac nghiém y1; y, sao cho:
QA y1=Xi-3vay,=Xz-3 b)y1=2x;-1vay,=2x,-1
Bai tap 12: Cho phuong trinh béc hai an x, m 1a tham s6: x*-3mx+3m-4=0
a) Chung minh rang v&i moi gid tri cia m phuong trinh da cho luén c6 hai nghiém phan biét?
b) Hay tim m dé phuong trinh da cho c6 mot nghiém X, = Ja+ 2J3.

Khi d6 hay tim nghiém X, cua phuong trinh do

b) Goi hai nghiém cta phuong trinh da cho 1a X,; X,. Hay tim m dé

Bai tap 13: Cho phuong trinh: x* - 5x - 1 = 0 ¢6 2 nghiém x;; X,. Hiy lap phwong trinh bac hai
c6 any thoa man y, =X} va y, = X3.

Bai tap 14: Cho phuong trinh bac hai 4n x, m 1a tham s6: X*-2x+m=0

a) Tim m dé phuong trinh dé cho c6 nghiém.

b) Chirng minh rang vi moi m phuong trinh da cho khong thé ¢6 hai nghiém ciing 14 sé am.

¢) Timm dé phuong trinh da cho c6 hai nghiém x;, Xo théa man: x; - 2x; = 5.

Bai tap 15: Cho hai phuong trinh bac hai an x (a 1a tham sd):
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x*-3x-a-2=0va x*+ax+1=0
a) Gidi cac phuong trinh trén trong trudong hop a = -1.
b) Chirng minh rang v&i moi gid tri ciia a trong hai phuong trinh trén ludn c6 it nhat mot trong
hai phuong trinh ludn c6 hai nghiém phan biét.
Bai tip 16: Cho phuong trinh bac hai 4n x (m, n 14 cac tham sd):

X2 +(m+n)x-(nf +rf )=

a) Gidi phuong trinh trén khim=n= 1.
b) Chirng minh rang v&i moi gia trj ctia m, n thi phuong trinh da cho ludn c6 nghiém.
¢) Tim m, n dé phuong trinh d4 cho twong dwong véi phuong trinh: x*-x-5=0.
Bai tap 17: Cho phuong trinh: X*-2(M+1)Xx+2m+5=0

a) Giai phuong trinh khi m = g

b) Tim tat ca cac gia tri cia m dé phuong trinh da cho c6 nghiém.

Bai tap 18: Cho phuong trinh béc hai: x*-2(M+1)x+m*+3m+2=0

a) Tim céc gid tri cia m dé phuong trinh ludn c6 hai nghiém phan biét.

b) Tim gié trj cia m théa man X? + X2 =12 (trong d6 X,, X, 1a hai nghiém ctia phuong trinh).

Bai tap 19: Cho hai phuong trinh: x*-3x+2m+6=0 va x*+x-2m-10=0

a) Giai hai phuong trinh trén véi m = - 3.

b) Tim cic gi4 trj cia m dé hai phuong trinh trén c6 nghiém chung.

¢) Chirng minh rang véi moi gia tri cia m it nhat mot trong hai phuong trinh trén c6 nghiém.

Bai tap 20:

a) Chimg minh rang: Néu phuong trinh bac hai ax?+bx+c=0 c6 hai nghiém 1a x,, X, thi

_ b _cC
xl+x2—-g va xl.xz—g.

b) Tim hai sd biét tong cta chiing bang 4 va tich ctia chiing - 5.
¢) Tim s6 nguyén a dé phuong trinh x*-ax+a?-7 =0 c6 nghiém.
Bai tip 21: Cho phuong trinh: x* - 2(m + 1)x + m - 4 =0, (m la tham s6)
1) Giai phuong trinh trén voi m = 1.
2) Tim cac gia tri cia m dé phuong trinh trén ¢6 hai nghiém trai dau.
3) Véi x4, X2 1a nghiém ctia phwong trinh da cho. Tinh theo m gia tri ctia biéu thirc:

A =X1(1 - Xx2) + Xo(1 - Xq).
Bai tap 22: Cho phwong trinh: 2x* + mx + m - 3 =0, (m la tham sd)
1) Giai phuong trinh trén khi m = -1.
2) Chirng minh rang phuong trinh trén ludn ¢ hai nghiém phan biét voi moi gid tri cia m.
3) Tim cac gia tri cia m dé phuong trinh trén c6 hai nghiém trai ddu va nghiém am co6 gia tri
tuyét d6i 16n hon nghiém duong.
Bai tap 23: Cho phuong trinh: x%-2x-1=0c6 hai nghiém la x1, Xp.
Tinh gié tri ctia biéu thirc : S= Xo 1 Xa .

Xl X2

Bai tip 25: Cho phuong trinh x? - 6x + m = 0. Tim gia tri cia m dé phuong trinh c¢6 nghiém duy
nhat.
Bai tap 26: Cho phuong trinh x* - 2(k + 3)x + 2k - 1 = 0.

a) Giai phuong trinh khi k = %

b) Tim k dé phuong trinh c¢6 mot nghiém 14 va tim nghiém con lai néu c6.

¢) Chirng minh rang phuong trinh luén c6 hai nghiém x; Va X, v6i moi k.

Bai tap 27: Cho phuong trinh x* - 2(m + 1) + 2m + 10 = 0. Tim m dé phuong trinh c6 nghiém.
Bai tap 28: Tim m dé phuong trinh x* - mx + 2m - 3 = 0 twong duong v&i phuong trinh

X2 -(m*+m-4)x +1=0.

Bai tap 29: Tim m dé hai phuong trinh x* + 3x + 2m = 0 va X* + 6x + 5m = 0 c¢6 nghiém xen ké
nhau.
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Bai tap 30: Cho phuong trinh: my2x -(v2-1) = v2-x+m’

a) Giai phuong trinh khi m=+/2 +1

b) Timm dé phuong trinh ¢6 nghiém x =3-42 ,

¢) Tim m dé phuong trinh c6 nghi€ém duong duy nhat

Bai tip 31: Cho phuong trinh: (m-4)x*-2mx+m-2=0

a) Tim m dé phuong trinh c6 nghiém x = V2 . Tim nghiém con lai

b) Tim m d€ phuong trinh 2 c6 nghiém phan bit

Bai tip 32: Cho phuong trinh: x*-2(m+1)x+m-4=0

a) Tim m dé phuong trinh 2 ¢6 nghiém trai dau

b) Chirng minh rang phuong trinh luén c6 2 nghi¢m phan biét voi moi m
Bai tap 33: Tim m dé phuong trinh:

a) x*-x+2(m-1)=0 co hai nghiém duong phan biét

b) 4x*+2x+m-1=0 c6 hai nghiém 4m phan biét

¢) (m*+1)x*-2(m+1)x +2m-1=0 ¢6 hai nghi¢m tréi déu

Bai tip 34: Cho phuong trinh: x*-(a-1)x-a*+a-2=0

Ching minh rang phuong trinh trén c6 2 nghiém trai du véi moi a
Bai tip 35: Cho b va ¢ 14 hai s6 thoa man hé thuc: % + 1 = %
C

Chirng minh ring it nhat mdt trong hai phuong trinh sau phai c6 nghiém.
x*+bx+c=0
x> +cx+b=0
Bai tip 36:Véi gia tri ndo cia m thi hai phuong trinh sau c6 it nhat mot nghiém sb chung:
2x*-(3m+2)x+12=0 (1)
4%*-(9m-2)x+36=0 (2)
Bai tap 37: Cho phuong trinh: 2x*-2mx+m®-2=0
a) Tim céc gid tri cia m dé phuong trinh c6 hai nghiém dwong phén biét
b) Gia str phuong trinh c6 hai nghiém khong 4m, tim nghiém dwong 16n nhat cta phuong trinh
Bai tip 38: Cho phuong trinh: X*-2(m-1)x+2m-5=0
a) Chirng minh rang phuong trinh ludn c6 hai nghiém v6i moi m )
b) Tim m d€ phuong trinh c6 hai nghiém cung dau. Khi d6 hai nghi¢ém mang dau gi?
Bai tap 39: Cho = X*- 2 (M+2)x + 6m +1
a) CMR phuong trinh f( = 06 nghiém v6i moi m ) 9
b) Pat x =t + 2 .Tinh fix theo t, tor d6 tim dicu kién d6i véi m dé phuong trinh f,) = 0 6 2
nghiém l6n hon 2
Bai tip 40: Cho phuong trinh: X -(2m-3)x+m?-3m=0
a) CMR phuong trinh ludn c6 hai nghi¢m phan bi€t vdi moi m
b) Xac dinh m dé phuong trinh c6 hai nghiém X,,X,thoa min 1< x, <X, <6.
Bai tap 41: Cho phuong trinh: x, + (4m + 1)x + 2(m - 4) = 0.
Tim h¢ thtre lién hé gilta X1 va Xz sao cho chiing khong phuy thude vao m.
Dap sb: 2X,X, + (X, +X,) +17 =0
Bai tip 42: Cho phuong trinh: (m - 1)X* - 2mx + - 4 = 0 ¢6 2 nghiém x1; X,. Lap hé thirc lién hé
gitra x1; X2 khong phu thudc vao m.
Dap s6: 3(X, +X,)+2X,X,-8=0
Bai tap 43: Cho phuong trinh: x° - (2m + 1)x + m* + 2 = 0. Tim m d& hai nghiém x; Va X, thoa
man hé thirc: 3x1X, - 5(X1 + X2) + 7 =0.
Dap s6: m = 2.
Bai tap 44:
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(1) Cho phuong trinh: mx? + 2(m - 4)x + m + 7 = 0. Tim m dé hai nghiém x; Va X, thoa médn hé
the: x1 - 2%, = 0.
Pap s6: m=1; m=-128.
(2) Cho phuong trinh: x* + (m - 1)x + 5m - 6 = 0. Tim m dé hai nghiém x; V& X, thoa min hé
thie: 4x1 + 3% = 1.
Pap s6: m=0; m= 1.
(3) Cho phuong trinh: 3x% - (3m - 2)x - (3m + 1) = 0. Tim m dé hai nghiém x1 Va X, thoa min hé
thirc: 3x1 - 5X, = 6.
m=0
Pap sb: 32
m

15
7. Phuwong trinh bac ba.
7.1. Dang tong quat: ax’ +bx’ +cx+d =0, (a=0)
7.1.1. Kién thirc co ban:
Cach giai:
Budce 1: Nham mot nghiém cua phuong trinh. Gia sir nghiém do 1a x = xo

Thong thudng thuong nghiém cta nham dugce 14 xq = P (trong d6 p la udc cua d, q la udc cua a).
Budc 2: Sir dung phép chia da thirc hodc st dung so 46 HOOCNE dé phan tich vé trai thanh

nhan tur va dua phuong trinh (1) vé dang tich sé:
So do hooner:

a b c d
x| A | B | C 0 (6 0)

Trong d6:a=A, x0.A+b=B,x.B+c+C,x.C+d=0
< (X-X)(AC+Bx+C)=0
X=X,
Ax*+Bx+C=0
Budc 3: Giai phuong trinh.
Luu y:
Dinh Iy Bezu (Bo - du): Pa thirc P(x) ¢6 nghiém x = xo khi va chi khi P(x) chia hét cho x - Xg;.
7.1.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: x> - 2x* - 2x+1=0
Giai
Ta nhim duogc udc cia (-1) 1a -1 va 1. Thir x = -1 théa min.
Phuong trinh duoc viét lai la:
G +1) - 2x(x +1) = 0
o (X+1) (X% -3x+1) =0

x=-1
S 3+4/5
2
Vay phuong trinh ¢6 ba nghiém: x = -1; X = 3+2\/§ . # |

Bai tap 2: Giai phuong trinh sau: x° - x* + 3x-10=0
Giai
Nhan thdy x = 2 (uwéc ciia 10) la nghiém ctia phuwong trinh nén:
X -x°+3x-10=0
& (x-2)¢+x+5)=0
S X=2.
Vay phuong trinh ¢6 nghiém duy nhit x = 2.
Bai tap 3: Giai phuong trinh: 4x%-3x-9=0
Giai
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Taco: x= % (3 laudc cuad =9, 2 1a udc cua 4) la nghiém cia phuong trinh.
Khi d6 phuong trinh tro thanh: (2x - 3)(2x% + 3x + 3)

S X= % (vi phwong trinh 2x? + 3x + 3 = 0 v6 nghiém)

Vay phuong trinh ¢6 nghiém duy nhit x = % :
Bai tap 4: Giai phuong trinh: x> + 7x% + 6x = 0.

Giai
Ta co:
X2+ 7x% + 6x = 0.
SXE+Tx+6)=0

x=0
= 2
| X“+7X+6=0
[x=0
S x=-1
| X=-6

Vay phuong trinh cé ba nghi€ém: x =0; x = -1; X = -6.

7.2. Phuong trinh béic ba déi xirng: ax® + bx? + cx +d =0, (a = 0)
7.2.1. Kién thire co bén:
Dang phuong trinh: ax® + bx® + cx + d = 0, (a = 0)
Néua+b+c+d=0—x=11anghiém
Néua-b+c-d=0—x=-11anghiém
7.2.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: x° - 6x* + 11x - 6 =0

Giai
Nhan thdy téng cac hé sd cong lai bang 0 nén phuong trinh c¢6 nghiém x = 1.
Str dung so d6 hooner, ta co:

1 -6 11 -6
1 1 -5 6 0

Phuong trinh duoc viét lai la:

(x - 1)(%* - 5x + 6)
< (X-D(x-2)(x-3)=0
Vay phuong trinh ¢6 ba nghi¢ém: x =1, x =2, x =3.
Bai tap 2: Giai phuong trinh: 2x° - 4x% - 13x -7 =0

Giai

Céc hé sd: a - b + ¢ - d = 0 nén phuong trinh c6 nghiém x = -1.
Str dung so dd hooner, ta co:

2 [ 413 7
1] 2 6] 7] 0

Phuong trinh duoc viét lai 1a:
(x + 1)(2x* - 6x - 7)

Vay phuong trinh ¢6 ba nghiém: x =-1, X = 3+;/2_3 ;X = 3_;/2_3 :
Bai tap 3: Giai phuong trinh: 2x° - 10x* - 5x + 7= 0

Giai
Ta c6: Cac hé s6: 2 - (-10) + (-5) - (7) =0
X = -1 la nghiém cta phuong trinh:
So d6 Hooner:

| [ 2 ]10] -5 ] 7|
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1] 2 [-12] 7 [ 0]

Phuong trinh tré thanh:
(x+1)(2x°-12x+7) =0

[x+1=0
=
| 2x*—12x+7=0
x=-1
6+\/§
S x=
2
(_8-22
2

_6+\/§_ X 622

Vay phuong trinh da cho ¢6 ba nghiém x = -1; X

2 2

7.3. Phuong trinh c6 hé s ddi xing: ax® + bx? + bx +a =0, (a = 0)
7.3.1. Kién thirc co ban:
Dang phuong trinh: ax® + bx® + cx + d = 0, (a # 0) dwoc goi 1a c6 hé s6 dbi xtmg néua=c, d=d.
Khi do: Ta c¢6 X = -1 luon 1a nghi¢m cua phuong trinh.
7.3.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh sau: 3x° + 5x* + 5x + 3=0
Giai
Ta cO X = -1 la nghiém ctia phuwong trinh.
Str dung so d6 hooner, ta co:

3 5
-1 3 2 3 0

ol
w

Phuong trinh dugc viét lai la:
(X + 1)(3%° + 2x + 3)
(Vi phuong trinh 3x% + 2x + 3 = 0 vd nghiém)
Vay phuong trinh ¢6 ba nghi¢m: x = -1.
7.4. Phuong trinh bac ba hdi quy: ax® + bx? + cx + d = 0, (a, d # 0, ac® = db°)

Tur di€u kién ta thay néu ¢ = 0 thi b= 0 = Phuong trinh (*) c¢6 nghiém X = 3[—
a

3
Néu ¢ =0 thi b = 0, didu kién < 3 =(%)
a

Pit: %:—t thic=-btvad=-at.

Khi d6 phuong trinh tré thanh ax® + bx? - btx - at> = 0
< (x-t[ax + (at + b) +at’] =0
X=t

ax’+(at+b)x+at*=0
Vay X = —% 14 mot nghiém ciia phwong trinh. Néu A = (at + b)? - 4a° > 0 thi phuong trinh ¢6

—(at+b)+ JA
2a '
7.5. Bai tap tu luyén chung:
Bai tap 1: Giai phuong trinh sau: 2x° - 9x* + 12x-4=0
Bai tap 2: Giai phuong trinh sau: x° + x> - X + 2 = 4x - 1

thém céc nghiém X =
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Bai tap 3: Giai phuong trinh sau: 2x° + 7x% - 28x + 12 =0
Bai tap 4: Cho céac phuong trinh sau:
)X’ -3+2=mx+m-2
b) x*- 2m+ 1)x* + mx+m=0
¢)x*-2(m+1)x2+ (7Tm-2)x+4-6m=0
d)mx-(m-4)x+@+mx-m=0
e) X+ (1-m)X*-3mx+2m?=0
Vi gia tri nao ciia m thi cac phuong trinh trén c6 ba nghi¢m phan biét.
Bai tap 5: Cho phuong trinh: x* + 3mx? - 3x - 3m + 2 = 0.
Tim m dé phuong trinh c6 ba nghiém phan biét x1, X2, X3 sa0 cho A = x? +x2 +x3 dat GTLN.
Bai tap 6: Gidi phuong trinh sau: 3x” + 6x* - 4x =0
Bai tip 7: Giai phuong trinh sau: x*- 5x*-x +5 =0
Bai tap 8: Gidi phuong trinh sau: (x + 1)* - x + 1 = (x - 1)(x-2)
Bai tap 9: Gidi phuong trinh sau: (5x°+ 3x + 2)* = (4x” - 3x - 2)°
Bai tap 10: Giai phwong trinh sau: 8x° - 2x% - x +1=0
Bai tap 11: Dinh m dé phuong trinh: x* - 2x3(4m? + 3m - 3)x + 2m(m + 3) = 0
c6 3 nghiém phan biét.
Bai tap 12: Giai phuwong trinh: x° - 12x + 16 = 0.
Bai tap 13: Cho phuong trinh: x> + (m -1)x* - 3mx + 2m-4=0
a) Chung to phuong trinh c6 mdt nghi¢m khong phu thuoc m
b) Tim m dé tap nghiém ctia phuong trinh d3 cho c6 dung hai gia tri.
Bai tap 14: Cho phuong trinh: X3 + (m + 1)x* + 2(m- 2)x-3m+2=0
a) Dinh m dé phuong trinh ¢6 3 nghiém duong phén biét.
b) V6i nhiing gia tri nao cua m thi phuong trinh c6 3 nghi¢ém phan biét nhé hon 2.
Bai tap 15: Chimng minh ring phuong trinh: x* - 6x% + 9x - 10 = 0 ¢6 it nhit 1 mot nghiém thyc.

8. Phwong trinh bac bon:

8.1. Phwong trinh bac bon tdng quat: ax* + bx®+cx? +dx +e=0, (a#0)

8.1.1. Kién thirc co bén:

Céch giai:

Céch 1: Pua vé dang: ax* + bx® + o + dx + e = f(x).g(x), (f(x), g(x) 1a cac da thuc bac hai)
Str dung phuong phap dong nhét hé s6 dé tim hai da thirc f(x) va g(x).

Céch 2: Thir nhdm nghi¢m x = P , VOi D, q 1an luot 14 wée cua e va a.
q

8.1.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: x* + 4x* — 10x* + 37x — 14 =0 (1)
Giai
Phan tich: x* + 4x° — 10x* + 37x — 14 = (x* + px + q)(X’ + X +5)  (2)
trong do p, g, 1, s la cac hé so nguyén chua xac dinh). ‘ ’
Dong nhat cac hé so cua nhitng sO hang cung bac hai vé cua dong nhat thirc ta c6 phuong trinh
sau:
p+r=-4
S+q+pr=-10
ps+qr =37
qs =14
Giai hé phurong trinh trén bang phuong phép thé, ta dugc:
p=-59=2;r=1;,s=-7.
Thay céc gia trip, g, r, s vao phuong trinh (1), ta co:
P+ 43 —10x% + 37x — 14 = (¢ - 5x + 2)(X* + X - 7)
Phuong trinh da cho tr¢ thanh:
(X -5x+2)¢ +x-7)=0
Giai phuong trinh tich nay, ta dugc bon nghiém la:
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5+/17 -1++/29

;X2:

' 2 2
8.2. Phwong trinh trung phwong:
8.2.1. Kién thirc co ban:
Dang phuong trinh: ax*+ bx?+ ¢ = 0, (a = 0) (1)

Céch giai:
Bude 1: Pat: t = x%, (t > 0)
Budc 2: Khi d6 phuong trinh duoc viét lai 1a:
at?+bt +¢c=0 (2)
Budc 3: Xét nghiém cia phuong trinh
Néu phuong trinh (2) vé nghiém thi phuong trinh (1) ciing v nghiém.
Néu phuong trinh (2) c¢6 nghiém kép duong thi phwong trinh (1) ¢6 hai nghiém d6i nhau.
Néu phuong trinh (2) c¢6 nghiém kép am thi phwong trinh (1) vo nghiém.
Néu phuong trinh (2) c6 hai nghiém déu am thi phwong trinh (1) v6 nghiém.
Néu phuong trinh (2) ¢6 hai nghiém phan biét, trong d6 c6 mdt nghiém am va mot
nghiém
dwong thi phuong trinh (1) ¢6 hai nghiém dbi nhau.
Néu phuong trinh (2) ¢6 hai nghiém phén biét déu dwong thi phwong trinh (1) ¢6 hai cap
nghiém d6i nhau ting d6i mot.
Quy tic Pé cac:
Néu phuong trinh c6 bao nhiéu 1an d6i ddu thi c6 bay nhiéu nghiém dwong (néu phuong trinh c6
nghiém).
8.2.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: x* - 5x* - 36 = 0
Giai
Dit: x*=t>0.
Khi d6 phuong trinh tro thanh: t° - 5t- 36 = 0
Giai phuong trinh bac 2 nay ta dugc hai nghi¢m t =9 va t = -4 (loai)
Xétvoit=9 < x=3vax=-3.
Suy ra phuong trinh da cho c6 2 nghi€ém x =3 va x = -3.
Bai tap 2: Giai phuong trinh: x* - 20x° + 64 = 0
Giai
bat: x> =t>0.
Khi d6 phwong trinh tré thanh: t° - 20t + 64 = 0
Giai phuong trinh nay ta dugc hai nghi¢m: t =4 va t = 16.
Véit=4suyrax=2vax=-2
Véit=16suyrax=4vax=-4
Suy ra phuong trinh da cho c6 4 nghiém
Bai tap 3: Cho phuong trinh: x* - 2x* + 1 -m?=0.
Tim gia tri m dé phuong trinh c6 nghiém x = 1 va x = -1.
Giai
Ta co: x = 1 1a nghi€ém, thay vao phuong trinh < m=0
Ta co: X = - 1 la nghiém, thay vao phuong trinh << m = 0.
Bai tap 4: Cho phuong trinh: x* + mx? - 1 =0, (m 1a tham s6)
Tim gia tri m dé phuong trinh c6 nghiém.
Giai
Nhan thiy hai h¢ s6 a.c = -1 1a s6 4m nén phuong trinh c6 nghiém.
Bai tap 5: Giai phuong trinh: x* —10x* +9=0.
Giai
Pit: t = x* > 0. Khi d6 phwong trinh tré thanh: t*- 10t + 9 = 0.
Phuong trinh nay cu hai nghiémlat=1vat=09.
Véoit=1=>x=1,x=-1
Véit=9=x=3,x=-3.
Vay phuong trinh ¢6 4 nghiém phan bi¢t x =-1, x =1, x =3, X = -3.
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Bai tap 6: Giai phuong trinh: x* - 3x*- 4=0
Giai
Nhan thiy téng cac hé sé cong lai biang 0 nén phwong trinh ¢6 nghiém x* = -1 va x*=4
Voix*=4=>x=2va x=-2
8.3. Dang 3: Phuong trinh ax® +bx® +cx* +bx+a=0.
8.3.1. Kién thirc co ban:
Céch giai:
Budc 1: Xét x = 0 ¢ 1a nghiém ctia phuong trinh hay khong, néu c6 thi nhan mot nghiém.
Budc 2: Xét x # 0, chia ca hai vé ciia phuong trinh cho x? ta duoc:

w@+bx+cig+f%:0
X X
sa x2+i2 b xx|+c=0 (*)
X X

- 1 .. ..
bat: t= x + =, dieu kién: [t|>2.
X

Suy ra: x2+i2:t2w_“2
X

Thay vao phuong trinh (*), ta dugc phuong trinh:
a(tP+2)+bt+c=0

Quy vé phuong trinh bac hai theo an t ta duoc nghiém t (néu c6), rdi tir nghiém t ta suy ra
nghiém x (néu co).
Budc 3: Thir lai va két luan nghiém.
8.3.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: x* + 5x3 - 12x% +5x + 1 =0

Giai
Ta thay x = 0 khong 1 nghiém ctia phuong trinh.

. 1 1
Chia ca hai vé cua phuong trinh cho X2, ta duoc: (Xz + _Zj + S(X + —j -12=0

X X
< 1 2 1 2
bat:t=|x+—|=>|x"+— |=t" -2
X X

Khi d6 phwong trinh viét lai la: t* + 5t - 14 =0
giai phuong trinh nay ta dugc t=2,t = -7.

V(yit=2<:>(x+lj=1<:>x:1.
X

~7+345
! T
Véit=-1T | x+—|=-T&
( Xj ~7-3v5
X=—
2
Vay phuong trinh da cho c6 4 nghiém
Bai tap 2: Giai phuong trinh: x* + X* - 4x* + x+1=0
Giai
Nhén thay x = 0 khong la nghiém cua phuong trinh.
Chia hai vé cau phuong trinh cho X%, ta dugc:

1 1
(x2+—2j+[x+—):4
X X
| B
bat: t= x+—(dieu kién: |t| > V2
X

phuong trinh twong duong véi
t?+t-6=0

Bién soan: Tran Trung Chinh Trang s6 105



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

t=2
=
t=3

Xétt=2 < x+l =2 &x=1

X
3+4/5
1 T
Xétt=3 ©ox+— =3 X=
X 3= J5
2
Vay phuong trinh da cho ¢6 ba nghi€ém phan bi¢t lax=1; x = 3+2\/§ ;X = 3_2\/5 :
8.4. Dang phuong trinh: (x + a)*+ (x+b)*=c¢, (c>0) *)
8.4.1. Kién thirc co ban:
Céch giai:
+
Pit: x = y-%.

4 4
Khi d6 phwong trinh (*) tr& thanh: (y+%) +(y-a;bj =c.

biat: a= L; dé duoc phuong trinh gon hon:

y+a)' +(y-a)=colly+ o) +(y- o)’ -2(y+a)’y-a)=c.
& 2y +20%) - 2(y - o)’ = ¢
o2yt +12y%a? + 20 - ¢ = 0.
bay la phuong trinh trung phuong, da c6 cach giai.
Luu y:
Giai phwong trinh trén ta duoc nghiém y rdi suy ra nghiém x can tim, cha ¥ phai thir lai dé dwoc
nghiém dung.
8.4.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: (x + 3)* + (x +1)* = 706

Giai

bat:t=x+ %jx:t—Z

Phuong trinh viét lai 1a:
(t +1)* + (t- 1)* = 706
ot +6t°-352=0
Giai phuong trinh nay ta dwoc t* = 16 va t? = -22 (loai)
V6itP =16 < t=+4.
Xétt=4 < x=2
Xétt=-4 < x=-6.
Bai tap 2: Giai phuong trinh: (x +1)* +x* =1
Giai
bat:t=x - l
2

Phuong trinh viét lai 1a:

(-

& 16t +24t°-7=0
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=l

4

= , 7
t” =—— (loai)
Voit2=—<:>t=_l
2
Xét:t:l<:>x:

2

Xét:t:-%Qx:O

Suy ra phuong trinh c6 hai nghiém: x =1 va x = 0.

Bai tap 3: Giai phuong trinh sau: (x - 2004)* + (x - 2006)* = 2
Giai

Pit X = y+—2004J2r 2000 _y 2005,

Giai phuong trinh c6 nghiém duy nhat 1a x = 2005.

Bai tap 4: Giai phuong trinh sau: (2x - 1)* + (2x - 3)* = 2.
Giai

bat x:y+?:y+2.

Giai phuong trinh c6 nghiém duy nhat 1a x = 1.

Bai tap 5: Giai phuong trinh sau: (4x + 3)* + (4x - 7)* = 14642
Giai

bat: x :y—3_77:y+2.

Giai phuong trinh c6 nghiém duy nhat 1a x = 2.

8.5. Dang phwong trinh: (x + a)(x +b)(x +¢)(x+d)=r,(véia+b=c+d)
8.5.1. Kién thirc co bin:
Céch giai:
Budc 1: Phuong trinh viét lai 1a:
[¥* + (a+b)x +ab].[x* + (c +d)x +cd] =r
o[+ @+bx+abl.é+@+b)x+cd =r
Dit: t = x* + (a+b)x
Khi d6 phuong trinh tr¢ thanh
(t+ab)(t+cd)=r
< 1t?+ (ab + cd)t + abed - r = 0.
Budc 2: Giai phuong trinh bac hai nay theo 4n t ta dugc nghiém t (néu c6), roi tir nghiém t suy
ra nghiém x can tim (néu co).
Budc 3:Tht lai va két luan nghiém.
8.5.2. Bai tap ap dung:
Bai tap 1: Giadi phuong trinh sau: (x + 1)(x + 2)(x + 3)(x + 4) = 120 1)
Giai
(1) < (¢ + 5x + 4)(X* + 5x + 6) = 120 (2)
bat: t= x? + BX.
Phuong trinh (2) tr¢ thanh:
(t+4)(t+6)=120
St +10t-96=0

t=6
=
t=-16

Voit=6=X>+5Xx=6< x> +5x-6=0
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{x =1

=

X=-6

Véit=-16 = X" +5x=-16 < X’ +5x+ 16 =0

Phuong trinh nay vo nghiém.

Vay tap nghiém cuia phuong trinh da cho 1a S = {1; -6}.

Bai tap 2: Giai phuong trinh sau: (x + 1)(x + 3)(x +5)(x+7) =9 (1)
Giai

(1) = (C+8x+7)(x*+8x+15)=9 (2)

Dit: t = x° + 8X.

Phuong trinh (2) tré thanh

t+7)(t+15)=9

St +22t+96=0

[t=-6

|[t=-16

Voit=-6=x+5x=-6<=x2+5x+6=0

[x =2

| X=3

Véit=-16 = X" +5x=-16 < X’ +5x+ 16 =0

Phuong trinh nay vo nghiém.

Vay tap nghi¢m cua phuong trinh da cho 1a S = {2; 3}.

<~

=

Bai tap 3: Giai phuong trinh sau: x(x - 2)(X + 1)(x + 3) = 72 (1)
Giai
(1) = (C+X)(E+x-6)=72 (2)

Dit: t = x° + X.
Phuong trinh (2) tré thanh;
t(t-6) =72
ot?-6t-72=0
[t=12
[t=-6
Véit=12=xX +x=12=x*+x-12=0
'x=-4
| X=3
Véit=-6=>X+Xx=-6 X +x+6=0
Phuong trinh nay vo nghiém.
Vay tap nghiém cuia phuong trinh da cho 1a S = {-4; 3}.
Bai tap 4: Giai phuong trinh sau: (x - 1)(X - 3)(x + 5)(x + 7) = 297
Giai
Pé y thdy (-1) + 5 = (-3) + 7 cho nén ta bién ddi lai nhu sau:
Phuong trinh: < (X - 1)(X + 5)(x - 3)(x + 7) = 297
& (& +4x - 5) (& + 4x - 21) = 297
Dit: y = x® + 4x. Khi 6 phwong trinh tré thanh:
(y - 5)(y - 21) = 297
oy -26y-192=0
<:>y1:32;y2:-6.
Tim y theo x ta c6 nghiém cua phuong trinh.
Bai tap 5: Giai phuong trinh: (x* + x + 2)(x* + 7x + 12) = 24
Giai
Phuong trinh viét lai 1a
X+ 1)(x +2)(x +3)(x +4) = 24
< [(x+ D(x+4)].[(x +2)(x +3)] = 24
< (X +5x + 4) (¢ + 5x + 6) = 24 (1)
Deﬁt:t=x2+5x+4.

f—

f—
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Phuong trinh (1) tr¢ thanh: t(t +2) = 24.
Gidi phuong trinh nay ta dugc: t=4 va t = -6.
Véit=4<x*+5x+4=4x=0,x=-5.
Vit =-6 < X* + 5x + 4 = -6 phuong trinh v nghiém.
8.6. Dang phuwong trinh: (X + a)(x + b)(x + ¢)(x + d) = rX?, (véi a.b = c.d)
8.6.1. Kién thiic co ban:
Céch giai:
Budc 1: Phuong trinh viét lai 1a
[¥* + (a+ b)x + ab].[x* + (¢ + d)x + cd] = rx?
Xét x =0 xem c6 1a nghiém cua phuong trinh khong.
Budc 2: Véi x # 0, chia ca hai vé ctia phwong trinh cho x%, ta dugc:

{x+(a+b)+%Hx+(c+d)+%}:r

@{[x+a;bj+a+b}.ﬁx+%j+c+d}: r, (doa.b=c.d)

bat:t=x+ @.
X
Khi d6 phuong trinh tr¢ thanh:
(t+a+b)(t+c+d)=r.
otP+@+b+c+dt+(@+b)(c+d)-r=0.
Budc 3: Giai phuong trinh dé tim nghiém t (néu co), rdi tir nghiém t ta suy ra nghiém x (néu
co).
8.6.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh sau: (x* + 3x + 2)(x* + 9x + 18) = 168X (1)
Giai
6 6
@ <:>(x+;+7j(x+—+5j =168

X

bat: y=x+§.
X

< (y+7)(y+5) =168

_7
ey +12y-133=0 < |7
y=-19
X+§:7 X=1,X:6
X
e L e -19:3
X=——- Y77
X+—=-19 2
X

Vay tap nghiém ctua phuong trinh 1a S= {1; 6;

~19-4/337  -19+4/337 }
2 ' 2

8.7. Dang phwong trinh hdi quy: ax’ + b + o +dx +e =0, (a=0) trong do ad’® = eb?
*)

8.7.1. Kién thirc co ban:

Cach giai

Néu b = 0 thi d = 0 phuong trinh try thanh phuong trinh tring phuong:
at+oxt+e=0

. 3 e (dY
Néu b = 0 thid = 0, dieu kién 3 = (Bj

Dat: % =t thi e = at’ va d = bt thi phwong trinh (*) tr& thanh:
ax*+bxC+od +dx+e=0. (**)
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Do x = 0 khong 14 nghiém cta phuong trinh (**) nén ta chia 2 vé cta phuong trinh (¥*) cho x%#
0 ta duoc:

bt at?

ax’ +hx+c —+—=0
X X

2
<:>a(x2+t—2J+b(x+£)+c:0 (***)

X X

Pat: X+~ =y (didu kién: y2 > 4t),
X
2 2

Suyra: X +t—+2t—y 225 +t —y -2t
x? x

Phuong trinh (***) trg thanh: ay? + by + ¢ - 2at = 0 1 phuong trinh béc hai theo y,
Ta s& tim dugc nghi¢m vy, roi suy ra X.
8.7.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh sau: 2x* - 21x% + 34x? + 105x + 50 = 0
Giai
bat: x —g =Y ta thu dugc phuong trinh: 2y2 -2ly+54=0cOnghiém y, =6, y,=—

Vi y1 = 6 thi ta thu duoc cac nghiém X, =3++/14, x, =3—+/14..

Véi y, = % thi ta thu dugc cdc nghiem X,= - 4“161 X, == 4“161 .
Bai tap 2: Giai phuong trinh: 2x*+ 3x3 — 16x* +3x +2 =0 (1)

Giai
Ta c6: x # 0 khong la nghiém cua phuong trinh (1).
Chia hai vé cta phuwong trinh cho x? thi ta ¢6 phuong trinh tuong duong:

2X% +3x — 16+3+£:0

X X2

Z(XZ +i2j+3(x+ij—16:0
X X

Dit: y=x+l thiy?-2= x2+i2
X X

Hay

Phuong trinh (1) tré thanh:
2(y*-2)+3y-16=0
Hay
2y* +3y-20=0

Phuong trinh nay c6 nghiém lay; =-4; y, =

Vivay x+1:—4 va x+£:E
X X 2
Tic la: x* +4x+1=0va2x*-5x+2=0
Gidi cac phuong trinh trén ta tim dugc nghiém cua phuong trinh (1) 1a:

=243 x, =2 %, =2.

8.8. Pura vé dang phwong trinh bac bon vé dang co ban:
Bai tap 1: Giai phuong trinh: (x* - 8)° - 6x° +4x+2a=0 (1)
Giai
Phuong trinh (1) dugc viét thanh:
x'-2ax* +a’-6x° +4x+2a=0
hay
x*-(2a+6)X*+4x+a’+2a=0 (2
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Phuong trinh (2) 1a phuong trinh bac bén dbi véi x (chwa ¢ cach giai cu thé)
Ta c6 thé viét phuong trinh (1) dudi dang:

a®-20¢-1a+x"-6x° +4x=0 (3)

va xem (3) 1a phwong trinh béc hai d6i véi a.

Vi phuong trinh nay, ta tim duoc a theo x:

a, =x> —1£x* —2x> +1-x* +6x> —4x

=x" —1++/4x> —4x +1

=x" —1i(2x—1)
Giai phuong trinh bac hai d6i véi x:
X*+2x-a-2=0 (4)
va
x?-2x-a=0 (5)

Ta tim duoc nghiém cua phuong trinh (1) theo a.

Diéu kién dé phuong trinh (4) c6 nghiém la 3 + a > 0 va cac nghi€ém ctua phuong trinh (4) la:
X, =—1+<3+a

Diéu kién dé phuong trinh (5) ¢6 nghiém 1a 1 + a > 0 va cac nghiém cia phuong trinh (5) 1a:

Xy, = —1++/1+a
Bai tap 2: Giai phuong trinh: x* - X* -5 +4x+4=0 (1)
Giai
Phuong trinh (1) dugc viét dudi dang:
XX - X2 - (A - 4x-4) =0
XX -x-1)-4(x*-x-1)=0
(X -4)(*-x-1)=0
Vay phuong trinh (1) c6 4 nghiém la:

) ) 1—\/5_ 1++/5
Xl=21X2=-21 X3:—) X4:
2 2
Bai tap 3: Giai phuong trinh: 32x* - 48x% - 10x* +21x+5=0 (1)
~ Giai
Ta viét (1) dudi dang:

2(16x* - 24x% + 9x%) - 7(4%* - 3x) +5=0
Dit: y = 4x% - 3x thi (1) tro thanh
2y°-Ty+5=0
Phuong trinh nay c¢6 hai nghiém: y; =1vay, = g :
Xéty=1thi4x*-3x-1=0
Xéty= g thi 8x* - 6x-5=0

Tur d6 ta c6 nghiém ctua phuong trinh (1).

8.9. Bai tap tu luyén:
Bai tap 1: Cho phuong trinh
x'+2mx+4=0
Tim gia tri cia m dé phuong trinh c6 4 nghi€ém phan bi€t xi, X2, X3, X4 thod man
X +X5 +x5+; =32
(Dé thi vao 16p 10 PH KHTN, PH QG Ha Noi Nam 2003-2004)
Pap s6: m = - \/8 .
Bai tap 2: Tim diéu kién cta a va b dé phuwong trinh sau c6 3 nghiém phan biét.
x*-2@%+Db?- 1)+ (@%-b*+1)-4a> =0
.z {a =b+1
Dap so:
b=a+1

Bai tap 3: Cho phuong trinh: x* - 2x* + m? = 0. Tim m dé phuong trinh c¢6 4 nghiém phén biét.
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Bai tap 4: Cho phuong trinh: 2x* - (m + 1)x* + (m - 1)* = 0. Tim m dé phuong trinh ¢6 nghiém
d6i nhau.

Bai tip 5: Cho phuong trinh: (2m + 1)x* - 3x* + 4m - 1 = 0. Tim m dé phuong trinh c6 2 nghiém
duong phan biét.

Bai tap 6: Giai phuong trinh sau: 36x* +13x* +1=0

Bai tap 7: Giai phuong trinh sau: x* - 15x* - 16 =0

Bai tap 8: Giai phuong trinh sau: x* - 3x*- 4 =0

Bai tap 9: Giai phuong trinh sau: 2x* + 3x*-5=0

Bai tap 10: Giai phwong trinh sau: 3x* - 2x*-1=0

Bai tap 11: Giai phwong trinh: 8x* - 5x* + mx* + 5x + 8 = 0.

a) Giai phuong trinh khi m = - 16.

b) Tim m dé phuong trinh vo nghiém

bép so:
2) X, =1, X, =1, X, = 5+\/281, X, = 5-4/281
16 16

o) m =287

32
Bai tap 12: Giai phuong trinh sau:
a)x4-10x3+26x2-10x+1=0 b)x4-4x3+3x2+2x-1:0
) x* -3 +3x-1=0 d) x* +3x% - 14x% - 6x + 4 = 0.

Bai tap 13: (x* - (Mm+1)x + m)(x* - (n-1)x-n) =0

Tim gié tri cia m dé phuong trinh c6 nghiém duy nhat.

Bai tap 14: Tim m dé phuong trinh (2x + 3m)* + (2x + 4m)* = 17m*
c6 it nhat hai nghiém.

Bai tap 15: Gidi phuong trinh sau:

a) (x+3)"+(x+5)"=2 b) (2x + 1)* + (2x + 3)* = 82
c) Bx+3)"+(Bx+5)*=4 d) (x +2)* + (x + 8)* = 272
Bai tap 16: Gidi phuong trinh sau:

a) (x+x/§)4+(x+1)4=33+12«/§ b) (x+1)4:2(x4+1)

Bai tap 17: Gidi phuong trinh
(@x+1)(12x-1)(3x+ 2)(x +1) =4

S11+2V51 . -11-2451

Pap s6: x = ;
24 24

Bai tap 18: Giai cac phuong trinh sau:
a) (x +1)(x + 5)(x + 10)(x + 2) = 750 b) (2x + 1)(2x + 3)(2x + 5)(2x + 7) = 169
C) (x+3)(X+H)(x+7)(x+9) =121 d) Bx+1)(Bx+2)(3x+4)(x+1) = 6:
Bai tap 19: Giai cac phuong trinh sau:
a) (2x+1)(x+1)(2x +3)(x+2) = 22 b) (5x + 3)(bx + 6)(5x + 9)(5x + 12) =81
C) x(x +1)(x+2)(x +3) =3 d) (12x - 1)(6x - 1)(4x - 1)(3x - 1) =330

e) (xX*-3x+4)(x*-3x+2)=3
Bai tap 20: Giai phuong trinh: 4(x + 5)(x +6)(x +10)(x +12) = 3x°
(Dé thi vao 16p 10 THPT Chuyén Tran Pai Nghia, TPHCM niam 203-2004 va THPT Chuyén
DHSP nam 2006-2007)

15 —35++/265 - —35-4/265

Dapso x=-8,Xx= —?,X:

4 ’ 4
Bai tap 21: Giai cac phuong trinh sau:
a) (X +2)(x + 4)(x + 4)( x + 8) = X b) (2x + 1)(2x + 3)(2x + 5)(2x + 15) = X
C) (4% - 4x + 1) (¢ - 4x + 4) = X2 d) 4(x + 5)(x + 6)(x + 10)(x + 12) = 3%

9. Phuong trinh vo ti
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9.1. Dang 1: \/Z: B
9.1.1. Kién thirc co ban:
Céch giai:

B>0

\/K:BQ )
A=B

Sau khi tim nghiém ctia bai todn xong rdi phai thir lai dé tranh su sai s6t va c6 nghiém chinh xac
nhét.
9.1.2. Bai tap ap dung:
Bai tap 1: Gidi phuong trinh: v/2x* +3x -5 =2x -2
Giai
Phuong trinh da cho tuong duong véi

2x =220 x>1
R R
2x* +3x-5=2x-2)  |(x-1)2x-9)=0
Suy ra phuong trinh ¢6 hai nghitmx =1 va x = %

Bai tap 2: Giai phuong trinh: /(x> — 1] +1=2x> -1
Giai

Diéu kién: x<-1V x> 1

Khi d6 phuong trinh tuong duong voi:

(Vx?—1-1f =0
c>\/x2——1:1
o xP=2
o x=12

Bai tap 3: Giai phuong trinh sau: J2x+5- 3x—5=2 (1)
Giai
Ta c6 phuong trinh tuong duong:

J2x+5= 2+43x-5

I
o

>
Il

-5

L [2x+520 |XF % 5
biéu kién: & S X>—
3x-5>0 x>§ 3

Binh phuong hai vé cua (1) ta duoc:
2X+5=4+3X—5+43x-5 < 4+/3x-5=-x+6

X<6
2

X<6 X<6
= = <9l X
16(3x —5) = x* —12x +36 x*—60x +116 =0 ,
X =58(loai)
Két hop véi diéu kién bai toan thi x = 2(nhén)
Vay tap nghiém cia phuong trinh 1a:S = {2}
Bai tap 4: Giai phuong trinh: VX +1++/x+10 =v/x+2 +/x+5
_ Giai
bicu kién: x > -1. )
Binh phuong hai vé, phuong trinh tré thanh:

2X + 11 + 24Xx% +11x +10 = 2X 4+ 7+ 24/x2 + 7x +10
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& 244X +11X +10 = /X2 + 7X +10
S X2 +1IX+ 14+ 44X +11x +10 = x? + 7x +10
o X +11x+10 =—x -1
-Xx-1>0
o
X2 +11x+10=x*+2x +1
x<-1
o
9x =-9
<> X =-1 (théa man)

Vay phuong trinh c6 nghiém duy nhat 1a x = -1.

Luu y: Dbi voi cac bai toan dang nay, binh phuong hai vé chi sit dung khi hai vé déu khong am.

9.2. Dang 2: Jaf(x)+b +/cf(x)+d =0
9.2.1. Kién thirc co ban:
Céch giai: ‘ ’

Budc 1: Tim di€u kién néu co.

Budc 2: bat t = {(x)

Khi d6 phuong trinh tr¢ thanh

Jat+b+yct+d =0
Binh phuong hai vé 1én va dua vé dang:

J9(x) = h(x)
Dang nay quy vé dang co ban dé giai phuong trinh.
Thu lai két qua.
9.2.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: VX2 +3x +6 +2x2 +6x+5-9=0
Giai

. 2 >
biéu kién: X 34620 ding voi moi x.
4x* +6x+52>0

Phuong trinh twong duong véi
JOG +3X) +6 +4J2(x* +3x) +5-9=0

A gen 9
bat: t= x> + 3x. diéu kién: t > —g

Ta co:

AJt+6+42t4+5=9
< 3t+11+,/(1+6)(2t+5) =81, (—géts%)j
< 24/2t2 +17t+10 =703t

<t - 488t + 4780 =0

Giai phuong trinh nay ta dugc hai nghiém: t =478 (loai) vat= 10
Véit=10x +3x=10< % +3x-10 =0

Giai phuong trinh nay ra ta duoc hai nghiém x =2 va x = -5.

s ) ?
Bai tap 2: Gidi phuong trinh: \/XZ oy X2 *3 =1
x“+1 x“+1
Giai
Phuong trinh twong duong véi

1 1
1+ +. 1+ +1=1 *
\/ x* +1 \/ x*+1 )
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bat:t=1+——>0
x"+1
Phuong trinh (*) tré thanh:
Jit+1=1

Giai phuong trinh ndy v6 nghiém
Suy ra phuong trinh da cho vo nghi¢m.

9.3. Dang 3: a.f(x)+b =./c.f(x)+d
9.3.1. Kién thirc co ban:

Céch giai:

Budc 1: bat: t= «fc.f(x) +d . Piéu kién: t > 0.
2 -

suy ra: 129 = )

Budc 2: Bién dbi phuong trinh:

2_
a[t OI]+b:t
c

oat’-ct-ad+bc=0.

Budc 3: Giai phuong trinh bac hai nay theo (t).
Thu lai két qua.

9.3.2. Bai tap ap dung:

Bai tap 1: Gidi phuong trinh: x* +2x =v/2x” +4x +8 +20
Giai

Pit: t= V2x* +4x+8 26

Khi do6 phuong trinh viét lai la: t?-2t-48=0

Giai phuong trinh nay ta dugc hai nghi¢mt = 8 va t = -6 (loai)

Véit=8 < V2x> +4x+8=8=2x" +4x-28=0

Giai phuong trinh nay ta duge: x = -1-/29 vax = -1++/29.

9.4. Dang 4: a\/(bx +C) + d\/(ex +Q) + \/(bx +c)(ex+g) +h (x) =0
9.4.1. Kién thirc co bén:
Céch giai: ‘
Budc 1: Tim diéu kién bai toan.
Pit: t = a/(bx +¢) +d/(ex +g)
Budc 2: Binh phuong hai vé 1én ta duoc:
2 (a2 20\ _ (a2 2
\/(bx+c)(ex+g) _t (@*b+d%e)x-(a“c+d-g)

2
Budc 3: Pua phuong trinh vé dang:

At’ + Bt +C =0. 9
Budc 4: Giai phuong trinh va tim nghiém t r6i suy ra nghiém x nhung cht y thir lai dé tranh sai
sot.
9.4.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: VX —1+~/x+3+2,/(x-1)(x+3) =4 - 2x
Giai

Xx-1>1 X>2
S X>2.

Diéu kién: =
Xx+3>0 X>-3

bat:t=V/X-1++vx+3>0.

2= 2x+ 2+ 2 (x-1)(x+3)
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Suyra: 2.,/(x—=1)(x+3) =t* —2x -2

Phuong trinh da cho tré thanh:

t+t°-2x-2=4-2x

StP+t-6=0

Phuong trinh nay c6 hai nghiém la t = 2; t = -3 (loai).
Xétt=2thi vX—-1++/x+3 =2

o X +2x-3=1-x

1-x=0
o
X2 +2x-3=(1-x)

x<1
=
dx-4=0

o x=1
Vay phuong trinh da cho ¢6 nghiém duy nhét 1a x = 1.

Bai tap 2: Gidi phuong trinh: 1+§\/ﬁ =X +4/1-x
Giai

Ta co:

(\/;+\/ﬁ)z —1+2x—x?

Dit: t = VX +4/1-X, (t > 0)

Suy ra: Vx—x2 = t'-1

2
Phuong trinh tré thanh:

t?-1
2
St?P-3t+2=0

t=1
&
t=2
Véit =1, ta c6 phuong trinh:

\/§+\/1—x =1
& 2U0x=x2 =0

S X-x=0

x=1
=
X=2
Vit =2, ta c6 phuong trinh:

X +1-x =2
o 2Ux—x*=3

o xX-x+ %: 0 (v6 nghi¢m)

1+ t

Vay phuong trinh da cho c6 hai nghiém x =0; x = 1.

bx + +

9.5. Dang 5: aJ x+m +dJ Sl +e =0, (a=0)
cX+n bx+m

9.5.1. Kién thirc co ban:

Cach giai:
, TS G 5 bx + m
Buodc 1: Tim di€u kién bai toan. Pat: t = >0,
cX+n
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Phuong trinh viét lai 1a at + b% +c =0.

Budc 2: Quy phuong trinh vé dang: at? + ct + b = 0.
Budc 3: Gidi phuong trinh.

Luu y: Thir lai két qua.

9.5.2. Bai tap ap dung:

Bai tap 1: Gidi phuong trinh: Xe =—

Gi;ii
bieu kién:
X +1
>0
<-1
x—1 PN X

x+1

Pat: t = 1/XJFI >0 :>1/X_1 !
x—1 x+1 t

Phuong trinh viét lai 1a:
t*-3t-2=0

Giai phuong trinh nay ta dugc hai nghiém: t=2vat = —% (loat)

+1

X —

9.6. Dang 6: a\/f (x)+, /g(x) + b\/h(x)+ . fg(x) =c

9.6.1. Kién thirc co bén:

Céch giai: .

Budc 1: Tim diéu kién bai toan: g(x) >0
Pat: t = Jg(X)ZO(IH&Jk@ncﬁaU
Rut x theo t.

Budc 2: Giai phuong trinh theo t.

Budc 3: Thir lai két qua.

9.6.2. Bai tap ap dung:

Bai tap 1: Gidi phuong trinh: /X +2—4vXx—2 +yx+7—6Jx—2 =1
Giai

bat:t=4Vx-2>0

Suyra: x =t*+ 2.

Phuong trinh tr¢ thanh:

2 —4t+4 -+t —6t+9 =1
e -2 +4(t-3) =1
o t-2+t-4/=1

Ta c6 bang xét dau:

Voéit=

=2 x+1=4x-4<:>x:§.

t 2 4
t-2[| - o0 + | =
t-4 ] - | - 0 +

Xét:t< 2.
t—2/+[t—4/=1
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S-(t-2)-(t-4)=1
S-t+2-t+4=1
S-2t+6=1
& 2t=5
= t:g>2 (loai)
Xét:2<t< 4.
t—2/+[t—4/=1
ot-2-(t-4)=1
ot-2-t+4=1
< 2=1(voli)
Xét:t>4
t—2/+[t—4/=1
ot-2+t-4=1
S2t-6=1
S2A=7

= t=%<4 (loai)

Vay phuong trinh da cho vo nghi¢m.

Bai tap 2: Gidi phuong trinh: \/X - m + \/X + m =2
Giai

Nhan théy: \/X—m.\/Xer =1

bat: t =\/X—m >0

Khi d6 phuong trinh trd thanh:
t+%:2<:>t2 “2t+1=0=(t-1¥ =0=t=1

Véit =1, ta c6 phuong trinh:
x=>1
VX=X =1 =1 < /x? —1=x—1c>{2 2<:>x=1 (thda man)
X =
Vay phuong trinh c6 nghiém duy nhat 1a x = 1.

9.7. Dang 7: au+pv=+mu’+nv’, v6i a,p,m,n 12 nhirng hang sb.
9.7.1. Kién thire co bin:
Phuong trinh dang nay thuong khé "nhan biét" hon cac dang trén.
Céch giai:

bt 4n sd phuuvav.

Lap phuong trinh theo u,v

Gidi phuong trinh tim nghiém u theo v (hodc v theo u).
(Iwu y: Hai vé phai khong am)
9.7.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh: X% +3yx? =1 =+/x* =x? +1

Giai

o Ju=x?
Dat: {V _ m
Diéu kién: u, v > 0.

Khi d6 phuong trinh tr¢ thanh:
U+3v=+Uu’>-V?

< (U+3v)2 = u?- VP

< 2v(bv+3u) =0
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v=0

=
\'

—gu (loai)

Xétv=0thi Vx*-1=0=x==1
Vay phuong trinh ¢6 hai nghiém lax=1; x=- 1.

Bai tap 2: Giai phuong trinh: /X2 +2x +v2x —1=+/3x? + 4x +1
Giai

Diéu kign: x> %

Binh phuong hai vé ta dugc:

\/(xz +2x)(2x-1) =x*+1

= \/(xz +2x)(2x—1) =(x* +2x)—(2x-1)

5 {u =x*+2x
bat:

v=2x-1
Khi d6 phuong trinh tré thanh:
uv = u? - v
u= 1_£/§ v (loai)
&
_ 1+2\EV

Xét u= 1+£/§ V ta c6 phuong trinh:

1+\/§
2

Phuong trinh nay vo nghiém.
Vay phuong trinh da cho vd nghi¢m.

X2 +2X =

(2x-1) = 2x* +(2-2y5)x+1+5 =0

9.8. Pwa phwong trinh v ti phitc tap vé dang phwong trinh co ban:

Bai tap 1: Giai phuong trinh: v3x* —5X+1—+/X* -2 =, fs(xz —x-1) =\/x*=3x +4

Giai
X <2

biéu kién: .
> 1+ 2«/5

Nhan thiy: (3x% - 5x + 1) - 3(x* - x - 1) = -2(x - 2)
Vax?-2-(x*-3x+4)=3(x-2)
Ta c6 phuong trinh tuong duong:

\J3x? —5x+1—ﬂ/3(x2 —x—1) =X2 =2 —X*—3x+4

—2(x—-2) 3(x-2)

= \/3x2—5x+1—\/3(x2—x—1) B X2 =2 X -3x+4

2 3
< (xX=-2 + =0
( ) \J3xX2 —5x+1—\l'3(x2 —x—1) X2 =2 +4X°—3x+4
&S X=2.
V 2 3 >0

[ +
J3x2 —5x+1+\/€3(x2 —x—1) X2 =2 +4X* =3x +4
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Vay phuong trinh c¢6 nghiém la x = 2.

Bai tap 2: Giai phuong trinh: X +1+ 33X+ 2 =1+3/x* +3x +2
Giai

Ta c6 phuong trinh twong duong:

M+ IX+2 :1+€/x_+1¢\.3/ X+ 2

= (m—l)(%/x +2 —1) =0

{x:o
S
x=-1

Vay phuong trinh c6 hai nghiém x =0; x = - 1.

Bai tap 3: Gidi phuong trinh: /X +1+3/x* =/x + x> +x
Giai

x = 0: khong phai 1a nghi€m cua phuong trinh.

x # 0: Chia c4 hai vé cua phuong trinh cho %/; , ta duoc:

S/X+l+3§:l+«3/x+1
X

N @—1}(%&—1):0

X =1
3 X_+1 =1
LV X
Vay phuong trinh c6 nghiém duy nhat 1a x = 1.
Bai tap 4: Giai phuong trinh: \/\/5 —-X = X\/\/§ + X
Giai
Biéu kién: 0 <x < /3.
Phuong trinh da cho tuong duong:
X2 +/3x2 +x—+/3=0

= x=1

- (LJ _10

J3) 33

310 —
& X= V10-1 (thda man bai toan)
J3
310 —

Vay phuong trinh ¢6 nghiém duy nhit 1a x = \/T(/% ! :
Bai tap 5: Giai phuong trinh: v5x2 +14x +9 —v/x* —x—20 =5vx +1

~ Giai
biéu lfién:’ X>5.
Chuyén v€, binh phuong ta dugc:
V5x% +14x+9 =5/(x2 —x—20)x +1)
Nhan xét:
Khong ton tai s6 o, B dé: 2x% - 5x + 2 = a(X* - X - 20) + B(x + 1)
Taco: (6 - x - 20)(x + 1) = (X + 4)(X - 5)(x + 1) = (x + 4)(x? - 4x - 5)
Phuong trinh duoc viét lai la: 2(x? —4x—5)+3(x+4)=5(x* —4x—5)x +4)

=x?-4x-5
Pit: {u X X

V=X+4
Khi d6 phuong trinh tr¢ thanh:

Bién soan: Tran Trung Chinh Trang s6 120



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

u=v
2u+3v=5J/uv & 9
u=-v
4
Xét u = v ta cd phuong trinh:
X_5+\/6_1
X -4x-5=x+4<=x-5x+9=0 & 2
561 , .
X = (10@1)
2
L9 . )
Xétu= tha c6 phuong trinh:
9 Xx=8
X2 -4x-5= = (x+4) < 4x*- 25x-56 = 0 < 7.
4 X =—— (loai)
4
Vay phuong trinh ¢6 hai nghiém 14 x = 8; x=5+2‘/6—1.

9.9. Bai tap tu luyén.
Bai tap 1: Tim m d€ phuong trinh sau c6 nghiém

Yx—1-2m¥x -2 = (@ —4m)§/(x — )(x —2)

1 +210%/ 1 :3200#
x—1 X—2 V:X2—3X+2
2 —
Bai tap 3: Giai phuong trinh: 1/szl3:3+x
X_
Dépsé:x=-3,x=-2

Bai tap 4: Giai phuong trinh: x + y+ z + 4 = 2J/x =2 +4.ly -3+ 6z -5
bép $6: x=2;x=7;x=14.

