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NHA XUAT BAN GIAO DYC



Chuong 1.

CAC BAI TOAN VE DA GIAC

§ 1. TAM GIAC

A. KIEN THUC CAN NHO

1. Céc trudong hop bang nhau cua hai tam giac : Hai tam gidc ABC va
A'B'C’ bing nhau né€u théa mét trong cac trudmg hop sau :
a) AB=A'B' (A=A"; AC=A'C’ (c.gc)
by A=A'; AB=A'B'; B=B' (gc.g)
c) AB=A'B';BC=B'C';CA=C"A" (c.c.c).
2. Trong tam giac ABC :

¢ Dudng trung binh cia tam gidc thi song song v&i canh thit ba va bing
nira canh dy.

® Ba dudmg cao déng quy tai mot diém H goi 12 truec tdm cha tam gidc.

e Ba dudmg trung truc déng quy tai diém O goi 1 tam dudng tron ngoai
riép tam giac.

e Ba dudmg phan gidc trong déng quy tai mot diém I goi 1 tdm duwong
1ron ngi tiép tam giac,

® Ba dudng trung tuyén ddng quy tai mot diém G goi 12 trong tdm cia
tam gidc va AG = 2GM (v&i M |a trung diém cta BC).

B. CAC DANG TOAN

Bai 1. Cho tam gidc ABC. Dung ra phia ngodi tam gidc ABC cdc tam
gidc vuobng cén tai A 12 ABD vad ACE. Chimg minh ring duimg
cao AH cha tam gidc ABC di qua trung diém I ciia doan DE.
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Giai
Goi I 1a giao diém cia AH va DE. Qua D :
ké DD'LAH (D' thuoc dutmg thing AH). E' E
Qua E ké EE'LAH (E' thudc dutng thang 1
AH). Hm tam g::ic: vuong ABH va DAD' ¢6:

ABH = DAD' (ciing phu v6i BAH), 8 D
AB=AD.
Suy ra: AABH =ADAD'= DD'=AH. (1)
Tuong tv: AAHC=AEE'A=EE'=AH. (2)
Tu (1) va(2)suyra: DD'=EE'. gt C
Hai tam giéc vuong DD'I va EE'l c6 : H

DD'=EE' va IDD'=IEE' (so le trong). Vdy ADD'I =AEE'l, suy ra
DI = EI, tifc 11 12 trung diém DE.

Bai 2. Cho tam gidc ABC vuodng tai B,.trén tia d6i cia tia BA, 1Ay diém
D sao cho AD = 3AB. Dudng thdng vuong géc véi CD tai D cit
dutmg thing vuong géc véi AC tai A & E. Chimg minh tam gidc
BDE can.

Gidi
Goi N, I, M l4n lugt 12 trung diém cia c

CE. AD, BD. Tir AD = 3AB suy ra I la trung
diém BM.

Tacé AN = DN (=%CE do cac tam gidc

ACE va DCE vuong) = IN L AD.

Goi J 1a giao diém cua NI kéo dai v6i BE
thi NJ 1a dudng trung binh cia ABCE. Suy ra
IJ 1a dudmg trung binh ciha ABME, do dé
ME// Il = ME L BD. Vay A BED can tai E. E

o
o=

Bai 3. Xdc dinh cdc géc cilia tam gide ABC, biét rang dudng cao AH va
trung tuyén AM chia géc BAC thanh ba phdn bing nhau.

Gidi
Ké MK L AC, khidé AAHM = AAKM , suy ra MH = MK, (1)
Ar=A;=>AABM cintai A = BH=MH. )
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Tir (1) va (2) ta co MK=-:;—MC, suy ra

2
tam gidc vaong KMC Ia nira tam gidc déu canh : K
MC duimg cao CK. Do d6 : C=30", suy ra N3
" A 0

Ta 6 : My = M2 (do AAHM =AAKM)
nén I.\T‘h = l\?l: =%[“-l-f\-‘i-k 60" = A, =A; = .En. =30". Vay AABC vuodng

tai Avic6: B=60% C=30".

Bai 4. Cho tam gidc ABC, ké dudng cao AH. Goi C' 13 diém d6i ximg
ciia H qua AB ; B Ia diém d6i ximg cia H qua AC. Goi giao
diém cta B'C' véi AC va AB theo thi tr la T va K. Chimg minh
rang Bl, CK 13 cdc dudng cao cua tam gidic ABC.

Gidi
Cdch 1. Ta c6 ;. AC'K = AHK (do tinh A B'

d6i ximg) ; AHlI=AB'I. Md AC'K =AB']
(AC'AB' cin) suy ra AHK=AHI = AH la C
phan gidc coa goc KHI = BH 1A phin gidc
ngoai cia AHKI.

Tir dinh 1i ba dutmg phan gidc suyra Bl B H C
la phan gide trong cha gée HIK = BI L IC (hai duong phan gidc trong va
ngoai ctia mot géc tam gidc thi vuong géc nhau). Vay B 1a dudng cao cla
A ABC . Tuong ty CK la duong cao cia AABC.

Cdch 2. Chimg minh dugc 5 diém A, 1, H, B, C' nim trén cing mot
dutmg tron dudmg kinh AB. Suy ra: BIA = 90", Tuong tu CKB =90°.

Bai 5. Cho tam gidc ABC vuong tai A ¢c6 AB = ¢, AC = b vii duding phén

gidc trong AD = d. Chimg minh : id_z- =%+l.
¢

Giai
Vé DE L AB, FD L AC (E € AB, F € AC). Tt gidc AFDE la hinh chir
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nhat (i A=E=F=90). Ta lai ¢6 AD I tia

e E
phan gidc cia géc EAF nén hinh chir nhat
AFDE la hinh vuéng. Suy ra : F
ADV2 _dV2
5 —

&2 dV2

= ——c+——b=cb

o=

n.[‘mm

+
0=

Bai 6. Cho tam gidc déu ABC va diém M & trong tam gidc. Goi A’, B’,
C’ 14n luot I hinh chi€u vudng géc cua M lén cdc canh BC, CA,
AB. Chimg minh ring :
a) MA' + MB" + MC’ khong déi ;
b) AC" + BA' + CB’ khong déi.

Gidi
a) Pat AB = BC = CA = a. Ké dudmg cao A
Suy ra : 1a.h =-1~a.MA'+-1—a.MB'+ -1-a.MC‘ ’ L
IR 2 2 c ,
Hay : h=MA"+MB'+MC' (khong d6i). B
K

b) Qua M ké céc doan thing song song M
vGi cic canh cua tam gidc. Dé thdy cic tam Vs

gide MIJ, MKL, MPQ déu ¢6 ciic dudng cao p IHA'J C

tuong img la MA', MB’, MC'. Goi x, vy, z ldn

luot 12 canh cua cdc tam gidc déu MIJ, MKL, MPQ, tacé :
a=AB=AP+PQ+QB=ML+PQ+Ml=x+y+z

Dodétacé: AC' + BA'+ CB'=(AP+PC")+ (Bl +IA") + (CK + KB")
=[y+£)+[z+1]+(“z]
2 2 2

3 3a
o + = .
2{3. y+z) —2




Bai 7. Cho tam gidc ABC, trén tia d6i ciia tia BA, CA lan luot ldy diém
P, Q sao cho BP = CQ. Goi M, N I4n lugt 12 trung diém cua cic
doan BC, PQ. Dudng thing MN cit dudng thing AB va AC theo
thir tu tai B va C'. Chimg minh ring tam gidc B'AC’ can.

Gidi
Goi I Ia trung diém cua doan BQ. Khi dé
IM la dutmg trung binh cia ABCQ. Suy ra

IM//CQ va IM:%CQ. )
Mat khic NI l1a dudng trung binh cua
ABPQ, suy ra IN // BC va [N=%BP. (2)
Theo gia thiét BP = CQ nén tir (1) va (2) suy ra : IM = IN. Do dé

AIMN can va IMN = [NM . 3)
Theo (1) ta ¢6 IM // AQ, suy ra IMN =C", (déng vi). Ma C', =C’,
(d6i dinh) do d6 IMN =C",. )
Theo (2) ta c6 IN // AP, suy ra [NM = AB'C' (so le trong) (5)

Tir (3), (4) va (5) suy ra 6', =AB'C'. Do dé AB'AC’ la tam gidc
can.

C.LUYEN TAP

1.1. Cho tam gidc ABC c6 trong tim G. Dudng thing d di qua G cit hai
canh AB v2 AC. Ching minh ring khodng céch tir A dén d béng téng
cédc khoang cich tir B va C dén d.

1.2. Trén canh AB cia tam gidc ABC ldy cic diém M, N sao cho
AM =MN =NB. Goi A’, B’ ldn luot |2 trung diém cédc canh BC va
CA. BB' cit CN & P, AA’ ciit CM & Q. Tinh d¢ dai doan PQ, biét do
dai doan AB béng c.

1.3. Cho tam gidc ABC c6 AC > AB. Trén canh AC ldy diém D sao cho
CD = AB. Dudmg trung truc BD ciit dudmg trung truc AC tai O. Chimg
minh rdng OA I tia phan giéc clia géc BAC.

1.4. Cho tam gidc ABC (A > 90°). Cic dudng trung truc cia AB va AC cit
nhau tai O va cét BC l4n luot tai E va F. Chimg minh AO 12 tia phan
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L.5.

1.6.

1.7.

llsl

1.9.

1.10.

L1L

1.12.

1.13.

gic cua goc EAF .

Cho tam gidc ABC vuong tai A (AB > AC) va phan gidc trong BD.
Trén tia AC 14y diém E sao cho AE = AB. Ké dudng cao DH ciia tam
gidc BDC. Dudmg thing vubng géc v6i AE tai E cit tia DH tai K. Tinh

goc ﬁ-ﬁf(

Cho tam gidc ABC vuong tai A va AC = 3AB. Trén canh AC Idy diém
D sao cho CD = AB. Chimg minh riing : BDA + BCA =45,

Cho tam gidc ABC c6 cdc goc déu nhon, VE vé phia ngoai tam gidc
ABC céc tam gidc vuong can ABD, ACE theo thi tu cin tai B va cin
tai C. Goi M, N l4n lugt 1d chan dudmg vudng géc ké tir D va E xudng
dudmg thang BC. Chimg minh riing :

a)BM=CN;

b) BC =DM + EN.

Cho tam gidc ABC, vé tam gidc vuong can ABD cantai B, AvaD ¢
hai nira mat phing d6i nhau biy 14 dudmg thing BC. V& tam gidc vubng
can CBG can tai B, G vd A & ciing nira mat phing biy Ja duding thing
BC. Chitng minh rang GA vubng géc vai DC.