Pap s6: m eR\{0}

Bai tap 2: Gidi phuong trinh: 10%/
2002

Dép sO: X :W

1

2x +3 \/x+3
+ =

Bai tap 5: Giai phuong trinh: \/ 3
—X

—X
Dap sb: V6 nghiém

Bai tap 6: Giai cac phuong trinh sau:

a) VX?+5x+1=2x-1

b) V2X+3++/5-8x =/4x+7

) X2+ X+ 6/x+2 =18

d)2V1-x* =x*+2 (1)

(Dé thi HSG tinh Kién Giang nam hoc 2005 - 2006)

1 1
Bai tap 7: Giai cac phuong trinh sau: —+ =2 (1)
X \2-x?

(Pé thi HSG Tinh Kién Giang nim hoc 2007 - 2008)

b) VX*-4x+3=4x-Xx?
) VXC+X+1+4/x° —x—-1=4

d) VX2 =2x—-3+X+2 =Vx2+3x+2+x-3

Bai tap 8: Giai cac phuong trinh sau:

a) 3

X
4-x?

+x°-4=0
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b) 22+ 23x -3=0

c) \3/x3+2+3/ 31 =2
X" +2

Bai tap 9: Giai cac phuong trinh sau:

) \/x+\/2x+3+2=XT+21 b) X +3+4X-1+ X +8-6 k-1=5
X —14 X% +2x-3
) Wx-5-—————"_=3 d) ———"=3+x
) 3+x-5 ) x-1
x* 2
e) +X°—=4=0 f) \/x+2—4a\/x—2 +\/x+7—6x/x—2 =1
Va—x?
h) 2x* —6x —1 = /4x +5 ) X+y5+/x-1=6

Dap sb:
h) x = 1—J§;x: 2+«/§.
) X:11—\/17

2
Bai tap 10: Giai cac phuong trinh sau:

a) 3x° +6x +20 = /x% +2x +8

b) X% +x+12/x+1 =36

0) V14X 7 =X =4.

Bai tap 11: Giai cac phuong trinh sau:

a) (4x—1)Vx®+1=2x+2x+1 b) V2-x? =(2—«/)?)2

) Ix+1+3Ix+2+3Yx+3=0 d) ¢x +417-x =3
e) X% ++/x+2006 = 2006
Dap sb:

a) x:—3\/§;x:2
4

byx=1.(Pat: u=+x;v=2-+/x)

c)x=-2
d)x=1;x=16. (Pat: u=4x; v=417-x)
e)x=0.

10. Phwong trinh mii:
10.1. Kién thirc co ban:
Dinh nghia:
a"=aa.a (n €Z',nzlacR)
—
nthdaseéa
at= a, moi a
= 1,moia=0

a" :ain,(nezﬂnzl,ae R\{O})

r m n m m
a'=an=+a",|r=—,a>0m,neN
n

3
|H
[EN

,(a>0;m,neN)

QO

Trong biéu thirc 2", thi a goi 1 co s6, n goi 1a s6 mil (liy thira).
Tinh chat:
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am.an - am+n
a" _
Pyl
a
(@) = () =a
(ab)’ =a"b"
i) -5
b) b
Cha y:

0°va o™ khong c6 nghia. ‘ ’ ’

Lily thtra véi s mii nguyén c6 day du tinh chat cta iy thira véi s6 mi nguyén duong.
10.2. Bai tap ap dung:
Bai tap 1: Gidi phuong trinh: 3% —(2°+9).3" +9.2* =0

Giai
Dit: t=3", dicu kién t > 0.
Khi d6 phuong trinh tuong duong véi:
t*—(2+9)t+9.2=0
Tinh biét thirc d, ta co:

2 2 t=9
d=(2"+9) -49.2"=(2"-9) =
(2 o) a0z ~(@ o) =/,

V6i t=9<3 =9 x=2
V6it=2"<=3F =2"<=x=0
Vay phuong trinh ¢6 hai nghiém 1a x = 0; x = 2.
10.3. Bai tap tu luyén:
Bai tap 1: Giai cac phuong trinh sau:

a) 9x+1 — 272x+1 b) 2x2—3x+2 -4

Bai Zthf}Lg 2: leflsl cac phuong trinh sau: ) ) )

a) 3%*° .43 +27=0 b) 6.9 - 13.6* + 6.4 =0
c) («/2-«/§)x +(«/2+J§)x =4 d) oX'x _ g2 _ g

€) 3.8+ 4.12° - 18- 2.27"=0 f) 2.2%-9.14+ 7.7% =0

Bai tap 3: Giai cac phuong trinh sau:
a) (2+\ﬁ)x +(2—\E)X =4

b) 8 +18* =2.27*

c) 125* +50* =2+

d) 25° +10* = 27"

e) (V3+B | +(\a-\B) =6

f) 27" +12" =2.8"
Papso:a)x=+1,b)x=0,¢)x=0,d)x=0,e) x=+2, ) x=0.
Bai tap 4: Giai cac phuong trinh sau:

a) 8.3+ 3.2"=24 +6"

b) 2% 4.2 _ 2% 4 4=0
c) 12.3* +3.15* =551 =20.

11. Giai phwong trinh bang cach danh gia trinh chit hai vé.
11.1. Kieén thirc co ban:
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A=0
B=0
A=0
B=0

Dinhly 1: V&éi A>0,B>0 thi A+B=0c>{

Dinh Iy 2: Vi A, B bat ky thi A*+B? = o@{

A=K

Dinh Iy 3: Véi A <K va B>K (K 1 hang s6) thi A=BC>{B K

Luu y:
(i) Ta c6 thé bién doi phurong trinh thanh dang tong cac binh phuong:

f2(X)+F7(X)+ ..+ F( Y=
Khido f,(x)=f,(x)=...=f (x)=
Nghiém cua phuong trinh 1a nghi¢m chung cua f, (X) =0,1=, n

(ii) M6t s6 tinh chat co ban thuong dung:
0<x<1=>x"<x,VneN

1<x=>x">x, Vne N.
11.2. Bai tap ap dung:

Bai tap 1: Giai phuong trinh sau: \3x2 +6x +7 +/5x2 +10x +14 = 4-2x - 2.
Gigi
Phuong trlianlh trén tuong duong voi:
\/3(x +1)+4 +\/5(x +1)+9 =5-(x +1)2
Nhan xét:
\/3 X+ )+4+\/ (x+1)+9 2\/Z+\/§:5
(x+1)

c>(x+1)2:0

oSx=-1 )

Vay phuong trinh ¢6 nghiém duy nhat la x = -1.

Bai tap 2: Gidi phuong trinh sau: x* —x*> +3x+5-2Jx+2 =0
. Giai

Diéu kién: x > 2. Phuong trinh da cho twong duong voi:
(xz+2x+]>+()?—2)%+)+(x+2— X+ 2+)1:

2 2 2

<:>(x+1) +(x2 —1) +( X+2 +1) =0

oSx=-1 )

Vay phuong trinh c6 nghi€ém duy nhat la x = -1.

Bai tap 3: Gidi phuong trinh sau: x/S —x° —%/3)(4 -2=1

Giai
biéu kién: —9/5 <x< 2/5
Phuong trinh tuong duong véi V5—x° =/3x* —2 +1

Ta thy phuong trinh c6 nghiém |x| = 1, nghia la x = + 1.
Khi [x| > 1
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\V5-x° <«/Z=2
Paxt—2+1>41+1=2

Suy ra phuong trinh v6 nghiém.
Khi [ <1

\V5-x° >«/Z=2
Pxt—2+1<1+1=2

Suy ra phuong trinh vo nghiém.

Vay phuong trinh c6 hai nghiém la x =1; x = -1.

Bai tap 4: Gidi phuong trinh sau: V1-x2 +4x% +x+1+81—x =1
Giai

-1<x<1

#sz—l—;ﬁ@—]ﬁﬁs)(sl

2

1-x*>0
Ditu kién: {x*+Xx-1>0=4{x<
1-x>0

x<1

Pit: a=+1-x2, b=4/x? +x+1, c=81—x, thi ta c6 hé:
a+b+c=1 a’<a
a®+b*+c®=1=0<a,b,c<1=1b*<b
a,b,c>0 c®<c

a’=a

A2 4 6 _ 4
=l1=a"+b*+c’<a+b+c=1=<b" =D
ct=c

Giai h¢ phuong trinh nay, ta tim dugc a =b = ¢ =0.
Tt do6 ta tim dugc x = 1 1a nghi¢m ctia phuong trinh.

Bai tap 5: Giai phuong trinh: ‘,L +, ’i =0 (1)
3-X 2—X

_ Giai
Diéu kién: x <2
Vi phuong trinh dang nay ta thuong du doan nghiém la cac gia tri cua x ma biéu thire dudi cin
nhan gia tri 13 mot s chinh phwong. Nhan thiy nghiém cua (1) phai 16n hon * Bang cach thir ta
thdy rang (1) c6 mot nghiém 1a X = §

Ta ching minh nghiém d6 1a duy nhét cua (1).
That vay:
. 3 ) . 8
Xét x<— tacod <4
2 3-X% 2-X
6 N f 8 <6
3-X

Suy ra (1) khong c6 nghi¢m trong ( 00, §

Xeét g <X <2, chung minh tuong ty ta co: , / \ /

Suy ra (1) khong c6 nghi¢m trong (2 2)

Do do
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. 3
Vay (1) c¢6 nghiém duy nhat X = E

Ta thiy giai phuong trinh bang cach danh gi4 nay thi didu quan trong 1a phai doan dugc nghiém
ctia n6. Bé doan nghiém ta nén chi ra khoang chira nghiém va xét truong hop dic biét dé tim ra
nghi¢m trong do.

(Trich tir bdo THTT s6 346)

Bai tap 6: Giai phuong trinh sau: 3X(2+x/9x + ) +(4x+2) (1+xl1+x+xz):0 1)

Giai
Ta c6 phuong trinh twong duong:

©3x(2+ (3x)2+3) 2x+1( +(2x )
<:>3x(2+ (3x)2+3) 2x+1( «/ 2x+1 )

Nhan thiy néu 3x = -(2x + 1) < X = —% thi céc biéu thire trong du can ¢ hai vé bang nhau.
A 1. . A - o, S . 1

Vay x = 5 la mot nghiém cua (1). Hon nita, nghiém cua (1) ndm trong khoang -E; 0].

Ta ching minh X = —% 14 nghiém duy nhat cia (1).

1 1
Xét-E<x<-g,tacé3x<-2x-1<0

< (3%)? > (2x + 1)°
=N 2+af(3x)2 +3> 2+1/(2x+l)2 +3.
Tt do6 suy ra:

3x(2+ (3x)2+3)>—(2x+l)(2+ (2x+1)2+3)
<:>3x(2+ (3x)2+3)+(2x+1)(2+ (2x+1)2+3)>0

Vay (1) khong c6 nghi¢m trong khoang (—% —%j :

Chtrng minh twong tu ta ciing di dén (1) khong c6 nghiém trong khoang (—%; O) :

Vay phuong trinh (1) c6 nghi¢m duy nhat la x=—=
(Trich tir bao THTT s6 346)
Bai tip 7: Gidi phuong trinh sau: \1+v2x—x7 +y1-2x—x* =2(x-1)" (2x* —4x+1)
)
_ Giai
bicu kién: 0<x<2.
Pat: t=(x - 1)? tacod: 0<t<1.

Phurong trinh (1) trér thanh: y1+vI—t +y1—1—t = 2t* (2t 1)

Nhan thiy 2t - 1> 0 <:>t2%

Binh phuong hai vé va rat gon ta duoc:

1 1 2
1+t =2t (2t-1) & —+——=2(2t-1
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1
Vi t<1nén —+ 3\/__2
Tfrdésuyra.t—l<:>x-2. ’
Vay phuong trinh c6 nghiém duy nhat la x = 2.

Bai tap 8: Giai phuong trinh sau: \,/3X2 1 =X —xXE 1= x> =X+ 4) 1)

1

275
Giai

Piéu kién: X >1UX < _1

Goi vé trai va vé phai cia (1) thir ty 14 A va B.

Ap dung BDT Bunhiacovski cho hai bo s6 (1,1,-X) va («/3x1 —1, 0 —x, X2 +1).

Tach: A< \/(xz + 2)(5x2 —x)

Dau "=" xay ra khi va chi khi x = -1.

DO X >1UX < ——— nén5xX2- x > 0.
3

Co6 nghiém trong khoang | —oo; 3]

Ap dung BDT CauChy, ta co:
1 1
B= m[sz —x+2(x2 +2)] > m.z\/(sz —x)(x2 +2) - \/(5x2 —x)(x2 + 2)

Dau "=" xay ra khi va chi khi x =-1va x =

wlps

Vay phuong trinh ¢6 hai nghiém la x =-1; X = g :
Bai tap 9: Giai phuong trinh sau:
2 2 17 2 1 2
J13x? —6x +10 +, [5x2 —13x + V177 —48x +36 = E(36x —~8x* - 21) (1)

Giai
Goi vé trai va vé phai cta (1) theo tht ty 1a C va D. Ta c6:

C:\'ly(3x+1)2 +(2x—3)2 +\/(2x—g)2 +(x—g)2 +4/X° +(4x—6)2

>[3x +1]+

+x]

2x—E
2

23x+1+2x—g+x:

. 3
Dau "=" xdy ra khi va chi khi x = E .
Mat khac :

D=%[12x—3—2(4x2—12x+9)}=%[12x-3—2(2)(_3)} ;

12x—-3)=6x——
(12x-3) =6x -

|\>||—\

Dau "=" xdy ra khi va chi khi x = g

Vay tap nghiém cua phuong trinh 1a S = {g} .

11.3. Bai tap tu luyén:
Bai tip 1: Giai phuong trinh sau: X +3X+3=+/2X+3
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Bai tap 2: Giai phuong trinh sau: 2x*-6X-1=4x+5
Bai tap 3: Giai phuong trinh sau: X*-/x+5=5

Bai tap 4: Giai phuong trinh sau: 22 +x =x+9
Jx+1
Bai tap 5: Giai phuong trinh sau: X* —«/X+5 =5
Bai tap 6: Giai phuong trinh sau: v/4x —1++/4x*-1=1
Bai tap 7: Giai phuong trinh sau: 4v/X+1=x*-5x+4
Bai tap 8: Giai phuong trinh sau: v/X* +2X ++/2x -1 =/3x* +4x +1
Bai tip 9: Giai phuong trinh sau: (X +2)y/x+1=2x+1
Bai tdp 10: Gidi phuong trinh sau: \[(X+2)(2x—1) —3vx+6 =4—/(x+6)(2x 1) +3x +2

(Dé thi OLYMPIC 30/4/2007)

Bai tip 11: Gidi phuong trinh sau: 32x*-4x +1=,/4x(8x +1)

Bai tap 12: Giai phuong trinh sau: X2+ Ix+1 =1
(Pé thi HSG tinh Kién Giang nam hoc 2006 - 2007)

12. Giai phwong trinh bang cich sir dung tinh don di¢u ciia ham s6:
12.1. Kién thirc co ban:
Dinh nghia: Cho ham sé: y = f(x).
f(x) ding bién (tang) trén (a; b) néu véimoi x,,x, € (@b }x, <x, =f &, )< &, ).
f(x) nghich bién (giam) trén (a; b) néu voi moi x,,X, € @b)x, <x,=f &, )>f k,).
f(x) ding bién hay nghi ch bién trén (a; b) goi Ia don diéu trén (a; b).
Ta thudng sit dung cdc tinh chat sau:
Tinh chat:
Néu f(x) lién tuc va don diéu trén (a; b) thi f(u) = f(v) < u=v, véimoiu, v € (a; b).
B6 dé bd tro:
(1) Néu f(x) lién tuc va don diéu trén (a; b) thi phuong trinh f{x) = 0 c6 nhiéu nhit mot nghiém
Xo€(a; b).
(2) Néu f(x), g(x) lién tuc va don diéu nguoc chiéu trén (a; b) thi phuong trinh f(x) = g(x) c6
nhiéu nhat mot nghiém trén (a; b).
Céch giai:
Ttr tinh dong bién, nghich bién ctia ham sb dé dang suy ra két qua sau:
i) Xét phuong trinh f(x) = m trén mién xac dinh D. Néu f(x) 13 ham s6 ludn luén dong bién (hoic
nghich bién) trén D, ma phuong trinh f(x) = m c¢6 nghiém trén D, thi phuwong trinh d6 c6 nghiém
duy nhit trén D.
ii) Xét phuong trinh f(x) = g(x) trén D. Néu f(x) 12 ham s6 dong bién trén D, con g(x) 1 ham s6
nghich bién trén D, thi nd ciing c6 nghiém duy nhat trén D.
Tir két qua nay cho phép ap dung dé giai mot phuong trinh ddc biét. Luge dd chung ciia phuong
phép nay nhu sau:
Budc 1: Quy phuong trinh vé mot trong hai dang trén (dng bién hoic nghich bién)
Budc 2: Chi ra mt nghiém cua phuong trinh x = Xo.
Budc 3: Dya va tinh duy nhat, két lun x = xo 14 nghiém duy nhat ctia phuong trinh da cho.
12.2. Bai tap ap dung:
Giai phuong trinh sau: 2 =3 - X.
Giai
D@ thdy x = 1 1a nghiém ciia phuong trinh. Bang d6 thi chiing ta c6 thé kiém chirng nghiém nay
1d duy nhat.
That vay, véix > 1,tac6: 2*>2'=2va3-x<3-1=2.
Tir d6 suy ra, 2* > 3 - x, nghia 1a cac gia tri x > 1 khong thé 1a nghiém cta phuong trinh.
Lap luan tuong tu véi x < 1.
Ta c6 x = 1 1a nghiém duy nhat.
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Luu y: Xét thay 2% 1a ham tang va 3 - x 1a ham giam nén ton tai xo néu c6 s& thoa man 2* = 3 - x.
12.3. Bai tap tu luyén:

Bai tap 1: Giai cic phuong trinh sau: 3* + 4 = 5%

Bai tap 2: Giai cac phuong trinh sau: 2* = 1+ 32

Bai tap 3: Giai cac phuong trinh sau: [%J =2x+1.
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CHUYEN DE 15
HE PHUONG TRINH
1. Hé phwong trinh bic nhét hai 4n:
1.1. Kién thirc co' ban:
Dang hé phuong trinh:
{alx +bhy=¢ (1)
a,Xxth,y=¢ (2)
Céch giai:
Céch 1: Dung phuong phép thé:
Budce 1: T phuong trinh (1), ta co:

ax=c-bypx=-2-= &by (3)
a1
Budc 2: Thay vao phuong trinh (2), ta dugc:
aZIM + bzy =c,
a1

< a,c-aby+ab,y=ac,
<y(ab,-a,b,)=ac,
— ale - azbl
= T
Tir do, thay vao (3) dé timra x.
Vi gia tri cia x tim dugc thay vao (3) dé tim gia tri cta x.

C_b(ac'-a'c]
ab'-a'b

X =
a
_ ab'c-abc-abc'+abc
<:> =
a(ab'-ab)
_ b'c-bc'
ab'-ab

Céch 2: Giai bang phuong phap cong dai sO

Budc 1: Nhan cac vé clia phuong trinh voi mot s6 thich hop sao cho 1 hé sb nao d6 cua 1
an & hai phuong trinh 13 d6i nhau.

Bude 2: Cong hai phuong trinh v6i nhau dé quy hé phuong trinh vé phuong trinh béc
nhit mot an roi giai tim ra mot an.

Budc 3: Thay vao mot trong hai phuong trinh dé tim nghiém con lai.

Cach 3:Phuong phap st dung dinh thirc Cramer:

. a, b
Dinh thirc ciahé: D=| * *|=a,b,-a,b,;
a‘Z bZ
. foo ¢, b
Dinh thiic cua x: D, = =¢c,b,-c,b;
CZ bZ
: r 5 al Cl
Dinh thirc cuay: D, = =a,C,-a,C,
a‘2 C2

Bién luém,nghiém: )
Néu D # 0 thi h¢ phuong trinh ¢6 nghiém duy nhat
X = Dy vay=—
D D
Neu D = 0 va Dy # 0 hodc Dy # 0 thi h¢ phuong trinh v6 nghi¢ém.

NéuD =Dy = Dy = 0 c¢6 ba truong hop:

Bién soan: Tran Trung Chinh Trang s6 130



:: CHUYEN PE TOAN LUYEN THI VAO LOP 10 THPT ::.

a=a =b=D"va(c#0hodc ¢'# 0): h¢ phuong trinh v6 nghi¢m.
a=a =b=b'vac=c'=0: h¢ phuong trinh ¢6 v0 s6 nghiém.
a, a', b', b' khong cung triét tiéu: hé c6 v sd nghiém.
Céc dang toan thuong gip ddi voi hé phuong trinh bac nhit hai an:
Dang 1: Giai h¢ phuong trinh.
Dang 2: Tim gi4 trj ciia tham sb (m) dé hé phuong trinh ¢6 nghiém duy nhét, vé nghiém, c6 vo sd
nghiém.
Dang 3: Tim gi4 tri cta tham s6 (m) sao cho nghiém cua h¢ thoa man biéu thirc cho trudc.
Thong thuong ta phai giai hé theo tham s6 m dé tim x(m), y(m).
Sau d6 thay vao biéu thirc dé tim gia tri m can tim.
1.2. Bai tap ap dung:
Bai tap 1: Giai h¢ phuong trinh:

{x+2y:1 (1)

2x+3y=3 (2)
. Giai ’
Bang phuong phap rut the.

Tu phuong trinh (1), suyra: X =1 -2y
Thay vao phuong trinh (2), ta duoc:
2(1-2y)+3y=3
&2-4y+3y=3
oy=-
Voiy=1=x=3
Vay hé phuong trinh c6 nghiém duy nhat 13 (x, y) = (3, -1).
Bai tap 2: Cho hé phuong trinh:

Xx+my =1
mx+y=2
Tim gi4 tri m dé hé c6 nghiém duy nhét.
Giai
Hé phuong trinh c6 nghiém duy nhat khi va chi khi:
1
D= =1-m? %0
m
Smztl

Vay gia trim cantim A m# 1; m # -1.
Bai tap 3: Cho hé phuong trinh:
2x+3my =4
Xx+ny=1
Tim gia tri m va n dé hé phuong trinh c¢6 nghiém x =2 vay=- 1.
Giai
Thay x = 2va 'y = -1 va hé phuong trinh ta c6:
4-3m=4 m=0
=
2-n=1 n=1
Vaym=0;n=1 la hai gia tri can tim.

Bai tap 4: Giai h¢ phuong trinh:
{ﬁx +42y =42
V2x+3y =3
Giai
{ﬁx +V2y=+2 (1)
V2x +\3y =3 (2)

Lay phuong trinh (1) trir phuong trinh (2), ta duoc:
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X-y=-1
&Sx=y-1
Thay vao phuong trinh (2) ta c6:
y=1=x=0
Vay hé phuong trinh ¢6 nghiém duy nhét 1a (x; y) = (0, 1)
Bai tap 5: Giai h¢ phuong trinh:
X+py=>5
{qx +5y =14
Tim gié tri p va q dé hé phuong trinh ¢6 nghiém (1, 2).
Giai
Thay nghiém (x; y) = (1, 2) vao phuong trinh, ta dugc:
{1+2q:5 @{2(1:4@{(1:2
p+10=14 p=4 p=4
Vay q =2; p =4 la hai gi tri cAn tim
Bai tap 6: Cho h¢ phuong trinh:
Xx+my =1
{2x+(m+l)y =4
Tim gia tri m dé hé phuong trinh c6 nghiém duy nhat thoa man x> 1 va y < 2.

Giai
Gidi h¢ phuong trinh c6 nghiém
1-3m
X=—"
1-m
2
Y I-m
Dé hé c6 nghiém duy nhét thoa man x> 1 va y <2
1-3m
1-m m>-1
2 | o m>_1<:{—1<m<1
<
1-m m=1 m>1
m=1

Vay gia trimcan timla (m> 1) V(-1<m< 2).
Bai tap 7: Cho hé phuong trinh:

px+2y =4
3x+3y=q
Tim gi4 tri p va q dé hé phuong trinh c6 v6 s6 nghiém.
Giai )
H¢ phuong trinh ¢6 v6 s6 nghiém
p_2_4
3 3 ¢
p_ 2
rF_= 5
=1_i=,
Z-7 19=6
3.9

Vay p =2; q =6 1 hai gia trj cAn tim.
Bai tap 8: Cho hé phuong trinh:
mx—-y=2
{3){ +my =5
Xac dinh gia tri m dé hé phuong trinh ¢6 nghiém duy nhét (x, y) thoa man hé thuc:

2
m

m’+3

X+y=1-
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) Giai
Ap dung cong thuc CRAMER, ta co:
m -1 5
D= =m~+3>0
3 m
2 -1
5 m
m 2
3 5
Hg c6 nghiém X:2rr21+5 va y:5n3_6
m~ +3 m~ +3

Dé hé c6 nghiém duy nhat thoa man diéu kién khi:
2m+5  Sm—-6 _ m’
+ =1-
m’>+3  m’+3 m’ +3
Tm-1_ 3
m’>+3 m’+3

©7m:4<:>m:§.

Bai tap 9: Cho hé phuong trinh:
mx +2y =m+1
{2x +my =2m-—1
Dinh m 1a s6 nguyén dwong sao cho hé phuong trinh c6 nghiém duy nhét (x, y) 1a sé nguyén.
Giai
m-1 3 s 2m+1 3

1- va y= =2-

Giai hé phuong trinh ¢6 nghiém: x = =
m+2 m+2 m+2 m+2

D& thiy rang m + 2 phai 1a wdc cua 3:
m+2=1 m=-1
m+2=-1 m = -3
=
m+2=3 m=1>0
m+2=-3 m=-5
Chi c6 m =1 thod man
Bai tap 10: Cho hé phuong trinh:
3x+(m-1)y=m+1
(m+Dx+y=3
Tim gia tri m dé hé phuong trinh c6 nghiém.
) Giai
Ap dung cong thic CRAMER, ta co:
3 m-—1
m+1 1

=4-m’

D=

Pé hé phuong trinh c6 nghiém
<P£0
& 4-m#0
&Sm=+2.
Vay dép an 1a B.
Bai tap 11: Cho h¢ phuong trinh
gx+y=2
{3); +2y=p
Tim gia tri ctia p va q dé hé phuong trinh c¢6 nghiém véi moi x € R.
Giai
Dé h¢ phuong trinh ¢6 nghiém véi VaeR, tic 1a hé phuong trinh ¢6 v6 s6 nghiém
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=

w |
o

1
2

. 3
Gidiratadugcp=4vaq= 5

Bai tap 12: Gidi hé phuong trinh sau
(m-Dx—y=m+1
{x +(m+1)y =—2m
’ Giai
Ap dung cong thitc CRAMER, ta co:
m-1 -1

(véim = 0)

D= =n’12

1 m+1

X = =m2+1

_m+1 -1
-2m m+1

m-1 m+l1
1 —-2m
= hé phuong trinh ¢ nghiém duy nhét (x, y)

DyZ‘ =-2m" +m-1

B m’ +1
m2
—2m° +m-1
Y=—">5
m
Bai tap 13: Cho h¢ phuong trinh:
X+2y=m
2x+3y=m+1
Gia tri m dé hé phuong trinh c6 nghiém duy nhit (x, y) thoa min x <y la
’ Giai
Ap dung cong thitc CRAMER, ta co:

2
=-1#0,
3

X

m 2
= =m-2,
‘m+1 3‘

1 m

=1-m

2 m+l
= hé phuong trinh ¢6 nghiém duy nhét (x, y)

x=2-m
y=m-1
Max<y<:>2-m<m-lc>m>%

Bai tap 14: Giai h¢ phuong trinh:
2x +y =22
X—y= _n2001

Giai

2X +y = 2003 (1)

X—y= _n2001 (2)

Lay phuong trinh (1) + (2) = X = 22001

Thay vao (1) ta duoc: y = 2%°%

= hé c6 nghiém duy nhit (x, y) = (2%%, 2299

Bai tap 15: Cho h¢ phuong trinh

H¢ phuong trinh{
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{x—my:n

X+y=p
Tim gia trim, n va p dé hé c6 vo sd nghiém.
Giai
Ap dung cong thic CRAMER, ta c6:
D=1+m,
Dy =n+ mp,
Dy=p-n
Dé hé phuong trinh c6 v6 sd nghiém
D=Dx=Dy=0
m+1=0 m=-1

n+mp=0&<n=p
p—n=0 n=p
Bai tap 16: Cho h¢ phuong trinh
mx +2y =1
2x+my =1
Tim gia tri m dé ham s6 c6 nghiém duy nhat (x, y) thoa man x +y = 1.
Giai
Ap dung cong thirc CRAMER, ta co:
D=m"-4,
DX = m = 2,
Dy = m = 2
Hé c6 nghiém duy nhit < m?- 420 m=+2
Vathoaman x+y=1

1 1
+

m+2 m+2
Bai tap 17: Giai hé phuong trinh

=1<m=0.

1
——X+——y=2
1000 1001
x+y =2001

Giai
Str dung phuong phép thé, ta giai phuong trinh.
Phuong trinh ¢6 nghiém la (x, y) = (1000, 1001).
Bai tap 18: Cho hé phuong trinh

{(m+1)x—y =m+1

x+(m-1y=2
Tim gia tri m dé hé c6 nghiém duy nhat thoa min x + y dat gid tri nho nhét.
) Giai
Ap dung cong thice CRAMER, ta co:
D =nm’,
X = m2 + 11
ﬂ Dy=m+1 ) .
Dé hé phuong trinh c6 nghi¢ém duy nhat (X, y) thoa man x+ y dat gia tri nhé nhat khi
m” # 0
2
m*+1 m+1 (V2 1 7.7
==t = t-2<
m m m 2.2 8 8
Vay bx + y dat gi4 tri nho nht 1a 7 kni £+L: 0o m=-4.
8 m 242

Bai tap 19: Cho hé phuong trinh:
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{mx+2my =1 (m>0)
X+ my =-m
Tim gi4 tri m dé hé c6 nghiém duy nhit (x, y) thoa min x >y + 2.
Giai
Ap dung cong thic CRAMER, ta c6:
D =m?-2m,
Dy = m + 2n7,
Dy=-m*-1
Heé c6 nghiém duy nhat < m=2vam=0.
Véi x>y+2

m+2m®> -—-m?-1
> +2

2 2
m —-2m m —-2m

2
m- +5m+1 20

m’ —2m
&Sm>2
Bai tap 20: Cho h¢ phuong trinh:
2m-3)x+y=4m’ -7
2x—-(2m+3)y=0
Tim gi4 tri m dé hé phuong trinh c6 nghiém duy nhét (x, y) thoa man x° + y? dat gia tri nhé nhét
la
Giai ’
Gidi h¢ phuong trinh c6 nghiém duy nhat (x, y) =(2m +3, 4)
Ta co: X2 +y* = (2m +3)% + 42 > 16.
Vay gia tri nho nhét 1a 16 dat duoc khi m = —% .

Bai tap 21: Cho h¢ phuong trinh:
2mx +m’y =3
2x+my =3 '

Tim m dé h¢ phuong trinh:
a) Co voO sO nghiém.

b) V6 nghiém.
Giai
2
a)Hécévésénghiémkhii:£:£<:>2—m:m—:§<:>m:m:l<:>m:1
a' b' ¢ 2 m 3
2
b) He vo nghiem khi &= 2 xS o 2M M 3 melemel
a' b c 2 m
1.3. Bai tap tu luyén:
Bai tap 1: Cho h¢ phuong trinh:
mx +2y =2
x+(m+1)y=1

Tim m dé hé phuong trinh c6 nghiém duy nhit (x, y). )
Dap s6: m# 1 vam # -2
Bai tap 2: Gidi va bién luin hé phuong trinh:
6ax +(2—a)y =3
{(a—l)x—ay =2
Bai tap 3: Giai h¢ phurong trinh theo tham s6 a.

ax—-y=-1
ax+y=2(a’+a’+a)+1
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2
. = 1
Dip s6: {x a3 + a2+
y=a +a +a
Bai tap 4: Giai h¢ phuong trinh:
3
x + 3y _q
X-y
5x-y _5
y—-x 3
Pap s6: VO nghiém.
Bai tap S: Giai h¢ phuong trinh:
[x|+y=1
x+lyl=-2

Pap sb6: V6 nghiém.
Bai tap 6: Giai h¢ phuong trinh:
Xy 2x+y _q
7 17
Ax+y y-T7_
5 19
(Dé thi vao 16p 10 chuyén Lé Hong Phong TPHCM 1990-1991 Ban B)
Bai tap 7: Giai va bién luan hé phuong trinh:
{mx +2y=m+1

15

2x+my =3
(Dé thi HSG TPHCM 1991-1992 vong 1)
Bai tap 8: Cho h¢ phuong trinh:
mx—y=m
Xx+my =1
Xac dinh tat ca cc gia tri ctia tham sb m dé hé c6 nghiém (x, y) sao cho tich P = x.y dat gia tri
16n nhat. ) .
bép s6: Khong ton tai m.
Bai tap 9: Giai va bién luan h¢ phuong trinh:
m’x+(m+1)°y=1
(m-1)x+my =3
Bai tap 10: Giai va bi¢én luan hé phuong trinh:
2Mmx —
mx-—y mx+y
2 4
X +2my N m+y _ 4
4 2

Bai tap 11: Cho hé phuong trinh:
X+ay=1

{ax +y=2
a) Giai h¢ phuong trinh khia = 2. )
b) Véi gia tri ndo cua a thi hé c6 nghiém duy nhat.
Bai tap 12: Cho h¢ phuong trinh:

X—my=m
{mx -9y=m+6

Tim m dé hé:
a) VO nghiém.
b) Co6 vo so nghiém.
Bai tap 13: Cho h¢ phuong trinh:
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{x +(M-Dy=2

(M+)x-y=m+1
a) Giai h¢ phuong trinh khim = % .

b) Xéc dinh m dé hé c6 nghiém duy nhét thod man x > y.
Bai tap 14: Cho hé phuong trinh:
X+y=1
{mx +3y=m
a) Tim m dé hé c6 nghiém duy nhét.
b) Tim m dé hé ¢ vo sé nghiém.

Bai tap 15: Giai va bién luan cac hé phuong trinh sau:
3X+(M-4)y=1-4m
mx—y=m

2. Hé phuong trinh dang: (GOm mét phwong trinh bac nhit va mt phwong trinh béc hai)
ax+by+c=0 (1)
mx’ +nxy +py* =0 (2)
Véia,b,c,m,n, placac h%ng s0 thue.
2.1. Kién thirc co bén:
Céch giai:
Budc 1: Tir phuong trinh (1) rit x theo y hodc rat y theo x roi thé vao phwong trinh (2).
Budc 2: Giai (2) 1di suy ra x hodc y (phu thudc cach rat).
Budc 3: Thay gié trj tim dugc vao phuong trinh (1) dé suy ra gia tri ctia an con lai.
2.2. Bai tap ap dung:
Bai tap 1: Giai phuong trinh:

2x—y=5
x*+xy+y> =0
Giai

Ta co:
2x—y=5 (1)
{xz +xy+y> =0 (2)
Tir (1) suy ra: y = 2x - 5 thé vao phuong trinh (2) ta duoc phuong trinh:
7X*-25x+25 =0

s 1 1
Giai phuong trinh nay, ta dugc: x = 7; X = 75 :

1 1 (1
Suy ra h¢ phuong trinh c6 hai cdp nghiém (x; y) lél(70 ; -;j va (—5 ; -éj

Bai tap 2: Gidi cac phuong trinh:

x+2y=4
x* —xy+3y’ +2x-5y-4=0
Giai

Ta co:

{x+2y:4 (1)

x* —xy+3y’ +2x-5y-4=0 (2)

Tur (1) suy ra: x =4 - 2y thé vao (2) ta duoc:

9y? - 24y +20=9
Phuong trinh nay vd nghiém, suy ra hé vd nghiém.
Bai tap 3: Giai h¢ phuong trinh:
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2x—4y =5
x*+3y* =8
Giai
Ta co:
2x—4y=5 (1)
x*+3y* =8 (2)
. S+4y .
T (1) suyra: x = the vao (2) ta duogc
28y* +40y-7=0
5447
y:
- 7
51
7
Suy ra:
o -5+dT 15+447
V61 y= => X=—
7 14
=547 15+4./7
V61 y= 2 SX:#

Vay h¢ phuong trinh c6 hai cap nghiém (x; y) la 15+4J7 - 5+4/7 va 15+ 447 - 547 .
14 7 7 7
Bai tap 4: Giai hé phuong trinh:
{3}72 +5x> —7xy =9

x—-3y=35
Giai
Ta co:
{Sy2 +5x° —7xy =9 (1)
x-3y=5 (2)

Tir (1) suy ra x = 5 + 3y thé vao (2) ta duoc
27y + 15y + 116 =0

—25++/697
y=—p
= 94
-115++/697
Y=""e

Suy ra hé c6 nghiém

—25+/697 —25-/697
AT P LT
_ -115+4/697 115697
y=——r— V"
Bai tap 5: Giai h¢ phuong trinh:
{xy-Zy2 +x° =-8

x+3y=4
Giai
Ta co:
xy-2y’+x?=-8 (1)
{x+3y= 4 (2)

Tur (1) suy ra x = 4 - 3y thé vao (2) ta dugc phuong trinh
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Suy ra hé c6 nghiém

X=-2 _ [X=-b5
va
{y=2 {y=3
Bai tap 6: Gidi h¢ phuong trinh:
X+y=3
2x* —3xy +5y* =16

Giai
Ta c6 h¢ phuong trinh twong duong:

y=3-X
=S
2x? —3x(3—x)+5(3—x)2 =16

0

2x? —9x+ 3X + 45- 30% 5%X= 1

0

y3x

y=3-X
10x? — 39x+ 29= (

{y;

P X = @
10
1
1’ 10
2.3. Bai tap tu luyén:
Bai tap 1: Giai cac hé phuong trinh sau:

. {ZX—y:l o {x+3y:6
x*—xy+y* =19 2x%+3xy—y*+18=0
(x+y+2)(2x+2y-1)=0
{3x2-32y2+5=0
’ {2x-y-7=0 . {4x+9y:6
Y2 =X +2Xx+2y+4=0 3x* +6xy —Xx+3y =0

) (x+2y+1)(x+2y+2)=0 X X-y=2
| Xy +y?+3y+1=0 x*+y? =164

Bai tap 2: Cho hé phuong trinh:
2 2 _
X“+dy" =8 (m 14 tham sd)
X+2y=m

a) Gidi hé phuong trinh véi m =4 )
b) Gidi va bién luan hé phuong trinh theo tham s6 m.
Bai tap 3: Giai h¢ phuong trinh:
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d
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2X> +X+y+1=0

X2 +12x +2y +10 =0
x? —5xy+y* =7
2x+y=1
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Ox* +4y? =36
{éx+y=5
Bai tap 4: Tim m dé hé phuong trinh:
%@+y2+mx+my—m—1:0
X+y=4

(m 14 tham sd)

c6 2 cip nghiém phéan biét (x1; Y1) Va (Xz; y2) thoa mn (x1— X2)* + (Y1 — y2)* = 4.

Bai tap 5: Tim m d€ h¢ phuong trinh:
9x? —16y? =144
X—y=m

(m 14 tham sd)

c¢6 nghiém duy nhat.
Bai tap 6: Cho h¢ phuong trinh:

2,2

X =1 ;

Ty (m 1a tham s0)
X—y=m

Xac dinh cac gia tri ciia a dé hé phuong trinh c¢6 nghiém duy nhat.

Bai tap 7: Cho hé phuong trinh:

x> +y?—x=0
X+ay—a=0

a) Giai h¢ phuong trinh khia = 1.

b) Tim a dé hé phuong trinh da cho c6 2 nghiém phan biét.

¢) Goi (x1; Y1) , (X2 ; ¥2) la cac nghiém cua hé phuong trinh da cho .

Chirng minh ring: (x1 — X2)* + (y1 — y2)° < 1

Bai tap 8: Cho hé phuong trinh:

(a 1a tham s6)

2 002 _
{X +2y"=9 (m 14 tham sd)

2X—-y=m
a) Giai h¢ phuong trinh véi m = 0. ’
b) Giai va bién luan h¢ phuong trinh theo tham s6 m.
Bai tap 9: Cho hé phuong trinh:

x%?+3y? =m
3X+5y=13

a) Giai h¢ phuong trinh khi m = 13. )
b) Giai va bién luan hé phuong trinh theo tham s6 m.
Bai tap 10: Goi ( x; y) l1a nghi€ém cua hé phuong trinh:

x*+y?=a?+2a-3
X+y=2a-1

Tim a dé P = xy dat gi4 tri nho nht.
Bai tap 11: Goi ( x; y) la nghiém cta h¢ phuong trinh:

x?+y*=2a%*-2
X+y=a+1l

(m 14 tham sd)

(m 14 tham sd)

(a la tham s6)
Tim a dé P = xy dat gié tri 16n nhat.
Bai tap 12: Goi ( x; y) la nghiém cta h¢ phuong trinh:
2 2 _ a2
XTHYT=attAa 1 tham s6)
X+y=2a+1

Tim a dé P = xy dat gia tri nho nhat va gi4 tri 1on nhat.
Bai tap 13:Tim k dé h¢ phuong trinh:

2+ 2: )
{X Y=L 4 1a tham s6)
X-y=k
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c6 nghiém duy nhét.
Bai tap 14: Cho hé phuong trinh:

X+y=m I th ,

m 1a tham s6

(X+1) Y’ +xy=m(y+2 ( )
a) Giai h¢ phuong trinh khim=4. ) .
b) Tim tat c4 cac gia tri cua tham sO m dé hé phuong trinh c6 nhi€u hon hai nghiém.
Bai tap 15: Cho h¢ phuong trinh:

x> +y*-x=0 :
y (m la tham s0)
X+my-m=0
a) Gidi hé phuong trinh khim = 1.
b) Tim m d¢ hé phuong trinh da cho c6 hai nghiém phén biét.
¢) Goi (x1; Y1), (X2; ¥2) 1a cac nghiém cua hé da cho.
Chting minh rang: (X2 - X1)2 +(y2 - yl)2 <1
Bai tap 16: Cho h¢ phuong trinh:
X +y? =1
X—y=m
Tim gié tri ctia m dé hé phuong trinh c6 hai nghiém phan biét.

(m 14 tham sd)

Pap sb: -2<m< 2
Bai tap 17: Cho hé phuong trinh:

X? +y? =x
X+ny=n
Tim n dé hé phuong trinh c¢6 hai nghiém phan biét.

(n 1a tham sd)

Pap s6: 0<n< %
Bai tap 18: Cho h¢ phuong trinh:
Ox* —16y° =144
X—y=a
Tim a dé hé c6 nghiém duy nhat.

(a 14 tham s6)

Pap sb: m = i\/?
Bai tap 19: Cho h¢ phuong trinh:
X?+y?> =25
{mx—y:3m—4
Tim m dé hé phuong trinh c6 nghiém kép.

(m 14 tham sd)

Pap sb: m = 2
Bai tap 20: Giai hé phuong trinh:
X2+ xy+y* =7
2X—-y =5
. 18 1
bap so: (1,-3); | = =
p so: (1,-3) ( - 7)
Bai tap 21: Gidi cac h¢ phuong trinh sau:
2x-y =1 b X+3y=8
3x*-bxy +y* =-23 2x° +3xy -5y’ = -4

3. Hé phwong trinh d6i xing loai I:
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3.1. Kién thirc co bén:
Heé phuong trinh loai I theo 4n x va y: La hé phuong trinh ma khi ta ddi vai tro clia cic an x va y
thi hé phuong trinh van khong thay doi.
Dang hé phuong trinh:
{ﬂxW—o VM{KxW—ﬂmm
g(x,y)=0 a(x,y) = g(y.x)

H¢ phuong trinh ¢ dang thu gon:
bat S=x+y ;P =x.y thi h¢ phuong trinh tré thanh:

£(S,P) = ,
GP=0"piy kién : S? > 4P
gS,P)=0
(V6i'S va P 1a tong va tich hai nghiém)
Céch giai:

Buée 1: Bat : S=x +y, P=x.y va x, y chinh la nghiém cta phuong trinh
Diéu kién: S* > 4P
Budc 2: Xac dinh S va P.
Khi do S va P 1a nghiém cua phuong trinh bac hai
X% - SX +P =0, 7
Budc 3: Giai phuong trinh bac hai theo an X.
Co gia tri X thisuyrax,y.
3.2. Bai tap tu luyén:
Bai tap 1: Gidi hé phuong trinh:
X*-y* +X-y=5
X3 -x2y-xy2 +y3 =6
Giai
Ta c6 hé phuong trinh twong duong:
{a%yﬁ+a-w=5
(x*-y)(x-y) =6
Dit:u=x’-y’vat=x-y
Hé phuong trinh duoc dwa vé dang:

u+t=35
ut==6
Suy ra u va t 13 hai nghiém cua phuong trinh: X?-5X + 6 =0
Giai ra, ta duge: X3 =2; X, =3.

Xét hai truong hop:
A (x*—y*)=2 (x+y):g X %
Néu u=2,t=3 = = 3 7
(x=y)=3 (x-9)=3 |y=—¢
;
3 X=—
2 2
‘ — = X =_
Néu u=3,t=2 :{(X yI=3 o Y54 41
(x—y)=2 X—y=2 y——Z

Bai tap 2: Giai h¢ phuong trinh:
X>+xy+y’ =4
X+Xxy+y=2

Giai

Dét:S=x+yve‘1P=xy,(SZZ4P);

2_p_
Ta co hé S -P=4 Q)
S+P=2 (2)
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S, =-3

Tx(2) < P=2-S thévéo(l)tacé:SZ+S-6=O<:{S )
2:

S =-3 S,=2
Tu d6 taco; { hodc { _°
P, = P,=0
o XFY =3
Voi h¢ nay vd nghi¢m
Xy =5
=2
voi * 7Y
xy=0
Gidi h¢ nay co6 hai cdp nghiém (x; y) 1a (2; 0) va (0; 2).
Vay hé phuong trinh ¢6 hai cap nghiém (x; y) 1a (2; 0) va (0; 2).
Bai tap 3: Giai h¢ phuong trinh:

{xy+x+y=l9
2 2 _
x“y+xy” =84
Giai

Hé phuong trinh duoc dua vé dang:
xy+(x+y)=19
{ xy(x+y)=84
bat: S=x+y; P=xy, S? > 4P,
Khi d6 S va P 1a hai nghiém cia phuong trinh
X?-19X +84 =0
= X; =7 hoac X, =12

=12 =7
Ta c6 hé: xry hoac xry
xy =7 xy =12
e . x+y=12
Giai hé phuong trinh:
xy =7
c6 nghi¢m
x=6+/42 hay x=6-+/42
+y=7
Giai hé phuong trinh Y
xy =12

c6 nghi¢m

x=3 x=4
hay
{y:4 {y:3

Vay hé phuong trinh da cho co bdn cap nghiém (x; y) la:

{x:6+wﬁz_{X:6—wM§_{x=3_{x:4

y=6-42 |y=6+442" |y=4"|y=3
Bai tap 4: Giai hé phuong trinh:
{x2y+xy2=6
Xy+y+x=5
Giai

: e +y)=6
Xy + Xy 6©{xy(x y)

Ta c6 hé phuong trinh duwong duong:
Xy+(x+y)=35

Xy+y+x=35
bat: xy=t,x+y=u, (u? > 4t)
u+t=5
ut==6
Vay u vat la hai nghiém cia phuong trinh:

Ta c6 hé {
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X?-5X+6=0
c6 hai nghiém X; = 2; X, = 3.
Ta c6 cac hé:
n u=2 . A a2
H¢ 1: {t _3 (khong thoa man, vi: u” < 4t)

X {u:S {x+y:3
H¢ 2: &

t=2 Xy =2
Khi d¢ x, y la hai nghiém cua phuong trinh
X?-3X+2=0

Suyra: X=1,X=2
x=1 _ |x=2
va
{y =2 {y =1
Bai tap 5: Giai h¢ phuong trinh:
y2-x2=2
xy=—3
Giai
Ta c6 hé phuong trinh twong duong:
vy +(—x*)=2
y.(-x*)=-3
xy <0

@
(2)

Tir (1) va (2) chimg to y? va -x? 1a hai nghiém ciia phwong trinh:
X?-2X-3=0

< X=-1,X=3

Do do:y?=3va-x*=-1 < y*=3vax’ = 1.

Ngoai ra xy < 0 nén nghi¢m cua h¢ la:

Bai tap 6: Giai hé phuong trinh:

X+y=35 D
xtry*t=97 (2
Giai

Ta bién d6i phuong trinh (2) cta hé:
() + (y)* =97
< (C+ Y- 23y =97
< [(x+y)? - 2xy]* - 2x%y? = 97
Thay x + y =5 vao phuong trinh trén ta duogc:
(25 - 2xy)? - 2(xy)* = 97
< 625 - 100xy + 2(xy)? = 97
< 2(xy)* - 100xy + 528 = 0
< (xy)* - 50xy + 264 =0
- Xy =6
Xy =44
o . X+y=5
Xét hé phuong trinh:
Xy =6
o x=2 . |x=3
Gidi h¢ phuong trinh trén, ta duoc: va
y=3 y=2
+y=5 A A
4 (57 < 4.44) hé¢ phuong trinh nay v6 nghiém.

X
Xét h¢ phuong trinh: {
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=2 =3
Vay hé phuong trinh da cho c6 hai cap nghiém la {X 3 va {X 5
y= y=

Bai tap 7: Cho hé phuong trinh:

2 2
XEY S Cn1a tham sb)
X+y=6
Tim gia tri m dé hé phuong trinh v6 nghiém.
~ Giai
Bién doi h¢ phuong trinh, ta dugc:
X+y=6
(x+yy —2xy=m
{ Y Y g 36—m
X+y=6 Xy =
2
Khi d6 x va y 1a nghiém cua phuong trinh:
-gt+ 20" M_g

< 2t°-12t+36-m=0
Dé hé phuong trinh v6 nghiém thi phuong trinh:
2t*-12t+36-m=0
vO nghiém
Ta c6 diéu kién vo nghiém:
A'<0
< m-18<0
< m<18.
Bai tap 8: Cho h¢ phuong trinh:
{xz +xy+y> =1
X—y—-xy=3
Giai
Nhan thiy hé phuong trinh khong ddi xing nén bién doi dua vé hé doi xing.
bit: t = -y, khi do ta co:
x> —xt+t* =1
X+t+xt=3
Pit: S=x+tvaP=xt, ( S*>4P)
Ta c6 hé phuong trinh
{SZ -3p=1 (1)
S+P=3 (2
Twr (2) suy ra: P =3 - S thay vao (1), ta dugc:
S?+3S-10=0
Giaira:S=-5;S=2.

S=-5
Xét hé phuong trinh: {P g (Vi (-5)% < 4.8 hé nay v6 nghiém)

o . S=2 X+t=2
Xét hé phuong trinh:

=

P=1 xt=1
Khi do x va t 1a nghiém cua phuong trinh

X?-2X+1=0
x=1
y=-1
Suy ra h¢ phuong trinh da cho c6 1 cap nghiém (x; y) 1a (1, -1).
Bai tap 9: Giai h¢ phuong trinh:

<:>X:1<:>x:t:1<:>{

Bién soan: Tran Trung Chinh Trang s 146



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

X+y=35
x,y_16
y x 3
Giai

Bién ddi hé phuong trinh, ta dugc:

(x+y)’ —%SX.‘/:O@

X+y=35

=6

X+y=35

Pit: S=x+y=5vaP=xy=6, (didu kién S* > 4P)
Khi d6 x va y la nghiém cta phuong trinh

X?-5X+6=0

Gidi phuong trinh trén, ta dugc: X3 = 2; X, = 3.

Ta c6 hai cip nghiém (x; y) Ia {X

Xy(x+y)=-2
x}+y?=7
Giai

Ta c6 hé phuong trinh twong duong:

Xy(x +y) = -2
(x+y)*-3xy(x +y) =7
bat: S=x+y; P=xy.
Do d6 hé tré thanh:

PS=-2 PS=-2
=
$-3pPS=7 (S°-3.(-2)=7

{x+y:1
=
Xy =-2

V

PS=-2 S=1
= =
=1 =2

L x=3
a
{y=2

Vay h¢ phuong trinh da cho c6 hai cap nghi¢m la (2, 3) va (3, 2).
Bai tap 10: Giai h¢ phuong trinh:

X, y 1a nghiém cta phwong trinh: X> -~ X -2 =0
Giai phuong trinh trén ta dugc X3 =-1; X, =2

X =
Vay h¢ phuong trinh da cho c6 hai cap nghi¢m (x; y) la {
y

3.3. Bai tap tu luyén:

Bai 1. Giai cac h¢ phuong trinh sau:

X+y=5
a)

x —Xy+y’ =

X +x+1 +y+1)=3
d){( (" +y+1)

(1-x)(1-y)=6

X +Yy+Xy !
Y 2
y(x+y)==
k) X*+xy+y’ =
x+xy+y 2
) 2(x +y)? -xy=1
X’y +xy? =0

Bién soan: Tran Trung Chinh

) {xy= 5

X+y+x+y* =42

e){

x}+y* =19
(xy+8)(x+y)=2

h) {XZ+xy+y2=7

X+y=4
(X +y?)(<* +y?) =280

o){

X+XxXy+y=5

X2 +y?+xy=7
X4+y4+x2y2:21

va{

c){

f)

)

)]

X=2
y=-1

X+y+XxXy=5
x*+y?=5

Xy +y"x =30

X x+y\/_ 35
X+y=2

x®+y® =

X+y+xy=11
X>+y*+3(x+y)=28

Xx+y=1

X3+y3 :X2 +y2
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) Xy =l r X+y=l S)
x9+y9:x4+y4 X6+y6:1
X + +—+1—4
y y X(x+2)(2x+y)=9
t) 1 u ) _ V)
X2+y2+_+F:4 X +4x+y=6
1 1 4
(-y) (") =3 L.L.¢
w) ( 2 1 ) y) VX \fy 3 2)
(x+y)(x +y)—15 Xy=9

Bai tap 2: Cho hé phuong trinh:
X+Xy+y=m+1
{xzy +Xxy>=m
a) Giai h¢ phuong trinh vé1i m = 2.
b) Tim m d¢ hé c6 it nhat mot nghiém (X;y) théa man x >0va y>0.

(m 14 tham sd)

Bai tip 3: Tim m dé hé phuong trinh sau ¢ nghiém:
X+y=m . .
, ) (m 1a tham s0)

X°+y =—m°+6

Tim gid tri 16n nhat va nho nhat cua biéu thirc: F=xy+2(X+Yy).

1 1
— 4+ S 4xy=

X Yy
2(x +y) = 3xy

7

2

(x+y)(L+ ) =5
Xy

1
X2y?

(x+y)(1+xiyj
(X2+y2)[1+

(X* +y* )1+ ——) =49

5

1
Fj=49
y

Bai tip 4: Tim cac gia tri cia m dé hé phuong trinh sau c6 nghiém duy nhit:

X2y +xy? =2(m+1)
2xy+x+y=2(m+2)
Bai tip 5: Tim m dé hé phuong trinh:
X+Xy+y=m .
X Y Z (m la tham s0)
Xy +Xy®=3m-8
c6 nghi¢m.
Bai tap 6: Goi (X;y) 1a nghiém ctia hé phwong trinh:
X+y=2a-1 .
s . (a 1a tham s0)
X“+y =a"+2a-3
Xéc dinh a dé xy dat gia tri nho nhét.
Bai tap 7: Cho hé phuong trinh:

{xz +y?=2(a+1)

(x+y) =4
a) Giai h¢ phuong trinh véia = 2. ’
b) Céc gia tri ciia a d& hé phuong trinh c6 nghiém duy nhat.
Bai tap 8: Cho hé phuong trinh:
{Xz + yz =m

X+y=6
a) Gidi hé phuong trinh véi m = 26.
b) Tim gia tri m sao cho hé phuong trinh v6 nghié¢m.
c¢) Tim gid tri m sao cho hé phuong trinh c6 nghiém.
d) Tim gia tri m sao cho hé phuong trinh c6 1 nghiém duy nhat.
e) Tim gid tri m sao cho hé phuong trinh c6 hai nghiém phan biét.
Bai tap 9: Cho hé phuong trinh:

(a la tham s6)

(m 14 tham sd)
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(m 14 tham sd)
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X+y+xy=m+1 ,
{ yrxy (m la tham s0)

X%y +xy? =3m-5
a) Gidi hé phuong trinh véi m = 26
b) Tim gid tri m sao cho h¢ phuong trinh v6 nghiém
c¢) Tim gid tri m sao cho hé phuong trinh c6 nghiém
d) Tim gia tri m sao cho h¢ phuong trinh ¢6 1 nghiém duy nhat
e) Tim gia tri m sao cho hé phuong trinh c6 2 nghiém phén biét
Bai tap 10: Tim m d¢€ cac hé phuong trinh sau c6 nghiém:
X+y+x>+y> =8
xy(x +1)(y +1)=m
Bai tap 11: Cho cac hé phuong trinh sau:

(m 14 tham sd)

X+y=4 . .

. X (m 1a tham s0)
X“+y =m

a) Giai hé phuong trinh véim = 12.

b) Tim gia tri m sao cho hé phuong trinh c6 nghiém ’

Bai tap 12: Giai bi¢n luan cac hé phuong trinh sau theo tham so a, m:

Xy
Z+l=3 Ix-4+Jy-1=4 2x+y-1=m
)1y x b){ X4Tyy c){ Y
X+y=8 X+y=3a 2y+~/x-1=m
Bai tap 13: Cho hé phuong trinh:
2 2
X' +y" =4m (m 14 tham sd)
2xy +1=2m

Tim m dé hé phuong trinh c6 hai nghiém phan biét.

I

Déap so: a

Bai tip 14: Giai hé phuong trinh theo an x va y v6i tham s a > 0.
x*+y*=2a

{x+y+xy=a2 +2a

(Dé thi tuyén chon ddi tuyén Toan 9, Thanh Ho4 nam 1995-1996)

Dap so: (x,y) =(a, a)

(a 1a tham s6)

Bai tap 15: Giai hé phuong trinh:

X+y+xy=3
x+y—-xy=1
Giai hé phuong trinh trén. )
bép s6: (x, y) = (1, 1)
Bai tap 16: Cho hé phuong trinh:
X, ¥ _ ,
y X (a 1a tham s0)
X+y=38

Tim a dé hé phuong trinh c6 nghiém kép duong. )
Dap s6: a=2.
Bai tap 17: Gidi hé phuong trinh:
x* +y* =97
xy(x2 +y2) =78

Huéng dan: Dat: x> + y? = Svaxy = P.
Bai tap 18: Gidi hé phuong trinh:
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x> +xy+y =12
X’y +y’x =16
Dap sb: (x, y) = (2, 2 (2. -4), (-4, 2)
Bai tap 19: Gidi hé phuong trinh:
x> =3xy+y’ =-1
3x* —xy +3y’ =13
Pap s: (1, 2); (-1, -2); (2, 1); (-2, -1)
Bai tap 20: Cho h¢ phuong trinh:
+xy+y=m+1 .
{x wry=m (m la tham s0)
Xy(X+y)=m
Tim m dé hé c6 nghiém (x, y) thoa diéu kién x > 0 va y > 0.
Pap s6: 0 <m Si hay a> 2.

Bai tap 21: Giai hé phuong trinh theo 4n x va y.
X+y=m+n L, .
s s ,  5(m,nlacac tham so)
X’+y =m’ +n
Pap sb: (x, y) = (m, n); (n, m)
Bai tap 22: Cho hé phuong trinh:

(x+y)2:4 . A
(k 1a tham s0)
x> +y> =2 1+k)

Tim k dé hé phuong trinh c6 ding hai nghiém. )
Dap s6: k=0.