Cho tam gidc ABC can tai A va dudmg cao AD. Ti D dmg DE L AB
vd DF L AC (E€ AB,Fe AC).

a) Chimg minh AD Ia trung truc doan EF.

b) Trén tia d6i cua tia DE ldy diém G sao cho DG = DE. Chimg minh
tam gidc CEG vuéng.

Cho tam gidc ABC vubng cin tai A. Trén canh AB lay diém D va trén
canh AC ldy diém E sao cho AD = AE. Céc dudng vudng géc véi CD
ké tr A va E 14n lugt cit canh BC tai G va H. Chimg minh ring
BG=GH.

O vé phia ngoai tam gi4c ABC vé& tam gidc ACE vuéng can tai C (A, E
ciing thudc nira mat phing bd 12 duomg thing BC). Dudmg cao AH clia
tam gidc ABC va dudmg cao CK cha tam gidc BCE cét nhau tai N.
Chimg minh AN = BC.

Cho tam gidc ABC nhon va dutmg cao AH. L4y cdc diém E va F sao
cho AB 12 dudng trung truc cua HE, AC 1a dudng trung truc cua HF.
EF cét AB tai M va cit AC tai N. Chimg minh MC song song vdi EH.

Cho tam gidc ABC c6 A 12{]“, cédc tia phan gidc AD, BE, CF.

a) Chimg minh DE Ia tia phan gidc cba géc ADC.
b) Chimg minh tam gidc EDF vuong.



1.14. Cho tam gidc ABC vudng tai A, dudng cao AD. Goi M, N ldn luot 12

1.1

1.2.

1.3.

1.4.

LS.

trung diém cla AD va DC. Chimg minh BM vuong géc véi AN.

HUGNG DAN GIAI

(Mot 56 bai huéng ddn khong ¢ hinh vé, hoc sinh tr vé hinh
dé tien theo dai).

Ap dung tinh chét trong tam va dudmg trung binh \\. o
cua hinh thang. N ;
i

MB'//NC=NP |a dudng trung binh cia g C
ABB'M = P la trung diém cha BB'. 7
Goi C' 1a trung diém cia AB. Chimg minh PQ 12 M

dudmg trung binh cia AAB'C' : PQ = %

O nidm trén dudng trung tryc cha BD nén :
OB =0D;0 ndm trén dudmg trung truc cha AC A

nén OA = OC. D

Hai tam gidc ABO vA CDO ¢6 :

OA = 0C, OB=0D, AB = CD (gia thiét). Suy ra

AABO=ACDO (ccc) >0AB=0CD. (1) ° O

Mit khic AOAC cén tai O (vi O ndm trén dudng trung truc cua AC).

Do dé: OAC=0CD. (2)

Tir (1) va (2)suyra: OAB =0AC.
Ma AO la tia nam giira hai tia AB va AC nén AO Ia tia phan gidc cla
goc BAC.

C

AOAE = AOBE (c.c.c) = EAO = EBO.
AOAF = AOCF (c.c.c) = OAF = OCF.
Ma EBO = OCF suy ra l‘ﬁﬁ = fﬁ?

Dudmg thing vubng géc véi AB tai B cét tia EK tai 1.

Tacé : AB = AE = EI = IB (tinh ch4t doan chin).

Hai tam gidc vuéng ABD va HBD c6 AD chung va ABD = HBD
= AABD=AHBD = BH=AB=BI.

AHBK = AIBK = HBK = IBK .



1.6.

L7,

L8,

Do dé : |3§T:=Dl"3'ﬁ+ﬁﬁi'c=%£§‘<:+%é“m =%E§1=45°

Trén tia d6i clia tia AB 14y diém E sao cho AE = AB. Trong nita mt
phing chifa diém C bis Ia dudmg thing AB vé tia Et 1 BE. Trén tia Et
14y N sao cho EN = AC va My diém F sao cho EF = AB,
Goi M 12 chan dudng vuong géc ké ti F xung ACtacéd:
FM = AE = AB (tfnh chat doan ¢hin).
Xét ba tam gidc vudng BEF, CMF, DAB ¢6 :
EF = MF = AB,
_ BE=MC=AD.
Suy ra ABEF = ACMF = ADAB (hai canh géc vudng c.g.c).

Do d6 FB = FC va ADB = MCF . Vay :
BDA +BCA = ADB +BCA = BCA + MCF = FCB. (n
Ta ¢6 : BFE = CFM (vi ABEF = ACMF).

Ma ﬁFE+§F‘M=C—Eﬁ+CFAﬁ=QD”=>§ﬁ\*&=C?N
—— ———— ——— ——— 0 ——
:BFM+CFM=BFE+CFN=%-=9D“ = BFC =90,

Vay tam giéc BFC vudng cn, do 6 FCB =45°, @
Tir (1) va (2) suy ra dpem.

Ké dudmg cao AH ciia A ABC. Chimg minh

AMBD=AHAB vi ANCE=AHAC = BM=AH=CN,

NG&i GA cit BCGOE, cat CD O M.

Chimg minh AABG =ADBC {c.g.c)
= BGA = BCD
=> BGA + BEA = BCD + MEC = 90"
= AEMC vuodng tai M.

1.9. a) Ching minh ABDE=ACDF = DE = DF, AE = AF.

b) Chimg minh CG // BE = ACEG vudng tai G.

1.10. Budng thing AE cét dudng thing AB tai M. Chimg minh ABEM can
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t2i E (EBM = BME = DCE).
Suy ra G 12 trung diém cita BH (AG |2 dudng trung binh cia AMBH ).



1.11. Chimg minh AACN = ACEB

(NAC = ECB, AC = CE, ACN =CEB)
= AN =BC.

1.12. Ta c6 EMB=BMH (do AEMH can), suy ra AB |2 phan gidc ngodi
géc M cia AMHN. Tuong tu NC la phan gidic ngoai géc N cua
AMHN.

Hai phan giic ngodi géc M v N cit nhau tai A nén HA la tia phin
giac trong coa AMHN.

Mat khic AH L BC nén HC la tia phan gidc géc ngoai tai H cia
AMHN , NC I phan gidc ngoai géc N cha AMHN . Suy ra MC la

phan gidc trong géc M cua tam gidc MHN.
MC va MB la hai phan giic trong va ngoai dinh M cia AMHN neén

MC L MB. Ma AB 1 EH. Do dé MC // EH.

1.13. a) E 12 giao diém ca phan gidc ngoai géc A va phan gidc trong géc B
ctia A ABD, do d6 DE la phan gidc ngoai cua géc D cua A ABD.

b) DE va DF la hai dudmg phan gidc trong va ngoai dinh D cia A ABD
nén vuong goc voi nhau.

1.14. Ta c6 MN la dudng trung binh cia AADC nén MN // AC.

Ma AC L AB. Suy ra MN L AB. M 1a giao diém cua hai dudmg cao
AD va NI cia AABN nén M la truc tdm cia AABN. Tur dé suy ra

BM L AN.
§2. HINH THANG

A. KIEN THUC CAN NHO

AB//CD

AD//BC’

« Doan thing néi trung diém hai canh bén dugc goi 12 dudng trung
binh hinh thang.

e Dudng trung binh cla hinh thang song song vdi hai canh ddy va c6
do6 dai bang nira téng do dai hai ddy.

e Hinh thang can 12 hinh thang c6 hai géc & ddy bing nhau.

¢ T gidc ABCD la hinh thang ¢-‘.¥|:



¢ Hinh thang c6 hai dudng chéo bing nhau la hinh thang c4n va ngugc
lai.

B. CAC DANG TOAN

Bai 8. Chimg minh riing néu doan thing ndi céc trung diém cia cap canh doi
dién mot ni gidc bang nira t6ng hai canh kia thi ¢ gidc d6 1a hinh
thang.

Giai
Cach 1.
Gia sit M, N 14n luot 12 trung diém cla hai canh d6i AD va BC cia ti
gisc ABCD va MN = AB*CD . himg minh AB // CD.

Goi I 12 trung diém cha AC.
Ta c6 MI 1a dudmg trung binh cia A ADCnén

CD

A B MI //CD va MI=T. (1)
N
NI// ABva NI=ATB. )
D Tiur(l) va(2)suyra
MI + NI = E%EE‘ (3)
Theo dé bai : MN = AR CD nén tir (3) suy ra MN = MI + NI.
Do d6 M, N, I thang hang. Tir d6 suy ra AB // CD // MN.
Vay uf gide ABCD 12 hinh thang.
Cdch 2. Gia st
MN = AB+CD (D
Trén tia AN 14y di€m P sao cho : AN = NP,
Khi d6 AANB=APNC (c.g.c) = AB=CP.
Ta lai ¢6 MN 13 dudng trung binh cha A ADP nén :
MN // DP va MN = 923. )
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Tir (1) va (2) suy ra
B DP=AB+ CD

A
/\\ = DP = DC + CP
M (vi AB=CP)
/ \ = D,C, P thing hang.
P

D C

Do d6 AB // CD
= ABCD Ia hinh thang.

Bai 9. Chimg minh rang tong cic khodng céch tir ba dinh cia mét tam gidc
dén mot dudng thing nim ngoai tam gidc bang ba l4n khoang cich
Il trong tdm tam gidc dén dudmg thang do.

Giai

Goi E 12 trung diém clia AC ;
G la trong tam cua A ABC ;
M la trung diém cta BG.
Goi A',B',C",G"\M"E’
14n luot 14 cdc hinh chiéu vuong B
géc cua A, B.C.G.M,E
trén dudng thang xy.
Khidé tacé:
AA'//BB/CC'/GG'//MM'//EE’
(vi ching ciing vudng

oc voi dudmg thing xy).
3 Ta phéigchl.'rn: mji'lnh - B MA' G FE <
AA'+BB'+CC'=3GG'.
Theo tinh chét trong tam ta ¢6 G 12 trung diém ME.
Tacé GG',EE',MM'’ l4n luot 12 dudmg trung binh clia cdc hinh thang
vudng MM'E'E,AA'C'C,BB'G'G.
Do d6 theo tinh chat dudng trung binh ciia hinh thang ta c6 :

2GG'=MM'+EE"' (1)
2MM'=BB'+GG' , (2)
2EE'=AA'+CC’ . 3)

Thay (2) va (3) vao (1) khi dd nhan hai v& cho 2 thi duoc :
4GG'=BB'+GG'+ AA'+CC'
=3GG'= AA'+BB'+CC' (dpcm).
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Bai 10. Cho hinh thang can ABCD (BC // AD). Goi M, N ldn luot la trung

diém BC, AD. Trén tia d6i cla tia AB ldy diém P bat ki, PN ciit BD
tai Q. Chig minh MN la phan gidc ciia géc PMQ .

14

Giai
Tacé MN L AD va MN L BC. (1
AD cat PM va MQ ldn luot tai I, K.
p PQ cat dudmg thing BC tai R.
Vi BC // AD nén
MXTRZ\ N _AN KN ND
MR BR MR BR'
Q Mi AN = ND nén
IN KN
—=——=IN=KN. (2)
B M o R MR MR
Tir (1) va (2) suy ra tam gidc IMK cin
tai M.
MN la dudmg cao nén MN ciing la phan gidc cia AIMK .
Vay MN Ia phan gidc géc PMQ .
C.LUYEN TAP

2.1. Ching minh ring néu cic géc & ddy ciia mot hinh thang khong bing
nhau thi duémg chéo phai xudt phét tir dinh géc nhd s I6n hon dudng
chéo phdt xudt tir dinh géc 1on.

2.2. Cho hinh thang ABCD c6 téng cic géc & ddy AD bing 90°. Chimg
minh rang doan n6i trung diém cia hai diy bing nira hiéu hai canh
day.

2.3. Dung mét hinh thang bi€t mot gée, hai dudmg chéo va dudmg trung
binh.

2.4. Cho hinh thang ABCD (AD // BC), cdc dudmg phan gidc trong clia céc

goc A va B cat nhau & M, cdc dudmg phan gidc trong clia cdc géc C va
D cit nhau & N. Chimg minh ring d¢ dai doan MN bing nira hiéu ciia
téng do dai hai ddy v6i t6ng do dai hai canh bén.



2.1

2.2

2.3.

24,

HUANG DAN GIAI

(Mot s6 bai huéng din khong ¢6 hinh vé, hoc sinh tr vé hinh
dé tién theo dai).

Gia sit A < D. Chimg minh AC > BD.

Dung tia AE sao cho DAE = ADC dé dugc hinh thang can ADCE.
Tacé : AEC = DCE va AC = DE.

Ta lai c6 : EBD > DCB > DEB = ED > BD => AC > BD.

Goi E, F ldn lugt 12 trung diém cia BC va AD ;
112 giao diém cha AB va CD kéo dai.

Tacé A+D=90° = AID = 90°,
Chimg minh 1, E, F thing hang va IE =%C—~.|F ahb

2
=:-EF=1F-|E=M.

Gia sir hinh thang ABCD da dung dwoc, ta ¢

AC=a,BD=b,MN=c¢c, A= u.
Qua C ké CE // BD.
Theo tinh chét doan chén ta c¢6 CE = BD = b, DE = BC, suy ra
AE = AD + BC=2MN = 2c.
Do d6, AACE dung duoc vi biét ba canh : AC=a, CE=b, AE = 2c.
Vay ta xdc dinh duge hai dinh A vi C. Dung dinh B thoa :
- B ndm trén tia Cx // AE ;
- B nim trén tia Ay tao véi AE mot géc a.
Dung dinh dinh D théa :
- D ndm trén tia AE ;
- D céch B mot khoang béng b.

Baii todn chi dung dugc khi [a-bl<2c<a+b va a <180°.

P, Q 1a trung diém cba AB v CD. Chimg minh AMB=CND=90°".
Sau dé sir dung tinh chét : “Dudng trung tuyén img vdi canh huyén
biing nira canh huyén”, ta chimg minh PM // AD va QN // AD. Mat
khéc PQ // AD = P,M,N,Q thing hing. Tr d6 4p dung tinh chat
dudmg trung binh hinh thang va tinh chat néu trén ta c6 két qua.
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§ 3. HINH BiNH HANH
A. KIEN THUC CAN NHO

e T\t gidc 12 hinh binh hanh khi va chi khi cdc canh d6i bing nhau.

o T gidc 12 hinh binh hanh khi vi chi khi cdc géc d6i bang nhau.
Tir gidc 1a hinh binh hanh khi va chi khi ¢6 mot cap canh doi
song song va bang nhau.

e T gidc 12 hinh binh hanh khi va chi khi hai dudmg chéo cét nhau
tai trung diém ctia mbi dudmg.

Dé chimg minh mot tf gide 12 hinh binh hanh ta chimg minh ti gidc c6
mdt trong cic tinh chat sau :
1. Hai cip canh song song.
2. Cac canh dai (hay géc d6i) bang nhau.
3. Mot cdp canh d6i song song va bing nhau.
4, Hai dudng chéo cét nhau tai trung diém ctia méi dudmg.

B. CAC DANG TOAN

Bai 11. Cho tam gidc ABC. Dung vé phia ngodi tam gidc hai tam gidc déu
ABE va ACF. Dung hinh binh hanh AEDF. Chimg minh tam gidc

BDC la tam gidc déu,
Gidi
Ta c¢6 : AC = AF = ED (gia thiét)
D F va AB = BE.
Talaicé:
E BAC+EAF =
A =360° - (60° +60°) =240°. (1)
Mat khéc :
B BED + EAF = 60° + AED + EAF
=60°+180° =240°. (2)
So sdnh (1) va (2) ta duge :
BAC =BED.
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AB=EB
Xét hai tam gidc ABC va EBD, ¢c6 {BAC = BED

AC=ED
= AABC = AEBD (c.g.c)
= BC = BD. (3)
Tuong tu ta cing c6
AABC=AFDC = BC=DC. 4)

Tir (3) va (4) suy ra ABDC Ia tam gidc déu.

Bai 12. Cho it gidgc ABCD, E va F l4n luot la trung diém ca cdc canh AB va
CD. M, N, P, Q l4n luot 1A trung diém clia cic doan AF, CE, BF va
DE. Chimg minh ring tit gidc MNPQ 12 hinh binh hanh.

Giadi

Ta chimg minh hai dudmg
chéo MP va NQ cit nhau tai
trung diém ctia méi dudmg.

Ta sir dung dudmg chéo EF
lam trung gian.

Xét tf gidc cé hai dudng
chéo EF va NQ la ENFQ, ur
gidc ndy ¢c6 FQ // NE va FQ =
NE (vi FQ la dudng trung binh
cia ADCE), do d6 ENFQ I
hinh binh hanh.

Vay NQ va EF cit nhau tai trung diém O clia méi dudmg (1).

Tuong tu, xét t& gidc cé hai dudng chéo MP va EF 12 EPFM tr gidc
nay c6 EP [/ MF va EP = MF (vi EP la dudng trung binh cia A BAF), do dé
né 1a hinh binh hanh.

Vay MP va EF ciing cét nhau tai trung diém O ciia méi dudng (2).

Tir (1) va (2) suy ra MP va NQ cit nhau tai trung diém O cia mdi
dudmg. Vay tit gidc MNPQ 12 hinh binh hanh.

Bai 13. Chimg minh ring trong mot tam gidc, néu hai trung tuy&n vudng géc
véi nhau thi dudng trung tuyén con lai s& 1 canh huyén clia mot tam
gidc vudbng ma mot canh gée vuong ¢6 do dai bang do dai cia mot
trong hai trung tuyén kia,
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Giai
Gia sir tam gidc ABC c6 hai trung tuyén
AD va BE vuong géc nhau. Trén tia ED lay
diém I sao cho DE = DI. Khi dé ur gidc BECI
12 hinh binh hanh vi ¢6 hai duéng chéo BC va
El cit nhau tai trung diém D cia mdi dudmg.
Do dé : IC /f BE va IC = BE. (1)
Mat khic : ED // AF va ED = AF (vi ED la
dutmg trung binh cia AABC), do d6 DI /f AF
va DI = AF.
Suy ra tit gidc AFID la hinh binh hiinh.
Tir dé, FI // AD va Fl = AD. 2)
Tir (1) va (2), két hop vdi gia thiét AD L BE | ta duoc FI LIC va
FI = AD; IC = BE.
Vay FIC la tam gidc vuong ¢ 1 va hai canh géc vuong IF vi IC wrong
tmg bang hai trung tuyén AD va BE cua tam giac ABC.

C.LUYEN TAP

3.1. Cho hinh binh hanh ABCD. M, N la trung diém cia cdc canh BC va
CD. Chimg minh rang AM va AN chia duong chéo BD thanh ba phin
bing nhau.

3.2. Chimg minh ring néu mot i gidc ¢6 giao diém hai duémg chéo tring
vdi giao diém cdc doan thing néi trung diém cdc canh déi dién thi ur
gidc dé 1a hinh binh hanh.

3.3. Cho ur gidc ABCD. Goi M, N, P, Q, R, S ldn luot 1a trung diém cta
AB, BC, CD, DA, AC, BD.

a) Chimg minh cédc ur giac MRPS via RQSN la cdc hinh binh hanh.
b) Chimg minh cédc dudng thang MP, NQ vi RS déng quy.
3.4. Cho tam gidc ABC va mot diém O 1y y trong tam gidc. Goi M, N, P

14n lugt 12 trung diém cba AB, BC, AC va 1, K, L ldn luot 1a trung diém
ciia OA, OB, OC. Chimg minh céc dudmg thing ML, KP, IN déng quy.

3.5. Cho hinh binh hanh ABCD ¢6 BC = 2AB, M la trung diém cia AD. Ké
CE L AB. Chiing minh ring EMD = 3AEM .



o
.
—

3.2,

HUGNG DAN GIAI

(Hoc sinh tu vé hinh dé tién theo dai).

Chimg minh : BE = EF = FD=%E.

5
E la trong tam A ABC nén: BE=:BD=—;:BD.

"ad

l

Flatrong tAim AACD nén: FD=—-DO = EBD'

Suy ra : BE:EF=FD=B—;).

[P 55

E. F kin luot 12 trung diém BO va DO. Ta ¢é : ME // PF (vi ching cing
H/AC). Chimg minh duge MNPQ Ia hinh binh hanh

= AMOE = APOF (c.g.c)

= OE=0F ,ME=PF

=0B=0D:0A=0C.
Vay ABCD la hinh binh hanh.

3.3. a) Sir dung tinh chat dudng trung binh cha tam gidc va ddu hiéu 3 vé

3.4.

3.5.

viéc nhan biét hinh binh hanh.

b) MRPS la hinh binh hanh = MP cit RS tai trung diém cia mbi
dutmg. RQSN 12 hinh binh hinh = NQ cit RS tai trung diém clia mbi
dudmg.

Suy ra : MP, NQ va RS déng quy tai trung diém clia méi dudmg.

Chimg minh cdc tir gidc KIPN vi MPLK la cdc hinh binh hanh réi dp

dung cdc tinh chat hai dudng chéo cia hinh binh hianh (cat nhau tai
trung diém cia méi dutmg).

Ké MILEC=IE=IC (MI la dudbng trung binh cla hinh thang
vuong AECD). Do d6 EMC la tam gidc can. Tir d6 suy ra cdc géc bing
nhau, sau ciing, suy ra EMD = 3AEM.