4. Hé phwong trinh ddi xing loai II:

4.1. Kién thirc co ban:

Hé phuong trinh dbi xtmg loai II theo 4n x va y 13 hé phuong trinh ma khi ta d6i vai tro cua x
cho y thi hai phuong trinh ctia hé s& hoan d6i cho nhau.

Dang phuong trinh
f(x,y)=0
{f(y, x)=0

Céch giai:

Budc 1: Cong hodc trir hai vé ciia hai phuong trinh dé dwa hé phuong trinh vé phuong trinh tich
va lap hé phuong trinh :
fxy)-1ly.x) =0 {f(x, y)+f(y,x) =0

odac

f(x,y) = 0 f(x,y) = 0
(x-y).f(x,Y) =o@[x -
f(x,y) =0

Budc 2: Giai hé phuong trinh vira 1ap dugc.
Budce 3: Xét nghiém cua hé phuong trinh 1a nghi€ém cua tig phuong trong hé & bude 1.
4.2. Bai tap ap dung:
Bai tap 1: Giai h¢ phuong trinh:
{xz +1=3y

y? +1=3x

Pua vé dang {

(Dé thi giai thuong Luwong Thé Vinh, Quan 1 TP HCM: 2-4-1994)
Giai
H¢ phuong trinh:
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Tru (1) va (2), ta co:
x? - y* = 3y - 3x
S X-y)(x+y-3)=0
Vay hé da cho tuong duong voi

{x2+1:3y
(x-y)(x+y-3)=0
4123 x*+1=3y
4 X-y=0
<9 (X-Y) <
X=y-3=0 x*+1=3y
| [(X+y-3=0
(35
2
y—3_\/g
_— A A
Giai hé phuong trinh: {X +1_3y<:> 2
x-y=0 X_3+\/§
2
3++/5
y 5
I 2
X_—3+\/H
2
y_9—JH
), . -
Giai hé phuong trinh: {X =3y N 2
X+y-3=0 X__3_\/§
2
9+\/§
=

Bai tap 2: Giai hé phuong trinh:
X2 -2y? =2x+Yy
{yz -2x2 =2y + X
Giai
Trur hai phuong trinh cta h¢ trén, ta duogc:
-3y =x-y< (X-y)(Bx+3y-1)=0
Ta c6 h¢ phuong trinh twong duong:
x?-2y? =2x+y
{(X—y)(3x+3y—l) =0

[ [(x2-2y2 =2x +
x?-2y? =2x+y { Y Y
x-y=0
SS9 x-y=0 = , ,
3x+3y-1=0 XT-2y" =2x+y
| [3x+3y-1=0

x=0
2.2y* =2x+ =0
X y X y<:> y

Giai hé phuong trinh:
x-y=0 {X =-3

Bién soan: Tran Trung Chinh
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2 2
Giai h¢ phuong trinh: {X "yt =2ty h¢ nay vo nghiém.

3x+3y-1=0
Bai tap 3: Gidi phuong trinh:
x}=2x+y
{y3 =2y+ X
Giai

Trur hai phuong trinh cho nhau ta dugc:
X -y =x-y e (x-y)(XC+xy+y*-1)=0
Ta ¢ hé phuong trinh:

x®=2x+
x}=2x+y { Y
X=Yy
X=Yy =N
) ) X*=2x+y
X +xy+y —-1=0
| XP+xy+y*-1=0
x=0
y=0

NE)

)(3:2x+y<:> X
3
B

x=y
[

e . X3=2x+y X =-1
Giai hé phuong trinh: =
x> +xy+y>-1=0 1

Giai h¢ phuong trinh: {

<
I
w

(V)

<«
Il

Bai tap 4: Giai hé phuong trinh:
X2y +2=y?
{xy2 +2=x°
Giai
Trur hai phuong trinh ta dugc phuong trinh:

(X-y)(xy +x+y)=0
Ta c6 hé phuong trinh:

Xy+2=y?
X=y

X=y AP )2
Xy+Xx+y=0 Xy+e=y
Xy+X+y=0

X’y +2=y?

2 2 — 2 X = _1
Xét hé phuong trinh: {X yre=y =

X=Yy y=-1
Xy +2=y?
Xy+XxX+y=0

Phuong trinh nay vo nghiém.

Xét hé phuong trinh: {

x=-1
Vay hé phuong trinh da cho c¢6 nghiém (x; y) la { 1
y=-
Bai tap 5: Giai h¢ phuong trinh:
x> +xy+y=1
X+Xy+y =1
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Giai

Trur hai vé ctia phuong trinh ta dugce PT:
x-y)(x+y-1)=0

Ta c6 h¢ phuong trinh:

) {x2+xy+y:1
X +xy+y=1
X=y
X=y < )
x+y-1=0 X +xy+y=1
x+y-1=0

x> =xy+y=1

Xét hé phuong trinh: X = 1
x+y-1=0 2
_1
772

X% +X =1 [x+y=1 [x=t

Xét hé phuong trinh: Xy = y =  teRY
X+y-1=0 x+y=1 |y=2t
1.1

Vay hé phuong trinh da cho c6 nghiém (x; y) la (-1; -1), (E, Ej , (t; 2t) voiteR”

Bai tap 6: Giai h¢ phuong trinh:

x—3y:4§
y
y—3x:4z
X

Giai

Trir timg vé cta hé phuong trinh ta dugc:
X =
(xz-y2>=-4<x-y)@(x-y)(x+y+4>=oc{ ’,
y=—4-Xx
Xét x =y, hé phuong trinh ttwong duong véi:
=Y = 2
X = = —
x> +2x=0 Y
Xéty = -4 - x, hé phuong trinh twong duong vaéi

y=—4-x
) SXx=y=-2
X +4x+4=0
Suy ra h¢ phuong trinh da cho ¢6 nghiém (x, y) 1a (-2, -2)
Bai tap 7: Cho hé phuong trinh:
X=y —y+m
y=x"—X+m
Tim gia tri m dé hé co nghiém.
Giai
Trur tung vé cua phuong trinh, ta duogc:
X -y'=0 < {X -
X =-y
Khi d6 hé phuong trinh twong duong voi
X=y _ lx=-y
I) hoac II
{x2—2x+m:0 (@) ho? {x2+m:0 @
Pé hé co nghiém khi va chi khi
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(I)cé nghiém A(I) 20 I-m=>0
= < m<l]

z ‘A @
(II)CO nghiém A(H) >0 -m=0

Suy ra hé ¢6 nghiém khi m < 1.
Bai tap 8: Cho hé phuong trinh:
x> +2Xy = mx+y
y’ +2Xy = my+ X
Tim gia tri m dé hé c6 nghiém x =y.
Giai

Trur tirng ve cua hai phuong trinh, ta dugc:

X -y =(M-1)(x-y) < (x-y)(x+y-m+1)=0 @{

Véi x =y khi do ta co:

3x% = (m +1)x

Phuong trinh nay luén luén c¢6 nghiém v6i moi m.

Bai tap 9: Cho hé phuong trinh:
x(3-4y*)=m(3-4m’)
y(3—4x*)=m(3—4m’)

Tim gia tri m dé hé vo nghiém.

Giai
Trur tung v€ cua hai phuong trinh, ta dugc:

y=x
y=m-1-x

(x£y)

(x-Y)(3+49) =0 xy ==> (vixt )
Thay vao hé phuong trinh ta dugc
2 lmaoami-3 -0

3 4

Taco: A=m’(3-4m>)?+27>0
Suy ra phuong trinh luoén c6 nghiém véi moi m.
Suy ra khong ton tai m dé hé vo nghiém.
Bai tap 10: Cho h¢ phuong trinh:
m3
TX + y-— — = 0
X

3
Ty + _m_2 =0
Tim gi4 tri a dé hé c6 nghiém duy nhit.
i Giai )

Dé h¢ c6 nghiém duy nhat thi x =Y.
Vix =y nén ta c6 phuong trinh

8x%=m? @X:y:%
Suy ra hé c¢6 nghiém duy nhét khi a # 0.
Bai tap 11: Giai hé phuong trinh:

X?—2X+5=4y
y* —2y+5=4x
Gidi

Ta c6 hé phuong trinh twong duong:
(¢ =y -2(x-y) =-4(x=y) _ [(x=y)(x+y+2)=0
X2 —2X+5=4y X? —2x+5=4y
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X-y=0
X?—2x+5=4y

&
X+y+2=0
X?—2x+5=4y
x-y=0 X= X = x=1 X=5
Truong hop 1:4 | Y <9, Y = hoac
X —2X+5=4y X°—6x+5=0 X=LXx= 5 y=1 y=>5
X+y+2=0 y=-2-X y:—2 X
Truong hop 2: | | SR T
X" —2X+5=4y X +2x+13:0 (X+1)*+12=0
H¢ phuong trinh nay vé nghi¢m.
x=1 |Xx=
Vay h¢ phuong trinh da cho c6 hai cdp nghiém (x; y) la { l; {
= y =
4.3. Bai tap tu luyén:
Bai 1. Giai cac hé phuong trinh sau:
2x =y’ -4y +5 2 =13x+4 X=y" -2
3) y* -4y b) y y 0 y
2y =x*—4x+5 x? =13y + 4x y=x>-2
Q) x®=5x+Yy ) x*+y*=20 g x?-2y* =2x+y
y® =5y +X x*+y? =20 y?-2x* =2y + X
1 y>+2
3X+y=— 3y =
Y x? h) {yz =x’ —3x" +2x i X2
2.3 2 2
3y+x—iz X =y =3y +2y 3X:X -:2
y
Bai tap 2: T1m m dé hé phuong trinh:
x*—2y+m=0
y?—2x+m=0
c6 nghi¢m ) i )
Bai tap 3: Tim cac gia tri cua tham s6 m dé cac hé phuong trinh sau c6 nghiém duy nhat:
a){)/Z:X‘°’—4x2-+mx {x—y:1+xy 0 XY+X2=”WV—1)
x? =y —4y* +my (y-m)x+(2m-3)y=m xy+y2:m(x—1)

Bai tap 4: Cho hé phuong trinh:
x(3-4y*)=m(3-4m’
y(3-4x2) = m(3-4m2)

1) Giai hé phuong trinh véim = 1.

(m 14 tham sd)

2) Tim m dé hé phuong trinh c6 nghiém.
3) Tim m dé hé phuong trinh c6 nghiém duy nhét.
Bai tap 5: Giai h¢ phuong trinh:

2
X = y2
-y

B 2X
Y 1-x*

Huéng dan: Bién d6i, rdi liy hai vé trir nhau.
Bai tap 6: Giai h¢ phuong trinh:
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Pap s6: (1; 1)
Bai tap 7: Giai h¢ phuong trinh:
x2y +2= y2
y’x+2=x’

Dépsd : (-1,-1)(; 1V 2, 14_)2(; a2, 1\[)2

V51|, 5 V51
I

Bai tap 8: Cho hé phuong trinh:

2 = -1 .
Xy Xz m(y=1 (m 1a tham s0)
xy+y =m(x—1)
Tim m dé hé phuong trinh ¢6 nghiém duy nht.
Dap s6: m = 8.
Bai tap 9: Cho h¢ phuong trinh:
3 2 2
= 7x> — .
IV PIOTIE (0 1 tham s6)
y =x"+7y" —my
Tim m dé hé phuong trinh ¢6 nghiém duy nht.
Dap s0: m > 16.
Bai tap 10: Giai hé¢ phuong trinh:

x+i:2
Jy

y+éL=2

Jx
(Dé thi vao 16p 10 Truong PH Vinh ndm hoc 2005 - 2006)

Dap s6: (1, 1); [3_2‘/5, 3_*5}

2

Bai tap 11: Giai hé¢ phuong trinh:

y+x+5=1
(Dé thi tot nghiép THCS va xét tuyén vao thpt Chuyén Lé Quy Don nam hoc 2004-2005)
Dé'p s0: (-11 -1)1 (4| 4)1 (-1! 3)’ (4| -2)

{x+ y+5=1

Bai tap 12: Gidi h¢ phuong trinh:

3x*—2x+6=9y
{3y2—2y+6:9x
Bai tap 13: Gidi hé phuong trinh:
5x* —2x+ 3= 6y
{gy2—2y+3:6x
Bai tap 14: Gidi hé phuong trinh:
2x* +3y=12
{2y2+3x:12
Bai tap 13: Gidi hé phuong trinh:
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2x*-3x=y*-2
{Zy2 -3y =x%-2
Bai tap 15: Gidi hé phuong trinh:
X?+2y+1=0
{yz -2x+1=0
Bai tap 16: Gidi hé phuong trinh:
x?-3x+5=3y
{yz -3y+5=3x
Bai tap 17: Gidi hé phuong trinh:

5. H¢ phwong trinh dang cap bac hai:
5.1. Kién thirc co ban:
Dang hé phuong trinh:
ax’ + by’ +cxy+d=0
a'x“+b'y*+c'xy+d'=0
Céch giai:
ax’ +by’ +cxy+d=0 ()
a'x’+b'y*+c'xy+d'=0(2)
Bude 1:
Xét x =0 hoac y = 0 c¢6 nghiém hay khong.
Budce 2: Xét x # 0 hoacy # 0.
bat: x =ty hodc y =tx
Ta c6 hé phuong trinh trong duong
ax’+bt’y*+ctx=-d  (3)
a'x>+b't’y’ +c'tx’ =—d' (4)
Chia (3) cho (4) ta dugc phuong trinh bac hai theo an t:
a+bt®+ct _d
a'+b't’+c't d' o
Ta dua v€ phuong trinh bac hai theo an t roi ti€én hanh giai
5.2. Bai tap ap dung:
Bai tap 1: Giai hé phuong trinh:
2x% —xy +3y* =13
X% +4xy—2y° =6
( D& thi vao 16p 10 Chuyén Toan 31.7.1994)
Giai
Xét x =0, ta co6 hé phuong trinh twong duong:
3y’ =13
—2y* =6
h¢ phuong trinh nay vo nghiém.
Xét x #0, dat y = tx.
Ta c6 h¢ phuong trinh twong duong vai hé:
X —tx?+3x2 =13 |X*(2-t+3t%)=13 (1)
=
X% +4tx* - 2t°x* = —6 x2(1+4t—2t2):—6 (2)
Chia (1) cho (2) ctua h¢ phuong trinh trén, ta dugc:

< 5y* =18
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2-t+3t° 13
1+4t-2t° -6
3t°-t+2 13

S =

2t2-4t-1 6
< B6(3t2-t+2) =13(2t*- 4t - 1)
< 18t*- 6t + 12 = 26t° - 52t - 13
< 8t?-46t-25=0
Lap h¢ phuong trinh tuong duong:

X% +4xy —2y* =6
X* +4xy—-2y* =6 t1=_l
o I8t _46t-25=0 < 2
y= 277
y =1X
_{x _ oy X, ==Ly, =1
X,=2y,=-1
X2 +4xy —2y? =-6 2772
- 4y Y olx oAy
X=—1y * 13977 139
25
Ko adxy— 2y f | Xy =iy =
L tJ139] 139

Bai tap 2: Giai hé phuong trinh:
x(x*+y?) =10y (1)
{ZY(XZ —y)=3x (2
Giai
Xétx=0=y=0;
Ta cé: (x; y) = (0; 0) 1a mot nghiém.
Xét X # 0 = y # 0. Chia phuong trinh (2) cho phuong trinh (1)
2y x*-y* 3
X X4y

Pt > =t=Y =
y X
Ta c6 phuong trin
211 3
t t2+1 10
<3t -17t°+20=0
t=-1
=
=20
3
Voit=-1=>Xx=-y
Ta c6 h¢ phuong trinh
x(x* +y?)=10 2x* =-10
{( +Y?) yc{

X
10y
y 1

t

h:

X=-y X=-y
h¢ phuong trinh nay vo nghiém.
Véi t= 2 = X= 2 y

3 3

Ta c6 hé phuong trinh

Bién soan: Tran Trung Chinh

Trang s6 158



:: CHUYEN PE TOAN LUYEN THI VAO LOP 10 THPT ::.

x(x* +y?) =10y

20
X="
3

N
o
=

203
X = N2
Giai hé phuong trinh nay, ta dugc (x; y) la \/\%
Bai tap 3: Giai hé phuong trinh:
xX?=3xy+y’=-1 (1)
{3X2 —xy+3y?=13 (2)
Giai ‘
Nhan phuong trinh (1) voi 13 r61 cdng voi1 phuong trinh (2):
Ta c6 phuong trinh:
16X - 40xy + 16y* = 0

<225t +2=0v0i x=ty(x,y#0)
st = 2; L= l
< x =2y hodc y = 2x.

x> —3xy+y’ =—
{x =2y
Ta c6 hé phuong trinh twong duong:

x> —3xy+y’ =—
{y =2X
Xét hé phuong trinh: {XZ “y+yt=-1 (3)

X =2y (4)

Thé (4) vao (3) ta duoc:

y=1
ly=-1
H¢ c6 nghi¢m

[(x=2

o
X=-2

jo

2 2 _
Xét hé phuong trinh: X =3xy+y'=-1 (5)
y=2x (6)

Thé (6) vao (5) ta dugc
x=1

| x=-1

H¢ c6 nghiém

[(x=1
y=2

x=-1
ly=-2

Bai tap 4: Giai h¢ phuong trinh:
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x> —3xy =4
X? —4xy+y°® =
Giai ‘ ‘
Nhan phuong trinh tht hai voi 4 161 ttir cho phuong trinh dau:
4x% -13xy + 3y* = 0 < 4t -13t + 3= 0, X =ty.
< x =3y hodc y =4x.
. [x=3y y =4Xx
H¢ da cho tuwong duong voi: ¢ hodc <7,
y —-3xy=4 y —-3xy=4
X =3y .
Xét hé h¢ nay vd nghiém
y’-3xy=4

.|y =4X A x A A

Xethe 17, h¢ nay vo nghi€ém.

y —-3xy=4
Bai tap 5: Gidi héphuong trinh:

3x*—8xy+4y* =0

5x* —7xy —6y* =0

Giai

Xét x =0, suy ra: y = 0. H¢ nay c6 nghiém (x; y) = (0, 0)
Xéty #0.
bat: x =ty. Ta co hé phuO’ng trinh twong duong;:

{Stzy —8ty® +4y® =

7ty —6y*=0
8t+4 =0
=
—Tt- 6 =0
3t2—8t+4 0
5t2—7t 6=0

oSt=2
Voit=2=x=2y.
Xet he {?,x2 ~8xy+4y* =0 @{x =2t
X =2y y=t
Bai tap 6: Giai hé phuong trinh:
{3X2 -2Xy +2y* =7

teZ

Q)
X% +6xy-3y* = -
Giai

2

X =7 )
Xéty=0thih¢ ()< 22 g h¢ v nghiém.
x*=-
Xéty #0. Dat x =ty ta c6 h¢ phuong trinh:
3t’y? —2ty?+2y?=
t’y? +6ty°*—3y°=-8

y*(t* +6t—3)=-8
3t*—2t+2 t*+6t-3, 1
= = (= —2)
7 -8 y
< 24t7 +16t—-16=T7t* +42t—21

{y2(3t2 —2t+2)=7
=
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& 317 +26t-5=0

St=-1 t:i
31
Voit=-1thi7y*=7 oy’ =1<y=1hoicy=-1
L {x:-l \{le
H¢ c6 nghi¢m va
y=1 = ly=-1
2
Véit= > thi 16827y2 =7Toy = 31 @y:i
31 31 4/2412 241
hoac :i
ey \241
=2 lx=._°_
H¢ c6 nghi¢m 241 va 241
31 31

5 5
x=-, [x=1 "7 a1 | A
y=1"|y=-1 3 | _ 3

NZri MNP
5.3. Bai tap tu luyén:

Bai tap 1: Gidi cac hé phuong trinh sau:

N {x2-3xy+y2 =-1 A {3x2-5xy-4y2 =-3 . {x2+2xy-3y2 =0
3x?-xy+3y® =13 9y? +11xy-8x* =6 x|x|+yly|=-2

g {3X2 +2xy+y> =11 3 {C%x2 -8xy +4y* =0 {:%x2 -2xy =160
X2 +2xy +3y? =17 5Xx*-7xy-6y> =0 x?-3xy-2y* =8

Bai tip 2: Giai va bién luan hé phuong trinh theo tham s6 m:
2 2 2
X +4y° =17 Xe—xy=2
2) Y b) Y
X% —xy+4y*=m 2x% +4xy—2y? =m
Bai tip 3: Chimg t6 rang hé dudi ddy c6 nghiém v6i moi tham sé m:
x? —4xy+y?=m
y>—3xy=4
Bai tap 4: Tim m dé hé sau c6 4 nghiém phén biét:
X2 +(m+1)xy+(m+2)y*=m-1 ,
(m la tham s0)
x? +(m-1)xy+(2m+5)y* =m+1
Bai tap 5: Cho hé phuong trinh:
2 2 _ 2
X°—4xy+y- =k .
yEy (k 1a tham sd)
y’ —3xy =4
a) Giai h¢ voik = 1.
b) Chirng minh rang h¢ c6 nghiém vé1 moi gia tri cua k.
Bai tap 6: Ching t6 rang vdi moi m e R, phuong trinh sau luong c6 nghiém:

X?=3xy+y’=m
—2xy+y’ =4
Bai tap 7: Giai h¢ phuong trinh:

(m 14 tham sd)
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2x* +3xy +y® =15
X> + Xy +2y* =8

bap s0: [ : ( 11 11

11 11 . .
i mj’ i 'm} (2 1: (2 7)

x> +2xy+3y* =9
2X2 +2xy +y* =2

Bai tap 8: Giai h¢ phuong trinh:

Dép sb: (—\/i’_? \/T_J; (\/% -\;}4}: (-1 2); (1, -2)

X*—y? +Xx-y=5
X} —x’y—xy* +y* =6

Bai tap 9: Giai h¢ phuong trinh:

Bai tap 10: Gidi hé phuong trinh:
x®+2y? —4x+3=0
x> +x°y* —2y* =0
(D& thi HSG TP HCM 19 - 12 - 1995 vong 1)
bap so: (-1, 1)
Bai tap 11: Giai hé phuong trinh:
2x%-xy +3y* =13
x> +4xy -2y =-6
Bai tap 13: Giai hé phuong trinh:
X -6xy+9y° =4
2x% +3xy +5y* =10
Bai tap 14: Giai hé phuong trinh:
22X +3xy +y® =12
22X +4xy +y* =14
Bai tap 15: Giai hé phuong trinh:
X% -3xy+2y* =12
2x>+xy-3y* =6
6. HE phwong trinh béc nhét ba 4n:
6.1. Kién thirc co ban: i
Phuong trinh bac nhat ba an c6 dang tong quat la:
7 ax+by+cz=d ‘ .
trong do x, y, z la ba én;’a, b, c, dla cac h(:a sO va a, b, ¢ khong dong thoi bang 0.
H¢ phuong trinh bac nhat ba an c6 dang tong quat la:
ax+by+cz=d,
a,x+h,y+c,z=d, (1)
a;Xx+by+c,z=d,
Trong d6 X, y, z 1a ba an; cac chit s6 con lai 1a cac hé s6. Mi bd ba s6 (Xo, Yo, Zo) 1a nghiém dung
cua ca ba phuong trinh cia hé dugc goi 1a mdt nghiém ctuia hé phuong trinh (4).
Céch giai: i i ) ) o
Céch 1: Co thé giai bang phuong phap rut thé. Chon mot phuong trinh c6 h¢ s6 gon nhat dé rut
ra va thay vao cac phuong trinh con lai. ’
Cach 2: Giai h¢ phuong trinh bang phuong phap cong dai s6.
Cach 3: Giai hé phuong trinh bang phuong phap dinh thirc cap 3 SARRUS.
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Tinh dinh thic
Dinh thirc cua hé:
a'1 bl Cl
D = 2 bZ CZ
a3 bS C3

Khai trién theo phuong phap SARRUS

a, b L
Aa w 'ﬁa /{:’f 2
AL
a by oo
| albzc’;// ,i‘fzf b, ‘*HE‘E‘\\ “a b, e,
dau + alblc:fz’ L ‘\\ \‘azbscl dau -
agblc{x \‘malblcg
Dinh thire cua x:
dl 1 Cl
D=id, b, c,
d3 b3 C3
Dinh thue cua y:
al dl Cl
D=ja, d, c,
a3 d3 C3
Pinh thirc cua z:
a1 bl dl
D=ja, b, d,
a3 b3 d3
Khi D # 0 thi hé c6 nghiém duy nhat tinh bsi cong thrxc CRAMER
X = D,
D
_Db,
Y=o
;=D
D

Vay phuong trinh c6 nghiém (x, y, z).
6.2. Bai tap ap dung:
Bai tap 1: Giai hé phuong trinh:

1
X+2y+22=—

y 2
2X+3y+5z=-2 (1)
—A4AX-Ty+z=-4

Giai

Nhén hai vé clia phuong trinh thir nhét cua hé (1) v6i -2 roi cong vao phuong trinh thur hai theo
ting vé tuong ung, nhan hai vé clia phuong trinh thir nhat v01 4 161 cong vao phuong trinh thir ba
theo ting vé tuong tmg duoc hé phuong trinh (d3 khir an x & hai phuong trinh cudi).
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1

X+2y+22=—

Y 2
-y+z=-3
y+9z=-2

Tiép tuc cong hai vé twong ng ctia phuong trinh thtr hai va phuong trinh tht ba cia hé méi nhan
duogc, ta dugc h¢ phuong trinh tuong duong dang tam giac
x+2y+22=l
2
-y+z=-3
10z=-5

Ta dé dang giai ra dugc
1 5 7

2 Y 2 2

Vay nghiém cua phuong trinh (X; 2 Z) = (—g; g; -1)
Bai tap 2: Giai hé phuong trinh:

x+y+z=1

X+2y+4z=38

x+3y+9z=27

(Dé thi 16p 10 chuyén Lé Hong Phong TPHCM 1990-1991 Ban A)
Giai

x+y+z=1 (l)
Taco: {x+2y+4z=8 (2

Xx+3y+9z =27 (3)
Léily phuong trinh 2) - (1) < y+3z2=7
Lay phuong trinh (3) - (2) < y+5z2=19

y+3z=7 y=-11

y+52=19<:>{2=6
Thay vao hé phuong trinh da cho ta c6: x = 6.

= Nghiém ctia hé phuong trinh 1a (x, y, z) = (6, -11, 6)
Bai tap 3: Giai h¢ phuong trinh:

Giai hé phuong trinh {

+x=2
2x +y
2y -3z=4
2 .3
2X+y Y 2
Giai
3 _ix=2 (1)
2X+y
Tacd: <2y-3z=4 (2)
2 3
y=2 ()
2X+y 2
Pit: t = thé vao (1) va (3) ta duoc:
2x+y
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3t-32=4 gL .
3y+22:_%© 2 =x=7

Suy ra phuong trinh ¢6 nghiém (x, y, z) = (%, %, - lj

Bai tap 4: Giai h¢ phuong trinh:

X—-y+z=7
x+y—z=1
y+z—x=3
Giai
X—y+z=7(ﬂ
Taco: {x+y-z=1(2)
y+z—x:3(ﬂ

Lay (1) + (2) ta co x =4
Lay(2)+(3)tacoy=2
Lay(I)+(3)tacdz=5
Suy ra h¢ c6 nghiém (x, y, z) = (4, 2, 5)
Bai tap 5: Giadi hé phuong trinh:
Xx+2y+3z=1
x+3y+4z=3
Xx+5y+5z2=5
Giai
x+2y+3z=1 (1)
3 (2)
X+5y+52=5 (3)
Lé:ly (2)-(l)taduoc:y+z=2
Lay (3) - (2) ta dugc: 2y +z=2
Ta c6 hé phuong trinh
+z=2 =0
o = Y =>x=-5
2y+z=2 z=2
Suy ra hé ¢6 nghiém (x, y, z) = (-5, 0, 2)
Bai tap 6: Giai hé phuong trinh:

Taco: {x+3y+4z=

X+ay+a‘z=a’
X +by+b’z=b"
X+cy+ciz=c’
Giai
X+ay+a‘z=a’ (1)
Taco: {x+by+b’z=b* (2)
X+cy+ciz=c’ (3)
Lay (1) - (2) ta dugc: (a - b)y + (8% - b9z = a? - b?

<oy+(@+bz=atb 4)
Lay (2) - (3) ta dugc: (b - c)y +(b?- c?)z =b? - ¢?
< y+(b+c)z=btc (5)
T (4) va (5) ta co:

(a-c)z=a-c

=z2=1=>y=0,=x=0.
Suy ra h¢ ¢6 nghiém (x, y, z) = (0, 0, 1)
Bai tap 7: Giai h¢ phuong trinh:
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x+y+z=0
X—-y+z=2
x+y-z=0
Giai
X+y+z:0(ﬂ
Ta co: X—y+Z:2(@
x+y—-z=0 @)

Lay (1) - (2) taco:y=2
Lay(2)+(3)taco:x=1
Lay(1)-(3) tac6:z=3
Suy ra h¢ ¢6 nghiém (x, y, z) = (1, 2, 3)
Bai tap 8: Giai h¢ phuong trinh:
X+y+z=3
X+2y+32=6
x+3y+4z=38
Giai
Xx+y+z=3 ﬁ)
Taco: {x+2y+32=6 @)
x+3y+4z:8(ﬂ
Liy(2)- (D) taco:y+2z=3 (4)
Lay(3)-(2)taco:y+z=2 (5)
Tt (4) va (5) ta c6 h¢ phuong trinh:
+2z=3 =1
YT = Y =>x=1
y+z=2 z=1
Suy ra h¢ co6 nghiém (x,y, z) =(1, 1, 1)
Bai tap 9: Giai hé phuong trinh:
X+2y+32=8
2x+3y+4z=12
3x+4y+5z=16
_Giai )
Giai bang phuong phap cong dai so.
Suy ra nghi€ém cua h¢ phuong trinh 1a (x, y, z) = (1, 2, 1).
Bai tap 10: Cho h¢ phuong trinh:
mx+y+z=1
X+my+z=2
X+y+mz=3
Tim gia tri m dé hé phuong trinh c6 nghiém duy nhat.
Giai ’
H¢ phuong trinh c6 nghiém duy nhat khi va chi khi
m 1 1
D=1 m 1{=#0

1 1 m
smP-2m+1#0
S Mm-1)%%0

oS mzl
Bai tap 11: Gidi hé phuong trinh:

Bién soan: Tran Trung Chinh Trang s6 166



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

X+y+z=2
X+my+z=3
X+y+m’z=4
Tim gia tri m dé hé phuong trinh c6 nghiém duy nhat.

Giai
Heé phuong trinh ¢6 nghiém duy nhat khi va chi khi
1 1 1
D=1l m 1|0
1 1 m?
S M-1D)°m+1) =0
S m=tl
Bai tap 12: Gidi hé phuong trinh:
3 _ |
X+y
4 1
X+zZ
5 1
y+z
Giai ’
H¢ phuong trinh duogc viét lai la:
x+y=3 (1)
y+z= (2)
Z+x=5 (3)

Liy (2)- (D) taco:z-x=2
Keét hop voi (3) ta c6 h¢ phuong trinh:
z+x=4 x=1
= =>y=2

{z -x=2 {z =3
Thay vao hé phuong trinh c6 nghiém y = 2.
Suy ra h¢ ¢6 nghiém (x, y, z) = (1, 2, 3)
Bai tap 13: Giai hé phuong trinh:

X=y+z

y=2z+X

Z=X+Yy
Giai

Nhan thdy vai trd x, y, z la gidng nhau, do d6 néu c6 nghiém thi x =y = z.
That viy: x=2x = x=0
=>x=y=z=0.
Suy ra h¢ c6 nghiém (x, y, z) = (0, 0, 0)
Bai tap 14: Giai h¢ phuong trinh:

x+y=1
y+z=2
z+x=3
Giai
Ta co:
X+y=1(0
y+z:2(ﬂ
z+x=3 @)

Bién soan: Tran Trung Chinh Trang s 167



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

Lay (1) + (3) taco: x = 1.

Thay vao hé phuong trinh, suyra: y=0, z = 2.
Suy ra h¢ ¢6 nghiém (x, y, z) = (1, 0, 2)

Bai tap 15: Giai h¢ phuong trinh:

x-y=2 (1)
X=2 (2)
X+y+z=7 (3)
Giai
B)ey+2x=7
1) ex+y=2

Liy 3) + (1) & x=3
Thay vao hé phuong trinh
Suy ra h¢ c6 nghiém (x, y, z) = (3, 1, 3)
Bai tap 16: Giai h¢ phuong trinh:
x—-y=1
x+z=3
X+y+z=4
Giai
Liy(3)- (2 oy=1
Thay vao phuong trinh (1) < X = 2.
Thay vao phuong trinh (2) < z=1
Suyra: (x,¥,2)=(2,1,1)
6.3. Bai tap tu luyén:
Bai tap 1: Cho hé phuong trinh:
X+y+z=3+m+m’+m?
X+2y+z=4+m+2m?+m? (m 14 tham s6)
X+Y+3z=5+m+m?+3m’
Tim m dé hé phuong trinh c6 nghiém.
Pap s6: Moim € R.
Bai tap 2: Giai hé phuong trinh:

X+2y+3z2=28
2x+y+32=26
3x+2y+z2=20

Pap sé: (X; Y; 2) = (2, 4, 6)
Bai tap 3: Cho hé phuong trinh:
mxy +z=m’ +m+]1
X—-my+z=4-m (m 14 tham sd)
m’x+y+z=2m’-1
Gia tri m dé hé phuong trinh c6 nghiém (x, y, z) thod man: x +y+z=6. ’
Dap s6: m=0.
Bai tap 4: Cho hé phuong trinh sau:
ax+y+z=a’
X+ay+z=a (a la tham sd)
x+y+az=1
Tim a dé hé phuong trinh c6 nghiém duy nhat. )
) Dapso:a#1vaa#-2
Bai tap 5: Gidi va bién ludn phuong trinh sau theo tham so a.
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X++ay+a‘z=a
ax+a’y+a'z=a’ (a 13 tham sd)
a’x+a’y+a‘z=a’
Dap s6: VO nghiém.
Bai tap 6: Gidi h¢ phuong trinh
x+ay+bz=1a
x+b +az=+b (a, b 14 hang s6)
x+y+(1-«/a_-«/5)z =1
Pap sb: (x; y; z) = (0, 1, 0).
Bai tap 7: Cho hé phuong trinh:
x+y—z=1
X—y+z=m (m 14 tham sd)
X—y-m=m’
Tim m dé hé phuong trinh c6 nghiém (x, y, z) déu 1a s6 nguyén
7 Pap s6: m=2k + 1, (k € 2).
Bai tap 8: Tim m dé hé phuong trinh:
X+my+m’z=1
x+m’y+m’z=m (m 14 tham sd)
x+m’y+m*z=m’
c6 nghiém x, y, z thod man: x + y+ mz =3 ) .
bép s6: Khong ton tai m.
Bai tap 9: Cho hé phuong trinh:
-nx—-y-z=1
—x—-n’y—-z=2 (nlatham sd)
—x-y+n’z=3
Tim n dé hé phuong trinh c6 nghiém duy nhét.
Bai tap 10: Cho h¢ phuong trinh:
(I+m)x+(1+2m)y+(1+3m)z=1
-Xx—-2y-3z=2 (m 14 tham sd)
—-3x—-4y+5z=3
Tim m dé hé phuong trinh v6 nghiém. )
béap s6: m=0.

7. H¢ phwong trinh hoan vi vong quanh:
7.1. Kién thirc co ban:
Xét hé phuong trinh ba an dang:

x=f(y)
y="F(z) (f1a ham s0)
z="F(x)

Dua vao tinh chét cua ham sb f(x) (vi du: Tinh d@)ng bién, nghich bién, ) dé chung minh x =y =
Z.

Gidi phuong trinh f(x), tir d6 tim ra nghiém cua hé da cho.

7.2. Bai tap ap dung:

Bai tap 1: Giai h¢ phuong trinh:
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x—\/yzl
y-z=1
z-Jx =1
_ Giai
biéu kién: x, y, z > 0.
x:\/y+1
Pua hé phuong trinh vé dang: yzxﬁ +1

z:\/;+1

Do vai trd binh dang trong hoan vi vong quanh cia x, y, z trong hé trén, nén c6 thé gia su:
x =min{x,y, z}

Vix<y, x<znén Jy+1<z+L .y +1<x+1 hayy <z; y <x.

Toc la y = min{x, y, z} = x.

Suyrax=y=z.

Twr do6 ta dugc phuong trinh:

x:%(+ 1:>\/_x: 1
:>x:(x—1)2, (x=1)

3+\/§

S X -3+l x= 5 , (x=1)

3+\/§_ 3+\/§_ 3+\/§J
5 ; :

Vay nghiém cua h¢ da cho la [ > >
Bai tap 2: Giai hé phuong trinh sau:
x}+3x°+2x-5=y
yi+3y? +2y-5=12
2°+32° +2-5=x
Giai ” 9
Do vai trd binh dang trong hoan vi vong quanh cua x, y, z trong hé trén, nén co6 thé gia su:
X = max{x, y, z}
Viy<xnén
x° +3x° +2x-5< X
< X +3x%+x-5<0
& (x=1)(x* +4x+5)<0
Vix+4x+5=(x+2)%?+1>0nénx<1
Maz<xnénz<l1.
Lap luan nguoc lai qua trinh trén ta dugc
(z-1)(Z*+4z+5)<0
&2 +37+22-5<7 %<2
Do do: x =z.
Suyra:x=y=z.
Tur do, ta dugc phuong trinh:
x*+3x° +x-5=0
<:>(x—1)(x2 +4x+5):0
&S x=1
Vay nghiém cua hé da cho 1a (x; y; z) = (1; 1; 1).
Bai tap 3: Gidi h¢ phuong trinh sau:
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y®—6x*+12x-8=0
z°-6y*+12y-8=0
x®-62°+122-8=0
Giai ’
H¢ phuong trinh da cho duogc viét lai nhu sau:
y® =6x%+12x -8
z® =6y* +12y -8
x®=6z>+12z-8
Vi =6(x-1)%+2>2nény >32
Tuong tu z, x 23/5.
Xét ham sd: f{t) = 6t2 + 12t - 8, t> 32 .

Tuong tu nhu bai tap 3, ta ching minh dugc ham f dong bién.

Hé da cho duogc viét lai dudi dang:

y? =f(x)
' =1(y)
x*=f(z)

Ta xét hai truong hop sau:
Truong hop 1: x >y.

Vi f1a ham ddng bién nén f(x) > f(y) hay y* > z*. Do d6 y > z.

Suy ra f(y) > f(z) hay > > x*. Do d6 z > x.
Khidé:x>2y>z2>x.
Suyra:x=y=z.
Tt d6 ta dugc phuong trinh:
-6 +12x-8=0< (X -2° =0 x=2.

Truong hop 2: x <y.
Chtrng minh tuong tu, ta duoc x <y <z < z (loai)
Vay nghiém ctua hé da cho la (x; y; z) = (2; 2; 2).
Bai tap 4: Giai hé phuong trinh:

X+ xP+x-2=Yy

y'+y'+y-2=z (3)

2’ +2°+2-2=x

Giai

Ta c6 thé nhan xét bai toan nay giéng nhu 101 giai bai tap 2. Tuy nhién ta c6 thé giai theo mot

cach khac bang cach xét ham sb sau:
Xéthamsb: fit) =2+t +t-2,t e R,
That vay, voi hai so ty, to bat ky, ta co:

Ft)-f(t) =2+t +tt, +t +t, +1:%((t1+t2)2+(t1+1)2+(t2+1)2)>0

tl - tz

Hé da cho duoge viét dudi dang

y=f(x)

z="F(x)

x=f(z)
Ta xét hai truong hop sau:
Truong hop 1: x > y.
Vi f 13 ham dong bién nén f(x) > f(y) hay y > z.
Suy ra f(y) > f(z) hay z > x.
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Khidé: x>y>z2>x
Suyra:x=y=z.
Tur d6 ta dugc phuong trinh:
X+ +x-2=x=xX+x2-2=0
S X-1D)E+2x+2) =0 x=1, (ViX*+2x+2=(x+1)>+1>0)
Truong hop 2: x <y.
Chung minh tuong ty, ta cd: x <y <z < x (loai)
Vay nghiém ctua h¢ phuong trinh da cho 1a (x; y; z) = (1; 1; 1).
7.3. Bai tap tu luyén:
Bai tap 1: Gidi hé phuong trinh sau:

Xy _6
X+y 5
yz _ 4
y+z 3
Xz _12
x+z 1
Bai tap 2: Gidi hé phuong trinh sau:
X(y-z)=-4
y(z-x)=9
z(x+y)=1
Bai tap 3: Gidi hé phuong trinh sau:
Xyz _ 24
x+y 5
xXyz 24
y+z 5
XyZ
e

Bai tap 4: Giai hé phuong trinh sau:
2X+1=y +y’+y
y+1=2°+7"+z

2z+1=x3+x2+Xx

Bai tap 5: Giai hé phuong trinh sau:

x+y=1
y+z=2
z+t=3
t+p=4
p+q=5
q+r=6
r+x=17

Bai tap 6: Giai hé phuong trinh sau:
x®—9y® +27y-27=0
y?—97>+272-27=0
28 -9x* +27x-27=0
Bai tap 7: Gidi hé phuong trinh sau:
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x*-16y+8=0

y*-16z+8=0

z'-16x+8=0
Bai tap 8: Gidi h¢ phuong trinh sau:

x+y:\/4z—1
y+z=+4x-1
z+x:w/4y—l
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CHUYEN DE 16
GIAI BAI TOAN BANG CACH LAP PHUONG TRINH
Cach giai:
Céch giai bai toan bang cach 1ap phuong trinh: Gom 3 budc:
Bude 1: Lap phuong trinh.
Chon 4n va tim diéu kién cho 4n (chon & an 1a cac dai luong bai toan yéu cau)
Biéu dién cac dai luong khéc qua an.
Lap phuong trinh.
Budc 2: Gidi phuong trinh.
Budc 3: Nhan dinh két qua.
Dai chiéu véi diéu kién bai toan,
Néu két qua c6 chira tham s thi phai bién luan.
Céc dang toan co ban:
Dang 1: Dang toan chuyén dong.
Dang 2: Dang toan lién quan t6i cac kién thirc hinh hoc.
Dang 3: Dang toan cong viéc lam chung, lam riéng.
Dang 4: Dang toan chay chung, chay riéng cta voi nudc.
Dang 5: Dang toan tim sd.
Dang 6: Dang toan st dung cac kién thirc vat 1y, hoa hoc.
Dang 7: Bai toan dan s, phan tram.

1. Dang 1: Toan chuyén dong:
1.1. Kién thic co ban:
Bai toan chuyén dong thuong gip: Chuyén dong ciung chiéu, nguoc chiéu, chuyén dong trén
dong song, ...
Céch giai:
Goi s, t, v: Lan luot 1a quang duong, thoi gian, van tdc.
Quang duong: s = V.1.

A K )
Van toc: V=¥.

Thoi gian: t=—

Cac dang co ban:
(1) Chuyén dong cung chiéu:
Hai xe chuyén dong cung chiéu trén cing mot quing duong, dén khi gip nhau:
Quang duong xe 1 di = Quang duong xe 2 di.
Néu hai xe cing xut phat, ma 6 to 1 dén trudc 6 t6 2 1a t gio:
Thoi gian xe 2 di - Thoi gian xe 1 di=t
(2) Chuyén dong nguoc chiéu:
Hai xe chuyén dong ngugc chiéu trén cing mot quing duong dén chd gip nhau:
Quang duong xe 1 di + Quang duong xe 2 di=s

(3) Chuyén dong trén dong nudc:

Vxusi dong = Vrieng T Vhuse

Vnguqc dong = Vriéng = Vhusée
(4) Chuyén dong trén ciing mot dudng tron:
Hai vt xuat phat tir mot diém sau thoi gian t thi gap nhau:
Chuyén dong cung chiéu:

bo dai s cua duong tron: s = t(v1 - Vo), (V01 v1, V2 1a van tdc cua hai vat, v1 > Vy)
Chuyén dong nguoc chiéu:

D¢ dai s ciia duong tron: s = t(v1 + Vo), (V01 vy, V2 1a van tdc cua hai vat)
1.2. Bai tap ap dung:
Bai tap 1: Tu hai diém A va B cach nhau 24 km. Hai 6t6 xuat phat tir A va B cung mot luc va
sau d6 gap nhau. Sau 16 phit khoi hanh thi 6t thir nhat gap 6t6 chay ngugc chiéu. Nhung sau 4
phiit, 6to thir hai chay tir B gdp 6 t6 thir nhat. Xac dinh vén tdc clia xe xuat phat tir A.
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Giai
Goi khoang cach di tur A cjén chd gip nhau la: x(m) (0 <x < 24).
Khoang cach tur B dén cho gé@p nhau la: 24 - x (m).

Van tdc cua xe ditir A la 1%" (vi 16 phat = % gio)

Van tdc cta xe di tir B 14 15.(24 - X) (vi 4 phat = % gio)

Thoi gian hai xe gap nhau la
(24-x)4  x
va
15x 15(24-x)
Ta c6 phuong trinh:
(24-x)4 _ X
15 1524 -x)
< (x-16)(x-48) =0
x=16
X =48 (loai)
Vay van toc xe di tir A 1a 60km/h. ) 7 )
Bai tap 2: Hai may bay bay cung mot luc bay dén mot diém cach d6 1600km. Van toc cua mot
trong hai may bay nho hon may bay kia la 80km cho nén dén dia diém mudn hon 1 gio. Tim van
toc cua may bay bay nhanh.
Giai
Goi x(km/h) 14 van tc ctia may bay bay nhanh hon, (x > 80).
Theo bai ra ta co:
1600 1600
x—80 X
< x° - 80x - 128000 = 0
x =400
x =-320 (loai)
Suy ra van td¢ may bay bay nhanh hon 13 400km/h.

+1

N . , A L. \ . s 2

Bai tap 3: Mot O t6 di tur A dén B cung mdt lac, O t6 thir hai di tor B vé A voi van toc bang 3
van toc O to thir nhit. Sau 5 gid chung gip nhau. Hoi mdi O t6 di ca quing dudng AB méat bao
lau.

Giai ) ‘
Goi thoi gian 6 t6 di tir A dén B 1a x (h), (di€u kién: x > 0);
Taco van tbc O to ditir A dén B 1a AB (km/h);

X
. A ) \ 2 AB
Van toc Oto ditr B ve A la: 3 % (km/h);
X

A A a e A 44 . < . 1. AB

Sau 5 gio O t6 di tu A dén B di duoc quang duong 1a 5. — (km);
X

Sau 5 gio O 6 di tir B dén A di duoc quang duong 1a 5.% AB (kmy;
X

Visau 5 gio chung gdp nhau do d6 ta c6 phuong trinh:
AB 2 AB

hb,.— +5.-—. — =AB
X 3 X

Giai phuong trinh ta dugc: x = % .

Vay thoi gian O t6 di tir A dén B 1a ? , thoi gian O t6 di tir B dén A 1a 2—25 :
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Bai tap 4: Mot O t6 du lich di tir A dén C. Cung liic tir dia diém B nam trén doan AC ¢6 mot O
to van tai cung di dén C. Sau 5 gid hai O t6 gdp nhau tai C. Hoi O t6 du lich di tir A dén B mat

A <R M A A 5 A LA 201 Y 3 A A 5 A A .
bao lau, biét rang van toc cua O t6 tai bang g van toc cua O t6 du lich.

Giai
Goi thoi gian 6 t6 du lich di tir A dén B 1a x (h), (Piéu kién: 0 < x <5).
Ta ¢6 thoi gian 6 t6 du lich di tir B dén C la (5 — x) (h).

Van toc xe 6 t6 du lich la: S—C (km/h).
-X
Ta c6 vén toc xe tai la: B—SC (km/ h).

\ A A 5 A LA L2 LY 3 A A 5 A LA . A J4 \
Vi van toc cua O to tai bang g van toc cua O t6 du lich, nén ta c6 phuong trinh:

BC _3 BC

5 5 5-x
Giai phuong trinh ta dugc: x = 2.
Vay O t6 du lich di tir A dén B mat 2 gio.
Bai tip 5: Pudng song tir thanh phd A dén thanh phd B ngan hon dudng bo 10 km dé di tir thanh
phé A dén thanh phé B Ca n6 di hét 3 gid 20 phat O t6 di hét 2 gid.Van toc Ca nd kém van
tbc O t6 17 km /h. Tinh vén téc cia Ca nd.

Giai
Goi van toc ctia cand 1a x (km/h). (Piéu kién: x > 0).
Ta c6 van toc ciia O t6 1a x + 17 (km/h).

Ta c6 chiéu dai quang dudng song AB la: %X (km);

chiéu dai quing dudng bd AB 1a: 2( x + 17 ) (km).
Vi dudng song tir thanh phd A dén thanh phd B ngin hon dudng bd 10 km do d6 ta c6 phuong
trinh:
2(x+17) - %x =10

Giai phuong trinh trén, ta duoc x = 18 (km/h).
Vay van tdc cua Ca nd 1a: 18 knv/h.
Bai tip 6: Mot ngudi di xe dap tir tinh A dén tinh B cach nhau 50 km. Sau d6 1 gio 30 phat mot
nguoidi xe may cling ditir A va dén B som hon 1 gio. Tinh van téc cua mdi xe, biét rang van
tdc xe may gap 2.5 lan van toc xe dap.

Giai
Goi van toc ctia ngudi di xe dap 1a x (km/h), (Piéu kién: x > 0).
Ta ¢6 van tc ciia ngudi di xe may 1a 2,5x (kn/h).

Thoi gian nguoi di xe dap di tir A dén B 1a %0 (h):
X

Thoi gian nguoi di xe may di tir A dén B la (h).
Vi nguoi di xe may di sau 1 gio 30 phat va dén B sém hon 1 gio so v6i nguoi di xe dap do d6 ta
c6 phuong trinh:
050,
X 2,5X
Giai phuong trinh trén, ta duge x = 12 (km/h).
Vay vén téc clia nguoi di xe dap 1a 12 km/h, van toc cuia nguoi di xe may la 30 km/h.
Bai tap 7: Mot ngudi di xe may tir A dén B voi vén tdc trung binh 30 km/h. Khi dén B nguoi
d6 nghi 20 phut rdi quay tré vé A voi van tdc trung binh 25 knvh. Tinh quing dudng AB, biét
thoi gian ca di va vé 1a 5 gio 50 phut.
Giai
Goi chiéu dai cua quing duong AB 1a x (km), (Piéu kién: x > 0).
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Thoi gian ngudi di xe méay di tir A dén B 1a % (h);

Thoi gian ngudi di xe may di tir B dén A 1a % (h)

Vi ngudi di xe may nghi tai B 20 phut va tong thoi gian ca di va vé 1a 1a 5 gio 50 phut do do ta
c6 phuong trinh:
X X
o+ =
30 25
Giai phuong trinh trén, ta dugc: x =75 (km/h).
Vay d6 dai quang duong AB la 75 km/h.
Bai tap 8: Mot O t6 dy dinh di tir tinh A dén tinh B véi van toc trung binh 40 km/ h. Luc dau 6
t6 di v&i van toc do, khi con 60 km nira thi duoc ntra quing dudong AB, nguoi l4i xe ting thém
van toc 10 km/h trén quing duong con lai, do d6 O t6 d&én B som hon 1 gio so voi du dinh.
Tinh quang duong AB.
Giai
Goi chiéu dai ctia quing dudng AB 1a x (km), (Dleu kién: x > 0).
(Ta chi xét quing dudng BC khi van tdc thay doi)

+E:5§
3 6

X160
Ta c6 thoi gian du dinh di hét quang duong BC 1a 2

(h)

X
—+60
Thoi gian O t6 thuc di trén quing dudng BC sau khi ting van toc thém 10 knv/h 1a: 2

Vi sau khi nguoi 1ai xe ting thém van toc 10 knv/h trén quing dudng con lai, do d6 O t6 d¢én B
som hon 1 gio so voi du dinh do do6 ta c6 phuong trinh:
X460 2 +60
2 2
40 50
Giai phuong trinh trén, ta dugc: x = 280 km.
Vay quang duong AB dai 280 km.
Bai tap 9: Mot O t6 du dinh di tir A dén B trong thoi gian nhét dinh néu xe chay vdi van tdc 35
km/h thi dén cham mat 2 gio. Néu xe chay v6i van toc 50 kmv/h thi dén sém hon 1 gio. Tinh
quing dudng AB va thoi gian dy dinh di lc dau.
Giai
Goi chiéu dai cua quing dudng AB 1a x (km), (Piéu kién: x > 0).

Thoi gian xe chay v6i van tée 35 knvh 1a ;—5 (h); Thoi gian xe chay véi van toc 50 knv/h 1a %
(h).

Theo bai ra ta c6 phuong trinh:
L -2= L +1
35 50
Gidi phuong trinh trén, ta dugc x = 350 km.
Vay thoi gian du dinh 1a % - 2 =8 (gi0), quang duong AB 1a 350 km.
Bai tap 10: Mot chiée thuyen khoi hanh tir bén song A, sau 5 810 20 phat mot cand chay tur bén
song A dudi theo va gip thuyén cach bén A 20 km. Hoi véan tdc ciia thuyén, biét rang ca nd chay
nhanh hon thuyén 12 kmv/h.
Gisi | |
Goi van toc cua cua thuyén 1a x (kmv/h), (Di€u kién: x > 0).
Ta c6 van toc cua ca no 1a x + 12 (km/h).

Thoi gian thuyén di hét quang duong 20 km 1a: 20 (h).
X
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20
h).
r X + 12 ('Y ) 3\ r
Visau 5 gio 20 phut mot Ca n6 chay tur bén song A duoi theo va gdp thuyén cach bén A 20 km,
do do6 ta c6 phuong trinh:

Thoi gian Ca nd di hét quing dudng 20 km la:

Giai phuong trinh: x* + 12x — 45 = 0.
Ta dugc x = 3 (km/h).
Vay van tdc cta Cand 1a 15 km/h.
Bai tip 11: Quing duong AB dai 270 km. Hai O t6 khoi hanh ciing mot Iuc di tir A dén B. O to
thir nhat chay nhanh hon O 6 thir hai 12 km/h, nén dén trudc O 6 thir hai 40 phut. Tinh véan toc
ciia mbi O to.
Giai
Goi van toc ctia O t6 thir nhat 1a x (km/h), (Diéu kién: x > 12)
Ta ¢6 van toc ctia O t6 thir hai 1a x - 12 (km/h).

Thoi gian O t6 thir nhat di hét quang duong AB la: 210 (h).
X
Y P S . . 270
Thoi gian O t6 thur hai di hét quang duong AB la: 5 (h).
X -

Vi hai O t6 cling xuat phat va O t6 thir nhat dén B trude O t6 thir hai 1a 40 P nén ta c6 phuong
trinh:
270 270_ 2

x-12 X 3
Giai phuong trinh trén, ta dugc x = 6+12 NEYS
Vay van tbc cta O o thit nhat 6+12+/34 km/h, O 6 thr hai 1a 12+/34 - 6 km/h.
Bai tap 12: Mot tau thuy chay trén mot khic song dai 80 km, ca di va vé mat 8 gios 20 phit. Tinh
van toc cua tau thuy khi nudc yén lang, bi€t rang van toc cia dong nudc la 4 km/h.

Giai

Goi van toc cua tau thuy khi nude yén lang la x (km/h), (Dicu kién: x > 4).
Van toc tau thuy khi di xudi dong: x + 4 (kmv/h).
Van toc tau thuy khi di nguoc dong: x - 4 (km/h).

Thoi gian tau thuy di xudi dong la:

(h), Thoi gian Tau thuy di nguoc dong la: 80 (h).
X+4 X-4

Vi téng thoi gian ca xudi dong va nguoc dong 1a 8 gio 20 phut do do ta c6 phuong trinh:
80 N 80 _25

x+4 x-4 3
Gidi phuong trinh trén, ta dugc: x = 20 (km/h).
Vay van tdc tau thuy khi nudc yén ling 1a: 20 kn/h.
Bai tap 13: Hai Ca nd khoi hanh ciing mot lic va chay tir bén song A dén bén séng B Ca nd |
chay vdi van tdc 20 km/h, Ca nd II chay véi van toc 24 km/h. Trén duong di Ca nd II dung lai 40
phut, sau do tiép tuc chay vdi van tdc nhu cii. Tinh chiéu dai quang song AB, biét réng hai Ca
nd dén B cling mot lic.

Giai

Goi chiéu dai quang song A B 1a x (km), (Piéu kién: x > 0).

Ta c6 thoi gian Cand I chay tir A dén B la: % (h),

Ta c6 thoi gian Cand II chay tir A dén B la: % (h).

Trén duong di Ca nd II dimg lai 40 phut va ciing dén B do d6 ta c6 phuong trinh:
X X _ 2

20 24 3
Giai phuong trinh trén, ta dugc x = 80 km.
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Vay quang dudong AB la 80km.
Bai tap 14: Hai O t6 khoi hanh cung mot luc tir dia diém A dén dia diém B dai 240 km. Mbi gio
O to thtr nhéat chay chanh hon O t6 thir hai 12 km/h nén dén dia diém B truéc O t6 th hai 1a 100
phit. Tinh van tbc cta mdi O t6.

Giai
Goi van tc cua O t6 thir hai 1a x (knv/h), (Didu kién: x > 0).
Ta c6 van toc ciia O t6 thir nhét 1a x + 12 knv/h.

Thoi gian O to tht hai di hét quang duong AB la: 240 (h).
X

240

Thoi gian O to thir nhat di hét quing duong AB la: (h)

Vi O t6 thir nhat dén dia diém B trude O t6 thir hai la 100 phut do do ta c6 phuong trinh:
240 240 _ 5

X x+12 3
Giai phuong trinh trén, ta dugc x= 36 knvh.
Vaéy van toc cia O t6 thir nhat 48 km/h, O t6 thir hai 1a 36 km/h. o ’
Bai tap 15: Mot Can6 xudi dong 42 km roi ngude dong tré lai 20 km  hét tong cong 5 gio. Bict
van toc cua dong chdy la 2 km/h. Tinh vén toc cua Ca nd luc dong nudce yén lang.
Giai

Goi van téc ciia Ca nd khi nude yén lang 1a x (kmvh), (Diéu kién: x > 2).
Vién toc Ca n6 khi di xudi dong: x + 2 (kmvh).
Van toc Ca n6 khi di xuoi dong: x - 2 (km/h).
42

h).
=

Thoit gian Ca n6 di xudi dong la:

Thoi gian Ca n6 di ngugc dong la: 2—02 (h).
X -

Vi tong thoi gian ca xudi dong va nguoc dong 1a 5 gio do do6 ta co phuong trinh:

42 20
+ — =5,
X+2 X-2

Giai phuong trinh: 5x° - 62x + 24 = 0.

Ta dugc: x = 12 (km/h).

Vay van tbc Ca nd khi nude yén ling 1a: 12 knvh.

1.3. Bai tap tu luyén:

Bai tip 1: Mot 6t6 va xe may xudt phat cing mot lac, di tir dia diém A dén dja diém B cach nhau
180 km . Van tbc cta 6t6 16n hon véan téc ciia xe may 1a 10 km/h , nén 6t6 di dén B trudc xe
may 36 phut. Tinh van tdc ctiia mdi xe..

Bai tap 2: Hai nguoi di xe may khoi hanh cung mot luc tir A dén B dai 75 km . Nguoi thir nhit
mdi gio di nhanh hon ngudi thir hai 5 km/h nén dén B sdm hon ngudi thir hai 10 phat. Tinh van
téc ciia mdi ngudi.

Bai tap 3: Khoang cach giita 2 thanh phd A va B 1a 180 km. mdt 6 t6 di tir A dén B, nghi 90
phat & B 16 lai tir B vé A. Thoi gian tir luc di dén lic tro vé A 1a 10 gio. Biét van tc luc vé kém
van toc lac di 1a 5 km/h. Tinh van toc lac di caa 6 to.

Bai tap 4: Hai 6 t6 khoi hanh cing mot luc trén quang dudng tir A dén B dai 120 km. Mdi gid 6
t6 thir nhit chay nhanh hon 6 to thir hai 10 km nén dén b trudc 6 t6 thir hai 1a 2/5 gio. Tinh van
téc clia mdi xe.

Bai tap 5: Mot nguoi di xe dap tur A dén B cach nhau 108 km. Cung luc d6 mot 6 t6 khoi hanh
tir B dén A véi van toc hon xe dap 18 kmv/h. Sau khi 2 xe gap nhau, xe dap phai di mét 4 gid nita
m&i t6i B. Tinh van téc mdi xe?

Bai tap 6: Mot 6 to di trén quing duong dai 520 km. Khi di dugce 240 km thi 6 t6 tang van toc
thém 10 km/hva di hét quang duong con lai. Tinh van tdc ban dau ciia 6 t6, biét thoi gian di hét
quang duong la 8 gio.

Bai tap 7: Mot nguoi du dinh di tir A d¢én B cach nhau 36 km trong mot thoi gian nhat dinh. Di
duogc nira duong, nguoi d6 nghi 18 phut nén dé dén B dung hen phai ting van tdc 2 km/h. Tinh
van toc ban dau.
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Bai tap 8: Mot chiéc thuyén khoi hanh tir bén séng A. Sau d6 5 gi0 20 phat, mét ca nd cling
khoi hanh tir A dudi theo va gap thuyén cach bén A 20 km. Tim Van tdc ctia thuyén, biét van tdc
ca nd nhanh hon thuyén 1a 12 knv/h.
Bai tap 9: Mot 6 t6 du dinh di tir A dén B v6i van toc 40 km/h. Khi con cach trung diém quing
dudng 60 km thi xe ting van tdc thém 10 km/h nén di dén B sém hon du dinh 13 1 gio. Tinh
quang duong AB.
Bai tap 10: Mot cand xu6i dong 30 km roi nguoc dong 36 km. Vian tbe cand xudi dong 16n hon
van téc cand nguoc dong 3km/h. Tinh van tdc cand lic nguoc dong. Biét rang thoi gian cand lic
nguoc dong lau hon thoi gian xu6i dong 1 gio.
Bai tap 11: Quing dudng Hai Duong — Thai Nguyén dai 150km. Mot 6 to di tir Hai Duong dén
Thai Nguyén rdi nghi & Thai Nguyén 4 gio 30 phut , sau d6 tré vé Hai Duong hét tat ca 10 gio.
Tinh van tdc cua 6 to lic di . Biét van tdc luc vé nhanh hon véan tdc luc di 10km/h.
Bai tip 12: Mot ca nd xudi dong tir bén song A dén bén song B cach nhau 24 km; cung lic do,
cling tir A vé B mot bé nira troi v6i van toc dong nude 1a 4 km/h. Khi dén B ca nd quay lai ngay
va gip bé nira tai dia diém C cach A 1a 8 km. Tinh van tdc thuc cia ca nd.
Bai tap 13: Mot chiéc thuyén di trén dong song dai 50 km. Tong thoi gian xudi dong va nguoc
dong 1a 4 gid 10 phat. Tinh véan tc thuc cia thuyén, biét raing mot chiéc bé tha ndi phai mat 10
gio méi xudi hét dong song.
Bai tip 14: Hai cané cung khoi hanh mét luc va chay tur bén A dén bén B. Cand I chay vé6i van
toc 20 km/h, can6 II chay voi van tdc 24km/h. Trén dudng di, cand IT dung lai 40 phut, sau do
tiép tuc chay voi van tdc nhu cil. Tinh chiéu dai khiic song AB, biét rang 2 cand dén bén B cung
mot lac.
Bai tip 15: Hai nguoi di xe may cung khéi hanh mot Iuc tir Ha Noi va Hai Duong nguoc chiéu
nhau, sau 40 phut ho gip nhau. Tinh vin tdc cia mdi nguoi, biét rang van téc ngudi di tir HN
hon van téc ngudi di tir HD 13 10knv/h va quing dudng Ha Noi - Hai Duong dai 60km.
Bai tap 16: Hai nguoi di xe dap cung xuat phat mot lac di tir A dén B dai 30 km, van tdc ciia ho
hon kém nhau 3 knvh nén d¢én B sém muon hon nhau 30 phat. Tinh van tdc cia mdi ngudi.
Bai tip 17: Mot nguoi di tir tinh A dén tinh B cach nhau 78 km. sau d6 1 gio ngudi thir hai di tir
tinh B dén tinh A hai nguoi gdp nhau tai dia diém C cach B 36 km. Tinh thoi gian mdi nguoi da
di tir lac khoi hanh dén lac gap nhau, biét van téc ngudi thir hai 16n hon van tdc nguoi thir nhat 1a
4 km/h.
Bai tap 18: Quing dudng AB dai 120 km. Hai O t6 khoi hanh cing mét luc di tir A dén B,0 6
thit nhat chay nhanh hon O t6 tht hai 1a 10 knmv/h nén d&én B trude O t6 tht hai 24 phat. Tinh van
tbc mdi xe.
Bai tap 19: Mot nguoi du dinh di tir A dén B v6i thoi gian da dinh. Néu nguoi do ting van tbc
thém 10 knvh thi dén B sém hon dy dinh 1 gio. Néu ngudi d6 giam van tc di 10 knvh thi dén B
mudn hon dy dinh 2 gid. Tinh van tdc, thoi gian du dinh di va d6 dai quang duong AB.
Bai tap 20: Mot Ca nd xudi dong 1 km va nguoc dong 1km hét tit ca 3,5 phit. Néu Ca nd xudi
20 km va nguoc 15 km thi hét 1 gio. Tinh van tbc dong nudce va van tdc riéng cua Ca nd.
Bai tap 21: Ban Ha dy dinh di tir A dén B cach nhau 120 km trong mot thot gian da dinh. Sau
khi 1 gio, Ha nghi 10 phat, do do dé d¢én B dung hen Ha phai ting vén téc thém 6 kmv/h. Tinh
van toc lic ddu cua Ha.
Bai tap 22: Hai nguoi di xe dap khoi hanh cung lic tor A va B cach nhau 60 kmva di dén C.
Hudng chuyen dong cua ho vudng goc voi nhau va gap nhau sau 2 gio. Tinh van tbc mdi ngudi,
biét van tdc ngudi di tir A nho hon vén téc ngudi di tir B 1a 6 kn/h.
2. Dang 2: Dang toan lién quan dén kién thirc hinh hoc:
2.1. Kién thirc co bén:
Goi C: Chu vi, S: Dién tich.
Hinh chit nhat:

Tinh chu vi hinh chit nhat: C = (a + b).2, (v6i a, b 1a chiéu dai, chiéu rong)

Tinh dién tich hinh chir nhat: S =a.b
Hinh vuéng:

Tinh chu vi hinh vudng: C = 4a (a: B dai canh hinh vudng)

Tinh dién tich hinh chit nhat: S = a*,
Tam giac:
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+b+
Nﬁ:achuvi:S:a b+c

Chuvitamgidc: C=a+b+c, (voia, b, c: Lan luot 14 ¢ dai ba canh caa tam giac)
) . 1 3 )
Dién tich tam giac: S= Ea'h"‘ , (a: Chiéu cao, h,: Canh day tuong rng voi canh a)
b6 dai canh huyén: c2=a?+ 1 (c: Canh huyén; a, b: Lan luot 14 cac canh gbc vubng)

S5 duomg chéo ciia mot da gide 2 (n: $6 dinh).

2.2. Bai tap ap dung:
Bai tap 1: Moi canh ciia hinh vudng duoc ting thém 2cm. Trong lic do dién tich ctia né ting
thém 16cm?. Chiéu dai cia mdi canh hinh vudng trude khi chua ting 1a bao nhiéu?

Giai
Goi x 1a chiéu dai canh hinh vudng khi chua tang, x(cm), (Diéu kién: x > 0).
Theo bai ra ta co:

(x+2)2=x*+16

SX+ax+4=x*+16

S4x=12=x=3
Suy ra chiéu dai mdi canh hinh vudng khi chua ting 1a 3cm.
Bai tap 2: Tim hai canh cia mdt tam gidc vudng biét can huyén bang 13 c¢m va tong hai canh
gdc vudng bang 17.

Giai
Goi canh goc vudng thtr nhat cua tam giac 1a x ( cm ), (Piéu kién: 0 < x < 17).
Ta c6 canh goc vuong con lai 1a: (17 — x) (cm).
Vi canh huyén ctia tam giac vudng 1a 13 do d6 ta c6 phuong trinh:

X2+ (17 -x)? =132

Giai phuong trinh: x* - 17x + 60 = 0.
Ta duoc: x; =12, X = 5.
Vay do dai cac canh goc vuong lan luot 13 12 cm, 5 cm.
Bai tap 3: Mot khu vuon hinh chit nhat ¢6 chu vi 280 m. Ngudi ta lam mot 161 di xung quanh
vuon (thude dat vuon) rong 2 m, dién tich con lai dé tréng trot 1a 4256 m?. Tinh kich thuédc (cac
canh) cua khu vuon do

Giai
Goi mot canh cua khu vuon la x, (m), (Diéu kién: x < 140).
Ta ¢6 canh con lai ciia khu vuon 1a: (140 — X).
Do 16i xung quanh vudn rong 2 m nén cac kich thude cac canh con lai dé tréng trot 1a:
(x—4), (140 —x—4) (m)
Vi dién tich con lai dé trdng trot 1a 4256 m® do d6 ta c6 phuong trinh:

(x—4)(140 — x — 4) = 4256

Giai phuong trinh: x* - 140x + 4800 = 0.
Ta duogc x; = 80, X2 = 60.
Vay céc canh cua khu vuon hinh chir nhat 1a 80m, 60m.
Bai tap 4: Canh huyén ctia mdt tam giac vudng bang 5m. Hai canh goc vudng hon kém nhau 1m.
Tinh céc canh goc vudng cua tam giac.

Giai
Goi canh goc vudng thir nhat 1a x (m), (Diéu kién: 5 > x > 0)
Canh gbéc vuong thir hai la x + 1 (m)
Ap dung dinh ly Pi-Ta—Go ta c6 phuong trinh:

X +(x+1)*=5°

Gidi phuong trinh trén, ta dugc x = 3.
Vay kich thude cac canh goc vudng cuia tam gidc vudng la 3m va 4m.
Bai tap 5: Mot hinh chit nhat c¢6 chiéu rong bé hon chidu dai 1a 4 m va dién tich 1a 320m?. Tim
chiéu dai, chidu rong ctia manh dt.

Giai
Goi chiéu rong ctia manh dat 1a x (m), (Didu kién: x > 0).
Chiéu dai cia manh dat 1a x + 4.
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Vi dién tich ciia manh dét 1a 320m” nén ta c6 phuong trinh:
X(X + 4) = 320
Giai phuong trinh trén, ta dugc: x = 16.
Vay chiéu dai 1a 16m, chiéu rong 1a 20m.
Bai tap 6: Mot hinh cht nhat ¢ chu vi 120m, di¢n tich 800m?. Tinh cac kich thudc cta hinh chit
nhat.
Giai
Goi x(m) 1a s6 do chiéu dai hinh chit nhat.
Nua chu vi hinh chir nhat la 120:2 = 60 (m)
S6 do chiéu rong hinh chit nhat 1a: 60 - x (m)
Diéu kién: 0 < x < 60.
Dién tich hinh chit nhat 1a 800m?.
Ta c6 phuong trinh:
X(60 - x) = 800
Giai phuong trinh trén, ta dugc: x =40 (m), x =20 (m).
Vay chiéu dai 1a 40 (m), chiéu rong 1a 20 (m).
2.3. Bai tap tu luyén:
Bai tap 1: Mot hinh chit nhét c6 dién tich 300 m” Néu giam chiéu rong di 3m va tang chiéu dai
1én 5m thi ta dwoc HCN méi bang dién tich HCN ban dau. Tinh chu vi HCN ban dau.
Bai tap 2: Mot khu vuon hinh chir nhat c6 chu vi 1a 50 m va dién tich 100 m? Tinh c4c canh cia
khu vuon ay.

<) J 2 oA . . N
Bai tap 3: Mot khu vuon hinh chir nhat c6 chi€u rong bang s chi€u dai va c6 dién tich bang
360m?. Tinh chu vi ciia khu vuon 4y.
Bai tap 3: Mot khu vuon hinh chitr nhat c¢6 chiéu dai bang ZChléu rong va co6 di¢n tich bang

1792m?. Tinh chu vi khu vuon Ay.

Bai tap 4: Tinh céc kich thudc cua hinh chir nhat c¢6 di¢n tich 40cm?, biét rang néu tang mdi kich
thudc thém 3 cm thi dién tich tdng thém 48cm>.

Bai tAp 5: Mot hinh chir nhat c6 dudng chéo bang 13 m, chiéu dai hon chiéu rong 7m. Tinh
dién tich hinh chit nhat d6?

Bai tap 6: Mot thura ruong hinh chir nhat cé chu vi 1a 250m. Tinh dién tich cua thira rudng biét
rang chiéu dai giam 3 1in va chiéu rong tang 2 lan thi chu vi thira rudng khong thay doi

Bai tip 7: Mot da giac 161 co tt ca 35 dudng chéo. Hoi da gidc d6 c6 bao nhiéu dinh?

Bai tap 8: Mot cai san hinh tam gidc c6 dién tich 180m?® . Tinh canh ddy cua san biét ring néu
ting canh ddy 4m va giam chiéu cao twong tng 1 m thi dién tich khong d6i?

Bai tip 9: Mot miéng dat hinh thang cin c6 chiéu cao 13 35m hai ddy lan luot biang 30m va 50m
nguoi ta 1am hai doan dudng co cing chidu rong. Cac tim dirng 1an luot 13 dudng trung binh cua
hinh thang va doan thiang ndi hai trung diém cua hai ddy. Tinh chiéu rong doan dudng d6 biét

rang dién tich phan lam dudng bang % di¢n tich hinh thang.

3. Dang 3: To4n ning suit.
3.1. Kién thirc co ban:
Nang suét lam viéc la phﬁn cong viéc lam dugce trong mot don vi thoi gian.
Cong thuec:
A=N.T

Trong do: A: Khéi lugng cong viéc.

N: Ning suét lam viéc.

T: Thoi gian lam viéc.
Tong nang suat rleng bang nang suat chung khi cung lam.
Biét ning suat lam viéc, thoi gian hoan thanh, lugng cong viée de ap dung hop ly.

Ning suét lao dong tang thém = (100% + mirc ning sut %).quy dinh cong viéc.

3.2. Bai tap ap dung:
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Bai tap 1: Mot d6i may kéo du dinh mdi ngay cay 40 ha. Khi thye hién mdi ngay cay duge 52
ha, vi vay ddi khong nhitng cay xong trudc thoi han 2 ngay ma con cay thém dugc 4 ha niva.
Tinh dién tich thira ruong ma doi phai cay theo ké hoach.

Giai
Goi dién tich ma d6i phai cay theo ké hoach 1 x, (ha), (Piéu kién: x > 0).
Thoi gian doi du dinh cay la: % (gi0).

Dién tich ma ddi thuc cay la: (x +4), (ha).

. . +4
Thoi gian ma doi thuc cay 1a: 2= ( gid).
Vi khi thuc hién doi da cay xong trude thoi han 2 ngay do do ta co6 phuong trinh:
X X+4 _

40 52

Giai phuong trinh trén, ta dugc x = 360.
Vay di¢n tich ma do1 duy dinh cay theo ké hoach 1a: 360 ha.
Bai tap 2: Hai t6 cong nhin 1am chung trong 12 gio s& hoan thanh mot cong viée da dinh. Ho
lam chung véi nhau trong 4 gio thi to thir nhat duoc diéu di lam cong viéc khéc, to thir hai lam
mdt minh phan cong viéc con lai trong 10 gid. Hoi t6 thir hai néu lam mot minh thi sau bao lau
s€ hoan thanh cong viéc.

Giai
Goi thoi gian t6 hai lam mot minh hoan thanh cong viée 1 x, (gio), (Didu kién: x > 12).

Trong 1 gio t6 hai 1am duoc khdi lwong cong viée: 1 (KLCV).
X
Sau 4 gio hai to d3 1a chung duoc khdi lwong cong viée 1a: % = % (KLCV).

Phan cong viéc con lai to hai phai lam 1a: 1 - % =3 (KLCV).

Vi t6 hai hoan thamh khdi lwvong cong viée con lai trong 10 gid nén ta c6 phuong trinh:
3:x:10.
3

Giai phuong trinh trén, ta dugc x= 15.

Viy thoi gian t6 hai ldm mot minh hoan thanh khéi lwong cong viée 1a: 15 gio.

Bai tp 3: Mot doi cong nhan hoan thanh mot coéng viée véi mirc 420 ngay cong. Hiy tinh sb

cong nhan cua doi, biét rang néu doi ting thém 5 ngudi thi s ngdy dé hoan thanh cong viée s&

giam di 7 ngay.

Giai
Goi s6 cong nhan cta d6i 1a x, (nguoi), (Piéu kién: x > 0, xnguyén duong).
S6 ngay hoan thanh cong viée voi x nguoi la: 4720 (ngay).

S6 cong nhan sau khi ting 5 nguoi la: x + 5.

420 .
c (ngay).

Vi néu d6i ting thém 5 ngudi thi sé ngay dé hoan thanh cong viéc s& giam di 7 ngay do dé ta ¢6
phuong trinh:

S6 ngay hoan thanh cong viée voi x + 5 ngudi la:

20 420 _,

X X+5

Gidi phuong trinh trén, ta dugc: x1 = 15; X2 = - 20 (loai).
Vay s cong nhan cta doi 1a 15 ngudi.
Bai tap 4: Hai thg cung dao mdt con muong sau 2 gio' 55 phut thi xong cong viéc. Neu ho lam
riéng thi doi 1 hoan thanh cong viéc nhanh hon ddi 2 1a 2 gid. Hoi néu 1am riéng thi mdi ddi phai
lam trong bao nhiéu gi¢ thi xong cong viéc.

Giai
Goi thoi gian o1 1 lam mdt minh xong cong viéc 1a x (gid), (Biéu ki€n: x > 0).
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Goi thoi gian d6i 2 1am mdt minh xong cong viéc 1a x + 2 (gio).

Xe o ansq 1a 1 :
Moi gio doi 1 lam duoc — cong viéc
X

Mbi gio doi 1 1am duoc cong viéc
X+2
N U T . , 11 35 .,
Vi cd hai dgi cung lam nén sau 2 gid 55 phut = 2E = o (gi0) xong.

s A 12 .
Trong 1 gio ca hai doi lam duogc 5 cong viéc.

Theo bai ra ta c6 phuong trinh:
1 112

X x+2 35

Giai phuong trinh trén, ta dugc: x =5 gio.
Vay d6i thir nhat hoan thanh cong viéc trong 5 gioy, doi thi hai hoan thanh cong viéc trong 7 gid.
Bai tip 5: Hai tho cung ddo mdt con muong thi sau 2gid 55 phat thi xong viéc. Néu ho lam
riéng thi doi 1 hoan thanh céng viéc nhanh hon d6i 2 1a 2 gid. Hoi néu lam riéng thi mdi doi
phai lam trong bao nhi€u gi¢ thi xong cong viéc?

Giai
Goi thoi gian do1 1 lam mdt minh xong cong viéc 1a x, (x > 0; gio)
Goi thoit gian do1 2 lam mdt minh xong cong viéc 1a x + 2 (gio)

x. . ) 1 .
Moi gio do1 1 lam dugc — cong viéc
X

Moi gior d6i 2 1am duge

cong viéc
X+2

Vi cd hai doi thi sau 2 gio 55 phut 223 = i’—; (gi0) xong.

Trong 1 giod ca hai doi lam duoc % cong viéc

Theo bai ra ta c6 phuong trinh:

1 1 12

— 4 [

x x+2 35
Giai phuong trinh trén, ta dugc: x = 5 (gio)
Vay d6i thir nhat hoan thanh cong viée trong 5 gio. Doi hai hoan thanh cong viéc trong 7 gid.
3.3. Bai tap ap dung:
Bai tip 1: Hai nguoi cing lam chung mot cong viéc mat 3gid. Nguoi thir nhat lam dén ntra cong
viéc nguoi thir hai lam ndt cho hoan thanh ca thay hét 8 gid. Néu mdi nguoi lam riéng thi mat
may gio ?
Bai tap 2: Dé hoan thanh mot cong viéc, hai to phai lam chung trong 6 gio. Sau 2 gio 1am chung
thi to hai dugc diéu di 1am viéc khac, t6 mot dd hoan thanh cong viéc con lai trong 10 gio. Hoi
mdi to lam riéng thi sau bao lau s& lam xong cong viéc d6?.
Bai tap 3: Co hai doi cong nhén, moi d6i phai sir 10km duong. Thoi gian dji [ lam nhiéu hon
d6i IT 1a 1 ngay. Trong mot ngay mdi doi lam duoc bao nhiéu km duong. Biét ring ca hai doi lam
duogc 4,5km duong trong mot ngay.
Bai tap 4: Hai doi thuy loi, tong cong c6 25 nguoi dao moét con muong. Doi I dao duge 45m®
dat, d01 II dao duogc 40m dat. Biét rang mdi cong nhan doi I d¢ao nhiéu hon mdi cong nhan doi I
14 1m®. Tinh sb dat mdi cong nhan dogi I dao duogc.
Bai tip 5: An va Binh clng lam chung mdt cong viéc trong 7 gio 20 phit thi xong. Néu An lam

trong 5 gio va Binh lam trong 6 gio thi ca hai nguoi lam duoc 2 cong viéc. Ho1 mo1 nguoi lam

mdt minh lam cong viéc d6 thi trong may gio xong.

Bai tap 6: Hai 16p 9A va 9B cung tu stra khu vuong thuc nghiém cta nha truong trong 4 ngay
xong. Néu mdi 16p tu sira mét minh mudn hanh thanh cong viéc 4y thi 16p 9A can it thoi gian
hon 16p 9B 1a 6 ngay. Hoi mdi 1ép lam mdt minh thi trong bao lau hoan thanh cong viéc.
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Bai tip 7: Hai to san xuat nhan chung mot cong viée.Néu lam chung trong 4 gio thi hoan thanh
2 A [N A R X+ (A 1x A VLA B A N r A \ LY 9 e X A
3 cong vi¢c. Néu dé moi to 1am riéng thi td 1 1am xong cong viéc trude t6 2 1a 5 gio. Hoi moi to
lam mgt minh thi trong bao 1au xong cong viéc.

Bai tap 8: Hai to ciing dugc giao 1am mot viéc. Néu cing 1am chung thi hoan thanh trong 15 gio.
Neéu to 1 l1am trong 5 gio, t6 2 1am trong 3 gid thi lam dugc 30% cong viée. Hoi néu lam mot
minh moi td can 1am trong bao lau méi hoan thanh cong viéc.

Bai tap 9: Hai nguoi lam chung mot cong vi€e thi xong trong 5 gi¢ 50°. Sau khi ca hai nguoi
cung lam duoc 5 gio. Nguoi thir nhit phai diéu di lam viéc khac, nén nguoi kia lam tiép 2 gio
nita méi xong cong viéc. Hoi néu lam mdt minh mdi nguoi lam trong bao lau thi xong.

Bai tap 10: Hai nguoi tho cung lam mot cong viéc, néu lam riéng mdi ngudi nira cong viée thi
tong cong sd gid lam viéc 1a 12 gio 30 phut. Néu hai nguoi lam chung thi hai ngudi chi 1am trong
6 gio thi xong cong viéc. Hoi mdi ngudi 1am riéng thi mat bao lau xong viéc.

Bai tap 11: Mot to cong nhan phai 1am 144 dung cu do 3 cong nhan chuyén di lam viéc khac nén
moi nguoi con lai phai lam thém 4 dung cu. Tinh s6 cong nhan cua t6 liac dau (ndng suat moi
nguoi nhu nhau).

Bai tap 12: Mot may kéo du dinh mdi ngay cay 40 ha. Khi thyc hién mdi ngay doi may kéo cay
dugc 52 ha. Vi vay doi khong nhiing da cay xong trude thoi han 2 ngay ma con cay thém duoc 4
ha ntra. Tinh dién tich thira rudng ma ddi phai cay theo ké hoach da dinh.

Bai tap 13: Mot to dét khan mat, moi ngdy theo ké hoach phai dét 500 ghiéc, nhung thyc té mdi
ngay da dét thém dugc 60 chiéc, cho nén chang nhirng da hoan thanh ké hoach trudc 3 ngay ma
cc}n dét thém duogc 1200 khan mat so voi ké hoach. Tim s6 khan mat phai dét theo ké hoach luc
dau.

Bai tap 14: Mot to san xuit c¢6 ké hoach san xudt 720 san phim theo ning suat du kién. Thoi
gian lam theo néng sut tang 10 san pham moi ngay kém 4 ngay so voi thoi gian lam theo nang
suét giam di 20 san pham mdi ngay (ting, giam so voi ning suat dy kién). Tinh ning sut du kén
theo ké hoach.

Bai tip 15: Mot tau dénh c4 du dinh trung binh mdi ngay danh bat duoc 30 tin ca. Nhung thuc
té mdi ngay danh bat thém duoc 8 tdn nén chang nhirng da hoan thanh ké hoach sém duoc 2

ngay ma con danh bat vuot muc 20 tin . Hoi s6 tAn ca du dinh danh bat theo ké hoach 1a bao
nhiéu?

Bai tap 16: Theo ké hoach, mot to cong nhan | phai san xudt 360 san phim. Pén khi 1am viéc, do
phai diéu 3 cong nhan di lam viéc khac nén moi cong nhan con lai phai lam nhiéu hon dy dinh Ia
4 san pham. Hoi lic dau t6 c6 bao nhiéu cong nhan ? Biét ring ning suét lao dong ctia mdi cdg
nhan 1a nhu nhau.

4. Dang 4: Dang toan chiy chung, chay riéng cia voi nudc:
4.1. Kién thirc co ban:
Céch giai:
Budce 1: Tim lugng nude chay chung cua hai voi.
Luong nudc chay riéng ctia mdi voi vao bé hoan thanh.
Lap phuong trinh luong nudc.
Budc 2: Thoi gian hai voi chay day bé.
Thoi gian chdy riéng hoan thanh ctia mdi voi.
Lap phuong trinh thoi gian chay day bé.
Budc 3: Giai hé¢ phuong trinh.
4.2. Bai tap ap dung:
Bai tap 1: Mot May bom mudn bom diy nudc vao mot bé chira trong mot thoi gian quy dinh

X . . . 1 PR NP A oA
thi moi gio phdi bom dugc 10m®. Sau khi bom duoc 3 dung tich bé chura, ngudi cong nhan van
hanh cho may bom cong xuét 16n hon mdi gid bom duge 15 m®. Do d6 bé duge bom déy trude

48 phut so véi thoi gian quy dinh. Tinh dung tich cua bé chua.
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Giai
Goi dung tich cua bé chira 1a x, (m®), (Diéu kién: x > 0).

Ta c6 thoi gian du dinh dé bom day bé 1a: % (gid).

Thoi gian dé bom % bé véi cong sudt 10 m’/s 1a: % (gio).

Sz 2 C ; .. 2X
Thoi gian dé bom 3 bé con lai v6i cong sut 15 m*/s la; ==

A A - . 2 A \ . A Nt . N e . A e /. 7,
Do cong suat tang khi bom 3 bé con lai nén thoi gian thoi gian bom day trude 48 phut so voi

X ( X N 2xj _ 4
10 \30 45) 5
Giai phuong trinh trén, ta dugc x = 36.
Vay dung tich bé chira 1a 36m°.
Bai tap 2: Néu hai voi nudc cling chay vao bé thi sau 4 gid bé ddy. Néu mdi voi chay mot minh
thi phai chay trong bao ldu méi day bé? Biét rang néu chiy mot minh thi voi thir nhat chay day
bé sém hon voi thi hai 6 gio.
Giai
Goi thoi gian voi thir nhat chay day bé 1a x (gio), (Diéu kién: x > 0).
Thoi gian voi thir hai chay day bé 1a x + 6.

quy dinh do do ta c6 phuong trinh:

Trong mdt gid voi thir nhat chay dugc 1w
X

Trong mdt gid voi thir nhat chay dugc L bé,

X+6
Theo bai ra ta c6 phuong trinh:
1,1 -1
X x+6

Giai phuong trinh trén, ta dugc: x = 6.
Vay voi thir nhat chay 6 gio, voi thir hai chay 12 gio thi day bé.
Bai tip 3: C6 hai voi nudc, voi I chay day bé trong 1,5 gioy, voi II chay diy bé trong 2 gio.
Nguoi ta cho voi I chay trong mot thoi gian, r6i khoa lai va cho voi II chay tiép, tong cong trong
1,8 gid thi ddy bé. Hoi mdi voi da chay trong bao 1au?

Giai

Voi I chay riéng lam day bé trong 1,5 = % gi0 thi trong 1 gio chay vao dugc 3 bé.

Voi II chay riéng 1am day bé trong 2 gid thi trong 1 gid chay vao duoc % bé.

Goi thoi gian ma voi I da chdy 1a x gio (0 <x < 1,8), thoi gian voi I da chay 1a 1,8 - x gio.
Theo bai ra, ta c6 phuong trinh:

21
gx+5(1,8—x)=1

Giai phuong trinh trén, ta dugc: x = 0,6 (thoa man diéu kién)
Vay voi I chay trong 0,6 gio, voi II chdy trong 1,2 gio.
Bai tap 4: Hai voi nuc ciing chiy vao mot bé thi sau 2 gio 55 phut s& diy bé. Néu chay riéng thi
voi thir nhat chay nhanh hon voi thir hai 1a 2 gio. Hoi néu chay riéng thi mdi voi chdy trong bao
lau méi day bé.
Giai
Goi thoi gian voi thir hai chay riéng day bé 1a x gio, (x > 2)
Voi thir nhat chay riéng day bé 1a x - 2 gio.

Bién soan: Tran Trung Chinh Trang s 186



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

Ta co: 2 gio 55 phut = % gio.

Theo bai ra, ta c6 phuong trinh:

1 1 12

— 4 -

x x—2 35
Giai phuong trinh trén, ta dugc: x = 7 (théa mén diéu kién)

Vay voi thir nhat chay riéng day bé trong 5 gio, voi thir hai chay riéng day bé trong 7 gio.

4.3. Bai tap tu luyén: 7 o ’ ’

Bai tap 1: Hai voi nudc cung chdy vao bé thi sau 1 gio 20 thi bé day. Néu mé voi thir nhat chay
trong 10 phut va voi thir 2 chay trong 12 phut thi day = be. Hoi moi voi chdy mdt minh thi bao
nhiéu lau moi day be. o ,

Bai tip 2: Hai voi nude néu cung chay thi sau 6 gio day bé. Neéu voi thir nhat chay trong 10 gio
thi day be. Hoéi n€u voi thur hai chay mdt minh thi trong bao lau day be.

s e r \ 5 \ A 3 4 \ A A AN ey r 5 \ e

Bai tap 3: Hai voi nude cung chay vao 1 bé thi sau 45 gio day bé, mo7 gio lwong nudce cua voi
N 1 . . X N e ” “A \ A A R
1 chay bang 15 lugng nudc & voi 2. Ho1 moi voi chdy riéng thi trong bao lau day be.

Bai tap 4: Hai vili nudc cung chay vao mot cai bé khong c6 nudc trong 4 gior 48 phit s& day bé.
A 2 ~ P \ ~ .oy ~ 3 A , 9 X . ~ > A ~
Néu mo viii 1 trong 3 gio va viii 2 trong 4 gio thd duoc 2 bé nudc. Ho1 moi viii chay mdt mdnh

thd trong bao lau méi diy bé.
5. Dang 5: Toan tim so:
5.1. Kién thirc co ban:
Céch viét so trong hé thap phan cua s6 tu nhién:
S6 ¢6 hai chit s6: ab=10a+b
S6 ¢ ba chit s6: abc =100a +10b +c
S6 c6 ba chir s6: abcd =1000a +100b+10c+d
Quan h¢ chia hét va chia co6 du:
S0 a chia b dugc ¢ va ¢d s0 du lar, duoc viét: a=b.c +1.
N¢éu a chia hét cho b thi s6 dur=0.
Néu a khong chia hét cho b thi s6 du r # 0.
5.2. Bai tap ap dung:
Bai tap 1: M4t so0 cua mdt phan so 16n hon tir s6 ctia no6 la 3 don vi. Néu tang ca tir va mau cua
. 2 A A A reo1w 1 A A 3~ 3 A A r
nd thém 1 don vi thi dugc mdt phan s6 méi bang 5 phan s6 da cho. Tim phan s6 do?
Gisi |
Goi tir sO cuia phan so d6 1a x, (Picu kién: x #3)
Mau s0 ctua phan so d6 la x + 3.
Néu tang cé tir va mau thém 1 don vi thi
Tosolax+1
Mausolax+3+1=x+4
O . .
Duoc phan s6 mdi bang ) ta c6 phuong trinh:

x+1 1

x+4 2
Giai phuong trinh trén ta duoc: x = 2 (thoa man diéu kién)

.y 2
Vay phan s6 can tim la .

Bai tap 2: Tim hai s6 ty nhién lién tiép c6 tong cac binh phuong ciia né 1a 85.
Giai
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Goi s6 bé 1a x, (x €N). S tur nhién ké sau 1a x + 1.

Vi tong cac binh phuong cua n6 1a 85 nén ta cd phuong trinh:
X2+ (x+1)°=85

SXP X +2x+1=852x"+2x-84=0

&SxP+x-42=0

A=b>—dac=1>-4.1.(-42)=169> 0= /A =/169 = 13

Phuong trinh c6 hai nghiém

X, = _1; I3_ 6 (thoa man diéu kie

X, = _1;13 =-7 (loai)

Vay hai s phai tim 13 6 va 7.
Bai tap 3: Tim sb tu nhién c6 hai chit s6. Biét rang tong cac chir s6 1a 11. Néu ddi chd hai chir
s0, hang chuc va hang don vi thi sb d6 ting thém 27 don vi.

Giai
Goi chit s6 hang don vi 1a x, (Piéu kién: 0 < x <9).
Chir s6 hang chyc 14 11 - .
Vi d6i chd hai chit s6, hang chuc va hang don vi thi s6 d6 tang thém 27 don vi nén ta c6 phuong
trinh:

10x + 11 - x =10(11 - x) + x + 27

Gidi phuong trinh trén, ta dugc: x = 7.
Viy sb can tim 1 47.
Bai tap 4: Tim sb tu nhién co hai chit s6 biét rang chit sé hang chuc 16n hon chit s6 hang don vi
13 2 va sb d6 16n hon tong cac binh phuong cac chir s6 ctiand 1a 1.

Giai
Goi chit s6 don vilax, (0<x<7).
Chir s6 hang chuc 1a x + 2.
Vi s6 can tim 16n hon téng cac binh phuong cac chit s6 ctia nd 1a 1 nén ta c6 phuong trinh:

10(x+2) +x= (x +2)%+x* +1

Giai phuong trinh trén, ta dugc: x = 5.
Vay sb can tim 1a 75.
Bai tip 5: Tim hai s khi biét tong 1a 12 va tdng binh phwong ctia chung bang 90. Hai sé d6 1a.

Giai
Goi sb thtr nhat 13 x (xeN, X < 12)
S6 thir hai 1a 12 - X,
Theo bai ra ta co: x* + (12 - x)> = 90

X -12x+27=0

{x =3
&
x=9

Vay hai s6 can tim 1a 3 va 9.
5.3. Bai tap tu luyén:
Bai tap 1: Tim s6 ty nhién c6 2 chit s, biét rang chir s6 hang don vi 16n hon chit s6 hang chyc 1a

\ A A X . ~ A N A A I 1w 17 A A
4 va néu doi cho hai chir s6 cho nhau thi ta nhan dugc s6 mdi bang 3 sO ban dau.
Bai tap 2: Tim s0 tu nhién c6 2 chir so, biét rang chir s6 hang chuc 16n hon chir s6 hang don vi
\ \ A A. X . ~ A 1 A A I~ 4 A A
la 2 va néu do6i cho hai chir s6 cho nhau thi ta nhan dugc s6 madi bang 7 sO ban dau.

Bai tap 3: Cho mot sb ¢6 hai chir sd, tong ciia hai chir s6 bang 11. Néu thay ddi theo thir tu
nguoc lai dugc mot s6 m&i 16n hon s lac dau 27 don vi. Tim s6 da cho.

Bai tap 4: Mot sb ¢6 hai chit s6 1on gap 3 lan tong cac chit s6 ctia nd, con binh phuong ciia tong
cac chir s6 gap 3 1an sé di cho. Tim s6 do.
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Bai tip 5: Dem mot s6 c6 hai chit s6 nhan voi tong cac chir s6 ctia n6 thi duoc 405. Néu liy sé
duoc viét boi hai chir sd éy nhung theo thtr ty nguoc lai nhan véi téng céc chir sd cta no thi duoc
486. Tim s6 do.

Bai tap 6: Tich ctia 2 s6 ty nhién lién tiép 16n hon tong ciia chung 1a 109. Tim 2 s do.

Bai tap 7: Pem mot s6 nhan v6i 3 ri trir di 7 thi duge 50. Hoi s6 d6 1a bao nhiéu?

Bai tap 8: Tong hai s6 bang 51. Tim hai s6 d6 biét rang % s6 thir nhat thi bang % s thir hai.

Bai tap 9: Tim sér ty nhién c6 2 chit sd, biét rang sd d6 bang 1ap phuong cua s tao boi chir s6
hang van va chir s6 hang nghin cta so da cho theo thu ty do.
Bai tap 10: Tim hai s6 hon kém nhau 5 don vi va tich cua ching bang 150.

6. Dang 6: Toan sir dung cac kién thirc vay 1y, héa hoc:
6.1. Kién thirc co' ban:
Tinh kho1 Iugng ri€éng cua vat:

p="2
v

D: Khdi lugng riéng, m: Khbi lugng, V: Thé tich.
Cong thure tinh thanh phan phan tram cua chat c6 trong dung dich:

C% =25 100%
mdd
C%: Nong d6 phan tram, me: Khoi lugng chat tan, mgg: Khdi lwong dung dich.
6.2. Bai tap ap dung:
Bai tap 1: Nguol ta tron 8g chat long nay voi 6g chat long khac c6 khéi lugng riéng nho hon no
la 0,2g/cm® dé dwge hdn hop c6 khéi lugng riéng 0,7g/cm® . Tim khdi lwong riéng cua mdi chit
long.
Giai
Goi khdi luong riéng cua chat 1ong thir nhét 1a x (g/cm?®), (Piéu kién: x > 0,2)
Khdi lwong riéng cua chat 1ong thir nhét 1a x — 0,2 (glem®).

Thé tich cua chét 16ng thir nhét 1a §(cm3)
X

Thé tich cua chét 16ng thir hai 1a (cm®)
A i 1 X . 8 6 3
The tich ctia hon hop 1a —+ (cm”)
x x40,

Theo bai ra ta c6 phuong trinh:
8 6 14
— 4+ [
x x+0,2 0,7

Gidi phuong trinh trén, ta dugc: x = 0,8 (théa man diéu kién)

Vay khéi luvgng riéng cua chit 1ong thir nhat 1 0,8 (g/cm®)

Khdi lwong riéng cua chat 1ong thi hai 14 0,6 (g/cm®).

Bai tap 2: Biét rang 200g mot dung dich chira 50g mudi. Hoi phai pha thém bao nhiéu gam nudc

vao dung dich do dé duge mot dung dich chira 20% mudi?
Giai
Goi x 14 lwong nudc can pha thém vao dung dich di cho (x > 0, g)

Khi d6 lugng dung dich nudc la 200 + x.

Nong d6 dung dich 1a >0
200+ x

Theo dé bai ta ¢ phuong trinh:
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50 _ 20
200+x 100

Giai phuong trinh trén, ta dugc: x = 100.
Vay luong nude can pha thém 1a 100g.
Bai tip 3: Nguoi ta pha 3kg nude néng & nhiét dd 90°C va 2kg nude lanh & nhiét d6 20°C. Hoi
nhiét d§ nudce sau khi pha 1a bao nhiéu.
Giai
Goi nhiét d6 cudi cing cua nude sau khi pha 1a x°C, (x > 0)
Khi d6 nhiét lugng tda ra la: 3¢(90 - X) Kilocalo, (v6i ¢ 1a nhiét dung riéng cta nudc)
Nhiét luong hap thy 13: 2¢(x - 20) kilocalo.
Do nhiét lugng thu duoc bé‘mg nhi¢t lugng toa ra, ta c6 phuong trinh:
3¢(90 - x) = 2c(x - 20)
Giai phuong trinh trén, ta duoc: x = 62°C (thda man diéu kién)
Vay nhiét d6 ctia nudc sau khi pha la 62°C.
Bai tap 4: Khi tron 8g chit 1ong M v&i 6g chit 1ong N ¢6 khdi lwong riéng nho hon 200kg/m? thi
dugc mot hdn hop cd khédi lugng riéng 700kg/m3. Tinh khdi luong riéng ctia mdi chat long.
Giai
Goi khéi lwong riéng ciia chét 1ong M 1a x kg/m®, (x > 200)
Khdi lwong riéng cua chat long N 1a x - 200 kg/m®
Theo bai ra, ta c6 phuong trinh:

8 6 14

X x—200 70C

Giai phuong trinh trén, ta dugc: x = 800.
Vay khdi luong riéng ciia M 1a 800 kg/m® va khdi lugng riéng cua N 1a 600 kg/m®.
Bai tap 5: Nguoi ta hoa 1an 4kg chit long I voi 3kg chét 1ong II thi duoc mot hdn hop c6 khdi
lwong riéng 1a 700kg/m®. Biét ring khéi lugng riéng cua chit 1ong I 16n hon khdi lwong riéng cua
chit 16ng I 1a 200kg/m°. Tinh khdi lwong riéng cua mdi chét ong.
Giai
Goi khéi lwong riéng cuia chat long I 1a x kg/m®, (x > 200)
Khdi lrong riéng cua chat 1ong I 14 x - 200 kg/m°.
Theo bai ra, ta c6 phuong trinh:

4 3 7

x  x—200 700

Giai phuong trinh trén, ta dugc: x = 800.
Vay khdi lwong riéng cia chit 1ong | la 800 kg/m?, khdi lwong riéng cua chit long II 1a 600
kg/m®.

6.3. Bai tap tu luyén: .
Bai tap 1: Cho 200g dung dich c6 néng d6 10%. Phai pha thém vao dung dich d6 bao nhiéu gam
nude dé dung dich luc sau c6 nong do 1a 8%.
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Bai tap 2: Hai dung dich c6 khdi lwong tong cong béng 220kg. Luong mudi trong dung dich I 1a
5kg, lwong muoi trong dung dich II 1a 4,8kg. Biét nong d6 muoi trong dung dich I nhiéu hon
nong d6 mudi trong dung dich II 1a 1%. Tinh khdi lwong mdi dung dich noi trén.

Bai tap 3: Vao thé ky III trudc cong nguyén, vua xi Xi-ra-cut giao cho Ac-si-met kiém tra chiéc
mil bang vang ciia nha vua c6 bi pha thém bac hay khong. Chiéc mii ¢6 trong lugng Sniuton (theo
don vi hién nay), nhiing trong nudc thi trong lugng giam 0,3 niuton. Biét rang khi can trong

| L1 Y S n

nudc, vang giam 0 trong luong, bac gidm m trong lugng. Hoi chiéc mil chira bao nhi€u gam
vang, bao nhiéu gam bac?
7. Dang 7: Toan dén so, phan trim:
7.1. Kién thirc co ban:
Céch giai:
Goi a la s6 dan duoc biét trudce.
Khi do:

Néu tdng dan s6 thém b% thi ta c6 so6 dan sau khi tang 1a: a + ab%.

Néu giam dan s0 b% thi ta c6 sO dan sau khi giam la: a - ab%.
Goi x 1a s6 tién dugce gui cod dinh, vai 1a1 suat giri so tién x 1a y%/ thang va khong thay doi 1ai
suat.
Khi do:

S6 tién tinh dugc trong mot thang 1a: x + x.y%

So tién tinh dugc trong hai thang la: x + (x +x.y%).y%

Tuong tu nhu vay, ta tinh dugc so tién guri trong mgt nam.
7.2. Bai tap tu luyén:
Bai tap 1: Ba An gui vao quy ti€t ki€ém x nghin dong véi 1ai suat moi thang 1a a% (a la mot so
cho truée) va 13i thang nay duoc tinh gdp vao vbn cho thang sau.
1) Hay viét biéu thirc biéu thi :

S6 tién 14i sau thang thir nhat;

S6 tién (ca gdc 1an 14i) c6 duoc sau thang thir nhat;

Tong sb tién 14i c6 duoc sau thang thir hai.
2) Néu 1ai suat 1a 1,2% (tirc 1a a = 1,2) va sau 2 thang tong s tién 13i 1a 48,288 nghin dong, thi
lac dau ba An dé giri bao nhiéu tién tiét kiém?

Giai
1) S tién 1ai sau mot thang guri v6i 13i sudt a% vai tién giri x nghin dong 14 ax. SO tién co dugc
(ca gdc 1an 13i) sau thang thir nhat : x + ax = x (1 + a) nghin ddng.
S tién lai sau hai thang 1a : L = ax + ax(1 + a) = x(a® + 2a)
2) Thay a=1,2% la L = 48,288 ta dugc :

144 24
X +
1000000 1000

j = 48,288

Giai phuong trinh trén, ta dugc: x = 2000000 dong

Bai tap 2: Nam ngoai, tong dan clia hai tinh A va B 1a 4 triéu. Nam nay, dan s6 clia tinh A ting
thém 1,1%, con dan s6 cua tinh B tang thém 1,2%. Tuy vy, sb dan cia tinh A nim nay van
nhiéu hon tinh B 12 807 200 ngudi. tinh s6 dan ndm ngoai ctia mdi tinh.

Giai
Goi tong sd dan ctia tinh A trong nim ngoai 1a x (ngudi), (Piéu kién: 0 < x < 4000000)
S6 dan ciia tinh B trong nim ngoai 1a 400000 - X.
Theo bai ra, ta c6 phuong trinh:

x +1,1%x = 4000000 - x + 1,2%(4000000 - x) + 807200
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Giai phuong trinh trén ta dugc: x = 2400000.
Vay dén s6 tinh A 13 2400000, dan sé tinh B 1a 1600000.
Bai tap 3: Dan s6 hién nay cia mot phuong 13 41618 ngudi. Cach day 2 nim dan sé ctua phudng
14 40000 ngudi. Hoi trung binh mdi ndm dan s6 ting bao nhiéu phan tram?
Giai
Goi s6 phan tram dan s ting mdi nam 1a x% (x > 0).
Dan s6 cach day 2 nam 14 40000 ngudi thi dan sd cach ddy mot nam 1a:

40000 + % 40000 = 40000 + 400x
Hién nay 1a nam thir hai nén dan sé tang thém x%, tirc 1a dan sb hién nay 1a:
40000 + 400x + % (40000 + 400x) = 4x? + 800X + 40000

Theo bai ra, ta c6 phuong trinh:

4x* + 800X + 40000 = 41618 hay x* + 200x - 404 =0
Giai phuong trinh trén, ta dugc: x = 2.
Vay dan sb tang hang nam 1a 2%.
7.3. Bai tap tu luyén:
Bai tap 1: Nam ngoai tong s6 dan caa hai tinh A va B 13 4 triéu nguoi. Dan s tinh A nim nay
tang 1,2%, con tinh B tang 1,1%. Tong s dan cua ca hai tinh nim nay 14 4045000 nguoi. Tinh s6
dan ctia mdi tinh ndm ngoai va nim nay.
Bai tap 2: Trong thang giéng hai to san xuat dugc 720 chi tiét may. Trong thang 2, t6 I vugt muc
15%, to I vuot mirc 12% nén san xuat dugc 819 chi tiét may. Tinh xem trong thang giéng, mdi
t6 san xuat dugc bao nhiéu chi tiét may.
Bai tap 3: Gia 1 mét vai la 16 ngan dong duoc ha xudng vai phan trim. Sau mot thoi gian gia 1
mét vai lai ha xuong cling mot sd phan trim nhu vay va tro thanh 9 ngan dong. Khong biét mdi
1an gia vai ha xuong nhu vay la bao nhiéu phan tram.
Bai tap 4: Hai td cong nhan dugc giao moi tuan san xuat dugc 980 doi glay Pé lap thanh tich
chao mung , tuan vira qua to 1 vuot mirc 8%, to 2 vuot muc 10%. So voi ké hoach duoc giao nén
ca 2 to san xut duoc 1068 doi. Hoi dinh mirc duoc giao cia mdi to 13 bao nhiéu doi giay.
Bai tap 5: Theo ké hoach hai to san xuét 600 san pham trong mot thdi gian nhat dinh. Do ap
dung k¥ thuat mai nén t6 I da vuot mirc 18% va t6 11 da vuot mic 21%. Vi vay trong thoi gian
quy dinh ho da hoan thanh vuot mirc 120 san pham. Hoi sé san phim duogc giao ciia mdi td theo
ké hoach 1a bao nhiéu?
Bai tip 6: Dan sd cia mot thanh phd hién nay 1a 408040 nguoi. Hang nam déan s6 ting 1%. Hoi
hai nim trude dan s thanh phd 14 bao nhiéu?
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CHUYEN DE 17
GIAI BAI TOAN BANG CACH LAP HE PHUONG TRINH
Céch giai:
Céch giai bai toan bang cach 1ap phuong trinh: Gom 3 budc:
Budc 1: Lap h¢ phuong trinh.
Chon 4n va tim diéu kién cho 4n (chon & an 1a cac dai lugng bai toan yéu cau)
Biéu dién cac dai luong khac qua an.
Lap hé phuong trinh.
Budc 2: Gidi hé phuong trinh.
Budc 3: Nhan dinh két qua.
Dai chiéu véi diéu kién bai toan,
Néu két qua c6 chira tham s thi phai bién luan.
Céc dang toan co ban:
Dang 1: Dang toan chuyén dong.
Dang 2: Dang toan lién quan t6i cac kién thirc hinh hoc.
Dang 3: Dang toan cong viéc lam chung, lam riéng.
Dang 4: Dang toan chay chung, chay riéng cta voi nudc.
Dang 5: Dang toan tim sd.
Dang 6: Dang toan st dung cac kién thirc vat 1y, hoa hoc.
Dang 7: Bai toan dan s6, phan tram.
1. Dang 1: Bai toan chuyén dong:
1.1. Kién thirc co ban:
Bai toan chuyén dong thuong gip: Chuyén dong cung chiéu, nguoc chiéu, chuyén dong trén
dong song, ...
Goi s, t, v: Lan luot 1a quang duong, thoi gian, van tde.
Quang duong: s=V.t.

A LA S
Van toc: V:?.

Thoi gian: t = 3 .
v

Cac dang co ban:
(1) Chuyén dong cung chiéu:
Hai xe chuyén dong cung chiéu trén ciing mot quing dudng, dén khi gip nhau:
Quéng duong xe 1 di = Quéang duong xe 2 di.
Néu hai xe cling xut phat, ma 6 to 1 dén trudc 6 t6 2 1a t gio:
Thoi gian xe 2 di - Thoi gianxe 1 di=t
(2) Chuyén dong ngugc chiéu:
Hai xe chuyén dong ngugc chiéu trén ciing mot quing dudng dén chd gip nhau:
Quang duong xe 1 di + Quang duong xe 2 di=s

(3) Chuyén dong trén dong nudc:

Vxusi dong = Vrieng T Vnuse

Vnglmc dong — Vrleng Vhuée
4) Chuyen dong trén cung mdt dudng tron:
Hai vat xuét phat tir mot diém sau thoi gian t thi gap nhau:
Chuyén dong cung chiéu:

bo dai s cua duong tron: s = t(v1 - Vo), (V01 v1, V2 1a van tdc cua hai vat, v1 > Vy)
Chuyén dong nguoc chiéu:

D¢ dai s ciia duong tron: s = t(vi1 + Vo), (V01 vy, V2 1a van tdc cua hai vat)
1.2. Bai tap ap dung:
Bai tap 1: Hai xe ciing khoi hanh mot ic voi hai van tdc khac nhau. Biét rang vén toc xe 1 16n
hon xe 2 1a 10 km/h. Néu léy téng van toc hai xe so v6i chiée xe 3 chay vdi van tdc 70km/h thi
bang nhau. Hoi van toc mdi xe 1a bao nhiéu?

Giai
Goi van tde xe 1 ka x km/h va vén toc xe 2 1a km/h, (diéu kién: 0 <x, y <70)
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Theo bai ra ta cé hé phuong trinh:

x—y=10 x =40
=

x+y=70 y =30
Vay van toc xe 1 1a 40km/h, van toc xe 2 14 30km/h. ,
Bai tdp 2: Tim vén toc va chiéu dai cua 1 doan tau hoa bict doan tau ay chay ngang qua van
phong ga tir dau may den het toa cuoi cung mat 7 giay. Cho bi€t san ga dai 378m va thoi gian ke
tu khi dau may bat dau vao san ga cho dén khi toa cuoi cung roi khoi sén ga 1a 25 giay.

Giai
Goi x(m/s)la van toc clia doan tau khi vao sén ga (x > 0)
Goi y(m) la chiéu dai cita doan tau (y > 0) ,
Tau chay ngang van phong ga mat 7 gidy nghia la véi van toc x(mv/s) tau chay quang duong
y(m) mat 7 gidy. Ta c6 phuong trinh: y =7x (1) ’ ’
Khi dau may bat dau vao san ga dai 378m cho den khi toa cuoi cing roi khoi san ga mat 25 giay
nghia la vgi van toc x (m/s) tau chay quang duong: y + 378 (m) mat 25giay.
Ta c6 phuong trinh : y + 378 = 25x (2)
y=7X
y +378 = 25x
Giai rata ¢6: x = 21; y = 147 (thoa man dicu kién)
Vay van toc cua doan tau la 21my/s, chicu dai cua doan tau la 147m. ’ ’
Bai tap 3: Mot chiec thuyén xudi, ngugc dong trén khiic song dai 40km het 4h30 phat . Bi€t thoi
gian thuyen xu6i dong 5km bang thoi gian thuyén nguoc dong 4km. Tinh van toéc dong nudc ?
Giai

Goi x(km/h)Ia van toc cia thuyen khi nudc yén lang.
Goi y(km/h) la van toc dong nuac (X, y > 0) .
Vi thoi gian thuyen xu6i dong 5km bang thoi gian thuyén ngugc dong 4km nén ta ¢c6 phuong

5 4
=— 1)

Xty X-y

Ta duoc hé phuong trinh : {

trinh:

Vi chiéc thuyén xudi, ngugc dong trén khic séng dai 40km hét 4h30 phit :% gio nén ta co

phuong trinh: 40 +ﬂ=g (2
X+y X-y 2
5 4
. N A . X+y X-y
Tu (1) va (2), ta c6 hé phuong trinh :
(1) va (2) phuong 0, 40 _9
X+y X-y 2

Giairataco: x=18;y=2.
Vay van tc dong nudc 1a 2 km/h
Bai tap 4: Trén mot dudng tron chu vi 1,2 m, ta lay 1 diém c6 dinh A. Hai diém chuyén dong M,
N chay trén duong tron, ciing khaoi hanh tir A véi van tc khong doi. Néu chung di chuyén trai
chiéu nhau thi chiing gap nhau sau mai 15 gidy. Néu ching di chuyén cuing chiéu nhau thi diém
M s& vuot Ndung 1 vong sau 60 gidy. Tim van téc méi diém M, N ?
Giai
Goi x(m/s) 1a van tc cua diém M
Goi y(m/s) 1a van toc cua diém N (x > y > 0)
Khi chiing di chuyén tréai chiéu nhau , chiing gap nhau sau mdi 15 gidy nén ta c6 phuong trinh:
15x + 15y =1,2 (1)
Khi M, N di chuyén cing chiéu nhau thi diém M s& vuot N ding 1vong sau 60 gidy nén ta c6
phuong trinh: 60x - 60y = 1 (2)
15x +15y =1,2
60x +60y =1

Giai hé phuong trinh ta dugc: x = 0,05; y = 0,03 (thoa mén diéu kién)

Ta c6 h¢ phuong trinh: {
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Vay van tdc diém M 12 0,05m/s va van téc diém N 13 0,03m/s.
Bai tap 5: Mot chiéc moto va 6t clng di tir M dén K voi van tée khac nhau .Van tbc motd 1a 62
km/h con van tdc 6t6 1a 55 km/h . D& 2 xe dén dich cung 1 luc ngudi ta di cho 6t6 chay trudc 1
thoi gian. Nhung vi 1 1i do dac biét nén khi chay dugc 2/3 quang duong 6t0 budc phai chay véi
van téc 27,5 km/h. Vi vy khi con cach K 124km  thi moto dudi kip 6td. Tinh khoang cach tir M
dén N.

Giai
Goi khoang cach MK 1a x (km), (Diéu kién: x > 0)
Goi thoi gian du dinh 6t6 di trudc mété 1a y (gio)

X +y= i
62 55
Theo bai ra, ta c6 hé phuong trinh: < 2
“x X124
3% 37t xi124
S+ =y+
65 27,5 62

. 94
Giai hé nay ta rat ra: x= 514km; y=1—— (h
ai h¢ nay y=1-0 (h)

1.3. Bai tap tu luyén:

Bai tap 1: Hai xe cung xuat phat tir 2 dia diém A va B cach nhau 130 km va sau 2 gio thi gip
nhau. Tinh van tdc ctia mdi xe biét xe chay tir A c6 van toc 16n hon xe di tir B 1a Sknv/h.

Pap sb: Van tc xe di tir A 1a 17, Skmvh va van téc xe di tir B 1a 1, Sknv/h.

Bai tap 2: Hai 6 to khoi hanh cung lic tir hai dia diém A va B cach nhau 60 km/h va sau 1 gid

v~ s A A 5 X+ <A M LR r A A M 2 A A PR
thi gdp nhau. Tinh van toc ciia moi xe, bi€t rang xe di tur A c6 van toc bang 3 van toc xe di tir B.

Pap s6: Van tc xe di tir A 13 24 va van toc xe di tir B 1a 36.
Bai tap 3: Cung mot lac, mot chiéc 6t6 khai hanh tir dia diém A va mot chiéc xe mo to khoi
hanh tir dia diém B di nguoc chiéu nhau. Tim van toc ciia mdi xe biét rang sau khi gip nhau mo
to chay thém 2 gio 12 phut thi té1 A va 6t6 chay thém 1 gio 12 phut thi téi B va cach A 180km.
Dap sb: Van tc cia 6 t6 1a 60 kmv/h va van téc ctia xe mo t6 1a 40kn/h.
Bai tap 4: Hai vat thé I va II chuyén dong trén cing mot duong tron. Néu ca hai chuyén dong
cung chiéu thi sau mdi khoang thoi gian 56 phut chung lai gip nhau 1 1an. Néu ca hai chuyén
dong ciing voi van toc cii nhung nguoc chiéu nhau thi sau mdi khoang thoi gian 8 phut thi chiing
lai gdp nhau 1 1an. Ngudi ta con thay rang khi khoang cach giira chiing 13 40m thi sau d6 24 gidy
chang chi con cach nhau 26m. Tim van toc (m/phit) cua mdi vat thé, biét rang trong khoang thoi
gian 24 gidy noi trén ching khong gap nhau.

(Dé thi HSG Toén 9 toan qudc nim 1975 - 1976)
Dap sb: Van téc vat I va vat IT 1an luot [a x va y thi x =20, y=15 vax = 140, y = 105.
Bai tip 5: Mot ca nd du dinh di tir A dén B trong mot thoi gian déd dinh, Néu van tdc ca nd ting
3km/h thi ca nd dén noi sém hon 2 gio. Néu van tdc ca nd giam 3km/h thi ca né dén noi cham 3
gio. Tinh chiéu khic song AB?