§ 4. HINH CHU NHAT

A. KIEN THUC CAN NHO

e Hinh chir nhét [a hinh binh hanh c6 mot gée vudng.
¢ Hinh binh hanh tr& thanh hinh chir nhat khi hai duong chéo bing
nhau.

Ddiu hiéu nhdn biét hinh chit nhat :

1. Tir gide c6 3 géc vubng.

2. Hinh thang can c¢6 mot géc vudng.

3. Hinh binh hanh c6 mét géc vuong.

4. Hinh binh hanh c6 hai duémg chéo bing nhau.

B. CAC DANG TOAN

Bai 14. Cho hinh chir nhat ABCD. Ké BH vuong géc véi AC. Goi M, K 14n
luot 12 trung diém cia HC vad AD. Chimg minh ring BK vuong géc

véi KM.
Giai
I g Trong AAKB ké dudmg cao KI cit BH
b tai E thi E 14 truc tim cua A AKB. Suy
E ra AE L BK.
M. Ta c¢6 KI // AD va KI // BC (vi
H N KI 1 AB) = KE la dutng trung binh
K cua AHBC
D C BC

= KE //BCva KE=T

= KE//MA va KE = MA.
Do dé tir gidc MAEK 12 hinh binh hanh.
Tirdé6 suy ra AE // MK. Ma AE 1 BK nén MK 1 BK (dpcm).

Bai 15. Ching minh ring cic dung phan gidc trong clia mot hinh binh hanh
cat nhau tao thanh hinh chir nhat c¢6 dudmg chéo bing hiéu hai canh
ké clia hinh binh hanh,
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Ta chimg minh tf gidic MNPQ ¢6 3
A F E B g6c vubdng va MP = AB - AD.
Xét AAMD taco:

= o = L]
A1+D|=A+D=]Bn =
2 2

— AMD = 90° = NMQ = 90°. (1)

90"

D =

Tuong e I'GFO_ =90°, (2)
Xét ANEF c6: é1 =E}2 (so le trong) va : 1-=| =E‘; (so le trong)
=:>é1 +f7: =f}3 +'E': = ek = l?’;
= FNE =90° = MNP = 90", (3)
Tir (1), (2), (3) suy ra tr giac MNPQ 14 hinh chir nhat.
Ta ching minh : MP = EB. Ta c¢6 tam giic DAE can tai A vi cé
Ei, AM la phan gidc nén AM Ila trung tuyén, tic la
DM = ME. (4)
Mat khdc, xét hai tam giic AMD va CPB c6 :
Ar=Cy; Dy =B); AD=BC
= AAMD = ACPB (g.c.g)
= DM =PB. (3)
Tir (4) va (5) suy ra ME = PB, déng thi ME // PB do d6 ur gidac MPBE

=90°

14 hinh binh hanh.

4.1.

4.2.

Vay MP = EB hay MP = AB - AD (vi AD = AE).

C.LUYEN TAP

Cho hinh chir nhat ABCD. Ké BH vuong géc véi AC. Goi K, M lidn
It 14 trung diém cha AH va CD. Chimg minh B, K, M, C nim trén
mot dudng tron.

Dung mot hinh chir nhat ABCD, biét :
a) Pudng chéo va t6ng hai canh ké nhau.
b) DButng chéo va hiéu hai canh ké nhau.
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4.1.

4.2,

22

HUGNG DAN GIAI

Tuong tu bai 14, chimg minh BK L KM . Goi I Ia trung diém cia BM
thi KI = CI = MI = Bl. Vay 4 diém B, K M, C ndm trén dudmg trdn tam
I dudmg kinh BM.

a) Kéo dai AD, vé phia D, 1y mdt doan DE = DC. Dung AACE c6
AC, AE va AEC = 45",
b) Trén AD dit DF = CD. Dung A ACF ¢6 AC, FA va AFC = 135°,

§ 5. HINH THOI VA HINH VUONG
A. KIEN THUC CAN NHO

1. Hinh thoi.

* Hinh thoi 12 hinh binh hanh c6 hai canh ké bing nhau.
* Hinh binh hanh 12 mot hinh thoi khi hai dudng chéo vuong géc véi
nhau hodc moét dudmg chéo 12 dudmg phan gidc cua mot géc.

Ddu hiéu nhdn biét hinh thoi:

1. Tir gidc c6 bon canh bing nhau.
2. Hinh binh hanh ¢6 hai canh ké bing nhau.
3. Hinh binh hanh c6 mét dutmg chéo la duimg phan gidc cia mot goc.

2. Hinh vuéng

* Hinh vuong 12 hinh chir nhat ¢6 hai canh bing nhau.
¢ Hai dudng chéo clia hinh vuong bang nhau va vuong géc véi nhau.

Ddu hiéu nhan biét hinh vuéng :

1. Hinh chir nhat c6 hai canh ké bang nhau.

2. Hinh chir nhat c6 hai dudng chéo vuodng géc.

3. Hinh chir nhat c6 mét duomg chéo la phan gidc cia mot géc.
4. Hinh thoi c6 mot géc vudng.

5. Hinh thoi c¢6 hai dudng chéo biing nhau.



B. CAC DANG TOAN

Bai 16. Cho hinh thoi ABCD cé géc A bing 60". Trén cic canh AD va CD,

lay cdc diém M va N sao cho AM + CN = AD.
a) Chimg minh ring tam gidic BMN déu.

b) Goi P la diém doi ximg cua N qua BC. Chimg minh MP song song
vai CD.

Giai
B a) Taco AM+ CN=AD
=AM + MD
P =CN=MD va AM =DN.
AABD cdn tai A va co

;1..:60"' nén AABD

F

£ déu, do d6
BD = AB=BC va ADB =60".
M D Xét hai tam gidc BMD va BCN
co
e BD = BC
BDM = BCN =60°.
DM =CN.
Suy ra ABMD = ABCN (c.g.c). Vay :
BM = BN, (n
Talaic6: By +Bs =60° va Bi =By Dodé: B+ Bz =60" hay
MBN = 60°. ()
Tir (1) va (2) suy ra ABMN déu.
b) Chimg minh MP//CD:
Ké ME va PF vuong géc véi CD. Ta cé
MD = NC = CP (vi ANCP cén). (3)

Mat khic : MDE =180° =D = 180° —120° = 60° va
PCF =180° - NCP = 180" - 2.60° = 60°.
Do dé

MDE = PCF = 60". @)
Tir (3) va (4) suy ra hai tam gidc vuéng MED va PFC bing nhau (canh

huyén va géc nhon bang nhau). Suy ra ME = PF, ta lai ¢6 ME // PF. Tit gidc
MPFE 1la hinh binh hanh nén MP // CD (dpcm).

23



Bai 17. Cho tam giic ABC. Dung vé phia ngoai tam gidc cdc hinh vuéng
ABDE va ACGH. Goi M, N, P, Q l4n lugt 14 trung diém cua EH,
EB, BC, CH. Chimg minh ring :
a) BH=CE va BH L CE.
b) Tit gidc MNPQ 12 hinh vubng,.

Giai
a) Chimg minh BH = CE va
BH L CE.
Xét hai tam giic BAH va
H EACtacé:

AB = AE (canh hv ABDE)

BAH = EAC =90° + BAC

AC = AH (canh hv. ACGH).

ABAH = AEAC (c.g.c)
= BH =EC.

Goi O, 1 lan luot la giao
diém ctia EC v&i AB va BH.
c Tacé O1 =02 (déi dinh),

E, =B (ABAH = AEAC).

Ma Ei + 01 =90° nén By + Oz = 90°, suy ra BIO =90° hay
BH L CE (dpcm).

b) Chimg minh t& gidc MNPQ 12 hinh vung.
Ta c6 MN // BH va MN = %BH (vi MN 1 dudng trung binh A EBH).

Tuong wr PQ // BH va PQ:%BH.
Do d6 MNPQ la hinh binh hanh.
NP/ EC va NP =E—f- (vi NP la dudmg trung binh ABEC).

Ma BH = EC vd BH 1L EC nén MN = NP va MN L NP.
Khi d6 MNPQ la hinh thoi ¢6 mdt géc vudng,
Vay MNPQ la hinh vuong.
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Bii 18. Cho canh hinh vudéng ABCD ¢6 do dai 1a 1. Trén cdc canh AB, AD
ldy cic diém P va Q sao cho chu vi tam gidc APQ bing 2. Chimg
minh riing PCQ = 45°.

Giai

E Trén tia ddi cia tia DA 13y diém E sao cho
\ DE = BP. Ta thiy hai tam giic vuong CDE va
CBP bang nhau (c.g.c). Suy ra CE = CP va

ECD = PCB. Taco:
) ECP = ECD + DCP = PCB + DCP = 90".
Chu vi tam gidc APQ bing :
2=AP+PQ+QA =AB+AD
i D B =AP+PB+AQ+QD. Do dé

PQ=PB+QD=DE+QD=QE.

Hai tam gidc CEQ va CQP c6:
EC = PC; PQ = QE va QC chung. Vay ACEQ = ACQP (c.c.c).

» a e l = 9'0“ 0
Tir d6 suy ra : PCQ:EECP=—2~=45 :

Bai 19. Cho hinh vuéng ABCD c6 d¢ dai dudng chéo bang 1. Ty gidc
MNPQ c¢6 céc dinh ndm trén cac canh cia hinh vuéng. Chimg minh
ring chu vi tir gidc MNPQ khong nho hon 2.

Gidi
Goi E, F, I l4n luot 1a trung diém cha M
céc doan QM, PN, QN. Tacé : A B
QM
AE = <X
2 e N
(AE la trung tuy€n cta tam gidc vudng MAQ). Q 1
Tuong tu, CF = E;- -

Taciing ¢cé El = MT
(EI 1a dudmg trung binh cia AQMN).
Fl= % (FI la dudmg trung binh cua A DPQ).
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Do d6 chu vi cla tif giAc MNPQ béng :
MN + NP + PQ + QM = 2(El + FC + FI1 + AE)
22AC=2.

(do EI+FC+FI+ AE bing do dai dudng gfip khiic AEIFC).

5il¢

5.2,

5‘3‘

5.4.

5.5.

5.6.

5.1.
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C.LUYEN TAP

Goi O la giao diém cdc dudng chéo ctia hinh binh hainh ABCD. Chimg
minh ring giao diém cdc dudng phin gidc trong cla cdc tam gidc
OAB, OBC, OCD va OAD la cic dinh cia mot hinh thoi.

Cho tir gidc ABCD. Goi M, N, P, Q ldn luct 1a trung diém cia AB, BC,
CD, DA.

a) Chimg minh rang tf gidc MNPQ 12 hinh binh hanh.

b) Véi diéu kién nio cia hai dudng chéo AC, BD thi MNPQ Ia hinh
chit nhat, hinh thoi, hinh vudng ?

Trén hai canh ctia géc nhon ;6} ta lay hai doan AB va CD. Goi E, F,
G, H l4n lugt 12 trung diém cla AC, BC, BD, DA. Tim diéu kién tuong
img ctia géc xOy va cdc doan thing AB, CD dé EFGH l4n luot 12 hinh
chir nhat, hinh thoi, hinh vuéng.

Cho tam gidc ABC, trén AB va AC, vé phia ngoai tam gidc ta dung hai
hinh vubng ABDE va ACMN. Chimg minh ring trung tuyén qua A
kéo dai cua tam gidic AEN |a dudng cao ctia tam gidc ABC.

Goi E 1a diém thudc mién trong clia hinh vuoéng ABCD sao cho tam
gidc AEB cin tai E va ¢ g6c ddy bing 15°. Chimg minh ring tam
gidc DEC déu.

Cho hinh binh hanh ABCD. Trén cic canh AB, BC, CD, DA, ta dung
vé phia ngoai cac hinh vuéng ldn luot c6 tam 12 O,,0,,0,,0, . Chimg

minh ring tf gide 0,0,0,0, 13 hinh vuong.
HUGNG DAN GIAI

Ta c6 BON = DOQ [: %:%ﬂ] = N,0,Q thing hang.
Tuong ty M, O, P thing hang.

ABON =ADOQ (g.c.g) = ON=0Q,



AAMO = ACPO (g.c.g) = OM = OP.
Do dé MNPQ 13 hinh binh hanh.

Mat khic, MON = MOB + BON = -%(Aﬁia +BOC) = 90",

Vay MNPQ la hinh thoi.

5.2. a) Chimg minh MN // PQ vi MN = PQ = MNPQ I hinh binh hinh.

b) MNPQ 12 hinh chir nhat khi AC L BD.
MNPQ 12 hinh thoi khi AC = BD.
MNPQ Ia hinh vuéng khi AC L BD va AC = BD.

5.3. Chimg minh EFGH Ia hinh binh hanh
(EF // HG // ABva EE = HG = AB).
EFGH 12 hinh chir nhat khi xOy = 90°.
EFGH 12 hinh thoi khi AB = CD.,
EFGH 12 hinh vuong khi xOy = 90° va AB = CD.

5.4. Ta chimg minh dutmg cao AH ciia A ABC kéo dai cat EN tai trung
diém cia EN. Ké EE’ va NN' vuong géc voi AH kéo dai.
AAE'E = ABHA (canh huyén, géc nhon)
= EE'= AH. (n
Tuwong tu :
AAN'N =ACHA = NN'=AH. (2)
So sdnh (1) va (2) : EE* = NN’, hon nita EE' // NN'. Vay i gidc
EE'NN" | hinh binh hainh = AH cdt EN tai trung diém cia EN (dpem).
5.5. Taco EA = EB(AEAB cin tai E).
EAD = EBC = 75 = AEAD = AEBC (c.gc) ED=EC. (1)
Dung ABFC can véi FBC = FCB =15°.
Ta ¢6 BE = BF (viA AEB = ABFC) va EBF = 90° - (15° +15%) = 60°.
Do d6, AEFB déu, tir 6 suy ra EF = BF = FC tic 12 AEFC can. Mat
khic, EFC = 360° —(60° +150°) = 150°. Do d6 :
FCE = M 15",
Vay ECB = ECF + FCB =30". Tirdé :
DCE = 60°. (2)
Tir (1) va (2) suy ra AEDC déu.
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5.6.  Xét hai tam gidic AO,O, va BO,0,,1acé
AO, =BO, , (1
AO, =BO, , (2)
0,A0, =90° +A;, 0,BO, =90"+B:.
Ma ;':1 = I§| (cting bl véi _B'EE)J. Do d6 :
0,A0, =0,BO, . (3)
Tir (1), (2), (3)suyra: AAO,0, = ABO,0,.
Twong tu, ta ciing c6
AAO,0, = ABO,0, = ACO,0, = ADO,0O,
= 0,0, =0,04 =0,0, =0,0;.
Mat khéc : 0,0,0, =90°. Vay 0,0,0,0, la hinh vuong.

§ 6. DA GIAC

A. KIEN THUC CAN NHO

e Da gidc déu 1a da gidc c6 tat cd cdc canh bing nhau va tit ca cdc
géc bing nhau.

e Téng s6 do cic géc clia hinh n-gidc bing (n-2):180".
n(n-3)

® 56 dudng chéo cba hinh n-gidc la : . Suy ra : mdi géc cua

(n-2).180"
==

da gidc déun canhc6s6 do 1 :

B. CAC DANG TOAN

Bai 20. Gia sir M, N, P, Q I4n luot Ia trung diém cuia céc canh AB, BC, CD,
EA cia ngil gidc 161 ABCDE. Goi I, K li trung diém clia MP va NQ.

Chimg minh ring : II(=~}*-ED.

28



Giai
Lay diém L d6i ximg cia M qua K.
Khi dé, ur gidc MNPL 14 hinh binh hanh

nén

QL // MN va QL = MN, (1)
Hom niia,

MN // AC vi MN :"TC (2)

(do MN Ia dudmg trung binh ciia AABC ).
Tir (1) va (2) suy ra

QL // AC va QL:ATC.

Do d6 QL 1a dudng trung binh cia AEAC, wic 1a L 12 trung diém cua
EC. Ta ¢6 KI 14 dudng trung binh coa AMLP va LP I dudng trung binh

cia ACED nén: Kl =¥ v LP:% = KI =% (dpcm).

e

Bai 21. Cho luc gidc 16i ABCDEF. Goi M, N, P ldn luot 12 trung diém clia
cic canh AB, CD, EF va R, S, Q ldn lugt 13 trung diém cua cic canh
AF, BC, DE. Chimg minh riing trong tam cla hai tam gidc MNP va
RSQ tring nhau.

Giai
(Hoc sinh tu vé hinh dé theo dbi.)
Goi O la trung diém cia AD, Ta ¢
MS //ON
MS=0N
= tir gigéc MSNO |4 hinh binh hanh
= hai dudmg chéo MN va SO cat nhau tai trung diém I cia
mobi dudmg,.
Tuong tr, uf gidgc ROQP la hinh binh hanh
=> hai dudmg chéo PO va RQ cit nhau tai trung diém K cta
moi dudmg.
Goi G la giao diém cha SK va PI thi G 1a trong tam cia ASOP do d6 :

SG PG 2 :

— = —=— (tinh chit t .

el et (tinh chat trong tam)
5G

Vi SK 1a trung tuyén cia ASRQ va K =§ nén G li trong tam
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. 2
cia ASRQ . Tuong tu, PI 12 trung tuyén cha APMN va %=5 nén G la

trong tdm cha APMN .
Vay hai tam gidc MNP va RSQ ¢6 ciing trong tam G.

Bai 22. Cho hai da gidc déu n - canh vi m - canh ¢6 ti s6 hai géc trong cla

ching la ; Tim s8 canh cla hai da giic trén.

Giai

Theo c6ng thifc tinh mét géc trong cia da gidc déu n - canh va theo dé
baitaco :

(n-2).180° (m-2).180°

n ) m

= U n-2)m=5m-2)n

=>nmm-Tm+5n=0

=m(n-7)+5(n-7)=-35 hay (7-n)(m+5)=135.

Vim23 nén m+528, do dé 35 chi duge phan tich thanh 1.35 e la
7-n=1vam+5=35 Suyran=6vam=30.

=5:7(n,m23; n,meZ)

C.LUYEN TAP

6.1. Cho ngii gidc ABCDE, goi M, N, P, Q l4n luot 13 trung diém cia cic
canh BC, AE, AB va ED. Chimg minh riing MN song song véi CD khi
va chi khi dumg thang MN di qua trung diém doan PQ.

6.2.  Cho luc gidc déu ABCDEF. Goi M, N, P l4n luot Ia trung diém ciia cic
canh AB, CD va EF. Chimg minh ring MNP la tam gidc déu.

6.3. Chimg minh ring trong mot da gidc 16i n canh (n >4 ), mot géc bat ki
bao gid ciing nho hon téng cdc gée con lai cla da gidc d6.

6.4. Tt ca cdc géc cha luc gide 16i ABCDEF déu bang nhau. Ching minh
rang : |[BC - EFl=|DE- AB|=|AF-CD|.

HUGNG DAN GIAI

6.1.

=

a) Gia s MN // CD. Goi I 1a giao diém ctia MN va BD. Chimg minh wr
gidc PIQN Ia hinh binh hanh. Suy ra MN qua trung diém cta PQ.
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6.2.

6.3.

6.4,

b) Gia sit MN qua trung diém PQ. Goi I" la trung diém cua BD. Ta
gidc PI'QN la hinh binh hinh = NI' qua trung dié¢m PQ = ['e MN.
Ma I'M//CD nén MN//CD.

Chimg minh A AMF = ABMC (c.g.c) = FM =CM.

Suy ra AMFP = AMCN (c.g.c) = MP=MN.
Chimg minh twong tw ta duge : MN = NP. Vay MNP la tam gidac déu.

Ta c6 ;\‘L,+K;+.,.+a={n—2}18f)" > 360" (vinz4).
Véi A-; la géc bat ki cia da gidc (1<k <n) taco A:«:!B()",suy ra
2;‘.{: <3600L"2a <;5‘.-‘|'+,3\-; +‘.‘+.E\—;._ +,,‘+‘3\—;,suyradpcm_

Gia sir cdc dinh A, B, C, D, E, F theo thit tv nim theo chiéu kim déng
hé. Goi giao di€m ctia cdc cap canh cia luc gidc (theo chiéu kim déng
hé) la H, K, I, P, Q, R, véi H la giao diém AF va BC.
Chimg minh dugc : AHIQ va AKPR déu va
HI//PR; IQ //RK ; QH // KP.
Suy ra : cdc tam giic HAB, KCB, ICD, PDE, QEF, RFA déu 1a nhimg
tam gidc déu. Ta lai c6 HCPF la hinh binh hanh, suy ra HC = PF hay
HB-PE =EF-BC
= AB-DE = EF-BC = |AB- DE|=|BC - EFI.
Tuong tr |DE - AB|=|AF-CD].
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Chuong 2.