2. Dang 2: Bai toan lién quan dén kién thirc hinh hoc:
2.1. Kién thirc co ban:
Hinh chir nhat:
Goi a, b 1a chiéu dai, chiéu rong cda hinh chit nhat.
Goi S, C la dién tich, chu vi ctiia hinh chir nhat.
Tinh chu vi hinh chit nhat: C =2(a + b)
Tinh dién tich hinh chir nhat: S = ab
Hinh vuéng:
Goi a do dai canh ctia hinh vudng.
Goi S, C 1a dién tich, chu vi cta hinh vudng.
Tinh chu vi hinh vuéng: C = 4a
Tinh dién tich hinh vuéng: S = a°.
2.2. Bai tap ap dung:
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Bai tap 1: Mot manh dat hinh chir nhat ¢6 hiéu chiéu dai va chiéu rong 1a 6m. Néu ting mdi
chiéu 1&n 2m thi dién tich s& ting 64m?. Hoi kich thuéc mdi chidu Ia bao nhiéu.
Giai
Goi x va y lan luot 13 chidu rong va chiéu dai (0 < x, y < 30; x va y tinh bang m)
Theo bai ra ta cd hé phuong trinh:

{y-x:6 {y-x:6 [x =1
= =
(x+2)(y+2)-xy =64 x+y:301 y=:
Suy ra:
+ Chiéu dai la 18m.
+ Chiéu rong 1a 12m.
Bai tip 2: Mot hinh chit nhat ¢6 chu vi 13 14cm va chiéu dai 16n hon chiéu rong 1cm. Hoi do dai
mdi canh 13 bao nhiéu.
Giai
Goi a va b 1an luot 1a chiéu dai va chiéu rong (diéu kién: a, b > 0, tinh bang cm)
Theo bai ra ta c6 hé phuong trinh:
{(a+b).2 =14 {a =4
=
a=b+1 b=3
Bai tip 3: Mot manh dat hinh chit nhat c¢6 tong chiéu dai va chiéu rong 1a 12m. Néu thém chiéu
dai 2m va chiéu rong 3m thi chiéu dai hon chiéu rong 5m. Tim d6 dai cia mdi chiéu.
Giai
Goi m va n 1an luot 1a chiéu dai va chidu rong ciia manh dat(diéu kién: m, n > 0, tinh bang m).
Theo bai ra ta c6 hé phuong trinh:
{m +n=12 {m =38
=
(m+3)-(n+2)=5 n=4
Bai tap 4: Tinh do dai hai canh goc vudng cia mot tam giac vudng. Biét rang néu ting mdi canh
1én 3cm thi dién tich tam giac do sé tang 1én 36cm2, va néu mot canh giam di 2cm, canh kia gidm
di 4cm thi di¢n tich ctia tam gidc giam di 26cm®.
Giai
Goi do dai canh goc vudng thir nhit 13 a (cm), (a > 0).
D0 dai canh goc vuong thir hai 1a b (cm), (b > 0).
Khi ting mdi canh 1én 3cm thi dién tich tam gidc do sé ting 1én 36cm® nén ta co phuong trinh:

%(a+3)(b+3):%ab+36 (1)

Khi mét canh gidm di 2cm, canh kia gidm di 4cm thi dién tich ctia tam giac giam di 26cm? nén ta
c6 phuong trinh:

%(a-2)(b-4):%ab-26 2)
Twr (1) va (2), ta c6 h¢ phuong trinh:
atb=21
2a+b =30

Gidi h¢ phuong trinh trén, ta dugc: a=9; b =12
Véy d6 dai hai canh gbc vudng la 9cm va 12 cm.
Bai tp 5: Mot manh dit hinh chit nhat co dién tich 360m?. Néu tang chiéu rong 2m va giam
chiéu dai 6m thi dién tich manh dat khong d6i. Tinh chu vi cia manh dat luc dau.
Giai
Goi chiéu rong 13 a(m), (a > 0)
Chiéu dai 13 b(m), (b > 0)
Manh dat hinh chit nhat c6 dién tich 36Om2, ta c6 phuong trinh:
ab =360 (1)
Khi tang chiéu rong 2m va giam chiéu dai 6m thi dién tich manh dat khong doi, ta c6 phuong
trinh:
(@+2)(b-6)=ab 2
Twr (1) va (2), ta c6 h¢ phuong trinh:

Bién soan: Tran Trung Chinh Trang s6 196



:: CHUYEN PE TOAN LUYEN THI VAO LOP 10 THPT ::.

ab =360
{(a+2)(b—6)=ab

Giai hé phuong trinh trén ta duge: a =10; b = 36.

Vay chiéu rong 1a 10m, chiéu dai 1a 36m.

2.3. Bai tap tu luyén:

Bai tap 1: Mot manh vudn hinh chir nhat ¢6 dién tich 1a 720m?, néu ting chidu dai thém 6m va

giam chiéu rong di 4m thi dién tich manh vuon khong doi. Tinh cac kich thude ciia manh vuon.
(Dé thi vao 16p 10 THPT, tinh Thai Binh nim 2005-2006)

Dap s6: chicu dai 1a 30m va chiéu rong 1a 24m.

Bai tap 2: Mot hinh chit nhat ¢6 chu vi 13 2a, a 13 d6 dai cho trude. Néu ta thém vao chiéu dai

10dm va tang chiéu rong 15dm thi dién tich tang thém 630dm?. Tinh cac kich thudc cii hinh chit

nhat.

Pép sb: x va y thtr tu 1 chiéu dai va chiéu rong:

X =240 -2a,y=3a-240. (80<a<120)

. A .5 <A N e . 1 A N e ~ -
Bai tap 3: Mot vuon hinh chit nhat cé chu vi 450m. Néu giam chiéu dai di ] chiéu dai ci, tang

A A A 1 A A ~ 3 . \ A A 7 A e s A A 5
chiéu rong thém 1 chiéu rong cti thi chu vi vuon khong doi. Tinh chiéu dai, chiéu rong ctuia khu

vuon.

Bai tap 4: Tinh cac kich thudc cta hinh chit nhat, biét rang néu ting chiéu dai 3m, giam chiéu
rong 2m thi dién tich khong do6i. Néu giam chiéu dai 3m, tang chi€u rong 3m thi dién tich khdng
doi.

Bai tip 5: Mot manh dat hinh chit nhat ¢6 chu vi 1a 124m. Néu ting chiéu dai 5m va ting chiéu
rong 3m thi di¢n tich s€ tang 225m?. Tinh chiéu dai va chiéu rong cua manh dat.

3. Dang 3: Toan ning suit lam viéc:
3.1. Kién thirc co bén:
Nang sudt [am viéc 13 phan cong viéc 1am dugc trong mot don vi thoi gian.
Cong thuec:
A=N.T

Trong do: A: Khéi lugng cong viée.

N: Ning suét lam viéc.

T: Thoi gian lam viéc.
Téng nang suét riéng bang ning suat chung khi cung lam.
Biét ning suit lam vi€c, thoi gian hoan thanh, lugng cong viée de ap dung hop ly.

Ning suét lao dong tang thém = (100% + mirc ning suat %).quy dinh cong viéc.
3.2. Bai tap ap dung:
Bai tap 1: Hai ngudi tho ciing lam mot cong viée trong 16 gior thi xong. Néu nguoi thir nhit 1am
3 gio, ngudi thir hai lam 6 gid thi chi hoan thanh dugc 25% cong viée. Hoi néu lam riéng thi mdi
nguoi hoan thanh cong viée trong bao 1au?
Giai

Ta co 25%= —

Goi thoi gian mot minh nguoi thir nhat hoan thanh cong viée 1a x(x > 0; gio)
Goi thoi gian mdt minh nguoi thir hai hoan thanh cong viée 1a y(y > 0; gio)

-\ NI S I A
Trong mdt gio ngudi thir nhat lam duge — cong viée
X

Trong mdt gio nguoi thir hai lam duge — cong viéc.
y

Hai nguoi ciing lam thi xong trong 16 gio. Vay trong 1 gio ca hai nguoi cling lam duge 16 cong viec.

1 1 1
Ta c6 phuong trinh: —+—=—(1)
x y 16
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Nguoi thir nhat lam trong 3 gid, nguoi thr hai 1am trong 6 gio thi 25%= 1 cong viéc. Ta co

phuong trinh 3 + 6 L 2
x y 4

Twr (1) va (2) ta c6 hé phuong trinh:

r,r_t 43,3 3 (1,11
1 1

Xy 6@ Xy 6@ x y 1€

3,61 ]3,6 173 1

X y 4 X y 4 y 16

Gidi ra ra dugc: x = 24; y = 48.
Vay néu lam riéng thi nguoi thir nhat hoan thanh cong viéc trong 24 giv. Ngudi thir hai hoan
thanh cong viéc trong 48 gio.
Bai tap 2: Hai ngudi tho cing son cira cho mdt ngdi nha thi 2 ngay xong viéc. Néu nguoi thi
nhit 1am trong 4 ngay roi nghi nguoi thir hai lam tiép trong 1 ngay nita thi xong viéc. Hoi mdi
ngudi lam mdt minh thi bao lau xong cong viéc?
Giai
Goi thoi gian ¢¢ mot minh nguoi thir nhat hoan thanh cong viée 1a x (x > 2; ngay)
Goi thoi gian ¢¢ mot minh nguoi thir hai hoan thanh cong viée 13 y (x > 2; ngay)
Trong mdt ngdy nguoi thir nhat lam duoc ! cong viéc
X
Ap s NPT I A
Trong mot ngay nguoi thir hai lam duge — cdng viée
y

. . . . 1 .
C4 hai nguoi lam xong trong 2 ngay nén trong 1 ngay ca hai nguoi lam duoc 5 cong viéc. Tu do

ta co phuong trinh:

1
l + — = l (1)
x y 2
Nguoi thir nhit lam trong 4 ngdy roi nguoi thi hai 1am trong 1 ngay thi xong cong viéc ta 6
phuong trinh:
4 1
—+—=1 (2
Xy
Tu (1) va (2) ta c6 h¢ phuong trinh:
l+l=% 1,11 ;
z T e Y 2@{’(_ J(thod man dk
Xy x 2

Vay nguoi thir nhit lam mot minh xong cong viéc trong 6 ngdy. Nguoi thir hai 1am mot minh
xong cong viéc trong 3 ngay.
Bai tip 3: Hai doi cong nhan cung lam mot doan dudng trong 24 ngdy thi xong cong viéc. Moi
ngay, phﬁn viéc ciia doi A 1am nhiéu gép rudi doi B. Hoi néu lam riéng thi moi doi phai lam
trong bao lau?

Giai
Goi x (ngay) 1a thoi gian dé doi A lam riéng hoan thanh cong viéc,
Goi y (ngay) 1a thoi gian dé d6i B 1am riéng hoan thanh cong viéc, (x, y > 24).

x. : 1 .
MOoi ngay doi A la dugc — cong viéc.
X
x. : 1 . .
Moi ngay doi B 1a dugc — cong viéc.
y

Vi mdi ngay, phan viéc ctia d6i A 1am nhiéu gap rudi doi B nén ta c6 phuong trinh:
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1)

chung thi trong 24 ngay lam xong cong viéc, nén ta c6 phuong trinh:
1 + l — i (2)

Gidi h¢ phuong trinh trén, ta duogc: x = 40; y = 60.
Vay doi A lam riéng thi trong 40 ngay s€ xong cong viéc, doi B lam riéng s€ 1am xong cong viéc
trong 60 ngay.
Bai tap 4: Hai doi xay dung lam chung mét cong viéc va du dinh hoan thanh trong 12 ngay.
Nhung lam chung dugc 8 ngay thi doi I dugc dléu dong di lam viéc khac. Tuy chi con mot minh
doi 1T 1am viéc, do cai tién cach lam ning suat cua doi hai tang gap doi1, nén ho da lam xong
phan viéc con lai trong 3,5 ngay. Hoi ning suat ban dau, néu mdi doi lam mot minh thi phai
trong bao nhi€u ngay mdi xong cong viéc trén.

Giai
Goi thoi gian dé d6i I 1am mot minh xong cong viée 1a x (ngay), (x > 12)
Goi thoi gian dé d6i IT 1am mdt minh xong cong viée 1a y (ngay), (y > 12)

x. . 1 .
Moi ngay doi I la dugc — cong viéc.
X
x. . 1 .
Moi ngay doi I 1a dugc — cong viéc.

Hai doi cung 1am thi hoan thanh cong viéc trong 12 ngay va lam duoc ta c6 phuong trinh:

11 1
—+— 1
Xy 12 @)

Hai doi cung lam trong 8 ngay duoc % = % cong viée. Do cai tién nén doi II d lam ting gip do6i

2 .
va dugc — cdng viéc va hoan thanh cong trong 3,5 ngay. Ta c6 phuong trinh:

2 2 7
—+——==1 (2

3 2 @)

Tu (1) va (2), ta c6 h¢ phuong trinh:
111
+
Xy 12
y=21

Gidi h¢ phuong trinh trén, ta dugc: x =28; y=21.
Vay doi I lam mdt minh xong cong viéc trong 28 ngay, doi II lam mdt minh xong cong viéc
trong 21 ngay. )
Bai tap S: Hai tho xay cung xdy mdt burc tuong thi trong 7 gid 12 phut la xong cong viéc. Néu
nguoi thir nhat xdy trong 5 gio, nguoi thir hai xay trong 6 gio thi ca hai nguoi xay dugc % burc
tuong. Hoi néu 1am mot minh thi mdi thg xay phai mét bao lau mdi xay xong birc tuong.

Giai
Goi thoi gian dé ngudi tho thir nhat mot minh 1am xong cong viée 14 x (gio), (x > 0)
Goi thoi gian dé nguoi thg thtr hai mot minh 1am xong cong vige 1a y (gio), (y > 0)

PO NN YA 1 A
Trong mdt gio nguodi thir nhat xay dugc — cong viéc.
X
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A oy L T A 1 n
Trong mdt gid nguoi thir hai xay dugc — cong viéce.
y

Ca hai nguoi cung lam thi trong mot gio xay dugc % cong viéc, nén ta c6 phuong trinh:

1 + 1 — 3_6 (1)

X y 5

Nguoi thir nhat xay trong 5 gio dugce > birc tuong.
X

Nguoi thtr hai xay trong 6 gio duoc 6 btrc tuong
y

e A 3. . . .
Vi ca hai xay duogc " btrc tuong, nén ta c6 phuong trinh:

§+E = § (2)
Xy 4
Tu (1) va (2), ta ¢6 hé phuong trinh:
1 N 1 36

y
6

X 5

5,63
X y 4

Giai h¢ phuong trinh trén, ta duge: x = 12; y = 18.

Vay nguoi the thir nhat mot minh xay xong btrc tuong trong 12 gid, nguoi thg thir hai mot minh

xay xong buc tuong trong 18 gio.

3.3. Bai tap tu luyén:

Bai tap 1: Hai nguoi tho quét voi cung lam chung thi sau 12 gi¢' xng cong viéc. Sau khi lam

chung 8 gio thi mot nguoi phai di lam viée khac nén ngudi con lai phai lam nét trong 5 gio nita

moi xong. Hoi néu 1am mot minh thi mdi nguoi phai lam miy gid méi xong. )
Bai tip 2: Hai ngudi tho cing 1am mot cong viée thi xong trong 18 gid. Néu nguoi thir nhat lam

trong 4 gid, nguoi thir hai lam trong 7 gio thi dugc 3 cong viéc. Ho1 moi ngudi [am mot minh

thi mat bao lau s& xong cong viéc?

Bai tap 3: Dé hoan thanh mot cong viée hai td phai lam trong 6 gid. Sau 2 gid lam chung thi to
hai dugc diéu di lam viéc khac. TS mot da hoan thanh cong vi¢éc con lai trong 10 gio. Hoéi néu
mdi t6 1am riéng thhi bao lau xong cong viéc d6?

Bai tip 4: Hai doi cong nhin cing dao mdt con muwong. Néu ho cung lam thi trong 2 ngay s&
xong cong viéc. Néu lam riéng thi doi haihoan thanh cong viéc nhanh hon doi mot 1a 3 ngay. Hoi
néu 1am riéng thi mdi d6i phai lam trong bao nhiéu ngay dé xong cong viéc?

Bai tap 5: Hai chiéc binh rdng gidng nhau c6 cing dung tich 1 375 lit. 4 mdi binmhf c6 mot voi
nude chdy vao va dung lugng nudc chdy trong mdt gido 1a nhu nhau. Nguoi ta mé cho hai voi
cung chay vao binh nhung sau 2 gid thi khoa voi thir hai lai va sau 45 phat méi tiép tuc mé lai.
Pé hai binh cung ddy mot lic ngudi ta phai ting dung luong voi thir hai thém 25 lit/gio. Tinh
xem moi gid voi thir nhit chay duoc bao nhiéu lit nudc.

Bai tip 6: Hai va Son cling lam mdt cong viéc trong 7 gio 20 phit thi xong. Néu Hai lam trong

5 gio va Son lam trong 6 gio thi ca hai lam dugc 2 khoi lugng cong viée. Ho1 moi ngudi lam

cong viéc do trong may gio thi xong.

4. Dang 4: Toan chdy chung, chiy riéng cia voi nudc:

4.1. Kién thirc co bén:

Cach giai

Budc 1: Tim lugng nudc chay chung cua hai voi.
Luong nudc chay riéng ciia mdi voi vao bé hoan thanh.
Lap phuong trinh lugng nudce.

Budc 2: Thoi gian hai voi chay day bé.
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Thoi gian chdy riéng hoan thanh ctia mdi voi.
Lap phuong trinh thoi gian chay day bé.
Budc 3: Giai hé phuong trinh.
4.2. Bai tap ap dung:

Ne A . \ e r 5 \ A A 1 4 [ A A R _on r 5
Bai tap 1: Hai voi nudc chdy chung vao mot bé thi sau 4 : gio day be. Moi gio lugng nudce ctua

: . . 1 . e Ke s :
voi I chay dugc bang 1 > luong nudce chay duge cua voi II. Ho6i moi voi chdy riéng thi trong

bao lau day bé.
Giai

. . . 2 . 2 2 . 24
Goi thoi gian d€ voi I chdy mot minh day be 1a x, ( gio), x > =

. e e A \ e 5 A 1 A A 1x L 24
Goi thoi gian dé voi II chdy mdt minh day bé la y, ( gio), y> —.

5
. : . .11
Trong 1 gio voil va voi Il chay dugc luong nudc tuong ing la: —, — (bé).
Xy

1.5

Vi hai voi ciing chay sau % thi ddy bé do do ta c6 phuong trinh (1): 1y "
X oy

. A .
Vi trong 1 gio lugng nudc chay dugc cua voil bang 3 lurong nudce chdy dugc cua voi Il do do ta

c6 phuong trinh (2): 1. E 1
X 2y
Theo bai ra ta c6 hé phuong trinh:
1 1_5
Xy 24
1 _31
x 2y

Xx=8

y=12

Vay voi I chay mot minh day bé trong 8 gid, Voi II chay mot minh day bé trong 12 gio.

Bai tap 2: Hai voi nudc cung chdy vao mot bé sau 1 gio 20 phut thi day bé. Néu mo voi thir

Gidi h¢ phuong trinh ta dugc: {

. . 2 . D
nhit chay trong 10 phat va voi th hai chay trong 12 phut thi day 15 bé. Hoi néu mdi voi chay
mdt minh thi bao 1au méi day bé.

Giéi 2 r 1 2
Goi thoi gian dé Voi thir nhat chay mét minh day bé 1a x, ( phut), x > 80.
Goi thoi gian d€ Voi thtr hai chdy mdt minh day bé 1a y, ( phuat), y > 80.

. . ; 1 . R
Cong suat tinh theo phut ctia Voi thr nhat 1a: — (b€), voi thur hai [ — (be).

X y

Vi hai voi cting chay sau 1 gid 20 phat = 80 Phut, thi day bé do d6 ta co phuong trinh:

1 1 1

4+ = 1
x 'y 80 @)

) 1 .
Sau 10 phut Voi 1 chay dugc: 10. — (bé).
X
) 1 .
Sau 12 phut Voi 2 chay dugc: 12. — (bé)
y

Vi néu mé voi thir nhat chay trong 10 phiit va voi thir hai chay trong 12 phut thi day % bé do

12
do ta c6 phuong trinh: 10 + — = -2 (2)
X y 15
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Theo bai ra ta cé hé phuong trinh:
t, it

x y 80

10 122

4=

x y 15
Giai hé phuong trinh ta dugc: x = 120 phut, y = 240 phut.
Vay thoi gian voi 1 chay ddy bé 1a 120 phut, voi 2 1a 240 phat.
Bai tip 3: Hai voi nudc cung chay thi sau 5 gid 50 phat s& diy bé, Néu dé hai voi cung chay
trong 5 gid r0i khoa voi thir nhét lai thi voi thir hai phai chay trong 2 gio nira méi dy bé. Tinh
xem néu dé mdi voi chay mot minh thi trong bao lau s& day bé?

Giai

Goi thoi gian dé voi 1 chay day bé 1a x (gio), (x > 0)
Goi thoi gian dé voi 2 chay day bé 1a y (gio), (y > 0)

Trong 1 gio, voi 1 chay duoc 1 bé va voi 2 chay dugc — bé.
X y

. : 50 _ 35 .

Taco: 5 gio 50 phut =5 + — = —gio.

g p 60 6 g
Theo bai ra, ta c6 hé phuong trinh:

1,1_6

X y 35

5(1+1]+2:1

X y)y

Giai h¢ phuong trinh trén, ta duoc: X =10vay = 14. o
Vay voi 1 chay mot minh trong 10 gio day bé, voi 2 chay mot minh trong 14 gio day be.
Bai tap 4: Hai voi nudc cung chay vao mdt cai bé khong c6 nudc trong 4 gio 48 phut s€ day bé.
Néu mé voi thir nhit trong 3 gid va voi thtr hai trong 4 gio thi duoc % bé nuédc. Hoi mdi voi
chay mot minh trong bao 1au thi méi day bé?

Giai o
Goli thoi gian d€ voi 1 chay day be la x (gio), (x> 0)
Goi thoi gian @€ voi 2 chay day be la y (gio), (y > 0)

Trong 1 gid, voi 1 chay duoc 1 bé va voi 2 chay dugc — be.
X y

Ta co: 4 gio 48 phut =4 + %: %gi(y.

Theo bai ra, ta co hé phuong trinh:

1 1 5
—t—=—
X y 24
3,4_3
Xy 4

Giai hé phuong trinh trén, ta dugc: X = 12 Vz‘iny =8. o
Vay voi 1 chay mot minh trong 12 gio day be, voi 2 chay mot minh trong 8 gio day bé.

NCE . \ e 7 \ 5 A A A r N 24 5 A A A , A 2
Bai tap 5: Hai voi nudc cung chay vao mot bé nudc can thi sau = gio day bé. Néu lac dau chi
ma& VOi thir nhat va 9 gio sau mai m thém voi thir hai thi sau g gio nita méi day bé. Hoi néu

ngay tir dau chi mé voi thir hai thi sau bao lau mai day bé?
Giai
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Goi x va y la thoi gian voi | va Voi Il chay mot minh day bé (0 < x, y < 2—4)

Trong 1 gid 1 chay duoc 1
X
. 1,
Trong 1 gio 2 chay dugc — bé
y
Trong 1 gio, ca 2 voi chay dugc % bé
1 1
Ta c6 phuong trinh: —+—= > (1)
Xy 24

Trong 9 gid voi | chay dugc 9 e
X

Trong 6/5 gio voi Il chay dugc % bé

Ta c6 phuong trinh: S + 5 =1 (2
X by
Tur (1) va (2) ta c6 hé phuong trinh:
1.1 5
Xy 24
g + £ =1
X 5y

Giai hé phuong trinh trén, ta dugc: y = % gio

Vay néu ngay tir dau chi mé voi the hai thi sau % gio gio day bé.

4.3. Bai tap tu luyén:

Bai tip 1: C6 hai voi nudc chay vao bé chira hinh hop chit nhat ¢ chiéu cao 2m. Néu mé ca hai
voi cung chay thi sau 12 gio bé déy Nguoi ta mo ca hai voi cho chay trong 4 gio thi khoa voi thir
hai lai va dé voi thir nhit chay tiép thi trong 14 gio nira mai day bé.

a) Hoi neu dé chay mot minh thi mdi voi chay bao nhiéu 1au méi day bé ?

b) Biét mdi gid voi thir nhat chay duoc 8000 lit va ddy bé 13 hinh chit nhat c6 chiéu dai hon chiéu
rong 6m va chiéu cao ctia bé 13 2m. Tinh kich thudc cta bé ?

Bai tap 2: Hai voi nudc cung chdy vao mot bé 16n thi sau 10 s& day bé. Néu voi thir nht chay

I3 \ e , . 5 5N LA 2 3A 2 A 9 s X A 5 A
trong 6 gio va voi thir hai chdy trong 3 gio thi bé chi day dugc r bé. Ho1 moi voi néu chay mot

minh thi phai mit bao ldu méi diy bé.

5. Dang 5: Toan tim s0:

5.1. Kién thirc co bén: )

Céch viét so trong hé thap phan cua so tu nhién:
S ¢6 hai chit s6: ab=10a+b
S6 c6 ba chit s6: abc =100a+10b+c

S6 ¢6 ba chit s6: abcd =1000a +100b +10c +d
Quan hé chia hét va chia co du:
S6 a chia cho b bﬁ“mg ¢ va co sb du lar, duoc viét lai 1a: a=b.c +r.
Néu a chia hét cho b thi sé dur = 0.
Néu a khong chia hét cho b thi s du r # 0.
5.2. Bai tap ap dung:
Bai tap 1: Cho mot s6 tu nhién, néu cong s6 d6 véi 2 va nhan véi chinh sb do thi duoc két qua la
48. Tim sb do.
Giai
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Goi s6 tu nhién cin tim 1 n (0 < n< 48).
Theo bai ra ta co:
n(n +2) = 48
< n = -8(loai) va n =6.
Vay s6 tu nhién cin tim 13 6.
Bai tap 2: Tim s ty nhién c6 hai chir s6. Biét rang tong cua hai chir s6 bang 12. Chit s6 hang
don vi bang 3 1an chit s6 hang chuc. S6 d6 1a.
Giai
Diéu kién: 0 <a, b<9;a vab la s tu nhién.
Theo bai ra ta c6 hé phuong trinh:
{a +b=12 {a =3
=
b =3a b=9
Vay sb can tim 1 39.
Bai tap 3: Tim hai sé tu nhién, bi t6 ng clia ching baig 1006 va liy sb 16n chia sé nho thi duogc
thuong 1a 2 va sb du 124
Giai
Goi x 1a 56 16n va y 1a s6 nho . Piéu kién : X, y € N, x> y.
Tong hai s6: x +y = 1006
Phép chia c6 du: x = 2y +124 < x — 2y = 124
Ta co hé phuong trinh:
x+y =1006
x—2y =124
Giai hé trén, ta dugc: X = 712; y = 294,
Vay sb 16n 1a 712, s6 bé 1a 294.
Bai tap 4: Tong céac chir sd ctia 1 s6 ¢ hai chir s6 13 9. Néu thém vao s6 d6 63 don vi thi sé thu
duoc ciing viét bang hai chit s d6 nhung theo thtr ty nguoc lai. Hay tim sb d6?
Giai
Goi chit s6 hang chuc 1a x (0<x<9,x eN)
Chir s6 hang don vi la y, (0O<y <9,y eN)
Vitong 2 chitrséla9tacox+y=9 (1)
S6do 1a xy =10x +y
S6 viét nguoc lai 1a yx =10y + x
Vi thém vao sd d6 63 don vi thi duogc s viét theo thir tu nguoc lai ta cé

Xy +63 = yx
< 10x+y+63=10y + X
< 9x-9y =-63 (2

NP - ‘ {x +y=9
Tur (1) va (2) ta c6 hé phuong trinh
9x-9y = -63

Giai hé trén, ta dugc: x=1;y=8.
Vay s6 phai tim 13 18.
Bai tap 5: Tim tat ca cc sO tu nhién c6 hai chit sd, biét réng chit sb hang don vi nhd hon chir )
hang chuyc 1a 2 va tich ciia hai chit s6 d6 ctia n6 luén 16n hon tong hai chir s6 ctia n6 1a 34.

Giai
Goi chit s6 phaitim1a ab; 0<ab<9,a#0.
Vi chir s6 hang don vi nho hon chit s hang chuc 14 2 do d6 ta c6 phuong trinh:

a—bh=2 (1)
Vi tich cta hai chir s6 d6 ctia n6 ludén 16n hon tong hai chit sé cta n6 1a 34, do d6 ta co phuong
trinh:

ab-(a+h)=34 (2)
Theo bai ra ta c6 hé phuong trinh:

Bién soan: Tran Trung Chinh Trang s6 204



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

a-b=2

{a.b-(a +b) =34
Gial h¢ phuong trinh ta duge: a=8;b =6
Viéy s6 phai tim la 86. , , o i ) )
Bai tap 6: Cho mot s c6 hai chir s6. Tim s do, bit rang tong hai chir s6 cia n6 nhé hon s6 do
6 lan, néu thém 25 vao tich cla hai chit s0 do s€ dugc mdt s theo thur ty nguoc laivdi s6 da
cho.

Giai
Goi chir s6 phai tim 1a K/ ; X, y nguyén duong, (0 <x,y<9,x#0.
Vi tong hai chit s6 ctia n6 nho hon sé d6 6 lan do d6 ta c6 phuong trinh: 6 (x +y) = K/
Vi néu thém 25 vao tich cta hai chit s6 d6 s& duoc mot s6 theo thir ty nguoc laivéi sé da cho do

d6 ta c6 phuong trinh: Xy +25= yX.

N s o Je(x+y)=xy
Theo bai ra ta c6 h¢ phuong trinh: {_—

Xy +25= W
1A . X=5
Giai h¢ phuong trinh ta dugc A
y =
Vay sb phai tim 1 54.
5.3. Bai tap tw luyén: i ) ) )
Bai tap 1: Tong chit s6 hang chuc va hai lan chit s6 hang don vi clia mot s6 c6 hai chir so6 1a 18.
Neéu doi cho hai c}}& sO cho nhaq thi quqc mot SO lg’m hon ban dau }é 54. Tim s@ ban dau.
Bai tap 2: Tim s6 co hai chir s0, biét rang chir s0 hang don vi gap ba chtr s6 hang chuc va khi
chia s6 do cho tong cac chir s6 thi dugc thuong 1a 3 va du 3.

Bai tip 3: Tong hai s6 bang 51. Tim hai sé d6 biét rang % sO thtr nhat thi bang % s6 thir hai.

Bai tap 4: Tim mot s6 ty nhién c6 hai chit s6, biét tong cac chir sd cta né 1a 7. Néu d6i chd hai
chir s6 hang don vi va hang chuccho nhau thi sé d6 giam di 45 don vi.

Bai tip 5: Tim hai s6 hon kém nhau 5 don vi va tich cta chiing bang 150.

Bai tip 6: Tim s tu nhién c6 2 chir sd. Biét ring sb d6 bang lap phuong cua s tao boi chit sb
hang van va chit s hang nghin cua sb da cho theo thu tu d6.

Bai tap 7: Tong cua hai chit sé hang don vi va 2 1an chit s6 hang chuc ciia mot sé c6 hai chit sb
béng 10. Néu ddi chd hai chit s6 cho nhau thi dugc s6 m&i nhé hon sb ban dau 1a 18 don vi. Tim
s6 ban dau?

6. Dang 6: Toan sir dung kién thirc vat 1y, héa hoc:
6.1. Kién thirc co bén:
Tinh khoi lugng riéng cua vat:

p="2
v

D: Khoi luong riéng, m: Khi luong, V: Thé tich.
Cong thue tinh thanh phan phan tram cua chat c6 trong dung dich:
mCl

C% = .100%

mdd

C%: Né)ng do phﬁn tram, me: Khéi luong chét tan, mgg: Khdi luong dung dich.
6.2. Bai tap ap dung:
Bai tap 1: Mot dung dich chira 30% axit nitoric (tinh theo thé tich) va mot dung dich khac chta
55% axit nitoric. Can phai tron thém bao nhiéu lit dung dich loai 1 va loai 2 dé dugc 100lit dung
dich 50% axit nitoric?

Giai
Goi X, y theo thir tu 1a s6 lit dung dich loai 1 va 2 (x, y > 0)

Luogng axit nitoric chira trong dung dich loai 1 14 ﬂx va loai 2 la Ey
100 100
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x+y =100

Ta ¢ hé phuong trinh: 30 55
—X+—y =50
100 100

Giai hé nay ta duoc: x = 20; y = 80
Vay s lit dung dich loai 1 1a 20 lit, s6 lit dung dich loai 2 1a 80 lit.
Bai tap 2: Mot hop kim gom ddng va kém c6 khéi lwong 124,5 gam. Tinh khdi lugng dong va
k&m trong hop kim, biét rang khdi luong riéng ciia ddng 1a 8900kg/m®, cua k&m 1a 7100kg/m> va
cta hop kim 1a 8300kg/m”.

Giai
Goi x, y 14 1an Iuot 1a khdi luong ciia dong va kém co trong hop kim.
Diéu kién: 0 <x, y < 124,5.
Vi khi lwong ctia ddng va kém 1a 124,5gam nén ta c6 phuong trinh:

X+y=1245 (1)
Thé tich ctia dong va k&m ciing 14 thé tich ctia hop kim, ta c6 phuong trinh:

X Y _ 124,5 @)

8900 7100 8300

Tur (1) va (2), ta c6 hé phuong trinh:
x+y=124,5
X .Y _ 124,5
8900 7100 8300

Giai hé phuong trinh trén, ta dugc: x =89, y = 35,5.
Vay khéi lwong cua dong la 89 gam, cua kém la 35,5 gam.
6.3. Bai tap tu luyén:
Bai tap 1: Mot vat c6 khoi luong 124¢g va thé tich 15 cm® 1a hop kim cua ddng va kém. Tinh
xem trong d6 co bao nhiéu gam ddng va bao nhiéu gam k&m, biét rang cr 89g dong thi c6 thé
tich 12 10cm?® va 7g kém ¢6 thé tich 1 1 cm®.
Bai tap 2: Ngudi ta hoa 1an 7kg chat 1ong I voi 5 kg chat 16ng II thi duoc mot hdn hop co khéi
luong riéng 60 kg/m3. Biét khoi luong riéng cia chat long I 16n hon khéi luong riéng cua chit
16ng II 13 200 kg/m3. Tinh khéi lwong riéng ctia mdi chit 1ong.

7. Dang 7: Toan dén sb, phan trim:
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7.1 Kién thitc co ban:
Goi a 12 s6 dan duoc biét trudc.
Khi do:
Néu ting dan sb thém b% thi ta c6 s dan sau khi ting 13: a + ab%.
Néu giam déan s6 b% thi ta c6 sb dan sau khi giam 1a: a - ab%.
Goi x 1a s6 tién dugc guri ¢b dinh, voi 131 suat giri s6 tién x 14 y%/ thang va khong thay ddi 1ai
sut.
Khi do:
S6 tién tinh dugc trong mot thang 1a: x + x.y%
S6 tién tinh dugc trong hai thang 1a: x + (x +x.y%).y%
Tuong tu nhu vay, ta tinh dugc sb tién guri trong mot nam.
7.2. Bai tap ap dung:
Bai tap 1: Nam ngodi, hai don vi san xuit nong nghiép thu hoach duoc 720 tan théc. Nam nay,
don vi thtr nhat 1am vuot mirc 15%, don vi tht hai 1am vuot mic 12% so v&i ndm ngoai. Do do
ca hai don vi thu hoach duoc 819 tin thoc. Hoi ndm ngoai mdi don vi thu hoach dugc bao nhiéu
tan thoc?
Giai
Goi x (tin) 1a s6 tan thoc thu hoach duoc nim ngodi ciia don vi 1, (x > 0)
Goi y (tin) 1a s6 tan thoc thu hoach dugc nim ngoai ctia don vi 2, (y > 0)
Niam ngoai ca hai doi thu hoach dugc 720 (tén) ta c6 phuong trinh:
X+y=720 (1)
Niam nay doi 1 thu hoach dugc 115% (tan) thoc, doi 2 thu hoach dugc 112% (tan) thoc, tong 2
d61 thu hoach duoc 819(tén) ta c6 phuong trinh:
115% x + 112% y = 819 (2
Twr (1) va (2) ta c6 hé phuong trinh:

X+y=720
ﬁxjtgy=819
100 100

Giai hé phuong trinh trén, ta dugc: X = 420; y = 300.
Vay don vi 1 thu hoach dugc 420 tan thoc, don vi 2 thu duge 300 tan thoc.
Bai tap 2: Bai tap 1: Hai to san xuét phai hoan thanh 90 san pham. T6 I vuot mirc 15% ké hoach
cta td. T6 II vuot mirc 12% ké hoach cua td. Do do, ca hai td lam dugce 102 san phém. Hoi theo
ké hoach mdi t6 phai 1am bao nhiéu san pham.
Giai
Goi s san pham phai lam theo ké hoach cua t6 I 1a x, (x > 0)
Goi s san pham phai lam theo ké hoach cua t6 11 1a y, (y > 0)
S6 san pham cua hai t6 phai hoan thanh 1a:
X+y=90 (1)
Vi t6 I vuot mirc 15% ké hoach cia td va t6 IT vuot mirc 12% ké hoach cua td. Do do, ca hai to
1am duoc 102 san pham.
Ta c6 phuong trinh:

15 12
X+ 15%x +y + 12%y =102 hay —x+—y =12 2
0X +y oy Y 700 100” ()
Twr (1) va (2), ta c6 h¢ phuong trinh:
X+y=90
512,
100 100

Gidi h¢ phuong trinh trén, ta dugc: x =40; y = 50.
Vay t6 T lam dugce 40 san phém, t6 11 lam duoc 50 san phém.
Bai tap 3: Hai ddi cong nhan dugc giao cung thuc hi¢n mot ké hoach la trong mot thang duoc
300 dung cu. Trong 3 tuan dau, doi I 1am duge 90% s6 dung cu dugc giao, d6i II lam dugc 60%
$6 dung cu dugc giao va ca hai doi lam duogc 80% ké hoach da dé ra. Tinh s6 dung cu mdi doi
dugc giao 2(1 thang bang 30 ngay)

Giai
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Goi sb dung cu d6i 1 duoc giao 1a x, ) dung cu d6i 2 dugc giao lay, (X, y > 0)
Ta c6 phuong trinh: x +y =300 (1)

Sd dung cu ddi 1 lam dugc trong 3 tuan 1a 0,9x

Sd dung cu ddi 2 lam dugc trong 3 tudn 1a 0,6y

S6 dung cy 2 doi lam dugc 1a 80% = 240

Ta c6 phuong trinh: 0.9x + 0.6y = 240 (2)
Tu (1) va (2), ta c6 h¢ phuong trinh:

X+y =300

0,9x+0,6y= 240

Giai hé phuong trinh trén, ta dugc: x =200; y = 100.
Vay s6 dung cu d6i 1 lam duoc 13 200, s6 dung cu doi 2 lam dugc 1a 100.
Bai tip 4: Trong thang dau hai to cong nhan san xuat dugc 800 chi tiét may. Sang thang thir hai
t6 vuot mic 15%, to II san xuat vugt mirc 20%, do d6 cudi thang ca hai to san xuat dugc 945 chi
tiét may. Hoi rang trong thang dau, mdi to cong nhan san xuat dugc bao nhiéu chi tiét may.
Giai
Goi b chi tiét san xuat dugc trong thang dau cua To I 14 x (x nguyén duong), 0 <x < 800.
Goi sb chi tiét san xuat dugc trong thang dau cua To II 13 y (y nguyén duong), 0 <y < 800.
Vi trong thang dau hai t6 san xuat dugc 800 chi tiét may do do ta co phuong trinh:
x+y=800 (1)
Vi trong thang thir hai T6 1 vuot mirc 15%, T6 1T san xuét vuot mic 12%, ca hai to san xuét
dugc 945 chi tiét may do dé ta c6 phuong trinh la:

x+15—x+y+@=945 <:>$x+£y:945 (2)
100 100 100 100
Theo bai ra ta c6 hé phuong trinh:
x+y =800
ﬁ X + 1_12 y= 945
100 100

Giai hé phuong trinh ta dugc: x = 300, y = 500.
Vay trong thang dau to I san xuat dugc 300 chi tiét may, t6 II san xudt dugc 500 chi tiét may.
Bai tap 5: Nam ngoai dan s6 cua hai tinh A va B 13 4 triéu nguoi. Dan sb tinh A nim nay ting
1,2 % con tinh B tang 1,1 %, tong dan s cta hai tinh nim nay 13 4 045 000 nguoi. Tinh dan s6
ctia moi tinh nim ngoai va nim nay.
Giai
Goi dan s6 nim ngoai ctia tinh A 13 x (x nguyén duong), x < 4 triéu.
Goi dan s6 nim ngoai cta tinh B 14 y (y nguyén duong), y < 4 triéu
Vidan s6 ndm ngoai cua hai tinh ndm ngoai 14 4 tridu do d6 ta c6 phuong trinh:

X+y=4 1)
Vi dén s6 nim nay ciia tinh A niam nay ting 1,2%, tinh B tang 1,1 % do d6 ta c6 phwong trinh la:
Lax LY _ 6 oa5 ()
100 100
Theo bai ra ta c6 hé phuong trinh:
X+y=4
1,2x 2X+_1,1y= 0,04¢
100 100

Giai hé phuong trinh ta dugc: x = 1012000; y = 3033000.

Vay dan s6 ctia tinh A ndm nay 1a 1 012 000 ngudi, tinh B 1a 3 033 000 nguoi.

7.3. Bai tap tu luyén:

Bai tap 1: Hai truong A va B cua mot thi tran c6 210 hoc sinh thi dd vao 16p 10, voi ti 1€ tring
tuyén 84%. Tinh riéng thi trudng A d6 80%, truong B dd 90%. Tinh xem mdi truong c6 bao
nhiéu hoc sinh 16p 9 du thi.

Bai tap 2: Theo ké hoach hai té phai lam 110san pham. Khi thyc hién t6 1 ting nang suat 14%,
t6 2 tang 10% nén di lam dugc 123san pham. Tinh s6 san pham theo ké hoach cua moi t6?
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Bai tap 3: Hai s0 tién duoc gui tiét kiém. SO tién thir nhat duoc giri trong 9 thang vai 13i suat 6%
mot nam (12 thang). Sb tién thir hai dugc gui trong 7 thang véi 13i sudt 5% mot ndm (12 thang);
sau thoi gian giri tiét kiém, sd tién 14i phat sinh bang nhau. Tong hai sb tién ké ca tién Iai 1a
9210500 ddng. Hoi hai sb tién d6 1a bao nhiéu?

Bai tap 4: Theo ké hoach hai t6 san xut 600 san phim trong mot thoi gian nhat dinh. Do 4p
dung ki thuat m&i nén t6 I da vuot mirc 18% va té II vuot mirc 21%. Vi vy trong thoi gian quy
dinh ho d3 hoan thanh vuot muc 120 san phim. Hoi s san phdm duoc giao cia mdi td theo ké
hoach?

Bai tap S: Trong thang dau hai t6 cong nhén san xuat duoc 300 chi tlet may. Sang thang thir hai
t6 1 san xuat vuot mire 15%, t6 II san xudt vuot mirc 20% do do cudi thang ca hai to san xuat
duoc 352 chi tiét may. Hoi rang trong thang dau mdi to san xuat dugc bao nhiéu chi tiét may.
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, CHUYEN DE 18 ‘
BAT PHUONG TRINH VA HE BAT PHUONG TRINH

I. BAT PHUONG TRINH:
Bét phuong trinh mot 4n 1a mot ménh d& chira bién X so sanh hai ham sb f(x) va g(x) trén sd
thuc R 1a mot trong cac dang sau:

, f(x) < g(x), f(x) > g(x), f(x) < g(x), f(x) > g(x) )
Tap hop tat ca cac nghiém cia bat phuong trinh dugc goi la tdp nghi€ém cua bat phuong trinh
hay con c6 thé goi 1a nghiém ctia bat phuong trinh.
Vi du: Giai bat phuong trinh: 4x+ 2 > 0.
Bét phuong trinh trén c6 nghiém dung véi moi sb thue x > -% hay X >% :
Tap nghiém cta bat phuong trinh 1a {xeR| x > -0,5 } = (05; )
1. Bat phwong trinh bic nhit mjt an:
1.1. Kién thic co ban:
Dang bt phuong trinh: ax + b > 0 (hoic <, <, >), voia # 0.
Giai va bi¢n luan dang: ax +b > 0.

ax+b>0

Sax>-b.

b
S X>-—,
a

Néua>0thi x>-2. Tap nghiém cua bat phuong trinh 14 S = (-9;+oo]
a a

Néua<O0thi x< -9. Tap nghiém cta bat phuong trinh 1a S = (—oo; -Ej
a a
Néu a = 0 thi 0x < -b.
Do do: ’
Khi b > 0 thi bat phuong trinh thoéa vo1 moi x hay S = R.

Khi b < 0 thi bat phuong trinh v6 nghiém hay S = @.
Chay: ‘ o
biéu kién can dé ax + b > 0 v6 nghiém véi moix laa=0vab #0.

Diéu kién dé ax + b> 0 c6 nghiém 1a a=0, haya=10, b > 0.

Luu ¥: Ta co thé viét: X>-9:{XER|X>-E}:('E;+OO)
a

a a
.z b b b
Ta co thé viet: X <-—=<XeR|X<-=}=]|-00;-—
a a a
St dung mot trong hai cach viét trén déu ding.
- Dau cua nhi thirc bac nhat:
Dang nhi thirc: f(x) =ax + b, (b #0)
Béng xét dau cia nhi thuec:
b
X - 0 -— +00
a
ax+b Trai dau véi a 0 Cung dau voi a

1.1. Bai tap ap dung:
Bai tap 1: Gidi cac bat phuong trinh sau:

a ) + -3 ( +4
3 - X 1- 3
b A W
4 8
Giai
a) Ta co:
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3(4x+1) —2(5x +2) <4(x +1)
S 12x+3-10x-4<4x+4
& -2X<5

o x22
2

Vay tap nghiém cua bit phuong trinh 1a S= {g, +oo] :

b) Ta co:
3x-1 3(x-2) 1> 5-3x
4 8 2
< 2(3x-1)—3(x—2)-8>4(5-3x)
& 6x-1-3x+6-8>20-12x
< 15x > 23

oxz2
15

Vay tap nghiém cia bat phuong trinh [a S= {i—g +ooJ :
Bai tap 2: Giai cac bat phuong trinh sau:
a) 3x-5>2(x-1)—x
b) (x+2)* —(x—2)*>2-8x
Giai

a) Ta co:

3X—-5>2(x-1)—x
& 3X-5>2x-1-X
& 2x>4
S X>2
Vay tap nghiém ctia bat phuong trinh [d S=(2; +o0).
b) Ta cé:

(X+2)* —(x—2)*>2-8x
< 8x>2-8X
< 16x>2

1
S X2—
8

Vay tap nghiém cia bat phuong trinh [a S= {é, +00j

Bai tap 3: Giai cac bat phuong trinh sau:

a) 1+X_x—32x+1_x—2
4 4 3

b) x* —4x >0

Giai
a) Ta co:
1+X_x—32x+1_x—2

4 4 3

< 12+12x-3x+9>3x+3-4x+8
< 10x>-10
& x>-1
Vay tap nghiém ciia bat phuong trinh 1a S=[-1; +oo)
b) Ta cé:
x?—4x >0
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< X(x-4)>0
&S Xx<0ux>4
Viy tap nghiém ciia bat phuong trinh [ S=(—o0; 0]U[4; +00).
Bai tap 4: Giai cac bat phuong trinh sau:
a) x> —5x+6<0
b) (B8x-2)* (2x+1)°
3 2
Giai
a) Ta co:
x*—5x+6<0
< (x-3)(x-2)<0
& 2<x<3
Vay tap nghiém cta bat phuong trinh 13 S= [2; 3] :
b) Ta co:
(Bx—2)> (2x+1)?
3 2
< 2(3x- 2)?- 3(2x + 1)? < 6x(x + 1)
< 18%° - 24x + 8 - 12x* - 12x - 3 < 6X° + 6X
& -42x<-5

<X(X+1)

<X(X+1)

Sxz
42

Vay tap nghiém cta bit phuwong trinh 1a S= {% +ooj :
Bai tip 5: Giai cac bt phuong trinh:
+

a) XTZ -X+1>x+3
x+1+x+2 +x+3 514 %

2 3 4 2

Giai

a) Ta co:

+
XTZ-X+1>X+3

b)

S X+2-3x+3>3x+9
< bx<4

4
EX<-—
5

; 4
Vay tap nghiém cua bat phuong trinh 1a S = (—OO; —gj

b) Ta cé:
x+1+x+2+x+321+§
2 3 4
S OX+6+4X+8+3x+9>12+6X
< Ix>-11

11
S X=-—
2

. X 11
Vay tap nghiém cua bat phuong trinh la S = [—7 ; +ooj :

Bai tap 6: Giai va bién luan cac bat phuong trinh:
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a) m(x-m)<x-1

b) 3x +m? >m(x +3)
Giai

a) Ta co:

m(x-m)<x-1

< m(x-m)<x-1

< (m-1)x<m?-1

< (m-1)x<(m+1)(m-1)

Néu m =1 thi 0x <2 (dung).

Tap nghiém cua bat phuong trinh la S =R.

Néu m> 1 thix <m+1.

Tap nghiém cta bat phuong trinh 1a S = (-oo; m +1] .

Néu m<1 thi x>m+1.

Tép nghiém cua bat phuong trinh 1a S = [m+1;+0).

b) Ta co:

3x+m*>m(x +3)

< 3x+m? >m(x +3)

< (M-3)x <m?-3m

< (m-3)x<m(m-3)

Néu m = 3 thi bat phuong trinh 0x < 0

Tép nghiém cua bat phuong trinh la S = R.

Néum>3thix<m

Tap nghiém cua bat phuong trinh 13 S = (- o0; m]

Néum<3thix>m

Tap nghiém cta bat phuong trinh 14 S = [m; +o0)

1.3. Bai tap tu luyén:

Bai tap 1: Giai bat phuong trinh: 4(3x - 1) <2x - 8
2x-1 4x+3
+

3

6x-1 5x-1
+

) 4

Bai tap 4: Giai bat phuong trinh: 7x - 8 > 12(x - 2)

Bai tap 5: Giai cac bat phuong trinh sau:
+ +

2) 3X+5 1< X 2 N

1= b) (1-J2)x <3-22

Bai tap 6: Giai va bién luan cac bat phuong trinh sau:

Bai tap 2: Giai bat phuong trinh: >1+X

Bai tap 3: Giai bat phuong trinh: <2x-10

X

a) mx +6>2x+3m
c) (@+1l)x+a+3>4x+1
e) k(x-1)+4x>5

2. Bit phwong trinh béc hai:
2.1. Kién thirc co ban:
Dang bat phuong trinh bac hai:

b) (x+1)k+x<3x+4
d) m(x-m)>2(4-x)
g) b(x-1)<2-x

ax’+bx+c>0ax’+bx+¢c<0
ax® +bx +c¢>0;ax’ + bx + ¢

+00

(voia=0)
Bang xét dau tam thirc bac hai:
X -00
A9 1

Cung dau
voi a

Bién soan: Tran Trung Chinh

Trang s6 213



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

b
A =Db*-4ac X | -0 - oo
A= 0 ] 2a ]
£(x) Cung dau 0 Cung dau
voi a voia
X -00 X1 X2 +o0

A>0 () Cung dau 0 Trai dau véi 0 Cunfg dau

voi a a voia

Dinh 1y tam thirc: Cho tam thirc bac hai: f{x) = ax? + bx + ¢, (a % 0)

A<O
a>0

A<O
a<0

A<LO0
a>0
A<LO0
a<0

f(x) >0, vxeR @{
f(x) <0, vxeR <:>{
f(x) >0, VxeR @{

f(x) <0, VxeR @{

Bét phuong trinh tich:

Pua bit phuong trinh di cho vé dang: P(x) < 0; P(x) < 0; P(x) > 0; P(x) > 0.
Trong d6 P(x) 1a tich cac biéu thirc c6 bac cao nhat 1a bac hai.
Lap bang xét ddu vé trai réi chon mién nghiém.
Bét phuong trinh chira 4n & mau thic:

bat diéu kién xac dinh.

Pua bit phuong trinh di cho vé dang

PO o PO _o PO . o P

QX)

QX QX

Trong d6: Tir thirc, mau thirc 14 c6 bac cao nhét 14 bac hai.

2.1. Bai tap ap dung:

Bai tap 1: Giai bat phuong trinh sau: -5x° + 4x + 12 < 0.

Giai
Pat: f(X) =- 5x *+4x+12 .

Qx

Giai phuong trinh f(x) = 0, c6 hai nghiém la X = -g vax=2.

Lap bang xét dau:

X -0 — 2 + o0
f(x) - 0 + 0 -
Vay tap nghiém ctia bat phuong trinh 1a S = (—o0;— g) U (2; +00) .
2
. -Ox +
Bai t4p 2: Gidi béit phuong trinh: < 04
X“-5x+4
Giai
Giai phuong trinh:
5 X=2
X-X+14=0<
Xx=7
2 x=1
X -5x+4=0<
Xx=4

Lap bang xét dau:
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X -0 1 2 4 7 +o0
Vé trai + | -0 + ] - 0 +
Vay tap nghiém cia bat phuong trinh 13 S = (—o0;1) U (2;4) U (7;+0).
Bai tap 3: Giai bit phuong trinh: 16x? +40x +25>0.

Giai
Pit: f(x) = 16x* + 40x + 25.

Giai phuong trinh f(x) = 0, c6 mot nghiém la X = -% :

Lap bang xét dau:
6
X -00 —— +oo
5
f(x) + 0 +

Vay tap nghiém cta bat phuong trinh 1a S = R.
Bai tap 4: Giai bat phuong trinh: (2x +1)(x* +x-30) > 0.
Giai
Pit: f{x) = (2x + 1)(x* + x - 30).
Giai phuong trinh f(x) = 0, c6 ba nghiém la X = -% ;X=5vax=-6.

Lap bang xét dau:

X -0 -6 —=

f(x) -0+ -

+

5
0
Vay tap nghiém cta bat phuong trinh 1a S { } 5 +oo) :

Bai tip 5: Giai bat phuong trinh: > ox -— X <0
2X°-5X+3 2x°-5x+3
Giai
Dit: f{x) = 6X X _ )4

2x2-5x+3 2X2-5x+3 2X2-5x+3
Giai cac phuong trinh:
5=0&<x=0

2X2-5x+3=0,céhainghiéml'c‘1x=1Vé X=-g

Lap bang xét dau:

X -0 - 0 1 + 00

f(x) - I+ 0 - | +

Vay tap nghiém cia bat phuong trinh [a S= [—oo; ——j ) [O; 1) :

2.3. Bai tap ty luyén:
Bai tap 1: Gidi cac bat phuong trinh sau:
a) 3x*-4x+4>0 b) x*-x-6<0 c) x*-3x*<0
Bai tap 2: Giai cac bt phuong trinh sau: (X -3)(x* +X-6) > (X - 2)(x? +5x + 4)
; X2+ TX+
Bai tap 3: Gidi cac bat phuong trinh sau: M <-1.
x“-3x-10
1 1
< :
x*-5x+4 x*-7x+10

Bai tap 4: Giai cac bat phuong trinh sau:
3. Bit phwong trinh chira ddu gia tri tuyét déi:
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3.1. Kién thirc co bén:
bé giai bat phuong trinh chtra an trong dau gid tri tuyét doi, ta thuong str dung dinh nghia hodc
tinh chat cia gia tri tuyét doi dé khir dau gia tri tuyét doi.

Dinh nghia:
X néux=0
x| = ,
X néux<0
Tinh chat:

\x\zo,\xf = x?
[a+b|<af +]o
[a-b|<[al+[o
‘a+b‘=‘a‘+‘b‘<:>a.b20
‘a-b‘=‘a‘+‘b‘<:>a.bé0
Céc dinh ly co ban:
Pinh 1y 1: V6iA>0vaB>0thiA=B < A? = B?
Pinh1y2: V6iA>0vaB> 0thiA>B < A’>B
Céc dang bat phuong trinh chtra ddu gia trj tuyét dbi:
\A\>\B\@A2 >B?
|A|>[B|<(A-B)(A+B) >0
_{AZO
B>0 {B>O A<B
= =
A’ <B? -B<A<B A<0
{—A<B

\A\<B@{

B<0 B<0
\A\>B@ B>0 <|[(B>0
A’ > B A<-BvA>B

Céc cach giai bat phuong trinh chira dau gia tri tuyét doi:
Phuong phap bién d6i co ban.
Phuong phap chia khoang hoac 1ap bang gia tri.

3.2. Bai tap ap dung:

Bai tip 1: Giai cac bt phuong trinh sau: |7 - 4x| < [2x + 5|
Giai

Lap bang xét ddu gia tri tuyét doi:

5 7
X -00 - — +00
2 4
|7 - 4x] + | + 0 -
|2x + 5| - 0 + | +

Xét x < —g,tacé:

|7 - 4x| <|2x + 5]
& T7-4x<-(2x+5)
&S T7-4x<-2X-5
& -2x<-12
& x>6.
5
. N X<——
Két hop diéu kién 1a 2
X=>6
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Suy ra, tap nghiém cuia bt phuong trinh 1a S = .
Xét —§<x<z, ta co:
2 4
|7 - 4x| <|2x + 5]

S 7-4x<2x+5
S 7-4x<2x+5

&S-2x<-2
&x>1
2 X<— 7
Két hop dicu kiénla { 2 4 &1<X<—.
4
x=>1

Suy ra, tap nghiém cta bat phuong trinh 14 S = [1; %) :

Xét x>%,tacc’):

|7 - 4x| <|2x + 5]
S-(7T-4x)<2x+5
&S-T7+4x<2x+5
& 2x<12
& x<6

. 5 X>—
Keét hop diéu kién la 4<:>Z<XS6.
X<6

Suy ra, tap nghiém cta bat phuong trinh 14 S = (% 6}.

Vay tap nghiém cta bt phuong trinh da cho 13 S = {1; %j v (% 6} = [1; 6]
Bai tip 2: Giai cac bat phuong trinh sau: |4 - x| < |3 - 2X| + |x + 1|

Gidgi )
Lap bang xét dau gia tri tuyét doi:

X -00 -1 3 4 +00
2
4% t |+ ]+ 0 -
13 - 2x] + | + 0 - | -
X+1 - 0 + | + | +

Xét x < -1, ta co:
|4 - x| <|3-2x +|x+ 1]
< 4-xX<3-2x-(x+1)
&4-X<3-2x-x-1
& 2X < -2
oS Xx<-1
Suy ra, tdp nghiém ctua bét phuong trinh 1a S = (—oo;-l)

Xét —1<x<g,tacé:

|4 - x| <|3-2x| +|x + 1]
& 4-X<3-2x+x+1
< 4-X<3-2x+x+1
o 4<4
Suy ra, tp nghiém cuia bat phuong trinh 1a S = .
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Xét g<x<4,tacé:

|4-x <|3-2x +|x+1]
S4-x<-(3-2x)+x+1
S4-X<-3+2x+x+1

S -4X<-6
3
SSX> —
2
E<x<4
Két hop diéu kién 1a <:>E<x<4
X>—
2

Suy ra, tap nghiém cta bat phuong trinh 14 S = (g 4) :

Xét x > 4, ta co:

|4 - X <|3-2x +[x+1]
S-(4-x)<-3-2x)+x+1
S-4+X<-3+2x+x+1
& -2X<2
oS x>-1

. A L L |Xx<4
Keét hop diéu ki¢n 1a { S X>4
x>-1

Suy ra, tap nghiém cta bat phuong trinh 14 S = (4; + oo).

Vay tap nghiém cta bt phuong trinh da cho 13 S = (—oo; -1)u (g 4) U (4; + oo) .

. 3-X
Bai tap 3: Giai cac bat phuong trinh sau: | | <2
X +5]
Giai )
Lap bang xét dau gia tri tuyét doi:
X -0 -5 3 +00
13 - X| + | + 0
x+5 N
Xét x < -5, ta co:
[3-x
<2
x+5
?’_—X<2 @?’__X_2<0
—(x+5) ~X-5
o 3-X _—2(x+5)<0<:>3—x+2x+10<0
-X-5 —X-5 —-X-5
X+13
= >0
X+5

Vix<-5nénx+13<0< x<-13.
Vay tap nghiém ciia bat phuong trinh 13 S = (-o0; - 13).
Xét -5 < x < 3, taco:

[3-x
<2
x+5
e3X 2 537X 50
X+5 X+5

Bién soan: Tran Trung Chinh Trang sb 218



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

- 3—x_2(x+5)<0<:>3—x—2x—10<

X+5 X+5 X+5
3X+7
>0

X+5

f—

V‘|x>-5nén3x+7>0<:>x>—%.

-5<x<3

Két hop véi diéu kién 1a 7 <:>—§<x<3.

)

X>——
3

Vay tap nghiém ctia bat phuong trinh 13 S = (

Xét x > 3, ta co:

3-X
<2

|x+q

“B-%) , X3, g

X+ X+

x-3 2(x+5) x—3-2x-10
= — <0 <

X+5 X+5 X+5

x+13>0

X+5
Vix>3nan X320 vxeRr.,

X+5

Vay tap nghiém cta bt phuong trinh 1a S = R.

3.3. Bai tap tw luyén:

Bai tap 1: Giai cac bt phuong trinh sau:
a) X° +|5x - 4] - 1 <|3x - 2|

Bai tip 2: Giai cac bat phuong trinh sau:
a) 2x° - |5x - 3| <0

Bai tap 3: Giai cac bat phwong trinh sau:
a)}*-1-2x<0

c)Ix-3|-|x+1<2

Bai tip 4: Giai cac bt phuong trinh sau:
a)|2-3x%-16-x)=0

Bai tip 5: Giai cac bt phuong trinh sau:

Q) -3x+1<x3+x-1
Bai tap 6: Giai cac bat phuong trinh sau:
a) - 3x+ 2| +x2 > 2x

2X -5
x-3

C) +1>0

4. Bat phwong trinh vé ti:

Bién soan: Tran Trung Chinh

b) [2x + x - 1| > |x + 1]

b) X - 8 > |x* + 3x - 4

b) [x* + 4x + 3| > |X* - 4x - 5

b) 2Jx] - [x - 3| = 3

b)

b)

1 2>1

+ >
x=1 |x|+1 |X]|

x% —4x
X2+ X+2

x-2

<1

X2 —5X+6

-1
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4.1. Kién thirc co ban:

Dinh Iy:
V6iA>0vaB>0thiA>B < A’>B?
V6i A, B bat ky thi A>B < A® > B,

Tinh chét:
A>0
»\/T<B© B>0
A< B?
_{AZO
B<0
A>Bo
\/_ B>0
A > B?
B>0
A>+B <o
VA> B {A>B

Khi giai bat phuong trinh dang nay, ta giai twong tu nhu phuong trinh v6 ty. Su khic nhau & day
1a dau <, >, <, >va dau =.
C6 hai phuong phép co ban:
Phuong phép chia khoang.
Phuong phép nang Ién liy thtra.
Phuong phép dit 4n sb phuy.
Phuong phap nhan luong lién hop .
Phuong phap danh gia hai vé.
4.2. Bai tap ap dung:
Bai tap 1: Giai bat phuong trinh: 2x-1<3
Giai
Ta co:
2x-1>0 X > 1 X2 1 1
\/2x-1<3<:>{ 2 & 2<:>§£x<5

2x-1<9 <
X=i< 2x<10  |x<5
. o 1
Vay tap nghiém cua bd phuong trinhla S = (E 5)

Bai tap 2: Giai bat phuong trinh sau: VX +2 >+/3-X

Giai
Ta co:
3—-x>0 X <3 X<3
= 1< =<x<3
X+2>3-X 2x>1 sz 2

Vay tap nghiém cta b4 phuong trinh 1a S= {% ; 3} :

Bai tap 3: Giai bat phuong trinh: V1+X -J1-x <X (1)
Giai
L 1+x >0
bicu kién: & -1<x <1
1-x>0
Xét —1<x<0
Khi d6, ta c6 bat phuong trinh twong duong:

X <Jl-x -1+x < x (2)

Do —1<x <0nén hai vé cta (2) khong 4m, ta binh phuong hai vé:
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X2 <1-X+1+X-24/1-X°
& 2-xX2>241-x?

S 4-4X2+ X > 4-4X°
< x20
Bat phuong trinh diing véi moi x thod man —1<x <0.
Suy ra, tap nghiém cta bat phuong trinh 1a S= [— 1 O)
Xét 0<x<1
Ta co:
1+x>21-X
= \/1+’x —1-x>0.
Ta co6 bat phuong trinh twong duong:
1+ X +1-X-241-x* <X?
& 2-X" <241-%°
S 442+ X <4-4%°
< x'<0
< x=0
Nghiém nay khong thdéa man.
Vay tap nghiém cta bit phuwong trinh 1a S= [— 1 0)
Bai tap 4: Giai bit phuong trinh: \/8x-5<5.

Giai
Ta co:
5 X > >
«/8x-5§5<:>{8x_5>0 = X>§ = 8 c>§<x£E
8x—-5<25 8x <30 XSE 8 4
4
A A A o1k N 5 15
Vay tap nghiém cua bat phuong trinh la S = (g Z} :
Bai tip 5: Giai bat phuong trinh: (x-3)vXx-4° <x*-9 (1)
Giai
Didu kién: x*- 4 >0 < |x| > 2.
Khi do, ta co:

D) < (x-3)(Vx*-4-x-3)<0 ()
Xét phuong trinh: v/x*-4-x-3=0.
Khi d6 ta co:

JX?-4-x-3=0

SAXP-4=x+3
X+3>0
=
X*-4=x*+6x+9
X > -3
= 13
X
13

S X=-—
6

Xét ddu cua vé trai cua (2) ta co:
13
6

X -00

+00
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x-)(-4-x-3) | -0t | MWW+ o -

Vay tap nghiém cia bat phuong trinh [a S = (— 0; - %} U [3; + oo).

Bai tap 6 Giai bit phuong trinh: x\/10-X* <x*-6 (1)
Giai

Piéu kién: 10 - X2 0 10> X* & |x| <10

Ta co:

(e xV10-x*-x*+6<0 (2)

Xét phuong trinh:

Xy/10-X* -x*+6=0

X(x*-6)>0 _J6<x< >

< XJ10-x2 =x*-6 < ( ) SN VB <x<0x=6
x?(10—x*) =x*—12x* +36 x*-11x*+18=0

~J6<x<0,x>6 /6 <x<0,x>/6 xX=3
= = =
x*=9,x*=2 X =3 X = +2 x=+-2
Xét dau vé trai cua (2) ta co:
N ‘ w w2 s m e
xIOxE-xt+6 | Mo < |+ | - o [l

Vay tap nghiém ctia bat phuong trinh 13 S = l— J10;-+/2 Ju l3; V10 J
Bai tip 7: Giai bat phuong trinh: 2dXx—-1—-vJXx+2>x-2 (1)

Giai
L Xx-1>0 x>1
bicu ki¢n: = =>x21 (2.
X+2>0 X>-2
Nhan hai vé cua bt phuong trinh (1) véi 24X —1+/X+2 >0.
Ta co:
A(X=1)— (X+2) > (Xx—=2)(2/ X—1+~/ X+ 2) & 3(X— 2)(A/ X— 1+ x+ 2—3)< 0
Xét phuong trinh

2UX—1+x+2-3=0=2x-1+/x+2=3

SAX-D)+x+2+4J(x-1)(x+2) =9

< A4XP+x+2 =11-5x
11-5x>0

o
16(x° +X —2) =121-110x + 25%>
11

X< —

= 15

9x? -126x +153=0

x<it

= 15

x> —14x +17=0

x<it

= 15

X=T7+4J2

Xét ddu vé trai cua (3), ta co:

X -00 1 +o0

(3)
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3(X=2)(2NX=L1+NX+2=3) | i | ' | o '

Vay tap nghiém cta bat phuong trinh 14 S = (7 —42; 2) :
Bai tap 8: Giai bit phuong trinh sau: X -1++/3-X +4xy/2x <x®+10 (1).

Giai
~-1>0
Piéu kién: {3-x>0=1<x<3
x>0
Khi do:

(1)@(x3—4x@+8)+(2—M—Jﬂ)zo.
Ma (x3 —4x@+8)=(>«/§—2ﬁ)2 >0,vx €[L,3]

va
12 +1%) (Jx 1) + (V3- x)) (\/_+\/ﬁ)
:>42(M+\/?:)2

= 2—\/x—1—\/3—x >0

Vay tap nghiém cua bat phuong trinh 1a S = [1; 3].

Bai tap 9: Giai bat phuong trinh sau: V1-2x ++1+2x >2-x? (2).
Giai
L 1-2x >0 1
bicu kién: |X| <=.
1+2x >0 2

Taco: 2-x>>0.
(2) ©1-2X +1+2x + 21— 4x* > (2—-2%?)?

&S 2-2J1-4x* +X* —4x* <0

& 1-4x2 - 21— 4x? +1+x" <0
= (\/1—4x2 —1)2 +x*<0
{\/1—4# ~1-0
< 0
X =

< x=0
Vay bat phuong trinh ¢6 nghiém 1a x = 0.
4.3. Bai tap tu luyén:
Bai tap 1: Giai bat phuong trinh: /3x—2 >5
Dap sb: S = (9; +)

Bai tap 2: Giai bit phuong trinh: V5x+3—-+/2x—-1>0
bap $6: S:(%;Jrooj

Bai tap 3: Giai bat phuong trinh: X —3 < 2x -1
Pap s6: S=[3; + )

Bai tap 4: Giai bit phuong trinh: X* —x+1< X +3
Dap s6: S= {— g ;+ooj

Bai tap 5: Gidi bat phuong trinh: \3x—2 > 4x—3
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Dap s6: S:{

wN

1
Bai tap 6: Giai bit phuong trinh: \/3x% +Xx—4 > x +1
Dap s6: S:(— ;-%}u[l+m;+oo}

4

Bai tap 7: Giai bit phuong trinh: \5x —1—+/x—1>+/2x—4

J-3x*+X+4

X

Pap s6: S=(0;10)
Bai tap 8: Giai bat phuong trinh: <2

r 4 9 4
Pap s6: S=| =;-- |V|-10
ipsi: s=( 33| UF10

Bai tap 9: Giai bat phuong trinh: v/X? —3X +2 +/X? —4x+3 > X? —5x +4
Dép s6: S=[4;+0) U]

Bai tap 10: Giai bit phuong trinh: /X + 24X —1 +\/x + 2¢% -1 > g
Dap s6: VO nghiém.

II. HE BAT PHUONG TRINH:

1. Kién thirc co ban:

Céch giai:

Thong thuong ta giai ting bat phwong trinh cia hé rdi liy giao ctiia nghiém timg bat phuong
trinh cia hé véi nhau.

2. Bai tap ao dung:

Bai tip 1: Giai hé bat phuong trinh sau:

4x+1>5-2x
x—2<3x-3
(Dé thi vao 16p 10 THPT chuyén Ha Noi - Amsterdam va Chu Vin An Ha No6i ndm hoc 2006 -
2007)
Giai
Ta co:
>2
4x+125-2x [6x-420 |*°3
= = =1 P
Xx—2<3x-3 -2x+1<0 1
X2 —
2

Vay tap nghiém clia bat phuong trinh a S = {%, +ooJ :

Bai tap 2: Giai hé bat phwong trinh sau:
{xz +3x—4>0
2x*=3x+1<0
Giai
Ta co:
x<lux >4

x> 4+3x-4>0 1
QESXSI

> 11
2x°=3x+1<0 ESXSI

Vay tap nghiém cia h¢ bat phuong trinh 1a S = {%, 1}
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Bai tap 3: Tim s nguyén x, y, théa méin hé bat phuong trinh sau:

2x.y’ -z >7
\/—xzy2 +8xy+9 —\/x2 -4 22(x+lJ
X

(Dé thi chon HSG 16p 9 tinh Vinh Phiic ndm hoc 2006 - 2007)

Giai
Ta co:
2x.y  —z">7 (1)

\/—xzy2 +8xy +9 —\sz -4 2> 2(x+lj (2)
X
Tur diéu kién:

x>0
Sx>2.
{x2—420

Ta co: \/—X2y2+8xy+9 =4’25—(xy—4)2 <5 nén \/—X2y2+8xy+9—\/x2—4 <5.

Néu x > 3 thi 2[){ + lj > 6 nén bat phuong trinh (2) v nghiém.

X

Suyra:2<x<3.

Do x nguyén nén x chi c6 thé nhan gia tri la 2.

Thay x = 2 vao (2) ta tim duogc y = 2.

Thay x =y=2 vao (1) tatimdugc - 1 <z<1maznguyénnénz e {-1; 0; 1}.
Vay hé bat phuong trinh trén ¢ ba nghiém (x; y; z) 1a (2; 2; -1), (2; 2; 0), (2; 2; 1).
Bai tip 4: Tim cac cip s6 nguyén (x; y) thoa min hé bat phuong trinh sau:

y—‘x2 —2x‘+%>0
y+[x=1-2<0
Giai
Tir bat phuong trinh: y+‘x—1‘—2<0.
Suyra:y<?2.
Két hop voi y+‘x2—2x‘+%>0.
Ta co:
‘XZ—2X‘<y+%<§

= 3 <x’-2x< 3
2 2

Do x nguyén, suy ra: x € {0; 1; 2} ’
Thay vao hé bat phuong trinh ta tim dugc ba cdp s6 nguyén (x; y) thoa man 1a (0; 0); (1; 1), (2;
0).
Bai tap 5: Giai h¢ bat phuong trinh sau:

3-x2>0

X+2>0

2x-120

Giai

Ta co:
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x<3

S<x>-2

X=>—

2

Vay tap nghiém ctia hé bi phuong trinh 1a S = B 3} .

3. Bai tap tu luyén:

Bai tap 1:

Bai tap 2:

Bai tap 3:

Bai tap 4:

Bai tap 5:

Bai tap 6:

Bai tap 7:

Bai tap 8:

Bai tap 9:

Bién soan:

Giai hé bat phuong trinh sau:

{5X—2> 4x+ 5

Sx—-4<x+2
Giai hé bat phuong trinh sau:

2x+1>3x+4

5x+3=28x-9
Giai hé bat phuong trinh sau:

>4-x
3

6-3x <3x+1

|
|

Giai hé bat phuong trinh sau:

(l—x)2 >5+3x+x°

(x+2)2 <x’+6x*-7

Giai hé bat phuong trinh sau:

4X_5<x+3

3x+8 S9x_5

Giai hé bit phuong trinh sau:
6x+ % <4x+7

8x+3

<2xX+5

Giai hé bat phuong trinh sau:

15x—-2> 2x+%

2(x—4)<
(x=4)<=3
Giai h¢ bat phuong trinh sau:

x—1<2x-3
3x< x+ 35
5-3x

2

<x-3

Cho hé bat phurong trinh sau:

Tran Trung Chinh
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x—2y+82>0

Xx+y+220

2x—-y+4<0

x> +y’=m
Tim m déz hé bét phuong trinh c6 nghiém. )
Huong dan: Cac ban I}én dung do thi d€ bién luan 1a chinh xac nhat va hay hon giai h¢.
Bai tap 10: Cho h¢ bat phuong trinh sau:

{X+y+«/2xy+m >1

x+y<l1l
Tim m dé hé c6 nghiém.
Bai tap 11: Cho h¢ bat phuong trinh sau:

(x-1) +(y-1) <2
x—y+m=0
Tim m dé hé ¢6 nghiém.
Bai tap 12: Cho h¢ bat phuong trinh sau:
x> +y?—2x<2
x—y—a=0
Tim a dé hé c6 nghiém. )
CHUYEN DE 19
BAT PANG THUC

Kién thirc chung:
Bét dang thuc (tiéng Anh:Inequality) 14 quan hé thir tw giita hai dbi tuong.
Ky hi¢u:

a < b co6 nghia 1a a nho hon b.

a>b co nghia la a 1é6n hon b.
Nhirng quan hé noéi trén dugc goi 1a bat dang thic nghiém ngit.
Ngoai ra ta con co:

a <b ¢ nghia 1a a nho hon hoic bang b.

a>b c6 nghia 1a a 16n hon hoic bing b.
Céc ky hi€u a, b ¢ hai vé clia mot bat dflng thire c6 thé 1a cac biéu thirc cua cac bién.
Néu mot bat dang thirc dng voi moi gia tri cua tat ca cac bién c6 mit trong bat dang thuc, thi
bat ddng thirc nay duoc goi la bat déng thire tuyét dbi hay khong diéu kién.
Néu mot bat dang thirc chi diing véi mot sb gia tri nao do cua cac bién, voi cac gia tri khac thi n6
bi d6i chiéu hay khong con | dung nira thi né dugc goi la mot bat dang thirc co diéu kién.
Mot bat dang thirc dang van con dung néu ca hai vé ctia n6 duoc thém vao hodc bot di cung mot
gia tri, hay néu ca hai vé cua né dugc nhan hay chia véi cung mot s6 duong. Mot bat dang thic
s& bi dao chiéu néu ca hai vé ctia n6 duge nhan hay chia b&1 mot s6 Am.

Ba bai toan thuong gip trén cac bat dang thic 1a
(1) Chiirng minh bat déng thirc ding véi tri gid tri cla cac bién thudc mot tap hop cho trude. Do
1a chirng minh bat dang thirc.
(2) Tim tap cac gia tri cta cac bién dé bat dang thirc dung. D6 1a bai toan giai bat phuong trinh.
(3) Tim gié tri lén nhét,nho nhat cia mot biéu thirc mot hay nhiéu bién.
M duoc goi la gid tri nho nhét cua biéu thire P thi ta viét:
P>M.
m duoc goi 1a gia tri lon nhét cta biéu thire P thi ta viét:
P<m.

1. Chirng minh bt ding thirc bang dinh nghia:
1.1. Kién thirc co ban:
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Dé ching minh A > B, ta chimg minh A - B > 0.
Str dung hang dang thirc A% > 0.

Tinh chat:

Gia sir ton tai cac biéu thic a, b va ¢, khi do:

Tinh chit 1: Néu {‘” O thia>c.
b>c
Tinh chdt 2: Néua>bthi a+c>b+c
Héqua1:Néua>bthia-c>b-c¢
Hé qua 2:Néua+c>bthia>b-c¢

Tinh chit 3: Néu a>bthia+c>b+d
c>d

ac>bckhic>0

ac < bckhic<0
Hé qua 3:Néua>bthi-a<-b

Tinh chit 4: Néu a > b thi {

a b .
—>_—_khic>0
Héqua4: Néua<bthi 4¢ ©
a b
~ <~ khic<0
C C
Tinh chét 5: Néu 42”20 thiac > bd
c>d>0

, , 1 1
Tinh chat 6: Néu a > b > 0 thi O<—<B
a

Tinh chdt 7: Néu a>b>0,ne N"thia" > b"

Tinh chét 8: Néu a >b >0,n e Nthi Ua > b
Hé qua 5: Néu a va b 13 hai s6 duong thi:
a>boa’>b?
Néu a va b 13 hai s6 khong am thi:
a>boa’>b’
1.2. Bai tap ap dung:
Bai tap 1: Cho ba s0 a, b, ¢ bat ki. Chirng minh cac bat ding thire: a® + b? + ¢? > ab + be + ca.
Chirng minh
Ta co:
2a* +2b° +2¢* 3 2ab + 2bc + 2ca
< (@-b) +(b—c)* +(c—a) =0. (luon ludn diung)
Bai tap 2: Cho ba sd a, b, ¢ bat ky. Chirng minh céc bit dang thirc: (ab + be + ca)® > 3abc(a+ b
+C)
Chirng minh
Ta co:
a’b® +b’c* +c’a”-a’bc-ab’*c-abc® >0
<> 2a°b* +2b*c* +2c%a’ - 2a’bc - 2ab’c - 2abc® >0
<> (ab-bc)® + (bc-ca)® + (ca-ab)® > 0. (ludn ludn dung)
Bai tap 3: Chirng minh réng a2 +b?+c?+d*+e’> alb+c+d+e),véimoia, b, c,d e eR.
Ching minh
Ta co:
2 2 2 2
& ab+b?+2 cac+c?+ 2 —ad+d?+ 2 -ae+e?>0
4 4 4 4
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2 2 2 2
o 2b] [ 2c| +[2-d] +[2-e| >0. (luon luon dung)
2 2 2 2
1

Bai tap 4: Cho basd a, b, ¢ € R théa min abc = 1 va a+b+c>l+%+—.
a C

1) Chirng minh rang (a-1)(b-1)(c-1)>0.
2) Chirng minh rang: Ludn ton tai mot trong ba sb a, b, ¢ nhd hon 1.
Chirng minh
1) Ta co:
@-1)(b-1)(c-1)>0
< abc-ab-bc-ac+a+b+c>0

<1+ (a+b+c)-(ab+bc+ca)>0 (1)
Va
a+b+c>l+l+l
a b c
ab+bc+ac
& a+b+e>—m——
abc
< a+b+c>ab+bc+ac (2)

Tir (1) va (2), ta c6 diéu phai chtirmg minh.
2) Gia st tdn tai ca ba sd a, b, ¢ luén 1én hon 1.
Suy ra: abc > 1. Diéu nay mau thun véi gia thiét.
Néu dong thoi xay ra:a=b=c =1 thiabc = 1.
Nhung (a - 1)(b - 1)(c - 1) = 0. Mau thuan Vi gia thiét.
Vay ludn ludn ton tai mot sd trong ba so a, b, ¢ nho hon 1.
Bai tip 5:Chirng minh bt déng thirc: a® + b2 >ab.
Chirng minh
Ta co:
a’+b%-ab>0

o | a? —2.lab+lb2 +§b2 >0
2 4 4

2
& a—%b] +%b2 >(0.Dbung voimoia, b € R.

2
Vi a—lb >0; éb220
2 4

2
Dau bang xdy ra khi (a—%bj =0 va %bz =0.

Suyraia=b=0

Vay bat dang thirc dugc chirng minh.

Luu y: Bai toan tong quat: Ching minh: (@"?+ (b")? > |a"". ‘

Bai tip 6: Cho ba s0 a, b, ¢ thoa man 0 <a < b <c. Chirng minh rang:
a b c_b a c
—+—+—2—+—+—
b ¢c a a c b

Chung minh

Fo———= :—(azc+ab2 +bcz—bzc—ba2—acz)

Ecbacl
c a a c¢c b abc

azc—bzc) + (bza - azb) + (czb —ac’ )}

(
(c(a—b)(a+b)+ab(a—b)—c2 (a—b))}
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zi(a—b)[c(ewb)—ab—cz]

:L a—b)(b—c)(c—a)=0,(Vid<a<b<c)
abc

DA4u béng giéy rakhia=b hodacb=choidca=c.
Vay bat dang thirc dugc chirng minh.

Baitip 7: Choa < b < cvax < y < z Ching minh rang; (a;b}[x;y}s aXerby

Chirng minh
Ta co:

(a+bj(x+yj_ ax+by =Zl(ax+ay+by+bx—2ax—2by)

2 2 2

=% [(ay - ax) + (bx - by)]

%(x-y)(b-a)SO,(doxSyVéaSb)

Dau be‘fmg xay ra khi x =y hodc a=b.
Viay bat dang thire thue dugc ching minh ‘
Bai tap 8: Cho a, b, ¢, d e 14 cac s6 thyc. Chirng minh rdng: a®+ b*+ ¢+ d*+ e?>a(b+c +d +

e).
Chirng minh
Ta co:
a?+b’+c?+d?+e’-alb+c+d+e)
—a’+b’+ci+d°+e*-ab-ac-ad- ae

=% (4a° + 4b° + 4c*+ 4d*+ 4¢” - 4ab - 4ac - 4ad - 4ae)
=% [(a+ 4b%+ 4ab) + (a%+ ¢?+ 4ac) + (a® + 4d? + 4ad) + (a + 4e? + 4ae)]

:%[(a+2b)2+ (a+2c)*+ (a+2d)’+(a+2e)’] >0

Do (a+ 2b)*>>0; (a+2¢c)>>0; (a+2d)*>0va(a+2e)*>0

a

2

Vay bat dang thirc duoc chirng minh.

Bai tap 9: Ching minh bét dang thirc: (a™®+ b'%)(a® + b?) > (a® + b%)(a* + b?).
Chirng minh

Diu bang xayrakhib=c=d=¢=

Ta co:
@0+ b'%)(a2 + b?) > (a® + bP)(a* + b’)
o (a°+ b @2+ b?) - (@@ + b¥)(a* + b*) > 0
a2+ 2% + 20+ p12 - a2 - 2Bt - a’bP - b2 >0
o (a2 - a%") + (a%0%° - a*b® > 0
< aPh(a’® - b?) - a®b®(@*- b%) >0
< a’h(a’ - b))(a? - b%)(a* + a’b® + b*) > 0.
< a’b(a’ - bH)?(a* + a’h? + b*) > 0, dung v&i moi a, b
Diu bang xay ra khia’ =b* < a=bhodca=-bvaa=0hoicb=0
Vay bét dang thirc dugc ching minh.
Bai tap 10: Cho a > ¢ > 0 va b > c. Chirg minh bt ding thirc: \/c(a—c) + \/c(b—c) <+ab.

Ching minh
Ta co:

\/c(a—c) +\/c(b—c) S\/E
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@(\/C(a—c) +\/C(b—C))2 < (\/E)z
= c(a—c)+c(b—c)+2\/c(a—c).\/c(b—c) <ab
@(a—c)(b—c)—Zcx/E.«/ch+c2 >0

= [\/(a—c)\/(b—c) —CT >0

Bét dang thuc ding v6i moi gidtricuaa, b, c.
Bai tap 11: Cho a, b, ¢ 1a ba s duong.

2

Chung minh bat dang thic: i+i+iz4 ! + ! + !

ab bc ca a+b b+c c+a

Chirng minh

Ta co:
1 1 1 a+b+c
ab bc ca abc
Do a,b,c>0va(a+Db)(b+c)c+a)=>8abc
Suy ra:

1 1 1 8(a+b+c)
—_—t—t—>
ab bc ca (a+b)(b+c)(c+a)
Hay
1 1 1 4(a+b)+4(b+c)+4(c+a)

ab be cas (atb)(brc)(cra)

= o o e e e

Trong (1) d4u bang xay ra khia=b =c.
Mait khac, ta co:

1)

(a+b) >dab= L > %
ab (a+b)
brc) 2dbem >4
(b 2 b= L T
1 4

2
(c+a) >4ca=>—2
ca 2
(c+a)

Suy ra:

1+L+LZ 4 + 4 + 4 (2)

ab be ca (a4b) (bic) (c+a)
Trong (2) ddu bang xayrakhia=b=c.

2
Tu (1) va (2) Tacod i+3+32 ! + ! + !
ab bc ca \a+b b+c c+a
Dau bang xay rakhia="b = C.
Bai tap 12: Cho a, b, c 1a ba s6 duong va abc =1.

., 1 1 1
Churng minh bat dang thirc sau: + + <1.
8 8 a’+b’+1 b+’ +1 F+a’+l

Chung minh
Do0<a<b<ec.
Suy ra: (a - b)’(a +b) > 0.
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Dau bang xay ra khia =b.

o (a-b)a+b)(a-b)>0

< @ -bH)@-b)>0
oa’-ah-ab*+b*>0

< a® +b®>a’h + ab?

o ad+b’+1>a’h+ab” + abc
oa’+b’+1>ab(a+b+c)

! < ! ¢ .(Doabczl:i—c)

a3+b3+1_ab(a+b+c)_a+b+c ab
Tuong tu:

1 < 1 B a
b3+c3+1_bc(a+b+c) a+b+c

1 < 1 b

c3+a3+1_ca(a+b+c) a+b+c
Cong vé v6i vé cua ba bat dang thuc trén, ta duoc:
1 1 1

o a3+b3+1+b3+c3+1+c3+a3+1Sl
Dau bang xady rakhia=b=c =1.
Bai tap 13: Véi V X, Y, z € R. Chting minh rang:
Q) x> +y? +22 > 2xy - 2xz + 2yz
b)x? +y’ +2° +3 22 (x+y+2)

Chirng minh

a)Xét hi¢u:

X2 +y? +z%-(2xy-2xz+2yz)=x> +y? +z2%- 2xy + 2xz - 2yz
=(X-y+2)?>0,ding véimoix, y,z € R
Ve:tyx‘2 +y® +2% > 2xy-2xz+2yz ding véimoix,y,z € R
Dau bang xayrakhix+y=z
b) Xét higu:

X2 +y? +z2%+3-2(x+y+z)=x"-2x+1+y’ -2y+1+2%-22+1
=(x-1)'+ (- +(z-1)" 0.
Dau bang xayrakhix=y=z=1.

2
Bai tap 14: Cho abc = 1 va a® > 36. Ching minh ring: %+ b®+ c?> ab + bc + ac.

Chirng minh
Xét hiéu:
a’ 2., 2 a’? a’ 2, 2
—+ b°+c°-ab-bc-ac= —+—+ b°+c°-ab-bc-ac
3 4 12

2 2 2 3
|2 b2 c?—ab—ac+2be |+ & —3bc=[ E_pc | + 2 =304C 4
4 12 2 12a

(Viabc =1vaa® > 36)

Vay bat dang thirc dugc chirng minh.

Bai tap 15: Cho céac s6 thuc duong X, y, zthdamanx +y+z=1.

XAy +2) , YAz +x) | Z2(x+Y)
yz ZX Xy

Tim gia tri nho nhat cta biéu thirc: P =
Giai
2 2 2 2 2 2
p X X z z
Taco:P:—+—+y—+y—+—+—
y z z X X Yy
Ma X2 +y? —xy > Xy, vO1 moi X, .
Nén X3 +y? > xy(x +y), véi moi x, y > 0.
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Hay
2 y2

X , - .
—+=—>(X+Yy), véimoix, y> 0.

Tuong tu: Véi moi x, y > 0.

2 2
LiZsy+a),
zZ Yy

2 2
z° X
—+—2>(z2+X)
X Z r r 2
Cong tung ve cua ba bat dang thirc trén, ta co:

P>2(x+y+2z)=2,(dox+y+z=1)

Suyra:P=2khix=y=z= %

Vay gia trj nh6 nhat ctia P 14 2.
Bai tip 16: Cho x, y, z 1a cac s6 dwong thoa mén: x* + y* + 22 = 1.

Tim gi trj nho nhit coa P = 2 + Y2 + 2%
zZ Xy
Giai
Ta co:
2y,2 2,2 2,2
X 2?2 7%
P?= 2/ +y2 t— +2
z X y
Ma
2.,2 2,2
x%y?  y*z
—+ 1> 2y,
Z X
2,2 2,2
Z Z°X
y2 +=2-227%,
X
2,2 2.,2
2’x? X
——+ 2’22x2
Yy Z
Nén
2.,2 2,2 2,2
X 72 7%
p?= 2’ +y2 +——+22>3
z X y

Déu bang xayrakhix=y=z=

Vay gi4 tri nho nhét cia P 13 /3.

1.3. Bai tap tu luyén:

Bai tap 1: Chimg minh bt dang thirc sau: 4X +y? > 4xy.

Bai tap 2: Chimg minh bt dang thirc sau: X2+ y* +1 > xy + x + y-

Bai tap 3: Ching minh bét diang thirc sau: (X + y)(X* + y3)(x +y) <4+

l996+yl996 1996 S X+y+Z

Bai tap 4: Chimg minh bit dang thirc sau: Ly S g
Bai tap 5: Cho a, b, ¢ 1a ba s6 duong.
Chirng minh bat dang thirc sau: a’ +b* +¢* > (a+b+c)(a2 +b’ +C2> .

Bai tap 6: Cho ba sé duong a, b, ¢.Chirng minh bit dang thic sau:
8 8 8
1) m > l + l + l
(abc)3 a b c
3 3 3 3 3 3
2)—b b—+C—a+—c+2+226abc
c a b b c a
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Bai tap 7: Cho 0 <x, y, z < 1. Chiing minh rang:
N0<x+y+z-Xy-yz-zx<l1
2) X+ P+ 22 <1+ x°y + Yz + X
3) LI A )

yz+1 zx+1 xy+1
Bai tap 8: Chg a, b, ¢ la do dai ba canh cua tam giac, c6 chu vi béng 2.
Chirng minh ring: a®+ b+ ¢+ 2abc < 2.

Bai tap 9: Chimg minh véi moi x, y > v2 . Taco: x* - Xy + x&% - xy® + y* > 2+ 2.
Bai tap 10: Cho a, b, c 1a ba s0 tuy y thudc doan [0, 1]. Chiing minh rang:
1) a®+ b’ +c?<1+a’h + b’ +ca
2) 2(a>+b°+ ¢%) - (a%b + b’c + c?a) < 3 ‘
Bai tap 11: Cho a, b, c 1a cac s0 thuc. Ching minh rang:
2 2 2
2 a’+b* (a + b)
2 2
a’+b®+c® _(a+b+c ’
3 - 3
Bai tip 12: Cho m, n, p, q la cac s6 thuc. Chirng minh rang:
m2+n’+p’+qg°+1>mn+p+q+1)
Bai tip 13: Cho a, b, ¢ € R. Chimg minh rang: a* +b* +c* 3abc(a+b+c).
2 2

Bai tap 14: Cho x, y # 0. Chimg minh: —+2_+4> 3(§+XJ
y

x’ y X

b)

. . 1 1) 1 1 1
Bai tap 15: Chirng minh rang néu 0 < x <y < z thi ta co: y[—+—}+—(x+z) < (—+—j(x+z).
X z)y X Zz

Bai tip 16: Cho a, b, ¢ 1a cac sé dwong. Chirng minh:
a’+b> b +c® c’+a’ a’+b>+c’
+ + <3

a+b b+c c+a a+b+c

Bai tip 17: Cho x, y, x 1a cac s6 dwong. Chirng minh:
\/xz+xy+y2 +\ilyz+yz+z2 +x/22 + 72X+ X Z«/_3(X+ y+ 2

Bai tap 18: Cho ba s6 a, b, ¢ théa man diéu kién a® + b* + ¢ = 1.
Chting minh rang: abc + 2(1 +a+ b+ ¢+ ab +ac + bc) > 0.
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2. Chitng minh bét ding thirc dya vao tinh chit ciia ti so:
2.1. Kién thirc co ban:
Vi ba so duong a, b, c, ta co:

Néu 2 <1thi & < 2° Daubingxayrakhia=b
b b b+c
Néu3 = 1thi a> H.Déubﬁngxéyrakhia=b
b b b+c
Néub,d>0va & <& = & £ 878
b d b b+d
2.2. Bai tap ty luyén:
Bai tap 1: Cho a,b, c la so do ba canh cua tam giac:
Ching minh rang: 1< 4 b S <.
b+c c+a a+b

% . Dau bang xay ra khi ad = bc

Chirng minh
Do a, b, ¢ 1a ba canh cua tam gidc nénta cod: a, b, c>0
vaa+hb>c;b+c>ac+a>h.

Ta co:
c+c 2c C 2c

at+tb>c=> <l= = = <

a+b a+b+c a+b+c a+b a+b+c
Chirng minh tuong tu ta co:

a+a 2a a 2a

b+c>a=> <l=> = = <

b+c a+b+c a+b+c b+c a+b+c

b b+b 2b b 2b
cta>bh=>—<1= = = <

) c+a 2}+]?+C at+b+c c+a a+b+c
Cong vé vdi vé cua ba bat dang thuc trén, ta dugc:
a b c 2a 2b 2c
+ + < + + =2

b+c c¢c+a a+b a+b+c a+b+c a+b+c
va
a b C a b C

+ > + + =1
b+c c¢c+a a+b a+b+c a+b+c a+b+c
Via, b, c>0.
. a b c A T .
Vay 1< + + <2 (di€u phai ching minh)

b+c c+a a+b
Nhan xét: Bai toan trén sur dung tinh chat: V41 ba so6 duong a,b,c

b

Né'ui < 1thi a ﬂ Déu béang xay ra khia = b.
b b b+c
Bai tap 2: Choa,b>0.ChL'mgrninhrf?tng:l a_ b < atb <2y .
2\a+1 b+1) a+b+1 a+l1 b+l
Chirng minh
Tachﬁ:ngminh:l 4, b < atb
2\a+1 b+1) a+b+1
Do a, b > 0taco:
a a a+b
—<I1= < .
a+l1 a+1 a+b+l
b b a+b

—<1l= <
b+1 b+1 a+b+1
Cong ve vdi vé cua hai bat dang thuce trén, ta dugc:

a b 2(a+b) 1{ a b a+b
+ < =— + <
a+1 b+1 a+b+1 2{a+1 b+1 a+b+1

1)
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a+b a b
+

<
a+b+1 a+1 b+1
Do a, b >0, ta cé:

Ta chirng minh:

a a
>
a+1 a+b+1
va
b b

>
b+1 a+b+l1
Cong ve vdi ve cua hai bat dang thure trén, ta dugc:
a+b a b
+

< 2
a+b+1 a+1 b+1
Tu (1) va ( 2), suy ra:
1({ a b a+b a
— + < < (diéu phai chirng minh)
2la+1 b+1 a+b+1 a+1 b+ 1
Bai tap 3: Cho a, b, ¢, d > 0. Chirng minh rang:
a b c d .
1< + + + <z
a+b+c b+c+d c+d+a d+a+b
Chirng minh
Ap dung tinh chat cua ti 1€ thuc, ta co:
<l= a < a+d (1)
a+b+c a+b+c a+b+c+d
Mat khac :
a S a )
at+b+c a+b+c+d
Tur (1) va (2) tacod
a < a < a+d 3)
a+b+c+d a+b+c a+b+c+d
Tuong tu ta co
b - b - b+a ()
a+b+c+d b+c+d a+b+c+d
C - c b+c (5)
a+b+c+d c+d+a a+b+c+d
d d d+c
(6)

<
atb+c+d d+a+b a+b+c+d
cong ve voi ve cua (3), (4), (5), (6) ta co:

1< & L b ¢ . d _,

atb+c b+c+d c+d+a d+a+b
Vay ta c6 diéu phai chirng minh.

Bai tap 4: Cho % < % va b, d > 0. Chimg minh rang;

a ab+cd c

— < <.
b b’+d* d
Ching minh
.a ¢ ab cd ab ab+cd cd_c
Th <= < s> <. <2~
b d b° d b b*+d° d° d
Suy ra; a_ ab+cd _c
b b’+d® d2 d

Vay ta c6 diéu phai chimg minh.
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al+a2+...+a N e~ ., . R X N I A 5
™ nam gitra gid tri nho nhat va gia tri l1on nhat cta

Bai tap 5: Chirng minh ring:
P 8 8 b +b, +...+b_

a, a a : )
L, 2. ;2 §dbaj,bilacicsoduongi=1,2,..,n
bl b2 n
Chirng minh
. .y . 5 A N .oy . I3 A ° al a2 an 7 \ \
Goi gia tri nho nhat va gia tri 1én nhat cta b—; —= . tha ty lamva M
1 2 n

4 , a. .
Khidotaco m<—L<M, i=1,2,....n

bi
Suy ra:
mb; < a; <b;M.
Dobi>0v6imoii=1,2,...,n

Lan luot choi+ 1,2, .., nrdi cong cac vé lai voi nhau ta dugc:

m(by+by+...+by)<ag+az+...ta, <M(by+by+...+bp)
a +a,+..+a_
b +b,+..+b_
Do(by+by+...+by) >0
Viy ta c¢6 diéu phai chirg minh.
Bai tap 6: Cho a,b ,c ,d > 0. Chirng minh réng:

at+b b+c c+d d+a
+ + +
a+tb+c b+c+d c+d+a d+a+b

< m< <M.

Chirng minh
Via, b, ¢, d> 0 nén ta co:
a+b < a+b < a+b+d

1
a+b+c+d a+b+c a+b+c+d ()
b+c b+c b+c+a
< < 2)
a+b+c+d b+c+d a+b+c+d
c+d c+d c+d+b
< < 3)
a+b+c+d c+d+a a+b+c+d
d+a d+a d+a+c
< < (4)

atb+c+d d+a+b a+b+c+d
Cong cac vé cua 4 bat dang thirc trén ta co:
a+h b+c c+d d+a
+ + +
atb+c b+c+d c+d+a d+a+b
Vay ta co di€u phai ching minh.
2.3. Bai tap tu luyén:

Bai tap 1: Chung minh r::ing: E < 2+4+6+..+2004 < 2004
3 3+5+7+...4+2005 2005

Bai tap 2: Cho a, b 1a cic s6 duong thoa mén ab =1.
1 a+b 1 1 1
+ < < +
2a+2 2b+2 1+a+b a+1 b+1 2a+2
E. Ching minh réng: X < X+2004a+2005m < E.
n y y+2004b+2005n n

Chirng minh rang;

Bai tap 3: Cho —<—<

< |
o' |

3. Chitng minh bét dang thirc bang phuong phap phan chirng:

3.1. Kién thirc co ban:

Gia thiét ching minh:

Gia sir diéu can chimg minh nao d6 1a dang. Ta van dung gia thiét dung dé chimg minh 1a diéu
Vo ly.
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Gia str bat déng thie d6 sai va két hop voi cac gia thiét dé suy ra dicu vo 1y , diéu vo 1y ¢6 thé 1a
diéu trai voi gid thiét , c6 thé 1a diéu tréi ngugc nhau.
Tir d6 suy ra bat déng thic can ching minh 1a ding.
Gi4 sir ta phai ching minh lugn d¢ “p = q”
Mubdn chirng minh p=> q(véi p: gia thiét ding, q: két luan dang) phép chimg minh dwogc thuc
hién nhu sau:
Gia str khong c6 g (hodc q sai) suy ra diéu vo 1y hodc p sai.
Vay phai ¢o6 q (hay q dang)
Nhu vay dé phi dinh luan dé ta ghép tat ca gia thiét cua ludn dé v6i phu dinh két ludn cua né .
Ta thuong dung 5 hinh thirc chiing minh phan chirng sau:
A - Dung ménh dé phan dao : “P = Q”
B - Phu dinh r6i suy trai gia thiét
C - Phu dinh roi suy trai véi diéu diing
D - Phu dinh rdi suy ra 2 diéu trai nguoc nhau
E - Phu dinh rdi suy ra két luan.
3.2. Bai tap ap dung:
Bai tip 1: Cho 0 <a, b, ¢ < 1. Ching minh ring c6 it nhat mdt trong cac bat dang thic sau 1a sai:
a(l-b)>0,25;b(1-c)>0,25; c(1-a)>0,25
Chirng minh
Gia sir ca ba bat dang thie: a(1 - b) > 0,25; b(1 - ¢) > 0,25; ¢(1 - a) > 0,25 déu dung.
Khi d6: a(1 - b)b(1 - ¢)c(1 - a) > 0,253 (1)
Mat khac, ta co:
a(l-a)=a-a’=0,25- (a*- 2.a.0,5+0,25) = 0,25 - (a - 0,5)* < 0,25
Hay
a(l-a) < 0,25
Tuong tu, ta co:
b(1-b) <0,25vac(l-c)<0,25
Nhan vé voi vé cua ba bit dang thirc cudi cing ta duoc:
a(1-b)b(1-c)c(l-a)<0,25° (2)
Ta nhan thiy (1) mau thuin voi (2).
Suy ra, diéu gia sir trén 12 sai.
Vay trong cac bat dang thirc sau: a(l - b) > 0,25; b(1 - ¢) > 0,25; ¢(1 - a) > 0,25 c6 it nhit mot bat
dang thirc sai.
Bai tip 2: Chirng minh rang khong c6 ba sd x,y,z ma c6 thé thoa min dong thoi ba bat ddng thirc
sau: [x| <ly-z|, Y <[x- 2, [z| <ly-X
Chirng minh
Gia sir: Ca ba bit dang thurc trén khong c6 bat ddng thirc ndo sai. Nghia 1 ca ba bat dang thic d6
déu dung.
Khi do, ta co:
IX| < IY-Z|C>X2<(Y-Z)2C>X2-(y-2)2<0<:>(x-y+2)(><+y—Z) <0
IVl <Ix- Z|C>y2<(X Z) @yz (x - Z) <0=(y-x+2)(y+x-2)<0
Z<ly-XeoZ<@y-xo2-(y-x'<0e(2-y+X)(z+y-x) <0
Nhan vé v6i vé cta ba bét ding thirc cu01 cung ta duogc:
[(y-x+2)(y+x-2)(x-y+2)]P<0vOly.
Vay khong c6 ba s6 x, y, z nao thoa min dong thoi ba bt dang thuc:
X <ly-zl, M <|x-z][z] <ly-X
Bai tap 3: Cho cac s6 thyc a, b, ¢ thoa man diéu kién:

a+b+c>0
ab+bc+ca>i
abc>0
Chirng minh rang: a, b, ¢ >0 (1)
Ching minh
Gia su (1) khong dung.

Suy ra, ¢6 it nhit mot trong cac sb a, b, ¢ < 0.
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Khong mit tinh téng quat: Gia sira < 0.
Doabc>0nénbc<0
Xét truong hopa < 0,b>0,¢<0. Suyra:a+c<0
Tir gia thiét, tacé: b>-a- c.
Suyra:

b(a + c) < -(a + ¢)?
— ac +b(a+c)<ac- (a+c)?
< ac+b(a+c)<-(-ac+a’+c?)
< ac+ba+bc<-(a-0,5c)%-0,75¢*< 0
Didu nay trai gia thiét: ab + bc + ca > 0.
Tuong tu, d6i voi truong hop A <0,b<0, ¢ > 0.
Ta ciing suy ra diéu vo 1i.
Viy ta c¢6 diéu phai chirg minh.
Bai tap 4: Chimg minh rang: Tong cia mot phan sé dwong voi nghich déo cua ndé khong nhod
hon 2.

Chirng minh

Gia sir phan ching % >0.

Ta co:
3+E<2 <:>3+E—2<0
b a b a
a’—2ab+b’ (a—b)2
S— <0 &—2<0
ab ab

3 b
biéu nay vo ly. Suy ra: %+— >2.
a

Vay tong ctia mot phan sé duong v6i nghich dao ciia noé khong nho hon 2.
Bai tap 5: Cho basb a, b, cthbamina+b+c >0, ab+ bc +ac > 0, abc > 0.
Chtng minh ring: a>0,b> 0, ¢ > 0.
Chirng minh
Gidstra < 0.
Tirabc >0 = a= 0.
Do do: a<0.
Maabc>0vaa<0.Suyra:cbh<0
Trab+bc+ca>0 = a(b+c)>-bc>0
Via<Omaalb+c)>0=b+c<0
a<Ovab+c<0.
Suyra:a+b+c <0, trai gia thiéta+ b+ ¢ >0.
Vaya>0tuongtutacob>0,c>0.
Bai tap 6: Cho 4 s6 a, b, ¢, d thoa man diéu kién: ac > 2.(b+d). Chirng minh réng c6 it nhat mot
trong cac bt dang thirc sau 13 sai: a® < 4b va ¢® < 4d.
Chirng minh
Gia sir 2 bt dang thirc: a® < 4b va ¢® < 4d déu dung.
Khi d6 cong cac vé ta dugc:
a®+ ¢’ <4b+4d
ca+c?<4b+d) (1)
Theo gia thiét, ta co:
4(b+d) < 2ac (2)
Tir (1) va (2), suy ra: a® + ¢% < 2ac hay (a c)?<0 (Vo 1y)
Vay trong 2 bat dang thirc a’ < 4bva C <4dco it nhat mot cac bt dang thirc sai.
Bai tap 7: Ching minh rang khong ton tai cac sb a, b, ¢ dong thoi thoa méin ba bat dang thirc
sau:

lal <lb-cl (1)
b <lc-a  (2)
el <la-bl  (3)
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Ching minh
Gia str ton tai cac sb a, b, ¢ ddng thoi thoa man (1),(2),(3). Khi do:
laj<|b-cl<(b-c)?>a’<-(a+b-c)(a-b+c)>0
lb|<|c-a < (c-a)’>b*<-(-a+b+c)a+b-c)>0
Icj<la-bl< (b-c)’>a’<-(a+b-c)(-a+b+c)>0
Nhan vé theo vé cac bt déng thure trén, ta duoc:
—[(a+b—-c)(a—b+c)~a+b+c)f >C
Diéu nay vo 1y.
Vay bai toan dugc chirng minh
3.3. Bai tap tu luyén:
Bai tip 1: Cho ba s6 duong nho hon 2 a, b, c. Chirng minh rang it nhit mot trong cic bat dang
thirc sau 1a sai: a(2 - b) >1; b(2 - ¢) > 1; c(2-a) > 1.
Bai tip 2: Cho a, b, ¢ 1a ba s6 duong thoa man abc =1. Chiing minh rang:
S=(a- 1+b)w 1+c)@ 1+a)<1
Bai tap 3: Cho a+ b + 2¢d. Chitng minh rang c6 it nhat mot bat dang thirc sau 1a dung:
c?>a,d’>b
a>0
(b-1)*-4ac<0
Ching minh ring trong cac bat dang thic sau c6 it nhat mot bat dang thic 13 sai:
ax®+bx+c<y;ay’+by+c<z;a’+bhz+c<x

Bai tap 4: Choa, b, ¢, X, y, z 1a cac sb thyuc thoa man: {

4. Bat C}fmg thirec tam giac:
4.1. Kién thuc co ban:
Goia, b, c >0 lan luot 1a d§ dai ba canh cia mét tam gidc. Khi do, ta co:

<a<b+c
k-4<b<c+a

h-d<c<a+b

Goi P la nra chu vi ctia tam giéc.
Goi S la di¢n tich ctia tam giac.
P-a>0;P-b>0;P-c>0
28 <ab; 2S <bc; 2S < ac.
va
a® <b” + c* néu A<90°
4.2. Bai tap ap dung:
Bai tap 1: Cho a, b, ¢ 1a do dai ba canh trong mét tam giac. Ching minh rang: (a + b + ¢)® <
9bc.
Biéta < b <c.
Chirng minh
Taco:a+b+c<2b+c.
Do a < b. Ta di chiing minh:
(2b + c)? < 9bc 1)
< 4b®+ 4 be +c? < 9hc
< 4b*-5bc+c* <0
< 4b?-4bc-bc+c*< 0
< 4b(b-c)-c(b-¢c) <0
< (b-c)db-¢) <0 (2)
Ta thiy:
b<c=b-c<0vadb-c>a+b-c+2b>0
Bét ding thirc (2) 1a dung.
Vay bit dang thirc duge chirng minh.
Bai tap 2: Cho a, b, ¢ 1a d6 dai ba canh ciia tam giac. Hiy ching minh rang:
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a’+b? +c? <2(ab + bc + ca)

Chirng minh
Do a, b, ¢ 1a d¢ dai ba canh trong mdt tam giac
Nén

O<a<b+coa’<ab+ac
Tuong ty, ta co:

b®< ba + bc va ¢® < ca + cb
Cong vé v6i vé cua ba bat dang thire cudi cing ta duoc:

a’ +b? + c?< 2(ab + bc + ca).
Vay bat dang thirc duoc ching minh.
Bai tip 3: Cho a, ¢, b 1a d6 dai ba canh ctia tam gidc. Chirng minh rang:
a(b-c)?’+b(c-a)}+cl@a-b)?>a’+bp+c?

Chirng minh
Ta co:
a(b-c)?’+b(c-a)+c@-b)’>a’+b*+c?
<ab-c)’+bc-aP’+c@@-b)-at-n*-c*>0
<a[(b-c)?-a? +b[(c-a)’- b +c[(a-b)?-c]>0
<alb-c-a)b-c+a)+b(c-a-c)(c-a+b)+ca-b-c)(a-b+c)>0
< (a+b-c)ab-ac-a’-bc-b’+ab+ac+bc+c?)>0
< (a+b-c)(c?-a%-b*+2ab) >0
< (@at+b-c)(c-a+tb)(c+a-b)>0
biéu nay luon ding. Via, b, c 1a 46 dai ba canh tron% mot tam giac.
Viay a, ¢, b 1 46 dai ba canh cua tam gidc thi a(b - ¢)*+ b(c - a)° + c(a-b)?*>a’+ b® +c°.

a b c

Bai tip 4: Chirng minh rang trong tam giac ABC ¢6 : + + >3
b+c-a c+a-b a+b-c
) Ching minh
Ap dung bat dang thuac Cosi, ta co:
LI b PP abe 1)
b+c—a c+a-b a+b-c (b+c-a)(c+a—-b)(a+b-c)

va

\/(b+c—a)(c+a—b)S%(b+c—a+c+a—b):c

\/(c+a—b)(a+b—c) s%(c+a—b+a+b—c):a

\/(a+b—c)(b+c—a) s%(a+b—c+b+c—a):b

Nhén cac vé cua 3 bat déng thire trén, ta duoc:

(b+c-a)(c+a—b)(a+b—c)<abc
abc
= >1
(b+c—-a)(c+a—b)(a+b—c)
Két hop véi chirng minh (1), suy ra:
a + b + ¢ >3
b+c-a c+a-b a+b-c
Dau bang xay ra khi a=b = ¢ hay ABC la déu .
Vay bt dang thirc dugc chirng minh.
Bai tap 5: Cho a, b, ¢ 1a s6 do ba canh cta tam giac.
Chirng minh ring: abc > (a+b - c)(b + ¢ -a)(c + a- b)
Chung minh
Ta co:
a>|b-cl = a’>a’-(b-c)*>0

b>la-c| = b*>b*-(c-a)> >0
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c>la-bl = c?>c?-(a-b)?>0
Nhan vé v6i vé cta cac bat dang thic ta duoc:
b202:>[ —(b—c) }[bz-—(c——a)z}[cz——(a——b)z}
=a’h’c® >(a+ b—c)2 (b+c—a)2 (c+a—b)2
=abc>(a+b-c)(b+c-a)(c+a—b)
Déu bang xay ra khi va chikhia=b=c. ‘ .
Tam giac cc')‘d(f) dai ba canh a, b, ¢ thoa man di€u kién trén la tam giac deu.
Vdy ta co6 diéu phai ching minh.
Bai tap 6: Chiing minh rang trong moi tam giac ABC, ta co:
1+1+1>2(111]
p—-a p-b p-c a b c
0 day a, b, c 1a dg dai ba canh, p 1a ntra chu vi cua tam giéc.

Giai
Ap dung bat dang thirc Cosi cho ba sé duong, ta co:
1 1 S 4 4 (1)

+ > -
p-a p-b (p-a)(p-b) c
Déu bang xay ra khi va chikhip-a=p-b<a=h.
Tuong tu, ta co:

1 4

S @
p-b p-Cc a
L1 ‘)
p-c p-a b

D4u bang trong hai bat dang thic trén xay ra khia =b; b=c.
Cong tirng ve cua ba bat dang thuc trén, ta co:

2[ ! + ! + 1 ]>4(l+1+1)
p-a p-b p-c a b c
1 1 1 (1 1 1)
+ + >2 —+=
p-a p-b p-c
Déu bang xay ra khi va chi khi a=b = c. Tam gidc c6 d dai ba canh nhu trén 1a tam giac déu.
Viy bat dang thirc duoc chirng minh.
4.3. Bai tap tu luyén:
Bai tap 1: Cho a, b, ¢ 1a d§ dai ba canh cua tam giac. Ching minh ran%,y
a’(b+c) + b%(c +a) +cXa+b)> 2abc + a° +b° +
Bai tip 2: Cho a, b, ¢ 1a d6 dai ba canh ctia tam gidc. Chirng minh rang:
a’(b+c)+b’(c+a)+c’(a+b)<3abc+a+b®+c?
Bai tap 3: Cho a, b, ¢ 1a d¢ dai ba canh cta tam gidc chirng minh r::ing:
2a°b? + 2b’c® + 2a° c*-a*- b*-¢* > 0
Bai tap 4: Cho a, b, ¢ 1a d6 dai ba canh cua tam giac.
a—b b-c c-— a|
+ +
a+b b+c c+ a|
Bai tip 5: Cho hinh thang ABCD c6 AB//CD va dién tich 1a S. Goi E 14 giao diém ciia hai
duong chéo. Chirng minh réng: Saase <0,25.
Bai tap 6: Choa, b, c la chiéu dai ba canh cta tam giac c6 chu vi béng 2.
Chirng minh rang: a’ +b? +¢? +2abc < 2.

Chirng minh rang;

5. Chirng minh bét ding thirc bing phuwong phap lam trji:

5.1. Kién thirc co ban:

Duing céc tinh chat ctia bt dang thirc dé dua mot vé ctia bt dang thirc vé dang tinh dugc:
Té6ng hitu han.
Tich hitu han.
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Goi
Tong: Sp=u+ Uz +.....tup=(a1- a2) + (a2- as) + (az-a4) + ... + (an- ans1)
. aa,..a
Tich: T=ugUy... up = 20|
a,a,..a

5.2. Bai tap ap dung:
Bai tip 1: Cho cac so tu nhién phan biét: uy, Uy, ..., Unkhac nhau va 16n hon 1.

Chirng minh rang; 1—i 1—% . l—i2 >0,5
u1 u2 un

Chirng minh
Khong mat tinh tong quat:
Gia su:
2<u;<Up<...<Up
= ui>i+l
(Do céc u; phan biét )
(= (=B e
u, u, u 2 3 (n+1)
& l—i2 1—% l—i2 > 1—%)[1—% o 1= ! 5
u, u, u, 2 3 (n+1)
= l—i2 l—i2 1—% > 1—l 1—l 1—L 1+l 1+l 1+L
u, u; u; 2 3 n+1 2 3 n+1
= 1—% l—i2 l—i2 > 1 1—l 1—L 1+l 1+l 1+L
u, u; u; 2 3 n+1 2 3 n+1
34...(n+2
eli-L L] =L s L2 (n+2)
u; u; u 2.3.4...(n+1) 2.3.4...(n+1)
& l—i2 l—i2 1—% >n—+2:l+ ! >0,5
u; u; u 2(n+1) 2 2(n+1)
Vay l—i2 1—% 1—i >0,5
u1 u2 un
Bai tip 2: Vi moi s6 ty nhién n > 1. Chirg minh ring:
1 1 1 1
—+ +o.t > =
n+l n+2 n+n 2
Chirng minh
, 1 1 .
Ta co: > =—,v01 k=1,2,3,...,n-1.

n+k n+n 2n
DOd(’)Zi+ 1 +,,,+i>i+“_+i:1:£
n+l n+2 2n 2n 2n 2n 2

1 1 .
Bai tap 3: Ching minh rang: 1+—— >2(\/n+1-1), véin 1a s6 nguyén.
AR e W
Chung minh
12
ok T

Khicho k=1, ..., n, taco:
1>2(2-1)

Ta co:

o)
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1
—>23-42
7> 4eP)
i>2(«,i’n+1—\/n)
“,n
1 1 1
Cong tun & cac bt ding thirc trén ta c6 1+ —— +—>2(n+1-1
g gV g «/E \/5 % ( )

Viy ta c¢6 diéu phai chirg minh.
Bai tap 4: Chimg minh rang: Z% <2,VneZ
k=1
Chirng minh
1 1 1 1
k* k(k-1) k-1 k
Chok=1, ..., n, taco:
1 1
—<

1
:>?+3—2+....+F<1

01
Vay ;F <2.
1.3.5.7...(2n-1) 1

2.4.638...(2n) Sl

Bai tip 5: Chimg minh rang voi Vn € N. Ta ¢d:

Chirng minh
Ta co:

n—1 (2n+1) < (2n+1) n+1

RERCERS

Lan luot thayn=1, 2,3, ..., r0i nhan vé v&i vé cla cc bt déng thire d6 ta duoc:
1.3.5.7..( 2n- ) 1

<
24.6.8.(2n) 2n+1
Vay ta dugc diéu phai chimg minh.