TAM GIAC PONG DANG

§ 1. DINH Li TA-LET TRONG TAM GIAC
A. KIEN THUC CAN NHO

¢ Dinh Ii Ta-lét trong tam giéc :
Cho tam gidc ABC. B’, C’ 14n luot trén AB, AC.
Néu B.C7 ) BOW Sp wrAC_ BC
AB AC BC
Pao lai néu W _AF thi B'C' // BC.
AB AC

» Tinh chét dubng phan gidc cla tam giac :
AD, AE lin luot 1a phan gidc trong va phdn gidc ngodi cba tam gidc
ABC. Tacé AD L AE va %:E=é§-.

DC EC AC

B. CAC DANG TOAN

Bai 23. Cho hinh thang ABCD c6 ddy I6n 1a CD va E la trung diém cha CD.
Goi M Ia giao diém AE va BD, N Ia giao diém cia BE va AC. Chimg
minh rang MN // AB va tinh MN, biét AB=a, CD=b.

Gidi
Xét AAMB ta co : AB // DE nén
A B theo dinh i Ta-lét :
ME _ED
MA AB’
p i MAED = EGnen ME - ECo* (3
D 4 B 7 C MA AB



Xét AANB, c6 AB J/ EC nén
NE EC
—_—=— (2)
NB AB
So sdanh (1) va (2) ta duoc : E—E--zﬁ
MA NB
Theo dinh Ii Ta-lét dao trong AEAB suy ra MN // AB.
Tinh MN theo ava b:
Xét AAEC, co MN // EC nén
MN _ AN
EQ AC:
Xét AANB, 6 AB // EC nen AN _ AB
NC EC
AN AB AN a 2a

= = = = = :
AN+NC AB+EC AC a+E 2a+b

(3)

4

g
So skfih (N (4) s : MB _Za-®
EC 2a+b

Ma EC=—b nén MN = ab ,
2 2a+b

Bai 24. Cho hinh binh hinh ABCD. Mot duémg thing / cit AB&E, AD & F

va cit dudng chéo AC & G. Chimg minh ring : AR + i :
AE AF AG

Giai
Goi O la giao diém cta hai dudng chéo AC va BD. Ké BM // EF v

DN // EF, v6i M, N trén AC (hoc sinh v& hinh).
Xét AABM, c6 EG // BM nén :

AB_AM o

AE AG
Xét AADN, ¢6 FG // DN nén :
AD AN
—— e (2)
AF AG
Lay (1) cong (2) theo timg v& thi duoc :

AB AD AM+AN
i = ] (3)
AE AF AG

Mat khic, do AABM =ACDN (g.c.g) nén
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AM = NC. (4)

Thay (4) vao (3) thi dugc
AB AD _NC+AN _AC
AE AF AG AG

(dpcm).

Bai 25. Cho tam gidic ABC c¢6 trung tuyén AM. Mot dudmg thing / qua trong
tam G clia tam gidc ABC cét céc canh AB, AC l4n luot tai B' va C',

Chimg minh ring : ig-3-—1-£=3.
AB' AC
Gidi

Qua B ké dudmg thing song song véi I cit dudmg thing AM tai 1.
Qua C ké dudng thing song song véi [ cit dudmg thing AM tai J.
(Hoc sinh v& hinh d€ theo d5i.)

Tacé ABMI=ACMIJ (g.c.g) =>MI=MJ.

Xét AABI, c6 B'G//BI nén
= ¥

Xét AACT,c6 C'G//CJ nén
AC_AL
AC' AG'
Ldy (1) cong (2) theo timg vé ta dugc :
A.B+ AC =A1+AJ=2AM
AB' AC' AG AG

(2)

=3 (dpcm).

Bai 26, Cho tif giac 16i ABCD c6 cic dinh A va B ¢6 dinh, cdc dinh Cva D
thay d6i sao cho giao diém O ciia hai dudng chéo AC va BD luon c6

ti 56 g% =k, -g-g“ =k’ (k, k’ 1a hai s6 khic 1 cho trudc). Chimg
minh ring néu k # k' thi dudng thing CD lu6n di qua mot diém c6
dinh.

Gidi
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Véi k =k’ thi O—A#% Khi dé CD khong song song vai AB. Goi
OC 0D

M la giao diém clia cic dudng thing AB va CD. Ké CN // DB (N thudc AM),

Xét AACN, c6 OB //CNnen 2B _OA _
BN OC

AB+BN k+l AN _k+1
= = = —
AB k' XB R
A. B cd dinh, k khong déi nén N 1a diém ¢6 dinh.
Xét AMBD, ¢6CN // DB nén ;
MC CN CN BO AC BO_AO+0C BO

MD DB BO BD AO BD AO 'BO+0D

_[HEJ | -(1+1) I Y k+l K
OA/|,, 0D k)| gy k k'+1
OB k'
stéx AMBD . 6N /f DE nans N MG _Kad Koot
MB MD k k'+l
. Vi B, N c6 dinh va k, k" khong d6i nén M cing c6 dinh. Vay duong
thang CD di qua di€ém M ¢6 dinh.

Bai 27. Cho tam gidc ABC ¢6 AB = ¢, BC = a, CA = b. Goi x, y, z la d0 dai
cdc dudmg phan gidc trong cha tam gidc ABC, Chimg minh ring :
121 Bl I
+ :

Giai
Gia sir phﬁn gide trong AD = x. (Hoc sinh v& hinh dé theo doi.)

Goi E la giao diém cla dudng thing qua B song song véi AD va dudng
thing AC.

Ta cé6 ABE = BAD (sole trong) BEA = DAC (ddng vi).

Vi BAD = DAC nén ABE =BEA, suy ra tam gidac EAB can tai A, do
dé AB= AE=c.

Tam gidc CEB ¢6 AD // EB nén :

it S AT N

EB EC b+c b+c

Vi BE < AE + AB=2cnén

2be 1 1[1 I]
X<——=—>—| —+—|.
b+c x 2\b ¢
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Tuong tuta co : l::-l[l+l) va l:.:-l(l+lj

y 2\a ¢ z 2\a b
Tird6 suy ra : l+l+l>l+-l_+l.
X y'z a'b ¢

Bai 28. Cho hinh thang ABCD c6 ddy lén AD. Chimg minh ring dutng

thdng néi giao diém cla hai dudng chéo véi giao diém cha hai dudng
thing chifa hai canh bén thi di qua céc trung di€m cia hai ddy.

Gidi
Goi I 1a giao diém cla hai dudmg thing
1 ABva CD ; O 12 giao diém hai dudmg chéo AC
va BD ; M, N la giao diém cia OI véi BC va
AD. Ta sé chimg minh
BM = CM va AN = DN.
Xét ATAN, cé6 BM // AN nén

B —X BM _IM
AN IN~
0 Xét AIDN, ¢6 MC // DN nén
MC M
o ND IN°
Tir d6 suy ra
BM MC
e St (1
AN ND
Tuong tu :
BM MC . MO
— =—— (cing bing — ). 2
ND AN CUnE %N 15 )
Lay (1) cong (2) ta duge :
BM+MC _MC+BM _ BC _BC _ . .
AN ND AN DN

Tir (1) suy ra BM = MC.

Bai 29. Cho tam gidc déu ABC c6 trong tam G. Tir diém O khdc G & trong

tam gidc, ké dudng thing OG cit cic dudmg thing BC, CA, AB lan
luot tai A*, B’, C'. Tinh
0OA' OB' OC'
g
GA' GB' GC'
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Giai
Goi H, E, F l4n luot 1a chan dudng vuéng géc ké tir G xudng céc canh
cua tam gidc ABC. (Hoc sinh vé hinh dé theo ddi.). Goi I, M, N ldn luot Ia
chan dudng vudng goc ké tir O xudng cic canh cia tam gidc ABC.
Dat AH=h,AB=BC=CA =a.
Taco:

Soan * Sosc + Soac = Sasc =>2L(DI +OM+ON)a= %h.a

=0l+OM+0ON=h.
Xét AA'GH, c6 Ol // GH nén ;

OA'_ o1 _3or
GA' GH h
Tuomg tur :
OB'_OM 30M  OC'_ON 30N
GB!>"GE +*"h 4GC" «GF 'k
OA' OB' OC' . O1+OM+ON
Suy ra: =3 =3.

+—+ =3.
GA" GB' GC' h

Bai 30. Qua diém O bit ki bén trong tam gidc ABC, ngudi ta vé ba dudmg
thang twomg ing song song voi ba canh cia tam gidc d6.
a) Chimg minh heé thic
g b g
trong d6 a,,b,,c, la céc doan thing gém gilia cic canh va theo thit

tu song song vdi ba canh a, b, ¢ clia tam gidc.
b) Tinh gid tri cia biéu thic

Pza_+b_+E_l
a b.¢

trong d6 a’, b', ¢’ 1a cdc doan thing theo thi ty ndm trén cic canh a,
b, ¢ va gém giita cic dudmng thing ndi trén .
(Thi HSG Qudc gia lap 9, 1993)

Giai
a) V& qua O cdc dudng thing thi tu song song véi cic canh AB, BC,
CA,taduoc: FG=a,,IH= b.DE=c,;EH=2a";GB=b", FI=c¢".
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Ap dung dinh If Ta-lét ta c6 :

FG_AG DE_CD
D BC AC' AB CA’
I Vay
F G ,a_l,+b_|+i.=f.9+lﬁ_+,§9.
/ /\ \ 8 B ot BCoAC AB
AG+IH+CD
B E LA CRAT S
H - AC

_ AD+DG+10+0OH + CG + GD
AC

Theo tinh chét cdc doan chén song song ta dugc :
Ol=AD;0OD=Al;0H=CG; OG=HC

a_,+ﬁ+ﬁ_ 2(AD+DG+GC) _2AC =3

a b c AC AC

b) Ta c¢6 OE = BF ; OF = BE. Tir dé :
a'=EH=BC~-(BE+HC)=a-(OF+0G)=a- FG=a- a,.
Tuongtw: b'=b-bj.¢'=c~c,.Suyra:

Pa il Gud Sppr Dol Bl =3——(ﬂ+h+ﬂ)=l.
a b ¢ a b c a b ¢

=

Bai 31. Cho tam gidc ABC vdi d0 dai cédc canh a, b, ¢ théa diéu kigna>b>¢
va O 1a mot diém bét ki ndm trong tam gidc d6. Cic duomg thing
AQ, BO, CO thit tu cét cdc canh cia tam gidc ABC tai cdc diém P, Q,
R. Chimg minh ring OP + OQ + OR > a.
(Thi HSG Qudc gia lop 9, 1994)

Gidi

GoiBC=a,CA=b,AB=cvdia>b>c.
Ké OX // AB (X trén BC),

OY /f AC (Y trén BC).
Ké XK //OR (K trén AC),

YL //OQ (L trén AC).
(Hoc sinh vé hinh dé theo dai.)
Ap dung dinh I Ta-1ét ta c6 :

XY _OX _OP_ XY BC_ a

. i — P i

BC AB AP OP AP AP
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Trong hai géc APB,APC phai ¢6 it nhat mot géc th néu AP khong
vudng géc véi BC, tir d6 suy ra AP it nhdt phai nhé hon moét trong hai canh
AB,AC.Doa>b>csuyra AP<a.