Bai tap 6: Cho h_ =1 +%+l+...+ . Chimg minh rang véi Vn 14 cic s6 nguyén duong ta

2n-1
co:
i L+L+ +;<2
hi 3h; 5h; 7 (2n-1)h]
Chirng minh
Vi V n la cac s6 nguyén duong, ta co:

1 1 1 1
(2n-1)n> 1 “h h
n-— _

k (2k—1)[hk_1+2n_1jhk ket
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. 1
Vi =h  +-——.
Suyra:
11 1 1 11 11 11
Sttt + <l ——— | [t ———
h> 3h} 5h (2n-1)h? ~(h, h,) (h, h, h_, h,
11 1 1 11
> sttt > <l+———
h? 3h? 5h (2n-1)n h, h_,
11 1 1 11
S St t+t—5t+..+ s <l+———
h? 3h? 5h (2n-1)n h, h
11 1 1 1
Sttt S <l+—=2
h> 3h? 5h (2n-1)n; h,
Vay 1 !

—+—+—+. /<2
h> 3h 5hl (2n-1)n2

Bai tap 7: Chimg minh ring: \/1+i2+ 14— et [+ ! 2<kn+n+1,
n (n+1) (n+k) n

Chirng minh
Chirng minh véi ba s X, y, zthod man: x +y+z=0.
Ta co:

That vay: Xét

|

2

Lt
x> y* oz

2
1 1 1 I 1 1
=—+—+—+2| —+—+—
x>y 7 Xy z

111‘

Tt chirmg minh trén: Véix=1,y=n,z=-(n+1)
Ta co:

1 1 1 1 1
I+— < [I+—+ =+ ———
n n (n+1) n n+l

1 1 1 I 1 1 1 1 1
I+—+ |1+ T s <|I+———— || I+ ——~ +.o+| 14+ -
n (n+1) (n+k) n n+l n+l n+2 n+k n+k+1

<:>\/1+i< 1+i+ ! <k+1+l— !
? n’ (n+1)2 n n+k+1

= 1+i2< 1+i2+ ! 2<k+1+l
n (n+1) n
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1 1 1 kn+n+1
G+ < 1+—+ > <
n n (n+l) n
5.3. Bai tap tw luyén:
Bai tap 1: Chimg minh rang:
1

a) —+i+...+—
10 11 100
1 1 1 A

b) —+——+...+—>1, nnguyén duong.
n n+l n

Bai tip 2: Cho n 12 s6 ty nhién. Ching minh rang;
1 1 1

Q) —+—+.+———

1.2 23 n(n+1)

b) 1+2—12+3i2+...+L< 2—l

>1

<1

Il2 n

Bai tap 3: Chiing minh: %+%+...+%<2. Trong 4o n, k eN” va ax= %+§+...+l

a;, 2a; na k
n

6. Chirng minh bat dang thirc bang phwong phap quy nap:

6.1 Kién thirc co ban:

Pé chirg minh bét ding thirc ding voi n > N, ta thuc hi¢n cac budc sau:
Budc 1: Kiém tra bat dang thuc ding véi n=n,

Budc 2: Gid st bat dang thirc ding v6i n = k. (gia thiét quy nap)

Budc 3: Chung minh bat dang thire ding voi n=k +1.

Budc 4: Két luan bit dang thirc dung véi moi n > N, .

6.2 Bai tap ap dung:

£+i+___,+i2<2-£, vneN; n>1
n

Bai tap 1: Chitng minh rang:
ap g & 7t -

Chirng minh
Véin=2taco 1+% < 2—% (dang).
Suy ra: Bét (jéng thirc ding voin = 2.
Gia su bat dang thire ding voin =k.
Ta phai chirng minh bat dang thuc ding véin=k + 1.

That vay khin=k + 1 thi
1 1 1 1 1
+...+ <

—+ 4+ +—+ 2-
7?22 k> (k+1)? k+1
Theo gia thiét quy nap:
1 1 1 1 1
S Sttt St 5 <2-—+ 5 < 2—
1 2 k®  (k+1) k (k+1) k+ 1
l+ + 1 < 1 + 1 1
TR (k)P k+1 (k+1) K
k+1+1 1
= <=
(k+1° k
< k(k+2)< (k+1y

< K2+2k<k*+2k+1 (dung)
Vay bat dang thuc duge chirng minh.

. n N4 K"
Bai tap 2: Cho n eN va a + b > 0. Chiing minh rang: [aerj <2 b

2 2
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Chiéng minh
V6in = 1. Bit ding thirc dung.
Gia st bat dang thirc diing véin =k.
Ta phai ching minh bét dang thirc ding véin=k + 1.
That vay, voin=k + 1, ta co:

a+b k+l ak+1 bk+1
<2 4
2 2 2
<:>(a+bjk a+b _ a“*t + b

2 2 2
ak+1+abk +akb+bk+1 - ak+1+bk+l
4 B 2
a.k+1 + bk+l ~ ak+1 +abk +akb+ bk+l S O
2 4
& (a*-b").(a=b)20
Ta chung minh (ak —bk).(a—b) >0.
Gia sit a > b va gia thiét cho:
a>-b< axbea>bf>b= (a~b").(a=b)=0
Gia sir a < b va theo gia thiét cho:
-a<b o [a <b* wa* <b* < (a*-b¥).(a-b)=0
Viy bét dang thire ludn dang.
Bai tip 3: Cho a>-1, 1 <n e N. Chirng minh ring: (1+a)" >1+na
Chirng minh
Véin= 1 B?lt dang thirc luon dung.
Gia su bat dang thirc dung véin=k € N.
Tuc la: (1+a)* >1+ka
Ta phai ching minh bat dang thirc dung véin= k+ 1.
Ta can ching minh: (1+a)** >1+(k+1)a
Taco: (1+a)** =(@1+a)(l+a) > (1+a)(l+ka) >1+(k+Da+ka? >1+(k+1a
Suy ra: Bat dang thirc dung véin=k + 1.
Vay theo nguyén 1y quy nap: (1+a)" >1+na, Vvn>1

A 5 N 1
Baitap 4: Cho 1 <n e Nvaayay, ..., ap > 0thodman a, +a, +...+a, SE.

Chtng minh rang: (1-a,)(1-a,)...(1-a ) > % :
Chirng minh
Véin=1thia, < % =1-a,> % = Bét dang thuc dung.
Gid su bat dang thire ding voin = k.
Tire la: (1—a,)(1-a,)...(—a,) 2%

Ta can chimg minh bat dang thirc ding véin=k + 1.
That vay:
(1-a)A-a,)...0~ay,)

= (1—8.1)(1—8.2) : "(l_ak—l)[l_(ak +ak+1) +akak+1] e (1_31)(1_32) . '(1_ak—1)[1_(ak +ak+1)]
Via +a,+...+a,,+(@,+a,.,,) g%

Suy ra: Bét ddng thuc ding véin= k + 1.
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Vay theo nguyén ly quy nap: (1-a,)(1-a,)...(1-a,) = %

Baitap5: Cho1<ne N, a,b eR,i=1,2, .., n.

Chirng minh rang: (a,b, +a,b, +...+a b )2 <(@?+a’+...+a%)(b? + b2 +...+b?)
Ching minh

Véin = 1: Bat dang thirc ludn ding.

Gia st bat dang thirc dung véin =k, (k € N).

Tuac la: (ao, +a,b, +...+anb,)* <(a? +a’+...+a’)(b> +b>+...+b?)

Ta phai chirng minh bat dang thirc dung véin=k + 1.

(a,b,+a,b,+...+a b <@+, +...+& )E+ B+ + 5 (1)

That vay, ta co:

(a7 +ad+...+ap)(b} +b3+...+by) +(af +...+a; ) bf,, +a,, (b} + b3 +...+b}) +al b},
> (ab, +a,b, +...+a,b,)+2aba,,b.,+2a,b,a, b, ,+...+2aba.b., +a,b:,
> (a,b, +a,b, +...+a,b,)* +2 (a,b, +a,b, +...+a,b,) a,,b,, +a; .02,
> (a,b, +a,b, +...+a,,b,,,)’

Vay bat dang thirc duoc chirng minh.

Bai tap 6: Vi gia tri ndo cua sb tu nhién n bat dang thic sau dang: 2" >2n+1
Chirng minh

Véi

n=0suyra 2° >2.0+1=1. Bt dang thirc sai.

n=1suyra 2'>2.1+1=23. Bit dang thic sai.

n=2suyra4> 5. Bat dang thuc sai.

n =3 suyra 8 > 7. Bat dang thuc ding.

n =4 suyra 16 > 9. Bat dang thuc dung.

Gia st bat dang thirc ding véin =k > 2, tirc 14 2 > 2k + 1.

Ta can chimg minh bét dang thirc ding véin=k + 1, tae 1a 2%t > 2(k + 1) + 1.

That vay ta co:

2% >2 v&i moik > 1 theo gia thiét quy nap 25+ 2% > 2k + 1 + 2

= 2> 2(k+1)+1.

Suy ra: Bat dang thirc dung véin=k + 1.

Vay 2" > 2n+1 v&i moin > 2.

Bai tip 7: Chimg minh rang: (1+1j <n,VneN,n>2.
n

Chirng minh

3
Vi n = 3. Bét ding thirc tro thanh (1+ éj = % < 3. Bit ding thirc dang.

k
Gia st bat dang thirc ding véi n =k, tirc 1a: (1+ %j < k. Bat dang thirc dung.

k+1
Ta ching minh bat dang thirc ding véin =k + 1, tirc la: (1+ ﬁj <k+1.
+

That vay, ta co:

k+1 k k
(1+ij :[1+ 1 j (1+ ! j<[1+£j (1+lj<k(l+lj=k+l.
k+1 k+1 k+1 k K K

Suy ra: Bét ddng thirc ding voin=k + 1.

Vay bit dang thic trén dung v6i moi n.
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135.(2n-1) 1

< .
2.4.6.2n 2k +1

Bai tap 8: Ching minh rang;

Chirng minh

Khi n = 1, thi bt ding thirc tr thanh: % <L B dang thirc dung.

3
1.35...(2k-1) _ 1 M
246.2n  J2k+1
1.35...(2k-1)(2k +1) 1

2.46...2k(2k+2) = J2k+3

Gia sir bat dang thire dung voi n =Kk, tic 1a:

Ta phai chirng minh bat dang thirc dung véin =k + 1, tic 1a:

That vay, ta co:

(2k+1) § J2k +1 @
2k+2 2k +3

Nhan hai bat dang thie (1) va (2), ta duoc:

135.(2k-1)(2k+2) 1 J2k+1 1
2.46..2k(2k+2)  2k+1 2k+3 2k+3

Vay bat dang thirc dingVne Z* .

6.3. Bai tap tu luyén: ) .
Bai tap 1: Cho Xy, X, ..., X, la cac s0 duong. Chirng minh rang:

X X X3 X X
L 42 4 +o4+—at n__>2 n>4
X, +X, Xg+X; X, +X, Xop+X,, X +X,4
s A . . . & n , 135 2n-1 1
Bai tap 2: Chung minh v6i moi s6 nguyén duong n, ta c6: —.——.... <
2 46 2n P2n+1

Bai tip 3: Chimg minh rang moi: %+3—22+...+3£n <%,Vn eN.

Bai tap 4: Cho n s6 duong nghiém dung thoéa min a, a,..a, =1.

Chimng minh rang: a, +a, +...+a, =n.
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Augustin Louis Cauchy
(d6i khi tén ho dugc viét Co-si)
(21/8/21789 - 23/5/1857)

La mdt nha toan hoc nguoi Phép.

7. BAT PANG THU'C COSI (CAUCHY)

7.1. Kién thirc co'bén:
Bat dang thuc Co si cho hai s6 khong am:
Cho hai s6 a, b khong am ta co:

a;bz@

~ Déu bing xay ra khi va chi khi a =b.
Bat dang thire C0 si cho ba s6 khong am:
Cho ba s0 a, b, ¢ khong am, ta co:

a+b+c2§’/abc

3
Déu bang xay ra khi va chikhia=b=c.
Bat dang thuc C6 si cho n s6 khong am:
Cho n s0 aj, @y, ..., 8, s0 khong am, ta co:

+a, +..+
al a2 an >m
n = 1927 %y

Dau béng xay ra khi va chikhia; =az-_ - an.
H¢ qua:
Hé qua 1: 2(a® +b?)>(a+b)’ > 4ab, véi Va,beR.

Héqué2:1+12 ,vOia, b>0.
a b a+b

Hé qua 3: %+922,V6ia,b>0.
a

7.2. Bai tap tu luyén:

2 2 2

) b b

Bai tap 1: Chirng minh: a_2+_2+c_223+_+£, Va,b.,c#0
b ¢ a~ ¢ a

) Chirng minh )

Ap dung bat dang thirc Cosi cho 2 s6 duong, ta co:
2 2 2 2

a—2+b—222 a—z.b—zzz al, 2

b” ¢ b” ¢ cl ¢

Tuong tu:
2 2

e

cc a° a
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¢ a’ 2c
— + - +>—
a~ b b o .
Cong cac ve tuong tng cua cac bat dang thire trén, ta c6 di€u phai chirmg minh.
Bai tap 2: Cho a, b, ¢ > 0. Chung minh rang:
(@ +b*+¢) is+i3+13 2§ b+c, c+a a+b
a> b’ ¢ 2\ a b C

(Tap chi Toan hoc & Tudi tré 6/2003)
Chirng minh
Véi Va, b, ¢ >, ta co:
a’+b®>ab(a+b);
b* +c® > be(b +c);
c®+a’>ca(c+a)
Cong cac vé cua bat dang thic trén véi nhau, ta duoc:
2(a® +b* +c*) >ab(a+b) + be(b +¢) +ca(c +a) (1)
Ap dung bt dang thiac Cosi cho ba s6 duong, ta co:

1 1 1 1 1 1 3
—+—+—z3a/—.—.—=— 2
a® b c a® b®'c abc @)

Nhan cac vé tuong tmg cua (1) va (2), ta c6 diéu phai chirng minh.

Dau bang xay ra khi va chikhia=b=c.

Vay bat dang thirc duoc chirng minh.

Bai tap 3: Cho a, b> 0. Chirng minh ring: 3a°+ 72b% > 18ab%.
Chirng minh

Do a, b> 0. Suy ra: 3a%, 9b°, 8% > 0.

Ap dung bét ding thirc C6 si, cho ba s6 khong am: 3a°, 9b°, 8b°

Ta co: 3a+ 9b° + 80%>33/3a29b8b> =18ab>
Déu bing xay ra khi 3a=9b*=8b*=a=b=0.

Bai tap 4: Cho a > b > 0. Chirng minh ring: a+ ! >3,
b(a-b)
Ching minh
Nhan thay: a=b +(a-b). Doa>b. Suyra:a-b>0.
Ap dung bét dang thire C6 si cho ba s6 khong am: b, a - b, ;
b(a-b)
Ta co:
at— =b+(a-b)23.3;b(a-b) L3
b(a-b) (a—b)
1
Sa+ >3.
b(a-b)
s 1
Dau bang xayrakhib=a-b =
=T b(a-b)

Giaira,tadugc:a=2vab=1.
Vay bét dang thirc dugc ching minh.
Bai tap 5: Cho a>b > 0. Chung minh: a +;2 >24/2.
b(a-b)
Chung minh
Ap dung bat dang thirc Cosi cho bdn sé duong, ta co:

a+ 1 2:b+a-b+a-b+ 1 2244b.a-b.a-b. 1 2:2\/2
b(a-b) 2 2 Db(a-b) 2 2 b(a-b)
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Vay bét dang thic dugc ching minh.
2 2 2 2
Bai tdp 6: Cho a, b, ¢, d > 0. Ching minh: %+%+%+2—52ai3+é+c—13+d—13
) Chirng minh )
Ap dung bat dang thirc Cosi cho 5 s6 duong, ta co:

a? a? a* 1 1 1 5
e e e e s Ty
3’ 5 2

T A
Tuong tu, ta co:

2

"5 2

S o

3¢5 2
Tor @

2
3.5 2

- 3
a®> a’ d°

Cong v€ v&i nhau cua cac bat dang thirc trén, ta duoc:

a? b* ¢ d*\ (5 2 5 2 5 2 5 2
e ) a) o) e e e

a? b®> ¢? d? 1 1 1 1
ShptetEtE A\ e e e
a? b> ¢ d> 1 1 1 1
A TRPCEPC I RS I
Vay bét dang thie duoc chang minh.

Bai tAp 7: Cho a, b>0 va p, q 1a cac sb hitu ti duong, thoa mén: 1 +l =1.

P 9
. al q
Ching minh rang: —+—=>ab.
P 9
Chirng minh
Vip, qla cac sd hitu ti nén l; 1 cling 14 cac s hiru ti.
P 4
N e AL ., X A 1 m 1 n .
Do do, tir gia thiét ton tai cac sO ty nhién m, n, k sao cho — = E; a = m vam+n=Kk.
p
Khi do:
P q

a—+b—2ab

P 9

m ~ n X
& —am™+—bt >ab

k k
Theo bat dang thirc CO si, ta ¢6:

L S x k k k
am+am™+...+a™ +b"+b"+...+b"

m LS n K mhgngtfraﬁ nh@mgtﬂrbg {/ X L. X
—am+—b" = >\am™..am.b"...b" =ab
k k k
(voim + n=Xk)

k k

k k
Vay %am +£bn >ab. Diu bang xay ra khi am =bn @'{‘/;:Q/[_),
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Bai tap 8: Cho cac so0 ay, ay, ..., a) thod man dicu kién: 0 <a<a;j<b,véii=1,2,..,n

2 2 2
s 11 1) n{a’+b
Chung minh rang: (a1+a2+...+an) —F— .+ SM
a, a, a 2ab
Chirng minh
Tir gid thiét, tacd: 0 <a<a;<b.
Suy ra:
-(a+b)ag+ab<0,voii=1,2,..,n
<:)af+ab£(a+b)ai
o a, +@ <a+b
ai
Vigi>0,v6ii=1,2,..,n
Lan luot cho1=1, 2, 3, ..., nr01 cong cac vé lai vo1 nhau ta duogc.
b ab b
(a1+a2+...+an)+(a—+a— +a—j§n(a+b) (1)
a1 aZ an

Ap dung bat dang thirc C0 si, cho hai s6 dwong, ta duoc:

(a1+a2+...+an)+[@+@ abJ>2\/(al+a2+...+an)(@+@+...+@J (2)

a4 a, a, &, a,

Tu (1) va (2), suy ra:

2\/(211 +a, +...+an)[@+@+...+@] Sn(a+b)

a4, a,

a4, a,

1 1jgn%a+bf

<:>(a1+a2+...+an)£i+—+...+— P
a

a, a a
nz(a2+b2)

1 2 n
2ab

= 4(a1 +a2+...+an)(@+@ ..+@J£n2 (a+b)2

I 1 1
= (a1 +a, +...+an) —+—+..+— |<
a'1 a2 a'n
Vay bat dang thire duoc ching minh. )
Luu y: Bai toan trén c6 st dung bat dang thirc Bunyacovsky cho hai bd s6 1a: (1; a) va (1; b).
(a+h)? < (12 +1%)(a° + b?) = 2(a® + b?)

1 1 1 <a+b+c

Bai tap 9: Cho a, b, ¢ > 0. Chirng minh rang: > +— +— <
a”+bc b +ac c +ab 2abc
) Ching minh

Ap dung bat dang thirc Cosi, ta co:

2 1 (1 1
a’ +bc >2avbc = < S—[—+—j

a’+bc  aJbe 2lab ac

Tuong tu:

2 1 1( 1 1 j 2 1 1( 1 1 j
2 +ac b\/E bc ab) ~c*+ab cJ_ 2\ac  bc
2 2 2 a+b+c
2 + 2 + 2 =
~a“+bc b“+ac c“+ab  2abc

Dau bang xay rakhia=b=c.

Vay bat dang thirc dugc chirng minh.

Bai tap 10: Cho céc so thuc x, y, z> 0. Chtitng minh:

16xyz(x +y+2) <3(x +y)'(y +2)" 2+ %)’
Ching minh
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it A=(x+y)y+2)(z+Xx)
Khi do: A,=X}f(x+y+z)+yz(x+3{+z)+xz2 + 72
Ap dung bat dang thirc Cdsi cho 8 s6 duong.

1 1 R
Trong d6 c6 ba s6 gxy(x+y+z), ba s6 5yz(x+y+z), xz% va 2.

Ta co:

(Y)Y D+ ZSSJWZ)“’(z:yu)G

o ey + 2 ) 2 \/(xyz)@(z: y+2)°

X+y+2)’
33
= 16(xy2)(x +y+2) <3Y(x + ) (y +2)* (2 +%)°

Diu bang xay ra khi va chikhix =y =z.
Vay bat dang thirc da dugc chirng minh.

& (+y) (y+2)' 2+ 280 O

2 2

7’ 3

Bai tap 11: Cho x, y, z > 0 théa man xyz = 1. Chémg minh ring: —— +
I+y 1+z

’ Chirng minh )
Ap dung bat dang thirc Cdsi cho hai s6 duong, ta co:

2 2
LS AP S
1+y 4 1+y 4

2 2

V' Lz, [y Tz

1+2z 4 1+z 4

z2  1+X 722 1+x
—>2 —=Z

1+x 4 1+x 4

Cong cac vé twong ng cua ba bat dang thirc trén, ta duoc:

(xz +1+y}+[ Y’ +1+Z]+( 4 +1+xj2 (x+y+7

1+y 4 1+z 4 1+x 4

2 2 2

N y N y4 2_§_x+y+z

1+y 1+z 1+x 4 4
>3(x+y+z)__3

4 4

.3«3/x.y.z -
Vixyz = 1.

Dau bang xdy rakhi x=y=2z = 1.
Bai tap 12: Cho céc sé duong x, y, z thoéa min xyz = 1.
3 3 3 3 3 3
L6 +y® L4y +2 1427 +x > 343
Xy yz ZX
Chirng minh
Ap dung bat dang thic Co- si cho ba sé dwong, ta co:

1+x° +y* > 331.x%y° = 3xy

3 3
S VXY 3
Xy Xy

Tuong ty, ta co:

+(X+y+z

> =-3-—=

V)
Slw

3
2

V)
Hlow

Chung minh:

+
1+x 2

>
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frve? 1\
yz vz

N1+Z28+ X8 . J3
zx

Cong vé vai vé cac bat dang thuc trén, ta dugc:
3 3 3 3 3 3
\/1+X Ty +\/1+y Tz +\/1+Z X 3 + 3 + 3 1)
Xy yz ZX M \/y_z Jzx
Mat khac, ta co:
BB, B [ B &
By " oy e e
eV, B B oap @
VYR N
Tu (1), (2) suy ra:
3 3 3 3 3 3
\/1+X +y +\/l+y +z +\/1+z +X > 343,

Xy yZ ZX
Vay bat dang thirc duoc chirng minh.

\%

18xyz
2+ Xyz

Bai tap 13: Ching minh rang véi moi x, y, z duong va x + y+ z =1 thi Xy +yz+2zx >

Chirng minh
Ap dung bat dang thirc Cosi, ta co:

2=X+y+z+XxX+y+z 26«3/xyz

Va
Xy +yz+zx >33 (XyZ)2
Nhan vé véi vé cua cac bit dang thirc trén, ta dwoc:
2(xy + yz + zx) > 18xyz (1)
Mat khéc, ta co:
Xyz(Xy +yz +zx) > 0 (2)

Cong bt dang thirc (1) va (2), ta duoc:
(xy + yz + zx)(2 + xyz) > 18xyz

18xyz
Suyra: xy+yz+zx>
2+ Xyz

(vi2+xyz>0)

Vay bt dang thirc duge chirng minh.
. 1 11
Bai tap 14: Cho x, y, z la cac sO duong thoa man: —+—+—=4.
X 'y z
. 1 1 1
Chirng minh rang: + + <1.
2X+y+z X+2y+z X+y+2z
) Chirng minh )
Ap dung bat déng thL'rc Cosi cho 4 s0 duong, ta co:

X+y+z)| =+=+= 1,1 >44/x z. =16
(x+y )(x Xy zj Y \Axyz

Suy ra:

1 1(2,1 1
I _+_ it
2x+y+z 16 y z

Tuong tu, ta co:

1 1(1 2 1
i [ S
X+2y+z 16\x y z
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1 1(1 1 2
- < |44
X+y+2z 16
Cong vé v4i vé clia cac bat déng thire trén, ta dugc:

1 + 1 + 1 <E£_l+_l+_1;:1

2X+Yy+Z X+2y+z7 X+y+2z X y
Déubﬁngxéyrakhix:y:z:%.

Vay bat dang thirc duoc ching minh.

Bai tap 15: Cho n sb duong: a3 ay, ..., a,Va aa, ... a, =1.

Chung minh rang: (1 +a1) (1 +az)...(1 +a,) >2"
Chirng minh

Ap dung bat d'flng thirc Cauchy hai s6 1 vaa;, i=1,2,3...n.

Ta co:

(1+an)22\j;

Nhan vé vé&i vé cta cac bat déng thire trén, ta duoc:
(1+a])(1+ az)...( 1+ an) > 2.2...24 aa ..a
nso 2
Viajay...an = 1.
(1+a,)(1+a,)...(1+a, )=2"

Dau b?mg xayrakhi 1 =aj,l=ay, ..., 1 =a,.
m:m;w:m:L
Vay bat dang thirc dugc chiing minh.
1 1
+ + =
l+a 1+b 1+c

Bai tip 16: Cho ba sd duong a, b, ¢ va thoa man diéu kién:

Tim gi4 tri 16n nhét cua Q = abc.
Giai
Ta co:

11111bc>2 bc

l+a 1+b 1+4¢c 1+b 1+c 1+ b)(1+c)
Tuong ty

1 f ca
>2 :
1+b l+c)1+a)

1 ab
>2
1+c (1+a)l+b)
Nhan céac bat dang thirc trén, ta co:

1 1 1 >8 abc
l1+a 1+b 1+c (1+a)(1+b)(1+c)
Hay
abc SE.
8
1

Dau bang xayrakhia=b=c = 5

Vay gia tri 1on nhét ciia Q =

@ |~
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Bai tip 17: Cho a, b, ¢ duong va a® + b® + ¢ = 3.
a3 b3 C3
+ + .
Jb2+3 Jc?+3 a?+3
Giai

Ap dung bat dang thirc Cosi cho ba sb duong, ta co:
3

Tim gia tri nho nhat cia biéu thirc: P =

3 2 6 2

a . a +b +3233a_:31 (1)
20b?+3 2b?+3 16 64 4
3 3 2 6 2

b N b LC +3233C_:3L )
2\c?+3  24c2+3 16 64 4
3 3 2 6 2

c N c +a +3233C_:3i 3)
2Ja?+3 2Ja’+3 16 64 4

Cong cac ting vé v4i nhau cua cc bat dang thuc trén, ta duoc:
2 2 2
P+MZ§(a2+b2+C2) (4)
16 4
(Via®+b? +c? =3)

Tu (4), suyra: P> g
Déu bang xayrakhia=b=c=1.
Vay gia tri nho nhét ctua P = g .

Bai tap 18: Cho ba s thuc duong a, b, ¢ théa man abc = 1.
4a’ L 4b’ . 4¢

Tim gi tri nhd nhat ctia P = .
(1+b)1+c) (+c)1+a) (1+a)1+b)

Giai
Ap dung bét dang thirc Cosi cho ba sé duong, ta co:
3
4a J1tb I+cs
(1+b)(1+c) 2 2

3
4b yltc 1+asy
(I+c)(d+a) 2 2
4c’ yl+a 1+bs
(1+a)(l+b) 2 2
Cong cac vé cua cac bat dang thirc trén, ta duoc:
3 3 3
p=_—4a . 4b . 4  5aib+c23abe=3
(1+b)1+c) (d+c)(d+a) (I1+a)l+b)
Dau bang xay ra khia=b=c=I
Vay gia tri nho nhat ctia P = 3.
7.3. Bai tap tu luyén:

Baitap 1: Choa,b,c>0vaa+b+c=1.Ching minh: (1+l}(1+%j[1+1]264.
a c

Bai tip 2: Choa, b,e,c,d>0vaa+b+c+d+e=1

Chung minh: l—1 l—1 l—1 l—1 l—1 >1024
a b c d e

Bai tap 3: Véia, b, ¢ 1a ba s6 duong bat ky. Chirng minh rang:
(1+a%)(1+Db%)(L+c®>(1+ab’)(L+bc?)(1 +cad)

Bai tap 4: Ching minh rang: Véi s6 thuc duong bat ky, ta ludn c6 Ya+ f/a_2 <l+a.

Bai tap 5: Cho AABC c6 ba canh 1a a, b, ¢ va p la ntra chu vi.

Chirng minh rang; 1 + ! + ! 22(1+1+1}.
p-a p-b p-c a b c
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2
Bai tap 6: Chimg minh ring véi moi x, y > 0, ta c6: (1+ x)(1+ Xj(1+ i} > 256.

X y

Bai tap 7: Cho a, b, ¢ 1a ba s6 duong thoamdna+b + ¢ = %

Chirng minh rang: 3a+3b+3b+3c+3c+3a <3
Bai tép 8: Chimg minh ring néu 0 <y <x<1thi x,fy-yvx < %.

Baitap 9: Chox,y,z>0vax+y+z<3.
y . 2 <3< 1 4 1 4 1

Chirng minh rang; X+ 5 ;<< .
1+y° 1+4z° 2 1+x 1+y 1+4z

1+ x2

Bai tap 10: Cho x>0, y>0, z> 0 théa man x+y+z=%.

Tim gid tri 16n nht ciia biéu thire: P =$/x+3y + 3§y +3z + Iz +3x
Dap s6: Max P = 3.

2 2 X+
Bai tap 11: Cho x, y > 0. Tim gia tri nhé nhat cua bicu thic Q = ( Z)
Xy
g 27
Dap s6: MinQ = e
s on . , L 1 1
Bai tip 12: Cho x, y> 0 vax +y=1. Chimg minhrang: P=———+—.
X' +y Xy

Dap s6: MinP = 4+243.
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_ Viktor Yakovlevich Bunyakovsky
(Tieng Nga: Bukrop SkoBneBru ByHSIKOBCKMiT)

(04/12/1804 - 12/12/1889)
Sinh ra tai Bar, Ukraina. Mat tai: Sankt Petersburg)
La mdt nha toan hoc ngudi Nga.

8. BAT PANG THUC BUNYACOVSKY

8.1. Kién thirc co' ban:
V6i hai day so thuc tuy v as; ap; ..., a, va by; by; ..., by ta lubn co:

2

2 2 2 2 2 2
(a2 +al+..+a2)(0? +b3 +..+b2) = (ab, +a,b, +..+a b )
a, a

1=
bl

o5}

2

b,

n

b_n .

Déu bang xay ra khi va chi khi

Chirng minh
bat:

a=.fa+al+..+a’

b= /b +b? +...+b?
Né:u a =0 hay b = 0: Bit dang thtrc luén dung.
Néu a,b > 0:

Dt: o, =%,Bi =%,(i=l,2,...n)

Khidé: of +a2+...+a> =B>+p2+..+p°
1
Mit khac: |a.p:| <= (o +B2
: 0By < = (o +B7)
Suy ra:
1 1
|a1[31|+|oc2[32|+...+|an[3n|SE(af+a§+....+aﬁ)+§([3f+B§+...+Bﬁ)§1

= [a,b,|+]a,b,|+...+[a,b,|<ab

Taco: |a,b, +a,b, +...+a,b,| <[a,b,|+[a,b,| +...+[a,b,|
Suyra: (ab, +ab, +...+a b )><(@’+ai+..+a’)(b> +b’+...+b?)
0, =By(Vi=12n) _a 3, _ _a

=_n

__2 R}
ap;....o0.B, cungdau b, b, b

n

Dau bing xay ra < {
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8.2. Bai tap ap dung:

w

Bai tap 1: Cho ba sd x, y, z thoa min: x(x - 1) +y(y-1) +z(z- 1) < 7

Chirng minh rang: x + y + z < 4.
Chirng minh
Ap dung bit dang thic Bunyacovsky cho 3 bo sd: (15 %), (1; y), (1; 2), ta dugc:
(x+y+z)<(1+1+1)(x +y? + 7% = 3(¢ +y2+z) (1
Theo gia thiét:

w

XX-1)+yly-1)+2z- D=

S(Eryf D) -(ryias, 2)
Tu (1) va (2), suy ra:

w

%(x+y+z)2-(x+y+z) <2,

SN

bat: S=x +y+z, ta co:
lg.g<3
3 4
< (S+1)(S-4)=0
<-1<S <4
Suyra:x+y+z <4,
Dau bang xdy rakhi x=y=z= %
Vay bat dang thirc duoc chirng minh.
Bai tap 2: Ching minh bit dang thirc Nettbits v6i ba bién a,b,c 1a cac s6 duong.
Chtng minh ring:
a b C
+ +
b+c c+a a+b
Chirng minh
Ap dung bét dang bunyacovski (Cauchy-Schwarz), ta dugc.
a b C
+ +
b+c c+a a+b
o a? . b? N c? . (a+b+c)’ . 3(ab+bc+ca) _
ab+ac bc+ab ac+bc 2(ab+bc+ca) 2(ab+bc+ca) 2
Ding thirc xay ra khi va chikhia=b=c.
Vay bat dang thirc duoc chirng minh.
Bai tap 3: Cho 4 sb a, b, ¢, d bat ky chirng minh rang:

\/(a+c)2+(b+dj‘ <Jad+B+ é+d

.3
2

) Ching minh
Ap dung bat dang thirc Bunyacovsky, taco:

ac + bd < a2 +b?.A/c? +d?

Ma
(a+c)’ +(b+d)* =a® +b? +2(ac+bd)+c?+d® <(a’ +b*)+2va? +b? c? + 07 +c? +d”

= J(@+0)* +(b+d)’ <va?+b? ++/c +d?

Vay bét dang thirc dugc ching minh.

Bai tap 4: Ching minh rang: a® +b?+c? >ab+bc+ac.
) Chirng minh

Ap dung bat dang thirc Bunyacovsky, ta co:

Xét capso (1, 1, 1) va (a, b, c), ta co:

(17 +1° +1%) (@ +b* +¢*) > (La+1b+10)’
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= 3(a”+b’+c*)=a” +b* +c* +2(ab+bc+ac)

= a’+b”+c’ >ab+bc+ac
Dau bang xay rakhia=b=c.
Vay bat dang thirc da dugc chiing minh.

Bai tap 5: Cho a, b, ¢ 1a cic s6 thuc, thoa min: a + b +c =1. Ching minh rang: a*+b?+c? > % :

) Chung minh )
Ap dung bat dang thirc Bunyacovsky, cho hai b 3 so (1,1,1) va (a,b,c):
Ta co:

(La+lb+1c) < (1+1+1).(a* +b* +¢?)
& (a+b+c) <3.(a®+b*+c?)
= a2+b2+022%,(via+b+c:1)

Viy ta c¢6 diéu phai chirg minh.

Bai tap 6: Cho xe[0; 1]. Chimg minh: vx +v1—x + {x + ¥T—x <2 +4242 .

Tim x dé ddu dang thirc xay ra?
Chirng minh

Ap dung bét dang thirc Bunyacovski cho hai bo s6 (1; 1) va (\/; ; N1—x ) , ta duoc:
x +/1-x ﬁﬁ«fx+(1—x):x/§ (1)

Ap dung bét dang thirc Bunyacovski cho hai bo s6 (1; 1) va ({‘/; ; Y1-x ) , ta duoc:

(‘/;Jr\“/l—xS\/E‘f(\/;ﬂ/l—x)ﬁﬁ.%:xhﬁ (2)
Cong cac vé twong tng cua (1) va (2), ta duoc:

\/;+ 1—x+<‘/§+§‘/l—_x§\/§+\/m

x €[0;1]
Ding thirc xay ra khi va chi khi {+/X =V1-X < X = %
x = 41-x

Bai tap 7: Cho a, b, ¢ > 0. Chung minh:

a N b N c <1
a+\(@@+b)a+c) b+ (b+c)b+a) c+,/(c+a)c+h)
Chirng minh

Ap dung bat déng thirc Bunyacovski cho hai b $6 (\/a_ : \/E ) va (\/g, \/E ) , ta co:

(Vac ++/ab)’ < (a+b)(c +a)
= ac+«/%§~/(a+b)(c+a)
:>a+\/§+x/££a+a/(a+b)(c+a)
a a Ja

:>a+4/(a+b)(c+a)ga+ ac +yab  a+b++c ()
Tuong tu, ta co:

- = /b )
TN T R N A
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: < e (3)
c+yc+a)c+b) Va+vb+ic
Cong cac vé tuong tng cua (1), (2) va (3), ta dugc:
a b C
+ + <1
a+\(@a+b)@a+c) b+ (b+c)b+a) c+/(c+a)c+b)
Ding thirc xay ra khi va chi khia=b=c. 7
Bai tap 8: Védia, b, c 1a ba s6 duong thda man dang thuc: ab + be + ca = abc.
2 2 2 2 2 2
Jb? +2a +\/c +2b +\/a +2c > 3.
ab bc ca
Chirng minh

Nhan hai vé cua bat dang thirc véi abe, ta dugc:

c/b? + 282 + ay & + 207 + a2 + 2¢2 > +/3abc
&> \/b2%c? + 2a2c? ++/a2c? + 2a2b? ++/a2b? + 2b%c? > /3abc
Ap dung bat dang thirc Bunyacovski, ta c6:

Chirng minh rang;

B3

2.2 2.2 _ 2 2 2 i :_3
\/b c”+2a°c —\/(bc) +(ac)” + (ac) zﬁ(bc+ca+ca) 3 (bc+2ca) 1)

Tuong tu, ta co:

Ja’c® +2a’b* > \/g(ac +2ab) (2)

3
Ja’b® +2b’c’ > g (ab+ 2bc) (3)

Cong vé v6i vé cua cac bt déng thire trén, ta duoc:
Jb2c? 4+ 2a2¢? ++/ a2c? + 2a2b? ++/ a2b?+ 2b2 2 2? § ab+ ber ca=yJ § aby
Hay
2 2 2 2 2 2
\/b +2a +\/c +2b +\/a +2c 2\/3
ab bc ca

Viy bat dang thirc duoc chirng minh.
Bai tap 9: Cho x, y, z 1a ba s0 duong thbamanx +y+z < 1.

Chtng minh ring: \/xz +% +\/y2 +% +\/z2 +Zi2 > |[82.

Chirng minh

Goi S:\/x2+i2 +\/y2+i2 +\/zz+i2
X y z

. L . 1 ,
Ap dung bat dang thirc Bunyacovski cho hai bd s6 (1; 9) va (X; —j , ta co:
X

x+93«/1+81‘/x2+i2 SN R )
X X X

Tuong tu, ta co:

y+§s¢8‘2,/y2+% @)
z+§s\/8_2‘,22+2—12 (3)

Cong (1), (2) va (3) theo V&, ta co:

S.\@zx+y+z+9(1+l +lj

X Yy z
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Hay

S.JEEle(x+y+z)+9£l+1+lj-80(x+y+z)
Xy z

Z2.9_3.J(X+y+z>(1+z+1j-so
Xy

z
>162-80 = 82.

<:>\/x2+i2+\/y2+i2+\/zz+i2 > /82
X y z

Viy ta c¢6 diéu phai chirg minh.

8.3. Bai tap tu luyén:

a+b+c

Bai tap 1: Choa, b,c>0vap= . Chirng minh rang:

\/;<\/p—a +\/p—b +\jp—c s@

Bai tip 2: Cho n s bt ky ay, ay, ..., a,. Chirmg minh rang:

2 2 2 2
(al+a2+...+a ) Sn(a +a.+...+a )
n 1 2 n

A . , Ly > b c_a b c
Bai tap 3: Cho a, b, ¢ khac 0. Chung minh rang: —+—+—2>—+—+—.
b> ¢ a> b ¢ a
Bai tap 4: Cho a, b, ¢ 1a d0 dai ba canh trong mdt tam giac.
Ching minh rang; ! + ! + ! >1.
a(2b+2c-a) b(2c+2a-b) c(2a+2b—c)
2
Bai tip 5: Cho ax - by > m. Chiing minh ring: ax® +by? > o o
a+
Bai tap 6: Gia st phuong trinh: x?+ax+b=0co nghiém x = t. Chimg minh rang: t< 1 + a’ +

b%.
Bai tip 7: Ching minh: va—-1++b-1+c—1< \/C(ab +1), v6i moi s thuc duong a, b, ¢ > 1.
2 2 2
xyz(x+y+z+«/x +y +2%) £3+\/§l
(X +y +2°)[(x+y+2)*-(x" +y* +2°)] 18
Bai tdp 9: Cho a, b, ¢ > 0 théa min abc = 1. Ching minh rang:
1 1 1
3 3 *t3 =5
a’(b+c) b’(cta) c’(a+b) 2
Bai tap 10: Cho x, y > 0 va X% + y? < x + y. Chitng minh: X +3y < 2++/5.

Bai tap 8: Cho x, y, z > 0. Chiing minh:

w

Bién soan: Tran Trung Chinh Trang s 263



:: CHUYEN PE TOAN LUYEN THI VAO LOP 10 THPT ::.

Karl Hermann Amandus Schwarz
(25/1/1843 - 30/11/1921)
La mdt nha toan hoc ngudi Buc.

9. BAT PANG THUC CAUCHY - SCHWARZ (C - S)

9.1. Kién thirc co ban:
Vi hai day so thuc: (ay, @z, ...,am) va (by, by, ..., by), ta co:
2
2 2 2
a—l+i+...+a—m2 (a1+a2 +...+am)
o b, b, b, b +b,+.+Db_

Bat dang thirc nay con co tén goi la Engel hay Cauchy - Swarchz (C - S).
9.2. Bai tap ap dung: ) .
Bai tap 1: Cho a, b, ¢ 1a cac so0 duong tuy y. Chirng minh rang:

bc L ca ab <a+b+(

b+c+2a c+a+2b a+b+2c 4
Chirng minh
Ap dung bét dang thie CAUCHY - SWCHARZ cho hai bo sd [1; 1], (1; %] ta co:
a
Ta c0: £1+1
atb a b
str dung nhan xét sau dé giai bai toan trén:
bc  _bc 4 bc(1+1j£[bc+bcj
b+c+2a 4 ‘(a+b)+(a+c) 4 la+b a+c) 4la+b a+c

+
ca _ca 4 ca(1+1j1( +ca)
c+ta+2b 4 (a+b)+(b+c) 4\a+b b+c) 4la+b b+c
ab _ab 4 ab[1+1Jl[ab+abj
a+tb+2c 4 (a+c)+(b+c) 4\a+c b+c) 4\atc b+c
Cong cac vé clia bat dang thirc vo1 nhau, ta duoc:
bc ca ab a+b+c
+ + <
b+c+2a c+a+2b a+b+2c 4
Dang thure xay ra khi va chikhia=b=c.
Vay bat dang thirc dugc chirng minh.
Bai tap 2:Cho a, b, ¢ la cac so6 duong, thoa man: a+b+c=3.

Chirng minh rang; 1 + 1 + ! < 1 .
42° +b*+c® a’+4b*+c® a’+b*+4c? 2
Chung minh
Nhan xét:
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b? c? ¢’ a’ a’ b?
2 2+ 2 2 + 2 2+ 2 2 + 2 2+ 2 2 =
a“+b”- a“+c b +c~ b“+a c-+a® a“+b

Phan tich: 4a” + b?+ ¢?= 2a° + (a° + b%) + (3 + ¢?)
Ap dung bat dang thirc Cauchy - Schwarz ta dugc phan tich sau

9 B (a+b+c)’ - a’ N b? N c?
43’ +b*+c* 2a°+(@%+b%)+(@°+c’) 2a° a’+b® a’+c?

9 B (a+b+c)’ - b? N a’ N c?
a’+4b*+c* 2b°+(@*+b’)+(b*+c’)  2b* Db*+a® b’+c’

9 B (a+b+c)? - c? b? a’

= <+ +
a’+b’+4c®  2¢7 +(c’ +b’) +(c*+a®)  2¢* c*+b® ¢’ +a’

Cong cac ve cua cac bat dang thirc trén, ta duoc

1 1
+ +
4a° +b*+c® a*+4b*+c® a +b2 +4c?
Ding thirc chi xdy ra khi va chikhia=b=c =
Viy bat dang thirc duoc chirng minh. . o
Bai tap 3: Chung minh rang voi moi s6 thuc duong a, b, ¢ ta déu c6 bat dang thirc:
2 2 2
a b c 1
(2a+b)(2a+c) (2b+a)(2b+c) (2c+a)(2c+b) 3
Chlrng minh
Ta cht y dén dang thirc (2a + b)(2a + ¢) = (2a’+bc) +a(@+b +c) +a(@a+b +c)
Ap dung bat dang Cauchy - Schwarz ta duoc:
1 1 1
< + +
(2a+b)(2a+c) 2a’+bc a(a+b+c) a(a+b+c)

9( 1 + 1 j
43 +b*+c* a’+4b®+c? a+b2+4c
1
E

QJ

< 1 a’ 2a
(2a+b)(2a+c) 2a’+bc a+b+c
Tuong tu:

¥ 1 b 2
2b+a)(2b+c) 9\ 2b*+ac b+a+c
(2b+a)(2b+c)

c? 1 c? L
(2c+a)(2c+b) 9l 2c*+ab c+a+b
Cong vé v4i vé clia cac bat dfmg thire trén, ta duoc:
a’ b? c? 1 a’ b? c?
+ + <= - +— +— +2
(2a+b)(2a+c) (2b+a)(2b+c) (2c+a)(2c+b) 9\ 2a“+bc 2b°+ac 2c”+ab
Ta chirng minh bat dang thirc:
2 2 2
Za + 2b + 2C <1
2a“+bc 2b“+ac 2c”+ab
That vay ta co:

2 a.2
<les1+2
Z2a2+bc o 22a2+bc 2a’ +bc
Nhu’ng ma theo bat bét déng thirc Cauchy-Schwarz ta co
Z Z (ab +bc +ca)®

2a’ bc + bc Z(ab) +2>°a° bc

Ta duogc diéu phai ching mmh.
Bat dang thuc da cho dugc minh hoan toan.

<31y

2a’ +bc
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Dau béing xay ra khi va chi khia=b=c. o ‘
Bai tap 4: Cho a,b,c 1a 3 s0 thuc khong am va c6 nhi€u nhat 1 s6 bang 0. Khi do, ta co:
2 2 2
a b c 1
> =+ + <=
38+ (b+cf 3+ (a+cy 3¢+ (a+r bf -

Chiurng mlnh
Ta phan tich: 3a”+ (b + ¢)*= (2a” + 2bc) + (a° + b* + ¢
Tir d6 st dung bat dang Cauchy-Schwarz ta dugc
a’ a’ 4 a ( 1 1 j
==, <Z +
3a’+(b+c)® 4 (2a°+2bc)+(a’+b*+c?) 4 \2a*+2bc a’+b®+c’
Tuong tu ta co:
2 2

a 1 1 a
<= +1
Z3a2+(b+c)2 4(22a +2bc 92 2+b2+c ] 4[2a2+bc )]
a’ b’ c?
+ + <
7 2a®+bc 2b’+ca 2c¢°+ab
bing thirc xay ra khi (a, b, ¢) = (t, t, 0), (t€ R) va cac hoan vi.
Vay bat dang da duoc chiing minh.

Bai tip 5: Cho ba s thyc duong x, y, z théamin x + y + z > 3.
2 2

Ta can chirng minh:

Ching minh rang; X + y + z 2§.
x+\/y7 y+dzx  z+xy 2

) Ch!}ngminh
Ap dung bat dang thirc Cauchy - Schwarz, ta co:

NG y? 7? (x+y+z)

X+4/Yyz y+\/§ Z+J_ X+Yy+2z+ xy+\/_+ ZX
Mat khac:
X+y+2z > \|xy+.Jyz +zx
nén ta co:

NG y? 22 N (x+y+z) _Xx+y+z_3

x+4/ y+«\/zx Z4+4Xy X+Yy+Z+X+y+2Z 2 2
Vix+y+z=3.

Dau bang xay ra khi va chikhix =y =z.

Vay bat dang thirc dugc chiing minh.

Bai tip 6: Cho ba s6 thuc duong a, b, c. Chirng minh rang: + b + ¢ >
b+2c c+2a a+2b
) Ching minh
Ap dung bat dang thirc Cauchy - Schwarz, ta co:
2 2 2 2 2
a b ¢ _ (a+b+c) _(a+b+c) 1

a(b+20)Jr b(c+2a) " c(a+2b) 3(ab+bc+ca) (a+b+c)z
Ping thic xay ra khi va chi khi x =y =z.

Bai tap 7: Cho céc s6 thuc duong x, y, z thoa min x* +y? +2° > 3

. 3 yS Z3 l
Chung minh rang: + + >—
2X+3y+5z 2y+3z+5x 2z+3x+5y 30
Chirng minh
Ap dung bat dang thirc Cauchy - Schwarz, ta co:
4 . 4 2 2 52\
X y Z S (X +Yy +Z )

x(2x+3y+52)Jr y(2y+32+5x)+z(22 +3x+5y) 2(x2 +y? +22)+8(xy+yz+zx)
Vix?+y? + 22 >xy+yz+zx nén
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2 2, 52\ 2,2, 52 s o o
(x+y+z) 2(x+y+z)zx+y+zzi
2(x2+y2+zz)+8(xy+yz+zx) 10(x2+y2+22) 10 30
Dau bang xay ra khi va chi khi x:y:z:%.

Vay bit dang thic dugc ching minh.
Bai tap 8: Cho ba sb thuc duong a, b, ¢ thoa méin a® + b” + ¢ = 3abc.

: . a b c 9
Chirng minh rang: + + > )
8 8 b%c® c’a® a’bh® a+b+c
Chirng minh
Ta co:
a b c a’ b* c*

0’2 ca’  al?  abc | bica’ | calb?
Ap dung bét dang thic Cauchy - Schwarz, ta co:
a* . b N ct (az +b? 42 )2 ) (3abc)2 ) 9
a’b’c? b’c’a® c’a’h® a’b’c*(a+b+c) a’b’c’(a+b+c) a+b+c
Diu bang xay ra khi va chikhix=y=z=1.

Vay bat dang thirc dugc chirng minh.

Bai tap 9: Cho ba so thyc duong a, b, c.
a’+b*> b*+c® c*+a’
+ +
a+b b+c c+a

Chirng minh
Ta c0:
a’+b*> b*+c® c*+a® a° b> b* ¢& ¢ a°
+ + = + + + + +
a+b  b+c c+a a+b a+b b+c b+c c+a c+a
Ap dung bat dang thirc Cauchy - Schwarz, ta co:
a2 b2 b2 c? c? a2 [2(a+b+c)]2
= + + + + + >
a+b a+b b+c b+c c+a c+a 4(a+b+c)

>a+b+c.

Chirng minh rang;

=a+b+c

Déu bang xay ra khi va chikhia=b =c.
Viy bét dang thirc duoc chirng minh.
9.3. Bai tap tu luyén:
Bai tap 1: Cho a, b, ¢ 1a d0 dai 3 canh cua mot tam giac.
b C
+

Chtng minh ring: + >
3a-b+c a+3b-c -a+b+3c

Bai tap 2: (Nebits) Cho ba s thuc duong a, b, c. Chirng minh ring; a + + >—
b+c c+a a+b

b c _3
r 2 .
Bai tap 3: (Croatia 2004) Cho ba s6 thuc duong a, b, c.
2 2 2

X y z
+ +
(x+y)(x+2z) (y+2z)(y+x) (z+x)(z+y)
Bai tap 4: (Rumani) Cho ba s6 thuc duong a, b, c.
a b c 27
+ + 2 :
bc(c+a) ca(a+b) ab(b+c) 2(a+b+c)
Bai tip 5: (Vasc) Cho ba s6 thuc a, b, ¢ khong 4m va hai trong ba s6 khong dong thoi bang 0.
1

2 2 2 + 2 2 2 + 2 2 2 — 2 2 2 +

42’ +b?+c?  4b’+c+a’ 4c’+a’+b? 2(a’+b’+c’) ab+be+ca

Chirng minh rang: > % .

Chirng minh rang;

Chirng minh rang;

Bai tap 6: Cho cac s6 thuc a, b, ¢ > 0 thoa mén ab + be + ca = 1.
Chirng minh rang; a 5+ b s+ ¢ 32 J :
(3b+5c)” (3c+5a) (3a+5b) 512
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10. BAT PANG THUC NESBIT

10.1. Kién thirc co ban:
Trong toan hoc, bit dang thirc Nesbitt 14 mot truong hop dic biét cua bat ding thire Shapiro khi
s6 phan tir 13 3.
Véimoia, b, ¢ >0, ta ludn co:
a_ b L 3 (1)
b+c c+a a+b 2
Céch ching minh don gian: Cong thém 3 vao hai vé ctia phuong trinh.

Chung minh
bat:
a b c
= + +
b+c c+a a+b
Q= b L. C . a

" b+c c+a a+b
c a b
= + +
b+c c+a a+b
Taco:R+Q=3
a+c+b+a+c+b>3

P+R= >
b+c c+a a+b
P+Q=a+b+b+c+c+a23
b+c c+a a+b
T&d@l’zz.
2
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Pafnuty Lvovich Chebyshev
(Tiéng Nga: IMapuyruii JIpBoBHY UeObIER,
IPA:; [pef nutiyj 'lvovirte terbz' s0f])
(Ngay sinh: 16/5/1821 — 08/12/1894)
13 nha toan hoc ndi tiéng ngudi Nga
va la nguoi sang tao ra bat dang thirc cong Chebyshev.

11. BAT PANG THUC TRE - BU - SEP

Bét déng thirc cong Chebyshev, dugc dat theo tén nha toan hoc Pafnuty Chebyshev, dugc phat
biéu rang:

11.1. Kién thitc co ban:

Cho hai day sb (a1, &, ..., &) va (by, by, ..., by).

(1) Néu ca hai ddy cung tang hodc cung giam, ttc 1a:

a,>a,>...>a, _ [a<a,<...<a,
hoac
b,>b,>...2Db, b, <b,<...<b,
thi
a,+a,+..+a, b +b,+...+b, >alb1+a2b2+....+anbn
n n n
(2) Néu mot day tang, mét day giam, tuc la:
a, >a,>...>a, _ [a,<a,<...<a
hoac
b, <b,<...<b, b,>b,>....2Db,
thi
a +ta,+..+a, b +b,+..+b, _ab +ab,+..+ab,
n n n
A s 2 Do g FE==a,
Dau ‘=’ xay ra khi va chi khi
b,=b,=...=b,

Chung minh
Bt dang thirc cong Chebyshev duge ching minh bang cach ding qui tac sap xép bat dang thirc.
Gia str ta ¢ hai chudi s6 duoc cho nhu sau
ar=ay=>...=an
va
bi1>by>...>h,
Vay thi, theo qui tic sap xép bat dang thirc, ta c6
by + ... + aghy
14 gia tri 1on nhét co thé sap xép dugc tir hai chudi sb trén.
aiby + ... +abp=aiby + ... +a,by
b+ ... +abp=athy + ... +abs
by + ... +aby=abs + ... +ab
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albl + o + anbn ,2 albn + + anbn-]_
Cong ve theo ve, ta co:
n(aby + ... + anbn) = (a1 + ... + an)(by + ... + by)
chia ca hai vé cho n2, ta nhan dugc:
ab, +..+ab a+..ta_) b +..+b N
( e . ”) 2( - n). L 1, (bi€uching minh)
n n n
11.2. Bai tap ap dung:
Bai tap 1: Choa>b>c>0va a? +b? +¢? >1. Chimg minh rang:
a’ b* ¢ 1
+ + >,
b+c a+c a+b 2

Chung minh
Do a, b, ¢ doi xung.

cr R a b C
Giastr:a > b > cnén > >
b+c c+a a+b

Ap dung bét ding thirc Chebyshev cho hai diy giam (a?; b%; ¢?) va ( a ; b ; ¢ j
b+c c+a a+b

3 3 3
i b 23[ a ;b ¢ ja(a2+b2+cz)
3lb+c c+a a+b /) 3\b+c c+a a+b /3

3 3

a b* ¢ 13 1
= + + ===
b+c c+a a+b 32 2
Vi & s P 1 C 53 bt ding thire Nesbnit)
b+c c+a a+b 2
s 1
Dau bang xayrakhia=b=c= —.
J3

3 3 3
Vay a + b + ¢ 21.
b+c a+c a+b 2 .
Bai tap 2: Cho a, b, ¢ >0 va a+ b + ¢ = 3. Ching minh rang:
1 1 1

5 +— +— <1
c°+a+b b°+c+a a“+b+c

Ching minh

Nhan thay:
1 1 1 1 3-c*-3+c_ c(l-c)

c+a+b 3 c?+3-c 3_3(c2—c+3)_3(c2—c+3)
Ta co:

1 1 1 c(l—c) . b(l—b) . a(l—a) <0

Zratb biicta al+bic :3(cz—c+3) 3(b2—b+3) 3(a2—a+3)

- c(c-1) . b(b-1) ) a(a-1) S0
3(c’—c+3) 3(b°-b+3) 3(a’-a+3)

c—13+ b_13+ a—l320
c-1+- b-1+- a-1+-—
c b a
Via, b, ¢ ¢6 vai tro nhu nhau.
Giast:a>b>c<a-1>b-1>c-1.
Mat khac: a+ b+ ¢ =3 nén ab, bc, ca < 3.
1 1 1
3° 3° 3
a-1+— b-1+- c-1+-
a b c
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Ap dung bit ding thic Chebyshev cho hai diy (a - 1; b - 1; ¢ - 1) va

1 1 1
a—1+§ b—1+§ c—1+§
a b C
Ta co:
Ha-1)| g [0 25 et g |2 HatebdaeD) T s
3 a-1+— bh-1+— c-1+2 || 3 8lac14® b-14° o1+
a b c a b c
- c—l3+ b_13+ a—1320
c-1+- b-1+- a-1+-—
C b a

Vay bat dang thirc duoc ching minh.
11.3. Bai tap tu luyén:

Bai tap 1: Cho a, b, ¢ > 0. Chémg minh ring: v/a’ +8bc +b? +8ca ++/c? +8ac < 3(a+b+c)
Hudng dan

3a—+/a%+8bc =

8(a’—bc)(b+c)
(3{:1+x/a2 +8bc)(b+c)

Ap dung bét dang thire Chebyshev voi tong cac tu §6 bang 0.
Bai tap 2: Cho céc so thuc duong a, b, ¢, d cong bang 4.
1 1 1 < 1

+ + + <
11+a® 11+b* 11+c¢* 11+d*> 3

Chtng minh ring:
Huéng dan

1 1 1 a+l

2 19 _(a_ ) 2
11+a® 12 12 “1l+a i )
Bai tap 3: Chonsd aj>0,1=1, 2, ..., n. Ching minh rang moi s6 tu nhién m, ta co:
ar +ay +.+ay _(a,+a,+.+a, )
n B n

Bai tap 4: Chirng minh rang bat dang thirc Nesbnit 3 bién bang cach st dung bat dang thirc
Chebyshev.
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Daniel BernouII|

Sinh ngay: 08/2/1700 tai Groningen, Ha Lan.
Mt ngay: 08/3/782 tai Basel, Thuy sy.
Ong 1a mdt nha toan hoc Thuy s¥ - Ha lan
va la mét trong 0 nhiéu nha toan hoc ndi tleng trong gia dinh Bernoulli.
Ong duoc nhd dén nho nhitng tng dung ctia 6ng Ay vé toan hoc 601 V61 co hoc,
dic biét 1a co hoc chat 16ng, cling nhu vi¢c di tién phong trong xac suit va thong ke.
Chir ky

m@m el Flevs sty

12. BAT PANG THUC BERNOULLI

12.1. Kién thirc co ban:
Véimoir € Z© va véi moi so thuc x > —1:

(1+ x)r >1+rx
Déu bang xay ra khi va chi khi x =0 hodcr = 1.
Neéu s0 mii r la chan, thi bat dang thirc nay dung voi moi so thuce x.
Bat dang thure nay trd thanh bat dang thirc nghiém ngét nhu sau:
V&1 moi s6 nguyén r > 2 va voi moi s0 thue x > —1 voi x # 0.