Tir d6 ta co

£=i>|=>XY>DP. (D
OP AP

Tuong v, CR <ava BQ <a. XK //CR nén
BX.="XK <“BX .-BC _.#

el g m—:—-—=—}1§BK)XK.
BC CR XK CR CR
Ma XK = OR nén
BX > OR. (2)
Twong tu,
YC>0Q. (3)

Cong (1), (2), (3), suy ra
a=BX+XY+YC>0P+0Q+ OR.

Bai 32. Cho tam gidc nhon ABC va AD, BE, CF 12 céic phan gidc trong cla
nd. Goi §;,S 14n luot la dién tich cdc tam gidc DEF va ABC. Chimg

minh ring 45, <§.
(Thi HSG Qudc gia lop 9, 1996)

Gidi
Goi AB=c,BC=a,CA=b;
S|=5.-.EF ' Sz=SBDF Sa—scna
Tacé:
S 4 s § 8§
Sp08, 8¢ 3
B e b 22 4 B3 5 2,
B C s 8 g4
Theo tinh chét dudmg phan giac, tacé :
AF b AF b AF b
—_——-—D = a—-—=—-—"
FB a AF+FB a+b AB a+b
AE ¢ AE C
—— =T —— = —
AE a AC a+c
Tacé:s'=£—A—E b . Tuong tu :

S AB AC (a+b)a+c)
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1.1.

1-20

1.3.

1.4.

1.5.

40

S, ac . O3 ab

S (b+a)b+c) = S (c+adc+b)’

KiF 86 ; OLt 2 5 2
sTS s 4
bc ac ab 3

= [a+b](a+c}+(b+a){b+c)+{c+a}(c+b} T4
¢ 4ab(a+b)+4bc(b+c)+4ca(c+a)=3(a+b)(b+c)c+a)
&> 42%b+ 4ab? +4b%c + 4bc? +4c’a + 4ca’

> 3a’b +3ab’ +3b%c + 3bc’ + 3c’a+ 3ca’ +6abe

< a’b+ab? + b’c+be? +c’a+ca’ 2 6abe

& b(a’ —ji.la-:t+1:2)+:~.(t:-2 ~2bc+c?)+c(a’ —2ab+b3)20
& bla-c) +ab-c)’ +c(a-b)’ 20, (dpecm)

C. LUYEN TAP

Trén céc canh kéo dai cia tam gidc, dat cic doan
AA'=AB, BB'=BC, CC'=CA.
Chimg minh ring trong tAm cdc tam gidc ABC va A'B'C" tring nhau.

Cho ba tia Ox, Oy, Oz cé ﬁr = ;(-)-i =60". Chimg minh ring néu A,
B, C 12 ba diém thing hang tuong tmg nim trén Ox, Oy, Oz thi
1 1 1

OB OA OC

Trén cic canh BC, CA, AB cua tam gidc ABC ta 14n luot ldy cic diém
M, N, P tuong tmg sao cho :

BM-E £~K(O<K:I)
MC NA PB

Hay tinh dién tich tam gidc tao nén bdi cic doan thing AM, BN, CP
theo dién tich tam gidc ABC.

Cho hinh thang ABCD véi ddy AB va CD. Mot dudng thiing song song
v6i hai ddy cit AD va BC I4n lugt tai M, N va cat AC, BD lan luot tai
P, Q. Chimg minh ring MN = NQ.

Cho tam gidc ABC. L4y M, N l4n luot trén AB, BC sao cho AM = BN
va MN // AC. Chiig minh: MN = atf (v6i AB = ¢, BC = a, CA = b).
c




1.6. Cho ut gidic ABCD. Goi M, N lin lugt 1a trung diém cia ACvaBD ; G
la trong 1am tam giac ABD. GC cit MN tai O. Tinh 1i s6 OG: OC.

1.7. Cho tam giic ABC vuong tai A (BC = a) va dutmg cao AH = h. Mot
hinh vudéng MNPQ canh biang b noi tiép trong tam gidc (M, N ¢ trén
canh BC; P, Q ldn luot & trén cic canh AC, AB). Chimg minh :

| B i (|

+—.
b a h
1.8. Cho tam giic ABC vuong tai A (AB = a, AC = b). Mot hinh vuong
AMNP ¢o canh bing ¢ v6i M, P, N lin luat trén AB, BC, CA. Chimg
minh ;
N
—t—=—,
a b.=C
1.9. Cho tam gi:ig ABC va [ 1a dudng thing qua trong tdm ctia G tam gidc,
dudmg niy cat ¢ic canh AB va AC. Goi x, y, z l4n luot 1a khoang cdch
tr A, B, Ct6i /. Tim maoi lién he giira x, y, z.

1.10. Cho tam giic OAB ¢é géc O =120", OC Ia phan gidc trong. Chimg
minh rang :
| 1 1
T A
OA OB OC
1.11. Cho tam giic ABC, A’ 1a mot diém trén canh BC va O |2 trung diém
BC. Mot dutmg thiing song song vdi BC cit duidmg thing AB & M, cit
dudmg thing AC & N va cit dudng thing AO o L.
a) Chimg minh I 1a trung diém cia MN.,
b) Ké MM’ vi NN’ song song vdi AA’ (M’, N trén BC). Tim tap hop
cdc tam (61 xaimg cua hinh binh hinh MNN'M" khi M chay trén canh AB.

1.12. Gia sir AM, BN, CP la cic phan gidc trong clia tam gidc ABC.
a) Chimg minh ring ﬁ P—AN—C- =]
MC PB NA
b) Goi I la tam dudng trdn ndi tiép tam gidc. Tinh ti s6 [A : MA theo
cic canh cia tam gidc.

HUGNG DAN GIAI

1.1. GoiE, D ldn luot |2 trung diém cia AC va B'C".
Ti gidc ABDE la hinh binh hanh.

Tac6 ED // A'B va ED = %A*B.

41



1.2-

1.3,

AGA'B c6 DE// A'Bnén: ——E—-(-;—=£G-——_EP-_.1

BG A'G AB 2

Vay G vira la trong tam ctia A ABC vira I trong tAm cia AA'B'C'.

Ké BB' // Oz (B’ nam trén Ox).
AAQOC c6BB' //OCnén:

AB'_BB'_OA-OB'_BB'_ _OB' BB

= = — D r
AO CO OA CO OA DC

AOBB' déu nén OB’ = BB’ = OB. Do dd tir (1) suy ra :
OB OB 1 1 l
hay —+—=—,
OA OC OA OC OB

(1)

Gia sir X, Y, Z la giao diém cla cdc doan thing AM, BN, CP (vdi X

trén AM, Y trén BN va Z trén CP). Tacé :
Sxvz =Sxac —Sasx =Sucz = Sacy-

Ké ME // BN (E trén AC), ta ¢6 :

Sand. BV _ oK
& BC Kal
Sux _ AX _ AN
S AM  AE’
lv NE MB K
K CN EC K +1
AN K+1=AN= K+1
NE K! AE K +K+1
Tir (1), (2) va (3) suy ra S5« =_K2 +KK+lS'

AN

Ma —
NC

nén

Wl S
K2+K+1
3K < (K-1)?
K2+K+1 _K*+K#1

Tuong ty, Spey =8, =

(n

(2)

(3)

Chii y : Ta c6 thé tinh ti s& %Xﬁ bing cdch sir dung dinh 1i Mé-né-la-uyt.

. XA BM NC

Trong ACAM , véi cit tuyén BXNtacé: — . —,— =1,

42

" XM BC NA
UK+ AX K+1
S —=— —= y— = = .
XM BM NC K K k? AM K?+K+1




1.4.

1.5.

1.7.

1.8.

logc

MO MDD OV a0 o Mo,
AB AD' AB BC  ~ AD

MN BM _E
AC AB BC
MN BM+BN BM+AM C bc
=5 = = = = MN=——,
b c+a c+a a+c a+c

Vé MI /f AN (I trén GC);
MI // AG va MI =%AG

= MI//GN va Ml =GN = GMIN Ia hinh binh hiinh.
O la trung diém GI va [ 1a trung diém GC nén OG: OC =1 : 3.

AABH ¢6 MQ // AH nén :

Ml B )
AH AB

AABC ¢6 PQ // BC nén
.80 2)
BC AB

Lay (1) cong (2):

b b | N
—F+—==l=—4-=
ha h

Ta cé
BN _NC_c_NC i
AB BC a BC'
MN BN ¢ BN
T i 2)
AC. <BC . W BC
L9 T cong Qs S+ S ot D
ab a b ¢
AA'=x,BB'=y,CC'=2z,
AA' AG
e o AA'=2MM".
MM GM 2 i

Ma 2MM'=BB'+CC',suyrax=y +z

1.10. Ké CM // OA va CN // OB. AOMC va AONC la nhimg tam gidc déu.

OC CM BC
= (D
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oc_ON_AC &

OB OB AB'

L4y (1) cOng (2) :
oc,oc_, 1 1 _ L
0A OB OA OB OC’

1.11. a) Ké MQ va NP song song véi OA. Ta cé :

0Q ,AM AN _OP  OF=00 = MI£NL
OB AB AC OC

b) Ké IT" // AA’. Gia st II' cdt MO tai E; E la 1am d6i xing cua hinh
binh hanh MNN'M". I va I' d6i ximg nhau qua E. Goi K la trung diém cia
AA’. Chitng minh O, E, K thing hang. Tap hop E la doan OK.

1.12. a) Ap dung tinh chat dudng phan gidc trong, ta ¢6
MB AB PA AC NC BC

MC AC'PC BC'NA AB'

MB PA NC _
Suy.ra ——.——. ——
MC PC NA
byPat AB=c,BC=a,CA=b.
BM C:BM_ c — BM = a—.':.
MC b BC b+c b+c

Bl la phén gidc trong A ABM :
IA_AB_ 1A c
IM BM AM c¢+BM
1A c b+c
s, 19

AM ., 8 a+b+c
b+c

§ 2. TAM GIAC DONG DANG

A. KIEN THUC CAN NHO

¢ Pinh nghia :
A=A BB e
AABC déng dang AA'B'C' < AB - BC_ = CA
A'B' BC CA

k dugc goi 1a ti s6 déng dang.



o Cic truo‘ng hop df.-ng dang

a) Néu A =A", ' thi A ABC déng dang AA'B'C’,
A=A
b) Néu < AB AC thi A ABC déng dang AA'B'C".
AB AC
c) Néu e Nl I thi A ABC dong dang AA'B'C’.

A'B'A'CL"BC
e Trudng hop dong dang cia hai tam gidc vuOng

Cho hai tam gidc vudng ABC vi A'B'C’ vdi A=A"=90". A ABC
déng dang AA'B'C' néu moét trong cdc truomg hop sau day duge

thoéa man :

a)é B’ hoac é=6':
o AByAC &
A'B" A'C

e Ti s6 hai dudng phan gidc, hai dudng cao, hai dudmg trung tuyén,
hai bdn kinh ngoai ti€p, hai ban kinh noi ti€p, hai chu vi tuong img
cua hai tam gidc ddng dang bang ti s6 déng dang.

e Ti s6 hai dién tich cha hai tam gidc déng dang thi bing binh
phuong ti s6 dong dang.

B. CAC DANG TOAN

Bai 33. Cho tam gidc ABC. Goi M, N ldn lrot 1a trung diém cia BC, AC. Goi
0O, H, G ldn lugt 1a thAm dudng tron ngoai ti€p, tryc tAm va trong tam
cua tam gidac ABC. Chimg minh ring :

a) AABH ddng dang AMNO ;

b) AAHG db6ng dang AMOG ;
¢) H, O, G thdng hang. Tinh GH : GO.

s P

Giai
a) Tacé
OM // AH (vicing LBC);
ON // BH (vi cing L AC);
MN // AB (dudng trung binh tam giic ABC).
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Tir d6 suy ra :
BAH =OMN va ABH = ONM
(hai géc nhon c6 canh tuong img song

N song)
Viay AABH déng dang AMNO, ti 1¢
B M
b) Xét hai tam gidic AHG va
MOG, ¢6 :
HAG = GMO (so le trong) ; (1)
@%l (tinh chit trong tAm) va —(—}E=l (theo trén)
GA 2 AH 2
Do dé
M
GM _OM @)
GA AH

Tir (1) va (2) suy ra AMOG ddng dang AAHG.

¢) Tac6 AMOG déng dang AAHG nén AGH = MGO . Ma A, G, M
thing hang nén H, G, O thing hang va S A H 2
GO OM
Chii y : DPuong thing di qua tryc tAm, trong tam va tam dudng tron
ngoai ti€p tam gidc duge goi 14 dudmg thing Euler (O-le).

Bai 34, Cho tam gidc déu ABC. Goi M, N I4n lugt 1a cic diém trén céc canh
AB va BC sao cho BM = BN. Goi G Ia trong tdm ctia tam gidc BMN
va [ 1a trung diém ciia AN. Tinh céc géc clia tam gidc GIC.

Gidi
Ta c6 BMN Ia tam gidc déu nén G 12 tam
cia ABMN. Goi P 1a trung diém cia
MN thi:
GP _1
GN 2
(tinh chét trong tAm cia tam gidc déu).
Talaicé:




Suy ra
cp_P_1 ()
GN NC 2

Mat khic : GPI = GPM + MPI = 90° + 60° = 150° va

GNC = GNP + PNC = 30° +120° = 150,
Do dé

GPI = GNC . 2)
Tir (1) va (2) suy ra AGPI déng dang AGNC. Tir dé6 1a cé

PGI = NGC va Gl =%GC.

Suy ra IGC = 60° (vi {GC = PGN =60").
Goi K 1a trung diém GC thi AGIK déu trén IK = (‘;—C diéu dé chimg

t6 AGIC vuodng tai I. Vay : GIC =90, IGC = 60", GCI = 30°,

Bai 35. Cho tam gidc ABC v mot diém O thudc mién trong tam gide. Cic
dudng thing AO, BO, CO l4n luct cit cdc canh BC, CA, AB tai M,
N, P.
a) Chimg minh ring téng
_OM _ON OP

—— — e —

AM BN CP
khong phu thuge vao vi tri cha diém O.
b) Chimg minh ring trong ba ti s6
oA 0B oC
OM ON OP
¢6 it nhat mot ti s6 khong nho hom 2 va c6 it nhat mot ti s khong Iém hon 2.

Giai
a)Ké AH L BC va OK L BC (H, K trén BC).
Tac6 OK // AH nén :
OM _OK _Soxc (N
AM  AH S, °

Tuong tur :
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ON _ Sgac

. 2
E
N EE:E%E_ 3)
P S
0 Cong (1), (2) va (3) theo timg
: vetaduge : T= 1, nghiala T
- H K M L khong phu thudc vao vi tri cla
diém O.
OA OB oC
b)bat x=—— y=—,z=— (x,y,2>0).
Aoty o wep et 0
oM 1 1 | l
TaCéAM"AM*GM:fDA”]JrUA‘1”'
oM OM oM
BN 1+y CP l+z
Theociua)tacé: T= ! + ! 1

I+x l+y ' l+z
Ta cin chimg minh ring trong ba s& x, y, z phdi ¢6 it nhit mot s6
khong 1ém hon 2.
Gia sir diéu nguoc lai xdy ra. Khi dé, néux>2,y>2vaz>2thi
| | I 1 1

1+z <3'I+y< 3% +z..3
dod6 T<1 (voIi). Tuong i, nfux<2,y<2,2<2thiT> 1 (voli).

Vay trong ba s0 x, y, z it nhat phai c6 mot s6 khong nhd hon 2 va it
nhat phéi c6 mot s6 khéng 16n hon 2.

Bii 36. Cho AC la dudmg chéo Ién cia hinh binh hiinh ABCD. Ha CE vudng
g6c v6i AB, CF vudng géc vdi AD. Chimg minh ring :
AB.AE + AD.AF = AC? .

Giai
Ké BG 1L AC (G trén AC), ta cé
AAEC dong dang AAGB (hai tam gidc vuong ¢6 A chung). Suy ra :
AC AE
— =— = AB.AE= AC.AG, L
AB AG = W
Mat khdc, AAFC déng dang ACGB (A, =C)).
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B Suyra:
AC _AF
BC GC
D C = BC.AF = ACGC. (2)
G ! Cong (1) va(2):
AB.AE + BC.AF = AC?
= AB.AE+AD.AF = AC".

A B E

Bai 37. Cho biét cic canh clia tam gidic ABCla: BC=a AC=b, AB=c.
Chimg minh ring :
a) Néu A =2B thi a’ =b” +be;
b) Néu a* = b’ +bc thi A =2B.

Giai
a) Ke phan gidc trong AD, A
Tacé:B=A1=t;t-; 1\2
{vi R=2ﬁ).
AABC déng dang ADAC nén :
AC BC b a
—z —ohay =,
DC_AC DC_ " 5 ) "C
Suyra:
2
BCas-. (1)
a
Tinh chat phan gidc cho ta : = =E. Suyra:
DB ¢
DC b ab
—=—— hay DC=——. 2
R BG" bgo™ o bie )

So sénh (1) vi (2) taduoc : a® =b* +bc .

b) Trén tia d6i tia AC 14y D sao cho :
AD=AB=c.

Khi d6: BAC = 2ABD.

ol
~
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Mat khic, ABC = BDC do AABC déng dang ABDC (vi

%8

ul?
"

suy tir az=h2+bc).\f{iy BAC = 2ABD = 2BDC = 2ABC .

Bai 38. Cho luc gidc 16i ABCDEF ; cic duémg thing AB va EF, EF va CD,
CD va AB l4n lugt cit nhau tai P, Q, R. Cic dudmg thing BC va DE,
DE va FA, FA va BC ldn luot cét nhau tai S, T, U. Chimg minh ring
g AB_CD_EF _BC_ DE_FA

| —=—=—
PR QR QP US TS TU

Giai
Qua A, B ké cdc dudmg thing ldn lugt song song véi EF, CD chiing cit
nhau tai M. (Hoc sinh v& hinh dé theo déi.)

Tac6: AABM déng dang APRQ = e

PR PQ QR
Ma A—B=-E—F C—D nén AM = EF, BM = CD, do dé6 AMEF va
FR= PQ--"QR
BMDC la céc hinh binh hanh. Suy ra
EM = FA, DM = BC. (1)
ADEM déng dang ASTU chota
DE_DM _EM &
ST S0 TU
Tur (1) va (2) ta duge
DE_BC FA
ST,+"SU ,.TO

Bai 39. Trén cung nho BC cua dudng tron ngoai ti€p tam gidc déu ABC, 1a
1dy diém P bat ki. Céc doan thing AP va BC ciit nhau tai Q.

a) Chimg minh —= FQ L
PB AC’

b) Chimg minh Lﬁ_]_,i.L
PQ PB PC

Gidi
a) Xét ABPQ va AACQ, ¢6 PBQ = CAP (chin cung PC) va
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BQP = AQC (ddi dinh), do d6

ABPQ déng dang AACQ

&PQ P‘Q _QQ
CQ AC PB AC:

b) Trén tia PA ldy di€m [ sao cho

= PB, khi d6 ABPI 1a tam gidc déu, I

PI
suy ra PB = Pl = BL. B Q C
AABI = ABPC (c.g.c) = PC= Al \L_/

2.1.

2.2,

2.3,
24,

2.5,

2.6.

2.7.

Vay PA = PB + PC. p
Mait khic AQBP déng dang ACAP
(vi ]ﬁ)-lﬂ:‘v.’! ﬁQ:ﬁC}
PQ PB PB _l 5 PA 3 PB + PC - 1
CP PA PQ PB.PC PB.PC PB PC

C.LUYEN TAP

Tir diém O thudc mién cia tam giic ABC, ké dudng thing song song
véi AB cit AC va BC ldn luot tai D vi E ; ké dudng thing song song
véi AC cat AB va BC ldn luot tai F va K ; ké dudng thing song song
vGi BC cit AB va AC ldn lugt tai M va N. Chimg minh ring :

AF BE CN _

Chimg minh ring néu hai tam gidc c6 ba trung tuyén ti I¢ vGi nhau
timg doi mot thi ddng dang vdi nhau.

Tinh d¢ dai dudng chéo cua ngi gidac déu canh a.

Cho tam gidc ABC, cdc dudmng cao AK va BD cit nhau tai H. V& cic

dudng trung truc OE, OF ciia cdc canh AC va BC. Chimg minh ring :
BH = 20E va AH = 20F.

IA, IB l2 hai tiép tuyén véi dudmg tron (O). A, B 14 hai tiép diém. M la
trung diém ciua IA, BM cit (O) tai K. Chimg minh ring

AB’ = 2BM.BK

Cho M & ngoai dudng tron (O), ké cit tuyén MAB. Chimg minh ring :
MA.MB=MO? -R? (R 1a ban kinh ciia (0)).

Cho hai dudmg tron tdm O vi O’ ¢6 bdn kinh khic nhau. Hai dudmg
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