(1+x) >1+rx

Chtrng minh
Khi r = 0, bit dang thirc trd thanh (1+ X)0 >1+0x ticla 1> 1 ma rd rang dung.
Bay gid gia sir bit dang thic dung véi r = k:

(1+x)">1+kx

Can chimg minh:
(1 +x) > 1+ (k+ 1)x

That vay, (1+ x)k+l = (1+x)(1+ x)k >(1+x)(1+kx) (vitheo gia thiét 1 +x>0)
1=kx+x+ko¢ =1+(k+1) x+kdé > 1+ k+1) X, (vi kx® > 0)

Suy ra: Bat ding thuc dung véir = k+1.
Theo nguyén ly quy nap, ching ta suy ra bat dang thirc ding v6i moi 1 = 0.
S6 mii r c6 thé tong quat hoa thanh s6 thyc bat ky nhu sau: néu x > —1, thi

(1+x) =1+rx
voir<Ohayr>1,va
(1+x) <1+rx

voi0<r<l1.
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Mbt lan nita, bat dang thirc ndy tré thanh bat déng thirc nghiém ngat néu x > -1 va 1 <r thudc
tap s ty nhién.
12.2. Bai tap ap dung:
Bai tap 1: Chimg minh ring: a° + b® > 1, va, b > 0.

Chirng minh

Néu a > 1 hay b> 1 thi bat dang thirc luon ding
Néu0<a,b<l
Ap dung bt dang thirc Bernouli:

b b
_ b(1—
(l) :[1+1_aJ <1+ ( a)<a+b:>ab>—

a a a a a+b

Chtrng minh tuong tu: b* > b
a+b

Vay a” +b? >1. ‘
Bai tap 2: Cho a,b,c > 0. Chirng minh rang:
a5+b5+05>(a+b+cj5

3 B 3
Chirng minh
Ta c6 bat dang thuc tuong duong:

( 3a js ( 3b T [ 3c js
+ + >3
a+b+c a+b+c a+b+c

Ap dung bit dang thirc Bernouli:

5 5
- 5(b+c-2a
3a :(1+—b+c 2aj 214 2(0%c-28)
at+b+c a+b+c a+b+c
Chtrng minh tuong tu ta dugc:
5
5(c+a-2b
bV, 5(era-2b) 3)
a+b+c a+b+c
5
5(a+b-2c
k)5, 2axb-%) (4
a+b+c a+b+c

Cong (2), (3), (4) vé theo vé ta co:

( 3a js ( 3b T [ 3c js
+ + >3
a+b+c a+b+c a+b+c

Viy ta c6 diéu phai chirmg minh.
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CHUYEN DE 20
TOAN SUY LUAN LOGIC
Trong cudc song d6i khi ta gip nhitng bai toan vui ma khi giai n6 ta chi can van dung mot cach
linh hoat cac suy luan chinh x4c, sang tao, chit ch&. Dang toan ndy rit phong pht, da dang va
khong c6 mét dang cu thé nao. Thong thuong dé suy ludn gon gang nguoi ta thanh 1ap bang
logic. Sau day 1a mot sb bai toan luyén suy ludn logic so cAp, moi cac ban tham khéo.
Cach giai chung:
Budc 1: Phién dich dé bai tir ngon ngir doi thuong sang ngdn ngir cua logic ménh dé:
Tim xem bai toan dugc tao thanh tir nhitng ménh dé nao.
‘ Dién dat cac diéu kién (da cho va phai tim) trong bai toan bang ngdn ngit ctia logic ménh
de.
Budc 2: Phan tich méi lién hé giira diéu kién da cho v&i két ludn cua bai toan bang ngdn ngir cta
logic ménh dé.
Budc 3: Dung cac phuong phap suy luan logic din dat tir cac diéu kién da cho t6i két ludn cua
bai toan.
1. Phwong phap lap bang.
1.1. Kién thic co ban:
Cac bai toan giai bang phuong phép 1ap bang thudng xuat hién hai nhém dbi tugng (chiang han
tén nguoi va nghe nghiép, hodc van dong vién va giai thuong, hodc tén sach va mau bia, ...).
Khi giai, ta thiét 1ap 1 bang gdm cac hang va cac cot. Cac cot ta liét ké cac dbi tuong thudc
nhom thtr nhét, con cac hang ta liét ké cac dbi tuong thudc nhém thir hai.
Dua vao diéu kién trong dé bai ta loai bo dan (ghi s 0) cac 6 (1a giao ctia mdi hang va mdi cot).
Nhirng 6 con lai (khong bi loai bo) 1a két qua ctia bai toan.
1.2. Bai tap ap dung:
Bai tap 1: Trong 1 budi hoc nit cong ba ban Cuc, Pao, Hong lam 3 bdng hoa ciic, dao, hdng. Ban
1am hoa hdng ndi v6i Cuc : Thé 1a trong ching ta ching ai 1am loai hoa tring véi tén minh ca!
Hoi ai da 1am hoa nao?
Phén tich:
Vi bai toan nay, chung ta can tim ra xem ai lam hoa gi... Can chti y 1 s6 dit kién quan trong cua
de bai:
- “Ban lam hoa hong n6i v6i Cic”: didu nay c6 nghia 1a ban Ctc khong lam hoa hong. Vi trai lai
néu Ctc 1am hoa hong thi héa ra Ctc néi véi Cac??2?
- “Thé 1a trong chiing ta ching ai 1am loai hoa tring tén v6i minh ca” => Cic khong lam hoa clc,
Dao khong lam hoa dao va Hong ciing khong 1am hoa hong.
Tu do ta di 1ap bang va xét cac kha nang...
Giai
Vi “ban 1am hoa hong n6i véi Cac” nén Cac khong lam hoa hong. Vi khong ai lam gidng tén
minh nén Ctc khong 1am hoa ctc, Pao khong 1am hoa dao, Hong khong 1am hoa hong.
Ta lap bang v4i hang ngang déu tién 1a tén cac loai hoa, cOt dau tién la tén cac ban. Néu ban Clic
khong 1am hoa ciic thi ta dién “khong” ¢ 6 twong tng.
Nhu vay ¢ 6 ban Clc — hoa ctic ta dién “khong”. Ban Bao — hoa dao dién “khong”, ban Héng -
hoa hong ta dién “khong”. Theo 1y luan & trén thi ban Clic khong 1am hoa hong nén 6 Cuc- hong
dién “khong”. Pén day ta thiy ban Cuc chi co thé 1am hoa dao va hoa hdng chi ¢ thé dugc lam
boi ban Pao. Tir d6 suy ra ban Hong lam hoa ciic.

Nhin vio béang ta thay: Clic lam hoa dao

Dao 1am hoa hong

Hong lam hoa cc.
Bai tap 2: Ba nguoi thg han, tho tién, thg dién dang ngoi tro chuyén trong gid giai lao. Nguoi

tho han nhan xét :

Ba ta lam nghé tring véi tén clia 3 chung ta nhung khong ai 1am nghé tring véi tén clia minh ca.

Cuc bao Hong

Clc khong co khong
bao khdng co

Hong co khéng
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Béc bi¢n hudng ing : Bac ndi dung.
Em cho biét tén va nghe nghi¢p cia moi nguoi thg do.

Phan tich:

Bai ndy ChuTieu ciing lru y v6i céc chau 1a ching ta can doc ky dé bai. Dit kién dé bai 1a Bac
Dién hudng tng “bac noi diing” la rat quan trong, tur day ta suy ra bac Di¢n khong l1am thg han.
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Giai
Ta c6 bang sau:
S Nehe) Tién Picn
Tén
Han 0 X
Tién X 0
bién 0 X 0

Bac dién hudng tng 161 bac thg han nén bac Dién khong lam thg han

Bac Dién lam tho tién.

Bac Han phai 1am tho dién.

Béc Dién phai lam thg han.

Bai tap 3: Nam nguoi tho tén 1a: Da, Pién, Han, Tién va Son lam 5 nghé khac nhau tring véi tén
clia tén cua 5 ngudi d6 nhung khong co ai tén triung v6i nghé cia minh. Tén ctia bac tho da trang
v6i nghé cua anh vo minh va vo bac chi c6 2 anh em. Bac Tién khong 1am tho son ma lai 13 em
ré cia bac tho han. Bac thg son va bac tho da 1a 2 anh em cung ho. Em cho biét bac da va bac
tién lam nghé gi?

Phan tich:

Bai nay cac chau ciing chu y dén nhitng dit kién cua dé bai. Dé bai cho rat nhiéu dir liéu, nhung
néu dé ¥ chung ta s& khong bi rdi. Vi du: bac Tién khong 1am tho son ma lai 1a em ré bac tho
han, diéu nay ching to bac Tién khong 1am tho son ma ciing khong 1am tho han (vi anh ré bac iy
Ia tho han rdi) Tuong tu cac dir lidu khéc, cac chau cha ¥ phan tich.

Hon nita, & bai ndy, cha ¥ rang dé bai chi hoi bac Tién va bac Da 1am nghé gi, nén ta hiy tap
trung phan tich xoay quanh hai bac nay nhé.

Giai
Nghd T pa | pien | Han | Tien | Som
da 0 0
dién 0 0 X
han X 0 0
tién 0
son 0 0 0

Béc Tién khong 1am thg son. Bac Tién 1a em ré cta bac tho han nén bac Tién khong lam thg han
b Bac Tién chi ¢ thé 1a thg da hodc tho dién.
Néu bac Tién 1am tho da thi bac Da 1a tho dién. Nhu vay bac Tién vura la em ré cta bac tho tién
vira 12 em ré cua bac tho han ma vg bac Tién chi c6 2 anh em. Diéu nay vo li.
Bac Tién la tho dién
Béc Da va bac thg son 1a 2 anh em cung hg nén bac Da khong phai 1a thg son. Theo lap luan trén
bac Da khong la thg tién. Vay Bac Da la tho han.
Bai tap 4: Trén ban 1a 3 cudn sach gido khoa: Vin, Toan va Dia li dugc boc 3 mau khac nhau:
Xanh, do, vang. Cho biét cudn boc bia mau do dat gitra 2 cudn Van va bia li, cudn Dia li va cudn
mau xanh mua cing 1 ngay. Ban hiy xac dinh mdi cudn sach di boc bia mau gi?

Giai
Ta c6 bang sau:

Tén sach . , )
Mau bia Van Toan bia
Xanh x1 2 03

do 04 x5 06
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vang 7 8 X9
Theo dé bai “Cudn bia mau do dit gitra 2 cudn Van va Dia 11 Vay cudn sach Van va Dia li déu
khong dit mau do cho nén cudn toan phai boc mau do. Ta ghi s6 0 vao 6 4 va 6, danh du x vao
6 5. Mit khac, “Cubn Dia li va cudén mau xanh mua cing ngay”. Diéu d6 c6 nghia ring cuén Dia
li khong boc mau xanh. Ta ghi s6 0 vao 6 3.

- Nhin vao cot thir 4 ta théy cudn dia li khong boc mau xanh, cling khong boc mau do. Vay cudn
Dia li boc mau vang. Ta danh diu x va0 6 9.

- Nhin vao cot 2 va 6 9 ta thiy cudn Vin khong boc mau do, ciing khong boc mau vang. Vay
cudn Vin boc mau xanh. Ta danh du x vao 6 1.

Két luan: Cubn Vin boc mau xanh, cuén Toan boc mau do, cuén Pia 1i boc mau vang.

Bai tap 5: Trong mot bang dau loai bong d4 c6 4 doi A, B, C, D. Nguoi ta dua ra 3 dy doan:

a) Doi A nhi, doi B nhat.

b) D6i B nhi, d6i D ba.

¢) boi C nhi, d6i D tu.

Két qua dy doan nay déu c6 mot y diing, mot ¥ sai. Hay xac dinh thir tu cia mdi doi?

Giai
Ta ghi ba dy doan vao ba dong trong bang sau:
Thir tu
1 2 3 4
Du doan

a B A

b B D

C C D

Vi ¢6 nhiéu du doan dé cap dén doi vé nhi nén ta xét doi nao vé nhi.
Gia str 461 A vé nhi 1a dng thi cac doi B vé nhi 14 sai, do d6 doi D vé thir ba (theo b) va vé thi
tu (theo c), vo 1i.
Viy ddi A vé nhi 13 sai, do d6 theo a thi doi B vé nhat. Doi B vé nhi 13 sai nén theo b thi d6i D vé
thir ba. Doi D vé thir tu 1a sai nén theo ¢ thi d6i C vé thir nhi. Con doi A vé thu tu.
1.3. Bai tap tu luyén:
Bai tap 1: Gid Vin c6 gido tra bai kiém tra. Bén ban Tuan, Hung, Lan, Quan ngdi cing ban déu
dat diém 8 trd 1én. Gio ra choi Phuong hoi diém cua 4 ban, Tuén tra 1oi :
- Lan khéng dat diém 10, minh va Quan khong dat diém 9 con Hung khong dat diém 8.
Hung thi noi :
- Minh khong dat diém 10, Lan khong dat diém 9 con Tuin va Quan déu khong dat diém 8.
Ban hiy cho biét mdi ngudi di dat miy dioém?.
Bai tap 2: & 3 goc vuon trong cdy canh cta éng ndi trong 4 khom hoa cuc, hué, hong va don.
Biét rang hai goc vuon phia tiy va phia béc khong trong hué. Khém hué trong gitra khom cuc va
goc vuon phia nam, con khom don thi trong gitta khom hdng va goc vuon phia béc.
Ban hay cho biét mdi goc vuon 6ng ndi di trong hoa gi?
Bai tap 3: Ba thay giao day 3 mon van, toan, Ii trd chuyén v&i nhau. Thay day li nhan xét : “Ba
chung minh c¢6 tén trung véi 3 mén chung ta day, nhung khong ai c6 tén trung véi mén minh
day”. Thiy day toan hudng tmg : “Anh noi dung”.
Em hay cho biét mdi thay day mon gi?
Bai tap 4: Trong dém da hoi ngoai ngit, 3 ¢6 gido day tiéng Nga, tiéng Anh va tiéng Nhat duoc
giao phu trach. C6 Nga noi v6i cac em : “Ba c6 day 3 thir tleng trung vai tén cua cac co, nhung
chi ¢6 1 ¢6 ¢o tén trung voi thir tiéng minh day”. Co day tiéng Nhat noi thém : “Co Nga da noi
dung” roi chi vao co Nga néi tiép : “Rét tiéc co tén 1a Nga ma lai khong day tiéng Nga”. Em hiy
cho biét mdi co gido da day tiéng gi?
Bai tap 5: Ba thiy gido day cic mon nhu sau: Vin, Str, Hoa. Trong d6 chi ¢6 1 thay c6 tén tring
v&i mon minh day. Hoi mdi thdy day mon gi? Biét thiy day mon hoa it tudi hon thay day van, sur.
Bai tap 6: Trong mot cudc dua xe dap. 4 van dong vién An, Binh, Cudng, Diing da dat bbn giai
dau tién.
Trong cac cau sau day, mdi cau chi ding vé mot van dong vién:

a) Binh giai nhat, Diing giai nhi.
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b) Binh giai nhi, Cuong giai ba.
) An giai nhi, Cuong giai tu.
Hay xac dinh giai cua timg van dong vién?
Bai tap 7: Bon ban nir My, Mén, Mai, Mo dang ¢ trong mdt can phong cua ki tic xa. Mot ¢6 sira
4o, mot c6 dang chai dau, mot co dang viét thu, va mot co dang doc sach.
Biét thém rang:
+ My khong stra 40 va khong doc sach
+ Man khong viét thu va khong va khong stra 4o
+ Néu My khong viét thu thi Mo khong sira 4o.
+ Mai khong doc sach va khong stra 4o.
Hay n6i chinh x4ac mdi c6 dang lam gi trong phong?
2. Phurong phap lra chon tinh hudng:
2.1. Kién thirc co ban:
Pay la dang toan rat dé nhat biét. Vi trong dé bai ta s& nhan thdy duoc cac yéu cau dung hoic sai,
thoa min hay khong thoa man yéu cau bai toan. Ta ludn dit cc van dé cta bai toan theo phuong
phap phan ching (gia st ... van dé bai toan ... 1a dung ... hoic sai).
2.2. Bai tap ap dung:
Bai tap 1: Trong ki thi HS gioi tinh c6 4 ban Phuong, Duong, Hiéu, Hang tham gia. Pugc hoi
qué mdi ngudi & dau ta nhan duoc cac cau tra 101 sau:

Phuong: Duong ¢ Thang Long con t61 & Quang Trung

Duong: T6i ciing & Quang Trung con Hiéu ¢ Thing Long

Hiéu: Khong, toi & Phic Thanh con Hang & Hiép Hoa

Hing: Trong céc cu tra 10i trén déu c¢6 1 phan dung 1 phan sai.
Em hiy x4c dinh qué ctia mdi ban.

Giai

Vi trong mbi cau tra 101 déu c6 1 phan dung va 1 phan sai nén c6 cac trudng hop:
- Gia st Duong ¢ Thang Long la ding = Phuong & Quang Trung la sai
— Hiéu ¢ Thiang Long 13 ding
Diéu nay vo i vi Duong va Hiéu cung ¢ Thing Long.
Gia st Duong ¢ Thang Long la sai = Phuong ¢ Quang Trung va do d6 Duong & Quang Trung la
sai = Hiéu ¢ Thiang Long
Hiéu ¢ Phiic Thanh 1a sai = Hang & Hiép Hoa
Con lai = Duong ¢ Phac Thanh.
Bai tap 2: Nam ban Anh, Binh, Cuc, Doan, An qué ¢ 5 tinh: Bic Ninh, Ha T4y, Can Tho, Nghé
An, Tién Giang. Khi dugc hoi qué ¢ tinh nao, cac ban tra 101 nhu sau:
Anh:  T6i qué ¢ Bic Ninh con Doan & Nghé An
Binh: Tai ciing qué & Bic Ninh con Cuc ¢ Tién Giang
Clc: Toi cling qué ¢ Bic Ninh con Doan ¢ Ha Tay
Doan: Tb6i qué & Nghé An con An & Can Tho
An:  Tbéiqué & Can Tho con Anh & Ha Tay
Néu mdi ciu tra 16i déu c6 1 phan diing va 1 phén sai thi qué mdi ban ¢ dau?

Giai
Vimdi cau tra 161 ¢6 1 phan ding va 1 phan sai nén c6 cac truong hop :
- Néu Anh & Béc Ninh 1a ding = Doan khong & Nghé An. = Binh va Cic & Bic Ninh 1a sai =
Cuc ¢ Tién Giang va Doan ¢ Ha Tay.
Doan & Nghé An Ia sai = An ¢ Can Tho va Anh & Ha Tay 12 sai.
Con ban Binh & Nghé An (Vi 4 ban qué ¢ 4 tinh réi)
- Néu Anh ¢ Bic Ninh 14 sai = Doan ¢ Nghé An
Doan & Ha Tay la sai = Clic & Bac Ninh. Tir d6 Binh ¢ Bic Ninh phai sai
= Cuc 6 Tién Giang
Diéu nay vo li vi Clic vira & Bac Ninh vira ¢ Tién Giang (loai).
Vay : Anh & Béc Ninh; Cuc ¢ Tién Giang; Doan & Ha Tay; An & Can Tho va Binh ¢ Nghé An.
Bai tap 3: Clp Tiger 98 co6 4 doi lot vao vong ban két: Viét Nam, Singapor, Thai Lan va
Indonéxia. Trude khi vao dau vong ban két ba ban Diing, Quang, Tuin du doan nhu sau:

Dung: Singapor nhi, con Thai Lan ba.
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Quang: Vi¢t Nam nhi, con Thai Lan tu.
Tuln : Singapor nhit va Indonéxia nhi.
Két qua mdi bam du doan diing mot doi va sai mot doi. Hoi mdi doi da dat giai may?
Giai
- Néu Singapor dat giai nhi thi Singapor khong dat giai nhat. Vay theo Tuan thi Indonéxia dat
giai nhi. Diéu nay vo 1y, vi hai doi déu dat giai nhi.
- Néu Singapor khong dat giai nhi thi theo Diing, Thai Lan dat giai ba. Nhu vay Thai Lan khong
dat giai tu. Theo Quang, Viét Nam dat giai nhi. Thé thi Indonéxia khong dat giai nhi. Vay theo
Tuén, Singapor dat giai nhat, cubi ciing con doi Indoné xia dat giai tu.
Két luan: Thir tu gidi ctia cac doi trong ctp Tiger 98 1a:
Nhat: Singapor; Nhi: Viét Nam.
Ba: Thai Lan; Tu: Indonéxia
Bai tap 4: Gia dinh Lan c6 5 nguoi: Ong ndi, b, me, Lan va em Hoang. Sang chii nhat ca nha
thich di xem xiéc nhung chi mua duoc 2 vé. Moi nguoi trong gia dinh dé xuat 5 y kién: Hoang va
Lan di
B6 va me di
Ong va bd di
Me va Hoang di
Hoang va bé di.
Cubi cung moi ngudi dong ¥ véi dé nghi cta Lan vi theo dé nghi d6 thi mdi dé nghi cua 4 ngudi
con lai trong gia dinh déu dugc thoa min 1 phan. Ban hiy cho biét ai di xem xiéc hom do.
Giai
Ta nhan xét:
- Néu chon dé nghi thir nhét thi dé nghi thir hai bi bac bo hoan toan. Vay khong thé chon dé nghi
thr nhét.
- Néu chon dé nghi thtr hai thi dé nghi thir nhat bi bac bo hoan toan. Vay khong thé chon dé nghi
thir hai.
- Néu chon dé nghi th ba thi dé nghi thir tu bi bac b hoan toan. Vay khong thé chon dé nghj thir
ba.
- Néu chon dé nghi thi tu thi dé nghi thr ba bi bac bo hoan toan. Vay khong thé chon dé nghj thir
tu.
- Néu chon dé nghi thir ndm thi ca 4 dé nghi trén déu thoa mian mot phﬁn va bac bo mot phﬁn.
Viy sang hom d6 Hoang va bd di xem xiéc.
2.3. Bai tap tu luyén:
Bai tap 1: Trong 1 cudc chay thi 4 ban An, Binh, Cuong, Diing dat 4 giai : nhét, nhi, ba, tu. Khi
duoc hoi : Ban Diing dat giai méy thi 4 ban tra 101 :
An : T6i nhi, Binh nhat.
Binh : Téi ciing nhi, Diing ba.
Cuong : T61 moi nhi, Diing tu.
Diing : 3 ban n6ico 1 y ding 1 y sai.
Em cho biét mdi ban dat may?
Bai tap 2: T4 toan cia 1 truong phd thong trung hocco 5 nguoi : Thiy Hung, thay Quan, c6 Van,
cd Hanh va cd Cuc. Ky nghl hé ca tb duogc 2 phleu di nghi mat. Moi ngudi déu nhudng nhau,
thay hiéu truong dé nghi moi nguoi dé xuat 1 y kién. Két qua nhu sau :
(1) Thay Hung va thay Quan di.
(2) Thay Hung va c¢6 Van di
(3) Thay Quan va c6 Hanh di.
(4) Co Cuc va c6 Hanh di.
(5) Thay Hung va c6 Hanh di.
Cubi cung thay hiéu truong quyét dinh chon dé nghi cta c6 Cuc, vi theo dé nghi d6 thi mdi dé
nghi déu thoa man 1 phan va bac bo 1 phan.
Ban hiy cho biét ai da di nghi mat trong ky nghi h¢ d6?
Bai tap 3: Ba ban Quan, Hung va Manh vura dat giai nhét, nhi va ba trong ky thi toan qudc té.
Biét rang:
(1) Khong c6 hoc sinh truong chuyén nao dat gidi cao hon Quan.
(2) Néu Quan dat giai thap hon mot ban nao do6 thi Quéan khong phai 1a hoc sinh trudng chuyén.
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(3) Chi c6 dung 1 ban khong phai 1a hoc sinh truong chuyén
(4) Néu Hung va Manh dat giai nhi thi manh dat giai cao hon ban qué &
Hai Phong.
Ban hiy cho biét mdi ban da dat giai nao? ban nao khong hoc trudng chuyén va ban nao qué &
Hai Phong.
Bai tap 4: Thay Nghiém dugc nha trudng cir dwa 4 hoc sinh Lé, Huy, Hoang, Tién di thi dau
dién kinh. Két qua c6 3 em dat giai nhét, nhi, ba va 1 em khong dat giai. Khi vé trudng moi
ngudi hoi két qua cac em tra 101 nhu sau :
Lé : Minh dat giai nhi hoac ba.
Huy : Minh dat giai nhat.
Hoang : Minh dat giai nhat.
Tién : Minh khong dat giai.
Nghe xong thiy Nghiém mim cudi va ndi : “Chi c6 3 ban ni that, con 1 ban da n6i dua”.
Ban hiy cho biét hoc sinh nao da néi dua, ai dat giai nhat va ai khong dat giai.
Bai tip 5: Clp Euro 96 c6 4 doi lot vao vong ban két : Pirc, Cong hoa Séc, Anh va Phap. Trude
khi thi ¢au 3 ban Hung, Trung vabuc dy doan nhu sau :
Hung : DPtic nhat va Phap nhi
Trung : Plrc nhi va Anh ba
buc : Cong hoa Séc nhi va Anh tu.
Két qua mdi bandy doan mot doi dung, mot doi sai. Hoi mdi doi d dat giai may?
Bai tiap 6: Ba ¢ ban gai 1a Thanh, Xuan va Diép di choi vdi nhau. Piép bong c6 mdt nhan xét
doc ddo nodi voi cd ban mac 40 mau xanh: "vui that, trong ching ta c6 1 ngud1 mac 40 mau tréng,
mdt ngudi mac 40 mau den va mot ngudi mac 40 mau xanh nhung cac chir dau cua mau 4o lai
chang trung véi chir dau tén ctia chiing minh". Vdy ai mic 40 mau gi?
Daép sb: Thanh - Pen, Xuan - Trang, Diép - Xanh.
Bai tap 7: Trén duong di hoc vé 3 ban Lan, Minh, Nghia noi chuyén v6i nhau vé bai kiém tra
toan vura lam xong:
Lan no6i: "Ki nay chic minh khong dat 10 diém"
Minh néi: "Bai lam ctia minh rat tdt, thé nao minh cling dat 10 diém"
Nghia n6i: "Minh 1am ciing duoc nhung chic diém ctia minh khong phai 1a 9"
DPén hom thay gido tra bai kiém tra sb diém cua 3 ban 1a 10; 9; 7 va cac ban thiy ring chi 1 trong
3 ngudi doan dang s6 diém ctia minh.
Tinh s6 diém cua mdi ban.
Daép sb: Nghia noi dung:
Lan - 10
Minh -9
Nghia - 7

3. Phuwong phap sir dung biéu dé6 VEN:
3.1. Kién thirc co ban:

Trong khi giai bai toan, nguoi ta thuong dung nhitng dudng cong kin dé md ta mbi quan hé
gitra cac dai lugng trong bai toan. Nho sy mé td nay ma ta gidi dugc bai toan 1 cach thuén loi.
Nhitng duong cong nhu thé goi 1a biéu d6 ven.

3.2. Bai tap ap dung:
Bai tap 1: bé phuc vu cho hoi nghi quéc té, ban td chuc da huy dong 30 can bd phién dich tiéng
Anh, 25 can bd phién dich tiéng Phap, trong d6 12 can bd phién dich dugc ca 2 tha tiéng Anh va
Phép. Hoi:
a) Ban t chirc da huy dong tat ca bao nhiéu can bo phién dich cho hoi nghi do.
b) C6 bao nhiéu can bo chi dich dugc tiéng Anh, chi dich dugc tiéng Phép?
Giai
S6 lwong can bo phién dich dugc ban to chiic huy dong cho hdi nghi ta mé ta bang so dd ven.
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Tiéng Anh Tiéng Phap

Nhin vao so dd ta co :
S6 can bo chi phién dich dugc tiéng Anh 1
30 — 12 = 18 (nguoi)
S6 can bd chi phién dich dugc tiéng Phap 1a :
25 — 12 = 13 (nguoi)
S6 can bo phién dich dugc ban to chirc huy dong 1a :
30 + 13 =43 (nguoi)
Pap sb : 43; 18; 13 nguoi.
Bai tap 2: Lop 9A ¢6 30 em tham gia da hoi tiéng Anh va tiéng Trung. Trong d6 c6 25 em ndi
duoc tleng Anh va 18 em n6i dugc tiéng trung. Hoi c6 bao nhiéu ban néi duge ca 2
thi tiéng?
Giai

Tiéng Anh

Tiéng Trung
18 25

Céc em 16p 9A tham gia da hoi dugc md ta bang so do ven.

S6 hoc sinh chi néi duogc tiéng Trung la: 30-25=5(em)

S6 hoc sinh chi n6i duogc tiéng Anh la: 30— 18 = 12 (em)

S6 em no6i duoc ca 2 thi tiéng 1a: 30— (5+12) =13 (em)
Dap sb: 13 em.
Bai tap 3: C6 200 hoc sinh trudng chuyén ngit tham gia da hoi tiéng Nga, Trung va Anh. C6 60
ban chi néi duoc tiéng Anh, 80 ban noi duogc tiéng Nga, 90 ban no6i1 duoc tiéng Trung. Co6 20 ban
no6i dugc 2 thi tiéng Nga va Trung. Hoi c¢6 bao nhiéu ban néi dugc 3 thir tiéng?

Giai
Tiéng Anh 6

Tiéng Trung

S6 hoc sinh noi dugc tiéng Nga hoc tiéng Trung la:

Bién soan: Tran Trung Chinh Trang s 280



.:: CHUYEN DPE TOAN LUYEN THI VAO LOP 10 THPT ::.

200 — 60 = 140 (ban)
S6 hoc sinh néi duge 2 thi tiéng Nga va Trung 1a:

(90 + 80) — 140 = 30 (ban)
S4 hoc sinh noi duoc ca 3 tha tiéng la:

30 —20 =10 (ban)
Dap s6: 10 ban.
Bai tap 4: Trong 1 hoi nghi c6 100 dai biéu tham dw, mdi dai biéu ndi dugec mot hodc hai trong
ba thir tiéng: Nga, Anh hoic Phap. C6 39 dai biéu chi néi duoc tiéng Anh, 35 dai biéu néi duoc
tiéng Phap, 8 dai biéu noi duoc ca tiéng Anh va tiéng Nga. Hoi c6 bao nhiéu dai biéu chi néi
duoc tiéng Nga?

Giai

Tiéng Anh ‘

Tiéng Trung

S6 dai biéu nodi duoc tiéng Phap hoic Nga la:

100 — 39 = 61 (dai biéu)
S6 dai biéu nodi duoc tiéng Nga nhung khong noi duoc tiéng Phap 1a:

61 — 35 = 26 (dai biéu)
S6 dai biéu chi noi duoc tiéng Nga la:

26 — 8 = 18 (dai biéu)
Dap sb: 18 dai biéu.
Bai tip 5: Trong mot 16p hoc, tit ca nit sinh déu tham gia cdc nhom hoc nit cong gia chanh gdm:
Théu, 1am hoa, 1am banh. Biét ring c6 7 ban hoc théu, 6 ban hoc 1am hoa, 5 ban hoc 1am banh, 4
ban vira hoc théu vira hoc lam hoa, 3 ban vira hoc théu vira hoc lam banh, 2 ban vira hoc lam hoa
vira hoc lam béanh, 1 ban vtra hoc ca ban nhém. Héi 16p hoc d6 c6 bao nhi€u nir sinh?

Giai
Ta v€ vong tron giao nhau dé biéu dién sb nir sinh hoc cac nhoém théu, 1am hoa, lam banh. Giao
nhau cta hai, ba vong tron biéu dién s ngudi tham gia hai, ba nhom. Ba vong tron ndy chia nhau
thanh cac phﬁn a, b, ¢, m, n, p, q ki hiéu nhu hinh v¢.

Théu
ﬁ Lam hoa

Lam banh

Theo dé bai, ta c6:
atm+n+p=7 (@8]
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b+m+p+g=6 (2
ctn+p+g=5  (3)

m+q=4 (4)
n+q=3 5)
ptq=2 (6)
q=1 (7)

Tu (6) va (7), taco:p=1 (8)
T (8), (4) va (2),suyra: b= 1.
Tu (8), (5) va(3), suyra: c= 1.
Vaytongsonusmhcualophocdola atm+n+q+b+c+p=7+1+1+1=10.
Bai tip 6: Nguoi ta diéu tra trong mot 16p hoc c6 40 hoc sinh thi thiy c6 30 hoc sinh thich Toan,
25 hoc sinh thich Vian, 2 hoc sinh khong thich cd Toan va Van. Hoi c¢6 nhiéu hoc sinh thich ca
hai mén Van va Toan?
Giai
Biéu thi cac dir kién trong dé bai nhu trén hinh v&.
Goi sb hoc sinh thich ca hai mén Van va Toén 14 x.
Thi s6 hoc sinh thich Vin ma khong thich Toan 14 25 - x.
Taco: 30+ (25-x) + 2 =40.

Toan 30
Vin 25\ 40

Do d6 x =17. Vay ¢6 17 hoc sinh thich ca hai mon Van va Toan.
3.3. Bai tap tu luyén:
Bai tap 1: Lop 5A c6 15 ban dang ki hoc ngoai khod moén Van, 12 ban dang ki hoc ngoai khoa
mon Toan, trong do c¢6 7 ban dang ki hoc ca Van va Toan . Hoi

a) Co6 bao nhiéu ban dang ki hoc Van hoac Toan?

b) C6 bao nhiéu ban chi dang ki hoc Van? chi dang ki hoc Toan?
Bai tap 2: Trén 1 hoi nghi cac dai biéu st dung mot hodc hai trong 3 thir tiéng : Nga, Anh hoic
Phap. C6 30 dai biéu noi duoc tiéng Phap, 35 dai biéu chi noi duge tiéng Anh, 20 dai biéu chi néi
duoc tleng Nga va 15 dai biéu n6i dugc ca tiéng Anh va tiéng Nga. Hoi hoi nghi d6 ¢ bao nhiéu
dai biéu tham dy?
Bai tap 3: Bén muoi em hoc sinh cua truong X du thi 3 mon : ném ta, chay va da cau. Trong doi
c6 8 em chi thi ném ta, 20 em thi chay va 18 em thi da cAu. Hoi ¢6 bao nhiéu em vira thi chay
vira thi da cau?
Bai tAp 4: Doi tuyén thi hoc sinh gi6i cua tinh X ¢6 25 em thi Vin va 27 em thi toan, trong d6 ¢6
18 em vira thi Van vira thi toan. Hoi doi tuyén hoc sinh gidi 2 mon Vin va Toan cua tinh X ¢6
bao nhiéu em?
Bai tap 5: Trong mot cudc hdi thao, mdi nguoi tham gia déu biét it nhat mot trong ba ngoai ngir
Anh, Phap, Nga. Biét réng ¢6 21 ngudi biét tiéng Anh, 19 nguoi biét tiéng Phap, 17 nguol biét
Nga, 13 nguoi blet ca tiéng Anh va Phap, 12 nguoi biét ca tleng Anh va Nga, 11 nguoi biét ca
tiéng Phap va tiéng Nga, 10 nguoi biét ca ba th tiéng. Tinh sé nguoi tham dy hoi thao.
Bai tap 6: Mot 16p hoc c6 90% hoc sinh thich bong da, 60% thich bong chuyén. Hoi ¢6 it nhat
bao nhi€u phan trdm hoc sinh cua 16p thich ca hai mon?

4. Phwong phap suy luin don gidn:

4.1. Kién thirc co ban:

Suy luan don gian 1a phép suy luan khong dung cong cu cta 16gic ménh de.
4.2. Bai tap ap dung:
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Bai tap 1: Trong 1 ngdi dén c6 3 vi than ngdi canh nhau. Than that tha (luén ludn noi that); Than
dbi tra (luén néi dbi); Than khon ngoan (luc néi that, lac ndi dbi). Mot nha toan hoc hoi 1 vi than
bén trai : Ai ngdi canh ngai?
- Thén that tha.
Nha toan hoc hoi nguoi ¢ gitra:
- Ngai la ai?
- La than khon ngoan.
Nha todn hoc hoi ngudi bén phai
- Ai ngdi canh ngai?
- Than dbi tré.
Hay xé4c dinh tén ctia cac vi than.
Giai

Ca 3 cau hoi cta nha toan hoc déu nham xac dinh 1 thong tin: Than ngdi gitra 1a than gi? Két
qua co6 3 cau tra 101 khac nhau.

Ta thiy thin ngdi bén trai khong phai 14 than that tha vi ngai ndi nguoi ngdi gitra 1a than that
tha.

Than ngdi giita ciing khong phai 1a than that tha vi ngai néi: Toi 1a than khén ngoan = Than
ngdi bén phai 1a than that tha = ¢ giita 1a than doi tra.

= & bén trai 14 than khon ngoan.

Bai tip 2: Mot hom anh Quang mang quyén Album ra gi6i thiéu véi moi nguoi. Cuong chi vao
dan Ong trong anh va hoi anh Quang: Nguoi dan 6ng nay co quan he thé nao véi anh? Anh
Quang ben tra l6i: Ba ndi cua chi gai vo anh ay la chi gai cta ba ndi vo toL.
Ban cho biét anh Quang va ngudi dan ong 4y quan he voi nhau nhu thé nao?
Giai

Ba noi cua chi gai vo anh éy cling chinh la ba ndi cua vg anh éy. Ba ndi cia vo anh éy la chi gai
cua ba ndi vo anh Quang. V¢ anh éy va v¢ anh Quang la chi em con di con gia. Do vay anh
Quang va ngudi dan 6ng ay 1a 2 anh em ré ho.
Bai tap 3: C6 1 thung dung 12 lit dau hoa. Bang 1 can 9 lit va lcan 5 lit 1am thé nao dé liy ra
duoc 6 lit dau tir thung do:
Giai

-
29>4
=)

Can 9 lit Can5 it Thing 12 lit
7

7

2

2

11

11

1 6

Bai tap 4: O 1 xi X c6 2 lang: Dan lang A chuyén néi that, con dan lang B chuyén noi dbi. Dan
2 lang thuong qua lai thaim nhau. Mot chang thanh nién no vé thim ban & lang A. Vira budc vao
xa X, dang ngo ngac chua biét day 1a lang nao, chang thanh nién gip ngay mot cd gai va anh ta
hoi nguroi niy mot cau. Sau khi nghe tra 151 chang thanh nién bén quay ra (vi biét chic minh dang
¢ lang B) va sang tim ban ¢ lang bén canh.

Ban hiy cho biét cau hoi d6 thé nao va ccau tra 16i d6 ra sao ma chang thanh nién lai khang dinh

RO io101|O

N[OOI WIN|FE
OOk |Oo1O|01

chac chan nhu vay

Phan tich:

Dé nge xong cau tra 10i nguoi thanh nién d6 c6 thé khang dinh minh dang dimg trong lang A
hay lang B thi anh ta phdi nghi ra 1 cau hoi sao cho cau tra 161 ciia c6 gai chi phu thudc vao ho
dang dung trong lang nao. Cu thé hon: can dat cau hoi dé co gai tra 16i 13 “phai”, néu ho dang
dung trong lang A va “khong phai”, néu ho dang ding trong lang B.

Giai
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Cau hdi cia nguoi thanh nién d6 la: “Co phai chi nguoi lang nay khong?”

Trudng hop 1: Ho dang dung trong lang A: Néu c¢o gai 1a ngudi lang A thi cau tra 10i 1a “phai”

(vi dan lang A chuyén néi that); Néu c6 gai 1a ngudi lang B thi ciu tra 10i ciing 1a “phai” (vi dan

lang d6 néi doi).

Truong hop 2: Ho dang dtng trong lang B: Néu c¢d gai 1a ngudi lang A thi cau tra 16i 13: “khong

phai”; Néu c6 gai 1a ngudi lang B thi cau tra 10i ciing 1a: “khong phai”.

Nhu vy, Néu ho dang dimng trong lang A thi cdu tra 10 chi co thé 1a “phai”, con néu ho dang

dung trong lang B thi cau tra 10i chi ¢6 thé 1a “khong phai”.

Nguoi thanh nién quyét dinh quay ra, vi anh da nghe cau tra 10i 13 “khong phai”.

Bai tap 5:

Tinh dén nim 1994, dan s6 ¢ tha d6 Ha Noi 1a 2052116 ngudi. Biét rang trén dau mdi nguoi co

khong qua 100000 sgi toc. Chimg minh rang & Ha Noi it ra cling ¢6 20 ngudi co cing s soi toc.
Giai

Ta chia s6 dan & Ha Noi theo sb sgi toc tir 0 dén 100000 tic 1a thanh 100001 nhom. Néu mdi
nhém c6 khong qua 19 ngudi thi tong sb dan chi 1a: 19.100001 = 1900019 < 2052116. Vay it
nhit phai c6 mot sb nhom c6 20 nguoi tie 13 it ra ciing ¢6 20 ngudi cé cling mot sd soi toc.
Bai tap 6: Bai toan cua Einstein:
1. C6 5 ngdi nha, mdi nha mot mau khac nhau.
2. Trong mdi nha c6 mot ngudi &, mdi ngudi cé qudc tich khac nhau.
3. Mbi nguoi thich ubng mot loai nude khac nhau, méi ngudi hiit mot loai thude 14 khac nhau va
nuoi mot loai vat khac nhau trong nha ctia minh.
Cau hoi dat ra la: Ai nuoi ca?
Biét rang:
a. Ngudi Anh sdng trong nha mau do.
b. Ngudi Thuy dién nudi cho.
c. Ngudi Pan mach thich udng che.
d. Nguoi Dt hat thude 14 nhin Rothmanns.
e. Ngudi Nauy sdng trong ngdi nha dau tién.
f. Nguoi sdng trong nha xanh thich uéng ca phé.
g. Nguoi hat thude 14 Winfield thich ubng bia.
h. Nguoi séng trong nha vang hat thudc 14 Dunhill.
i. Nguoi hat thude 14 Pall Mall nuéi vet trong nha ctia minh.
j. Nguoi séng trong ngdi nha & chinh gitra thich udng sita.
k. Nguoi hut thude 14 Marlboro séng bén canh ngudi nudi méo.
1. Nguoi hang xom ciia ngudi hit Marlboro quen udng nudc.
m. Nguoi hat thude 14 Dunhill sdng bén canh nguoi nudi ngua.
n. Ngbi nha ctia ngudi Nauy ndm bén canh nha mau tim.
0. Ngbi nha mau xanh nam ké va bén trai (phia trudc) nha mau tring.

Giai
Qudctich | Maunha | Sénha | Loaithudc | Nudc udng | Vat nudi
Nauy Vang 1 Dunhill Khoang Meéo
Pan Mach Tim 2 Malboro Che Ngua
Anh bo 3 PallMall Stra Vet
burc Xanh 14 4 Rothmans Ca phé Ca
Thuy Dién Trang 5 Winfield Bia Cho

Nguodi btrc nuoi ca. Vi:

(1) Nauy song trong ngdi nha dau tién, bén canh ngdi nha tim.

= Ngo6i nha tim & vi tri thir hai.

(2) Nguoi sdng trong ngdi nha xanh 14 udng ca phé, & bén trai ngdi nha trang. Ma ngudi song
trong ngdi nha giita thich ung sira.

= Nha xanh 1a khong thé ¢ giita va ciing khong thé ¢ vi tri thir 5 vi bén phai con ngdi nha tring
= nha xanh 1a ¢ vi tri thir 4, tréng O vi tri tha 5.

(3) Nguoi Anh sdng trong ngdi nha do.

= Ngoi nha d6 khong thé ¢ vi tri thir 1 ma & vi tri giita.
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= Ngoi nha mau vang & vi tri dau.
= Thr ty 5 ng6i nha: vang, tim, do, xanh 14, tréng.
(4) Nguoi Anh ¢ gitra
= ngudi anh udng sira.
(5) Ngudi & nha mau vang hit thude 14 Dunhill
= Nguodi Nauy hat Dunhill.
(6) Nguoi hiit thubc Winfield thich udng bia.
= Khong thé 1a nguoi anh (udng sita), khong thé 1a ngudi Nauy (hat Dunhill), khong thé 1a Dan
mach (udng che), khong thé 1a Puc (hit Rothmanns).
= d6 1a nguoi Thuy Dién (uéng bia va hit Winfield)
(7) Ngdi nha mau xanh 14 uéng ca phé ma Nauy song trong ngdi nha vang, Anh ubng sira, Thuy
Dién uong bia, DPan mach uong che
= Puc udng ca phé, séng trong nha xanh 14 = Nauy udéng nudc khoang.
(8) Nguoi hit Malboro ¢6 nguoi hang x6m udng nudc khoang ma Nauy udng nude khoang sdng
trong ngo1 nha 1 canh tim
= nguoi hit Malboro ¢ ng61 nha tim.
(9) Nguoi Puc hut Rothmanns, Thyy dién hat Winfield, Nauy song trong nha vang, Anh song
trong nha gitra
= Pan mach song trong nha tim, hut Malboro, Anh hit PallMall va nudi vet.
= Nauy song trong nha vang, Pan mach - tim, anh - do, Puc - xanh 13, Thuy Pién - tring.
(10) Nguoi nudi ngua sdng canh ngudi hat Dunhill (Nauy, nha vang)
= Pan mach nu6i1 ngya.
(11) Nguoi hut Malboro (Pan mach) séng canh ngudi nudéi méo ma Anh nudi vet.
= Nauy nudi méo. Thuy dién nudi cho.
= nguoi Puc nuoi ca
Chu ¥: Bai Toan nay con str dung tot phuong phap loai trir va thir chon.
Bai tap 7: Co 7 bi do, 5 bi xanh dé trong mot hop. Khong nhin vao hop, hiy lay ra it nhat bao
nhiéu bi thi chdc chén ¢6 2 bi do, 3 bi xanh?
Giai
- Bé lay chic chin it nhat 02 vién bi d6 ban phai ly it nhat 7 vién. (5 xanh + 02 do, day 1a trudng
hop it vién bi d6 nhit, cac trudng hop khac sé bi do c6 thé 16n hon 2).
- Pé lay chic chan it nhat 03 vién bi xanh ban phai liy it nhit 10 vién. (7 d6 + 3 xanh, day la
trudng hop it bi xanh nhit, cac trudng hop khac bi xanh c6 thé 16n hon 03).
Vay dé lay chic chin 02 do, 03 xanh ban phai liy it nhat 10 vién (hop cua hai tap hop). (khi d6
bi xanh chic chin >= 03, bi d6 > 02).
4.3. Bai tap tu luyén:
Bai tap 1: Trong 1 can c¢6 16 lit xdng, 1am thé nao dé chia s6 xdng d6 thanh 2 phan bang nhau,
néu chi c6 thém 1 can 11 lit va 1 can 6 lit dé khong?
Bai tap 2: Nguoi ta xép cac. s6 1,2, 3, ..., 9 vao cac 6 ctia hinh vudng 3 x 3 sao cho tong cac s6
trén moi hang, mdi cot va moi duong cheo déu bang nhau.

a) Hay tim mot cach xép nhu vay.
b) Ching minh rang v6i moi cach xép nhu vy, sb dugc xép vao 6 trung tim cua hinh vudng
lubn co gia tri khong doi.
Bai tip 3: Nam van dong vién Tuén, TG, Ky, Anh, Hop chay thi. Két qua khong c6 2 ban nao ve
dich cung 1 luc. Tuan vé€ dich trude Tu nhung sau hop. Con Hop va Ky khong vé dich lién ké
nhau. Anh khong vé dich lién ké voi Hop, Tuén va Ky.

Ban hay xac dinh tha tu vé dich cua 5 van dong vién noi trén.
Bai tap 4: Hoang dé nudc no md cudc thi tai dé kén phdo ma. Giai doan cudi ctia cude thi, hoang
dé chon dugc 3 chang trai déu thong minh. Nha vua dang phan van khong biét chon ai thi cong
chia dua ra 1 sang kién : Liy 5 chiéc mil, 3 chiéc mau d6 va 2 chiéc mau vang dé ¢ trén ban roi
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giao hen : “Bay giod ca 3 chang déu bit mat lai, t6i doi 1én ddu mdi nguoi 1 chiéc mii va 2 mii con
lai t6i s& cit di. Khi bo bing bit mit ra , ai 13 ngudi dau tién noéi ding minh dang doi mi gi thi sé
duogc kén l[am pho ma”
Vira bo bang bit mit, 3 chang trai im ling quan sat 1dn nhau, 14t sau hoang tir nu6e Bi noi
to 1én rang :” T6i d6i mii mau d6” . Thé 1a chang dugc cong chua kén 1am chdng.
Ban hiy cho biét hoang tir nuéc Bi da suy luan nhu thé nao?
Bai tip 5: Lop 12A cir 3 ban Hanh, Ptrc, Vinh di thi hoc sinh gi6i 6 mon Van, Toan, Li, Hoa,
Sinh vat va Ngoai ngit cip thanh phd, mdi ban dy thi 2 mon. Nha truong cho biét vé cac em nhu
sau :
(1)  Hai ban thi Vi va Sinh vat 1a nguoi cuing phd.
(2)  Hanh la hoc sinh tré nhat trong doi tuyén.
(3) Ban Dtic, ban dyu thi mén Li va ban thi Sinh vat thuong hoc nhém véi
nhau.
(4)  Ban du thi mon Li nhiéu tu6i hon ban thi mén Toén.
(5)  Ban thi Ngoai ngit, ban thi Toan va Hanh thudng dat két qua cao trong
cac vong thi tuyén.
Ban hily x4c dinh mdi hoc sinh da duoc cir di dy thi nhitng mon gi?
Bai tap 6: & 1 doanh nghiép no ngudi ta can chon 4 ngudi vao hoi dong quan tri (HDQT) voi cac
chuc vu : chu tich, pho chu tich, ké toan va tha quy. Sau nguoi duoc dé cir lya chon vao céac chirc
vu trén 1a : DPdc, Stru, Hung, Vinh Manh va Duc.
Khi tim hiéu, cac dé cir vién c6 nhitng nguyén vong sau :
(1) Pbc khong mudn vao HPQT néu khong c6 Stru. Nhung dii ¢6 Stru anh ciing khong mudn lam
pho chu tich.
(2) Stru khéng mudn nhan chirc phé chu tich va thu ki.
(3) Hung khong mudn cong tac voi Stru, néu Dirc khong tham gia.
(4) Néu trong HPQT c¢6 Vinh hodc Pirc thi Manh kién quyét khong tham gia HDQT
(5) Vinh ciing tir chbi,néu HPQT c6 mit ca Pdc va Puec.
(6) Chi c6 Ptrc dong ¥ 1am chu tich véi diéu kién Hung khong 1am pho chu tich.
Nguoi ta phai chon ai trong s6 6 dé cir vién dé thoa man nguyén vong riéng cia cac dé cir vién.
Bai tap 7: Ba ban Khanh, Luong, Minh tham gia cic mon thé thao: Chay, boi, bong ban, bong
da, da cau va dua xe dap, mdi ban tham gia hai mén. Biét rang:
a) Ban tham gia chay va ban choi da cau nha & canh nhau.
b) Trong ba ban thi Khanh it tudi nhét.
c¢) Ban Luong, ban choi bong ban va ban choi da ciu thuong i nhau di hoc.
d) Ban choi bong ban nhiéu tudi hon ban choi bong da.
e) Ban tham gia bo1i, ban choi bong da va ban Khanh thuong cung di xem phim vi nhau.
Hay xem xét mdi ban tham gia hai mon thé thao nao?
Bai tap 8: Ba van dong vién Mai, Lan, Nga tham gia thi dau thé thao, d6 13 3 c6 gai ¢ Ha Noi,
Hué, Thanh phé H5 Chi Minh. M6t c6 thi chay, mét c6 thi nhay xa, mot c6 thi boi. Biét rang:
a) Nga khong thi chay.
b) Mai khong thi boi.
c¢) Co ¢ Ha Noi thi boi.
d) C6 & Hué khong thi chay.
e) Mai khong & Thanh phd H6 Chi Minh.
Hoi mdi ¢d ¢ dau, thi ddu mon nao?
Bai tap 9: Trong 4 ngudi ban A,B,C,D c6 1 nguoi 1a bac si, 1 nha bdo, 1 c6 gido va 1 ki su. Nha
bao viét 1 bai bao vé thanh tich ciia A va D. Vao ngay nghi, ¢6 gido ciing véi B va nha bao thich
cung nhau di du lich, con A va B thuong ghé thim bénh tai nha bac si. Vay ai lam nghé gi?
bap s6: Béac si- D; Co gido - A; Nha béo - C; Ky su - B.
Bai tap 10: Trong mot gidi bong chuyén c6 6 doi A, B, C, D, E, F tham gia. Két qua nhu sau:
-boi A Xép sau doi B 3 bac.
- Boi E hon ddi B nhung lai kém doi D
- Boi C hon dgi F.
Hoi két qua xép hang ctia mdi di?
Papsé: D-E-B-C-F-A
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Bai tap 11: Chiéc thang diy duoc treo vao mot bén tau thuy ddy thang chim trong nudc, ma myc
thuy triéu cir dang 1én mdi gio 50cm. 5 béc thang da chim trong nude va khoang cach gitra hai
nic thang 13 20cm bé diay mot nic thang la 3cm. Hoi sau hai gio thang bi chim may nic?
Bai tap 12: Lam thé nao dé co thé dem 6 lit nudc tir song vé néu trong tay chi c6 hai cai thung,
mot thung dung tich 4 1it mdt thung dung tich 9 lit va khong thung nao c6 vach chua dung tich?
Bai tap 13: Trong mdt can c6 16 lit xdng. Lam thé nao dé chia s6 xing d6 thanh hai phan bang
nhau, mdi phﬁn 8 lit, néu chi c6 thém mot can 11 lit va mot can 6 lit ?
Bai tip 14: Cho 20 s6 hitu ti, trong d6 tich 3 s6 bat ki 1a mot s hitu ti duong. Chirng minh rang
ca 20 sd hitu ti d6 déu duong.
Bai tap 15: C6 17 nha Bac hoc viét thu cho nhau. Mdi nguoi viét thu cho tat ca nhitng nguoi
khac. Cac thu chi trao doi vé ba dé tai. Tung cip 2 nha Bac Hoc chi viét thu cho nhau vé cung 1
dé tai. Chirng minh rang khong it hon ba ngudi viét thu cho nhau vé cing mot dé tai.
Bai tip 16: 34 doi bong tham gia giai bong da vo dich ngoai hang Anh Championleauge. Moi
doi1 bong co dai dién 1a huén luyén vién trudng va doi trudng cua doi bong. Trude khi bdc tham
chon luwgt ddu mot sb nguoi dai dién cua cac doi bong da bét tay nhau nhung khong c6 HLV
trudong nao bat tay doi truong doi bong ciia minh. Sau cudc hop, ong Ferguson HLV trudng
Manchester United di hoi mdi nguoi tham gia vé s6 nguoi ma ho bat tay. Tat ca cac cau tra 10i
déu khac nhau. Hoi c6 bao nhiéu nguoi bat tay doi truong MU?
Bai tap 17: Nam nguoi A,B,C,D,E 1a ki gid hodc la nha budn, ki qua luén luén noi that, nha
budn ludn noi déi.
D néi E la ki gia
B noi A la nha budn
C no61 D khong phai 1a nha budn.
E no1 B khong phai la ki gia.
A n6i C va D ¢ nghé nghiép khac nhau.
Héi ai 1a nha buon ai 1a ki gia?
Bai tap 18: Trong 3 ngin kéo dong, mdi ngin déu c6 2 qua bong, mdt ngin chira 2 bong tring,
mdt ngin chira 2 bong d6 va ngan con lai chira 1 bong trang va mot bong do.
C6 3 nhén hiéu: Tring-Tring, Po-Do va Tring-Po dem dan bén ngoai mdi ngan mot nhan nhung
déu sai v6i bong trong ngan.

Hoi phai rit ra tir ngan c6 nhin hiéu nao dé chi mot lan rat mot bong (va khong duoc nhin vao
trong ngdn) c6 thé xac dinh dugc cac bong chira trong moi ngin?
Bai tap 19: Tinh co ¢6 10 vi dung tién, trong mdi vi déu dyng 10 ddng tién glong hét nhau va
gidng nhu cac vi khac, nhung trong d6 co 1 vi dung toan tién gia . Cac dong tién that ning 10
gam, con cic dong tién gia ning hon dung 1 gam.
Vé6i mot 1an can (cdn dong hd) hay chi ra vi dung tién gia?
Bai tap 20: Gia thiét déng tién gid hodc nhe hon,hodc nang hon déng tién that. véi mot chiée can
dia va khong dung qua cén, bang 3 1an can hiy tim ra dong tién gia va xac dinh xem noé ning hon
hay nhe hon dong tién that trong hai truong hop sau:
L Dong tlen gia nam trong 8 dong tién _giong hét nhau.
II. Pong tién gia nam trong 12 dong tién giong hét nhau.
Bai tap 21: Trong 1 hdi nghi c6 500 dai biéu tham du,mdi dai biéu c6 thé st dung mot trong ba
thar tiéng: Nga, Anh hoac phap. Theo théng ké cua ban td chire,co 60 dai biéu chi nodi duge mot
trong ba thir tiéng,lSO dai biéu chi nodi duge 2 thi tiéng Anh va Phap,150 dai biéu noi duge ca
tiéng Anh va Nga, 170 dai biéu néi duoc ca tiéng Nga va tiéng Phap .Hoi c6 bao nhiéu dai biéu
noi dugc ca ba thi tiéng?
Bai tip 22: Trong mot giai bong da c6 k doi tham gia, thi dau vong tron mot luot (2 doi bat ki
d4u v6i nhau dang 1 tran). Boi théng duoc 3 diém, doi hoa duge 1 diém va doi thua khong co
diém. Két thiic giai ddu, nguoi ta nhan thay rang s6 tran thiang — thua gép ddi s tran hoa va tong
s0 diém cua cac doi 1a 176. Hay tim k.
Bai tap 23: Trong mdt giai bong da, c6 4 doi thi déu vong tron 1 lugt (trong mot tran, doi théng
dugc 3 diém, doi thua duoc 0 diém va doi hoa duogc 1 diém). Khi két thic giai diu, nguoi ta thy
¢6 3 doi dugc tong diém 1an luot 1a 6 diém, 5 diém va 1 diém. Hay cho biét doi con lai ciia giai
c6 tong sd diém 14 bao nhiéu va giai thich tai sao?
Bai tip 24: Trong mdt giai bong d4, c6 N doi tham gia thi d4u theo thé thirc vong tron mot lugt
(2 doi bat ki gdp nhau dung 1 lén). Sau mdi tran dau, doi théng duoc 3 diém, thua 0 diém va hoa
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thi moi doi 1 diém. Cac doi dugc xép hang dua trén tong diém Trong truong hop mot s6 doi co
tong dlern bang nhau thi cac doi nay dugc xép hang theo chi sd phu. Két thac giai nguoi ta nhan
thay rang khong co tran dau nao két thic voi ti s6 hoa; cac ddi x€p thur nhét nhi ba c6 tong diém
1an luot 1a 15, 12, 12 va tat ca cac doi xep tlep theo ¢6 diém doi mot khac nhau.
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